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Loi gioi thiéu

cua sinh vién cdc truong Dai hoc, nghién citu sinh, can bg nghién creu

va ung dung todn hoc tdng lén rd rét. Bg sach "Toan cao cdp” cria
Vién Todn hoc ra doi nhdm gop phan ddp ung yéu cau do, lam phong phi thém
ngudn sdch tham khdo va gido trinh dai hoe von c6.

I'e /7 rong nhitng nam gan day, nhu cdu sdch tham khdo tiéng Viét vé todn

Bé sdch Todn cao cdp sé bao gom nhreu 1Gp, dé cdp dén hau hét cac linh viec
khac nhau cua todn hoc cao cdp, dac bigt la cdc link vuc lien quan dén cde hudmg
dang phat trién manh cua todn hoc hién dai, c6 tam quan trong trong s phat trién
ly thuyet va ting dung thuc tién. Cdc tdc gia cua bg sach nay la nhing nguoi 6
nhiéu kinh nghiém trong cong tdc giang day dai hoc va sau dai hoc, dong thoi la
nhitng nha todn hoc dang tich ciec nghién ciru. Vi thé, muc tiéu ciia cdc cudn sdch
trong b sdch nay la, ngodi viéc cung cap cho ngudi doc nhimg kién thite cor ban
nhat, con cé gang huréng ho vao cdc vin dé thoi sy lién quan dén linkh viec ma cudn
sdach dé cap dén.

B sdch Todn cao cdp c6 duge 16 nhé si ting ko quy bdu cira Vién Khoa hoc
va Cong nghé Viét Nam, ddc bigt la sy 6 vit cia Gido su Dang Vii Minh va Gido
sir Nguyen Khoa Son. Trong viéc xudt ban Bj sdch, chung 16 cung nhdn duge sir
gitip d¥ tn tinh ciia Nha xudt ban Dai hoc gudce gia Ha Ngi va cia Nha xudt ban
Khoa hoc Ti nhién va Cong nghé. Nhiéu nha todn hoc trong va ngodi Vién Todn
hoc da tham gia viét, tham dink, gép y cho bg sach. Vién Todn hoc xin chan thanh
cdm on cdc co quan va cd nhan ké trén.

Do nhiéu nguyén nhdn khic nhau, B¢ sach Todn cao cdp chdc chédn con rat
nhiéu thiéu sét. Chung t6i mong nhén duoc y kién déng gop cia déc gia dé bé sach
dicoc hoan thién hon.

Chd tich Héi dong bién tip
GS-TSKH Ha Huy Khoii
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Loi néi dau

Gidi tich da i 13 mét hudng nghién ciru twong d6i méi trong Todn hoe, mac di
tir nhiing nam 30 cfia theé ky XX céc nhi todn hoc di thiy cin phai nghién ctu
dnh xa da tr1, tdc 12 dnh xa nhén gid tri 1a cdc tap hop con clia mot tip hop nio
do. Su ra ddi cta tap chi quoc & “Set-Valued Analysis” vao nim 1993 1a mot
méc 16n trong qud trinh phat trién cia huéng nghién ciu nay. Vai trd cha gidi
tich da tri trong Todn hoc va cdc ung dung todn hoc di duge cobng nhin rong
rai.

Giat tich da tri ¢6 nhiéu Ung dung trong 1y thuyét phuong trinh vi phan,
phuong trinh dao ham riéng, bat ding thifc bién phan va phuong trinh suy rong,
1y thuyét 6i wu, 1y thuyét dicu khién, t6i wu da muc tiéu, khoa hoc quan Iy, va
todn kinh t€. Hién nay hiu nhu tt ca cic két qua nghién citu vé tinh én dinh va
d6 nhay nghiém cia cdc bai todn t6i uu phu thudc tham s6 va cla céc bai todn
bat ding thic bién phan phu thugc tham s§ déu duoc viét bing ngon ngi giai
tich da 1.

Nhing ngudi Viét Nam dau tién di sau nghién citu gidi tich da tri 12 Gido
su Hoang Tuy (v6i nhitg cdéng trinh vé diém bit dong clia 4nh xa da tri, tinh
6n dinh clta h¢ bat ding thic suy rong, dnh xa da tri 161, 4nh xa téi han), Gio
su Pham Him Sich (véi nhitmg cong trinh vé dnh xa da tri 161, dao ham cia
dnh xa da tr1 va ing dung trong Iy thuyét t6i wu va diéu khién) va cd Gido su
Phan Vian Chuong (véi nhitng céng trinh vé dnh xa da tri do duoc, 1y thuyét
bao ham thifc vi phan). Sau day 12 danh sich khéng ddy di nhitng ngudi Viét
Nam did hodc dang ¢6 cong trinh nghién cttu vé giai tich da tri va cdc ung
dung: Th.S. Pham Ngoc Anh, Th.S. Lam Quéc Anh, Th.S. Truong Quang Bao,
Th.S. Nguyén Huy Chiéu, TS. Lé¢ Van Chéng, GS. TSKH. Phan Van Chuong,
TS. Trinh Cong Diéu, TS. Pham Canh Duong, PGS. TSKH. Pham Huy Dién,
TS. Nguyén Hitu Dién, PGS. TS. Truong Xuin Dic Ha, Th.S. Nguyén Xuan Hai,
TS. Tran Ninh Hoa, PGS. TS. L¢ Vin Hét, TS. Nguyén Dinh Huy, TS. Nguyén
Quang Huy, GS. TSKH. Phan Qudc Khanh, TS. Bii Trong Kién, GS. TSKH. Dinh
The Luc, TS. Lé Minh Lw, TS. Nguyén B4 Minh, GS. TSKH. L& Diing Muu,
TS. Nguyén Mau Nam, TS. Huynh Vian Ngdi, GS. TSKH. Van Hien Nguyen,
PGS. TS. Tran Hué Nuong, GS. TSKH. Vi Ngoc Phat, GS. TSKH. Hoang Xuan
Phi, PGS. TS. Huynh Thé¢ Phing, TS. Ta Duy Phuong, GS. TSKH. Pham Hiwu
Sich, GS. TSKH. Nguyén Khoa Son, TS, Nguyén Nang Tam, PGS. TSKH. Dé
Hong Tan, PGS. TSKH. Nguyén Xuan T#n, GS. TSKH. Nguyén Héng Thii,
TS. Hoang Duong Tudn, TS. Lé Anh Tudn, Th.S. Nguyén Dinh Tuén, GS. Hoang
Tuy, PGS. TSKH. Nguyén Doéng Yén.

Gido trink nay duge soan trén co s& cdc bai giang cia tdc gid vé giai tich da
tri cho hoc vién cao hoc va nghién citu sinh & Vién Toan hoc, cho 16p sinh vién



chon clia trutmg Dai hoc Su pham Thinh phd Hé Chi Minh, va cho 16p cao hoc
& Khoa Todn ting dung thude Pai hoc Qudc gia Ton Trung Son (The National
Sun Yat-Sen University), Cao Hing, Dai Loan. Muc dich chinh cha ching toi
la gidi thiéu véi ¢ic ban sinh vién, hoc vién cao hge va nghién ciu sinh mét s6
két qua co ban cla gidi tich da tri. Ngodi ra, chiing t6i ciing c6 géing trinh bay
mot vai vin dé dang dugc quan tdm trong ly thuyét nay.

Tap sdch gém 5 chuong: Tinh lién tc cha dnh xa da tri, Dac ham cda 4nh
xa da tri, Tich phan cua dnh xa da tri, D6i dao ham cba dnh xa da tri, va H¢ bat
ding thic suy rong. Ba chuong ddu tuong ng v6i 3 phédn chinh cia gidi tich da
tri. Chuong 4 gigi thiéu mot vai nét vé 1y thuyét vi phan do B. S. Mordukhovich
dé xudt - mot 1y thuyét hien dang thu hit duge sy quan tdm dac biét cia nhiéu
nhém nghién cifu trén thé gidi. Chuong S duge danh dé nghién ciu tinh én
dinh nghiém cfia hé bat déng thic suy rong cho bdi ham vécto lién tuc, va
chc tmg dung. Cong cu chinh & day 13 khdi niém Jacobian x4p xi theo nghia
V. Jeyakumar vi Dinh The Luc. Jacobian suy rong theo nghia F. H. Clarke cho
ham vécto Lipschitz dia phuong 142 mét truéng hop riéng cia khdi niém nay.
{Chiing ta lvu ¥ 12 céc khdi niém d6i dao ham, Jacobian xap xi, va Jacobian suy
rong Clarke nim ngoai khuon kho cia 1y thuy&t vi phén trinh bay trong Chuong
2.) Trong mbi muc thudng c6 mot s vi du minh hoa vi bai tap giip ban doc
cung cd kién thdec. 0 cubi sdch ¢6 hai phu luc gidi thiéu cdc dé thi hét mon giai
tich da tri & hai 16p hoc. Céc dé thi nay giip hoc vién cung c6 kién thic trong
pham vi hai chuong ddu cia gido trinh. Céc dinh nghia, b6 dé, ménh dé, dinh
1y, nhan xét, vi du va bai tap dugc ddnh s& bing ba chi s6. Vi du nhu Pinh Iy
1.2.3 1a dinh 1y thit 3 & muc thi 2 trong Chuong 1. Cic cong thitc duge danh
$& bing hai chi s6. Vi du nhur (2.3) 1a cong thic thit 5 ¢ muc thit 2 (trong mot
chuvong nao dé).

B¢ hidu sau hon 1y thuyét 4nh xa da tri va cdc Gng dung, ban doc c6 thé tu
minh nghién citu thém cdc cudn sdch chuyén khao ciia Aubin va Ekeland (1984),
Aubin va Frankowska (1990) - mot trong nhitng 13i liéu tham khao chinh cha
ching 16i khi soan cdc bai giang vé giai tich da tri, Rockafellar va Wets (1998),
Borwein va Zhu (2005), Mordukhovich (2006a,b). Hy vong ring tap sich nhd
ndy ¢6 thé gidp ban doc c6 cAm hing bit ddu viéc tu hoe gian nan nhung thd
vi d6. Ban doc quan tam dén ng dung cua giai tich da tri trong t6i wu vécto
c6 thé tham khao cdc cuén sich chuyén khao cta GS. TSKH. Dinh Thé Luc
(1989), cha PGS. TSKH. Nguyén Xuan Tan va TS. Nguyén Bd Minh (2006).

Xin chan thanh cam on GS. TSKH. Pham Hine Sich va PGS. TSKH. Pham
Huy Dién, nhimng ngudi thay tan tuy da truyén cho ching t6i niém say mé nghién
cifu gidi tich da tri, gidi tich khong trom, ly thuy€t t8i wn va ing dung. Xin chan
thanh cém on GS. TSKH. Trdn Piic Van va GS. TSKH. Lé Tudn Hoa da lutn
dong vién, khich 1& ching 16i vugt qua su tri tré trong qud trinh viét kch kéo



dai. Cim on hai Gido su phan bién d3 doc k¥ ban thdo, g6p nhiéu y kién bé
ich, va gidi thiéu cho cudn sdch duge xudt ban.

Xin duge bay to long biét on cdc bac dan anh ciing cdc ban dong nghiép &
Héi Todn hoc Viét Nam néi chung, va & Vién Todn hgc ndi riéng, di chia sé vdi
ching t6i nhimg néi vui budn cia ngudi 1am todn.

Cam on cdc ban sinh vién, hoc vién cao hoc v3 nghién cdu sinh di nhiét
finh tham dy cdc bai gidng duoc 14y lam co s& dé soan gido trinh ndy. Cam on
Th.S. Nguyén Huy Chiéu di thong bdo cho chiing toi mot s6 két qua nghién cdu
dé gidi thiéu trong hai muc & Chuong 3 va Chuong 4.

Tiap sich ndy dugc danh dé tudmg nhé Ky su kinh t€ Nguyén Thi Minh Tam
(1963-2001), bién tap vién Tap chi Con s& va Sy kién, ngudi em gdi thin yéu
cla tdc gia.

Mic di chiing 16i di cd ging, viéc bién soan chic chin khong trinh khoi
thigu s6t. Ching t6i mong nhan dugc ¥ kién phé binh, gép ¥ cha quy ban doc
gui vé hop thu email ndyen@math.ac.vn, hodc gli vé dia chi Vién Todn hoc,
Vién Khoa hoc va Céng nghé Viét Nam, 18 Hoang Quéc Viét, Ha Noi.

Chan thanh cdm on TS. Ta Duy Phugng, TS. Nguyén Quang Huy, TS. Nguyén
Mau Nam va Th.S. Nguyén Huy Chiéu da danh thdi gian doc ban thdo cla tap
sich nay va gop nhiéu ¥ kién bd {ch. Dic biét, xin cdm on TS. Nguyén Quang
Huy di v& lai toan bé cdc hinh v& bang chuong trinh d6 hoa trén mdy tinh.

Ngay 25 thing 4 nim 2007 Tac gia
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Chuong 1

Tinh lién tuc cua anh xa da tri

Véi doti mor thodng say mé
Con hon di chdn vé ché suong dot
(Tran Huyén Tran, “Udng rugu véi Tan Da”, 1938)

Chuong ndy gidi thiéu cdc khdi niém co ban va mot s6 dinh 1y chinh vé tinh
lién tuc ctia dnh xa da tri.

1.1 Anh xa da tri

Cho X, Y 1a hai tap hop bat ky. Cho F': X = Y la dnh xa tt X vho tip hgp
gbm toan bé cdc tap con cha Y (dwoc ky hieu 12 2¥). Ta ndi F 1a dnh xa da
il tr X viao Y. Nhu vay, v6i méi z € X, F(x) la mot tap hop con clia Y.
Khong loai trir khd nang 13 véi moét s6 phin tr z € X nao d6 ta ¢6 F(x) 1a tap
rong.

Ta s& thuong st dung ky higu F: X = Y dé chi sy kién X 12 4nh xa da tr
tr X vao Y.

Néu véi mébi « € X tp F(a) chi gébm ding mot phédn tr cha Y, thi ta ndi
F 14 dnh xa don i tt X vao Y. Khi d6, thay cho ky hiéu F': X 23 Y nguvi
ta sir dung k¥ hié¢u quen thude F: X — Y.

Vi du 1.1.1, Xét phuong trinh da thic

(1.1) 4+ L tagz+a, =0,

I'TNTA (Thuat ngit ti€ng Anh): multifunction, set-valued map, set-valued mapping, point-lo-sel
mapping, correspondence, set-valucd operator.



10 1. Tinh lién tye cua drh xa da tri

6 dén € IV 12 s6 nguyén duong va g; € R (¢ = 1,...,n) 1 cdc he s0 thyc,
Quy tic cho tuong tmg méi vécto a = {ay,...,a,) € R" v6i tap nghiém, ky
hiéu béi F(a), caa (1.1} cho ta mot dnh xa da tr

(1.2) F:R"=3C

1y khong gian Euclide IR™ vaoe tip s§ phic C. Theo Dinh 1y ¢o ban cia dai s0,
Fla) # 0 véi moi a € R™ va

|F(a)l € n VYa & R,

& do |M| ky hiéu {uc lugng clia tap hgp M. Néu ta ddng nhit médi s6 phiic
T =u+iv € C vdi cip s6 thue (u,v) € IR? thi, thay cho (1.2), ta ¢d 4nh xa

F:R"= R

Binh nghia 1.1.1. Dd thi gph F', mién hiv hi¢u dom F va mién dnh rge F' cha
dnh xa da tri F: X =3 Y twong img dugc xdc dinh biang cdc cong thic

gph F' = {(z,y) € X xY : y € F(z)},

domF ={z e X : F(z)# 0},

va
rge ' ={yeY : Jz € X sao cho y € F(z)}.

{Céc ky hiéu do c6 ngudn gée tir ba chir tiéng Anh 1a “graph”, “domain™ vi
“range”.)

Vdéi F 1a 4nh xa da tri trong Vi du 1.1.1, ta cé
gphF = {{a,2) e R"xC: 2" +ar12* '+ ... + ay17 + ap = 0},
domF=R", rgeF =C.

Anh xa nguge F~1:Y = X cha 4nh xa da tri F: X =Y dugc xdc dinh
bé&i cong thifc

Fly)={zeX :ycF)} (eY)

Néu M C X la mot tap con cho trude thi han ché cia F irén M 12 dnh xa da
tri Fpy : M 3Y duoge cho boi i

Fu(z) = F(z) Yae M.

Bai tap 1.1,1, Chimg minh ting gph ! = $(gph F), §dd & : X x¥ —
¥ x X 1a song 4nh xdc dinh bdi cong thic ®{x, y) = (y,x}.



1.1. Anh xa da tr 11

Binh nghia 1.1.2. Cho F: X = Y la 4nh xa da tri, X vd Y 13 céc khong gian
topd. .

I. Néu gph F' 12 tap déng trong khong gian t6pé tich X x Y, thi F duoc goi 13
anh xa ding (hoac dnh xa ¢6 dé thi dong).

2. Néu X va Y la cdc khong gian tuyén tinh topd va néu gph F 13 tap 16i trong
khong gian tich X' x Y, thi F duge goi 1a dnh xa da tri 6P

3. Néu F(z) la tap déng vdi moi x € X, thi F duge goi 1a dnk xa cé gid tri
dong.

4. Néu Y la khong gian tuyén tinh 10p6 va néu F(z) 1 tap 16i v6i moi x € X,
thi F' duoc goi 1a dnh xa cé gid tri 161,

Bai tap 1.1.2. Cho F: X 3 Y 14 dnh xa da tri, X va Y i cdc khong
gian tuy€n tinh topé. Chimg minh ring:
(2) Néu F' 12 4nh xa dong, thi F 13 dnh xa ¢6 gid tri déng,
(b) Néu F la dnh xa da i 16i, thi F' 12 dnh xa c6 gid tri 16i.
{c) F' la dnh xa da 1 16i khi va chi khi
(1 = t)F(x) +tF(z') C F({(1 - )z +tz’) Vz,2' € X, Yt € (0,1).

Ching ta nhic lai ring ap M C IR* duge goi 1a tdp 16i da dién® néu M 6
thé bi€u dién du6i dang giao ciia clia mot s§ hitu han céc nita khong gian déng
cla IR*, Céc tinh chat cha tap 16i da dién dugc trinh bay chi tiét trong cudn
chuyén khao cia Rockafellar (1970). Ta c¢6 dinh 1y bi€u dién sau day: “Tdp

M C IR* la tdp 161 da dién khi va chi khi 16n tai cdc diém a',0?,. .. s’ ¢ M
va cde phuong v, v, . .. ,v? € R* sao cho

¥

M={ S @+ T 007 120,320, Y0 h=1,

M2 0,0 20}

{(Xem Rockafeliar (1970), Dinh 1y 19.1.) Ho céc diém vi céc phuong
{al,...,a";2t, ... 09}

dugc goi 1a cde phdn tr sinh® cla M_.

Luvu ¥ rang hg cdc phdn tir sinh clia mot t4p 16i da dién néi chung khong 12
duy nhat,

*Cac khdi nigm va ket qua lien quan dén 12p 181, ham 16i, duéi vi phan cia ham 16i c6 trong
Rockafellar (1970} - trudmg hop khéng gian hiru han chiéu, loffe va Tihomirov (1979) - tnrdmg
hap khong gian vo han chiéu. '

*TNTA: polyhcdral convex set.

*TNTA: generators.
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Bai tap 1.1.3. Tim cdc phén ur sinh clia cde tip 18i da dién sau:
M= {.’L‘ = (.'.'311.1“2} | 2 0 2 = 0, ry + Xo 2 l}

v
M:{r-w—(a:l,,.,,:::ﬂ) cxi 2l ¥Wi=1,...,n}

Bai tap 1.1.4. Cho A € JR™*" {4 ma tran thue cdp m xn, C € R**™ 14
ma tran thyc cip s x n, Dat

(13) Fhd)y={z€cR"*: Az 2 b, Cx=d} V(b.d)e R” x °,

& 36 bt ding thic y > 2 gitta hai véeto y = (y1.... 4hn} V2 2 =
(x4, .., Zw) thute JR™ c6 nghia 1d z; > 2z véi moi i = 1,2,...,m.
Chimmg minh ring dnh xa da tri £ : "™ x R =3 K" cho boi (1.3} ¢é céc
tinh chat sau:

1. gph F 13 mét nén 16i da dién trong khéng gian tich R™ x K* x R"
{do do F 13 mot 4nh xa da tri 131).

2. dom F la tap 16i da dién.
3 rge F ="

4. Vé&i mbi (b, d) € IB™ x R, (b, d) 1a tap 16i da dién trong R™ (c6
thé 4 tap réng).

Hiy lay mot vi du don gidn dé ching td rang néi chung thi dom F #
R ox IR

Nhin xét ring tap F'{b,d) trong Bai tap 1.1.3 1 tap nghiém ciia hé phuong
trinh va bat phuong trinh tuyén tinh

(1.4) Az b Cz=d

Lién quan dén 4nh xa da tri ' cho boi (1.3), ta ¢6 dinh ly sau day.

Dinh 1§ 1.1.1 (Walkup-Wets, 1969; xem Walkup va Wets (1969), Mangasarian
vi Shiau (1987), Lee, Tam v Yen (2005)). Vd mdi cdp ma trén (A,C) €
IR™X 5 [RSX™ t8n tai mot hdng 56 € > 0 sao cho

(1.5) F( . d)c Fb,d)+£|(¥,d) — (b,d)}| B~
vii moi (b, d) va (b, d’) thudc tdp 16i da dién

dom F = {(b,d) : F(b,d) # B},

*Trong c6ng thiic (1.3) ciing nhi trong c4c phép tinh ma tran s& gip vé sau, vécto thude cic
khéng gian Euclide hitu han chiéu dugc bidu didn nhy nhimg cot s6 thyc. Tuy thé, dé cho don
gian, trén cdc dong van ban thang thubmg ching ta s& bi€u din cic vécto et dé nhu nhimg vécio
hang,
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g dé
I, d) = (b.d)l = (I — bl + ||& — d)f?)*/?
= (ST =00 + L)~ 4;)?)

voi mpi b= (by,... by), d=(dy,...,d,), va

/2

n 172
B = z={(x1,....2,) € R" : ||z| = (Zz?) €1

i=1
la hinh cau don vi déng trong IR™.

Tinh chat (1.5) cho thdy rdng F 1a 4nh xa da trj Lipschitz trén dom F véi
hing s6 £ > 0. Hing s6 nay phu thuéc vio ¢ip ma tran (A4, C) da cho. Cic tinh
chat lién tyc Lipschitz ciia 4nh xa da tri s& duge khao sdt chi tiét hon & trong
Muc 3.

Néu X, Y 1a hai khong gian tuyén tinh t6p6, F : X = Y 12 4nh xa da tri,
thi ta ding cic ky hieu F° vd co F' dé chi cdc 4nh xa da tri duge cho bdi cic
cong thitc

F(z)=F(z) vVzeX
va
(coF)(z) =co(F(x)) VrelX,

& d6 M 1a bao déng topo cha M va co M 1a bao 16i ciia M. (Tdc 13 coM I
tap 16i nhé nhét chia M)

Hién nhi¢n F 12 dnh xa da tri ¢6 gi4 tri déng va co F 1a 4nh xa da tri c6
gid tri 161, Tuy thé, ' ¢6 thé khong phai 12 4nh xa da tri déng va co F' c6 thé
khéng 1a 4nh xa da tri 161!

Vi du 1.1.2. Cho
F{z}) = {sinz,cosz} (Vx € R).
Ta co
{(co F)(x) = co {sinz,cos z}
14 dnh xa da tri khong 16i tir 2 vao IR véi d6 thi 12 t3p ¢6 gach soc trong Hinh
1.

Vi du 1.1.3, Cho
: _J(0,1) néuz#£0
Fle) = { {0} néuz=0.
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RO ring

= [0,1] néuz#0
Fz) = { {0} néuz=0

khong phii 14 dnh xa da tr1 dong.

Hinh 1

Bao déng va bao 16i cua dnh xa F - X =Y, 0 dé X va Y la cdc khong
gian tuyén tinh top6, 1a cic dnh xa cl F va conv F' dugc cho tuong ing bdi céc
¢ong thuc sau

clPlzy={yeY : (z,y)€gphF} Vze X

vil

convF(x)={y €Y : (x,y) €co(gph F})} Yre X.
Dé thay riing néu F 1a dnh xa trong Vi du 1.1.2 thi
(0 F)(x) = {sinw.cosz} va (conv F)(x) =[~1,1] (Vx € R).
V& F 1a dnh xa trong Vide 1.1.3 1a ¢d
(cl F)(x) =1[0,1] (Vz € N}
v P = { 0 e s 20

Dinh nghia 1.1.3. Cho F: X = Y vd G : Y = Z 1 hai dnh xa da tri. Anh xa
da try
' GoF: X272
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cho bdi cong thic

GeF)x)=|JoF@) =] U 6w

xEX reX \yeF(r)
vioi moi x € X, duge goi 1a dnh xa hop (hay tich)y cha F va G

Bai tap L.1.5. Cho X, Y, Z la cic khong gian tuyén tinh, F': X = V

vad - Y = Z 1a hai dnh xa da tr 16i. Ching minh ring G o F 4 énh xa

da tri loi.

Ung v6i méi ham s6 thue o : X — IR, & d6
R = |—00,+x] = RU {—oc} U {400}
la tép s6 thuc suy rong, ta cd hai anh xa da tri sau day:
(16} epiv: X 3R, (epip)(z)={uc R:pu>zyplx)} VzelX,
va
(L7) hypop:X 2R, (hypop)(z)={p€ R : p<plx)} YzeX
Nhic 1ai rang » dugc goi 13 hdam 16i néu nhu
p((1 = ! +t2?) < (1 - thp(a') + tp(a®)

véi moi x! 22 € domy = {z € X : w(z) < oc}. Ta néi ¢ 1a ham I6m néu
nhu -y 12 ham 16i. (Theo dinh nghia, {—p)(z) = —¢(z) véi moi z € X))

Bai tap 1.1.6. Cho X i khong gian tuyén tinh. Ching minh réng ham
$0 1 X — [ 12 161 khi va chi khi epiy : X = £ 12 4nh xa da tr 161,
i 1a ham 16m khi va chi khi hypoy 1 X = R 14 dnh xa da tri 161

Chiing ta két thic muc nay véi mdt vai vi du vé cdc 4nh xa da tri lién quan
dén cdc bai todn t&i wu.
Vidu 1.1.4. Cho X,Y,Z la cdc khong gian dinh chufn. Cho f: X x Z —
U {+oc} laham 8 thuc, ¢ : X x Z — Y 1a ham vécto, K C Y 13 hinh nén
16i, dong; A € X la tap hop bat ky. Xét bai todn t6i wu phu thude tham sé
(P,) min{f(x,2) : £ € A, g(z,2) <k 0},

g dé

, L2 2_ .1

h SKYy =y —y €K
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Tap hop
Glz):={zeX :z€A, g(z,z) <k 0}

duge goi la dp rang budc (hay tdp han ché, tdp chdp nhdn dugc) cla (B).
Ham s6

@(z) = mf{f(x,2) : € G(2)}
dugc goi 13 hdm gid tri t6i wu (hay ham marginaly cha (B). Tap

Fz) = {z € G(2) : f(=z,2) = p(2)}

dugc goi la rdp nghiém cla (P,). Tap hop cdc nghiém dia phuong cia (F,)
duoc ky hieu 1 Fy(z). Nhu vAy, Z € Fy(z) khi va chi khi tdn tai 6 > 0 sao
cho f{z,z) = f(Z,2) v6i moi x € G{2) N B(Z,5), 8 d6 B(z,8) = {z € X :
|z — Z|| < &} ky hiéu hinh cdu m& c6 tam tai Z va ban kinh 8. Ham gid tri
t6i uu (), dnh xa G{('}, va cdc 4nh xa nghiém F(-}, F(-) 1a nhilng d&i tuong
nghién ciu chinh trong 1y thuyét 8n dinh trong t6i wu hod; xem Bonnans vi
Shapiro (2000) va nhimg tai lieu din trong dé. Trong 1y thuyét dé ngudi ta dua
ra nhing di¢u kién c¢in va dit dé o, G, F vd F lién e (theo mot nghia nio
d6) hodc kha vi (theo moét nghia nao dd), tiy thudc vio céu tric cu thé cha 16p
bai todn {F,) duge xét. Trong cdc chuong sau chiing ta s& khio sit mot s§ diéu
kién kiéu dé.

Mot rudmg hgp riéng ca bai todn t6i vu phu thudc tham sé xét trong Vi du
1.1.4 14 hdi todn quy hoach todn phuong phu thudc tham so.

Vi du 1.1.5. Cho cic ma trén A € R™*", C € R**™ vA ma trén ddi xing
D e IR™*™, Xét bai toan quy hoach toan phwong

1
(1.8) min{§$TD$+cT:c cx€R", Az 2 b, CI:d}

phu thuoc vao tham s6 z = (¢, b,d) € JR* x R™ x R*. O day T k¥ hiéu phép
chuyén vi ma tran va vécto. Ky hiéu ham gid tri t6i wu, tap han ché, tap nghiém
va tp nghiém dia phuong cia (1.8) trong ing bdi @(c, b, d), G(b,d), Sol(c, b, d)
va loc(c, b, d). Tinh chit ciia ham ¢ va cdc dnh xa da tri Sol(-), loc{-) phu thudc
khd nhiéu vio tinh chit cta ma tran D. Vi du nhu, néu D 13 ma trdn xdc dinh
duong (tic 1a v" Dv > 0 v6i moi v € R™\ {0}) thi Sol(-) 1a 4nh xa don tri,
lién tuc trén tap

domG = {(b,d) € R™ x IR* : G(b,d) # ¢}.

Ngoai ra, loc{c, b, d) = Sol{c, b, d) v6i moi {(c,b,d) € R* x IR™ x IR®. Chiing
ta luu ¥ rdng tinh chat Lipschitz ctia énh xa G{-) di duoe chi ra trong Dinh 1y
1.1.1. C6 thé doc mot cich ¢6 he théng cdc két qua vé tinh n dinh nghi¢m ciia
bai todn quy hoach toan phuong trong Lee, Tam va Yen (2005).
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Trong vi du sau day ching ta xét bai todn quy hoach 1éi.

Vidu 1.1.6. Cho A C X 1amot tap 16i va v : X — IRU {} 1a mot ham 16i,
0 d6 X la khong gian dinh chudn. Xét bai todn quy hoach 16i

(P) min{p(z) : x € A}.

Nén tiép tuyén Ta(E) cha A tai T € A duge dinh nghia bdi cong thifc

TaZ)y={t{z—Z): z € A, t 2 0}.
Nén phdp tuyén Na(Z) clia A tai T € A duge dinh nghia nhy sau

Na(z) ={z* € X* : {*v) €0 YveTa(Z)}
={zre X" {5,z —-T)<0 Yre A}

O dé X* ky hiéu khong gian déi ngdu cha X va {z*,v) ky hiéu gid tri cda
phiém ham tuyén tinh 2* € X™ tai v € X. Néu 7 ¢ A, thi ta dat Na(F) = .
C6 thé ching minh ring Z € A 14 nghiém cha (P) khi va chi khi
(1.9) 0 € dp(z) + Na(z),
a dé

Op(F):={r" e X' : ("2 —Z) € p(x) — () Vre X}

la duoi vi phdn (subdifferential) cia ¢ tai ¥ € domyp = {r € X : px} € R};
xem loffe va Tihomirov (1979). Dat

(1.10) F(z) = 8p(z) + Na(z) Vz € dome,

vt F'{x) = 0 véi moi = ¢ dom . Khi dé bao ham thic (1.9) trd thanh 0 € F(Z).
Viy viéc giai bai todn (P) duge quy vé viéc tim nhilng diém ¥ € X théa min
bao ham thitc 0 € F(), tic 12 viéc tim cic diém cdn bdng (cac khong diém)
cha dnh xa F cho boi (1.10).

Hién nhién (1.10) 1a 4nh xa da tri c6 gid tri 181, Tuy th€, né khéng nhat thist
12 dnh xa da trj 13,
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Vidu 1.1.7. Cho X = IR, A = [~1,1], ¢(x) = 0. Khi 46 dnh xa da tri

] néuzé¢ A
F(z) = 0p(z) + Na(z) = Na(z) = ia}oo,ﬁ] :eéll: .:_—:_ (_—11, 1)

0,00) néuz=1

¢6 d6 thi 13 tap diém 10 dam trong Hinh 2. Hién nhién gph F khong phai 13 tap
161,

g

Hinh 2

1.2 Tinh nira lién tuc trén va tinh nira lién tuc duéi cua
Anh xa da tri
Nhic lai ring mét ho cdc tap con 7 € 2X cia tap hop X duoc goi 1a mot 16po
trong X néu
Per, Xcr
(ii) giao cha mdt ho hitu han tuy ¥ cdc tap thuge 7 lai 1a mét tap thude 7;
(iii) hop chia mot ho tuy ¥ céc tap thude 7 13 mot tap thude 7.

Céc tap thuge r duge goi 1 cdc tdp md. Phan bu trong X cla moét tp md
duge goi 1 tap déng. Tap X dugc trang bi mot topd 7 duge goi 12 mot khong
gian topd, va duge k¥ hieu bdi (X, 7). Thay cho (X, 7), dé cho don gidn, nhiéu
khi ta chi viét X, néu topdé 7 dd dugc xdc dinh theo mot cich nado d6. Néu
{X,d) 1a mot khong gian métric thi ta ky hiéu bdi B ho c¢dc hinh cdu md

Blze)i={ye X 1 dly,z) <&} (zxe X,e>0).
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Xét cédc tap 12 giao cua mdt s§ hitu han cdc tip thude B, va ky hiéu bdi 7 ho
cdc tap co thé biéu dién dudi dang hgp clia mot ho tuy ¥ cdc tap giao nhir vay.
“Ta c6 7 la mét topd trén X', db chinh 14 topd twong tmg vdi métric d di cho trén
X.

Néu { X, 7) 1a mot khong gian tapd va M C X 13 mot t4p con thy ¥ thi
e ={UnNM - Uer}

la mot topd trén M. Topd Ty duge goi 12 topd cdm sink cha M. Tap Upy =
U N M duge goi 1a vét® cha U trén M.

Ta da biét ring néu f : X -» Y 14 4nh xa don tri tir khong gian t6po X vio
khong gian topo Y, thi f duoe goi 1a /ién tuc tai T € X néu véi mdi tap mo V
chita f(E) (V 14 ldn cdn md cia f(Z) trong topod cha Y) ton tai 1an can mé U
cda T sao cho

flxyeV Vel

Ta ndi 12 lién tuc & trén X néu né 1a lién tuc tai moi diém thuoe X. Dé thay
ring f 1 lién tuc & trén X néu, véi mbi tap md V C Y, anh ngugc

iy ={ze X : f(x) eV}

cha V' 1a tap md& rong X.

C6 thé md rong khdi niém dnh xa don tri lién tuc sang cho &nh xa da tri theo
hai cdch khdc nhau. Két qua la ta thu duge hai khdi niém ¢é noi dung hoan toin
khdc nhau: 4nh xa da tri nira lién tuc trén va dnh xa da tri nia lién tuc dudi.
Theo Aubin va Frankowska (1990), hai khdi niém nay da dugc B. Bouligand va
K. Kuratowski dua ra nam 1932, Ngiy nay, nhiéu khi ngudi ta diing cdc cum tir
“inh xa da tri mira lién tuc trén theo Berge” va “dnh xa da tri nira lién tuc dudi
theo Berge™ dé chi hai khai niém nay, vi ching dugc khao sat khd k§ trong mét
cudn chuyén khio caa C. Berge (1959).

Cho F: X 3 Y 12 4nh xa da tri tir khong gian t6po6 X vio khong gian topo
Y.

Binh nghia 1.2,1. Ta néi F 12 nuta liérn tuc trén tai T € dom F' néu vé1 moi tap
mé V C Y théa min F(z) C V tén tai 1an can mé U cia & sao cho

Flz)ycV Vzel.

Néu F' 13 nia lién tuc trén tai moi diém thudée dom F, thi F duge goi 12 nia
lién tuc trén & trong X.

STNTA: trace.
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Dinh nghia 1.2.2, Ta néi F 12 nida lién tuc dudi tai T € dom F' néu v&i moi tap
md V' C Y théa man F(Z) NV # @ t6n tai 1an can mé U cia T sao cho

Flz)nV #9 YreUndomF.
Néu F 13 nta lien tuc dudi tai moi diém thude dom F, thi F' dugc goi 1a nira
lién tuc dudi & trong X.

Pinh nghia 1.2.3. Ta néi £ 12 lién tuc tai T € dom F néu F déng thdi 1a nia
lien tuc trén v nira lien tuc dudi tai Z. Néu F la lién tuc tai moi diém thuoc
dom F, thi F dugc goi 1a lién tuc & trén X.

Vi du 1.2.1. Anh xa da trj
{0} néu x <0

F{z}) =4 [-1,1] néu =0
{1} néu x>0

tr IR vao JR 13 nira lién tuc trén & trong /R, nhung khong 12 nira lién tuc dudi
tai T = 0. Nhu viy, F khong phai 1a 4nh xa lién tuc & tréen IR,

Hinh 3
Vi du 1.2.2. Anh xa da tri

_ [[0,1] néu z#0
Fle) = {{0} néu =0

khong phai Ia dah xa lién tuc & trén IR, vi F chi 1a nira lién tuc dudi tai 7 = 0,
chif khong 1a nira lién tyc trén tai didm d6.
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Vi du 1.2.3. Anh xa da tri

o — J[0.1]  néu z 13 s8 hiu ty
Fla) = { [-1,0] néu zlasé voty

khong phai 12 dnh xa lién tyc & trén [R; hon thé, F khong la nira lién tuc trén
va ciing khong 13 nira lién tuc dudi tai bt cif diém 7 € JR ndo.

Bai tap 1.2.1. Ching minh ring 4oh xa don tri f : X — ¥ tir khong
gian t6pd X vio khong gian t6pd Y 1a lién tuc tai Z khi va chi khi anh Xd
F: X 3Y cho béi cong thic F(z) = {f(z)} 12 nita lien-tyc trén (hoac
nita lién tue dudi) tai 7.

Hinh 4

Bai tap 1.2.2. Chodnh xadatri F: X — Y, 3d6 X va ¥ 13 cic khong
gian 10pd. Chiing minh ring;

(@) F' 1a nira lién tuc trén & trong X khi vi chi khi nhdn
Fo{V):={zedomF : F(z) C V}

cua mét tap md bat ky V € Y 13 tap mo trong t6pd cam sinh clia dom F.

(b) £ 12 nira lién tuc dudi & trong X khi va chi khi dnk ngHoC

F7Y(V):={zedomF : F(z}nV # 0}

cla mot tap m& bat ky V C Y 1a tap mo trong topé cam sinh cla dom F;
xem Hinh 4.

Bai tap 1.2.3. Hiy chimg to ring 4nh xa da tri
F(z) = co{sinz,cos z}

tr 7 vao R la lién tuc & trén R,



22 1. Tinh lién tuc cia dnh xa da tri

Nhic lai rang ham s6 ¢ : X — IR U {+oc} xdc dinh trén khong gian topd X
duge goi 1 nia lien tue dudi tai F € domp, & d6

(2.1} domyp={z € X : p(z) < +o0}

ky hiéu mién hiu hiéu clia o, né€u vi moi ¢ > 0 t6n tai lan can mo U cha I
sao cho
wlz) 2 9(T) —¢ Yorel.

Ham iz dugc goi 12 nita lién tuc trén tai T € dom ¢ néu vdi meoi £ > 0 idn tai
lan can m& U cia z sao cho
ple) K e(B)+¢ Yrel.

Néu X l1a khong gian métric, thi diéu kién thi nhit c6 thé viét dudi dang

liminf ©(z) 2 ©(z),

Ir—I
G do
lminf e(x) ;= inf {’y e R drp — &, Llim wlzi} = ’Y}‘
a— e
Tuong ty, didu kién thi hai ¢6 thé viét duéi dang

limsup p(z) € »(T),
o do
lim sup @(z) := sup {’y e N dzp — %, klim wlxy) = ",«}.

Bai tap 1.2.4, Cho ¢ : X — MU {+oc} |12 ham s& thic xdc dinh trén
khong gian topd X. Chimg mink riing:

{a) v |4 nita lién tuc dudi tai T € dom ¢ (xem {2.1)) khi va chi khi 4nh xa
da tri epi v (d3 dugc dinh nghia trong Muc 1.1) la nia lién e dudi tai I.

(b) 4> 1& nira lién tuc trén tai & € dom  khi va chi khi dnh xa da tri hypo
(da dugce dinh nghia trong Muc 1.1) 13 nia lién tuc trén tai .

Dinh 1y co ban vé su tdn tai nghiém cha cdc bai todn 61 wu duge phét biéu nhu
sau.

Dinh 1y 1.2.1 (Dinh 1y Weierstrass). Cho X # 0 la khéng gian 10po compdc.
Neéw w: X — IR g ham s& nika lién tyc dudi & trong X, thi bdi todn

(2.2) min{p{z) : x € X}
co nghiém. Néu p la ham s6 mia lién wc trén & trong X, thi bdi todn

(2.3) max{p(z) : z € X}
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¢ nghiém.

Chiing minh. Ta chi ¢dn ching minh. khing dinh thi nhét, vi ham ¢ 14 nia
lién tuc trén khi va chi khi him (—@)(z) ;= —(zr) 12 nla lién we dudi, v T
12 nghiém cia (2.3} khi va chi khi F 13 nghiém cia bii todn

min{{—y){z) : z € X}
Nhic lai rng khéng gian 6pd X dugc goi 12 compic néu tir méi phi mo
{Ustaeca cua X c6 thé trich ra mot phu con hitu han, tdc 13 tdn tai cac chi sé
{or.... a5} C A sao cho
-
X = U,
i=1

Gia su X 12 khong gian compidc, X # @, ¢ : X — IR 12 ham s6 nita lién tuc
dudi & trong X. Ta cdn ching minh rang (2.2) c¢é nghiém, wic 1a ton tai T sao
cho

(2.4) o(Z) = min{p(r) : z e X}

Gia st phan ching: Khéng cé Z nao théa man (2.4). bat v = inf{p(z) : 2 €
X} Néu 4 = —oc thi ta dat

Qe={eeX :elx)>-k} (k=123..)
Do la nua lién tuc dudi & trong X nén, vdi moi k, §% 1a tap mo. DE thdy ring

X = U Q.. Vay {Q }eeav 12 phit ma clia X. Do X 1a khong gian compic va
k=1

do {€} 1 ho tap ing nhau, nén tén tai & € IV sao cho X = ;. Khi dé ta

phdi ¢6 v > —Fk, trdi vdi gid thit v = —oc. Bay gid ta xét truomg hop v € IR,

Véi mbi & € IV ta dat

1
Qk:{IEX:(p(I)>’]/+E}.

Deé thay rang {) }rcm 12 phlt mo ctia X (do khong ¢é6 Z € X ndo thoa man
(2.4)) ma tir d6 ta khong thé trich ra mét phi con hitu han ndo. Vay X khéng 12
khong gian t6po compéc, trdi v6i gia thiét. Dinh 1y da duge chimg minh. O
Nhic lai rang khong gian topd X dugc goi 1a lién théng (hay lién thong t0po)
néu khong t6n tai hai tdp md U,V khdc réng ndo trong X sao cho U UV =
X. UnV = 0. Ta biét ring anh xa don tri lién tuc bao tén tinh lién thong. Cu
thé hon, ta ¢é dinh 1y sau.
Binh 13.1.2.2. Cho f : X — Y la dnh xa lién tuc tir khdng gian t6pé lién thong
X vdo khong gian 16po Y. Khi do

rge f = {f(z) : x € X},
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XéL VOT 16p0 cdm Sinh tt t6po ctia Y, la khong gian lién thong.

‘Chirg minh. Lap luan bing phuong phdp phan ching, ta gia sir ring M =
rge f khong phai 12 khéng gian lién thong. Khi d6 t6n tai céc tap mo U,V trong
Y sao cho

(2.5) Uy UVar =M, UynVy =0, Upy+#8, Viy#0,

ddo Upr :=UNM v Viy .= VN M 12 cdc vét cha cdc tap U va V trén M,
Dat

Xi=fY ) ={zeX: flz)e U},
Xo=fYV)={zeX: flz)e V]

Ta c¢d:

(1) X1, X2 1a céc tap m& trong X;

(i) X #0, Xo £8;

(i Xy U Xy = X,

(ivi X1 X, =0.

That vay, do f la lien tye, U vA V 1a mé, nén X; vd Xy 1a mé&. Vi
Uy = Unrgef = Un{f{z) : = € X} khic 1éng, nén tén tai z € X sao
cho f(x) € U. Vay Xi # §. Tuong t, Xo # 0. Liy tuy y « € X. Do
flz)crge f =M vado Uy UV = M, tacé f(z) € Ups hoic flz) € Vay.
Néu f(z) € Ups thi f(x) € U; do d6 z € X). Néu f(x) € Vi thi £ € Xo.
Ta dd chiing minh ring (iii) nghiém ddng. Néu tén tai ¢ € X; N X5 thi ta cé
f(z) € U va f(z) € V. Hién nhién 1a f(z) € M. Do d6 f(z) € Uy va
flz) € Vg, Vay ta c6 Upr 1 Vs # @, mau thudn véi (2.5). Tinh chat (iv) da
dugc ching minh. Tir (i)—(iv) suy ra ring X khong lién théng, trdi vdi gid thit
cita dinh ly. Vay rge f phai la khong gian lién thong. O

Binh Iy sau day chi ra ring ca dnh xa da tri nda lién tuc trén 1An 4nh xa da
tri nira lién tuc dudi déu bio tén tinh lién théng. Mot tap con cia khong gian
t16po dugc goi 14 lien thong néu, khi xét véi topd ¢am sinh, né 12 khong gian
topd lién thong,

Pinh 1y 1.2.3 (xem Warburton (1983)). Cho F : X =Y la dnh xa da tri gita
cde khong gian t0po sao cho, véi moi x € X, F(z) lg tdp lién thong (cé thé
réng). Khi do:

(a) Néu F' la dnh xa mia lién tuc trén & trén X va néu dom F ld tap lién thong,
thi rge F' la 1dp lién thong,

(b) Néu I ia anh xa mia lién tuc duci J trong X va néu dom F la dp lién
théng, thi vge F la tdp lién théng.
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Chitng minh. (a) Gia sir ring F 12 nla lién tuc trén & trong X, dom F' 1 lién
thong, va F(z) 14 lién thong v6i moi.z € X. D€ ching minh bing phin chimg,
ta gia sit rang M := rge F' khong la lién thong. Khi d6 ton tai cdc tap ma U,V
cia Y thoa man (2.5), 8 d6 Uy :=UNM va Viyy =V n M. bit
X1 =F ({U)y={zedomF : Fla) c U},
Xo=F(V)={redomF : F(z) CV}.
Cic tinh chit sau nghiém ding:
(1) X1. X7 la cdc tap mé trong topod cam sinh clia dom F;
(i) Xi #£0, Xy £8;
(i} Xy WX, =domF,
(iv) Xin X, =,
That vay, tinh chit (i} dugc suy ra tit khiing dinh (a) trong Bai tap 1.2.2. Do

Uy =Unmge F=Un (U F(x))

aeX
khic rong, tén tai x € X sao cho F(z)NU # @ Néu Fla)NV # ¢ thi
tir (2.5) suy ra F(z), xét vdi t6pé cinh sinh tir topod cta Y, khong 1a khong
gian lien thong; trdi véi gia thigt. Viy F{z)nV =9¢ . Do F(z) C M vado
UarUVar =M, tacé F(x) C Us tic la 2 € X|. Ta da chimg té ring X # 0.
Tuong tw, Xo # 0. Ly tuy ¥ = € dom F. Do F(z) # P va F{z) C M, ta c6
F(z) Uy # 0 hoic F{x) N Vi # . Néu trudmg hop thé nhét xiy ra, thi do
1y luan da trinh bay ¢ trén, ta ¢6 x € X;. Néu trudmg hgp tha hai xay ra thi
ta ¢6 ¢ € Xp. Vay dom F C X, U Xy, tdc 1a (iii) nghiém ding. Néu tén ta
€ X71N X3 thi ta cé

Flz)#0, Flz)ycU, F{z)cV.

Do F(z) C M,tacé Fz) C Upy va F(z) C Vg Vi F(z) # dnén Uy NV #
. trdi v6i (2.5). Vay ta c6 X; N Xo = @. Cac tinh chat (i)—(iv) da duoc chimg
minh. Tir d6 suy ra dom F, xét v6i t6p6 cam sinh G topd cla X, khong phai
1a khéng gian lién thong; trdi véi gia thigt. Tém lai, rge F 13 khong gian lién
thong.

(b) Gid st ring F' 1a nira lién tuc dudi & rong X, dom F' 14 lién thong, va
F{x) 1alién thong v6i moi z € X. Néu M := rge F khong lién thong, thi t6n
tai cic tip mo U, V clha Y thoa man (2.5), 630 Uy = UNM va Vi = VN M.
Dat

X, =F'U)={zecdomF : Fz)NU # 8},
Xo=FYV)y={z€domF : F(z)NV @},

ta c6 thé chimg 16 rang cdc tinh chét (i)—(iv) liét ke trong phdn chiing minh trén
nghi¢ém ding. Tir d6 suy ra ring dom F' khéng lién thong, trdi v&i gia thigt,
Vay rge I 1a tap lién thong. D
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Bii tap 1.2.5. Trinh bity ching minh chi ti€t khing dinh {b) cta dinh 1y
trén. Xdy dung vai vi du don gian dé€ ching to ring mdi mot gia thiét

(i) dom F 12 tip lién thong

vii

(ii) F (>} la tap lién thong vé moi x € X

trong khing dinh (b} ciia Dinh 1y 1.2.3 1 khong thé bd duge (trong khi
cidce gid thiét khdc van duge gilt nguyén).

Bai tap 1.2.6. Cho F: X 3 ¥ vd & Y =3 Z tuong iing a cdc dnh xa
da tni nita lién e duGi s trong X vadren Y, dd6 X, Y va Z |4 cac

khang gian topo. Chimg minh ring dnh xa tich G o F' 1 ntta lién tuc dudi
Otrong X

Bai tap 1.2.7. Cho F: X 3 Y va G : X 3 YV 134 cdc dnh xa da tri gilta

céc khong gian twyén tinh topd. Ching minh rang néu F v G la nda lién

tuc dudi & trong X, thi dnh xa F 4+ G : X 3 V duge cho bé cong thife
(I + GYz) = Fir) + Glzy (Yr € X)

cing la nira lién tuc dudi & trong X

Bai tap 1.2.8*. Khao sdt cdc tinh chét tuong tu nhu nhiimg tinh chat néi
trong cdc Bai tap 1.2.6 va 1.2.7 d6i vdi dnh xa da tri nia lién tue teén,

Bai tap 1.2.9. Cho X, Y 1a cdc khong gian topd, F' : X =2 Y 14 4nh
xa da tri nira lign tuc trén & trong X . Ching minh rang néu F c6 gid
compic {ttc I F(x) 12 compic véi moi =z € X) vi dom F 1i tap compic,
thi rge I 14 tap compic.

Bai tap 1.2.10*. Khdo st tinh chit “bao toin tinh compac™ néi trong Bai
tip 1.2.9 déi véi dnh xa da tri nira lién tyc dudi.

Ngoai khdi niém 4dnh xa da tri nira lién tuc trén noi trong Pinh nghia 1.2.1,
ngudi ta cdon xét khdi niém dnh xa da tri nita lién tuc trén theo HausdorfT. Anh
xa da tri '+ X =Y tir khong gian topo X vao khong gian métric Y duoc goi
13 neta lién e trén theo Hausdorff tai Z € dom F néu véi moi £ > 0 tén tai 1an
can md& U cua # sao cho

F{x)y C B(F(x),e) Vzxel,
o do
B(F(z),e) ={y €Y : dy, F(z)) < ¢}
vii diy, F(E)} = 1?{ )d(y, z} ky hiéu khoang céch tir y dén F(%). Néu ' la
s F{x
nta lién tuc trén theo Hausdorff tai moi diém thuoc dom F, thi F' duge goi la
nira lién tuc trén theo Hausdorff o trén X. R& rang 14 tinh nia lién tuc trén theo

Berge (xem Dinh nghia 1.2.1) kéo theo tinh nita lién tuc trén theo Hausdorff.
Pidu nguge lai khong ding.
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Bai tap 1.2.11. D&t X = R, Y = R?, F(z) = {(x, ﬁl)} néuz #0va
Fiz) = {0} x [0, +c0) néu =z = (. Hay chimgtdring F: X 3 Y lanla
lien tue trén theo Hausdorff & trén X, nhung khéng 13 nira lién tuc trén
(theo Berge) & trén X,

Hinh 5

Tinh lién thong clia mién hiru hiéu néi chung khong dirge bio toan qua dnh
xa da tri nia lién tyc trén theo Hausdorff. Vi du sau day s& chimg 1o didu d6.
Vidy 1247, Pt X = R Y = R2 F(z) = {(&,))} néu z # 0 va
F(z) = {0} x R néux =0. Khidé, F: X 3 Y 12 nira lién wc trén theo
Hausdorf § trén X, dom F = IR 1a khong gian lién thong, F(z) 1a lien thong
véi moi x, nhung

rgeF:{(:‘c,%) : z<0}u({0}xﬂ)u{(zé) ::r>0}

khéng 12 tap lién théng (né gém 3 thanh phén lién thong).

1.3 Dinh Iy Kakutani

Dmh 1y Kakutani (1941) 12 mot dinh 1§ diém bét déng quan trong duoc thiét
1ap cho dnh xa da tri nita lién tyc trén. Ching ta tim hiéu chimg minh chi tiét
cha dinh ly ndy d€ hiéu sau hon ¥ nghia cha cdc tinh chat nia lién tuc trén va
nra lién tyc dudi clia dnh xa da ut duge xét trong muc trudc.

Vi du nay thudc vé Nguyén Mau Nam. Hiéu qua tuong ty ciing dat duce v6i anh xa da tri
ndi trong Bii tap L.2.11, mot dang cai bién ciia dnh xa F & day.



28 1. Tinh lién tuc cia dnh xa da i

Phdn hoach don vi:

Cho 4 : X — IR 14 ham s6 thite xdc dinh wén khong gian tops X. Gid
(support) cua v duge ky higu bdi supp ¥, va duge xdc dinh boi cong thic

suppy = {z € X : ¥(z) # 0},
& d6 M ky hiéu bao ddng cia tap M.

Dinh I¥ 1.3.1 (xem Rudin (1976), tr. 251). Cho K la khéng gian métric compdc,
{Valaca Ja mot phi md cig K. Khi dé ton tai cdc ham lién tue 0 K — R
(t=1,2....,8) sao cho

(@ O<y(x) <l Vee K, vie{l,...,sh
{(b) Z'L-'f:i(;r) =1 vYze K,

(Y Véi moi i € {1,...,8} ¢6 ton tai a € A sao cho suppyy C V.

Ho ham lién tue {¢i}i=) s ¢6 cdc tinh chat (a)-(c) duoc goi 1A mot phdn
hoach don vi tuong thich v6i pha mé& {V,}aca.
Tu Binh 1§ 1.3.1 ta nit ra hé qua sau day.

H¢ qui 1.3.1. Gid sir {3 }iz1,_ ¢ 1d mdt phdn hoach don vi twong thich véi phii
mo {V,Yuea. VOr moi ham lién tye f: K — IR ta ¢d

=Y wtm)f (@)
i=]

7 dé cde ham
filz) =iz} flx) (G=1,...,s)

{a lién tuc trén K vavoi méi i € {1,...,5} t0n tai a € A sao cho gid cia ham
fi nam trong V.

Chiing minh Dinh Iy 1.3.1:
V& mbi x € K 1a chon duge chi s6 a, € Asaocho z € V,,. DoV, 1a
tap md, tén tai p, > 0 sao cho

B(‘T} p.‘l‘) < VC(I *

Ho céc hinh cdu md {B(x, &)} ¢ 12 mot phii m& cha K. Do K la khong
1

gian compiic, tén tai cic diém x 2_. ...,z% € K sao cho

(3.1) K ¢ B(z! p; )u...uB(ﬁ,%’).
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Do
B(', ) € B(a', 0w) € B, pus),

t6n tai ham lién e ¢; 1 K — [D, 1] sao cho

ey =1 Vze B(x*,%)

wi(z) =0 Vre K\ B p,).
(Ching ta nhac lai ring néu M va M; 1a hai tap déng khéng giao nhau trong
khong gian metric compéc X thi t6n tai ham s6 lién tuc v : X — [0, 1] sao cho

(r) =1 v6i moi z € My vd @(x) = 0 véi moi = € M. Khéng dinh d6 suy
ra tir B& dé Urysohn (xem Kelley (1957), Chuong 4). Dat ¢4 = oy va

vt =({l—p) .. (I-pdpin (Yi=12,...,s—1).

Hién nhién cdc tinh chat (a) va (c) nghiém ding véi ho ham {44}y, vira
chon. R& rang ding thitc

(3.2) i+ tv=1—(1-p1)...(1— )

ding vé i = 1. Néu (3.2) ding véi chi s6 i < s, thi ta ¢6
Yr+ oo 4 g
=l-00-p). .. (l-p)+({1—-¢1)}.. A= wi)pin
=1-(1=p1)... (1 ~@){1 - pira);

tfc 12 (3.2) diing ca khi ¢ dugc thay bing ¢ + 1. Viy ta ¢6

(3.3) Yo wil@) =1-JJ1 - ¢il=))
i=1 i=1

véi moi z € K. Do (3.1), véi mbi x € K t6n tai chi s6 j € {1,...,s} sao cho
z € B(Z, ’0; ). Do d6 ;(z) = 1. Tir (3.3) suy ra

Z%(ﬂ‘?) =
i=t

Vay tinh chét (b) di duge kiém chiing. O
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Anh xg da tri hémi lién tuc trén;

Gid st X 1a khong gian métric, ¥ 12 khong gian dinh chudn, F: X 3 Y
la dnh xa da tri . V&i mdi p € Y™*, 0 d6 Y™* la khong gian d6i nghu cia Y, va
vGi mbi z € X ta dat

Crlp,z) =sup{{p,y) : y € F(z)}.
{Theo quy udc, sup® = —oo, inf@ = +oc). Ham s hai bien Cr(p,z) duce
201 14 hdm tua ctia cda F.

Ménh dé 1.3.1 (xem Aubin va Frankowska (1990), Heé qua 2.6.1). Gid su
F: X 3Y la mia lién tuc 1rén ¢ trong X, c6 gid tri compdc yéu, khdc réng;
Y duge xét voi topé yéu. Khi dé, véi moi p € Y*, ham 56

z — Cr{p, z)

la mia lién ryc trén & trong dom F.

Chiing minh. Gia s F c6 cic tinh chit nhu trong phdt biéu ciia ménh dé, va
P € Y* la vécto cho trude. Ta can ching t0 ring v moi £ € dom F va e > 0
t6n tai 1dn can mo U cia z € X sao cho

Cr(p,z) K Cr(p,T) +¢ Vzel.

Do F(Zz) 1a compic yéu va khic réng, t6n tai § € F(I) sao cho Cp(p. %) =
{p. ). Dat

V={yeV:{py<{py)+e}
Ta ¢6 V la lan c4n mG yéu chia F{Z). Vi F la nia lién tuc trén tai T (Y dugce
xét v@i 16pa yéu), tén tai lan can md U cla & sao cho F(U) C V. Khi do, véi
mdi r € U ta c6

Cr(p,z) =sup{{p,y) : y € Fz}}
<{pi)+e (do F(z} C V)
=Cr(p,T)+¢

Ménrh dé da duoc ching minh. O

Pinh nghia 1.3.1. Anh xa da vi F: X =3 Y 1ir khéng gian métric X vao
khéng gian dinh chudn Y dugc goi 12 hémi lién tuc trén tai x € dom F' néu véi
méi p € Y* ham s8 Cp(p,-) la nla lién tuc trén tai z. Ta néi F' 13 hémi lién
tuc trén & trong X néu né 12 hémi lién tue trén tai moi diém thudc dom F.

Meénh dé 1.3.1 di chi ra diéu kién d0 dé mét dnh xa da tr1 14 hémi lién tuc
trén.
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Bdi dédng thite Ky Fan:

Nguyén ly bién phan Ekeland (1974) va dinh 1y sau day 3 nhitng cong cu
manh dé nghién ciiu nhiéu vin dé trong giai tich phi tuyén va t6i wu hod.

Pinh Iy 1.3.2 (Bit dang thic Ky Fan, 1972). Cho K la tdp 16i, compdc trong
khong gian Banach X, ¢ : K x K — R la ham 56 thda man cdc diéu kién:

(i) Yy € K, (-, y) Ia ham s6 nita lién tuc dudi;
(i) Ya € K, oz, ) la ham 1dm;
(iii) Yy € K, p(y,y) < 0.

Khi dé, won rai T € K sao cho
vy.€ K, (z,y) €0.

Nhan xét 1.3.1 (xem Aubin va Frankowska (1990), tr. 80). Dinh 1y 1.3.2 van
ding néu thay cho khong gian Banach X ta xét mot khong gian tuy€n tinh topo,
161 dia phuong, Hausdorff, (Vi du nhu X 14 mot khong gian Banach xét vdi
topd yéu.)

Chiing minh Pinh Iy 1.3.2:

Truse hét, chéng ta chimg minh dinh 1y cho truong hop X 13 khong gian
Banach hitu han chidu. Ta s& ching minh bang phuong phdp phan chimg. Gid
sUf rang két luan clia dinh 1y khong diing, tic la

{3.4) Yre K dy € K sao cho w(z,y) > 0.
Véi méi y € K, dat
Uy={zec K : plz,y) >0}

Vi (-, ) 13 ham s6 nia lién tuc du6i, nén U, 1a thp md trong tOpd cdm sinh
cha K. R& rang tir (3.4) suy ra ring {Uy} ek 12 mot phi md cia K. Do K 1a
compéc, ton tai ¥y, yo,. ..,y € K sao cho

k
kc|Ju,.

i=1

Theo Dinh 1y 1.3.1, t6n tai phan hoach don vi {#}}i=;
véi phtt m& {Uy;},_, . Tic la

......

P K- [01 (i=1,...,5)
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&
12 nhimg ham lien tyc, Y " 4s(z) =1 v6i moi x € K va véimdii € {1,...,s)
i=1 '
ton tai j(7) € {1,...,k} sao cho

supp i C y_)( )
Xét anh xa f : K — K cho bdi coéng thitc

fla)= Zw@ Dy (Vo€ K).

(Vi K 1a tap 161, y;(;y € K v6i moi 1, ;(z) 2 0 véi moi 4, va 3_;_  ¥i(z) =1,
nén f(z) € K véi moi z € K.) Do ;(") (i = 1,...,5) la cic ham lién tuc,
f(x} 1a dnh xa lién tuc. Theo Dinh Iy diém bat dong Brouwer, tn tai § € K
sao cho

=19
Do gia thiét (ii),
o(7,9) =@ f(9)
(35) = 2 (g Zt—l '4’1: y)y;(z )
= Ef= 1!) 30 (y}yj(‘l:l) .
Pat

IG)={i€{l,...,s} : wslg) > O}.

k]
Vi) 4i(@) = 1 nen I(j) # 0. Ngodi ra, ta ¢6

&

(3.6) Vi(@)elT, i) = Z Vil vi6)) > G

i=1 i€l{g)
bdi vi néu ¢ € I(F) thi ¥;(5) > 0, do dé
gesuppy; C Uy, ={z € K : plz,y;)) > 0}

(Tir tinh chat viét & dong trén suy ra @(§F, ¥jy) > 0.) Két hop (3.6) v6i (3.5) ta
duge ¢(F, %) > 0, mau thudn véi gia thidt (iii).

Bay gior ta xét trudng hgp X 13 khong gian Banach bdt ky va K 13 tap con
151, compic, khdc réng cia X. Ta c¢6 Dinh ly di€ém b4t d6ng Schauder (xem
Holmes (1974), tr. 101) sau day: “Cho A Id tdp 16i déng khdc réng trong khong
gian dinh chudn X, f . A — K la dnh xa lién we nv A vdo tdp con compdc
K C A Khidé f cé diém bdt dgng trong K ”. Lip lai chimg minh trén va dp
dung Dinh 1y diém bat dong Schauder thay cho Dinh 1y diém b4t dong Brouwer,
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ta s& chi ra dugc su t6n tai cia diém € K cé tinh chit (3, y) < 0 véi moi
ye K. 0O

Dinh IV vé sir ton tai diém cdn bdng:

Ta nhic lai ring néu K 1a mot tap 18i trong khong gian tuyén tinh topod X
thi nén tiép uyén Tr(x) cba K tai x € K duge cho bdi cong thire

T(z) ={tly—=x) :yc K, t 20}
=cone (K — z),

& d6 cone M := {tz : z € M} 1a hinh nén sinh béi M vd M la bao déng clia
M. Nén phdp tuyén N (z) cha K tai o 1a nén d6i nghu am ciia T (x), tic a

Nig(z) = (Tr(z))*
. ={z* € X* : {*,v) €0 VveTk(x)}.

Pinh nghia 1.3.2, Cho F: X 3 X, & dé X 14 khong gian Banach, 1a dnh xa
b gid tri déng (c6 thé réng). Tap 16i K C dom F duge goi 12 mot mién viing®
cta I néu

Fl@z)NTg(z) #0 Vre K.

Binh 1¥ 1.3.3 (The Equilibrium Theorem - Dinh 1y vé su t6n tai diém can bing).
Cho X la khong gian Banach va F : X = X la dnh xa da tri hémi lién tuc
trén & trong X, c6 gid tri 16i dong. Néu tdp I6i compdc khdc réng K C dom F
la mot mién vimg caa F thi K chia it nhdt mét diém can bang cda F, nic la

4z € K sao cho 0€ F(z).

Nhan xét 1.3.2. Néu 4nh xa da tri ¢ : K =3 X 13 hémi lién tuc trén & trong K
v ¢6 gia tri 16i dong, thi anh xa F: X = X cho boi cong thic

P ={ ek

cing ¢6 nhimg tinh chit dé. Vi thé Dinh 1y 1.3.3 dp dung duoc ci cho nhimg
anh xa da tri chi xdc dinh & trén K.

Chimg minb Pinh 1y 1.3.3:

Dé chimg minh bing phuong phdp phan ching, ta gid sirrang F: X = X
12 4nh xa da tri thoa man cdc gid thiét cha dink 1y, K ¢ dom F 12 mdt mién
vitng 161, compic, khéc réng cia F, nlumg véi moi z € K ta déu c6 0 ¢ F(x).

YTNTA: viability domain.
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V6i mbi x € K, do F(z) 1a 16i déng va 0 ¢ F(x), sit dung Pinh 1y tich
cdc tap 16i (xem Rudin (1991), Dinh 1§ 3.4) ta tim dugc p € X* sao cho

sup (p,y) <0,
yEF(z)

hay
Crip,z) <.

Véi mbi p € X ta dat
Up={z € K : Crlp,z) < 0}.
Do lap luén trén,
Vec K Jp€ X* saocho z€ U,

Vay ho {Up}}?ex. 1a mot phi mé cta K. (Ching ta nhan xét ring vi F 12 hémi
lién tyc trén ¢ trong X nén Cp(p,-) 12 ham s6 nira lién tyc trén & trong X. Do
dé Uy, 1a tap ma trong t6pd cam sinh cia K.) Vi K 12 compic, tén tai céc phén
tr p1,pe,....Px € X* sao cho {Up}.}j=1 . 1a mot phia mé hitu han cia K.
Theo Dinh Iy 1.3.1, tén tai phan hoach don vi {'*Ji’;}:- s trén K tuong tng véi
phi md dy. Khi d6, v6i méi : € {1,...,s} tén tai j(i e {1,...,k} sao cho

suppv; C Up, -
Xét ham 56 ¢ : K x K — IR cho béi cong thitc

T,y) = Z%(@(pj(i)ﬂ? -y}
i=1

Rd rang 1a:
(i) Vy € K, ©(-,y) 12 ham s¢ lién tuc;
(i) ¥z € K, p{x, ) 1a ham s6 aphin (do d6 13 ham 18m);
(ii)) Vy € K, p(y,y) = 0.
Vay céc gia thi€t cha Dinh 1y 1.3.2 dugc thoa mz’in Do d6 t6én tai T € K sao

cho véimoi y € K tacd w(Z,y) < 0. Patp = Zw‘ Z)pj(y va A€ ¥ ring

0 Z’J’h :C)pj( ):
- (p,:e? -
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v6i moi y € K. VI
Fy—-520 Vye kK

nén ta cd
(3.7) ~p € (Tk(2))* = Nk ().
Vi K 12 mién vitng caa F, nén tén tai

v e F(z}yNTk(z).
Do d6, luu ¥ dén (3.7) 1a c6

Zesuppyy CUp,,.

Tir d6 suy ra
Cr(p. %) =sup{{d i, ¥i(@)pji) 1) : ¥ € F(Z)}
< Yiera Yi(Z)Cr(py), T)
< 0.
Diéu ndy mau thuin véi (3.8). Dinh ly di duge chimg minh. D
Nhan xét 1.3.3 (xem Aubin vi Frankowska (1990), tr. 84). Dinh ly 1.3.3 van
ding khi X 12 mot khong gian tuyén tinh topo, 161 dia phuong, Hausdorff.

Dinh 1y diém bdt dong Kakutani:

Dinh 1y sau 12 dang mé rong cla dinh 1y di€m bat dong Kakutani (xem Dirh
1y 1.3.5 duéi day) tir trudng hop cdc khong gian hiru han chiéu sang trudng hop
khéng gian v6 han chidu.

Pinh ly 1.3.4 (Dinh 1y diém bat dong Ky Fan, 1972). Cho K la tdp 16i, compdc,
khdc réng trong khéng gian Banach X. Cho G : K =% K Ia dnh xq da 1ri hémi
lién tuc trén d trong K, c6 gid tri I6i, dong, khdc rong. Khi do, t6n tai T € K
sao cho T € G().

Chimng minh. Pat F(z) = G(z) — z. T cc gid thiét dat trén G suy ra ring
F : K =% X 13 4nh xa da trj hémi lién tuc trén, ¢6 gid tri 18i, déng, khic rdng.
Ngoai ra, ta cd

(3.9) F(z)=C(z) -z C K —z C Tg(z)
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voi moi 2 € K. Vi F(z) # @ vdi moi = € K, nén tir (3.9) suy ra tap 16i K 1a
mién vimg cia F. Theo Pinh 1y 1.3.3, tén tai ¥ € K sao cho 0 € F(z). Tic la
tontai Z € K saocho T € G(£). D

Két qua sau day suy ra tryc tiép tir Binh 1y 1.3.4 va Menh dé 1.3.1.
Binh Iy 1.3.5 (Dinh 1y diém bat dong Kakutani, 1941). Cho K C ¥ la tap 16,

compdc, khdc réng. Cho G : K = K Ig Gnh Xa da tri mia lién tyc trén o trong
K. <6 gid 1r{ 16, déng, khdc réng. Khi dé, tén tai T € K sao cho © € G(z)

Bai tap 1.3.1. Bat K = [0,1] ¢ R. Hiy xay dung cdc dnh xa da tri
¢ - K =3 K thich hop dé chiing to ring néu trong khi phat bidu Dinh 1§
1.3.5 1a bO di mot trong cic dién kién sau (nhamg vin gilr nguyén ba didu
kign con lai), thi két luin cla dinh 1y khong con ding nita:

(i) & 1a dnh xa nita lign tuc rén & trong K;

(i) & c6 gid i 16i;

(iii) & ¢6 gid i dong;

(ivy ¢ ¢6 gid tri khdc réng.

(Goi y: Xét cac anh xa da tr

o f{} néudgegl
Crlr) = {{0} néu 1 <zgl,
+3} nul0g<r<i

1 =

<

{r+ %

Ga{z) =< {0,1} néu z
{z—4} nfu i

_J(z1) néw 0Kz«
Calz) = {(U‘I) néu =1,
[1,1] néuax=0

Ca{zy=4( 9 néu 0<z <l
[0.3] néuz=1,

vidé jringdnhxadatri O K = K khong c6 diém bit dong & trong
K khi va chi khi

gphG N {(y.v) : ye K} =0.)

Bai tap 1.3.2. V& d6 thi cla cac 4nh xa G — G néi treng phin goi ¢
cla bai tap trén.

Bai tap 1.3.3. Chimg minh ring 4nh xa G| néi trong phin ggi ¥ clia Bai
@p 1.3.1 khong 14 hémi lien tuc trén & trong K.

Bai tap 1.34. Dat K = [0,1} € R. Hiy xdy dung cic 4nh xa da tri
G+ K = K thich hop dé chiing to rang néu trong khi phat bidu Dinh iy
1:3.4 ta bd di mot trong céc dién kién sau (nhung vin 2 nguyén ba diéu
kien con lai), thi k&t luan cha dinh 1§ khong con diing nita:
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{i) G 12 4nh xa hémi lién tuc trén & trong K,
(ii) G c6 gia tri 16,
(ii}) & <6 gid tri dong;
(iv) G cé gid tri khic réng.
Bai tap 1.3.5. Cho K = Bpga 12 hinh trdn don vi trong R2, Cho F :

K = IR? 12 4nh xa da tri nira lién tuc trén & trong K, 6 gid tri 16i, ddng,
khdc réng. Chiing minh ring néu

Yx € 8K Jy € F(z) sao cho (z,y) =0,

& d6 0K = K \ int K ky hiéu bién clia K, thi tén tai £ € K thda min
0 & Fiz). :

1.4 Cac qua trinh l6i

Anh xa da tri ¢6 d6 thi 12 mot hinh ndn 181 ¢6 nhiéu tinh chat tvong tu nhu céc
tinh chat cia todn tir tuyén tinh. Ldp cdc dnh xa da tri ¢6 d6 thi 13 mot hinh nén
18i d3 duge S. M. Robinson nghién citu khd k¥ trong nhimg nam 1972-1976.

Pinh nghia 1.4.1. Anh xa F: X =Y, 3d6 X va Y 1a céc khong gian dinh
chuén, dugc goi la mot qud trink 16i° néu gph F 13 mot hinh nén 16i trong khong
gian tich X x Y. Néu gph /' 1a m6t hinh nén 16i déng trong X x Y thi £ dugc
goi 14 mot qud trinh 16i déng'.

Nhéc lai ring tap K trong mot khong gian tuyén tinh Z duoc goi 1a mot
hinhnénnéu 0 e K vadze K vdimpize K vi A > 0.

Vi du 1.4.1. Cic tap hop sau day 12 nhitng hinh nén trong JR™:
Ki=R}={z=(z1,...,3,) ER" : 2; 20 ¥i=1,2,... .n},
Koy ={z={(x1,...,z0) e R" 1 2; >0 Vi=1,2,...,n} U {0}.

Céc tap hgp sau day 1a nhimg hinh nén trong Cla,b] (khong gian gém cdc ham
86 f: [a,b — IR lién wc trén doan [a,b] C R):

Ky ={f €Cla,b] : f(t) 20 Vi€ la,b]},

Ky={f€Cla,b]: f(t) >0 Vt€ [a,b]} U {0}

Bai tap 1.4.1. Chiéng minh rdng gph F' 1a mét hinh nén khi va chi khi
De FiMva Fldx) = F(x)voimoiz e X vA A > 0.

QTNTA: CONVEX PIOCESS.
"TNTA: closed convex process.
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“Dinh nghia 1.4.2. Cho F: X =3 Y 1a mot qud trinh 16i déng. Chudn || F|| cha
I 1a 56 thuc suy rong duge cho bdi cong thitc

(@) IF| = 20 1z)

sup
e(dom F{oy 1l

¢ d6 d{a, M) = in}\f}f |l@ — z{ 1a khodng cédch tix a dén M.
T
Trong phdn con lai cia muc nay, néu khong néi gi thém thi XY duge gid
thiét lg cde khong gian Banach.

Tir Dinh nghia 1.4.1 suy ra ring néu F' 1 qud trinh 18i déng thi 7! ciing
12 mot qud trinh 18i déng. Pinh 1y sau dua ra diéu kién dd dé F~! 1a mot 4nh
xa da tri Lipschitz.

Pinh ly 1.4.1 (Tinh Lipschitz cda qud trinh nguge). Che F 1 X =2 Y ld qua
trink 16i dong. Néurge F =Y thi F~1 la mot dnh xa da tri Lipschitz, tic (@
ton wai £ > 0 sqo cho

(4.2) FyhYy c P14 + 4y - o*|| By

véi moi yt,y? €Y.

Dé thiét lap (4.2) du6i gia thi€t qud trinh 16i déng F 1A 4nh xa da tri trdn
(ufc 1 rge F' = X)), ching ta cén siz dung két qua sau.

Pinh 1y 1.4.2 (Binh Iy Robinson-Ursescu). Cho F . X 2 Y ld dnkh xa da tri
di, déng. Gid s rang 7 € F(ZT) va § € int{rge F) Khi d6 ton tai £ > 0 va
v > 0 sao cho véi méi y € B(g,v) t6n tai x € F~Y(y) théa man

(4.3) Iz~ 2| < €y — 7l

Chisng minh. Chiing minh diy du cia dinh 1y ndy khi phiic tap {(xem Ursescu
(1975), Robinson (1976a), Aubin vi Ekeland {1984)). Chiing ta s& chi xét trutmg
hop X la khong gian Banach phan xa. Bt

(4.4) e(y) =d(z, F~'(y)) (vyeY)

Khdng dinh I: o 12 ham 161
That vay, do F 1a dnh xa da tri 16i nén F~! cling 13°dnh xa da tri 16i. Do
dd, véi moi ¢,y € Y vavdi moi t € (0,1) ta c6

FUL -+ &) D (1 - 0F Hy) +tF{).
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Viviy, neuy € rge F' v o € rge F' thi

{1 -8y +ty)
- d (2, F7Y(1 -ty + t/))

1IN
iy

2
.

1

<d{z.(1-OF " (g) + tF ()
=inf{|F = [(1 =thu+t)| : ve F Y (y),ve 1N}
inf {J(1~ 0z —w)] + |1z - v)|| : w € F-1(y)v € F-1({Y))

ueF -1y
1 — &p(y) + tp(y')-

—
pa—

(
t) inf |2 —wlj+t inf || -
) veF 1y}
)

D¢ thiy rang ¢(y) < +oo khi va chi khi y € rge F. Ta dd ching minh ring vé6i
moi ¢,y € domyp = {y : w{y) < +oo} ta ¢

21—ty + 1) < (1 - thply) + toly’) VEe (0,1).

Néu y ¢ domy hodc i ¢ domy thi bat ding thifc cudi 1a hién nhién. Tém lai,
13 ham 16i.
Khdng dinh 2: o 1a nita lién tuc dudi & rong Y.

Dé chimg minh khing dinh ndy ta chi c¢iAn chimg té ring cdc tiap mifc
lev.{A) (A € IR) 1a ddng (xem Bai tap 1.4.2 & dudi day). Lay A € R. Gia
sit {y*} C levy(A), ¥* — y. Ta sé ching 13 ring y € lev,(A). Do X la
khong gian Banach phan xa, cdc hinh cdu déng trong X 1a compic yéu (Dinh 1y
Banach-Alaoglu). Véi méi k, F~1(y*) 1a tap 16i déng khic réng. Theo BS dé
Mazur (“Téap 16i ddng trong khong gian dinh chudn 1a tap déng yéu™), F1{z*)
1 tap 16i déng yéu, khic réng. Do d6 tén tai 2% € F~1(y¥) sao cho

4.5 #* —F|= inf r—I|.
(4.5) I 2l = _inf e~z

That vay, ldy T € M, dd6 M == F~1{y*). Datp = ||z — 7| va
My={zeM: |z-z| <p}

Ta c6 M, la tap compic yéu, khdc réng. Vi ¢(r) := [z — Z| 12 ham 164, lién
tuc, nén tir B& dé Mazur suy ra ring + 12 nia lién tuc dudi & trong X theo topo
yéu. Theo Dinh ly Weierstrass, tdn tai 2* € M, thoa min (4.5). Ta c$

l=* — 2l = d(z, F ' (¥*) = p(y*) <A Vke V.

vay {2¥} < B(Z,)). Suy ra {2¥} c6 diy con hoi tu theo topd y&u. Gia sir
ring 2¥ %z € B(z,A). Do (z*,y*) € gph F, (z*,v*) 5 (z,y), vagph F 1
tap 161 dong yéu, ta ¢é (z,y) € gph F. Dodé x € F-1{y). Vi |2* -z < A
véimoi ke IN,tacé ||z —Z|} € A Suyra

ply) =A@, F () € [z = 2] < A
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Vay ta ¢6 i € lev,(A).
Khdng dinh 3: o 12 lién tuc o trén int(rge F).
That vy, ldy 3" € int(rge F'} va ¢ > 0 sao cho

By’e) CcrgeF
Xét ho cdc tap mitc cha ham

levy(k) = {y : ©ly) <k} (ke V).

Trong khi chimg minh Khing dinh 2 ta dd chi ra ring lev,(k) a déng v6i méi
ke IN. Taco

{4.6) B(y°¢) = | ] (leve (k) N B, €)) .
k=1

That vay, ldy y € B(y®,€) Crge F. Do p(y) € R, 6n tai k € IV & »(y) < k.
Khi d6, y € lev, (k). Dé ti€p tyc ching minh, ching ta cin sit dung Dinh ly
Baire: “Néu M 1a mot khong gian métric di, thi M khong thé biéu dién duoc
dudi dang hop ciia mét s6 dém duoc cdc tdp dong cé phdn trong réng”. Do X
1a khong gian Banach, B(y,£) 12 khong gian métric 4G. Do dinh ly Baire va
do (4.6), tén tai k € IN sao cho

int (levy, (k) N B(y% ¢)) # 0.
Vi vay ton tai y € Y va p > 0 sao cho
B(:{;‘, ,0) cC lev@(E) n B(yoj E):

hic 13
0<ply) <k Vye B(g,p)
Do ¢ |2 16i vi bi chan & trén B(4), p}. nén ¢ 13 lién tuc d trén B({, p) C int(rge F)
{(xem Ioffe va Tihomirov (1979)). Khi dé ¢ 1a lién tyc trén int(rge ).
Vi 7 € int(rge F') va ham  lién tuc trén ini(rge F), ta cd ¢ l1a Lipschitz dia
phuong tai g, tic 13 t6n tai v > 0 v & > 0 sao cho

le(v') — o) < bolly — ¥l V¥ € B{H,7)
(xem loffe va Tihomirov (1979)). Suy ra
(4.7) le(y) — (@) < Glly—3ll Yy € B(@,7).
Dat ¢ = 24, va nu ¥y ring »(§) = 0 vi § € F(z). V6i mbi y € B(g,v), do

{4.7) t6n tai x € F~'(y) sao cho (4.3) nghiém ding. Dinh 1y di dugc ching
minh. O
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Bai tap 1.4.2. Cho ham s& thuc suy rong o : X — RU{+oc}, ddé X 1a
khong gian dinh chuan. Chimg minh rang ¢ 13 nia lién tuc du6i & trong
X khi va chi khi cdc tap mifc lev, (A} := {x € X : ¢{z) < A} (A &€ )
13 dong.

Chitng minh Binh Iy 1.4.1:

bat z =0, 7 = 0. Do F 12 quéd trinh 161 déng, ta ¢6 § € F(z). Tir gid
thiét rge ' = Y suy ra j € int(rge F). Theo Dinh 1y 1.4.2, t6n tai £ > 0 vi
v > 0 sao cho véi mi y € B(g,~) ton tai z € F~1{y) thdéa min (4.3). Véi
mbi ' € Y tén tai £ > 0 sao cho

ty' € B(g,v) = B(0,).

Do (4.3), 16n 1ai z € F~l{ty") sao cho lz — 0] € €ty — 0[] Vi F7l
qud trinh 164, nén ta cé x € tF1(y) va || < télly/||. Dat 2’ = 1z, tacé
&€ FLy) v o) <ty

Cé8 dinh hai dlem yhy? € Y. Liy thy y 2' € F~3(y!). Do tinh chat

di ching minh & doan trén, ta chon duge u € F1(y? — y!) sao cho |ju| <
el — || Dat 22 = 2 + u, ta ¢
(4.8) le? — 2|l =l < €lly® — o'

Ta lai ¢6 % € F~'(y?). That vy, do v € F~1(32 — y1), 2! € F~1(y!), va do
F~! 1a qud trinh 18i déng, ta cé

jel +du € sF~ 1y )+ sF 1y —y) 1 1
c F- My + 3 (y —y")) = F71(39%) = sF (%)

Tir d6 suy ra «! + u € F~1(y?), hay 22 € F~'{32). Do (4.8), tén tai v € By

sao cho z! — 2% = £)ly! — y?||v. Vay

vt e FTHy") + fly' — o211 By

Ta di chiing t6 rang (4.2) nghiém ding véi moi 3!,42 c Y. O

Ménh dé 1.4.1 (Dinh ly dnh xa m&). Cho F : X =3 Y g dnh xa da tri 131,
dong. Néu rge FF =Y thi F la dnh xa md; nghia la véi moi tdp mo U C X,
tdp F(U) = Uyepr F(z) la md trong Y,

Chitng minh. Gia st F' thoa man gia thiét cia ménh dé. Gid sit U C X 1a tap
mo. Ldy § € £(U) va gid sit Z € U 1a diém théa min bao ham thic § € F(z).
Dorge ' =Y, tacé § € int(rge F). Theo Pinhly 142, téntaiv > 0va { > 0
dé v6i mdi y € B(y,v) t6n tai z € F1(y) sao cho (4.3) nghiém ding. Chon
¥ € (0,7) 4 bé dé c6

(4.9) B(z,t4') C U.
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Khi dé, véi mdi y € B(g,~') tén tai v € F~1(y) thdéa man
lx -z < €y — 3] < &

Vayr e B(z,/¥Yc U. Doye F(z) vado (4.9), trdd tacéd y € F(U). Vi
bao ham thic cuéi ding véi moi y € B{(#,4'). nén B(g,7) ¢ F(U). Ta da
ching t6 rAng F(U) latapma. O

Nhin xét 1.4,1, Cic dinh Iy 4nh xa m& c6 vai trd quan trong trong giai tich
va giai tich ing dung. Vi du nhu mét s6 di€u kién cdn cuc tri (trong 1y thuyét
t6i vu) hay diéu kién di cho tinh diéu khién dugce clia cdc hé dong luc (trong 19y
thuyét diéu khién) cé thé dwgc din ra nhu nhimg hé qua truc tiép cha cla cic
dinh ly 4nh xa m&. Dinh ly dnh xa mo trong Ménh dé 1.4.1 chi dp dung duge
cho cdc dnh xa da tri c6 d6 thi 14 tap 16i dong. Pdéng thoi véi cae nghién cqu
cla cdc tac gid nudc ngodi, Gido su Pham Hitu Sich, Gido su Phan Qudc Khinh
vd Phé Gido su Pham Huy Dién da ¢6 nhiéu déng gdp trong viec xay dung cdc
dinh 1y 4nh xa md va dinh 1§ ham ngugc t6ng quit; xem Sach (1988a,b), Khanh
(1986, 1988, 1989), Dien va Sach (1991). Trong cdc cong trinh d¢, cdc d4nh xa
da tri dugc xét khong nhat thiét phai ¢6 dd thj 16i. N&i riéng ra, trong ba bai
bdo ndi trén, bing cich st dung khdi niém khong gian tya métric (quasi-metric
space) tac gia Phan Qudc Khanh da thu dugc cée dinh 1y 4nh xa md téng quat,
ma tir dé ta cé thé thu duge Dinh 1§ Ljusternik quen biét, Pinh 1¥ quy nap cla
V. Ptik (Ptak’s induction theorem, 1974), mot két qua trude d6 cia Pham Hitu
Sach, va nhiéu két qua khic. Cic két qua trong Khanh (1986, 1988, 1989) da
thu hit duoe sy chid y cia nhiéu chuyén gia trong nganh.

Nhan xét 1.4.2. Trong Chuong 5 cba gido trinh ndy ¢6 trinh bay mdt dinh ly 4dnh
xa m& dia phuomg (xem Dinh 1§ 5.4.1) va dinh 1y ham nguge (xem Binh 1y 5.4.2)
cho anh xa da tri ¢6 dang dac biét F(z) = f(z)+ K, 0d6 F:IF* - R™ la
anh xa don tri va K C IR™ la tap 161

Nhan xét 1.4.3, Céc tic gia Huynh Thé Phing va Pham Huy Dién (xem Phung
va Dien (1991)) d3 chi ra ring diém cén bing (khéng diém) clha mdt 4nh xa
da tri 16i déng, néu t8n tai, cé thé tinh duge bing mot thuat todn gém hitu han
budc, :

Bai tap 1.4.3. Cho A : X — Y Ia todn tif tuyén tinh. Chimg minh ring A
la lién tuc khi vi chi khi 4nh xa F cho bdi cong thic F(z) = {Ar} (z €
X) la 4anh xa déng.

Bai tap 1.4.4. Ching minh ring Pinh 1y 4nh xa m& Banach “Cho A :
X — Y 1i to4n tt tuyén tinh lién tuc, Néu A(X) =Y thi A 1a dnh xa
md {tic 1a véi moi p m& U ¢ X, A(U) 1a tap md trong Y)” 14 h¢ qua
ctia Ménh dé 1.4.1.
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Vi dy 1.4.1 (Qud trinh 13i déng). Cho K ¢ Y I hinh nén 16 déng va cho
FeCHXY). V6imdiz® € X tadat Fo(v) = f'(z% + K (v € X). Khi
d6, Fyo(-) 1a mot qug trinh 18i déng phu thudc vao tham sé 22,

Ménh dé 1.4.2 (Piéu kién di d€ mét qué trinh 16 déng ¢6 chuin hitu han),
Cho F': X Y ld qud trinh 16i dong. Néu dom F = X, thi 56 || F| dugc dinh
nghia bot céng thic (4.1) la hitu han.

Chitng minh, Xét qué trinh ngu@c FL.Y3X, Flyy={zeX  :yc
F(z)}. Vi F' la qud trinh 18i déng, nén F-! ciing 13 qud trinh 16i déng. Ta ¢6

rge F-1 = {re X : ElyEYsaochOIEF_l(y)}
={z € X : Jye Y sao cho y € F(z)}
={zeX : F(z)#0}
_—.domF

Do gia thiét dom F = X, ta ¢6 rge F~! = X. Ap dung Dinh ly 1.4.1 cho énh
xa F-1 ta tim dugc heé s6 £ > 0 sao cho

(4.10) (F Y1)y (F Y o)+ 40’ — 2By (vr,7 € X).
Vét moiz € X,
(FHz) ={yeY :zecFly)}
={yveY :yeFe)}
= F(z).
Do d6 (F~1~! = F. Vay tir (4.10) ta ¢6
(4.11) P() C F(z} + 4|z’ — 2| By (Vx,2’ € X).

{Diéu d6 chimg to F 14 dnh xa da tri Lipschitz trén X.) Ap dung (4.11) cho
' =0valw yring 0 € F(0), ta ¢6

0€ F(z)+ ¢z||By (vze X).
Khi d6, véi moi ¢ € X \ {0}, t6n tai y € F(x) vd v € By sao cho
0=y + fliz|.

Suy ra
vl < ell=llilv]| < #fiz].

Vay

40, F(z)) _ £]z|

el ST T 6 YREXNOL
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Tir di ta cé
- d(0, F'(zx))
| Fll = sup

— L gL
T#£0 [E]

Ménh dé di duoc ching minh. O

Vidu142 Dat F(z) ={ye R : yz2*}véimpiz € R Tac6 F: R R
Ia 4nh xa da tri 16i déng, vi gph F = {(z,y) € IR? : y > z%} 1a tap 16i dong.

a) Lay 2= 0, =0, Virge F = IRy, nén g ¢ int{rge F'). Do d¢é gia thiél
cua Dinh 1§ 1.4.2 khong duge thoa mian voi bg ba {F, Z, 7} di chon. Nhan xét
rang két ludn cha dinh 1y d6 khong con diing. That vay, gid sU tén tai v > 0 va
£ > 0 v&i tinh chat

(4.12) Yy € B(j,~) 3z € F~Yy) sao cho ||z — || < {|ly — 7.

Khi dé

Yy € I—v,v] 3x € R sao cho y 2 2%, lz| < ¢y|.
Chon y = - ~, ta thdy ngay ring khong tén tai x € IR sao cho y > «°. Vay
khong tén tai v > 0 v £ > 0 vdi tinh chat (4.12).

b) Bay gid ta ldy £ = 0, § = 1. Hién nhién § € int(rge 7). Do Dinh Iy
1.4.2, v > 0 va £ >0 véi tinh chit (4.12).

Hinh 6

Bai tap 1.4.5. V&i z, § nhu treng phéan b) cha Vi du 1.4.2, hiy chi ra cic
s8 v > 0 vd £ > 0 thoa diéu kién (4.12).
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1.5 Cic tinh chat Lipschitz cia ianh xa da trj

Trong muc nay, néu khong néi gi them thi X, Y 13 cc khéng gian dinh chufin
tly yva Fladnhxadatritr X vio Y.

Dinh nghia 1.5.1. Gia sit Z € int(dom F). Ta n6i F 1a Lipschitz dia phuong'!
tai (hodc & gin) 7, néu tén 1ai £ > 0 vd 6 > 0 sao cho

{5.1) F(z*y C F(z') + £))2% - 21| By

véi moi z!.z% € B(z,6). Trong truomg hop F(z) = {f(z)} 14 4nh xa don tri,
bso him thic (5.1) trd thanh

f(@?) € flzh) + £)2% — ') By..

Néu t6n tai £ > 0 vd § > O sao cho tinh chat dé nghiém ding v@i moi x €
B(#,4), thi ta néi 4nh xa don tr1 f 1& Lipschitz dia phuong tai x.

Dinh nghia 1.5.2 (Robinson (1979)). Ta néi F\1a Lipschitz wén dia phiong'?
tai (hodc 0 gin) T € dom F néu tén tai £ > 0 vd § > 0 sao cho

(5.2) F(z) C F(3) + ]|z — :T:||By

v6i moi = € B(z,8). Trong trudng hop F(z) = {f(z)} 12 4nh xa don tri, bao
him thic (5.2) té thanh

f(z) € f(Z)+ L]z - z|| By.

Néu t6n tai £ > 0 va § > 0 sao cho tinh chdt dé nghiém ding v6i moi =z €
B(z,4), thi ta ndi dnh xa don tri f Ia Lipschitz trén dia phuong tai 7.

Dinh nghia 1.5.3 (Robinsen (1981)). Cho X = R*, Y = R™. Tanéi F
X 3Y 1a dnh xa da tri da dién'® néu t6n tai mot s6 hiru han cée tap 16i da
dien A'. A% .. A’ trong khong gian tich B x B™ sao cho

gph F :'U Al
i=1
Dinh Iy 1.5.1 (Robinson (1981)). Néu F : IR* = IR™ la dnh xa da tri da dién
thi, véi moi & € dom F, F la Lipschitz trén dia phuong tai 7.

Bmh 1y ndy duge chimg minh bing cdch 4p dung Dinh ly 1.1.2. Ban doc
c6 thé xem ching minh chi tiét trong Chuong 7 cudn chuyén khio ciia G. M.
Lee, Nguyén Nang Tam va N. D. Yen (Lee, Tam va Yen (2005)).
""INTA: locally Lipschitz at ¥, locally Lipschitz near Z.

TNTA: locally upper-Lipschitz.
"TNTA: polyhedral multifunction.
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Dinh nghia 1.5.4 (Aubin (1984)). Ta néi £ 1a gid-Lipschirz'* & gin diém
{.7) € gph F néutdn tai £ > 0,4 > 0 vd & > 0 sao cho

Flz®)nB(g,u) C F(z') + £« — <'{| By
vl moi zt, 2?2 € B(z.6).

Nhan xét 1.5.1. Néu F 1a gid-Lipschitz & gin diém (z,7) € gph F, thi ta phdi
co T € int{dom F).

Nhan xét 1.5.2. Tinh chat gid-Lipschitz cba danh xa da tri ¢6 vai trd quan
trong giai tich phi tuy&€n va 1y thuyét t6i uu (xem Rockafellar va Wets {1998),
Mordukhovich (2006a,b)). Dé ghi ceng cia J.-P. Aubin trong viéc dé xudt khdi
niém nay, Donchev va Rockafellar (1996) dé nghi goi tinh chat gia-Lipschitz
la tinh lién tuc Aubin (Aubin continuity). Trong Chuong 5 chdng ta s& dua ra
nhimng diéu kién di d€ 4nh xa nghiém ciia mét hé bt déng thic phy thuge tham
6 12 lién tuc Aubin theo tham s6. Sit dung két qud dé, ciing trong Chuong 3,
ta s& dua ra diéu kién da dé ham gid tri t6i wu cha mot bai todn quy hoach todn
hoc phu thuge tham s& 1a Lipschitz dia phuong.

Bai tiap 1.4.5. Cho # € X. Ching minh ring néu F : X =2 Y la gid-
Lipschitz & gdn mdi diém (7, §) € {#} x F(z) thi F' la nlta Lién tuc dudi
tai . Khing dinh nguoc lai ¢6 diing khong?

"TNTA: pseudo-Lipschilz.



Chuong 2

Pao ham cua anh xa da tri

Tay ndo cdm ducc khoi stong
Mdt mong giit ndi yéu thiuong cho mink
(Tran Manh Hao, “Ru em Thiy Kiéu™)

Chuong nay giGi thiéu cdc khdi niém co ban va mot s6 dinh 1y chinh v& dao
ham cuz dnh xa da tri. Cich xay dung dao ham cha 4nh xa da tri théng qua nén
ti¢p tuyén Bouligand cta d6 thi & day duoc J.-P. Aubin (1981) dé xuat. C)ng da
sw dung cich ti€p can niy dé nghién cit cdc tinh chét ciia nghiém cta bao him
thite vi phéan.

2.1 Nguyén Iy bién phan Ekeland

Bugc L. Ekeland dé xuit nam 1974, nguyén iy bién phan sau day la mot cong
cy hiéu qud dé thiét 1ap c4c dinh 1y 4nh xa md, ham 4n, him nguoc trong giai
tich khéng tron. Ngoai ra, ngay tir nam 1976, F. H. Clarke d3 st dung nguyén
Iy nay dé thiét 1ap quy tic nhan tir Lagrange cho cic bai todn quy hoach todn
hoc trong khéng gian Banach véi dit liéu 1 cdc ham s6 khong tron. Trong ly
thuyét doi dao ham (xem Mordukhovich (2006a,b)), nguyén 1y bién phin cta
Ekeland ciing déng mét vai trd hét sic quan trong. Nguyén ly nay 1a cong cu
chinh d¢ thu dugce cdc dinh 1y anh xa m&, him 4n, ham ngugc cho 4nh xa da tri
trong chuong nay va trong Chuong 5.

Pinh ly 2.1.1 (Nguyén ly bién phan Eketand). Cho (X, d) lg khéng gian mstric
dit, p 2 X — RU {400} la ham s6 mia lién tuc dudi, bi chdn dusi & trong X,
Khi do néu T & X thoa mdn

(1.1} #(7) < inf o(z) +
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voi € > 0 va néu A > 0 1a 56 thuc cho trudc, thi ton tai T € X sao cho
(i) (Z) < p(Z);
(iiy d(x,Z) < A
(i) Vai moi x € X \ {2}, o(Z) < p(z) + §d(z,7).

Ching minh. Trong chimg minh ndy ching ta s& st dung kiéu thit ty bo phan
do Bishop va Phelps dua ra nam 1963. V& mbi a > 0, ta dinh nghia tht w
“Lo" trong tich X x IR nhu sau:

(2.2) (') €a (&%) & ¢ —y' +adiel,2?) g0
Thit tr “<,,” 12 phan xa, phan xing va bic céu.
o Tinh phdn xa: Hién nhién ta ¢6 (z,y) <. (z,y) véi moi (z,y) € X x [R.

o Tinh phdn ximg: Gia st ting (2}, 41) <o (22,7°%) va (22,4%) <o (=), 90)
Ta cin ching o ing (z!,y!) = (x2,4?). Do (1.2),

(Ilryl) “‘<-CIE ($21y2) And d(Il,I‘?) ~.<._‘

Theo gid thiét,

1.2 2 .1
(1.3) dz!,z) < 2= Y va d22 ey < Y
[# [

Suy ra 2d(z',2%) € 0. Vith€ 2! =22 To (I.D tacé ¢! 2 y? vay? 2 ¢t Do
46 (z!,y!) = (2%,4%).

e Tinh bdc cdu: Gid sit ring (2!, 3') <o (2%, 3%) va (22,4%) <o (2%, 4%).
Khi dé

1.2 91—92 2 .3
d(z",z%} < vi d(z%,z°) €
¥

Suy ra

d(z',2%) + d(a?, %) <

Do d{z!,z%) € d(z!,2?) + d(z?,2%), nén ta c6

d(xl,xa) %

Tir d6 suy ra (z!,y1) <, (@3,9°).
Khdng dinh 1: Néu (2b,y!) € X x R, thi

Q= {(z,y) € X x R : (z}',4") <a (&, )}
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12 tap dong.
That vay, gia st diy {{(z*,4*} C X x IR théa min

(Ileyl)‘g (’L‘ !y) (;‘:2~34~)

in;t:"—»i — Do diz!, 25y < (¢! — o voi mot & € IV, nén ta c6
U 4. Y "'J ]

dixl, £y < (' — y)/a; tidc 12 (1 ) o (2,9). Vay (2,y) € Q. Ta di chimg
minh rang 2 14 tap dong.
Khdng dinh 2: Cho Ml C X x R 1a tap dong $ao cho t6n tai v > 0 dé y = ~
véi mei (2 ?) e M. Khi d6, v6i méi (z!,y1)*€ M t6n wi (z,7) € M sao cho
(r'.y") €, (2.9) va (Z,7) 132 mot phin tu‘ cuc dai trong M theo thit o “<,”
(tic 14, néu (x,y) € M va (Z,7) €q (2,y) th ( ) {(Z. 4.

Bat ddu tir (x', %') € M ta x4y dung day {(z%, ")} nhu sau: Gia st (2%, y)
di duoc xdc dinh. D;u

ME={(z.y) e M : (2", ") <o (z,9)}-

Theo Khang dinh 1, A* 14 tap dong. Ngodi ra, vi («*,4%) € M* néen M* £ 0.
Dat
v = inf{y : Jr € X, (Fy) € M*}.

Hién nhién - > v va v < ¥*. Chon (zF ! **t1) ¢ M* sao cho

(14) yk-i—l < M

2
(Néu v = y‘" thi dat (z k+l yk"'l} (xk ) Gia bif Vi < y*. Do Y < (v +
¥*)/2, t6n tai (x,y) € M sa0 cho 1 < y < (y + ¥*)/2. Pat (%1 yF+) =
(x,4), ta thiy ring (1.4) nghiém ding.) Day {M*} la cdc tap déng 16ng nhau:
AR+ MY v6i moi k € IN. (That vay, néu (z,y) € M1 thi

(2* ") < ("5 < (2, ).

Do d6 (x.4) € M*) Dat d((z,9), (',4")) = d(z, 2') + |y — ¥/|. Vi mo k. ta
6 € g1 YT VA

k41

1 k1
e — el € Iy —nl €27y — .

(That vay, do (1.4) ta cd

—

1

ZlF —

k+

1 E+1
o — e <y

— M & “2‘(1i}k — k) =

Vigh+l — 4 2 0, tir d6 suy ra

k41

! — e € <278 = < 27 )
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Véi moi (x,y) € M**! ta c6

Iy — gy < [ — el €278 -

Vi (2540, ) <, (2, ), nen

k+1
0 <d(z**! ) g L——¥
1o
Do dé . )
+1 _ 29—
0 <datz) « "L < Tyl 4
¥ o

Tl d6 suy ra

diam Afk+1
= sup{d((z,9), (', ¥)) : (z,9) € M**1,(2',¢/) € M*¥1} -0

khi & — oo. Vay {M*} 1a day tap déng I6ng nhau, ¢6 dudng kinh gidm i 0.
Vi X x JR 1a khong gian métric dil, nén tdn tai duy nhit phdn tir (Z,4) € X x R
thoa min

théa man

(1.5) (Z,7) <a (z,9).

Do (1.5) va do (Z,5) € M* véi moi k € IV, ta ¢6
(xk:yk) La (513;) La (:c,y).

Vay (z,y) € M* v6i moi k € IV. Tir d6 suy ra (z,y) = (Z,7). Ta di chimg
minh ring (Z,%) 12 phén t¥ cyc dai trong M. Khing dinh 2 di dugc ching
minh,
Dat
M=epip={{z,y) €« X xR : p(z) < y}.

Do ham s6 ¢ 1a nilta lién tuc dudi, M 13 tap déng trong X x IR. That vay, ta
s€ ching minh rang  := (X x R)\ M 12 thp m&. Gia sir {Z,7) € 2. Do
(£,9) ¢ M. taco p(z) > 7. Liye e (0, ﬂfgﬂ) Vi ¢ 12 nira lién tuc dudi
tai Z, t6n tai 1an can md U cla % sao cho

olz) 2 () —¢ Vel
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BatV = (y—c,y+¢),tac6 W:=U xV lalan can md cta (%,7) va W C Q.
That the, véi moi (z,y) € W ta ¢6 o(x} 2 @(T) — . Néu {x,y) € M, thi
y2zoz)zp(@)—c DoyeV,y<g+e Vithd, g+ze>y 2 o(2) —
Suyrae > (cp(‘) — 7)/2, mau thufin vé6i cich chon . Vay (z,y) ¢ M. Dléu
do ching to rang W < Q. Vay Q0 1a tap mé, do dé M 14 tap déng.

Ta c6 {z,o(Z)) € M. Dat (21, 4') = (Z,¢(T)). Do Khing dinh 2, tén tai
(Z,9) sao cho

(1.6) (@ v") <a (7.9)
va {7.7) 1A plslﬁn tlt cyc dai trong M theo thit tr “<,”.
bat o = I Do {1.6),
y-y' +ad(z,7) <0,
hay
(1.7) ¥ — (@) + ad(z,7) €0.

/2.

Ta ¢6 § = (). That thé, gia sit § > @(2). Khi d6 d(£,3) < (§ — o(F)
(Z,9)

Suy ra (Z,%) <, (T, 9(T)) va (Z,7) # (T, p(T)). Diéu d6 chimg td ring
khong thé fa phin tlf cuc dai; mau thudn, Vay

(1.8) ¥ = ().

The (1.8) vio (1.7), ta ¢o

)

(1.9) P(®) — o(2) + ad(,8) < 0.

Suy ra ¢(Z) — @(F) < 0, tdc 1A tinh chat (i) trong két luan cta dinh 1y nghiém
ding. Do d6

p(@) < inf plr) +e < p(E) +2
Tir (1.9) ta ¢é

Do dé

A
d(57) < S =€,
¥ £

Vay tinh chét (ii} nghi¢m ding. Dé kiém tra tinh chdt (iii), ta 1dy tilyl)’f T €
X\ {T}. Néu p(z) = +oc thi bdt ding thic chat trong (iii) 13 ding. Gid su
2(z) € B Vi (2,0(2)) € M, (z,9(z)) # (F,0(2)) va (7, 9(2)) 12 phn i
cyc dai trong M, nén bét dang thitc (7, (%)) <a (, w(z)) 12 sai. Do d6

o) — (&) + ad(z,5) > 0,
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hay .
() — (@) + 3, F) > 0.
Vay tinh chat (iii) nghiém ding. Dinh ly dd dugc ching minh. O

Trong qud trinh chitmg minh & trén, ching ta dd thu duge cd dang sau day
cha nguyén ly bign phan Ekeland,

Dinh 1y 2.1.2 (xem Aubin va Frankowska (1990)). Cho (X, d) va ¢ nhw ¢ Dinh
iy 2.1} Khi do, véi moi T € dom p va vdi moi o > 0, t6n tai T € X sao cho
(i) ofT) — (T} + ad(Z,7) £ 0;
(i} Voi moi x € X \{T}, p(T) < z) + ad{z, T).
Nhan xét 2.1.1. Ching minh nguyén ly bién phan Ekeland trinh bay & trén duoc
1y tir cudn chuyén khdo cta Clarke (1983). Cé nhimg chimg minh ngin gon

hon cho dinh ¥ niy; xem, vi du nhu, Ekeland (1974}, Borweimn va Zhu (2005),
Mordukhovich (2006a; Theorem 2.26).

Nhin xét 2.1.2. biém % € X thoa didu kién (1.1) duge goi 1a diém e-cuc tidu!
clia him & trén tap X.

Nhan xét 2.1.3. Néu X 1a khong gian Banach thi tir tinh chat (i) trong két
luin cua Binh ly 2.1.1 suy ra

—~ E 1 £ -
@)+ SIE - BN < ple) + Slo -7 Vze X

bat f(z) = oz} + Sz~ T, tacé f(T) < flz) voimoix € Xitic A T 12
cyc tiéu todn cuc ¢ha ham f (mot x&p xi cla ¢). Viy, néi mot cich tho thién,
nguyén 1y Ekeland khing dinh ring vét méi diém e-cuc tidu cita ham sé thuc
ntta lién tue dugi trén mot khéng gian métric di, ton jai diém cuc 1iéu toan cuc
cria mot ham s6 xdp xi cua ham s6 thue dé, sao cho diém moi nay cdch diém
dd cho “khong xa lam” va gid tri ciia ham s6 thuc ban dau tai di khong lon
hom gid tri cia ham s6 xdp x{ 1ai diém s-cuc tiéu dd cho.

Bai tap 2.1.1. Hiy ching 16 ring néu () = ”;5( w{z), thi phan ur T
trong ké&t luan ciia Dinh 1§ 2.1.1 ¢6 thé |4y bang .
Bai tap 2.1.2. Cho X = [1,+x) C R,

1 1 1
wlr)=—, =100, ¢ = —, = —.
Pl =g 3 =T "o
Hiy tim tat cd nhilng diém & € X thoa min két Juan coa Bioh 1§ 2.1.1,
(K&t qua: 7T € [z.o+ 1%])

'TNTA: z-minimug.
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2.2 Non tiép tuyén
Dao him clia hm s6 thyc ¢6 lién quan chit ché dén tiép tuyén cha dd thi.

Xét ham s6 f - R — R vadiém £ € R. Pt a = 1imﬂi’f—(“’)
=% r—I
(n¢u gidi han nay tén tai thi d6 chinh 12 hé s6 g6¢ cla ti€p tuyén d véi 46 thi

{(x, f(2)) : € R} tai diém (Z, f(Z))) va dat
f(@w)=av Yve R

{D06i véi cdc ham s8 thuc, ngudi ta thudng déng nhat 4nh xa tuyén tinh f(F) :
IR -+ IR v6i s6 a.) D thi cta dnh xa dao ham tring v6i dudng thang

di qua géc toa d9.
¥
n jB
e 4 "
.............. e R
Hinh 7

Nam 1981, J.-P. Aubin (xem Aubin (1981)) dé nghi xay dung dao ham
DE,(‘)chadnhxadatri F: X 3Y, 8d6 X va Y 1A c4c khong gtan Banach,
tai z = (z,y} € gph F nhu dnh xa da trj tr X vao Y c6 dé thi tring v6i ndn
ti€p tuyén Bouligand? cia d6 thi cha F tai z. D& xay dimg khai niém dao ham

*NGn LD tuyén ndy ¢6 vai trd quan treng troeng hinh hoc vi phan, phuong trinh vi ph#n, vi
dac bigt 1 trong 1y thuyét tdi mu. NG thudmg duge goi 1A contingent cone hay Bouligand tangent
cone, mic du khai niém nay duge G. Bouligand va F. Severi dug ra déng thet trong hai badi bdo
cong ho' trén cing mét s¢' tap chi; xem Mordukhovich (2006a; 1. 14, 133), Bouligand (1930),
Severi (1330). Trong viéc sit dung cdc 18n goi doi khi ¢6 th€ xidy ra nhimg sy “bal céng” nhu
vdy. Theo thoi quen chung, ching ta s& ti€p e goi tigp tuyen Bouligand-Scveri nay [a nén tigp
tuyén Bouligand, '
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cila anh xa da tri, ngodi nén tiép tuyén Bouligand ngudi ta con sir dung nén tiép
tuyén Clarke (do FE H. Clarke dua ra nam 1975) vd nén tiép tuyén trung gian
(do H. Frankowska dua ra).

Cho I' € Z 1a mét tap con cha kheng gian dinh chuin Z, vd z € T. Ta néi
vécto v € Z |a mot vécto riép tuyén cla T tai 2 khi dai luong
d(z +tv,T)
i

hoi tu dén O khi ¢ — 0%, Tiy thude vao ki€u cich hoi tu coa dai luong (2.1)
ma ta co cdc khdi niém tiép tuyén khic nhau.

(2.1)

e

ey L

(R ERI RSt vy kirdng da lanmg e tun e

Hinh §

Trude hét, ching ta trinh bay khdi niém nén tiép tuyén Bouligand vi mat s8
tinh chat cda hinh ndén tiép tuyén niy.

Nén tiép tuyén Bouligand:

Pinh nghia 2.2.1. Cho M |3 tap con trong khong gian dinh chuan X, va T 1A
mot diém thudc bao déng M cia M. Ndn tiép tuyén Bouligand cla M tai Z,
duge ky higu bdi Thp(Z), 14 tip hop nhilng vécto v € X thda min didu kién

dE +tv, M
(2.2) lim inf 2+ M)
t— 0t t

=0.
Nhic lai rang d{z, M) = inf |lz —y|.
yeM
Vi d(z, M) 2 0 véi moi x, ding thic (2.2) ¢6 nghia 12
d(Z + tho, M
(2.3) { 3{tF} C IRy \ {0} sao cho Jim __(_:c+fk—v) =0,
# 50 khi k— oc.
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Nhan xét 2.2.1, Tas(z) la hinh nén chita 0, tic 1a 0 € Ty (Z) va
x e Ta(z) Yo e Tar(), YA > 0.
Ménh de 2.2,1. Ta cd:
(1
(2.4)

Tar(®) = {v: P C RO}, £ =0, IF}C X, v — v,
4+t € M Yk e IN);

(1) Tag(x) ld non déng;
(1)
(2.5) Ta(F) C cone(M — ).
Chiing minh, (i) Ky hiéu v&€ phai ciia (2.4) boi V. Lay v € Tpr(z). Chon
{#} ¢ R4\ {0}, t* - 0, sao cho gidi han wrong (2.3) bing 0. Pat & =

d(T + the, M)
—

Cta o eF — 0. Véi mbi &,
= I3 ; k_k k. .k 1 &
Az + Mo, M) =t"e" < the +l:t :
Do d6 dn tai 2 € A dé

. ) . . 1,
(2 + ) ~ 2| < £t 4 ot

k -
||: pre < £ +E‘

o~ v —

Viy o* S pkhik — oc. VixT+ thoh =28 € M vai moi k,nénv eV,
Nguoc lai, gia sit v € V. Chon {#}, {+*}, t¥ — 0%, oF — v, sao cho
T+ tFe® € M véi moi k. Ta b

d(z + tFv, M)
tﬂ.:

I(Z + t*v) — (& + t5o5)|)

e :HL‘—UkH — 0,

<

Do d6 (2.3) nghiém ding. Suy ra v € Ty ().
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(ii) Gia str {w*} C Tag(2), w* — w. V61 mdi & € IV, do tinh chat (i), t6n

) 1 .
i tf e [0, P va " € X sao cho

. 1 .
Jof — | < o Et thof e M.
Tacd #* — 01 khi k — o0, vi
. 1
iof = wl] < o* - b+ k- | < t jw* — wi — 0.

"Theo (1), tir ¢6 ta 6 w € Tas(F).
(iii) Ldy v € Ty (%). Chon {t*}, {vF}, t& — 07 v* - v, sao cho T +
th vk e M véi moi k. Khi do,

. 1 -
ub € (M — 2) C cone(M ~ ) C cone(M — z).

Vie* — v, néntacévecone(M—-3). O
Non tiép tuyén Bouligand khong nhat thigt 12 ndn 161,

Vidu 221 Pat M = {z = (z,2) : 2y = |x1|} C R% Véi 7 := (0,0), ta
G
Tp(0) = M = cone{M — 0).

N6i chung, ta khéng cé dang thic trong (2.5).

"
" M
.

ay

-cong{M-x}

g ., Y
1 LT | B TR T : 8 4 A% WS 1 .

Hinh 9
Vidu 2.2.2, Bt M = {z = (z1,12) : 22 = z?} C R? Ly Z = (0,0), ta c6

cone(M — %) = {v=_(v1,v2) : vy 2 0},
Tp(Z) ={v={(1,0) : v1 € R}
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D¢ thay rang cone(M — %) = {v = (vi,w) : vz > 0} U{(0,0)}. Do dé
cone{A — 7) khong phii la nén déng; xem Hinh 9,

M¢nh dé sau day cho ta ¢cong thic tinh nén tiép tuyén Bouligand cia tap
nghi¢m ciia hé bit ddng thic cho boi cdc ham kha vi Fréchet,

Ménh dé 2.2,2 (Cong thdc tinh nén ti€p tuyén Bouligand), Gid sit g : X —
wi=1... m) la cdc ham 56 thuc lién tuc trén khong gian dinh chudin X.
M={zecX :qgz)<0 Vi=1,... . m}

Gid sit T € M. Dar I{Z) = {i : gi(&) = 0}3. Khi dé

() Néu I{(E) = 0, thi Tap(z) = X
(1) Néu Iz} # B va g() (i = 1,....m) la khd vi Frécher tai &, thi

Ta() C {ve X @ g(5)(v) <O Vie [(@):

() New I(x) # 0, gi(-} (t = 1,...,m) khd vi Fréchet tai T, va diéu kién
chint guy* sau duwge théa man

(2.6) W e X d¢ gl(z)(°%) <0 Vie I(z)
thi
(2.7) Ta(zy={ve X : gi{(z){v) <0 VieIx)).

Chiing minh. (i) Gia sir rang /(z) = 0. Khid6, ¢;(%) < Ovéimoii =1,...,m.
Do c¢dc ham s6 ¢;(-) 13 lién tuc, t6n tai 6 > 0 sao cho

gi{r) <0 Vi=1,...,m, Vze B(z,39).

Tu d6 suy ra B(x,8) C M. Vivay, Tar(3) = X.

{ii) Gia su rang I(z) # 0 va g;(:) (i = 1,...,m) 1a khd vi Fréchet tai
F. Ldy tuy ¥ v € Ty(Z). Do Ménh dé 2.2.1(i), ta chon duge {t*}, t* —
0. {vf}, o* — v, sao cho T + toF € M véi moi k € IN. Véi mbi i € I(n),
ta ¢

3o+ ) — gifa) <0

Ly gidi han khi & — oo, tir bat ding thite cudi ta thu duoc ¢(z)(v) € 0. D6
1a diéu phai chimg minh.

*T(E) duge goi 1 1dp ehf 56 hoat (the active index set) ing véi didm T € M.
*Didu kién chink quy (regularity condition) kifu nay can dugc goi 14 diéu kién chudn héa rang
Audc (constraint qualilication), néu nhu M déng vai trd tap ring budc trong mét bai todn 18] uu.
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(iii} Gia sl rang I(Z) # @, ¢:(:) ¢ = 1,...,m) khd vi Fréchet tai z, va tén
tai ¥ € X thda cdc bat ding thitc chat trong (2.6). L&y thy ¥ mot phdn tir v
thudc tap hop vi€t & v€ phai clla {2.7). Ta phéi ching minh ring v € Ty (7).
Lay p € (0,1) va dat v, = (1 — p)v + p®. Khi dé,

g(E)(v) <0 Vie I(z)

=

va
(2.8) G{E)(ve) = (1 = wgi(B)w) + ugl(2)(v°) <0 Vu € (0,1).
(Rt ding thiic cudi nghiém diing bdi vi ¢(Z){v) = 0 va g(F)(x%) < 0) Ta c6
v, € Tie(Z) Yp € (0,1).
That vay, véi moi ¢ € I{Z), vi ¢;{-) kha vi Fréchet tai ¥ nén
gi{Z + tv,,) — g:(T) = tgi(Z)(va) + o(t),
o(t)

vl lim — = 0. Tir d6 suy ra
f—g~ ¢

ol + ) — (3 = i) (w) + 2,

Do vay, lvu y dén (2.8), ta chon duoc & > 0 sao cho
gi(ZT+tv,) —gi(Z) €0 YEe(0,4).
Do ¢;(€) = 0 véi moi < € I(Z), nén v6i 6 ;== min{d; : ¢ € I(T)} ta cé
Ggi(Z +tv,) €0 Vte (0,8}, Viel(z).
Vi ¢:(7) < 0 véi moi © € I(Z), bang cdch 14y § > 0 bé hon (néu cdn) ta s& c6
gi{T+tu, ) £0 Vie (0,8), Yi=1,...,m.

Do vay,
E+tu, € M Vte (0,4).

T d6 suy ra v, € Ty (Z). Cho x — OF va sir dung tinh déng clia hinh nén
Ta(z),tacdve Ty(z) O

Bai tap 2.2.1. SU dung Ménh dé 2.2.1¢iii) d€ tinh nén Ty (%) vai
M={z=(rt12) c1+3222 52 & Y c R?

vax = (1,1). (Két qui: Tar(Z) ={v="(vi,m) : vi+v2 20, ng
3e1}; xem Hinb 10.)
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Bai tap 2.2.2. Héy xay dung mot vi du don gian dé chimg 16 ring déng
thite (2.7) o6 thé khong ding néu nhu J1(x) # 0, g,(-) (=1, ..., m) kha
vi Fréchet tai 2, nhumg diéu kién chinh quy (2.6) khong duoc thda man
tai T.

Bai tap 2.2.3. Chimg minh cédc khing dinh sau:

(W NeuwM, CcMyvaize My, thi T, (.I) C T (E).
(b} Néu 4"'-'.{1 Cc X, .'M{g cX,re 1'1’11 M Mo, thi
Taynage, (T) C Thr, (i) N Thr, (i')
Bai tap 2.2.4. Bing mot vi du thich hop, hiy ching o ring chimg 16 ring

bao ham thifc trong khing dinh (b) & bai tap trén 6 thé 13 mét bao ham
thitc chat (1ap hop bén vé trii 13 1ap con thyc sy cla tap hop bén v& phai).

Hinh 10

59

Nhan xét 2.2.2. Trén oo s& Ménh dé 2.2.2, ta c6 thé dat vin dé x4y dung cong
thic tinh hinh nén ti€p tuyén Bouligand cho mot tap hop ¢6 cdu tric xdc dinh
vi du nhyv @p nghiém cba mét he hén hop cdc ding thitc va bit ding thirc, hotic
tap nghiém cda mét bai todn nao d6. Noi chung, d6 1a mot van dé nan giai®.
Ching ta s€ con trdf lai chd dé nay sau khi tim hiéu cdc khai ni¢m nén ti€p tuyén
trung gian va non tép tuyén Clarke.

"M6i day, Nguyén Huy Chiéu da thu dugc mot két qua thi vi vé non tiép uyén Bouligand

cla cidc tap hep rong R2 c6 thé bidu didn duge dudi dang tich ca hai 1ap day {sequencial sets)
trong X2, xem Chiéu (2006b).
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Non tép tuyén trung gian va non tiép tuyén Claike:

Pinh nghia 2.2.2. Cho X 14 khong gian dinh chudn. Ndn tép wiyén trung
gian® hay nén ké7 ctia tap M C X tai € M, duge ky hiéu bdi T‘,ff{f), 1a tap
hgp nhimg vécte v € X thoa man diéu kién

d(E + tv, M
(2.9) iy GEH M)
t—0t t

= 0.

Diéu kién (2.9) c6 nghia la

d(z + tv, M)
t

Y2 >0 36 > 0 sao cho L£e ¥te(08).

Pinh nghia 2.2.3. Cho X 12 khong gian dinh chuin. Ndn tiép tuyén Clarke®
hay non tiép tuyén lam tron® cha tap M C X tai T € M, duoe ky higu 10 i
C11(Z), 1a tap hop nhiing vécto v € X théa man diéu kién

d(xz + tv, M)
t

{2.10) lim =0.

{0t

O day » Moz ky hiéu giéi han trong M U {Z}.
biéu kién (2.10) ¢d nghia 13

_ d(: v, M
Ve > 34 >0 sao cho wgs

: vt € {0,8) Yz e M N DB(z,3).
Ménh &é 2.2.3. Tu cé:
(1) Car(2) C T3,(Z) C Tar(Z) C cone(M — T;
(i)
Th(z)={veX : v{tk} c Ry \ {0}, tF — 0, B}, v o v,
T4+thvb e Mvke N}
(1ii)

Cp(z) = {ve X : V{tF} c Ry \ {0}, t* — 0, ¥{zF} C M,
CoxF o E, 3R, vF v, 2+ vk e M vk e INL

STNTA: the intermediate tangent cone.

"INTA: the adjacent cone.

®TNTA: the Clarke tangent cone.

*TNTA: the circatangenl cone,

®Chit C trong k§ hiéu Cas (E) duge Aubin v Frankowska (1990) sif dung d€ vinh danh F. H.
Clarke, nh todp hoc nguii Canada, mét trong s6 nhimg ngudi di tién phong trong viée xdy dung
giai tich khong tron. Clarke sinh nam 1948 & Montreal. Ong viét lugn 4n Tién si & University of
Washington du6i s hizéng din cia R. T. Rockafellar, nha todn hoc ndi tiéng ngudi M.
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(iv) TR,(:T:) {a nin ding,

(v) Cp(x) la nén 10i, dong,
(vi) Cag{(Z) + TE () C TE ()
(Vi) Car(Z) + Tag(T) C T ().

Chimg minh. Cic tinh chat (i)-(iv) c6 thé ching minh twong ty nhu cdc tinh
chét (i) va (ii} trong Ménh dé 221 ‘D6 13 mét bai tap khong khé, nhung bé
ich, duge danh cho ban doc.

(v) Ta cén chiing o ring ! + v% € Cpr(Z) v6i moi v!, 02 € Cr(Z). Gid st
ring v',v? € Car(2). Gid sit {t*} € Ry \ {0} va {z*} C M 1a céc day théa
man t* - 0, z* — % Do ! Cp{Z) va do (iit), t6n tai {vl’k}, bk s gl
sao cho

T o=af tlF e M vk

Hién nhién 7 — &. Vi v® € Cy (%), tén tai (v2k}, w2k o2,

T+ ok o M vk

Ta co
ot 4R bR PRy = FF k2 A v

Do v!* 4 %% 4! 4 42, ta két luan ring v! + 4% € Cr ().
(vi) Cho tity ¥ v € Car(Z) va v? € Thy(2). Gia sit rang {#*} ¢ R, \ {0},
t* — 0. Do (ii) va do »? € Tﬁ,(:&), t6n tai {2}, v®* — 42 sa0 cho

=zt e M vk
Do i Mz vado ! € Car(2), ton tai {v1*}, vh* — »1, sa0 cho
4ot e M vk

Ta ¢6
T+ tR(ol* Ry = 55 4 tRylk e M vk,

viF ol yva otk g2, Vay vl + 0% € TS, (z).
(vii) Chiing minh tuong w nhu (vi). D

Vidu 2.2.3 (T8 (3) # Ta(Z)). Dat
1
M= {—. : 3:1,2,‘..} C IR.

Voiz:=0¢e M, ta cé

Twm(2) = Ry, Th(z)={0}.
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1 o
Trudc hét, ta s& ching 16 ring v = | € T3,(Z). Pat t* = o v* = v véi moi
ke IN. Vi

. L 1
T4 5k = m €Mk,
nén v € Ta;(F). Suy ra
R, CThy(z) Ceone(M —2)=IR

Vay Ta(Z) = R.. Do Ménh dé 2.2.3(), T%,(z) C Ta(z) = R,. Néu ta
LhLlTIj:. mmh dl.mc rang v=1¢ T¢(z), thi Ti:; %) = {0}. Gia sir phan ching:

(2.11) i &+ tv. M)

={.
t—0= i

Lay

s (11 o

Do (2.11),
H(Z + the. A
(2.12) lim 2ETTEM) g
koo tF
Vi
1/1 N 1 1
d(@ +tho, M) dtt M) |2\ 2k 2kt ok+1
th Tk N 1/1 1
3 \3% T e
1
B ok+1 1
T I 3
ok + ok 1

nén (2.12) Ta sai. Vay ta phai c6 v = 1 ¢ T {(Z).
Vi du 2.2.4 (T%,(z) # Cpi(2)). Ldy # = (0,0) € [R? va
Me={r=1(z.29): 2,20, 3 =0}U{z={z1,22) : &y =0, x2 2 0}.
Ta co
Ty () =Ta(@) = M, Cu(3)={0}.

That vay, cac déng thirc T,'u(') Ta{Z) = M 1a hién nhien. Vi Cu(") C
T4, (%), nen dé chung minh ring Cyy( '?) {0} ta chi cén ching t6 ring v :=
(1,0) & C'yy(F) vh 1 = (0, 1) & Cy(Z). Néu vle Crr(Z), thi
d{x + tvl, M)

A t

(2.13) lim
t—0-

=0
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Lay t" = 1/k o* = (0,1/k) (k=1.2....%. Vi#¢ = 0% va2* 20 5 nentir
(2.13} ta suy ra :

dizk 4tk A
lim (@ + v, J():

k0o th

0.
Ding thite nay khong thé xay ra, béi vi

d{xb +fol M) d((0, 1)+ L(1,0), M)

tk t
(IR
1 -1
F 3

véi moi k€ IN, Vay v! ¢ Cpy(2). Do tinh d6i ximg, ta ciing c6 2 ¢ Cyr{T).

Tap muon, tdp o0 tink chdt khd vi, tdp chinh quy tiép tuyén:

DPinh nghia 2.2.4.

I. Tandi M (& mueor' tai £ € M néu dnh xa da tr () : X = X,
x = Typ(x), 12 nira fien tuc dudi tai z. (Ta dat Tyy(z) = @ v6i moi « ¢ M.
Khi d6, dom Tys(-) = )

2. Tan6i M 1 c6 tinh chdt khd vi'? tai z € M néu T8,(T) = Tas(x).

3. Ta ndi M 1a chinh quy tiép tuyén'® tai 7 € M néu Car(Z) = Tas (7).

4. Ta n6i M 1a tdp muot (twong Ung, tdp ¢o tinh chdl khd vi, 1dp chinh quy
tiép tuyén) néu M 13 muot (tuong dng, 6 tinh chat kha vi, chinh quy tiep tuyén)
tai mdi diém thuasc M.

Ta s& quay lai véi cdc khdi niém néi trong Dinh nghia 2.2.4 sau khi chimg to
rang nén tigp tuyén Bouligand (nén ti€p tuyén trung gian, nén ti€p tuyén Clarke)
c6 thé bidu dién nhu gisi han Painlevé-Kuratowski cia mot ho tap hop.

Non tiép tuyén va gidi han Painlevé-Kuratowski ciia ho tdp hop:

Dinh nghia 2.2.5 (Giéi han theo Painlevé-Kuratowski). Cho {3, }.ear 12 ho
tap hop phu thude vao tham s6 € M, M la khong gian métric, , C X voi
moi p, X 1a khong gian dinh chuan. Gia st & € M. Tap hop

{2.11) Limsup§), :={r€ X : liminfd{x, Q,) = 0}

it Bt

dugce go1 1a gidi han trén theo Painlevé-Kuratowski ¢la ho {0 b uenr khi o — j2.
Tap hop

(2.15) LiminfQ, := {r € X : lim d{x,1,) = 0}
i

[ H—p

"WINTA: sleck.
I2TNTA: derivable.
*TNTA: rangentially regulat.



64 2. Bao ham cua dnh xa da tri

dugc goi 1A gidi han dudi theo Painlevé-Kuratowski cia ho {Q}ueamr khi pz — i

Do (2.14),

z € Limsup Y, < (B{ﬁk}kew C M, u* — g, klim d{z,{,x) = 0) .
i oo

u—i
Do (2.15),
:rELLIE_LanP@ (Ve > 036 >0: d(z,9,) <eVue B(g,98)}.

Nét ¢ach khic,

z € LiminfQ, & (V{,u Yoew © M, p* — i, hm d{z,82,x) —0).

ik

Nhin x€t 2.2.3. Tir dinh nghia suy ra le 1nf 2, C Limsup £,,.
p— i

Bai tap 2.2.5. Ching minh ring Limsup £, v Lun 1an la nhitng tap
p— i
déng trong X. (Chimg mink: Gia sif ring

{z?} ¢ Limsup},, 2’ —Z.
p—p

Vai mdi k € IV, 18y j(k) € IV sao cho

; 1
(k) — J—
|laf:J .'I'|| < e

Vi 270 ¢ Limsup £, nén tén tai u* € M sao cho
p—p

1 : 1
e ) < ¢ d@®, 90 < 1.

o

Do d6 ta chon duge ¥* € £« théa man didu kien [|z78) — 4F| < 1.
V6i cdc diy {z7F), {uF} va {y*} d6, ta c6 puF — A, PN - Z (khi
k— o0), vl voi mbi k

4@ 0) <1z -0 < 2= PO + 0 - o)
1
<

b1
ko k k'
Vay lim d(%,Q,+) = 0. Do dé T € Limsup$,. DE chimg minh
=R
Lim me 1a déng, ta gia s phin ching ring Llrn mf €2, khong déng.

i
Khi d6 ton tai {27} C Liminf Q,, o7 — &, 7 ¢ le 1_an Vay tdn tai
pA p—a

£ > 0va {u*}, u* — [ sao cho
(2.16) d(z.Q.) 2 ke N



2.1

Ndn tiép tuyén . 65
De 2/ — Z,t6n tai j € IV sao cho |27 — 7| < &. Do lim d(z?,,) = 0
T
va do p* — @, tén tai k € IV thoa didu kién

dz?, Q) <

W= | M

Ta ¢d .

A, Q) €17 — || + d(@?, Q) < = + % =

'
B3]

mau thuin véi (2.16))

Bai tap 2.2.6. Cho M C X Ia tap con trong khong gian dinh chudn,
x € M. Chimg minh ring
M~z

{a) T's;{Z) = Limsup ,
t—nt t

M-z
b Tb 3 = . . H
(by Ty, (&} L:r_rgpf —

M-
(©) Ca(3) = Liminf .
t—o+, e Mg

{Chumg minh: (a) Theo dinh nghia, v € T4 (Z) khi va chi khi

¥ -+ tv, M
liménf da(F + tv, M)
Pl

nic 1a t8n tai {t*} < Ry \ {0}, t* — 0, {+*} € X, v® — v suo cho

F+t5uF € M v moi k € IN. Ré ring 1A Z + t%* € M khi va chi
M-z .

khi vF € = Vay v € Ths(Z) khi va chi khi t6n tai {t*} € R, \

M

M-z

t’: :r) = 0; tifc 13 v € Limsup
t—0o+

Cic khang dinh (b} vi (c) duoc chung minh hodn todn twong fu.}

{0}, t* — 0, sao cho Jclim d{v,

Quan hé giita tap muet va 1dp chinh quy tiép myén:

Binh 1y sau ching 16 ring, dudi nhimg diéu kién khd téng qudt, mot tap

mugt phii 13 tap chinh quy ti€p tuyén,

Pinh Iy 2.2.1 (xem Aubin va Frankowska (1990)). Cho X la khong gian Banach,
M C X la tdp con dong. Néu M la muot tai T € M (tic la dnh xa da tri
&= Tap(x) la nia lién tye dudi tai T) thi M la chinh quy tiép tuyén tai T (tic
fa Cyp(Z) = Tag(Z)).

Taphop M = {o; : i=1,2,...} € IR %ét trong Vi dy 2.2.4 1 t3p déng,

khong 13 chinh quy ti€p tuyén tai ¥ = (0,0). Theo Pinh 1§ 2.2.1, M khéng thé
13 muot tai x. ’
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Quan hé giita ho nén Bouligand {Th(x)}zcm
va non tiép wyén Clarke Cpp(Z):

Dinh 1y sau cho thdy ring gidi han dudi theo Painlevé-Kuratowski cha ho
nén tiép tuyén Bouligand {Tjs(z)}rear (khi & — ) 13 mot bod phin cla nén
11€p tuyén Clarke Cys(Z).

binh 1y 2.2.2 (B. Comet 1981, J. 8. Treiman 1983; xem Aubin vi Frankowska
(1990)). Cho X la khong gian Banach, M C X la tdp con ddng. Khi dé, vai
moi T € M,
Lim inf Ths(z) C Cas(F).
A

r—X

Khi X 13 khong gian dinh chudn hifu han chiéu, thi bao ham thic cuéi tra
thanh ding thic. Cu thé hon, ta cé dinh Iy sau.

Binh Iy 2.2.3 (B. Cornet 1981, J. S. Treiman 1983; xem Aubin vi Frankowska
(19903). Cho X la khéng gian dinh chudn hitu han chiéu, M C X la tdp con
dong. Khi dé, voi moi & € M,

Liminf Ty (2) = Liﬂ\l{inf co(Ta(z)) = Cum(T).

M _ M
LI r—ua

Ban doc ¢6 thé tim hiéu chitng minh cla hai dinh 1y trén trong cudn chuyén
khao cia Aubin va Frankowska (1990), u. 128-138,

Céc hinh nén Ty (), T4 (%) va Cps{Z) 12 tring nhau néu M 12 tap 18i hoic
M 1 tap nghiém cla hé bat ding thitc/ding thic cho bdi cic ham tron thda man
mot diéu kién chinh quy nao dé.

Ménh dé 2.2.4. Néu M la tdp 16i trong gian dinh chudn X va T € M, thi
(2.17) Cum(T) = T3 (2) = Tu(2) = cone(M - 7).
Chiing minh. Ta da ching minh ring
Cu(Z) € Tie(T) € Tn(Z) C cone(M — 7).
Viy dé thu duge (2.17) ta chi cdn chimg 1 ring
cone{M — z) C Cpm(Z).
Vi Cps(%) la tap déng, nén chi cdn chimg minh ring

cone(M — ) C Cn(Z).
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Lay thy y v € cone(M — ), va ldy £ > 0, x € M dé ¢6 biéu dién v = R

La 4 Y A , 7 . . B
Gia sit 2* M, 7, ¢ - 0+ Chon k& € IN sao cho t* € (0,1) véi moi k 2 .
Dat

Ta ¢é vf — l;_"" = v khi k — oo. Néu & < &, thi zF + t5vF = 2F € M, Néu
ekt ¥ e (0,1) vita cd

k k k
' . X - t .1
I*'+tA'Uk:Ik+tkI t,r :(I—T)IL"P?CCGJM{

{do A 12 1ap 16i). Theo Ménh dé 2.2.3, diéu d6 chimg té ring v € Cyy(Z). O

Tt ménh dé vira duge ching minh suy ra ring tap 16i trong khong gian dinh
chuéin 1a chinh quy tiép tuyén.

Binh ly 2.2.1 néi ring n€u mdt tap con déng trong khéng gian Banach 1a
tdp muot, thi né 13 tap chinh quy ti€p tuyen. Nhu viy tink muet (sleekness) noi
chung manh hon tinh chink quy riép tuyén (tangential regularity). Ménh dé tigp
sau day cho thdy rang ddi vdi cdc tap 16i déng trong khong gian Banach thi hai
tinh chat dé 1a tuong duong.

Meénh dé¢ 2.2.5. Moi tdp con 16 dong trong khdng gian Banach déu la tdp muor.

Ching minh. Ta ¢6 thé chitng minh ménh dé niy bing cich sir dung Binh 1y
tich cdc tap 16i. Gid skt M 12 tap 16i d6ng trong khong gian Banach X. Anh
Xia da tri nén phdp tuyén

.N_a,_f(‘) X=X (1,‘ — JNM'(:E) Yr € X),
6 dé X duge xét véi 16p6 clia chufin va X* dugc xét v6i topo yéu*, 1a dong.
That vay, gia st {p™} va {z°} 1a cdc ddy suy rdng sao cho p* € Nps{z®) véi
moi ¢, x - I, v p*® 2 p. Ta s& chi ra ring § € Nys(T). Do Nps(z) =0

véi moi « ¢ M, nén ta ¢6 thé gid st ring 2™ € M véi moi o Véi moi y € M
viL véi moi «, ta ¢d

02 %y —2%) = %y 5+ p*, 7 — 2%,
Lay gidi han theo a (luu ¥ ring vi p* 5 p, nén {|ip®||} 1a diy gioi noi), ta
dircc
02 (py— 3.

Vi bat ding thite cudi diing v6t moi y € M, nén p € Ny (Z). Tinh déng cha
dnh xa nén phédp tuyén da duge chimg minh.
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Lidy z € M. Ta khdng dinh ring 4nh xa da tri nén tiép tuyén
Tu(): X=X

12 nira lién tuc dudi tai 2. (Ta ¢6 dom Thy(-) = M.) Néu khang dinh d6 1a sai,
thi ton tai o € Tay(T), € > O v day {:ck} sao cho =¥ M, Z sao cho véi mbi
ke IVtach

Tp,,f{..’i:k) M B(‘E,E) ={.
Do d6, vai mbi &, st dung Dinh 1y tich cdc tap 16 (xem Rudin (1973}, Binh
3.4), ta tim duge p* € X*, [ip¥| = 1 sao cho

sup (pF,v) < inf (pF.v).
veTas (V) veB(i.g)

Vi Ty (;L") (3 hinh nén, diéu d6 kéo theo

sup {p*,v) <0,
weTar(2*)

tic 12 p* € Npg(z%). Vi 6 € Tas (), nén tir nhitng diéu néi trén ta cé

0< inf (pFv) =k, B) - elpt|
vE B{i,£)

= (pksﬁ) —£.

Do hinh cdu don vi trong X* 13 compic yéu* (theo Dinh 1§ Banach-Alaoglu),
day {p*} cd ddy con héi tu theo topd y&u*. Khong gidm tdng quét, ta c6 thé gid
sit rang p™ o 7. Do p* € Npj () véi mot k va do 2 — Z, tir tinh déng cia
dnh xa Nyps() suy ra p € Ng(F). Vivay {p,v} < 0. Mat khéc, cho k£ — oc,
tir cdc bét dang thie £ < (PF, %) (k € IN), ta thu duoc € € {p, 7). Ta di di dén
mau thuan. Vay dnh xa da tri Tys(-) 1a nira lién tuc dudi tai Z. Vi T € M duoe
lay thy ¥, ta két luan raing M R tap muot. O

Ménh dé 2.2.2 di thiét 1ap cong thic tinh nén tiép tuyén Bouligand cha tap
nghiém hé¢ bit ding thitc cho béi cdc ham s6 kha vi Fréchet. Tiép sau day chiing
ta s& tim hiu céng thdc tinh nén tiép tuyén Bouligand cla tap nghiém hé Adn
hop cde bdt ddng thite va ddng thite va cho bdi cdc ham tron (the 12 cdc ham
s0 kha vi Fréchet lién tuc).

Choe X 13 khéng gian Banach, A C X 13 tap con déng, @ O A )a tap mo,
g > R@E=1...,m)vah;:Q—=R (G =1,...,s) 12 cic ham kha vi
Fréchet lién tuc. Bat

(218) M ={rcA: gz)<0Vi=T1m, hj(z)=0VYj=1 s}
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Tacé M < X 12 tap dong. Véi mbi z € M, ta dat
I(z) = {i : gi(z) = 0}

va goi I(x) 13 tap chi s8 hoat iing véi diém z € M. Dé cho gon, ta dat

& d6 diu T chi phép chuyén vi ma tran. Nhu vdy, k 1a dnh xa tir © vio IRS.

Ménh dé 2.2.6 (Cong thic tinh nén ti€p tuyén Bouligand; xem Aubin va
Frankowska (1990)). Gid st M dwoc choe bdi (2.18). Gid su 7 € M va diéu
kién chinh quy sau ducc thda man:

(@ W(2)(Ca(z)) = R?

(2.19) {(b) e X & K(E)°) =0, ¢(z)(x°) < 0 Vi € I(T).

Khi do, v € Ty (F) khi va chi khi v € Tp(Z) va

gi(z)u) €0 Vie I(z)
220 { R(Z)w) =0 Vji=Ts.

Né1 mét cdch hinh anh, diéu kién (a) trong (2.19) néi ring phin han ché
cua todn tir dao ham A'(Z) : X — IR® wrén nén Cpy(Z) la tran. Ta s& con 6 lai
véi kiéu didu kien ndy khi xét khdi niém rodn 17 tran trén non trong Chuong 5.
Diéu ki¢n (b) trong (2.19) néi ring 6 tén tai vécto v° nao d6 trong khong gian
ti€p xic ¥ cha da tap {x € X : h{z) = 0} tai diém Z hudng vao phdn trong cla
hinh nén tiép tuyén Bouligand cia tap hop {z € X @ g(z) <0 Vi=1,...,m}.

Menh dé 2.2.7 (Cong thitc tinh nén tiép tuyén Clarke; xem Aubin vi Frankowska
(1990)). Gid su M dwoe cho bdi 217y vei A = X. Gid sir & € M va didu kién
chinh quy (2.19) dugc théa mdn (voi Cye(Z) duoc thay boi X ). Khi d6, véi moi
ve X, ve Cyl(T) khi va chi kit diéu kién (2.20) duge théa man.

Tu cic ménh dé 2.2.6 va 2.2.7 va tinh chilt Cpr(Z) C T5(3) € T (7), ta
rdt ra diéu kién do sau day cho tinh chinh quy tiép tuyén clia tap nghiém cia
{2.18) tai mot diém cho trudc.

Heé qua 2.2.1. Duci cdc gid thiét ciia Ménh dé 2.2.7, ta c6

Cu(T) =T(7)

"Lawp hop {v € X : A'(F)(v) = 0}.
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Bai tap 2.2.7. Cho A = X. Chimg minh ring diéu kién (a) trong (2.19)
weong duong voi doi hai “hé véorr b (). ..., RL(2)} [cha khong gian X *]
la doc lap tuvén tinh .

Nhian xét 2.2.4, Trong truong hop A = X = R", diéu kién chinh gquy (2.19)
trdr thinh didu kién chudn héa rang budc Mangasarian-Fromavirz15— ndi gon
la didu kiecn MFCQ'®, vi né dugc dua ra trong.bai bdo cia Mangasarian va
Fromovitz (1967).

Nhian xét 2.2.5. Diéu kien MFCQ va cic dang md réng cia né déng vai trd
hét sifc quan trong trong cdc nghién cifu vé tinh én dinh, 6n dinh vi phan, va
d6 nhay nghiém cla cdc b todn toi wu (xem, vi du nhu, Gauvin va Dubeau
(1981), Mordukhovich {2006a,b), Chuong 4 va Chuong 5 gido trinh ndy).

LR

Hinh 11

Vi du don gidn sau day cho thdy ring néu diéu kién MFCQ bi vi pham, thi
két Judn cha cdc ménh dé 2.2.6, 2.2.7 vd Hé qua 2.2.1 ndi chung khong con
diing nixa,

Vidu225 DatA =X =R m=s5=1, gi{z) = 20 + 22, hiz) = 29
v&i moi = (21, 29) € R?, vA T = (0,0). Xét tap M cho boi (2.18). Ta ¢d
M={z}va

Ca(3) = Thy(2) = Tag(7) = {(0. )}

Trong khi dé,

{veX  g{zyv) <0 Vielz), h;(i)("t) =0Vj=1,5}=Ix{0}.

"INTA: the Mangasarian-Fromovitz Constraint Qualification,
""TNTA: the MFCQ condition.
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Luu y riing, d6i v6i vi du dang xét, ta khong thé am duge vécto v° € X = [??
nao thoa mén diéu kién (b) trong (2.19).
Bai tap 2.2.8. Cho A = X = R% 7 = (1.1), va
M=A{e={(r12) 2} +22<2 2= 3.:,’}

Tinh cic hinh nén tép tuyén Tas(z), TH(F) va Cn(). (Két qud:
Cy(E) = ';."_;:f[:r} =Tay(F) = {w="{v.m) : vy £0, vg = 3 ks
xem Hinh 11 & trang trueée.)

2.3 DPao ham

Che X, Y i cdc khong gian dinh chudn, F : X = Y 13 dnh xa da tri.

binh nghia 2.3.1 (Dao ham contingent, dao ham Bouligand). Pgo ham con-
tingert'’, hay dao ham Bouligand, DFy(-) : X =2 Y cla F 1ai diém z =
(#,5) € gph £ 1a dnh xa da tri ¢6 d6 thi tring v&i hinh nén tiép tuyén Bouli-
gand Ilgph (2} ue la

DF.(u) = {v cY @ (uv) € TgphF(E)} Yu e X.

Neu £ = f Ia dnh xa don tri, thi ta viét Df;(-) thay cho DFz pz)y(-).-

Pinh nghia 2.3.2 (Dao ham k&), Dgo ham ké DPF,(-): X 1 Y cia F 1ai diém
T = (Z.y) € gph [ 1a dnh xa da tri ¢6 d6 thi tring v6i hinh nén tiép tuyén trung
gian Téph 2)s tie 1

. DM Fy(u) = {v €Y : () e Ty (z)} vue X.

phF

Néu F = f 1a dnh xa don tri, thi ta viet DPf. (-} thay cho D*Fiz rz)(-).

Pinh nghia 2.3.3 (Dao ham Clarke). Pao ham Clarke'® CF;(-}: X =3 Y cla
F tai di€m z = (Z,y) € gph F 1a 4nh xa da tri ¢6 dé thi tring véi hinh nén tiép
tuyén Clarke Cgph w(2), tic Ia

CF.(u) = {v €Y : (uv)e Cgphp(z)} Vue X,

""Chdng 16i chua tim duge tir thich hop dé€ dich thuat ngir ndy ra tiéng Viet. Trong vai trd
mot tinh tit, ¢hif “contingent”™ ¢& nghia 1a bat dinh, iy chon, nglu nhién... €6 ngudi d3 dich
“contingent derivative” thanh “dao him tigp lien”. Cdch dich ndy c6 I& khong dalt, vi trong tigéng
Vigt dudmp nhu khong cé chir "tigp lien” (khong rd nghia, khong ¢6 trong Tir dién tigéng Viét cla
Gido s Holng Phe vi cdc dong Lac gia).

"Dao ham Cluke CF:(-) con duoc goi 1a dua ham 1ép tuvén lam ron'®.
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Néu £ = f Ia dnh xa don tri, thi ta viét C fz(-) thay cho CFj; siz),(-).

Ba khdi niém dao ham néu trén duge xay dymg nhd cdc cau tric hinh hoc -
dé 1 cdc nén tiép tuyén cria do thi cia dnh xa da tri dugc xét tai mot di€m cho
trudc. Trong Chuong 4 cua gido trinh nay, ching ta s& nghién ciu khdi niém
déi dao ham, 1a mot dnh xa da tri tit khong gian d6i ngdu Y* vio khong gian
dot ngau X, luu giir cdc thong tin d3 dugec ma héa trong ngon ngit cla céc
khoéng gian d6i nglu vé t6c do thay ddi cla dnh xa da tri trong cic khéng gian
nén. B&i dao ham dugc xay dung nhd cic nén phdp tuyén cia dé thi clia dnh
xa da tri tai mot diém cho trude. Ngodi hai cach xay dimg xdp xi bac nhat dé,
ngudn ta con ¢ thé sit dung thi thudt vo hudng héa: thay viéc xét 4nh xa da tri
F : X =Y tir khong gian dinh chudn X vao khong gian dinh chuin Y bang
viéc xét hdam tua

Cry",z) =sup{(y*,y) : y€ Flz)} (z€ X,y ¥}
Néu F la 4nh xa da tri ¢6 gid tri 161 déng, thi ho ham sd thuc
Crly",): X >R (y*eY")

duge dinh nghia nhu vay luu gilt ddy dv cdc thong tin vé F. That vay, khi dé
dua vio ho ham s6 {Cp(y*, }}ysey~ ta c6 thé tim lai duge F bing céng thic

Fla)={yeY : (¥, 1) < Cpy*.z) véimoiy* € Y*}.

Khao sit cdc tinh chét vi phan cta ho ham s6 thuc {Cr{y*, )} -ev-, ta o6 duge
cdc thong tin vé toc do thay d6i cha F. Phuong phip nay duge goi la phuong
phdp ham twa. Mot s8 cong trinh cia Phé Gido sy Pham Huy Dién va cic tic
gia khic (xem Dien (1982, 1985), Dien va Sach (1989), Dien v Yen (1991),
Thibault {1991)) vé diéu kién cén cuc tri cho bai todn (8 vu véi rang budc da
tri, tAp nghi¢m cua bao ham thic da tri phy thugc tham s6, cdc tinh chét vi phan
cla ham gid tri t6i wu..., dd cho thay tinh hiéu qua cla cich ti€p can nay. Khidi
niém so dao ham?® cia 4nh xa da tri do Gido su Pham Hinn Sdch dé xusit ciing
stt dung ham tya, nhung d6 14 ham rea cia dnh xa dao ham. Cu th€ hon, so dao
hamcoa FF: X Y i 2= (7, ) cgphF lamétdnhxadatriT: X 3 Y,
Lipschitz dia phuong tai 0 € X, sao cho v6i moi £ > 0 t6n tai 1an can U clia =
thda min: ¥z € U Jy € F(z) vdi tinh chat

sup { ",y -9 = [Crly" = - 2) - Crly", 0)]} < el — 2,

y"GBy-

& dé Cp(y™, x) ky hiéu ham tya clia T'; xem Sach (1988a), tr. 220. Xuat phét tir
khai ni¢m niy ta c6 thé dua ra cdc dinh Iy dnh xa md, ham &n, ham nguoc, dinh

®TNTA: prederivative,
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1y vé dac ham clia ham hop, dinh 1§ gid tri trung binh, quy tic nhan ti Lagrange,
nguyén IY tua dang tong qudt (xem, vi du nhu, Sach (1988a,b), Dien va Sach
(1989), Yen (1987)). Nghién citu méi nhat ma chiing t6i duge bidt vé dao ham
cua dnh xa da tri dua trén khdi niém ham tua 13 cong trinh cua Gorokhovich va
Zabreiko?! (2005).

Dua trén cdc khdi niém dao ham contingent v dao ham Clarke trong cdc

dinh nghia 2.3.1 va 2.3.3, ngudi ta ¢6 thé dic trung tinh 16 va tinh 16i theo nén

* cua d4nh xa da tri F' 1 X =3 Y thong qua tinh don diéu va inh don diéu théo

nén cla cic ho dnh xa dao ham {DF,(-)}.cppn F v2 {CF.(-}}2eqpn #. Cic ket

qua theo hudng nay cd thé xem trong Sach (1996), Sach va Yen (1997), va cdc

tai liéu duge din trong cdc bai bio dé. 8 day ching ta chi nhac lai hai khdi

niém chinh la tinh 16i theo nén va tinh don diéu theo nén. Cho K — Y 13 nén

16i. Ta néi F ka dnh xa da i {61 theo nén K, néi gon 1a K-1gi, néu véi moi
#hoat e X vat € (0,1) ta cé

(L= t)F(z") +tF(2%) C F((1 — )l + t22) + K.

(Trong truong hop dac bigt, khi K = {0} va F 1a dnh xa cé gid tri déng, khdi
ni¢m nay tring véi khdi niém dnh xa da tr 18i da xét trong Chuong 1.) Ta néi
he dnh xa dao him contingent {DF(*}}.epph P 12 don diéu theo nén K, hay
K-dom diéu, nép v6i moi diém 2! = (=1, y') v 22 = (22, 3) thuoc gph F ta
o

0¢co [Dle (2 — 2') + DE (2! - 3:2)] :

& d6 F(x) = F(z) + K 1 dnh xa mé réng cha F theo nén K. Tinh 16i theo
nén K coa ho dnh xa dao ham Clarke {CF,{-}}.copn # dugc dinh nghia hoin
todn tuong tu,

C6 thé sir dung dao ham contingent d€ x&y dung cdc didu kién cdn cuc tri
trong cdc t6i wu véctg da tri (xem D. T. Luc (1989), D. T Luc va C. Malivert
(1992)).

Bai tap 2.3.1, X¢ét dnh xa da tri F: R =% i cho bdi céng thifc
Flry={ye R : 2" + * €2, y=2*}.
Tinh cic dnh xa dao ham DF:(-), DYF3(-) va CFe(), d d6 z = (1,1).

(Goi y: D€ ¥ rang gph F tring v6i tap M trong Bai tap 2.2.8 va sir dung
két qud tinh cdc hinh nén ti€p tuyén cia M tai didm = = (1,1).)

2'Gido su Petr Pelrovich Zabreiko {Belarus State University, Minsk, Belarus) 13 mot chuyén gia
ndi tigng vé Gial tich ham. GS. TSKH. Nguyén Héng Thii (University of Szczecin, Ba Lan) va
PGS. TSKH. Nguyén Van Minh (Dai hoc Qudc gia Ha Noi; University of West Georgia, M¥} 13
cic hoc rd Vigt Nam cia ong. .
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Trong giai tich ¢é dién (xem Rudin (1976)), sl dung khéi niém dao ham
Fréchet ngudi ta da xay dung cdc dinh 1y dnh xa m&, ham 4n, ham nguge -
nhimg k&t qua duge st dung réng réi trong hinh hoc vi phan, topd vi phan, 1y
thuy¢t phuong trinh vi phan, 1y thuyé&t bac, va trong nhiéu 1y thuyét todn hoc
khdc: Hoan toan twong tu, dua vao cdc khii niém dao ham vira duge trinh bay
& trén, ngudi ta dd dua ra cdc dinh ly dnh xa md, ham in, ham nguoc cho 4nh
xa da tri. O day ching ta s& xem xét hai dinh 1y ham nguoc tigu bidu thuoc vé
Aubin va Frankowska (1984). Dinh ly thi nhat sir dyng gid thi€t vé tinh mo déu
cla ho dao him contingent, Pinh ly thit hai sir dung gia thiét vé tinh tran cta
dao ham Clarke. Cic dinh 1y ndy déu duge ching minh bing nguyén 1y bién
phéin Ekeland. Vi céc ching minh 13 khd c¢éng kénh, phic tap, nén sé khong
duge trinh bay & day.

Dinh 1y 2,3.1 (Dinh ly ham nguge cho dnh xa da tri s dung dao ham contingent;
xem Aubin va Frankowska (1990), tr. 204-203). Gid sa X, Y ld cde khdng gian
Banach, F: X =Y la anh xa da tri, 2 = (Z,y) € gph F. Gid si ton tai cde
hing s6 ¢ >0, § > 0 va « € {0,1) sao cho

Y(z,y) € (gph F)N B(z,8), Ve e Y, Juec X, Jwe Y d¢
v € DF )+ w, [l < clell, fwll < ool

Khi do § € int(rge F) vd ta cé F~! la dnh xg da tri gid-Lipschitz i (Z,%).

Dinh Iy 2.3.2 (Dinh ly ham nguge cho dnh xa da tri sit dung dao ham Clarke;
xem Aubin v Frankowska (1984, 1990)). Gig sw X la khong gian Banach, Y
g khong gian dinh chudn hitu han chiéu, F : X 3Y la dnh xa da tri déng,
= (%) € gph F. Néurge (CF;) =Y, thi §j € int{rge F) va ta cé F~! la
anh xa da tri gid-Lipschitz tai (&, §).

Bai tap 2.3.2.
(a) Phdt biéu Dinh 1§ 2.3.1 cho trudmg hop F = f 12 4nh xa don tri kha
vi Fréchet tai mei diém trong mot 14n can cha didm 7 € X.

byCho X =Y = R, F(x) = {f(x)}, f(x) = 2*. Hay tim tat c& nhimg
diém T € MR sao cho Dinh 1§ 2.3.1 4p dung duge véi 2 := (T, f(T)).
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Bai tap 2.3.3,
(a) Phét biéu Pinh 1§ 2.3.2 cho tsuong hgp F' = f 12 4nh xa don tri kha
vi Fréchet lién tuc trong mot 1an can cia diém 7 € X.

(b} Cho X =Y = R, F(z) = {f(z)}, f(z) = z*. Hiy tim tat ca nhimg
diém I € IR sao cho Dinh 1y 2.3.2 4p dung duge vdi 2 = (Z, f(3)). -

Nhing quy tic tink (néi ding hon 13 cdc wéc lugng) dao ham cha ham hop
sau ddy cho thay mdi loai dao ham ciia dnh xa da 1ri xét trong muc ndy déu cé
vai Ir6 riéng: dao ham Clarke tham gia trong di€u kién chinh quy, dao ham ké
tham gia trong cong thic tinh dao ham contingent ciia ham hop?2.

Binh ly 2.3.3 (Paoc ham cda ham hop; xem Aubin v Frankowska (1990), .
198-199). Gid sit X, Z la cdc khong gian Banach, Y 1a khong gian dinh chudn
hitu han chiéu, F : X 3Y, G:Y 3 2, ¢ F(z), 2€ G(y). Gid st F va G
la cdc dnh xa déng. Néu diéu kién sau théa mdén

rge (CF(irg)) —~ dom (CG(W)) =Y
thi
(i DGy zy 0 DFz 4 € D(Go Fzm
(i) DbG(ﬁ"E) © DF{bi,g) C DYGo F)(i,fj;
(i) CGlg 0y 0 CFz g C C(G o Flz 5.
B2i tap 2.3.4. Ap dung Dinh Iy 2.3.3 cho trumg hop X = ¥ = Z — R,
F(a) ={/lal}, Gw)={z: 22 4°}, M 2 ==z = 0. Trong trudmg

hap ndy, cic bao ham thic trong céc khing dinh {1)—(iii) cé tr& thanh cic
dang thic hay khong?

*Khong 16 la quy tc (i) trong Binh 1§ 2.3.3 ¢6 con ding khong néu nhu dnh xa D*Gg 2y &
€ trii cia bao him thire duge thay bang dnh xa DGy ¢ - 1A nh xa c6 46 thi 1ém hon.



Chuong 3

Tich phan cua anh xa da tri

Hgi tén, rang "Bién-Dau-Ngan”
Hoi qué, rang “Xir Mo Mang”, dd quén
(Bi Gidng)

Chuong nay trinh bdy khdi niém tich phan Aumann (tich phan da tri). Vi lat
cdt do duge 12 co s& dé xay dung tich phan Aumann, nén ching ta s& tim hi€u
k¥ cdc dinh 1y vé su 8n tai 14t cit do duge ciia dnh xa da tri. Ngoai ra, trong
chuong ¢6 gidi thiéu cdc két qua cha Nguyén Huy Chiéu (2004, 2006a) vé tich
phan Aumann cua dnh xa dudi vi phan Clarke. Céc két qua trong Chieu (2006¢)
vé tich phan Aumann cila 4nh xa duéi vi phan Mordukhovich va dugi vi phan
Mordukhovich clia phi€m ham tich phan s& dugc gidi thiéu trong muc cuéi cia
chuong sau.

Cdc dinh 1y vé 14t cit do dugc va tich phan Aumann c6 vai trd quan trong
trong ly thuy&t bao ham thifc vi phan (phuong trinh vi phan da tri). Ban doc
6 quan tam cd thé doc vé bao ham thifc vi phan trong Aubin vi Frankowska
(1990), Aubin va Cellina {1984). ﬁhg dyng clia bao ham thic vi phan trong céc
van dé vé diéu khién tdi wu duge trinh bay trong Clarke (1983).

3.1 Anh xa da tri do dugc, lit cit do dugc

Khéi ni¢m 4nh xa da tri do dugc m& rong mot cach tir nhién khii niém 4nh xa
(don tri) do dugc trong gidi tich ham, Mot két qué quan trong & day 1a dinh ly
cua von Neumann n6i ring 4nh xa da tri do dugc ¢6 gié ri khic réng ¢6 14t cit
do dugc.
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Trong suét muc nay, gia st Y |2 mot khong gian métric ddy 40, khd i !,
v A 1A mot o-dai $8 cdc tap con cla tap hop X, Cic tap thuoe A duge goi 1a
céc tap do duge. Tap X xét vdi o-dai s6 A (hay cip (X,.A)) duge goi 1a khong
giun do dugc*®. Xy hiéu o-dai s6' Borel clia khong gian métric Y béi B - tic 1
B 1a o-dai 56 nhod nhit chita tat ¢ cdc tap md cua Y,

Nhéc lai rang ho A dugc goi 12 mot o-dgi s néu né thoa min ba tinh chat
sau:

(i) X € 4,

(i) X\ A thuoc A véi moi A € A,

(iit} hop cia mot ho thy ¥ gdbm mot s& dém duge cic tip thude A4 1a mot
tap thuoc A.

Tir (i)-(iii) suy ra ring @ € A va giao coa mot ho thy ¥ gdém mot s6 dém
duoc cdc tap thude A 1a mot 1dp thude A.

Trong dinh nghia sau v trong cdc khing dinh & cdc bai tap 3.1.1-3.1.3 ta
khong cin gia thiét ¥ 1a khong gian métric dd, kha li, ma chi can gid sir ¥ 1
khong gian topo”. Khi d6, B vin ky hiéu o-dai s6 sinh ra bi céc tap m& cla
Y. Hién nhién B chda tit ca cdc tap déng cla Y.

Pinh nghia 3.1.1 (Anh xa don tri do duge; xem Aubin va Frankowska (1990),
tr. 307, va Rudin (1987). tr. 8). Anh xadon tri f: X — Y duoc goi 13 do
duge néu tacé f~HV) = {z € X : f(z) € V} 1 tap thuoc A véi mbi tap
m& V C Y. (Anh nguoc clia moi tap md 1a ap do duge.)

Dé thay ring ham s6 thuc ¢ : X — IR 1a do dugc khi va chi khi véi moi
« € IR tap hop

o (00, ) == {z € X : p(z) < a}
14 do dure.

Bai tap 3.1.1. Chimg minh ring 4nh xa dan tri f : X — Y 1a do duge
khi vi chi khi véi moi tap déng C C Y 1a ¢é f~1{C) € A. (Anh nguge
cia méi tip déng 1a tap do dugc.)

Bai tap 3.1.2. Chimg minh ring dnh xa dentry f: X — Y la do duge
khi va chi khi _
YRBeB(Y), iR eA

(Anh nguge cha méi tap Borel 12 mot tap do duge.)

'"Ta ndi ¥ la khéng gian kha li néu 16n tai tap con dém duge triy mat trong V.

INTA: measurable space; xem Rudin {1987), tr. 8.

*Gia thi¢t ¥ 13 khong gian métric du. khi L chi can cho cic dinh 1§ vé su t6n (ai 1it cit do
duge (xem cdc dinh y 3.1.1-3.1.3).
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Bai tap 3.1.3. Cho f: X — Y la giéi han theo diém clia mot diy dnh xa
doduge fi. : X =Y (k€ IV), nghia la

flz) = L_lll’gc fi(r) vreX.

Chiing minh riing f 12 4nh xa do duge. (Goi 3: Do Y 1a kha )i, ton tai tap
diém {y; : i € N} tri mat trong Y. Khi d6, v6i mdi taipmd V C Y tacd
F7Hv)
={re X : f(z) eV}
1
= JU{zex: B _,) CV, f(2) € By 52)}

J=lezl =

=UUU X« Bus) oV fla) e Blug: - )

izlizl izl

-JUUUNzex : By )cv fk(a”)eB(y,,glj %)},)

iElizlezlpzl k2p

Anh xa don tri duge goi 1a don gidn néu nd chi ¢6 mot s6 hiln han gid tri.

Bai tap 3.1.4. Chuing minh ring 4nh xa don gian f: X - ¥ 14 do dugc
khi vi chi khi anh nguge cia méi di€m thuoc Y 13 mét tap do duogc (cé
thé rong) thudc X.

Dinh nghia sau day md rong khdi niém dnh xa don tri do dugc trong Binh
nghia 3.1.1.

bPinh nghia 3.1.2 (Anh xa da tr1 do duge; xem Aubin vA Frankowska (1990),
binh nghia 8.1.1}. Gia sir F: X = Y 14 4nh xa da tri ¢6 gid tri dong. Ta ndi
F la do duge néu véi méitap mé V C Y,

FiV)y:={ze X : Flz)NV # 0}

12 tap thuoe A. (Anh nguge cla mdi tap ma 1a tap do dugc.)

Vidu 3.1.1. Cho X = [~1,2] C IR, A l& o-dai s6 cdc tap con do dugc theo
Lebv:sgue4 cia X, Y = R, F: X 3 Y la 4nh xa da tri duge cho bdi cong
thic Fi{x) = {-1} néuz < 0, F{x) = {1} néu z > 0, F{0) = [-1,1]. Taco
F ta dnh xa da i do duoc; xem Hinh 12,

Bai tap 3.1.5. Sir dung Dinh nghia 3.1.2, hiy ching 10 rang dnh xa F' néi
trong vi du trén 13 dnh xa da tri do duoe.

Bai tiap 3.1.6. Cho X, A vi Y nhu trong Vi du 3.1.]1. Hiy xay dung vi
du mot dnh xa da i khdng do duge F . X Y. (Goi y: Liy K € (0,1)
14 maét tap khong do duge theo Lebesgue (xem Rudin (1987), tr, 53-54)
vidat Fz) = {1} vdimoix € K, F(z) = {0} vdimoiz ¢ [-1,2]\ K)

*Nem Rudin (1987) va Hoang Tuy (2003).
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Bai tap 3.1.7. Ching minh ring;
a) Néu F: X 3 Y la dnh xa da tri do duge, thl dom I € A;

b) Néu F : X =3 Y 12 anh xa da tri do duoc, thi véi moi y € Y ta ¢
F=Y{y}) € A (Gyi y: Hiy biéu dién {y} du6i dang giao ciia mot s6
dém duge cédc hinh cdu md.)

c) Néu F : X 3 Y 13 4nh xa da tri (kh6ng nh4t thiét cé gid trj d6ng) thoa
min tinh chat F~'{(V) e Avéimoitapmad V C YV, thi F: X 33 Y. §
d6 F(z) = F(x) v6i moi z € X, 1 4nh xa da tri do duoc.

wph F

=t

Hinh 12

Nhin xét 3.1.1. Tinh chat c) trong bai tap trén cho thdy ring viéc xay dung
khdi ni¢m dnh xa da tri do duge chi cho cdc dnh xa nhan gid tri déng khong 1a
qui cyc doan.

Cén lwu § ring déi véi cdc dnh xa da tri, tinh do dugc theo Dinh nghia 3.1 2
(g0i la tinh do dugc yéu®) chua chdc dd tuong duomg voi tinh chdt “Anh ngioc
cia moi tdp dong la tdp do dwoc™ (goi la tinh do duoc manh®). Do dé, dnh
nguofc cia moi tdp Borel qua énh xa da tri do dige yéu chua chdc dd la mot 16p
%o duge. Dinh 1y 3.1.3 dudi day dua ra mot didu kién du cho sy twong dwong
cha tinh do dugc y&u va tinh do dugc manh. Vi khdi niém tich phin Aumann
¢ duge x4y dung do6i vdi cdc d&i tugng thoa min didu kién da 46 nen, dé cho
don gian, ta goi céc 4nh xa da trj théa mén diéu kien “Anh nguge cha mbi tap
md (2 t4p do dugc™ 13 dnh xa da tri do duoc; xem Aubin va Frankowska (1990),
tr. 307-308.

STNTA: weak measurability.
STNTA: strong measurability.
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Bai tap 3.1.8. Cho V C Y Il tap md trong khong gian meétric kha li.
Chimg minh rang V biéu dién duge dudi dang hop clia mét 58 déin duge
cic hinh cdu mé trong Y. (Goi 3 Giast ¥ = {y; : ¢ € IN}. Ho cic
hinh cdu {B(y:. ) i € IV, = € @, 7, > 0} 1a dfm duge. VGi mdi
y €V, 16n tai g = p(y) > 0 sao cho B(y,p) € X. Chon i € IV sao cho
¥ € By, p/4), suu dé chon 7, € @, 7 > 0, sao cho p/4 < 7 < p/2.
Khidé y € B(yi, 7:) C V) '

Hinh 13

Bai tap 3.1.9. Cho V C Y 14 tap md& trong khong gian métric kha Ii.
Ching minh rang V' bidu dién duge dudi dang hop cha mot s6 dém duge
cdc hinh cdu déng trong Y. (Ggi 3 DE ¥ rang, trong cic ky hiéu & bai
tap tén, tu ciing ¢6 y € Bly;. 1) C V)

Bai tap 3.1.10. Cho (X, A} 13 Khong gian do duge, ¥ la khong gian
métric kha li, F: X = Y 13 4nh xa da tri sao cho F~1{C) € A véi moi
tip dong ¢ ¢ Y. Ching minh rdng F' 4 4nh xa da tri do duge (theo Dinh
nghta 3.1.2). (Ggi §: Cho V C Y 1a 13p md. Do khing dinh & bai tip
3.1.9, ta cé thé biéu dién V dudi dang

. .
U Bly;. ;) (7 > 0 véi moi §).

Khi d6,
FAVy= | F ' (Bl )

=1

Dinh nghia 3.1.3 (Lt cit). Anh xa don tri f : X — Y thda man diéu kién
flz) € F(z) véi mot x € X duoc goi 1a mot ldt cdr ca F. Néu f 1 dnh xa



82 3. Tich phan ciia dnh xa da tri

do dugc, thi ta néi né 1a mot lar cdt do duge cha F. Néu X 1a tap con trong
khong gian dinh chufn va néu f la 4nh xa lién tuc hodc Lipschitz dia phuong,
thi ta néi né 12 mot ldr cdt lién tuc hoac ldt cdt Lipschitz dia phuong cia F.

Dinh Iy 3.1.1 (von Neumann, 1949). Cho (X, A) la khong gian do duoc, Y la
khong gian métric da, khd li, va F 1 X 3 Y la dnh xq da tri do duce, cé gid
tri ddng, khdc rong. Khi do, t6n tai ldt cdt do dwge f . X - Y cia F.

Chitng minh, Gii sir
Yo={yi :ie N}

1a mot tdp con dém dugc tri mat trong Y. Ta sé xay dimg diy dnh xa do duge
fe: X =Y (k=0,1,2,..)

nhan gia tri trong ¥; sao cho f; hoi tu theo diém dén mot 14t cat f cta F khi
k — co. Do két qua & Bai tap 3.1.3, tir d6 suy ra ring f la lat cit do duge cin
tim.

Véi mdi x € X, gia sit i = i(z) 14 s6 tu nhién nhd nh4t sao cho

(L.1) F(z) N Bly;,1) # 0.

(Vi Yp 1a trl mat trong Y, vOi moi y € Y v véi moi ¢ > 0 t6n tai i € IV sao
cho y € B{y;,€). Vay tap hop céc chi s6 ¢ € IV thdéa mian (1.1) 12 khic réng.
Hién nhién trong tap d6 c6 phan ti nho nhit.) Ta dat

(1.2) folx) =y VzelX,
& d6 i = +(z). Anh xa fo 1 do duge. That vay, véi moi i € IV,

fu_l(yl-) ={zeX : F(z)n B(y,1) # 0}
MzeX: F(x)ﬂB(yj,l)ZG vi=1,2,...,4—1}

i1
= FrBe, N (00 U P8 1)
i=1

1a tp hop thudc .4 do F 12 dnh xa da tri do duge. Véi moitadp mé V C Y, tir
d6 ta suy ra ring

Frvy= U it

ic{j y €V}

1a tap hop thuge A. Diéu d6 chitng to ring f 1a dnh xa do duge. Déi véi fi.
do (1.1} va (1.2) ta ¢cdn cé

(1.3) d(fo(z), F(z)) <1 VYxeX.
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Gia sir ta d3 xay dyng dugc diy hitu han céc 4nh xa
fo XY (k=01,...,m)
nhin gid tr trong Y{ sao cho

(1.4) d(fe(z), F(z)) < 27% (vz e X, vk e {0,1,...,m})

n

va
(1.5)  d{filz), fer(2)) < 27%1D (v e X, Vke {0,1,...,m - 1})

D6i v6i m = 0, vi (1.3) nghiem diing nén ta c6 (1.4). Tinh chét (1.5) duge théa
mén vi lic nay t3p chi s6 {0,1,...,m — 1} 1a rbng. Véi mdi ¢ € IV, ta dat

Si={z€X : fu() =)

(s o)
Céc tap {Si}ieav 12 doi mot khong giao nhau, va ta c6 X = | | S.. Do (1.4),

i=1
(1.6) @) By, 2 ™) £0 VoS,

CG dinh diém z € X va chon i € IV sao cho = € ;. Ky hiéu bdi j = j(z) s6
tu nhién nho nhat sao cho

(1.7) [F(x) 1 By, 27™)] N Bly;, 27H) # 0,

Do (1.6}, s6 ty nhién j = j(x) nhu vay 13 t6n tai va duy nhét. Dat f,.1(z) = y;.
Khi dé, 1ay y 1a mot phdn tir thugc tap hop & vé trdi cta (1.7), ta cé

d(fm.(ir): fm+l($)) = d(y.,', yj) € d(y‘i}y) =+ d(yj:y)
<27 4 g-{m+1)
< 2mlm-1)

Ngodi ra, tir (1.7) suy ra rang
d( fns1(2), Fx)) < 27(m+1),

Vay ta da x4y dung duge dnh xa do duwoc (xem Bai tap 3.1.10) froi1: X - Y
nhan gid tri trong Yj sao cho (1.4) va (1.5), v6i m dugc thay bdi m.+ 1, nghiém
ding.

Tu (1.5) suy ra ring, v&i moi z € X, day {fi(z)}rcv 1a diy Cauchy. That
vay, theo (1.5) ta ¢

N fevp(z), frlz))
% d(fk+p($): fk+p—1(~"‘3)) + d(fk-{—p-l(z)! fk+p—2(3’))

(1.8) +o+ d{feri(3), felz)
g 2-tkip=2) 4 o—(k+p=3) | | 9-{(k-1)

g 2—k+2
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véimol k € IV v p e IN. ViY 13 khong gian métric du, nén ton tai gidi han
j\lim fe(x) € Y. Ky hiéu phan tir gidi han d6 13 f(z). Tir (1.8) suy ra rang day
o—

{fi} hoi tu déu dén f. Cho k = m va ldy gi6i han trong bat dang thic & (1.4)
khi m — oc, ta nhan dugc

d(f(z), F(z))=0 VvzelX.
Vi F(2) 12 1ap déng v6i moi = € X, tir d6 suy ra
flzye F(z) vzelX.
Vay f la ldt cit do duge coa F1. [

Bai tap 3.1.11. Chuing minh rdng dnh xa {41 duge xay dung trong chiing
mink trén 13 do dugc. (Ggi ¥: Lap luan tuong ty nhu khi ching minh fo
13 4nh xa do duoc.)

Bai tap 3.1.12. Hay chi ra mot vai it cdt do duge khic nhau coa
a) anh xa da tri F trong Vidu 3.1.4,
by dnh xa da tri F: R™ = IR™, n 2 2, dugc cho b cong thiic

Flz) = 0p(z) (zeR"),

& d6 dp(x) ky hiéu dudi vi phan clia ham 160 p{u) = |[u| tai diém x.
(K¥ higu mién x4c dinh ciia F bdi X va 14y A 14 ho cic tp con do duce
theo Lebesgue ciia X )

Trong chimg minh ctia Dinh 1y 3.1.1, c4c gia thiét sau dd dugc si dung triét
dé:

(i X 12 khong gian métric kha Ii,

(31) X la khong gian métric du,

(iii) F 12 dnh xa do duo,

(iv) F 1a 4nh xa c6 gié tri dong, khic réng.

C. Castaing’ da phat hién ra ring néu cic diéu kién (i)-(iv) duge thda min,
thi ching nhitg tén tai mét ldt cdt do duge nao dé cha dnh xa da tri F, ma con
ton tai mot ho dém duge cde Idt cdt do dwge { fi brev cla F' sao cho

(1.9) F@)={fle) ke N} (vzeX)

Nhu vy, véi mdi = € X, tap gid tri {fi{x) : k € IN} cha cdc 14t cat Ia rru
madt trong tap F(z). Khi tinh chat (1.9) nghiém ddng, thi ngudi ta néi {4} 1a

TCharles Castaing 13 nha toin hoc Phép géc Viet, gido su todn hoc & Université de Monipellier
11 {(Montpellier, Phdp), thanh vién Ban c6 van cda 1ap chi Acta Mathematica Vielnamica.
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ho dém dupc cdc ldt cdt do duoc trt mgrS;, xem Aubin va Frankowska (1990},
tr. 310,

Binh 1y sau day vira chi ra sy t6n tai ho dém duge cac 1at cit do dugc trit
mat cia dnh xa da ui do duge, vira khing dinh ring tinh chat d6 ciing dic trung
cho tinh do dugc cla cdc 4nh xa da tri. O day ciing s& ching t6 réng ta c6 thé
dac trung tinh do dugc clia 4nh xa da tri théng qua tinh do duge ho ham khoang
cach

r—d{y, F(z)) (yeY).

Dinh 1y 3.1.2 (C. Castaing, 1967). Cho (X, A) la khong gian do dugc, Y la
khéng gian métric di, khd li, va F : X =Y la dnh xa da tri c6 gid wri déng,
khdc rong. Khi do, cdc khdng dinh sau la twong duong:

(a) F' la dnh xa da tri do duoc;
(b) Ton tai mot ho dém duge cde ldt cdt do duge i mat {fitkew ctia F;
() Voimbiy €Y, ham 56 x v d(y, F(z)) la do duoc.

Ching minh. (a) = (b). Gid sit Y5 = {y; : i € IV} 12 mot tap con dém duge

tramat trong Y. Véimbi k€ Nvaie N taxétdnhxadatri F: X 3Y
cho bdi cong thirc

F- L, —
() {F(;r) trong trudmg hgp con lai.
(Ta thdy rang F; ;. 1a dnh xa cat gon cla F. D€ § thém ring ban kinh cta cdc

hinh cdu B(y;, k') cang nhé khi k cing lon) Réring Fip : X = Y, § d6
Fia(x) := F,x(z), 12 4nh xa da trj ¢6 gid tri déng, khdc réng, va

Figlz) C F{z) VYxeX.

Ngoi ra, Fi ; 12 dnh xa da tri do duge. Thit vy, gia st V C Y 12 thp md bat
ky cho truce. Vi
FHV)y ={zeX : Bia)nV £4)
={reX : Fi{z)nV £@}
={x € X : Fz)n(Bly, k)N V) #0)
U{(X \{z € X : F(z) 0 By, k™) £ 0})
N{zeX : F(r)ﬂV#@})
= FH (B k™) 0 V) U (X \ F-H(Bys, k™) n F-1(V))

*TNTA: dense countable family of measurable selections.
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va F 1a do duge, nén F;!' (V) € A. Diéu d6 ching 5 rang F; 12 4nh xa da
tri do dugc. :

Theo Dinh ly 3.1.1, F‘,-‘k c6 14t ciit do duge fip 0 X — Y. RO ring
{fiatikyem < 1a mdt ho dém duge cac lat cit do duoc clia F. Ta sé ching
minh ring

(1.10) Fir@) - k) ENx N} =F(z) VzeX.

Lay thy ¥y 2 € X, y € F(z), vd £ > 0. D€ thu dugc (1.10), ta chi cin ching
minh riang
(1.11) (i k) € IN x IN sao cho fix(x) € By, 2).
Chon k € IV sao cho k7! < £/2 va chon i € IV sao cho d{y, %) < k=t Khi
dé, viy € F(x) N Bly;, k1), nén F(2) N Bly;, k') # 8. Do vay,
Fip(z) = F(z) N Blyi, k™).

Vi fi(r) € Fii(z), tir d6 ta c6 fin(z) € By, k') Vay

d{fix(x),y) < d(finlz) yi) + dyi )

< k=l gt
<e,

va ta co (1.11).

(b) = (). Gid st {fr}repy Mot ho dém duoc cdc 14t cit do dugc tri mat
cha F. Liy tly y y € Y. V&i mbi k € IV, xét ham s6 z — d(y, fi(z)). Vdi
moi ¢ € IR, tap hop

Xoi={ze X :dy filz)) <a} ={zeX : filx) € Bly,a)}
= f7H(B(y,a))

thuoe A. Diéu d6 chimg t6 ring, v6i mdi k € IV, d(y, fi(-)) 12 him s5 thyc do
duge. Vi vay, theo Dinh 1y 1.14 trong Rudin (1987), ham s6

z v inf d(y, fi(2))
12 do duoc. Do (1.9) ta ¢6
kiglzlig\f d(y, fr(z)) = d(y, F(z)).

Suy ra him s6 =~ d{y, F'(x}) 1a do ducc.
{c) => (a). Gia sk ring v6i mbi y € ¥ ham s6 = — d{y, fi(z)) 1a do dugc.
Khi d6, véi mbi @ € Rtacé {x € X : d(y, F(x)) < a} 1a tap do dugc. Vi

{ze X :d{y, F(z)) < a}

={zx € X : Fz)NB{y,«) # 0}
= F-1Y(B{y, &),
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nen F~'{B(y.a)) € A. Cho truéc mot tap m& ty ¥ V C Y, sir dung két qua
& Bai tap 3.1.8 ta cho thé biéu dién V.duéi dang

o

V=) Bly,7) (1, >0 véi moi j).
i=1
Khi dg,
Py = F B, )
j=1

la tip do duge. Viy F' 1a dnh xa da tri do duge. O

Bai tap 3.1.13. Hay kiém ching khang dinh (a) = (b) clia Dinh 1 3.1.2
doi vdi cdc dnh xa da trj trong Bai 1dp 3.1.12.

Bai tap 3.1.14. Xét dnh xa da tri F trong Vidu 3.1.1 vi ldy y = —3, V&
¢4 thi cha ham s6 = — d{y, F(x)). Gidi thich tai sac ham s§ dé 1a do
duc.

Bai tap 3.1.15. Khéng sir dung Binh 1y von Neumann, hiy dua ra chimg
minh trye tiép cho khing dinh (a) < (c) clia Dinh 1§ 3.1.5. Chimg minh
d6 ¢6 cdn dua vao cdce gid thiét

(i) X 1a khong gian métric khd li,

(i) X 13 khong gian métric di,

hay khang?

Nhan xét 3.1.2. Su t6n tai ching minh tryc ti€p khd don gidn cho khing dinh
(a) < (c) cla Dinh 1y 3.1.2 cho th&y ring viéc sit dung ham khodng cich’ 12
mét k¥ thuat hiéu qua giip chiing minh su wwong duong giita (a) va (b).

Phin cudi cta muc ndy dugc danh dé ching minh Pinh ly dic tnmg cho
dnh xa da tri do duge. Ngodi su tuong duong (a) <> (b) < (c¢) di thu duge &
trén, cdc dic tnmg khdc s&€ dugc chilng minh dudi gia thist phu (khd ric roi!)
sau day: A la o-dai sd tuong g vér mot do do dwong, o-hitu han i cia X, va
A lg p-ci. (Trong Dinh 1§ von Neumann va Dinh ly Castaing, A 1A mét o-dai
sO tuy y cua X.)

Dinh nghia 3.1.4 (D3 do; khong gian ¢6 do do; do6 do dli; d¢ do o-hitu han).

“1lam khodng cich chinh 13 mot dang ham gid tri t6i wu (ham marginal) déng vai trd guan
trong trong moL sd chimg minh va cdu trde todn hoc. Cho dén nay, cic tinh chit vi phan cia him
khoing cdch vin 1a d&i tugng dude ngudi 1a quan tam nghién ciiu; xem Mordokhovich va Nam
(2005b, 2006) vi cdc 1 lieu duge trich din trong dé.
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1. Anh xa p: A — |0, +oc] duge goi la mot d6 do diong trén o-dai s6
A néu véi moi ho d€m dugc cic tap doi modt khong giao nhau { A }eepv, 0 d6
A e Avoimoi k€ IV, tacé

1 (U AL—) = Z 1(Ag).

kel kelV

2. Tap X véi o-dai 56 A va do do duong p trén A (hay bo ba (X, A, u})
duoc goi 13 khong gian ¢ dé do'°.

3. Ta ndi p 1a o—hitu han néu X 1a hop cua mot ho d€m duge cic tap cd
do do hiu han.

4, Néu v6i moi A € A théa man p(Ad) = 0 va véi moi A’ C A ta c6
A’ € A, thi ta ndi ring o—dai s6 A 1a p—di (ic 1a du theo dé do p).

5. Bo ba (X, A, ) duoc goi 1a mot khong gian cé do do di, o-hitu han"*
néu x 1a do do duong o—hiu han va A la p—di.

Vi du 3.1.2. Cho X = IR", A I3 o—dai s6 cac tap con do dugc theo Lebesgue
cha IV, 11 1a @9 do Lebesgue trén IR". Ta cé (X, A, ) 12 mét khong gian co
do do du, o-hitu han.

Cho {X,.4) 1a khong gian do duge, Y 1a khong gian métric. Nhu da quy
udc tir ddu muc ndy, B k¥ hiéu o—dai s6 Borel clia Y. Ta xét o—dai s6 sinh ra
boi ho tap

(1.12) {(AxBCXxY :Ac A BeB},

vi k¥ hiéu né b&i A @ B. Nhu viy, A @ B la o-dai s6 nho nhdt trong X x Y
chia ho tap (1.12).

D¢ chitng minh Dinh 1§ dic trung, ching ta phai dya vao hai bé dé sau.

B¢ dé 3.1.1 (xem Castaing va Valadier (1977)). Cho (X, A, u) la khong gian
¢6 do do di, o-hitw han, Y la khéng gian métric di, khd li. Néu M € AQ B,
thi

pry(M):={zre X :JyeY, (z,y) € M}

la tdp thuge A. (Hinh chiéu lén X cuia mot 1dp do duoc theo AR B la do duoe
theo A.)

Bé dé 3.1.2. Gid sit (X, A) la khéng gian do dwoc, Y va Z la hai khong gian
métric khd li, g : X x Y — Z la dnh xa Caratheodory (diéu d6 ¢6 nghia la véi
moi y € Y dnh xa g(-,y) la do diwgc, va véi moi x € X dnh xg g(x,-) la lién
tuc). Khi dé g la do dwoc theo AR B.

'“TNTA: measure space; xem Rudin (1987), tr. 16.
"TNTA: complele ¢-finilc measure space.
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Chiing minh. Ta chi cdn chiing minh ring t6n tai ddy 4nh xa
X xY -2 (ke NN)

do dugc theo A ® B va hoi tu theo diém dén ¢ (xem Bai tap 3.1.3). Gia sit
{yi i € IN}1atap di€m dém duoc tri mat trong Y. Gid sit (z.¥) € XxY. Véi
méi & € IV, ky hiéu ¢ = i(k) € IN 1a chi s6 nhd nhat sao cho y € By, k1)
hay, hoan toan twong duong,

(1.13) yi € Bly, k7).
Ta dat
g.(z,y) = g(z, vi).
Do (1.13} va do tinh lién tuc cla 4nh xa g(x, ) ta 6
lim gi(z,y) = lim g(e, ) = g(c,y)
hk—oc k—s0C

véi moi (2.y) € X x Y. Ta chi con phai ching minh ring g, 12 do duge theo
A B, Dit

Yik = By, k (U (y;. & l)-

Vi{yi 7€ IN} 1 tri mat trong Y, nén t
o

(1.14) UY=Y
i=]

RO rang Yip € B véimoi (7, k) € IV x IV. Ngoai ra,
ﬂk(l'.‘y) = Q(xsyi) V(‘Lvy) € X x Yri‘k.-

Diéu dé ching 6 ring gy 1a do duge theo A @ B. That viy, giasu W C Z 1a
tAp md tiy y. Ta co

g ' (W) = o) € X XY gilw,y) € W}

U{(f y) € X xYip o gle,y) € W)
=1

= (v W) x vii)

g

-
Il
—_

atap thugc A B. O

Dinh ly 3.1.3 (Characterization Theorem - Dinh ly dic trung; xem Aubin va
Frankowska (1990), tr. 310). Cho (X, A, i) la khong gian 6 dg do di, o-hitu
han, Y la khong gian métric di, khd li. Cho F : X =Y la dnh xa da tri cd
gid tri ding, khdc rong. Khi dd, cdc khdng dink (a), (b), (c) trong Dinh y3.1.2
va cdc khdng dinh sau la twong duong:
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(dy gph I € A3 B;
(e) F~YC) € A véi moi tdp dong C C Y;
(fy #=1(B) € A vdi moi tdp Borel B € B.

Chiing minh. Do {a) < (b) < (¢), dinh 1y s& dugc ching minh néu chiing ta
chitng 16 duoc ring

() = (&), (&) = (a), (@)= (¢}, (&)= (d), )= @

(T4t nhién ta khong cdn chiing minh khang dinh (a) = (c) nita.)

() => (e). Hién nhién, vi moi tap déng 14 tap Borel.

{e) = (a). Khing dinh nay da dugc thiét 1ap trong Bai tap 3.1.10.

(¢) = (d). Gia sit ring v6i moi y € Y ham s6 d(y, F'(+)) 1a do dugc. Vi F
¢6 gid tri déng, khdc rong, nén ta c6

(1.14) gph F = {(z,y} € X xY : d{y, F(z)) = 0}.

Vi véi méi z € X ham s6 d(-, F(z)) 12 lién tuc, nén 4p dung BS dé 3.1.2 cho
trudng hop
glz,y) = dly, Fz)) Y(z,y)e X xY

ta suy raring ¢ : X x ¥ — IR 1a do duge theo A@B. Do (1.14),

gph F' = g~ ' ({0}).

Theo khing dinh b) & Bai tap 3.1.7, tacé gph FF € A® B.
(d} = (f). Gia st ring gph F € A® B va gid st B C Y 1a tap Borel bét ky.
Dé thdy ring
F~1(B) = pry(gph F N {X x B)).

VigphF e A®Bvi X x Be A® B, tirdé 1acé F'(B) € A theo BS dé
3.1 O

Dinh 1y dic trung cho ta hé qua sau day vé sy tuong duong gida tinh do
duge (con goi ka tinh do duge yéu) va tinh do dugc manh cia dnh xa da tri.

Hé qua 3.1.1. Cho X = R", A la o—dai 50 cdc tdp do dugc theo Lebesgue
ciia IR, i lg do do Lebesgue trén R™. Cho Y la khdng gian métric di, khd
fi,va F - X =Y la dnk xa da tri ¢é gid tri dong, khde réng. Khi d6, F la do
ditoc ki va chi khi F=1(C) € A véi moi tdp déng C C Y.

Rai tap 3.1.16. Cho X = R", A la o—dai s8 cic tap do dugc theo
Lebesgue cta 37, 2 12 do do Lebesgue wén F™. Cho Y la khong gian
métric di, kha li, va F: X =3 Y l1a 4nh xa da tri ¢6 gia tri dong, khdc
rong. Chimg minh rang:



3.2. Tich phdn Aumann g1

a) Néu F' 12 nira lién e dusi & trong X, thi F 13 4nh xa da tri do dugc;
b} Néu F' i nia lién tuc trén & trén X, thi F 14 dnh xa da tri do dugc.
{Ggi y: Laru ¥ réng F 1A nira lién tuc dudi & trong X khi vi chi khi anh
ngude clia mdi tap md trong Y 14 tap md trong X, F 12 nita lién tuc frén
@ trong X khi va chi khi dnh nguoe clia mdi tap déng trong Y 1A tap déng
trong X. Ap dung He qud 3.1.1 g€ ching minh khing dinh b).)

Nhan xét 3.1.3. C6 nhiing dnh xa da tri 12 do dugc nhung khéng la nia lién e
trén hodc nira lién tuc dudi tai bat e diém ndo thugc mién xdc dinh cla né. Vi
du, F': IR = IR cho bdi cong thic f(z) = {0} néu z € Q va f(z) = {1} néu
£ d Q.

Két hop céc khang dinh néi trong Bai tdp 3.1.16 véi Dinh 1y 3.1.1 (t.w., v6i
Dinh 1y 3.1.2) ta c6 két luan vé sy t6n tai 14t cit do duge (ta., vé su tén tai mdt
ho dém duoc trll mat céc 14t cit do duge) clia 4nh xa da tri nia lien tyc trén,
hoidc nira lién tyc dudi. Thee cdc thudt ngit clia muc tiép sau, néu Y 1a khong
gian Banach kha li, thi ta c6 thé Idy tich phdn dnh xa da tri nia lién e trén,
hodc mia lien we dudi trén cdc tdp do dwoc trong X = IR,

3.2 Tich phan ciia 4nh xa da tri
Trong sudt muc nay, (X, .4, u} 12 mét khong gian ¢6 do do dii, o—hitu han, va
Y la khong gian Banach kha 1i'2.

Ta sir dung ky hiéu L'{X.Y,u) dé chi tap hop cdc 4nh xa don tri do duoc
kha tich tir X vao Y, uic 1a

DG = {£:X =Y 5 1 a0 duoe, [ 11(@)ldu < oo,
X

Gia sit F': X =3 Y 1a dnh xa da tri ¢6 gid tri déng, khdc rong. Ta k¥ higu

1dp hop cdc lat cdt khd tich cha F boi F:
F={felL'(X;X,p) : f(z) € F(z) hiu khdp tren X}
Ta n6i F' Y gidi noi khd tich'® n&u tén tai mét ham v € LYX; IR, 1) sao cho
F(z) C v(z)By hau khip trén X.

Néu £ c6 tinh chdt dd, thi mbi lat cit do duge cha F 1 mot phén tir thuéc tap
F.

Trutmg hop hay duoe xét nhét v c6 nhiéu ing dung nhat 12 X = /", 412 o-dai s6 gém
cdc tp con do duge theo Lebesgue cia I°, u 1a d6 do Lebesgue trén ™, cdn ¥ = R™ 3
khong gian Euclide hitu han chigu; xem Clarke {1983). 1r. 111.

"TNTA: intergrably bounded.
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Trude khi dinh nghia tich phan clha 4nh xa da tri, chiing ta cdn nhac dén

phép ldy tich phdn ciia cdc ham nhgn gid tri vécto'®,

Binh nghia 3.2.1 (xem Rudin (1991), tr. 77). Giasu f: X — Y la anh xa do

dugc sao cho vai mdi y* € Y* him s6 y* o f cho bdi cong thifc

(2.1) (v o N)x) = (5", fle)) VaeX

1a kha tich 15 Néu t6n tai vécto y € Y sao cho

W) = [ e N v ey
thi ta n6i tich phdn cua [ wrén X theo do do u bdang vy, va vigt
(2.2) y= fX fds

D¢ thay ring khong thé ¢ nhiéu hon mot phidn tir y thoéa min (2.2). Vay
tinh duy nhit cia tich phan ca ham nhan gi4 tri vécto 1a hién nhién. Néu X 1a
khong gian t6po, A chira o—dai s6 Borel ciia X, f: X — Y 1a him Lén aic, va
f(X) C Y 1a 1ap compic, thi tén tai tich phan {2.2); xem Rudin (1991), tr. 77.
NeuY=R"vaf=(f1,-... fm), thi tif dinh nghia trén suy ra ring tich phan

(2.2) 16n tai khi va chi khi méi ham f; (i = 1,...,m} la kha tich. Khi dé6 ta c6

(2.3 [ gan = ( [ nt@au.. [ fm(I)d#)-

D6i v6i cic ham vécto nhan gid tfi trong khong gian Banach hitu han chiéu,
ngudi ta thudng ldy cong thic (2.3) 1am dinh nghia tich phan f fdyu.

Dé dinh nghia tich phan clia 4nh xa da tri, R. J. Aumann dé nghi goi tap
hop cdc tich phdan cita cdc lat cdt do duoc khd tich cua F 13 tich phan coa F.

Dinh nghia 3.2.2 (R. J. Aumann, 1965). Tich phin fx Fdy cha dnh xa da tri
do duoc F': X 3 Y 12 tap hop cdc tich phan clia cdc 14t cit do duge khd tich
caa F:

(2.4) /}{de::{/xfdp:fef}‘

Viy [y Fdp 12 mét tap con clia Y.

"TNTA: vector-valued inlegration.
“Neu f e F,.thi f co tinh chat dé.
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Bai tap 3.2.1. Cho X, A va F nhu trong Vi du 3.1.1. Cho 4 12 d6 do
Lebesgue trén doan [—1,2]. Tinh tich phan / Fdp. (Goiy: Véi mbi
J e Fracé f(z) e F(z) véi moi x, ngoai lr&X:r € Xy, 6d6 X 12 mot
tap ¢6 do do 0. Dat f(:r) = f{x) véi moi z € (X Ay X;) va chon tiy
¥ flz) € F{x) véi » € X;. Do rge F 1a gidi ndi, nén f € F vi ta c6

. f(r) du = / Flx)du. Vi vay, trong cong thifc (2.4) chi cin xét cdc

X
latcdt f € F ma f(z) € F(x) véi moi = € X. K¢ hiéu tap cdc [4t cit
d6 boi Fo. DE y rang f € Fo khi va chi khi tén tai o € [~1,1] sao cho
flzy=-1n8uz <0, f(0) =a, flz) = 1 nfuz > 0. Tird6suyra

_/XFd,u:{l}.}

Tich phén cta dnh xa da tri ¢é nhiéu tinh chét thd vi, trong d6 c6 mot s6
tinh chit tuong ty nhu trong trudng hgp tich phan cla cdc ham s6 thuc.

Ménh dé 3.2.1 (xem Aubin vi Frankowska (1990), tr. 327). Gid s F} : X =2
Y (i =1,2) la cdc dnh xa da tri cé gid tri dong, khdic réng. Dat

G(z) = Fi(z) + By(x).

Khi dé, cdc tinh chat sau nghiém ding:

(i) Véi moi A € R, / (AF)dp = ,\/ Fdy;
X X

(ii)/EFd,u:E/ Fdy;
X X

(iii) Véi moi p € Y™,

SUP{(Pay) : yG/XFd;u}=[XCF(p,$)du,

¢ do Cp(p,x) = sup{{p,y) ' y € F(z)} la ham tua cda F,

(iv)/ Gd,u:/ Fld;_a—i—/ Fydy.
X X X

Dinh nghia 3.2.3. Tap A € A duge goi 12 mot nguyén 1'% cia 46 do p néu
i{A) > 0 va véi moi A" C A4, u(A’) hodc bing 0 hojc bing u(A). Do do u
duge goi 1a khong 6 nguyén ur'’ néu p khong chita cdc nguyén .
Vi du 3.2.1. B9 do Lebesgue trén " A d do khong 6 nguyén tir.

- ™I'NTA: atom.
"TNTA: nonatomic.
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Nhic lai ring diém w € K dugc goi 13 diém cuc bién'® cia tap 16i K trong
mot khong gian dinh chudn néu khong t6n tai v,v € K va A € (0,1) sao cho
= (1 — Ayu+ An. Tap cdc diém cuc bién cia X duge ky hiéu 13 extr K.

Sau diy 1a mot két qud vé tinh 16i cla tich phan Aumann.

Binh Iy 3.2.1 (R. J. Aumann, G. Debreu va C. Olech; xem Aubin va Frankowska
(1990), w. 329, 419). Cho F : X =3 ™ Ig dnh xa da tri do dwoc o6 gid tri

dong, khdc réng. Néu p la do do khong cd nguyén n, Ihf/ Fdu la 1dp l6i va
X

extr (0_6/ Fd,u) C/ Fadp.
X X

Ngodi ra, néu F con la gioi ndl khd tich, tk:/ Fdp la 1dp compdc.

Ching minh cda dinh 1y ndy (xem Aubin va Frankowska (1990), . 333-
340) dya vao dinh ly sau day vé tinh 16i cha tap hop cdc tich phan cla ham
vécto kha tich theo cde tap do duoc thuec A.

Pinh Iy 3.2.2 (Lyapunov’s Convexity Theorem - Dinh 1y clia Lyapunov vé tinh
16i). Gid st rdng w la do do khong ¢6 nguyén tva f ¢ INX;IR™, ). Khi

da, tdp hop
v(A) = {/ fd;_t}
A AcA

la 1dp con I6i, compdc trong ™.

Trong Dinh 1y 3.2.1, néu thay cho " ta xét mot khong gian Banach vo han
chiéu Y, thi chua chic tich phan / Fdu da 1 tap 16i. Tuy thé, bao déng cia
né 13 tap 18i. Cu thé la ta ¢6 dinh I)){z AT

Pinh 1y 3.2.3 (J. J. Uhl, F. Hiai va H. Umegaki; xem Aubin vd Frankowska
(1990), tr. 330, 419) Cho Y g khéng gian Banach khd li, F : X 3 Y la dnh
xa da tri do diwgc ¢é gid tri déng, khdc réng. Néu p la do do khong co nguyén
tit, thi

(1) / Fdyi ladp 1o

(ii)-/-Fd,u:E/ Fdyu;
X X

(ii1) Néu y € extr (f Fd,u), thi phdn nt [ € F thda mdn / fdu=1yla
X X

duy nhat;

'STNTA: extreme point.
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(iv) Néu F la dnh xa da tri gici ngi khd tich, thi

/EF({#:/ Fdyu.
X X

Chang minh cla dinh 1¥ ndy c6 thé xem trong Aubin va Frankowska (1990),
tr. 340-342.

Bai tap 3.2.2. Xét dnh xa da tnn F: JR = R cho bdi cong thitc

I(x) = co{sinz,cosx}.
a} Chiing minh I [& do duoc, gidi ndi kha tich trén [0, 2x].

2
b} Tinh tich phan / Fody.
0

{(Got ¥: F la dnh xa da tr lién tyc vA pidi ndi wén [0,2x]. Theo Pinh Iy
i

3.2.1, Fdy 13 161, compéc. V& tap gph F' truGe khi tién banh tinh

Q
2w

win. Ké! qud: Fdu=3v2)
0

3.3 Lat cat lién tuc va lat cit Lipschitz

Binh 1y sau day dua ra diéu kién di dé dnh xa da tri nita lién tuc dudi cé 14t cit
lién tuc.

Dinh 1y 3.3.1 (E. Michael, 1956). Cho X la khéng gian métric compéc, Y Ia
khdng gian Banach, F : X =2 Y la dnh xa da i nita lién tue dudi, cé gid tri
l6i dong khdc rong. Khi dé F ¢6 ldt cdt lién tuc.

Ching minh cla dinh 1y trén ¢6 thé xem trong Aubin v Frankowska {1990),
tr. 357, hoic trong Chieu (2004). Trong Binh 1y 3.3.1, gid thiét vé tinh compic
cha khong gian métric X c6 thé bd di duge (xem Zeidler (1986), tr. 466).

Anh xa da tri nla lién tuc trén, c6 gid tri 16i déng khic réng, tir mot khong
gian métric compéc vao mot khong gian Banach chua chic di c6 14t cat lien tuc.

Bai tap 3.3.1. Cho mot vi du cu thé d€ chimg (6 ring 4nh xa da tri nira lien
tuc trén, c6 gid tri 16 déng khic rdng, tir mét khong gian métric compic
vao mot khong gian Banach chua chic di cd 14t cét lien tuc. (Gei ¥:
bat X = [-1,1] vA xét 4nh xa da tri F : X = IR cho bdi cong thic
Fla) = {~1} v6i moi x < 0, F(0) = [-1,1] vd F(z) = {1} véi moi
x =0
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Dinh nghia 3.3.1. Cho X la khong gian métric, ¥ 14 khong gian Banach.
a) Ta néi 4nh xa don tri f: X — Y l1a Lipschitz dia phuong néu v6i moi
Zc X téntai & > 0 vd £ > 0 sao cho

Nf(z) = f(z)|| € td(z’,z) Vz,z’' € B(Z,9).
Néu t8n tai £ > 0 sao cho
f{z") — f(z)|| € d(z’, z) Vr, o' € X

thi F' dugc goi 1a dnh xa Lipschitz trén X,
b) Ta néi dnh xa da tri 7' : X = ¥ 12 Lipschitz dia phuong néu véi moi
F €& X ton tai § > 0 va £ > 0 sao cho

F(£'Y € F(x) + fd(z’,z)By Va',z € B(z,0).
Néu tén tai £ > 0 sao cho
F(z'y C F(x)+ td(z',z)By Vi',z € X,

thi F dugc goi 1a 4nh xa da tri Lipschitz trén X.

Dinh 1y sau day ban vé sy ton tai 14t cit x4p xi clia dnh xa da trj nia lién
fuc trén.

Binh Iy 3.3.2 (A. Cellina; xem Aubin v2 Frankowska (1990), tr. 358-360). Cho
X 1& khong gian métric compdc, Y 1a khong gian Banach, F : X 3 Y la dnh
xa da tri nita lién tuc trén, cé gié tri 16i khdc réng. Khi dé, t6n tgi dnh xa don
tri Lipschitz dia phuong f. : X — Y sao cho

gph f: C B(gph F¢)
va
fe(x) € co(rge F),
é dé d((z,y), (z',¥)) = max{d(z,z'), ||y — ¥'ll} va

B(gph Fe) = {(z,y) € X x Y : d((z,y),gph F) <¢}.

Trong Dinh 1y 3.3.2, gia thiét vé tinh compéc cua X c6 thé bd di dugc (xem
Aubin va Frankowska {1990), tr. 358).

Nhiéu tac gid 43 sit dung Dinh Iy Michael v& sy t6n tai 14t cit lien tuc dé
nghién ctfu s t6n tai nghiém clia bat ding thiic bién phan suy rong va cha céc -
bai todn can bing. Diéu thd vi 12 ta c6 thé sir dung Dinh Cellina vé sy ton tai
clia l4t cét x4p xi Lipschitz dia phuong dé chimg minh dinh iy t6n tai nghiém
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cho bt dang thic bi€n phan suy rong véi todn nt da tri nita lién wc frén'.
Néu dé ¥ thém rdng néi chung dudi vi phan clia cdc ham 18i (vi du nhu Sp(-)
& dé p(z) := ||z||, z € IR™) va dudi vi phan Clarke clia cdc ham Lipschitz dia
phuong * thutmg chi 12 dnh xa da tri nia lién tuc trén, khong 13 nia lién tyc
dudi, thi ta cang thdy sy cin thiét cta Dinh 1y Cellina.

Vi du 3.3.1 (xem Chiéu (2004}, tr. 23). bat X = It vh xét dnh xa da tri
F: X — IR cho bdi cong thic F(z) = {0} véi moi z < 0, F(0) = [0,1] va
Fxz)= {1} véi moi > 0. Tacé F 1 nira lién tuc trén & trong X. Ngoai ra,
F c6 gia trj 161, compéc, khdc réng. Mac do F khéng cé 1at ¢t lién tuc, nhung
vin ¢6 14t cat xdp xI Lipschitz dia phuong véi 6 chinh xdc Wy y. That vay, véi
méi ¢ > (), dnh xa don tri Lipschitz

néu :t:g—%s
néu —%5<a:< %E‘
néu x;%s

ot
o~
=
e
|
=iy =
51
+
Kl

12 mot 14t cac xdp xi cha F vdi do chinh xdc €, béi vi gph £ C B(gph F,¢).

Jph F

Hinh 14

Dinh 1y sau day dua ra diéu kién di cho sy tén tai 14t ¢t Lipschitz.
binh Iy 3.3.3 (xem Aubin va Frankowska (1990), tr. 372). Che X la khong-
gian métric va F : X =3 IR™ a dnh xa da tri Lipschitz cé gid tri 16i dong khdc
rong. Khi do, F c6 1t cdt Lipschitz,

Chimg minh cia dinh 1y niy ¢6 thé xem trong Aubin vA Frankowska (1990),
hodc trong Chiéu (2004).

“Xem Kien, Yao va Yen (2007).
*Xem cong thic (4.3) va Nhan xét 3.4.1 dudi day.




98 3. Tich phén cua dnh xa da tri

3.4 Tich phan Aumann cua anh xa duéi vi phan Clarke

Cdc két qua trinh bay trong muc nay thugc vé Nguyén Huy Chi¢u (xem Chiéu
(2004, 2006a)). Ban doc ¢6 quan tdm xin doc cic chiing minh ch1 tiét trong
ludn van va trong bai bdo dé.

Trong 1y thuyét tich phan Lebesgue, ngudi ta da chimg minh ring néu f :
[a,b] — R 12 ham s6 Lipschitz xdc dinh trén doan fa,b] C R, thi cong thdc
Newton-Leibnitz

b
(4.1) / f(tydu = F(b) - F(a),

0 d6 p ky hiéu d6 do Lebesgue trén [a, b], nghiém ddng. (Ta luu ¥ ring, do f
12 Lipschitz trén [a, b], dao ham Fréchet f/(z) t6n tai hdu khip trén [a, b] theo
dinh 1y Rademacher; xem Clarke (1983).) Vdn dé ddt ra la vé phdi cia cong
thikc ndy sé nhu thé ndo néu todn tt dao ham f'(-) va tich phdn Lebesgue o vé
1réi duge thay tuong vmg bdi dnh xa dudi vi phdn Clarke & f(.) va tich phdan
Aumann. Ngoai viéc trinh bay 11 gidi cho van dé d6, ching ta cling s&€ xét mot
tng dung cla két qua thu duge va mot vi du minh hoa thd vi.

Gia sir X 1a khong gian Banach vd f : X — R 1a ham s6 Lipschitz dia
phurong,

Pinh nghia 3.4.1. Pao ham theo huong Clarke cha f tai x € X theo hudng
v € X duge xdc dinh bdi cong thifc

(4.2) fO(z;v) = limsup fa' +tv) - f(f).

=z, t—Dt t
Duoi vi phdn Clarke cla f tai = 1a wp hgp
(4.3) 89 f(z) = {z" € X* : (z*,v) € fOz;v), Vv e X}.
Nhan xét 3.4.1 (xem Clarke (1983)). Néu £ > 0 14 hé s& Lipschitz ¢ctia f trong

lan can coa xz, thi 8 f(x) 1a tap hop khic réng, 16i, compic y&u™ trong X*.
8°f(x), va véi moi v € X ta ¢

Oz v) = max{{c*,v) @ z* € 8% f(x)}.

Néu X 13 khong gian hitu han chiéu, thi 4nh xa da tri &' f(-) 12 nfa lién tuc
trén tai x.

Nhian xét 3.4.2. Néu f : [¢,b] — R 12 ham s6 Lipschitz va u 13 do do Lebesgue

trén [a,b], thi 4nh xa da tri 8 f(-) 1a gi6i noi kha tich. Khing dinh nay dugc
chitng minh dé dang nhd mot tinh chit néi trong Nhan xét 3.4.1.
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Nhfm“ xét 3.4.3 (xem Aubin va Frankowska (1990}, tr. 343). Néu X = [a,b],

Y =R", ;i 12 d6 do Lebesgue trén [e,b], F : X = Y 12 4nh xa da tri gidi noi
kha tich, c6 gid tri déng khdc rong, thi tap hop [, F du 13 16i, compdc. |

Dinh nghia 3.4.2 (xem Clarke (1983), tr. 39). Ham s8 f dugc goi 13 chink quy
Clarke®! tai = néu, véi moi v € X, dao ham theo hudng

ton tai vata cé f{z;v) = fY(z;v).
Bai tap 3.4.1. Che f(z) = |2| va ¢g(x) = —|z| véi moi = € I, Cic ham
s6 f: R — I vig: R — IR d6 c6 1a chinh quy Clarke tai
(a) & # 0,
{b)y =0,
hay khong? Tai sao?

Két qua sau day la cia Nguyén Huy Chiéu.

Binh ly 3.4.1 (xem Chiéu (2004, 2006a)). Gid sit f : [a,b] — R la ham 5o
Lipschitz xdc dinh trén doan [0,b] C R. Khi dé ta 6

(4.4) / " 59 ity dp — [- / - d, ] o) dn].

& dé tich phan L:’ O F(t) dp ciia dnh xa da tri 8°'F() duoc hiéu theo nghia
tich phdin Aumana.

Bink Iy 3.4.1 cho ta cong thic hién dé tinh tich phdn Aumann ctia dnh xa
dudi vi phdn Clarke cia him sd thuc Lipschitz trén mot doan [a,b] C IR cho
trude: dé tinh tich phan d6, ta chi cdn tinh tich phan Lebesgue cla cic him 56
thue f2(;—1) va f°(-;1) trén doan [, b]. Tir d6 két qua dé ta c6 hé qua sau.

Hé qua 3.4.1. Gid sit f : [a,b] — R la ham s6 Lipschitz. Khi do,
b Cl

(4.5) | oty au= (50 - 5@}
i

khi va chi Lhi

(4.6) / b (£ + 12 -1) Y = 0.

*'TNTA: Clarke regular.
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Nhu vay (4.6), & d6 chi 1dy tich phan Lebesgue cua ham s thuc, 13 diéu
kién can vd di d€ cé (4.5); tic 1a (4.6) 1a diu kién cdn va di dé tich phan
Aumann [ 8\ F(t) dy {a tdp hop 6 mot phdn nr. Vi du 3.4.1 du6i day?? s&
ching to ring khong phai lic nao tich phan [ 8% f(t) dy ciing Ia tap hop
¢6 mot phan tit.

Nhan xét 3.4.4. Theo Hé qua 3.4.1, néu fo(¢;1) + fO(t; —1) = 0 hiu khép trén
[, 8], thi [ 0 f(t)dt = {f(b) — f(a)}.

Hé qua 3.4.2. Gid sit f : [a,b] — R la ham Lipschitz, chinh quy Clarke hdu
khdp trén la,b). Khi dé. ddng thitc (4.5) nghiém ding.

Bai tap 3.4.2. Cho f v g nhu trong Bai tap 3.4.1. Hiy kiém ching k&t
lugn cia Binh 1y 3.4.]1 va cdc hé qua 3.4.1, 3.4.2 d6i vdi cdc ham f vi g
khi lay [a,b] = [- 27, 7]

Hinh 15

Pinh nghia 3.4.3 (xem Clarke (1983), tr. 30-31). Ham vécto f: X — Y, g dé
X,Y la cdc khong gian Banach, duoc goi 1d khd vi chdt® tai z € X néu t6n
tai todn tir tuyén tinh lién tyc D f(Z): X — Y sao cho

lim Sl +tv)y — f(x)

T, =0 t

= Dsf(i‘)(v)

25t dung mot két qua clia R. T Rockafellar (xem Borwein va Zhu (2005), Vi du 5.2.12,
tr. 191}, N. H. Chi¢u 43 xay dung ducc md vi du ¢ chng higu img nhu Vi du 3.4.1. Ngodi ra,
Chieu (2006¢) da thigt 13p céc cong thifc tuong tr nhu (4.4) cho dudi vi phdn Fréchet v dudi vi
phan Mordukhovich - ching ta s& nghién citu cdc dudi vi phan nay trong Chuang 4.

BTNTA: strictly differentiable.
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va sit hoi tu 12 déu theo v trong mdi tap con compic cua X.

Nhan xét 3.4.5 (xem Clarke (1983),‘tr. 32). Néu f 13 kha vi Fréchet Lién tuc
tai Z, thi f la Lipschitz dia phueong tai Z v kha vi chat ai Z.

Nhan xét 3.4.6. Gié s¢ f : [2,b] — R 12 ham s¢ Lipschitz. Néu f 12 khd vi chat
hdu khép trén [a,b] hoge f 13 16i trén [a,b], thi ddng thic (4.5) nghiém ding.
Khing dinh nay suy ra tir Hé qud 3.4.2 va cdc sy kién néi ring né€u f 1a kha vi
chat tai = hodc f 12 ham 161 thi né chinh quy Clarke tai x (xem Clarke (1983),
tr, 40).

Sau day 1a mot Ung dung cGa Dinh 1y 3.4.1 trong viéc chi ra di¢u kién do
cho phép khoi phuc mot ham so Lipschitz dia phuong t dnh xa dudi vi phdn
Clarke ciia né.

Nam 1982 R. T. Rockafellar chitng minh ring néu f,g : B* — R 12 cdc
ham Lipschitz dia phuong, f 1a chinh quy Clarke, va

8%(x) c 89 f(z) vz e R™,
thi t6n tai mot hing s¢ C € R sao cho
glx) = f(z)+C VzeR"

(xem Wu and Ye(2000)). K&t qua chia Rockafellar da duge mot s6 tac gia Khic
phét trién theo cdc huéng khic nhau; xem Thibault vd Zagrodny (1995), Ngai,
Luc vh Théra (2000), Wu va Ye (2000).

Pinh 1y 3.4.1 cho phép md rong két qua ndi trén cua Rockafellar sang truong
hop khong gian vo han chiéu,

Pinh 1y 3.4.2 (xem Chiéu (2004, 2006a)). Gid si rang X la khong gian Banach,
f.g: X — R la cdc ham 56 Lipschitz dia phuong & trén X. Néu f la chinh
quy Clarke va 89g{z) C 8°' f(z) véi moi x € X, thi 1on tai hing 50 C € R
sao cho g(x) = flz) + C véimoi x € X.

Bay gid chiing ta xét mot vi du minh hoa cho Pinh 1y 3.4.1. Vi du nay
chiing to ring doan thing & v& phai clia (4.5) ¢6 thé chifta v6 han phin uf.
Vi du 3.4.1 (xem Chiéu (2006a)). Gid sl {rx }xen 12 12p hop tat cd cdc s6 hitu
ty trén khoang (a.b) C R, a < b, Véi mbi k € N, ta chon & > 0 du bé sao cho
(T‘k—ék,?‘k—l*-(sk) C (a, b) vi O < 2_(k+3) (b—a). bat A= U;‘:D= (Tkw(sk,rk+5k)
vi P = |a.b]\A. Vi A 12 1ap m& trong R, ta c6 thé biéu dién

A= U (am}bm)1

=)
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& do6 {{a,, bm ) }men 12 diy cdc khoang mé roi nhau (d6i mot khong giao nhau).
Dinh nghta ham s6 f : {a, b} — R.bing cich dat
0 néu zelP 1

. — " — 2 — 2gi
flr) = { {z —am)™{z — by)*sin (b ~ G (T — ) (T — Brm)

néu T € (A, bm).

Khi d6, f 1a Lipschitz trén [a,b] va tap f° 0% f(t) du chita vo han phin tir??,

*Lap luin ching minh khing dinh nay kha phic tap. Y tuéng chinh cta Vi du 3.4.1 (2 khio
sdt mot him s6 Lipschitz trén doan {a, 8] € R ma tap didm khong chinh quy Clarke cla né cd
dd do Lebesgue duong. Xin xem chi tiét trong Chi¢u (20064).



Chuong 4

Poi dao ham cua anh xa da tri

Yéu canh hoa bén nhitng vic sdu

Yéu hoa mét phén nhung chinh la yéu sw hdi
Biét bao #inh yéu con lai

Nho mot canh hoa khong ddu.

(Ché¢ Lan Vién, “Hii hoa”, 12-6-1980)

Trong chuong nay, sau khi gidi thiéu van (e ly thuy&t ddi dao ham, ching ta
s& slt dung cong cu ddi dao ham dé xay dung cdc cong thifc tinh todn hodc uée
lugng céc dudi vi phan (dudi vi phan Fréchet, dudi vi phan Mordukhovich, va
dudi vi phan Clarke) cha ham gid tri t6i uu trong cdc bai todn quy hoach todn
hoe phu thude tham sd.

Chuong ndy dugc viét trén co s& mot bai gidng cha chiing toi vé ly thuyél
d61 dao ham, mot bai bio chung cta B. S. Mordukhovich, Nguyén Mau Nam va
N. B. Yén (Mordukhovich, Nam va Yen (2007)), vd mot ban thio bai bdo cla
Nguyén Huy Chiéu (xem Chieu (2006¢)).

Muc 4.1 gidi thiéu su phdt trién cha ly thuyét d6i dao ham cta dnh xa da
tri. Muc 4.2 diém qua mot s6 khdi niém co s0 cha ly thuyét nay va dua ra cdc
vi du minh hoa. Muc 4.3 gidi thiéu bai todn tim cdc cong thiic tinh danh gid
dudi vi phan €1a tap cic dudi gradient) cia ham gi4 tri t61 vu trong bai todn quy
hoach todn hoc ¢6 tham s6 dudi rang budc da tri. Mot s kién thiic chudn bi
cho viéc nghién ciu bai todn ndy duge trinh bay trong Muc 4.4, Muc 4.5 vA
Muc 4.6 gidi thiéu ¢ic cong thdc cho phép tinh todn/ude lugng cdc dudi vi phin
Fréchet hoac dudi vi phan qua gidi han'. Trong hai muc nay c6 trinh bay mot

'Con duge goi 1a dudi vi phan Mordukhovich,
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3 vi du minh hoa cho cic két qua thu dugc?. Muc 4.7 thong bdo mot vai kel
qua mdi cia Nguyén Huy Chiéu vé tich phan Aumann cta dnh xa dudi vi phan
Mordukhovich va vé duéi vi phan Mordukhovich ciia phiém ham tich phan.

4.1 Su phit trién cua 1y thuyét déi dao ham

Ngay sau su ra disi cia 1y thuyst vi phan cba FE H. Clarke vio nhitng nim 1973-
1975, nam 1976 B. S. Mordukhovich? da dé xuit nhimg khdi niém co ban cla
ly thuyét vi phan cia ong, bao gém:
a) Nén phap tuyén khéng 16i ([nonconvex] normal cone) clia cic tap hgp*;
b) Péi dao ham qua giéi han? (limiting coderivative) cia 4nh xa da tri;
¢) Duéi vi phan khong I6i ([nonconvex] subdifferential) cia ham s6 nhén
£1d tr1 thue suy rong.

Ly thuyét cia Mordukhovich diugc phdt trién song song véi Iy thuyét vi phdn
ctta Clarke. Cac khdi niém chinh cha 1y thuyét ctia Clarke bao gém ndn ti€p
wyén Clarke ®, nén phdp tuyén Clarke”, dao ham theo huéng Clarke®, va dudi
vi phan Clarke®.

Nam 1988 ' B. S. Mordukhovich in cuén sdch ddu tién cla ong (xem Mor-
dukhovich (1988)) & nha xuat ban Nauka. Cuén sich tiéng Nga nay trinh bay

*Theo suy nghi ching (0i, k&l qui & cic myc 4.5 va 4.6 con ¢d thé dio sau va phat trién duge
thém nita,

*Khi dé ong Mordukhovich dang day hoc tai mot trung dai hoe & Minxco - thi d6 cla nude
Cong hoa Bach Nga (nay la Belarus).

*Khéng c6 nén tiép tuyén nio tuong img véi non phap tuyén nay!

*Can dugc goi 13 d6i dao ham theo nghia Mordukhovich.

®Xem Muc 2.2, Chuong 2.

"N6n phép tuyén Clarke ciia 13p M C X, & dé X 12 mdi khong gian Banach, tai # &€ M duge
dinh nghia bdi cang thic

NGHE) = {=" € X" : (2,2} € 0,%v € Ou(E)}.

Ta quy wdc ring N5 () =0 véi moi T ¢ M.

*Xem Myc 3.4, Chuong 3.

"Xem Muyc 3.4, Chuong 3. Luc ddu, dudi vi phan Clarke chi duge dinh nghia che céc ham
¢ Lipschitz dia phuomg. Vé sau, R. T. Rockafellar dé xudt mot dinh nghia che phép ta 1am vige
duge voi cdc ham bat k¥ nhdn gia tri thue suy rong, x4c dinh rén Khéng gian Banach; xem F. H.
Clarke (1983). .

"Ciing trong nim dé, B. S. Mordukhovich cling gia dinh chuyén 1ir Minxca sang My. Ong la
gido su, gidng day tai Khoa Todn, truong Dai h{)cATdng hop Quoc pia Wayne (The Wayne State
University) & thanh phd Detroit, bang Michigan. Ong va gia dinh sng tai thanh ﬁho’ Ann Arbor,
Wayne I3 tén trude kia nhitmg ngudi thd dan dat cho viing dit 6 Detroit - thanh phd d4u ndo cba
cong nghigp 010 My, Ann Arbor, mot thianh pho dep mang déng dip ki¢n tnic Au Chau, 13 tha
phi clia bang Michigan. Tap chi Mathematical Reviews dat tru s& tai Ann Arbor. MOt 6 hoi
thdo quéc (& vé quy hoach todn hoc ciing di dugc 18 chifc & thanh phé nay.
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nhiing y tuong va két qua chinh cla ly thuyét clia 6ng, cing véi cic ing dung
quan trong trong quy hoach tedn hoc v diéu khién t&i wu,

Trong khodang nhing nam 1993-1996 B. S. Mordukhovich ¢ong bd mot loat
bai bdo quan trong!! & d6 ong dua ra nhidu ¥ tudng va k¢ thuit méi, phat
trién mot phién ban v6 han chidu sau sic va dep d& cho [y thuyét vi phéin coa
ong. dong thdi chi ra ring mot s& tinh chit co ban ciia 4nh xa da tri (nhu tinh
gia-Lipschitz theo nghia Aubin, tinh chinh quy métric, tinh m& dia phuong) cé
thé dic trmg dugc bing cich sit dung khdi niém dsi dao ham qua gidi han (d6i
dao ham theo nghia Mordukhovich).

Trong giai doan 2005-2006 B. S. Mordukhovich tiép tuc cong bd

a) nhiéu bai bdo trinh bay cdc két qui nghién ciru mail2,

b) mot bo sich hai (ap'® véi téng s6 hon 1200 trang in, & Nha xuit bin
Springer.'?

Mordukhovich xay dyng Iy thuyét vi phin vo han chiéu cha éng theo luge
dé sau 17;

Bude 1. Dinh nghia khéi niém dudi vi phan'® cha céc ham s6 nhén gid tri
trong tap sd thuc suy rong,

BuwdGe 2. St dung dudi vi phan dé€ dinh nghia ndn phdp ruyén (néi chung 1a
khong 16i) ctia cdc tap hop.

Buée 3. Sir dung nén phdp tuyén (khong 16i) dé dinh nghia d6i dao ham
(coderivative) clia dnh xa da tri.

Bude 4. Phét trién cdc quy tic tinh todn (calculus rules) nhu céng thic tinh
doi dao ham cia tong hai dnh xa da tri, ¢ong thic tinh déi dao ham clia ham
hop, cong thifc tinh nén phdp tuyén cha giao cia mot ho tip hgp... (trong cic
khong gian Banach, hoac trong cidc khong gian Asplund).

"'MoL 56 bai dugc viet chung v6i Y. Shao, mot nghieén ciu sinh Trung Qudc ciha B. S. Mor-
dukhovich trong théi gian dé.

Trong s6 d6 c6 ba bii (Mordukhovich va Nam (2005a,b; 2006)) viét chung v6i Nguyén Mau
Nam - mdt nghién cdu sinh Viét Nam clda ong - v3 hai bdi vi¢t chung vdi Nam vi ching toi
{Mordukhovich, Nam va Yen (2006, 2007)). Ngodi Nguyén Mau Nam (Dai hoc Su pham Hud),
B. 5. Mordukhovich cdbn hudng ddn cac nghign ciu sinh Vit Nam khac, nhie Trwong Quang Béo
{Pai hoc Khoa hoc Tu nhién, BPai hoe Qudc gia Tp. Hé Chi Minh}, Nguyén Thi Y&n Nhi (Dai
hge Su pham Hué).

*Xem B. S. Mordukhovich (2006a,b}.

"Dudi tua dé "Ly thuy8t co s&”, tap 1 ¢é 4 chuamg sdch: 1. Phép tinh vi phan suy rong trong
cic khong gian Banach, 2. Nguyén 1y cuc tri trong giai tich bién phan, 3. Phép tinh todn ddy du
trong cic khong gian Asplund, 4. ,Céc dac trumg cda tinh dit chinh vd phép phan tich d¢ nhay.
Tap II duvic cong bé dudi wra dé “U;lg dung” v6i 4 chuong sich: 5. T8i uu c6 riang budc v didm
can bang, 6. Didu khién t6i wu cic hé tign hod trong cdc khong gian Banach, 7. Piéu khién 16i
wu cic hé cd tham sé& phan phoi |distributed systems}, 8. Céc dng dung trong kinh té.

BBude 1 va Bude 2 ¢é thé d6i chd cho nhau: xem Mordukhovich {2006a; Chuong 1},

*Dudi vi phian Fréchet (Fréchet subdifferential), dudi vi phan qua gidi han (limiting subdiffer-
ential), duéi vi phan proximal (proximal subdiffcrential),
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Budc 5. Ap dung cdc khdi niém va quy tic tinh todn ndi trén dé

- chimg minh cédc dinh 1y co ban (nhu cdc dinh 1y 4nh xa md, dinh 1y ham
an, dinh 1y ham ngugc, cdc didu kién cyc tri, ...} trong giai tich bién phan'? va
trong 1y thuyét t6i ru;

- nghién ciu Hodc dic trung céc tinh chét ddng quan tam cia c¢dc dnh xa va
ham s& %udt hién trong cac 1y thuyét todn hoc'®;

- dua ra cdc thudt todn giai cdc 18p bai todn khic nhau'®,

Ching ta luu y ing & thuyét vi phdn xdy dung theo lugc dé trén vdn dang
tiép tuc dioc phdt trién va dua dén nhitng thanh qud mdi.

C6 thé néu hai cau hoi:

I. Mdi gquan hé gilta cac két qua thu dugc bdi 1y thuyét vi phan cia Mor-
dukhovich vA nhitng két qua d thu duge bing cdc Iy thuyét vi phan khic?® 1a
nhir thé nao?

2. Liéu cé thé xay dung dugc mot 1y thuyét tich phan twong dng véi ly
thuyét vi phan cia Mordukhovich hay khong?

Cung v6i m6i quan hé gifta cdc diéu kién cuc tri thu dugce bang ly thuyeét
d6i dao ham va cdc diéu kién cuc tri thu duge bang 1y thuyét vi phan cta Clarke
da dugc chi ra trong Mordukhovich (2006a,b), cdc két qua nghién ciu trinh bay
trong cdc muc 4.5 va 4.6 cho ta cdu trd 101 khd 6 rang cho cdu hdi thit nhat.
D&i véi cau hoi thit hai, chiing téi hy vong rang sau khoang 5-7 nam nita ngudi
ta cling s& tim ra cau tra 1& chdp nhén duge. Muc 4.7 gidi thiéu mot vai ket
qua budc ddu theo hudng nay.

4.2 Cac khai niém co ban cua 1y thuyét doi dao ham

TAI SAO PHAI SU DUNG POI DPAO HAM?

Chiing ta ¢dn lvu ¥ nhitng di¢u sau:

- Cach tiép can bing khong gian doi nglu (dual-space approach) nhiéu khi
rit hiru hiéu; cé nhimg trudmg hop con hitu hieu hon?! ca céch ti€p cdn bing
khong gian nén (primal-space approach).

"TNTA: variational analysis,

"®Céc dinh 1y v tinh én dinh va d6 nhay nghiém cia cdc bai todn 61 wu phu thuoc tham sé
ciing thu6c loai nay. Mot 56 dinh 1y nhu vy s& duoc ching minh treng cic mue 4.5 va 4.6 trong
chuong nay.

'"Két qua theo hudng nay chua o6 nhiéu.

i du nhu msi quan hé giira céc két qua cia Mordukhovich va Shao, cia Mordukhovich va
Nam vé tinh 6n dinh vi phan ciia cdc bai 10dn 87 wu vdi ring bugc da trj va céc két qua thuge vé
J. Gauvin, F. Dubeau, F. H. Clarke, R. T. Rockafellar, va cdc tic gia khdc.

*B§ dé Farkas v& tinh twong thich clia mét hé bat déng thic wyén tinh (xem Rockafellar
(1970), tr. 200) 12 mot vi du.
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- Ca cdch tiép can béng khong gian d6i ngu 14n céch ti€p can bing khong
gian nén déu hitu ich, déu 4p dyng dugc.

- D6i dao ham cha mot dnh xa tuong ving véi todn i lién hop cia mot dnh
xa tuyén tinh.

Ta hdy lam 8 thém diéu hwu ¥ thit ba.

I. Cho f: X — Y 12 4nh xa don tri gilia cic khong gian Banach. Ky
higu boi f'(Z) dao ham Fréchet cia f tai £ € X (n€u né t6n tai). Gia su
(f/(Z))" : Y* - X*1atodn tit lién hop?2 clia todn tif tuyén tinh fliz): X Y.

2. Cho A: X — Y Ia todn tr tuyén tinh lién tuc véi todn tir lien hgp A* :
Y* — X* Véimoi y* € V*,

(A'y* ) = (", Az) Vre X,
Vi viy,
{(A'y"2) — (y*,Az) =0 VYzreX,
hay
{Ay", —y*), (2, Az)) =0 Vze X
3. Ky hitu A = £(7) va A* = (f(3))", ta o6 2
(A* *: _y*) € nghf(:z:f(f)):

vi thé
Ay = (2" @) € Ny (2, F(2)).

Cong thitc sau cling goi § cho ta cich dinh nghia déi dao ham ciia 4nh
xa da tri.

Tiép theo, ching ta s& xét cic khdi niem
- dudi vi phan,
- ndén phip tuyén, .
- d6i dao ham
va mit s6 vi du minh hoa.

N6 duge goi la doi dao ham Fréchet cha f 1ai .,
Nodaygphf-"{x f(x)) r ze X} 1ad6 thicla f va

Noph (3 f@) ={(=",3") 1 {(=","), (&, F'(#)(z))) = 0 Vz € X}

- 1a ndn phdp tuyén Fréchet cha d6 thi d6 tai (2, f(Z)).
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DUGI VI PHAN
Xét dnh xa da tri F: X = X* gilta kKhong gian Banach X va khong gian
d6i ngau X cua nd. Ky hiéu

Limsup F{z} = {x* € X*: 3 zx— 7T, 2} w? "
(2.1) 17
zt € Flzy) \v’k:l,Q,...}

duge dung d€ chi gidi han trén theo ddy theo nghia Painlevé-Kuratowski*! trong
16p6 chudn coa X v topd yéu™ (duge Ky hiéu bing chit w*) cha X*.

Cic kg hiéu = % T d6i v6i mot ham ¢ X — TR va z 5 % d6i v6i mot tap
2 C X tuong tmg cé nghia la

x— T vii p(z) > p(Z) via - I v6i x €.

Dudi vi phan Fréchet

Cho X |a khong gian Banach, ¢: X — IR 1a ham nhan gid tri trong tap s&
thuc suy rong, hitu han tai . V&t méi € 2 0, dat

(22)  Bp(z) = {3:* € X* : liminf #lz) - “"‘(;) _é”x AN —e}.
Cic phén tir cha tap hop & v€ trdi cong thic nay duge goi 14 cdc e-dudi gradient
Fréchet clia o tai 7, cdn ban than tap hop d6 duge goi 1a e-dusi vi phdn Fréchet
cua o tai T. Tap hop 8@( I) = 60<p( ) dugc goi 14 dusi vi phdn Fréchet dudi
hay n6i gon hon 12 dudi vi phan Fréchet® clia o tai . RS rang acp( ) C 55\9(3:)
vl moi € 2 0. Tap hop

s

(2.3) 7 p(T) = —-0(—¢)(Z)
duge goi 13 dudi vi phan Fréchet trén®® cla p tai T.

Dé ¢6 thé hiu r& thém céc dinh nghia e-dudi gradient Fréchet v e-dudi vi
phan Fréchet néu trén, ta nhic lai rang phin tir 2* € X* duge goi 1a dao ham
Fréchet clia i tai  néu

: ) — () - {5z —- %
e @) = 2(8) ) o
— | — zH
- ¥Néu X 1a khong gian hitu han chiéu, thi tap Limsup,_ ; F(z) xdc dinh bdi (2.1) tring véi
gidi han tren thee Painlevé-Kuratowski cla ho tap {F{#)}zex (khi £ — £) x4c dinh bdi cong
thic (2.14) trong Chuong 2.
BTNTA: (lower) Fréchet subdifferential.
*TNTA: upper Fréchet subdifferential.
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Thay déu lim bang d4u liminf, thay ddu bing b&i ddu > va thay s6 0 bdi s
am —e¢, ta ¢6 diéu kién y&u hon dat lén phin tir 2* nhu sau:

lim inf £ e@) — @&z — 7)

2% Iz — 2|

> —e.

D6 chinh 1a diéu kién dé kiém tra xem mot phin tit 2* € X* ¢6 phai 1a e-dudi
gradient Fréchet cta ¢ fai T hay khong. Viéc thay tiéu chudn trong dinh nghia
dao ham Fréchet bang mot tiéu chudn hoan toan tuong tu, cliing cau tric
va ¢ dang yeu hon (nhung ciing rit tu nhién!), cho phép xay dumg phép
tinh vi phan?’ cho cic ham so bat k¥.

Dé thay rang néu z* 12 dao ham Fréchet chia o tai T thi
{z*} = 5(,9(.7:) C é;np(i) Ve =z 0.

Duéi vi phan proximal

Vécte =¥ € X duge goi 1a dudi gradient proximal (hay dudi gradient gdn
ké) clia  tai Z néu t6n tai £ 3 0 sao cho

(2.4) lim inf plz) = () - ("0 — )

= —E;
=% i — 2|2 7

tidc 1a t6n tai £ 2 0 v& § > 0 sao cho
olz) = p(@) > (@",x— ) —elle — 2| Vz e B(z,).

Tap hop 9Fp(2) gbém it ca cdc duéi gradient gin ké cia ¢ tai & duoe goi 13
dudi vi phan proximal (hay dudi vi phan gdn ké?®) cia ¢ tai 7,

So v6i cong thic dinh nghia dao ham Fréchet cla ham s& thuc via dugce
nhic lai & trén, diéu kién dat len phin tir 2* € 6Pp(3) trong (2.4) vira manh
hon (cdp do xap xi o[z — Zj|) dugc thay bdi o |z — Z|?)), vira y&u hon (lim
dugc thay bang lim inf, dfu bing duge thay bdi dfu > vi s6 0 duge thay béi
s6 —¢£). Dao ham Fréchet cia ham s6 tai mot diém chua chic da 1a mot dusi
gradient gdn ké. That vay, véi X = R, ¢(x) = z/|z], =10, 1a c6 &'(3) =0
v 07 p(z) = 0. .

Duéi vi phan qua gidgi han

Tap hop
(2.5) dp(E) ;= Limsup a,,cp(a:)
£z
IELO

2?Nc_‘n chinh x4c hom, dé |2 phép tinh vi phan suy rong (generalized differentiation).
BTNTA: {lower) proximal subdifferential.
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duce goi 1a dudi vi phan qua gidi han™ (hay dudi vi phan Mordukhovich).
Nhu viy, =* € 8p(z) khi va chi khi ton tai cic day z & %, e, — 0%, va
xy € Ope, p(zi), sa0 cho

_ x} Szt
Tir d6 ta thdy rang dudi vi phan Mordukhovich dp(T) duge tinh qua cdc dudi
vi phan Fréchet dp.(x) véi £ > 0 duge 18y dd bé va z duge 14y di gin T

Hién nhién ta ¢6
Bp(T) C Op(T).
Nhan xét 4.2.1 (xem Mordukhovich (2_006a)). Néu X 1a khong gian Asplund
(theo nghia 1 moi ham 16i, lién tuc ¢ : U — R xdc dinh trén mot 1dp 16i, mé
U C X la khd vi Fréchet trén mot tdp con tri mdt cia U hay, mot cich tuong
duong, cdc khiong gian con déng, khd li ciia X cd khong gian doi ngdu khd 11y
vh néu ¢ 13 nira lién tuc duéi trong 14n cén cia Z, thi trong cong thdc (2.5) ta
cé thé cho £ = 0; tic 2

8p(%) = Limsup dg(z).

PR

Ngodi ra, ta ¢6 G¢(Z) # @ v6i moi ham Lipschitz dia phuong trén khong gian
Asplund.

Chimg minh chi ti€t cda hai ménh d¢ sau ¢6 trong Mordukhovich (2006a).

Meénh dé 4.2.1. Néu o la khd vi chat™ tai T thi tdp 8p() chi chita mot phdn
1, do la dao ham chdt cita p tai T.

Ménh dé 4.2.2. Néu @ la ham 16i, thi 1dp Op(Z) trang véi dubi vi phdn theo
nghia gidi tich 16i cua  tal T, nic ld

() = {z* € X* : (z*,2 — ) € p(x) — (Z) Yz € X}.

PTNTA: limiting subdifferential.

*Moi khong gian Banach phin xa déu 13 khong gian Asplund. Mgi khong gian Banach ¢6
ham chudn kha vi Fréchet tai nhimg diém khac 0, déu 1a khong gian Asplund. N6i rigng ra. moi
khong gian Euclide hitu han chiéu vi mei khéng gian Hilbert déu [ khéng gian Asplund. (Xem
Phelps (1993}). .

Theo Dinh nghia 1.13 trong Mordukhovich (2006a), ham f : X — Y gilta cdc khong gian
Banach dugc goi 13 khd vi chdr tal T € X néu f kha vi Fréches tai F va

o T@) - fw) - FE e

EE, G T [z — |

Khai niém nay suy ra khii niém n6i trong Binh aghia 3.4.3 trong Chuong 3. Béng l4p luan tnee
ti€p, ta c6 thé ching minh ring néu X (3 khong gian hiu han chiéu, thi hai khdi niem vira dugc
ndi 16i 13 tong duong. Mot ham [ kha vi Fréchet lign tue trong mot 1an can cla mot diém, thi
né ciing khd vi chat tai di€ém dé. '



4.2. Cdc khdi niém co ban cia Iy thuyét déi dao ham 111

Ta néi ¢ 1a chinh quy duci*? i  néu 8p(z) = Hp(Z). Ho cic ham chinh
quy du6i ta du rong. Ngoai cdc ham kha vi chat va ham 18i, né cdn bao gém
nhiéu 16p ham quan trong khéc trong giai tich bign phan va 1y thuyét 16i wu®

Tap hop

(2.6) %p(z) —lebup/\afc,o( )

x—»x

£AL0

duge goi la dudi vi phdn qua gidi han suy bién hay don gian 1a dwdi vi phdn
suy bién>* cia p tai Z. Tap O%p(Z) chita théng tin khong tdm thudng vé ham
 chi khi ¢ khong phai 13 hdm s8 Lipschitz dia phuong tai Z, bdi vi néu w 1a
Lipschitz dia phuong tai Z thi 8°¢(Z) C {0} (xem Bai tap 4.2.2 dui day). Nhu
vay, =¥ € 8%p(7) khi va chi khi tén tai cdc diy Fgoey — OF, A — 07F,
va x} € Akagky(ﬂ:k) sao cho

Xy, 5 7
Bai tap 4.2.1. Chiig minh ring 8°°p(%) 13 mot hinh nén trong X*.

Bai tap 4.2.2. Sir dung cong thic (2.6) d& chimg minh ring néu ¢ (3
Lipschitz dia phuong tai Z, thl 8% (2} C {0}. (Gyi y DE ¥ ring néu ¢
14 LlpSChIIZ dia phuong tai T thi tdn dai 1an can U cla Z sao cho ho tap
haop {8@(:1:)}16[; 13 gi6i noi déu; tic 1a tén tai K > 0 sao che ||z*|| €

v6i moi x € U va vdi moi z* € p(z).)

NON PHAP TUYEN

Cho tap hop © C X, & d6 X 1a khong gian Banach. Xét ham chi® §q(.)
cta £2. Theo dinh nghia, do(z) = 0 néu = € Q va dg(z) = +00 néu z ¢ Q.
No6n phdp tuyén Fréchet vd nén phdp tuyén qua gi6i han (con duoc goi 1a nén
phip tuyén Mordukhovich) clia £ tai £ € {1 duge dinh nghia twong mg béi cdc
cong thitc

(2.7) No(z) == 85(z: Q)
vi
(2.8) Na(z) == 68(z; Q)

2TNTA: lower regular.
**Xem Mordukhovich (2006a,b), Rockafellar vi Wets (1998).
1"‘TNTA singular (limiting} subdifferential.

TNTA: indicator function.
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théng qua dudi vi phan tuong dng ctia ham chi. Ta dat No(z) =0vaNo(x) =0
néuiz¢n

Do (2.7} va do cong thic cia ham chi, ta ¢6 =* € f\}g(i) khi va chi khi

lim inf M > 0,
N
hay
. H{z*, r — )
limsup ——— £ 0.
2 |z — |

Diéu kién cudi 13 khd thuan tién cho viéc tinh todn nén phdp tuyén Fréchet.

bat N§(z) = 555(5:; ) va goi d6 12 1dp cdc vécto e-phdp tuyén Fréchet cha
 tai Z € Q. Tir cdc dinh nghia suy ra ring x* € Nj(Z) khi va chi khi

« . =
limsupmge.
etz

Do (2.8) va (2.5), nén phdp tuyén Mordukhovich No(Z) cia Q tai Z € €2 duge
xdc dinh qua cic tap vécto e-phép tuyén Fréchet N§(z) véi x € Q duge 1dy dit
gin I va ¢ duge ldy db bé. K&t hop (2.7) véi (2.8), ta thdy ring ©* € Np(Z)
khi va chi khi tdn tai cdc dy o > Z, £ — 0F v x5 25 z* sao cho

{x*, & — x}

limsup

P e =]

£ Eg-

Nhin xét 4.2.2. Do Nhan xét 4.2.1, néu X 13 khoéng gian Asplund va néu Q 12
tap déng dia phrong trong 1an can diém Z (tic 1A t6n tai hinh cdu ddéng tam T
vgi ban kinh duong ¢6 giao vdi {1 12 mot tap déng trong X)), thi

Na(z) = Limsup No(z).

(1
I

Piéu d6 cling ¢ nghia 1a 2* € Np(Z) khi va chi khi t6n tai cdc diy =i R z,
xt % z* sao cho

Bai tap 4.2.3. Ching minh ring Nq () 1a hinh nén déng y&u* trong X*.

Bai tap 4.2.4. Chimg minh ring No(Z) 12 hinh nén* trong X*.

*Trong Mordukhovich (2006a; tr. 11) ¢6 trinh biy vi du ching (6 ring n&u X la khéng gian
v& han chiéu (vi du nhy X 12 khong gian Hilbert vo han chiéu) thi hinh nén No(E) cd thé khong
déng trong topd w'.
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Bai tap 4.2.5. Tinh cdc tap N5{x) (¢ > 0) va cdc ndn phip tuyén f\.}n-(i:}.
Ng(x) trong cdc truong hop sau:

X =R, Q={z=(r;,72) : ;2 =
B X =R, Q= {r=(x),22) : 72

pOI PAO HAM

Xét anh xadatri F: X =3 Y gilta cdc khong gian Banach. Nhu & céc chuong
trudc, ta dat
domF:={z € X : F(x) # 0}
vi
gph F = {(z.y) e X XY : y € F(z)}.
boi dao ham Fréchet™ cia F ai (Z,§) € gph F va déi dao ham qua gici han®®

(hay déi dao ham Mordukhovich) cha F' tai (Z,§) tuong ting duge cho béi cic
cong thiic

(2.9) DFE ") = {=" € X" (¢, ~4") € Nyp oz, 0)}

(2.10) D*F(z,9)(y") == {x € X" (2, -y") € Ngph F(;E,g)}

Néu F(x) = {f(x)} 1a nh xa don tri, thi ta viét D* f(Z) thay cho D" f(z, (&)
vhd D* f(Z) thay cho D* f(Z, f(Z)). Néu f twong ting 12 kha vi Fréchet va kha
vi chat * tai z, thi cdc d6i dao ham trong (2.9) va (2.10) dugc tinh nhu sau:

D@y = (@) W) vwevr”
va

D fE) ) = (@) ") Y eY™
Lic nay, véi moi y* € Y¥, B‘f{i)(y*) va D* f(Z)(y*) 1a cdc tap ¢6 mot phin
tir. Néu f 12 kha vi chat tai z, thi

D*[(#)(y*") = D* (@) (y") = (F @) (") W €Y

(Anh xa d0i dao ham Mordukhovich tring véi dnh xa d6i dao hém Fréchet.) Ta
di thiy ring cdc d6i dao ham trong (2.9) va (2.10) 13 nhimg md rong tu nhién
cha todn tir dao ham lién hop cla dnh xa don tri kha vi.

YTNTA: Fréchet coderivative.
“TNTA: limiting coderivative.
¥Xem khai niem kha vi chat trong chii thich & Ménh dé 4,2.1.
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Anh xa F: X =3 Y dugc goi 1 chinh quy phdp tuyén®? tai (Z,7) néu
D'F(z,9)(y*) = D*F(z,D)y") Wy Y™

Ngodai cdc ham kha vi chat, tinh chit ndy con nghieém diing véi cdc anh xa da
tri ¢6 d6 thi 16i. Tuy nhién, tinh chinh quy phdp tuy&n cé thé khong nghiém
ding trong nhiéu trudng hop quan trong.

Quan h¢ giita d6i dao ham cba dnh xa don tri Lipschitz dia phuong [ X-Y
va dudi vi phan Fréchet cla haim vé huéng hod

(¥ o f)(=) =" f(z)) (¥ eY™)
clia né duge moé ta bdi cong thic? sau:
(211) Drj@)y) =8 o (@) Wy ey
Chitng minh cla cong thiic ndy cé trong Mordukhovich (2006a).

CAC Vi DU
Chiing ta xét mdt sé vi du minh hoa cho nhiing khai mém triru tugng vira
duge trinh bay & trén.

Vidu 4.21% Néu Q= {z = (z1,32) € R? : 75 2 0,21 > 0} va & = (0,0),
thi ' '

Vi du 4.2.2%, Néu

0 ={r={(2,0) € R?: z; 20}
U{z = (0,z2) € R? : x5 > 0}

v 7 = (0,0), thi
ﬁg(i) ={z = (z1,22) : 1 €0,z € 0}

va
No(z)

= Na(@) u ([0,+00) x {0}) U ({0} x 0,+00)).

UTNTA: normally regular.

“Puge goi la cong thirc vo hudng ho.

vy tap © ndy la 18], ndn phép tuyén qua gi6i han tring v&i nén phip tuye'n theo nghia gidi
tich 16

“7ap 2 nay 12 khong 16i. Cfu tric ciia hinh nén phip tuy€n qua giGi han phan 4nh ddy di
clu tric dja phuong cha £ @i 2,
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Vi du 4.2.3%, Néu

Q ={zr=( Il,)GRQ' < 1}
U{x = (0,2;) € R? . 0<$1 1,

zo = /71 — 23}

vi ¥ = (0,0), thi

ﬁg(%) ={z = (2),22) : 71 € 0,29 € 0}

P
e
¥ o—
3

= Na(z) U ([o, oo} x {u}) U ({0} x [0, +00)).

Hinh 16
Vi du 4.2.4%. Néu f(z) = |z|] véi moi z € R va 7 = 0, thi
oF f(z) = Bf(z) = 0f(2) = [-1,1].
Vi du 4.2.5%, Néu f(z) = —|z| v6i moi z € R vd % = 0, thi

of f(z) =8f(x) =0, &f(z)={-1,1}.

*“C4u tric dia phuong ciia 18p Q ndy tai (0,0) twong ty nhu cdu tric cla tAp hop xét & Vi du
4.2.2 trong lan can cha di€m {0, 0).

Vi ham s6 f nay 12 16i, nén du6i vi phan qua gi6i han tring véi dusi vi phan theo nghia gidi
tich 164, :

‘““Ham f ndy khong 16i va dudi vi phan qua gi6i han ciing I t4p khong 16i. Du6i vi phan
Clarke cba f tai £ 13 doan {—1, 1], mot t4p hop i6i compéc.
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Vi du 4.2.6%7. Dat f{x) = |zy| — |za| v6i moi z = {zq,22) € R? va ldy
z = (0,0). Ham sé f khong 16i, ciing khong 1om. Ta c6
nghf((
= Lmeop Meehs )
=cone{(1,-1,-1),(1,1,-1},
(-1,1,-1),(~1,-1,-1)}
(=g — A ) 1 20 2 A 2 0}
U{(,u,/\ _':U’Hu') t2uz Az 0}
U{{—A = ptop) 0 =202 A2 0}
U{(=A = po—p 1) © =2p 2 A > 0}

z,0))

ey

Suy ra

néu y* > 0,

u{(
U{(—y", g 2% 0 =2yt 2 A > 0}
néu y* <0,
| {(0,0)} néun y* = 0.

Vi thé, voi méi y*, D* f(0){(y*) 1a tap compic khdc réng. Luwu ¥ them rang, véi
hiu hét céc y* € R, D* f(0)(y*) 1a tap khong 161,

Bai tap 4.2.6. Sir dung cdc dinh nghia vi cOng thdc trong muc nay d¢
kiém tra cic khing dinh néi trong cic vidu 4.2.1-42.5.
4.3 Vin dé danh gia dudi vi phan cia ham gia tri téi uu

Céc ham gia tri t61 vu dugc hidu 13 cdc ham s¢ nhdn gid tni trong tap s& thuc
suy rong ¢6 dang sau:

(31 ulx) = inf {e(z,y) : ¥ € G(@)},

3 d6 p: X x Y — TR 1a ham gid 48 hay ham muc tiéu® nhan gid tri trong tap s6
thuc suy rong IR, G: X =3 Y 1a dnh xa da tri mé td rang busc™® gitta cic khong

T Chc tinh toan chi 1iél lign quarrdén vi dy nhy duge trinh bay & Muc 5.8 trong Chueng 5.
BTNTA:-cost function.

“TNTA: objective function.

'TNTA: constraint set-valued mapping.
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gian Banach. Thuat ngit gid/rang budc ¢6 ngudn goc w 1% wu c6 rang budc, &
dé ham s6 (3.1) thudng dugc goi 13 ham gid tri t6i wuS' (hay ham marginal)
cda bai todn (6i uu cé tham sd

(3.2) Tim cue tiéu p(z,y) véi rang buse y € G(z)
vOi dnh xag nghiém M(-) xdc dinh béi cong thic
(3.3) M(z) = {y € G(z) : pl(x) = p(z,y)}.

Cdc ham s6 dang (3.1) déng vai trd quan trong trong gidi tich bién phan, t6i
uu ¢6 rang budc, ly thuyét diéu khién, va nhiéu (ing dung khic nhau clia cdc
ty thuyét do. Song song v6i viéc dua ra nhitng diéu kien di dé ham gid tri 16i
i 13 lien tuc hodc Lipschitz dia phuong tai mot tham s6 cho truée (xem, vi du
nhu, Muc 5.5 trong Chuong 5), trong khoang thdi gian 30 nam trd lai day, ngudi
ta dd quan tam nghién ctu cdc tinh chat kha vi va khad vi theo huéng cia ham
gid tri 161 wu. Cdc két qua theo hudng ndy thudng duge goi 13 cdc két qua vé
tinh én dinh vi phdn cia cdc bai todn t6i wu. Céc bai bdo cha Gauvin va Tolle
(1977}, Gauvin (1979), Auslender (1979) thuge trong s nhimg nghién ciu diu
tién vé cdc tinh chét vi phan ham gid tri t6i wu trong cic bai todn quy hoach
phi tuyén cho boi cdc ham tron, khong 16i. Thong tin thém vé 1y thuyét va ing
dung cla cdc ham gi4 tri t6i wu c6 thé xem trong Auslender va Teboulle (2003),
Bonnans va Shapiro (2000}, Borwein va Zhu (2005), Clarke (1983), Dien va Yen
(1991), Gauvin va Dubeau (1982, 1984), Gollan (1984), Ha (2005), Lucet va
Ye (2001, 2002), Mordukhovich (1992, 2006a, 2006b), Mordukhovich vi Nam
(2005a), Mordukhovich va Shao (1996a), Rockafellar (1982, 1985), Rockafellar
va Wets (1993), Thibault (1991), va céc tai ligu duge trich dn trong dé.

Tat nhién chiing ta c6 thé dit vin dé tinh dao ham va ddi dao ham cia 4nh
xa nghiém M(-). Day la mot van dé kho, dang duge nhiéu ngudi quan tam
nghién ciu.

Mot trong nhitng tinh chdt dic trung cia cdc ham gid tri t6i wu dang (3.1)
la ching 13 nhitng ham khong tron vé bdn chdt, cho dit cdc ham gid 13 tron va
tap rang budc la tap nghiém cha hé bit ding thic va ding thirc mo 3 bdi céc
ham tron. Vi vay, ta cin nghién ciu cdc tinh chét vi phan theo nghia suy rong
cua ham gid tri t6i wu dé ¢ duge cdc thong tin c6t yéu vé do nhay va tinh 6n
dinh cia cdc bai todn tai wu va diéu khién ¢6 nhiéu, vé diéu kién cuc tri, vé tinh
diéu khién duge dia phuong, v.v... Mot budc can ban dé thu duge céc thong tin
nhu the 14 ti€én hanh dédnh gid cic dao ham suy rong ciia ham gid tri t6i ws p
cho bai cong thic (3.1) tai mot tham s6 Z cho trwée thong qua cdc ciu tric vi
phan suy rgng cia ¢ va G,

*'TNTA: optimal value function.
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Pao ham suy rong cé thé cé hai loai chinh: dao ham theo hudng/cdc xdp xi
ti€p tuyén trong khong gian nén va dudi vi phan (t4p hop cdc dudi gradient)/cac
xdp xi phdp tuyén trong khong gian ddi ngdu. Trong mét s trudng hop (bao
gém céc trudmg hop bai todn véi di ligu tron va bai todn véi dir ligu 161) phuong
phip tiép can bing khong gian nén va phuong phép tiép cén bang khong gian
d6i ngdu 1a tuong duong. Nhung ciing cé nhiéu tinh hudng ¢ dé cdc cdu tric
trong khong gian déi ngiu khong thé thu duge tir bt e xdp xi nao trong khéng
gian nén bing cic quan hé d6i nglu, trong khi céc ciu tric d6i ngdu d6 van cho
nhing thong tin cé gid tri vé dang diéu cha ham gid tri t8i wu va céc ing dung
quan trong cia nd, dac biét 1 trong viéc phan tich do nhay va trong viéc thiét
lap cdc digu kién 161 wu.

Trong c4c muc 4.5 va 4.6 chiing ta s& dua ra cic quy tic dé tinh toan hoic
dinh gid dudi vi phan Fréchet va duéi vi phan Mordukhovich clia ham u(-) trong
(3.1) thong qua dudi vi phan tuong ng cua ham gid  va d6i dao ham clia dnh
xa mo ta rang buéc G. Cic quy tic nay duge thiét lap cho trudmg hop khong
gian vo han chiéu, trong khi hdu hét cic quy tic thu dugc nhd cdch ti€p can
bing khong gian nén cin t6i gia thiét cac khong gian X va Y duge xét 1a hiu -
han chiéu. Chung ta ciing s& minh hga céc két qui thu dugc bang mét s6 vi du
cu thé,

4.4 Tinh compic phap tuyén theo day

Mot trong nhimg diém khdc bi¢t co ban giita gidi tich bign phan hiru han chiéu
v gidi tich bién phan vo han chiéu la sy cin thiét phai dit ra cic yéu cdu vé
tinh compdc phdp tuyén (normal compactness) khi ta xét cdc dnh xa va tap hop
trong khong gian vo han chidu. Néu nhimg yéu cdu dé dugc thda min thi khi
13y gidi han day theo 16p6 yéu* ta mdi ¢6 dugc cdc két luan khong tdm thudmg.

Muc niy cung ¢4p mot va khéi niém lién quan dén tinh compéc phdp tuyén
theo diy clia cdc tap hgp trong khéng gian Banach vé han hiéu. Nhing khdi niém
nay 12 cdn thiét cho viéc trinh by cdc két qua va ching minh trong Muc 4.6.
Dé hiéu sau thém, ban doc ¢ thé tham khio bo sich cia B. S. Mordukhovich
(2006a,b). Néu khong néi gi thém, thi tdt ca cdc khong gian duge xét dé 1a cic
khong gian Banach.

Céc tinh chit compdc phdp tuyén duge dua ra sau day tu déng thoa man
trong khong gian hiru han chiéu. Ngoai ra, ching ciing nghiém dirg vdi cic
tap hop va dnh xa ‘tot’, va duge bao tdn dudi cic phép bién déi khd da dang.
Pinh nghia 4.4.1. Tap hop €2 trong khong gian Banach X dugc goi 13 compdc
phip luyén theo ddy™ (SNC) tai 7 néu véi moi diy g | 0, ) > Z, va

SXTNTA: sequentially normally compact (SNC}.
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< € Ny, (z1:) ta ¢6
[a:; LN 0] — [||x;;;| - 0} khi k — 0.

Nhan xét 4.4.1 (xem Mordukhovich (2006a)). Néu X 1a khéng gian Asplund
va néu {2 1a tap déng dia phuong trong Ian can diém Z, thi rong dinh nghia trén
ta c6 the bd ky hiéu & (ma vin khong thay déi tinh chat duge xét).

Trong Dinh nghia 4.4.1 c6 dbi hoi, doi vdi nhimg day vécto nao do6 trong
X™, néu day hoi tu vé€ O theo topd y&u* thi diy cdc chudn tuong \ing phai hoi
tu vé O (tde 1a tir sy hoi tu coa diy vé 0 theo tépd yéu* suy ra sy hoi tit chia néd
vé& 0 theo chudn cla X*). Dé c6 thé hiéu rd hon ¥ nghia cha ddi hdi do, ta xét
vi du sau,

Vi du 4.4.1. Liy X = ¥ 1a khong gian Hilbert cla cic day s6 thuc x =
(z1.22,...) thda diéu kién 320, 2 < +oo v6i chufin va tich vo hudng duge

che bdi
(s a]

1/2 >
lefl = (322) ", (o) =Y
i=1 i=1
Nho Pinh 1y Riesz, ta cé thé déng nhat X* véi X va 10p6 w* cla X* vdi
topo yéu (ky hieu 12 w) cia X. Lay 28 = (0,...,0,1,0,...), & d6 s6 1
ding & vitri thd k. Ta ¢6 28 25 0, vi v6i moi v = (vy,vg,...) € X tinh
chit lim (") v) = 0 hién nhien nghiém ddng. Tuy the, [|z{F)|| = 1 - 0 khi
Hon gt 4]

k— oc.
Dinh nghia 4.4.2. Anh xa da tri F: X =3 Y duogc goi 1a compdc phdp tuyén
theo ddy tai (Z,7) € gph F néu dd thj cla né ¢6 tinh chat dé6.

Déi véi trudmg hop cdc 4nh xa, ta c6 thé dinh nghia mét tinh chit yéu hon
tinh compéc phdp tuyén theo day.
Dinh nghia 4.4.3. Ta néi dnh xa da tri F: X = Y 14 compdc phdp tuyén riéng
ré theo day>® (PSNC) tai (%, ) néu voi moi day & | 0, (xx,y) — (Z,7) mi
(zk,v) € gph F\ va (33, 47) € No, ((za, u)i 2ph F) ta 6

lzh 5 0, Hiykll — 0] = (I}l — 0] khi k — oo

Nhan xét 4.4.2 (xem Mordukhovich (2006a)). Néu X va Y 1a céc khong gian
Asplund va F' 13 dnh xa da tri ¢6 d6 thi ddng, thi trong dinh nghia trén ta c6
thé bd ky hi€u £, (néi céch khic, ta ¢6 thé ldy & = 0).

Nhan xét 4.4.3 (xem Mordukhovich (2006a)). Tinh chit compac phidp tuyén
rieng 1€ theo diy ludn nghiém ding khi F' 1a gia-Lipschitz (lién tuc Aubin) tai

“TNTA: panial sequentially normally compact (PSNC).
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(Z, ), titc 12 khi tdn tai cdc 1an can U cha £ vd V cla § cung véi hang s6 £ > 0
sao cho

Flu)nV C F(v) + €|u — v||By v6i moi u,v €U,

Pinh nghia 4.4.4. Ham s6 ¢ : X — IR duoc goi 1a epi-compdc phdp tuyén
theo dday> (SNEC) tai T néu tap trén d4 thi (epigraph)

epip:={(z,a} e X xR : p(r) € o}

ciia né 1a SNC 1ai (7, o(F)).
Neéu 14 Lipschitz dia phuong tai Z, thi né 1a SNEC tai Z.

Trong Muc 4.6 ching ta s& cin dén cdc khai niém dua ra trong cdc dinh
nghia 4.4.1-4.4.4, Do khuon khé ¢6 han cia gido trinh nay, ta s& khong di sau
phan tich cic khdi niém d6. Ban doc ¢6 quan tam cé thé doc thém cudn chuyén
khao Mordukhovich (2006a).

4.5 Duéi vi phan Fréchet ciia ham gia tri toi uu

Muc nay dugc danh dé trinh bay cdc cong thifc tinh todn dudi vi phan Fréchet
cla ham gid tri t67 wu téng qudtr (0 46 ta khéng gia thi€t dnh xa da tri G tham
gia trong cong thde (3.1) ¢é modt clu tric dic thh nao). Ap dung cic cong thitc
thu duoc cho trudng hop G(ir) 14 tap nghiém clia hé ding thic va bit déng thic
phu thuoc tham s63° hoac G{z) 13 t4p nghiém cua bat ddng thirc bién phan phy
thuoc tham s67, ta s& ¢ cdc dénh gid dudi vi phan Fréchet clha p{-) thong qua
tap nhan tir Lagrange cua bai todn quy hoach todn hoc duge xét.

Trude hét ching ta s& chimg té ring ¢6 thé dic trung cdc dudi gradient
Fréchet clha ham sé thuc qua cdc ham s6 xap xi dudi, kha vi Fréchet tai diém
duge xét,

Bé dé 4.5.1 (xem Mordukhovich 20063), Dinh Iy 1.88). Choe Z la khdn& gian
Banach. Gid sir ham s6" p: Z — IR la hitu han tai z € Z. Khi do 7 € Op(Z)
khi va chi khi ton tai ham s0" s: Z — IR hitu han trong lan cdn cia 2, khd vi
Fréchet taf z, va thoa mdn cdc tink chdt sau

(5.1) 8(z2) = p(2), §(2)=2", va s(z) €< p(z) véimoi z € Z.

*TNTA: sequentially normally epi-compact (SNEC),
*Khi d6 (3.2) 1 bai todin quy hoach todn hoe phy thudc tham s6.
*Khi d6 (3.2) 1a bai toin quy hoach todn hoe v6i rang budc cin bing phu thude tham sé.
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Chimg minh. Gia sir 2* € 599(5). Tir dinh nghia duéi gradient Fréchet suy ra
rang t6n tai mot lan can U cba 2 sao cho w(z) > —oo v6i moi z € U. Ham s6

s(z) == min{p(2),¢(z) + (z*,2 - 2)} (Vze 2)
thoa mién tat ca cdc tinh chit cin c6. That vay, ta ¢é s hitu han trén U vi rang
5(z) > —oc v6i moi 2 € U v s(z) < () + (2*,2 — 2} < 0o véi moi 2z € Z.

Tu cong thie dinh nghia s ta suy ra ring s(z) = o(2) va s5(2) € (z) v6i moi
z € Z. Ngoit ra,

lim sup s{z) —8(2) ~ (2", 2 - z)

- <0
mz Iz — 2]

Do diéu kién z* € Byp(z), sit dung dinh nghia dui gradient Fréchet vi cong
thic cha ham s ta thu duge

lirg inf s{z) — s(2) —-_(z v Z— Z)
= o3

=0

Tir do suy ra s hitu han trong 1an c4n cta 2, khd vi Fréchet tai z va §(z) = 2*.
Nguoc lai, gid si rang z* € Z* va tén tai him s6 s: Z — IR thoéa min cic
tinh chat trong (5.1). Khi 46 ta cé
s{(z) —s8(z) — (z",2 — 2}

liming £ =P — (e m 8 inf A ~ 0.
Pt Iz = Z| PR |z — 2]

Chimg minh két thie. O

Bai tap 4.5.1. Kiém tra két luan cia ciia Bd dé 4.5.1 che cac truong hop
Z=M*p(z) =z, 2=0va Z = R? ¢(z) = —||z], 2 = 0. V& hinh
dé minh hoa cho ket qud néi ring Fo( Z) = [—1,1] trong trudmg hop thit
nhit vi 8p(z) = 0 trong trudng hop thit hai.

Dinh 1y sau day cho ta mot dénh gid trén (upper estimate) cho dudi vi phan
Fréchet cia ham gid tri t6i vu téng quét trong cong thic (3.1) tai tham s6 T cho
trudc. Danh gid ndy dugc thiét 14p théng qua d6i dao him Fréchet cia dnh xa
mo td rang budc G va cdc thp dudi vi phan Fréchet trén cla ham gid p. Gia
thiét co ban & day 1a 8+ p(Z,7) khidc réng ddi véi mot phan tit ¥ € M(E) ndo
d6. Doi hoi nay duge théa min trong nhiéu 16p bai todn 167 wu’’.

Dinh ly 4.5.1. Gid sit ham gia tri 1% wu p(-) trong (3.1) la hitu han tai T €
dom M, va gid su § € M(Z} la vécto thda mén 8% p(x,5) # 0. Khi do

(5.2) wmec N [ +E*G(fs,§)(y*) .
' (a* y7)ed o(2,4)

Mot vai két qud tuomg v nhu cdc dinh 1y 4.5.1 va 4.5.2 d3 dugc thlét lip che ham gid i 61
uu trong bai todn quy hoach todn hgc ¢6 tham s& véi dit liéw 14 cdc ham tron; xem Gollan (1984),
Maurer v Zowe (1979).
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Chimg minh. Dé kiém ching (5.2), ta 18y thy § «* € Ju(Z) v v6i méi e > 0
ta chon 7 > 0 sao cho '

—ellz — || < p(z) - u(@) = (W', z—F) Vo€ B(Z,7).
Vige M(Z), tacéd
(53)  (u"x —2) < plx) — 9(2,9) +llz - 5| Vo€ B,

Ly c6 dinh mgt vécto ty ¥ (z",y*) € §+<p(5:,§). Do (2.3), 4p dung BS @
4.5.1 cho vécto (—z*, —y*) € 3(—p)(Z,7) ta tim dugc ham s6 s: X x ¥ — R
khé vi Fréchet tai (#,§) sao cho '

< 3(f:§ = iag)s S’(CE,:I’}) = (x*:_y‘)s
(54) { s(z.y) > ple.y

) VY{r,y) e X xY.

Dé v ring u(x) € o(x,y) < s{z,y) véi moi y € G(z). Tu (5.3) va (5.4) ta suy
ra
fr—T)
\P(-'B,J) ( !g)+5”x_‘f” “gs(x}y)_s(j:g)_i_s”x“j”
(s2(2, ),z — ) + (s,(Z, 0),y — 7

+o(llz — Zl| + lly - yl! + elle — Z| -
={e"z -2 + "y — 5 +ollz— 2| + Iy - 7l +€||$*$1|

IhAg

v6i moi {x,y) ma x € B{(Z,n) viy € G(z). Vi€ > 0 duge chon thy y, tir d6
suy ra
lin sup w =2z —2)— "y - )
e Te-al+ Tyl

< 0.

(«:—‘,y

Diéu dé ching to ring (v* —z*,~y") € 55((:":,5);gph ), 6d6 &(-;gph G) 1a
ham chi cila tap gph G. Luu § dén (2.7) ta thu duge

(" — 2%, —y") € Nypp (2, 9)-

Do (2.9), tit d6 ta c6
w* —z* € D*Gz, ) "),

Vay ta ¢6 bao ham thuc
u' € 2* + D"G(E )",

tic 1a (5.2) nghiém ddng. O
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Dinh nghia 4.5.1 (xem Robinson (1979)). Anh xa h:D — Y duge goi 1
Lipschitz trén dia phuong®® taiz € D, 4 dé6 D 1a mot tip con cia X, néu tén
tain > 0 va £ = 0 sao cho

[A(x) — h{z}]| < £flz — Z|| Vx € B(Z,n) N D.

Dinh nghia 4.5.2. Tanéitding dnh xadatri F:D 3 Y, $d6 D C X, b ldt
cdt Lipschitz trén dia phuong™® tai (Z,7) € gph F néu t6n tai doh xa don trj
h: D — Y Lipschitz trén dia phuong tai z sao cho A(z) = 7 va h(z) € F(x}
v6i moi x € D trong mét l4n can cia z.

Binh ly sau dua ra diéu kién dé dé bao ham thic (5.2) nghiém ding dudi -
dang mot dang thuc.

Binh 1y 4.5.2. Ngoai cdc gid thiét cia Pinh Iy 4.5.1, ta gid sur thém rdng p I
kha vi Fréchet tai (%, ) va dnh xa nghiém M:dom G 3Y ¢é 16 cdt Lipschitz
trén dia phywong rai (Z,%). Khi dé

(5.5) ou(z) = =* + DGz, 5)(y"),

Vot

(=*,v") = ¢'(2,5) = (895’(% ). , 350(% ﬂ))

la vécto gradient cua ¢ tai (T,7). A R
Chung minh. Theo Dinh Iy 4.5.1 @ ¢6 0u(z) C z* + D*G(z, §)(y*). Dé
ching minh rang bao ham thic nguge lai

z* + D'G(z,9)(y*) < Bu(z)

nghiém ding dlIO‘l cde diéu kién phu néi trong dinh 1y, ta 6 dinh mot phan
bat ky u* ¢ 6,u . Ta cén ching td ring

(5.6) u* ¢ " + D*G(Z, ) (y*).
Do dinh nghia du6i gradient Fréchet, diéu kién «* ¢ gu(:f) kéo theo

o i £48) = (E) — (2 = 3)
o lo—z]

< 0.

Vi vay ton tai € > 0 v diy 2 — 7, =), # T v&i moi & € IN, sao cho

(5 7) #(Ik) - :u(i) _ (U*,Ik - j) < _FE.
' lze — 2| h

TNTA: locally upper Lipschitzian.
MTNTA: admits a local upper Lipschitzian selection.
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Néu zp. ¢ dom G thi G(zx) = 9. Khi dé ta c6
plry) = inf{p(ze,y) : ¥ € Claw)} = +ox,

mau thuin véi (5.7). Vay ta phdi ¢6 z € dom G véi moi k € IV. Liy lat cit
h{-) Lipschitz trén dia phuong tai (%,%) cla dnh xa nghiém M:domG =3 Y
nhu trong gia thigt cha dinh ly. Dat g, := h(zk) va dé ¥ ving u(Z) = (I, 7).
i{ze) = oo, yp). Tt (5.7) suy ra

{u*, zx — F)

2P 'Tksyk‘) - {p(i‘,?}) +g”$k - $l!

={¢ (2. 9), (zx — F.yr — 7)) + o lza = Z[f + llww — I
+el|zy - E]

= {z*, 1t — Ty + W e — 7 + ol|ze — E| + flye — 71D
+Z ||z — Z||

S& dung tinh chat Lipschitz trén dia phuong cta h(-) tai T, ta cd
1 . N
llze — Z|| 2 E”yk — gl v6i k€ IV dulén.

Diéu dé kéo theo cdc ddnh gid

*

e

-zt e —I) — Nk — 1)

> Ellag — || + Gllue — 3l + olllze — El| + [lyx — 3l

-~

2> &llex — 21 + Nye — 31 + ollze — 2| + Yl — 71D,

6 d6 €:= min{z/2,8/(2£)}. Vi vay,

fr

(1-"-* —:r‘,x—:f) - (y‘(sy_g> > &
e — || + [y — gl

lim sup 2 E,

(x) 25 (7.9)

c6 nghia la (u* — 2", -y*) ¢ ﬁgph (%, §). Tinh chat 46 chimg o ring (5.6)
nghiém ding. Ching minh ket thic. O

Bay it chiing ta xét mot s6 vi dy dé thdy nhiing nét dac trung ctia hai dinh
ly vita thu duge va chia cdc gia thiét clia ching. Chiing ta bat ddu véi cic vi
du chimg t ring bao ham thic (5.2) trong Dinh 1y 4.5.1 ¢6 thé trd thanh ding
thiic ngay ca ham gid ¢ khong khd vi Fréchet. D€ cho tién, ching ta ky hiéu
cdc biéu thitc & v& tral v v& phai cha (5.2) twong dng bdi LHS (left-hand side)
vd RHS (right-hand side).

Vidu 4.5.1. Liy X =Y = R. it p(z,y) = —|y| va
—v/z,/x] néu z 20,
Glz) = { {E} vz, vz

néu z < 0.



4.5. Duoi vi phan Fréchet cua ham gid tri 167 wu 125

Dé thdy ring gphG = {(x,y) € R? : y* — = < 0}. Tinh ham gi4 tri t6i wu
thee cong thic (3.1), ta cd

u(z) :{ —/T néu z 320,

00 néu z < (.
Do dé
0 néu r=1¢4=0,
LHS=RHS=¢ {~1/(2y/Z)} néu >0 vihoicA §=+Z
hodic § = —/E.

Viy (5.2) nghiém ding dudi dang ding thire véi moi (,§) € gph M.

Hinh 17

Vidu 4352, Lay X =Y = R. Dat ¢(z,y) = —|z| + 2y va
Glzy={ye R :y2 x|}
Ta cé p(z) = |z| v 0 € M(0). D& thdy ring
Bu(0) = {~1,1], F*p(0,0) =[-1,1] x {2}, D*G(0,0)(2) = [-2,%).
Do dé,

N '+ D°C0,0w ) = () {="+[-22}=[-11],

(x°.y*)e8+p(0,0) ave(—1,1)

nghta 1 (5.2) nghiém diing duéi dang déng thic.



126 4. Doi dao ham cua dnh xg da tri

Trong hai vi du trén, him muc tiéu (z,%) 12 ham I6m va dnh xa da tri md
ta rang budc G 1a 16i. Vay ddnk gid (5.2) vln c¢6 thé nghi¢m dding dudi dang
déng thic d6i v&i nhitmg bai todn t6i uu khong 16i. V{ dy sau day ching 10 ring
gia thiét vé sy tén tai lit cdt Lipschitz trén dia phuong trong Dinh 1y 4.5.2 1a
thiét yéu, khong thé bo di duge.

Vidyds3, Liy X =Y = R va £ = g = 0. Xét ham gid tri t6i wu p(z) xdc
dinh bdi (3.1) véi

plz,y) =0 v Glz) = [V]z]
Khi do ta ¢cé
u(z) =0 va *p(z,y) = {0} véi moi (z,y) € R

Ngoai ra, N, th((O 0}) = Rx(—oc,0]. Vivay LHS= {0}, trong khi RHS=1%,
nghia I bao ham thic (5.2) 13 chdr. Nhan xét ring dnh xa nghiém (3.3) khong
¢6 14t cét Lipschitz trén dia phuong tai (Z, 7).

e T IS T THr T ML HARE Y I THORTARE T RO I

Hinh 18

Vi-du sau ddy ching t ring tuy gia thiét vé su tdn tai 4t cit Lipschitz trén
dia phuong trong Dinh ly 4.5.2 1a khong thé bé duoc, nhung né ciing khong
phai 1a diéu kién cén dé cé ddu bang trong bao ham thic (5.2).
Vidu4.54.Ldy X =Y = Rva z = § = 0. Xét ham s6 p(z) trong (3.1) v6i

plo,y) = (- va Glz) =R
Sir dung (3.1) va (3.3) ta tim dugc

(z) = 2 néu <0
néu >0
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~_ | {0} néu z <0
Mz) —{ (—V3, 7} néu z >0,
Trong khi dnh xa nghiém M(-) khéng c6 I4t cit Lipschitz trén dia phuong, ding
thitc van xay ra trong (5.2) vi ring

Fu(0) = {0}, (0,0) = {(0,0)}, va D*G(0,0)(0) = {0}.

Vay gia thiét vé sy ton tai it cit Lipschitz trén dia phuong 13 diéu kién di,
nhung néi chung khong phai 1a diéu kien cén dé€ cé ddu ding thic trong (5.2).

Bai tap 4.5.2. Bang céc tinh todn cu thé, hiy ki€m tra céc k&t qua néi
trong cdc vi dv 4.5.1-4.5.4.

T cdc dinh 1y 4.5.1 va 4.5.2 ching ta c¢6 thé it ra quy tic tinh dudi vi
phan Fréchet cia dng hai ham s& va quy tic ham hop cho duéi vi phan Fréchet.
Cac quy tic khdc (6 cing dang) c6 thé xem trong Mordukhovich, Nam va Yen
(2006). Nhan xét ring cic quy tdc tink todn chinh xdc® cic phin tir duéi
gradient Fréchet (khdc véi cdc quy téc tinh todn md®' trong Borwein va Zhu
(2005}, Mordukhovich (2006a)) thu duge & day 13 kha thd vi.

Hé qua 4.5.1 (Quy téc tinh du6i vi phan Fréchet cia téng). Cho i: X — R
(1 = 1,2) lad cdc ham s6 thuc, hitu han i T. Gid sit rdng 011 (Z) # 0. Khi
dé

(58 He+e@c [ [ +80E)] C 8@ + Bpa(a).
z* €8t 91 ()

Chimg minh. Dit

wlz,y) =p1(z)+y, G(z) = [p2(z}, o0}

v dé ¥ ring gph G = epi (g, trong khi

pu(z) = yeig(fx} ez, y) = p1(z) + ().

Ngodi ra, § := ¢2(Z) € M(Z), 5 d6 M duge xdc dinh bdi (3.3). Léy tiy §

T* € 8% p1(Z), ta 6 (z*,1) € 8+p(z, 7). Do Dinh Iy 4.5.1,

Ou(z) = 8ler + 2)(@) C 2" + D*G(Z, 02(2))(1) = 2" + Bipa(7).

Quy tic (5.8) da dugc chiing minh. O

®ITNTA: exact calculus rules.
STNTA: fuzzy calculus rules.
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Hé qua 4.5.2 (Quy tic tinh dudi vi phan Fréchet clta ham hop). Gid s dnh xa
f:X =Y la Lipschitz dia phuong tai T va gid sit ham 56 p.Y — IR la hiu
han tai § .= f(I). Néu 8% (g) # &, thi bao ham thie

(5.9) dpofimyc () 8w HE)
u* €8t o(7)
nghiém ding.

Chimg minh. Dat p(z,y) := p{y) va G(z) ;= {f(z)}. Ap dung Dinh ly 4.5.1
va cong thdc (2.11) ta thu duoc (5.9). O

Bay gitr chiing ta din ra nguyén Iy biéh phan cho dudi vi phan trén®?. Meénh
dé nay duge chimg minh nhd nguyén 1y bién phan Ekeland (xem Dinh 1y 2.1.1
rong Chuong 2) vi He qui 4.5.1.
Pinh 1y 4.5.3. Gid st o: X — {—o0,00] ld ham s6 nia lién tuc dudi, bi chdn
dusi & trong khong gian Banach X. Khi dé, véimoi € > 0, A >0, vad ;0 € X
thda mdan

plzo) < inf o(z) +e,

ton tal T € X sao cho

@) |z — mol) < A

(b} (Z) < Ilg)f( wlz) + ¢,

() {lz*|| < €/A véi moi z* € 8+ p(Z).
Chimg minh. Theo nguyén 1¥ bién phan Ekeland, tir cic giad thiét caa dinh ly
suy ra ring tdén tai £ € X thoéa man

lwo = 2l < &, (2} < inf p(z)+e,

v () € @(z) + (¢/A)||z — Z|| v6i moi x € X. Didu d6 chimg té ring ham
56

(5.10) $(a) = p(z) + /N~ 2], z€X,

dat cyc tidu toan cyc tai Z. Do dinh nghia duéi gradient Fréchet, tir d6 ta c6
0 € 8¢(Z). Dé § ring khing dinh (c) 12 tm thudng néu 07 p(Z) = @. Vay chi
phai ching minh (c) dudi gid thiét 8+ (z) # 0. Trong trudng hgp d6, 4p dung
Hé qua 4.5.1 cho ham téng trong (5.10), tir bao ham thic 0 € 8¢(Z) ta nhan
duoc

oe () [+l -a@]c [+ E/NBx),
z* €D+ (@) x* €8+ p(z)
S2TNTA: uper subdifferential variational principle.
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& d6 By~ ky hiéu hinh cdu don vi déng trong X*. Vi vay ||z*|| < e/ v6i moi
e dtp(z). 0O

Tiép theo chdng ta s& 4p dung cdc dinh 1y 4.5.1 va 4.5.2 cho cdc bii todn
quy hoach todn hoc & d6 dnh xa mo ta rang budc 12 dnh xa nghiém cha he ding
thite/bat dang thite phu thuge tham sé, hoic 12 4nh xa nghiém cla bdi todn can
bang phu thudc tham s&.

Truoc heét ta xét bai todn quy hoach todn hoc trong khéng gian Banach véi
cdc ring budc dang thic va bt ding thirc, D6 12 mot dang dat biét cla bai toan
(3.2) v6i 4nh xa G: X =2 Y duge cho bdi cong thic

Glz) = {yEY Cowi{zy) <0, i=1,...,m,
(5.11)
lpi(‘r!y):U! i:m—i_l:"'r:rn"i-?‘}!

040 pi: X xY = R (:=1,...,m+7) la cdc him s& thuc cho truéc. Dinh 1y
ddu tién cha ching ta lién quan dén cdc bai todn quy hoach véi dif licu 1a cdc
ham s§ khd vi Frécher (ching khong nhat thiét phai 13 tron hay kha vi chat tai
cdc diém duge xét). Dénh gid trén cho duéi vi phan Fréchet ciia ham gid tri 16
wu pf-) s€ duge thi€t 1ap bing cach st dung cic nhdn nt Lagrange® ¢6 dién.
Dé phat biéu dinh 1§ nay, ching ta nhic lai khai niém ham Lagrange®

(512) L(Ir Y, A) = 50(:1'-' y) + )‘1991 (-T',y) +...+ /\m+r‘prn+7'(37, y)a
cua bai todn quy phi tuyén (3.2) vdi rang budc (5.11), & dé
A=A,y Apar) € R

1a mot by cdc nhan tir Lagrange. (Ngudi ta cling thudng goi vécto A 1 nhan tir
Lagrange.) Cho truéc mét diém (Z,§) € gph M trén d6 thi cia 4nh xa nghiém
(3.3) vd vécto y* € Y™, ta xét cdc tip nhan tir Lagrange sau day:

(5.13)

wr
Az, ) = {,\ €R™T 0 QLE G+ Y Aile)y(2,9) =0,
i=1

A2 0, Ngs(E,5) =0 véi i:l,...,m},

vl
(5.14)

-7

('_.sg}y*) =sAxe R T y* y Ai(?“')f(_’g) U}
AT Y
i=1

X 20, NilZ,9) = 0 véi izl,...,m}.

#'TNTA: Lagrange multiplier.
“TNTA: Lagrangian.
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_ o _ 9elZ,y) von o OeidZ,7)

’ —_ ? , — !
¢ va ; theo bién y tai diém (Z,7). Ta cé thé viét lai ding thic ddu tién trong
(5.13) thong qua dao him riéng cua ham Lagrange (5.12) theo bién y nhu sau:

14 cdc dao ham riéng cia

L;(f.'., g'.! A) = 0‘
Da&i v6i céc tap nhan tlr Lagrange (5.13) va (5.14), ta 8é ¥ ring
Az, §,0,(2,9)) = AZ,9).

Pinh ly 4.5.4 (Dudi vi phan Fréchet clia him gid tri t6i uu cla cdc bai todn quy
hoach todn hoc kha vi trong khong gian Banach). Gid sit u(-) duge xdc dinh
boi (3.1) v6i G(-) dugc cho bdi (5.11) va dnk xg M (') tuong ing duge cho bdi
(3.3), va dom M # 0. Ldy T € dom M va § € M(Z) théa man 8% p(2,5) # @
va gid su rdng cdc ham w;, 1 = 1,...,m + 1, la khd vi Fréchet tai (Z,7) va
lién tuc trong ldn cdn cua diém do, va

{5.15) CUE G, Posr (B, §) 1@ doc ldp tuyén tinh.
Khi dé bao hdm thitc sau nghiém diing:

: m+r
(5.16) du(z) C N U [ﬂ?' +y° /\s(%);(f@] .
i=1

(2% y")edtplag) AEMEGY)

Ngodi ra, néu ham p ciing khd vi Fréchet 1gi (Z,7) va dnk xa nghiém M:dom G =2
Y ¢6 Ide cdt Lipschitz trén dia phuong tai (Z,5), thi (5.16) tré thanh ddng thic:

. mAT
(5.17) dux) = | [‘PL(E,ﬁ) +y /\i(sot');(i,ﬁ)} :
i=1

AEA(Z.T)

Chimg minh. Trudc hét, chiing ta thit lap cong thiic

(5.18)
» m4r
be@ nen = {v e X" Z \pi(E, )
voi mot X € Rm+‘" théa min X; =
Mgi(E§) =0 8déi=1,..., }

cho d6i dao ham cha 4nh xa G(-) trong (5.11) dudi gia thiét ring cdc ham @
(i =1,...,m+r) 12 khi vi Fréchet tai (Z,§) va diéu kién chuin hod rang bugc
(5.15) duge théa mién.
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Dé ching minh (5.18), ching ta nhan xét ring dé thi ciia 4nh xa G(-) dwoc
xét c6 thé bidu dién duéi dang dnh ngugc

(5.19) -gphG = fTHE) = {(z,y) e X x Y : f(z,y) € K}
ctia hinh nén 18i déng K C IR™*" x4c dinh boi
(5.20)

K .= {(al,‘..,amw)eﬂ?m“ a0 vhi i=1,....m,

a; =0 véi é=m+l,...,m+r}

qua dnh xa f: X x Y — R™*" duge cho bdi

(5.21) f(z.y) = (pr{z, y), - - Pmar (2, 9))-
Do (5.21), f 1a kha vi Fréchet tai (Z,7) khi v chi khi tdt cd cdc ham
{t =1,...,m+r) la kha vi Fréchet tai (Z,%). Ngoai ra, toin tir dao ham

FE5): X xY - Rm™

12 fran khi va chi khi di€u kién (5.15) duge thoa min. Sit dung quy tic tinh
todn frong Mordukhovich (20062), H¢ qua 1.15, dé tinh nén phdp tuyén Fréchet
cta anh nguoc cla cic tip hop trong khong gian hitu han chiéu qua 4nh xa kha
vi Fréchet véi dao ham tran, ta c6

(5.22) N(.9): 1K) = (@) (R @9 ).

Tir d6, do dinh nghia d6i dao ham, do bidu dién {(5.19), do cdc c4u tric dac biét
clla K trong (5.20) va f trong (5.21), ta thu duoc (5. 18)

Dé chung minh (5.16), ta c6 dinh mét phdn tir 2* € 3p( ) va 1y tity ¥ mot
phén tir (z*,4*) € 87 p(z,7). Theo Dinh 1y 4.5.1,

- x* e DGz, §)(yv").
Do (5.18), ton tai (A, ..., Amer) € R™F v6i
A2 0 vd Np(Z,g)=0 véimoi i=1,...,m

sao cho
m+r

(F 2", =y") = D Api(Z.9)
i=1

Luu y dén (5.14), ta c6

m+r
-z € U [21\ (¥i), ;T:y_l

ACA(Z.gy*)
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Diéu d6 chimg to rang (5.16) nghiém diing.

Bay gid ta gia st rang ham » 1 kha vi Fréchet tai (Z,%) va dnh xa nghiém
M () c6 14t cét Lipschitz trén dia phuong tai (Z, 7). Khi d6, theo Dinh 1y 4.5.2,
(5.5) nghiem ding. Sir dung (5.18), tir d6 ta thu duge (5.17). O

Sau day ching ta xét truémg hgp cdc ham rang budc trong (5.11) khong nhat
thiét 1a kha vi tai (z, 7).

Pinh 1y 4.5.5 (Dudi vi phan Fréchet cha ham gid tri t6i uu cua cdc bai todn quy
hoach todn hoc khong kha vi trong khong gian Asplund). Gid si () dwge xdc
dinh boi QD) vl G: X =Y duge cho béi (4.11), d dé6 X va Y la cdc khong
gian Asplund. Gid sir rang dom M # @ va ton tai ¥ € dom M, § € M(Z), sao
cho OV p(E,5) # B, vor M (') la dnh xa dwgc cho bdi (3.3). Gid thiét thém rdng

cac ham 56 @; (i = 1,...,m +r) la Lipschitz dia phuong tai (I,§) va diéu
kién chudn hod rang budc (didu kién chinh quy} sau dugc théa mdn: Chi ¢6
(Aly. oy Amyr) = 0 € R™T lg vécto théa mdn cdc tinh chdt
bs3 T
0 Xt (Z,9 Ai(Opi(2,5) U O(—piHT, §
(5.23) eg i ”H,-:;H (90i(#,7) U O~ i), 5))

My dmgr) € BPY Xpi(Z,9) =0 véi i=1,...,m.

Khi do,
(5.24)
ume [ wex i mneE )+ MnEn
(2% y*) €5+ 9(2,9) =1
mtr
+ ) N0, 5) V(-9 (E, 7))
i=m+1

vl (A, ..., Amer) € R
théa mdn Aps(2,5) = 0, i =1, ... ,m}.

Ngodi ra, (5.24) trd thanh ddng thic néu ta gid sit thém rdng ham p & khd vi
Fréchet tai (Z,9), tdt cd cdc ham rang budc p; la khd vi chat tai diém do, va
dnh xa nghiém M:dom G =3 Y ¢d ldt cdt Lipschitz wrén dia phuong ai (Z,7).

Chitng minh. D¢ thu dugc (5.24), ta si dung bao ham thic (5.2) va d€ ¥ ring

(5.25) DGz, (") C D*GE, ), v eY?
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Ap dung Hé qua 4.36 trong Mordukhovich (2006a), ta ¢6 déanh gid trén

DGz, y)(v*) C { u;‘ e X (u,~v") e Zz\,;@cp,;(:?:,y_)

(5.26) + D M(BpilE,5) U (=) (E.5))
t=rn+1
V6i (M, -y Amar) € R

théa man Mpi(T,5) =0, i=1,... ,m}

cho déi dao ham D*G{(Z, §) cha dnh xa G{-) cho bdi (5.11) dudi diéu kién céc
ham ; (i = 1,...,m+7) 1a Lipschitz dia phuong tai (Z,%) va diéu kién chudn
hod rang budc:

(5.27) (523) = (Ap,..., Amer) = (0,...,0).

Lip luan twong ty nhu trong chimg minh Dinh Iy 4.5.4, ta thu dugc ddnh gid
(5.24), .

D€ thiét 1ap ding thidc trong (5.24) duéi cc diéu kién néi & khing dinh thi
hai clia dinh 1y, ta sit dung DPinh Iy 4.5.2, Chi con phéi chimg t6 ring ddnh
gid (5.26) ¢6 ddu bang dudi diéu kién chinh quy (5.27) va gia thiét vé tinh kha
vi chit tai (T,7) cia cdc ham ;. Diéu d6 suy ra tir chitng minh cia Heé qua
4.36 trong Mordukhovich (2006a) bang cich 4p dung khdng dinh (iii) cia Dinh
1y 3.13 (Quy tac ham hop cho déi dao ham) trong Mordukhovich (2006a). O

Dya trén Dinh Iy 4.5.5 ching ta ¢6 thé dua ra dénh gid trén cho dudi vi
phéan Fréchet cla ham gid tri t6i wu trong bai todn quy hoach todn hoe phu thugce
tham s6 voi dit lieu kha vi, & d6 thay cho (5.15) ta sit dung diéu kién chinh quy
Mangasarian-Fromovitz - mot diéu kién y&u hon (5.15). Tuy thé, ta phai gia
thiét ring X va Y 1a cdc khong gian Asplund va cdc hdm ring budc trong (5.11)
1a kha vi chat (7, %)

Hé qua 4.5.3. Dudi cdc gid thiét néi trong khing dinh thit nhdt cia Dinh Iy
455, gid swrdang X va 'Y la cdc khong gian Asplund, cdc ham rang buéc o
la khd vi chgt® tai (2,5). va diéu kién (5.15) duoc thay bdng diéu kién sau:
(5.28)

Pt 1 (3.7 Plngr (2.F) 10 dbc ldp tuyén tink;

ton tal w € X XY sao cho {Fi(Z,5),w)=0 néu i=m+1,...,m+r,

(@i(Z, ), w) <0 née i=1,...,m véi ¢(z,5) =0
Khi d6 ta ¢6 (5.16), va bao ham thitc d6 trd thanh ddng thitc (5.17) khi ¢ va
M(.) théa mdn cdc gid thiét ndi trong khdng dinh thit hai cia Pinh I§ 455,

Ching minh. Cic khing dinh trong hé qua ndy suy ra tir cic khing dinh twong
tng trong Pinh ly 4.55. O

%Xem dinh nghia trong chi thich & Ménh dé 4.2,1.




134 4. Doi dao ham cia dnh xa da tri

Bai tap 4.5.3, Cho X = Y = R, p{z,y) = zly| va
Clizy={y:z+|y| €0, z—y=1}.

Ap dung Dinh ly 4.5.5 d¢ tinh (hoac danh gid) dudi vi phin 5p(i“) cla
him p xdc dinh boi 3. wiz =0

Muc dich cta hai bai tap sau 13 tim hiéu méi lién hé gifta Dinh Iy 4.5.5 va
Dinh 1y 4.5.4,

Bai tap 4.5.4. Ching minh ring diéu kién chuin hod rang bugc trong
khang dinh thir nhédt ciia Dinh 1§ 4.5.5 trl thanh diéu kién (5.28) khi cdc
ham ¢; 1a kha vi chat tai (Z, §).

Bai tap 4.5.5. Ching minh ring néu cdc ham p va g (i=1,... ,m+r)}
1a kha vi chat tai (€, ), thi (5.17) nghi¢ém ding néu nhrr bac ham thic
(5.24) c6 dau bing.

Bay gi0 ta xét bai todn (3.2) trong truong hop G(z) 13 tap nghiém chGa hé

hién phan ¢é tham 50 (con duge goi 1 rang bugc cdn bdng cé tham 5657,

hay phitong trinh suy rong phy thuoc tham s6%®):

(5.29) Glz)={yeY: 0€ flz.y) + Qz, v},

0d6 f: X xY — Zladnhxadon tri, @: X XY = Z 1a dnh xa da tri gilta cdc
khong gian Banach. Quan hé

0€ flz,y) +Qz,y)

14 mét phuong trinh suy rong (phu thuoc tham sd) theo nghia Robinson (1979).
3 day, ¢ 1a dn s6, con x 1 tham s6 cla phuong trinh suy rong, Bai todn t8i v
(3.2) vé1 G(x) duge cho bdi (5.29) thudmg duoc goi 14 bai todn quy hoach todn
hoc cé rang buéc cdn bdng® phu thude tham s6. Day 1a mot moé hinh ¢6 nhiéu
tng dung (xem Luo, Pang vi Ralph (1996), Outrata, Kocvara vad Zowe (1998)).

Pinh 1y sau day dua ra cdc dénh gid trén cho du6i vi phan Fréchet cia ham
gid tri t&i wu trong bai todn quy hoach todn hoc ¢6 ring budc can bing phu
thudc tham s6 trong khong gian v6 han chiéu.

Pinh 1y 4.5.6 (Dudi vi phan Fréchet cia ham gid tri t6i vu cha cdc bai todn quy
hoach todn hoc ¢d rang budc can bang). Xt ham gid tri 16i wu p(-) duoc cho boi
(3.1) véi G(-) duvc xdc dinh bdi (5.29). Ldy = € dom M va ¢ dinh mgt phdn

*“TNTA: parametric variational system.

S"TNTA: parametric equilibrium constraint.

STNTA: paramelric generalized equation.

S TNTA: mathematical programming problem with an equilibrium constraint.
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g e M(x), d dé M(-) dugc xdc dink bdi (3.3). Gid sir rdng §+<p(i, AEX!
Ddt 2 := —f(Z.7) € Q(T,§). Cdc khdng dinh sau nghiém ding:
() Néu f: X xY — X = Z la khd vi chdt tai (£,§) véi dao ham

F#38): XxY -2

la dnh xa tran va néu Q(z,y) = Qy) la dnh xa khéng phu thupc vao bién =,
thi

Bu(z) C N { 2+ (fUZ.9) (=) ¢ 32* € Z* thia man
(2° 4" )EF7 p(z,9)

-y € (£(2,9))" (=) + D"QG, D)= ).

O ddy fi(%,§) va f;(:z,g) ky hiéu cdc dao ham riéng cua f rai (%,5) tuwong
ung theo cdc bién = va y.

(i) Gia sir rang XY, Z la cdc khéng gian Asplund, f:X xY — Z la
lién tuc trong ldn cdn cua (Z,7), va néu Q: X XY =2 Z c6 dé thi diong trong
lan cgn cia (T,g,2) (nic la 1on i mét lan cdn déng cia' (Z,§, %) 6 giao vor
gph & la mdr 1dp dong). Khi do

g;t(f}c ﬂ { w' e Xt 3dz* e Z" vo

. (x* y)e8+ (2 ,5)
5. pfm =Nfoa
(5:31) (u*,0) € (2", y*) + D* F(%,§)(=")

+D°Q(z,7,2)(=") .
néu nhu (z*,y*,2*) = (0,0,0) la b ba duy nhdt théa man
(" v") € D" f(z,9)(z") N (~ D*Q(7,5,2)(27))

va hodc Q la SNC 1ai (Z,¥,z), hodc f la Lipschitz dia phicong tai (%,7)va Z
la khong gian hitu han chiéu.
Chitng minh, D¢, ching minh ¢ hai khang dinh cda dinh 1y, ta s& 4p dung
Dinh 1y 4.5.1 va bao ham thifc (5.25). D€ dénh gid tap hop & vé phai cha (5.25)
ta c6 thé sir dung cdc cong thifc tinh todn trong Mordukhovich (2006a; tiéu muc
44.1). ‘

Dudi cdc gia thi€t duva ra trong khing dinh (i), theo Dinh 1Y 4.4.4(i) trong
Mordukhovich (2006a) ta cé

D*G(z,§){v*) = {u"‘ eX*: A eZ* véi ut = (fL(z,5) (")
—v* € (f(& )" (") + D"Q@,)(=") },

Két hop ding thic nay v6i (5.25) va (5.2) ta thu duge (5.30).
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Tuwong ty, ddnh gid (5.31) dugce suy ra tir (5.2) va bac ham thic
DGz, §)(v") C { wr e X* 132" € Z° véi
(w,~v") € D*f(&,5)(=") + D"Q(z, 5, 5)(=") }.

Laru ¥ ring bao ham thitc cusi nghiém ding do Dinh 1y 4.46 trong Mordukhovich
(2006a) va cdc gid thigt da néu trong khing dinh (ii). O

Cic cong thiic tinh todn hoac wdc lugng cdc tap gia tri clia dnh xa doi dao
ham D*G(Z,7) cla 4nh xa nghiém cda hé bién phan trong (5.29) da thu duoc
trong Mordukhovich (2006a, ti€u muc 4.4.1) cho phép ta dua ra nhiéu ddnh gid
khdc cho dudi vi phan Fréchet cua ham gid tri t6i wa trong cdc bai todn t6i uu
¢6 rang budc can bang O dang tdng quét hodc & cdc dang dac biét (khi rang
bugc cin bing cé dang mot bat ding thic bién phén, mét bai toan ba, vv..).
Dudi cdc gia thi€t phu hop 1y, ta ¢6 thé dva ra cdc cong thic tinh chinh xéc
dudi vi phan Fréchet cia ham gid tri t6i wu trong cic bai todn ¢é rang budc can
bang. Cic cong thitc nhu the thudng nghiém ding khi d6i dao ham Fréchet cla
G trung véi d61 dao him Mordukhovich ciia né (diéu d6 xay ra, ching han nhu,
khi @ 12 dnh xa da tri 161 va f thoa man mot vai diéu kién phu).

Bai tap 45.6. Cho X =Y = Z = R, plz,y) = Wy, flz.y) =
TT}! Q(‘T! y) = NK(J)(y)- a dé

K(z)={y :* <=}

v Ny ;3 (y} 1& nén phap tuyén cha tap 160 K{x) 1ai y. St dung Dinh ly
4.5.6 dé tinh (hoac danh gid) duéi vi phan au(;i) cia ham g xdc dinh bdi
(3.1), & 46 G(x) duge cho bdi (5.29), tai difm Z = 0.

4.6 Dudi vi phan Mordukhovich cua ham gia tri toi wu

Trong muc nay ching ta s& dua ra cdc cong thic danh gid dudi vi phan Mor-
dukhovich cia ham gid tri t& uwu (3.1). Vi dudi vi phan Mordukhovich 13 dudi
vi phan qua gidi han {ndi chinh xdc, dé 14 giéi han trén theo diy theo nghia
Painlevé-Kuratowski ciia mot ho e—dudi vi phan Fréchet; xem cong thic (2.5)),
nén cic két qua & muc nay phic tap hon cdc két qua tuong (ng & Muc 4.5. Su
phic tap d6 thé hién & chd

- gia thiét cia cdc dinh ly s& cong kénh hon,

- diéu kién dé cdc danh gid dang bao ham thic dat duge ddu bing sé ngat
nghéo hon.

Cidc dudi vi phan suy bién dua ra trong Muc 4.2 s& déng vai ird quan trong

trong muc ndy. Diéu kién chinh quy (diéu kién chudn hod rang budc) trong cdc
dinh 1y thudng duge phdt biéu théng qua dudi vi phan suy bién.
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Néu khong néi gi thém, thi cic khong gian X va Y xét trong muc nay digce
gia thi€t 12 cdc khdng gian Asplund. Chiing ta cling gia sit ring ham gid  trong
(3.1} 1a nua lién tyc dudi va dnh xa da tri mo ta rang budc G 13 dnh xa cd dd thi
déng trong lan can ciia diém duge xét (tic 13 giao cha tap gph ¢ véi mot hinh
cdu déng, c6 bdn kinh dwong, chia diém duge xét 13 tap déng trong X x Y).

Céu tric clia cdc cong thie ddnh gid dudi vi phan Mordukhovich du(Z) va
dudi vi phan suy bign 0°°u(Z) cia ham gid tri i wu (3.1) 1a khdc voi cdc cong
thic di dua ra trong Muc 4.5 (mac di vdn ¢6 nhiéu diém wrong d6ng). Cdi khac
co ban [a ta s& khong gid thiét 5"‘(,0(37:, 7) # @ va, thay vi sit dyng giao clia mét
ho tap theo tham 56 (z*,y*) € §+cp(i, 7) nhu trong Binh 1y 4.5.1, ta s& sit dung
hop coa ho tap theo cdc tham s6 (z*, %) € &p(T, ) hoac {(z",y*) € ®p(F, 7)
dé danh gid cdc du6i vi phan dp(Z) v 9°°u(Z). Mit khic, chiing ta sé cin 16i
nhitng gia thiét phu vé tinh compic phdp tuyén theo ddy cha 4nh xa G vi tinh
epi-compic phdp tuyén theo diy clia ham s6 ¢,

Nhan xét rang cdc ddnh gid trén cho du(Z) vd &°u(T), trdi nguge véi cdc
danh gia cho 84:(Z}), ¢6 quan hé chat ché v6i cdc diéu kién di cho tinh Lipschitz
dia phuong cia pi(:} va véi diéu kién cn cyc tri clia bai todn téi 1 tuong ting.

Chiing ta s€ so sdnh cdc k&t qua thu dugc & day vdi cdc két qua da thu duge
bing nhiing céch tiép can khic.

Gia sit Z € dom M va § € M(Z), 6 d6 M(-) duge cho bai (3.3).

Dinh nghia 4.6.1. Ta néi rang 4nh xa nghiém M (-) 12 p-mia lién tuc dudi noi
b7 1ai (Z,5) néu véi méi day x > Z 16n tai ddy g € M(zx) sao cho {y}
cd mot diy con hoi ty dén 7.

Pinh nghia 4.6.2. Anh xa nghiem M(.) dugc goi 12 u-ban-compdc noi bg™
tai 7 n€u véi mdi diy z; > F tén tai day yi € M(zi) sao cho {y.} c6 mot
diy con hoi tu.

C4c tinh chat néi trong hai dinh nghia trén la sy md rong cla cdc tinh chét
nia lién tuc dudi ngi b va bdn-compdc ngi bo - dwoc dinh nghia cho céc 4nh
xa da tri téng quat; xem Mordukhovich (2006a), Dinh nghia 1.63. Diéu khdc
biét 12 & ché diéu kién z; — Z trong Mordukhovich (2006a) bay gi¥ duge thay
bing mot diéu kien yéu hon: z; £ z. Luu ¢ 12 hai dinh nghia vira néu chi dp
dung dwge cho dnh xa nghiém cé dang (3.3).

C6 thé fim théy cac didu kién di cho tinh chat y-nita lién tyc dudi ndi bo va
tinh chit u-bin-compic ndi b cha dnh xa nghiém trong Clarke (1983), Gauvin
v Dubeau (1982), Gollan (1984), Mordukhovich (1992), Mordukhovich va Shao
(1996a), Rockafellar (1982). Néi riéng ra, tinh chét u-bin-compic ndi b6 cla

HTNTA: u-inner semicontinuous.
I'TNTA: inner semicompact.
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M({-) tai Z 12 hé qua cla tinh thudn™ cla M(-) tai T — mot tinh chit duge
Rockafellar (1982) dua ra cho trupng hop khong gian hitu han chiéu va duge
Gollan (1984) m& rong sang trudng hop khong gian vo han chiéu.

Vidud6l Dat X =Y = R, p(z,y) = oy, Glz) = [-1,1] v6imoi z € X,
% = 0. Xét ham p(-) cho bai (3.1) va 4nh xa da tri M(-) cho bdi (3.3). Khi d6,

0 néu x =0,

pz) =<4 —x néu z>0
x néu xz <0
va
[-1,1]] néu z=0
M{z)=¢ {-1} néu z >0
{1} néu x < 0.

Vi vy, 7, — 0 khi va chi khi @ £ 0. Tir cdc cong thic x4c dinh p va M
& trén, ta suy ra ring M 13 p-bdn-compic n6i bo (va ciing 1a ban-compic noi
bo) tai Z, nhung khong 12 p-nira lien tuc dudi ni b tai (Z,7), v6i bat cir diém
4 € M{z) =[-1,1] nao.

Vidud62 Pat X =Y = R, p(z.y) =y,

Glz) ={ye[-11] : zy <0},

Ta ¢é
[-1,1] néu z =
G{z)={ [-1,0] néu x>0,
[0,1 néu z <0

T dé ta tinh duoc

(z) = -1 néu z 20,
MEI=1 0 néu r <0

[ {-1} néu z20,
M{x) = { {0} néu z < 0.

Lay (Z,5) = (0,—1) € gph M. Do cong thic cita g, ta thdy ring didu kién
z 45 % c6 nghia 12 2 — 0 vd 24 3> 0 v6i k db Ién. Tir d6 suy ra M 1a p-nia
lién tuc dudi ndi bd tai (Z,7). Tuy thé, M khong 13 nia lién tuc dudi noi bo
tai (Z,7). That vay, dGi voi diy =, == —-]1; — (0 = Z ta khéng thé tim auoc day
yi € M{zi) ndo dé ¢é y — § = —1. D6i v6i tinh chit ban-compéc nodi bo, dé
thdy ring M 13 bin-compic noi bd tai Z (do d6 n6 1a u-bdn-compic noi bo tai
).

-
2TNTA: tameness.
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Két qua dau tién cia chiing ta trong muc nay 14 Dinh Iy 4.6.1 dudi day. Hai
khing dinh d4u tién cha dinh ly (ching c6 quan h¢ trong hd, nhung 13 doc lap
vdi nhau) dugc 1ay tir Mordukhovich (2006a), Dinh ly 3.38, & d6 tinh chat u-nira
lién tuc dudi ngi bo va tinh chat p-bin-compic noi bo cia M(-) dugc thay tuong
img bdi nira lien tuc dudi ndi by va Ban-compic noi bo. C6 thé thiy ring céc
chimg minh trong Mordukhovich (1992}, Mordukhovich va Shao (1996a) khéng
phai thay ddi gi khi chiing ta sir dung cdc tinh chdt y&u hon nhu vira trinh by,
Tinh chit thit ba méi duge thiét 1ap trong Mordukhovich, Nam va Yen 2007y,
né duge ching minh nho tinh chdt (i) va Dinh 1y 4.5.2.

Dinh 1y 4.6.1, Gid sir M(-) Ia dnh xa nghiém dwoc cho boi cong thie (3.3) va
gid su T € dom M. Cdc khdng dinh sau nghiém ding:

(i) Gid sit rang M & p-mika lién tuc dudi ngi bo 1ai (Z,5) € gph M, o lo
SNEC 1ai (Z,§) hodc G 1a SNC tai (Z,§), va diéu kién chink quy

(61) 60050(fa g) ﬂ( nghG z y) {0}

dwge théa mdn (cdc diéu kién d6 1w dong théa man néu o la Lipschitz dia
phiong tai (3,5)). Khi d6 ta cé cdc bao hém thire

©2)  ouE) < J{z" + DG + (@ y7) € 0pe. 0},

(63)  o™u@ c | {I* +D*GE,5)(") : (2%,y7) € 60"50(37:,5)}.

(it) Gid si rdng M la p-bdn-compdc noi b¢ 1agi T va cdc gid thiét khdc cia
(1) dugc thoa mdn ai mei diém (Z,§) € gph M. Khi dé ta c6 cdc bao ham thit
6.4y ouw) < | {Z DG @) € 20 9).5 € M@,
(6.5)

u() < {o" + DG ) @7 € 0°0(z,9).5 € M(3) ).

(iti) Ngodi cdc gid thiét cia (i), gid sit thém rdng o la khd vi chdt tai (Z,§), .
anh xa da tri M:dom G Y ¢ ldt cdt Lipschitz trén dia phiong tai (T ), va
G la chinh quy phdp tuyén tai (Z,§). Khi d, ham gid tri 167 wu W la chinh quy
dudi tgi Z va (6.2) nghiém ding dudi dang ddng thitc, nghia la

(GG) 8:{"’("%) = LP;("%: ?:_f) + D*G(f! g)(@;(i‘ﬁ g))

Ching minh. Chi c4n ki€m tra (iii). Do diéu kién ¢ 12 kha vi chat tai (Z,%),
(6.3) tro thinh bao ham thiic

u(T) C i (2,5) + D*G(E, §) (¥ (2, 7).
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Mat khic, Pinh 1y 4.5.2 va tinh chinh quy phédp tuyén cta G tai (Z,y), cing
vOi cdc gia thiet khdc chia (iii), dim bio ring ding thic

(T} = ¢, (2,9} + D"G(Z, 5) (¢, (2, )

nghiém ding d6i véi dudi vi phan Fréchet cda g Vi ring ta luon ¢6 du(z) C
du(T), tir d6 suy ra (6.6) va tinh chinh quy dudi cha g tai . O

' Bai tap 4.6.1. Sir dung DPinh 1y 4.6.1 dé tinh (hoac ddnh gid) cic dudi
vi phan dulx) vh 9% u(z) cha ham u trong Vi du 4.6.1 tai dim £ = 1.
Ngodi ra, hily tinh du{Z) bing céch sir dung céc két qua & Muc 4.5.

Bai tap 4.6.2. 50 dung Dinh ly 4.6.1 dé tinh (hodc ddnh gid) cic dudi vi
phan du(®) v 8°° u(x) cla hdm p trong Vi dy 4.6.2 tai ¥ = 0. Ngoai ra,
hiy tinh du(%) bang cdch sir dung cdc két gua & Muc 4.5,

Tir Dinh ly 4.6.1 vi mot vai tinh chit co so cia dudi vi phan Mordukhovich
va dudi vi phin suy bién cia cdc ham so nhan gid tri trong tap s6 thuc suy rong,
chiing ta rit ra cdc dién kién cdn cuc iri cho cdc bai todn tdi wu voi rang bude
da tri vA cd cdc diéu kién dé c6 tink 6n dink Lipschitz clia cdc bai todn do.

Hé qua 4.6.1. Gid sit & € dom M, 0 dé M duge cho bdi (3.3), va gid s § la
mét nghiém ciia bai todn 161 wu phu thuoc tham so:

Tim cuc tiéu ham s6 p(Z,y) voi rang budc y € G(Z).

Gid sit rdng dnh xa nghiém M(.) la p-nia lién tuc dudi noi bo tai (T,7) €
gph M, ham gid tri 161 wu (3.1) la nita lién tue dudi trong mét lin cgn cia
T, ham muc Héu ¢ la Lipschitz dia phuong, va dnh xa md td rang bude G ld
gid-Lipschitz ({ién tuc Aubin) 1ai (Z,4). Khi do, ton tai v € X* sao cho

(6.7) (u",0) € Dp(,5) + Napp (7, 9).

Chirng minh. Do cédc gia thiét, ta ¢c6 § € M(&), diéu kién chinh quy (6.1}
thoa man, va 12 SNEC tai (Z, ) (do tinh chat Lipschitz cia ). Vi the (6.2)
va (6.3) nghiém dang. Theo Dinh 1y 5.2 trong bai bdo cia Mordukhovich va
Nam (2005a), ham gi4 tri t6i wu (3.1) 14 Lipschitz dia phuong tai z. Sir dung
Hé qua 2.25 trong cudn sich Mordukhovich (2006a), ching ta két luan ring
Oulz) # 0, nghia 1a v& phai cda (6.2) ciing khic réng. Tir d6 suy ra diéu kién
¢in cue tri (6.7), O

‘Luu ¥ ring ta ¢6 thé dic trung tror ven tinh-chit gid-Lipschit~ (lién tuc
Aubin) cha dnh xa da tri dang téng quit G: X =3 Y. bang cong cu d6i dao ham;
xem Chuong 4 trong Mordukhovich (2006a). Trong khong gian hiru han chiéu
cdc dac trung d6 tro thianh

DrG(z,9)(0) = {9,
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Do (6.3), tir d6 ta ¢6 9°u(z) = {0} khi ¢ 13 Lipschitz dia phuong tai (Z, ).
Vi viy, ham gid tri t6i vu trong (3.1) I3 Lipschitz dia phuong va diéu kién cén
cue tr1 (6.7) trong Hé qua 4.6.1 nghiém ding,

By gi¥r ta xét mot s dmg dung cla céc két qua néi trong Dinh 1y 4.6.1 va
He qua 4.6.1 cho bai todn quy hoach todn hoc & d6 cic dit ligu co thé 1 c4c
ham khong kha vi. Gié st ring 4nh xa da tri G(-) trong (3.2) 14 4nh xa nghiém
clia hé dang thitc vi bat ding thirc

Glz) = {yEY Cowi(my) €0, i=1,...,m,

(6.8)
(pi(x:y)=01 i:m+1:"-:m+r}'

B cho gon, ching ta s& chi phdt biéu cdc ket qua twong tng vdi cdc khing
dinh (i) va (ii) trong Pinh Iy 4.6.1, & d6 ta gia sir M Ia p-nira lién tuc dudi noi
bo tai (7,7} € gph M. Trudng hgp M 1a p-bén-compic noi bo tai 7 duoc xét
tuong tr. Khing dinh thi nhat cia dinh 1y sau cho ta cic dénh gid cho dudi
vi phan Mordukhevich va duéi vi phan suy biénh cfia ham £¢(-), con khing dinh
thit hai 14 quy tic nhan 1 Lagrange cho bai todn quy hoach todn hoc cé tham
$6. Ta luu ¥ 1a trong khing dinh thi hai dudi vi phén cha cic ham ¢ va
{t=1,...,m+r) duge 14y theo cip bién (z,y}, & d6 y 14 bién quy hoach ciia
bai todn, con x i3 tham s6.

Dinh ly 4.6.2. Gid sir M(-) la dnh xa nghiém (1.3), ¢ dé dnh xa G duoc
cho bdi cong thic (6.8). Gid s rdng M la p-niza lién tuc dudi noi bé tai
(Z,9) € gph M, » va 14t cd cde ham o; la Lipschitz dia phitong tai (Z,§). va
(AL ooy Apar) = 0 € R™ la véc to duy nhét théa hé diéu kisn

m Lk g
(6.9) 0 Mooz )+ > N(Bpi(#,9) Ud(—p:)(z.7),
) i=1 i=m+1

(Al Amar) € BV Ngi(Z,9) =0 vii i = 1L,...,m

(dugc goi la dieu kién chinh quy, hay diéu kién chudn hod rang bugc). Khi dé
ta 6 cdc bao ham thic

(6.10)
du(E) C {u“ € X" (u,0) € p(z, 1) + Y Mdwi(z,7)
i=1
m—+r
+ ) MOpi(E,5) UB(~pi)(3,§)) voi
i=m+1

(’\11;-'s’\m+f') € BT+r vd )iwj(Pi(-'E,§) =0,i= 19'-'rm}!
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(6.11)
8%°u(z) C {u eX*: Z)ka(,o‘jy‘
T
+ Y M0pu(Z. 9 U B(—p)(Z, 7)) v
i=rm+1

Caceos dmie) € REV va M@, 9) = 0, i =1, ,m ).

Ngoari ra, (6.10) trd thanh ddng thic va p la chinh quy dudi tai T néu nhu tat
cd cde ham 56 @ va @; 1a khd vi chét tgi (2,9) va M:domG 3 Y ¢6 ldr cdr
Lipschitz trén dia phuong tai (Z,9).

(ii) Ngodi cdc gid thiét chung cua dinh 1Y, gid sit thém rdng guan hé

m m+r
(©,0) €D O &G} + D AlBpi(E5) U 0(—p:)(Z,9))
i=1 i=m+1
VO (A1, ..o s Amar) € RTY théa man Mei(2,3) =0,i=1,..., m, chi xdy ra
. doivéi xt = 0. Khi dé ton tai vt € X* va cde nhdn ti (M, ..., /\m+r) IRm“
sao cho \ipi(Z,§) =0v@ii=1,... ,mvd
(6.12)
wir
(u",0) € 8p(2,9) + ZA Bpi(Z,5) + D Nl §) UO(—9i) (T, 8)).
i=m+1

Chitng minh. (i) D€ thu dugc cic bao ham thiic (6.10) va (6.11), ta sir dung cic
bao ham thic (6.2) va (6.3) trong Dinh 1y 4.6.1, § d6 d6i dao ham DFG(Z, 7)
dugc tinh cho dnh xa G cho bdi cong thic (6.8). Ta nhan xét ring diéu kién
chinh quy (6.1) va tinh chat SNEC cia ham gid ¢ tu dong nghiém ding, vi
duge gia thiét 1 Lipschitz dia phuong.

Do cé gid thi€t chinrh quy (6.9) vd do ciac ham ¢ (i = 1,...,m + 1)
la Lipschitz dia phuong tai (Z,¥), 4p dung Hé qua 4.36 trong Mordukhovich
(20064} ta c6 ddnh gid

D*G{z, y){v*)
C{u e X*: Z/\ac,o,fg
(613) m-4r
+ Y Xi{0pi(E,§) U A(-@i)(Z,7)) voi
i=m+1
(Afs oy Amgr) € BT VA Mii(2,4) =0, i = ,...,m}

cho d¢i dao ham D*G(z,§) cla dnh xa da tri G cho bai hé ring budc (6.8).
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Ly iy ¥ u* € 9u(z). Do (6.2), t8n 1ai (z*,y*) € Op(E,§) sao cho
u* — T e DGz, 5)(y").
Theo (6.13), t6n tai (Ar,..., Ayr) € BR™HT v6i
Az 0 v Agi(Z,9) =0 védimoi i=1,...,m

sao cho

(u* —a*, —y*) € Z)\faﬂpi(fsﬂ)
mi4r

+ Z $(Opi(Z,5) UB(—p:)(Z, 7).

t=m+1

Tir dé suy ra

m
(U*: 0) € (J:‘sy*) + Z Aia@i(j: g)
i=1
mr

+ D M8, 9) U A=) (7, 7)),

i=m+1

va ta di dén ket luan »* 12 mot phdn tlf thuge tap hop & v€ phai cda bao ham
thite (6.10). Ta da ching minh ring Au(Z) 13 tap con cha tﬁp hgp d6.

Vi @ 1a Lipschitz dia phuong tai (,%), nen 8°¢(z,§) = {0}. Do d6, két
hgp (6.3) véi (6.13) theo cdch vita réi, ta thu duoc (6.11).

Ding thic trong (6.10) suy ra tir khéng dinh (iii) trong Pinh 1y 4.6.1 va sy
kién néi ring dnh xa da tri G cho béi (6.8) 12 chinh quy tiép tuyén tai (Z,7) dudi
gia thiét cac ham ; 13 khd vi chat (xem Mordukhovich (2006a), He qua 4.35).

(ii) D€ thu duge diéu kién cdn cyc tri (6.12), ta s& 4p dung He qua 4.6.1 va
cong thic (6.13). Ta luu y ring, do dinh nghia, ¥ € D*G(Z, §)(y*) khi va chi
khi (z*,—y*) € nghc(:i,zj). Nhu véy, cong thic (6.13) cho ta mét ddnh gid
trén {(danh gid ngodi) cho hinh nén phédp tuyén nghc(f,g). Vi nhimg Iuu
y don gian dé, tit (6.7) va (6.13) ta sé thu dugc (6.12), Ta cén phdi kiém tra
tinh gia-Lipschitz (tinh lién tuc Aubin) ca G - mot giad thiét cla Hé qua 4.6.1.
D¢ 1am viéc d6, ta chi cdn dé ¢ ring He qua 4.43 trong Mordukhovich (2006a)
khing dinh ring 4nh xa G cho béi (6.8) I gid-Lipschitz tai (Z, ) dudi gid thigt
chinh quy néi trong khing dinh thi hai ctia dinh ly. O

Céc ket qua trong Binh Iy 4.6.2 m& rong céc két qua clia Rockafellar (1985),
& d6 téc gia dua ra cdc danh gid cho dudi vi phan Clarke cia ham gid tri t6i vu
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va st dung cdc duGi vi phan Clarke cho céc biéu thitc bén vé phai cha (6.10)-
(6.12). Luwu y rang cong thic mo ¢34 quan hé gifta duéi vi phan Clarke voi duéi
vi phan Mordukhovich va dudi vi phan suy bién

(6.14) 8 u(&) = cl*co [Bu(z) + 8= u(Z)],

@ d6 ¢1" ky hiéu phép 14y bac déng trong topd y&u* clia X*, nghiém ddng cho
trudng hop khong gian Asplund (xem Mordukhovich (2006a), Dinh 1y 3.57). St
dung (6.14}, tir Dinh 1y 4.6.2 ta rit ra cdc danh gid trén cho duédi vi phan Clarke
cua him gid tri 61 uu trong bai todn quy hoach todn hoc khong tron phu thudc
tham s&; xem Clarke (1983) va Rockafellar (1982). Nhan xét ring, d6i v6i dudi
vi phan Clarke ta ¢6 déng thic

3N —p)(z) = —0%p(z)
(xem Clarke (1983)). Do dé, cdc biéu thiic twong ty trong trudng hop dudi vi
phéan Clarke cla cdc biéu thitc
A (&p{(i,g) U 6(—:,0{)(1%,5)) Vi N 20, i=m41,... m+m

trong Dinh 1y 4.6.2 s& 1a 40%;(Z, §) véi X; € IR; hoan toan giGng nhu trong
cdc danh gid vi phan di duge thit 1ap béi Clarke (1983) va Rockafellar (1982,
1985). '

Tir Binh 1§ 4.6.2 ta ¢4 thé nit ra cdc két qua tuong ng cho cdc bai todn quy
hoach todn hoc véi ham muc tiéu v cdc ham rang budc 12 kha vi chat. Trude
khi lam viéc dé, ching ta dua ra moét vai dinh nghia va ky hiéu.

Pinh nghia 4.6.3. Ham so

L(J’.:y: A) = (P(I:y) + A]@l(I,y) +...+ /\m-‘,-r‘iom-i-r(x}y)
dugc goi 1a ham Lagrange cua bai todn (3.2) vdi G(x) duge cho bdi (6.8). Bo

SO A= (A1, .., Amgr) € R™Y duge goi 12 cdc nhdn 1 Lagrange. Véi méi
cip (Z,7) € gph M, ta xét tdp nhdn 1 Lagrange
(6.15)
m+r
AF.5) = {Aemm+": (E5) + Z,\ i) (7,5) =0,

A 2 0, ’\t(Pt z,§) =0 véi moi i:l,...,m}

vi “tap nhan ti Lagrange suy bién”

m+ir
A®(Z,5) = { A e R . M) (Z,8) =0, A 20,
o ATED={ PIRACEHACE)
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Giéng nhu trong Chuong 2, ta néi diéu kién chinh quy Mangasarian-Fromovitz
(hay diéu kién chuin hod ring bugc Mangasarian-Fromovitz) théa min tai
(Z,9) € gph M néu cic gradient

(foin—{—l (:E: g)s ey ‘p;n—}-r (:E: g)
la dgc 1ap tuyen tinh va tén tai w € X x Y sao cho {({(Z,9),w) = 0 véi
moi i =m+1,...,m+7r vd (LT, F.w) <0véimeii=1..,mmi
Hé qua 4.6.2. Trong ky higu ctia Dinh I§ 4.6.2, gid s ring cdc ham o va @, la
kha vi chdt tal {T,§), va gid si rdng diéu kién chinh quy Mangasarian-Fromovitz

théa mdn tai (Z,5). Khi d6 ta cé cde bao ham thitc

T

(6.18) ou@c | |[@n+ > Me@ ),
AEA(Z,5) i=1
mtT

(6.19) umc | M),

AEAS(E,)  i=1

o do tdp cdc nhdn tr Lagrange A(Z,§) va A®(Z,§) twong img duge cho bdi
(6.15) va (6.16). Ngodi ra, (6.18) nghiém ding dudi dang ddng thitc néu anh
xa nghiém M:dom G 3Y 6 idt cdt Lipschitz trén dia phuong tai (Z,9).

Chimg minh. Céc két lun cia hé qud nay suy ra tryc tiép tit Dinh ly 4.6.2(i)
vi rang 0¢(T) = {¢/(Z)} v6i moi ham ¢ kha vi chat tai . O

Do (6.19), 8% u{z} = {0} né€u ¢; théa min diéu kién chinh quy Mangasarian-
Fromovitz chi d6i vdi y, tic 1a khi cdc gradient (Z,%) trong Dinh nghia 4.6.4
dugc thay bdi (), (2, ). Do biéu dién (6.14), tir cdc két qua thu duge trong
He qua 4.6.2 1a suy ra ngay cic dénh gid trén tuong tmg cho dudi vi phan Clarke
cia ham gid tri t6i wu trong quy hoach tron. Két qud ndy md rong mot k&t qua
quen biét, d6 1a Dinh 1y 5.3 trong Gauvin vd Dubeau (1982). Luu y rang két
qua cta Gauvin vd Dubeau dugc chilng minh cho trudng hop khéng gian hitu
han chiéu.

Chiing ta nhan xét ring cdc két qua cla Dinh 1y 4.6.2 v He qud 4.6.2, &
d6 dua ra cic danh gid cho duét vi phan cla ham gid tri t6i wu trong quy hoach
toan hoc thong qua tdp nhdn ne Lagrange, ddi héi nhiing diéu kién chinh quy
ki€u Mangasarian-Fromovitz trén hé rang budc. D6i v6i Dinh 1y 4.6.1 v He
qua 4.6.1 cla nd, & d6 dua ra cdc dénh gid cho dudi vi phan clia ham gid tri
t6i wu téng qudt thong qua déi dao ham ciia 4nh xa da tri mé ta rang bude, ta
khéng can dén nhiing diéu kién chinh quy manh nhy thé. Thay vie d6, ta chi
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can st dung mét diéu kién chinh quy khd nhe, dé 1a diéu kién (6.1). Nhu di
néi & trén, diéu kién (6.1) ludn théa man khi ham gid 13 Lipschitz dia phuong.

Biy gi& chdng ta s& trinh bay mot vi du cu thé dé chimg (4 ring Pinh 1y
4.6.1 cho phép ching ta tinh todn tron ven dudi vi phan Mordukhovich va duéi
vi phan suy bién clia ham gid tri t6i wu (v6i ddu bdng xdy ra trong tit ca céc
ddnh gid dang bao ham thiic trong Dinh 1y 4.6.1) dé6i v6i bai todn quy hoach tron
v khéng 161, trong khi diéu kién chinh quy néi trong He qué 4.6.2 khong duoc
thoa méin (do dé Hé qua 4.6.2 khong dp dung duge). Nhimg quan sét tuong ty
ciing ddng vdi hiu hét ‘cdc vi du béenh tat’ (pathological examples) trong Gauvin
vA Dubeaun (1984).

Vi du 4.6.3. Xét bai toan quy hoach todn hoc khong 16i (3.2) vdi cic dit liéu
tron duge cho boi

ez, y) = —y’z va Gla) ={yecR:y*-z2<0}, z€R
Dé thdy rang

— &u 20
M =7 — [ \/E: \/‘ﬂ n i = M
() =G() { @ néu z < 0
(z) = —r? néu z 20,
M= néu x < 0.
Vay dnh xa nghiém M wvira 13 p-nlra lién tuc dudi ndi bo tai (z,7) = (0,0),
vira 12 p-ban-compic noi bo tai £ = 0. Ngodi ra, cdc gid thiét khdc cha Dinh 1y
4.6.1 cing duge thoa man, Tir dinh nghia suy ra ring

Bu(z) = { {-2z} néu z >0, 0% u(z) = { {0} néu T >0,

-00,0] néu T=0 (—00,0] néu T=0

Hon nita, chiing ta tinh duge nén phip tuyén clia d6 thi cda dnh xa da trj G tai
nhimg diém déng quan tam nhu sau:

nghg((oro)) ( 0010] x {0}

nghc((i'a\/g)) :{ ’\(1 _2\/“) /\ Z }
Ket hop tat ca nhimg diéu d6, ching ta két ludn ring cdc bao ham thic (6.2)
va (6.3) nghiém ding dudi dang cdc dang thifc tai moi di€m (z,7) € gph M va
cdc bao ham thifc (6.4) va (6.5) nghiém ding dudi dang cdc ddng thic tai moi
di€ém ¥ € dom M. Nhan xét ring diéu kién chinh quy Mangasarian-Fromovitz
¢6 tham s6 (xem Dinh nghia 4.6.4) khong théa mdn tai (Z,y) = (0,0), nghia la
Hé qua 4.6.2 khong dp dung duge cho vi du nay,
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Chung ta s& két thic myc nay bing mot vai cong thic dinh gid dudi vi phan
cua ham gid tri t6i uu trong bai todn t6i wu hai cap véi ring budc can bang. Dé
cho don gian, ching ta s& chi phét bidu két qua dudi gia thiét néi ring 4nh xa
nghi¢m la p-nita lién tuc dudi ngi bd. Mot s6 két qua theo hudng nay di dugc
Lucet va Ye (2001} thiét 1ap cho truting hgp khong gian hitu han chiéu.

Xét 16p bai todn (3.2) dudi dang bai todn tdi wu ¢6 rang budc can bing, vdi
G'(x) la tap nghiém cta hé bién phan ¢é tham s& (con goi 12 rang bu6c can bing
cd tham s6, hay phuong trinh suy rgng phu thudc tham s6) dang (5.29).

Pinh 1y 4.6.3. Xét ham gid tri t61 wu p(:) cho bdi (3.1} véi dnh xa mo 1d rang
bugc cho bot (5.29), ddé X va 'Y la cdc khong gian Asplund, Z la mot khong
gian Banach bat ky. Gid su rdng dnh xa nghiém M:.dom G 3 Y g u-niza lién
tuc dudi ngi bo tai mor diém (,§) € gph M va ham gid ¢ la Lipschitz dia
phuong tai (Z,9). Ky hiéu z := — f(Z,5) € Q(Z,7). Khi d6, cdc khdng dinh
sau nghiém ding:

() Gid sw f: X xY — X = Z Ia khd vi chdt 1gi (Z,5) véi dao ham

Flz,8): X xY —~Z
la d@nh xa tran, va gid su trong (5.29) ta 6 Q = Q{y). Khi dé

owne  J U =+Hen)e:

(z* .y Je8p(2, iyt 2" €2

v € (£(&0) )+ DQE, A"},

oeu@ ¢ |J {(@ae) -y e (@0 @)+ D AEN

Z‘EZ‘

(i) Gid su Z ciing I& khdng gian Asplund, f: X xY — Z la lién tuc trong
mot ldn cdn cua (Z,5), va Q: X xY =3 Z ¢6 do thi dong trong ldn cdn chia
(%,9.2). Khi d6

dulz) C { vt e XT3 e 20 vai
(w',0) € 8p(z,5) + D (7, 5)(=*) + D*Q(z, 5, £)(=") },
9 u(z) C {u* € X*: e 2 véi (u,0) € D*f(z,5)(z")
+D*Q(z,5,5)(=) },
néu nhu (x*,y*,z*) = (0,0,0) la b6 ba duy nhdt thda mdn diéu kién

(2 y") € DU FE ) N (- DQE 5, 3)(=")
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va hodc la () la SNC tai (2,7, %), hodc la f 1a Lipschitz dia phwong tai (3, 7)
va khong gian Z g hitw han chidu. .

Chitng minh. Dya vio khing dinh (i) cia Dinh 1y 4.6.2 ta c6 céc két luan ciia
dinh 1§ nay bang cdch slr dung cdc ddnh gid trén cho d6i dac ham D*G(z, )
cho twong vng bdi Dinh 1y 4.44¢1) va Dinh 1y 4.46 trong Mordukhovich (2006a),
v6i lvu ¥ rang cdc dénh gid d6 nghiém ding dudi céc gia thiét phat biéu trong
cdc khidng dinh (i) va (ii). O

Ban doc c6 thé xem thém tiéu muc 4.4.1 trong Mordukhovich (2006a) dé
bi€t cic ddnh gid chi tiét cho d6i dao ham ciha dnh xa da tri G md 14 rang budc
can bing trong cdc dang cy thé. Cdc ddnh gid chi tiét nay cho phép ching ta
didc biét hod cdc k&t luin cla Dinh 1y 4.6.3 cho bai todn t6i uu ¢6 rang budc
cin bang vdi cau triic dac thu. Trong Chuong 5 cia cubn sdéch Mordukhovich
(2006b) ban doc cé thé tim thdy cic diéu kién cén cuc tri cho bai todn t&i vu
cé rang budc can bing va cdc vin dé ¢6 lién quan dén bai todn toi wu phan cdp
(hierarchical) trong khong gian hitu han chiéu va vo han chiéu.

Bii tap 4.6.3. Cho X, Y, Z, o, f, Q. G, pu vA & nhu & BAi tap 4.5.6.
Ap dung Dinh 1y 4.6.3 dé tinh (hoiic dénh gi4) cdc duéi vi phan 6.:(T)
8™ u{r) cla bam p tai diém z.

4.7 Duéi vi phan Mordukhovich cila phiém ham tich
phin
Cdc két qua trong muc nay thudc vé Nguyén Huy Chiéu (xem Chieu (2006c)).

1. Dinh ly sau day cho ta céng thic dé tinh tich phan Aumann cia 4nh xa
duéi vi phian Fréchet cia ham s6 thuc Lipschitz,

binh 1y 4.7.1. Gid sut f : [a,b] — R la ham s¢ Lipschitz. Khi do,
b —~
[ Bf(tydt = {F(b) - F(a)}.

Cong thitc tinh tich phan Aumann clia 4nh xa duwéi vi phan Mordukhovich
hoan todn tuong tu nhu trudmg hgp dnh xa dudi vi phan Clarke. Dinh Iy sau day
duge ching minh nht vae Dinh 1y 3.2.1, cong thifc (6.14), va Dinh 1y 3.4.1.

Dinh 1y 4.7.2. Gid sir f : [a,b] — R la ham sé Lipschitz. Khi dé,

/baf(t)dt: [—]b f”(t;—l)dt,/bfo(t;l)dt].
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2. Sau day l1a cdc cong thdc tinh dudi vi phan Fréchet va dudi vi phin
Mordukhovich clia phi€m ham tich phan, & d6é ham s6 dudi diu tich phan lién
tuc tai moi diém trong mot 1an can thing cia diém duge xét (nhung ¢6 thé gidn

doan tai chinh diém d6)”>.

Dinh Iy 4.7.4. Cho f : {a,b] — IR la ham s6 thuc khd tich Lebesgue trén la,b).

Xér phiém ham tich phdn F(z) = /f(t) du, & dé x € [a,b]. Gid si rang f
[

lien tuc tai moi diém trong mét ldn cdn thing cia diém T € (a,b) va tén tai

cde gici han hitu har o := lim _f(¢), 8:= lm f(t). Khi dd,
r—x—0 —I+0

(7.1)

vid

(@, 3] néua<gp

4] néu 8 < a,

[, 8] néu a<f
{a,8} néu §<a.
Bai tap 4.7.1. Xét ham s6
-1 agwte|-1,0)
f(t)—{l néut € [0,1]

va phiém ham tich phin F{z) := /f(t) dp, Hay tinh cdc duéi vi phan
-1

JF(0) va F(0) theo hai cch:
a) Bing cdc cong thiic (7.1) va (7.2}
b) Bing dinh nghia (sau khi x4c dinh dugc cong thitc hién ciia him F).

Bai tap 4.7.2. Xét him s8

1 néut € [-1,0)
fit) ‘{—1 néu t € [0,1]

T
va phi€m ham tich phin F(x)} := /f(t) dp. Hay tinh cdc duéi vi phan
-1

OF (D) va 8F(0) theo hai cich:

"Lins ¢ ring cong thitc tinh dudi vi phan Clarke céia phi¢m tich phan dang F{z) = f fit)dp

di cotrong Clarke {1983), tr. 34.
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a) Bing cdc cong thic (7.1) va (7.2);
b) Bing dinh nghia (sau khi xic dinh duge cong thic hién ciia him ).

Bai tap 4.7.3". Sir dung c4c dinh nghia trong Muc 4.2 vi Dinh i¥ gid tri
trung binh d6i vdi tich phan Ricmann, hdy dua ra chitng minh cho Dinh
Iy 4.74.

Cau hoi dat ra 1a: Ligu c6 thé dua ra cdc cong thic tuong tu nhu (7.1) va
(7.2) cho trudng hep f ¢6 vé s¢' diém gidn doan trong mot lan can thang thy y
clia diém % € (a,b) hay khong. Néu f 12 him hing & khodng giira bat k¥ hai
diém giin doan k& ti€p nhau nao, thi ta ¢6 két qua sau.

binh Iy 4.7.5. Gid sit {t,}, {7}, {ax}, va {Be} la cde day so thuc sao cho a =
fp <<t < <l <y <. < F < <TJ¢+1<TJC< <T1<Tg—b

lim # = llm T = &. Gid sit hai chudi Z aty —tp_1) va Z Bie{Te—1—7%)
}.—»oo k— k—]. k—.]_

la hoi tu tuyét doi. Xet phiém ham tich phan F(z) := /f(t)dt, a dé

o néu t;_y i<, i=1,2,..
fEY=< ag néu t =17z
a; nén T < t< T, §=1,2,.
Bat
fe. s fe.v]
> oyft; —tiq) > Bilrior—m)
. . = . . =1
o = ~ lim inf =5+ - , B:=liminf? +1 ~
k0 ey — k— 00 T — X
vg

Q.= { llm o:,k} U { hm ﬂjk} U limsupla;, ai¢1] U limsup[8;41, 8;],

N
i oo J—goo

g dé Ny = {i e IN:a; € O.‘,'_‘_l} Ny = {j‘ e IV ﬁj+1 ﬁj} { hm a,k}
va { llIIl B, } twong ding la tdp hop 14t cd céc diém tu cida cdc day {oqc} vd

{dk}. K}u dd cdc khdng dinh sau nghiém ding:

(i) Néi o, § € R, thi F(z) = [, ) va OF (z) = QU [, A].

(i) Néu o = -+oo hodc 8 = —oo, thi BF(F) = 0 va 8F(3) = Q.

(iii) Néu o = —o00 va = +00, thi IF(Z) = OF (z) =

(iv) Néit a = —oo va 3 € R, thi OF (Z) = (—o0, ] va OF(Z) = QU {—o0, 8],
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(V) Nél o € R va 8 = +o0, thi GF(z) = [, +0c) va OF (T} = QU [a, +oc).

Sau day 1a 5 vi du tng v6i 5 kha ning duge mo ta trong dinh 1y néi trén.

Trong cdc vidu ndy ta ludn ldy a =0, b=1, 2= %

VidudTL Dat by = 35— 56,7 = § + 35, B = 7 v6i moi k € IV, va

3+ néuk=2
. = . .
g 4+§1k- néu k=2 +1

& dé 'é = 0,1,.... Bang tl'nh todn tryc tiép, ta ¢6 @ = [3,4J U {7}, @ = i,
OF () = [4,7] va 0F (%) = [3,4] U [LL,7).

. k
Vidu 4.7.2. Dattk:%—glg 2+T,ﬁk—,ﬁ€R Vi = (%) véi moi

k € N. Ta tinh duge 2 = {$} vi & = +00. Theo Dinh Iy 4.7.5, F(z) = ¢ va
F(x) = {5}

k
VidudZ3 Datte = f— o=+ g B = (1) vaox = ~(3) o
moi k€ V. Tacéd 2 =10, a=—00, vd f = +0oc. Vi viy, theo Dinh ly 4.7.5,
OF(F) = dF(z) =R

k

k
Vidud7d Dutti = §—J 7= j+k. B =€ Rvaaw = —(3) véi moi
k€ IN. Ta thdy ngay rang = {3} va a = —o0. Vi vay, §F(i) = (—oc, g}
va OF(z) = (— 00, ).
ke
Vidud7s Pat =L - kono= b+ kg = (%) Viay = acR

voi moi k € IN. Tacd = {a} vd 3 = +oc. Tir Dinh Iy 4.7.5 suy ra ring
OF(Z) = |a, o) va OF(Z) = [a, +00).



Chuong 5

Hé bat dang thitc suy rong

Mua van hay mua trén hang ld nho
Budi chiéu ngdi ngéng nhitng chuyén nua qua...
(Trinh Cong Son, “Diém xua™)

Trong chuong nay ching ta s& khao st mét s tinh chit cia mot loai 4nh xa
da tri dic biét, dé 12 4nh xa nghiém cila hé bit ding thic suy rong cho bi
ham vécto lién tuc, Két qua thu duge 1a cdc dinh 1y ham 4n cho dnh xa da tri.
Nguyén 1y bién phan Ekeland trinh bay trong Chuong 2 13 ¢éng cu khong thé
thiéu duge cho cic chimg minh & day. Ap dung cac dinh 1y vé tinh nira lién tuc
dudi va tinh gia-Lipschitz clia dnh xa nghiém clia hé bat dang thiic cho bai todn
quy hoach todn hoc phu thude tham s6, ching ta sé thu dugc cic diéu kién du
cho tinh lién tuc hodc tinh Lipschitz dia phuong cia ham gid tri t6i vu. Ngoai
ra, chiing ta ciling s& so sdnh dudi vi phan Mordukhovich {dudi vi phan qua gidi
han) vd du6i vi phin theo nghia V. Jeyakumar va Dinh Theé Luc' (thudng dugc
goi tif 1a dudi vi phan J-L), d6i dao ham theo nghia Mordukhovich va Jacobian
xdp xi theo nghia V. Jeyakumar va D. T. Luc. Viéc so sdnh nay cho thdy méi
lién hé gifta cde khai niém vi phan dugc xét ¢ diy va nhilng khéi niém da duge
xét trong Chuong 4.

Chuong nay dudc viét trén co s& cdc bai bao cla Jeyakumar va Yen (2004),
Nam va Yen (2007), Yen (1997),

'Gido su Dinh Thé Luc déng thdi 13 cdn bd nghign ciu thude Vien Todn hoe (Hi Noi) va
gifo su gidng day tai Khoa Toan, Dai hoc Téng hop Avignon (Phap). Ong 13 mot trong nhimg
chuyén gia hing ddu coa Viet Nam vé t6i wu vécto, giai tich khong tron, va gidi tich da 1ri.
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5.1 Giéi thiéu chung
Xét hé bat ding thic suy rong
{1.1) Oec fx)+ K, z€C,

dd6 C ¢ IR* va K ¢ IR™ 1a cdc tap 161 déng, khdc rdng, va f : R* — R™
I3 ham vécto lién tue. Nhiéu? cha (1.1) 1a mot hé bdt ding thic suy rong cé
tham 8 dang

(1.2 O€ flz,py+ K, ze€C

¢ d6 p 13 tham s6 bign thién rong tap P C ', f: R® x P — IR™ la ham
vécto cho trude. Ching ta gid st ring v6i mdi p € P ham sd f{-, p) 1a lién tuc
v ton tal po € P sao cho

(1.3) flz.po) = flz) Ve e R"
Nhiéu (1.2) duge ky hieu bai {f(z,p), P,}. V6i méi p € P, dat
Glp) ={xeC:0¢ fz.p)+ K}.

Ta ¢6 G(p) 1a tap nghiém cha {1.2). Vay G(-) 12 ham dn xdc dinh bdi hé bét
déng thifc ¢4 tham s (1.2). Nhin xét ring néu

K =R, x {0}, _
=y = (W1, Um) ER™ g1 20,4,y 20,
y3+1:'-':ym:0}

thi (1.1) (twong wng, (1.2)) 1a mot h¢ thong gdm s bdt phuong trinh va m — s
phuong trinh véi tap rang budc C. Ta néi (1.1) 1a hé bdt ding thic fron (L.,
Lipschitz dia phuong, lién mc) néu § ham thudce 16p C1(IR™, R™) (t.u., mot
ham Lipschitz dia phuong, mét ham-lién tuc).

Robinson (1976b) di thiét 1ap mot dinh 1y co ban vé tinh 6n dinh nghiém
cla hé bat dang thitc tron. Dinh 1y d6 ndi ring néu hé bat ding thic da cho Ia
chinh quy tai mdt nghiém nao dé thi nghiém d6 1a 6n dinh khi hé bién déng
dudi téc dong cia nhiéu nho. Két qua cia Robinson dd duge mé rong sang cho
cdc hé bao gém nhimg ham khong tron (xem, vi du nhu, Borwein (1986), Dien
va Yen (1991), Yen (1987, 1997)) va cho cic hé bao gdom cdc todn ti nén phap
tuyén (xem Mordukhovich (1994¢,d), Rockafellar vad Wets (1998)).

Dich chinh cha ching ta trong chuong nay 1a thi€t lap cdc diéu kién tong
quat cho tinh én dinh nghiém cla cic bt dang thic suy réng lién tuc, khong

ZTNTA: perturbation.
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tron {va ciing khong nhét thiét 1a Lipschitz dia phuong) ¢6 dang (1.1) va dp dung
céc két qua dé dé thu duge céc dinh 1y ham nguge, dinh 1y 4nh xa mé, quy tic
nhan t& Lagrange cho bai todn t6i wu ¢é h¢ rang budc 12 hé bat déng thitc suy
rong (goi tat 1a bai toan t6i wu cé rang buée nén*, néu K 12 hinh nén). Chiing ta
dat dugc dich d6 nhd skt dung 1y thuyét Jacobian x4p xi dé xudt béi cdc tde gia
V. Jeyakumar va Dinh Thé Luc (xem Jeyakumar va Luc (1998, 1999, 2002a,b))
va sit dung mot dang mé réng méi cia diéu kién chinh quy Robinson cho cic
ham vécto lién tuc.

Ching ta s& thay rdng Jacobian x&p xi theo nghia Jeyakumar-Luc [& mot
cong cu hiru higu dé xir Iy cdc van dé lien quan dén cdc ham lign tyc, khong
nhat thi¢t Lipschitz dia phuong. Jacobian x&p xi tuan theo mot hé théng kh4 ddy
dui cdc quy tdc tinh tedn. Cdc quy tic ndy thudng uyén chuyén hon, sic nét hon
cdc quy tac tinh todn cho Jacobian suy rong Clarke (xem Clarke (1983)). Dé
1a vi Jacobian suy rong Clarke luén la tap 18i, vA phép 14y bao 16i 12 khong thé
tranh khoi khi ta ti€n hanh tinh todn voi d6i tugng ndy. Ching nhimg Jacobian
suy rong Clarke 12 mot kidu Jacobian x4p xi, md nhiéu loai dao ham ciia ham
véctd (nhu tién dao ham theo nghia Ioffe®, ‘thing dao ham' khong gidi ngi theo
nghia Warga®) ciing 14 nhitg vi du vé& Jacobian x4p xi.

Trong Muc 5.8 & cudi chuong nay, ching ta s& ching té ring d6i dao ham
theo nghia Mordukhovich (xem Mordukhovich (1994b), Rockafellar vi Wets
(1998), va Muc 4.2 trong Chuong 4) va Jacobian x4p xi 1 nhiing khéi niém rat
khic nhau. D6 1a Iy do chinh giai thich tai sao tir cdc dinh 1y ham 4n sit dung
doi dao ham trong Mordukhovich (1994a,c), Rockafellar va Wets (1998),..., ta
khong thé riit ra céc két qué twong Ung trong chuong ndy. Trong Muc 5.3 chiing
ta s& so sanh chi ti€t hon sy khdc biét giita cdc dinh 1y ham 4n thu dugc & day
vi cic két qua cia Mordukhovich (1994a,c).

Céc dinh 1y ham 4n, céc diéu kién di cho tinh lién tuc va tinh Lipschitz dia
phuong cta ham gid tri 163 wu trong chuong niy mé rdng cic dinh 1y tuong ng
trong Yen (1997), néu nhu tap rang budc cd dinh C' 1a khdc réng, d6ng va 16i.
(Trong Yen (1997) chi cin gid sit C 1a khic réng va déng.)

5.2 Cac dinh nghia va két qua bd trg
Muc nay trinh bay mot vai sy kién co ban vé Jacobian x4p xi vA cdc dinh nghia

tinh chinh quy, nhiéu chdp nhan dugc, va tinh én dinh cia hé bat ding thic suy
rong lién tuc dang (1.1}

*TNTA: cone-constrained optimization problem.
TNTA: loffe prederivative,
*TNTA: Warga unbounded derivative container.
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Déi voi mot khong gian Euclide Z, ky hiéu Sz dwge dung dé chi mat cau
don vi trong Z. Bao déng cua hinh nén sinh ra boi tap M C Z s€ duge ky hiéu
bdi cone M. Nén d6i ngdu am cua tap M duge ky hiéu boi M*, nghia la

M ={weZ: (wz)<0Vze M}

Nén lii xa® (xem Jeyakumar va Luc (2002a,b), Rockafellar va Wets (1998))
M. cua tap M C Z 12 tap hgp 4t ca nhimng véclo w € Z sao cho tdn tai diy
{ty} cdc s6 duong hoi tu dén 0 va diy {z} C M dé w = llm trzi. DGI VG

mot hinh nén M C Z va mot s6 € € (0,1), lan can e— nén M’E cua M (xem
Jeyakumar va Luc (2002a,b}) duge xdc dinh bdi cong thic
M ={z+¢e||2[|Bz:z€ M}.

Pé cho don gian, ta s& viét M=, thay cho (M. ).
Sau day 12 mot vai khdi niém va k&t qua vé Jacobian x&p xi di dugc dua ra
trong Jeyakumar va Luc (1998, 1999, 2002a,b).

Pinh nghia 5.2.1 (Jacobian xdp xi). Cho f : IR* — IR™ la dnh xa lién tuc.
Tap con dong J f(x) cta khong gian L(J*, IR™} céc todn tir tuyén tinh ti ™
vio JR™ (duge dong nhit véi tip cdc ma tran cdp m x n) dugec goi 13 mot

Jacobian xdp xi cta f tai Z € R" néu, vt moi v = (u1,...,u,) € R™ v
v={v,...,0,) € R™, tacé
(2.1) (vo FY*(Fu) < sup (v, Au),

AcJf(z)

gdé (vo f){(z) =wnfi(z)+ - + vmfm(r) 1a ham hgp cla v vA f, va

(2.2) (vo f)*(Eu) = limsup (vo FY(Z+ tm;) —(vo fY{T)
£40

13 dao ham theo huong Dini trén’ cla vo f tai T theo huéng u. Néu m =1
thi ta thudng viét &L f(z) thay cho Jf(Z) va goi &' f(Z) 1a dudi vi phdn J-L
clia f tai .

Bai tap 5.2.1. Chiing minh ring n&u f 1a kha vi Fréchet tai Z véi dao
ham Fréchet f/(F), thi Jf(Z} = {f'(T)} 12 mot Jacobian xdp xi cla f tai
I,

Bai tap 5.2.2. Chiing minh ring néu (2.1} nghiém ding v6i moi u €
R™\ {0} vi v € Sg~, thi Jf(Z) |2 Jacobian xap xi clia f tai Z.

_5IN1A: recession cone.
"TNTA: upper Dini directional derivative.
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N¢u f 1a ham vécto Lipschitz dia phuong tai z, nghia 12 tdn tai £ > 0 sao
cho || f{z) — f(&))] < 7|z — z}| véi moi =, ' trong mot lan can cha 7, thi
Jacobian suy réng theo nghia Clarke (1983)

(2.3) T8z = co {Qﬂ o) s {z} € Qp, my o :fr}

Ia mot Jacobian xdp xi 161, compdc cua f tal z. 0] day
1f = {x € R™ : 3dao ham Fréchet f'(r) cla f tai z}.

Su kién ndy la hé qud cua cdc tinh chat coa Jacobian suy rong Clarke (xem
Clarke (1983)} va Dinh nghia 5.2.1. Né&u f Ia Lipschitz dia phuong tai  va
o= 1, thi tap hop JYf(Z) tring véi dudi vi phan suy rong Clarke & f(z)
cua f tai z (xem Clarke (1983) va Muc 3.4 trong Chuong 3).

Bai tap 5.2.3. Cho ()} = |z|, « € . Hiy chimg 10 ring tap hop
F'e(0) = {- 1,1} C 3%(0)
la mot dudi vi phan J-L cha o 1ai O,

Bai tap 5.2.4. Xét dnh xa f : B ~ IR? duoc cho bdi cong thirc f(z) =
(], —a) v6i moi x € . Hay ching minh rang J f(0) := [~1,1] x {1}
va Jf(0) := {-1,1} x {—1} 1a cdc Jacobian xdp xi* cta f tai 0. Hay
sit dung (2.3) d¢ chimg 0 riing tap hop thi nhat 8F(0) .= [—1, 1] x {1}
chinh l& Jacobian suy rong Clarke ¢lia § tai 0.

Ching ta hdy xét vi du minh hoa don gian sau® vé Jacobian xap xi cfia mot

ham lién tye, nhung khong 14 Lipschitz dia phuong o diém duge xét. Nhiéu vi
du khdc nita ¢6 trong Jeyakumar va Luc (1998, 2002a).
Vidu 5.2.1. Gia st f(z) = 2'/3, 2 € R. Véi T = 0, dé thdy ring Jf(z) =
|, +oc), 0 d6 o € IR 12 mot s6 thuc thy ¥, 12 mot Jacobian xdp xi cha f tai Z.
Véi 7 0, tap Jf(T) = {%i‘_‘z“} la mét Jacobian xap xi cOa f tai . R& rang
dnh xg Jacobian xap xi x> .J f{z} 1a nlta lién tuc trén tai 7 =0,

Bai tap 5.2.5. Cho f(2)} = —=V?* + &, r € R. Hay chimg 10 ring

Fr0u)= -0 néuu>0
JH{0;u)=+oc néuu<0.

Vil

(= f)T(0u) = nénu >0
(-0 u) = —oc néu u < Q.

Tit d6 hdy suy ra ring J f{0) := (—oc, & véi a < 0 duoc chon tiy ¢ &
Jacobian xap xi cia f tai 0. Tinh nén lui xa (J £{0))

"

SO day. vai mai A = (n, §) € JF(0) vi v6i moi u € IR, 1a dal Au = {au, Fu).
"Xem Jeyakumar va Luc (2002a).
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Bai tap 5.2.6%. Cho @i{z) = /x|, = € I Ton tai hay khéng mét dudi
vi phan J-L khong chifa 0 cla ¢ tai 7 Néu t6n 1ai, hdy viét cong thic
cla mét dudi vi phan nhu vay va tinh nén lhi xa cla tip hop d6.

Quy tic ham hgp sau day déng vai trd quan trong trong viéc chimg minh
cdc k&t qua & muc sau. DE viéc trinh biy duoc tron ven, trong Muc 5.6 ta sé
dira ra ching minh chi ti€t cho ménh dé nay.

Ménh dé 5.2.1 (Quy tic ham hgp; xem Jeyakumar va Luc (2002a), He qua 4.2).
Cho f: IR™ — IR™ lg dnh xa lién tuc, g : ™ — IR la ham s6 thuc lién tue.
Gid su rang

(1) f c6 mot dnh xa Jacobian xdp xi J f niwa lién tuc trén tgi T € I,

(11) ¢ l& khd vi Fréchet trong ldn cdn ciia f(Z) va danh xa gradient ¢(-) la
lién tuc rai f(x) vor ¢ (F(2)) # 0.
Khi do, véi méi € > 0, bao dong ciia tdp hop

g (F(@)) o L f(Z) + (Jf(2))5]
fd moe Jacobian xdp xi cia go f tai T,

Binh nghia 5.2.2 (Tinh tran). Tointh A € L{IR", R™) dugc goi 1 tran trén tap
16i dong khic réng C' C I tai x¢ € C ddi véi tap déng khéc rdng Ky ¢ R™
vii 0 € Ky néu

(2.4) 0 € int(A[Te(xo)] + Ko),

& d6 Tro(zg) = cone(C — xg)} 1a non tiép tuyén cua C tai zp theo nghia gidi
tich 15i.

Trong trudmg hop Ky = {0}, dé ching td ring (2.1) 12 twong duong véi diéu
kien 0 € imt(A[C — zg]). Vi thé, Dinh nghia 5.2.2 m& rong khdi niém da dua
ra trong Jeyakumar va Luc (2002b) '°,

Diéu kign cdn cuc tri sau day suy ra ngay tir dinh nghia dudi vi phan J-L.
Meénh dé 5.2.2 (xem Jeyakumar va Luc (2002b), Ménh dé 2.1). Gid su C C "
la tap 16i va gid sit p - I-® — IR Ia ham s6 lién tuc. Néu % € C la diém cuc
tiéu dia phuong cia @ trén C va néu OV f(T) la duci vi phan J-L ciia o tai T,
thi

sup {(nu} 20 VueTc(z).
eIl f(z)

Bay gity chuing ta quay lai xét h¢ bat ding thic suy réng (1.1). Gia slr zg 12 _
mdt nghiém cia hé dé.

““Ta luu ¥ ring trong Jeyakumar vi Luc (2002b) tap C' ¢6 thé khong déng, va thay cho m € C
cic tic gia sir dung difu kién xe € C,
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Duéi day 14 dang md& rong cla khai niém chinh quy theo Robinson (1976b)
c¢ho hé nay. .

Pinh nghia 5.2.3 (Didu kién chinh quy). D6i v6i he (1.1), gia thiét ring § cé
dnh xa Jacobian xdp xi Jf. Khi d6, h¢ dugc goi 1a chinh quy tai xo néu

(2.5}

0 €int(A[Te(xo)] + flzo) + K} VA€o f(xa) Uco((Jflzo})eo \ {0}).

Trong muc sau ta s& ching minh (xem B8 dé 5.3.1) ring diéu kién chinh
quy dé kéo theo tinh m& déu cha céc todn tir A € Jf(z), & d6 = thude mot lan
can clia xp.

So sdnh (2.5) v6i (2.4) ta thay rang (1.1) 1a chinh quy tai o khi va chi khi
moi todn t¥ A cta tap ¢oJ fzo) Uco((J f(xo))eo \ {0}) la tran trén C tai ap
d6i v6i Ko = f(zo) + K.

Vidu5.22 He(l.DddSn=m=1,C=R, K= {0} va f(z) =z!/% 13
chinh quy tai nghiém zp = 0. Luu y ring 4nh xa Jacobian xap xi Jf da duge
xac dinh trong Vi du 5.2.1.

DPinh nghia 5.2.4 (Nhiéu chdp nhdn dwoc). Nhidu {f(x,p), P,m} cua (1.1)
duge goi 14 nhiéu chdp nhdn duoc cla hé tai ; néu

(1) ham f{x, p} 1a lién tuc tai (zg, pg),

(ii) v6i méi z € IR™ ham s6 f(z,-) 1 lién tyc trén P,

(iii) véi mbi p € P ham s8 f(-,p) ¢6 mét dnh xa Jacobian xdp xi duoc ky
hi¢u bdi Jlf(!p)s

(iv) t6n tai lan can U, cla pp € P vd mot s6 4. > § sao cho, vdi mdi
p€ U,, J1f(-,p) 1a nira lien tuc trén & trong B(zxo, 6. ),

(v) dnh xa da tri {x,p) — J1 f(x,p) 1 nla lién tuec trén tai (o, py).

Pinh nghia 5.2.5 (Tinh on dinh nghiém). Ta néi ring nghiém xo cua (1.1) 1a
on dinh duéi nhiéu chip nhan dugc néu véi méi € > 0 va véi mdi nhiéu chip
nhan duge {f(z,p), P.po} cha (1.1) tai zg, ton tai lan cin U cia py sao cho

G(p) N B(xg,e) #8 Vpe U,

& d6 G(p) 1a nghiém cia (1.2),

Trong ¥i du sau, ching ta xét mot dang dic biét cita nhiéu chip nhan duge
cha hé bét ding thic lign tuc.

Vi du 5.2.3. Gia s rang f: JR® — ™ 14 ham lién tuc, ¢ C R™ 1a tap 16
déng. Ta dat P = IR™, pp = 0, vA xét ham vécto f : IR" x P — IR™ duge cho
boi cong thic f{z,p) = f(z} — p véi mot (z,p) € IR x JR™. RO rang rang
{f(z,p), P.pp} 1a mdt nhiéu cla {1.1). Néu, them vao do, ham f: R* — R™
c¢6 mdt dnh xa Jacobian x8p xi Jf 14 nia lién tuc trén tai moi z € H®, thi
{f(z,p), P,po} 1a mo6t nhidu chap nhan duge chia (1.1). ‘That vay, dé kiém tra
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dicu dé ta chi can luu ¥ ring, véi méi p € P, cong thac J f(z,p) = Jf(x)
(x € IR™) xdc dinh mot dnh xa Jacobian x4p xi cha ham f(-,p). Dé thdy ring
anh xa da tri (i, p) — J| f{z, p) 12 nita Hén tuc trén tai {20, po). Dé c6 mot vi du
cu the, 1a xdc dinh dnh xa f: R® — [R? bing cich dat f(z;,23) = (.1:?’{3,:1?2)
vii moi {1, 29) € R% Khi d6 céc céng thic

1..-2/3
I]j(]pj] = {(3‘ 0 ! ?)} (Vl,‘ % 0) Vi Jlf(op) - {(g ?)} !

¢ d6 o > 0, xdc dinh mot Jucobian xap xi cua f(-,p), 6 dé f(z,p) = f(z)—p
(p € R*).

5.3 Tinh 6n dinh

Muc nay dua ra cde diéu kién di cho dnh xa da tri p— G(p) NV, & d6 G(p)
la nghiém cua (1.2) va V' la mot lan can clia zq, 13 nita lién tuc dudi & trong
mot lan ¢an ciua py. cho tinh chinh quy métric cia G{(-} tai (@, o), va tinh chat
gia-Lipschitz cua G(-) tai (pyg,rp). Ching ta cing s& xét hai vi du chimg 16
rang, khong giéng nhu trong trudng hop ham nguoc da tri, déi véi ham 4n da tri
thi tinh chinh quy métric va cho tinh gia-Lipschitz 1 hai khdi niém khdc nhau.

Trong muc nay ¢6 ba dinh |y chinh:

- Dinh 1y 5.3.1 dwa ra diéu kién da dé anh xa da tri ‘bi ¢it gon’ (truncated)
p—= Gp)NV,adé V 1a mot lan cin cha xp, 1a nira lién tuc dudi & trong mot
lan cin caa py;

- Binh Iy 5.3.2 ban v¢ tinh chinh quy métric ctia G(-) tai (m, wo);

- Dinh 1y 5.3.3 dé cap dén tinh gid-Lipschitz cia ham &n G(-) tai (. o).

Trong suét muyc nay chiing ta gid thiét rang mp € C 13 mét nghiém cia (1.1)
va { flx.p), P po} 13 mot nhiéu chip nhan dugc cha ([.1) tai a.

Bo dé sau day vé tinh mé& déu cha maot ho todn tir tuyén tink LA mot két qua
b6 trg then chot dé thu duge cdc két qua trong muc nay. N6 1a dang md rong
cia BS d¢ 3.1 trong Jeyakumar va Luc (2002b) & d6, trong cdc k¥ hiéu clia
ching ta, cdc tic gia xét trudng hop K = {0} va P = {m}.

Bo dé 5.3,1. Néu (1.1) la chink quy tai o, thi t6n tai 4 > 0 va & > 0 sao cho

(3]) B]ﬁm <oy (A [TC(:E) M B}?,‘_n] + [W{K + f(l..p)) M Bﬂ{m])

vér moi o ¢ Blag,8)NC, p € B{py,8)N P, va

(32)  Ac U & (L f(@,0) + (i P)) -
£ B{xn,d), p'eB(po.sINF
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Ching minh. Chiing ta s& di theo lugc dé ching minh BS dé 3.1 trong Jeyaku-
mar va Luc (2002b). Gia st ring k&t luan cha b8 dé 12 sai. Khi d6, véi
mdi k > 1vdd = k7! tafim dugc vp € Brm, :rk,a-:;c € B(a:g,k_l) nC,
PPy € B(po, k1) NP va

Ap €0 (J1f(ir5c=103c) + (Jlf(xlapl))éék)
sao cho
(33) i ¢ k (Ax [Tolew) N Bre] + [F006(f(zx, pr) + K) N Brm]).
Khéng gidm téng quat, ta c¢6 thé gia st ring

lim vy = vg € Bm.
—

Ching ta khang dinh ring, bing cich 14y diy con (néu cén thiét), hoac

(3.4) klim Ar=Ap € Ejlf(:rn,po)
— 0
hoac
(3.5) Jim t A, = A, € oo ((J1f(20,p0))oo \ {0})

& d6 {t} 1a mot ddy s6 dwong hoi ty dén O.
Truéc tién ching ta hdy ching té ring (3.4) va (3.5) din dén diéu mau thuin,
Néu (3.4) nghiém ding, thi do (1.3) va diéu kién chinh quy (2.5) ta c6

0 € int {Ao(T (o)) + flzo,po) + K).
Vi f(z0,p0) + K C Som&(f(z0, po) + K)), tir bao ham thic cudi ta suy ra ring
(3.6) R™ = Ao[Te(wo)] + cone(f (zo. po) + K).
R& ring
Q = Ao[To(zo) N Brn] + [coné(f(zo, po) + K) N Brm]

la tap 161 compic, va 0 € 2. Néu 0 ¢ int() thi, theo dinh 1y tich cdc tap 16i
{(xem Rudin (1991), Dinh 1y 3.4), tén tai n € S~ sao cho

QC{ye R™: (nvy) 2 0}

Vai mbi v € IR™, do (3.6) t6n tai uw € Tr(zo) va v € conc(_f(;t:g,pg) +K_) 520
cho v = Apu + w. Néu ta chon t > 0 di nho sao cho tu € B va tw € Bgm,
thi tv = Ag(tu) + tw € Q. Suy ra (n,tv)} > 0, va do v@y {n,v) 2 0. Vi bdt
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ddng cudi ding véi moi v € R™, ta ¢6 diéu mau thulin. Vay 0 € int Q. Tir d6
suy ra ring ¢6 thé tim dugc € > 0 va ky > 1 sao cho
(3.7)

B(vo,€) C ko (Ao [Te(xe) N Bre| + [e00e(f (20, po) + K) N Bgm)) .
Do A; — Ag, tén tai ky = kg sao cho
(3.8} | Ar — Apll < £/4 v6i moi k = k.

Bay gi¥ ta s& chi ra ring t6n tai & = k; sao cho
. _ £ _ _
(3.9) B{wp, -2—) C ko (AD [TC(-Tk) M B}Rn] + [cone(f(xk,pk) + K)nN Bﬂm])

voi moi k 2 kz. Thét vay, néu diéu dé khong ding, thi ta ¢6 thé gid sk ring
véi mbi k tén tai phdn tr w, € B(vg,£/2) thda man

ug € ko (Ag [Tc(:rk) N BjRn] + [m(f(:rk,pk) + K)n Bﬁm)) .
Theo dinh ly téch cic tap 16i, t6n tai & € Spm sao cho
(3.10) (ks k) 2 (e, ko(Aoz + w))

v6i mbi 2z € To(zk) N Brn and w € Tone(f (zx, i) + K) N Bpm. Bing céch
sir dung ¢éc day con (néu cdn), ta c6 thé gia sk ring

lim w; = o € B(wo, E)e lim & =& &40 |6l = 1.
k—o0 2 k—r o0

Tir (3.10) suy ra
(311) (Eﬂa uO) 2z <'£i]s kU(AOZ + ?.U)>

v6i moi z € Te{xo) N Bre vt w € tone(f(xo, po) + X) N Bpe. That vay,dé
chitng minh khéng dinh d6 ta chi cdn ching té ring (3.11) nghi¢m ding v6i moi
z € cone(C' — 20) N Bpn vA w € cone{ f(xo, po) + K) N Brm. Gid sit (2, w)
13 mot cap théa man hai bao ham thic sau cing. Gid si ring

z=t{c—x0), w=7(f(z0,p0) +v)
viice C,t, 7€ [0,+00) vav e K. V& mébi k, ta dat
ze =te—xp), wp=T1(f(Te,pr) + ).

Khi 46 zx € Tozy), wi € cone(f{zr,pr) + K), 2 — 2 vﬁ_ wy, — w khi
k — co. Néu z € Bpn thi ta dat 2, = 2. Néu 2, ¢ Bpre thi ta dat
2 = (llzll/lzx )2+ Tuong tw, néu wy € B thi ta dit w}, = wi. Néu
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wi ¢ Bpe thi ta dat wi, = ([|lw]|/||wel))we. RS rang ring % € Te{zp) N Bpn
va wy € cone(f (zx, pr) + K) N Bre vi mbi k. DE y ting 2, — z va wry - W
kKhi & — c0. Do (3.10), ta ¢é

(€. ur) > (€, ko(Agzl + wh)) véi moi k.

Cho & — 20 ta thu duge (3.11). Vi uy € B(vg,£/2), két hop (3.11) véi (3.7) ta
di dén

(€0 vo) + 5 2 (o.uo) > sup {{£o, ho(Aoz +w)) : 2z € Te{zo) N Brr,
w € cone( f{xo,po) + K) ﬂB;Rm}
> sup{{ ED v} v € Blw,e)}
= {£o, o) +e
daé 1a diéu mau thudn. Ta da ching to ring ton tai b > k1 sao cho (3.9) ding
vét moi k = ky . St dung (3.8) va (3.9) ta co

Blv, §) < ko (Ao [To(zi) N Bre| + [Cone(f (zx, pi) + K)N Bpn])
C ko(Ay [TC(C'Gk) N Bﬁﬂ} + (Ag —_Ak) [Tc(:ck) M Bij]
t [cone(f (zi, pi) + K) N B}Rm] )
C ko(Ax [Te(zi) N Bre] + B(0, £)
+ [come(f (zx, pi)} + K) N Bij] ).

biéu dé kéo theo
(3.12)

B(’Uo; Z) C ky (A;.,- [T{j(xk) M B_}Rn] + {Cone(f(xk,pk) + K)nN Bﬂm]) .
Chon & 2 ko dit 16n, ta c6 vy € Blug,£/4). Khi d6 (3.12) kéo theo
{3.13) v € k (Ak [TC(.’C;C) M B}Rn] + [cone(f(xk,pk) + K)n B}Rm]) ,

mau thuan véi (3.3).

Bay gio ta gid su ring (3.5) nghiém ding. Do diéu kién chinh quy, ta ¢6
(3.6) & d6 Ay duoc thuy boi A,. Vi vy ton tai € > 0 va kg > 1 sao cho (3.7), &
do Ag duge thay boi 4., nghiem dung. Céc tinh chat (3.8)—(3.10) vin ding néu
nhu Ag duge thay bai A, vd Ay dugc thay béi £, A. Khi d6 tinh chat (3.12)
c6 dang

B(vo, =

2) C ko (te 4 [To(ze) N Brn} + [Tone(f(zx, px) + K) N Bpn))

véi moi k 2 ky. Bl g cich chon k 2 ky di 16n sao cho v, € B(wy,e/4) va
0 < ¢ < 1 tanhin ¢ age (3.13), didu mau thuidn vé6i (3.3).
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Chiing minh clia b§ dé s& két thic néu ta c6 thé chi ra riing hodc (3.4) hojc
1a (3.5) nghiém ding!'.
Vi Jif(-) 1a nlra lién tuc trén tai (zo,po), ton tai kg 2 1 sao cho

(S A P e © (J1f(20:P0))0e Yk 2 Ko

Ta ¢6 thé gia sir rng két luan d6 13 ding v6i moi k = 1. Vi vay, véi modi k 2 1,
ton tai ﬂ)r_g‘j (S .Ilf(.’i':i__,p;c), A?ij = (J1f(2’:0,p{)))m, ij va P véi

||pk||§1, HP;U-HSI, AkjE[O,l], j=1,...,nm+1

sao cho ZW”'H Ag; = 1 va

Jj=1
7+ 1 1 1
Ay = Zl A (M + Nig + EHNijij) + Epk-
J:
Néu cdc ddy {Ae; Mijts) {/\;.JNLJ}DI, j =1,...,nm+1, déu gidi noi,

thi day {Ak} ciing giéi noi. Bing cich chuyén sang xét cic ddy con, ta ¢6 thé
gia sir ring

lim Ax = Ay, lim Agy = Agj,

k—oc k—oG

lim /\kj'Nkj = N{]j, hm /\kj.Mrkj = fo()j
k-0 k—oo

voi médi j=1....,nm+ 1. Vi (J) f(zo.po)),, 12 hinh nén déng, ta cé

merrt1

Noj € (N1 /{20, 20))oes D Noj € co(I1f(%0,P0))sc
=1

Ngoai ra, ta ciing ¢ Z”mH Xo; = 1. Ching ta phan chia téng >} T A Mis
thanh hai tong Téng thit nhit 57, bao gém nhiing s& hang véi day {My;}es
giéi noi, va tdng 57, bao gém nhimg s6 hang véi diy {My;},,, khong gidi
noi. Khi dé, cdc gidi han Mg; véi j ldy trong tap chi s6 cua téng th hai déu
bing 0 vi cac gidi han Mp; tuong (ng 1a cdc hudng Ui xa cla tip J f(zxo,po).
Vi vy, 35 Ag; = 1 v, do tinh nita lién tyc trén cua Ji f tai {zo,po).

Jim 3 ey My =3 Mo; € o Jif (a0, p0),
1 1

klﬂgcz,\kjmj = XQ:A-ij € co (J1f(z0,00))

""Phéin chimg minh nay 13p lai hoan todn phdn hai ciia chimg minh B6 dé 3.1 trong Jeyakumar
va Lue (2002b) & doé My duge thay bai Ak, v bdi (zh, pi). Fliyx) bdi Jiflzk, pL), vh F{0)
bisi 1 f(zo, o). Tinh nia lign tye trén cha F(-) 1ai 0 gi day duge thay bdi tinh nira lien tuc
trén ctia J1 f tai (zo,po). DE tién cho sy tra chu cia ban doc, khidc vdi cach trinh bay riit gon
trong Jevakumar va Yen (2004), & day ching toi trinh by todn bd céc [ap ludn chi tist.
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Do do

Ay € coJy f{xo.po) + CO(J;f(fro.-Po))oo C o (Ji f(ro.po)),

tuc 12 (3.4) nghiém diing,

Neéu trong s8 cde day { Ay Miihests (g Nijtgsi =1, nm+ 1, c6
nhimg day khéng gidi noi thi, lai bang cich 14y cic day con, ta co the gZia st ring
mot trong cdc ddy dé, chang han nhu {/\,:_m_"rf;‘m}w] vai jo € {1,...,nm+1},

¢6 phan 1 Ajo Mg, (k = 1) & vécto dat chudn 16n nhiat trong s& ¢dc vécto

/\L'l "1{#.1-. s /\R nm+].—“‘r.k arm+ ’\le\ ----- )‘A. nm—i—lj\'k nm+1-

{Néu day duge chon la {)‘kmeJo}wlv thi ta cling lap luan tuong ) Xét day
{6 M A M, ezt Hién nhién day nay 1a gidi noi, v do dé ta c6 thé gia st
né hoi tu dén dén mot ma tran A, ndo d6. Khi dé ta c6 A, € co (], f (o, P0)) o
Nhan xét ring co(J, f(x0.po)),. 12 nén nhon, vi néu khéng phai nhir vay thi

o [(1 f{x0.po)) . \ {0}] chita ma tran O - hién nhi¢n khong tuong img véi todn
tl tran, trdi vai gxa thiét. Vi

nr-d-1
A;,. ! . 1 . 1
e Mg (Mg + Nij + Z 1Nk 1P} + = Pre| /1 Mg Mg, ||
||)“l‘~'_?n*"'f£“}u ” —1 k k

J:

VA Vi ta cd thé gid sir ring méi s6 hang & téng bén phai 14 mét diy gidi noi,
A, la tong hitu han cla cdc phdn 1 thudc co (N F(zo,p0))- Vicé it nhit mot
treng cdc s6 hang ctia tong dé 1a khdc 0 (c6 mot s6 hang tvong tng vdi chi 38
#o €6 chuan bing 1), va co (J f(z0, po}),, 14 nén nhon, ta suy ra A, 1a ma tran
khic O; vay (3.5) nghiém ddng. Bé dé di duge chimg minh. O

Binh 1y sau s& duge chimg minh bang luge dé chimg minh Dinh Iy 3.1 trong
Yen (1997). Khong giéng nhu Jacobian suy rong Clarke, Jacobian xdp xi ¢6 thé
ta nhitng tap khong 161, khéng compic ctia cdc dnh xa tuyén tinh. Vi thé chang
ta phai dua vdo mot s& cai tién trong k¥ thuat ching minh. Dinh Iy minimax
"léch canh® (the lopsided minimax theorem) s¢& 14 mot trong nhimg céng cu chinh
cla chdng ta.
binh 1y 5.3.1 (Tinh dn dinh nghiém). Néu (1.1} la chinkh quy tai m vd
{f(z.p). P.po} la mot nhidu chdp nhdn dugc cia hé tai xy, thi 1on tai cdc
fan can U ciia po va 'V cua g sao cho G{p) NV khdc réng véi moi p e U, va
dnh xa da 1ri é() = G(-) MV 1d mia tién tuc duci 6 trong U.

Chimg minh. Vi (1.1) 1a chinh quy tai zo va {f(z,p), P, po} 12 mot nhiéu chép
nhan dugc cia (1.1) tai 2y, theo B6 dé 5.3.1, ton taiy > 0va § € (0, 3,) sao cho
(3.1) diing véi moi x € B(:L‘g,rf) MC, p € B{po, )N P, va Athoa (3.2). §) day
vl cd vé sau nfra, 6, > 0 va U, 12 s6 thie vi 1an can duoc mo 13 trong yéu cdu
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(iv) ciia Pinh nghia 5.2.3.C5 dinh mot s6 A € (0,7°1). Vi0 € f(zo,po) + K va
vi dnh xa da tri p — f(zo,p) + K 12 nira lién tuc dudi tai po, tOn tai 6 € (0,4}
sao cho

¥p € Blpy,8;) NP Jyp € f(zo,p) + K thda mén [y, || < Ad.
it U = B(pg, 81} NU.. V6i méi p € U ta xét phan han ch€ cua ham s¢
vp() := d(0, f (z,p) + K) = inf{||f(z,p) + o[l : v € K}
trén tap compic B(wxo,d) N C. D& thdy ring v,(-) 1a ham s lién tye, Ta cé
vo(z0) = d(0, f(z0,p)) < llypll < A

v6i mot 36 & € (0,8) nao d6. Theo nguyén 1y bién phan Ekeland (xem Ekeland
(1974), hoac Binh Iy 2.1.1 trong Chuong 2), tén tai Z € B(zo,6) N €' sao cho

(3.14) v(3) < vplao), |1~ moll <,

(3.15) vp(F) € vp(x) + Mlz — 2| ¥z € B(z0,8) N C.

Tir (3.14) suy ra ring 7 € B(zo,8). Taco 0 € f(Z,p)+ K, nghia 1a v,(T) = 0.
That vy, gid st phin ching ring () # 0. Vi f(&,p) + K 1a 1ap 16i dong
khac réng, ton tai duy nhdt mot phin ti g € f{Z,p) + K sao cho

7]l = d(0, f(Z,p) + K) = mf{|| f(z,p) + vl : v K}, T#O.

Sir dung diéu kién t6i wu trong quy hoach 16i (xem Vi du 1.1.6 trong Chuang 1)
ta co
Igll~'y € —(f(z,p) + K)".

patn = |[g|" g vaw@=5— f(&p). VI® e K, nén up(z) < [|f(z.p) + 7
viéi moi x € IR™. Pat

wix) = [ flz,p)+@| va plz) =dz) + M- Z]
voi moi z € IR™. Tit (3.15) suy ra ring
(7)) € p(z) Yz € Blzo, 8} NC.

Do % € B(xg,d), tinh chét cudi chimg t& ring & 12 nghiém dia phuong cla ¢ &
wrén C. Theo Ménh dé 5.2.2,

(3.16) sup {mu) 20 Yuc Te{E),
redtlf(z)
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& d6 3'Lw(z) 12 dubi vi phan J-L cia w tai . Theo quy tdc ham hop phét biéu
trong Ménh d¢ 5.2.1, v6i moi £ € (0,8), bao déng cia tap hop

o [Nf(Z,p)+ (J1f(Z, )]

1 dudi vi phan J-L cta ¥ tai . Sir dung cong thire tinh duéi vi phan J-L ciia
tong hai ham s& (xem Jeyakumar va Wang (1999), Ménh dé 2.2) ta suy ra ring
bao ddng cua tap hop

{ﬁo A + /\£ DA € ‘]lf(f'.p) + (‘}lf(iap))go £ S BJR”}

ta dudi vi phan J-L cla ¢ tai Z. Khi d6 tap hop 16n hon
(3.17) o
Do) = {Ho A+ 2t : AcT@(If(E,p)+ (JI(E D)%), £€ Bre),

mot tap 161 déng, ciing 12 dwdi vi phan J-L cha o tai Z. Dat

Q:EG(JIf(isp}+(Jlf(fﬂp))go)a D= TC( )mBﬂ?“-
Ta ¢o

{(3.18) —~"1 2 sup inf (n Av).
AEQ viED

That vay, véi mdi 4 € Q ta d¢ ¥ ring A thoa (3.2) bsi vi (4 f(Z.p))5,
(J1F(Z,p))5. T € B(za,8) vd p € Bipy, 8y M P. Do (3.1), t6n tai v ¢
Te(2) N Bps va w € cone(f(z,p) + KN Bgm sao cho

7= y(Av + w).
Khi dé
—l=-0.75 =7 Av +w).

Vi (f,w) 2 0, ta suy ra ring —~! 2 (5, Av). Viy ta di ching té ring
Lz lllf-ugn(f} Av). Vi bit ding thic cudi nghiem ding véi mdi 4 € Q,
ta két luan rang (3.18) nghiém ding. Ti€p theo, ta cé

3.19 inf sup{7, Av) 2 -\
(3.19) inf sup @, A4v) >

That vay, gia sit v € D duge cho tiy ¥. V& moi 5 > 0, do (3.16) va (3.17)
ton tai A € Q vd £ € By~ -sao cho

(o A)(v) + Al v} 2= —€1.

Vi thé
7 Avy 2 — A6, v) —e1 2 —A — £1.
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Do d6 supaco, Av) = —A —~¢£, Vier > 0co thé 1dy bé tuy y, 1a két luan
ring supacoln. Av) 2 —A viy (3.19) nghiém dung. Theo dinh 1y minimax
‘léch canh’ (the lopsided minimax theorem; xem Aubin va Ekcland (1984), tr.
319), ta ¢o
S](:_lg Al’elg?('r}. —Avy = ég{? :1(;1};{7@, —Av).

V1 vay

inf sup{f, Av} = sup inf {7, Av).

veld AEIQ( h ) AEIQ U&'D< ) )
Két hop diéu d6 vai (3.18) va (3.19) ta thu duwoc bit dang thic —~ 1z =),
méu thuin véi bao ham thic A € (0,771). Nhu vay ta di ching minh ring
0e f(z,p) + K. Do dé 7 € G(p).

Ta dit V' = B{x,d) va G(p) = G{p) 7 V. Tit nhitng di¢u di duge chimg

minh ta ¢ thé két luan rang

é{p) A0 Ypell

Bay gi& ta di chitng minh ring 4nh xa da tria*(-) 13 nira lién tuc dudi & trong U,
Giasaupelivarce é(p) duce cho tiy ¥. Vi mbi € > 0 ta chon 7 € (0,¢)
sao cho B(x.7) € V. Lap lai phidn ching minh trén véi (z,p) thay chd cho
(zy. po), ta tim duge lan can U7 cia p trong I sao cho

vp' e U’ 3o’ € Bix,7) théa 0 € fa',p/) + K.

Bao ham thic sau cing ching t ring + € G(p'). Vi B(z,7) C VN B(x.),

tacod ' € é(p’) M B{x,2). Tu dé suy ra rang G(-) 1a ntra lién tyc dudi tai p.
C

Nhan xét rang Dinh 1y 5.3.1 chimg & réng nél hé bat ddng thitc la chinh
quy tai mot nghiém ndo do thi nghiém do on dinh dudi tic dong cia nhidu chdp
nhdn dioe. Két luan kidu dé 1 quen thuge trong hiu hét cdc nghién ctiu vé tinh
6n dinh va do nhay nghiém clia cdc bai todn t8i uu va cic bit dang thic bi¢n
phan. Tu cic két lugn cta Binh 1y 5.3.2 va Dinh ly 5.3.3 dudi day ciing suy ra
riing nghiém g 3 6n dinh dudi tdc dong cla nhiéu chdp nhan dugc.

B6 dé 5.3.1 va thi tyc ching minh ring diém Z tim dugc bang nguyén ly
bién phan Ekeland thoa man bao ham thic 0 € f(Z,p) + K trong ching minh
trén con cho phép chiing ta thu duge tinh chinh quy métric va tinh gia-Linschitz
cua G(-). Céc phuong phap chimg minh & day cling gidng nhu cac phuong phdp
ching minh Dinh 1y 3.2 va Pinh 1y 3.3 trong Yen (1997). Ky thuat 1dy gi6i han
trong biéu thic thu duge bdi khang dinh thd nhét trong nguyén 1y bi¢n phan
Ekeland bit nguén it cong trinh cla Aubin vi Frankowska (1987). Dien va Yen
{1991), Yen (1987, 1997) da ching to ring k§ thuat d6 ching nhimg c6 thé gitp
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thiét lap tinh gia- Llpschltz mé con hitu ich cho viéc ching minh tinh chinh quy
métric cia ham 4n da tri.

Dinh nghia 5.3.2 (xem Borwein (1986)). Ham 4n da tri G(-) x4c dinh bdi hé
bat dang thitc suy rong ¢ tham s& (1.2) duge goi 1a chink quy métric tai {m, o)
néu ton tai hing & x > 0 va cde lan can Uy ciia po vd V] cha zp sao cho

Tinh chinh quy métric ctia him nguge da tri (xem Muc 5.4 dudi day) 1a mot
trudng hop riéng cta khdi niém vira néu trong Dinh nghia 5.3.2.

Pinh 1y 53.2 (Tinh chinh quy métric). Néu (1.1) la chink quy tai m vd
{f(z,p), P,po} la mot nhiéu chdp nhan duoe cia hé tal o, thi G(-) & chinh
quy métric tai (po, o).

Chimg minh. Xdc dinh cdc hing s6 v, & va céc 1an can U cia m, V cla xg
nhu trong ching minh cila Dinh 1y 5.3.1. Vi 4nh xa da tri (z, p) — = flz,p)+ K
14 nifa lien tyc dudi tai (zo, po} va vi 0 € f(zg, po) + K, t6n tai céc lan cin U;
cha po va V) clla 2 sao cho

_ 3
Ul C Ur VI - B(:BO': 5)
va

g .
(321) d(Of(.E,p)—FK)(Q—”; Y¥p e Uy, Yo e V.

Ta s& chimg minh bat ding thic trong (3.20) cho u := ~. Liy tiy ¥ z € ¥ NC
va p € Up. Ta dit o = d(0, f(x,p) + K). Do (3.21),
< 271714

Vi vay khodng s6 (26, y™1) 12 khdc réng. Ly 7 € (26~ 1o, v~1). Xét ham
56

vp(z) = d(0, f(z,p) + K) (z € R™).
Lay ¢6 dinh mot gid i 7' € (v,771). Ta ¢6

vlz) =a < 7 lar.

Theo nguyen 1y bién phan Ekeland, t6n tai Z € B(zg, ) N C sao cho

1z - z| € 77 la,

(Z) S p(2) + 7|2 — 2| Vz2€ Blao, 6)NC.
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Khi dé6,
17 = zol] < |17 — 2] + e — zof < T la+ 2776 < 6.

Vi 0 < 7 < ~7}, cdc lap luan trong phdn thd nhdt cia chitng minh Dinh ly
5.3.1 chimg 16 ring 0 € f(z,p) + K. Do vay, Z € G(p). Taco

d(z,G) € le -z < 77
Cho T — ~~! ta thu dugc déanh gid d(z, G(p) < e, tic la
d(z,G(p)) < (0, f(z.p) + K).

Ching minh két thic. O

Pinh Iy 5.3.3 (Tinh gid-Lipschitz). Thém vdo cdc gid thiét cia Bink Iy 5.3.1,
gid sit rdng ton tai k > 0 va cdc ldn cdn Uy cua po trong P va Vg cta xg sao
cho

(322) “f(mp!) - f(xsp)” < ka! - PH VP:P’ S UU! Vr € VO-

Khi dé dnh xa da i G(-) & gid-Lipschitz tai (m, zo).

Chiing minh. Xic dinh v,4, U vd V nhu trong chimg minh Binh Iy 55.1. Ta
chen § > O dtt nho sao cho

Blxo.0k} CVNVo, Bipo,v '0)NP CUNUs.

Pt
0 =9k, U=Blpe.8'v0)nP, V =Bz, 27'0k).

Ta khéng dinh ring
Gp) NV cG@)+tp-7IBr V@ €U

Dé chitng minh diéu d6, chi can chiing td réng v6i moi p, ¥ € Uvaze G(p)ﬂf}
ta cd

(3.23) d(z, G(p')) < flp - Pl
Vi |lp — p'l| < 471714, tén tai £ thoa diéu kien
(3.24) 267 p— '] <e <27y L.

Dt
¢(z) = vy (2) +ellz —zll Yz € R,



5.3. Tinh on dinh 171

6 d6 vy (z) = d(0, f(z,p') + K). (@, 9} = f(z, P < K" — plk.
Vi vay, néu w € K thoa dicu kign 1,(z) = || f(=, p) + w” =0 thi
(@) = vp(@) = iy () = vy(a)
< [|£(z, ) + wl — |1f (=, p) + wl]
< kllp—pll-

Két hop diéu d6 véi (3.24) ta c6
w(z) € 27 ket
Ap dung nguyén ly bién phan Ekeland ta tim duge T € B(xg,6k) N C sao cho

o) < o(x), |7 —al| <270k

v
o(2) € pl(z) +ellz — Z| Yz € Bz, 8k)NC.
Vi the
(3.25) vp (B) + €l|Z — z|| € vypr(2),
(3.26) |Z — x| < 276k,
(3.27) vpr(Z) € vy (2) +2)jz — Z|| Yz € Blxp, 0k)N C.

Do z € B(zg,2710k), (3.26) kéo theo € B(xo,0k). Vi0 < ¢ < 271471,
ta ¢6 2¢ € (0,v~'). Bang mét thii tuc tweng ty nhu trong ching minh Binh 1y
5.3.1, tir (3.27) ta nhan duge 0 € f(Z,9) + K; vi vay T € G(p'). Bat ding thic
(3.25) ching to ring

|12 -zl € £ oy (@) < e hlp— P}
V1 the, .
d(z, G(p")) < e kilp - p/||.
Do (3.24), cho € — 271471, tir bat déng thic cubi ta thu duoce (3.23). Chimg
minh két thic. 0

Néu f va f(-,p) (p € P)1a ham Lipschitz dia phuong, thi ta chon Jacobian
theo nghia Clarke JY f(z) va JX f(x, p), twong ting, 1am Jacobian x4p xi cla
f(va f(-,p) tat z. Vi vay, cdc dinh 1y 3.1-3.3 trong Yen (1997) suy ra tir cdc
dinh 1y hm 4n néi trén, néu nhu ching ta gia thiét ring C 12 tap 16i déng!'?.

"Trong Yen (1997) chi gi4 sif ring €' 12 tap con d6ng cla ™. Trong trudmg hop d6, Te(x)
k¥ hi¢u nén 1i€p tuyén Clarke.
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Vi du don gidn sau day ching t6 ring, ndi chung, tif tinh chinh quy métric
cua ham 4n da tri khéng suy ra tinh gia-Lipschitz.

Vidu$3.1l. Liyn=m=r=1,C=R, K = {0}, f(z,p} = z(p+1) —p/*
v& mol x,p € IR, po = 0, zg = 0. Khi d6 4nh xa p — G(p), 0 d6 G(pY =
{r e C:0¢ flu.p)+ K}, la chinh quy métric tai (p, zo), nhung né khong
la gia-Lipschitz tai (pg, zg). DE thiy ring cdc gia thiét cua Dinh ly 5.3.2 théa
man trong khi ¢dc gia thiét cia Dinh 1y 5.3.3 khong duge thda mian.

Dudi day 12 mot vi du don gidn nita. NG ching to ring, d6i v6i him 4n
da tri, tinh gia-Lipschitz (tinh lién tuc Aubin) khéng kéo theo tinh chinh quy
métric.

Vidus32 Liyn=m=r=1,C =R, K = {0}, flz,p) = > — p’,
po=0,1=0 VIG{p)={zecC:0¢€ f(x,p)+ K} = {p} véi moi p, G(-}
12 gid-Lipschitz tai {pg, zo). Mic du thé, khéng t8n tai » > 0 ndo dé

d(z,G(p)) < pd(0, f(z,p) + K)
vdi moi (x. p) thudéc mot 1an can cia (zp, po). That vay, vi
d(x,G(p)) = |z —p| va d(0, f(z,p) + K) = [2* - p°|,

nén hing s8 u nhu vay khong thé tén tai,

Nhu vay, déi vai ham dn da iri, cd hai khdng dinh “tinh chinh quy métric kéo
theo tinh gid-Lipschitz” va “tinh gid-Lipschitz kéo theo tinh chinh quy métric”
néi chung déu khong ding. Mac du thé, déi-véi ham nguge da tri, da tir 1au
ngudi ta biét ring tinh Lipschitz chinh quy tuong duong véi tinh gia-Lipschitz
(xem Borwein vi Zhuang (1988), Mordukhovich {1993}, Penot (1989)).

Nhimg diéu kién du cho tinh gid-Lipschitz cha ham 4n da tri trong ngon
ngi d6i dao ham da duge dua ra trong Mordukhovich (1994a, Dinh 1y 4.1 va
Dinh 1y 5.1) va Mordukhovich {1994c; céc dinh 1§ 5.1, 5.8 v 6.1). Nhan xét
néu trén chitng o ring cdc diéu kién dé cé thé khong dam bao tinh chinh quy
métric cua ham dn da tri. Dudi nhitng diéu kién khd ngat (xem Mordukhovich
{1994a, Dinh ly 4.9)), tinh chinh quy métric clia him 4n da tri wong duong véi
tinh gia-Lipschitz.

Quan hé giita cac khai niém Jacobian xap xi vA d6i dao ham da duge khio st
trong Nam va Yen (2007); xem cdc muc 5.7 va 5.8 trong chuong ndy. N6éi riéng
ra, c6 thé chimg minh ring néu f : IR™ — IR™ 1a ham vécto lién e va J f(z) 1a
mot dai dién (representative)} cla dnh xa d6i dao ham Dr f(z)(-} : R™ = ™,
nghia 1a Jf{Z) 1a mot 1ap déng khic réng cha LR, IR™) va

sup {z*,.u) = sup {A"y",w) Yue R", Vy" € R™,
2 €D 1{z)(y") Aed f(2)
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thi f 1a Lipschitz dia phuong tai = vd Jf(Z) 1a Jacobian x4p xi cha f tai . Vi
du 3.5 trong Nam va Yen (2007) ching t6 ring, d6i véi cic ham s6 thuc lién
tuc, dudi vi phan Mordukhovich, ngay ci khi né khdc réng, ¢ thé khéng phai
la Jacobian xdp xi. Ngugc lai, ton tai nhiéu vi du ching to ring tén tai cic dudi
vi phan J-L khong tdm thudng, nhung dudi vi phan Mordukhovich 13 tap réng.
Vi thé, ta c6 thé két luan ring, d6i véi cdc ham vécto lien tuc, d6i dao ham va
Jacobian x4p xi 12 nhimg khdi niém khong so sdnh dugc.

Sau day 12 mot vi du don gian & d6, theo hi€u biét cha ching t6i, cic dinh
ly vira dugc nhic t6i clia Mordukhovich (1994a,c) khong dp dung duge, trong
khi cdc dinh 1y 5.3.1-5.3.3 1ai 4p dung dugc.

Vi du 5.33. Liy f(z) = z!'/3 véi moi z € R va f(z,p) = (p+ Dz!/® - p
véimoi (x,p) € Rx R Gast P=R, C=R, K =1{0}, m =0, va
xg = 0. Vé&i mdi p € (—1,1), tap nghiém G(p) cta (1.2) dugc cho bdi cong
thiic G{p) = {p*/(p + 1)}. R& rang ring

(e, +0c) néur =90

S f(z,p) = { {%(P+ 1)_.1-:—2/3} néu z # 0,

& d6 @ > 0 duge chon tity ¥, 12 Jacobian x4p xi cba f(-,p). Tacé {f(z,p), P.p}
12 mét nhiéu chdp nhén dugc cia he (1.1) tai 2 theo Dinh nghia 5.2.4. Nhan
xét rang (1.1} 13 chinh quy tai 7o theo Dinh nghia 5.2.3. Vi cdc gia thiét cha
binh 1y 5.3.1 dugc théa mién, t6n tai cdc 1an can U cta my vd V ciia pg sao
cho G(p) NV khic réng v6i moi p € U, va dnh xa da tri G(-) i= G() NV I
nua lién tyc dudi & trong U. Theo Binh 1y 5.3.2, G(-) 13 chinh quy métric tai
(Po, 20), nghia 13 t6n tai hing s6 p > 0 vi cdc 1an can U cia po va V; cha
xo sao cho (3.20) thoa min. Vi (3.22) duge thoa man véi &k = 2, Up = R, va
Vo = (—~1.1), Dinh 1y 5.3.3 khing dinh ring 4nh xa da tri G(-) 12 gia-Lipschitz
tai (po, o).

Bai tap 5.3.1. Kiém tra chi tiét tinh ding dén cha nhitng két luan da néu

trong cac vi du 5.3.1-5,3.3,

Bai tap 5.3.2. X¢ét he bat déng thic suy réng
4232, mp=2}, z=(z,1)e R
vi he bat dang thiic suy rong phu thudc tham s6
2 +prl € 22, 1= pri, = =(x1,x2) € IR,

& dé p € IR la tham s6. Ky hiéu thp nghiém cita hé bat ding thdc th
hai boi G(p). Cho pp = 1. Hiy ching 156 ring hé bit ding thit hai 13
nhi€u chdp nhin duge cia hé thi nhét tai nghiém xo = /1,1). Khao
sdt tinh chinh quy métric vi tinh gid-Lipschitz coa dnh xa da tri G({-) tai
(P, xo). (Goi 3: Dit flx) = (27 +prg—2, 23— 123), K = (- R, )x {0},

fz.p) = (2% + pr2 — 2p%, 29 = px}), r6i 4p dung cc dinh ¥ 5.3.2 va
53.3)
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5.4 Quy tic nhan ti Lagrange

Tit cdc dinh 1y him 4n dd thu duge trong myc trrde, ching ta s& din ra dinh
Iy 4nh xa m&, dinh 1y hAm nguoc, quy tic nhan tit Lagrange cho bai todn quy
hoach todn hoc & d6 tap rang budc 1A tap nghiém clia mot he b4t déng thic suy
rong.

Dinh Iy 5.4.1 (Dinh 1y 4nh xa ma da tri). Che C' C IR* va K € IR™ ld nhimg
1dp 101 ding khdc réng, f: IR™ — IR™ g ham vécto lién tuc. Cho g € C.
Gid sit rdng f c6 anh xa Jacobian xdp x{ Jf nua lién tuc trén o trong mdt ldn
cdn cia xo, va méi toan tr A € ToJ f(xp) U co({J f{za))ac \ {0}) la tran wén
C tai o doi véi flxo) + K. Khi do

(4.1) 0 € int(F(C) + K).

Ching minh. Dat P = R™, py =0, f(z,p) = f(z} —p (z € JR"). R6 rang
zo |3 nghiem cha hé bit ding thic suy rong

(4.2) Ocfla)+ K, z€C,

va {f(z,p), P.po} 12 mot nhiéu cla (4.2) tai zo. Vi Jf(:,p) := Jf(-) la 4nh
xa Jacobian xdp xi clia f(-,p) véi méi p € P, tir gid thiét cla dinh 1y suy ra
rang {f(z.p), P, po} 12 nhiéu chap nhan dugc cla (4.2) tai @ va (4.2) 12 chinh
quy tat zy. RO rang ring, véi méi z € IR“ f(z,-) la ham lién tuc trén P. Hon
the,

| f{z,p) = flz.p)f < " —pll Yo, € P.

Ap dung Pinh 1y 5.3.1 cho hé {4.2) ta tim dugce lan can U cla i = 0 va lan
can V cla zy sao cho G(p) := {z € C:p € f(z}+ K} NV khic rong véi moi
p € U. Diéu d6 kéo theo U C f(CNV) + K, vi thé (4.1) nghiém dung. O

Pinh I3 5.4.2 (Dinh Iy ham l'lgI.IUC da ). Dudi cde gid thiét cia Dinh 19 5.4.1,
dnh xa da tri pr— G(p), 6dé G{p) := {z € C:p€ flx)+ K}, la gia-Lipschitz
tai (0,x0), va tén tai p > O cing vo‘t cdc tén can U cia 0 € ™ va V cda xp
sao cho

dlz,G(p)) € pd(p, fx)+ K) voimoipcUvazcV,
nghta la ham ngugc da tri G(-) la chinh quy métric tai (0,15).
Ching minh. Liy P = R™, pg, f(x,p) nha trong chitng minh trén. Ap

dung Dinh 1§ 5.3.2 vi Dinh 1y 5.3.3 cho he (4.2) véi nhiéu chap nhan dugc.
{f(x.p}, P,po} ta nhan dugc cic két lugn meng mudn. O
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Néu K = {0}, thi Binh 1y 5.4.1 1a wdng v6i dinh 1y 4nh xa mé trong
Jeyakumar va Luc (2002b). O day ta phai gid thiét them ring C 13 déng. Nhan
xét rang trong phdt biéu cta Dinh 1y 3.3 trong Jeyakumar va Luc (2002b) phai
gia thiét ring 4nh xa Jacobian xdp xi J f{-) 1a nla lién tyc trén & trong mot lan
can cua g, vi trong chimg minh clia dinh 1y dé ¢6 sit dung quy tic him hgp
cho moét diém bat ky trong mot 1an c4n cla xy. Jeyakumar va Luc (2002a) di
thu dugc mét dinh 1y dnh xa m& dudi cdc gia thit C = R", K = {0}, va mdi
phdn ur A € ToJ f(xo) U co({J f{xp))oo \ {0}) la mot todn n khd nghich.

Dinh 1y 5.4.2 md ta mot vai tinh chat dia phueong ciia hdm ngurge da tri cia
anh xa « — f(x)+ K do6i véi @p ring bude C. Trong trudng hop K = {0},
dudi gia thiét néi rang mbi phin tir A € TBJ f (wp}Uco{(J f(:c0))oo \ {0}) 12 tran
trén C tai xo, hadm nguge da tri 1a chinh quy métric tai (0, x) va gid-Lipschitz
tai {f{zp), zo}. Nhu di néi & cudi muc trude, d6i véi ham nguge da tri, hai tinh
chat d6 1a twong duong. Tinh chinh quy métric clta ham nguge da tri da duge xét
béi Borwein and Zhuang (1988), Ioffe (2000), Journani (2000}, Mordukhovich
(1993, 1994d), Penot (1989), va nhiéu tic gia khdc (xem cdc tai lieu duoc trich
dan trong Journani (2000) vi Mordukhovich (1994d)).

S&r dung Binh 1y 5.3.1 va dinh 1y tach céc tap 16i ching ta dé dang thu durge
- ¢dc diéu kién c¢dn cyc tri cho bai todn t8i uu

(4.3) Tim cuc tiu w(z) v6irang bugc = € C, 0 ¢ f(z) + K,

ddp: R*— Rva f: R" — IR™ lacdc ham liégn e, C C R"va K C R™
1a cdc tap 161 déng khac réng. Gia sif ring  ¢6 dnh xa du6i vi phan J-L &L (),
f ¢6 4nh xa Jacobian x4p xi J f(-). Trong trudng hop K = K™, néu zp € C 1A

nghiém dia phuong cia (4.3) thi tir Ménh dé 5.2.2 va dinh ¥ tich {(xem Rudin
(1991), Pinh 1y 3.4) suy ra ring

0 € 868’ o(z0) + Nelo).
Bay git ta xét trudng hop K # R™.

Dinh Iy 5.4.3 (Diéu kién Fritz-John suy réng). Gid sit mp € C la nghiém dia
phuong ciia (4.3). Gid stt cde dnh xa da ri @Lo() va Jf(-) la nita lién tuc
rén & trong mot ldn cdn cia xg. Khi dé 1on tai vécto khdc khong (X9, A) €
IRy % (—(f{zo) + K)*), vécto 2* € T (o) U co((8™ ¢ (z0))oc \ {0}), va
todn e A € coJ f{xp) U co({J f(z0))o \ {0}) sac cho

(4.4) 0¢ Apz™ + A*(z\) + No(zg)-
Néu K Ia hinh nén, thi A € —K* va (), f{zp)) = 0.

Chéng minh. Gid sit 7o € C' 12 mét nghiém dia phuong cia (4.3). Dt
flz) = (plx) — plzo), f(z)) v6i moi x € IR®. Dé& thdy ring cong thiic
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Jf( ) =8 Lp(z) x Jf(z) (z € IR™) xdc dinh mot dnh xa Jacobian x4p xi cia
F. Chiing ta khing dinh ring t6n tai 4 € o0J f{zo) U co{ (J F{z0))oo \ {0}) sao
cho

(4.5) 0¢ mt{ (Te(zo)) + flao) + F(} ,
5 dé K = R, x K. That vay, ta ¢6

0€ flzg) + K, mpeC.
Vi g 13 nghiém dia phuong cta (4.3), nén khong t6n tai ddy {=n;} C C ndo
thoa min diéu kién N B

0€ flow)— g+ K (Vk),
G d6 g := (~1/k,0) € R x IR™. Tir d6 suy ra ring, véi moi lan can V cia
o, dnh xadatri ¢ — G{g) NV & d6

Glg)={zeC:0¢ flz)— g+ K} (Vg=(a,p)€ Rx R™),
khong 12 nira lién tuc dudi tai g := (0,0). Theo Dinh 1 5.3.1, hé bat déng thiic
De fz)+ K, z€C
khong thé chinh quy tai 3p. Vi the phai tén tai
Ae coJf(Ig) U co((J f{zo))eo \ {O})

théa (4.5). Do dinh 1y tich céc tap 16i, tr (4.5) suy ra sy 16n tai vécto khéac
khong (Ao, A) € IR x IR™ thoa

(4.6) (Do, A w) 20 Ywe A(To{zo)) + fzo) + K.

Dit A = (a", A), § d6 * € 68 lp(xo) U co((8' p(x0))oo \ {0}), v2 A €
coJ f(xo) Ueo({J f(z0))oo \ {0}). Tir (4.6) suy ra ring Aooz 20vdimeiaz0
va (A, w) 2 0 véimoiw € f(zo)+ K. Dodd (A, A) € R4 x(—(flxo)+K)*}.
Vi e f{zo) + K, (4.6) ciing kéo theo

(o, A),w) 20 Vw € A(Tc(zo)),
vay (4.4) nghiém ding. Néu K 13 hinh nén, thi bao ham thdc A € —(f{w)+K)*
kéo theo A € —K* v (), f(zo)) = 0. Dinh 1§ d4 duge ching minh. O

Néu C = R" va K = RS x {0}m—s, 0 d6 0 < s £ m, thi Dinh Iy 543
md ta quy tic nhin tlf trong Jeyakumar va Luc (2002b; Dinh 1§ 5.1). Cic quy
tic nhan tir Lagrange khdc, c6 sit dung khdi niém Jacobian suy rong, da dugc
thiét 1ap bai Luc (2003), Wang va Jeyakumar (2000).
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Binh Iy 5.4.4 (Diéu kién Kuhn-Tucker suy rong). Gid st xp € C la nghiém dia
phuong ciia (4.3). Gid sit rdng cdc dnh xg da tri @Yp(-) va Jf() la nia lién
tue trén & irong mot ldn cdn cia xg. Néu diéu kién chinh quy (2. 5) duac théa
mdn, thi t6n tai A € —(f(z0)+K)*, z* € cad’L (;t:g)Uco((@]L 0 {0},
va A € ToJ f(zp) Ueol(Jf(zo))so \ {0}) sao cho

(4.7) 0€z* + A" () + Ne(zo).
Néu K la hink non, thi h € —K* va (A, f(zo)) = 0.

Chimg minh. Gii st z; € C 12 nghiém dia phuong cia {(4.3). Theo Binh
ly 5.4.3, ton tai vécto khic khong (X, A) € R, x (—{f(zo) + K)*), a* €
c0dp(x0) U co((9p(70))oc \ {01}, V2 A € 0 f(0) U co{(J £ () }oo \ {0})
sao cho (4.4) nghiém dang. Néu Xy = 0 thi (4.4) v bao hdm thic A €
—(f({zo) + K)* kéo theo

(MAu+v) 20 Y(u,v) € Te(za) x (f(xo) + K).

Khi d6 (2.5) khong thé nghiém ding, vi ring A # 0. Vay ) > 0. Chia ca hai
v€ clia (4.4) cho Xg va thay A bai Ay ' A néu cdn thiél, ta di dén ket ludn ring
(4.7) nghiém ding véi A € —(f(zp) + K)" nao d6. O

Né&u ¢ va f 13 céc ham Lipschiiz dia phuong, thi ta c6 thé chon dudi vi phan
suy rong Clarke %'p(x) ciia ¢ tai  va Jacobian suy rong Clarke JO'f (=) clia
f tai x tuong dng lam céc tap @Lp(x) va Jf(z). Trong trudng hop d6, quy
tdc nhan tr Lagrange ndi trén dugc phdt biéu lai nhu sau.

Hé qua 5.4.1. Gid sit xp € C la nghiém dia phuong cia (4.3). Gid sit p va f
la cdc ham Lipschitz dia phuong. Néu diéu kién chinh quy

0 € int (A[To{xo)] + flzo) + K) VA € 8 f(xp)

dugc théa mdn, thi t6n tgi A € —(f(xo)+ K)*, z* € 8%(z) va A € 8% f(zq)
sao cho (4.7) nghi¢m diing. Néu K ld nén, thi A€ —K” va (A, f(z0)) = 0.

Ching ta lvu ¥ ring phuong phdp chimg minh diéu kién Kuhn-Tucker cho
bai todn t6i wu tron ¢6 rang bude nén nhd vio dinh 1y vé tinh 6n dinh dua trén
khdi niém chinl quy cia Robinson dd dugc dé xuidt bai Craven (Craven (1978),
tr. 60),

Bai tap 5.4.1. Hiy xay dung mot vai vi don gian minh hoa che cdc dinh
Iy 54.1-54.4 vd Hé qud 54.1. (G¢# 31 C6 thé xét cée bai todn 161 wu cb
tap ring budc 14 tap nghieém cha hé déng thie/bat ding thic & cic muc
4.5 va 4.6; cho x ddong vai trd tham sé p v y dong vai trd bién z.)
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5.5 Tinh lién tuc va tinh Lipschitz cua ham gia tri toi
uu

Tir cdc Dinh 1y 5.3.1 va 5.3.3 ching ta c6 thé din ra cdc diéu kién du cho tinh
lién e va tinh Lipschitz dia phuong cia ham gid tri t6i wu trong bau todn t6i
vu cé tham sd.

Gid s C K, P duge cho nhu 6 Muc 54, Gia st f: f* x P - R™ va
w: RB™ x P — IR 1a cdc ham lén tuc. Gia st ring voi mdi p € P, ham f(-,p}
¢6 dnh xa Jacobian xdp xi J; f(-, p) nla lién tuc trén & trong JR®, Xét bai toan
t6i uu phu thudc tham sé p € P:

(5.1}  Tim cyc ti€u @(z,p) v6irang busc z € C, 0€ f(z,p) + K.

Ky hiéu tp rang bubc, gid tri t6i uu, va tap nghiém cta (5.1) tuong Ung boi
G(p), v(p). va Q(p).
Dinh Iy 5.5.1 (Tinh lién tuc cha ham gid tri 161 wa). Gid si rdng

(a) 1on tai tgp compdc T C IR™ sao cho Q(p) NL # B véi moi p trong mot
ldn cdn chia py;

(b} ton tai xg € Q(po) NL sao cho dnh xa (x,p) — Ji f(x,p) la niza lién tuc

trén tai (x0,pg) va

0 € in{A[Te (o)) + f(zo,po) + K}
YA € T3J, f(z0,po) Ucol{1(f{z0, po))eo \ {0}))-

Khi dé. v 1a lién tuc tai py.

(5.2)

Chimg minh. Piu tién ta chimg minh ring » 1a nira lién tuc duéi tai m. Gia
st phan chitng ring t6n tai £ > 0 vA day p ~ po sao cho

(5.3) v{pi} < v(po) — &
Do diéu kién (a), v6i i dit 16n ta chon duge
2, € Q(p) NEL.
Vi % 1a compic va dnh xa G(-) 1a déng, ta c6 thé gid sl ring
;. > ZeGipo)N L.
Tix {5.3) suy ra ring

So(xf!pi) = V(pi) < y(po) — &,
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Cho i — oc, tir dd ta ¢

w(Z,po) < vipo) — &,

mau thudn véi vige v(py) 1a gid tri 16t wu cha (5.1) Ung v&i gid ri tham s6

P = po.
Bay gio ta di chimg minh réng » 12 nira lién tuc trén tai p. Do tinh lién tuc
cua , 1on tai lan can V; clia g va lan can U, cla pg sao cho

(5.4) lelz, p) — wlxo, po)| < &,

v6i moi {z,p) € V, x U,. Skt dung (b) ta c6 thé 4p dung Pinh 1y 5.3.1 d€ chi
ra mot lan can U clla pp sao cho U < U va, v6i mbdi p € U, t6n tai vécto
z(p) € Glp) NV.. DE ¥y dén (5.4), ta ¢6

v(p) < wlz(p),p) € plzo, o) +&, Vpel.

Vi vay,

limsup v(p) < w(xo,po) +¢.
P—Po

Vi e > 0 ¢6 thé chon nhod tiy ¥, ta ¢cé

lim sup ¥(p) < w{zo,po} = v{po)-
P—F0

Ching mirh ké&t thic, O

Dinh Iy 5.5.2 (Tinh Lipschitz dia phuong cta ham gid tri t6i wu). Gid si ¢ la
Lipschitz dia phuong & trén IR® X P. Gid s rdng diéu kién (a) va diéu kién sau
dige thda mdn:

(¢) véi mdi xo € Q{po) NI, dnh xg da tri (z,p) — Jof{z,p) la nwa lién tuc
trén tai (xa,po), t0n tai k > O va cde ldn cdn Uy cia po va Vg cua xg
sao cho (3.22) nghiém diing.

Khi dé, v la Lipschitz dia phuong tai 1.

Chimg minh. Dat
1= {Q(po) N Z) x {po}.

Vi Q(p) la déng v6i moi p, nén 2 14 tap compéc. Ta di chitng minh ring t6n
tai £ > 0 va tip md £ chiva X, sao cho

(5.5) I, p) — w(z,p)| < £(lle" — || + [Ip — )
vél moi (x,p) va (z’,p') thudc Q. Nhan xét ring tap

E:=co(Q(p)NX)
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12 181, compac. V6i mbi Z € E, t6n tai £z > 0, 1an can V; cua 7 va lan c4n U
thoa man

(5.6) |p(a’.p)—p(z,p)| € &Iz’ —=|+Ip' -pl), Vo2’ €V pp € Us.

Vi E 1a compéc, tén tai x1,...,%q € E sao cho

Ec{J{Ve 1 i=1,....4}.

Chon p > 0 sao cho

Vi=E+BO0p) c|{Va :i=1....4}.

U=N{Us :i=1,....q}, Q=VxU,
£:=max{l;, i=1,...,q}-

RG rang 2 12 tap mS chita X, Gid st {x,p),(z',p}) € 2. Vi ¥ 1a 18i, nén
fz,z'] C V. Do dé,

(¢, 7} CU{VI,- ci=1,...,q}

va ton tai diy diém ag = T,a1,a3,...,a, := ' thugc doan thing [z, ] sao
cho v6i méi j € {0,1,...,5s — 1} tén tai i € {1,...,q} thda man dieu ki¢n
fa;,aj41) C Vi, T (5.6) ta suy ra ring

lp(z, p) — (7', ')
< ly (ae 'p) play,p)l
+|¢lar, p) — plaz, pi +- |s«?(as—1,P) — plas, p')|
< £{||lao — alll + [la1 — 02|| + o+ llagmr —as]l + Iz = D
= |z — 2’| + llp - Pli)-

Nhy vay, ta da thu duoe (5.5). Tiép theo, dé § ring dnh xada tri p— Q(p)NE
la nita lién tuc trén tai po. That vdy, trude hét ta ching minh ring p — po,
X, — T Vva

z; € Q(pi)NE, Vi e IV,

thi # € Q(po) NE. Vi v(p;) = @(zs,pi) v2 v lién tuc tai po theo Dinh 1y 5.5.1,
nén vipy) = (%, po). Ngoii ra, tinh déng cita G(-) kéo theo 7 € G(p). Vi
viy, 7 € Q(po) N E. Tir tinh chat vira dugc chimg minh suy ra rang 4nh xa
p— Q(p) N la nita lién tuc trén tai py. That vay, gia st phdn ching: t8n tai
tap mé W C R™, Q(po) NT C W, va t6n tai diy p; — po sao cho

(Glp) NI)N (R \W) # 0.
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Khi dé, véi méi i € IV 1dy mot diém z; € (G(p;) N T) N (R*\ W). Do &
12 compic va IR™ \ W 1a tdp déng, bing cich xét diy con (néy cdn), ta ¢ thé
gid st ring z; —» € R™\ W. Vay 2 ¢ W. Diéu d6 mau thun vé6i tinh chat
T € Q{po) M2 da duge chimg minh & trén.

Véi méi z € Q(pp) N E, do gia thiét (c) va do Dinh 1y 5.3.3, t6n i
k; >0, 6, > 0, ciclancan V clia z va U, cla pg sao cho (V, + 6, By x U, C Q
v

(8.7) Gp)NV: CGE) + kallp —¢|1Bre, Vpp' € U..

Do Q(po) N X 12 compic, tén ai z1,. .., zy € Q{po) N Z sao cho

Qo) NEc{ J{Va ri=1,...,q}.

E:zma.x{kz1 kzq} d:={6, 1 i=1,...,q},
V.={{V,, : 1——1,...,q},
U=N{U, :i=1,...,4}.

Do (a), ta ¢6 thé gia sk ring
QP)NE#0, vpel.
Ré rang V' x U C 1.
Nhu ta da chi ra & trén, dnh xa p — Q(p) N X 14 nira lién tuc trén tai gy vi
vay ton tai 1an can Uy C U cha pg sao cho
(5.8) QipInTcV, vYpel.
Hon thé, ta c6 thé gia sl ring
(5.9) kllp—p'l <8, Vp.p' e UL

Bay gity ldy thy y p.pf € Uy Néu & € Q(p) N &, thi ta c6 v(p) = ¢(Z,p). Tix
(5.8) suy 1a ring c6 thé chon duge i € {1,..., g} sao cho

2 € (Q(P)NT) NV,
Vi the, do (5.7), tén tai ¥’ € G(p’) sao cho
(5.10) Iz - o/|| < Kiip - 'l
Sir dung (5.9) ta thu duge

x cr+ 63]}{» _ Vzi. + (52‘.Bﬁn.
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Do dé (2. p") € §2. Sir dung (5.5) va (5.10) ta co

(=',p') — (2, p)
(le “Ill + ' —pl)
E

v(p) - v(p)

AN ANAN
mmm-ﬁ

Il = pll + 7 — »li)

2
k+ 1" —pll-

Tuong ty, )
v(p) —v(p') < Lk + 1)llp" - pli-
Vay v(-) 1a Lipschitz dia phuong tai pp. O

Ménh dé sau mo td mot tinh huéng thudng gip, & d6 diéu kién (a) duge thoa
man.

Ménh dé 5.5.1. Gid sit rdng

(d) 16n tai o € Qpo) sao cho dnh xg da tri (x,p) = Jif(x,p) la nia lién
tuc trén tat (xo, po) va diéu kién (5.2) nghiém ding.

Néu

(5.11) Iiminf  ©(z,p) > w(zo, po),
[xll—+s0i p—po

hode la

{5.12) lim e(z,p) = +ox,

|zl —+0c0: p—po
thi diéu kién (a) duoc thoa man.
Chitng minh.
R& rang (5.12) kéo theo (5.11). Néu (5.11) thoa méan, thitdntaip > 0, A >0
va lan can Uy cia pg sao cho
(5.13) p(z,p) 2 wlzo,po} + p

voi moi (z, p) théa man ||z]| > A, p € Up. Do diéu kién (d), Dinh 1y 5.3.1 dp
dung duge. Vi thé, véi mbi lan can V ciia xp, t6n tai lan can U C U clia pp
sao cho

Gp)nV £¢ vpel.
Ngoai ra, ¢6 thé chon V va U sao cho
(5.14) p(z,p) < plzo,po} +p Y(z,p) €V xU.

Dat
L={zeR": |z| < A}
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Vi v6i méi p € U t6n tai z(p) € G(p) NV, nén (5.14) kéo theo
#(2(p), P) < plz0,p0) + p.
Keét hop diéu ndy véi (5.13), ta thu dugc
Qp)CL Vpel.
Them vao d6, vi G(p) la déng va ¢ 1a lién tuc, nén gia tri t6i wu
v(p) = mf{p(z,p) : € G(p)N T}

dat duoc tai mgt diém z € G(p) N T nao d6. Diéu d6 chimg b rang Q(p) khic
rong véi moi p € U. Tinh chat (a) dd duge thiét lap. D

Nhan xét 5.5.1. Diéu ki¢n (5.11) cé thé dwge xem 13 ddu hiéu én dinh co béan
cta ham muc tiéu. N&u né nghi¢m dung, thi hdu nhu ta ¢6 thé tin ring ham gis
tri t61 wu (p) 1a lién tuc tai po. NEu né bi vi pham, thi ta phii tim mot ddu
hiéu 6n dinh khdc & tap rang budc. Cuy thé 13, néu tn tai tap compac T ¢ R
sag cho G(p) C X v6i moi p trong mot lan can cla m va néu didu kién (b)
duge thoa man, thi v 12 lién tuc tai g theo Dinh 1y 5.5.1. Dic biét, ta ¢6 thé
lay X = ', néu C 1a tap 16i compic.

Nhan xét 5.5.2. Bing céch sit dung cdc luge d6 dé xust béi Borwein (1986), tir
cée dinh Iy 5.3.1-5.3.3 ta ¢6 thé dén ra cdc cong thic tinh nén ti€p tuysn cla
cdc tip déng va tinh dao ham theo hudng cla ham gi4 tri tdi wu.

Bai tap §.5.1. Hiy xay dung mét vai vi du don gian minh hoa cho Dinh
Iy 5.5.1, Binh 1§ 5.5.2 va Ménh dé 5.5.1. (Gpi ¥: C6 thé xét cic bai todn
161 uu cd tap rang budc 1a tip nghiém clia h¢ ding thirc/bat ding thic &
cdc muc 4.5 va 4.6; cho = d6ng vai trd tham 5§ p va y ddng vai trd bign

)

5.6 Chimng minh Ménh dé 5.2.1

Muyc ndy trinh bay chimg minh Ménh dé 5.2.1. Chiing ta sé& sir dung bé dé sau.

Bo dé 5.6.1 (xem Jeyakumar va Luc (2002a)). Cho F : IR® = IR® ld dnh
xg da tri nia lién tuc tén tai 3p € IR™. Gid sut; > 0 hoi tu dén 0, ¢ €
COF (wp + t: Bpn) voi lim; oo [|gi|| = 00 va lim; oo q;/lg:l| = qu v6i g, € IR,
Khi do q, € (co F(z0))so. Ngodi ra, néu co(F(xg))eo ld nén nhon'?, thi
Ge € cO{F(70) )0 = (cOF{T0))oo.

“Hinh nén M dugc goi 12 nén ahon néu M N (—M) = {0).
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Ching minh. Do tinh nira lién tyc trén clia F i zg, v6i mbi € > 0, ton tai ip
du ¥én sao cho

Flzg +t;Bgn) C Flzo) + eBrs  véi moi ¢ 2 do.
Vi vay,
gi € Co(F(xg) + €Bme) C co(F(zo) + =Bps) + €Brs  v6i moi i 2 do.
Suy ra

e € [co(Flap) + £BRs) + €B(0,1}]0c  C lco(F(z0) + eBRr:)lx
C (coF(z0))oo

Bao ham thic co(F(z0})ss C (coF(zg))ec luon nghiém ding vi Fizo) C
coF () va (coF(xg))s 1a non 161 déng. Bay gid ching ta chdng minh bao
ham thitc nguoc lai. Gia sit p € (coF'(20))cc, p # 0. Theo dinh Iy Caratheodory
(xem Rockafellar (1970)), tén tai cdc 18 hop 16i g = ZJ 1 Aigpig vO1 Ay 2 0,

pij € Fi(zg) va ZSH Ai; = 1 sao cho

p/llpll = lim pi/pill va lim {ipi| = o0
=20 —00

Khong giam tong qudt ta c6 thé gid sir rang lim A;; = A; 2 0 vol § =

T— O
a+1
L, ..o,s+1va > A =1 V6i mdi j, xét day {Xypi;/[pill}iz1. Chiing 1a
j=1

khing dinh ring diy nay 12 gi6i noi, vi thé c6 thé gid sit rang nd hoi tu dén

mot phin tir po; € (F(z0))ec. Néu diéu d6 ding véi mdi chi s6 j, thi ta c6
s+1

p= Zp[}j € co{F(x0))ec, d6 Ia diéu phai chitng minh. Dé chiing minh khing

dlnh néi trén, ta gid st phan ching ring {X;pi;/||pill}iz1 18 khong gidi noi.
Dit a;; = Aijpi;/|ipi|l. Bang cach 14y ddy con (néu cdn thiét), ching ta o thé
gia slr rang

lassll = max{lla;]l : 5 =1, ... ;s + 1}
v&i mdi 1. Vi vay, lim; e |lasje ]| = oc. Do pi/||p:ll = }:Hi a;j, ta co

s+1

0 = Lim pi/(llp:]-laispll) = fLim Zazgfllamll
j i

Chang ta lai c6 thé gia sit rang {a;;/|\aij, || }izo hoi tu d€n mot phén ur dg; €
(F(x0))oo ¥61 5 =1, ... ,s+ 1 vi rdng céc day 1a giéi noi. Vi ag;, # 0, déng
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thic 0 = ji_ri apj chimg t& rang co(F(g))oe khong phii 1 nén nhon, mau

thudn, O

Sit dung BG dé 5.6.1, bay gid ta & ching minh Ménh dé 5.2.1 - mot trudng
hop riéng cGa Dinh 1y 4.1 trong Jeyakumar va Luc (2002a).
Chirng minh Ménh dé 5.2.1:

Chiing ta mu6n chi ra ring véi moi v € " va o € R,

(6.1) {ago f)t(z,u) sup{apgqu),
q€Q

0 d6 po = ¢'(f(Z)) va Q := Jf(Z) + (JF(Z))5.. Vi (6.1) 1 hién nhién trong
treeomg hop w = O hay a=0,tagiashringu£0via#0 Gidsit >0
diy s6 hoi tw (6i 0 sao cho

(6.2) (ag o f)* (7,u) = g 2LEFEW) — g(f(@))

i—oo t;

Tir dinh 1y gid tri trung binh (xem Jeyakumar va Luc (1999), Hé qua 5.1) suy ra
rang, véi méi t;, ton tai p; € T ¢'([f(3), f(E+tu)]) va ¢ € T J f([7, &+ tiu])
sao0 cho

| FE + t) - £(Z) = tigeu,
(63) {g(f(:f +tw) — gUF (@) = pilf (2 + tiw) — F(2)).

Do gia thi€t cha ching ta, lim p; = py. Biing céch xét mot day con (néu cin
=0
thiét), ta chi phai khio sdt hai trudng hop sau:
(a) {g:} hoi tu dén mot vécto g nao dé:
(b) lim;—oe [|gifl = o v6i {g:i/]lq:|l} hoi tu dén mot g, nao ds.
Tir (6.2) va (6.3} suy ra ring

(ago £)*(2,4) = lim (ap;giu).

Trong trudng hop (a), do tinh nira lién tyc trén ciia Jf 1ai 7, ta cé @ € coJ f(z).
V1 vay,

(ag 0 )* (2, u) = apogen < sup(apogqu).
qeQ
Xeét truong hop (b). Do B3 dé 5.6.1, ¢, ¢ (coJ f(Z))oo- Néu co(Jf7))s 12
khong nhon, thi dé thay ring co(J(f(Z) ), tring vdi toan khong gian L{R", nm.
Vi u # 0, tinh chat d6 va gia thiét py # 0 kéo theo

sup(apoqu) 2 sup  (apoqu) = 400,
GEQ q(—:L(H",R"‘)
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vi thé (6.1) nghiem ding. Néu hinh nén co(Jf(Z))x 12 nhon, thi theo Bé
dé 5.6.1 n6 chia g,. Diat 3 := apog.u. Neu 5 > 0, thi wr sy kién Aq. €
¢o(.J f(T))oo v&i moi A 2 0 ta it ra quan hé sau:

sup{appqu) > sup (apoqu) 2 limsup{opo{gr + Agu)u) = +oco,
GeQ gear+COLJ F(2))5 A—+00

0 d6 ¢ 12 mot phén to Wiy ¥ cha J f(x). Quan hé dé kéo theo (6.1).
Néu 3 < 0 thi voi ¢ da 16n, ta co

gi Jé]
api——u < — < 0,
Pl ™ 2

Do do,
(ag o f)T(z,u) = lim (apigiu) € lim ”quE - _oo.
1— N —+0 2
Diéu d6 chimg to ring (6.1) nghi¢m ddng,

Bay git ta gia sir ring 3 = 0. Tu bao ham thic g, € co(J f(Z))o va tIf
dinh nghia clia tap hop co(J f(Z))5, = (co(Jf(T))oo)® suy ra rang

g+ € int(co(J f(Z))5.)-
Chiing ta khing dinh ring tén tai @ € co(J f(Z))%, sao cho
(6.4) - apoqiu > 0.

That vay, xét phi€m ham tuyén tinh ¢ : L{IR", R™) — IR duoc xic dinh bang
cdch dat ¢(q) = apoqu véi moi ¢ € L(R"™,IR™). Néu khing dinh cla chiing
ta khong diing, thi-¢(q) < 0 véi moi ¢ € co(Jf(E))5,. Vidlg,) =5 =0va
@x € int{co(J f(Z)).), ta két luan ring ¢ = 0. Vi u # 0 va pp # 0, t6n tai
g€ LUR™ IR™) sao cho Gu khong thudc vao nhan cta phiém ham p. Khi dé
ta ¢c6 apygu # 0. Didu dé khéng thé xdy ra bdi vi ¢ = 0. Khang dinh cla
ching ta di duge ching minh. C& dinh mot phén tir g € Jf(z). Tir (6.4) ta
suy ra rang

sup(npoqu) = sup (apogu) 2 lim (apo(g + Aq)u) 2 +oc;
7€Q 9€q-+CO(J f(2))5 Ao

vi viy (6.1) nghiém ding. D

5.7 Duéi vi phan Mordukhovich va duéi vi phan J-L

Quan hé giita khdi niém Jacobian x4p xi theo nghia Jeyakumar-Luc cia ham
vécto trong khong gian Euclide hitu han chiéu va khdi niém d6i dao ham theo
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nghia Mordukhovich s& dugc xét trong muc sau. Muc nay dua ra mét s6 khdi
niém va két qua bd trg, déng thdi khio st moi quan hé giita khdi niém duéi
vi phan J-L (moét truong hop ddc biét cha Jacobian xdp xi) va dudi vi phan
Mordukhovich (la gid tri cia d6i dao ham theo nghia Mordukhovich ctia dnk xg
da tri trén-do-thi cha him s6 dd cho tai diém ¢* = 1).

Két qua khao sdt & myc ndy vd muc sau ching 1o mét cich 5 rang 1 d6i
dao ham va Jacobian xdp xi ta nhimg khdi niém r4t khdc nhau. Ching c6 14t it
diém chung. Tir nhimg bai bdo duoc trich din & danh muc tai liéu tham khio &
cudi sdch nay c6 thé thiy ring nhimg khdi niém dé doi hoi nhimg phuong phdp
khdc nhau vd ching cho két qua dudi dang rat khdc nhau. T6ém lai, hai khdi
niém d6 dan dén hat 1y thuyét vi phan rdt khdc nhau.

Vai trd quan trong cla.dgo hdm da tri clia céc ham s6 va 4nh xa da tri di
dugc cong nhan rong rii (xem Aubin va Ekeland {1984), Aubin va Frankowska
(1990), Mordukhovich (1994c), Rockafellar va Wets (1998)). Cic loai dao ham
xay dung qua nén 1i€p tuyén di xét & Chuong 2 déu 12 dao ham da tri.

b6t dao him theo nghia Mordukhovich 13 mét loai dao ham da tri duge mo
14 bing cdc bign d6i ngiu ' Nhfmg két qua nghién citu chia B. S. Mordukhovich
va céc tdc gia khdc di ching t6 ring khdi niém nay 4t hiva ich cho sy phat
trién clia gidi tich khong tron va céc img dung khic nhau (xem Mordukhovich
(2006a,b) va cic tai liéu din trong d6'%). D6i dao ham cho phép ta diic trung
tinh ma, tinh chinh quy métric, va cdc tinh chét Lipschitz clia 4nh xa da tri (xem
Mordukhovich (1993)). Cdc ing dung cia d6i dao ham trong 1y thuyét én dinh
va do nhdy nghiém cla cdc bai todn t6i wu c6 thé xem trong Mordukhovich
(1994a,c,d). Dé dinh nghia Mordukhovich d6i dao ham, ta sit dung nén phip
tuyén (khong 16i) cta d6 thi cia dnh xa da tri dugc xét (xem Muc 4.2 trong
Chuong 4). Néu khong gian dugc xét 12 hitu han chiéu, thi nén phép tuyén con
<6 thé dinh nghia theo mét cdch khdc, si dung phép chiéy métric lén cdc tp
khong Ioi. Céch dinh nghia ndy mang tinh hinh hoc 18 rét. N6 sé duge nhéc
lai 0 dudi déy cling véi cdc quy téc tinh todn ¢6 lién quan, nhim bé sung cho
nhing diéu da trinh bay trong Muyc 4.2 theo cdch ti€p c4n thufn tuy gidi tich!®.

Jacobian x8p xi (xem Muc 5.2) ciing 1& mot loat dao ham da tri. N6 duoc’
dua ra trong Jeyakumar va Luc (1998, 1999) nhu mét sy md rong cia khéi
ni¢m Jacobian suy rong Clarke - von di chi duge dinh nghia cho céc him vécto
Lipschitz dia phuong. Sir dung Jacobian x4p xi va dudi vi phan J-L ta ¢6 thé
thu duge cdc dinh 1¥ dnh xa md (xem Jeyakumar va Luc (2002a,b) vi Muc 5.4),
quy tic nhan tr Lagrange (xem Wang va Jeyakumar (2000) va Muc 3.4), cic
diéu kién di cho tinh chinh quy métric va tinh gia-Lipschitz ca ham 4n da tri

“TNTA: dual variables.

Xem them ca cic myc 4.5 v 4.6 trong Chuong 4.
‘Thang qua du6i vi phan Fréchet vi gidi han Painlevé-Kuratowski,
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(xem Muc 5.3). Cic két qua d6 dp dung dugc cho cdc bai todn mo6 ta bdi cdc
ham lién tuc, khong nhat thi€t 1a Lipschitz dia phuong.

Viéc nghién citu cdc mdi quan hé giita Jacobian x&p xi vd déi dao ham 1a
mot cong viéc ddng lam. Mot s6 nhan xét vé mdi quan hé gilta dudi vi phan
Mordukhovich vd dudi vi phan J-L dd dugc dua ra trong luan 4n cia Wang
{2000) va trong bai bio cia Wang va Jeyakumar (2000). Ching ta s€ nghién
citu vin dé d6 trong mot pham vi rong hon.

Trudc tién, ching ta nhic lai mét sd sy Kién trong Mordukhovich (1994b)
vi Clarke (1983).

Cho F : R" == R™ 132 mo0t dnh xa da tri . Nhu & cong thic (2.1) trong
Chuong 4, gi6i han trén theo day theo nghia Painlevt-Kuratowski cta F' khi
x — T la tap con cua R™ duge dinh nghia bdi

Limsup P(z) = {y € " : 3 chc diy 2 — T, 4 — )
S vOi gk € Flay) Ve =1,2,. ).
C6 hai diém khac biét gilfa cong thic nay va cong thic (2.1) trong Chuong 4:
giGi han theo topd w* dugc thay bing giéi han theo t0pd cha chufn v F c6

thé nhan gid tri khong phai trong X* = (IR")* = /R", ma trong R™. Gid sit
1 C R™. Ky hi¢u

Pz, ) ={well: ||z —w| = d(z,Q)}.
Nén phdp tuyén Mordukhovich cha © tai € Q duge x4c dinh bdi cong thic

(7.1) Na(Z) = limsup(cone(z — P(z,Q2)}].

£z
Néu z ¢ 0, khi d6 ta dit No(%) = @. Néi chung, Np(Z) 12 hinh nén khong
16i. (Vi vay nd khong thé 13 nén di nglu cha bat cd hinh nén ti€p tuyén nio
clia 2.) Nén phép tuyén ndy tring v6i hinh nén dinh nghia béi cong thic (2.8)
trong Chuong 4. Nhu & Chuong 2, nén tiép tuyén Clarke Co(T) cha Q tai £ € (2

duge dinh nghia bdi cong thic

Co@)={ueR* : Ve Q)—z, ¥t |0, Jup — u such that
Ti + teuyp € 8 for all k}.

Tap hop NE](;T:) = {Cn(Z))* 1a non phdp tuyén Clarke cia §} tai Z. Quan
hé giita n6én phdp tuyén Clarke va nén phdp tuyén Mordukhovich (xem Clarke
(1983), Ménh dé 2.5.7) nhu sau:

(7.2) N§\(z) = coNg(z).
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Nhu ¢ Ménh dé 2.2.1 trong Chuong 2, ndn tiép tuyén Bouligand cia 0 tai
x € § duge cho béi cong thiic

To(z) ={ucR" : Jug —u, It |0 sao cho
T + tpug € Q v6i moi k}.

N6n d6i ngau dm cia Tn(z) duge ky hiu bdi ﬁg(:c). Néu z ¢ 2 thi ta dat
No(z) = @. Ngudi ta di biét ring (xem Mordukhovich (1994b), tr. 254):

Ivn(:r) ={z"eR" : ]iI‘r1sup-<x—u £ 0}
o lly—=

y—x

Diéu d6 ching t6 non No(x) dinh nghia nhu & day tring véi nén phép tuyén
Fréchet dinh nghia bing cong thic (2.7) trong Chuong 4.

Ménh dé 5.1.1 (xem Kruger v Mordukhovich (1980)). Vi moi §} C R” va voi
mei T €St co

(7.3) Nq(Z) = Limsup Nqg(z).

r—T

Nhu & Chuong 4, d6i dao ham Mordukhovich DFF(z,§) : R™ = R" cia
F 1ai (7,y) € gph F duge cho bdi c6ng thitc

D'Fz,g)) ={e" e R" : (°,—y") € Nypnp(2,5)}-
Doi dao ham Clarke cha F tai (Z,§) € gph F duge cho bdi cong thie
DeF(z,5)(y*) ={z" € R : (2", -y") e N phF)(x,y }-

D6 thi cha D7, F(Z, i7)(-} 1 hinh nén 16i d6ng trong khéng gian tich B™ xR™.
Neéu F' ¢6 d6 thi 18i, thi d6i dao ham Clarke vi dgi dao him Mordukhovich trung
nhau, tic 1a

D'F(z,§)(y") = DEF(Z,9) (") ¥(2,§) € gphF, Vy" € R™

Neéu F 1a him vécto kha vi chat, thi hai d6i dao ham d6 cing tring nhau. C1_1'
thé ta néu f: R® — R™ 12 kha vi chat tai z, thi

D' f@)W) = DS @) = {(F@) )} W e R™

Ngoai hai truomg hop ké trén, d6 thi cla d6i dao him Mordukhovich thudmg 12
tap con thuc su cla d6i dao ham Clarke.
Cho ham &  : R® - R = RU {00} v6i mién hitu hicu

domy = {z € R" : ~00 < ¢(z} < +oo}.
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Cong thic
F(z) = Eg(z) :={p € R : p 2 p(z)}

xdc dinh dnh xa da tri trén-do-thi cia . RS rang 1a
gph F = epiy := {{z,p) € R* xR : 2 o(z)}.
Cho % € domxe. Tap hop

Op(Z) = D*"E(Z,¢(Z))(1)
( x

= {I ER™: (z* —1) € Nepm(z,cp(i‘))}

duge goi la dudi vi phdn Mordukhovich cha o tai I, cdn tap hop

F<p(z) = D*Ep(3, p())N0)
= {2 R (2*,0) € Nogi, (2, 0(2)) )

duoc goi 1a dudi vi phdn suy bién cla w tai Z. Néu & ¢ dome thi ta dat
Fp(T) = 0%p(z) = 0. Dubi vi phan Clarke & @(Z) va dudi vi phan suy bién
Clarke 8°'°°(Z) dugc dinh nghia tuong ty; thay cho D* (tar, Ngpy () ta
xét DY, (L., Ng{']h (). C6 thé chimg minh ring dudi vi phan Mordukhovich
va duéi vi phan suy bién dinh nghia nhu & day 1a tring véi cic tap hgp dinh
nghia bdi cdc cong thae (2.5) va (2.6) trong Chuong 4.

Néu 12 kha vi chat tai Z, thi 8%(F) = 8p(2) = {¢/(Z}}. V6i mbi ham
s& nita 1ién tuc dudi ¢ va véi mdi diém T € domep, 1r (7.2) suy ra ring

(7.4) 8% (z) = 0lOp(%) + 00 (z)].

Cong thitc (7.4) 12 trudng hop riéng cia cong thic (6.14) trong Chuong 4, & d6
ta xét ham sd xdc dinh trén khong gian Banach bét ky.

Dudi mot s6 diéu kién nhe nhang, ta ¢6 thé tinh dudi vi phan Clarke & (z)
théng qua dao ham theo hudng Clarke-Rockafellar. Néu ¢ : B* — R 14 him s6
lien tuc, thi dao ham theo huéng Clarke-Rockafellar f (Z,u) clia ¢ tai Z theo
huéng « duge dinh nghia (xem Clarke (1983), tr. 97) bing cong thifc

tu') — plx
(7.5) ¢ (Z:u) = lim limsup inf plz +tu) — o )
el0 pouz, t10 wEuteBgn t

Meénh dé 5.7.2 (xem Clarke (1983), tr. 97). Ta cd 8“'p(Z) = B khi va chi khi
! (£;0) = —co. Néu truong hop do khong xdy ra, thi ta c6

(7.6) O%s(z) = {3* «R™ : @l (F,u) 2 (2", u) Yu€R"}
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va
(7.7) @l (Z;u) = sup {(ﬁ:‘,u) ;2" € 3%(2)} VueR™

Néu ¢ 1a Lipschitz dia phuong tai Z, thi

vOi moi w € R, 0 d6
. (z + tu) — o(x
w?(Z;u) = limsup at )~ ¢lz)
T—F, [0 i

12 dao ham theo hudng Clarke cha ¢ tai T theo hudng « (xem Muc 3.4 trong
Chuong 3). Vi 9%®p(z) = {0} (xem Clarke (1983), Ménh dé 2.9.7) va
F%p(z) C I p(E), ta suy ra ring 8p(z) = {0}.

Dé tién theo doi, ching ta nhic lai khdi niém Jacobian xdp xi di xét & Muc
5.2. Gid sit f: R" — R™ 1a ham vécto lién tuc. Tap con déng Jf(z) C
L{R™ R™) dugc goi 12 Jacobian x4p xi cla f tai # € R® néu

(7.8) (¥" o fY*(Z;u) € sup (¥, Au), VYucR® Vy* c R™,
Aedf(2)

0.d6 (v o f)lx) = {y*, f(z)), va

(¥" o )T (z;u) = limsup (Y o f)(@ + h:) — (y* o f)}(Z)
t|0

13 dac ham Dini trén ciia y* o f tai  theo huéng u. Mot Jacobian xdp xi cua f
tai = dugc goi 13 167 thiéu (minimal) néu né khong chita tap con (déng) thuc sy
nao ciing 13 Jacobian x&p xi ca f tai Z. Néu f kha vi Fréchet tai z, thi hién
nhién Jf(Z) = {f'(£)} 1a Jacobian xdp xi i thidu cta f tai 7.

Gia sit o : R® — R 13 ham lién tuc. Néu Jip(Z) 12 mot Jacobian cla ¢ tai
i, thi ta viet PLp(z) thay cho Jo(z) va goi &Lp(Z) 12 dusi vi phan J-L cia
w tai £. Mot J-L du6i vi phan J-L duoc goi 1a 167 thidu (minimal) néu né khéng
chifa tdp con (déng) thyc sy ndo ciing 13 dusi vi phan J-L cta f tai T.

Nhan xét ring him ¢ xét trong Vi du 5.2.1 khong ¢6 dudi vi phan J-L 163
thiéu tai = 0.

Néu f = ¢, 1a mot ham thyce, thi (7.8) tueng duong véi cip diéu Kién sau:

cmf T ¢ _ (=
(7.9) lim sup PLT+ tu) — 9(7) < sup (2%, u) VuecR"
tL0 i el (T}
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vii

t ]
T ) S nf mtw) VueR™

(7.10} llm 1nf 4G 1
t z*€dLy(z)

Chiing ta s& tra 1&i cau hoi sau: Phdl chdng duoi vi phdn Mordukhovich nao
cing la dudi vi phan J-L?
Vi du 5.7.1 (xem Jeyakumar va Luc (2002a)). Xét ham s6 (z) = /3, z € R.
Khi d6 &Lp(0) = o, +00), § d6 o € R duge ldy tiy ¥, 12 dudi vi phan J-L
cla o tai 0. That vay, th€ Z =0, u = 1 vd u = —1 vao (7.9) va (7.10) ta thdy
ring c& hai diéu kién d6 déu thoéa man. Sir dung (7.3) ta cé

Nepiw((o,O)) = {(z*,0) e R* : 2* > 0}.

Vi thé 9p(0) = @ vi 8%p(0) = [0, +00). Vay 9p(0) khong phai 13 dudi vi
phin J-L cta ¢ tai 0.

Vi du trén gai ¥ ring cAu hdi dang duge kho sat cdn duoc phdt bidu lai nhy
sau:
Cau hoi 1: Néu dudi vi phdn Mordukhovich khdc réng, thi né cé la dudi vi
phdn J-L hay khong?

Ba vi duy ti&p theo ting ho cau tra 13i khing dinh cho cau héi trén.

Vi du 5.7.2%7. Dat o(z) = |z| v6i moi = € R. D€ ¥ ring ¢ 12 ham 16i,
Lipschitz & trén [R. Sir dung (7.1) hoac (7.3) ta thu dugc

Nepio{(0,0)) = {(z",3") € B : |s"| < —¢'}.
Vi vy, 8¢(0) = [~1,1]. Do 8'%p(0) := {—1,1} 1a dudi vi phan J-L cla ¢ tai
0, ta két luan ring 9¢(0) 12 du6i vi phan J-L cba ¢ tai 0, nhung né kKhong phai

12 dudi vi phan J-L 16i thiu. (Luu ¥ ring 8Lp(0) = {—1,1} 14 dudi vi phan
J-L cua ¢ tai 0).

Vi du 5.7.3 18, Dat o(x) = —|z| v6i moi z € R. Ta ¢6 12 ham 16m, Lipschitz
& tren R. SU dung (7.1) hodc (7.3) ta tim duoc
Nepi,((0,0) = {(=",y") eR? : ot =" fu{"y) e R 2" 2 )

Vi vay 8p(0) = {—1,1}. Dé thdy ring &'“(0) := {—1,1} la dudi vi phan J-L
161 thiéu cla o tai 0. Vi vay, dudi vi phan Mordukhowch cua  tai 0 12 dudi vi
phan J-L t6i thiéu cla ¢ tai 0.

"Xem Vidu 4.2.4.
“Xem Vidu 4.25.
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Vidu 5.74. Dat o(x) = 0 v6i mot z € (~00,0] va p(z) = =1/2 véi moi
r € (0,+00). Tacé ¢ 12 hdm 6 khong 18i, khong 18m, khong Lipschitz dja
phuong tai 0. S dung (7.3) ta tinh duoc

New((o, 0)) = {(z",y") € R® : 2" 2 0, y* < 0).
Vi vay, 8e(0) = 8%p(0) = [0,400). Bing cdch kiém tra tryc ti€p, ta thiy
rang cdc diéu kién (7.9) va (7.10) dugc théa min véi ' p(z) = [0,+00), &
d6 ¥ = 0. Viy Op(0) 1a dudi vi phan J-L ciia ¢ tai 0. Dé thdy ring d6 khong
phai 13 duéi vi phan J-L 16i thidu.
Ménh dé 5.7.1. Néu ¢ : R* — R g Lipschitz tai %, thi 8p(Z) la dusi vi phan
J-L cua prai T.

Chimg minh. Do (7.4), (7.6) va (7.7) ta ¢6

o t _ o
lim sup ple + tu) — p(3)
£10 £

< (&)

= max{{z*,u) : z* € 8%(Z)}
= max{{z*,u} : z* € Op(F)}.

Mat khic,
liminf PEF 2 @) o g #lE 1) —ole)
ti0 t LT, tiO t
= (T;—u)
= —ma.x{( * —u) o x* € 8%p(E))
= min{{z*, u} : z* € Op(Z)}.
Cic tinh chat (7.9) va (7.10) da duge thiét lap d6i véi &'lp(Z) := Gp(Z). Vay

Jp(Z) 1a dudi vi phan J-L cla p tai 2. O

Vi du sau cho ta cau trd 161 phi dink cho Cau hoi 1.
Vi du 5.7.5. Bit p(z) = 2?2 sin(1/x) v6i moi z € (—00,0) v p(z) = —z1/3
v6i moi x € [0,4+00). Khi dé 12 ham s6 tién e, khong Lipschitz dia phuong
tai 0. Ching ta khing dinh ring 9,(0) # 9, _nhung d6 khéng phai 1a duéi vi
phan J-L cia ¢ tai 0. That vay, dé thay ring Nepl ((0,0)) = {0}. wi
epip = {(z,y) : g—z?sin(l/z) 2 0, z < 0y H{(z,y) : y+z 320 2> 0},

do cong thdc tinh nén ti€p tuyén Bouligand cho h¢ bat ding thitc xdc dinh boi
cdc ham khé vi (xem Aubin va Frankowska (1990), tr. 124, hoic Ménh dé 2.2.2
trong Chuong 2} ta ¢6

Tepi‘p(xsﬂa(m)) = {{v1, 1)} € R2 . (—2zsin(1/z) + cos(1/x))vy + vo = 0}
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. néu x <0,

. 1 _
Tepi (@ 9(2)) = {(v,22) €R® : 2z 23y, + vy 2 0}

néu x > 0. Vi vay,
ﬁepiw(ir,@(:c)) = {A*(2zsin{l/z) — cos(l/z),—1) : A" 2 0}

néu r < 0, va

x 1 - *
Neplw(m‘? p(z)) = {A (-3 273, 1) 1 X* > 0}

néu z > 0, Ap dung (7.3} ta thu duge

Nepi o(0.0) = {(2",9") € R? : —|e*| 2 y*} U (~00,0] x {0}.

Do dé, dp(0) = [—1.1]. Nhan xét ring (2.10), & d6 7 := 0 va &Lp(0) =
[—1,1), khong ding véi « = 1 vi ring v& trdi 1a —oo, trong khi v& phai 1a —1.
Vi the, #'Tp(0) 12 tap 16i compic khic réng, nhung khong phai 1a dudi vi phan
I-L cla o tai 0.

Nhan xét ring, trong cdc vi du 5.7.1 va 5.7.5, t4p

8750(0) := 8(0) U 834(0)

la duéi vi phan J-L cha ¢ tai 0 (mic di 8p(0) khong phai 14 dudi vi phan J-L
cha ¢ tai 0). Ta c6 thé neu len'® cau hodi sau:

Can hoéi 1°: Phdi chdng vdi mbi ham vécto lién tuc o : R* — R va véi moi
F € R™, hop cita dudi vi phdn Mordukhovich va dudi vi phdn suy bién

Op(z) 1= 8" p(T) U 6%(z)

la dwgi vi phédn J-L cua @ tgi T7

Cho dén nay, Cau hoi 1’ ven chua cé cau tra 10i.

5.8 Ddi dao ham Mordukhovich va Jacobian xap xi

P6i dao ham 13 4nh xa da tri thudn nhit duong. Tuy thé, d6i v6i 4nh xa d6i dao
ham D* f(z)(-) clia mot ham vécto lién tue f : R” — R™ tai T € R™ ¢6 thé
khéng tén tai tap déng A € L(R",R™) ndo dé
(8.1) D*f(z)(y") = {A*y* : Ac A} Vy € R™

"C4u hoi ndy do mt trong hai ngudi phin bién cla bii bdo Nam v Yen (2007) néu len.
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. Vi thé, khong thé so sdnh khdi niém d&i dao ham véi kh4i niém Jacobian x4p
_xi. B¢ vugt qua khé khin d6, ching ta cin dén dinh nghia sau.

Dinh nghia 5.8.1. Mot tap déng khidc rong A < L(R™, R™) cdc todn tir tuyén
tinh dwge goi 1a mot dai di¢n®® cha dnh xa d6i dao ham D* f(z)(-) néu

(8.2) sup (¥, u) = sup{A*y".v) VueR" ¥y* € R™
e D f(2)y) A€h

Do dinh ly tich cdc tap 164, (8.2) twong duong véi didu kién sau
(8.3) D' f(z)(y") =Co{A%y* - Ac A} Vy cR™

Neéu f 13 khd vi chat tai Z, thi A := {f(z)} 13 mot dai dién clia dnh xa d6i
dao ham D~ f(Z)(-).

Néu f.: R® — R™ la Lipschitz tai Z, nghia Ia tdn tai £ > 0 sao cho
Nf(z') — Flx)} < €|’ — zf| v6i moi x, 2" dugc 14y tiy ¥ trong mét 14n cin caa
Z, khi 46 tap

JBf(:E) = {klin;c f?(.-":k) ; {:I.‘k} [N Qf,mk — .’E},

dugc goi la B-dac ham, 1a mot Jacobian x3p xi cia f tai 7. 8] day
1y = {z € R™ : 3dao ham Fréchet f'(z) cha f tai z}.
Nhan xét rang tap 1én hon

JOS(z) = co{ lim o) {ze} € Qp, 2 — 7}

(Jacobian suy rong Clarke)} cia cia f tai Z, ciing 13 Jacobian xfp xi cia f tai
7. Trong trudng hop m = 1, J f(Z) = 8% f(Z) (xem Muc 5.2).

Ménh dé 5.8.1. Néi ham f : R™ — R™ I Lipschitz dia phiong tai T, thi 1dp
hop A = Jg f(Z) la mot dai dién ciia dnh xq dot dao ham D f(z)(-).

Chiing minh. Theo céng thitc (2.23) trong Mordukhovich (1994b), ta ¢6

——

Ay Ac JC'f(:I:)} = coD* f{Z)(y*) Vy' e R™.
Vi JU f(2) = coJp f(F), tir d6 suy ra ring

coD f(Z)(y") = co{A™y* . A e Jpf(T)}).

PTNTA: representative.
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Vay (8.3) nghi¢ém ding néu ta chon A = Jpf(Z). Diéu d6 ching 0 ring
A = Jpf(Z) la mot dai dién clia 4nh xa d6i dao ham Dr f(Z)(-). O

Meénh dé 5.8.2. Néu f la Lipschitz i T va néu A la mot dai dién cia dnh xa
doi dao ham D* f(T)(-), thi Jf(Z) := A la Jacobian xdp xi cia f tai Z.

Chitng minh. Gia st * € R™ duge cho thy ¥. Theo Ménh dé 2.11 trong
Mordukhovich (1994b), ta ¢é

(8.4) D f(z){(y") = ly™ o F)(T)-
Vi y* o f 1a Lipschitz tai 7,
(¥ 0 /)°(Z;u) = sup{(z",u) : z* € 8% (y" o (&)} VueR"™
Két hop diéu d6 véi (7.4) va (8.4), ta thu duoc
(y" o f)(z;u) =sup{(z*,u} : 2" € D*f(Z){y"}}
= sup{(A*y*,u}) : 4 € A}.
Do dé,
(¥* o £)T(Z;u) € (¥* o f°(x;u) = sup{{y*, Au) : A€ A}.

V1 tinh chét d6 ding véi moi y* € R™ va u € R™, 1a két luan ring J f(z) := A
1a Jacobian xfp xi coa ftai z. 3

Trong méi lién hé véi Ménh dé 5.8.2, ching ta cé céu hoi tu nhién sau day.
Cau hoi 2: Phdi chang néu f : R™ — R™ la ham vécto lién tuc va A 1a mot
dai dién cua dnh xa déi dao ham DF f(Z)(-) : R™ 3 R™ thi Jf(Z) = A la
Jacobian xdp x{ cua f tai T?

Két hop ménh dé sau vdi ménh dé 5.8.2 ta ¢6 cdu trd loi khdng dink cho
Cau hoi 2.
Ménh dé 5.8.3, Néu dnh xq déi dao ham D* f(Z)(-) : R™ =3 R" cua ham 56
lién tuc f:R® — R™ 6 mor dai dién J f(z) C L(R™,R™), thi f la Lipschitz
dia phuong tai 7.
Chitng minh. Tir (8.3) suy ra ring @oD* f(z)(0) = {0}. Vi vay, D* f(z)(0) =
{0}. Theo Ménh dé 2.8 trong Mordukhovich (1988), diéu d6 kéo theo

z— {f{z)}

la dnh xa da tri gid-Lipschitz tai (Z, f(Z}). V1 f la 4nh xa don tri, ta ¢c6 f 1a
Lipschitz dia phuong tai . O

Chuing ta xét thém vai vi du & d6 ta s tinh dudi vi phin Mordukhovich va
d6i dao ham cha cdc him s6 va dnh xa khong tron.
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Vi du 5.8.1. Gia st ham vécto f : R — R? dugc xdc dinh bdi cong thie
flz) = (|2]V/2, —lz|) v6i moi x € R. Khi d6 f la him s6 lién tuc, khéng'
Lipschitz tai 0, va gph f = {(z, |«|/2,—{z|) : = € R}. Si dung (7.3) va cong
thic tinh nén phép tuyén Fréchet No(z) dd duge nhic lai § Muc 5.7, ta c6 thé
ching to ring

N gph s gph b

Vi vay, véi méi y* = (yf,43) € R?,

. . B néu 47 20,
Df(o)(y):{ﬂ néu §%<0.

((0,0,0)) = ((0,0,0)) = R x (—00,0] x R.

Vi f khong 12 Lipschitz dia phuong tai Z = 0, Ménh dé 5.8.3 khing dinh 4nh xa
déi dao ham D £(0)(-) kKhong c6 dai dién dudi dang mot tap todn tir tuyén tinh.
Mot tinh todn truc tiép cho thdy ring, véi méi " = (¥}, 1) €ER°vauc R, ta
cod

+00 néu y; >0, u#0

o V(0 —  THelys méu =0
("o )7 (05u) = -0 néu yp <0, u#0
0 néu y{ <0, u=0.

Néu ta chon Jf{0) = (—o00,0] x R, ¥ = 0, vd dat Au = (au,fu) véi
moi A = (a,8) € Jf{0), u € R, thi (7.8) khong dugc thda min vi ring

sup (y*, Au) = 0néu yf > 0, u >0, y3 =0, trong khi (y* o f)T(0;u) =
AEJF(0)
+oo. Tuong ty, néu ta chon Jf(0) = {0,+00) x R va z = 0, thi (7.8)
khong duoc théa mén vi  sup (y",Au) = 0néuy] > 0, u < 0, y3 = 0,

Acd f(0)
trong khi (* o £)*(0;u) = +oo. Vi thé, céc tdp Jf(0) da chon déu khong
phai 13 Jacobian xdp xi cta f tai 0. Mac du vay, tap hop kiéu Jf(0) :=
{{—00.—1]U[2, +0c)} x R 12 mdt Jacobian xap xi clia f tai 0.
Vi du 5.8.2. Xét haim s6 f : R — R2 cho béi cong thic f(z) = —l:r|1f3 z1/3y
voi moi ¢ € R. Tacé f 1a ham s lién tyc, khong Lipschitz dia phuong tai 0,
va .
gph f = {(3:,~|I|1"3,z1f3) rx e R}

dp dung cong thac (7.3) va cong thiic dinh nghia nén phédp tuyén Fréchet ﬁg(a:)
dugc dua ra ngay trude d6, ta ¢6 thé ching o ring

Nyph £((0,0,0)) = Ngpp 1((0,0,0)) =R x W,

gdo W = {y = (1],93) € R? : —y1 < gy < gt} Vivay, véi mdi
¥ = (yl. 1) eR?tach

. o R néu yf <y3 < -yt
DY FO)y") = {@ trong trudmg hop <on lai.
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Anh xa déi dao ham D f(0}{") khong cé dai dién dudi dang mot tap hgp todn
< tlf tuyén tinh. Co thé ching to ring, véi moi " = (¥}, v3) € R2 vau € R,

néu u=20

néu y; =y; =0, u#0

néu y; —yi =0, u>0
oo néu y3—y; >0, u>0
—o0o néu y3—y <0, ux=0
0 néu y3+y; =0, u<0
—oo néu y3+y; >0, u<0O
| +oc néu ¥ +y7 <0, u<O

+ oo

(y" o /)T (0;u) = <

Sir dung (2.8) ta ¢6 thé ching b ring tap
Jf(0) = {{e,—a) 1 a €0} U {(e,0) : @ 2 0}

12 mot Jacobian x4p xi cha f tai 0 néu ta nhiing J £(0) vio L{R,R2) bing cdch
dat Au = (ou, fu) véimoi A = (a,8) € Jf(0) vau e R.

Vi du 5.8.3 (xem Mordukhovich (1988), tr. 65). Dit f(z) = |z1| — |za| v6i
moi r = (x1,73) € R? vd Z = (0,0). Ham f khong 16i, khong 16m. N6 ciing
khong 1a chinh quy Clarke tai ¥ = (0,0). Dé& xdc dinh 4nh xa d6i dao ham
D* f(2){() : R 3 R? ta phai tinh dugc nén phip tuyén nghf(j)' Dé ¢ ring

gphf = {{z1,22,t) : ¢ = fz1,72)}
={(x1,20,8) 111 20, 2220, t =31 — 22}
U{{z1,z2,t) 1 21 20, 22 €0, t =21 + z2}
U{(z1,a9,t) 1 21 €0, 70 €0, t = —x1 + 22}
U{(z1,z9,t) : 21 €0, 29 20, t = —x1 — 22}

Ky hiéu 4 tap 16i da dién trong hop & vé€ phai lan lugt boi I, I'g, s, va Iy,
Gia st z = (i1, 29,t) € gphf.

Néu z_thudc v&o phén trong tuong d6i cla I} (twong ing, Ty, I', va
'y, thi N

gphf = {AM1,-1,-1) : A & R} (tuong ung, nghf( z) =
{A1,1,-1) : )\e R}, ngh!(z ={A(-1,1,-1): A€ R} va nghf(z) =

{M-1,-1,-1) : A R}).
Néuzy>0vaao=0thize 1Ny, Vi

Tr(2) = {(v1,v9,0) €R® 1 1, 20, 0=v; — vy — a},
sir dung B& dé Farkas (xem Rockafellar (1970), tr. 200) ta ¢6

Nl"l(z) = {(??1,??2s9) = _’\(0! 1:0) - p‘,(l—l, _1) PAZ 0! S R}
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Tuong tu,
Nr,(2) = {(m.,m.0) = —N(0,-1,0) = 4/(1,1,-1) : ¥ 20, ¢ € R}.

Do ! gphf(z) = Nr,(2) 0 Nr,{(z), ta suy ra ring

‘gphj = {(—p,pp = A ) : 2u 2 A >0},

R& rang rang nén phdp tuyén Fréchet nay khong phu thudc vio vi tri ciia 2 # 0
trén nlra dudng thang I'y N Ts.

Néuz, <Ovizo=0,thizcIsnTy. Lap ludn tuong tu nhu trén, ta thu
ducc

nghf y= Al A —pp) 1 2u 2 X2 0

Né'LlQL‘] :OVEI.Ig)U,thIZGF]ﬂrglVEl
nghf ={(=A— ) s =242 A2 0}
Néuz, =0vizg <0,thizelynlyva
nghf() {2 =g, —p,p) : =2p2 X 20}
Né’u:1:1———Ovﬁzz:g:0,lhizz(i,U)EI‘lﬂFgﬂI"gﬂfq‘Vi
Tt (2,0) = {(v1,v2,0) 1 w1 20, vy 20, 0=y - vy —a},

do B8 dé Farkas ta c6

Iﬂ‘}]"l((i‘,o)) = {_'Al(l'O!O)AAQ(O'J]-:O)_}U'(II _1! _1) : A]. ; 0! ’\2 2 01 H € ‘m}

Lap luan tvong tu, ta tinh duoc cic ndn phdp tuyén ﬁr‘.((i’,O)) (z = 2,3,4).
Khi dé, sit dung céng thirc

gphf(ir 0) nﬁr.((jso))

tacothéchu‘ngtorannghf(:r 0} = {(0,0,0)}.
Két hop cdc két qud da thu duge vdi cong thite (2.3), ta ¢6

nghf((;?:, 0)} =limsup nghf(z)

z—(Z,0)
=cone{(1,—-1,-1), (1,1,-1), (-1,1,-1), (—1,-1,-1)}
U{(=pp = A ) - 202 A 2 0}
U, A — ) 20 2 X 2 0}
W{{(=A— g, p,p1) © —2p 2 A 2 0}
U{(=A—p,—p, 1) * =2 2 A2 0},
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Tl do suy ra

(v, Wy, (v yt) (v -t
U{(=2"+y*—y") : 2y" 2 A" 2 0}
U{(=2" +y%y%) : 2y 2 A 2 0}

néu y* > 0,
D*flyy) = ¢ {w*.—y*), "), (=" 9"), (=¥, —¥")}
U{(y* —y" = 2) 0 =2y 2 A" 2 0}
U{(=y* 9" + 2% =2y 2 A" 2 0}

néu y* <0,
L {(0,0)} néu y* =0.

Nhu vay, véi méi *, D* f{0)(y™) 1a mot tap compic khéc réng (thudng 1a khéng
16i).
Ciing béng phuong phdp trén, ta thu duge

Nepif((i",U,) = lim(%‘:}l; ﬁepif(z)

= cone{({1,—1,-1), (1,1,-1), {-1,1,-1), (-1,-1,-1)}
U{(_A"-u‘hu":“) : _2“‘2 /\20}
U{(—A =g, —p, ) © =22 A2 0}

of(z) ={&": (&, —1) € Nep; ,((Z,0))}

{(13_1)3 (Ll)r (_111): (_13"_1)}

Uf(=A* +1,-1) : 22X 20U {(-x*+1,1) : 222" >0}
{

Vay 9f(Z) 14 tap compéc, khong 16i. Tap hop ndy 1a dudi vi phan J-L cia f tai
7. Tuy vy, dé khong phai dudi vi phan J-L 161 thiéu, Vi ring tap hop

&l fE) = {(1,-1), (-1, 1)}

ciing 12 mot dudi vi phan J-L cia f tai Z (xem Jeyakumar va Luc (1999)).
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Phu luc A

Dé thi hét mon giai tich da tri & Vién Toan hoc
(Ngay thi: 26/8/2002. Ldp Cao hoc khod 8)

Bai 1 (3 diém).
(a) Néu dinh nghia 4nh xa da tri, d6 thi clia 4nh xa da tri, mién hitu hiée va
tap anh cla dnh xa da tri.
(b} Xdc dinh céc tap gph F, dom F, rge F v6i F : R = R duoc cho bdi
cong thic
F(x) =co{sinz,cosz} ¥z &R

{c} Xét phuong trinh dai s6

1

x4+ {Lllﬂn_ + ...+ ﬁn_liU + a, = 0,

0 d6 n = 2 la s6 nguyén cho trudc v a = (a,...,a,) 12 véctd thue. Ky higu
F{a) 12 1ap hop cdc nghiém phiic clia phuong trinh di cho. Anh xa F : B* = C,
a > F(a}, c6 phai l1a dnh xa da trj

- ¢6 gid tri khdc réng?

- ¢6 gid tri compic?

- 6 gid tri 1617

- ¢6 gia tri déng?

- tran (tic 1a rge F' = C)? (G¢d y: Lan luot chimg t6 rdng: (i) Véi n = 2
thi F' 14 trin, (i) V&i n > 2 thi F' 14 trdn.)

Bai 2 (2 diém).

(a) Phdt bi¢u khdi niém dnh xa da tri nita lién tuc trén va 4nh xa da tri nia
lien tyc dudi. Cho hai vi du d€ ching 16 ring d6 1a hai khii niém c6 noi dung
hoan toan khic nhau.

(b) Phét bidu va ching minh dinh 1y vé sy bao tén tinh lién thong t6p6 qua
dnh xa da tri nua lién tue dudi.

Bai 3 (2 diém).

(a) Phit biéu dinh 1y diém bat dong Kakutani.

(b} Cho céc vi duy thich hop d€ ching t6 ring néu trong phat biéu cha dinh
Iy ta bé di mot trong 4 diéu kién sau (nhung vén giit nguyén 3 diéu kign kia)
thi két luan ciia dinh 1y c6 thé khong con diing nifa:

(i) & 14 dnh xa da tri nira lién tuc trén,

(i) & ¢ gid i 164,

(iii) G c6 gid tri dong,

(iv) G ¢6 gid tri khic rdng,
0 dé G 12 dnh xa da tri dugc xét.
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Bai 4 (2 diém).

(a) Phit biéu dinh nghia cdc nén ti€p tuyén Tar(Z), Th(Z), Car(F). Neu
méi quan hé gifta cac hinh nén dé va hinh nén cone(M — Z). Néu 3 vi du (khong
can tinh biy cdc tinh todn) dé chimg o ring Cr(Z) # Thy(Z TM(.?:)
Tar(Z), Tar(®) # cone(M — ).

(b) Cho dnh xadatri F: R R,

Floy={yeR:2’+y* 21, z2-y+1<0} VzecR

- Hoi F 6 phai 1a 4nh xa da tri 16i hay khéng?

- Tinh céc tap Tgph (Z) va TgphF(?) §dé z=(-1,0) va 2= (0,1).

- Viét cong thic ciia céc dao ham DF;, DF;, CF;, va CF;. Hoi nhing
dao ham d6 c6 phai cdc qué trinh 18i déng hay khong? c6 phdi la cdc dnh xa

tran hay khéng?

Bai 5 (1 di€ém). Chon gii mat trong hai bai tap sau

1. Cho X, Y 1 cdc khong gian tépd, F': X = Y 1a 4nh xa da tri nita lién
tuc trén & trong X. Ching minh ring néu dom F' 1a tap compic va F 1a dnh xa
c6 gid tri compéc, thi rge F' 14 tap compac.

2. Cho X, Y la cdc Khong gian topd, F : X =3 Y 13 4nh xa da tri ¢6 do thi
déng. Ching minh ring F(z) 12 tap déng véi moi z € X.
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Phu luc B

D¢ thi hét mon giai tich da trj & Pai hoc Sir pham Tp. Ho Chi Minh-
(Ngay thi: 28/8/2003. Lép Sinh vien chon, DHSP Tp. Hé Chi Minh)

Bai 1 (2 diém). Chodnh xadatri F:R3R, F(z)={ycR : y < )
(a) Xac dinh cdc tap dom F* va rge F.
(b) F' ¢6 phdi 12 dnh xa da tri 16i hay khong?
{¢) F¢6 phai 12 dnh xa da tri déng (tic 12 4nh xa ¢6 dé thi déng) hay khong?
(d) Viét cong thic tinh tap F~1(y) véi y € R.
(e) Xdc dinh tap hop gph (F~! o F). Tinh tap (F~1o F){(z) véi z € R.

Bai 2 (2 diém). Cho
M={z={(r1,0) e R : 21+ 1o > 2,13 £ x:;‘}, r={(1,1).

Tinh hinh nén Bouligand Tis(Z). Goi G : R = R 1 4nh xa da t5j <6 d6 thi
trung v6i hinh nén Ty (2) d6. Xdc dinh cdc tap dom G v rge G.

Bai 3 (2 diém). Cho X, Y 1a céc khong gian topo, F : X =3 Y 13 4nh xa da
tri. Chimg minh ring néu

(i) dom £ la tap lién théng,

(ii} F'(x) 1a tap lién thong v6i mei z € dom F', vi

(111) ¥ 14 nira lién e dudi & rong X,
thi rge F' 12 tap lién thong.
Bai 4 (1 di€m). Cho X,Y 14 céc khong gian tuyén tinh, 4 : X — Y la 4nh xa
tuyén tinh, K C Y la hinh nén 16i. Chiéng minh ring F: X =3 Y cho bdi cong

thitc F'(z) = Ar + K (z € X) 1a 4nh xa da trj 16i. Chu‘ng minh ring F 12 4nh
xa da tri thuian nhat duong, tic la

F(Ar) = AF(z) (Yz € X, VA2 0).

Bai 5 (1 diém). Cho X, Y 12 cdc khong gian topos, F': X =3 Y 1a dnh xa da tri
¢6 d6 thi déng. Ching minh ring F(z) 13 déng véi moi z € X.

Bai 6 (1 diém). Cho X, Y 1a cdc khong gian top6, F: X = Y 1a 4nh xa da i
nira lién tyc trén & trong X. Ching minh ring néu dom F 1 1Ap compic va F
1a dnh xa da tri ¢6 gid tri compéc thi rge F 13 tap compic.

Bai 7 (1 diém). Cho X, Y, Z 1a c4c khong gian dinh chudn, F: X = Y va
F1Y = Z la cdc dnh xa da tri 16i. Chimg minh ring Go F : X =% Z 1A 4nh
xa da tri 160

Li y: Néu s6 ngudi giai duge cic ciu 5-7 khong nhiéu, thi diém cho cic cau
nay s& dugc nhan doi.
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