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Reconstruction of the heat flux on the boundary of a two-dimensional finite slab
from interior data
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TOM TAT

Nghién cttu ndy xem xét bai toan hdi phuc toan bo thong lwong nhiét theo thoi gian trén bé mat caa mot
I6p bén trong cua vat thé tir hai dit liéu do bén trong trong trudng hop khéng thuan nhat. Nghién ciu
tinh khdng chinh theo nghia cua Hadamard biang cach sir dung phuong phap chit cut tich phan. Két qua
1a u6c lugng duoc sai s giita nghiém chinh héa va nghiém chinh xéc.

T khoa: bai todn khdng chinh, di ligu bén trong, phép chinh hoéa, phuong trinh nhiét, thong lwong
nhiét

ABSTRACT

This research considers the two — dimensional heat problem of recovering the heat flux on the surface of
a layer inside of a heat-conducting body from two interior temperature measurements in the
nonhomogeneous case. The ill-posedness in the sense of Hadamard by using a truncation method had

been explored. As a result, we obtain the error estimate between the regularized solution and the exact
solution to the problem.

Keywords: ill-posed problem, interior data, regularization, heat equation, heat flux

1. Giéi thiéu Bai toan di duoc giai quyét trong truong
Bai toan xac dinh nhiét do tir cac phép  hop mét chiéu [2-4] va hai chiéu [5-6].
do dac tai cac diém bén trong cua mot mién Trong nghién ctu cua minh, A,

dugc nghién ciu boi nhiéu tac gia va c6  Carasso [2] di giai bai toan tim ham
nhiéu tng dung trong Vat Iy va DBia chdt.  u(0,t) = f (t) sao cho:
Trén thuc té, trong nhiéu bai toan vat ly ,
[1], mot cam bién nhiét khéng thé duoc U =a’u,, 0<x<w0<t<o,
gan & bé mat cua vat thé (chiang han, phan u(x,0)=0,0< x < oo
vo caa mot tén lra). Mat khéac, ching ta ¢

ax e . . 2 = < :
thé dé dang do lich str nhiét d6 tai cac diém u(h,t)=9(t)1>0,0<t<oo
bén trong cua vat thé. Vi thé, dé tim lich sir Nh6m tac gia Lé va cong su [3] da giai
do duoc bén trong ban than no.
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u,-u =01<x<a t>0a>2,
u@,t)=f(t), t>0,
u(2,t)=g(t), t>0.

cho:

Hon nira, cac tac gia cling xem xét bai

toan tim ham u(0,t) = v(t) sao cho:
u,—u, =0 0<x<1t>0,
u@t) = f(t),t>0,
u, (L,t) =w(t), t >0.

Céac tac gia P. N. Dinh Alain, P. H.
Quan va D. D. Trong [5] da giai quyét bai
toan xac dinh  phan  bd  nhiét
u(x,0,t) =v(x,t), trong d6 ham U thoa
man phuong trinh

Au—u, =0, xeR,0<y<2,t>0,
vé6i cac diéu kién bién:

u(x,,t) = f(x,t), xe R, t >0,

u(x,2,t)=g(x,t), xeR, t>0,

va diéu kién dau: u(x,y,00=0,xeR,0<y<2.
Bai toan xac dinh thong luong nhiét
u, (x,1,t) = w(xt) sao cho:

Au-u,=0,xeR1<y<2,t>0,
u(x,,t) = f(x,t), xe R, t >0,
u(x,2,t) =g(xt), xe R, t>0,
u(x,y,0)=0, xeR,1<y<2,

da dugc Quan va cong su [6] giai quyét.
Nhu di biét, mac du co tinh duy nhat
nghiém, nhitng bai todn trén khéng chinh
theo nghia cua Hadamard, nghia la nghiém
cua bai toan khdng ludn ludn ton tai va
tham chi trong trudng hop ton tai nghiém,
n6 khong phu thudc lién tuc vao dir liéu
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cho truge. Trén thuc té, mot thay ddi nho
trén dir liéu c6 thé gay ra mot thay doi dang
ké trén nghiém. Do vay, mot phép chinh
hoa 1a can thiét. Tuy vay cho dén nay céc
bai bao lién quan dén truong hop khong
thuan nhat thi rat it gap. T nhiing phan
tich ¢ trén, chang t6i nghién cuu bai toan
tim thong luong nhiét bé mat:

U, (xLt)=v(x1) (L)

théa man:
Au-u =F(x,y,t), xeR,1<y<2,t>0, (L2)
u(x,Lt) = f(xt), xeR, t>0, (L3)
u(x,2t)=g(xt), xeR,t>0, L4
u(xy,0)=0,xeR,1<y<2, (L5)

trong d6 F, f,g la cac dix li¢u do dac.

Phuong phap chinh hoa cho bai toan
trén dugc sir dung trong bai bao la phuong
phap chat cut tich phan. Véi cac diéu kién
cta nghiém chinh xac, chung téi xac dinh
dugc sai sé gita nghiém chinh hda va
nghiém chinh xac trong truong hop khong
thuan nhat 1a |v, —v,| <C,&¥*, trong
2

dé C, >0 phu thugc vao nghiém chinh xac.
2. Cac két qua chinh

2.1. Nghi¢m chinh xé&c cha bai toan

(1.1)-(1.5)

B6 dé2.1[7]. Cho a> 0.

Dat:
ief Xz‘:‘az (x,t) e Rx[0,+0)

H,(xt) =12 ’ ’ '
0 (x,t) e Rx (~o0,0)
}ei XZ:IZ (x,t) € R x[0,+0)

H,(x,t) =1t ' ' .
0 (x,t) e R x (-,0)
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Khi do, ta co:
() =260
a

e(%) NI

7o 3 T oo 3 97

N

A 4 2 2 i 7 2 2
H2(z.1) _W{\/—\Mrﬂcos(( Zj Jzt+r? ZJ
_\/—\Wsin([%J /24_'_ 2_sz
—|sgn(r)msm£ %) m_zzj
_|sgn(r)\/ﬁcos( %j m_zzﬂ
~ . | [:/7;] NI . (:F:j 4’4 2?
Hon nira, ta cé ‘Hl(z,r)‘:_e Hz(z,r)‘: L
+

Trong phan tiép theo, chdng toi tim
nghiém chinh x&c cua bai toan (1.1) - (1.5).
Trude hét, chung toi bién ddi bai toan
(1.1) — (1.5) vé mot phuong trinh tich phan
dang tich chap.
St (=& +(y-n)?
Dat. (X, y,t, & 1,7) = 47[(:-_ 3 e’ 4(t-1)

VA G(x,y,t,Em.7) = T(% Y.t Emr) ~T(X A - Y LEm7)

+o0 t +oo t

taco: G, +G,, +G, =0. Tich phan dang
thic div(GVu —uvG) - (UG). =G.F , trén mién
(—n, N)x(@, 2) x(0,t—¢&) vacho € >0,
ta co:

[[9€0)G, (0 y.t.€,2,7)dede + [ [G(x Y, t,&L7)u, (& L 7)drdE

—0 0 -0 0

+oo t

+ot 2

~[[1(&06,(xytELDdrdE +u(x y.0) + [ [[G(xy.t&n,2)F (£ n,7)dndrdé =0. (2.1)

—0 0

Thay (1.1) vao (2.1), ta co:

+o t +o0 t

—00 1

jjG(x,y,t,g,l,r)v(g,r)drd.»;=—u(x, y,t)+jff(§,r)Gq(x, y,t, &L 7)drdéE

—» 0 -0 0

+o0 t +oo t 2

~[[9(&.0)G,(x y.t.£,2,7)dedé - [ [[G(x y.t&,7.0)F (& n,7)dndrdé.

-0 0 001

(2.2)
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Cho y — 1" trong (2.2), ta dat duoc:

o0 t (le(—é); 1 (X4(cf) ;4
to) ____ = =y dzd
J-;[ 27r(t 2') 27 (t- ) (e r)drds
4o t (x—§)2+4
=—f(x, t)——” WD £ (& 0)ded g
Lo t _(x= 5)2+1 +oo t 2
_e ) g(é:,z.)dfdé:_zj'JIG(X,l,t,g,n,r).F(é‘,n,T)dndrdf. (2.3)
—001
Diéu nay dan dén
S#v(x,t)=—R * f(X,t)+ R, *g(x,t) - f(xt) _I(Rg - R4)* F(x,n,t)dn, (2.4)

Trong d9, ta dinh nghia rang v(X,t) = f (x,t) = g(x,t) =0 khi t <0,

S=Pl_P21
Lo u R x[0
P(xt)=17° (x,t) e Rx[0,420)
0 (%,1) € R x (—o0,0)
1
P,(x,t) = te (X,t)e]Rx[O,+oo)’
0 (X,1) € R x (—o0,0)
NN
Rl(X,t): t_Ze (X,t)e ><[ ,+OO),
0 (x,t) € R x (—o0,0)
o Rx[0
RZ(X’t): t2e (X’t)e ><[ ,+OO)1

0 (X,t) € R x (—o0,0)

1 X +(41t 7)?
R3(X,77’t) — ¥|:e :| (X,U,t) eR X[1,2] X[O,+OO) |

0 (x,1m7,1) € R x[1,2] x (—0,0)
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. %l:eﬁ(jt ) } (x,77,t) € R x[1, 2] x[0, + 0) |
0 (x,77,t) € R x[1, 2] x (—o0, 0)
bat:
K(x,t) =R * f (x,t) + R, * g(x,t) - f(x,t)_j(RS_ R.)*F Ot 25

LAy bién ddi Fourier hai vé cua (2.4), ta dugc

S(z,r)V(z,r) = K(z,r), (2.6)

Trong d6, V(z,1) === | [ v(x)e et
27

T (2.6), ta tim dugc nghiém chinh xac caa bai toan (1.1) — (1.5)

1 T K(z,r)
vt = 2 I I S(z,r)

—00 —00

e 0= gz dr, 2.7)

Trong céc két qua chinh sau day, ta ky hiéu ||. ||, 1a chudn L*(R?).

2.2. Chinh hoa bai toan (1.1) - (1.5)
Chung t6i xay dyng nghiém chinh héa cua bai toan (1.1) — (1.5) la

K Z,r Al(xz+tr
v_(x,t) = j S((Z r)) et g7, 2.8)

Trong do, D, = {(z,r)/a <|z|Kb, and a’ <|r[g bf} véi a_,b, s& dugc chon sau sao

cho lima_ =0 va limb, =+o.

>0 >0

Bo dé 2.2 (Tinh 6n dinh cia nghiém chinh hda cho béi phwong trinh 2.8):

Gia si rang v, € L*(R?) la nghiém chinh héa cho bdi (2.8) tiong ing véi céc dir
lieu f,,0, € P(R?),F e l’(1,2,L°(R%)),k =1,2. Khi d6, ta cé

1
b=l <G, 2 1= 1 4180+ 1R Pl
8 &
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BJ_

Trong do, C, =
(1 e @

22 max{(2+ 2[R}).R [} | 12 hing s

Pinh Iy 2.1

Choy e (o,%) va £€(0,e™). Gia sir v, € L*(R?) 1& nghiém duy nhat cia bai
toan  (1.1)- (1.5) twong ung voi cac  da  ligu  chinh  xac
f,, 0, € *(R?),F, € L*(1,2,L*(R?)) va v, e L*(R?) la nghiém chinh hoa cho bsi (2.8)
twong 1ng Véi cac di ligu do dac  f_,g. e L*(R?),F, e?(1,2,*(R?)) thoa man
f_ 9, = ol or, <€ va |F, -F)|

A <& Khi do, ta co
ofl, C,e™ +1(e), véi C, >0 lahang sé va n(g) — 0khi € — 0.

& |

& 0||L2(R2) L2(1,2,L2(R?))

Chwirng minh:

1 C
Tadita =¢’, b, = — - Ap dung bat dang thirc tam gidc, ta co:
£

&

v Vg - Vg + [V
(fe 9 F¢) (f0.90.Fo)

=V, -
E(vagavFg) g(fgv%v':s) 2 2 g(fo,go,Fo) 0 2 (29)

Ap dung bd dé 2.2 va bat ding thac va® +b?+c? <a+b+c cho a,b,c>0, ta dat
<Cge? (25 +8’75).

v -V

g(fg,gg,Fg) g(fO‘QO*FO)

duoc:

2

—v <C,e¥, (2.10)

&(15.95 Fz) “(f9.90.F0)

Vi thé |V

2

trong do C, =3C,.

(10.90.F0)

=1n(g) >0 khi £ > 0.

0 2
R2\D,
(2.11)
Tir (2.9), (2.10) va (2.11), ta dat dugc:
IV, =V, <C,e™ +n(s). (212)

Chung minh hoan tat.

Nhan xét 2.1 Dinh Iy 2.1 khong dwa ra danh gia sai sb gita nghiém chinh hoéa va
nghiém chinh x4c vi diéu kién cua nghiém chinh xac chua du manh. Tuy nhién, c6 nghiém

85



SCIENTIFIC JOURNAL OF SAIGON UNIVERSITY No. 75 (03/2021)

chinh hda van tét di khong biét rang nghiém chinh xéc tét nhu thé nao. Dinh Iy tiép sau
day dwa ra sai s6 cu thé véi didu kién bd sung trén nghiém chinh xéc.

pinh Iy 2.2
Cho v,,v, nhu trong d@inh Iy 1. Gia si rang v, € H'(R?) N L(R*) NL*(R?) va

3

0<e&<1/2.Khidé, tacé <C, &%, rrongds C, >0 phu thugc v,.

Vs _VO

Chirng minh:

15
4
bat: a =(—j &,

4V 1
b, = 3| g0’

T, =[-b,.b,]x[ b, |,

Q. =[-a,.a,]x[-a’.a?],

D.=T\Q..
Tir bo dé 2.2, ta co:
. . 2 b? g*
i —V, SCf—‘fz{Zgz +—2}. (2.13)
(Fe.fe.0e) (Fo.f0.90) [|2 ag ag
2 2\ |3 2
2 22+ ro)N, (z,r .
V. | = | [V (z,r)|2dzdr= ( )% (2.1) dzdr + | |V (z,r)|2dzdr
€.t Ol 0 (22+I‘2) 0
R?\D, R2\T, Q.
[ 21
< H 22 + r2\70(z, r)H W‘F‘l \70 iw(Rz) ag
2
&
2 21 2
A ~ ~ 2 RN 3
Dovay |V, =V, 2£H\/z +r VO(Z’r)“2W+4|t‘/°||1ag' (2.14)

L L o
Tir (2.9), (2.13) va (2.14), ta duoc :

2 2 A
vg—vouzgc{ = +F+ " +a’
& & &

trong d6 C; = max{ZCf,%H\/ 7* + r2\70(z, r)Hz ’4HVOHf}'
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Diéu nay dan dén

5 2/5 2/3 5 3/5
2 2 & 3 3/5 3 & 4 3/5
||V£ _VOH < C:3 e &+ — R Y & .
2 Ee 4 4 Ee 3

Do dé, ta dugc

2/5 2/3 3/5
v, =V | <C2%, vsi C, =C,, |1+ (§j + (ﬁj + (ﬂj _
2 4 4 3

— V|, =C, ™. (2.15)

&

Vi vay ”V

Chtrng minh hoan tat.
3. Két luan

Nghién ctru nay da chinh héa bai toan khéi phuc thong luong nhiét trén bién caa mot
vat thé hitu han hai chiéu trong truong hop khong thuan nhat. Chang t6i da xay dung
nghiém chinh hoa ciia bai toan va dua ra danh gia sai s6 ¢6 dang Holder gita nghiém chinh
hoa va nghiém chinh x&c cua bai toan.

Lo Cdm on

Pau tién, tac gia muon gui loi cam on dén Truong Pai hoc Sw pham Ky thudt Thanh
phé Hé Chi Minh. T&c gid ciing cdm on cdc phan bién va bién tdp vién vi nhing y kién
dong gop cho bai bao.
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