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1 Gid6i thiéu bai toan

Bai toan xdc dinh ngudn trong qué trinh truyén nhiét dugc nhiéu nha khoa hoc nghién citu
trong vong 50 nam qua. Mac dit ¢6 kha nhiéu két qua vé tinh ton tai, duy nhat va danh gia
on dinh cho cho bai toan, nhung do tinh dat khong chinh va c6 thé phi tuyén clia bai toan,
nén trong thoi gian gan day co6 rat nhidu cac nha toidn hoc va k§ su dit lai vAn dé nghién
citu ching (xem [T, [2], [3], [4]). Gia st 14 mot mién Lipschitz, giéi noi trong khong gian
R™. Ta ki higu 09 1a bién ctia ©, @ := Q x (0,7] va S := 9Q x (0,7, v6i T" > 0. Xét bai

toan gia tri bien ban dau véi diéu kién bién Robin

u — Au = f(t)h(z,t) + g(z,t), (z,t) € Q (1.1)
u(z,0) = up(x), x € Q (1.2)
%—i—au:d}(x,t), (x,t) €S (1.3)

O day, v 1a véc to phap tuyén don vi ngoai tren S. Va f(2), h(z,t), g(x, 1), uo(z), ¥(z, t) 1a
cdc ham 1an lugt thuoe cac khong gian L?(0,7T), L*(Q), L*(Q2), L*(S). Va o 1a ham ndm trong
khong gian L°°(S) duge gia thiét 1a khong am hau khép noi trén S.

Bai toan thuan 1a bai toan xdc dinh u khi cac hé s6 clia phuong trinh (1.1) va cac dit kien
ug, 1) ciing nhu f, h, g da biét. Bai toan ngugc 13 bai todn xac dinh vé phai khi mot s6 dieu

kien b6 sung tren 16i gidi v dude cho them vao.

Trong bai bao nay, ching toi xét bai toan ngugc: Xay dyng lai thanh phan phuy thuoc
thoi gian f(¢) trong vé phai ctia phuong trinh parabolic tuyén tinh (1.1) — (1.3) tir dit kién
quan sat trén bién

uls = ¢, (1.4)
v6i gia thiét ring toan t1 quan sat ¢ thuoc khong gian L%(S).
Dé giai bai toan ngudc, chiing t6i stt dung phuong phap binh phuong t6i thidu bang cach

cuc tiéu hoa phiém ham

1 g x
I (f) = 5lulf) = @llzas) + I = iz,

v6i v > 0 la tham s6 hi¢u chinh Tikhonov, f* € L*(0,7) 1a mot dy doan ban dau cla f.
Chiing t6i muén nhan manh riing phuong phap bién phan dang nay da dudc sit dung dé giai
cac bai toan truyén nhiet nguoce (xem [2], [5], [6]) va chiing t6 n6 rat hitu hieu.

Dé lam dugc diéu dé, ching t6i chitng minh, phiém ham kha vi Fréchet va dua ra
cong thitc cho gradient ctia phiém ham thong qua mot bai toan lién hop. Sau do, ching toi
rdi rac hoa bai todn bang phuong phéap sai phan hitu han, roi giai bai toan t6i wu roi rac
béng phutong phap gradient lién hgp. Cac két qua s6 cho thay cach tiép can clia ching toi 1a
ding dan va phuong phap gidi s6 1a hitu hiéu.
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2 Két qua chinh

2.1 Bai toan thuan

Trude khi dua ra cong thitc nghiem yéu ctia bai toan (1.1) — (1.3), chiing toi bat dau bing
viéc nhéc lai khong gian ham thudng xuyén dudce sit dung trong bai todn gia tri bién ban

dau trong phuong trinh parabolic.

Dinh nghia 2.1. Cho V' 1a mot khong gian Hilbert. Ki higu W (0,T) 1a khong gian tuyén
tinh gdm tat cd cac ham y € L*(0,T;V), c6 dao ham (theo nghia phan bd) y' € L*(0,T;V*)

v6i chuan xac dinh béi

Iolion = ([ (W1 + 13- )

Khong gian W (0,7) ={y :y € L*(0,T;V),y € L*(0,T;V*)} 1a khong gian Hilbert v6i tich
v hudng

(e ohwiory = [ Gl o)y + [ 00,00,

Dé dua ra danh gia cho nghigm yéu ctia bai toan (1.1) — (1.3), trudc tién ching toi dinh
nghia nghiem yéu ctia bai toan trong khong gian W(0,T')

Dinh nghia 2.2. Ham u € W(0,7T) dugc goi la nghiem yéu cta bai toan (1.1) - (1.3) néu
v6i moi ham thit n € L2(0,T; HY(Q)) ta déu c6 dang thic

T
/ (Ut,77>H1(Q)),7 / Vandxdt+// oundsdt
0

/ / Fh + g)ndadt + / ondsd (2.1)

va u(z,0) = up(x),z € Q. Ta c6 danh gia sau:

Pinh 1y 2.1. ([7]) Cho y € W, °(Q) la nghiém yéu ciia bai todn (1.1) - (1.3). Khi dé nghiém
y thuoc khong gian W(0,T).

Dinh 1y 2.2. ([7]) Nghiem yéu y ciia bai toan (1.1) - (1.8) théa man danh gid dang
Illweor < co (1FPllz2@) + lgllzai) + 19 zas) + lluollzay) (2.2)

vdi hing so c, > 0 khong phu thuoc vao (f, g,u). Hay néi cach khac, anh za (f, g,ug) — vy
zdc dinh todn 4 tuyén tinh lien tuc tu khong gian L*(Q) x L*(X) x L*(Q) vao khong gian
W(0,T) va trong truong hop riéng dnh za dé vao khong gian C([0,T]; L*()).

http://jst.tnu.edu.vn 180 Email: jst@tnu.edu.vn



TNU Journal of Science and Technology 227(02): 178 - 185

2.2 Phuong phap bién phan

Xét bai toan (1.1) - (1.3). Vi nghiém ctia bai toan u(z,t) phu thudc vao ham f(¢) nén thay
vi ki hieu u(z,t, f) ta ki hiéu 14 u(f) hodc u(f, ug, ) dé nhan manh sy phu thudc vao ham
f ctia nghiem u. Dé x4c dinh f, ta tim cuc tiéu hoa ctia phiém ham
1 2
Jo(f) = gl — el (2.3
trong khong gian L2(.S). Vi bai toan tim cyc tiéu ctia phiém ham Jo(f) khong én dinh va ¢6
thé c6 nhiéu nghiém nén chiing toi st dung phuong phap chinh Tikhonov, tim ciec tidu cia

phiém ham Tikhonov
_ 1 2 Y * (|2 2.4
(f) = Slulf) = ¢lzas) + SIF = Fllaem (2.4)

v6i v > 0 1a tham s6 hiéu chinh Tikhonov, f* € L?(0,T) 1a mot du dodn ban dau cta f. Ta
thay, néu f > 0 thi bai toan tim cyc tiéu ctia phiém ham J,(f) ¢6 nghiem duy nhét.

Xét bai toan lien hop clia bai todn (1.1) — (1.3) xdc dinh nhu sau

—pr—Ap =0, (z,t) € Q (2.5)
p(z, T) =0, x € Q (2.6)
%—FUUZU(][)—@, (x,t) € S (2.7)

Biing cach ddi chidu thoi gian, bai toan lien hgp (2.5) — (2.7) ¢6 nghiém duy nhat trong khong
gian W(0,T).

Dinh 1y 2.3. Phiém ham J., khd vi Fréchet va dao ham cia né VJ,(f) ¢ dang
V() = [ bl pleds + (£ - £(0) (2.9
Q

vdi p(x,t) la nghiem cia bai todn lien hop (2.5) — (2.7).
Chitng minh: Truéce tien, ching t6i dua vao toan tit tuyén tinh bi chan 8 : L2(0,T) — L*(S)
xac dinh béi
S(f) = u(f,0,0)[s.
V6i bién phan §f € L*(0,T) ctia f di nho, ta c6
1 1
Jo(f +6f) = Jo(f) = §||U(f +6f) = ellags) — §||“(f) — ¢ll72s)

= ulF +85) — u(F) + () — @l — () — el
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1 1
= SIS +u() = el — () = olags

= (S(6),uF) ~ ) 1a1s) + 515G N s
= (S(0f),u(f) — ‘P>L2(s) + 0(|’5f’|L2(0,T))

trong d6, du(f) 1a nghiém bai toin

dug — Adu = 5f(t)h(z,t), (z,t) € Q (2.9)
du(x,0) =0, z € Q (2.10)
%—l—au:(), (x,t) € S (2.11)

St dung cong thic Green (xem [[7] Dinh 1y 3.18|) cho nghiém ctia hai bai toan (2.5) — (2.7)
va (2.9) - (2.11) ta c6

/ 5 Fh(x, )p(a, t)dwdt — / w(6£,0,0) (u(f) — ) dsdt
Q

_ /S S (ulf) — o)dsdt
= (S(f), u(f) — (3 () + o(lI6f | r20m))

Do d6 ta c6

Jo(f+0f)— Jo(f) = /Q(th(x,t)p(x,t)dxdt

= ([ Waop@insr) v oloflizan)
0 L2(0,T)

Vay Jo(f) kha vi Fréchet va gradient ctia né c¢6 dang
VI(f) = / h(z,t)p(z,t)dx
0

v6i p(x,t) la ngiém ctia bai todn lien hop (2.5) — (2.7). Do d6, ta c¢6 cong thic (2.8) mo ta
gradient ctia phiém ham Tikhonov J,(f).

Bai toan thuan va bai toan lién hop duge gidi bang phuong phap sai phan hitu han. Bai
toan bién phan dugc giai bang phuong phap gradient lién hop.

2.3 Phuong phap gradient lién hop

Chiing t6i giéi thieu phuong phap gradient lien hop dé giai bai toan bién phan:
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Budc 1:
1.1. Cho k = 0 v& cho trude xap xi ban dau f°.
1.2. Tinh U°(f°) 1a nghiém ctia bai todn thuan

U — AU® = fO(t)h(x,t) + g(z,t), (z,t) € Q,
U°(2,0) = up(x),z € Q,
ou°

- 0_
ey +oU" =9(z,t), (x,t) € S.

1.3. Tinh 7 = U%(f°) — o = U, t; f°) — ¢ v6i ¢ = ue,(x,t; f0), trong d6 u,, 12 nghigm
chinh x4c ctia bai toan (1.1) — (1.3).
1.4.Tinh ro = —=V.J,(f°) cho bdi cong thic (2.8), dude xac dinh bing cach gidi bai todn
lién hop.
—p} = Ap° =0, (z,1) € Q,
p’(z,T) =0,z € Q,
op°
E+ ou = u(xz,t; f°) — ¢, (x,t) € S.
1.5. Dat dy = .

Budce 2: Chon =0,1,2,... 2.1. Tinh Ad,, = U"(d,) = U"(x,t;d,), trong d6 U™(z,t;d,)
14 nghiém cta bai todn thuan véi f = d,,.
- || 7 Hi?(O,T)
HAdnHiQ(O,T) + )‘HdnHiZ(O,T).
2.3. Cap nhat f,.1 = fn + a,d,.
9.4. Tinh Fpy1 = 7 + n Ad,,.
2.5. Tinh gradient r,,; trong cong thitc (2.8) bing cAch giai bai toan lien hop.

2.2. Tinh a,,

—pptt = Ap"tt =0, (z,t) € Q

p" i (x, T) =0,z € Q,

apn—‘rl
ov

—|—O'U:U(.1,‘,Zf;fn>—(p,<l’,t) €S

2
|71 ‘L2(0,T)

2.6. Tinh 3, = 5 )
rall720,m)
2.7. Cap nhat d,, .1 = 7, + Bnd,.

Qua trinh lip & tren duge viét cho bai toan lien tuc. Dé tim cuc tiéu ctia phiém ham
J,(f), ching toi tién hanh roi rac bai toan thuan (1.1) — (1.3), roi rac phiém ham J,(f), sau
dé xay dung bai toan lien hgp tuong tng dé tinh dao ham cho phiém ham r6i rac nay. Bai
toan thuan dudc roi rac bang phuong phap sai phan hitu han.
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2.4 Vi du sé6 minh hoa

Ching t6i 1ap trinh vi du s6 minh hoa cho thuat toan trong truong hgp mot chiéu. Xét mién
Q= (0,1) vd T > 0, phuong trinh truyén nhiét mot chiéu c¢6 dang

U — Uy = f(t)h(z,t) + g(x,t), (x,t) € (0,1) x [0,T)
u(z,0) = up(x), x € (0,1)
—u,(0,t) +u(0,t) = g1 (t), t € [0,T)
uz(1,t) +u(l,t) = ga(t), t € [0,7T)
Ching toi tim lai ham f(¢) trong truong hop f(¢) 14 mot ham kha vi trén (0,1) va f(¢) la
mot ham khong kha vi tren (0, 1). Trong cé hai trudng hgp, nghiém chinh xac U,,, diéu kien
ban dau ug(x) va diéu kien bien g (t), g2(t) duge xac dinh nhu sau

U., = sin(xt) cos(x —t) (x,t) € (0,1) x [0,T)
u(z,0) =0, z € (0,1)
g1(t) = sin(rt) [ sin(—t) 4 cos(—t)], t € [0,T)
g2(t) = —sin(7t) [sin(1 — t) + cos(1 — t)], t € [0,T)

e Truong hop f(t) = sin(¢) 1a ham tron. Ta ¢6 két qué sb

12

1
0.8
Eos

04

0.2

0
0 01 0z 03 04 05 06 07 08 09 1

Hinh 1: Nghiém chinh x4c va nghiém gidi s6 v6i nhiéu 10%.

2t néu t <0.5 Lo . ..
e Trudng hop f(t) = ) 13 ham khong kha vi. Ta c¢6 két qua sb
21 —1) néut>05
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—e— Approx.Sol
= Exact Sol

0 01 02 03 04 05 086 o7 08 09 1
t

Hinh 2. Nghiém chinh x4c véi nghiém giai sé véi nhiéu 10%
Loi cam on
Nghién ciru ndy duoc tai tro bai Truong Pai hoc Giao thong Van tai trong dé tai ma sé 72021
- CB -007.
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