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Abstract: In this paper, we extend Mohamed—Muller’s results [2, Lemma 3.3]
about the endomorphism ring of a module M = ®;c;M;, where M; and M are
orthogonal for all distinct elements i, j € I.

1 Introduction

All rings are associated with identity, and all modules are unital right modules. The
endomorphism ring of M are denoted End(M). A submodule N of M is said to be an
essential (notationally N C¢ M) if N N K # 0 for every nonzero submodule K of M. Two
modules M and N are called orthogonal if they have no nonzero isomorphic submodules.
Let N be a right R—module. A module M is said to be N —injective if for every submodule
X of N, any homomorphism ¢ : X — M can be extended to a homomorphism ¢ : N —
M. Two modules M and N are called relatively injective if M is N—injective and N is
M —injective. In [2, Lemma 3.3], S. H. Mohamed and B. J. Miiller proved that:

Let M = My & Ms. If My and Ms are orthogonal, then

S/A = Sl/Al X SQ/AQ.
The converse holds if My and My are relatively injective, where
S = End(M),S; = End(M;)(i = 1,2)

and
A={seS|Ker(s) C° M},A; ={s; € S; | Ker(s;) C* M;}(i =1,2).

In this paper, we study [2, Lemma 3.3] in generalized case. We have:

Theorem A. (i). Let M = ®;crM; be a direct sum of submodules such that M; and
M; are orthogonal for any i,j of I and i # j, then [[,c; Si/A; is embedded into S/A.

In particular, if I is a finite set, [[;c; Si/Ai = S/A.

(ii). Let M = @;c;M; be a direct sum of submodules such that M; and M; are relatively
injective for any i,j of I, i # j and [[;c; Si/A: = S/A, then M; and M; are orthogonal
with i,7 of I and i # j, where S = End(M), S; = End(M;)(i € I) and A = {s € S |
Ker(s) C* M}, Ay ={s; € S; | Ker(s;) C® M;}(i € I).
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2 Proof of Theorem A

(i). Let s be an element of the endomorphism ring S and z an element of the module
M, then x = 3, ;x; with ; # 0 for every i € I' (where I’ is the finite subset of I),
s(x) = > ey 8(w;). Because s(z;) is an element of M, thus s(x;) = 3 ;¢ sij(zi) with
sij(z;) = pj o s(x;) is an element of M; (where pj : M — M; is a natural homomorphism,
sij(x;) # 0 for every j € Iy, Iy is finite and Iy is a subset of I). We consider the matrix
s = [Sij]]xj with s;; : M; — M, being homomorphism. Note that, s;; is an endomorphism
of M because s;;(3_ e ;) =04 ... £ 0+ s55(x;) + 0+ ...

Claim 1. Ker(s;;) is an essential submodule of M for every i,j belonging to I and
i# 7.

Let N be a nonzero submodule of M and Ker(s;;) N N =0, then s;; | is a monomor-
phism, thus N = s;;(IN) with s;;(N) being a submodule of M;. But s;;(®px; M) = 0, thus
®pi M}, is a submodule of Ker(s;;). Hence @y MiNN = 0, (Br£iMi) ® N is a submodule

N = ((BriMi) & N)/(BpiMy) C M/(SrpiMi) = M;.

Let s;;(N) = Y be a submodule of M;, there exists a submodule X of M; such that
X =2 N 2Y. This is a contradiction to the fact that M; and M; are orthogonal. Therefore,
Ker(s;;) is an essential submodule of M for every i, j that are elements of I and i # j.
Claim 2.
Ker(s) N M; = NjerKer(sij),

for every i of I.
Let s : @jerM; — ©ierM;, and let x be an element of @©;e7M;, then x = ) ., x; with
x; € My, x; # 0 for every i € I' (where I’ is finite and I’ is subset of I). Thus

s(@) =5 mi) =Y (@) =YY sij(wi) = [si]Tur-[2il 11,

iel i€l iel jel

with [sij]?ﬂ is the transposet matrix of [z;j]7xs. Let « be an element of Ker(s) N M;, then
x is an element of M; and s(x) = 0. Thus x = Zje] xj = x; with z; being an element of
M; for every j of I, and s;;(x;) = 0 for every j of I. Hence, x; is an element of Ker(s;;)
for every I, it follows that x is an element of Njc;Ker(s;;), thus Ker(s) N M; is a subset of
NjerKer(si;). If x is an element of NjcrKer(s;;) then x is an element of M; and s;5(x) =0
for every j in I. Thus s(z) = s(3_,c; 75) = s(x:) = 3¢y sij(2i) = 0, hence x is an element
of Kers, ie., x is an element of Ker(s) N M;. It follows that N;jcrKer(s;;) is a subset of
Ker(s) N M;. Thus,
Ker(s) N M; = NjerKer(sij),

for every i of I.

Claim 3. If s is an element of A then s; is an element of A;, for every i of I.

Let s be an element of A, then Ker(s) is an essential submodule of M. By Claim 2
and [1, Proposition 5.16], Ker(s) N M; = NjerKer(s;;) is an essential submodule of M; for
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every ¢ of I. Thus Ker(s;) is an essential submodule of M;. It follows that s; is an element
of A;, for every i of I.

Claim 4. If [ is a finite set and s; is an element of A; for every i of I then s is also an
element of A.

By Claim 1, Ker;-;(s;j) is an essential submodule of M for every i of I, thus Ker;£;(s;;)N
M; is also an essential submodule of M;. Since I is the finite set and by [1, Proposition 5.16],
NizjKer(s;j) is an essential submodule of M;. Because, s; is an element of A;, Ker(s;) is
an essential submodule of M;, thus Njer K er(sij) is an essential submodule of M; for every
i of I. Hence Ker(s)NM; is an essential submodule of M; (by Claim 2), ®;cr(Ker(s) N M;)
is an essential submodule of M = @®;c;M;. Thus Ker(s) is also an essential submodule of
M. It follows that s is an element of A.

By Claim 1, Claim 2, Claim 3,

SIA = (Aij)rx1

with Aij = Sz/Az if i = j and Aij = 0if i #£ j. Let ¢ : HleISZ/AZ — S/A be a
homomorphism such that ¢((s; + A;)) = [sijlrxr with s;; is an element of A;;. Note that
Ker(o) = {(si + Ai) | s = [sijlixr € A} = {(si + Ay) | si € A} = (0), thus ¢ is a
monomorphism. Hence, [],.; 5i/A; = X with X is a submodule of S/A.

If I is a finite set, then s is an element of A if and only if s; is an element of A; for
every i of I. Hence S/A = [Ajj]rxr = [Lics Si/ A

(ii). Assume that, [[,.; Si/A; = S/A with M; and M; are relatively injective for every
i,7 are elements of I and ¢ # j, we will show that M; and M; are orthogonal for any 4, j of
I and i # j.

Assume that, there are two elements o and 3 of I and o # 3 such that M, and Mg are
not orthogonal. There exist two submodules E, of M, and Eg of Mg with E, = Eg. Let
fap : Eo — Ejg be an isomorphism, then f,5 : E, — Mg is a monomorphism. Since Mg
is M, —injective, there exist gog : Mo — M3 is an extending of f,3. Note that Ker(gag) is
an essential submodule of M thus Ker(gag) N Eq # 0. There exists element z, of E, with
Zo # 0 and gop(2a) = fap(za) = 0, this is the contradiction. Since f is a monomorphism.
Hence, M; and M; are orthogonal for any 4, j of I and i # j.

By the Theorem A, we have the Corollary B.

Corollary B. (i). Let M = @} | M; be a direct sum of submodules such that M; and
M; are orthogonal for any i,j of {1,2,...,n} and i # j, then [[;—, Si/A; = S/A.

(ii). Let M = @}_ M; be a direct sum of submodules such that M; and M; are relatively
injective for any i,j of {1,2,...,n}, i # j and [[;_, Si/A; = S/A, then M; and M; are
orthogonal with i,j of {1,2,...,n} and i # j, where S = End(M), S; = End(M;)(i =
1,2,..,n) and A ={se€ S| Ker(s) C* M}, Aj={s; € S; | Ker(s;) C* M;}(i =1,2,...,n).

Note that, Regarding Corollary B, in case n = 2, we have [2, Lemma 3.3].
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TOM TAT

MOT CHU Y VE VANH CAC TU DONG CAU
CUA MODUN TRUC GIAO

Trong bai bao nay chiung toi dua ra mot két qua vé vanh cac ty dong cau clia modun
M = @ierM; trong d6 M; va M; la truc giao 1an nhau véi bat ky i,j cia I va i # j. Két
qui nay da tong quat mot két quai ctia S. H. Mohamed va B. J.Miiller trong [2, Lemma
3.3].



