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LOI NOI' PAU

Pham tri khéng gian vectd va dnh xa tuyén tinh, ndi rng ra la phueng phdp
cua Dai s tuyén tinh, c6 m4t trong moi ngé ngdch cia toan hoc, trong cdc
nganh khoa hoc, KT thudt, kinh t&§ va trong cdc nganh khoa hoc Ung dung. Do
dé Dai sG tuyén tinh 14 m¢t mén dai cudng cla sinh vién nganh todn va t4t ca
cac nganh khoa hoc tif nhién, Ki thuat, kinh té ...

Hién nay, sdch vé Dai s6 tuyén tinh ¢6 rét nhiéu, do nhiéu tic gid viét.
Tuy nhién qua nhiéu ndm gidng day Dai s6 tuyén tinh cang nhu cdec mén hoc
€0 Ung dyng Dai 56 tuyén tinh, ching t6i rdt muén c6 mét gido trinh c6 thé
phuc vy t6t cho mét Iyc lugng déng ddo ban doc. Gido trinh ndy phai déng
thoi dép tng duge nhing yéu cdu sau :

1. Khéng dua ra qud nhiéu kién thic, voi ngén ngir qué han 1am, chi phu

hop vdi déi tugng ban doc cén nghién cdu, khdo cuu.

2. Khéng quéa don gidn, chi cung cdp duge céc dinh nghia, tinh chat, thuat
toan so sai, khién cho ban doc lung ting khi sl dyng (muén .im hiu
thém diéu gi cing phai tim ngudn tai lidu khéc).

3. C6 m¢gt h¢ théng bai tdp phong phu, du dang co ban, di mdc dé kho,
dé, cé hudng din gidi dé khéng cidn mét quyén bai tap kém theo.

4. Khdng qua day trang, phu hgp vdi diu kién kinh t& cda sinh vién, nhe
nhang khi mang lén Idp.

5. Phai c6 di cédc kién thic 67 thiéu vé dai s6 tuyén tinh dé sinh vién hoc
18t todn gii tich, chdng han mén gidi tich ham c6 thé xem 13 sy két hgp
cda dai s6 tuyén tinh va t6pé.

VGi nhilng mong muén do, chung t6i da bién soan gido trinh nay. Hi vong
rdng, vdi nhing tiéu chl d& dua ra khi bién soan, day 1a cudn sach dap ung
dugc céc yéu cau hoc tip va gidng day cia gidng vién va sinh vién tai khoa
Todn va cdc khoa khdc cla céc truong Dai hoc va Cao ding.

Cudi sdch, chung 18i co gidi thidu 15 tac phdm & muyc tai lidu tham khao.
Céc kién thifc chudn bi vé If thuyét tip hop ban doc c6 thé tham khao thém [6],
vé s phuc va ham phic cé thé tham khdo thém Chuong 1 cla [8]. Mt vai
kién thic vé cdu troc dai s6, dai s& so cdp vad sé hoc dung trong sdch cé thé
tham khdo {3, 4, 5].



Tdc gid xin dude cadm on TS Phan Déan, Trudng Dai hoc Giao théng Van tai
TP.HS Chi Minh di ¢é nhiing trao dgi va khich 1é tac gid trong qua trinh bién
soan ban thio.

Tuy da ¢& gdng nhiéu trong viéc bién soan, nhung chdc chdn cubn séch
khéng thé tranh khdi nhilng sai sét, chung t6i rdt mong nhdn duge nhing y
kién quy bau cda ban doc .

Xin chan thanh cam on .

Téc gia



CHUONG I
KIEN THUC CHUAN BI

§1. Ngon ngi Ii thuyét tap hgp
1. Ki hiéu légic
Cho A va B 14 c4c mé¢nh dé. Ta ki higu
A 1a ménh dé phu dinh cda A
A=>Blaménhdé AsuyraB

A < B la ménh dé A va B tuong duong.
Ta cé

A = B tuong duong v6i ménh dé B= A .

2. Cdc tap hdp sé
Ta ki hiéu

N 1a tap cdc s8 nguyén duong
Ny la tdp cde s8 nguyén, khdng 4m
Z 1a tap cdc s& nguyén
@ 1a tdp cde sd hitu ti
R 12 t4p cdc s8 thuc
C 1a t4p cdc s6 phiie.

3. Céc phép todn tap hop
Ki hidu @ 12 tap hop réng. Cho céc tap E, F. Ta ki higu :
EcFnéuxeEthixeF
E=zFnéuEcFvaFcE
EUF={xlxeE ho#c xeF}

EnF= {xlerv&xeF}

E\F = {xIxcE va x ¢ F}.



Véi moi tdp E ta c6
ZcEcCE.
Cho £ 1a mot ho khdc réng cdc tdp. Ta goi hgp va giao cia hé tap nay tuong
ung la )
E:J E={xtxeEvdiit nhdt mét Ec&};
€g

n E={xixeFE v6i moi E e&}.
Ecf

Néu ho & duge ddnh chi s8 bdi tdp A, titc 12
E={Ey laxen}=(E,)

e
thi hgp va giao néi trén tuwong dng duge ki hidu la

v Eq, m E,.
HEA e

Néu ho £ duge ddnh chi s8 bdi tép N, tite 1a
£E= {En Ine N] = (EpneN = I[En)::l

thi hgp va giao cha ching duge ki hiéu tuong dng la
v E,nE

n-1 n=1
Véi moi tdp X, ta ki hiéu

AX) = {(EIE c X}

n-

la tap ¢6 cdc phan tir 12 cdc t4p con cha X. V6i moi E € AX), ta goi E® =X \E la
phén bl cia E trong X.

Cho- (B )ye, 12 mbt ho céc tdp con cha tdp X. Ta ¢6 quy tic sau day, goi 12 quy
tdc déi ngidu De Morgan '

(u Eu]c= r‘.Eg,[ﬁ Ea)cz w ES.
aen aen aen
§2. Quan hé va anh xa
1. Quan hé¢
Cho cdc tép X va Y, ta goi tich Descartes cia X va Y 14 tip
XxY={xixeXye¥],
¢6 cdc phan ti 1a céac cap‘(x, yveixeX, yeV¥.
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Tich Descartes X x X duge ki higu 1a X% va gol la binh phuomg Descartes cua
tdp X.

Ta goi mdt tdp con 8 cda X x Y 1la médt quan hé trén X va Y ; mdt tap con S cia
X2 1a m@t quan hé trén X,

N&u S 14 quan hé thi thay cho cdch vidt (x, y) € S ta s& vidt Ia xSy.

Quan hé S trén tap X goi 12 c6 tinh chdt phdn xa néu mei x € X déu ¢6 x8x ;
goi 1a c6 tinh ch4t d6i xing néu moi X, v € X, xSy thi ySx ; goi 12 ¢6 tinh chat
phén ximg néu moi x, y € X, xSy va ySx thi x = y ; goi 12 ¢6 tinh ch4t bdc cAu néu
moi X, ¥, 2 € X, xSy va ySz thi xSz.

Quan hé S trén X goi 14 quan hé tuong duong néu S ¢6 cde tinh chdt phédn xa,
dai xing va bde ciu.

Che S8 134 quan hé tuong duong trén X V6i s6 a e X, dat
la] = Slal = {xe XtxSa}. Ro rang a e [al. Ta goi [a] I& 16p tuong duong chira a.

Céc 16p tuong duong hodc trung nhau, hofic r¥ nhau. Ta goi tdp X/S ¢6 cdc phan
tu 14 cdc ldp tuong duong cliia X thee quan hé tuong duong S 13 tdp thuong cha X
theo quan hé tuong dugng S.

2. Tap duge sip

Quan hé S trén X goi 12 quan hé tha ty n&u S o6 cac tinh chat phan xa, phan
xing va bdc cdu. Khi S 14 quan hé thy ty thi thay cho S ta s& ki hidu 1a <.

Tap X cung mét quan hé thd ty trén X goi la mot tdp duge sdp. N&u moi
%,y € X déu c6 x < y hostc y < x thi X goi 12 duge sip tuyén tinh. Trong trudng hop
trdi lai thl X goi 1a duge sdp bd phén.

Cho X 12 mét tdp duge sdp. Phan tir x € X goi 12 phdn ti¥ t6i dai (tuong dng : t8i
ti€u) ndumoi y € X, x < y (twong dng : y < x) thi x = y.

Cho X 12 mdt tap duge sdp va E 1a tdp con cia X. Phdn tir x ¢ X goi la bién
trén (tuong ing : bién dudi) cia E néu y < x (tuong vng : X < y) v6i moi y € E. N&u
x 12 bién trén (tuong Ung : bidn dudi) cia E va x € E thi x goi la phan t& 16n nhat
(tuong 1tng : phin tif nhd nhat) ciia K.

Tap X goi 12 duge sdp tdt ndu moi tdp con khdc réng E cia X déu c¢6 phén tir
nhé nhat.

Cho X 12 mét t4p dugc sdp bd phan. Tap con E ciia X goi 1a t4p con duge sip
tuyén tinh (hay toan phdn) nfu moi x, y ¢ E déucé x <y hodcy < x. Tap con E cia
X goi 12 tdp con duge s&p tuyén tinh t8i dai nu E duge sdp tuyén tinh va v6i mei
tap con D duge sdp tuyén tinh cda X, Ec Dthi E = D.



Nguyén li t8i dai Hausdoff. Trong moi tdp dugc sdp b6 phén déu tén tai mot
tap con duoc sdp tuyén tinh tdi dai.
.3. Anh xa

Mot quan hé f trén X va Y goi 1a mét 4nh xa tif X vio Y néu moi x € X tén tai
duy nh4t y € Y sao cho (x, y) € f. N&u f 12 dnh xa thi thay cho cach vi&t (x, y) e fta
sévidtlay=fix), xe X

Anh xa f tit X vao Y ciing dugc viét 1a
f:X>Y

x b y=filx)

Cho cde dnh xa f: X — Y va g : Y — Z. Ta goi hop thanh cia cdc 4nh xa nay la
dnh xa g,f

ESf X Z
x B g(f(x))
Chodnhxzf: X Y DcXva EcY. Ta goi dnh cla D 1A tap
fiD) = {f(x)| x e D},
tao 4nh cia E 13 t4p
fHE) = {x e XI1{(x) e E}.
Nhu vay, n€uf: X —» Y 1a mét dnh xa thi ta ¢6 4nh xa
71 AY) > AX)
E fUE).
Véi moi ECY va moi ho (E,),., céc tdp con ciia Y ta ¢d

f‘—l (EC ) - f—]. (E)C

f‘l( v EaJ= v fYE,)

aen e

f’l[ A Ea)= n fHE,).

odEM LEA
Anh xa f: X - Y goi 12 don 4nh néu moi x;,x; € X, x; # Xy thi f(x;) = f(x5) ;
goi 12 toAn 4nh néu f{X) = Y ; goi 12 song 4nh n&u vira don 4nh vira todn dnh.
N&u f 1a toan 4nh thi thay cho cdch néi f tit X vao Y ta cdn néi f tir X 18n Y.



Anh xa Iy : X > X, Ix(x) = x v6i moi x € X goi | 4nh xa déng nh4t trén X.
Né&u f: X - Y 12 song dnh thi t3n tai duy nh&t 4nh xa f ! : Y —» X thoa main
1 f=Ix, fof =1y,

f~! goila dnh X3 nguge cia £
Cho énh xa [ X — Y va DcX. Ta c6 4nh xa
flp: D= Y, flpx)=f(x)
got 14 4nh xa thu hep cda f trén t4p con D.

4, Lyc lugng cia tip hgp
Tap rbng X = @ v tap X = {x;,...,%,} goi 12 t4p hitu han. Trong trudng hop
nay ta dinh nghia luc lugng (hay bdn s8) eda X, ki higu Card(X), la
Card (&) =0
Card ({xq,....%,})=n.

Nhir vay, lue lugng cia tdp hitu han 1a s& phédn ti cda né.
Cédc tdp khong phdi hiru han goi 1 t4p v6 han.

Ta goi X 12 tép v6 han d&m duge néu c6 mdt song 4nh ti X 1én N. Trudng hop
nay ta ki higéu

Card X) =

Ta goi X 1a tap continum néu c6 mét song dnh tir X 1én doan [0, 1]. Trudng hgp
nay ta ki hiéu ' ‘

" Card (X) = c.
Ta cé : Card(X) = o thi Card (Xz) =@ ; Card (X) = ¢ thi Card (Xz) =c.

Cho hai tip X va Y. Ta viét Card (X) < Card (Y) n€u c6 mdt don d&nh tir X vao
Y ; Card (X) < Card (Y) néu ¢é m¢t don 4nh tir X vao Y nhung khong c6 mft song
dnh tir X 1én Y; Card (X) = Card (Y) néu c6 mdt song dnh tit X lén Y.
Ta c6

1) X c Y thi Card (X) < Card (Y)
2) Card (X) < Card (Y) va Card (Y} £ Card (X)
thi Card (X) = Card (Y).



Tap X goi 13 tap dé€m dugc n&u Card (X) < o ; tdp X goi 12 tap khéng dém duge
néu Card (X) » w.

Tacd: o <ec.

§3. Truéng s6 phuc

1. Tap s6 phite

86 phuc la sd ¢c6 dang z = a + bi trong d6 a, b ¢ R, i 12 mdt ki hidu goi 1a don
vi &o.

Trong s& phic z = a + bi, ta goi a 13 phin thyc cha z, b 12 phdn do eda z, ki higu
tuong tng 1a Rez va Imz. '

Hai s¢ phic z; va 2y goi 1 biing nhau néu Rez; = Rez,, Imz; =Imz,, ki hi¢u
zq = 23.

Tap tdt cd cdc s phie ki hiéu la C.

8 dung cdc ddng nhat thife

~a+0i=a, 0+bi=hi, (xl)i=+i,
ta.cé

DRcC,ie CT\R ;

2)z e R néuva chinfulmz =0;

3) z = 0 né€u va chi néu Rez = Imz = 0.

Sﬁ' phic z = a + bi duge bifu didn bdi mét diém duy nh&t (a, b) cia mit phing
toa dd xOy. Do dé ta 6 thé ddng nhdt C v¢i mit phdng xOy. Mat phdng dung dé
biéu dién s& phue goi 12 mit phdng phuc. Trong mat phdng phite, true Ox goi 1a
truc thue, true Oy goi 1a truc jo.

2. Phép toan s& phuec

Phép todn s6 phic duge thye hién nhu phép togn trén cdc bidu thiuc 58 thuye,
trong d6 ii = i% = -1.

Theo dinh nghia d6, v¢i mei z = a + bi, 2; =ay +byi, 253 =ay +byi taco
1) 2y +2z5 = {a; + a3} +(by + ba)i
2) Zy.2yp = (318.2 - b]bz) + (a1b2 + azbl)i

N-z=(-a)+(-b)i
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_ 1 a -b .
)z === + i(z20)
z a%4+b2 a?4p?

Dé dang th4y ring phép cong v phép nhén s8 phiic ¢6 cdc tinh chat giao hosn,
k&t hop, phép nhan phin phéi d6i véi phép cong. Moi s8 phic z ddu c6 s ddi 1a
-z va moi s& phitc z khdc 0 déu c¢6 nghich ddo 12 z'!. Do d6, C 1a mét truting, goi
1a trutmg s& phuic.

8. S6 phuec lién hgp

Cho s6 phdc z = a + bi. Ta goi s& phitc lién hgp cta z 12 z=a ~bi. Véi moi
z, 23,29 €C tacéd

Dz, +2g =21 +23 ; 7127y = 2122

2) z+z=2Rez, zz = (Rez)® + Imz)?

3)z=z nfuvachinfuze R.

4. Médun cia sé phie
Cho s phdc z = a + bi. Ta goi mddun (hay gid tri tuyét d6i) cha z la

|z|:\/z__=\!a2 +b? .
Véi moi z, z),z5 € C tacéd
1) |2 20,2l =0 n&u va chi nduz =0 2) |2122| = |21 |25

3) |z + 2o < |2y| + |2g| ' 4) |lzg| ~ |zg]} < |21 - 2]

5. Dang lugng gidc

. Y

Trong mit phing phitc cho difm z = a + bi A

D4t |z =r. Ta goi argumen cla z la géc lugng gide
¢ = (04,0,). Néu ¢ 12 mpt argumen ciia z thi ho t4t cd L R ! z
cdc argumen cda z 1A i

0 a ¥
p+k2n,keZ.
Ta ¢6

z=r (cos@ +ising)trong d6 r =|z| va ¢ 1a mot argumen cia z.

Dang trén cta s6 phitc goi la dang lugng gidc.
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Cho hai s8 phic dudi dang lugng gide
z; = rj{cosgy +ising;), zp = ro{cosgg +i8ingg}.
Khi dé thyc hién phép tinh ta cé .
2.2y = {1y [cos(@ + ®g) + isin(py + pg)]
5
22

Nhur viy:

13 _
= r_l fcos(py — @) +1sinp) — o)l zp = 0.
2

Tich (thuong) cta hai s§ phite 13 s§ phic ¢6 mdédun bing tich (thuong) cia cdc
médun, argumen bing téng (hidu) ciia cde argumen.

Tiu cdc cdng thic trén, moi z = r (cosp + ising) = 0 ta ¢é
z" =r"(cosno +isinngl,ne Z.

Diic biét ta cé cdng thiec sau ddy, goi la cdng thic Moivre
(cos@ +isin@)® = cosng + isin ng.

Duéi dang lugng gidc ta cé
z) =25 néuva chin€u r =1, vA ¢; =@y +k2n

v6i s6 nguyén k nao dé.

6. Cén eha s6 phidc

Cho s6 phdc z = r(cosp +isin@). S& phie w goi 12 edn bfc n cla z ndu w" =z
Bit w = plcesB +isin®). Ta cb

p™(cosnd +isinnd) = z.

- n_ . F’:Q/;
T ds P = hay o . 21
nd=¢+k2n 0="4+k—keZ,
n n
va ta cé
i) 2ny . . (o 2n
w="z =%r |cos| L+ k== |+isin| T+ k== .
n n n n

Vi sin va cosin tudn hoan vdi chu k¥ 2x nén

‘\’f={'\‘E[cos[ﬂ+k-2—5}+isin($+k2—“m k=0,1,..,n - 1}

n il n el

Nhu vay moi s& phic z = 0, ¥z ¢6 ding n gid tri khdc nhau.
12



7. Céong thice Euler

Theo cOng thic khai trién Maclaurin cia e*, véi moi ¢ € R, ta dinh nghia

o® = i tip®

!
n=0 n.

. T2 4 3
[12_‘9_][29;]
2! 41 1! 3¢

Theo khai trién Maclaurin cGa cosx va sinx ta ¢6 cdng thdc sau day, goi 12 cong
thie Euler

tir dé

e'® = cosg +ising.

Theo cdng thitc Euler, sd phitc z ¢6 mddun r, argumen ¢ cdn duge viét dudi dang
sau diy, goi 12 dang mii cda z

z =re'®,
Si dung cdng thite Euler, v6i moi z = x + iy € € ta dinh nghia

e’ = e*(cosy +isiny)
1 2 -iz
cosz = wz-(e + e )

sinz = %(eiz - e"iz) .
Bai tap

I.1. Cho t4p X = {xy,X5,X3,X4,X5}. Tim cdc phén t& 16n nhét, nhd nh4t, t6i dai,
téi tiu trén cdc tdp duge sép sau diy vdi quan hé thit ty

a) AX); ‘ b) AXOND} ; c) FAEINIXL
I12 Chohaidnhxaf: X —>Yvag:Y - Z
" bath = g,f. Chitng minh

a) f va g don 4nh thi h don d4nh b) f vA g toan dnh thi h todn dAnh
c) f va g song dnh thi h song 4nh d) h don dnh thi f don 4nh
e} h toan d&nh thi g toAn dnh.
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I3.Chof: X > Yvag:Y — Zla cdc song dnh.
Chitng minh

a) (1=t - by (g Yt =f1 gt

I.4. Chitrng minh moi t4p v6 han X déu c6 modt tdp con vd han d&m duge. Do d6
Card (X) 2 .

1.5 Chding minh Card (Z ) = Card (Q ) = .
1.6 Chitng minh Card (N} < Card ([0, 1) (tde la @ < e).

1.7V6imoia,be R, 2 «b. Chiing minh
Card ((a, b)) = Card (fa, b]) =Card {R ) = ¢.

1.8 Vi moi tap X, chitng minh Card (X} < Card (AX)).

1.9 Thye hién cdc phép tinh

. 10
a) ;+: : b) [i—+f] N R I VG EER
— -1

1.10 Tinh i",ne?Z

I.11 Tim médun va argumen

1+1

a) ; b)(1+i) B+ ;
J3+i
S .
c)(1+1\/§.) : d}\@-H.
-1-1i (1_i)5
I.12 Tim cén cia s8 phie
a1 b) 41 ; o) ¥2+2i ; ) H1+iv3.
1.18 L4p cdng thie téng qudt tim
vJa+bi,a,be R,b=0,
1.14 Gidi cdc phuong trinh trén C
a) z2 =i ; b) 22 = 3-4i ; ¢) 22 +42+13 =0,

14



1.15 Ching minh néu ¥z = {ag,...0n} thi '\’IF = {El,...,an} .

1.16 56 phic w goi 14 logarit phic cda z n&u e¥ =z Tap c4c logarit phic cia z ki
higu 1a Lnz. V6i moei z =re'® # 0, chitng minh

Loz = {Inr+i(p+k2r) Ik e Z}.

[.17 Gidi cdc phuong trinh trén C
a) e* =2 ; b) cosz =2 ;

) sinz = 2 ; d) (e% - 1)* = %,

15



CHUONG II

MA TRAN - PINH THUC -
HE PHUONG TRINH TUYEN TINH

§1. Ma trén
1. Pinh nghia ma trin

Mt ma trdn cdp m x n 12 mét bdng gdm m x n s6 duge sép thanh m dong,
n ¢bt theo mét tha tu nhat dinh.

Ma trdn A c¢p m x n duge viét dudi dang

217 ap 81p
v _ | 221 a2 agp
aml am2 amn

86 a;; nidm & ddng i, ¢t j, goi 1a phén tit thi (i) cla ma trin A. Ta cang ki
hjéu aij = (A)U .

Hai ma trin A v& B goi 12 bing nhau, ki hidu A = B, n&u c6 cing cdp m x n va

(A)j =(B) véimoii=1,.,mj=1,.,n0

2, Phép toan ma trin

Cho hai ma trdn A vA B cdp m x n va s8 A. Ta goi téng cha A va B, ki hiéu
A + B, tich cla A va A, ki hiéu AA, 1a cdc ma tridn cp m x n x4c dinh nhu sau :

(AA); = MA)

véimoii=1, .., {Il,j =1, ., 0

Nhu v4y: Cdng ma trgn 12 cdng cdc phdn ti tuong ing cfia cdc ma tran s8 hang;
nhin mét s8 vdi ma tran 14 nhén t4t cd cde phin td cia ma tran vdi s8 dé.

Cho ma trdn A ¢p m x n v ma trin B cp n x p. Ta goi tich cia ma trdn A
va B, ki hiéu AB, 14 ma trén cdp m x p ¢6 cdc phén tif xde dinh béi

(AB)jy = (A);) (Blyy + (A)ig(Bloy +..+ (A) (B)yy

véimoii=1, ., mk=1,.,p.
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Nhu vay : Phén t tha (i, k) cla ma trdn A x B, bing tdng cdc tich tuong dng
cia cdc phén t& n&m trén dong i clia ma tran A va cdt k clia ma trin B.

Ki hiéu K la trudng s§ thyc R ho#e trui‘mg s8 phiec C, My, (K), 12 tap tat ca
cdc ma trdn cAp m x n cé cdc phéan tir thuqc K.

Ma tran O = Op,q € My (K) c6 t4t ca cdc phdn ti ddu bing khong goi la

ma trdn khdng cAp mx=n. Vi moi ma tran A, ta goi — A = (— 1} A 14 ma trin 461
cha A.

Tir dinh nghia ta ¢6 :

Dinh li 1.1 . V6i moi A,B,C e My, (K),h, ue K

ta co
LLA+B})+C=A+B+0) 2JA+B=B+ A
3A+0=A 43A+(-A=0
5 G+ pA=2A+pA 6)MA+B)=2%A+ B
7y (A = ApA) 8)iA= A,

Ma tran I =1, M, ,(K), c6 cdc phén tif xdc dinh bai

(I) _ lné’Uizj
Yo longui = j

véimoii, j=1,.,n, goi }A ma trén don vi cdp n.

10 1 00
Chinghan: I, =(1) =11, = [0 J, I3=(0 1 0.
0 01

D& dang kiém tra bé dé sau :

Bé dé 1.1. Véi moi A € My, (K), ta cé
a) Al =I A=A '
b) A Ouyp = Omxps OremnA = Opyp -

Nhu véy: Khi phép tinh ¢6 thé thuc hién thi nhan mdt ma trén v6i ma ti:én
don vi bing chinh né, nhan mdt ma tran véi ma trén khong bling ma tran khong.
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B6 dé 1.2. V6i moi A ey, (K), Betly, (K), CeMy, (K), e K tacs:

a) (AB)YC = A(BC).
b) AM(AB) = (AA)B = A(AB).
Ching minh. a) Véimeii=1, ., m,I=1,.., qgtacé

P ' n
((AB)C Z (AB) (Chy = i[Z(A)ij(B)jR](C)kI
k-1 k=1} j=1

n p
f[z(A) (B),kw)}d} - Z(A)ij[ch)jk(ch
-1 j=1 k=1

=

Z (A);(BO)y = (ABO)),
a
Vay (AB)C = ABO).

b) Suy ra tir xz(A) i(B)y = Z(xA}u(B)Jk = Z(A) §(AB)jy - O
j=1 k=1

Theo b8 dé 1.2 a), khi mjt day phép nhan ma tradn duge thuc hién thi né cé
tinh chét két hdp.

Chu ¥ ring phép nhén ma trin khoéng ¢6 tinh chdt giao hodn.

Vidu. Cho A=[1 1),B=(1 1].
11 -1 -1

0 0
= 0 ;
0 OJ 2x2

BA=[2 2).
-2 -2

Vay trudng hap nay, AB = BA.

Ta c6 AB=[

Ta bé qua ching minh don gidn cha b dé sau.

B6 dé 1.3. 2) Véi moi A € My, (K), B, C & M, (K) ta 6 AB + C) = AB + AC.
b) Véi moi A, B € Mp,n(K), C e My, (K)

ta ¢d (A + B)C = AC + BC.
Nhu vay : Khi phép tinh dugc thue hién thi phép nhin ma trén phén phdi d6i
véi phép cdng ma trdn.

18
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3. Ma tran chuyén vi va ma trian lién hgp

Cho ma tran A cAp m x n. Ta goi ma tran chuyén vi cta A, ki hieu AT,I3 ma
trdn cdp n x m ¢6 cdc phdn ti xdc dinh béi

(AT); = (A); véimoij=1,.,0,i=1,..,m

Nhu vay d€ ¢6 ma tran chuyén vi ciia A, ta chi vide d8i cdc dong ciia A theo thu
tu thanh cde ¢t hoidc ngugc lai.

B& dé 1.4, a)Véimoi A,Be M, (K) tacs
(ATYT - A; A+B)T = AT + BT, aA)T = 24T,
b) Véi moi A e My, n(K), B e My, ,(K) tacé
(aB)T = BTAT.
Chung minh. Ching minh a) 12 tAm thudng. Ta ching minh b).
Véimoii=1, ., mk=1,. ptacé
1] n
((ABYT) = (ABy = g(A)ﬁ(B)jk = _Zi(BT)kj(AT)ﬁ
j= i=
=(BTAT),.

Do d6 (AB)T = BTAT, 0

4. Ma trgn vudng

Ma trdn cé n dong, n cft goi la ma tran vudng cdp n. T4p tAt cd cdc ma trin
vubng cdp n c6 cdc phdn ti thude trudng K, ki hidu la M, (K).

Tir dinh 1§ 1.1 va cdc bd dé 1.1, 1.2, 1.3 ta c6 :
Dinh lf 1.2. M,(K) v6i phép cong va phép nhdn ma trgn la mot vanh cé don vi,
tire 1o moi A, B, C & M (K). ta c6
DA+B)+C=A+(B+0C) 2) A+B=B+A
3JA+0cz=A HDA+(-A)=0
5) (AB)C = A(BC)
6)AB+C)=AB+AC,(B+C)A=BA+CA
TYAl = TA = A,
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Ma trdn A € M,(K) goi 12 ma tran khé nghich néu tén tai B € M,(K), sao cho:
AB=BA=1.

Ma tran B thod min didu kién dinh nghia trén néu ¢ 13 duy nh4t. That vay
néu ma tran C cing thod man AC = CA =1 thi

C=CI = C(AB) =(CA)B = 1B = B.

Khi A kha nghich, dgt B=A"1 va goi 1a né 12 ma trin nghich ddo cia A. Ta cé
ATlA=AAT =L

Hién nhién O € M, (K) khdong kha nghich, I ¢ M,(K) khi nghich. Ma tran

' 11
khic khong [1 J € My (K) khac khong nhung khdng khad nghich, vi néu

1 1yfa b} (1 0O
1 1)le d) |0 1
thia +¢c=1vaa+c=0, khéng thé xay ra.
V&n dé khi nao ma tran kha nghich va tim ma tran nghich ddo nhu thé nao sé&

xét & §3.
Bé dé 1.5. Cho A, B ¢ M, (K)la cde ma tran khé nghich. Khi dé
a) A khd nghich va (A1y ! = A
 b) AT khd nghich va (ATY? = (A HT
¢) AB khd nghich va (ABy™' =B!A7L.
Ching mink. a) Suy ra tit AA™L = ATA =1,
b) Taco (ADHTAT = (AA 1T =17 =1
ATAa T AT =1T =1
‘c) Ta cé
(B'A1xAB) =B A TABB=B'B=1
(ABYB'A ) = ABBHAT=AAT =1 D
Cho A la m{t ma trin vubng. V¢i moi k € N, ta dinh nghia
A - AA. A (kl4n A)
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Khi A 14 ma tran vudng khé nghich thi ta dat
A®° =1

E_a ¥ vike z, k<0,
tacé A véimoike Z.

§2. Pinh thic

1. Hoan vi

Cho tap S = {1, 2, .., n}. Mgt song 4nh P: S — S goi 12 mét hodn vi. N&u dit
P(i) = j;thi hodn vi P ¢6 thé vigt du6i dang

12 ..n
P=j. . .
J1J2 - Jn )

hay vén tdt hon P = (31, o, Jp )

Mgt hodn vi P duge goi 12 mét phép chuyén vi néu chi e¢6 hai phén tit d6i chd
cho nhau cdn nhitng phin t& khdc git nguyén. Phép chuyén vi d8i i cho j ki hidu 1a
T;;. Ching han :

le = (2,1,3,... ,n).
Ta c6
infuk=j
Ty(k) =+ nfuk =i
knéuk#1i,
Tir 46 ta ed
T =Tis Ty o T;; =1 (hodn vi ddng nhit)

Do d6 Tj; = Tj'.

Dinh li 2.1. Moi hodn vi déu la tich ciia cde phép chuyén vi.

Ching minh. Ta s& ching minh rdng mjt hodn vi P giit nguydn vi tri ca it
nhdt r phén tir déu phén tich duge thanh tich cla cdc phép chuyén vi.

Piéu nay 1a hién nhién vdi r = n, khi d6
P=1=T; , Ty v6ii, ] bdt ki.
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Gid s k&t qui ddng v6i r, ta sé chiing minh né cling ding vé:i r — 1. Ki higu
P,_; 12 mét hodn vi ¢6 it nh&t r — 1 phén t giif nguyén va né khdng phdi la hodn
vi déng nh4t. Khi d6 tdn tai j sao cho P,_;(j) = k # j. Xét phép chuyén vi T;.

Nsu P,_j()=i thi

T oPr_1(D) = Ty @) = i.
Vay néu P, gill nguyén vi tri cda i thi Ty, P,y clng gik nguyén vi tri cla i.
Ngoai ra

Tkj oPr-10) = Tkj(k) =},

do d6 TP,y gilt nguyén vi tri cda it nhdt r phén ti. Theo gid thi&t
P, =Ty ,P,_; blng tich cia cdc phép chuyén vi, vi vay P, = TijloPr ciing bing
tich cia cde phép chuyén vi. O

Chu ¥ riing sy phan tich mdt hodn vi thanh tich cda cdc chuyén vi 12 khéng
duy nhit.

Cho hodn vi (j;,Jg,...,Jp)» ta néi r¥ng j;,ji tao nén mdt nghich thé& ndui < k
nhung j; > jy. ‘

Vidu. P =(3, 1, 2} thi 38, 1; 3, 2 cho ta hai nghich thé, 1, 2 khdng cho ta
nghich thé, '

Cho hodn vi P. Ta k{ hiéu N(P) la s8 nghich th& cla hodn vi P va
8(P) = (-1NF) N&u N(P) ch&n thi ta néi P 1a chin (hay duong), lic d6 s(P) = 1.
Né&u N(P) 18 thi ta néi P 1a 18 (hay 4m), lic d6 s(P) = - 1.

Tacéd s(I}=1, s(Tj}=-1 va
s(P,Tj;) = ~s(P).

Tif 46 bing cdch vi&t méi hogn vi thanh tich cgc chuyén vi, ta ¢6 :
s(P) = 1 n&u sé chuyén vi chin;
s(P) = — 1 n&u s8 chuyén vi 1&;
s(P,P') =s(P) . s(P");

s(P=1) = s(P).
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2. Pinh nghia dinh thaic
Cho A ]34 ma trdn vudng cdp n

811 12 - 81p

a a .o a
A-|821 822 2n

2y 8pg .. dpg

Ta goi dinh thue cia A 1A s8
det A = ZS(P)ﬂ.ljl &2j2...&njn _ *
tdng 14y khip t4t cd cdc hodn vi P =(j;,ig,..,Jp)- Ta cdon st dung ki hiéu detA
12 {A|.
Ta thdy r¥ng néu A cfp n thi |A| gém tfng cia n! s6 hang. Trong s3 hang
ay;, 82;, -Anj, mdbi dong, mdi ¢t chi c6 duy nhit mot phén t tham gia vao.

Pinh thifc cta ma trin vudng c&p n goi la dinh thie e¢dp n. Trudng hop n = 2
ta cé

a1) Ayg

=8(1, 2)ajjagy +8(2,1)ajpay; = 81897 —a198) -
a1 #Agz

Ta thudng néi dinh thide cdp 2 biing “tich cdc s trén dudng chéo chinh, trir tich
cdc 58 trén dudyng chéo phu”.

Tuong ty, ta ¢6 dinh thite cp 3 :

ay bl Cy
-] b2 Cy| = a1b2c3 + azbscl + a3b1c2 - a3b201 - 82b1C3 - a1b3c2.
ag by c3

Khai trién nay thudng duge nhé theo quy tdc Sarrus sau :

Ddu (+) : D&u (-)
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Vi du

1 -2 2
3 -3 1| =[1(-3).0+3.2(-2) + 4(-2).1] - [2(-3).4 + 1{(-2).1 + 3.(~2).0]
4 -2 0

=(-12-8)-(24-2)=6.

3. Cac tinh chiat cda dinh thidc
" Tinh chét 1. det AT =det A
Chlfng minh., Ki hléu aji = bij’ khi dé

T .. .
det A™ = 3 503,z Jn) byj baj,-bnj, = Y s(P)apayap@e - 2pmn =

o Zs(P)alp-l(1)azp-‘(2)"'anp-‘(n) N

t

_ -1 _
= 2. s(P Jaip103)82p-1(g)+ Bppliny = det A,

vi P chay khip cde hodn vi thi P! ciing chay khdp cdc hodn vi. Qg

Theo tinh chat 1, trong dinh thidc vai trd cia dong va cdt 1a nhu nhau. Mét tinh
chét ta phat biéu cho cot thi ciing ding vdi dong va nguge lai.

Tinh chat 2. Néu tdt cd cdc phdn ti cia mot cot duge nhdn vdi 56 A thi dinh

thic duge nhdn lén véi A
alj

- 80 ‘ ) ’
Ki higu a; = 2 , khi d6 ma tr4n A c6 thé viét mét cdch hinh thite dusi dang

&nj
A= (31,...,aj,...,an)-

Ching minh.

dEt(als---;laj;---,an) = Zs(P)laljlazjz...anjn =
= 1) s(Plaj; ag; ..y =AdetA. O

Néu A = 0 thi det (a,,..,0,..,a,) =0, do d6 dinh thdc c6 mot ct bing 0 thi
bing 0 (cft goi A biing 0 néu t4t cd c4c phén t& trong cét déu bing 0).
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Tinh chit 3. Néu a; = aj+a} thi

det A = det(al,...,ag,...,an)+ det(al,...,a},...,an)
Chiing minh.

det A = Z S(P)aljl (a;_] + a:J }"'anjn -

= 2 s(P)ay; ..ajj..ay + ) s(Plagj ..afj.ay =
= det(al,...,ag,...,an)-d- det(ay,...,a},...,an) . L
Tinh chit 4. Néu déi ché hai c6t cho nhau thi dinh thuc d6i déu.
Chitng minh. Né&u d8i chd cot i cho cot k thi s hang clia né sé ¢6 dang :
s(Payj .4y, a2y, = s(P.Tilay; a8y, -8n;,
=-s(P)ay; ap; ..an;

véi moi P =(j;,jg,..., Jp). Vay mdi sd hang cla dinh thifc mdi déu blng, trdi dfu
cia mdt & hang cia dinh thuec cii, nghia 1a dinh thac d6i d4u. [}

Tinh chAat 4’. M6t dinh thitc cé hai cdt gidng nhau thi dinh thic d6 béng 0.
Ching minh. Néu a; = a, thi
detA = det(a,,...,aj,...,ax,..,8) =
= det(al,...,ak,...,aj,...an) = —det A.
Vi detA = — detA nén detA = 0. [}

Tinh chit 5. Néu mét c6t cia dink thuc la t6 hop tuyén tinh cda nhiang cét
khde thi dinh thic bdng 0.

Ching minh. Gid s c6t j 1a t8 hgp tuyén tinh cha cdc c¢dt khde, tire 12
a;= Y Agay . Khidé:
k=j

det(a;,..., 3 Ayay,...,a,) = > det(ay,..,Ayay,...a;) (tinh chét 3)

k#j ) k=j
= Y Ay det(ay,...,ay,..,a,) (tinh chdt 2)
kw=j
= Y A0=0 (tinh chét 4"). (m
k=j
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Tinh chéit 6. Néu cdng thém vao c6t nao d6 mét t6 hop tuyén tinh cia cde cét
khdc thi dink thic khéng thay d6i.

Ching minh. Gid si thay cft a; bdi cpt

= .
aj = aJ + z Z’kak'
kej

Ta c6

det(a,, ..., a},...,an) =

= det(ay,...,aj,...,a,) + det(ay,..., Z Axay,...,a,) (tinh chat 3)
k«j

= det(ay,...,a;,...,a5) = det A (tinh ch4t 5). O

4. Phuong phdp khai tri€n dinh thiéc. Dinh 1i Laplace
Cho dinh thitc c4p n

411 @13 ... By
g1 Agp gy '

D= = ZS(P)alj1a2jz"'arﬁn L
an1 4pz .. App

Ta goi phdn phy cia phin t& a; la dinh thic con M;; c¢&p n — 1 nhan duge
tit D bing cdch bd di dong i, ¢t j. S§

Ay = DM
goi 12 phén phu dai s6 cia phén ti aj;.
Sau t'.-iﬁy 1a cong thuc khai trién dinh thuc theo ddng ho#c ct
B& dé 2.1. Véimoi i,j=1,2, ., ntacé
() D=a; Ay +aAp +.. + anAy,,
hodc
(1) D =a)jA1; +ag;Ap; + . + anfy.

Chung minh. Tl (1), nhém cdc s8 hang ¢6 chia ai1,8ig,...,a;, v& dit thua sd
chung ta viét duge D duéi dang

D= ai'an + aizBiz + . aian.
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Do vay dé€ chung minh (i), va tir d6 c6 (ii), ta chi cdn ki€m tra
aijBij = aUA,J vii i,j =1, 2, RO . (2)
That vay
aan = 31123{1,j2,...,jn) 32j233j3 ...anjn
= alle(jg_,...,jn )a2j2a3j3 anjn = auMn
=a; (DM = a1 A,
tie 14 (2) dung véii =) = 1.
Bay gid ta s& chiing té (2) diing v6i i, j bat ki.

N&u d8i chd ddng i 18n dong i — 1 rdi ddngi - 118n dongi—~ 2, ., saui— 11l4n
ddi dong ta dua dong i 18n ddng 1. Tuong tu, qua j — 1 14n ddi ¢t ta dua cot j
thanh cét 1. Nhu vay, qua i + j — 2 14n ddi dong va ¢dt ta duge dinh thie D thanh
dinh thic D’ ¢6 phén tit aj; = a;. Trong qué trinh d6i ddng va cot trén, tha tu cde

dong va cft (trit ddng i va cdt j) vdn giit nguyén, do d6 Mj; = M;;. Theo tinh ch4t
4 cia dinh thite, D = (-1)*2D". Do a6

a;By = (-1D7 2 ag My = (172 M = agAy;. ]
Vi dy. Tinh
1 001
-2 111
D=
1 101
00 2
101
Gidi. Khai tri€n D theo cot 3 ta dugc : D=(-D*31 1 1
10 2
L gvall 1
Khai trién theo cét 2 ta duge : D=-(-1) 1 9= ~1.

Bay gi¥ ta sé tdng qudt hod cbng thite khai trién dinh thitc theo dong hoge cot.

Xét cdc phén tif cia dinh thitc D ndm trén h dong, h cot, gitr nguyén thy tu, ta
dugc dinh thic cdp h

M= Mivieis
J1:J25-0 00

trong d6 i) <ip <... <iy la cdc ddng va j; < jp <... < j, & céc cit.
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n — h ddng va n — h ¢t cdn lai cho ta mdt dinh thife, goi 14 dinh thite phu ciia
M, ki hiéu la

iyt _il‘iﬂ‘“'lih
- Jl Djzi'"ljh

va ta goi phédn phu dai s& clia M 13

Ay = (—l)il g+t i+ +Jp ety M

Ta s& chitng minh.

Bé dé 2.2. M.Ay la mot b6 phén cée s6 hang ciia D.

Ching minh. Gid s¢ M tao thanh bdi h ddng ddu tién va h cdt ddu tidn cia D.
Khi d6 mét sd hang cia M.Ay; 88 c6 dang

d =50, Jo, -5 0n) a)j,8gj, -+ Bhj, 80h+1s0 dn) 8h4l,jy,, nj, -
Vimoik <hthi j, <h va moilth j,; >h, dodé
NG, o dhsInets0dnd = NG 3n ) + NGy oo dn )
Vi vay
@ = 8(j3, s Jhs s Jn ) Ay 825, By
tidc 12 moi s§ hang clia M.Ay; déu la s6 hang cia D.

Bay gitr gid st M nlm & vi trf téng quat. Sau i, — 1 ldn d6i dong, ta dua dong i
vé ddng 1, sau iy — 2 14n d8i dong ta dua dong ip vé dong 2, .. Nhu vay sau :

hh+1)
2

(4, -D+(iy-2) +..+ (i -h)=i) +iy + ..+ i}, -
l14n d6i dong ta dua h ddng cha M v& h dong d4u tidn véi thy tu giit nguyén. Tﬁdng
tu, sau

hth +1)
2

14n d6i cft ta dua h cdt clia M v& h cot ddu tién.

g+ +in-

Nhu vy sau (ij +..+1ip)+(j; +...+jy)~h(h + 1) 14n d8i dong va cdt ta dua D
thanh D’, M thanh M’, M thanh M'.

Chi ¥ rling h(h + 1) 1a s8 chin, ta c6

D = (_1)(il +...+ih}+(j1+...-+jh)D ] .
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Vi M'M'=MM la mdt by phan cde s hang cia D’ nén M.Ay, 12 mdt bd phan
cdc s& hang cia D. O

Pinh I 2.2. (Dinh i Laplace). Néu trong mét dinh thic D ta l6y ra h dong (hode
heot), 1 <h <n - 1thitong (6t cd cde dinh thic con cdp h chita trong cdc
dong (hodc cde c6t) &y nhén vdi phén phu dqi s6 cia ching bing dinh thic D.

Chitng minh. Gig st ta 14y ra h dong. Ki hidu cdc dinh thic con c4p h 14y tix

h dong nay la M;,M,,..M,, phdn phu dai s6 tuong Ung cla ching la
Ay, A,,...,A,. Theo két qua da trinh bay & trén

M].A]. + M2A2 + ..+ MSAS : (3)
la téng cdc s& hang cia D, cdc 56 hang nay la khdc nhau. P€ chimg minh t8ng
trén bang D ta chi cdn chi ra né c¢6 ding n! 8§ hang.

S8 dinh thue M; ¢6 dugc bing s8 cdch chon khéng k& thit tu h phdn ti khdc
nhau tit n phén t, do d6

h n!

S=Cn =El(—n—-—ﬁ“i‘!~ .

M; c¢6 h! s8 hang, A; ¢6 (n~h)! s6 hang, do d6 M;A; c6 h! (n-h)! s& hang. Tir 46
téng (3) c6 s.h!(n-h)! = n! s§ hang. ]

Vit du. Tinh

[
S M= O
Lo o T I o
[ i i

Gidi. Chon dong 1 v ddong 4, chi ¢6 mdt dinh thic con khdc khong 12

11
M= 1 2‘,ph5n phu dai s8 cla né 14 :

AM - (__1)1+4+1+4

11
01

Do dé
D=MAy=11=1.
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5. Vai dinh thic ¢6 dang djc biét
a) Theo dinh I{f Laplace ta cé

an alk g 0
a a . &
a8 0 0 1 Bik| [Ak+1,k+1 k+1,n
= aah
Ax4+1,1 - Bk+lk Bk+lk+l -+ Bgkiln
8kl - Bgk|| Bpk+l - 8pp
2,1 ank anlk+1 ann

b) Ma tr4n vudng A goi 12 c6 dang tam gidc n€u a;; =0 v6i moi i > j hoic
aj; =0 véimoii < j, tire Ia

2117 419 ... Aayn 811 0 0
0 a a a a .. D

A= 22 2n hotic A = 21 22
0 0 ... ay, 5y 8y . Bgy

Trong cd hai trudng hgp, theo dinh nghia dinh thic ta c6

|A| = ajjagz...anpn:

Trudng hgp dac bidt cda ma trin tam gidc 14 ma trdn {dudng) chéo : a; =0 vai
moi i #j. '

Ki hi¢u I =1, 12 ma trén don vi, ta c6 [I| = L.

Vi du. a) Tinh
1 2 2 ... 2
2 2 2 ... 2
D=2 2 3 2
2 2 2 n

Gidi. Nhan dong thd nhat véi (-2), cdng vao dong thit hai, sau khi di nhan
dong tha hai véi (-1), cdng vao cdc dong phia dudi ta duge

1 2 2 .. 2
0 -2 -2 .-2

D=0 0 1 .. 0 [=1(2.12(n-2)=-2(0-2})(n22).
0 0 0 ..n-2
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b) Tinh dinh thitc cdp n

2 1 00 0
1 210 0
D,=[0 1 2 1. 0

0O 00 0O .2
Gidi. Khai trién theo ddng d4u ta duge

210 .0 1 1 06 .. 0

1 21 .. 0 0 21 .. 0

D,=2 -

n
¢ 0 0 ... 2 a 0 0 ... 2
Chi ¥ riing c& hai dinh thic déu la edp n ~ 1, do 46 dinh thiec th& nhat chinh 12
D, _;, khai trién dinh thidc tha hai theo ¢t dau ta théy né chinh 1a D, _,. Vi vay
D, =2D, ,-D,_,.
Bdi vi Dy =2,D, =3 nén bing quy nap ta duge
D,=2n-(n-1)=n+1

6. Hé¢ phuong trinh tuyén tinh Cramer
Hé phuong trinh tuy&n tinh gém n phuong trinh, n 4n dang
Ay1Xj +819XNp +...+ 81 X, = bl
ag91Xy + AppXg + .+ BgnX, = b2

8,1X) + Bp9Xa +...+ 80X, = by,

311 812 aln
. a 890 .. &
goi 1a hé Cramer néu D =| 2! “22 282 0.
&p1 Bp2 .- 8pp
ay; by
ag; b
Néu dat aj=| 2|, b=| 2
anj bn

thi hé trén c6 thé€ viét lai thanh

X18y +...t Xja5 + .. + Xpy =b.
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Pit D, =det(a;,...,b,...,a,) (b & vi tri thi j). Khi d6 ta c6 dinh li sau day, goi la
quy t#c Cramer 4€ gidi hé Cramer.

Binh li 2,3. (Dinh li Cramer). H¢ Cramer c6 mét nghiém duy nhdt la

e R
Xj_ﬁ’-]"l' 2, .

Chiing minh. Néu (xy,Xg,...,X,) 1& m¢t nghiém cda hé¢ thi
D, =det(b,aq,...,a,)
= det(x;a; + #2a2 +ot X8y ,89,...,8,)
= det(x;a;,a,,...,a,) + det(xyag +... + Xpa,,a9,...,4,)
= x; det(a;,ay,...,a,) (do tinh ch4t 5 cla dinh thic)
=x,D.

D D; ... .
Vi D # 0 nén x, =31. Tuong ty nhy vay ta ¢6 x; =—DbJ v6ij =1, ., n. Vay hé

D
Cramer ¢6 nghiédm thi nghidm d6 1a duy nh4t : x; = 3’,3' =1,.,n

D.
Ta cdn phdi ching minh x; = 3’ dang 12 mét nghiém cia hé.

Trude hét, ta ching minh ring :

n Dnéuk=i
Lahy =i o
in1 néuk #1.
That viy, bing cdch déi ddng thanh cdt, ta s& chiing minh

. Dnéuk=j
2 aphy = )
i Onéuk=j

IL
Néu k = j thi theo cong thic khai trién theo cft, ta c6 ngay ) a;A;; =D. Néu
i=1
k #jthi
Il
Z aikAij = det(al, e L an) =0
i=1 .
(dinh thdc nhin duge tit D bdng cdch thay cdt j bsi c6t k).
Tuong ty nhu vay ta cé
Il

i=1
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n D.
V& trdi cia phuong trinh tha k trong he c6 dang Z agjX;. Thay x; = _]jl vao ta ¢
i=1 :

LS 0| S agay |= LbeD=b
=5_Zij§akj § |~ pPkY = Pk

D.
Vay x; = -Di,j =1, .., n ding 1a nghidm cha hé. O

Vi du. Gidi hé phuong trinh
Xy - 2X2 +Xg = 2
2Xy + X9 —4x3 = -1
3x1 —*4){2 —Xg = 0.

Gidi. Ta c6
1 -2 1 2 -2 1
D=2 1 -4/=-8=0. D, =|-1 1 -4 =-28,
13 -4 0 -4 -1
1 2 1 1 -2 2
D, =2 -1 -4]/=-16. Dy=2 1 -1=-20.
3 0 -1 3 -4 0

Do vay hé ¢6 nghiém duy nhat 1a [%2%)

§3. Lién hé giira dinh thldc va ma trén
1. Phép toén ma trian va dinh thdc

Cho A va B la cdc ma tran vudng cdp n. Khi d6 d& dang thdy ring, néi chung
|A + B} = |A]+|B|. P8i v6i phép nhén v6i 88 ta c6 [LA|=A"|A]l. D8i véi phép nhan
ta c6 : :
Dinh If 3.1. V6i moi A,B ¢ M (K) taco

|AB| = |A||B].
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Chung minh. Gid sl

ai; a1 .. ain bl]. b12 bln

a a .. @ h b .. b
A=|B21 822 2n | g_|f21 P22 2n

851 8pz - pp by baz o bpy

va xét dinh thdc cfp 2n

ay dyg n 0 ¢ 0
g1 ago Agpn 0 0 0
D= 2,1 8p3 . A8pp 0 0o .. ¢
=] 0 .. 0 by b .. by
0 -1 0 b21 b22 . b2n

0 0 .. -1 by by . bgy

Theo dinh lf Laplace, khai trién D theo n ddng ddu ta duge
D = |A|[B|
Vi vay dé chitng minh dinh li, ta chi cin chi ra D =|C|, trong d6 C = AB. Nhén
cdt thit nhét ciia D véi byp, cdt thit hai vdi by),.., cdt thi n v6i by, rdi cdng vao
¢t thii n + 1, cdt thd n + 1 trd thanh

a;;byy +aggbgy 4. +8y,byy +0 =0y
ag1byy +agebg + ... +agabyy +0=cy

J anlbn + an2b21 + ..+ annbnl +0 = Cnl
“bll + 0 +..+ 0 +b11 =0
0 - b21 +..4 0 +b21 =0

0+ 0 4#..- by +by=0
Tit 6 ta thfy, n&u nhan cdt thi nhat véi by, cht thi hai véi by;,..., et thd n
véi by; 1di cong vao cdt thi n +j thi cft thi n +j ¢6 cdc phén t theo thy ty 12
Clj,CZj,...,Cm,O, ey 0 le‘] = 1, 2, wy 11

T4t ca ede phép bign ddi trén ddu khéng lam thay ddi gi4 tri D, do d6
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1 &2 - 85 €1 €2 ... Oy
231 82 ... 8g, €91 Cgp .. Cgy
D =[?n1 &n2 8nn Cnl  ©n2 Can
-1 0 .. 0 0O 0 .0
0 -1 0 0 0 0
00 .-1 0 0 .. 0

Khai trién D theo n ¢4t cudi ta duge

-1 0 ... O €11 ©g2 ... Ci1n
D = (L2t rnsme D). a2n] (0 =1 . Ofjeay cgp . copn|
0 0 ... -1f |eg1 €pe - Cpp

= (1¥ 1R (o] = [c).

Binh lf duge chdng minh. (]

2. Diéu ki¢n ma trn kha nghjch. Céng thidc tim ma tran nghich dao

Binh li 8.2. Ma trén vuéng A khi nghich néu va chi néu D = |A| # 0 va khi dos

Ay Ay o Ay
Az Ay .. Ap

A Agy .. A
Chiing minh. Néu A kha nghich thi AA™! =1 nén theo dinh 1 3.1, |A||A‘1| =1,
do d6 |Al#0.

‘Bay gi¥ gid st D =|A] # 0. Theo chiing minh dinh li 2.5

o Dnduk=i
2oaghy =y
ko1 0 néuk=i
SIWLEC D
ko1 70 ndu k= j

36



Ay Ay o Ay

A .
vi vay néu dat B = "2\ thiAB=BA=1 ticla A1=B, O

1
A, A, o AL,
. . b ) .
Theo dinh li 3.2, ma trdn vudng cdp hai (a d] khi nghich né&u va chi néu
c
ad — bc # 0 va

a bY' 1 (d -b
c d “ad-bcl-c a

Vi du. Tim ma trdn nghich ddo c¢ia ma trén

1 21
A=1 1 -2
-1 1 2

Gidi. B6i vi |A| = 6 nén A kha nghich. Ngoai ra
Aip=4;  Ag =-3; Ag =-5;
App=0; Ag=3; Agp=3;
Aj3=2; Ag3=-3; Ag=-l
Nén theo dinh 1i 3.2

2 1 .5

4 3 5\ |3 2 8
A‘1=%033=0%%
l2 3 1 111

3 2 6

3. Hang cta ma trian. Phép bién déi s cAp trén ma trin

Cho AeM,,, (K). Ta ggi'hang clia ma tran A 13 cdp cao nhit cia dinh thde
con khdc khéng tim duge & trong A. Hang clia ma trdn A ki higu 14 rank(A) hoic
r(A). Hién nhién r3ng r(A) < min{m,n} va r(AT) = r(A).

Vi du. Tim hang ma tran

-3 5 4
A=12 1 3
-4 11 11
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Gidi. Vi |A|=0 nén r(A) < 3. Mt khdc, dinh thic con |

j =-13-0 nén

r(A) = 2.

Vay r(A) = 2.

Ma trdn A goi 1a c6 dang bac thang n&u né cé k ddong ddu khic khong, c4c dong
con lai b¥ng khéng v& né&u ki hiéu aj;. la phan ti khdc khéng ddu tién cia dong
thi i thi

ho<Jg <o <k
N&u A c¢6 dang bdc thang thi dinh thitc con c¢fp k

M2k
Jpsdgee

= a;h azjz...akjk =0

va moi dinh thitc con c4p 16n hon k ddu bing khéng, do d6

r(A) = k.

Nhu viy : Hang cla m{t ma trn dang béc thang bing s dong khdc khéng cha
ma tran dé.

Ta goi cdc phép bién d8i so cdp trén cdc ddng ciia ma trin 13 nhing phép bién
déi sau day :

Loai 1 : P§i chd hai ddng cho nhau, con nhitng ddng khéc gitt nguyen;

Loai 2 : Nhan vao mot dong véi méot s6 khae khong, con nhitng dong khée gilr
nguyén ;

Loai 3 : Céng vao m)t dong mdt dong khdc da nhan véi mot s8, cdn cdc dong
khdc gilt nguyén.

Ma trin vudng A goi 1a khong suy bi&n néu |A|+ 0. Theo cdc tinh ch4t cia dinh

thic dé dang thdy ring, néu A khdng suy bién thi sau cdc phép bién ddi so cdp,
ma trdn nhén duge ciing khdng suy bién.

Ta c6 dinh 1f sau day, sé dugc ching minh trong chuong II1.

Dinh Ii 3.3. Hang ciia mét ma tran khéng d6i khi thice hién cde phép bién déi so
cdp trén cde dong

Ap dung dinh I 3.3, d€ tim hang ciia mét ma trin ta s& thuc hién lién tiép cdc
phép bi&n di so cdp tran dong dua ma trdn vé dang bac thang. S8 dong khic
khéng cia ma tran dang bdc thang nhdn duge 12 hang cGa ma tran.

Vi du. Tim hang cia ma tran
2 4 1

1
A=|1 3 0
3 2 1

-
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Giai. Ta c6

1 2 -4 1 1 2 -4 1
rfA)=r|0 -1 7 -1|=r|0 -1 7 -1l(=2
0 -2 14 -2 00 0 O

4. Bién d448i so cAp t{im ma trin nghich ddo

Ta goi ma trin vudng nhan duge tit ma trén don vi biing cde phép bién déi so
cAp trén dong 12 ma tran so c4p.

Tir dinh nghia hang va dinh 1f 3.2 suy ra A € M,(K) khd nghich né&u va chi néu
r(A) = n. Vi vay moi ma trin so cAp déu kha nghich.

Cho A 13 mdt ma tr&n vudng cp n. Khi d6 mdi phép bi&n déi s¢ cdp trén hai
dong cha A tuong duong véi viée nhan vdo bén trdi cda A ma trn so cdp cdp n
nh4n dugce tir 1, bing phép bién d6i tuong Gng.

That vay, d8i chd dong tht i v& dong thi j cia A tuong duong vdi viée nhan vao
bén trdi A ma trén so cdp nhan duge tif I, bling edch ddi chd dong thy i cho dong

th j. Vi du

01 0 87 4dagp Aag . Ibl b2 b3
1 0 0 bl b2 b3 = al az 3.3
0 0 1){e; cg g ¢, ¢ C3

1a phép d8i chd dong thit nh&t cho dong thit hai. Hoan toan tuong ty d8i v4i hai
loai phép bién d8i trén dong khéc.

N&u A kha nghich thi tén tai cdc phép bi€n di so c4p trén dong dé dua né vé
ma trin don vi, tdc 12 tén tai cdc ma trén so cfp Py, Pp,..., P, dé

PkPk-l'"PlA = I
Nhan hai v& v& bén phai véi A~ ta duge
At-pP _,..P=PP._,.PI

nghia }2 A7l ¢6 thé nhan duge tir I bing cde phép bién déi so cdp trén dong dua
A thanh L.

Tir d6 ta ¢6 phuong phdp tim ma trin nghich ddc cda A nhu sau: Ghép A val
thanh mét ma trdn cdp n x 2n (A1I); ding cdc phép bi&n dfi s¢ cdp trén dong cia
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ma trin nay sao cho n cft ddu thanh ma trgn don vi I. Khi d6 n cft sau cda (A1)
sé thanh A™l. Qud trinh nay duge tém t4t

(AlD Bi&n 461 so cip Nl A—l)

trén ding
1 2 1
Vi du. Tim ma trdn nghich ddocdaA=|1 1 2|
-1 1 2

Gidi. Theo “phuang phép bi&€n dfi so cdp” ta ¢6

1 2 11 00 1 2 1(1 0 0
(AD=;1 1 -20 1 0|—»|0 -1 -3-1 1 0
-1 1 20 01 0 3 3|1 01

12 1|]1 0 0O 1 2 02/3 1/3 1/6
-0 1 3|1 -1 0]—>»|0 1 00 1/2 1/2
01 -6-2 3 1 0 0 11/3 -1/2 -1/6

(1 0 0l2/3 -1/2 -5/6
>0 100 ‘172 1/2 =(I|A‘1).
0 0 11/3 -1/2 -1/6

[

[=}

Vay ta ciing tim duge

2/3 -1/2 -5/6
_A‘1= 0 1/2 1/2
1/3 -1/2 -1/6

§4. Hé phudng trinh tuyén tinh t8ng quat

1. Pinh nghia. Diéu kién ton tai nghiém

Hé phuong trinh tuy&n tinh vdi m phuong trinh, n 4n 58 14 hé phuong trinh cé
dang

a11xy + a19Xq + .+ A pXy = bl
Ag1X] +8gnXp + ...+ BapXy = b2

(1)

81Xy + 80Xy ..+ By Xy = by
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trong d6 a;(i=1,2,..m,j=1,2,.n)lacdché s6chadn; b;(i=1, 2, ., m)la cde
hg s6 tudo; x;(G =1, .., m) la cde 4n s§.

Ki hiéu
ay; .. 2y, a5; 813 - 8y (b
a a .. a — |a a . @9, b
A = 21 22 2n , A - 21 22 2n |V2
m1” Bpg - Apg 8m1 8m2 - Amp by

va goi chiing lan lugt 124 ma trdn cdc hé s& cla n v ma trén cdc hé s& b sung
cia hé (1).

Bo s6 x = (X1,X2,...,%n) g0i 12 mot nghiém cha hé (1) néu
ai1;1 +80X2 4+ ainin = by

12 ddng thuc ding véimoii=1, ., m.

Gidi hé phuong trinh 13 tim t4p cde nghiém cda hé.

Ta ¢6 dinh i sau day sé duge chitng minh trong chuong II1.

Dinh Ili 4.1. (Dinh li Kronecker — Capelli) H¢ (1) cé'nghiém néu va chi néu
r{A) = t(A). Cu thé hon, ta cé

—~ Néu r(A) < r(A) thi hé vé nghiém.
— Néu r(A)=r(A) =n (56 dn cda ké) thi hé cé nghiém duy nhdlt,
— Néu r(A)=r(A)=r <n thi hé c6 v6 6 nghiém phu thude n — r tham sé.

2. Cac phuong phap gidi h¢ phuong trinh tuyén tinh

a) Quy tdc Cramer

Né&u hé (1) c6 s6 phuong trinh bing s§ &n va detA = 0 thi hé ¢6 nghidém duy
nhat duge tinh theo quy tde Cramer (xem dinh 1i 2.3).

b) Phuong phap dinh thice

Né&u hé (1) ¢6 hang r < n thi bing cdch loai cdc phuong trinh khémg cidn thiét,
hé (1) tifong duong v6i mot hé gdm r phuong trinh, n n

a)1Xy + 2y9Xg + ...+ XX = bl
Ag1X) +8geXg ...+ XgpXp = by
ay1X) +8p9Xg +... + X,z X, = by
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all 3.12 van ah.
e . 801 89y .. @
Gia st det| 2t 22 2rl 2 0.
Bp1 Bpg oy

Khi d6 ta viét hé dudi dang

211Xy + oot By Xe = by 8 040Xy — - 810Ky
g1X] +...+ 8, Xp =Dy — @y p,1Xpy) ~ .~ Bgp Xy
Bp1X) + o+ 8 Xy = bp — 80 p1 Xy~ — A Xy

V61 X, 1,Xp425-s Xy tuy ¥, hé nay 12 hé Cramer nén ta ¢é thé giai n6 theo quy
tdc Cramer. '

— Xy +2%3 =1
Vi du. Gii hé {xl X2 T 4X3

X; +4x%5 —3%3 =2

L. XI“x2=1—2X3
Gidi. Ta c6
X; +4%y =2+ 3x4
1 -1 1-2x%53-1 11-2x4
= =5, D= =6-5%;, Dp= =14 5x
i1 4| 17 [2+3x, 4| 3 271 2+3x 3
x1=6—5X3
5
Do d6 hé c6 nghiém Ia x2=%
X3 tuy ¥

¢) Phuwong phép khit (phuong phép Gauss)

Ta goi cde phép bifn d8i so cdp trén hé phuong trinh tuy&n tinh 13 cdc phép
bi&n d8i sau day :

Loai 1 : DP8i chd hai phuong trinh cho nhau, con nhitng phuong trinh khde gid
nguyén ;

Loai 2 : Nhan mjt 86 khdc 0 v6i mét phuong trinh cdn nhitng phuong trinh
khdc gilt nguyén ;

Loai 3 : Cong vao myt phuong trinh mdt phuwong trinh khdc d3 nh&n véi mot
s8, cdn nhitng phudng trinh khdc gid nguyén.

D& dang thdy riing : cdc phép bién d6i so cp dua hé phuong trinh tuyén tinh
thanh m{t hé mdéi tuong duong.
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Ta c6 thé gidi h@ phuong trinh theo phuong phép sau d4y : Ding cdc phép bién

d8i su cip dua hé vé hé c6 dang bic thang (tidc 12 ma tr4n hé sd c6 dang béc
thang), sau d6 th€ ti du6i lan 48 tim nghiém.

Vidu

a) Gidi hé phuong trinh
X; +2%x3; + %3 =1
2x%; +5%5 +X3 =6
—Xq —4%g +2x53 = 2.

Gigi. Ta c6 _
2 11} 1 2 1) (1 2 1

1
A=|2 5 1il6|~{0 1 -i4i~|0 1 -1l4
-1 4 2|2 0 -2 313 0 0 111

Véay hé da cho tuong duong vdi hé
X +2%9 +xg =1
Xg —Xg =4
X3 =11

Tit 46 hé ¢6 nghidm duy nh&t 1a (40, 15, 11).
b) Gizi hé phuong trinh

Xy +2xp ~x3 =3

4X] +Xg +2xg =1

2x; —3xg +4x5 =2

1 2 -13 1 2 -18 1 2

| 1| 3
Gidi. Tacé |4 1 2ii~[0

-7 6([-11|~|0 -7 6 [-11
2 -3 42 0 -7 64 0 0 0] 7

.41 +2X2 — X3 =3
~Txg +6x3 =-11
OX3=7

Viy hé di cho tuong duong vdi hé

Vi phuong trinh thi ba v nghidm nén hé v& nghiém.

¢) Gidi hé phuong trinh .

X)+2Xy —Xg+X4 =2
3x; +6x5 —4dx3 +2x4 =4
—X; —2Xg + 2x3 =0
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1 2 -1 1}2 12 -1 1|2 1 2 -1 1]2
Gidi. Ta c6 3 8 4 2 i4|~/00 -1 -13-2|~(0 0 -1-1|-2
-1 -2 2 0|0 0 1 1]2 00 0 O0fO0
. X1+2X2~—X3+X4=2.
Viy hé da cho tuong duong vdi hé
~Xg - X4 = -2
Cho x, tuy ¥, ta ¢d x3 =2-x4. Cho X, tdy ¥, ta ¢6 x; = 2-2x5 -2x4. H8 c6
vbd s8 nghiém dang

Xy =2—2X2—2X4

Xy tl.ly f’
Xg=2-x4
X4 tuy ¥.
Bai tap.
11.1. Cho cdc ma trdn
1 -2 1 2 3 -3 -2 1
A= B= . = .
; 3) 530 - (7 3 o)
Tinha) A°-3A : b)BTA-BT;, oAB+C); d) A-BCT.

I1.2. V&i A, B, C nhu trong bai tap I1.1, tim ma trgn X sao cho

a)B+2X=C; b}AX =B ;
dAX +C}=B; d)XB =C.
I1.3. Tinh
11 . I
2) {2 —1) ; b) [c?sa —sma] :
3 -2 ging cosC
1 1y A 1Y
: d .
¢) (0 1] ’ ) (0 A)
I1.4. Tim A eMs (K) sao cho
a) A2=0 ; b) AZ =1.

I1.5. Tim A ey (K) sao cho AB = BA v6i moi B edls (K).
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I1.6. Ma tran A eM, (K) goi 12 luy linh n&u tdn tai r e N sao cho AT = 0. Cho
A, B e, (K) lug linh v2 AB = BA.
Ching minh AB va A + B luy linh.

n
I1.7. Ta goi vét cha A e, (K) 1a tr(A) =D (A); .
i=1l

V6i moi A,B e, (K). Chimg minh
a) tr(A + B) = tr(A) + tr{B). b) tr{AB) = tr(BA). c)AB-BA =1

I1.8. Tinh cdc dinh thdc

. ,la+b a-b a’ +ab+b? a? _ab+b?
a) ; b) ;
a-b a+b a+b a—b
0 cosu ~sina| cosc sinal
sina  coso sinp cosp| ’
&) sina cosal sina+ginf cosf+cosa
sinp cosp| ’ cosp-cosa sina—sinp{
I1.9. Tinh cédc dinh thie
1 g g? 1 1 ¢
a) 2 1 ¢ , s=—l+i£. b1 1 g2 , a=cosgn+isingn.
2 2 2 0 3 3
€ E 1 e g 1
1 1 1
ol e €2, s=cosiu+isin£n.
9 3 3
1 ¢ £
I1.10. Tinh c4dc dinh thic
ina 1 2 . )
sin- o cos o sina coso  sino + 8)
a) |sin?p 1 cosz[i ; b) |sinf} cosP sin(B+8);
sin®y 1 cos?y siny cosy sin{y+3)
1 a be 111
¢)1 b cal; d) a2 b? c?|.
1 ¢ ab ad B3 3
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II.11. Tinh cdc dinh thic

2 3l
R
o 5 8¢

™

011 a

101 b
11 0 ef

a b ¢ d

5L

b

7 3 2 6
-9 4 9
-2 7 3"’
-3 3 4

8
7
5

d

c
d
-a
-b

b

-a
-d

¢
d

—-&

c

a)

) b

[1.12. Tinh cdc dinh thitc cdp n

= = =] =
L |
' ' aa =}
=]
o~ o~
[ A = =]
aoa . .
[= 2= = R =]
LT T =]
o wm W o
o o = =]
0 O - O
- o m n6100
— ~
=] =)
= = ~ © oo o
®n 0o owOA__. o
o™ o1
N o I Yoo =
i —
11___ ] oM [
© o

II. 13. Tinh cdc dinh thitc cdp n

1 x+1 3
x+1

1

x+1

2,

&g 23

a

0
x

X

—X

~X

b)

d) {0

a

a)
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a 48 Aag ... ap a O ... 0
a; X ag .. a, 0 a b 0
e)ja; as X .. ay|; Do 0 a 0
ay ap ag .. X b 0 0 .. a
11.14. a) Tinh dinh thifc Vandermonde
1 1 ... 1
X1 X9 X,
D, =| =% 2 .. x2
xrll—; xtzl—-l xg—l
1 1 1
_ X a; a,
b) Gi4i phuong trinh [x> a2 ... a2|=0,
x" af .. af
trong dé a;,...,a, 1a cdc hing a8 khdc nhau.
I1.15. Chitng minh
l4x39; 14Xy ... l4xy5,
1+x 1+x .. 1+x
a) 291 2Y2 2¥n|_g véi moin 2 3.
l+x,y; 1+X,¥2 ... 1+x,¥,

fl(al) fl(az) fl(an)

f2(al) f2(a2) fz(an)

b} =0 v6i moi n > 2, néu f;(x) 12 da thic bgc khodng

fa(ay) fhlag) ... fila,)
qud n — 2.

I1.16. Gidi cdc hé phuong trinh sau bing quy téc Cramer

2¢+3y-z=1 X+y+2z=-1
a) <3x+5y+2z=8 b) <2x-y+2z=-4
x-2y-3z=-1; . 4Xx+y+4z=-2;
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2x; +3xy +11xg + 5xy =2 6xy +5x%3 - 2x3 +4xy =4
X; +Xg +0x3 +2x, =1 & 9% -Xg +4x3-x, =13
2x; + x5 +3x3 +2x, =-3 3%q +4x%y +2x3-2x4 =1

Xy +Xg +3x3 +4x4 =-3; ) 3x; - 9%, +2x4 =11.

c)

I1.17. Tim gi4 tri 16n nh4t cha dinh thidc cfp 3 khi

a) Céc phén ti cia né chi nhin + 1.
b) C4c phén tir efta né chi nhén 0 ho#ic 1,

I1.18. Cho mot dinh thic D, cip n, n > 2, c6 dinh thife ¢fp thdp hon duge x4c
dinh tuong ty va c6 mdi lién ha

Dp =pDp1 +9Dy.2
Ching minh
a)q=0thi D, =p* 1D,
b) q # 0, phuong trinh x2 ~px~q =0 ¢é hai nghigdm a, § thi

D. =D2=PDy n1, Dy-0Dy g1

n o 5o néua=f;

D, =(n -1 2D, - (n-2)0"'D; néua=p.

I1.19. Sit dung bai t4p I 18, hay tinh dinh thic cdp n

1 1 ¢ 0 .. 0 O o8 1 0 0 ... 0O 0

.11 1 0 .. 0 O 1 2cosa 1 0 ... 0 0
a)|l0 -1 1 1 ... 0 0/:B]| O 1 2cosa0 0 ... O 0

0 ¢ 0 0 ... <1 1 0 0 0 0 ... 1 2cosc

11.20. Cho A,B eM,, (K) thod man AB = I. Ching minh A kha nghich va A™! =B.

I1.21. Cho A B e, (K). Chitng minh
a) A=A T thia=1
b) A?B® = AIBT - A®BY -1 thiA=B =1
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I1.22. Tim ma trdn nghich ddo cta cdc ma trin sau

a)

c)

2 b6 7

[
bt
o

[y

-1 1

1 -1

b),

d)

1
2
\ 2

1
2
1
1

5

2 2
1 -2

O = W bD
[

-2

-6

I1.23. Tim ma trdn nghich ddo clia cdc ma trdn cfp n sau

a)

c)

1 1 1
0 1 1
" 0 1

(1 1 1

b)

D

1
0

I1.24. Gidi cdc phuong trinh ma tridn sau

a)

c)

d)

48

(1 2
X =
3 4
1 2 -3
3 2 -4
2 -1 0
1 1 1
o 1
0 1
0 0 0

3 5}
5 9/’
1
X =10
10

1

1

1

1

-

1 0
1 1
0 1

3

b) X.[5

-2
-4

0
0
0

-

-1 2
-5 6

)
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I1.25. Tinh A"

1/3 -2/3 -2/3
a)A=|-2/3 1/3 -2/3]|;
-2/3 -2/3 1/3

11.26. Cho A = [a :} Chimg minh
c

a) A2 (a+d)A+(@d-bo)l =0.

/2 1/2 1/2 1/2
1/2 1/2 -1/2 -1/2
1/2 -1/2 1/2 -1/2|
1/2 -1/2 -1/2 1/2

b)

b) Néu tén tain > 2 sao cho A® =0 thi AZ =0.

I1.27. Tim hang ctia cdc ma tran sau

131 -2 -3
1 4 3 -1 4
a) ' ;
2 3 4 -7 -3
3 8 1 -7 -8

I1.28. Tim hang cda cdc ma trin sau

1 2 2 -1
a)i2 -1 5 A|;
A 10 1 -6

I1.29. Gidi cdc hé phuong trinh sau

2X) +TXg +3X3 +x4 =6
a) {3x; +5xg +2x3+2x4 =4
9xy +4xg + %3 +Txy =2
2xy +5x5 —8x3 -8
4x) + 3%y —9%3 =9
2%y +38x5 —5xgq =7
X; +8xy -Txz; =12

c)

11.30. Gidi edc hé phuong trinh sau

AX); +Xg +Xg =1
a) <X} +AXp +Xg =1
X +Xp +hxg =1

4A-BAI 30 TUYEN TINH

3 -1 3 2 5
5 -3 2 3 4
b
) 1 3 50 -7
768 1 4 1
31 1

3x; +4%, +x3 +2x4 =3
b) {6Xy +8xy +2x5 +5%4 =7
9x; +12x4 + 3x5 +10x, =13

X1*2X2+X3 =0
d) <2xy +x3 - x5 =1
X, +3X2-2X3 =2

(1+1)K1 +X2+X3 =1
b} ¢ x +(1+A)Xy +x3 = A
Xy +Xp +(L+A)xg = A2

49



X +y +z=1 ax+y+z=1
¢) {ax +by +cz=d d){x+by+z=1

2

ax + b2y + c?z = d® X+y+ez=1

11.31. Ching minh
a) N€u hé phuong trinh tuyén tinh c¢é nghiém thi hoic ¢6 mdt nghi¢m duy
nh&t ho#ic vé s8 nghiém.

b) N&u hé phuong trinh tuyén tfnh ¢6 36 4n nhiéu hon s8 phuong trinh thi
hotic v6 nghiém hode vb s6 nghidm.

I1.32. Cho hé phuong trinh tuy&n tinh c¢6 m phuong trinh, ma trdn he s6 la A.
Chitng minh riing hé luén c¢6 nghiém n&u r{(A) = m.
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CHUONG III
KHONG GIAN VECTO

§1. Cac khai niém co ban

1. Pinh nghia khéng gian vectd
Ki higéu K 1a trudng s§ thuec R hodc trudmg s§ phae C.

Ta goi X 12 khéng gian vects trén trudng K, néu mdi cip phén ti x, ye X duge
dat tuong ng véi mét phén t duy nh4t, ki hidu la x + y € X, goi 1a t8ng cha x va
y, mdi Ae K, x e X dat tuong vng v6i mdt phin tit duy nh4t, ki higu 13 Ax € X, goi
I tich cia A va x, thod mén cdc didu kign sau ddy véi moi x, y,z € X, A, pe K:

Dx+y)+z=x+(y+2)

Z)x+y=y+x

3) Tén tai 0 € X, goi 12 phén ti khong, x + 0 = x

4) Tén tai -x € X, goi 1a phén ti d8i clia x

x+(-x)=0

5 (A + pwx =2x + px

) MX +y) = Ax + Ay

7) (Ap)x = Alux)

8)1x=x
Mbi phén tif cia mét khong gian vecto thudng goi 1a mot vecto.
Ta s& vi€t x + (-y) = x — y (doc 1a x trir y).
Phép todn x + y goi 1a phép cdng vecto.
Phép todn Ax goi 12 phép nhén vdi vd huéng, s§ A con géi 12 vd huéng.
Khéng gian vecto trén R cdn goi ]2 khéng gian vects thue.
Khéng gian vectc trén C cdn goi 14 khéng gian vecto phie.

M&bi khdng gian vecto phifc déu c6 thé coi la mot khéng gian vecto thuc néu
phép nhén vé hudng chi xét v4i A thue.
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Khi cho mt khong gian vects ma khéng néi rd trén trudng nao, ta hidu d6 la
trudng thue hosc truyng phite. Tuy nhién, d4 hidu 12 khong gian trén trudng nao
rdi thi phdi nhat quan, chng han di hiéu la khéng gian phdc thi cdc v hudng
trong cdc khdi niém va tinh chat ti&p theo d6 déu phai hiéu 1a s phie.

Né&u chua cdn thiét nghién ciu khdng gian vecto trén trudng s6 phuc thi ludn
hiéu K = R ma khéng vdp mét trd ngai no.

2. Vidu
a) K" = {(x,%g,...,%) | X1,Xg,. Xy € K}, vdi moi
X =(X],Xa, ., X 1 ¥ = (¥1,¥2,...¥, e K
ta dinh nghia
X+y =X +¥1,X2 + Y2500 X + Yp)
Ax = (Axy,AXg, ..., A% ).
K" cling vdi cdc phép todn trén 12 mot khdng gian vecto, goi la khéng gian
vectd K®. Pac biét K = K® 1a mot khong gian vecto.

b) M;«n({K) v6i phép cong ma trdn va nhén 88 v6i ma tran 12 khéng gian
vecto (dinh 1 1.1, chueng II).

¢) Tap Kix] cdc da thic hé sd trong K 13 mdt khdng gian vects trén K vdi
phép cong va phép nhéan 58 véi da thitc thong thudng.

d) Tap K,[x] cdc da thie bdc < n 14 khoéng gian vecto v6i phép todn trong
K [x].

e) Tap Cp,p) cde ham s§ thye (tuong dng : phifc) lién tuc trén doan [a, b] véi

phép cong ham s§ va nhan s6 v6i sé thang thutng 12 khong gian vecto thuc (tuong
ting : phuc).

f) Tap Cf,p) cdc ham s8 lién tuc trén [a, b, kha vi lién tuc trén (a, b) 1a khéng
gian vecto vdi phép todn nhu trong C, .

3. Mot s tinh chAt don gidan ciia khdéng gian vectd
1) Phdn ti 0 la duy nhét
Thét vay, néu 0’ thod man 3) thi
0+0=0
0C+0=0.
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Theo 2)thi 0+ 0°=0 +0,do d6 0 = 0",
2)0x=0woimoixe X; M0 =0véimoi ¢ K. _
That vay, x + 0x = (1 + 0)x = x nén cong hai v& v6i — x ta ¢6 Ox = 0. B&i vi
20 + A0 = A(0 + 0) = A0 nén cong hai vé vdi — (A0) ta ¢6 A0 = 0.
3) —x & duy nhét va -x = (- 1) x.
That viy, né€u x’ cing thod man x + x’ = 0 thi
X=X+ 0=-x+X+x)=(xX+X+xX=0+%x =x".
Mit khic
X+ (-Dx=1x+(-x=(1-1)x=0x=0.
Do d6 —x = (- 1)x,
Tir cdc tinh chét d6 d& dang thdy ring voi moi x, y, z €X
x=ynéuvachinfux-y=0

X+z=y+znfuvachindux=y.

§2. Khdng gian vectd con

1. Pinh nghia khéng gian vectd con

Cho X la khang gian vecto va M 12 t4p con cia X. N&u phép cong va phép nhén
v6i vd hudng trén X cdm sinh ra phép todn tuong ng trén M, va M véi cdc phép
todn d6 ciing la khong gian vecto, thi M goi 1a khéng gian (vecto) con cia X.

Dinh i 2.1. Td4p con M cia khéng gian vecto X la khéng gian con cia X néu v
chi néu thod mdn cdc diéu kién

M=
x+yeMuvdimoix,yeM
DixeMvdimeihe K,x e M.
Chitng minh. Néu M 12 khéng gian con thi hién nhién thod man 1) vi trong M

¢6 vecto khéng ; M thod mén 2) va 3) vi d6 1a didu kién d€ phép todn trén X cam
sinh ra phép todn trén M.

Nguoe lai, n€u M c6 cdc tinh chat 1) — 3) thi trén M c6 phép cong va phép
nhin v4i vé hudng. D& thdy M thod min cdc didu kién cha khéng gian vectd ngoai
trit vige ki€m tra trong M ¢6 vecto 0. Do M # O nén tén tai x € M. Tit d6 theo 3),
0 = 0x € M. Hién nhién x + 0 = x véi moi x € M. a

Tit chitng minh dinh 1i 1.1, d& dang ¢ lr;héng dinh sau
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B3 dé 2.1. Tép con M cita khéng gian vecto E la khéng gian vecta con néu va chi
néu thod man hai didu kién sau

1)0e M
D9Ax+yeMvsimeix,ye M,k e K.
Vi du. a) Theo vi du & 81, ta c6 K, [x] la khdng giar vectd con ciia K[x] ; CEa,bl la
khong gian vecto con clia G, 1,3
b) V ={{(x,Xg,x3)| X1 + X3 + X3 = 0} 12 khdng gian vect¢ con cua R3,

c} 0 = {0) < X va X ]2 khéng gian vectd con cla X.

2. Khéng gian con sinh bdi mgt tap

Cho S 1a tdp con tuy ¥ cia mdt khong gian vecto X. Ta goi mot téng dang
X = AVy 4ok AV (L
trong d6 vy,...,vx €8, Ay, A, € K 12 mdt t8 hop tuyén tinh cia cdc vectd thuje S.
Vecto x viét dudi dang (1) goi 12 biéu dién tuy&n tinh duge qua vy,..., V.
Téap tat cd cde t8 hgp tuy&n tinh cia S ki hiéula < S >
<S> = Ayt t AV g, hy €K vy, vy €8
Ta quy udc <> = {0} = 0. V61 moi tp con S cia X ta cé
0e <«8>»,8 c <S>,
B& dé 2.2. Véi moi tép con S ciia khéng gian vecto X, <S:v- lg khéng gian con nhé
rnhdt chife S.

Ching minh. Theo b§ dé& 2.1, d& thdy <S> 14 khong gian con cha X va S ¢ <S>
N&u M la khong gian con b4t ki cda X chia 8, theo dinh i 1.1, M chia tit cd céc

vectd dang x =Avy+..+Avp, AjeK, vie S, Dod6 M o<8>. Vay <S> la
khéng gian con nhd nh&t chda 8. O

Téap S duge goi 1a mot h@ sinh cha khdng gian vecto X néu <S> = X,

Nhu vy : S la hé sinh cia X néu va chi nfu moi x € X déu 12 mét t6 hgp
tuydn tinh cta cdc vecto thubc S,
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Vi du. a) Tap @ 1a hé sinh cfia khéng gian khéng.
b) Trong K" dat e; =(0,., 0, 1,0, ., 0), 1 & vi trf tha i. D& thdy tip {e,...,e,}
12 mét hé sinh cia K.

c) {xn ‘ne NO} 12 mét hé sinh citia khong gian vecto K [x].

§3. Hé doc lap va phy thudc tuyén tinh

1. Dinh nghia va tinh chit

Cho S 1a mdt hé vecto trong khdng gian vectd X, cdc vectd clia hé S cé thé
trung nhau.

Chi ¥ réing hé vecto khdc t4p vecto.

H2 S goi la doc ldp tuydn tinh nén moi t8 hgp tuy€n tinh A vy +...+ A vy céc
vecto cua S

Aqvy +..+Apvy =0 kéotheo Ay =0,..,4, =0.

Hé S goi la phuy thudc tuyén tinh n&€u né khdng dfc ldp tuy&n tinh. N6i cdch
khdc, S phu thude tuyén tinh, n&u tdn tai A,..,Ax € K khéng ddng th¥i biing

khéng, vy,...,vy €85 sao cho c6 quan hé tuyén tinh
Avy +.o A vy =00
Vi du. a) Trong moi khdng gian vecto, hé & 1a déc 14p tuyén tinh.
b) H¢ {e;,...,e,} trong K" 1a dfc 18p tuyén tinh. That vy
Areg +..t Agey =0 = (Ag,e0Ag) =00, ., O)

= 1‘1 = 0,...,111 =0,
c) He {Pn =x"ne NO} trong K [x] 1a ddc 14p tuy&n tinh.

That v4y, bding cdch bd sung vao cde A; =0, mdi t6 hgp tuyén tinh cia hé nay
déu c6 dang

)‘OPO +).1P1 +"'+lnPn'
Ta c6
MPo+ AP+ + AP, =0 © Ag+Mx+..+2,x" =0 vdimoix €K

ﬁA.o:ll:...:)Ln:G.
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d) Hé S chia vecto 0 1a phu thudc tuy&n tinh. Thét vy khi d6 1.0 1a médt t&
hop tuyé€n tinh ciia S, 1.0 = 0 nhung hé s& khéc 0.

e) Hé S ¢6 hai vecto trung nhau thi phu thude tuyén tinh.
Theo vi du e), hé djc lap tuyén tinh c6 cdc vectd khdc nhau, do dé ciing 1a tap

vectd.

Ba dé 3.1. Cho cde hé vecto S va T cua khéng gian vecto X va 8 < T.
Khi dé
a) S phu thube tuyén tinh thi T phu thudc tuyén tinh.
b) T déc lap tuyén tinh thi S déc lGp tuyén tinh.
Chizng minh. Moi t6 hop tuy&n tinh cia S ciing 12 t8 hgp tuyén tinh cla T nén
ta ¢6 cdc khdng dinh trong bd da. a

Bé dé 3.2. He hwu han vecto S = {vi,--, vk} phu thube tuyén tinh néu va chi néu

ton tai moét vecto cia hé ld t6 hop tuyén tinh cia cde vecto con lai,

Chitng minh. Néu chdng han v, 13 t8 hop tuyén tinh cla cdc vecto cdn lai
thé thi

Vi =AgVg +hgVg + ...+ AV
hay v;-Agve —...—Ayvy =0

Hién nhién 1, -Ay,...,—A; khéng dong th¥i bing khéng nén hé 12 phu- thudc
tuyén tinh.

Nguge lai, n€u hé phu thudc tuyén tinh. Khi d6 tén tai cdc s§ Ay, Ag,.., Ak
khéng déng thoi bing khong dé

?lel + szz +...+ lkvk =0.

Gid s Ay =0. Khi dé ta 6

Ao Ag Mg
Vy = ——2Vy = =2 Vg — . ——V,
1=y ey e n k
nghia 12 vy la t8 hgp tuy&n tinh cla vq,vg,..., V. 0

DPinh Ii 3.1. (B6 dé co ban vé sy phu thudc tuyén tinh). Cho 5 ={vy,vg,..,vy} l&
mét he vecto va T = {uy,ug,...,uy} la mot ke vecto déc ldp tuyén tinh sao cho
Tc<Bs. Khidém<k
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Ching minh. Gid st trdi laim > k. Vi uy e <S> nén
Up =MV + .+ AV,
Do u; =0 nén tdn tai A; # 0, ta c6 thé gid thidt A; » 0. Khi d6 c6 thé viét
vy =bjuy +bavy +...+ byvy. (1)
Ta lai cé
Up = A{Vy + .+ AL V.
Thay v, béi (1) ta cé
Uy = Cjuy +CqVg + ... + Cp V.
Cdc 86 Co,...,c;, khong ddng thdi bing O (vi néu trdi lai thi uy = cju;, mau
thuln vi T déc 14p tuyén tinh). Gid sit ¢y # 0, khi d6 v, va do d6 ug la t§ hop
tuy€n tinh clia cde vecto up,uy, vz,..., Vi. Ti&p tuc qud trinh nay sau k + 1 budc, ta

¢6 uy,; 12 t8 hgp tuyén tinh cda cdc vectd uj,ug,...,u;. Ta gip miu thudn vi T
ddc 14p tuyén tinh. Vay m < k. (m|

Cho hé vectd 8 ={vy,vy,..., vy} trong khong gian vectes X. Hé& S’ l4p nén tit mét
s8 vecto cia S goi 12 hé con cla 8. 8 goi 1a hé con dgc 1ap tuyén tinh t8i dai cha S
néu S’ djc l4p tuyén tinh va néu b sung vao 8’ mot vects bat ki cia S thi hé nhan
duge 12 phy thude tuyén tinh.

DPinh li 3.2. 56 vecto trong mét hé con déc ldp tuyén tinh t6i dai cia mot he
vecto la khéng doi.

Ching minh. Gig s¢ 8={vq,..,vy} vd T={u,...,u,} 13 hai hé con dfc lap
tuy&n tinh t8i dai cia mt h@ vects. Vi {vy,...,vy,u;l, j=1,., m 12 phu thuge tuyén

tinh vA S dgc 14p tuyén tinh nén uy, j=1,., m 12 t§ hgp tuyé€n tinh cia cdc vecto
cia hé¢ S. Theodinh li 3.1, m < k. Tuong tutacingcé k< m. Vaym =k O

Dinh 1i 3.3. M6: hé vecto doc lap tuyén tink trong K™ 6 khéng qud n vecto.
Cht_an minh. Hé vecto ey =(1,0,0,...,0), 5 =(0,1,0,...,0),.., e, =(0,0,0,...,1) 1a
doc 14p tuyén tinh, hon nita moi vecto v = (x1,Xg,...,x ) € K” déu c6

vV =X1€) +Xg@g +...+ X, €< 8q,89,...,6, >.

Néu {vqy,vg,..., vy} 12 mot hé vecto ddc lap tuyén tinh bAt ki trong K" thi theo
dinh li 3.1 ta c6 m < n, O
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2. Hang cia hé vectd

Cho hé vecto S ={vy,..,vi}. Ta goi hang cia S, ki hidu r(S), 11 s8 vecto trong
mdt hé con doe lap tuy€n tinh t8i dai cda né.

Theo dinh 1i 3.2, hang cia mdt h vecto 1a duy nhé4t.

D€ tim hang cGa hé vecto S ta c6 thé ti€n hanh nhu sau. Ki hiéu vi, la vecty
khdc khéng d4u tién cia hé, v, 13 vecto ddu tidn cda h@ sau vy, ma (v, v} dée
‘lap tuyén tinh. Do hé chi ¢6 hitu han vecto nén sau mjt s8 bude ta tim duge hé con

vilsviz""’vim

doc l4p tuyén tinh va moi vecto clia hé déu 1A t§ hgp tuyén tinh cha cdc vectd
thude hé nay. Viy hé con néi trén 1a ddc 14p tuyén tinh téi dai va r(S) = m.

R6 rang ring S ¢6 k vecto ddc 14p tuyé&n tinh néu va chi néu r(S) = k.
Cho ma trin A ¢ip m x n,

a5 &g . By
| a a v @
A—|B21 82 2n
Am1 8m2 - Amn

Ki hidu A; = (a8;3,8;9,....8jp) va goi 12 vecto dong thit i ciia ma tr4n A.
S =1{Ay,Ag,... Ay}

12 mgt hé vecto trong K.
Dinh. i 3.4. Hang cia ma trgn A € My, (K) bdng hang cia hé vecto dong
{A1,...An} ciané trong K",

Chitng minh. Gia sit r(A) = k. Khi 46 tdn tai k dong chia A ma trong k ddng dé
¢6 médt dinh thie con cp k khdce khdng. Ta c6 thé gid thi€t d6 1a k dong ddu. Xét
quan hé tuyé&n tinh

A’lAl + 1.2A2 + ...+ lkAk =0
31111 + 82112 +..+ akllk =0
L= alkll +32k12 +...+&kk7k.k =0

alnll + a2n7\.2 +...+ anklk =0
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Theo gid thiét, hé gdm k phuong trinh ddu tién eila hé nay 1a hé Cramer, do d6
né chi c6 mot nghidém duy nhdt 1a A, =0,A; =0,.., A, =0. Hién nhién d4y ciing 1

nghiém duy nhdt cia hé. Vay Ay, Ag,.., Ay dbc lap tuyn tinh vi
r({Ay,...An}) 2 KA.

Ngugc lai, gid st r({A;,...,Ay}) =k Khi d6 ¢6 thé tim dugc trong cdc vecto
Ay,.., A kvectd doc lap tuyén tinh. Ta c6 thé gid thidt d6 12 k dong ddu tién. Ta

sé chimg minh trong k ddng nay ¢é mét dinh thite con cdp k khdc khéng. Khi d6
r{A) 2 r({Al,...,Am}). Thét vy gid si k dong néi trén chi tim duge dinh thide con

khéc khéng cp cao nhat 12 p < k. C6 thé gia thiét dinh thic con cdp p d6 ndm &
goc trén bén trai. N

Xét hé vecto vy =(aj),...a1p), Vg =(ag),...22;), Vp =(apy,...,a5) Vi dinh
thic c¢é cdc ddong la cdc vecto nay khdc khéng, do d6 theo phén chiing minh trén,
{vl,vz,...,vp} la h& vects doc 14p tuyéan tinh trong KP. Dt
Voi1 = (8p.411,8p41,2+18p41,p) - VI hé {vl,...,vp,vp+1} phu thujc tuyé€n tinh theo
dinh li 3.3, do d6 ta c6 :

Vpsl = A1Vy +AgVg +..+ ApVp.

Ki hiédu

V:11A1+12A2+...+h A

pip
Vi hé {Al,Az,...,ApH} doc 14p tuyén tinh nén v= A,,,. Do p toa d§ ddu cia

hai vects nay bing nhau nén ta ¢6 thé gid thi€t toa d6 thd p + 1 cla ching khée
nhau. Khi dé A ¢6 dinh thitc con ¢fp p + 1 biing

817 212 .. A1p A1p4

A‘”l:a a a,_ a
pl 8p2 . 8pp 8ppy

6 0 0 0 ¢

P
trong d6  c=ap,1 5.1~ O Aajp. #0. T ds
i1

Ap+1 = CAp = 0.

Ta gip mAu thuin. O
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Dinh M 3.5. Hang ctia mét ma trén khéng d6i khi thuc hién cde phép bzé’n doi so
cdip trén cdc dong.

Chitng minh. Ki hiéu S={A,Ay,.~,A,} 12 hé cdc vecto dong cia ma trin A.
Theo dinh 1i 3.6 ta ¢6 r(A) = r(8). '

Truéc hé&t ta nhin xét r¥ng : nfu thém vio mdt hé vecty mot vecto 12 t§ hop
tuy€n tinh cia hé ho#c bdt di tir hé mdt vects 12 t8 hgp tuyé&n tinh cia cdc vecto
con lai thi hang hé méi bing hang hé ci.

Vi hang clia hé vecto khdng phu thudc vao that tu cia cde vecto nén hién nhién
hang khong thay ddi qua phép bi&n ddi loai 1.

Gid s& nhan dong tha i véi A # 0. Khi d6 1A; 12 mét t8 hgp tuyén tinh cla cdc
vecto ciz hé S va ’

A, =OA, + +—71: (AA;) +...+ 0A,
12 mgt t8 hgp tuy&n tinh cha hé céc vecto
{Ap,.. A0 ALY
Do d6 thém vao hé S vecto XA, sau dé bdt di vecto A;, ta cd
(S) = r(Ay,. Ay, AL,
nghia 1a hang khéng thay déi qua phép bi&n ddi loai 2.

Tuong tu, d6i v6i phép bién ddi loai 3, gid sif cdng vao dong thit A; déng A
Béi vi A; +AA; 13 mdt té hop tuyén tinh ciia S va

Ai = OAI + ...+ 1(A1 + A.AJ) + ..+ (_)’)A] +..+ OAn
nén A; la mét t6 hgp tuyén tinh clia hé vecto
(A A +rAy, LA

Do a6
T(S) = r(Ay, . A; + 1A, Ay, o

Vi du. Xét tinh ddc lap clia hé vecto sau day trong K®

v; =(1,3, -2, 5), vy =(2,1,3, -1}, vy =(1, -2, 5, -6).
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Gidi. Ta cé

1 3 -2 5 1 3 -2 5
r{vy,vg,v3)=r|2 1 3 -1 |=r|0 -5 7 11
1 2 5 -6 0 5 -7 -11
1 3-2 5
=rl0 57 11{=2<3.
0 0 0 O

Do d6 hé phu thudc tuyén tinh.

§4. Co sd va toa d6. Khdng gian hitu han chiéu

1. Co 58 va toa do
Ta goi mét tAp con B cha mot khdng gian vecto X 1a co sé& clia X n&u B dgc lap
tuyén tinh va <B> = X.

Dinh 1i 4.1. Cho L va S Ig cdc tdp con cda mét khéng gian vecto X, L _déc
lép tuyén tinh, L S va <S> =X Khi dé tén tai co sé B ciia X sao cho
LecBcS.

Chitng minh. Ki hidu € 12 ho t4t cd cde tdp con doc 14p tuy&n tinh cia S chia
L. S4p € thec quan hé . Theo nguyén li t8i dai Hausdorff, trong € ¢6 mot ho con
M duge s#p tuyén tinh t3i dai. Dt

B= u M
Medl

D& dang thdy ring L < B — 8. Ta s& chitng minh B 13 co 6.

V6i hitu han vy,.., vy € B, tén tai Me M sao cho {vy,..,vy} c M. Do M doc lap
tuyén tinh nén

7\1"1 +...+1.ka =0 = ll = =lk =0.
Vay B déc lap tuyén tinh.

Ta ¢6 8 ¢ <B>. Thit viy, néu tén tai x € S\<B> thi B u {x} ddc lap tuyén tinh,
Buixl ¢ M, Mc By {x} v6i moi M € M. M&u thudn véi tinh t3i dai cha M. Vay
<B>» =<8> =X, a

Hé qua 4.1. Moi khéng gian vecto X déu ¢é co sé.
Chitng minh. Chon L = &, 8 = X va dp dung djnh 11 4.1. m]
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Ba dé 4.1. Cho B=|v,};[ l&d mdt co s& cia khong gian vecte X Khi dé mébi
x € X, ton tai duy nhdt b6 8 (A;);] trong K, trong dé chi ¢6 hitu han X # 0,
sao cho

X = Z AV
iel
Ching minh. Do B 1 hé sinh nén tén tai it nh&t mdt bd s& (A;);.; thod min
X =Y %;v; . NEuhe 88 (u;);; ciing thod mén x =) p;v; thi

iel iel
PRAEDW N
iel iel
Suy ra Z(Ai -ur, =0
iel

Do B ddc 14p tuyén tinh nén X; - p; =0 hay
Aj=p; véimoiie L B B

T b8 dé 4.1, ta goi % = (A;);1 12 toa d§ clia vecto x trong co sd B.

2. Khéng gian vectd hiiu han chiéu

Khéng gian vecto X goi 12 hitu han chiéu n&u X c6 m6ét hé sinh hiru han. Khi d6
theo dinh 1li 4.1, X ¢6 mdt co s¢ hitu han n vectg.
B8 dé 4.2. Néu X ¢6 mét co sé hizu han B gém n vecto thi

a) Moi hé vecto d¢c ldp tuyén tinh trong X c6 khéng qud n vecto

b) Moi co 56 cia X déu ¢é n vecto

c) Méi hé gém n vecto déc ldp tuyén tinh cia X déu la co sd.

Chung minh. a) Gid sit B' 1a hé dgc 14p tuyén tinh. Do B’ ¢ <B> nén theo dinh
1i 3.1 88 vecto cfia B’ < n.

b) Gid sit B’ ciing 12 co sd thi B va B’ déu 1a hé doc lap t8i dai trong B U B
Theo dinh H 3.2 ta ¢6 88 vecto ciia B va B’ biing nhau.

¢) Gid st W ={wy,..,w,} 12 hé djc lap tuy&n tinh trong X. Véi moi x ¢ X,
W U {x] theo b) 14 phy thudc tuyén tinh. Do d6 theo b8 38 3.2 :

X =MW+ thyw, € <W>,

VAay W ciing 12 hé sinh cta X nén 12 co s6. |
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Khéng gian vects X khéng hiu han chiéu goi 12 khéng gian vd han chidu, ki
hiéu dimX =

Vi du. a) @ 1a co sd khdng gian O gdm chi mt vecta khong.

b) K" ¢6 co 5§ 1a he {ey,...e;}, xem vi du trong §3, goi 12 ¢ 58 chinh tic. Moi
hé n vecto djc lap tuyén tinh {v,,..,v,} trong K" déula co 6. Ta ¢6 {vy,...,v,}
12 co s& né&u va chi néu r{vy,..,v )} =n.

¢} Ki higu Ej € My, (K) 12 ma trfn c6 phén t& tha (ij) bdng 1, tat cd cac
phdn td khdc bing 0. D& thdy E={E;li=1..,m,j=1,.,n} 1a mot co sé cia

My (K) . Do 46 dim M, (K) = mn.
d) {1, x,...,x“} Ia m$t co s& cda K, [(x]. Do dé
dimK_ [x]=n + 1.

&) {x* ke No| 1a mot ca 58 cia Klx]. Do d6 dim K(x] = .

Cho B = {vy,..,v,} 12 mdt co s& cla khéng gian vectos X. Moi x e X, theo
b8 dé 4.1, tdn tai duy nh4t by s§ (X4,...,A,) sao cho

X=Avy+..+A vy
B§ 88 (Ay,...,A,), toa dd cla vecto x trong co s& B, duge ki hiéu 1a

%3 = (Xq1,.., X))
hotic
n
[x]g =] ...
xn
Vi du. Trong R?® cho edc vecto vy =(1, 3, 0), vy =(-2, 2, 1),' v3 =(0, 1, 2).
Chitng minh réing B ={v;,v5,v3} 12 mot co s& cia R® Tim toa dd cia vecto
v={(1,1, - 1) trong co 86 B.
Gidi. Vi B ¢6 3 vecto nén ta chi cdn chimg minh B dac 1ap tuyé&n tinh.

1 30

ViD=1-2 2 1|=15=20,dodé r(B) = 3. Vay B dfc 1ap tuyén tinh.
0 1 2
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Phuong trinh vecto
lel + X2V2 + X3V3 =V
tuong duong vdi hé
xl - 2X2 =1
3xy + 2% + Xg =_1
Xg +2xg = -1
Gidi theo phuong phdp Cramer ta ¢c6 Dy =9,D; =-3, D3 =6, do d6 x; =3/5,
Xg =—1/5, xg3 =-2/5. Viy

3. Co s& va chiéu cia khong gian veetd con

Khé.og gian vecto con ciing 14 mdt khéng gian vecto nén ¢6 co & va chidu nhu
dd dinh nghia & phén trén. & day ta chi xét khong gian vecto con sinh béi mot hé
vecto

V=<V, ¥p,.0,7 >,

Hé vectd {vy,vy,...,vi} goila mot hé sinh cda V.

Dinh 1i 4.2. Moi k¢ con dic l6p tuyén tinh t6i dei cida {vy,vy,..,vy} & mét co sd
cia V vd do d6

dimV =r(vy,vg,..., Vi ).

Chung minh. Gid st E = {Vilrviz’"-,vim} 12 mjt hé doc lgp tuydn tinh t&i dai
cda {vy,vp,...,vi} . Khi d6 moi vecto v; déu1a m§t t§ hgp tuyé&n tinh cha cdc vecto

cia h¢ E. Tit d6 suy ra moi v € V ddu 12 mdt 16 hop tuy&n tinh cdc vecto cia E.
Vay E 12 ca si clia V. O

Vi du. Trong R* cho céc vecta
vy =(1,1,-2,1), vg = (1,-2,3,0), v =(2, 1,0, 3), vg =(2, 4, -5, 4).

Tim chidu v mit ed sd cha V =< vy, vy, vz, vy >.

Gidi. Ta c6
11 21 11 -2 1
1 -2 3 0 0 3 5 -1
im r{vy,v3,V3,V4) =T 2 1 0 3 Yo 1 4 1
2 4 -b 4 0 2 -1 2

64



1 1 -2 1 11 -2 1
0 -1 4 1 ¢ -1 4 1
=r =T =3.
C 0 -7 4 6 0 7 4
c 0 7 4 0 0-0 0O

Vi dim V = 3 nén mei hé gém ba vecto ddc 14p tuy€n tinh cta V déu 12 co 56
ciia V. Ta ¢6 thé chon mdt co s& cila V1a {v;,vy,v3} hofic

(1, 1, -2, 1), (0, -1, 4, 1), (0, 0, 7, 4)}.

4. Tdng cia ciac khéng gian con
Cho M; va M, la k.hﬁng gian con cia khéng gian vecto X. Ta goi
M; + M, ={x; +X3|x; € My, x5 € My} '
la t8ng cla cdc khéng gian con M; va M,
D& dang thdy ring M; "M, 1a khong gian vecto con cia X.

B6dé43. Cho M; wve M, la cdc khong gian con cia X. Khi dé
M; + M, = (M; UM,)}, vé do d6, M, + M, la khéng gian con cia X.

Chitng minh. Hién nhigén My + M, < (M; UM3). V6i moi x e (M; UM,) déu c6
thé viét
X=AX] +otApXy + WYy F e+ WY
voi x;eM; va y;eM,. Vi
MX) + o+ Anxy, € My, gyyy +. 4+ ppyn € My
nén x €M, +My. Viy (M; UMz)c M; +M,. a

Cho M, va M, la khéng gian con cha khdng gian vects X. Néu M; n M, = (0)
thi téng M; + M, goi 12 tfng trye ti€p, ki hidu M; ® M, .

B3 dé 4.4. Cho M; va M, lo cdc khéng gian con cia X Khi d6 M =M,; &M,
néu va chi néu moi x €M duge viét mot cdch duy nhét dudi deng x = X, + X,
trong dé %) € My,xp € M;.

Chitng minh. Gid st M =M; ® M. Khi d6 moi xeM hién nhién duge viét dudi
dang x =x; +X3,%; € My, Xy € My. Ta s& chitng minh cdch vi&t d6 la duy nhat.
Thét vy néu ciing c6 x =x] + x5 voi x; € M, X, € M, thi

X1 + X9 = X1 +x5 hay x; -x] = x5 — x4
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Tir 46 suy ra x; -x; € M; "My, x5 —Xg € M; "M,

Vi M; "M, ={0} nén x; =x) va Xg = Xg.

Nguoe lai néu moi xeM déu duge viét modt cdch duy nhat dang x =x; + X,
%y € M, X5 € My . Vi mei xe My nMj ta ¢

x=x+0=0+%x¢ Ml—?Mz
nén x = 0. Vay M; n M, = (0} va tfng la tryc tiép. |
Dinh li 4.3. Néu M, va My la cdc khéng gian con h@u han chiéu cda X thi
M, + M,y hizu han chiéu va
dim(M; + My) = dimM,; +dim M, - dim(M; nM,).

Chiing minh. Dat dim(M; nMy)=p, dimM; =m+p, dimM; =n+p. Gid su
{zl,...,zp} 1a mét co s& cia M; nM,. Theo dinh 1i 4.1, chon duge uy,.,uy € M;

va vi,..,vy € My sao cho

S ={zl,...,zp,u1,...,um} 12 co sd cia M,
Sp = {zl,...,zp,vl,...,vn} 12 co s& cda M,.

Ta chi cdn chitng minh

8=8,uSy = {zl,...,zp,ul,...,um,vl,...-,vn}
14 co s& cia My + M,.

Tru6e hét d& thay S 1a heé sinh cia My + My, vi x =% +x5 € M + M, thi x;
1a mét té hop tuyén tinh cdc vecto thude S;,x; 13 t8 hop tuyén tinh cdc vecto
thudc S, nén téng cha ching la mot t3 hop tuy&n tinh cdc vects thuge S. Ta con
phdi ching minh S déc lp tuyén tinh. Xét quan hé tuyén tinh

321 + .+ EpZy + Ay + ok Ay H PV F o F gV =0, th,Aq.py € K. Tacé
U=tyzy 4o+ tpZp H Ayt Ay = (R vy Fo BnVn ) (1)
Do biéu thide giffa thuge My, bidu thde cufi thuge My nén ueM; nM,. Tir d6

c6 thé vidt

u=812Zy +...+ szp.
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Th€ vao (1) ta cé
8121 + ...+ 852, +p;vl +.4 pyv, =0
Do S, doe lap tuyén tinh nén
8] =..=8y, =y =..= u, =0,
Tu (1) suy ra
£12y + .+ tpZp + Aquy + L+ Apu, =0,
Do 8; doc ldp tuyén tinh nén
b ==ty =A== Ay =0,
Véy moi ty,Aj,1; bdng 0 nén S déc lap tuyén tinh. 0O

Véi moi ho céc khong gian con M;,...,M, cia X ta dinh nghia

n
2Mi =M+ My = g e X 3y € My, x, € My}
i=1

Néu M; n>" M, ={0) véimoii=1,.,n thi tdng goi ]2 tryc tidp va ki hiéu Ia

J*t

M.

i-

@ =

i=1

Tuong ty dinh 1f 4.3 ta cling ¢6
n

M= _691 M; néu va chi nu moi x € M duge viét mét cdch duy nhat dusi dang
i=

X=X +..+X,, X3 e My,.., x, e M.

§5. Ung dyng vao hé phuong trinh tuyén tinh

1. Piéu kién tén tai nghiém
Xét hé phuong trinh tuy@n tinh m phuong trinh, n £n 86

A11Xy +tay9Xg +... +81,X, = bl
ag1Xy + 890Xy +...+ agn X, = b2

(1)

851Xy +8poXg +.+an X, =b,
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Dﬁt a.j = (alj,azj,...,amj) le] =1,.,n; b= (bl’bzi'"'bl:!:l)'

Khi d6 hé phuong trinh (1) ¢6 thé vi&t dudi dang vectd

X8 + X8y +...+ X8, = b ; ' (2)

Pinh 1li 5.1. (Pinh li Kronecker — Capelli). H2 (1) ¢6 nghiém néu va chi
néu r(A) = r(A), trong dé

ajp e A1g _ 211 A1n bl
A=l ... o |, A=

Q1 - Bpp 8m) - Bmn Pm

Ching minh. D& thdy ring
(2) ¢6 nghiém < be<ay,..,a,; >

< r(ay,...,8,) =r(a,..,a,,b)

o AT = &)

< r(A)=r(A). O
Nhan xét. NEu mdt phuong trinh cda hg (1) la t8 hop tuy€n tinh cia cdc phuong

trinh khéc (tdc vecto he s& cia né 12 mot t6 hgp tuyén tinh cda cdc vecto hé s8 cia
cdc phuong trinh khéc thi c6 thé loai phuong trinh d6 ra khoi hé.

. Vi viy, néu r{A) = r(A) =r thi bing cdch loai bét ede phuong trinh khéng cdn
thi&t, h@ da cho tuong duong véi mot hé chi gbm r phuong trinh.

Ki hlél.l aj = (alj,azj,...,arj), b= (b19b2""’br)'

N&ur = n thi D = det(ay,ag,..,a,) # 0. Do d6 hé (1) c6 mot nghiém duy nhat 1a

D; :
Xj = FJ' i=1,2,.,n,trong d6 D; =det(a;,...,b,..a,),b & vi tri thit j (theo dinh 1i

Cramer).

Né&u r < n thi ta c6 th€ gid thiét det (ay,aq,...,a,) 2 0.
Vi be<ay,ay,..,a, > ndn tén tai duy nhét c;,cy,...,c; dé
b=cja; +cpag +...+ 8,
Vi a;,q,..,8, € <2y;8g,...,8, > DéN

Brpj=depji@y+ o+ deyjrdr, J=1,2,,0-1
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Tt 46 néu (X;,X3,...,X;) 12 mét nghidm cGa (1) thi thay vao (2) ta c6
Xj8y +Xofg +...+ Xp, 18,1 + -+ Xp8, =b &

T n-r T .
< Y xpay + anj(z d”j,hah]:b =

h=1 =1 h=1

I n-r
= [xh +Y xnjdnj‘h]ah =b.
h=1

j=1
Tir 46, do hé {a;,as,...,a,} dfc l4p tuyén tinh, ta cé

n-r

Xp + Z Xrijdpsjh = Ch.h =11
=1

Néu chon x,,; =t; tuy ¥ thi

n-r

Xp =Ch — Z dr+j,htj N h = 1,2,...,‘ T.
j=1
Do 46, hé (1) ¢6 nghiém la
. n-r
Xp =Cp - z dr+j,ht’j y h= 1,2,...,1‘
=1

Xh+j = tJ,_] = 1,2,...,11—1'

Trudng hgp nay hé ¢6 vd s6 nghiém phu thude n — r tham s& tuy v,
Nhu viy : :
~ N&u r(A) < r(A) thi hé (1) vé6 nghiém ;

— Néu r(A) = r(A) = n (s8 &n) thi hé (1) ¢c6 mét nghiém duy nhat ;

(3)

— N&u r(A) = r{A) =r <n thi hé (1) ¢6 vd s nghiém phu thudc n ~ r tham s8.

Nghiém dang (3) goi 1a nghiém t8ng qudt cia hé. Nghiém riéng 14 nghiém (mng

véi ty,tp,...,ty_, cu thé

2. Hé thudn nhé&t

Hé phuong trinh tuy€n tinh duge goi 12 hé thudn nh4&t n€u t8t cd cdc hé s6 tu

do clia n6é bdng khéng.

H@ thuin nhéit
813X) + 80Xy +...+ By X, =0
91Xy + AgpXg +...+ AgX, =0

..............................................

(4)
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luén ¢6 nghidm vi r(A) = r(A). Cu thé, hé luén cé it nh&t mdt nghiém 1a
x; =0,%9 =0, ., x, =0, goi 12 nghiém tdm thudng.

Theo dinh li 4.1, n€u r{A) = n thi hé <6 duy nh4t mdt nghiém, dé 12 nghiém
tdm thudng.
Néu r{A) = r < n, ta dua hé vé8 hé chi gdm r phuong trinh. V6i gid thiét
a;,ag,...,a, doc l4p tuyén tinh thi
b =0ay +0ay +..+ 0a,
do dé theo cong thic (8) v6i ¢y = ¢y =... = ¢, =0, ta duge nghiém tdng qudt cia
hé (4) 1a
n-r
Xp = —Z dr+j,htj’ h= 1,2,...,1’
j=1
Xh+j = t]’j = 1,2,...,n —T.
Thay (t,ty,....,t, ;) véi t; =1ty =0 pfuk=#j,j=1,2, . ,n-r,tadugen —r
nghiém riéng .
dl = (_d'r+1,1’_dr+1,2!'"!_dr+1,1'’1'»"0’“"0]|

dy =(-d;,21.~dys22:drs2,r:0,1..,0) )

dy_, = (dp1,—dpgses—dpr, 0,0,..,1)
Ta thiy ngay ring r(d;,ds,..,d,_ )= n — r nén hé (dy,dy,...,d, ) doc ldp
tuyén tinh. Nghiém cia hé dng véi ty,ts,...,t, , tuy ¥ 1a

n-r
x= Y t;d; e <dy,dp,...,d;_, >, do d6 nghiém ciia hé (4) 12 khéng gian
=1

vectd con
V =<dy,dg,..,dy_, > c K",

Ro rangla dimV =n-r nén ta c6 dinh 1f sau :

Dinh lf 5.2. Tgp nghiem V cia he thudn nhét (4) la mot khéng gian vecto con
cia K" véi s6 chidu dimV = n - r(A).

Chd ¥ r3ng dinh li 5.2 ding c4 trong trudng hgp r(A) = n, khi d6 dimV = 0 va
V= {0}
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Khéng gian vecto con V thudng goi 1a khdng gian nghiém cia hé thuidn nh4t.
M8i co 56 cda khong gian nghiém V goi 14 mdt hé nghiém co bdn. Hé cdc nghiém
(5) 124 mét hé nghidm co ban.

Hé thudn nh4t (4) goi 14 hé thudn nhdl lidn két v6i hé tdng quét (1).

Dinh 1i 5.3. Néu c=(cy,¢y,...,¢,) la mot nghiem cua hé (1) thi tép tdt cd cdc
nghiém cia hé (1) la
lc+vlveV}
trong doé V la khéng gian vects con nghigm cia he thudn nhdt lien két (4).
Chung minh. Cho =x=(x1,Xp,.,%,). DP#t dj=x;-¢c; ta duge vecto
d =(d,,ds,...,d} € R®. Ta chi cdn ching minh ring x 12 nghiém cda hé (1) néu
va chindud € V. Thiat vy, vdimoii= 1,2, ., mtacé:

n L1 ]
x la nghiém ciia (1) & ) a;x;=b; & Y agdj+e)=by
i=1 =1
n n
> ﬂ.ud] + Z ach = bi Lo Z audj =0
j=1 j=1 j=1
<:>_d e V. O
Vi du. a) Gidi hé
Xy - 3X2 =2
2%5+x3 =1
. . Xy —3x =0
Gidi. Ha thudn nh4t lién két 1772
: 2%9 +x3 =0
X = 3xy

¢6 nghiém téng quat 1a Xg = Xg
X3 = —2X2,X2 tuj( 5’

xl = 2
D& th&y hé khéng thudn nhdt ¢6 mdt nghiém riéngla <x, =0
X3 = 1

Do d6, hé khéng thudn nh&t ¢6 nghiém téng quét 1a
x; =2+3x,
X3 = Xg
Xz =1-2x,,%x, tuy ¥.
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Xy —Xg +X3—X3 =0
b} Cho hé phuong trinh <2x; +X; — %3 -2%, =0
X; + 2% —2x3 -x,4 =0

Gidi hé phuong trinh va tim mdt hé nghiém co bén.

Gidi. Ma tran cia hé

1 -1 1 -1 1 -1 1 -1/0 1 -1 1 -1(0
21 -1 -20j~|0 3 -3 0j0|~0 1 -1 0|0
1 2 -2 -1/0 0 3 3 ¢o0f0 0 0 O 0 0

Ta c¢6 hé tuong duong

xl=C]_
Xy —Xop +Xq~X4 =0 Ko = C
1 2 3 4 - 2 2, ¢1,¢; € K.
X2—X3=0 X3=02

X470

Mot hé nghiém c¢ ban 12 {(1,0,0,1) ; (0,1,1,0)}.

Bai tap
III.1. Cho A 1a mot tap tuy ¥. Ki hidu M(A) 1a t4p t4t ca cdc dnh xa tir A vao K.
'rong M(A) dinh nghia ede phép todn.

f + g (x) = fx) + glx)
(ALXUx) = Af(x)
viimeif, ge M(A), AeK,xe A

a) Kiém lai ring M(A) 14 khdng gian vectog trén K.
b) Véi moi a € A, 44t

ln8ux=a
Onéux=a

fa(x) = {
Ki€m lai riing tdp {fa lae A} Ia déc 1§p tuyén tinh,

¢) Cho A 1a tap hitu han, A ={ay,...,a,}. Ching minh {f, ,....f, } 1a co s&
cia M(A).
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IIT.2. Ki hidgu V=K xK. Trén V xdc dinh phép todn

(a,b) +{c,d)=(a +¢,b+d), Aa,b)=(ra,0),
Chiing té6 V khong la khdng gian vectg.

I11.3. Ki higu X = {x € Rl x > 0} . Trong X dinh nghia phép todn
x@y=xy (vx,vyeX)
AOX=x (VieR,xeX)

(phép todn & v& phdi 1a phép todn théng thutng).

a) Chiing td X vdi phép cdng va phép nhan vdi vé huéng nhu trén 1a mét khong
gian vecto thuc.

b) Tim mdt co 83 va chidu cha X.
¢) X ¢6 phai 12 khéng gian vectd con cia R' khong?

II1.4. Cho E 12 tap t4t cd céc ddy (x,) trong K. Trong E xét phép todn cdng

(%p) +(yp) = (X, +¥p)
vA phép nhén véi v6 huéng
Mx,) = (Ax, ).
a) Ching minh E I m{t khéng gian vecto trén K,
b) Ching minh E la vé han chiéu.
¢} Trong cdc t4p sau tdp nao la khong gian vects con cha E .
¢, ) Tédp F cdc day bi chan
co ) Tdp G cde diy hdi tu
c3) Tép H cdc day héi tu d€n mét & a cf dinh
c4) Tép I cdc day phén ki.

IIL5. Che (Vj)ic 12 mdt ho cde khéng gian con ciia khong gian vects V. Ta goi
téng ctia ho khéng gian nay la

v ={Z ;| x; € V;,J < LJ hitu hgn}.

iel ied

Ching minh [ V;, 3 V; la cdc khéng gian con ciia V.

iel iel
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I11.6. Trong cdc t4p sau, tip nao 13 khéng gian vecto con clia RS, Trong truﬁng
. hop 1a khéng gian con, hay tim cd s& va chidu cia né.

a) {(x,,Xy,%3) € R3 | 2%y — 3x5 + 5x3 =0}

b) {(xy,%Xg,%3) € R3 I x; = 2%y v 2xy = x5)
¢) {(x;,Xp,%3) € R® I x; = x&)

d) {(xy,x9,%3) € R® | x5 = x3)

e) {(xy,%q,%3) e R¥ 1 xE +x2 =0}

D 1(xy,xg,x5) € R 1 (x; — 1 — (x5 1% = 0).

I11.7. Cho M 12 mét khong gian con Khéc {0} cia khdng gian vecte X, Chitng minh
Card(M) = Card(KK) .

I11.8. Ta goi chidu clia mdt khdng gian vecto X 1a Card(B), trong d6 B 14 mt co sé
cia X. Ching minh

a) K[x) c¢é chiéu d&m duoc.
b} Cla, b], khéng gian cdc ham lién tuc trén doan [a bl v&i phép todn ham, cb
chidu khéng dém duge {(a < b).

I11.9. Cho M; va M2 12 khéng gian vectd con cha X. Chdng minh ring néu
M, n M, = {0} thi mdi vecto thupc M,; + My c6 it nhdt hai cdch viét thanh
téng cda hai vecto thugc M; va M,.

II1.10. Ki higu X, la tép tdt cd cdc ma trdn vudng d6i xing (tdc a; =aj véi
i,j=1,...,n) cAp n, Y, la tap t&t cd cdc ma trén vudng phdn d6i xdng (tic

ay =-a; v6i Lj=1,..,n)cdpn.

a) Chitng minh ring X, va Y, 12 khéng gian vectd con cta khong gian vecto M,
cic ma tran vudng cép n.
b) Tim co sé va chidu cia X, va Y.

¢) Ching minh rdng M,=X, @ Y,.

II1.11. Cho cdc ma trdn
A= (“ B) (B+0)va B= [ y).
¥ z t
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a) Ching minh ring AB = BA n&u va chi néu tén tai k 4€
y=kB z=ky,x -t =k(z -3

b) Ching minh ring tdp t4t cd cdc ma tridn B giao hodn duge v6i ma tran A cf
dinh 14 mjt khdng gian vectd con hai chidu cia M, .

II1.12. Cho E va F 1 hai khong gian con cia khéng gian vects V. Chitng minh
ring n&u E u F 12 khéng gian con thi E c F hoac F c E.

II1.13. Cho E va F 1& hai khong gian con chia mdt khdng gian vecto V hitu han
chiéu cé

Jim(E + F) =dim{(EnF)+1.
Chung minh rdng E + ¥ bling E hoic Fva E ~ F bing F ho#c E.

I11.14. Cho X 1a mét khong gian vecto trén C. Khi d6 X ciing 12 khdng gian vecto
trén R, ki hiéu khdng gian con ndy la Xp. Chdng minh

a) Moi hg dgc lap tuy&n tinh trong X 1a hé d6c 1ap tuy&n tinh trong Xg ; moi hé
sinh clia X 12 he sinh cia X. C4c didu nguge lai khong dang. '
b) Néu B = {b;} 12 co sé cia X thi B’ = {b;,ib;} 12 co g cta Xg.

II1.15. Trong R* cho cdc vecto vy =(1,0,0,-1), vy =(0,0,1,-1), v3 =(1,0,1,-2).
a} Ching minh
<vy,ve, vy > ={(x,0,y,-x-y)[x,y € R}.

by v =(2, 0, 1, -2) thudc < v{,vs,v3 > khéng ?

II1.16. Trong R* cho vy =(2,-1,0,1), v, =(1,1,3,2), v5 =(3,~1,1,2),
vy ={1,-1,-1,0). Ching minh

<V, Vg > =< Vg,Vy >.

I11.17. Trong cdc hé vecto sau, hé ndo 12 ¢o s& cia R® _
a) {(2! 1! 3): (‘_1, 1, 0)} b) {(2, 1! 3); (_1) 1) 0)) (_'1’ li 0)}
¢} {(2,1,3),(-1,1,0),(3,0,3)} d) {(2,1,3),(-1,1,0),(1,1,~1),(0,0,4)} .

II1.18. Che {v;,vy,v3} 1a hé vecto doc l4p tuyén tinh trong khéng gian vecto X.
Dit M= <vy,vy,v3 >,
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a) Chéng minh 8'={v,,vy,v3} 12 co 88 cla M.
b) Cho v4 € M c6 toa 49 trong co 86 S1a v, /S = (ay,a,,a3). Tim didu kién d&
T = {vy,v3,v4} 12 o8& ciia M.

111.19. Cho B ={v;,v3,v3} 1a mpt co s§ cia K® va vects ve K® ¢6 v/B =(2,-3,5).
Chimg minh S 12 ¢ & cda K° va tim v/S néu

a) S={2vy,vy,v3}. b) 8 ={v; - vy,3vz,vy}.

- 111.20. Trong K® tim toa 48 ciia vects v trong ¢¢ s B

a) ¥ = (0: 5! _1)) B = I(Z, 3: 2): (4) 2) 5): (1: 2: 1)}-
b) V= (_6) _17, 2): B = {(1, 2, 1), (2: 3: 3): (39 7, 1)}-
e)v=1(a,b,e)B=1{Q,1,1)(Q1,1,0)(1,0, 0L

R

la mdt co sé cia My(R). Tim toa d cha (i 37) trong co sd dé.

I11.22. Trong Rgy[x] cho

pl(x)=1+2x+x2, pz(x)zl—x—.5x2, pa(x) = ~1+2x+6x% v p(x) =3+ 2x +x2.
a) Ching minh B = {p;(x), pz(x),p3(x)} 12 mdt co sé ciia Ry{x].
b) Tim toa 49 cia p(x) trong co s& trén,

I11.23. Trong R* cho cée vecto
Vi = (1, _2) 1) 3) ) v2 = (2, 3) 19 2) 3 v3 = (1’ 59 1, _2) .

Tim chidu v mot co & chia khéng gian con
V=<cvy,vy,vg >

II1.24. Trong R[x] cho
f1=x3—2x2+4x+1, f2=2x3-3x2+9x-1,
fy =x® +6x-5, f, =2x3 -5x% + 7x +5.

Tim chiéu va m¢t co s& clia khong gian con V = < f;,f5,13,f4 >.
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I11.25. Trong R? cho Ula khong gian con sinh bdi

(,1,0,-1),(1,2,4,0),(0, 1, 4, 1)
va V l1a khong gian con sinh béi .

(3, 2,2,-3),(2,3,4,-1), (1, -1, -2, -2).
Tim dim(U n V) v mét cosdeha U m V.

I11.26. Gidi va tim mdt hé nghidm co bin cla cdc hé thuén nhdt sau :

. e — _
Xt sz %3 3x4 0 r3x1 + 5X2 + 2X3 =0
3x; +5x5 +6x3 —4x, =0
a) - b) <4x) +7x5 +5x3 =0
4%; + 5%X9 —2x3 + 3%, =0
(2% + 9%y +6x3 =0
13Xy + BXy +24x3-19x4 =0
x4 - Xg +Xg =
[2x, ~ 4%y +5x3 +3x4 =0 Xy - X4 +Xg =0
c) 43x; —6x5 +4x3 +2x4 =0 d) {xy —xy +x5—Xg =0
|4%; — 8%y +17x3 +11x4 =0 X9 ~ Xg +xXg =0
' | X1 - X4 +Xg =0
1 -2 -1 -5)
IMI27. Chomatrfn A=[|2 1 3 0

2 0 2 -2

a) Chitng minh ring {e; =(1,-2,-1,-5), e3 =(2,1,3,0)) la mdt co sd cia
khéng gian vecto con M cla R* sinh bdi cdec vecta 12 céc ddng cia ma trén A.

b} Vecto v = (1, -3, -1, —8) ¢6 thudc M khdng ?

¢) Tim toa d§ cda vecto v = (8, —1, 7, —10) trong cd sd {e), es}.

d) Tim tdp D cde vecto (z,25,29) € R® sao cho hé phuong trinh

%y —2Xg — X3 -5%4 =7
2%; + Xg + 3x3 =29 c¢6é nghiém.
le + 2X3 - 2X4 =123

¢} Chimg minh ring D 12 mét khdng gian vects con clia R?. Tim dim D.

II1.28. Cho A €M, (K), |A|=0. Ching minh riing tén tai B e M, (K), B # 0 sao
cho AB = 0.
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CHUONG IV
ANH XA TUYEN TiNH

§1. Dinh nghia va tinh chat

1. Dinh nghia 4nh xa tuyén tinh

Cho X va X' 1a hai khéng gian vectg trén cing mit trudmg K (tide 1A eling trén
trudng thue hodc cing trédn truting phic), Mdt 4nh xa

XX
duge goi 1a tuyén tinh n€umoeiu, ve X va moi A € K déu c6
D) flu + V) = fu) + fv)
2) f(u) = Aflu).
Tinh ch&t 1) goi 1a tinh cdng tinh, tinh ch&t 2) goi 1A tinh thufin nhA4t.

B& dé 1.1. Cho f: X - X' la m6t dnh xa tuyén tinh. Khi 46
a)f{0)=0;
b)flu-v)=fu)- fv}vdi moiu, veX;
k k
c) f[z liui] =Y Af(u;) véi moi uy,...,ux € X 5 Ag,.. 2y €K
i=1 i=1

Chitng minh. Do f{i0) = £0.0) = 0.0) = 0 né&n ¢6 a); flu — v} = flu + (— 1)w) =
flu} + fl— 1)v) = f{u) — f(v) tic 1a c6 b) ; ¢) nhdn duge tir 1), 2) vA quy nap theo k.00

Vi du
a) Cdc 4nh xa sau diy la tuyén tinh :
1) f:R%2 Rl,ﬁx,y); 3x ~ 2y.
2)f: X > X', f(x) = 0 (dnh xa khéng)
3) I; : X > X, I,(x)=x (4nh xa déng nh4t)
4)f: K[x} - K[x]i, f{P) =P, P’ 1a dao ham cia P
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5) A : C[0,1] > C[0,1], (AD(x) = X2f(x) v6i moi f € C[0,1], x € [0,1)
6)f: Clabl > K, flo) = _[:cp(t)dt.

b) Céc 4nh xa sau day khéng 12 tuy€n tinh
1) f:R2—>R,f(x,y)=x~y+1
2)f: R > R, fix) = [

iR > R, £(x)=x°.

B& dé 1.2. Anh xg tuyén tinh £: X > X' la don dnh néu va chi ndu ™' (0) = 0.
Ching minh : Néu f don 4nh thi hién nhién f1(0)=0. Bay gid gia s
£720) =0 va 14y tuy ¥ xy,%5 € X. Ta c6
£(xy) = flxg) > flxy ~x5) = 0
o X, —xy € £710)
< X —Xp =0
& Xy = Xg.

Vay f Ia don 4nh. a

-

2. Pidu kién xac dinh 4nh xa tuy&n tinh

Dinh li 1.1. Cho X va X’ lé hai khéng gian vecto trén cung moét truong K,
E ={v;lic; Ia mét co s6 cia X, {vil.1 l& mot he vecto tuy y cia X' Khi d¢

f:X > X, flx) = Y v véi moi x=) Mx; €X l& drh xa tuyén tinh duy
iel iel
nhét tiy X vao X' thod mian f(v;) = v} vdi moii € l.
Ch:tng.minh. Ta nhé¢ lai r.!mg toa d cia x trong co s E 12 %: (A;ie1-
Do Vig = (Ai)jer, trong d6 A; =1, %5 =0 v6i moij # i, nén
f(vi)=v; véimoiiel

Ta s& chitng minh f 13 tuy&n tinh. Véimoix, y e X, A ¢ K.

Gid st % = (Adier» Y = (Hidier- Ta c6
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fix+y)= f[Z(li + I-li)ViJ = Z(li + Ui dvi

iel iel
= Zliv'i +Z l.liVi
iel iel
= fix) + fly) ;
fOx) = £ 00v;) = X (Adv)

iel iel

=AY A

iel
= Afix).
Do 46 f 1a d4nh xa tuy&n tinh.
Bay gid gid st g: X > X' 12 dnh xa tuy&n tinh ¢6 tinh chéat g(v;) = v vdi moi
iel Véimoi x=) A;v; eX tacs
iel
g(x) = g(Q. (Aqvi) = 3 Lglvy) =Y Apv = f(x).
iel il il
Véy g = { va tinh duy nhét cia f dugc ching minh. o
Vi di. Trong R? cho co 88 {e; =(1, -1, 2), &5 =(2, -1, 5), eg =(-1, 1, -D}. Tim

4nh xa tuyén tinh f:R%® 5 R?® thod man f(e,)=(1, 1, 1), fley)=(1, 1, 0),
fle3) =(1, 0, 0).

Gidi. V6i moi x = (X),Xg,%3) € R® ta tim Ay,hp, 0y 48

X= 2.181 + 1292 + 1393

7\.1+212—7L3=x1 ll=—4x1—3x2+x3
o ~A1 —hg +A3 =Xg < {Ag =Xy +Xg
2?‘.1 +5l2—1’\.3 =Xg la =—3x1 — X9 +X3

Tir d6
f(x} = (—4x) - 3x9 +x3)(1, 1, 1) + (X +X3X1,1,0) + (~3x; - xg + x3X1,0,0).

Vay
f(x1,%g,Xg) = (-6x, — 3x3 + 2Xg3, — 3%y — 2%, + X3, —4%; —3Xy + Xg)

v6i moi (x;,X5,Xg) € R® 13 4nh xa tuy€n tinh muén tim.
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3. Khéng gian LX,X)

Cho X va X' 12 cdc khong gian vecto trén trudng K. Ki hiéu (X, X) 1a tap tat
cd cdc 4nh xa tuy&n tinh tir X vao X'.

Vai moi f, g € L(X, X), A e K ta dinh nghia f + g va Af 12 cdc 4nh xa tit X vao
X' xdc dinh béi

f + gix) = fix) + glxn),
(AfXx) = Af(x).
Dé dang thdy riing f + g va Af1a 4nh xa tuy&n tinh, tic 1a thude L(X, X').

L(X, X'} vdi cdc phép todn trén la mot khéng gian vecto trén K, goi la khéng
gian cdc dnh xa tuy&n tinh tir X vao X',

§2. Anh, nhan va ding cau

1. Anh va nhan
Cho 4nh xa tuyén tinh f: X — X'. Khi 46 ta goi 4nh clla 4nh xa f1a tap
Imf = fIX) = {u’ = flwlueXj c X’ ; '
nhén cia 4nh xa f 12 tap
Kerf =f1(0) = {u € XIflu) = 0} c X.

Nhu véy f toan 4nh néu va chi néu Imf = X' va theo b8 dé 1.2, f don 4nh néu va
chi néu Ker f = {0).

Vidu. a) Cho f:R? 5 R?, fix,y) = (x,y,x + y)
Tacé
Kerf={flx,y)| fix, y)=0 ={{x,y)| x=0,y=0,x+y =0}
= {(0, 0)} = {O}. ,
Imf = {f(x, y)}(x, ) € R?) = {f(x(1, 0) + y(0, 1))| (x, y) € R}
= (xf(1, 0) + yRO, 1)1 (x, y) € R%)
= (x(1, 0, 1) + ¥(0, 1, D1 (x, y)e B2
=<(1,0,1),(0, 1, 1)>
2 khéng gian vecto con sinh bdi (1, 0, 1) va (0, 1, 1)
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b) Cho f: K, [x] - K,[x], &P) = P, ;Kn'[x] la khéng gian vecto cdc da thic bic
< n, hé s& trong K.

Ta ¢d .
Ker f = {P e K, [x]|P’ = 0} = [P|P = const} = K

Imf = f(K,[x]) = K,_4[x] 1a khéng gian vecto cdc da thiic bdc <n - 1.

B8 d8 2.1. Cho f: X — X' la mét dnh xa tuyén tinh. Khi d6 Ker f la mét khong
gian vecto con cia X va Im f ld mét-khéng gien vecto con ciia X

Ching minh. Véi moi u, ve Ker f, €K, ta ¢
fu+v)=fu) +fiv)=0+0=0nénu+veKerf
fOw) = Aflu) =2, 0=0nén hu ¢ Ker f
Vay Ker f I3 khéng gian vecto con ciia X.
Véituy g o, v e Imf, A € K, chon u, v € X sao cho fu) = v, fv) = v, ta cé
w+v =flu)+ Kv)=fu+v)elmf,
' = af(u) = f(Au) e Imf.
Vay Im f 1 khéng gian.vectd_ con cda X. O
B& dé 2.2. Cho f: X = X' la dnh xa tuyén tinh va S la mot he sinh cia X Khi d6
fiS) ldé mét hé sinh cia Inof.

Chitng minh. Ly tuy ¥ x'e Imf va chon x € X sao cho fix) = x’. Do S 1a hé sinh
ciia X nén tdn tai cdc vects v; €S va cde s§ A; € K sa0 cho x =R vy +..+AgVy -

Khi dé
¥ = f(x) = MF(vy) + .+ A flvyy e<£(8)) >. O

Ti b dé 2.2 dic bidt suy ra néu E 13 mot co sd cia X thi f{E) 1a mét h¢ sinh
cua X',

Vi dy. Cho d4nh xa tuy&n tinh f: R? - RS,

f(x,,X9,X3) = (X1 ~ Xg,X; — Xg,— Xg + X3}
Hay x4c dinh Tm f.
Gidi. Chon e, = (1,0,0), e = (0,1,0), e3 = (0,0,1) thi
Imf = < fle;), fleg), Fleg) » = <(1, 1, 0), (- 1,0, -1), (0, - 1, 1)» =
=<(1,1,0), (1,0, - 1)>.
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2, Lién hé gi®a dim(Im f) va dim(Ker f)

Binh It 2.1. Cho f: X - X' ld mot dnh xq tuyén tinh. Khi d6 néu dimX < « thi
dimIm f + dimKer f = dimX. .

Ching minh. Gid si dimIm f = r, dimKer f = s. Khi d6 chon mét co sé
up,ug,..uy cta Im f v mét co 88 up,q,u.,g,., Uy, cia Ker f. Goi u; e X 1a mét

vectg sao cho f(u;)=uj, i=1, ., r (c6 thé ¢6 nhidu u;, chon mot trong s6 d6). DE
hoan thanh ching minh ta chi cdn chiing minh.

U, Ug,.y Uy, Uy 1, Uy, Uy, 14 Mt ¢o 5§ clia X
Tru6c hét ta ching minh hé nay déc lap tuy&n tinh. Xét quan hé tuyé&n tinh tuy ¥
Aug +. Ay + A gup bt A o =0, (1)
Cho. énh xa f tdc dfng vao hé nay. Chi ¥ ring f(u)=ul véi
i=1,.,7rvd flu,)=0v6ij=1, .5 tach
hquy +Aguy + .. +Au, =0.
Vi uj,up,...,u; doc ldp tuyén tinh nén A; = Ay =...= A, = 0. K&t hop véi (1) ta c6

ll'+1'-:lr+1 too+ lr+sur+s =0

Lai v} up,q,...,up, dde l14p tuydn tinh nén Ay =A.,5 =..= A =0. Nhu vay
t (1) suy ra Ay =..=h; =4, =..=A, =0, do d6 h¢ uy,..,u,,, dbc lap tuyén
tinh. |

Bay gi¥ ta s& ching minh hé nay la hé sinh cta X. Véi moi u ¢ X ta c6
flu) € Im f, vi vy cé thé viét

f(u) = huj +...+ A
bat v=2u; +.. + A, taco f(v) = flu).

bit w = u— v thi iw) = 0, titc 12 w € Ker f, vi vay ¢6 thé viét

W= RAp g,y +o b Al

Tu do
U=V +W=Auy o+ Ay +A U oA U,
Vay uy,...,u.,s 12 hé sinh cia X O
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3. Pdng cdu tuyé&n tinh

Mét 4nh xa tuy&n tinh f: X - X' 12 song 4nh duge goi 12 mot ddng cdu (tuyén
tinh). N&u ¢6 mot ddng cdu f: X - X' thi cdc khdng gian vecto X va X' goi la ding
cdu (véi nhau}, ki hidu X = X'.

B& dé 2.3. Néu £: X - X' la ddng cdu thi £71: X' - X cing la ddng cbu.

Chutng minh. Ta chi cn ching minh f1 1a tuy®n tinh. Véi moi v, v' € X,
reK, dit u=f1w), v=11)

Ta ¢é
flu + v) = flu) + fiv) =u' + v,
f(du) = Aflu) = A,
nén Il +v)=u+v=Ftw)+ 1)
1w = u = Af 1w
Vay f7! 1a 4nh xa tuyén tinh. W]

Pinh li 2.2. Hai khong gian vecto X va X' trén cung mot truong K ddng cdu néu
va chi néu ching cé nha@ng co sé c6 cung luc lugng.

Chitng minh, Gid st f: X —» X' 1a mét ddng cdu, E 12 mft co sé cia X. D4t
E' = f(E). Ta $& ching minh E’ 13 ¢o sd cta X'. Khi d6 flg :E — E’ 1a song 4nh
nén B va E’ cing lue lugng. Theo b§ dé 2.2, E’ 1a hé sinh. Ta sé chitng minh E’
d6e lap tuyén tinh. Xét quan hé tuy&n tinh Avy + .. + AV =0} €K
vi,..,vk € E. Do f l1a song dnh, nén tén tai cdc v; € X ddi mét khédc nhau sao
cho f(v;)=v]. Tit d6 f(h vy +...+ A V) =Av] +..+ 2V =0. Vi Ker f = {0} nén
Ayvy + ..+ Agvy = 0. Do E doc 14p tuy&n tinh nén &) =.. =Xy =0. Vay E’ doc lap
tuy&n tinh.

Nguogc lai gid s X ¢6 cd 56 E, X' ¢6 co s6 E', E vd E' ciung lye lugng. Goi
¢:E - E', p(v) = v' 14 song dnh tir E 18n E’.

Theo dinh 1 1.3, tén tai duy nhdt d4nh xa tuyén tinh f: X -» X' sao cho
fiv) = ¢{v) = v' vdi moi v € E. Ta & chimg minh f 1 song dnh. Véi moi X’ € X', do
E'lacosdnén x’' = Mvi+ ..+ Avi, A €K, vieE. Dat x=3v; +..+ hvy. Ta
¢6 f{x) = x". Vay f 12 toan 4nh. D€ chimg minh f1a don 4nh ta gid si Ker { = (0). Khi
d6 tén tai x € X, x # 0 ¢6 f{x) = 0. Do B 12 co s6 nén tén tai cdc 56 A; #0 va
v; e B d8i mdt khéc nhau sao cho

X= 7L1V1 + ...+ lkvk.
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T fix) = 0 suy ra Av] +...+ A v =0. Vi cdc v} dbi mdt khdc nhau va E' déc
lap tuyé&n tinh nén A, = ...=Xy =0, ta g&p mau thuin, O

Hai t4p hitu han c¢6 cing luc lugng: n&u va chi néu ching c6 cing s8 phén ti
nén ta c6

Hé¢ qua 2.1. Hai khong gian hiu han chiéu trén cuing moét truimg K ddng cdu
néu va chi néu ching cé ciing s6 chidu.

Nhu vay, moi khong gian n — chidu trén trudng K déu ding cdu véi K",
Cho f: X - X’ 1a 4nh xa tuy&n tinh. N&u dim(Imf) < o thi ta goi r(f) = dim(Imf
12 hang cia 4nh xa tuyén tinh f.
Bg dé 2.4. Cho X, X l khong gian vecto hiu han chidu, f: X > X' la dnh xg
tuyén tinh, Khi do
a) f toan dnh néu va chi néu r(f) = dim X',
b} f don dnh néu va chi néu r(f) = dim X,

Chung minh. a) Vi f{I) c X' nén dimf(X) = dimX’ tuong duong vdi trong fiX) cé
chita mdt co s§ cua X'. Didu d6 tuong duong véi {X) = X' hay £ 12 toan doh.

b) Theo b8 dé& 1.2 va dinh 1i 2.3, f don 4nh < Ker f = {0) <> dim (Ker f} = 0 <
dim{Imf) = dimX. ' O
Dinh li 2.3. Cho X, X' la khéng gian vecto hitu han chiéu va f: X - X' la dnh xq

tuyén tinh, Khi dé

a) f ddng cdu néu va chi néu dim X = dim X' = n va r(f) = n.

b) f ddng cu néu va chi néu dim X = dim X' = n va Ker f = {0}.

Ching minh.

a) Suy ra tir b§ dé 2.7

b) Do Kerf = {0} <> r{f) = n nén b) suy ra tir a). O

§3. Khéng gian thuong

1. Pinh nghia
Cho X la khang gian vecto vi A 12 khong gian con cha X. D& dang thay ring
xSynfux-ye A
la moét quan hé tuong duong trén X,
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Ta ki hiéu t4p thuong cia X theo quan hé tuong duong S 12 ¥/ .

Vai moi x € X ta ¢é
8[x] = {y € X‘ny}

:{yeX[y—xeA}
:{yEX|yex+A}

=X + A.

Do d6

%:{X+A|xe X}.

Voix+A y+Ae¥) vare K dit

X+A)+(y+A)=x+y)+ A
AMx + A) = Ax + A,
Néux+A=x+A y+A=y +Athi
x-XeA y-y eA
Do A 1a khong gian con, suy ra
Xx-x)+(y-yl=x+y)-X +¥y)e A
Ax—xD=Ax-A'e A
Tir dé
E+V+A=X +y)+A M+A=)x"+A
Vaj edch diat trén cho ta phép cing trén % va phép nhén s6 vdi phén tu
cia %/ . '

Véi cdc phép todn do ta ¢

Bé dé 3.1. ¥/, la mét khéng gian vecto.

Viée kiém tra cdc tién dé 12 tdm thudng. O day chi luu ¥ rhng phin ti khong
cia ¥/ 1a
A=z0+A=x+Avéimoix e A,
phén tr d8i cha x + Ala — x + A.
Ta goi 4nh xa n: X » %/ |, n(x) = x + A 1a 4nh xa chinh tic.
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D& dang kiém tra didu sau

B6dé 3.2. Anhxan:X > %. ld toan dnh, tuyén tinh va Ker n = A.

2. Pinh li ddng ciu

Cho f: X » X' 12 mdt Anh xa tuyén tinh. Khi dé Ker f 14 mot khéng gian con
cia X, do dé ta c6 khong gian thuong ’VKHP Bing cdch dat f(x + Kerf) = f(x) ta ¢6

mdt 4nh xa
f: Xt > X
(cach 48t 1a hgp i vi x + Kerf = &' + Kerf thi x — xX'e Kerf do 36 flx - x) =0
hay fix) = f{x')). '

Anh xa f goi la 4nh xa cdm sinh béi f.
Ta ¢d
Bo dé 3.8. Anhxo f:%{ . — X' la don dnh tuyén tinh.
T edch xAy dung trén d& dang thdy ring
f = Foﬂ .

Dinh li 3.1. (Dinh li ddng cau). V6i moi dnh xg tuyén tinh f: X - X' ta ¢

)%{erf = £(X).
Chitng minh. Do T 1a don dnh tuyén tinh nén
yl{erf = f:()%Qﬁ:rf) = fon(X) =f(X). =

§4. Dang tuy€n tinh va khong gian déi ngau

1. Dang tuyén tinh

Cho X la mét khdng gian vects. Khi d6 ta goi 4nh xa tuyén tinh f: X » K la
dang tuy&n tinh.

Dinh Ui 4.1. Cho X la m¢t khéng gian vecto, E ={vi};.; la mét co s¢ cia X,
{e;hicr fd mot ho cde s6 trong K. Khi d6 f: X > K xdc dinh bdi f(x) = Zaici
. iel
vdi moi X = Zaivi la dang tuyén tinh duy nhét trén X thod man f(v;) = ¢;
iel

voi moiiel.
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Chitng mink. LA trudng hop riéng cia dinh 1f 1.3 khi X' = K. a

Theo dinh li 4.1, dang tuy&n tinh f trén E hoan toan xdc dinh khi biét dnh caa
né trén mjt ca sd.

Vi du.
Gid st f: K™ —» K 12 mét dang tuyén tinh. Pat f(e;)=¢; véii=1,.,n Tacé
fxy,...,X ) = X305 +.. + Xp€,.
R6 rang moi dang tuy&n tinh trén K" ddu c¢6 dang 'nay.
2. Khéng gian d8i ngiu
V61 moi khoéng gian vecto X, ta goi
X" = LX,K)

1a khdng gian d6i nghu cha X. Theo §1, X* 1a khdng gian vecto trén K.

Cho E =(v;);c1 12 mét co s& cha X. Theo dinh 1i 4.1 v4i mdi i € I, ¢6 duy nh4t
v € X' xéc dinh béi

vi(vj) =8; v6imeij eI,

d day & 14 ki higu Kronecker

1néu i=j
" {0 ndu Q=]

Dinh li 4.2. Néu X la khéng gian h@u han n— chidu, E ={v;}{.; l& mot co 56 cie
X thi E' ={v]I, l& mot co sd cia X*.
Chitng minh. Cho f € X* va x € X tity ¥. Do E 12 co s6 nén c6 thé vidt
X=AVy +...+A,v,. Tacé '
L] n * n
vitx) = D Avilvi) = D RG = A
=1 j=1
véimeii=1,.,n Dodé

n 1 1]
f(x)= Y A;f(v;) = gv;(x).f(vj) = [Z‘if(vj)v}](x)
= 1=

=1

88



n
Vay f = Zf(vj)v; € (E*) ,suy ra E' 13 hé sinh cia X"'. Ta cdn phéi chdng minh
j=1

£l - n *®
E doc lap tuyén tinh. Xét hé thie ) A;v; = 0. Khi d6

i=1

it
[Z livi}(vj) =0 véimoij=1,.,n.
i=1
T1 - n - T
Vi XA (v = o Avi(vi) = Y A8 =X nén A; =0 v6i moij = 1, ., n. Vay
i=1 i=1 i=1
E’ doc lap tuyén tinh. (m|

Vé6i khong gian vects X ¢6 d&i ngdu 1a X" = L(X,K), ta dinh nghia song d6i
nglu cia X 1a X = LX",K).

V6i méi x € X, dat

Jx) () = fix), e X,
Véimoif,geX ,% e K tacé

JRE+ @) =+ @)X =fx) + g(x) =

= JxXD + J(x)g),
JXAD = (Ox)
= M(x) = AJ(x)(f).
Do d6 J(x) 1a dang tuyé&n tinh trén X hay J(x)e X .
Ta ¢6 4nh xa
J X - X

Dinh I 4.3. a) V6i moi khéng gian vecto X, J : X — X** la don dnh tuyén tinh.

b) Voi moi khéng gian vecto hitu hgn chiéu X, J: X — X** la ddng cdu
tuyén tinh.

Chitng minh. a) Véimoi x,ge X, L € K, feX* tacé

Jx + y)f) = x + y) = fx) + fy) = JF(x} + J(¥)) (D),
JOXND = flix) = M(x) = (AJ(x))D.

Do d6 J(x + y) = J(x) + J(y), J(Ax) = AJ(x) va J 12 4nh xa tuyén tinh.
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Véituy ¥ v e X, v = 0 do {v} doc l4p tuyén tinh nén c6 co 36 E cia X, v € E. Vai
mdi x € X, ki hiéu toa d9 cla x trong co 58 E 12 % = (X )oek

Do tinh duy nhit cia toa d§, dé dang th&y
f:X- K, flx)=x,

. lnéue=v
13 dang tuyén tinh, tdc 1a f € E*. Vi ‘%_‘3 =(Vy)ecg trong dé v, —_—{ B nén
Onéue=xv

fiv) =1
Tads J(v)) =flv)=1=0.
Ta c6 J{v) = 0 va Ker J = {0). VAy J 14 don 4nh.
b) Suy ra tir a) vA dinh li 2.8 b). O

Dinh li 4.4. Cho X la khong gian vecto va fy.1y,....f, € X*. Khi d6 hoge fy la t6
hop ‘uyén tinh cia f,...f, hogc ton tgi a € X sao cho fyla)=1 va
fy(a) =... = f,(a) = 0. '

Ching minh. Ta c6 thé gia thiét {f},....f,} ddc lap tuyé&n tinh, vi néu khéng thi

thay n6 bing mdt hé con doc 14p tuyén tinh t8i dai. Ta ching minh bdng quy nap
theo n.

Trudng hop n = 1. Do f; ddc l4p tuyén tinh nén f; # 0. Chon a; € X sao cho
fi(a;) =1. V6i moi x € X dé thdy

x-fi(x)a; € £71(0) = Z;.

Do d6 hodc tdn tai acZ; sao cho fy(a) =1, fy(a) =0, hotc fy(a) =0 vdi mei
a € Z; . N&u trudng hop sau xdy ra thi

fo(x—fi(x)a;) =0 véi moi x € X
Khi 46 fo(x) = fa(al )fl (X), tie 1a fo = lfl

Bay gi¥ gid st khing dinh ding véin - 1 2 1 va gid si& fy,...,f, € E". Theo gid
thi€t quy nap, v6i moi i, tdn tai a; ¢ E sao cho fj(a;) =1 va fj(a;) =0 vdi moi
J#1. Vé6imoix € E tacé

T n
x- > fix)a; e ()70 =Z.
i=1 i=1
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Do d6 ho#ic t8n tai a € Z, fy(a)=1 va hién nhién fy(a)=..=f,(a)=0, ho#c
fo(a) =0 v6i moi a € Z. N&u trudng hgp sau xdy ra thi

Il
fo [X I Zfl(x)alJ ={).
i=1

Tu d6 f5(x) = D fylapfi(x), tac la f5 = D Af; . |
i=1 i=1
3. Anh xa d6i ngiu

Cho 9: X — Y la mot 4nh xa tuy&n tinh. Vé6i mdi feY" ta ¢6 4nh xa
¢*(0) : X - K xdc dinh bdi cong thide

©*(0) (x) = fpx)), x € X.
Moix,x;,x; e X, A € K tacé
@* (E)x; +x5) = fo(x; + x9)) = fo(x,)) + L(p(xz)}
=@* () x1) + @ * (F)(xy)
o * (f)(ax) = f(p(Ax) = f{Ap(x))
= A flgp(x)) = Le*(f){(x)
Do 46 ¢*(f) € X*. Viy ta ¢6 d4nh xa
o* : Y* - X*,
Véimoif,ge Y*, L e K,x e Xtacé
P™f + g)x) = (f + gile(x)) = Aex)) + gle.(x)
= (p*(D) + ¢*(g) (%),
e*(Af)(x) = (M) o(x)) = Afle(x))
= he*{f)(x).
Do d6 ¢* 1a 4nh xa tuy&n tinh. -
Vay ¢ € L(X,Y) thi ¢* ¢ L(Y*X*). Ta goi ¢* 1a 4nh xa d8i ngéu cia ¢.

§5. Ma tran cta anh xa tuyén tinh

1. Dinh nghia

Cho X, X' 12 cdc khong gian vecto hiru han chidu, f: X -» X' 12 mdt d4nh xa -
tuyén tinh.
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Gid st E ={ey,...,e,}12 mjt co s6 cia X, E' = {g,...,6,} 12 mot co s¢ cia X'. Khi
d6 ta c6 thé viét mot cdch duy nhat

f(el) =aj18 +ap1Es +.. .+ BBy
f(82) = @198 +8g998g +... t+ Bty
fle,) =ay &1 +agytqp + ot AmpEny .

Ta goi ma trin

a1 a9 e A1g

ag; A8gz ... Aag
[flg g = n

8m1 8m2 - 2mn

1a ma tran cha dnh xa tuy@n tinh f trong cap co 86 (E,E').

Bé dé 5.1. Néu u/E =(%q,...,\,) & toa d6 ciia vecto u € X trong co sd E thi tog
dé ctia vecta f(u) trong co sé E' la '

n L1} I
fw/E =} aljlj,z agihi, - Z amjhi] :
j=1 =1 i=1

Chitng mink. B&ivi u=»Aeq +...+A, e, va tinh tuyén tinh cia fta c6

n

f) = 3 Aif(ej) = D 4 [ ‘ilij'&"iJ= Z[Zai\iki}i‘
1 =1 =1

i= i=14 j=1

theo dinh nghia toa d6 ta c6 ngay didu phdi ching minh. O

1 2 -1

Vi dy. Néu {fig g ='(_2 0 3

J, wE = (1, 2, 3) thi

fuyE' = (1x1+2x2+(-1x3,{—2)x1+0x2+3x3}
={2, 7).

2. Anh xa tuy&n tinh xic dinh b&i ma trin

Dinh If 5.1. Cho X va X' la cdc khéng gian vecto hitu han chidu cé co s& tuong
ung la E = leq,...,e ) va E =lgy,...,ep). Khi dé moi me trgn A e My, (K),
ton tai duy nhdt dnh xq tuyén tinh £: X > X' c6 [flgp = A.
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Chung minh. Gid s

51 412 .. By

a a O 1
Ao|2n B2 2n

Am1 pz - Ay

Vi f ¢6 ma trdn trong co s E, E' 13 A nén
f(el) = 31181 + 32182 + ..+ amlam

f(eg) = ay98; + @899Eg +...+ A0y .

fle,) =a;,8) +89,89 +...+ BpEm

Anh xa tuy&n tinh f: X — X’ thod man csdc ding thdc d6 1a tén tai va duy nhat
theo dinh 11 1.3. O

3. Anh xa tuyén tinh K" vao K™

Cho 4nh xa tuyén tinh f: K® —» K™ . Né&u E 12 co s& chinh t4c trong K", E' la
co s& chinh tdc trong K™ thi ta ki higu (flg g 12 [f]. Gid s

a] ajp ... aig

a a .. A
[f] - 21 22 2n

&m1 Ap2 - Agn

thi v6i mei x = (%y,Xg,...,X,;) € K" theo bd dé 5.1 ta ¢6
1] 1] n
f{x1 s Xg, .., Xn) = Z alej,Z aszj, . Z amij' (1)
=1 =1 =1

nguge lai, ddng thite (1) cho ta mét 4nh xa tuyén tinh tit K™ vao K™ c6 ma tran
trong co s& chinh tic 1a

a1 &g - A1p
A=|B21 822 - B2n
Am1 &mg - Anpp

Ki higu ey,...,e, 12 c¢d s& chinh tdc K". Theo (1) ta ¢6

f(ej) = (alj,agj,...,amj) ,j =1,2,.,n
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Do dé
r(f) = r(f(e),...,fle, ) = T(A).
Cé thé kiém tra rdng, {12 mjt dnh xa tuy&n tinh v& A ]2 ma trdn cia f trong
cdce ¢o s¢ bt ky thi ta eiing c6
r(f) = r(A).
K&t hop didu nay vdi dinh 11 2.8, ta cb

Dinh li 5.2. Cho f la dnh xq tuyén tinh tit khéng gian vecto X, n — chidu vao
chinh né, A ld ma trdn cia f trong c@p co s¢ (E, E). Khi d6 fla ddng c6u (khéd
nghich) néu va chi néu |A}=0.

4. Lién hé gida phép todn ma trin va phép toan dnh xa tuyén tinh
Cho A, B 1A cde ma trén cp m x n trén K,A € K. Goi f, g 12 c4c dnh xa tuy&n

tinh tr K" vao K" sao cho A = {f}, B = [g]. Khi d6 d& dang kiém tra rling
A+B=I[f+g]
AA = [M]
T d6 c6 th€ dinh nghia A + B 1& ma trén clia d4nh xa tuyén tinh f + g, AA 12
ma trén ciia 4nh xa tuyé&n tinh Af.

Ta c6 dinh li

Dinh li 5.3. Anh xg ¢: LK, K™) > My, (K), &D = [fl la ddng cu tuyén
tinh.

Cho A 12 ma trén ¢4p m x n, B 12 ma trn cdp n x p.

Goi f: K*>K™]a 4nh xa tuy&n tinh c¢6 A = [f], g: KP - K" 1a 4nh xa tuyén
tinh ¢6 B = [g]. Khi d6

if,g]l = AB
Thét vay, ki'higu lej},lef},{e;} 14n lugt 12 co s& chinh tdc cia K™ ,K",KP. Véi
moij=1,2,.,ptacé

n n
(fog)(ej) = f(g(ej)) = f( Z bheiJ = Z bhf(ei)
k=1 - k=1

i=1 kzl

Viy [fyg] = AB. 0O
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Tir 46 ¢6 th€ dinh nghia AB 13 ma trdn cla 4nh xa tuyén tinh f,g.

Cho f: X - X' 14 mdt 4nh xa tuy&n tinh, E 1a mdt co 38 cia X, B' 13 mot co sé
cua X',

X1
Ki hidu [x]g = 2 la toa do cha vecto x € X trong co 56 E vigt theo ¢ft, [f(X)]g

Xn

1a toa 49 cta vecto f{x) trong co sd B’ vi&t theo cot. Theo bd d& 5.1 va dinh 1i 5.2
[f(x)]E' = [f]E,E'-[x]E

5. Ma tran chuyén cd sd. Ma irfin déng dang

Gid sd E ={ey,eq,....,e,} va E' = {e],eh,...,e,} 12 hai co s& cila m{t khéng gian
vecte X. Khi dé ta c6 cdc bigu dién
e] = P11€; + Pg1eg +... + Pp1€y

e5 = P1€] + Pages + ...+ Praey

€, = Pin€] + Pan€s + ...+ Pppen

va dugc ma trin

Pi1 P1z - Pmn
p=|P21 P2z - Pon
Pni Pn2 - Pon

goi 12 ma trdn chuyén tif co s& E sang co 5§ E'.
Truée hét ta ching t6 P khéng suy bi€n. Thit vay

Il n
A.Je:‘ =0 & ZXJ[ZpUelJ=O
j=1 i=1

™o

j=1

~

1=

I
Zpl.ll.l e; =0.
=1

i=1

Bai vi E doc 14p tuyé€n tinh nén hé thic cufi cing cho ta

gkl

Pij*j =0 v8imoii=1,2, ., n
1

L8
i
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Pay la mjt hé phuong trinh tuy&n tinh thuidn nh4t ¢6 ma tran hé sg la P. Do
hé thitc d4u tién, hé nay chi ¢6 nghiém tdm thudng M =0k, =0,., A, =0, dods

i+ 0

- V6i mdi vecto x e X, ki hidu et toa dd cda vectd x trong co sd E va E' 1a

X1 x]
Xy Xy
[X]E = s [X]E' =
. ’
Xy Xn

pﬁxj]ei va do tinh duy nh4t cla toa 49,

- Vi vy dudi dang ma trin ta cé
[xlg = Plx]lg (2}
Do P kha nghich nén nhén hai v& ciia (2) véi P! ta dugc
(xlg: = P ixlg 3

Céc cong thic (2) va (3) goi 13 céng thic d6i toa dd. Tir cong thic (3) ta c6 P71
la ma tran chuyén tit co sd E’ sang co 56 E.

Anh xa tuyén tinh f: X 5 X cdn goi la todn td tuy&n tinh hay bién d6i tuyén
tinh. N&u E 12 mdt co sd ciia X thi ma tr4dn cha f trong cip co 88 (E, E) dugce goi 1a
ma tran cda f trong co s§ E va ki hi¢u don gidn 1a [flg. Cho E va E’ 1a hai co sé

cua X. Dat A =[f]g,B=[flg. Tacé
EX)g = Alxlg, [f{x)]E: = Blxlg:
Theo céng thiie (3) va sau d6 theo cdng thic (2) ta ¢6
g = PUfG0Y = P Alx]g =
= (P AP)[x] = Bxlg-
Do tinh duy nh4t efia ma trén cda 4nh xa tuy@n tinh trong mét co sd, ta c6

B=PlAP. 4)
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Hai ma trén vudng cfp n, A va B, goi 12 déng dang néu tén tai mot ma tran
vudng c4p n khdng suy bi&én P sao cho

B =P lap

Bdi vi B=P AP thi A = (P"1)'BP! do d6 c6 thé néi A va B déng dang vdi
nhau, ki hid¢u A ~ B,

Theo (4) cdc ma trin cta mdt phép bi€n ddi tuyén tinh trong cdc co sd khae
nhau 12 déng dang.

Vi du. Cho todn tif tuyén tinh f: R® - R? x4c dinh bdi
f(xy1,%9,%g) = (X - X9,Xp — X3,X3 — X;). Tim ma trin cia f trong co 58
(e; ={(1,1,1), ey =(0,1,1), eg =(0,0,1)).

Gidi. Ta c6 f(e;) = (0,0,0) = Oe; + Oep + Oey
fleg} =(~1,0,1) = —e; +eg + €3
f{e3) = (0,-1,1) = Oey — e, + 2e3.

Do d6 ma trén cha f trong co sé E = (e,ey,e3) 1a

0 -1 0
[(flg=|0 1 -1
0 1 2

Ta ciing c6 thé tim theo phuong phdp khdc: Ma trin cla f trong co s& chinh
tée la

1 -1 0
A=l0 1 -1
-1 0 1

Ma trin chuyén tif cg 5& chinh tdc sang co s3 E la

1 00
P=|11 0
111

Do dé theo (4)

100‘11—10(100 0 -1 0
flg=|1 10| [0 1 -1il1 1 o|=lo "1 -1l
111 —101L111 0 1 2
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Bai tap
IV.1 Xét hai khéng gian vecto R va R2. Céc 4nh xa sau day ti R? vao R c6
phai 12 dnh xa tuyé&n tfnh hay khéng?
ay(x, y) —x b) (x, ¥) 2 Xy X,y —x4+y
d)xy) — x—-¥ e) (x,y) — ax + by, (a,b € R).

IV.2. Cdc 4nh xa sau day ti R? vao R? c¢6 phai la 4nh xa tuy€n tinh khong ?
a) (x,y) — (¥,%); b)(x, ¥} = (X, ¥);

Oy — x+1L,y+1); d) (x, y) — 2,7

IV.3. Cho 4nh xa f: R* - R® xdc dinh bdi
f(%y,%p,Xg,X4) = (Xy — Xp + X3,2%X; + X4, Xg +2Xg — X4)
a) Chimmg té ring f 1a 4nh xa tuyén tinh ;
b} Tim Ker f va Im f.

IV.4. a) X4c dinh 4nh xa tuyén tinh f: R2 - R? pidt
fi3, 1) = (2, 12} ; f(1, 1) = (0, 2)
b) Xdc dinh 4nh xa tuyén tinh £: R® - R? bit
f(1,2,3)=(1,0);f1,0,10 =0, 1);
12, 3, 5) = (15, —4)
¢) X4c dinh bién d8i tuyén tinh f: R® - R? bist
f1,, D=(-1,11;11,1,0=01,1,-1);
f(1,0,0)= (2,1, 2).
IV.5 Cho uy = (1,~-1), ug =(-1,2), ug =(0,-1)
v; = (1,0), v =(0,1), vz =(1,1).

Tén tai hay khong dnh xa tuyén tinh f: R 5> R?, fu)=v;,i=1,2,3.

IV.6. Tim 4nh xa tuyén tinh f: R* —» R® c6 nhan sinh béi hai vecto (1, 2, 3, 4) va
(0, 1, 1, 1). Anh xa f nhu viy ¢6 duy nh&t khéng ?
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IV.7. Tim phép bién ddi tuyén tinh f: R® - R® ¢6 4nh sinh bi hai vecto (1, — 1, 1)
va (1, 2, 2). Bién d8i nhu vay c6 duy nh4t khong?
IV.8 Cho bi€n d6i tuy&n tinh f trén R® xdc dinh bdi
flx1,X3,%3) = (% - X5 + X3, %1 +X3,%; +Xg + AX3).
a) Tim A d€ f khong 1a ddng cdu.
b) Vi A tim duge & a), tim co 5& va s§ chidu cia Ker f, Im f.

IV.9 Gid sit R[x] 12 khéng gian cdc da thdc trén R.
Véi f € R[x] ¢6 dinh x4c dinh ¢: R[x] » R[x]
o(g) = fg’ - fg.
a) Ching td ¢ 1a phép bi&n d8i tuyén tinh clia Rix] ;
b) Tim Ker o.

IV.10 Cho f bi€n d8i tuy&€n tinh trén RS
f(xy,%9,x3) = (2%4,%) +X9,3%; +Xg —X3).
a) Chiing t& f kha nghich. Tim f~! ;
b) Chitng minh (2 — I)(f — 2I) = 0.

1 _
IV.11 Cho V= 4i,(K), B z[ 3 31], todn tif tuyén tinh f trén V xdc dinh béi
f(A) = BA. _
a) Tim r(f) ; b) M6 ta 2,

IV.12 Cho f: R® 5 R?, g: R? - R? Ia cdc 4nh xa tuyé€n tinh, Chitng minh ring
g.f: R3 - R® khéng khé nghich.

IV.13 Tim hai todn ti tuyén tinh f, g trén R? sao cho gof =0 nhung f g » 0.

IV.14 Cho todn t& tuyén tinh ¢ c6 ma tran trong co s8¢ u; =(8,-6,T),
u2 = (_'16’7s _'13); u3 = (91-‘3:7)

1 -18 15
la | -1 -22 20|. Tim ma trén caa f trong co s¢ vy =(1,-2,1), vy =(3,-1,2),
1 -25 22
vy =(2,1,2).
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IV.15. Trong R* cho cdc hé vecto
V1 = (1, 1, 1), V2(1,0,1), V3 = (1’ 1’0);
wy =(2,1,1), wg =(0,1,1}, w3 =(0,0,1)
a) Chitng minh E = (v,v,,v3), E' =(w;,wq,w3) 14 co 86 cia R3.

b) Tim ma trgn chuyén tit E sang E'.
¢) Tim toa d9 clia vecto v = (1, 1, 1) trong co 83§ E va cosd E'.

IV.16 Cho bién d8i tuyén tinh f trén R®
f(x4,Xg,Xg) = (3% + 3%y + 2X3, X) + Xg + 2Xg, —3X] —Xg).
a) Tim ma trén cia f trong ca s& chinh téc.

b) Tim ma trin ctia f trong co s E = (1, 1, 1), (3, 1, 0), (1, O, 1).

IV.17 Cho E = (v{,vg,v3) 13 mot co 88 cia R3. Tim ma tran cla phép bién ddi
tuy€n tinh f trong co sd E néu

a) f(Vl) =Vg, f("’g) =Vg —2‘?1, f(Va) =0.

b) f(vy) = vg — vy — vy, f(vy) = 2vy, flvg —vg) = 2vy - 5vy.

IV.18 Tim ma trin cia phép 14y dao ham ti khdng gian R [x] ede da thic
biac < n vao chinh né.

a) Trong cg 5§ 1, x, x2,..,x"

x-0P (x-a)
21 77 n!

b) Trong co 88 1, x — «, ,aoe R.
IV.19 Cho f;,...,f, 12 mdt co sd cia X'. Chung minh tén tai co s& a;,..,a, € X

* . P
saccho a; =f; véimeoii=1, ., n.

2 -2
-1 1
¢ho AB = 0. Cho f 1a dang tuyén tinh trén V, tridt tiéu trén W. Gid su

0 0
f(,)=0 = i C= .
I;)=0IC)=3véi C [0 1)

IV.20 Cho V = Mo(K), A =( ), W 1a khang gian con cia V gém tdt cd B sao

Tinh f(A).
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IV.21 Coi C 14 khdng gian vects trén R. Hay tim mét dang tuy&n tinh thue trén
C khéng phdi 1a dang tuy&n tinh phie.

IV.22 Kf higu C,[x] 1a khéng gian vecto phic cdc da thite hé s& phuc cia 4n x c6
bac < n. Cho o va B 1a hai s6 phife o = 5 va 4nh xa

f: Ca[X] — Cz[X}

p(x) — p(x + a) — p(x + B)

a) Chitng minh ring f 12 toan 4nh tuy&n tinh (toan ciu)
b) Tim Ker f,

IV.23 Cho cdc 4nh xa tuy&€n tinh

f: Ra — Rz, f(xl,X2,X3) = (2)(1 - x3,x1 + Xg + ZX3}

g: R® - R?, B(%1,%p,X3) = (X1 ~ Xy + 2Xg3,2%5 — X3)
h: R? 5 R?, h{x;,x9} = (x; + X5,-%3)

k: R? > R?, k(xy,%9) = (%],%3,%| ~Xg)

Tim cdc dnh xa tuyén tinh sau
a)f- 2g

b) h,f
¢) f,(2k) d) (f,k)?
e) (k,f)? f h".
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CH{)’O’NG 14
DANG CHINH TAC CUA MA TRAN

§1. Trj riéng. Vectd riéng. Pa thdc dac trung

1. Tri riéng va vecto riéng
Cho X 12 mét khong gian vecto va ¢ : X — X la mdt todn t tuy&n tinh. S§ A
duge goi 12 tri riéng cia ¢ néu tdn tai x € X, x # 0 sao cho
o(x) = Ax.
Vecto x duqo. goi 12 vecto ridng dng véi tri riéng A cia ¢.
Ung vdi mot tri ridng c6 vd s6 vecto riéng. That vay, n&u x 12 mdt vects riéng
dng véi tri riéng A thi v6i moi y = ax, « 12 s& khdc khbng, ta c6

o(y) = plax) = ap(x) = a(Ax) = Moax) = Ay, tde 12 y ciing 12 vecto riéng dng vdi tri
riéng A.

Gia st x 13 mdt vecto riéng cha phép bign ddi tuyén tinh ¢. Ki higu V = <x> l1a

khéng gian vecto con mdt chidu efa X sinh bdi vecto x. Khi d6 d& dang thdy ring :
(V) o V.

Khéong gian vects con V cGa X ¢6 tinh chdt @(V) ¢ V goi 12 khéng gian con bét
bién chda ¢. Nhu vay vdi moi vecto ridng x cda ¢, V = <x> la mjt khéng gian con -
b4t bi€n mot chiéu cia ¢.

X6t trudng hgp X hitu han chidu. Gid st E = {ey,eq,...,e,} 1& mft co s& cha X.

Goi A 12 ma tr4n clia ¢ trong co s& E thi A 124 mét ma trdn vudng cdp n. Anh xa
X - Ax xdc dinh trén X ciing 14 tuyén tinh va c¢é ma trdn trong co sd E la Al do d6
d4nh xa.

X — ofx)— Ax

12 mdt todn t tuyén tinh trén X, c6 ma tran trong co 56 E la

A - AL
N&u 2 12 mdt tri ridng cha ¢ va x la mat vectg riéng tuong dng véi A thi
e{x) - Ax =0
hay
(A- 2D Ixlg =0. (1)
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Vi hé phuong trinh tuy&n tinh thudn nh4t (1) c6 nghiém khong tdm thudng néu
va chi né&u

|A—iqzq

ta cé

Bé dé 1.1. & la tri riéng ctia ¢ néu va chi néu A la nghiém cia phuong trinh
A -\l =0. (2)
Ta goi (2) 12 phuong trinh d4c trung cda ma trdn A, d6 1a mét phuong trinh dai
33 béc n cha dn A
Nghiém ctia (2) goi 12 tri riéng clia ma trdn A, d6 ciing chinh 13 tri ridng cia ¢.

Gidi phuong trinh (2) ta c¢6 cdc tri rieng. Thay tri riéng A tim duge vao (1),
nghiém khoéng t&m thudng cia hé thuin nhdt ndy goi 13 vecto ridng cha ma tran
A Ung véi tri ridng A, d6 ciing chinh 12 toa d@ clia vecto ridng cia ¢ \ng véi tri
ridng A trong co sd E.

Vi dy. Cho todn tif tuyén tinh ¢ c6 ma tran trong co 56 E = {e;,ey,e5} 12

3 4 4
A={1 -1 -81.
0O ¢ -2
Hay tim tri riéng, vecto ridng ca .
Gidi. Phuong trinh diic trung cia A 1a
3-» -4 4
A-a]={ 1 -1-» -8 |=0
0 0 ~2-A
hay
- -D 2 +2) =0.
Viy o c6 tri riéng 14 1 (bdi hai) va - 2.
V6i & =1 hé (1) trd thanh

2%) —4x5 +4x3 =0
X1—2X2—8X3 =0
"'Xa =0
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Hé nay c6 nghigdm 12 x; = 2¢, X9 =¢, X3 = 0. Vi vy toa dd vectd riéng c6 trong
cag 36 E la

(Z2e,c¢,0), ¢c20
hay vecto riéng cha f dng v6i tri rieng A =112
v =2ce +ceg, c# 0.
Vé6i A.= -2 hé (1) trd thanh
{5):1 —4%y +4%x3 =0
X1 +Xg —8x53 =0.
Hé nay c6 nghiém 12 x; = 28c, xg = 44c, X3 = 9¢c. Vi viy toa d§ clia vectd ridng
trong co sé E 1A
{(28¢c, 44¢c, 9¢), c 2 0
hay vecto riéng ciia f Ung vdi tri ridng A = -2 14

v =28c e +44c ey +9c eg, c # 0.

Dinh li 1.1. Cdc vecto riéng ung véi ede tri riéng khde nhau cia mét todn t2
tuyén tinh (hay ciia mét ma trdgn vudng) lé déc ldp tuyén tinh.

Chitng minh. Ki hidu vy 12 vectc riéng Ung vdi tri riéng Ay cia todn tl tuyén
tinh f (néu 12 cla ma trdn A thi xét todn ti tuy&n tinh f c6 A 1a ma trdn). Ta
chitng minh biing quy nap theo s8 vecto ciia h@.

N£. 5Lé chi gdm mot vecto, chdng han vy,thi hé nay dyc ladp tuyén tinh vi
vy # 0. Gid si moi hé gdm r vecto riéng dng véi cdc tri riéng khdc nhau déu déc
18p tuy&n tinh, r > 1, ta s& ching minh moi hé gém r + 1 vecta riéng ung vdi cdc
tri riéng khdc nhau 1 ddc lap tuyén tinh. Gid si r + 1 vecto riéng d6 12

Vi, Vo,.., Vsl

Xét quan hé tuyé&n tinh

O =0yV] +UgVg + .. + Oy,1Vp1 =0, (1)
ta cdn chira oy =0y =.. = 0, = 0. Gid s trdi lai, chdng han o, # 0. Khi 46
f(w) = A vy +OghgVo+ .. + Uy A qVe,1 =0 (2)

L&y (1) nhén v6i A,y rdi trir (2) ta duge

al(lnl - 7\.1)\?1 + Qo (lr+1 - )Lz)\"z + ...+ (Ir(lr_‘_l - l,)vr =0.
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Vi oy(A;,1 - A1} # 0 nén diéu ndy mAau thuldn véi tinh ddc 14p tuyén tinh cta hé
gdm r vectd vy,vg,...,v,. 0

2. Da thie dic trung

Cho X 13 khéng gian vecto hitu han n — chidu ¢6 mdt co s& 12 E, ¢ 1a todn t&
tuy€n tinh trén X, ¢6 ma tr4n trong co sé E 12 A. Ta goi da thide dic trung cia o la

£, (t) = jtI - A

B6 dé 1.2. Pa thuc dac trung cila fodn i tuyén tinh ¢ l& duy nhét, khéng phu
thubc vao cdch chon co 56.

Ching minh. Gid sit B 1a ma trén cla ¢ trong mdt co 3¢ E' khdc E. Theo 585
chuong IV, A va B dfng dang, tdc 12 tén tai ma tr4n khéng suy bi€n P sao cho
B = P'AP. Tu dé

[t~ B|= [P~ (¢tDP - P~ AP|
~[P~ct1- Ap| = p!|e1- AlP|
=itI- Al D
Ta ciing goi |tI - A| 14 da thic ddc trung ctia ma trdn A. Tit ching minh b6 dé

1.2 ta ¢6 : Hai ma tran ddng dang c6 cing da thie dic trung.

Dinh lf 1.2. Cho X la khéng gian vecto hitu han chidu va ¢ la todn ti tuyén tinh
tren X. Khi d6 cde didu kién sau tuong duong

a) A ia tri riéng cia ¢
b) Todn i @—rlx khéng don dnh (nén khéng khd nghich)

¢) A la nghigm cia da thie dc trung f,(t)

Ching minh. Goi A 12 ma trdn cla ¢ trong mét co sé E ndo 46, Vi
fo(t) = [tI - A = (-1)" |A - t]|
nén theo b8 d& 1.1 tac6 a) & c).

V6i moi v € E, (p-Alx)v)=0 tuong duong vdi cdch vigt dudi dang ma tran
(A - AD [vlg =0. Do d6 ¢-Alx khéng don 4nh tuong duong véi hé phuong trinh

tuy€n tinh thuin nh&t c¢6 ma trdn A — Al c¢6 nghiém khong tdm thudng, tic 1a
tuong duong véi |A - Al = 0. Viy a) & b). a
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3. Khong gian con riéng
Gid sir A 12 mdt tri riéng cda todn t tuy€n tinh ¢ trén X ta ki higu
EQ) = {x e X|p(x) = Ax}.

Bé dé 1.3. Véi moi tri rieng A cia ¢, E(\) la khong gian con bét bién cia o, goi
la khong gian riéng ung vdi tri riéng .

Ching minh. Tacé 0 € BE(A). Moi x1,x9 € BEQ),a e K
gplax; + Xq) = a@(xy) + ¢lxy)
= aAx; + Axg = Maxy + Xg), nén ox) + Xy € E(R)

Mat khédc o(E(A)) < AE(A) cE(A) nén E(A) 12 khong gian con bat bién cia ¢. O
Chi y réng E(A) = Ker (¢ - Aly).

§2. Chéo hoa ma tran
Ma tran vudng A goi ld ma trdn chéo néu (A); =0 v6i moii = j, néi cdch khic,
cdc phéin t& khéng ndm trén dudng chéo chinh bing 0.

Ma trin vuéng A goi la chéo hod duge néu tdén tai ma tran khéng suy bién P
(cing c&p véi A) sao cho P!AP 1a ma tran chéo.

Pinh i sau ddy cho ta didu kién cdn va d d€ mdt ma trdn chéo hoi dugc.
Dinh Ii 2.1. Ma tr@n vudng A cép n chéo hod duge néu va chi néu A ¢6 n vecto
riéng doc lép tuyén tinh trong K.

Chung minh. N8u A chéo hod duge thi tén tai ma tran khdng suy bién P sao
cho P 'AP 12 ma tran chéo, tic 1a

A, 0 .. 0
0 i .. O
P lAP = 2
0 0 .. A,
Ki higu
1 0 0
0 1 0
e]_ - 3 92 = y ey en =
0 0 1

106



12 cq 8 chinh tdc caa K® vist theo dang cdt. Béi vi
(P~tAP)e; = Aje; (1)
do d6 e; la vecto riéng cia ma trén PlAP véii = 1,2, ., n
Nhén bén trdi hai v& cia (1) véi P ta duge
A(Pe;) = A;(Pe;) | @)
Theo ddng thic (2) cde vects Pe;,Pey,.., Pe, 1a vectd riéng clia ma trgn A. Ta
s& chiing minh hé vects nay déc idp tuyén tinh. Xét quan hé tuyén tinh
o Pey +opPey + .. + o Pe, =0 (3)
ta s@ suy ra oy =ay =...=0a, =0. Thit viy tir (3) ta cé
P{oyey) + Plapeg) + ... + Plage,) = 0
hay Ploqe) +agey +...+ o e,} =0,
Vi P khong suy bigén nén phuong trinh nay chi ¢6 nghidm tdm thuong
aye) +oges +...+aze, =0
Tudé a; =ag =...=a, =0 béi (e},e,,...,e,) ddc lap tuyén tinh.
Bay gid gid st A ¢6 cdc vecto riéng dfc ldp tuyén tinh v,,..,v, tuong dng véi
cdc tri riéng A,,...,A, (cdc tri riéng A; c6 thé tring nhau). Gid st ¢ : K® - K" 13
phép bién ddi tuy&n tinh c6 A 12 ma trén trong ¢o s& chinh tdc. Khi d¢

[o(x)] = Alx].
Ddng nhdt v; véi [v;] ta c6

O(vi) = Av; = Ajv; =0vy + .+ Ajvy +..+0v,

Vi vy trong co 86 E = (v,...,v,), ma trén cGa ¢ 12

AL 0 L0

0 e 0
Dl= A’2

0 0 .. A

Goi P 12 ma trén chuyén tit co s& chinh tdc sang co 36 E, Khi d6 P ¢6 cde ¢t 1a
cde vecto vy,...,v, . T mdi lién hé gidta cdc ma tran cia ¢ trong cdc ma trin khdc

nhau, ta cé
D, =P'AP hay A=PD,P ..
Viy A chéo hod duge. O
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Ta goi chéo hod ma trdn A 12 tim ma trin chéo D, v& ma trin khong suy bién
P sao cho

D, = P AP

N&u A 1a tri ridng don thi tng véi né chi ¢6 mdt veeto riéng doc lap tuyén tinh.
Né&u A 12 tri ridng bdi m thi s& vecto ridng doc 14p ¥ng véi né < m. Do d6 ta c6

Hé qua 2.1. Néu ma trgn A c6 n tri riegng don thi A chéo hod dugc.

Hé qua 2.2. Trén trudng s6 phic, ma tran A chéo hod dugc néu va cht néu ung
véi tri riéng b6i m c6 m vecto rieng doc ldp tuyén tinh. Trén truong s6 thuc,
ma trén thuc A chéo héa duge néu va chi néu A cé n tri riéng (tinh theo s6 lén
bét) va ung vdi try riéng boi m c6 m vecto ridng déc ldp tuyén tinh.

Vi du. a) Cho ma trén

1 -3 0
A=i3 -2
0 -1 1

Hay chéo hod ma tran A.
Giéi. Phuong trinh dic trung cia ma trdn A
1-2 3 o
3 -2-% -1|=0e@0-2 (A%2+r-12)=0.
0 -1 1-A
Do 46 ma trén c6 ba tri rigng 1a 1, 3, — 4. Theo hé qud 2.2, A chéo hod duge.
V6i A = 1, ta c6 hé phuong trinh tim vecto riéng

3xy =0 Xxp=¢
3x1—3x2—x3=0c:> X2=0
—X3 =0 Xy = 3c

Ta chon mgt vecto riéng 12 vy =(1,0,3).

Véi A = 3, ta ¢6 hé phuong trinh

-2x1 + 3%, =0 x; =-3¢
3%) — 56Xy -~ X3 =0 & {xy =-2c
—X2—2X3 =0 Xg =¢C.
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Ta chon mét vecto rigng la vy =(-3,-2,1).
V6i A = — 4 ta ¢6 hé phuong trinh

by +3x, =0 X =3¢ °
3x; +2%p -x3 =0 & {xy =5¢
-Xg +5X3 =0 Xg =¢.

Ta chon m§t vecto riéng 1a vq =(-3,5,1).
Theo dinh li 1.2, {v;,vg,vg} dc l4p tuy&n tinh. Theo dinh I 2.1, dat

1 -3 -3
,P=|0 -2 38

1 ¢ 0
Dl=030
0 0 4 3 1 5

ta c6 D, =P AP

100
b) Tinh ((IJ 2 J

1 2 |
Gidi. A= (0 3} ¢é hai tri rieng 14 1 vd — 3, tuong dng véi cdc vectog riéng

(1,0) va (1, — 2). Bat D, = {(1) 03}, P= (; 12) ta ¢6

PPAP=D, hay A=PD,P!
Tedé moin eN
A" = ppYpP-!

Vain = 100 ta cé

1
A100_1 1Y 1 01001 E
"o =2jl0 -8 |, 1

2

1 100
1 =(1-3
2( ).

0 3100
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§3. Pa thic tGi ti€u va phan tich khéng gian vecto

1. Pa thic t6i ti€u
Pa thic fit) trén trudng K goi 12 linh hod cdia todn 4 tuyén tinh ¢ n&u f(e) = 0.
Né&u p(t) 1a da thitc ¢c6 bjc thdp nh4t linh hod cia ¢ thi ta néi p 1a da thuce t8i
tifu ciia o.
Dinh li 3.1. Néu da thuc g(t) linh hod todn tit tuyén tinh ¢ thi gt) chia hét cho
da thic t61 tifu p(t) cia o. )
Ching minh. 80 dung phép chia da thife, ta ¢6 _
g(t) = g (Bp(t) + r(t), deglr) < deg(p).
Nhén xét rding vdi moi da thie fit), git) via € K, tacé
(fgX¢) = Ne)g(o)
(f + g9} = flg) + glp)

(of)e) = aflo).
Do d6 g(¢} = g1(9).ple) + r(v). Vi gle) = p() = 0 nén r(¢) = 0. Vi p ¢6 bic nhd nh4t

d€ p(¢) = 0 nén r phai 1a da thife 0. Viy g(t) chia h&t cho p(t). a

Dinh Ui 3.2. Néu ¢ la todn ti tuyén tinh trén khéng gian vecto X hizu han chiéu
thi da thue dde trung ve da thic t6i tidu cia ¢ cé ciing tdp nghiém. N&i cdch
khdc, nghi¢m ctia do thic t6i tiéu la ede iri riéng cia ¢.

Chung minh. Goi p(t) 12 da thie t6i ti€u eda ¢, o € K. Ta s& ching minh
. pla) = 0 © a la tri riéng cia ¢.
Gid s p(o) = 0. Khi d6
p(t) = (t — a)q(t), degla) < deg(p).

Vi deg(q) < deg(p) nén q(¢) = 0. Chon x € X sao cho g{g)x # 0. Bat y = qle)k.
Ta cé '

0 = ple)x = [(p-aly)glp)ix
= (p — aly } (qlg)x)
= (g -aly)y.

Vay o la tri riéng cda ¢.
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Nguge lai, néu o 1a tri riéng cda ¢ v6i ¢(v) = av, v * 0, thi plelv = playv. V1
p{¢) = 0 nén pla)v = 0.

Do v # 0 nén p{a) = 0, tdc o 14 nghiém cha p(t). (]

Dinh li 3.3. Cho todn t& tuyén tinh ¢ trén khéng gian vecto hau han chiédu X.
Gid s Aq,...,hy la td4t cd cde tri riéng khdc nhau ctia ¢, p(t) la da thuc t6i Héu

cida ¢. Khi d6 néu ¢ chéo hod duge thi p(t) = (t — ANt —Xg) . (E—Ry).

Chitng minh. ¢ chéo hod dugc n€u va chi néu X c6 mdt co 86 E gdm toan vecto
riéng cla ¢. Néu v }a mdt vecto ridng cda ¢ thi mdt trong cdc todn tif o — A;lx

chuyén v thanh 0. Do 46
ple) = (o~ 2Ix) .. (p—Agly)

5& chuyén cdc vects cia E thanh vecto 0. Viy plo) = 0 va da thdc t6i ti€u cda o
phdi 12 udc cia p(t). Theo dinh 1i 3.2, da thirc t&i ti€u cla ¢ phdi nh&n i4,..., Ay

lam nghiém nén da thie t8i ti€u phdi c6 bac > k. Vay p(t) chinh 1a da thue
téi tiéu. ]

2. Phén tich khéng gian vecto

Dinh li 3.4. Cho fit) la mét da thic tren K, va f =fify vdi £),fy la cde da thic

bdc 2 1, ¢6 wdc chung lén nhdt béng 1. Gid su ¢ la todn td tuyén tinh trén X
thod mdn flg) = 0. Dgt V; = Ker(fy(9)), Vy = Ker(fy(¢)). Khidé X =V, ®V,.

Chitng minh. Do u6c chung 14n nhdt cia fyva f; bling 1 nén tén tai ede da
thite g, g5 sao cho

g1 (1) + ga(t)My(t) =1,
Tuds  g1(p))(0) + golp)a(p) =Ix . By ra véimpix € X
x = g1 (o)} (9)x + ga(oMa{e)x. (1)
Vi R @ 00 = g (@)@ @)% = g @)X = 0
nén g1{p)fy (p)x € Vy. Tuong tu ta c6 goloMz(p)x e Vy. Vay
X=Vi+V,. ' (2)
Gid s x € V; N V,. Khi d6
£1{p)x = f(p)x = 0.
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Tir (1) suy ra x = 0. Do d6
Vi nVy = {0} (3)

T (2)va(3), X=V, @& V,. : ]
Dinh li 3.5. Cho X la khong gian vecto trén C, ¢ la todn tit tuyén tinh trén X
Goi p & mot da thic thod mdn ple) = 0 va
plt) = (t— o)™t —apy Yo
vdi oy,...,a, [& cde nghiém phdn biét. Dgt
V; = Ker(p - oI, )™,
Khi d6 X la téng truc tiép cda cdc khong gian con Vi,...,V,.

Ching minh. Ta chiing minh bing quy nap theo r. Theo dinh 1i 3.4,
V=V, &W vai

V; = Ker(p - ayIx)™
va W = Kerl(p — aplx )™ .. (¢ -0 Ig)r}
Theo gid thiét quy nap
W=Vye..&V,
véi V; = Ker( - a;ly)™ trén X(j=2,..,1). Viy
X=V,8V,®..9V,.
Cﬁﬁi ciing chi cdn phdi ching minh
V; = Ker(o - ajlx i trén X, j= 2, .., .
Thit vdy, néu
V=Up +Ug+.. Uy € Ker (tp—ajlx)mj, y; €V, i=1,.,nthidoj=2 nén
v € Ker (¢ —aylx)™ .. (p-o I )™,
trdé ve W.Vive W,suyra u; =0. Do

veWva W=V, ®.. 9V, nén v=uj O
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§4. Dang chinh tic Jordan

1. Khéng gian tuin hoan

Cho X la khéng gian vecto trén tC‘, ¢ 1a todn td¥ tuyén tinh trén X, o e C va
veX, v#0 TanéivIid ¢~ tudn hoan néu tén tai s§ nguyén r > 1 sao cho

¢"(v)=0. 8¢ nguyén duong r nhé nh4t ¢6 tinh chat trén goi la chu ki cia v d&i
véi ¢. Khi d6 ¢¥(v) # 0 v6i moik thod man 0 <k <r.

Bédéed41. Néuv = 01a ¢ — tudn hoan chu ki r thi tgp cdc phan tu
{v, (p(v},...,(pr'l(v)} dée ldp tuyén tinh.

Chitng minh. Gid s tdn tai cdc A; khéng ddng thai bing 0 sao cho
AV +A0(v) + .+ A 19" Hw)=0. (1)

Dat ft) = Ag+ Ayt +..+A;_4t"}, ta c6 da thic £ = 0, deg(f) <t — 1 va (1) duge
viét lai dudi dang

flo)v = 0.

Pit g(t) = t¥ thi glo)v = 0. Goi h(t) 12 u6c chung 16n nh4t cda f{t) va g(t) thi tén
tai cdac da thie f; va g sao cho

h=ff+gg

Tir d6 suy ra h(p)v = 0. Do h 1a u6c cia f nén deg(h) <r — 1, h 1a uSc cia g nén
hit)=t4, d<r-1.

Tir d6 hig)v = (pd(v) =0 v6id < r, miu thuln v6i r 12 chu ki ciia v d6i v6i ¢. O

Khéng gian vecto X hitu han chidu goi la ¢ — tudn ho2n néu tdn tai o € C va
v € X sao cho vl1a (¢-aly) — tun hoan cé chu ki r = dimX.

Tu bd dé 4.1 ta cé

Hé¢ quad 4.1. Néu X Ia khong gian vecto r — chidu, ¢ — tudn hoan thi tén tai ve X
vé o € C sao cho

{(cp—aIK)r_lv,...,((p—aIX)v,v} (2)

& mot co s cia X.
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2. Dang chinh tic Jordan
V6imdik=0,.,r—1tacé
olp - aIX)kv = (- aIx)’”l v+ ofp - o:Ix)kv

nén ma trin cia todn td ¢ trong co 84 (2) cé dang

‘¢ 1 0.. 0 0O)
0 a 1... 0 O
0 0 a... 0 D

00 0- a1
\0 0 0- 0 «a

Ma trén nay c6 phén t& thd (i,i) b¥ng a (i = 1, .., 1), phdn t& thi G, i + 1) bling
1(i=1,.,r-1), cdc phdn t& con lai bing 0.

Ma tran trén goi la mdt khdi Jordan, ki hidu 1a J{a), cu s& (2) goi 12 co 88

Jordan cua ¢.
Cho céc ma trdn vudng A,,..,Ay cé cdp tuong tng 12 ny,...ny. Ta goi tdng
truc ti€p cha k ma tr4n nay 13 ma trdn vudng c¢dp n = ny +...+ny c6 dang

Ay O

trong d6 Ay,...,Ay ndm trén dudng chéo chinh, cdc vi tri cdn lai cia A bing 0.
D& dang thédy ring

B3 dé 4.2. Néu X=V,®..0V,, V, cdcosd la E;,i=1,., k, ¢ l& mét todn td
tuyén tinh trén X thod man ¢(Vj))cV,,i=1, ., k, thi E=E,u..VE, la
mét co sd cia X va ma trgn [plg bdng t6ng truc tiép cia cdc ma trgn

[@Ivi]Ei,i =1,., k

Gia st X 12 téng tnuc ti€p cha cdc khong gian con ¢ ~ bt bién.
X=V, 0.0V,

trong 46 mdi V; 1a khdng gian tuén hoan. Chon co s Jordan cho mdi V;. Hgp cdc
cu 5& nay theo thi ty tao nén mot co sé clia X, ta ciing goi né la c¢ sé Jordan cia ¢.
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Ma trgn J cGa ¢ trong cd s& nay 1a tfng truc ti€p cda k khéi Jordan. Néu V; Ia
(@ —oylx) — tudn hodn v6ii =1, ., k thi J ¢6 dang

'
o 1

a1

|

Ly 1
Oy
1

\ %))

3 mdi khéi, o; nkm trén dudng chéo chinh, 1 nim & phia trén dudng chéo
chinh, 0 & cdc vi tri cdn lai.

Dinh li 4.1. Cho X i khong gian vecto hitu han chidu trén C, X = {0}, ¢ la mot
todn ti tuyén tinh trén X. Khi dé X bdng téng tryc tiép cda cdc khéng gian
con tuén hodan ¢ — bét bién.

Chung minh. Ap dung dinh li 3.5 vao da thde diic trung f,(t) cda o, ta c6 thé
gid thiét ring c6 mot s8 o € C va of nguyén r =1 sao cho (¢p-aly) =0. Dat
¥ =¢-aly, ta c6 ¥* =0. Gid sif r 12 58 nguyén nhd nhdt c6 tinh chét trén, ta

¢6 W1 = 0. Tix 46 ¥ (X) 12 khéng gian con thuc sy cia X. Th4t vy, chon w € X
sao cho ¥" Hw)= 0. Pat v=¥"Yw) thi v ¢ Ker¥ nén dim Ker(y) > 1 va
dim ¥ (X) < dimX.

Do gid thiét quy nap, ¥ (X) 12 téng truc ti€p cda cdc khong gian con tudn hoan
¢ - bft bign

yX)=V,6..8V,,

sa0 cho V; ¢6 ¢d s& gdm céc phén td ¥X(w;) vdi vecto tudn hoan w; € V;, e6
chuli r.

Ldy v;ieX sao cho ¥W(v;)=w;. Khi d6 mdi vecto v; 1a tudn hoan, vi n&u
Wi (w;) = 0 thi ¥5+lv,) =0,
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Goi W, la khéng gian con cia X sinh bdi cdc phén ti ‘Pk(vi}, k=1, ., 5+1.
'Ta sé ching minh
V' =W, +...+W,

12 téng true tidp, tifc 12 moi u € V' duge vist mot cdch duy nhat dang
U=y +..+Uy, u; €W,
hay mot cdch tuang duong vects Oy € V' duge viét duy nhét dang
Oy = 0y +...+ 0y, 0; € W;.
Moi phén tif cia W, déu cé dang f;(¥)v; véi f; 12 da thic bdc £ r;,;. Gid su
0=f(¥vy + ..+ f(Pvy (3)
T4c dong ¥ vao (3) v6i chd ¥ ¥i,(¥) =f;(¥)¥, tacod
£ (W + .+ £ (Fwpy, =0,
Do V) +..+ Vy 1a téng truc ti€p clia ¥(X) nén
f(¥)w; =0,i=1,.,m
Suy ra t% 1a uée cha f;(t) (xem ching minh b8 dé 4.1), vi vay
f;(t) = g;(t)it véi g; e CIt]
Tit d6 (3) trd thanh
g1l@wy + .+ gul@wy, =0.
Tuong tu trén, ta lai c6 t% 1a ube cha g;(t) nén t5*! 12 udc cia fj(t). Suy ra
fi(¥v, =0.
Vay V' 13 tfng truc tiép clia Wp,..., Wy, .
Do V' c X nén W(V') c W(X). Moi phén ti cia ¥(X) déu c6 dang
| f08)w + .o+ T,(Pwy,
v6i cac da thae f; nao dé nén dnh qua ¥ cha phédn tif nay la
£ 0P)vy + L+ T (v
va phén ti nay thudée V. Viy ¥(X) c W(V') va do d6 W(X) = ¥(V').
Cho v € X. Do W(v) = W(¥") nén ¥(v-v)=0. Vi thé
v=v' +(v—-v} eV + Kerg.

Tacét X =V + Ker ¥.
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Goi E’ 12 co s& Jordancia V'. Ta c6 thé b§ sung vao E' mot s6 phin t& thude
mét co s& cia Ker¥ dé€ duge mét ¢d sé E cia X ;

E=Eulu,..,u}
Do ¥(u;) =0 nén u; la vectd riéng ciia ¢, va khéng gian con mot chidu sinh bdi
u; la tudn hoan va ¢ — bdt bién. Ki higu khong gian &y 1a Uj. Ta ¢6
X=VouU,e.0U,
=V, 8.0V, 8U;6..6 U,

12 mét phén tich X thanh tdng tryc ti€p ciia cac khéng gian con tudn hoan, ¢ — bat
bién. o

Hé qua 4.2. a) Moi todn t tuyén tinh o trén khéng gian vecto hizu han chiéu X,
tén tai mot co sé E cda X sao cho [¢lg l& ma trén dang Jordan.

b) Moi ma trdgn vuéng A déng dang véi mot ma trén deng Jordan, goi la
dang chinh tdc Jordan cia A.

Dinh Ii 4.2. Todn tiz tuyén tink ¢ trén khong gian hiu han chidu X chéo héa
duge néu va chi néu da thite 165 thifu cia ¢ ¢6 dang

Pot) =(t = A1 }..(t - Ap), 4)
U0t Ay,...,Ay @& cdc tri riéng phén bigt cia ¢.

Chitng mink. Néu ¢ chéo hod dugce thi theo dinh 1f 3.3, Py (t) cé dang (4). Nguge

lai, gid sd Po(t) ¢6 dang (4), ta s& chi ra dang chinh tdc Jordan phai cé dang chéo,
tie 12 chi gém cdce khdi vudng 1 x 1.

Xét khdi vudng Jordan k x k

a 1 0 ... 00O
0O al .. 0G0
0 0 o 00

Jyla) =
0 0 0., a1
0 0 0.. 0 «

Pa thic t3i tifu cia khéi nay 1a (t—«)*. Pa thae t8i tifu p,(t) ciia mdi khsi
Jondan J cla ¢ 14 udc ctia da thie t8i tidy Py(t) cla @, dodé k = 1. O
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Dinh Ui 4.3. Cho todn ti tuyén tinh ¢ c6 cde tri rieng phén bidt Ay,...,A,. Khi d6
da thic t6i tiéu cda ¢ c6 dong

Polt) = (8 = A ™1 (& -2, )% (5)

néu va chi néu trbng dang chinh tdc Jordan cia ¢, cdc kh6i Jordan J(A;) iung vdi
_ tri riéng }; ¢6 bgc cao nhdt la m;.

Chiing mink. Hién nhién py(t) c6 dang (6) thi cde kh6i Jordan J(A;) (g v6i
tri riéng A; ¢6 béc cao nh4t 1a m;. Ngugc lai gid sit m; 12 bic cao nhét cla cdc
khéi Jordan tuong dng véi tri riéng A;. Khi d6 cde khéi Jordan J(A;) déu bj linh
hod bai (t-2;)™i, nén [¢] bj linh hod bdi py(t) c6 dang (5). Vi méi (t- AT 1a da
thife ¢6 bic th&p nh4t linh hod cdc khéi J(A;) nén p,(t) Ia da thie bjc thdp nh&t

linh ho# [p]. Vay py(t) 12 da thic t8i tiéu cia ¢. 0
Bai tép
V.1 Tim tri riéng, vecto riéng thyc clia cdc ma trdn sau
3 4 4 0 01 112 000
a)[1 -1 3 b}(1 O 0 e)|1. 1 2 dy{1 0 0
o 0 2 010 2 2 4 000
V.2 Chéo hod cdc ma trén sau
' 1 3 1
5 -1 2 1 2 2 1000 2
0O 000 ¢ -1 1 3
al-1 & 2 by(2 1 2 c) 000 0 d) 00 2 5
2 2 2 2 21
1001 0 0 0 -2

V.3 Tim tri riéng, vecto riéng clia todn ti tuy&n tinh
Q: R? 5 RS
a) p(x,y,z) = (2x — ¥y + 2z, 5x — 3y + 32, — x — 32)
b) ¢{x,y,z) = (y, — 4x + 4y, — 2x + y + 2z)
¢) p(x,y,2) = (4x — By + 2z, 5x — Ty + 3z, 6x ~ 9y + 42)
d) ¢(x,y,2) = (x — 8y + 3z, - 2x — 6y + 13z, — X — 4y + 8z).

V.4 Chitng minh riing moi vecto khée 0 déu 12 vecto ridng cia todn tr tuyén tinh ¢
~ trén X néu va chi néu tdn tai o € K sao cho ¢ = aly.
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V.5 Cho ¢ 12 todn ti tuy€n tinh kh& nghich trén X. Ching minh A 12 tri riéng cda
¢ thi % l1a tri ridng cia tp'l. Hon nita néu v 1a vecto riéng clia ¢ \ng vdi A thi

né ciing 14 vecto ridng cia (p'l ing véi %

V.6 Ching td ring moi todn tl tuy&n tinh trén khéng gian vecte phitc hilu han
chidu déu c6 vecto riéng. Pidu d6 cdn ding khdng vdi khéng gian vd
han chidu.

V.7 Tim tdt cd cdc ma tridn vudng cdp 2 chéo hod duge
a) Trén R, b) Trén C.

V.8 Chung té hai ma trdn vubéng A va AT ¢6 chung tri ridng. Cho vi du chitng t6
chiing khong chung vecto riéng.

V.9 Ching minh téng v giao cia hai khéng gian con b4t bi€n la khéng gian con
b4t bi&n.

V.10 Cho ¢ v& ¥ 1& hai todn td tuyfn tinh trén X giao hodn véi nhau. Ching
minh U la khdng gian con bat bi€n ctha ¢ thi ¥(U) ciing 12 khéng gian con bat
bién cia o.

V.11 Cho ¢ va ¥ 13 hai todn t& tuy&n tinh trén X giao hodn véi nhau. Ching
minh Ker(¥) va Im(¥) 12 khéng gian con b4t bién cia ¢.

V.12 Cho ¢ 13 todn tir tuy&n tinh trén X, U 12 khéng gian con b&t bi&€n cha ¢ va
W c U. Ching minh

a) W 1a khong gian con bt bi€n ciia ¢|y n&u va chi néu né I khéng gian con
b4t bién cia ¢. '

b) ¢(U) va ¢ 1(U) 1a khéng gian con bat bi€n cia .
V.13 Cho todn ti¥ tuy€n tinh ¢: K" - K® c6 n tri riéng ph4n biét. Hay tim t4t ca
céc khong gian con b4t bi€n cla ¢.
V.14 Tim t4t cd cdc khdng gian con bdt bi€n cia todn ti tuyén tinh ¢ trén K3
¢xyz)=(4x -2y +22,2x + 22, - X+ ¥y +2) .

V.15 Tim dang Jordan clia cdc ma trgn sau

101 1
10 4 5 4 0 -10 1
b .
a) (—25 10] )[9 —7] N2 14
0 -10 1
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CHUONG VI

DANG SONG TUYEN TINH
VA DANG TOAN PHUOGNG

§1. DANG SONG TUYEN Ti{NH

1. Pinh nghia

Cho X 1& mdt khéng gian vecte. Ta goi mot dang song tryén trén X 12 mdt quy
tde dat hai vecto bat ki x, y € X véi mot s6 f(x, y) € Kthod man cdc didu kién sau
dayvéimeix, y,ze X, A e K:

Lfx + 2z y) =%,y + flz, y)

fidx, y) = M(x, y) ; '
2} fix, y + z) = f(x, y) + f{x, z),

fix, Ay) = A f(x, y).

Mot dnh xa tuyén tinh ¢ : X = K goi 14 mot dang tuyén tinh. Theo tinh chat
1), v6i mbdi y c8 dinh, fx, y) 1A mdt dang tuy&n tinh theo x va theo tinh chét 2), -
v6i mdi x & dinh, f(x, y) 12 mdt dang tuyén tinh theo y. Theo ting bién dang song
tuyén tinh c6 cde tinh chit cda m§t 4nh xa tuyén tinh.

Vi du.
a) N&éu ¢ va ¥ 1a hai dang tuyén tinh trén X thi
fix, y) = o(x) ¥(y)

12 mdt dang song tuy&n tinh trén X.

b
b) o(x,y) = [x(t)y(t)dt

a

1a mot dang song tuyén tinh trén khéng gian vecto Cla,b] cde ham lién tuc trén
" doan [a,b].
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2. Ma trian ciia dang song tuyén tinh

Cho f la mét dang song tuyén tinh trén khdéng gian vecto X va
E = {e;,eq,...,e,} 12 mét ca 86 cha X. Ki hidu x =(x{,x5,..X,), ¥y=(¥1.¥2:-.¥5)

13 toa do cia vects x va y trong c¢o s& E. Khi dé

1 I} 11
f()('y):f[z Xiei,Z)’jEj]: Z Xiy:jf(ei,ej).
i=1 =1

i,j=1

Dﬁt f(ei,Ej) = aij, ta cé
n
f‘(x,Y) = Z A5XY (1}
i,j=1
Ta goi ma tran
811 321 an]_
A= a1 4y ... app
iy, Az ... 8pg

la ma trdn cda dang song tuyén tinh f trong co s¢ E. Ki hiéu [z]g 12 toa d6 cha
vecto z trong co sé E, Khi 46 ta cé

f(x,y) = [yt Alx]g (1)

Nhu vay : Mdi dang song tuyé&n tinh f déu c6 thé viét dudi dang (1) ; ngugc lai
cho mét ma trén vudng A cip n bit ki, cdng thirc (1°) cho ta mdt dang song tuyén
tinh ¢6 A 12 ma trédn trong co sd E.

Gid sit E'={e],e5,..e;,} 12 mdt co sé khdc cda X va P 12 ma trin chuyén tit E
sang E’. Goi B 12 ma trin cta dang song tuyén tinh f trong ¢d sd khi F’. Khi d6

f(x,y) = {ylL Alx]g = _
= (Plylg )T APIx]g) = [y g (PTAP)xlg
Vi vay ta cé
B = PTAP (2)
Béi vi [P| = [P"| nen tir (2) ta c6
B = AP 3)

Tir (3) suy ra dinh thic cia ma tran mdt dang song tuyé&n tinh thuc trong céc co
s& khédc nhau ¢6 cung dé4u.
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Cho hai ma trin vudng S va P cfp n. Ki hiéu S,,...,S, 1a cdc vecto dong cia S.

Theo dinh nghia phép nhin, mdi ddng clia ma trin tich SP 12 mét t8 hgp tuyén
tinh cta cdc vecto §,,...,8,. Do dé

r(SP) < r(S) @)
Vi r(A) = r(AT) nén tir (4) suy ra r(SP) < r(P). Véy
r(SP) < min {r(8), r(P)}
Gia si S khéng suy bign. Khi d6
r(P) = t(S"H(SP)) < r(SP)

Do dé trong trudng hop nay ta c6 r(P) = r(SP). Tuong ty n&u P khong suy bi&n
thi r(8) = iSP). Ap dung didu nay vao (2) ta c6

r(A) = r(B)

Tir 6 ta goi hang clia dang song tuy&n tinh f 1A hang cia ma trin cia né trong
mbt co séd tuy ¥.

Vi dy. Cho f1a dang tuyén tinh trén R? (cho trong co 8§ chinh téc)

f(x,y) = x1y; +2x1y3 - Xp¥3 + 3X3¥3

Tim ma tr4n cGa f trong co 88 chinh téc E = {e},e;,e3} cda R® va trong co 8¢
E = {(1,1,0),(1,1,1),(1,0,1)}.

Gidi. Bdi vi
fley,e)=1, f(eg,e) =0, f(eg,e;) = 0;
fle) ep) =2, fleg,e2) =-1,  fleg,e2)=0;
fley,e3) =0, fleg,e3) = 0, fleg,e3) = 3;

nén ma trén ciia f trong cd sd chinh tée 12
1 0 0
A=12 -1 0
0 0 3
Ma tran chuyén tir co 8& chinh tdc sang co 8§ E’ 12
111
P=|11 0
011
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nén ma trjn ciia f trong co sd B’ 1a

1101 0 0\//111
B=PTAP=|1 1 1{2 -1 0}j1 1 0
10 1)lo 0 3jlo11
2 2 3
Vay B=|2 5 6
4 4 4

3. Dang song tuyén tinh d8i xing
Dang song tuy&n tinh f trén X goi 12 d6i xing néu
- flx, y) =1y, x)
véimoix, ¥y e X.
Né&u f d8i xitng thi trong mét co 38 E bt ki
a;; = fle;, e;) = f(ej, ¢;) = ay;

véi mei i, j.

Ma trén vuéng A = (a;) goi la ma trfn ddi xing néu a;; = aj véi moi i, j. D&

dang kiém tra ring n&u dang song tuy&n tinh f c6 ma trén trong mét co sé nao dé
l1a ma trén d46i xdng thi f I3 dang song tuy&n tinh d6i xing, nguoe lai, néu f la
dang song tuyén tinh d&i xing thi ma tr4n cia f trong mot co s& bat ki 1a ma trgn

461 xing.

§2. DANG TOAN PHUONG

1. Binh nghia
Cho fl2 m§t dang song tuyén tinh trén X. Khi dé
o(x) = fix, x)

goi 12 mdt dang toan phuong trén X.

Né&u £ 12 mdt dang song tuyén tinh khéng d8i xing thi b¥ng cdch dit

o(x, y) = %(f(x,y)+ £y, %)),

ta ¢6 ¢ la mot dang song tuy&n tinh A& xdng va
o(x) = ¢(x, x)
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Vi vy sau nay trong dinh nghia dang toan phuong ta ludén gid thigt dang song
tuy&n tinh f la 461 xing.

Ki hidu x = (x;,x3,...,X,) 12 toa d9 cia vecte x trong méot co s¢ E nao dé cia X
Khi d6, ta cé phuong trinh cia dang toan phuong 12

11}
w(x) = fix, x) = a;iX;X;
1

ij=
trong d6 a;; =ay véimeii, j=1, 2.0

Tir hé thue

f(x,y) =%(ﬂx + ¥, x+y)r-flx,x) - fly,y)) =

= %(m{x +y)—ox) - oly)

suy ra ring chi c6 mot dang song tuy&n tinh d6i xing duy nhit xdc dinh dang
toan phuong w{x).
2. Ma trin cia dang toan phuong

Cho dang toan phuong w(x) xdc dinh béi dang song tuyén tinh ddi xing f(x, y).
Khi d6 ma trin cta f trong eo sé E ciing goi 14 ma trdn cla dang toan phuong o(x)
trong co s¢ E.

Gid s A 1A ma tz8n cda dang tean phuong o(x) trong ¢o s6 E. Khi d6 ta c6

' 1]
ox) = [xIFAlxlg = Y agxx
ij=1

Vi du. Dang toan phuong

a{x) = xf + 2X1Xg — X;Xg + x% + x%

11 -1
2
¢6 ma trdn la A=|1 1 0
NER N
2
1 1 1
2%
D& dang kiémtra o(x)=(x; Xp X3)| 1 1 0 [ x,
_1 o 1 |[\*3
2
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§3. DANG CHINH TAC cUA DANG TOAN PHUONG

1. Dang chinh tic
Phuong trinh cta dang toan phuong
n
oX) = ) a;XX;
ij=1
trong dé (x;,Xg,...,x,) 1a toa d§ clia vecto x trong co s& E xuit phdt trén X. R&
rang phuong trinh nay thay ddi khi co s6 thay d6i.
Dang toan phuong goi 1a ¢6 dang chinh tdc néu
. n 9
o(x) = Zbixi .
i=1

Co 38 dé dang toan phuong c¢6 dang chinh tdc goi 1A co sd chinh tdc cha dang
toan phuong.

M&?i dang toan phuong déu tén tai mdt co s& d€ trong co s& dé né c¢é dang chinh
tdc. Viéc tim co sé d€ trong co 8§ d6 dang toan phuong c¢é dang chinh tdc goi 1a
phuong phdp dua dang toan phuong vé dang chinh téc.

2. Phuong phap Lagrange
Xét dang toan phuong
o(x) = a; lx% + 819X Xy + ..+ 281,X1X, + azzxg + ..

Néu an # 0 thi

2a 2a
- o(x)=ay; (x% + 2 kg 4+ x| 4

a1, a1
2
a a
= all[xl +—1£x2 o+ —l-“—xn) +8
ay) a1

trong dé g; 1a mét dang toan phuong khéng phu thuge x,.

Pat
a a
Y1 =Xy + 2%y 4. 4 0y
a3 a1,
¥g = Xg
yn '"xn
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ta dugc phép d8i toa 4% véi ma tran chuyén tir co sd xuflt phédt sang co s6 mdi 1a

1 2412 A
214 a3

o 1 ... 0

c 0o ... 1

Trong co sé méi phuong trinh ¢ha dang toan phuong la
o(y) = 21151 + 8
vdi gy khong phy thuje y,.

Néu ay) =0 nhung tdn tai a,;#0,j > 1, ching han a;; #0 thi ta s dung
phép dd8i toa dd '

1=¥1+¥2
Xp=¥)—-¥2
X3 =Y¥3
Xy =¥n

vdi ma trdn chuyén co sé xudt phdt sang co s& mdi 12

1 1 0 ..0
1 -1 0 .0
0O 0o 1 .0
¢ ¢ 0 .1

Chﬁ ¥ ring ma trin nay khéng suy bién.
Trong co 3& mdi, phuong trinh cia dang toan phuong 12
oly) = alzyf + 2a12y% + 2ay3(y) +¥2)¥g + .
c6 dang nhur di xét & truvng hop thi nh4t.

Sau khi di sit dung phép d6i co 84 thit nh4t ta ciing' tién hanh tuong ty d6i vai
dang toan phuong g;. Tiép tyc nhu vy sau mét s& hiru han phép d8i co 58, ta =&
tim duge mjt co 8¢ trong d6 © c6 dang chinh téc.

Vi du. a) Pua dang toan phudng sau day v& dang chinh téc
a(x) = x% +5x% - 4x§ +2X1X5 — 4X1Xg
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Gidi. Ta ¢6
ofx) =(x; +x5 - 2X3)2 + 4x% +4XoXg — 8x§ =
1 2

=(X%; + Xq - 2X3)2 + 4(:{2 +—2-x3) - 9x§
S& dung phép d8i toa dd

[ 5
¥y = X + Xg — 2X3 X =¥1-Yet+5¥a

= Xg + 1 X3 & {Xy = 1
Y2 = 2t5%3 2 Y2 2?3
¥3 = X3 X3 = ¥3

dang toan phuong s& cé dang chinh tic 1a
o(y) = yi +4y3 -9y}

b) Pua dang toan phuong sau day vé dang chinh tic
o{x) = X1 Xg + X X3 + XgX3

Gidi. St dung phép d8i toa dd

X3 =¥1t+¥s

Xg =¥1~¥2

X3 = ¥3
Ta duge

o(y) =y = y5 (1 +¥2)v3 + (31 — ¥2)¥3
=G +ya -yi-v3
St dung phép déi toa dd

21 =y +¥3 Y1=5 -3

Zg = Y2 S i¥2 = 22

Zg = Y3 ¥a= Z3
Ta cé

o(z) = zf —z% —z%,
v4i phép d8i toa d8
Xy =2 +29 — 23
X9 =% —Zg —Zg
X3 = 23
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3. Phuong phap Jacobi
Cho ma tran vudng A = (a;;) cép n. Ta goi cdc dinh thue

-

ay; a2 o An =|A|

2g3 433

14 cdc dinh thic con chinh cia A.

Ay =ajy, Ag =

Gid st ©(x) 12 moét dang toan phuong sinh bdi dang song tuy&n tinh ddi xing
f(x, y) ¢6 ma trin trong co s§ E ={e),eq,...,e,} 12 A

Dinh li 3.1. Néu tdt cd cdc dinh thuc con chinh cia A khde O thi ton tgi mét co
sé d& trong co 5d dé phuong trinh cia dang toan phuong la

1 A
(I)(X}='—'—X%+ﬂx% 4.4 —B=ly?
A A

1 2 A11
Ching minh. V6i moi j = 1, 2,., n xét hé phuong trinh sau day :

bljf(el,e1)+b2jf(e1,ez) + ...+bjjf(el,ej) =0

bljf(ez,el) + b2jf(92?82)+ A bjjf(ﬁz,ej) =0 (1)

b]jf{ej'el ) + bgjf(Ej, Ez) + e+ bl]f(el,ej) =1
chi ¢6 v& phdi cila phuong trinh cudi cling 1a khédc 0. Bdi vi a;; = f(e;,e;) nén dinh
thitc ma trdn hé s6 cda (1) 1a A; # 0. Theo dinh lf Cramer hé nay c¢ nghiém duy
nhat, ta ciing ki hig¢u la (byj,byj,....bjj), déc biét

A
b=t =0
A;
Bat ei = bllel

e = byge; + bggey

e, = bypey +bopes +... + by ey
Tu hé thic Aje] +...+Ae, =0 tacb

bllll + b12l2 + ...+ blnln =0
b2212 +...+ bznln =0

banhn =0
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Vi moi bj; # 0 nén tir h¢ ndy suy ra i, = Ao =..=X, =0, tdc 12 he e),eh,...e]
doc 14p tuyén tinh. Vay ta c6 E’ = {e1,e3,..e4} 12 mdt co s& clia X v4i ma trin
chuyén t E sang E’ 13

byy bz .. by,

0 bgy ... by,

P= (2)

0 0 .. by
Ta sé ching minh ring trong cg s& E’ dang todn phuong c6 phuong trinh nhu
mong mudn, tdc 13 cln chi ra

A .. .
) néu i =j (ki higu A = 1)
f(e},ej) = A_i

0 néui#j

Théat viy vdi i <j ta c6
f(e:i,ei) = f(ei,e:i) = f(ei,bljel + .t bueJ) =
= bljf(ei,el) + ...+ bjjf(ei,ej)

Theo hé (1) ta ¢6

Onéui<j
f(eg,ei)={ !

3
lnéui=j @
Tir (3) ta ¢6

f(e],ej) = f(ej,byjey +...+ bjey) =

= bljf(ea,el) +...+ bj_ljf(eg,ej_l) + b‘uf(e'J,eJ) =

V6i i <j thi
f(ej, e} = f(ej,byze; +... + bjje;) =
= blif(eg,el) +...+ biif(efi, ei) =0.
Bdi vi f(e],e}) =f(ef,ej) nén didu cui cang nay cho ta flei,e)) =0 véi
moi i # j. |
Chii ¥ ring d& tim ma trén chuyén co s& (2) ta cdn gidi n hé phuong trinh (1).
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Vi du. Dua dang toan phuong ¢6 phuong trinh
o(x) = x% + 2X1Xg — x% + x5
vé dang chinh tdc.

Gigi. Ma tran cia dang toan phuong la

1 1 0
A=|1 -1 0
o 01

Ay =1, Ay =-2, A3 =-2 nén tdn tai mdt co sé dé phuong trinh dang toan
phuong c6 dang

1
. m(x):x%——z»x%+x%

P& tim ma tran chuyén co sé ta xét hé phueng trinh (5)
le..]:]. b11=1

b bgy =0
Véij=2: {12727
by ~byg =1

. b13 +b23 =0 —b13 =0
le_]=3 b13—b23=1<:>'b23=0
bas =0 [bag =1

V4y ma trén chuyén co sd la

1 1 0
2

P=|0 1 0
2

¢ 0 1

tic 12 néu co s& xudt phédt 1a e,,e,,e; thi co sé d€ dang todn phuong cé dang néi
trén la

€ =&

ey =le1 -lez
2 2

eg = eg
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4. Lugt quan tinh
Cho dang toan phutong thuc c6 dang chinh tdc
o(x) = A x? + kzxg + ..+ lrxf, A; 0.
Thuc hién phép d6i bién
xi:J}x_ih(i néui<r, x{=x; néui>r,
dang toan phuong tré thanh
w(x") = slx'lz FEXE + . 4+ £ X2

trong dé g; = 1. Ta goi dang toan phuong dudi dang nay 13 dang chudn tiec.

Dinh Ii 3.2. (Luat quén tinh). S6 ¢ =1 va ¢ = -1 cida mét dang toan phuong

thyc dusi dgng chudn tde ld nhitng bdt bidn (tic la khéng phu thube vao co sé
ma ta chon).

Chung minh.

n -
Gia sa w= Z ainin va

L=l

2 2 _ 2 2
W=Y] +..t¥p ~¥ps1 — -~ ¥i
m:zf+...+z§—z§+1—m—zf (4)

12 hai cdch dua o vé dang chudn tdc. Khi d6 tén tai hai ma tr4n S-= (5, T = (L))
vudng cdp n, khang suy bi&n sao che

_ Pl =811Xq +... + 81Xy 2z =01Xg + b Xy
Yo = 891X + ... —SgnXy, va Zg = t21X1 + ...+ tznxn
Yo =8p1X1 +... 8%, Zy =i1x +oor X,

Gid st rding p < q. Khi d6 xét h& phuong trinh tuy&n tinh thuin nhét cda cdc
bi€n xq,xg,...,%,

y1 =0
ypzo

5
ot =0 (5)
z, =0
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Vi hé nay c6 s§ phuong trinh it hon 5§ 4n nén c¢6 mt nghiém khéng tdm
thutng C = (¢y,c¢g,...,¢,). Thay C vao (4) va chié y dén (5) ta 6

oC) = ~y2 1 ~ .- yE SO
2 2
o(C) =2y +...+2zg 20.
Vi vy o(C) = z% +...+z?l =0, tde la 2z, =0,.., zg = 0.

K&t hgp vdi (5) suy ra hé

¢6 mdt nghiém khang tdm thudng la C. Pay 12 didu mau thulin, vi ma tran cia hé la
T khéng suy bién. Vay p 2 q. Hoan toan tuong tu ta clingc6 q > p,dodép=q. DO

5. Dang toan phuong xic dinh dudng, xdc dinh &m
Dang toAn phuong thue w(x) duge goi 1a xdc dinh duong néu w(x) > 0 véi moi
x # 0 va goi 12 xdc dinh 4m néu o(x) < 0 véi moi x = 0.

DPinh li 3.3. Mot dang toan phuong o(x) la xdc dinh duong néu va chi néu trong
co 86 chinh tdc, phuong trink cda o(x) cé dang

o(x) = ble +box3 +...+ b X2,
trong d6 b; >0 vdi moii=1,2,.,n.

Cht?ﬁg minh. N&u o(x) ¢6 dang trén thi hién nhién e(x) > 0 v4i moi x = 0, tic
1a o(x) xdc dinh duong. Nguge lai, ndu mdt dang todn phuong dua vé dang chinh
t4c khong cé dang trén thi hofe tdn tai b; = 0 hofe b; <0. Chidng han b, <0. Ta

chon x ¢6 toa d¢ trong co s& chinl_l tde dé 1a (0, ., 0, 1) thi x # 0 nhung o(x) < 0.
Vay w(x) khong xdc dinh duong. B

Tuong tu ta c6 :

Dinh li 3.4. M6t dang toan phuong o(x) la xdc dinh &8m néu va chi néu trong co
8¢ chinh tdec phuong trinh cia o(x) ¢6 dang

(%) = byX] + byx3 + ..+ by X%,

trong ddé b; <0 vdimoii=1,2,.,n
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Dinh li 3.5. (Tiéu chudn Sylvester). Dgng toan phuong
Il
o(X) = D agX;X;
i,j=1
xdc dinh duong néu va chi ndu tdt cd cde dinh thic con chinh A cia ma trgn
A =(a) déu duong ; xde dinh dm néu va chi néu Ay <0, Ay >0,..., (-1®A, > 0.

Chiing minh. N&u moi A,;l # 0 thi theo dinh Ii 3.1 s& ¢6 mdt co sé& d€ trong co
sé dé

1
O(X) = —X] +—X3 + ..+ —lxﬁ

2 A 2 Ay
Ay Ag Ay

Do 46, néu mei Ay >0 thi w(x) xdc dinh duong theo dinh li 3.3 ; né&u
A <0,45 >0, ., (134, >0 thi o{x) xd4c dinh 4m theo dinh i 3.4,

Nguoge lai, néu w(x) xde dinh duong (hojic &m), xét dinh thic con chinh cfp m

a1 2 ... Ay

& a e A
Ay =|?21 %22 2m

@m1 8mp2 - Apy

Goi X, 12 khéng gian vecto con cla X sinh bdi cde vecto co s6 €],€32,...,€p,.
Khi d6 oy (x) = o(x),x € X, ciing ]a myt dang toan phuong xde dinh duong (hodc
4m). Xét co 8§ méi trong X, d€ o, (x) c6 dang chinh tde, ma trin cta oy (x)
trong co 3¢ nay c6 dang

by 0 .. ©
0 by .. ©
0 0 .. by

Né&u goi P 1a ma trdn chuyén tit co sé (e1,...,ey) sang ¢d sd chinh tdc thi
theo (3) §1 ta cé

bybg..by = Ay |PE.

Do d6 néu o, (x) xdc dinh duong thi moi b; >0 nén Ap > 0. Néu o, (x) xdc
dinh béi am thi mei b; <0, nén Ay >0 néum chdn, Ay, <0 néum I&. a
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§4. KHONG GIAN EUCLIDE

1. Pinh nghia.

Cho X la mot khéng gian vects thye. Ta goi mdt tich vé hudng trén X la mét
quy tdc dat hai vecto bAt ki x, y € X tuong ing véi mét s§ thue (x1y) thod man céde
didu kién sau day véi moix,y,ze X, A e R

iy =(>FIx),;

2) (xly) = Mxly);
DNxx+ylzy=(&xlz)+(ylz);
4)(xIx)z0, xIx)=0ox=0.

Khong gian vecte thyc X cing mot tich vé hudng trén X goi 14 mot khong gian
Euclide. '

Cha ¥ riing, n8u dat fix, y) = (xly) thi f 12 mdt dang song tuyén tinh d6i xing
trén X. Do d6 c6 th€ dinh nghia tich vd huéng 14 mot dang song tuy&n tinh dé6i
xiing xdc dinh ducong, tidc 14 thod min 4).

Vi du.
a) Véi moi x = (X1,Xsg,...,X, ).

Yy =(Y1,Y2,---,yn) thutjc Rn’ dét’
(x| y) =%y + Xg¥p +... + Xu ¥y

ta dugec mot tich vé huéng trén R". R" 12 mdt khong gian Euclide véi tich vd
huéng nay.

b) V6i cac ham f, g lién tuc trén doan {a, b] dat

b
(flg) = jf(t)g{t)dt

ta duge mot tich voé huéng tren khéng gian vecto Cla,b] cdc ham lidn tuc trén doan
(a,b]l. Vdi tich v& hudng &y Cla,b] 12 mét khéng gian Euclide,

2, D$ dai vectd, goc gilta cic vectd

Cho khéng gian Euclide X va vectd x € X. Ta goi d dai hay chufin cGa vecto x
(sinh bdi tich vo hudng trén X) 1a s&

x| = ,/(x‘x).
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Binh li 4.1. (B4t ddng thic Cauchy — Buniakovski). V&i moi x, y thudc khong
gian Euclide X ta ¢¢

x1y? s|xflyf.
Ddu ddng thic xdy ra néu va chi néu x va y phu thudc tuyén tinh.

Chizng minh. Néu y = 0 thi két qud 12 hién nhién.
Gid sty = 0. Xét vectax—ty,t € R, Ta cé

(x-ty|x—ty) = tz(y|y) - 2t(x|y) +(x|x) 20
v6i moi t, do d6 theo dinh li v& d4u tam thidc bc hai
AN=xly -, y=<0

Vay c6 b4t ddng thie cdn ching minh.

Theo tinh chdt (4), ddu ddng thae xdy ra néu va chi nu y = 0 hodc tén tai t d&
x — ty = 0, titc 12 n&u va chi n&u x v& y phu thude tuyén tinh. a

Dinh Ui 4.2. Voi moi vecto x, y thuéc khéng gian Euclide X ta ¢6
vl < e+
Ching minh. Ta c6
x+yf’ =(x+yx+y)= x|+ 2x|y) + (v y) =
=M2+ﬂ4w+bf-
Theo b4t ddng thic Cauchy — Buniakovski
x|y < xly
do dé
o+ 3 < + 20yl + Iy = (b + [y)°, bay
[+ vl < [x]+1y]. - O
Theo bit ding thitc Cauchy — Buniakovski ta cé

)|
Ry <

v@i moi x, y khdc 0. N&u x # 0, y # 0 thi ta dinh nghia géc gita x va y la

135



@ = arccos |y)
EER
tafe 1a

x|y}

il

Néu X =R? hosc X =R? thi géc gidia cdc vecto chinh 13 géc ta da bist trong
hinh hoc gidi tich.

cosp=——va O <p=<m

Hai vecto dugc goi la tryc giao véi nhau néu tich vé huéng cla ching bing 0.
Néu x # 0, y # 0 thi (x}y)=0 khi va chi khi géc giita x va y bling % Do d6 khi x

va y true giao ta ciing ki hidula x 1 y.

3. Cd s& truc giao, cd s& truc chuin

Cho mot khdng gian Euclide X n chidu. Myt hé gdm n vects khdc 0 cia X duge
goi 1a mdt co s& true giao cia X né€u ching d6i mot truc giao.

Mot co sé& truc giao gdm cdc vecto ¢6 mbdun bling 1 goi la co s& truc chufn. Nhu
viy, ley,...,e,} 14 mdt co sd true chuéin n&u

1néui=j
le.) =
e ley) {Oné'uiaej

Né&u {ey,...,e,} 1a mft co s& truc giao cia X thi { } 1a mot cd 38 true

leal” lea]

chuéin cia X, goi 1& trye chudn hod co s& triuc giao da cho.

-Moi co s6 tryc giao clia khong gian Euclide X déu 13 cd s& khdng gian vecto X.
That vy, ta chi cAn chi ra mdt co sd trye giao {e),..,e,} 12 doc 1ap tuyén tinh.

Xét hé thic
Ajey +hgeg + ... +Ae, =0.
V6i mei j ta c6
(hgey +... + hney [e;) = (Ofe;) = 0
miit khdc ta cling cé
(Meg +...+ A e, |ej) = Ajley |ej),

do d6 Agle; =0. Vi Joj|>0 nén A;=0 v6ij=1,., n, titc 12 ey,..,e, dbc lép
tuyén tinh.
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Gid si E = {ey,...,e;} 12 mt co 8& trye chuén clia X véi mdi x € X, gid s
X =A@ +..+Aqe,
Khi d6 (x|e;) = Ajlej.ep) = Ajle;” =2; voij=1,..n
Vi vay ta c6
X/E = ((x|ey), (x|eg), .., (xe,)) .
Tit mdt co sd {fy,fy,...,f,} b4t ki cla X c6 thé x4y dung dugec mdt co s§ truc

giao {ej,ep,...,e,} ¢6 tinh chit <e,,.. »ej >=<fy,.,f; > véij = 1,., n. Phuong phép

xay dung duge cho trong dinh li sau day goi 12 phuong phdp Gram — Schmidt. Mot
cdch ty nhién, ta c6 cdc khdi niém hé tryc giao, hé truc chufn trong mét khong
gian Euclide X. Khi d6 phuong phdp ¢6 thé dp dung cho mét hé vecto déc lap
tuyé&n tinh b4t ki trong X.

Dinh U 4.3. Cho {f;,..f,} 1o co s3 trong khong gian Euclide X Khi dé
{eg,..ey} xde dink bdi

el =f1,

i-1 ¢
e; = fi b Z (fl |e;)ek, i= 2,..., n
k=1 |ey] :

Id mét co sd true giao cia X.

Chung minh. Vi f;,....f,, doc lap tuyén tinh nén d& thdy e; # 0 véimoii=1, ., n
Ta cé

' f.
ey 1 ep) =[f1 £, —{—|~2IT—21)e1] - (f1|f2)_"|'2|'|"1)(f ler)

e ey
Bé‘lvi (fl |el) = (91 |e1) = |e1 |2 y (fz |el) = (fl |f2) nén
(el !82) =0,

Gid st i > 2 va cdc vecto ey,...,e;_; tao thanh mdt h@ tryc giao, ta sé ching
minh ey,...,e;_i,e; cling la mot hé truc giao. Véimdip, 1<sp<i- 1.

SRR AT

o Je
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=(ri|ep) Z 11ek)( k1p
il

(fi e.) )
= (f; |ep)——i~§—<ep leg) =0.

ep|

Vay hé e,...,e; truc giao. T d6 theo quy nap ta cé e;,...,e, tryc giao.

E]

Vi du.
a) Trong R® truc giac hod hé
f; =(0,1,2), f3 =(1,1,0), f3=(2,0, 1).
Gidi. Ta ¢6
ey =f =(0,1,2);

g8 4
ey =1y _(fz |e'21)e1 =(1,2,0) r§{0,1,2) =(1,g,_g} .
51
(f3 |‘31) (f3les)
€3 =13 — e —
[e1| _ |92i
6 8 4 12 6 3
=(2,0,1) - (012)_5[ 3 _E)_[T’ g 7]

b) Trong C[-1, 1) truc giao ho4 hé
£, =110 =t f5 =t

Gidi. Ta c6
81—1,
1
jtdt
ez—t—{t—g) l=t-1—=y
1 jdt
-1
1
It2dt _[t3dt
eq =2 - =L 1ol pag2-L
3 1 1 3
[dt jdt
-1 -1
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§5. BUA MA TRAN BPOI XUNG VE DANG CHEO

1. Tinh chét ciia ma tran d&i xing

Cho A la ma trén thyc d6i xing, c¢dp n. V6i moi x = (xy,...,x,,) € R® dat
Il T
Ax =| D aXj,., 3 agX;
i1 i1

ta dugc mdt phép bi€n déi tuyén tinh trén R™ c6 ma tran trong co sé chinh tic A.

Véi moi x =(Xy,...,%, ), ¥ = (¥1,...,¥n ) € R® tacé

(Ax|y) = (x|Ay) (1)
Thét vay
n n n ’ n
(Ax[y)= 3| D ayx; yﬁZ"j[Zﬂﬁyi}
=1\ j-1 =1 “\i=1

I1 n .
2% [Z ajiyi] = (x|Ay).
F1 7 \i=1

Néu vy va v, 1a hai vectd riéng ing véi hai tri riéng A, # X, cia A thi
(vi|vg) =0 (2)
Thit vay, ta c6 Avy = A;vy, Avy = kgvy. Tir dé
(Avy[vo) = (qvy [vg) = Ay (v vg)
(1 |Av) = (v [Agvy) = Ag(vy vg)
Theo tinh chét (1), (Av;|vg) = (v{|Avy), do d6 -
MV [ve) = Aglvy |[vo) hay (4 —AgXy, [vg)=0.

Vi 11—12 # 0 nén (VIIV2}=0.

- Dinh I 5.1. Moi nghiém cia phuong trinh dgc trung cia mét ma trdgn thuc déi
xing A déu la thyc.
Chiing minh. Gid s a + bi 12 mét nghiém cia phuong trinh ]A - M| = 0. Khi d6

|A - (a +bi)I| =0 hay |A -al -ibl| = 0.
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Tuong ty nhu hé phuong trinh tuy&n tinh thuin nhét véi hé s& thye, hé thudn
nh&t c¢6 ma trén hé s6 A — al — ibl ¢6 mot nghiém khong tdm thudng

u+ iv = (uy +ivy,...,Uy +ivy) # 0.
Bédi vi
' (A-al-ib) (u+iv) =0
nén tdch riéng phén thyc, phén 4o ta duge
(A-alu+bv=0,(A~al)v—-bu=0.
Tit d6 ta c6
((A - alu 1\?) +b(viv) =0 ;

((A -aDv |u) - b(uu) = 0.
Vi A d6i xtimg nén A - al d8i =xdng, tuy d6 theo (1) ta cé
(A - al)u|v) = (u|(A - aD)v) = ((A - aD)v|u). Trix v€ v6i v& hai ding thitc trén ta c6
b(uf® + |v]2.) =0.
DPéng thitc nay chotab = 0, vi ||.1|2 + |v|2 %0, (m)

i
Bé&i vi |A-AI =0 14 mét phuong trinh dai s& bdc n nén theo dinh If 5.1, moi
ma trdn d8i xing thuc cip n c6 ding n tri riéng k€ theo 88 14n bji.

2. Chéo hoa true giao ma trin dé8i xiing
Ma trdn vudng P duge goi 12 truc giao néu
PPT =1
Theo tinh ch&t cha ma trén nghich ddo, n&u P tryc giao t;hi P kha nghich va
pl-pT,
Vi vy ta cling cé
PTP-1.

TU tinh ch4t nay d& dang thiy ring P truc giao thi PT truc giao va P, Q 1a céc
ma trin vudng cdp n truc giao thi PQ ciing truc giao.

Goi P),..,P, 1a céc vectos dong cia P, tit dinh nghia phép nhan ma trdn dé
dang thdy réng :

Ma trén P tryc giao néu va chi n&u he {P;,...,P,} true chugn. (3)

Blng cdch xét PT ta théy tinh chft (3) ciing ding v6i hé cdc vectd ct.

140



Dinh It 5.2. Mgi ma trgn thuc, d6i xung A déu tén tgi ma trén truc giao P sao
cho PTAP = P1AP 14 ma trén chéo.

Chitng minh. Ta chitng minh bing quy nap theo c&p clia A
Véi n = 1 két qud 1a hién nhién.

Gid s¢ moi ma trin d8i ximg cdp n -1, n 2 2 dinh li ding. Xét ma trén
A = (ay;) d6i xing, cdp n. Theo dinh li 5.1, A ¢6 mjt tri rieng A;. Chon vecto

riéng e, dng véi tri riéng A 6 |e,|=1. Khi d6
Aey = Xe.
B& sung vao e, céde vectd vy,...,v, d€ duge mdt co 83 cia R™, sau 46 true giao
ho4 va tryc chufn hod, ta duge mt co s& truc chufn E = {ej,e,,...,e,} cia R™.
Goi B 1a ma trdn cia phép bign d6i tuyé€n tinh A trong co sd E. Khi dé
B=8TAS.
V6i S 14 ma trén c6 cdc cft 12 ey,...,e,. B&i vi ma trén S truc giao nén
BT - (8TA8)T = STAS™T = STAS =B
nghia 1a B d6i xiing. Do Ae; = Me; nén cjt thit nhdt eda B 14 14,0,., 0. Vi B déi
xing nén dong thd nhdt cia B ciing nhy vay. Tir dé

(v 0 .. O
B - 0 122 ar lzn
L0 Agp o Agg
(hog .« RAgy
vai C=} .. .. .. |]la ma trfn d8i xing cfp n — 1. Theo gid thi&t quy nap,
klnz aaa lnn

tdn tai ma trén truc giao epn — 1

P2z - Pon
P, =
Pnz - Ppn
sao cho
Ag .. O
PICP, =
0 .. A
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12 mdt ma tran chéo. Bat

1 0 .. 0O
0

P - P2z P2n
0 Pn2 - Pan

dé dang thdy P, truc giao va

M 0 .0
0 Ay .. O

PBP, =D, = 2
0 0 .. A,

Vi B=8TAS nén
PFSTASP, =D,
bat P =5P. Vi S, P truc giao nén P truc giao va

PTAP =D,. .0

Dinh li 5.3. Cho A ld ma trén thuc d6i xung, cGp n. Khi d6 trong R" tdn tai mét
ca s& friie chudn gém nhing vecto riéng ciia A.

Chung minh. Theo dinh 11 5.2
AP =PD;

trong d6 P 1a ma tran truc giao, D, 14 ma trén chéo. Goi E ={e,,...,e,} 12 h& cdc
vecto c¢dt cla P. Khi d6 E 12 co 88 truc chufn vi Ae; = Aje; v6i i = 1,., n. Vay céce
vectg thude E 12 vecto ridng cia A O

Bay git ta chi ra phuong phdp x4y dung co sd néi trong dinh 1i 5.3 va ciing 1a
phuong phdp tim ma trdn P néi trong dinh li 5.2

Cho ma tr4n d6i xing A. Vi A chéo hod duge nén mdi tri riéng bi m cia A c6
ding m vecto rigng déc 14p tuyén tinh. Gid si A, 12 mft tri riéng bi m, chon m
vecto riéng dc ladp dng v6i Ag va sau dé truc chufn hod hé m vecto nay ta duge

mét hé truc chudn gdm m vects. Hién nhién m vecto nay ciing 12 vecto ridng dng
v6i tri riéng XAy. Ti€n hanh nhu vdy ddi voi tdt cd cdc tri rieng ta dugc hé

n vectd E ={ey,...,e,}. Tir phuong phdp x4y dung va tinh chat (2) ta ¢6 ngay E la
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mdt co 5 truc chudn clia R™. Goi P 12 ma trdn c6 cde vectd cia E 1a cde cft thi
P 1A tryc giao va

Ay O .. 0

0 Ay .. O
PTAP = 2

0 0 . Ay

trong dé A; 1a gia tri riéng tuong dng vecto riéng e;.

Vi du. Chéo hod truc giao ma tran d8i xing

1 2 2
A=|2 1 2
22 1
Gidi. Phuong trinh dic trung
1-X 2 2
2 1-» 2 (=0 o -5a+12 =0
2 2 1-2

Vay A c6 cde tri ridng A = 6 (don) v L = — 1 (kép).
V6i A = 5, ta ¢6 hé phuong trinh tim vecto riéng 12

—4x; +2X9 +2x3 =0 . X =¢
2X1—4X2 +2X3 =0 < yXg =C
2x; +2x5 ~4x%3 =0 Xz =¢

Ta dugc mdt vecto riéng ddc 14p 12 v; =(1,1,1), truc chudn hod ta duge

e _[L 1 _1_]
VVBBB
Vai & = - 1, ta ¢6 phuong trinh tim vecto riéng 1a
x; = ¢y +e3)
2% +2X5 +2%3 =0 < (Xg =€
X3 = €3
Ta duge hai vecto riéng dgc lap 1a vy =(- 1, 1, 0), vz =(- 1, 0, 1). Tryc giao hod
ta duge fy =(— 1, 1, 0)

1 1 1
£, =101, —Len1,0={-1 -1 1],
3= CL0,1, ~2(-110) (2 2 )
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Tryc chufn hod ta duge  eq = [—%,%,O)
kel
3 . J‘—Sr 61 8 .
T d6, vai
1 1 1)
NRNCRN
p-| L L _1
3 V2 s
1, L
V3 J6
ta cé
5 0 0
PTAP=|0 -1 0
o 0 -1

3. Dua dang toan phudng vé dang chinh tic bing phép bién déi
true giao

Cho dang toan phuong w(x) trén R"c¢6é ma trfn trone cd s§ chinh tdc 12 ma
tran ddi xding cdp n, A =(ay).

Goi E =le;,...,e,} 12 co 5& truc chufin clia R" gdm cdc vecto riéng ciia A. P 1a
ma trdn c6 cdc cft 1a eq,..,e;,. Khi d6 P 12 ma trén tryc giao vi 12 ma trén
chuyén tif co sd chinh tdc sang co sé E.

Trong co 8¢ E ma tran clia dang todn phuong o(x) 1a

Ay O .. O
PTAP= 0 7&.2 U ¥
0 0 .. A

trong 46 A; 1a tri riéng dng voi e;. Vi viy trong co s& nay phuong trinh clia a(x)
¢6 dang chinh tdc

O(X) = MXE + .. + ApXo.
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Vi du. a) BPua dang toan phuong
o(x) = xf + x% + 4x§ + 2%1Xp + 4X9X3 + 4XgX,
v& dang chinh tic bing phép bi€n d6i truc giao.
Gidi. Ma trin cia dang toan phuong la
11 2
A=|11 2
2 2 4
Gid tri riéng cha A3 A = 0 (kép) va A = 6.
Véi & = 0, hg phuong trinh tim vecto riéng 12
X) =—Cg — 201
X; +X3 +2%x3 =0 <> (X3 =g
X3=¢
Ta dugc hai vecto riéng doc 14p 1a
vl =(_ 1| 1: 0)9 v2 =(—' 2! 0! 1)'

Truc chufn hod ta duge e, = [—7{2-,%,0} :

1 1 1
€ =] ~—p,— = |
(% %%)
V6i A = 6, hg phuong trinh tim vecto riéng la
-6%) + X3 +2x3 =0 X =¢
Ay -8Ry +2x3 =0 < (x5 =¢
2%, + 2%y -2x3 =0 X3 =2¢

Ta dugc mdt vecto ridng déc l§p 1a vy =(1, 1, 2), truc chufn hod ta duge
e =(_1_ 1 i}
3\J6'V6'V8)

T¥ 46 o(y) = 6y3

v6i ma tr4n cia phép bi€n déi 1a ma tran true giao

((1 1 1) gLy Lo, 1.
V2 Va3 e RN RGN - AN S
1 1 1 1 1 1

- —| hay {%3= —y; ——y,+—

72-' 75 76 Y 2 ﬁ)'l J§Y2 nga
0 1 2 Xg = —l—y +iy

\ 3 V6 s VAN
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b) Tim dang cta duing éong bac hai
2x2 - 2xy + 2y2 =1,
Gidi. Ma trin cia dang toan phuo‘ng‘
w(x,y) = 2x2 2xy + 23.r2
trong co 88 chinh tdc 12
2 -1
A= (-1 2 ]

Phuong trinh dic trung cia A

A=1
A-M=0r-3)A-1=0c [1_3

V6i A = 1 ta duge vecto riéng vy =(1,1) chufn hod ta dugc e, =[ 1 1 ] Vai

N
A = 3 ta duge vecto ridng vy ={(1,-1), chufn hod ta duge e; = [715,—5;} Trong cd

83 (e, e,), phuong trinh cia v la
o(g,n) =82 + 3n*
Tir 46, trong co s& tryc chufn (e;,ey) phuong trinh clia dudmg cong dang xét 1a

&,2 +31'|2 =1.

Véy dudng cong 14 mt dudng el'ip c6 cdc bdn truc 1a 1 va 7%

Bai tadp

VI.1. Véi moi x,y € R?, dat

f(x,y) = 3%,y ~2x;yg + 4X3¥1 — X2¥2.

a) Ching td f 1a dgng song tuy€n tinh trén RZ,
b) Tim ma trgn cia f trong co 88 {(1, 1), (1, 2)).
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V1.2. Tran R?® cho dang song tuy&n tinh

f(x,¥) = X151 + 2X5¥9 +3x3y3.
Tim ma trgn cda f
a) Trong c¢ s& chinh t¥ec.
b) Trong ca s& ((1, 1, 1), (1, 1, 1), (1, -1, —1)}.

V1.3. Ching minh riing dang song tuyén tinh khae 0 trén K™ duge vi&t thanh tich
cia hai dang tuyén tinh n&u va chi néu hang cta né bing 1.

VI.4. Cho fix, y) 12 mft dang song tuy&n tinh tr&n khong gian vectd n — chidu X,
M 14 khodng gian vecto con k — chidu cia X, d4t

M'={ye X|f(x,y)=0 véi moi x e M}.
Chdng minh rdng
a) M’ la khéng gian vectd con cia X, dimM 2n -k
BYNEufix,x)20véimoixe M,x=0tht X=M@M.

VL5. Cho dang song tuy&n tinh f trén R® c6 ma trdn trong co s& {(1,0,0), (~1,1,0),
(0,~1,1)} 1a

1 1 -1
1 1 -1
-1 -1 a

a) Tim ma trdn A ciia f trong co s& chinh tde cia R3.
b} Tim a d€ ma tr4n A c6 hai trj riéng.
¢) Tim dang toAn phuong tuong ding véi f trong co s& chinh t4c.

V1.6. Tim dang chuén t4c cia cdc dang toan phuong sau :
a) xf + x% + ng +4%1X5 + 2% X3 + 2XgXy
b) x% - 3x§ - 2X1Xg + 2%:%X3 — 6Xyxg
€) X1Xp + X)X3 + X)Xy + XpXg + XgXy + XgXy

d)x2 + 2x§ +x3 4 4x1X5 + 4% X3 + 2X1 Xy + 2XgX3 + 2XpXy + 2Xgx,.
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V1.7. Tim dang chinh tdc clia cdc dang toan phuong sau, chi r8 phép bi€n d8i d& c6
dang chinh tdc dé.

a) 2x% + 3x% + 4% - 2X; X5 + 4X; X3 — 3xpXg
b) 3xf - 2x§ + 2x§ +4X;Xy - 3X1Xp + XoXg
c) xsf - 5x§ +4x§ + 4% %5 — 2XyXq

d) x;Xg + XoXg + X3X; .

V1.8. Pua cdc dang toan phuong sau v& dang chinh t4e, chi r5 phép bi&n déi.

a) ixf + Z X;X; . b) nz_:lxixi,,l.
i=1 1si<j<n i=1
VI.9. Tim A d& cdc dang toan phuong thyc sau xgc dinh duong.
a) 5x¥ + x% + ?Lx% + 4%y X5 — 2X1Xg — 2X9Xy
b) 2x% + x% + 3x§ + 2hx)Xg + 2X) X3
c) xf + 4x§ + xg +2Ax Xy +10x% X3 +6XoX3’

d) 2x% + 2x% + x% + 27Xy Xg + BX X3 + 2Xx3X3.

V1.10. Xét tinh xdc dinh cia cdc dang todn phuong sau.
a) +xf +2%yXy -4x3
b) 6x%_ + 5x§ + 7x§ —4xy%; +4%:x3
c) 9}(% + 5x§ + 5x§ + 8xi + 8Xoxg —4XgX, +4XgXy

d) 11x2 + 5xZ + 2x% + 16x; x5 + 4%y X5 — 20X5%3.

VI.11. Tim m dé&

Xy =X1¥1 + 2X1¥g +2Xo¥y + MXo¥s la tich vé hudng trén RZ.

V1.12. True giao héa theo phuong phdp Gram-Schmidt.

a) He {(1, 2, 3), (0, 2, 0), (0, 0, 3)} trong R3,
b) He {(1, 2, 2, -1), (1, 1, -5, 3), (3, 2, 8, —7)} trong R*.
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VI.13. Tim géc giita cac vectd.
a)x=(1,1,2),y=(2,-1, 1) trong R3.
b)x =(2, -1, 1, -2), y = (3, 0, -1, 0) trong R*.
VI.14. Trén R® cho dang song tuyén tinh d6i xding
n((x1, %), (y1,¥2)) = X131 — 25173 - 2Kpyy +Bxgyy.

Ching minh R® va n 12 mét khong gian Euclide. Trye chufn héa co s& chinh
tde clia R? theo tich vb hudng 1.

VI.15. Cho M 12 m{t t4p con cia khdng gian Euclide X. Ta goi phin bi tryc giao
cia M 1&

Ml={xeX|x.LyvdimgiyeM}.

Ching minh M?' 1a khéng gian vectd con clia X.

V1.16. Chiing minh M, (R) 1a khéng gian Euclide v6i tich vé huéng

(AIB) = tr (ABT).

Trong khdng gian d6 hdy tim phdn bd tryc giao ciia khéng gian cde ma tran
chéo, khong gian cde ma trin d5i xing.

VI.17. Trong khéng gian Euclide R,[x] cdc da thdc bdc < n v6i tich vé hudng.

1
flgr= [ft)g(t)t.
-1
Chitng minh hé ede da thic Legendre
1 dhp o o
=1, Pe®) = — —f (12 - =1,.
Po® =1, Pu(t) =~ {0* - 0¥ |, k=1,..n

12 mt co sd tryc giao.

VL18. Ki higu L?[0,1] 1a khong gian cdc ham thyc binh phuong kha tich trén doan
[0, 1] véi tich v hudng.

1
(1) = [ftgtit.
0
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Chung minh cdc ham Rademacher

1, (x) = sign(sin 2°*11x), n e Ny

l4p thanh mot hé truc chufn trong L2[0,1].

VI.19. Chéo héa tryc giao cdc ma trén déi xing sau

5 6 5 -8 -3 3 2 O 2 2 -2
a) [ 6 OJ b)j-6 ¢ 0 c)|(2 4 -2 (2 & -4
-3 0 @9 0 -2 5 -2 4 5

VL. 20. Tim phép bi€n d8i tryc giao dua cdc dang toan phuong vé dang chinh tdc.
a) 6x% + 5x§ + 7x§ ~4%XqyXo + 4X1X3
b) x% + x% + 5x§ - 6Xx;Xg — 2X; X3 + 2XgX3
¢y 17x2 + 14x3 +14x3 - 4x,x9 — 4%, X3 - BxgX3

d) X2 —BX% + X2 + 4%, Xo + 2X X3 + 4XoX7.
1 2 3 142 1543 243

V1.21. Tim dang cta cde dusng bfc hai sau
a) 5x + 4xy + 8y® —32x - 56y +80=0
b) %% +2xy+y2+8x+y=0
¢) 2x? —41{)'—3"2 +8=0

d) x® +2xy +yZ +8x+y=0.
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HUGNG DAN GIAI BAI TAP

Chuong I

I.1. a) @ 1a phén tir nhd nh4t, X 1a phén ti 16n nhat.

b) Khong c¢6 phédn ti nhé nhat, X 12 phidn td l6n nhat. Phén t& tdi tiu 1a
{x3 1, =g, (%3}, (x4}, Ixsl'

c) & 1a phdn ti nhé nh4t, khéng cé phdn ti 16n nhat. Phén ti t8i dai la cdc
t4p con ¢6 4 phén ti.

1.2. a) Moi x(,x3 €X
h(xy) =h(xg) = g(f(xy)) = glf(x3)
= f(x;) = f(xy) (do g don dnh)
= X%, = Xg (do { don 4nh)
Viy h don dnh.
b) h(X) = fIfiX)) = g(Y) (do g toan dnh)
=7 (do g toAn dnh)
Vay h toan 4nh.
c) Suy ra tit a) va b).
d) Moi x;,x5 € X
f(xy) = f(xy) = glf(x,)) = g(f(xy))
= h(xy) = h(xz)
=> X1 = Xg (do h don dnh)
Vay f don dnh.
e} Do h todn dnh nén
hiX)=Z =>gfX)=2
=2>gY)=2MfIX)cY)
V4ay g toan dnh.

I3 a)Mpoixe X, ditfx)=y= f'l(y) =X
= @V (x)=y.
Vay (1) Mx) = f(x) véimeix € Xhay 1) =f.
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b) Moi z € Z, dit (gof) (2} =x
= gof(x) = glf(x) =z
= f(x) = g (z)
= x=f gl =15'g ).
Vay (gof) M(2) = f5 g }(z) v6i moi z € Z hay
0" =folg .

I.4. Cho X 1a t4p v6 han. Chon tby ¥ x; € X.
Gia st da chon duge x4,...,X,, ta chon
Xns1 € XN Xy, X
(do X vb han nén chon duge x,,;). Ta c6
D ={x, IneN)cX va DA vd han d¢n duge.
Tit d6 @ = Card (D)) < Card (X).

1.5. Anh xa f: N> Z, fl1) = 0, f(2n) = n, fi20+1) = -~ n 12 song dnh nén
Card(Z)=o.

Moi reQ déu duge viét dudi dang r=%,trongd6 acZ,beZ. Khia=0

ta chon b = 1, khi a = 0 ta chon sao cho lal va b nguyén t§ cing nhau. Ta c6
cach viét r = % 12 duy nh4t. Anh xa

f: Qo 22, f(%]=(a,b)

1a don dnh. Do d6 Card(Q) < Card(Z?) = o.
Theo bai tép 1.4, Card(Q) 2 0 nén Card(®) =o.

1.6. V& d4nh xa n »% 1a don 4nh tit N vao [0,1] nén Card(N) < Card({0,1]}).

Ta s& chifng minh khéng c¢6 mét song dnh tit N 1&n [0,1].

Théat vy, gid si c6 mdt song énh o : N - [0,1].

V6i mdin € N ta vigt ¢(n) dud¢i dang s& thap phan vd han.
"p(n) =0, 18,9805

Xét phén th yg €[0,1], yg =0, bybgb;... trong d6
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néuag =1’
néu ay =1

1
b =

Ta c6 yp #* ¢(n) v6i moi n € N. M4u thuin v6i ¢ todn dnh.

1.7.1:10,1] > [a,b], fix) = a + x(b —~ a) |12 song dnh nén Card([a,b])=c¢;
a+b

. =2
g:(a,byoR, gx) N ——

Card{(a,b)) = Card(R). Vi (a,b)c[a,blc R
nén Card((a,b)) = Card(R) = Card ([a,bl) = c.

1a song dnh nén

I.8. Aph xa f: X » ®(X), fla) = {a} |12 don 4nh nén Card(X) < Card (P(X)). Ta sé

ching minh khéng ¢6 mdt song dnh ¢ : X -»P(X). Thit vy néu ¢ 1 song
dnh thi dat S={xeXIx ¢ p(x)}.

Chon a € X sao cho ¢(a) = S. Khi d6 n€u a € S thi mauthudnvi ag@a)=9 ;
néu a¢ S thi ta ciing gip mau thuidn vi a € p(a) = S.
Vay khéng tén tai song 4nh ¢ : X -»P(X).
19.2) 1+ %i; by 1riog, 0o
5 b 1-i
B 15%

o) - 3+i=2e’?,(-J§+i)9=29.e’T=-5121. d)s—Zﬁn).

1.L10. Tac6 i= cos% + ising. Theo cdng thitc Moivre i® = cos 22 +igin XX | Tir dé6

i2k - (_l)k , i2k+1 = (—l)ki .

V2 om

ax
1.11. a) 7,“{5 H b) B‘Jﬁs"l"‘ t
e V2 19x
42, ; =, =
o 42 4 4 4’ 12
1.12. a) {-1, %i—‘?i}. by {21, % il

¢) r =22, P= % 4p dung cbng thie.

d)r=2,¢= —g- , &p dung cbng thitc.
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x2-y%-a

1.13. Pat (x+yi)2 =a+bi <
: 2xy=b

Tir d6 x2 va -y? la nghiém ‘duong vA nghidm &m cGa phuong trinh

2 .2 b
t* —at ——4—“—*0\’&}‘

x2_a+\’a2+b2 x=i’a+\1a2+b2
B 2

2
hay ,
y2=—a+\"32+b2 _ —a+va?+b?
2 - 2
x va y chon clng dfu n&u b > 0, trdi ddu n&u b < 0.
1.14. a) zl=i22—-+ig,zz=—g—il?. b)2 -1, -2 + i ¢)—2 + 3i.

1.15. Vi u}‘ =z & _(ﬁj)n =Z nén ta cé két qua.

1.16. Biit Lnz = u + iv, ta cb

. . u _ =1
Vel =rel?® o (¢ T = {u nr .
v=0p+k2x v=¢+k2n

Vgy Loz ={lnr+i(p+k2m)|k e Z}.

1.17.a) e* =2 « zeLn2={In2+ ik2n|keZ}

- iz —iz
b) cosz = 2 & L4129—=2

o @) —4e2+1=0
e 8 =2:t\/§
o izeLn(Zth)

o ze{k2n+iln(2:V3)k <2},
) ze {%+k2u+i1n(2iJ§)Lk ez}.

d) ze{-In2+i(n+2%kmk e Z}.
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Chuang I1

-15 4
- - 5 —4
L Ll,;] Ve 2l c’(?x 2 1:); d)[ 10 1]'
N 20 -14 - 0
(-2 -2 -1 1405
9 9 9
11.2.
"13 0 - VI8 u _u
2 9 9 9
20 1 4
9 9 9 _
c) a4z o1l d) V& nghiém.
g 9 9
1 - .
I1.3. a){ 0 néu n chén ; 2 -1 néu n 18, b} c?sna sinen .
01 3 -2 810 N CcoOs N

1 n PRy et
c)(o J' d)(o AP J

2
IL4. 2) Dat A = {" b).Tacd a2 [ +be @+db)
¢ d @+de d%+be
a=-d

Dods A2=0 o 2 )
8“ +be=0

b)A=1IholicA= (a ba] trong 46 a% +be=1.
c —

1 0 a 0
IL5. Ch B= s = :
on (0 0} suy ra A ¢6 dang A (0 d}

01
Chon B = (0 0], suy ra a = d. VAy A ¢6 dang A = al. D& thdy t4t cd ma

trdn dang nay déu théa m#&n bai todn.

I1.6. Gid st A" =0, B" =0.

V1 (AB)' = A"B" = 0.B" =0 nén AB lay linh.
Do AB = BA nén dé& théy

r+s-1

(A+B)r+s—1 = Z C¥+s-1 A”s_l_kBk.
k=0
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Do(r+s~1+k)+k=r+s8-1nénhoick s hoic

r+s—-1+kzr

Suy ra méi s6 hang déu bing 0 nép (A + B)™**1 = 0.

n n n
I.7.2) tr(A+B) = Y (A+B); = ) (A); + 2. (B
i=1 i=1

i=1
= tr(A) + tr(B)
b1} n n n 1] 1}
b) tr(AB) = 3" (AB); = Z(Z(A)H(B)ji} = z[ (B)ji(A)ﬁ} =Y (BA)y
i=1 i=1\i=1 j=1\i=1 j=1
= tr(BA)

¢) Theo b), tr(AB ~ BA) = 0, trong khi 46 tr(I) = n.
Dod6 AB-BA =1

I1.8. a)4ab; b) —-2b%; ¢)1;: d)cos(a+B); e)sin(w—p); DO

11.9.a)0; b)-3; c) 3iv3.
I1.L10. a) 0 ; B0,
c)(b-—a){c—a)(e—Dh); d) (ab + ac + be) (b — a) (e — a) (¢ - b).
IL.11. a) 150 ; b) 910(V3 - v2);
¢) (a2 +b% +c2 +d%)% d) a% +b?% +¢% —2ab - 2bc—2ac +2d .

11.12. a) n! (cong dong 1 vao cdc dong khde)
nin-1)
b) (-1) 2 n (dong 1 nhan (-1) cdng vao cdc ddng khdc).
¢) Khai trién theo doéng 1: D, =3D,_; +4D,, 5.
Tir d6 D, = %(4‘”1 +(-1"). C6 thé s dyng bai tap I1.18.

d) D, =%(5“+1 -1).

IL.13. &) [x+(n-Da](x-a)*1. b) (x-1D(x-2)...(x-n +1).
e) (-1 Hn -1x"-2. d) (ag +...+a,)x"L.
e) a;(x—ag)...(x~a,). ' f) (a+baa bt
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I1.14. a) L&y dong n ~ 1 nhén véi x; cdng vao ddng n, sau dé 14y dong n — 2 nhén
v6i x; efng vdo n-1,..., tidp tuc nhu viy cho d&n ddong tha 2. Ta cé

1 1 .1

(t] Xg — X4 XX
D, =0 xp{xg—-x) .. x5(x,-%)

0 x5 %(xp-xp) ... xB73(x, -x)

. = (Xz —xl)(X3 -xl)...(xn _xl)'Dn—l'
Tir d6 suy ra D, =[] (x; -Xj).
i»j

b) Phuong trinh ¢6 n nghidm la al‘*,...,an.

I1.16. a) LAy cjt 1 nhén vdi (1) cong vao cht 2 va cot 3, dinh thic nhan duge c6
hai cdt ti 18 véi nhau. '

b) V6i mbi j, vi€t cft tha j thanh téng cla cdc cdt don, tire 14 trong mdi cot 46,
s8 mil cia a; bing nhau. Sau d6 vigt dinh thie thanh téng cla cdc dinh
thire ¢6 cdc cdt chi 12 ¢t don. Do deg f; <n -2, nén c6 khdng qud n — 1 cdt

don dde ldp, tir 6 trong n cdt ciia mdi dinh thitc s& hang, c6 it nh4t hai ¢t
“tI 18 v6i nhau. Vay chiing déu bing khong.

I1.16. a) (3, -1, 2) ; b)(1, 2,-2);
. 2 ,3
&) (<2, 0,1, -1) ; ) [3, 1,2,0).

I1.17. a) Dinh thudc c6 6 s8 hang, gid trj tuyét d&i bing 1, it nhat hai s6 hang tri
d4u nhau. Do 46 dinh thitc khong qud 4. Gid tri d6 dat duge vi

-1 1 1
1 -1 1|=4.
1 1 4

b) Khai trién dinh thie chi ¢6 nhidu nh&t ba s§ hang duong. Ching ciing khéng
biing 1 t4t c& vi khi d6 dinh thic bing 0. Vay dinh thic khéng qué 2. Gid trj
nay dat duge vi

011
1 0 1=2.
110
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11.18. a) D& dang.
b)Tacép=c +pB,qg=—ap, nént D, =pD,_; +qD,_5 suyra
Dy -PDy.y =Dy_; ~BDyn_g), (1)
Dy —aDyy =B(Dy_y -aDy_5). 2
Tit (1), (2), do cdch xdc dinh D, suy ra
D, - D,y =" *(Dy ~pDy),
D, - aDy_y =B 2(Dy - aDy).

o N&u o # B thi nhan ding thic thi nhdt véi o, ddng thic thd hai vei p rdi
trir cho nhau, ta duge

D, = o1, ~pDy) . p* (D, - aDy) -
oa-f P-a
¢ N&u o = § thi tir (1) v (2) ta c6
Dy -aDy 1 =aDy 4 -aD,_a).
Tit 46 D, ~aD,_; = Aa™! véi A =Dy -aD;. (3)
Thay n bédin — 1 ta cé
D, ; =D, 5 +Aa™3,
Thé biéu thuc nay vao (3) ta di dén
D, =a?D,_, +2Aa™?
Ti€p tuc qud trinh ndy ta nhin duge
D, =a™!D; +(n- DA 2

= (n-1Da” 2D, - (n - 21Dy

[1.19. a) Tacé D, =D, ;+D, 5, Dy =1, Dy =2. (Vy {D,} 14 ddy Fibonacci),

u,B=1i2J§.Dod6
. 9 |:(1+J5Jn+l [1_\/5]:1-»1]
n -_——= - - L]
[ 2 2
b} cosnc.

11.20. Ta c6 |AB]| ={A| |B|=1. Do d6 |A}= 0 v vi vy A kha nghich. Tit d6
AL (ABy=A"1.vay A1 =B.

158



11.21. a) Ta c6 (A%)° =1, (A?)* =1. Twrd6 A =1
b) Theo bai t4p I1.20, A, B kha nghich. Tir A?B% = AIB” suyra AB*=1.%
A?B3 -1 nén AB* = A%B® va tirdé A = B.
Thay vao didu kién da cho ta c6 :
AS AR 1o AT =AM oA=L

1 -1 1 1 2 2
11.22.a) [ -38 41 -34 b)%z 1 -2
27 -29 24 2 -2 1
1 1 1 1 (22 -6 -28 17
11 1 -1 <1 -17 5 20 -13
c) — d)
41 -1 1 1 -1 0 2
1 -1 -1 1 (4 -1 -5 3
1 -1 06 .. 0 (1 a1 1 L )
0 1 -1 ...0 0 1 -1 .. (-™2
11.23. a) 0 0 1 ... 0 b) 0 0 ) (_l)n—3
c 00 1 6 6 0 .. 1 )
2-n 1 1 1 2-n 1 1 1
1 -1 0 0 ; 2-n 1 1
ol 1 0o 1 0 d —| 1 1 2-n 1
n-1
1 1 1 1 1 1 1 2-n
mea a0 w( 2,
i 2 3)° 5 —4)°
1 1 1 1
6 4 5 0 1 1
o2 1 2/ d){o 0o 1 1
3 3 3
(0 0 0 ... 1

11.25. A% =1. Tird6 A™ =1 nfun chin, A® = A n€un 13.
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11.26. a} Thi truc ti€p.
b) Néu A" =0 thi |A}=0. Theo a), ta ¢6

AZ=(a+d)A.
Néua+d=0thi A2=0. Néua+d=0th A" =(a+d)A" 1 =0 suy ra

A" =0, Tidp tuc nhu vay ta c6 A% =0.

11.27.a)}2; b} 3.

I1.28. a) 3 ; b) 3.

I1.29. a) x; =

X.3“9X4—2 x2=—5X3+X4+10

; Xq, tay y.
1 ' 11 X3, Xq Y ¥

b) X3 = 221(1 - 33]!'.2 -11, Xy = —16x1 + 24X2 +8; X;,Xg tay f’

¢) iI2¢ ¢6 nghiém duy nhat x, =3, x3 =2, x3=1.
d) Vo nghiém.

11.30. a) A # 1, A = -2 hé c6 nghiém duy nh4t

1

A+2
A =1hé ¢ nghidm : Xy =1-xXy —X3 ; Xg,X3 tA¥Y ¥.
)\ = -2 hé vb nghiém.

X; = Xg = X3

b} A =0, A # -3 hé cé nghiém duy nhdt

2-22 -1 Wan2oa-1

M 2T ha+8) BT ar+9)
A =0 hoic A = -3 h¢ vd nghidm

¢) Néu a, b, ¢ 48i mdt khéc nhau thi theo dinh thic Vandermonde, h§ c6
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nghiém duy nh4t
X = (b-d}c-4d) Ly = (d-a)d-c) , 7= (d-a)d-b) '
(b-aXc-a) (b-aXb-¢) (c—a)ec—-b)
Né&u chi hai trong cdc s6 a, b, ¢, d khdc nhau vd a # b hoic
a # c hodc b # ¢ thi hé ¢6 nghiém phuy thujc mét tham s6.
Néu a = b = ¢ = d thi ha c6 nghiém phy thujc hai tham s8
x=1l-y—-x;y,ztay ¥.

N€u tdn tai hai trong cdc s€ a, b, ¢ khdc nhau va n&u d khong bing mpt
trong céc s& d6 hodc a = b =c = d thl h§ vé nghi¢m.




d)NfuD =abc—a—b - ¢+ 2 #0 thi hé ¢6 nghiém duy nh4t.

_(b-De-1))  @-Wec-1) _@-kh-1
X= D s ¥ = D y 2= D .

I1.31. a) Theo dinh li Kronecker — Capelli.

b) Theo dinh 1i Kronecker — Capelli, néu hé ¢6 nghiém thi r(A) < s8 phuong
trinh < s& in = n.

Do d6 hé c6 vé s8 nghiédm phu thude n — r(A) > 1 tham sd.

Chi ¥ rding hé ¢6 s& €n nhidu hon 58 phuong trinh cing c6 thé v6 nghiém.
Ching han hé

X{ +Xg +X3 =0
X) +Xg+Xxg=1

¢6 s8 4n nhidu hon s8§ phuong trinh nhung vd nghiém.

11.32. Vi A cé mdongnén m=r(A)<r(A)<m.
Tu d6 r(A) = r(A) va hé ¢6 nghiém,

Chuong II1
II1.1. b) Xét quan hé tuyén tinh
Mfa) 4+ hefy =0
Suy ra (Ayfy +--+Apfy ) (a;) =0 véimoi j=1,....k. Tu dé ljfaj(aj) =k;=0
véimei j=1,...,k.
¢) Theo b), {fy ,....f, } ddc l4p tuy&n tinh.
Moi f € M(A) ta 6
f=hfy +-+ Anfa_ , trong d6 A; = f(a;).
Vay {fy,....,fy | ciing 12 h¢ sinh.

II1.2. 1.3, 1) =(1.1,0) =(1,0) # (1,1) nén V vdi cdc phép todn di cho khong phii la
khéng gian vecto.

HI3. b)Cosdla(xl,xe X, x= 1.

¢) X khdng phéi 1a khéng gian con cda R! (vi X c R! nhung phép todn trén X
khéc phép todn tréen R!).
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IIL4. b) D&t e, = (5;,), trong d6 8, =1, 8, =0 néun =i,
D& théy hé (e;);n d¢c 14p tuy&n tinh cé vé han vecta.
¢) F, G 12 khong gian con ; H, I khéng phdi 1a khéng gian con.

II1.5. Ki€m theo tiéu chudn khong gian con.
II1.6. a), b), e) 1 khdng gian con, cdc trudng hop khde khong phéi.

II7. Ldy x ¢ M, x # 0. Aoh xa f: K-> M, flA) = Ax 1a don dnh. Do 46
Card(K) < Card(M)

1I1.8. a) {1, X, xz,...,x“,...} 12 mot co s& dém duge cla Kx].

b) Gid 8k {eylyen 12 MmOt co 86 d€m duge cia C[O, 1]. Trang bi cho Cla, b) chuén
sup. Khi d6 C[a, b] 1a khéng gian ddy dd. Pat M, = <ey,...,e, >.

Tacé (M, =Cla,b] vd M, ding trong Cfa, b].

n=1
Theo dinh li Baire vd pham tri, tén tai n, sao cho phén trong cta M,

khédc réng. T dé tdn tai 88 r > 0 sao cho hinh cdu tdm 0, bdn kinh r cia
Cla, b] nim trong M, . Suy ra M, =X. Ta gdp mau thudn wi

dimM, =n,.

II1.9. Chon a e M; "My, a = 0. Khi d6 moi veM; + My, v =v; +Vy tacling ¢6

v=(vy +a)+(vy -2},

vitaeM;, vy+azvyvad vp-acM;, vp-a#vy.

I11.10. b) Mjt co s& cha X, 1a cdc ma trgn Ey c6 .phﬁn td (i, j) bing phdn t& @, 1)

n2+n

bing 1, cdc vi tri khde bing 0. Cé

ma trdn nhu vdy. Do 46

dimX, = “(“; b

Mot co 53 cla Y, 12 cdc ma trdn Ej, i < j c6 phdn ti (i, j) blng 1, phén t&

2
8 “T natrin nhu vy. Do 46 dimY, = n(nz— b

(j, 1) bing -1. C6
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c) D& thdy X, N'Y, ={0}. Véi moi
M = (m;) e M, , dét
dij = -—'—l-,—-é-"———— , i <j
Chon A =(ay), B =(by) € M, theo céch sau

aj = my —dj;, a; = my; +dy ndui <j, a5 =my ;
bjj =dj;, by =-d;; nfui<j, by =0,

Tact AeX,, BeY, vaA+B=M.

Vay M,=X, ®Y,.

Yy Bz =0
I1.11. a) AB=BA & {(6-a)y - Blt-x)=0.
. (¢ -8z +y(t-x}=0 -
Coi diy 12 mdt hg thudn nh&t claba dny,z, t — x, vi
y $ 0
-« 0 -pP=0
0 a-56 v
y-0z=0
nén AB=BA <
{(8—&)y—ﬁ(t—x)=0
y =kp
> sz =ky
x-t=k(a-8)

(dat y =kp, do p=0).

b) Ta cé
[(x y)y [x kp _ (10 c B
B_[z tJ_[ky x~k(a~'8)J _X(O 1]+k[y a—aJ

[} 1

—x10+ 8
Mo 1)t 2=

P B

0 1
10
Vi { ] va a $-a ddc 14p tuyé&n tinh nén tip t4t cd cde ma trdn B

01
B B
giao hodn duge véi A 1a mdt khéng gian vecto con 2 chidu cia M,.
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I11.12. Gid s t6m lai, tdn tai x; e E\F vd X3 e F\E. Do E U F la khong gian
con nén X; +Xg € EVUF. Khi 46 hofic x, +x5€E, suy ra x,€E ; ho#c
x; +x3 € F, suy ra x; € F. C& hai trubng hgp déu g#p méau thuén.

III13. Vi E+F2ENF nén E2F. Tu d6 E ~ F 1A khong gian con thuc sy cia E
hodic F. Tagid st E n F % E. Khi 46

dim(E +F) 2 dimE 2dim(E~F)}+1.
Tu gid thiét suy ra dim E = dim(E + F). |
Vi EcE+ F nén E=E + F, T 4 ta ciing ¢6 F —« E hay
EA~AF=F
II1.14. Chi ¥ ring v& mit tap hop, Xg =X.

a) Gid st {vy,...,v,} ddc l4p tuy&n tinh trong X. Khi d6 moi quém hé tuyén

tinh tdy ¥ trong Xpg ,
vy +tAgv, =0, lj; eR,

ciing 14 quan hé tuy&n tinh trong X. Do dé Ay =---=1, =0.

Vay {vy,...,v,} 4dbc lap tuyén tinh trong Xg.

Pidu nguoe lai khéng ding : LAy tay ¥ x € X, x # 0. Khx dé {x, ix} dpc lap
tuyén tinh trong Xp vimoi A, peR :

Ax + pu(ix) = 0 = A+pi)x=0 = A+pui=0
= A=u=0.

Tuy nhién {x, ix} khong ddc lap.-tuyé'n tinh trong X vi ¢6 quan hg tuyén tinh
khdng tdm thudng

1x+i(ix)=0
N&u S 1a hé sinh cia Xg thi moi x € X, tén tai v,...,v, €8, 4; €R sao
cho x=XA v+ +A,v,.

Vay x € (8) trong X.

Piéu nguge 1ai khong ding : LAy thy ¥ x € X, x = 0.

Goi1SlacosdcelaX xe S Khidé ixe S (do {x, ix} phu thudc tuyén tinh
trong X). D& dang thdy S 12 hé sinh cia X v2 ix ¢{S) trong Xg.

b) D& dang kiém tra B’ 12 ha sinh va dfc I4p tuyén tinh.

IIL15. a) vz = v; + vy nén {vy,vy,vy)={vy,vg) = {(x,b,y,-x-y)|x,y eR}.

b) v e (vy,vg,v3).
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I11.16. Ching minh vy,vy € (v3,v4) vA v3,vg €{v),v3).

Chi ¥ rling w € <u, v> <> ru, v, w) = r{u, v).

I11.17. Vi 88 vects khdc 3 nén a) va d) khong phdi 12 co sd. HS b) khong 12 ¢ 33 vi
phu thufc tuy&n tinh. Hé c) ¢6 diing 3 vects va d0c 13p tuy&n tinh nén la co sé
cda R3.

I11.18. a) S ddc 14p tuy&n tinh va 12 hé sinh cia M.
b) Tim diéu kién dé€ T dfc 18p tuy&n tinh. Ta cé T ddc 1ap tuyén tinh <> &, = 0.

I11.19. a) v!S=(—%,2,5] : b) V/S=[1,g,—2]-

II1.20. a) (1, -1, 2); b)(11, 2, -3); ¢)(c,b-c,a—Db)
II1.21. (-7, 11, -21, 30).
I11.22. {4, -9, -8).

I11.23. 1(vy,v2,v3) =2 = dim V = 2; r(v;,v3) =2 nén mét co 88 cha V1A {v,v,l.

II1.24. Kf hidu B = {1,x,x%,%%), B 12 m6t co s§ eda Ry[x] < R(x]. Ta c6
fi /B=(1,4,-21), f;/B =(-1,9,-3,2),
fy /B =(-5,6,0,1), f, /B =(5,7,-5,2).

1 4 21
9 -3 2

Do dé6 r(fy,f5,f4,f4) = =2,
Do dé r(fy,fp,f3,f) =1} 6 0 1
5 7 -5 2

Ta ¢6 dim V = 2 vA mft co 86 cila V1a {f],f,}.

II1.25. Ta ¢6 dim U = 2, dim V = 2 va dim (U + V) = 3 (bAng hang ciia 6 vects sinh
ra U vi sinh ra V). Tir 46

dimUnV)=dimU+dimV -dim(U+V)=1.
Vi U =(1,1,0,-1,(1,2,4,0)) = {v;,v,)

V ={(3,2,2,-3),(2,3,4,-1)) = {vg,v;)
nénvelUn Vo Tintai A, hy, A3, Aq €R :

V= KIV]_ + lez = 70.3\’3 + ?0.4\'4
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Ap+Ag—3hg—24, =0
Ay +2hg — 205 - 34, =0
dhy —2hg —4hy =0

Ay #3hg+Ay =0

~ llvl + 12\"2 - 3.3\'3 - 14\?4 =0 &

& Aj=c,Ag=c, Ag=0, Ay =¢c,ceR
Vay v=c(vy+vz)=cvy. Tirdé
UnV={vy).
Mot co 86 cia U ~ V1a {(2, 3, 4, -1)}.

111.26. a) x; = 8%x3 — Txy4, Xg = —6x5 +5x4 (X3, X4 thy ¥). Mft h@ nghiém co bin la
{(8! _6: 1’ 0)’ (_7s 5! 0! 1)}
b) Hé chi c¢6 nghiém tdm thu¥dng x, = x5 = x3 = 0. Khong ¢6 h@ nghiém co bdn.

c) X3 = —%xl +5x3, x4 =?2—x1 - Txq (X, X9 thy ¥).

Mit hé nghig¢m co bén 1A,

{[1: 0’ _é’ZJ ’ (01115$ _7)}
2°2

d) Nghiém téng quat
Xy =X4 — X5, X9 =X4 —Xg, X3 =Xy (X4, Xg, Xg thy ¥)
Mdt hé nghidm cd bdn la
{(1,1,1,1,0,0),(-1,0,0,0,1,0),(0,-1,0,0,0,1)}.

I11.27. a) r (A) = 2 va r(ey,e) =2 nén {e;,e;} 12 co 88 clia M.
b) v ¢ M vi phuong trinh XA ey + Ages = v v0 nghidm.
¢} (2, 3). '
d) Hé c6 nghiém
(1 -2 -1 -5z
<»>r|2 1 3 O0iz|=r(A)=2
2 0 2 -2z,

1 2 -1 -5z
<0 5 56 10|z - 2%
0 4 4 B8lzg-2%
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1 -2 -1 -§fz
< |0 b 5 10 Zo —221 =2
0 6 0 O[22z +4zy -5zg

&< 22) +42z9 ~Bbzg =0,
Vay D= {(21.22,23) € Ra |221 +422 —523 = 0}-

e) D 1a khéng gian nghiém ciia mjt h¢ thudn nhét nén 1a khdng gian con cla
R3. Hang cda h@ nay biing 1 do dé6

dimD=38-1=2.

I11.28. Pat B =(b;;). Khi d6 AB = 0 tuong duong véi mdt hé thudn nhdt n2

phuong trinh, n? 4n s6, ¢6 ma trén dang

A 0
0 A
A 0
Theo dinh 1y Laplace, det =(detA)® =0.
O A

Do d6 hé ¢6 nghiém khoéng tdm thudng. Vay tdn tai B = 0 d§ AB = 0.

Chuong IV
IV.1. a), ¢), d), e) 12 dnh xa tuyén tinh ; b) khéng phai.
IV. 2. a), b) 12 dnh xa tuy&n tinh ; c), d) khéng phai.

IV. 3. b) Kerf ={(-3,1,4,6)) ; Imf = R®.

IvV.4. a) f(xl,X2) = (Xl - X2,5X1 —SX2) .
b) f(xl,X2,X3) = (30X1 - 1012 - 3){3, —9x1 + 3X2 + X3) .

c) f(xl,xz,xa) = (2x1 —Xg — 2X3, x1,2x1 - 3X2 +2X3}.

IV.5. Khong tén tai vi
vg = fug) = £{(-Duy + (-Duy) = (-Df(uy) + (- Df (uy) .
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IV.6. D& thdy e; =(1,2,3,4), ey =(0,1,1,2), e3 =(0,0,1,0), e4 =(0,0,0,1) 12 m{t cd
s cia R%Y. Anh xa tuyén tinh £ : R?* 5> R3, f(e;) =fep) =0, fleg)=vs,
f(eq) =4, v3,vq 12 vecto khde khong tiy ¥ thupe R?, c6 Kerf = {e;,ez). RS
rang f khong duy nhit. ‘

IV.7. Goi (e;,ez,e3) 12 co s¢ chinh t4c cia R3. Céc bi€n ddi tuy&n tinh trén R®.
e; —{1,-11), eg,e3 — (1,2,2)
ho#c
e, ey — (1,-1,1), e.3 —(1,2,2)
déu c6 dnh 1a {(1,-1,1),(1,2,2)). Vdy bién d8i tuyén tinh c6 tinh ch4t d6 tén
tai nhung khéng duy nhA4t.

IV.8. a) f khong ddng cfu

1 -1 1
<1l 0 l=aA-1=0 <=1
1 1 A

b) Kerf ={(1,0,-1)), dim Kerf = 1.
Imf ={(1,1,1),(-1,0,1)}, dimnImf = 2.

IV.9. a) p(g) = (fg)". D& th4y ¢ 1a bi&n d8i tuyén tinh.
b) Kerg = {g e Rx]|(fg)’ = 0}
= {g eRIxllfg=c, ce R} X

Vay deg(f) 2 1 thi Kerfp=1{0} ; f=aeR,a=0thi
Kerg =R ; f=0 thi Kerg = Rix].

1V.10. a) Ma trgn cia f trong cu & chinh tdc 1a

2 0 0 1/2 ¢ 0O
A=[11 o],A*={-1/2 1 0
31 -1 1 1 -1

Tiu d6 f'l(xl,xz,xa) = (-;—xl,---;—xl + X5,X; +Xg —X3J.

b) Ma trén cia (f2 -I)(f - 2I) trong cg 3§ chinh t4c 12
(A% -15) (A-2I3) = Og,.
do d6 c6 ding thift cAn chiing minh.
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IV.11. a) Pyt Ejj € My(k) 1a ma trdn 6 phdn tix thy (i, j) bling 1, cdc phdn t& khdc
bing 0. {E;li,j =1,2}1a co 83 cia V. Ta c6

1 0 -1 ~1 0
f(El]_):(_a g), f(E12)=[0 _3], f(Em):[s OJ'

0 - o
f(Egyy) = {0 31) Vi f(Eyy) = -f(Eg,), f(E 9) = f(Eyy) nén x(f) = 2.

b) 2(A) = BZA .

V.12, r(gef) = dimgof(R?) = dimgf(R®) s dimg(R?) < 2 nén g,f khéng
kha nghich.

IV. 13. Chon f vA g ¢6 ma tran trong co s& chinh tdc 14n luot 1a

a=(; )2=(; 3)

1 2 2

Ivid4, (3 -1 -2

2 3 1
0 2 1
IV.15.b) {1 -1 0
1 -1 -1

e) v=vy, v/E=(1,0,0) ; v/E' =(1/2,1/2,0).

(3 3 2 (-12 -8 -9
Iv.16.a) 1 1 2], b)| 12 10 8

-3 -1 0 L 8 4 6

(0 -2 0 (-1 0 -5
IV.17.a) |1 0 0], by(-1 2 2

0 1 o L1 0 2

(0 1 0 0 (o 1 0

0 0 2 ... 0 0 1 0
IV.18 a) ... ... ... ... ... b)

0 0 0 n 0 0 o 1

L0 0 0 0 (0 0 © 0
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IV. 19. Ap dung dinh If 4.4, tén tai a; € X sao cho fi(a;) =3y. D& dang thdy

a; = fj va ay,...,a, 12 cosd cla X.

1 .
0 ] thudjc W va
01

5 3= 96 9l a6 3)

Dod6 flA)=30-0-2.0-2.3=-6.

IV. 20. D& thdy G g) va [

1V.21. Dat flz) = fix+iy) = x v6i moi ze C, { ]a dang tuy€n tinh thuc trén €. Vi
fliz) = —y # iflz) = ix nén f khong phai 1a dang tuyén tinh phdc.

1V.22. a) D& dang ching minh f 12 tuy&n tinh. Ta ¢6

X0 —f
x2n—v2(a—§3)x+a2—[32 _
x? — 3(a - [3))(2 +3(a? - Bz)x +a? -p3.

Via-PB # Oneénhé {a-p2a-px+a>+p

3o - P)x2 + 30?2 = p2)x + ad - [33}
12 mét c¢ 58 cia Cy[x). Viy dnh xa la todn dnh.
b) ax® + bx? +cx +d — 3alo - B)x2 + |:3a((m2 - [32) + 2b{a — B)]x +

+ [a{et3 B3+ b(ec? ~l32)+(0t—[3)] =0

< a=b=e¢e=0

Vay Kerf ={d:deC}=C.
2 0 -1 1 -1 2 1 1 10
.23. = = - = = 1 . 1
v {f1 [1 1 9 ), (g) [0 9 _J , [h] (0 _1), [k1=|0 Bi&t ma
: 1 -1
tran cla cde d4nh xa tuy&n tinh thi d& dang viét duge phuong trinh cia né.
0 2 -5 3 1 1 0 2
2 [o -2 4] ’ b) [—1 1 -2} 9 [6 —2] ’
4 4 3 1.1 Lo h néu n 1é
D 12 4)° ¢) 52 “21 _75 ! O h" = I;2 néu n chén’
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Chuong V

V.1. a} Tririéng : 1; 2. Vectoridng : ¢(2, 1, 0); ¢(24, 7, 1), ¢ 2 0.
b} Tri riéng : 1. Vecto riéng : (1, 1, 1), ¢ = 0,
¢) Tri riéng : 0 ; 6. Vecto riéng : (-¢y,-2cq,¢,C5), c% +c§ #0 ;c(1,1,2),e=+0.

d) Tri riéng : 0. Vecto riéng (0,¢;,¢5), cf + c% #0.

6 00 1 1
V2.a)D;, =10 6 0], P=|1 -1
0 0 6 -2 1 0
5 0 0 1 1 0
b)D, ={0 -1 O0|,P=|1 0 1
0 0 -1 1 -1 -1
c) Khéng chéo héa duge
1 0 0 0 6 6 00
0 -1 0 0 3 -3 00
d) D, = , P=
0 0 2 0 3 1 4 0
0 0 ¢ -2 1 1 11

V.3. a) Tri riéng : ~1. Vecto riéng : c(1, 1, -1), ¢ = 0.
b) Tri riéng : 2. Vecto riéng : (¢;,¢q,¢y), cf +c§ 20,

¢) Tririéng : 0 ; 1. Vecto riéng : ¢(1, 2, 8); (1, 1, 1), c # O.
d) Tri ridng : 1. Vecto riéng : ¢(3, 1, 1), ¢ # O.

V.4. Gid st B ={v;);; 12 mdt co s& cha X, ta chi cdn chung minh tdn tai % e K
sao cho @(vi)=Av; véimoii e I. Gid st i, j € I, i # j. Khi d6 tén tai A Ag, A
sao  cho  o(vi)=Ajvi,  @lvy) =Xv;,  olvy + Vi)=Alvi+v;).  Tu dé
Aivi +Ajvj = Av; + Av;. Do vq,vy dbc l4p tuyén tinh nén Ai=hj=2A.

V.5. Tacé ¢(v)=Av.Dov =0 va ¢ khd nghich nén A # 0. Tir d6 ¢ 1 (p(v)) = 9 1 (Av)
hay ¢ '(v) = %v .
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V. 6. N&éu dimX = n thi moi todn ti tuy&n tinh ¢ trén X, da thic dic trung £, (t) c6

béc n nén cé6 n nghiém phie (tinh theo 56 14n bdi). Do d6 @ ¢6 céc tri riéng va
do d6 c6 cdc vects riéng.

Khi dimX = «, k&t qua trén khong dung. Vi du ¢ : Clt] » C[t], f(t) — tf(t).
Pify =AM & tf(t)=Af(t) v6imoi teC

«f=0.
Vay ¢ khong c6 vecto riéng.

a b

V97 A= [ d) chéo héa duge néu va chi néu phuong trinh dic trung.

c
a-A b
¢ d-2

C6 hai nghiém phan biét hosc c6 nghigm kép thi hé thuin nhdt tim vects
riéng phdi c6 hai nghi¢m ddc lip tuyé&n tinh. T 46

’:12 —fa+dA+(ad-be)=0

a) (a—d)? +4bec>0 hodca=d, b=c=0
b) (a—d)? +4bc#0 hogca=d,b=c=0.

11

V.8 Vi f(t)=f,r(t) nén A va AT ciing chung tri riéng. V6i A = (0 1

J , d& thdy

A va AT khdng chung vecto riéng.

V.9. Gia st V va W 1a khéng gian con bét bién cia ¢. Khi d6
oV+W=0o(V)+o(W)c V+ W
VAW =e(V)NneW)c VW,

V.10, ¢ly(w) = ylp(w) < yu).

V.ll. e veKery = o(@{v)) = @(y(v))=0(0)=0
= ¢(v) € Kery
Vay o(Kery) c Kery .

o o{Imy) = p(W(X)) = ¢(e(X) c y(X) =Imy .
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V.12. a) Do W c U nén o(W) = ¢{;(W). Tir d6
HW)cW o ¢jy(W)cW

b} e ¢(UU) « U nén ¢(p(U)) c o(U)

e oo} (U) c U c oMo c 9 ().

V.13. Gia sif ¢ ¢6 cdc tri riéng phan biét 12 2y,...,A,. Chon vectd riéng v, dng véi
Aj. E={vq,...,vy} 12 co 88 clla K". Cdc khdng gian con sinh bdi mdt tdp con

cia E déu 1 khong gian con bdt bi&n cha ¢. C6 2" khdng gian con nhu vay.
¢ khéng con khéng gian con b4t bi&n nao khdc. PE chimg minh didu dé, xét
U la khoéng gian con b#t bi€n bdt ki, chi cé4n chdng té néu
u=apvy +-+agv; €U, ay,....a 20 va l1<ij<--< ig €n thi

Vi s-» vy, € U. Hién nhién kbhdng dinh ding véi k = 1.
Néu khdng dinh ddng véi moi ! < k thi ¢lu) - AjyuelU ma
plu) — liku =8 (A'il - lik )Vil R ak_l(lik_l - kik )vik—i

nén theo gid thi€t quy nap ViV, €U, K& hop véi

ueUsuyra v, €U.

V.14. ¢ c6 hai trj riéng 12 1 va 2. Ung v6i 1 c6 modt vecto ring ddc 14p tuyén tinh
la vy =(2,2,-1), ing v4i 2 ¢6 hai vecto ritng ddc lap tuyén tinh la
vy =(1,1,0), v3 =(1,0,-1). Suy ra cdc khéng gian con bt bifn cia ¢ ]a

. 0,K3.
* Kvy, Kw, we{vy, vz}, w=0.

* (vo,v3), (vi,w), we({vy,vg), w=0.

V.15. a) 01 b) 11
0 0 0 -1
0100
0000
e)

0001
000 O
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Chuong VI

4 1
VI.1. b) J
7 3
1 00 6 0 4
Vi2.a) |0 2 0]; by| 0 6 2
0 0 3 -4 2 6

V1.3. Gid st f(x,y) = §j(x).I3(y). Trong dé

Lix)=apx; + - +agX,, l{x) =byxy +--+byx,

Ma tran cha f trong co s& chinh tdc 1a

alb} alb2 a]_bn
a2b1 azbz azbn
ayb; apby ... ajby

Ma tran ndy cé tit ci cdc ddng ti 18 vdi nhau nén cé hang bing 1 (hang
khdac O do £+ 0).

Nguoc lai gid sit hang cda f bing 1. Khi d6 ma trén cila f trong cd s¢ chinh
tdc ¢6 mdt dong i khdc 0, cdc dong khdce 12 mdt boi cha né. Khi d6 dong thi
cla ma tran cda f la

(djcl,djcz,---,djcn):

. trong d6 ¢,,...,c,, khéng déng thoi bing 0, d; =1. Dit

L(x) = ¢yXq + o+ CpXp,
Ly)=dixy + - +dux,.

Ta ¢6 f(x,y) =4 (X hLiy).

- V1.4. a) Chon co sé ley,...,e,} cla X sao cho le,...,ex} 12 co s& cia M. Goi
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yeM oflx,y)=0véimpixeM & fle,y)=0voimoii=1. k

n
< Y ayyy;=0véimeii=1. k
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Viy M’ 1a khéng gian nghiém clia mét hé phuong trinh tuyén tinh thudn
nh#t k phuong trinh, n 4n s8. Do dé

dinM >n - k. )
b} Theo a), flx, x) 2 0 v6i moix € M, x # 0 thi M ~ M = {0},
dimM+M)zk+(n—-k)=n,dodé6 X=Ma M.

1 2 1
V5. a)|2 4 2|; bla=1,; c)co=x%+4x%+a.x§+4x1x2+2xlx3+4x2x3.
1 2 a
VL6. a) y%+y5-y%; b) y? -v%;
) v§ -y: -y -y%; d) yi +y3 - v3.
VI.7. 8) 2y} +10y3 +190y% ;
=X —lx + X —lx —ix *ix
n 1-5%2 3: ¥2 2 %2 "1 %a ¥3 103"
b) 3y%—30y§+530y§;
=X +—3—x wlx —lx —~1~x —~1—x
Y1 1 2223,3(2 32203,3’3 50 13"

31
e} y2 -9y3 +v9—y§ ;

2
Y] =X +2Xg X3, Yo =x2—§x3, ¥ = Xg,
' 1
d) y? -Zyg -¥3;

1
Y1 =§X1 +§X2 +X3, ¥o =-X1; +X3, ¥3 =X3.

3 2. 4 2 n+l o
VI.8. a) 2,242, 2 e :
¥ 4Y2 6y3 2n'y“

1
¥1 =X +§(X2 +Xg 4+ Xg)

1
¥2 = X5 +§(x3 +Xgq ++Xy)
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b) N&u n chén : y? ~yE+yi-+yi, ‘-Yﬁ ;

1 .
¥i= E(xi + xi+1 +xi+2) (l Tﬁ 1, 3, 5,..., 11—2),

1 .
yl. = E(xl_l —Xi +Xi+1) (l = 2y4v“'1n‘—2))

1 1
Yn-1 = "(xn-l + xn)s ¥n -~ ‘_(xn_l —Xn).
2 2
Neunlé: y2—y2+yd - vy2 o-y2,

1 .
yi =E(xi +xi+1 +Xi+2) (l = 1,3,5,.-..,]1.— 2)

1 . .
¥ = ~2-(xi_1 -X; +%X,1) (i=2,4,...,n-2}

¥n =X%p-
Vi9.a)a>0; bM< \E ; ¢) Khong tdn tai A ; d) Khong tén tai A.
VI.10. a) Xdc dinh &m ; b) Xdc dinh duong ;
¢) X4c dinh duong ; d) Khéng xdc dinh.
VI.1l. m > 4,
V1.12. a) (1, 2, 3), (—E,E,E). [—2,0;1]—
. T 77 10 10

B, 1, -5, 3), (2, 3, -3, 2), (2, -1, -1, -2).

VI.13. a) g ; b)

WA

V1.14. n(x,x) = xf —4x;x9 + 5x% ={X; —2xq ¥+ x% >0
v6i moi x = 0 nén 7 12 tich v hudng trén R3.

Truc giao héa cia (1, 0), (0, 1)1a (1, 0), (2, 1).

Vi 9(,0,1,0)=1, 7n((2,1),(2,1))=1 nén (1, 0), (2, 1) cing la truc
chufn héa.
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V1,15, (0|y) =0v0imoiy e Mnén 0e M NéuabeM!, AcR thimoiy e M.
(Aa + b|y) = Aa|y)+ (bly) =A.0+0=0

nén Aa+beM!,
~ VI16. Pat A =({a;;), B =(b;), tacé
. Ii
(A1B)=tr(AB1) = Y aby.
i,j=1
Do d6 d& dang ki€m tra (.1.) 12 mét tich v hudng trén M, (R) .

. M Y
Kf higu 2@ I khdng gian cdc ma trian chéo copn, D = €®.Tachd
0

Acdt o (AID)=0 v6imoi De @
. IL
< Y agh =0 véimgi De @
i=1
< agh; =0 vdimoi A;eR,i=1,...,n
< a; =0vfimgi i=1,...,n.
Vay @'={A eM,(R)|ay =0 véii=1,..,n}.
Ki hi¢u ¥ 1a khéng gian cdc ma trgn 46i xting c4p n.
.Dé_tha'y %% chia tdt c& cdc ma trgn phdn d8i xing.

Mit khéc véi A e 91 thi moi (i, j), chon Se ¥ 12 ma trin ¢6 B = 8j =1,
cdc phén ti khdc blng 0, ta cé (AIS) = 8 +a53 =0 = a; =-a;. SuyraAla
ma trén phén d6i xing. Vay &' la khong gian cdc ma trdn phin d6i xing.

VI.17. Bat g, (t) = % - DK, V6i moi j, 0 < j < k dao ham bac j ciia g, c6 chia
nhén ti t? -1, do d6 g{’(£1) = 0. Theo cong thitc tich phan timg phén

1 1 1

. . . 1 :
jgi;k)(t)t] at = Itl d(gik—l)(t)) = t‘lg(kk-n(t} 9 -j ngkﬁl)(t) tj—ldt
-1 -1 -1
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1
-j j' gVt dt
-1

1 .
17! fgF P mat
-1

= (-1) j!gﬂ"_j_”(t)tl

=0.

Vi g(t) 1a da thic bac j nén

1
(el wleP )= T el wmtiat =0,
i<j -1
Hg Py(1),Pi(t),...,Py(t) 12 hé trire giao, n + 1 vecto, nén 1a co 53 tryc giao

cia R, [x].

VIL.18. Véi moi n e Ny, (r,(x))® =1 hdu khép noi, do d6 |r,| =1. Ta s& ching minh

(ry 11,) =0 véi moi m # n.

k k+1
Pat Aﬂ:[

— =1, k=01,.,2"" -1
2n+1 21‘14-1

1 néu xe Aj,,m=01,.,2" -1
Khi dé r,(x) =<-1 néu xe AJ ., m=0,1,.,2" -1

0 mé’ux=—l‘—-,k=o,1,...,2“+1
2n+1

Véi moi m > n, trong mdi khodng A} [cé do dai ) chita 2™ " doan

2n+1

AP [cé ds dai ] Trén mbi khodng A}, r,(x) c6 gid tri khang d6i, trong

2m+1

khi d6 1,(x) c6 2™ ! khoidng nhé nhan gid tri 1 va c6 2-2-1 khodng

1
nhé nhén gid tri —1. Do dé Irm(x)rn(x)dx =0 va do d6 er(x)rn(x)dx =0.
Ay 0
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2 3
VI.19. a) DZ. =[_4 OJ) P = \/ﬁ \/E
0 9 2 .2
Vi3 13
3, 5
00 0 V14 V70
2 1 6
byDy={09 0 |,P=|— — ——
' 00 14 Ve V5 70
1 2 3
V14 B V70
2 21
C)D1=040,P=—§%§
00 7 1z 2
3 3
25 25 1
10 0 5 5 3
HD,=[o1 o, P=| 0 -1 2|
: 3 3
0 0 10 1 g 2
Jds =Z2ys =2
5 5

2 1 2
VI.20. a) 3y%+6y% +9y§ 5 X1 =‘3'yl _Eyz +§y3’

2.2 1 1. 2 2
Xy —gh +§Y2—§Y3 i X3 =—§Y1 +EY2+§)’3-

1 1 1
b) 3y? + 6yd +2y% 5 x, =7_:-3-y1 +£y2 +_J._§_y3,
Xg =

1 1 1 1 2
- ¥1 - ¥z + y Xg = - -
BT TR TN T B

| 1. 2. 2
c) 9y7 +12y% +18y2 ; x; = —y; ~“yg + 2y,

3 3 3
2 1 2 2 2 1
X2 —53’1‘5}’2—53’3» X3 =§Y1 +§Yz +EY3
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2 1 1
d) 3y% -6y3 ; xy =3N +EJ§ Yo +§J§ s,

1 2 2 1 1
X3 ="3'Y1—§J§ Y2, X3 =5 +§J§ )'2“'5\5 ¥3-

5 2
VI1.21. a) Xét dang toAn phuong o = 5x% + 4xy + 8y2, ¢c6 ma trdn (2 8} Chéo héa

1 2
truc giao o, ta duge ma trin truc giao ‘/25 fg . 8 dyung phép d8i bi€n
NN
x=-1-x’~iy' y=ix'+iy' ta ¢6
R R N SR
4 , 8

ox'? + 4y? —%x +£y'+80= 0

8V 1Y
<> O x-—| +4| ¥ +—| =36
( Js] (” Js}
Dit X—x'—i Y=y'+—}- ta ¢6 phuong trinh
V5’ V5’

X2 y?
—+—=1.
4 9
V&y dudng bic hai d& cho 14 ellip.

b) Parabol ; ¢} Hyperbol ; d) Parabol.

180



{1)

[2]

(31
t4]
[5)
[6)
[7]
(8]

(9]

[10]

[11]

[12]

[13]

{14]

[15]

TAI LIEU THAM KHAO

G.Birkhoff, S.Mac Lane, Téng quan vé dgi s6 hign dgi, NXB Dai hoc va
Trung hoc chuyén nghiép, Ha N§i 1979. '

bdu Thé€ CAp, Todn cao ¢Gp, Tip 2 : Pai s6 tuyén tinh va Phuong trinh
vi phan, NXB Bai hoc Quéc gia TP. Hé Chi Minh, 2002.

D4u Thé& CAp, Dai 56 so cdp, NXB Gido duc, 2004,
P4u Thé Cdp, Céu tric dgi s6, NXB Gido due, 2007.
D4u Thé& Cdp, S& hoc, NXB Gido duc, 2005.

Déau Th& Cdp, Topé dai cuong, NXB Gido duc 2008.
P4u Th& Cdp, Gidi tich ham, NXB Gido duc 2003.

Pau Thé& Cdp, Ham phic vé phép tinh todn t2, NXB DPai hoc Qudc gia
TP. H6 Chi Minh, 2006.

IM. Gelfand, Bai gidng dgi s6 tuyén tink, Nauka, Moscow, 1966
(Ti€ng Nga).

Bbi Xuén H4i (cha bién), Trdn Nam Diang, Trinh Thanh P2o, Th4i Minh
Putng, Trdn Ngoc Hai, Pai s6 tuyén tinh, NXB Dai hoc Qudc gia TP. Hé Chi
Minh, 2001.

L& Tuéin Hoa, Pgi 56 tuyén tinh qua cdc vi du va bai tdp, NXB Pai hoe Quc
gia Ha Noi, 2006.

Ngd Thic Lanh, Dgi s6 tuyén tinh, NXB DPai hoec va Trung hoc chuyén
nghiép, Ha Nai, 1970.

G.Lefort, Bai tdp gidi tich va dgi s6, Tap 1, 2, NXB Pai hoe va Trung hoc
chuyén nghiép, Ha Ni, 1984,

L.V.Porskuryakov, Problems in linear algebra, Mir, Moscow, 1978.

Ngd Viét Trung, Gido trinh dai s6 tuyén tinh, NXB Pai hoc Quic gia Ha Noi
2002,

181



MUC LUC

Léi néi ddu
Chuong I. Kién thic chudn bi
§1. Ngbn ngit 1i thuyé&t tap hgp
§2. Quan hé va 4nh xa
§3. Trudng s6 phite
Bai tap

Chuong II. Ma trdn — Pinh thitc — H& phuong trinh tuyé&n tinh
§1. Ma trin
§2. Binh thic
§3. Lién hé giita dinh thifc va ma trdn
$4, Hé phuong trinh tuyén tinh tdng quét
Bai tap

Chuong ITI. Khéng gian vecto
§1. C4dc khdi niém co bdn
§2. Khong gian vecto con
§3. Hé djc lap va phu thude tuyén tinh
§4. Co s6 va toa dj. Khéng gian hitu han chidu
§5. Ung dung vaoe hé phuong trinh tuyé&n tinh
Bai tap

Chuong IV. Anh xa tuyé&n tinh
" §1. Binh nghia va tinh chat
§2. Anh, nhén va ddng cdu
$3. Khéng gian thuong
§4. Dang tuyén tinh va khéng gian d&i ngiu
§5. Ma tran cda 4nh xa tuy&n tinh
Bai tap

Chuong V. Dang chinh tdc cia ma trdn
§1. Tri riéng. Vectd riéng. Da thic dic trung
§2. Chéo hod ma trdn
§3. Da thidc tdi tidu va phén tich khéng gian vectd
§4. Dang chinh tdc Jordan
Bai t4p

182

[= P B L

10
13

16
16
21
33
39
43

51
b1
53
55
61
67
72

78
8
81
.85
87
91
98

102
102
106
110
113
118



Chuong VI. Dang seng tuyén tinh va dang toin phuong 120

§1. Dang song tuyén tinh 120
§2. Dang toan phuong . 123
§3. Dang chinh tdc ca dang toAn phuong 125
§4. Khing gian Euclide 134
§5. Pua ma tran d48i xing vé dang chéo 138
Bai tap 146
Huéng din gidi bai tap 151
Tai lidu tham khdo : 181

183



Chiu trdch nhig¢m xudt bdn :
Cha tich HPQT kiém Téng Gidm d6c NGO TRAN Al
Phé Téng Gidm dbe kiém Téng bidn t4p NGUYEN QUY THAO

T8 chitc bdn thdo va chiu trdch nhigm néi dung :
Phé Téng Gidm d8c kiém Gidm ddc NXBGD tai TP. H8 Chi Minh
VU BA HOA

Bién tdp néi dung :
pd LINH

Bién tdp kI thugt :
TRAN KHAC HIEU

Trinh biy bia :
vU MINH HAI

Sia bdn in :
THANH HA - DUCONG HA
Ché bdn tai :
PHONG CHE BAN - NXBGD TAI TP. HO CHf “1INH

Al SO TUYEN TiNH
Mai s6: 7K718M8-CPH

In 3.000 ban, khd 17 x 24 cm. In tai Cong ty C6 phdn In v Bao bi Pdng Thép:
212 L& Lgi - Phudng 3 - Thi x3 Sadéc - Tinh Png Thép. S6 in: 59/IDT. S6 xuit bén:
283-2008/CXB/15-635/GD. In xong va ndp luu chiéu thang 10 nim 2008.

184



BAu THE cAP

BAU THE cAr

Cau tric

BAi 8

LiTHUYET TAP HOP

" .
AT BAN A DA [P XUKTBAN GIAD DYC Q WHA. XUAT NAN BINS Do

Ban doc co6 thé mua sach tai cac Cong ti Sach - Thiét bi trudng hoc & cac dia phuong
hodc cac clia hang sach cla Nha xudt ban Giao duc :

- Tai TP. Ha Noi 1187 Giang Vo ; 232 Tay Saon ; 23 Trang Tién ;
. 25 Han Thuyén ; 32E Kim Ma ; S8 3 ngd 127, Van Cao, Quén Ba Binh.
- Tai TP. Pa Nang : 15 Nguyén Chi Thanh ; 78 Pasteur.

- Tai TP. H6 Chi Minh : 104 Mai Thi Luu, Quan 1 : 5 Binh Thdi, Quan 11 ;
231 Nguyén Van Cif va 240 Tran Binh Trong, Quan 5.
- Tai TP. Can Tho :5/5 Pueng 30 thang 4, Quéan Ninh Kiéu.

LI

4980

Website : www.nxbgd.com.vn

Gia: 23.000d



	ĐẠI SỐ TUYẾN TÍNH
	MỤC LỤC
	CHƯƠNG 1. KIẾN THỨC CHUẨN BỊ
	CHƯƠNG 2. MA TRẬN-ĐỊNH THỨC-HỆ PHƯƠNG TRÌNH TUYẾN TÍNH
	CHƯƠNG 3. KHÔNG GIAN VECTƠ
	CHƯƠNG 4. ÁNH XẠ TUYẾN TÍNH
	CHƯƠNG 5. DẠNG CHÍNH TẮC CỦA MA TRẬN
	CHƯƠNG 6. DẠNG SONG TUYẾN TÍNH VÀ DẠNG TOÀN PHƯƠNG
	HƯỚNG DẪN GIẢI BÀI TẬP
	TÀI LIỆUTHAM KHẢO

