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LGOI NOI AU
Cudn Bai 56 dai creong cla tic gia Hoang Xuan Sinh tir 1au nay
-da 1a mot tai liéu hitu ich cho nhiéu ngudi 1am todn va ca nhiing
ngudi hoc todn. Dac biét né di 1a "sach cdm nang” caa nhiéu gido
vién day todn trong cdc trudng Dai hoc Su pham, Cao dang Su
pham va cla sinh vién cic trudng ndy.

Trong cudn sich d6 tic gia di dua ra mot khoi lugng bai tap
wrong d6i phong phd, da dang vi ddy du. Tuy vay, trong dé c6
nhiéu bai tap nhiéu déc gia chua ty gidi duge. D& gitip cho doc gid
c6 mot 1ii 1iéu hoan chinh vé b siach Dai s6 Pai cuong va thuan
li trong khi sit dung nd, ching t6i bién tap cudn Bai tdp dui s& dui
CHOomg Nay.

Ngoai viée giai tudng minh t4t ca céc bai tap trong cudn Pai s6
dui cuong cua tic gia Hoang Xuan Sinh chiing t6i ¢6 lva chon dua
thém mot s6 bai tap nham gidp doc gia tham khao va di sau hon
vao nhimg nodi dung co ban trong cudn sich 1i thuyét da dé cap
dén. Chung t61 khong c6 tham vong dua vao day nhiing bai tap qua
khé hoac ¢6 néi dung khong gan vSi muc dich da néu trén.

Cuén séch nay gém hai phan. Phan I tém tit li thuyét va cic dé
todn, phan IT 14 1&i giai va huéng din. M6i phdn gém sdu chuong,
thir tr cde chuong duogc trinh bay theo dung thit tu céic chu’o‘ng muc
trong cudn:Pai s8 dai cuong.

Trong phin dé todn, ddu méi chuong c6 gianh mot phan dé
tom tat 1i thuyét. Trong phén 101 gidi d6i véi nhimg bai tap dé hoac
céch gidi don gian ching 16i chi cho 16i giai van tat. D6} v6i nhimg



biii ¢6 nhiéu cdch giai khic nhau ching t61 chi trinh bay mét cdch
giii ngan gon nhat.

Khi viét cudn sdach nay ching 161 dd nhan duge nhiéu diéu chi
dan quy bdu cua Gido su Tién s1 Khoa hoc Hoang Xuan Sinh, tac
gia cudn Dai s6 Dai cuong. Chiing t6i xin bay to long biét on
chan thanh déi vai Gido su.

Ha Néi, thang 3 ndm 1996
Tac gid



L.OI TUA CHO LAN TAI BAN CHINH Li

Cuon Bai tip Dai 86 Bai ciong duge xudt ban 14n ddu vao nam
1996. Tir khi phdt hanh, né d& duge nhiéu doc gia tim doc va si
dung. Vi li do d6 cho tdi nay cudn sdch di duoce tai ban nhiéu lan
v61 s6 lweong phit hanh khd lon.

Do su phdt trién khong nging cia Todn hoc hién dai nén
chuong trinh giang day mon Todn & nhiéu trwong Pai hoe luon
thay doi. Dac biét. gan day chuong trinh Pai s6 va $6 hoc & Khoa
Todn cua cic trudng Pai hoc da c6 sy thay doi va diéu chinh déng
ké nhim dap ting su phat trién chung cita Todn hoc va phil hop véi
nang luc hoc tap cua sinh vién trong giai doan mdi.

Theo yéu cau ciia Nha xuat ban Gido duc va theo yéu ciu cla
nhieu déc gid, mot l4n nita, ching 16i cho tdi ban cudn sich nay va
b6 sung thém nhiéu bai tap mang tinh chat dinh tinh.

Chang 161 xin chéan thanh cém on nhitng doc gia da ¢ nhiéu
ki€n déng gép cho cudn sdch trong nhimg 1an phdt hanh truée. Hi
vong cudn sdch nay van sé 12 fai liéu hoc tap va tham khao hitu ich
cho sith vién v hoc vién Cao hoc & céc trudng Pai hoc.

Ha Noi thdng I nam 2005
Tac gia
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BANG KI HIEU

Ki hiéu

p<>q
Fp
3
Ix P(x)
v
¥ x P(x)
Px.y,...2)=0Q(x, v, ...,2)

Dinh nghia
Ki hiéu ctua phép phu dinh
Phu dinh cla p
Ki hiéu clia phép hoi
pvaq
Ki hiéu clia phép tuyén
p hoac g
Ki hi¢u cua phép kéo theo
p kéo theo q |
Ki hiéu cua phép tuong duong

p twong duong q

p la mot luat logic
Lugng v ton tai
Tén tai x, P(x)
Luong tir tdng quat
V&i moi x, P(x)

P{x,y,...,2)bang Q(x, v, ..., 2)

P(x,y, ..., 2) tuong duong 1o6gic v4i

QY. ... 2)

Tap hop cic s6 tu nhién

Tap hop cac s6 nguyén



Q Tap hop cac s6 hiru t

R Tap hop cac s6 thuc
C Tap hgp cdc 6 phac
a\b alaudccuab
AcB(GCH 7
. LE ta
B 5 ABoA) a tap con cua tap hop B
A-B Hiéu cua hai tap hop A va B
AUB Hop ciia hai tap hop A va B
ANnB Giao cua hai tap hgp A va B
& Tap hop rong '

C,B Phén bl clia tap hop B trong A
AxB Tich Dé-cdc ciia hai tip hop A vi B
(@)ieq Ho phan tir chi s6 hoa bai tap [
(Adier Ho tap hop chi s6 hoa béi tap
(a, b) Cap phan tr

A’ Binh phuong Dé-céc cia tap A

g A Tich Dé-cdc chia ho tap hop A,

Al Luy thira Pé cdc bac I cha tap hop A
f:X>Y
f ~ AnhxafwrXdeénY

X—-Y



Iy, 1dy
Hom (X, Y)
S(X)
<A>

<X

Alx]
Ax)

AlXy, Xo, o0 X ]

C(a)
a

Imf
Kerf

Th
/4

Anh xa déng nhit cia tap X

Tap hgp cac dnh xate X dén 'Y
Tap hop cdc song danh tt X dén Y
Nhém sinh boi tap hop A

Nhém xyclic sinh bai phan tir x
Nhém cdc phép th€ bac n

Tap hop cac bo phan cta tap hop X
Tam cbha nhém G

Idéan chinh sinh boi phan tir a

Hai nhém (vanh, trudmg) AvaB déng
¢du vai nhau _

Vanh da thitc ctia an x trén vanh A
Trudng phan thiic cla 4n X trén mién
nguyén A

Vanh da thiic clia n 4n X, X3, ..., X,,

trén vanh A

Lép céac phan tir tuong duong véi phan
tra '
Anh cla déng cdu f

Hat nhén cda dong cdu f

Nhém thuong ctia nhém G trén nhém

con chuan tic H

Vanh thuong cia vanh V trén idéan 1



PHAN 1. TOM TAT Li THUYET VA BE BAI

Chuong 1
CO SO LOGIC TOAN
TAP HOP VA QUAN HE

A. TOM TAT Li THUYET

" 1. Co s8 logic toan
Nhiing cau phan dnh ding hoac sai thuc 1€ khach quan dugc
goi 12 nhitng méni dé. Ta quy uéc ménh dé cé gid tri | néu nd
diing va c6 gia tri 0 néu né sai. Méi ménh dé c6 mét va chi mot
trong hai tinh cht ding hoac sai nén né chi c6 thé nhan mot trong
hai gi4 tri 1 hoac 0. Cdc gid tri 1 va 0 duoc goi la gid tri chdn i cua
ménh dé.

Tir cic ménh dé da cho, bing mot quy tic nhat dinh, ta ¢6 thé
tim dugc ménh dé méi hoan toan x4c dinh. Mot quy tac nhur vay
goi [a mét phép rodn 16gic.

Dinh nghia. Phui dinh clla ménh dé p, ki hiéu la p hoac ‘lp (doc
1a khong p), 1a mot ménh dé sai khi p ding va ding khi p sai.

Binh nghia. Hgi cha hai ménh dé p va q, ki hiéu ]a paq (doc
1a p va q), 12 mot ménh dé dang khi ca p va q deu diing va sai
trong céc truong hop con lal.

Pinh nghia. Tuyén cua hai ménh dé p va g, ki hi¢u la pvq
{doc 13 p hoac q), 1a mét ménh dé sai khi ca p va g déu sai va
ding trong cdc truong hop con lai.

Dinh nghia. Ménh dé kéo theo p—>q (doc 1a p kéo theo q) la

moét ménh dé chi sai khi p ding va q sai, cdn ding trong moi
truong hgp con lai.



Meénh dé p nrony duong voi g, ki higu la p<>q, 13 mot ménh
dé ding khi va chi khi ca hai ménh dé p va g cung ding hoac
cling sai.

Ta c6 bang gia tri chéan 17 d6i v6i cic phép todn logic trén nhu
sau :

Piq| P |paq|pvg | p>q | peg
0101 0 0 1fe
01| 1 0 | 1 0
110 0 { 0 0
1i1]o0 1 i 1 1

Binh nghia. Mbi cong thirc ciia dui 56’ ménh dé 1a mot day cdc
ki hiéu thude bon loai :

- Céc hang 1, 0 ki hiéu ciia ménh dé ding hoac sai ;

- Cic bién ménh dé p, q, i. s, ... |

- C4c ki hiéu cia cac phép todn 1ogic —, A, v, —, <>
~ Cic dau ngoac () chi thit tu cdc phép todn.

Mot cdch chinh x4c hon ta dinh nghia cdc Adng va céc biéh
ménh dé 1a nhitng céng thire. Néu p 14 cong thiic thi peiing 1a cong -
thitc. Néu p va q la nhiing cong thitc thi (pAq), (pvq), (p—q),
{p<>q) l1a nhing céng thic.

Binh nghfa. Cho P (a, b, ¢, ... , g) va Q(a, b, ¢, ...,g) 1a hai
cong thic cha cidc bién meénh dé a, b, c,..., g. Coéng thitc
P(a, b, c,..., g) goi 1a hdang hay tuong diwong idgic véi cong thiic
Qa, b, c, ..., g), ki hieu Ia

Pa,b,c.....g) = Qa, b,c, ..., g),

néu ching nhan gia tri bang nhau v&i moi hé nhiing gi4 tri ¢6 thé
¢6 cua cdc bién ménh dé.
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Cong thic P duge goi 13 hdng ding néu né nhan gid tn 1vé
moi hé nhiing gid tri ¢6 thé c6 cha cdc bi€n ménh dé. Mot cong
thic hang ding con duge goi 13 mot luat logic ki hiéu FP. Cong
thic P 1a hdng sei néu nd nhén gid tri 0 véi moi hé nhitng gid tri cé
thé c6 clia cdc bién ménh dé.

Dinh nghia. Cho A, A,, ..., A, va B la nhiing cong thic. Ta
ndi ring ¢6 mot quy tdc suy ludn véi céc tién dé 1a A|, Ay, ..., Ay
va he qua 1ogic 1a B néu va chi néu v&i moi h¢ gid tri cba cdc bién
meénh dé c6 mat trong A, Ay, ..., A, Blam cho A}, Ay, ..., A c6
gid tri bang | thi B cling c6 gid tri bang 1. Ta ki hiéu
’ ' ALA, LA,

——

Binh nghia. Vi fir n ngéi xac dinh trén tap hdp Mz2O (n=z1)
12 mot anh xa xéc dinh trén tap hop M" ldy gid ti trong [ = {0, 1}.
Vi tir n ng6i cdn duoc goi 1a mot ham ménh dé n bién.

Mién diing ctia vi tir F(x, X, ..., X,), ki hiéu 12 E ia tap

Fixy Xz,
hop tét ca cac day (ay, aj, ..., a,) € M saocho F(a;, ay, ..., )= 1.
Cho F(x) 1a vi tir 1-ngoi xdc dinh trén tap M.

Dinh nghia. Lugnig tir phd bién ciia F(x), ki hiéu 12 ¥ x F(x), doc
1a "v6i moi X, F(x)", ]a mot ménh dé ding khi Eg,, = M va sai kht
Eexy =M. |

Pinh nghia. Lugng tir tén tai cia F(x), ki hiéu 12 3 x F(x), doc
1a “tén tai x, F(x)", 12 mét ménh dé ding khi Eg, # < va sai khi
Epyy = 9. o

Cic dinh nghia trén day dugc m& réong mot cdch ty nhién cho
vl fif n - ngoi. '



Il. Tap hgp va quan hé

1. Tap hop

Nhimg vat, nhitng doéi tuong toin hoc... duge tu tap do mot
tinh chat chung nao dé thanh lap nhing tap hop. Cdc vat x trong
tap hop X duoe goi 1a cic phan nircua X, ki hiula x e X,

Phu dinh cua x e X ki hiéu la x ¢X.

Hai tap hop A va B 1a hang nhau néu va chi néu moi phan tr
thuoc A thi thuéc B va nguoe lai, ki hiéu A = B. Tap hop A duoc
£o1 1a mot tdp con hay mot bo phdn cua tap hgp B néu v&i moi x, X
e A thi x B, ki hiéu la AcB hoiac Bo A. Nhu vay A = B khi va
chi khi AcB va BC A. Thang thudng bo.phan A cla tip hop B
dugc xac dinh boi tinh chdt 7 ndo d6 thi ta ki hiéu nhu sau

A ={x ¢B|x ¢6 tinh chat 1}.

2. Cdc phép todn trén tdp hop.
Dinh nghia. Hiéu clia hai tap hop A va B 1a tap hop
A-B={xecA|x g B}
Néu B < A thi A - B duge goi 1a phdn bu cua B trong A, ki
hiéu la C,B.

Téap hop A — A duge goi la tap rong, dé 1a tap khong chira mot
phan t nao, ki hidu 13 &.

Tap hop cic bo phan cua tap hop X duge ki hiéu 1a .2 (X).
Binh nghia. Hop cua hai tdp hgp A va B, ki hiéu 1a AUB, 14
tap hop
AUB={x|x € Ahoacx eB}.

Binh nghia. Giao cia hai tap hop A va B, ki hiéu ]a AN B, la
tap hop
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AnB={x}xeAvax eB}
Binh nghia. Tich Dé-cde cha hai tap hop A va B, ki hiéu 1a A x B,
latap hop
AxB={(a,b}|acAvabeB}
Trong taphop A x B tacd(a,b)=(u,vi<=a=u,b=v.
Néu A = B thi A x A duoc ki hiéu la A”.

3. Anh xa .

Binh nghia. Mot anit xu f tir tap hop X dén tap hop Y 1a mot
quy tic cho tuong itng méi phin to x € X mot phan tir xdc dinh
thuoc Y, ki hiéu f(x).

Tap hop X goi la ngion va tap hop Y duge goi 1a dich cua
anh xaf.

‘Gia st f 1a mot dnh xa tir X dén Y.

Bo phan I' = {(x, f(x}) ¢ X x Y | x e X} dugc goi la dé rhi caa

anhxaf NéeuA < Xthibophanf(A)={y ¢ Y| 3a €A, fa) =y}
duge goi la ¢nh cia tap A qua f va néu B cY thi bé phan

£ (B)={x eX|f(x) B} duoc goi 1a two dnh cia B qua f.
Anh xa f tir X dén Y duge goi 1a mot don énh néu véi moi X,
va X5 thugc X quan hé x, = x7 kéo theo f(x) # f(x,); f dugc goi la

mot roan anli néu f(X) = Y. Mot anh xa vita la don anh, vira 1a toan
anh dugc goi la mot song anh.

Dinh nghia. Chohaidnh xaf: X > Yvag: Y —»Z
anhxagf: X > Z
X — gf(x) = f(f(x))

duoc goi la rich (hop thanh) cua dnh xa f va anh xa g.



Dinh li. Tich cla hai don 4nh 12 mét don 4nh, tich cia hai
toan 4nh 13 mét toan dnh va do d tich cha hai song dnh la mét
song dnh.

Binh li. Phép 1ay tich cdc anh xa c6 tinh chat két hop.
Dinh nghia, Chodnhxaf: X > Y. Néucég:Y ->»Xsaocho
gf =1y vafg=ly |
thi g duge goi 1a nghich ddo hay anh va nguoc cia f, ki higu 1a
g=f". |
“ Pinh li. Anh xa f ¢6 dnh xa ngugc khi va chi khi f 1a mot song
anh. '
4. Tdp hop chi s

' Gia sir I 12 mot tap khic réng, f : I —X. Khi d6 cic phan tu
x, = f(i), i €I lap thanh mot /1o rhitng phdn tit clia X chi s6 hod boi
tap I, con tap [ duoc goi 1a #dp chi s6, ki higu (X;); ¢ 1-

5. Hop, giao, tich Pé-cdc cua mot ho tdp hop

Binh nghia. Gia sit (X)), ¢; 12 mot ho tap hop duge chi s6 hoa bai
tap L 1= .

Hop cia ho (X,),¢;, ki hiéu 1a UX, 1a tap hop gom céc x sao
igl .
cho x thudc it nhdt mot tap hop cia ho (X)); ¢ -

Giao cic ho (X); 1, ki hién 1a {1X, 12 tap hop cdc x sao cho x
Coiel
thuéc tat ca céc tap hop cua ho (X)i er-
Binh nghia. Tich Dé-cic ctia ho (Xj)e; ki hieula [1X,, latap
1]
hop cdc ho (x;);e, nhimg phan tr cita X = UX sao cho x; € X; v6i

11
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-moi iel Dac biét, nfu tit ca X; = X véi moi i €l thi [[X, duoce ki

el

‘hieu 1a X\

6. Quan hé

Dinh nghia. Mot quan hé hai ngdi trén tap hop X la mot bo
phan R caa tich Dé-cdc X°. Néu hai phan tir a va b thugc X ma
(a,b) eRthitabaoacéquanhé R véibvakihi¢uaR b.

Binh nghia. Quan hé hai ng6éi R cX? duoc goi la moét guan hé
tuonyg dwong néu cac diéu kién sau day thoa min :

a) Phan xa : v6i moi a thuéc X, aR a.

b) D61 xitng : véi moi a, b thugc X nfuaR b thibR a;

¢)Biccau: védimoia, b, cthubc X nduaRbvabRcthiaRe.

Gia.sir R 1a mot quan hé tuwong duong trén tip X vaa € X.

Tap hop

Ca)={x ¢X|x R a}

goi 1a Iop nwong duong cia a d46i véi quan hé R. Ta con ki hiéu 16p
déla a. ' :

Ta ludn co

o Vae X ae (a)

e YaecX,VbeX aRbo Ca)=C).

e VaeX,VbeXnéuCla) Cb) %D thi C(a) = C(b).

Mot sur chia I6p trén tap hgp-X 1a mot tap nhimg bcf)‘ phan khac
rong cta X d6i mot r&i nhau va mdi phan tr cia X thudc mot trong
cac bo phan dé. Gia sir R 12 mét quan hé tuong duong trong tap
hop X, thé thi tap cdc 16p twong duong ciua X d6i v6i R thanh lap
mot sy chia 16p trén X, ki hiéu
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XA ={C) | ae X},

Tap nay duge goi la tip thiong cua cua X theo quan he R.
Pinh nghia. Quan hé hai ngéi R < X duoc goi [a mot guan hé
thit i néu né thoa min cdc tinh chat sau :
a) Phan xa : v&i moi a thude X, aR a;
b) Phan d6i xdng : v6i moi a, b thuoe X, néuaR bvabRathia=b;
¢) Bac cdu: véimoia, b, c thuoc X, néuaRbvabRcthiaRc,

Néu trong X ¢6 mot quan hé thi ty thi X duge gol 1a mot tap
sap tha tu. Mot quan hé th tr thudng duoc ki higu la <, doc 12 "bé
hon hay biing” hoac >, doc 12 "16n hon hay bang".

Binh nghia. Cho < 12 mot quan hé thit tu trong tap X. Phan wr
a € X duoc goi 12 phan tir t6i tiéu (161 dal) néu Vxe X, x < a
(a<x)suy ra x =a. Phin tira € X dugc goi 1a phan tir bé nhét (16n
nhat) néu ¥xe X, a <x {(x <a).

Tap-sép thit tu X duge goi 1a tap sdp thit tu t6t néu moi tap con
khic rdng cia X déu ¢ phéan tir bé nhat.

B. BAI TAP -

1.1. Hiy chimg t6 rang mdi dong ki hiéu ghi & duéi day 13 mot
cong thdc va 1ap bang gid tri chan li cha nd, trong do p, g, ¢
14 nhitng cong thic :
aAyp-—2>(q—or); b) (pvar;
c) ((ﬁAq)A_l;—)CT)—-)(pV r).



1.2

1.3.

1.4.

1.5.

1.6.

Hay ching minh :

a) (U—)V.)—)'WEW—)-L.I__;;\-;';
by p—>(g—>0=(paq)—r:

) (ponvig—on=Eq—o(p—2r1)

&) (pARA(PAQVBAQV(PAG =T

Hay chiing minh :
a) (pv @ =(PAd): by p->q=(pAd;

9 poa=poazPAGA 4T

Dung phép bién déi déng nhat dé ching minh cic dang thic :
A prw—=>g=pvy; D) (pv ) APV DA =p;

) (prqvPAV(PAQI=p >4

d) pv(pArd)=pVvg;

Ching minh céc dang thiic sau bing phép bién déi dong nhat
va ap bang gid tri chan 1 :

a) p—>iq— HD=(pAaqr—r;

b) p~—>'(q-—>r)zq—>{p—>r)

c) (ﬁf\qx\r)v(ﬁx\qx\r}v{pf\r)s(p—aq)x\r,

Diing phép bién doi dong nhét dua cc cong thic sau day vé
dang don gian hon :
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L.7.

1.8.

L.9.

1.10.

1.11.

DAUPVY > (pvyhag:

S p=>gAlg—o1)—(por):

) 5T

) (PAgAlp -G

Dua cong thiic sau vé dang chi chita phép v, ™

a) (p=>T1) = (PAT): b) (pAq) > (qap).
Dua cong thic sau vé dang chi chita phép N

G (pvgro(por) by (p—=>qv(ip—>9g) .
Dua cong thic sau vé dang chi chia phép —,

a) pv(qz\({pnq)vr)); b) (EAQ)V(p/\(EE\E)}.
Buu cong thite sau vé dang chi chia phép v, -

alpvyg—=>(paq): b) px\q—:»(p—)q);
) pvglary—(pvq): .
d) (pvq};\(ﬁvlq)/\(pvq).

Dua cong thikc sau vé dang chi chita phép A .

O pvPAYVEAG): b) (P> qhvpv i)

- C) (p,—'\'q)v{pz\r}vr;

) (p/\Q}v(qv'ﬁjx\pv(p/\(pvq)).
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L12.

1.13.

Lap cong thic d6i ngu va cong thitc pht dinh ctia cdc cong
thifc sau : >

a) (pv AT ; by pvas(pv@an ;

c) (pr pAqAI‘)/\(f)H/—\_I).

Dua vao bang gid tri chéan 1i hiy tim xem trong nhiing cong
thitc sau day, cong thic nao hang ding, cong thic nao hang
sai?

a) (prq) > (PVva:; b) (p—=>q) —> QP
O p-(PAY; d) pAA(PVA)
e) pAg) > (AP} fy (pvg)—> (P01

1.14.

1.15.

1.16.

g) (p—)r)—>(p-—)r)—)(pvq)-—>r ;
h) (ﬁx\qAr)v(p/\ﬁf\r)v(pz\q/\f)v(f)z\ﬁx\f).

Chimng minh cdc cong thifc sau ddy la nhiing cong thiic hing
diing, viét cdc ludt tuong ung :

a) p—>p: : b) p—>(q—ph
¢) (pArq)—>Ps d) p—=(pVva);
e) (pAlp—>q) > 4q: f) @A(P—>9)>Ps

9 (P> PMGoN =P B EAD (P>

Chitng minh céc cong thic sau day 1a hang sai

a) (p—=>qApag; b) pA(q—>p).

Hay chimg to ring céc cong thitc sau day khong hang dung
va khong hing sai :

19



a) (pvq)—=r; b) (pAq)—>(p—>q};
¢ (p—=>nDnalg—>1)—>(p—q). |
L.17. Chimg minh céc suy luan sau :
_p_.
q—=p
PP 4 >F,
v

P=q
(p-—)r)—)(p—-)r)’

q—)]‘
pPoq—=>p-on’

p—=>(g-—>r1) _
pog—>(pon’

P4 PA Py P9
prq p 4 Pv4g pvyq
P2>qp—o>r
PoAn
p2>ry—r -

P—=>q.r—>t

(pAf_)—){th}’

P2>4qg.r—>
(pvD—>(gvty

20



Pv4.p. PV4.G.

q p
P .P™P.
p—>q p

po>q o 0AD (pAQ D> UAT)
“p—a p—a

(prQ)2p. g—=p
p—q P9
1.18. Gia sir S v T 14 hat cong thic. Chimg minh rang ¢6 céc quy
. S .
tac suy tudn — va T khi vachtkhi S=T.
T S
1.19. Ching minh ring néu ménh dé pyv p, v ... v p, diing va

néu cac ménh dé q, qs, ..., q, bai xich lan nhau timg do61 mot
(khong cé hai ménh dé cing diing) va tit ca cic mé¢nh dé :

Pr—>4q;

P24,

Pn —Pn

diing thi tat ca cdc ménh dé :
4, =P

c12—*13'2

9n = Pn
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1.20.

1.21.

1.22.

22

cﬁhg diing.

Mc’)t trong nam ban cua té [ ddnh v& kinh cira s6. Khi dugc
hoi, cdc em lan fugt tra 1 ¢

- Chi ¢6 thé hoac 12 Bao. hoac la Tudn - Annéi.

- Toi khong danh v, ca Kheéi cling the - Bao cit lai .

- Ca hai déu khong ding — Tuan lén tiéng.

- Khong phai thé Tuan a, mot ban néi ding, mét ban ndi
sai — Pue tiép 1ai.

- Ditc n6i khong diing —- Khoi can thigp.

Théy gido chi nhiem 16p (ma hién nhién ta c6 thé tin tuéng
dugc), tin chac rang ba trong nam em di nét ding.

Hoi ai danh v& kinh?

Tham phén hoi cung ba ngudi bi nghi 1a pham 51. Trong
budi ldy cung, A ndi rang 101 khai cta B khong ding, B no1
rang 101 khai ctia C khong diing. Cugi ciing C néi rang A néi
sai vd B n6i sai. Dua trén céc 16i khai d6 thim phan c6 thé
biét ai trong ba ngudi bi tinh nghi néi ding hay khong?

Bon ban A, B, C, D quyét dinh di tham quan. Méi ngudi s&
di mét trong bon thanh pho khdc nhau : Ha Néi, Hai Phong,
Nha Trang, Thanh phé Hé Chi Minh. Hoi ai di thanh pho
nao, biét rang :

1) Néu A khong di Ha Noi thi C khong di Hai Phong.

2) Néu B khong di Ha Noi, khong di Thanh phé H6 Chi
Minh thi A di Ha Not;

3) Néu C khong di Thanh phé H6 Chi Minh thi B di Nha Trang.
4) Néu D khong di Ha Noi thi B di Ha Noi.

5) Néu D di Hai Phong thi B khong di Ha Noi.



1.23,

1.24,

1.25.

Sau sinh vién A, B. C. D, E. M dy ki thi vo dich vé mon Todn.
Hai trong sdu ngudi jam duoc bai. Khi Truong doan hoi citc

em, ai 1am duoce bai thy nhan duge cde cau tra 101 nhu sau
1} A va C tam duoc bai.
2) Chi B va E lam dugce bai.
3y Chi M va B lam dugc bai.
4) A v M lam duoc bai.
53 A va D lam duoc ba.
B6n cau trong ndm cau tra 161 trén ding mot nira, con mot
cau sai hoan toan. Vay ai da lam dugc bai?
Mot thi sinh dén trude mét mdy cham thi. Cé nam cau hoi can
tra 1351 "cé” hay "khong". Tra 1o diing thi mdy cho mot diém.
Mot thi sinh nhan thdy minh khong biét nén tra 101 ding cho
mét cau nao. Nhung anh ta bidt rang
1) Céc cau ddu va cudi phai tra 181 nguoc nhau.
2) Cau thit hai va thit tw phai tra 161 nhu nhau.
3) It nhat mot trong hai cau dau phdi tré [oi bang khang dinh;
4y Néu cau tha tr tra 151 "cé” thi cau thit nam phai tra 1o
"khong".
Sau khi tinh todn, thi sinh biét ring c6 thé dugc 4 diém va
néu may min thi duge 5 diém. Hoi thi sinh d6 dé tinh toin
nhir thé n3o? Anh ta di tra 151 ra sao?
Xdc dinh xem trong s& céc cau sau day cau nao la ménh de,
cau nao 13 ham ménh dé? Trong trudng hop cau la ham ménh
dé hay tim mién ding cua no.

0 0 2
ay2 = 1; byx' =1; c)x" =0



1.26.

1.27.

1.28,

24

d) ax” + bx + ¢ > 0 véi a. b. ¢ [a nhitng 56 thuc khéc 0 ;

e} Dutmg thing x song song véi dudng thing y.

Tim mién ding cita cadc him ménh dé sau :

a) p(x) "X la udc chung cuia 12 va 18",

b) p(x. y) : "x va y 1a cic s6 nguyén thoa min 2x + 6y = 5"..
o) f(x. y) 1 "x vay la ¢dc s6 thuc thoa min x* + y2 =1"

Hay phit biéu thanh 15i mdi cau tuong tng véi céc- ham
meénh dé sau :

a) (p(x.y}~qly,z)) - (p(x.2)) . Trong d6 p(x, y) la "x chia
hét cho y", q(y, z) 12 "y bang z".
b) (.[TX)A @) —1(x). Trong dé :

p(x) 12 "x 12 s6 nguiyén t6™: q(x) 1a "x 1as6 [&"; r(x) 1a "x chia
hét cho 2",

Gia sir p(x) 12 mét ham ménh dé cha bién x xédc dinh trén tap

X. Ta ki hiéu E,,, 1a mién diing cta ¢(x). Hay chitng minh

cdc dang thitc san day

1’1) Eh’l{\}\f\”{“ Etp(K}UElI[‘I:
B) E Gvuio = Epoy ME 3
¢y B =C(E_,,), trong d6 X Ia mién xdc dinh cla ham

Pay

ménh dé o(x).
d) E = C.(E

dinh cua ham ménh dé ¢(x).

(W) oty ) Ewmv trong dé X 13 mién x4c



1.29.

1.30.

=E _  MNE

E{x vy s M) Wikt

) E  =C.(E

X

b) E

. trong dé X Ia mién xac dinh cia ham

ﬂ[\l
ménh dé @(x).
d) E =C,(E

dinh cua ham mt_enh dé o(x).

(a0x I ) o)) E’lp{xl’ trong dé X la mién xdc

Cho ba ham ménh dé o(x), w(x) va 8(x) xic dinh trén

mién X. Pat A = Ey,y, B = Eyyy, C = Egy,, (xem hinh v&
dudi day).

Hay xdc dinh mién ding cha cdc ham ménh dé sau bang cic
mién gach chéo.

2) @(X) v (x)v B(x) ;
b) o(x) A w(x) AB(X) ; ' B
&) [0(x) A y(x)] v B(x) ;
d) [@G) W) AB(X) ;

&) (p(x) = y(x)) A B(x) ; Hinh I

f) ((x) > w(x)) v 0(x).
Hiy chitng minh céc dang thiic tap hop sau day :

a) C, [E B J -E
Pl -yl M xl—yx}

] =C, (B JuCy (Ew ).

Trong dé ¢(x) va y{x) la nhtrng ham ménh dé xdc dinh trén
mién X,

b) Cy [E

p(x)Apix}
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1.32.

1.33.

1.34.

1.35.

H(3xeR(VyeR)(x+y=06)

A (VxeR)(Ty eRY(x+y=6).

Hay dung ki hiéu dé viét cic meénh dé sau r6i chi ra tinh
ding sat coa né.

a) Ton tai s6 thuc x sao cho véi moi s6 thuc y c6 yx =y,

b) Vi moi 56 thic X, y 16n tai s0 thuc zsaochox +z =Y.
e 2

¢) Khong tén tai s¢ hitu ti x sao cho x™ = 3.

Cho x, y. x 1a nhfmgasfi thuc. Trude céc vl U sau, hﬁy dat cac
luong tir thich hop dé c¢6 duge ménh dé ding :
ay(X+Vy)z=XxZ+yz, . byx+ 1>y
c)2x+3x=5; ‘ d)(x:y)v(x/>y)v(x<y)‘
Tim phu dinh cia cdc ménh dé sau day :

aA(VxeR, VyeR VzeR)(x+y=2z);
b) (Ve e RY, 35 e R, Vx e R : |x — a] < 8) |f(x) - f(a)| < &.
Trong d6 R* 12 tap hop cdc s6 thye duong.

Cho X = {a,, a,, ..., a,} }a tap hop hitu han gém n phan tir.
Chimg minh ring néu @(x) 12 mot ham ménh dé xdc dinh
trén X thicd -

a) (Vx € X} o(x) E(p(a])x\‘(p(az)z\‘., Ap(a,);
b) @3xeX)p(x)=o(a,)v.. v&p(a")i

Hay diing cdc dang thic trén dé chimg minh :



1.36.

1.37.
1.38.

1.39.

1.40.

1.41.

) (Vx e X) o(x) = (3x ¢ X)o(x);

d) (3x e X)o(x)=(vVxe X)(p(_x)

Xéttap hop {A, Ay, ... A} mi cdc phin tir A, Ay, ..., A, T
nhiing tap hop. Chimg minh rang ¢6 it nhit mét tap hop A,
khong chira mét tap nio trong cdc tap con lai.

Ching minh rang A — (A — B) = Bkhi va chi khi BC A.

Gid su X 12 mot tap hop ¢6 n phan tir va r 1A mot s6 tu nh;en
khdc O va bé hon hay bang n. Tinh :

a) 86 cac b phan cia X ¢6 r phén ti;
b) S6 céac phén tir cia KX).
Biéu dién hinh hoc tap A x B véi

AA={xe R|I<x <3},
byB=R;

c)A=B=272.

Biéu dién hinh hoc tap hop X céc (x, y) clia mat phing Dé-céc
cd dang (x, x) v6i 0< x < | hoac cé dang (x, x + 1) v6i x 2 0.
Chitng minh :

a) AU B = A khi va chi khi BC A;

b) An B = A khi va chi khi AcB;

OAND =, |

dHAUD=A.
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1.42.

1.43.

1.44.

1.45.

1.46.

28

Tap hop X & bai 1.40 ¢6 phai 1a d6 thi cila mot anh xa tr R
dén R hay khong?

Tap hop G = {(x, x) | x <0} {(x, 0) | x 20} cé phai la do thi
cha mot énh xa tir R dén R hay khong? Biéu dién hinh hoc

tap hop do.

Tap hop G:{(x, : ]
x—1

chia mot 4nh xa nhar the nao? Biéu dién hinh hoc tap hop dé.

xeR,x = l} c6 thé coi 1 dé thi

Gia st {: X — Y 1a mot anh xa, A va B 1 hai bo phan cia
X, C va D la hai bo phan cta Y. Chimg minh :

a) f(AUB) = f(A)Uf(B):

b) f(A B < f(A)(B):

¢) f(CuD) = (C)uf (D)

d) FICAD)= (O (D);

&) f(X - A) > f(X) - f(A);

f) (Y -C)=X-f'(O).

Gia sir n 1a mot s6 tu nhién cho trudc,

f: N - N 1a mot anh xa duoc x4c dinh bi

Jn -k néuk<n
f(k) = ln

+ k néuk =Zn

f ¢6 phai 1a mot don dnh, toan dnh, song anh hay khong?



1.47,

1.48.
149,

1.50.

1.51.

Giastf: X — Yvig:Y — X Ia hai 4nh xa vaih=gf Ia
dnh xa tich ciia ching. Chiing minh -

a) Néu h 1a don dnh thi £ 13 don anh, néu thém f 13 todn inh
thi g ta don 4nh.

b) Néu h 12 toan dnh thi g 13 toin dnh, néu thém g 1a don dnh
thi f 12 toan anh.

Chodnhxaf: X — Y. Chiing minh f 12 don dnh khi vi chi
khi c6 mot anh xa g t&r Y dén X sao cho gf =1 (X = Q).
Cho dnh xa f: X = Y. Chitng minh f 12 mot toin dnh khi va
chikhicomotinhxag: Y - X sao cho fg =1y,
Chobadnhxaf: X —Y: g gV — X. Ching minh :

a) Néu f la don dnh va fg = fg’ thy g=g.

b) Néu véi moi g. ¢'. v6i moi V mi fg=fg' kéotheog = o'
thi f 1a don anh.

Chobadnhxa:f:X SY;h h:Y — 7 chitng minh :
a) Néu f 1a mot toin anh thy h.f= ki suyra h'=h.

b) Néu véi moi h, b', véi 1ﬁoi Z ma hf = h'f kéo theo h' = h
thi { 12 toan 4nh. '

. Chimg minh rang néu ¢6 mot song anh tr X dén Y va mot

song dnh tir X dén Z thi ¢6 mot song anh tr 'Y dén Z.

. Ching minh rine diéu kjén can va dit dé cho mot bo phan G
fa] = ‘ n H r '

cua tich Dé-cic X x Y 12 dé thi cia mot dnh xa tir X dén Y
la dnbh xa G- X
Xy X

la mot song dnh.



1.54. Gia st (A); 12 mot ho nhitg bo phan cla tap hop X.B 1 )
mot tap hop my y. Ching minh :

a) UA DA, voi moi 1= I

by NA, CA vmrnonel

ir [

¢) BA(UA)Y=UBMNA)

el icl

dy BU(NA)=N(BUA);

el el

e) C(UA)=NCA;;

2] i1

0 C NA)=UCA,

1=l 1=l

1.55. Gia st f: X — Y lamot anh xa. (A}, 1 12 mot ho nhitng bd

phan cta X, (B, )lej 12 mot ho nhiing bd phan cia Y. Chimg
minh :

a) fIUA) =UT(A):

by f(AA) © NTA):

el 1€l

o) f (UB)—Uf (B)

lE_] _'|EJ

4 (B, =Nf(B).

15 JE]

1.56. Ta ki hiéu Hom(X, Y) la tap hcp tit c4 cac 4nh xa tir X dén
Y. Chung minh :

a4) C6 mot song dnh tir Hom(X, Y) dén Y.
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1.57.

1.58.

b) Néu Y ¢6 haj phan tir thi ¢6 mot song anh tir Hom(X. Y)
dén #X).

¢) T a) vi b) suy ra ring néu X cé n phan or thi #AX) c6 2"
phan .

Giastf: X — Y la mot dnh xda. R 1a bo phan cita X” gom
cic cap {x, x') sao cho f(x) = f(x").

a) Chimg minh R 12 mét quan hé tuong duong trong X.
b) X¢ét tip hop )%{ va dnh xa
p:X— %
X - C(x)
Ching minh ¢6 mot dnh xa duy nhat f: % — Y sao LhO
biéu dé sau giao hodn

X——>Y

o\ /
A

nghiala f = fp.

c) ChunU minh f 13 mot don dnh frong truong hop f 14 10an
anh thi f 12 mot song anh.

Xét tap hop cic so nguyén Z va tap hop N cic s6 tu nhién
khdc 0. Goi S 13 quan hé trong Z x N xéc dinh béi

{a, b) S{c, d) khi va chi khi ad = b,
Ching minh -
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1.59.

1.60.

1.61.

1.62.

1.63.

32

a) S 14 mot quan hé tuong duong;

b) C6 mot song énh tir tap thuong Zx N% dén tap cac so
hitu ti Q.

Gia st S 12 mot quan hé hai ngdi xéc dinh trong Z bdi cac
cap(x,y)véix,y € Z va X + y [é. Chimg minh : |

a) S khong phai la do thi clia mot anh xa tir Z dén Z;

b) S khong phéi 12 quan hé thi ty, ciing khong phai 1a quan

hé wong duong.

Ciing cau hoi trong bai tap 1.59. Thay gia thigt x + y 1é bdi
gia thiét x +y chan.

Gia sit X 13 mot tap hop, T 1a mot quan hé hai ngoi ¢6 tinh
chat phan xa, doi xing trong X. Ta xédc dinh quan hé hai
ngoi S trong X nhu sau xSy khi va chi khi c6 x; =X, X3 ...
x,, = y sao cho x| T X;. X, T X3 oo X1 T Xy Chimg minh :

a) § 1a mot quan hé wong duong va TCS;

b) Véi moi quan hé tuong duong H sao cho T H thi ScH.
Gia stt X ta tap hop cac ham kha vi xéc dinh trén tap hop cdc
s¢ thuc R. Gia st S 1a quan hé xac dinh bdi y S z khi va chi

d . . ye vy
khi —= & i moi x € R. S cé phai la mot quan hé tuong
dx dx :

duong khong?

Cho X 1a khong gian ba chi¢u thong thudng va O 1a mdt
diém c6 dinh cda X. Trong X x4c dinh quan hé S nbu sau

PSP khi vh chi khi O, P, P’ thing hing.



a) S ¢6 12 quan hé tuong dueng trong X hay khone?

b) S c6 la quan hé twong duong trong X —- {0} hay khong?
Néu c6, hity xic dinh cdc 16p tuong duong. '

1.64. Cho S =X’ Ia mot quan hé hai ngoi trong tap hop X. Ta goi
I4 guan hé nguge ciu S, ki hieu 1a ™', tap con cita X xéc
dinh b&i (x,y) € S™' khi vi chi khi (y. x) e S. Ching minh :

a) Néu S 1a mot quan hé thit w thi s cing 1&-mét quan hé
thu tu.

b) Néu S [a mot quan hé tuong duong thi S~ ciing 13 mot
quan hé tuong duong.

1.65. Gia sir S 1a mot quan hé twong duong Irong tap hop X. Ching
minh rang néu S = {(x, x) | x € X}, thi S khong phii la mot
quan hé thu nr trong X.

1.66. Cho tap hop X = N" (n>1). Trong X ta xdc dinh quan he §
nhur sau :
(4, @y, ..., 2,) S(by, by, .., b)) khi va chi khi
(a), a5, ..,a)=(b,, b, ..., b,}
hoac ¢c6 mot chi s6i(i= 1, 2, ....n)sao cho

'd’ = b], ﬂ: = bz._. Ceia i:l]'_] = bi—!" El'! < bi'
Chting minh S 1a moét quan hé thi tr wan phin.
L67. Giasttf: X — N ia mot don anh tir tap hop X dén tap cdc s6

tw nhién N. Quan hé hai ngoi S trong X xdc dinh béi x S x'

3BT DAISO BC A 33



1.68.

1.69.

khi va chi khi f(x) < f(x’). Ching minh S la mot quan heé thir -
1 toan phan.

Cho hai tap hop X va Y. Goi ®(X, Y) la tap hop cdc 4nh xa
tit ¢cic tap con ciia X dén Y. Xét quan h¢ S trong D(X, Y)
xdc dinh nhu sau :

- £ S g khi va chi khi g lamé rong ctia f.
a) Chimg minh S 1a mét quan hé thi tu.

b) Tim cdc phin ti t6i tiéu, t6i dai, bé nhat, 16n nhat cia
O(X, Y) doi véi S,

Chimg minh ring néu a 4 phan ti bé nhat (I6n nhit) cia mot

. tap hop X d6i véi mot quan he thir tu S thi a ]a phan tr 6

1.70.

1.71.

34

tiéu (t6i dai) duy nhat cua X.

Chimg minh ring néu X sdp thi ty t6t thi X sap thi ty
toan phan.

Chiing minh céc tap hop trong bai tap 1.66 va 1.67 la sap thi
tu t6t (tap hop sap thit tu X duge goi 13 sap thit tir t6t néu moi
bo phan khéc réng ctia X déu c6 phdn tir bé nhat).

3-BY DAISO BCER



Chuong 11
NUA NHOM VA NHOM

A. TOM TAT Li THUYET

1. Nira nhém

Binh nghia. Mot phcp todn hai ngdl trong tap hop X 13 moét 4nh
xaT:X* -> X. Anh cla (x,y) e X2 qua anh xa T dugc goi 1a fop
thanh clia x va y d6i véi phép toan T, ki hiéu 13 xTy.

Théng thudng phép todn T duge ki hiéu 1a . (phép nhén) hoac +
(phép cong) hop thanh x.y con duogc viét 1a xy.

Phan tir ee X dugc goi Ia pbéh ur trung 14p (A6t v phép toan
T) néu va chi néu véi moi xe X ¢6 eTx = xTe = x.

Phép todn hai ngdi T trong tap hop X duoc goi 1a 4éf Agp néu
va chi né€u v6i moi x, y, ze X ta c6 xT(yTz) = (xTy)Tz.

Phép todn hai ngoi T trong tap hop X duoc goi 1a gizo hodn néu
va chi néu véi moi X, ye X ta c6 xTy = yTx.

Pinh nghia. Ta goi l1a nda nhdm mét tap hop X ciing véi mot
phép toan hai ngéi két hgp d3 cho trong X.

Mot nira nhém c6 phan tir trung lap duge goi 1a mét v/ nhom.

Mot nira nhém ma phép todn cha né la giao hodn duge goi 1a
mia nhom giao hodn.

2. Nhém _

Binh nghia. Ta goi 1a 746m moét vi nhdém X trong d6 moi phéan
tlr cua X déu ¢6 phén tir d6i ximg, nghia 1a véi moi xe X ¢é mot
x'e X sao cho x'x = xx" = e (e 12 phén ¥ trung lap clia vi nhém X).
Néu phép todn trong X 1a giao hodn thi X dugc goi 1a mot nhém
giao hodn hay nhém Aben.
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Néu tap hop X ¢d hitu han phan we thi nhom X duoc got la mot
nhém ¢6 ¢dp hitu han. S§ phén 1 cia X duoc goi la ¢dp cua X va
ki bieu 12 |X.

Neéu tap X ¢é vo 86 phan tr thi X dwoc goi [a nhom ¢o cap
vé han.

Trong mdt nhdn X a ¢4 cic tinh chat sau day:

) Phén 1ir trung lap cia X 14 duy nhat.

b) Véi mdi phan tir x € X, phin ta doi xing x' ctia x 12 duy nhat
(néu phép todn trong X 1a phép nhan () thi ki hidu x' = x . néu
phép todn trong X lil.?hép cong (+)} thi ki hi¢u x" = ~x).

¢) Véimol X, y, z thuoe X. dang rhiic

xy=xz (yx=2zx)kéotheoy=7..
d) Vi moi a, b thuge X, phuong trinh
ax=b  (ya=b)conghiém duy nhat thuoe X.
&) Vi moi a, b thude X
(ab) ' = b la.
Néu data’ = ¢ ihi v6i moi 56 nguyén m, n 1a co:

lhon

@ =)

nomo_ n+m
a .4 =id

n

IR nm
ld = .

] =a

Binh li. Gid su X 1a mot ntra nhém khide réng, theé thi cde tinh
chat sau 14 twong duong:

{1) X la mét nhom;

(i) Tén tai phan to ee X sao cho v4i moi ae X, ea = u v v
mol ae X, ton tai a'€ X sao cho a'a=¢;

(iii) Vi moi a va b thuoe X, cae phuong rinh ax =bvaya=b

cd nghiém trong X.
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3. Nhém con
Binh nghia. Mot bo phan on dinh A clia mot nhém X duoc goi la
mot nhidm con cia X néu A cang véi phép todn cam sinh 1a mof nhém.
Binh li. Gia sir A 12 mét bo phin khidc rdng cha mot nhém X
the thi cdc diéu kién sau day 14 wrong duong:

a) A 1a mét nhém con cua X;
b) Véimoix.y € A, XxycA vix | €A;

c) Vi moi x, ye A, xy '€ A.

Gia sir U 1a mot bo phan clia nhém X, khi dé giao cla ho céac
nhom con coa X chita U 1a mét nhdéi con' cua X chita U, né duoc
goila nhém con ctia X sinh ra bdi U, ki hiéu 12 <U>. Néu U ={x}
- thi nhom con cila X sinh boi U duge goi 14 #hén con xyclic cha X
sinh boi phan tir x, x duge goi 1a phdn nf sink cla < x >. Nhém X
dugc goi 1a xyclic néu né dugc sinh ra boi mot phan tir xe X.

Néu < x > 1a nhém c6 ¢dp n thi n duoc goi la cap clha phan & x.

Binh li Lagringgio. Cap cia mét nhém X hitu han 12 boi cha
cap ctia moi nhém con cha no.

Hé qua. Cap clia mot nhém hiru han X 13 boi ctia cdp clha moi
phén tir cua X,

- o 1
4. Nhém con chuan tac

Binh nghia. Mot nhém con A cha mot nhém X goi 13 chudn tic
néu véi moi ae A va véi moi xe X tacé x 'axe A.

Dinh li. Mot nhém con A clia mét nhém X 1a chudn tic néu va

chi n€u véi moi x € X ta ¢d xA = Ax véi xA={xalacA} va

Ax ={ax|acA}.
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5. Nhom thuong

Pinh nghia. Néu A 132 mét nhém con chuén tac cda moét nhém
X thi }%\ = {xA I x € A} ciing v6i phép todn xA.yA = xyA 1a mot
nhom, goi & nhdnr thiong cua X trén A,
6. Doéng cau

Pinh nghia. Mot déng cdu (nhém) 1a moét anh xa f tr mot nhom
X dén mot nhém Y sao cho '

f(ab) = f(a)f(b), v&i moi a va b thude X.

Néu X = Y thi dong cau f dugc goi 1a mot e déng cdu cha X.

Mot déng ciu 13 mot don 4nh duge goi 13 mot don cdn, mot
déng cau 13 mot toan anh duge goi 1a mot rean cdi, mot dong cau
song anh dugc goi 1a moét ddng cdi. Néu ¢c6 mot dang cau tr mét
nhém X dén mot nhém Y thi ta néi rang hai nhém X va Y ddng
cdu voi nhau, ki hitula X='Y.

Giasuf: X—Y lamot dfing cAu, 1ap hop Imf = f(X) duoc goi
1a dnk cha déng cfu f v Kerf = T '(ey) dugc goi 13 har nhan clia
déng cau f (ey 1a phdn tr trung lap cha nhém Y).

Gia stt f: Y — X 12 mot dong cau. Khi dé ta ¢6 cdc tinh chét sau:

a) fley) = ey ; ex, ey theo thit tr 1a phan tr truﬁg lap cua X va
cua Y.

b) fa™) = 1f@)] " ;

¢) Néu A 12 mét nhém con cia nhém X thi f(A) 1a mot nhom
con cia Y. Pac biét Imf 1a mot nhém con cia nhém Y. ‘

d) Néu B 12 mot nhém con chudn tic ciia Y thi ' (B) 1a mot

nhém con chuén tic clha X. Dic biét Kerf 12 mot nhém con chuin
tac cua X.



e) f 1a mot don cau khi va chi khi Kerf ={e, }.
g) f1a mot toan cau khi va chi khi Imf =Y.
h) Né&u f 12 mot déng cau thi ' ciing 12 mét ding céu.

Binhhi. Neuf: X>Y vag: YoZIla nhlmg dong cau thi
gf : X > Z ciing 1a moét dong cau. -

Binh li (dinh 1i dong cdu}. Gia su f : X Y 1a mét dong cau.
R ~ o F.X _ . .
Theé thi cé mét don cdu duy nh‘lit f: A(erf =Y sao cho tam gidc

X—~—>Y

P\ /T
A(e‘rf

giao hodn, tic 1 f = Tp; Imf = Imf, trong dé

p:X_))%(erf

X=X

14 toan cau chinh tac.

. » \ - - - X
.Nhu vay néu f 1a toan cdu thi Y = %(erf .

B. BAI TAP
2.1. Giasir X 1a mot tap hop iy ¢. Xét 4nh xa
X' X
(x,y) = x

Chiing minh X 14 mot nita nhém véi phép todn hai ngoi trén.
Nira nhém d6 ¢6 giao hoan khong? cé don vi khéng?

2.2. Gia st a va b la hai phin tir cia mét nira nhém X sao cho
ab = ba. Chiing minh (ab)" = a"b" véi moi s6 tu nhiénn > 1.
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2.3.

2.4.

40

Néu a v b ia hai phian e sao cho (ab)” = azbzl thi ¢6 suy ra
ab = ba hay khong?

Got X latap thuong ctia Z trén quan hé déng du theo modun n.
a) V&i mdi cap (a. b)) ta cho tuong img 16p twong duong

ab . Chitng minh khi dé c6 mot dnh xa tir X* dén X.

bj X 1a mot vi nhém giao hodn déi véi phép todn hai ngoi
xdc dinh ¢ a).

¢) Néu cho tuong tng mbi cap (a, b ) 1a 16p ab . Chimg
minh ldc dé X cling 12 mot vi nhém giao hodn.
Gia slr 12 mot tap thuong cla Z x N" trén quan hé trong

duong S xdc dinh bt (a, b) S (¢, d) khi va chi khi ad = be.

Ta ki higu céc phin tir C(a, b) clia X bang %véﬂ' b e ZxN.

a) V&i méi cap (%, %) cho tuong dng 16p tuwong duong

ad + be

. Chimg minh rang nhu vay ta ¢c6 mot énh xa tr X

dén X.
b) Ching minh X 13 mét vi nhém giao hodn véi phép toan
hai ngdi ¢ cau a).

¢) N&éu mbi cap (%, %) ta cho tuong tng 16p tuong duong

%3- _Chiing minh liic d6 X ciing 1 mot vi nhém giao hodn,



2.5.

2.6.

27.

Xét tich dé cic N" (n = 1) véi N 1a vi nhém cong cdc so
fur nhién.

2) Chiing minh N" cling v6i phép toan

{a,.ay, ...,a )+ (by,br....b)=(a,+b.ay+by, ....a,+b,)

- 1a mét vi nhdm giao hodn.

b) Trong N da xdc dinh quan hé thet e (chuwrong L. bai 1.66),

chitng minh néu o, 3 N" sao cho a < B thi

a+7y<P+yvéimoiyeN".
Lap céc bang todn cho cédc tap h(?p gdm hai phén t, ba phan

tit dé duge nhing nhém.

Chiimg minh céc tap hop sau day v6i phép toan thong thuong
1ap thanh mét nhom:

1) Tap hop céc s6 nguyén vai phép cong:

© 2) Tap hop céic s6 hiru ti véi phép cong:

3) Tap hop céc s6 thuc véi phép cong;

4) Tap hop cac s6 phitc véi phép cong;

5) Tap hop cdc s6 nguyén 1a boi cia mot s6 nguyén m cho
trude vt phép cong;

6} Tap hop cdc s6 thire duong vdi phép nhan;

7) Tap hop cic s0 thuc khic 0 véi phép nhan,

8) Tap hop cdc s6 phuc khac 0 véi phép nhan;

'9) Tap hop cic s phic v6i modun bing | vdi phép nhan;

10) Tap hop céc s6 hitu ti cé dang 2", n € Z vdi phép nhan;
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1 1) Tap hop céc can phite bac n cia | véi phép nhan;

12) M =11, -1} v6i phép nhan;

(R} Teflf) hop cac 56 thue ¢é dang a + by/3 v6i a va b thuoc Z
cung vt phép cong ;

14) Tap hop cdc s6 thue c¢6 dang a+by3 véi phép nhan (¢
d6a,be Qvaa +bi = 0);

15) Tap hop céc s6 phitc ¢é dang a + bi v6i phép céng (¢ d6
a.be Z);

16) Tap hop ciac vecto n chiéu cia khong gian.R" va1 phép

cong vecto ;
17) Tap hop cdc ma tran thuc vuéng cap n v6i phép cong ma
tran ;

18) Tap hop cidc ma tran thuc vudéng cdp n khong suy bién
vO1 phép nhan ma tran;

19) Tap hop cdc ma tran thuc vuong cdp n véi dinh thic bang -
| v&1 phép nhan ma tran; :

20) Tap hop cac da thitc (véi hé s6 thuc) véi phep cdng cac
da thirc;

21) Tap hop gbém da thifc O va cac da thiic cé bac khong qua
n (n 12 mot s& ty nhién cho trudce) véi phép céng cic da thic.

Trong cdc nhém trén day nhém ndo 1 nhém con cia nhém
nao?

2.8. Cho X 1a mot nita nhém khdc réng. V&i méi a € X ki higu

aX = {ax | x € X}
Xa:{xa[xeX}.



2.9.

2.1,

2.11.

- 2.2,

Chitng minh X 1a mét nhém khi va chi khi véi moi ac X ta
coaX =Xa=X.

Cho X 1a mét tap tuy ¥. Ki hiéu Hom(X, X) 13 tap hop ciic
anh xa tr X dén X. V&i phép nhan dnh xa Hom(X, X) ¢6 lap
thanh mét nhém hay khong? Chimg minh ring bd phan S(X)
cua Hom(X, X} gém cédc song dnh tir X dén X 12 mot nhém
vol phép nhan dnh xa. Hiy tim cip cioa S(X) trong trudng
hop X ¢é n phén . :

Cho X 1a mot nhém véi don vi e. Chimg minh ring néu véi
moi ae X, a- = e thi X 1 Aben.

Cho mot ho khic réng nhiing nhém (X)),e; ma céc phép todn ki

hiéu bang dau nhan. Chilng minh ring tap hop tich Pé-cic
[1X; v6i phép toédn xéc dinh nhu sau

1e]
(Xier (Yiker = (Yiies
1a mo6t nhém (goi 1a tich ctia cac nhém X;).
Gia str (X;); < 12 mot ho khic réng nhitng nhém.

X =]TX; 1atich truc ti€p ctia ho (X )1 Céc dnh xa p; cho

il .
boip; : X — X,
X = x,iel

a) Ching minh rang cdc 4nh xa p; déu 1 toan ciu vo&i moi
el '

b) Che Y 1a mot nhom va cac dnh xa (f, ' Y = X,); < ; 12 mot
ho nhimg déng cau. Chimg minh rang tén tai duy nhét déng
cdu f : Y - X sao cho v6i moi ieltacéfi=p]-th'.
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2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19.

Chimg minh rang Z., x Z,, [2 mot nhom xyelic khi va chi khi

N1 va n nguyén té ciing nhau.

Chitng minh rang mei nita nhém khéc rong hitu han X 13 mot
nhém néu va chi néu Juar gian wde thue hién duge doi véi
moi phan tir cua X.

Chung minh réng moi bo phan khéc rdng 6n dinh cua mot
nhom hitu han X 1 mét nhém con cia X

Ching minh rang trong nhém cong céc s6 nguyén Z mot bod
phin A cta Z 1a mét nhém con cua Z néu va chi néu A c6
dang A =mZ, me Z.

Cho Y 13 mét bo phan ciia tap hop X. Chiing minh rang bd
phan S(X, Y) cia $(X) gom cdc song anh f : X - X sao cho
f(Y) = Y la mot nhém con cla S(X) (bai tip 2.9). Tim s6
phéan tu ¢ta S(X, Y) trong trudmg hop X ¢é n phan ar, Y ¢6
mot phan t.
Trong nhdm cdc phép thé S, chiing minh ring cdc phép thé
sau e, a=(12)(34),b=(13)(24) vac = (14) (23) lap thanh
mét nhém con caa S, Nhém con dé ¢d giao hodn hay
khong?
Cho A va B la hai bé phan cua mdt nhém X. Ta dinh nghia
AB={ablac A.beB]

Al ={a"1 |aeA}.

Chitng minh cdc dang thitc sau day:

- a){AB) C= A (BC);
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2.24.

2.25,

2.26.

2.27.

ch (AB']_] =B'A” :

d} Né&u A 1a mot nhdm con cua nhém X thi A=A
Cho A 1 mot bo phan khdce rong cta mot nhém X. Ching

minh A [ nhém con cta X khi va ¢hi Khi AAME = A.

. Cho A 1d mot nhém con cha mdt nhém X, ae X. Ching minh

rang aA 12 mot nhém con cia X khi v chi khi ae A.
Trong mot nhom X ching minh rang nhém con sinh ra boi

tap & la nhom con ']'L} ¢ la don vi cua X.

Gia su § 1a mot bo phan khdc réng cia mot nhém X. Ching
minh rang cdc phan 1 cla nhém con sinh boi S 14 cac phan
tr c6 dang x;X~ ... X, VGi X|, Xa. .... X, thudc S US ' Tim
nhém con cua nhom nhan cic 86 hitu ti duong sinh bai bo
phén cdc 0 nguyén to.

Chimg minh rang moi nhém con ciia mot nhém xyclic 13 mot
nhom xyclic. ,
Cho X la mét nhom vdi phan (& don vi e, mot phan tr a
thude X ¢6 cap la n. Chung minh rang a® = ¢ khi va chi khi k
chia hét cho n.

Cho a, b Ia hai phan tr iy ¥ cha mot nhém, chitng minh ab
va ba ¢o cung cap.

Chimg minh raing moi nhém ¢dp vo han déu ¢6 vo han nhém
con. -

Cho X vit Y la nhitng nhom xyclic ¢é cip id m va n. Ching
minh rang X x Y 1a mot nhom xyclic khi v chi khi m van
nguyen to ciing nhau.

\ , L ’
Cho A la mot nhém con cua nhom X. Gia st tap thuong X/A

¢6 hai phan tir. Ching minh A 1a chudn tac.
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2.30. Trong nhém c¢6 cic phép thé S, Chimg minh A — tap hop
cdc phép thé chan, 1a nhém con chudn tic cia S,

2.31. Gia st X Ja mot nhom xyclic vo han va ae X 1a mot phan t
sinh. Goi A 1 nhém con ciia X sinh ra boi a'. Chéng minh
rang cdc 16p trdi clta A bang cac 1dp phéi clia A va 6 cdc 16p:
d6 bing 3.

2.32. Gia stt X 13 mot nhém, ta goi bo phan C(X) = {ae X | ax = xa
v moi x € X } 14 tam ciia X . Ching minh ring C(X) 1a mot
nhém con giao hodn vad moi nhom con cua C(X) fa mot
nhém con chudn tic cua X. '

2.33. Tim t4t ca cdc nhdém con va nhém con chuan tic ciia nhém
cdc phép thé S;. ‘

2.34. Gia sir X 1a mot nhém, x va y 1a hai phén tir coa X. Ta goi la
hodn tir ctia x va y phén tir xyx 'y . Chimg minh ring nhém
con A sinh boi tap hop cac hodn tt clia tat cd cdc phan tr X, y
cha X 13 mot nhém con chuan tac cha X v nhém thuong

% 1a Aben. Nhém con A duoc goi 1a nhém con hodn tit
cua X va ki higu [x; x].
2.35. Ching minh rang muén cho nhém thuong % cua mot

nhém X 13 Aben cin va di Ia nhém con chudn tic H chita
nhdm con cac hoin tr ciia X.

2.36. Tim nhém cdc hodn t&r cia nhém ciac phép thé Ss.

2.37. Ching minh ring moi nhém ¢dp bé hon hay bang 5 déu 1a
Aben.

2.38. Hay tim cac nhém thuong cua: ‘
a) Nhém cong cic s6 nguyen i boi cla 3 trén nhém cong
cdc $0 nguyén 1a boicua 15.
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2.40.

2.41.

b) Nhom cong cdc s6 nguyén 1a boi cia 4 tén nhém cong
cac s6 nguyén la boi ciia 24.

. Cho D 12 tap hop cic duong thing A trong mat phing 6

phuong trinh 1Ay =ax + b (a va b 1a nhiing s6 thuc, a # 0).
Anh xa |
DxD - D '
(Ar, Ag) > A
trong do A, A, As lan luot 12 cdc dudmg iﬁéng c¢ phuong

trinh y; =a,x + by, ¥5 = ayX + by, y; = a,a:x + b, + by xdc
dinh mot phép toan hai ngoi trong D.
a) Chitng minh D 14 moét nhoém véi phép toan trén.
b) Chitng minh anh xa : D — R’

Ars a
trong d6 R 12 nhém nhan céc s6 thue khdc 0 va A Ta dudmg
thiang ¢6 phuong trinh y = ax + b 13 mot déng cau.
¢) Xac dinh Kerg?
Mot phép doi ximg cua mot hinh hinh hoc 1a mot phép thé
cha tap hgp X cac diém caa hinh dé va bao toan khoang

cdch. Ching minh ring tap hop cdc phép déi xitng ctia mot
hinh hinh hoc ta mot nhém véi phép nhin 4nh xa.

Ki hiéu Az 1a nhém doi xiing cha mor tam gide déu. Chiing

‘minh ring

Ay={l15 R, R% D), Dy, Dy}

trong d6 R la phép quay tam O, géc quay 120°, D, 1a cdc .
phép doi xing qua dudng cao di qua cdc dinh i (i = 1, 2, 3).
Hay 1ap bang todn cho 4, vasuy raréng A, = S;.
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Hinh 2

2.42. Cho Gy, G, la nhimg nhém véi don vi theo thi tu fa e, €y Vi
G =G x G, latich cua G| va Ga.
A =G, x {e,} via B={¢,} x G,. Xét cic anh xa

Py:G — G, P,:G = G,
(X1 %) 5 X (x), ) > X,
4;:G; > G 4;:G, > G

Xy > (%, €3) X B> (€, X5).

a) Ching minh p,. p- 14 nhitng toan ciu. Xdc dinh Kerp, va
Kerps.
b) Chimg minh q,, 4> 1a nhitng don ciu. Xdc dinh Img; va
Imqa. Tir dé suy ra G, ding cau véi A va G- dang cdu véi B.
¢) Ching minh A vi B la nhimg nhém con chun tac va
AB=BA =(.

2.43. Chitng minh ring moi nhém xyclic hitu han ¢dp n déu dang
cdu v@i nhau (dang cAu voi nhém cong cdc s6 nguyén
modun n).
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2.44, Chimg minh rang moi nhém xyclic cap vo han déu dang cdu

vGi nhau (dang ciu v&i nhém cong céc s nguyén Z).

2.45. Chitng minh rang '

Méi nhém xyclic ¢ip vo han chi ¢d hai phan tr sinh. Méi
nhém xyclic cdp vo han ¢hi ¢6 hai ty déng cau.

2.46. Gia su X la ot nhém va Y 1a mét tap hop duge trang bl mot
phép todn hai ngéi. Gia st c6 mot song dénh £ : XY thoa
man tinh chat f(ab) = f(a) f(b) v&i mot a, be X. Chitng minh
Y cing v&1 phép todn da cho trong Y 1a mot nhém. Hon nita,
néu X 1a Aben thi Y ciing la Aben va néu X 1a xyclic thi Y
ciling 12 xyclic. .

2.47. Cho X va Y 1a hai nhém xyclic ¢4 cc phan to sinh theo thit
wlax vay,cocaplasvat.

a) Chitng minh quy tic ¢ cho ung v&i mdi phan tr x"e X
phan t&r (y*)" € Y, véi k 12 mot s6 tu nhién khic 0 cho truéc,
13 mot dong cau khi va chi kbi sk 1 boi cia 1.

'b) Chimg minh ring néu sk = mt va (p'lé ding cdu thi (s, m) = 1.

2.48. Cho X 1a m6t nhém giao hodan, chitng minh ring 4nh xa:

P:X—=>X
ar>a’
v6i k 12 mot s6 nguyén cho trude, 1 mot déng cau. Xac dinh
Kergp.

2.49. Cho X 13 mot nhém. Anh xa ¢: X - X

arsa’

i mot tu ding cdu chia nhém X khi va chi khi X 13 mét

nhom Aben,

4-BT DAISG OCA : 44



-

2.50.

2.51.

2.52.

2.53.

2.54.

2.55.

50

Cho X I3 mét nhém. Chimg minh ring tap hop cic tw dang
cdu clia X clng véi phép nhan anh xa la mot phom.
Gia st X, Gy, G, 1a nhimg nhém, G = G, x G, va f: X > Gy,
g : X > G- lanhitng dnh xa. Xét dnh xa
h:X -G

x += hix) = (f(x), g(x)) _
Chiing minh rang h 12 mot dong cau khi va chi khi fva g la
nhitg dong cau, '

Trong tap hop X = ARV thp hop cdc s& nguyén ta xac
dinh mot phép todn hai ngol nhu sau:

a) Chitng minh rang X cling v&i phép todn hai ngor do Jamot
nhom. -

b) Ching minh rang nhém con A sinh bdi phéan ti (1,0, 0) la

chuan (c. -

¢} Ching minh rang nhém thuong % dang cau véi nhém

cong céc s6 phifc ¢6 dang a + bi v6i a, be Z.

Chitng minh ring nhom cong cde s6 thuc déng cdu vOi nhém

nhan cic s6 thuc duong.

Chitng minh ring nhém cong cdc $6 phifc ¢6 dang a + bi véi

a, be Z dang cdu véi nhom tich Z x Z (0 d6 Z 1a nhém

cong cic s6-nguyén).

Gia stt X 13 mot nhém xyclic cdp n sinh boi phin tie a. Xet
Ao k _ .

phan tib=a € X. Chimg minh:
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2.56.

2.57.

2.58.

2.59.

2.69.

a) Cap b bang %\}(ﬁ d la udc chung 1én nhat ciua n va k.

b) b 1a phan t sinh chia X khi va chi khi n va k nguyén t6
ciung nhau. (Tir 36 suy ra s6 phan (i sinh cua X}

Gia sir a, b 4 hai phdn tir cia mot nhém, gia saco capr, b
cé cap s, V6i r va s nguyén t6 cing nhau, ab = ba. Ching
minh ring cip cla ab bang rs.

Chimng minh rang:

a) Moi nhém c&p bon hodc ding cdu véi Z, hodc dang ciu

vt Z: X ZE'

b) Moi nhém cép sau hoac dang ciiu véi Z, hoac dang ciu

v&i nhom céc phép the Ss.

Chiing minh ring moi nhém thuong cia mot nhém xyclic la
moét nhém xyclic, dnh déng cdu ctia mét nhém xyclic 1a mot
nhém xyclic.

Trong nhém cong céc s6 nguyén Z, ching minh véi hai s6
nguyén m, n ta cd:
a) mZ M nZ = bZ véi b 12 boi chung nho nhat cia m va n;
by mZ + nZ = dZ v&i d [a udc chung 16n nhat cia m va n;
mZ/ d.i. .A""Zy.
C ., diang ciu v(i .
) mn#. g n#z.
Gia stt A vd B 12 hai nhém con chudn iac cita nhém X sao

cho ANB = {c} va X = AB. Chitng minh ring X déng cdu
vG1 nhom tich A x B.



2.61. Gia sir A va B 14 hai nhém con chuan tic ctia nhom X.

2.62,

2.63.

2.64.

2.65.

N

[

Chimg minh:

a) AB 1a mot nhém con chudn tac caa X.

b) A~ B & mot nhom con chuan tic cua X va cing 12 mat
nhém con chuan tic cua A.

¢) Ton wai mot don ciu ¢ y\ ~p ™ (%)x (}/{/B)

d) % ~ B.dfmg cau vai A\E}é .

Cho H 13 mét nhém con clia nhém G. Anh xa f: G—>G' I
mot dang cau. Ching minh tang f{H) [ mot nhém con
chuan tic cia G'. Néu { chi [3 mot dong ciu thi f(H) ¢6 la
nhém con chuan tac cha G' khong? -
Chiing minh ring néu A 11 mot nhém con chudn tac cda X
thi ton tai mot song dnh ti 1tap hop ciec nhém con chuan tac

cta X chira A dén tap hop cdc nhom con chudn tac cia % :
Nhom con chuan tac H duge goi 1a mot nhom con cfudin iéic
161 dai ciia nhom G néu H # G va véi moi nhém con chuén
tac K cta G,K = H thi K = G. Chimg minh ving H 1a
nhém con chuén tac t6i dai c0a G khi va chi khi nhém
thuong (%{ la mot nhém don.

Cho H va K 1a hai nhém con chuan tic 161 dai khic nhau ciia
nhom G. Chimg minh:

a) HK = G: )

b) HNK & nhém con chudn tic (81 dai cna H va cua K,
dong thoi ta ¢6 '

Il K

{

I



2.66,

2.67.

2.68.

2.69.

il4

%J ],I/Hm K-
Chiapg minh rang ¢ mot déng ciu duy nhat tir nhém cong
cic s0 hitu 11 €} d€n nhdm cong cic s6 nguyén Z. Tir d6 suy
ra thém cong cidc s6 hitu ti khéng phai ta mot nhém xyc]"iE:.
Cho X [a mot nhém. Ki hién Auwt(X) 14 tap céc nr {'f(f;‘.'g s
cua nhom X. Chitng minh rang :

a) Aut(X) la mot nhdm vai phép nhan doh xa.
b) Aut(Z) = Z, (v61 Z 1a nhém cong cdc s6 nguyén).

Cho A la mot nhom cong Aben. Ki hi¢u End(A} 1a tdp cdc
dong cau cua nhém A. Ching minh:
a) End(A) Ia m6t nhém Aben véi phép cong sau:

Vi ge End(A), (f+g)a)=f(a)+g(a), VacA.

b) End(Z) = Z {(v&i Z la nhém cdc s6 nguyén).

¢) End({2)

1

J (vai @ 1a nhém cic s6 hita ti).

Cho X 1a mot nhém. Vi mai phéan 1ir ae X ta xét 4nh xa
f,: X—>X

X > axa’’
a) Chiing minh rang f, 1a mot tr ding cau cha X, goi Ia tu
ding cau trong x4c dinh béi phan (i a.
b) Chiing minh rang tap hop cdc wr dang céu trong cha X lap
thanh mot nhom con ctia nhém céc tu dang cdu cua X (bai
tap 2.50). |
c) Cfn’mg minh riang nhém con H ciia X 13 chuén tic néu va
chi néu f,(H) = H véi moi tu dang cau trong f, clia X.



2.70.

2.71.

2.72.

2,73.

2.74,

2.75.
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d) Chitng minh nhom cdc ty déng ciu trong clia X dang ciu
v&i nhém thr(mg )}é(X) vGi C(X) 12 tam cha nhém X (bas
lap 2.32y)

Cho f : X —Y la mot dong ciu tir nhom hitu han X dén
nhém Y. Chung minh:

a) Cip clta ae X chia hét cho cap cia f(a).
b) Cdp cna f(X) chia hét cip cua X.

Chitng minh ring nhém Y 13 anh déng cdu cha mét nhom

xyclic hitu han X khi va chi khi Y 1a nhém xyclic va cép cua
né chia hét cdp cua X.

Hiy tim tdt ca cdc dong cdu tir :

a) Mot nhém xyclic cap n dén chinh né;

b) Mot nhém xyclic cap 6 dé€n mot nhém xyclic cap 18;

¢) Mét nhom cyclic cdp 18 d&n mot nhom cyclic cap 6.

Gia sit €' 1a nhém nhan céc s6 phiic khac 0, H 1a tap hop céc
s8 phitc cita €" nim trén truc thuc va truc do. Ching minh

thng H 1a nhém con ciia € va nhém thuong (C%{ déng céu
véi nhém nhan U cdc s6 phitc cé modun béng 1.

Ching minh rang nhém thuong R/ dang cdu v6i nhom
nhan U c4c s6 phic c6 modun bang 1.

Goi X 1a nhém nhéan cdc ma trin vuong cdp n khong suy
bién trén truong s6 thuc. Chimg minh: '

a) Nhém thuong cita X trén nhém con cac ma tran c6 dinh
thitc bing 1 ding ciu véi nhém nhan céc s6 thue khic 0.



2.76.

2.77.

2.78.

2.79.

b).Nhém thuong cua X trén nhom con ¢iac ma tran ¢d dinh
thite bing +1 diang ciu véi nhém nhan cde 6 thue dwong.
¢) Nhém thuong cita X trén nhém con cdc ma tran ¢6 dinh
thitc duong 1a mot nhém xychic cap hai.
Ap dung dinh 1i Lagoranggio Jé chiing minh dinh Ii Fecma:
"Gia s p 1a mdt s6 nguyén t6, a 1a mdt sO nguyén bat ki ta
luén ¢6 a™ = a{modp)".
Gia su f : X-»Y Ja mét dong ciu tir mot nhom nhan X dén
mot nhém nhan Y; K = Kerf 1a hat nhan cua dong cau f va -

1:K—>X

X X)) =X

1a phép nhiing chinh tac. Chimg minh:
a)filaanhxadonvitrK vao Y.
b) Véi moi nhém G, va véi moi déng cidu g : G— X sao cho
fg 1a anh xa don vi t6n tai duy nhdt dong cdu g:G -»> Ksao
chog=ig. '
Gid st G = G; x G, 1a nhém tich cia G; va G,, hai phép
chiéu chinh tic p, : G - G; va py: G - G, (bai 2.42).
Chiing minh rang véi moi nhém X va v6i moi cip dong cau
g X = G}, g1 X = G, ton tai duy nhdt déng cau
g: X~—~»>Gsaocho g =p,.g va g, =p..8. '
Gia st G = G; x G, la nhém tich ctia hai nhém Aben G| va
G,; hai phép nhing chinh tic q;, : G, >G va q, : G, >G
(bai 2.42). Ching minh rang véi moi nhém Aben Y vi véi
moi cap ddng cu h; : G, > Y, hy: G, > Y 16n 1ai ciuy_nhfit
déig.ciu h: G - Y saochoh, = hq, vah, = hq,.
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2.85.

2.86.
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Gid st G, H va K laba nhém f : G-H, g : G>K 12 hai
déng cau véi f 1a mot toan ciu. Ching minh rcmg céc dicu
kién sau day la twong duong:

a) Ton tai mot dong cdu h : H— K sao chotaco g = hf;,

b) Kerf — Kerg.

Néu cic diéu kién do thod man thi:

¢) h 13 duy nhat;

d) h la don anh néu va chi néu Kerf = Kerg;

) h 1a toan dnh néu va chi néu g 1a toan anh.

Cho tap hop X. Ta goi F 12 nhém tu do trén tap X va mot 4nh
xa f : X—F sao cho v6i moi nhém G va moi dnh xa
g : X—>G. T6n tai duy nhat déng cau g : F>G dé g = gf.
Ching minh rang: ‘ '

a) f 1a don ¢du va f(X) sinh ra nhém F;

b) (F, f) xdc dinh duy nhat sai khac mét ding cau.

Chiing minh rang moi tép X déu tén tai mot nhém nx do trén X.

Hay tim nhém tu do trén 1ap X véi:

a)X =, |

b) X = {a};

¢) X ={a, b}

Ching minh ring moi nhém tu do trén-tap hop gém mot

phén tlr déu dang-c4u v6i nhém céng cde s6 nguyén Z.

Chung minh ring moi nhom déu 1a anh déng céu cia mot
nhém tv do va do d6 né dang cdu v6i mot nhém thuo*ng clia
nhom tu do.

Ching minh ring néu (F, f) la nhoém Aben ty do trén tap X thi:

a) f 1a mos don céu va f(X) Sinh ra F;



2.87.

2.88.

2.89.

2.90.

b} (F, f) xdc dinh duy nhat sai khdc mot ding cau.

Chang minh rang vdi méi 1ap X di cho, tén tai mot nhém
Aben tu do trén X, '

Hay chitng minh:

a) Moi nhém Aben tu do trén tap X gém n phan tir déu dang
cdu v6i nhém Z", 6 d6 Z 1a nhém cic s6 nguyén.

b) Mot nhém Aben tu do déu ding ciu véi mot nhém con
cua tich tryc ti€p clia mot ho cic nhém dang ciu véi nhém

codng cic 58 nguyén Z.

Chimg minh réng:
a) Moi nhom Aben déu dang cfu véi mot nhém thuong cia
mot nhom tu do.

b) Mot nhém con ciia nhom Aben tu do déu 12 nhém Aben
tu do.

Cho (F,.f) 1a mét nhém tu do trén tap X. Goi [F, F] 12 nhém
con hodn tir cua nhém F. Hay chitng minh:

a) Nhém thuong A = %F ) 12 mot nhém Aben,

b) Nhém thuong A ciing v6i 4nh xa q : X — yF ) Xde dinh

boi q = pf la mét nhém Abcn tr do trén fap X. Trong dé
p:F—> /F F] 1a phép chiéu chinh tic.
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Chuong 111
VANH VA TRUONG

A. TOM TAT Lf THUYET )

1. Vanh, mién nguyén
_ Dinh nghfa. Ta goi 12 varh moét tap hgp X cung v61 phép cong
va phép nhan di cho trong X thoa man céc diéu kién sau day:
1) X cting véi phép cong 1a mét nhéom Aben;
2) X cung v&i phép nhan 1a moét nita nhom;
3) Phép nhan phén phoi d6i véi phép cong: v6i cdc phan tir
tuy v X, y, z thude X ta cé '
X(y +2) =Xy + Xz va
(y+z)x=9x +zy.
Phén tlr trung 1ap cha phép cong goi la phdn ti khdng, ki higu -
12 0. Néu phép nhén c¢6 phan tif trung lap thi phin tr d6 goi la don
vi clia X va thudng ki hiéu 12 e hodc 1. Néu phép nhén 12 giao hoan
thi X dugce goi la vanh grao hodn.

Pinh nghia. Phan tir a thuoc vanh X duge goi 1a udc bén trdi
(bén phai) cta 0 néu a=0 va ¢6 mot phan tir b= 0 trong X sao cho
ab =0 (ba =0).

Phin tir a dugc goi 1a ude clia 0 néu né vira la ude ben phai, vira
14 udc bén trai coa 0.

Pinh nghia. Mot vanh giao hoin, ¢6 don vi e= 0, khong ¢6 uée
cha O dugc goi 1a mién nguyén.

Binh li. Mot vanh giao hodn, cé don vi e 0 13 mot mién
nguyén khi va chi khi c6 luat gian uéc cia phép nhan déi véi cic
phan tir khac C.
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2. Vanh con idéan va vanh thuong

Binh nghia. Gia sit X 1a mot vanh, A 13 mét bo phan cia X én
dinh d6i véi phép cong va phép nhan trong X. Ta goi A 13 mot
varh con clia X néu va chi néu A ciing véi hai phép toan cam sinh -
trén A 1a mét vanh.

Binh li. Gia sir A la mét bo phan khéc réng cia mot vanh X. thé
thi A Ia vanh con cua X khi va chi khi véimoia,b e Acba—b €A
vaabe A.

Giao cta mét ho khac réng bat ki clta nhimg vanh con cta
vanh X 12 mét vanh con cia X.

Dinh nghia. Gia sit X 13 mét vanh. Ta goi vanh con A clia vanh
X & idéan trdai (phai) néu v8i moi ac A, xeX, xae A (axe A).
Mot vanh con A goi la idéun clia X néu va chi néu A via la idéan
trl, vira la idéan phai.

Nhan xét. Mot bo phan khic rdng A cla vanh X 12 idéan cla X
khi va chi khi véi moi a, be A, a— be A va véi mol ac A, xeX,
ax€ A vaxaeA.

Binh li."Giao ciia mét ho bat ki nhimg idéan clia m6t vanh X 1a
mot idéan cia X. _

Binh nghia. Gia s U'la mét bé phan ciia mot vanh X khi dé
giao cia ho cdc idéan cua X chira U 13 mét idéan bé nhat clia X
chita U, né duoc goi la idéun cia X sinh bot tdp U, Ki hiéu la (U).
Néu U = {a} thi idéan sinh boi U dugc goi 1a idéun chink sinh bdi
a; ki hiéu la (a). Néu X 12 mot vanh giao hodn ¢6 don vi thi

(a) ={ax | xe X}.
Néu idéan A cha X chita don vi ctia vanh X thi A = X.

Gia sir A 1a mot idéan cia mot vanh X, khi dé A 13 mot nhém
con chudn tic cha nhém cong X. Ta ¢é mot nhém thuong

h%={X+A[XEX}
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vGi phép cong (x + Ay + (y + A)=(x + y) + A,

Nhém % cung véfi.phép nhin (x + A) (v + A) =xy + A la

mét vanh. Vianh nay duge goi 1a vanhi thuong cha vanh X trén
idéan A.

3. Péng cau
Dinh.nghia. Mot déng cdu (vanh) la mot dnh xa tir mot vanh X
dén mot vanh Y sao cho vdi mot a, b thude X ta cé
f(a+b)=1f(a) + f(b),
flaby = f(a)(b). .
Néu X = Y thi déng cdu f duge goi 12 sueddng cdu clia X. Néu f
12 mot don dnh thi déng cau f duge goi 1a mot don cdn. Néu f la
toan anh thi f duoc goi 1a mot toan «du va néu f 1a moét song dnh
thi f dugc goi 12 mot ddng cdu. Néu c6 mot anh xa f : XY dang
cdu thi ta néi hai vanh X va Y ddng cdu vl nhau va Ki hiéu 1a
X=Y.
Tinh chat. Gia sit f : X—>Y la mot dong cau. Tap hop £(X)
duoc goi 12 anh (cha déng cdu f), ki hi¢u 12 Imf.

Tap hop £ (0y) duoc goi Iavhat nhdin ciia dong céu f, ki hiéu 12
Kerf. '

 Giasirf: X—Y lamot dong cau tir mot vanh X dén mot vanh Y.
Khi do: :

o F(-a)=-f(a) viimoiacX
o f(a-b)=1f(a)— f(b) véi moi a, be X.

e - f(@") = [f(a)]" v6i moi a& X, véi moi ne N
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Binh Ii. Néu A 1a mot vanh con ctia X thi f(A) la mét vanh con
cua Y. Pac biét Imf 12 mét vanh con cia Y.

Binh 1i. Néu B 1a mot idéan cia Y thi f'(B) 1a mot idean ca X.
bac bigt Kerf lamot idéanclia Y. Giasuf: X > Yvig: Y —» Z1a
hai dong cdu thi gf : X — Z1a mot déng ciu,

Binh li (dinh 1{ déng céu). Gia st f: X —> Y 12 mot déng ciu va

PX > Hert

X x + Kerf

1a toan cdu chinh tic thi t6n tai duy nhit mot don ciu

f: )%(erf —-Y

., T _ -~ o a = Y b e X’
sao cho f p ={. Nhu vay néu 12 mot toan ciu thi Y = A(erf‘

4. Truéng

Dinh nghia. Ta goi mot mién nguyén X 1a trieomg néu moi phan
tu khic 0 ctia X déu c6 nghich dao trong vi nhom nhan X.

Nhir vay mot vanh giao hodn ¢é don vi t # 0 1a mot truong néu
va chi néu X — {0} Ja mot nhém véi phép nhan trong X.

binh nghia. M6t bo phan A ciia mot trudng X duoc goi Ia
trieong con cia X néu A 6n dinh d6i véi hai phép toan trong X va
A cung vdi hai phép todn cam sinh 14 mot truomg.

Binh li. B6 phan A c6 nhiéu hon mot phan t cha mat truong X
la mot trudmg con cua trudng X khi va chi khi:

a) Vi moi a, bthudc Acéa-~be A;

b) Vi moi a, bthuoc A, b#0céab ' € A.

Mot truoing X chi ¢6 hai idéan tAm thudng 13 {0} va ban than X.
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5. Dac 56
Pinh nghia. Cho X 12 mot vanh giao hodn, ¢6 don vi e.

Néu trong nhém cong X, phan itf € cé cap vo han thi X duoc
goi W vank of ddc 50 0. '

Néu trong nhém cong X, phén tir e ¢d cdp m # 0 thi X duge 20i
1a vanh ¢6 dac s m.

Chii ¥, Néu X 1a vanh 6 dac 56 m # 0 va X 12 mot mién
nguyén thi m 12 mot $6 nguyén to.
6. Truong cac thuong

Binh {i. Cho X 13 mot mién nguyén. Khi dé ton tai mat truong
X cing v6i don ciu o : X — X sao cho vdi moi o € X, a viét
duoc dudi dang o = @(a) [-:p[b)]_1, trong dé a, b thuée X vab # 0.

'Truomg X duge goi 1 trudng céc thuong caa mién nguyén X.

B. BAI TAP

3.1. Chiing minh céc tap hop sau day vé phép cong va phép nhan
céc s6 lap thanh mot vinh giao hodn, ¢6 don vi '

a) Tap hop céc s6 c6 dang a+ by2 v6ia, beZ;
b) Tap hop céic s6 phiic ¢6 dang a’ bi véi a. be Z.

3.2. Chdng minh tap hop cdc ma tran vudng cap n véi cac phan tr
Ia nhitng s6 nguyén lam thanh mot vanh véi phép cong va
phép nhan ma tran:

3.3, Ching minh tap hop cdc da thitc clia x v6i hé s6 nguyen lam
thanh mot vanh v6i phép cong va phép nhan da thirc.
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3.4,

3.5.

3.6.

3.7.

o
o

3.9.

Cho R 1a mot vanh va X 1a mét tap tuy . R* i tap cac anh
x4 tt X dén R. Chitng minh ring R* 13 mot vinh véi hai
phép todn sau:

vige R*, vxe X . (f+ g)(x) = f(x) + g(x).

vf.geR*, vxeX, fatx) = f(x)g(x).
Cho H 1a tap cac ham s6 thuc. Chitng minh rang H 1 meét

vanh giao hodn, ¢6 don vi v6i hat phép todn sau:

vigeH (f+ g)x) = f(x) + g(x), VxeR ;

Vi.geH fg(x) =f(x)g(x), VxeR.

Cho A 12 mét nhém cong Aben. End(A) la tap cdc ty déng
cdu cua nhém A. Ching minh rang End(A) 12 mot vanh véi
hai phép todn sau: _
V{, ge End(A), (f + g)(a) = f(a) + g(a), VaeA.
Vf, ge End(A), fa(a) = f(g(a)), VacA.
(Vanh End(A) duge goi 1a vanh cdc tu déng cdu cha nhém
AbenA).
Chiing t6 ring vanh 56 nguyén, trudng s6 hitu ti, tnromg s6
thuc va truong s6 phitc déu [A nhimg vanh ¢ dac $6 0.
Ching minh rang moi vanh, trugng hitu han déu ¢6 dac s6
khic 0.

Ching minh rang néu mot mién nguyén X ma ¢ dic so
m # 0 thi m phai 12 mot s6 nguyén té.
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3.12.

3.13.

3.14.

3.15.
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Chiing minh rang moi trudng ¢6 dac s6 0 déu chia mot
truong con ding cdu vai oudng 56 hitu ti . Moi truong ¢6
dic s6 p £ 0 déu chita mot truomg con dang cdu véi Z,

Gia st da cho trong mot tap hop X hai phép todn cong va
nhan sao cho:

a) X cling v&i phép cong ka mot nhom;

b) X cung v phép nhan 1a mot vi nhom;

¢) Phép nhdn phan phdi déi véi phép cong.

Chiing minh X 1 mot vanh.

Tim cdce ude cua khong trong vanh %Z .

Chimg minh %/ (v6i n #0) 1a mot mién nguyen khi va chi
khin 1a mot s6 nguyén to.

Chimg minh tap hop X = Z x Z cling v6i hai phép todn

(a;, b))+ (as°by) = (a; + a5, by +by)
(ay, by)ag, by) = (a2, bybn)

13 mot vanh giao hodn, ¢6 don vi. Hay tim tat ¢ céc ude cua
khong cua vanh nay.

Gia sit X 13 mét vanh ¢6 tinh chat sau day:
x° = x V6i moi x € X.

Chitng minh ring:

a) X = =X vl moi xe X;

b) X la vanh giao hodn;



¢) Néu X 1a vanh khéng cé udce cia 0, ¢6 nh:eu hon mot
phén tir, thy X 1a mién nguyen.

3.16. Cic vanh néi dén & cac bai tap 3.1, 3.2, 3.3 Ia nhitng vanh
con cui nhitng vanh nao?

3.17. Cho X 13 mot vanh tuy v, A vi B 1a hai idéan cta X, Ching
minh rang bo phan

A+B={a+b|acA beB}
la mét idéan cua X.

3.18. Cho X Ii mét vinh twy v, n Ia mot s6 nguyén cho trudc.
Chiing minh b6 phan

A={xeX}nx =0}
12 mét idéan cua X,
| 3.19. Cho X Ja mot vanh g y, ae X. Ching rinb rang bé phan
aX ={ax | xe X}
la mot idéan phéi cha X, v bo phan
Xa={xa|xeX}
1a mét adéan trai cua X.

3.20. Cho X la mét vanh giao hodn ¢6 don vi 12 1. 1 va J I3 hai

idéan cua X. | J={Z a;bjta;ellb,eli=1,. ..n,n>1

i=1

Hay chimg minh:
a) I} 1a mot idéan cna X,

by Néul+J=XthilJ=1n].
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3.21.

3.22.
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Cho m va n la hai s6 nguyén duong. Ching minh rang

m7 + nZ = Z khi v chi khi m va n nguyén 16 cing nhau.

Cho 1 va J 1a hai idéan cua vanh giao hodn, c6 don vi X.

p: X~ (%] )<(%)
at>(a+a+))
Hay ching minh:
a) p 1a mot déng cau:
b) p 12 mot toan ciu khi va chi khi 1+ J=X;

c) Hay md rong céc két qua trén khil,, I, ... I (vin = 2)
la nhilg idéan cua vanh A.

. Gia sir X 13 mot mién nguyén va n la cip cua phan tlt don vi

e trong nhém cong X. Ching minh:

a) n 13 mot s6 nguyén 1o:

b) Moi phan tir khac khong xe X ¢b capn;

¢) Bo phan mX = { mx | xe X } véim la 58 nguyén cho trudc
14 mot idéan cha X

d) %X =X néu m la bdi clta n;

%X =~ {0} néu m khong phai 1a boi cua n.

. Gia sir X 12 mot vanh giao hodn, ¢6 don vi. Mot idéan A # X

clia X duoc goi la idéan t6i dai néu va chi néu céc idéan cla
X chiia A chinh 12 X va ban than A. Mot idéan P£XcuaX
goi 12 nguyén 14 néu va chi néu véi u, v € X tich uve P thi
ue P hoac ve P. Ching minh ring:
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3.26.

3.27.

3.28.

a) )% la mién nguyén khi va chi khi P 12 idéan nguyén té;
by X/, 1 trumg khi va chi khi A 1216 dai.

Cho 1 1a mét dong ciu tr vanh X dén vinh Y (X vA Y I
nhimg vanh glao hodn co don vi).

a) Ching minh rang néu f 1 mot todn ciu va I 1a mot idéan
cua X thi f(I) 1a mot idéan cua 1. Néu f khong 1a toan ciu thi
tinh chat nay con ding khong? Tai sao?

b) Chimg minh rang néu p la mot idéan nguyén 6 cia Y thi
f (P} la mot idéan nguyén 10 cua X. K&t qua nay con ding
khong néu thay gia thiét "nguyén 8" bing gia thist 101 dai"?
Tai sao?

Cho X 1& mot vanh giao hodn ¢6 don vi. I 13 moét idéan thuc
su cia vanh X. Ching minh rang tén tai mot idéan t6i dai
cua X chuia |

Cho X 1a mét vanh giao hoan ¢d don vi 1. Ching minh rang
vdi mdi phan tr ae X, a khong kha nghich, déu c6 mot idéan
101 dai chia a.

Cho X 12 vanh giao hodn, c6 don vi. Chimg minh hai khang
dinh sau day turong duong véi nhau :

1) X chi ¢ mot idéan 81 dai duy nhat;

i) Tap cdc phan tir khong kha nghich cta X 14p thanh mot
idéan cla X.

Cho X Ja mdt vanh giao hodn ¢6 don vi. Ching minh rang

ayN(X) ={xe X |Ine N nx = 0} la mét idéan cita X.

b) Tap N(X) ia giao cua tat ca cdc idéan nguyén 10 cua X.

o7/



3.30.

e
e T
[

63

. Tim tap cdc w dong cdu cua vanh Z[i} z{ a+bi

Gia st A 1h mot vanh, B Ia mot tap hop véi hai phép 1oan
cong va nhan. f : A — B 12 moét song dnh thoa man.

wva. b eA. f{a+b) = f(a) + f(b)
Ya. b €A flab) = fl(a)f(b).
Chitng minh :
a) Bla mot vanh.

b) Néu A la mét vinh giao hodn thi B cling |a vanh giao
hoan.

¢) Néu A 1a mot vinh cé don vi thi B ciing la mot vanh ¢o
dom vi.

d) Néu A 1a mién nguyén thi B ciing 14 mién nguyen.

. Hiy tim tdt ca cdc tr dong cau clia vanh céc >0 nguyen.

. Tim tap cdc ws dong cau cua vanh

ﬁ[&}:{ a+b\6

a,bez}.

a,beZ}.

. Gia sir f - X =X 1a mot tu déng cau clia vanh X. Chitng minh

rang tip hop A = {x € X\f(x) = x} 12 mot vanh con cua X.

. Gia sir X 1a mot vanh tuy y, Z 1a vanh céc 56 nguyén. Xet tap

hop tich X x Z. Trong X x Z ta dinh nghia cdc phép todn
nhu sau:
(X1, Np) + {Xa. 115) = {X} + X5, 0} + D)

(xl. nl){x:’.‘ n'_\) = (xle_: + n]X2+ n-%y. l]lnz).



3.36.

3.37.

a} Chiing minh rang X x Z 1a mot vanh 6 don vi.
byAnhxa f:X —» X x%
Xk (x. )
1a mét don cau. ,
Cho A va B la hai vanh tuy y. Xét ap hop tich Bécic
X = A x B. vong tap X ta dinh nghia cic phép toan
(a,by+(c,dy=(a+c.b+d),
(a, b)}(c, d) = (ac. bd).
Chirng minh:
a) X la mot vanh;
b) Céc bo phan A = {(a. O)fa e Afva B={(0, b) be B
12 nhitng vinh con ciia X dang cau theo thit tu véi A va B;
¢) A va Bla haj idéan cha X sao cho
AnB={(0,00} vwX=A +B.
d) Gia st A va B 1a nhimg vanh ¢6 don vi, hdy tim céc don vi
chaX, A vdi B. _
Gia sty X 1a mot vanh va ae X. Ching minh rang:
a)Anhxah : X - X
ar— ax

14 mot déng cau (nhém) tir nhém cong Aben X dén nhém
cong Aben X. ’
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b)Anh xa b : X — End(X)
ar> h(ay=h,

I3 mot déng cdu tir vanh X dén vanh End(X) cc ty dong ciu
ciia nhdm cong Aben X,

- ¢) Tim Kerh. Chimg minh ring h 1a don cau khi X ¢6 don vi.

3.38.

3.39.
3.40.

3.41.

70

Gia stt X va Y 13 hai vanh, f : X - Y 1a mot dong céu tit vanh
X d¢n vanh Y, A va B theo thit tr 1a hai idéan ciia X va Y sao

cho f(A) ¢ Bip: X— % vap Y % 14 c4c toan cau
chinh tic. Ching minh rang dn tai mot dong cau duy nhat f

N X o Y . -
t /Aden %3 sao cho hinh vudng.

X~—f-—>Y

Pl
A

14 giao hoan, tic la fp =pf.

Néu f 14 mot toan cau thi f ¢6 phai 1a mot toan cdu hay
khong?

Chimg minh moi mién nguyén hiru han déu 1a mot trudng.
Chimg minh vanh cic s& nguyén mod n la mét trudng khi va
chi khi n 12 s6 nguyén t6.

Chimg minh rang trudng cdc s6 hitu ti khong ¢6 truomg con
nao khic ngoail ban than né.



3.42.

3.43.

3.45.

Chiing minh ring bd phan A = i a+ b\/Z‘ a,be \c} la mot
truéng con cuia trudmg sé thue 2.
Ching minh rang bo phan

A = {‘d+ bi;r’_)_ +C§[‘i“a.h,c e L;gl }

ta mot tredng con cua trudng $6 thue R.

. Gia st X 1a moét trudng, e 13 phin ttr don vi ciia X. Xét bo

phin A = {ne!neZ’L }

a) Ching minh A I3 mot vanh con cua vanh X, A ¢d phdi {a
mot mién nguyén khong?
b) Ching minh A dang ciu v&i vanh cac s6 nguyén Z khi X

c6 dac s6 0, v dang cdu véi vanh cdc s6 nguyén mod p, khi
X cé dac s6 p.

¢) Trong truong hop X dac s6 p = 0, hiy ching minh A la
mot trudng.

Gia su X 13 mot truong, Y la mot 1ap hop dé cho cing véi hai
phép todn cong va nhin trong Y, f: X =Y 1a mot song anh
tir X dén Y thoa min:

fla + b} = f(a) + f(b),
f(ab) = f(a)f(b)
voi moi a, be X.

Chimg minh Y [a mét rudmg va X =Y.
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3.46.

3.48.

3.49.

3.50.

3.51.

72

Hay tim
a) Céc v ddng cdu cua truong céc s6 hitu ti;
b) Cic tr déng cau cla truong cdc s6 thuc;

¢) Céc tu déng cau cla trudng cdc $6 phite giit nguyén cdc s6
thure.

. Tim tap céc tu ding cdu cha trudng

Q2= {a +b2
Tim tap cdc tr dang ciu cua trudng

Qiy={a+bijabeq }.

a,be@'}.

Tim tap cée tr dang cdu clia trudng
Q(2)= {a + Y2 + c%ia,b, ce @} .

Chiing minh ring tap hop cdc ma tran c6 dang

N

véi a, b 13 nhitng s6 thuc 1a mot truomg doi va1 phép cong va
phép nhan ma tran; trudng ndy ding ciu véi trudng cic so
phuc. '

Chitng minh rang tap hop cdc ma tran ¢é dang

a b
iba

vdi a, be ( 132 mot truong (voi phép coéng va nhén cac ma

tran) ddng ciu vdi trudng A 0 bai tap 3.42.



3.52.
- 3.44.

3.53.

3.55.

3.56.

Tim truong cdc thuong cha mién nguyén A trong bai tap

Chimg mink rang moi ruong déu c¢é truong con bé nhai
(quan hé thir tu la quan hé bao ham) ding cdu hoac véi
trudng so hitu 1, hoic véi trudng cdc s0 nguyén mod p (p la
mot s6 nguyén 16).

. Gia str X 13 mot trudng, A [d mot vanh con cua vanh X.

a) Chitng minh rang néu A ¢6 nhiéu hon mot phan tir va A cé
don vi thi phan tir don vi cha A trung véi phan ta don vi cua
X, va lic d6 A 12 mot mién nguyén.

b) Gid st A 13 mién nguyén. Ching minh rang bé phan
P—{ab”

a.be Ab=0,; 1a moét trvong con cua X va P la
truong cic thuong cia A.

¢) Chiéng minh rang P 1 trudng con bé nhat trong cic truong
con cua X chia A.

Gia str p 1a mot 56 nguyén 16. Ching minh rang tap hop cdc
o L g7 o m . e S
sO hitu ti co dang —, trong dé n nguyén té vdi p, la mot
n
mién nguyén. Tim trudng céc thuong cta mién nguyeén nay.

Cho A 1a moét idéan, B 14 mot vanh con cua mdt vanh X ¢o
don vi. Chimg minh:

a) A + B la mot vanh con cua vanh X;
b) A B la mét 1déan cia B;

¢) A 1a mot idéan cha A + B;

B - A+B
d)-/ﬁ\mB - A
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3.57.

3.58.

3.59.

" 3.60.

3.61.

3.62.

74

Gia sit A va B 1a hai idéan cus mot vanh X ¢é don vi va
A < B. Ching minh ring b phan

%Z{X+A|XEB}C%

12 mot idéan cua vanh %\d ta c6 dang céu

AR

Gia sir X 1a mot vz‘mh_ giao hodn cdé don vi; A, B 1a hai idéan
cta X sao cho X = A + B. Chidng minh rang

XB = (%)x(%)

Cho m [a n la hai s6 tu nhién nguyén t6 cung nhau. Chiing

minh
%nZ = %Z x %z&-

Cho X 1a mot vanh, c6 don vi 1, U I3 tap hop cdc udc cia |
trong X, Chiing minh ring U ]a mét nhém véi phép nhan
trong X.

- 2o * b LR 3 Z 1y -
"Ijm nhém cic ude cua don v trong vanh /nz. Tir dé
chimg minh a” I‘El (modp) véi p 1a moét s6 nguyén 16 va a
xhong chia Itét cho p.

Gia st f la mot déng cdu tr mot vanh X dén mét vanh Y;
K=Kerfvai:K > X

X=X

la phér ahting chinh tic. Chdéng minh:



3.63.

3.64.

3.65.

a) f.ila dong ciu khong tr K dén Y.
b) V&i moi vanh Z, v&i moi dong cau g 1 Z — X sao cho
fg = 0. t6n tai duy nhat déng cu §:Z — Ksaochog=ig.
Gia stt V = A x B la tich cua hai vanh A va B (bai tap 3.36).
pp:V. oA va par V. —A

(a,bir=a (a,b)—>b
14 hai anh xa. Chitng minh:
a) p, v p, 12 nhitng toan cau, goi 1 cic phép chi€u chinh tac;
b) V&i moi vanh X, véimoif, : X - Avaf,: X — Bitén
tai duy nhat dong cdu f: X — V sao cho

fi=p,fvaf,=p,l

Giast V, X, Ylabavanh; f: VX, g: VoY 1a hai dong
cdu vanh véi f 12 toan ciu. Ching minh cdc diéu kién sau day
tuong duong:

a) Tén tai mot déng cfu h: X — Y sao cho g = hf;
b) Kerf < Kerg. _

Khi céc diéu kién d6 duogc thoa min thi:

¢} h 12 duy nhat;

d) h 1a don 4nh néu va chi néu Kerf = Kerg;

¢) h 12 toan 4nh néu va chi néu g 1a toan 4nh.

Cho d = 7 hoac d = 11. Chiing minh:
a) Bo phan @(J& y={a+ b/d | a, b <@} 12 mdt trudng con

cua truong s6 thuc R;
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3.68.

76

b) Ciic truong G V11)va T V7 ) khong ding cdu véi nthau.

. Cho X 13 mot mién nguyén. Chimg minh rang X la mot truong

khi va chi khi X chi c6 hai idéan tim thuong I3 0} va X.

. Vinh giao hodn ¢ don vi X duge goi 1 vanh sap thi tw néu

trong X c6 mot quan h¢ thi ty 10an phan " <" thoa man cic
tinh chat sau day:

1) Véi moi a, b, ce X. quan hé a < b kéo theo
A+ c<b+ C;
2) Cac quan he 0 < ava 0 = bkéotheo O < ab.

Cho X 13 mét vanh giao hodn. Chitng minh céc tinh chét sau
la twong duong:

2) X 13 mot vanh sip thit ty;
b) Tén tai mot bo phan P X khéc réng, sao cho:
(DacPvibeP = a+beb;
(iDacsPvabeP :>.abeP;
(P N (~Py= {0} ; PU(-P)=X v6i -P={-x |x e P}
(Tap hop P* = P — {0} dugc goi 1a tap con duong cta X).
Chiing minh céc tinh chét sau day trong mot vanh sap thi tu X:

() a+x<a+y = x<y

(i) a—x<a-y=>x>y
(i) ¢>0=>(a < b= ac < bo)
(iv) a<O=(ax <ay =y <x)

(vi a>»0=(ax <ay =>x<y)



3.69.

3.70.

3.71.

3.72.

(vi) a = 0=>a">0.
a) Chimg minh ring moi viinh sép thit tu déu ¢ dic 56 0.

b) Cho X 1a mot vanh sap thir wr véi tdp con duong clla X la
P. Mot vanh con A ciia X. Ching minh rang A 12 mét vanh
sép thit tr v4i tap con duong la A N P*.

Trong mét vanh sap thi e, dinh nghia gia tri tuyét doi cla
phin tlr a 14 mot phan tir |aj cho boi
a néua>0
|a| =40 néua=20
—a néua < 0.
Chimg minh cac quy tac sau:
lab] = [aj. b}
la+b| < |a] + |b|
—la] € a < [a}
ja] = {b] < Ja=b]
Gia st A 12 mot mién nguyen sip thit tv. A 13 trudng cic
thuong clia A. Ching minh rang ton tai duy nhat mot quan
hé thi tu trong A sao cho phép nhing chinh téc

f:A>A
a f(a)

bao toan thif ty, nghia la néu a 14 phan tu duong trong A thi

f(a) 1a phan tir duong trong A .

Cho X 12 mét trudng sdpthi ur, X,y € X 12 hai phan tir ma
x < y. Chimg minh tén tai phan trz € Xsaochox <z <y.
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3,73, Truomg sap thi tw X duoc goi 1a sap thit ty Acsimet néu véi
mot x, y € X, 0 < x tén tai moét 56 tu nhién n sao cho y < nx.
Chuing minh:

a) Trudng 56 hiw ti  va trudng s6 thue R 1a nhitng truong
sap thir ty Acsimet;
b) Néu X 1h mét truomg sap thd ty Acsimet thi véi moi

X viythuoc X.x <y.tontaiz € Qsaochox <z <y.

3.74. Ching minh rang khong ¢ mét quan hé thu ty nio trén ap

cdc 6 phire € dé T 1a mot tredong sap tha tu.
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Chuong IV
VANH DA THUC
. Trong toan bo chuong nay, cdc vanh da cho la vanh giao hodn
c¢ddon v L.

A. TOM TAT Li THUYET

1. Vanh da thirc mot an

Gia su A 13 mot vamh giao hodn véi don vi 1, P la tip hop cic
day (ay, a;, ..., ay, .-.), rong d6 a, € A vdimoi i € N va bing 0
tat ca trr mot s6 hitu han. T_rong.P, phép cong va phép nhén duogc
dinh nghra nhu sau:

1} (g, &y, ...n ap, .-.) H by, by, o by ) =

= (a5 + by, a;+ by, ... a,+by,.)
2) (8, @)y coey Ay o) oAby, by, L by ) = s Cy €y 1)

vai ¢, = Z akb;,i=0, 1,2,...,“,...
k+{=i

Vi hai phép todn nay, P 13 mot vanh giao hodn, c6 don vi.
Anhxa A - P
at>(a, 0, ...,0,..)
|3 mot don cdu vanh, do vay néu ta déng nhdt phin tr a € A véi
day (a, 0, ..., 0, ...) e Ptht A {a mot vanh con cua P.
Pat x = (0, 1, 0, ..., 0, ...}, khi d6 mdi phan tir ciia P 1a day
{ag, g, ..., a5, 0, ...) vO1 a; €A, 1 = 0, 1, ....n, ... co thé viét
dugc dudi dang
f(x)=ay+a;x + ... +4,x".

f(x) durge goi 1a da thic clia 4n x v4i hé tir trén A. Phén tir khong

cuavanh P1a(0,0,..., 0, ...} go1 1A da thitc khong, ki hidu [ 0.
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Néu a, # 0 (n = 0)thi n duge goi la bac cua da thuc f(x), ki
hieu : bac clia f(x) (hay degf(x)). Pa thic 0 1a da thic khong co
bac.

Vanh P dugc goi |a vanh da thifc cia an x trén A, ki hi¢u la

P=AlxL

Cho f(x) va g(x) thudc P[x]; h(x) = f(x) + g(x} va k(x) = f(x)g(x).

Néu f(x) = 0, g(x) = 0, h(x) = 0 va k(x),= 0 thi
bac h(x) < max (bac f(x), g(x)};
bac k(x) < bac f(x) + bac g(x).

Néu A I mién nguyén thi deg(f(x)g(x)) = degf(x) + degg(x).

Khi d6 ta c6 vanh A[x] ciing 12 mdt mién nguyén.

2. Phép chia vdi du

Gia sir A 1a mot trudng. f(x) va g(x) thudc Afx], g(x} # 0. Khi

dé6 16n tai duy nhat cic da thikc q(x) va r(x) thuée Alx] sao cho
f(x) = g(x)q(x) + r(x). :

Néu r(x) # 0 thi bac r(x) nhd hon bac g(x). Da thic q(x) duge
goi 13 thuong va r(x) dugc goi 1a du cha phép chia f(x) cho g(x).
Nhu vay f(x) chia hét cho g(x) trong A[x] khi va chi khi du trong
phép chia f(x) cho g(x) bang 0.

3. Nghiém cua da thirc

Pinh nghia. Cho A la mot vanh con cia vanh B va

fix)=a, +ax + ... +ax € Alx]. Khidé viia € B

flar) = ag + a,o + ... +a,a € Bduge goi la gid tr cta da thic
f(x)tai o J

Binh Ii. Cho A 1a mét trudng, f(x) € Alx] va o € A. Du trong
phép chia f(x) cho x - ot 1a f(a).

Dinh nghia. Phén t o € B dugc goi fa nghiém cta da thiic

f(x)y=ap+a;x+... + ax" € Alx],
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véi A 1a mot vanh con cua B, néu
flay=ag+a+ .. +aa =0

Pinh nghia. Phin 6t o € B dugc goi 1a phén tir dui 56 trén A
néu né 1a nghiém clia mot da thitc khac 0 trong A[x]. Trong truong
hop trai lai, o dugc goi 1a phan ta siéu viér trén A.

Dinh li. Gia sit A 1a mot trudng. o € A 1a nghiém cua da thic
f(x) € A{x] khi va chi khi f(x) chia hét cho x - o trong A[x].

So do Hooc-ne

Cho f(x) = ay + ax + ... + a,x" € A[x], e A, gia sir
£(x) = (x — a)g(x). Khi d6 g(x) = bpx" '+ bx" *+ ... + b, € Alx]
v6i b, duge xdc dinh trong so dé sau :

a a ay T lag- | A

-(1 bU =4y b] = 3.1+(1b0 v bk = ak+0tbk_1 T bl f((l)

4. Trudng phan thirc
Binh nghia

Cho A i3 mot mién nguyén (trudmg), A[x] 1a vanh da thic clia
4n x trén A. Trudng céc thuong cha vanh A(x] duoe goi 1a trudng
phan thic cta 4n x trén A va ki higu 1a A(x).

Nhu vay A(x) = {@
| g(x)

f(x), g(x) € Alx], g(x) # 0},

f{x) _ f'(x)
g(x) g'(x)

trong dé & f(x)g‘{k) =f'(x)g(x).

5. Vanh da thic nhiéu an

Béng quy nap, ta xay dung vanh da thiic nhidu 4n trén vanh A
nhu sau:

Al = A[x|l
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A, = Alx]

An = An—l[-xn.l
Vianh A, = A [x,-;] ki hieu 1a A[x,, x5, .., x,,] dugc goi [a
vanh da thife cria 0 dn Xy, X, ... X, oén A Cic phin tir clia

AlXy, Xa, ..o X, ) K i 12 f(xy, X5, ..y Xy), ¢6 dang
fix,, x X )= CoxxA x4 Cyx xS x4
[0 X230 s X D= 04X X5 X, 2K X Xy

i dpen d
ml 4 “m2 i
o Cx MR L X

trongdo Cie A, 1=1,...,mva(a;, ap, ..., a;,) eN"i=1,2,...,m

Ciui y. Néu A 1a mot mién nguyén thi Afx,, x5, ..., x,] cling la
mot mién nguyén. '

' Cho mi¢n nguyén A. Trudng cic thuong cha AlX,, Xo, ..., X

dugc goi 13 trudng phan thic clla n 4n x|, X5, ..., X, Ki hi¢u 1a

A(X|, X9, ..., X,). Nhu vay

A(Xl, PR Kﬂ) =
f(X)0nXy) f(x,,..‘,xn),g(xl,...,xn)eA[x,,m,x"],
_g(xl,...,xn) _ g(Xy,. X} 20

Binh nghia. Da thic f(x{, x5, ..., x,) duge goi [a mét da thire
déi ximy néu :

fixy, X0, ... X)) = f(xil 2 X X )

n

trong dé (i), I, ..., 1) 12 mot hodn vi bat ki coa {1, 2, ..., n}. Céc
da thiic sau day dugce goi la ¢dc du thite déi vitng co ban

0-1=XI+XQ+...XH
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Gy = X]Xz + X]X3 + ...+ len + XZX3 + ...+ xn._ixn

Oy = X1X3 ... X,

Binh li. Moi da thitc doi xdng déu viét duge dudi dang mot da

thic cia cée da thic di ximg co ban.

B. BAI TAP

4.1. Trong vanh da thic Z,(x] hdy tim tit ca cdc da thic ¢6 bac
la:

a) 2; b) 3; c)n.

4.2. Tim cdc udc cha don vi trong cac vanh sau:
a) Z[x]; b) Qfx1:
¢) A[x], A 1a mét, trudng;

d) A[x], A 1a mét mién nguyén.

4.3. Cho A la vanh giao hoén ¢6 don vi. Chimg minh ring da
thuc f(x) = ax + u la khd nghich, trong d6 u 1a mét udc cia |
va a la phén tf luy linh (tdc 12 tén tai s6 nguyén duong n sao
cho a” = 0). Hay phdt bidu két qua trén khi f(x) c6 bac n > 1.

4.4. Choo: A— Blamot déng cdu tir vanh A dén vanh B.

Chitng minh ring anh xa ¢ : A[x]-> B[x]

' n . n .
f(xy= > a;x' > Y o(a;)x'
1=0 =0
1a moét dong cau.

Néu @ la mot déng cdu thi ¢ ciing 12 mot ding ca.
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4.5,

4.6.

4.7.

4.8.

4.9.

34

Trong vanh Zy|x], chimg minh rang cdc da thdc sau day
kha nghich: _

ay b +4x; b)l+4x+4x;;

S l+4x+ ... +4x".

Ching minh rang néu A ta mot mién nguyén ven sap thi tu
thi vanh da thuc Alx| cing vay. Ton tai it nhit hai cach sap
thit tu trong A[x] nhu sau:

n

a) fix)=> a, x>0 hé tir cao nhat 1a duong trong A.

i=0

n . :
b) fix)= Y a,x' bacn, f(x)>0 < a,>0
i=0)

n .
Pao ham hinh thitc cla da thic f(x)= > a;x' 12 da thic
1=()

n .
f(x) =Y ia,x'" . Chitng minh cdc quy tic sau:
i=1

a) (cf(x)) =cf'(x}), YceR, ¥ f(x)eR[x];
by (f(x) + g(x))' = F(x) + g'(x), ¥ f(x), g(x) eR[x];

) (f(x)g(x)) = f(xX)g(x) + f(x) g'(x), ¥ f(x), g(x) eR[x];
d) (F)™) = mFx) O™, ¥ m > 1.V f(x) eR[x]:

Trong vanh da thirc Zs[x] hdy thuc hién céc phép nhan
(ixl +4x +T).(3x: +Tx+§);
(—ix2 + 44X + 5)3 .

Trong vanh Z,[x] hay thuc hién phép nhén



4.10.

4.11.

4.12.

4.13.

4.14.

4.15.

Cx +4x2+1x).03x% +3x +2)

Vanh nay ¢6 udc cia 0 hay khong?

Trong vanh Zsfx} hdy thuc hién phép chia
f(x)=-1x"+2x*+2x+1 cho g(x) =-2x% +2x -1
Hay xac dinh s0 nguyén p dé du cia phép chia da thic
Ix'+px+35 cho Ix* + 5 +6 trong Z,[x] bing 0. '
Trong vanh Q[x} chimg minh rang da thic

f(x)=(x+ D" - x™ —2x 1
chia hét cho '

a)2x + 1; b)x + 1; C) X.
a) Chimg minh ring da thic f(x)=1x* +14 ¢ Z,5[x] c6 bén

nghiém trong Z, 5.
b) Tim tat ca cac nghiém da thic g(x)=1x*+20 e Z,;[x]
trong vanh Z,,.

Cho A 12 mot vanh giao hodn véi don vi 1. Cac da thiic f(x)
va g(x) thude A[x] véi g(x) 1a da thife c6 hé tlt cao nhit bang
1. Ching minh rang tSn tai duy nhat hai da thic q(x) va r(x)
thudéc A[x] sao cho f(x) = g(x)q(x) + r(x) Néu r(x) # 0 thi
bac r(x) bé hon bac g(x).

Cho A 13 mét mién nguyén, f(x)e A[x].
a) Gia sir ue A 1a nghiém cua f(x). Chimng mmh rang f(x)
chia hét cho (x — u) trong A[x].
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4.16.

4.17.

4.18.

4.19.

- 86

by Gia sir uy. us, ..., u,, déu thudc A la m nghiém phan biét

et f(x) . Chimg minh ring f(x) = (x = U }X —uy) .. (X — 1)

g(x) trong d6 g(x)e A[x]. _

Cho A 13 mot trudng, f(x)e Alx] ¢6 bac n (n = 0). Chiing
minh rang f(x) c6 khong qud n nghiém phan bi¢t trong A.
Tinh chat ndy con diing khong néu:

a) A 13 mot mién nguyén?

b) A la mot vanh cé don vi tuy ¥7

Cho A 1a mot truémg con cua truong B. Phan tr ae B 1a dai
s6 trén A, p(x) € A[x] 1a da thic cé bac thap nhat trong Alx]
vii ¢6 nghiém «. Ching minh:

a) Indéan sinh boi da thitc p(x), 1 = (p{x)), la mot idéan 1
dai trong Alx|.

b) Vi-mh thuong A[x]l dang cau voi Alal; tr d6 suy ra
Ala] 1a mot trwong (Al = {flo) | {(x) e Alx]}h-

Cho f(x) 12 mot da thide thude vanh Afk], a 1a mot phan wr
cita vanh A. Chung minh ring f(x) bat kha quy trong Alx]
khi v chi khi 1(x + a) bat kha quy trong A[x].

Cho ¢ : A->V 1a mot dong cau tir A dén vanh V sao cho
(1) = 1. Chiing minh ring véi mdi u ¢ V 16n tar duy nha

mot dong cau §: A{xl =V sao cho

(;)! A = ¢. N1 cdeh khie ta ¢6 bigu do sau giao hoan

A AlX]
o\ /ﬁ" |
\Y

Véi 1 phép nhing chinh tac A vio A[x].



4.20. Cho A la mét vanh giao hodn, c6 don vi. I 1a mot idéan cua A

1 .
[[x]= <> ax' € Alx]
i=0)

aelii=0,.,nin 20

Ching minh rang:
a) I[x] 1a mot idéan ctia vanh A[x|;

b) Al%x] ding cau véi (%){XJQ

¢) I la idéan nguyén t& coa A khi va chi khi I[x| 13 idéan
nguyén té cua Al x|;

d) Neéu I la-idéan 181 dai clia X thi [[x] ¢6 la idean t6i dai ctia
Alx] hay khong? .

4.21. Cho A la mot mién nguyén. Chimg minh rang tap hop céc da
thiie thuoc A[x] ¢d hang wr tir do bang 0 1a mot idéan nguyén
t6 cua A[x]. Néu A 1a mot trudng thi tap cdc da thic ¢é hang
fir ty do bang 0 ¢6 la idéan 161 dai cta A[x] hay khong?

4.22. Trong vanh Z[x,, x,, X3] hdy bi€u dién da thic
X} + X3+ X}
qua céc da thite doi xing co ban.
4.23. Trong vanh Z-|x,. X5. x;] hiy biéu dién da thic
LX)+ 1x) +1x]
qua cde da thite d6i xiing co bdn.
4.24. Trong vanh Rix. y| hdy bidu dién cic da thie sau qua cde da
thirie doi xing co bin:

5 S
Urx o+ oy

70

P+ Xy + 3y - xTy - xy + 2 Y +y

4.25, Tim cdc s6 nguyén x, y. x sao cho

&7



Xyz==6
x> +_y3+z3 =36.

X+y+z="6

4.26. Giai hé phuong trinh
x*+y' =4
{x?' +y =8 '
4.27. Giai hé phuong trinh
Xty +z'=a’
XX+yr+zf =b.
X+y+zZ=a
4.28. Tim nghiém nguyén cua phuong trinh
x+y=x2=xy+y2.
4.29. Tim nghiém nguyén duong ctia phuong trinh
' x3+y3+l=3xy.
4.30. Tim tong lap phuong cdc nghiém cua da thic
fx)=x*+x + 27 +x+ 1.
4.31. Phan tich cac d.a thitc sau thanh cac nhan tix:
a) fix,y) = 6x - 1 lx3y — lf.x2y2 - llxy3 + 6y4;
b) g(x,y, 2} = 2(}(2312 + x5+ yzzz)-+ (x4 + y4 + 34).
4.32. Chiing minh hing dng thic
(X + v+ z2)Xy + XZ + yZ) — Xyz = (X + y)(X + Z)(y + 2).

4.33. Chimg minh ring néu x +y + z = 0 thi

P y4+z4 =2(Xy + Xz + yz)2
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+.34.

4.35.

4.36.

4.37.

4.38.

4.39.

4.40.

4.41.

Chitmg minh ring néu a. b, ¢ la nhing s6 thuc thod méan
a+b = ¢ 2 0 thita cé cic bat dang thiic
2 ' 4
c

a) a~ +b* 2 D b) ad+b¢zc—;
g) 8

¢) a" +b" > i
128
Cho x, v, z 12 ba s6 thye bat ki. Chitng minh
(X+y+ z)2 > 3(Xy + Xz + yz).

Ding thic xay rakhix =y =z.
Chimg minh rdng néu a, b, ¢ 1a nhimg s6 thuc bat Ki thi ta c6

(ab + ac + bc)2 > 3abc(a+ b +¢).
Cho a, b, ¢ la nhing s6 thuc duong. Chitng minh

(X -y — z}(xy + yZ + 7X) = 9xyx. |
Trong vanh R[x, y], phén tich _
fix,y)= X+ 3x3y + 2x2y + 3x2y2 + 2xy2 + 3xy3 + y3
thanh tich nhitg nhan ti bat kha quy.
Trong vanh R[_x, y, Z] phan tich

fix,y,z)= X y4 -7+ 2><2y2 + 2)(222 + 2yzzz‘
thanh mot tich nhitng nhan 1 bat kha quy.
Cho a, b, ¢ 12 ba 56 thuc sao cho a + b + ¢ = abe.
Ching minh rang
a(b® — 1)c” - 1)+ bla® — 1)’ = D+ c(@” ~1)(b” — 1) = dabe.

Cho x, y, zla basd thuc saochox + y + z2=0.

Chitng minh ring x* + y4 2= 2(xy + xz + yz)z.
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Chuong V
VANH CHINH VA VANH GCLIT

" A. TOM TAT Li THUYET

1. Ly thuyét chia hét trong mién nguyén

Binh nghia. Gia sir A 12 mdt mién nguyén véi don v 1. Hai
phan tira vab thuéc A. Phan td b duoc goi 12 16c ciiu 4 néu ton tai
phan tr ¢ e A sao cho a = be, ki hiéu b\ a.

Tap hop U cdc udc cua don vi 1 1ap thainh moét nhém véi phép
nhan, goi la nfiém nhdn cde phan ti kid nghicl cria A. Hai phén
a va b dugc goi la lién két voi nhau néu a\b va b\a.

Phan trr b duoc goi 1a e thue si cha a néu b khong kha
nghich, b\a va a khong 1a uée cta b,

Phan tir b dugce goi 13 bdt kha quy néu b khong kha nghich va b
khéng cé uée thue su.

Phan ur b dugc goi 1a nguyén 16 n€u.b khong kha nghich va
quan hé b\ ac kéo theo b\ a hodc b\ ¢ v&i moi a va ¢ thuoc A,

Binh li. Trong mién nguyén A moi phdn t nguyén (5 déu bat
kha quy.

Binh nghia. Phan tit ¢ duge goi 1a «éc chung clia a va b néu
¢\a va c\b. Phin tr d dugce goi 13 wde chung I6n nhdt cha a va b
néu d la wéc chung ciia a va b va moi uéc chung clta a va b déu la
wdc cua d.

2. Vanh chinh
Binh nghia. Mién nguyén A ducc goi la vanh chink néu moi
idéan cta A déu 12 idéan chinh.
Tinh chat. Trong vanh chinh A : _
»  Ubc chung I6n nhat cta hai phan tir bat ki luon luon tén tai.
= Moi phan tir bat kha quy déu 1 nguyén 16.
« Moiday tang nghiém ngat cdc idéan
L clc.cl c
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déu dimg.

Binh li. Trong vanh chinh A, moi phan tr khac 0 va khdc udc
cua 1 déu phan tich duge mot cdch duy nhat thanh mot tich nhimg
nhan tlr bat kha quy sai khdc thif tu va cdc uGe cha don vi.

3. Vanh Oeclit- _

Binh nghia. Vanh Oclit [a mot mién nguyén A cling véi dnh xa

5:A"=A-{0} >N
a4 oa)

sao cho:

a) Néu b\a vaa £ 0 thi 8(b) < 8(a);

b) V&i hai phan tira, b tuy ¥ cha A, b # 0, t6n tai q vi r thude
A saocho a=bqg + r. Néur # 0 thi 8(r) < 8(b).

Binh li. Moi vanh Oclit déu la vanh chinh.

Dua viio tinh Lhélt sau day d€ tim udc chung 16n nha cia hai
phan t.

Néu a = bq + r thi udc chung Idn nhit clia a vi b bang uéc
chung 16n nhatciab var.

Trong vanh Oclit ta tim udc chung 16n nhit cila a va b bang
thuat toan Oclit.

B. BAI TAP

5.1, Trong vanh da thic R|x], véi R 1a trudng s6 thuc, ching

- . - 2 PR - - "
minh cdc da thic ax” + bx + ¢ vt b™ — 4ac < 0 1a nhimng da
thac bat kha quy. Diéu d6 ¢é con ding nta khéng néu thay

treong so thue R béi triong s6 phiic €?

5.2.  Cho avablahai phan tr clia mién nguyén X. Chiing minh rang:
a) a la udc cua b khi v chi khi aX o bX.
h) a fi lién két vdi b khi va chi khi aX = bX.
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3.3.

5.4.

5.5.

5.6.

3.8

5.9.
5.10.

92

b) a 1a lién két v&i b khi via chi khi aX = bX.
Cho X 1a mot mién nguyén. Chimg minh rang céc tinh chat
sau day tuong duong véi nhaun:
i) Moi day tang nhimg idéan chinh cua X déu dimg.
i) Moi diy giam nhimg ude thuc su déu dimg.
111} Moi ho khdc réng nhitng idéan chinh cia X déu ¢é phan
tu to1 dai. :
Xét vanh K[x] vot K 1a mot truong.
a) Chinmg minh rang moi da thic bac nhat cia K|x| déu la
bat kha quy. Néu K 12 mot mién nguyén thi diéu dé con
ding nita khong?
b) Chitng minh rang cdc da thic bac hai va bac ba cua K[x] 1a
bat kha quy khi va chi khi chting khong ¢ nghiém trong. K.
Trong vanh Z[x] xét xem cdc da thic sau day c¢é phai la bt
kha quy hay khong:

fix)y=2x+8;

glx) = x% +1;

h(x) = x” +2x -2.
Gia st a va b 13 hai phin 1o nguyén 16 ciing nhau cua vanh
chinh A. Chimg minh idéan sinh ra boi a va b 1a vanh A.
Gi# sir p 1a mot phén tir khdc 0 cha mot vanh chinh A. Chiing
minh p 14 bt kha quy khi va chi khi Ap la mét idéan téi dai.
Trong mot vanh chinh, ching minh cac idéan nguyén 16
khdc (0) 14 cdc idéan t61 dat.
Ching minh mét truong 1la mét vanh chinh.

Vanh thuong ctia mét vanh chinh ¢ phai la mét vanh chinh
khong?



5.11.

5.12.

5.13.

5.14.

5.16.

. Chiing minh rang Zix}

Vanh con cua mot vanh chinh ¢é phdi 12 mot vanh chinh

khéng?
Vank Z|x] ¢ phai 12 mot vanh chinh khong?

Giasr A = {a+ b/3i | a,be Z}_
a) Ching minh rang A cling véi phép cong va phép nhan cic
6 phuc 12 mot mién nguyén.

b} Chting minh rang 2, 1 + J3i,1-3ila nhitng phin tr
bat kha quy cha A nhung khong phai 12 nhitng phian tr
nguyén to. Tir dG suy ra A khong phai 12 mot vanh chinh..

Chimg minh ring vanh _
A=fa+bV2i|aber)

la-mét vanh chinh.

. Ching minh rang vanh Z[x] khong la vanh chinh nhung

vanh thuong Z% S ?)lz‘i mo¢ vanh chinh.
XT+2

Ching minh rang Z[\E} = {a +b\/§| a,be Z} la mét vamh
Oclit.

12 mot vanh Oclit.

(x2+2)

. Gia sit a va b [a hai phan tir cia mét vanh chinh cé dang

phan tich nhu sau:

PP TR u,
4= pl p.‘, “‘pll
BI |i_'

b=pl'p: pﬁ .



5.19.

5.20.

5.21.

3.22.
5.23.

04

Trong d6 cdc p; 1a nhimg phan tlr bat kha quy, cdc o; va B 1a
nhitng s6 tu nhién, i=1,2, ...,n

Chitng minh phdn ti d=p!'p)>..pIr véi y; = min(oy By,
i =1, ..., 013 mot udc chung 16n nhat cha a va b.

Chimg minh ring vanh A[x] 12 mét vanh chinh khi va chi khi
mién nguyén A la mot truong.

Mién nguyén A dugc gol 14 vanh Gao—xo néu moi phan ti
khéac 0, khong kha nghlch déu phan tich duwgc mot cach duy
nhat (néu khong ké dén thit tu cdc nhan tir va cdc ude cla
don vi) thanh moét tich nhitng nhan tir bat kha quy. Hay
ching minh ;

a) Moi vanh chinh déu la vanh Gao—xo;

b) Trong mot vanh Gao-xo luén t6n tai uée chung 1én nhat
cua hai phan tir bat ki;

¢) Trong mét vanh Gao-xa moi diy gidm nhiing ude thuc su

ap, 8y, -y, oo
trong dé a, khdc 0 va khdc uéc cia don vi, a;,; 1a udc thuc sur
cuaa,i=I, n - 1 déu dimg. .

d) Néu mién nguyén A thoa min tmh chat by vac) thl A la
mot vanh Gao—xo.

Chitng minh rang vanh

A= {a + bVZi | abe Z} Ja mot vanh Oclit.

Chimg minh rang mot trudng 1a mot vanh Oclit.

Gia sir A 12 mot vanh Gclit. Ching minh rang A Ja mot
trudmg khi va chi khi 8(x) a hang véi moi x € A”.



5.25,

wn
[
=

5.27.

5.29.

. Gia st vanh A véi dnh xa 8 : A - N |3 mot vanh Oclit.

Chung minh tén tai dinh xa Oclit
§:A" - N
sa0 cho 8'(A ) = {a, ....n}véin > 0 hay 6'{_A:Er}' =N
Gid su A la mot vanh Oclit v6i dnh xa Oclit 8. Chitng minh

d(u) Ia phdn tlr bé nhat coa 5(A$) khi va chi khi u kha nghich
trong A.

- Gia sit A 13 mot mién nguyén. Chting minh diéu kién cin dé

A 1a vanh Oclit 12 n tai mot phin tir khong kha nghich
X e A sao cho moi 16p cua %x) ¢4 mét dai dién hoac kha

nghich hoac bing 0. -

a, b'e Z}

khong phai 1a mét vamh Oclit. (Ngudi ta ¢6 thé chuncr minh

Chitng minh vanh

A=<sa+h

o 1+iV1e
2

-~ A 1a vanh chinh).
5.28,

Giastr f(x) =x +x3+x2+x+l
g(x) :x3+2x2+x+l‘ '

Tim ude chung 16n nhét cla f(x) va g(x) trong (x|

Tim uéc chung 16n nhz_?fi‘ cua f(x) va g(x) trong ZaIx} véi
f)=I1x"+Ix +Ix*+Tx+1

gx)=Tx*+3x? + Tx+1.
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5.30.

Gia sit R(V/=3 ).= ta+b+3ila,beR)
Q-3 )={a+b3ilab e
W2)={a+b2 |abeQk

Ching minh rang

Ay R(V-3). O J=3). O(~2) 1a nhimg truomg véi phép

5.32,

96

cong vi nhan thong thudng cic s6;

b) R(v—3)= RIX}/
_ (x~ +3)

v6i (x*+3) 11 idean sinh b&i x” + 3 trong R[x;
¢ Qv2) = I

;
x~ — 2 trong QQx];

v6i (x> - 2) la idéan sinh bdi
,
(x=-2)

. Gia st E 1a mot truong mo rong cha truong K. Mot phén t u

thuoc E, f(x) 1a da thic bat khd quy trong K[x| nhin u la
nghiém: gia s g(x) < K[x] cling nhan u ia nghi¢m. Chimg
minh rang trong K[x|: '

a) f(x) 1a da thitc ¢é bac thdp nhat nhan u 1 nghiem;

b} g(x) chia hét cho f(x):

¢) Vianh thuong K{x%x) dang ciu véi Klu] véi (f(x)) la
idéan sinh bdi f(x) trong K[x]. Ching minh Klu] la mot
truong.

Gi4 sit E i mot trudng md rong cha truong K. Phin tru = E
vi f(x) e K[x] Ia da thirc bat kha quy bac n nhan u lam

nghiém. Chitng minh K|u] 14 mot khong gian vecto trén K
v6i phép cong trong E v phép nhan cic phan tr cua K véi



cdc phan tir cia K{u] (phép nhan vo ‘hudng) 1a phep nhin
trong E.

Tim co s& va s6 chiéu clia khong glan Kfu).

5.33. Tim cic ty dang cdu cla trudng:

Q(+2) = {a+bf|abe@}

5.34. Giasit X =Q” ={(a, b) | a, b e Q}
Trong X xic dinh hai phép todn céng va nhan nhu sau:
(a,b)+ (c,dy=(a+c,b+ d),
(a, b)(c, d) = {ac + 2bd, ad + be).
a) Ching minh X v6i hai phep toan trén la mOt trudng dang

cdu vdi @(f)

b) Tim cdc dang cdu cua X. Tir 46 suy ra ring tap hop cic
tu dang cau cua X 1a mot nhém xyclic véi phép nhan 4nh xa.

5.35. Cho f(x) 12 mét da thiic véi hé s6 nguyén cé hé s8 cao nhat
bang 1. Ching minh ring néu f(x) bat kha quy trong Zplx]

{p 12 m6t s6 nguyén t6) thi n6 bt kha quy trong QIx].

5.36. Cho A 12 mot trudng, a va b 1z hai phan tir cho truée thuoe A.
Chimg minh rang 4nh xa ¢ : A{x] > A[.]

f(x) > f(ax +b)

la mot tu dang cdu cha Alx]). Néu a kha nghich thi ¢ 13 mot
tu déng cdu cia Alx].

5.37. Cho f(x) = x" — x* - 3x" + 2x + 4. Phan tich f(x) thanh mot
tich nhimg da thic bit kha quy trén cac truomg s6 Q;

@(\ELRV&C.
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5.38.

5.39.

5.40.

5.41.

.98

Cho A 12 mot vanh Gao-xo, A 13 trudng céc thuong cia A.
f(X) = ag + a;X + ... + agx, € A[x] dugc goi 1a mét da thic
nguyén ban néu udc sG chung l6n nhat chia cac hé tr
ag, 4y, ... &, bing 1. Ching minh ring :

a) Tich cita hai da thiic nguyén ban la mét da thic nguyén ban.

b) Néu da thic f(x) € A[x] ; f(x) kha quy trong A [x] thi nd
ciing kha quy trong A[x]. '

Chéng minh ring néu A la mot vanh Gao-xd thi vanh A[X]
ciing 13 vinh Gao-xo. Tinh chat nay con ding khong néu
thay gid thiét "vanh Gao-xo” bang gia thi€t "vanh chinh”
hoac "vanh Oclit".

Trong vanh Q[x}, hdy tim da thic f(x) bat kha quy, c6 hé s6
cao nhat bang 1, nhan u 1am nghiém véi:

a)u= J2+ NER

by u= JZ_ - \6 o

cu= 2 +4/3i.

Véi u di cho trong bii 5.40a), hdy tim s6 chicu cia Qfu]

trén Q.
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Chuong VI )
DA THUC TREN CAC TRUONG SO

A. TOM TAT Li THUYET

1. Ba thirc vai hé s thuc va phire ' g
Trong chuong nay, ta xét vanh A[x] véi A 13 mot trong céc tnng
s6 : Trudng s6 phic C; Trudng s6 thuc R; Truomg s& hitu ti Q.

Béi véi da thire v6i hé 56 thue hodc phite ta ¢6 cic két qua sau:
Binh: li. Moi da thic bac 1€ véi hé s6 thuc c6 it nhat mét
nghiém thyc.

Binh li. Moi da thic bac n vdi hé s6 phitc (n > 1) déu ¢6 it nhat
mot nghiém phic.

Bink li. Da thifc bat kha quy trén trudng s6 phic 1a va chi 1a cac
da thifc bac nhat.

Binh li. Mot da thic bac n (n = 1) trong trudng s6 phitc déu
ptian tich duge thank tich n nhan tir bac nhit.

Binh 1. Cic da thic bt kha quy cta Rfx] 1a va chi 1a cdc da thiic
béc nhdt hogc da thirc bac hai véi biét s3 am. ' '

Birh 1i (dinh If co ban). Mei da thic bac n (n 2 1) véi hé s6
phic c6 diing n nghiém phiic.
2. Phuong trinh bac ba va bon

Mot phirong trinh bac ba cé dang
x3+ax2+bx+c=0vc’ria,b,ceA (N
bao gits ciing c6 thé dira dwrgc vé phuong trinh bac ba dang

y' +py+q=0 . @)
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bing ciach dat y =x L2

« D& gidi phuong trinh (2) ta dat
’ y=u + v .

. Py,
3

Khi dé u va v dugce xdc dinh boi cac cong thic saw:
2 31
ue 3-ﬂ'+ -(—L+2—>

2 4 27

2 3
ve {j—ﬂu LB

2 4 27

. | 2 3
Gia sir u; la mot gid tri cha 3\,—3 + 1/5-+_B— khi dé phin t v,
2 V4 27 :

2 ]
tuong \ing v4i né 1a mot trong ba gid tri cla i/~%— %+% 540

——

cho w,v, =—=

Goi € 1a mdt can nguyén thuy bac ba clia 1 th ta cé cong thic
nghiém cua phuong trinh (2) 1a : '

Yi=u +v, g
2,
y2 :UIB-FVIE .

Y3 = u]82 +V18.



« D€ giai phuong trinh bac bén
x4+ax3+bx2.'+cx+d=0' (1)
ta dua vé giai cdc phuong trinh

2, 04X Yy

x4+ 2420 x4

X+ B

x2+-a—)-(-+y—0=-ax—ﬁ.
2 2

Trong dé y;, 12 moét nghiém cha pﬁuo’ng trinh

y” — by’ + (ac — 4d)y — [d(a’ — 4b) + ¢*} = 0. )

Phuong trmh (2" duoc goi 1a phucmg trinh gidi bac ba clia
phuong trinh (1').

3. Da thifc véi hé s& hiru tf
Vié¢ tim nghiém hitu ti cda mot da thitc véi hé s hiru ti bao
gi0 cling dua duge vé viéc tim nghiém hitu ti clia mot da thic véi
hé s6 nguyén.
Néu a 1a mét nghiém hitu ti cha da thic
() =x"+ ax" '+ . +a" e Z[x]

thi o 1a mot s6 nguyén va Ia uéc cia a,. Ho‘n nifa o phai thoa
min hai diéu kién sau:

. a) KD

I nguyén,

- 11) nguyén.
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Dé xét tinh bat kha quy ca da thic véi hé s6 hitu ti trong vanh
QIx) ta c6 thé dua vao diéu kién di sau:

Tieu chudn Aidenstaing
Binh ti. Gia st
f(x)=ag +a;x +... +§nx“ n>1)

1a mét da thic véi hé s6 nguyén. Néu c6 mdt s6 nguyén 16 p sao
cho p khong chia hét hé sé cao nhét a,, p chia hét tit ci cic hé 6
con lai va p* khong chia hét s& hang fir do aj, thi da thitc f(x) bat
kha quy trong Q[x].

B. BAI TAP

6.1. Trong vanh C|x] hay phan tich cidc da thitc sau thanh mét
tich nhitng da thiic bat kha quy:

a)x +1;

b)x -1 -1;

o) x’—4i+3;
dyx’ —1-i3.

6.2. Biéu dién hinh hoc cdc nghiém ca da thiic
fx)=xP -1 .p=21L; '
g(x)-(x—a) -b (v6ia#0, m_l)

Tir d6é suy ra rang f(x) va g(x) cé khéng qua hai nghiém
chung.

6.3. Tim céc nghiém phic cla da thic
f(x) = (1 - x%) + 8.
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6.4.

6.5.

6.6.

Phan tich da thic f(x) lhanh mot thh nhiing da thuc bat kha
quy vé&i hé s6 thuc.

Dung thuit toan Oclit tim udc chung [6n nhét clia hai da thirc
trong Q[x].
af)=x*+x" -3 +4x— 1 va
g(x)=x8+x2—x -1;
b) f(x) = x° + 3x* - ax’ —3x° 48 -5
g(x)=x5+x2—x+ l;

3 LY
4—x ~3x2—3x—1va

c)f(x)=x5+x
g(x)-—.-x4—2x3—x2-2x+l;
df=x"-4x"+1va
gx)=x>=-3x2+1;
e) f(x) = (x — 1)’(x + 22 (x - 3)(x — 4) va
g() = (x ~ DX(x + 2)(x +5).
Trong C[x] hay thic hiéh phép chia.
a)x" =2 +4x> ~6x + 8 cho (x - 1) ;
b)4x3+xzcho(x+i+l);
c)x4+ix3¥ix2+x+lcho(xz—ix-i-l)
d)x +\/5x — 2% —3(\/5 + l)x —(\/5+ 3x -1 cho
(x +J§x+ 1);

) x*+ 2 +4x% + 2cho [x? + 1(1 = i)x + 1 +i]

Diing thuat todn Oclit tim cic da thic p(x} va q(x) sao cho
f(x)p(x) + g(x)q(x) = d(x), trong d6 d(x) 1a wdc chung ién
nhdt cta f(x) va.g(x), véi
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) f(x) =x +2x = x - 4dx -2 va
g(x) = x.4_ + x' - _x2 -2x-2

b) f(x) = 4x* - 3% — 16x% + 5x + 9 va
g(x)=2x3-x2—5x+4. '

6.7. Trong vanh C[x] ching minh rang da thitc f(x) chia hét cho

da thitc g(x) khi va chi khi moi nghiém cua g(x) ciing la
nghiém caa f(x) va moi nghiém boi cap k cua g(x) ciing la
nghiém boi cap khong bé hon'k cua f(x).

6.8. Trong vanh Q[x] cfn’mg minh rang da thic
f(x)=x" +x" £ x™ (K I,neN)
_ chia hét cho da thitc g(x) = x* + x + L.
6.9. Trong vanh (Y[x] ching minh ring da thic
f(x) = R
v6i n 1a mdt s6 ty nhien khdc 0, 1a mot da thie bét kha quy.
6.10. Giai cic phuong trinh bac ba sau day:
a) 4y — 36y° + 84y - 20 =0;
b) X —X—~6= 0
c)x?'.+ 18x + 15=0;
d)x’ ~3x° ~6x +4=0.
6.11. Ching minh (ing dung da thic déi xiing)
2 2 2 3 2
(X} — X2) (X — X3)" (X5 = X3)" =~4p” ~ 27q
Vi X, X5, X3 1a cdc nghiém cua phurong trinh

x3+px+q=0.
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6.12.

6.13.

6.14.

Giai cac phuong trinh
a)x4'—3x}+x2+4x—6=0;
by xt —4x 4+ 3x+2x - 1 =0
c)x4—2x3+8x2+2x+?=0:
d)x* +6x* +6x° - 8=0.
Giasta=1+1.
a) Biéu dién o dudi dang lugng gidc. Tim modun va argumen
clao vao .
b) Viet o va o " dudi dang a + bi.
¢) Biéu dién hinh hoc cac gia tri o va o " véin <8.
d) Chdng minh rang moi s6 phiic z tuy ¥ déu cé thé bidu dién
mdt cach duy nhat dudi dang
Z=X+ya,
véi x va y 13 nhitng so thye.

¢) Chimg minh rang dnhxaf : C > M
X y-
Z=X+yo >
-2y Xx+2y

tir vanh s6 phic dén vanh cic ma tran vudng cdp hai trén-
truomg sé thue la mot dang cdu. Tir d6 suy ra ring tap hop

c4c ma tran vuodng cip hat dang

Xy
-2y X+2y

Tim da thitc véi hé s6 thuc c6 bac bé nhat sao cho:

a) Chia cho (x - l)2 con du 2x va chia cho (x — 2)3 con dir 3x.

la moét trudmg.
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b) Chia cho x* ~ 2x° — 2x% + 10x — 7 condux’+x + 1 va
chiacho x* - 2x” — 3xZ + 13x — 10 con du 2x” - 3.

6.15. Tim nghim hifu ti ciia cic da thikc

a) x> —6xt+ 5x - 14;

B2 43k +6x -4

) x®—6x+ 11x* —x — 18x% 4 20x + 8 ¢
) x>+ '2x_4+ 6x° + 3x2 — 12x — 48.

6.16. Gia sit phan s6.5i gian £ 12 mot aghiem clia da thic
1 phar q

6.17.

6.18.

6.19.

6.20.

106

f(k) =ax"+ an_]xn_l + ... +a, e Z]x}
Chiing minh rang:
a) phagvaqlag
b) p — nq la wéc cia f(m), véi m nguyén; dic biétp — q 1a
udc clia f(1) va p + q 12 uéc cia f(-1).
Ap dung bai 6.16 dé tim nghiém hitu ti ctia da thiic
f(x) = 10x™ - 81x* + 90x” — 102x% + 80x - 21.

Ching minh ring da thiic f(x) véi hé s6 nguyén khéng cé
nghiém nguyén néu f(0) va f(1) déu 1a nhiing s6 18.

Gia sir p(x) 1a da thic v6i hé s6 nguyén va p(x) bat kha quy
trong Z[x]). Chitng minh rang trbng Z[x] néu p(x) \ f(x)g(x)
thi hoic p(x)\ f(x) hosic p(x)\ g(x).

Trong vanh Z(x) chimg minh ring moi da thic khic 0 vi

khdc £1 déu c6 thé viét duge dudi dang mot nch nhilng da
thic bat kha quy.



6.21.

6.24.

6.25.

C e

Dung tiéu chuin Aidenstaing dé tchl’mg minh m’ic da thitc sau
12 bat kha quy trong Q[x]:

a) X —8x + 12x‘2—’6x+3;

b)x SxPaoxa4l; .
) xF +x" 2y +x+1\mpiam®t56ngu‘y.emto
d9x3+3x+1.
6.22. Tim diéu kién cin va dil € da thvic .
f(x)':=x4+px2+q
12 bt kha quy trong Qix]).

. Gia st f(x) = (x — a)) (X — ,3; ... (X — a,) — I Vdi a; 12 nhing

s6 nguyén phan biét, i = 1, ..., n. Chitng minh rang f(x) bat
kha quy trong Q[x].
Cho ay, ay, ..., a, la nhu‘ng s nguyén doi mot khac nhau.
Chiing minh da thic

fx)=(x —a)’(x —ap’... x—a Y’ - 1.
b4t kha quy trong QIx]. |

Hiy chiing mmh dinh li Aidenstaino khi thay vanh s6
nguyén Z boi vanh Gao-xo bt ki va Q béi. trudmg cic

thuo‘ng cua vanh Gao—xd di cho.
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PHAN I1. LOT GIAI VA HUGNG DAN

CHUONG |

1.1.

1.2.

108

CO SO LOGIC TOAN. TAP HOP VA QUAN HE
a) Dong ki hiéu p —>(q —r) 1a moét cong thic vip, q, r la
nhiing cong thic.
q —r lacong thirc.
p —(q —r) la cong thic.
Bing gia tri chan li cia cic cong thic nay la:

Plq|r |por|p>(@—on
ikt 1 LA 1
1 %] 0T 0
11011 ¥ 1
1010 Qs 1
0 FR |11 3 1
oFL{o} 8 1
0 101 1 Po e !
e S 1

bo6i véi cac cau b), ¢) lam tuong tu. .

a) Dé chiing minh dang thic nay ta c6 thé 1ap bang gid tri
chan li timg vé& cua dang thic. Ciling c6 thé chiing minh béang
céach sau day :

Tacé p—>q=q— p. Néu thay p boi u—> v va q bdi w thi
ta dugc ngay déng thic can chimg minh.

Céc cau b), ¢), e), lam tuong tu.



© L3, Ching minh bang cach lap bang gia tri-chan i timg v€ cla
dang thitc. Y nghia cla cac ding thic nay 1a chi cdn hai phép
todn logic 1, A (phép phil dinh va phép hoi) du dé€ x4c dinh
cac phép todn logic con lai.

1.4. a) Bién doi +¢ trdi ta co

(pP—>q)>q=p—qvq
=(pAgvy
=Pvyn@vq)
=(pvqinal
=pvq.

1.5. Bién déi dong nhat:
a)p—>(q-on=pvig—or)
=pv{gvr
=(pvqQvr

=pAaqvr

=(prq)—>r
-Ban doc ty 13p bang gia tri chan 11
1.6. a) Riit gon

[( pPvq )—)(qu))ﬂq E((ﬁ_vq)V(pvq))Aq

=(Pvpvqvaing
=(lvqg)rq
=1laq

Eq.
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BT

L8.

1.9.

1.10.
1.11.
1.12.

1.13.

110

D¢ gidi cac bai tap loai ndy ta chd ¥ rang ¢6 céc dang thic
sau day: '

p>q=Pvq;

pAg=PpV q
D€ giai cac bai tap loai nay can chu y rang cé cdc dang thic
sau day:

p->g=pnq;

PvVqg=PpAq.

Ta c6 pvq=g—>pAagq=p—>q Vi c6 cic dang thic sau
day:
p—=>q=pvq;

P>A=pAg.
Dua vao cic dang thic trén dé giai cac bai tap loai nay.
Lam twong tu nhu bai 1.7.
Lam teong tu nhw bai 1.8.
a) Doi ngucta (pv@Aar R (pAQvr

Phii dinh cha (pv@)Aar Ia pvgar=s(pv@vr
=(paq)vr.

a) Lap bang gid tri chan li ta c6 (pAqy)—>(qvp) la cong

thifc hang ding.

c) Lap bang gia tri chéan Ii cho két qua p — (g Ap) khong la

hing dlng ciing khong 13 hang sai.



1.14.

1.15.

1.16.

1.17.

C6 thé chlmg minh bang cédch lap bang gia tn chan i, ciling
c6 thé dung bién déi déng nhat.

¢) Dua cong thic (pa(p—>q))—>q vé ddng chi chita v,
A taco

(PArlp—>q)—>q=1
Vay coluatE(pafp—>q)) —>q.
C6 hai cich chiing minh. Lap bang gid tri chan H hoac bign
d6i dong nhét. Ta nén bién di déng nhat.
a)Neuchop=1l,q=1lLr=1thi(pvg)>r=1.
Néuchop=1,q=1,r=0thi(pvg) - r=0.
Vay (pv q)— r khong hang ding ciing khong hang sai.
Ta hdy chiing minh quy tac suy luan:

pP294921
I

Cdch 1. Lap bang gia tri chan Ii

P 1 r P=>qiq2r [galp=>ga@—=n)ipalp—ogIa(g o 1) —r
Pl 1 I 1 | 1
1{1{o| 1 | o 0 o
rloftl o | 0 !
1{olo| o | o 0 i
o[t|1] 1 1 0 1
0{t{o] 1 1 0 ]
olojt] 1 | 1 0 b B
olojo0] 1 1 0 1

1H




1.18.

1.19.

112

Cin cif vao bang ta thay khi p, p =q, q ~—>r cling nhén gid
tri 1 thi r cling nhan gid tri 1. Vay theo dinh nghia ta c6 quy
tac suy ludn

pp—2q.q—>r
r

Céch 2. Theo dinh 1i giita quy tac suy luan va luat 16gic ta c6
quy tac suy luan

PP >Gq DT
r

khi va chi khi c6 luat
E((pA(P—=>PA(go D) 1).

Dé chimg minh luat nay, ta ding bién déi déng nhat hoac 1ap
bang gia tri chan li.

Ching minh rang néu cé —i—va‘a %th\l S=T.

That viy do ¢d %nén ta c6 F(T —5). _ (1)
T

Tuong ty, do c6 gnen cOFES =T (2)

T (1)va(2)suyraF(Se T)nghiala S=T.

Pio lai, néu S="Tthi ta ¢ (S 5T) va E (T —8) vy ¢6
S . T |

T S

Gia.sir khong phai 14t ca cdc ménh dé

q =P



92 = P2

dQn = P
déu diing. Ching han ménh dé g, — p; sai, véi mot i nio do.
Diéu nay xdy rakhiq;= 1 vap,=0. Vi p,vp,v..vp, =1
nen phai c6 pj = 1 Vi j # i. Nhumg p; —> q;= 1 nén q; = 1.
Di¢u nay trai véi gia thi€t cac q; bai xich Iin nhau. Vay diéu
gia s trén 13 sai. Nghia 12 tat ca cdc ménh dé g, —p, ding
véimoii=1,2,...,n. )

1.20. Ta ki hi¢u b la khang dioh “Bao ddnh vé& kinh”, b 1a khéng
dinh “Bao khong dénh v& kinh”. Céc chit t, k, ... va phit dinh
cta chiing ¢ nghia twong tu.

Ta viét céc cau néi clia cic em thanh cong thiic -
An: A=bvt
Bao: B=b Ak ;

Tuan: T=KAE=(bv()A (‘BAE)
_ =(BAE)A(ka)=BA_{/\k
bic: D=(AAB)V(AAB)=bv(iak) ;

¥

(Chd ¥ rang (t A k) 14 sai vi theo gia thi€t chi mot ngudi dénh
v kinh). '

Khoi: K=D=bv(ivk)=bA(tAk) ;

Theo gia thiét ba em néi diing. Tir cdc cong thic A, B, T, P,
K ta lap cac hoi bang cédch 4y trong méi hoi ba cong thic.
Trong cdc hoi dé chi ¢6 mot hoi la ding, cdc héi kia sai. C6
ca thay C! = 10 héi c6 thé duoc. D6 Ia:
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1.21.

114

AABATAABAD,AABAKAATADAATAK.
AADAK.BATAD,BATAK.BADAK, TADAK.
Vi cac dimg thic A va T, Bva T, D va T hoi lai cho mau
thuén, nén tir mudi 16 hop chi xét ha:
AABAD va AAnBaAK.

Nhung ta dé thay rang hoi cita B va D mau thuin. Vi vay hoi
duy nhdt ding 1a AABAK . Bé la:

AABAK=(bviDAbaka(tvKi=tabak.

Tit d6 ta két ludn rang Tuén danh vo kinh.
Ta ki hi¢u a, b, ¢, theo thif ty 1a cac ménh dé A, B, C, ndi
diing su that,va ki hiéu cdc pht dinh clia chiing 12 3, b, T.
A c¢6 thé néi ding su that, c6 thé néi khoeng diing. Vi vay 1&i
khai cGia anh ta c6 thé viét dudi dang cong thite

A=@Ab)v(@ab)=1.
Tuong tu, 181 khai cila B ¢6 thé viét

B=(bard)vibac)=1.
C c6 thé néi ding su that, trong trudng hop nay A va B néi
sai, khi d6 ta viét cAdAb. Nhumg C ciing ¢6 thé néi sai,
trong truong hop nay it nhat mét trong hai A hodc B néi
ding. Khi dé ta viét © A{av b). Nhu vay 1&n khai cia C ¢6
thé viét:

C=(cAaab)v(Tafavby=1.

Tacé

AAB:((aAB)v(EAb))A((bAE)V(EAC))EEAI}AE.

AABAC"’(a/\b/’\C)/\((CAaAb)V(CA(aVb)))—aAbAC_’l

Vay A va C néi khong thit, B noi that.
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1.22,

1.23.

B di Ha N¢i, C di Thanh phd H6 Chi Minh, A di Hai Phong,
D di Nha Trang.
Ta diing chir a dé chi ring A 1am dugc bii, céc chit b, c, d, e,
m ¢6 nghia tuong tu. Theo gia thiét ta c6:
anc=0:bac=0;mab=0;aam=0;and=0. (1
Trong nam tuyén (avc), (bve), (mvb), (avm), (avd) (2)
c6 bon 1a ding va mot 12 sai. Vay hoi cia chuing 1a sai.
Tacé:
(avein(bve)=(anb)vi(ane)vicab)vicae) ;
(ave)a(bve)a(mvb)s (cream)v(anb)v(cab):
(aVC)A(bVE)/\(me)A(an)E(a/\b)V(C/\BAm) ;
(avela(bvela(mvb)afavm)a(avd) =
=(anb)vicaeamad)=0.
Vayanb=0.
Ta 14y héi bon trong nam ménh dé clia (2). Cé nam héi nhu
th€ va chi ¢6 mot hoi diing.
Ta da c6
K=(avc)A(bve)A(mvb)/\(avm)z
={anb)vicream).
Cong thitc nay sai vi (aab) = 0, va theo gia thiét chi ¢6 hai
hoc sinh lam dugc bai.
Ta xét P=(aVC)A(bVC)A(me)/\(an)E
s(creamad)v(cabad)
Cong thitc nay cling sat.

Ta xét H=@vcja(mvdiaavm)a(avd)=(cAmad).

- Cong thifc nay ciing sai.

115



1.25.

1.26.

1.27.

116

T=(bvcya(mvbia{favmia(avd)=(damae)
Céng thic ndy ciing sai. Vay cong thic thir nam phai la
diing, tirc 1a

F=(avcia(bvelalavmla(avd)=

=(anc)vicreamad)=1.

Tir d6 suy raaac = [. Vay A va E lam duoc bai.
a) Cau 2" = 1 1a mot ménh dé, cde cau con lai déu 12 nhiing
ham ménh dé.
b) va ¢) Mién diing cia hai ham menh dé "x" = 1" va "x” 2
0" I tap hop tat ca cdc 56 thuc.
dy Mién ding clia ham ménh dé vax® + bx + ¢ > 0" La;
Néu a > 0 thi mién diing chia né 12 tap céc s6 thyc nam ngoai
khoang hai nghiém (néu cé).
Né&u a < 0 thi mién ding cha né 1a tap cdc s6 thuc nam trong
khoang hai nghiém (néu cd). '
e) Mién diing ctia ham ménh dé "dudng thang x song song
v6i dudng thing y" 14 tap hop cdc dudng thang song song véi
dudng thang y.
a) Mién diing chia @(x) 1 {+1,+2,43,%6} .
b) Mién ding cha ¢(x} la tap hop cdc nghiém nguyén cia
phuorig trinh v6 dinh 2x + 6y = 5. Phvong trinh nay vo
nghiém. Vay mién ding cua p(x) la &.
¢) Mién diing ciia o(x) 13 1@ap cdc diém nam trén dudng tron
don vi trén hé truc toa d¢ Dé-cdc.
a) “Néu x chia hét cho y va y bang z thi x chia hét hét cho z"
b) "Néu x khong 1a s6 nguyén t6 va x khong la 56 1€ thi x
chia hét cho 2."



1.28. Chimg minh theo dinh nghia ctia mién diing ctia hAm ménh dé.
1.29. a) Mién diing ciia ham ménh dé
Q(x) v y(x} v 8(x) & hinh 3

R ¢ o4

ot

b) Mién diing ctia him ménh dé
©(x) A y(x) A B(x) 12 hinh 4

¢) Mién ding cta ham ménh dé
[o(x) A y(x)] v O(x) 12 hinh 5 Hinh 4

‘/ %// ) C ANhE

7

Hinh 5 _ Hinh 6
d) Mién diing ctia ham ménh dé [o(x) v y(x)] A O(x) 12 hinh 6

17



1.31.

1.32.

1.33.
1.34.

118

e) Mién diing ctia ham ménh dé
[p(x) = w{x)] A B(x)1a hinh 7

Hinh 7
f) Mién diing cia ham ménh dé
lp{x) = w(x)] v B(x) la hinh 8

Hinh &

a) “Véi moi s6 thuc x, [x] = =x”. Ménh dé nay sai.
b) Tén tai s6 thuc x sao cho [x| = —x”". Ménh dé nay ding vi
wntais60 € R, [0j=0=-0.

a) Ménh dé nay c6 thé viét nhu sau
(Ix eR) [(Vy e R)lyx =y)].
Ménh dé nay ding vil € R, véimoi sé thucycd L.y =y.

aA)(Vx eR, vy eR, Vz e R)((x +y)z=xz+ yz).
a) Phii dinh clia ménh dé
(VxeR, VyeR, VzeR)x+y=2z)la



1.36.

1.37.

(dx eR, 3y eR, 3z eR)(x +y #£2).

Gia sit A € ALA,,.., A} Neu A, khong chita tap nao
con lai thi A, 1a tap cin tim. Néu né chira A, ta lai lap
luén nhu vdi A, . Ta s& duoc mét day giam

A, DA DA DDA D (h

Day khong vo tan vi chi c6 moét s6 hitu han tap A;.
Diy (1) phai dimg, nghia 1a c6 it nhat mot tap A, khong
chia mot tap nao trong c4c tap con lai.
Ta c6 the dua ra cdch giai khdc (quy nap theo n).
Hién nhién ding cho n = 1. Gia st ding cho n — 1 va A 1A
tap khéng chia tip A  ndo, i = 1, ..., n — 2. Xét quan heé giita
haitaphop A, va A, Ta c6 hoac

A cA, ), viy A 13 tap cdn tim; hoiic

2) Apo < A, vay A, 12 tap cdn tim; hoac

A A vaA L ZA
Vay ta ¢6 A 1a tp cdn tim. Néu trang bi cho tap hop

{Aj.., Ay} quan he thi tir 1a quan hé bao ham thi bai todn
¢ thé phat biéu dudi dang tim phan tir t6i tiéu. Ta ciing c6
thé phét biéu bai todn bang tim phan tir 18] dai. Téng quat

hon, ta ¢6 thé xét mot tap hop gom n phan tr sap thit tr va
tim phén tir t6i tiéu hay t6i dai.

Giast BCA Néux e Bthix e Avax ¢ A —- B do vay
X€A~(A-B).Gidsux €A - (A-B),nhuvay x A vi
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1.38.

120

x ¢ A —Bhay x €A v {x ¢ A hodc x € B}. Khong thé xay
rax ¢ A nén chicon laix € B. Vay c6 dang thic

A-{A-B)=B.

Bay gid gia st A — (A — B) = B. Hién nhién c6 bao ham thiic
A-1A-B)c AnénBc A. _

a) Gia sit X = {X|, Xp,...,X, | 14 mot tap hop gom n phén tir va
1<r<n. Ta xét ddy (sdp thit w)(x, ,X, ,....X; ) nhimg phén
tr ciia X doi mot khac nhau. C6 bao nhiéu cdch lua chon cac
phén tir x; thi c6 bay nhiéu day ké tren. Trtée hét véi x; ta
c¢6 n cach lya chon tir n phan tir cta tap X. Véi x; (#x; ) co
n -1 cach chon tir n — 1 phan tir cua tap hop X, = X - {xil }
sau khi da ¢6 dinh x; r6i. Véix, ¢ n —2 cich chon tirn -2
phan tr cua tép hop X, = X|— {xil} sau khi ¢6 dinh x;
vax, ... Cudicing véi x, c6n—r+1 cach chontirn—r+1

phin wrctatiphop X, =X, — {x. }

Vay c¢6 tit ca n(n — 1)...(n — r + 1) cdch chon day
(X X, 00 X ) - (1)
Bay gio gia str {x..l S o } ' (2)

1a mot tap con cda X gém r phan tir. Khi dé véi méi hodn vi
cha (2) ta dugc mot day (1). Nhu vay vdi méi mot tap con (2)
cua X tacor!day (1). ,
(r!1=1.2...1). Dodé sS bo phan cia X gém r phan tir 1a
n(n—(n-2¥=(n-r+1)  n

r! (n—r)!r!'




b) Dat C' 1a s6 tap con gém r phan tir cia X. Khi d6 ta ¢6

T n! . . N 0 n! .
Cl = ——véi quy uéc 0! = 1. Pbat C =——=1, khi |
(n—r)tr! n!o!
dé6 s6 cdc phan ti cua #AX) sé la
0 [
Ch+Cy+...+C) =
n! n! n! n!

=ttt +..+
0'nt I{n-D! (n-r)'r! n'0!
1.39. Biéu dién hinh hoc tap A x B véi
A={xeR|Il £x = 3}

v

(A » B |4 phfn ¢6 gach chéo}
Hinh 9
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b) Z x Z 12 tap hop cic diém c6 toa d6 nguyen

M = (a, b), a va b thuéc Z.

Sl S S S T
Lol SR SHEES SH SHE SR SR
+ e+ 4
& e EN e 4 & .
37 ) -t 0 i 2t 37 i
Lol R S SH SR SR SR
Ao G S R S T
+ 4+ 4+ o+ 4+ <+ 4
Hinh 10
1.40. Hinh &nh hinh hoc ciia tap hop X 1a dudng gach dam trong
hinh 11.
o
]
|
|
: >
0 [ .
Hink 11

22



1.41, Cac chitng minh 12 hién nhién.

1.42. Tap hop X khong phai la d6 thi cia mét &nh xa nao tr R dén
R vi néu nd 1a d6 thi cha mot dnh xa f : R —» R thi cap

(-1, f(-1)) e X, nhung cap nay khéng phu thudc X. Ta cling
c6 thé xét hai cap (1, 1) va (1, 2) ching déu thuoc X; Nhu
vay, tuong ing véi 1 [ hai phan tir 1va 2, (rdi véi dinh nghia
cta anh xa. '

1.43. Tacé anh xaf: R — R cho béi quy tic
1x néux < 9
f(x)= o
0 néux = 0
nhan G = {(x,x) | x <0} {(x,0) x >0} 1am dé thi ctia né.
Hinh anh hinh hoc ¢tz G 14 dudng gach = trong hinh 12.

Hinh 12

1 g . T
1.44. Tap G = {(x, -——l)|x €R, x #1} la do thi cua 4nh xa
X_
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f:R-{l} >R

X ——
Xx-1
Hinh anh hinh hoc cta G 1a mot hyperbol (h. 13)

I 3

14----

Hinh 13

1.45. a) Chimg minh f(A U B) = f(A) U f(B).
Gia sty € f{Aw B). Khi d6 tén tai x € AW B sao cho y = f(x),
nhu vay ton tai X €A hoac x €B sao cho y = f(x) hay
y =f(x) efiA)hoacy = f(x) ef(B) tic lay € f(A) U f(B).
Dao lai, gia sty €f(A) Uf(B) khi d6y ef(A) hodcy f(B)
do d6 ton tai x €A hodc x €B dé y = f(x) hay tén tai
Xx e A UBdéy="1(x), viy y e f(AUB).
Tém lai ta cé déng thitc f(A U B) = f(A) w f(B).
b} f(ANnB)c f{A) N {(B) (1N
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1.46.

Gia stiry € f(A n B) khi d6 t6n tai x € A B sao cho y = f(x).
Nhir vay tén tai X € A va X € Bsao cho y = f(x). Tir do suy ra
y ef(Ayvay ef(B) tiic lay e f(A) nf(B). Vay ¢6 bao ham
thuc (1). Khong c6 bao ham thite nguoc lai véi moi f.
Chang han f: Z->2

n—f{n)= ‘n‘

A 1a tap hgp cdc s6 nguyén duong ;

B la tap hop céc s6 nguyén am
ANnB=CZnénflANB)=.
f(A)=N"

f(B)=N" vay f(A) N f(B)=N"#£ 2.

Ta ¢6 thé chiing minh duoc ring bao ham thitc nguoc lai clia
(1) xay ra néu f 1a mot don anh.
Céac bao ham thitc va dang thitc ¢dn lai chitng minh tuong tu.
Ta 1an luot xét cdc trudng hop: N
Neéu n = 0 thi f 12 anh xa dong nhat, do d6 f 1a mot song dnh.
Néun =1 thitacé f(0) =1

f(l)y=2

fk) =k +1
Truong hop nay f 1a moét don 4nh nhung khong toan anh vi 0
khong c6 tao anh. Néu n > 1 thi f 12 mét don dnh nhung ciing
khong la toan anh vi trong trudng hop nay n + | khéng cé
tao anh. Thét vay, r6 rang n + 1 > n nén né khong thé 13 anh
cta nhing s6 k < n. (f(k) = n — k). Nhung néu c6 s6 k > n
ma f(k) = n + | thi ta phdi ¢é dﬁng thicn +k =n + | man
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X néu y € f(X)

V=5 "
s {x” néuyey,

s r?‘*ng Y e X, gf(x)=g{f(x)) =x = 1(x), vay gf = I
Daolai, gidsrg : Y - X saocho gfz Ix. Do 1 1a mét don
anh nén theo bai tap 1.47 suy ra f 1a don dnh.

1.49. Gia st f : X —Y a4 mot toan 4nh khi d6 v6i mdi y €,
f '(y) # @. V6i mdi tap f_}(y) ta co dinh hod mot phan ur x,
(f(x,) = y). Khi d6 ta cé mot anh xa ‘

g:¥Y > X

Yy X,

thoa min

fa(y) = flx,) = y = 1y(y).
Vay fg = 1.
* Ban doc chii y diéu nay: Thyc ra, dé cé dnhxag: Y — X
ta phai st dung tién dé chon.
Paolai, nfucé g: Y — X sao cho fg = 1y thi theo bai tap
1.47, [ 1a mot toan dnh, vi 1y 142 mot toan dnh.

L.50. a) Gia st f 1a mot don dnh va fg = fg' khi-dé v6i moi v eV,
gf(v) = fg'(v) hay f(g(v)) = f(g"(v)). Do f 12 don 4nh nén
gv)=g(v). Vay g =g
b) Néu f khong la don anh (di nhién khi d6 X ¢6 nhiéu hon
mot phin wr). Gid sit x; va x, thuoe X, x; # x, sao cho
fix;) = f(x,). Xét tap hop V = {1, 2} va hai 4nh xa

gVv-oX va g'v-oX
I X 1+ x4
2P X, 2 x,
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1.51.

1.52.

1.53.

128

fg(1)y = fg' (1) =f(x))
fg(2)=fg'(2)=f(x;).

Vay fg = fg'. Theo gia thiél ta phai ¢6 g = g'. Mau thuan nay
chiimg t6 f phai 1a mot don 4nh.

-

drang g # g va {

Gia str f 14 mot toan 4nh va hf = h'f.
Gia sity €Y 12 mot phén tir tuy ¢, khi-dé vi f 12 toan dnh nén
tén tai x € X sao cho f(x) =y, do do

h(y) = hif(x)] = hf(x) = h'f(x) = h'(f(x)} = h'(y).
Vayh=h' -
Dio lai, gia sir f khong 12 mot toan 4nh, tic 1 ton tai y, € Y
ma '(y,) = @. Pat X = {1, 2} va xét hai dnh xa

h:Y >2Z

y i
h':Y »Z
R(y)= {l neu T
2 néuy =y,

rd rang b’ # h va hf = h'f. Theo gia thi€t, h = h'. Méu thuan.
Vay f phai 12 mét toan anh.
Giastf:X - Y vag: X —> Z1ahai song dnh. Vi f [a mot
song dnh nén ton tai f '+ Y —>Xkhidé f ' ciing 1a mot song
4nh vivta cé tich gf | : Y — Z [a mot song anh.
bat p : G-X.

(X, y) > X

Gia st p 1a mot song dnh, nghia 1a p((x, y)) = p((x, ¥y khi
vi chi khi x = x' vd y = y"; va p 1a mot toan dnh, diéu nay ¢



nghia véi moi x €X tén tai (duy nhét) (x, y) €G sao cho
p((x, ¥)) = X. Vay theo dinh nghia thi G 1a d6 thij cia 4nh xa
f: X >Y, fix)=yvdi(x,y) €G.
Bay git gia sir G 1 dé thi ctia mot 4nh xa tir X dén Y. Nhu
vay trudc hét p phai [a mot toan dnh. Néu (x, y) va (x’, y) € G
ma p{(x, ¥)) = p({x, ¥)), vi p{(x, y)} = x va p{{x', ¥')) = X' nén
x =x',dodé y =y. Viy p 1a mét don 4nh. Viy p 13 mot
song 4nh.

1.54. a) Hién nhién.
b) Hién nhién.
c)Gidsiix €B N (UA, ) khidé x eBvax € UA,, nhu vay
Xx eBvax €A v6i motiynaoddchal, x eBNA, dodo
X € _UI(Bm A)). Pao lai, gid sir x ¢ u{(Bm A.) khi dé
Jige Tdéx eBNA, hayx eBvax e A, dodéx eBva
X € .UIA'.‘
Vay x eBr‘\(_u[A..)
d), €), {) chiing minh tuong tu nhu ¢).

1.55. Ta hay chitng minh d).

Gia su 'xef"(n]Bj), nhr vdy f(x)enB;, suy ra
. i€l .

f(x)eB;vdi moi j €J nén xef'(B;) v6i moi j eJ hay

XE mf"(BJ).
jed

Nguoc lai, néu x € qf_l(Bj-) thi x e f™'(B,)vé6i moi j €J hay
_ 1€

f(x) e B; véimot j €], dodé f(x)e (‘}(Bj).
i€
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1.56.

1.57.

130

Vay xef'(nB))
. i€l

a) Xét anh xa ¢: Hom (X,Y) > Y~
f - (f(x)),x
Ta cé ¢ 1a mot song dnh. That vay, gia su f, g e Hom(X, Y)

ma §(f) = §(g), thi (Fx)), e x = (E(X))x e x» do vay f(x) = g(x)
v6i moi x €X hay f = g, tiic 1a ¢ 12 mot don 4nh. Gia sk

(), c x 12 mot phin tir bat ki clia Y™ khi d6 c6 anh xa
f:X—>Y
X >y,
thod man $(f) = (¥, ),ex - Vay & 12 mot ton dnh.
b)Pat Y = {0, 1}, v6i méi A c X ta xét dnh xa sau
1 néuxeA
0 néuxeX-A
Khi dé c6 mot song anh tir AX) dén Hom(X, Y) cho bdi:
¥ P(X) - Hom(X, Y)
APy,

Lot X Y, xA(x)z{

¢) V1 Y c6 hai phan tir va X cé n phan tir nén Y* ¢6 36 phan
tir bang 2", do dé theo a) Hom(X, Y) c6 2 phén tit; theo b)

F(X) c6 2" phén i

a) Xét quan he R <X’ cho bi (x, X)) €R khi va chi khi
f(x) = £(x), hay x R X' & f(x) = {(x).
Vi f(x) = f(x) nén xRx vdi moi x € X.

Gia sit xRx' nghia Ia f(x) = f(x") hay f(x) = f(x) nhu vay c6
x'Rx.

9-BT DAISO BCB



1.58.

Néu xRx’ va x'Rx" nghia la f(x) = f(x") va f(x") = f(x") thi
f(x) = f(x"), do d6 xRx". Vay R 1a mot quan hé twrong duong

b) f dugc cho béi quy tic saa F(C(x)) = f(x) .

Quy tic nay khong phu thudc vao dai dién x ctia 16p C(x).
That vay, gia st C(x) = C(x") tic 1a xRx" hay f(x) = f(x") thi

f(C(x)) = f(x) = f(x") = F(C(x")) .

Véi moi x € X c6 f(p(x)) = f(C(x)) = f(x), vay f =fp.
¢) fla mot don 4nh vi néu F(C(x)=FCKx e 1a
f(x) = f(x") hay C(x) = C(x'). Bay gi0 gia st f 14 toan anh,
nhur vay v6i moi YE'Y t6n tai x € X sao cho f(x) = y. Déng

-thoi ta ciing cé C(x) % sao cho T(C(x))=f(x)=y. Vay

f 1a mot toan dnh, va do d6 né 1a mot song anh.

a) S 1a mét quan hé tuwong duong vi:

Véimoi (a, b) e X c6ab=ba nén (a, b) S(a, b).

Gia str (a, b) S (c, dy khi dé ad = be hay cb = da. Dang thiic
cubi cing ching t6 (c, d) S (a, b). Bay gio. gia su
(a, b) S (c, d) va (¢, d) S (e, ). Khi d6 c6 cdc dang thic
ad = be va cf = de. Tir d6 suy ra adf = bef va bef = bde hay
adf = bde gian uéc cho d ta dugc af = eb. Vay (a, b) S (e, f).

b) Anh xa (p:Q;)ZXN%
P9
q
véi (p,q) 1A 16p nrong duong ciia (p, q) theo quan hé S, I

L , (ZXN.‘)
mot song anh tir Q dén R
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1.59.

1.60.

1.61.

132

a)S={(x.y) €Z?|x +y1&}

khong phai 1a d6 thi cia mot dnh xa tr Z dén Z vi ta co

(x, x+ 1y eSva(x,x+3) el
b) S khéng 6 tinh chit phan xa vi x + X = 2x chin cho nén
(x, x) S. Do d6 S khéng phai 12 mot quan hé thit t va cling
khong phai 1a quan hé tuong duong.

Néu S = {(x, y) €Z° | x +y chdn} thi S ciing khong phai 1a
y y g P

d6 thi cia mot 4nh xa tit Z dén Z vi (x, x) e Sva(x, 3x) €5,
véi x 12 mot s6 nguyén bat ki.

S khong phai 132 mot quan hé thi tu vi ta ¢ (x, 3x) €S va
(3%, x) € S nhung véi x #0 tacd x # 3x.

S 1a mot quan hé tuong duong vi véi moi x € Z, 2x chan do
dé (x, x) €S. Néu (x, y) €S uic 12 x + y chan thi
y + X (= x + y) chan hay (y, x) €S.

Cuéicing néu (x,y) eSva(y,z) eSthix+ychianvdy +z
chan tir d6 suy ra x + z chan, vay (x, z} €8S.

a) D& chimg minh S twong dwong ta chi can ching minh S c6
tinh chat d6i xing vi bac cdu. Theo cich xay dung S, 6 rang

néu X Sy nghia 12 ¢6 x| =X, Xy, ..., X, = y sao cho x; T x5,
Xs T X3, ..oy Xp— T X, thi vi T 12 d6i x{ng nén ta cling co
X, TX,—yy -.n X3 T Xy, X5 T %y Vay y S x, nghia 1a § ¢6 tinh

chét d6i ximg. Bay gid, gid st x Sy va y S z, khi d6 t6n tai
X =X, X3y .0, Xy = Y VAY] =Y, ¥ -0 ¥ = 2 820 cho

Xi TXg oo Xp T, vaY Ty oo Y1 T Y- K€t hop lai ta



1.62.
1.63.

€O X| =X, X2, .o Xy ¥15 Yaeus Yo = 2 thod man x; T X5, ..,
X1 T X Xy Tyy, ooy Yimy Ty, Vay X Sz hay S ¢6 tinh
chat bac cdu. Hién nhién ta c6 T < S theo cich xay dung S.
by Gia sit H- < X* 1a mdt quan hé tuong dﬁong sao cho
T cH. Ta s€ chiing minh § < H. That vay gia sit (x, y) €S
hay x Sy nghia 12 ton tai x; = x, X5...,, X, = y sao cho
(x) T X9 X3 T X3, ..y, Xpoy T x,). ViT cH n_éﬁ ciing ¢6
x; H x5, X H x3, ..., x,—( H x,,. Do tinh chét bic ciu ctia H
suy rax; Hx,, hay x Hy, vay (x,y) eH, hay S cH.

S la mot quan hé tuong duong trong X.

a) S khong phai 1a mot quan he tuong duong trong X vi néu
ta ldy P = O thi véi hai diém P, va P, bét ki clia X ta luon c6
O, P;, O thing hang va O, O, P, thing hang tic 1a c6 P,S O
va O S P,, trong khi d6 chua chic O, P,, P, thing hang hay
chua chic ¢6 P; S P, (c6 thé chon P,, P, sao cho P,O L P,0).
b) S 1a mot quan h¢ twong duong trong X' = X ~ {O} vi moi
P €X'taluon ¢6 O, P, P thing hang hay PSP. -

Néu P S P' nghia 1a O, P, P thang hang, suy ra ngay P' S P.
Bay gi0 gid sit P S P' va P' S P" nghia la O, P, P' thing hing
va O, P, P" thang hang. Vi P, P, P" khac O nén suy ra P va
P".cling nam trén dudng thang OP'. Vay P S P".

Ki hieu X)X 1a tap hop cic 16p twong duong ciia X' theo

~ quan he S ta c6 méi I6p cha )% 12 tap hop céc dudng thang

di qua gdc toa do O tnr diém O.
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1.64.

1.65.

1.66.

134

a) Hin nhién véi moi x eX, xS xvixSx.Giflsf-IxS_ly
vay-ST x khid6tacé y S x va x Sy, do tinh chat phin ximg
cha Snénsuyrax =y. Bay gid gia suxS | yvay €S | zco
nghlazSyvany,domhchﬁlbacciucuaSsuyszx
vay X s'z
b) Dua vao két qua ciu a) ta chi cdn chimg minh néu S c6
tinh chat d6i xing thi S™' cing c6 tinh ch4t d5i xing. That
vay gia sirxS_I y nhu vy cényvidei xmgnén x Sy
doddy S'x.
ViS#{(x,x)]x €X} nén 3(x, y)eS X#Y. (*)
Do tinh chat déi ximg cha S nén (y, x) €S. Néu S 1a mot
quan hé thit tu thi ta phdi ¢d x = y. Diéu nay trii vdi (*).
Hién nhién S c6 tinh chét phan xa. | _
Gid st (31, @, ..., ag) S (by, by, .., by) ()
va (by, by, ..., by) S(ay, 8y, ..., 8y). ()
Né&u (aj, ap, ..., a;) # (b, by, ..., by), theo (1) c¢6 mot
ii=1,..,n)saochoa, =b,a,=b,, ..., 8 =b;, 4 <b,
theo 2)cé6motj(j=1, ...,n)saochob; =a,a,=by, ...,
b1 = aj;, bj < a;. Nlnmg hai diéu d6 khong déng thoi xdy ra
dugc. Vay (as; 2, ..., a;) = (by, by, ..., by), S ¢6 tinh chat
phan d6i xing. .
Gid slt(a;, a5, ..., a,) S(by, by, ..., by) va

by, by, ... b)) Sy, Cp, -nn )
Néu (a,, ay, ..., ;) = (by, by, ..., by) hay

(by. by, ..., by} =(€q, €3, ..., €,) thi suy ra ngay



1.67.

1.68.

(a), 2z ...,a) S(cp, €3, ..o ).
Bay gio gia sit (a, aé, o) S(by, b,y .. b)) va
@, 8, ..., a) # (by, by, ... b);
(b, by, ..., b)) S(cpr €y ..h €y VA
(b, by, ..., b ) #(cy, €y, ..0h €
Khi dé tén tai cdc chi sd i va j sao cho:
a;=by, .., a. =b_;,a <b;

bl=C], b !—CJ_],b'<Cj.

néui < ‘]thi a; = b] =Cp -8 = bi‘] =Ci—1: 8 <bi s¢
Vay (ay, ay, ...,a,) S{¢|, ¢5, ..., C).

Néui>jthia!=bl=cl,.. J[----b._|—c |,aj=bj<Cj.

i

Vay(a;, a3, ...,a,) S(c|, €5, ..., )

Tém lai trong ca hai trisdng hop ta déu c6
(a, ay, ..., a,) S (¢q, €3, ..o\ ),

do vay S cd tinh chit bac cdu.

Dé chlmg minh S 12 quan h¢ thi v toan phin, ta dua vao tap

N véi quan h¢ < 1a tap sap tnt tu toan phdn.

a) Theo céch xdc dmh quan h¢ S ta thiy ngay S cé tmh chat
phan xa

Gia sung va g S f nhu vay f 13 mé rong cuagvag]a mé
rongciafnénf=g

Giastrf S g va g Sh. Ching han ¢6

le] —')Y.,g:X2 —)Y,Xl Cszz‘ng =f
. |
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1.69.

h: X; =Y, X, cX;va h x —g

Khi d6 ta ciing ¢ h’x = f vi v6i moi x thuoc X,
1

h(x) = g(x) = f(x).
Viy S ¢6 tinh chat phan d6i xing va bac cdu. Do dé S 12 mot
quan hé thar fu.

b) Ta gia st X # &J. Néu Y ¢6 mot phan tr y thi &(X, Y) ¢6
phén tir 16n nhat 1A danh xa £: X —> Y ={y}
Vx e X,y=1(x)

va phdn tir bé nhat 12 4nh xa ¢ .

Néu Y ¢6 nhiéu hon mot phin tir thi méi anh xaf: X Y
déu 1a phan tir t6i dai v mdi dnh xa tir tap {x} dén Y déu la
phan tr t51 tiéu, x 12 mot phan tir tuy ¥ cha X, néu ta loai trix
dnh xa réng trong tap (X, Y).

Gia sira € X 12 phén tlr bé nh4t clia tap sap thit tu X, nghia la
a<xvéimoix eX. Gidasuringy < a )
véiy eX, taclingcéa <y. - - (2)

© it (1) v (2) suy ra y = a. Vay a 12 phdn tir t6i tiéu. Néu a, va

1.70.

1.71.
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4, 12 hai phan tlt bé nh4t cia X thi ta c¢6 cdc quan hé a, < a,

Vaa, € aysuyraa; =a,.

Gia x X la w@p sap thd tu t6t. VGi hai phan tir bat ki
x.va y thuoc X; X, y} c6-phan tr bé nhdt, nhy vay hoic X fa
phan tir bé nhat thi x < y, hodc y la phan tor bé nhit thi
y < X. Tire 1a cap x, y 1a so sanh duoc.

Vay X 1a tap sap thif tu toan phén.

Dua vio tinh chét sap thit tir t6t ctia tap N dé chitng minh.



CHUONG Il NUA NHOM VA NHOM

2.1.

2.2,

X 1a nita nhom vi voi moi x, v,z € X
x(yzZ) =Xy = X;
(xy)z=xz=x
Vay x(yz) = (xy)x.
Néu X ¢6 nhiéu hon mot phﬁn wr thl X khong giao hoan va
cling khong ¢6 don vi.

Gia s trong nira nhém X ta cé ab = ba. Truotc hét ta chiing

minh véi moi s6 tu nhién n21, ab” = b"a. Chiing minh quy
nap theo n. That vy, v6in = 1 theo gia thiét ta ¢6 ab = ba.

Gidsitm=n - 1, ab™ = b™a hay ab"™ ' =b""'a,
Khi d6 ab" = a(b™ 'b) = (ab™ )b = (b" 'a)b
= b"_i(ab) =b" '(ba) = (b" 'bja = b"a.

Bay gid ta ching minh (ab)” = a"b" quy nap theo n. That vay,
vGin=1tacd ab=ba.

Giasltvéim=n-1tacé (ab)" =a"b" hay
_ (ab)n—l — an—lbn—]
Khi d6 (ab)" = (ab)™ }(ab) = (a" 'b™ )(ab) = a" ' (b" 'a)b
=a" (ab" b= @ a)b" ' b) = a"b".
Néu (ab)” = a’b” chua thé suy ra ab = ba.

Chang han, ta xét nlta nhém sau: Cho X 12 mot tap wy ¥ ¢6
nhiéu hon mét phan ti v6i phép todn xy = X v6i moi X vay
thuoc X.

Néu a, b eXsaochoa#btacéaz=a,b2=b, ab = a,
a’b’=aneén (ab)’ =a’b’ = a, nhung ab=a # ba = b,
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2.3.

138

Tuy nhién, néu x 12 mdt nhém thi tir (ab)2 =a’h’ ta suy ra
dugc ab = ba. Tir ding thiic (ab)” = a’b’, nhan ca hai vé véi
a ' vében irdi vab ' vé bén phai thi ta c6 ba = ab.

a) Ta chimg minh wong g (a,b)+> a+ b khong phu
thudc vao cdc dai dién a va b clia cdc 16p a, b. That vay, gia

sit a=2a' nghia 1A a — a' chia hét cho n va b =§nghia la

b~ b’ chia hét cho n khi d6 ta ciing c6 (a + b} — (a' + b') chia

hétchonvay a+b=a'+b'. _ _

Viy tuong tng trén 12 mot 4nh xa tir X* dén X.

b) Ta ki hiéw phép todn hai ngdi trén 14 + , ta co
a+b=a+b . Véi phép todn nay X 1a mét vi nhém.

That vay

(;+5)+E= atb+c= {a+b)+c¢c =

= at(btc) =a+ btc =a+(b+0),

60 eXsaocho O+a=0+a =a viimoia, b, ceX.

c)Gidsit a=a' va b=b'nghiala a—a vab - b’ chia hét
cho n. Khi dé (a — a')b' + (b ~ b)a chia hét cho n. _
Tir 46 suy ra ab — ab’ + ab’ — a'b' = ab — a'd’ chia hét cho n.

Vay ab=ab ta ciing c6 X [d mot vi nhém véi phép todn

nay. Thit vay, véimoi a, b, ce Xtacéd

a(b c)=a(bc) = a(bc) = (ab)c = ab.c = (a b)c va




a=
Ngodiratacéab=ab=ba=ba.
ad +bc

24. aj) Ta chiimg minh tuong ing (%,%) - 12 mot anh

xa tir X° dén X. That vy, néu 2 =2 1 £

b b d

vacd =dc’ suy ra ab'dd’ = ba'dd’ hH
cd'bb' = debb'. . @

Cong tir v& cia (1) va (2) ta dugc

adb'd' + beb'd' = bda'd' + bde'b,
ad+bc _a'd+b'c
bd  bd

bypat 2452294 s
b d bd

=5 thiab =ba'
dl

do dé

E+£;ad+bc_cb+da_c a

d bd db
ad+bc e
Y+

+

4

g b g

- (ad)g +(bc)g +(bd)e _ a(dg)+b(cg)+ b(de)
(bd)g . b(dg)

_ a(dg)+b(cg+de)=i+-cg+de _a ¢ e

ZH(Z+5)
b(dg) b dg b d g

a ¢
G*3

. . 0 . . 0 a Ob+a a
vitaco —e Xthoamin —+—= =—,
1 1 b 1b b

Vay véi phép toan “cong” nay X 1a mot vi nhém giao hodn.

139



¢) bat BLE_2 khidowi2=2wi-%
b'd bd b b d d
thi ab' = ba' va cd' —dc" '
suy ra acb'd’ = bda'c’ hay ac_ac
.bd b'd
bd bd o
. ac a <ca cd
Taciingcé —.—=—=—=—.—;
bd bd db ab
E(EE) g_ce_a(cc) (aC)e_EE_(E E)E
b'd'g bdg bdg) (bdlg bdg bdg
> eX(b EN*)thoaman P—_E:EC__C
bd bd d

2.5. a) Véi moi o = (ay, 2y, ..., ay), § = (b} + by, ..., b,) va

¥ = (¢, € ..y €) thudc N" ta ¢c6

(a+P)+y =l(a;, ap .., a) + (b + by, ... byl +(C1+‘32a-
=({a;+b,a+ by, ...,a, +b ) +(c; +¢y, ..., cn))
=((a; +b) +c, (@ +by)) +cy, ., (@, + b)) + )
=@, + (b +cp)+a+(by+cy), ., a, + (b +¢))
= (a), 8y, .y a,) + (by + €], by + Coy oy by + )

=(ay, 8, .., a,) +[(b; +by, .., b)) +(c; + ¢y, i )]
=g+(P+7v).

a +ﬁ = (als 32, veey a-n) + (b1 + b2, - bn)
= (a] + b], 3.2 + bz., ey Ay + bn)
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2.6.

= (bl + al, b2 + 32, ee g bl’l + an)

= (b] + bz, . bn) + (al., Azy ey an) =B+a .
Day 0 = (0, 0, ..., 0) e N" thoa min
O+ a =(0,0,...0) + (a,, &2, cna)=1(ay, ay, ..,a,} = .

Vay (N°, +) I mét vi nhém giao hoén.

b) Gia sit o ={(ay, ay, .., a,) va B = (b; + b,, .., b,) sao cho
o < fBvay =(c +cy .., c,). Khi d6 hodac o = B, nhu viy
oo+y=B+v; hodc a# Pfthitdntaii (i = I, ..., n) sao cho
ay=bj,ay=by, .., a;=b_;,a<b. Khidda +¢,=b, +¢,,
aG+Cy=by+ 0y na g+ =b o vag +¢<b tc,
Vaya+y=0+y.

bDoi vé tap hop X = {a, b} gém hai phdn tir c6 mot bang
toan duy nhét sau khi d& chon phéan tir ndo ctia X 1a phén tir
don vi dé né lap thanh mot nhém

¥ lal|b
alalhb
b| bl a

Dsi véi tap hop X = {a, b, c} gém ba phén tir, c6 mot bang
todn duy nhat sau khi da chon phan tir don vi, dé né thanh
lap moét nhém '
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2.7.
2.8.

2.9.
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Pay 12 21 vi du quen thuéc vé nhém va nhém con.

Do X # & nén ¢6 mot phan tira € X.

Theo gia thi€t ta cé aX = Xa = X nén suy ra a € Xa, nghia la cd
phin tire € X sao cho a = ea, ta hdy chimg minh véimoi x € X,
ex = x. That vay do aX = X nén ¢ x, € X sao cho x = axy, suy
ra ex = e(ax) = ax, = x. Gid str x € X 12 mét phén tit tuy ¥, do
¢ € Xa nén ¢ mot x' € X sao cho e = x'x. Vay tacd X la mét
nhém (theo mot dién kién tuong duong vdi dinh nghia nhém).
Pio lai, n€u X 13 mot nhém thi hién nhiéntacé aX =Xa=X
vl moia € X.

Hom(X, X) la m6t vi nhém vi phép nhan dnh xa c6 tinh chat
két hgp va anh xa dong nhét coa X déng vai trd phan tr don
vi. Song néu X c¢é nhiéu hon mot phian tir thi Hom(X, X)
khong 12 mot nhém vi ciac dnh xa khong phai 1a song éanh
khong c6 nghich dao.

Tich clia hai song 4nh tir X dén X 1a mot song dnh tir X dén
X, va phép nhan dnh xa c6 tinh chit két hop nén S(X) la
mot nita nhém v6i phép nhan dnh xa. Anh xa déng nhat 1y
cia X la mot song dnh nén 1y eS(X) va cudi cing néu
f e S(X) trc 1a f 1a mot song anh thi f cé anh xa nguoc
' eS(X) va ff | = 'f = 1. Vay S(X) Ia mot nhém véi
phép nhan dnh xa.

Gia st X = {X{, Xp, ..., X,} c6 n phén t. Véi mdi hodn vi
(X . X > %, ) cla X ta ¢6 mot song dnh f : X —X xdc

dinh bdi f(xj)zx..],j =1,..,n

Pao lai, v6i mbi song dnh f: X X, (f(x)), f(x3), ..., fix,))
cho ta mot hodn vi cua X.

Viy s6 phdn tir cha S(X) bang s6 hodn vi cha n phén tir, s6
dé bang n! hay cip S(X) bang n!.



2.10.

2.11.

2.12.

Tacé a* = e véi moi a € X. Vaya=a ' Véi a va b tuy ¥ thude
X, tac6 (ab)> =ab. ab=¢, trd6ab=(ab) ' =b 'a ! =ba.
Pat X = [1x; = {(x)ieg | x; € X;, i€}
Giaslt a=(%,)ie» B=¥ )it » Y=(2,),, tacéd
(o6, BYY = [(X )i (¥ )i W2 )i

= (%Y )i (Z0iar = (X¥1)2))i)

= (X(¥iZidia = XDia(¥iZ0ia

= (X hal¥idia (2 i ] = a(By) .
Phép nhén la két hop. Goi ¢; 1a don vi clia nhém X; v6i moi
1eltacéd e=(e,)  thod min

e =(e )i (X e = (€X,) = (X))o =X

Gid st a=(x,),;€X khi d6 ta c6 a'=(x]"),, vé x'Ia
nghich dao cla x; trong X; thoa man

e =0 ) = (X )i = (&) =6
Vay X 1a mét nhém.
a) p; 1a toan clu v6i moi (x;); ey va (y)); ¢ thuge X ta c6

Pl 1 (e ] = x¥i = pil(xpDje d Pil(Yje]
X; néuj=i

va vOi moi X;€ X ta ¢6 (x;)je; e X v6i x; =1 L
0 néui #j

thoa man pi[(Kj)j eld = X;.
b) Anh Xa f:YoX dugc xdc dinh nhu sau:
véimoiy €Y, f(y)=(f,(y)).,-

f 14 mot déng céu vi véi moi yyvay, thudc Y tacé:
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Py = Eyher= EYDETDie
=D e dfily)he)
=f ()’])f (y2)-

Mat khac vét moi ye Y tacd

(o YY) =pF(y) = P(fi(y)ie ) = fiy).

" Vay ff =f véimoiiel

2.13.

144

.

Gia sir m va n 12 hai $6 nguyén t6 ciing nhau.

Khi dé(i, i) € Zoy % Ly ¢6 cdp la m.n. That vay,

mn{l,T})=(mnl,mnl)
=(n(m1),mnl)
=(0,0).
Gia suk(1,1) = (0,0) khi 6 |
(ki ki) =(0,0)hay {t; =+ mz)_: mZ
. =(0+nZ)=nZ

Suy ra k chia hét cho m va k chia hét cho n. Vi{(m, n) =1
nén k chia hét cho mn.

Vay Z,, x Z, 12 nhém xyclic sinh bai (1, 1).
Dao lai, gia st Z_, x Z, 1a mét nhom xyclic.

Khi d6 tén tai a,b thuée Z_, x Z, c6 cdp 1a mn. Mt khic
néu [m, n] 14 boi chung nhd nhét cia m va n th
[m, n](a,b) = ([m, n]a, [m,n]b)=(0,0).
Tir 46 suy ra [m, n] chia hét cho mn.
Vay m, n nguyén tG cung nhau.



2.14. Ap dung bai 2.8 ta chi c4n chimg minh
aX=XvaXa=XvoimoiacX.

Gia st X = {X, X5, ..., X} gom n phan tr. V&i méi x; € X tap
hap X, X = [x{x|. XX, ..., XX} 12 mot bd phan ciia X gém n
tich phan biét vi néu k # / thi x, £ x; va X, x, #x;%; (do ¢6 luat
gian udc cho cdc phan tir cha X). Vay x; X = X. Tuong tu ta
ciing c¢6 Xx; = X v&i moi x; € X.

2.15. Gia sir A 1a mot bg phan khic réng 6n dinh cia nhém X. Khi
dé A 1a mot mra nhém hitu han va luat gian ude thuc hién
duoc trong A. Theo bai tap 2.14, A la mot nhoém.

2.16. Gia st A = mZ (v6i m 12 mét s6 nguyén) A # S vi 0 =m,
0 € A. LAy mk, va mk, |a hai phan tf bat ki clia A,
mkl - mk2 = m(kl - kz) €A,

Vay A 1a mot nhém con cta Z.
Dao lai, gia s A 12 mot nhém con cia Z.

Néu A = {0} thitacé A =0Z v6im = 0.

Gia sir A # {0}, khi d6 c6 a € A Ia mat s6 nguyén khéc 0.
Goi m la s6 nguyén khdc 0 thudc A sao cho |m’| < |a | véi
moi a # 0), a €A Do d6 A = mZ. That vay ro ring
mZ < A(vi m €A). Nguge lai gia sit a €A 13 mot s6
nguyén,tacéa=mq+ (1) véir=0hodc|r|<}m|.

Tir dang thic (1) suy rar=a—mq € A do dé r = 0 hay
a=mq emA. VayA cmZ. Tém laic6 A=mZ. -
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2.17

2.18.

2.19.

2.20.

146

. Tap hop S(X, Y)Y # @ vi Iy(Y) = Y nén 1 € (X, Y).

Gia sir f, g € S(X, Y) 1a hai phdn ur bat ki. Khi d6 f(Y) = Y
vi g(Y) = Y kéo theo gf(Y) = glf(Y)] = g(Y) = Y nén
gf € S(X. Y). Mat khic £ () = (f(Y) = 'f(Y)=1(Y)=Y.

vay f ' €S(X, Y) do d6 S(X, Y) 1a mot nhém con ciia S(X).
Néu X ¢6 n phdn tor vd Y ¢6 mot phén tir thi S(X, Y} ¢6
(n — 1)! phan ti, né dmg véi sé cac hodn vi ctia n — | phan wr
cluatap hgp X - Y.

Ta lap bang todn cla tap

A ={e, (12)(34), (13) (24), (14) (23)}

#

e

(12) (34)

(13)(24)

(14) (23)

:

e

(12) (34)

(13) (24)

(143 (23)

(12) (34)

(12) (34)

=

(14) (23)

(13)(24)

(13) (24)

(13) (24)

(14) (23)

[+

(12) (34)

(14) (23)

(14) (23)

(13) 24)

{12) (34)

<

Nhin vio bang todn trén ta c6 aA = A va Aa = A. Theo bii
2.8, A 1a mot nhém. Cic phan tr d6i xing v6i nhau gua
duong chéo chinh.nén A 1a méot nhom Aben.

a) Do tinh chat két hop caa phép toan trong nhom X.
b) Do tinh chdt (a '} ' =a, véimoia € X.
¢) Do tinh chat (ab) | = b la .

d) Dwa vio mot diéu kién tuong duong cla dinh nghia nhém
corn.

Gia sit A 12 mét nhém con ctia nhém X.

Theo bai 2.19, A” c A do d6 AA™' c A.
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2.21.

2.22.

2.23.

Mait khidc, véimoia € A, a=ae '€ AA " nén AcAA! hay

AA "= A,

Dio lai, gid sit AA™' c A the thi véi moi a va b thuoc A ta c6
ab 'eAAT = A, suy ra A 1a mot nhém con cia nhém X.
Gia sir aA 1a mot nhém con ciia X va e 13 don vi ctia X, khi
dée=aa' € aAvdia eA. Vaya=a-1 €A néna cA.

Bao lai, n€u a € A, theo bai tap 2.8 thi aA = A do dé aA la
mot nhom con ciia nhém X.

Nhém con sinh béi tap réng @ 1a nhém con bé nhat (theo
quan hé bao ham) chita &. Vay nhém dé chinh 12 nhém con
tam thudng {e} chi c6 phan tir don vi e.

Dat A = {x, X,..%, | Xx; €S US '}

. Khi d6 A 12 mot nhém con cha X vi

2.24.

o =X1Xp. . X B=x"1X5...X | €A

1 -1

thi o = XX, XX 1X5 . Xy e Ava o7 =x x;_l...xl_l €A,

Mat khdc, néu x e Sthi x € A dod6 S cA. Gia sir B 1a mot
nhom con cia nhém X saocho S < B.

Nhu vay, n€u o € A, o = xx,...x, thi

Xi» Xgy oy Xy €S U S hay x;, X5, ..., X, € B do d6 tich
cua chiing « = x,X,...x, ¢ B. Hay A < B. Vay A 13 nhém
con bé nhat cia X chita S, tic 12 A 13 nhém con ctia X sinh
boi tap hop S.

Nhém con clta nhém cdc s6 hiti ti dwong sinh bdi céde s6
nguyén t6 chinh la nhém Q.

Gid sir < x > 1a mot nhém Xyclic sinh béi phén tir x, A 12 mot
nhém con cua X.
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2.25.

2.26.
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Néu A = (e}, e la don vi cia nhém X thi A = < e > la nhom
xyelic sinh bai phan tr e.

Néu A # {e} thi ¢cé mot phan tu x" (# &) thuée A. Khi dé

~ . s ) o -n "= - -
n#0 ViAlanhdmconcna X nénx =~ €A, gitan va —n co

- moét 56 13 nguyén duong. Vay tén tai cic luy thia nguyén
duong cha x trong A.

Goi x™ 1 Iuy thira nguyén dirong bé nhat cfia X trong A. Khi
dé A = < x™ >, That vay, vi x™ e Anén <x" > c A. Gid st
x* 13 mot phdn «r twy y cua A. Chia k cho m ta duge
k=mq+r1v0i0 £ r<m.

Do d6 x* = x™ ¥ = (x™. x" suy ra x' = MY e A,
chingtor=0.

Vay x = (x™¥ e<x™> hay A c<x" >

Gia sir k 1a s8 nguyén sao cho a“ = e, vi n I3 cdp clia a nén
n>0 Chiakchontadugck=nq+rvéio <r<n.
Dodéa“=a™*"=a™a" ding thitc d6 suy raa' =e.

Vin 12 56 nguyén duong bé nhit saochoa”=ema 0 < r<n
nén r =0, do d6 k = nq, hay k chia hét cho n.

Dao lai, néu k = nq thi a“ = (a)=el=e

Ta c6 thé gia thiét mot trong hai phin 1 ab hoac ba c6 cdp
hitu han. Gia sir cdp clia ab biing n, nghia 13 (ab)" = e viin la
s6 nguyén duong bé nhil sao cho (ab)" =e. .

Khi d6 ta c6 a(ba)” b =c suyra(ba)” =a b ' = (ba)
hay (ba)" = e, diéu nay chiing to ba ciing c6 cap hitu han va
cap cua nd chia hét cho n.

Gia sir cip clia ba bing m, nhu vy ta ¢6 (ba)" = ¢ hay



2.27.

2.28.

b(ab)™ 'a=e, (ab)™ ' = b 'a ' = (ab)”"

tir do suy ra ab” = e, vay n chia hét cho m. Tém lai ta duoc
m=n. i

Trude hét ta thay rang néu X = < x > 1a mot nhém xyclic cap
vo han thi véi méi s6 tr nhién k ta cé < x* > 13 mot nhém
con xyclic cha X vanéu k £/ thi < x* > # <« x'> do vay X c¢é
v6 han nhém con. '
Bay gio gid su X la mot nhém c6 cap vo han. Néu X c6 mo
phén tir X, ¢6 cAp ¥ han thi A = < x> 13 mot nhém con
xyclic cdp v6 han. Nhém nay ¢6 vé6 han nhém con, méi
nhom con ctia né lai 12 mét nhém con cha X. Vay X ¢6 vo
han nhém con. Néu méi phan ur ciia X déu ¢6 cdp hiu han
thi s6 cdc nhém con xyclic sinh béi cic phén tif cha X 13 vé

hanvi U <x> =X latap v6 han ma < x > hitu han.
XeX

GiastX=<x>céciplamvaY=<y>cécaplan, véim
va n nguyén t§ ciing nhau. _

Ta s€ chimg minh ring X x Y 1a nhém xyclic sinh bgi phin
tr (x, y). Vi X ¢6 m phdn tlr va Y ¢6 n phén tiinén X x Y ¢6
mn phan tir hay cdp X x Y = mn. Ta ¢é

(x, )™= (™, Y™ = (e, ey).
Néu (x y) = (ey, ey) thi (x y ") = (ex, cy) suy ra x" = Cy
Vi y = ¢y. Theo bai 2.25, k chia hé&t cho m va k chia hét

cho n, vi m va n nguyén t6 cung nhau nén k chia hét cho
mn. Do dé ¢dp (x, y) = mn bang cap X x Y.

Vay X x Y 1a mot nhém xyclic sinh béi (x, y).
Dao fai, gia sit X x Y 12 mot nhém xyclic sinh béi phén tr
(x y ) Goi M ld boi chung nhé nhit cia m va n ta cé
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2.29.

2.30.

2.31.

2.32.
e € C(X). Néu a va b thudc C(X) thi ax = xa va bx = xb nén

150

(<", yJ)M = (M, yw) =(ex. ey),

diéu nay chimg 16 M chia hét cho cap cla (xk, y{) hay M chia
156t cho mn. Vay m v n nguyén 16 cing nhau.

Gia sit A 12 mét nthém con ctia mét nhém X, A cé chi 56 2
tic 1a cic 16p ghép trdi clia X theo nhém con A ¢6 hai phén
tir vi cdc lép ghép phai ctia X theo nhém con A ciing ¢6 hal
phan tir. Trong hai 16p ghép cé mot 16p 1a A va 16p con lai 1a
phin bl chia A trong X. Do d6, moi 16p ghép trdi cha X theo
A 1a mot i6p ghép phdl ctta X theo A va ngucc lal. Vay A la
mot nhém con chuan tac cia X.

Do S, 1a mét nhém hitu han nén dé ching minh A 1a mot
nhém con cha S, ta chi can ching minh A 6n dinh d&i véi
phép nhan dnh xa. Vi tich cta hai phép the chan 12 mot phép
thé chdn cho nén A, 6n dinh d6i v6i phép nhan dnh xa. Theo
bai 2.15, A, lamot nhémconcha S,. -

Vi X 1a m6t nhém xyclic nén né 12 mét nhém Aben do do
mdi nhém con cta X déu 12 nhém con chudn tic. Gia su

A=<x'>, nhu viy A = {x3k | k € Z}. Khi dé tap thuong

A= (), C(-x?), Cx)l.

That vay néu x * 1a mot phén tir bat ki cta X, chia k cho 3 ta
dugck =3q+r1,0 < r<3.
Do d6 x* = x*.x" suy ra xy " = x> ¢ A cho nén
() = Cx) € {00, ), S
C(X) = {a eX | ax = xa v6i mo1 x X}, CX) # & Vi

(ab)x = a(bx) = a{xb) = (ax)b = (xa)b = x(ab).
Viy ab ¢ C(X).



2.33.

2.34.

2.35.

N o - -1 —1 A
Tir ax = xa v6i mot X «¢X ta suy ra xa = a x. Vay

a_' cC(X). R rang v&i moi a va b thudc C(X) déu cé
ab = ba. Do dé C(X) 1a mot nhom giao hodn clia X.
Gia sir A 12 mot nhoém con cia C(X). Khi d6é A ciing 1a moét
nhém con cua X. Ngoai ra vdi moi a € A, véi moi x € X,
X lax=ax 'x=aeA

nén A 13 mot nhém con chuin thc cha X.
S; ¢6 cac nhém con la {e} (e 1a dnh xa déng nhal);

e, (12)} =<(12)>

{e,(13)} =<(13)>;1{e,(23)} =<2 3)>

{e,(123), (132} =<(123)>=<(132)>va S,
Trong d6 ¢6 {e}, S; va <(1 2 3)> la ba nhém con chudn tic
clia Ss. '
Ki higu [X, X] 1a nhém con sinh bdi cdc hodn tir. V&i moi

ae[X,X], v6imoi x e X phdn tr b = a 'x 'ax e[X, X]. Do

d6 x~'ax = ab e [X, X]. Vay [X, X] 12 mot nhém con chudn
tac clia X.

Gia st a va b thuoc >%X x] 12 €0 ab=ab vi ba=ba.

“Mat khdc aba 'b™' = (ab)(ba) ' <[X, X] nén ab=ba hay

ab=ba.
Gia sit )%1 I3 mot nhém Aben, nhu vay v6i moi aH v bH
thude XA—I ta cé aHbH = bHaH hay abH = baH.

Do d6 ab(ba) ' =aba 'b ' eH. T d6 suy ra nhom con céc
hodn nir ctia X bi chita trong H. Dao lai, néu nhém con cdc hodn
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2.36.
2.37.

2.38.

2.39.

152

tit cia X chifa trong H thi véi moi a, b ¢ X, aba 'b ' e H. Tir
d6 suy ra abH = baH, hay aHbH = bHaH tic 1a XAI 12 mot
nhom Aben.

Nhém cac hodn tircua Sy 1a H = <(1 2 3)>.

Hién nhign nhém cép moét (nhém chi c6 mot phan tr don vi)
I3 mot nhém Aben; nthém cédp hai, nhém cap ba va nhém cip
nam déu 2 nhém cip nguyén 18 nén ching 13 nhitng nhom
xyclic do dé ching la nhitlng nhom Aben.

Gia st X 12 mot nhém cép bon. Néu X ¢6 mot phéan tu cap
hai thi né 1A mét nhém xyclic nén X 12 méot nhém Aben. Néu
X khong c¢6 phin t nao cdp bén thi X cé ba phan nr cap hai
do d6 véi moi a e X, a° = e. Theo bai 2.10, X la mot nhém
Aben. '

37 _ :
a) KSZ = {15Z,3 + 15Z, 6 + 15Z,9 + 15Z, 12 + 15Z)

AZ/ (o
b) 442 (247, 4 + 24Z, 8 + 247, 12 + 24Z, 16 + 24Z,

20+ 247}
¢) Goi R 1a nhém nhan céc s6 thue khic 0,
R”, 12 nhém nhan céc s6 thue duong,

L%¥ = Ri, R 1, R 1a tap hop cdc s6 thuc am.
. .
a) Chitng minh theo dinh nghia cia nhém.

Pon vi cua D 12 dudng thang A, ¢é phuong trinh y = x.
Nghich dao ciia dudng thing A c6 phuong trinh y = ax + b la

dd’O‘ng thang A' ¢é phuong trinh y = ! x—b.
‘ a



2.40.

2.41.

b) Anh xa ¢ : D SR

APa
Véi A 1a dudng thang xac dinh boi phuong trinh y = ax + b
1a mot doéng cdu vi gia sir A; va A, la hai dudng thing xdc
dlnh baoi Yy=aXx+ b| va Ya=#X + bz,
(A A) =4y a3 = @A) 0(Ay) .
Kerp = {A € D | A cé phuong trinh y = ax + b}, A e Kerg
khi va chi khi phuong trinh cta’A ¢6 hé sd cla x bang 1.
Ta chi can ching minh tip hgp cdc phép d6i xiing cia mot
hinh la nhém con ciia nhém cic phép th€ cua tap hop céc
diém ciia hinh do.
Mb6i phép d6i xiing cia tam gidc déu c6 dinh 1a 1, 2, 3 sé
chuyén dinh | thanh mét trong ba dinh 1 hoac 2 hoic 3. Do
d6, ung véi méi phép d6i ximg 12 mét phép the cia tap hop
{1, 2, 3}. S6 cic phép theé cita {1, 2, 3} Ia 6. Mat khéc céc
phép doi ximg chira 1, R, R,, Dy, D,, D; 12 khic nhau. Vay
As;={1,R,R? D, Dy, Dy} cé cip 6.

Ta ¢6 bang toan sau:

'R R2' 1 "R D, D, D
D, D, D, Dy 1 R R
D, D, D, D R 1 R
D, D, B D, R R I
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2,42,

2.43.

154

Cho ta thanh l4p duge ding cau Ay = S;.

a) Ta c6 Kerp| = {(e, x5) | x5 € X5} =8B

That vay, (x| X5) € Kerp;<= py{x4, X5) = ¢
< pilxp X)) =%y =¢
< (X, Xa) = (€, X5)
<> (e, X5) €B.

Tuong tu ta cé Kerp, = A.

b) Imq; = A theo dinh nghia cua q; va

Imq, = B theo dinh nghia cia .
Vi q, 1a don cdu va Imq; = A nén G, = A va q, 12 don cdu,
Img, =Bnén G, =B. '

c) Vi A va B lan luot 1a hat nhén clia p, va p; nén chiing la
nhimg nhém con chuan tac.

Hon nita, véi moi (x|, x5) e Gtacéd
(x5 Xz) = (Xy, €3) (31, X3) € AB

nén G < AB, suy ra AB =G (vi luén c6 BA = G).
Gia stir X = < a > la mot nhém xyclic sinh boi phdn tir a. Xét
dinhxagp:Z 5X

n a"
khi d6 ¢ la mét toan cdu tir nhém cong cic s6 nguyén Z dén
nhém xyclic X. Vi mdi phdn tir cia X déu 12 mot luy thiva

nguyén ciiaa vad a".a™ =a" " " nén ¢(n'+ m) = ¢(n). p(m). Ta
hdy xdc dinh Kero.



Neéu X la mot nhém hitu han cdp n thi Kerg = nZ. That vay véi
k=ngq enZ taco pk) = p(ng)=a T =¢". Suy ranZ < Kerg.

Gia str k € Kerg thi (k) = a* =e suy ra k chia hét cho n,
hay k = nq e nZ, hay Kero cnZ.

Néu X 1a mét nhém xyclic cadp vohanthi véin #m, a" #a'
nén ¢ 1a mot don cau va do dé Kerg = {0}.

Theo dinh 1 déng céu ta c6 Z A( =X.
ergp
IA 5 Lo ~ -~ A
Nhu vay néu X coécapnthi X = AZ'

Néu X cédcap vohan thi X = Z.

2.44. Lam tuong tu nhu bai 2.43.

2.45. Gia sir X = < a > 1a nhém xyclic cdp vo han véi phép nhan.
Khi d6é X ¢6 hai phan tir sinh 12 a va a~'. Hon nifa, x ciing chj
c6 haitwdéngcaula id,: X > X vaiop: X > X

XX X+ x|

That vay, gia st X ¢6 phin tirsinh 13 b, khidé b=a", n ¢ Z.
ViaeXnéncémeZdéa=b"=a". Do X 12 nhém cé
cap v6 han nén ma = 1. Tir d6 ¢6 hai trudng hop: n = 1 thi
b=ajhoacn=—Ithib=a '.Matkhiccé<a ' >=<a>
Néu f: X — X 12 mot dong cdu thi f s& bi€n phan tir sinh clia
X thanh mdt phdn tir sinh cia X. Vay chi ¢6 hai kha ning
f(a) = a, khi d6 f = id,. Hodc f(a) =a ", khi dé f = o.
2.46. Kiém tra lai theo dinh nghia ctia nhém va nhém Aben.
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2.47.

2.48.

2.49.
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a)Guasurp: X->Y
£ l_)(yk)n

la mot dong cau véi x 12 phan tr sinh cta X cdcdpsvayla
phan tir sinh cia Y ¢6 cap t. Nhir vy, ta phai cé

o(x". x™) = e(x"yp(x ™) hay

(yk)n +m - (yk)n(yk)m Vi

ple) = o(x) = (v =y =ey.
Do d6 ks phai chia hét cho 1 (cdp ctia Y) (theo bai 2.25). Pao
lai, néu ks chia hét cho t thi ks = tr. Gid sit x" = x" thi

x" " =¢" hay m - n = su. Khi d6 p(x™) = ykm va p(x") = yk",
suy ra (p(xm)ltp(xn)]_] — yk]Tl. y—kn — yk(m —n_ yk.‘;u - y[ru =ey.
Do do (p(xm) = (p(x“), do d6 ¢ la mot dnh xa. Hon nita

(p(xm ) xn) — (p(xm + n) — yk(11'1 +n} — ykm' ykn - (p(xm) (P(Xn)-

Viy ¢ 12 mét déng cau.
b) Néu ¢ 12 mot dang cdu va sk = mt thi do X va Y 1& hitu
han nén s = t vh suy ra m = k. Mat khéc do ¢ 1a ding cdu nén
yk phai 12 mot phan tir sinh cha Y do d6 theo bai 2.25, k va t
nguyén té cing nhau hay k va s nguyén 16 cung nhan.
Ta cé p(ab) = (ab)* = ab* (vi X 1 mot nhém Aben) nén
- p(ab) = g(a) o(b). |

Kerp = {x e X| xk=c} = {x e X|cdp x la wdc coa k}.
Gia st X 1a mot nhém Aben thi theo bai tap 2.48, ¢ la mot
dong céu Kerg = {x € X[ x ¢6 cdp la udc cha —1}

hay x e Kerp <> cipcunaxlaubccua-1 & x =e.



2.50.

2.51.

Do d6 ¢ ta mot don céu, hon nira hién nhién ¢ la moét toan
ciu vi (x_l)_I = x. Do dé o 13 mot dang cdu. Pao lai, gia st
¢ 1a mot dang cau, v6i moi a va b thude X ta ¢ '
o(ab) = a)p(b) =a b "
Mat khic @(ab) = (ab)_I nén suy ra (ab)_1 =a b= (ba)_]
hay ab = ba. Vay X [a mét nhom Aben.
Ki hiéu Aut(X) la tap hop cac tu ding cau clia nhom X. Khi
dé Aur(X) < S(X) v6i S(X) 1a nhém céc song 4nh cuia tap X
vl phép nhan dnh xa. 14 e Aut(X) nén Aut(X) # &. Ngoal
ra ta con ¢b tich cia hai tir dang cdu cia X 1a mét tu diang
cau eta X va nghich ddo ctia mot tr dang cdu cua X 1a mot
tr dang cau ctia X. Do d6 Aut(X) la mot nhém con cia S(X).
Giasth: X -G
X > h(x) = (f(x), g(x))

1a mot dong cau. Khi dé véi x; va x; thuode X ta ¢é
h{xx;) = h(x}h(x;) = (f{x;), g(x | )I(X,}, g(X5))

= {(f{x).0(x;), g(x,).8(xp)- .
Mat khdc h(x,x;) = (f(x, X5), g(X;, X)). Nhu vay ¢é ding
thirc . ' .

(f(x ), x2), g(X,X,)) = (f(x(x;). glxglx ).
Suy ra f(x;X5) = f(x Df(x5) va g(x,X,) = g(x,)g(x,) nghia la f
va g i nhiing déng ciu,
Dao lai, gia st f va g 1a nhitg dong cdu. Khi dé
h(x,.x,5) = (f(X|X2), g(XX2))

= (f(x DI(X2), glx1)g(x2))

= (X}, s{x)), ({(x7), g{x))
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= h{x )h(x;)
Vay h 1 mot dong cau.
2.52, a) Ta ¢6 X 1a moét nhom voi phan ta trung $ap Ja (0, 0, 0).
Phan tir d6y ximg cua o = (k, ko, ky) 12
(=) Ky, —ka, k).
b) Nhém con A duoge xac dinh nhu sau:
(1,0,0)' =(1,0,0)
(1,0,0Y = (2,0,0).
Bang quy nap ta cé v&in >0
(1,0, 0" =(n, 0, 0) vado dé6
(1,0,0) " =(-n. 0, 0).

Vay A = {(k, 0,0} | k e Z}.

Giasita = (k. ky kz) e X vaa=(k, 0, 0) < A khi d6

o ac = (=DM Ky, =ky, =K. (k, 0, 0). (ky, Ka, k3)
=(k,0,0) A
nén A 1A mot nhém con chuan tic cua X.
i
¢) Xét dnh xa X = X1}
' (kl,kz,k3)!—)kl+k3i .
trong d6é Z[i] ={a+bi}a, b eZ}.

@ 1a mot toan cdu va Kerg = A nén theo dinh 1i déng cdu ta

suy ra )% = Zli].
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2.53.

2.54,

2.55.

Goi R 1a nhém cdng cic s6 thuc va IFR: 1a nhom nhan cic sé
thuc duong. Ta x€t dnh xa lg: R: ->R

x > lgx.
(1gx 1a logarit thap phan cila x).

Do tinh chat cua ham Ig ta ¢6 Ig(xy) = lgx + lgy nén g la
mot dong cau, néu X # y thi lgx # lgy nén g Id mot don cau.

Ngodiravéimdia e R, 10" ¢ ]R}S:r thoa man lgl0® = a. Vay
lg 12 mot dang céu,

Xétanh xao: Z - Z|

{(a,b) i>a+bi .
Ta ¢6 ¢ 1a mét ding cau.
a)Gid st X =<a>c6eipn, b=a" eX. Goidlause chung
I6n nhat cia k va n khi d6 n =n,d va k = k,d véi n; va k,
nguyén té cung nhau. Ta cé

pM =(ak)“1 _ oKy -, Kdn k,

=g =g

Thém nifa, néu b' = e hay al=ze thi kt chia hét cho n. Nhu
vity ¢0 kt = k\dt = n;ds hay k;t = n;s nghia la k;t chia hét

cho n;. Vi k; vd n| nguyén td cling nhau nén t chia hét cho
n;. Vay n, =g 13 cép cha b = a*.

b) Phan tir b = a* 1a phan tu sinh cia nhém X nén va chi néu
cdp cha b bang cdp cia X va biang n. Theo cau a), cdp b 12
g-. Nhu vay, phin tor b 1a phan tir sinh coa X khi va chi khi

d = 1 hay n va K nguyén t6 ciing nhau. Vay s¢ cic phin tr
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2.56.

- 2.57.

2.58.

160

sinh clia X bang s6 cic s6 nguyén duong bé hon n va nguyén
10 vai n.

Do ab=banén(ab) =a"b" =ee=e.
Gia sir (ab)' = e hay ab' = e, suy ra a' = b . Nang c hai vé
len luj thitarvastaduoca” =b “=e (1)

o a'=b "=e. (2)
Tir (1) va (2) suy ra ts chia hét cho r va tr chia hétchos. Vir
va s nguyén 16 cling nhau nén t chia hét cho ¢é r 1an s va do
d6 t chia hét cho tich rs. Vay rs 1 cap cla phan nr ab.
a) Gia st X 12 mot nhom cdp bon. Néu trong X ¢6 mdt phan
tr cdp bén thi X 1a mot nhém xyclic sinh boi phan tur cé cap
bén d6. Néu X khong ¢6 phan tir nao ¢6 cap bén tht X ¢ ba
phan tir cap hai. Trong trudng hop ndy X ding ciu véi
ZE bt Zz
b) Gia st X 1a mot nhém cé cap sdu. Khi dé X chita mét
phén 6 cip hai vA mot phan tir cap ba. Chang han a € X ¢6
cdp hai va b e X c¢é cip ba. N&u ab.= ba thi ab ¢6 cdp sdu do
dé X 1a mét ntsm xyclic. Néu ab # ba thi X dang cdu vdi S;.
Gia st X 12 mot nhém xyclic v&i phan tif sinh 12 a. Anh xa
f: X — Y 1a moét déng cdu tir X dén Y. Nhu vay f(a) e Imf va
do dé Imf = {f(a)'n = f(a™ | n € Z} 12 mot nhém xyclic sinh
bai phan ke f(a).

Bay gio gia sit H 1a mot nhém con caa nhém xyclic X. Ta
xét phép chiéu chinh tac

p:X %}%{

X — xH.



p 1a mot toan cau, Imp = )%_I H theo chiing minh trén thi
Imp 1la mét nhom xyclic. Vay nhom thuong )%-l la mot

nhém xyclic. _ N
2.59. a) Goi b 12 béi chung nho6 nhdt cia m va n. Ta ¢c6:

m\b=mZ obZ;

n\b=nZ 5bZ.
Suy ra mZ nnZ - bZ. o = _(1).
Mat khéc néu a e mZ N nZ thi ton téi k; va k2 thudc 7 sao cho
a=mK, va a = nk,. Do dé a chia hét cho b hay t6n tai k e Z sao
choa=bk. VayaebZ SuyramZ A~ nZ cbZ.  (2)

Tir (1) va (2) suy ramZ nnZ =bZ.

b) Goi d 1a u6c chung 16n nhat cta m va n. Khi dé tén te_ii hai

s6 nguyén u va v sao cho d = mu + nv. Vay d e mZ + nZ,
Suy ra dZ cmZ + nZ. Gia sita e mZ + nZ, khi dé t6n tai k,
va k, thuge Z sao cho a = mk; + nk,. Vi d 1a uéc chung 16n
nhit cia m vAd n nén ton tai m, va n; thuéc Z sao cho
m =dm, van =dn,. Suy ra a =d{mk; + n;k;) édZ.

Nhu vay ta cé6 mZ + nZ —dZ. Hay mZ + nZ = dZ.
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2.60,
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c) Xét anh xa g :mZ — Znu
mk +>k + nZ.
¢ 13 mot dong cau vi véi moi mk va m/ thuoc mZ co
o(mk + mH=gmk +H)y=(k +/)+nZ
=(k + nZ) + (/ + nZ) = e{mk) + p(m/).
¢ ld mot toan dnh vi néu k + nZ & %7 thi mk «mZ thoa
man @(mk) =k + nZ.

Tim Kerg:

a=mk ¢ Kerp <> k + nZ =nZ <> k chia hétchon
< k=nk;,voik c¢Z

< a=mik;.

Vay Kerg = mnZ.

inh 1i dé ; 4 mZ
Theo dinh li dong cautaco AmZ

It

Do AB = X nén mdi phan tir x cia X viét duge dud dang
X=abviiacAvibeB Giasucéx=ab=ab vdia, a cA
vab,b eBthia 'a=bb A NB ViA NB= e} nén
A la=b 'b=c,dodéa =avab =b Vay mdi phin tg x
e X vigt duoc mot cich duy nhat dudi dang x = ab vai
a e A vab e B. Mat khdc céc phan tir cda A giao hodn ditge véi
cc phan tir cua B. That vay, véi a va b wy ¥ thude A va B, xét

tich a 'b'ab. Vi A va B [a nhilng nhém con chudn tic cia X
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2.61.

nénb labecAvia'b'aeB Vaya 'blab e A nB = (e},
néna 'b 'ab = e, hay ab = ba.
:&nh x5 A x B — X

(a.b) > ab
la mot dong cdu do ab = ba, la don ciu do A "B = {e}, Ia
toan cau do X = AB. Viy ta cd dang cau.
a) Gia st A v B 12 hai nhém con chuan tac cia nhém X. Khi
dé AB = {ab | a ¢ A, b B} cling Ia mot nhém con chuan tac
cua X. That vy, e c Avie e Bnéne=ee c ABnén AB# .
Hon ntia véi moi a e A,-a = ac c AB va vé1i moib =B,
h=¢b « AB. :
Gli,l Sll.r a!bl 1S AB va Elzbz = AB,

{a]h] ){Elzbj) = a]{blaz)bz - alazbrlbj = AB

(vi B 12 nhém con chudn tic cita X nén a,B = Ba,);
(a)b)) '=b'a;' =a; b cAB

(vi B 1A nhom con chuan tic cia X).
Ngoai ra, vo1i moi X € X ¢o

x(AB) = (xA)B = (Ax)B = A(Bx) = ABx.
b) Ta biét rang giao cua hai nhém con clla mét nhom X la
mot nhom con caa nhém X. Glasira e A mB vax e X, Khi
doacAviacBnenx wxecAvix axeB hay

x 'ax e A NB.

Vay A m B la mot nhém con chuan téc clia X.

c)Xétdnh xap: X — (%)X(%)

X = {xA, xB).
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- @ 'la mot dong cdu vi v6i moi X, va X thude X

2.62.

= (XA, xB)(x5a, x;B) = (p(_xl)(p(xz). s

A NB=Kerg vi véi moi x e A "B thi x ¢ A va x B nén
XA = A vaxB=B, do dé ¢(x) = (xA, xB) = (A, B) 1a don vi clia

| % va }%3 vinéu x € K;r(p thi g(x) = (A, B) = (xA, xB) suy

raX e Avax € Bhay x e A M B. Vay theo dinh Ii déng cu c6

.méldménh 6 : %AmB)—-)(%)x(%)

d)Xétdnhxao: A e(AB%, |
a > aeB=aB. |

o(2;a;) = aja,eB = a,e.a,¢B = a;eB.aeB = o(a; )o(a,).

- V&imol abB e (AB% tacéa < A thoa mén

o(2) = 4eB = abB (vi b « B) do d6 & 12 mot toan céu.

Gia sirx e Kero, o(x) = B = xeB nhu vdy x e B, duong nhién
xcA,dodéx eANB

Néu x ¢ A nBthi o(x) = B. Vay ta cé Kerg = A- " B. Theo

dinh 1 dng cé %A ~B) = (Aff% o

Gia st H 1a mot nhém con chudn tic caa nhém G.

~ Khi d6 f(H) 12 mot nhém con cta G Mat khdc, néu i’ e f(H)
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“va x' e G, khi d6 ton tai h eHsao cho f(h) =h'va vif la
-toan 4nh nén ton taj X e G sao cho f(x) = x'. Do dé

xhx™! = fOftFe) ™ = fixhx Y & f(H).
Vay f(H) 14 nhom con chudn tic clia G'.



2.63.

Vi dy sau ching t6 H 12 nhém con chudn tac cia G, nhung
f(H) khéng 12 nhom con chudn tac cua G khi f khong la
toan ciu. :

G=2Zy,G'=5={(1),(123),(132),(12),(13),23)} .

fZ, - S
0 = - (D
1 P (12

f 12 mot déng cdu. Ta cé Z, 1a nhém con chuan tac cua Z, -
nhumg f(Z,) = {(1), (1 2)} khong I nhém con chuan tic clia S;.

Trude hét ta chitng minh ring néu f : X > Y la mot toan ciu
va A 13 mot nhém con chuan tic cua X thi f(A) ciing 12 mot
nhém con chuén tac ciia Y. Ta d3 biét néu A 14 mot nhom
con cua X thi f(A) 1a mét nhém con ciia Y (tinh chat cua
ddng cdu nhém). Giastty € Y vab e f(A), tén taia € A sao
cho b = f(a) vi f 12 toan cdu nén t6n tai x € X sao cho
f(x) = y. Xét phan tr
lby f(x Df(a)f(x) = f(x ax) e f(A)vix ax € A.

X
Bay gidtaxétanhxap: X — /A

x'-—rxA,

p 1a mét toan cdu. Do d6, véi médi nhém con chuan tac H cia
X ma H o A thi ta ¢6 mot nhém con chuan tic p(H) clia
% . Déo lai, néu K 12 mot nhém con chuén tic cia ?% thi

p (K) 12 mot nhém con chudn tic clia X chita A. Nhu vay,
ton tai mot tuong ing | — | hay mot song 4nh tix tap céc
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2.64.

2.65.

2.66.

166

nhém con chuan tac cia X chita A dén tip cdc nhom con
chudn tac cla )y .

A
Ap dung két qua bai 2.63. Gia sit H 12 nhém con chuin tic
161 dai ctia G. Khi d6, gita H vd G chi ¢6 hai nhém con

chudn tic la H va G. Do d6 nhém thuong Gf, ciing chi c6
hai nhém con chudn tac. Vay % a2 mot nhém don. Pao
lai, néu (y la mot nhém don thi giita G va H khéng con

mot nhém con chudn tac ndo khdc. Nhu vay H 132 nhém con )
chuin tac toi dai ctia G.

a) Ta c6 H va K [a hai nhém con chudn téc cia G nén HK la
mot nhém con chuén tic cia G. Hon nita, ta cé H < HK va
K cHK. ViH # K nén suy ra H # HK va K # HK. Mait
kbac, H va K la hai nhom con chuan tc t6i dai cla G
nén HK = G.

b) Theo ding ciu Noether ta c6

i = (H%) = ($1 ) v

Vi % I3 nhém don nén I%—lﬁK va %ml( la nhimg

nhém don tir 46 suy ra H~ K 13 nhém con chuan tac t6i dai
cia H va cua K.

Gia str f : @ — Z 1a mdt dong cau tir nhém cong @ dén nhém

cong Z. Néu f # 0 nghia 1a t6n tai mot s hitu ti q (q # 0) sao cho

() £0.Giast q=— e Qvéis>0.Khidé s.f(~) = fr)#0.
S -3



2.67.

2.68.

Mat khdc f(ry = f(r.D) = (), wedo f(1) =n; # 0. Vay vét moi 56
nguyén n =0, fin) =nf{1) £ 0.

Giawrn> 1, neZva{nn)=1Taco
| 1
f(i)=f(n. —) nf(— )— nn, =n, voi f(—) =ny.

& n 1
Nhur vy, n lai b ude ciang. Vo i

" Vay chi ¢6 mot dong cdu duy nhat Ja dong cdu khong tir

vao Z: () khong dang cau voi Z nén  Khong fa mét nhom
xyt.ilc.

a) C6 thé chiing minh Aut(X) 13 nhém con cia nhém S(X)
(S(X) 12 nhdm cic song dnh tit X dén X v61 phép nhan anh xa).

b} Z 1a nhém xyclic ¢é cip vd han sinh boi | va —1 vay

Aut(Z) gébm hai anh ){:—._1 _

id;/,; A X va P Z - Z
X - X, nkF —n.

a) V& moi1 a va b thude A ta co

(t+ga+b)=fla+b)+gla+b)

= [f(a) + f(b)] + [g(a)} + g(0)]
= [f(a) + g(a)] + [f(b) + g(b)]
= (f + g)(a) + (f + g)(b).

Vay f + g 1a mot déng cau.
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Phép cong trong End(A) c6 tinh chat giao hodn va két hop
duoc suy tir tinh chat giao hoan va két hop cua phép cong
trong A. o

Anh xakhong 0: A > A
a =0

thuée End(A) thoa mén f + 0 =f véi moi f End¢4) véi mdi
f eEnd(A)anhxag: A - A

: a - g(a) = -f(a)
thoa man f+ g = 0.
Vay End(A) 12 mot nhém Aben.
b) Anh xa F : End(Z) —>Z
. f - F(f) = (1)
la mot déng ciu.’
T‘hzftt vay, v6i moi f va g thuC)_c End(Z) ta cé _

F(f+g) = (f + g)(1) = f(1) + g(1) = F(f) + F(g).
F(f)=F(g)nénf{1)=g(1) hay ¥n ¢ Z,

f(n) = nf(1) = n (1) = g(n)

nghialaf=g.
VneZ,inhxaf:Z 57
I +n

ab>na .
1a mét ty dong cdu clia X.

Viay End(Z) = X.
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2.69.

c) Tuong tu cau b) dnh xa F : End(Q) — @
f > 1(1)
12 mot dang cau.
a) Gia sir x va y thuoc X ta cé
f,(xy)=axya ' =(axa ')(aya )= f(x) . f,(y).
Néu f,(x) = f,(y) tic 12 axa ' = aya ' thi sau. kht gidn uéc ta
dugc x = y Véimbiy e Yiacda 'ya e X thoa min
f(x)=f(a 'yaya(a 'yaja '=y.
Vay f, Ia mot dang ciu. _

b) Ta s& chiing minh vdi moi a va b thuoc Xcof b, =1,
That vay, v6i moi x € X,

f,fp(x) = f,[fo(x)] = ,(bxb ') = abx(ab) | = f,,(x).
Nhur vay, (ap hop cdc v dang cdu trong clia nhém X 1a moét
tap con 6n dinh clia Aut(X). Hon nita v&i moi a € X ta ¢6

fa_| . fa = fa_la = fe = ]X
Do dé, tap hop céc ty déng cdu trong X 13 nhém con cda
Aut(X).
¢) Gia sir H la mot nhom con chudn tac clia X va f, 1a mot tu
dang cau trong cta X. Ta c6 f,(H) = aHa ' =H.
Do lai, gia sir f,(H) = aHa ' = H v6i moi a e X. Khi d6 H Ia
chuin tic (theo dinh nghia).

.
d) Xét dnh xa X > A

aps fla) =

v6i A 12 nhém céc tu dang cdu trong ciia X.
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Vay Kerf = C(X). Theo dinh Ii déng cu ta cé (%{X))

2.70.

2.71.
2.72.

170

f la déng cdu vi flab) = £, = { [, = f(w)f(b). Hiécn.nhién i &
toan anh.

. -1 s
TacoaeKerf & f, =y axa =xvoimorx e X |
< ax =xavéimoi x e X & a « ((X).

A

[t

a) Gia sir cdp clia a 1a m, nghia 12 a" = ey vh a' = ¢ thi t chia
hét cho m. Khi dé [f(a)]™ = f(a™) = fley) = ey. Viay cip clia
fla) 1 udc coam.

b) Theo dinh i dong cdu ta ¢

X e
A(erf = f(X).

%I hit R thy edn oin X 5 Ry

Néu X 1 hiru han thi cap cua A(erf biang cht s6 cua Kerf
la mot ude clia cap clia X. Vay cdp cta f(X) 12 mot udc cua
cép cta X.

Ung dung bai tap 2.58 va bai tap 2.70.

a) Gid sit X = < a > 13 mét nhém xyclic cip n. Moi g dong
céu ctia X cho ta mot gid tri xdc dinh cua f(a) € X. Dao lai
véimdibeX dnhxa f:X =>X

a* bk k=1,2,..,n

2 mot ty dong cau chia X. Nhu vay méi ty dong céu f cua X
hoan toan xdc dinh béi f(a) € X. Do dé cé diing n tu dong
cau cua X.

b) Méi dong cau [ : Z, —>Z, cho moét gid tri xdc dinh

fll)eZ. Cdp cha f(1)1a uédc chan. Vi 1 cé cdp m nén theo



bai 2.70, cap cua f( 1)1 uée cia m. Do d6 cap cia f(1) la

wdc chung cua m va n.

Pao lai, phan tad b e Z,, ¢6 cap la vde chung cia m va n, dnh

xa k > kbcho ta mot dong cau f: 2, > 7, .

»

T do6 suy ra cd sdu dong cdu tir Zg dén Z,y. D6 14 cée dnh

xa {: Zy —>Zy sao cho f(1)=0; #1)=3: f(1)=6:

f(1)=9:f(1)=12; {(1)=15.

¢) Theo cau b) ta ¢6 sau déng cau tir Zy dén Z,, dé 1a cac

déng cau f(1)=0; {(1)=2; f(1)=3: f(1)=4; f(1)=5:
f(ih=1.

3. Moi s6 phic thuoe H (nim trén truc thuc hoac truc ao) viét

du6t dang lirgng gidc la

r(cosEJrisinEn—) véikeZ,reR .
-2 2
Viy H = { r(cos%wtisin%) lkeZ,relR,}.
Dé kiém nghiém H 12 nhém con clia € .

Xét 4nh xa F : C* »U

r(cos@ +1sin@) > cosdo+isindo .
F 1a mot dong cau vi
F(r(cosg +ising).r(cosp'+ising')) =

= F(rr'(cos(@ +¢") + isi{@ + ')
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2.74.

2.75.

172

= (cosd(@+ @ +isindo+q@')
= (cos 4o+ isin4).(cos4p'+ isin 4(p')
= F(r(cos@+1isin (p))._F_(r(co.sc_p'Hsin o).

Vé&i moi cds_(p+' ising eU tacd cos%ﬂsin% _ eC thoa
man F(cos%ﬂﬁin%) = cosQ+ising. |

Vay F la toan ciu.
Ta hidy tim KerF. Ta co
Z= r(cosq) +1sin@) e KerF = F(z) = cos4(p +isinde =1,

< 4 =2kn _@.(p=k7n <= zeH:

L C/ -
Ta suy ra /H =U
XétanhxaG: R »>U-
IS cos2nr +isin 27 .

Dé kiém tra duoc G 1a mot toan ciu va KerG = Z. Suy ra

%;U

Pat X, 1a nhém nhan cac ma tran vudng ¢4 dinh thite bang 1.
X 1a nhém nhan cdc ma tran vudng c6 dinh thic bang 41,
X4 1anhom nhz‘m..czic ma t'ran vuong ¢6 dinh thic duong.
ayXétanhxaf, : X SR

A A
(|A}1a dinh thic cua A).



f, 1a mot toan cau va Kerf, = X,.
b) Xétanh xafy : X >R,
A > |JAf]

(1A 12 gid tri tuyét d6i cita dinh thitc ciia A) tir nhém nhan
¢dc ma tran vudng cip n khong suy bién dén nhdm nhén cic
s6 thuc duong. f, 1a mot toan c4u va Kerf) = X,.

¢) Taco Y = {-1I, 1} 1a mo6t nhém xyclic véi phép nhan
thong thudng.

Xétanhxaf;: X »Y
I néu Al >0

fs(A):{ ,
-1 néu|A| <0

- f31a mot toan cau va Kerf; = X,.

2.76.

Xét nhém cdng cdc 16p thang du theo modun p, véi p 13 mot
56 nguyén té:

sz {01, ..,p-1}.

Tap hop, Z,, = {1 2, .., p—1} 1a mot nh6m v6i phép nhan

ab=ab. |
Nhom nay ¢6 cap la p —1. Do d6 moi phén tir cta né c6 cip
13 véc cua p - 1. Gid sira e Z 1a mot s6 nguyén tuy y.

Néu a chia hét cho p thi ta ¢c6 a = O(modp) vi
a” = O(modp). Vay a® = a (modp).
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174

Né&u a khong chia hét cho p thi a e Z; do d6 2" =1 . suy

ra a”' =1 (modp) hay a” =a (modp).

.a) Vaimoi x € K=Keif

fi(x) = f(i(x)) = f(x) = ey. vay {i 12 dnh xa don vi it K vao Y.
b) Vi fg la dnh xa don vi tn G dén Y nén véi méi s € G,
fg(a) = f{glw)) = ey,
di¢u dé chitng 10 g(a)e Kerf hay g(G) < K.
Khi dé hién nhién ta ¢6 déng ¢iu g: G —>K
a > g (a) = gla)
vilig = g. '
Giasirg' : G - K 1a dong cdu sao cho ig' =g = ig. Viila
don cdunén g' = ; . Vay édlr(jc xac dinh mét cich duy nhat.
Tacéanhxag: X -0
X > g(x)= (g (x), g2(x))
(vig;: X =G nén g(x) e G, v
gy : X =G, nén gy{x) € G5, do do
(g,(x), 22(xN. e G =G x G,

Vémoix,y e X, cd

glx.y) = (g, (x.y), g2(x.y) = (2,(X)-g,(Y), ga(x).ga(y) =
=(g,(%), 80048 (y) LAY = g gly)
suy ra g 1a dong cau. '

VEimoi x e X, co



2.79.

P1&(X) = p(a(x)} = p(g(x), g-(x)) = g;(x).

Tuong 1w pyg(x) = ga(x). Vivtacd pjg = g, viipog = 25.

)

iwaied gt X > Gsaocho pyg' = p g v pog’ = pag.
T do suy ra g'(x) = (a, a5) = (g)(x), g2{x}) = g(x) hay g=g
Vih 1 G > Y vihy 1 Gy — Y nén v6i moi cap (x,, x5) G
téng hy(x;) + ha(x2) € Y.
Khidétacddnh xah: G -Y
‘ {x],‘xz) = hy(x,) + hy(xs).
Vormoi (x, x5) e G, (x|, x'1) G
h{(xy, xa) + (X" X'5)) =h((x; + X'}, X3 + X'3))
=h) (X + X)) + (X5 + x'5)
= [hy () + hy(x' Dl + [hy(x5) + ha(x'5)]
= [hy(x)) + hy(xo)} + [hy(x'}) + ha(x'5)] (V1 Y 13 Aben)
= h{(xy, Xxa}) + h{(x"|, x'5)).
Viy h {2 mét dong cau. Véi moi x, € G,
hqy(x,) = h(q;(x ) = h((x,. 0) = b, (x,) + hy(0)
=h(x)) + 0 =h(x))
Vay hq, = h). Tuong tu, chiing minh duge hg, = h,. Gia st
¢6h': G =Y sao cho I'q, = hq; v h'g, = hqy. Tt dé suy ra
h'(xy. x5) =h'((x,, 0} +( 0. X2 =R(xy, 0) + h'(0, x5)

=h{x) + hy(x) = h{x,. X3),
nghialah'=h.



2.80. Ta hay ching minh a) = b).

176

Gia sir ton tai mot déng cau h : H —» K sao cho g = hf. Néu

"~ x eG sao cho f(x) = ey nhu vay g(x) = hf(x) = h(f{x)} =

h(ey;) = ek, nghia la Kerf cKerg. .
Dao lai, gia sit Kerf < Kerg. Vi f 1a to2n 4nh nén véi méi
y e H tén tai x €G sao cho f(x) = y. Khi dé ta c6 twong ing
h tir H dén K cho bdi quy tac h(y) = g(x), véi f(x) = y. Quy
thc h 1a mot dnh xa vi néu ¢6 x va x, thude G sao cho

f(x;) = f(x,)

nghia la f(xlxgl) = ey hay xlxgl e Kerf < Kerg, thi

g(x;x;' ) =ex hay g(x)) = g(x,)
h 1a déng cau vi h(y,y;) = g(x,%,) v61
(f(x)) = y1, f(xy) = y2) = g(x)g(x2) = hiy Dhly,).
Do céch xay dung h, ta cé g = hi. '

¢) Tinh chat duy nhat cia h dugce suy ra tit tinh chat f 1a
toan cau.

d) Ta hay tim Keih. Taco
Kerh = {y e H{h(y) = eg}
= [f{x) | hf(x) = g(x) = e | = {(Kerg).
Vay néu h 1a don cdu thi Kerh = f(Kerg) = {ey}, suy ra
Kerg < Kerf. Vay Kerg = Kerf.
Pao lai néu Kerg = Kerf thi Kerh = {ey}, do d6 h la don cau.
e) Ta c6 Imh = hf(G) = g(G).

Vay h(H) = Imh = K & g(G) = K hay h 14 toan dnh khi va
chi khi g la toan dnh.



- 2.81. a) Gia suavabthuoc X, a # b. Khi d6 véi G 12 mot nhém
nhiéu hon mot phan tir va ta ¢6 4nh xa g : X — G sao cho

g(a) # g(b). Anh xa g: F —>G thoa min g= g fsuyra
@) = gf(a) = g(f(a))
g(b) = g(b) = g (f(b)).
Vi g(a) # g(b) nén g (f(a)) # g(f(b)) hay f(a) # f(b).
Vay f 1a mot don 4nh.
b) Gia sir G 1a nhém con ciia F, sinh ra boi f(X). G = <f(x)>.
Anhxag:X 5G
X b f(x)
"cam sinh" mot 4nh xa i: F 5>Gsaochog= g.f.
Mit khac tacé danh xai: G - F
X X
la mot don cAu suy radnh xag' =ig: F —»F. _

Ngoai ra idg : F - F 13 4nh xa ddng nhat cta F cho ta cic
biéu d6 sau giao hodn

X-—fF X—L,F
N\ e w1\ Ja
F F
Tic lata c6 g'f = f = idgf. Suy ra g' = idp.
VayF=G =< f(x) >.
b) Gia sir (F, f) va (F ', f ) déu la cdc nhém tw do trén tap X.

Khi d6 ta ¢6 c4c anh xa f: F' ->Fva T': F —F ' 1a nhimg
déng cau sao cho cdc tam gidc sau giao hodn: -
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2.82.

VAV

Tacla f = F'f'hay T'.f° = idp
va f' = ffhay ff =idp.
Suy ra fva f ' 1a nhilng dang cau. Vay F = F ",
Dt F bao gém cdc tich hinh thic (goi 13 cdc tir)
U= a?‘ aiz .am,
trong d6 a, e X, g; =x1,i=1, 2, .., n via khong cd hai nhan
tit no ké nhau c6 dang a' v a ' hodc a ' va al,_ki hiéu e la
tich réng. '
Néu u va v thuoe F, ta dinh nghia tich uv nhu sau:
uv=unéuv=e. '
uv=vnéuu=e.
Néu u # e, v # e thi uv duoc xéc dinh bang cach "ghép” hai
tir u va v v6i nhau r6i gidn udc tat ca cac cap c6 dang a'a
11 ‘
hoaca'a . -
Vi phép toan nhu vay, F 1a mot nhém. Cung v6i dnh xa
f: X >F

~1
at—a

* F1a nhém ty do trén tap X.

2.83.

178 -

a) néu°X = < thi nhém tr do trén tap X chinh 1a nhém don
vi,d61a F= {0} vaf: & — F 12 dnh xa rong.
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byNeuX ={a}thiF={a"|necZ}vaf:{a}>F

2.84.

2.85.

2.86.
2.87.

al——>a].

Trong truong hop ndy X 12 mot nhém xyclic ¢6 ¢dp vo han.
¢) Néu x = {a, b} thi .

F= { am]bn'am:b":-uamenk | m| e Z, n] c Z’ c= .l, - k}‘

f:X - F

!
a — a

b > b
Theo bai 2.82. Nhém tu do trén tap X = {a} 12 mot nhém
xyclicc6cdpvohannén X = Z. | | _
Che G 1a mot nhém tuy y. Goi (F, f) 14 nhdm tu do sinh béi
tap G. V&i dnh xa dong nhit cia G laidg : G > G tén tai
duy nhat dong cau h : F —G sao cho idg = hf. Viid, 1a toan
anh nén h 1a toan cdu, vi vay G = h(F). Theo dinh 1i déng cau

- ~ H
taco G = .A(erh'
Lam tuong tu bai 2.81.
Dat F = ((a),c x € Z" | (8);¢ x ¢6 gid hitu han}.
Trong F ta dinh nghia phép cong nhu sau :
V6i moi uva v thedc F,
u=@iex-v=Gicx;u+v=((a +b)x.
V6i phép todn nay F la mot nhém Aben.
Cing vé1 anh xa f: X »F
0 néui=x

X b (3 x VO a; =.{1_ i
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2.88.

2.89.

2.90.

180

F 132 m6t nhém 1 do.
That vay, gia sit g X — A 12 mot 4nh xa tuy ¥ tr X dén
nhém Aben A. Khidétacé anhxa g: F 5 A

(a _)jex = Z a,(g)-

(Téng 3. a;(g( )6 nghia vi chi ¢6 hitu han a; khéc 0).
[T=.4

g 1a mot ding cdu va thoa man gf = g.

Do tinh chat f 1a don 4nh nén suy ra g 1a duy nhat thod man

déng thiic trén. Vay (F, f) 1a nhém Aben ty do trén tap X.
(C6 thé ching minh diéu nay dua vao bai 2.82 va bai 2.90).
Theo két qua bai 2.87 tacé

a)Khi X = {a} thiF = Z' = Z.

b) Khi X = {a,, 2y, ..., a,} thi F =Z",

¢) Khi X tuy ¥ ta cé F déng ciu v6i mot nhém con cia Z*.

a) Gid sir A 13 mot nhém Aben di cho. Pt (F, f} 1a nhom
Aben tu do trén tap A. Khi dé 4nh xa id, : A — A cam sinh
mot déng ciu h: F — A, h con 13 mét toan cdu va do 4o

1%(erh =A.

b) Chimg minh dua vao bai 2.87.

Gia sit (F, f) 12 mot nhém tr do trén tap X; [F, F] 1a nhém con
£ " i . . F et 4 . - =

hodntrctaFvap: F — %F, El 1a phép chlég chinh tac.

5t of - F 4. o F N o
baty=pf: X — /[F, Y khidotaco XF‘ F] cling vdi dnh
xa j 12 mot nhém Aben tu do trén tap X.



CHUONG Ili. VANH VA TRUONG

3.1.

3.2,

3.3.
3.4.
3.5.
3.6.

a) Chi cin chtng minh
A:{a+b\/§|a,beZ}

ta mét vanh con ctta vanh cédc s6 thue R.

Cé neZ,nzn-i-O\/EeA.Vay ZcAnén A=,
Gia sty a+b\/5, c+d\/§eA,
(a+bﬁ)—(c+dﬁ)z(a—c)+(b—d 2eA;
(a+bﬁ)(c+d\/§)=(ac+2bd)+-(ad+bc)J§_eA.

Vay A la mt vanh con cia R. Vi R 1a giao hodn nén A ciing

giao hoan. Don viclia Ala 1 +0.4/2 .

b) Ching minh tuong ty céu a). _
Téng va hiéu chia hai ma tran vuéng cip n v6i cc phan tir 1a
nhimng s6 nguyén 1a mét ma tran vudng cip n véi cdc phén tir
1a nhitng s6 nguyén. Tich cta hai ma tran vudng cip n véi
céc phan 1l nguyén la mot ma tran vuoéng ¢ap n véi cdc phin
t nguyén. Do dé tap hgp cdc ma tran vuodng cip n véi cic
phin tir 13 nhitng s6 nguyén 13 mot vanh con cha vanh cic
ma tran vudng cap n.

Chitng minh tuong tu nhu bai 3.2

Chimg minh dua vao dinh nghia cia vanh.

Ching minh dua vao dinh nghia cia vanh.

Xem ching minh bai 2.75 (chuong II).
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3.8.

3.9.

3.10,

182

Vanh s6 nguyén Z c6 dac s6 0, vi v6i mei n > 0 c6
ni=n>0

Tuong tu véi cdc trudng s6 hitu ti Q, trudng 56 thuc R va
trudng s6 phic Ctadéucd Von>0,nl=n>0.

Gia st F, 1 trudng hiru han gom n phan ta. Khi d6 nhém
cong F céciplan. Dol e F néncip cha 1 1a mot ude clia
n. Vay F, c6 dac s6 khac 0.

Gia sit X 12 mot mién nguyén, cé dac s m = 0O vam > L.

- Né&u m khong 1a s6 nguyén t6 thi m = pq, trong d6 p vaq la

hai s6 nguyén 16m hon 1. Do dé me = (pqe = (pe)(qe) =0 (e
1a don w cua x).

Vi pvaqdéubeho‘nmncnpe # Ovage # 0 Nhur vay X ¢6
uéc clia khong, tréi véi gia thiét. Vay m phai 12 s6 nguyen 0.

Gia sir X 12 mét trudng tuy y. Xét dnh xa ¢ sau day:
0:Z—->X

nk>n.l
(Z 1a vimh s6 nguyén, 1 1a don vi cha truimg X). |
(b 1a moét déng cdu vi: |
Ym,neZ om+n=@m+r.1 =m.l+n.l =¢(m)+o(n)

va ¢(mn} = (mn} = m. l.n.1 = @(m)@p(n).
—~ Néu X c6 dic s6 0 thi ¢ con la mot don cau, do d6 X chua

vanh con ¢ (Z) déng céi v6i Z. Tix dé suy ra X chita mot

trudng con dang cal véi trudng s6 hitu i Q.



— Néun X ¢6 dac s6.p = 0 thi p 1a mot s8 nguyén t6 (theo bai
3.9). Trong trudmg hop nay Kerg = pZ. Mat khéc, p 1a so

nguyén t6 nén Z, 1a mot trudng. Theo dinh 1i déng can, X

' chita mét vanh con 12 ¢(Z) dang cdu vdi Zp = %Z,

3.11.

3.12,

3.13.

Pé ching minh X 13 mot vanh ta chi con phai chimg minh
phép cong trong X 14 giao hoan.
Véimoix,ye Yiacé

X+ +D=x+y) 1+ x+y)l=x+y+x+y.
Mat khéc 1a c6

X+ U+ D=x(1+D+yd + D=x+x+y+y
doddx+y+X+y=X+X+y+y.
Gian udc bén trdi cho x va bén phai cho y ta dugc
Yy+X=X+Yy.
Suy ra phép cong 1a giao hodn. |
Vay d6i v6i mét vanh ¢6 don vi tién dé vé tinh giao hodn cia
phép cong dugc suy ra tir cdc tien dé khdc.
Céc uéc clia O trong vanh %Z a2, 4 va3v
23=0, 43=0.

Gid sir ZAZ (n ¢0) 12 mot mién nguyén do dé n # +1.
Vi nZ = —nZ nén ta ¢6 thé 1dy n > 0. Néu mkhong phai 12

mot s6 nguyén (& thi cé hai s6 nguyeén p, va p; khac | sao
cho n=pp,. o

IR3



3.14,

Nhu vy 0=p,p, ma p, #0 va p, # 0, didu d6 chimg to
7z : P ey as o - . Z 15 : sa
AZ ¢ udc cua O, trdi voi gia thiét 'AZ la mét mién
nguyeén. _ '

. . " . L . » - 7 5 s
Pao lai, néu n 132 moét s nguyén t8 thi Aéﬂ la .m(fJ.t mién
nguyén, hon nita ta con chimg minh dugc né 12 mot trudng.
Gidsltae Z%Z’ az (_}, nhu vay a khong chia hét cho n. Vi n
nguyén t6 nén a va n nguyén t6 cling nhau do dé tén tai u va

v thudc Z sao cho au +nv = 1.

Suy ra

al+nv =1 hay au+nv=1 hay au=1.
Chimg t6 u 12 nghich ddo cta a .
Ta cé :
[(a1.b1) +(az.b2 ) ]+ (a3,b3) = (ay +az,b; + by )+ (a3,b3)
=((a) +az)+a3.(by +by)+ b3} =(ay +(ay +a3),by +(by +b3))

= (a1.by )+ (az +a3,by +ba) = (a1, by ) +[ (25,57 ) + (a3.b3) |-
Chimg td phép cong la két hop.

(aj, b)) +(ay,by) =(a;+ayb; +by)
= (32 + aI, b2 + b]} = (3.2., bz) + (al., b|).
Viay phép cong la giao hodn.

" Phan tir khéng 12 (0, 0) vi

(0,0)+(a,b)={(0+a,0 +b) = (a, b);

tuong ty (a, b) + (0, 0) = (a, b);
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3.15.

(a;. b)) (ay, by) = (aja,, byby)
) = (aa), byb)) = (ay, by} {a;, by).
Vay phép nhan la giao hodn. .
[(a). b)) (a2, b))l (2, b3) = (a2, b;by) (azh)
= ()22, (byby)bs) = (a(a525), by (bybs))
= {(a;, b)) (3,33, byby) = (a}, by) [(ay, by) (a3, by)].
Vay phép nhan 12 ket hop.
(ap, bl(ag, by) + (a3, by)] =
=(a;, by) (a3 + a3, by + by) (a; (a; + a3), by (by + by)) =
=(a,a; +a,a3, b;by + bby) =
={(a a3, byby) + (aja3, b;by) =
={a;, b)) (az, by) + (a1, b)) (a3, by).
Vay phép nhén phéan phdéi déi voi phép cong.
Phan tir don vi fa (1, 1) vi (1, 1)(a, b) = (L.a, 1.b) = (a, b).

Céc udc coa khong trong vinh X = Z x Z 13

A= {(Ob)’ be Z} U {(a,0)| ae Z} .

a) Véimol X € X tacd
—x=(—x)2=x2=x.
b) Véimoix,y € Xtacé
J(.+y=(x+y)z=x2-i-x_\,f+yx-+-y2
=X +Y+Xy+yx,
hay xy + yx = 0 suy ra xy = yx. Vay X 12 vanh giao hoan.

185



c}Gidsux € X saocho x # 0 vay e X 1a mét phan ti tuy
ytacd xy = xzy = x(xy). Vi X khong ¢6 udc cia khong nén
ta ¢6 thé gian udc cho x & déng thie trén va ta duge xy=y.

~ Vay x 13 phan tir don vi ciia X. Trong truémng hgp nay vanh X

3.16.

3.17.

3.18.

186

chi ¢ hai phén tirla O'va don vie.
Cac vanh di cho trong cdc bai tap 3.1, 3.2, 3.3 khong vanh

nao la vanh con cita vanh con lai.
Gid sir A va B 12 hai idéan ctia mot vanh X.
Pit C=A+B={a+blacAbeB}.
C#@viDe Ava0e Bnéen0=0+0e A+B.
Giasltc;=a, +b, e Cvac;=as+by, € C.
Khidéc;—c,=(a; —a,) + (b, —by) e C.
Giasux € X, tacéd
x{a;+bj)=xa +xb, € C |
vé(al+bl)x=alx¥b|x e C
Viy C1a mot idéan cua X.
Gidsit A={xeX|nx=0}.
Tacén0=0nén0cA vay A=J.
Giasix;,x; € X, manx; =0vanx, =0, suyra
n(X; — X,) =nx; —nx, =0,
vay X| — X €- A
Gidsiix € Xvia€ Atacénax=0.
T d6 n(xa) = x(na) = x.0 =0, n(ax) = (na)x = 0x = 0.
Suyraax € Avaxae A.
Vay A la mot idéan cua X.



3.19.

3.20.

3.21.

' Vay aX 1a idéan phai cua X.

Vé6i aX = {ax |x e X],tac60=20 € aX. Vay aX = &. Gid .
sir ax,, ax»,eaXvaxeXtaco -
ax; — dﬁn—a(xt—xzjed)\

{ax)x = a(x]x) e aX.

Tuong tu c6 Xa 1a idéan trdi cta X,

a)Rorang Oc ],

n m
Giés&uzZaibi ell] va v:Za'jb'j el].
=1 =1 - '

Khi dé
n T m
u-v= Zaibi Za b, Zd Z(-—a'i)bjell.
aj=l J=1 i=l . Jj=1 _

Véixe Xtacéd
n - n n
xu=x) ajb; =Y x{ajb;)=> (xa; o, I7.
i=1 r=1 i=t
Vay [J 1a mét idéan cla X.
b)Talusnes IJclval)lcTnénlJcIn].

Bay giogiastaeInJ, vil+J=Xvale Xnénl=u+v |
véiue l,ve I

Tuddésuyraa=a.l =a(u+v)=au+av.e |
VaytacdIJ=1M1J. o
Gia sir m va n la hai s6 nguyén t6 cing nhau. Khi dé t6n tai

hai $6 nguyén u, v sao chomu +nv=1. Do dé 1€ mZ + nZ.
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3.22.

3.23.

188

Vay mZ + nZ = Z. Déo lai, n€u mZ + nZ = Z thi

1 € mZ + nZ hay | = mu + nv, véi u va v thude Z.

Vay m va n nguyén té cing nhau.
a) Chitng minh theo dinh nghia déng ciu.
b) Gia sit p 1a toan ciu. Khi d6 v6i mébi x thuge X thi

x+L (1) + De ()%)x()%) nén tén tai ac X sao cho

play=(x+1, (1-x)+J)
hay (x + ), (1 +x}+D=(a+1,a+J).
Tedéosuyraa+I=x+fvaa+JF=(1+x)+J,dodé
a-x+ue bva(l+x)-a=1-(a-x)=1-u=vel

Vay l =u+ve [+]J. VayX=1+1J.
Paotai, néul+J=Xthil =u+vvéive Ivave J. Gia sk
{a+Lb+J)laphintrtuy ycaal+J. Dat x = va+ ube X,
Khidd tacé p(x) =(a+ 1, b+1) Vay pl1a mot toan cau.

Goi n 1a cap cha phén tx don vi e cha vanh X, nghia 1a n 1a sé
nguyén duong bé nhat cho chone = 0.

a) Néu n la hop s6, nghia la n = nyn, véi 0 < ny, ny < n thi
ne = n;e nye = 0. Nhur vdy, vi X 1a mién nguyén, nén nje =0
hoac n,e = O trdi vai gia thi€t vé n. Vay n phai 12 mét s6
nguyén t6. (Puong nhién n= 1 vinéun=1thile=e=0, X
khong phai 12 mét mién nguyén).

b) Véi mot x ta cd x = ex, do dé nx = n{ex) = (ne)x =0,
Vay cép cua x 1 uéc cua n. Vi n nguyén t6 nén cép clia X
bang n.

c) mX={mx‘xeX}¢® vi 0 =mbe mX.



3.24,

Giasirxe X, mx, vamx, € mX, tacé
~MX) - mX; =mX,— x3)e mX,
x(mx;}=m(xx;) € mX

va (mx)x =mx,x) € mX.
Vay mX la mét idéan ciaa X,
d) Ta hdy xac dinh mX.

~ Néu m chia hét cho n thi m = ng, qe Z
mX = {mx = n{qx}=0} .
Vay mX = {0f. '
— Néu m khong chia hét cho n thi m v n nguyén t§ cling

nhau, doddécou, v e Zsaochonu+mv=1.

Vay véi moi x e Xcb

x = 1x = (nu + mv)x = n(ux) + m(vx) = m{vx)e mX,
do d6 mX = X.
Tém lai

~ N& ia hé& 7 X =X/ =

Néu m chia hét cho n thi / X A)} =X.

~ N& 3 ia héi i X =X/ =
Néu m khéng chia hét cho n thi /X A(_{O}.

a) Gia sit P 12 mot idéan nguyén t6 clia mot vanh X:
)% = {‘x +P ' X € X} 14 vanh thuong cua vanh X trén P. Vi

P nguyén té6 nén Pz X do d6 )% c6 nhiéu hon mot pharn .

Pon vi ca X/ lae + P voi e 1a don vi ciia X. Do X 12 vanh
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gtao hodn nén )% ciing 14 vanh giao hoan. Bay gi& gia su
5 - o 2 n “ s X "
X+ Pvay+ Plahai phan tr tuy ¥ cua A) néu
x+P)y(y+P)=0+P=P

thi xy + P =P hay xy e P. Vi P 1 nguyén t6 nén hoic xe P
suyrax+P=P=0+Phoicye Psuyray+P=P=0+P. -

Vay }% khong ¢6 udc cua kﬁc‘mg, do dé )% 12 mot mién
nguyen. '

Gia sir 7%, 12 mot mién nguyén: Khi dé % ¢6 nhiéu hon

~mot phin t, do d6 P # X. Gid sit x, y 12 hai phén tif thuoe X

saochoxye Pnhuviyxy+P=(x+P)(y+P)=P=0+P.
Vi )% khong ¢6 udc cia 0 nén suy ra-hoac x + P = P hay
x€ Phoacy+ P=Phay ye P. Vay P 1a idéan nguyén 6.

b) Gié sir % la mot truong khi do % ¢6 nhiéu hon mot

phin tr do d6 A# X. Gia sir T 1a mét idéan ciia X sao cho
I> A nhu vay ¢6 moét phan tir x,e I — A. Ta xéi

x.U+.Ae % '

Vix, ¢ A nénxy+ A kha nghich, nghia 13 c6 mot phdn tir

- Xg+ Asaocho (x\y+ A) (xy+ A) =x'yxg+ A = ¢ + A, hay

e=XXgta,ae A Vixyelvaee AclInéne ¢ Idodd
[ =X. Vay A 1a idéan 161 dai ciia X. '

~ Dao lai, gid sir A 12 idéan t6i dai cda X thi A # X do dé %

¢6 nhiéu hon mot phén tir. Vi X 12 mot vanh giao hodn ¢6 don



3.25.

vinen X/, ciing 1a mot vanh giao hodn c6 don vi. Bay gid gia

st x + A la m6t phan tir khic khoéng hay x + Az A, vay

xg A Xétidéanlcia Xmal=A +xX. Khidé IoAvaxel

ViAlawidainénI=Xsuyrae €l

Dodée=a+xx, vdia e Avax, e X hay
etA=(a+xx)+A=xx;+A=(X+A)(x;+A).

Diéu 6 chiing 16 x, + A I nghich déo ciia x + A. Do d6 X/,

1a mét trudng.

Tir hai k&t qua trén ta ¢6 nhan xét :

. Mor idéan 6§ dai diéu 14 idéan nguyén 10,

a) Trude hétta co 0 = f(0)e ().

Giz su a', b'ef(I) khi d6 t6n tai a, b €Y sao cho f(a) = a',

f(b)=b'. Nhuvay a' —~ b'=f(a) - f(b)=f(a—b) € I..

Giasita' € f(I), yeY, a' = f(a), acl. Vi f 14 todn c4u nén

Jxe X sao cho f(x) = y. Khi d6 a'y = f(a)f(x) = f(ax)e L.

Viay f(I) |a mét idéan cia Y. '

Néu f khong la toan cdu thi khang dinh trén khéng con ddng.

- Chéanghan {:Z —» Q

n-n
1a dnh xa nhiing tu nhién tr vanh s6 nguyén Z vao trudng so
hiru ¢ Q. Tuy nhién Z k idéan cia Z nhung f(Z) khong 1a
idéan cta Q. | | B
b) Ta da biét néu P la idéan cha Y thi f_l-(P.) 12 mét idéan
cia X. Gia sir hai phan tir x;, x, thugc X sao cho
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3.26.

3.27%.
3.28.

X|X; € £74(P) nhu vay ta ¢6 f(x,X,) €P hay f(x)f(x;)eP .
Vi P la idéan nguyén t§ nén hoac f(x,)eP hodc f(x;)eP.
Néu f(x )eP thi x; f_l(P), néu f(x,) <P thi X, € f4(P).
Vay £1(P) 13 idean nguyén t6 chia X. |
Néu P )a idéan t5i dai ciia Y thi khong thé ket luan £1(P) 1a
idéan t3i dai cia X. Ching han, {: Z > Q

nen
12 phép nhiing ty nhién tir vanh Z vao Q. Tuy nhién {0} 1a
idean t6i dai ciia Q nhung f'(0)={0} khong la idéan 16i
dai cta Z.
bat X 1a wap hq‘b tat ca cac idéan thuc SI:I'CI'.'la X, chita I. Khi
d6 Y =@ vil €Y. Theo B6 dé Zorn, 2. ¢6 phin tir (9 dai

i3 M. M chinh 1a idéan t3i dai ctia X chida L. (2 dugc sép thit
tu theo quan hé bao ham).

Ap dung bai 3.26 véi 1 = Xa. .
()= (it). Gia sir X chi c6 mot idéan t6i dai duy nhat 1a M.
Khi d6 idéan M 1i tap cac phan tir khong kha nghich cia M

- (Ap dung bai 3.26).
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(ii}= (i) Gia sirtap M céc phén ti khong khé nghich cia X
1a mot idéan cla X. RS rang M 1 idéan 16i dai ciia X. Gia sit
M' 1a mét idéan 161 dai bat ki cia X khi d6 (theo bai 3.26)
M'c M. Viy suy ra M'=M tic 12 X chi c¢é mot idéan t6i
dai duy nhat. '



3.29. a) N(x):{x ex" Ine N .nx =0} I3 mot idéan cira X vi
0=10 = 0e N(X).

Gia stir a. beN(X), Kht d6 In,me N~ sao cho ma = 0,
nb = 0 khi dé mn(a-b) = 0 ttc [a a — be N(X).
Giasuxe X, ae N(X), khi d6 Im e N~ sa0 cho ma=0 Suy ra
m(ax) = ({ma)x =0 do d6 ax € N(X).
b} Gié strae N(X), khi d6 3n > | sac cho a" =0 e P véi moi
idéan nguyén t6 P cia X. Vi P 13 idéan nguyén t6 nén suy ra
acP. Vay N(X) la t4p con cua giao cua tdt ca cdc idéan
nguyén t6 cua X. Pdo lai. néu ag N(X) ta ¢6 mot idéan
nguyén té P, ma aé Py.
bat S ={a"| n 20} va goi 2. la tp cic idéan cia X ma
khong giao v6i S. Vi aeN(X) nén a" #0, Yn2>1 nén
{0} T. Vay T +@ Theo b6 dé Zom (T duoc sip thir ts
theo quan hé bao ham), 3 '¢6 phén ti (8 dai 12 P,,. Ta c6 thé
" chiing minh dugc Py 1a mot idéan nguyén to ctia X va a ¢ P,.
Vay N(X) 1a giao cta ho tdt ca cdc idéan nguyén 16 cha X,
3.30. Hién nhién.
3.31. Truéc héttacdcicanhxa 0:Z > Z valy 1 Z > 7

ne=0 n—n

1a hai tr dong cdu cha vanh sé nguyén Z.
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3.32.

Gia st f:Z — Z 1a mot tuw déng cdu clia Z va f= 0. Nhu vay
t(‘iﬁ tai ae Z sao cho f(a)= 0.

Mat khac ta co f(a) = f(a. 1) = fG)f(1). Vi f(a) # 0 nén suy ra
f(y = 1. V& n la mot s6 nguyén tuy y f(n) = nf(1) =n. Vay
Do dé tap hop cdc ty ddng céu cha Z [a {0,'1;,’;} i

Lam twong ty nhv bai 3.31. Gia sir £:Z[v2 ] - Z[JE] I

mot tr déng clu ctia vanh Z[\/i] ma f# 0. Khi dé ta suy ra

194

f(n):n, VYneZ.

£(v2)] i =f(2)=§hay £(v2)-

L&

Néu f(\/i)z J2 thivu=a+by2 e Z[\E]; f(u)=u trong
trudng hop nay f 12 énh xa dong nhit.
Néuf(v2 )= -2 thi

Yu=a+b/2 e Z[\E],f(u)za—bﬁ.
Ta cling ching minh dugc trong truong hop nay, f con 1a dnh
xa dang cdu. Vay ngoai déng cdu khong, Z[\E] con ¢6 hai
tu dang c4u niva 1a idz[\/ﬂ va f :Z[\/EJ — Z[\E]

Ca+bV2 b a-b2.
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3.33.

3.34.

3.35.

3.36.

Lam twong tu bai 3.32, ngoai tv dong cdu khong, Z’[l] con
c6 hai ty ding cau nita 13 id;‘:[i] vi f: Z[l] — Z[i]
a+bi—>a=~bi
Vif(()=0nén A= Q.
Giasirxy, x> € A, nhu vay f(x,) = x, f(x,) = x5 do d6
f(x;—x9) = f(x;) — f{x>) = x|, — x5
VA (x| X} = f(x  )(X,) = X| X5
Vay A 1a mét vanh con cia X.
a) Chiing minh nhu déi véi bai tap 3.1. Phén tir don vi 14 (0, 1),
b)Anhxaf:X > XxZ
x - (x, 0)
hién nhien 12 mot don dnh. N6 13 mot déng céu vi-
f(x + y) = (x +y, 0) = (x, 0) + (y, 0) = f(x) + f(y):

f(xy) = (xy, 0) = (x, W)y, 0) = f(x) f(y).
a) Chimg minh dva vao dinh nghia ctia vanh.

b) A= {(a,O)’ aec A} 2 mot vanh con cha X vi A > (0,'0)
nén A = <. Gia sir (a, 0) va (b, 0) thuoc A,
(a,0)—(b,0)=(a-b,0-0)=(a—b,0) c A,
(a, 1) (b, 0) = (ab, 0.0) = (ab, 0)e A..
Tuong tu ta ¢6 B= {(0,5)| be B} 1a mot vanh con cta X.
Cicdnhxa f,:A—>X vaf,:B>X
a > (a,0) b (0.b)
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3.37.

i ‘L)()

la nhimg don cdu va lan luot ta ¢é Imf, = A, Imf, = B nen
suyra A=A B=B.
cyGiasux=(a;, bpeXvao =(a,0) < A tacé
xa =(a;, b)) (a, 0) = (ajay. 0 A,
ax ={a,, 0} (a, b)) =(aa,,0) € A.
Vay A laidéan caa X.
Twong tur ta cé B 13 idéan clia X.
d) Theo dinh nghia tacé An B ={(0, 0)}.
Ngoai ra, néu xe X, x =(a, b;) thi
x=(a;,b)=(a,0)+ (0, b)e A+B.
ViyX = A+B.
d) Gia sire, 13 don vi cla A, eg 12 don vi cia B khi d6
e =(eu, ep) ladon vicua X,
a) Véi moi xe X ta cd h(x) = ax, do db véi moi X, X; € X
co h(x; + X5) = a(X; + X3) = ax| + axy = h,(x|) + h(x;). Viy
h, 12 déng cau tit nhém cong X dén nhém cong X.
Goi E = End(X) la vanh cdc ty dong cdu cia nhém céng
Aben X. Khidé h:X - E
ak> h(a) =h,
12 mot ddng cau (vanh) vi véi moi a, be X,
h(a + b) =h, , , va h{ab) =h hy.
That vay, vdi moi xe X tacéd



3.38.

h, , p(x) ={a+ b)x = ax + bx = h (x) + hy(x) = (h, + hy)x)
va h,(x) = (ab)x = a{bx) = h,(bx) = h (hy(x)) = h,h,(x).

c) Kerh = {an‘ =0 v&i moi xeX}

= {an‘ax:(} véi moi x}.
Néu X 1a vanh ¢6 don vi thi ae Kerh khi vachikhiae =a =0,
Vay Kerh = {0} hay h 12 mot don céu.

Tur bai tap 3.35 va bai tap 3.37 ta suy ra ring moi vanh déu
ding cdu voi mot vanh con clha vanh céc tu dong céu cia
mot nhom Aben .

Ta cho wong tng méi x + A thudc %/, 16pf)+B e Y7
Ky hiéu tuong ing d6 13 T, nghiala T (x + A) = f(x) + B.

Gia st x + A = x' + A nghia 12 ¢6 x~x'eA. Khi dé
f(x+A)=1(x)+Bva [(x+A)=f(x")+B bang nhau. Vi
x-x'e A nén f(x)-f(x})=f(x-x"})ef(A)cB. vay

. o ne s ~ X = Y
tuong ing f 1a mét 4nh xa tlr Aden é

Vaimoix, + A, x,+Atacé
(X, +A) + (x5 + A)) = T((X) +X3) + A) = f(x| + x,) + B
= (f(x}) + f(x2)) + B = (f(x) + B) + (f(x,) + B)
. —f(x|+A)+f(x2+A)
f((x1)+A)(xf,+A))—f(x Xa+ A) = f(xx,) + B
= f0x)f(xp) + B= [ f{x))+ B[ f(x;) +B]
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Mat khac
fp(x)= f (p(x)) = F(x + A) =f(x) + B=p((x)) = pfix)

Vay f 14 mot dong cdu thda man fp=p'f.

- Giasir e f: % —> % la dbng cau sao cho fp=p'f thi

3.39.

3.40.

198

"X, do dé x;X = X; ee X nén tén tai xj € X sa0 cho e = x;x;

ta cé déng thiic fp=f,p. Vip I toan dnh nén gidn wdc cho
ptaduge f =f,.

Diéu d6 néi 1én tinh chat duy nhat cia f .

Néu f {a mot toan dnh thi p'f 12 mét toan anh.

Nhu viy ta ¢6 fp 12 mot toan dnh tir d6 suy ra f 13 mot toan
anh va do dé f 13 mot toan cdu (bai tap 1.49 chuong ).

Gia st X = {0, ¢, x3, -, X, }1a mot mién nguyén. DE
chiing minh X 12 mét trudng ta chi cdn chimg té mdi phan
tir cha X khdc 0 déu ¢6 nghich dio. Gid sirx, € X, x| # 0.
Xét xX = {x;0. x;X3, ..., X{X,}. Do trong X ¢6 luat gidn
wéc nén tap hop x,X ¢6 ding n phdn tif bang s6 phan tir clia

j
(e 1a don vi cua vanh X).

Vay x; la nghich dao cita x;.
Xétvanh Z, ={0, T, .., n—1}.

Theo bai 3.13, Z, 12 mot mién nguyén khi va chi khi n 1a
nguyén 16. Két hop véi 3.39 ta ¢6 diéu khing dinh.



3.41.

3'420

3.43.

3.44,

Gia sir A 1a mot truong con ctia truong cdc s6 hitu ti @, cdn
chimg minh A = Q. Ta luon ¢c6 Ac Q. Dao lai, vi 1€ A (do
A ta truong con caa (P) nén véi moi s& nguyén n > 0, déu cé

n=I+]+j..+leA, —-neA va %EA

n lin
Tt d6 suy ra néu g(q % 0) 1a mot s6 hitu 1 bét ki thi ta ¢6
Ezp{l]eA . Vay Qc A dodé O = A.
q q _ :
Tacé Qc A vivdi :nQiae@,a£a+0ﬁ.Giésﬁa+b\/5
vic+dv2 e A.Tacé
(a+b\/5)—(c+d\/§)=(a-c)+(b—d 2eA;

néu ¢ +dv2 # 0 thi
oz _(s5T)fe-es)

:ac—2bd+ bc - ad ﬁEA-

crdv2 2242 2242 2 -242
Trong dé ai:—2bc’i va be ~ad e Q.
¢ —2d® | 2_p4?

Vay A la mét trudng con ciia trudmg s6 thuc B

Chimg minh gidng nhu ddi voi bai 3.42 hoac dya vio ket qua
chimg minh bai tép 5.31 chuong V.

A#Zvi0=0ecA e=leccA. (1)

véimoime, mee Atacéne - nye =(n~nylec A
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3.45,
3.46.

200

(nye)nye) ={(nny)ee A do bhép nhan phan phdi doi véi phép
cong va e’ =e.

Vay A 12 vanh con ciia X. Vi X 1a mot truong nén A khong
¢é uéc cta 0 va theo (1), suy ra A 13 mét mién nguyén.

byXétdnhxa ¢:Z > X
nP ne.
Dé thdy ¢ 12 mot dong cdu valmeg = A
Tim Ker¢
o & ¢6 cAp vO han thi v6i hai 6 nguyén n, me Z, n# m kéo

theo ne# me, do dé ¢ lamotdon cdu vatacéd Z= A

e ¢ c6 cap p thi vi X 1a mot trudmg nén vanh A = ¢(Z) lamot -
mién nguyén cé p phin tlr e, 2e, ..., (p-1)e, pe = 0. Luc do
Ker¢ = pZ véi p nguyén 1o va A = %7 :

¢) Theo két qua bai tap 3.40 ta ¢6 %Z la mot trwdng, do dé

A 12 mot truong.

Hién nhién.
a) Gia st f: Q—>Q 12 mot tr dong cau cia Q. Néu =0,

chitng minh giéng nhu bai tap 3.31, ta c6
f(1y=1;

fin) = n véit moi neZ.

Véiqe Z,q # 0, f(l)=lf(q.lj.;f(q)f[i]:qf[é},



suy ra f[lJzi Do dé vé moi s6 hitu ti Be@, q#0 ta
q q q

1 ‘ 1
cof( ] ( _]: [__J:p____ﬂ_
v q 9 9
Vay f 1 dnh xa dong nhit coa §.
Tém lai, cdc ty dong ciu cua truong s6 hitu ti (@ chi la dong
cu 0 va dong cdu dong nhat.
b} Chitng minh nhu cau a) néu f: R — R 14 mot tr ddng cau,
{# O thi f(a) = a v4i moi s6 hitu 1 ae Q. Ta hdy chimg minh
néur ¢ R 12 mot s6 thuc duong thi f(r)> 0. That vay. r ¢6
i ) 2
thé viét r = (\/;)- do do f(r) = f(\/;z‘) = [f(\/’r-ﬂ >0.
Bay gio gid sur € R la mot 0 thuc tiy ¥ ma f(r) # r. Do

‘tinh chat trit mat khap noi cha trudng sé hitu (i Q trong R

nén c6 s6 hitu ti q sao cho r < q < f(r) (1) hoac f(r) < q < 1.
Khi dé ¢ —r > 0 do dé f(q — 1) = f(q) — f(r) 20 hay g > f(r) -
mau thuan véi (1). Hodc r — q > 0 do d96 f(r — g} = f{r) — f{q)
= f(r) — g = 0 mau thuan véi f(r) < q <r.

Vay f(r} = r hay f phai 1a mot anh xa ddng nhat.

Do d6 tap hop céc tu déng cdu cia R 1a {0, I+ } :
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¢)Giasu f: C - Cla mot ty dong cdu coa truedng $6 phiic
C sao cho f(a) = a véi moi ac R.
Nhu vay véi s6 phite batki oo =a +bi € Ciacé

f( (p ) =f(a + bi) = f(a) + f(b)(i) = (a + L)(Q).

Hay fim £(i). Vi i2 = -1 nén [f() = £62) = f(=1) = ~1.

Vay f(i) = i hoac f(i) = —i. Do d6 f phai Ia tw ding cdu déng
nhat hay t dang cdu dat twong tng mdi s6 phiic a + bi vdi s6
phitc lién hop a — bi.

3.47. (¥ \/5 ) ¢6 hai tu dang cau la:
. 5, A EQGK2) > QW2)
a+by2 >a-bv2.

3.48. Qi) c6 hai ty ding cau 1a: Id. ;) vaf: QG) > Q)
a+br>a—bi

3.49. @(-{/2_) chi ¢6 mot ty ding cau duy nhit 1a anh xa déng nhit.

3.50. D:jath{[ 2 b} a,beﬁa}
-b a

Xétanhxaf: C > M

. a b
a+bi—
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f 12 mot song dnh vi néu a + bi % ¢ + di nghia 3 a = ¢ hoac
b # d thi

]

< b
do d6 f(a + bi) = f(c + di), véi mdi ma tran ’: ; } e Mia
-b a

]

[

congay a+ bi € € (via, bthuc), fla+bi)= [

Giasra+bi, ¢ +di € C, khido

(a+bt)+(c+diy=(a+c)+(b+diva
(a+ bi) (¢ +di) = (ac—bd) + (ad + be)i.
Tuong g ta c6 '

a b N c d B a+c b+d
-b a -d ¢} —(b+d) a+c

a b c d B ac—bd ad+he
~b al|l-d ¢| —-bc-ad -bd-+ac

Nhu vay suy ra f((a + bi) + (c + di)) = f(a + bi) + f(c + di) va
f({a + bi) (¢ + di)) = f(a + bi) f(c + di) Vi C 12 mot truomg

va

nén theo ket qua bai 3.45 ta cé M 12 mot trudng.
3.51. Chitng minh tuong tu bai 3.50. Bing cich dat

8 M

a,be Q} va xét 4nh xa
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3.52.

3.53.

3.55.
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ttA->M
£

2 b
a+by2 .
2b a
Theo két qua cila bai 3.44 ta c6: N€u e cd cap vo han thi

A = {nejneZ} dang cdu véi vanh s6 nguyén Z. Khi dé
trydng cdc thuong cia A déng cdu véi trudng s6 hitu ti ( 1a
trudng cia cac thuong cua Z.

Néu e c6 cdp p thi A ddng cdu véi Z,, n6 1a mot trudmg nén
trudmg cdc thuong cla A chinh 1 A.
Xétanhxa f: Z—>T
n- ne. _

Véi T 1a mot trudng va e 1a phin tit don vi clia truong T. Khi
dé f 1a mot déng cau Vi v6i n va m thude Z ta co

f(n + m) = ne + me = f{n) = f(m),

f(nm) = (nm)e = ne.me = f(n) f(m).
Néu T la trudng cé dac s6 0 (ife [a cdp cha e 1a vo han) thi f
13 mot don cau. Khi d6 Z déng cdu véi vanh con A cha T.
Trudng cdc thuong cha A rd rang 13 mot truong con cua T.

N6 ding ciu véi Q (theo bai 3.52). Néu T I trudng ¢6 dic

s6 p (#0) thi A dang cdu v6i Z,,, nd la mot truong.

bat A = {Ee @"(n,p) = l}, Az iZcAl

n



3.56.

. My . m m, mn.,-—-m,n
Neéun _].__' —= e A thi _l____:_:#__.}_'
n s n, n, n,n,

Vi (n],p)z lv:‘a(n:,p)= I nén (nlnl._p)z I,

. mn,—m,n
dodé ——2 —=_LeA.

n,n,

., My my, mm
Tuong ty cé 22,
n; n; MmN,

A.

Vay A la mot vinh con cia Q, né chira | nén A 12 mét mién
nguyén. Goi A la trudng céc thuong ctia A thi vi AS Z nén
ASQ matkhicviAcQnén A cQ. Vay A=0Q

a)Tac6A+B={a+b |aeAbe B}khic rdng vi
0=0+0€e A+B,
Gidstra; +bj,ay+by e A+B. Tacé
(@ +b))—(ay+by))=(a; -b;)+(b;~-by) e A+B,
(a; + by){ay + by) =aja; + ajby + bjay + bb, € A+ B,
viaa, +a;b, +bja- e Avabb, €B.
Viy A + B 1a mét vanh con clla vanh X.

b) Rd rang AnNBCBva AnB= @ vi0 e AnB. Gid st a;,
a, 1a hai phan tr thy § cita A B va b 1a phan tir thry ¥ cia B.
Khidé a;, a, € Avaa,, a; € Bnén a, —a, € AnB, dong

thoi ajb € A m Bvaba, € A n B. Vay A n B la mot
1déan cua B. '
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3.57.

c) ViAcC A + B va A laidéan cla X nén A ciing 1 idéan ctia
A+BcX.

d) Xétanh xaf: B » A(A * B%
b>{0+b)+A=b+A.

Vé&imoi by, by, €B, '

f(by +by) = (b + by + A=(b; +A) +(bs + A) = f(b) +f(by)

f(byby) = byby + A = (b, + A) (by + A) =f(b)) f(by)

Ta hiy tim Kerf, cé b € Kerf @ b+A=A

< beA
<> beANB.

Theo dinh 1{ dong cau suy ra (%) ABz= At %
Hién nhién B/, = @
Gidsirx; + A, x;+ A e B/ khidéx,, x; eBvaviBla
idéan ctia X nén x| - x,.€ Bdodé

(X +A) - (o A) = (g —x)+Ae B/

Gid sit x + Ae %va X+ Ae%. Khi d6 x €cBvi B 1
idéan cita X nén x'x € B, do dé

(xX' +A)(x+A)=xXX+A e%.

Tuong ty (x + A) (x' + A) € %. Vay % Ia mot idéan

cua %



3.58.

Véi méi x + A e% tadalmcmgfmg\_féix+Be%-.
Neux+A=x"+Athix-~x'ceAcBnénx+B=x' +B.
X X

Viéy ta co mot danhxa ¢ : /A /B

X+Atr» x+B.
Dé thay ¢ 12 mot toan cdu, va bay gid tim Ker ¢
X+AeKerpgo ¢o(x+A)=x+B=B
< xeB

<:>x+Ae%.

Vay Kergp = % .

Theo dinh 1i dong cdu ' 7 //

Xétanhxaf: X—)(A
XI—)(X+A,X+B).
R& rang f 1a mot dng cau.
Tac6 1 =e +e, v6ie €A vie, eB. Nhu vay, v6i moi
Xy, Xy € X datx = e;x; + 1%, € X, tirdé
X=X =(e;— x| +ex; =€(—X; +X;) € A,
X~ Xy = epX; + (€ —1)X; =ey5(x; — x5) € B,

dodé x + A =x + A vax +B=x; + B, suy ra f la mot toan
anh.
Mit khic, x € Kerf & (x + A, x+B=(A, B)

< xeAnB.
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3.59.

3.60.

Vay Kerf = AnB.

Vi A va B | nhimg idéan, nén AB 12 mot idean luon ludn

chita trong A B. Bao ham thic AnB < ABsuy ratu
_ X=A+B.

Vay A n B=AB. _

Theo dinh li déng cdu suy ra XA\B = (XA) x (Xé)

Do m vi n la nguyén t ciing nhau nén mZ+nZ = Z,
mZnZ = mnZ.

Apdung bai 3.58 tace 2/ = (Z/mz)x(znz).
PatU={aeX |3a'ex,a'a=aa’:1}.

U= vi le U. Giastra, be U, khi d6 t6n tai a',b’ e X sao

" choaa’=a'a=1 vibb' =bb=1suy abb'a’"=1; baab=1.

3.61.

3.62.
3.63.

208

Vay ab e U.

Néu a e U thi a’ 1a phén tif sao cho a’a =aa’ =1, chiing to
a’ € U va la nghich ddo cua a trong U.

Céc wéc ciia don vi trong vanh 2/ 1a va chi Ia cdc 16p a
sao cho a vi m nguyén td cung nhau.

Trong vanh ZAZ’ cdc udc cha don vila 1, 2, .,p-1.

Chiing 1ap thanh mot nhém cap p — 1 véi phép nhan.
Do dé néu a 12 mot s6 nguyén ma a khong chia hét cho p thi

- el

a 13 mot udc clia don vi va a’ =1 ,vay aP' = I{modp}.
Chitng minh tuong tu bai 2.77 (chuong 1I).

Chiing minh tuong t bai 2.78 (chuong II).



3.04.
3.65.

3.66.

3.67.

3.68.

Chitng minh tuong tu bai 2.80 {chuong II). |
a) Chiing minh tuong tu bai 3.42 (chuong 111).

b) Gi st c6 mot dang can f tix G(+/7 ) dén Q(11) .

Lam nhu bai 3.46 tacd f (a) = a véi moi a € P do dé

[f(ﬁ)] ‘L f[ﬁ) =f(7)=7.

Vay £(/7)= /7 . Nhung 7 & (V1T mau thudn !
Ta biét ring mot trudng chi ¢ hai idéan tim thudng. Bay gids
gid sir X 1a mét mién nguyén va X chi ¢é hai idéan tam_
thuong 12 {0} va X. Gi sita= O 1a mot phdn tir cia X. Ta
x€t idéan I = (a) clla X sinh ra b&i phin tira. Via # 0 nén
I# {0} dod61 =X Tacé leX nén lel hay tén tai mot
phin tir 2" € X sao cho | =aa’. Vay X 1a mot truong.
Gia st (X, <) 12 mot vanh sip thi ur. Khi d6 ta dat

| P={xeX|x20}.
Dao lai, néu ¢6 P la tap con duong ciia X théa min céc tinh
chit: acPvabeP=a+beP

aecPvabeP=abeP

P(-P) = {0}

Pu(-P)=X
thi véi quanhé a < b b-ae P, X 12 mot vanh sip tha w.
(Jatx<a+y = -a+a+Xx<-a+a+y

=0+x<0+y= x<y.

a-X<a-y=>(a-y)-(a-x)>0
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3.69.

= x—-y>0hayx>y.
Voéic>0via<bmcoO<b-ae
= 0<clb—a)-
< 0<cbhb~-ca
& ca <cb.
V'éia<0,ax<ay<:>0<ay—-ax
< O<aly —x)
& 0<-a(x—y) _
S 0<x-—yoy<x.
Néu .a.>_0 thi ax <ay @ .
O<ay —ax < aly =x)>0
oy—x»>0 & x<y.
a>0= a’ >0,
_ a'<0:>_“a>0:>(*a)z=az>0_' _
if) Gia sita,b & X.Néua-be Pthia2bntua=bc —P
thia—b <0dodéb—a>0hayb 2z a.
Vay X sap thi oy toéﬁ-phﬁn.
2) Theo bai 3.68 ta c6 1 = 1° >0 (1 1a don vi ciia vanh A). Ldn
luot ap dung tinh chdta>b = a+c>b+ctacd
1>0
I+1>1
d+l+1>1+1

ST TS F P

n Hn n—} 1an
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3.70.
3.71.

3.72.

Do tinh chit bac cdu cua quan hé 2 nén suy ra n.1> 0 voi
moi n > U n € Z vay vanh Acé dac 56 0.
b) Pat P, = A ~ P. Khi d6 P, théa man céc tinh cht sau;
véimoi a,be Pj,a,be Avaa, b e Pnén
a+beANnP=P,
abe AnP =P, _
P (-P) =(AnP)n(An-P)
~An(PN-P)={0}
- PLu(-P) =(AnP)U(AN-P)
=An{PU-P)=ANX=A.
Vay A 12 mot vanh sap thit wr vdi tap con IdLro’lng 1
_ P|. =A NP
Chimg minh dl_ia vao dinh nghia cia a|.
Gid sir A 12 mot mién nguyén sap thi tu véi tap connh duo‘ng la

P; A la truong cdc thuong cha A. Khi dé trong A ta xay

dung tap con duong nhu sau P = {% €A |abe P}.

Ta c6 thé chimg minh duge véi tap con duong P, A 12 mat

trudng sip thit twr vh PA = P. _

Gia st 1 12 don vi cia truong sdp tha. ty X. Khi dé véi hai
: ry

N > + ' ' - = . X . ~ "
phan tr x, y thudée X sao cho x <y, taxétz = = Phan o

z théa min x '< z <y. That vay, x <y nén % <'% , a6
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3.73. a) Gia st =, < 1 hai $6 hitu 1, v6i = > 0.
b d T d

212

— Néu 3<U,Iacc’n —a~<1.E E‘
b d d

- Néu % > 0, ta 1ay s6 ty nhién ne N sao cho nbc > ad thi
s€ duge %< n~c—.

Vay @ 1a truomg sép thit by Ac-si-met.

Gi sira, b 12 hai s6 thuc, a > 0.
~Néub<Othitacéb<la=a

~ Néu b >0, dat [b] 1a phdn nguyén ciia b.
Taluoncé [b] +1>b. |

Néu a <1 thi ! > l[i] + l>—]- do do
a a a

b<[b]+1= [-%ﬂ.a <([b]+ 1)([&} + lJa.

Néua> 1thib< (b]+1)a.

b) Gia slt X 13 mot trudmg sép thi tir Ac-si-met, X, y € X sao

~choa<y. Nhuvay y - x >0, vi X sép thit ty Ac-si-met nén

ton tai s6 tur nhién m sao cho | < m(y — x) = my ~—mx (112
don vi ciia X) hay mx + 1 < my. Ciing vi 1i do X sap thi tu
Ac-si-met nén tén tai 58 tu nhién m sao cho |my| <nl=n.



3.74.

Xét tap hop M = {k € Z| k < my}; M bi chan trén vi vdi moi
k € M, k < my < n. Mat khidc M# {0} vi —nl < —[my| <my,
nrcla—neM.

Vay M c6 phan tir 16n nhét 1a p. Ta ¢6 p <my. Vata ciing cé

mx <p(Mnéumx 2pthip+1 < mx + 1 <my, dodé
p+1 € M, miu thuan véi gia thiét vé p).

Vaytacoé mx < p<my. Tirdé suy ra x < £<y.
m

Ta bi€t rang néu (X, <) 12 mot trudng sap thit tu thi
Yae X,a#0;0<a’ valg l,suy ra-1<0Q.
Néu trong € ¢6 mot quan hé thit tr < sao cho (C, <) 12 mot

trudng sap thit tu thi ta phai ¢6 0 <i’. Nhung i? = —1< 0
(maun thuan).

Vay khong cé mét quan hé thi tu nao trong € dé € trd thanh

mot trudng sap thi tu,
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CHUONG IV. VANH DA THUE

4.1.

4.2.

214

2) C6 18 da thikc bac hai trong Zs(x}, d6 1

X"+ X+ 2

= 2 5.2 T.=.2

272K+ 12X+ X

=2 — 5.2 ®.3.2.7
Ix“4+x+ 1 2x7+ 2; 2%+ 2x

= 2 = - =2, = 5 2 3
I+ 2K+ L2+ 2x+2 2T+ x+ 2

b) C6 2.3.3.3= 54 da thic bac ba trong Za}x].
¢) C6 2.3" da thic bic n. That vy, gid sU
f(x) = apx" + alx"_l + .. +a eZsx]
12 mot da thic bac n. C6 bao nhiéu bo (ay, aj, ... a,) phan ti
clia 7% x Zy % ... % Ly thi ¢6 bay nhiéu da thiic f(x). 6 phin
tircia Zy x Ty x .. x Zy= 2y x 25 1a 23"
Vay s6 da thiic bac n trong Zs[x] 14 2.3".
v6in =2 tacé 2.3° = 18 da thic
n=3tacé23 =54 dathic.
a) Trong vanh Z[x} cdc udc cualla =1,

b) Khi A 1a-moét truong, 1ap cdc ude cia 1 trong A[x] la tap
cac phan tr khdc O cua A.



4.3.

44.

4.5.

4.6.

¢) Khi A 132 mot mién nguyén thi tap cdc uéc ‘cua b trong
Aln]la tap cde ude cua 1 trong A. -

Gid sit a 12 mot phén 1t 1uy linh clia vanh A. Theo dlnh nghia
ton tai s& nguyén duong n sao cho a" = 0. Gia sif m 12 56 mi

bé nhat §40 cho a™ =0,

Tacodt=1+a"x"=1+@)"

<:>l=(l+ax)[(ax)m AR L

@ b= +ax) @™ X" - émﬁz.x'"_z A DR

Vay | + ax kha nghich.

Mot cdch tong quat ta ¢6:

Cho f(x) = ay + a;x + ... + a.x" € A[x] (A 12 mot vinh giao
hodn, ¢6 don vi 1), f(x) 1a uGc clia don vi khi va chi khi a, 13
ude cia 1 vaa; (i = 1, 2, ..., n) 12 nhing phin t luj linh. Doc
gla ty chdng minh. _

Ching minh ¢ 14 ding cdu bang cach cho f(x) va g(x) Ta
nhiing biéu thitc xdc dinh ctia chiing.

Trong vanh Zg[x] ta cé

(1 +4) (1l +4x)=1;

(1 +4x +4x3) (14 dx +4x7) = 1.

Mot cich t6ng quat (f +4x + ... + 4)(")2 =l(ne Z*)

Do d6 suy ra cdc két qua cia a), b) va¢).

a) bat p = {f{x) e A[x] | f(x) c6 hé tr cao nhat duong }

la tap cac phan tr duong ciia A[x|.

Véi moi f(x) va g(x) thuoc P ta cé f(x) + gx)e P
f(x) g(x) < P



Pat -P = {f(x) e A[x] | f(x) cé hé tu cao nhat am},
khid6 P n{-P} =&
P u (0} U(-P)=Alx].
Vay, ta da chi ra duge tap cic phan tr duong cua Afx] lam
cho A[x} tré thinh mot vanh sip thir tu.

“b} Lam tuong t cau a)

4.7.

4.8.

4.9.

4.10.

Pat P = {f(x) € A[x} ] f(x) c6 hang tir tu do duong |
Chiing minh bang cach cho fix) vi g(x) bdi biu thic cu thé
va dua vao dinh nghia ctia dao ham hinh thic.

(2x% +3x+ DH(3x* +1x+2) =
Tx* 2+ @43+ + 3+ x+2
= Tx* +ax  + 1P +4x+2
= 2x2+ax+ 3 =ax +4x° +4x + 4
x> +3x2 + 0Ok +3x+ )= 1x° +3x% +2x..
Vanh Z[x] c6 uéc ctia khong. chang han 2x'va 3% +3 la
hai da thic khic Ontung 2x.(3x* +3)=0.
Ta c6 thé viét f(x) = 4x° +2x% +2x + 1
g(x) = 3x% +2x+4.

(vi —1 =4 va —2 =3). Ta thuc hién phép chia theo so d6 sau:

x4 2% +2x+ 1 3x’ +2x +4
4 o Tx% +2x 3x+2
1x? +1
ix? +4x+3
ix+3




4.11.

4.12,

4.13.

Vay f(x) = g(x)}(3x +2)+ Ix+3.
Taco

>
+
=
”~
+
th
—
>
ta
+
Al
b
+
o™

P
+
Ln
-
+
o
»
—i
>-e
+
2}

§x2+(p—6)x+§

— 'j — —
2x° +3x+5

(p~6-3)x

Décho (p-6-3)=01a phai ¢é p =2 (mod 7).
pcoddang 7k + 2 véi k = Z.
a) 2x + 1 c6 thé viét thanh

|
2X+ 1= 2x+—
( 2)

e S R A

Vay f(x) chia hét cho (x+%}, do do f(x) clia hét cho

i

| 2(}{ +%J trong QQ[x].

b) Ta cing cé f(—1) =0, do dé f(x) chia hétcho (x + 1).
¢) f(0) = 0 nén f(x) chia hét cho x.

a) Da thic {(x) = [x* +14 e Z[x]



¢6 bon nghiém trong Z s la T, 14= ~T.3vwail=_3
ngoai ra khong con nghiém nao khic.

b) Ciac nghiém 'ct'_m f(xy= Tx 420 Zoy|x] trong Za, &

1,20, 8 va 13,

s -1 .
4.14. Giastr fix)y = apx” +a;x" ' +...+a, vd
( | n

m—1

gx)=x"+bx" "+ .. +b, .
Trong trudng hop hé tir cao nhat ciia g(x) bang 1, ta vin thuc
hién duoc thudt todn Oclit trong A|x] dé tim q{x) vi1(x).
Bay gi&r gia s '
f(x) = g{x) ¢, (x) + r;(x) v&i bac r (r) < bac g{x) néu r(x) £ 0 v
f(x) = g(x)gx(x} + rp(x) v6i bic ry(x) < bc g(x)} néu ry(x) # 0.
Tir hai déng thic nay suy ra -
26 (qy(x) = q2(x)) = ra{x) — 1y (x). )
Néu ri{x) # r>(x) thi g,{x} # q»(x) vi c6 ba¢ ctia v& phai clia
. dang thitc (*) bé hon m (bac g(x)) con bac cita v& trdi clia (*)
16n hon hay bang m (vi hé 6 cao nhat coa g(x) bang 1) diéu
nay khong the sdy ra. Vay r (x) = r,(x) va do dé q,(x) = qs(x),
tiic 14 cdc da thie q(x) va r(x) ducc xac dinh mot cich duy
nhat.

4.15. a) Theo két qua bai 4.14 ta cé

f(x) = (x —u) g(x) + r(x) vdi bac r(x) < | néu r(x) # 0.
Nhuvay f(x) =(x —u) g(x) + a vdi a € A.
Taco 0=f() =(u-u)g(u)+a

tir d6 suy ra & = 0 hay f(x) chia hét cho x — u.



4.16.

4.17.

b) Gia sir u,, u,, .. . 1, 13 m nghiém phan biét ciia {(x) trong
A.Theo a)taco

f(x) =(x —u)) 4{x) v6i qy(x) gAlx],

flus) = (ur ~uy) gy (ua) =0
U — u; # 0 nén ¢;(uy) = 0 nghia ta u, 1a mot nghiém cua

g,{x). Lai theo a) tacé
Gy (x) = (X = 0} qa(X).

do d6 f(x) = (x ~ ua) (x = uy) ,(x). Lap lai tuong tu nhu teén

d6i vai uy VA ga(x)... Saum budc ta c6

f(x) = (X —up) (x — us)oa(x —u,) q,{X) VO g,,(x) € Alx].
Gia su f(x) = ;{()x" +ax" T+ a, e Alx]..a, # 0 c6 nhiéu
hon n nghiém phan biét trong A. Theo bai tap 4.15 tacd

f(x) = (x = x x=Xa). (X=X ) g(x) (L)
trong do x,, X5, ..., X, 1a m nghiém phan biét cha f(x) véi
m > n. .

Vi A la mét truong nén bac ciia da thite v€ phai caa (1) bang
m + béc g(x) 2m I6én hon bic cua da thitc f(x) & v€ tréi.

biéu dé din dén mau thudn. Vay f(x) c6 khong qud n
nghiém phén biét trong A.

Néu A 1a mot mién nguyén thi tinh chat nay van con ding.
Con néu A 1a mét vanh tuy ¥ thi tinh chat nay khong con
dung nita. Xem bai 4.13.

a) Trude hét ta ching minh rang néu p(x} = q(x) g(x) véi
qQ(x) va g(x) thugc A[x] thi bac g(x) = 0 va bac g(x) = bac
p(x) hoac bac g(x) = 0 va bac q(x) = bac p(x). Thit vay, néu
bac g(x) # 0 va biac g(x) # 0, gid sir bac g(x) = m; va béc
g(x) = m,, thé thi m, + m; = bac p(x), 0 <m,, m, < bic p(x).
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Khi dé ta cé pla) = glu)gla)=0.
Vi A 13 mot trudmg nén gl{a) =0 hoac q(a) = 0.
Diéu nay trai voi gia thiét vé p(x).
(Khi d6 ta néi rang da thitc p(x) bat kha quy trong A[x]).
Ngoai ra, gia str f(x) € A[x] sao cho f{a) = 0 thi f(x) chia
hét cho p(x) hay f(x)  (p(x)). That vay ta cé
f(x) = p(x)q(x} + r(x) néur(x) = 0 thi

bac r(x) < bac p(x). (*)
fla) = plat) qlo) + r{c) = 0 kéo theo r(x)=0. Do (*} nén suy
ra r(x) =0. : .
Viy f(x) = p(x) q(x). Bay gi¢ gia sit f(x) e A[x] sao cho f(x)
khong chia hét cho p(x). Diung thuat toin Oclit ta chimg
minh duge uéc chung Ién nhit coa fix) va p(x) 1a mot da
thic bac 0 nghia la mot phan tr clia trudong A va cd cdc da
thic u(x) va v(x) sao cho

p(x) u(x} + f(x) v(x) = 1 (**)
(1 1a don vi cua truong A). Dua vao cac két qua trén ta chimg
minh I = {(p(x)) la idéan 16i dai trong A[x]. That vay, gia sit B
la mét idéan cua A[x] sao ¢ho 1 < B, va gia st B # I, nhur
vay 16n tai f(x) e B sao cho f{x) ¢ 1. Khi d6 f(x) khong chia
hét cho p(x). Theo (**), ton tai cdc da thic u(x) va v(x)
thuéc A(x] sao cho p(x) u(x) + f(x) v(x) = 1. Do dé 1 B,
hay b = A{x]. Vay I la idéan t6i dai.
b) Xét anh xa ¢: Alx] > Ala |

f(x) > (o).

R& rang ¢ 13 mot toan cau tir vanh A(x] dén vanh Afa). Hon
nita Kerg = I (dua vao k&t qua di chitng minh trong cau a).
Do d6 f(x) e Kerg khi va chi khi ¢(f(x)) = 0 hay f(a) = 0
hay f(x) e L.



4.18,
4.19.

Theo dinh I déng cu ta c6 Ai"]] = Alo]

Chitng minh theo dinh nghia cua da thic bat kha quy.

Gla sit : A =V la mét déng cau tir vinh A dén vanh V sao
cho @(1) = 1 va u € V 1a mot phén tit cho trude. Khi dé ¢c6
anh xa @ : A[x] = Vduoc xdc dinh nhu sau

n . n .
X ax ) =3 gla, ')
i=0 i=0

n .

véi moi f(x) = 3 a;x’ < Alx|, §la mot déng cdu. That vay,
1= '

taco

n . 11 . 11 .
ﬁ(Zainwtz“biX') =¢(Z(d]+bl)xl
i=0 1=0) =0

= i ¢(a; + b; )ui
i=0 '

n . . .
= ¥ (@a; ' + @(b' '

i={}

= i oa; ' + z (o(b; u'
1=0 1={)

n . n .
= q_)(Zaix])+(Tl(Z bixl).
i=0)

i=0

n R m R
Gidsifix)= Y a;x',g(x)= Y bij )
i=0 =0
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n+m .
f(x) glx)=h(x)= ¥ c;x' véic = > ab,

=0} Kil=i

1= (J.__... n+ m.

Khi dé go(f(x)o(x))- Z (e, )u =
. i=(}
m+n A () ‘
: —-(}. k+l t =0 k+l=i

11 . n -

Mat khdc G(f(x) =B(3. a;x') = 3 ofa; '
1=0 1=0
m

@(g(xJ)*m(Zb x1) = ¥ o(bu
- =0 =L

do d6 B(F(xDe(g(x) = 3. olau;. 3. a(byu’

i=0 =0
Z (Y ol Yoo u' . (*%)
=0 k+i=i : .

So sanh (*) v6i (¥*) ta thay o(f(x)g(x)) = o(f(x)).p(g(x})).

Hon nita PxX)=0(lx)=¢p(Hu=lu=u;
va véi moi & € A tacé @(a) = ¢(a), nghia la @A — o
Bay gidr gid sty 1 Afx]| —)A 13 mot dong cau sao cho

w(x)—uva W'A —(pthl vai monf(x)— Za x! eA[x] cd
1=(} :

y(d aixi )= wiawx') = 3 o, wy=o aixi :

=0 i=() 1={} 1=(}



4.20

4.21.

Vay y= ¢. Tic la @ duge xdc dinh mot céch duy nhat.

. Xét dnh xa {p: AlX] —> (p/[)ix].

f(X)=iaix' — f()()zi(ai +I)X'i

-i=0 i={)
Ta ¢6 ngay @ 1a toan cau va Kerg = I[x].
Viay theo dinh If dang céu suy ra:
a) I[x] la wdéan cua Alx].

o Al (3

c)I'laidéan nguyén 16 clia A < f% 12 mién nguyén
= (%)[x] la mién nguyén
o A[X%X] 12 mién nguyen

< I[x] A idéan nguyén 16 cha A[x].
d) Néu I 1a idéan téi dai cha A thi I{x] khong 13 idéan (61 dai

ctia Alx] vi Al"%x] = (A/)ix] khong ia tmong.
Xét 4nh xa ¢ A[x] > A _
oo .-
f(x)=Y a,x' > f(0)=a,.
i=0
1a mot toan cau va

L I . . . .
Kerp=I={3ax {g €A i=1,..mn>1} -~

=1

[
I
T



4.22.

4.23.

Tir d6 suy ra 1 13 mot idéan cha Alx] dong thdi A[XII = A,
vi A 13 mot mién nguyén nén suy ra [ 1a mot idéan nguyén t6
cua Afx]|.

Néu A la mot trudng thi ta ciing c6 [ 1a mot idéan t6i dai cia
Alx}. _
Ta diing phuong phip hé sd bit dinh dé bi¢u dién da thic

x? + xg + xiqua ciic da thic d6i ximg cd ban.

He théng s6 mii 1a
M={(4,0,00.(3,1,0),(2,2,0), 2. 1, D)}.

. . L it ] R
Do d6 xf’ +x‘31 +x§ = bf +ad' 8, + bd3 +¢303

X X X l a b ¢

1 -1 0 2

1 1 0 -4

11 - ' 4
| 1

Vay xf +x§ + x}‘z 8? —451282 +28% + 4984
Trong vanh Z[x, X5, X3} ta ¢

4
(X{+ X2+ X3) = xf+x§+x§

nén da thic x? + xg + x}f biéu dién dugc qua cdc da thitc doi

ximg co ban 1a

xf+xg+x§= Sf

4.24. ba §, = "+ yk ta cd

QPR

Sl=51



S=x +y =8 -28, 25,5, -8, .5,

Tong quit ta cé
. 7

(x+_v+(x" ' k 7)

k h o .

X +y = b|S|\_1 ""(\ﬁ').Sk‘_z.

+ yk_'} =(x" + yF) + xy(x"_2 +y

Suy ra S = 8 - 36,5,
Sy =8} — 4575, + 283
S5 = &) - 5878, +55,83.
by Taco x™ + 2x'1y3 + 3x2y: - x"y - ny' + 2x2y'j' + y‘q

= (x" + ys) + 2x:y2(x +y)+ 3x2y3 - X)f(?{3 + Y})

(8] — 5878, +56,83) + 25,83 + 383 —8,(8] - 36,5, )

87 ~65{55 +108,8, + 353

N

4.25. Dat d|=x+y+z
0y = XY + VY7 +2ZX
&3 = Xyz. “

Taco hé phué‘ng trinh

;

laf — 38,55 +38; = 36.

]

6
=06

=~

]

joy]

T b¢ niy tim duoe &,=11. Vay x, y, z 1a ba nghiém cua
phuong trinh bic ba
X)) =X~ 6XT+ 11X -6=0,

15-8T DAISO DC A 225



4.26.

Phuong trinh nay ¢6 mot nghiém 1a 1 (vi tong cic he ~o
bang 0).
Khi do vé& trdi cia phuong trinh ¢o dang

f(X) = (X — 1) (X~ — 5X + 6).

Pa thiic X- — 5X + 6 c6 nghiém 1a 2 vii 3. Vay cic s6
nguyén cin tim 1a 1; 2 va 3. '

bit o =x +y

8, = xy khi d6 h¢ di cho 1 thanh
5 — 35,8, =8
37 ~28, = 4,

Tir hé phirong trinh nay suy ra

—-;-8'?+66| ~8 =0 hay

5 +128,-16=0.
Phuong trinh ndy c6 mét nghieém 1a 2. Vay v€ trii o dang
(5, — 2)(37 +28, - 8).
Phirong trinh 87 + 28, ~8 = 0 ¢6 hai nghiém la 2 va -4,
Véi §=2tachd &, =0
=-4tacd &,=6.

Suy ra x vaty 1a nghiém cla cdc hé phuong trinh sau:

X+y=2 . x+y=_4
va .
xy =0 Xy =6.

Ciac hé phuong trinh nay cho ta cac nghiem la

15-BT DAISG BCB



4.27. bat d|=x+y+7
85 = Xy + ¥7 + 7X
Oy = Xyz
khi dé hé phuong trinh di cho tro thanh
{8, =a
8 -28, =b’
L‘,f —35,8, +38; =a’.

Tir hé nay suy ra

Vay X, y, z 1a nghiém cua phuong trinh bac ba
3 I, | 5 a
f(X)=X - aX® + 7_-}—(11' b )X - ;a(a” —b)=0.
Vé trii cua phuong trinh phén tich duogc thanh

f(X)=(X ~a) [xl +-_l;(a_3 -b° )} .



Vay phuong trinh f(x) = 0 ¢6 cic nghiém la
e SE—

. . {b™—a- _ JE‘—a‘
X]—d,XE—V .X_‘{-— M’ >

2
Khi két hop lai ta duge sdu nghiém ciia hé phuong trinh da cho.
4.28. Dat 8, =x+y
By = XY.
Tir phuwong trinh dé cho ta ¢6 phuong trinh & = 8‘12 - 35,.
Vi x. y nguyén nén ciing 14 nhiing so thuc, szly. phai cé
87 - 48, 20 uc Ia 87 2 48, , vi vay |

L]

5

87 — 8, =38, <25}

hay %613 -5, 20 tcta 6(d, -4)=0.

0<6,<4
Tir dé suy ra N ,
362 = 6‘{ "61

ta c6 cac hé

82 =U

Tit d6 suy ra

o0
P
1l

—_—
e
1
<
f—'—‘/\‘—"-\. r—————, e
AT d
(%] (2]
Il Ik )
———
e -
»
I I
- <
e
et 4
4 Ll
il I
D



+$.29.

4.30.

Dit o) =x+vy
B> = Xy.

Phuong trinh di cho tré thanh
8 38,8, — 1= 33,
hay (3, + 1)(8] - &, +1-35,)=0.
Vix>0,y>0nén 8=x +y>0,dodd 8 +1#0. -
Vay taco 612 ~8; =38, +1=0,
o ) I » .
tr do SUy ra 02 :§(0| —*Ol + ])
Viy x va y thoa man |
X+y= 61
] .
Xy =—(8 — 8, +1)
3
Ching 1a nghiém clia phuong trinh bac hai
z3—6|z+%(6|3~5,+1)=0. : ()
Phuong trinh (1) v6 nghiém néu &) £2.

Vay phiic6 =2 hay x =y = L.

Goi Xy, X, Xa. X4 12 bon nghiém cha da thice f(x). Khi d6
S=xj +x3 +X] +x5 =8; — 38,3, + 35, (1)
VO B1=X| + X5 + X3+ X, =1

03 = X)Xy + X X3 + KXy + XoX3 + XoXg + X3Xg =2
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8= X XXy + X XaXy + X XaXy + XaX3Xy = —1.

Thay vio (1) taco S=2.

. a) Tac6 f(x, y) = 6(x" + vh - Hxv(x: + y2) - 18x2y° =

= 6(8F — 4578, +203) — 113, (8] —285) - 1885
= 657 — 35578, +1683. '
V€ phii 12 mot tam thite bac hai doi véi &, . N6 ¢d nghiém la
3 .5
8y =287 VA 8y = — 37
2 1 27 e
Vi vily ta cé
- - - 3 3
f(x, y) = 16(85 — 287 J(Ba ~—0y)
' - 16
L - 2 o
= (28] — 8, X387 —168;).
fix,y)= (2x7 + 3xy + ?.y:) (3% - 10xy + 3y2)
= {2;&2 + 3xy + 2y2) (x = 3y) (3% — y). ‘
b) g(x,y. 2} = 2(}(2)/2 x4 yzzz} —(x+ y4 +2%
= 282 ~28,83) (B — 4875, + 2583 +48,54)
= 5] +4878, —88,8,
=5,(48,8, - &, ~883).
Vay g(x.y, z)chiahétcho d;=x +y + 2

g(x, y. z) chi chita cic lily thia chiin clia X, y, znén g(x, y, Z)

cling chia hétchox —y +z, —x +y +z v X +y -z. Vay

gix.y, z) = |
(xX+y+2D)(x-y+2)(—x+y+2) (x +y - z).h(X.y.2).



4.34.

Taco(x+y) (X +2){y +7)

So sanh bac cia hai vE ta co.b{;c cua hix, y. z) bang 0 doi véi
oy, zte [ah lamot 6. Cho x =y =z =1 ta duge
3=3 h(x.y.z).

Suy ra h{x. y, z) =1.
Viytaco g(x.v.2) =

(X+y+2) (A—y+2). (-x+y+2) . (X +y -2z}
¥ “ ] = 3 7
=XY+XZHYZHY X+ XZ 4+ YL+ 2Xy7

= éléz —361 +26_;

|

81y — 8y

=(X+y+7} Xy +yZ+ 7K} XYZ

CTacdx +y +2 = bf ~46|252 +26% + 48,0,

Viog=x+y+z=0nén
. ¥ 2
x*+ytiz= 28;=2xy +yz +zx)".

bat §,=a+b, o.=ab

Viaz0vao=a+b2=cnén

3 T
a +b” 2

12| —



+4.35.

4.36.

4.37.

Ta ludn co
(X —yF +(y—27+(z—x)" 20
= ’-_’(,‘n:2 + yz + '1_2) - 2(ﬁ(y +yz+7x) 20
& 28} ~28,)-28, 20

o> 28

-osd

Dbt =l
AYS

— 65, 20

2

= 25 60

b

42

2

L
’

=0 o
S (x+y+ :{)2 >3(xy + yz + zx).
Néu x = y = 7 thi dang thiic xay ra.
Theo két qua bai 4.35, ta ¢
(X+y+ z)3 >3(Xy + YZ + 7X).
Thay x = ab, y = ac, z = be ta duge
{(ab + ac +bc)2 > 3(32bc + ab’c + abcz) hay
{ab + ac + bt.:)2 > 3abc{a+ b+c).
Vi X, y, z duong nén 6,.>0, &, > 0, 03 > 0. Theo két qua
bai 4.35 va4.361a c6

25 %

-

53 2 38,5

|

Tir d6 suy ra
5783 298,85
Gian wéc cho 5,3, ta duoc
816, = 985.

Vay (X + Y + 2) (Xy'+ Xz + yz) 29xyz.



A3 y) = 7 4y 3y YD)+ 2xy(x b ) + 3Ky

9

=88] —35§)+353(‘r 28, )+9o|oj + 383

- - Y. -
8] = 8,8, + 3678, — 383

(8) ~385)(8] ~84)

H

={(x+y —3xy){ X"+ y2 + Xy).
Cédc dathic g(x, y) =x +y - 3xy v h(x, y) = X+ y2 + Xy
bat kha quy trong Rix.y|.
4.39. f(x.y,2) = —x* —) -7+ 27 y +2x%2° +7y 7"
=-(x* +y +7 }+’)(x'y + X z'+y‘ “')
= —(61 40167 +201 +43 5;)+7(62 -8 8;}

= 0(~ 0 +48,0, -883),

Q—

fix,y,z
4.40. A =a{b

=X +y+2) (X+y—-2)(X—y+2Z)(~x +y +7).

- D= Db - D D@ = o= 1)
abc(ab + ac + be) - (;ibz + ::1c3 + ba” + bc2 +ca’ + cbz)
+(a+b+c)

td

= 8303 — (8,87 - 383)+ 8.
Theo gia thiet &;=a+b+c=abc = §;.
- Vay A = 48,=4abc. |
441 Tacd A=x"+y* +2' = 8} - 4575, +283 +4e3.,63

Do 6;=x +y+z=0nén

A=128 % 2(xy+x2+yz)

233



CHUONG V. VANH CHINH VA VANH OCLIT

5.1.

5.2

5.3,

Cho da thic f(x) = ax> + bx + ¢ eR[x], a # 0 véi

A = b2 - 4ac < 0. Do A < O nén f(x) khong c6 nghiém thuc
ma né cé hai nghiém phiic lién hop. Néu f(x) kha quy, thi
f(x) = g(x) h(x) vdi g(x) va h(x) thuoc R[x] va

bac g(x) = bac h(x) = 1. Khi dé g(x) va h(x) la1 ¢4 nghiém
thuc. Cic nghiém nay déng thoi ciing 14 nghiém cua {(x),
diéu nay mau thuin véi A < 0. Vay f(x) la bat kha quy
trong Rix].

Diéu nay khong con ding khi thay trudng s6 phic C cho
trudng s6 thuc R, vi da thic bat kha quy trong C[x] 1a va chi
Ia céc da thic bac nhat.

(i) Gia stra 1a udc cha b, khi d6 3¢ e X saochob=ac €aX
suy ra bX caX.

Pao lai, néu bX caX thi b €bX nén b €aX do b = ax,
x € X vay ala udc cia b.

ii) Ap dung k&t qua (i), a lién két voi b khi va chi khi a\ b va
b\a tir d6 suy ra bX caX vaaX cbX vay aX = bX.

(i) — (1)
Xét day giam nhiing udc thuc su ay, aj, ..., a... (1)
trong d6 a, 13 udc thuc sy cia a;_;. Ung v6i day ndy ta cé day

tang nhitng idéan chinh ciia X 1a (a,)c (a;)c...C... 2)
# E 3

Diy nay dimg (theo (i)) nén day (1) dimg.



54.

(1) — (1) Gia str co diy (2) Ia ddy tang nhing idéan chinh. ta
c6 diy giam nhitmg ude thye sy (1), Theo (i) diy (1) dimg.
vay diy (2) dimg.

(1} — (1) Gia sir X 1a mét ho khic réng nhitng idéan chinh

cia vanh R. Mot idéan I; cta £. Néu 1, 1a phan tr 167 dai

ccua Z(tic 1a I; khong bi chda thye sy trong mot idéan nio

thuoc X ) thi £ ¢6 idéan 161 dai 1a I;. Néu I, khong 12 phan

16i dai cia T thi ¢6 I, € £ saocho [ cl,. Xét I, twong e 1

ta ¢6 day tang nhimg idéan 1, o R R

Day nay dimg (theo (i)) tiic th cudi cling ta c6 I, 12 phéan tir

61 dai cua .

(iii). Gia st c6 day tang nhimg idéan chinh cta vanh X.
(apc(a)c..ca,)c.. *)

Goi Y. ={(a))]i=12,. }theo (i), = c6 phdn tir tdi dai 1

(a,)nhuvdy vV n>mdéucéa, =a,

Vay diy (a,, a,, ..., 4, ...) dimg,.

a) Gia sit f(x) = ax + b €K[x], a # 0 ¢6 su phan tich trong
Klx| la '
f(x) = g(x) h(x)
vol g(x) va h(x) thugc K[x], bac g(x) £ bac f(x) va

bac h(x)} < bac f(x} dong thai bac g(x) + bac h(x) =1.
Khi do ta cd néu bac g(x) = 1 thi bic h(x) = 0 hay h(x) €K

vih(x) =d = 0. Nhu vay

g(x)=d 'f(x)

1
"
]



tite 1a gix)} va f(x) hén k&t véi nhau. NEY b::l(: g(x) = 0 thi
a(x) e K va g(x) =d' = 0 do dé hix) = d'_'f(x) hay f(x) va
h(x) lién két véi nhau. Vay trong ca hai truong hop suy ra
f(x) 12 da thic bat kha quy.
Diéu trén day khong con ding nita néu A khong la mot
trirong. Chang han da thic

f(x)=2x + 4 e X[x]

c6 f(x) = 2(x + 2} cd 2 va x + 2 déu khong 14 ude cua | trong

ZIx].Chimg to f(x) khéng bit kha quy.

'b) Gia sit f(x) & K[x!, bac f(x) = 2 hoic bac f(x) = 3.

f(x) kha quy < f(x) = g(x) h(x):

g(x) va h{x} thudc K|x] va hoac g(x) hodc h(x) cb bac mot
nghia 14 f{(x) ¢6 nghiém trong K.

Vay f(x) bat kha quy khi va chi khi f(x) khong cé nghiém
trong K.

.Of(x) = 2x + 8 = 2(x + 4) do do f(x) khong 1a bat kha quy

trong Z|x|.

g(x) = 4+ 1 a mot da thitc nguyén ban khong ¢é nghiém
hiru ti.

Viay g(x) 1a da thic bat kha quy trong Z[x].
h(x) = x” + 2x -2

h(x) ¢d su phan tich duy nhat trong Rix] 1a

h(x)=(x +1—3)x+1++3)



3.6.

5.7,

5.8.

va h(x) la mot da thiic nguyen ban nén 1a cling suy ra h(x)

bat kha quy trong Z|x|.

Gid st a, b & A v6i a va b nguyén 18 ciing nhau treng vinh
chinh A. Vi A 1a mot vinh chinh nén tén tai u v v thude A
sao cho _

au+bv=1.
Nhue vay ta ¢6 | thuge vio idéan sinh bdi a vi b do.dé idéan
nay trung véi A. '
Gia su p 1a phan o bat kha quy trong vanh chinh A: I 1 maot
idéan cda A sao cho Ap 1, va Ap # I. Nhu viiy ¢6 mot phan
twra el ~ Ap. Via ¢ Ap nén a khong chia hét cho p, nén & vi
p la nguyén 6 cling nhaw. Tir d6 suy ra t6n tai u vi v thuoe A
sao cho

au+pv=1.
ViaelvipeAp clinén | =au+pv el vayl = A. Diéu
d6 chimg t6 Ap 1a mot idéan t6i dai ciia A,
Dao lai, gia sir Ap la mét idéan t6i dai ciia A. khi dé Ap=A
va do d6 p khong 13 u6e cha 1. Gia st p khong 12 bat kha
quy. nghia la p c6 mot ude thue sulaa e A d€ w1l =p. Vi the
Aa # A (do a khong 1a uéc cia 1), Aa  Ap vi Aa # Ap (do
a khong lien két voi p). Nhu vay ¢é idéan Az mi
Apc Aa c A tridl voi gia thiet vé tinh 18i dai cira idéan Ap.

# #

Vay p phaii [a phan tir bat kha quy trong A.
Do cdc tinh chat ‘%Iz‘l moét truong khi va chi khi T[4 idéan

61 dai va ,% la mot mién nguyén khi va chi khi 1 1a mot



5.9.

5.10.

5.11.

idean nguyeén 16 cia A. nén moi idéan 161 dai déu la idéan
nguyén 1.

Bay git ta ching minh rang néu A 1a mot vanh chinh thi mot
1déun ngﬁyén t6 khdc {0} déu I3 161 dai. Thir vay. Gia sir
1= {0} 1amot idéan nguyén 6 cua vanh chinh A, Vi A la
viinh chinh nén tén tat a € A sao cho I = (a), vi I la nguyén 10
nén I # A do d6 a khong 14 ude cua 1. Dua vao két qua bai
5.7. ta chi can chimg minh a 1a phén tic bat kha quy trong A.
That vay, gia s a4 = uv véi u v v thudc A thi ta s¢ ¢6
(1) c(u) va{a) Civ).

Mit khédc vi uv = 4 €(a) nén hodc u €(a) hoac v € (1) hay
(u) c(a) hoac (v) <{a).

Tir c¢dc bao ham thic trén ta suy ra hoac (a) = (u} hoic
(a) = {v), nghia 2 hoac a lién két v6i u hoac a lien ket vai v.
Vay a 12 phan tir bat kha quy.

Néu K 12 mét trudng tht K 1 mot mién nguyén va K chi ¢é
hai idean 12 K v J0}. Khi d6 ta ¢6 K 14 idéan chinh sinh boi
i va {0} 1a idéan chinh sinh bai 0. Vay K la mot vanh chinh.
Vanh thuong ciia mét vanh chinh ¢6 thé khong phai la mot

viinh chinh. Ching han, vanh s6 nguyén Z 14 mot vanh chinh

: N . :—' .7 2 ‘ 7 e

nhung vanh thuong ‘A/ : / tong quét hon / V4l
e & Jaz* Jez "4 mz |

m > |. m khéng phii la mot 86 nguyén (6) 1a nhiing vinh ¢6

wée cha O, do dé chiing khong 1a vanh chinh.
Viuth con clia mat vinh chinh cé thé khong phai 1a mét vanh

chinh. Ching han mZ. m > 1 12 mot vinh con cha vanh chinh



5.12.

5.13.

Z, nhing né khong phai th mot vinh chinh vi mZ khang c6
don vi.

Ta chimg minh ring vanh Z[x] khong phai 13 vinh chinh.

Thiao vay. Trong Z] x| ta xét idean [ sinh boi x vi 2

b= {fx)x + 2.g(x) | f(x). g(x) e Z[x]}.
h(x) €I nghia 1a hang t tr do cha h(x) [A mét 56 chin. Hién
nhién I = {0} va T = Zix}. Gia st 13 mot idéan chinh. nghiu
1 ton tai da thite g(x) € Z|x] sao cho I = (g(x)). Ta ¢6

X=1x+20va2=0x+21
nén x va 2 thudc I va do d6 g(x) 1 wde cha 2 va 13 udc cia x.
Né€u g(x) Ia wdc cha 2 thi g(x) chi ¢6 thé 1 +1 va +2. Néu
g(x) 1a ude cua x thi g(x) chi la +1 v +x. K&t hop lai g(x)
bing -1 hoac + 1. Nhung vi I # Z[x] nén g(x) khong thé 1a
~Fhoac 1 duge. Vay I khong phai 13 mét idéan chinh. Do dé

Z[x| khéng phii [a mot vanh chinh.

a) D€ ching minh A = Ja + by/3i [a, b €Z} 13 mot mién
nguyén ta chi ¢dn ching minh A 12 mot vinh con chiva don

vi cla trudng s phie €. That vay, 1 =1 + 0v3i A,

Gid sit a +b~/31 vi ¢ + d+/3i 12 hai phin ti cia A. Khi dé

(a+bV3i—(c+dV3i)=(a—c+(b-d)V3i) €A

239
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(a+ b3 i)e +dv3 1) = (ac — 3bd) + (ad + be)V3i € A,
b) Vi mbi s phitc « = a + bi ta goi chuan cua né Ia
N{u}=oao = & + b, Khidé néu « vaf [ hat o phiic thi

ta & N(o.f) = NN .
That vay, N(@f)=(up)ap) =afap = aipp = N@N(P)
Nhu vay nét o € Amia o faude cha 1 thi M(a) = 1. Taco

N(2) =4 N(1++3 1) =4 vaN(1-+/31) = 4
nén cic 56 21 1+ /30 v 1-4/31 khong la u6e cua 1. Bay
gids ta hdy chiing miniy 2 khong cé uée thuc su trong A. Gia
st B=x+ y\ﬁ-i 12 mot ude cha 2 khi dé N() = X+ 33/2
phai 1a wdc cua 4.

Ttic 1 hodc N(B )} =1 hoac N{ } =2 hoac N([}) = 4.

Néu N(B) = | thi p=1+03ihoac B=~1+03i nén B Ia
wde caa 1.

Né’uN(B). =2 thi ta ¢6 x* + 3)/2 = 2, diéu niy khong thé
XAy rit. _

Néu N(y=4thitaco 2 = |3( Vol N(y) = 1 do dé y==*Inén
2 va 3 1ién két vdi nhau. Vay 2 khong 6 udc thue su trong A,
Tuong ur ta éh(tng minh duoc l+\@i vi l—x}rj.i la nhimg
phan tir bit kha quy trong A. '

A khong phai ta mot vanh chinh vi trong A, 4 ¢o hai su phan
tich thagh mot tich nhiing phan tir kha quy:

4=22=(1+J3)1-3i)



5.14. Xét vanh A = {a + b+/2 | a, b €Z}. Ta hay chimg minh A
12 vanh chinh.
Ta thay ngay (i \)’E_) ={o+ B\ﬁi | o, e} [a mot truong

chita mién A. Trén truc s6, ta ciing thiy ngay cho mot 6 hitu
ti o, bao gi& cing tim thdy mét s6 nguyén a sao cho

! - : .
o —al < -+ Do 6 ta c6 the khing dinh duge ring: V6i moi

X e@(i\/i ), ton tai ze A sao cho ‘x—z

4 3 '
L—<. *
4 ,()

Bay gid hdy ldy mot idéan I khong tdm thudng cia A. Tap

th'X={|zf

O£ze l] 1a mot bo phan khde réng cua N va

khong chita ). Vi N sdp thit tr t6t nén X cé phan tir bé nhat,

" goi ulas6 phitc thude 1 sao cho | u |2 13 s3 tu nhién bé nhat

ciia X. Xét mot phdn tir tuy § ve . Hién nhién — e Q(iv2).
u .

v
—=z
u

Theo khing dinh (*), t6n tai z € A sao cho <1 hay

| v —uz }2<1u |2. Nhimgu, v €l,z € A, vay v — zu €. Mit
khac |u |2 Ia phan tlr bé nhét clia X, nén v — zu = 0, hay
v =zu, hay I = Au. Vay A la vanh chinh.

16-BT BAISG BCA 24



5.15.

5.16.
5.17.

5.18.

5.19.

Theo bai Ztx | khong 13 vanh chinh. Vi x% + 2 1a da thic bat

kha quy trong Z{x]. Do dé (x” + 2) 1a mét idéan 16i dai ctia

Zi{x] . . .
Zix] cho nén Az +2) 12 mot trudng.

/3 s N .
Vay Ag_ +2) {a mdt vanh chinh.
Lam tuong tu bai 5.21.

Lam tuong tu bai 5.15.

Co d=P P;g - ?1" véi y; = min(o,B; ) l—l s 1, trong
do :

a=plp32.p%, a,eNi=1, ..,n
va ?'Pg’- PE",BEENJ‘;],.“,]‘]

la su phan tich cda a va b thanh mot tich nhiing nhan t{ bat
kha quy trong mét vanh chinh. R rang d la uéc chung clia a
va b. Bay gi%s gia sif ¢ 12 mot udc chung clla a va b, va ¢ ¢ su
phan tich la

5
C_pl Pa” -

Khi d6 phai co S.ISa..vé 5 <P i =1 .., n do dd
8 <min{a,,B;) v6ii=1,2, .., n Titdo suy ra ¢ 1a uéc cua
d. Vay d 12 uSc chung 16n nhdt cha a va b.

Truée hét néu A 1a mot trudmg thi A[x] 1a mot vanh Oclit, do
d6 Afx] la mot vanh chinh.

16-BTBAISO BCE



5.20.

Dao lai, gia st Alx] 1d mét vanh chinh. Gia stra € A 13 mot
phan tir khéc 0. Ta xét 1ap hop
I = {xf(x)+ ag(x)]| f(x), g(x) € Ajx}}.

1 1a mét idéan cta Alx] sinh bdi a va x. Theo gia thiét A[x]
la moét vanh chinh nén 1 I2 mét idéan chinh sinh béi da thitc
p(x), I = (p(x)). Khi d6 p(x) phdi 1a uéc ciia a va do d6
p(x) € A va p(x) 12 uéc cia x nén p{x) phai 13 wéc cia 1. Vay
I=A[x]. Suyral elvai=0x+ab.
Diéu d6 ching & b 1a nghich dao ctia a. Vay a kha nghich,
do d6 A 1a mot truong.
a) Hién nhién.
b) Gia sir a va b 1a hai phan tiz bt ki cha vanh Gao-xo A.

Néu a = 0 hoac b = 0 thi udc chung Ién nhit caaa va b
s€ 12 phan tit khac O trong hai phan tif a va b. Néu mot trong
hai phén t 13 udc cia don vi, chang han a 12 uéc ciia don vi
thi ta cling c6 ngay a la wéc chung 16n nhét cia a va b. Bay
g10 gia sir cd a vd b ¢6 su phan tich thanh mét tich nhing
nhéan tir bat kha quy trong A. Goi {p(, p3, .-, P, } 12 tap hop
tdt ca cdc nhan tir bat kha quy khdc nhau cha a v b. Khi 46
tacéd

a=p*p32 p®n véio, 20,i=1,..n
va PB'PB" ,, B, 20,i=1,.
Khi dé ta s€ ¢cé
d=p!ip}2..plr véi y; = min(oy,B)si=1, ...,

12 u6c chung 16n nhat cha a va b.

243
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'c)Gidstra € A 1a mot phan tr khéc 0, khdc ude cia 1 ¢6 sy

phan tich thanh mat tich nhiing nhan tir bat kha quy trong A
la a = p;py...Py. trong d6 cdc p; khong nhat thi€t 1a phan biét
thi ta néi ring a ¢6 do dai bing k. Néua=bcvéi bvac la
nhitng udc thuc sy cua a thi ta s&€ duge sy phan tich cua a
thanh mot tich nhimg nhan tlr bit kha quy bang cich nhan
cdc su phan tich tuong Gng cla b va ¢ vdi nhau. Nhu vay d6
dai cua a bang d6 dai clia b cong v6i do dai cua c. Bay gidr
gid sir trong A ¢6 mét ddy tuy ¥ nhilng uéc thuc sy :

ap, Ay, +eny Ay : ()
trong d6 a,,, 12 uc thuc sychaa; véii=1,2,3,...,n- L
Tuong Ung véi day nay ta s& cd mot ddy gidm cic do dai cha
cdc phan tir a.. Day cdc d6 dai nay dimg do d6 diy (1) dimg.”

d) Gia sir A 13 mién nguyén thod mén tinh chdt b) va ¢) thi A
1a mot vanh Gao-xo.

- Truéc hét ta chimg minh néu mién nguyén A thoa man tinh

chat b) thi moi phdn tit bat kha quy déu 1a nguyén t6. That
vay, gia st p 1a phdn tir bt kha quy trong A, va p 1a uéc cia
tich ab véi a, b € A. Do A ¢4 tinh chat b) nén a va p c6 udc
chung 16n nhat d. Vi p bt kha quy nén d lién két v6i p hodc
d 1a uéc clia 1. Néu d lién két v6i p thi p 1a wdc clia a. Néu d
la udc cha 1 thi b 1a uéc chung 16n nhdt cua ab va pb. Vi
p \ab va p\pb nén p chia hét udc chung I6n nhéat b. Vay
chitng minh dugc rang néu p\ab thi p\a hoac p\bhaypla
phdn t nguyén t.

Neéu A la vanh thoda mdn tinh chat ¢) thi moi phan ti khéc 0,
khac uéc cha don vi déu ¢6 mot ude bat kha quy. That vay,
gia sira € A 1a mét phan tlr khac 0 va khdc udc cta 1. Néu a



bt kha quy thi viéc ching minh xong. Néu a khong bat khi
quy thi a ¢é mot udc thue sy 12 a,. Néu a; bat kha quy thi
chiing minh xong. Néu a; khong bat kha quy thi a, c6 mot
udc thue sur1a a,. Hoac a, bat kha quy hoic a, ¢6 udc thue su
1a a3'. Qud trinh tiép tuc ta s& duge mot diy nhimg udc thuc
SW @y, @), ..., &y... Theo gia thi€t ddy nay dimg nén cudi cling
phdi c6 mot ude cua a 12 bat kha quy.
Bay gid gia sir a Ia mét phén tir khac 0, khdc udc cua 1. Néu
a bt kha quy thi xong. Néu khong, theo trén a c6 mot uéc
bat kha quy thuc sy p;, a = p;a,. Néu a; la bat kha quy thi
xong. Néu khong, a, lai ¢6 sy phan tich a; = p,a,, trong do
P2 la uSc bat kha quy thue su clia a,. Lap lai qud trinh trén ta
s€ duogc mot day nhimg wdc thue su: '

ag, dy, ..., a,.

Diy nay dimg. Nhu vay cuéi cling ta sé duoc .

A= D1P2--- Px

vai cac p; la bat kha quy.
Ta hiy chimg minh tinh chat duy nhét clia ddy trén.
Gia sir a ¢6 hai sy phan tich Ia:.
= P1P2--Pi P1» P2, - Py 12 bdt kha quy va
a=qq...q5; 4, 9, .., q; 12 bat kha quy.
T d6 pipy.-pi = = 910G

Py 12 udc clia vé trai nén ciing 12 wéc clia vé phai. Va vi p, 1a

bat kha quy nén p; phai la uéc cha mot nhan tir q; nao dé,
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5.21.

chang han p, Ia uéc cha q;. Vi g, la bat kha quy nén
q, = pyuy v6iu la ude cia 1.

Vay ¢6 pipy--Px = WP 92U

Gian uéc cho p; ta duge pops...px = W;q...q; Tiép tuc
1ap Juan nhu trén néu k < / thi sau k 14n gian udc ta dugc:

=ty ug. Uy Gy -Gy

Diéu nay khong thé xdy ra vi q; bt khd quy dodék 2 L
Lap luan tuong tu taco f 2 k.
Vayk=/vapm=q;i=1, ..k
Do dé A 1a mét vanh Gao-xo.
Xétdnhxa 8:A" >N _

a =2+by2i 8(a)=a* +2b> = N(@)=|of .
Ta phai ching minh 8 12 mot dnh xa Oclit.

Trong bai 5.13 ta da chimg minh N(ap) = N{a)N(B) nén néu
ol udéc cha B thi N{a) < N(B).

Cuéi cling cho x, y € A* ta phai tin q va r thudc A sao cho
x=yq+rnéur #0thi &) <&y).

‘Muén vay xét Xea+ Bie @(i@. Ta biét rﬁng_cho mot s
y

* hifu ti o bao gi¢ cling tim dugc mot s& nguyén a sao cho
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|a—a|sé hay |<1—_al2 Si.

Cing lam n_hu vy d6i véi 6 hifu ti ,tacé b eZ sao cho



B-bf s% hay 2jp-b| S—;;Dat g=a+by2i,taco

2 2
— 2
ix ¥q =i“ql =\(a+ﬁﬁi)—(a+b\/§i)l
Y y
2
=|(a—a)+i\/§(ﬁ-b)1
=(a—-a)2+2([3—a)2
I 1 3
€—+—=—<i.
4 2 4
vay 27X <} hay |Jc—yq|2 <M2.

biatr=x —'yq, ta dugc x -—-\.yq +1 v S(r)'%ﬁ(y)né'u r=0.
. Chi y. Cach chimg minh giong bai 5.14.
5.22. Gia sir A 1a mot trudng, khi d6 A cing voi anh xa
3:A" >N
at> d(a)=n, _
vt ng 12 mot s6 ty nhién cho trude, 1a moét vanh Oclit.
5.23. Gia sir A 1a mot vanh Oclit v6i anh xa Oclit:
5:A" >N,
Néu A 1a mét mr(‘)‘ng' thi véi moi xle A'taeél= xx—'.
Vay 8(1) > 5(x); mat khéc x = 1.x vay 6(x)>6(1) Ké&t luin
§(x)=8(1)véi mel xeA .

Pao lai, néu Mamétanhxahang vii X = l vay ;tt)taco
q va r thudc A sao cho
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3.24.
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b=yg+r
Néu r = () ta phai cd 8(r) <d(y)nhung 8 la dnh xa'hang. Vay
r = 0, nghia 1a moi y # O déu ¢6 nghich dao.
Gid st vanh A véi dnh xa 8: A° — I 1a mot vanh Oclit. Khi
do hodac A Y1a hitu han, hbﬁc S(A")1a vo han. Vi N 1a tap

sdp thir tr 16t v 8(A™) 1a mot tap con khic & cha N nén

S(A")c6 phan 1ir bé nhdt va thira huong thit fy cia N.

‘Néu (A" )hint han gdm m phan tix

S(A Y= {ng Ny Ny | VMG <0y <<y

khi dé ta lap dnh xa
8':A” - N nhu sau: &'(a)=1néu d(a)=n;

Néu 3(A )12 tap vo han, do moi bd pban khic rong cia N
déu cé phan tlt bé nhat nén 3(A")1a diy cic s6 tu nhién ting
sau day 8(A")= {ng, Ny, Oy, Nops -} VO 0 < My, VA
k=0, 1,2, ... khi dé ta lap 4nh xa '

§:A" >N

S5'(a)=1inéu B(d)= n'i.



5.25.

5226.

Ta hdy ching minh 8'1a 4nh xa Oclit. Gid sita\b véi a vi b
thuée A, khi dé 8(a) <8(b)ching han 8(a)= n; va 8(b)=ny,

viin, < n nhut vay i <k dodé 8'(a)<8'(b).

Gidsita € A vab €A’ khi dé tén tai q va r thude A sao cho
@ =bq + r voi 3(r) <d(b)néur = 0. Gia sir 8(b)= my, va néu
r #0c¢o 8(r)=n;thin,<n,nénl<khay &(r)<8'(b).
Vi | 1a u6c cua moi phin ur trong A* nén 8(1) < 8(a) v6i moi
a € A* do dé &(1)1a phdn tir bé nhat trong 3(A"). Gia sit
u\ 1, nén &(u)<3(1), suy ra 8(u)=5(1)]a phan tir bé nhat
trong 8(A").
Dio lai, gid sir u € A* sao cho §(u) = 8(a)véi moi a € A¥*,
Vi A 1a vanh Oclit nén cho 1 va u ta ¢6 v va r thude A sao
cho 1 =uv + r; n€u r # 0 thi 8(r)=8(u). Nhmg diéu cusi
cing ndy khong xay ra dugc, vay r = 0 va do d6 u 12 uéc
cua l.
Gid sit A Ta mot vanh Oclit. &p dung bai 5.24 ta c6 thé lay
snh xa Oclit & cha A sao cho 8(AT)laday 0, 1, 2, ... (%) hitu
han hay v6 han. Theo gia thiét ctia bai todn, A khong phai la
mot trudmg, nén day (*) cé it nhat hai phan tr. Liy x € A*
sao cho &(x)=l, dp dung bai 5.25, x khéng kha nghich. Gia
siry lA'mot phén tif tuy ¥ cla A. L4y y chia cho x ta dugc |
y=xq+r, 3(r)<8(x)=1 néur=0 -
nghia la &(r)= 0 néu r # 0, hay r kha nghich' néu r # 0 theo
bai 5.25.
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Viay moi phén tir y cua A ¢6 dang
Y =4

hay : .

y = Xq + r, r kha nghich.

N6i céch khdc moi 16p cita A %X)cé mot dai dién hoac bing

0 hodc kha nghich.

Trude hét ta dua hai nhan xét sau:

}+|J_

1) Néu y=a+b voi a va b thudc Z 1a mét phan tr

1+iJ@
2

tuy y thudc Z{ :{thi chudn ctia y, N(y) =]y ]2, Ia

mét s tr nhién. That vay

2 2
bj 19b o 0)

2
N(y) = =la+—
) =1yl [ 2
=a’+ab+5b2 eN

Mit khic, néy y ¢ phin o, thi theo cic dang thic trén
N(y)>5.

2} €4c phin tir kha nghich ciia Z[

1+lr]‘ai

That vy, gia st u = a+b1+ ;/E saochoco v dé uv =},



Thé thi N(u)N(v) = N(uv) = N(1) = I. Theo nhan xét 1),

Nu)=l=(a+ —) +—I~9$-—hay (2a + b)Y + 19% = 4. Viy

b =0 va 4a’ =4haya==1.
Ap dung vio bai todn, ta hiy chiing minh bang phan ching.

|:I+i\/5
2

Giasu Z

]lh mot vanh Oclit,. ta phai ¢6-

i+h[_

(theo bai 5.26)

sao cho moi y cia vanh c6 dang y =xq hay y =xq *1 (theo
nhin xét 2). _

Trudc hét x khéng thé khong c6 phda 4o, vi néu khong cé
phédn a0, x s€ ¢6 dang X = m €Z, va mdi y cha vanh s ¢6

hf_ l+1\/_

dgngma+mb .hay matt+

l+1\/_

Nhu vay y khong chay khép Z{ :| {vi x khéng kha
nghich nén m = x1). _

Viay x phat c6 phan a0, vd do d6 theo nhan xét 1) thi
N(x) 25. Bay gib ta hdy ldy y = 2 th& thi 2 = xq hay
2=xqt 1.Néu2= xq=1thi3=xq. (I =xqkhong xdy ra
vi X kht‘)ng kha nghich).

Néu xq = 2 thi N(x)N(q) = 4. Nhung N(x) 25 nén N(x) _
va N(g) = 1. Theo nhin xét 1) thi q = £1, vy x = £3, mau "
thudn véi viéc x phai ¢6 phin 3o.
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5.28. Ding thuat toan Oclit

5 3.2 3 2
X +X +x +x+1 ‘ X +2x"+x+ 1

5 4 3 2 2
X 42 +FR+ X [ X" -2x+ 4

—2x4

+ X+ 1

—2x4 ~4x3—2x2 — 2%

4x3+2x2+3x+1

4+ 8K+ Ax + 4

6x" +12x7 + 6x +6 | 6x"—x = 3

6x3 + x2 + 3x —X——
6

1Ix*+3x +6

RICILLEL

11 33
_.._x-.———..——
7.7
5

:

Vay udc chung 16n nhit cia f(x) va g(x) 1a 1.
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Cé thé nhan xét nhu sau: Pa thiic g(x)= x4 2x’ x + 1 bac
ba khong cé nghiém hitu ti do dé g(x) bat kha quy trong
QIx] (bai tap 2.28) va f(x) khong chia hét cho g(x) nén uéc
chung 16n nhét cia f(x) va g(x) bang 1.

5.29. Diing thuat todn Cclit

X +x3+x2+x+T|x3+§x2+x+T

5 3 2 -
x5+2x4+x‘_+x2 X" +x+1

x4 +x+1
5% 2
x4+2x‘ +X"+X

42k 4T

4+ 2x2ex+ T

X +2x2 x4+ 1
; ,

X
Ix? +x+1
2x*

X+ 1
X

Vay u6c chung 16n nhat coa f(x) va g(x) bing 1. Ciing nhan
xét nhu bai 5.28, bac g(x) bang 3 va g(x) khong c6 nghiém

trong Z3 nén g(x) 1a bat kha quy trong Zs[x] va f(x) khong

chia hét cho g(x), nén udc chung 16n nhit clia chiing béng 1.
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5.30. a) Ta chi can chimg minh R(¥—3) 1a mot trudng con ciia

254

trudng s¢ phic C.
Tac60=0+0.v3i eR(v-3)va

1 =1+0.+3i eR(~~3)nén R(¥-3)c6 nhiéu hon

moét phin tir. Gia sit a + b+/3i va ¢ + d31i 12 hai phén ti
thuoc R(vV—-3)tacéd

(a+ by3i)—c+ dv3i)—(a—cy (b—dW3i eR(/-3).

Néu ¢ + d+/3i 0 thi .
a+b\/§i _ (a+bx/§i)(c—d\/§i)
c+dy3i c? +3d?

_zet3bd | bemad Bie R(YA).
c“+3d° c¢“+3d

Vay R(~-3) lamot trudmg con cua C.

Tuong tu ta ching minh duoc Q(v-3) va Q(y/2) lan lugt 12
trusng coﬁ caaCvaR.
by Xét anh xa ¢ :Rtx} —>C
f(x) = a,+a;x + ... + ax" f(v-3)=
—ay + a3+ +a, (V3"



5.31.

Ta c6 ¢ la moét déng cdu tir vanh R[x] dén C va
Im¢p = R(«v-3). Ngoai ra ta c6 Kerg= (x* + 3) la idéan
sinh boi x” + 3. Theo dinh I déng c4u

R[xy, =R(/-3).
x°+3)
¢) Xétanhxa ¢ : Q[x] o R

f(x) > f(/2).
Ta cing ¢ ¢ la mot dong ciu, Imge = Q(\/Z_) va
Kerp = (x2 — 2) 12 idéan sinh bdi da thiic x° ~ 2 trong Q[x].

@[X} = 2 .

Vay -2 =Q(2).

f(x) 12 mot da thirc bat kha quy cha K[x] nén moi da thic
g(x) €K|x] hoac nguyén t6 véi f(x) hoac chia hét cho f(x).
Néu f(x) va g(x) ciing nhan u €E lam nghiém thi chuing
cung nhan uéc chung 1a x — u, vay ching khéng nguyén t6
cing nhau (khdi niém b4t kha quy phu thusc vao trudng ma
ta dang xét nhung khii niém nguyén t6 cting nhau khéng
nhu vay) cho nén g(x) chia hét cho f(x), nghia 1a c6

q(x) e K{x] dé g(x) = f(x)q(d). Tir d6 suy ra a) va b).

¢) Xét dnh xa 9 :K[x]—> E
g(x) > g(u).
R3 rang ¢ 1a mot déng cdu va Img = K|u).

- Ngoai ra, dya vao cau b) ta cé Ker ¢ = (f(x)).

Theo dinh 1i déng cfu KIX%(X)) = K{u).
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5.32.

Theo bai 5.5 ta ¢é K[ul 1a mot trudong.

Theo bai 5.31 ¢) K[u] 12 mét trudmg. Mat khéc, K[ul 1a mot
trudmg chita trudng K va chifa trong truong E. Hién nhién voi
phép cong va phép nhan trong E, K[u] 12 mot khong gian
vectd trén K.

Ciing theo b 5.31 c) mbi phan ti ca K[’%ﬂx)) c6 dai

dién 12 mot da thic c6 bac < n -1 hay da thic 0. Vay cac
phan ur cha K[u] ¢6 dang a5 + aju + ... + an__lu”_‘, a, €K,
1=0,...,n-1). ’
Vay {1, u, .., u™"'} 12 mét he sinh clia khong gian vécto
K[u]. Hé sinh d6 la doc lap tuyén tinh. That vay, gia str cé
A &), -y 3o € K khong bang 0 tat ¢a, sao cho

| a[,+a1'u+...+aﬁ_lun_l =0
thé thi da thic r(x) = ag + ;X + ... + a,_x" ' ¢6 bac bé hon
n, nhan u lam nghiém, trdi v6i ket qua clia bai 5.31.

Do {1, u, .. 'u"ﬂ} 13 mot co s& cha K[ul, nén K[u] cé s6

3.33.

256

chiéu bang n.
Trude hét ta ching minh néu

0: 0(2) > Q2)
1a mot tu dang cdu cla @(\/E)th‘l @ (a) = a véi moi a (.
That vay, vi @ la mot ty ding cdu cha t@(ﬁ)nén ¢ lamot
tr ding ciu cda nhém nhan cdc s6 khdc 0 cla '@(\/5), ma
mot ding cdu cla nhém nhan dén mot nhém nhan thi bién

don vi thanh don vi. Cho nén v6i méi s6 nguyén n co
o(n) = @(n.1)=n.l =n vanéun= 0 thi

*



o(l)= cp(n‘—[] = ncp[l] =1.
n n

Vay (P[*lmjz-l— Tir do6 suy ra cp(EJ:p(p[l]zﬂ véi Lla
njon q q) q q

phan s& bat ki thudc Q.

Cudi cung ta c6 l:(p(\/2_)]2= (p(\[?) =@(2)=2.
Vay (y/2) =2 hoic ¢(4/2) =—2.

Nhir vay, néu ¢ 1a tr ding cfu cia Q(+2)thi véi moi
a+b+/2 thuoe Q(+/2)

¢(a+by2) = pla) + p(b)p(v/2) = a + be(+/2)

" Vay hoac g{a+bv2)=a+bv2

) hoac (p(a+b~/§)=a—bﬁ.
" 5.34. a) Xét 4nh xa

| ¢: Q(2) > X =@

a+ b\/i —{a,b)

Ta c6 ¢ 1la moét song anh va
@((a+by2)+(c+dv2))=oa+c+(b+dW2)

={(a+c,b+d)
={(a, b) +(c, d)

= p(a+by2)+o(c+dv2);
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5.35.
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o((a+bv2)(c +dv2)) = plac + 2bd + (ad + be)W2)
= {ac + 2bd, ad + bc)
= (a, b (c, d)

= (p(a+b\f§)(p(c+dx/§).

Vay¢ la mot ding cdu. Theo bai 5.30a), ((V2)1a mot
trudng nén X ciing la mot {reong.

b) Theo bai 5.33, Q(v2)cé hai tr ding cau va theo ciu a)
@(\/E) = X nén X ¢é hai ty ldrfmg cdu, d6 12 tr ding cdu déng
nhat va tu dang cfiu xdc dinh bai:
X=X
(a,b) — (a,~b)

Do d6 tap hop cAc tu ding cdu ciia X 13 mot nhém xyclic cdp
hai. '

Xét phép chiéu chinh tic ¢:Z — Z,
al @a) = a+pl =13
¢ 12 mot toan cu. @ md rong duge thainh mot dong ciu ®
tir Z[n] dén Z{x): '
G ZIX] > Zy|x]
f(x)=2a, +a, +.... +a,x" > o(ag) + ofa)x +.. + ela x"
Néu f(x) €Z[x], f(x) khong bat kha quy trong (J{x] thi -
f(x) = g(x)h(x) véi g(x) va h{x) thudc Z[x]} ma | < degg(x)
| degh(x) < degf(x).



3.36.

Khi dé & (f(x)) = 9 (&) (h(x) véi G (f(x)), B (g(x)) va

¢ (h(x)) déu thude Z[x] théa man

deg ¢ (g(x)) = degg(x) > |
deg @ (h(x)) = degh(x) > 1.

Do d6  (f(x)) khong bat kha quy trong Z,[x].
Viay néu f(x) bat kha quy trong Zfx| thi né bat kha quy

trong {J[x].
(Chiéing minh theo dinh nghia cla déng céu)

- Dé dang kiém tra duge ¢ : A{x]—> A[x]

5.37.

f(x) > flax + b)
la mét déng cau.
Néu a khé nghich thi ¢ ¢6 dnh xa nguoc 13

0 Alx]— Alx]
fx) > fa~'x-a'b).
f(x)=x5—x4—3x3+2x + 4.

a) Trong Q[x}tacéd f(x) = (x* = 2) (x = 2) (x°+ x + 1)

b) Trong Q(v2) [x] ta c6 ’
) =(x - V2)(x + V2) (Pt x + 1)

¢) Trong R[x] ta ¢6 f(x) = (x /2 }x + v2) (x> + x + 1)

d) Trong C[x] ta cé
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f(x)=(x—~/2__)(x+;/§)(x'+~;—~‘i@i)( . i‘—z‘@).

5.38. a) Gia sir f(x) = ay + a;x + ... + a X, € Alx} va

g(x) = by + byX + .. + bxy € Alx]
13 hai da thic nguyén ban. Khi dé uéc chung 16n nhat cla
cic hé s6 a, a,,..., a, va udc chung 16n nhdt cha cdc he 6
b bys- -, by déu bang 1.

Pt h(x) = f(x)g(X) = Cp + €1 X + oo + CrpX

. trong d6 ¢ = akb;,i=0,m+n

260

k+/=1
Néu h(x) khong la da thic nguyén ban, tic 1a cdc hé s6
C» €1» -+ s Cen €6 MOt u6C chung la phan tif nguyén té p.

Vi cdc a; nguyén t& cling nhau nén t6n tai a, ma a, khong
chia hét cho p

Gia strr 12 chi s& bé nhét sao cho a_khong chia hét cho p-

Tuong tu, gia sir s 12 chi s6 bé nhat sao cho b, khong chia
hét cho p.

Tir day lai suy ra C,, khong chia hét cho p (mau thuén).
Vay h(x) phai 1a da thiic nguyén ban.
b) Gia sir f(x) e A{x], f(x) kha quy trong Ajx]. Tic 1 trong
A[x), f(x) = g(x)h(x) véi g(x) va h(x) thude A[x]

1< deg g(x), degh(x) < degf(x).
Pat %‘-g,(x)=g(x) trong d6 Z—‘GK, gy(x) € A[x} va g;(x)

nguyén ban ;



d i — '
b—zhl(x) = h(x) v6i Bii € A, hy(x) € Alx], hy(x) nguyén ban

2 2
khi d6
a4, ‘
fix)=——g,(x)h,(x).
| =2
Bit 222 06 4 va b nguyén t0 cung nhau, ta cé
b bb

|2

f(x)= %g,(x)hi(x). Vi h|(x) va g,(x} 1a hai da thuic nguyén
ban nén g, (x)h(x) 1a da thitc nguyen ban.
Do f(x) € A[x] nén ta clng suy ra —EEA. Vay f(x) cling
khong bat kha quy trong Alx].

5.39. Lam wong ty bai 6.20 (chuong 6). Khi thay Z bang mot
vanh Gao-xo bat ki. .
K&t qua s& khong con ding néu thay gia thiét "vanh Gao-xo"
bang "vanh chinh” hoac "vanh Oclit”. Khi A I vanh chinh
khong suy ra dugc A[x] 12 vanh chinh. Khi A 13 vanh Oclit
thi cing khong suy ra duge A[x] 1a vanh chinh. Két qua chi

ding khi A 1a mot truong thi A[x] 1a mét vanh Oclit va do d6
ciing 1a vanh chinh.

5.40. a) f(x) = x* ~ 10x% + 1
b) f(x) = x* = 10x> + I;
o) f(x) = x* + 2x° + 25.

5.41. Trong ca ba trudng hop, s6 chiéu cita ([u} déu bang 4.
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CHUONG VI. DA THUC TREN CAC TRUONG SO

" 6.1, a)x2+i=x2—f£“;_‘/_2)2_
22
2 “’; o]
“{x*(‘—f?—ig)}{x (-"——1*’—;)}

b} Déi ra dang lugng gidc ta c6

l+1= \/E(COSE+ ] sinzt—)
' 4 4

dat oy = d@(cos%%— isin%) = %(cos%Jr isin%)

1A mat gia tri cla 11/{_+{ta co
Oy = eyl, oy =c1|1 . Oy -—Clll Dox*-1-i=x*-&'nen
ta co '

X oi-i= (X = MX =0y X -a3 X ~0y)
¢) Ta ¢ can bac hai cha sé phic 41 - 314 1 + 21 va -1 — 24,
do d6 x* - 4i +3 = x"= (1 + 2i)

=(x—1-21}x +1 + 21).

d) Viet 1 + iv3 dudi dang lugng gidc

l+1\/§ 2(— +1§) = 2(LOS§+ |xmg)

Goi o 12 mot gia tri cua can bac bay cua 1+ iv3,



6.2.

o= @(cos§+ isin ~2—1), cac gia tri con lai cua can béc bay

, g 2 3 4
cua 1+1V31a o) = ag, ay = 0", o3 = ag’, oy = 0,

5 ¢ 7 o 1 A .
G5 = 0L, Og = Of, 4y = €' = o v8i £ |2 mot can nguyén
thuy bac bay cua |

Tacé x’ -!—i\/§=(x—a])(x—az)...(x—ot?).
Biéu dién hinh hoc nghiém clia da thic
f(x)=x"-1
g(x)=(x—a)" ~b(a#0).

I 3

Hinh 14

Nghiém ctia da thic x" — | ta cdc gid tri ciia can bac p cia
don vi. ‘

Goi o la mot gid tri cha can bic m cla b va
ag, ae’, ..., ae™ ' 1a cic gid tri con lai cBia can bac m cia b,
voi €la mét can nguyén thuy bac m cta don vi. Khi d6 céc
nghiém cua da thic g(x) 1a a+a, ag+a, .., ag" ' +a.
Vay cdc nghi¢m cua da thitc f(x) 1a cdc diém nam trén dudng
tron don vi tam (0, 0). Cic nghiém cia da thic g(x) 1a cac
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diém nam trén dudng tron tam (a, 0) ban kinh bang Yibi.
Hai dudng trdn nay cit nhau khong qua hai diém vi chiing
khéng déng tam (a, 0) # (0, 0). Vay hai da thic nay chi c6
nhiéu nhat 1a hai nghiém chung.
Xét phuong trinh

f0) = (1 - x3) = (=2 = O hay (1 - x)' = (=2x)". (1)
Goi £13 mot can nguyén thuy bac ba cta | thi phuong trinh
(1) twong duong véi tuyén ba phireng trinh sau:

1-x" =-2x f-x*+2x=0 (2a)
[—x®==2ex < [l-x>=2x=0 (2b)
—x" =-2¢7% 1-x2 +28%x =0 (2¢)

Phuong trinh (2a) ¢6 hai nghi¢m la

Xy =l+\/£
Xz :1—\/5.

Phuong trinh (2b) c6 hai nghiém la
Xy —g+yel +l =g+-/-¢
x4 =6-VEL +1=g—V-¢.

Phuong trinh (2c¢) ta c6 hai nghiém Ia
X5 g2+l +e =g +V-€
v =&t e =62 N-e?
Taco x5 =X3 vi &2 = E;

Xg = X4 Vi 62 =

ol

Vay f(x) = (X = X;) (X = X5} (x = X3) (x = Xg) (x = X5} (X — Xg)



6.4.

6.6.

3
X

3
X

=(X — X]) (x — )(2) [(x - X}) (x — xs)_l [{(x — Xq) {x - X(,)]A
\/’j - 2 l . ‘\/g .
aco e 2—;—1— vd

il 31 it A3+

2 2 2 )
3-1 . V3-1 ~J3-1 A3+

X; = -1 ,}(h: —1
T2 2 2 2

la cdc nghiém phuc cua da thic f(x).

Vay _

f(x) = (x ~ 1= V2)(x ~ 1+ V2)1x% + (1~ B + (2 - V3)]

Ix + 1+ V3 + 2 ++3))
la su phan tich f(x) thanh mot tich nhiing da thitc bat kha quy

.
Pate=——+1

A

trong R[x].

U'6c chung 16n nhat cla f(x) va g{x) trong Qfx] la:

Al b oL D=1 (x+2)=x"-3x+2,

a) xe 2o ax— 2K e C X2k -2
e oxie2x =2 lI

4 3 3
X +X —x2—2x—2 X —2X

£ = 2x* X+ 1
3 2
X +x =2x-2
'§ L
X — 2X

S2x | %o 2x
— 2% X

0
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Ta cé udc chung 16n nhat caa f(x) va gix)lad(x) = X -2,

Do dé x> — 2 = g(x) — (x° — 2x) (x + 1)
=g(x) = [f(x) —gx).H (x+ 1)
=fx) [-(x+ D]+ gx) [T+ (x + 1)]
= f(x) [-(x + )] + g(x)
Vay ta tim duge p(x) = —(x + 1)
qx)y=x+2.

~ b) Cach 1am tuong tu cau a).

Gia sir f(x) chia hét cho g(x) trong C{x],

—1

f(x) =ax" +a,.,x"  +...+a;x +a, €Z[x].

a) Tacé

i n—|
q q q q '

n n—tk

p

|
Suy ra 2, p—n+aﬁ_] — g+t Ln.q" +a5 =0

9" . q" q
hay a,p” + a,_,p" 'q+... +a,pq" ' +a,q" =0
Tir (1) ta ¢6 hai dang thirc sau:
. agp” + ag P+t apq" = -ayq"
-1 n-2 n—1
suy ra P p” - +a,p” q+..+agq )= —ayq"
N _I
Vi a,p g+ .. +agq’ = —ap".
Do d6 qa,.,p" '+ ..+ a,q" ) =—ap".

(1)

(2)

(3)



Vi p, q nguyén t6 ciing nhau nén p, " ciing nguyén t§ clng
nhau va p’, q cing nguyén t& cling nhau. T cic dang thic
(2)va(3)suyrapha;vag\a,.
b) Chia f(x) cho x — m, ta duge

f(x) = {x —m) g(x) + f(m).

Vim €Z va f(x) €[x] nén theo so dé Hoocne ta cling cé

(Sl

do vay f(m) = (p — mq). éllrong dé A eZ (vi cdc'hé s6 clia
q

g(x) € Z|x].

2(x) la nguyén).

hay q' f(m) = (p - mq) A. *)
V1 p va g nguyén 8 ciing nhau nén q' vi p ciing nguyén t6
cling nhau va do dé q' va p ~ mq ciing nguyén td cling nhau.
f(x) = g(x)q(x). _

o € € ]a mot nghiém cia g(x) tic 1a g(a) = 0 suy ra
f(a) =0, vanéu o 1a nghiem boi cap k (k > 1) clia g(x) thi
g(x) = (x — @) h(x), do d6 f(x) = (x - a)*h(x)q(x) diéu
niy ching to o 1a nghiém béi cdp khong nho hon k ctia f(x).
Dido ai, n€u moi nghiém boi cdp k; (k; = 1) cia g(x) (ké ci
nghiém don clia g(x)) déu la nghiém boi c6 cap khong nho
hon k; ctia f(x) thi ta cé sy phan tich f(x)} va g(x) nhir sau:

g(x)= (x —ap (x—0)" 2 (x - )
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a0 = (x—a N (x— o ¥ x—aR L KGO, V6ol

nghiém boi cip k; cta da thite g{x), 1=1, ... . Piéu nay cho
ta dang thikc _

f(x) = g(x)K(x).
Vay f(x) chia hét cho g(x}).

Pa thic g(x) = x” + x + | 1a mot da thic bac hai khong ¢6
nghiém hitu ti nén n6 la bat khi quy trong Q[x]. Da thic nay

© ¢6 nghiém phic la £(va ), 11 hai cdn nguyén thuy bic ba

cua don vi (ta c6 x* -1 =(x ~ Dg(x)). Tacling c6

R VAU R NWE
fx)=x"+x " +x"

c6 nghiém 13 € (va ca &)
fg) = 457" v 2 hetre? =0
Theo bai 6.7 ¢6 h(x) € C[x] sao cho
g(x) = g(x)h(x).
Nhimng f(x) vi g(x) € QIx] nén ta suy ra h{x) € QIx1.
Pa thirc f(x) = xt = 3n7x + n'q, n #0 ¢6 bac ba. Do vay {(x)
bat kha quy trong Q[x] khi va chi khi f(x} khong c6 nghiém

hiu ti. Gi4 sir f(x) c6 nghiém hitu ti Aq vaq’ ~3n’q+n" =0

3
suy ra [i) —3[ﬂ]+l=0.
n n

Nhur vay thi 4 ja nghiém cua da thitc g(x) = x> - 3x + L.
n

Nhung da thitc g(x) 1a da thic bét kha quy trong ([x] (xem



bai tap 6.21) nén khong thé nhan & lam nghiem. Vay da
n

thire f(x) khong c6 nghiém hitu ti va do dé la bat kha quy

trong Q[x].
6.10. a) Giai phuong trinh _
4y’ - 36y* + 84y = 20=0 (D
oy -9y%+21y-5=0. (2)

Pitx=y—-3tacéd
(x+3) —9(x+3)“+21(x+3) 5= 0
- 6x+4=0 (3)

ap dung c6ng thuc Cac-da-no ta co

—y-2944207 2% =204+ 833 .
Goi u, 1a mot gia tri thuc ciia ¥-29++/833 va c6 v, Ja gid

tri twong \ng véi u; s& 12 gid tri thyc ctia -29-+/833 . Vay
ta s€ ¢6 nghiém cia phuong trinh (3) la

x; =u, +v; =Y-29++833 +}-29- 833

2 “
X;= WE+VE VA

X3= WE +VE
tir dé suy ra ba nghiém ctia phuong trinh (2) va (1).
b) Giai phuong trinh
X ~x—6=0.
Phuong trinh nay c6 mét nghiém 1a x; =2, do d6 vE tréi clia
phuong trinh cé dang

xg—x—6=(x—2)(x2+2x+3).
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Phuong trinh x + 2x + 3 = 0 c6 hai nghiém 1a
Xp=—1+ iv2
x3= —1—iy2.
Chit y: Néu giai phuong trinh niy bang cong thirc Cac-da-né

thi nghiém thuc ctia x| cha né s& vi€t dudi dang tong cia hai
s& phiic rat cong kénh.

6.11. D('.-lt 6] =X + X2 + X3

270

8,= XX + X X3 + XoX3

8= X XX3
v8i X|, X3, X3 1a ba nghiém clia phuong trinh

3
X +px+q=0
Theo cong thitc Vi-ettacé §,=0, 8,=p, d,=—q.
Bay gid ta biéu dién da thic
2 2 2
f(xl, X9, X3 ) = (X] - Xz) (Xl— K3) X (XZ — K_q)

qua cic da thirc d6i ximg co ban. Day 1a da thic d6i xing
thudn nhat c6 hang tir cao nhat x/x3. Do d6 ta ¢6 h¢ théng

s6 mil, va f(X;, X2, X3) = 8787 + 28}, +bd] +¢5,8,8, +d3; .
Bang phuong phdp hé s§ bat dinh ta duge
f(Xy0 Xg X3 ) = 8282 — 4875, — 48 ~ 185,8,5, — 2752
Thay céc gid tricta §,, §,, 8, ta duge
f(x;, X9, X3) = .—4p3 - 27q2.

d) Giai phuong trinh
x*+6x" +6x°-8=0 (1)
<> x*+6x° = -6x7+ 8

19-BT PAILS3 BCB



6.13.

= x4+6x3+9x3=9x2—6x3+8

o (x2+3x)° = 3x7 + 8. 2)

Cong vao hai v& cia (2) véi (x2 +3x)y + y? ta duge

(x3+3x+%)2 =(y+3)x3+3yx+(~)~;;+8) (3)
Dé cho vé phéi 1a mét binh phuong cha biéu thitc, y phai
thoa man diéu kién '

A=9y" — 4y +3) (14_—+8)=0

& y -6y’ +32y +96=0. (4)
Phuong trinh nay tuong duong véi
[ x?+3x—1=x-3

xP+3x-t=-x+3

[x2+2x+2=0 (*)
hnd ke
_x2+4x—4=0- (**)
Phuong trinh (*) c6 nghiém la
X|=—l+i; .X2=.—l—i.

Phurong trinh (**) ¢6 nghiém la _
x3=—2+1/§; x4=—2—\/§.

Vay phuong trinh (1) ¢6 bon nghiém 1a x,, X,, X3, X4 trén day.

a=l+icod |0L|=\fi, argoc=3+2kn.

Vay a= J2(cos =-Z-+isin§)
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a)Tacéd o = ﬁn(cos%ﬁsin%)

a " = ! (cos ELLLN isin:-PE)
2)" 4
b) a” = (1+i)". Theo nhi thic Niuton ta c6
o =(1+i)"
S 1+Cli+ 22 + O 4 Ok s Cnim
=]1-C+C =Cl+ )+ (C) ~-C+C—CT 4+ )i

vei CK=— ™ _Jasstéhopchapkciian, 0 < k < n.
(n—k)k!
c) Biéu dién hinh hoc a"vd ¢ "véin< 8
3
0(3..--2" (12
of 3 [ e,
4 3 1 8 o
AR -4 i
JEY oo

Hinh i3
d) Gid sirz = a + bi vdi a, b 1a nhitng s6 thyc. Tim cdc gid tri
thuc x, y sao cho: .
z=x+yo =x+y{l +i)=(x+y)+yi

-



N . X+y=a *
Tu di¢u kién trén suy ra _ *)
. y=b
hé phuong lrinh (*) 1a mot hé cramer {(¢6 dinh thic

1t
1=1:t0).

Né ¢6 nghiém duy nhét 12
y=bvax=a—-b
Vay z=(a—b) + ba.
¢) Chitng minh 4anh xa
f:€C>M

X y
Z=X+yo > _
-2y X+2y

13 mot ding cAu. That vy, giastz=x +ya vaz =X +y'a
tacd

z.|.z'=(x+y_CL)+()(I'+},1'0L)=(X+K")"'()/"')")OL :
do dé

f(Z ') \ | '
+Z =

X y X| yv
= + =f(z)+1(z');
-2y x+2y; [-2y" x'+2y
2.7 = (X +ya )(x'+y' o J(x+y+YIY XY Y )

= (X+Y)x'+y)-yy' + (x + )y + (X +y)y]
= (xx' + Xy + yx) + (yx' +xy' + 2Zyy)i
=(xx' = 2yy) + 2yy' + xy' + yx) + (yx' + Xy + 2yy'i
=(xx'— 2yy + 2yy' + xy' + yx)a
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“do dé

(P(Z-Z')zli Xxx'—- 2yy XY+ yx'+ 2yy’ } (1)

=2(xy'+yx'+2yy)  xx'-2yy'+ 2xy'+ yx '+ 2yy")
Mat kh4c ta ciing c6

X y X' AN
2y  x+2y |l -2y’ x'+2y'—

N Xx'—2yy' Xy'+yx'+2yy’ 2)
=2(xy'+yx'+2yy’)  -2yy'+xx'+2xy'+2yx+4yy’

So sdnh (1) va (2) ta ¢6 hai ma tran ndy bing nhau, vay f I3
mot dong cau.

f 1a todn 4nh va 12 don 4nh hién nhién. Vay M dang cau véi
C, do d6 M 1a mot trudng

a) Gid st f(xy= (x — 1) p(x) + 2x va
f(x) = (x — 2)° q(x) + 3x.
Trix v€ véi v€ ta cd
0=(x— )" p(x) - (x — 2)’q(x) - x.
Do d6 (x — 1)°p(x) = (x — 2)°q(x) + x.
Tir két qua trén ta thay rang degp(x) = degq(x) + 1.

'Gid sir degq(x) = 0 va degp(x) = 1. Khi d6 p(x) = ax + b va

q(x) = c. Ta c6 dang thitc
(x2— 2% + 1)(ax + b) = (x* — 6x + 12x = 8)c + x
hay
ax’ + (- 2a)x" + (a—2b)x +b = cx’ + 12cx* + (1- 6¢)x — 8c.



6.15.

a=cC a=¢

a=¢C
b-2a=12c b-2¢c=12c¢ b =10
= C
aedb=1-6c < lc—2b=1-6c <
b= —8c.
b=-8¢ b=—-Rc

He phuong trinh nay vo nghiém.
Gia st degq(x) = | va degp(x) = 2 khi d6
qix)=ax+b vé p(x)= cx2 +dx +e.
Ta c6 déng thiic
(2= 2x + D) (x> + dx +e) = (X —6x + 12x° - 8) (ax + b) + X
e ox*H(d — 20 + (c-2d+e)x” + (d-2c)x + e =

— ax*(12a + b)x* + (12b - 6a)x” — (6b + 8a — 1)x - 8b.

c=a a-c=0
id-=2c=12a+b ' 10a+b-d=0
Suyra {c-2d+e=12b—6a ic-2d+e=12b—6a
d-2e=1-6b—8a 7a—20b-2d =0
c=—8b |8a+22b+d=1.

Giai hé phuong trinh nay ta tim dugc
a=4,b=-3 '
c=4.d=-19,¢e =24
Viy ta c6 p(x) = 4x° — 19x + 24

qx)=4x-3
VA fx) = ax*t = 27x° + 66x " — 65x + 24.
a) Tim nghiém hitu ti cha da thirc

f(x) = x3 — 6x2 + 15x — 14,

Cic udc cta 14 1a £1, £2, +14.
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f(1)=—4 #0,

f(~1) = 36 £ 0,
f(2) = 0.
L | -6 15 | -14
2 1 ) 4 7 0
7 ! 3 12840
R T Y 8440 |

Vay f(x) ¢6 mot nghiém hitu i 12 2.

Giasit £ €@, q>0, (p, q) = I 12 nghiem ciia da thitc.
q

Tu dang thic (*) ta suy ra p — mq 1a uée cha f(m). Véi

m=1l,tacop-lqg=p-qlavsccaaf(l)vavéim= -1t

cé p—(-1q) =p+q 12 udc cia f(~1).

Theo bai 6.16 néu phan s6 t6i gian L e Q 12 nghiém cla da
q

thirc
f(x)=10x" — 81x* + 90x” - 102x> + 80x — 21
thi p\ 21 va g\ 10. |
Ngoaira (p— )\ f(l)va (p+ QN f(=1).
Tacé f(1)=-24

f(~1)=-384.
Céc gid trj cha p co thé la +1, +3, £7, +21
Cicgidtrictagc6othé1a 1,2, 5, 10.



R , 1
Ta lan Tugt xét cdc phan s6 %3, £7, +21; i%; J_rg; i%

b

3.47..7. .2 .2

b 1

50572727750
Trudc hét ta loai trir cic phan s6 khong thoa min diéu kién
c4n da néu trong bai 6.16.
21 — 1 = 20 khong chia hét cho 24 = f(1),
=21 — 1 = 22 khéong chia hét 24 = f(1),
21 -2 = 19 khong chia hét 24 = f(1),
—21 — 2 =-23 khéng chia hét 24 = f(1). .

+

Vay 121, i%khﬁng 13 nghiém ciia da thitc f(x). Tuong tu

2
13, + —51 ciing khéng 1a nghiém cua f(x).

Con lai diing so d6 dé tim nghiém clia f(x):

10 -81 +90 | —j02 | +80 =21
7 10 —11 13 ~11 3 0
l 10 -6 10 -6 0
2 ~
3 10 0 10 0
5

6.18.

Pa thitc 10x° + 10 khong c6é nghiém hitu ti. Vay f(x) c¢6 ba |
nghiém hiru ti 1a: 7, 1 va z

2 5 :
Gia st f(x) « ZIx] véi f(0) va (1) déu 1& ma f()\() ¢d nghiém

nguyén la a. Do (0} 1a s6 hang t do cho nén a la udc ciia
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£(0) phai 12 mot 56 1€. Lai theo diéu kién cdn trong bai 6.16,
a -1 phai la uéc cva f(1). Nmumg a — 1 chdn va f(1) 1é nén
a — 1 khong thé 1a uéc caa (1) duge. Didu vo 1i nay ching 10
f(x) khong c6 nghiém nguyén. 7

Ta xét hai trudng hop:

a) p(x) e Z. Nhu vay p(x) 12 mét s6 nguyén 6. Hién nhién
néu p(x) \ f(x)g(x) thi p(x) \ f(x) hoac p(x)\ g(x).

b) p(x) &Z. Nhu vay p(x) phii 1a mét da thifc nguyén ban.
Ta coi p(x) nhu mot da thic thude Q{x]. Khi d6 tinh chat bat
kha quy cha p(x) trong Q[x] twong duong véi tinh chat bt
kha quy cla p(x) trong Z[x]. Vi Q[x] 1a mét vanh chinh nén
p(x) 12 mot phén t&r nguyén t6 trong Qfx]. Diéu nay néi lén
ring néu p(x) \ f(x)g(x) véi f(x) vi g(x) thuoc Z[x] thi

p(x)I\ f(x) hodc p(x)\ g(x).
Viéc chitng minh bai todn duge dua trén bd dé sau day (xem
Pai s6 dai cuong, Hoang Xuan Sinh):

Néu f(x) e Z[x] co bac 16n hon O va f(x) khong bat kha quy

trong Q(x] thi f(x) phan tich dugc thanh mét tich nhimg da
thitc bac khdc 0 v6i hé sé nguyén.

Bay gid ta hdy di vao bai todn. N&u f(x) ¢ bac O thi f(x) la
mot s6 nguyén. Néu s6 nguyén dé Khic +1, n6 s& phan tich
thanh mot tich nhitng thira s6 nguyén ta. Néu f(x) c6 bac 16n
hon 0, 4p dung bé dé trén f(x) s& viét duge dudi dang:

f(x) = p,(x) pa(X)... P(x) (*)



6.21.

6.22.

trong d6 cd nhiing p;(x) ¢6 thé cé bac 0, vay I nhimg so
nguyén 16, con ddi véi cic pi(x) ¢6 bac khac O thi-ching la
nhitng da thitc véi hé s6 nguyén, nguyén ban va bat kha quy

trong Q[x].
Ap dung bai 6.19, ta c6 thé ching minh su phan tich (*) 1a
duy nhat sai khdc + 1 véi méi nhan ur.
a)Paty=x-3tacé

4 3 2 4 3 2
X —8X +12x"~-6x+ 3=y +4y" —6y" —42y — 42 = g(y).
Pa thitc g(y) bat kha quy trong Q[x] vi theo tiéu chudn
Atdenstaino véi p = 2, do dé suy ra da thiic

fx)=x" -8+ 12x* - 6x +3

bt kha quy trong Q[x}.
b) Déc gia t giai.
c)Paty=x-1

3 — 2 —_
fx)=x"" +xP T h L x+ I =y ]+C:,yp oLt Cg]

=y Y Lt p=g(y) __
Theo tiéu chuan Aidenstaino da thic v& phai g(y) 1 bat kha
quy trong Q[x]. Vay f(x) bét kha quy trong Q[x].
d) Dit x = y + 2. Réi 4p dung tieu chudn Aidenstaino.
Gia sir f(x) = x” + px* + q < Q[x] kha quy trong Q[x] thi f(x)
c6 thé phan tich duoc thanh tich ciia hai da thiic bic hai

x4+px2 +g= (x2_+ ax +m) (x2 + bx + n).

So sanh hé s6 & hai vé€ suy ra
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a+b=0

m+n+ab=p

an+bm =0
mn = q.
Néua=0thib=0va
m+n=p
{mn =q. |
Khi d¢6 m va n 14 nghiém ctia phuong trinh
X’ —pX+q=0.

Phuong trinh nay c6 nghiém hiru ti khi va chi khi
A= p2 — 4q 12 binh phuong ciia mot s6 hitu ti.

a=-b
NéuazOthim=nva<{2n—-a’ =p

n® =q.
Vi a va n 12 nhimg s6 hitu ti nén g, 24/q —p(=a’) phai [a
binh phuong cta nhiing sé hiu ti.
Tur cdc két qua trén suy ra rang da thie x* + px2 + q 12 bét
kha quy trong Q[x] khi va chi khi q,_p2 - 4q va Z,fa—p,
khong phai 14 binh phuong cua nhiing s6 hiru ti.

6.23. Gia st f(x) = (x — a;) (x = ay)...(x — a,} —1, V6i a; 1 nhing s&
' nguyén phan biét, i = 1, 2, .., n, khong phi 12 da thic bat
- kha quy trong Q[x]. Nghia la ton tai hai da thic h(x) va g(x)

cua Z{x] sao cho

f(x) = g(x) h(x) (1)



vai 0 < bac g(x), bac h(x) < bac f(x).

Tir dang thic (1) suy ra

na)=gla)=~-1véii=q,2, .., n

vi g{a;) va h(a)) thuoc Z nén g(a,) = —h(a;) veii=1,2,..., n
Pat k(x) = g(x) + h(x). Néu k(x) = 0 thi ta co g(x) = ~h{x),
nhu viy f(x) = —[g(x)]z. Hé s6 cao nhét cla —[g(x)]2 am, con

he s6 cha f(x) bang 1 > 0. Diéu nay khong thé xay ra. Néu
-k(x) # O thi bac k(x) nhé hon n, nhung

k(a)=g(a)+h(a)=0,i=1,2,..,n

Vay k(x) cé n nghiém phan biét, mau thuin voi diéu di
chimg minh trong bai 4.16.
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