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Phan 1T

CO HOC LUONG TU

A - DE BAI

§1. NHONG CO SO VAT Li CUA CO HQOC LUGNG TU
MAU NGUYEN TU ROZEPHO (RUTHEFORD)
Li THUYET BO (BOHR)

1. Xdc dinh nang lugng, khoi lugng va xung lugng cua phdian
¢6 budc sdng twong dng vdi .

a) Anh sang trong thay ¢é A=0,7um
b) Bic xa Ronghen cé A =025
¢) Birc xa gamma co > =0,016A

2. Anh sdng ¢6 bude séng a = 42.107m duge chiéw trén mat
kim loai kali. Cong thoat cia électron tir mat kim loai kali bang
3.2.107 7). Xice dinh van t6c cyc dai cua éleciréon bay ra tr mit
kim loai kali.

3. Tim cong thic dé tinh bude séng Do Bﬁii (DeBroglie) cho
hat tuong déi tinh.



4. Tim bude song Do Brot cho cidc trudng hop sau

1) Flectron bay qua cde hicu dién the 1V, 100V, 1000V

by Electron bay vai vin 1oc v = 10" em/s

¢y Electron chuyén d(}ng vil nang lugng 1 MeV.

d) Qui chu ¢ khoi lugng 1g chuyén dong voi van 16¢
v = Imy/s.

5. Dung dié¢u kién lugng ti hod Bo (f)pdq = nh (g 14 toa do
suy rong tuong ang vai xung lugng suy rong p. n 1 6 nguyén n =
1.2, 3... vit h la hang s6 Plang) (Plunck) dé tim :

i) Ban kinh qu§ dao Bo thit nhidt va thi hai cba ¢lectron trong
nguyen (o hidrd va cic van toe coa né (rén cic qui dao do.

by Cdc mife nang leong cua électron trong nguyén tr hidrod xdc
dinh gid tri mic nang lugng cta électron trén qu¥ dao Bo thi nhat.

¢} Bude séng clhu vach quang phd khi électron trong nguyén 1y
hidro chuyén tir quy dao lugng i thi e (n = 4) vé qui duo luang
tir thet hai (n = 2). | |

6. Ding diéu kién hreng tr héa Bo dé tim cic mie nang lugng
cua dao dong wr diéu hod mot chidu véi 1an so o,

7. Ham song cua hat trong giéng thé mot chidu ¢é dany :

-

. r'\l-
Y, (x)= AsinLn—T\— i
d J

trong do 0 < x <d vdin = 1.2 3 4. Xdc dinh A tir didu ki¢n
chudn hod ham séng. '
8. Trang thai cua hat duge mo ta bang ham song :

-

-+ kX

Wix) = Ae @

trong do AL a, k i nhitng hing s8.



a) Tir dieu kién chuan hod hiam song xdc dinh A,

by Xae dinh x d¢ cho mat do xde suat tim thay hat ¢6 i 1dn
nhait.

¢) Tim xde sudt dé hat ndm trong khoang 1ir —a dén +a trén

truc x. Cho hiet :

e R | . _
- T 32 L N
[e™™ dx = [x : [e™ dx =084 5%
Vo - 2

- il

9, 1fam s6ng cua ¢lectron trong neguyén ta hidro & trang thai
co ban (1rang thii ¢ mice nang luong thap nhat) c¢d dang :
LT
wiry=~Ae 2
. - O - Lo
trong dé a = 0,529,107 "m 14 bian kinh qu¥ dao Bo thit nhit.
a) Ding didu ki¢n ¢huidn hod hiim séng xdc dinh A.
b) Xdc dinh r dé cho mat do xdc sudt theo ban kinh ¢é gid tri
[ nhit.

§2. TOAN TU

10. Ching minh ring :

a) L;xj :ij:+4x(—]+ 2.
dx- dx- dx
Py 2 1

h) (—(—x :xz—(—T+:3xL—+I‘
L dx dx- dx

1. Ching minh ring néu cdc todn tt A va B 14 nhitng toidn

t tuyén tinh ihi todn tiy (A + B) va todn (v AB cing 14 nhimg
1odn 1 tuvén tinh,



-~

12. Ching tO ring néu céc todn tu A va B la nhing todn tr
ecmit thi cdc toan tit (A + B) va (AB + BA) Ia nhing todn tir
ecmit. V6i diéu kién nao thi AB hoac BA 12 todn tir ecmit ?

13, Chitng té rang cdc todn tir sau day 12 ecmit :

-~ -

. . ., C
a) X=X,y =¥, Z =z, p, =-ih—,

&x
. L 0. L O
Py =_lh_a‘;= Pz =—lh§
7.2, 2
- +ps +
b) H:m.ku(x,y,z)

2m

(m la khéi lugng cia hat, U 1a thé nang cha hat)
¢) Ly = &by - 9Py Ly = 2, ~ %p,. Lx = b, -2,
C-2+12+12

14. Chitng minh rang néu E B Ia nhimg todn tir ecmit thi

(AB1=AB-BA=iC

trong dé C1a todn tir ecmit.

15. Ching minh rang néuy A, B n nhitng todn tr ecmit,
[A, B] =iC vaa 12 s6 thic thi ; |

ﬁ{aﬁ - iﬁ)w(xﬂz dx = Jw*(x)(az ;j +aC+ éﬁj)w(x)dx
16. Toan tr tinh tién mot vecto v6 clng bé a duge ki hiéu 1

:l:ii va dugce dinh nghia nhir sau ;

Taw(F) = y(i +a)



Tim dang todn tir tinh ti€n T4 va biéu dién né qua todn tir
xung lugng ‘
pu—if| Ttz t k| =—inV
ox dy iz

17. Tim todn to quay mot géc S rat bé quay huéng n, va
biéu dién ndé qua todn tir moémen xung lugng £=[fA]3]. Cho biét

todn tu quay mot géc b€ o =1,0¢p dugc ki hiéu la ﬁ(&b) va dugce
‘dinh nghia nhu sau ;
R(8G)y (F) = w(F + BF)
trong dé &7 =[&p A T].
18, Todn tir A" dugc goi 14 todn tr lién hiép ecmit vt todn t

Anéu :

JutaaT o) dx = [0 (0AY(x)dx

Chimg minh ring :

—

a) Todn tir A 13 todn tirecmit néu A" = A

b) (AB)" =BT A"
o) [A.B] =[B".A"]
19. Ching minh ring ta ¢6 cdc hé thic giao hodn giita cdc
todn tir sau :
a)ypx — pxy =0, Py — PxZ= 0, XPx = PxX = 1.

b) x]:— Lix=—1z, zL, - L.z =thy

-
— L

trong dé py :—iﬁ—a(j;, l: =yp; — 2Py -



20. bat L. = Lﬁ; -LiLﬁ_\. . Lﬂ; = l:: —i[j;. chirng minh rang :
o D0 -0, -hi

o—

W C,L -L L, =-nl

-

oy Ll Lyy—(L_ 1.3, =0

)

Fd

dy L ‘—‘Ii[:_+Li+ﬁ]:;.

o) L2120, =0, LU -7 =0, L2 -12C, =0

12292412 42
trong do L” =L, +L, +L; .

21. Chung minh ring ta ¢ cde he thite giao hodn sau :

af(x)

a) pyf(x)—F(x)p, = —i
' X

b) pAL \ AL Alx. y.Z)p = —ihdivA

L S o N . N
trong dé py =-1th—. p=-1AV._ 1(x) 2 ham cla x vd A 13 vee to
Ox

phu thudce vao x. vy, 7.

-

- N S -
¢) Et~tE =1fivai E=th— vi t 14 thoi gian,
1

22. Tim ham riéng va tri riéng cla cd¢ 104n (0 sau day ;

-~ fx Vo :
a) K=-il ——,J—+——J v u = const,
\a= dx
by L, = ~ih—.
e

- Lod o . .. . ~ . .
c) P, =—th—néu ham rié¢ne clia P 12 wix) thod man diéu
: dx B :

kign w{x) = w(x + a) vdi a = conslL.



4

e Lz, E o

20 20 oot

trong do I = const (I 1a momen quin unh v T 1 todn wr déng

niang cua rotato phang).

23. Todn wr Haminton H cua hat & trong gi¢ng thé vudng goc

mat chiéu ¢é dang -

OkhiD=zx=d
trong d6 U(x) =
chkhix>dvix <)

Tim ham riéng di chuan hod va tri riéng cua todn tr H.

24. Goi L, 14 tri riéng cia todn tr L, vd L7 & i riéng caa
o2 '
todn tr L,
- . : 2 2
a) Ching minh rang L™ - L7, 2 (.

by Chiing (6 ring néu y,, (@} 1 hinn riéng coa todan 1o L, toong ing

vOL tri ricng mf thi Ly, (@) vie Ly, (@) cang 1a nhimg ham riéng

cua toan o L, tuong ing vdi cde tri riéng (m + 1)k va (m — 1/

T P . . : 2 2
¢) Goi /14 gid tri {dm nhit cua m. ching minh rang L™ =7/ + 1.

25. Tim cdc tri riégng cua todn tor £ trong dng von hivm ricng .

Y8, @y = AfcosO + 2sinbcosgpl, A = const.

9



26. Tir diéu kién chuan hod ham séng, xdc dinh hé s& chudn

hod Ny, clia ham Y, (8, @) = Ny, P (cos®)e™ (Y, (0, ¢) 13 ham
riéng cita todn tr L?).

27, Chitng t6 rang tri trung binh cua binh phuong todn t&
ecmit la khong am.

28. Trang thii cia hat duge mé ta bdi ham s6éng.

2

- -i-,? + ikx
@(x)=Ae 2
trong dé a. k 12 nhitng hng s6 va A = l .
aym
- —

Tinh cdc tri trung binh x, p,, Ax’, Apj v nghiém lai h¢
thic bat dinh.

29, Hat chuyén dong trong giéng thé chit nhat mot chidu ¢6
thanh cao vo han dwgc mé td bang ham séng da chuin hod :

Y, (x)= Jgsin[%)

trong d6 d la bé rong cua gigng thé van=1, 2, 3...

a) Diing hé thirc bat dinh uée tinh mic nang lugng thap nhat
c6 thé ¢6 cha hat .

b) Tinh cdc tri trung binh X, (x —i)z va déng hang trung binh
T cia hat.

¢) Tim phan bd xdc suat nhitng gid tri khdc nhau cia xung
lugng cua hat.

10



30. Cho mot dao dong 1 diéu hod mot chicu.

a) Xuft phat wr h¢ thife bat dinh, xdc dinh mdc nang lugng
thap nhit ¢6 thé co cua dao dong tir dicu hoi. '

- 4 - " .
vA x cua dao dong tu

b) Tinh cdc tri trung binh X, x2, x?

diéu hoa & trang thdi co ban (trang thii cé mic nang lugng thap

nhat} y,(x).

ax2
a mo
w()(x): 4—C z 4= ——
V h

¢) Cdc hé thirc sau day x2 = (X). x4 _={J(2)2 ¢é ding khong ?
31. Trang théi co ban cla électron trong nguyén 1 hidro dugc
mo 1a bang ham séng :

yir) =

trong d6 a 13 ban kinh quy dao Bo thit nhat.

1

[2%]

a) Tinh c4c tri trung binh T va ¢° trong trang thai cg ban nay.

b} Tim phan bd xdc suft nhitng gid tri khdc nhau cua xung
ligng ctia électron & trang thai co ban.

32. Chiing to rang néu y la ham riéng cua todn 1 thhi cic
tri trung binh L, vd L, trong trang thdi nay déu bang khong.

33, Rotato phing 12 mo hinh cha hat chuyén dong quay trong
mat phing ¢é momen xung lugng L,. Tim cdc gid tri ¢6 thé c6 cua
momen L, , cdc xdc sudt cla chdng va tri trung binh coa momen

L, trong trang thii cua rotato phang mé td bing ham séng :



W) = A(.‘Osz(p
trong A8 A 1 h¢ 56 chudn hod vi @ 1a gée quay xung quanh true Oz,
34. Hat chuyén dong trong giéng the mot chidu ¢é hé rong d
¢ thanh cao vo han duge mo (a4 bang him song :
wix) = Ax(d - x)
trong d6 A li h¢ s6 chuin hod.

a) Tim phin b6 xdc sudt cua cdc gid tri khic nhau cua nang
lrong cua hat,

- , . L = .. =
by Tinh tri trung binh cua ning lugng E va (E - E)- . Cho biét:

~

- ] nt

- 1
Pl D D

n=lasn n=135."1

0

35, Thict lap quy tac 1dy dae ham theo thdi gian caa tich hai
todn .

36. Ching to rang i trung binh coa xung lugng & trang (hdi
dimg ¢ phé gidn doan bang khong.

37. Gid tri trung binh coa dai lugng L ¢ thai didm t duoe xdc
dinh nhu sau :

L= jw""(f.t)ﬁw(f.n}dv
trong dd L khong phu thugc rd vio thoi gian,
a} Chung minﬁ rang néu ta ¢d 7= Sf-](l')l:éﬂ;(-l). voi todn ur
S} duge xdce dinh bang hé thie é(l)\p{f,()) =yiF.1) I{Iﬂ :
L= jlp (F,0)7 (O (F.0)dV

by Chitng minh ring ta ¢6 hé thic :



A7 0 e .
—— = W =)
dt A

trong do 7 =87 IS,

¢) Ching minh rang néy : LM - ML=iN th 7. 4 — #r=i |

.
—_— —

trong d6 .7 =S7"MS, =8 INSva 7 =57 (0LS().
38, Todan tr Hamianton cua hat mang dién tich ¢ chuvén dong

trong dicn 1 truong cd dang ¢

-~ 1 . e—-o
H=—(p-—A) ics
Zm C
trong do A{x, v. 2} 14 thé veeto, @(x. v, ) 11 the vo hudng cua
truomyg dién 1 va m 13 khoi luang cta hat,
a) Tim todn 1 van toc v coa hat.
hj Thic¢t fap cie he thie giao hodn giira cdice todn ta thianh phin

Cla van 10C VL v L v,

¢) Thiét 1ap phuong trinh chuyén dong coa hat.
39, Xudt phat wr phuong trinh Haixenbee (Heisenberg), hay
x¢t xem do1 vor hat wr do. cde dai leong nhu ning luong, xung

lugng, cide binh chidu cua momen xung luong v binh phuang

momen xung lugng co duge bao twin khong

40. Vai nhitng dicu kién ndo thi L, vA L’ 1 nhirng tich phan
chuvén dong,

41. Nhirng dani ]Ill‘(“!l'lg cot hoe ndo (nang legng. cic hinh chiéu
xung lugng. cdc hinh chidn momen xung lugng vd binh phueong

momen xung hugng) s¢ duge bio toin khi hat chuyén dong trong :

13



a) Trudng lhé U(z) = az {a = const).
b) Trutmg bién thién Uf{z.1) = a(l)z.

¢) Trudng dét xdng xuyén tam U(r).

§3. PHUONG TRINH SRODINGO (Shrédinger)

42. Tim nghiém téng qudt cla phuong trinh Srédingo mat
* chiéu phu thudc vao thot gian doi vai hat tu do.
43. Ching to rang hat chuyén dong ty do ¢6 pho nang lhuong
lién tuc.
44. Hat chuyén dong trong trudng thé nang U(r) khaong phu
thuoc ro vao thdi gian.
a) Tim dang ham séng 6 trang thai dirmg. -
g
b) Ham séng y(7,t)=2 ¢ * "y (¥} la chéng chit cdc ham
Kk .
s6ng & cdc trang thdi dimg. Ham nay c6 thé 1a nghiém cia phuong
trinh Srodingo 1ong qudt va dimg duge khong ?

45. Tai thoi diém t = 0 hat 1y do ¢6 bham séng :

3
a)y y(x, M = 1’—'5— sin(kx).
h

by wix, 0) = ———e® k=T
2nh _ i

Tim ham séng cla hat & cdc thdi diém sau trong hai trudng
hop trén.



46, Ham séng cla hat & trong gi€éng thé vudng gée maét chicu
¢ bé rong d, ¢4 thanh ¢ao vo han ¢ thoi diém ban ddu t = 0 ¢o
dang wix,"0) = Ax(d - x) trong dé A = (30d )'"? 14 he s6 chudn
hod him séng. Tim ham s6ng cia hat & thii diém t bat ki.

47, Chiing minh ring bai todn xdc dinh chuyén dong clia dao déng
tir dudi 1dc dung cha lue cudng bire (1) ¢6 thé chuyén vé bai todn chuyén
dong cha dao dong tr dieu hoa w do néu thay bién s6 x, = x —&()
trong dé &(t) thod man phuong trink ¢é dién : mE = f(t) —ma’E.

48, Ching minh rang :

a) Mat do xdc sudt vh mat d6 dong xdc sudl cua hat & trang
thii dimg khong phu thudc rd vio thi gian.

b) Mat dé ddng xdc sual cva hat ty do ¢d khéi lvgng m & trang

2 2
2 ik i

X
‘ 2 . Bk . 2
thii w(x, 0) = Ae 2"  bing —~p(x). trong d6 p(x) = A’e @

m
1

Jau

c) Mat do dong xac sudt cha hat chuyén dong tu do trong

va A =

khong gian ba chidu j = 3, trong dé p 1a xung lugng cua
g e ] gds pl g luong

(2mh)* m
hat va m la khéi lugng coa nd.
49, Trang thdi cua rotato phing & thdi diém ban ddu ¢ = 0
dwogc mo ta bang ham séng :
w(p, 0) = Asin'p
a) Tir diéu kién chudn hod cta ham séng, xdc dinh A,
b) Giai phueng trinh Srodingo tim niang lugng, nghiém dimg
va nghiém Ong quit. '



¢) Tim cdc gid tri ¢ the <6 cua hinh ¢hicu momen xung hrong
trén tree Oy v cde sale sudt coa chidng.

dy Tinh try trung binh cea hinl chi@u mémen xung lugng trén
truc Oz, tri trung binh ca binh phuong hinh chicu momen xung
Jugng teen true Oz & trang thai dimg 1ong quit.

50. Hat c6 khéi tuong m chuyén déng trong trudmg thé

(OkhiD<x<a. 0sysb. 0D<z=c
Lix.v.z)y= e khix <0, x>a, y<0, y=b.
' z<O z>¢
Tim him séng vi nang luong caa hat.

S1. Hat <6 khoi luong i chuyén dong trong truding 1he :

. L'!'fl
JUO khi x <0
. |
Uy =40 khio<x<d o
U, khix=>d gy d T
Hinh 3.4
Tim phuong trinh xic dink phé nang lvong E trong mién E <
u,..
Lap luan vé tinh gidn doan clia pho nang lugng (h.3.1).
52, Hat ¢6 khoi lugng m chuyén L
dong trong trudng thé ¢d dang : Ly
JU| khix <0 | I i
Lix)=+0 khi0dgx=d -
l 9] U X

Us khix >d
- Hieh 3.2

v Uy < U, Tim phuong trinh xide dinh ndng lugng E cua hat
trong vong E < U (h.3.2).
53, Hat ¢6 khoi hrong my ¢6 nang lugng E > 0 chuyén dong tr

il sang phal trong trudmyg theé cd dany :

16



0  khix<Ovax>d I E>0
ay Xdc dinh ham sdng cua hat 1 -
. X
(]123) I n I
b) Tim hé s$0 phdn xa R va h¢ so Uy
truyén qua D cua hat. Hinh 3.3

54, Hat ¢ khdi luong m chuyén dong qua hiang rao thé chix
nhat ¢é dang :

Uy, khid<x <d
Wx) = ,
0 khi x<0Ovaix>d

Xdc dinh hé s6 phan xa R va hé s6 truyén qua D khi nang

lwong E cta hat 1dn hon U, va bé hon U, (h.3.4). j Ux)
55. Chitng té ring trong trudng hgp tong Yo
quit ddi véi hang rio the ¢6 dang bat ki luon ! i 1m
luén thoa man hé thic R + D =1 (R 14 hé sé 0 d -
phin xa vi D 13 hé s6 truyén qua). Hinh 3.4

56. Tim ham song di chuin hod vA nang lugng cua dao dong
tir diéu hoa mot chidu. Tinh cdc tri frung binh x va x*.
57. Th¢ nang cua dao dong tir didu hoa ba chicu ¢6 dang :

1 2 2 1 22 ] 2.2
U, v,2)= —~—maeix® + —mo5y°+ —mwzz”
(x,¥,2) 5 ! 2 .ky 5 3

trong d6 m, @, ®,, w3 & nhimg hang 4.

a) Tim ham séng va cdc mifc nang luong cua dao dong i diév
hod ba chicu,

b) Tim boi suy bién cta cdc mic nang lugng khi o) = w5 = @4 = .

BT VAT LY LY THUYET T.2 - 2 17



58. Xic dinh cde mitc nang lugng v ham séng cua électron
chuyén dong trong tir trudng déu ¢6 cam wng tir B hudng dec theo
truc Ov.

59. Tim mire nang tugng vi ham song cia dao dong (it lugng
tir mot chi¢u dudi tic dyng coa dieén truong khong déi £ dat doc
theo phuaong dao déng Ox. Cho bict khoi quhg cua hat la m va
dién tich cla né la e,

60. HHai hat c¢6 khoi luong my vk ms voi m; = m> = m chuyén
dong doc theo true Ox va fien I¢ vdi nhau boi lue din ©di ¢6 hé so
dan hoi B. Neoat ra mdi hat lién he vai goc 1oa do (diem x = 0)
bang lyc dan héi vai hé s6 din héi «. Xdae dinh cde mue nang
fugng va ham séng cua hé hai hat,

61. Tim mc nang luong vd ham song cha rotato luong tr d6i

xtng vGi todn tr Haminton ¢6 dang

trong Lo. L. L, la nhitng- todn 1t hinh chidu momen xung

lwgng [y, 5[5 (1) = 1) [a momen qudn tinh cta con quay déi véi -
true Ox, Oy, Oz di qua khéi 1am,
62. Tim cic miic nang lugng va cde ham sdng cla hat & trong

trudmg the Culong (Coulomb) mot chiéu ¢6 dang :

Litx)

fl

63. Tim cic mitc nang lugng va cde hiim séng cla hat & rong

TS

truomg the Uix) = U (¢ =2 yrong d6 U, va « [4 nhiing

hang s& (the Mo (More)).
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64. Tim cdc mdc ning lugng vi cde ham song cia hat ¢ trong
. o L, . . © s ;5 .
truong the Uix) = —————— trong do U, va o ka nhiing hing so.
ch™(ux)
65. Tim cdc ham song vl cde mde niang lugng tuong (g cua

hat trong trutng thé ¢d dang

A B
L{x) = U“(——i] vl x >0, A = consL
WX A

66. Xic dinh cac mue nang lugng v cac him séng tuong Ung
. . e af mx -
cua hat trong truisng thé Uix) = U, cotg -E- L0 < x < d). Tim

hiam song & trang thidi co ban (khong tinh dén chuan hod).
67. Trang thdi cua hat & trong truong xuyén tam U(ry duoce
bicu dién bang hiam song trong tog do ciu :
wir.0go)= R(r)Y{(), (_b)
a) Tim phuong trinh vi phin xde dinh hium ban kinh R(r).
by Tim mdc nang lugng va ham bin kinh R{r) chua chudn hod
B Ze”

r

khi trueng (e U(r) ¢é dang U(r) =

68. Elcctron chuyén dong trong trudng Culong cua hat nhan

- el
IV . Ze~
v the nang Uir) = - )
. r
Xide dinh thira 8 chuan hod cua ham séng bin kinh R, ,(r).
69, Llectron trong nguyén wr hidro o trang thdi dimg duoe mo
. . . . - . R or .
1 bt hdm song 61 xinge cdu yir) = A(l + arjc’ (A, 4. o i
nhimg hang so). T phuong trinh Srodingo xde dinh cdc hing sé a,
¢ va 1tmm ning lugng cua électron. Xdc dinh cdc so luong ti tuong

(g cua trang thdi clectron.
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70. Tim cdc ham sdéng cua cdc trang thd) ding va cdc mic
nang luong cua hat trong giéng thé nang ddi xung ciu ¢d dang
Uirny=0khir<avalU(r)=w khir>a.

71. Tim cac ham séng va cic mic nang lugng tuong itng & cdc
trang thdi dirng v6i momen béng khong cia hat trong gi¢ng thé

r

nang cé dang U(r) = —Uge *, trong dé U, va a {3 nhimg hang s6.
72. Tim cdc ham séng va cac mic nang lugng cia hat & trong

. - A B . e e . .
trugng thé nang Ulr) = — = lrong do A, B 1a nhitng hang s6.
r T
73. Tim cdc ham séng va cdc mifc nang lugng clia hat & trong

. A : .
tredng thé nang U(r) = — + Br’ (A, B l1a nhitng hing s6).
I :

74. Tim cdc ham séng va cdc mifc nang lugng cua dao dong tr
diéu hoa ba chiéu ddng nhat.

75. Xdc dinh cdc mdc nang lugng cia hat & trang thdi s (/ = 0)
rrong gi€ng thé doi xiing xuyén tam :

-U, khir <a
Un = :
0 khir>a

76. Gidi bai to4n Képle (Kepler) trong trudng hop hai chiéu,
nghia la im c¢dc mitc nang lvgng vad ham séng cha hat ndm trong
) Ze?
trudgng thé U(r) = L trong do
r
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§4. LI THUYET BIEU DIEN

77. Ching minh ring :

~

a) Néu F la todn tr ecmit thi ma 1ran v6i phan tr F 12 ma
tran ecmit.

b) Néu S déng thoi li ma tran unita va ma trén ecmit thi
§’ =7 trong do Z la ma tran don vi.

¢} Néu A, B 13 cac ma tran hang hai thi AB va BA ¢6 clung r niéng.

78. Xdc dinh cdc phan tu ma trédn sau :

d
2) Xpm = [Wn()&Y 1 (x)dx
0

d

b) (Px Jom = _[lIJ; (X)]axwm (x)dx
0

2=

) (L), = [wm(@)L w(o)de
0 .

L -~ ., d i . s
trong dé pxz_—lhi, L, =-ih—, y,(p) = o™ 13 ham

dx _ deg V2n
. T 2 . nmx - X .
rieng cua L, va y,(x) = HsmT (n=1,2.)1a him sdng cua

hat trong giéng thé mot chiéu ¢6 bé rong d ¢6 thanh cao vo han.
79. Diing hé thifc giao hodn clha x vh p, 1im gid tri riéng cua

todn tir Haminton cia dao dong tir didu hod mot chiéu va xdc dinh

cdc phdn tir ma trdn cha toa d6 X va xung lugng p, trong biéu

dién nang luong.

2]



80. Goi j.. .. I, la cdc todn wr thanh phan cua toan wr

thoi midn cic hé thae giao hedn sau

j.\ l\ ]\ jx = iﬁj.,_

Jy .]z - lz I\ =1l

jz jx - jx Jz = ihjy

-

(3¢« Jy » J, lanhimg todn tr ecmit).

1) Chitng minh rang

o~

dx =11 =138, 1=0

)

2]

ay|lj

b) [ 3, 0=~R0e s [Jadz )= 10 s [0..0-1= 20,

. - —

2 o~ 7 ~ 3 e~ -
SDIS I O N b 15 P R Y PR e (P

trong &¢ j. =j, + IJV S o=y —ij}.-

.
-

2) Tim tri riéng cua jz viL J,

- -~ s

-~

3) Tim cidc phin tr ma trin cua J,, j_, j, va j, trong j~ va

i, — bicu dién.

81. Tim todn ¥ tog do va todn tr xung lugng trong bidu dién

xung hrong,

82. Vi€t todn 1r Haminton cda dao dong tir diéu hod mot chiéu

trong biéu dién xung luong. Tim hdm riéng vd tri riéng cna nd

trong bicu dién xung hrong.

83. Tim ham song cla hat trong xung luong biéu dién trong

cdc truong hop sau ;

I
I



1) Déi véi hat ¢ cic trang thai trong toa d6 bidu dién ¢ dang:

} T Pox
a) wix) = el .
N 2th
1 . X d
ek i — Syl
b) wix) = ¢ Vd 2 2
0 khi x| > S
2
- x—;+%p0x i 174
cyypix)=Ae &7 7 vai A = 1 ]
ma”

2) boi véi dao dong tr didu hod & trang thai co ban

142 /2
v = a2 ] e via- (E’E]
7 2h )

84. Tim ham séng cta hé trong L, — biéu dién (L, 13 hinh

chiéuw mdmen xung luong trén truc Oz) khi trang thai cia hé duoc
moé ta bing hiim séng.

w(p) = A(] + cosp)”.

85. Tim ham séng clia hat trong biéu dién ning luong khi hat

O trong giéng thé€ mot chidu ¢é thanh cao vo han c6 bé rong d va &

trong trang thai :

xZ—4d% khid<x <d
Wx) =
khi x »>d va x <0.
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§5. SPIN VA HE HAT PONG NHAT

86. Momen riéng hay spin 13 dai lugng vat l{ dic trung cho hat

dugc biéu dién bang todn tir S véi cac toan tir hinh chigu S, , S, .

—

S, thod man cdc hé thitc giao hodn :

SS, -5, 5 =i,

—

S, 8¢~ é:é; =ih§;
a) Chitng minh ring c6 thé do dugc déng thdi binh phuong

spin va hinh chiéu spin trén ciing mét truc.

b) Tim tri riéng cla 52 va §; .
~ L 1
87. Electrén c6 spin s =E.

- a) Vi€t cac todn tir hinh chiéu spin cia électron trong S, —
biéu dién, S, — biéu dién va S, - biéu dién.

b) Dat s”;”:g-&;, §;=-"1<§” S, =gc;;"rimhﬁmriéngvﬁ

— e e

tri riéng cla cdc ma trdn o, , Oy, Oy -

¢) Cdc binh phuong hinh chiéu spin ctia électron trén céc truc
X, ¥,z ¢6 gid tri déng thoi xdc dinh khéng ?

d) Tinh binh phuong ciia hinh chiéu spin cua électrdn trén mot
phuong bit ki.
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88. Tim gid tri riéng clia tich vo hudng §;S, ciha hai électron

khi spin cua ching song song va déi song song.

89. Goi L la toan tir mémen xung lugng, S 13 todn tir spin ciia

hat. Toan tir momen toan phin j =L +S véi cdc toan tir thanh

o L -~ —
£

phan j =L, +S,, j,=L,+S,, j,=L,+S,.

a) Chiing to rang ta ¢é cdc hé thic giao hodn saw :
jx jy - jij = lhjr

jy jz"" jz jy = lhjk
Jzdx =)z = ikjy
b) Tim tri riéng cla c4c todn ti jz, j: , va jS.
90. Hat c6 spin bing bao nhiéu néu cdic todn tir hinh chiéu
spin cua né cd dang :
Sy =/By, Sy =By, S, =hp;
trong doé :
1 + 1 + + +
Br=—7=@B+P)Pr=—=B-B)B3=P"p 0P
2 2 ‘

voi

0 0 0
1, B*= {1 0
0 0 1

=

It
n- I B o
=
o o o

91. Dang t6éng quat cla ham spin ctia hat cé spin % trong S, —

biéu dién 1a :

25



i - ik ..
y) =e' cosd, Yn = e'l sind
trong d6 . 3 v 8 li nhimg s6 thuc. Ham séng d6 mo ta trang thii

; s U 1
cua hal trong dé xdc sudt cia gid tri spin Y trén truc z (hay ~;}

: e .2 . . . e o .
bang cos™8 (hay sin~d). Tinh gic sudl hinh chidu cla spin trén mot

truc bit ki.

92. Hat co spin ’y chuyén doéng trong trudng xuyén tam. Tim

“

him séng mi né dong tha L ham riéng cla cdc todn tar

LS, UL
93. Tim s6 cyc dai cla cdc électron trong nguyén ti ¢é cing
nhitng s6 luong tir sau day,
an, f,m;
byn, !
c)n.
94. Viét ham séng hé hai hat ¢lectrén tuong téc yéu véi nhau

¢6 thé bo qua.

§6. CAC PHUONG PHAP TINH GAN DPUNG
95. The ndng cua dao dong tir phi diéu hod mot chiéu cé dang -

[ R 4
29 X X
Ux)= —mw™x" + g)| — | +¢&, ——-W

2 X X

(AR
i

trong dé x, = — m, o, £, €, 12 nhitng hing s6. Trong gin
M



diing bac nhit coa li thuyét nhidéu loan, xdc dinh ciac mtc nang
lugng cia dao dong tir phi dicu hoa.

96. Tinh d&¢n phép gin ding biac nhat cta 1i thuyét nhiéu loan
do dich chuyén mie nang lugng O trang thdi co bin cua nguyén
hodc ién tuong tu hidré do hat nhian khong phai 1 mot diém. Coi
hat nhan nhie hinh cdu ¢é bin kinh R ¢6 dién tich Ze phin bs déu
theo tit ca thé tich.

97. Rétalo quay trong miit phiang xOy {quay xung quanh truc

0z) ¢6 momen quin tinh I vi mémen ludng cuc D. Nghién ciu
anh hudng cia dién trudng déu cubng dé E hudng doc theo truc x

Ién mitc nang hrong cua rotato.

. ; s L3 . . N - S e T
98. Todn fir md ta twgng tic momen tit quy dao M :2—L
e

<. N . Soe T L, N s TN
vii momen 1 spin M, =—35 cua élecirén trong nguyeén tu voi tu
.oupe

trudng ngoai khong déi B ( B hudng doc theo Oz) ¢6 dang
U=-B(M, +M,)
Tim hiéu chinh bic nhit mitc ning lugng cua électran do anh
huéng cha 1ir trudng trong cdc trudng hop sau :

—

a) Khi tit truésng do manh bo qua duge tuong tac gida ML Vil

M:, {bo qua lién két i—é).

b) Khi tir trudng yéu ¢é tinh dén tuong tic gitra ".'-\41-_- va Ms‘
(tinh dén lién két iwé).

99. Theo i thuyé&t nhiéu loan hily tinh dén phép gin ding béc nhit
nang luong cus nguyén tir hodc ion <6 hai électron va cé dién tich hat

nhan Ze. Coi tuong tic giiia hai ¢lectron véi nhau ta nhiéu loan.



100. Gei E | 1a nang luong trang thai co ban ctia hé tuong tu,
H 1a toan tir Haminton qﬁa hé. Chiing minh ring
E, < [u' QHE)w(E)E
trong dé y{&) la ham iy ¥ thod min diéu kién chudn hod

fw @uE)e = 1.
101. Diing phuong phap bién phin tim nang Jugng & trang théi
co ban cha hat trong cdc trudng hgp sau :
a) Thé nang U(x) = U x* (U, = const). Chon ham thi

4

X

T oRt
w(x)=Ae P
b) Th& ning U(x) = %mo}zxz. Chon ham thir

2

. X
y(x}=Ae 2n” ;
102. Tinh nang lugng va ham séng O trang thii co ban cla
nguyén tir hidro. Chon ham thir yw(x) = Ae P
103. Ham séng clta hat & trong trudng .(hé' mot chidu U(x)

dwoc biéu dién dudi dang :

w(x, O = A(x, per
- trong d6 S(x, t} la ham tdc dung cha hat va A, S 1a nhiing ham
khong phu thudc vao &.

Chiing td rang phuong trinh Srodingo cia hat duge viét duéi
dang : '
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| 1 2
[f"SJ €S A ES
O

b) Ching e ring trong gan ddng bac khong ddi v&i A thi
phuong trinh Srodingd cua hat chuyén vé phuong trinh Haminton
— Jacobi trong <o hoc ¢é dién.

¢) Trong gan ding bic nhadt d6i véi h cua phuong trinh
Srodingo tim ham séng cua hat @ trong truong thé U = U(x) khi
Xp £ X = Xy va U =9 khi x 2 x; vi x € x;. Gan ding coi
w(x,) = w(x,) = 0 tim didu kién fuong tir hod cia hat.

d) Tim diéu kién 4p dung gan diing gia ¢ dién.

§7. LI THUYET TAN XA

ikr

104. Cho ham séng ¢(r) = —— va biéu dién ham ndy du6i dang :

e|]-;r

fc@e'ag

-

di(r) = =
r
trong do k 14 hang s6 vd dq = dq,dq,dq,. Xdc dinh hé¢ s6 phan tich
Ciq).

105. Ham song cua hat c6 khoi lugng m tdn xa trong trudng

xuyén tam U(r) dugce biéu dién dudi dang :

W)=y ' (F)+ (1)



Cic ham y"( £ ) thoid man cde phuong rinh

(V4 kz)q::(f) _

2o o 2m .
(VT + KTIplF) = —5 )
-k
2K
. - 1Tk . R . Ayl - + o -
trong dd £ = ———1a nang Jugng cua hat. Ching 16 rang ham
2

(1) duge bi¢u didn dudi dang

ik‘r’—f‘

o(r) = J- U(l Ty (r }dr'
7‘m’f ‘r - r!
106, Chirng minh riang khi r — » thi him séng phing ¢ ¢6
the duge viet dudi dang : -

. inf !
by ‘ikru\'\() o j_ (2
eo=e - Z 2+ WPy icos ) xsin{kr - 5 —I.

107. Chung (6 ring bién do tin xa [(9) <6 (he duge vidl dudi
dang :
oy = —Z(" +!){L"m DP{cosO) trong dé o, 14 do dich
=0 .
chuyén pha.

108. Cho bién d06 tiin xa riéng phin

. RY T { g ] )
11(03 = _"’Ik_c ! ‘]} P;(cos,[)}

a) Chung to rang GE dien tan xy toldn phan o duge vidl dudi

dung :
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e

L4 EE
o= g Z —?-(21’+1)sm‘ 3 .
~0 1o K

hy Khi 0 = 0, ching minh rang ta ¢é dinh [i quang hoc sau :

47

n

109. Xét su tdn xy din tinh cia hé hai hat ¢6 khéi lugng m, vi
my.Trong h¢ phong thi nghiém hat ¢6 khai lugng ma ding yén.
- Goi 0, vt 8 14 gdc tin xa cta hat thit nhit ¢6 khéi lugng m trong
hé quy chigu phong thi nghiém vi hé khéi tam tuone tne.

a) Chiing t6 rang ta 6 :

sinQ m

1g0, = '
¥ + cos{) ms

b) Tim mdi lién he giffa ti¢t dién hiéu dung vi phin cGa tdn xa din
tinh trong hé quy chiu phong thi nghi¢m v hé quy chieu khai tam.

110. Trong gan ding Boocno (Born} tinh 118t dién tan xa cia
hat vé1 thé nang ¢é dang sau :

W) U{ry=U.8(r).
J—UU khi0 <r < R

h} Uiry = : ]
khir> R.

L

) Ur) = -Uye

dy Ugr) = A i )
r

-
=

A UM = Uge @

trong do U, .. A, A, a vd R 1a nhitng hing s6.

ot
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i111. Trong gan diing Boocno tinh t1&i dién tdn xa dan tinh vi
phan cla hat ¢6 dién tich e tan xa lén dién tich hat nhan Ze va co

mit dd ddm may dién tich am bao quanh hat nhéan 1a —ep{ ). Tinh

| =

do = |f0,0)7 dQ khi p = pe

B - LOI GIAI
1. Nang lugng, khoi lugng va xung lugng cla photon duge xdc

dinh bing cdc cong thic sau :

he £ h h

g:hv:—-J m:—q:——, p:—

l c” 7‘.C l
h=6626.10 s,  c=3.10%m/s

lum = 10"%m, 1A = 10 m.
A A=07pum=7. 10" m

-34 8
.= 6,626.10 JST.BAIO m/s :2,839.10-19J.
7.107 "' m

M
6.626.107" Js =3,16.10_36kg.

m =
71077 m3.10%m/s
6,626.107%Js g, m

p= = =9,466.10 kg

7100 ' m

b) A =0,25A = 2,5.10 ' Im

£=79510""T; m=2884.10"kg;

32



p=2.6510"" kg
b

) A=0,016 A=1.6.10"m

Ty m=1,38007%g, p=4.14.10 Pk 2

5

£=1,2410

2. Van toc cuc dai v cla électrén bay ra tir mar kim loat kali
duogc xac dinh tir phuong trinh :

hay

trong d6 A la cong thodt vd m, la khoi lugng tinh cia électron.

Dit h=6,62.10 s, c=3.10% m/fs. A =4.2.10 'm.

A =3210"), m, =910 kg, vio biéu thitc ciia v ta tim
duge v = 5.75.10° m/s.

3. Theo thuyét twong d6i, nang luong toan phin E cba hat biéu
dién qua nang lugng tinh moc2 vi xung lugng p ‘cha né bang
cong thirc :

E* = mgc4 + pzc:2
Goi T 1a dong nang clia hat, 1a ¢6 :

E=mnc2 +T

BT VAT LY LY THUYETT.2 ~ 3 33



Tit cdc hé thic trén, ta suy ra :

- 2
p:I 1+2moc
c
;L:E:__hc_z
p
T 1+2m0c
T

~ Trong biéu thic clia A néu chia ci tir s6 va miu s& cho

3
2m,e

ta tim duoc cong thic tinh bude séng Do Broi cho hat

tuong d6i tinh :
h 1

N
J2m, T \/1+ T

¢!
2mge

Khi T << myc” thi ta dwoc cong thic tinh bude séng Do Broi
cho hat trong truong hop ph.i tuong déi tinh
h
Jam,T
~ D0i véi electron c6 dién tich e va duge ting t6c bdi higu dién
th€ Uthitacé T=eU.

A=

4. Goi e la tri cha dién tich, m, 1a khéi lugng tinh va
2 - a2 " -
E, = mc” 1 ning lugng tinh cha électrén, ta ¢é :

e=16.10"""C,m, =9,1.10 kg

leV = 1,6.10 °C.1v =16.10"'°1.

IMeV = 10%V = 1,610 %)
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mZ

E,=m, e =9,1.10 " 'kg (3.10° mfs)* = 8,19.10" ' *kg —
s
=8,19.10 "1 = 0,51MeV
a) Béi vi T = eU = 1000eV rit bé so véi E, = 0,51 MeV nén
bugc séng Do Broi clia électrén trong ciu a duge xdc dinh bing
cong thuc :

h

J2m, el
m?2

6,626.10"**kg >~ Khi U = 1V thi
5

I

trong dé h = 6,626.10°*Js

A= 122510 ""m ; khi U = 100V thi & = 1,225.10""%m va khi

1t

U = 1000V thi A = 0,387.10 %m.

b) Van t6c cha électréon v = 10* cm/s = 10_6 m/s rdt bé so véi
van téc cua dnh sdng ¢ = 3.10° m/s. Trong trudng hop nay dong
niang T cda électrén rit bé so vél nang lugng tinh E| = m002 cua
ndé va budc séng Do Broi cla électron duge xdc dinh bing cOng
thic :

= h h h
J2m,T \j2mo mz\,- m,v
_ 662610 kg(m” /s7)s
9110 M kg 10%m/s
¢) Trong trudng hop T = IMeV ta phai ding cong thic tinh

=727.10 m.

budc séng Do Broi cia électron twong déi tinh :
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_h
J2m, T \/H T

A

2m,c

13

Pat T = IMeV = 1,6.10), m ¢ = 8,19.107"%] = 0,51MeV

vao biéu thirc clia A ta tim dwoc : & = 8.7.10 m.
d) Van téc cna qua cau v = [m/s rat bé so véi van téc clha dnh
~ séng trong chan khong ¢ = 3.10* m/s. Vi viy buéc séng Do Broi

cua qua cau duge xic dinh bing cong thic :

h 6626107 Js

A= = 3
MV 10 kg lm/s

=6.626.10 " 'm

So sanh vdi bude séng Do Broi cua électron ta thay budce séng
cua qud cdu la ve cling bé dén mire khong can chd ¢ Khi nghién
ciiu chuyén dong cla néd. Trong thuc 1€ chi déi véi hal vi moé méi
thé hién ludng tinh séng — hat ma théi.

5. Trong nguyén tlr hidré, électréon chuyén dong tron. Trong
toa do cuc r, ¢ hiim Lagringgio c6 dang :

2 2 -2 2 2
my e mo-r €
L=T-U= + - e +

2 4ne,r 2 dne 1

Cic phuong trinh Lagranggio mé ta chuyén déng électron sé
la :

deéb oL _,. dd d _,
dt &p S dt dor or
d ¥ e?
hay - © —py =0, ~meT+ =0
at " 4nsor2
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B CcL .0
trong ¢é p = — =nupr- = const
g

diéu kién tugng tr hod Bo :
@podcp = pm(ﬁdq} =2npg = 2mm ('pr2 = nh

Tir day suy ra:

LN
nl dng n*h* ( h
=—.r=r1,= — . = —1.
mr- me” Y 2n
nh
v=@r.v,=—.n=1,273
mr,,

a) Xacdinhr, vav khin=1 2. bath= 1.054.10 s, m = m, =

= 9,11.10 kg, €, = 8,85.10 *don vi SI, e = 1,602.107"°C vao cic

s . R . . 4ng _ -1
bicu thic cua r, va v, ta tim duge 1y = 5% = 0,528.10'm,
) nig

v, = 2.19.10%m/s, 1y = 4r, = 2,212,100 Ym, v, = 1,09.10%m/s.
b) Nang lugnge toan phan E cua ¢lectron trong nguyén 1 hidro

dugce tinh bang cong thiie :

2 2

my e
E=T+U-= ~

2 dng,r
thay v = v var=r_tatim duge:
mv2 e? m(:.4
= o = 7122.n=l,2,3...
2 '-1-',"[801‘[1 32]'{‘_8('_,;:' n

Ning lugng cia électron trén quy dao Bo tha nhat (n = 1) bang :

4
me

- ==21.9.107 T = ~13.68%V.
Pae i
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¢) Budc sdng A, cua vach quang phé khi électron chuyén tir

mitc B, vé mic E, duge xdc dinh bing cong thic :

1 i

=E_-E, = E,[—-——}
mn n m2 n2

c

)\vmn

32k _ 48107 m,

Khim=4,n=2tatimdugc k=3, =
1

6. Ham Lagranggio cla dao déng tir diéu hod mot chidu ¢6 dang:

L=T-U= — melx?
_ 2 2

i

Phuong trinh chuyén dong ctia dao dong tir diéu hoa mot chidu
s& |a :

: L
ia——ﬂi =0hay X +o’x =0.
dt ox %
Nghiém cta phuong trinh vi phan nay dugc tim duéi dang :
x = Acos{wt + o)

trong d6 A va a 1a nhiing hing 0.

Nang Jugng cua dao dong tir diéu hod mot chiéu duge xdc dinh
bing cong thiic

Dé tim E ta cdn xdc dinh A. Pat o = ot + ¢ ta ¢ :

p=mx = -mAwsing, dx = —Asinedg,
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2n

(ﬁpdx—mA W jsm opdyp = mA°o I
0 0

—cos2g) do

= mwA’n = oh = 2nnk

Tir day suy ra:

_ 2,2
A2=21—mth :%:nhm, n=1,2,3..

n
CImom

7. Tur diéu kién

len(x)l dx = A’ I%m [ndx}!x_%}\zj {p (zznxﬂdx =

= L A2 =1 ta tim duoc A = \E
2 d

8. a) Tir didu kien

2
X"

H\y(x)‘ dx = A2 je a dx-Az\fna =1 ta tim dugc

S —at

1

b} Mién dinh xif cia hat 13 mién ma mat dé xdc sudt p(x) cha hat

¢4 gid tri cuc dai.

L]

X
2

2
p(x) = Jy(x)|" = A%e 2
- Gi4 tri x d€ p(x) ¢6 cuc dai dwge tim tir phuang trinh :
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=%
el
2]
b
N
te | ba

—=-""Ae ¥ =0->>x=0

o o | 2A° o
Dé thay rang [( DJ = ;: < 0. Vay p(x) ¢6 cuc dai tai
dx” -
X=0

a

x =} vi giam rat nhanh khi !x! > a.
¢) Xdc sudt dé hat ndm trong khoing tir —a dén +a trén truc x
duge xdc dinh tit cong thic :
a a _ %
2 2 -
W= “w(x)‘ dx = A je dx

—a =i

bt 1

batx =aftaco:

. 1 N » —
w=aa’ fe d§=2aA2J:e_E‘ d&_zZa.Az‘(},RélT
~ ’

W = (.84
9. a) Diéu kién chuin hod cua ham séng :
¥ n in
“\y[r)|2 dv = qu{r)‘z redr Jsin 6do jd(p
0 1] {
x 2
= 47A” Ie arldr= |
0
2 .
Data = " via'chi y rang :
(o) = Jc_“rdr 1

o
8]
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1
[_ Je urldl =- —
o 0 o
2 x 3 3
d-I _ 2a a
rl r'e urd]'_——,;-z—'Tl—‘
da” g o 20 4
1

ta tim duge A = .
Jra®
b} Xdc sudt tim thiy électron ¢ trong thé tich dV bao quanh
diemr, 0, ¢
dW(r, G, ¢) = \w(r)|2 dv :‘wlz r2drsin 0dldo
2r
= A2 ar2drsinBd6de

Xidc sudt tim électrdn niim giita r va 1 + dr dude xdc dinh bang

cong thic :
_ i3 2w
dw(r) = A%e ar’dr [sin8do [do
0 0
2r

4n Aze_ arldr= p{ridr trong dé
2r 2r

p(ry=4 nAle arl= —36_ ay
a .

P

I mit do xac sudt theo bin kinh r.
Gid tri cua r dé cho p(r) cuc dai duge xdc dinh wr phuong trinh :
2r

dp 8r - _
Eza_“e 2la-r =0

Ti day suy rar = a.
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10. D€ chimg minh cdc hé thic todn tir & trén ta tic dung cic

todn tir ¢ v€ phai [én ham wy(x) :

d> d d - d[ 2 dy ]
a) —{(x"Yy(x))=—— =— —+2
) 52 (x"w(x)) LW ol Elrme

2
= xz—u+2xd—w+2xﬂg+21p
dx2 dx dx

y d°
= X" ——=+dx—+2 |y
dx? X
Viytaco:
d’ d’
x? =x> —+4x—+2.
dx~ dx~ X

d ¥ (dYd,  (d dy
o () v aow=(g gy

~d—(w)+£(x2d—w]

1l

dx dx dx

2
\p+xd—w+2xgy—+x2ﬁ—d hd

dx dx dx?

11. a) Céc todn t&¢ A vi B 12 nhiing todn ti tuyén tinh nén ta ¢6 ;

Aleyy) +cayn) =c Ay, + e Ay,
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é (Cllpl + C:ll}:) = C! ﬁlp] + C:éwz
trong dé ¢, ¢, i nhitng s& phic hoidc s6 thuc bat ki, y va y, Ja

nhitng him mAa cdc toan tir A vd B tic dung lén ching. Coéng hai
phuong trinh trén vé€ theo vé€ ta tim dugc :

(A + B)( ¢y, +c2w3)=c1(ﬁ + By, +c(A + By,
Tir day suy ra todn ti ( A + B)1atodn tr tuyén tinh.
b) Rﬁ(e,w] +Coyn) = R[clﬁwl + Czéll&]

— ¢, ABy, + ¢, ABy,

Vay khi A,B la nhiing todn ti tuyén tinh thi AB ciing 12
todn tlr tuyén tinh.

12. Céc todn tir A va B la nhiing toan tix ecmit nén ta c6 :
* -~ *
JW] Ay,dV = _[Wz(AlP'l) dav
* - hiny *
IW] By,dV = JWz(BlPI) dv
— Cong hai ding thic trén theo timg v€ ta tim duge :
[t A+ BywzdV = fw[(A+Byy ] av
Tir day suy ra (A + B) la toan tir ecmit.

'[wr(;ﬂlﬁ + ﬁ/’i)lpzd\/ = ILUI f’i]’éwzd‘v’ + J\p? ﬁ&pzdv =

[(Bya)Ay) dV + [(Ay)(By, ) dV =

1l

f(Aaw)Y By,dv + [(By)" Aw,dv
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= [wa(BAy)) dV + fwatABy,)" dv =
= [wal(BA +AB)y, T dv = _[Wz[(;\é + BAW, ] dV
Vay todn tir { AB + BA) 11 todn tir ecmit.
Jwi ABy2dV = By, )XAyy) dV = [(Ay,) Buydv =
= jwz(ﬁﬁwu)’kd\/ .
Néu BA = .Ké thi ta ¢6 :
JuiCABNLAY = fyy[(AB), I"dV
nghia i AB la todn tir ecmil. Viy néu cdc todn tu ;‘; B Ia nhitng

todn tir ccmit vA AB = BAthi todn tir AB 13 ecmit. Tir ddy suy ra

1=

néu todn té A 13 ecmit thiA"(n=2,3,4.) cing 14 todn tir ecmit.
13. a) + Vi x [4 thuc (x* =x)vil X = xnéntacd :.
Jut (kw2 00dx = fuy (0xy(x)dx =
= Jwa00un) dx = fya(x)G) dx

Vay X = x la todn tir ecmit. Ching minh tuong tu ta duge cédc

toiin t y =y, 2 =z cling 1 nhitng todn tir comit.

* - . * d
Jtm (X)p s (x)dx = -1k jkp, —si—zdx =
= —th qur(x)dwz(x):-ihtpr(x)wz(x) | +

-
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ks L

oy | - _
+J‘1._;21,*3de = - lml;l{X)WZ(X)__lf - J’térz(x)(pxqq) dx

Néu y (x) v y,(x) khi x = £o bang khong {(vi mat do xic

sudt tim thiy hat & xa vo cing bang khong) thi ta ¢o :

juf’f(x)ﬁwfz(x)dx = f\vz(x)(ﬁ;wl)* dx

-~ T . . . .
Viy p, :—lha—- li todn tir ecmit. Chitng minh turong ty 1a ¢6
X

cdc todn 1t p, p, 13 nhitng todn tr ecmit.

b) Vi cdc todn tl p,. py va p,la nhitng todn tif ecmit nén céc
todn tir p;\) pf,, pi VA (pi-i— pi +p3} cling la nhitng todn tu
ecmit.

Thé nang U(X, y, z} 1a ham thuc cia céc bién x, y, z nén ta co :

J‘q})f (x,y.z)Uy,(x,y. z)dxdydz =

= jlpz{x, v, z){ Uy, (x,‘y,z))* dxdydz

Tir day suy ra U(x, v, z) 14 todn tir ecmit. Vay todn tir

22,2
I’:I:p\+p)f+p?

+Uix,y,2)
o (x,y

la todn to ecmit. Cdc todn tir p,. p,. p, la cdc todn tit thanh phin
xung lugng, toin tt p=1ip, + jp, +kp, 1a todn ti xung luong va
H 1 toin tir Haminton.

¢) Céac todn 1t X, v.Z. p,.py. P, 12 nhing todn to ecmit. Vi
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Xpy =pyX, ¥pc =D¥. 2pc =pyZ, kp, =p,X. ¥p, =P,V . 2py =Py2
nén cic todn xﬁ; y;;: . 2Py, f{];;, yfl; ip); cling 1a nhimg

todn tr ecmit. Tir day suy ra f,; = yﬁ; - zp};, Ly=zp, — xp,.

— o~ —

va L, = xp, — yp, la nhiing todn t& ecmit. Cdc todn tir L, , L,

o

va L, goi la nhilng todn tir hinh chi€u mémen xung lugng trén cdc

r—

truc X, y vaz. Vi L,, L, vad L, 1a nhiing todn tlf ecmit nén céc
todn tir LY, L3, [% va L* = L2 + 1% + 12 I3 nhiing toan tir ecmit.

Todn tir L* got la todn tor binh phuong moémen xung luong.

L:TI‘:; + _]I:; +]2f:; goi la todn td mémen xung lugng, L, , L, va
Ij; ta nhiing todn fit thanh phin moémen xung luong.
~14.Néu Ava B la nhiing todn tir ecmit thi ta ¢6 :
IHJI* ABy,dV = J‘Uz(ﬁf’i%)*dv
Dung ding thitc ndy ta c6 :
jwf[?i,ﬁ]wzd\f = IWI(Rﬁ—ﬁR)Wde =
= j.ll»‘l*;iﬁ‘ﬂzdv = _[W?ﬁ’g‘ﬂzdv = sz(ﬁRWI)*dV -
~ Jwa(ABuy) aV = [u,[(BA - ABy I dV =
- lpz[(Rﬁ—BR)wi]*dv
Thay AB-BA=iC ta tim duoc ;

JwriCy,dv = - [waliCyy I'dV =i fw2(Cyp)'av
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hay

J\Pr&vzdv = I‘JJQ(C‘\UI ) dv

Tir day ta thdy C 1a todn tif ecmit
15.

flaA =By dx = f(@A” +iB )y (@A ~iB)ydx

H

« ATy (@A ~iB)ydx + B (0 A - Byydx

a j(a?& - iﬁ)w(iw)*dx +i [(@A —iB)y(By) dx

a I\p‘ R(a;\ - iﬁ)wdx +1 Iw* ﬁ(a;\ - iﬁ)wdx

[w" (@A +iB)(aA - iB)ydx

I\u*[az A% - iot(;\ﬁ - ﬁﬁ) +B? Jwdx

[w'Ta? A? ~iciC + B Jydx

J\p*[az A? + o€ £ B? Jydx
16. Theo dinh nghia :
Tay(T) = y(7 +4)
Khai trién haim y(f +4) xung quanh diém 7, ta cé:

w —V~ n )
uH»'(’f) =T w(t)
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Vi a vocung bé néntacd:
1.

Gi=l+—ap
f

17. Ta biét ;
R (S@pu(r) = y(r +8r)

Khai trién him w(r + 1) theo df quanh diém f :

- (V) ,
(T +87) = Y A—Low(r) = R(BG(r)
n=0
T day suy ra:
 (ov) o
R(Ep)= Y | =
n=p T

Chii y riing

81V = [86 A T]V =[f A V] :%8(45[1" AP]
' 1

i .
= —-3¢pL
h ‘

ta tim duoc :

-~ -i-ﬁtﬁf.
R(8¢) = e
V1 0@ rdt bé nén ta ¢d :

R{sqa)znisq;.ﬁ
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18. a) Ta biét :
 JweoaTet) dx = ol (oRy0ods
Néu A* = A thita 6 :
JuAe) dx = fo" (x)Ay(x)dx

Todn tir Athod man diéu kién nay la todn 1 ecmit.

b) Theo dinh nghia, ta cé :
JwOIAB)Y 0(x)] dx = fo’ ((AB(x)dx
Pat ﬁq}(x) = ®(x) ta tim duoc :

JuEOLABY 0T dx = fo' (x)AD(x)dx =

[oexATpm) dx = (A ox)" Byix)dx

Jwx)B" AT o(x)) dx

Tir diy suy ra :
(AB)" =B A"
o) [A, BI" =(AB-BA)" = (AB)" —(BA)" =
= B'A"—A'B" =[B',A"]

19. Cho cac toan tr v€ trdi tic dung lén ham y(x, y, z) ta tim

duoc :

o~ . oy &
a) (ypx —PxY)V¥=-1 ﬁ[y&-—&(w)}

BT VAT LY LY THUYET T.2 - 4 49



Vay yf)Z —pty = 0. Bing cich ching minh tuong tu. ta ¢é -

z;;; —p:z =0

-~ ) fall b3
(xPx —Pxx)\lf = "ll{x?}f-a(xw)}

ax X i

; ¢ :
= —ih{xa—v—xi—q}]:lhw
Tir day suy ra x p: —-[.;:x =ik . Bing cdch ching minh tuong tu
ta tim durgce yl;;, —I;;yzih, zl;; -iz:ih

—— —— hau] a 3 _)\
b) (xLx_L‘X)W:—ifI xyﬂ_xz_ﬂ_{__yxﬂ_a_xzﬂ -0
‘ Oz dy dz ey

Vay xL, -Lx =0

Y ——t+z_—x(yy)

" oy . . &N % I a
(L ~Loy)w=-iny? Loy S0 20 =
oz 3y oz Jy

. Oy Sy _
=—iliq—zZy—+zZy—+ zw} = —ihzy
{ oy 8y

—

Tir day suy ray]:: ~Lyy=-ihz

- [ oy 8y 9 D
zL, - L.z = -1/ Ly {2y +z— -
(zLy -Lyz)y Hizyaz 75 Y=, (@) zayx(.zw)
=-ih zyﬁ—zzﬁ—yz@-—yw+zz-——aw = 1Ay

oz ay dz By



Vay 2L, ~L 7 =iy

20.2) 1,1 ~L,L, =L, (L, +il,)— (L, +il )%

L, +i(L, Ly ~L,L,) =ikl +ix(=itL,)
= ihf; +m',; —n(L, +if;) =hL,

ISR RS A S e —ilf;.)—(lj; ~iLyL, =

L L, —i(L, L, ~LyL,) =ikl —i(-ihxL,) =

Il
e
=

il

ihLy = hLy =—h(Ly —iLy)=-hL_

o L,L I,-L L, =(C L —al )L, -
L.L,L,=L_ L, L, ~AL L,-L L,L,=L (L,L, +kL. )~

~hL_L, -L. L, L, =L L,L,+#L L, -hL_ L, -L L[,L, =0

)L L, =(L, ~iL ). +il.)=12 12 —iL L. +iL.L. =
X ¥ X y X ¥ ¥ X Xy

L5 +LE +1(L';1j;_£;1f;)

i

L2+ 12 +iibl, =12 +12 1L,
X ¥ P X b s

L1+L3§.+L2 12 -al, =12 - L2~hL,_

Tu day suy ra :

u?

=L L, +L2 +hL,
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&) [12 120, =L(C L + 12 +4L)) -

- {CL’I'+Li+hf;)fZ;:QCL’I—-fZL’lIZ+

EERTERRE LI o ol ok e

Nhin vé phia phii vad nhan vé phia trai T:; lén
(L‘:lj; —I:;LF; )= th:_ 161 cong har phuong trinh vira nhan duge
lai, tacé:

L2 -L, L2 =il . L, +L,L,)

nhan vé ophia phai vd nhan vé phia tréi [/,; 1én
IZI:;, —I:-;Ij; :—th:; roi cong hai phuong trinh vira nhan duge lai,
tacd:

L2 -L, L2 =—im(L,L +L.L,)
Chi y ring L L,-L, L2 =0, ta tim duoc :

(L2 L, L2 )+(L2 ~L L2)+L2L -L, L2

(Li +L2y +L22)f; —f;(Li +L2y +L§) =

- 20, D12 =0
Bing cdch chli'ng.minh tuong tu ta ¢ 1:511: —]:“,,:]j5 =0
21 a) (P, f(x)~ FIPOW(X) = Po(F(X)W(x)) —

00 Prw(x) =-ih{§(f(x)w(x»*f(x%} -
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8\41

. L of
—~|h{ wix)+ 8){ f(;x\l}}z—ih(a}p(x)

T day ta co -

i~ o~ O’f
Pl (x) = PGP, = —ih

b} ﬁA*Af)szAx +PyAy P A, ~ AgPy -Aypy -

px.Ax . Ax | pyAy - Aypy. + pzAz _Azpz

oA
= inx _p Ty %
ox oy dz

BA .
ik OAy L S A OA, = —ih divA
ox 8y &z

R {3 8 .
¢) (E.t—tE)\u(t):1h]:(—3t—(tw(t))—t§w}=1hw (1).

Tu day suy ra : Et—tE =ik

22. a) Ky(x)= —i(% + —dﬂ} yi(x) =ky(x)
a dx

x d
[3—2 + d—] (x) = tky(x)

de X
i [k a] {x}



2
Iny(x) = ikx — "—2 + InA, A = const
2a

2

F
- ——-;+|l\.\

yx)=Ac 27

k nhan véi moi gia tri thuc bat ki.

b) Lu(e)=-n 0~ 1 y(o)
do

L, ta tri riéng cla ]: v yr(@) 1ad ham riéng cua ]:; ;
d_wzﬂi?;d(p
W h

Iny( ) = l—l;éi(p + InA, A = const

il
wip) = Ae
Pé ham w(p) don gid nghia 12 yw(@) = y(p + 2n1), tacd :
Ly | |
el  =lhayl,=hmvsim=0,zl, 22, +3...
Vay ham riéng va tri riéng cla L, c6 dang
(@) =A™ L = hm, m=0,+1, 12, .

—~ ., d
C) PxW(X)=—th—wy(x) = P W(X)
dx

& day yw(x) 1a ham riéng va p, 12 trj riéng cha todn tr p,

d ip. i
_H_{QQ - m_ndx, ny(x) = m—".x + InA, A = const
w(x) ’1
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1
L
wix)= Aeh

T dicn kién w(x) = y(x + a) suy ra :

pya
e I = hay PT\E =m.2n, m=0,+}, 2 ..
1 .
Vay
27 5
wx)=Ae & po= h D
a
d) Ty{p) = ———= (@) = Ey(e)
21dgy

trong d6 y(¢) la hdm riéng vi E 1A tri riéng ctia T.
Dit k™ = 2—2,tacé:
h

d*y(g)
2

+ K@) =0
do

- nghiém y{p) cé dang :
W(o) = Ae™?
Tir diéu kién don gia w{¢) = (@ + 2n), ta ¢6 :
| M L hayk =0, 1,22, ..
vy

W K2

wig) = Ac*? E= k=0, +1,42, ..




~ 2 2
23. Ayx) = -2 4w

=Eyx)khit<x<d
2m  gx?

~

O day w(x) 12 ham riéng va E 12 tri riéng cha todn & H.
2mE
h2

ta cé ;

Dat k* =

2
ddng) +k° Wy(xy=0
X

Nghiém tdng quit cta phuong trinh vi phan nay cé dang :

ey Cze"kx = A coskx + A,sinkx

y(x)=Ce
trong d6 A} = C| + Cy, Ay = i(C| -~ Cy). Dit A, = Asina va
A, = Acosa thi ta c6 thé viét ham w (x) duéi dang :
y (x) = Asin(kx + o)
Ngoai giéng the xdc suit fim thdy hat bing khong nén v (x) = 0 khi
X <O vakhi x > d. Tir diéu kién lién tuc clia hdm s6ng ta ¢6 v (0) = 0 va

y(d) = 0. T diéu kien w(0) = Asinet = 0 suy ra o = 0 va didu kién
W (d) = Asinkd = 0 ta tim duge kd =nrt (n = 0, £1, 22, ) hay k = r;—“ . Khi

n =0 thi ham y (x) = 0 trong khodng 0 < x < d nghia I3 xdc suit
tim thiy hat' & moi diém trong giéng th& bing khong. Diéu nay
mau thudn véi ddu bai todn 12 hat & trong giéng thé. Vay gid tri

ing v6i n = O bi loai tri. Hai ham séng w(x) = Asin(EZ—X] va

.| X N for c: o n
W (x) = —Asin (—d—] cung mo ta mot trang thai ciua hat.
\

Vay chi can lay cic gid tri duong cia n 13 do. Cudi ciing ta ¢6
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}2 2.2
W (x) = Asin(m] , En = —%, n=1.2,3...
d 2md

24. a) Vi Lzl:: —I:,_L2 = 0 nén todn t&r L? va I:: cé chung
ham riéng vy :

Py =Ly, L, v =L,y
L= )= '@ -Cywav = fu' (@ + 12 yav
= Iw*l};wdv - J'w*l?;wdv
= fiCow) Lowav + [(Loy) Lywdv
= ILyyfdv+ ILyfdv=0

Vay L7 — 12 > O hay - vI? <L, <vI?

; Ao 1t e ra b p D o
Cic dai hrgng vat 1i ¢é gid tri hitu han nén L” ¢6 gid tri hifu

han. Goi L, = 714 gid tri 1én nhatcha L, tacd :
—Lomax €L, < Lzmax hay -/<m </

b) I:quzLZme= amy,,, L, = im.

(L, L, -L,L,)wy, = AL, v,

Lol LyLowy =AL yy

—

L, L+Wm - 1-‘+"“Tu|—"n1 = hL+Wm

—

Lol yp) = (m+ DAL, wo)
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T day suy ra Lﬁ;wm ta ham riéng cua todn tr L., tuong g
vai tri riéng (m + 1) 4.
(L,L_ L 1, )y ==hL
I;,; E\pm ~L [21;1,11 = —P.-I:wm
I:(f W) — l'i'_frmq;m = —hIiwm
L, (L wo)=(m=-DiL_y.)
Phuong trinh nay chi ring (lilpm) la hiam riéng cua todn tu
]:: tuong Gong vdi tri riéng (m — 1) h. C6 thé viét :

Ly, =consty ., L_ Yo, =constw

¢) Go1 [ la gid tri 16n nhat ca m (hi L, y; = consty,,, = 0.
Né€u khong thé thi / chua phai 1a gid tri 16n nhat. Noi khic di
khong tén tai trang thai ung véi m bing 1+ 1,

-~

Ly = (L, +12 +hL,) =Ly,
| =L L, Yt I?i W + fﬂ:{\l}f
Chu y ]: y; =0, l:_\p;z iy wy . I:%,_lp‘[ =2 F W, ta tim duge :
I?w; = (P F+ 2Dy, = nz.z(u Dy =Ly,
Tueday tacé: L2 = #2011 + 1)

. -~ ~2 o 52
25. LZY{G.O) =) E[E)—Y+C[g9ﬁ+ L oY = LEY(E}, @)

sin® 0 o
Cho Y(Q. ¢) = AfcosO + 2sinfcosp} cdn xdc dinh L.
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Chi y -

aY

— = A{—=sinf + 2cosBcos

0 {- (PJ

oty - 2%y

¢ 5 = Al—cosB — 2sinfOcosgp}, — = ~2AsinBcosp
0 do*

Ta 1im dugc :

2 a2 2

L? Y(0. ) = 217 Y(0, ©) = LY(8, ¢)
Tir day ta 6 L™ = 2 #% (ting véi [ = 1)

26. Diéu kién chuin hoa ham song :

n =
[[Yon(6,0)| sin0d0do = N7, [ do [P (cos) «
0 0

me {cos0)sinBdd =1 = 27N %ml}n -
O day

|
" JP {cos0)P;" (cos0)sin0do = JP,“" ()P (x)dx
-1

[m]

|m]
x = cos0; P (x) = (1- x?) 2 L P (x),
d
Px) = ———r (" =1
fiax!

Tinh duoc tich phan I ta xdc dinh duge N, ..

jm| [m|
m = ll'l'l| d d _
17 J’(l X2y —— B —— Pydx =



60

m| ]m| 1
f(l 2jml &__p gy 2 -
PRI e

- im| d{m| cl]m|—l P 1
- dx| I ; dx [m| ' .
1 |m|—1 jm|
B I d d (l— )Im| d P, bdx =
L=t Ll

1 |m| -1

g™
=0- J-d[ | I(P.f(x)) _{(1" )Im| | l(P!(X))}dX

[mi

Ta biét ham y(x) = %P;(x) thoa min phuong trinh
dx

[m]+2 |m!+|

2x(|m|+l) I R 1

{1- x3)d_.__
dx|ml +2

|m|

+{( U+ 1)- |m|(|m|+1)] I|

Thay ‘mi bing ‘m] — [ thi phuong trinh ndy chuyén thanh :

Im|+] |m|
(=)L P - 2xfmf L p s
dx|m| l Im|
|m| i
+ 17+ 1)-Qm\—1)|mf] e —g P =0

Nhén ca hai v&€ cua phuong trinh niy véi (1 — x2)|m|_| va chi y



{0+ 1y = |m(jm|-1) = ¢/ + jmp(/ ~|m} + 1) taco -

gl
(1- )|”‘| IP; 2xfm -2 L
dx 1| g™
. _ 2 -1 d]'m|—l
+(I + |m) = |m| + 3 (1-x%) b =0
hay
d | !
Lla-xtl (RO =
X dx

=—{/+ ‘m‘)(;"—|m‘.+l)x

1n1| i d |-

gx/m-

x (I~ (P)-

Dung phuong trinh nay ta viét lai tich phan -I,rrn nhu sau :

Im i i l) ] 1 2 |mi-—] d|m| ]
(/+ - + —
=l 0 ] E
gml-1 .
x Py T ——=Pdx =+ [m) (/- [m| + D]

o4 [mf - DU - (jm| -~ D+ D) 12
— @ ] = 0= [ 42 12

2 =] =20 ~(fm] -2+ 0 177
=+ [m| — 20 |m] +3) 1
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|
I} =+ 1) [POP(x)dx =+ DITP
|

I =+ jm)d = |m| + 1)/ + [m| = Dt = |m| +2) x
(1 + fm| = 2007 ~ fm|+3) x .. x (1 + DI

 Chd ¥ ring :
(+ [mDU+ m| - DU+ m =2 x .x(d+ D)=

|
= U*}f“”'(f —ml + DU = |m| + 237 = |mf + 3)
b4 X
I!
x =
(7 ~Jml):
tacéd: 1M = (r'+|m|)'1?
(/ —|m))!

’ 1ord S
17 = [P0oP (x)dx = [—x? -~1)’F(x2—1)’dx =
-1 X

(2’1!)2 S

1o £l '
| d d
= 2 .[_T(xz ~1)'d Y (x*~1)f
(2!!”) 1 dX dX

Tinh tich phan timg phan / 1dn ta tim dwuoc :

T g2
19 :(;T))z jl[x2 ml)'r ~F(x2 —l)‘rdx
2007 X



S e - 2 Fos 2 .
SO hang ¢d 50 mit cao nhat trong (x~ — 1) 1a x7°. Khi dao ham
. : 2 Do e - PR c

24 lan theo x cua (x7 = 1) thi nhitng sa hang ¢d so mu cua x bé hon

2{ déu bang khong con s& hang <7 cho k&t qua 2027 — 13(2f - 2)

L =020 Viy taco:

!
oD
1§ T f{x 1y dx

-1
Chi ¥ (x* = D' = (=11 = /(1 + x va (=1 = 1 @ vict i
[} nhu sau :

|
(2
—x)(l+x)dx- I—\
(2!'2'[

]0 -

(z’z*

i+ S R 1L
I+1 2"y’

I+1
I= I{I—x} (1+x) d\-j(i S B

O f+1
1
f+1 {+1
f+1 ‘_] i f+1
= — I(I ]+K)'1de

Tiép tuc tich phan timg phan ¢/ — 1) 1an, t dugce :
|

A
X’)_,-' J;[I+x) dx =

L -1,
(+1) U +2) e
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1 it 2
= -—~!— j(l +x)2fdx:(;} I(] +x}2!dx =
((2?}!;’!!)_' (2:’)!_1

"2 2
= U’)‘] t Iéz{di’
(20! 0

T 2n 2 +]

g

=l+x=

an e an* 22 2

1?2 = . =
(2;”)3 (21m2 @Dt 2+t 2+

m Ut o2 (e |m)!
L= lmpt T 20 i —m

N L 27+ 1y =|mf)!
fm 4n (1+m])!

Ham rieng cha L7 c6 thé viét :
Yim (6, (P)=f;m(0)cimq’, f1 (8) = Ny P (cos 0)
Phuong trinh d61 v6i £, (8) phu thuge vao m>. Vi viy néu
f, (-8}, la mot nghi¢m hi f,,,(0) ciing Ja mo1 nghiem va do dé
f!‘(_"n(O) v f“m)(e) ¢hi khdc nhau mot thira $6 nhan :
Er-m(8) = Afy)(8)
Thay m bang —m ta ¢é :
Ehoy(8) = Ay (8} = Af, . (8)
Tu day suy ra Al= hay A = *1. Viy
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m+iml

fﬂ’(m!(e) = (-1) : fz"lml(e)

m+Iml

va Y, (8, 0)= (-1) 2 N, P (cos@)™"

27. Goi F 1a toan tir cemit. Theo dinh nghia ta c6 :

Jw “wdV jq; F(Fy AV
jnui?dv jnpl dv

Vi [? [a todn tir ecmit nén
E Rt . P ~ 2
(W B(Fp)AY = [(Fy) (Fy)dv = [IFy V.
Do y nghia ctia ham séng ma {1y ?dV >0 va vi
- -2
[IFy dV 2 0 nen ta duge F >0

28.

X = I w*(x)i\p(x)dx

— o

> = I w*{x)xqu(x)dx

—

J\p (x)px\u{x)dx =—ih Itp' (x)—— {x)dx

—_ s 2
Ilp (x)pxw(x)dx =—h* Itp (x)—q}(x)dx

BT VATLY LY THUYETT.2 -5



2 )

Dit yi(x) = Ae 247 vay (x)= Ae 24 vao cic biéu
thirc nAm dudi ddu tich phan néi trén va chii § ring

I= ie_m:dx-—-\/g, —%z ?c"‘u Ie e’ dx =0

—_ a 2 2
X=0,x?=2 ax*=x?—(x)? =

_ K Al — ol (3
P, =hk, p3 =E_2+h2k2. Apy =pi —(py)’ =
a

I h
Ax? ;Apx 5

29. a) O trong giéng thé€ ¢6 the ning U(x) = 0 nén

h2
2

2 2 0
E-Px _ Apy +(py)
2m 2m

_ 2
Tir diy suyra: Ez—ﬁ—l.i‘L
2m

Theo hé thifc bat dinh

- _— 52
Ap‘ Ax? >—— hay Apx 2=
4Ax2
_ 2
tacéd: Ez h____
8mAx?

Gid tri bé nhét cia ning lugng (E ;) duge ude tinh theo hé thic:
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h2

=
8]‘[] AKI'I'IEI)(

E. =

min

Ax =X — X, AX,, =d - X

] .
Xsin 2 [m] dx
d

ot

d
X = fwn (x0xy, (x)dx =
0

{ (Znnx)
d ql-cos

2 d
_E-{x

0

dx
0 2
d d :
1
= —jxdx—-—_[xcos[znnxjdx:g_(}
0 du d
2 2 2
2 d d h
Axmax:(d_“i) =T’Emin S nd2
e
Thucra E;, = -
- d —
b) X=3. x-%)% =x? - (x)?
5
X = le,(x)xzwn(x)dx,
0
— d d
2_2 2{ nUx Ly o 27nx
X —djx sin (—d-]dx:gfx (l—cos X
0 o
d? p 4 2 2anx
= ———— |x*“d{ st
3 Znnafx qm[ d J
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Thue hién phép tinh tich phan timg phan ta tim duogc :

-3 d2 d2
X5 =— —
3 21'12n2

120 n’n

— 2
Ax? = (x—%)% =x* - (%)? =d—[1- 6 j]

T= jwn(x)—wn(xmx———jwn(x)
) 2m o
2 2d
_2 h — jsin’“}(Ei dx
d 2rn d d
[
2 2d 2 2
- l_h_[ﬂ] I[I_COSZTIZHK dxzh_[ﬂ
d2m\ d bt d 2m d

¢) Goi y,(x) la ham riéng va p 1a tri riéng cla todn tr xung

]
&

2 W, (xX)dx =
X

luong f)z—ih—d—, tacé:
dx

. Lod
pwp(x)=—1h5;wp(x)=pwp(x)
- ipx

w(x) = Ae h
Tit diéu kién chuin hod jw;(x)wp(x)dx=6(p'—p) suy ra

1
A = ——— . Phan tich ham w (x) theo hé ham riéng \pp(x) clua

@nm)'/?
toan tir p:

yu(x) = ICn{p)wp('X)dP
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Hé s6 phan tich C(p) duge xic dinh nhu sau :

px

h
C.p) = an(x)lpp(x)dx = JJ:SI ( ]

dx
(2mh)!/?
Biéu dién
nmx m

. [nnx] e—'r —e_ d
sIn =
L d 2i

réi thuc hién phép tinh tich phan véi su chi ¥ ¢-™" = 1 khi n 1a s6

chin vae ™™ = _| khinla s6 1 ta tim duoc
.
w2 i ]
C,(p)= "—2‘/}_‘_5‘1_2 l—e % | khin chin.
(nkm)” —p=d
3/2 i
C,(p) = —nh—-—\/n_—d,) l+e " | khinlé.

4ndh’n? 5 )
Wolp) = ICn(p)l2 =— 2“‘”2",, . 2sin~[E] khi n chén,
(prd® —n“h°n")

2 4ndn’n? o
Wn(p) = |Cn (P)l = 33 5.3 3.3 1’-:082 (BE] khi n le.
- (pd” —n“h )" 2h

Xdc sudt fim thay hat cé xung lugng nidm trong khoang tir p dén
p + dp bang W _(p)dp.

DaGi véi trang thdi cobin{n=1)tacd:
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Andh® - { pd
w(p)dp = —-———cos“{—jdp.
30. a) Nang luong trung binh cha dao dong tir diéu hod mot
chiéu duogce xdc dinh bing cong thic :

_ 3 2 ) 2
E: * X (p_x+_r.n._c2__x2 xdx:p_x.{_ﬂxz
Jw' ) i k= s

Chii § ring p? =(P,)° +Ap2, x2 =(X) + Ax

Ta nhan duoc :

' 2 2 —
EZAP" mao 2

+ AX
2m
— hz
Diing hé thic bat dinh Ap2 > —— ta¢6
4Ax2

_ 2 2 —
E> ﬁ___ mo Ax?

8mAx>
—_ 2 2 — 2 2

8max? 2 8mg 2.7

Tim gi4 tri cuc tiéu clia € ta xdc dinh gi4 tri bé nhat cia E.

d 2 2

d—E:— h2+_m0) =0—)§=é0‘_——-——-h
5  8m& 2 2mo

d’e _ n? dza‘ _ 2me’ 0

Y =T

de”  AméE dg et
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. - .. .o h
Vay e cé cuc tiéu tai diém & = = ——

2mow
. . - 2 eruozé _ﬁZm(1)_|_m(:J2 h  ho
™ 8mE, 2 7 8m & 2 2mw 2
= how
Ezsmin“__?

Vay mic nang lugng thap nhat cé thé ¢é cia dao dong tir diu

hod mot chiéu A E_. = EZE
_ o .
b) x™ = [ o (X", (x)dx n=1,2,3,4.

—u0

Dung céc tich phan :

o a T j1a) 2 a.[
I(a= [e24 =\/:,1 = [x%e ™ dx=_Zo
ola) _;[e X " 5{a) _ix e e
@ 5 % 5 _
L(@= [x%* dx= -%, Ie_ax xdx =0
-t Oa -
Ta tim duogc :
_— — _ 2
2a Zmo 42° 4\ ma
c) Dé thdy ring x° # (K)Z va xt 2 (x%)2
31.a) T= fu'(Dry(ndV, dV = r’drsin6de dg
l 2 big o0 _2 4 w _.2.1
T=—p Id(p Isin Bdo IIBE ddr =— Ir3e 4dr
iy o 0 ay
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Chd y rang
I(a)= 3]-e”"drzl
0 El
' 1 “

o

: _ ol 1
I )= urd = - g =—,
(a) Ie rdr o o2
0
o ar I, 2
I(a) = je urrz_dr:—a—':—‘,
2 o o
0
Ii{a) = Jrgemdré—ﬂ—zzi“,
_ v . g«
[(fa) = Jr4eurdr=;%:£ véi azg.
o as a
Ta tim dugc :
. jaal
?z ,_2=iq_|‘r4 ddr-Ba

b) Phan tich ham y(r) theo hé¢ ham rieng y;(7) clla foan tir
xung luong p=-iAV
w) = [CEW(F)P. dp = dp,dp,dp,

trong d6é

() = i

ig7
2rhy el

Xac sufit dé électron O trang thai &o ban ¢é xung lugng nam

72



trong khoang p, — p, + dp,. py = py + dpy. P, = P, + dpy,

hay p —» p+dp bing dW(p):
- 2 =
dW(p) = |C(H)| dp

Hé s& phan tich C( p) duoc xdc dinh tir cong thiic :

Cp)= [wirws(ndv =

bl ) 1. -
Tiss
j ae b gv

R S A
Jrad 2np)??

Chon truc Oz theo phuong p thi trong toa do cu ta c6 :

pr = prcosf, dV = r drsinfdodo

1 in _r
C(p)= T Jd(pe arldr x
\tha3 (Znh)‘”“ 0
bl i .
——preosd
% jc & sin dE}:—A_—Zﬁ-——x
0 Jma? (2nm/?
o) r 1
- —preosd
X _[e drzclr_[e h d{cos0)
0 0
omn 1 9| LB I

= Jrea"—eaﬁdr

pyma’ Qmay?

Chii y ring

“

a0
Ire_mdr =
0 a
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1a co :
8nhta’ 1
[ 3 372 (B2 £ atn?)?
na” (2naky /< (BT +a"p”)

Trong toa d6 cdu cla khong gian xung lugng p,, Py P, thi

Cp)=

dp,dp,dp, —> 4np2dp. Xdc suat tim électron c6 do 16n xung lugng
nam trong khoang p — p + dp bang dW(p)
32a’k

2
dW(p) = [C(p)[" 4mp’dp=—=—"———p
nh® +a“p)

32. Ly( o) = -i ,ﬂa;ﬂ = L)

Wm(cp) =_Aeimlp‘ L?, =mh, m=0,+1+2, ..
Tir di€u kién chuin hos ham séng

flwf” do=1
4] .

. 1
ta xdc dinh duge A = ——=—

V2

Ta biét
-G 0-05)
G- en -G

2

Li = [W(@Lxwm(@do
0
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121': . o R
= Jwn@{LyLe - LoLy v oo
QO

H

Il

2n
] - PR,
E{ JWm.(CP)Ly Lz (@)Xo -

1

2n
- IWE((P)LzLy‘Um((P)d(P} =
V]

2n 27

1 * -~ - -~

= i—{mhx [ Wn(@Lywn(0)e - J(LZWm)*LYWm((p)d(p}
0 1]

2x 2n
= ?{ [ @Lyyode- [wn@Lyyy, (m)d@} =0
0 ¢

Béng cich chitng minh tuong tu ta cé -I:—y =0.

Chd ¥ ring c6 thé tinh L, va Ey mét cich tryc tiép nhu sau :

2x
Lx = Iw;(CP)Lme((P)dCP=

— Ie_im“’ siﬁ(pi+cos(pcotgﬁi e ™Pdp
0 % %

hm n
-— jcotgecostpd(p =0
27 o

33. Trang thii cia rotato phing duge moé td bang ham séng

w(0) = Acos’o
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Tu diéu kién chudn hod ham séng

2n 2x

W) 2 de = A? [cos? @ode =1
Jluco
o v

ta xac dinh hé 36 chudn hod A.

cosQ = %(ei(p +e Py, cosch = -‘lz(ezm’ +e % L7

cos’g = (cos’p)” = §+ (M 4 ™MD 4 472 | 40%17)

In 1t
[ cos*ode = 2am+ [(eH9 4670 1 4™ 1 4eM0)dg
0 8 0
Chd ¥ ring
hjfci'ik‘”d _[2rkhik=0
0 khik = 0
0
tacd:’
2n

4 3m . 2
cos dp=— vd A=s——
6[ 4 V3n
Cdc gia tri ¢6 thé ¢6 ciia mémen L, duge xdc dinh bing cic sd

hang kbai trién khdc khéng cha ham séng di cho y(¢) theo cdc

ham riéng (@) cla todn tir L, .

wQ) = ACOS:‘P = ZCme((P)
m

trong d6 yle) = \/—%—eim‘“. Hé s6 phan tich C,., dugc xdc dinh tir

.o

céng thic :
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2T 2T
t l _‘ 2
C.= (w (onedo= [-—e"""Acos” od
7 Jratoveren I
n

A —im(pl Zip —Zig
= e —(e" " +e + 2)deo
27 '[ 4
0

]
211\/6

1

2
j{ei(Z—m)¢+e~i(2+m)m+2e—im(p}d(p
0

{218 2 + 278y, +2.258 1}

£

[

Fi)

= %{Smﬂ + 8m.—2 + 26m,U}

Tir day ta cé :

S IO B

Jo 2T 0 e

W(m) =|Cp|* 12 xéc suat tim thay hat c6 L, = m .
(@) = Coyia(@) + Caya(@) + Cow,(0)
Cicgidtrictal,=mh cé thé c6img véim =2, m=-2vim=0,
the ta:L,=2h, L,=-2h AL, =0.

Cic xdc sudt tuong ing :
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Tri trung binh caa L,

Lz =Y mAW(m) = 2kW(2) - 2h(W(-2)) + 0.hW(0)

m

= 2hAl—2ﬁl+O=0
6 0

C6 thé tinh truc tiép L, bing cich nhu sau :

_Im . . n , d
L, = Jw (@)L, y(@)dp = —inA’ f cos ¢£(coszw)dtp =
0 0

2r
=0

inA?
€os @

—2inA? Icos3(pd(cos{p) =—

]

34. a) O trang thii w(x) = Ax(d - x) nang lugng cia hat
khong c6 gid tri x4dc dinh. Ta biét him séng & trang thdi dirng cha

hat trong giéng th& 1a y (x) = J%xsin(-l}gi} (n =1, 2, 3..)

h2 2.2
. h n°n
tvong ng véi mic ning lugng E, = —.

. Khai trién ham
2m 42

W(x) theo y (x)
wx) = ) Cpya(x).

xdc sudt tim hat ¢ trang thdi y,(x) véi nang luong E_ bing

W, = |Cn|2 , trong dé :

d
Co= [wnxweodx
0
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2 ¢ nux
= J—= A |x(d vx)sin(——-—]dx
d d

{

Tir diéu kién chuian hoa ham séng w(x) ta xdc dinh dugce

d
A= l;’(sz(d ~-x)2d0)l2 = 30d~%H!/?
0

Thuc hién cdc phép tinh tich phan tiing phin véi su chi y
sinkxdx = —i—d(coskx), coskxdx = %d(sinkx) va cosnm = (—1)",

sinnm = 0 ta tim duge :

d 3 3
fi* sim [m}ix S}
bt d nm (nm)"

d 2
xsin(ﬂ}ix = *9—(—])" )
0 d nn

) 260 [—(-1)"]

Ca 3 3 —-n=1223..

T n

4J_ 1 A

—J10— khinlé
CI'I_ 3 n3

0 khi n chin

2 % khin 1é
an ‘Cn‘ =3 7Tn
0 khi n chan




r’r n 9601{ ‘ih'
T 2md® 1 96 md?

N 2
PR Y960 & 1 [ 7K | 9son® 304
S S | e

8 m2d*

co thé tinh truc ti€p tlr cdc cong thie :

d —_ d ,
= Iw*{x)H\u(x)dx, E2= Jtp*(x)th(x)dx =
0 v

" dx

— d‘“
trong d6 H =-i————

2m dx
35, Ta biét :

ﬂiz?ﬁ+ilﬁ2§ AH]
dt Ot

dB 8B i na an
_a_ +~[HB - BH]
d( ot  h

WA ma oF i
Dat F=AB vachﬁy‘;—F—a‘ i[HF FH) ta ¢6 :
t
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9 AR -2AB T HAB-ABH]
dt h
=98, A% L AAB-ABH+ AHB- AHB]
at ot Ok
aA ~ o - . —~ — ~ + —~ o~ ~
= —’3‘-3+A@+l[HA-AH]B+iA[HB—BH]
ot gt h ki
_| %A LA Af|BsAl B,
ot h
« (AB-BAp =925, 298
. dt C dt
viy S(ABy=32%,Ad8
dt dt dt

36. p=Ju' (Hpw(F)dv

’ﬁzmgi =m$=%[ﬁiz —?ﬁ]

5= %q;*(f)[ﬁ?—?ﬁ]w(?)dv
& trang thii dimg ta ¢6 : Hy(f) = Ew(¥)
Todn tir H 12 ecmit nén Iw*ﬁfwdv = I(f{w)*?q; dv
Vay

P 1;3{ vy fudav - o @ifry@av}

BT VATLY LY THUYETT.2 -6
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= ‘—:—]E{ IW*(f)fw(f)dV = IW*(f)f\v(?)dV =0

=0

=11

37. Diéu kién chudn hod ham séng w(T7, t) ding cho moi

thai diém nén ta ¢d :
J’w*(f,r)w(f,t)dvz j’q;‘(f.O)w('f,O)dv =1
JIS@w(E 01 SowE,0dv =
= j[§+(t)éu)w(lf,on*w(f,d)dv -
= ¥ 0w,V =1
Tir day suy ra S* (08) =1 hay S5
a) L= J'q;*(r,t)ﬁw(m)dv =
- j(é(t)wﬁ,on*ﬁé(tiw(F,O)dv
= I(é(t)w(l:,(}))*é.;l LSy(7,0)dV
= j(§ éqj.(f,un‘:s"‘i LSy(F,00dV
= v .08 WLV 04V =
= ¥ (.07 (Ow(i. 00V

trong d6 ¥ (1) =S (LS (1).
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d() . . dL _
by 2o O Wi ndv
) & _[w (f,1) " wi(f,nd

ab) j(ﬁw(F,O))*és*%éw(?,o)dv

dt

It

[¢8"Sy(i.op's™ %éw(‘f,O)dv

11

Jo' ons ™ SR, oy
L= fu'G.0)7 (W (F, 0V

d(L) d7(0)

= Jv' (.0 — = (. 0av

Dé dang thay rang :

d:(t)ﬁ;(t)i(—L—)S(t) S“'l(HL LH)S

_ ;i{s" fiss 0§ -5 L85! ﬁé}
T
i .
=17

—— —

trong dé .;’:S_lﬁé 7=S"'L§

\)

]

¢) LM -ML =iN
STHLMS-s{(ML)S = iSRS
S'1.85 'MS—5 '"MSS'LS =iS"'NS

ol —. (/‘/—l !
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- L~ L~

T =s""MS, 1 =57 INS

&
38. = =—H—-H
a)v " (Hr -TH)

2 h[( —'—A) T—r(p—-t“t) }

. pA - Ap =-ihVA = —ihdivA

PA = Ap—ihdivA

2 e
(fy —EK] —pi- 2¢Ap +ihSdiva + —(A)
C c G c

b7 - Tp? = (b2 + D2 + PR + 3 +K2) -
— (i v+ ka)pZ +pl 4 pd) = i(plx -
3P+ iy - ypl) + K(ple—2pd) =
~ 20 h(ip, + jpy + kp,) = -2ikp
(Kﬁ)f—‘r’(ﬁﬁ):mxﬁ; +A, Py + AP, X+
E+E)~(;X+E+E)(Axp: +Ayph), +Azfn-;) =
-~ T(Axp‘:x~XAKE;)+§(Ay5;y—yAy};;)+E(Az};;z-zAzﬁ;) =

= iAx (pyX —xm)ﬂA (pyy ypy)+kAz(p,z zp,) =
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=ihiAx ~ihjA, —ihkAz = —ihA.

- eA ~ CA
Vi V¥y = VyVy =7 {(px _EAX)(py _EAy)_
m

——— e —— e e ———— e ——— - o~
-(py __'.Ay)(px ___Ax )} = —z[pyAx - Ax py]_
C c m-c

e - - .
- ;nTc[pry —Aypx]= m2 [—lf’l - 3 *

X—"lh ]— a}{ ay 2 z

m¢c

OAy e [6Ay _aK;J_ ihe o
trong dé B, = e
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Pua vao vects B = 1By +jBy +kB; =rotA véi

B :?ﬁ_gfk_y = OAy Ay =@_Y_6Ax
g oy o6z 7 & x 7 &x oy
R ~ o~~~ ije
ta tim duge @ vy vy, = VyVy =—5B;
m°c
~ o~~~ he
VyV, —V Vg > Bx
m°c
o~~~ he
VaVy mVx ¥z =3 B,
m°c
hay [%A'\‘}]:—l%h—ﬁ
m“c

B=rotA la vecto cam tng tir.

c) md—v=ml(ﬁ%’—€'ﬁ)+m§v~
t A ' ot

o

2 _—
"*_“mV _1‘1’1 2 p) 2
H= 5 +e(p—?(vx+vy+vz)+e{p
dv  mi S. 25 me, » oa y
—_—=— -+ — (Vv —- V) + m—
G o Y TIO lev vk mey

et -~

vZ _9v? =(vi +v§ +v§)(fvx +3vy +Evz) -

e o~
L — o

- (i‘vx + v, + lzv,_)(vi +v§, + vg) =

P T s Lo
=1 (Vny_VxVy)+(Vsz'Vsz). +

36



Tl N Tt
+ JI(Vx"y‘Vy"x)+("z"y—"y"z) +
+ k|(vx V, =V V) (Vy v, —vzvy)}A
5 2~ [ dhe ~
v),—vyvx—[vyvx+—2Bz vy =

m-c

5 o~ dhe ~

= VyVx —Vy Ve Vy ——— VB, =

m°c

_ a2 o ke —ihe ~_

= vyvz—vy(xyvx+—-~—2 BZ)——2 v,B, =

m-c m°c
2iheAB

= ——-v,B,.

m°c
T3~ 2ihe ~
vy =—5—VyBg,
mc
2~ 2ihe ~
y- 2 sz*
m°c

Py
mzc

5 2ihe ~

Vy = 5 VxPgz,
mcc

5 _2ike

¥ y=xo
mzc

5 2ihe ~

‘,7‘2 v, B
m



y) + ld(“’}Bx —vi B )+

e - —— ——
-1 B. -
)=~{i(v,B, ~v,B

+K(v,By —vyB, )} = S5 AB]
C

- 1 A oA S~ -

cp(r)v—vcp(r)=~_{(<op—pqa)——‘?(cpA—Anp)}
m c
—ch(r)

== ((PP p(P)

me s -
—h—(cpv —-Vp)=-Vep.

& o L[B _0A) oA B _,
& miot et cot a

E-= —Vq)—la—A 12 dién trudmg.
c ot

Phuong trinh chuyén déng cla hat

d - R
M €E+E[VAB}

dt c

39. Todn tir Haminton cia hat tu do cé dang

2
p el .
—_— = --lhv
2m P .
H _ 0,

Todn t&t H va p khong phu thudc rd vao thdi gian —

H=

(ai:‘nk’a't) =0néntacd:

di - (HH-HH) =0
d&t A |
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dp 1 LT i 5 2T

— H -pH)=— - =0
iy pH)=——(p"p—pp’)

T cdc phuong trinh nay ta thdy rdng nang lugng vd xung
lugng cia hat tu do 12 nhiing dai luong bao toan. -

dI:x i el =

=—(HL, -L.H
T =

(px + pv + pz )(yp7 Zp).)—

~ (yp, ~zp, (D% + D> +p> )} =

{pz(pyy ypy) py(p,z zpz){ =

2hm
= 5 {pl( 2ihp,) Py~ 21hp,)} =0.
‘ . dL, i
Bang cach ching minh tuong ty ta tim dugc T:# =0

Vay cadc hinh chi€u mémen xung lugng cla hat tu do 1a cdc dai
lugng bao toin.

Nhan L, vé phia phai va vé phia trdi len phuong trinh
?ll:;—l:;ﬁ = 0 ta tim dugc :

T o s

AIZ - L AL, =0
L AL, 120 =0

Cong cdc phuong trinh nay lai ta ¢6 :
HIZ -12H =0

Bang cich chéng minh twong tu ta duge :
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N2 r2 5 2 TI6
HLy—LyH =0, HL, -L;H =0
Dé dang thay ring :

(L3 + 13 +LHH-HAZ +12 +1%) =0

hay L’H-HL? =0
Tir day suy ra binh phuong mémen xung lugng cia hat tu do
1a dai lugng bao toan. '

40. Ta bi€t khi %E =0 vd HE-FH = O thi F 1a tich phan

cua chuyén dong. Cic todn tu I:; va L2 khong phu thuéc rd vao

—

2
=0 va oL’
&

Z

thai gian nén = 0.

"Dé ¢6 Ly va 111 nhiing tich phan clia chuyén déong chi cén
tim diéu kién sao cho HL, -L, H = 0 va HL? -L*H =0 1a di.
Trong toa do cdur, 6, ¢ tacd:

ﬁ = i‘(r,e,(p)+U(r,9,(p)

- 2 2 A
LN v B Li[ﬁi}.ivg(p
2m 2m |2 o\ o) 2 %
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Dé dang thiy ring.:

HI’:Z —‘i;{ﬁ Z:I:I:z —If_‘,z'i:"f'ul:x _]:zU ZUI’:Z —]:;;_U

H=TL® -12T+UL*-12U =

(HL, - L,Hyy = (UL, ~L, Uy = —m[u%‘f - ai(uw)}

@
= i?'{gg].lp
o

Khi %% = 0 hay U(r, 8) khong phu thuéc vao @ thi HL, —~L,H =0
vay L. la tich phan cha chuyén dong khi thé ning U khong phu
thuoe vio ¢ nghia 1a U(r,8) hay U = const (HIZ~L>Hyy=
(UL?> ~L*U)y. = UL%y -1?(Uy). Néu U khéng phu thuoe vio 6 va
o thi L2(Uy)=UL*y. Khi dé ta ¢6 :

SRR St

(HL" —-L“Hw =0 hay HL*-L"H =0

Vay L~ Ia tich phan cta chuyén dong khi thé nang U khong
phu thuéc vio 6 va ¢ nghia la U = U(r) hay U = const. Trong
trudng xuyén tam U(r) thi Ly vd L ~1i nhiing tich phan cua
chuyén dong.

41. a) U(z) = az,a =const. Ta cod :
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apx :@i:%:(}

& a & -
oLy oLy oL,

a o a

= - N
aut)_, ol o

ot ot dt
9Bx g gty =0, L gy <o
dt A Px = Px Atk Py ~Py =
gé-i(ljlﬂ~Aﬁ)"ia(zﬂ—Az)—iaih——a
dt 2 Pz Pz B P; =Pz ”h =
Al i mr = a i o~ T
=—(HLx -LxH)=—— 2
a g HLx ~LaH)=oolp, (pyy —ypy) +

+ py(zp; - paz)] + P’ ay(zp, —p,z) =

B O
= ——{p,(2ilp, +p, (Zlhpz)}ﬁ-ga)’lh = —ay.

2hm
dL an A
—dti:;—I HLy L, ) = ax,
dstZ :%(ﬁiz “L.H) =0,
d i a3 Sa i 505
= —(HLZ -2y =11 - PU)
dt i h

o~

Vi U = az = arcos8 khong giao hodn véi L nén %Iivt(). Viy
T



trung binh cua ning lugng, cha cac hinh chige xung lugng trén
truc x va truc y cua hinh chi€u mémen xung lugng trén truc z la
nhimg tich phan cua chuyén dong.

b) U(t) = zat).
dH é‘H da
=z—=z 0
dt 6‘[ ot

Béng cach chiing minh twong ty nhu c4u a), ta cé :

———— dA o
Px o, Pyop, Lo y1y20
dt dt dt
dLy dLy dL?
=-a(t)y, —>-=a(t =0
. (t)y @ () a
S
) L —12uy# 0
dt &

Vay céc dai lugng p,,p, va {, 1a nhimg tich phan cda chuyén

dong.
~ 172
AU=U(r), r= (x +y +z)
dH 6H
dt Ao
dp, i, o~ —~= i au
—2 =—(Hp, ~p.H)=~(U U) = ——==0
o h( Px ~ P H) h( Px =P U) i
Wy U dp,_

dt oy dt
Trong toa do cau :

ix = if{sin (p% +cot chosm%}
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i)- = —i)‘:[cos(pé% —cotgBsin (paijl
©

Chi y ring f—’ﬂ_x a2 =0, PLy~Lyl? =0

va f:iﬁ, —f,zlji =0 ta tim duge : -

Al —LxFi=0, ALy ~Lyf=0, AL, L, =0 va AL ~L’H=0.
Vay Lx.Ly,Lo, > vaE Ia rihimg tich phan cha chuyén dong.

42, Phuong trinh Srédingo mot chiéu ddi véi hat tu do ¢6 dang :

N 7 42
ihg%t-)— = H(xOyp(x,t) = —%%W(U) .

dx
Nghiem w(x. t) duge tim duéi dang w(x, 1) = w()f(t). Khi d6
df()

il HOOw(OF (1)

ta co : thyr(x)

hay

i) Howe)
f{ty dt W(x)

Tir ddy suy ra :

E =const

Hxpi(x)=--—
2m

W(x) = Ey(x)

dx2

—LEI
f(t) = conste
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k2 .
D k2 = 2= hay E = Izk thi nghiém w{x} cé dang
m

y(x) = conste' ™. Nghiém téng quat cia phuong trinh Srodingo
mot chiéu phy thudc vao thai gian cta hat tu do 1a td hop uyén

tinh cic ham y(x, t) = y (X)f(t) :

-

. Ak
|k,1(-—|]I -

wix, ) = IC(k)e 2m g

-

43. Phuong trinh Srédingo cna hat tu do trong khong gian ba

chiéu ¢6 dang :

I 202
in a‘*’;‘t) = H(H)w(E, 0= - hzm Wi, 1)
bat y(r,t) = y(rif(t) tacd :
2

~ AV - -
H(ry(r) = ——y(¥) = Ey(r)
2m
_.i_E[
f(t) = conste "

Nghiém y (7} cé dang :

ti(kxx+kyy+kzz)

W(r)= Aciiﬁf = Ae

a s x4 2 _ 2,02 2 2mB
trong d6 A 1a thira s6 chudn hod, k™ = ki +ky +k; =T hay E =
1"
2022
BX P i p=hk. New chon ky = ifky | ky = ifky[ K, = ik,
2m '

thi ham séng w(x, y, z) s& khong hite han khi x, y, z > +oo. Ham

séng W(x, y, 2) chi hitu han trong toan bo khong gian khi k, k, va
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k, nhin moi gid tri thuc bat ki. Khi d6 nang luong E cua hat tu do
nhan moi gid tri duong bat ki hodc bing khéng (E > 0). Phd niang
luong cla hat tu do 1a lién tuc va khong am.
44. a) Trong trang thai dimg ning lugng E cha hat khéng phu
thugce vao thai gian.
2

A =—22v2 rum
2m

Phuong trinh Srodingo ¢6 dang :

AN 2¢2
ihM:H(F)w(F,t):{—h v +U{?)}w(f,t)
ot 2m

Pat w(r, t) = w(rf(t) vachd y rang
- #e 2
Hy(F) = -———V* + U(T) p (i) = Ey(1)
2m
ta cé :
n
f(t) = consie
Viay ham séng ¢ trang thai dimg c6 dang :
g,
R, = (e
trong trudng hop maot chiéu ta cé :

_.i.El
WX, 1) = y(x)e
i
- . rEd . .
b} Ham séng y, (T,) =y (1)e h la nghiém ding cia
phuong trinh Srodingo.
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ihg%r‘t): H(Pwy (7,0

L4y téng ca hai vé& ctia phuong trinh nay theo k ta tim duoc :
ih-ai;:’—t}z H(P (T, 0

i
trong dé w(?,t):Zwk{f,t)Zwk(f)e h :
k k

viy ham w(r,t)= Zwk(F,l) 1a nghiém t6ng qudt clla phuong trinh
Sk

Srodingo. Nghiém niy s& khéng phai la nghiém dimg néu cdc gia

tri cia E, khac nhau.

45. Ham séng ctta hat 1y do mét chiéu ¢6 dang :

—LEI

Wix, ) = y(x)e *
2.2
P61 vai hat tvu do E = néntacé:
_ 2m
_ink®

wix, ) = y(x)e 2m

> _ifk?
a) y(x, t) = ,—-——sin(kx)e 2m
Th

ihk*

elkxe 2m

b) y(x, 1)} =

1
~2nh
46. Ham séng & trang thai dimg cla hat & trong giéng thé cé
dang: '

BT VAT LY LY THUYET T.2 -7 _ - 97



__i.,En(
WX, 0 =y 0e f

Daoi voi giéng thé mot chiéu cb bé rong d, ¢é thanh cao vo han

tacd:
Hy, (x) = Eqyp (x)
val
R 2 32
f--229 L uw
2m gx?

OKkhiO < x < d
Ux) = .
wkhix<Ovax>d

Nghiém y (x) did chuin hoi cé dang :

,2 . nmx
= J—sinl— |,.n=1,2,3...
W, (X) dqm( 5 ] 1

. Nang luogng E, clia hat bing :

2 22
Eﬂ:f"_" n
2m g2

;n=1,2,3..

Nghiém téng qudt y(x, 1) 13 16 hop tuyén tinh cic nghiém
Walx, 1) ) '

i

. ——Et
Yx, 0) =D Coun(x,t)=Y Cou(xde 7

n n

wix,0)= ZquJh (x)=Ax(d—x)

n
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d
C, = J.w::(x)w(x.O)dx
0

d 2 n
= ‘[ = sin(——nx }Ax(d ~x)dx
bt d d

Thyc hién phép tinh tich phan va chi ¥ A = (30d>)"? ta fim
dugce :

€y = 2B L {1 ~(-1)"]
s n-

Ham séng y(x, t) cita hat & trong giéng the mot chiéu dugc
viét lai nhu sau :

4 | _ika® 5
wix, = — Z—”j: [n_zi}: Imo X - (=07
n :

47. Todn tr Haminton cilia dao dong t&r dui tic dung cia luc
cudng bic f(t) ¢6 dang :

h2 d" | 2
2m dx 2

H=

trong dé U(x, t} 1a thé nang cha tue f(t) :
Uk, ) = — If(t)dx = —f(t)x.

Phuong trinh Srodingo cia dao déng tir dudi tic dung ciia luc
cudng birc f(t) c6 dang :

O n dzlv(x 0, me?
ot 2m dx? 2

xFyx, 1) - f(OxW(x, 1)

Thay x; = x — E(t) ta cé :

99



WX, 1) = yix,(), t)
aw(xst) — BW(XI \l) %,‘_ BW(X],I)

& &y & ot
%:__aézué Fy(x.1) _ azw(xl,t)l
.ot ch ' ax2 ax]2

aw(xl t_ hga“’("l") LaCRCIION

8%y 2m 8x12

+ %mmz(xl + &)2 wx = f(Ox; +Ew(x,1).

iméx,

Pat yix;, )= e " @(x;,0) vachiy:

iml:;x] L
v _ B oo im
ot ot h

imixl
ﬂ:.e h +lmct°tp
ox, h

v _elméx! 82([) 21m§ 89 m é 0
ox? o h ook A
ta tim dugce :

500 _ w e 1,
22 lmeix? +[mé + me f(Ox,9— v
at ~om 6742 5 1 2 %8 - 1
trong do

Y= %mé,z %m%‘ +f(1).E .
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Chon &(t) thoa min phuong trinh co dién.

mé = f(t)—mmzi

1
lj‘l’(:)clt
©ova dat o(x, 1) = x{x), e o
taco:
ii/( yd ii/( d
—| i —| ¥rirdt
i h
;
—| w{1dt
h
:1ﬁ'%e 0 —(f(P; \-’31
&0 o'
% axt
] W 52 X1,t mOJ2X2
lh%(x]‘[): x( 21 )+ L 1x.0
o 2m  gx? 2

Phuong trinh nay 14 phuong trinh clha dao dong tir tu do. Biét
dugc y(xy, t) ta tim duge y(x, t).

Ham séng w(x, t) c6 dang :
. L
wix, 1) =x[x - E(t), tlexp {%(x wE_,)é +%J-£/’(t)dt}.
0
48. O trang théi dimg ham séng ¢6 dang :

—LET.

YTt =w(fe *
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a) Mat do xdc sudt p = |Lp'(f,t)|2 ="q1(f)‘2 khéng phu thudc ré
vao thoi gian t.

Mat d¢ dong xdc sudt

o ﬁ * - — *
j= =Y EOVUED - wEDVY o) =
2m -

h( =« . - N
= 2 @Ve® -y @YY O} = 56

m
ciing vay khong phu thudc rd vao t.

: ih | x dw(x) d =«
b)j,= — X)————yx)—wy (x
) Ix 2m{w() 0 w( )dxw()}
i,,+ikx h,}—ikx

Pat w(x) = Ae 227 va y (x)=Ae 2°  vio biéu thie

cha j, ta tim duge : j, = »hEp(x) o day
m

5
52

i 77

e @

|7

p(x) = A% ® =
- Ay

(]

ipf
c) Dat ham séng cita hat tu do y5(7) = Ae *
(p = k) vao biéu thic cha | ta <6 :
ik B e
j ““%[Wﬁvq}ﬁ —wﬁVw]—,]—;A
Tu diéu kién chudn hod ham séng bing ham §(p'-p) ta xéc

dinh dugc A.
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i i
“PXXHPyY+P,2) APxX+Py¥+P,z)
2 L X ¥ 3 X ¥ z
A’ = Ie h ’ efl T dxdydz =

—C

= B(py —px 3Py — Py 0P, —P,)-

Cha y rang 8(ax) = i8()() va

a

L .
je'““*‘ Rdx = (k'—k)2n

—LG

ta tim duoc A = 1 va j= : ;2
(2mh)* /2 (2nhy’ m
2 . 2r
49.2) [y (@)y(g)e=A? {sin* pdp=1
0 0
Cha y ring

2o = L _ L[e-2iv , o2iv
sin"g = 2 4{3 +e }
2
4 LoV o, 2ig, "
sin p=43———|e +e
0 {2 n ]

sin’p = g—i{e_zi“’ + ezw’} +_l_{e‘4i¢' + e“itp}
8 8 16

:Teiik‘f‘d(p _[2mwnix=0
; 0 khik # 0

2
Ta fim dugec A = —

V3n
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b) Todn tit Haminton cla rétato phing cé dang :
= LEZ - _ﬁ o
21 21 ap?

trong dé 1 1A moémen quén tinh cha rétato d6i vé&i truc Oz. Phuong
trinh Srédingo clia rotato phing :
, = no
!hM=Hw(q>,t)=— Tw(e.0
o 210

bat y(e, 1) = y(@)(t) taco:

. df B, 8
(@) = -2 p) T2
dt o)

21
hay

2 2
Ldi___ 7 dve) _p_

‘h——=- > const
flodt  2ye) do°

Tir day suy ra:

n d>y(p) L df
‘EI*“F =Ey(@), 1 ha = Ef(t)
bat m? = 21_],5 ta tim duoc :
hh
-iEl _ihm2
ime

W, (@) = conste™ ", f_{t) =conste # =conste 2!

ihm”

21

iy
wm(tp_, 1) =y (@), (t)=Be

Tir diéu kién chudn hod cha ham séng ta xdc dinh dwgc B
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2n

'me{(Pst)Fd(PZBzzT[ =1 >B= 1

; Van

Tir diéu kién don gia clia him séng (g, t} = ylo + 2w, t) suy
rae”" = | haym =0, 1, ¥2...

Nghiém ding va nang lugng cla rétato phiang dugc xdc dinh

nhu sau :
| _itm®
Yl @, 1) = ——=¢'"Pe 21
J2m
2
E =—m’>.m=0,+1,+2..

Moo
Nghiém téng qudt cha rotato phang c6 dang :

. 7
thm*

yip, )= Zmem(cp,t) ZC \/— e™e 2
Theo diu bii todn :

1 i .2
Wwo, M =Y C vy (0,0)=—=> C,e"¥ =Asin“o.

Céc hé s8 khai trién C,, duge x4c dinh bang cong thire :

A

2n ’
# A - .3
= |y (0,009(0,0)dg =— | ™ sin” odo
t-!l " v2r (}[

Cha ¥ sin3q) = __%{e—zitp +62i(p}
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Af2n | i
Cn = —2—“{5:11,0 “55m,2 ‘Eam,—z}
2 ; i
Cn = 5{5111,0 "5§m,2 ‘“2“5m,—2}

Bi€t dwoc C, ta xdc dinh duge y(o, 1).

. 21kt . 2l
1 2ip—
W, 1) = —<C, +Cse U +C se I

NGYS

2101

|
(@, ) = ——1:1—cos(2p)e !
Yo r——STc @

c) Hé s6 C, # 0 khi m = 0 vd m = £ 2. Nhiing gi4 tri cé thé cé
claL,=mh 120,25,
‘2

Cdc xdc sudt tuong tng 1a w, = |C,

2 1 1
W, = [Cy = Wa= cLf -2

d) L, = YJCp[fmh véim =0, + 2.

m

=0+ 24|CyfF —28|C_, [ =%h—%h:0

Z;—’ - Zlcm |2m2h2
m

B .

=0+ 4 12 |Cy [ +4r?|CLf =%
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50. Phuong trinh Srédingo cta hat trong giéng thé cé dang :

x> oy?
Pat wix, v, 2} = y(xw(y)y(z) vh phuong trinh Srodingo cua
hat sau dé chia ca hai v& cho y(x)yd{y)y(z) ta duge :
2 2 2 2
-'h—_ 1 9 ng) + = L 9 wgy) + ! a wEZ) = E = const
2m | y(x) % wly) gyt w2 oz
Tir day suy ra : '

2 2
_E__{ 1 9 q}(x)} = E1 = const
2m

2 ( 22 2 2
_L o +—a—-—+a—2 w(X,y,Z):EW(Xsysz)
2m oz

v ax?
2 2
—- h _l YY) = E, = const
2m | y(y) ay? -
2 2 :
_h_ I o°y(@) = E; = const
2m | y(z) 8z° ‘

hay

Dung cdc diéu kién bién :
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w0, v, 2) = y(x, 0, Z)_= wix,y, =0
wla, y,z2)=y(x,b,2) = y{x, y.c)=0

va thyc hién chuan hod him séng ta tim duoc -

z 22
Wy (x)—_—ﬁsin(n}nx],Elz A nim i
! a a 2m 32

n=1273.
2 nymy h? n%n2
v =,/—sin yEy= —
V=4 ( b J 27 2m b2
n2=1,2,3...
2 . {n3nz e n%ﬂ2
Z) = {—sin} — yEi= —————

8 . mmX . nomy . mauz
wnimm(x.y.z)a/——sm 1™ sin 2™ gjn 13
= abc a b c

' 7 ] o)
E B n*n? ny -n% nj
many T Y 2T

n,m,ny=1,23_

Cicgidtrin; =0,n, =0 vany=0dandén y .0, (X, y,2) =0
va do d6 xdc suat tim thay hat tai moi diém trong giéng thé bang
khong. Diéu ndy mau thudn véi bai todn 14 cho hat & trong giéng
the. Vay cdc gid tri ny = 0, ny = 0 vad ny = 0 bi loai trir. Khi thay
n| = —ny, Ny = —Ny, Ny = —n; thi ham séng d6i dau. Hai ham séng
khdc ddu cing moé ta mot trang thdi ciia hat. Vi vay chi can lay cédc

gid tri duong va nguyén cila ny, n, va ny 1a do.
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51. Phuong trinh Srodingo khéng phu thudc thai gian c6 dang :

2 |
W) 20 e Ul =0
dx~ h- .

~ Trong mién x < 0 (mién 1)

d?y; 2m
L ZRHE- U w0 = 0
dx A

ViU, - E > 0 nen dat k} :2—T(U0 —E).
o h

”

Khi 46 ta c6 = 2 1y =0
dx

Nghiém w;(x) c6 dang :
yi(x) = Alek!x +B]e_k'x.
Dé w (x) hitu han khi x — — w0 ta dit B, = 0. Vay :
Vi) = Ak
— Trong mién 0 £ x <d (mién II)
2
dizu** Ky =0,k = E%E
dx he
Nghié¢m ysy;(x) ¢é dang :
yp(x) = Asin(kx + a)
trong dé A va « 1a nhiing hing s8¢
- Trong mién x > d (mién III)
d*yr(x)
dx?

~kfwm(x) =0
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Nghtém yy(x) c6 dang :

W”]{x) = Ageklx +B26_k1x

Dé yy(x) hitu han khi x —> +o0, ta dat A, = 0.
Vay ham w;(x) ¢6 dang :

wini(x) = Bye ¥

Tir céc diéu kién lién tuc cilta ham séng va dao him cta ham
song tai difm x =0 vax=d, tacé:

wi(0) = v;((0) — A, = Asina

Wi(0) =y (0) > kA, = kAcosa

W) = yy(d) —> Asin(kd + o) = Bye k19

yi(d) =y (d) - kAcos(kd + et} = —k,Bye X9
Dé dang thdy ring :

cotgo = kK >0, cotg(kd + ) = —h.

k k

cotga = —cotg(kd + a).

Néulﬁyanémglﬁaﬂvﬁgthlsmazﬂva

. ] 1 1 hk
Sindx = = =

Ny \/ ]
1+] — E
k
hk
2m

Ti diay suy ra: @ = arsin| ————
v UG
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Diéu kién cotg(kd + o) = — cotga v6i 0 € ax £ g cho ta :

kd+a=(r-a)+qnvéiq=0,1,2,3... hay
kd=-2a+nm,n=q+1=1,2,3,4..
Phuong trinh

kd = —2arsin| —®* | tnm,n=1,2,3.
" 2mU,,
2,2 _
xdc dinh nang luong E = 5 cua hat. Vi k phu thudc vio so
m

lugng tr n nén E phu thudée vdo n. Vi 0 < sina < 1 nén ta c6 0 <

' 2mu .
Ik SlhayO<k < k. v ky,x = ~——2 Giao di€m cia
2miJ, : .

dudng y = dk va dudng y, = nn -~ Zarsin{ J xdc dinh

hk
J2mU,
nhimg nghié¢m k;, k,, ks... (h. 3.5). Nhitng nghiém nay cho phé
k3

gidn doan E : E =
2m

,n=1 2 3.

52. Phu'orng trinh Srédingo trong cdc mién I, 11 va I

4
_wlz(i)_kf\pl(x) =0khix<0
X
g]gﬁﬂ+gwnu)=0km03xsd
dx
dhll—"lll(x) ~K3ygp(x) =0khix>d

dx
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| y(k)
3T Yy :
] /&v
. /S
ph ol N A
l
|
. 1
ol 1
|
|
|
)
i
-k
Ko = V2ml)
max h
Hinh 35
trong dé |
2 2
k=2, —E), K= “;E, k3 ==2(U; - E)
h- h h

Céc nghiém hitu han y(x), yy(x).va gy (x) cé dang :

X

y(x) = Alek”‘ s (X)) = Asin(kx + a), y (X} = Bze—“-

Céc didu kién lién tuc cha ham séng va dao ham cia ching tai

cic difmx=0vix=dchota:
W (0} =y () — A, = Asina
q;ll (0= \p'"((}) — A k= Akcosa

W[[{d) = l,l.!'[“(d) o Asin(kd + U.} = Bze_kzd

w}] (d)= will(d) — Akcos(kd + a) = -szgc_kzd

Dé dang thay rang :
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cotgo = Eki— > 0, cotg(kd + o) = - l—(kl <0
: . s T .
Chon a nam giita 0 va 5 thi ta ¢6 :
. 1 hk
sino, =

|
. _ \{l'+cotg2a \jl"'ﬁ J2mU;

k2

hk k
o = arsin| ——1, cot (kd-i-Ot}=——2 = — cot
[,/ZmUl} 8 k cotgP

Vi cotgB = —% > 0 nén ta chon P ndm giifa O va 2 khi d6 1a
g K g

co:

kd+a=(nr-P) +qr,q=0,1,2,3...
haykd=-a -B+nn,n=q+1=1,2,3..tacd:

. 1 hk . hk
sinfd = == P =arsinf ——
\/1 e J2mU, 2mU,

kd = —arsin ——h--—- - arsin(L +nn
L 2mU, L,/zmu2 '

n=1,2, 3.
24,2

E, = h7k;,
2m

Cic trudng hop dac biét :
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a)KhiU, =U,=U_ tacd:

hk
2mU,

b) Khi U, =U, = o0 thi a= B = 0. Khi d6 ta c6 :

kd=—23rsin( } +nﬁ,n= 1,2,3, ...

hzkﬁ N n n’a?

kd=nT[, 1= I, 2, 3-"‘ En= = A 3
2Zm  2m g-

D6 1a trudng hop hat & trong giéng thé mot chiéu ¢é thanh cac
vé han.

¢) Khi U, = o thi B = 0. Khi 46 ta tim dugc :

kd = —arsin{ hk J + nn

4 sz]
53. Cac phuong trinh Srodingo trong cac viing I, 11 va 111 ¢6 dang:
dzqu(x)
2

X

+kiyp(x) =0khix <0

2 .
iﬂ’ﬂzi"_)+k§w(x) =0khiO<x<d

dx
2
| Qu“iﬂé-(ﬁw%wm(x) =0khix>d
dx
trong dé k|2 :-2-:715, k% =-2;2n~(E+U0).
1

Céc nghiém yp, gy, Wy €6 dang :
yi(x) = eiklx +B|e—ik1x

Y (x) = Aye'*2% 4 By K2
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W{l[(x) - A3 elk|x +B36_lk1x

Trong vung II1 khong cé séng phan xa nén ta dat B; = 0.
a) Tur diéu kién lién tuc chia v va y' tai cdc diém x = 0 va x =
d ta xdc dinh dwoc cdc hé sé B, A,, B, va A, tic 12 xdc dinh duge

ham séng cha hat.
Y =wy(0) > 1+B;,=A,+B,,
W0 =y;(0) - k{1 ~B)) =ky(A, ~ By),
wi(d) = yyp(d) > Age®2? 4 Bzc_ikzcl = Aqe1
Yi(d) =y ) - ka(Are™ —Bye 2%y =k Aqe™1?
hay A, +By=1+B,

Aq—quh(l—Bl)
2B

Azelkzd +Bze-—lk2d :A:?.Clkld

Ageitad _p eikad kjAs ik

ko
Tir hai dang thic ddu ta cé :
2A,=1+ ki + (1 LTl 1B,
) k> k2

2B, = 1 - KLy 1+ KLy
- 2 k;

. TW hai ding thirc cudi ta tim dirgc :

2 Aeikad :Agcikm[l_'_k_]]
2
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2 Bae *2d = A efkid [1 —ﬁ]

Dé dang thay ring :
[l+ﬂ}+(l—5—]-]81 [l+ﬂ]
24 _\ Kk Ka) 2kl Ky
2B
BN TN  IN .51 B, -k
k; ky k7

Tir ding thic ndy ta tim duge B, bi€t dugc B, ta x4c dinh

dugc A, va B,, biét duge A, (hay Bj) ta xdc dinh duoc A,.

(k% _klz){eikzd _e—ikgd}

By = (k| +ko)Pe 8 _ (i) —k Peae
Ao 2ky(ky +kg)e ¥
Tk ke R Lk, — k)RR
B Tk
Tk +kp)te ™ gk ke
Az = 2 flfgj(aze_ik‘d 2 ik»d
(k; +ky e Kl _k, _k,)Pek2
By =0

b) Cdc ham song y,, Woxs vi Yq cé dang :

ik]x -—ik|x

Wi = ey (x) = Bie T y(x) = Age™

Céc hé s6 phin xa R va hé s6 truyén qua D duge xéc dinh tir
cdc cong thic :

i16



; 2 2.2 . 2
R = -_JI'J_X:|B1|2 = 3 (k2 _kl ) Sln’)(szi)
J 4k7k3 + (k¥ —Kk3)? sin® (k,d)
Jia| 4713
D= IA"\ T2v2 Ll 122
{ii] 4k2Kk3 + (k2 - K3)? sin(k,d)

Dé dang thiy rang R + D = 1.
54. Phuong trinh Srédingo trong cédc ving I, II va III ¢é dang :

2
- WIZ(X) + kIZWI(X) =0 khix<0
dx
& \P'u( X +k"W11(K) Okhi0<sx<d
dx
2
M+ kIQ‘IJIII(’():O khix>d
dx?
Trong d6 ki =20E (3 - 2mE-Uo)
e - 2

— Xét truong hop E > U,

Céc nghiém wyy, yyp va yyyp ¢6 dang :

Trong viing III khong ¢é séng phan xa nén ta dit By = 0.

Song di téi'lpt(x) = ¢'™*  s6ng phan xa Yox(X) = B,e_ikl" v
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séng truyén qua Yalx) = A3eik‘x . Tu diéu kién lién tuc clia W(x) vi

y'(x) tai diém x = 0 va x = d ta xdc dinh dugc B,. Ay, B, va Aq.

(k% _ klz ){eikgd _ e—ikzd}

Bl = - "
A~ 2K, (kg + ke 2

o N . -

- (k2 + kl )2€—1k3d —(k2 _ k])2 clk'ﬂd
B - 2K, (k; - k))e'’*2

T - B B .
Ao 4k ke ki

1=

Hé s phan xa R vi hé s8 truyén qua D dugc xac dinh bang
cic cong thifc san :

R < M;‘Bl‘z (K3 —ki) sin’(kpd)
Jr 4kTk3 + (k7 —k3)* sin® (k,d)
oo il up.wdd

i

Dé thady rang R + D= 1.

akikd + (k¥ —k3)% sin? (kpd)

— Xét trudng hop khi E < U,

Trong trudng hop nay ta dat k, = ik trong dé k = ,fz?m(Uo -E).

Thay k; = ik vio biéu thifc cia B, va A, ta duogc :
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. _(k2+k]2){e—kd_ekd}

(kg +ik)Pe ok, —ik)Ze ™

Ao 4ik ke ™14
vy =
(ky +ik)?eXd —(k —ik)?e

GRS

!

R=[B|" - 2 kd —kd|?
‘(k,+ik)‘e ~(k, —ike |

2 16k Tk*
D= [As"= 2 kd 202 —kdf?
|(kl+ik) e _(k, ~ik)2e |

Chd ¥ rang

2
kd _ _-kd
sh”(kd) = {—-~—e 26 } =%{e2kd +e2kd —2}

hay ek + 72K _ 9 4 4sh?(kd) ta tim duoc :

(k% +k2)2 sh? (kd)
= (k% + k2)?sh? (kd) + 4k Pk
_ akik*
(&2 + k2)%sh? (kd) + 4k K’
R+D=1.
kd

Khikd>> 1 thie " =0, shkd) = ~— viitacé
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Vi e 5> 1 khi kd >> 1 nén gan ding ta c6 :

D~De " trongdé k = ’%(Uo ~E) va

16  16k7k?

D, = = ~
(ku kT ki Kk

o

k  k;

55. Gia sir hat c6 nang
lugng E > U, t6i hang rao b L)
thé tir bén trdi. Khi d6 &
mién x — o« v U(w) = U,
(h.3.6) chi ¢6 soéng truyén

qua Yy, vA & mién X - — ©
q Ug

v@i U(— ) = 0 ¢6 ca séng

>

t6i y; va séng phan xa yip,. Hinit 3.6
Phuong trinh Srédingo & mién I (mién bén trdi c6 séng t&i va séng

phén xa) vd & mién II (mién bén phidi cé séng truyén qua y,) cé

dang :
dPyp(x) 2 Py o
—j-—+ k]ll}i()()=0, —q——-+k2q}11(x)=0
dx~ . X
trong do k? :_ZmTE‘
h
5 Zm(E—UO)
k2 - hz

Nghiém y(x) va yy{x) s€ la:
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i) = M1 £ BeIE y(x) = Ak

Cdc séng (61 y(x), song phan xa yp, (x} va séng truyén qua
qu(x) cod dang :
ikyx

—ikyx ikax

Y(x)=e

Khi d6 j, = %’jp“ __ Ik \B|2 va j, = hk 4

» Wpx(x} = Be LX) = Ae

‘Al Cic hé s6
phin xa R va hé s& truyén qua D duge xdc dinh nhu sau :

jal _ k2

Jial
PETT

R =

| _ g
iy

Muén ching minh hé thic R + D = 1 ta sit dung dinh luat' bao
toin s6 hat nghia 13 diing phuong trinh lién tuc.

3|y

L divi=0
a o

\A\

Bai toan dang xét la dimg nén |Lpl|2 khong phu thudc rd vao

2
9 -
thoi gian t va do dé ﬁ =0 vadivj = 0. Trong truéng hop moi
s Oy . .
chiéu —* =0 hay j, = const. Ta ¢é:
ox
. . . hk]
Jy=—x =1 + .]px = “T;'l—‘_
, .2
Jx=x =g = 1A\ Tu diéu kién J, = const hay
. hky, Ak
Jx=—on = Jy_x SUY TR ——'——llB‘2 = Ek—ziAf hay R + D= 1.
m m



56. Phuong trinh Srodingo cta dao dong tir mot chiéu cé dang :

{ 22

n 2 1 _
H(x)w(x)zi——ﬁ— - +—mm2x2}w(x}=Ew(x)
2m dx 2

trong dé m 1a kh&i lugng ciua hat, ® la tin s6 dao dong. Dit

' Tme . . . d® med )
E=,—x vachuyring —=———tacd:
h dx>  hogE?

d? 2E
—dlg,(f) + (;‘Ug ~&? JW(E’) =0

Khi £ — + o thi bo qua s hang i—E~ bé han so vdi &2, ta dugce :
®

“L?*rfw@ =0
£
Nghiém cta phuong trinh nay ¢6 dang e 2 khi £ + 0. DE
&
ham séng (&) hitu han khi £&— +oo ta chi 14y nghiém e 2 .
Nghiém (&) tdng quét d6i véi & bat ki duoe tim dudi dang :
£2
WO =e THE)

Dat biéu thite ctia Ww(&) nay vao phuong trinh vi phan cua dao

déng tir diéu hoa ta tim duge phuong trinh vi phan d6i véi haim H(E).

2
d }f 2 oH -0
de* dg
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trong dé 2n = %— - 1.
©

Nghiém H(Z) dugc tim dudi dang chudi :

HE) = Y a gk

k=0
Pat biu thic clia H(E) nay vdo phuong trinh vi phan d6i vdi
H(E) ta cé :

o =0
> agk(k-DEFZ 23 apkeF + 20 a2t =0
k=2 k=1 k=0

Trong téng dAu thay chi s6 téng k — k + 2, trong tdng thif hai
cho k chay tir s§ O (s& hang ing v4i k = 0 khong cho déng gép
trong téng thit hai), ta ¢6 :

> {k+ Dk + Dayp -2k ~mag &4 =0
k=0

Tir phuong trinh nay suy ra :

2(k —n)

a = ——————a
K27 k+)(k+2) K

Biét dugc a, ta xdc dinh dugc a,,, hay nguge lai. Dé ham
séng W(&) 1a hiru han thi k phai ding & moét gia tri k, ndo dé.

Khido ay  #0conay  io=ay 4q4=..50

He s6 ay 5= 0 khi k,,,x = n. Visd k la s6 nguyén khong

am nén n la s6 nguyén khong dm. Khi dé ta c6 :
E, = hm(n+%)'vdi_n =0,1,2,3.

Ham H(&) tro thinh moét da thite bac n
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, khin chin
a& khinle

d

H,1(E,) = anﬁn + an;gﬁnhz + ..+ {

Vi thira s6 chudn hod cia ham séng (&) chua xdc dinh nén hé s6
_(k + 1)(k +2)a

a, cdn tuy ¥ chon. Pata, = 2" thi tlr hé thic a) =
: 2(n-k)

+2

néu thay k + 2 = n ta tim dugc a,_, vathay k + 2 =n - 2 ta tim
duge a,_y, v.v... Khidétacéd:

an ,= “2D“2 n(nllr_ 1) ;

o = IO D)
) 2!
Da thuc H, (£) bay gir dugce viét lai nhu sau :

H, (&) = (28)" - ““‘l—,‘”(zé)“‘2 "

+ nn—1¥{n-2}n-3
2!

hay viét duéi dang vi p'han :

Qe

22 42 2
Hy®) = (-D"e> —(e™)
dg

Hy(&) = 1, H () = 28, Ho(B) = 487 = 2, ..

Ham séng y.(x) cia dao dong tir diéu hoa ¢6 dang :

-

g2
mao»

WaE) = Age 2 H,(E), &= =x

xac dinh A, ti¥ diéu kién chuin hoa ham séng :
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o« ) 2
[lwatof e =A2 -2 e m2 g = 1.
e md e

174
A - (219] i
n h \ﬁ

trong dé tich phan I duge xdc dinh nhu sau :

[ra]

e

—o

n—1 -
-1y jH @d[d - ‘é*]
az"

Tich phén tirng phan tich phan nay n lan ta ¢6 :

I e™ )dE

il

i ndg
de®

(= PP oS

n o a
—H,=2"n!, [eFdi=vr ta tim duoc
o

Cht ¥ ring

1=2"n!n. Vay

[mm]lm 1
A= | — —
h 2"ntdn

Détinh X,x° ta ding hé thitc cia da thic ecmit H,
Da thiic H,,(&) thoa min phuong trinh :

d’H,,

dg?
Chu y ring :

—L+2nH, =0
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dHy o [ opnmt_(0-D0O-2) } _
T —2n{(2¢) (20"

3
d I{n =2n dH,_ =2n2(n-1DH,_»
de? 4z

ta cd :

2n.2(n - DH, , - 2026H,_, + 2nH, =0
hay EH,. = (n - 1)H_» + %Hn
Thayn > n+1vain—n+2taduge:
gH, = nH,., + 2 Hy,.
EH_,, = (n+ DH, + %H

Dé dang thay ring :

R 1
E;_Hn = nE.an-l + EéHnH

1 1
= (n + E)Hn + I‘I(I‘I - I)Hﬂ-2 + ZHH"'Z

x= [ yn(oxynxdx =

0w

- L jwn( oun(® = <A} Ie N, @EH, E)d

o

L5 2 !
AL Je Hn@{an_1té)+5HnH<é)}da

mao
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h A T 3
= A,: | '"_i Yo, ((E)E +
A OA, o
+ — 1" JEME =0
2]‘[‘[(1) An+] w‘j[wn(g)wn I(E:) é

(do tinh chét trwc giao cha cdc ham riéng y , w, -, vy )

X% = jw:,(x)xztpn(x)dx =

i 3/2 = .
= {—] Jwn(©E? <y, @)t
mim o

N
_ (_] A2 [ ¥ H, 087 H, (©)d

m

=]

—iaT

FNTEN q. |
= [—} Ar e‘;"'Hn@){[mE]anéh

maom

!
+ n(n-1H,_, +:1-Hn+2 } d§

Chii y rang :

=

h el
AR [ H @H B =1,

mio

[ Ewaa(E)E =0, [ yhEWn,2E)XE =0

- -

ta tim duoc :



= ; ( 1\ 1, 1} En
- _—rnm x2 =—ho| n+—|=—1
mo 2 2 L 2 2

57. a) Phuong trinh Sroédingo cha dao dong tir diéu hoa ba

chiéu c¢é dang :

2 2 2
H\p{x y,Z)= —h— _6_“ 0 +E—§- +
ox? 6y 52

+%(m|2x2 + m%yz +m§z2 )} W(X,y.z) =Ey(x,y,2).

Pat wix, v, z) = w(x)w(y)y(z) vao phugng trinh trén roi chia
ca hai v€ cua phuong trinh vira nhan dugc cho y(x)y(y)y(z) ta co :

2 2
! {_)‘1__5 W) +lmm12x2\p'(x)}+

w(x}| 2m 8x2 2

1 a‘w(y)
+ +— mm {y)
w(y){ 2m gyt 2 ywy}

+ I L lp(Z)+ m(n zZ w(z) = E = const
w(z)| 2m a2
Tir day ‘;uy ra :
2 g° \p'(x) |
2]'1'1 dx

d
w(y)+ —mody y(y) = E;w(y)

mmfxzw(x) = Ejy(x)

;P clzlp(z) i

mm%zzq}(z) = Ejy(z)
2]‘1‘1 dz
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v61 E; = const, E; = const, E; = const va E=E| + E, + E;. Céc phuong

trinh 481 vdi cdc ham séng w(x), w(y) va \u(z) Ta nhiing phuong trinh
dao dong tir diéu hod mét chiéu.

Diat X = ,/"‘"’1 /m _—2y 7=

Z taco:

1
Wn, (X):Anle “1(X) E,, =ho [n, +5J

Y:
5 1
wnz (Y)=An26 2 an{Y), El’12 :hmz[nz "rEJ

2
- |
Vo, (ZY=Ape 2H, (2), E,, :hm3[n3 +E)

véing,n, ny=0,1,2,3..va A, ,A A

n;s ngs By 14 cac hé s6 chuan

héa him séng :

A =| mon 14 1
M hT[ J2n1n|!

1/4
A _[m(ﬂz) 1
n~» — T
o _[mo; ve
" an n
\/2 3]’13!

Ham séng va nang lugng cia dao dong t&r diéu hoa ba chiéu
duoc xdc dinh nhir sau :

wﬂll'lzﬂ?, (X,y,z} = I"pl'lt (x)\l}nz (y)q}n; (Z)
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N

W + 0y + (3
Enjnang = oy + Eny +Ey, :h[mlnl 0Ny 303+
ny,np,ny=0,1,2,3, ..

b)KhiO}l=m2=m3 =mtacd:
3 3 '
Enpngny = ho l11+"‘2+“3+5 = hw n+§ =E,.

vdln = n; + n, + ny. Ung véi mot gid tri clia n dd cho (tic 13 ing véi
miic nang lugng E Ytacé g, ham Wamnany (X.¥:2) V6o + 0y + 03 =n.

S6 g,, 12 boi suy bién mic E,. Ta xédc dinh s6 g,. Khi ¢& dinh n, n; va
cho n, thay déi thi n, thay déi theo (ny tr& nén phu thuéc). Gid tri bé
nhat céia n, bing khong (khi n; = n — n|) va gid tri 16n nhdt cha n,
bing (n — n;) (khin; = 0). Cdc gid tricé thé cé6chan, 12 0, 1, 2, ...
(n —n). S6 gid tri c6 thé ¢6 chan, khi c6 dinhnvan; la(n—np) + L.
S6 gié tri clia n, c6 thé c6 Ung véi moi gi4 tri khdc nhau clia n; tir gia

tri n; = 0 dén gid tri n| = n cho ta boi suy bién g :

n
g"= DY @-nm+h)=m+D+n+@-1)+@-2)+ .. +2+1
n1=0

Pay 12 mot cdp sé cdc s ty nhién ¢é s6 hang ddu bing 1 s6
hang cudi bing n + 1 vacé sd s6 hang la(n + 1) :

l+{n+1)
n:_—'

(n +1)=—;—(n+2)(11+ 1)

Mirc khong suy bién duy nhat dng véin = 0.
58. Chon truc Oz huéng doc theo chiéu cla vecto cam ing tir

B. Khi d6 ta c6 B, = B, = 0 va B, = B. Ta biét ring B = rot A, néu
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chon A, = -B,, A, = A, = 0 thi diéu kien B, =B, =0va B, = B
duge thoa man.

Phuong trinh Srodingo cla électron chuyén dong trong tu
trudng cé vecto B huéng doc theo truc Oz ¢ dang :
o~ 1 ~ e —
By(x.y,2) = ——(p-—A)W(X,y,2) = Ey(x, ¥, 2)
_ Zm ¢
Ta biét :
~ 1 e 13 epae =\ €* —3
H=—J|p-——-A| =— —=(pA+Ap|+—(A
Zm(p S ] 5m1P C(p p) c2( )
Chii y ring A, = -B,, A = A, = 0, B = const,
PA ~ Ap =-ihVA

0A,  OAy 0A

VA‘ = Z — O
X dy oz
taco:

3 _ 2

H=2 S X+ (A)
2m m¢ ) 2me
2.3, 3

~ +pl+

fi= Px ¥Py +1;

e ~ - -
_E(Axpx + Aypy + Azpz) +

2
+

2 2 2
(A TAY A

N 2 {2 2 2 - 2
2m | 9x? 8y* 8z°] mc & 2mc?
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Phuong trinh Srodingo cia électron bay gio dugc viét lai nhu
sau :

L 62w(x,y,z)+62w(x,y12)+62w(x,y,z} ~
2m axz ay2 azz

iehB dy(x,y,z) €
_ IehBoy(y.z) . B2y2yi(x.y,2) = By(x,y,2) .
mc ax 2mc
Ham séng w(X, vy, z) dugc tim dudi dang :

ikxxeikzz

wix, vy, z) = e o(y). Dit biéu thic cha w(x, y, z) =

e'*xe* 2% vy vio phuong trinh Srédingo va chi ¥ riing

i Pyy) Ry B &1k

2m 52 2m 2max2w 2m v
- %:hkxw

ta tim dugce phuong trinh déi véi @(y) :

2 32 24.2 2.2 hk.eB 2n2. 2
_de (R kg | xey(ereBy(P:E(P

2m 2m mc 2mc
2 2 2 2
# d%p mo nk ,
hay —— 7+ [y+ ] o(y)=E'e(y)
2m dy 2 mo :
K3 '
trong d6 @ = B vﬁE'zE_—? K
me 2m
2 2
DatY=y+ Ry va chi y ring — = d ta cé :
mo dy? dy?

_ h* dz(ﬂ(y)Jr mo
2m dy2 2

2
Y2p(Y) = E'o(Y)
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bay 1a phuong trinh cda dao dong t&r diéu hoa mot chiéu véi

ham séng ¢(Y) va nang luong E. Dit E = 1/%\’ taco:

n(EJ)_ A e?Hn(é) i V f’l 1,/ ( + X)

E', = h(o(n +-;—J ,n=0,1,2._.

174
A = [ﬂ] l
" hTE ||2['ln!
Ham séng w(x, y, z) va ning luong E cla électron dugc xéc

dinh nhu sau : Wk, .k, (%Y,2) =ei(k"x+k’-z)(pn(é)

.27 2 2,2
E. k, :E'n+h L :hm(n+%]+ LS

2m 2m

n=20,1,2,3.
59, Thé niang cia luc tinh dién :
fjl (x)= —dex = —Je|5|dx = —e‘s!x
Thé nang cia dao dong t& dudi tdc dung cha dién trudng
khong d6i € dat doc theo truc Ox.

2
U(x) = o x? ~c|s|x

Phuong trinh Srédingo clia dao dong tlr mét chiéu dusi tdc
dung cha dién truong khong déi € :
ntoa®

ﬁ(x)\p(x}: I d - +—mox* —ele]x py(x) = Ey(x)
2m dx~ 2
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2 2
elsL w‘ichﬁy d :d_

mw” dx2 dXz .
2
mia XZ_ ‘ |2 m(,l}2X e]SlX
2 2mom
tacd:
h2 d? m(g 2||
* X) = Ew(X)
“2m dx? 2 2 W W
hay

¢ mo’ .
{“E@J’mz Xz}w(x)% W(X)

trong d6 E'=E + _.__ll_

Pt g = \/7 J—[ eISIJ

ta tim duge :

.2
5 meo /4 1

Wa(8) = Aje “ Hp(8), Ay = (m] —
h 2"ntJn
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60. The nang dao dong cha hé hai hat :
U(xl, X’;) = EX% +EX% +E(XZ —Xl)z
-2 2 2
Bong nang cia hé hai hat :

mi! mx: pt  p
mXp  mX; PP P2

T= =
2 2 2m  2m

Goi X la toa d¢ khoi tam va x la toa do tuong déi cia hai hat.

ta co :

X = mpxy +mqoXs _X1+X2
mi+m2 2
X X
hﬁy X]=X"—,X9=X+—
' 2 - 2

(m; = m, =m)

Ki hiéu M = m; + m, = 2m 13 kh&i lugng cua hé hai hat,

. mymj
ml + m2

UX, x) = aX* + %2]3){2

2 .2 2 2
MX™  p"_p P
2 2 M 2u

trong d6 P=MX ,p=pui.bito, = ‘f%x-:\/—g—
m

a+2B  ja+2B
- = =
- 2u m

T=

ta viét duge ham Haminton cta hé hat

=2 1a khoi lugng thu gon cta hé hai hat, ta cé :



2 2
“ 1
H=T+U=1_ +p—+ l'\/‘Iu)]X2 Euw 3x2.

2M 2 2
Todn tr Haminton ctia hé hai hat dao dong cé dang :
- n o~ 4 B d?
HX,x)=T+0=—" s +—Mm%X2—LL+—m§x2
M gx- 2 2udx~ 2

Phugng trinh Srédingo cia hé hai hat dao dong sé 1a :

hE 2 2
LV ’x? --FL—+ !qux w(X, x) = By(X, x)
M d)«:2 2 o 2ugx? 2

bat wiX, x) = ¢w(X)y(x) ta tim duoc :

Wodt 1. s
-—— +-MoiX® » y(X) = Ew(X)

a5,
-k — L3 X y(x} = Esp(x
{ AP W(x) = Epw(x)

trong d6 E| = const, E, = const va E = E; + E,. D6 12 hai phuong
trinh Srodingo cua ciac dao dong diéu hod mot chidu. Dit

- \/Mmlx \/2mw] {xl+x2]
2
\|' \fn;:z (x2 -x;)

22
=

wﬂl(a):Anle : H“l &), E11| 211(.01[11; +%J

ta tim dugce

“

n

— 1
Wn:(n)zAnze - Hn: (. E|~|2 =hm2(n2 +E]
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k! >

&7+

WI‘IIHE(T]'JE;):AH]AHEC z Hl’ll(é)an (T])

1 |
Eqan, =Ep +Em ——hm[ni +-5]+Fr(02[n2 +—2~]
n,n,=0.1,2,3..

61. Ta biét ring L} +L), =L*-L> . Khi dé ta ¢6 :

% IR
— | ——— |l
2, i L I

e —

. 7 . 2 - 2 " 3 .
Biéu dién L vd L; qua toa do cdu ta tim dugc :

I)

H(8,0) Y} (8,0) = E o Yy (6,9)

E, - g 11 1] oo
2, 2|L

[=0,1,2,..:m=0+1,+2,... %]

trong 46 :

Y, (0.0) = N, P/ (cos )e™?

B+ 1)

Khil, =1, =13 thi E, = 21
]

62. Phuong trinh Srédingg cua hat cé dang :

2 2
dy Sx) 2 [E+_}U(X)

ax? x|



Xét tru‘(‘)ng.hqp khi ning lugng E < 0. Bt

2
2n;E:_ 2’ mze —o €= 2y
h Ay
o dhy o dYy )
vachiyring —=4y"— tacd:
dx~ d&”
a? . o
EREI
dz 4 [

Xét mién £ > 0. Khi £ - + o« thi phuong trinh & dang tiém
e

dzw i - . . ; . %

-———-2-——pr:0 s& co nghiém (&) = e (nghiém y = e khéng

dE :

thod man diéu kién tiéu chuan). Nghiém (&) trong truémg hop

téng quat duoc tim dudi dang :

cin

rri

w(&) = e2 F(§)
Pat biéu thic cia y(&) vao phuong trinh Srédingo ta tim duge
phuong trinh d6i v&i ham F(E).

dF(€)

. d2F(E) ~
5 d&

= a2

+aFE) =0
Tim ham F(£) duéi dang chudi :

FE) = Y e

k=0

dF & ke
khi d6 ta cé —= Y a k&* ",
dg k=l
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2 o
S g k- ket
T k=2

dg

o _ o =0

Suy ra » k(k~Da 5" =Y kayE¥ + oY a gk =0
' k=2 k=] k=0

Trong téng ddu thay chi s6 tdng k — k + 1, ta duoc :
o
DAk +Dkay, +(@—Ka ek =0
k=0 :

Tit phuong trinh nay suy ra :
khi k = 0 ta ¢6 oa, = 0 hay a, = 0. Biét a, (k = 1, 2, 3...) ta xic

dinh duge a,, ; nhis hé thire ;

Ap1 = i%ak J(k=1,2,..)
Dé ham song (&) hitu han thi k phai dirng & mot gid tri
Kmax = nao0 d6. Khidé a; # 0 concica,,, =a,,,=...=0. Heso
e = A T 0 khi k,,, = n. Vi k 1 ohiing s6 nguyén duong

(k =1, 2..)) nén k,,,, = n ciing la s6 nguyén duong (n = 1, 2...).
Ham séng w(£) c6 dang :

B

wn(g)':ei Zn: akék VOia | = kzn a
o k(k+1)

k

Vi ham () chua chuén hod thi ta ¢6 thé cho trudc gid tri
cia mot hé s6 (vi du a; chang han) thi cic hé s6 a, con lai hoan

t0an xdc dinh.
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Chi ¥ rang

Tua tim dugc E, = ~ n=1,2, 3...
T 2nn?

Muon ¢6é nghiém d6i véi mién & < 0O ta dua vao bién n =

Phuong trinh sé& ¢6 cing dang nhu dé&i véi & > 0.

d”y(n)
dn”

Nghiém ¥(n) c6 dang giéng nhu y(&) vdi & > 0.

+[——1—+E}w(n) =0,n>0.
4 m

—_In
) =e 2 an*

63. Phuong trinh Srodingo cla hat ¢é dang :

d’ L, 2"’{5 Uy(e™ 2e““‘}w(x) =0
dx he
Daty=e % B = 2?U° ,E= 2;”% va chi y ring
o oo
2 2
d lfzaj dy y hd ta tim ducc
dx* dy " ay?
2 d%y Vo202
—— Y= BYT =2y)w ey =0
dy® = dy
dhy L1d 2 &
hay W—Ba—_w+-5w=o
dy? y dy y vy
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Khi x — — e thi y — =« vi phuong

2
trinh & dang tiém can 4y _BZW:C =0  YUix)

dy?
c6 nghiém vy, = e Py (nghiém ey khéng \ N
thoa man diéu kién hiru han). Khi x — + o \/— *

thi y — 0 va y, = 0 (h.3.7). Nghiém w,
duge tim duéi dang v, = y*. Dat v, =y* Hint 3.7

viio phuong trinh vi phan d6i véi ham w(y) ta tim duoc :

y* k(k-1)+k+s—[32y3+252y} =0

hay k(k - 1} +k+&~pBy>+2p% =0
Khi y—)UtaC(’)k2+g=0hayk=i-\,‘_8'Vay
- yiJ:E:=eidt2x

W, VOl X — @,

Khi >0 thi E>0va v—¢ =ifle[. Him v, khi d6 12 hiu han
va phé ning luong E 13 lién tue. Ta khong xét trudng hop nay.
Khie<OthiE<Ova v—¢ =& >0, Tfong trudng hop ning

+aix +oeAx

luong E ¢6 gid tri &m nay ta c6 @ y, = ¢ . Nghiém e - W
khi x — @ khéng thod man diéu kién hiru han clia hAm séng nén bj
loai b va ta chi ldy nghiem y, =e *** = y" v6i A = J~¢. Nghiém

tong quat y(y) duge tim dudi dang :

wiy) = Py Fy)
Thay biéu thic clia hAam y(y) vio phuong trinh vi phan ciia né
ta nhin dvoc phuong trinh vi phan déi véi ham F(y) ;
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)

L .

yd—Em+21—2By)£+25{5—1—l]1? =0
dy~ dy 2

o
Tim F(y) duéi dang chudi nguyén : F(y} = Zakyk . bat biéu
k=0
thire ena F(y) vao phuong trinh vi phan cua né ta dugce :

[#al o
Y kk-Dagy ™ + (1420 kay* ! -
k=2 k=1

2B§:kakyk +2[3(B—7L—%]iakyk =0
k=1

k=(}

trong téng ddu va téng thit hai ta thay chi sGténgk >k + 1, tacéd:
= |
3y {{(k Dk +(1+ 200k + Dlag,; +2Bx (B—k —x—E)ak}z 0
k=0

Moi hé s6 cua yk budc phai bang khéng. Tir day ta tim dugce hé
thie giita cdc hé s6 a, :
i
2[3{}( +A+ 3" BJ
- 3k
(k+ Ik +1+24)

Yy =

Pé ham séng w(y) hitv han thi k phai dimg & mét gid tri k., =n

naodé. Khidéa, #0vaa, =a,,=...=0
Tir diéu Kién Ak T 0,suyra:
1 ' i
2B n+i+—~Pj=0hay A=B-|n+=1.
2 : 2
B&i vi k 1a s nguyén khong am nén k_,,, = n ciing [a s6 nguyén
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khong am (n = 0, 1, 2, 3..). Tir cdc hé thic B = 2mU/ha ) va

l-z - g 2mE
h20£2

2
E,= -U,{1- o [n+-1—] ,n=0,1,2 3.
- y2mU, 2

S6 lugng t n duge gidi han boi diéu kién

ta xdc dinh dugce ning luong E | ctia hat :

I .
A=p-n- > > 0. Ham song cua hat ¢é dang :

. n
Waly) = ¢ Py*n Y agy
k={}

_ 2mE, B = J2mU,

trong do y= ehD‘.X, ln - hox ? hot va
1
2|3(k +7L+§—B]

a - a
T ke Dk +1+20)

2

Ghi chii - Néw dat & = 2py i SFoopdF F_ o2 d? F
dy dg dy ds”

phuong trinh vi phan d6i véi F(&) ¢6 dang :

d4°F

dF
oS _aF =0
&)dﬁ a

1
trongdéc=1+2l,a:+l+5—l3.

Phuong trinh vi phan déi véi F(£) nay ¢é nghiém 14 ham siéu boi
thudmg gap : :



/ 2 . 3
af aa+DE +a(a+n(a+2)§ N

/Fl—F(a c,iy=14+ —=+
cl! cle+D20 cle+ e+ 2)3

Néua=-nvédin=0,1,2, 3. thi FitrS thanh da thitc bac n.

Fi-n.c,8)=1- "¢+ ZE:; :)) ‘31 ot (D" ><———~—-—-—(E:C+_nl)fl:)!! ;
Néu c la s6 khong nguyén thi tén tai nghiém thi hai |
Fy= &£ Fla-c+1.2-¢;£) nghiém 18ng quat ¢6 dang :

F(&) = AF (&) + BF,(&). D61 v6i bii todn dd cho 1 — ¢ = -2} va
nghiém F, khéng hiu han khi £ — O nén bi loai trir. Vay
F(£) = AF,(E) véia=—n,c = 1 + 2A.

64. Phuong trinh Srodingo ciia hat ¢6 dang :

2
d w(x) 2r2n E+ Uo wix) =0
dx* h

Xét trudng hop E < 0.
Dit £ = th(ox) va chd ¢ riing

5 i Vix)
5 =1-th"{ax).
ch”(ax)
@u_—.d—w_ﬁ:q([_éz}x@m, 0 X
dx | dg dx dE \/
v =a%{(1—.é2}xd—‘“}ﬁ | Uy
dx- dc: d()'; dx Hinh 3.8
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dg £

’ 2
ta co: 4 {{I—;z}i—f}+{s(s+l)~ : £ z}w{c‘,) =

]
trong dé6  e= YT2E Lo s= Lopy 14500
O'.h 2 azhz
va s(s +1) = 2";U2°
o“h

Phuong trinh vi phan ¢6 diém ki di tai £ = 1. Dé khir diém ki
di nay ta tim ham y(&) dudi dang :

W(E) = (1 - E)FE) voi g > 0
Ta phai chon gia tri cla q thich hgp dé phuong trinh vi phan
d6i véi ham F(£) khong 6 diém ki di. Dat bidu thic ciia w(£) vao
phuong trinh vi phan ¢ha né ta dugc phuong trinh vi phan dai voi
F(&):

2 2 2
(1—2_3)9—F—2t(2q+1)_+ s(§+l)— =+ 4“2—
dg’ dg -8 1-§

—'4q2~—2q}F=0

Néu chc_)ﬁ q= %thi ta co ;
d’F dF
(1- &2 )—-2 e+ =+ {s(s+l) £ ~5}F 0
dg? dg
Tim ham F(&) dudi dang chudi nguyén :
-]
Fg)= Y a "

k=0
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Pat biéu thic cua F(£) vao phuong trinh vi phan cida né 1a
tim duge -

3 &5 [k + 2k + Dagyo +s(s + D —e(e + -
b=t

—kk—1)-2k(i +g)]a,} =0
Tu day suyra:
k(k~l}+2(1+s)k—-s(s+l)+e(s+l}a
(k+2)(k + 1) K

Pé ham séng w(£) hitu han thi k phai ding & mot gid tri

ez =

k

max =0 020 d6. Khidéa, #0va ag 42 =0.

Tir diéu kién nay ta ¢ :
nin—1+2(l+en—-ss+D+e(e+1)=0

hays—eg=n.V&in=0,1,2,3...vas-n>0.

. L2 2 2mE v e .
Ding hé thitc £° = (s — n)* = —~—5~5-ta xdc dinh duge mic
o he

nang lvong E | cda hat :

242 2

-

2
En-—-—m?I (s—n)2 =—ah {—l+
2 2

m 2m

trongddn=0, 1,2, 3...van<s.

Ham song y (&) c6 dang :

. J—2mE
Pa(8) = (1-82 Y a8 e = TD- =g - n> 0 trong d6
k=0

cdc hé s6 a, vi a,» lién h¢ véi nhau bing hé thie di xdc dinh &
trén.
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-

*Ghiochit - Néu datu = %(I ~Zy thi (1 - £7) =4u(l — u).

dF _ IdF d°F _1d°F

4% 2du’ dg? 4du?
va ta co ;

5

u(l—u)d

du3

3 +(e+ I)(l-Qu)%—F—+{s—£)(a+s+] WF =0
u

hay

-

utt - 08 e @ebrnu®E - abF =0
du- du

trongdéa=g—-s. b=g+s+1,c=g+ 1.

Phuong trinh ndy ¢6 hai nghiém F, va F, :

e 2
Fy(uw) = Fla. b,c,uy = | + 22, 2@+ Dbb D u”

c I cic+1) 21
Faw)=u'“F(l +a—c,1+b-c,2-¢c,u)

Nghi¢m téng qudt F(u) = AF(u) + BF,(u). Ham F(a. b, ¢, u) 1a
ham sieu bot. Khi x —» 2 thi§ > I viu—->0.Bsivil -¢c=-e<0
cho nén khi u — 0 thi nghi¢m F,(u) khong hitu han vi din dén
ham song y khong hiru han. Vi vay ta loai boé nghiém F(u).
Nghiém F(a, b, ¢, u) hitu han khiu - QO tic 1A khi x > cvig = |
(h.3.8). bé ¢c6 ham song y hidu han khi u = 1 (1fc 13 khi x > -
vii—> ~l)taphdaidaita=—-nvéin=20,1,2, 3. khidé F(—n, b,

¢, u) la mdt da thic bac n. Vay him séng coa hat ¢6 thé duge vist
duéi dang :
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€

&

w8 = (l—sz}EF[—n s+s+1, s+]1, —2-} vdin=5-g Tu

h¢ thic € = s — n ta xdc dinh duoc nang lupng E, cua hat.
65. Phuong trinh Srodingo cua hat ¢6 dang :
2 2
A
d w(;)+2—? E+ 2U - U°2 U2 wix) =
~dx h X A
' Al AL2mU,

Pata=Y——0 p="0
hA 2 2k

| Ulx)

8] a X

Hinh 29
_ 2(E+2U0) mA(E+2U, )

20 2hf2mU,,

2 ) 2
va chi ¢ rang d gj:f-la{zd +~l~~di},tacé:

= ax” (h.3.9)

dz2 2 dz

2 2
zd—w,+ dv y—B——E y =0
sz 2d2 z 4 :
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Khi z — oo thi nghiém hitu han . cna phuong trinh & dang

2 1 z

g 2
Wor ~3¥» = 0c6 dang yi = ¢ Z (loai b nghiem

tiém cén >
dz

z

Yoo = c_zu khong hitu han khi z — =),
Khi z — 0 thi nghiém cua phuong trinh & dang tiém can

2 2 A
1d . >
LW 188 B 0 duoc tim duoi dang w, = z2 trong d6 X 1a
dzz 2 dz Z

mot s& can tim sao cho khi z — 0 thi y, 12 hitu han,

Pat biéu thitc cha v, vao phuong trinh & dang tiém can ta fim

dugc :
L Ye [
z2 {—[—-1]+—x—sz} =0
212 4

Tir day suy ra A’ —k—4B2=0hay

- L1+ 1682
2
1—y1+16p
2.

han khi z - 0. Ta loai bd nghiém A nay. Nghiém ung véi

s o F++1+ 1602

V= > 0 ddn dén w, — 0 khi z = 0. Ta chon gid tri A

Nghiém dng véi A = < 0 din dén y, khong hitu

nay. Nghi¢m tiém can y bay gi& ¢6 dang :
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0+
i 3 1+1+16p*
1A= =

Vo= Z 5

b |

Ham song w(z) duge tim duéi dang :

w(z) = e “7, z}"rz. F(z). Dat biéu thic cia w(z) ndy vio phuong

trinh vi phan clia né ta tim dugce phuong trinh vi phan déi véi F(z).
d°F

-
dz*

z +(c—-z)d—F—aF=0
dz

Aol
trong dé a = i’-+—~}r Je= A+ —1—
2 4 2

Tim nghiém F(z) dudi dang chudi nguyén :

F(z) = Z akzk
k=0

Dat biéu thitc F(z) vio phuong trinh vi phan cha né ta 6 :
oo
j 2 {(k + Dic + Ky, —(k+a)a )} =0
k=0

Tir day suy ra ;
(k +a)
a,. = —_—y
KT R Dc+k) &

Dé ham w(z) hitu han thi k phai dimg & mot gid tri Kpax = 1t

nao d6. Khi dé a, » 0 va ay__ .y = 0. Tir diéu kién ndy ta cé

Kmax *@a=n+a=0hay a=-n.

Vi Kk [a s6 nguyén khong am nén k,,, = n ciing {2 s nguyén
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‘khong am {n =0, 1. 2, 3...). Tir hé thac :

i =

+——-—'\ :-.—_!__

i A1 mAE+2U)

A
2 4 ' 2 4 2a/2mu,

ta tim dugc biéu thic nang lugng E | cia hat.

1y2
E, = [n+%+z]—i1a‘2mU0 —-2U, hay

m

E,=+<n
4

n=0,1,23.
Ham song y (z) cua hat ¢6 dang :

2k
Yoy =e 222 ) az*
k=0
trong dé gita cdc hé s6 a, cd hé thire :
) {k—n)
Ay = 1 ax
(k+l){l+5 +k)

Ghi chii : Phuong trinh vi phan
ij__F_ {c—z)g—aF =0
dz? dz
co hat nghiém F(z) va F,(z})

az

F(z)=Fa,c.2)= 1+ ==+

cl!

| . 2+\/I+8mA2U(,/I‘z2 2h

mA

aa+ 1) z°

clc+D 2!

F (z)=z'“cF{a—c+l,2—c.z}
2

2mU, -2U,
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/ >
v11_c=1_1_%=__ﬂ’_@_

> < 0 nén nghiém F, khong

hiru han kht 2 —» 0. Nghi¢m nay ta loai bo. Nghié¢m F(a. ¢, z) 1a
ham siéu bgi. Nghiém niy I hitu han khia= -n v4in =0, 1, 2...

Vay ham séng w(z) c6 thé duge viét dudi dang :

biat o

e A

wiz)=e 2zZF[—n, k+%, z) L2 = ax’,

(2y2mU, /mA) thi bifu thic nang lugng E, dugc

viét lai nhu sau ;

trong dé

E,.=n+d8)hw,n=0,1,2, ..

2 2
s L1 \/H_SmU:,A _JSmU(,A

h2 hZ

66. Phuong trinh Srodingd cia hat :

d’w(x) 2m

2T -0
") +h—2[E—Uocotg Ex]w(x) =0 |

2 T .
batz =cosax, o = 4 thitacd:

Uix)
l-z= sinzax, *
2 1

cotgiax = ——1 !

-z |

I

dy dy dz : '
-—-lg;—ll{.—i; —c-i-z~=—2acosc1xsm0.x; ! _
dx dz dx dx 0 d i

Hinh 3.0
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d>w _[dj]z d’w L4 (d? de
dx? \dx /) dx? dxldx/dz

2

d . dy 2
= 402(1 - 2) —+2a’(1- 2)—"—’ =

d "’

x {E#UO—IU_—"J\;; =0 .

Ham séng yw(x) = 0 tai diém x = 0 vd x = d (h. 3.10) nghia 1a

tai diém z = 1. Khi z = 1 thi phuong trinh Sroédingo ¢6 dang tiém
cin sau :
2 .
z(l—z)d_ - (1~2) mTU"Q—‘i_s
dz? dz  2p°a* (1-2)

Nghiém y cta phuong trinh & dang tiém can s biang khong
khi z — 1. Nghiém nay duge tim dwdi dang :

W, (2) = (1 —2)1v6iq >0,

bat w, _, ; vao phuong trinh Srodingo ¢ dang tiém cin ta ¢o

I mU
~(-29"+q° - =q-—52

=0khi z—> |
27 2pta?
| mU
hay qQq--)- —%5 =0
2

Giai phuong trinh ta tim dugc nghiém q > 0 :
"
q= 1+ 1+81:1U;}
4 P | .

(E+U ) va chu ¥y ring




__I_ _ mU,
NV 2) 2

ta viét lai phueng trinh Srodingo caa hat nhu san :

!
2 q[tr-—]
w1~ Loy g2 N 2

2)——+—{ =0
42 2 S L e
Tim nghiém y(z) cha phuong trinh nidy dudi dang :
w(z) = (1 - 2)F(z)
Thay biéu thitc cha w(z) = (t — 2)F(z) vao phuong trinh

Srodingo ta tim duge phuong trinh vi phan doi véi ham F(z).

d°F [1 dF
I—z)—— 4t ——(1+2 —+ (B F=0
z( )dl2 [2 ( q)z]d (B )
Nghiém F(z) duge tim dudi dang chudi :

. ]
F{z) = Z akzk
k=4

Khi détacod:

-
{k—l)akz Zk(k—l)akzk +
k=2

[\/]%

—
1
(=]

* . * “
Z ay k™! ~(1429) Y agke® + (B° - q) D a2 =0
k=i k=1 k=0

I\)i—-

Trong t6ng ddu va tong thit ba ta thay chi s6 tong k - k + 1.
khi d6 ta o :

¥ l - k] 7
sz {(k+ l)(k +;}ak+1 —i(k+q)” _Bh]ak} =

k=0
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Tu day ta tim duge h¢ thire gifta cdc hé sO ay :

Ay = —q_““‘[%““k
k+D| k+-
(k+ ){ + 2)

Dé ham s6ng yw(x) hitu han tht ham F(z) phai trd thanh mot da
thitc bac k= n. Khidéa, = 0 nhung ay  p=ag 0 =..=0.

Tit diéu kién ag, +1 =0suyra:

(r+q) -p =0.n=0,1,2,3
hay '

2
= YR (E,+U,)=(n+q)

Nang lugng ctia hat bang :

Bz m

el
2522

7
n= —(n+q)" -U,
md~

2
véiq=l1+ I+M van=0,1, 2, 3...

Ham séng y,(z) ¢6 dang :
D k 217 AX
Wy, (2) = (1-2z)4 Zakz .Z = Cos” F .

k=0

Chd y rang 8 = (n + ) ta viét lai hé thic gita cdc hé s8 a,
nhu sau :
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(n—-k}n+k+2q)
4y

A1 = —

I
k+1)k+—=
(+)(+2)

Cho a, ta xdc dinh duge tdt ca a, con lai. Trang thdi co ban
ing voi n = 0. Khi d6 y(2) = (1 — z).a,

Ghi chd : Phuong trinh vi phan clha ham F(z) cé thé viét :

2

zl - z)£+[c—(a+b+l)z]-q-l:~—abF =0 trong d6 ¢ =
dz~ dz

“b=yq + B. Ham siéu boi :

1
—,a= P
5 q-P

F(ayb,C,Z}:l+?_t’_£+Mmir+
cll cle+l) 2!

© 1a mot nghiém cia phuong trinh vi phan néi trén. Nghiém nay trd
thinh mot da thitc bac n khi a = -n véi n = 0, 1, 2, ... Khi dé
b =q+ B =n+2q. Ham sdng w(z) cla hat cd thé dugc viét dudi dang :
| . . 7
y,(2) = (1- 2)F(-n, n + 2q; 3 z) véiz= cos’ [%‘J
Nghi¢m dng vdi q < 0 thi w,(z) khong hiru han khi z - 1. Ta
loai bo nghiém nay.

67. a) Todn tir Haminton trong toa dé cdu ¢6 dang :

p I ) )
-~ v 1 7
Hz—h +U(r}=—j- —E[r2 ﬁ]—LL—, + U(n)
Zm 2m | 2 or 2 Bl

-

cr

~ 2
12— n2v3 = —— i[sine:‘3]+ L&
’ sinB &b
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Phuong trinh Srodingo ciia hat trong trutmg U(r) ¢6 dang
Hr, 6, g)wi(r, 8, ¢) =Ew(r, 6, 9);
w(r, 0, @) =R(N)Y(6, ¢)

Chii y rang L*Y,,(8,0) = 221/ + )Y}, (0,9) ta tim duoc phuong
trinh vi phan xac dinh ham bdn kinh R.
| d (rz dR) I+ DR _22[5 UOR = 0

2 drl dr r2

hay
12 '7 4
a7 dR {{+DR _rn[E UR =0
dr’ fdl" r W

Ham Y (6. ¢) 12 ham cadu did dugc xdc dinh,

L, thi ta tim dugc phuong trinh vi phan doi

b) Dat R(r) =
T

véi ham f(r) :

d*  2m [E e -

R+ 1
gt 2 LRCAAY] P
dr h

2mr

2
Khi U(r) = —éei— taco :
r

dr* A
Ta tim nghiém ti¢m can cua ham f khir > 0 vikhir > =

2 2 2 :
d-f 2111 E+_Zc__hi'(f-;1) f=0
f_ 2mr

— Khi r — 0 thi phuong trinh & dang tiém c¢an

d&*f i+
R f=0

dr”
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C6 nghiém fir) = Ar’ vii yly — 1) = Ii(7 + 1),
Phuong (rinh bdc hai ddi v6i y ¢6 hai nghiém y, ={ + 1 va
' f . .o :
¥y = —{. Ham R(r) = Hr) hitu han khir = Ochikhiy =y, =7+ L.
r
Khi dé f = Ar'*' va R = Ar. Nghiém g véi y = y5 = ~ / dén dén
ham R — = khir — 0. Ta loai bd nghiém nay.

— Khi r = = thi phuong trinh & dang 1iém can.

d*f 2mE

'}+ it

dr- h

f=0

c6 nghiém :
fry=Ae™ + Ae™  KBiE>0
fr)=Ae P+ A’ KhiE<O

, .2
trong 46 k™= g—rEE,B':——m—E
ok "

Ham R(r) cé dang :
fr) A Age W

R{in=—= + khiE >0
T r 2

f AR ALl

R(ry= —~= 1 2020
r r r

Ta khio sat trang thdi dimg va trudng hop E > 0. Khi dé mat

dd dong hat di dén 1am trudng va tir tam trudng di ra 14 nhu nhau

khi E< (.

va do d6 1A, = 1A,l. Dat A, = %Aei“ VA A, = —%e‘i“ vai A, o
. Zl =1

1a nhitng s0 thyc, tacd :



Asin(k
Ry = ASIET o0 E=

r

Ta xét truding hgp E < 0.

fr
— x. Vay dé R 1a hitu han ta dit

. . e
Khir — » thi A,
r

A, = 0. Ham R(r) bay giv ¢6 dang :

AP
r

khir—-> 2 vaE <,

Ry =

bat pr = — thi phuong trinh doi v&i ham { ¢6 dang :

4 X X~

d-f J{ 1 A Wf”}f:O

5 —_—

dx~

A= Ei_[}_: mZ’e =J_m22c4_
2 [g yarllg] V o2n%E

Khi r — 0 thi ham f(r) = rR{r) ~ 1‘HI va khi r > o thi ham

trong dé :

f(r) = rR(1) ~ ¢ ", Nghiem £(x) dude fim duéi dang :

X
51+l

f(x) = c_-x yi(x).
Khi dé him y(x) thoa min phuong trinh :
2
- d .
d y+[zu+n—x]i—) +IA-(+1)]y=0
dx

Ky

Tim nghiém y{x} dudi dang chudi :

s

k
Yix}= ) ax
K=l
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Thay bi¢u thic cha y vao phuong trinh vi phan cla né ta ¢é
3k {k+ DIk + 200+ Dy, + 1A - (1 +k + Dlay) = 0.
k=0

Cic hé s cua < phai bang khong, tir dé suy ra:

_ k+I+1-A 4
(k+D(k+21+2) ¥

At

D¢ ham R{x) hitu han thi chudi y phdi tr¢ thainh mot da thie

bac k.. = N (N Ia s6 nguyén khong am). Khi do ay =0 va ay, = 0.

X

Di¢u kién ay,, = 0 dén dén :

142
m2264 ]

A=N+l+l=n=)-—
21°E,

ViN=0,1,2,3n6n/=0,1,2, .n—1vin=1,2,3.. Ning
lugng E, cuia hat duge xédc dinh bing cong thite :

,
mez?

E =-
2h%n?

N ,a=1,2, 3.
Ham séng ban kinh R, ,(r) ¢6 dang :

i
Rplr) = ;e Bur(anr}“l)'n!(anr)

1/2 2 N=n-{-1
2mE .
trong d6 B, = (— m2 “] = me; Z va y(x)= Z a x
i n b=(}
k+1+i—n

W T ik +2l+2) K
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Ghi chii : Phuong teinh vi phiin cita ham y(x) ¢6 thé viet :

2
1" ; ]
x-(-«-%u+(c~x)d—}—ay= 0

(IK_ {ix
Vdia=7l+1-A ¢c=2/+2

Phuong irinh ¢é nghiém 1d ham siéu boi

¢ ¢ Ca a+2)x°
y:(a.c,x)zl+ﬂi+d(a+”’\—+ tla+1a+2)x

¢l cic+1y 2! c(c+l)(c+2}_3_!-

Nghiém nay tr¢ thainh mot da thdc bic N khia=-Nvgi N=0, 1, 2

hay A=N+7+ 1 =n Chiyring - N +k=— (N - k) ta viét duoc -

2
N N(N -1} x~
)!(—N.c.x)=l~—3+ (N l}i—u...+

c ! cle+1y 2!
ECE
{c+N-1)!

ba thic L (x)lien he v6i da thice y[— (k ~ j), j + 1. x] bing he
thite :
5 .
' i (kb -
LL () = (=D ———y{~(k = ), j+ 1, X)
ot JHk = !
(vO1 J 1 sO nguyén v 0 £ § £ k) goi la da thire Lagerg (Laguerre).
BPa thire y(— N, ¢, x) 12 nghi¢m cta phuong rinh vi phan déi vai
ham y(x) thi da thiee Lagery
e N +c— DI

LR et (X0 =
Nret ¢ (c —1)!N!

v(—N,c,x)

cling la nghiém cua phwong trinh vi phan ndy. Cha y rang ¢ - { =
QH+1I,N+C-1=n+/1act:
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R I'l!r(r) = A“IE_BH ' (’_JBII r)! L?l(rr’[ {2BT‘.I r}

- trong dé A, 12 thira 6 duge xde dinh tir didu kién chudn hod ham
- sdng,

Dé dang thay rang :

o =0t Lo D i

(k - j)! I
L Kk-Dk—pk—j-1) k-j-2 _
' 2!
~ k(k—l}(k—’3)(k-j)(k~j~l)(k~j—?)xk-j--3 .
3!

C6 thé viét bidu thic L-ik(x)nily dudi dang khac (dudi dang vi

phan) ngan gon hon :

_ 4
Li () =—Ly(x)

dx
d*

trong do L (x}) = e"—k(x e ") goi 1a da thifc Lagero don gian.
dx

68. Ta xdc dinh thita s chuan hod A ;. Diéu kién chudn hod
ctia ham séng y,;,(r. 9, @)
Iw::hn(r, 8, O3, (T, 6, @)r” sinOdrddde = 1
Chd ¥ rang ¥ 4,1, 0, @) = R A0)Y, (0. ) va
Iw;“((},tp)Yzm(&tp) sin0d8dp = |

ta ¢ : Ry (MR (r)r7dr = 1.
Q

162



Datk =n+/37=2/+1vdx =2p,r thi him R, ;(x) co dang
Ly
Ro(x) = Aye Ix 2 LL(x)

Tir dieu Ki¢n chuan hod ham Ryir) ta xdc dinh dwoc A,
T

‘3\ _ (ZBJJ]A 1 . d, I _ i TR |ilL]( L]( )a
Ay = " rong dol = IL X (L (x)dx .

-

D¢ tinh A, ta can tinh tich phan 1. Ta bict -

dx dxX

- I\ - - o - -
Ditu=c¢", v=2x"vi diing guy tic tinh dao ham

k .
(—_(uv)={uv}k =uMy +-l—(—u(k_”v(” +...+ k(—k_--p;'lw“")
dxk It k!

:(—nke"‘{x"—-likxk"l -&—)m—n } -
1! 2!
tace: L (x) = (—l)k{xk -~%kxk'| +E(kﬂ_l)x
o {k o
x k(k ~ )x* 2—1‘—{%‘-&1( k — 1)k ~2)x* 3+...}
! ' . il X .
dx (k“})' 1!
| m\ Iy

(k — )k —j—Dx*I72 }
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k' 4y kik—j
N AL Sl L

xJ*'L' (x)= (- DX ,
(k- I

I

Pé tinh tich phan | can tinh ¢ice tich phan cé dang sau

o o

L it
A= J‘C}\X‘L‘L(X}LIXTI‘ X —L,\(x)dh
0 0 dx!

¥, e || |
= fem x| Ly 00
i dx! !
Lay tich phin ting phan j Lin ta duge :
¥ P J

A= (-1y ij(x)——(L AT )dx
o dx?

My -X ¥ .
Piuu=c ', v=x',lact:

J
vy = (v = Uy +
dx!

d l gty

i D Gy o
GRS PN RSO N
B

T i . gy . ]
= ("I}JC '\{‘(" __%,{,)\; - +M‘,’(“{--|],\f - axt J}

N
4o ruv Y =

T

D¢ tinh tich phan A can tinh cde tich phan ¢o dang sau .

“ oy d
B= jL “x% (x)clx—J.x” ——k{c"‘x")dx—-
8] [ dx

T T
+;I\[I\ Ik — Mk —j—1ix



4 k-l
I : . .
= J-x“d[—;---}:_-r(c ‘x}\)] v =,y -l ...y -
0 ux

Lay tich phan timg phan o ldn. ta ¢o :

_ £ (lk—u i

B = (—I)“u!j (&7 "

Gaxt

Khik=oth tacd:
k—o—1 -

B=(-%a!'——— (¢ ¥x*)

1xl\—u-|

d: 0

NS
dle ™ x™y

Chu y rang =0 (vdij=k—a~ |,y =Kk)ta duge

dx/ 0
B=0. Vay:
B= [e7*x"Ly(x)dx =0 khik >«
0
Khik = a, ta ca:
B= (-D¥K! fe*xdx
: 0
batu = ¥ dv = —edx va liy tich phan timg phan k lin ta

duge B = (—l)k(kl)z.

Tich phan A duge bicu dién qll";'l cie tich phan B. Néu & > v thi
k> o (a=y.y— 1 ..v—-])vid ldc d6 14t ca cic tich phan B déu
bing khong viido dé A =0,

Khik =vtacd:

4 R
A= DL o= s
3 dx!
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Chu y riing

d L DKk =1 e
j(c "x")=(—l)"e""{x]‘ —l'—|'kx"_' +wx"_2 +}

dx 2!
vi Ic"‘x“Lk(x')dx =0khia=k=1,k-2..-k—jtatimduoc:
B¢
A= (-1 ij[x)(_—])-ic_xxkdx: je“”‘kak{x)dx = (—)* (k)
0 0

Bay gid ta tinh tich phan I

L

1= Ic"xLL(x}.xMij(x)dx
i 0
Chii v -
L Ely ] k! i+ k(k—j) k
®) o= DF Ik 2R ey
k0= (k—j)!{ It
+%xk(k—I)(k—-j)(k—j—'l)xk_l—.”}
. A
v
PR 0 khik>y(y=k -1,k — 2..)
A = Jc_kx‘-’uk(x)dx:{ Ly {
B (—D* kD Khik =+
ta cO ;

ek K e s ke, K= T ik
[=(-D (k“j)!{gc I;'k(x).x dx-—Tx(_][c L-'k{x)x dx}

{x

k k! k=l KkK—=J) ko2
-1 (k__ﬁwr“x ML (- R D (k)

Lo

166



D¢ tinh [ ta cin phai tinh tich phan sau :

& . J
C= jc‘*xk""i(Lk(xndx.
0 dx’

Lay tich phan timg phan j lan, ta ¢6 :

- j
C=(-LV ij(x)i—r{c_"xk+1)€1X
0 dx’

Chi ¥ ring

(L - i 1 K- o

L ey - i gert KD e K D k4 kxS -
d)(-l 1! 2!

o

vi o fx%eLg0dx =0 khia=k-1,k-2, ..
9]

ta duge :

C= (-1 ij (x)N~1Ye ™ {x“l —J(kl%”xk }-;h +0
0 ’

- J'e"‘x‘”'Lk(x)dx - J’j(k +De*xNL (x)dx
0 ¢

Es dk .
= [emuM et — ™M adx - ek + DD kY

0 odx
e d oy k2
- jx — (e dx = jlk+ =D kD
0 dx .
K f L d Koyp?
= (=D {7 ——(x") = j(k + (=D (k)
dx®
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DR+ D! e Mxbxdx - ok = DDk
0

() (k + 1)t Ix“*’d{—e"‘)—j(k + DN kY
[}

= DMKk + D)) - l)"j(k-i-]){k!)z

I=(-1) ~——J( D¥1ck + DI = (= DX ik + 1k -
(k -t

- (—l}kk(k~j)(k!)2}.

Chiy (- =1, k+ D! =k!'(k + 1) tacé:

I
i= (k) [7‘k jrhyvik=n+{ j=2/+1.
(k—7!
. 3 TR
[{n+H 2n dn-1-D!| Zme~
= ’Am': 4 3 B
(n—{-1)! nln+H° L B

6Y. Phuong trinh Srodingo cua ¢lectron :

2
_vaw +U(r)y = Ey
2m -

L2 Lafag ! el
trong do v :-«;T(r T] —;VG{P Ulr) = .
r~ cT (T r- T

Ham y(r, 9. w) = w(nY (0, )

Ham sdng chi phu thuge vio r chi khi Y(8.y) = const

Khi dé VE),an =0vatacod:

168



Hi 3 !
--I—J lj d {r‘ i |L\;;([')+U(r)w(r): Ewi{ry.
m \ poodrh drJj

. owr N N . N
Pt wir) = Al + arje vio phuong trinh Srodingo niy ta tim

duoc ;

7 el 3
h- h- 3 2 . h- 9
- dJact——aa~—ea-E |+ ———uaaw" -LCa|r +
2m m 2m

ki
L :
| b oy e | =0

rim _

Ding hitc ndy bing khong ddi v&i moi gid tri cia r chi khi

2 2

h- h 9 - .
+ Ja+—o +ea+E =0
2m 2m
h ¥
= 3 . h- 3
+ —au” +Ca =0, +—a+ay+e” =0,
2m m
Tir didy suy ra :
b
nme” ne
g=a= - - E = -
20 8h

Tabict B, = ———

Dé thay rang = 8 hay n = 2. Ham Y{0, ©) = const ¢hi khi

Vay trang thai wir) = A(l +

I
!l = U-. 18] {} (Pln - Yﬂ(‘ = — )
yvdn

lll‘)L g llr(‘m“ tng véi cdce s luong wen = 2, i =0. m=0.

70. Ta tim nghiém dudi dang :
wir, B, ) = R{NY(0, y)
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Phuong trinh cua plian xuyén tam R(r) trong ving r < a (U(r) =

sé 1
R 2dR 2 :
R ZAR 2mpp HHD e
de~ rdr p” 2mr-
. 2mE
Khi r>athi R(n)=0. Pack? = === ta c6 :
52
i? IR HF+1
IR ZAR, {k% (e ’JR -0
dr- r dr |-“
el
- iR
hay : d ,,R 2R [I—J(KJFI)}R( ) =0
ds= 8 db 5 .
Z(s
trong do s = kr. Bat R(s) = (s vil cha ¥
Js

dR

RLfe L
ds s lds 2s

&R _ 1 |dZ dz 3z
ds® Vs | as? ﬁdﬁ 4‘»

ta tim crge phuong trinh doi vdi Z

A

]

5 I+

d<Z ](iZ 2
— 1_7

2

~ Z =0
ds” sda 5

Khi s — 0 plivong trinh & dang tiém cin
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co:

- s a4
Cé nghiem Z, = As". Khi d6 R, = As

2 pé ham R, (s) hitu
. . 1
han khir — Qta phaicéd q- — = 0.

Pat bicu thic 7, = As? vio phuong trinh & dang tiem ¢an ta
tim duog : '

2

q° - [;’+

: , {
D¢ R(s} htw han ta chon nghiém q = /+—

12 | =

f—()h' =+/sl
| =Ohayq=tiies

“—

Nehiém Z(s) duge tim dudi dang
Z{s) = sTy(s)
Khi d6 phuong trinh doi vai ham y s¢ 1a :
7

s;zy+{2q +1)

i
P
ds ds

Nghié¢m y{s) duge tim dudi dang chudi

o
yis) = Zaksk '

k=0

Dat biéu thic cia y nay vdo phuong trinh vi phan cta né La

* a
2 kik - Dags™ ™ + (g + Day + > Qg+ Dka,s* ™+
k=2 ' k=2

.
+ Y asttt =0,
k=0
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Trong tong diu va tong thu hai ta thay chi 56 tong k — k + 2
ta duge :

(29 + Dy + Zsl‘” WK+ 20k +2q+ 2, +a b =0
L0
Bang thic nity déng nhat bang khong chi khi
(k+ 23k +2q + 2y +a = O via, =0,

Tir diy suy ra ;

dk
A,y = — Lay, =0
AT ki k 1 2q+ 2y

Cidc hé sd oy v&i k 1¢ déu bing khong. Cho ay ta xdc dinh duge
a vk =0,2,4,..

Cho a, ta tim dugc a,, ay. ag,... nhw sau :

uﬂ a()
dy = - =
T A2+ 27+ D
N Uy 3 a,
! 2+2)2q+2+2) 2 g+ Dig+2)2!
aEq = '(_])]1 d,,

EZP(q +i)y + 2y g+ pp!
k=2p: p=0.1.2
D¢ vidt cic hé 88 a, mot cach gon-ta dung ham T(q) :

. r(q) - J'(_.-qu—.ldx
t}



[

Ham nity ¢6 cic tinh chit: Ty = 1, I,(
Vo

L j—

Mg+ =yl —qtq-Hl{yg - 23 =
=qtyg— g --2) T'g -2
Mg+p+tH={q+plig+p) =
=(g+piq+p-Dilig+p-N1H =
D¢ thiy ring :
Tigrp+h
(q+ g+ 2. (g+p)= Lrpth
Uig+h
1
top = (P e LD
2-PptElg +p+ 1)

o e

Z(sy = zaksk"q = Zanpa“m'

k=0) p=0

S T ey
o "JF)I]{[]Ipi-I}

V1 ham soéng R chua chudn hoi thi tién hon ca ta chon

RS

Khi dota co:

(“\L 2pig
Z4s) = Z( H——r SV 1, 8)

oy pilip gt h

; C s . !
Ham | (s} goi 1a ham Betxen v g = !+;

173



CHam song Ry ,(r) co dang :
]tkr}
.]1 + -

Jir

trong d6 A 1d thira s6 chuan hod.

Tir di¢u Ki¢n licn tue coa ham séng Ry (w) = 0 suy ra :
I
J+ —tkay=10
2

Nghi¢m cua phuong trinh nay lak,a =i,

Niang lvong E,; cla hat s& 1a -

22 2,2
E, = 7 kn!-_ﬁ Aot
T, - 3
-m  2ma“
lruang hop dac bict khi £ = 0, khi dé q = 5 VA ta ¢O

2p+t

1 (5= _Z(—l)" - 1
S p= 22P])!F[;J+;)—+1J

Chi ¥ rang :

Clg+p+D=(g+p)q+p—1..(q+2)g -+l )

L
JEORE

\/E Ix3IxSxTx(2p+ 1)
5

P
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laco

FZ o

g
—sin(s).
é s T (7p+lﬂ .J;;
‘]I (Rl']
Rkn[r) =A =A, - :}H(I\I’)
N ]\1 T kr

bieu kién Ry (a) =0 dan dén sin(ka) = O hay k a= nmvéin =1

(gid trin = 0 cho Ry ,(r) = 0 & moi diém trong gi¢ng thé bi loai bo vi

xdc sudt tim hat trong giéng thé khic khong). Nang lugng cua hat
2,2 2
Rk A

2_2
N
no T

= .n=1,2,73,
2m 2m

a

71. Gidi phuong trinh Srodingo trong trudng dai xing cdu

X¢ét phuong trinh d6i véi ham ban kinh R(r). Bat R(r)

i
—{(rn ta
;
duge phuong trinh ;

5
A e 2 - M—} £ =0
dr- b '

2111[

Bai véi hat ¢6 momen xung lugng bang khong ta daw 7 = 0
Khi dé1a ¢o :

E
d? 4y 2m .

e

—|E+Use * (f =0
dr h-




<l & W © SmEa?

- . . LLLE T SITIELEL
bati=e 2 o= —2 f = -

Voow i

(a cd phuong trinh

at +ld—]+((12 - E;-]I“(_i) =0

ki -
0z’ :

L] —
., =

o

2, — -
New dal s = af = }_d 2mitl e = thitacd:
i
Proo1df )
Ty I—E; f(s) =0
oy s ds .

Xé rrutng hap E < 0. Khi do BJ > 0. Khir —> = thi R(r) = 0.
Vay Khi s -—» 0 thi f(s) - 0 d¢ him Ri(r) = 0 khi r -» . Neghiém

f(s) dé¢ hiim R(r) hitu han (R — 0 khi v — =) la ham Betxen

({Bessel) _
{ ]2[!+B

tﬁ \)“ Z{ =

e plip+p+1

vai B> 0.

1Iim ban kinh R(r) ¢6 dung :
A B r
Ry(s) = —Jglae 20)
r
trong d6 A 1d thita s¢ chudn hod hiun song R{r). Tir dic¢u kién Rp(r)
phai hitu han tai r = 0 ta ¢d phuong trinh Jg(w) = 0. Phuong trinh
Jptay = 0 xde dinh cde mie nang hugng cua hat. Nha bing ham
Betxen ta ¢d thé bict duge nhimyg gid tri B nio dé lam thod min

phuone trinh niy, Biet duoc B ta xidc dinh duge F bang cong thie

176



72. Phuong trinh Srodingo dai vdi
ham ban kinh R(r) (h.3.11) jom =2 -8
r2
d¢’R 2dR 2m A B
—t+ = — | E-| =2 |-
dr- rdr 42

K1
IR P
2mr

QO \/ T
Dat R(r) = fn ta c6 phuong trinh :

r Hink 311

i el
d . +2_T E——,*'E—w' fir) =0
dr- BT (S ¢ 2mr
omg Y’
Xét truimg hop E < (. D‘E_u-cxz[— 2] , X =2ar
h
2mA
=+ {(/+1}=s(s+1) vGi
ﬁa—
1/2
1
§$= —x3-]+ (2!+1]3+8mjA >0, B=E( m]
2 no nl-2E

tacd:

2p (o
B8 el g
dXE 4 X X

X
Nghi¢m f(x) duge tim dudi dang : f(x) = ¢ 2 x* y(x). Ham

y(x) thoa man phuong trinh :
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dzy
dx2

X +|2{s+l)—x]d—y+[[3—(s+l)]y =0
dx

Tim nghiém y(x) dudi dang chudi @ y(x) = Z X"
k=0

Thay biéu thic cia y vie phudng trinh vi phan ctia né ta ¢6 -

3 x* {(k D[k +2(s + Dlagy +{B~(k+5+ Dla | =0
k=0

Tur day ta ¢ hé thic truy todn :

k+s+1-03
41 = &y
(k +D(k +2s5+2)

Pé ham R(r) hitu han thi k phai dimg o mdt gid tri k,,, =N

(N=0,1,2,3..). Khido ay,; = 0. Tir diéu kién ndy ta ¢ :

T R
‘ 1\ -2E

hay
: 2mB’ RmA |
RPN L SRS LU 2D ISP T TRV
2 (N+s+1) e h
N=0,1,2.

(2o
Him séng Ry, (r) c6 dang : Ry,(r) = fy(Zom)
r

fQan) = ¢ Q2ary™ yy(2an

N
ynixy = D apx®
k=0
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k—N
= ak
(K+Dik+2s+2)

A

Ghi ¢fui - Phuong trinh vi phan cua ham y(x) co dang :

d’ ,
x——¥-+(c—x](:—)—ay =0

dxz X
trong ddc =25+ 2, a=s+ 1 — . Ham siéu boi

,
RN
ya, e xy=14 22 Mathx

cl! clc+D) 2!

a nghiém cua phuong trink. Nghiém nay trd thinh mot da thic
bac N khi a = =N. Vay ham Ry(x) ¢d theé viét :

b

Ry (x) = AN;c_Ex"yN;(—N, 25+ 2, x). v6i x = 2ar.

73. Ta xét trudmg hop phd nang

14 . A
luong gidn doan V(s = +Br?
Phuong trinh Srédings d6i véi ham f

bin kinh (h.3.12)
d’R 2dR 2m
—5

a2 rde g2

{E_f;_grz_myz}m:o 3 :
T~

2mr-
Hinh 3.12

2mB Y
ba i = \/T],E,S: _1_ 1+ “2!+I)3+81113A
he 4 y 42

—
(hay 25(2s + 1) = /(/ + 1) + 2mA).\[ﬂ.E = 4(n + ) + 3
#e B #
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. L 2dR  4v2mB dR
vaichiyrang: ——=————

rdr h o dE]
d°R 242mB|__d°R 4R .
= 28 5+ ——p tatim dugc :
dr~ h dgc dE
d°R 3 dR S(H 1 :
1 +2 8 lneset-—~ 24 Slp oy
de? 2 dg g 4

Tim cdc nghi¢m tiém can khi £ > © vakhi & - 0. Khi £ = 0

ta cd :
i
I‘I+S+-3- S[S‘l“_]
4 L2

2]
d°R 3 dR
b +_d_+ - T ol Ty R = 0
dg” 2% de ] 3 2 4
2
Khi§ - w1acd: d I}—le(]
dz?
&
Nghié¢m hitu han cia R khi § - x ¢6 dang R = e 2 (nghiém.

R.. = ¢”/* khong hitu han khi £ — ). Khi £ — 0 thi phuong trinh
¢é dang :

d’R  3dR “[Hi]
LA IR
et 2d5 ¢

=0

Nghiém cua phuong trinh ¢ dang tiém can nay duge tim dudi

dang R, = £% véi q > 0. Pat biéu thic ciia R, vio phuong trinh &
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. . 1 17 .
dang tiém cén ta co q{q+;j—s[s+;J = 0. Tir day suy ra g = s.

Nghiém R{£} dugc tim dudi dang :

R(E)=¢e 2 Ey(&)

Kht do ham y(£), thoda min phuong trinh :

Ham y(&) duge tim dudi dang chubi

y(@) =Y a g

k=01
Khi dd ta cd:
cc;:k . 3. e _
>k (k+ 1)k + 25 + Sy —(k —may f =0
k =0 "=

Tir day suy ra:
k—n

Ay = &

(k+ 1Dk +25+-;3)-)

Cho hé s6 a, ta xdc dinh dugce cdc hé s6 con lui. P& ham Rir)
hitu han thi y(2) phai tr& thanh da thire bic k,,,,. Khi d6 ay,,, # 0
COM Appyuny) = O Tl day suy ra k., = n. Vi k. 14 s8 nguyén

khong amnénn =0, 1, 2, 3... Ham sdng R_,{2) duoc viét ta1 nhu sao :
& & Mpfl= : e
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. T, 2 N N R
trong do £ biéu dién qua r7, s phy thudc vao ! vi g phu thuge vao !/
va n da xdc dinh & trén. '

Ning luong cua hat duge xde dinh tir hé thie :

L RIS
B
Enizﬁ ",;B_{4n+2+ [2;+1)2+8n;A};n=0,1,2.
¥ 2m B

Ghi chi : Ham R(%) duoc biu dién qua ham siéu boi

hay -

3
Yo (—n, 25 + 3 £) nhu sau :

I

T35 3
Rmf(a_) =¢ - g YM(_H* 2S+5’ ﬁ)

74. Thé& ning cha dao dong tit diéu hoa ba chi¢u déng nhit cd
dang :

Uix,y, z) = %mmz(x2 +y2 +22)=%mm2r2.

Phuong trinh Sradingo cha dao dong tir trong toa do cdu c6
dang :

2 2
_%Vzw{r‘ B, p)+ mo rzw{r‘ B, ©)=Ewy(r, 0, ©)
trong dé :
= ] =t ) 12
vi= Ljhi(rzi—]+% _l i{sinHiJ+ S 5
e 8t fr) = |sinB o6 86/ sin’® G~
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Nehiém yrir, 8. @) duge tim dudi dang :
wir. 8, @y = R(NY(O., p).

Khi dé ham ban kinh R(r) thoa min phuong trinh :

d’R 2dR 2m R+ me®
+——+ - -

q | E ~ rm IR =0
dre rdr po 2mr* 2
2
N . N T N
Chu ¥ ring trong bii 10dn (73)néudat A=0vi B = O thi

ta cé bai todn vé dao dong tr didu hoa ba chiéu déng nhidt. Diing

£

két qua cua bl todn {7 véi A=0vaB = ta dugce :

L L
h
i, !/
. 355 W k
Rl&)=¢ ~ g2 Z ag§
k=0
ak+]= k_n 3 ak, n=0,l,2...
(k+l)(k+l+—)
2
3
E,= me[l+2n+—2-] ;o n,l=0,1.2.
hay :
3
EN=hm[N+5].N=!+2n=0,],2,3...

Ham R, (&) ¢6 thé duge bieu dién qua ham sicu boi y, (a,

viia=-nc={+ = :
2
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P~

1,
. 3,
Rm’(f‘:): - 2 =S ym( n, !+5 Q)

75. Phuong trinh Srodingo d6i véi ham ban kinh R(r) khi / =

0. ¢co dang :

d’R 2dR 2m
+_._._._
dr>  rdr

¢
bat R(r) = fn ta ¢6 phuong trinh :
r

2
af +h—T[E—U(r)]f =0

dr-

V2ms
A

bBate=-E >0, k:% 2Zm(U,-¢), A =
1

ta co
d*f(r)
4+ kPf(r) = Okhir<a
dr-
&) —2%1(n) =0khir>a
dr

Nghiém f,(r) va f5(r) c6 dang :
fy(r} = Asinkr + Bcoskr
fy(r) = Ce™*" + D’

Pé ham R(r) = —(-Q kiru han khi r — 0 va bang khong khir —
¢

wtaphaico B=0,D=0. Khiddtacéd:
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‘ Gk
Ry = D _Asinkr
T 1

1.‘2 I:l,) _ C e—:‘.['
r T

R5(r) = khir>a.

Tir diéu ki¢n lién tuc R(a) = Ro(a) va

(dR1] dR,] . :
B = = ta tim dugc :
: dr r=a - dr r=y

’) T
keolg ka=-% = - _m:JO ~k? <0
h-
}.2
hay stn(ka) = £ ———11— ka = +a. ka
2ma-U,
trong dé o = f Dat a = ka thi giao diém clia dudng y = + sinx
af2mU, ° o

va dudmg y = ax trong mién cotgx < O xdc dinh nhimg gia tri cia k
tuong dng vai cic mic nang lugng (bi€t k ta xd¢ dinh duge g = —-E)
cua hat, ‘

76. Phuong trinh Srodinga cua hat ¢6 dang :

2

z . .

Vzlp + 2—5([: + —‘-C—Jw = {} (4 khoi lugng cua hat).
fi r

Trong hé toa dod cuc ta o :

X = TCOSQ, ¥y = ISINg, T =IX+jy

| 3 o
- [
V= Cr = +—L -
or 1 GO
- r - T - s =
&, == LCOS@ + jsing, €, =—isinQ+ JcosQ
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52 _ Py 2 72
< 2}+-]~£+L20 ‘,]:+——tl— E+t y=0
o S % S S VS

Dat y(r, 9 = ¢™"R(r) vao phuong trinh Srodingo ta nhan |
duge phuong trinh d6i vdi ham bdn kinh R{r) :

2 2.2 2
d §+1£+3E g-" "‘2 L Z R
2ur r

dre rdr p2

Dat R(r) = r'f(r) (ta s& chon y thich hgp dé phuong trinh vi
phan do1 véi ham f c¢6 dang thudn loi hon) ta cé :

20 n 2.2 1 o0
a2 DAl A K V)L 2 g
dr? roodr p?

2u r? 3

Néu chon vy = -3 thi phuong trinh vi phan d&i véi { co dang

i“

thuin 1gi hon :

.sz 2 hz(mz_?.lij 7e?
5 +_'El" E"‘ + € f:o

dr= A~ flur2 T

Ta khdo sdl trudng hop E < 0 (trudng hop E > 0 sé cho phd
lién fuc), :
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L2 2 4
Dt B = [—5‘{5 N TR G -y 2 Y
Vo 7B 2ER*
d—:4[52L f s(s+ =m" - — vi
di dx-
- B
a’f {_l+ﬁ_stbtl)}. _o
dx” 4 x X°

Khi x — 0 (r —> 03 d¢ ham R hiru hgn thi ham f(x) — f(x) ="

vit khi X — = {r = %) d& ham R — 0 thi ham f(x) = f.(x) = ¢

Nghiém f(x) trong trudng hop 16ng quat duge tim dudi dang :

X

fix) = e 2x>*!

S+ 1= |m|+t
y(x).(s+1= \m‘+2).

Khi d6 him y(x), thoa man phuong trinh :
dy
dx?

X +[2(s+])—x)E§-+|A—(s+l)Jy =0
dx

Tim nghiém yi(x) dudi dang chudi : y(x) = Z akxk
k=0

]

-
P

Thay biéu thitc cta y viie phuong trinh vi phan cla né ta ¢6 :

S x5 4k + Dk + 25+ D) +[A—(k+s+Dlag } =0
k=0

Tir day suy ra:

N k+s+1-A A
T K r ik 42542y K
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D¢ ham R(r} hitu han thi k phai dimg & mot gid tri k,,,, = N

naoe do. Khi do ay,; =0 vatacd:
A=N+s+ I, N=0.1,2, ..

2.4
Chin¥: A™ = B2 im dugc :
2ER°

p.chj' _ ;12264

Eny = — =
3 2
Zh"(N+s+1) 2}?2(1\1+]111‘+;1)}2

Nim

véi N, |m| =0, 1,2, 3...

Ham s6ng yy,(r, @) = e ™ R(r) véi R(r) c6 dang :

1 b3

- = N
RNm{x) = AI\‘mx 2(‘(x) = ANme 2)([m| Z akxk
k=0
(x = 2fr)
trong 46 :
k-N
el a, (k<N)

T (ke ek 2fm[+ D

77. Todn tir F 13 ecmit nén ta ¢d :
Fom = (W 0Py 1 (X)X = fys (x)(Fg (x))" %
Cha ¥ riing :
[ OB (x)) dx = [y Py, ) dx = Fpy =Foy
tacé F ., =F

o & +
am = Do - Yaymatran F=F".

. N X . - -1 . .
b) Ma tran S 12 ma tran unitanéu ST =S ' v 12 ma tran ecmit

18R



néu ST = S. Ma tran S déng thai 1a ma tran unita vd ma trin ecmit
khis*=§"=3 hay §T=1 trong dd I 1a ma tran don vi.
¢} Ma tran A. B I nhimg ma tran hang hai thi ma tran C = AB
cling la ma tran bang hai véi cac phin 1
Cir=A1By +ApBy. Cp=A By + A),By,

C’!] :A’}|B” +A7‘=B')| CEE:A')IB]"}'i'A‘j‘)B’!’}.

Tri riéng & coa ma tran C duge xdc dinh bané phuong trinh
cho duéi dang dinh thite :

-\C~;~|\={(C“"‘} Ciz

=0 (I la ma tran don vi)
Coy (Ca—2)

hay
2 -iSpC + |C] =

trong d6 SpC = €}, + C,, [a 13ng cde phdn tir chéo clia ma tran C

vil

Cl = Cy,Cya ~ C3,Cy» ta dinh thirc clia ma tran C. Chi y rang :
SpC = Sp(AB) = D (AB)y, = 2.2 AwBy, => > BrAy =
k k ! {0k

= > (BA); =Sp(BA)
!

vi

Cl={AB| = (€} Cyy = Cp3Cay) = (A},By + AjaBy )

X {A2B13 + A2sByy) — (A Bys + A15By)(Ay By + AgaB,)) =
= (A11An ~ ApAy By Byy — BBy ) = |A||B] = [BJ|A] = |BA|

ta ¢6

3 = 2Sp(AB) + |AB| =% - ASp(BA) + BA| =
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Tir diy suy ra hai ma tran hang hai AB vi BA ¢o cung fri

rigng A.

d
2 Cfnmx ), { muax
8. a) X, = E J‘XMH(TJMH[ p ]dx

4]

Khin=mtacod:

nin
1
¢ 0

. -
Chit ¥ rang sinz[mJ=l l—cos["me va
d 2 d

d d

|
Ix cosgxdx =— jxd(sin ax) =
0 4 0

1
2% A nax )
X =i=—'[xsm‘(‘Tde_ n=1,23..

d | d
-— Jsin gxdx =
o 99

—xsinyx
q

1l

Il

gsinqd + %[cosqd —1]
q q

d

ta tim duge x,, = —.

Khin=#mtaco:

d
’) .
Xom = j '[X\lﬂ(-nz—x)%mfm%de
0
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d
Ding cong thie tinh tich phan Ixcnsqxdx G trén vai sy cha ¥
0

n—m

costn — mm = (D", cos(n + myn = (<D va -1 =

Im

(-1)°

n—m )ll".'l'l'l

={-1) ={~-1 1a nhan duogc

4dnm

» =

1 {(‘l)““m - l} vdin = m,

2 2 Ty
T —-mT)
i}

* o d
b) Pimn = J-W.l(x)(—lﬁ)—lu,,,(x}dx
0 dx

|
27, nax d{ . mnx
= —— I51n —1! s dx

d 0 d dx d

Zifmm © . [nnx] (nmx)
= — = Jsm cos dx =
d- d d

Y

. d
= - ifiem Hsin(n + m)ﬁ+ sin(n - m)ﬂ}dx
d 0 d d

Tu day suy ra :

Khin=mthip,, =0 vaikhin=#mtaco:

Ziknm 1 A1
Pom = — l(_l) _}1
" d @’ -m)
=, d
¢) (L')mm' = J.Wm(q)) _ih'"_wms ((P] d(p
1 d(D
0
S L, 2
- lﬁ jc.—im:p icim‘tpdq} _ _fﬁ j’im‘citm —m ]{Pd(P
3In bt dop 2n h
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In
Chu y rang jclkmdgp = ta tim duge :

{0 khik = 0O
0

Znkhik=0

(L} = frmd

m.m’

trong 36 8, ,, = O khim 2z m v d  -=1Kkhim =m.

79. Todn 1u Haminton cua dao dong tir di¢u hoa m@t chiéu ¢6
dang :

H= p + —mo’x? .p= -1ﬁ~9-— Gid tri trung binh cta nang
2m 2 dx

lugng cua dao dong tir didu hda trong trang thai w(x) sé la -
J— “ — 2
E= jqf{x)Hw(x)dx = —Jw Prw dx+ I *xzq;clx
Vi cdc todn tt pva X la ecmit nén ta ¢é :
foCopPutodx = [y () pux)dx =
- 2
= ﬂp\p(x)‘ dx 20
® 9 i
jl]} (X)X y(x)dx = ‘[(xlp(x]) xp{x)dx =
) .
= ﬂxw(x)f' dx20
Vay E 2 0. Néu y,(x) 1t hivm riéng cha H thi ta cé
E = J-Wn Hy, dx = an nWadx =E 20
Kihigu F, = Iwi{x)ﬁwm(x)dxz<n|F‘m >, Kh IE =1 1a todn

tie don vi thi < n ]I[m>:<n lm>=58 bat

n.m’
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a ! -1 mi}

]
=

RNET ™

ﬁ'«:r
s

2

1
S
~Z2he

Dé dang (hdy riing :

<
=

+16) mi}

)

b ||m;m)(£1 +31)

Xdc dinh phin t&r ma trdn cia & vd a7 ta xdce dinh duge phin

X=i

I
(a—a
2mom

U cia cdc ma tran X v p. T h¢ thée giao hodn Xp—px =ik ta

j+%]

suyra: 44" - a"d = . Todn tt H dugc bidu dién qua 4 va a*

nhu sau
A2 2
-~ T omoe© . ho .. U
H=P 4 %2 =— (32" +a%3) =
m 2 2
adoa l
= hw|aa+—
2

Niing lueng E,, cua dao dong iy diéu hoa sé 1a :

- frw et . 2
E, = <n|H| n> =7+hw < nia a|n _>‘< n‘a‘n >| =0
fro .y -
E, = —+ ?‘rmz<n‘a' }m ><mliln >
2
m

|~< m]ﬁ|n >|2 =0
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Pbat N=a"a ta duoc :

P - -
E,= i:)—+hm<n‘N‘m >20 hay <n\N\n >20

Dung hé thitc giao hodn 4" -a*a =1 tacé:

Toan tit H va N giao hodn vdi nhau nén ¢d chung ham riéng

y,. Goi y, la ham riéng cia N tuong wng vdi tririéng n, ta 6 ;
I:Iq;n =ny, h;ay <n|l<l|n >=nz0
Dé dang thiy rang :
(Na* -a* Ny, =a"y,

L~

Na‘twy, —a* Ny, = Naty, —na‘y, =a’y,

hay
N(a*y,)=(n+1a y,).
Tuong tu :
(Na —aNyy, =-ay,
Nay, —aNy, = Nay, —any, =ay,,
hay

N(ay,) = (n~1)@y,)
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Vay néu y, 1a him riéng coa N ng véi tri rieng n thi
(é+q;,1) va Ay, } ciing 12 ham ri¢ng cia N uong Ung véi tri riéng

(n+ 1} va (n — [). Cdc tr] riéng lién tiép cha n khic nhau mot don
vi.

Goi y, 12 ham rieng cia N tuong ng vdi tri rieng bé nhat n,.
Ta co :

N(aw,)=(n,— 1) (ay,)

Vin, l1a tri rieng bé nhat cia N thi n, — 1 khong thé 13 tri
riéng ¢6 thé ¢6 cha N duge. Dang thitc trén chi xiy ra khi ay, = 0. Vi
ay, =0 nén

At m e
a (ay,) =Ny, =ngy, =0.

Tir day suy ran, = 0. Cdc tri riéng clla Nc th€ cosé lan =0,

I, 2,3, ... Nang lugng E, ctia dao dong tir diéu hda mot chiéu bang :

E,= 5322+nhm, n= 0, 1,2, 3..

Ham y,(x) duge xdc dinh tir pheong trinh ay, = 0.
Bi€t duge y (x) ta xdc dinh duge v, = (37)"y,
Ta xdc dinh phdn td ma tran cia a4 va 47. Ta bidt

n= <n‘N|n>=<n a‘a

n> =Z<n‘ﬁ+|m ><m[é[n >
mn

Chii ¥ ring 8"y, va y,,| déu 12 ham rieng ctia N twong tng

vOi mot trj rigng m + 1 nén hai hdm riéng niy chi khdc nhauw mat
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thira s6 nhan o ndo dé : 8"y, = W,

Phin L ma

Khi 46 1a cé <nlé+‘m> =og<nlm+ 1 >=0ad, .,

tran nay chi khdc khong khi m=u-1 Tuong v ay, =Py, va
<m|a|n> B x 8,y chi khdc khong khim =n~ 1. Viytacd:

n=<nld"|n—1><n~ildjn>= |~<n\£l+|n—l>|2

hay
<n‘é+|n —I»= \[Hei""_ ,<n—1 ‘a] n> = Jne 't

trong dé y 1a so thuc bat ki.ChL’:)’f<n]{1|n— 1 >=0tatim dugc :
. .| A . .
<n‘x|n— 1>=1,— {4;1‘a|n—i>-—<n\a \n—l>}
2m
[
- m ol
2mo
. mhw (. .t
<njpln-1>= > {n‘a‘n—l>+<n|ﬂ ‘n—l)}
_ Imhawn o7
2

Néu chon vy = I

- An
<n|x|n -1>= \]2m0),
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- . [mheon
<n|p|n - l>=i .

80. 1. &) Nhin v¢ phia phii va phia tral J, tén T Jy =3 =ik,
101 cOng hai phuong trinh vita nhan duoc, ta ¢é

D ~F L m s e
Jedy ~Iydix =18z +iz)y)

Nhan v€ phia phai vi phia trdi j,1én . — iy, =—ifiy roi

c¢dng hai phvong trinh vira nhan lai, ta ¢é :
3~ ~3 L, o e
Jzdy = ydz =0k +xJz)
PP EEalre 2 N
Chi y rang jyJy = lJyly =0 tatim duge -

R I Ny B S NS e
Ux + 0y + 02y — Iy Ux + 3y +02) =170y —JyJ° =0

e
o~ -~
4

Bang cdch chiing minh tuong tur ta ¢6 j-zj,i —jxi"=0,] JZ—j:J]Z =.0.
B) Jods —Jads = iUy i3~ Uy +ily)iy =
= Todx = Jds +il0dy = by Jp) =iy +i(-ikjy) =
= ihjy, + Ry = hi,
Bobo = 0z = 3aUe — i) = Uy ~1i), =
= Todx = I b — iy dy Iy 3p) = iRy —i(-ikjy) =

= if)y —hjy = () ~i)y)=~hi
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Jedo =i de =k 10y Wy —13y) = Uy =10y +0y) =

SIS B S T B o R o Bl
= Jx tly -1y Jy _.]y.]x}_".l.\' —ly — 1)y Jy _Jy_]x)
=- 2i(jxjy 'jij)ZZhjz :

~ o~ o~~~ 3Ty e e
¢) Joje = Uy — iy Hily) = jx + iy Filicdy —Jvdx)
w24l 3 ?
iy t]

I 11?‘1]5—_1 s

;2
7.

[
;-e_'u)

th
hay
3 o~~~ 3
=) de ti th,
Chifng minh tuong tu ta c6 :

3_Tr 0,
I =3ed-+0z 0y
2) Todn tr j2 va j; giao hodn véi nhau nén chiing ¢6 ham

-

rieng chung. Goi qf;n 12 ham riéng cua j, twong ing voi tri riéng

m# (m & mot s6 nao dé can xac dinh sau) :

JWm =my

Dung phuong trinh nay va phrong trinh

(jzj+ - j+ jz )Wm = hj*“-"m

ta tim duogc :
jz (j+wm) = (I‘I‘l + ])h(j+wm)

tuong tu, tir cic phuong trinh j,y,, = miy, v

(jz j— - j— jz)wm = ‘hj—wm
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tacd:
jz(j—'qjm):(m_])h(}‘—wm)

Vay néu y,, la ham riéng cua ]: tugng Wng vdi tri riéng mh
thi (j/:\pm) va (iwn1} ciing 13 ham riéng cua j; rong dng vdi cic
tri riéng {m + {}A4 va (m - 1yh. Cdc gid tri cha m k€ ti€p nhau
khic nhau mot don vi (m — 1, m, m + 1). Ky hiéu } la s6 lugng 1r
dic trung cho do 16n coa ji, W 12 ham riéng chung cho j2 val
j; .tachd:

2
J

F"' . '2 -
mj >=j; Omm" Oij

<] i

<m;ij;

m'j' > = mhﬁmm- Sij'
2 2 _2 2
=)=kt

-~ -~

<mj‘j2‘ mi > - < mj) 2 2y

mj>= 7 -m

a—~

it

= Z{mj

m'j

-

= <mj mj>+4mjj§ mj> =

-~

Jx

R P
m'j*><m' i

mj >+

+ Z < mj‘jy‘m‘j' >< m'j'ljy|mj >
ny'
Cdc todn tu jy.j, la ecmit (j, =j:,jy :j;) nén ta cé :

.

N

-

<m'j|jx

mj>=<mj mj > =mj _|’; m'j>*
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<m’j’ _I: mj> = <m’j’ J:r

mj>=< 111j‘j:,‘m'j'>*

)2
InFJl =~

+‘< mj|jAyJ| n'j' >

i

JJZ -m?n? = Z {‘mnj

m'j

2
20

Tir day suy ra

—\/E <mh< v‘?

Kihi¢u m .. =m vd m_ ;. = m,, khi d6 khong t4n tai trang
thai m& m cé gid ri bang m; + 1 hay bang m, — 1. Diéu dé c6
nghia ring

J+Wmh :0‘! J—szi :0

Dé dang thiy rang :

qvnljljz m,j > =jJ2: <m,j

~~ 3 =~ .
(J—J+ )+ th] my) >

—

~ 2
=<myjlj-J.m;> +ﬁ"m? +h2m]

PN

Vi Loy = 0 neén <mj j_j+f“mgj> = 0.

Viy Ji’ = f?zml(ml +1)

Tuong tu ;

-

<m2j)j2

. .2 NI EaiE ol B .
M= = Jj = <fy| (J+.|— +z _hlz] My ==

o

N . 3 ] 2
< Myj|Jy Jo| Maj> + 7m5 — " m,




Vi J—-‘*Umgj =0 nén <ms,j

N .i_‘ myj> =0 vatacéd:

o

Jj = ﬁzﬂ]z(lnz —13.
So sdnh hai bidu thitc cua jJT) ta dugc :

my{my + 1} =m,{m, ~ 1)

Déng thic nay thoa man khi My =my; +1vaim, =-m,. Vim,
I3 g14 tri 16n nhit cda m nén ta luén ludn phai cé mgé m,, nghiém
my; = my + | khong thoa man di¢u kién nay t1a loai bo va chi lay
nghiém m, = —my. Ta quy uée j 1a s6 lugng tir dac trung cho do
1dn coa jf mi ||2 ¢hi phu thude vao m, nén ta dat m| = j. Khi dé m
¢6 14t ca cde gid tri W —j dén +j. Cac gid tri lién (iép cia m khéc
nhau moét don vi ;
2 Cjrg=jg=2))

2) + 1 gid 1ri ¢6 thé ¢6 cha m. Bdi vi q {4 so

i+l -j+
Cogq+ 1=

nguyén nén j la s6 nguyén (j = 0, |, 2, 3...) hay s0 bdn nguyén

.1
J-E-

13|

50) i
5] Tom lai ta ¢d ;

LWy = Wy -

2 2
J W = J5 Wmj

3)Tac¢od:

. -2
JJZ =<mj|j”

= <mj j—j+

mj>=<mj

= mhvéim=—j, —-j+1,..]j

5 =G+

o~

(i, + 5 +hj,)|mj>

mj >+ m2h? + hPm = frzj{j +1)
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hay

Jymy>=

<mj jﬁ_j:lmj > = Z < mj‘j‘:|111'j'>< m'j'

m'.
_ ﬁz . .
= A (j-m)}j+m+1)
Cac ham j Wy v& Wy, déu ta him riéng cda j, tuong dng
vdi tri riéng (m + 1) % nén chung ti J¢ voi nhau :
J+Wiy = U mY¥ma,j

Tuong ty. ham j_wy; va ham w,, ;. 1a nhing ham riéng cua

-

j, tuong (ng v6i tri riéng (m -1} nén ta cé :

Iy mj = Bm‘qjl m-1,j'
trong dé o, B, li nhing bé s6 ti le. D& dang thdy rang

-

jo|mp> = o <m’y’ lm+ 1, > = %O, m+195]

<m|j!

<mj |j’:‘m‘j' > = B<mj | m-1.j>= Bm.é‘)m‘ m._]Sjj.

Cac phan tir ma tran nay chi khdc khong khi m" =m + | va
=i

Vay :

m, j> =

I+

<mjij_ s

mj> = <mj ‘ilm + 1, j><m+l, |

= B (j-m)j+m+])

. .

Cha § rang cdc 1odn ar jy.j, 1 ecmit (jy =ji. Jy =j; ) nén ta

cd :



o~ - -

NIRRT ME S ME T MESRES TVE S M

-~ - -
o~

F=Gy — i) =gt gy =y +iy = s

<mj1j’:|m+1,j>=<mj iflm+1,j>=
=<m+l,) j: m, j>*
<m + l,jf; m,j>=<m+l,] ‘jf‘m,j::

=<m,j|j1m+ l,j>*

Dung dang thitc cdc phdn tir ma tran nay ra tim dugc
2

— 2 .
4m+],jj+|m,j>u :‘<m‘j1j_|m+l,j>| -

= 7 G—m)(j+m+1)
Tir day suy ra :

<m+l,jj: m,j>=h\f(j—m)(j+m+l}

<m,jj:‘m+l.j>=ﬁ\/(j—m}(j+m+l)
Ta biét

~ b~ s~ L~ s

Ix —E(J+ +i) by =§(J+ -3}

m+ 1. j>=0ta

j-i—

Chi ¥ ring <m + 1, jlj’:‘m, j> =0, <m, j

tim dugce
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- { ~
<m + 143, m>=—j~<m+l Jy|m>=
o :
=-;\,(J—m)(J+m+])
<m i m+ 1>= éc m ‘ji'm+ 1> =
ih — -
=-2—\f(_|—m)(J+m+l) hay
<m)§ m+ 1>=<m+ | J: m>¥ =

L= g\/(j—m)(j+m+l}

m+ I>*% =

<m + l]jy‘m >=<m|j;

ih :
= —?/u—m)mm +1)
81, Toan tir E‘r} trong p — bicu dién (trong biéu didn xung

lugng) duge xde dinh 1ur ding thie ;

Fpo(p) = [Frpo(p)dp
trong d6 of ) 12 ham séng trong p — biéu dién va

Fop = fws(BiFys(i)d
véi F 1 todn tir trong ¥ - biéu dién va qji,(f), 1a him riéng cha

todn tur xung lugng =~V trong ¥ — bidu dién.
3 0.
. . e
Ham y (7)., = (2nh) 2eh
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-~

Khi F=r=r+ ta cé

i [

i LI L

= 7 e h et dr =
(2nhy

-ify

[ .
= C_h i Ch dr =
(2mhy* J ap’
i
P o —(p—p"IT
___if = fen df .
(2'{1’1} ap'

Chu y ring
i i
~Lopne L Ix T —py Yy )y
jc h dr = j-c h dx Ieﬁ
— -

? p/)!

x dy Ic” dz =

-

o) Bx P | ong| B TPy | o pz_p'xJ =
h h f

(2?[3‘1)38_([),( —p')8p, —p'y¥W(p, —p’, )= (27{?})35(]3 -p)

1t co
» L0
Top' = —lﬁy(h([)— )
. P
Todn tir 1, trong p ~ biéu dién duge xde dinh bing phuong

trinh :
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Fp(p) = [i50(pdp’ =
-1
= —ih [-=18(p - b Ho(P)dp'
Cp
= — ik [d[8(p - PP

op(p") . co(p)
=0 +ik | ———dp' =th——
fop-p") =i

o, f
Vay n=ih—
cp

Khi F=p=-ihV tacé:
flp};‘ = j\p;(f)}:)tuﬁ(f]df = J'w;{f}(—ihV)qlp;(F}dF
= Jui(FIply{T)dT = pB(H - B
P = [P (PP’ = [ 8(p-Pe(B)dB’ = Po(p)
Viy pp =

:p_

Trong p bidu dién ta c6 t=ih—

¥
ST

82. Todn tr Haminton cla dao dong 1t diéu hda mot chicu

trong p - bidu dién cé dang :

2 1
n | -2 jpme’ &
2 p 2m 2 'apz
Phuong trinh ham riéng va iri riéng cua H:
H o(p) = Eo(p)

Pua viao thong s6 khong thd nguyén & =

H = P
2m

-

2E
b= —,tacH:
hw
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dz?
Nghi¢m @(£) duge tim dudi dang ;

d
PE)=e 7 yE)
Khi d6 ham y(&) thod man phuung trinh :
2
d Y 2t oy 20, 2n=n-1
dg~ dg

n
Nghiém y(§) duge tim dudi dang @ y(5) = Z ak&k
k=0

2n—-k)
a = a, ; n=0,1,2...
2T K+ k+2)

B |
E, = hm[n 4-;)

Ham (&) c6 thé viét dang :

Pu(&) = Ape 2 H,(E)
n 22 d" £? mao i/4 l
Hy@) = (-D"e” ——(c ). A = | —| ——.
n(“: (- d;n{ ) n [hﬁ] f—znn!

b=

83. 1. a) Ta biét ham séng trong biéu dién xung lrong o(p)
duge xdc dinh bang cong thie :

o(p) = Iw(x)w:mdx.

-
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trong do

w (x} ] prx
= e
. N 2mh
. Pk
Khi w{x) = el 1a ¢é
2nh
¥ 1
I - ‘{p"'PU])& l - p— p
PP = == |e dx = —=— 2?{0( o
N 2rh _'[ N 2mh
(P(p) = 6([) - ])0)
d/2 d/2 'i'fpn P}’(

b) @(p) = J \;f{x')\p;(x)dx -

-d/2 V2Znhd —d/2

. - d
172 81n (P pil)_
27 2h
gpip)=|— _ L =" ]
(p ~Po }

".
'“l

. A R N U L 1 /4
c) p(p) = jc Jan [ dx, A = [__2) .
ES Ta

Chi y ring

Id\/'

=

B kl
vil je"‘ dx =/r ta tim duoc
£
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(%]

14 py—py
a 5y
opl=|—5| e 2

i

= e

A -0+ px
Ie Bdx
.

] —_—
2. pip)=
N2mh

(p) = —(cn*B) +B dx
op x.f2'rh '[

5Y/? 1/2 g
1

trong do A = | o[~ , o= o ,[3:_9._

1 2h 2ho

Thuc hién phép tinh tich phan tacé :

-

' 1 O]
@o(p) = e 4a
Nohv2n
84. Ham séng w(e) cd dang :

yvi{g) = All + coscp] = A{l + cos” @+ 2cosp}

LoN2 . .
i - ip -1
A 1+[ +2e J AR

2

{
—Ai3+ —(e7 1Ty 1 e e "P}

Tir diéu kién chuén héa ham séng :

2

flwef de =1,
0

vdi sy chd ¥ rang

BT VAT LY LY THUYETT.2 - 14
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[ tiko 27 khik =0
IC' “dep = .
0 khik = 0

ta tim duoe - A =

Ham sdng trong L, — bicu didn ¢o dang :

In
@(L,) = '[q,-(q))q,r'['n((p)dtp,
4]
. 1
trong d6 yi, () = — "™ 3 hiun rieng et L, twang wne véi gid
V2
tri riéng I, = m#h
[ — 3.
A 2q 3 . e Hn - -Jtp+ LM 2
NSy R .
S 4

e itme-bp +e—ifm+|j_(p[

jd(p =

. | l
. L .
m.e +10m_2 + A L A T

3. !
- ,_bm.c+ b 1’+'"0m "+(‘)ml +bm ]\
3512 1 4 '
85. Him song v nang lugng cua hat trong giéng thé mot

chicu ¢o thanh cao vo han, ¢ bé rong d ¢6 dang

_ E fmrx
Yo (x) = \!EHIHL_—]

d

nontnt

onTt

E,= — n=1.2 3.
2 2 '
2m d
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Ham séng trong bicu dién nang lugng (B — bicu dién) ¢6 dang
o

¢E)) =0, = Jw(x}w:;{x)dx Ctrong dé

i
iy = (X AT kR0 < x < d
| 2 khix>dvax<0
.Il_ d 5 — J ‘ ]
Py = 2 x‘s&in(-]l’-i dx —4d’ [sin —n“]dx
Vd 0 . f 5 d

Thuce hien phép tinh tich phan véi su chd y
b
sin{kx)dx = —%d{coskx}, cos(kx)dx = Ed{sm kx).

cos(nrt} = (= 1) va sinnw = 0 ta tim duoe

2| g 24° ad?
¢, = E{-i(—n"+—}{(—I)"—f1+-——x|(—n”—11
d'L nw (nmy nm
n=1,273._,
86. Chirng minh nhu bit todn vé momen xung lupng 1a Gm
dugc :

a) 875, -5,5% =0, 875, -5,87 =0. S

biéu d6 ¢6 nghia rang ¢d thé do duge déng thi binh phurong
spin vit hinh chi¢u spin trén cing mot truc.

o~

b) S’;\umq =mfy,, Szwrnss =5(5+ l)frzq:mh, s,

trong 46 my ¢6 (2s + 1) gid tri (m, = —s. —s + 1, ...8) vis lasd
. e X ( 1 3 3 ..
nguyeén (s = 0, I, 2. 3,..) hoiic {2 8 bin nguyén | s :E, ;J Mdi

hat div cho thi s6 s hoan toan xic dinl. Hat ¢6 Spin nguyén goi la
bozon. va hat ¢é spin ban nguyén goi 1a fecmion.
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. e " - o n - - o I .
87. &) Goi y [A him séng cua ¢lectron Ung vai my; = — va
' : 2
w- 14 him séng cna électron Ung véi m, = ——. Trong bi¢u dién §,
2 : - :
ta co:
—~ 1 -~ 1
Sui =S, Syup = - hy
2 2
hay

2

S, Wq:s’“(‘quﬁ[l OJ(W]
3 Wy ) “wa) 200 -y,

N s o~ k-~ HK{1L O
Vay trong biéu dien §, ta ¢d SZ:EGZ:_ 0 i hay

2
~ (1 0 o h~ &~ R~ .
o, = . bat§, =—o,, 8, =—c, va tim dang ma frin
0 -i 2 2 -
- - oSS & LB . .
c,.0y . Tri rieng cua §,,S,. 3, bang 5 nén tri riéng cula

—

04,0,,0, bang = 1.

5330 1 0
Vaysizcizcgzlz[ ]

Gy Gy — G0y = 2i0,
Gy6, —0,0, =210y



Chi ¥y ring :

2o 0, +0,0,)=(2iog)oy + Gy (2ioy) =

e e e

(5,0, -0,0,)0, +0,{0,0, ~0,0y)=

e —

_ 7,2 _ _
= 640,64 —0,6y +0,0, ~6,0,6,=—G,+0, =0.

Ching minh tuong ty, ta tim dugc :

OOy =—0,0, =15,

ajp ap by bz
GX = N Gy_
ay; a4y by by

G, =Gy tatim duge :

- a— e

Dung hé thic 6,0, =—0,6, va
- 0 alz 0 cia.
GX = * - i
a;; Y e 0
trong dé a 1a so thuc bat ki,
Tuong ty, dung hg thic 6,6, =6,6,. &, =6; taco:
— 0 b]z 0 c
G = _
y * 5
by 0 e 0

trong d6 B 1& so thue bat ki.
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) S . T
Ding he thie o, g, =io, tatim dugec o - = —.

Néuchon oo =0 thi =~ —, khi dé ta¢é :

~ (1 0) ~ (0 1) ~ (0 -
o )™ o) YT o

K

ra | A

Trong bicu dién S, ta (im duge :

A'(l 0} ~ (0 1y ~ (0 -i
g, = ., 0., = . O, =
Yoo a1y el o) Li 0

trong biéu dién S, ta ¢6 :

—~ {1 0y —~ {0 1y ~ {0 —i]
o, = , G, = , O, = .
““lo 1) 0) % T o

P 2 KT N s N S i
b) Ki higu x[”. xf i x[ "1a cde ham riéng va 6,,6,.0, l1a céc

I

trj riéng clla ©,,6,,0, tacd:

o—

LD (th A2 ) 3
G_\(X _Gxx ' G}-')f: _ny . sz _sz

. . . - L} e
Ta tim cdc him riéng ¥ dudi dang :

QI [al} = (bl W,Xf_m: (Ca]
a; (b2 )

Tir phuong trinh 6_‘xm = (Txx(“ ta c6 .

0 l\[‘dl\l a:} (31] o, a
= =0, =
L UJ _azJ a a2/ \0x 2z
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Tu diy suy ra:
Ay = O, 4] = G4
2 2 .
4, =06 = O0fds hay o] =1 - g, =1
Ung vai gr1a tri o, = +1 thi a; = a, vi him riéng x{ nrong (ing
- 1y .
la y_&l co dang :

: l
x&“ = a!(
|1

.. R

(ng v&i gid 1 o, = -1 thi a; = —a, vi ham riéng tuong dng c¢d

1 N
dang : xm = al(
-1

d

\ g . K P p { ; . 1}
Tir dieu kien chuan hod him séng x( ) {hodc X(+” hoac )((_

VAN ARE (ilTaZJ[::]Zhl‘z + 1‘2‘2 =L

SUy T

2 2 2
[lll +|&- =2|a]‘ =1

hay ;

1
4; = —=¢"" (a1 s6 thuc bat ki), Vay :

J2

= ; .
N2

ﬂ{l}:;‘liil(.l\ A[_l}:_l".__i(x: 1 \
X \.f"lz(' k}J X 5 —]J

trong d6 o, u, la nhimg s¢ thue bat ki.



T phuong trinh 6\,1{2} = G\.X(Z) ta cod:

o (0 -i)(by —ibz] by {oy b
d.. = = =43, =
¥X i 0 /lb, ib, “Iba) loy b

Tu day suy ra ;
—lbz = G}‘bl . ]hl = G),bz
by = oyib; = Gob, = G2 = | VAo, = +I
E—Us.ll—cy ’_;_:;’Gy— \-"aUy—_ .
Khto, =+ ltacd by, =1b; vakhi g, =1 tacéd b, =-ib,. Cic
ham riéng iing v&i o

— 5 - 3 2y o L2,
y—lvacy——]]dxi va ¥y

1 |
2 n()o-n[ ).

Tir diéu ki¢n chuan hod ham sdng :

b

ww [ b
0= ot = f ol <2 -

tr day suy ra by = % P Tuong wy, tir dicu kien %72 ¥ = |
I iBa .

suyra by = —=e*7 . Vay:
N

@ _ by oL iﬁa[ ] ]
= —¢ , Yo = —=e'?

trong d6 (3, va B, la nhitng 36 thyc bat ki,

3 _

Tir phuong trinh &,y cz'x("') ta ¢d :



Tu ¢o :

M)
2
Ll P

= o, =1 vag, =%l

Khi gy =+1thi —c,=¢yhay ¢, =0vakhio, =

,==tthie=—c
hay ¢, = 0. Khi dé ta ¢6 :

S ) ROV
+ 10 - i

Tur diéu kién chuan hod ham séng :

LD ¢l (])( JZ‘Cl‘Z _

Vta) 3) (OC )[0):‘0—;!2:1,

suy ra
iy i

cp=e'le,=e’?

v&1v,. > 12 nhitng s6 thyc bat k1. Vay :

et e

Nghi¢m tong quat xm 12 16 hop tuyén tinh tir cdc nghiém

3 3
xS vayt

xm _ [Wi ]_L X(j) re_ xS
W2
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0) U e o J
Tir di¢u ki¢n chuin hod ham )(_{3}
1 wox [\ i3 2
xH‘ ! X{‘)’J = (\‘ultpz)[ g W:‘c_g +‘c ‘ =1
W) '

Dé thay ring
¢, =¢"cass, e =e*ina,
trong do . k, & th nhitng s6 thue bat ki.
"Ham rieng 'V tong quit ¢6 dang :

(3) W e cosd
x = =
Vo

1

e sing
trong dé ava B (o =y, +4q. B =v,+k)vadlanhing sd thuc bat
ki. Trong trang thdi ' } niy hinh chi€u spin khong ¢é gid ri xdc

dinh. Xdc sudt cua gid tri spin 3 irén truc z bang cos™d va xdc sudt

- : o2
cua gid i spin Y trén truc z bing sin™8.

) Ta biél

SR SO A
il oty st gt
DI T VIR
- 2 2

f 1 5
S*:—;~c;:i——l



™

"y

(10
trong do [ =
_ 0

N _;I

U S e A o
- Cde 80081, 8y giao hodn vdi nhau nén cic

binh phuong hinh chic¢u spin cua ¢lectron rén cdce true x. y, 7 ¢6
21d tri dong thai xic dinh.

d) Binh phwong hinh chicu spin trén phuong & duge xdc dinh
nhu sau :

PRV s s 2 .
[$2] =L o - 1 ani -
a” 4a”

. 'a
2
| B — . . -~ -~ —
= —z—j(o'xax boyay +o 7, )ocay to,a, +0,a,)=
a
2 - - e
F 2 3 e
Al 52, 32 302
= 4—210x x T0yay +0,a5(0,0, +
a

e e

+ 0,0 Jaga, +(o,0, +o,0,)a8, +(0,6, +0,6,)a,a, } .

Chd ¥ ring

503005 0y o~~~
Gy =0,=0,=1= 0 » Ox Oy +0,0, =0
Gy 0y =0: Gyon +6uay =0 ¢ alwal sad =2
yG, +0,0,=0; 5,0, +0,0, = ay +a, +a, =a",
ta duage
-2 2
s b
[‘ _1 :_I
2) 4
2 o ki
SN he o he
(s-] x=S2y="Tr="y.
Lol 4 4
Binh phuong hinh chiéu trén truc @ 1a

"

s2o M S, =+
7 ‘

Fa | =

219



88. Todn 01 spin coa hé hat électron S
S: Sl +Sz
Binh phuang hai v& cua ding thic nay va chi ¥ $,S, =558,

ta co

I-J)

W
t

(Y R
[
)
[SF N O]

55

S~ -~

e SE &2 : B
Cic todan tr §;S5, §j. 53 giao hoan vdi S? nén chiing ¢6 ham

riéng chung X -

r..
- %tS(SH}—s,(s, +1) =8y (59 + D} x,

L . ]
o1 v6i ¢lectron thi s = $5 3

1
2'!
Khi d6 gid tri riéng cua §£S§ la:
3
< 3
i‘3~~{S(S+l}~—‘—}
2 2

Khi hai spin song song thi S = | va khi hai spin doi song thi
2

. e B h L
S = 0. Viy tri riéng coa 5,5, bang vy khi hai spin seng song va

. 3.2 i e
bing —ZhL khi hai spin 4061 song.
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89. a) Toan 1o S khong phu thude vao toa do Xx. y, z nén S
gino hodn v6i L. Ta biet ;

LLy~L,L =il . S,S, -S,8, =i#S,

)

y) - (L +S )(L +5 )=

bt
[ S

‘<

;

[ S

e
1]
["‘
+
U‘J
l—'
w)

=L, L, ~-L Lx+§xSy—Sf:§ ihL, +ihS, = ik],

Ching minh twong ¢ ta tim duoce :

.])J? _jzjy = Ih]x , .jzjx _jsz :lh.]y
b) Dung cdc hé¢ thire giao kodn cta ciu (4) v chitng minh nhu
bii (80} ta tim dugc . '

o~

S5~~~
N P PR =0

qu’mj :jzwmj Zmei’lp‘m}.
2 .2 2. .
FWmd=1"Wm =5+ Dy .
trong d6 j, = mjﬁ vaim; = —j, =i+ 1, .. ]
. s .o~ 2 2., .
(m; ¢6 2j + 1 giad tri) 1& tri riéng cva j, va j° = A°j(j+1) 1a 1

riéng cla j2 . Ta tim tri riéng cta jS :

+5'

S=(L+S$)S= 0§+52= 2{3 EINS:

o~

- 155
jS=E(32+S‘—L2)
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PR S S S
Cac todn wr L7, 870 570 J, giao hodn véi nhau nén ching cd

chung ham rieng wy . Taco:
! i

m
IS km :”2_{"”4" N+s(s+1) =/ + 1)) Wi

Tririeng cha jSsé Ia:

=]

L
!

£

HG+D+sts+ D =10 +1)

Ta xidc dinh nhitng gid tri ¢6 the ¢6 cua j khi cho { va s. Ta

bictrang :j, =L, +S,=(m+m)h= m; /i

m,,..=1{m =S my =TS =00

nax SR iy

Cae @id (71 ¢6 thé cé cia j la -
. . . =1 .
s l+s—LT+8=2 T+8—q=]j.,
Ta cin xdc dinh gid tri cha j,;,, hay gid tri cha q.

Céc todn t L, 53 i:: S, giao hodn vdi nhav nén ching ¢6
chung him rieng Ypm, - Khi ¢cho 7 v s ta ¢d (27 + 13(2s + 1) ham
Wiamm, YOI MOL i tri cita m. m, khic nhau, Fa hay chi ring khi /
vit 5 di cho ta ciing ¢d (2/ + 125 + 1) ham Wi | v mel gid tri
cua my vd j khdc nhau, D¢ thay 1o didu d6 ta biéu dién nhimg cap

gid tri m. m, va j, m; bang bdng sau :
= b 5 J - [y



m, m; = + m, j
I s I+ 5 f+ 5
J';’ s =1 J{f—i—s—l [I+s
l7-1 S es—] 1745 -1
F $-2 (F+s-2 (14
-1 «— 1 Jias—2 dles-1
1!—2 _ J+5-2 452
L \’ .
/ 5-3 E!'!+s—3 I+
1—1 $ -2 53 l+s—1
12 § -1 f+s=3 f+s-2

[+5-3

/-3 5 [+5%—3

T bing trén ta thay ring tng vai m; =/ + s chi €6 mot ham
Wimme YOI M =1 m, =5 vimot ham Wi viii j =71+ s, m; = J={+s,
Ung v mi ={+s— 1 ¢ hai ham Wiamn, YOI m =/ m, =s— | v
m =/ -1, m = v cling ¢O hai him Wi, j voimy =1+ s - 1.
J=lrsvamp=de s —Tvh j=/+5- 1 v,

Vay khi cho 7 va s thi 58 ham Wimm, KhLm, m thay doi bang
s0 ham Wam i Khi m; vd j thay d6i. Vay khi cho / vi « s ham
Wamm, VA Y, deu bing (27 + 1)(2s + 0. Ung véi mdi gid tri

cua j thi m; ¢6 (2 + 1) ¢id tri. 86 ham Wism khi /. s did cho nhung

m;, j thay doi moi 2id 117 ¢6 (hé ¢ 5¢ 14



J = Jmay = s

(2j+ =2+ 2s+ 1)
i = Jmm
Tong theo J W j, =/ +s~-qdénj . ={+scd(q+1)sd

hang. Chd y rang :

1= I i ;
G=l4s~ o, j= dmin Flmax gy
i = Jmin
)= dmax
M=({g+1
3= Jmin : :

1aco:
(s + 1 mjp )+ 5+ 1 +i0)= (20 + D(2s + 1),
Tu day suy ra j,,;, = 2/ - s). Cic gia tri cua j 2 0 nén
Jmin = t!—s‘. Viy nhiing gid tri ¢ thé ¢é cua j khi/, s dd cho la ;
j=i+si+s— 1 f+s-2.. |f—8|.
90. D¢ thdy ring
PiP2 - BB, =By
B3 pE =21 ST =53] 83 =1+ 03 4 L
trong d6 T 1a ma tran don vi. Tri riéng ciia gi Ia § bang :

§° = 20 = s(s+ DA%,

Tir day suy ra s = }. Spin cla hat bing 1.

91. Ta bi€t ring hinh chi€u cha spin =2 trén phuong T

= | v

duge dac trung bang ma tran :
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p=T% G=xo0,+yo, +2z0,

{2 ol e e )

-

Thuc hién phép bi€n d6i unita S thi ham séng hai thanh phan

W . . .
W= [ ] J chuyén thanh him y’ = Sy vd ma tran p chuyén thanh
¥,

ma tran ;3':§f)§; vai gg:r :§r§=1 (I 12 ma tran don vi), Trong
co hoc luong tir phép bién déi vnita khéng lam thay déi tri riéng
vi cdc phan tor ma tran. Ta tim ma tran S khi thuc hién phép quay
h¢ toa do trong khong gian quanh gdc O dé chuyén p vé p' va
lU:1 J Biet duoc y'; va y'5 ta xdc dinh duge céc

chuyén y vé y' =
Yo

X4c sudt W'y = \p’? va Wy = w'i.

Né&u quay hc toa do Oxyz xung quanh truc O, mot géc o thi
ta ¢d
X' = XCosp — ysing

y' = xsing + ycosg

7=z
.\ z' X'— iy‘] z (x —iy)e 1
p = . , = i =
Ny -z (x+iy)e'? -z
o - o
c? 0 z x—iyjie 2 0
) o [x+iy oz i
0 e - 0 e ?
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= S(@)pS™ (),

trong dé
ip _le
- e? 0 -~ e 2 0
S(p) = |- STty = o
0 e- 2 0 e?

Néu quay hé toa do Oxyz xung quanh truc Ox mot géc 9 thi
taco:
X'=x
y' = ycos8 + zsinf

Z' = —ysinO + cosB

L [ 2 x—iy') [ -ysin@+zcos® x-iycosf-izsind
P “ ) {x+iycosO+izsin® ysinB—zcos6
5) (3]
CO8{ — 151n] —
2 2 z  X-iy
*
. [8} 8] X+iy -z
15111] — CO8| —
2 2
(z) (3
cos| = | ~isin| —
2 2

x'+iy' -z

= $(0)pS™ (6
- [Bj (6] _ (8)pS (B)
=151 — Cos5| —
2 2
trong dé :
6 .. 96 0 .. ©
cos— isin— cos—  —isin—
S 2 ot oA 2
S0)= ., S (®)= 5
1Sin—=— Cos— —is8in—  COs—
2 2 2
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Mot phép quay bat ki dé
chuyén hé toa do xyz vé x'y'z’
duoc thyc hién bing ba phép
quay tién ti€p theo cdc goc
Ole @, 0 va y nhu sau : quay
xung quarch truc Oz méot goéc ¢
chuyén Ox vé ON, quay xung

quarh truc ON (vi trf m&i coa

Ox) mot géc 6 chuyén Oz vé
0z’ sau cling quay xung quanh
07" mot géc v chuyén ON vé
Ox" (h. 3.13) khi d6 ta ¢6 :

P =SSO (WISE)S (0N

e : y'
¥ = (S(y)S(B)S(p))y =[ : J

trong dé :
) i% 0
S(w) = 1
0 f:_IE
oy
S(e) = 2 o |
0 e_ ?

-+

6
COs5—

. S(0)=

isin—
2

Thue hién phép tinh ma tran ta ¢6 :

Hinh 3 13

.. 0
isin—
2

0
cos—
2
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. . . “(a ib
Sty. 8, ¢)=S(y). S(DHSp) = G ]
- 1 il

trong do

. ]_ :p+1pj ; p—y
g i e "
a=cos—e 2 , b=sin—c * 2

Ta xdc dinh w‘l va g

3 .

. q}'l . @& ib Yy
w=l o =Sy 0 o= =
v, b a AW:

ay, +ibw2

ib v, +,:1’F\|J2
Tu day suy ra:
W= ay, +iby, v, =iby, +a*1|12

Wb

%

2

v, lz +lb‘2 ‘q}zr + ia=|*bw$]‘w2 —ib*awlw

W, = “"‘2

2 =|b‘2‘wl|2 +‘a‘2 ‘Wz

2 # ® L&
+1a b\iflllfq —ib aw!w;
Thay Y, = e'“coss, v, = ¢'Psing va cde bidu thire cia a. b ta
tim duogc :

28 s R
W'] = ¢cos” —cos” 8 +sin®—sin® & +

+ %sin Bsin(28)sin(p + a —B)

W= sin” %cos2 8 +cos’ 9sin2 d —
- %Siﬂ Bsin(28)sin{p + o~ ).
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. At R B
92, B¢ im ham riéng cloa j,.j° va L~ 1a viét j, va j dudi

dang ma tran.

—1‘-:—-{-5 0
0 =
oo 2
j~:(I:+§)2=L2+Sz+2LS,§=gé‘
208=hLé=h{L o, +Lyo, +D,0,] =
o L. 0 -iL, L0
= hel Yl Tl - =
L, 0, (iL, o0 0 -L,
{ L, L,-iL,
=hn ~
\Lx‘i‘lL\; '_'Lz
=505 51 0Y 3,01 0
12 +8 =12 Lo p? =
0o 1) 4 lo-
P32 g
. 4
0 1.2 +24°




P=1?+8%+2L8 =

2 +%h3 +HL, AL

hL+ 121252 i,
. :

—

trong 46 L, =L, +iL), va L_=L, —iLy . Ham sdéng y dugce viét

dudi dang ma tran :

“ia£+% 0 v
hw=n =
g a 1y

0 - P
Jdp 2
/wl
= m#h
L‘”z
hay

e 1

:P]'* W) = myy

do 2

(Ql.].’z |

- ——WY5=m

20 2\?2 W2

Nghieém y |, v, co dang :

3o
y, = fi(r, B)C
I m+-- \j

\.|12—~f2r 9)6\

P

I-.J—
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trong do f,. f5 12 ham tuy y phu thudc vaor, ® va m |3 s& ban
1 . N oA hg
nguyén (m_. . =1+s=1+ 3 la 6 bdn nguyén nén m 13 s§ bdn

nguyén).

.

Vi ham séng y ciing 12 ham riéng cia L? nén ta c6 :

R[(T)Y; | (6,9}
Vi) _ 'm___
Vo Ra(r)Y 1 (6,9)
fom+—
2
Ta phai chon R| va R; sao cho ham nady déng thdi 1a ham

riéng clla momen toan phén -

) omen()

2 W2
hay
hi‘: . L2 + %hZ _ hf; Rz(l’)Y{.m*—l(e'(p)

R(n)Y 1 (6,0)
f.m-—

= B +1) 2
M Rz(r)YI . (6,0)

Tl day taco :

(LZ +%h2 +hlf;] RY 1(B.9)+
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(0,0}

71 -

+ AL R,Y  (B.g)= Aj(+ DR, Y
1’,m+-7 {1

tb i —

- “x 3 —
AL, R, Y |(G,(pJ+[L3+—h2-hL,]RaY 1 (8,9) =
lm - 4 ) g

= #iG+ 1) RyY

m +

1{6,9).
!

Cic todn tu [: va L. khong phu thudéce vae r nén chiing chi
tac dung- 1&n ham Y(8. ¢). Ta biét ring jz L+S va tir bai todn 80

tacd:

J+lIJJ m = h\/(] _m) (.] +m+ I)WJ, m+1

JIVYimn = ﬁ\/(j‘m}(j"‘m"'l}w_i, m

Néu dat S = 0 thi j=L vi khi dé ta tim duge ;-

L+YL m(6,p) = n\/(f -mY+m'+ DYy o

L-Y) 1 = W -mY+m+ DY, '

X t l % =
vdim =m — 5 thita cé:
2
-~ 1 5
L.Y ]{e.q}):h H+— -m-Y 1
! \ 2 Lm+ -

Sm- -

2
L-Y (0,01 =h [!+-_l;] ~m’Y

Im+ -
3

fom -

[



Chi ¥ thém rang :

~ |
LY (Bg)= [m +—]hY y (B,1)
2 f,m +3

L’Y  (0.)=hY0+ 1Y
f’.mt7 {

1 {6,9)
Lm ot -

2

ta tim duge

2
{f(;+1)—j(j+_n+m+gr<l+ (H%] ~m? R, =0

]

it

- 1
{+-]- —m? R, + !(.-'+1)—j(j+l)—m+—_iRa=0.
2 ' 44 7
Tir dinh thac cla hé phuong trinh biang khong ta ¢é

1
L
! >

Truéng hopj =1+ % 1a nhan duge :

. i | !
-+ 5 -mR, + \/;-kz—m \/f'+;"m R,=0

\/H—l—m \/Hl-i-m R, —[f-i-l-i-l'n]R‘s =0
2 2 2 i

. ] l

R, = ’.-’+;+m R(r. R,= 'I+;—m R(r).

hay

S
fad
L



Trudng hopj=1{ - % ta o :

[g+l+m)R|+\/!+l—m ’!+l+m R, =0
2 2 ¥V 2

hay

R, = ,’[Jr%—m R, Ry =~ 1HJr%-i-m R{r)

Ham s6ng yy;,,(r, 8. ¢) caa hat ¢6 dang :

1
‘[1+ +=—Y .
m 2 !,m—l(e(p)
2
'!—m+lY (B, ¢)
2 Lm+l 1
S2
' ,Ir-m+lY (8, ¢)
2 z‘,m—% i

m

f.j=f—;,_ |
< —{+m+=Y 1 (6, 0)
2 Lm+E

93. Trang thdi cua électron trong nguyén tr dwge xac dinh bdi

w 1 (rv 9! (P)=R(r)
{ '2*.111

bdn s6 lugng tirn, /, m, m, véi @

m, = +-;~._ - —;— (m, c6 hai gid tri)
m=0,x0.£2, .../ {mcd2f+1 gidtri)
iI=0,1.2..n-1 {{ c6n gid trl)
n=1,2,3,



a) S6 électron cyce dai khin, /, m dd cho vam, thay d6i 1a 2. -

b) 86 électron cuc dai khi n, ¢ dd cho v m, m, thay déi 1a 2(2{ + 1).

¢) Ung véi mot gid trichan dichothi/¢éngiatrili=0,1,2
(n — 1). SG électron cuc dai ing véin dd cho sé la:

n-~1
> 2.2+ 1=2(1+43+5+7+2n-1) =

=10
= 2{%1‘1_”_1_).]1}: 2[12 .

94, Hui électron 13 hé hai hat déng nhat c¢é spin 1/2. Khi
khong ¢é tir trwdng ngodi tic dung va tuong tdc giita cdc électron
khong phu thudc vio spin thi ham séng hai hat électron duge bicu

dién dudi dang :

Yo (5, B, S5, $2,) = 0(R, B)A(S17, 82, ),

trong dé S, = mMh, sy, = mph véi
1 1
m=t—,my=+—,
2 2
Ham vy, c6 thé viét duéi dang :

Yo = Os(fi. B)ga(my, mp) =0, (1, )xs(my, my).
Ham ¢,(f,%) 1a him d6i xtng. ¢,(7.%) la ham phin d6i
xung, x.(m;, m,) 1a ham spin doi xing va y, (m,, my) 12 ham spin
phian déi xiing cia hé hai hat électron. Goi v, (i), y,(%) 14 him

séng cna électron thi nhat va thi hai, a(m,) 12 ham riéng cua

—~— —

$? va S, , B(m,) la ham rieng caa S3 va$,,, x(m,. my) la ham

riéng cua
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—
e—

52 :(§\II+S/;)2 vi SI:ZS‘;;'FSL, .,taCé:

HE Dy, () = Eow, (). HE )W ()= Ey (i),

2 2 3.2 h
STa=s(sy+ Dk azzh“a, sjza:m,ha=i;a,

3 -
B=solsy + DA'B= 2. 53,8 —mhp =3P,

S

Lo~

L=SS+ DA%y, $=0,1, S,3=miy véi

ro)

S
'ms=m|+m2=— 1,0, L.

Cac ham ¢ (1, R} va x{m;. m,) cé dang :

Lo | . - - . .
¢u(rl’ 1‘3) = _'\/'5_{wn(rl)wm(rZ)_wn(r?)Wm(rl)} khiS=1

q]s(-fl‘FE) = Ul—g{lpn(fl )‘Vm(FZ)+\|"n(i:2)‘i"m(?!)} khi $=0

a[%][{g] khiS=1m =1
gy = Lol gl -Hea{ -2 4 wis= 1.m, =0

A
() e




95. Todn tv Haminton cua dao dong tu phi diéu hoa ¢é dang :

ltl = I:‘!U + \’\}{X).
trong 6
~ odt 1 5,
0 = ————— + MmO X
2m gy~ 2

13 todn 1o Haminton cia dao dong tuir diéu hoa va

3 4
C"(x) =g {—X—J +89 (i) [a thé nhiéu loan.

x(l X()
Trong gén ding bac khong ta ¢d :
1 o 0,0
H(lwﬂ(x}: Ellwﬂ
& day
22

- 1/4
-3 X ma I
wﬂ(X1=Ane 2 Hn(&)s é: s An = [_'_‘]
Xo fim 2"n!

]
Ej; =hm(n+;)—] n=0,1,2, ..

Nang lugng cua dao dong tr phi didu hoa trong gan ding bac
nhit cta i thuyét nhiéu loan duge xdc dinh biang cong thic ;

_ R© 4}
En - En +En "

trong d6  Ell'=v = wa(x)\/(x)wﬂ(x)dx

—50

= Anx, {sl [ 5 H, ), ', @)dg +

—a
t & IC_:'; H11(é)é4Hn{‘i)dg .



Ta biét (xemn bai todn 56)

. 1
EH,=nH,_, + :H

—

n+l

hay thay nbangn+ k véik =0, £ [, 2,43, .. tacd:

n+k+i-

v |
an+k ={(n+ l()Hn+k—l + E H
Dé dang thdy rang :
[
E*H, = &5 H,) = ngH,, + 2 EHo-
| i
= [0+ JHyt - DM+ S H o,
] 1
E'H, = &(E_,EH,]) = [n +E] EH, +n(n - 1DEH, » + ZQHMZ =
3 2
= ;n H,—y +n(n - 1)(n - 2)H, 5 +
3 1
+ Z(n + I)Hr‘l+l + an+3
3
£'H, = En_Z&.Hn_l +n(n - 1)(n - 2)EH,_, +
3 . 1 3ar s
+ Z{ﬂ + DEH,,, + géHnu = 1(2n +2n+ DHH, +
1 1
+ 2(2[1 +'3)Hn+3 + EHFH"‘ +

+n{n~ b){n~2}n—-3)H .4 +nin - 132n - DH, 5

Dat cdc biéu thic ciia £'H, (&) va E*H (&) vao cdc tich phan &
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trén va diing diéu ki¢n truc giao chudn hod ciia ham séng :

I W::T(X)Wﬁ(x)dx = A Anxo J s Hm(é)Hn{E)) d& = 8m.n

* 2

—

ta tim dugc :

3 2
EE]I) :Z 82(2n- + 2n + 1), n= 0, l, 2, 3,

96. The nang cta électron trong trudng dién tich hat nhan

an

phin bd déu trong thé tich V,, = TR c6 dang :

trong 46 p =

hat nhan & trong thé tich dV'. Ta tinh U{r) khi 0 < r <R. Chi ¥ ring :

J' epdv j pdV | 1hio < r < R
JE-Ti
U(r) - rlay
_ze khir > R

r

e’ '
= const la mat do dién tich hat nhan, pdV' 1a dién tich

4] .

r—r| \/(r—r} \/r e -2’

B =cosB =cos(r,T).

dV' = 27 dr'sin6d@ = —2nr‘2dr‘du taco :

2aze’ | T o ‘_1 du
U(r) = v Ir drj

0

+ jr'" dr’

2,2 L
r'<r t r2+r*—2n"u

+

I\/r +r =2rr'p



Tabidt:r' >r1

-1
_ 2\fr'2+ e —2rr'pl _

-1
j dp
| \/r'2+r2—2r'p —2rm ll

~ _J(r'+ 0 — -
= —

Khir' = rthi /(r'— r)2 =1 —rvakhif <rthi ir'- r)2 =r—r

nén ta duge ;-
1 _2 khir'>r
I dup _r
2,2 ' 2
I\/f +r -2y —— khir<r
I

Thé nang U(r) khi 0 < r < R dugc viét tai nhu sau :

2 I- ‘2 1 R P2 1
dnZe r'edr r'edr
Ui = - v {j + j - }

T F
o 1] r

(r'=<r) {r'>r

Thé ning cua
nhan ¢é dang :

|
]
:c|h
%]
p—————,
S R
|
| o
|—1
i %]
—
-~
=
=
A
—
A
~

U(r) =



Todn wr Hamintan caa électron trong trudng hgp khong nhidu
loan (trudng hgp hat nhan cé dién tich diém Ze) sé& 14 :

3
Il
o)
2=,
+
T
|
‘ N
- T
]
i

Toin tr Haminton cha électron truong hop ¢6 nhidu loan (trudng
~hgp dién tich hat nhan phan bd déu trong hinh cdu ban kinh R) ¢6 dang :

%
H=2" s um
2m

Thé nhiéu loan :

<r=<R

<y
—
2
I
]
:UW
[ ov]
TN
|
|
b2 | -
73“|—‘M
L
|
|
|N
- l&
2]
L
=
=
<
A

0 khir = R.

Khi khong nhiéu loan, ham séng va ning lugng cla électron &
trang thdi co bin ¢6 dang :

T

- 452
- Z
e 3 E =_m62

2h

1
Wo(r) = : o
NV ma

R 5,29.10%cm

trong doé a= 5
Zme~ Z

Theo 1i thuyét nhiéu loan, hi¢u chinh cia phép gin ding bac
nhat vio mic co ban béng :

2r
-~ l = - -
EY) = fubnViny, (n dv = > [e 2 Vinanrdr.

BT VATLY LY THUYETT.2 - 16 241



Khirz R tht V(r) = 0 nén ta co :
R 2r 2 2 2
] S| Zem e {3 1
EL“ = Ic‘ i ———r—,} Anr2dr |
M 0 r R 2 2 R~
P6i vél moil nguyén (6 trong bang tudn hoan Mendéleep

R < 107" %cm nen khi Z = Z,_._ = 100 thi %»- 50. Vi vay trong

max

2r

mién 0< 1< R cothécoie *~1.Khidéilacod:
2 L2 2
EE)“ g_l__i_j _.Z..C_..__Z_:E'_ _?’,__l.._l._ .4T{r“d[‘
ma 0 r R 2 2R2
2 2
g o228 [E]
a
5 a \a

Nang lugng coa électron trong gin dung bac nhat cia i thuyét
nhiéu loan bang :

42 2
E~E, + ED=_ M2 1—1(5] ]7
2h° >

97. Khi khong rhiéu loan ta ¢6 :

-

a 3 2
-~ L h=d
L3 I A VN [S IR Y S I
H oy = ',)_‘wm TN L2 Win = EmWim
Co21 21 do
trong 46 :
7 2
| h*m*
Y =——e"? BN =—— . m=0,+1,£2, ...

vam 21
Khi ¢6 nhiéu loan thi H= ﬁn +V trong d6 V 1a th¢ nang coa

momen ludng cuc D & trong di¢én truong déu. Ta biét :
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IjZC|f| +C_l_'2 :|L‘|(f2 - [:I)Z‘C]é; Cy :|e|‘ ey :—‘e‘

V=) Fead(h) =[] oG +€) - (7)) =

= |¢[/Vo=DV¢ = -DE
trong do ¢ |a the tinh dien vt B =-V¢ la cuong dd dién truong.
bat E doc theo truc x, D lam thanh véi ruc X mét goc @, Khi dé
ta <o - '

2n
s - DE.
Viem = ‘[WI:Y((D)Y((I’))‘U& (pyde = T{bm', m+l +Om " mot }
8! :

. . . . P [S I
Cdc higu chinh cla mite E 1a:

| N
Esn) :me =0
| Viewl  D'E? |
Esg_lzzr‘)1ll1l) = I 5 m=# 1.
m’ E:n ‘E:n' h (4m= —1)
{m = m}

98. a) Trong tir trutng ngodi dia manh thi ta bé qua tuong tic

- -~

s el . el | . eS
gita L va S Khi d6 mdémen tir quy dao —— vi mémen spin —
: He Le

luong tac v6i tr trudng ngodi B mot cich doc lap. Khi khong cé
nhi¢u foan (B = 0) électron ¢6 nang lugng Ej; va & trang thdi
dugec mo ta bang ham séng :

0

wnhnm\- (r. 6, pm, ) = Rn;‘ (r)me (C()se)ci”“'px(n]s )
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Trong gan ding bac nhit ctia 1f thuyét nhiéu loan phan hiéu
chinh nang luong chia electron duge xdc dinh bang cong thic :

(1J £ 0
nfrnm ,{wn.’mm {1‘, 6, o. mﬂﬂj””i’m’nmS (r, 0, ¢. m)dV

chB
E(niﬂ - =———{m+em,),
s 2pe
- ] l
trong dom=0.% 1,42, .. #/5m=— . —.

'méi mirc EY;khi khong nhiéu loan bay git tach thagh (2/ + 1) + 2
- 2/ + 3 muc. Su tich mitc nay goi 1a hi¢u (ng Pasen Baka. Khi
B > 30000 ocxtét ta quan sdt duge sy tdch mic nay ¢ Li va Na.

b) Khi tinh dén .lién két L-S tacé :
~ - & o n e =2 fad —
U=- B—{L+ZS}:-—B{J+S]=—BM
2ue 2ue .
trong d6 j=L+S. Todn tit M c6 thé viét :
= g a2 s
M=—(j+8)=G]
2uc
Ta xdc dinh 1odn i G.Dé dang thdy ring

_,."

: ﬁﬂz-—( +S)
e J )

-~

=2 ~a. . e 3 24
G wisjm, = GhTIU+ DWhjm; =5 0 + 5DV isim; =

e 3., =
= 2—};—(-:—{)‘1 J(J+I)+Sj}wfﬁjmj
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Tiu day ta céd .

rr 3 3 an aa = 5 9 a2
r§-d 7L 75 S T§es? -] L2 S

+

2uc | 2m%i(j+ D)

— 32 12
Mo S )y, d +2S L2
2ne 2RI+ 1)

Todn tit U bay gi¥ duoc viét lai nhu sau :

2. 2 2

-~ -~ B - ~

U=-BM=-BM; =- —{1+1 +25 L
2yc 20°§(j+ 1)

Hiéu chinh bic nhat mic niang lugng duge xdc dinh tir cong

thic ;
{1) —_ 0¥ 0 —_ ,
h G+ =1/ +D+s(s+1
trong do u0=3—w‘1g=1+1(] ) ‘(. Y+sis+1)
| Zue ' G+

Thira s& g goi 14 thita s6 Landé. 86 lugng tir m; chay 2j + 1 gia

tri. Vi vay khi chua nhiéu loan mot mic nang lvong Ey,y bay gio
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tdch thanh (25 + 1) muac. Néi chung, sy tich mdac nang lugng khi
dat nguyén W trong tir trudng goi la hidu ung Ziman (Zecman).
99, Todn tit Haminton ciia hé hai électron trong nguyén it hay
ion,
H=H_ +V
trong dé Ho la todn 1t Haminton khi khong nhiéu loan.

~ . 762 52 762"
A, =[—;—v$ "‘E“}'[*TV% z
2 I 2n o)

N € N R Lz N : . N
vd V=— la thé nang nhiéu loan (r; la khodng cdch tir élecirdn
2

thi i (i = 1, 2) dén tdm hat nhan va r;, la khodng cidch giita hat
électron).
Ham séng hé hai électrén ta ham phin doi xang.
Wa(Fh S1zs .f3= 522) :q}(?l? ]:E)X(ms.l’ msz}
Phuong trinh Srodingo déi vgi ham ¢(5, B) :
Ho(r, 6)=Ed(r, &)
Ta tim &7, ) trong gin ding bac khong (khi Vo= 0)
H,4"(6, £)=E°° (7. &)
Ta biét

2p 1

Wy Zet) L
{_____v? __1w11{ri): Enwn(riL i=12

(I)?(?l‘- L) =y iy, (h), [b{’_){flv BRIy, y,(h)
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ta co
H, 6 = (E, +Ey )¢ = E°0¥
H, 8 =(E, +Ep; )03 =E°43,
Mic E” suy bién boi 2 (ang vdi hai ham ¢7, ¢3).
Ham ¢(%, Dtrong gin ding bac khong cé dang :
6"t5, 1) =Cio7 (7. 1)+ Crda (7, )
Ta cé ;

HO®(§, 7) = C, HoY +C, Y3 = E(C10f +Cat3).
Nhéan d)?* ¢ hai v& roi tich phan ta cd :

C,H,, + C;H,» = EC,

CiH,, + CH,y, =EG,,

trong dé
Hy = [07" (G, B)(Ho + VIOD (5, B)dfdpy
Hio = E°8 + Vi voi V= J‘b?*{}tb(ﬁdﬁdfz :
Pt E=EY+E tacé:
(Vi —ENC + V(=0

Vi

. 2
for"Varaads = [ ju, GOl —fwin (B)f dids
12

” 2 -
05" Va3dide; = [ |wa (B —|va (i) didh,
12

Vo
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V“ = sz =K {[hay bié'n |:2 —r _1:[ thi'V:z — Vll}
Vipg= Jd?lf* Vo3didr, =
® - 82 - 62 LI ~ -
= Iwn(fl)wm(fl)—Wm(fl)—Wm(lelUn(fz)dﬁd_fz
02 T2
Vo= [43 Vejdrdr, =
o, ~ 32 ® _ o
= JUmEWa () —va @)y (®) didh
: 12
V|2 = V21 =J ({hay 1”2 —> l”l [hi V2| —> V]Z)
Dé ¢6 nghiém C; (i = I, 2) khdc khong ta phai ¢6 :

(K -E") 7o
] (K-EY

Tir day suy ra :
E=K+J;E=E°+E'=E°+KzJ
bat E' = K + J vao phuang trinh
(K-EC, +JC, =0,
ta tim duge C; = C,. bat E' = K ~ J vao phuong trinh trén ta ¢6 C,
== Cp00 =C (4] +¢D), E=E"+K+]
$s =C(d) -99), E=E°+K -]
Tir diéu kién chudn hod ham song ¢° ta fim duge C, = -1-= Ham

V2

séng y, cua hé hai électron trong nguyén tir (hay i6n) ¢6 dang :
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‘Ua(fls .f2= ms,s Insz):d)::(?l‘ FQ )x:;{ms]’ m\\.z)
E=E'+K-~]J

{wa(fl, By My, My, )= 00 G b)Y (my, . My, )
E= EO +K +17,
trong 46 y, va y, 1& ham spin ddi x(ng va phdn ddi xing cua he
hai ¢lectron.

100. Goi y,(&) 1a ham riéng cha H tuong @ng vai tri riéng E.
Taco:

H v, (&) = Equy(E).
Ta khai trién ham (&) theo hé ham y (&)

WE) = D caun ()
n
Tir didu kién chudn hod ham séng

[lw@[ds =1,

suy ra :

Sl =t

n

Dé dang thdy ring : |
I= fy" @hvede=Y|c,[E, 2 E, Y |c,[ =E,
; :
hay
E,<I= [y @HyE)dE

Pé tim E, chi cdn tim gid tri cyc tiéu cla [. Thudng chen ham

wi&, a, B...) phu thudc vao cic thong s6 o, B, ... khi dé I{a, B, ...)
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s B -1 .

la ham cua o, B. Tu dicu kién — = 0... (a tim duge o =, B = [,
da

... Gng v&i gid tr] cye tiéu cua I va do dé ta xde dinh duye E,,.

101. Tir diéu kién chuan hod him s6ng

” __'\_'_i
Ilw(x}‘z dx = A? j e Pax= AZB\J{_TE =1,

ta tim dugc A2 = L Ta tinh 1{3):

v

1) = [w 0Ryxdx =

-

e =

x 2 42
= Ilyx(x} —h—-d—+U(x) y(x)dx =
_ 2m gx?

- _fw (x)—yi(x)dx + Ilp (U (x)dx
2m e dx~ =
bata = L vi chd ¥ ring
B’z g

ta xac dinh duge 1(}),
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-

X

ay Khi Uix) = Unx4 va ham thir ywix} = Ae P a6

o3,
+—U,B

Py =
4111[32 4

)

Tu diéu kién cuc tiéu cta I{B) [CI

ENTE
7 ] ﬁ-
‘_: -3"_:
o]

=0 ta tim duge :
&

. t R . 2 .
b) Khi Uf{x) = -im(ng:-:2 va him the w(x) = Ae P taco

-~

X

}}2
m62

1B =
4

|
+-—mm2B2.
4
Nang lugng cua hat & trang thai co ban 1a :

o3 SEAE
. T 4 3|3 h
b0= Imin = +_UOBO = {__Uo} ,

4m[3§ 4 414 m?
Tir diéu kién e 0, ta dugc BZ = B{Q, =i‘
B mo

Ning luvgng va ham séng cha dao dong tr diéu hoa mot chiéu

G trang thdi co ban s€ la :
3
ﬁ..

i 202
= +—mo B, =—
4mp2 4 Po=73

0 min
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T | i
e P A= —_——, B,= J—.
VB, me

102, Todn tr Haminton cua nguyén ti hidro ¢ dang :

Wo(x) =

trong d6 :

a2 3 : 5
V2=6—+gi+—— 62+c01g8—a—+ 12 %
co a9 sin” 0 dp

Tir diéu kién chudn hod ham séng ta xic dinh A
Iw*(r)w(r)rzdrsin 0dode = 4nA’ J.c_EBrrzdr =1

0
Thure hién phép tinh tich phan timg phin :

o x
J- PBredyr - ! jrzd(erzﬁ'r) - J-e Bredgr =
0 2B 0 (2B (J'

.2 “2Br _ “2prg. 2
=——_ d( )= ,
(213} 0 (2[3)2 J “a2p°

ta tim duge A’ = B‘frc.

Ta tinh I(B)

I(B) = Iw <r){—;—v2 —5}w(r)4m dr
4]
Br  Oy(r)  dw(r)

Chi y ring w(r) = Ae "', —/—<= = 0, ta duge
5.t} 10
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fizﬁz )
IB) = ~e”
® 2m <P

Tir di¢u kién cuc tiéu cta I(B) ta nhan duge

P

B=PB,= lrong déa= 5
me

Niang luong va hdm song cua électréon o trang tha; co ban
trong nguyeén tir hidro s 1a -
2n2 2
h [_))0 cg <

I;’O:Iminz m - BO:_EE

e 4

Yol = !
4] \/;*'

103, a) Phuong trinh Srodingo cha hat ¢6 dang :

A 2 2
0N { K d }wut)
ot 2!']'1 dx

1
—5(x, t)
bat w(x, t}) = A(x, e’ vao phuong trinh Srodingo, ta tim
duoc ;

(SST [Aﬁi, 2@&@%

, Ax X Ox 2 52

A §+ o +U)y—ih 8—A+ o L2 A =0
Slat 2m o 2m 2m x>

b) Trong gian ding bac khong déi véi A cia phuong trinh
Srodingo ta ¢6
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Tu bi&t rang trong co hoc ¢d dien xung lugng cua hat 14

[ﬁs_ Y

X e s . : .
Ham H = -Z—J-+U(x) ¢oi i hiim Haminton cua hat vi phuong
m

aoi 14 phuong trinh Haminton — Jacobi.

¢) Trong gidn ding bac nhal d6i véi h cua phuong trinh
Sradingo ta tim duge ;

3
sy
as |ox

D240 L) =0
ot 2m

A a2 A D
(JA+_!_ A(/_S.+2£.i§ :0

. _O_S
A7) +i A2 | Z
at ax m
\

Ta bidt p(x) = ‘\y[x){z =A’Ih mil do xdc sudt tim thay hat & vi
a8

LX 13 van 18c cia hat trong co hoc ¢é dién. Phuone trinh
m

]

r;p + Tf#;(pv) =0
ct X




Ia phueng trinh lién tuc trong co hoce ¢é dién. Dai v&i trang thii

ditng ta ¢o :

(—i-S~———H = ~E = const, @: 0
ot at
hay

-
& £ 2mIE - U(x)] = £p(x)
GX

.|
:;(Az —p—J =0 v p= /2m[E - U{x)j
oxl m :

Tir cic phugng trinh nay 1a ¢é :
S=-Et+x jp(x)dx
A - const
oo
Ham song w(x. t) cia hat ¢é dang :
- I[El
wix, 0=c¢ " yix)
i X i X
B P Ipix:dx c — | M ddx
Wx) = —=e ' +—e
| o Jp
hay
| i*? P42
" J Pl e c o ‘{ plads

Jp Jp
Ti dicu kién yw(x;) = 0 suy ra C = — B v 1ir didu ki¢n y(x,) = 0

tacd C'=-B', Khiddtacd:

a 17
Yi(x) = —=sin ;:— Jp(x)dx
x|

Jo

[
A
h



b |17
y{x) = —\—F;sm {_ﬂ ;[p{x)dx},

trong dé a = 2Bi. b = 2B Trong mién x; £ X < x, ta phai cé ding
thire sau ;

[, x X3
a [ b LT

y(x) ==~=sin —jp(x)dx =—Si“{" p(x)dx}
e Tl |

Ta biét

1 12 12 "

; Ip(x)dx + ; Jp(x)dx zng pix)dx =«
I

Xy

hay

(%]

p(x)dx = & _;}; J'p(x)dx

X

l X
A

-

Ta tim gid trj c¢6 thé ¢6 cha a d€ ding thitc trén thod man.

Taco:

L ’
osin 3 J-p(x)dx = bsin a—}l;xj.p(x)dx
[

A

1Y i
= bsina.cos<— Ip(x)¥dx ; — bcosasind — x)dx
= [oto) - xj p(x)
|

X

Ping thic niy ding véi moi gid tri cla x trong mién X £x £ X,

1 .
b vGi n

chi khi bsina = 0 va a = —bcosa hay e = nn viia = (-1)
la nhitng s6 nguyén (n = 0. 1, 2, 3...). Diéu kién lugng ti hod dugc

xdc dinh bang cong thic :
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X2
'f p(x)dx = nnk

x|

hay

X3 ' | X2
-@p(x)‘dx = Ip(x_)dx + jp{—x)d{—x) =12 J.p{x)dx = 2nnf
x| X2 ' X :
Cong thie nay goi 1a quy tic lugng tir hod Bo - Sommecphen
(Bohr - Somerfeld).
d) Chuyén tir Co hoc lugng tir vé Co hoc ¢é dién néu nhitng s&

hang chida % phai rdt bé so v4i nhiing s8 hang khong chia %,

nghia la :
2 2
A as]— A &S
—| = | |=>h—
2m i &x 2m gx?
S
Chu y réng 'p|=(£]=ﬁ2—n=i voi A = L ta tim duge :
Ox AR 2n
p2 >>h d—p‘ hay dr << 1.
dx dx

D6 [a diéu ki¢n dp dung gén ding gia 6 dién.

104. Tacé :
. | ZiGF 4
Cl)=— [o(re9"d7
(2n)y
i eikr —igreos® 2 .
= _ j—_e r*sin 8dOdrd
2nry T .

2
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o« 1
1 . errelkl' ‘[e—lqrcosed(cose)
(2m)~ -1

— ; 12 j‘eikr{e—iqr__eiqr}dr
(2m)"q

- e o
Him ‘2 jeli(k—qj—alrdr_ J‘cii(k+q)--alrdr )
(1—-)0(2]"[) qi6 3
trong dd o 12 thong & thuc vh duong. Thyc hién phép tinh tich
phan réi cho o — O ta tim dugc :
~ 2
CW=——= =7
2y {q” -k}
Vay ta cé thé viét
ik
e 2 GF =
60 = == [
r (2ny (q" -k™)

105, Ham o (T) duge tim dudi dang
(i) = [dFGE-THUE W)
Ta bién
(V2 +k2) o (F) = Id'r"(Vz +kD G GE-FHUEW(E) =

2 -
= U
fi

Chd ¥ ring :

2m far sz - UE (e = 2M ()
B hn?
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tacd:
2
(V2+k2)G(E—f'):2~r:—]6(f—f'):——[; ]q.
h ' (2m)

-l‘eic](?'—'r")dq

Dé dang thdy rang ham G(7 ~ 7') ¢6 dang :

IqUi-r"
G(r - Fy= -2 L_1e" 4
e (2n) - —k°
ikr gl
. e 2 ¢
Chd ¥ rang : = dg
e T an)? 4 -k
ta cé :
m ik]?-—l |
GF~F)=——
nt? [F-T']
m eik]'r'—l |
vi o(F)= - ,}j — U(F (i )dF
2nh” |1" "|

Ta biet Uy = U(y® + ¢). Néu U bé thi ta bd qua s6 hang bé
bac hai Ug. Khi do 1a co :
oiKli=F]

O(F) = —— [ < U(E ) (£ )T
2ah? ¢ [F-7

Goi a la vong tdc dung cia truong. Khi |f| >athi U(t") =0.

Xét khir >> a nghia 12 xét trudmg hop [F| >> [f'|. Khi d¢ 1a c6 -
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ikr

Q(f s~ S fe R Ty
- 2mhe T k :
& day k =k L Ham séng w( f ) dugc viét dudi dang :
T
i Likr
(T)=yi ()=
trong do
f(K,K')= - 2j '“Uqr)w“( "df
2nh

ik

12 bién do tdn xa va wz(f'):c 14 ham song hat tr do.

ikreosl)

106. Ham sdng ¢ khong phu thugc vao ¢ nén ta khai

tri¢n ham 0 theo R, (1P (cos0)

eikz _ eikrcosg — Z C;Rk; (r}P;(cos0)

1=0
Nhin ca hai v€ cho sinBP/{cos6) réi tich phan theo 61a ¢d -

J.P,a (cos0).5inBe™* 0 dp =

Z iRy, (1) JP,(L()sB)P,{cusB)mn 0do =
f=0 {J

| 28, 2
- ZC;RM( T ! CpRy(n).

=0 I+1 2041
Patx =cosbtaco:

2

!
- CR. _ ierP d
3o O D= [ Ry



1
! Jeik"x ap dx

_ikr_l Cdx

1
1 ke, ikix
— [P(x).dee )= IR

i
1 ( dp; ) dek™)
dx

P (l)cikr P (—I)C_ikl-_ _ _
ikr { : / } (ikr)" o

Khi r — = thi ¢dc s6 hang ti 18 vai T VeVe rat bé so vai
oo

$0 hang tt lé véi —. Vivay khir — o« gan ding ta cd :

2 CRy() = fl—{Pf{l)eik" ~Bi(-De
ikr

20+1

Chi y rang :
dl‘l
——(x2-1y, :1=0,1,2, ..

Plx)= ———
201 dx

P(x) = 1. Py(x) = x, Py(x) = %(3»;2 ~ 1),

P;(x) = %(5)(3 - 3xX) v.v...

P(1)=1.P(-1}= (1),

Vaykhir > xctacé:
20+1
CJRL!(I‘) - . {elkr _(_l).’e lkl’} .

2ikr

Chu ¥ rang :
I inf

21 PN )
f=i i =e¢ 2 tach:

i =1, -1
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fokr -1 —ikr
CRy ) = S {( Ye™ —i'e }

imf | f, W . n
2!+i - '(k'_'EJ _'[kr"'{]
el e —e z
21kr

2t T /
o F
= e 2 sin(kr—ﬂ?]

T
Biét duge C,R, (1) khir — oo 1a tim duge :
o

ikz_J_
_kz

7(2:’ + l)P,w(cosB)sin[kr - 32{]

107. Nghiém 16ng qudt clha phuong trinh Srodingo cha hat

tin xa c6 dang : y(r, 8} = Y CRy;(r)P,(cos)
=10

Khi r — 2o thi ham bin kinh Ry (r) ¢6 dang don gian

I i/
R = —sin| kr—-—4+9
kir) . [ 5 ‘!)

i kr—£+5 —i kr—E’-+B;
1 5 2
€ —¢< -

2ikr

trong dé &, la dich chuyén pha (d6i v6i hat ty'do 3, = 0). Nghiém

tiém can y(r, 9) khi r — o ¢6 dang :

; )
[kr—.t—"ﬂﬁ; ! -—i(kr—n—uSJJ
2 I e o 2

w(r, 8) =

{=0
L
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Mat khdc nghi¢m nay duogce viét dugi dang :
ikr

w(r, 0) = e 4 1(0) =
Khai trién () theo P/(cosd) :

f®) = 3 D;P(cos)
=0

va chd ¥ ring :

kz 1 = 1[kr— T;} —i[kr—%‘r] inf
= —— > PicosB)je ¢ QI +1e ?
=0

taco:

Z Pi{cosh)

r, 0 =
Wi 21kr

ind i[kr—ﬁ} —i[kr—n—kJ .
Ql+e? et /e 27+ 2kiDe™ L =

T— £+8;]
3

1 ks l[kl’ - —+8;J l(k
TZ (Pi(cosB) <e 2 —e

So sdnh cdc he s6 ciia e™ va e " & hai v& ta tim duoc
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Tir day suy ra
21 +1

D - 208 _
=

f(6) = Zf,(e Z(”” 2B _ )Py (cos(0)
I=0 =y 2iK

trong do :

QI.JFI{'GHS’

fA0) = - I)P‘., (cosB)

12 bién do 14n xa riéng phan.
108. a) Ti€t dién tdn xa toan phin :
" o= [If@) 4. dQ = sinbdede

5

o= ?I 3 (2 + (X ~DPy(cos(d)| dQ
=10
- Ty Z{(vmnzur(—'*’f e - 1) x
f=071=0

% IP, (cos0)Pr(cosB)sin Bdel
0 J

Tir diéu kién tryc giao va chudn hod ctia cde da thirc P/(cos0)

j‘P!r (COS O)Pl: (cos 8) sin BdB = TBH
0
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1aco

o= 4— Z 2+ ™™ — e _ )
4K° A
4 w

G = —Z (20 + 1)sin’8; = D o

= /
trong doé

o= 2(2:’+1)<,m d

k

by Khi 6 =0tacé:

2!+1( 2i%y

£40) = ~DR().

21

Ch ¥ ring Py(1) = 1 va 2

20+1 21+ 1)

f(0) = §indy cosd; +i

S~ oy,

Phan do cia (0 1a:

2{+1 .

L.f,(0) = sin’ 8. Vaytaco -

41
o, = — k m I(U

~1=2ie" 5ind, 12 cé :

109. a) Ki hieu v; vd ¥' (i = 1. 2} 1a van (3¢ ca hat i trudc

va sau va cham d6i v6i he¢ phang thi nghiém, 4, va G, (i=1,2) la

van téc cua hat i trude va sau va cham déi véi he khai tam, Ve

la

van t6c khoi tam C cia hé hai hat d6i v6i heé phong thi nghiém
(h. 3.14). Tir dinh luat bao toan xung lugng cia hé hai hat va dinh

If cOng van toc 1u ¢d ;



L MV MV, MV +mav, o
Ve = —= =—= =const
my +1i; my +mj

=V U, VY =Vo+0 (=1 2).

-l

Vi vy, =0néntacéd:

- mpvy . MoV
v s Up =V - Ve = ,
m1+m2 m|+mq
~ — — mvy
I.12=V2—V -
mi+m2
., i, mv .
Vi=v.+u'| = iy (n
m| + s

Cic vecty v, vy vau; cung chiéu. Trong hé khoi tam ta cé6 :

mt; +myli; =myu’(+maou’y =0
-
Y
e
rd
’,
4
= rd
Vl <
’ el}
— e — —_—————fe Ll
Ve “"“-. .
fiac
Ve
——
U'l
. /
! —
! u
—— i —— g e e 2
m 7 m;
‘
/-!"
Uy
Hinh 314

Chicu phuong trinh (1) 1én phuong v, va lén phuong vuodng

géc Vo1 Vo, ta duge :
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m,
ml + ]T]2

v cosd, = vy +u'cosd

v sinB, = 0 + u'(sin@

T hai dang thite nay suy ra :

sin @
120, =
m v
———I—~-—[%] +cos9
my + 1M\ uy
D6i v6i tin xa dan tinh thi |u'|[ = |u1| vatacod:

\"1 _ \"1 _ mi +m2
v [2h]

v N
Biét duge —'— ta tim duge
U

sinf m;
tgeo =, f=—
¥ +cos0 ms
b} Goi N 12 mat d¢ dong hat tgi (s§ hat téi trong mot don vi
thdi gian di qua mot don vi dién tich dat vuong géc véi dong tdi),
dN Ia s6 hat tdn xa trong géc khéi dQ, d&i véi hé phong thi
nghiém va trong géc khoi dQ d6i voi hé khoi tam, ta cé :
dN

do = - = 04l8,, 40, = (6, 9)40

Ta biet dQ), = sinb, d6,de, va dQ = sinBd9dp
Néu chon ¢, = ¢ thi ta dugc :

sinBdo

G, 9‘) = ———0C
o% sin6,do,,

()



Chu ¢ rang

d(tg,) = —; dﬂ(,:d[ sinf J: Lhyeosd o
cos” 8, Yy +cost (v +cos 0y
cosf = 1 ~ ] .
? NEENTE) : -
(l+lgh9u) 511’18
[ [ e
¥ +cos0
¥ +cosf

\J.yz +2ycosB+1

do y2 +2ycosB+1
do, 1+ ycosH

sin0, cos@, I
sin@  y+cosh \/Y2+2"{0059+1

tacd:

(1 +2~(cos€1+?2)
o

o,(0) =
‘ l+ycosH

(0).

110. a) Bi¢n d6 tdn xa f(0, ¢) ¢6 dang :
0. o= M [T
(8, )= -—— fe 4 UG e

trong d6 §=k'-k. Thay bién F'=>F 1a ¢ :

{(8, ¢) = —% jei‘ifU('r‘)df; df = dxdydz
Khi U(r)=U_8(r)ta duge :
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Tl
(8. @) = —ﬁuo

Ta biét rang

dg =If Ide Vao = Jdc = ‘ﬂf‘z dQ nén 1a ¢o :

2 N 2,2
dc:[ mjuo} dq. c=[m—b‘:1 an=""Yo
2ah” 2nh-, nh
b) Trong trudng hop thé nang U ¢é dang d6i xing céu
U = Ulr) thi ta cé :
dr=dV = r’sind'd8'dgdr,  §f = grcosd’

o= b
f(0)y = — mj Id(p jrzU{r)ere]qT”"S(} sin9'de’
2m g g 0
. o] -1
-+ 2 o rPUr)dr [clareost d(cos 07
2
2nh 0 +1
2m .
- = IrU{r)sm{qr)dr
g
Goi 6 l1a géc tan xa (géc tao thanh
gita k'va k) (h.3.15). Trong tdn xa dan —
tinh thi 1K'l = IK| va ta co : Er'
q=2_ksin[g) ﬁﬂ >
B P
Khi th¢ nang U c6 dang don gian : Hinh 3.15
-U, klun 0<r<R
U=
4 khi r>R.
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ta dugc ;

R
3
{(6) = "ijO jrsin(qr)dr
hq
R
3
= _“TU; jrd(cosqr)
T
2mlU, .
= ——{singR —qRcosqR}
g

2

y .
-rgU;,] {sinqR —qRcosqR}*dQ2,
g

do = If(0)1°dQ = [

trong d6 q = ?.ksin[%} va dQ = sin8d9d¢

Tiét dién tan xa coa hat :

N2 (. _ 2
G = Jdcr:[szjOR ] J‘{squ—qucoqu} 40
i (qQR)

Chi ¥ rang :

sinBdb = 25in[g] cos (g} do = q_dfl

k_
vidat X =qR tacé:

2
25 H 23 2kR L _ e 2
o= u1[2mboR } j(sz XcosX) X
{)

Pé tinh o ta xét tich phan 1 sau

dX.

[= bj‘(sin X —Xcos }'()2
B 5
. X
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dé thay rang :

2kR . _ )
I {sin X XicosX) dX = limI
X~ a—{)

0 h—2kR

Diing hé thie :
2
{(sinX — Xcost = %(1 -¢c0s2X) +XT{I +c0s2X) - Xsin2X

va chi ¥ rang

jcos(aX)dX__ cos(oX) o Ism(aX}dX

x" (n_l)xn—i n-1 Xn—l
sin(aX) 3 sin(oX) o prcos(aXdX
J' XU dx __(n_l)xn—l + n—1 j X:!—I ’

taco:

b h h b

s, : 11
[ = _l_{jdx . dx B Jcos(“x)dx N Icos(2x}dx 5 Ism(..x)dx}
2 x? _

- 5 3 5 3
H X a i X E] X

b

J-cos(?,x) ' t {l cosla _lcos(?b) N

dx =—
x> | 212 311 2 b4

A

1sin2b 1sin2a 2 hi-cos(?.x)
+ — -—— -— dx
3t 32 3¢

k]-sin{Ex) sin 2a lsin 2b gh cos(2x)dx
3

|
4 33 3 3
X X 3y 3 p 3;1 X

b
“os(?
Treng tich phan I cdc s6 hang chia tich phan ILOb(“X]

i

dx eriét

tiéu 14n nhan va cudi cling ta ¢6 : -



trong doé

K= __L_ cos2a . 1 B s 2a
8a’t 8at 4a° da

Khia — 0O thitacé:

.2 4 6
(ay Qo) @
20 4 6

cos2a=1-

L3 L
(2a) . (2a) _
3 3!

sin2a = 2a —

lim K :l
a0 4

lim I= l
a—) 4

{ 1 sin(4kR) sin2(2kR)}
i— + -
b »2kR

(2kR)*  (2kR)'  (2kR)*
Tiét dién tan xa o cua hat $& 13 :

2n(mUR® ] 1 sin4kR) _sin® 2kR)
" (2kRY  (2kRY  (2kR)*

5

kl_

r

c)KhiU= -Uge ™tacd:

2m 7
f(8) ==~ [rU(r)sin(qridr
h g

w L

2mu :
ﬂ—rp;—ﬁ— IC 'o rsin(gr)dr
hq



ro
Dat x = —vau = qr, ta duge :

r{)

. 2 >
f(e) = sz(, _rs Jc *xsin(ax)dx
{}
Cha y rang
Sinax ___%(eiux _c—iax)
1

jxe( |cr.~-l)xdx =— ‘[xd[e( ior—1x I = — _

0 (la_l}u (1o - 1)~

' . = )
Jxe—-(laﬂ)xdx _ . | de[e_(]u+])xl= 1 -
0 —Ga+1y (ict + 1)

ta cé

2o 2qr,

—_ 8]
(+a?y  (+g%2)?

3 0
f(B) = ‘2;4[]‘12%1-0? .qQ= 2k51n(—~)
R+ 2

ax
J‘xe_x sin(ox)dx =
0

Tiét dién tdn xa cGa hat :

o
6= j’| £(8)12 dQ = 2nd £(6) 1% sin6de.
0

‘Daty=1+ qzrg v chd y ring :

sinfdO = 2sin 9 cos 9 de = adq
2 2 k2

dy =217 qdq

BT VAT LY LY THUYET T.2 - 18
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Ta tim duge :

o Jonm?ug o,
(15 A G Y S

d) Khi U(r) = ée_;'“r o
¢

ra

£(6) = —'@ fe* sin(gqryar
hq e

Thay sin(qr) = %{eu'r —e "} vi thuc hién phép tinh tich phan ta
i

nhan duge :
_2mA i
h2 ).2 +q2

f(6) =
Tiét dién tan xa cia hat :

o= j| f(O)F° dQ =2n jl £(8) 1 sin6do
0

27 Iu{ 2mA 22k gdy
i . 2 =1 -
= k_2 ji{{q)l qdq:—j[ } ‘[

0 KA n? ) ol gy
N i( ImA ]2 }'HTk-d_y_ Amm- A~ {i__ 1 }
k* L »? 2 y> kIt A At +ak?
l(\}:rrmlzﬁx2

G: “1 -
RS UUSIVE:
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By
4

o zZ .
D8I vai truong Culong Utr) = 25— thi ta dat A = Ze? va & = 0.

r
Khidétco:
il
2mZe
£(8) = - =5
rg©
22
2 2mZe” {
do = If(©)dQ2 = { mee ] —dO
f” g
!
252 4
do = m-Ze y 40
4K sin'{-—)
2
b6 [a cong thitc Rozepho.
2
- 15

. . A .
¢} Trudmg hgp U(r) = Ue 1aco:

r

Tt

2mb,, "
g g

f(0) = —

re sin(gr)dr

Xét tich phan 1

| 7o

A |

I= _[re i sin(qr)dr
0

o [ —

I = ——1—32 Isin(qr)d(c : )
2 0

_I-z
2

= -2 " sin(gr)| - _[e " d(singr)
2
0

(}
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111. The ning trong tac cua dién tich ¢, vdi nguyén ti ¢6 dang :

Ur) =

2oy (PN
[T -7
trong do d7'=dx’dy’dz’.
Bién do tin xa f(9, y) sé [a :

(0, y) = - m,) ‘l'einU(f)df
2nh*
m me;e
=— chell + I I?_
2nh? 27k’
trong dd
ot
I, = |—dr
= =

- j mrd Jp(r}dr

Ta tinh I} va I, sau d6 xdc dinh f(6, y)

‘[—dr = J

® -1

=27 jrd_r je'qrmsed(m-‘;e)
[t |

|qu0\9

r? sin 6d0dgdr




e .
‘:-_ I{elqr e vdr
'q 0

- o

. -7 G ] Sur .

= lim =~ Ic e —eMNydr, o> 0
u— (1] 0

. 2n 1 1 ] 4n
Iim —| ————=- =
as0igl ig-o iqta) ¢?

4

.
dr
[

= Jarp) _:’T

D4t R=7~F'— i =R +7".Khi tinh tich phan theo ¢ thi ta coi

t'1a ¢ dinh. Vi vay df = dR. Khi d6 1a ¢6

L iR GiGF
L= [dF'p() [ — o dR=
o edR
= [di'pEe | ——dR.
IR
Ta biét rang :
igR
E:-"_'.—dR =i1~—
IR| q°
N o e =gk - - - 4TE
vit néu thay bién 1'bang fthitacé I, = —F(8)
4
trong dé F(8) = [p(i)edF
Néu p ¢6 phan bg doi xing cau p(T) = p(r} thi ham F(9) ¢ dang
In = o 4nx
F(6) = _[d(p jdrrzp(r) _[c‘q”:m” 5inBdf=— Irp(r)sin(qr)dr
q
00 0 0



)
Khi ham p c6 dang p(r) = p,e @ thitaco:
- r
F(B) = m’— j-re a sin{qr)dr
0
bBatx = E, a = qa va chd y rang :

a

9
Ixe_“ sinox )dx = —— =,
0 1+ )y
ta tim dugc ;
Sma”
FO)= ——FU_
{(l+a"g™)

Dung tinh chat trung hoa vé dién ciia nguyén tir

Jp(r)d\/ = Ip(r).4nr2dr = 8nu3p(, =7

1aco:
Fith= “%
(t+a*q”)
Bién do tan xa f(8) ¢6 dang :
2meeZ |
o) = -—=5=11- 22,2
h=q (I+a“q“) |
Tiét dién tdn xa vi phan do :
2
2222
da=4mf“’42 ! e
h-q (1+aq~)

F

trong do ¢ = ZKSiH[gj . d€2 = sinBdBde.



Phan 1V

VAT Li THONG KE

A- DE BAI

§1. KHONG GIAN PHA - PINH LI
LIUVIN (Liouville)

1. V& quy duo pha ddi véi mot hat ¢6 khéi lugng m, chuyén dong
theo qudn tinh vO1 van toc v, |

2. V& quy dao pha cha mot dao dong tir diéu hoa mot chieu.

3. V& quy dao pha d&i vdi dao dong tir lugng tir, nghiém diing gid

thiét lugng 1 cua Bo( Ipdq = nh)

4. V& quy dao pha ctia mot hat chuyén dong véi van toc khong
doi giita hai vach clia mot ngén. Kich thude cia ngin doc theo hudng
chuyén dong bang 2a.

5. Xdc dinh quy dao pha cia mot hat khdi lwong m va ¢6 dign tich
- ¢ chuyén dong dudi tic dung cha hye hat tlr ot hat ¢ dinh c6 di¢n
tich +e,. Vitriban dhu lar

o van toc ban dau la v = 0.

281



6. VT quy dao pha cua chuyén dong mot chiéu cla cde chit didm
trong truong trong lue ¢é gia (6c g = const va kiém nghiém lai dinh 1
Liuvin,

7. Hay kiém aghi¢m lai dinh Ii Liuvin véi cdc chér diém chuyén
dong theo qudn tinh. '

8. Nghiém lai dinh I Liuvin doi v6i chuyén dong cta 3 hat trong
truong trong luc khoné ddi. Trang thii ban ddu ciia ching duoc che boi
cdc diém pha

APy« £5) 1 B(py » 2 + ) s Cp, + by 2,)

9. Nghi¢m lai dinh 1i Liuvin d6i vdi trudng hop va cham dan hoi
cua hai hat chuyén dong theo dutmg thang,

10. \Ithem 1ai dinh Ii Liuvin d6i vé&i 3 dao dong it diéu hod tuyén

tinh sau :
2 e+ Ag)
T COSME; Xy = [————Cos ot
mam” mm”

X| =
28
Xq= - cos(wt + )
e~
p; = —V2me sinet ; p, = —/2m{e + Ag)sinot
Px = —v2me sin{ot + §),

trong d6 m, &, »» 13 khoi lugng, nang lugng, tan s6 riéng Ag va 8 14 cic
hing s6.
11. Xac dinh qu¥ duo pha cua hat ty do khi ¢6 luc ma st i 18 véi
van 16c va lim su bién thién theo théi gian cla thé tich pha, _
12, X4c dinh sy bién thién quy dao pha cia mot dao dong tr diéu
hoa tuyén tinh khi ¢6 luc ma sit nho tic dung.

2
S0
[



13. Hay tim bi€u thic cua thé tich khang gian pha cia mot phan tu
Khi li wreng don nguyén tir phy thudc vio nang lugng cua phin .

14. Hiy ¢himg minh rang (hé tich chia khong gian pha T cia khi Ii
tuong don nguyén r gém N hat chia trong thé tich V bang :

IN2 SANS2

[ = const V™ (2m) E
trong dd m 1a khdi luong cua mot hat va E 1a ndng lwong cta hé N hat.

15. Tinh thé tich pha T d&i véi

a) Duo dong tur diéu hoa

b) Hat chuy¢n dong tuong déi tinh trong thé tich V ¢4 ning lugng
lién hé v6i xung hﬁyng bing h¢ thirc

E =C~.|"p2 +m:c2

16, Tim th¢ tich pha doi vdi hat khi chuyén dong trong thé tich V
¢t nang luong tén hé véi xung lugng bing hé thic € = Cp, vai C 12
hing s6.

17. a) Tim $6 trang thdi ¢6 nang lugng da cho trong bai 16.

b) H¢ gém N dao dong tir c¢6 dién doc 1ap 6 tan s6 14 w. Hiy dp
dung phép gén ding c6 dién dé tinh $6 trang théi cla hé ! Tim he thic
gitra nang hrong va nhiét dd cua hé néu st dung két qua vira nhan duoc.

§2. CAC HAM PHAN BO CO PIEN

18. Mot hé c6 thé & trong N trang théi v6i nhitng xdc suét bang
nhau. Tinh xdc sudt dé hé & mot trang thai xdc dinh nao do.

19. Hiy tim ham phan bo theo gée ddi voi mot diém quay déu trén
dutng tron.

g
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20. Hiy ching minh rang xdc suat dW(x) tim thay diém dao dong
diéu hoa trong khoang xdc dinh dx trén dwdng dao dong gita hai tri
bién +a va —a c6 dang

AW(xX) = — ot dx

21. Cho hé bao gém tir-N hat nhu nhau ddc 1ap théng ké. Gia st
Xac sudt dé mot trong cic hat roi vho trang théi p 1a P. Xdc dinh xéc
sudt dé cho n hat roi vao trang thdi nay.

22. Trong bai 21, ta coi rang N >>n. Xét hai trudng hop
aA)N->ow; byn—N.

23. Tinh X, X° vd Ax? trong phan b6 Gaoxg (Gauss) chuén hod

-
o(x) = J— " .
s

24. Trong thé tich V ¢6 N hat khi 1i tudmg tuan theo phan bo vi
chinh tac véi nang lugng E. Tinh 1hé tich pha, entropi S va nhigt do T
ddi véi hé da cho, tim phuong trinh trang théi.

25. Viét phan bd Gipxo (Gibbs) theo nang lrong déi véi dao dong
tit diéu hoa tuyén tinh ¢8 dién va tinh gid tri trung binh nang lugng cla
no.

26. Khi If tudng bao gém N hat & trong he diéu nhiet ¢6 nhict do
T. Tim x4c suat dé cho khi ¢é gia tri nang iugng E trong khoang E,
E + dE.

27, Tim biéu thiic cua entropi qua tich phan trang théi.

28. Bifu dién nhiét dung cua hé qua tich phan trang thdi.

29. Tim biéu thifc cta thé nhiét dong Gipxo qua tich phén trang
thai.

30. Tim biéu thirc clta Entanpi qua tich phan trang thdi.



31. Cho ma¢t hé khi I tudng bao géom N phan tr don nguyén tir,
Gia si rang & nhiét d¢ T hé duge mo 1a bang phan bd chinh tac. Tim
gid tr1 ¢6 xdc suat 16n nhat cua nang lugng toan phin E cia hé va
ching to rang bic¢u thic nhan duge tring vdi trung binh theo phan bo
chinh tac. '

32. Tir phan b6 chinh tac Gipxo hiy suy ra phan b6 Macxoen —
Bonxoman (Maxwell - Boltzmann) d6i vdi hé bat ki dat wrong trudng
luc, '

33. Thiét lap phan b theo cic thanh phan van t6¢ d6i véi mot hat
khi 1f tong. '

34. Viét bicu thic clia s6 phan tr ¢6 do 16n van téc nam trong
khoang tit v, v + dv.

35. Tim gi4 tri trung binh, gid tri toan phuong trung binh, gia tri
co xdc suat cyc dai clia van tdc khi 1i ruong,

| 36. Tinh s6 hat N cia khi |i tuéng cé van t6¢ nam trong khodng
Osvev,.

37. S dung phan bd chinh tic Gipxo suy ra phan bo Macxoen —
Bonxoman theo nang luong cha cdc phan tir khi if tudng.

38. Tinh s&8 phan ta khi ¢ dong ning cia chuyén dong tinh tién
1én hon déng nang trung binh.

39. Tim 6 phan tif cé gid tri da cho cia thanh phan van tdc doc

theo mdt tryc nao d6 v, va thanh phin vuoéng gdc véi truc dé la v .

40. Tinh nang luong xde dinh 16n nhat g, cha cac phan o khi i

. s {
tuong. Chitng minh rang g, # Emvis .

41, Trong mot binh 16n ¢6 thé tich V chita N hat ki 1 tudng &
nhi¢t d¢ T. Tim phan bé gdc cua hat bay ra moéi trudng ngoai 1a chan
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khong trong mot don vi thoi gian qua mot 16 hong nho o thanh
binh . Dién tich 16 hong 1a S.
42. So sinh s6 phéan tir oxy (0,) & 27°C ¢6 hinh chidus van ¢ v,
tr SO0 m/s dén 501 m/s v ¢d modun van toe tir 500 m/s dén 501 m/s.
43. Tim s0 phan 1 khi va cham vdo | em™ thanh binh trong mot
don vi thoi gian va ¢6 van toc gilta v va v + dv.

44. Chimg minh ring $6 va cham cia phin 1f vio | em” thanh

binh sau s ¢6 thé duge viét dudi dang v = % trong dé vl1a van (o¢
trung binh cua phan (i, n Ja s6 phan .

45. Hiy tim xem c¢6 buo nhiéu phdn phan tr hidré & nhiét do
300"K ¢4 van tdc nam trong khoang 1800 m/s dén 1810 mys.

46. Tinh phin phan tir nito & nhiét do 273K cé van (6c trong
khoang 230 m/s dén 255 m/s.

47. G 6 cao nio & 0°C, 4p sudt khong khi giam di 3 iin ?

48. Tim dd cuo trung hinh cua ¢ot khong khi o trén mat dat (&
0"C).

49. Tinh th¢ nang trung binh cta cdc phan ti khi If edmg & trong
binh tru cao h (& 0°C).

50. So sdnh so toin phin cde phan ur khi & trén mat dat vong cot
khong khi ¢6 ddy lemy véi s6 phan tir trong cot cao 1000m, 10000m va
80000m (& 0°C).

51. Tim trong luong cda ¢Ot khdng khi, xdc dinh dp suit trén ma
dat.

52. Vi€t phan bo Macxoen ~ Bonxoman doi vai khi Ii luimg bao

quanth mot khoi hap din ¢6 bin kinh R. Hay x¢ét xem viéc dp dung
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phin bo d6 vao trudmg hgp nay 6 hop 1i khong ?

§3. AP DUNG CAC HAM PHAN BO GIPXO
VAO CAC HE THUC

33. Cho mot hé khi Ii wiang don nguyén 1 gém N hat nhu nhau &
trong thé tich V,

1) Tinh tich phian trang thai doi vii khf li twomg.

2) Tinh nang luong tu do ddi véi khi [f wrong,

3) Lap phuong trinh trang thai ca khi I tudng.

54. Thanh lap blwung trinh trang thdi cua khi li tuéng don nguyén
W trong d6 nang lugng vi xung fwong cua cac hat khi d6 lién hé vl
nhau bing h¢ thic ¢ = cp®.

55. Tim nang lrong tu do F va phuong trinh trang thai cia khi 1i
tuong don nguyén tu tuong d6i tinh. Nang lugng v xung lugng cua né
thod man h¢ thitc € = ¢p. -

56. Tim nang lugng tu do F vd ndi nang U cta cot khi If tudng ¢6
chiéu cao h va di¢n tich ddy o & trong truomg trong luc mot chidu cé
gia 16¢ g. ¢6 nhi¢t do T, néu biet s6 hat khi 13 N, khoi lugng hat lam.

57. Trong mot binh lap phuong ¢6 canh (3 L chia mot khi I
tvong N hat & nhi¢t do T. Binh khi duogc dat trong trromg trong luc ¢é
gia toc ¢, Tim dp sudt dat lén mat trén cha binh lap phuong.

58. Hon hop cla hai khi I tuéng gdm N, hat ¢6 khai luong m; va
N, hat ¢6 khoi lugng m, chia trong m(fi[ binh hinh tru ¢6 chiéu cao h
va di¢n tich ddy o. Binh khi duge din trong trudng rong lue ¢é gia toe

g. Tim dp sudt dat 1én mat trén coa binh va vi i cta khéi tam.



59. Ching minh rang dong nang cita chuyén dong quay cha phan
tr 2 nguyén tir ¢6 cde khéi lugng 12 my va mg d6i véi khoi tam cla
ching cho bing he thuic : '

| p2
5
€ = ! pp+
l 21[ sinzoj

Trong d6 I 1a m6é men gudn tinh d6i véi khéi tam phan tir, Pg v Py

ta xung lugng suy réng ¥ng véi cac toa do cau 8 va @.

60. Tinh t6ng thong ké, entropi va nhiét dung ng v6i chuyén
dong quay cua phan & hai nguyén .

61. Cho h¢ khi li tuong gém N phin tir don nguyén tir. Gia st ring
& nhiét do T, hé dugec mo td bang phan bé chinh tac. Tim gia tri xac
suat 16n nhat coa nang lugng toan phan E cua hé vi ching to ring biéu
thitc nhan duge phit hop vdi gid tri trung binh trong phan ba chinh tic,

62. Tim sy bién thién entropi khi hdn hop hai khi khic nhau cé
cung mot nhi¢t do va dp sudt nhung 6 thé tich khéc nhau V| v V..

63. Tim ndi ning cua khi li tuéng & trong hinh tru bén kinh R va
chiéu cao h, quay xung quanh truc ciia né véi Qan 1oc gdc o.

ja

. | H s i .
64. Dai lugng Eqi o= dugc goi 1a virian déi véi biac wyr do tha i
i

Chimg minh rang gid tri trung binh cua virian clia mét bac tr do bing

%kT,néuH—)ookhiq%ix.

65. Su dung dinh If vé phan bé déu cua dong nang theo bac tu do
vt dinh 1i viflan dudi dang :

éH — oH
4Gz =Pig
&g Opi

tinh nang lugng trung binh clia dao dong 1t diéu hoa tuyén tinh,
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66. Tinh nang luong trung binh coa dao dong wr ¢6 the nang -
U= ax” theo dinh i virian.

67. St dyng dinh Ii virian. tim nang lugng trung binh cua hat
chuyén dong trong truedng luc ¢ the nang

Uty = (1(;2“ (n {1 s0 1 nhién).

68. Tim nhi¢t- dung mol cia vat rin, néu coi dao dong cha cic
nguyén tu 1a phi dicu hoa, Ham Haminton cda dao dong tir phi dicu
hoa tuyén tinh ¢6 dang,

q

2 2
Hip.q) = L aqz - BqJ' trong doé § << g—
2m KT

69. Tim phin nhi¢t dung gay ra sv phi dicu hod cia dao dong claa
phan t hai nguyén tir. néu thé pang cla né 6 dang :

RPN S
U= —q”+Pg" +7q” -
Trong dé cic hé $6 o, P, y. [A cdc hidng $0.
70. Cdc phan tir ciia mot chat khi lodng tuong tdc véi nhau theo
dinh luat ;
0 néur<r,

U= SN
~-U, —‘lj néur>r,.

I
Xic dinh nhiét dung C, cita khi do.
71. Ching minh rang phuong trinh Van-de-Vanxo (Van der

walls) cé the viet dudi dang :

(?T+-—37](3(D— 1) = 8,

m-
trong oo =V/ V., n=p/p..t=T/T,

V.. pe T, 1dn lugt [A thé tich, &p svat vit nhi¢t do tdi han.
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72. Tinh céc thong s tdi han cia hai nude néu
a=203 al.mbfkmnlz, b =0.01R3 1113fkmol.
R = 5.10° J/kmol.K
73. Tinh nang luong E. nhiét dung C,, entropi S va thé nhict dong
Gipxo ¢ cua khi Van de Vanxo.
74. Biéu dién entropi S va thé nhiét dong ¢ clia khi Van de Vanxo
gua cdc hing s& tGi han.
75. Tinh hé s6 nén dang nhiét ¥ cla hidroé & nhiél do 800K va dp
sudt 10 at. Coi a = 5.65 at.m"7kmol?, b = 0,031 m*/kmol.
76. Tim sy bién thién nhiét d6 khi gidn n& khi Van de Vanxa cé
rthiét dung khong doi vao chan khong (i 1hé tich V, dén thé tich V.
77. Tim phuong trinh cia qud trinh doan nhiét déi vai khi Van de
Vanxo ¢6 nhiét dung C, khong déi.
78. Xac dinh B(T) doi véi chat khi ma Czic hat cia né ddy nhau

theo dinh luat U, = % (n>3).
r
79. Phuong trinh trang thdi cha khi thuc ¢é thé trinh bay dudi
dang quan trong sau ;

goi 13 phan tich virian cta phuong trinh trang thii. Ching to ring
phuong trinh Van de Vanxo ¢6 thé trinh bay dudi dang phan tich virian
vGi cdc hé s6

a
Bj=b-——. B;=b", By=b.
! RT 2 3



80. Cdc h¢ so virian thit hai cé thé viet

B, = ——;_[f(r)d?’r

S .

bl
trong d6 [{ry = ¢ kKT — 1 1a ham Maye (Mayer).

Tinh B, d6i véi khi qua cau ran.

“81. Nhi¢t dung riéng cta chi va nhom & nhict do 20°C, thé
tich khong doi tuong dng 1a 126J/kg.do va 8961/kg.do. Tinh nhiét
dung kilomol doi véi cde kim loai nay va so sdnh véi két qua nhan
duge tir dinh luat Buylong — Poti (Dulong — Petit).

82. Tim ning lwong tu do va phuong trinh trang thii caa khi 1i
tuging dat trong mot binh day bang mot pittong di dong cé khoi
lugng M (Pitténg duge xét nhu vat thé cé mot bac ty do theo
phuong truc 2). '

83. Gia st rang trong kim foai luon luén cé mot hrong nao d6 cia
cdc electron v do. Néu coi riing dinh luat phan bd déu nang luong theo
bac tuw do thi nhiét dung phan tir clia natri tinh thé ¢6 mot électron tr do
d6i v6t mdi nguyen tir 1 bang 4,5R. Hay it ra ket qua niy. |

§4. CAC HAM PHAN BO LUGNG TU
84. Gia su chat khi lugng & tuan theo théng ké Bozo —

Anhxtanh (Bose -~ Einstein) vad Feemi — Dirac (Feemi — Dirac) va

eid sir do suy bién g(g) khong ddi va bang 2. Bat
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ju dx

B=expl{al ;F(B) =
p{a} BTl

3f2dx

3\/_{‘!36X+I

Ching minh rang ta c¢é

va G(B

2 32
o LrklD) VE®)

85. Ching minh ring d6i v4i phan bd Bozo — Anhxtanh, dao
ham cua thé hod hoc theo nhiét do luon luon am.

86. Tinh tng thdng ké cia hé N dao dong tir didu hod mot
chiéu doc tap.

87. Tinh nang lugng trung binh va nhiét dung cua N dao dong
tr diéu hoa tuyén tinh doc lap.

88. Tinh nang lugng ty do va entropi-cia hé¢ N dao dong tr
diéu hoa tuyén tinh doc lap.

89. Tinh nang lugng trung binh va nhi¢t dung cha hé bao gdm
tr N dao dong tur diéu hod hai chiéu doc lap c¢6 cdc muc ning
legng £, = hv(n + 1) suy bi¢n n + | lan.

90. Tinh tong thong ké cia con quay lugng tir (rétato). Xét
cdc truong hop gioi han nhi¢t do thap va nhiér do cao

4

T>>T, =

gmlk

91. Tim nang lugng trung binh va nhiét dung cia h¢ N hut khong
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twong tic cé thé & trong hai trang thai lugmg wr khong suy bién g, va
g

92, Tim sy lién hé gilta dp sudt va mat do nang lugng doi vdi
khi Boze lugng o trong trudng hgp khong twong déi,

93. Phé ning lugng cla cdc photon ¢6 dang

E(g) = hicq.
trong d6 ¢ 12 vects séng ; g = 1§1. Tinh nang tuong ty do va
entropi cua khi photon.

94. Tinh cdc ham nhi¢t dong F, S, E. p cua bic xa dién tir.

95. Tinh nhiét dung cda khi photon C,.

96. Tim phuang trinh doan nhiét ctia khi photon.

97. Tinh xdc sudt dé cho & nhiét do6 phong (kT = 0,025eV)
¢lectron chiém céc trang thai ndm cae hon mac Fecmi 0,1eV va
thap hon mirc Fecmi — 0,1eV,

98. Tim xdc sudt d€ électron trong kim loai ¢é nang luong
bang nang lugng Fecmi.

99. Ching minh ring

*x ~
+j [a—t] dE = -1
ANG =

100. Tim d6 chénh 1&ch gita nang Tugng (theo don vi kT) ciia-
¢lectron ndm trén mie Fecmi vi cdc électron nim trén mic ¢d xdc
sudt bi chiém 1a 0,20 va 0,80,

101, Tim nang lugng cyc dai cia électron trong kim loai & 0K.

102, Gia tri thuc nghiém cita mic Fecmi d6i véi liti 0 T = 0K
bang 3,5¢V. Gid tri nao cia khéi lugng hiée dung phai thay vio
cong thiic dé ¢6 sy phit hop gita cdc gia tri H thuyét va thuc
nghiém cua miéc Fecmi,



103. Xic dinh phi¢t d6 Fecmi cva électron trong nairi wrén mic
Fecmi. Biét rang néng do ciia électron tu do coa natri 1a 2,510 % m™?
_ 104, Tim diéu kién ing dung théng ké cd dién va gidi thich ¥
nghia vat lf caa nd.

105. Tinh nhiét do suy bi€n cua hidro, néu s6 hat trong mot
don vi thé tich bing s6 hat & diéu kién tiéu chuan.

106. S& nguyén tir hidro trong mot don vi thé tich phai bang
bao nhiéu dé thong ke lugng tir cé tdc dung & nhiét do phong
{T = 300K). Mt do khi bang bao nhiéu trong trydng hop nay ?

107. Xdc dinh néng do cta khi éfectron ty do trong tinh thé d¢¢
cho nhiét do suy bién cia khi électron trong né bang 0°C.

108. Tinh s& todn phdn cla trang thidi lugng tir cha khi & nhiét
dd T. Chimg minh ring néu s6 hat khi nhd hon nhiéu so véi so
trang thai thi diéu kién sau thod min

“’2nkaT”2
L——-—-——z >>1
h

109, Xidc dinh so trang thdi D(g)de, xung lugng gidi han pg va
nang lugng Feemi Ep & do khong tuyét doi doi vai khi électron
si¢u twong d&i bao gém N hat & trong thé tich V. (g = ¢p).

110. Tim s6 va cham trong mot don vi thai gian vét mat don
vi dién tich thanh binh c¢lia khi électron & dd khong tuyét doi.

111. Ching minh ring & nhiét d6 cao khi T >>T_ , nodi nang
clha vit ran tuan theo cong thie.

q
U = 2 Nhv,,, +3NKT + 2NKT,
4 ‘ 8

294



i)

112, Ap dung phan b chinh tic luong tir, chéng minh cong
thite xdc dinh do tlr hod cia chit thuan tir 14 :

.. 2
JO+ H
3KT

l“ 0

113. Tim coéng thitc cho dé cam thuén tir twong Gng.

§5. LI THUYET THANG GIANG

114, Ching minh ring do léch toin phuong trung binh cua cic
dai lugng cong duge doc lap d6i v&i gid tri can bang, bing téng
cdc gid tri trung bink cba cAc binh phuong d¢ léch cua dai lugng
nay d6i véi tung phin riéng biét.

115. Ching minb rang thang gidng tuong d6i cua mot ham
trang thai cong dugce bat ki cha hé ti 1¢ nghich véi can bac hai coa
s¢ phan doc 1ap cua hé. .
116. Tim thang gidng toan phuong trung binh cua van tdc¢ khi
li twgng. '

117. Hay tinh thang gidng toan phuong trung binh cia hé khi
Ii tudng.

118. Tinh thang gidng tuong d6i cia nang lugng trong h¢ déng
nhiét theo phan bé chinh tac.

119. Tinh thang gidng twong d6i cla nang lugng cla tinh the &
nhiét d¢ cao vi nhiét do thap.

120. Tim su phy thudc nhiét do cia 4o 1éch toan phuong trung
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-binh cua vit ran tdn theo dinh luat Dobai (Debye).
. s 3_ 323 ez a2
121, Chidng minh rang Ax™ =x" =X~ —3X(AX)" .

122. Chitng minh rang d6i vdi phan b Gaoxo ta ¢ he thic

123, Su dung phan bo Gipxo d6i véi heé ¢6 sd hat bién thién

bidu dign AN? qua ((;—N) (p ta 1he hoi hoc).
Nty

124, Sir dung két qua bai 123 tim An; d6i vdi cdc hat tuan

theo phan bo Fecmi.

“

125, Tim thang gidng nang fuong vi s& hat lugng tir cla
trudng dién tir ¢6 tdn sé da cho,

126. Tinh thang gidng todn phudng trung binh va thang giding
tuong doi cda nang lugng dao dong tr didu hoa (d¢ thuan ticn (a
chon nang lyong trang thdi ¢o ban bang khong). Ciing tinh nhu
trén doi vai 1ap hop N dao dong 1 diéu hoad nhu nhau, Xét truong
hop gidi han nhiét do cao.

127, Xéc dinh trung binh coa binh phuong dién tich ctia mot
tu dién ¢é dién dung C, duge ndi véi mot ngudn dicn nao dé.

128. Tinh thang gidng toan phuong trung binh cua dong dién
treng mach cd cudn tu cam & nhiét d6 T.

129, Xac dinh khodng cdch trung binh khi khuéch tan duoc
sau thoi gian . Khi bao gém cdc phan tir 16n phét ra tr mot nguén
diém vio chal long ¢6 hé s6 ma sdt noi N ¢ nhiét do T. Bdn kinh
phan trr.

130. Néu coi khi I twong 1da mor tap hop cde hat Braono
(Brown) tuan theo céc dinh fuat cta thuy dong hoc cua chat 1ong
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li wwang déang nhiét, hdy rit ra phuong trinh Anhxtanh ~ Phoc —
Plang (€ - E - P). Truing ngodi dugc dic trung bang thé nang
U( ¥ ). Eyc ma sdt coi la u 1€ bac nhat doi véi van téc. Bo qua luc
quan tinh.

131, S dung phuang trinh E — F ~ P & trén, xdc dinh trung
binh binh phuong do dich chuyén cia cic hat Braong chuyén doéng
lrong trudng trong fuc vdi gia tée g.

§6. THUYET PONG HOC CAC KHI

132, Ching minh ring khi ¢6 trudng ngodi U(T)., nghiém
dimg ciha phuong trinh dong hoc Bénxoman la him phin bo
Macxoen — Banxoman.

133. Xuat phét tir phuong trinh dong hoc Bonxoman hiy rit ra
phan bd Mdcxoen theo vin toc cia cdc phan tir khi can bing khi
khong cd trudng ngoai.

134. Rit ra phan bd Bonxoman doi véi mat do khi Ii tuong o trong
trudng trong luc dong nhét tir phuong trinh dong hoe Bonxoman.

135. Trong qua clu bdn kinh a ¢6 chida N hat khi H tudng cin
biing & nhiét do T. O thoi diém ban didu t = 0, khi bé1 ddu dan né w
do viao chan khong. Xdc dinh mat do hat p{ ¥ ,t) néu bd qua va cham.

136. Xdc dinh hé s6 truyén nhigt caa khi électron trong kim
loai dua trén cdc gia thidi sau :

a) Tat ¢d cdc électron chuyén dong véi van tée v nhu nhau.

b) Méi électron tin xa diang hwéng (ching han bsi tam tap
chit trong kim loai) sau quing thoi gian 1 nhu nhau d&i véi at ci
céc électron.
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c) Sau tdn xa, nang lugng cia moi électron diing biang nang
lugng trung binh u clia né & diém xay ra tdn xa.
137. Ham phan bo khong can bang cla électron trong day dén
. N » e e AT R
khi c6 mat dién truong E, va gradién nhiét do d—rut ra tir phugng
X
trinh Bonxoman trong phép gan ding thai gian héi phuc t1a:

Pt (o) + || S0 B g S
dT T Jdx e

trong d6 f,(e) 12 ham phan bd Fecmi — Dirac.

Hay rdt ra phuong trinh truyén nhi¢t va biéu thdice d6i v6i hé
$0 truyén nhiét A qua tich phin theo nang lugng caa hat mang néu

- 2
coi thoi gian héi phue 1 chi phu thuge vao nang lugng € = ;—
m

138. Tim s0 va cham, thoi gian trung binh giita hai va cham
lién ti¢p va quing dudng 1y do trung binh cta cdc phan ti khi
jodng. Coi cdc phan tr khi 1a cdc qua cau va cham dan héi bdn
kinh a.

139. Tim quéang dudng tu do trung binh d6i vdi phan tr khi
nitg N, & diéu kién tieu chuan (0°C va lat). Néu coi a = 1,90A°.

140, Khi nghién citu cdc hién tuong nhiét dién trong kim loai

v bdn dan, ta thudng chon dong dién j. dong nhiét 6:6}+l]

E'()

(trong d6 @ 1a mat do dong nang lugng, 1 14 thé di¢n hod cla céc
hat mang) |4 cdc dong nhiét dong. Hiy tim liee iién hiép voi dong
vdi dien kién 14 nguyvén I d6i xdng cta he so dong hoc cuae
Onxage dugce thod min. ' '
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141. St dung nguyén li d6y xdng Onxage, bicu dién cdc hé s
dong hoc d6i vdi tinh thé diang hudng qua he s6 dan dién o, thé

nhiét dién dong vi phian a. hé $6 truyén nhiét .

B - LOI GIAI

L. p = mv,. Vi v, khong déi, suy ra p khong déi. Vay quy dao
pha 1A duting thang song song véi truc q.

2. Hamintonién cua dao dong tu diéu hoit ¢6 dang :

2 K 2
P~ kq
H( 4 )2 -—t—
P-4 2m 2
Tir phuong trinh chinh tic Haminton.
q ap ] 3(_] L]

ta rit ra

. . [k
q+w2q=0 vOi o=,[—.
m

Phuong trinh vi phan tuyén tinh thudn nhat nay ¢é nghiém :
q = g sinwt,
1r dé ta tinh duge : p= p coswt voi p, = moq,.

Khir thoi gian t trong cdc phuong trinh doi vdi p v g ta ¢6 -

2

[E*]

+ =1,

W I.::
[l [N )
=) |'t:>

oo

Vay quy dao pha la elip ¢é tam & gdc toa d6, cdc bdn truc
hudéng theo cdc truc p va q.
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3. Thay cic k€t qua cua bii trén vao tich phan :
Ipdq =nh,

ta tinh duge cde bin truc p, va g,,. Tir d6 ta ¢6 phuong trinh etip :

2 2
LA U
3,2 2.2
m-h- , n"h” _
s e

Céc ban truc bay git phu thuge vao n,. Vay cdc quy dao bj
lugng tr hod (h. 4.1).

-p

Hinh 4.1 Hinh 4.2
4. O bén trong vich ngan, hat chuyén dong thco guin tinh va
phan quy dao pha tuong tng la dudng thing. Khi phan xa dan hdi
p bi¢n thanh -p, hat chuyén dong ngwgce lai. quy dao pha 12 duding
thang cich dudmg trén mot khoang 2p.

Trong thyc t¢ do téc dung cou lyc gia dan héi — kq, dong nang

2

chuyén thanh thé nang v trong khonrg gian pha phan tuong

ung cua quy dao pha it moét cung elip (h.4.2).
5. bé don gian, la chon goc toa 40 ¢ vi tri dat dién tich ¢&

dinh ¢). Goi r la khodng cidch tir dién tich —e dén dién tich e;.
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Theo dinh ludt Culong 1a ¢o :

dp _eey
dt -

=t
—

Hinh 4.3
m L e an
Thay dt = —dr vdo phuong trinh trén vi tich phan né, a dé dang
p

thit dugce

1 1
p== 2mce,['—]-_— ,
r I,

1

trong d6 m la khoi lugng cla dién tich e. p la xung lugng tuong
ung.

Trén hinh 4.3, nhdnh rén dng véi chuyén dong cha hat wr r
151 goc toa do. Nhidnh thi hai tng véi chuyén dong cua hat (e
dénr,.

6. Ham Haminton cua chit dicm ¢d khéi lugng m chuvén
dong trong trudmg trong luc ¢é dang :
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2
H= 2 4 mg{h —q)
2m

(chon g8c toa do & A6 cao h. truc q hudng tr (rén xudng dudi).
T dinh tudt bio tedn co ning
2 2
- mgih —g) = Po mg(h —¢,),
’m 2m

trong dé p,, g, 12 toa do vd xung lvong & thai diem t, nao dé: p, g

1 toa do v xung lugng & thai diém bat ki t, ta rit ra phuong trinh
mo té gquy dao pha:

p* - Po =2m’e(q - q,)

Vay quy dao pha 1 cdc parabol cé dinh nam trén truc g. B¢
kiém nghi¢m lai dinh Ii Liuvin, ta xé1 thé tich chi€m boi cdc diém
pha ¢ th&i diém 1,. D6 12 hinh chi@ nhat abed c¢6 cdc toa d6 q,,
o + dq,, : p, VA p, + dp,. O thai diém t, thé tich pha 12 hinh binh
hanh a'b'c’'d’ (h. 4.4), Dién tich cta hinh chir nhat vd hinh binh

hanh trong ang la dp,dq,, va dpdq. Trong do :

d(..] = qh' - qa'
dp=py - py
Theo cic phuong trinh ctia dong luc hoc chat diém :
2
. Po At
Py =P, — M2AL; Q, =(, + —=Al- g
m 2
At

Pa=pP,t dp() - lTlgAl sy = et dqn + &A[ -k
m

At=1-1,
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P
prdplb o e e e d ¢
/224
d ,’,'i e Ib
PR ote - :
pptdpg L ,J; [
d ,/ N 2 |
P L7 1 1
1 [
p(] a b 1 |
1 1
1 |
] ] —
- q; 9+dqe q q+dg q
Hinh 4.4

Do d6 ta dé¢ dang rit ra : dg = dq,; dp =dp, -

Vay dpdq = dp,,dqg,,

Dicu dé néi 1én do 16n cla y&u 16 thé tich pha duge bao toln.

7. Thé tich pha 13 Pt
di¢n tich hinh vuong
& théi diém ban dau vi p,~dp, |- —-- S
hinh binh hanh cé ciing / /
canh ddy, cing chiéu Pof==~ o

cao vdi hinh chir nhit &
thoi diém t (h. 4.5).

: Q gytdgy 9 d+dq
dp()qu = dp“)dq(l) Hinh 4.3

8. Cic dinh tam gidc A(p,, z,) ; B(p,. 7, + a) ; C(p, + b, 7,,) sau

khoang thoi gian 1 & chi€ém cdc vi uf A'(p, z,) v6i p; = p, — mgt

+ &.t_gt__
m 2

2=z . B'(ps, 22) VGi py = p, — mgt

0

z')={]+a_,



1
Cpy 23) Vi py = py + b 13 =7, + — (h. 4.6)
m

Dién tich clia hinh tam giac ¢ vi tri m&i duge tinh theo tog do
cla cic dinh 1%

pA C

Cip,+ b.z”]

A (pu.z(r) B(p,,‘zlﬁ-a]

Hinh 4.6

lPi 2 | |

S= —|P2? 42 l=—‘db=50
207 7 2
Py 7z 1

Nhtr vay hinh dang ctia mién chita cic diém pha thay déi nhung
d0 160 cia dién tich cla cic mién d6 khong doi.

9. Cic dinh luat bao 1oan nang lugng vit xung lugng cho ta cic
he thide sau :

oy omy e Im;
= =

Py = - 2
Iy +1la m| +1>
my —ms - - 2ms - -
Yy = - il + =
M| +1ms m +ni,

Pie P2 va p. ps [ xung lueng cla hai qui ¢du trude va sau va
cham. Tir 46 ta de¢ dang tinh duge Jacabién
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j= PPpadian)
Dip.p2.41.92) '

nghia {i thé tich pha bao toan.

10. Lay toa do suy rong 1& X . X,, X3 vd xung lugng suy rong
R pg; py. Su dung cong thie tink dién tich tam gidc trong baj 8,
ta dé dang ¢é :

S=m \/E Agsinds

Viy S 14 hang s6. Diéu d6 chéng minh tinh ddng din cla dinh

If Liuvin, |

11. T cdc phuong trinh chuyén dong :

\}—i—-Y—v =)
m

q+lq ={,
m

trong d6 y la hé s& ma sdt, m 13 khoi lugng cda hat ta rit ra

t

— v T — T
v=ve Tov=vee

q=9q,+ Vot{l - e”t)

VLT = mfy.
Tir d6 q + v = q,, + v,r. nghia 13 trén mit phing q, v cdc quy

dao pha tao thanh ho dudng thing ¢6 hé s6 géc 1a ——,
T

: . ! . _ »
Khi khong ¢6 ma sat — = 0, cdc quy dao song song véi truc q.
T .

Jacobién cua phép bién déi 1a

BT VAT LY LY THUYET T.2 ~20



_ Dig.v) _r
Diq,.vo)

Do d6 thé tich pha giam thco ham mii caa théi gian.

12. Phuong trinh chuyén dong 1a

DU S
g+-—q+azg =0.
T

e . |
Theo diéu kién dau bai — <<
T

(l"'

do dé ta d& dang 1im duge nghiém cia phuong trinh vi phan tuyén
tinh déng nhat trén
—1/27 A .
g=e v (] L0801 + —=sint)
Uy
(Ta da tink dén O thai diém ban ddu q = g, vd v = v,). Lay duo

ham bac nhit phuong trinh trén, ta ¢d :

v _t {7 v .
=t [-—icoswot —q, sin u)(,tJ

Wy, LU

Binh phwong hai phuong trinh trén va cdng lai, ta duge :

2 2 f
- v ) Ay T
g+ < =do+r— et

2 o
w; 0

Nghia |4 cdc diém pha dich chuyén doc theo ¢lip ¢d bin truc
giam dfn theo thoi gian. D6 I dudng xoan 6¢ eliptic vong quanh
goc toa do (h. 4.7).

Thé tich pha cling bién thién theo dinh luat mi

— oV

I=¢ 7.
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N

[ o

Hinh 4.7

13. Khong gian pha pt cia mot phan tir khi li tudng 13 khong
glan 6 chicu ¢6 cdc toa do X, y, 7, p,, Py. P,- Thé tich nguyén 1§
cua khong gian dé la dI” = dxdyd;r.dpxdpydpz hay dU = dI',dI". véi
dly = dxdydz = dV, trong d6 dV la yé€u 16 thé tich thuc chigm bdi
chit khi,

V= jdxdydz
v .
Boi vi nang lugng cta mot phan tir khi Ii tudng don nguyén i

chi 1a dong nang

p L2 2.
E=1—=—(p; +ps +p;
2m Zm(px Py *P2)

Do d6 nguyén 15 the tich dTp cé thé xét mot cach don gian
nhu 1a thé tich cta tdng cdu tao thanh bdi hai thinh cdu cé ban
kinh tir p dén p + dp. Nghia 1

4 4 2
dl, = d[? np ) = 4npdp,

Vi p2 = 2mE nén
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—
1 12m

dI', = 4n.2mE. —\f— dE

. I Y E )

Vay dI' = dVdI", = dV.4nV2m* VE dE. Tir d6 ta tim dugc biéu
thitc cha thé tich pha ing vdi mot phan tir khi 1i tuéng :

E
[,=4n J2vm'? J\/E dE
0

= %ﬂ(Zm]m VvEY? .

Ta thdy thé tich pha tang 1én khi nang lugng cua phan 1ir khi 1
tudng tang lén.

14. Khong gian pha ciua khi I tudng don nguyén tir gom N hat
ta khong gian 6N chiéu. Thé tich nguyén (6 cha khong gian dé 14
dal’ = drpdrp :
dl—q = dqldq2 dq_‘N R
T détaritraly = vM. con dl", 12 tang cdu 3N chi¢u nam
giita hai si¢u mat nang lugng tir p dén p + dp va do do

Fp ~ (-\32111E)3N

Ta nhan xét £ =T 0~ T

15. a) Thé tich pha bing dién tich giéi han bai quy dao pha
elip:

2 22
mom
Pomeq o
2m 2
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2E

2
Y1)

cocichintruca= +v2mE : b=

27E
Do d6 [(E) = mab = =
w

| 1

b) Ta ¢6 p(E) = —VE? —m2c?
C

Tir d6

[(E) = V%Ep (E).

4
16. Tacoé T = ?ﬂVpg. Thay p = gfc vao, ta dugc :

“
4
= IvE
3¢
2
dar v
17. a) O(e)de = SL d& _ dmve”

ds p* c*h?

b) Ham Haminton cta h¢ ¢6 dang :

ME) | N
QE) = -(?-z—,\] l_[dp,dq,
h’ h H<E i=I
bai bidn so
P . g

khi dé ham Haminton cia hé cé thé viét :
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$6 trang thdi ctia hé :

CUE) =

j ﬂdx

(T[hv ZX <EI =l

(0 =2mv). _
Tich phan biéu dién thé tich qua cdu 2N chiéu bdn kinh E.
Hiy tinh gid tri cha tich phan nay, ta ¢é '

LB} = [ faXy.. dXon
X%+ X35 +...+.X%N <E
Ta d6i bi¢n s6 nhu sau : dat X, =y, VE , thay vao :
In(E) = ENVan(l), & day : (1) = [ Jdyj,.dysy va bay
gidf tich phan 1dy theo vang giGi han boi mat.
Yi+y3+otyn =
Tacd:
|
Lyt = [dy [ fdys... dyan =
-1

2 2 2 2
yi+y3+o.tyysl-y

- Id)’l(]_)’%) 2 Tyno(D=lonoy (DB >

2N—1
: [1 IN+1)
y

G day ta da ding dinh nghia cia him béta



_ T ()

B-1 x4~ {
- dx
Bla, ) = I( X} Flasp)

4]

Tiép tuc tinh theo cdch truy héi, 1a ¢é :

L5 E)

-1 =
e 7
GEREES)
2 \
N
i Y} e —
[[(N+1)
N
Vil(l)y=1.trdé 1,E)= E va thay gid tri cua
1 L ant FN+ D) y gid tri
tich phan vao, ta ¢cd :
NN N
((E) = _ENE_ _ b E]
(ahvi " T(N+1) Nithy

Thay k&t qud nay vao biéu thic di biét S = k/InC(E), ta thu
duoc

S = Nkin E- - Ki/nN
hy

Vi [63] =—l~_, nén E = NKT.
GE), T

18. Vi cdc trang thdi tuong duong xdc suft nén
p= |
N

19. Vi quay déu nén f{p) = —
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20. Vi di¢m khao sdt thuc hién dao dong didu hod lién tue doc
truc x theo dinh fudn :

. 2m
X = asin —

cho nén xdc sudt dé tim diém do trong khoang dx s& duge xdc dinh
bing t 56 clha thoi gian dt (md diém nam trong khoang dx} chia
cho thoi gian ma diém di qua dugce tat cd cdc vi tri kha di, tic 1a
chia cho ntta chu ki.

Vay xde sudt dW(x) dé tim diém dao dong diéu hoa trong
khoang dx sé& dugc xdc dinh bing hé thirc : '

dx

Wt C o
dW(x) = ——-—(-l-!:-: X :&
T T xT

.o L .- 2m 2
Thay van toc X theo cong thie X =FacosT, ta duge

dwio = I

2t {2 2
macos —- AVAT —X
T

Ham phan bé 1a
1
fr\J'a2 —x?

21, Boi vi cdc hat 1a doc lap théng ké nén-xdc suidt dé cho n
N—n

fix) =

hat roi vao trang théi p 1a p™(1 - p)

S6 phuong dn c6 thé chon n hat bat ki trong N hai bing s6 t6
hgp N chiap n. Do dé xdc sudt todn phdn dé cho n hat da chon bat
ki dong thoi & trong trang thdi p bing :
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{n)= n "(l— N—n: )n(]
o NP (1=p) Nomom! p)

Bé 1a phéan bo nhi thic.
22. a) Boi vai trudmg hop N >> n, ta ¢6

oy () = o pt(~-p) = "

N(N —1)..(N~n+1) N (ﬁ)"[ ﬁ]N
trong d6 T = PN la s3 hat trung binh trong trang thidi p. Khi
N > =xtacé:

. (@"e”
o(n} = lim eoy(n)=
N—ox n.
Do chinh {a phan bd Poatxong.
b) Bay giv gia su khong cht N ma ca n 13 1dn. Diéu d6 cé nghia
la T vt n c6 thé coi (3 16n (so véi don vi) con hiéun — & << 7.
L&y Jogarit phan bd Poatxong va ding cong thic stecling

]
{(n-nj~

inn! = ninn — n, ta ¢cé w(n) = conste 2n’

Hing s6 tim duge bang diéu kién chudn hod. Vi n rdt ldn, 1a
¢ thé thay thé¢ téng biang tich phan va xdc dinh hang s6 chudn
hod, khi dé ta ¢6 :

win} =
27’

b6 1a phan so Gaoxo.

- j\f
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Ham dudi dau tich phan 12 ham 1¢, hai c¢an la doi xitng nén
tich phan bing khong. Viy X =0

+x . u
iy d 3 _ax-
X< = J Zxte™ dx

T

—

Hiam dudi daw tich phan 1a hivm chdn, hai can 1a d6i xiing nén

xr©
_3 a 1
x"zZJ,ﬂ—x“e *dx .
I

0

Dung tich phan Poatx6ng ta rit ra

21 2_ 2 -2 |
X :—;Ax =X =X =—.
2a 2a

24. Thé tich khéng gian pha chia N hat khi I tudng béng
I(E, V)= Ay E™N?
trong dé hing sd Ay khong phu thudc vao thé tich, E 1a nang
lugng clia mot hat va V 14 thé tich chira khi

3
S=kinl" = kinAy + kKN/nV + 3 kN/nE

. Nhiét d§ cda khi Ii tudng duge xdc dinh bang hé thic.

. -1
T= [E _E
GE )y | 3N

Bai vi thong s6 ngodi 1a thé tich cho nén luc suy rong 1a dp

Sudt.

{ o
p=TLES] _KNT-
¢V /g v

Tidd pV = kNT.
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25. Ham Haminton cua dao dong 1 diéu hoa ¢6 dién ¢o dang -
: el 22
T moTx”

Hzeg= £ 4
2m 2

Phan bs chinh tic Gipxo cho nang lwong duce xdc dinh tir he
thue.

dw = ic‘ﬁ*’”dpdx
Z

k! 2
P m(-)‘:':2

7 - Ic‘am‘—zkr—dpdx _ 2mkT
o O]
(2w
y t2mkT  2KT
Khi d6 dW= ——c \ Jdpdsx
| 2k
~c . - &
hay dw = ——c"ge. T ds E:Lja KU _kr
KT KT

26. Theo phan bd chinh tic, mat do xdc sufit pha 6 dang.
F-Hipq)
op.q=e Y
Mat do xdc suat cva cdc gid tri nang lugng da cho duge tinh
theo cong thic
F-Hipq)
WE) = fe &  S[(E-H(p.q)ldpdg
F-E
=c ? OF),
ZI(E)

trong dé Q(E) = _)
5

13 thita s6 chudn hod trong phan bo vi

chinh tic.



Theo bai 14 ta co

I[{E, V)= j dpdg = Ay VNEN/2
Hip.y}<E
ar 3N E'N"'
O(Ey= — = ANVN 2NE2
¢E 2 '
N2 - :
Vo Ay = ————(2m) V7 (bai 17).
-[31\! ]
Fl 2
P4
Tir A6 ta ¢co
W(E) =Ae “*TOQ(E).
Tinh A tir diéu kién chuin hod va thay vao ta ¢
.\3Nj2 _E
I _E
dW(E) = i e KT E
. r[sﬂ] kT E
2

27. Nhu ta dii bi¢1l nang luong tu do cia hé lién hé v&i tich
phan trang thdi bang hé thie : '

S=- ("F] _ kinZ + kT 210
C A% T
S=k (znzﬁ"""z].
ainT
: o cF
28. Theo dinh nghia C,, = T[—]
T )y

= -2
C, = kT 2("’;}{‘1"?] +T[”“‘,Z]
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29. ¢ = F + pV = —kTinZ + kT(dnl]
T

cinV
= kT [““’"Z] —inZ|.
étnv T

JO.H=U+pV=y+TS+pV

- KT [c:z’nzﬁ] +(r:'{nZJ .
&t ), \dnv

31. Theo bai 26, 1a ¢

N
W(E) ~ e E/ATE
L.ay dyo ham theo E v dat bang khong, ta ¢d
B 3 AN,
—% Mg +(§E—|]c”5 Po=o

T d6 ta riit ra :

(¢ day N >> 1}
32. Hé ¢6 dién ¢ nhiét do T duge dién td bang haim Haminton
H = T(p) + Ulq},
trong 46 T(p) 14 ddng nang va U(g} 1a the nang.
Phan b6 chinh tac Gipxo :

©@lp, qy = Ae MAT
¢6 thé 1ach thanh hai phin theo toa do va xung lugng
o(p) = Ale—T[_pJfkT
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olq) = Ale--uqva

A, AL A, lacic hang s6 chudn hod.
2 7} ]
M vy FvE VG

3!‘_ - _— —_
m KT
33.dg (v, Ve V) = ( ) @ -dvxd\a’_\_.d\;x

7

Vi ¢ day

. +
2 2
Thay vao @{q) cba bai 32 vi tinh hang s0 chuan hod ta dugc
két quit trén. '
1w W .. 2 2 2 2.
34. Tu két qua cua bai 33 tu thay vi = vi+vi+v; vi
chuyén sang toa do cdu, 1a ¢o :

I I jdvldvzdv_;:élnvzdv

Idp cidu nam
aiffa v viiv+dy

-
my -

m Y/ -S= 3
dw(v) = e KT 4pvedy
2nkT
7‘;2 __I'_T]_\"?_
; -
dN{(v} = Ndw{v} = 4nN m e AT vidy
2akT

35. Su dung két qua ciia bai 34, ta c¢d :

2
my

fm Y% o
V= J 4rtje L av

Nha tich phan Poatxong, ta dé dang ¢é :

8kT

mm

V=
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) ’3kT ]2k'1"
Tuong tu, ta cd V2 = J——vaVv_ = j——0!.
¥ om o V m

- 36. Tiz bai 34 1a di ¢ ;
s

W
372

m ] ‘c KT
2nkT

5
vodv.

dIN{v) = 4TIZN(
Goi s6 hat khi li twong ¢6 vian (0¢ nam trong khoang

DgveEv laMlacsd:

N=41N (EJ . ]Ec'"a":vzdv,
s

& \[m I

v v, = |J—— = —
b
m o

Tinh tich phan timg phén, ta duge :

e | O Via
f e ™ v dy=— 3 e +5— I e ™Y dv
0 2a “¢ 9
Datt= va .v,1a ¢od :
1 Y ) P
—_— J C'“ oy dv :T Ie_t d[ .
2o 2o 3

0

IN| 2 _
V&y.‘N:—,_ J.Ctdt_cl'
VTG

3o



Su dung ¢éng thac tich phan sai so

x 2

-1

— le7" dt =erf(x) . tacod
VT
N N{ (1) - = ‘]}
= Njerf({l)-—c¢
Jn
. 5 vae on N
Tra bang, ta dé dang c6 ~N = 43%%.

2
37. Tir két qud cua bai 34 thay & = —

. ta thu dugc

A

') P

dW(g)= ————¢ KT Jeds
(kT

38. Su dung két qud bai 37, tacd

4 2
2 P
N= =" je KT Jeds .
V(kT)? ¢
Tinh todn gidng bai 36 ta ¢d :
N= V6

3
AN —erf[J:] = (0.39N.
T 2

39. Chon h¢ toa do tru co tru 7z hudng theo vy, ta ¢6
dv dv dv, = pdpdedz = v dv,dv,de.

Thay vao biu thitc di ¢6 trong bai 33 va tich phan theo de tir
0 dén 2m.

2.2
v

32 e m—d
doiv,, viy=2n . e 2Kt
ST T kT

\Y _Ld\" J_dVJ,r‘,r
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S6 phan tir dn twong tng 1a :
2.2,
3 LY
m 7 2KT
dn=2n {—J ne
nkT

40, Theo bai 37, ta cd ;

VJ_d\"J_dV},.'}.' .

-

£

2 e KT \/Eda = f(e)ds

JrkT)y

Lay dao ham bac nhdt cta ham f(e) theo & va dat bing khong

dWig} =

ta co

c_a’fk‘[-[- ! ]\/E+—l e /KT _ g,

kT 2Je
- l\T . " - . - " ot . . 3 "
dodode= B Vi dao ham bac hai cua ham phan bo tai diém nay

nho hon khong nén :
it

£
X$ 3

Theo bai 35 v,, = ,/E Viy e, # %m v,
m

41. Tirbai 33 tacod :

L
MV +ve+vy )

m 32 T 3
do(vy, vy, v,) = [27{1('1") e 2KT dvdv,dv,.

Khi chuyén sang toa d6 can dv,dvydv, = vzsinOdBdgpdv vi

tich phan theo deg tir 0 dén 2m, ta ¢o :

L
J
—_

BT VAT LY LY THUYETT.2 - 21



9
my"©

. 2
dav, 8) = [_r_n_ e 2KT 27y3dvdd
2nkT

. N
Goi mat do hat trong binh [a n = vl

Céc hat bay qua 16 theo

hudng @ trong mot don vi
thisi gian ndm trong hinh try

day la 8, duong sinh la-v Oﬂ-':ﬁe

(chiéu cao 12 vcosB), (h, 4.8).

Vay s0 hat c6 thé bay

ra ngodi binh theo huéng 0

séla:. Hinh 4.8
dN(8, v) = nSvcosBdw(v, B)

my
3;2 - ] -
AN©. ) =n8| — "1 ¢ T 2nv¥ sinbeosGdvde
2nkT
Tich phéan theo tdt ca cdc gia tri van tée tir 0 dén o ta duge :
' 2
m Y/ _?:T
dN(G, v) = 2anS _[e v'dvsinBcos0do
2akT
0
Ta di biét
my
o ——
2
47:( m j-e M gy 1BET o
2nkT o T
Vay

dN(B) = % nS Vsinbcostde,



42. 56 phan tu 6xi ¢6 hinh chiéu van ¢ trong quing

]};‘2 __';.. e
2kT
J e Av. .

Ve, ¥V, +Av la An = n(anT

Thay T = (27 + 273)°K = 300"K
Av, =1m/s:

ta duwoe 2% < 289107
11

50 phan tif co do 1dn van t6c trong khodng v, v + Av 1

T'ﬁ\«'2
m 7‘}'2 ] —F‘RT_
An = 4nn J vie  Av.
2nkT .
Thay s6 vao ta cling ¢6 :
A —
20 3,32.007%
n

43. 56 phan tr irong mot don vi thé tich ¢é van téc v, theo
huéng ¢ va 0 1a: :

2
my

32 -0
dn=nf ] e 2“\rzs;inﬁ‘d@dtpd\m
2nkT

trong do dV = vzsianGdedv 13 y&u 18 thé tich trong toa do cdu.
Theo bai 41, s6 phan 1 ¢é van tdc da cho dap vao Icm® thanh binh
dudi goc 6, ¢ trong 1 giay 1a
dn, = vcosOdn
56 phan t&r ¢6 van tdc di cho va cham vio thanh binh duéi mét
gdc bat ki 1a

dl‘l«, =n m
B 2nkT

Yo AT gy jd(pjsinQC(138d8, '

£) 0

2
342 _mv In =x
] v

m Y2, TNF
=nn ] vie T dv.
2nkT
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S N LN . no.
Tich phan theo géc 0 lay tie O dén > va khi @ > E cac phan
tr di khoi thanh binh,
44, S6 va cham ciia cac phan tir cd van tdc v, vao lem? thanh
binh trong | giay bang s6 cdc phan tr ¢6 van t6c v, nam trong
hinh tru thé tich v,. Goi s6 va cham 1& dv, ta ¢6

L

ITl\.’x

12 =2
2kT
] Ve dv

S6 va cham toan phén v vio lem’ thanh binh trong mot giay la

dv=v. dn, =n
o [;ka

A T n [8KT v
v=n jvxc v, =— .
2nkT) 4
45. Twong ty bai 42, ta goi s6 phén tir hidre ¢6 van 5¢ trong
khoang v, v + Av 1a An(v), vdi Av = 10m/s, ta cé
An

—=51.10".
n

46. Tuong ty bai tren 20~ 1,09.10°2,
11}

47. Theo cong thite phong vii biéu 4p sudt cia khong khi &
nhiét dé caoh 1a :

ph - Uc—mgh,ﬂ’kT .

vi
Py L h= XL 03 ~ 8.6km.
P 3 mg
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48. Theo phan bo Bonxonman trong trudng luc :

49, The nang trong trudng trong lue 1d u = mgz véi z 1a do cao
trén mat dat. Vay :
h

Imgze

g=2 —kT| et J

-mpz/ kT dz

h _emgh,-"kT -1
Ie—mgz,"dez
0

50. S6 phan tir trong cot khong khi ¢é do cao h 1a

h h .
n(h) = IH(Z)dZ —- J.noe_mg?-){krrdz _
0 0

= nO_

kT (l _e—mgh;’kT) ‘
mg

Thay cdc chiéu cao tuong (ing

h=w= he = 35 mol

h = 1000m n(1000)/n,. = 0,12

h = 10000m ~ n(10000)/n,. = 0,72

h = 80000m n{80000)/n.. = 0,99995

51. St dung két qua bai 50, ny = 35mol.
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Phan tir lugng cua khong khi 1a 29. Khoi lugng cua cdt khong
khi l1a
m = png = 1015g = lkg
Trong lugng
P=mg = 9.8N.
52, Thé niang ciia mot phan tr riéng ré ¢4 khéi lugng m nam
cdach tam hdp dan M mot khodng r 12

U(r)="{g R<r<o

(v 12 hang s6 hdp dan). Mot cédch hinh thite, phan bé Bonxoman ¢6

P ymM
thé viét ; n(r) = Aexps———=*.
(r) p{ Tt }

Thanh thir n(ew) = A 20

(=]
va Jn(r)élnrzdr =,
R

Viay hé khong thé & trang thai cin biang nhiét va viéc dp dung
phan bd Bonxoman & day 1a khong hop Ii.

53. 1) Haim Haminton cia khi Ii tudng 1a :

0 v&i q & bén trong V

Uk(Q) = {

o v(i ¢ ngodi V.,
Tich phan trang thdi co6 dang :

_ PN
Z_Ezk
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) 202
PRePy L

T 2mk
Z, = Je K dxdydz _[c et dp,dp,dp, =
= \4’{211ka)3’J2
la tich phan trang thai ddi v6i mot hat khi 1 tuomg.
2y F = —kTinZ = -kTN l:-;—!n(’lnka)+an -ln.le.

OF kT
C-'V T V

oF 3
4)8S=1—| =Nk/nV + —2- NkinT + §,.
v

cT

3
v6i S, = - Nkin(2zkm) + —32~kN - kNinN.

S)U:F+TS=-;—N1(T.

6) Cy = [@j - 2kN= 2R
oTjy 2 2

54. Tich phan trang thai Z cia mot hat ¢6 dang :
I

% £ —_
EfkT 4
Z=V j-e “T4Ttp dp = nVCSMI de
0] 0
P [ 1 A .
Ki hido a = T vin= e ta nhan dugc tich phéan
ffﬁ‘ EFALESY
CLIHI

0
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trong d6 I'in +1) 1a ham gamima Ole (Euler) xdc dinh bing tru

bang. Tich phan trang thdi Z cha khi 1i twéng 14 :

I T

‘Phuong trinh trang thdi cua chét khi 13 :
"‘Z] NkT

kT
ot(3) -

55. Ta ¢é tich phan trang thdi

[ .
Z=—2zF voi
N!

Zy VI s”kaJrJ'cpzdp 4“'{Vj —&/kT ‘dp

0 0
2
€ de » ¢
p = - dp = -, p = —2
C [ C
.
4 - .
Zy= =V [e ek ~ATVreReT?,
c 0 c

ham gamma I'(3) =2

v
Z, = S%RT
Cl
V33
Vay Zz_l_[gft kT]N
NiL

. 33
F = —~kTinZ = kTinN! — NkT/n w

C

Ll
[
o]



N
N
Vi N 1én, ta ding cong thie Stecling N! = [—]

e
8k T
F = NKT{UnN — Inc) — NkTin—f
. o
33
F = -~ NkT fnw +1
Nc¢
oV )1 v

56. D61 vai khi 1i tuong dat trong trudng lye, ta cd :
Z=Zmxls>
trong d6 Zp, !4 tich phan thdng k& tuong ing véi phan bd

Macxoen con Zg la tich phan thong ké tuwong dng v&i phan bo

Bénxoman.
Ta daco
. N
Zog = —(2nmk Ty N2
’ N!
ho_mez ] _mgh
kT kT kT
Zy= _[e dz| =|—]|1-¢
mg
U -
N N
Thay N! :[—] VAo Zyy, ¥ Zg roi thay cd vio Z, tacd @
e
N ( mgh
= kT T
7= [Ej @ (2amk Ty N2 |- KT ]
N mg )
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Tirdo :

mg!\_
F = ~NKT/n < 2nmkT) 2 - NkTin| X8| j—¢ KT
N mg
UzpF-T5F _ 3 Nmeh
ar 2 mgh
KT
c -1

57. Trong tich phan théng ké & bai trén. tathay V=1" h =1L, ta
duoc :

mgl.

N
Z= (3) (2N 2ramkyN/2 | XL T
N mg

Tu dé ta co

mgL

2 AL S
KIL |y

F = ~NkT/n— (2nmkT)*? = NkT/n
N mg

) cF P 3 . .
Tinhp=-—| , vdi V=L", ta dé dang rit ra

2 NkT mgL 1
p=—|1+
313 2kT mel

kT
e ~1

58. Phan phu thuéc toa do cla tich phéan theng ké Z [a -
Z =z (Z)\2,

trong dé

ho_mgl T migh
Shies o _Imigh
ijcrfc KT dz=2"""|1-¢ KT
0 - mig
1=1, 2.
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, o :
Thee dinh lult Danton p=py +p3 i p, = — {c_\,{] . cung nhu
T

-

cac bail trén, ta cd :

2
p= SN mie
i o futh
e KT

Tuang tu bat 56, tacd :

9

= CF < ] m;gh
U_F-TE;f_ZINi KT - —=
I e KT -1

Ta chon truc z theo phuong cua truong lyec va ki hi¢u z_ 1a toa
a6 khei tam. Theo dinh nghia, ta ¢6 : '

Mgz . = U

voi M = N m,; + Nym, nén :

, .
1 m; gh
Zt; = ZNl kT—W
(Nym, +Nym; )g - migh
e kT

59. Phan ur AB guay quanh khdi tam C cua né, Nang lugng quay
toan phan bang tdng nang luong cla chuyén dong qﬁay cha cdc
nguyén tir khai lugng my, va mg quanh truc Oz v6i van 16c géc do/de
(h. 4.9) va nang lugng quay toan b phan tir véi van toc géc do/de.

Mémen qudn tinh caa phan tr khi d6i véi khoi tam 12 :

Mmathyg

2 2 2
I: mAl'A+mBrB= (rA +I'B} N

mA +mB

trong dd ry, = CA, rg=CB
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Momen quén tinh cua phan tr dai véi truc Oz di qua khéi tam
duge biéu dién bang hé thic

Iot = ma(A) + mp(Bb)” = m,(rysind)” + my(rgsin0)” = Isin’0

Pong ning quay quanh truc Oz. Eg 1a :

1
EO{ = ;{mA(rA sin8)2 +m8(rB sinB)z 1(11—(::} =
Z C
2
= llsin2 E}[gEJ
2 dt

Bong nang quay Ep v6i van toc d6/di 1a :

I oY’ 1 oy
EB: E['l'lA I'A'a- +;mB I'B—d'-t" :EI

Nang tugng todn phan e khi d6 ¢é dang
e=E, + E[;
122 2. 92,
= ;F(Bz +q::2 sin? 8)

Pao him theo 9 vA ¢ ta nhan dvge cdc xung lugng suy rong

Pg v Po
ds ;
Py = % =16
A
e .2
Pp = — = lpsin™8.
a
Thanh thir
| ( P2
2 )
£= —ipg+
21\ sin” @

Hinh 4.9
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60. Tir bai trén ta c6

Pg P%

Z= jde Id(pJ.I [“I 21sin” 0 dp,dpg
9 { —

P(} I‘(p )
-9 Idﬂ j‘]r kT —[ 21sin? g
{) -

a
= 21 2nkTI 2 2k T1 jsin 0do =

=4n. 2n IkT = 82°IkT
Nang lugng ty do tuong ung sé 12 :
F,=-kTinZ = —kTin8n’IKT.

dpedpg =

6Fq 4
Entropi §, = - o =k + k/n8n°IkT
a
v

=

cSq
va nhiét dung Cig = o = k.
§

61. Theo bai 26 tacé :
W(E) = Ae “MTO(E)
N

vGi mat do trang thdi ti 16 véi E2 . Do dé nang luong xdc sudt

nhat E, tuong iing v&i cuc dai cua ham
Lol Ny N E
— ¢ XTE 2 +(“___1JE 2 2 kT _¢
kT

Do ddtacé:

NKT, {vi N>> 1).

[T
=
o
1l
ST
[¥8]
|
N
-
._3
tai..u
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Gi4 tri trung binh theo phan s6 chinh tic la:
E 3N

"

Je kTE 2 JE F[SN+1J
= _ O _1 =
E=s g =M [-[3_1_“._‘

je KTE 2 (E EJ

(
- 3 NkT
2

62. Sir dung két qua bai 53 vio ting chat khi truge khi hdn
hap, tacd :

Sy =N.k3nYL+N]1‘(T)
Ny

, v, ‘
3 =Nokin—=+ N,I(T).
N, -

Entropi toan phin truée hén hop 13 S = S7 + S5. Sau khi hén
hop mbi chat khi déu ¢6 thé tich 12 V, + V,. Entropi cua cic khi

sau hén hop Ti

Vi +V
S, = Nykin——2 + N{f(T)
| .
V,+V .
5 = Nokin——2 4+ N,f(T).
2
Entropi toan phan sau khi hén hop cdc khi S =S + S,.
V) + Vs v
V2 4 Nk Y2 5

AS=S-S"=Nkin
' Vi 2

63. Tu di biét nang lugng tr do cia khi 1i twong

M3
F,= —NkTL‘;.’n(Enka)HnV —.-‘nN)}
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Su quay cua binh twong duong véi viée xudt hién trudmg ngodi
. N . . | 22
xuyén tdm c¢é theé ning U = - —-mow’r

trong dé r 1 khodng cdch coa hat dén truc quay.
Khi quay, tong thong ké cia mot nguyén i ¢6 dang :

¥ = = px+|1q+p’ ~ _[:1_
jf I Je 2mkT dxdydze KTgv
Do d6 nang ]ucmu tu do cua khi i1 tudng 3 ;
- U
| . -—
F=F,-NkTln— fc kTgv
A%
\Y
Tinh tich phan
Y hR mo’e R mo’
Ie KT4y = JI 2kT 7Ttrdr—hﬂfe KT gr?
v 0o 0
KT mor R h2KT m()_l:'\__
=nth e XT S e T
mo” 0 mo-
R
Vay F=F, - NkT/n e 26T
: tR°h mo”
=F, - NKTi——"_|e 2T |
mw R~

Tir doé ta ¢ 01 nang twong tng 13

2p?2
F ima’R
E=F-T% =g, - —"mOR™
it moR”
2| 1-¢ KT



64. Gia st h¢ ¢6 [ bac e do. Tich phan chuin hoa doi vai

phan bé chinh tic ¢é dang

I =A I...chp(—%}dq,---qpr

Lay tich phan tirng phin theo q, ching han. ta c6

H +oe
I_A'[ "|:q pr(——fJ }1(]2(1]}1”
Ao cH H
— |... IQ expl ——— e
| fna p( kT}‘ql as

Theo dicu kién bai todn thi tich phan thd nhét bang khong

nén :

Sf.
f“ =kT
cq

q

hay 16ng quat

p 2
H=2 4%
2m k
Tir do
H_p oM
dp m dq
A .
ZH < ¢H 2
pm =2 g kg
p m €y
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Theo dinh I virian

1 ¢H ] “¢H
St LA Ly
2 2 Ay 2
Vay
P - -
+— q =kT, nén €=H — KT
2m
66. Vi U = ax”*, nen S8 = fax’ v — = gax®
X X
I éH — -
L A (TS ICR TN
2 OY 2
LT | 3
V;jy F =11 kF+ kT ==—kT.
2 4 4
67. Uiy - uq " (n th sy nhién), tuong tu cdc bai trén.
S b '[ﬁ(q) =2anq”"' 4 fl_"i".’ = 2anq”® = 2nU(q)
Y cq
3 -—- kT
& o0 T(g) = kT > Gigi- &L
e 2n
1KT 1 L
E=LkT+ —(l+-]kT.
2 n 2 n
68. Tich phan trang thdi clia h¢ dao dong nr phi diéu hod co
dang:
5 3N
R e LR < T ?’Ll
- 2mkT kT KT
Z= - fe2mkTdp {e dq
- —aC

Ta dé dang tinh tich phan thit nhat :

z
+¥ P

je 2mk T dp = (2nmkT)'"

-
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—-=—«<< 1, cho nén ta phan tich ham md
o KT (kTy?

trong tich phan thit hai thinh chudi va gidi han & so hang ti & v6i
q4, ta duge

’ 2 4 2
+x T Pgs s

—a 4
e KTe Mdg= |e X P L A P
j q JL [ k'l" 44

—iL =T
—
T 3
\/i{l +-‘--B—,,kT+.H]
a4yt

O day ta di sit dung cong thic tich phan Poatxong, vay tich
phan trang thai c6 dang :

3N aMS2
7
AL s U :l’J
NT 40'_2 L

Nang lugng cua | mol vat ran Ja:

A \
E:kTE{C'hu] arr 3B s )
(?'T Y "1'

2
o

Nhiét dung C, 1a:
CE 3
CV:{E) ~3R 1+‘—-E?-k’1‘+‘..}‘
!.Z“-T,V 2 (rin

69. Tuong tir nhu bai trén, ta khai trién s hang phi diéu hoa
vd chi giit lai 2 s0 hang dau tién., ta cd :
3 3 ot
PV P e =yt

ER
. 3
P9 e 211t gt S
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Tinh todn hoan toén giong nhu trén, ta duge :

: 2
sp 3
c$=%%ﬁmmzlﬁz—2w

~ o

70. Trong diéu kién gin ding mat d6 nho, tich phan trang thai
cua khi thue la :

2
2V

80UV, 4;1:1"3

Vo1 i = -8V, + —L% V= ——° |3 thé tich cha mot phin tir, K{
! kT 3

hi¢un = g- vii b = 4NV ta duge
nblJ,,

o T i1 N
1+nb Yo _ 1
kT

,
nbUU)L i
KT / 2
{l+nbtu-‘-’——lj
kT

Ta nhin thdy nhiét dung gidm theo nhiét do.

E=E

C:Cm—k[

7X. Ta nhan xét rang tai diém 16i han. dudmg cong Van de
Vanxa trd thanh dubng bac ba va diém udn 13 diém t6t han ung véi
nhiét 4o 161 han T, , the tich t6i han V, v 4p suat t6i han p.. Ly

dao ham phuong trinh Van de Vanxo
a
[p +—3](V —-b)=RT
Vv
hang nhil 1a duge :

9,
(?p:_ RT +ua -0
V_’u

av (V = by
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ldy ti&p dao ham hang hai
P T
> (v-ny v
Giai hai phuong trinh trén 1a tim dirgc
a 8a
V.=3b,p. = ~.RT,. = —
c P e ¢ 27
Ta thay trong phuong trinh Van de Vanxo
p .. v __T

ta dé dang nhan duge :

[:rr+—32-](3w— 1) = 8.

o
72. Su dung két qua bai trén., ta co :

oo L 203
¢ 276 27(0,0183)
V, = 3b = 3.0,0183 = 0.055m" /kmol

= 225at

: 7 4
T - Ba _ 8‘,,,(}3.9{81.10 - 643K
27Rb  27.5.10°.0,0183
73. T tich phan frang thai
Z=Z, 14 BW
2V J
ta tim dugc : '
2
".-'n[l + :I\TB}
E, = k12020 2
ot &t
Ta da biét E, = kT2 2020 _ 3\t
a2

340



NZ
2

Dé tinh $& hang thit hai, ta khai trién !n{l + 1 thanh chudi

vii gi6i han & s& hang dau tién In l+y——£w— N® B N ——4V, J |
2V | 2V VKT

trong do V,, 1a thé tich caa | phan tir. Khi d6

3 N2

E; = —NkT-—
2 Vv

th

Vay nhiét dung dang tich ctia khi thue 13 ;

. e 3
Cvrh = (EEJ =—Nk
T er), 2

bing nhi¢t dung cua khi H tudng.
Tuong tu nang lugng tu do 1a :

2
NZKT
By, = -KTInZ = F~ — [k'l bJ

Entropi la :
°F, kN°b
Sin = ‘[*5:"1*) =Sy TR
¥
Thé nhiét dong Gipxo .

N°a TNZkb
o= Eqp +pV T8y, = ¢’h -V v

74. Su dung két qua bai 71 va 73, ta cd :

kN%b Nk kT,
S=3=- =Sk - =~
\Y VvV 8p,
N%a  TN’kb
b=yt =

RES



KT, p 9 NV.KT,

8 p. 8 V

=y +

75. Theo cong thiic tinh hé s6 nén dang nhiét
L = _i[ av}

V1 0p )r

Tu phuang trinh Van de Vanxo [p+%](\f - b) = RT, ta rat
\Y%

ra:

1 b a
xX= 5 l—v+ 5 |
RTV(V-b?>-— P pv
V2

Boi vi trong cong thirc trén V chi nam trong cdc 56 hang hiéu
chinh nén moét cich gan diing, ta tinh né tir phuong trinh trang théi
cua khi Ii twdng.

vaRT giv=678m"
P

Thay cdc s6 liéu da biét vio, tacé y = 0,01 at™".
76. Ta nhan xét ring khi din nd chat khi vio chan khong ning
lugng E ca khi khong d6i. Theo bai 73, ta ¢6 ;

N N>
E=E,-~%-ne,1-N2
v
2 2,
NC,T, - N8 NG, T, - 8
| Vs
Tir d6
Naf |
T': - | = _a —“——‘—1“
- C\ VZ Vl
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77. Ta nhan xét rang trong qud trinh doan nhiét entropi khéng

dai. Theo bai 73, ta cé

v

S =Su + I\k!n[l —&J véi

Si = NkinV + NC,/InT

Tir d6
NC.nT + NkinV(V — Nb) = const
% iInT + In(V — Nb) = const
Cyv
In{V—-Nb) ¥ =const
hay (V- Nb}c"’fk = consl.

78. Nhu ta biét
Lkl‘!

B(T) = —ju—c %\Y

vidV = 4Hr dr nén :

= _J(1 ”kf)4nr dr

Tich phan tirmg phin trong gidi han 1ir 0 dén « 1a duge :

e
"kT
noe
&
4n "t [» 1 ¢4
BTy = ——r(-c " i —= [onr'—o
0 2 ()2 her
e
1 n
= _:it' J-I‘} nI:'la r I\Tdr
35 kT

dr =
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-n —{n+l1}

Pua vio ki hicy : & = x, 20T dr = dx. ta ¢6 -
j kT kT
ol o YY" T
Ty = “—(— x e Fdx
BTy = = \kT) |

3/n
S ORE]
3 Lkt T

79. Ta viét lai phuong trinh Van de Vanxo dudi dang :
pv. Vv a

RT V-b VRT
Ap dung khai trién :

\Y% b b b
=ttt
V-b AVARER VAR VA

ta co
—Fﬁ:l+i+82 +E + s
RT AR V2R VA

rongd6 B =b- —— B,=b>, By=b"
£ 1 RT 2 » Dy -

80, D61 véi khi qua céu rin. ta ¢6 :

{::o khir<o
U(r) =

Okhir>cg
nghia 13
-lkhir<o
fir) = .
{0 khir>a,
do doé

B, = —l?(—i)4nr2dr—gnc_3
22 3

5 i
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81. Nhi¢t dung moi cia mot vat C, = CA, trong dé C 1a nhiét
dung riéng. A [a nguyén t0r lugng. Nhiét dung mol cua chi.

C'y = 126.207,21 = 26,1kJ/kmol.dé ; cia nhom
C. =896.26.98 = 24.17kJ/kmol.do.

Nhiét dung cua vit rin theo dinh luat Buylong — Poti (Dulong
— Petit)3R = 3.8,32.107kJ/kmol.do = 24,96k /kmo).do.

Thanh thit nhi¢t dung coa chi 1dn hon con nhiét dung cla
nhom gan bing nhiét dung vt rin tinh theo dinh luat Puylong -
Pati.

82. Ham Haminton cia h¢ H = H(p, q) + Hy,, trong dé
H{p, q} 12 hiim Haminton cia chil khi con Hy, 12 haim Haminton
cua pittong (h. 4.10). Hién nhién

2
HM = ‘E'M[—+ Mgz,
2M
7 1a d6 cao clia pittdng so vdi day binh. Boi vi
dp sudt p cha chil khi can bang vdi trong

lugng cua pittong nén Mg = pS, v6i S 1a dién
tich cua pittong. B&i vi Sz = V nén Mgz = pV
.l

va H'(p, q, py. V) = H(p. q) + %+ pVv.

2 Hinh 4.1}
Phan bé chinh tic Gipxo ¢6 dang :
p
F-Hp.q)- ™M —pvy
(p.q) M P

0’{p, q, V. pp) = cxp

Tong théng ké :
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% P'\1 w Py Hipa)

Z = J-e ~Mdp4JC KT Jc KT dpdy
- U (pa
w Y
27 = J2nMKT Q2amkT)™? fe KTvNdv
0
5 3 N
-N! &(2 3N+l(kT) N+ pl\ I
m
T dé ta co
F_—kT{ SN+3 fnkT - (N+])inp+const}
V—-{E]——i_—l—)ﬂ bol vi N >> 1,
P

Mendéléép (Clapayron — Mendéléep) pV = NkT.

nhi¢t dung mol lien h¢ véi chuyén dong tinh iién 1a 3R/2. Cac
hguyén tr dao dong cla mang tinh thé ¢6 3N - 6 bac tr do va ¢cé
thé coi nhu 3N - 6 = 3N dao dong tir diéu hod. Péng gép cha dao
dong mang vao nhiét dung ta 3R. Viy nhiét dung nguven tir cia

83. Néu coi cic étectron ty do nhu khi Ii tuong ¢ dién th

kim loai 1a 4,5R.

84, Theo bai 13, thé tich khéng gian pha tng v&di mot phan

khi i tuong 1a :

346

32

4
,= —;n(?m 2 ve

Thé tich khong gian phua ing vai khoang nang lugng de 13 :

dr, = 4nVm «/2me de

ta ¢6 phuong trinh Clapayron -



Do d6 80 trang thai kha dila :
dI'y,  4nVm~/2mede
h h?

56 hat cd nang luong trong khoang de i :

= dN(g)

QHV(Zm)J’QSUZ

dn = 1,.dN(g) = 3 n.de,
b
vl
_ 1
ng =+ js_ l g(e)
cx[ol k'l%}i]
PatB=c = K
at B=cxp {a}l =exp _ﬁ
thi
_ 1
e =——F—7 &
Bexpd -r+1
p{kT}
vmy2e!? d
dn = 2nV( mi € £172 € P
h: £
chp{~-—}il

kT

N = jdnzﬂ{:‘) g £

0 h’ 0 Bexp{i}il
: kT

€ .
Patx = — ., 1 co:
kT :

QamkTY? % xdx {211ka)_qu
Vg = gVF(B).
he LJBexpxi] h?



"Tinh wong tr ta co :

o
E= JSdnzi 'Tcﬁ)—‘
2 Fi(B)

0
85. Tur k&t qua cua bai 84 va dinh luat bdo toan s& hat, ta c6

thé viet
i
TS kT -
- e
___)E __& _NE _de
kT= -1t
a _[--- }/gdg 0 i
oN o or) e ¢ -l
- p— kT
CH__&T _ -1 _ _
T EN_ P3i * \/Edg \..'Zdé
cu (““ ,[ T S T
0 W el e
e -l "
KT
e —1I

Bai vi dGi vdi Bozon 1 < 0 (dn > 0, dN(g) > 0 — u < 0) va cic
bidu thitc dudi ddu tich phan 1a duong cho nén %&0.
&

86. Ta cd Z = (Zy". trong dé

= E |
Z = ax _—_— ,E =h\" + —
u Z{, p{ kT} " (“ 2J
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O day 1a dd tinh tong cdp s6 nhan vo han giam ddn

z J'hv 1 . hv , ' .
CXpi——=n; cong bdi la q = exp<{——">. s& hang diu tien
E} P73 come boilaq p{ kT} ing

laa =1 theo cong thic :
S = a . v
[-q
87. Ning lugng trung binh :

Z Ecxp{— Ex

kT} K1 &

E:n:(l L
x E z &T
> expi--n
nz=(} kT
E=nj, M |
2 ex h_v -1
P kT
Nhiét dung

hv

- KT 2
cE e hv
Cy = (_"T] =Nk 3 [_kTJ .
Ch )y {h\’}
exps —r—1
kT

88. Tt bai 87 ta ¢6 :

hwv

F = NkT/n(l—e kT)+N%\i

: —hv
B cF hv f

S= ——=NKk|———
aT . kTehw’kT_l

~fin(l—¢ kT )
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89, Tong thong ké cla he bao gom N dao dong tir hai chiéu |a :
—hvin+1)
. R
7= Z (n+1)
n=0

Kihieu Y 2 8. 1ac6
KT

s - @
Z (n+ l)e—B(nH) __v Z c—[’]{n+1] _
n=() CB n=(}
c 1 eP
) - 7
PBeb -1 Py
Thanh thit bi€u thitc cudi ciing dai véi tong thong ké ¢d dang :
= = = g
hw

kT
€

A —
(1_e Iv/KT)2

Do d6 ning lugng trung binh vd nhiét dung cia hé duge xdc
dinh bang cong thic : '
»&nZ 2hv

E= kT~ T =N(h\’+m}

,
Cy = ~Nk| YV gp-2[ v )
2 kT 2kT

0. Niang lugng ting véi trang thii 7 cla rotato

q

E‘;:

i+ 1)

]

8-l
Bdi vi mot trang thdi bat Ki cua rotato suy bién 2/ + 1 ldn nén :

Z,= Z (2;"+l)exp{— E’:“}z Z(Z!+l)exp{—w}

2
f=0 100 8a°1kT
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B6i v6i cide nhiét do thdp va momen quan tink 1 nho, Ong trén

thu v¢ 2 50 hang :
h

limZ, =3¢ % IKT _y

Tl
. - h . . . . .
Con vi1 T »>> Ty =-——-- cdc mirc nang lugng coi nhir lién
Sa7lk
tuc, ta c6 thé thay doi wWong bang tich phan ;
_ndsn
s o] 7
RuoIkT En-lkT T
Z,= [(2r+1e df = e =
0 h* T
91. Téng thang ké
" AN 1N
T T T _Fo I )
Z=|e K 4o KT :Jc KT 14e KT [ :
Ng,, Te yY
S e
Dat T.=-1-2 wacsZ=c M |l4e T
Vay
inZ L
. 20N L . e
E= kT~ =Ng, +NkTe T ——
o . ’ _T.‘.—'
e T +1
1 T T 5

. Ty
Cy = th,(?] e Tll+e T

92. Theo dinh nghia coa thé nhié¢t dong
rE
pvV=-Q=-kTD in|l-e KT
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« B
=-KT | /n| 1-¢ T [dN(g),
0
trong dé dN{g) i $6 muic nam trong quing t ¢ dén ¢ + de. Tich
phan theo timg phan, ta nhan duoc :

~ . N(e)ds
PV = j £

a5
e kT -]
mat khac
x g——dg

E- 55—

0Ty
n . 3o )
Nhung N(g) = Ag, trong dé n = ~2— d6i vai cdc hat khéng

tuwong doi nén

dN
g— = nN(g}
de
So sdnh biéu thirc doi voi E va pV, tacd :
E 2 2E
PV=—.pV==-Ep= -
n P 3 P v

93, Thé hod hoc p cla khi photon bang khong nén
F=uN-pV =-pV
_hvy

Theo bai rén pV = —kT Y In(i-e kT)

1
Téng theo i thuc chat 13 tOng theo it cd cdc gid tri cla vecto
séng g va cd thé duge thay 1thé bang tich phan
gq Y £ P
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' 4nvpidp 4nVhipldp 4nvpidp
dN{q): h} = h‘% -

2n)*

N¢u ké dén hat phuong phan cuc cia photon, ta ¢é

ficy
x — 2
pY = kT [in/ 1-¢ 4“‘4;qu
0 (2m)y
(KT)‘*V* 3
= [ - x'dx .
n(hey”
4% 3
v
=(I§T) ‘_[ X dx,lrongdéx=m.
e (he)” get -1 kT

4
PR S s .
Gid tri cha tich phan 1a T nén ta co

2 4
V= ap oy TEDY o
45(h ey’ 3
21 4
trong d6 o =

——— la hang s5 Stéphan — Béonxoman,
3.3
15#%7¢

Dé dang ta tim dugc entropi

S——[?EJ _4ovT?
ar)y 3

94. Ap dung phan b6 Bozo — Anhxtanh cho khi photon. ta ¢6

s6 photon thudc hai loai phan cue khac nhau ¢6 tan sé tir v dén
v + dv s& bing

2
dn(v) = vBmvdv
c*| ex {ht}—l
P kT

BT VAT LY LY THUYETT.2 - 23
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Nang lugng cla biic xa ing vdi khoang tan s6 d6 la :
v&rhv2dv
hv 3
expd{— -1|¢
[ p{k'r} )

Tich phan trong khodng tir 0 d&n o« va sir dung cong thic tich
phan cua bai 93, ta dugc

dE(v) = hvdn(v) =

5.4
E=aT'V, véia= %
15¢°h?

Dua vao phuong trinh Gipxo — Hemhonxo

aT T’
ta rit ra dugc nang luong tu do déi vdi khi photon
4
Fo_1 (B4 _ _val
T? 3
Tir d6 ta tim dugc entropi S va dp sudt p:
S= W =—A-1—a\a’T3
aT
- 4
N cF T E u
v p:———:a————:—:u,
v 3 3V 3
” E . .. . .
vai . u= v la mat do nang lugng blc xa.
95. Tir bai trén Cy = (8—5) = 4aVT".
T

¥

96. Theo bai (94) S = %aVTB.
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Trong qud trinh doan nhiét AS =0, vy VT = const.
97. Ham phan bo Fecmi

fE) = ——

ekT +1
Eu 0l
Nélu E - u=0.lcV thi _W=0025=4

f(E) = =1,79.107,

e +1
con E — p = —0,1eV thi f(E) = 0,98.
98. Vi E = pnén f(E) = 0,5.

E-n
. kT
99, Ta ¢cé f(E) = — 1 ; ofE) 1 _ e
E-u FE KT¢ gy )2
¢ N +1 e kT +1
= s
D81 bién sd x = ¢ Ldx = —e KT gE |
kT
ta co
+C x &
I'aﬂ@dl:‘;: J _dx 3 = l - —
—x 0B ox+D° x+10
100. f(E) = =
kT
e +1
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Mitc Fecmi E — = 0 va f(E) = % Khi f(E) = 0,20 : 1a c6

e XU a4 BTl 413863
| KT

Vay AE = 1,3863kT

Khi f(E) = 0,80 : ta ¢é E-u =fnl = -1,3863
kT 4

Vay AE = -1,3863kT. .
101. S6 electron ¢6 nang lugng nam gitta E va E + dE 1a
_ 4n(2m)*?E'/2dE
h3
S& toan phén cac électron trong mot don vi thé tich la

E.. ;
max Emax 41'{{21'11)3;2 E”2dE
n= I dn = J =

3

dn

0 o h
4:,[{21,")3!2 2 312

= h—3;Eimx

. *i:;_nm
max " 2m 8n '

102. Theo bai 101, ta xdc dinh dugc gia tri cia miic Fecmi :

h2 3 213
= ‘—n
Ho 2m’ [gﬂ ]

trong dé m 1a khoi lugng hiéu dung cla électron.

Tir 46

N .
Mat khdc, tacén = VAp vOi N, 12 s0 Avogadro. Vay

b 2{3 .
m =D (iNAPJ = 11.5.10 kg,
2p, 8 M




103. Nhiét do Fecmi 1a Tg = -l'i‘l, trong dé p, 1a mic Fecmi &
k

d6 khong tuyet dsi. Ap dung két qua bai 102, ta co
2 2/3
3
Tp= o (—-—n} =3,5.10°K.
2m k\ 87
104. Ta da bigt théng ké Bozo - Anhxtanh vd Fecmi — Diric
chuyén thanh théng ké Macxoen — Bénxoman khi thoa man diéu kién

£-H
cX — o> |, x
p{ kT}

V&i gid tri bat ki cia nang lvong électron & dan dén diéu kién

4

_H
e KT mxm q,
Tinh 6 hat toan phan :

£

AnV 1

N= _{dn = R—?me:‘“”{kT Ie kT ede

h-
0

3j2
_ [2EkaJ VeH/KT
= . \

ta co

(kT _ [ 2nmkT iy
h? N

Nghia Ia diéu kién ting dung théng ké cd dién c6 dang :

[nka T” 2y
— =]
h2

Khoang céch trung binh giita cic hatd = n />

3/2

kT

dé n << [2“; ] hay d >>
h

véi n= E,'khi
v

h
Jr2kTm
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Ké dén gid tri xdc sudt nhit ciia van téc

oo T h _ h
* Vm " YrV2ktm Vamv,,

h . . R g
Vi — = A 1a buéc séng Po Broi (De Broglie), thanh thir diéu
mv

kién nhan dugc c6 ¥ nghia 14 : théng ke ¢6 dién chi tng dung dwoc
trong trudng hop khoang cich trung binh giira cic hat 16n hon
budc song RoBroi nhiéu (d >> &),

105. Duya vao tiéu chudn suy bién & bi trén. ta ¢6

2
h
213 ~1K .

Ty =n ey
H 2mmk

Tt d6 rit ra & nhiét do thudng, cde phan t hidrd tuan theo
théng ké ¢§ dién,
106. Tir didu kién 1ing dung théng ké luong tir

v[znkaT”
— << 1
N 2

h

v ( 2nmkT )3’;2

ta tim dugc n= —
N h?

Thay s6 vao tacd n = 10" m. Tir hé thic
N4 ) nM
n=p—,tacop=—.
M A
107. Theo bai 105 nhiét do suy bién la
273 W
2nmk

T. =n

5
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tir dé

(2nmkT, Y2
n= — :
h2
: - - 25 -3
Thay s6 vao, tacd n= 1,216 m™~.

108. O nhiet do T, gid tri cha xung lugng cta phan tr 12

P=+2me ~mkT . Thé tich khong gian pha
AT ~ V= ~ (mkT)"v.
P

S6 trang thdi
oo AL (mkT)y2v ‘
: 02 0
bdt déng thic
3/2
[T—I%T-] V=N
hA.
triing v&i diéu kién mit suy bién.
109. Tir §1, ta dd c6 thé tich khong gian pha :

: 4 4
I, =V§np

Thay p = E,ta co
c

4 Vg
r=-—
3 0
Do dé
2
I 4 v
D(e)de = %—da = nf—.Bds
h c’h
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2 2f3
! - . h= [ 3N
Ung v6i mat Fecmi p, = ; [_R V) :
- 2m\ 8

1ir dé

fa]|—

W (3N Y
= (2m )1;’2: 2m _
Pr (2mu, 2m! 8nv

1/3
3N
—hi 2L
Pr [RRV]

1/3
3

Ti d6 Er = he [%J
014

110. Khi T = 0 $6 cdc électron trong mot don vi thé tich ¢6

. 8p” , i
xung lugng ndm gitta p ; p + dp la —&;je Néu ta chi § dén ca
h.

: 2
phian b§ goc thi tit 6 : O + dO sé o ————4“”'"Bfep dp
h?

¢lectron va cham viwo thanh binh trong mot don vi thai gian la cac

électron. So

M . - r 2 - A‘. -
electron nam trong hinh tru c6é ddy 1 cm” chiéu cao vcos8. Lay tich

phan theo géc tr 0 dén 90° va theo xung fugng tir 0 dén pg, ta duge

. 3 {3]”‘{£ NJ‘”}
324\ n myV '
T11. Ta bi€t tong trang thai cia dao dong wr cé tén s6 dao
ex _hv
P 2kT
i—ex _hv
P kT

dong v cé dang Z(v) =
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Trong vat ran ¢é 3N séng ditng doc lap ¢6 tdn s6 tir 0 dén

Vay

1
\'I'I'IKLX‘

Yiman
InZ = J’ InZ(vdn
(}

- 12V
Ta 43 biét dn,, = -Tvzciv,

v
3
Cf)n \{3 = 4TEVVTT’L:IX
3N
InZ{v) = —l—!n 1-2exp —ﬁ} .
2kT _ kT
hvmilx

D3i bién s6 x = hv dat T_ =
kT

va thay viao tich phan, ta duge

T VT3
inZ = 9N {— j _}___le,n(]_cx) dx
< 0 2

Tich phéan tha nhat dé dang tinh, ta c6 :

BT /T
mz=-NT gy T j (] — e )dx
8 T T.

1]

bo1 véi cdc nhigt do cao, mot cdch gan ddng, ta ¢d -

T./T T,/T
J x2In(l—e *)dx = I 2 1 nxdx =
0 0
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Tir d6 not ndng bing

.\ 7inZ 9NKT,

U= kT~ =3NkT +

[

Ncu k¢ dén phan nang lugng E | coa vat ran

3
E,= =Nhv
4

TRax
taco:

ONKT,

3
U = = Niviyg, +3NKT +
112. Ning luong tlir cua mot don vi thé ich chat thuan tir dat
trong tir trudng H s& bing
fy
E= —LlHZl‘l‘]j =—

i=1

trong d6 m; 13 s6 luong tir tir cla hat tht i, n,, la s6 nguyen tit

trong mot don vi theé tich va I 12 mémen tir mng cong cua mot don
vi thé tich. Do dé t(’)ng thong ké s& 13 :

- 2 i)

my=-j mp, ==}

D> exp{——ﬁ le

mi=-j m —J

M_

[lu
. - yn
Ty J }J.H E:(_|+I)a el o ].LH
H Z EXpy =TI p | =g VOla= —.
=l mi=—j . kT e -1 kT

Do tir hod trung binh s& 1A T:kT%an:noﬁz, v6i fi, tinh
%

theo cong thae
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Béi vai tir trudmg khong qud 1dn hay O nhict do cao khi diéu
kién sau day thoa min

e e ]
Ta 14y dao ham sau dé phan tich thanh chudi va chi giif lai so
hang phin tich diu, ta duge '

o _daee?
=
3kT
Do dé do ur hod
jG+be’
o .
3kT

T=n

e 2
113'1: %:.I]L'](.‘J_t_l.)“_.

3kT _
114. Xét trudmg hop ¢é hai phdn to doc lap. Giad tri cha dai
lugng L ddi v6iching lal, viaL,1aL =L, + L,.

Tacéd

(ALY =(AL)* +2AL,AL, +(AL,)” .

Vi hai phan to doc lap nén
2AL,AL, =0,
do do

2
(ALY =3 (AL;)”.

i=1
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Két qua nhan duge dé dang suy rong cho trwdng hop hé géom k
phan doc lap

Kk
(ALY = AL

115. Gia st L [2 ham trang thai cong dwgc, theo bai 114 ta ¢é

N
(ALY =Y (ALY

Néu thang gidng cla dai lugng L trong cdc hé con 12 xdp xi

—_— N —
nhau vé hang thi (AL)* ~N(AL;)*. Gi4 tri trung binh L= L;
: 1=1

ciing ti [& v&i s phén N,

Do d6 thang gidng wong d8i duge tinh bang hé thiic
1
o= a2 IN_ 1
L N UN

Do d6 ddi véi hé vi mo, thang gidng cha cdc dai lugng cong
duge 12 rdt nhd AvZ =vZ - V2

116. theo &1, tadacé :

— 3kT _ [3kT
Viz— V= f—
m mm
do dé szzﬁ(_%——g-).
1m T

117. Theo phan b6 chinh tic, ta ¢6 gid tri trung binh ctia ham

Haminton 12 H= _[chp.{w—;—l—-l—} dx
{x)
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va diéu kién chudn hoa

(Tich phan lay theo toan bd khong gian pha).

L3y dao ham theo 0 cia hai hé thirc nay va két hep lai ta dugc

Vi H -H =(H-H) = (AE)? nen
(AE)? =02 °H
0
vay AE_V(H-HY’ o [aH
E H HVé

Lt Te e L e 3
vai khi If tedng ta c6 E=H=—j—

Thay vao ta ¢é

AE_ [2
E 3N

118. Tacé AE*=E" ~E

St dunyg két qua bai trén (a cé

_E cE
E Vker '

SE

-~

3 T
ViCy = %TE—,néntacéSE= E kC, .
[



119. Ti két qua bai trén ta ¢o

P —

N e
SEz\/AE -:\/ — s

E E
b1 vdi vat ran g nhiét do thap
= 3x'NTY . 12eNT?
E=—m— O = — =
5T, 5T;
hv . . . . s
T, = % 1a nhict do Dobai. Vay thang gidng tuong doi cua

nang lugng la

O nhiet do cao C, = 3Nk.

-

Thay vao ta cod E = 3Nk

SE ~ L

=

120. Ta bi¢t nang lugug t.ung binh cua vat rin 13

UV

2.3 x
2i¢h g ¢ -l

=E =aT4,

o
hy

vk H X dx
vii o= 5 —
2reT ) et —1
T bai 117 ta cod
AEZ 1 E s
oT
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121, AxS =(x -%X)" =x° —3%°X + 3xX* - X~

A =27 =% -3 (Ax?)

122, Phan bé Gauono chudn hod ¢6 dang

P e
f{\ZJ:\‘—El o
i

Dung tich phan Poaixong ta ¢6

xzz\/g ‘[Xzeuax-dx:ﬁl &:L
m n2Vg® 2a
R o 2
x4:\/§ Jx4e_m dxz\/Eg LI
L td4Vad  4a?
i

So sdnh két qua, ta ¢o x¥ = 3x?)
123, Phan b3 Gipxo d6i v6i e ¢6 s6 hat bién thién ¢6 dang

W= exp{ﬁﬁe—em},

trong dé €, 1 nang lugng cua mot hat trén mirc n. Q duge xac dinh
bang diéu kién chuin héa

Q pN &Ny

eBZeeZc 6 =1
N N

Gia tri trung binh cia s6 hat dugc xdc dinh bang dang thic

Q ulN _&gNp

ﬁzeE)ZNe.e Ze I
N N
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~ Lay dao ham h¢ thite trén theo p v ké dén su phu thude cia

Q vio p, tacd

_ Q HN _Enly
N 0 0 f
= :—l-e Z N? + N—L Ze =
cl TV 6 N cu
. — '1
Nz onE?
9 au
Lay dao ham diéu kién chuin hod theo p ta cé :
No_
CL
AN 1 2 1
Dodé | = ——(N? -N")=—AN?
N oy 9

|
Bk

8
e +1 -
Liy dao ham theo p, ta co

& __ 5

1
R B
e & 41

Theo bai 123, tacd (AR, )' n,(l-m;).
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125. Nang lugng trung binh cua lugng tu truong dién tir ¢d
dang

_ how
£, =

o

¢]
c -1

Theo ba1 117, ta ¢cod Ag? =@° % . nén

fio

0
2 (h )2 e
o=

Ag
oo

ee—l

Cong thitc nay ¢6 thé viét dudi dang

Ag., = (hw) +
o !:efrr,ofﬂ -1 (eﬁwie _1)2]

. — &
Virang Ny =—2, nén
ho

Ael = hooE, + 52 = (ho)? Ng + (o) (N, )2

3
Ag — -
£ = N +(Ng )2

3

hay ANZ =
hm)
126. Nang lugng cua dao dong tr diéu hoa E = nho
(n =0, 1, 2,...). Trung binh theo phan b8 chinh téc ta dugc -
ho
explhe/kT)—1

Thanh thu

BT VAT LY LY THUYET T2 — 24 - 369



_ ox [ ho
d P kT

AEZ = kT2 9E _ (50)? :
a exp[&{-ﬂ)—l
kT

Thang gidng twong doi ¢é dang

Néu bidu dién v& phai qua E ta tim duge
AE? hay

E’ E

Khi nhiét dé cao (kT >> A ), két qua nay co dang

mi

= kT

AE? = kT)?

Ta nhan xét rang khi tang nang lugng trung binh, thing gidng
tuong doi dian dén don vi chi khong dan dén khong.

Ki hi¢u E_ 1a nang lugng cua N dao dong tir diéu hoa, ta ¢é

En ZNE
2 ET)
AEY = NAE
AEX _ | AE? _i[]+ﬁm]
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Khi N rdt lén thi thing gidng tuong déi sé nho.

Diédu d6 phi hop véi thye nghiém : Thang gidng twong doéi cua
vit thé vi méo 14 nhd,

127. Do thang gidng, trén ban tu dién xudl hién dién tich q.
Khi d6 nang lugng cia tu dién la

LA VTP ¥ )
Mat khdc ning lugng nay la bang N Tir d6 q° = CkT.

2

: LA kT T 1w e \
128. Tuong ty bai trén 5 =5 trong 46 L 1a hé s6 1 cam

cua cudn day, 1 [a cudng d6 dong dién.
k
Tuds A=<l

129, Khi khuéch tdn Ax> = 2Dt véi D = 5L

6mnr

Tir dé ta tinh duge khoang cich trung binh cua khi khuéch tin
san thdi gian t la

Ax = / ﬁkT[
%nqr

130. Luc ngoai F;=-vU va luc ma sdf F2 =vV ¢an bing véi

gradién ctia dp sudt p.
n(—'}ﬁ - ﬁU) = Vp ,

trong d6 v 1 hé s6 ma sdt, n 12 néng do cac hat Braono. Ldy dive
cla biéu thitc trén, chi y d€n phuong trinh lién tuc
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T an . L e
divinv) + — = 0, phuong trinh trang thdi clia khi If tuéng

el
p = nkT vd mdt 40 xdc sudt u 1é véi mat do céc hat khong twong

tdc (W ~ n)’

i . i _
_L__W_:V WVU+kva
ot ¥ ¥

- . kT . : .
Ti s6 — 14 hé $8 ma sd1 D nén
¥ :

N _ilwvupw!,
ot ¥

131. Hutng truc x theo phuong trong tuc, ta ¢6 phuong irinh
E — F — p mot chiéu :

jmd o “‘\2
W 10 [qu]d)c W

OX X

dt vy &x

Déu tien nhan phuong trinh ndy vét x — x,, tich phan theo x,

sall d6 nhén nd vai (x — x,)” vit lai tich phan theo x. Ta duac céc

hé thic sau :

d 2 A
—(X _X“)z =2D—;(X ‘X[])j—

dt ox
13U
d Y OX
. . OU . . o
Boi vi — = —mg = const {m 14 khéi lugng hat Braono), nén

&x
khi tich phan céc phuong trinh trén véi cac diéu kién ban diu
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{(x=Xq) ={};{x—x0)2
Yoz

1,=0

. m
ta tim duge (x~x,) = -—E{

Y
—_ m 2 .
(x—x,)° =2D1 +(—g) 2

| Y

Tir d6 ta ¢6 hé thitc sau d6i véi gid tri trung binh cia binh

phuong dich chuyén

[(x = xo)—(x —x)* = 2Dt

Khi ving mat trudng ngodi va x, = 0, ta cé x> =2Dt.
132, Khi ¢é trudng ngodi U(T), phwong trinh Bonxoman cé
dang
of 1
4TV -—V,;UVf = L
ot m oty
Trong d6

N |
[%} = jdvz [o(6.¢)sin6d6d 19, -
th .

3

[f(‘r’,v'z,t) f(F,vy.1) = £(F,vy,1) f(?,vl'i)}

_\",rl

& day vy, vo. vy. V5. la van 18c cdc hat trudc va sau va cham,
o(8, @) 14 tiét dién hiéu dung vi phan cua tdn xa.

Dé dang kiém nghiém lai 12 ham phan b6 Macxoen -

Bonxoman.
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f.2
_l T_nv_+[j(f)
6 2

f(r.v)=Ae -,
trong d6 A = const vd 6 = const, thod man vé€ trai cta phuong trinh

Bonxoman. Mat khéc d6i v6i ham phan b can bang, ta ciing ¢§

£(T, vy ).6E, 1) = £(F, 95 1.£(F. 9))
do dé v€ phai cia phuong trinh Bonxaman ciing ti€n dén khang.
133. Kht ving mat tredng ngoai U(7) = 0. D&i v6i khi can bang,
ham phén bo khong phu thude tudng minh vio thai gian gt— =0
t

Mat khdc do khong ¢6 trudng ngoii f ciing khong phu thudc
toa d¢ nén c6 thé dit '

fo = 0
Thanh thir ta s& ¢6 phuong trinh
fVOF(V2) = £(7)E(5).

Ldy logarit cia phuong trinh ndy va két hgp vdi cac didu kién
va cham dan héi. ta ¢é : '
mf(v, )+ Mi(vy) = Inf(v] ) + Inf(v5 )

v, + v;, =V + ¥y

v+ ()% = ()% + (o)L

Ta dé dang thdy ring ham
mf(V)=b(T-vy) + A

trong d6 b, A vd v, 1a cdc hang s6.

374



Nhir vay nghiém cha phuong trnh Bonxoman trong trudng hop
nay la
f(vy =BV Vo),
D6 14 phan bé Macxoen,
134. Thé nang U c6 dang U(z) = mgz,

Pai véi khi If twdng, tir phuong trinh dong hoc Bonxoman ta
dé dang rit ra phuong trich d6i v6i him phan bo theo chieuw cao z
rrong truong f(z)

M) My, 20,
oz kT :
mg#

T
Tir d6 f(z) = Be * trong d6 B = const,
Ta di biét dN(z) = n(z)dz = Nfdz, do dé
mgz '

kT
n{z) =n,e

135. Khi ving mat trung ngoai va khong ¢4 va cham. phuong
trinh Bonxoman c6 dang

—aa—f +9V:E =0
O thoi diém 1 =0
f(T,,V5.0) = po (£, o (V)
trong d6 p,(%,) 12 mat do hat o thoi diém t = 0 ¢con (V) 1a phan .
bé Macxoen.
B&i vi cdc hat chuyén dong theo qudn tinh nén & thdi diém t, vi trf

clahat T=1, +vi, it dd: 1, =F-vi v {(7,V,0)=po(F - VD), (¥) hién
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nhien fa f(¥,9,t) thoa mdn phuong trinh Bonxoman va diéu kién

ban dau. Mat do & that diém t duge tim theo phuong trinh
p(T.1) = [[(F,9,0d = [py(F = Vi), ()9
I — T, ) —
=73 IDJR» }fo dro
t- : {
Ta thay vao cong thic nay
i-r, m 2 mfr-r, )
) L=l —1| exp|-— =
”[ t J (2:;9] P 29( t ]

va col p,(T,)1a d6i xtng cdu, tich phan theo 8 va @ gilta T va T,

taco:

moo- 2 m - _3

et =T
B m /%1 202 2002

p(r.0) = 2—116 —{le - € Po {1, )1 dr,

r

Néu chi y 1a

khiO<r <a
o(r.) = {po o

0 khir, >a
Tacd:
m uzp
(r,t) = ~—] == [J(r)-J(~1)].
p (ZTEBI . [J( (-1l
Trong dé
a _"m_z(fn—r)z
I = fe r,dr,
0
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Tiép tuc tinh J(r) va thay vao, ta ¢6

plr, t) = p{,{ \l/_[c_(p“lr —c_(p_a"'hi+crf(p+a};crf(p—a)} .
P

[ m o=
20t°

- dx.

trong doé

erf(x) = \/_ I

136. Gia sir trong hé c6 gradién nhiét do huéng theo truc z. Ta
cing gia thi€t rang bién thién nhiét do T(z) trén chidu dai quing
dudng tv do / = T .v nhd hon nhiéu so v6i ban than nhigt do T. Bai
vi ning lugng trung binh u ld ham cda nhiét 44 nén né ciing 12
ham cua toa do z nén ta viét ia u(z).

Dong nhiét q duge xdc dinh nhu dong nang chuyén qua mot
don vi dién tich cia mat z = 0 sau mot don vi thai gian va he s6
truyén nhiét & lién hé v&i né bang hé thic

q= YLl
cz

Ta nhin xét ring méi électron chuyén dong tu do trong thai
gian T va d¢ don gidn, ta chon mat z = 0 & cudi quing dudng ty do

cua électron, ta co:
v
u(-lcosB) = u((})—]cose(———) .
oz z=10
(vi gradién nhi¢t do 1a nhd) trong d6 8 14 goéc gifra nhimg phirong

viin tdc cua electron v truc z,.
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Sau mat don vi thoi gian, 36 électron cé hudng chuyén dong

nam giita 0 va 0 + dB duoc xdc dinh bang ding thic
S
dn = —nsinBcosBd0O,

trong dé n la 53 tdng cong cic électron trong mot don vi thé tich. Do
dé dong toan phin cha nang lugag duoc xdc dinh bang tich phan

1 o' 10
q= Y _{cosz Bsin0d0 = ——=nv1 =
&z : 3 s

0
Néu chi v la

cu ou T ,
T=_T-,taC0
dz T dz
1
A= =0,
3

voi C= 2L 1y nthiét dung cua méot don vi thé tich khi &lectron.
C

137. Mat do dong j, va dong nang lwgng Q, tim dugc theo
cong thiic
x= € vafdg; Qx = Jsfvxdg,
trong d6 dg 1a quing cdc trang thdi lugng tir duge tinh nhu sau :
(zm)fn*'i
h?

Thay bicu thic cia ham phan bé vio, tacé

T
_}\ = CK]{@EX +[E—EJ£:|+‘%K29—-

dg = ¢'/2ds sin 9d0de

dT T dx dx

dn 4T I dT
= —Jeg +| DN g — Sk,
o [e“F' (dT T]dx 2T
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trong dé

1

_2V2m = " of

K = T(e)e o
" 3n2h3(‘,[ €
Gia su j, = 0, ta tim dugc:
1 K{K; -K2 dT
= ——IP3TIT
R A
dT
- —}\.
Qx ax
w2l
Tirdo 3 = L KiK3 =K
Ky

138. D don gian, ta gia sir hdn hgp khi bao gém hai loai phan
tir c6 khoi lugng m| vd m,. Ki higu bén kinh cda ching 14 a, va a,
vi van tc 12 v, vd v, . Khi d6 van toc khoi tam Vva van t6c
tueong doi i 14 : |
S myemey; L — —
V:m] ! 2 2, H:VZ_VI
my + 1ty
Sau mot don vi thoi gian trong mot don vi thé tich xdy ra mot
s va cham 1a :
I 2§ 2 2
fidv fydvon(a; +a5) {sm (0 +d6) —sin B}U

O day vi khi loang ta ldy | va f, 1a phan bd Macxoen.

Ta cling dé dang tinh dugc

m|v|2 +m2v% ={(m, +m2)V2 +
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1 1 ]
__:_+
fomp ms

AV, 95)
&V, 1)

&V AV, = dVdi = dVdi.

Tinh tich phan theo 14t ¢i cdc hudng kha di cia dudng ndi tam
cdc phan tir trong khodng 0 < 6 < w2, ta ¢6 biéu thirc d6i véi trung
binh 6 va cham

- (m1m"}l )3!‘2
Vip = HdVdunlng 3 eXpXx
(27kTYy
5 3 i .
y ‘(m]+m2)1\‘/ tu (al+a2)2u J.Zsinecosede
2k 0

2nkT
= 2n1nz(a| +32)2 T
V u

Né&u cdc nguyén tr 1a cung loai thi ny = ny, = n; m; =my = m;
a; =a, =df2, 0= nd?, 56 va cham trong mot don vi thé tich sau

mot don vi thoi gian la

v=onid [T 4242 [TKT
m mn

S¢ va cham trung binh cua mot phéan tir 12

Y _ ang? . ’ﬁ—k}: = 4nnd? KT, =4dnc KT
n m m Tm

Thoi gian trung binh gilta cdc va cham <€ 1a

L [m
4no ¥ kT
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Quang dudng ty do trung binh ¢6 thé tinh theo cong thirc

l=1v=1 Ekl— ’
Vam  nov2

139. Thay s6 vio cong théc trén

[~58.10 %m,

vdi chi ¥ 12 n duge tinb tr phuong trinh trang thdi cua khi i tuwdng
p = nkT.

140. Mat do entropi s cua dong tai 1a ham ciéia mat do dién

tich p va mat dé nang lugng tai €, do dé

ct \dej, ot \dp) ot

Néu sir dung dinh luat bao toan dién tich va nang lugng

Pt divi=o

-
-
i

L L dive =0
a
va ké dén cdc biéu thite d8i véi dao ham
[as) 1 as n <
— ! == — | = , ta s& cé:
ce o T ép g, T
®+-—

&s e AN
= pdiv)] —=2— |=j—v| Ll g+ D v=
ct T T leg, €q T

tich phan biéu thirc nay theo thé tich V cia hé kin ta nhan dugc
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€

O day ta da s dung diéu kien j, = ®, = 0 trén mat giéi han

thé tich V. Ta thdy céc luc lién hiép v6i cdc dong nhiét dong | va

Q tuong tng 1a
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. Cac ham phan b6 ¢6 dién
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Phdin 111
CO HOC LUONG TU
A — Dé bai
Nhitng co s¢ vat If cua-co hoc lugag tur
Mau nguyén tu Rozepho. Li thuyét Bo
Todn tu
Phuong trinh Srodingo (Shrodinger)
Li thuyét biéu dién
Spin va hé hat dong nhat
Céac phuong phdp tinh gin ding
Li thuyét tin xa
B — Loi giai
Phin IV
VAT Li THONG KE
A — Dé bai
Khong gian pha — Binh Ii Liuvin (Liouville)

. Ap dung cic ham phan bs Gipxo vio cdc hé thuc
. Cdc ham phan b6 lugng tu

. Li thuyét thang gidng

). Thuyét dong hge cde khi

B — Lai giai

Trang
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Chiu trdch rhiém xudt badn :

Chil tich HDQT kiém Téng Gidm d6c NGO TRAN Al
Ph6 Téng Gidm déc kiem Tong bien tap NGUYEN QUY THAO

Bién tdp noi dung :
PHAM THI NGOC THANG

Bién 1dp mi thudt ;
LUU CHI PONG
Stta ban in :
PHAM THI NGQC THANG

Ché' ban :
PHONG CHﬁ BAN (NXB GIAQ DUC)

BAI TAP VAT LY LY THUYET - TAP 2
Ma s&: 7K536T7 - DAL
In 1.500 ban, khé 14,5 x 20,5 cm, tai Cong ty In - Thuong mai TTXVN.
' S6 xuét bn: 11-2007/CXB/286-2119/GD.
In xong va nop lvu chiéu thing 9 nam 2007,



CONG TY CO PHAN SACH BAI HOC - DAY NGHE
E:; HEVOBCO

[ 25 HAN THUYEN — HA NOI

% Website : www.hevobco,.com.vn

/TIM DPOC SACH THAM KHAG DAI HOC MON VAT Li \
CUA NHA XUAT BAN GIAO DUC

1. Vatli dai curang (3 tap) Lutdng Duyén Binh (CB)
Bai tap Vat li dai cuong (3 tap) Luong Duyén Binh (CB}
Cd s6 Vat i (6 tap) Dam Trung Hén

Ngé Quic Quinh ... (dich)
4. Gidi bai tap va bai toan Co s6 Vatli (3tap)  Luong Duyén Binh

Nguyén Quang Hau
5. Baitap Vat lili thuyst (2 tap) Nguyén Miu Minh, Ta Duy Loi

B35 Binh Thanh, Lé Trong Tuing
6. Phudng phap toan li D6 Binh Thanh
7. Vatli hién dai (Li thuyét va bai tap) Ng6 Phu An, Lé Béing Subng (dich)

Ban doc c6 thé mua tai cde Céng & Sdeh - Thiét bi trieomy hoe 7 cde dia
phirong hoge cde Cria hang ciia Nha xudt bdan Gido due

Tai Ha N&i : 25 Han Thuyén; 187B Giang Va: 232 Tay Son; 23 Trang Tién.

Tai P& Nang : S5 15 Nguyén Chi Thanh: S6 62 Nguyén Chi Thanh.

Tai Thianh ph& H8 Chi Minh : 104 Mai Thi Luu, Quan 1; Clia hang 4511 - 453,
Hai Ba Trumg. Quan 3: 240 Tran Binh Trong -- Quén 3.

Tai Thanh phd CAn Tho : $6 5/3. dudng 30/4.

Website : www.nxbgd.comvn /
8”934980 750844‘ Gia : 20.200 d
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