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NHA XUAT BAN THONG KE



L&i néi ddu

LOI NOI DAU

Gido trinh dugce tac gia bién soan dya trén kinh nghlem giang day mon
hoc “Todan roi rac” trong nhiéu nim cho sinh vién nganh Cong nghé
Thong tin cia mdt so trudng Dai hoc & Thanh phé HS Chi Minh véi
thori lwgng 3 don vi hoc trinh (45 tiét).

Téc gia bién soan gido trinh theo hudng: sap xep ndi dung tinh gian,
hop 1y, dong thdi bao ddm khéi kién thirc t01 thiéu vé co s& Toan cho
Tin hoc dé sinh vién ¢ didu kién tiép thu t8t cac mén chuyén nganh
trong chuong trinh dao tao k¥ su Cong nghé Thong tin. Tuy nhién, gido
trinh ¢6 thé sir dung nhur mét tai liéu tham khio cho sinh vién nganh
Toan - Tin hoc.

Giao trinh dugc chia thanh 5 chuong. Chuong 1 trinh bay nhitng van dé
co ban nhét cua logic hoc bao gom: ménh d€; cac quy luat logic; vi tir
va lugng tin; suy luan toan hoc. Chuong 2 trinh bay cac van @& co ban
trong phép dém va trong giai tich t0 hop; nguyén 1y Dirichlet ding aé
chimg minh sy ton tai cta ciu hinh 5 hop thoa min dién kién cho
trrdc. Chuong 3 trinh bay khdi niém thudt toan; gidi thiéu mét sé thuat
toan tidu biéu; do phirc tap cua thuft toan. Chuong 4 trinh bay khai
niém quan hé, cach bién dién mot quan hé bang mét ma trdn; quan h¢
tuong duong; quan hé thir ty va biéu 4o Hasse cla tap sdp thir ty hiru
han. Chucmg 5 trinh bay cac van dé co ban vE ham Boole, bleu thirc
Boole, dai s6 Boole va nguyén 1y don ngau vén dé t hop cac cong logic
theo bidu thirc Boole cho truge; van d& t6i thidu hod ham Boole bing
phuong phap bién dbi dai sb, phuong phap Karnaugh, phuong phép
Quine - Mc. Cluskey.

Trong qua trinh bién soan, do nhidu 1y do khaca quan va chu quan, gido
trinh chic chén s& khéng tranh khoi nhing sai sét. Tac gia rit mong
nhén dugc céc y kién dong gop dé gido trinh duogce hoin thién hon.

TP. Hé Chi Minh, thang 9 nam 2007
Téc gid
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Chuwong 1:
CO SO LOGIC

1.1. Ménh dé
1.1.1. Bjnh nghia
Ménh dé 13 mot khang dinh c6 gid tn chin ly xac dinh (dung hodc sai
nhing khong thé vira dung vira sai). Ta thudng ky hiéu cac ménh dé bai
cic chir Latinh hoa P, Q, R,..
Néu P 1a ménh dé dling, ta n6i P nhdn gi4 tri ding va viét P = 1 hay P =T.
Néu Q 13 ménh dé sai, ta néi Q nhdn gid tri sai va viét Q = 0 hay Q = F.
Vi du
- P:"6lasbchin" — P=1.
» Q:"Pars la tha 46 nuéc Anh” — Q=0.
« R: "1 cé phai 1a sd hitu ty khong 9} Khéng phai ménh dé
+ S:"Hom nay troi dep lam sao!”
+ T:"x+2<7" — khong phai ménh d& {" m3= T=1
' . j T Llx=8=T=0.

T la ham ménh @dé.
Chay |

Cdc cdu héi, cdc khang dinh duoi dang tan thdn hodc ménh Iénh

khéng phai la ménh dé vi né khong cé chan tri nhét dinh.
1.1.2. Céc phép toan trén ménh dé '
Tir mét hay nhiéu ménh d&, c6 thé xdy dimg nhimg ménh dé mdi ngay
cang phire tap hon nhér cée phép toan 16gic pht dinh, héi va tuyén sau diy:
1. Phép phti djnh
Phii dinh cila ménh dé P dugc ky hiéu bét —P hayP {doc: “khéng P”

hay “khong phai P), 1a mot ménh dé c6 gié tri duge x4c dinh boi bang
chén tri sau:

P | P
0 1
1 0
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Vidy

P : “Trai dit quay”.
=P : “Khong phai trai dit quay”, “Trat d4t khong quay”.
TacoP=1,dodéo—-P=0.
2. Phép hoi
Hpi ciaa hai ménh dé P, O dugc ky hidu bdi PAQ (doc: “P va Q™) 14
mot ménh dé cé gia tri duge xac dinh boi bang sau:

P PAQ

— o - Ol

0
0
0
1

Vay ménh d& PAQ chi ding khi ca P va Q déu ding, cdn sai
trong cac trurong hop con lai.

Vidu1
P : “2 14 s nguyén t6”
Q: “2 1a s chén™
PAQ : “2 14 s nguyén td va 2 13 s6 chin”.
TacoP=Q=1,dodo PAQ=1.
Vidu2

P : “Hom nay la thir Har”
Q: “HOm nay tr&i mura”
Ménh d& PAQ la ding vao hém thir Hai tréi mua, va 12 sai vao bat ky

ngay nao khdng phai ngdy thir Hai va vao ngay thr Hai nhung trén lai
khéng mua.

Chuy
+ Khi n01 hai ménh d8 béi tir va dé dién dat phép hi, thudng ta bo bot

mdt s tir trung 13p hodc sira ddi-chat it cdu van, Chang han, trong
céc ménh dé sau day, cac tir trong dau ngoic duge luge bo:

“Day dbng (ddn dién) va day chi din dién”.
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“An rit say mé Toan va (4n rdt say mé) van hoc”.
. Trong nhimg diéu kién nhét dinh, phép hdi con duoc dién dat bai

nhu’ng lién tir khac nhu: 8dng thoi, nhung, v.v... hodc chi bang mdt
diu phiy. Vi dy:

“Huing yéu Anh vin nhung gioi Toan™
“Lan vira yéu Toan vira yéu Anh vin”
“Chdng cay, vg cy, con trdu di bira” (Ca dao) |
+ Mat khac, khong phai bao gid tir va cling c6 ¥ nghia ctia phép hdi.
Vi du:
“Néi va lam di d6i voi nhau”
“Hing co6 12 cdy bt mau xanh va mau vang”
3. Phép tuyén

Tuyén cita hai ménh dé P, Q duoc ky hiéu béi PvQ (doc: “P hodc Q)
12 mot ménh dé ¢ gid dugc xac dinh boi bang sau:

P PvQ

0
|
1
1

— O — ST

—— Y O

Viy ménh & PvQ chi sai khi ca P va Q déu sai, va ding trong cac
trrdmg hop con lai.

Viduy

P : “Hung dang doc bao”.

Q: “Hung dang xem tivi”.

Ta ¢ tuyén cia P va Q la PvQ : “Hung dang doc bio hodc xem ti vi”
PvQ 1a ménh d& dung néu lac nay Hung doc bao, xem ti vi hay vira doc

bdo vira xem ti vi (!). Nguoc lai néu ca hai viée trén déu khéng xay ra,
ching han nhu Hing dang lam viéc thi ménh d& PvQ la sai.

Chay

Trong ngdn ngit ty nhién, llen tir hodic thuéng duge ding theo hai
nghia. Vi du véi ménh dé:
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“Cd Lan di dén Hué hodc Nha Trang”
ngudi ta co thé hidu theo hai cich khac nhau:
Cb Lan di dén Hué hodc Nha Trang va c6 thé dén ca hai noi do.
C6 Lan di dén Hué hodc Nha trang v chi ¢én mot trong hai noi 6.
Dé chinh xéc, khi can thiét, ngudi ta dimg:
« P vi‘hoiic Q: dé chi P hojic Q va c6 thé ca P 13n Q, va dung ki hiéu
v, goi 13 phép tuyén khong chir.

. hodc P hodc Q: d& chi P hoiic Q nhumg khdng thé ca P 1an Q, va
dung ki hiéu v, goi 12 phep tuyén chdat.

Bang chintrictaPvQla: | P

Q | PvQ
0 0 0
0 1 i
1 0 1
Vidy 1 1 0 -

. Thuéc nay c6 thé gay phan tng s6t va/hodc nhirc dau.

. €6 Lan di dén Hué vi/hoic Nha Trang.

. C6 Lan di dén hodc Hué hofc Nha Trang.

Trong gido trinh nay, khi néi phép tuyén thi ta luén hiéu dé 1a phép
tuyén khéng chat.

1.1.3 Ménh dé& c6 diéu kién va s trong dwong légic

1. Ménh dé c6 didu Kién (con goi 1a phép suy didn hay phép kéo
theo)

- Ménh dé P kéo theo ménh dé O dugc ky hiéu béi P = Q 1a mdt ménh
dé cé gia tn dugce xac dinh béi bang sau:

Pi Qi P=2Q
0| 0 1
01 i
1[0 0
11 1

Viy ménh dé P = Q chi sai khi P ding va Q sai, con diing trong moi
trirdng hop con lai.
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Trong ménh 38 P = Q thi P dugc got la. gid thiét (hay nguyén nhan),
con Q dugc g01 14 két lugn (hay két qua) Thudng ta con ¢ nhing cach
doc ménh d& P= Q nhur sau:

“P kéo theo Q”;
“Néu P thi Q”;
“Q chi néu P”
Két luan Q biéu thj didu kién cin cia P, con gia thiét P biéu thi diéu
kién du cua Q.
Vidy
« ab=c = a=bc (nguwoc lai chua chac dung) Viyab=cla didu
kiéndicia a=bc.

« Khée manh 1a didu kién cin nlumg khong du dé gidi cdc mon thé
thao.

Chay
Dinh nghia cua phép kéo theo trén la 16ng qudat hon voi tir kéo theo

trong ngén ngit thong thuong. Vi dy xem cdc phép phép kéo theo
saw: :

a. “Néu hém nay tréi ndng thi ching téi sé di xem ca nhac”
b. “Néu hém nay t6i & nha thi s6 25 chia hét cho 5"
c. “Néu hém nay la thir Nam thi s6 25 la 56 nguyén t6”

0 ddy ta thay Phep keo theo a) dwoc dung trong ngon ngit thong
thucng, vi o ddy cé méi quan hé gitia gid thiét va két lugn. Phép
kéo theo nay dwoc xem la dung trir phi hém nay troi nang, nhung
chung t6i khong di xem ca nhac. Phép kéo theo b) luén dung theo
dinh nghia ciia phép kéo theo, vi két ludn la ding (khi d6 chin tri
cua g:a thiét la khong quan trong). Phép kéo theo ¢) la ding voi
moi ngay trie thu Nam.

Trong ngdn ngit tu nhién, chung ta thuong khong dung hai phép
kéo theo b) va ¢) vi khéng c6 mdi quan hé giita gid thiét va két ludn
trong hai phép kéo theo do. Trong suy lugn todn hoc ching ta xét
cac phép kéo theo thuoc foai tong quat hon trong ngon ngu- théng
thuomg. Khai niém toan hoc vé phep kéo theo djc lgp voi moi quan
}ié nhén - qua giita gia thiét va két lugn.
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2. Phép tuvang dwong

Ménh dé P firong dwrong véi ménh dé Q dugc ky hidubdi P = Q la

médt ménh d& xéc dinh bai (P = Q) A (Q = P). Tir 46 ta ¢6 bang chin
tri sau: :

P=Q

—— |
—_ = OO

t—lOOb—‘ﬂ

Chay
Thuomg ta con doc ménh de P < Q la “P khi va chi khi Q7 “P néu
va chi néu Q”; “P ld can va du doi véi Q" hay “Néu P thi O va
nguoc lai”.

Vi du

“Mot s6 chia hét cho 3 khi va chi khi n6 ¢6 tdng cac chit sé chia hét cho

3”.

3. Ménh aé phire hep va twong dwong 16gic

Pinh nghia 1:

Céc ménh dé duge xdy dung tir mét sb ménh dé ban dau nho lién két

ching lai bang cac phép toén logic (hoi, tuyén, phi dinh, suy dién va

tuong duong) goi la ménh dé phirc hop hay cong thirc. Cic ménh dé

khong duoc xdy dung tir cac ménh dé khéc qua cac phép toan logic goi
la ménh dé so cap.

Pinh nghia 2:

a) Mot ménh @ phirc hop ludn ludn cb gié tri ding duge goi 18 mdt
hang ding hay dinh Ii (361 khi con go1 13 ludr).

b) Mot ménh dé phirc hop Iudn ludn co gia tri sai duoe goi la mot
hing sai hay méu thudn.

Vi dy
Xét cOng thire: P:>Q < PvQ.

~ Ta thanh 1ap bang chén trj cia ménh dé phtrc hop nay.
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PIQ|~-P| P=Q -PvQ TP=>Q < PVv(Q
0! 1 1 1 1
0|1 1 i 1 1
110 0 O 0 i
111]0 1 1 |

Nhin trong bang ta thay ménh dé trén ludn nhan g1a tri diing v&i moi gia
tri khac nhau cda cic ménh &8 so c¢ip P, Q nén no chinh 12 mot dinh 1i.

Pjnh nghia 3:

a) Hai ménh d& E va F goi 13 twong dwong légic néu chung cod -
cing chan tri. Khi 86 ta viét E=F hay E=F.

b) Ménh dé F goi la h¢ qua légic cia ménh dé E néu E = F 1a mot
hing dung.
Chuy
. Meénh dé phitc hop E va F twong dwong logic khi va chi khi E < F
la hang ding.
« Trong phép tinh.ménh dé, ta thuong khong phén biét cac ménh dé
twrong dwong logic. Tuc la trong m¢nh de phuc hop E, néu ta thay

bidu thlrc con F béi mét ménh dé twong dwong 16gic thi ménh dé thu
dugc van tuong duong 16gic vdi E.

Vi dy
Pv(Q=R)=Pv(QVR)

{vi biéu thirc con Q => R twong dwong 16gic véi Qv R }
4. B Lru tién cla cac phép toan

Twong tr nhu dbi véi cac phép toan sb hoc dé tranh phai ding nhiéu
du ngodc trong cac biéu thirc 16gic, ngudi ta di dwa ra mdt thir tr wru

tién trong viéc tinh toan nhur sau:
Cép wu Thye hién
tién
1 Cac phép toan trong ngodc
y) Phép phil dinh (=)
Phép hoi (A)
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3 Phép tuyén (v)
4 Phép suy dién va tuong duong (=,
5 <)

Trong céc phép todn c6 cing cdp wu tién, phép todn ndo dimg trude
dugc thyue hién tnrde.

Vi duy
+ PvQ=RAScénghiala (PvQ)= (RAS)
. PAQVRAS conghiala (PAQ)V(RAS)

1.2, Céc qui luat 16gic

Dinh 1y sau ddy s€ liét ké mot sé qui ludt 6gic thuimg duge st dung
trong l4p ludn va chimg minh.

Binh fi
V6i P, Q, R 12 cac ménh dé bat ky. Khi d6 ta cé:

I Ludt phi dinh ciia phil dinh: (P) =P

2. Cac luit De Morgan: PAQ=§V6 m=§/\6

3. Luat giao hoan: ' PAQ=QAP, PvQ=QvP

4. Luat két hop: PA(QAR)=(PAQ)AR

5. Luat phan bé: PA(QVR)=(PAQ)v(PAR)
Pv(QAR)=PvQ)A(PVR)

6. Luat luy ding: PAP=P; PvP=P

7. Luft luy déng: PAP=P; PvP=P

8. Lugtvéphintiba: PAP=0:PvP=1

9. Luit th_éng tri: PAO=0;Pvl =1

10. Luat hap thy: PA(PvQ)=P; Pv(PAQ)=P

11. Lut chimg minh phan chimg thit nhit: P=>Q=Q =P

12. Lujt chimg minh phan chimg tht hai: P =0 =PAQ
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Chirng minh-

12 ludt trén c6 thé kiém tra d& dang bang cach lap bang chin trj 2 vé clia
trong dvong 1dgic.

Vidy1

Chimg minh ((PAQ) = R) = (P> (Q:> R))

Giai.

Chiing ta c6 thé diing bang chén tri d& chimg minh sy tuong duong
10g1c clia cac ménh dé trén. Tuy nhién, thay vi thé, ta s& phat trién m6t
~ chudi cac tuong duong logic.Ta co

(PAQ)=>R = PAQVR

= (ﬁv 6) vR
= Pv(QVR)
= Pv(Q=R)
= P=(Q=>R) 0
Vidy 2
Chimg minh ménh dé sau 14 mét ménh dé hing dung:
(P=QAP)=Q
Giai.
Ta co

(P=>QNAP)=>Q= P=>Q)APVvQ
= (P=QvP)}vQ
= (P=Qv(PvQ)

 =P=2Qv({P=Q)
=110
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1.3. Vi ttr va lwong tor
1.3.1. HAm ménh 4

O trén ta 44 xét cdc ménh d& ma gia tri cia chung c6 thé xac dinh ngay
ding hodc sai. Trong muc nay ta xét loai ménh dé ma gi tri ciia nd phu
thudc vao cac gia trj khac nhau. lay tir mdt tap nao do. Vi dy, cdc khing
dinh c6 lién quan dén céc bién nhu:

“x<3”va x:y—2”

rat thuong gip trong céc khing dinh toan hoc va trong cac chuong trinh
may tinh. Cac cau nay khong dlng ciing khéng sai khi ma cic bién con
chua dugce cho nhimmg gia tri xac dinh.

Khing dinh “x nhé hon 3” ¢6 hai by phn. Bo phén thir nhit 1a bién x,
chii nglt cia ciu. BY phan thir hai “nhé hon 3” 13 vi ngit, né cho biét
tinh chat ma chii ngit ¢ thé c6. Ta ¢6 thé ki hiéu khang dinh “x nhé hon
37 1a P(x), v&i P ki hiéu vi ngir “nho hon 3” va x 13 bién. Ngudi ta cling
n6i P(x) 1a gia tri cia him ménh ¢ P tai x. Mot khi bién x duoc gan cho
mot gia tri, thi khing dinh P(x) s& c6 gia tri chin 1y. Ching han P2) -
tirc 13 khing dinh “2 nhé hom 3” 1a dang. Tuy nhién P(5) - tirc khing
dinh “5 nho hon 3” 13 sai.

Tuong tu, véi khang dinh ¢6 hai bién nhu Qx,y)="x=y-2" trong d6
X, y 1a cac bién. Khi cac bién x va y dugce gén cho 1 gia tri x4c dinh,
khiing dinh Q(x,y) s€ o gia tri chin 1y.

Dinh-nghia.

Ham ménh dé 13 mot khing dinh P(x, v....) trong d6 c6 chira mét sb
biénx,y, . .. lay gi4 tri trong nhiing tap hop cho trrde A, B,... sao cho:

+ Bin than P(X, y,...) khong phai la ménh dé.

« Néu thay X, ¥,... boi cdc gid tri cu thé a € A, b € B,... ta s& dugc
mdt ménh deé.

Vidy1
P{(n)="n i3 mbt s6 nguyén t6” 1a ham ménh dé theo biénn e N.

Véin=2, 7 ta dugc cic ménh dé dung P(2), P(7); con véin=4,6,9 ta
dwrge cdc ménh d sai P(4), P(6), P(9).
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Vidu2

Q(x, y) = “x = y + 3” 13 mdt ham ménh & theo 2 bién x, y € R. Xac
dinh chén trj cla cic ménh d& Q(1, 2) va Q(3,0).

Giai.

Tacod

Q(1,2)="1=2+ 3" 14 ménh d2 cd gia trj sai.

Q(3, 0)=“3 =0+ 3” 1a ménh dé cé gi4 tri ding.

1.3.2. Vi ttr va Iwgng tlr _

Khi tét ca céc bién trong mdt ham ménh dé déu dugc gan cho gia tri xac
dinh, thi ménh dé tao thf‘mh S8 cO gia tr1 chén Iy Tuy nhién, con co m(:)t
cdch quan trong khac dé bién cdc him ménh dé dé thanh cac ménh dé,
ma ngudi ta goi la sy lwong héa, d6 18 lueng tir chung (ciing quen goi la

hrgng tr “voi moi”) va lugng tir riéng (cling quen goi 1a luong fir “ton
tai™}. :

Dinh nghia:

Gia sir P(x) 13 mdt ham ménh && theo bién x € A.

«  VxeA, P(x) (doc: “vét moi xe{\, P(x):’) 14 mdt ménh d&, né nhan
gid tri dang khi va chi khi véi phdn tirbatkya € Ataco P(a)=1.

+ dxeA, P(x) (doc: “tdn tai xeA, P(x)”) 12 m{t ménh 38, n6 nhin gia
tri ding khi va chi khi tdntaia € A dé Pa)=1.

Chc todn tir ¥, 3 dugce goi la cac lirgng tir. v dugc goi 13 luwpng tir
chung (hay lugng tir véi moi), 3 duge goi 13 lugng tir viéng (hay lugng
tik ton tgi). Ménh dé cé chira cic lugng tir dugce goi 1a vi tar.

Néu A 13 médt tip hop hiru han n phin tir: A = {a,, ay, ..., a,} thi
VxeA, P(x) tirong duomg v&i ménh dé P(a)) A P(az) A ... A P(ay).

IxeA, p(x) tuong duong véi ménh dé P(ay) v P(az) v ... v Pa,).
Vidu1

Ménh d& “véi moi s6 nguyén n ta ¢6 2n + 1 13 mot s6 1€” 6 thé vié:
vneZ,2n+11é
v ménh d€ nay c6 gié tri ding.
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Vidy 2

Ménh d8 “ton tai s6 thuc x dé 1n(x2 —3)= 0" c6 thé viét:
IxeR, In(x*-3)=0

va ménh dé ndy c6 gia trj dang.

Binh li (sy hoan vi cac hrgng tir)

Néu P(x, y) 1a mot ham ménh d¢ theo hai bién x € A, y € B thi céc
ménh d& sau 13 hing dang:
a) [VxeA, VyeB, P(x,y)] < [VyeB, VxeA, P(x,y)]
b) [3xeA, 3yeB, P(x,y)] < [JyeB, IxeA, P{xy)]
¢) [IxeA, VyeB, P(x,y)] = [VyeB, IxeA, P(x,y)]
Tir dinh 1y trén ta c6 két qua sau: Trong vi tir cita ham ménh dé néu ta
hoén vi hai lugng tir ditng canh nhau thi:
« Meénh d& méi vin con twong duong l6gic véi ménh dé cii néu hai
lugng tir nay cung loai.

« Ménh d& méi s& 1a mdt hé qua 16gic cia menh d¢ cii néu hai lwong
tur trode khi hoan vi co dang 3V.

Chay

Ménh dé d4o cuia c) khong nhat thiét ding trong trudng hop tong quat.
Thit vay, ta hidy xem mét vi du: Goi P(x,y) = “x + y=1" (x, y la hai
bién thuc).

Néuthayy=be Rtuyythitacothé chonx=1-bdéx +b =1 nén
ménh d¢2 “3xeR: x + b = 1”7 14 ding. Didu ndy chimg t6 ménh dé
“YyeR, 3xeR, x + y=1"1a dung.

Nguoc lai, néu thay x =atuy y, taco thé chony=-adéa+y=0=1
nén ménh d& “vyeR, a + y = 1” 1 sai. Piéu nay chimg t0 ménh ae
“IxeR, YyeR,x+y=1"la sai.

1.3.3. Pha dinh cia vi tie

Dinh li |

Néu P(x) 12 him ménh d x4c dinh trén tap A, ta c6:
a) .m=3xeA,m)-.
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b) Ix€A,P(x)=Vx cA,P(x).
Chtrng minh
2) Ménh d& Vx e A, P(x) nhin gi4 trj diing = VxeA, P(x) nhén gi4
tri sai
=wntaix=acA déP(a)sai=3IxeA, P(x) dung
Vay a) 12 ménh dé hing ding O
Khiing dinh b) chitng minh tuong ty.
Vi dy -
Phu dinh clia ménh d8 “IxeR, x2 < 0” 1a ménh d8 “VxeR, x* > 0",
Chu y
Tir dinh 1i & (1.3.3), ta c6 thé tng quat héa cho ham ménh dé P(x,
X2,.. .» Xn) theo n bién Xt, X2,..., Xp {n > 1): Phtl dinh cita vi tir nhén dugc
bﬁng cach thay thé lugng tir V boi luong tir 3, lugng tir 3 boi lugng tir

YV, vi him ménh dé P(xy, X2,..., X,) thanh phu dinh cua né
P(X(,%5,..,X, ).

Hé qua
a) Vx,(P(x) = Q(x)) = 3x, (P(x) A @) :

b) 3x,(P(x) = Q(x)) = Vx,(P(x) A Q).
Vidy
Mot ham thure lién tuc tai xpeR duge dinh nghia bai:
V>0, 36>0, VxeR, (|x x| <8)=> ([f(x) - f(xo)| <)
Lay phit dinh ta s& dugc dinh nghia cia ham khéng lién tuc tai xo:
3e>0, v8>0, xR, (|x - xo| < 8)A(Jf(x)-f(xp)| 2 ).
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1.4. Suy ludn toan hoc
1.4.1. Suy luan va quy tic suy dién

Suy ludn 1a rit ra ménh dé moi tix mot hay nhiéu menh dé di co. Menh
dé 43 co dugc goi la gid thiét hay tidn 48, ménh A& mai dugc goi 12 két
lugn.

Vi dy ,

Ban dang di xe may doc ducmg Bong nhién xe dimg may. Ban xudng
xe kiém tra thay xing vin con nhidu. Ban dit xe vao mdt tiém sira xe

may, chic bi truc tric & mdt bd phan ndo cia xe may. Hanh ddng 46 cia
ban dya trén mdt suy ludn nhur sau:

Xe hét xing holic mdt bd phin nio d6 cua xe bj hong

Nhung xe vin con xing. .

Vay: Mot b$ phén ndo d6 cia xe bi hong.

Trén déy 12 mét vi du vé suy lugn dién dich (hay suy chen) 1a suy lugn

theo nhimg qui tic tdng quat, xic dinh ring néu céc tién d2 13 ding thi két
luén rit ra cling phai ding.

Trong mét chimg minh toan hoc, xuat phat tir mt s6 khang dinh ding
P, Py, ..., Prgoi la gia thiét, cac qui thc suy dién duge 4p dung dé suy ra
chan 1y chia mdt khing dinh Q 12 hé qua 1ogic cia Py A P2 A ... A Py, hay
noi cach khac cdng thirc

PiAPA..APL,=Q

12 mét hing dung.

Ta thudng md hinh hoa phép suy dién trén thanh so 46 sau:
P
P>
P,

~Q
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Khi dung ki higu nay ta mudn nhan manh dén céc khia canh cua lap
ludn: Gla thiét Py, Py,..., P, dugc viét trén gach ngang; dudi dau gach
ngang viét két luan Q, ki hleu .thay cho “vay thi” trong l4p ludn.

Sau day 1a mot s& qui tic suy dién thudng ding ma chan tri ¢ thé kiém
tra dé dang bang cich 1ap bang chan tri.

1. Qui tic Modus Ponens (phuong phap khing dinh)
Qui tic nay dugc thé hién béi hing ding
[(P=Q)AP]=Q
hodc dudi dang so do
P=Q
P
~Q

Trong cuéc sbng hang ngay, ta thudng hay st dung qui tic suy dién
nay.

Vidy 1
Tuc ngir cna Viét Nam ¢6 ciu:
Trang qudng troi han, trang tan troi mua.

Vi vay khi thiy tring tan ngucrl ta nghi ngay dén diu hiéu cua troi mua,
tirc 1a da suy luan theo qui tic modus ponens nhwr sau:

Néu tring tan thi troi ma P=Q
ma tring tan ' P
Két luan: Tréi mua .Q
Vidy 2
Néu Lan ludi hoc thi s& khéng dat mén Toén 1di rac P=Q
ma Lan ludi hoc ' P
Két luan: Lan khong dat mén Todn rdi rac ~Q
Lwuy

Trong suy ludn, nguoi ta c6 thé dao thir thy caa hai tién de Ching han,
& vi du 2, ta thuomg néi:
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Lan ludi hoc. _

Ma néu Lan ludi hoe thi s& khéng dat mén Toan réi rac.

Vay Lan khong dat mon Toan roi rac.

2. Qui tic Modus Tollens (phirong phap phu dinh)
Qui tic nay dugc thé hi¢n béi hing dung
[(P=QAQ1=>P
hodc dudi dang so 36

P= Q

Q
. P
Vidy
Néu Hung chim hoc thi Hing dat mdén Toén rdi rac P=Q

Hung khéng dat mon Toén roi rac Q

a3

Két luan: Hing khéng chim hec
3. Tam doan luén (Syllogism)
Qui tac nay duge thé hién bai hing diing
[(P=Q)A(Q=>R)]=(P=R)
hodc dudi dang so 46
| P=>Q
Q=R
~P=R
Vi dy 1
Néu ching ta doan két thi ching ta manh P=Q
Néu ching ta manh thi ching ta danh thing moi ké thi Q=R

Két ludn:

Néu chiing ta doan két thi ching ta danh thing moi kétha ~P=R
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Vidy 2
Mot xe may ré thi khé kiém
Cai gi kho kiém thi dit
Két luan: Mot xe may ré thi dit

Tam doan lugn trén hoan toan hop I6gic. Tuy nhién két luin mau thufin
14 do dua trén médt tién dé sai ().

4. Qui tic méan thufin (chimg minh bing phan ching)
Qui tic ndy dugc thé hién bdi twong dwong l6gic ,
| P=Q= [(Pr Q)= 0]
Qui tic ndy cho phép ta chimg minh (P A Q) = 0 thay cho P = Q. Néi

cich khic néu thém gia thiét phy Q vao gi thiét P cho truéc ma din
dén mét mau thudn thi Q 1 hé qua 16gic caa P.

Vi dy
Hay sir dyng phuong phap phan chimg cho chimg minh sau:
P =R
P =Q
Q=S
~R =8

Phiz djnh ctia két luan s& tuong Juong voi:

RvS<& RAS
Do do, ta thém vao céc tién d& hai gia thiét phu R, Sva s& di chimg
minh suy luén sau 1a dang:
P =R
P =Q
Q=S8
R
S

=0
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Ta ¢d cac bude sau ddy:

S (tam doan luén)
ma S

(_ﬁ-) {qui tic Modus Tollens)
hay twong duong P
ma P=>R

~. R {qui tic Modus Ponens).

Két luan R cing véi gia thiét phy R cho ta:

RAR &0
Viy ta ¢6 diéu phai chimg minh.
1.4.2. Mt s6 phwong phap chirng minh toan hoc

Céc phuong phap chimg minh trong toan hoc 1a cac truong hop néng
cha viéc 4p dung cic qui tac 1dgic vao qua trinh suy ludn toan. '

1. Phwong phap chipng minh tripe tiép
P& chimg minh ménh d& ding c6 dang
E=F
ta xAy dung mét diy cic hé qua 16gic sau:
E=E, E = EBy,.., Eni > Eo, B, F.
Ap dung qui tic Modus Ponens ta cd
E, E = E, ding thi E; diing
E|, E; = E; dung thi E, dung

Ea, E; = F dling thi F dang
Tirc la tir E dang, suy ra F dung.



Chuong 1: Co s& Logic 23@.

Vidy 1

Chimg minh ring néu n chia hét cho 3 thi n® chia hét cho 9.

Giai:

Gia si n chia hét cho 3 = n = 3k, keZ = n* = 9k* = n” chia hét cho 9.
Vidy 2 |

Chimg minh ring néu n la sb nguyén t§ 16n hon 5 thi n? — 1 chia hét cho
24, :

Gii:
Xay dyng chig minh:
1.n la nguyén td vin > 5 => n-1, n+1 14 cac s6 chin
2.n-1 va n+1 1 hai 58 chén lién tiép = (n-1)(n+1) chia hét cho 8
3.n, n-1, n+1 13 ba s8 tr nhién lién tiép = n(n-1)(n+1) chia hét cho 3
4.n 1 nguyén t6 16n hon 5 = n khéng chia hét cho 3
5.Tir (3) va (4) ta ¢o (n-1)(n+1) chia hét cho 3
6.n nguyén td vi n > 5 = (n-1)(n+1) chia hét cho'3 va chia hét cho 8
7.S6 3 va 8 1a hai s8 nguyén t6 cing nhau
8. Tlr (7) = (n-1)(n+1) chia hét cho 8x3=24
9.n 14 nguyén té van > 5 = n? — 1 chia hét cho 24.
2. Phwrong phap chirng minh gian tiép
Dé chimg minh ménh d& diung c6 dang
P=Q
ta ¢ thé chimg minh Q = P dung, vi
P=Q=Q=P.
Phurong phéap chimg minh ndy goi 14 chig minh gién tiép.
Vidu1
Chimg minh ring néu 3n+1 (neZ) 1a sb chin thin I&.
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Giai.

Gia sirn 1a s6 chin = n =2k, keZ => 3n+1 =3(2k) + 1 =6k + 1 la sb
&0

Vidy 2

Chimg minh rang néu p’ 12 boi sb cia 3 thi p 14 bdi sb cua 3.

Giai. -

Gia sir p khong phai 13 bdisbcia3 = p=bs3 £ 1

= p>=(bs3 £ 1)’ =bs3 + 1 = p® khong phai 1a bdi 56 cua 3 O

3. Phwong phap chirng minh phan chirng

Phurong phap phan chimg dya trén qui tic miu thuin:

(P=Q)=(PAQ=0)
Nhu véy, dé chitng minh ménh dé diing c6 dang
| P=Q
ta ¢6 thé chtmg' minh bing phan chimg ring gi4 sit P dting nhung Q lai
sai, khi 46 ta s& nhan dugc méau thuan.
Vi dy

Chimg minh ring néu n 13 s6 nguyén t6 1én hon 5 thi n® — 1 chia hét cho
24,

Giai.
Cac bude 13p ludn s€ la:
1. Gia thiét n 1a s6 nguyén t§ > 5, n® — 1 khéng chia hét cho 24.
2. n*=1=(@-)(n+1).
3. n-1, n+1 14 2 s6 chin lién tiép nén tich (n-1)(n+1) chia hét cho 4.
4. n’-1 khong chia hét cho 24 nén n? -1 khong chia hét cho 6.
5. Suy ran® -1 khéng chia hét cho 2 hojc khong chia hét cho 3.
6. Xét hai trudmg hop:

. Neu n’ -1 khéng chia hét cho 2 thi n-1 va n+1 14 hai sd 1é suyran
1 s6 chin. Vay n khong 14 s6 nguyén tb 16n hon 5.
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- Néun’ - 1 khong chia hét cho 3 thi n phai chia hét cho 3, vi (n-
1)n(n+1) chia hét cho 3 (ba 50 ty nhién li€n tiép).Véy n khéng 13 s6
nguyén t& 1ém hon 5.

7. T (6)suyran khong 1a sb nguyén t6 1én hon 5. Piéu nay méu
thuin voi gia thiét O '

4. Phwong phap quy nap

Phuong phép quy nap ¢6 vai trd rit quan trong trong toan hoc, va
thuorng duge sir dung dé chimg minh doi véi nhitng. ménh d& toan hoc
6 lién hé chit ché véi tap hop cac $6 ty nhién. -

Nguyén ly qui nap:

Ménh dé Vn € N, P(n) 1a hé qua cia ménh dé
P(0) A [Vn € N, P(n) = P(n+1)]

Phwong phap chirng minh bing qui nap:

Theo nguyén 1y trén & chimg minh P(n) ding véi n € N tuy ¥, ta thue
hién 2 budc:
« Budc 1 (co s¢): kiém chimg dé khéng dinh P(0) diing.

« Budc 2 {qui nap): gia sir vérl neN tuy y, P(n) ding. Ta chimg
minh P(n+1) daung.

Nguyén 1y qui nap trén c6 thé bat dau tirny € N: nghia 13 :
[P(ng) A [Vn = ng, P(n) = P(n+1)]] = [Vn = ny, P(n)]
Chuy

Trong qua trinh qui nap néu khéng thyc hién dﬁy.df! ca hai buéc co s¢
va quy nap, thi ¢ thé dan dén ket ludn sai 1am. Chéng han, do bé qua
khiu quy nap nén nha toan hoc Phap P. Fermat (1601 — 1665) d4 cho

ring céc s6 dang 2% +1déulash nguyén to.

P. Fermat xét 5 s6 dAu tién:

. Véin=0cho 2% +1=2"+1=3 1 s nguyén t6.

. Véin=1cho 2% +1=2%+1=5 lasé nguyén 4.

e Véin=2cho 2% +1=2%+1=17 lash nguyén t.
. Véin=3cho 22 +1=2%+1=257 12 sé nguyén t6.
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.« Véin=4cho 2% +1=2' +1=65537 la s6 nguyén té.
Nhung vao thé ky 18, Euler di phat hién véi n = 5 khang dinh trén
khéng diang, béi vi:

22 41=2% 41 = 4294967297 = 641x6700417 .

Vidy1 _
Chitng minh ¥n € N ta cé:
0+1+ . +1 n(n+1)
Giai:
n(n+1)

XétPm):0+1+..+n

Budc co sé: Khi n = 0 thi P(0) 14 ménh d&: 0 = %. Vé phai clia déng
thirc trong ménh dé tinh ra bang 0, nén P(0) diing.
Buoc qui nap: Gia sit P(n) diing vgin € Ntuy y:

041+ +n="4n+D)

 Khi iy
' n(n+1) (n+1)(n +2)

0+1+...+n+(nt)= 5

+tn+l=

nghia 1a P(n+1) ding.

Do d6 theo nguyén 1y qui nap ta ¢6 diéu phai chimg minh.

Vidy 2

C6 Lan cAm mot to gléy va léy kéo cit thanh 7 méanh, sau &6 nhat mot
trong nhiing manh gidy da cat va lai cit thanh 7 manh. Va ¢ Lan cir

t1ep tuc cit gidy nhu vay. Sau mdt hdi ¢6 Lan thu tt cd cdc mdu glay di
cit va dém dugc 122 méanh. Hoi xem c6 Lan dém ditng hay sai?
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Giai: .

Véi mbi lan cit 1 manh gidy thanh 7 manh, tirc 13 tao thém 6 manh. Do
dé cdng thirc tinh s6 manh gidy sau n budc thyc hién cit 1 manh thanh
7 manh ¢ dang:

S(n)=6n+ 1.
Ta khing dinh tinh ding dén cia cdng thirc S(n) bing qui nap theo n.
Buéc coso: Khin=11hi S(1)=6.1 + 1 =6+ 1 =7. Trong truong hop
nay ¢b Lan cat manh giay ¢6 trong tay thanh 7 manh nén S(1) dung.
Budre qui nap: Gia sit sau k budc cd Lan d3 nhin duge sd manh gidy 1a:
S(k)=6k + 1.
Sang budc k + 1, ¢b Lan iy mot trong nhlmg manh gidy nhin dugc

trong k budc trudc va cit thanh 7 manh, tic 12 ¢6 Lan da liy di mot
trong S(k) manh va thay vao ¢6 7 manh dugc cit ra, do dé:

Sk+1)=8(kk)-1+7=6k+1~1+7=6k+7

=6k +6+ 1 =6(k+1)+ 1.

nghia 1a S(k+1) dang.

Vay s6 manh gidy c¢6 Lan nhan duqé sau n bude cit 13 S(n).

Do S(n) = 6n + 1 = 1(mod 6), nhung 122 =6.20+2 = 2(mod 6). Vay co
Lan 43 dém sai.

1.4.3. D¢ quy va trng dung

Péi khi chiing ta rit kh6 dinh nghia mét déi twgng mét cach tuong
minh, nhung cé thé dinh nghia d6i twong nay qua chinh né. Ky thuat
ndy dugc goi 14 d¢ quy. Ching han, trong thyc té ching ta thudng gip
nhiing trucmg hqp phal dinh nghla mdt diy v6 han cic phin tir. Thay vi
phai viét tat ca cac phin tir nay ra, ngudi ta c¢6 thé chi ra mét quy luat
xac dinh phén tir bét ky cua diy nay.

Vi dy, n! 14 tich ciia n sb tw nhién dau tién. Ching ta khong thé viét hét
dugc, thim chi céc giai thira ciia 100 s6 dau.

Nhung ching ta lai ¢6 thé dinh nghia F(n) = n! nhu sau:
F(0)=1
F(n+1) = (n+1)F(n)
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R& rang khi 4p dung nhiéu ln ta s& c6:
F(n+1) = (n+1)F(n) = (n+DnF(n-1) = ... = (n+Dn...2.1 = (n+1)!

Nhu véy, ta c6 thé néi mot d6i tugng 13 dé quy néu nd bao gdm chinh
no nhu mét by phén hodc né duge dinh nghia dudi dang ciia chinh nd.

Ta cb thé sir dung d¢ quy dé dinh nghia cac diy sb, ham sb va  tAp hop
Chéng han, dé dinh nghia m6t ham xac dinh trén tip cac sb nguyén
khéng 4m, chiing ta cho:

1. Gia tri ctta ham tain =0,
2. Cobng thuc tinh gia tri cia nd tai s6 nguyén n tir cc gia trj cua né
tai cic s6 nguyén nho hon.
Pinh nghia nhu trén dugce goi 14 djnk nghia d¢ quy.
Viduy 1
Gia sir ham f duoc dinh nghia dé quy nhu sau:
F(0)=3, f(nt1) = 2f(n) + 3.
Hay tim (1), f(2) va f(3).

Giai.

Tir dinh nghia d€ quy ta cé:
f(1)=2f(0)+3=23+3=9,
f(2)=2f(1)+3=29+3=21.
f(3)=2f(2)+3=221+3=45

Vi dy 2 |

Hay cho dinh nghia d& quy cia hé.m F(n) = a" , trong d6 a 1a mot sé
thyre khéc khéng va n 1a nguyén khéng am.

Giai.

Tacoa’=1via™!=aa" '

Do d6 ta c6 thé dua ra dinh nghia dé quy cia ham F(n) = 2" nhu sau:
1. FO)=1,
2. F(n+1)=a.F(n).
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Vidy 3
Gia sir tap A dugce dinh nghia dé quy nhur sau:
1. 3eA,
2. xtyeAnduxecAvayeA.
Chimg minh ring A 13 tip cac sb nguyén dwong chia hét cho 3.
Giai.
Goi B la tép cac s nguyén duong chia hét cho 3. P8 chimg minh A =B
tas€ chimgminh AcBviaB cC A.
Chimg minh B — A: Goi P(n) 12 ménh dé “3n € A™.
Ta c6 P(1) ding, vi theo dinh nghia d¢ quy cua A.
Gia sir P.(n) dang, tirc 1a 3n € A, ta chitng minh P(n+1) dung. Théat viy,

vi3 € Ava3n € A nén theo dinh nghiatacé 3 +3n=3(ntl) e A >
P(n+1) ding.

Theo quy nap toan hoc moi s6 ¢cb dang 3n, v&i n nguyén duong, thudc
A, hay ndi cdch khac BcC A,

Chimg minh A = B: Tac6 3 € A, hién nhién 3 chia hét cho 3 nén 3 € B.
Tiép theo ta chimg minh mioi phén tir cia A dugc sinh ra theo quy tic
thir hai cua dinh nghia ciing thugc B. Gia sir x, y 13 hat phén ftir cla A,
cting 12 hai phén tir cia B. Theo dinh nghiacia Athix +y e Avavix
va y déu chia hét cho 3 nén x + yciing chiahétcho3 =>x+ye B= A
cB.0O
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BAI TAP CHUONG 1 (CO' SO LOGIC)

Bai 1 Trong céc khing dinh sau, cho biét khing dinh nao 1i ménh dé :
a) 613 mot sé nguyén td.
b) Cé ta rit thong minh.
c¢) Tam gidc cin cb hai canh bing nhau.
d) Hay lam bai tap Toan cao cép di!
e) Néu ban dén tré thi t6i s& di hoc trude.
f) x1amotsd le.
g) Ban co thich xem béng d4 khong ?
Bai 2 Goi P, Q 12 c4c ménh dé :
P: “Hung thich bong da”
Q: “Hung ghét ndu an”
Hay viét lai cdc ménh dé sau dudi dang hinh thirc trong d6 sit dung cic
phép noi. -
a) Hing khéng thich béng d 13n ndu in.
b) Huing thich bong ¢4 nhung ghét néu an.
" ¢) Hiung thich bong d4 hay Hung vira thich ndu in vira ghét bong da.

d) Hing thich bong d4 va ndu &n hay Hing ghét bong d4 nhung
thich nau an.

Bai 3 Xét chén trj cac ménh dé sau:
a) (V2<1)A(1<3)
b) (2+4=6)v (log,1<0)
¢) (1>5)> (5+4<6)
Bai 4 Hay lay phu dinh cic ménh @ sau:
a) Néu x’ 1a mdt sé nguyén thi x 1 mét sé nguyén.

b) Néu ngiy mai thir tu thi hom nay phai thir hai.
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c¢) Toi khéng thé ngu néu 16i daéi bung.

d) Néu Lan diy sém ngay mai v di hoc thi Lan d3 khéng ngit hém
qua. '

e) Moi tam gidc déu ¢o cac goc bing 60°.
f) Tubi ctia Tudn khoang tir 15 dén 20.
Bii 5 Xéc dinh chén tri ciia c4c ménh dé sau :
a) Néu2+5=6thi 2+4=10
b) Néu2x4=8thi5-2=3
c) Néul+2=3thi 1+3=5
Bai 6 Lip bang chén trj cho cac ménh daé phirc hop sau :
a) P = (PvQ)
b). P = (QWR)
¢) Pv{(QaR)
d) (PvQ)AR
¢) (PAQ) < (QAR) A (Q)
Bai 7 Hay chi ra céc hing dang trong cac cong thirc sau:
a) (PvQ) = (PAQ)
b) (PAQ) = (PVQ)
¢) P=(Q = P)
d P=>P=0Q)
e) (P=Q)=[(Q=R)= (P=R)]
Bai 8 Chimg minh cac twong duong 16gic sau :
2) (F=(Q=P)) = (RVR)
b) PAQVQ = PvQ
9 (P=0Q) = (Q=P)
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d) (PAQ) = R)= (P = (Q=R))
Bai 9 Chimg minh ménh d& phirc hop sau I3 hing ding
[(R=S) A [(R=S) = (TVU)]] = (TvU)

Bai 10 Ba sinh vién A, B, C bi nghi 12 d3 gian 1an trong bai thi. Khi bi
thay hoi thi ho khai nhu sau @

A : "B da chép bai va C vo toi"
B : "Néu A ¢6 tdi thi C ciing c6 toi"
C : "T6i vo tdi" |
Hay tra 1 cac cau hoi sau :
a) Néu A d3 nbi thit va B néi 140 thi ai vo t0i v ai da chép bai ?
b) Néu moi nguoi v6 toi thi ai da néi thit va ai néi lao ?
¢) Néu A néi 140 va B, C néi thét thi ai ¢6 t9i ?
Bai 11 Céc cip ménh dé sau ddy c6 phai ia phu dinh ctia nhau khong:
a) 2>3; 3>2.
b) x la s§ 4m; x 13 s6 duong.

¢) phuong trinh x + 5 = 2 ¢6 nghi¢m; phuong trich x + 5 =2 vd
nghiém.

d) c6 mot s6 4 wdce cia 15; ¢ mot sb khong phai 12 wde cira 15.

Bai 12 Cho biét suy ludn ndo trong cac suy luén dudi diy 13 ding va qui
tic suy di€én nao da dugc su dung?

a) Picu kién di dé dgi bong chuyén Viét Nam thang trin 13 d6i thu
dimg g& lai vao phit cudi

b) Ma d6i bong chuyén Viét Nam d thing trén

¢) Vay déi thii cua d6i bong chuyén Viét Nam khong g& lai vao
phut cudi.

d) Néu An siéng hoc thi An duge xép loai gidi
¢) Ma An khéng dugc x€p loai gioi
f) Viy An khong siéng hoc
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g) Néu Hung thi 45 dai hoc thi Hung s& duge thudng mot xe may
Néu dugc thudng xe may Hing s& di Viing Tau
Do d6 néu thi 43 dai hoc Hung sé& di Viing Tau.
Bai 13 Diing cac qui tic suy dién dé suy ra khing dinh sau 1a dung:
PAQ =PvQ.

Bai 14 Xét cic ménh dé phirc hop sau:
E=[PAQAR)]v-[PVv(QAR)]
F=[PAQVR)]v-[Pv{(QvVR]]

Khing dinh E = F dfing hay sai? -

Bai 15 Xét ham ménh d& P(x) = "x* - 3x + 2 = 0”. Cho biét chan trj cua
cac ménh dé sau;

a) PO) b) P(1) <) PQR) d) 3x,Px) e) Vx, P(x)
Bai 16 Xét cac ham ménh dé theo bién thyc x:
P(x):x*-5x+6=0
Qx):x*-4x-5=0

R(x}): x>0

Hay x4c dinh chén trj clia cic ménh dé sau:
a) vx, P(x) = R(x); b) V¥x, Q(x) = —R(x);
¢) 3Ix, Q(x) = R(x); d) 3x, P(x) = —R{x);

Bai 17 Véi m8i ménh d& dudi ddy, cho biét chén tri. Phi dinh kém theo
co ding khong? Neu khong hiy thay bang phu dinh ding.

- a) Véimoisbthucx, yndu x>y’ thix >v.
Phil dinh : tn tai sé thuc x, y sao cho x> y2 nhung x <y.
b) Tdn tai hai sé nguyén 1& c6 tich 1a sb I¢.
Phi dinh : tich cia hai s6 1& bat ky 12 sb 1é.
¢) Binh phwong ctia moi sé hiru ti 1a s8 hiru ti.

4 . Py < A A P . A g
Phu dinh : ton tai s6 thye x sao cho néu x vo ti thi x> vé ti.
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Bai 18 LAy phu dinh cia cic ménh dé-sau :
a) Céc sinh vién khoa Tin hoc déu cb may tinh tai nha.
b) Véi moi sb nguyén n, néu n? chia hét cho. 4 thi n chia hét cho 4.
¢) Néu x 12 mot s thye sao cho x* > 4 thi x <-2 hay x > 2.
d) Vc}imoiséthl,rcx néu |x 1 |<4thi—2<x46
Bai 19 Viét ménh d2 phi dinh cia cic ménh dé dudi dy:
a) VxeR:x=x
b} dy €Z:y=siny
¢) Ix eR,IyeR:y<3* =2

Bai 20 Goi P(x) va Q(x) 14 hai vj tir theo mét bién, hay ldy phu dmh va
don gian cac ménh @ sau:

a) 3x, PR)VQ(Xx)
b) Vx, P(X)AQ(x)

9 3x, [PRIVQX)] = P(x)
Bai 21 Trén tap hop s6 thuc cho 3 ham ménh dé:

a} P(a)=“phuong trinh x +-—1- =a khong ¢6 nghiém”.
X

b) Q(a)=“Ding thirc Va® —6a+9 =3~a ding”.

-2 .
¢} R(a)="“Bit ding thirc % > -3 dting véi moi x”.
X“=-x+1

Tim nhiing gi4 trj cla a sao cho chi ¢6 hai trong ba hdm ménh dé
trén ding?

. Bai22 Phat biéu cac dinh 1¥ sau, sir dung khai niém “diéu kién dit”.
a) Néu hai tam gi4c bing nhau thi ching ¢ dién tich bing nhau.

b) Trong mat phang, néu hai dudng thing phan biét cing vudng goc
voi mot dudmg thing thir ba thi hai dudng thing 4y song song.

¢) Néu mét sé tr nhién tin cling béng chir s6 0 thi nd chia hét cho 2.
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Bai 23 Phat bidu cac dinh 1y sau, sir-dung khai niém “didu kién cin”.
a) Néua=b thi a’=b?

b) Néu hai tam giac bing nhau thi chiing c6 cic goc tuong tmg
béng nhau.

¢) Néu tir gidc T 1a mdt hinh vuéng thi né cé 4 canh bing nhau.

Bai 24 Hay stra lai (néu cin) c4c ménh d& sau day dé dugc ménh dé
dung:

a) Dé ab> 0 déu kién cin 14 ca hai sb a va b déu duong.

b) DPiéu kién cin va dit 48 mét sé chia hét cho 3 1a téng cac chir sb
cia né chia hét cho 3.

¢) Dé hai tam giac bing nhau, diéu kién cin va du 1a chling c6 d1en
tich bang nhau.

Bai 25 Chimg minh ring khong c6 hai sé nguyén duong m va n sao cho
El- = JE
n

Bai 26 Chimg minh véi moi sé nguyén deong ntacéd :

a) 12+2j+ +n2= n(n+1)(2n+1)
. .
b) P+2 4. +n° “—(“ﬂ
4

c¢) 1’ + 11n chia hét cho 6.

Bai 27 Chimg minh rang trén mat phang n duong thang khac nhau cung
di qua mdt diém, chia mat phing thanh 2n phin khic nhau.

Bai 28 Chimg minh ring néu x +Lasé nguyén thi x" +—1-“—cﬁng 1a sb
X X
nguyén véi moi sb tu nhién n.
Bai 29 Vi moi sb nguyén k 2 2, hiy tim chit sb tin cing cua sb
21(
a= 2 +1.

Bai 30 Day Fibonacci:
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Day sb fo, T, f3,... duge dinh 'nghia b%mg dé quy nhu sau: fp =0,
fi=1,vaf,="£,+f trongddn=2,3,4,... °

Hay tinh cac sb hang f3, £, fy, fs.
Bai 31 Cho dinh nghia d€ quy cua:
a) Tiap céc sd nguyén 1é.
b) Tap cac liy thira nguyén duong ciia 3.

Tép chc da thirc véi hé s nguyén.
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Chuong 2:
PHEP DEM

2.1. Nhic lai ly thuyét tap hop va anh xa

2.1.1. Tap hop
1. Khéi niém vé tap hop
a) Tap hgp va phén ti§: Tap hop la mot trong nhitng khai niém co
ban (nguyén thuy) cia toan hoc, khong dugce dinh nghia, ma 13m
co sé dé dinh nghia céc khai niém khic. No déng nghia véi cac
tir ho, hé, 1dp, ... Ta cé the hiéu khéi niém tap hop theo nghia

trye quan: d6 la nhung G tuong duge nhém lai theo mot tinh
chat nao dé.

Vidy -
» Tap hop cac bai tho ciia Han Mic Tir
«  Tap hop céc nghiém s6 thyre ciia phirong trinh x> +3x -4 =0
« Ho céc dudng tron ddng tim
« Lop céc ham da thirc
« Hé céc phuong trinh tuyén tinh
Nhitng yéu t6 tao thanh mot tdp hop goi 1a phin tr (hay diém) cia tap
hop.
Néu a 12 mdt phén tir cia tip hop A, ta viét acA (doc: “a thude A”).
Trong trrémg hop nguoc lai, ta viet a¢ A (doc: “a khdng thude A™).
b) Ditn ta tip hgp: Dé didn ta tip hop ta thudng ding hai cich
sau:

Céch 1 : Néu ra tinh chét dic trung cla cac phan tir tao thanh tip hop.
“Tinh chét” & day thudmg duqc biéu hlf;n b&1 mét vi tir p(x) theo méot

bién xeU. Khi iy tap hop tét ca cic phan tir xeU sao cho p(x) dung
dugc ki hiéu boi

A={xeU | p(x)}
U dugce goi 1a tap hop vii tru. Néu U hiéu ngdm thi A c6 thé viét:
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A={x | ptx)}.

Vidy

1. A={xeN | x la s& nguyén té}
2. A={xeR|x:1=0};
Céhch 2 : Liét ké ra tt ca cac phan tir.

« Chc phan tr cua tap hop duge Yiét trong hai déu ‘ngoac nhon { },

cdach nhau bgi dau “;” (néu ¢6 phan tir 1a s6) hodc dau “,”.
«  Mbi phin tir duge ligt ké mot 1an, thir vy list ké tuy .
Trong vidu 2, ta co thé chi ra tit ca cac phfin tirctia A : -1, 1. Ta viét

A={-1;1}
Vi phurong phap md ta bang cich liét k& cac phan tr, mdt tip hop co
thé la:
B=1{-2;5;71; 102}

Khi nay khéng nhat thiét cac phin tir dwoc nhém lai theo mdt tinh chit
cu thé ndo.

¢) Ciéc tip hop sb:
N={0;1;2;3; ... }: Tap hop céc sb ty nhién,
N={1;2;3; ... }: Tap hgp céc sd tu nhién khac 0,
Z=1{.,-2;-1;0: 1, 2; ...}: Tap hop céc b nguyén,

Q= {El p,qeZ viq# 0}: Tép hop céc_sé hitu ty,
q

R : Tép hop cic s6 thuc,

C : Tép hop céc s6 phirc.
d) Phén loai: _

+ Neéu tdp hgp A ¢6 n phan tir thi ta néi A 1a tdp hop hitu han va viét
|A| =1n.

. Néu tip hop A c6 v6 s6 phan tir thi ta néi A 1a tip hop vd han va
viét lAl = 40,
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e) Tip hgp réng: Tip hop khong c6 phan tir ndo goi la tip hop
rong, ki hiéu 1a .

Nhur vy [@]=
Vi dl,l
« E={xeR|x*=21=0

.- Tap hop céc sb 1é chia hét cho 2 13 tap hop rong

+ Tap hep cac céu thu bong da Viét Nam di doat giai Olympic nim
1996 1a tip hop.rong

f) Tap hop con: Néu moi phén tir ciia tap hop A déu la phan tir cia
tp hop B thi ta n6i A 14 tip hop con cia B (hay 4 dieoc bao ham
trong B, hay B bao ham A), ki hiula A c B hay B o A.
Dinh nghia trén c6 thé viét duoi dang ki hiéu nhir sau:
' AcB & (¥x:xe A=>x e B).
Vidy |
Cho A ={l,2}. Cactapconcua A la: {1}, {2}, {1,2}, .
Ttr dinh nghia tép con ta cé:
+ QG cA (Z]atip con ciia moi tap hop),
» A c A (moi tip hop 12 tip con cia chinh ng),
» NéuAcBvaBc A tandi Abing Bvaviét A=B,
. Néu AzBthiA¢BhayBaA.
Tap con cia A khic A va khac & duge goi la tép con thit sur cla A.
Vi duy
A 1a tip hop gdm 2 56 1 va 3, va B 1a tip hop céc s 1é dwong bé hon 4.
Taco A=B.

g) Bi¢u 48 Venn: Dé d& hinh dung mdt s6 quan hé giira cc tap hop
nguoi ta con bleu dién tép hop bai mot dudng cong kin goi la
biéu do Venn, mdi phin tix cua tdp hyp duge déc trung boi mét

o

diém nim trong dudng cong iy.
Vi dy, quan hé A © B duoc biéu dién & hinh bén.
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2. Cac bhép toan trén tap hep

Bjnh nghia:

Gia sir A,. Bla2tip con cua tap hop vii tru U. A ﬁ B
a) Phép gino: A N B = {xeU | (xeA)r(xeB)}

Néu A M B = thi ta noi hai tip A va B roi nhau.

Vidy

Véi A= {a,b,c}, B={a, {b}, d} thi AnB={a}. @
b) Phép hgp: AUB = {xeU I (xeA)v(xeB)}

Viduy ' AUB

Vi A={1,2,a {a,b}},B= {2, {a}, {a, b}} thi
AuUB={l,2,a, {a}, {a,b}}.

¢) Phinbi: A=U\A={xeU| xgA)} K

A goi 1a phan bd cua A (trong U).
3. Tinh chét cia cac phép toan
Pinh li

Vai A, B, C la cac tép con tuy y cia U, ta co:

1. Tinh giao hoan:

| ANB=BnA,
AUB=BUA.,

2. Tinh két hop:
ANB)NnC=An(BnN0),
(AvB)uC=AUu{BULC(C).

3. Tinh phan phéi:
ANBulO=(ANnB)UAN(),
AuBNCO=(AuBINn(AUQ).
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4. Céng thirc De Morgan:
AUB=ANB
ANB=AUB

5. Phén tir trung hoa:
AulZ=A
AnU=A

6. Phén bi:

AUA=U
QOK=®
Tinh théng tri:
AulU=U
ANG=0

=

Ghi chi

Do tinh két hop ta c6 thé ding AUBUC @& chi
Au(BuCyhay(AuUB)uwC. Ciling thé, cho trudc n tdp hop A, A,, ..

Aq thi hop AyUA2UL. A, khéng phy thude vao thi tyr dit ddu ngodéc.

3

- N
Ta ciing viét UAi =AjVA, UL UA.

i=1

n
Tuong tu NAI=A WA, N.NA,.

i=t
4. Tich Descartes ctia cac tip hop

Tich Descartes cia hai tap hop A va B, ki hiéu AxB, 1a tdp cac cip co
thit tir (a, b), trongdda € A vab e B.

AxB = {(a,b) | acA va beB}
Vidy
Néu A = {a, b}, B = {c, d, ¢} thi
AxB={(@a,c¢),(a d),(ac¢)(b,c),(b,ad),b,e)}
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Lwu y
AxB:ﬁBxAnéﬁ A+B.

Téng quit: Tich Descartes ciia n tap Aj, Ay, ..., Ay, ki hidu A, x Ayx..x
A, 14 tAp moi ddy c6 thir ty (ay, 8y, ..., an), trong 46 a; € A;(1=1, ..., n).

NéuA,=Avdi i=1,2,..,nthitavidft Ay x Ay x ... x A,=A".
Binh li |
Cho céc tip hgp hitu han A, B, Ay, As,..., As.
a) |AxB|=|A|.|B|
b) |AxAx..xAy|=|A LA |A,]
Vi dy
Véi A={1;2},B={a,b,c} tact:
AxB = {(1;a), (;b), (1;c), (2;3), (2;b), (2;¢)}, |AXB|=|A][B}=2.3 =6.
2.1.2. Anh xa
1. Céac dinh nghia
Pinh nghia 1

i. Motdnh xg furtip hop X vaotdp hop Y, kihiéuf: X > Y, 1a
phép tuong ng lién két mdi phan t xeX véi mdt phan tir duy
nhat yeY.

Khi 4y ta viét f: XY
i X y=fx) -

+ X goi la tap nguon (hay mién xac dinh cha ), Y goi 1a tip dich,
« Phintir y=f(x)eY goi 12 inh cita x,
« (X)={yeY | Ix € X, y = f(x)} goi 13 mién gi4 trj cha f.

ii. Hai4nh xa £, g t X vio Y duoc goi 13 bdng nhau néu:

vxeX, f(x) = g(x)

Viduy

1. Phép twong Ung f:R—>R

X y=2x+1
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1a mét 4nh xa tir R vao R, vi vdi mbt xeR cc').du'ng mdt yeR xéc dinh
boi y=2x+l.

2. Phép tuong imgf: R > R

X y=
Y x—5

' khong phai la anh xa tir R vao R, vi véi x = SGR nhng EIyeR dé
y = f(x).

Trong toan hoc, tir "dnhk xg" cling thudng duoc thay bing tr "hdm"
hodc "todn tit".

Bjnh nghia 2 _
i. Néu'A lad mét tip con cia X thi dnk ciia A boi £ 13 tip hop:
f(A) = {yeY |3xeA, y=f(x)}
Ta ciing viét :
f(A) = {f(x) i xeA}

ii. Néu B la mét tdp con cia Y thi nghich d@nh (tac dnh) ciia B Ia
tép hop:

£Y(B) = {xeX | f(x)eB}.
Khi B = {b}, thi thay cho ki hiéu £*({b}), ngudi ta thwomg viét tit f'(b).
') = xeX | f(x) =b}.
Binh nghia 3 (cac loai anh xa): '
Xétanhxaf: X o> Y.

i. fduoc goi 1a don anh néu Vxy, x; € X, X1 # xp = f(x;) # f(x2)
(tac 13 mdi yeY hogc khong ¢6 nghich anh hodic 14 anh ciia nhiéu
nhat mét phan «ir € X)

ii. fdugc goi 13 toan anh néu f{X) =Y (tc la mbi yeyY déu 14 anh
clia mét hay nhiéu phén tir xe X).

iii. f duoc goi 1a song anh néu nd ddng thoi 13 don 4nh va toan anh.

Chuy

Néu f 1a mot song anh tir X vao Y, ta viét :
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f XY
Khi dy
VyeY,dxe X . f{x)=y,
trong d6 ki hiéu 3!x dé chi ton tai duy nhét x.

Do d6 tvong Ung y > x 1 mdt anh xa tir Y vao X, va goi 13 4nh xa
nguoc cua f, ki higu £,

viy Yo X
yb £y =x
vl fix) =vy.
Tacd ff'(y)=y, VyeY
fUf(x))=x, VxeX
Vidy _
1. Cho f:Z—> Q sao cho f(x) = x/2.

f don anh nhung khéng-toéh anh vi 1/3 ching han khong 1 anh cia
phan tir nao cla Z.

2. Cho f:R* - R" sao cho f(x) = x°.

vyeR" phuong trinh x? = y ¢6 nghiém duy nhit x =J; eR nénfla
song anh.

3. f:R—> R, f{x) = 2x+1.
VyeR phuong trinh 2x + 1 = y c6 nghiém duy nhit x = YT_I € Rnénf
la song anh. Do d6 t8n tai 4nh xa nguoc £ x4c dinh nhu sau :
f'":R->R
-1
ybx=fl) ==
Dinh nghia 4 (anh xa hep):
Cho hai énh xa

f:X>Yvag:YoZ
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Anh xa hop h 13 4nh xa tir X vio Z x4c dinh bdi
h: X—»Z
x > h(x) = g(f(x))
Taviét h=gf: X - Y — Z
X b f{x)> hx) = g(f(x))
Chuy
- Ton tai f,g thi ndi chung chira két ludn dugc tén tai g,f.
» Néu ton tai gof va fog thi n6i chung chua két luan duge g f = fog.
« Kihi¢u idx 1a anh xa X — X sao cho idx(x) = x, vxeX.
Ta noi idx 14 4nh xa ddng nhét cua X.
Vidy
Cho f: R — R xdc dinh bai f(x) = cosx
vd  g:R-> R xéc dinh bai g(x) =x> + 1.
Tacdgof: R—> R xéc dinh bai (gof)(x) = g(f(x)) = g(cosx) = cos’x + 1.
Binh Ii

Gia sir f 1a mt dnh xa tir X vao Y, A; va A, 13 hai tap con tuy y cla X
BiviB;lahaitipcontuyycia Y. Tacod:

a) fAIVAy) = flA) L f(Ay)

b} A1NA2) < f(A]) N (A2)

¢) (BB =1 By uf'By)

d) BBy =1(B)f'(By)
2.2. Phép dém
Baii toan dém thuong dung aé glal rit nhiéu dang bai toan khac nhau. Vi
du, chung ta c4n tinh tit ci cdc sd dién thoai c6 the cb & Viét Nam, sé
mét khiu cho phép truy nhdp vao h¢ méy tinh, s6 phép toan phai lam
trong mot thuat todn d€ nghién cim 44 phic tap cna no, liét ké cac thix

tw vé dich khac nhau cia cac vin dong vién c6 thé xdy ra trong cude
chay thi ..
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2.2.1. Nhirng nguyén ly dém co ban

1. Nguyén ly céng:

Gia sir mdt cong viéc duge phan thanh n truong hop riéng biét: trudmg

hop [ ¢& m; cach, trudng hop 2 c6 m; cach, ..., trudng hop n ¢6 my, cach.

Khi d6 s6 cach.chon thuc hién cdng viéc la my +m; +... +m,.

Vidy1

Cho tap hgp A = {1; 2; 3}. Hoi ¢ bao nhiéu cach chon ra mét tip con B

cla A.

Giai.

Dé chon ra mdt tip con B cia A ta ¢ cic trurong hop sau :

. Trudng hop 1 : Chon tip B khong chira phén tir ndo ca: ¢6 1 cach
chon(B=02). '

« Truong hop 2 : Chon tip B chita mdt phén tir: 6 3 cach chon
(B={1}, B={2}, B ={3}). | |

« Truong hop 3 : Chon tdp B chira hai phin tir: ¢6 3 cich chen
(B={1;2},B={l;3}, B={2;3}).

« Truomg hop 4 : Chon tip B chira ba phén tir: ¢6 1 cach chon (B = A).

Viy theo nguyén Iy cong tacO tait ca 1 + 3 + 3 + 1 = 8 céch chon tap

con B.

Vidy2

Gia tri cna bién k b%ng bao nhiéu sau khi doan chuong trinh Pascal sau

duoc thye hién ?

k=0;

fori;:=1ton; do
k=k +1;

fori; ;=1ton,do
k:=k +1;

for im := 1 to ny do
k=k +1;
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Giai.
Gia tri khdi tao clia k bang 0. Poan chuong trinh nay gém m vong 13p
riéng bigt (khdng cé hai vong lip ndo cé thé lam déng thdi). Sau moi
burée 13p cua timg vong 13p gia tri ciia k duoe tang 1én mét don vi. Theo
nguyén 1y cong, sau khi doan chuong trinh dugc thue hién, k =n; + n,
+ ...+,
Chuy
Nguyén 1y cong c6 thé phét biéu duéi dang ciia ngdn ngir tap hop nhur
sau: ' o
Cho Ay, As,..., Ay 12 céc tap hgp roi nhau, ta co
|_A1UA2U...AR| = A +|A + ... + | Ay

Vidy3
Mot tnrdmg PTTH c6 250 hoc sinh 16p 10, 200 hoc sinh 1ép 11 va 150
hoc sinh 16p 12. Héi s8 hoc sinh téng cong cia Trudong 13 bao nhiéu ?
Giai,
$6 hoc sinh téng cong cita trudng 14 : 250 + 200 + 150 = 600,
2. Nguyén Iy nhan: | '
Gia sir mét cong vige duge thuc hién qua » bude lién tiép : bude 1 cd m;
cach, buée 2 ¢6 m; céch, ..., buée n cb m, cich. Khi d6 s cach chon
thyc hién cong viéc 12 mma..m,,
Vidy1
Trong mét 16p hoc gém 30 ngudi. C6 bao nhigu cich cir mét ban dai
din gom mét 1op trudmg, mét 1ép pho va mét tha quy ? '
Gidi.
Vige cir ra mét ban dai dién gém 3 budc :
« Bude 1 : Cu 16p truong. Co 30 cich (c6 thé chon mét trong 30

nguoi ciia lop 1am 16p trudmg).
 Budce 2 : Cur 16p pho (sau khi d3 chon 16p treéng). C6 29 cich. -

»  Bude 3 : Cir thi quy (sau khi ¢4 chion 16p truémg va 16p pho). Co 28
cach.
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Vay theo nguyén ly nhan ta co 56 cach cir ban dai dién la:
30.29.28 = 24360.

Vidy 2

Cé bao nhiéu sé ty nhién gdm 5 chit sé ddi mdt khac nhau chia hét cho
107

Giai.

Goi x = 312333223 la 58 thoa man yéu ciu bai toan.

Chon 14n lrot cac chit s6 & céc vi tr as, ag, ... ascd 1 cach chon (vi x

chia hét cho 10 nén as = 0), a4 ¢6 9 cach chon, 33 c6 8 cach chon, a; ¢6 ?

cach chon, a; ¢6 6 cich chon. Theo nguyén 1y nhan ¢6 1.9.8.7.6 = 3024 6
thod mén yéu céu.

Vidy 3

C6 bao nhiéu day nhj phan c6 46 dai bing 7 ?

Gidi. ' '

Madi mdt trong 7 bit clia day nhi phan ¢6 thé chon bang hai cach (vi mdi

bit bing 0 hodic bing 1). Theo nguyén Iy nhan c6 27 = 128 diy nhi phén
co 46 dai 7.

Vi dl,l4

Cb thé tao dugc bao nhiéu 4nh xa tir mdt tip A ¢6 m phén tr vao tip B
con phén tir ?

Giai.

Theo dinh nghia, mot anh x3 tir A vao B, 12 phép tuong (mg lién két mbi
phin tir x € A véi mot phan tir duy nhity € B. Do 46, sau khi da chon
dugc anh clia i -1 phan tir ddu, dé chon anh cua phﬁn tirthiri cua A taco
n cach. Theo nguyén Iy nhan c6 n™ 4nh xa thod mén bai toan.

Vidy5

Mot hé thong may tmh c6 mit khiu cua ngudi sir dung mudn truy nhip
dai tir sau dén tam ky tur, trong d6. mdi ky tu 13 mdt chir cai hoa hodc
chit s6. M&i mét khéu phai chira it nhat mot chit sd. Hoi c6 bao nhiéu
mat khéu ?
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Giai. . .

Goi P 12 tdng s6 mat khiu cin tim va Pe, Py, Py twong tmg 13 s6 mat
khau dai 6, 7, 8 ky tu. Theo nguyén 1y cdngtaco: P=Ps+P;+ Ps.

Ta tinh Pg bang glan txep, tire 13 tinh s6 cac xau dai 6 ky tu 13 cic chit
cai hoa hoac chir s6, r01 b6t di s6 cde xau dai 6 ky tr 1a céc chit cdi hoa
va khéng chira chit s6 nao. Theo nguyén 1y nhan ta ¢6 Pe = 36° - 26° =

2 176 782 336 - 308 015 776 = 1-867 866 560 {(¢6 26 kv ty hoa va 10
chir so)

Tucmg twtacd:

=367-26"= 70332353 920, Pg=236"-26"=2612282 842 880.
Vay P = Pg+ P7+Pg=2 684 483 063 360.
Chuy
Nguyén 1y nhén c6 thé phat biéu dudi dang cia ngdn ngit tédp hop nhu
sau: Cho Aj,Az,...,Aq 12 cdc tip hop hitu han, ta cé

]Alx Azx ¢ Anl = |All |A2| lAn|

2.2.2. Nguyén ly bu triv
Khi hai cong viéc co the dugc lam dong thoi, chung ta khéng thé ding
quy tac chng dé tinh s0 cach thye hlq:n nhidém vy gdm c4 hai viée, vi
cong s6 cach lam mdi viéc se dan den su trung idp, do nhifg cdch lam
ca hai viéc se dugc tinh hai lan Pé tinh dung sb cach thyc hign nhiém

vu nay, ta tinh s6 cdch lam mdi mot trong hai viéc rdi trir di s6 cach 1am
ddng thoi ca hai viée.

Vidu 1

C6 bao nhiéu ddy nhi phan d6 dai 8 bit hoéc dugc bit dau bing bit 1
- hoic két thuc bing hai bit 00 ?

Giai.

+  Viéc thit nhat, xay dung diy nhi phan d¢ dai 8 bit duqc bit dau bing
bit 1:¢co 27 = 128 céch (vi bit ddu chi c6 thé chon bang mot cach,
mi mot trong 7 bit sau ¢ thé chon bang hai cach).

« . Viéc thit hai, xdy dyng diy nhi phan d¢ dai 8 bit két thuc béng hai bit
00 : 6 2% =64 cach.

. C6 thé 1am ca hai viéc dong thoi, xdy dung day nhi phan 40 dai 8 bit
dugc bit ddu bing bit 1 va két thuc bing hai bit 00 : c6 2°'= 32 chch.
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Két luan : s& diy nhi phan thoa man yéu cdu la : 128 + 64 - 32 = 160.

Nguyén 1y trén c6 thé phat biéu dudi dang cia ngén ngit tap hop nhu
sau: .

| Binh li (Nguyén ty bu trir)
Giasir 4, A3, ..., A, 14 céc tp h(;fp hitu han. Khi &6

A VA, L. UA— A— AjMAL+ ANANA G~ + (DA A ALNA,
2

Vo tsiiaken
Chay Ap dung dinh if trén vai
Hai tap hop 4, A2 ta co:

|A VA, =|A)+A,]-|A, N A,
« Batap hgp Ay, A;, Astaco:
[A10 Ay UAS|=]A | +A, | +AS]-[A A AL -|A N A - [A, A A +HA N A, AA,|
Vidy 2

Trong mét 16p hoc ¢6 180 sinh vién. Trong s6 nay ¢6 55 sinh vién chon
mon Anh van, 45 sinh vién chon mén Phap vin va 15 sinh vién chon
hoc ¢d Anh vin va Phép vin. Hoi ¢6 bao nhiéu sinh vién khong theo
hoc Anh vin ciing khéng hoc Phap viin ?

Giai.

So sinh vién khong theo hoc Anh vin ciing khéng hoc Phap vin bing
tng 8 sinh vién trir di sé sinh vién theo hoc Anh viin vi‘hodc Phap

vin, Goi A, B lan hugt 12 tdp cc sinh vién theo hoc Anh vin va Phap
van,

Khi d6 ta c6:

|Al =55, Bi=45va | A ~B|l=15.
S6 sinh vién theo hoc Anh vin hodc Phap vin la:

|AUBl =] Al +1B| - |ABl=55+45-15= 85.
Vay s6 sinh vién cin tim 1a: |

180 - 85=95.
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Vidy3

Gia sir c6 1200 sinh v1en hoc tiéng Anh, 850 sinh vnen hoc tleng Phap N
va 100 sinh vién hoc tiéng Diac, 90 sinh vién hoc ca tiéng Anh va tiéng
Phap, 15 sinh v1en hoc ca tleng Anh va tleng Piic, 10 sinh vién hoc ca
tiéng Phap va tiéng Pirc. Néu tit ca 2050 sinb vién deu hoc it nhit mot
ngoai ngit, thi ¢6 bao nhiéu sinh vién hoc ca ba thir tiéng ?

Gial.

GQI A, B, C 1an lugt 1a tip céc sinh vién hoc tiéng Anh, tiéng Phap va
tiéng Dirc. Khi dé:

|A|=1200, |B|=850, |C|=100, |A~B|=90, JAnC|=15, [BAC}=10
va JA UBwC|=2050.
Thay vao cong thirc:
|AuBUC|=[A]+|B|+|C|-|ANB|-|AnC|~BAC|+|ANBAC]
Tadudc

2050 = 1200 + 850 + 100 -90 - 15— 10 + [ANB (]

Giai ta ¢6 két qua:
JARBAC|=15.

Bay gio ta dong nhét tdp Ay véi tinh chit Ay cho trén mét tap X nao do
vi dém xem c6 bao nhiéu phin tir cua X khéng thoa man bat cir mét
tinh chit Ay ndo ca.

Goi N 12 sb cin dém ta co:
N = |XI‘_|A1 UAZ U...UAn
Vidy 4 |

Hoi trong tip X = {1, 2, . 10000}c0 bao nhiéu sé khéng chia hét cho
bt cir sb ndo trong cac sb 3 4,77

Giai.
Goi Ai= {x € X | xchiahdtchoi}, 1=3,4,7.
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Khi d6 AjUA0A; la tap cac s6 trong X chia hét cho it nhit mdt trong
ba sb 3, 4, 7. Do d6, s6 lugng cac sb can dém 1a

N =1 X -1 AsUALUAA = 10000 - | A3UAUAS
=10004 Adl -1 Ad -1 A7 +| AsnAd +] Asnad +] Amml | AsnAsnAS
= 1000 - [10000/3] - [10000/4] - [10000/7] + [10000/(3x4)] +
[10000/(3x7)] + [10000/(4x7)] - [10000/(3x4x7)]
= 1000 ~ 3333 — 2500 — 1428 + 833 + 476 +357 — 119 = 4286.
{0 day ky hidu [x] d& chi sb nguyén 1én nhét khong ién hon x}.

2.3. Giai tich t6 hop
2.3.1. Hoan vi
Pinh nghia:

Mot hodn vi cita n phdn ¥ 13 mot nhém co thir-ty gdm i mit n phéin
tr da cho.

Nhu vy cac hoan vi cia n phin tir chi khic nhau bdi thir tu sip xép
gitra cac phén tir ma thoi.

Vi dy

V6iM = {1; 2; 3}, tacd t4t ca cac hoéan vi sau day ciia M:

(15235 (532, 1323 153152562 1)

Pinh li

S6 hoan vj cua n phan tix [a : P, = n/

Vidu1 _

Thiy gido mudn ting 5 quyén sach khac nhau cho 5 hoc sinh (méi hoc
sink chi nhdn mgt cuén). Hoi ¢6 bao nhiéu céach ting ?

Giai.

SO cach ting 1a : Ps = 5! = 120.

Vidy 2

Ngudi ta xép ngiu nhién 5 14 phiéu cb ghi s6 thir ty tir 1'dén 5 canh
nhau.
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a)

£ A s A ~ I ok A = A n
C6 bao nhiéu cach xép d€ cac phiéu s6 chan luén & canh nhau ?

b) Cé bao nhiéu cich xép dé cic phiéu phan thanh hai nhém chiin 18

Giai.
a)

riéng biét (ching han 2,4, 1,3, 5) ?

Co thé xep céc phiéu s8 chin vao céc vi trf ¢4 ddu * , cac phiéu
s6 1€ vao vi tri con lai. Ta ¢6 cac trudng hop sau

=0« T T 1T T T«TxT T 1
D T I T 10 T T Te Te]

M3 truomg hop ¢6 213! = 12 cach xép. Viy c6 4 x 12 = 48 cich

b)

sap xép.

Cb thé xép cac phiéu sd chin vao céc vi tri ¢6 ddu * . Ta cb cac
truong hop :

(I« T T 110 T T TsTs]
MGi trudmg hop ¢6 2!3! = 12 céch xép. Viy ¢b 2 x 12 = 24 cach
sap xep.

2.3.2. Té hep va chinh hep -
Binh nghia

Chuy

- Mot chink hop ckap ktrn phan tir (1 <k <n) la mét b 6 thir

ty gom k phdn tir ldy tir n phan tir d3 cho, mdi phin tir khong
duoc 14y lp lai.

Mbt (6 hop chap k tir n phin up (0<k< n) 13 mét b gom k
phan tr khong phén biét thir tyr lay tir n phan tr 43 cho, mdi
phin tir khéng dugce lay 13p lai. Ciing co thé ndi, mot t6 hep
chéip k 12 tdp con gom k phan tir cia tap n phan tir da cho.

Cho tdp M g6ém n phén tir . _

. €6 dung mbt t6 hop chip 0 cia M : d6 1a tip réng.
+  C6 dung mét t6 hop chip n cua M : dé la tap M.

'« Mcd 2" tip hop con.
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Pinh i
a) S& chinh hop chép k cia tip n phén tir 1a:

Ak = m Ek)'—n(n .. (n-k+1).

(Vé phas la tich cua k so nguyen dwong lién tiép : 56  ddu tién la
n, moi sé di sau bang sé di ngay trieée né gidm di mt don vi).

bic biét: khi k=nthi A; =P, =n!

b) S0 td hop chap k cia tap n phén tir la:
Cck = A_ﬁ _.nt _

_ " k! k!i(n-k)!
Vidy1 .
Mot lc'):p pl}éi hoc 10 mﬁp, mdi ngay hoc hai mdén. Hdi ¢6 bao nhiéu
cach sap xép thdi khoé biéu trong mdt ngay ?
Giai
M01 céch sip xép thoi khod biéu trong ngay 1a vige ghép hai mén trong
s6 10 mén, cac cach nay khic nhau do c6 it nhit mét mén khac nhau
hodc chi do thir tu sap xép trudce sau glu'a‘hal mén. Vi vag, mdi cag:h xep
tmg v&i mot chinh hop chdp 2 tr 10 phan tir. Do d9, s6 cach xép thai
khoa biéu 1a : A% =10.9=90.
Vidy2

Mt t6 gdm 8 nam vi 6 nit. C6 bao nhiéu cich chon mét nhom 5 ngudi
ma trong 46 c6 dung 2 nit ?

- Giai
A, ~ AP S 1
« S0 cédch chon 2 nit trong s6 6 nit ACE = a1 =15.
< £ , ~3_ 8!
+ S0 cach chon 3 nam trong s6 8 nam la C; = 51 56.

= s cach chon 5 ban theo yéu cdu la : 15.56 = 840.
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Vidy3

Mt 16p hoc ¢6 20 sinh vién, trong d6 c6 2 c4n bd 16p. Héi c6 bao nhiéu
cach cir 3 ngudi di dy hdi nghi sinh vién ctia tnrong sao cho trong 3
ngudi 46 c6 it nhit mdt cén bd 1ép.

Giai.
» Cur3sinhvién tuy y: c6 C3, cach.
«  Cu 3 sinh vién khdng c6 ai 12 can bd 16p : c6 C}; cach.
=5 s6 céch chon thod min bai toan Clo- Cjg = 1140 — 816 = 324.
Vidy 4

Trong mot lop hoc ¢6 30 hoc sinh. C6 bao nhiéu cach bau mét ban chip
hanh 16p gom ba ngudi : mét 16p tredmg, mot 1op pho hoc tdp va mot
16p pho ky luat?

Giai.

Mai c4ch bau ban chép hanh 12 mét cdch mdt cach chon ral phan tir tir

30 phén tir (c6 phan biét thir ty chc phﬁn tir), nén m01 cach bau iing véi
mdt chinh hop chip 3 tr 30 phdn tr. Viy s cich bdu 13 :

A}y =30.29.28 = 24360,
Vidys
Cho 7chirsd 1,2,3,4,5,6,7.

a) Tir 7 chif s6 trén, c6 thé 14p duoc bao nhiéu sé gém 5 chir s6
khéic nhau timg d6i mdt ?

b) Trong céc s noi & a), cé bao nhiéu sé chin ?

. Giéat,

a) Mbi s6 thoid man bai toén u‘ng v&i mét chinh hop chip 5 tur 7
phan tr . Viy s6 cac sé thoa man yéu chu bdi todn la :

A3=7.6.5.4.3 = 2520.

b) S6 can xéc dinh c6 dang x = 313332525, PE x 13 s6 chin, phai
chon

+ as € {2; 4; 6} : ¢6 3 cach chon.
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+ véimbi cach chon as c6 Ag cach chon ajazazag.

= 56 cac sO phai tim 13 : 3 x Ag= 3 x 360 = 1080.
Lwuy
« Véil <k <n. 86 cach xép k vit khac nhau vio n vi tri khic nhan
sao cho mdi vi tri c6 khong qua 1 vatlaAk . .

. Tét ca cac bai toan dém sir dung dén chinh hop chép k déu c6 thé
gidi bing cach sir dung nguyén ly nhan cho n buéc, tuy nhién su
dung chinh hgp thi ngan gon hon.

Binh li

" Chocécsénguyénnvakthoan>1va0<k<n Khido:
a) Ck=Cr ¥
b) C0=C"=1,Cl=C)" =n
¢ Ck, —Ck C:lnéuk>1.

23.3. T hop va chinh hep lap:

Pinh nghia

i. Mot chinh hop lip chip k tie n phin tir 12 mot bo c6 thir ty gom
k phan tir ldy tir n phéan tir di cho, trong d6 mdi phan i cé thé
duwgc 1y 13p lai.

ii. Mot 6 hop ldp chdp k m n phan tir Ia mot b gom k phin tir
khéng phén bi€t thir tu mdi phén tr ¢ thé dugc lay lap lai tir n
phan tir da cho.

Lwuy

Vi m3i phén tir c6 thé xudt hién nhidu I4n trong mot chinh hop lap hoge
mot t6 hop ladp, nén & day c¢o thé k>n.

Vidy
Ching han, cho 3 phdn tir 2, 3, 5. Ta c6
- Cac chinh hop 1ap chép 2 la:
2:2) (Z,3) 2;5)
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3;:2) 33 &
(5:2) (5:3) (55)
- Céc t6 hop lap chap 2 1a: -
(2;2) (2:3) (2;5)
(3;3) 35 (5:9)
Dinh li |

2) 6 chinh hop Hip chap k tir n phan ti 12 : Ak = n*
b) SGt5 hoplapchapk tir nphantir 1a: C<=Ck, .
Vi dy 1
Hiy tim sb c4c diy nhi phén c6 do dai k.
Giai.

: Mcn déy nhi phén 46 dai k twong ng 14 mét chinh hop lap chap k tir 2
phan tir 0 va 1. Vay s8 cac day nhi phan ¢6 d6 dai k 1a 2%,

Vidy 2

pé dang ky mét loai may mdi, ngudi ta dung 3 chix s trong 9 chir sd: 1,
2,3, ..., 9. Héi c6 thé danh s3 dugc bao nhiéu may ?

Giai.

MJi s6 cia méy 12 mét chinh hep lip chip 3 tir S phén tir da cho. Vay
¢6 thé danh 58 dugc: As.=9° =729 méy.

Vidy 3

Cé 4 loai but bi: xanh dd, vang, tim va mdi loai cé it nhat 6 ciy but (cic

bt cting loai 13 gidng nhau). Cé bao nhiéu cach khac nhau dé mua 6
cly ?

Giai.

Mai bd 6 cay duge mua tir 4 loai but 12 mét t6 hop 13p chip 6 tir 4 phan
tir. Vdy s6 cach khac nhau dé mua'la : C§ =C$ =84.

Dinh li (Pinh 1y nhj thirc):

Cho céc s6 thyc a, b va 56 nguyénn> 1, Tacd:
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n -
(a+b)" =D Cra"*b* =a™ +Cla"'b+CZa"2b% +...+ C"ab™ ! +b".
k=0

Céng thirc trén con goi |3 khai trién nhj thirc Newton.
Ghi cha

. VB phal cta (*) ¢6 n+1 sb hang; s6 mi cia a g13m dén tir n &n 0,
con s6 mil cha b ting din tir O dén n; tdng cdc s§ mii cia a va b
trong mdt 56 hang luén ludn bing n. -

« S0 hang thit k+1 trong khai trién cia (a + b)" 1a Cﬁa“'khk.

« Vi C, =C; ™" nén céc s6 hang & vé phai cila (*) cé tinh ddi ximg.

Vidy 1
(a+b) =a* +4a’b + 62’02 + dab® + b* .

Vidy 2

Tinh hé s6 ciia x'%y"? trong khai trién cua (x + y)*.

Gial.

Theo cong thitc nhj thirc hé s8 nay bang; C25 = T?;z-ff)l_i =35 200 300.

2.3.4. Tam giac Pascal

Viét riéng cic hé so cua da thirc trong cong thirc nhj thirc Newton, ta
dugc:

n=1:1 1

n=2:1 2 1

n=3:13 3 1

n=4:1 4 6 4 1

n=5:1 51010 5 1
,

........................................................

Cac 54 trén 13p thanh mot tam gidc, goi 13 tam gidc Pascal.
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Hé qua
~ Cho sd nguyénn > 1. Khi d6 :
a) 4+l +Cl +C O 22"
b) (~1°CO+(-1)'CL +(-12C2 +...4+(-1)"C" =0
Vidy
Tim gi tri bé nhat clia n trong sy khai trién cta (a + b)" dé cho ti s6 hai
hé s6 ké nhau bing %

Giai.
Theo gid thiét, ta c6 :
k
Co S k+l_5_ _13%k+8 . . 3k+D)

= =
c'<+1 8 n-k 8

n 14 s6 ty nhién bé nhét <> k 13 s tir nhién bé nhat dé 3(k+1) chia hét
cho5 & k=4,

Viygidtrincintimld:n =8+1+3=12,

2.4. Nguyén ly Dirichlet (nguyén ly chudng bd céu)

Trong rit nhiéu bai toén t4 hop, dé chung minh siz tdn tai clia mét cdu
hinh v&i nhitng tinh chét cho trude, ngudi ta sir dung nguyen ly don
gian sau, goi la nguyen ¥ Dirichlet, do nha toan hoc ndi tiéng ngudi
Pric 1a Dirichlet dé xudt tir thé ky 19.

Nguyén ly Dirichiet

Nguyén ly nay du'qc phat trién tir mét ménh dé rit don gian goi 1a
nguyén ly ¢ chuong chim b ciu” : Gid s c6 mdt dan chim bd cau bay
vao chudng. Néu sé chim nhiéu hon sé ngin chudng thi chic chin ¢é it
nhit mdt ngin cb nhiéu hon mét con chim.

tal M ] ™

2 1 . 1 2
chim chim chim chim

6 con chim va 4 ngin chudng
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Mot cach tdng quat, nguyén 1y Dirichlet dirge phat biéu nhu sau:
Néu xép nhiéu hon n déi twong vao n cii hop thi tdn tai it nhit mot hép
chira khong it hon 2 d6i tugng.

Nguyén 1y nay c6 thé chimg minh bang phan chimg nhu sau: Gia sur
khéng hop nao chira nhidu hon mot d8i nrong, thi chi c6 nhleu nhét 13 n
d6i twrong duge xép trong cc hdp, trai voi gia thiét 12 sé déi twong lon
hon n. .

Vidy 1

Trong s 367 nguoi bit ky bao gid ciing tim dugc hai ngudi c6 ngay
* sinh nhdt giéng nhau, béi vi chi ¢6 tt ca 366 ngdy sinh nhat khac nhau.
Vidy 2

Trong ky thi hoc sinh gidi Todn, didém bai thi dugc danh gia boi mét 56
nguyén trong khoang tir 0 dén 100. Hoi ring it nhit phdi c6 bao nhiéu

hoc sinh dur thi dé chic chan tim dugc hai hoc sinh ¢6 diém két qua nhu
nhau ?

Giai.
Vi ta co 101 két qui diém khac nhau, nén theo nguyén 1y Dirichlet, s6
hoc sinh c4n tim 13 102.

2.4.2. Nguyén ly Dirichlet tdng quat

Néu dem xép n ddi tugng vao k cai hdp, thi ton tai it nhat mjt hép chira

khéng it hon {n/k] déi twong (ky hleu [x] 1a s6 nguyén nhé nhat khéng
nho hon x).

Vidu1

Trong 100 ngudi. Hoi cé it nhat bao nhiéu ngwéi sinh cing mét thing ?
Giai.

Xép nhimg ngudi ciing sinh mot thang vao mét nhém. Cé 12 thang tat

ca, nén ¢6 12 nhém. Vay theo nguyén 1y Dirichlet, t8n tai it nhit mét
nhom cé khdng it hon

[100/12] = [8,3...] = 9 ngudi.
Vidy 2 |

Trong 16p ¢6 30 hoc sinh. Khi v1et chinh ta em Hung pham 13 16i, con
cac.em khiéc it hon. Chimg minh ring trong 1&p c6 it nhit 3 em hgc sinh
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mic s6 18i nhu nhau khi viét chinh ta (ké c4 nhitng em khdng mic 13i
nao).

Giai.

Xép nhimg hoc sinh c6 s6 131 chinh ta bing nhau vao cling mét nhém.
Ta lap 14 nhém duge danh s tir 0 dén 13.

Nhém sb 0 gém céc em viét chinh ta pham 0 15i.

Nhém sd 1 gbm cac em viét chinh ta pham 1 13i.

Nhom s i (0 < i < 13) gdm cac em viét chinh ta pham i 15i.

Chi c6 em Hung pham 13 15i khi viét chinh ta, nén nhém s§ 13 chi ¢o
mét minh em Hung, 29 em con lai xép vio nhém tir 0 dén 12, tirc 13 29
em dugc xép vao 13 nhom, nén phai cd it nhit mot nhém chira tir 3 em
tr& 1én. Chéng han nhém i (0 < i < 12) ¢6 it nhét 3 em. Khi d6 3 em &
nhém i cliing pham i 18i khi viét chinh ta. Vay ta ¢6 diéu phai chimg
minh.
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BAI TAP CHUONG 2 (PHEP DEM)

Bii 1 Cho A, B 14 hai tdp con cia U. Chimng minh :
a) AcB o BcA
b) AcB < A uUB=U
¢c) AnB=U < Bc A
d AnB=0 <AUB=U
Bai2 Ki hiéu P(E) la tap hop gdm tét ca tap con cla ciia E.
a) ChoE = {a, b, c}. Xac dinh P(E).
b) Chimg minh A cB < P(A) < P(B).

Bai3 Cho A = {1;2; 3}, B = {2; 3; 4}. Hay viét ra tit ca cic phén tir
cia A x B. .

Baid ChoA=[1;2]:={xeR:1<x<2},
B={2;3]={xeR.:2<x<3}.

Hay biéu dién hinh hoc tip tich A x B trén mit phing toa dd.

Bai5 Cicanhxaf: A — B sau 132 don anh, toan dnh, song 4nh 7 Xac
dinh anh xa nguoc néu ¢o .

a) A=R, B=R, f(x})=x+7,

b) A=R, B=R, f(x)=x2+2x-3;

¢) A=[4,9),B=[21,96], f(x)=x>+2x-3;
d) A=R, B=R, f(x)=3x-2]x/;

— _ _.]' x —-X
&) A-R, B=R, f(x)~-£(e —e™).
Bai 6 Cho 4nh xa f: R — R xéc dinh béi

f(x) = —

l+|x|
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a) Tim anh f(R).
b) Khio sat tinh chét ciia f.
Bai 7 Cho 4nh xa f: E — F. Chimg minh :
fdon dnh < KA M B)=f(A) N f(B); v6i moi A, B cE.
Qui uéc: () =2,
2x
I+x

a} Khdo st c4c tinh chat cia f va tim f(R).

Bai 8 Cho anh xa f: R —» R xac dinh béi f(x) = 3

b) Chodnhxag: R — R xic dinh béi g(x) =—, (trong d6
R =R\ {0h)
Tim anh fyg.
Bai9Chof: E-»F va g:F— G. Dit h= gf Ching minh :
a) htoan dnh = g toan 4nh;
b} hdonanh = fdon anh.

Bai 10 C6 i8 d6i bong chuyén tham gia thi d4u. Hoi c6 bao nhiéu céch
phin phan phdi ba huy chwong vang, bac, dong. Biét ring mdi
ddi chi c6 thé nhan mot huy chuong 13 cing ?

Bai 11 Cho 10 chit s6 0,1,2,3,4,5,6,7,8,9. C4 bao nhiéu sé 1¢ c0 6 chir s0
khéc nhau nhé hon 600000 dugc x4y dung tir 10 chit s8 trén 2

Bii 12 Vi cc chir 3.0, 1,2, 3, 4, 5 c6 thé lap duoc
a) bao nhiéu sé 1é gdm 4 chit s6 d6i mot khéc nhau ?
b) bao nhiéu s chin gém 4 chit s§ d6i mét khic nhau 7
¢) bao nhiéu s gdm 4 chir s8 di mot khac nhau ?

Bai 13 Cho 100000 chiéc vé xo s6 duoc dénh sé tir 00000 dén 99999,
Hai s6 vé gbm 5 chif s8 khéc nhau 14 bao nhiéu ?

Bai 14 C6 bao nhiéu s6 ¢6 5 chit sé, trong d6 cac chit s6 cach déu chir
s6 giira giéng nhau ?
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Bai 15 Cho cac chit 86 1, 2, 3, 4, 5. Tir cac chit s8 d cho
a) Cb thé lap dugc bao nhiéu s3 chin c6 ba chif s5 khac nhau ?

b) Cb thé 1gp duge bao nhiéu & cé ba chir s6 khac nhau bé
hon hay bing 345 ?

Bail1l6 Mot ngum cd 6 cai do, trong d6 c6 3 a0 soc va 3 ao trang, ch 5
cai quan, trong d6 c6 2 quén den; va c6 3 déi giay, trong do co
2 doi giay den. Hoi nguofl d6 ¢6 bao nhiéu cach chon mic a0 -
quan va mang gidy, néu :

a) Chon fo, qudn va gidy ndo ciing dugec.

b) Néu chon 4o soc thi véi quan ndo va giay nao cung duge;
con néu chon 4o tring thi chi mic voi quén den va di giay
den.

Bai 17
a) C6 bao nhiéu sé ty nhién gdm 4 chix s6 ma cac chit s6 déu > 5 va ddi
mot khac nhau.
b) Tinh tdng céc s6 d6.
Bai 18 Co bao nhiQu cé(;h sﬁp xép nim ban hoc sinh A, B, C, D, E
vao mdt chiéc ghé dai sao cho:
a) Ban C ngdi chinh gii¥a.
b) Haiban A va E ngdi & hai du ghé.

Bai 19 Mot ban dai ¢o hai day ghe d6i dién nhau, mdi diy gom 4 ghé.
Nguoi ta mudn xép chd ngdi cho 4 hoc sinh trudng A va 4 hoc
sinh trucng B vao ban ndi trén. Hoi ¢6 bao nhiéu cach x€p sao
cho bét cir 2 hoc sinh ndo ngdi canh nhau hodc d6i dién nhau
thi khac trudong vai nhau.

Bai 20 Trén gid sach ¢4 10 quyen sach, trong d6 c6 7 quyén cb tac gia
khac nhau, va 3 quyén ¢6 cung mét tac gid. Hoi c6 bao nhiéu
cach sap xép céc sich iy, sao cho cac sach cia cing mét tac
gia dimg canh nhau ?

Bi2l Chocécsd 1,2, 5,7, 8. C6 bao nhiéu cich 13p ra mt s gom
ba chit s& khac nhau tir 5 s0 trén sao cho :
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a) Sé tao thanh 12 s6 chin ?
b) S4 tao thanh 1a mot sé khong ¢ chit s§ 7 2
c) S tao thanh nhé hon 278 ?

Bai 22 Hmtu:lOchusoO 1, 2 3,4,5,6,1,8, 9céthelapduqcbao
nhiéu s6 gom 6 chir so khéc nhau, sao cho trong cic chir 56 d6
c0 mat chit s6 0 vi s6 1.

Bai 23 Tu'cacchu36 123456789ngumtalaptatcécécsoco4
chit s khac nhau. Tinh téng cta tat ca s8 ndy ?

Bai 24 M§t L6p c6 40 hoc sinh gém 25 nam va 15 nir. Théy chi nhiém
mudn chon 3 hoc sinh dé tham gia t8 chirc 1& khai giang. Hoi
cO bao nhiéu céch :

a) Chonra 3 hoc sinh gdm 1 nam va 2 nit ?
b) Chon ra 3 hoc sinh trong d6 cé it nhét | nam ?

Bai25 Can lap mot uy ban c6 it nhat 4 ngum va nhiéu nhét 10 ngum
duoc chon ra tir 5 nam va 7 nit, vai dleu kién phai c6 it nhat 2
nam va sd nir it nhat 14 phai gap d6i s6 nam. Vay c6 bao nhiéu
cach chon uy ban ?

Bai26 Mot thay gido c6 12 cudn sach d6i mét khéc nhau trong d6 co
5 cudn sach vin hoc, 4 cudn sich 4m nhac va 3 cubn siach hoi
hoa. Ong 1ay ra 6 cubn va dem téing cho 6 hoc sinh A, B, C, D,

_E, F mdi nguti mQt cudn.

a) Gia su thay gi4o chi mudn ting cho céc hoc sinh trén
' nhung cudn sach thudc hai loai sich vin hoc va &m nhac.
Héi ¢ bao nhiéu céach ting?

b) Gia sir thay gido muén ring sau khi ting sach xong, mdi
mét trong ba thé Ioa1 vin hoc, dm nhac va hdi hoa déu con
lIai it nhit mdt cudn. Héi ¢6 bao nhiéu cich ting?

Bai27 Mot budi lién hoan ¢6 10 nam va 6 nit. C6 bao nhiéu cich
chon ra 3 ciip nhay ? (mdi cfip gdm 1 nam va 1 nif).

Bai 28 Mot hép dung 4 vién bi 6, 5 vién bi tring va 6 vién bi vang.
Ngudi ta chon ra 4 vién bi tir hop d6. Hoi ¢6 bao nhiéu cich
chon dé trong sé bi 14y ra khéng c6 dii ¢4 3 mau ?
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Bai29 Co6 9 vién bi xanh, 5 vién bt do, 4 vién bi vang ¢6 kich thuoce
d61 mdt khac nhau. .

a) C6 bao nhiéu cich chon ra 6 vién bi, trong d6 c¢6 dung 2
vién bi do ? |

b) C6 bao nhiéu cich chon ra 6 vién bi, trong d6 s6 bi xanh
bing 58 bi d6 ?

Bai 30 C6 bao nhiéu cach chon ra 8 cai mil tiy nhimg cai mii glong hét
nhau véi 3 mau : xanh, tring, den ?

Bai 31 Co bao nhiéu bién s6 xe khac nhau gém 4 chit s6.

Bai32 Tim sé tir nhién k sao cho cic s CFy, c}‘;‘, C%2 1ap thanh mét
cﬁp sb cdng.

Bai 33 Vi nhitng gi4 trj ndo cla x, s6 hang thir ba trong khai trién

cha (3/1_2 ng'] bing 3600 ?
X

Bai34 Tim s6 hang khéng chita x trong khai trién Newton

1 12
cual xX+—1 .
X

Bai3s Cho(x-2)®=ap+ax+axi+..+apex "
8) Tinh hé s6 asr. | |
b) Tinhtdng S =ap+a;+a+... +ap
¢) Tinh téng M =a, + 2a; + 3a3 + ... + 100290
Bai36 Chimg minh ring :

C +C2 +Ch, 4. 4CR =CL +C +o O

Bai37 Biét tong tit ca cic hé s0 cua khai trién nhi thire (x*+ 1) bang .
1024, hdly tim hé 56 a (a 13 s6 tw nhién) ciia s6 hang ax'” trong
khai trién d6.

Bai38 Ap dung cdng thitc khai trién nhj thitc Newton, ching minh
cac cOng thirc sau :
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a) Ch-CL+Cl—.+(-1)"C"=0. ° (1)

b) 142C, +22C2 4. +2°Ch =3" )

¢) Cp+2CE+3C3 +..+nC" =n2", (3)

| 1y 1 1 2n1
d) Cy-cly2Cl+. + = c'= . 4
)“2“3“ n+l " n+l @

Bai 39 Trong ky thi hoc sinh gioi dién; bai thi dugc danh gia bdi mot
s0 nguyén trong khoang tir 0 den 100. Héi rang it nhét phai c6
bao nhiéq hoc sinh dy thi @€ cho chic chin tim dugc hai hoc
sinh c6 két qua thi nhur nhau ?

Bai 40 Xét mdt co s dir 1idu c6 500.000 ban tin (record). Héi c6 thé
sf:~ dung mdt vung (thudc tinh) v6i nhidu nhit 4 ki fr 13 céc
mau ty [dm khod chinh hay khéng? ¢ diy mét viing dwoc noi
1a mét khoa chinh néu gia tri ciia né x4c dinh bén tin mot cach
duy nhit. _

Bai41 Chimg minh ring trong n (n 2 2) ngudi tuy y ludn ludn c6b it

nhét hai nguoi c6 s6 ngudi quen (trong s6 ho) bang nhau.
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Chuong 3: -
THUAT TOAN

3.1. Thuat toan
3.1.1. Khai niém thudt toan

Khi thit k& va cai dat mot phin mém tin hoc cho mdt vn d& nao do,
ching ta cin phai dua ra phuong phap giai quyét ma thue chit d6 12
thudt toan giai quyét van dé ndy. Diéu nhién nhién ring, néu khéng tim
dugc mdt phuong phap giai qugfét thi khéng thé iap trinh dugc. Khai
niém thuit toan d3 dugc biét tir rdt l3u. Thudt ngit thuit toén
(Algorithm) 1a bién tuéng cha tén nha toin hoc A Réap: Abu Ja'fa
Mohammed ibn Musa al-Khowarizmi (thuwong goi la al-Khowarizmi),
ang la tic gia mgt cudn sach vé sb hoc, trong d6 éng di dung phuong
phap mé ta rit 18 rang, mach lac cach giai nhimg bai toan. Ti algorithm
ra d&i dya theo céch phién 4m tén clia 6ng.

V& mit lich s, trong nhilng nim 30 cia thé ky nay, khi khoa hoc va
cong nghé phét trién nhin loai 43 néu ra nhiéu bai todn ma khéng tim
thiy 1&i giai. Cé nghia ring, khong tim duoc thuat toan dé gidi ching. -
Ngudi ta d3 phai tim cach dinh nghia chinh xdc khai niém thudt toén.
Nim 1936, A. Turing d3 dua ra mdt cdng cu rit t5t ¢& mo ta thuat toan
mé ngdy nay ngudi ta goi 1 may Turing. D& ghi nho cong lao nay, hoi
tin hoc M§ (ACM) di dit ra giai thudng Turing trong tin hoc. Tiép theo
Turing, mét sb nha toan hoc khic di dwa ra céc c6ng cu chinh x4c hod
khai niém thudt todn nhu ham dé qui, thuét toan Marcop, vin pham sinh
ctia N.Chomsky ... Trong pham vi gi4o trinh ndy thuét toan c6 thé hiéu
mdt cach tnrc quan qua dinh nghia sau.

Dinh nghia: Thugt todn giai bai toan djt ra la mgt thii tuc xac dinh bao
gom mdt diy hitu han cic bude can thire hién aé thu dugc 161 giai cua
bai toan. '

Cac diic trung caa thuéit toan: Thujt toan c6 cac dic trung sau day:
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. Dau vao va diu ra (rnput/ou{put) Moi thuit toan, du don gian den
méy cfing phai nhén dit liéu dau vao, xir Iy 16 va cho ra két qua cudi

cung.
INPUT> THUAT TOAN | OUTPUT >

-+ Tinh xdc dinh (definiteness). Céc bube trong mdt thuat todn phai
duge x4c dinh chinh xdc va rd rang, khong thé £ay nén su nhép
nhing, 13n 16n. N6i cach khéc la trong ciing mét didu kién, hai b xir

1y (nguoi hodc mdy) thyc hién cing mot budc cia thuat toan thi
phai cho cling mét két qua.

o Tinh hitu hgn (finiteness): Mot thuat toan pha1 cho ra 1o gidi ding
(hay két qud) sau mét sé hiru han bude véi moi dau vio.

» Tinh don tri (uniqueness). Cac két qua trung gian cta timg budc
thyc hién mdt thudt toan dugc xéac dinh mét cach don tri va chi phy
thudc vao dau vio va cac két qua cua cac budce trudc.

o Tinh higu qua (effectiveness). Mot bai todn cé thé cé nhidu thuét
toan khac nhau. Tinh hiéu qua cia mét thugt toan dwuge dénh gia dua
trén mot sé tidu chuin nhur: sé phép tinh can thyc hién, dung hrong
bd nhé va thoi gian khi thudt toan duoc thi hanh ..

« Tinh tong quit (genera!!iness) MGt thuét toan cé tinh téng quat 13
thuét todn phai ap dung duge cho moi truomg hop cia bai toan chir
khong phai chi ap dung duoc cho mdt s6 trudng hop riéng 1€ nio do.
Tuy nhién, khéng phai thudt toan nao cling dam bao dugc tinh tbng

quét. Trong thuc té, ¢6 hic ngudi ta chi XAy dyng thudt toin cho mét
dang dic trung cia bai todn

Vidu1

Cho 3 sb nguyén a, b, c. M ta thufit todn tim s8 16n nhit trbng ba sé di
cho.

Giai.

1. Input: Yéu ciu cho biét gia trj cia a, b, c.
2. Patx:=a
3. Néub>xthiditx:=b
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4. Néu ¢ > x thi dit x :=¢
5. Output: S 16n nhét 1a x

Tu twong cua thudt toan 13 duyét lan lugt gid trj cua tung s6 va giir lai
gia tri 1én nhat vao bién x. K&t thic thuit todn x cho sb nguyén lon nhét
trong ba s6 di cho.

Ky hidu y = z trong md ta thudt toan & trén cd nghia 13 thay thé gia trj
dang ¢4 cua y bdi gid tri coa z. Ta goi := 14 tedn tir gan.

Vidu2

Thuat todn giai phuong trinh bic hai ax’+bx+c=0 (a=0).

1. Yéu clu cho biét gia tri cia a, b va c.
2. Néua=0 thi
2.1. Yéu chu dhu vao khong dam bao
2.2. Két thitc thujt toan
3. Truong hop a= 0thi’
3.1. Tinh gid trj A = b” - 4ac
3.2. Néu A > 0 thi
3.2.1. Phuong trinh ¢4 hai nghiém phén biét
—b+vA ~-b-+A
XN=———, %0
2a 2a
3.2.2. Két thac thuft toan
3.3.NéuA=0thi-
3.3.1. Phuong trinh ¢6 nghiém kép
b

Xg = —-2—;'
3.3.2. Két thic thudt toan
3.4. Néu A < 0 thi
3.4.1. Phuong trinh v6 nghiém

3.4.2. Két thic thuét toan thut todn
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3.1.1. Bidu di&n thuét toan

Pé ¢6 thé truyén dat thudt todn cho ngudi khic hay chuyén thuat toan
thanh chuong trinh méy tinh, ta phai c6 phuong phip biéu difn thuat
toan. Cé ba phwong phap thuémg ding dé biéu dién thujt toan:

« Dung ngdn ngir tir nhién,

» Dung liu 46 (so dd khdi)

« Dung ma gia.

1. Ngon ng( ti nhién

Haividy | va 2 ¢ (3.1.1) dién ta thudt todn theo ngén ngu: tu nhién.
Céch biéu din nay thudng dai dong, khong thé hién 15 cdu tric cia
thudt toan, d6i luc gdy hiéu 1dm hogdc khé hiéu cho ngudi doc. Gén nhu
khéng ¢6 mét quy tic cd dinh ndo trong viéc thé hién thuat toin bing
ngén ngir ty nhién.

2. Lwu dé

Liru 3 14 mot céng cu gilp ta dién td thuit toin maot cach tryc quan,
Biéu dlen thuat toan bang luu 86 giap cho ngudi doc theo ddi dirge sur
phan cip céc truong hgp va qué trinh xur 1y cia thudt todn, va doi lic
tranh duoc nhimg doan giai thich bing 161 ¢6 thé din dén sir nhap nhing
v& ngir nghia.

Luu d5 12 mét hé thdng nhimg ndt c6 hinh dang khac nhau, thé hién cic
chirc nidng khéc nhau va duge nbi voi nhau bdi cac cung. Cu thé, ching
duoc tao bdi bén thanh phin chu yéu sau:

a) Nit gidi han. Biéu dién boi hinh 6van, trong d6 c6 ghi chit bit
dﬁufbegin hodc két thic/end. Ching con duge goi 12 nat diu
va nit cudi cia luu dd.

b) Nut thao tic chon lira. Biéu din bai hinh thoi, bén trong chita
biéu thirc diéu kién. Trong céc cung ndi véi nit ndy ¢6 hai cung
di ra chi huémg di theo hai trudong hep: didu kién ding va didu
kién sai. i

diing sai



Chuwrong 3: Thuft todn 73 @.

¢) Nit thao téc xir ly. Biéu difn béi hinh chit nhat, bén trong chira
ndi dung xir 1y.

A =Db?-4ac

d) Cung. La cac dudng ndi tir nitt nay dén nit khéc cia luu dd.

Vidy

Liru dd thujt toan phuong trinh bac hai ax’> + bx + ¢ =0 (a = 0).

H6i_gié tri a,b,0 ?

A=b%-dar
S 5
B D
Xy= =P +.JE Re= "0 Tra Wi
" 20 2a PT vd nghiem

Tra Wi: PT ob - Trd Wi: PT b
hainghm x5 | nghigmlcép xy
;f’sid\=

N

3. M gia

Viéce sir dung hru dd s8 rit cong kénh ddi véi cdc thudt toan phic tap.
Hon nita, luu d6 chi phén biét hai thao tc 14 & nhanh (chon lya c6 diéu
kién) va xir 1y ma trong thue t&, cic thuft todn con c6 thém cac thao tic
khéc nhu thao tac Hip. Vi viy ngudi ta con viét cdc thuit giai theo mét
ngdén ngit tira ngdn ngir 1dp trinh duoc goi 1a ma gia. Trong ma gia, ta sk
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dung céc ¢t phap c6 ciu tric chudn ho cita mét ngdn ngit lap trinh nao
d6 (nhu Pascal, C ..} va van ding ngén ngit tu nhién. Cach viét thuat
toan b%mg ma gid to ra tién lot, gon, don gidn va tdn dung duge cic khai
niém trong ngdn ngir 1dp trinh.

Vidu

Sau dédy la mdt doan mi gid cha thuat toan gidi phuong trinh bac hai
ax’+bx+c=0(a=0).

if delta > 0 then
begin
X1 := (-b+sgrt(delta))/(2*a) |
Xz = (-b-sqrt{delta))/(2*a)

xuAt két ‘qud: phuong trinh ¢6 hai nghlem la
X1 va X2

end -
else
if delta = 0 then

xuit két qui: phwong trinh c6 nghiém kép la
-b/(2*a)

else {truong hop delta < 0}

xuét két-qua: phuong trinh vé nghiém
Chuy , |

Cac tr 1n dam trong doan md gia trén 1a cac tr khéa clia ngdn nglr
Pascal.

Dudéi day sé liét ké mét s§ céu 1énh chinh duge sir dung trong mi gia
dira theo ngdn ngir 1dp trinh Pascal (con goi la ngon ngit phing Pascal)
d€ mé ta thuat toan.

Lénh Procedure (function)

M3 ta thudt toan trong ngdn ngit phong Pascal duge bit dau tir ciu 1énh
procedure (function), sau d6 ta dit tén cho thuft toAn va mé ta danh
- s4ch bién cha thuat toan.
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Vi dy
1. Caulénh
procedure max(a,b,c);
cho biét tén thut todn duoc mé ta 12 max vaba bién 13 g, b, c.
2. Ciulénh |
function nguyen_to(m),
cho biét tén thuit todn dwoc mo ta 12 nguyen_fo va bién 13 m.

Cac budc cua thudt toin dwgc mé ta trong thin procedure
(function) dugc bit dAu béi begin va két thic boi end.

Vidy
'Function nguyen_to(m);
Begin
(than functton)
End;

Procedure max(a,b,c);
Begin
(thén procedure)
End;
Chay
Néu mé ta thudt toin bdi 1énh function, khi thuc hién va két thilc cau

1€nh, thudt todn s& dua ra gia tri va dugc ghi nhan trong tén function. Vi
vay trong thin function phéi c6 mit ciu 1énh gan gi4 tri cho function.

Lénh gan (assignment statement)
Lénh gén ding dé gan gi4 tri ciia mdt bidu thirc cho mét bién. Céch viét
cdu 1énh gan

Tén_bién := bidu_thirc;
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Chay
V? trai cla phép gan chi va chi c6 thé 13 mdt bién ma théi. Chang han,
viet
Xxty:=17
12 sai, vi vé trai 1a mot bidu thirc chit khong phai 13 mét bién.
Khéi cau 1&énh

Cac cau [énh c¢6 thé nhom lai thanh mot khdi. P& mé ta khéi cau 1énh ta
str dung begin va end. Dang khéi cau Iénh

‘Begin
cdu lénh 1;

ciu lénh 2;

céu lénh n;
End;

Céc ciu lénh trong khdi dwoce thuc hién tudn ty. Dudi day, thudt

ngit cdu Ignh duge dung de chi chung mpt cdu Ignh ciing nhu
m@t khii céu lénh.

Vi dy
| Begin
t:=x,
X =Y,
y =t
End;

Khéi ciu Iénh nay nham trao dbi gia trj hai bién x va y, dung
bién t nhu mot chd cit trung gian.

Lénh didu kién
Cé hai dang: _
Dang 1 (dang khong ddy dii)
IF biéu_thirc_logic THEN 1énh_P;
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Céch thirc hoat dqng cia lc;nh Khi glip I¢énh nay, néu bidu_thirc _logic
cé gid tri TRUE thi may thuc hién 1énh_P rdi chuyen sang 1énh ké tiép &
phia dudi. Néu biéu_thirc_logic cé gia tri FALSE thi mdy khong thyc
hi¢n I¢nh_P ma chuyén ngay sang lénh ké tiép.

Dang 2 (dang ddy dii)
IF biéu_thic_logic THEN lénh_1
ELSE lénh_2;
Chiy Trudc tir khod ELSE khong ¢6 déu chdm phiy.
Cich thirc hoat dgng ciia lénh: Khi gip 1énh nay, tuy theo két qua cia
biéu_thirc_logic ma may thyc hién 1énh_1 hoic 1énh_2.
« Néu bidu_thic_logic ¢6 gia tri TRUE thi méy thyc hién lénh_,
khong thue hién 1énh 2, ma chuyén ngay sang thyc hién 1énh ké tiép
& sau lénh 2.
« Nguoc lai, Néu bidu_thirc logic ¢6 gia tri FALSE thi may khong

thuc hu;n 1énh_1, ma thyc hién 1énh_2, ma chuyen ngay sang 1€nh
ké tiép & sau l1énh_2.

| rénh 1 || Lénh 2
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‘Céc Iénh 1ap _
Ta c6 cac loai 1énh ldp sau diy:
(1) Lénh FOR: Dang cdu lénh
FOR bién := gi4_tri_ddu TO gia_tri_cubi DO lénh_P;
Chuy |
« Bién phai c¢6 kiéu dir liéu 13 vé hudng dém duge.
. gla tr!__dﬁu va gid_tri_cudi 12 cic bifu thic c6 cing kidu dit lidu
v{i bién.
« Bién trong cdu tric FOR goi 13 bién diéu khién
Cich thirc hoat ddng cita 1énh
Budc 1 Gén gia tri bién := gia_trj_déu;
Budc 2:
+ Néubién < gid_tri_cudi thi thuc hién 1énh_P, rdi sang budc 3;

« Néu bién > glé tri_cudi thi khéng thuc hién lgnh P ma chuyén
sang 1énh ke tiép phia dudi.

Buoc 3: Tang gia tri cia bién 18n mot gia tri: bién := succ(bién). Quay
lai bude 2.

Tom lgi lenh P sé duopc thye hién nhiéu lan, bcft ddau khi bién =
gid_ rr;_d'au, va két thuc khi bién = gid_ trg_cuor + 1, ca thdy la
gid_tri_cudi - gm tr;_dau + 1 lan. Vi thé, ngudi ta goi FOR la
vong ldp c6 sé lan lgp biét trucec.

Lbién = gih tri_diu ]

{ bién = succ(bién) |
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(2) Lénh REPEAT. Dung & lap di Kip lai mét sb cdng viéc cho dén
khi mét didu kién di cho dugc thod min. Dang cu lénh

REPEAT
lénh_1;
1énh_2;
[¢nh_N;

UNTIL biéu_thire_logic;

Céch thire hoat ddng ciia REPEAT: May thyc hlf;n 1énh_1, lenh 2,
., 1énh_n; rdi kiém tra biéu_; thire_logic. Néu biéu _thirc_logic co gia

tr1 true thi chuyén sang Iénh tiép theo & phia dudi, nguec lai, néu

bidu_thirc_logic c6 gié trj false thi 13p lai thuc hién day [énh trén.

e

g
1énh_1

lénh_2

<o

ding

sa1

Chay

o Céc Iénh gifta REPEAT va UNT[L khong can phai dit trong khbi |
begin va end.

« Néu biéu tlnrc _logic khdng bao gid ¢6 gié tri true, thi ddy céc 1énh
gita REPEAT va UNTIL s& phai thire hién hoai, lic d6 ta c6 vong
lap vd han.

« D& tranh cac vong lap v0 han, trong than cla 1énh REPEAT cin c6
it nhit mot 1énh c6 tic dung 1am bién ddi cic dai lugng tham gia
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trong biéu_thirc loglc dé dén mot lac nao d6 thi biéu_thire_logic
s& cb gia tri true va do d6 vong lap s€ ket thic.

(3) Lénh WHILE. Dung dé& 13p di 1ap lai mdt cong viée trong khi mot
diéu kién cdn duge thod mén. Dang cdu lénh

WHILE biéu_thic_logic DO 1énh_P;

|
L g

biéu thirc logic

diang

1énh_P

Chu y

. Néu biéu_thirc_logic khong bao glor c6 gié tri false, thi I¢gnh P s¢
phai thuc ‘hién hoai, lic d6 ta cé vong l3p vo han.

« Dé tranh céc vong kip v6 han, trong thin cia vong WHILE, cén cb
it nhit mdt 1énh cb tic dung lim bién ddi cac dai luqng tham gia
trong biéu_thirc_ loglc dé dén médt luc ndo d6 thi bidu_thirc_logic
s& o gié tri false va do d6 vong ldp s& két thic.

3.2. Mot s6 thuat toan xir ly sd

3.2.1. Thuat toan kiém tra sé nguyén té

Van d&: Cho mdt sb nguyén duong m. Kiém tra m c6 phai 13 s6 nguyen
t6 hay khong?

Theo dinh nghia: sé nguyén t6 1a s6 tir nhién 16n hon 1, chi 6 hai wéc
1a 1 va chinh né.

Do uéc sb nguyén té ciia sé nguyén duong m bao gids ciing khdng vuot
. qué Jm, nén m s& 12 sé nguyén t§ néu nhw nd khéng cé wée s6 ndo
trong c4c sb nguyén duong tir 2 dén I_\/H J (ky hiéu | x | chi s6 nguyén
Iém nhit nho hon hay béng x). -

T d6 ta co ngk“m ngit phong Pascal cua thuat toan nhu saw:
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o Input: S5 nguyén dfrcmg m.

o Output: frue néu m 1 sé nguyén t§, false néu ngugc
lai.

Function Nguyen_to(m),

Begin |
i=2;
While (f <= J;)and(mmodi=0) doi:=i+ 1
Nguyen to:= > JE;

End;

Tir thuft todn trén, ta ¢4 thuit todn tim va in ra céc sb nguyén
A k) A -
t0 nhoé hon s6 nguyén duong 7 cho trude.

e Input: S6 nguyén duong n.
¢ Output: Cac s6 nguyén té nho hon ».
Procedure List_nguyen_to{n);
Begin
Fori:=2ton-1do
If Nguyen to(i} then Write(i,” ‘};
End;

3.2.2. Thuét toan tim wéc chung Ién nhit caa hai s6 ty nhién

Vin d&: Cho a va b 1a hai s6 tw nhién. Tim uéc chung Ién nhat cla a va
b?

Theo dinh nghta: udc chung lon nhét (UCLN) ctia 2 56 tr nhién a va b
la 56 ty nhién d 1ém nhat trong tap cac udc chung cta a va b, tirc la:

d=max{c| afc,bic}.
Cha y

V&i moi s6 tu nhién a, ta co:
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UCLN(a, 1) = 1; UCLN(a, 0) = a.
Qui wéc UCLN(0,0)=0

Theo tinh chat Euclide woc chung 16m nhét cha hai s6 s& khong thay d6i
néu ta thay s6 16m trong hai sd d6 bing hiéu ciia né véi s thir hai.

UCLN(a, b) = UCLN(a-b, b) néu a > b.

Tur d6 ta cé ngdn ngit phong Pascal cua thuit toan nhu sau:

o Input: 2 va b 14 hai sb tw nhién.
e Output: Uéc chung 1én nhét cia a va b.
Function UCLN(q, b);
Begin
While (a > 0) and (b > 0) do
If a>=bthena:=a-b
else b =b-a;
UCLN : = a+tb;
End;

Chay

Phep tim du (2 MOD b} tuong duong voi phep trir lién tiép khi hidu a —

b vAn 12 mot s6 tir nhién. Khi d6 tinh chét Euclide duoc phat bidu nhu
sau:

UCLN(a, b) = UCLN(a MOD b, b)
Dé y ring 0 <a MOD b < b, do d6 thut toan duge viét lai nhu sau:

e Input: a va b 14 hai s tx nhién.
* Output: Udc chung 16n nhét cia a va b,
Function UCLN(a, b);
Begin
While (b > 0) do
Begin
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r:=aMODD; {k‘hai bao thém bién r chita s6 d}

a:=b;
b:=r;
End;
UCLN : =

End;

3.2.3. Thuét toan tim sé Ién nhat trong day hiru han sé
Vin dé: Cho mét diy gdm n sb

ai, a2, ..., an
Tim s8 16n nhét trong dy?

Chiing ta ¢ nhidu phuong phap dé gidi bai toan nay. Sau diy la mét
phuong phap thudng duge sir dung dé tim s6 1én nhét trong mot day
hiru han s6 cho truéc:

Buéce I: Dit s6 16n nhit tam thdi bang sé du tién.

Budce 2: So sanh s6 ké tiép trong day véi sb 1on nhét tam théi, va neu no
16n hon s6 16n nhét tam thoi thi d3t cho sb 16n nhédt tam thei bang sb
nay.

Budc 3: Lip lai budc 2 néu con sb trong diy chua duge xét téi.

Budéc 4: Dimg néu khong con sb nao trong diy chua duqc xét toi. So
16m nhdt tam thdi Lic nay chinh 14 s 16n nhit trong diy sb.

Ngon ngir phong Pascal cia thudt toan nhu sau:

e Input: Diy gbmn s6 a,, a, ..., 2y
e Output: Large 14 56 16n nhit trong day d4 cho.
Procedure Find_Large(a, n, Large);
Begin |
Large = a;
For i:=2 tondo
{Néu a; > Large thi gén lai Large}
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If a;> Large then Large = a;;
End;

3.2.4. Thuit toan sap xép
Vin d8: Gia sir c6 mdt diy s gdbm n phén tir
ay, Ay, ... , Ag.
Hay thyre hién viéc sip xép dé duge mot diy sb ting dan.

Hién nay c6 khd nhiéu thuat toan sép xép: thudt todn sip xép chén
(insertion sort), thuét toan sip xép ndi bot (bubble sort), thudt toin
quick sort ..

O day s& trinh bay thuat toan sap xép ndi bot, 1a mdt trong nhimmg thust
todn kha tu nhién va don gian. Y tuéng ciia thuit toan nhur sau:

Ta coi céc sd. can sap la trong lugng cua cic bot khi trong nuéce. Bot khi
nao nhe s& n01 1€n trude, nhimg bot nao nang s& néi 1én sau nhu‘ng
khong thé ndi 1én cao qué bot khi nhg: hon nd. Mgt céch hinh anh ta c6
vi du minh hoa sau:

Sip xép ting din diy: 44 55 12 42 94 18 6 67

Buge 0 |1 2 3 4 5 6 1

H“rre 6 6 6 6 6 6
551144 412 12 12 12 12 1 12
12 11 55 r 44 1, 18 18 18 i8 | 18

42 |(12* 55|- 42 42 42 | 42

g
94 1142 1, 18* 55|— 44 44 44 | 44

18 |] %4 |_ 42 | 42*%| 55 55 55 35
6 18*| 941, 67 67 67 67 | 67
67 | 67 67+ 94 %4 94 94 | %4

e Input: D3y sd ay, ay, ..., a (tuy ¥).
e Output: Diy sb ay, ay, ..., a, (48 duge x&p ting din).

Procedure Bubble sort(a, ay, ..., an);

Begin
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Fori:=1ton-1do
For j:=1ton-ido

A4 1 L)
If & > aj¢ ther doi cho a; va aj4

"End;

Ta nhén thiy rang thuat toan sap xép ndi bot ding qua nhiéu phép so
sanh, vi n6 tiép tuc ca khi danh séch d4 duoc sip hoan toin tai mdt budc
trung gian ndo d6. Ta c6 thé sira lai thudt todn nhr sau dé né dimg khi
khéng cin sir di chd nao nira.

Procedure Bubble_sort(a,, ay, ..., an);
Begin
1 :='1; done := false; _
While (i < n) and (done = false) do
Begin
done := true;
For j:=1ton-1do
If aj > aj+ then

Begin
dél Cha a; va j+1
done = false;
End;
i=i+1;
End;
End;

3.2.5. Thut toan tim kiém
Vin d&: Gia sit c6 mét ddy sé gdm n phin tir
A, d2, ..., 8
va mdt phén tir x. L
- Hay xac dinh xem phén tit x ¢6 trong dy trén hay khong? Lai giai cta
bai todn ndy 14 gi4 trj chi vi tri (hay chi s6) cia mt phén tir trong ddy
bang phan tir x, hofic 12 n+1 néu x khéng c6 trong diy.
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Thuit toan tim kiém tuyén tinh (hay tim kiém tuin ty)

M&t thuét todan don gian &8 gidi bai toan ndy la thuit toan tim kiém tuyén
tinh, Thudt todn bit diu bit dau béng viéc so sanh x véi a;. Khi x = ay, két
qua 13 vi tri cia a;, tirc 14 1. Khi x Fay,taso sanh x vm az. Néu x = ay,
két qua 1a vi tri cla ay, tic la 2. Tiép tuc qué trinh nay bing cach tuan tu
s0 sanh x v6i mdi mét phén tir cia ddy cho tdi khi tim duge s6 hang
bang x, khi 46 két qua 13 vi tri coa sb hang d6. Néu tit ca céc phin tir
cha diy da dugc kidém tra ma khéng xac dinh dwoc vi tri clia x, thi két
qualan+1.

Ngén ngir phong Pascal cua thuit toan nhur sau: *

¢ Input: Diy a gdm n phén tir a,, ay, ..., a, va phin tr x.
¢ Output: Vi tri cia x trong diy (chi sb6 cua _phén tir
‘trong ddy bing x), hodc 13 n + 1 néu khong tim thay.
Function Linear_search(a, n, X);
Begin
i:=0;
Repeat
=it
Until (i>n)or(x=a);
Linear search := 1,
End;

Thuit todn tim kiém nhj phan (Binary Search)

Trong truémg hqp day aj, a3 ..., an cb cic s6 hang duqc shp theo thir ty
tang dan thi ta c6 thé tim kiém theo thudt toan tim kiém nhj phan.

Thudt todn dugce thye hién nhir sau :

Budc 1: Pham vi tim kiém la trong toan bd mang.

Buic 2: Lay phin tir giita ciia pham vi cén tim kiém (got la a;) va so
sanh vi x.

. Néux = a; thi giai thuat két thic va théng béo di tim thiy.

»  Néux < a; thi pham vi tim kiém méi 1a céc phin tir nim trude a;.

« Néux > g, thi pham vi tim kiém méi 1a cic phin tir ndm sau a.
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Buoc 3: Néu tén tai pham vi tim kiém. thi l3p lai budc 2, nguge lai théng
bao khdng tim thiy, thuat to4n két thic khdng thanh cong.

Sau diy la vi du minh hoa ¥ tuéng cha giai thuat :
Cintimphdntir x=4trongmang:1 3 4 5 7 10 12 15

l— 1 l— 1 1
3 j— 3% \

4 r—» 4 Jj—a* 4 => Timthdy
j—/™ s5¢*

7 T

10

12

r— 15

Ngbn ngit phong Pascal cia thudt todn nhir sau:,

e Input: Diy a gdm n phén ti aj, az, ..., a, ¢O thir ty ting din va
phan tir x.

¢ Output: Vj tri cua x trong day (chi sb cta phan tir trong day
béng x), hoic n+1.

Function Binary search(a, n, x);
Begin
1:=1; {l11adiém mat trdi cia khodng tim kiém)
=n; {rla diém mut phai ciia khoang tim kiém}
Repeat
1:=(1+r)div 2;
If x<ajthenr:=j-1
Else] =5+ 1,
Until (x=a)or(1>r1);
If x=a; then binary_search :=j
Else binary search :=n + I;
End; |
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3.3. Do phirc tap cta thuat toan
3.3.1. Khai niém vé dé phirc tap cla thuat toén

M{t khai ni¢ém quan trong lién quan tryc tiép dén thudt toén 1a d phirc
- tap cua thudt toan. Nho ¢6 khai niém nay ching ta ¢6 thé danh gia va so
séanh dugc céc thudt toan vai nhau.

Mt chuong trinh may tinh thwong dugce cail dat dya trén mot thuit toin
dung dé giai bai todn hay vin d& dat ra. Tuy nhién, ngay ca khi thuit
toén ding, chuong trinh vin cé thé khéng sir dung dugc dbi véi mét sb
dir ligu nhap ndo d6, bai vi thdi gian cén thiét 4é chay chuong trinh hay
vung nhé can thiét dé hru trir dit liéu (nhw cde bién trong chicong trink,
cde file e triz, ...) qua lom. Pé lya chon mét thudt toan tét cho 1oi giai
bai toan cin giai quyeét, thong thudng chung ta c6 hai loai danh gia: Mat
1a d§ phuc tap vé thdi gian thyc hién thuat toén, hai 14 46 phic tap vé
pham vi b§ nh& dung cho thudt toan.

Bp phikc tap tinh todn cia mt thudt todn 13 hI(;mg thdi gian va b nhd
can thiét dé thyuc hién thuit toan. Trong pham vi giao trinh nay chi trinh

bdy viéc danh gia thdi gian can thiét dé thyc hién thuit toan va goi la

thoi gmn tinh cua thuit todn. D6 13 d6 phirc tap thuong duge dé cép

nhidu nhét.

Théi gian tinh ciia thujt toan 13 ham cia dir liéu ddu vao. Thong thudng
khé cb thé xay dung cong thitc dudi clang hi¢n cho ham nay, vi thé ta
dit van dé don gian hon. Thay vi 1am viéc vai dir lidu diu vao, ta s& lam
vic véi mot dic trung quan trong cia dif liéu d4u vao, d6 1a kich thude
ciia n6. Ching ta s& quan tdm dén:

o Thoi gmn tmh 1ot nha't ciia thudt todn voi diu vao kich thuge n, dé

la thot gian 16 thidu cdn thiét dé thye hlf;n thuét toan vai mei bg dir
liéu d4u vao kich thudc n.

« Thoi gian tinh t5i nhﬁt cua thudt todn véi dau vao kich thuéc n, d6
1a thi gian nhiéu nhat can thiét dé thyuc hién thuit toan véi moi b
di liéu dAu vao kich thuéc n.

o Thoi gian tinh trung binh cia thudt todn vi d4u vao kich thude n,
d6 1a thoi gian trung binh can thiét dé thyc hién thuit toan véi moi
bd dit 1iéu dau vao kich thudce n.

Pé do thai gian tinh cua thudt toan ta sé dém s6 cdu lenh ma no thyc

hién, hodc trong mét s6 trudmg hop c6 thé dém cu thé sé phép tinh sé
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hoc, so sanh, gan, ... mi thudt toan doi hoi thuc hién. R4 ring cic thong
s& nay khong phu tuoc vao ngudi lap trinh va ngén ngir 14p trinh duge
chon dé cai dat thujt toan cling nhu loai méy tinh thuc hién. Vi thé né 1a
tiéu chuén khich quan dé danh gia hiéu qua cia thujt toan.

S¢ di & ddy ta khéng quan tim dén thoi gian tuyét dbi (chay thudt toan
mdt thoi gian bao n}ueu gidy, phut ..) d€ thurc hién thuit toan vi yéu tb
nay phu thuoc vio toc 46 clia may tinh, ma céc mdy tinh khac nhau thi
c6 toc do rat khac nhau.

Vidy

Xét thudt toan tim sé 16m nhit trong ddy gbm n s6 ay, as, ..., aq & (3.2.3).

«  Cb thé coi kich thudc nhip dit ligu 13 s8 hrgng phin tir cia diy sé,
tic la n,

» Vong lip trong thudt todn luén thyc hi¢n dang n — 1 lan, do dé thoi
gian tinh tot nhat, ti nhit va trung binh cia thuit toén déu bingn -1.

3.3.2. Bénh gia thevi gian tinh tdt nhit, t6i nhit va trung binh
cla méot thuét toan

Mic du thoi glan tinh t6t nhit, t01 nhét va t:rung binh cua thuit todn co
thé néi ién nhidu didu, nlimg vin chua dua ra dugc mot hinh dung tdt
nhit ve do phuc tap cua thuft toan. Théng thudng trong céc {ng dyng
thuc té thoi gian chinh xdc ma thut toan doi héi dé thuc hién né it duoe
quan tdm hon so vé&i viée xdc dinh mitc &% tang 1én cha thdi gian thuc
hi¢n thuft toan khi kich thudc cia dit liéu dau vao tang 1én. Chang han,
mot thuat toan dang dugc xem xét ndo d6 c6 thai gian tinh trong trurdmg
hop t8i nhit La:

t(n) =30n° + 6n + 6
v4i ddu vao ¢6 kich thude n.

n t(n) = 30n’ + 6n +6 3077
10 3066 3000
100 300606 " 300000
1000 30006006 30000000
10000 3000060006 3000000000
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Khi n 16n thi ta c6 thé xap xi 1(n) voi 30n®. Trong trudng hop nay t(n)
c6 tbe do ting gidng nhu 30n°. ¢

Mt khac, khi md ta téc d§ ting cua thoi gian tinh cua thugt toan khi
kich thude dau vio ting, khdng nhig ching ta chi cin quan tim d&én sb
hang trdi (30n°), ma co the bo qua cac hing sb. Vi gia thiét nhu vay,
thm gian tinh ¢(n} ting gidng nhu n’ kh1 n ting, va ta ndi r(n) co béac Ia
n’ , ky hiéu

() = O(n’)

Tu twdng co ban ¢ diy 1a ta thay thé bleu thirc t(n) = 300’ + 6n + 6 bai
biéu thirc don gian hon 1a n’ co cung tc 46 ting vdi t(n).

Pinh nghia 1: -
Gié sir f'va g 1a hai ham dbi s nguyén duong.
i, f(n) c6 bic cao nhiit 1a g(n), ky hidu f{n) = O(g(n)), néu ton tai
hing s duong C; v N; sao cho: [f(n)| < C,|g(n)|, v = N;.
i, f(n) cb bdc thdp nhit 1a g(n), ki hidu fin) = Q(g(n)), néu ton
tai hiing s duong C; va N sao cho: [f(n)] 2 C, |g(n)], v 2 N2
iii, fin) cé bic 1a g(n), k¥ hiéu fin) = O(g(n)), néu fin) = Ofg(n)
va fin) = Q(g(n)).
Chay
Cic k¢ hidu O, Q va @ ln lugt doc 1 6 16n, 6méga va téta.
Vidy1

n(n+1i)
2

Xét ham f(n) =

Do 20+D 12 vsinzs (Cr= 1, N;=5) nén fin) = O(n)).
n(n+1) 2
Do 5 >2n voin > 1(Cy=1/2, Na= I} nén f{n} = Q(n°).

Tadotacd

i) = 0@,
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.......

Phuong phap chu'ng minh trong vi du trén co the sit dung & chi ra ring
moi da thirc bac k v&i hé s6 duong cé bic 1a n*, tic 1a:

4 tam+ag= 0@,

Pun) = an* + apm
Vidy 2
Chimg minh véi k 13 s6 nguyén dwong, ta co
I+ 22X+ . +rf= 0@
Giai.
Ta céd
P42+ +of <t +uf+ 4 nf = nnt =" khin >1
do d6
L R On**")
Mait khéc, ta ¢o
"+ 2ot G/t + .+ (- + R
> w2+ .+ (w2
> (n/2)(n/2) =n**1ak,

F+ 24 k= QY
Viy

I+ 2+ .+ nf= 0@*).
Dinh nghia 2:

i)  Néu thuat todn doi hoi thoi gian tinh tét nhit 14 t(n) véi dd
- ddidduvaonva

tn) = O(g(n))

ta noi thoi gian tinh tot nhit cua thudt todn co bic cao
nhit la g(n) hay thoi gian tink t6t nhit cia thudt todn
la O(g(n)).
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ii) Néu thudt toAn ddi hoi thi gian tinh t0i nht 13 t(n) voi 6
dai dau vaon va
t(n) = O(g(n))

ta noi thoi gian tinh toi nhdt cita thudt todn co bdc cao
nhét la g(n) hay thoi gian tinh tbi nhit ciia thugt todn

la O(g(n)).
iii) Néu'thuglt toan doi hoi thoi gian tinh trung binh 1a t{n) vé
dd dai dau vaon va
t(n) = Og(n)

ta noi thoi gian tinh trung binh cia thudt todn co bic
cao nhdt I g(n) hay thoi gian tinh trung binh ciia thugt
todn la O(g(n)).

* Trong dinh nghia trén, néu thay O boi Q va “cao nhat” bm thap nhat”
ta c6 duoc dinh nghia bic thp nhat cua th glan tinh t6t nhat, tbi nhat
va trung binh cua thuat toan. Néu thoi gian tinh t6t nhat cua thudt toan
vira la O(g(n)) vira 12 Q(g(n)), ta noi thodi gian tinh tot nhat cua thuat
toan la @(g(n})).

Vi dy

bénh gia thai gian tinh t6t nhat, tdi nhat va tmng binh cua thuit toan
tim kiém tuyen tinh & (3.2.5).

Giai.

Ta s& d4nh gia s6 lan thyc hién cdu lq:nh i :=i +1 trong thin vong lap
repeat, voi 46 dai dau vao n.

¢ Thoi gian tinh tdt nhit?

Néu x =a; : céu Iénh i := i +/ thyc hién 1 l4n. Do d6 thoi
gian tinh tot nhat cia thuit todn 1a ©(1).

e Théi gian tinh t3i nhat?
Né}l x khong ¢6 trong déy: cdu lénh i ;=i +] thyuc hiéh n +
I 1An. Do &6 thoi gian tinh t3i nhit cua thuit toan 12 O(n).

¢ Thdi gian trung binh?
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Neu X = 2;: ¢du lénh cbu 1énh i -= i +7 thuc hién i lin, nén
s6 1An trung binh phai thyc hién ciu lénhi:=i+113

(1+2+..+n)+n+1_(n+){(n+2) n+2
n+l 2(n+1) 2

Do d6 théi gian trung binh cia thudt toan 13 ®(n)

Sau déy la tén goi cia mdt s6 dang danh gid thong dung:

Dang danh gia Tén goi
@ (1) Hing s6
. © (logan) Logarithm
® (n) Tuyén tinh
® (nlgn) nlogn
e @m" ' Da thirc bac k
@M, a>2 Ham mi
@ (n!) Giai thira

Trong bang, cac d6 phiic tap dugc s E} xép theo thir t ting din. Nghia
la mdt bao todn c6 dd phirc tap © (n*) s& phirc tap hon bao toén ¢6 d6
phirc tap ® (n) hay @ (lgn).

Bang sau ddy cho ta thdy thdi gian tinh tang nhu thé ndo voi cic ddnh
gid khac nhau v6i don vi thdi gian 0,001 gidy (nhimg sb ¢6 don vi kém
theo 13 nhitng sb gin dung).

Piénh gia [Thi gian tinhk néu » =

2 8 32 64
1 0,001 0,001 0,001 _ 0,001
logan 1 3 5 6
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nlogn 2 24 160 384
n’ 4 64 . 1,02 gidy 4,09 gidy
n® 8 512 12,7 gidy 4,36 phit
2" 4 256 49,6 ngay 5,85 x10® nam
n! 2 40,3 giay |8,34 x10% nm| 4,02 x 10 ndm
Pinh nghia 3: |

i) Bai todn d4t ra dugc goi 13 duwgc gidi 1ot neu ta c6 thé xay
dyng thuft toan voi thoi gian tinh tdi nhét 1a da thiic dé
gidi no.

ii) Bai toan dit ra dwgc got la kho gidi, néu khong cé thuat
toan véi thoi gian tinh t6i nhét 13 da thic dé giai no.

iii) Bai toan dit ra dugc goi la khong gidi dwgc, néu ta khong
thé xay dung thudt toan dé giai no. |
Vi dy
M4t trong nhimg bai todn khong giai duge la bai toan vé tinh dimg: cho

mét chuong trinh va tip diu vio, héi ring chuong trinh cb du'ng hay
khong? .
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BAI TAP CHUONG 3 (THUAT TOAN)

Bail

Bai 2

Bai 3

Hay v& hru d4 cua cac thuat toan:

a) Gidi phuong trinh tring phirong,

b) Tim s4 16m nhit trong mot ddy sé c6 n phan .
¢) Tinh tdng S ciia n s nguyén diu tién.

d) Tim uéc sé chung 16m nhit cua hai sé ty nhién,

Viét thuat todn giai céc bai toan sau:

a) Gidi hé phuong trinh

ax+by=c
a,x+b,y=c¢,

b) Tinh x” v6i x 12 mdt s6 thye va n 1a mét sé nguyén.

Ghi chii: Trude hét cho mét thu tuc tinh x” véi n 13 mot sé
nguyén khéng 4m biing c4ch nhan lién tiép véi x, bit diu
vl 1. Sau d6 mé rong thu tuc nay va ding tinh chit x™ =
1/x" @& tinh x" v6i n Am.

c¢) Chén mét sé nguyén x vao vj tri thich hop trong day cac sb
nguyén ay, ay, ..., a, xép theo thir ti ting din.

d) Tim c s6 I6n nht 14n bé nhit trong mét diy hiru han céc
s0 nguyén.

Viét thut toan giai cic bai toan sau:

a) Tim trong mdt diy céc sé nguyén sb hang dau tién béing
mét 6 hang ndo dé dig trude néd tron g day.

b) Tim trong mét ddy céc s§ nguyén tit ca cac sb hang 1én
hon tong tat ca céc s6 hang dimg trede nd trong ddy.

c) Liét ké cac gia tri khic nhau cita mét diy s cho trude, va
img véi mbi gia trj cling cho biét s6 lan xudt hién clia gia
tri d6 trong ddy. Ching han, véi diy cho trude san day:

354232354643
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thi s& xuét két qua nhu sau:

Gia tri Sé 14n xuft hién

[= Y SN -
— ) W R b

Baid4  Chimg minh ring: .
a) [+2+3+ .. +n=00@)
b) nl = 0"
¢) lg nl=0O(nlgn)
Bai5 Chimg minh ring néu fy(x) = O(g1(x)), f2(x) = O(ga(x)) thi
a) fi(x) + f(x) = O(max {g1(x), g2(x)})
b) fi(x).f2(x) = O(gi(x).g2(x))
Bai6 Chohamsd
fix)= 2x> + x*logx
Tim s6 nguyén nhé nhét n sao cho f(x) = O(x").
Bai7 Chimg minh
lgn!= ®(nlgn)
Bai8  Thuit toan thong thuong dé tinh todn gié tri cla da thic
ax"+a,. X" + . +ax+ap

tai x = c dugc mé ta bing ngdn ngir phong Pascal nhu sau:

Procedure Da_thuc(c, g, aj, ..., an);
Begin

power = 1;

y = ag;
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Bai 9

Fori:=1ton do
Begin
power = power * ¢;
y =y +a; * power;
End; {y=anc"+anc™ +..+a;c+ ap}
End; '

a) Tinh toin gid tri cla da thic 3x° + x + I tai x = 2 bing
céch thye hién timg budc cia thudt todn trén. _

b) C6 chinh xdc bao nhiéu phép nhén va phép cng trong
thudt todn trén d3 sir dung @& tinh toén gia tri cia da thirc
tai x = ¢ (khong k& cic phép cong durgc ding dé ting bién
cia vong l3p). :

Pianh gia s 14n thue hién ciu Iénh x := x + I trong céc doan
chuong trinh sau nhw 14 ham cua déu vao n:

a)

for i:=1tondo

for j:=1toido

X :=x+1;
b)
j=n
While' j >= 1 do
Begin
for i:=1tojdo
x=x+1;
ji=jdiv2;

End; .
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Bai 10 Dénh gi4 thoi gian tinh tdi nht cla thuat toan sép xép ndi bot
sau.

Procedure Bubble sort(ay, az, ..., an);
Begin
i := 1; done := false;
While (i < n) and (done = false) do
Begin
done := true;
For j==1ton-1do
If a;> aj+ then
Begin*
dbi chd aj va aje
done = false;
End;
1=1+1;
End;
End;
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Chuong 4:
QUAN HE

4.1. Quan hé
4.1.1. Cac dinh nghia
Pjnh nghia 1:

MOt quan h¢ hai ngéi giika tip hgp A va tip hop B 1a mft tip con
Rcia AxB. Néu (a, b)e R ta viét aR b, nguge lai (a, b) € R ta viét

aRb. Mot quan h¢ hai ngéi giita A va A duge goi 1a mét quan hz;: hai
ngdi t:ren A

Tir day ta ding céc tir “quan hé” thay cho “quan hé hai ngéi”.
Vidul
Cho A = {a,b,c,d}, B={m,n}.

Khi d6 tdp R = {(a, n), (b, m), (¢, n)} = AxB Id mdt quan hé giira A va B.
Vidy 2

Trén tap A = {1; 2; 3; 4; 5}, xét quan hé R dugce dinh nghia béi:
aRbea+blamdtss e,

Véi quan hé ndy ta cé: 1 R 2, nhumg 1R 3.

Vidy3

M6t 6 nguyén a dugce néi 13 chia hét cho sé nguyén n néu 3 keZ: a =
kn. :

Khi 4y ta ciing néi n 14 wéc sé ciia a va a 13 boi sé cta n.
Cho trudc s& nguyén n > 1, Va,b € Z ta dinh nghia quan hé:
aR b a—b chiahétchon

Quan hé nay goi 1a quan hé ddng dur modulo n. Néu a R b ta viét
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a =b (mvod n)
Véin=7tacé9=2(mod7)va3 =10 (mod 7) nhung 3 # 6 gmod 7).
Vidyd
Xét cac quan hé sau trén tép cac & nguyén:

R,={(a,b)/a<b},

R,= {(a,b)/a=Dbhodca=-b},
Ry={(a,b)/a=b+1},

R,= {(a,b)/a+b <3}

Hoi mdi cip sau duge chia trong cic quan hé ndo ¢ trén: (1] D, (15 2),
2; DHva(l;-1)?

Giai:

Cap (1; 1) thude Ry, R, va Ry; (1; 2) thude Ry va Ry (25 1) thude R;
va Ry; (1; -1) thude R, va R,

Binh nghia 2: . ¢

Mot quan hé n-ngéi giiea cdc gp hop A, Az .y Ay 12 mét tip con R
cna tich Descartes Ay X Az X ... X Ay, '

Céc tap Ay, Ay, -.., An dugc goi 12 mién xic dinh, sé n 13 bac va (ay, a2,
s 3p) € R 12 b0 n - toa A9 (n - thanh phan) cia quan hé.
Vidy _
Véi Ay = Ay =Az=A = {1;2;3; 4}. Xét quan h¢ 3-ngdi:
(a,b,c)e Rea<b<c
Ta co R = {(1;2;3), (1;2:4), (1,3;4); (2;3;4)}.
Chuy
Quan hé n-ngbi c6 thé biéu dién dudi dang bang:
Vi dy

Xét quan hé c6 tén Gido vién biéu dién & bang sau:
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S$6 dién thogi Tén ‘ B{ mon Tudi
9912516 Hing Mang 40
8423169 Long HTTT _ 35
8321022 An CNPM 36
9931521 Long KHMT 25
9912432 Mai | Mang 40

Bang gbm 4 cbt bidu dién quan hé 4-ngdi véi cdc thanh phin: S6 dién
thoai, Tén gido vién, BY mdn va Tu01

Mot co s& dir lidu gdm cac ban ghi, d6 13 cdc bd n thanh phin, n thanh
phin nay {m g v&i n toa d6 ciia quan hé n-ngdi.

Quan hé 4-ngdi & bang trén (g vdi 5 ban ghi, mdi ban ghi ¢6 4 thanh
phan:

(9912516, Hing, Mang, 40);

(8423169, Long, HTTT, 35);

(8321022, An, CNPM, 36);

(9931521, Long, KHMT, 25);

(9912432, Mai, Mang, 40).
4,1.2. Ma tran biéu di&n quan hé

Cho R 12 mét quan h€ giita tdp A = {x,, X2,..., Xa} VA tip B = {y|, y2,
‘3 }’n}

Ta c6 thé biéu dién quan hé R dudi dang mdt ma trin khong - mot My,
goi la ma trin quan hé nhwr sau:

Cac phan tir clia A duoc sip xep theo m{t trit tw ndo d6 trén mot cot
cdn cic phin tir cia B duge sdp xép theo mét trat tr nao d6 trén hang.
Khi 86 Mg = (mjj)mm duge xac dinh:

I ki x,Ry;,
" 10 khi xiﬁyj.

L
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Tanbi R duwpe biéu dibn béi ma trin My. Quan hé hai ngdi R va ma
trdn Mg x4c dinh 1&n nhau mét cach duy nhét.

Viduy
Cho A= {2;3;4},B={5;6;7; 8 vi R={(2; 6), (2; 8), (3; 6), (4;8)}.
5678
2101 01
Taco:  Mug=3|(0C 1 0 Gi.
4106 0 0 1

Truémg hop da biét trat tyr sap xép (chang han ting"dan) cic phan tir ciia
A (theo ct) va B (theo dong) thi ta chi viét:

¢ 101

** Néu R 12 mét quan hé trén A va |A|=n thi My 13 ma trin vudng cip
n.

4.1.3. Xac dinh mét quan hé R trén A

Cach 1: Ligt ké tdt ca cic cfip hay b) phan tir c6 quan hé¢ R (néu R o
it phéan tir). Trong vi du | & (4.1.1), quan hé R duge cho theo cach liét
ké. _

Céch 2: Chi ra ma trin biéu di&n quan hé R (néu A cé it phan ti)

Cach 3: Néu tinh chét dic trung cho quan hé R, tirc 13 tinh chit hay
tiéu chufn d€ x4c dinh cc phin tir thuc R hay khong Trong cac vi du

2,3 va4 §(4.1.1), quan h¢ R duge cho bing cich néu 1én tinh chét dic
trung cho quan hé.

Chay
Ngoai 3 cach trén dé bidu didn mot quan h¢, ta con bidu dé (dang dd thj)

dé biéu dlen quan hé. Céach biéu dlen ndy s& dugc xét trong phén sau,
khi n6i vé biéu dé Hasse cia mét cdu trac thir t.
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4.2. Quan hé twong dwong

4.2.1. Cac dinh nghia

Pinh nghia 1:

Mét quan hé R trén tip A dugc goi 14 phdn xg (reflexive) néu:

¥xeA xR x.
Vidy1
Xét cac quan hé trén tdp {1,2,3,4}:

R = {(L;1), (1;2), (;1), (2;2), (3:4), (4;1), (4;4)}
R = {(1;1), (1,2), (2:1)}
Ra = {(1;1), (1;2), (1;4), (Z;1), (2;2), (3;3), (4;1), (4;4)}
Re= (1), G;1), 3;2), (41, (4:2), (43}

Rs = {(L;1), (1;2), (1;3), (1;4), (2;2), (2;3), (2:4), (3;3),
(3:4), (4;4)}

R={(3;4)}
Cac quan hé R, va R 1a phan xa, vi ca hai quan hé d6 déu chira tit ca

cac c@p dang (x; x), cu thé (1; 1), (2; 2), (3; 3), (4; 4). Céc quan hé khic
khong phai 1a phan xa vi ching khéng chira tit ca céc ciip do.

Vidu2-

Xét cac quan hé sau trén tip céc s6 nguyén:
R, = {(a,b)/a<b}
R,={{a,b)/a>b}

R,= {(a, b)/a="bhodc a=-b}
R,=1{(a,b)/a=b}
R;={(a,b)/a=b+1)}
R,={(a,b)/a+b<3}
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Céac quan hé R, , R,va R, 13 phin xa.’Cac quan hé khiac khdng phai 1a
phan xa.
Binh nghia 2:
Mot quan hé R trén tép A duoc goi la doi xirng (symmetric) néu:
. I yeA: xRy=>yRx

Vidy 3 |

Cac quan hé R, va R, trong vi du 1 la ddi ximg. Cac quan hé
 ®,,R,va R, trong vi dy 2 1a ddi ximg.
Pinh nghia 3:
Mot quan hé R trén tip A dwoc goi 1a bdc cdu (transitive) néu:

: Vx,y,zeA  xRyvayRz= xRz
Vidu 4 _
Céc quan h§ 'R, , R, vaR, trong vidu 1 13 bac cau (R, khong ¢ tinh
bic cdu vi (3; 4), (4; 1)e R, nhung (3; 1) K, ,...). Cac quan hé¢R,, R,
vaR, trong vi dy 2 la bic cu.
Binh nghia 4 (quan hg twong dwong):

Mot quan hé R trén tap hop A duge got 1a quan hé twong dwong néu
n6 phin xa, ddi xtimg va bic ciu.

Hai phan tir quan h¢ vdi nhau bing mdt quan hé trong duong dugc goi
la twong dwong v&i nhau.

Vidub

1. Goi £ 1a tip hop cac dudng thing trong mit phing. Quan hé
song song dugc dinh nghia bdi:

MAN < M/N
12 quan hé twong dwong.

Tuy nhién, quan hé " L " (vubng goc) tren L khong phai la quan hé
twong duong, vi né khéng phan xa va bic ciu.
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2.

Giai :

Quan hé¢ R ={(1; 1),(2; 2),(3; 3)4(2; 3),(3; 2)} trén A ={1; 2; 3}
14 quan hé tuong duong.

Goi A la tap hop nhimg ngum dang sdng tren trai dat Ta dinh
nghia quan hé ‘R trén A nhu sau :

xRyex vayco cung ndm sinh.
Khi d6 R 12 mét quan hé twong duong.
Quan hé R trén R : x R y < sinx = siny
14 mgt quan hé twong duong.
Quan hé ddng di modulo n (n nguyén > 1).
= {(a,b) /2 =b (mod n)}
c6 phai 13 quan hé twong duong trén tip cic s6 nguyén khong ?

. VaeZ, tacda—a=0chiahétchon(vi0=0n)néna=a(modn) .
=R phan xa.

+ VabeZ, gia st a =b (mod n). Khi d6 a - b =kn, véi keZ Tu 46
suy rab - a=-kn, viy b =a (mod n) = R d8i ximg.

'« Vab,ceZ, gid sir a = b (mod n) va b = ¢ (mod n). Khi do 3k, leZ:
a-b=knvab-c=In Conglai tadugc:a-c=kn+In=(k+1)n,
viya=c(modn) => R bic cau.

Vay ‘R 1a mét quan hé twong duong.

4.2.2. Lép twong dueong
Pjnh nghia:

Gid st R 13 mdt quan hé twong dwong trén A va xeA. Khi dy lép
twong dwong chira x, ki hiéu x hay [x], 1a tip hop con:

Viduy

fyeA/y R x}

1. Xét quan hé R trén R:

xERy@x3- 12Xﬁf—l2y.
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R la mdt quan hé trong dwong. Xét0;2; -5 ¢ R. Tacd :

[0] = {xe R/x R0} = {xe R/x*- 12x =0} = {0; 243:-23 }
[2] ={xe R/xR2} = {xe R/x - 12x=-16} = {2; -4}
[-5]= {xe R/x R (-5)} = {xe R/x>- 12x = -65} = {-5}

2. Quan hé = (mod 3) ¢6 3 16p twong duong :

[0]={.;-6;-3;0;3; ...}
[)1={.;-5;-2;1;4; ..}
21={.;-4:-152;5; ..}
Péyring: [0]=[3]=[6]=..
[1]1=[4]=[7]=..

Nhur thé {[0], [1], [21} 1a mdt phin hoach cua Z, nghia 13 Z 1a hop ciia 3
tap hop d6i mdt roi nhau [0], [1] va [2]. Téng quat hom ta ¢6 :

Binh li 1
Gia sir % 1a mét quan hé tuwong dwong trén tip hop A. Khi iy:

a) VxeA,x € [X] '

b) Vx,yeA, xRy [x]=[y]

¢) Néu[x]n[y]#@ thi[x]=[y]
Viy quan hé twong duong R phan hoach tip hop A thanh cac 16p tuong
duong roi nhau timg d6i mét. Hai phén tir cd quan hé ‘R thi ciing thude
mot 16p twong dwong. Hai phén tir khdng quan hé R thi thude vé hai lép

tuong duong rdi nhau. MGi phan tir trong mét 16p twong dwong ddu 1
mdt phén tir dai dién cia 16p tuong duong do.

Vi du
1. Cho A = {0; 1; 2; 3,4, 5; 6, 9; 11; 23; 24; 39}, Xét gquan hé
trong duong = (mod 5) trén A. Ta co :
[0]={0; 5} =[S];
[(1]={1;6; 11} =[6] =[11];
[21=1{2};
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[3]= {3; 23} ={23];
[4] = {4; 9; 24; 39} = [9] = [24] = [39].

Tép A dugc phan hoach thanh 5 16p trong duong roi nhau timg d6i mét
1a {23, {0; 53}, {3; 23}, {1, 6; 11}, {4; 9; 24; 39}.

2. Xétquanhé Rirén Z.m R n < m?=n’.

R 1a mdt quan hé tuong dvong. Céc iép trong duong la:
{0}, {-1;1}, {-2; 2}, ..., {-m; ...
& day Z dugc phan hoach thanh vo s6 tip con hitu han.
Binh 1i 2

Gia stt R 13 mot quan hé twong duong trén tdp hop A. Khi d6 céc lop
tuong duong cia R s&€ 14p nén mét phan hoach cia A. Nguoc lai, vol
mdi phén hoach da cho {A;/1 €I} cua tip A, t6n tai mdt quan he; tuong
duong R cb céc tp con A, 14 cac 16p twong duong clia no.

Véin € Z, quan hé d6ng du (mod n) 1a mdt quan hé tuong ducmg voi n
lép dong du (l6p twong duong) [0], [1], ..., [n-1]. Céc lop déng du nay
duge ky hiéu lan luo't 1a [0]n, [11ps --s [n-l]rl Chung tao thanh mét phin
hoach cia tip céc s& nguyén.

Viduy

X4c dinh cédc tdp trong phan hoach cac s6 nguyén tao boi quan hé dong
du (mod 4).

Giai.

Cé 4 16p dong dur la:
[01s = {...,-8, 4,0, 4,8, .}
[1}s={.,7,-3,1,5,9,..}
214 = {6, -2, 2, 6, 10,...}
BJs = {5, -1,3,7, 11,..}

Céc 16p ddng dur nay roi nhau vi m3i s nguyén chi thugc mot trong 4
16p trén, tirc 1a ching tao nén mét phén hoach cua tp cic sb nguyén.
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4.3. Quan hé th tw
4.3.1. Cac-dinh nghia
Binh nghia 4:

Mot quan h¢ R trén tdp A duoc goi 12 phdn xikng (antisymmetric) néu:
VXyeA: xRyviyRx=>x=y.

Vidu1 _

Céc quan hé R,,R, vaR, trong vi du 1 & (4.2.1) 14 phan ximg; ddi voi

cac quan h§ nay khdng ¢6 cdp (a, b) ndo véi a = b sao cho ca (a, b) va

(b, a) déu thudc cac quan hé do. Tuong tw, cac quan héR,,R,, N, vi

R, trong vi du 2 & (4.2.1) 12 phan ximg (R, phan xtmg via<bvab<a

kéo theo a =b; R, phan xing vi khéng thé c6 déng théi a>bvab>a;

R, phdn xing vi hai phan tir c6 quan hé véi R, néu va chi néu ching

bing nhau; R, phan ximg vi khéng thé dbng thoi cba=b+lvib= at+l).

Vidy 2

Quan h¢ “<” trén Z, Q hay R 12 ph4n xiing

Dinh nghia 2:

Mot quan hé R trén tip hop A dwoc goi 12 guan hé thir tr néu né phan

xa, phan ximg va bic ciu. Khi 4 dy ta n6i A 1a mdt tp hep sip thir tyr
(hay co thir tw).

Chay

« Ta thuong ki hi€u mét quan hé thir tw béi<. Cip (A, <) la mét tap
hop cb thir tr,

. Gla sir B 1a m{t tip hop con cha mot tap hop 6 thir tyr (A, <). Khi
ay < cam sinh mét thir tu trén B mét cach ty nhién: véi x, ye B, ta
nodi x <y trong B néu x <y trong A.

Vi du

. (R, <) Ia mét tap hop cé thir tu. Thir tie < cam sinh céc thir tir tr
nhién trén Z, Q.

2. Véin e Z'(tap cac sb nguyén duong), dit:
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_ Un={aeN!a|n}
trongdda Incé nghia a 14 mét uéc cia n hay n chia hét cho a.
Trén U, ta dinh nghia quan hé:
XRy<e<x | y.
Ro rang R 12 phan xa va bic céu.
Giasitx® yvayR x. Taco: y=kxvax=ly véi kl e Z".
Suyray=kly = ki=1= k=1=1(dok, 1€ Z".
Véy x =y, nghia l1a R phan ximg.
Do d¢6 R 1a m6t quan hé thir ty. Ky hiéu 58 dugce diing thay vi <.

Ch?mg han, véin =8 ta cd:

' Us={1,2,4, 8}.
Ta c6 thé liét ké cac cip thudc quan hé trén:

{(L1), (1,2), (1.4), (1,8), (2,2), (2.4), (2.8), (4,4), (4,8), (8,8)}

3. Quan hé bao ham c trén tap hop PXE) (7(E): tip gbm tit ca chc
tép con cia E):

A< Bo AcB.

la mot quan hé thir tur, goi la thit tir bao ham Ki hiéu A — B sé
duge dung thay vi <.

Pinhnghia3
(thir tw toan phin va thie tw ban phdn): Xét tap hop c6 thi ty (A, <).

i) < 14 thi tir todn phén néu Vx, yeA: (x< y) v (y< X)
{nghfa 13 hai phan tir bat ky ciia A déu so sanh dugc}.

ii) =< 14 thif fw bdn phdn néu Ix,yeA: (x= y) A (< x).

Viduy
N, Z, Q, R véi thir ty < thdng thuong la nhitg tép hop sip thi thyr toan
phén. '

c 1a thit tw ban phan trén 2XE) (néu |E| = 2).
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Ching han, v&i E = {a, b}, ta ¢é
D(E) = {D, E, {a}, {b}} va {a} {b}, b} {a}.
Pinh nghia 4
(phdn tte nhé nhét va phd‘n tir Iém rihdyt): Xét tap hop co thir tw (A, <).
i. a € Alaphén tie nhé nhét cia tap A, ky hiéu a = min(A), néu
VxeAtachd: a< x.
ii. be Alaphdn tirlén nhit cia tap A, ky hiéu b = max(A), néu
VxeAtaco: x< b.
Vidy
1. Trong tap hop c6 thir tu (A, <), voi A= {x € Z/ x* < 100}. Ta
co
min{A) =-9, max(A)=9.
2. min(R, <) va max(R, <) khéng ton tai.
3. min(PE),c)= va max(@(E) c)=E.
Nhén xét

. Phan tir 16m nhét (nhd nhat) clia A cé thé t6n tai hoic khdng tdn tai,
néu tén tai thi duy nhét.

. Néu(A,<)la tap hop hitu han dm;rc sip thir tu toan phén thi min(A)
va max(A) deu ton tai.

« Néumin(A) va max(A) déu t6n tai thi min(A) < max(A).
Dinh nghia 5§ _
(phén tir 16i tiéu va phdn tii 16i dai): Xét tap hop c6 thir tir (A, ).

i. ae Alaphdn tiF 151 tiéu cia A néu khong t6n tai xeA sao
cho a = x<a. No6i cich khac ménh dé sau 13 ding: Vx € A,
X<a—mx=a.

ii. be Alaphdn tF 16 dgi cha A néu khong ton tai x € A
sao cho b< x # b. N6i cach khéc ménh dé sau 1a ding: vx
eA,b<xx=>b=x.
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Vidy
1. (R, <) khéng c6 phén tir t6i tiéu va toi dai.

2. ChoE= {a,b,c} va A=P(E)\ {, E}. Khi dé (A, c)ecd3
phén tir 11 tiéu 1a {a}, {b}, {c} va 3 plran tir t3i dai 1 {a, b},

{a, ¢}, {b, c}.
3. ChoA= {2 4; 5; 6; 8; 12}. Khi d6 (A, |)céhalphantu

t6i tleu 142 va 5; ¢6 3 phin tir t6i dai 14 5, 8 va 12.
Binh iy 1
Trong mét tap hop sap thi tu, phin tir lon nhét (fwong wng nhé nhat),
néu ton tai, 13 phén ti t6i dai (tong img 161 tiéu) duy nhit. .
Dinh ly 2
Neu mgt tip hop sip thir ty hitu han c6 mot phan tir t0i dal (twong ung

t6i neu) duy nhét thi phin tir 46 chinh 13 phén tir 16n nhit (twong ing
nhé nhat).

Chay

Dinh 1y trén s& khong con ding néu bo di diéu kién hitu han cia tap
hop.

Pinh nghia 6

(phdn tir chén dudi va phdn tir chén trén): Xét tap hop 6 thit tir (A, <)
vaBc A.

i ae Ala mét chén dwdi cha B néu Vx € Btacod a< x.
Phén tir [6n nhéat cia tdp hop {a € A/ a 1a chan dudi cia
B} dugce ky higu 13 inf(B).

ii. b e Alidmdtchdn trén ciia B néu Vx € B ta c6 x< b.
Phan tir bé nhat cua tip hop {b € A/ a 1a chin trén cua B}
duge ky hiéu 1a sup(B).

. Vidy
Trong (R, <), xét A= {x e R/ x? < 100}. Tacod sup(A) =10, inf(A) = -10.
Chay

Néu trong tdp A tOn tai phin tr maxA (tiwong urng minAd) thi d6 ciing
chinh 14 supA (trong ung infA). :
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Dinh nghia 7 (ther ty t6t):
M9t tap hop co tha tu dugce got la 6 thir qr 16t (hay dz:ac sap tof) néu
moi tap con khéc rdng déu c6 phén tir nho nhat.
Vidys
1. Tap hop c6 thir tr (N, <) 1a mét tap hop dugc sip tot.
2. Tap hop c6 thir tr (Z, <) khong phai 12 mét tap hop dugc sip tdt
vi Z khéng cd phan tir nhé nhit.
4.3.2. Biéu d6 Hasse cho céc tap hop hiru han duwoc sip thie
tw
Pinh nghia 1:
Xét tap hop cb thir tir (A, <) va x, y 13 hai phdn tir bit ky cia A.
i. Néux<y tandiylawdiciia x hay x dwpc tryi béi y.
ii. yla i truc tiép ciia x néu y trdi x va khéng ton tai mot
trdi z clia X sao cho:

< =
X.2,Y

Bjnh nghja 2:

Biéu d5 Hasse ciia mot tip hitu han c6 thir tur (A, <) bao gbm:
i. Mot tap hqp céc diém trong mit phing twong tmg 1-1 véi
A, g0i ]2 céc dinh.

ii. Mot thp hop céc cung cé hudng ndi mét sd dinh: hai dinh
X, y dugc nm lai bdi mdt cung c6 huéng (tir x tdi y) néu y
1 trdi true tlep cua X.

Vi dy

a)

¥as 3
a4

Trén ddy 12 biéu d6 Hasse ciia mt tip hop sip thi ty {a,
az, a3, 24, as, A} trong 46t aj<ay< a3 vad ag<as< a3 a
khéng so sanh dugc véi cac phan tir khc.
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2. Biéu 46 Hasse ctia {1; 2;-3; 4; 5} véi thit ty thong thuong
¢ dang ctia mét diy chuyén:
1 2 3 4 s

Ta c6 thé duyét hét céc dinh qua mdt 14n bing cach di theo
cac cung ma khéng quay tré lai.

3. Cho S = {2; 3;6; 8; 9; 12;18}va |1 quan hé uéc s6 trén S.
Khi dé (8§, r) ¢0 biéu d6 Hasse nhir sau:

g /12
2 ’f /18
3 5

BAI TAP CHUONG 4 (QUAN HE)

Bail Xac dinh quan hé ndo sau day 14 quan hé giita A = {a,b,c} va

B={1;2}:
a) R,={(a,1), (b,2), (c,1)} b) R,={(b,1)}
¢} R,={(a,2), (b,1)} | d) R,=0
¢) R,=AxB

Biai2 Gidst A= {ab,c} vaB= {1;2}.
a) Tim sb quan hé gita Ava B
b} Tim sb quan hé trén A
¢) Tim s8 quan hé gilta A va B khong chira (a,1), (a,2).
d) Tim s6 quan hé giita A va B chira dang 3 cip c6 thi tir.
Bai3 Giasir A;= {0; 1;2;3; 4}, Ay={1;3; 7; 12}, _
A= {0; 1525 4 8; 16;32), Ag= {-3,2,-1,0,1,2,3}.
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Bai4

Bai 5

Bai 6

Bai 7

Bai 8

Bai 9

Bai 10

a) Xét R ={(x,y,z,t) € A;xAsxAszxA4 @ xyzt = 0}. Hay tinh
IR, .

b) Xét R,={(X,y,z,t) € AXxA2XxA3xA4 : xyzt < 0}. Hay tinh
RYE

Cho A = {1;2; 3} va® = {(1; 1), (2 1), (3; 2), (1; 3)} 1a mt
quan hé trén A. Xic dinh mdi céu sau ddy ding hay sai:

a) 1R1 b) 1R2
c) 2R3 d) 2RI

- Cho R 14 quan hé trén tip hop sﬁ nguyén duong N xac dinh

béi phuong trinh 3x+4y = 17, Viét R & dang mét tap hop cac
cdp tha ty.

Cho X = {a, b, ¢, d, e, f} va Y = {beef, dad, ace, cab}, R 13
quan hé giita X va Y, trong d6 (x,y)e R néu x 1a mot mau tyr
trong tir y. Tim ma trdn M bidu dién R .

Xac dinh khi ndo mdt quan hé R trén A la khong phan xa,
khdng déi xang, khong bic cdu, khong phan ximg.

Xeéttap A = {1; 2; 3}. Trong s6 céc quan hé dudi ddy, hiy cho
biét quan hé ndo 14 phan xa, d6i xtng, phan xtng, béc cau :

a) R={(1;1),(1;2),(1; 3),(3; 3)}

by S={(1; 1), (1;2), (1), (22, (3; )

c) T={(1;1),(1;2),(22),(2; 3}

Néu cac vi du vé cic quan hé R trén A ={1; 2; 3} thod man:
a) R vira d6i ximg vira phan ximg

b) R khong d6i ximg ciing khong phan ximg .

Trong s6 cac quan h¢ dudi day, hay cho biét quan hé nio la
phan xa, d6i xiung, phan ximg, bic cau :

a) Quanhé RtrénZ: xERy@er_ychan
b) Quanhé RirénZ : xRy x-ylé
¢) Quanhé RtrénZ: xRy <> x*+y* chin
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d) Quanhed RtrénR: xRy < x| =1y|
e) Quanhed N trén R : xRy & sinx + cos’y =1
Bai 11 Cho R = {(1; 1), (1;3), (3; ), (3; 3)}.

R co phai [ quan hé twong duong trén A = {1; 2; 3} khdng ?
Trén B = {1; 3} khong ?

Bai 12 Cho A = {1;2;3; ...; 14; 15} va R 13 m6t quan hé trén A dugc
xac dinh boi:
(a,b) R (c,d) < atd=b+c.
Chimg minh 9 12 mdt quan hé twong. Tim 16p twong dwong cia (2;11).
Bai1l3 ChoA={1;2;3;4;5;6) va
= (11D, (1:2), (21D, (2;2), (3:3), (4;4), (4;5), (5;4), (5;5), (6;6)}.
a) Kiém tra R 12 mét quan hé tuon g duong
b) Tim céc 1ép twong duong [1], [2], [3]
¢) Tim phédn hoach cud A thanh céc 1ép tuong duong.
Bai 14 Cla mdt thp con c6 dinh ciia E, xét quan hé % trén 7AE):
ARB o ANC=BNC.
a} Quan hé M c6 phai trong dwong khong ?
- b) V& E={1;2;3} vaC={l;2}. Tim phén hoach caa 7XE)
thanh céc 16p trong dwong.

¢) VB E={1;2;3;4;5} vaC={1;2; 3}. Tim 16p tuong
duong [{1; 3; 5}}. C6 bao nhiéu 1ép twong dwong khac
nhau ?

Bai15 Kiém chimg R 1a mét quan hé thir tr trén tdp hop S vi cho
' biét @6 14 thir tu toan phan hay ban phén ? Ve bxeu d6 Hasse
~cla (S,R) va chi ra cac phén tir min, max, t6i tleu, t6i dai (neu

¢o) cia (S, ‘R)

a) S=1{2,3;4;5,6;7,8,9,10},YxyeS:
xRy & [x <y va (x-y) chiin] hodc [x 1€ v& y chin]
b) $=1{2;4;6;8;10;12;16; 20}, Vx,y e S: xRy = x|y.
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¢} S=12;3;4;6;8;16; 24,°32; 48, 96}, Vx,y e S : xRy <&
xly.
d) S={0;5; 10; 15; 20; 25; 30; 40}, Vx,y € S: x‘.liy<:>y|x‘
Bai 16 Cho tap hop E v mot quan hé R trén E. Chimg minh ring
~ R ¢6 hai tinh chét ddi ximg va phan ximg © xRy =>x=y.

Bai 17 Cho tép hgp E. Mét quan hé Rtrén E ¢o thé vira 1a quan hé
trong duong, vira 1 quan hé thir tw khéng ?

Bai 18 Chimg mmfl rang trong mot tap hop sap thir tir, phan tir 16m
- nhét, néu t6n tai, 14 phin tir t3i dai duy nhit. :

Bai 19 Chimg minh ring trong mét tip hop sdp thir ty hitu han thi:
"~ a) Moi phin tir dwoc trdi boi mot phan tir tdi dai.

b) Néu m 12 phan ti¥ t5i dai duy nhdt cda A thi m 12 phén tir
16n nhét.

Bai 20 Giasir A =71E) véi E = {1; 2; 3}. Trong tdp A véi thir ty bao
ham, hdy tim sup va inf cia tip con B c A dud déy :
a) B={{1},{2}}
b) B={{1},{2},{3},{1; 2}}
¢y B={@,{1},{2}.{1;2}}
d) B={{1},{1;25,{1;3},{1;2; 3}}

Bai 21 Trong cac tap hop sdp thir ty dudi day, cho biét tap hop nao
sap thir tir tot

a) (N,x)

b} (Z,3)

¢ Q3

d @9

e) (P, <) trong d6 P 1a tip hop céac sé nguyén t6

f) (A, <) trong d6 A = & la mot tép con hitu han cia Z
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Chuong 5:
DAl SO BOOLE

5.1. M& dau

Dai s6 Boole dua ra cic phép toén va qui tic 1am viée véi tap {0; 1}.
Trong cac mach dién ctua may tinh, cic dung cu dién tir va quang hoc
dugc nghién ciru bing cich ding tdp ndy va cic qui tic cia dai s6
Boole. Ba phép toan dugc ding nhiéu nhét trong dai s Boole 14;

1) Phdn b ciia mgt phin tir, ky hiéu bing mét gach ngang trén dau,
dugc dinh nghia boi: '

0=1val=0; |
2) Téng Boole, ky hiéu 13 + hodc OR (hoiic), dwoc xac dinh:
1+1=151+0=10+1=1;0+0=0;
3) Tich Boole, ky hiéu 13 . hodc AND.(vé), duge xac dinh:
1.1=1;1.0=0;0.1=0; 0.0 =0.
Chuy |
* Kyhiéu. co thé bo di nhu céc tich dai s6 thong thuong.
e Thir tr thye hién cac phép toan Boole:
e liy phén bu
¢ tich Boole
* tdng Boole
e Phép ldy phan by, 14y téng va tich Boole tuong ing voi cic
toan tir logic -, v va A; trong d6 0 tuong ing véi chén tr
“sai” va | tuong tng véi chan tri “dang”. Céc két,qué cia
dai s& Boole c6 thé duge dich tryc tiép thanh cdc két qua vé

cdc ménh dé. Nguge lai, cdc két qua vé cac ménh dé cling c6
thé dich thanh c4c khang dinh cita dai s6 Boole.
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Vidu Tim gid tri cﬁall.0+(m) .
Giai.
1.0+(0+1)=0+1=0+0=0.

5.2. Ham Boole va biéu thirc Boole
5.2.1. Hdm Boole
Dinh nghia 1. Cho B = {0, 1}. Mt 4nh xa
f B - B
(X1yeesXn) 2 f(X1,e.5Xn)
goi 14 ham Boole bac n theo n bién x1,....Xn.
Chay
e Céc ham Boole con goi 1a hdm logic hay hdm nhi phan.
e Cic bién xuét hién trong ham Boole dugc goi 1a bién Boole.

e M3i ham Boole duoc lién két véi mét bang cho biét sy phu
thudc ctia ham Boole theo gia tri cuia cic bién Boole, goi la
bang chin tri ciia ham Boole.

Vi du 1 Ham Boole hai bién f(x,y) véi gia tri bing 1 khix=1,y=0
va bing 0 v&i moi kha niing con lai cia x va y ¢6 thé duo‘c cho

trong bang sau:
X Y f(xyy )
0 0 0
0 1 0
1 0 1
1 1 0
Bang chén tr1 cua f{(x,y)

Vidu 2 Céc cir tri A, Ay va A; tham gia b6 phiéu trong cudc bau cir
¢6 ing cir vién D. Cac bién Boole tiong ung l& x;, X2, X3

1 néu A, biu phi€ucho D
vlix. = 1£j5<3)

Onéu A, khdng bau phi€u cho D (
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! né€uD tréing ¢ (D dugc it nhat hai phi€u)

batf(x,,x,,x;)=
0 néu khong t:rung et (D dugc it hon hai phi€u)

Ta c6 ham Boolc f:B°>B tuong Umg véi bang chin tri dudi diy:

X1 X2 X3 f(xl, X2, X3)
01010 0
01031 0

0 1 0 0

0 1 1 1
110 (60 0
110 |1 1
1{1]o0 1
1 |1 1 1

Pinh nghia 2.
Hai ham Boole f va g dugc goi la bang nhau, ky hiéu f=g, néu:
f(X1,X2,0-5Xn) = Z(X1,X2,...,Xn) VOI MOi X1,X3,...,Xn € B.
Dinh nghia 3. | |
Phdn bit cua ham Boole f, ky hiéu 1af, dugc xac dinh nhu sau:
?(XI,XZa--—sxn) =m
Binh nghia 4.
Tong Boole f + g va tich Boole f.g, dugce xac dinh nhy sau:
(£ + 2)(x1,X2,---,Xn) = f(X,X2,...,Xp) + 8(X1,X2,...,Xn)-
(f.2)(x1,X2,---,Xn) = f(X1,X24....Xn)- E(X1,X2,...,Xn)-
Chii y S8 ham Boole n bién khac nhau la 27,

That vay theo q01 tic nhan cla phép #ém = ¢6 2" bd n phan G khac
nhau gom cac s0 0 va 1. Vi ham Boole 1a sy gin 0 hoic 1 cho mbi bd

trong s6 2" bd n phén tir d6, nén lai theo qui tic nhan s& ¢6 2% cic ham
Boole khéc nhau.

Vidy |
Néu f(x) 14 him Boole mdt bién thi c6 4 ham dugc cho theo bang sau:
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X fl fz | f3 f4
0 0 0 1 1
i 0 1 0 1

Chay fila ham hang 0; £ 12 ham hing 1; £ 12 ham 1ap lai gié trj x;
f5 14 him 13y phan bu cua x.

5.2.2. Biéu thirc Boole

O trén ta d4 thdy ham Boole c6 thé cho dudi dang bang Cac ham Boole
ciing c6 thé duge biéu didn bing cach dung cac biéu thirc duge thist Iap
tir cic bién va céc phép toan Boole.

Céc biéu thitc Boole véi cac bién X1, X2,..., Xp duroc dinh ngﬁ’ia
m{t cach d€ quy nhu sau :
e 0,1,x],X,.., Xn 12 cic biéu thirc Boole.
» NéuE; va E; 12 cdc biéu thirc Boole tiE, , E\F; va E, + E;
ciing 14 cAc biéu thirc Boole.
Chuy '
¢ M3di biéu thirc Boole biéu din mdt ham Boole, Cac gia tri

ciia ham nay nhin dugc bing c4ch thay 0 va 1 cho c4c bién
trong biéu thirc d6.

- Hai bidu thac Boole cing biéu dién mét ham Boole thi
tuong duong nhau.

Vidy Tim gia trj ciia him Boole dwgc biéu din bai:
' F(x,y,2) =xy+z.

Giai.

Céc gia tri cia hdm nay dugce cho trong bang sau:
X y z Xy y2 F(x,y,z) =xy+z
1|1 1 1 0 1
1 1 0 1 1 1

1 0 1 0 0 0
1 0 0 0 1 1
0 | 1 0 0 0
0 1 0 0 1 1
0 0 1 0 0 0
0 0 0 0 1 1
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5.2.3. Biéu dién cac ham Boole

Vin dé Cho cac gla tri cia mét ham Boole n bién x, ,X2,0005 Xp. LAM thé
ndo dé tm duoc biéu thirc Boole biéu dién ham d6 ?

Binh nghia 1.
i) Mot bién Boole hodc phﬁn b ctia nd duge goi 1a mét tuc bién.
it} Tich Boole Yi¥2...¥n trong d6 v; = Xy hoéc y; =;i_ vl Xy, X2, ..Xp ld
cac bién Boole dugce goi 1a mét tiéu hang.
Ghi ¢hu -
e Tiéu hang yiy2..yn €0 gid tri 1 & moiyi =1 <

x; khi x =1
Y 1% kni x, =0.

. Tong Boole cna cac tidu harlg c6 gid tri 1 chi khi mdt trong
cAc tidu hang coa tdng co gié tri 1.

. Tong cdc tiéu hang biéu dién ham Boole dugc goi 13 khai
trién téng cdc tich hay dang tuyén chudn tdc cia ham Boole.

Vldul Tiéu hang chi ¢ gi4 trj bing 1 néu x; = x3=0 va X3 = X4 = x5 =I

1a X, %, X,X,X;.

Vi du 2 Tim biéu thirc Boole biéu dién ham Boole f(x,y) xac dinh theo
bang sau:

X y fx,y)
1 1 0
1 0 1
0 1 0
0 0 0

Giai.

Ham ¢6 gid tri 1 khi x =1, y = 0 va c6 gié trj 0 trong mei treong hop
con lai. Tir d6 biéu thirc Boole cta f(x,y) chi ¢6 1 tiéu hang laxy. Vay
f(x,y) =xy.

Vi dy 3 Tim céc biéu thirc Boole biéu din cic ham f(x,y,z) va g(x.y,z)
xac dinh theo bang sau:
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x |y | z | flxyz) | gkxy2)
I |1 |1 0 0
1|10 0 1
1|0 |1 1 0
1|10] o 0 0
0| 1|1 0 0
0|10 0 1
0|01 0 0
0lolo 0 0

Giai.

e Biéu dién ham f: biéu thirc Boole cua f1d xyz.

e Biéudinham g:gla tong cia hai tidu hang twong ng
voi hai dong cla bang c6 gia trj 1. Biéu thirc Boole cua g

1a xyz+xyz.

Vi du 4 Tim khai trién tong céc tich ciia ham

f(x.y,2) =(x +y)z.

Giai.

Trude hét, tim gia tri clia ham f. C4c gi4 trj ndy duge cho trong bang sau:

X y z | xty | z {f= (x+y)z
1 1 1 1 0 0
1 1 0 1 1 1
1 0 1 1 0 0
1 0| 0 1 1 |
0 1 1 1 0 0
0 1 0 1 1 l
0 0 1 0 0 0
0 0 0 0 1 0

Giai. f 1a tong cua ba tiéu hang twong img véi ba dong ctia bang ¢é gia

tri 1.

= f(x,y,2) = Xyz+ xﬁ+§y§ .
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5.2.4. Cac hang ding thirc cua dai s6 Boole

Sau day 1 cac hing ding thirc quan trong nhét cua dai s6 Boole (thudmg
duge dung d€ don gian hoa viéc thiét ké cac mach).

Hi'mg dz‘ing thae Tén poi
X =: * luét phén bl kép
X+x=x . .
XX=X luat luy diing
x+d=x A -
x1=x ludt dong nhat
x+1=1 ' 1A £
x.0=0 : gt nudt
. +_y Ak luat giao hoén
XY = ¥X
x+(y+tz)=(x+y)+z L I

uit két h

x{yz) = (xy)z al op

x+tyz={x+y)x+2z)
Xy +z)=xy+xz

(xy)=x+y
(x+y)=xy

ludt phan phéi

lust De Morgan

M3i hing déng thirc trong bang trén c6 thé chimg minh bing cach lap
bang. Chiang han, bang sau chitng minh sy ding dan cta luét phan phoi:
x+yz=(x+y)x+2)

X+y ] x+z Xx+yz (X +v)(x+2z)
1

D e O O e o
S D= O O =N
coo—ocoo~F
D v O e e e

OO OO = e ||
D e e

O D e
o e (o vt hamt e e

Vidy Chimg minh luit hat thu
x(x+y)=x

bing cach ding cic hing ding thirc ctia dai s6 Boole.
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Giai.
(x+y) =(x+0)x+y)  {luit déng nhit}
=x+0y {luat phin phdi cia tdng d6i voi tich}
=x+y.0 {ludt giao hoan}
=x+0 {ludt nudt}
=x {luit d6ng nhit}
5.2.5. Tinh d6i ngdu cua dai sé Boole

P6i ngiu cta mot biéu thirc Boole 13 mét biéu thirc Boole nhan dugc
bang cach céac tong va tich Boole d6i ché cho nhau cic s6 0 va 1 ddi
ché cho nhau,

Vidu
e Dlinglucta (xy)+z Ia (x+y)z
+ Ddinglucia x.1+{y+2) la (x+0)Xy.2)

D3&i ngu ciia mét ham Boole F duo‘c biéu dlen b&i mot bidu thirc Boole
la mot ham Boole dugc biéu dién béi ddi nghu cia bleu thirc d6. Ham
d6i ngAu nay duge ky hidu béi FO.

Nguyén ly ddi nglu: Mot hang ding thuc giifa cac ham duoc b1eu dién
bdi c4c biéu thirc Boole vin con ding néu ta 14y d8i nglu hai vé cia né.

Vi du Ly d6i ngiu hai vé cuia hing déng thirc tir luat hat thu
x(x+y)=x,
ta dugc hang ddng thire
X+xy=x,

hing ding thire nay cling dugc goi 1a luat hit thu.

5.3. Dinh nghia triru twong clua dai s Boole

Chum:g nay, tdp trung xem xét cdc ham va biéu thiee Boole. Tt.jy nhién, cdc két
qua ma ching ta xdc Igp c6 thé chuyen thanh két qué cho cdc ménh dé hoge
- cho cdc tdp hop. VI thé, rdl tién ich néu ching ta dinh ngh:a dai 56 Boole mjt
cach triru tigmg. Mgt khi & chimg minh duwge mng mét cdu triic dic biét nao
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do la mgt dai s6 Boole, thi khi d6 moi két qua dd dwgc thiét Idp cho dai s6
Boole tong qudt sé dwpc dp dung cho cdu tric ddc biét do.

Cdc dai s6 Boole c6 thé dugc dinh ngh:a béng nhiéu cach Tuy nhién, cdch
phé bién nhdt la chi ra nhitng tinh chdt ma phép todn cdn phai thoa mén nhu
sau:

Pinh nghia.

Mot dai s6 Boole 14 mét tip A cling véi hai phep toan hai ngbi v, A thoa
'mén céc tinh chét sau :

a) Tinh két hop: Vx,y,z € A:
xv(yvz)=(xvy)vz
- XxA{yAzZ)=(XAy)Inz

'b) Tinh giaohoén: VX, y € A.

' XVY =YyVvX

XAY = YAX

¢} Tinh phin phéi: Vx, y,zéA:
xviyaz) =xXvy)Aaxvz)
x;\(y\(z)=(xzxy)v(x1\z)

d) Tinh déng nhit: tdn tai hai phan tir trung hoa, ky hiéu 0, 1
do6i véi hai phép todn v, A sao cho Vx € A :

xv0 =x
xAl =

e) Tinh nudt: VxeA,BEeA:
xvx =1
XAX=0

Chay Qua dinh nghia trén ta thay cac tap hop cing voi céc phép toan
kem theo sau day thoa min tit ca tinh chat do:

e Tip B = {0,1} véi céc phép toan tdng Boole (OR), tich
Boole (AND) ciing vdi phép toan bu.
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e Tép hop cac dang ménh dé vét cic phép toan v, A va phép
toan phu dinh,

¢ Tép hop céc tip con cla tip hop vii tru U véi cac phép
todn hop, giao cling vdi phép toén 14y phan bu coa tip hop.

Do 36, dé thiét Ip cac két qua cho méi mét biéu thirc Boole,
cho cac ménh dé hodc tip hop ta chi can chimg minh cac két
qua cho dai s6 Boole triru tuong.

5.4. Cac cong logic va t8 hop cac céng logic

Mot mdy tinh cling nhu mét dung cu dién tir duge tao bai nhiéu mach.
Mbi mét mach c6 thé dugc thiét k& bang cach ding cac phép todn cha dai
s8 Boole. Cic phan tir co ban cua cac mach dugc goi 1a c4c cdng. Mach
ma né6 duge thiét ké trén co s sir dung cac céng dinh nghia dudi diy duge
g20i 1a mach 16 hop, tirc 14 mach c6 diu ra chi phu thude gid tri dau vao ma
khéng phy thudc vao trang théi hién thi ctia mach, hay néi cach khéc céc
mach nay khong ¢é kha ning nhé. '

5.4.1. Cac cdng logic
1. B dao

X [ X

B{ ddo chp nhan gié tri cia mdt bién Boole nhur ddu vio va tao phén bu
cua gia.try d6 nhu dau ra.

2. Cong OR

X Xty

Bau vao ciia cong OR la cde gid tri ctia hai hogdc nhiéu hom bién Boole. Péu ra
la tong Boole ciia cdc gid tr d6. -

3. Cong AND
' —x—>D Xy |
y >

Ddu véo ciia céng AND la cdc gid tri ciia hai hogic nhidu hom bién
Boole. Dau ra i tich Boole ciia cdc gid tri db.
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5.4.2. T8 hop cdc cdng logic

Céc mach t6 hop c6 thé duoc thiét ké tir viée t6 hop céc bd ddo, cac cong
OR va céc cdng AND.

Vidul Hay thiét ké mét mach 8 hop, ¢6 dau ra la bieu thirc
Boolexy+xy

Giai.
Ta théy xy |4 cdng AND, x 1a bd déo va xy la cdng AND.

Hinh v€ ¢ hinh sau la mach t& hop cho d4u ra laxy + xy va diu vao la X
vay.

Xy+ }_Cy

Vi du 2 Thiét ké mach t8 hgp c6 dau ra 1a bidu thirc Boolexy +y.z.

Gidi,
X
— ) xy,
y
b

Vidy 3 Mbt uy ban gdm ba thanh vién phai quyét dinh vén dé nhan sy
clia t& chirc. M&i mét thanh vién bo phiéu tin thanh hodc
khéng cho m8i mdt dé nghi dugc dua ra. Mot dé nghj s& duge
uy ban thong qua néu n6 nhan duoc it nhat hai phiéu tin thanh.
Hay thiét ké mdt mach cho phép x4c dinh duge mot ¢é nghi co
dugce thong qua hay khong.
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Giai.

Ta c¢6 3 thanh vién X, y, z clia uy ban. Thinh vién x bé phiéu tan thanh thi

cho bang x = 1, ngugc lai cho x = 0. Phuong thirc gan d6 ciing ap dung
cho thinh vién y va z.

Ta phai thiét ké mach td hop sao cho no tao déu ra bang 1 tir céc dau vao
X, ¥, z khi c6 hai hogc nhiéu hon cac bién x, v, z ¢6 gia tri 1.

Tacé: bleu thirc Boole xy + xz + yz c6 gia tri 1 khi va chi khi it nhat hai
trong s6 c4c bién x, y,zchgiatr 1.

Viy so d6 mach t6 hop cia xy + xz + yz chinh 13 so d6 mach cin tim, va
durge cho & hinh sau :

——> xy
—

, . C Xyt+xztvz
«—> Xz yt+xz+ty:
, f———» .
y— Yz |

——p )

‘5.5, Toi thiéu hoa ham Boole

Hleu qua cua mt mach t6 hop phu thuoc vao sb céc cong va sy b tri cac
cong do6. Qua trinh thiét ké mot mach td hop dugc bit dau bai mét bang
chi ro cac gi4 trj dau ra d6i véi mdi mat to hop céc gi4 tri dAu vio. Ching
ta lubn ludn cé thé sir dung khai trién téng céc tich cia mach dé tim tap
chc cong logic thue hién mach do. Tuy nhién khai trién tong cic tich cb
thé chira cic s hang nhiéu hon mirc cén thiét. Téi thidu hod ham Boole 1a
tim dang biéu thirc Boole don gian nhit ciia ham Boole d6.

C6 ba phuong phap dé t8i thidu hoa ham Boole f(x;,xa,..., Xa).
5.5.1. Phwong phap bién ddi dai s6

Phuong phép niy dya vao cic ludt, hay cac hing dang thirc ctia dai s6
Boole & t6i thiéu hoa cac bién va cac phép toan trén biéu thire Boole.

Vidul

a) Tai thiéu hod ham Boole : f(x,y,2) = Xyz+ x§z v
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b) Thiét k& mach t& hop cua f(x,y,z) = xyz+x§z va mach t3
hop cta dang t81 thiéu hod ciia no.

Giii.
a) Tacéd : f(x,y,z) = xyz+ x-);z =(y+ ;)xz =]xz=1xz
b) |

e Mach td hop clia f{x,y,2) = xyz +x§z c6 dang :

D

X 'ﬁ){
T

Mach nay diing 3 c6ng va mét b ddo
e Mach té hop clia dang t61 thiéu fix,yz)=xzla:

.x——““* ) XZ >
z—M

Mach nay chi diing mét cong.

 Vidu2
a) Té&i thiu hod ham Boole : f(x,y) =xy + Xy +Xy.

b) Thiét ké mach t6 hop clia f(x,y) = xy +Xy +Xy va mach t&
hop cta dang t6i thiéu ho4 cita no.

Gidi.
2) f(x,y) = (Xy + Xy) +(Xy + xy) (ding luit lu§ ding : x + x =x)

=(x+X)y+x(y+y)=ly+xl=y+x.
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b)

y .

X _ v x§+;§+;y
Y Xy > .

y ~ _

X x . '

» Mach t6 hop cua f(x,y) = §+;cé dang :

x—>|>0l>

3.5.2. Phuwong phap bang Karnaugh

y+X

Phuong phép ndy do Maurice Karnaugh dé xuit vao ndm 1953 (dya trén
mét cong trinh trude d6 cha E.W. Veitch), thuémg chi duoc ap dung khi
ham Boole ¢6 6 bién hoic it hon.

Phuong phip bing Karnaugh dugc diing dé tim céc s6 hang cé thé t6 hop
dugce cia ham Boole. Cac bang Karnaugh cho ching ta mt phuong phép
truc quan d€ rit gon céc khai trién tong cac tich.

1. M6 ti phwong phap dé rit gon bifu thire ciia cic ham Boole 2

bién x, y

- Mot bang Kamaugh ddi voi mot ham Boole 2 bién x, y 26m 4 6 vudng,
trong d6 & vudng biéu din ticu hang c6 mit trong khai trién dugc ghi 38
1. Céc 6 vubng dugc goi 12 ké nhau néu céc tiéu hang ma ching bidu difn
chi khic nhau mét tuc bién. Chéng han, 6 biéu dién xy ké véi cac 6 bidu

didn xy vixy.

4
v
et
e | >
~<|‘<I‘<'

gl
Y
)
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Bt ¢t khi ndo c6 s6 1 & hai 6 ké nhau, thi céc tiéu hang dwgc biéu dién
bdi cac & d6 déu cb thé duge t6 hop lai thanh mdt tyc bién. Ching han,
Xy va xy dugc biéu dién boi hai 6 ké nhau va c6 thé td hop lai thanh y
(vixy+Xxy=(x+Xx)y=y). Ching ta s& khoanh céc khéi & trong béng
Karnaugh, d6 1a nhng 6 biéu dién c4c tiéu hang c6 thé 16 hep lai va sau d6
tim tong twong (ng cla cac tich. _

Vi dy 1 Ding bang Karnaugh d% t3i thiéu ho4 him Boole

f(x,y) =xy+xy.

Giai.
Bang Karnaugh cua ham f(x,y):
_ y -);
X 1
X 1

C6 2 6 ké nhau.
Ta ¢6 dang t3i thiéu ho4 cia fix,y):
f(x,y) =(x +X)y =y.
Vi du 2 Ding bang Karnaugh d& t6i thidu hod ham Boole
' fx,y) =Xy+Xy+Xy.

Giai. .
Bang Karnaugh cia ham f(x,y):
y
X 1
X 1 1

C6 3 & ké nhau.
- Nhém cac tiéu hang xy va xy (Gng v6i 2 6 ké nhau) ta
duoc: .
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- Nhém céc tiéu hang xy va ;; ta duge: .
= dang t6i thiéu hod: fix,y) =x +y.

2. Md ta phwong phép ¢ rit gon biu thirc ciia cic ham Boole
3 bién X,¥,Z

Mot bang Karnaugh d6i véi mdt ham Boole 3 bién 13 hinh chiy nhat chia
thanh 8 6 vudng. O biéu dién tiéu hang c6 miit trong khai trién dugc ghi s6
1. Céc 8 vudng duoc goi 1a ké nhau néu cic tidu hang ma ching biéu didn
chi khac nhau mdt tuc bién.

X

4

Bé rut gon khai triép tdng céc tich ba bién, chiing ta dung bang Karnaugh
dé nhin dang cac ti€u hang c6 thé td hop lai.

- Céc khdi gom hai 6 ké nhau biéu didn cip c4c tiéu hang o thé t6
hop lai mét tich cua hai tyc bién.

- Céc khdi gom 4 & ké nhau biéu didn c¥p cic tiéu hang c6 thé t6
hop lai thanh mét tuc bién duy nhit.

- Khdi tit ca tam 6 bidu di&n mét tich khong c6 tuc bién nio.
Vi dy 3 Dung bang Karnaugh d t5i thidu hoa ham Boole

f(x,y,z) =xyz + Xyz +-3Eyz +XYyZ.

Giii.
Bang Karnaugh ctia hdm nay 1a:
 yvi v %
X 1
P | 1‘

-Td hop 2 6 ké nhau : --xy5+x§£=x2
-Tohop2 6 ké nhau: xyz+xyz=yz
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= dang t5i thiéu hoa : f(x,y,zi =xz+ ;E + ;yz .
Vi du 4 : Ding bang Karnaugh dé t8i thiéu hoa ham Boole
f(x.,y,z) =x§z+ x§2+;yz +;§z+;§z.
Giai.

Béng Kamaugh ctia ham nay 13:

X 1

yz  yz vz
1
1

o 1

-Tohgp 4 6 ké nhau : Xyz+Xyz+Xyz+XyZ=Xy+Xy=y
- T6 hop 2 6 ké nhau : xyz+xyz = xz.
= dang t3i thifu hoa : f(x,y,2) =y + xz.

5.5.3. Phuong phap Quine - Mc. Cluskey.

Phuong phap bang Karnaugh c6 han ché 14 rat kho sir dung khi s8 bién
cua ham Boole 16n hon 4, hon nita lai dua trén viée ra soat truc quan dé
nhin dang céc sé hang can duge nhém lai. Phucmg phap Quine - Mc.
Cluskey khic phuc duge nhuge diém trén, va dugc W.V. Quine, E..
McCluskey phit trién vao nhimg nam 1950. Phuong phép Quine - Mc.
Cluskey co hai phan phén thir nhit 1a tim céc s6 hang 1a tmg vién dua vio
khai trién cuc tidu nhu mot tong cic tich Boole. Phan thir hai 13 x4c dinh
xem trong céc g vién do, cac s6 hang nao 14 thye sy ding dugc. Ta mé td
phuong phap ndy qua cc vi du sau:

Vidu 1 Téi thiéu hoa ham Boole

f(x,y,z) =Xyz+ x?z +;yz+;§z +XyZ.
Giai.
- Trudc hét ta biéu difn céc tién hang trong khai trién trén
bang cic xdu bit theo nguyén tic sau : cac bién Boole

khong cé dau pht dinh thi thay béi 1, c6 diu phit dinh thi
thay bdi 0. Xem bang 1 dudi day :
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Bﬁng_l
Tiéu hang Xiu bit S0 cacsd 1
Xyz 111 3
x;z 1101 2
;y_z 011 2
EZ _ 001 1
;;; 000 0

Nhom cac xiu bit theo s cac s 1 trong ching.

Cac tiéu hang c6 thé t5 hop lai néu ching chi khic nhau
mot tyc bién. Do do, hai sé hang cb thé td hop duge thi cac
xau bit trong u’ng V(J'l né s& chi khac nhau mét con s 1.

Ching han : Xyz va xyz duqc bidu didn bdi hai xau bit
101 va 001 c6 thé t6 hop thanh yz véi xau bit 12 01,

Hai tich c6 hai tyc bién ¢ thé t6 hop thanh s8 hang c6 mot
tuc bién véi diéu kién ching chira tyc bién cia cung hai
bién. Néi theo ngdn ngit cua xdu bit thi hai xau d6 phai ¢
gach ngang & cung mét vj tri va chi khac nhau & mét trong

hai vj tri con lai. Ching han, ta ¢4 thé t6 hop yz va yz duge
biéu dién qua xau bit -11 va - 01 thanh z dugc biéu dién
boi xdu bit - -1. T4t ca cac t6 hop ¢6 thé duoc tao theo

‘cach d6 dugc cho trong bang 2 sau:

Bang 2
Buére 1 Buér 2

S$6  Xau S$6  Xan S8  Xau

hang bit hang  bit hang bit

1 xyz I [(12) xz -1 1(1234) z --1

2 xyz 100 [(3) yz -1 (1,324 z --1
3 Xz O [Q4H -01
4 Xy 001 [B4 0-1
5 Xxyz 0 [(45) Sy 00
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Trong bang 2, chang ta da chi ra cac s& hang duoc dung dé tao ra cic
tich co s6 tuc bién nh6 hon nhung khong nhét thiét c6 mit trong biéu
thirc t8i thiéu ho ham Boole.

- Budc cudi cing 1a xdy dyng biéu thirc tdi thiéu hoa ham
Boole f(x,y,z) theo nguyén tic sau :
P Xét tit ci cac tich chua dugc ding dé xdy dung cac
tich ¢6 s8 tuc bién it hon (trong bang 2, d6 1a z vaxy).

P Lip bang 3 dudi ddy d€ kiém tra xem cac (mg vién z va
xy c6 thyc sy phu hét cic tiéu hang géc ctia ham

f(x,y,z) hay khong (ghi ddu x & vi tri néu sd hang goc
trong khai trién tong cac tich dige ding dé tao Vmg
“vién do) Ching ta can phai bao hidm it nhit mét tich

phit mdi tidu hang goc.
Bing 3
iéu hang gbc
Céc tmg vién Xyz Xyz Xyz Xyz Xyz
Z X X X X
x_y ' | _ X X

Qua barig 3, ta thdy céc img vién z va xy 14 phu hét cc tiéu hang géc.
Viy t6i thiéu hoa ham f(x,y,z) 1a: z +xy.
Vi dy 2 Téi thiéu hos him Boole
flw,x,y,z) = coxyz + coxyz + a);yE + axyz + mxyz + coxyz + onyz
Gii.
Qua trinh téi thiéu hoa ham f dwoc thuc hién & cc bang 4 va 5 ;
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- Bing4
Budée 1 Budée 2
$6  Xan $6  Xau S8  Xau bit
hang bit hang bit hang
I oxyz 10 |(L4) gyz 1410 [(3567) o  0--l
2 gxyz 1011 [@24) gy 101 |(3657) 0--1
3 @xyz Ol (2,6). xyz Ol |
4 pxyz 1010 135) ox, 011
5 exyz 0101 3.6) Gy 011
6 Gxyz 0011 [(57) g);z' 0-01
7T axyz 0001 [(67) G, 001 N
Bing §
oxyz | oxyz | axyz | oxyz | axyz | axyz | wxyz
oz X X X X
myi X
co;y X X
Xyz X X

Céc tich duy nhét khéng duoc ding dé tao cic tich c6 it bién hon 1

02, OYZ, OXY, XYZ.

Bang 5 cho théy cac tidu hang dugc phu béi cac tich d6.

Két qua:

f(0,X,,2) = GZ+OyZ + @Xy

hodc flw,x,y,z) =z + cnyE + ;yz .
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BAI TAP CHUONG 5 (Pai S5 BOOLE)

Bai 1

Bai 2

Bai3

Bai 4

Bai 5

Bai 6

Bai7

Bai 8

Tim gi4 tri coa cac biéu thirc sau :

a) 10; b) 1+1;

) 0.0; dy (1+0).

Tim gié tri cha cac ham Boole dudi ddy khi cac bién x, y, z va
t ldy cac giatri1,1,0va0.

a) Xy+xy; : b) t+ xy;

¢} tx+;+yz; d) tx + xy + yz.

Tim tét ca c4c gia tri clia y va z 88 c4c biéu thirc duéi ddy ludn
lubn 14y gia tri 1, biét ring x = 1.

a) Xy+xz; b) xy+z

Tim tich Boole clia cic bién x, y, z hodic phan bu cita ching,
biét rang tich d6 c6 gia tri 1 néu va chi néu :

a) x=0,y=1,z=0; b) x=0, y=z=1.

Tim khai trién tong cic tich cta cic ham Boole sau :

a) fix,y,z2)=x+y+z; b) g(x,y,2)= x.§ .

Tim mot tfing Boole chita x hoéc;, y hodc ; va z hodc Z ¢o
gié tri 0 néu va chi néu:

a) x=y=1,z=0; b) x=z=90, y=1.
Chimg minh luat De Morgan cua dai s5 Boole:

Xy=x+y;

(x+y)= ;; |
Trong dai s6 Boole B = {0, 1}, hdy tim phin bi cha:

a) yz+zt; b) yE+)—rx+xz.
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Bai 9

Bai 10

Tim d6i ngiu cia cic bidu thirc sau:

a) X.y.z+X.yz; b) XzZ+x.0+x.1.

Tim d4u ra clia cac mach t6 hop sau:

b

Bai 11

Bai 12

Bai 13

N X N e

é%
i

Duyng cac mach gém cic b ddo, cic céng AND va OR dé tao
cic daura sau :

a) x.y+ ;; ; b) (x+y+ z)(;.}'.z) ;
c) Xy+(z+X); & x(y+z)

Dung mach t6 hgp trong 46 chi sir dung cdng AND va b$ dio
dé tao d4u ra 1a tdng Boole x + y.

Diing bang Karnaugh dé té: thidu ho4 cdc ham Boole hai bién
sau: |

a) fx,y) =xy+xy;
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Bai 14

Bai 15

Bai 16

Bai 17

- b) f(%,y)= xy+xy ;

c) f(x,y)=xy+ x§ + ;y + ;§ .

V& cac bang Kamaugh cua nhu'ng khai trién tdng cic tich
Boole ba bién sau :

a) );.y.z ;

b) xyz+xyz

C) XYZ+XYZ+XyZ+X.Y.Z.

Diing bang Karnaugh ¢ t4i thiéu hod cac ham Boole ba bién

sau.

| a) ;c-yz+;.;.z;

b) xyz+xy§+;yz+;y-£;

c) xyE + x?z + x?E +Xyz + ;yz + ;yz N

d) xyz+xyz+x yz+xyz+xyz+xyz+xyz

Dung phuong phzip Quine - McCluskey dé t5i thidu hoé céc
ham Boole ba bién trong bai tip 15 (a,b,c).

Tim dang tuyén chuén tic tdi thiéu ciia ham:

f(x,y,2,t)= ;52; + ;.§zt + x;.zt + xyE.f + xygt + Xyzt .
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