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L3I NO! DAU

Cdc phuong phdp todn hoc ditng cho Vit I hoc hién dai rét
phong phi, gom mét khét lugng lon cdc phén nhu : ham thue,
ham bién phic, phuong trinh vi phén, cic phép bién ddi tich
phdn, dai s6'tuyén tinh...

Cuén sdch Phuong phdp todn li do GS.TS. Dé Dinh Thanh
bién soan, xudt bdn trong nhitng ndm qua da duge ding lam gido
trinh gidng day cua khoa Vét Ii cde tritmg Pai hoc Su pham.
Trong cudn sdch nay da trinh bay : gidi tich vectd trong hé tog dj
cong, tenxd aphin triic giao va cdc phuong trinh vét li todn.

DE sdt vdi yéu cdu thic té trong lan xudt bdn nay, tdc gid dd
b6 sung thém phan tenxo tong qudt d chuong II. Phén nay duge
viét don gidn, ngdn gon d& tién dp dung trong Vat If, khéng di
sdu vao cde khdi niém hinh hoc thudn tuy. Ngodi ra, dé¢ phuc
vi cho sinh vién, hoc vién cao hoc, hoc cdc chuyén dé, lam lugn
vdn, lugn dn, cudén sdch con dude bé sung thém chuang VII va
chuong VIII vé cic phép tinh gin diing trong Vét i hoe, do
PGS.TS. Vii Van Hing bién soan. -

Chiing t6i mong nhgm duwde s gop ¥ cua quy dic gid vé
cudn sdch nay, dé né ngay mgt hoan thién hon trong cdc lén
tdi ban sau.

Cac tac gia



Chuong 1
TRUONG VO HUGNG VA TRUONG VECTO

§1. KHAI NIEM VE TRUOGNG VO HUGNG
VA TRUONG VECTO

Khii niém vé trudng néi 1én mét quan hé s luong va hinh
dang khéng gian clia thé gidi vat chat. _

1. Trudng vé huwdng 12 moét phan ctia khéng gian ma mébi
diém M clia nd dng véi mot gia tri cla mét dai lugng vé hubng
nao d6 o(M).

Cho mdt truong v6 hudng c6 -nghia 12 cho mdt ham vo
hudng ¢(M) c6 cac gia tri phuy thude vao ting diém cta phin
khéng gian dang xét.

Trong hé toa dd Décac Oxyz, ta cé
oM) = o(x, v, 2) | (1LY
Vi du : Xét mét vat khong déng chit, thi mat d6 p phu thudce
vio titng diém ctia vat va ta c6 trudng mat dd p(M).
Néu ham vé6 hudng M) clia trudng khong d6i theo thoi
gian, ta nél ta c6 truong ditng. Néu ¢ ¢dn phu thude cd vao thai
gian, thi ta ¢6 truong khong ditng hay truong thay ddi (M, t).



DE biéu dién hinh hoe trudng
vd hudng, ta diung khai niém
mdt mie (H.1). Mat miic 1a mot
méat trong khong.gian mé trén
dé truong vé hutdng cd gia tri
khéng déi.

oM) = o(x,y, 2} = C (1.2)

Ung v6i mdi gia tri cha C ta cb mt mit. mitic. Cho C cac gia
tri khéc nhau, ta ¢6 mét ho cde mdt mwc ' :

Hinh 1

2. Trudng vectd 12 mot phén cla khong gian ma mbi diém
M clia né itng v6i mot gia tri cia dai lugng vects A(M) nao d6.
Cho mbt trl.tdng vectd, ¢0 nghia la cho mGt ham vectd A(M)
- phu thude vao titng diém M. Trong hé toa a6 Pécae, ta c6

A = A(x, v, z) (1.3)
Vidu : Mgt dién tich difm e sinh ra quanh-n6 mét dién
trudng, duge bidu didn bing mot veetd cudng A0 dlen trudng E
phu thudc vao dim ta xét.

‘E=k—7 ; ¥ 1a ban kinh vecto
r .
F=xi+ y} +zk

Dé biéu dién hinh hoc trudng
vectd, ta dung eac dudng vectd, 1a
cac dudng trong khong gian ‘ma tar
mbi diém vecto A -nim doc theo
ti€p tuyén cua no6 (H.2).

’I‘rong chuong nay ta s& xét viée
biéu dién vects trong he toa dd cong
tdng quat, cac phép tinh dao ham,

vi phéan va tich phén cta ching. Hink 2
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§2. HE TOA PO CONG

1. Dinh nghia. Vi tri ciia mét diém M trong khéng gian duge
xéc dinh bang ban kinh vectd . Trong hé toa 4§ Décac Oxyz

- F=xi+vj+zk

Trong nhidu bai toan, dé xac dinh vi tri ciia didm M, thay
cho bd ba 4 x, y, z, ngudi ta ding bd ba s6 khéc qq, gz, g3 phi
hgp va thuéin tién hon:véi bai toan dang xét. Ngudgc lai, ta gia
thiét mdt bd ba 88 qq, gg, g3 Ung véi mft ban kinh vects ¥, do
d6 ng véi mdt diém M nao d6 ctia khong gian. Cac dai ligng
1, dg, q3 dudc goi 1a tea do cong cua diém M. _

Vi méi diém M ung véi ba toa d6 q;, qs, gz, do d6 mdi mot
toa d§ nay 14 mét ham cla ban kinh vecto ¥

q2(f) = ga(x, ¥, 2) (1.4)

Ngude bai, ban kinh vecto # ciia mbi diém trong khong gian

duge xac dinh hoan todn khi cho ba 88 q|, q9, q3. Nghia 14 ba

thanh phén x, y,.z cla ¥ 1a ham s6 cla q;, qs, q3-

X = X(q1, Gz, q3) |
v = y(ay, 92, 99) (1.5)
z=2(qy, a5, a3)
Cac mat mite ;= C (i = 1, 2, 3) tao thanh mét ho mit nao do.
M31 ho mat mic c6 mdt mat di qua diém M nao d6 clia khong -

gian. Ta goi cac miat nay 14 cac mdt tog dg. Giao tuyén cua
hai mat toa d6 goi la duong toa dé (H.3) ching han, giao tuyé&n
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93 cia hai mit q, = C, va

q; = C cho ta dudng toa db q.
Doc theo dwdng toa d6 nay, chi
¢6 toa d6 qs bién thién, cén hai
9 toa dd g, q; giii nguyén gia tri.
ay 2. Vi du. Hai hé toa dd cong
hay dirig nhit 1a hé toa &6 tru
Hinh 3 Vé. hé tOﬁl dﬁ cﬁu.

‘@) Toa d6 tru. Vi trf clia
mot diém M duge xac dinh -
bang bé ba 8 (H.4) :

;=P =9, qz3 =z

Ta c6 méi lién hé gitta hé
toa d§ tru va hé toa d4 Décac
vuédng goc :

X = peos@
¥ = psing
=7

Khoang bién thidn -
Ot O dén =
®:t¥ 0 dén 27 -
2 : tlt — oo dén + oo
Cac it toa 46 :
p=C:fnz_1ttmcétruc 12 Oz
@ = C: ntia mit phing giéi han bdi Oz

z=C; mit phing vudng géc vdi truc Oz



Céac duong toa d6 (H.5) :

Dudng p : nia duong thing
xudt phat t truc Oz va vudng
gdc vl true Oz

Pudng ¢ : dudng tron cé tam

ndm trén truc Oz trong mit

phang vudng gée véi truc Oz.
Budng z : dudng thing song
song véi truc Oz. '
b} Tog dé ciu

Hirh 6

Kircang bién thién :

¥

Hinh 5

Vi tri cha mét diém duge
xéc dinh béi bé ba s6 (H.6) :
N =r;9=08593=¢
Hé thic lién hé giita hé toa
dd ciu va hé toa d6 Pécac
vudng géc :

X = rsinfcos@

il

y = rsinfsing

z = rcost

i

¥ : ti O dén oo

0:tx0dénn

¢ :ti 0 dén 2n

Cac mat toa d6 :

r=C: mitciu tim O

0= C: nua miat nén

¢6 dinh 14 O, truc 13 Oz

¢ = C: nda mit phing giéi han bdi Oz



z Céac duong toa 48 (H.7) :
f Dusng r : nita dudng thing

C xuit phat tiu gée O ;
[

Puong 0 : kinh tuyén trén
mat ciu ;

o ] _ Dudng ¢ : duong trén vi
tuyén trén mit ciu.

——
-y

3. Hé 56 Lame (Lamer)

x Ta trd lai xét cac dudng toa
Hinh 7 d6. Trén cac dudng nay, ta’

dua vao cac vectd donvi & (i=1, 2, 3)

c6 phudng tiép tuyén vdi cic dudng toa
dd va c6 chiéu theo chifu ting cta céc

toa d6 g;. Xét diém M, c6 ban kinh
vectd ¥ (47, 5, qa), trén dudng toa db

qy. Doc theo chifu ting cla q;, 18y a8
gia cua ban kinh vectd A¥| ¢b dau mut Hinh 8
3 diém My, c6 toa 49 14 (q; + Aqy, ay, ag) (H.8). Lap t1 s&

Ai:l - f(q']_ + Aq] 1 q‘z: q3)— i:(qla CI2; QH)
Agy Aqy '

Lay gi6i han cta ti s trén khi M, tién dén M, ta cé vectd

A ., . N A e .
—— tién dén vectd ciing phudng cling chiéu véi vects don vi

Aqy
&, tal M.
Pé 1a vectd dao ham
I o ds I —ny,
dq; dq;
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Dai lugng nay xéc dinh van téc bién thién cla ban kinh
vectd doc theo dudng toa 46 q;.

Hé s8 h; chi 46 16n clia vectd I .
I
T cb or :E}x Ty dy G+ azﬁ
dqp Iy dq dqq _
. 2 2 2
o o222
dqy dyy ;- \Iqy
Tuong tu, ta cé __E)_r_ =hyé, ; o h3é,
dgg dq3
2 2 4 2
trong dé6 hi2 =[ ax) +[ay] +[ a_z) (1.6)
| dg; oq; dg;

dugc goi 14 hé s6’' Lame clia hé toa 49 cong dang xét.
4. Théng s6 vi phan hang nhit

Ta xét cac vects gradg;. N6 ¢6 phuong | (4
vudng gbe véi mit toa 46 q; = C; va huéng
theo chifu ting cla toa d¢ q;. Néu ldy
vectd don vi &' c6 phudng phéap tuyén véi-
mit toa d q; = C; va huéng theo chifu
tang cua g;, ta cé (H.9)

. Hinh 9
gradg; = k;&'
hé s§ k; chi 43 16n cta vectd gradg;. Ta biét
: dq;z  Oq; ¢ Og; -
dg; =—*+i1+—j+ =Lk
graddi ox ! dy ) 0z
2 2 2
dq; Jq; dq;
& k2=( ‘) +[ ‘] +( 2 1.7
nen i " Uax ay /) oz (1.7)
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Cac dai lugng k; G =1, 2, 3) goi 1A cac théng sé vi phdn hang
nhdt cia hé toa dd cong.
- Béy gid ta xét méi lién hé gita hé 86 Lame h; va thong s6 vi
phan hang nhat k;. ‘
T céng thite vi phan toan phan ciia ban kinh vecto
dr =idq1 +£dq2 +.—dz—dq3
3q1 ) aq2 ()Q3

Nhén v6 hudng ca hai v& véi gradg;, ta c6

- or
(dfgradqg;) = [————gradqi] dq; +
dq;

O JF

-t [_ gradqi) dq2 + [_r gradqi] dq3 *)
gy dq,

Mit khac, ta cé

da - 8 By B i)

so sanh hai ding thite (*) va (**), ta cé

OF 1khii=k
I radg: | =5y = 1.8
[ao“t sra q‘)- ki {o khi i # k (1.8

Trong hé toa db cong tdng quat, cac dudng toa 'd(i néi chung
khong vudng goc vdi cac mit toa d9, do dd6 cac vectd don vi
phap tuyén &' va tiép tuyén &; khong tring nhau. Phan tich
mot vects A bat ki theo cac vectd don vi nay, ta cé

A=A+ A% A% '
~ (1.9)

néi chung, cac A' = A
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Cac duong toa 4o la céc dudng cong, cac mit toa 45 la cac

mit cong nén cac vects &' va &; cb phuong thay déi tit diém
nay sang diém khac.

§3. HE TOA PO CONG TRUC GIAO

1. DPinh nghia. Hé toa dd cong ma cac dudng toa d§ vudng
gbc véi nhau titng d6i mét tai mdi difm goi 13 hé toa dé cong
truc glao Hlen nhién ta ¢6 cic vectd don vi

&; va &' trung nhau (H.10) §=dy0q,
€ = &l
do dé
(&;8;) = (&;&') = &;; khi d6, tix hé thic (1.8) Hinh 10
. or < i
tacngadql hik;(§;é') = h;k; =1
1
do do6 trong hé toa d6 cong truc giao, ta cb
1 L
h; =— 1.10
= % (1.10)

82 2 2
- (ox dy Jdz
> " Ga) By " \ag;

-1
2 2 2
aQi) (a%] (3%)
= || =] +]=2| +{== 1.11
|:( Jax dy dz (1.11)
2. Diéu kién can va di d€ hé toa dé cong la truc giao
T dinh nghia hé tea d6 cong tric giao, ta c6

(8:8;) = (E'6) =0 véiizj.
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nhu!ng —_— hiéi
dq;
gradq; = k8l
Do do
(o ar\—hh §(Ei8)=0 véii#j
Laql

(gradq; gradg;) =kik;(8'¢) =0
Trong hé toa d cong tryc giso & = & nén ta chi cin mot
trong hai ddng thitc trén.
Vay, diéu kién cdn va da dé mot hé toa dd cong la truc giao la
(9r ar) (9x ox) (ay ay\ ( 9z 9z )
|34 2q;) " 5q; aa;) \3a; ;) " (3 anJ B

hay

dq; 99;)  (9q; 9q;)  (dq; 9q;
md-rd-=[1 ’) L] 1L_J1=0 (1.12
(gradgigrads;) axax+ay8y+azaz (1-12)
Vi du : Khio sat xem hé toa 46 cong sau c¢é truc giao hay
khéng ?
_ 2 2
=In(x"+y) -z
‘ qz=%(x2+y2)+z

qs = eu:‘ctgZ
X

Diing hé thic (1.12) d€ xét cip toa dp a1, 93
9q) 393 _dq; da3 _ dqy dq3 _
dx ox ody dy 9dz 0z

-3 1
5 -
= = i+ 22y 75 =0
x2 +y Y X" +y ¥
1+ - 1+-—--—-2
X X

do dd qy va q3 vudng gbe v4i nhau.
14



Xét tiép cdp toa 48 q1, qy

'aQ1aqg_+BQ1GQ2_FBQ1HQ2=
dx dx dy dy Oz 9z
= X+ 2y 2y—l=1

x?+y? x?4y

Do d4, cap toa d6 nay khéng vuéng géc véi nhau.
Vay hé toa dé cong xét trén 12 khéng truc giao.

C6 thé thii lai d& dang céc hé toa db cAu va tru 1 cic hé toa
dd cong tryc giao.

Trong cac muc ti€p theo, chiing ta chi xét cac hé toa dd cong
truc giao.

$4. CAC TOAN TU VI PHAN

1. Cac y&u t& vi phéan

Xét vi phén ban kinh vecto
-~ 9r or . or
dr = —dq; + ——dgy + —dqj
- Oy dqy dqy

= hldqlél + ]1de2§2 + hadqgé:_)’
Vay cac yéu t3 vi phan d6 dai doc theo cac truc toa d6 la

ds; = h;dg;
Yé&u t& vi phin khodng cach

3 .
(d)? = ds? = Zhiqu? (1.13)
_ - =1
Gia sit dr = MN, trong d6 N 13 difm v6 ciing gin M, ta dung
qua N ba mit toa d9, cling véi ba mat toa d§ qua M, ching tao
thanh mt hinh hép cong vé cing bé (H.11) ¢é cac canh la

ds; = h;dg;
15



Khi dé6 mit bién cua né c6 dién tich
l1a ,
M doy = hyhgdgadgs
dﬁz = hthdqldq3 (1 14)
_ doy =h;hydgydgy

Con thé tich clla né bing
Hinh 11 dv = hlhghgdq] dq2dq3 (1.15)

2. Gradién cua mdt ham voé hudng
Ta di biét

d .
grado(q) = Vo(q) = d—(quradq

V la toan ti "nabla" hay toan ti Haminton, trong hé toa d
Décac vudng gbc, né cé dang

d 0 d
V=oi— 41—+ K—
1ax+38y+k8z

Ta xét truong vd hudng trong hé toa d6 cong

¢ = (p(qls q2) qB)
khi d6

d
grade = ﬂgradql + _a—(pgradqz + —(pgradqg
dq; dqy dq3

Thay gradg; = k;&' zhiéi , ta ¢
: i

£ 90 8 d¢ & 9o
h; 991 hydqy hgdqy

gradp(qy, 99, q9) = (1.16)
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Vi du : Tim biéu thiic clia grady trong hé toa d6 tru.

DPéu tién ta tinh cdc hé s§ Lame

e (dx] [E)yJQ [E)z]z_ )
¢ ) ol TP
Jo Jo Jp
2 L3
hy=1;h?=
vay hg= p,hp 1;h, =1

grady =¢é a—W+E(E-a—‘l"+é v
PO p o *oz

Tuong tu, ta c6 bidu thitce grady trong hé toa d6 cAu

W, G, Co dy

rady = &,
graci = "Or  r 90  rsin® g

3. Dive cia mét trudng vecto
Xét mot diém M niao d6 cla trudng, ta bao quanh né bing

mot thé tich nhd V va tinh théng lugng P cha vects A qua mat
S bao quanh V

P= (j)Ands
s

trong dé, A, 1a hinh chifu cla vects A trén phuong phap

tuyén n cua S.

n - P ry ~ . ,:’. - A " 3
Lap t1 s6 v dé quy vé mét don vi thé tich réi chuyén qua

gidi han khi moi kich thuéc clia thé tich V tién dén khéng. két
qua ta nhan dudc mét con s§ nao d6 phu thude vao dang diéu
clia vectd A & gin diém M va dic trung cho muc dd chiy ra
khéi l4n can diém M, ki hidu 1a divA (dive ctia vectd A ).

2-Phudng phap TL A ’ 17



(ﬁAnds

divA = lim ~—— (1.17)
Vo0

Tu biéu thic dinh nghia nay ta thiét lap céng thie cu thé
cho divA trong hé toa 43 cong tryc giao.

Xét mot hinh hép chit nhat
cong, ¢6 dinh tai diém M dang
xét, cac mit bén trung véi cac
mat toa d§, cac mit 461 dién
vl cac mit toa do di qua diém
N v4 cing gin diém M (H.12).

Miat MM,N; M3 cé dién tich

M. Yq, h,h,dqedqq. Thanh phédn cia
vectd A trén phap tuyén cla
Hinh 12 mit nay 14 -A,, do d6 théng
lugng tuong ting cia A di qua mét nay la -A hyhadqydqg.

¢ mat nay toa do q; cé gia tri q; + dq;, do 46 théng lugng
qua mét nay la

5 .
1
T 46 thong lugng qua hai mat MM,N; Mg va M;N3NN, bing
d
3o (Arhghy)dgydgydag
q1

Tueng ty, théng lugng qua hai mat MM;N,M,, MyN;NN;
va théng lugng qua hai mat MM ;N3M,, MsN,NN; 1a

d d
'{E;('];(A2h1h3 )dmfi%dq?, ; E(Aahlhz)dqldqqua

18 2-Phucng phdap TL B



Céng ca ba bidu thic trén lai ta dude bidu thiic théng luong
toan phan
@ A, 4S8
S

Chia cho thé tich clia hinh hép
V = hjhyhgdq,dqydgg
ta duge

divA =
_ hihshy dqq dqy dqg
Vi du : Vit biéu thitc divA trong toa dé tru.
Caché s6 Lamehp=1;he=p;h,=1
. 1[9pA,) aA

diva = 1| 202p) | 90 | pOA,

' pL dp dp Oz
Ap dung tinh divA khi A =xi+yj+zk.

1 [8(A1h2h3) N d(Aghsh,) +a(A3h1h2)] (1.18)

Trong toa d6 tru, A cé dang
A= Pep + 28,
Do dé

divﬁzl-?—(pp)+0+@=2+1=3
e Ip 0z

nhu két qua da tinh trong hé toa dé Décac.

4. Rota ciia mét trudng vectd

Trong trudng vectd A ta xét mdt vong kin L nim trén mat
phéng cé phap tuyén n (H.13). Tinh luu théng Q cua vects A
doc theo L. D6 chinh 14 tich phin ducng loai hai

_Q=<j>zd;
L
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\ ‘ f Bay gid ta 14y diém M trong trudng,
\ bao quanh né bang dudng cong kin L

LA vo cung bé. Dién tich cia mién bao bai
L1as.

=1

/ / / Ti s6 % 14 mit d6 luu thong trung
binh trén dién tich S. Ta dua vao dinh
Hinh 13 nghia vectd rotA ddc trung cho 4o

x04y cua trudng tai diém M
@ Adr

trong d6 rot, A 1A hinh chié'li clia vectd rotA trén phuong
phap tuyén ctia mit.

rot = lim
50

(1.19)

Ta hiy tim biu thic ctia rotA trong hé toa d6 cong truc giao.
Trudc hét, ta tinh hinh chifu clia vectd rolA trén dudng toa 4o
q;- Mudn thé ta xét vong kin MM,N,M;M (H.12).
Dién tich cua yéu t8 vi phan mét gidi han bdi vong kin dé 1a
d0'1 = hzhgdqquS
Trén doan MM,, ta ¢6
I Adr = Aydsy = Aghydqy
MM,

Trén doan MgN/, gi4 tri cua toa dd thd ba 14 q4 + dgg.
" Do dé

I Adr = [A2h2 + a—a-(Azhz)qu] dq,
MON, d3 _

20



Tudng tu ta c6

I Adr = Aghgdag

MM,
— - 0 '
Adr =| Azhy +j—(A3h3)dCI2 dqg
(qz
MyN, '
o [ e[ f] ]
MM,N MM MM; MyN, MgN, MM,

J 9
= [T(Aah:a) - —(Azhz)} dgodqy
q9 dqg
Chia bi€u thitc nay cho do; va lam tudng tu, ta c6

— 1 [ o 0
rot A = —{Aghg) ——(Azhy )]
dqg dqs

hohg |
1

hgh;

— 1 d J

rotg A =———| —(Ash,)———(Ah

L o8 hlhz_aQ1( 2b2) 392( ! 1)]

Vi du : Ta viét cac biéu thic (1.20) trong hé toa dé ciu.

{ roty A =

—‘5’—(A1h1)——a—(A3h3)} (1.20)
dqg dq;

Cac hé s6 Lame h, = 1, b, =r, hy = rsin®.

Thay vao biéu thiic trén, ta c6 -

e 1 d : dAy
rot, A= [55A¢ sin ——J

rsinf op
— 1 JdA. 19
tgA = L_ A
% rsind d¢ rar(r o)
— 129 10A
to A =——(rAg) ———=L
oty rar(r o) r 00
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Ap dung tinh rot ctia trudng vectd A = %
. r

Cécthﬁnhphé‘incﬁag 1a Ar=i2 ;A =0; Ay =0, do dé
.r

rot,A=0;rotgA=0; rotq,ﬁ =0.
D6 1A mdot trudng khéng xoay.

5. Toan tit Laplaxo (Laplace)
Dung ki hiéu toan tit nabla V, ta cé
grade = Vo, divA = VA, rotA = [V x Al

Néu tac dung toan tit V 1én chiing mdt 1an niia, ta dude cac
to4n ti vi phan hang hai.

divgradg = VVg
¢ — grade = Vo
rotgradg = [V X V¢l
/divK = VA — graddivA = V(VA)
K\ /divrotz_izvlvkxl
rotA =V x Al \
' rqtrotK = [V X[V X Kl]
Trong d6 c6 mét s6 hé thie cAn chi ¥ :
a) D61 véi truong thé
rotgradg =0
that vay [VxVel={VxVip=0
vi tich hffu huéng clia hai vectd cdng tuyén bing khong.
b) divrotA = v{vxAl=0
vi vects [vx Al vudng goéc véi V, ma tich vo huéng cua hai
vectd vudng géc vdi nhau bing khong.
Diat B =rotA, ta ¢6 divB =0 nghia la B 1 trudng hinh éng.
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¢) rotrotA = [V x| v % A]] =V(VA)-(VV)A
= graddivA ~V2A
trong dé vi=4A gol 1a toan tit Laplaxd.

d)} divgradep = VVop = Vch =A@

Ta c6 thé biéu difn cAc toan tl vi phan hang hai trong hé
toa dé cong truc giao. D8i v8i toan ti Laplaxd, ta 4p dung
phéi hgp cac bi€u thic cha grade va divA, ta ¢b

Al]!z 1 d (hghg al]!]+
hihghg{og \ hy dqy

+'a [hShl 8w]+ 3 (hlhz a\j!] (121)
dgy\ hy dqg/ 0dq3\ hz dqz

Vi du : Ta viét biéu thic ctia toan ti& Laplaxd trong toa dé
cau '

p
A\pzii(rzﬂ]+ ! i(s Gaw]+ ! v
2 gr\ Or rzsinﬂ ae a0 r ssz a(P

' Ap dung tinh A(i]
rZ

1
Vi ys= -3 khéng phu thude vio 6 va ¢ nén trong cdng thie
N :

trén chi ¢6 mit s6 hang thi nhat

A{%J_l afzi_}?}

_1 9f 272} 2
20' r 4

mlm

23



5. CAC DINH Li TICH PHAN

Dive va rota cia mot trudng vects ddc trung cho tinh chat
caa truong trong mét vang bt ki nhung di nhé. Cac dinh i
tich phén xét dudi day sé thiét lap nhiing hé thic dic trung
cho truong trong nhiing viing 1én.

1. Dinh 1i éxtl‘égl'atxki —- Gauxo (Ostrogradski — Gauss)
Xudt phat tif dinh nghia cla dive, ta hiy xét mét yéu t6 vi phan
thé tich AV} bao béi mat kin Sy, ta cd

cﬁAnds

1

divA(M,) = lim

Tit d6, theo tinh chit clia gidi han, ta ¢é thé chon mét s8 £1c
nhé tuy ¥ dé cho
(ﬁAndS -

. 3
divA(M,) — =% <e
wA(M,) v 1 £x

hay

divA(M, )AV, - c_f) A_dS| < e AV,
Sk
Lay té’ng theo tit ca cAc yéu t8 vi phan thé tich

Zde(Mk)AVk Z(j‘)An s‘ €, AV,

kSk

Cho cac y&u td vi phan thé tich tién dén khong va chi ¥ 1a

li divA(M, AV, = divAdV
AVlnlnz WARM AV, .”.[ v
vV
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(f)A“dS (j)A ds

k s,
trong d6 S 1a mit bao quanh thé tich V, ta c6

_{ divAdV = chAnds. (1.22)
3
D6 1a cong thite Oxtrogratxki - Gauxo cho ta méi lién hé
gitia tich phan theo thé tich va tich phin mit bao quanh thé
tich do.
2. Phuong trinh lién tuc

Xét chat 16ng hoic khi véi trusng van téc 1a v(M). Vecto
mét d6 dong chat long '

A =pv véipla mat d6 khdi lugng.
Tich phéh (ﬁp;dg la Iigng chit 1ong thoat ra khdi mit kin S.
4 .

Theo dinh luat bao toan khdl lugng, ta thﬁ'y lwgng chat long
thoat ra khéi méit kin S chinh 14 do 46 giam khéi hugng trong
thé tich V giy ra. Do &6

(ﬁpi?dg = ( ?’Jdv
5 Vv

Ap dung cdng thite éxtfﬁgratxki — Gauxd, ta cb

J.p;rdg = ‘[ div(pv)dV
5

I ( - a;: J av = Idw(pv)d\?’

v

Tit d6 ta suy ra
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Vi thé tich V chon tuy ¥, ta c6

%‘tl +div(pv) =0

hay %% + pdiv{; + ;gradp =0
f,
. dp dp -
Thé nhung — = —+ d
e g i ot vgradp
do d6 % +pdivy =0 (1.23)

Phuong trinh nay goi 1a phuong trinh lién tuc.

3. Dinh li Xtéc (Stokes) _

Béy gi¢ ta xét méi lién hé giiia tich phan theo mét cia hinh
chi€u cua rota mét trudng vects trén phudng phéap tuyén ctia mét
mit cong va tich phin theo dusng cong giéi han mit cong nay.

Xuit phat tit dinh nghia rota, ta
x6t mft y€u t8 vi phan mit ASy gidi

-ﬁ‘ han bdi dudng cong Ly (H.14), ta cé
L% -

Hinh 14 ASy
ciing nhu trén, ta cé
95 Adr

- L
t, A(M, ) — =k
rot, A(M) AS,

< gy
Nhan ca hai vé véi AS, va lay tdng theo t&t cA cic yéu t6 vi phan
mit, roi tim gidi han khi maxAS, — 0, véichi ¥ 1a
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Z(fmdr - (f)Adr

k Ly
lim t, AM )AS, = I rotAdS
maxASkAOZrO n ( Ak
5
Ta ¢ .[ rotAdS = @Kd; (1.24)
S L

D6 1a dinh li Xtéc.

4. Cong thite Grin (Green)

Xét trudng vecto A cé dang : A= ygrade trong déy vaola
cac ham v6 huédng.

Ap dung dinh Ii Oxtrdgratxki cho trudng hop nay, ta c6

(ﬁwgrad(pdg = _[ div(ygrade)dV

= J.(\;Jdivgradq) + gradygrade)dV
v

hay (ﬁwg—: ds = J(\uA(p + VoVy)dV (1.25a)
S
n 13 phap tuyén ngoai cha mit S. D6 1 cong thie Grin thit nhit.
Néu ta ddi chd y va ¢ trong (1.25a), ta c6

@ N s = I({pmu + VyVe)dV (1.25b)

Tri hai phufo‘ng trinh (1. 25&) va (1.25b) cho nhau, ta duge

o2 -y 22)as- _[(qmw VAPV
8

d6 14 cong thic Grin thi hai.
27



BAI TAP CHUONG 1

1. Viét biéu thic clia divA trong hé toa d6 cau.

Bdp s6:
— 2 i OA
div A :i. d(r' AL . 1 d(sinbAg) . 1 VA,
2 or rsin0 20 rsin dp
2. Vit biéu thitc cha rotA trong hé toa d§ tru.
' 0A
Dip s6': rot, A = 194, %
p 09 Iz
0A
rot,A = —LP_ A,
9z ap

134, 194,
P dp p d9

y
a=—
X2
2 2
x ¥
=—
a2 1 9

qa =X
~ Khao sat sy truc giao clla hé toa d6 cong niy va tinh cic hé

s6 Lame h;.
4. Lam tuong ty nhu bai 3 d6i véi hé toa d8 cong

7&=Jx2+y2+22+z
2

|J.=Jx2+y2+z -z
‘n:artgl—
X
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5. Lam tuong tu nhu bai 3 d8i véi hé toa 46 cdu téng quat

X = ausinwcosv

v = businwsinv

Z = CUCosSW

véi chc khoang bién thién clia céc bién s6 méi

0uge

0<v<2n

O<wen

6. Tim dudng vectd clia trudng E = k_(;)r cia dién tich diém q,
trong dé r 1a khodng cach tit diém quan sat dén dién tich diém.

Ddp 56 Cac tia xuit phat tir diém dit dién tich.

7. Chiing minh ring dudng vectd ctia trudng ddéng nhat
R = const 13 cac dudng thing song song.

8. M6t qua cdu ban kinh a duge tich dién. Cac dién tich

phén b8 déu trén mit véi mat 36 o= !

41rra2

Tim cudng d6 dién trudng D & trong va ngoai qua ciu.

a2
Ddp s6°: D:-]mTacr {r> a)
r
d=0 {r<a)

) o . - + o~ . Ta k r
9. Tim théng lugng cua vectd cudng d6 dién trucng E = 1

r3

cta dién tich diém q qua mit S kin bao quanh dién tich dé.
Ddp s6: anq
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10. Cho trudng vects A = yi +7j + xk
Diing cdng thiic Xtdc dé tinh tich phan dudng
¢
C X2 +y2+Z2 =¢':).2
x+y+z=0

chay ngudc chiu kim déng hé néu nhin ti phia duong cia
truc x.

Bdp s6': ﬂ:ang
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Chuong IT
TRUGNG TENXO

$1. KHAI NIEM VE TENXO

Trong chuong 1 chiing ta d3 nghién ciiu cac dai lwgng vé
hu‘dng va vectd, trong dé vé huéng duge xac dinh bang mét con
s8, cdn vectd thi ngoai viée xac dinh bing médt con s& diic trung
cho d6 16n cua né con phal thém vao cic théng s6 khac xac
dinh phuong va chiéu cua né trong khong gian. Trong hé toa dd
Décac vuong gbe, ba con 86 x, y, z hoan toan xéc dinh diéu dé.
Céc s6 nay goi la cic thanh phéin cia vects.

Trong vat i c6 nhiéu dai higng duge xéc dinh bang mot, s&
thanh phin nhiéu hon ba va do d6 xu#t hién khai niém v& tenxo.

Vi du : Xét mét dién trudng E tac dung 1én mét vat din
dién. Vectd mat d¢ dong dién ki hiéu 1a j. Néu vat din 13 mét
vét thé ddng huéng thi ta cé hé thiic

j=ok
trong d6 o 1a 4 dﬁn dién. Hé thitc 46 chitng td trong vat din
déng hudng, vects mat d6 dong dién huang theo vectd cuong dé

dién trudng. Cac thanh phin clia vectd j lién hé véi cac thanh

phin cla vects E trong hé toa d6 Décac Oxx4x5 nhu sau
jl =(TE1 ;j2=UE2 ;j3=UE3
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Tuy nhién, néu vat din dang xét la khéng ddng hudng thi
vectd mat d6 dong dién khdng con cling phudng véi vectd cuong
@6 dién trudng nita, do dé thanh phén j, cta vects j khong chi
phu thudc vao E; nita ma phu thuée ca vao E, va E, Noi
chung cac thanh phan j; (i= 1, 2, 3) phu thuéc vaocac E; i=1
2, 3) theo hé thiic

j1=o011Ey + 013E; + 013E;
Jg = 023 Eq + GygBy + 0g3E;

J3 = 031Ky + 03,E) + 643E,
3

hay ji = ZcikEk

k=1
Diéu d6 néi 1én rang khi bidt vectd cudng dd dién trusng E,
mudn biét vectd mat d6 dong j ta phai bift 9 dai ludng oy

Vay, 9 dai lugng nay dic trung cho 46 din dién cla vat khéng
déng hudng va goi 14 tenxo dé ddn dién.

§2. DINH NGHIA TENXO

Trong hinh hoc giai tich, toa d6 ciia mét diém trong hé toa
d6 Ox;x,%x4 khi chuyén sang hé toa d6 Ox';x'yx'y bién déi theo
cong thue

3

X; = Zaika (2.1)

k=1
i=1,2,3
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Trong phép bién d6i toa d6 nay, vé hudng 1a dai lugng khéng

thay d6i, con cac thanh phan A; cia mét vecto A bién ddi theo
cong thice :

3
Aj =ZaikAk (2.2)

=1.2,3
Vi vay ta ¢6 thé dinh nghia :

V6 hudng la dai lugng hoan toan dudge xac dinh trong mot

hé toa d6 bat ki bing mot s3. So nay khong thay ddi trong
phép bién d6i toa do.

Vecto la dai lugng duge xac dinh trong hé toa d6 bat ki bang
ba 6. Cac sb nay bién d6i theo céng thic (2.2) trong phép bién
d6i toa do.

Bay gld ta md rong dinh nghla vectd G trén thanh dinh
nghia vé& tenxg.

N&u trong hé toa db Ox;x9X4 ta c6 3 vecto t, £y, t3, chuyén

sang hé toa d§ Ox'|Xyx'3, chung bién ddi thanh 3 vecto
t), to, t3, theo hé thiic (2.2)

4k Ek (2 3)

=
li
Mm

=
I
o

hay viét chi ti&t -

ty =ay 1ty +ajoty + a3ty
tg =agqty +agoty +agsty

t3 =agit; +agety +agsty

thi tdp hgp ba vects nay xéc dinh mét dai lugng méi T goi 1a
tenxd aphin truc giao hang hai.
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Céc vectd t;, ty, ty c6 thé goila cic thanh phin cla tenxo
T theo cac truc Ox,, Ox,, Oxy. Tudng tu nhu vectd, ta quy
ude viét _
trong dé i-l, 12 va i3 13 cac vectd don vi trén cac truc Ox,,
Oxy va Oxgy.
Méivectd t; (i=1, 2, 8) c6 ba thanh phéan theo ba truc toa dé
3

6= it @B

k=1
hay viét chi tiét
t = i1‘311 +igtyg + igtyg
ty =ity +dgtog + Intoy
ty =ity + gty +igtas ‘
do d6 tenxd T duge xac dinh bing 9 y&u t8 t, , ta c6 thé viét
dudi dang ma tran
111 tiz tis
t3; tay taa

Ta hiy xem céc thanh phdn t;; cla tenxcl T bién déi nhu
thé nao trong phép bién ddi toa ds.

Céac vects t; trong phép bién déi toa do chﬁyén thanh cac
vecto f; theo cong thie (2.3)

3

t = Zaiktk

k=1
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Céc vects T, va 1, lai c6 cic thanh phan bién ddi theo cong
thiie (2.2)

3 3
(); =t = Zajf Zaiktka‘
=1 \x=l
3 3
= Z Aty = z Ak Aty
, k=1 k, /=1
Vay
3
th = Z Aty 2.7
k, /=1

Vay ta c¢6 dinh nghia : . ._

Tenxd hang hai (hay 8 day goi tit 1a tenxo) 1a mét dai lugng
duge xAc dinh trong hé toa d¢ bat ki, bang chin s (hay ham s6)
t- Trong phép bién ddi toa d8, né chuyén thanh chin s& t',
theo cong thic (2.7).

3 day ta chi xét hé toa d6 Décac vudng géc nén ta cé céc
tenxd aphin truc giao. Md rong dinh nghia nay, ta cé cic tenxo
hang khac : V4 hudng 1a tenxdé hang khéng, vectd 1a tenxd
hang mét (bién ddi theo cong thiic (2.2)). Téng quat ta c6 tenxs
hang m trong khong gian ba chifu, d 13 3™ dai luong
ti,, iy, ig, ..., i,, M2 trong phép bién d6i toa d6 thi chuyén thanh

3™ ‘dai lugng t'; i, theocong thic

1> i2! seey ’ .
3 3 3
U g iy = Z Z Z Ak, Rigk, - ik by, Ky, k, (28
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$3. TENXO SUAT CANG DAN HOT

Ta hay xét mét vi du trong cd hoe : Cho mdt vat thé dan h01

thé tich V giéi han bdi mét S. Trong qua trinh bién ddng, méi

yéu td dién tich dS cha mit

n Tds . ngoai chiu tic dung cla mét

luc (H.15). Vi vat thé dan héi

khéng dang hudng nén phuong

cua lde tie dung 1én dS khéng

g trung véi phudng phép tuyén
clia né.

Goi t,, .la Iuc tac dung lén
mét don vi dién tich c¢6 phap
tuyén 5, hic tic dung 1én yéu .

t6 dS sé 1a t,dS ; f,, duge goi 13 suit cing trén dién tich dS.
Tai mdi diém cta vat thé dan héi, Gng vdéi méi huéng 7, ta c6
mét vectd suit cing t, riéng (khéng trung phuong véi n). Do
d6, dd1 véi méi hé toa df ta c6 thé xac dinh duge ba vecto t,,
to, 3. Ta 88 chitng minh ring ching lap thanh mét tenxd T.

Hinh 15

Ta goi F 13 ngoai luc tac dung 1én mét don vi khéi lugng
cua vat thé, W 1a gia téc ciia cac diém cla vat thé, p 1a mat d6.
Trén vit ¢ ba loai luc tac dung :

— ngoai luc IdeV

— lué quan tinh "j pwdV
vV

— ldc cing trén bé mat IEH dS gy ra bdi cac phin tu cua
3
e N 5 . -
md1 trucng nam ngoai mit S.
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Theo nguyén li Dalimbe (D'Alambert) : Téng tat ca cac
- ngoai lyc dit 18n vat ké cd luc quan tinh phai biag khong.

_[p(iﬁ - W)V + I t,dS=0 (2.9)
v S
Ap dung cong thie nay cho
tid dién v6 cung bé MABC
dung tai diém M (H.16) sao
cho ba mit cia né song song
v8i ba mit toa 43, com mit
thit tu (c6 dién tich S) true
glao vii vecto n.
"Trén mit ABC cé lyc tac
dung t,S (gia tri clla vects = X

\o
&

t, phai chon tai mét diém
nio dé cia mat ABC). Hinh 16

Luyc tic dung trén mat MBC 1a £;Scos(, x;), vi mit nay 1a
hinh chiéu cua S trén mit x,x5 va cé phap tuyén huéng theo
chiéu 4m cia x;. Tudng tu nhu vy ta 6 luc tac dung 1én cac
mit MAC va MAB tudng ting 1 EQScos(ﬁ, X9) Vi Eas cos(h, Xg3)..

Gié tri cua tich phan thit nhit trong (2.9), ti 16 vdi thé tich V,
ki hiéu la Vq, trong dé q 13 mét vecto hitu han nao d6. Vay
tit (2.9), ta cb

S[t,, — t; cos(di, x;) - £, cos(fi, xp) - t5 cos(q, xz)]1+Vg=0
Chia hai v& ca phudng trinh nay cho S, cho tit dién thu vé
diém M vi chi § 12 lim =0, ta c6
t, = t; cos(f, x;) + ty cos(H, Xg) + tg cos(i, x3) (2.10)
Vi hudng cua vectd 5 chon tuy § nén cé thé 14n lugt chon né

tring véi cac.truc toa d6 mdi x'7, x'g va X', tacd
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1 =ty eos(x', x1) +tscos(x'y, Xo) + tg cos{x'y, Xa)

1 1 1, *1 2 1> 22 3 1 &3
t's =t; cos(x'y, 1)+t cos(x’y, xg) + t3 cos(x'y, x3)

- t'y =t cos(x’y, x1) + tg cos(x's, X9) + tzcos(x'y, x3)

hay thay a;, = cos(x’;, xi)
' 3
ta c6 £ = z a5 b
k=1

Nghia 13 ba vectd t;, €5, 3 lap thanh mét tenxo T. Biét

tenxd nay, ta c6 thé xac dinh duge hic cang tac dung lén mjt
don vi dién tich c6 phép tuyén n bat ki clia vat thé dan héi. Vi
vay ta goi T 12 Tenxo sudt cing dan hoi.

§4. TENXO DON VI. TENXO CAP POI

Ta hiy xét tenxd I ¢6 cac y€u 6 t;;=1 i=1,2,3); t; =0
(k # [}. N6 c6 dang ma tran

0
0 (2.11)

Tenxo nay goi 12 tenxd don vi, n6 bit bién d6i véi phép bign
do1 toa dd. That vay, theo cong thic (2.7) ta ¢é

3 3

r 2 [} o ' -

'y = E ay, - tkj=§ agay (k#j)
=1 =1

Do tinh chit truc chuéin cia ma tran clia phép bién déi toa
ds, ta cb

thia =1 va t'ijO k=j
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Ré rang ring d6i véi tenxd don vi
E-l:_{l, E2=I2, 532{3
Bay gid ta lay hai vectd p va § va lap ma tran
P191 P92 P43
P4 =[pad1 P292 P24 (2.12)
P31 P3dz P3q3
do cong thitc .
3 3

P'i =Zaikpk ; Q' =Zajffn
k=1 =1
3 3 :
ta co pig’ =Zzaikajfpkf11
k=1 /=1

Vay céc phan ti ctia ma tran (2.12) bign déi theo cong thiic
(2.7) nén né xac dinh mdt tenxd goi 1a tenxo cip déi (hay diat).
Cac thanh phén theo cac truc x;, x5, X3 cla tenxs nay la
1 =p19, 83 =pyd, 43 =paq-
Chuyla
aP1 1Pz q1Pg
qp={da2p1 q2P2 9AuP3 (2.13)
Q3P1  493P2  d3ps
khéac vdi tenxd cap déi pq.
Ta hay xét hai tenxo : tenxd T c6 cac phdn ti t; va tenxs U

cé cac phan tu Uy =ty Ap dung c¢dng thite (2.7), ta cb

3 3
w'yy = fk—z zahﬂ]q = z _S_a!iakj“ji

i=1 j=1 i=1 j=1
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Viét dudi dang ma tran

(W

i1ty ty t11 Yz tyg
Usltyy tyy toy) =[lty; tyy tyg)=T°
f13 tay tusi a1 tsg tag
"c" 1a ki hiéu chuyén vi clia ma tran.
Tenxc U duge goi a tenxo lign hgp cia tenxd T. Hién nhién
ta s (TO) =T. | |
Hién nhién ta c6 tenxd cap déi (2.13) 1a chuyén vi cia tenxs

cip d6i (2.12).

(@p) =@ q)°

$5. PHEP TONG VA PHAN TiCH TENXO

1. Téng hai tenxd. Cho tenxd U cé cac thanh phin 1a u
ki hiéu U = ||uij|| va tenxd V = ||v13|| .

i >

Ta s& chitng minh ring T-= Htijﬂ = ||uij + Vij" cling la mét
tenxd goi 14 tdng ctia U va V. That vay

3 3
Py =ulyt vy = Z Ay + Z Ak Vid
k, 1=1 k, I=1
3 3 .
= z ajay{uyy +viy)= Z ajrayty
ks f:]_ k, !‘=]

d6 14 diéu cin chitng minh.
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2. Nhén tenxd véi hing s6. Cho tenxs U :Iluijll va hiang
s0 A, ta 58 c6 mdt tenxo mdi ma cac phan ti cla né 1a Auj;
T=2U= [ uy]

3. Cac tinh chat déi xtng. N&u T =T" nghia 13 ti =t

thi T goi la tenxd d61 xing. Trong tenxo d61 xiing, cac phin ti
s (51 xung qua dudng chéo ctia ma tran la bing nhau, vy né cé
6 phan ti d6c lap.

Néu tenxd T thoid min T=-T° nghia la ty; = —tj; thi ta goi

né la mét tenxg phan xung. Trong tenxd phan xutng chi ¢6 ba
phén tit dée lap vi cac phin ti trén duong chéo bang khong.

tiy =-tj; nén t; =0
Ta c6 thé viét mét tenxs phan xung A dudi dang ma tran

0 —dajg 32

4. Phan tich tenxo

a) Moi tenxd déu c6 thé phan tich thanh tdng ctia hai tenxo :
mét d6i xitng S va mét phan xing A.

That vay, tacé S° =8 va A®=—
DitT=S+Atacd T =8+ A°=8-A.

N ) +T°
Cong hai vé& vdi nhau ta rat ra S=T T .

1 s A . T-T¢
Tru hai vé vl nhau ta riit ra A = .

b) Moi tenxd déu ¢6 thé phan tich thanh téng clia ba tenxg
cap dét. That vay ta xét ba tenxd cip dbi
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) t11 tig ty3 ) o ¢ 0
hty =10 0 Of; ptg=Jtoy toy tog|;

0 0 0 0 0 0
O 0 0
ta; 133 tgy

Khi cing ca ba tenxd cip déi nay lai, ré rang ta nhin dude
tenxg T

) t11 tiz s

T = iltl + 12132 + 13t3 = t’2l t22 t23

tg1 tag ta3

(2.14)

§6. PHEP NHAN TENXO VOI VECTO

1. Nhan vé hudng tenxd vdi vecto
Cho mdt tenxo T =1t + igty + 3tg
va vectd P= _i-lpl + '{2132 + §3p3.
Tich v hudng cuia tenxd T vdi vectd p tit bén phai la mét
vectd,tinh theo cdng thitc
B'=T:p =iy (hB) + p(£,5) + 19(£B) =
=1 (t1P1 +t19Py + t13Pg) + Ip(ta1Py +togPy +tygPy) +

+ ig(tgypy +tagpg +tagps)

3 .
=Z‘{k(zk_f,) . (2.15)
— . _ .
trong d6 (Ek .P) ki hiéu tich vé hudng cua hai vectd _fk va p.
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Vay céc thanh phan ca vects p' 1
P’y = t11p; + tyopg +tyapg
P'a =tp1Py +tagPg +tyapg . (2.16)
P's =t31p) +tgopy + tagpg

Vi vay, vectd p'=T.p 1a ham vectd tuyén tinh ciia vects p-

Ti (2.16) ta thay tich vé huéng cta mét tenxd véi vectd cé
cac tinh chit két hap va phan ph01

T.(B; +pg) = T.py + T.py
T.ma = m(T.g)
Trong trudng hop T 13 mét tenxd ciip d6i cla hai vects qvar
Q. G 9
T=df=fasn qory qory
qsrf 493l Q3T
thi p'=T.p =(§¥).p = (F-p)

Tudng tu (2.15) ta c6 dinh nghia tich vé hudng cta tenxs T
vdi vectd p tit bén tra1 dé 1a vectd p" tinh theo cong thic

=P-T=(P—11)t1 +(P-12)t2 + (P-la)ta

=i1(t11P) + tyyPa + t31P3) + 1p(ty9p) + tygpy + tyops) +

=Z(f3~{kﬁk

So sdnh hai phép nhan tich vé hudng clia tenxd vdi vects tir
bén phai va bén trai, ta rnit ra

T.p=p.T

+ 13(t13p; + tygpy + tagpg)
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Vay thi tu nhan d diy la quan trong. G vi du dau chuong vé
tenxd d6 din dién o, ta cb

j=a.E
nghia 13 vectd mat @ dong dién la tich v4 huéng cua tenxd do
din o véi vectd cudng d6 dién trudng E.
D& lam vi dy thit hai, ta xét trudng vecto a(F) = a(x,, X9, X3).
Céc thanh phin clia gia ludng da cla vecto 4 lién hé véi céc
thanh phan cia gia higng dr cia © theo cong thiic

( da da da
da; = —Ldx; + —tdxy +—Ldx;
M0 T ox, 2 oy
Jdag =922 gy, 4 922 4y, 1 222 g, (2.17)
Todxy 0x, dxg
da3 :,?E.:id_xl +&£dx2 +g§—3—d_)(3
ox, dxy X3

So sanh véi cdc cdng thiic (2.15) v (2.16) ta thiy cac hé s6
clia biéu thic tuyén tinh (2.17) tao thianh mét tenxd, ta goi né
la tenxd dao ham cua vectd a theo vectd T, ki hidu 1a

| aal aal aal

dx; 0%y dxy
da _[da; Oag dayl (2.18)
di fox; 9x, oOx,f '
Jag Jag dag)
axl 8x2 aX3
Cong thiic (2.17) bay gid c¢6 dang ddn gian
da
da=— _dr 2.19
d=—.df (2.19)
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. P . da A
Tenxd lién hiép véi tenxo dao ham 'Rl la tenxo gradién cia

- vectd a
axl ()Xl _ axl
gradd=va-|%21 92z dag) (2.20)
aX2 ax2 a‘Kz
aa'l aaz 333
8):3 Bx3 ) ()XS
T day ta cé
di =d¥.grada = dF.Va (2.21)

2. Nhin hitu huéng tenxad véi vecta -
Tich hitu huéng ciia tenxd T véi vects p vé bén phai la mét
tenxd mdi tinh theo céng thite :
T' = (TXP) = iy (£, XP) + iy(Ey X B) + 15 (E3 X b)
= i (B <) (2.22)
k

Tu cong thic nay ta thay tich hitu hudéng cua mét tenxs véi
mdt vectd cé tinh ch&t phan phdi. Néu tenxs T la mét tenxg
cdp déi gF thi ta dé dang ¢

(§F xp) = q(¥ x p)
Tuong tu, ta ¢é6 phép nhin hiju huang tenxd T vd1 mét vecto
p ti bén trai
T" = (BXT) = (Bx 1)) +(Bx )y + (Bxig)ty

= Z(ﬁx RO (2.23)
k .
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§7. PHEP NHAN HAI TENXO

1. Pinh nghia : Cho hai tenxd A = “aik“ ,B= “bikl va vectd p.

Trong muc trén, ta da xét phép nhan vé hudng tenxd véi vects
v& bén phai dé duge mdt vectd méi

p'=B.p (2.24)

Bay gid ta nhin vé hudng tiép tuc tenxd A véi vects p’ vé
bén phai, ta duge vects p"

p"=A.p'=A.(B.p) - (2.25)

Thay cho hai tenxs A va B, ta c¢é thé coi p” 1a két qua cua
phép nhan v4 hudng vé bén phai ciia mét tenxs C véi vectd p.

46

p"=C.B (2.26)
Khi d6 tenxd C duge goi 1a tich v6 huéng cua hai tenxd A va B.
' C=AB=AB 2.27

Ta viét lai chc ding thite trén ddi vdicic phdn ti

3
Pk = zbkjpj
=1

3
P = Zaikp'k
k=1
.3 {3 3
Dods  p" =zaik th_’kjpj = Z abyip;
- : k=1 j=1 k, j=1
So sanh vdi biéu thiic
3

P:'i =Zciij

=1



3

ta ¢b Cyj = Zaikbkj (2.28)
' k=1

Nghia la cac phan ti ctia tenxd C la tich vé hudng cua hai
tenxd A va B dudc tinh theo cong thic (2.28).

2. Nhan cac tenxd cip d6i. Néu cho hai tenxd A va B
duéi dang

A=pq, B=735 thi dua vao dinh nghia trén, ta cb
AB =(pq)(¥s) = p(q.F)s = (§.F)ps

3. Cac tinh chat. Dya trén dinh nghia, ta ching minh dugc
cac tinh chit sau :

(A+B)C = A.C + B.C (tinh ch4t phan b&)

(mA.B) = A.(mB) = m(A.B) _

(A.B).C= A.(B.C) (tinh chat két hop)

AB # B.A (khong ¢6 tinh chit giao hoan). Cing tu dinh
nghia phép nhén tich v6 huéng hai tenxe, ta ¢6 dinh nghia vé
tenxd nghich dao :

| AAT=T (2.29)
vdil la tenxd don vi.

Viét hé thie (2.29) duéi dang ma tran va tinh dinh thiic cta
chiing, ta cé

detA.detA™! =1

Vay digu kién d€ 6 tenxd nghich dio 13 dinh thic tusng
iing etia né phai khac khéng. Ta d& dang chimng minh

(AB)ﬁl - B—lA—l

47



* §8. TENXO DOI XUNG. ELIPXOIT TENXO

_Xét tenxd dé1 xing T, ta cd
tk." = t;k (k, I= 1, 2, 3) (230)
Ta chiing minh tinh chit quan trong sau diy cua tenxg
461 xing

b.(T.d) = 4(T.b) (2.31)

Do (2.30), hai biéu thiic nay bing nhau.
Biy gid ta xét su minh hoa hinh hec ctia tenxd d6i xiing.
Xét mit phang biéu dién bang phuong trinh
a.f=1 (2.32)
D6 1a mot miit phﬁng vudng goc

véi vects a cach gdc mdt khoang 1a

1 - e - - o - P
-, vi t4t ca cAc vectd bién thién cé
a
N o A= o1 boas
hinh chiéu trén a la — déu nam
a
trén mit phing nay (H.17).

Bay gig ta tién hanh tuong
tu d6i véi tenxo 461 xing T. Xét
mat phang

Hinh 17 FAT.H)=1 (2.33)
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Thuye hién phép nhan, ta e
tl IX% + t22X% + t33X§ + 2t12X1X2 + 2t23X2X3 + 2t3}X3X1 =1 (234)
Nhu vay, ta nhan duge mot mat

bac hai ¢6 tam O (H.18). Ro rang N 4%
mét nhin duge khéng phu thude == M
cach chon hé toa d6. Ta hay tim ,

giao diém ctia né véi cde truc toa do.
Trén truc Ox; tacd xg =x3=0 ; vi

vay, theo (2.34),.ta chb x; =%

t11 Hinh 18

Nhung vi mei ban kinh xust phat tit géc toa do va c6 hudng
n déu c6 thé chon la truc x;, ban kinh dé cit mat (2.33) tai

diém cach gdc toa dé mét khoang
- 1

p= (2.35)

tnn

Vi viy, néu trén mdi ducng thang di qua goc toa d% ta dat
mét doan bing nghich dao cla cin bac hai cda tpns thi quy
tlch cdc ddu muit clia cac doan d6 13 mat bac hai (2.34). Néu

thn duong ddi véi moi huéng fi thi mat (2.34) o rang la mat

elipxoit. Vi vay phmjng trinh nay goi 14 phudng trinh elipxoit
tenxo, méc dit né c6 thé bidu difn mat bac hai khac.

Tich vb huang T.¥ ¢6 y nghia hinh hoc don gidn : Néu ¥ ¢b
d4u mut tai diém M ciia mét (2.33) thi vecto

K =TF (2.36)

ch hu(jng phap tuyén ctia mat phang tiép xic véi mat (2.33) tai
diém M.

Thuc vay, néu ta dich chuyén M nim trén mat mot khoang
vd cling nhd, thi ban kinh vectd ¥ nhan gia lugng df nam

trong mit phang ti€p xic vdi mit tai diém M. Khi d6 ching
ta cb

d[f.(T.i")]zO
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(vi #(T.¥) =1 trén mat phéng), hay
d¥.(T.¥)+¥.(T.d¥} =0
Do tinh chit (2.31) cia tenxd 461 xding ta rit ra
dr.¥r; =0
Tic 1a vecto ¥, vuéng géc véi mei hudng nam trong mit

phéing ti€p xic véi mit tai diém M. D6 1a diéu cdn chiing minh.

*$9. TRUC CHINH, GIA TRI CHINH-
VA BAT BIfN CUA TENXO

Ta hiy xét mét tenxd T nao d6 va gia stt
T.da=bh
Né&u veetd b cdng tuyén vdi vectd 3, tilc 13 sau tic dung cia
tenxs T, vectd & chi thay d8i d6 dai ma khéng d6i hudng.
Trong trudng hogp nay hudng cla vectd a goi 1a hudng chinh
cla tenxd. N&u b=2a thi dai luong A goi 13 gi4 tri chinh cua

tenxd. Bay gic ta hdy tim hudng chinh va gia tri chinh ctia mét
tenxd. Theo dinh nghia, ta ¢

T.a=Ad | (2.37)
Viét phudng trinh nay trong mét hé toa 48 ndo db, ta ¢é
t1131 + t12a2 + t13a3 = lal
tyay + tggag + tggag = kaz (2.38)
t31a1 + t3gag + tgqag = ).3.3
Ta nhan dude hé ba phuong trinh tuyén tinh thuin nhat dsi
véi a;, ag, aq.. H& nay cé nghiém khac khong khi
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tn—A 1y 43
t21 t22 - ;\. t23 = 0 (2.39)
ts1 tag tys — A
Day 13 mot phuong trinh bac ba d6i véi A. Tit d6 cé thé nhan
duge chc gia tri cha A. T hé phudng trinh (2.38) ta c6 thé xac
dinh dudc ti 86 a; :ay:aj, tdc la xac dinh duge hudng chinh
cla tenxd Ung véi nghiém A clia phuong trinh (2.39).
Trong trudng hgp tenxd d6i xiing, ching ta di c6 phuong
trinh mit
t11x12 + tzzx% + t33x% + 21312](1]{2 + 2t23X2X3 + 2t311(31(1 =1 (2.40)
méit nay khong phu thude viéc chon hé toa dd.
Do d6 chon thich hgp hé toa d§ OX;X,X3, phudng trinh (2.40)
s€ ¢6 dang '
MEP +AoXE + AgEE =1 (2.41)
Nhu vay, trong hé toa dé nay, tit ca cic phdn tif cia tenxd,
trit cac phan tii nam trén dudng chéo chinh, déu bing khéng,
va tenxd cé dang

. 0 0
T=}0 A, © (2.42)
0 0 Ay

va bién d6i T.a=b ¢6 dang rit don gidn
b; =Aay ; by =Asag ; bg =Agag (2.43)
Viy d6i véi tenxo d6i xiing, huéng cia cac truc X;, Xy va X3
14 huéng chinh, va cac dai ligng X, Ay va Ag 1A cdc gid tri chinh
tuong lng.
Bay gi6 néu ta khai trién phuong trinh bac ba d&i véi A theo

cac luy thiia giam din cia A, ta c6
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t t t t t t
l3+l2(t11 +t22+t33)+k[ 22 32 + 11 3 _|1 21D__
tos tag| |tz taz] [tiz to2
t5; ty ty _ ' _
—ltiz tog tgol=0 (2.44)
t1g tpg ta3

Ta biét cac nghiém A, Ay vd Ag cua phudng trinh nay
khéng phu thudc vio viée chon hé toa do. Mit khac ta biét cac
hé thitc giita cAc nghiém va céc hé sd clia phudng trinh la

Il =t11 +t22 +t33 =A.1 +l2 +13

t t t t t t

1, =22 2l fe fan Bl g A
tga tag| [tiz tas] |tz ta
11 tig Y3

13 = t2l t22 t23 =A'12"2%'3 (245)
ta; tsp tag

Vi vay céc dai lugng I, I, va I khéng thay d8i qua phép
bién ddi toa d6 va dude goi Ya cac bdt bién ciia tenxo. Tit cac bit
bién dé, ta cé thé lap duge nhifu bat bién khéc, ching han

Il —212 = tll + t22 + t33 + 2t12t21 + 2t23t32 + 2t31t13 =
=A+A% +A2 (2.46)

§10. DAO HAM TENXO THEO bOI SO VO HUGNG

Bay gld ta hiy ng]:uen citu tenxdé ma cac phan tu cua né 1a
cac him cua mét dai lugng vé6 hudng t nio 46, ching han thai
gian. Théng thudng tenxd T(t) dudc viét dudi dang :

t1(t) 62(t) ty5(t)
T(t) =ty (t) tye(t) tag(t (2.47)
t31(t) t3a(t) tas(t
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Ta c6 dinh nghia sau : Dao ham cfia tenxs T theo d6i =8 v6
hudng t 1a giéi han cla ti s6 gita gia hidng cia tenxd va gia
lugng clia bién s§ ddc lap khi gia higng cta bign s6 doc lap nay
tién dén khong '

. t -
aT_ T+ A) - T(Y)
dt  at—0 At

Ta Iuén luén gia thiét dao ham duge xét 1a tén tai va lién tuc.

Né&u tenxd cho dudi dang (2.47) thi theo quy tic trif tenxd va
chia tenxd cho mét vé hudng ta c6 bidu thitc sau :

t11(t) ta(t) by3(b)

E = 1—321(1;) 1-322(1;) 'i223(t (2.49)
t31(t) t3a(t) i35(t)
trong d6 ddu chdm ki hiéu dao ham theo t.

Ta dé dang ching minh dude cic céng thiic sau dua trén
dinh nghia dao ham.

(2.48)

Né&u T(t) cho dudi dang
T(t) = iyt (t) + ipEa(t) + igTa(t) (2.50)
thi S = R+ kO + ks @.51)

Néu T c6 dang tenxd cip d6i
T(t) = By (0, () + Bo(t)da(6) + Pa(Wiat)  (2.52)
thi %ﬁl(tﬁi] 8+ By (D) () + Bo(t)ip(t) +
+p 2(13)‘;1 9{t) + l;?'a(t)fla (t)+ _ﬁa(t)‘:ig (t) (2.63)

Cac tinh chit cd ban clia dac ham vén ding d6i véi dao ham
cuia céc tenxd. Ching han :

Dao ham cua mét tdng cac tenxd
d(F +T,) _dT, at,
' dt dt dt
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- Pao ham cha tich mjt tenxo véi mét vé huéng
d(mT) dm dmq 9T dT
dt dt dt
Dao ham cta tich mét tenxd T vdi vectd a
ats)_ar, s
dt dt dt

A(Txd) (dT Tx_g_li]
dt de dt
Dao ham cua tich vé hudng hai tenxd

ALTy ATy o 4T
at  dt dt

+Ty

*811. DIVE CUA TRUONG TENXO

Dive cua mit tenxd duge dinh nghla gidng nhu dive ctia vecto.
Ta xét trudng tenxd
T(F) = 1ty (F) + 1gte(F) + i3ty (F)
Tai méi didm cia trudng, ta xac dinh vects
t, =aT= il cos(fl, Xy ) + ty cos(d, xy) + t4 cos(d, x3)

d6i véi m8i huéng 1. '

By gid ta 4p dung cdng thic Oxtrégratxki — Gauxd d8i véi
tich phan mit (jSEnds :

s

éinds = @[El'cos(ﬁ, X1 )+ £y cos(ii, x) + t3 cos(i, xg):ldS
s

aF, 9%, 9
= dav 2.54
.\[ (axl Y oxg | Bx3] (2.54)
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at, oty ot :
L —3 13 lién tuc thi gidi han
axl dXQ aXS ’

(]Sz,,ds

lim S
Voo V

s& ton tai va 14 mdt vecto goi 1a dive clia tenxd T, ki hiéu 1A

S[ﬁnds
_9t | 9, ot

Néu coi

divT = lim -2 =
V0 A% axl 8x2 aX3
Cac thanh phéin cia vectd d6 13

(2.55)

dxy Oxg9 0%y

dt ot ot
divD)s = 12 + 22 + 32
( ! )2 ) axl a}(z E)x3

ot ot gt
(divTD)a = 13 + 23 + 33
(l )3 8x1 E)x2 E)x3
Céng thiic (2.54) c6 thé viét lai

é t,dS = j divTdV (2.57)
8 v

(2.56)

Vidu I:Ta xét div(gl), trong d6 I 12 tenxd don vi, ¢ la mét

ham vé huéng.
@ ondS

div{epl) = lim S - ey ) + d(epiy) N d{piz)
VooV Oxp o Oxy Ox3
: 09 + 0 : 09
= Y + = d
5] Bxl t1 sz 13 axs grado



Vi du 2 : Trong §2 khi xét dén tenxo suit cing dan héi, ta ¢6
phudng trinh (2.9).
Ip(F - w)dV + (f) £dS=0
¥ 8

ta da suy ra suit cing dan héi lap thanh mdt tenxd T.

Thay w =% va su dung cdng thic (2.57) ta cé

J.I})[F—%E-]+ divT}dV:O

\Y

Vi thé tich V 1a tuy ¥ nén ta suy ra céng thic co ban cia co
hoc méi truong lién tuc

p(F —3} divT =0
dt

§12. SO LUGC VE KHONG GIAN N CHIEU

Dé md réng xét tenxo trong toa dd cong n chidu, ta nghién
cttu mot 8 khai niém cg ban.

Trong khéng gian n chidu, mét diém duge xac dinh bdng n
toa dé (x',x%,...,x"). Cacchisf'1,2, .. n dude goi 1A céc chi sd
trén (khéng phai la s6 mu).

Kho#ng cach gitia hai diém M (7', v2,...,y") vaN %%, x™)
duge xic dinh bing cong thic

MNE — (y] _XI)E + (Y:Z _ X2)2 R (yn _“XII)Q.
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- -3 A ~ -2 x PO PR
Néu diém M v cling gan diém N thi né cd cac toa d6 la
'+ dx!, %2 +dx2, ., x™ +dx™

va khoang cach giita ching duge xac dinh bang cong thiic :

n
(ds)? = (dx1)2 + @x2)2 4.+ (dx®)? = Z(dxi)2 (2.58)
1=1
Tuong ty nhu trong truéng hgp ba chiéu, néu sit dung cac
toa dd cong q,, qg,... q,, ta cé
n

n
ds® = ") g5 (4,050, Maday . (2.59)
i=1 =1

trong d6 ta cd thé coi ik = Zki-
Dé thuan tién cho viée thiét 1ap céc cong thic, dudi day ta

ki higu céc chit x!, x2,..., x® da 14 toa &b cong réi.

Thay cho cac toa do x*, xZ, ..., x®, ta sit dung hé toa d6 mai
%', %%, ..,X", lién hé véi hé toa 45 cii biing cac cong thite

o

X =x“(i1, %2

yen X)) (@=1,2, .., 1) (2.60)

Ta néi rang, cong thic nay xac dinh mét phép bién déi toa
d6. Ta ciing gia thiét ring, trong mién bién thién dang xét cia
cac toa d6 X', X%,..., X, cac ham trén 13 don tri, ién tue va cé
dao ham lién tuc 4 tit ca cic hang ma ta cdn. Ngoai ra ta ciing
doi hoi Jaedbién

a}(l axl axl

D(x!',x%, .. x™) x o’ "
_1’__2’ "—n e T (2.61)

D(x*,x°,..,Xx") .

= a2 &

87



phai khac khong. Nhu vay, ta cé thé gidi phudng trinh (2.60)

ddi véicac T, 2,..., T

¥ =34 %%, (@=1,2 ..., 1) (2.62)
Trong ki hiéu méi, dang toan phudng (2.59) cé6 dang
Il 13 . .
ds® =) Y ggaxax - (2.63)
i=1 k=1 '

con gol la dang métric. Khéng gian n chleu trong trudng hop
nay goi la khéng gian Riman (Riemann), con khéng gian n

chiéu tudng fing véi dang toan phudng (2.59) goi 14 khong gian
Oclit (Euclide).

§13. VECTO HIEP BIEN VA PHAN BIEN

Trong khéng gian ba chiéu, ta di dinh nghia vects theo
cong thie bién di cac thanh phin ciia né theo céng thiic (2.2)

3
A=Y agA, i=1,23
k=1
Trong bién d5i toa dé (2.1)
_ 3
X'i =Zaikxk i= 1, 2, 3
k=1
2 11
ta c6 thé thay a., =——.
Y ay axk

M4 rdng cho trudng hgp trong khéng gian n chiéu téng quéat
ta c6 : Néu d8i véi mbi hé toa d6 x',x%,...,x" cé x4c dinh mét
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tap hop n ham s6 A', A%, A™, véi phép bién ddi toa o (2.60)

=~ n

s e - " —1 _2
nd bién déi tuong Ung thanh A ,A",... A

N n
=
a=1

R po =1, 1) (2.64)

thi ta néi ring tap hop céc dai lugng A',A%,.. A" xac dinh
médt vects phan bién. Céc dai lugng A' A% A™ dugc goi 1a
c4c thanh phén cia mét vects phan bién.

Ta quy udc khi gip céc chi 86 lip lai hai l4n trong biéu

" thic, thi ta hiéu 1a tong tit 1 den n, do d6 cong thitc (2.64) co
thé viét :

—i a,—cl
A = pur
1=1, 2, ..., n, nén ta ¢ n cdng thitc dang (2.65). )
Vi du quan trong nhit ctia vects phan bién 1a vects dx', ¢6
cac thanh phan 1a vi phén cia cac toa d6.
That vay, tif cong thic (2.60), theo cdng thic tinh dao ham
cua ham hogp, ta cb
o '

i 1
4t + FZ ax?y o+ T gyn 2 gpe
axl ax2 axn . axﬂ
d6 chinh 14 céng thitc bién d6i cic thanh phin cka vects phan
bién (2.64).

Né&u n dai lugng A, A,,...,A_ trong hé toa dd (x',x2,...,x")

A" (2.65)

dx*' =2

lién hé' véi n dai lugng Kl,Xz,...,Kn trong hé toa 46
x!,%2,....") bing cac phuong trinh bién d8i |
ax(l
A =A,— (G=12,..,n) (2.66)
¢

thi chiing dugc goi 1a cac thanh phén ctia mét vects hiép bién.
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Vi du vé cac thanh phén cia vects hidp bién chinh 1a cac-
dao ham vé hudng ¢ theo toa d6. P61 véi mdi hé toa db

x',x2,...,x" | ta x4c dinh dude tip hop n dai lugng
d d0  p
G ox"

trong phép bién ddi toa d (2.60), né bién ddi nhu sau :

dp _dp &' dg ax* dp ox"
® wWam alam e am

Dt ﬂ:AC1E : &:za ta cb

x* x>
Ai = Aﬂ_ ia.x:{" (1 = ]-,2:""11))
ax
chinh )4 bién déi (2.66).
§14. TENXO HANG HAI

M4 réng céc cong thie bién déi cde thanh phén tenxd aphin
truc giao, va cic dinh nghia vecto trong §13, ta di dén cac dinh
nghia sau day.

Né&u d81 v6i mdi hé toa dd x*, ta c6 mét tap hop n? ham
A% ma trong phép bién d6i toa do (2.60) ching tuin theo
cbng thic

. i k

Ak _pB I K

ax* 9xP

thi cAc ham d6 x4c dinh mét tenxs phan bién hang hai va
ching 14 cic thanh phén cua tenxs dé.

(2.67)
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Hoan toan tudng tu, n? thanh phin A of clia tenxd hiép bién
hang hai bién doi theo céng thic

ool
B =i ok
va n” thanh phin AP ctia mét tenxo hén hop hang hai bién déi
theo céng thite .

Ak = A (2.68)

A AP X (2.69)

Chiing ta hoan toan cé thé md rong dinh nghia trén cho cic
tenxd hang ba, hang bén...

Vi du : Cac thanh phén cla tenxd AY hai lin hiép bién va
' af)

mét 14n phan bién, bién ddi theo cong thiic
o 4 P —i
- oz IRE oax’
M3t vi du khéc : Ki hifu denta Kronecke (Kronecker)

85={1“e“°‘=ﬂ (2.70)

* |Onua=p

chinh 13 mét tenxs hén hdp hang hai. That vay, ta s& chiing minh

Dé d& thdy, ta trd lai ki hiéu téng
K Ot P
=Y

ail aﬁi_a]_(i

=1
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6 day ta da st dung (2.70). Do dé

n n a k n k B

_ z Sgax_ Jx _ ox ax. @.71)

z ox' oxP Zaxﬁ o
a=1 p=1 B=1

Theo chc cong thite (2.60) vA (2.62) thi X*c6 thé coi nhu
ham hgp ctia T, ¥2,..., ¥ qua cic ham phu 0 x2, . x"
& @2, @) = R
Ldy dao ham hai vé& déng thic nay theo %, ta dudge :
iai“ of & s _[Infui=k
Onéuizk

_leaxﬂ x|

Nhé (2.71) ta c6 cong thite (2.70). Tenxd nhan dude cé tinh
chit dac bigt 14 cic thanh phan cla né ¢6 cing mot giad tri
trong moi hé toa da. )

Véi cach dinh nghia tenxd hang hai nhu trén, ta c6 thé coi
cac vectd la tenxd hang nhat, cén cic dai lugng vé hudng la
tenxd hang khéng.

M&bt cach téng quat, ta cé thé dua ra dinh nghia tenxd hang
cao hon hai, ching han: Agw 13 cac thanh phin cia tenxd
hén hgp hang niim, ba }4n phan bién va hai l1an hiép bién, bién
d6i theo cong thiic

n et at a® w P
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§15. DAI SO TENXO
1. Phép nhén tenxd vi 'dgi luong vo huﬂng
Vi du : Nhan te_ﬁxd AE&B vdl dai lugng v6 hudng ¢, ta nhan
dugde mét tenxd méi cing hang ¢6 cac thanh phén la (pAI[ﬁ.
2. Phép tong hai tenxo cing dang. Téng cla hai tenxd
cung dang ALB va Béﬁ (cung s8 lugng chi &6 trén va duéi) la

mot tenxd cling cing dang cé cac thanh phéan la CZ‘E"

Clg = Alg + Blg (2.72)

Ta dé dang thdy ring phép téng tenxd-cé cac tinh chat
théng thuong nhu giao hoan va két hgp.

8. Cac tinh chat ddi xitng. Tenxd phan bién hang hai A*P

duge goi 14 461 xiing néu khi thay ddi tha tu cha céc chi s8, cic
thanh phan cua ching khéng thay d8i gia tri, nghia 1a :

AP = poB | @.73)
Con tenxe AP duge goi 14 phan xing, néu khi thay d6i
thit tu céc chi s8, cic thanh phan clia chiing d61 ddu
AP = _ poB (2.74)

Ta c6 thé dinh nghia tudng tu vé tinh chat d5i xing ddi véi
hai chi s§ higp bién. '

4. Tich cha hai tenxd. Cho hai tenxd hoan toan tuy ¥,

ching han AP va Bf;. Tenxc tht nhdt cé n thanh phén,
tenxd thd hai ¢5 n® thanh phin. Nhin m&i thanh phin cia
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tenxd thii nhit véi titng thanh phan cla tenxd thit hai, ta
nhan dude n® thanh phin.

Cﬁe, = AP %5 (2.75)

n® thanh phin nay ciing lﬁp nén mét tenxo. That vay, ta da
cé céc bién ddi

A 5 ax> axX
TR axP
g _pe & 3 X
tm ™ OV —m o6
gx dx ox
Nhan cac ding thic nay véi nhau, ta duge
—k=n Bpe X OX koY axd ax"
AB, ‘AuByb - ti po
gX' ox ox™ 9x°
hay
S _ e O 9x" ax! o oy
vm ~ Toyd

ox P oY ox™ i
déng thic nay chi ra ring Cgeva 12 mdt tenxo ba 14n hiép bién,

hai 14n phan bién. Tenxd nhan dude goi 1a tich cta hai tenxd
di cho.

5. Phép co chi s8. Cho tenxo, trong cac thanh phin cua né
cé it nhAt mét chi s& hiép bién va mdt chi s§ phan bién, ching
han tenxo A"’B 6 n° thanh phén. Bay gid ta dit vy =B va ldy
téng theo P tit 1 dén n, ta nhan dudc n thanh phén

B, = Ay (2.76)
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~ Bay gid ta chiing minh n thanh phin nay 14p nén mét tenxo
hang nhat. Céng thitc bign déi cua A?x[% c6 dang
A A B o ‘: axE o
Jox' ox" dx’
dit I = k va 14y téng theo k tir 1 dé€n n, ta ¢
-k _ .y ox® P Rk

AL =A
ik T a5 ]_l a_k (}XY
B ook B
Ta d3 bidt a"k oK _Ux =5Ej -
ox° ox¥  ox!
. —k ax™

Thuc hién phép téng theo v, ta dude

AP ox™
1k - aB a_1

(ta da su dung tinh chat 8? =1 nduy=3va Sf: =0 néuyzp)

Nhung Agﬁ =B_, nénta dé dang ¢b

_ o
B % _ABB ox =B, i’.(__
dx %

Déy la céng thic bién d6i chia médt vects hiép bifn, nén
B, 1a mgt vects hiép bién. Nhu vay, tit mét tenxd hén hop,
bing cach rit bt mdt chi s6 hiép bién, mét chi s8 phan bién,
ta nhin duge mdt tenxd méi c¢6 hang nhd hon tenxs ban diu
hai don vi. Tenxo méi dudc goi 14 tenxd rit gon tif tenxd da cho
theo phép co chi sé.
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Néu c6 mét tenxs hang bén AI[?% , ta c6 thé rit gon né thanh

cac tenxd hang hai

& ad | _ TR 5 _
B[%zAriﬁ »CE‘A?;;% ’ Dﬂ,_AE?‘I_’EZL —A?ﬁ%

Tiép tuc rut gon cic tenxs hdn hop hang hai nay, ta nhan
dugc hai bat bién
_oatf L o~ P
F= Ao‘.ﬁ ;G = Auﬁ'

Té hgp hai phép toan tich tenxd va co chi s8, ta dude phép
tinh nhu tich vé6 huéng trong phin tenxd aphin truc giao.

Chéng han cho hai tenxd hang ba AE"” va ng. Khi tinh tich
hai tenxs nay va dat o= ¢, ta duge tenxs
By — APy pe
Cii = A¢' B
la mét tenxos hang bon. Ta c6 thé tiép tuc co theocac cip chi 58

phan bién va hiép bién khac.

~ §16. TENXO CO sO

1. Dang toan phudng co sd. Theo (2.63), ta di c6

ds® = iigikdxidxk

i=1 k=1
hay viét dudi dang rdt gon
ds® = g, dx’ dx* (2.77)

Cac dai lugng g, 14 cac thanh phin clia mét tenxd hiép
bién hang hai, dugde goi 1a tenxo métric hay tenxd co sd. Cac
ham g, thoa min diéu kién 61 xing

8ik = Bki (2.78)
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11 812 Ein
291 829 89 2.79)
g gn2 -~ Bnp

phai khac khéng trong mién bién thién cla cac bién s6, g dudc
goi 1a dinh thiie co sd.

2. Tenxd cd sd phan bi&n. Xét vectd phan bién bat ki A“.
Lap tich g, va A” réi co theo chi s6k va o ta duge mdt vects
hiép bién cé cic thanh phén ki higu Iz A,

' k
A =gaA (2.80)
Day 14 moét hé phudng trinh tuyén tinh n 4n s6 ALAg, LA
1 2
AT+ gAY L+ glnA" = A,
1
EyA' +gypA’t 4 BonA" = A,

Theo quy tic Crame (Cramer) ta nhan dudc
_ G A + GyAgt .+ G A
g

Ai

trong d6 G, 13 phin phu dai s8 clia phén ti g, trong dinh
thdc cd sd.

oD G
Pt gt =k (2.81)
. _

ta c6 thé viét gon lai cong thic trén

Al =glka, (2.82)
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gik duge goi 1a tenxd cd s phan bién. Ta ciing dé dang thay
14 né cling cé tinh chit 461 xing
ik

g =g" (2.83)

Thuc hién phép tich va co chi s6 cia hai tenxd cd s trén, ta
dugc tenxd cd s hon hgp

B = 88"
Thay (2.82) vao (2.80), ta ¢é
_ _ ka _ .k
A; =g, A =g 8 Ay =g Ay

Ding thic nay phai ding véi moi gié tri cia A, nén

» :
k |1 néu 1=k
o= : 2.84
&i {0 nfu 1zk ¢ _ )
Co chi s8 cua tenxo g? , tacéd
g =88 =N (2.85)

14 s& chiéu ciia khéng gian Riman dang xét.

Vay tenxd cd s6 hén hgp ¢6 cac thanh phin trong moi hé toa
d6 1a 8F.

3. Phép nang, ha chi sd. Sit dung céc tenxd co s8 trén, ta
ciing c6 thé ning hoic ha chi s§ clia cic tenxd. Ching han,
phan tenxs AP véi gy VA co theo chi s8 « va k, ta nhan
dudge tenxo

af,  _ AP
A%y = A (2.86)
cic ddu chim & day dé néi ré chi s8 nao bi nang hodc ha. Rut

gon theo chi s6 B va i, ta dude

A%gq =A% (2.87)
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Tudng tu, ta cé :

Aqﬂgmgﬁk - At Bk = Ak (2.88)
k k .

Aikg b= Ai.zg'ykg P A:Igg = Al? {2.89)

Ay g g™ = AThgi™ = AP (2.90)

Ta c6 thé coi tap hop cac dai lugng A%, AT A% A

nhu cic thanh phéin phan bién, hdn hgp va hiép bign clia mat
tenxd hang hai.

Ap dung véi chinh tenxd c6 s3, ta cé
B8 =gf ; g, g"g"P =g (2.91)

Tenxo gl_‘ cdn c6 thé coi nht tenxd dé thay tén chi s&

Aggel =4, (2.92)
4. Chiéu dai va géc giita cac vecto. Xét tich clia vects
phan bién A% va vectd hiép bién By: A“Bﬁ , sau d6 co chi s8
ta nhan duge mgt vé6 hudng
Y :
A=A“B,
Néu ldy tich ctia cac thanh phdn phan bién va higp bién ctia
cung mét vects A”",AB rdi co chi s8, vé huéng nhan dude chinh
13 binh phuong chidu dai clia vectd A.

h=1"=A%A, =g™A A =g, A"AP (2.93)

(A =VAIAT - [g*A A, = \fo, AIAE (204
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con goc giida hat vectd 1a

«
AAB

JA%A BPBy)

cosd =

(2.95)

§17. GIAI TICH TENXO

'_I'rong muc nay, ta thiét lap khai niém vé dao ham tenxd.
D61 véi tenxo hang khéng, nghia 14 mot ham vo huéng ¢, vi
phéin clia né 13 de Gng vdi vide chuyén tit mdt diém M sang
mot diém v6 cung gin khac M'. R6 rang do 13 bat bién d6i véi
pHép bién d8i toa db.

Bay gio ta xét trudng vectd hiép bién A;, sao cho cac thanh
phan A; la cacham diém. Theo quy téc vi phan toan phén, ta cé

OA.

dA; = axﬁ dx® {2.96)
Chuyén sang h¢ toa dé méi X, Xy, ..., X, , ta ¢d
e ox® r
A=A @.97)
Lay vi phéan hai vé, ta duge
. a a
dA, =% da + A a2
% &X'
o 2. u
2’; ;i;k dgt (2.99)
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Néu cac dai lugng dA_ la cic thanh phan cua mét vectd
hiép bién thi cac cong thic bién 461 phai ¢6 dang

_ ot
da. =%
o'

1

v
Diéu d6 chi xay ra khi
a2x*
TR
v6i tdt ca chc chi 86 «, i, k, nghia 1A trong trudng hgp x™ i
ham tuyén tinh cua ¥ nhu di gip trong phin tenxd aphin
tryc giao, cén trong phép tinh tenxd tdng quat thi néi chung
aQXu
aii Jik
khac khéng, nén dA; khéng mang dic tinh tenxg.

=0

Dé giai quyét khé khan nay, ta phai diing céng cu trg gitp
la céc ki hiéu Crixtépphen (Christoffel).

Ki hiéu Crixtépphen loai 1 :

dg., 98;
ri,aﬂ = rO!B,i = [Cﬁﬁ,i] =i:0‘;ﬁ}:%[ 'g']cx ¥ i gprJ (2. 99)

P ™

Ki hiéu Crixtépphen loai 2 :
' af ;
Thg={of, A= { ‘} g1 oo (2.100)

O day ta dua ra chc cach viét khac nhau cia ki hiéu

Crixtépphen. Khi chuyen ti hé toa d6 x™ sang hé toa 4 X', ta
dé& dang c6 cong thiic

{ B U
r{ _Fla—ax ox 0°x" %

+ - :
axd T RS oxoRX axt

8 (2.101)
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- ax oxl ox? }x‘* aixb 09
ikt T B o T T B o (2102)
’ Iz o ax L oo
Cac ki hiéu Crixtépphen khéng phai la cac tenxg vi nhu
2 o
dxox
Tu cac edng thite (2.99) va (2.100), ta cling rit ra cac tinh
chit d81 xiing

nhin xét trén, néi chung khac khéng.

. _Th
Ciop = Figo 3 Top = Thy (2.103)
Bao ham hiép bién :
Xét ham v6 huéng ¢ 1a ham cta n toa 46 x!,x2, .. x". Khi

do
dé n dai lugng 22 12 cac thanh phan cia mét vects hiép bién
ox'

vi khibién ddi toa d8, cac dai lugng nay bién ddi theo céng thic
dp _ dp Ix”
O
dac trung cho vects higp bin. Vectd nay la su md réng cla
vecto gradg trong giai tich vectd théng thudng.

(2.104)

Bay gid ta xét vecto hiép bién A, , khi bién G8i toa d§, cac

thanh phan clia né bién d8i theo céng thiic

_ axix
A=A, — {2.105)
Jx '
LAy dao ham ding thie nay theo X*, ta nhéin duge
-)K_ OA 9P s 2 %%
e "fk s a_l - (2.106)
ox X" dx" x| Oxox



2

vi da1 lugng ndl chung khac khéng, nén dai lugng

a—ii- khéng mang dic trung tenxo.

Bay gid ta bidu dién dao ham bac hai trén qua ki higu
Crixtépphen nho (2.101).

xt okt % axP =

moxk o am axt P @107
Thay vao (2.106) va d61 ki hiéu « bang A, ta c6
A Ay (0A | “ P
LY. o =[_u_A - ]B_X___ax_k
X &' axP B ) gz ox
T (2.105), ta ¢d ‘
Lo
Al x = Ar
a,il'
Thay vio bidu thﬁc trén, ta duge
A — — oA, o a.B
%A X _ b o x
ox* ko ry-d
Déng thic nay chiing tb dai lugng
oA, N
Vpha =5 ATy (2.108)

12 mét tenxd hiép bién hang hai va duge goi 1a dao ham hiép
bién cnia vecto hiép bién.

Li luan tuong tu, ta ciing ¢6 thé din dén dinh nghia

[+
A _ arpe 2.109)
P Ap

12 dao ham hiép bién cta vectd phan bién.

a_
VA" =
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Bing phuong phap nhu trén, ta c6 thé ti€p tuc dinh nghia
dao ham hiép bién ciia mét tenxo bat ki. Ching han, céng thiic

dao ham hiép bién clia tenxo hang ba AEIB c6 dang

Y aA?xﬂ By

Nghia la khi 18y dao ham hiép bién ctia tenxg, ta phai tri
vao dao ham théng thudng mét s§ 6 hang phu bing s8 chi s&
dudi cha tenxd va cdng vao dao ham d6 mét s8 s§ hang phu
bing s8 chi s§ trén cia tenxs. Cac 6 hang phu nay chita ki
hiégu Crixtépphen nhu trong cic ¢ong thite (2.108) va (2.109).

D& lam vi du, ta 14y dao hai hiép bién cla tenxd cd sd.

Ta d& dang rit ra cong thic bifu difn cac thanh phan cua
tenxd cd s6 qua ki hiéu Crixtépphen.

ag .
ax";ﬁ =Ty * Ty (2.111)

Bdy gio ta tinh dao ham cua dinh thic cd s§ g. Ldy vi phan

cia (2.79) theo x” : vi phan l4n lugt ting hang, con gid
nguyén cac hang cdn lai rdi cing toan b cac dinh thic nhin

dudgce, ta ¢é -
rea W I

i=1 k=1
trong d6 G;, la phan phy dai s8 cla phan tit g; . Ti cong
thiic (2.81) va (2.82), ta nhan dude
9g ik 98k

e o ™
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Theo (2.111) ta cé

08 _ ki KoL i
ax(l o ] (ri,ka + rk,la } = grku + gril]'. = 2gri{1
hay . =l_6_l_g_g=ia g 2.112)
2 ¢ \/E ax“ -

Béy gi0 ta xét tenxd co sG hiép bién g, . Ap dung céng thitc
(2.110), ta dude

v

_ “5ik o M
Wik =) uel5 ~ 8l

va tif cac cOong thidc (2.100), (2.103) va (2.111), ta cb
%y
Vagik = P Fein ~Tig =0
Cac tinh toan tuong tu ciing duge lam cho gi‘ va gik ‘két
quala:
. .
v,k =0; v,gk =0

Do d6 ta c6 quy téc : Khi 14y dao ham tenxd clia cic tenxd
"¢o 83, cac tenxd ndy duge coi 1 cac dai lugng khong déi.

Cac khai niém ve dao ham phan bién duge xdy dung tit
phép nang, ha chi s6, chang han

VEATS = =g"v, Alg (2.113)
Céng thiic (2.104) cho ta xac d;nh cac thanh phén cua vecto

gradg la _a%_ , bién d6i nhu vects hiép bién, nén ta c6 thé vist
ax _

cp_ﬂ (2.114)

ax()t

75



Cac thanh phan phan bién cia vects nay la cac dai Iugng

V=gV, =g ?X“; (2.115)

Lf

Trong trudng hgp hé toa dé cong truc giao trong khong gian

ba chiéu, ta nhéin lai duge két qua da cé trong chuong 1
1 09

H o (2.116)
X’

(gradtp)

Bay gid ta xét vectd phan bién A'. L&y dao ham hiép bién
cla né, ta cbd

k
K 6‘A A
VA% =+ AMTY
Pat k =i, ta dude
. 1
v Al =94 | AMp (2.117)
1 ax 1A

Biéu thiic nay c6 thé coi nhu dive etia vects phan bién Al
Thay (2.112) d6i véi T, vio, ta cé
i_ Al 1 ; BJE
% Uag" Ixl
L aale) 1 aWeg™Ay)
J_ ox! \/E ax

Trong trudng hgp hé toa dd cong truc giao trong khing gian
ba chiéu, ta lai nhian duge két qua di cb trong chudng L.

1 [OOLHALD AHHAL) AHHA )
H]HQH‘ axl axz ax3

(2.118)

divA =

(2.119)
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Trong cac trudng hap (2. 116) va (2.119), ta da su dung hé s&

Lame H
2 w2
H. = - + .
' [axl ) (ax' oxt

i 1
=H? ; g =HHZH? ;g"z-l_-l—

va ta co

g =g =0 khii #k

Ung dung. (2.114) va (2.118), ta tinh dive cua vectd V. @,
nghia la

e .
ax’

ta s& nhan duge toan ti Laplaxo

vZp= J"ax‘ {J_glk a“’) - (2.120)

axk

i

ik _0Q
E)xk

Trong hé toa d6 cong ba chifu truc giao, ta lai ¢é

v2p=— L [ o [Hzﬂs a‘PJ+ |
HHHgox! | Hy oy
H.H H. H.
axz H2 ax2 axd H3 axa
Cong thic tinh rota, ¢6 thé tién hanh qua dao ham tenxc
VAL -V, A
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Day la mot tenxd hiép bién hang hai ¢6 cac thanh phén la

")A
. B e E}x
JA JA.
B . . 2.122)
ox'  ox
D& lap médt vectd tir tenxd nay, ta lap vectd phan bién
B* = elktv. A, (2.123)
trong dé e™ ¢6 cac thanh phan

[ I 1
G123 _ o281 _ 312 _

Ve

. : (2.124)
Q182 218 _ 821 1
Je
! =0 trong moi trudng hop con lai.
Vectd B* ¢6 cac thanh phén la
L1 [BA A, }
B =— -
J_ x?  ox’
; Z)A BA
B2 = J_(ax"‘ : ) (2.125)
dx
BY =

dA, BA
J_ ax1 ax2
Céac thanh phan hiép bién dude tinh theo cdng thiic

1 A, 0A
I B--L|g _‘3__;}
' \/g[ ”[axz ax®

A, 04, dA, 9A
tg | —F-—3 |+, —2-—1 (2.127)
ox®  ox x'  ox?
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Trong truong hgp hé toa dé cong truc giao, ta lai 6

= HH,A ) O(H,A ,)
(rotA) , = 1 S ' (2.128)

H,H, x> ox”

Ta sé c6 cong thitc tuong tu cho (rot-A)K2 va (rotK)x;,.

BAI TAP CHUONG II

1. Cho ba vectd a,b,c khéng déng phing va tenxd T. Néu
tacé a'=Ta; b'= T.b: &' =T& la ba vects déng phéng thi hay
.chﬁng minh ring véi vectd u bat ki, moi vects u'=Ta déu
ddng phing va tim dugc vectd v khae khong d8 cho T.v = 0.

2. Chiing minh diéu kién cAn va d0 dé cho tenxs T phan
xung la v6i mot vectd a bat ki, ta c6 a(T.a)=0

3. Chitng minh ring (axT)" = - (T x a).

4. Chiling minh ring tenxs U = T.T° 1 tenxd d6i xing.

5. Tim céc bat bién cia tenxd cap dbi T a.b.

Dapso I, =ab ; 1L, =13 =0.

6. Tinh cic bat bién clia tenxo phan xlng c6 cac thanh phin
Ung vdi cac thanh phan cha vectd .

:Dap s6': I,=1,=0; L, =i’

7. Chiing minh ring néu T = _i-] El + ;252 + i3f3 thi

I} =iyt + 1y +1g.t,

Ly = 1,8y X tg) + 1y.(E; xt)) + 1,.(E, XT,)

I, =t,.(t, xt5)

79



8. Chitng minh ring mdi tenxo phan bign hay hiép bién
" hang hai déu ¢6 thé bidu dién dudi dang téng clia mdt tenxo
d6i xiing va mét tenxd phan xiing.

9. Chiing minh réang d& vdéi hé truc toa d6 cong truc giao
irong khong gian ba chiéu thi cac thanh phan cua tenxd
métric va tenxd nghich dao cia né 1a

g = 1 g0 = 1 g.on = 1
1= 7822”55 833 = 33
g g g%
g = g® =0 véi moii=k
10. Ap dung bai 9 cho hé toa d tru va hé toa dd chu
Ddp s’ : Toa 46 try :
; 2
£11 =1; Bog =P Eag =1
gy =0, véimoiizk
22 1
gl =1;g%= ;g% =1
p

gik=0, véi moii=k

Toa d6 cdu :

2 2 - 2
g1y =1; 89 =1 ;gg3=1"5In"0
gy =0, véimoiizk

11 22 _ 1 33 1
g =1;g"=—,8" =75
r2_ r*sin0

g® =0, véimoii=k

11. Tinh divA, V2q) trong hé toa d6 tru va hé toa d6 cau ti
(2.119 va 2.121).

Huéng dén : Xem biéu thic divA trong hé toa d6 tru va
toan tit Laplaxd trong hé toa dd ciu.
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Chuong II1
PHUONG TRINH SONG MOT CHIEU

§1. DAI CUONG VE CAC PHUONG TRINH
VAT LI TOAN CO BAN

Cac phuong trinh md ta sy bién thién cia trudng theo thoi
gian thudng 12 cac phuong trinh vi phin dac ham riéng, trong
dé chita ham chua biét (ham nhiéu bién), cic dao ham riéng
clia né va céc bién s8 déc lap.

Cédp ctia dac ham cép cao nhit cla ham chua biét ¢6 mat
trong phuong trinh 13 c4p cua phuong trinh.

Phuong trinh dao ham riéng goi 14 tuyén tinh néu né la bac
nhat 461 véi ham chua biét va dao ham riéng cia né.
Trong cudn sach nay chiing ta chi xét cac phuong trinh vat

i toan cd ban 1a phudng trinh séng, phufdng trinh truyén nhiét
va phuong trinh Laplaxd.

Sau ddy dé don gian ta hiy xét viéc phan loai cc phuong
trinh dao ham riéng tuyén tinh c4p hai véi hai bién s8 déc lap.
Trudng hop nhiéu bién s8 déc lap ciing dudc phan loai tudng ty.

Dang téng quat ctia phudng trinh nhu vay la

?%u ?%u 9%u J

u du
A + 2B +C + D— + E— + Fu = G(x, 3.1

trong d6 ham chua biét u phu thudc hai bién s8 doc lap x, y :
u = u(x, y), cac hé s§ A, B, C, D, E, F 1a nhiing ham cla x, y.
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Nhd phép bién déi toa dg thich hop, ta cé thé dua phuong ™
trinh (3.1) vé mét trong ba dang sau :

1. Néu AC - B> 0 trong mét mién nio dé, thi c6 thé dua
phuong trinh (3.1) trong mién 4y vé dang

9%u 0fu du du
— t——+D=—+E,—+ Fu=0G, & 3.2
a2 o IR ey TG Em G2

Phudng trinh nay goi la phudng trinh loai eliptic. Dang ddan
gian nhét cha phuong trinh eliptic 13 phueng trinh Laplaxd.
a2 2
= 11—‘: =0 (3.3)
a5 on

2. Néu AC - B? < 0 trong mét mién nao d6 thi co thé dua
phuong trinh (3.1) trong mién &y vé dang
2 .2 -
Jd°u  d%u du du .
. '-'—‘+D2':'-+E2,—+F2UZG2 (E, ‘I]) (34)
982 3n? 0F o |
Phudng trinh nay goi 13 phuong trinh loai hipebolic. Dang
don gian nhat cia phuong trinh hipebolic 13 phuong trinh dao
dong cia day

Pu 92 .
=-S5 =Gy (3.5)
JdE an :
nghia la Dy=Ey,=F, =0,
8. N&u AC - B® = 0 trong m¢t mién nao d6 thi phuong trinh

(3.1) c6 thé duge dua vé dang

9% du du

—5 +Dy—+Eg— + Fyu =Gy (£ n) (3.6)
ez g Pom T
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Phuong trinh nay goi la phudng trinh loai parabolic, nd cé
dang ddn gian nhat la phudng trinh truyén nhiét
3%u du
+E3—=G3(&n) 3.7
2 on
nghia la Dy=F;=0.

Trong cac phudng trinh (3.5) va (3.7), ta thudng 1y mét
bién sd 14 thdi gian, con moét bién s6 kia 14 toa d¢ x, khi dé ta
¢6 phudng trinh dao ddéng cia day (hay phudng trinh séng
mét chiéu).

2 2
0“u e o2 d“u g 3.8)
ot Jx
Phudng trinh truyén nhiét
Bu 9%u
at a2 a—2 (39)
X .
Phuong trinh Laplaxd
2 2
B_ + 9—2 0 (3.10)
Ix> Jy

Nhiéu bai toan vat If va ki thuiat din dén cac phuong trinh
nay, nén ngudi ta goi chiing la n.hling phlwng trinh vﬁt i -
toan co ban.

Cac phuong trinh (3.8), (3.9) va (3.10) déu c6 v6 s hghiém,
vi viy, ta phai dit thém cac diéu kién phu dé xac dinh nghiém
cia ching. _

Cac phudng trinh (3.8) va (3.9) xuit hién khi cac qua trinh
15 khéng ditng (bién di theo thai gian t). N&u qua trinh 46 x3y
ra trong mét khoang khéng gian x hitu han (dao déng cia s¢i
day c6 hai ddu gan chit, truyén nhiét trong thanh hitu han thi
ta c6 hai loai diéu kién phu sau :

1. Piéu kién ban ddu cho biét trang thai c t = 0.
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2. Diéu kién bién cho biét qua trinh Xay ra ¢ bién cia khoang
khéng gian. Bai toan tim nghiém ctia phuong trinh thod man cac
di€u kién ban ddu va difu kién bién goi Ia bai toan hin hgp, néu
qua trinh xay ra trén ci khoang v6 han — = < x < + o, thi ta chi
cin diéu kién ban diu. Bai toan dé goi la bai todn Cési (Cauchy).

Phudng trinh (3.10) khéng chita théi gian, ca hai bién s6 x, y
déu 1a bién s6 khong gian. Né xust hién khi nghién ciiu céc
qué trinh ditng. D& x4c dinh nghiém, ta chi cin cac didu kién
bién, vi vay, bai toan nay goi 12 bai todn bién.

Cac di€u kign ban ddu va didu kién bién thudng xuit phat
tu viée do dac thuc nghiém trong vat If va ki thuat, nghia 1
mang tinh chit gin ding. Nhitng sai s8 nhé cia cac didu kién
d6 s& kéo theo nhitng sai s8 nhd clia nghiém. Do d4, ta déi hoi

‘nghiém cla bai toan dit ra phai phu thudc lién tuc vao céc
di€u kién bién va cac difu kién ban diu. Cac bai toan duoc
thiét 1ap sao cho nghiém ctia né tén tai, duy nhit va phu thude
lién tuc vao cic diéu kién phu, goi 1a cic bai toan dudc thist
lap diing.

Nhiing bai toén ta xét dudi diy la nhitng bai toan truyén
thdng clia vat i - toan, chitng déu duge thiét 1ap diing.

§2. LAP PHUONG TRINH DAO DPONG CUA DAY

Xét sgi day cing, c6 luc cing }a T nghia 13 & mbi difm cua
soi diy ¢6 lyc T téc dung theo phuong tifp tuyén véi né. Gia
thiét s¢i ddy 14 dan hdi, dao dong la nhé dé c6 thé bd qua su
ting chiéwu dai ctia s¢i diy va do dé siic cing T 1i nhy nhau &
moi tiét dién trong sudt qua trinh dao dong.

Gia sif trong trang thai cAn bing, s¢i ddy ndm doc theo tryc
X, cdn dao dgng xdy ra sao cho mdi diém cia sgi day, déu di
chuyén vudng géc véi truc x va nim trong ciing mdt mit phing
chifa truc x. Liy trén mit phing nay hé toa d6 Décac vudng
goc x, u, trong d6 u la ki hiéu 46 léch cha day khéi vi tri can
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bing. Trong qua trinh dao déng, u 1A ham cta hoanh d6 x va
thdi gian t, u = u(x, t). Ta thiét lap phudng trinh che a(x, t).
Xét doan day tit diém x, dén diém x,. Tach doan nay ra
khdi sdi day & thoi diém t va thay thé & hai ddu bing cac luc
cang T. Ta hiy xac dinh hinh chi&u trén truc u cua cac lue tic
dung 1én phin dang xét cua day. :
Gol o 1a géc gitta tiép tuyén
T cia s¢i diy véi truc x tai diém x,
oy 12 goéc tudng tng § diém x,.
Téng hinh chidu cua Iyc cing &
Ia : Tsina,y — Tsinoy (H.19).

uk

e

1
1
1
;
T L}
]
1

Gia st ring hic ngodi tac
- dung lén sdi diy song song va
o %1 X ngudc chidu véi truc u (ching
han trong higng cua diy). Mat dd
Hinh 19

phin bé cia Iye ngoai doc theo
soi day ki hidu L - pg(x, ). Thanh thit hop lyc the dung lén
phan sgi diy dang xét la

Xz
- etx. tyx

X

trong dé p 1a mat d6 khéi tuyén tinh clia soi diy, nghia 1a khéi
lugng cua mdt don vi dai ctia diy. Ta coi day 1a ddng chat nén

)

p 1a hing sd.

0%u

2 2

» - . o * 2 -2 kA : ~ Y
Mait khac, gia téc ctia cae diém cua sdi day la u"y =

nén hdp hic quan tinh trén phin dang xét cua s¢i diy 1a

X

pj u”,; (x, t)dx

X
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Do d6 & thai diém t, ta cé ding thiic

Xg X2 .
pI u" (x, t)dx = T(sinwy —sinw; ) — pj g(x, t)dx (3-11)
Xy |
Ta da biét
du
sih alx) = tg a(x) = a_u

__ Bx
2 2 ox
Vi+tga) \’H[@)
ax-
do dé
du

du
T{sinc¢y —sino, ) =T -
2 1 [ e, O

Jx

”1] TI S lax

O day ta da gia thiét 1a chiéu dai clia sdi day khang thay ddi
trong sudt thdi gian dao déng nén vi phan cung

ds=\’1+u‘x(x, t)dx=dx

nghia la dai lugng w'Z(x,t) la d& nhé d& c6 thé thay thé

1f1+u bang 1, ta coi u ¢6 thé bd qua so véi 1. 6. diy trong

qua trinh dao ddng, d6 l@ch cua s¢i day so véi truc x luén luén
rit nho. Vay ding thic (3.11) c6 dang

[ loux, - Turtx, -+ pgtx, B]dx =0
X ’

Bdi vi ding thic nay c6 thé xdy ra d8i vdi mét phén bat ki
(X1, X3) cha ddy, cho nén biéu thdc dudi diu tich phan phai
bing khong & mét diém bat ki cha day va tai mét thoi diém bat
ki, nghia 1 ¢6 thé xay ra ding thic

pu:t (x,t)- Tu;x (x, t)+pg(x, t)=0
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bang. Trong qua trinh dao ddng, u 1l ham cGa hoanh 43 x va
thoi gian t, u = u(x, t). Ta thiét l4p phuong trinh choe a(x, t).

Xét doan day tif diém xy dén di€m Xy. Tach doan nay ra
khéi sgi diy 6 thoi difm t va thay thé & hai ddu bing céc luc
cang T. Ta hiy x4c dinh hinh chifu trén truc u cia cac huc tae
dung 1én phin dang xét cua day. .

Goi o 1a géc giiia ti€p tuyén

T cha sdi day véi tryc x tai diém x,,
oy 1a gée tudng ing ¢ didm x,.
Téng hinh chidu cta lyc cing sé
1a : Tsina, — Tsingy (H.19).

Gia st ring hic ngoai tac
dung }én s¢i diy song song va
ngude chiéu véi truc u (ching
han trong lugng cua diy). Mat dg
phin bd cla lue ngoai doc theo

sgi didy ki hiéu 1a — pg(x, t). Thanh thua hdp Luc tic dung lén
phén sgi diy dang xét 1a

u )

Hinh 19

X9
- o[ st vax
|
trong d6 p 12 mat d6 khéi tuyén tinh cla si diy, nghia la khéi
lugng clia mét don vi dai ctia day. Ta coi diy 1a ddng chét nén
p 13 hang s&. '
- - - ~ 2 + Ly » - A + " azu
Mat khac, gia t8c cua cac diém cua s¢i diy la u"y ==

nén hgp e quan tinh trén phin dang xét cta sgi day la

X9

pj u" (x, t)dx

X
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hay u:t(x, t)— a2u;x(x, t)=—-g(x, t) (3.12) -
s 2 T . N 3 P
trong d6 a° = — la moét hing 56 dudng.
p

. Phuodng trinh dao déng cua day (3.12) 12 mét phuong trinh
vt phdn dgo ham riéng hang hai ¢é hé s6'la hdang s6. N6 1a mot
trong eac phuong trinh vi phan vat I - toan don gian nhat.

Néu khong cé ngoai luc tic dung vao sgi day thi g(x, t) =
va phudng trinh 13 thuin nhit, né mé ta dao ddéng tu do cta
diay. Con phudng trinh (3.12) vdi g(x, t) # 0 1a khéng thuan
nhét va md ta dao ddng cudng biic cla sgi day.

$3. DAO DPONG CUA DAY VO HAN.
BAI TOAN COSI
Sdi ddy vo han 1a su tritu tugng hoa sgi day cé chiéu dai I6n
dén mic la cac ddu miit khéng anh hu!dng gl dén dao déng cta

phin sgi day dang xét. Luc d6 dao déng ctta phan nay chi chiu
anh hudng cta diéu kién ban diu.

Sy xudt hién dao ddng cia sdi diy vo han cé thé hinh dung
nhu sau : § thoi diém ban diu nao dé t = 0, sgi day c6 mgt hinh
dang nao dé

u(x, t) |y=o = u(x, 0) = f(x)
va méi diém clia s¢i ddy nhan mét van tée ban diu
e (%, )] ¢=0 = u,(x, 0) = F,
sau d6 sgi ddy tu né chuyén dong.
Ham f(x) va F(x) phai dugc xac dinh trén todn bj truc x.
Thanh thit ta c6 bai toan vat li - toan sau day.
Tim nghiém u = u(x, t), — o < X <+oo, t>0 cla phuong trinh

Uy ~ a2y, =0 | (3.13)
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thoa mén cic diéu kign ban ddu
ut|t=0=f(x)s u;;lt=()=F(k) ;<X <oo (3.14)
D6 la bai toan Cdsi d8i véi phuong trinh (3.13). Diéu kién
(3.14) goi la difu kién ban dau.

Muén tim nghiém cta phudng trinh (3.13), ta hay dua né vé
dang dé giai hon bing cich d8i hién s6.

Datf=x+at;n=x-at, tacé

r)u du+au
ax JE  dn
CINCEN
ot d&  dn

*u 9tu 9% 2%
: T+ 2 +—
ax? g2 9 oy

9%y 32(32u_282u 9%u)
a2 Lagz 9EIM dn‘*)

aQu_ 28211 4 2 62u

——a - a“ -
? o ax? d&dn
Vay phudng trinh (3.13) ¢6 dang

Py

aEm
a f du du
Vi =0, —=
o [ aé) nén =2 =¢:(®),
Trong d6 @, 1a mét ham tuy §. Tz d6
u(g, 1) = j QLEE + w(n)
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Trong dé w 13 mét ham tuy §. Vi ¢; 1a mét ham tuy § nén
tich phan cta né @ cing la mdt ham tuy §. Vay

u =& +ymn
Trd vé cic bién s6 et x, t, ta duge
u(x, t) = e(x + at) + y(x - at) (3.15)

Trong dé ¢, y la cac ham tuy ¥, kha vi lién tuc hai l4n d&é
cho phép dbi bién s trén la ding. Nghiém (3.15) duge goi la
nghiém téng quat clia phuong trinh (3.13).

Ta thﬁy nghiém téng quat u(x, t) 1a tong cia hai ham ¢ va V.
Neu coi hai ham nay 14 hai séng niaoc 46 thi ngh)em d6 1a két qua
cua viéc chong chip hai sing, mét séng truyén sang trii, mét
séng truyen sang pha1 vél van tic a. Thit vay, ham y(x - at) léy
tai diém x & thoi d&iém t c6 gia tnbang gia tri ma né iy tai diém
x — at & thai diém 0. Vay dé thi cia ham w(x - at) suy ra tir 46 thi
cia ham y(x) bdng phép tinh tién mdt doan + at song song vdi
truc hoanh. Viy y(x - at) biéu dién mdét séng t:ruyen sang phai
véi van téc a. Tudng ty nhu vﬁy ham y{x + at) bidu difn mét song
truyén sang trai véi van téc a (H. 20) ; a goi 12 van téc truyén
séng. Séng truyén sang phai la séng thuan, séng truyén sang trai
la séng nghich.

4 f(x}
D | ¥
Sy 4
S AN
d at at /" \‘\\‘\‘

Hinh 20

Bay gid ta dua vao cac diéu kién ban diu (3.14) dé xac dinh
cdc hiim ¢ va y. Trong (3.15) ta thay t = 0

o) +yix) = f(x) (3.16)
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Ju dp(x)  dw(x)
ay - - ~F
Gelt=0 ma g AT T )

L4y tich phan hai v&€ chia (3.17) tit O dén x ta dudc

(3.17)

alg(x) - 6(0)) - alw(x) ~ w(0)] = | FEte
hay né&u dit C = ¢(0) - y(0), ta duge
960 -0 = [ FOE+C (3.18)
Giai hé phudng trinh (3.16) va (3.18), ta duge

X

1 1 C
o(x) = Ef(X) + o F(&)dg + Py
0

X
1 1 C
W(x) = Ef(x) N F(&)dﬁ -y
0
Thay cac biéu thitc nay vao (3.15), ta duge
x+at
ufx, ) = %{f(x —at)+f(x +at)) + 2—13 I FEE  (3.19)
' x—-at
Céng thic nay goi 13 nghiém Dalimbe cla bai toan Cdsi ddi
véi phudng trinh dao ddng ctia day.
Bay gid ta hay nghién ciiu ¥ nghia vat i cua nghiém nay.
Mudn vay, ddu tién ta gia si ring F(x) = 0 va f(x) # 0 trong

mét quing hitu han (-, {). Diéu dé c6 nghia la dao déng Xuat
hién chi 1a do d3 léch ban dau cua diy khéi vi tri cin bang

trong quing (I, ) (H.21a). Khi dé phuong trinh dao déng (3.19)
¢b dang
u =-;—’f(x~at)+f(x+ at)} (3.20)
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Pé dung d6 thi & cac
thdi diém tiép theo t, ta
dich chuyén &8 thi ban
diu mét doan at sang
phai, vd sang trai va
cong tung d9 ciia d6 thy
nay lai.

Cac d6 thi (H.21b, ¢, d)
ing vdi cac thoi diém

bt 1 8
2a’ a 2a
Bit ddu ti thai didm
tz—l—, hai séng khéng
a

cdng lai véi nhau nita
ma lan truyén vé hai
phia va sau khi séng di
qua, cac diém cha s¢i
ddy lai trd lai vj trf ndm

Hinh 21 yén trén truc hoanh. Ta

cb thé két luan nhu sau :

Mét diém nim ngoai quing (- I, §) (1x] 2 ) vin giit nguyén
trang thai nim yén cho dén khj mét trong cac séng truyén téi
(séng thuan néu x > I, nghich néu x < — D). Dibu &6 xay ra &
Ix] -/

thdi diém t, = . Khi séng tusng Gng di qua diém nay,

|}d+:’

a

nghia 14 sau thdi diém t, , mdt Min nita né lai tr§ vé

trang thai ding yén.
Ta néi ring & thai diém t;, mdt ddu séng &i téi diém X, con &
thoi di€m ty la mdt cuéi séng di téi dim x. Giita cac thdi ¢idm
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t, va t, séng di qua diém x va lam cho né 1&ch khoi vi tri
cédn bang.

Bay gid ta xét trudng hgp ngudce lai, khi dao déng xay ra do
van tdc ban diu khong ¢6 dé 1éch ban diu nghia la f{x) = 0. Khi
d6 nghiém c6 dang

x+at

-5 j F(E)E (3.21)

x—-at
Ta gia st réng F(x) # O chi trong quing (-, I}, nghia a
Fx) = [H(t + ) - Ht - Dlv,
Trong d6 H(t) 12 ham Hévisai (Heaviside)

v, 12 mét hing s3.

Khi t = 0 thi u = 0. Khi ting thdi gian t, mién 14y tich phan
trong (3.21) mé rong ra. Trén hinh 22 biéu dién dang cia sgi
L ’ . . I
diy & cac thoi diéem t =0, -f-, - ﬂ E . D6 léch cuc dai vé
2a’ a’ 2a  a
phia trén, néu coi F(x) i va cham xung tit phia dudi 1én 1a
{

1 Vol
d_—
2a Vo g

—

Diém x = 0 dat téi do cao nay sém nhit khi t= -& Sau ds,
cac diém khac cta s¢i diy 1An lugt dat téi do léch nay. O thai
diém t>—;—, tit ci céc diém cha sgi ddy ma |x|<at—! dat
dude d6 léch nay. Méi diém x, nhan duge van tdc ban dau
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(nghia 1a [x]| <) & thdi difm t = 0 bt d4u nang Ién va dat
dude 46 cao cuc dai § cac thdi didm

+
t=|x| !

a

sau d6 né van § trén d6 cao nay (H.22).

 Fx)

I
Wy
=
Wy
xy

X'”'

>

xy

Hinh 22

Tuy nhién qua trinh dao déng mé ta & day c¢6 tinh chit i
. tudng vi ta khéng thé bé qua anh hudng cia trong luc vi anh
hudng cha cac ddu mit cda sgi day.
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§4. DAO PONG TU DO CUA SGI DAY HUU HAN

Bai toan hdn hop - Phudng phap Furié (Fourier)
Ta hiy xét mét soi diy hitu han chiéu dai Z, chiém doan [0, {]

ctia truc x khi cAn bing. Gia sl cac ddu mit x =0 va x = cia sdi
day 12 gén chit nghia Ia u|x=0 =O=u|x=; =0 véimoeit20.

Diéu kién nay dude goi la didu kién bién.
Ta phai tim nghiém caa phudng trinh thuan nhat

ug; —a’a, <=0 (3.22)

thod mén cac difu kién ban diu

ufio = 1) ;0 limo =F(x), O<x<]) (3.23)

Vi diéu kién bién

1|x=0=0 ; uly=0, t20 (3.24)

Bai toan nay chiia ca diéu kién bién 1in didu kién ban diu nén

goi 12 bai toan hén hgp d6i vi phuong trinh dao déng cla day.

Mot phudng phép v ciing quan trong khi giai phuong trinh

vat I toan la phudng phap Furié hay phudng phap tach bién.
Trudc hét ta tim nghiém clia phudng trinh (3.22) chi thoa min
didu kién bién (3.24) dudéi dang tich cla mdt ham ch1 phu
thudc x véi mét ham chi phu thude t
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ulx, t) = X{x) T(t) . (3.25)
Tacé u"y, = XT", u"y, =X"T. |
T phudng trinh (3.22) ta rit ra

T _ 2 X'
T(t) X(x)




Bdi vi v€ trai cia didng thite nay khéng phu thuge vao x, con
i o ~ ’ K T" o " -
vé phai khong phy thude vao t. Do dé ca T lan EX— khéng
phu thuée vao x va t nghia 1a

1T X"(x)

a2 MO X
Dit hing s8'1a -A, ta cb
X' +2X =0 (3.26)
T+ 2a’T=0 (3.27)

Cac nghiém riéng ma ta cdn tim phai thod min cac didu
kién bién (8.24), nén véi moi t, ta cé

ulx=0 = X(0).T(t) =0, uly_; = X().T(t) =0
D& tim nghiém khéng dong nhét bing khéng, ta phai c6
X0=0,X(h=0 (3.28)

Vay ta s& tim nghiém khéng déng nhat bing khéng ctia
phuong trinh vi phin tuyén tinh cdp hai (3.26) thod min cac
difu kién bién (3.28). Bai toan sé chi ¢b nghiém khong déng
nhit bing khong véi mét s gia trj ddc biét cia A. That vay
phudng trinh dic tinh cla phuong trinh (3.26) Ia

r’+1=0
Tuy theo d&u clia A, ta sé& c6 cac trudng hgp sau day :
a) h=—c2, nghiém téng quat cta (3.26) 1a :
X(x) = C1e™ + Cye™™
Trong d6 C;, C; la nhiing hing s6 tuy 5.
T cac diéu kién bién (3.28), ta ¢b
{C] +Cy =0

Cie? +Coe™ =0
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Nghiém cia hé nay 1a C; =C, =0. Vay trong trudng hop
nay bai toan chi ¢6 nghiém khong. |
b) A = 0. Phuong trinh (3.26) ¢6 nghiém tdng quat la
X(x)=C; +Cyx

T cic difu kién bién, ta cb

dodbé C; =Cy =0 vaX(x)=0.
¢) A =c2. Nghiém tng quat cta (3.26) 1a
X(x) = Ccoscx + Cysinex
TW cic diéu kién bién, ta duge
X(0)=C; =0
X(!) =Cgsinc/ =0
Véi Cy # 0 thi sinc/ = 0. Diéu d6 xay ra khi

cl=km k=4+1;+2.
~hay vé1

A=Xy = [-lj—”f (3.29)

Bai toan sé cé nghiém khéng tim thudng la
.k
X (%) = Ay sm—?ﬁ (3.30)

trong d6 Ay 1a hing 8 tuy ¥ c6 thé 14y ddu tuy ¥, Ay goi 1a
gia tri riéng, cdn X (x) goi la ham riéng tucng ung cua
phudng trinh (3.26) véi diéu kién bién (3.28). .
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Céc ham Xp(x)= Ay sini?:—X lap thanh mét ho ham truc

glao trong doan [0, {], nghia la
i - .
ka(x)xj(x)dx =0 nduk#j.
S
Véi A cho bdi (3.29), ta dé ding cé nghiém téng quat ciia

(3.27) 1a
| t

Tk(t_):Bkcoskna +DksinLma (3.31)

Thay ‘cic biéu thic (3.30), (3.31) vao (3.25) ta duge cac
nghiém riéng cla phucng trinh (3.22) thoa min diéu kién
(3.24) 1a :

nat] . kmx

.'I.lk (x, t)= (ak cos kmat + bk sin sm—r- (3.32)

véi a = AyBy, by =ADy. Che dao déng ciia ddy tng véi
uy (x, t) goi la cic dao déng n'éﬁg hay cac séng diing.

Mdi diém x cha s¢i diy thuc hién céc dao déng didu hoa ¢6
tin 88 oy =Apa = £$t_a- véibién do Jaﬁ + b‘f( sin kkx-.

Mit khic, t4t ci chc diém clia s¢i diy ddng thei dat duge db
léch cue dai ctia minh vé phia nay hay phia kia (H.23).

Séng dimg uy(x, t) d61véik 2 2c¢6 k - 1 difm nim trong

. 1
trang thai tinh x=;l ; x=—2-1,...

W-

k-1
Tk

Céc diém nay goi 1a niit. Cac didm lech cyc dai goi la bung.
Séng ditng uy (x. 1) ¢6 k bung, k> 1. '

X I
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o ,( kna L3 A A R A
Tin s6 o) =Axa == cua dao ddng riéng duge goi la idn

P . . oy v e " » ma 1w |T ..
s6 riéng cla s¢i day. Tan sd riéng nho nhat oy = 7 =745 la
\J p
tan 86 dm co bdn cua sgi day.
Tén s nay cang cao néu day cang ngan (I cang nho), suc
cang T cang ldn, p cang nhd. Tén s8 w) , d6i véik > 2, 14 tin 56
cua cac hoa Am tudng ung (H.23).

: Hinh 23
Nho tinh chit tuyén tinh va déng nhit cia phuong trinh
(3.22), ham
e
k=1
u= ) {ak cos krmat + by 5in k’jat} sin%m3 (3.33)

(532 7-Phuong phap TL B



1a tong hay la chéng chap cac séng ding, cing 1a nghiém cia
phudng trink nay, néu chuéi (3.33) 1a héi tu va c6 thé vi phan
duge theo x va theo t biéu thitc dusi téng hai ldn. Ngoai ra ham
(3.33) hién nhién thod man cac didu kién bién nhu mdi mot uy
vdicac gia tri bat ki ctia a) va by. Bay gis ta xac dinh céc hé &
ag, by @ cho ham (3.33) thod mén cic didy kién ban ddu (3.23).

. kmx '
uli-o = ) 2y sin = = #(x) (3.34)
k=1

— na k . krex '
u'|t=0=z 2k bysin===F(x)  (3.35)
k=1 '

n k LN B ” -~ = ., ki
a;‘ by phai la cac hé s6 Furié cla

Diéu d6 c6 nghia Ia ay va
cac ham f(x) va F(x) trong khai trién chiing theo sin trén quing

(0, /) va cac hé s8 chia chiing duge tinh theo edng thic
(

i
=7 [ £@sin T e
I 01 | (3.36)
2 . kn
b= o [ F@sin e
0

Ta thdy rdng, ham (3.33) mé ti dao dong duy tri, nghia l1a
dac ddng git nguyén cudéng dd véi moi t 2 0. Diéu d6 14 do ta bd
qua sifc can clia méi trudng, nghia 13 b qua sy tiéu tin ning
Iugng dao déng.

Vidu 1:Tim dao déng clia soi day ginchattaix=0va x = I,
néu dang cta s¢i diy ban diu la cung parabol f(x) 25%)(—)
va van téc ban déu bing khéng F(x) = 0.
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Theo edng thitc (3.36), ta cb

{
2 . kn
-2 0[&(: ~g)sin T ids -

l
=2 s )cos KR! LJ‘ _9fycos KEede |-
=M kné(l £)cos 7 Jélo+k1rt ({ - 2&)cos 7 EdE | =

l 2l 'nk—ngdg

0

k—M —(z St)sin 5

kn |z a2
-—lwﬁl _k33 (1 —coskn) =

4t
K3n3M
412

EEcviaae %}

va by =0. Vay ta c6é dinh luat dao dong la

_1hk
: 412 Zl (-1) cosknatsinknx

) 3
M = .k i l
2 [+ 2]
ae 83l Z 1 —cos (2n+ Dnat sin (2n + 1)nx (3.37)
M4 (Z2n +1) { l

B vi véi k chin k = 2n + 2, ta 61— (=1)¥ =0, chudi 3.37)
nhan duge 12 hi tu va 6 thé vi phén hai lan theo t-va theo x

Z 2n +Drat . (Zn+1nx
utt ~ a2 — sin
2n + 1 l l

" 8 - 1 (2n +mat . (2n+1)nx
XX =~ cos sin
=M . 2n+1 l )
n= i
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nghia la ham u thod min phudng trinh uy, ~32u;x'=0. Né
cling thoa min eic diéu kién bién va didu kién ban dau, do 'ds
né la nghiém ctita bai toan.
1 . + . g e LY » '
Thira s& M dua vao ham ban diu f(x) 48 cho nghiém toan

hoc cfia bai toan g4n véi dao déng thuc ctia sdi day vat . Béi vi
khi rit ra phuong trinh (3.22), ta da ¢6 didu kién 1a u? cé thé

x(f - x)

~ b6 qua so véi 1, cho nén f(x) = phai c6 dao ham ma
binh phuong clia né 1a nhs. Khi d6 u,? s& di nhé. That vay

" 8! 1 cos (2n + 1)rnat cos (Zn + Dnx

T 2M ) ! !
£ Mn=0(2n+ 1) -
nghia 1a Iu'xls Si Z 1 2:—1& ;vi Z__.l__.Q_:-ng.
T Mn=0 2n+1) n=0(2n+1) _
'2 12 . [}
Vay u, SW' Thanh thit v s& Ia di nhé, ndu M 1 dd

16n. Do d6 nghiém (3.37) & biéu didn gin ding dao déng vat If
thyc cla sdi day chi khi M 44 16n.

Vidu 2: G thsi diém t= 0, ta truyén cho cic didm cia si day
nam trong khoang (c - ¢, ¢ + ¢) mét van téc ban ddu khéng d6i
Vo- Hay xéc dinh dao déng cia sgi day, néu lic ddu ng nim yén.

Ta c6 cac di€u kién ban ddu

“It=0=0
Cou, v, néu x€(c-¢, ¢ +¢)
—Jyeg =
at 1t=0 Onéu xg(c-g c+e)
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Vay a, =0 va

C+E

Bk = 2V : Jsinwdx
kna !
Cc—E
by = 22fv§ {cos kn(c—e) lnlc+ s)]
k“n“a f !
Do d6 ' | .
kn(c - €} kn(c + €)
cos - o8
2, ! ! . knx . k=mat
u(x, t)= 5 5 sin sin
n°a k i !

Bay gid cho € — 0 sao cho xung lugng p khong thay dd1. Néu
p 12 mat d9 cia sgi day thi ta c6
p = 2epv,
Nghiém u(x, t) ¢6 thé dugc viét dudi dang

_pf__ii_(cos ka(c —£) —cos kn(e + e)] N

nZap — k? ! t

ulx, t) =

krnx . kmat
xsm—-[-—sm 7

Theo quy tic Lopitan (L' Hopital)
COSES‘;_—_E_) — cos k_“(%’f_ﬁ) N

lim =
£—0 i £
= lim —lfi[sin ____kn(c ~ &) + s51n “_____kn(c x 8)] =
£—0 ! !
2kn . kne
= —— S —
!
Vay
U:'
u(x, t) = EE-Z}— sin k:;:c sin kTX sin kn!at
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D6 1a dao ddng cua sgi day ding yén & thoi diém ban diu va
ta truyen cho né mét xung lugng p tip trung tai diém x = c.

§5. DAO DPONG CUGNG BUC CUA SGI DAY HUU HAN

Bay gid ta xét phudng trinh dao dong khong thuan nhat clia
sl diy

uy —au,, =—g(x, t) (3.38)
vdi cac diéu kién ban ddu
ulip = f(x) ; uyimg = F(x) (3.39)
va cac diéu kién bién
U520 =0 ; ulyey =0 (3.40)

Bai toan naycing ¢6 thé giai duge bang phuong phap Furiég,
nhung ¢ diy ta<chon cée séng. ding 1a

uy = Ty (%) si.nﬁlx—

Véi Ty (t) 1a ham chua bist. Nghiém u s8 duge tim dudi
dang téng cia cac sbéng ditng :

u= ZTk(t)sink—TX— (3.41)
1 |

Bdi vi méi séng ditng u, déu thod man diéu kién bisn (3.40)
nén u cling thoa man cac digu kién bién nay. Néu thay thé
chubi (3.41) vao phuong trinh (3.38), ta ¢ phuong trinh

oo

Z {T{Q (t)+

k=1

2 2 2 '
k'x a Tk(t)}sin k?"

=—g(x, t)
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Ta gia st rang d6i véi méi t = 0 quy dinh, ham -g(x, t) phan
tich duge thanh chudi theo sin :

- k
—g(x, t)=§ Yi(t)sin ’f‘"
' k=1

Khi d6 ta cé6 dong nhat thiic

-5

k2n2a? . kr.l:x' = . kmx
Z{Tk(th g Tk(t)}sm i =;'\{k(t)smT.

k=1 ‘
T dé ta rit ra '
“ k’n%a® ‘
TH® + =5 T =) (3.42)

(véik=1,2,3, ..), trong dé vy, (1) la ham ta da biét.

- D& véi ham chua biét T, (t), ta nhian duge phuong trinh vi
phan théng thutng, tuyén tinh hang hai ¢6 hé s8 hing s§ ma
ta c6 thé giai dé dang. Céae diéu kién ban déu ctia phudng trinh
(8.42) c6 thé rit ra ti cac didu kién ban ddu (3.39). Thuc vay

- .k
ufy_g = ZTk ©) sm—’fx— = £(x)
k=1

X - =, . kmx
va g | oo = ZTk (0)sin === F(x)
k=1
T d6 ta rit ra
; |
2 . km
To(=3 [ £ sin="at =ay
0 (3.43)

{
To()=2 [ F@sin =T 1t < by
) |
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Bay gid ham T, (t) c6 thé hoan toan x4c dinh tit phudng
trinh (3.42) va cac diéu kién (3.43).
‘Thay két qua vao (3.41), ta nhan duge nghiém cha bai toan.
_Vidu 3 : Ta xét dao dong cua day trong vi du 1 va gia si
rang g(x, t) = g, trong d6 g la hang s6 dudng di nhd. Ching ta
phai tim ham u = u(x, t) thod man phudng trinh
g ~alug, = -g
x(I - x)
M

véi cac didu kién ban ddu uf,_o =

; ut|t=0 =0 va cac
diéu kién bién uf,-0 =0 ; ul,-, =0.
Neuru.ng dung phudng phéap trinh bay & trén, diu tién ta

xhc dinh y, (t). Mudn vay ta phin tich hing s8 —g thanh chudi
theo sin trong khoang (0, I). '

. knx
~g = Yk SlnT

k=1 -

! .
2{ . km,,. 2 kaky 28, .k

Ty = —Tjgs1n7§dﬁ~—lacos—i-l0 —‘];T'c*{(—l) -1}

) .

Vi g(x, t) khong phu thuje t nén § day Yk ciling khéng phu
thudce t. Do d6 d6i vdi cac ham chua biét T (t), chung ta cé

k2n%a?

Tl; + v
IZ

2
T = 1 A(-DF-1)
TT .
véi cac didu kién ban diu

412 ks
T(0) = 2k = (1= (- D"} s T =
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Ta dé dang tim dugec

kmnat . knat 2g! K
T.(t)=A + B - — 1-({-1
k(1) = Aycos kSR — RERC 1-(-1D%}
trong do _
26l [ gkl 2 (ﬁ _g_J (DK
ak+k3n3a2{1 (-1) } ey {1 (=1) }

va B, = 0. Do d6 nghiém ctia bai toan trong trusng hop di cho
la ham

a =£3_Z__1__3-[[§i N %] cos 20t Drat %] y
T e=i@2n +1)° [\M 4 r a

- . (2n + mx
X St} e
. _ {
Dao déng nay cé th€ vist duéi dang-téng ciia hai dao dong :
Dao dong cua sgi day khéng trong lugng trong vi dy 1

2 > .
!i: Z 1 ~cos (2n + 1)mat sin (Z2n + nx
"M 4~ (2n + 1) ! !

n=0

va dao dong

2 haid |
2n + rat |
4:;% 1 3[1~cos( n + )ra . (2n+1)1tx]
na” £=d(2n + 1) ! !

la nghiém clia phuong trinh khéng thuin nhit véi didu kién
ban dau bing khéng. '
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§6. TINH DUY NHAT CUA NGHIEM
CUA BAI TOAN HON HQP

Phuong trinh

t

uy —a’uy, = G(x, t)  (3.44)
1a phuong trinh séng mét chiéu. Phuong trinh séng ba chiéu c6
dang la

ult't - az(u;x + u;y _Jru;z) =G(x,y,2 t) (3.45)

Ti d6 ta c¢é6 thé nhan dude phuong trinh (3.44) nhu méot
truong hop dic biét cua (3.45).

Nhut ta da thay, phudng trinh (3.44) mé t4 cic qué trinh séng
lan truyén doc theo truc x. Ham chua biét u = ux, t) c6 thé c6 ¥
nghia vat li khae nhau tuy thude vao qua trinh cu thé duge xét.
Trong moi trudng hgp, héng s8 a déu 1a vén téc lan truyén sbng.
V& phai G(x, t) 13 ham di cho ciing c6 § nghia vat i tuy thudc
vao bai toan.

Ta hiy xét cac didu kién ban ddu tuy

u|t=0 = £(x), Uy |- = FO) (3:46)
va diéu kién bién tuy ¥

ulyz0 = @ft) @ |y = (1) @D

Wy feco = 018 @D uyleey = 1) AV)  (3.47)

trong dé, dé téng quat ta gid s 14 ton tai mot trong céc t8 hop
bt ki (@), (1) ; (1), (IV) ; (D), (110) ; AD), (V). Vay c6 thé c6 4
bai toan han hop giai duge bing phudng phap tach bién.

Bay gi¢ ta chung minh ring khong: thé ton tai hon mét
nghiém cla cac bai toan nhu vay. V& mat vat li, ching minh
nay la r&t li thd vi né dya trén dinh luit bao toan ning lugng.
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Gia sl rdng c6 tén tai hai ham u,; va u, thod méan phudng
trinh (3.44), diéu kién ban dau (3.46) va t§ hgp bat ki diéu kién
bién (3.47). Khi d6 hiéu cia ching u = u; — u, phai thod min
phudng trinh thuin nhat .

| uy - aul, =0 (3.48)
véi diéu kién ban diu
80 =05 ui|izg = O (3.49)
va t8 hdp cac diéu kién bién
ulyg =0(0) ul, = 0 (11D
Wy |xap = 0 (D) u|,; = 0 (AV)

Tuy nhién, by gid ta gia thiét ring cac didu kién ban dau
déi véi u cé thé tuy ¥, khac khéng, nhu Ia (3.14). Khi d5, ta
nhén (3.48) v6i u'; va bing cach tich phan né theo x toin quing
©, ) ta duge : R ' '

(3.50)

! {
Iu‘tu;tdx - az‘[u'tu;xdx =0  (3.51)
0 0 '
Baivi
1o 1 a ta 2
VW, =—.—(u
the =3 8t( t)
nén tich phan thit nhat ca (3.51) 1a
i 3 i
[ " ]_ (. r2
J‘uluttdx = E.gt— ut dx
{ 0

Mit khae, néu tinh tich phéan titng phin ¢ s6 hang thi hai
cua (3.51), ta co

H {
1] 1] L n I ar [
Jlutuxxdx =Wy 0 jutxuxdx

0 . 0
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Theo didu kién bién (3.49)

|

uu =0
tUx

i ! !
- ' ' " ]. a 19
Do dé Iu,u dx = quumdx=—§.—ét—jux dx
0 0 :
Vay cudl ciing thay cic két qua tinh duge vao (3.51) ta dugc

%.%I(u't +a? u )d.x 0
Tir 46, nit ra
I(u +alu 2)d:l{ C = const {3.52)

Ta sé ching mmh ring, ding thitc nay 14 bidu thic toan hoc
cua dinh luat bao todn ning lugng clia dao ddng ty do véi diéu
kién bién khéng, nghia 14 khéng ¢6 dong ning ludgng ti ngoal
vao hode cé sy tiéu tan ning lugng trong qua trinh dao déng.
Tinh khdng ddng nhit trong phudng trinh va tinh khong dong
nhit trong cic difu kién bién néi 1én sy ¢6 mit cua cac nhan t§-
tic dung thuong xuyén, cung cAp hoic lam tiéu taAn ning
lugng. Con tinh khéng ddng nhit cla cac diéu kién ban diu chi
¢6 nghia 13 & thoi didm ban diu, qua trinh ¢6 mét dy trit ning
lugng duge bao toan trong sudt qua trinh dao déng.

Ping thic (3.52) dudc goi 1a tich phan ning lugng, ta vit
né dudi dang

{

1
+ = Tu ]dx=E 3.53
J[Zput 2 (3.53)
0

trong d6 E = %pC.

109



Ta thay rang
1 r2 .
_[ SouiZdx = K(t) (3.54)
1a dng nang ctia soi day & thai diém t, con
1 19
5 Tuldx = Ugt) (3.55)

12 thé ning cla né.
Diéu d6 ré rang vi déng ning cla yéu t8 dx cia sgi day la

—l—mv2 trong dé m = pdx, con v = w'(x, t).

2

Tich phéan tit 0 dén I, ta dude (3.54). Con thé ning la cong
cua lyc cing, nghia 1a d8i véi yéu t8 dx.

T - dx) = TG+ w? ~1)dx =%Tu'x2dx
vi u,2 nhé so vdi 1 nén Jl1+u? =1 +:—;—u'x2.
Thanh thi thé ning ciia yéi 3 dx & thei diém ¢ 1 1 Tu,2dx

- Tich phén tt 0 dén { ta duge thé ning cta sgi day.
Vay 6 thoi di€m t bat ki cha dao dong, ta cé déng thiic
K@ +U®)=E (3.56)
trong d6 E la ning lugng toan phin cia day.
Ta thay t = 0 trong céc cong thiic (3.54) va (3.55) va ké dén

u'tlt-*-(} = F(X)

con “|t=0 = f(x), thi u'x|t=0=f'(x).
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Ta sé c6 ding thite
{ !
- _1 2 1fe2
E = K(0) + U0 —_Ep Fe(x)dx +§T f “(x)dx
: 0 0

Nghia la & thoi diém t clia dao déng
! i i
-;—p I uidx + %TI ufdx = %pJ‘ F2(x)dx +
{} 0 0

{
. 1 '9 ¥ .
+§T-[f {(x)dx (3.57)
0

Ding thiic nay néi lén rang, ning lugng toin phin cua sgi
diy khéng doi trong sudt qui trinh dao dong va bang ning
lugng ban ddu cuaa né.

B4y gid ta chiing minh tinh duy nhit cia nghiém cua bai
‘toan hén hgp. Vi hidu u = u; — u, thoa mén cac diéu kién ban
dAuFER) =0vafx)=0, do dé d8ivéit = 0, ta ¢b

) )
1 (. 1.0 .
-2-p.[ut2dx +§TI u2dx =0
0 0

Tir d6 hién nhién ta rit ra
| u (%, t) =0 va u,(x, t)=0.

Piéu d6 c6 nghia 1a u(x, t) = C = const. Nhung bdi vi
u|t-:0=0, cho nén C = 0 va do d6 u(x, t) = 0 nghia la u, = u,.
Viy ta dd ching minh duge ring khang tén tai hai ham khac
nhau thea min phudng trinh (8.44) véi cac diéu kién ban diu

(8.46) va cac diéu kién bién (3.47), nghia 12 bai toan khéng c6
. hon mét nghiém.
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BAI TAP CHUOGNG 111
1. M4t soi day v6 han ¢é dang ban ddu 14
[okhixs1
C|x-1khit<x<2
=0 13-xkhi2<x<3
Okhix>3

u

=+ - > - P . 1
Hiy vé dang cla sdi day & cac thoi diém t,=0, t; =-2—, tH=1

ty = 2,5. Xét dao dong clia cac difm x =0, x = 1, x = =1, biét van
tde truyén séng a = 2. _
2. Mbt sgi day hitu han, duge gén chit & cac ddn mit x = 0

va x =1, dao dfng vdi van tdc ban d4u bing khéng. Sgi diy c6
dang ban ddu la

u(x,0)=i}f-(12_—x) O<x<!
i
Ddp s6;
AN . (2 (2n +1
u(x, t)=§§— 1 Ssm( n+1)nxcos(2n+ Jmat
T l’1=0(2n+1) { !

3. Tim tin s8 dao ddng clia soi day dai 10cm c6 tiét dién chit
nhat (0,2 x O,4)mm2, néu mit 46 chia né p = ’i’,8gcm*3 va slc
cing bing 1KG. '

Ddp s6': 632 dao déng trong mot giay.

4. Xac dinh dao ddng ty do ctia s¢i day hitu han, gén chit
tai cac mit x = 0 va x = I, c6 0 léch ban d4u bing khéng va
vin tdc ban d4u la
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(x-¢) nfu lx—cl <=
V., CO8X—C) nNeu | xXx — -
du 0 )

e . n
0 néu |x—c|>—2~

trong d6 v, 1a hiing s6 duong va —g ce<l<r,

' % _sin l_m_c cos—
Ddp 56" : u(x, t) = 4% Z ! 2l gin ke sin kmat

2.2
na e k[l—k n ] { !

5. Mot sgi d4y déng chat gin chit G hai ddux=0vax=10
thdi diém ban d4u t = 0 dude ciang 18n d6 cao h & diém x = x, va
sau d6 budng ra khéng c¢6 van tée ban dau. Hiy tinh ning
Jugng cua dao déng ti thi n caa sgi diy dao dong.

azfz

Ddp s6°: B, = pih® . gin 20

nznzxo(f - x,:,)2 !

Chi dan : nang lugng cia dao dong ti thit n (séng diing thi
n : u,) cua s¢i day dao dong ngang la

' o au_
Bn=3 "( at“}*"“(“é‘f] dx
0

Trong 46 T 14 stic ciing, p 1& mét 6 dai chia s¢i day.
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Chuong IV
PHUONG TRINH DAO DONG CUA MANG

§1. THIET LAP PHUGNG TRIiNH

Gia sit ta c6 mét mang dude kéo béng luc cing T. Didu dé cb
nghia 1A néu tach ra mét phin cla méang gidi han bdi dudng
cong kin L, thi phéan con lai cé thé thay thé bang cac luc dit
lén L' nim trong mit
phang tiép xtc véi mang
huéng theo phap tuyén
ngoai cua L' (H.24) va dude
phan bd sao cho trén yéu t&
cung ds' cua dudng cong L.
¢é luc tac dung Tds', trong
dé6 T 14 mat a5 phin bé
khéng d6i clia Iyc cing.

. s U Tds'
Mang dudge gia thiét la
dan hdi, dao déng nhd dén Hinh 24

mic la df ting dién tich
cia mang trong qua trinh dao dong c6 thé bd qua. Khi dé mat

d6 phén bd lyc cang T 13 nhu nhau trong tit ca céac tiét dién
cua mang. .

Gia st khi nam yén, mang g trong mat phing (x, y), con dao
déng xay ra sao cho mbi diém cia mang déu 1éch theo phudng
vudng goc véi mit phing nay. Ki higu d6 léch nay lau;ula
ham cua cictoa d6 x, y va thdi gian t

u=u,y,t)
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Biy gid ta tim
uj . L phudng, trinh ma ham
nay thoia min.

Khi nim yén, mang

chiém dién tich o trén

s mit phing (x, y) (H.25).
Ta hay xac dinh hinh
chiéu lén truc u cua

y lde tac dung lén miu

X as Gol vects don vi-
phap tuyen vo'l mang
tai diém P cha ducng
cong L 1a n.

Hinh 25

n=cosci + cosfj + cosyk
cosq, cosP, cosy 1 cac cosin chi phudng cﬁa n
Vectd don vi tiép tuyén coa L tai P IES

S =cosa't + cosf’) + cosy 'k

cosc, cosf', cosy 13 cac cosin chi phuong ctia S. Luc cing T tic
dung theo phudng cua vecto

(S, nl= (cosB'coé'v — cosPcosy')i +
+ (cosy'cosa — cosycosa)) + {(cosa’cosP ~ cosorcosPik.

Thanh th hinh chifu clia lue cang tic dung lén yéu t§ cung
ds' cia L'trén trucu la:

T{cos'cosP — cosacosfds’
Con hinh chiéu tuong {ng cia hogp hic cdng phan bé theo
chu tuyén L' 1a

Tq.) (cosa'cbsB-cos(_lcosB')ds‘ = 'l@(cosﬁdx' ~ cosady ") (4.1)
béi vi cosolds’ = dx' ; cos f'ds’ = dy".
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Ta d& biét cac cosin chi phudng cta phap tuyén d6i véi mit
u=ux,y, t)la

L

-u u
cosol = X ; cosf = L
1+ ux2 + u_,‘,2 1+ uxz. + uy2
1

cosy =
;i1+u'2 tuy 2 f

(gbc giiia n va truc u coi nhy la nhon). Mit khac dién tich ctia

miu mang la
(ﬁ,fnu;f +ufdS =8, = Ids

(1)
‘Ta d4 gid thiét 1a dién tich cia mang trong qué trinh dao
dong khéng thay ddi nén ,}1+u'x2 +u'y2 cb thé?_ 14y bang 1,

nghia 1a u?2, u'y2 c6 thé bé qua so vdi 1. Do d6 ta c6 thé dat

cos = —u'x ; cosf.= —u'y ;ecosy=1
va biéu thiie (4.1) c6 dang _
;Tc.f) (i~ udy ) (4.2)
L!

Ta ki hiéu hinh chiu ¢a chu tuyén L trén mit phing xy 1a
2. Vita ditcosy=1, ngh]ala'y Onendx' dx, dy' = dy véi dx,

dy 14 hinh chifu clia y&u t8 cung ds ca chu tuyén £ 1én céc
truc Ox va Oy. Do d6 tich phan (4.2) ¢6 thé 14y theo 2.

—T(f)(u dx'—u' dy')ﬁ—Té(u dx - u. dy)

Bién déi thanh tich phin mit, theo cong tht:c Grin, ta cé
Iuydx —u,dy = —I(u,m + u;y s

-
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Thanh thit cud) cang hinh chifu trén truc u cha hgp luc
cing phin bs theo chu tuyén ' 1a :

TI (Ul +10,)dS (4.3)

Ngoai ra, gid st mang chiu tac dung cua ngoai luc song
song va ngude chifu vdi truc u (chdng han trong lugng cua

mang) cd mat d6 phan bd theo mang 1a pg(x ¥, t), thi hgp hic
cta ching 13

“p j g(x, v, )dS
[a)

Néu p 1a mat d6 mat khong déi clia mang, thi hgp lic quan
tinh theo miu mang dang xét 1a

p I g dS
va ddi véi moi t'> 0, ta c6 diing thie

hay I{putt - T(uyy + u;y) + gp} dS=0 {4.4)
a . )
Béi vi 0 1a mdt vang bat ki ciia mat (x, y), nén bidu thitc
dudi ddu tich phan trong (4.4) phai bing khéng & diém bit ki
clia mang § thoi diém bat ki, nghia 13 phai xdy ra déng thic
puy — T(uyy +ujy)+pg(x, y, ) =0
" 2 L] " — . '
hay u’y —a“(u",, +u w = —gx,y, t) (4.5)

T
trong dé6 a? == 13 hing s5 dudng.
p
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Phuong trinh (4.5) duge goi 1A phuong trinh dao dong ctia
mang. Né 1a phuong trinh séng hai chiéu, hé s8 a nhu trude
kia 13 van téc lan truyén séng ; néu g(x, v, t) = 0, thi phuong
trinh 14 thuin nhat, né mé td dao déng tu do cha mang.
Phudng trinh khéng thuin nhat (4.5) md t4 dao dong cudng
biic cia mang. :

Bai toan hdn hgp d6i vdi phuong trinh dao déng ctia mang
duge thiét 14p nhu sau. Gia si trong trang thai tinh, mang
chiém vung D trong mit phing (x, y) gi6éi han bdi chu tuyén £
1a bién cta mang. Diéu kién ban dau 461 vé1 (4.5) 1a

ufio=F(x, ¥); uyjio=F(x, y) (4.6)

trong d6 ham f(x, y) va F(x, y) dugc xac dinh trong ving D la
d5 léch ban dfu va van tdc ban dfu cha cic difm x, y cia
mang. N&u xét dao déng clia mang, ¢6 bién gin chit, thi didu
kién bién dudge viét dudi dang

u|L-0 (4.7

- Y in + . - - - -2
‘u|g, 1a ki higu gia tri cia hAm u d cac diém cia chu tuyén L.

§2. DAO PONG CUA MANG CHU NHAT

Ta hiy xét mang hinh chii nhit,
lic cAn bing ndm trén mit phing

(x, y)chifm mién G0 <x<[,0<y<m} Yi
(H.26). Cac didu kién bién gén chit m
dude viét duéi dang sau
u|x=0 =0, 1..l|x=‘1r =0 o ! X

(4.8)
u‘|3’=° =0, “|y=m =0 Hink 26

118



Ta sé tim nghiém cua phudng trinh

utt—a'(u xTu' ) =0 (4.9
bang phlidng phép tach bién. Mudn vay, ta viét u duéi dang
u = X(x) Y(y) T(t)
Baivi
= XYT", u" = X'VT, u'y, = XY'T
cho nén phudng trinh (4.9) ¢6 dang
XYT" - 22(X"YT + XY'"T) = 0
Tn [Xll Y"]
hay — —_t— 4.10) .
Y T XY @10
Bdi vi vé& trai khéng phu thudc vao x va y con v phai khéng
phu thudc vao t, nén ching phai 1a hing s

Tn (Xn Yu)
— =8} —+— =c =const
T X Y
. Xu 2 Yr! 2
3 2 o2, —=-
va X Yy "

Glong nhu li luin trong chuong ITI, ca hai hang ¢ tren phai
la Am dé bai toan cé nghiém khac khong

Tu 46 ching ta cé
T“
T

Do d6, cac ham T(t), X(x), Y(y) thoa man ciac phudng trinh
vi phin thusng _

= (12+|J. )a

X' +A%X=0 (4.11)
Y +ulY=0 (4.12)
™+ A2+ pHa’T=0 (4.13)

Tu d6 ta rit ra
T = ACOS‘\})\.Q +u? at + Bsin\}lz + u2 at
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X = Cjcoshx + Dysindx
Y = Cycospy + Dgsinuy
Dé€ ham u = XYT thoa mén diu kién bién (4.8), ta phai dit
X}eo = X|get =0 va Y|y=0 =Y|yom =0 (419)
Tit cae ddng thiic nay ta mit ra C,=0,Cy=0
sinAl = 0 va sinum = 0, nghia la
M= kln, Km = szt

trong d6 ky va ky 1a cac sd nguyén tuy g, ta ditk,; =1, 2, 3... va
ko=1,2 3.

Thanh thi ta cé
pBT ke k=128
i m
2.2 2,2
T(t) = A cos kz +k21; at| + Bsin k2 kin —5—at
! m i~ m~

X(x) = D, sin 1™

Y(y) = Dy sin 2%
m
va u=Xx) Yy) T()

u={ADD,cos M, k,t + BD1Dgsiney . t} sin)y xsin M, ¥

trong d6
kin?  kin? ki k2
W k, = g +-m—2 as= !z 3 na (4.15)
R kn kynt
va kkl 1 : ’J'k2 _—If'l—
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Diat céc.hﬁng sé ADD, = ay, k, » BD1Dy = by, k, » taco
g, k, (X, ¥, t) = (akl,k2 cos g )t +
+ bklvkz sin mkl,kzt)sinlklxsi.n ukzy (4.16)
Ham (4.16) thoa maéan

uj phuong trinh (4.9) va cae
y diéu kién bién (4.8), nghia
B 13 nghiém cua bai todn
Hng bién, cic ham
o X, (x) =sin Ak, X

va Yk2 (y) = sinukzy (4.17)
la nghiém cua bai toan bién
ol dé1 véi cac phuong trinh vi-
L phin théng thudng (4.11),
(4.12) véi cac didu kién bién
{4.14). Thanh tht cic s&
Ak, VA pg, la cac gid tri

riéng con (4.17) la cac ham
riéng cua bai toan bién nay.
Tin s6 Oy k, Xac dinh
bing (4.15) dude goi 1a cac
y tan s8 riéng clia mang chit
nhét, con dao déng (4.16) 1a
cac dao ddng riéng, d6 la
o chc séng ding dsi véi mang
Ppuongnat c¢hll nhat. Méi diém cla
mang X, y thuc hién mét
dao déng difu hoa tin sé

Hinh 27 Wk, k, ¢6 bién dd la

2 2 .-
\jak1,k2 +Bk,,k2 smlklxsmukzy
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hon nida tat cd cic diém cia mang ddng thdi dat duge ds 1éch
cuc dai cia minh vé phia nay hay phia kia. Ching han, trén
hinh 27 ta c6 dang ctia mang (nghia 1a dang cua séng ding)
ung véi cac dao déng

up;ky=Lke=1)

gy (k=2 ky=1)

va uy ok =1, ky=2) _

6 thai diém cac d6 léch 1a cye dai. V4i dao. ddng -y i, ¢6 (k- 1)
dudng thang song song véi truc y 1a

1 2 k; -1

x=—1I,x=—1,., X=

Ky Iy k,

va (ks — 1) duong thdng song song véi truc x 1a

R k, -1
y k2 ,y k2 .,""

Ching duge goi 12 cac dudng mit. Diém ma mang léch cuc
dai so v6i trang thai didng yén goi 12 bung. Song uy |, €6 kky

bung (ky 21, ke = 1).

TAan s8 4m cd ban cia mang (tAn s6 riéng thap nhat) 12

° ) n? . n? 4= 1 N 1 JT
1154 g t—ga=alo+——F  |—
\J 2 m? VE m? \p
Céc tan s8 con lai o)y, 12 cac hoa 4m.
D6i v6i mang vudng, tn s§ am cd bén la
T s T
’ i ! p
nghia 13 16n hon tin s8 4m ¢6 ban cha s¢i day 2 14n.
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Bay gid ta cdng tat ca cic séng diing lai, nghia la tdng 2 14n
theo k; va k, '

= Z Z ukl’k2:2 z (akl’kz COS(Dkbkzt +

k2=1 kl:]“ k2=1 kl =1

K™ in 52 (4 18)
m

+ bk}skz sinmkbkgt)sin—-l—sm

Ham nay thoa mén phudng trinh (4.9) va diéu kién bién (4.8).

Biy gid ta xée dinh céc hé sd a
kién ban diu.

T cong thie (4.18), tait =0, ta cb

:rt;x. k
9= 3 S i

kg =1k, =1

K va bk X tli cac diéu

k1’ 2 | R

O<x«<l
V<y<m

Thanh thit 4 x4c dinh cdc hé s a, , , ta phii phan tich
152 S
ham f(x, y) thanh chudi Furié hai 16p theo sin. PAu tién, gia su

x khéng d6i, ta phan tich ham f(x, y) nhu ham cia y thanh
chudi theo sin

o0

)= Y ap,@sin"2E O <y<m)
kg =1

trong dé

m .
* 2 .k
ay, (%) =;If(x, 1) sin f:ndn (4.19)
0
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Sau d6 phén tich ti€p 3;2 (x) thanh chudi theo sin

* - ookymx '
ay, (x)= Zakl,kz sin—1 (O<x<
I k
 trong d6 ag, k, = %J‘a(é) sin—-l?—g-dﬁ (4.20)
]

Thay vao f(x, y) ta cé

ey = Y > ok, sin X sin K2
! m
k2=1k1=1

Thay (4.19) vao (4.20), ta cé

I'm
: 4 .k . Igm
ak, k, =—ij(§,, n)smz—msml—ﬁ"dndﬁ (4.21)
Im m l
’ 00
Miit khéc néu vi phin (4.18) theo t va sau d6 dit t =0, ta cb

o

i Ckyx . kony L. [0<x<i
Fx,y)= E Em b sin—L=sin=2—= véi
&, ¥) k. ko Pk kg ! m O<y<m
k2=1kl=1

T d6 giong nhu cdng thic (4.21), ta cé cong thic sau cho
by, x
1+"2

by, k, =

Im
! —f“—”P@, ) sin X2 gin K1Te grge  (4.92)
Ok, k, Im 'Y _ m !

.

Do d6 bai toan vé& dao dong tu do cila mang di gidi xong :
nghiém c¢6 dang (4.18), cac hé s& ay k, VA by i, dude tinh
theo cac cong thic (4.21), (4.22), con O, k, dugc tinh theo
céng thiic (4.15). '
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Bai toan v€& dao déng cudng bic cta mang chi nhit duge

.y >

giai bang phuong phap tach bién tuong tu nhu bai toin dao
déng cudng bic cia diy hitu han. Nghiém ctia phudng trinh

" 2 t - _
| Wi —a @'y, Fu'y) = - g(x, y, 1) (4.23)
véi diéu kién ban dau (4.6) va diu kién bien (4.8) duge vidt
duéi dang _

_. - - kmx . koyny
u= Z Z Tkl,k2 (t)sm——l-_——sm—r;- (424)
k2=1k1=1

V& phai - g(x, y, t) dude khai trién thanh chudi haj 14p theo sin

N - kgmx .k
"B Y. 0= 30 D ik, Osin e Ky g
kg =1k, =1 '
va d61 v8i ham Ty, k, (1) ta rit ra duge phuong trinh vi phin
théng thudng tit phuong trinh (4.23) va khai trién (4.25).
Ty ke + 01, Tk = Ticy 1, ()
véi cac didu kién ban diu
T, 1, (0) = By kpr T kg, ky (0) = Oky, kg Py, kg

Trong dé ay ), va bk,,k, duge xac dinh bing céc cong thite

(4.21) va (4.22).

Nghiém ciia bai toan dao dong cudng bitc ciia mang sé xac
dinh duge nhd thay the T,k , (1) vao cong thitc (4.24).

*$3. CAC PUONG NUT TREN MANG CHUY NHAT

D& don gian, ta xét trudng hgp mang hinh vudng. Khi @6 ta
c6 m =/ Tén 58 dao déng cla séng diing 1a

, T b2 2
mkl’k2 =-1—a kl +k2
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gia tri ca oy ), khong thay déi, véi cac k;, k, thod min
phuong trinh k¥ + k3 = const.

Chéing han véi 0 ,, ta luén ludn cé mét séng ding ké ca d6i
véi mang chit nhat. Ung véi 055 = 0y 7= 07, (6> +5%= ¥+ 7
=77 +1 ), ta c6 ba séng ding 6 cing tin s8. Nhu viy, sé cb
mdt vai ham riéng tudng ling véi cung mdt gia tri riéng (b6l

clia cac gid tri riéng). Trong dao déng cua sdl diy, khong cé
hién tugng nay.

Ta xét truong hop dao dong cha mang. vudng cé tan s8

ﬂ L]
W) g =W 1= 3 5a. Dao dong téng hgp c6 dang

uy g tug = [al,zcos%\fg at + by o sin% 5 at} sini?(——sin2—1:y-—+

+ (32,1 cos% 5 at+ bg sinE:-Jg at) sin-ziﬁsin%

Ta tim cAc dudng nit trong dao dong nay nghia la cac diém
ditng yén d6i véi moi t 2 0 (u;, + 1y, = 0). Céc diém x, y 6
phai thod mén ding thic

> S .
sin—- sm—-lﬂ . agy cos%\lg at +bgq sm—;«/g at

. 2mx . .
sm—?sm%y- ay 3 cosz;-xlg at+by g sm% 5 at

Ti 46 tarit ra

sm-—singn—y—
2 ! =B—const
sm—-sinif— q
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Vi v€ trai chi phu thudc toa d6 con vé phai chi phu thuée
thdi gian, mit khac vi § cac diém trong mang

O<x<l;0<y</thi sin—?-’;eo va sin%x-:tO nén ding
thic trén cé thé vist
sinEZSin-ﬂlcosE cos .
l I I
. WX . X
2sm—!—~cos—f?smg cosE’— 9

tit d ta cé phuong trinh clia dwong niit
X
q cos«n% = peos—

b6 1a dang don gidn nhat cha cic dudng nit tuong ng véi
hoa 4m thap nhit.

Ta xét cac trudng hdp cu thé :
a)p=gq#0thi cqsﬁy— = cos-T;E, ta riit ra
Y =% : ta c6 dudng nit 1a dudng chéo ctia mang (H. 28a)

b) Pyith dudng nit ndm trong mjt dai song song vdl truc y,
q

cosE| <3 (b&i vi
I p

x -i{ < arcsind (I1.28h).
2 P

trong dé £1), nghia 1a trong dai

5.4
cos—
!

c)q=0, thi x =é— (H.28c).

3y L. -1, duong nit ndm trong dai
q

X- L‘ < aresin
2

:
: 9
(H.28d).
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egq=-pz0thiy={-x duang nit 1a dudng chéo-thi hai
cua mang (H.28e).

0 1x 0 1'x © 1% © 1%
a) b) c) d)
y y y y
4 1 ! |
O 7 x O "
&) g) h)

Hinh 28
nH -1 <R <0, thay y cho x ta din dén trudng hgp d)
q
(H.28f).

. [
gp=0thiy= 3 (H.28g).

h) 0« P 1, thay y cho x ta din dén trusng hgp b)
q

(H.28h).

T4t ci cac dudng nit déu di qua tim cua mang X =y =3
Hinh 28 biéu dién cac dudng nit dé.
D41 véi cac tin sd riéng cao hen Ok, (ky 22 ; kg 2 2), cae

duong nut cd dang phic tap hon.
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§4. DAO DONG CUA MANG TRON VA
HAM BETSEN (BESSEL)

1. Phuong trinh Betsen

Xét dao déng cua mdt mang tron.

Gia st mang chiém mét hinh trong D

ban kinh q trén mat phing xy c¢6 tim

r & goc toa d6. Néu ta dung toa d6 cuc

Y
C/ e thi phuwong trinh cua dudng trén bién

cua mang sé la r = q (H.29). Dj léch
cua mdt diém ctia mang u 1a ham cua

r,ovat
Hinh 29 u=ulr, @, t) .
Diéu kién bién by git c6 dang
Uyeq =0 (4.26)

Trong toa d3 cyc, todn tu Laplaxs hai chiéu cé dang
139 ( au] 1 (%)
r dr r? La(p )

(cb thé suy ra tif toan tu Laplaxd trong toa dd tru véi u”,, = 0).

Au=uyetutyy =
Do dé phuong trinh daoc ddng tu do cia mang trong toa dd

cuc ¢ dang
13[ 8u) 1 {92
" - ——rre | Y —— —_ =0
Hume [rar ") T 2\ he2)

1 1
hay u"u——a2 [g(ru‘r)'r+—2u"wi| =0 (4.27)
r
Cac diéu kién ban d4u trong toa do cuc c6 dang
uli=o = £(r, ), u't|t=0 = F(x, 9) (4.28)
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Dung phuong phap tach bin, ta c6 thé viét nghiém ctia
phuong trinh (4.27) bidu dién séng ding trén mang tron
dudi dang |

u = R(x) ®(p) T(t)
Thay vao phuong trinh (4.27), ta duge

ROT"- aQ[l(rR')'¢T+i2R¢"T] -0
r .

r
hay
1 "
I s 1en
T R 29
Tu phueng trinh nay, ta cé thé dit
Tll 2 2 .
—_= 4.29
= =-va (4.29)
—'(I‘R')' " 9
3 L - - 4.30
va R P v | ( )

trong dé v la héng s8

Phuong trinh (4.30) ¢6 thé duge viét dudi dang

11 ,
o 9 ;'.(I'R’)

—=—r +v
O R
Tit 46 ta rit ra
¢|! . .
—_—= 4.31
ek (4.31)
Lamy \
va -r?| X R +vi|=¢ (4.32)
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trong dé ¢ 1A hang s8, ¢6 gia tri phu thude vao sy tuiin hoan
- cua ham @ : ®(p + 2n) = O(p). Thuc vy, til phudng trinh (4.31)
ta tim duge . '

D(@) = D coskyp + Dysinko (4.33)
trong 46 D, va D, la cac hiing s8 bat ki va K2=-c
Thanh thi d6i véi ham R(r) ta ¢6 phudng trinh

1, .
2 [;(ﬂw +v2] - )2

R
1 (2 k2)
h ) ", Py i =0
ay R+rR+Lv 1-2)R
Bay gic ta dua vio bién 88 mdi x = vr va dit
R(r) = R[f) -y (4.39)
v
ta cd
podR_dy _dydx_ dy
T dr dr dx dr dx
' 2 . 2
R":ini_z i[ﬂ):vg—.y_'g:vz_d_y'
dr dr \dx dx? dr dx?

Do d6 ta nhan duge phudng trinh vi phan sau d& véi ham
y(x)

2 ( 2,2
gdy v _dy 2 vk
Ve eyt [V ———— |y =0
dx2 x dx L x2 Jy
hay
dy 1dy [ K2\
— = +4|1-—=|y=0 4.3H
d_x2+x dx+L xz y ( )

131



Phuong trinh (4.35) duge goi 1a phutong trinh Betsen. Né 13
mét phudng trinh vi phin théng thudng hang hai c6 hé s8 thay
d8i. Nghiém cta né duge goi 14 Aém Betsen. Vi né dong vai tro
quan trong trong viéc mé ta cic qua trinh vat }i xay ra trong
cic mién hinh try, vi viy né con cé tén 13 HAM TRU.

2. Ham Betsen

Ta hay khai trién cac nghiém riéng cta phuong trinh (4.35)
thanh chum lug thiia

y=)eax® (4.36)
_ n=0
Dé tim céc hé s ctia chudi, ta iy céc dao ham

dy -1

Pty
n=1

2 o
va L4 =Zn(n-1)cﬁx“_2
dx2
n=2

Thay vio phuong trinh (4.35) sau khi nhin véi x7, ta ¢é

Zn(n -Deyx™ + Z'ncnxn +(x? - kz)z c,x" =0 (4.37)

d6i véi moi x. VAy tit ca cac hé s8 8 ditng trude mbi luy thita ca

b4 phﬂl bing khéng. Bay gid ta viét lai chi tiét tiing s6 hang cia
v& trai cia (4.37).

Zn(n ~Dex" =2.1.cox% +3.2c3%° + ... + n(n— Ve x" + ...
n=2
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E nenx" =1epx + 2.09%% + 3.cax° + ... + ne, x" + ...

n=1

(x? - kz)z e, x" = (x?% - kz)(cﬂ +ex+ c2x2 + ..+ c_nxn +.)=
n=0

=~ ke, - ke;x + (¢, ~kZepx® + .+ (cp_g —kZe, )x" + ...
Viy thay vao (4.37) ta c6 |
e, + (1~ Kerx + [eg + (4 - KDegh® + [o; +
+@-KDegle’ + ... + [op_p + @2 ~ k), <" + .
Tt d6 ta rit ra _
~k200 =0;(1- kz)cl =0; ¢y +(n? —1(2)0rl =0
n=23,. (4.38)
O day k 1a mét s6 nguyén khang Am. -

Néu k =0, thic, 13 mét s§ b4t ki, con

c.l =0
va Cyn+ 112cn =0 n=23,..
cu thé 1a
Co Cg Co
02 == C3 =0, C4 ==
22 42 22 42
Téng quat
c c
02 - (__1)1'1’! 8] - (___ m [¢]
" 2242 . (2m)? 22m (1)
Com+1 ™ 0
(m=0,1,2.)
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Thanh thu tacé nghiém cua phlrdng trinh Betsen véik =0

y=c Z(— 22m o ) (459

2m
Jo () = Z( H™ 22m( Z( 1™ ((m),)z

dudc goi 1a ham -Betsen loai mét hang khong.
Néu k = 1, thi tir (4.38), ta rit rac, =0, ¢y latuy § va
€h_g + 2 - De, =0 n=2 3.

' troﬁg dé

; Y
cu thé la

. Cl_ _ C3 cl
cp=0,eg=——,¢,=0, ¢c5 =
2T BT T T ST T e T 4)(46)

 Téng quat Com =0
: L
(2.4)(4.6) ... [2m(2m + 2)]

1

. Com+1 =(__1)m

="

220 1 1(m + 1)! (m=0 b2

Thanh thu ta c6 nghiém cua phudng trmh Betsen viik=11a

2m+l
y = cIZ( ) zzmm|(m+l),—2c1=rl(x) (4.40)

2m+1
X :
2m+1 _)

I PPN SN m_[.z_
.JI(X)_I.;]( 1 Y T mZ:O( D mm !

dude goi 14 ham Betsen logi 1 hang 1.
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" Néu k=2, 3,... thi tit hé thic (4.38) ta mit ra c,=0,¢,=0, ..,
Ck-1 =0 » Ck 1a tu)‘/ 5/’, Cr+1 ™ 0

Ck Ck 0,
k+2)% K2 2(2k+2) 87

Ck+2 =~

Ck42 - Ck+2 - C) _
(k+4)2-k2  42k+4) [2@2k + ][4k + 4]

T'E?ng quat

Ck+4 =~

c _
[2(2k + 21 [4(2k + )] ... [2m(2k + 2m)]

Chrgm = (D7

= ()™ “k -
22 m ik + Dk + 2) ... (k + m)
m k!Ck
= (-1
( 22M Wk + m)!
(m=0,1,2,.)

Thanh thi ta c6 nghiém cia phudng trinh Betsen khi
k=2 3,.

2m+k

m _ oK
y= k‘ckZ( 1) o e

trong dé

2m+k

— x —_—
T = Z( R ————

m=0"
2m+k .
= i D™ —@—— (4.41)
v m!(m + k)! T

dudc goi la ham Betsen loai 1 hang k.
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Néu k = 0, 1, ta lai cd cac cong thitc (4.39) va (4.40). Vav
(4.41) xac dinh ham Betsen logi 1 tit cd cac hang k=0, 1,2,..

Ta dé dang thiy rang chudi (4.41) la hoi ty va thod min
phudng trinh Betsen (4.35).

H¢ thic (4.41) cia ham Betsen loai 1 hang k ¢é thé biéu
dién qua ham Gamma I'(t)

I'(t) = Ixt'le‘xdx > 0)
0]
Khi d6 hé thiic (4.41) ding véi ca k khong nguyén.
Con véi t nguyén -
FO=@¢-1)!; ray=1

G

I (x Z m 4.42
K(x) = -1 'm+DI'm+k+1) . ( )
m=0
Ham Betsen ¢6 nhiéu 1{ing dung trong cac bai toan vat li va
ki thuat nén da duge nghién citu nhidu va c6 nhiing bang chi
tlet vé cac gid tri cna ching.

D6i vai cac gia tri x 16n, ham Jy(x) gan véi

hay chinh x4c hon

Jr(x) = .—%COS[X—'%_—][]_‘FEI(X)] (4.43)

trong d6 g,(x}) > Okhix -

Tit céng thitc (4.43) ta rat ra 1 J(x) c6 mét tap hgp vo s6
cac nghiém &E,k), n=1,2, 3,... trén nita truc duong x

Ty =0
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Cé thé chiing minh duge rdng céc nghiém nay la don gian,
nghia 1a J', ()= 0 va néu danh 5 chiing theo thi tu ting

1én: £ <20 <& < .. thi d5i véi cac 56 n 1én
cos( ﬁ‘)-—E—EJ

gin bing khong, nghia I &) —%—E khac ft vdi nghiém

» - i Y
dudng thi n theo thil tu ting 1én cla cosin : M_E' Thanh

thit, d6i véi cac 6 n 16n £ gin bing

_ kn =«
o+ — - —
2 4
hay chinh xac hon
Lim {&ﬂ‘) - (mt-FH —-E)} =0
n—oo : 2 4

Hinh 30 cho ta d thi cfia ham J_(x).

B
TN Y =4
(\ (] (]
L7 5,7 NG
o 2 \/5’5 87

Hinh 30
Phucng trinh Betsen phai ¢é hai nghiém déc 14p tuyén tinh,
trong dé6 mdt 1a J(x). Nghiém thit hai déc lap tuyén tinh véi
J(x), d61 véi cac gia tri x 16n gin bing
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duge ki hidu qua Ny (x) va dude goi la ham Betsen hang hai
(hay ham Noman (Neumann) hang k) nghia la
kn

Ny (x)= —%sm[x—?—ﬂ[l;az(x)] (4.44)

trong d6 £4(x) 5 Okhix — e

Hinh 31 cho ta d6 thi cta ham N (x). Dic tinh cd ban ctia
cac him Noman la

Iim |Nk (x)| = oo (4.45)
x—0 )

Hinh 31

*3. Dao dong ciia mang tron

Ta trd lai bai toan dao dng clia mang tron gin chit & mép.
Dao ddng cua né tuin theo phusng trinh (4.27)

u"t;t.—az[l(ru'r)'r+-}§u“¢,¢] =0
r ré
va thod mén cac digu kién ban dau (4.28)
ufi=o = 1(x, ), w't¢=0 = F(r, ¢)
va diéu kién bién (4.26) ‘
| u|r=q =0
Nghiém cua né cé dang séng dﬁng
| u = R{r) ®(p) T(t)
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Ham R{r) c6 thé _biéu difn qua cic him Betsen.

That thé, vi ham R (%] phai thod man phuong trinh
Betsen nén
R (%) = cpd (x) + ¢pN (x)
Trong d6 J (x) va Ny (x) 1a cAc ham Betsen loai 1 va 2. T¥ d6
ta cé
R(r) = c;dy(vr) + coN (vr)
nhung theo (4.45)
E‘:(‘)[Nk (vr)] = =
ma 4§ tdm clda mang, R(r) vAn phai hitu han cho nén hing s ¢,
phai bang khéng, nghia 1a
R(r) = ¢,J(vr) (4.46)
Miit khic theo digu kién bién (4.26) R(q) = 0, nén
Ji{vg) =0 (4.47)
con néu khéng, nguge lai ma ¢, = 0 thi R(r) = 0 va u = 0. Didu

dé c6 nghia 1a vq phai 12 mét trong cac nghiém caa ham Ji (x),.
nghia la

vq = E_,Elk), n=1,2 3.

Vay hing s& v xuat hién khi tich bién khéng phai I tuy §
ma phai c6 mét trong cac gia tri

g“*), n=1,2, 3.
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Do d6, theo cong thiic (4.46)

() '
R = x| ) (4.48)

ham ®(¢) c6 dang

- ®(p) = Dycoskop + Dzsink(p
con ham T(t) thoa mén phudng trinh

™ +via?r=0
va cé dang T"(t) = Acosvat + Bsinvat
Nhén ba ham R, @, T véi nhau, ta cé
( tEat g(k)

+BCI

t)
u= LACI cos=2 J (Dy coske +

NELR n
+ Dy s:inktp)JkL k rJ (4.49)

Cac dudng nut cua séng dimg nay, thii nhat 1a k dudng
kinh, chia mang thanh 2k hinh quat nhw nhau (doc theo cac

ban kinh nay chosk-:p + Dzsmk(p 0) va thit haila (n - 1) vong
tron déng tdm (doc theo cac vong tron nay)

&(k)

TN < -
nghia la r, = qg‘—ﬁ, /‘
9T -1 < -
E_,(k) n &(k)

Hinh 32 cho ta cac
dudng nit khi k = 1 va.
n=3a.

\w

" Hink 32
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M3t trusng hop quan trong ciia dao ddng cua mang tron 1a o6
dang séng dimg khéng phu thudce vio ¢ nghia 13 ®(p) = hidng 86,
Dao déng nhu vay goi la d61 xing tru. Céc diéu kién ban ddu
bay gid ¢6 dang

u|t=0 = f(r) _
w't|i—o = F(r) (4.50)

trong trﬁfing hgp nay phai dat k = 0 va rit ra () =D,.
Do 46, séng ditng d6i xtng tru c6 dang

( (©) QIR FIOM
u= LACIDI coS &nat +BC,D, ¢in n at} Js Lﬁn I‘J
q q q

Cac ham nay chi phu thudc vao mét chi s6 n = 1,2, ..vado
d6 ta ki hidu

(a) . glo) (o)
u, = {an cos F;nqat +PBp sin ﬁnqat) Jo (&; I‘J (4.51)

T4n s6 4m cd ban cla mang trén twong dng véi n = 1, né
(0),
bing 2 trong d6 & = 2 405 (H.30).
q

Vay trong trudng hgp d&i xing try, nghiém s& cé dang
chong chap clia céc séng diing (4.51) | :
l('lO)at\\ (g(ﬂ) \

[ £9at . &
u= nzﬂtan cosT +B, sm-—q—) Jdy k—:‘l— rJ (4.52)

Céc he s o, va B, duge xé4c dinh tiY chc difu kién ban ddu

il (0)
u|t=0 = Zan0 (E?i—r} = f(r) O0<r<q (4.53)
n=1

=, ¢(o0) TICA
w'yfio = Z Eg Bnds Lénq rJ =F() 0<r<q (4.54)
n=1
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O day, ta c6 cac hé thitc khai trién cia ham f(r) va F(r) theo
chac ham Betsen. Cic hé s8 khai trién c6 thé tim dude nha tinh
tryc giao cia ham Betsen.

Ta c6 thé chitng minh dude néu m # n thi

TrJ (gg\J (;(L?}r\drzo - | (4.55)
.DL q OL q J o ’

That vay, ta d biét ham J (x) thod man phudng trinh
I (%) + 2 (%) + I, (1) =0
- _

d%J o® 1 daJ (x)
dx2 x dx

hay . +d,(x)=0

Né&u dua vao phudng trinh nay Ax va px thay cho x véi A va
i 12 nhitng hing s8 bat ki, ta c6

&I, (%) | 1 (%)
dx

+A2J,(Ax) =0
dx? X

d*Tox) |, 1 ado(ux)

2
+pd,(ux)=0

Nhén phudng trinh trén véi xJo(ux) va phuong trinh duéi
véi xJ (Ax) rdi trii cho nhau, ta dude

2 2
[ O(l)d-}'(ux) I )dJ()Lx)]
dx? ax?
AT ) ddy()
+ [Jo (lx)—d—x— Jo(].LX) ax ] +

+ @ - AHxJ (x)d @x) =0
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4 n(ux) 007
hay dx{ [J (Ax)—2—= JU(M)T}} =

=07 - phxd (Ax)Jo(ux)
Tu dé, néu thay gia tri cia x bang r va tich phan tit r = 0
dénr = q, ta tim duge 1a
dJ (Ar
- Jo(ug)—22 ( ) [ :q] =

q[Jo (Aq)—2——

q . .
= (02 =) [ 13, () 456
o '

- | (0) (0)
Néu trong ding thie nay ta lay A = & ; 0=~ trong dé
' q q

m #n, va chi y 14
To@) = Jo () =0, thi ta cs

0)2 0)2 ) (o
ﬁf,) 3 ( ) IrJ (é( r}J (—E"—-)-yr\ dr=0 -
q
bdivi véim # n, £ # £ nén ding thite (4.55) da dude chitng
minh,
: (;(0)
Trong cong thitc (4.56), néu ta 15y u= e coén A vin de b4t

ki, thi ta s& cé
' dJ,(ur
q (k ) (P- )I r=q
LR NPT T .
0 A

K_hik—)u, do d,(1q) =0, ta ¢
(kq) _JoQd) do(we) 1 dl G| 1
2 A=u
A2 —p? A-n A+p dr Mgy
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q q
Vay j ra2(urdr = lim [ 19,(A)d, (ur)de
_._)p :
0

dd,(Aq) 1 dJ,(pr) q 2

= gt/ "

ax A=p oo 2 | R Ll S o(ha)

T déoviim=ntacd
1 ((0)
JrJ2LE" rJdr—q 3, (e9) (4.57)
0

Bay gid ta sit dung cac hé thic (4. 55) va (4.57) dé tmh o, va B

{ &(0)
Nhin hai vé cua (4.53) véi rd L

J va tich phan tu 0

dén q, ta dude

L ESNCaN oo (o

Nhd (4.55) va (4.57), ta cd

2 q (a)
oy -3, (£ = | £(r)xd,, (g ]dr
) q

0

—— 2 q.f(r)rJ (E"(O) }dr (4.58)
IS ED 1

o, =

Tudng tu, ta tinh dugc hé s8 B,

q { £(0) |
2 | F(r)rJo[E'" r}d.r . (4.59)

n q&fl())_ J02 (’;510)) ! q
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Thay o, va f§,, vua tinh dude vao (4.52), ta ¢6 nghiém cin
tim u(r, t).

Cac hé thic (4.53) va (4.54) c6 dang gidng nhu khai trién
Furié, vi vy ngudi ta goi ching 1 chudi Furié - Betsen cla
céc ham f(r) va F(r) con o, va B, dudc goi 1a cic hé 8 Furié -
Betsen. Trong trudng hgp khéng d8i xting tru, cach lam ciing
tuosng tu nhu trén nhung ta thay chi sd'k = 0 bing cac chi sd k
nguyén, duong khac.

BAI TAP CHUONG IV

1. 3 thdi didm ban diu t = 0, mot mang vudng cé dang
u(x, y, 0) = Axy(l - x)(I - y), A = const. Mang dao déng khong cb
van téc ban dau. Hiy nghién ciiu dac ddng tu do ctia mang gin
chiit theo chu tuyén.

Pdp s6°:
o . Zn+1 . 2m+1
GaAt sin————mxsin T
yis 2n+1)"2m +1)

m=n=0

x cosy(2n + )2 + (2m + 1)2 2L

2. Tim nghiém cta phudng trinh sau biang phuong phap
tach bién
2 2
8_121 +a’ a—g— =0
at dx*
thoa man cac difu kién ban dau
du(x, 0)

u(x, 0) = Ax({l - x), ot

=0
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va cac diéu kién bién

2 42
w0, t) =0, ud, t) =0, J u(% t) _ 0, d u(t’2, 9 _ g
Jx ox

- AN 1 . (2n+
Ddp s6":ulx, t) = 8 . Z . sm( n + 1)mx y
L — (2n +1) l

(2n + 1)¥r%a?t

X COS
12

3. Chiing minh ring J,(x) = -J'(x) (vi phan timg s5 hang
ctia chuéi luy thita d8i véi J (x)). Dung d3 thi cla J,(x).
4. Chiing minh ring

jéJo@da = xJ; (%)
0.

j'Ef"Jo(a)ds_, = 2320, (x) + (x* - 400, (x)
0
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Chuong V
PHUONG TRINH TRUYEN NHIET

§1. THIET LAP PHUONG TRINH

Xét mdt méi trudng truyén nhiét ding huéng, u(x, y, z, t) Ia
nhiét d6 ctia né tai diém p(x, v, z) § thoi diém t. Sy truyén
nhiét tuln theo dinh luat Furié : Nhiét lugng AQ di qua mdt
manh mat kin bat ki AS theo phudng phép tuyén fi trong thoi

gian At ti 18 véi AS, At va dao ham phap tuyén % .

AQ = -k(x, v, Z)At AS % *)

trong d6 k 1a hé s§ truyén nhiét, khéng phu thudc vio hudéng
clia phap tuyén vi méi trudng 1a ding huéng va ta thudng coi
1a h&ng 80, 1 la vectd phap tuyén cua AS huéng theo chiéu
gidm cua nhiét da.

Bay gid ta xét mdt vat thé tuy ¥ V gidi han bdi mdt mit kin
tron S va xét sy bién thién nhiét lugng trong thé tich d6 tit thoi

diém t; dén ty. T (*) ta suy ra nhiét lugng truyén vao trong
mit S tit thdi didm t; dén ty 1a

Q= Tdt @k(x v, z)—dS
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trong dé n la vects phap tuyén huéng vao bén trong cla mit
S. Ap dung dinh li Otxtrégratxki dé chuyén t tich phan mat
sang tich phéin ba 1dp va coi k 1a hing s8, ta cé

iy
Q =k I dt_[ divgradu dV

ty v
vitacé divgradu = Au = o*u 2% + o’y
ox? 9y’ 9z’
ty
nén Q = kj dt I AudV
| 6§ v

Gi sl trong ving V c6 nguén nhiét cé mat db 1a g(x, v, 2, t)
(nghia la nhiét ligng sinh ra hodc mat di trong mét don vi thé

tich sau m¢t don vi thoi gian), thi tif thoi diém t, dén t,, trong
thé tich V xuét hién mdt nhiét luong 1a

ty
Q2=Idt_[gdv

Mit khac nhigt hiong cdn cho thé tich V thay d8i ti
u(x, y, z, t;) dén u(x, y, z, ty) la

Q= [[ux 3,2 t2)-utx ¥, 2, 1) efx, v, Dp(x, 3, AV
v ' _
trong d6 c 14 nhiét dung, p 14 mat d5 ctia méi trudng.
- Tinh chinh x4c dén cac dai lugng nhé so véi AV, ta c6
tg
u(x, y, z, ty) - ulx, y, z, ty)= %t‘idt

L%
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Vay

Qs _I dt Icp———dv

L
Nhiét lugng nay phai bing Q; +Qy, vay

Qs-Q;-Q;=0

ts
hay J- I [cp— -kAu ~ g] dxdydz =
t,

-

Vi khoang thdi gian I bat ki nén

I(cpu't—kAu ~ g)dxdydz =0

Déng thdi ving V ciing Ia tuy ¥ nén & mjt diém bat ki clia
mdi trudng, ta phai ¢é ding thiic

cpu'y - kAu-g=0

2 ." " r 1
hay ' - a“(u", +u vy Ty = c—pg(x, v, % t) {5.1)

trong dé a’ =-£.
cp

Phudng trinh (5 1) goi 14 phuong trinh truyén nhiét, nghiém

= u(x, y, z t) cia phudng trinh nay mé ti su phan bé nhist
dd trong méi trudng truyén nhiét.

Néu g = 0, ta c6 phudng trinh truyén nhiét thuin nhat.
Ngudc lai, phudng trinh 13 khéng thuin nhat.
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§2. BAI TOAN cOSI DOI VOI1
PHUONG TRINH TRUYEN NHIET MOT CHIEU
TRONG THANH DAI VO HAN

Ta hiy xét st phin b& nhiét d6 trong mét thanh rat manh
nim doc theo truc x, do d6 nhigt do & méi tiét dién cua thanh cé
thé coi nhu 13 ham ctia x va t: u = u(x, t). Gia su cic mit bén
cla thanh la cich nhiét. Khi d6 phudng trinh (5.1) ¢6 dang

1
u'y—alu',, =—g(x, t) (6.2)
cp
trong d6 a’ =-k—. Gia st cAc hé s6 k, ¢ va p 13 cac hing s8;
cp
chiing quan hé véi mét don vi dai cua thanh. (5.2) 14 phuong
trinh truyén nhiét mét chiéu.
Bay gid ta md td bai toan Cbsi : tim ham u thoa mén
phuong trinh
', - a’u", =0 (5.3)
va diéu kién ban diu '
ulyg =f(x) (e<x<w) (5.4

(diéu kién nay cho ta sy phan bd nhiét do § thai diém ban du
t=0).

Ta s& tim nghiém bang phudng phap Furié.
Dat u =X(x) T(t), ta cb

v’ =XT, u'yy = X"T
do @6 XT' - a"X"T =0
hay
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- Tu ddétacd .
1--*b—const 1=f:12h \
T

nghia la

T = Ae® Pt
Vi tai méi diém cta thanh, nhiét d6 khéng thé tang 1én dén
v6 ciing khi t — +oo, nén b phai 1a 4m : b= -A%. Do d6

2

T=Aea™t
h X = BeosAix + Csinix
- Vay
. —aZ 2t
u =(ABcosix + A.Csinix)e _
Trong dé céc hing s A.B va A.C cé thé phu thude viao A
AB=M@); AC=NQ)
Nghiém caa phuong trinh (5.3) ¢6 dang
w, (%, t) =[M(A)cos Ax + N(L) sin Ax] e_az‘}”zt (5.5)

Do khéng ¢é diéu kién bién (thanh vé han), A ¢6 thé 14y céc
gia tri bat ki tif —eo d8n +o0. Do d6 thay cho tdng, chiing ta tim
nghiém cla bai toan dudi dang tich phin theo A

‘ulx, t) = I u; (x, t)dA =

- I [M(A)coshx + N(A)sin Ax]e ™ ¥t (5.6)

Dé dang thay réng, ham u cho béi (5.6) 1a nghiém riéng ctia
phuong trinh (5.3), néu tich phan suy réng d6 1a hoi tu va ¢
thé lay dao ham biéu thitc dudi dau tich phén theo x va t.



w'y = —aZA? j [M(A) cosAx + N()sin Ax] e 22ty

at =22 I [M(A)coshx + N(L)sinAx] e 8 Mty

~1x oot 2
nghia la v’y —a“u",, = 0.

Ta chon M(A) va N(A), sao cho ham (5.6) thod min diéu kién
ban déu (5.4)

u|t=0 =f(x)= I [M(X) cosAx + N(A) sin Ax] dA

—

So sanh véi khai trién Furié clia ham f(x) (xem Phu luc),
ta co

M) === [ £ coshzdt ; N =L [ £E)sinrcae
2n 2

Thay vao (5.6), ta dudc :

u(x, t)=2—];tJ‘ I f©)cosh(E - x)dE | 2 Mty 6

—O3

D61 thit ty tich phan, ta duge

oo

u(x, ) = I £(8) 2—111: I VM s ME—x)dA |dE (5.8)

—oa
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D& tinh tich phan bén trong diu méc, ta dat a2t =p,£-x=gq,
ta di dén tich phéan

L e_plz'cos qAdAi = K(p, q)
2r _

- )

L&y dao ham hai v& theo q, ta dugc

a—K=——-1— I re P gin qAdr
aq 2n
1 T 1 0, ;2 .
- == X AdA
2n,[2p.ax(e ) sing
2
=lie—lﬂ sinq I—-——-—Ie pA? cos gAdA
n 2 m 2p
:ii I e pA cos qAdA = -—K(p, q)
2p 2r
Do dé K+ LK, =0
dq 2p
Vay K(p, q) = Ce™@ /4P

Trong d6 C la hing s§ d6i véi q, C = K(p, 0). Nhung

K(p, 0) =— I e M ) =
: 2r

—C

i J' >
—— | e da

= |

véi o = Jp A . Theo cong thite tich phin Poatxdng (Poisson), ta cb

oo

I e do = (5.9)

-
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Do dé C= va

1
N

2
" /4p

K(p, 9) =
Tré lai bién s6 ca va dit K(p, @) = Ux, t ; £), ta cb

Ui, t; 8= e I e_azl21 cosAME —x)dA =
- E-x)°
e da’t (5.10)

B Za\/E

Thay vao (5.8) ta dugc

u(x, )= f £E)U(x, t ; E)E =

C(E-x)?
4a2t
2aJ_ I f(&)e dE 5.11)

§3. Y NGHIA VAT Li CUA NGHIEM CO BAN
HAM DENTA (DELTA)
Gia st phan b8 nhiét dé ban dau ¢6 dang nhu hinh 33 nghia la
— néu |x— x| <h -
f(x)={2h
0 néujx-x,|>h
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khi d6 phéin b6 nhiét d6 trong thanh ¢6 dang .

a0 X, +h
ulx, £) = jf@U(x,t;a) de=— j Ulx, t ; £) dE
—0 x,—-h
X,+h
1 1_ i — -_
= UG, 65D fhdé-U(x, £ )

O day ta 43 ap dung dinh I

) § trung binh tich phén, vdi £ 1a mét

diém nao d6 trong khoang x, — h dén
I |

E x0+h:x0—h<§<xo+h(H;33)-
! Chuyén gidi han khi h - 0, & sé

o Tam X
oh X x tién dén x, ta cd ulx, ) = U(x, t ; Xp).

Vay nghiém (5.10) cho ta phén
bé nhiét & thoi diém t > 0, néu &

Hinh 33
thoi diém t = 0 ta ¢6 ngudn nhiét diém tic thoi 8 diém x,. Phan
bé nhigt nhu vay duge goi 1a phan bd theo ham denta, ki hiéu
12 8(x - x,), dude dinh nghia nhu sau :

0 néux=x,

a) 8(X~xo)={

+0 néu X = X,

+a
b) Iﬁ(x -X,)dx =1 {(xem phu luc IV)
V& mit vit 1f, phan b6 nhiét db f(x) = 8(x — x,) c6 thé thyc
hién nhu sau : & thdi dim t = 0, ta ting nhiét d6 & l4n can x,
_1én rit cao.
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Tt dinh nghia ham denta, ta suy ra
I f(x)d(x - x, )dx = f(x)

Ham U(x, t ; x,) duge goi la ham ngudn. Db tlu cua né véi gia
tri khac nhau cia t trén hinh 34, cac dudng cong (1), (2), (3), (4)
tuong dng véi cac thai diém 0 < t < t2 <13 <t, Ta ciing ¢6

[- -] _ ! o
U(x,t;xo)dx=ﬁ;‘[e. tat gy L I *do=1
a

trong 46 o=

Xﬂ -
2at

Hinh 34
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Diéu d6 ¢6 nghia la dién tich ndm duéi cic dudng cong
y=Ux, t;x) bing 1.

Hinh 34 biu dién su cin bing nhiét s trong thanh sau
xung lugng nhiét.

Tudng ti nhu trén, sy truyén nhiét trong ban méng rong v
han dit trén mit phing x, y thoa man phuong trinh

u;—a (u“n + u"yy) =0
va diéu kién ban diu
“|t=0= f(_X» y)
Nghiém cia bai toan Cési cé dang

Mmmw=jjﬂ;mmmnaU&tmnwm

_EXP+(m-y)

Bai toan tuong ing trong khéng glan Ba chiéu la
u"y - a Uy tupy +u", 3 =0
u|t=0=f(x, Y, Z) -

c6 nghiém

o oD O

ux, v,z t)F I I If(é,n,C) Ux, t;8) Uy, t;n)

—C) O —O

Uz, t; O dE dn d¢
oo E-x*+n-yY +({~2)?

=Ej§§ITT%mik 427 x dE dn d

— 00—
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Trong phudng trinh truyén nhiét, hé sd a chinh 1 van téc
> . k .. - R - = »
truyén nhiét : a = ’— , nhiét d6 trong thanh cin bang cang
cp

nhanh néu hé s§ truyén nhiét trong thanh cang 16n va nhiét
dung c cang nhd.

$4. PHUONG TRINH TRUYEN NHIET
KHONG THUAN NHAT
Xét sy truyén nhiét ti'ong thanh manh dai vé han, cé ngudn
nhiét. Phusng trinh mé ta qua trinh nay la

u, - atu. = gx t) (5.12)
cp

ufi=0 = £(x) - (5.13)

Ta biéu dién ham ig(x, t) duéi dang tich phan Funé
cp

-(-:l-F—)—g(x, .t) = I [P(l, t)cosAx + Q(A, t) sinlx] dv (6.14)

trong d6

o

P(A. 1) =_1: — g(‘é, t}cos l§d§

4 = (5.15)
Qv == % j g(E, )sinAEE
| ’,
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Ta tim ham u dudi dang
u= I [M(A, t)cosAx + N(A, t) sinlx] di (5.16)
Thay ham (5.16) vao phuong trinh (5.12), ta cé

J. {[M ‘W, 1) +a?A MO, t)] COSAX +

F[N', 1)+ a?A2NQ, t) |sinAx] dA

= I [P, t)cosix + QA t)sinAx|dA

Ding thitc nay phai thod mén véi t&t ca cac A v t 2 0 nén
M, +a”A2M =P, t), Ny +aZA2N=Q(A, 1)  (5.17)
Mt khéc (5.16) phai thod man diéu kign ban déu (5.13) nén

oo

f(x) = I [M(2, O)cosix + N(}, 0)sin Ax] dr

—y

nghia 13

M}, 0) = 51; I £(E) cos AE dE

N(, 0) =2_1n I £(E) sin AE dE (5.18)
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T céc phuong trinh vi phan théng thudng (5.17) va cac
- diéu kién ban dau (5.18), ta tim dude

t
M(A, t) = o2 A _[P(x, s)e? A 5ds + M(A, 0) | =
0

t

- 242 2.2
IP(l, g)e @ M (-8)qs L M(A, 0)e 2 Mt
0

o t
NQ, t) = e @M { faa. $)e? M8ds + N, 0) | =
0

t
Jaa, 9 t9ass NG, e
Thay vao cdng thite (5.16) va chi ¥ dén (5.15) ta c6

¥ . -a%3%¢
ax, t) = _[ [M(h, 0)cosx + N(A, 0)sin Ax]e™tdn +

—a0

—0 |0

w bt :
+ I { I[POL, s)cosix + Q(A, 8)sin Ax] e_azlz(t_s)ds}dk

S6 hang thit nhit tusng ting véi nghidm (5.6) va do d6 tuong
ing vdi nghiém (5.10) ciia phuong trinh thuin nhit. Vi vay, ta ¢
o

ux, = [ EEUE, t; e+

-
—on

t| =
r 2
+ I[Pa, s)eosAx + QA, s)sinAxle® * ¢-9qa bds =

0 |-
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= | fOUGR, t;8dE +

—c

t| =
+_1-I|:jg(§, ) Ux, t-s;6dE|ds  (5.19)
Pyl <

trong khi tinh toan, ta d sit dung cong thte (5.10).

Thay d8i thd tu tich phan trong tich phin thd hai cua
(5.19), ta cb

u(x, t)= j £E) U(x, t; E) dE +

el j g 0, UGk, 1 8) & . (5.20)
cp ) .

trong 46 g€, t), * Ulx, t ; &) ki hiéu tich chép cua cac ham g va
U theo t vdi1 dinh nghia -

t
IA(S) B(t-s)ds = IA(t -5) B(s)ds

Céng thiic (5.20) chitng t6 ring nghiém ctia phudng trinh khéng
thuén nhit 1a tdng cia nghiém clia phudng trinh thuin nhat

j (9 Utx, t: ) (5.21)

thoa méan difu kién ban diu (5.13) va nghiém cua phﬂdng
trinh khéng thuan nhat

L j g(& 1) * UGy, t; E)E (5.22)
cp .

thod méan diéu kién ban dau khéng.
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Vay nhiét d6 u 12 duge cong tir nhiét d6 (5.21) do su cé mat
cua nhiét d6 ban ddu f(x), nhung khéng ¢6 ngudn nhiét trong
thanh va nhiét d% (5.22) do su ¢é mit cla ngudn nhiédt g(x, t),
nhung nhiét d3 ban d4du bing khéng.

§5. SU TRUYEN NHIET
TRONG THANH HUU HAN

Ta xét sy phan b nhiét trong thanh hitu han d4t trén doan
(0, §) cha truc x, nghia 1a ta phai gidi phudng trinh

u -a’uy, = lg(x, t) (5.23)
ep
va diu kién ban diu
“|t=0 =f(x) O<x<]) (5.24)

Gia sif cic mit bén cia thanh 1a cach nhiét con & hai diu
x =0 va x =1 ¢ su trao 461 nhiét véi méi trudng ngoai.

Goi h 1a hé s8 truyén nhiét ngoai thi nhiét lugng truyén qua
mét don vi dién tich mit ti€p xic vao mdi trudng tai cac dau
x=0vax=I1la

ho(ulyzo - ug) vA by(u|ye;—u))

trong dé u: va u? la nhiét d§ coa méi trudng & tai cac diém

tiép xtc véi cde ddu mit. Nhiét lugng nay phai bing dong

nhiét di qua mét don vi dién tich cla mit tiép xdc tusng tng,
du Ju

' ¢ " . . ..
nghia 13 k= Taix =0, — = —=—, bdi vi phap tuyén ngoail
on dn Jx
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¢ miit x = O hudng theo chiéu dm cia truc Ox va tudng tng tai
au au F - = A LY -
x =1, — = — . Viy ta ¢ cac diéu kién bién la

Jn  odx

hu(ul}(:O - 1-1;) = kux."x=q (5.25)
hy(algey —up) = —kuy|yey

Néu cac ddu miit ciia thanh la cach nhiét thi hé s§ truyén
nhiét ngoai bang khéng h = 0. Néu cac ddu mut cua thanh
luén ludn duge giit é nhiét d6 bing nhiét d8 clla mdi trudng
ngoail thi ' ' '

* *
U|y=p = U, VA U x={ = W

Diéu kién nay c6 thé nhan duge tit diu kién (5.25) néu hé
58 truyén nhiét ngoai h tién dén .

Ta s8 giai bai toan hén hgp nay véi diéu kién ban diu (5.24)
va che diéu kién bién (5.25) bang phudng phap tach bién Furié.
Tuy nhién dé don gian bai toan, ta coi thanh la cich nhiét tai
diu x = 0, nghia 12 h, = 0 va ki hiéu h; = h. Vay céc diéu kién
bién cta bai toidn by gid cé dang

uy |x=0 =0

(5.26)
h(u

* )
x=1 ul) = _kux|x=l

Trudc tién ta chuyén bai toan thanh trudng hop c6 diéu kién
bién dong nh4t. Mudn vy ta dua vio ham méi u(x, t)
(%, t) = u, t) - u;
Ta c6 u'y = u'y, vi u; chi la ham ctia t va

*
uy .

:u|

g

x=1 x=1
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Vay ta c6 difu kién bién sau d6i véi ham u,

u; =0 '
1xlx =0 (5.27)

hu, x=l =" kulxlng

Thay u, vao phuong trinh (5.12), ta c6
*

, " 1 du
Uy — azulxx = gg(x, t) + 4

&t = G(x, t) (5.28).

con didu kién ban d4u (5.13) ¢6 dang
wif,_o= £) ~ g, g = H(X) (5.29)
By gid ta xét phuong trinh thuin nhat
| Uy - auy, = 0 (5.30)
Gifng nhu trong §2, ding phuong phap tach bién, ta cé

uye = TOXE) = e 2 [M(A) cosAx + N(L)sinAx]

trong d6 A, M(A) va N(A) 1a cac hang 88 ddi véi x va t. Ta
cho ham

X({x) = M(M)cosix + N(A)sinix
thoa man diéu kién bién (5.27). T d6 rit ra
N@R)=0
hM(A)cosil = kAM(A)sinAl
M) (hcosAl — kAsinAd) =0
Néu M(A) = 0 thi ta sé c6 X(x) = 0. Vay ta phai c6
heosAl — kAsinAl =0
| tgAl = F];L— - - {5.81)
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diéu kién nay ching té riang ham

X(x) = M(A)cosix
thod man cac diéu kién bién (5.27) chi d6i véi cac gia tri cua A
thod méan phudng trinh (5.31). Phudng trinh siéu viét nay cb

mot tap hop vb s6 cac nghiém (H.35) va ta chi xét cac nghiém
dudng 12 &4 vi cos(-A)x = cosAix

M <hg<Ag<..<hy <.
A
gl
j

Hinh 35

Cac nghiém nay déu 1a cic nghiém don va d61 vdi cac s6 n
ldn, ching gén bng (n — 1) nghia 12

dim Ay —nm) =0
n-»
Thanh thit ndu ki hidu M) qua M,, ta c6
Xl;(x) = M, cosi X
ham nay thoa min diéu kién bién (5.27). Vay ham
e_azl'21t Xalx) = 03_2’lzlit Mn cos(A,x)

ciing thod mén diéu kién bién (5.27) va phuong trinh thuén
nhat (5.30).
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Biy gio theo phudng phép tach bién, ta tim nghiém cla
phudng trinh khéng thuin nhé‘{t (5.28) dudi dang

uy LZT (t)Xn(x) ZT (t)cosh,, (x) (5.32)
- n=l .
CA ga N —a?Alt 4 N <
O day ta thay ham M e "®" bing ham chua biét T (t)
(twong ty nhu khi gidi phudng trinh dao déng cla diy khéng

thuéin nhit). N&u thay thé ham (5. 32) vao phudng trinh (5. 28)
va diéu kién ban dau (5.29) ta ¢é ding thiic '

Z(T];1 +a?A2T, Yeoshyx = G(x, t) (5.33)
n=1 '

va ZTn (O)coshyx = £1(x) (5.34)
n=1 :

Thanh thi ta phai khai trién f,(x) va G(x, t) thanh chudi Furié

()= Zan coshgx  © (5.35)
n=1
So sanh véi dng thic (5.34), ta cé |
T,(0) = ot (5.36)

bé x4c dinh o, ta nhan hai v& caa chubi (5.35) véi cosh X
va tich phian theo x tit 0 dén /, ta duge

J.fl(x)cosl xdx = Z Icoslnxcosk xdx (5.87)
n=1

166



Tich phan theoting phén, ta ¢6

! !

Icosknxcoskmxdx = l—l—coslnxsinlmxl +

m 0
0
. l
+£‘-‘—]‘sinknxsinlmxdx= '
m
0
1 . Al 1 i
= ——cosAylsinkl + - ~——sinApxcoshyx| +
Am ' Am m 0

l
_+il'[coslnxcoslmxdx = —l—coslnlsinkml -
)Lm )'m

0
!
Ao . A -
——g—smknlcoskml +-%jcosknxcoskmxdx
% . Am !
T d6 ta rit ra
i

A2Yp .
Ll - -'TJ co8 A X COS Ay XdX =

Mm

0 .
= —)é—coslnxcos?\,mx (A tEA ! - lntgl;ll) =( (5.38)
' m
.. Theo phuong trinh (5.31),.tacé
Aptedgl = Atgh 0= %

Do 46, néu n# m, nghia la A, # Ay, thitacd
l . L4

Icosknxcoslmxdx =0 . n#m (5.3%)

0
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Cé nghia la cdc ham riéng X, = cosA_x cha bai toan bién
X"+ 22X =0va X'(0) =.0, hX({) = kX' 1a ‘truc giao trén
khoang (0, J).
Néu A, = A, thi
{
cos” Amxdx =—;— J.(l + 0824, x)dx =

0 0
= 1[2 +———1 sin2kml] = 2tg12 mf ) _ =
2 7 W L 27»m 1+ tga lJ
_h .
kA,

Thay (5.39), (5.40) vao (56.36), ta c6

oy =————~—-—— Ifl(x)cosl xdx (5.41)
i k2k2 +h2 0

By gid ta khai trién G(x, t) thanh chudi theo cosh, X

G(x, )= D yn(t)coshyx (5.42)
_ n=1 . ’
Theb cong thite (5.41), ta cé
; .
Yult) = — J.G(x t)cos A xdx (5.43)

L+ kzlz 12 0
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Do dé, dang thic (5.33) c6 dang
T+ a?AlT, =y, (t) n=12,.. (5.44)
~ Diéu kién ban diu cia phuong trinh nay 1a (5.36)
T,(0) =
véi o, dude tinh i (5.41).
Phuong trinh (5.44) véi didu kién ban dau (5.36) hoan toan

xac dinh ham Tn(t) Tim duge T, (t) ching ta s8 c6 nghlem cua
phuong trinh can tim (5.32).

Vi du 1:Tim phin b8 nhiét d6 trong mét thanh déng chat
c6 ddn miit x = 0, cach nhidt. Nhiét d6 méi trudng u] tidp xic
v6i ddu mit x = I gid sit bing khéng. Nhiét d5 ban ddu trong
thanh khéng déi f(x = u, = const va trong thanh khéng cé
nguén nhiét g(x, t) =

Ta phai tim nghlem ciia phudng trinh thudn nhat
u' — azu"KX =0
(4}

vdi diéu kién ban ddu u|t_0 = u

va diéu kién bién déng nh4t

Uslx=0 = 0;hu x=l ~ kuX|x=I
Nhu trén da trinh bay, ta ¢é
Z n(t)cosA,x
trong dé
T, +a®2iT, =0 T, 0)=aq, (5.45)
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e . ~ . - - a7 =
vl o, 1a hé s8 cua khai trién u, theo chudi cia cosh X

o0 . N
u, = Z o, COSA, X O<x<l

n=1

Vay
o, = 2 juocosknxdx= :

n
I+ hk

5.0 .50
k*AZ + h?

2u, sinA,,/
+ ___I-E_._ k‘l"l
k%2 + h?

(5.46)

Ta héy tinh sink,l. B3 vi nghiém A, nim gitia (n - 1)-’; va

[n - —] (H.35) nén sinA ! dudng ddi véinlén=1, 3, 5... va

Am dmvo‘lnchann 2,4, 86,.. Dodo

h
si.n?\.nl — (_1)1’1-1 tglnl - (_1)11-'1 kk‘n -
1+ tg?Al . h?
24 2
k22
=yl
\,kzlﬁ +h?
Tit (5.45), ta tim dudc
: —a2a2¢
272 , o
Ty() = o0t = (R
s— K kB2 n?
k%2 + h?
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do dé

5 : 2 peMt
u=u, ) (-1)"° —— cobA, X
n=1 - I+ —'2;h-"k;-— Arr.szlg + hz

k%2 + h?

Ta thé‘fy ring, néu h = O thi cA hai diu cla thanh 13 cich
nhiét va nghiém cta bai toan la u = u, doi vdl moi t 2 0. V&
mit vat i k&t qui nay 1a hién nhién. Nhung v€ mit toan hoc

tlucanchuyla khih —»0tacéX; - 0 (H. 35). Ta phai tinh gia

tri cia cac o khih — 0. Ta c6 hhm 0y — uy
-0

Con lma, -0 n=2 3.
: h—0

Vidy 2 : Ta hdy xét su phan bé nhiét trong mét thanh cé diu
mut x = 0 cach nhiét, con ddu miit x = { ludén ludn giit & nhiét 46

bing 0. G théi difm t = 0, t&t ca cic diém cia thanh duge ning
1én nhiét 44 u, = const. Kho_ng c6 ngudn nhiét trong thanh.

Diéu kién ban diu gifnhg nhu bai todn trén
u|t=0 = u,
Diéu kién bién
uxl'x=0 =0 ulx:l =0

Do d6 trong nghiém

¢t [M(A)cosAx + N(A)sinAx]
ta phai dat N(\) = 0 d& thod min dién kién bién va cosAi = 0
nghia 1a

'= @n - Drn

A=t 2l

n=1,2 3..
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Nhu trong Ii thuyét, ta ki hiéu M(A)) = M, ta c6

_{2n—1)2n2a2t

e 2n — 1)nx
= M 412 -(-—'-——'
u nZ:I n€ cos By

Tu diéu kién ban ddu u|,_, = u, , nghia la

ZMHE’.M:% ©<x<I)

21

n=1l

f(x)

|
|
|

L

o
]
4

4

Hinh 36
P& tinh M, ta khai trién theo césin mt ham chin béng -u,

trén quéng (I, 20), bing u, trén quing (0, J) va c6 chu ki 13 4/,
(H.36). Khai trién ham niy irén quing (0, §) & dim bao cho
diéu kién ban ddu trén duge thoa mén. Do d6

! ' 21 “
M, = E‘-“'-Icos—-———(zn - 1)m‘dx —-hjcos———-——(zn — l)nxd_x =
21 5 21 2l / 2l
— (__1)11-—1 du,
(2n - m
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Nghiém can tim c6 dang
g . _{2n-1)*n*a%
2
=u,— » (-)°1 7e 41 X
“n Z:‘ 2n — _

(2n - mx
2! '

X cos

D4 thi cia ham nay véi
cac gia tri khac nhau hén
tifp 0 <ty <ty < tg < t,
biéu dién trén hinh 37.
Khi t — =0 nhiét d cha t4t
ca chc diém cla thanh ‘
tién dén khong. Hinkh 37

Ta thiy ring nghiém cia bai toin nay c6 thé rit ra tit bai
toan & vi du 1 bang cich cho h — . Thyc vay kh1 h — &,

xn 2n-Dn
2 - 2 A =1
I+ —-—bk—-— { szlﬁ + h?
kZA2 + h?

va nghiém ctia bai tean & vi du 1, trung véi nghlem u d bai
toan nay.

BAI TAP CHUONG V

1. Tim phin bé nhiét d6 d thoi diém t > 0 trong mét thanh
ddng chat, c6 49 dai , thanh bén cach nhiét, hai ddu duge gii &
nhiét 45 bang khéng, phan bé nhiét ban diu c¢6 dang

cx(l -

u(x, 0) = 12
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Ddp s6 :

e+ 1) 2a2
i 12 ~ sin (2n + )nx
S @+ I

u(x, v = =
T

2. X4c dinh nhiét d6 3 méi di€m cia mdt thanh bing dong
chidu dai I = 100cm, ¢6 thanh bén cach nhiét, cAc ddu miit duge
gill & nhiét d6 bang 0°, nhiét dd ban dau

£(x) = 50° smz—"'f‘-

Cho bigt : ¢ = 0,094 keal.g *

h=0,9 kca_l. em™! g*l
P ="8,9g.cm_3
Ddp s6': |
T(x, t) = 50°e 0004 sin2Tn
3. Tim dinh luat cin bing nhiét dé ban diu
. x{l - x) . . ax L
T(x, 0) = Asin trong mdt thanh, cac dau mnt cua

nd cach nhiét.
1} '
Bdp s6': T(x, 1) = 5 j' T(x, O)dx +
' 0

U nznzt i ]
Ye P cos—m;—xj’l‘(x, 0) cos$dx
n=1 0

+

e [ DD

(Thay T(x, 0) vao tiép tuc tinh cac tich phan). -
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4. Thiét lap phuong trinh truyen nhiét mjt chiéu cé ké den
su trao déi nhiét qua mit bén cta mét thanh dong chat

Bdp s6°: ut—au"xx—b U-uw=¢

trong dé a® = -lf'—, b 1a hé s6 truyén nhiét ngoai, U Ia nhiét dg
op
- clia méi trudng ngoai, g 13 mat d6 nguén nhiét trong thanh.

5. Tim phén b& nhiét d6 trong thanh & thoi diém t > 0, néu
hai ddu mit clia thanh duge giit § nhiét d bing khéng. O thoi
diém t = 0, thanh c6 nhigt d6 khong d6i T,

Ddp s6":

(2:1-—1)2n232t

_qyp-1 Guslmatt ;
u(x, t) = 4T Z (Zn) T ar xcoszn% 11rx
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Chuong VI
PHUONG TRINH LAPLAXC

Trong chudng nay ta s& xét cac qua trinh séng trong khing
gian, dic biét 13 sy phan bd dimg ctia ching. Qua trinh dé
duge md tA bing phudng trinh Laplaxd. Nghién citu nghiém
cia phutcing trinh nay bang phudng phép tach bién ta sé gip
mdt s§ ham dic biét nhu ham cau, da thic Logidngdrd...

§1. THIET LAP PHUONG TRINH

Phudng trinh séng ddng nhat ba chifu cé dang

2 =
u"tt —a (u"xx + u"yy + u“zz) =0

Phuong trinh truyén nhiét trong mot vat thé ddng chit cb
dang
u.t _ a?(unxx + u"yy + u"zz) =0
Trong trudng hgp khi him u = u(x, y, ) khong phu thudc
vio t, nghia la u' =0 va u", =0 ta ¢ phudng trinh Laplaxd

L u"yy +u",=0
hay -
Au=0
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Phuong trinh niy md ta cac hién tugng diing nghia la cac
trang thai khong thay ddi theo thdi gian. Ching han nhu phan
bé ditng cua nhiét dd trong vat thé, hay trudng mat d6 dimg
trong chét khi, déu thoa méan phutdng trinh Au = 0.

Biy gid ta hiy xét diéu kién bién 461 véi bal toan truyén
nhiét ditng. Su phén b& nhiét ding bén trong vat thé dong
chit thoa min phudng trinh Laplaxo

Au=0 (6.1)
Gia sif vat thé chiém ving V giéi han béi mét kin S.
hu(M) + ka—u = f(M) (6.2)
dgn s

Trong d6 h va k 1a céc hing s6, u(M) la gi4 tri clla nhiét &6

- ) v L] L - au
cua vit thé ¢ diem M cua mét gidi han, con —
n

la gia tri cua
5
dao ham theo huéng phap tuyén ngoai § diém M.

Vay ta di dén bai toan bién sau : Tim ham u(x, y, z) lién tuc
trong mién déng V + S thod man phuong trinh (6.1) va diéu
kién bién (6.2).

Ta xét cac truong hgp riéng quan trong sau cha diéu kién
bién. ' '
a)k=0, u(M) = %f(M) = £, (M)
hay
u|y = (M) (6.3)
nghia 13 gia tri cia nghiém cin tim trén mit giéi han la da

cho. Bai toin nay goi la bai toan bién thd nhit hay bai toan
Dirichlé (Dirichlet)

12-Phucng phap TL A 177



byh =0

du

on

o = FEOD = £,0M) 6

nghia 1a cho gi4 tri clia dao ham theo phudng phap tuyén clua
nghiém cén tim trén giéi han. Bai toan nay goi la bai toan bién
thiz hai hay bai todAn Noman (Neumann).

Néu h # 0 va k # 0, ta c6 bai toan bién thi ba.

Viée giai bai toan (6.1) véi cac didu kién bién trén c6 vai trd
- quan trong trong vt li (u cé thé 1 nhiét d¢, thé tinh dién...)

$2. PHUONG PHAP GRIN (GREEN)
DE GIAI BAI TOAN DIRICHLE

Cho P, la mot diém bat ki clia vung V d3 quy dinh. Bao
quanh né bing mit cdu S, ¢é ban kinh dii nhé . Qua ciu nay
nam tron trong vang V. Ki higu V, 1a phan cta ving V ndm
ngoai mit ciu S, do 46 V_ duge gidi han béi hai mit S va S,
Cong thdc Grin d61 véi ving V,_ 1a

J (vAu — uAv)dV = Cﬁ( — - u%v-] ds +

L

0

+ (ﬁ[vﬁ‘i - uﬂ) ds (6.5).

Trong cbng thiic nay, ta xem u 14 nghiém ctia bai toan
Dirichlé, con v duge chon 13 ham Grin G(P) xac dinh nhu sau -
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G(P) = —— + H(P)
s p

trong dé rp , 12 khodng cach gifia diém P, va mét diém bién
thién P(x, y, 2), H(P) 1A mét ham thoda man phuong trinh

£ > -
dél véi cae didm

Laplaxd trong ving V va nhén gia tri -

s M
M cua mit S '
H(M) = - —
o M
Do d6 G(M) = +H(M) =0
P M

Ta d& dang kiém nghiém dude ring ham thod min

p M
phuong trinh Laplaxs d6i véi tat cd cic diém P khac véi P,
nén ham v = G(P) thoa min phuong trinh Laplaxd & t&t ca céc
diém cia ving V,. Nghia 1a trong viing niy Au = Ova Av=0.
Do d6, cong thic (6.5) c6 dang

— e u— — en— = 6
(ﬁ(van “an ds+¢ van uan dS=0 (6.6)
S, S
Nhung béi vi trén mit S
- - v=GEPE)=0

con u = f1(Q), nén
du Bv] 0G
——u—|dS=-Pp fHM)—dS
é[van uan d @1( )an
8 8
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Vay theo (6.6)
(ﬁ[v?—i—g—] ds = (f)fl(M)—-ds 6.7)

8

o

Bay gid ta tinh tich phin trong vé trai caa (6. 7). Néu ki
hiéu M, 13 mét diém bat ki trén mit ciu S, ta cé

du Bv]
— e ] — dS_
@(v dn uan
8

L)

: {11
(1 Y du aLrPM ) oH
=<]S FHIR | EM S O e
! rPoMo Jan on Jn
1 oJu a{rle j dn dH
= @ &0 dS + é[H———U"—-‘IdS -
o M dn J 4 dn Jn
SQ- L) [+]

S 1)
2(‘{) 1wy )
S

———u—=—0_ |48

Tp M, on In

L]

Vi ham u va H thod mén phuong trinh Laplaxd trén toan
mién V, diic biét ngodi qua ciu V, nghia }a viing V-V, , nén
theo céng thitc Grin

du BH)
HE _ w2 gs = - V=0
@( . u o ds I (HAu —uAH)d
S, viv,
Thay thé rp\ TE,tacd

(ﬁ 1 L‘ﬂ'ﬂds_— Mys= L nsz(ﬁ_‘-)w; e[a“]
o ap an S Jn e Jn dn
So o [+ 3

Q
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Trong dé theo dinh Ii trung binh tich phan (—22) la gia tr]
. n

o al] 2 - Ly ~ - - i -
trung binh cta n ¢ mgt diém nao d6 cua mit cdu 5, Do db

lim(ﬁ ! —a-ﬂds=0 ' 6.8)
' e—-)OS rPuMo Jn

Mat khac, dao ham theo huéng phap tuyén ngoai & cac diém
M, cua qua cdu S,

afl\

1)
L"P(,M,,J": LrPDMOJ_ 1 1
o Mo M, e M, ¢’
Thanh thi
oy
r .
@u fM dSz—l-géudS=i24m:2ﬁ=4fﬁi
J on e d e

trong d6 W 1a gia tri trung binh cla u § mét diém nao d6 cia
mit cdu S,. Do dé

(1)

aLr J .
lim pu———eMa? 48 = 4my(p,) (6.9)
e0J Jn '

8

Béi vi v€ phdi cla (6.7) khong phy thude £ nén v& trai cia
né ciing khéng phu thuéc €. Do 6, theo (6.8) va (6.9) ta cb
(ﬁ(va—u - u-al] dS = lim [v% - ui] ds

on gn g0 dn
SD SOI
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(1)

Vay, ddng thic (6.7) cé thé duge vist dudi dang sau

dma(P,) = (fm (M)—dS

‘hay wP,) = ——c.[)fl(M)—-ds (6.10)

Bdi vi P, 1a mét diém bat ki trong V, nén céng thitc nay cho
nghiém cia bai toan dang xét, néu bi€t ham Grin. Do d6 aé
giai bai toan Dirichlé, trude tién, ta phai xay dung ham Grin G
l1a ham cta 6 bién 8 (3 toa dd z, y, x cia diém P va 3 toa d6
Xo, Yo, Z, cla diém P,) : G =G(P, P,). Dibu d6 tuong duong
véi viée giai bai toan Dirichlé d6i véi ham H

. 1
H=0véi H|g=-——
P M

Thanh thi ding céng thidc (6.10) dé tinh nghiém khéng
phai 12 dé diang va chi trong mdt s6 ving den gian ta méi cé
thé st dung dude né.

§3. GIAI BAI TOAN PIRICHLE POI V31 QUA CAU

Ta chon viing V 14 qua cdu ban kinh q ¢6 tim & gfc toa d8
va P(%,, Vo, Z,) 12 mot diém bat ki bén trong né. Liy diém

* . C s n .3 '
P, nim trén mot tia di tit gée toa 4§, qua diém P, sao cho

182



* . p ¥ LI, 2 - ~ *
r,r, = q° trong dé r, = ﬂxg + y(z, + z(z) s %, la khoang cach tu P,

dén tdm qua cdu. Vay ta c6
{2 2 2
. q q 9
PO L_Q_XO! _E'Ym _220J
rﬂ rD Lo
Hién nhién P, nim ngoai
qua ciu (bdi vi r, <q, thanh

2

thd 1, =3~ >q). C4c diém P,

9]

va P, 13 d6i xting dt véi mit

cau S, giéi han qua cdu V. Bay
gid ta chitng minh rang néu M
13 mét diém bat ki trén mit S,
thi ti s8 cAc khodng cach tit M dén P, va P: la mét dai hugng
khéng 461, khong phu thuge vao M. That vay, néu ki hiéu P,M

Hinh 38

va P:M qua rp\, va rpe, . (H.38) ta thiy hai tam gisc OMP,

va OMP, la déng dang béi vi

*
a_5
r, q
Ty d6 rit ra
I'P*M q
—2— — -~ =const (6.11)
rPDM Y,

Bay gio ta d€ dang chon ham Grin cho qui cdu V 13 ham
1 1

GP)= —_-3_ =

rPOP I, rE’:P
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Ta chi cin kiém nghiém lai la
HP)= -1

fo Tp'p

thoa mén phudng trinh Laplaxo trong qua cidu V- va
1

1 m
" That vay, vi P, nim ngoai qua cdu V, nghia 13 H(P) dugc
x4c dinh & tat ca cac diém bén trong V va do dé
oy
AL
LrP:PJ

Mit khac ta cling ¢6 (theo §2)

H_ =H(M) = e 1 1

Bay gid ta tinh dao ham theo phap tuyén ngoai %Ci trén
n

mat cdu S. Bdi vi dao ham theo phap tuyén ngodi & diém M
clla mit cidu S tring véi dao ham theo phudng ban kinh

|
dnlg  Or =g
r= 2+y2+z2

nén ta chuyén sang toa dd cdu. Gia su toa d6 ciu cua diém P 13

r, 8, ¢;cia diém P, la r,, 0, ¢,, khi dé P; s& cb toa db cau
2
a3 o, g,

¥
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Cac vectd don vi theo cic phudng OP va OF, 1a

sinﬂcos(pi +sinBsingj +eosOk

sin @, cos@, 1+ sin@ sing,j + cosd, k
thanh thi ta c6 thé tim géc vy giita
OP va OP, qua tich v6 hudng cta
hai vectd don vi trén (H.39).

Hinh 38

cosy =sinBsinb_cos@cos@  +sinfisinf sin@sing  + cosbeosO
=sinBsin@_ (cospcos@, +sinpsing )+ cosicosb,

=cosBcos9  +5in Bsinf  cos(p— 9, ) (6.12)

TU cong thie rp p = Jrz + 12 — 2ry, cosy , ta rit ra
o

9 Y r-r,cosy
arLrPOPJ ) rgop
va
_a_[ 1 ] __§-rycosy q—1I,CcosY
Jr b p r=q qffj’DP (&2 +r02~2qr0 0087)3
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2
Né&u thay thé r, cho 2 tatim dugc
. rU
2

q—-q—-—cosy
—_ . .O

";q [Jq +== q4 2r:1-9—2-cole3

I‘O Ty
¥, Yy, —qeosy.

(Jq2 + rf - 2qr, co:sw,')3

Theo cong thie (6.10), ta nhan duge nghiém sau diy cua bai
toan Dirichlé d6i véi qua cdu q c6 tam & gde toa dd

2 2

uP) =g p—I % g oas
4nq ( J 2. 2
s |4q°© +r; —2qr, cosy
hay
2nm 2
)-4 _” ] = £(6,9)sin6d0de (6.13)
T

\/q +r - 2gr, cosy

Trong d6 ham f;(M) la ham cta céic toa d cau 8 va ¢
trén mit cdu S gidi han qud cAu V, ki hiéu la £, o),
dS = q%5in0dode, con cosy dude tinh bing bidu thite (6.12).

Céng thile (6.13) cho ta nghiém & diém P, c6 cac toa d8 cdu
1a r,, 9,, ¢4, 14 nghiém cia bai toan Dirichlé d6i véi qua cau.
Né thoa méan phudng trinh Laplaxc bén trong qua cdu va nhin
gia trj trén giéi han £(6, 0) ; u|,—q=1(8, ¢).
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Tich phén (6.13) dude goi 1a tich phin Poatxéng d61 vdi qua
cau, con ham

1 q2 - 1'02
an 3
1 (qu + 1'02 —2qr, cosy

14 nhin Poatxong Ta nhan xet rang tich phin nhan Poatxong
theo cd qua ciu la bang don vi

.2
41 (f) = 399
nq

S (\IqQ + r(;z —2qr, cosy)

2n

-9 J‘
4w

0

Pé6 1a vi bai todn Dirichlé c¢6 nghiém duy nhit, nghiém nay
khi £(6, ¢) = 1 phaila himu=1.

Vi du: Xét phan bd ditng cua nhiét d6 trong qua cdu dong
nhat ban kinh q véi diéu kién 1 nia trén duge giit & nhigt 43
khéng, nita dudi 6 nhiét dé 1. Vay ta phai giai phuong trinh
Laplaxd véi cac diéu kién bién

- 2
I fo 75In0dode =1
0 q + r0 -2qr, cosy) '

0 khi 0<8 <§

CRR
1khi—<0<n

2

Theo cdng thiic (6.13), ta cb
21: 3
o - 12
sm odedo

0::!2 q +r —2qr, cosy|

Ta tim phdn b8 nhiét do trén ban kinh véi 6, =0 va 6, =1
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Khi 8, =0, cosy = cosf va

2 n

2 _ .2 - '
u) =L | j 9% _inodode-
on/2 q2+r3—2qrocos9
- =R
_a|_ - _
2 qro\,q2+r3—2qrocosﬂ _T
2
B A ., )
2 LJq +x2 q+rOJ
con khi 0, =7, cosy = —cos0 va
2 2
1q° - 1
u(P0)='§q ro ( _ 1 \ (-**)
DI CEEN e

Ca hai cong thiic nay khi r, -0 cho ta nhiét d6 § tam
qua ciu.

1

u ()|, _, =5

Ta tim nhiét @ cla né & giita ban kinh thing ding phia
1 ' : 1
trén (r, =—2-q trong cong thic (*)) va phia dudi (r, =§q trong
cong thie (**)).

u(Po) i =

| oS 18
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§4. GIAI BAI TOAN DIRICHLE
POI V6I NUA KHONG GIAN

Xét nita khong gian nim phia trén mit phing xy, nghia la
z> 0. Tim ham u(x, y, z) thod mén phudng trinh Laplaxd trong
nua khéng gian nay va nhén gia trj giéi han

;-0 = f(x, y)

Trong trudng hdp nay vu.ng V (nita khéng gian) la v6 han,
con mit bén S cla né (mit phing) khdng phai la mat kin. Ta
c6 thé ap dung phuong phip Grin vao viéc gidi bai toan nay.
Nhu trude, hAm Grin d61 véi mia khéng gian z > 0 13 ham

G(P) =—— + H(P)
P

Trong dé F,(x,, ¥, 2%,) 12 mdt diém quy dinh cha nia
khong gian z,>0, P(x, y, 2) 1a mét diém thay déi cta nita
khéng gian z > 0, ct‘m. H(P) thoa méin phudng trinh Laplaxo
trong nita khéng gian va diéu kién

1
Hig=-

e M

Thanh thu G(M) = 0, trong d6 M(x, y, 0) 1a mét diém ctia
mit phing xy. Khi d6 nghiém duge cho bing céng thic

u(P )= ———-—Ifl(M)—dS

trong d6 S 1a mit phing xy, fi(M)=1(x, y) va

9G =_E| -
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(B3i vi chifu cla phap tuyén ngoai & cac diém chia mat S
tring véi chiéu Am cua truc z). Vay

o0

1 (¥ 3G
U(XO, Yo Zo) = f(x, Y)-"_ dx dy (614)
41t 9z lz=0

T4t nhién ta phai gia thiét 1 cac gia tri gidi han cia f(x, y)
phai lam sao cho tich phéin (6.14) 1a héi tu. Ta dé dang tim
dude ham Grin 48i véi nlta khéng gian

aep) =L 1

,p PP

“trong d6 P: (%o, Yo Z,) 12 diém d6i xing véi diém P, qua mit
pheamg (x, y) (H.40). z '

Thuc vay

1

H(P) = -—
PP

L]

dude x4c dinh trong toan bd nita khéng gian z > 0 va thoa min
phuong trinh Laplaxd trong 46 AH = 0 va diéu kién

£ 1 1
H| = HM)=-——=~-
r .« ¥,
P'M PM
Vi Te'Mm T TP, M
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Vay ta co

G(P) - L -
V%)% + (v - )2 4 (z-2,)
] :
e ooty
va 9G 27, - |
% im0 (\/(x x,)? +(y - y0)2+z J
Vay
(X, Yo, 7,) =
:ET;J'J' fx y) ~dxdy  (6.15)
Sl N PSR Yol +2 |

néu tich phan hai lép nay héi tu. _
Vi du: Gia sif trén gidi han cla nia khang gian ddng nhit
ta git nhiét 46 trong vong tron K(x? + y?< 1) khong d6i bing -

1 va bang khéng ngoai vong trén ndy. Ta tim phan bé ding
cia nhiét 46 trong nia khéng gian.

Theo céng thic (6.15)

dx dy
11( 0y Jo» o)"_
e ” R

Dic biét, trén ban truc duong z(x, =0, Vo =0)

(0, 0, zo)___”‘ e ]3.
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Néu chuyén sang toa d¢ cuc trén mat phéng Xy : X = rcosy,

y = rsing, ta cé

12 1
u(0, 0,z,) = ;0 II _ rdrde :ZOI
0

T '
g0 !‘+Z

1

I‘+Z

PR I S
=-z (r" +2z;) |0“1 >
1+z0

Thanh thi khi cho diém P,(0, 0, z,) tién dén vé cung doc
theo nita truc dudng z, nghia 1a khi z, — o thi u(0, 0, z) — 0

. . Z -
bdi vi ——— 1.
1+z;

§5. PA THUC LOGIANGDROU (LEGENDRE)
VA PHEP TACH BIEN TRONG TOA PO CAU

Xét phudng trinh Laplaxg
Au=90
Ta hiy giai bai todn nay trong toa d6 ciu. Khi d3, toan ta
Laplaxd c¢6 dang

( 2 a“) +-_1—1(sine-ai) +—1—-a—“ =0 (6.16)
or dr/ sin6 08 30/ . sin” 6 3>

By it ta ding phudng phap tach bién dé nghién clu
nghiém ctia phudng trinh nay d8i véi qua ciu.
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Mot nghiém bat ki cua phudng trinh nay u = u(r, ¢, ¢) phai
13 ham tuin hodn ¢ cb chu ki 2n: u(r, 9, ¢ +2nm) = u(r, 8 ).
Phén tich nghiém nay thanh chudi Furié, ta cb

u= %oco(r, 6) + Z[an(r, B)cqsn(p+ Bn(r, 6) sinnoe)

n=1

Thay vace phuong trinh (6.16), ta tim dugc
18[280&0) 1 8(. aa]
—| =] 2= Z|sino=2]| +
2[ar f or/ T smeoe T 98

> 2
zaa“] 1 _8_( . eaan)_ n N
* Z[ [ sin© do s a6 Sin29an cosne

n=1

- a[ gaﬁn) 1 9 [ . BB,,] n?
— - 0
* Z[ar r ar * Sine ae _Sme aa S].n (—)Bn Sm n(p

n=1

Tt d6 ta thiy cic hé s6 o, va B, cling thod man phudng trinh

3 ( zav) 1 @ ( . 8v] n?
22 2 [sinoZ] - =0 6.17
o\ o) sneoe 30/ sin6 6.17)

(khin =0, ta ¢6 phuong trinh d6i véi o).

Ta sé tim nghiém cia phudng trinh nay bang phudng phap
tach bién v = R(r)Q(8). Khi d6 phuong trinh (6.17) s& ¢6 dang

d[ ng) 1 d( . dQ] n?
g1,.288 _— = =0 -0
Q—|r +RsinG m sin m si.n29RQ

1 d[
h -
ay R dr r

QE): 11 [ledQ) n?

dr _6Si119 do E

sin? 0
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_ Vi v& trai chi phu thudc r, v& phai chi phu thudc 6 nén ta
dan dén hai phuong trinh :

l_d_(lﬁﬁ} =

Rdr dr

1 1 d ( . dQ] n?

— — —_ = =-A 6.18
Q sin 0 do s do Sin2 3] ( )

trong d6 A la hing s6.
Bay gio ta dua vao bién s8 dée 14p véi x = cosh.
VidsO0<nnén-1<x<1,y=Q(), nényla mét ham nao
dé clia x. Ta viét lai phuong trinh thi hai (6.18) dusi dang

cosf dQ azq | 2

n
+ +{ A~ =0 6.19
sn0 d ' g2\ amZo) Y (6.19)
Ta nhan xét 1a '
d dy dx . . dy
— 2 sineY
o dxdo  Vix
2 2
va i-g :—é— -d—Q-) =.-0059£¥._Smgd_zi’£=
do? de\ds X dx? de
' 2
= -xY } gin? BH
dX2

Thay biéu thiic nay vao phucng trinh (6.19), ta c6 phuong
trinh cin tim :
2 Y

dy n
=0 6.20

dx 1
Khi n = 0 phuong trinh nay ¢é dang don gian hon

2 (
(1- xz)%x—z; 2% 35| A~

dx
va dude goi la phuong trinh Logiangdro.

2 : .
(1—x2)§x—32’- %Y yay-0 (6.21)
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Ta tim nghiém cta phuong trinh nay dudi dang chudi luy thita

y= chxk (6.22)
k=0 :
Ta cé
2x%=2x kc xK —2ch x® =2¢ X+ Zch x¥

k=1

a- x2) Y-a- xz)Zk(k Ve xE 2 =
=2

= k(- Doy xk 2 - " k(e - e xF
k=2 k=2 -

= ey +6cgx + Z[(k +2)(k + Loy 49 ~ k(k — ey, Ix¥
k=2

Thay cac biéu thie nay vao phuong trinh (6.21), ta cé
2(:2 + JLCO + [6(:3 + (A - 2)(:1 Ix+

Z {(k+ 2)(k + ey, o - Os(k + 1)~ Aley Jxy =0
k=2

tit 46 ta tim dude cAe phuong trinh cho cac hé s
2cy +Ae, =0, Beg + (- 2)ey =0 6.23)
(k +2)(k+ Degyg —[k(k+1)-Alep =0 véik>2
Do 46
k(k+1)-2A

—e (6.24)
(+1)}k+ 2)

Ck+2 =
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Diing thiic nay ching té ring néu
A=m(m + 1)

trong d6 m 14 mdt s§ nguyén duong, thi c,,,, =0. Tit hé thic
(6.24) ta cing suy ra cy .4 =Cpeg =-.=0. Vay nfu m la s&
chin thi cic hé s§ véi chi s8 chin bit ddu tit ¢, déu bing
khéng, con néu m 1a 8§ 18 thi cic hé s6 vdi chi s6 18 bat diu
ti ¢ 49 déu bing khong. Do d6 néu m chin, ta dat ¢; = 0, thi
tilt (6.24), cac hé s6 véi chi s5 1é déu bing khéng. Vay nghiém
-(8.22) clia phuong trinh (6.21) khi 46 c6 dang

y=cg +cgxZ +e,xt 4. 4o x™
m(m +1)

trong d6 ¢, la tuy ¥, c9 = 2

¢y, cOn cac hé 88 sau tinh
theo cong thiic (6.24).

Trong trudng hgp m 18, ta &4t c, =0 thi ti ding thic tha
nhit cia (6.23) ta rit ra ¢y =0. Khi 46 nhd (6.24), chc hé s§ c6
chi 88 chin déu bang khing va nghiém (6.22) trd thanh da thiic

m

y=C1X+C3X3+...+C X

m

m{m+1)-2

trong d6 ¢, tuy §, cy=- s

¢y, cAc hé s8 sau tinh
theo (6.24). . _

Vay khi A = m(m + 1) phuong trinh Logiingdrd (6.21) cé
nghi€ém la da thic bdc m (m =0, 1, 2...). Cac da thiic nay hoic
chi chita cAc s8 hang bic chin néu m chin, hoic chi ¢6 cac 8§
hang bac 1é néu m 1é. Ta s8 chon hé s8 ¢, hofic ¢, sao cho cac
da thitc 4y ¢é gia tri bang 1 khi x = 1. Cac da thic xac dinh
nhu vay goi 1a da thize LogiGngdro ki hidu 1a P, (x). Thanh
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- thu da thic Logiangdrd P (x) 12 mét da thic bac m, thod man
phuong trinh (6.21) véi A = m(m + 1) va tién dén 1 khi x = 1,
nghia la P (1) =1.

Bay gid ta tinh da thic Logidngdre P (x) véim =0, 1, 2, 3.
Véim=0thi P,(x)=1 (¢, =1). Véim=1thi P(x)=x (¢ =1).
Véi m = 2 thi Py(x)=¢, +c2x2, trong d6 ¢y =-3¢c,. Vay

Py(x) =c, —3c,x>. Nhung Py(1)=c, -3¢, =1,do db c, = —%.

Vay P2(X)=%(3x2 ~1). Véi m = 3, ta c6 Py(x)=cyx + cgx’,

e 5 B
trong dé6 cy =‘§°1- Vay Py(x)=¢ —Eclx . Nhung
Py()=¢ —%cl =1, vy ¢; = —E. Do d6, Py(x) =l(5x3 - 3x).

Cung ¢6 thé chiing mm.h dude ring cac da thitc Ldglangdrd
c6 thé tinh theo céng thic Rédrigs (Rodngue)

Pa(x) == - ©29)

- Theo céng thic nay ta ¢b
P,(x)=1
PI (X) =X

Py(x) = Lax? oy
2
1. 3
Py(x) = -2-(5x - 3x)

Py(x) = %(35;{4 -30x2 + 3)
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~ Trén hinh 41 ta co dd thi clia P,
B, By, P

Ngudi ta chitng minh duge ring

phuong trinh (6.21) khéng cé nghiém

x hittu han trén doan [-1, 1] néu

A # m(m + 1) con néu A = m(m + 1)

thi nhiing nghi@ém hitu han trén

doan [-1, 1] la ¢P_ (%), trong d6 c la
Hinh 41 hing sé.

~ Ta thay phudng trinh Logiingdro (6. 21) la truong hdp
déc biét cua phufdng trinh (6.20) khi n = 0. Bay gid ta
nghlen ctu nghiém cua phudng trinh nay. Ta dua vao bién
88 méi z sao-cho

Khi da

n n
. 2v2 23 1
y'=(1-%x°)2z"-nx(1-x%)2 2z

n n n

2T, 2yp 2
y'=(1-x")2z"-nx(1-x°)2 z'-n(l1-x%)2 z+

n

=-2
- +nn-2x21-xH2 2z
Vay

' 2
(l—xg)y"—ny'+ m{m + 1) — L y=
1-x?

n

= (i —x? )_2— {1- x> )z"-2(n + xz' +[m(m + 1) — n(n + 1)]z}
Do d6, ham z thod man phudng trinh
(1-x2)z"2(n+Dxz' + Imm+D-nn+D]z=0 (6.26)
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-Bdi vi da thie Ldgiingdrd thoa man phudng trinh (6.21) véi
A=m{m+ 1) nén
(1-x2)P" (x) - 2xP" () + m(m + )P, (x) =0 (6.27)

Bay gid ta ldy vi phé‘m' phuong trinh nay theo z n l4n va si
dung quy téc Lepnit (Leipnitz) dé tim dac ham cia tich hai
ham, ta c6

dan 9
—(1-x2)P "y (x) =
gn+2 N anel n
ca- i P o8 T i Lin
dxl’H’ an+ dxll
n n+l n
d xP'm(x)zxd Py +nd Py
n dxn+1 ds®

thay vao (6.27), ta duge

dn+2 n+l np

o dTTP d B
Tg‘—2(n+1)x Tt +[m(m+1)—n(n+1)]--d;;m-—0

(1 -x%)

: n
Tu d6 ta thiy ham x= d E::“ thoa man phudng trinh (6.26)
dx

nghia 1a ham

n n

n
y=(1-x)2z=(1-xH2 P ()= PM
dx"
thod man phuong trinh (6.20) véi A = m(m + 1).
1 n

Ham PO (x) = (1-x%)? %Pm(x) | 6.28)
" |

gol la ham Logidngdro lién déi.
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Véy. phudng trinh (6.20) ¢6 nghiém hiu han trén doan (-1, 1]
chi khi A = m(m + 1) va cé dang cP{(x) véi c 13 hing s5.
B&i vi P,,(x) 1a da thiic bdc m nén véin > m thi PM)(x)=0.

Cén khi n = 0 thi P (x) =P, (x).

§6. HAM CAU

Biy gid ta xét phudng trinh thi nh4t cia (6.18) 1a két qua
cla viée tach bién d8i véi qua cdu cé tAm & géc toa d6. Nhu
trong §5, hing s6 Acé gia triA=m(m + ) véim =0, 1, 2,... Khi
dé phudng trinh nay cé dang

%(rzg] =m(m + I?R
_ 2 o
hay r? ccllr];{ + 21‘% -m(m+1)R=0

Céc ham ™ va r * 1 1a nghiém ctia phuong trinh nay. Nha
su gidi han cua ham bén trong qua cu, ta chi st dung nghiém
thit nh4t, nghia la R =r".

Thanh tht cac hé sd cua chubi Furié

u= %(xo(r, 0) + Z[an (r, B)cosn@ + B, (r, O)sin Il@ (6.29)

n=1
bay gid la
R(NQ(®) = r™ PO (x) = r™PM (cos 6)
N6 thoa mén phuong trinh (6.17).
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~ - ~ ~ A ~ # A .
Ta dua vao cic hé s0 khong d6i oy, n, va By, 1, ta cb thé viét

0, (r, ) = z o ™ P (cos0) = z %o mI" Ppy (cos 6)
m=0 =0

Oy (r, B) = Z an’mrmPl{r:‘) {cos8)

m=n

Ba(r, 0)= D B mr™ P (cos)

m=rn

Téng 14y tit n dén = va P{™(cos6) = 0 khi m < n. Thay céc

hé s§ nay vao (6.29) ta nhin dugec nghiém cia phudng trinh
Laplaxo duéi dang

= % Z 0y I Py (cos 8) +

m=0
+z Z an.,mlmegl}(cosﬂ) cosng+
n=] || m=n

+ Z B, mrmP(“)(cosﬁ) sin ng

=n

Thay déi thit tu ctia téng trong s& hang thi hai, ta cé

= % Z 0ty Py {cos 0) +
m=0

o

+Z Z[an,mrmP,g‘)(cos 8)cosng + Bn,mrmPg’)(cos 0)sin ng

m=1 |n=1
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1 o0
hay u= E Z an,nrer{r?)(Oa ¢)+
' m=0

o

_ |
£ [0 mr ™Y (6, 0)+ By mr™ Y0, )]} (6.30)

m=1|n=1
Trong dé, ta dita ra cic ki hiéu

)
YO0, ¢) = %Pm (cos0)

P,

YE(0, ¢) = PP eos8) cosng (6.31a)
Yg‘)(ﬁ,- Q) = P,E{‘)(cos 8)sinng
goi 12 céc harh cdu Lagidngdro. P8ivéi mbéi hangm =0, 1, 2,...
¢é 2m + 1 ham céu Logiangdro. Cac ham ciu Logiingdrs c6 chi
80 trén 0, -1, ~2,... -m thi ham Logiingdrs lién d4i duge nhan
vdi cosin, ¢on cac ham cdun Ldglangdrci lién ddi cb cac chi s6
trén 1, 2,..., m, nhéin véi sin. _
Tap hqp tuyén tinh b4t ki cha chiing duge goi 1a ham cdu
Y., (0, ).

Yin (0, 0)= o m YD (6, @)+ Y o Y0, 0)+ B n Y (6, )]
n=1
con ham r™Y_ (8, ¢) dude goi 13 ham cdu Laplaxo.
Véim =0, 1, 2,... bat ki, haim ciu Laplaxd 13 nghiém cua
phltdng trinh Laplaxci
Ham r™-1Y (6, ¢) cing 12 nghiém cla -phucng trinh
Laplaxd, nhung ham nay khéng giéi han trong qua ciu.

Cudi ciing ta c6 thé viét nghiém cla phudng trinh Laplaxo
duéi dang

oo

=Y ™Y, (0, ¢) ' (6.31b)

m=0
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Néu nghiém (6.31b) thod min didu kién bién (bai toan
Dirichis) :

nghia la ¢6 ding thue

0, )= Zq"‘Y(e = ZaomY“”(e ®a” +

m=0

o

£y Zan,mYér")(e, D+ B Y6, 9 q" (632

m=1| n=1

thi ta c6 thé xac dinh cic hé s§ qua diéu kién bién nay nhd tinh

chét tryc giao clia ham cdu 6 ¢6 ban kinh bat ki, c6 tim & gdc
toa do.

§7. TINH CHAT TRUC GIAO CUA HAM CAU
Ta sé& chiing minh hé thiic
(£n) (tny) -
P&, 9YE (0, qis=0 (6.39)
[
néu m # m;, hay ndu m = m, nhung cac chi 5§ trén khéc nhau.
That vy, néu ¢ 12 mit cAu ban kinh g, thi dS = q sin qu)dB
va hé thilc (6.33) trd thanh
SBY&i e, @)Yﬁnl)(ﬂ, @)dS =

s

7 2n _
= qu‘ .[ P,g:') (cosﬁ)Pgll)(cos 0) x
00

JCOSnO  cosmy@
sinng sinn,p

}sin 08d6de = 0 ' (6.34)
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coSnep cosnyP

trong do { } ki hiéu mét trong 4 tich sau :

sinng sSinny@
cosn@ cosn, @ ; cosng sinn,@ ; sinn@cosn, @ ; sinng sinn,¢. Néu
cac chi s& trén 12 khac nhau thi ta c6 ding thiic (6.34) vi

2m .

J‘ cosng cosm@| 0
sinng sinn@f
0
Con néu cac chi s§ trén bing nhau thi biéu thitc duéi diu tich
phén (6.33) chi chita tich Yg‘)Yf;) nghia 13 tich phan (6.34) chtia

2n 2n - 2m
j cos? ne do =I sin? nede = I %dq} =7
. 0 4] 0
Vay tich phéin (6.34) c6 dang
ﬂ :
nqz.[ Pt(nl.]) {cos B)Pg‘l) (cos0)sin 6d6 =
0
1

- =mq? _[ PP (x)dx (6.35)

-1

Ta sé chitng minh duge 1a ham Ldgiingdrs lién déi c6 tinh
tric giao sau

1
I P,(,{‘)(X)P!g:‘l)(x)dx =0 (6.36)
-1 :
That vay, cac him Pt(t?) (®) va Pr(r?l) (x) thod mén phudng trinh
d dp® n’
E[(l - X2)Tn?] + [m(m +1) —-{j Pl:(r?) =0
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d dpt n? ]
E[(l—f)——dl:‘ -|+|:m1(m1 +1)-1 2]Pmn,) =0

~x
Nhin phudng trinh thi nhat véi P(“)(x) va phudng trinh
thit hai véi P{"(x) va trit cho nhau, ta dude

[m(m + 1) — my (m, +1)] P,f,gl)an“l) -

(n)
_P(H) d |:(1 X )del ] (n) d [(1 X )ﬂ]
dx

Léy tich phén hai v& theo dx tit -1 dén 1, ta duge |

[m(m +1) — my (my +1)] I POIPdx -
-1

1

d_P(n) (n)
J'p(“)d[u x2 ] IP‘“”‘[a “)dex

Tinh tich phén titng phén, v& trai s& din dén

Jox

1 {n)
dP](I{l) I 9 dP(n) de
dx 1- o lgx=0
.[ a- dx dx v)a=xH dx dx

Vim # m;, nén ta rit ra biéu thic {6.36), va do dé cting rit
ra ding thic (6.34) va cudi ciing la ding thitc (6.33).

Bay gio ta hiy tinh cac hé s6 Cpm Va By, nho tinh chat

truc giao trén.
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Nhin hai v& cia khai trién (6.32) véi Yflfl‘?l)(o, ¢) va tich

phén theo mit cdu ¢ cé tAm d géc toa df, ta cb

[~ Vain; =0
2
0. 900, 98: ~ 0, w G YY" @ 0)asia™
[+
~ Véing #0 6.37) -

.

2
1. OYEV 0, 018, =By, m, G (0, SIg™
. & '

1. Y0, 018, =ty i, GYLM @, IS10™
vy

\

Thay cic bidu thiic (6.31) cta Y,(ni“)(ﬁ, ¢) vao vé phai cua
(6.37) va tich phan tiing phin lién ti€p, ta thu duge két qua
sau néu l&y ban kinh qua cau la 1.

2m (ml illl)!

2 m my +£10)°
(I)ij“i’ (6, 9)dS; = 9 (6.38)
! 2n néun, =0
o 2m1 +1

Cac diu dugc 14y phi hop trén hodc dudi & ca hai vé.
Cudi ciing, ta c6 cac hé s5 sau nhd (6.37) va (6.38)

(o,  =2mtl 1 (f)f(e YO8, )ds,

o,m AT

_2m+1 (m+n)
L™ 2 (m-n)! g

chf(e OV 08 699

om +1 (m -n)!
2n (m+m)! g

Bn,m =

cj)f(e DY, 9)dS,;
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*§8. HAM BETSEN HANG BAN NGUYEN

Ta hay xét dao déng cia qué cdu cé bién gin chit, nghia 1a
ta tim nghiém cta phuong trinh

t

u,, —aAu=0 (6.40)

bén trong qua ciu ban kinh q 6 tam & gbc toa dd. Nghiém cla
phudng trinh nay tién dén khéng trén qua cfu. Trong toa 46
cdu u = u(r, 6, ¢) va didu kién bién c6 dang ‘

Ufp=q=0 - (6.41)

Mot nghiém b4t ki cha (6.40), thod min didu kién bién
(6.41) mé ta dao dbng riéng ctia qua ciu (chang han dao d¢ng
am trong thé tich cau...). Trong hé toa d6 ciu, phuong trinh
(6.40) c6 dang

&—32 _1_3[1-2ﬂ)+ 1 i(sma.a_u_}{- ! izll. =
a2 r?or\ 9r) y2ginp a0 9/ r2sin?e o2

Néu dat u=T() R(r)Y (0, 9), ta cé

2
T"RY,, - 2[R TY,, + TRAG oY |=0  (6.42).
r

trong 6

1 (. Y.\ 1 a2y
Y, =— O—ﬁ)+ m
Aﬂ,tp m Sineag[sm 20 sin2 0 8<p2

Theo §2, Chuong VI, ham cdu r™Y,,(, ¢) véim =0, 1, 2,. .
12 nghiém cia phudng trinh Laplaxe

1 3 90 -2 -
Alr™Y_ (8, (p)]=-———[r —(r™ ):l+r Ag oYy, =0
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T d6 ta mit ra
1o
m gy

Do d6, phudng trinh (6.42) c6 dang

AgoY¥m =~ [1&'2 -(';ir Y, )] =-m(m+1)Y,

; ,
T"RY,, -2 ?R) TYy, - m(m + )TRY,, |=0
r

. T“ . 2 2R| L) .
hay T =i—2l:(r R ) —m(m + 1)]

C2 hai v& clia phuong trinh nay phai 1a hing s, ta ki hiéu
la -aA%. Khido

T = Acosalt + Bsinait (6.43)
2 " L)
va 12_[1,2 —R— + 21:'E - m(m + 1)] — a2
| 20 R R
nghia la .
R“+£Rﬁ+12—5£319]R=0 (6.44)
R y2
; X y(x)
Dat r=—, R(r)=—F
=3, R =LX
. o dlyx)]dx _, | ¥'® _ yx) ]
t R'=—j==F|—=x —_—
a cb dx[&]dr [& -

Rroa2[ Y _y'® 8 y(x)]
[ Jx o oxdx "3 x2Jx

Thay vao phuong trinh (6.44), ta ¢6

1 m(m+1)+l
Y+ —y'(0+ 1-———21y=0

X
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g 2
hay d_?f'+_1-‘(i.y_+ 1_-.-.—.._‘2_
dx? xdx x*

Dé chinh 1a phudng trinh Betsen hang m +%, titc 14 hang
ban nguyén.

Nghiém cua né la y =C;J (x)+C;N  1(x)
m+—
2

1
m+—
2
Thay tré lai x = Ar, y =+/Ar R(v), ta cb

JAIrR(r)=Cyd  {(Ar)+CyN  ;(Ar)
m+-§ m

1
+_
2
hay
J 1(Ar) N (i)
m+=

m+—
R(r)=Cy—=2—+C

2
Jhr 2 ar

Bdi vi R(r) phai hitu han & tim qud cdu r = 0 ma ham

Betsen hang hai N (x) lai khong hitu han 6 l4n ¢an cta x = 0,
do d6 phai dit Cy = 0. |

Dit % =C, vdi C 12 hdng s8 bat ki, cudi cing ta c6

J 1{Ar)
R(ry=C—2% .
| Jr
Dé ham nay thod min didu kién bién (6.41), ta phai dat
J 1(kq)=0 (6.46)
m+§
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Tit d6 ta tim dude cac gia tri riéng A.
Ham Betsen hangbannguyén J  ;(x) v6im=0,1,2,.. la
m+—

mét ham s¢ cdp né cé dang

dJ (%)= \/7 [M(x)cosx + N(x)sin x]}

m+l
2
trong d6 M(x) va N(x) 1a cac da thitc cia -1—
X

Chéng han khi m = 0, st dung khai trién (4.41), ta cé

o (§)2m+§
®= (2Ll
AT

V6ih€1ml"(m+§]=[m+—.l—)l
| 2 ) 5

Nhung theo tinh chit ctia ham T, ta c6
[t +1) = t['(t) (xem Phu luc IT)

3o B(ed):
(oo
oo ()
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{o3n 2) 23

_ (2m +1){2m-1)...3.1 Jm = (Zm + 1)! Jr

2m+1 , - 22m+1m!

trong do ta da thay F[—g—] =%JE

Do d6

2m+1
X
(_) 22m+1

_ {2 N —1ym 2
";"‘"\j;;}‘ V emtl) 7a
2m 1 .
\l Z(‘ i — ’ —Jisinx
2m+1)! X

Tuong tu, ta c6 thé tinh duge

Jg(x) = —Jz [—lsinx+cosx]
= XL X :

2
Dé dang ta thay

1 1
JE(X) = —)12 %i:x 2J1(X):|

2 2

Té_‘;ng quat, ta c6 thé chiing minh ring

m—

Comlgf 2
J x)=-x 2—[x 2] 1(x) | vdi
m
2
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1
m+—

Néu ki hiéu g 2) 12 nghiém cua ham Betsen J ,(x),

1
m4—
. 2
thi twr di€u kién (6.46), ta c6

Aq= g[m+§J k=1,2,.

nghia la A=Ay = E——
q

la gia tri riéng cua bai todn dang xét. Ham riéng cia né la
(b6 thita s6 C)

bdivix=Ar, cén R= Y0 Npa ding thiic (6.43), ta cb

=

va cic dao déng riéng duge biéu dién bing nghiém sau cla
phuong trinh dao déng (6.40)

Uy m = Tk,mRk,mYm 6, @)=

a t a t
Ak,m Cﬂsi.._ + Bk,m sm—ﬁ—-}-‘-—
q q

X

k r
xd g N Yin (6, ¢)
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Trong d6 ham ciu Y,(0, ¢) dudc xac dinh theo céng thiie
(6.31a). D8I véi m6i m =0, 1, 2,... tén tai 2m + 1 dao dong riéng

™3,

[m+-;)
a t
Uk mn = Ak,m cos—k—q-— + Bk,m sin ‘C:'k . X

&Em%)r}

Y®(0,9); (n=0,%1,+2,., +m)

Og,m = k
- q

Bic biét khi m = 0, ta c6 dao dong riéng duy nhat d6i véi
méik=1,2,.. c6 tin s&

aE_.k akm
Wk,0 = =
q q
3
(bdivi £, =kn 13 nghiém cia ham J1(x) = .| sinx)
E X
va

U g0 = [Ak,o cos aknt + Bk,o sin akasinErEr— (6_47)

q

(k=1,2, 3,..) md ta dao ddng xuyén t4m ctia qua ciu.
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BAI TAP CHUONG VI
1. Tim nghiém ctia phuong trinh Laplaxo thod méan diéu
kién bién
u0,y)=0 u(a,y)=0{=z0)
ulx, 0) = A(1-5] u(x, +oo) = 0
a
trong d6 A 14 hing s trong mién (0 < x < a)

0<x<a
0Ly <4oo

B&psé’:u(x,y)=§é- E -l—e_ a gin X
T ll'l. a
n=

2. Chitng minh rang ham Grin 13 461 xing, nghia 1a
GM, M) = GM,,, M)

Hudng dén : Bao cac diém M, va M bing cic mit ciu M,
va Ty cb tAm tai M, vi M, ban kinh &, nim hoan toan trong
ving V. Ap dung céng thiic Grin cho ham GM, M), G(M,,, M)
r8i chuyén qua giéi han khie — 0.

3. Tim nghiém clia bai toan Dirichlé d61 véi phuong trinh
trong mién tréon tAm O ban kinh a, biét gia tri trén bién cla
nghiém la

u|g, =A+ Bsing
trong d6 A va B li cic hing s6.

Pdp s6':ulr, @)= A +Ersinq3

a

4, Tim ham Grin cia bai toan Dirichlé 48 véi mién niia
hinh tron

Pip 55 : GMM)=—{li-m L miim-B)

2rl r PoY r' PT'y
trong d6 r = MM, r; = MM, r' = M' M, r'; = M';M, p, = OM,,
214 o




O la tim hinh trén, M'; 1a diém d6i xing véi M, qua dudng
kinh, M'; 13 diém d8i xiing véi M; qua dudng kinh.
. 5. Tinh da thic Ldgiéngdrd P,x), Ps(x) va Py(x). V& cac db
thj dé.

6. Chiing minh cdng thiic Rédrigd

()= 200t dx"
7. Ching rm'.nh ring
j P, (x)dx = By 109~ P (0]

8. Ching mmh rang
1 1
_nn n
_[ £, (x)dx = 2 I (2 -pn LI 4
2Hn! dxn
9. Chiing minh r?mg

1();) —smx i d l(x) icc:sx
3 X

10. Chiing minh ring j £J (B = xJ (%)
0

X
[€1008 = 261,60+ 6 - 47,0
) .

11. Chiing minh h#é thiec khai trién

i Z P, (x)r"

1 2xr+r n=0

(kiém nghidm trén bén &6 6 hang d4u tién).
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Chuong VII

CAC PHUONG PHAP TiNH GAN BUNG
VI TiCH PHAN

§1. CONG THU'C NOI SUY NIUTON (NEWTON)

Phudng phép tinh gin ding vi phﬁn mét ham cé thé xay
dung dua trén phép néi suy Niuton hodc Stdcling
(Stirling). Do d6 trong phan nay trudc tién ta trinh bay vé
phép ndi suy Niuton.

Trén khodng [a, b] 43 dsc bigt hoa (m + 1) diém xg, xq,..., X,
(goi 1a cac diém ndi suy) va chc gia tri cia ham f(x) tai céc
diém nay la

f(xg) = yg, fx)) = y1,-0) f(j(n) =y, (7.1)

Doi hoi x4y dyng mdt ham F(x) (hémi ndi suy) thudec 1ép
ham da biét vi gid thist ¢6 cing gia tri véi ham f(x) tai cac
di€m ndi suy '

F(XO) = Y(), F(Xl) = yls F(xn) = yn' (72)
V& mit hinh hoc, diéu nay cé nghia 14 €dn tim dudng cong

y = F(x) di qua cic diém M, (x, y)) =0, 1, 2,...) d3 cho nhu
trén hinh 42,
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Hinh 42

Gia s ham y = f(x) d4 cho cac gia tri y; = f(x)) véi x; = x; + ih
(1=0,1, 2,..., n), va h 1a khoang cach. Cin tim da thiic P, (x) cé
bac khéng 16n hon n va gia thiét tai cac diém x; ta cé

P,x)=y;(i=0,1,.,n) (7.8)

Diéu kién (7.3) tuong duong véi

AmPn (xg) = Amyo, m=0,1,2_.,n
trong d6 AP, (xp) =P, (x5 + Ax) — P (xp)
AP, (x) = A(AP,) = A[P, (xg + Ax) - P, (x)]

=P, (xq + 2Axg) — 2P, (x + Ax) + P (xg)

A™P, (x)) =A (A™ 'P)

Dai lugng AP, goi 14 sai phan hiiu han bic m cua da thie
PH(XO)'
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Theo Niuton, da thiic cin tim cé dang
P, (x)=apg+a; (x—xp +ay (x—xg)x—x7)+
+ a3 x —xp)x — X ){x —x9) + ...
ta, (x—xg) (x—x9) .. x—-%,_7) (7.4
Dung luy thita suy rong, ta viét lai biéu thiic (7.4)
P x)=ap+a; (x- xo)m +ag (x— xo)[gl +...
wta, x-x™  (7.5)
D& xac dinh cac hé s8a, (i=0, 1, 2,..., n), ta dit x = x, vio
(7.5), thu duge hé s8 a,
Pu(xg)=yp=ag
. Mudh tim hé s8 a;, ta dit x = x; vio bidu thic sai phan bac
mdt AP
— [1} [2]
AP, (x)=ajh +2a, (x~xp) "h+3ag (x—xg) "h+...
.. tna (x— xo){n—l]h

) A
Dé dé.ng Suy ra API‘[(XO) = Ayo = alh’ do dé al = —1?;10 -

Tudng tu, dé xac dinh hé s ay, ddt X = x4 vAo biéu thic sai
phéin bic hai

A%P (x) = 2! h%ay + 2.3 hlag (x—xgt! + ...

..+ (n-1)nh%, x-xx)" 2
ta duge

AP, (xg) = A%y = 2 b%a,
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{
Ay,
21h?
Tiép tuc qua trinh nay, ta duge

suy ra a, =

!
_A¥

a, =
!

@=0,1,2,..,n)

trong d6 0! =1 va Aoy =y.

Thay cac gi tri tim dudc clia hé 85 a; vao bifu thiic (7.5), ta
dudce da thitc ndi suy Niuton

2
B09= v0+ o e e+ B,
R R N 2>
n!h"

- D& dang thiy ring da thiic (7.6) thoa min hoin toan cac
yéu cdu ddi héi ctia bai toan. Hon nila, bsc cia da thie P (x)
-khéng qua n, ta cé

P, k0 =70

_ Ayg A%y,
P, (x) =y, t—== () —%q) +N(Xk ‘#0)(Xk'— Xy) ...

k
A
.+ k!l:g (xk‘— xg) (X~ x1) ... (Xk—Xg_1)=
kik-1 k(k-1)...1
=y, +kAy, + (2' ) A2y0 + ---+—(T)-'Akyo

= (1 "'A)k)’():)’k (k= 1’ 2!'": n)
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Chu ¥ rang khi h — 0, edng thic (7.6) tré thanh da thic
Taylo (Taylor) déi véi ham y.

Thue vay, vi

k k
. ANy dy
lim o =[ OJ =y(k)(xo)
X=X

h—0 RKK dx¥

Ngoai ra, rd rang la

i (% xol™ = - xp )

nén khi h — 0, cong thitc (7.6) ¢6 dang da thic Taylo

(n)( 0)

P,(0) = y(xg) + y'(xp) (X —x0) + .. (x-xp"

- - X X -
Dit bién mdi q = O tacé

h

-x)l x-x)) x-xy-B) (x-x,-2h)

¥  h . h R 7
[x-x,~(-Dh] _

- =qq-1)(q—2) .. (q-1+1)

@=1,2,..,n

Thay biéu thitc niy vao (7.6) ta duge cong thic ndi suy
Niutdn thi nhit

1
P, (X).= yo + Ay, + __q(qz ) A%y, +.
n'
Vd1 n = 1, ta ¢6 céng thic ndi suy tuyén tinh
P(x) =y, + qAy, (7.8
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Véin= 2, ta c6 cong thiic ndi suy parabol

~1

§2. CONG THUC NOI SUY STOCLING

Gia st ta c6 2n + 1 diém cach déu
X X—{nl—-l)’ - X_1s X, Xq50en, Xy, Xn

VO AX; =X;,; —%X;=h=const (i=—n, -(m-1),..,n—-1)vagia
tri ham y = (x) tai cic diém nay 43 biét

yi=Ii(x),i=0,t1,..,tn)
Cén tim da thiic P(z) ¢6 bac khéng 16n hon 2n sao cho
P(x)=y;v81i=0,+1,..,+n
T diéu kién niy suy ra |
A*P(x) = A¥y, (7.10)
Ta s6 tim da thic duéi dang
Px)=ap+a; (x—xg) +a, (x—-xp) (x—x)+
+ag(c— X K~ XK — X)) + ag (- X_)E ~ X)X — XK - Xy)
+tas (x—x_o) (x-x_) x-xp (x—xp) (x—x9) ... +

+ag (x— x_(n_l))
(X -x E - xgx— X{) o X—%, ) (x— x) (7.11)
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Pua vao luy thira suy réng, ta dude

Px)=ag+a; (x— xd)m +ay (x— xo)[zl +ay(x— x_])[a] +
4 2n-1
tagx—x P+ tap, x- X—(n—l))[ "y
) .
Fag, x—x_q ) (1.12)

Ap dung ki thuit tinh cAc hé s§ a; 1= 0, 1, 2, ..., 2n) tudng
tu khi mit ra cong thic néi suy Niuton, ta dudc

ag=yo, a _ 4y _ A%y_ 1 Aay-l
OTYORMTIm 2T e T ad
4 2n-1 9
84 = m agn 1 = A y—(n—l} a :A_ny:..'_’._
41nt’ "1 on-1)th201” T2 (9p)th?"

- X = Lo o s
0 va thuc hién bién ddi cong

x
Hon niia, dit bién q =
thitc (7.12), ta thu dugc cdng thic ndi suy Gauxd thi nhat

q(q2 D a2,  atDala-D 38,

P(x)=yo + qAyp + 3 _

Jlardalg- 1){q—2) Aty

41
e+ 2@+ Dala- 1)(q 2)A5
51
(@+n-1)..{(g-n+1) , on-
v 2n-1)! S S
(g+n-1)...(q—n) ,2n
+ (21})! ATy, (7.13)
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(2] (3]
hay P(x) =y, + qAy,, + %‘AZY-l + £‘1_+271')__53y_1 +

1]
+ 1)l
+'(—q—4-!——A4y__2 + EERY

Zn-1
+(q+n~1)l n-1] 2n-1 +
(2n~1)! Y-n-1)

2n} .
{(q+n- 1)[ 2n
A 7.14
(2n)! Y-n (714
trong d6 x = x5 + qh va q[m] = q(q — D..[q—-(m-1)
Céng thiic ndi suy Gauxd thi nhit chia cac sai phan gilta
2 3 4 o 6
Ayo: A y._]a A Y_p A y_z, A Y—27 A y--3!"'
Tuong tu, ta c6 thé thu dude cong thite ndi suy Gauxd thi
hai chita cic sai phan giita :
2 3 4 5 6
Ay—l: A y_]’ A y—2’ A y_2’ A y—3’ A Y_g,---

Cong thie ndi suy Gauxd thi hai cé dang

+ (g+1q(q-1)

+1
Px) =y, + gAy_; + -(i-z—r)—quy_l 31 Asynz +
+ (0D +Da@-1)

4!

A"yh2 +...

. 4latn-1) (g-n+ Den-1g
@n-1! n

+ (q+n)g+n-1)..(q—n+ 1)
Zn)!

ARy (7.15)
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hay gon hdn

CRYa 1)[2] A’y .+ (i.t.l){_S]A3

PX) =yy + ety + = -1 31

Yot

(q+ 2)[41 4 {q+n- 1)[2,,4] on-1
+—--—4! Aly o+t oD ATy, +
[211] ‘
Jatn) Az“y_n (7.16)

(2n)!

Lay trung binh s8 hoc cac cong thite ndi suy Gauxd (7.13) va
(7.15), ta dudgce cdng thiic Stocling

Ay_, +A 2
P(x) =¥ + ql212—%+3§—&2y_1 +
3 3 :
La@® 1) Ay, + A%y, gP(q?-1%) 4
. Y_o
3! 2 4!
5. A5 5
. a(a® -1 (g2 -2%) A’y 3+ 8%y, N
51 ’ 2
2, 2 12y 252
q°(q" -1"¥q“ -2°%) 6
+ ot ATy gt...
9. 9 g, . Zn-1 n-1
L aa® -1 -22(e? 8% fa? -1 A YWt Y
(2n-1)! ’ 2
2,2 12v/.2 o2 2132 '
(2n)! n
. X—XO
trong d6 q =

D& dang thay ring P(x) =y; véii=0,£1,..,+ n.
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§3. CONG THUC VI PHAN GAN PUNG
TREN CU SG NOI SUY NIUTON

Cho ham y(x) ¢6 céc gia tri y; = f(x) tai cac diém cach déu
x; (1=0, 1, 2, .., n) trén khoang [a, b, ta thay ham y bdi da
thite néi suy Niuton duge xdy dung d6i v6i tap hdp cac didm
X0, X{s..y X) (k € ). Ta ¢

—_— aa-9) 2 ala-1(@-2),3
y(x) = yo +qAy, +~—2!—A y0\+——3!——A Yo+

+ 9a-1)(q-2)q-3)
4!

Atyy 4. (7.18)

trong d6 q =

X —X
T 0 vah=x,,-xG=0,1,..).

Nhaén cac nhi thiie véi nhau, ta duge

s, d®-34%+2q
2

y(x)= Yo +44y, Y{) _“—G_HASYO +

- a?-6¢% +114% —6q

4
A +... 7.19
24 _y{} ( )

V\dy dydq 1dy
dx dqu hd

, Suy ra

3q% —6q+2
a2y, +39 6q Ay, +

2q-1
y'(x) = AYO q2

q —9q +11q - 3
12

y0 (7.20)
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- ‘ _d d(y) dq ., .

Tuong ty, vi y"(x) = ——(y ') = ——=.—=, nén ti (7.20) suy ra
g tu y()dx(y) dg dx (7.20) suy
6q% - 18q+ 11 4

¥ (x) == {Azy{ﬁ(q DAy, + =

+ } (7.21)

Céc dao ham bac tuy ¥ cia ham y(x) ¢ thé duge tinh tuong
ty nhw trén.

bit x = x5, = 0vao (7.20) va (7.21), ta duge

2 3 4 5
1 Ay Ay By B8
Xp) = —1 Ay, — + - + — .. 7.22
¥'(xp) h[ Yo 2 3 4 5 ( )

11
12

5
A“yo =A%y, +..)  (1.23)

. 1 .0 3
va v"(x.,)=—I(A -A
y"( 0) h2( Yo~ A2 ¥t P

Néu p; (x) 12 da thic ndi suy Niuton chila cac sai phén Ay,
A2y0, ey Akyo va

R (x) = y(x) — pi (x) 1A sai s§ tuong Ung, thi sai s6 khi xac
dinh dao ham dude tinh bdi céng thie

Ry®) =y -p&x
Vi du : Tim y'(50) ctta ham y = log;x dugc lap & bang 1.

Bdng 1 :Gia tri cia ham y = logygx.

X y Ay A’y Ay
50 1,6990 414 _36 5
55 1,7404 378 -31

60 1,7782 347

65 1,8129
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Dung hang d4u tién ctia bang 1 (bac cha sd thap phan
khéng duge chi rd trong bang 1, chiing dude xac dinh bdi bac s6

thap phan cha gia tri ham 1a 107 va (7.22), trong gén déing
sal phén bic ba ta dude '

Y{(50) = %(0,0414 +0,0018 + 0,0002) = 0,0087

Dé danh gia d6 chinh xéc ciia gia tri ndy, ta luu ¥ ring

,_d M 0,43429
Tx T BT T

do d6 y'(50) = %‘2—9 = 0,0087

. Nhu vay, cac két qua chinh xac dén vi tri thap phan thi tu.

§4. CONG THUC VI PHAN GAN DUNG
TREN €O SG CONG THUC STOCLING

Céc cbng thic tinh s§ dao ham tai diém x = xy cia ham y
dude dan ra trong myc §3 bit lgi vi ching chi 4p dung cho cic
gia tri mét phia clia ham x > x. Céng thic dao ham 46i xing,
tinh cac gia tri cha ham y da cho ca véi x > x; va x < x; & ddm
bao db chinh xéc tuong d6i cao hdn. Ta sé ding cdng thife noi
suy Stocling lam ¢0 s6 nit ra céc céng thitc dao ham nay.

- Cho tap hgp cac diém cach déu... ; x_s, X g, X_1, Xg, X1, X9,

X3, vl X347 — X; = h va y; = f(x)) 12 céc gia tri tuong dng caa
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ham da cho y = f(x). D4t q = 0

va thay ham y gin diing
bing da thic ndi suy Stcling |

2_
q’ 4~ 42 q(q 1)A3

2! e Y 37
- 2

y(x) = ¥ + qAy 1 T
2

q%(g%-1)
41

aa® - (g - 2%)
5!

+

A5y 5t
2

A4y_2

2
, @ -1’ -
6!

Asy gt (7.24)

trong d6 dé ngén gon ta dua vio ki hiéu
Ay_; + Ay,
A =—=1 0
y 1= )
T2

_ A3y_2 + A3y_1

A3y 3 5
i)

A5y_3 + A5y_2
S 2
2

Thi cdng thirc (‘7 .24) va Itu § ring % = l, ta duge

h

1{ 9 3q% -1 3 29° ~q .4
(x)= —t A +aA 4+ —=—A 4 —A
y'(x) | &Y 1 t9ATy, P ‘y;;, ™

2

Y gt

4 45 2 5 103
+5q 15q +4A5y +Sq 10g”° + 4q

. _
A +..1(7.25
120 5 360 -3 (7.25)
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2 3
6q 1A4y 29" - 3q ,5

1| . ]
vV'(Ex) = — A‘!y_l + qA‘iy gt gt A%y 5+

2 2
h 2 : 2

15q? -80q% +4 ¢4
+ A +... 7.26
360 -2 (7.26)

Truong hgp riéng, q=0,tacd

Vidu : Tim y'(1) va y"(l) ctua him y = y(x) cho trong bang 2.
Bang 2 : Céc gia tri caa ham y = y(x).

X y Ay A%y A’y A'y
0,96 | 0,7825361 | — 86029 | -1326 25 1
0,98 | 0,7739332 | — 87355 | —1301 26
1,00 0,7651977 | — 88656 | —1275
1,02 | 0,7563321 | — 89931
1,04 | 0,7473390

Lap céc sai phan ctia ham y (bang 2) va ding cac s6 hang
gach dwdi va coéng thic (7.27), ta dude
1 [ 87355+88656 . 7 1 25+26

.10 1077+ 11077
0,02 2 6 2 30

y'()=

= - 0,4400485
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Lutu § ring ham dugce 1ap bang 14 ham Betsen bac khéng
y =dg (%)

D& kiém tra d6 chinh x4c cia két qua tim dude y'(1), ta s0
sanh vdi két qua sau

Io()=-7, (x)IFl: ~0,4400506
Tudng tu, ta cing tim duge

1
Y1) = ——
0,02

[4301.10‘7 —%.1.10‘7)= —0,325250

Két qua nay phu hdp t6t véi gia tri chinh xac dua trén quan
hé clia cic ham Betsen

y' ) =d )=, (1) -dg Q)
= 0,4400506 — 0,7651977 = - 0,325147

§5. CAC CONG THUC CAU PHUGNG NIUTON - COTE

Néu ham f(x) lién tuc trén khoang [a, bl v nguyén him
F(x) cua né di biét thi tich phan xac dinh clia him niy bing

If(x)dx — F(b)— F(a) (7.29)
trong d6 F'(x) = f(x).
Tuy nhién, trong nhiéu trudng hop nguyen ham F(x) khong
thé tim duge, do d6 cAc phudng phép tinh s§ gin ding tich

phén xac dinh tré nén vé cing quan trong. Thay cho ham f(x)
12 m{t ham néi suy hay gin ding @(x) va dit

Jlf(x)dx = Iq:(x)dx ~ (7.30)
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b
Ham @(x) duge tim sao cho tich phan Iw(x)dx c6 thé tinh

a

duge truc ti€p.

Tinh s& tich phan don goi la phép ciu phuong. Truéc tién ta
trinh bay céc céng thic cdu phuong Niuton - Cote dua trén
edng thiic ndi suy Lagoring (Lagrange).

Céng thic ndi suy Lagoring ap dung cho céc diém tuy ¥ x,,
X1, Xgy-ery Xy Khong nhat thi€t cach déu trén khoang [a, bl. Ta
~ tim da thic Lagdring L,(x) c6 bac khdng lén hon n, ¢6 cung
gi4 tri véi ham f(x) tai cac diém Xg, Xy, ..., Xy,

Ln(xi) =¥ (1= 0, 1, 2, .., n)
trong d6 gia tri ciia ham y = f(x) d4 cho tai cic diém dé la
) yo = f(x0)9 Y1 = f(x]_)! eery y“ = f(xn)

Pa thic L (x) duge tim-dud1 dang

1]
Ly = D PB(®)y; (7.31)
i=0
trong d6 da thitc Py(x) thod min difu kién sau
1 néui=j
P, (x;) = & = 7.32
05 = 0 {Oné’Ui;ej (7.52)

Vi da thic uéc ¢6 bing khang tai n diém X, X{, . X1, Xigpy e

Xp nén nd co dang

Pi(x) = ¢5(x — Xg)(x — X9) ... (X = X 1 )X~ Xp4q) - (x —x,) (7.33)
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vdl ¢; la hé s6 khong d6i. Dat x = x; vao (7.33) va luu y ring
Pi(x;) = 1, ta duge

: 1
IR T WA "y e

Két hgp (7.31), (7.33) va (7.34), ta tim dugc céng thic néi
suy Lagdring

(7.34)

I

L=y G- Xp )X —% ) =% W~ %y ) (x =% )

i=0 ](X "Xo)(x ) (X 1_1)(3{

7.35
1+1) ( i~ n) ( )

Dé thay ring béc clia da thiie L, () khéng lén hdn n va nhg
didu kién (7.32) ta c6

L (x)) - ZP(x)yl p(x)y =3;G=0,1, .., n)
i=0

h -
Dé tinh tich phéin Iydx, y = f(x), ta chon khodng h = b-a

n
a

chia khoang [a, b] thanh cac diém cach déu Xg = 8, X; =X +ih
(i=12 oy — 1), x, =b, vachoy;=f(x) 1=0,1, 2, ..., n).

Thay ham y bdi da thic néi suy Lagoring L (x), ta duge
cong thiic cau phudng gin ding

Kn I .
_{ ydx = ZAiyi (1.36)
% i=0 |

trong dé A, 1a cac hé s8 khéng di xac dinh.
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- X
Ki hidu q ="—h—” vagd"=q@-D..@-n (7.37)

ta viét lai (7.35) duéi dang
i gt

n
L (x)= .
n %) i) "q -

; (7.38)

Lai thay ham y trong (7. 36) bdi da thic L, () trong (7 38),
ta duge

T opn-i vl
_ [ D q dx

U )i -t -1
X

Theo (7.37) dq = -dhi, nén déi bién tich phan cho két qua

n-i [n+1]
A,=h 1(';)*1)'_[ —dq (=0,1,2, ., )

Doh= Ej—, théng thudng ta dit A= (b —a)H, trong d6
n

g=10" I q[nf] dg (=0,1,2, .., n) (1.39)
n 1) g-1 _
14 hing s8 ¢6 tén hé s§ Cote.
- Nhu viy, cong thic cau phuong (7.36) trd thanh dang

h n
Iydx =(b-a) Y Hy, (7.40)

a

trong d6 h = b-a o y;i=f(@a+ih) (=0, 1, ..., n).
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D& thiy cAc quan hé sau dude nghiém ding

n .
D H =1 Hi=H (7.41)
i=0

§6. CONG THU'C HINH THANG VA SO HANG DU

1. Céng thitc hinh thang va sé hang du
Ap dung cong thic (7.39) chon =1, ta cb

1
0.
1 X
1 . h
le-[qdq=~§ ; do d6 Iydx=5(y0+yl) (7.42)
o Xg ) '

D6 13 céng thic hinh thang dung tinh gin ddng tich phan
xac dinh (H. 43).

x‘
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Phan du cta cdng thiic cAu phudng (7.42) a

Xem R = R(h) nhu mét ham ciaa khoéné h, do dé ta cé thé
it

x0+h

RE)= [ sax—2{30s0) +ylxg + W]

X

L&y dao ham cng thitc ndy theo h dén bac hai, ta duge

R®) = yéxo + )~ 2[y() +y0xg + B)] - 2y (s + b
1 9 b, ‘
(= 31700 + D) =) |- S v (xg + B)
vh R = 23k + ) ~2y'xg) - By "G + 1)

h
= EY"(XO +h)

Chii § rang R(0) = 0, R'(0) = 0.
T d6 lay tich phin theo h va ding dinh )i gia tri trung
binh, ta rit ra lién tiép

h h
R(h) = R(0) + I R"(t)dt = -% J' ty"(x, + t)dt
0 0

h L9
- —%y“(&l)jtdw ——l;—y"(&,)
0
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trong d6 &, € (xg, x5+ h) va

h h
R(h) = R(0) + IR‘(t)dt = —% J t2y"(E, dt
0 0

h
— __1 n 2 __h_3 "
=37 (&)It dt=-2o3"®
0

vél € e (xg, X+ h).

Nhu vay cudi ciing ta c6 biéu thiic xac dinh s8 hang du
3

R= _%y"(g) trong d6 £ € (xg, X;)-

2. Céng thiic hinh thang tong quat
b .
D& tinh tich phan Iydx, ta chia khoang I4y tich phén [a, b]

thanh n phén bing nhau [xg, x;1, [xy, xgl,.., [x,_1, x,] V2

4p dung quy téc hinh thang (7.42). Dit h=—=va ki hiéu

n
yv; =f(x;) (1=0,1, 2, .., n), ta cé
b

y h h h

J ydx:E(Y[)+yl)+§(yl +Y2)+---+'§(yn_1 ty,)
a
b
hay | ydx =h| 20 n | (7.43
ay |ydx= -E-+y]+y2+...+yn_2+yn_l+? (7.43)

a
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V& mit hinh hoe, céng thic (7.43) nhan duge bing cach
thay dd thi cia ham 1ay tich phan y = f(x) bdi mét dudng thude
da giace (H. 44).

Yy y = f(x)

¥n

h

————————— -——

X
Xy =b

Hinh 44
Phéin du (sai s6) cia céng thilc cAu phudng (7.43) bing

: x, i
h
R= IYdX‘E El VAR A
X 1= '

X-

- i _[ ydx_%(yi—l"'yi) =‘giy"(§i) (7.44)
1=1

1=1
i1

trong do §; € (x;_y, x;)-
Xét trung binh s hoe

1N
| u—n;y ® (7.45)

RS rang p nim giffa gia tri nhé nh&t m, va gia tri 16n nhat
M, cia dao haim bac hai y" trén khoang [a, b] : my < p < M,
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Vi y" lién tuc trén khodng [a, b], do d6 tén tai mét diém
E € [a, b) sao cho p=1" (§)

T cac cong thite (7.44) va (7.45) ta ed

nhd _(b- a)h?

Y"(E) T y"(&)

trong d6 £ € [a, bl.

'§7. CONG THUC SIMPSON VA SO HANG DU

1. Coéng thitc Simpson va sé hang du
Néu trong cong thic (7.39) dit n= 2, ta c6

toln-a

2
1 1
— 1 2)dq =—
2_[(1 Xgq~-2)dq 3
0

2

11 2
H=——.< Ndq ==
21Iq(q )dq 3

0

2
11 1
H, =33 a(q - 1)d(i—§

0

Do x, —~xg = 2h, nén ta cé cong thiic Simpson -
xy

h
I ydx =2(3o + 4, +¥5) (7.46)

X

238



V& mat hinh hoc, cong thic nay nhan duge b«:;'mg_ cach thay
dudng cong d4 cho y = f(x) béi parabol y = Ly(x) di qua ba diém
MO (x{)! Y()), Ml (xla Y]) va M2 (X2’ Yz) (H 45)

¥

Hinh 45 o

Phan du cha cong thiic Simpson ¢6 dang

x‘ )
h
R-= I yAx-T(+dy tyy) . (14D)

Xy

C& dinh diém giita x; v xem R nhu mét ham ctia khodng h
{th > 0), ta cb
x;+h

. h
R(h) = J ydx - -é-[y(xl —h)+4y(x;) +y(x, + h)]
x;-h
Do &6, d& dang tinh dudc cic dac ham clia R theo h

R(E) =yl +b)+ ¥y — b~ 2 Iyl b + 4y () + Gy + 1] -
2y -y sy + )

= 2 4 h ] | ]

=3y 4 y(xy + ] -2 y(xg) - S -y'(y ~h)+y'(x; + )]
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R" ()= 2[-y'(x, )+ y'0y + W)
1 | , , h "
“E[_y (x1 ~h)+y (Xl +h)] _g[y (x] ~h)+y (Xl +h)]

= %[—y‘(xl ~h)+y'(x; +h)] —%[y "(x; ~h)+y"(x; +h)]

R = —o{y"(x, +h)~y"(x, - h)]~—iy“’(&3)
trong 46 5 € (x; — h, x; +h).
Hon niia, ta cé
R(0) = 0, R'(0) = 0, R"(0) = 0.

Tich phan R™ (h) va dung dinh li gia tri trung binh, ta tim
duge

h h
R0 =R'O)+ [Ro)de=-2 eV €t
0

h
2 y 2
= -2y, j tdt=-2hyV )

trong d6 &, € (x; —h, x; +h).
T d6 suy ra

h *h
R®) =R + [Rr(tde=—2 [y g )

h
Y 8y, 1.4 0y
=-2y @l)jt.dt- ~ntyVg,)
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trong d6 &; € (x; —h), (x; + h) va

h h
R(h) = R(0) + jR'(t)dt - 'ilg I ety (&)t
0 0

h
N O ' 4, 0° g
= -y (a)jt dt=-o=v17 (@
0

trong d6 £ € (x; — h, x; + h).

Nhu vay, s6 hang du ctia céng thitc Simpson bing

5
R= —%y“’@, £ € (x0, X9) (7.48)

2. Cong thitc Simpson téng quat
Ditn=2m la mét sd chinvay; =f(x), =0, 1, 2,... m), la
chc gia tri ctia ham y = f(x) tai cac difm cach déu a = x, x;,
Xy, .-y X, = b véi khodng
b-a b-a

n 2m

Ap dung céng thitc Simpson (7.46) cho mi khodng dbi [xg, x,],
[x9, x4], .oy [Xopm_9, Xop,] Vi d6 rong 2h (H. 46), ta duge
b
b b - h
y —E(YO+4Y1+YQ)+‘§(Y2+4Y3+Y4)+---

a

h
- ¥ §(y2m—2 +4Yom-1+ Yom)
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Do d6, ta c6 cong thiic Simpson téng quat

b h .

J.ydx =§ (o ¥om) +40 1 +ys+ .ty Dt
a

i t2 (g +yst+ .. Yol (7.49)
v

y =f(x)

»x Y

o % X2 X Xom-2 Xam

Hinh 46
St dung ki hiéu
1=y +¥gt -t ¥om
Oy =Yg +¥4+ - +Yom
ta c6 thé viét (7.49) dudi dang don gidn hon
' h
Iydx':-g[(yo +y,)+doy+20,] . (150)

a

§8. TINH GAN PUNG TiCH PHAN HAI LGP

1. Cong thitc chung tich phan hai 16p gin dang
Gia st ham z = {(x, y) xac dinh va lién tuc trén mién giéi
néi o (H. 47). Trong mién nay ta chon mét tap cac diém
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(diém mang) M, (x, v G = 1, 2,..., N). D& tinh gin dting tich
phén hai lép .U f(x,y)dxdy, ta dit

(o)
N
- [[rmmay = Aty (7.51)
() i=1
b4
Hinn47  © | X

D& tim cac hé s8 A, ta dbi hdi cong thite (7.51) nghiém ding
d51 véi t4t ca cac da thic cé bac khéng 16n honn sau
Ppx3)= ) oy (7.52)

k+i<n

Do d6 can va du la cdng thic (7.51) chinh xac ddi véi tich
cac luy thiia

xky" k,71=0,1,2,..,n;k+I<n)
Datfx,y) = x* yl vao (7.51), ta c6
' N
I, = H xyldxdy = z Aty (7.53)
i=1

(o)
k,I=0,1,2,...,n;k+1<n)
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Néi chung, cac hé s6 A; clia (7.51) c6 thé duge xac dinh ti he
phuong trinh tuyén tinh (7.53). Mudn hé (7.53) x4c dinh, cin
thiét ring s6 N chua bist phai bing s8 cic phudng trinh, do
vay khi tao ra mdt "mang dang cac s8 mia" (H. 48), ta duge

¢ N:(n+]_)+n+_..+1:(_n.ﬂ)2(n_+g).

1 0 G o Q

1

o

(X1

-0 O 2 Hinh 48
n - k

Mot vin dé khé khin va coén bé ngé 1a lya chon diac biét
nhat cac diém mang d8i véi mién (o) di cho.

Ta c6 thé chi ra ki thuat tdng quat diy di khac d€ tinh mdt
tich phén hai 16p. Gia si mién 13y tich phan bi gidi néi béi cac
dudng cong ddn gia lién tuc : y = ¢(x), y = (), (@) < ¢(x)) va
hai dudng thing dingx=a, x = b (H. 49).

y

Hinh 49
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Ding céc quy tic quen thudc, vit cic can 14y tich phan hai
lép ta duge '

b w(x)
ij(x,y)dxdy=jdx [tz
a . a p(x)
w{x)
Giasit F(x)= J. f(x,y)dy (7.54)
o(x)
b
do 6 _[ I £(x,y)dxdy = I F(x)dx (7.55)
(o) a

Ap dung mét trong cac cong thitc cdu phuong cho tich phin
don 4 v& phai cua (7.55), ta dudge

n
_U £(x,y)dxdy = ) C;F(x;) (7.56)
(o) i=l
trong d6 x; € [a, b] (i= 1, 2, ..., n) va C, 1a céc hé s6 khéng ddi
' ‘v()g)_
nao dé6. Cac gia tri F(x;)= I f(x,y)dy c6 thé tim duge nhd
(P(xi)

cbng thic ciu phudng nio d6, ching han

m;
Fx)= ) Byf(x,.y;),

i=1

trong d6 By; 14 cac hing s5.
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T ¢éng thic (7.56) suy ra

_ | ij(x’Y)dXdy=iiCiBijf(Xi'yj) 157

{x) i=1 j=1
vdi C;, By 1a cc hing 8 da bist.
2, Céng thitc tich phan hai 16p gan diing Simpson

Cho mién 14y tich phan hinh chit nhat: Rfa <x <A b <y <B},
(H. 50), ¢é cic canh song song véi cac truc toa d6. Chia d51 mbi
khoang {a, Al va [b, B] bdi cic diém tudng ting

Xg=a,X;=ath xy=a+2h=A

va Yo=b,y1=b+k yy=b+2k=B
trong d6 : h='A_a',k=B_b.
2 2
v
_____ Fn
y,=B 1 4 1
(R}
y, p---- 4 je: 4
y=b L____ 1 \4/ 1
:-—h—bjld—h—.-:
[ 1 AL B
o P
*o=a %1 X%=A Hinh 50

Do d6, ta nhan duge t&t ¢4 9 diém (x;, ¥) (,j =0, 1,2, ..., 9).
Ta cé

[[ e y)dxdy=deTf(x, »dy (7.58)
(R) a b
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Tinh tich phén trong ctng bang céng thic cdu phuong
Simpson _ '

A
I £(x, y)dxdy = I %[f(x, Yo) + 45(x,3,) + £(x, )] dx
{R) a

K A ' A A
=5 J £ o+ 4 [ ey, + [ 0,5,
a fa &

Lai 4p dung céng thitc Simpson cho méi tich phin, cho
két qua : “

[[ ey axdy =Bt 70) + 4165, 700 + 6,501+
(R) : '
+ 4f(xg, y) + 4f(xy, yq) +xy, I +
+ (%, ¥9) + 4£(%,,¥,) + (x4, 7)1}
hay

hk
[ ey = 258,700+ £xg, )+ £5,35) + 3,30+
(R) ' ,
+A[f(xy, o) + £(xg, ¥, + £(x5, y7) + £(x;, 3,1+
+16£(x;,5,)} (7.59)
(7.59) goi 14 cong thiic tich phin hai 16p gin diing Simpson.
Nhu vay
hk ,
£(x,y)dxdy = 5(0, + 40, +160,) (7.60)
{(R)
trong d6 6, 1 tdng cac gi4 tri cia ham 14y tich phan f(x, y) tai

cac dinh cta hinh chit nhit R, o, 1a téng céc gia tri cia ham
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f(x, y) tai cdc diém gifia ctia cac canh hinh chit nhat R, cén
o, = f(x}, ¥;) 14 gia tri cha ham f(x, y) tai tdm caa R.

BAI TAP CHUONG VII

1. Diing cong thitc Niuton - Cote danh gia tich phan sau

2. Dung c6ng thic Simpson, tinh tich phin

1
dx

1+x
0

véi 85 diém chia cach déu n = 10.
3. Ap dung céng thic Simpson (7.59), danh gia tich phan
hai lép

4,426

=;|“j‘xdy
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Chuong VIII

CAC PHUONG PHAP GAN BUNG
TRONG CO HOC LUONG TU

Phuong trinh Sorddings (Schrédinger) khéng phu thudc
thoi gian d81 v4i mét s6 mé hinh thé ning mét chiéu don gidn
nhu hé thé vudng géc c6 bé cao hitu han hodc v6 han, hing rao
thé& va bai toan dao ddng ti didu hoa,... cé6 thé gidi chinh xac.
Ta s& st dung cac két qua nay aé nghien citu Hamintdnién
(Hamﬂtoman) cua hé lugng tit bao gém cac 86 hang tudng tac
khong thé gidi mét cach chinh xac. Cac 58 hang tuong tac nay
goi 1a nhiéu loan giy bdi trudng ngoai (vi du trudng dién t)
hay do tuong tic cia chinh hé lugng tit giy ra.

Cé hai loai nhiu loan khéng phu thudc théi gian va phu
thude thoi gian. D81 véi nhidu loan khéng phu thude thdi gian,
Haminténién duge xét c6 chc vects riéng clia cac trang thai
diing ing vdi phé gian doan. Nhiéu loan phu thudc théi gian
Ung vdi cac trang thai hén tyc.

Ngoai li thuyé&t nhiéu loan, trong chlmng nay ching ta sé

trinh bay phuong phap gin dun.g khac goi 14 phuong phap
bién phén.

§1. LI THUYET NHIEU LOAN DOI VOI
CAC TRANG THAI DUNG KHONG SUY BIEN

Gia stt Haminténién ctia hé higng ti 6 thé viét dudi dang
fi =fio +0H; | (8.1)
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Trong dé Ho 1a phén chinh cia H véi céc tri riéng E® va

vectd riéng |(pn) khéng suy bién di dugc bist chinh xac

Ho I‘pn)zE;O)I(pn) (8.2)
Cén yé&u t& nhidu loan Hjnhé so véi Ho. Théng sd nhiéu
loan A gid thiét cé gia tri ndm gida O vd 1. Khi A = 0,
Haminténién H = Hg trd thanh khéng nhiéu loan va khiA — 1,
ing véi Haminténién cta hé dang khao sat. .
Ki hiéu céc vectd riéng cha H 1a I\yn>\’mg vdi céc tri riéng
E,, tacd .
(Ho +AM)|w, ) =E, |w,) (8.3)
Khai trién I"’n) theo cic vectd trang thai | ¢ > va gia thiét
¢0 sy tudng dng gitia cic trang théi |1|!n) va l(pn), nghia 1a khi
A — 0 ta c6 sy tudng {ing sau

|lp’n>-—-)|(pn> vaE — Eslo)
Vi) =lo)+ T e loy) o
k#n

T diéu kién A — 0 ta ¢ |y,> - |¢,>, d4n dén ek (0)=0.
Cac h# s6 khai trién Cy va tri riéng E_ cling duge khai trién
chuéi theo A. ‘

Cpok 3 = ACT) + 2208 +2%¢H) +.. 8.5)
=g 1 2(2)
E, =EQ +AED + 22E® ¢ 8.6)
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Thay céc khai tridn nay vao phuong trinh Sorodings (8.3),
ta duge . '

(Ho +xﬁ1)[|<pn)+ Y ac o )+ 3 A2cBlg, )+ ]
k

#n k#n

_(E® 4 25D 4 \2E®
=(E® +2ED + 22E® ¢ .}

‘ [ltpn>_+ 32 g, )+ kz l201(1213|¢k)+...] (8.7)
#n

k#n
Dé phuong trinh (8.7) thod mén véi A bat ki, cac hé 8 mbi
béc cta A & ca hai v& cla phudng trinh phai bing nhau.
Trong gin diing bic mét, chi gifl lai céc s8 hang ti 18 véi A,
phuong trinh (8.7) ¢é dang

flo 2, ikl Ffo) =B 32 O o)+ 7o) @9
#n

k#n )

Vi Ho|g, ) =E{”|¢, ) nén phuong trinh (8.8) dugc viét lai
(1 -H 0 (DRP4 ]
EV|o )= Hile, )+ Z(Ei)~E;))CEdZ|cpk) 8.9).
‘ k#n

Nhan trai hai v& cia (8.9) véi vectd bra <g_| va si dung
diéu kién truc giao cua cic vectd trang thai khéng nhiéu
loan <@, | ¢, > = 8., ta tim dudc phdn bd chinh bac mét caa
ning higng

Hi

ED = (o, [fie, ) @)

Tudng tu, nhan trai hai v& ctia phuong trinh (8.9) vdi vects
bra <g_, | (m # n) va sit dung diéu kién tryc giao cua cic vects
trang thai khéng nhiéu loan, ta duge

(o o)+ (£ -5}, <0
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K&t qua nay cho biéu thic xéc dinh hé 58 khai trién C(l)
trong gan ding bac mdt

¢, [Hilo, }
c® h<k__“z (8.11)

nk T (0 Q
B0 5

Do d6, trang thai nhiéu loan trong gin ding bac mét cé
dang

' tpk|ﬁ1|(pn '
o) =leg)+ ) 8.12) .
[va) =) gﬁ—lE@Eim o)

Bé qua céc s8 hang chta cic luf thita clia A tif bac ba trd
Ién trong phudng trinh (8.7), ta dudc

fip Z C(Z)l(pk>+H1 > E“)|<pk)

k#n

=B Y CRlo)+ED ¥ Qo ) +EPo,) 823
k+n k#n

Nhén trai hai v& ciia (8.13) véi bra (9,]. ta thu duge bidu
thitc phin bg chinh béc hai clia niing lugng

ED = 3 (0, |f1]ox )
k#n )

Thay thé CS}Z ti phudng trinh (8.11), ta duge két qua

' n 2
ED -y K(P" |H1|(p“ | -(8_14)

0 0
E® E(] )
¢ )

k#n

O dﬁy, ta d3 su dung ((pn |ﬁ1‘tpk> =((Pk lﬁl
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D& cho phép gin ding c6 nghia thi s§ hang b8 chinh phai nhé

T d6 suy ra .
|<(pk [ (pn>| < |Eff‘) - E{P)l n#k (8.15)

Diéu d6 c6 nghia la cic yéu t8 ma tran clia toan ti nhidu

loan phai c6 gia tri nhé hon khodng cach giita cac miic ning

lugng bat ki cla chc trang thai khong nhidu loan. Hon niia

trong gan ding bic mét, phdn b8 chinh cla cic miic ning

lugng bing tri trung binh cia ning lugng nhidu loan trong
trang thai khéng bi nhiéu loan (8.10).

Vi du : Hiéu 1ing Stac (Stark) trong nguyén tit hidrs.

Hién tugng tach vach quang phé clia nguyén t duéi tac
dung cia dién trudng duge phat hién bing thuc nghiém nim
1913 va mang tén nguci phat hién ra né : Stac. Ta biét ring
Haminténién khéng nhiéu loan clia nguyén ti hidrs ¢cé dang

a2 2 _
Ho=E_%. | (8.16)
2p r

v8i cac ham riéng tudng iing la
i@ = (o)

Khi dit nguyén tit trong dién trudng ngoai c6 cusng d6 ¢
doc theo truc 2, thé ning cua &lectron déng vai trd thé nhidu
loan bing

Hi=ef.F =eez 8.17)

Vi tat cd céc trang thai ¢, véin > 2 déu bj suy bién nén i

thuyét nhiéu loan khéng suy bién trinh bay trong muc nay chi

253



ap dung cho trang thai c6 ban n = 1. Phin bé chinh bac mét
cla nang lugng duge tim thiy bing

Egln)o =ee (‘9100 I (4’100) =eE,|'|‘F’100|2 zd’r

Tuong tu, phin b8 chinh bic hai d6i véi ning lugng 14

z |< @Pnim M‘Ploo)l

(0)

2
Effo=e

- (8.18)
nim#100 Emo

Yéu t8 ma tran cha phudng trinh (8.18) c6 dang
(Onim [ #100) = [4*r Ry () Y, 8, @)rcosOR,(Y(6,0)

AT 1:"2 1 1/2
_ jr?arnn,(r)er(r)j aqy;. (e, qa)( } Y, q’)[;;)

N [%]Sllsmbjrzdar;(r)rRm(r) (8.19)

trong db ta da su dung céac hé thic sau

1 1
cosf — An Y va Yoo = 1
3 4n
Tt (8.19) suy ra yéu t6 ma tran (cpn,m |zl tp100> s8 khac
khong néu s6 lugng tu tit m cla cic trang thai cé déng gop vao

su thay d3i ning lugng cia mét trang thai phai nhu nhau.
Diéu d5 c6 nghia 14 nhiéu loan hoat d6ng véi quy tic loc lua

Am =0 (8.20)
Quy tic loc Iua (8.20) 1a hé qua cia giao hoan giiia toan ti

tuong tac nhifu loan véi toan ti hinh chiu momen xung
lugng trén truc z )

[fy,L.]=0 (8.21)
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§2. NHIEU LOAN SUY BIEN
Xét toan tii Haminténién Hy khéng nhidu loan bi suy bién
bacs -
Holoy ) =EP|o, ) k=1,2,.. s (8.22)
Ung v6i mét tri riéng Eff] ), trang thai cha hé khéng nhiéu
loan duge mé ta bdi cac vectd trang thai truc giao
|9} |€n2): - [ 0n)
Gia sit Hamintdnién nhiéu loan H clia hé ¢6 dang
_ H = ﬁo + ﬁl
Vi cic vectd riéng cia H duge xac dinh tit phudng trinh Seradings
lv) = o Bllv,)-Eolw) 020

Khai trién |y _)} theo cic vectd riéng ctia toan ti o
N g

=3 el @21
va thay (8 24) vao (8.23), ta duge
3 e - 8 '
kz_‘ick (Ho I(pnk) +_H1 I(Pnk)) = Enkz_lck I‘Pnk) (8.25)

Nhén hai v& cua phuong trinh (8.25) véi vectd bra ((pm. |

L]

ki—] ckEEnO) (‘Pnf |(pnk ) + o Ck <(Pm- li_‘\Illcpnk)

—

. _
= Enkz_lck ((pm. i(pnk> . (8.26)
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va Ki hiéu y&u t5 ma tran Hy, = {9, [fitle,, ), déng thai dat
g, = E, — B\, khi d6 phuong trinh (8.26) bién dfi thanh
I3 .
> (Hy —€,8,)0, =0 8.27)
k=1
Mudn cho hé phudng trinh trén (s phudng trinh 461 véi c})

c6 nghiém c, khac khéng thi dinh thic cha hé (8.27) phai
biang khéng

(Hyy ~25) H,, Hig . H |
H:21 (Hyp-£,) Hyg - Hy | 0 (828
Hsl Hs2 HS3 (Hss ~&n

D4y 1a phuong trinh dai s6 bac s d6i véi £,. Giai phuong
trinh nay ta dudc s nghiém néi chung khéac nhan la :

En = Enls En2s o s
Nhu viy, khi cé nhidu loan mdt mic suy bién Eg}) sé tach

thanh mdt diy cac mic gan nhau

-E® =
En] —En + Enj, J - 1, 2_, =y 5

Thay mét gia tri g,; vao hé phudng trinh (8.27) ta tim dude

mdt gia tri cla c,. Thanh thi vectd trang thai cia hé nhiéu
loan bay gid cé dang

Iwnj) = z Ck (Snj)lcpnk) (8.29)
k=1
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§3. CONG THUC TONG QUAT CUA
Li THUYET NHIEU LOAN
D& vi du vé& phudng phéap nhiéu loan trong gin ding bac bat

ki, ta xét phudng trinh Sdrodings mé ta chuyén déng mdt
chiéu clla hat trong trudng th& AV(x)

2 42
A dy +AV(x)y =Ey
2m Jx?
. N o ” - 2 2m Zm
trong d6 E 14 ning ludng cia hat. Dt k =--§-E, U =—-2—V
i A
ta nhan dugc
2 .
v v, [kz —lU]w -0 (8.30)
dx .

Gia st rang chuyén déng cua hat bi gidi han trong mién 0 <
x < L bdi rdo thé ¢6 bé cao vé han (khéng dua vao U) taix = 0
va x = L. Do d6 ham séng w phai tho4 man difu kién bién

v(0) =y()=0 _
Nghiém chinh xac cia phidng trinh Sorddings
E‘pn tk o, =0 . (8.31)

mé ta chuyén déng tu do cia hat trong hé thé cé bé cao v6 han,
thoa man diu kién bién trén cé dang

X o |
K} = [n—fj  (0p|om) = [ Onomdx =8,
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D& tich phan phuong trinh (8.30), ta biéu dJ.en nghiém hinh
thite cua (8.30) dudi dang

y(x) = —lj G (%) %) Ul hw(x,g)dx, (8.33)
0 .
Ham Gy(xixg) goi 1a ham Grin (Green) clia phudng trinh vi

phén (8.30), né thoa méan phuong trinh vi phin sau
d2

(xlxo) + k Gk(xlxo)——S(x xo) . {8.34)

Ham Grin Gy c6 thé biéu dién qua céc ham ¢,, dudi dang

Gy (x1xg) = Z({Jp(X) 9y, (%)

Y (8.35)

Pit chudi (8.35) vao phlIdng trinh tich phan (8.33), ta duge

[ 00 UGty Mg )ax,
w(x) =2 L
P

T () (8.36)
P

Khi A -5 0, Haminténién trd thanh khéng nhiu loan, ta cé
su tudng dng sau

Yo 5557 %

Do vay chuéi (8.36) duge viét lai duéi dang

j 9, (%) UK W(x))

W)= P +A Y b
p#n . k "kp

9, (x) (8.37)
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D& hé s6 clia @, trong cong thic (8.36) bing don vi, tit (8.36)
vi (8.37) suy ra

L .
K* =12 +2 [, (xo)Ulxg)wix, )dx, (8.38)
A

Thue vay, ta c6 thé kiém tra tinh ding dén cla céng thic
(8.38) bing cich nhén ca hai v& ctia phuong trinh (8.30) vdi
ham séng ¢, va tich phdn tit 0 dén L

' L L
42
I¢n—‘-2E dx +k2jw<pndx ~A jcanwdx=o (8.39)
o dx o 0
36 hang d4u tién duge tinh nhd tich phéin ting phin bing
dy 2 '
I 0, ez 9% = -k, IW,,dx (8.40)
0

- Tt (8.37) va difu kién tryc chudn cta cic ham séng Pn
(8.32) suy ra Iw dx=1. Do d6, két hdp (8.39) va (8.40) ta
dugc cong thiic (8.38).

Ta ¢6 thé 4 4p dung phudng phap gin diing lién ti€p 461 vai
phuong trinh (8.37), sau d6 dit két qua nhan duge vao (8.38)

& tim céc gin ding lién tiép cha dai htgng k>. Gin ding bac
khéng d61 véi ham séng y,, bing : w(m =9, -

Khi d4t két qua nay vao v& phai ctia phuong trinh (8.37) ta
duge gan ding bac mét

(1) -
- 0,041 T 2
- p#l‘l p

?, (8.41)
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L
trong d6 U, = j 0, (x0)U(x0)0,, (xo)dx, (842
) .

Dat y{! vao v& phai cha (8.37), ta dude bidu thitc ham séng
trong gan diing bac hai

Vv =0, +A Y =g +
p#n “Sp
U U
432 Z Pg qn ¢ (8.43)

2 2 2
parn (K° — kg)(k k"
Tong quat gin ding bac a

I q’pr(avl)de
v =g, +2 Y 2 5 (%)
p#n p
c6 dang
U
(a) -
=@, +A ), —E— —=0,
] p#nk _k
LUNGR U ¢
kAt Y [ L ¢, (B44)

pa.en & ~k)(k? ~k2)...(c% - k2)

Trong cac cong thitc trén. chida dai hugng k? chua biét. Dbiat
(8.44) vao (8.38) ta xac dinh dudc k” dudi dang

' U U
2 _1.2 2 |
k®=kZ +AU_ +2A° Z——H+...+
pzn K —1(p
£y ZnpUpggrUm (8.45)

paen (&7 ~K2)A ~k2)(k? - k2)...(k% - k2)
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Giai phudng trinh (8.45) bang phuong phap gir dung hén
tiép, ta dugc

2,1 2
&H® k2 42U

U, U
2,(2)._ 4.2 2 np ~ pn
&)=k 42U +A Z__k2 5
p#h n P
U,.U
R S L ) N S
pen Ky +AU  — K0
+ 23 Unpquan
2 2y 2 2
pn (62 ~K2) (k2 - Xk2)
U_U
&H® =2 +au, +22Y P
POk AU, +27 Y 9 k2
)
. q#+n T n q
+ 3 Z Y1pUpqYan +
paen (K2 +AU — kD) +AU, -k2)
Py UUUarUsn

par#n (kz _ k2)(k2 k2 )(kz k2)

T_b’ng quat, gin ding bic a 461 véi dai lugng k% ch dang -
U U
&H® k2 +aU_  +A2Y —ZR_Pn__,
n nn ; (k2)(a 2y _ k2
Y el
pa#n [(kg)(ahm k2 ][(kz)(a_a) - kﬁ]

" pa.=n (& —k (kD ‘kq)---(kn -k7)
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Nhu viy, ham séng trong gin ding lién tiép duge xac dinh
- bang cac céng thic san

wy= ”‘>+7LZ 50500
P*ﬂ n_ p

U

(2) _ (0 pn
o, A (x)+
w zkz A.U (Pp
U u
tA2 Y e, ()
pPqzm (kn _kp)(kn -k)

(a) = U
=0, (0 +2 ENCE kz“’ (x)+

p;n(

| U U
2 Pg — gqn
+ A 2# (kz)(“ 1) k2¢ x)+...+
pg*n

+a Y pa qrrs - | (x) (8.47)
X
paen (k2 ~k2)(kE —k2)(k2 - k2) (e - 2)q>'p

Néi chung, cic gin ding bac cang cao ddi véi ham séng va
k” cang cé dang phiic tap han. Liru § ring cac bidu thitc (8.46)
va (8.47) khong phai la khai trién chudi theo A. Tinh héi tu cha
chusi (8.46) va (8.47) t4t nhién tén tai d6i véi cic bai toan ap
dung thuc t& Ngudi ta cling c6 thé chi ra duge cac diéu kién ap
dung t6t li thuyét nhidu loan nhu di trinh bay trong muc §1.
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$4. CONG THUC NHIEU LOAN CUA FINBEC
(FEENBERG)

Xét chuyén dong cha mét hat trong khéng gian ba chidu
dudi tac dung ctia thé ning Up + AU, Ham séng ¥ = {r|¥) hay
vectd |‘P) m$ ta trang thai cia hat thod min phuong trinh

VI¥)+ &2 -Ug -aD)l¥ 20 (8.48)
trong dé bai toan khéng nhiéu loan (A = 0) v4i nghiém chinh
x4c @, >va cdc tri riéng k, ¢6 101 gidi tit phudng trinh

2 G 17 —
V¥|o, > +ky ~Uo)o, > =0 (8.49)

N&u ta xét bai toan hai hat thi phuong trinh Sorodingd
trong trudng hdp nay cé dang

V%) + VE[¥)+ (k? - 0o -aD)|¥)=0  (8.50)
3 day ¥ 1a ham séng cla sau bién 88 x|, yy, 21 va Xy, ¥y, 29

(ba toa d8 481 véi méi hat). Cac phtrdng trinh (8. 48) va (8. 50) )
thé viét lai dudi dang chung

Z|¥)+ k2| %) = 10| %) (8.51)
~ 42
trong d6 toan ti & =E trong phudng trinh (8.30),

$=v?-Up -trong phuong trinh (8.48) va Z-= Vf + Vg - U
trong phucng trinh (8.50). Bai toan khéng nhiéu loan

Loy )+ |0y) =0 ®.52)
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Néu # 1a toan tii ecmite thi che vectd riéng Icpn) lip thanh

mot ¢d s8 true chuin diy du

(Palon) =002V =3, e
Zon){onl-1

Khai trién |¥) thanh chudi theo co 53 {|o, )}
%)= %Cph’p) €y =(op1¥)

Dat chudi nay vio phudng trinh (8.51) va st dung (8.52) ta
dude - .

ZCp(kQ - kg)lq’p) - lchﬁlq)p)
p P -

Suy ra

(k° - kﬁ )Cq = lz Cp ((pq |ﬁlq’p) =3 CoUgp
P P

hay Z[(kZ-ki)aqp-wqp]cp:o (8.54)
LA .

trong d6 U, la yéu td ma trén caa toan ti nhidu loan 3]
trong cd sd {l(pn)}
qu =((pq|ﬁ|(pp)=j(p;ﬁ(ppdv

Hé céc phuong trinh d6i véi cée hé s8 khai trién C, chi o6
nghiém khéng tdm thusng C, # 0, néu dinh thic cia phudng
trinh dic trung cia (8.54) bing khéng, nghia 1a

2 2 —
det[(k k28, -AU, ] -0 (8.55)
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2 12
k“ - ko - AUOO ~)LU01 —}.Uﬂz
2 2
_ "H}lo k- kl - kUn ‘3U12
hay —AUyg —AUy K -k; ~MUgy | =0

Giai phuong trinh nay cho phép ta xac dinh duge gia tri
cha k°. '
Dé don gidn ta gia thist ring, cac y&u t& ma tran Uy, chi

khac khéng véia <2, b £ 2. Khi 46 c6ng thiic nhidu loan (8.46)
c6 dang don gidn '

: U,,U
k? =kZ + AUy, + 22 10
k2 —k2 - AU, - AUpUsy
' 712
k2 -k2-AU,,
+ - UgpaUsgg N
2
k2 k2 AU, ~— 021912
2T R v,
+28 UpoUp Ui + UgoUn Uy

(k% - k2 - AU (K - k3 - AU,,) - 22U, U,

Khai trién thanh chudi theo A miu s§ ciia biéu thitc nay,
ta duge ' '

K2 =k + AU, + A2 Yo1Yo , YoaUs |, 33/ Yo UniUsp
0 0 K-k kP-k (2 — k2)>2
+B01Y19Y90 +UgpUp Uyg  UgoUppUsgg |,
& -kDE* -k &P -k3)’
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56 hang ddu tién va tiép theo trong ngoic chita 23 xust hién
12 do khai trién thanh chudi cia
1 v 1
K2 -kf-aU; kP -k}-AU,,
Xét hé phudng trinh (8.54) xic dinh céc hé s6 khai trién
chua biét C,. Gia thigt ring ta xét nghiém néu khéng cé nhidu
loan thi |‘P)—)|(pn), nghia la C, = 1. Khi dé ta cé

2 12 _ ’ -
&~k -AU)C =AU, +1 Y C U (8.56)
q#np

(Ki higu q # np ngu § khi 14y tdng thi chi s& q khéng thé -
nhan cic gia tri n va p). Trong phuong trinh (8.56) néu ta d8i
cae chi 88 p & q, ta dudge

2 2 L
(6% ~kg A )C =AU +AC U +4 ¥ C U (8.57)

r£npq
Tuong ty, 461 véi C, ta c6
&*-x2-2U_)C, =

=AU, +AC U, +AC U +X 3 CU. (859
s%npqr
DE xac dinh duwge hé s§ khai trién G, 6. 56) ta cdn xéac
dinh dudc C Hé s§ C mudn xac dinh tu phudng trinh (8.57)

. thi ta cin biét C, duge xéc dinh tit (8.58),... Nhu vay ta chi ¢b
thé xdc dinh mdt cich gin diing, ching han bing cich sau
T phuong trinh (8.57), ta chi giit lai hai s§ hang diu tién &
. v& phai

2 2 _
(k ~k —JLqu)Cq —JLan +?LCpqu_
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Dit két qua nay vao (8.56), ta duge cong thie tinh C, chinh
xac dén bac hai

U U
k2-k2-aUu  -a? 1 o S P
P PP qukz _ k2 —'),U P
U U
=AU +AR Y Pa_qn (8.59)
po kZ-x%Z_\U
g#np q qq

NEu dit q = n trong phucng trinh (8.54) va cho C,=1thita
nhan duge phudng trinh xéc dinh k> |
: 2_12
k =k, +AU,, +2 3 C U (8.60)

pEn

Thay gia tri Cp tix (8.59) vao (8.60), ta dudge k vdi d6 chinh
xéc dén bac ba

U U
CEP=xZ AU A7) £ pn T +
o patnkil_kﬁ_xu _122 Py qp
PP ’ 2 2
e K2 K2 AU

‘U U U :
Y np-pg —gn (8.61)

U U
K-k2-AU A2 B g2 2,y )
l!*pn[ R -k2 AU q aa
Pa1 vél dm.h thiic (8.55) bic cao hon (trudc diy ta chi xéta < 2,
b < 2), ta can phal khai trién chinh xac dinh thic dén bac ba,
chita k% - k% -2

Dat (x%) <k2+AU_+aZ Y _pd 90
np p PP el k2 _ (X2)

+X3 Z UPCIU(II'U

azp 167 = (x%) MM62 - (x7)

r#npq

npq

npq npar]
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U,U,
()0 =kZ +AU +27 Z S L
P d “ r#npq (X )ﬂpq

U YU
D) 2 2 stq 2 - (862
i, B = D

Mai x véi chi s8 dai thém dén c6 sd cic s6 hang trong mdi
chudi gidm din, nhéin véi cac bic khic nhau cla A ; tit ca céc
y&u t6 ma tran bi suy gidm va néu chi c6 mét 88 hitu han cac
trang thai thi cac chudi cudi cliing din dén khéng vi tét ca cac
yéu t§ ma tran dudc d4nh gia bing khong. Do d6 bidu thie
téng quat ciia Cp cb thé biéu difn qua cic hing s& (x?)
C =d4—mF———— Upn 2 z quan

p k2 (x2) a [k2 _( 2) ][k2 (X2)
23 z quUqum
qenp T2 = () M? — (), WK% - (x7)

r#npq

Dit két qua nay vao phuo‘ng trmh (8. 60), ta dugc

U, U
k2=kZ AU +2A2Y —DB B0

np*

n])(l

npqr

P#n

U U U

+l3 np "pj —gn
p; k2 (x2) ][k2 (12)
q#pn

“Pq

vy z UnpUpqUgrYm

prn K% = () M - (&), I~ (x%)

g£pn
r£pgn

+

(8.63)
npqr
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Dé giai phudng trinh (8.63) d3i véi k ta cin phai ap dung

phlrdng phap gin dang lién tiép. Gan dung béc a duge cho bdi
cdng thiic sau

' ) U U
&)@ =K% 4 AU +22 np
! p; [(k )a=2) _(x )(a 2)]
+23 > UnpYpaYan L,
E:gp[(kz)(a-s)_(Xz)fls;)-a)][(kz)(a 3) (xz)(aﬁa)]
+}La Z > . Ungum:lqrgl‘s 2[] R > (8,64)
pen (k;, — k) —k )k ~k2)...(k2 -k2)
n
renpy
z#npq...

O day (x%)& 2 I dai lugng (&)yp... trong gén diing bac (a - 2)

véi sai s6 ti 18 véi A* L. 8% dung cong thic (8.64) cho phép tim
dude gia tri caa xZ trong gan ding bac mong muén. Vi du nhu
de dang tinh duge (k )(2)

e U U
2,(2 2 2 p

&H® =k? 12U+ E:k—;ﬁ_—]j‘ (8.65)
P#n “n ]

Sau d6 tiY (8.64) va (8.62), (8.65) ta nhan duge kDO

§5. CONG THUC NHIEU LOAN FREDGONMA
(FREDGOLMA)

Xét phuong trinh tri riéng |
(A-E)|e)=2Bje) (8.66)
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trong d6 E la tn riéng, AvaB la toan tit ecmite. Bai toan
khéng nhiéu loan tusng {ing toan ti A véi cac tri riéng ¢ va

cac vectd riéng Ifn) c6 dang

Alf,}=z,|f.) (8.67)

56 hang nhidu loan dudc bi€u didn béi toan ti AB. Phuong
trinh (8.66) cé thé viét lai dudi dang

|e)=MA - E) ' Bje) (8.68)
Trang thai riéng |e, ) khong nhidu loan tng véi trj riéng E,,
‘thod min diéu kién tudng iing
lea) 5576
Dé mb ta su tich vects Ifn) khéi phan v& phai ciia phudng
trinh (8.68), ta s& sit dung khai niém toan ti chifu B,. Toan
tit chi€u Bp dude x4c dinh sao cho né tich ra phén vects bt
kitilé véi |fn) Nhu vay, toan ti chiéu c6 cic tinh chét sau
Ba|f,)=|f,) ; Balf,)=0 khim=n
C6 thé bidu difn By dudi dang cu thé hon: Bn <[, X£,|. Do
dé6, néu khai trién |e) = Z(tp pr) thi |
P

ﬁnle) = Z(lpﬁn fp) = Z(Iplﬂ_&snp = (In.lfn)
P p

Nh¢ dé phuong trinh (8.68) c6 thé vist dudi dang |
en) =16} + 21 -Ba)A -E, ) 'Ble, ) (8.69)
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- Dua vao ki higéu
A=1-Bn)A-E )'B (8.70)

Biy gid phuong trinh (8.68) trd thanh phuong trinh khéng
thuin nhat 461 véi Ien>.

lea)=lt)+2Ale,) (8.71)
Nghiém hinh thiic ciia phuong trinh nay la
1 AA .
len)=m'fn)=|fn)+l_12|fn> (8.72)

Céng thiic nhiéu loan Lip déi véi vecta |en) nhén duge bing
céch khai trién 1/(1-14) thanh chudi theo A

~ ~2
len) =|£,)+ AA|€, )+ 227 (€, ) +.. (8.73)
Chudi nay déng nhat véi chudi (8.44), vi vay néu ta dit vao
khai trién clia toan tit A theo cac vects riéng lﬂm) _

A= Tl AN -l 3

véi tich vé hudng (bracket)

(l)-(5Ja-oca-s, o) L)

n

thi khai trién nay cé dang

pazn °p ~ n

-y B_"‘E‘: pr)(fql | 8.79)
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trong d6 B, = (fp lﬁlfq) T d6 suy ra

A= 3 )

pg#n P

B
_ Bog lf'f) o= g\ . _P‘I“:n |fp) (8.75)

pq;tn P

Két qua nay di nhién trang véi s6 hang gin ding bac mét
cua li thuyét nhiéu loan’ (8.41). Tuong ty, ta cb '

Xlg,)=Adl,)= AZ =,

B
JL]
=27 —E)Z(e —E)f>

q#n p¥Eq * P
- Bp®an | (8.76)
pW(ep~-E ey - E, 1P )

Biéu thic (8.76) tring vdi s§ hang gan ding bac hai (8.43).
Viét lai nghiém hinh thite (8.72) dudi dang

A1 -2A
o) =220 77

trong d6 x (A) 13 ham duge lya chon nhu sau. Ham y() can
phai 13 mét ham hoan toan cia A, khéng c6 céac diém ki dj
trong toan bd mit phing phitc A. Diém khéng cia né can phai
trung vdi cac cyce tri cia ham 1/(1 ~AA) (nghia la A=2) vacd
cing bac. Vi x(A)/(1 - AA) cing nhu x(A) 1a ham chi cla bién
A, do d6 c6 thé khai trién thanh chudi theo A.
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Dua vao ki hiéu
A=(1-B.)A-E,) B  (8.70)

Bay gic phuong trinh (8.68) trd thanh phuong trinh khéng
thudn nhét déi véi [e, ).

len)=|£.)+2Ale,) (8.71)
Nghiém hinh thitc ctia phuong trinh nay la
'en)‘l J\.Alf ) I%) 71— Z..A'f") - (8'72)

Cong thite nhiéu loan lap d6i vdi vectd |en) nhén dige bang
cach khai trién 1/(1 -A4) thanh chudi theo A |

-~ ~2
|ea) =]t,) + RAJE, )+ 22 g, ) + .. (8.73)
Chuéi nay déng nhat véi chudi (8.44), vi viy néu ta dit vio
khai trién cia toan tit A4 theo cic vects ridng Iﬂ])

A=ZladAEI) ] - Zle el

vdi tich vé hudng (bracket)

(oe)-pla-muni-z, ey -ELB)
thi khai tﬁén nay cb dang |
-y () (s, | (8.74)

Pg#n p 1’1
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Dao ham Iny(A) bing x'(A)/%(A). RS rang ham nay cé cac cuc
diém ciia ham %(A), nghia 14 khi A = A Nhu vay, dé tim ham
%(2), can thidt ddong nhat ham x'(A)/x(A) cé chc cuc diém tuong
ling tai cic d1ém A = A,. Ta & lya chon don gidn nhdt tit rat
nhifu ham nhu thé dudi dang

XA _o | A | 51
x(x)‘sp[l_xr«] 25 579

r

O day spur (Sp) 1a vét clia ma tran. Déng thic tht hai trong
(8.78) dugc riit ra tif cac y&€u td chéo clia ma trin A bing 1/x,.

Tich phan hai v& cla phudng trinh (8.78) theo A tt A = 0
dén A = A, va gid thiét A = 0 khdng ¢6 méat trong tip hdp cac

cuc diém {&}, ¢6 nghia 1a bai toan khéng nhiéu loan khing suy
bién. Khi d6 ta cé

ol
*x(A)=exp| —|S ( }dlil (8.79)
y Pl1-AA |

Khai trién ¢(}) thanh chubi theo A

X\ = Z an)\.n,a0 =1
=0

L) _ 2na !
x(A) Zanln

Suy ra

Datx, = 8,4 (8.80)

N R x'(A) .
Tit (8.78) va (8.80), suy ra XTD- = —Z xpﬂlp

hay 3 na A7 =3 xAP)(Y 2 A°)
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Déng nhat cic hé s8 cling bac A & hai v& cia phucng trinh,
ta duge hé thic san

n
(n+ 1)an+l + Z AXnil-s = Xn41 (8.81)

s=1
Nghiém cua hé cac phudng trinh tuyén tinh khéng thuin
nhit d6i véi a, (8. 81) c6 dang

1 0 0 0 x
X, 2 0 0 X,
. X, X5 3 o 0 Xg
a, : _-IF (8.82)
Xp-1 ¥ph-p Xp-3 - X1 X

Bén nghiém diu tién 1a

1, 9
ag= =(x*-x
2= 5% %)
1 3
a, = —2%}(6):;(1 —-8xX5 + 6x2xf - 3X% - Xil) (8.83)

Tuong tu, ta khai trién x(A)/(1 - A A) thanh chudi theo A

x(2)

Vi b A"b, =1 ‘8.84)

n=0
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Ta co

d [ xX(A) ] :
A, a1 ad) Db
dh 1-24 xRN > b An
1-AA4 |
R, A (8.85)
xX(A)  1-AA

Thay (8.78)} vao (8.85) ta dugc

a A p A1
e

1-24) 1-24 S b A"

So sinh vdi phudng trinh xAc dinh a,, ta thiy rang chi
khic & ché méi s8 hang dugc thay déi x, — A”. Do d6 nghiém

b, c¢6 dang
1 0 w0 x-A
x, — A 2 w0 xy-A%
o x, — A2 x,-A .. 0 x3-A
n n!
X, _1 —A"! S —AM2 x-A x, -A"

Né&u dit b, = b, (x, A) thi trong trudng hgp A = 0, ta c6 b (x,
0) = a,. Ba hé sd b, diu tién c6 dang

b1=.A+a1
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b= A +a; A" T ha, 4V 24 (8.86)

Sau khi xac dinh duge cac hé s§ a, b, theo (8.83), (8.86), ta
¢6 thé nhan duge bidu thitc Fredgonma ddi véi |e,, )

|en)=|ﬂ1)+pf:1'__|fn)’ Cp=bp_ap (8.87)

Do d6 gan ding bac ba d3i véi Ién) c6 dang

L+ MA-x)) +A2] A2 - Ax, -2 (x, - x2)
len) =16) + 14 | il &)

|
L-hx, =A% (xy -x%) - A2, - 3,3, +x3)

(8.88)
Nhén hai v& cta phuong trinh (8.66) véi vectd bra {t,] va
chii ¥ t6i (8.67), ta dugc ' -

(/BB =2(5 Bl
e, (£, €}~ E(£, &) =2{t, | Ble)
Tt d6 suy ra tri riéng E, bing
En = ¢y - M{f, [Ble, ) (8.89)
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Néu thay (8.88) vao cong thic (8.89), ta duge cdng thiic xac
dinh tri riéng E chinh x4c dén bac nam.

D& tinh (8.88) ta cin tim chc yéu t& ma tran
(£, 2% (£,) = 43, adiveias<a

Lwu § ring A=(1-Bn)A-E)'B (8.70), va tit (8.75),
8.76), ta c6

A~ ~ B :
A = (|0 BO@-B7Blt,) = -2

~2 B._B
=(L|47]6)= 2 (g |2,)
(pl sqxn(gS—En)(ngEn)(P s
z BDQBCI“ p;&n
q#n(s -E, )(e -E )
Tudng tu, ta tinh dude
B_B B
3 Z pq —qr-rm
s P#FD
Apn = S €, B (e, ~E ), -E,)
B_B B B
A= 2 “;(’S_"g = ¥ (890
woin Cp e, ~E ), ~E)(E, ~E,)

Do toan tit (1-Bn), cac yé'u t6 ma tréan A2 béng khéng,
mic du rang A;p #0,p#n. Suy ra, x, dugc biéu dién bing

cong thic sau

Xa = SpAa = Z A;p

p#n
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do d6

B B _B
PP pq_qp :
xp= Yy, xy= Y (8.91)
aon Ep ~Ep) paen Ep ~En)E, —E)
Nhu vay ta c6 thé vidt

o100 Z )i 45 -5k
+x3[,4§n _xl,ign 50— xl)Apn]}

-1
x{l—lxl -%}.2( X, xl)——ka(2x3 3x x2+x:13} (8.92)

Do dé tri riéng E,, duge xac dinh bing biéu thiic (8.89) trong
gan diing bac ba cb dang

n =& _ann Flz z Bnp{A'pn +_l['43n *xiApn:I+
pENn ) N
+A2[Afm -5 AL - (x2 DA, ]}
1.3 2, 1,3 N
{1 ~Ax, —El (x5 — %3 )-El (2xg ~3x%,x, + X; )} (8.93)
Chi § ring cAc cong thitc (8.92) va (8.93) chi ¢é thé 4p dung

cho trudng hgp mat chiéu, vi x; trd nén vé han déi véi bai toan
bt ki cé s8 16n cac phép do.

§6. PHUGNG PHAP BIEN PHAN LAP

- Cac phudng phép trinh bay trong cic muc trude day déu
din dén phuong trinh tri riéng ma nhd st dung phuong phap
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gin diing lidn tiép da thu dudc cong thiic nhidu loan cho phép
biéu didn tri riéng qua tham s& tuong tac A. Thuc t&€ su phy
thude nhu thé hiém khi cé biéu thic rdé rang, vi ngudsi ta
thudng nhan dugc biéu thic rit cong kénh.

Hién nhién s8 14 thuén tién nhat néu nhan dude bidu thic
tudng minh E nhu mdt ham cua A. Tuy nhién trong muc nay
ta c6 thé tim ham ngugc biéu dién su phu thudc ham s clia 1
vao E.

Xét (8.66) nhu phudng trinh tri riéng A. Phudng trinh tich
phén tudng tng c6 dang (8.68)

e} = MA - E) ' Bje)

Cach thic giai phudng trinh nay khac véi phuong phap
nhiéu loan ip tritde day & chd ta khong tach ra vectd riéng déc
bist khéng nhidu loan. Gia thiét céc toan tit A va B 1
ecmite. Khi dé ton tai tri riéng A, tuong lng véi cucng dé
tudng tac ma niang lugng E 1a dai hugng riéng. _

Goi }e©) 13 gin ding béc khéng d5i véi |¢) ma nhd né ta
lya chon mdt trong cac trang thai khéng nhidu loan |fn) de E
ghn véi £,. GAn ding bac mot |e®) 61 véi |e) nhan duge néu
ta dat le(O)) vio v€ phai cia phudng trinh tich phan trén thay
“cho |e).

™) = (A~ By 1Ble)

Luu ¥ rdng, thia sd A ¢6 thé bo di trong phuong trinh nay vi
ta chi quan tam dén dang cla |e). Sy chuén hoa khoéng cé ¥

nghia vi khi nhan mét hing s& tuy ¥ véi nghiém cia phuong
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trinh tuyén tinh thuin nhét thi ta duge nghiém cia phiudng
trinh d6. Kha ning nay loai bd A trong qué trinh tich phan cho
- Phép tim sy phu thugc ham s§ tudng minh cha A vao E. Sau
khi thuc hién qua trinh tich phin nhg hé thie lién hé giia gin
ding béc (n - 1) va bacn

le®)= (& -EB)1Ble®-D) (8.94)

ta duge

le®)-[@-E)18]"|®) (8.95)

Gan ding tudng ting d&i véi Aq nhan duge tit phudng trinh
ban dau (8.66)

a, < LElA-Ble) | (8.96)

" {elBle)
hay ti phuong trinh tich phan (8.68)
o (elBly

T—_— = 8.97
" (e|BA-E)B| e) €9
Dit |e(“)) vao (8.96) thay cho |e), ta duge gan ding béac n
- d81 véi Ay
;L(n) _ (e(n) I(K - E)I e(n))
0 (e(n_}|]§|e(n))
Hay tit (8.94) ta c6

5.0 _ (e(“)h?»le("‘l))
0 (e(n>| Ble™)

(8.98)
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Néu dit |e(“)> vao (8.97) thay cho |e), ta dugc gin ding

bac [n + %) (¥ nghia cta ki hiéu niy sé duge sang té dudi day)

' l[n+—;-] ™| Bem)

= 8.99) .
0 (e(n) |]§|e{n+1)) _ (8.99)
Hién nhién, khi dua vao ki hisu

[n,m] = {e®|B[e™)

thi cac biéu thic (8.98) va (8.99) c6 thé vist dudi dang
1
n,n —1] [m——) n,n] '
am o 1) Ay Y =2l (8.100)

[n,n] n,n+1]
Cac y&u t6 [n, m] ¢é tinh chat san
' [n, m]=[m, n]={n+p, m - p]

Néu qua trinh xem xét trén diy din dén muc dich ma ta
mong mudh 14 do v& phai ctia cac ding thic (8.98), (8.99) chi
phu thude vao E thi su phu thudc chinh x4c clia A vao E 13 két
qua dat dude.

N&u cdc toan tit (A -E) va B 1a x4c dinh duong thi

2
n+-- .
)Lgl) > Ag 2 > 181*'1) - )‘0 = (8 101)

Néi cach khéc, cae gdn ding lién ti€p tao thanh tich lin tuc
don diéu tring véi Ag & bén phai.
Néu toan ti B xac dinh dudng, coén (3 - E) khong x4c dinh

dudng thi cic tri riéng A, khéng nhat thiét duong. Trong
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trudng hop dé tinh ding din ca bat ddng thic 1a kém nhit.

Nhu vay la
1 1 3
G5 RSN CE RACH -
b Y2, rg A Yzp 8102

Do d6 chi ¢6 gAn diing ban nguyén xap xi |l“| 4 bén phai.

>

" Céc gin diing nguyén c¢6 thé 16n hon hay nhé hon Pko|.

Gia sl riang gin ding bac khéng |e(0)) ¢6 thé nhan la ‘fm),

d& dang thu dudc biéu thic cin thiét dé tinh cac dai luong
1

A oy )L[IHEJ T 2
0 va Ay . {8.95) ta cb
™) -[&-By"B]"|t,)
ciing nhu gin ding bic mét va béc hai ¢6 dang
B
() _ pm
|e )_glsp _Elfp) |
. B, B. . | '
(2 _ pg__qm
S EYY T —E)‘f_p> (8.103)

Pq

Nhd cic biéu thite d6i véi |e(n)) ¢6 thé tinh cac gin ding
khaec nhau (8.98), (8.99). Két hop (8.100) va (8.103), ta cb

[0, 01=B,,,, -
B_B
- p_pm
[0, 1= -
p P -
(1,11=3% Pmaap Py
~(¢q ~EXe, ~E)
B_B B B
[,21= ) mr 14 9P pm (8.104)
par (sr - E)(sCl - E)(sp ~-E)
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3)

. 1+—

Do d6 ta c6 thé tim dugc AE}") va l[() 2/ theo cdng thiic
(8.100) o

;\’(1.-" 2y _ Bmm

0
z Bmpom
L -E
e —E :
A - PP . (8.105)
O ) [ IRELS
Z Bm‘qupBPm
- (sq —E)(sp -E)

§7. PHUONG PHAP BIEN PHAN

Trong trudng hop i thuyét nhifu loan khéng thuin lgi khi
ap dung giai bai toin co hoc ludng ti, ngudi ta con sit dung
'phuong phép gin diing khac goi la phudng phap bién phan.

Phuong phép bién phin xuit phat tit nhan xét don gian
rang, ning lugng trung binh clia mét hé luén lén hon hodc
bang ning lugng trang thai cd bin cla hé hugng ti. Viéc tinh
ning higng trang thai cd ban din dén viéc chon cac “ham thit”
chita mot 53 théng s6 chua biét nao d6. Sau dé tim cue tidu ciia
ning lugng trung binh che phép ta xac dinh duge cic théng 6,
nghia 14 xac dinh duge ning lugng trang thai co ban ctia hé.

Khai trién vectd trang thai ctia hé hugng tit > theo chc

vectd riéng |u,> cua toan ti Haminténién H

[¥)=>a, fu,) - (8.106)
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Tri trung binh ctia ning higng cua hé & trang thai da cho ¢é
dang - '

Z lan|2Eﬂ

() (EIHY) T
RIS

Goi Ej 14 ning lugng trang thai cd ban cia hé lugng tu, ti
(8.107) ta c6 ba't ding thiic sau

(8.107)

(f)>—n -5, | (8.108)

Né&u chon vectd trang thai fy> 13 mét ham cua cac théng s8

chua biét ndo d6 Ay,A,,..., sao cho gan trung véi vectd trang
thai cd ban cua hé '

v =y Ag,...,) ' (8.109)
va thue hién cue tiéu hoa ning lugng trung binh
| o)
—=0 8.110
o ( )

cho phép xéc dinh céc théng s6 Ag. Bing cich d6 ta s6 tinh
dudge gia tri ndng lugng _
AT L )
[ ZEVE W 77 DO VO

gan véi gia tri ning lugng trang thai cd ban Ej cia hé.
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Xét vi du cu thé v& dao déng ti phi diéu hoa, ap dung
phueng phip bién phan d6i véi dao dong t phi didu hoa c6
Haminténién

R 2 42
H=—£—--d——+cx4 : (8.111)
2m Jx?

Ta chon ham thi d4 chudn ho4 dudi dang
' 11 2 2
¥ =M 4e):p[—}L X J
2
(¥¥)=1 (8.112)

Tuong {ing, ndng lugng trung binh cia dao déng ti phi
diéu hoa bing

1+oo ?sz?' 9 2 'X2x2
[ R | 4Je 9

(H) =(IBI9) =an 2 [axe 2 |- 4 o
' 2m gx?
Lo )
=Am ? _['dbi[———(l“xz-7L2)+cxf‘]e"L X (8.113)
2m

Ta s8 cuc tiéu hoa (8.113) theo A .
Su dung céng thiec

1
2
oo ki ; n=0
J' dxx2ne—lzx2 = A
1
—eo —1yre2
1.3.5...(2n - Dm n=1,23..
. 2n12n+1
ta tinh duge tich phan (8.113)
= 2, 2
7 P (8.114)

dm g4
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Tu diéu kién cuc tiéu hoa ndng lugng trung binh ——=0,

o)
M

* yiit ra gia tri tudng dng cla A '
Z 4

A= [Gmc)B cg
712

" Thay gia tri nay vao phuong trinh (8.114), ta dudc gia tri
ning lugng trang thai co ban clia dao dong tit phi diéu hoa

() =1,082 (32-}

e

1
3 8.115
2m © . ( )

Phuong phéap tinh ning lugng trang thai cd ban cia mdt hé
lugng ti néi trén phu thue vao vide chon ham thi. Ngoai ra,
ta ciing c6 thé tinh ning lugng cta trang théi kich thich thi
nhit B, hodc thit hai E,,...

Thuc viy, néa ki hidu > 4 vectd trang thai co ban cia
hé thi viéc tinh E, doi hoi gidi bai toan bién phan
E, = min{¥, |H|¥,) (8.116)
véi diéu kién bé sung (‘Pl l‘Pl) ~1va (‘Pll‘Po) =0

Tudng tu, viéc tinh muc ning lugng kich thich E, din dén
gial bai toan

E, = min{¥, |H|¥,) (8.117)
véi cac didu kién

Wolwo>= 1 ; <Yghyy> = <yqlyg> =0
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Trong cac biéu thiic (8.116), (8.117) néi trén > va juo> 1a
cac vectd trang thai kich thich tng vdi cic miic ning lugng E,
va Ej ctia hé lugng t. .

§8. L THUYET TAN XA LUQONG TU

Khi nghién ciiu sy tin xa cla mdt hat (vi du électron,
mézbn,...) bay gin vao hat khac, ta thiy do léch khéi duwdang di
ban diu cta hat phu thude vao khoang cach giita cic hat va su
tudng téc giiia ching. Ta biét nhiing gi v& ban chat tudng tac
cd ban trong thé gidi vi mé ? Gidi phuong trinh Soradings d6i
vdi nguyén ti hidré nhan duge mét tap vé han cée mic ning
lugng da ching té ring tudng tac Culéng (Coulomb) 1a tudng
the chi yéu gilta mét électron va mét phétén & khoang céch ci
angstrom. Tuy nhién, d6i véi bai toan hai hat trong vat Ii hat
nhén, ¢é mét trang thai lién két don, ta cin ap dung ki thuat
tan xa dé hiéu v& ban chit efia lic hat nhan. Tan xa déng vai
trd chinh gitp ta hidu biét v& vat li hat nhan va cic hat cg

“ban. Sau khi trinh bay néi dung ctia tiét dién hidu dung tan xa
ta s& si dung gin ding Bo (Born) va khai trién séng riéng
phin d€ tinh tist dién hién dung trong co hoc higng td. Dé 1a
hai phép gin ding h trg cho nhau : gin ding Bo ap dung tst
nhit 8 ning hugng cao va khai tridn séng riéng phan hitu ich
nhat ¢ nang lugng thap.

1. Ham séng tiém can va tiét dién hiéu dung vi phan

Xét tan xa mét chiéu bédi hang rao thé cé dang nhy hinh v&
51. Ngoai khoang a (bé rong hing rao thé), ta cé thé bidu didn
ham séng nhu mét séng phing -

{Aeikx +Be ™ x <0
w(x) =

) (8.118)
Celkx - X>»a
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2 .
trong d6 k = JLE
hz

Su phu thudc thdi gian cua
ham riéng clia todn ti ning

ligng ddc trung bdl 6
hang e—iEt.," h
—iEt
wix,t) = y(x)e -

D6 13 mét trang thai dung.
Tuy nhién, chong chdt cac trang
thai riéng nay vél nhau ta c¢é

Vx) |

0 a X

Hirh 51. Hang rao th€ hé
réng a trong mét thi nghiém
tan xa mdt chidu.

thé tao ra mét bé séng phu thudc thdi gian gisng nhu bé séng
t4i hang rao thé, c6 mét bién d6 ddi véi bé séng phan xa va mot
bién d6 d6i véi bé séng truyén qua. Nghién cliu cic trang thai
ditng x4c dinh céc bién d§ nay tusng tu nhu lam thi nghiém
tan xa vdi séng nudc trong mot hé nhd cé6 ngudn séng khing
phai la do ném da xudng hd ma bdi mét ngudn séng diéu hoa
lién tuc tac dung 1én xudng mit nudc véi tin s6 khong d6i.

Trong truong hdp ba chiéu,
haln séng tuong tu (8.118) ¢b
dang nhu thé nio ? Ta xét
séng tdi lan truyén doc theo
truc z, bia dat tai géc toa do.
Ra xa khoi bia tan xa, ham
s6ng tiém can bao gdm séng
tdi nay cung véi séng di khoi
tao ra do tuong tac vdi hang
rio thé (H. 52).

y—c Ae®? + (séng di khéi)
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N
= @)

e

glikz \

r
‘Hinh 52. Sd 48 tém tét clia mdt
thi nghidm tan xa ba chifu chira
séng phing téi va sdng clu di khéi
(tan xa).

Af(9,9)

(8.119)



86 hang thit nhit ¢ v& phai cha céng thic (8.118) mé ta
chuyén déng cta cac hat téi, s6 hang thit hai tudng ng cac
hat bj tan xa.

Ngoai khoang (0 ; a), séng cAu di khéi phai la mét nghiém
cia phudng trinh Sorddingd véi V = 0. Do d6, ta xuat phat ti
phuong trinh vi phin 481 véi ham ban kinh u=Rrvéi V=0

+2 12 2 ’
B KEDW gy (8.120)
2u dr 2ur

Véir l6n ta o thé bé qua s hang vé cing bé bac cao hon,
-phuong trinh (8.120) trd thanh:

2 12 }
AN e (8.121)
2U gr?
Phudng trinh niy cé hai nghiém
ke ikr

il

u=e vau=e (8.122)

trong d6 k= 2112_5 ' - (8.128)
\‘ 5 .

Néu gin sy phu thudc thdi gian e 1Lt/F#

cho mdi nghiém
nay, ta thiy ring chi cé ik tuong Uing véi séng di khoi vi khi
thdi gian téng thi r cling phai ting d€ giit cho pha khéng d6i.

Virdng R=", nén ham séng tiém cin (8.119) cé dang
T

' ikz | - ikr
WT—;""—> Aelkz + af(e,{p) €= T =Wt mté“ xa (8124)

trong d6 ham f(0,¢) la bién db tin xa phu thuge géc. Bién d9
£(6,0) phu thudc gée vi khong c6 li do gi dé ta ki vong rang soéng
tan xa di khéi ¢6 cing bién d9 theo huéng 6 = 0 ciing nhu cac
huéng khac. Hon nita, v€ nguyén tie ham cdu xu#t hién trong
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biéu thic ham riéng cla toan ti ning lucng <?in]m >= R(r)

Y;,, (8,0) c6 thé 14 li do thém vio dé tao ra mdt su phu thude
goc nao do.

Trong cd hoc hudng tu, méat 46 cac dong hat tan xa va dong
hat tdi bing mat d6 cac déng x4c suit tuong Gng. Trong phin
nay ta chi gi6i han tin xa dan tinh 1a tan xa ma trang thai cha
hat tan xa va hat bi tin xa khéng thay 46i. Dong hat téi tuan
theo phudng trinh Sorodingo trong khong gian toa 4

2 oy

h° g }
——— Vi + Vy = ih— . (8.125)
o Y+ Vy pm { )

Xuit phat tif biéu thic mat 46 xac sudt
- 2 LI - '
[<Flw>f" =v' Ev (8.126)

dao ham theo thol gian méat 48 xic sufit nay va st dung
(8.125), ta thu dudc phudng trinh lién tuc

9 'y + 93 =0 (8.127)

at .

véi F=l oy -y (8.128)
20 |

Thit nguyén ctia ddng xéc suit J 1a xac suét tinh cho mét
don vi dién tich trong mét don vi thoi gian. Phudng trinh
(8.127) biéu difn bdo toan xac suit dia phuong vi hé qua cla
né la _

dpg o+ g o L,
EJ’d ry Yy = jd Vd = cﬁdan (8.129)

O day ta da st dung dinh 1i Gauxd bién ddi tich phén theo
thé tich thanh tich phin mit bao quanh thé tich d6. Vi & la
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vectd phap tuyén ctia mit Snén J = il la hinh chidu ctia J
trén phap tuyén fi. V& trai clia (8.129) 14 d6 bién thién xac
sudt quy vé don vi thdi gian, con v& phai 13 x4c sust dé hat di
vao thé tich V qua mit S bao quanh ciing quy vé& don vi thdi
gian. Nhu vy, céng thic (8.129) biéu thi su bing nhau cia
hai dai lugng d6, nghia 1a biéu thi dinh luat bo toan xAc suit.

Két hgp (8.118) va (8.128), ta thiy rdng mat d6 dong xac
sufit mot chiéu dé1 véi ham séng (8.118) ¢é dang

J=—(IAI2-IBI2 x<0

(8.130)
J= ---—|C|2 Xx>a

Do d6, hé s6 phan xa R va hé s6 truyén qua T duge tinh béi
céng thic

Ak 2
I %IAF’ Al
8.131
Ak ICI2 ) ( )
_ha_ Id

Trudng h¢p mét chifu, bao toan xac suit doi héi ring
R+T=1
Trudng hgp tan xa ba chiéu cé nhiéu hon su phin xa va
truyén qua. Su tén xa cha mdt dong hat dude dic trung béi
tiét dién tan xa hidu dung vi phan. Dai lugng nay dugc xéc
dinh nhu ti 88 cuia s6 hat bi tan xa trong mét don vi thdi gian
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vao géc khéi dQ véi s8 hat téi mot don vi dién tich trong mot
don vi thdi gian
S4 hat bi tAn xa vao dQ

ds=30 40 - trong mot gidy (8.132)

dQ S8 hat t6i mot don vi dién tich
3 trong mdét gidy.

i,
dn &:- Detector

Chim hat
- : truyén qua

Bia Chium hat
: tan xa

Hinh 53. Thi nghidm tén xa ba chidu.
May quan sat hat 481 dién gée khé dQ

Luu § rdng, thit nguyén cla tiét dién hiéu du.ng la dién tlch
Ban kinh hat ¢6 d5 16n ¢ 10~ 12 ¢m, nén tiét dién tan xa hat
. nhéan duge do bing 1 bar = 10724 em?. Tidt dién tin xa toan
phén Ia tich phan cta tiét dién hiéu dung 14y trén tit ca géc khéi

do
O =
dQ

P& xac dinh dong xac suit chiay viao may quan sat hat dit -
dsi dién géc khdi d<, ta tinh

29 30 (8.133)

h * _ ok
Jix =2_ui(wtwitx W VW)
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véi ham séng tan xa vy, ¢6 dang tiém can

elkl‘

Wey — 3
ix oo A-f(e) (p) r .
Do d4, dong x4c sudt tan xa xac dinh bdi

Rk 12 2
3. TEIAI |f®, o))" 4, (8.134)

trong dé |, la vects don vi theo phudng ban kinh, chimg té
dong xac suit nay dinh hudng theo phudng ban kinh. Dding
xac suit (tinh trong mét don vi thdi gian) qua géc khél dQ
duge xac dinh bang tich vé hudng clia vects dong xac suat tan
- Xa (xAc sudt tinh trong moét don vi théi gian trén mot don vi
dién tich) vdi dién tich W_ r2dQ

3, 120 = 22 AP | aw (8.135)
. m .
Vi déng xéc suit tdi dinh huéng doc theo phudng truc z bing
hk
n

nén ti6t dién hiéu dung vi phén theo dinh nghia (8.132) la

3, %40 _
-39 40 - Se TR offae (8.136)

do )
' dQ J

t
Do 44, ta cd

do | 2 '
0 |£(6, )} (8.137)
Két qua nay cho phép ta tinh tiét dién hiéu dung hoan toan
bing d6 16n ctia bién d$ tan xa. Bién d6 tin xa duge tim nho

gidi phuong trinh Sorodinga cho hat chuyén déng trong trudng
cla tAm tan xa va xét nghiém cé dang tiém cin (8.134).

293



2. Gan ding Bo

Gan ding Bo dugc ap dung khi tinh toan bién d§ tan xa cha
chim hat téi ¢6 ning lugng 18n so véi d6 16n cia thé ning.
Trude tién, ta biu difn phuong trinh tri ridéng cha toan tu
‘nang ludng trong khéng gian toa d6

22 )
[—g—uvz + V}w(f) — By(i) (8.138)
dudi dang

2 + K2 )y(E) = —E%V(f)w(f) (8.139)

v k= }-%TE
Xk

Séng phang t6i Ae® 13 mot hghiém cia phudng trinh
(V2 + k2)y(F) =0 (8.140)
DE thuan tién ta biéu difn nghiém hinh thic ctia phuong
trinh (8.139) duéi dang
W@ =A% + [aPrGE FYLVEWE)  (@.14)
]

Ham G(¥,7) goi 1a him Grin (Green) cua phuong trinh vi

phén (8.139), né thed min phudng trinh vi phin '
(V2 +kY)GE ) =83 F-F) (8.142)

Cé thé kiém tra lai ring, ham séng y(¥) (8.141) 1a mat
nghiém cua phudng trinh (8.139) bang cach 4p dung toan ti vi
phin (V2 +Xk?) cho biéu thiic (8.141). Trong phuong trinh
(8.142), ham denta trong khong gian ba chi€u duge biu dién
qua tich cic him denta mét chiéu

S FE-PYy=8(x-x)¥y -y )Nz —2')
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Ta tim bidu thic tuing minh cta ham Grin G(F,#). Luu §
ring ham G(¥,¥) chi phu thudc vao sy khéac nhau gifta cae
’ vectd rva . Trudc hét, dat ¥ = 0, thay vao (8.142) va xac
dinh nghiém cua phudng trm.h
v2 +k)G(E, 0) = 53(F) (8.143)

Do tinh dé1 xting cau cua phudng trinh vi phan nay nén ta
38 st dung hé toa 46 cadu. Chi ¥ vy ring ngoai tru diém goc toa df
thi ham Grin la mét nghlem cua phudng trinh (8.140). Ta da
biét d6 1a mét nghlem ctia phudng trinh Sorddings d61 véi hat
tu do va nghiém d6 c6 dang mét séng di khéi

ikr

G(F, 0)=C= (8.144)

vdi C 12 mot hing s8. D& dang chiing minh ring
v2lo 4mst(h)
r.
ikr

ikr . o .
vii - 6{6 ° ]: J(@er)L + 9@ Lyellr
r r r r

= Lg2gikr 2%““?.(6' l) relrv2l (8145
r r r

. ikr .
[ K2 4 211‘] — 92k S 4nsd(E)elkr
r r r
. ikr .
- k2E —- 4md° (£)elk”

trong d6 dé d4nh gia tac dyng cua todn tl v? 1én ham &'

, ta
da sit dung bidu thitc cia v2 trong toa d6 cdu
2
vi-9 .20 Ag (8.146)
%2 Tor @
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Do dé, tac dung toan td vi phin (V2 +k%)1én ham Grin
(8.144), ta duge '

. 9 eikr ,
(V2 + k%) C=2—= —4nC83(¥) (8.147)
r
. o g, —elKr o
hay la (V° +k*) = 87(¥) (8.148)
4mr
So sanh (8.143) va (8.148), suy ra dang cia ham Grin
_ _eikr
G(F,0) = (8.149)
4mr
Do vay, ta ¢6
_ ikl
G(F,¥) = (8.150)
41t|i-’ - i-"l

va nghiém hinh thite ctta phudng trinh (.8.139) biy gic c¢é dang

k|-l

TVENE) (8.151)

W(E) = Acks - £ [ g% S

2mh r-v

Tich phan theo a’y trong (8.151) duge 14y & ving V() 20.

Néu R 1a kich thuéc cia viing V(¥) # O thi ta xét tich phan

trén ¢ khoang cach du 16n ¥ sao cho | ¥| > R. Khi l4y tich
phin ta coi| #| 3 | F|. Khai trién | ¥ — ¥} thanh chudi

I -2l = (2 - 25 + p2)1/2

L a2 -
=r(1~2ﬁrr—+r—] ——)r(l—ﬁrr—J (8.152)
. r r2 I T

Do dé, ta c6 thé thay thé (8.152) vao céng thite (8.151)

=\ 1
! —)l(l+ﬁr ‘"—]———>— (8.153)
li,; _ 1;,| T—o0 r T T—roo r
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va chi can giil lai hai 86 hang dau tién trong khai trién (8.152)
d81 véi ham sau

"!.‘

lkr[l 1 -—] R
——:;"—‘—) e r/ = e'kre 1kfr' (8. 154)
T—3co

oiklF -7l

trong dé l}f =ki_ la vectd séng theo hudng ban kinh va né dac
trung cho hudng truyén cua séng tan xa di khéi.
Thay (8.154), (8.153) vao (8.151), ta tim duge
ik ueikr 3 . -ik®
W(F) —— AelkZ ——_[d re” T VE)(E) (8.155)
re 2nh’r

Dé giai phudng trinh tich phan (8.155) ta st dung gin ding
Bo. Cd 83 cia gan ding nay la gia thiét ring, thé ning tuong
tac cha hat bi tAn xa véi tim luc 13 nhd nén cé thé coi no 1a
nhiéu loan nhé. Nhu viy, chuyén ddéng ban ddu cta hat bién

doi rdt it va c6-thé thay ham séng w(¥) trong diu tich phan
bdi ham séng téi Ae'*? . Liic d6 ta nhan dudge

ikr = .
w(r)—me‘kz phe de KT y()ek?  (8.156)
21th r

So sanh phudng trinh nay véi biéu thic ham séng tiém cin
tong quat (8.124), ta tim duge bién 46 tin xa trong gin ding Bo

I LU (O
2mh
2nh '

—#Idar’\f(i’)ei ar (8.157)

trong dé vectd séng c6 d6 146n k huédng theo truc z (huéng cta
séng téi) va

a=k -k, (8.158)
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Céng thitc (8.157) dua trén 10i gidi gin ding clia phuong
trinh Sorddingos (8.155)

W(r) e > Visi T Yian xa

g ~ . w .., . "’ " [ < e
dong thoi doi hoi dnxal « 1 trong ving nguy hiém ¢ gin
Viai

tdm tan xa {r = 0 ). So sanh (8.124) véi (8.151), ta dugc

kil

~ u 3 . e ~ -
vy, (T)=- d’r V{E () (8.159)
tan xa 27:&2 I |i" _ f’l s
Vi y45(0) = A, nén ta c6
 Mianza© ke
[Yeinxe | ol | d‘3 ——V(@@)elk? (8.160)
| vs© | | 2nn r

trong dé6 ta di thay thé ham séng chinh xae y(¥) & v& phai
phuong trinh (8.159) bdi ham séng téi. Néu thé& ning cé d6i
xing ciu V(¥) = V(r), tich phin theo géc phuong trinh
(8.160) ta tim duge difu kién 4p dung gin ding Bo

Iw:l;:(@o() )l Iz:f,z Tdr’ I de¢’ E';Slllﬁl’dﬂ’r’ llu“V(*’)e’kr cos®

_ 22‘;{ [ drrel KV ysinke| <1 (8.161)

Trudng hdp hat ¢é niing luigng 16n (k — o), cic ham mii va
. . S, e 1
sin trong (8.161) dao déng manh va tich phan bi ngat véir = —.

k
Trong trudng hgp nay, diéu kién (8.161) trd thanh
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1/k 1/k

v, \
2“ I Qe V(Y| = oL J’ drkr ~ 5% <1 (8.162)
7’k n2k2

V
hay 2 « 1.
ay E

3. Khai trién song riéng phs’in

Néi chung, gin ding Bo ap dung tét khi tinh toan tiét dién
hiéu dung vi phin cla céac hat tan xa c¢é ning lugng l6n. Dé bd
trg cho gin ding Bo va ap dung hiéu qua nhat d5i véi cac hat
tan xa c6 ning lugng thip, ngudi ta con sit dung khai trién
séng riéng phan.

_ Xét tan xa trong th1 nghiém cua Ruddpho (Rutherford),
néu thé€ ning c6 461 xding ciu thi bién 46 tan xa chi 13 mot
ham cua bién 0
1(8,9) = £(8) | (8.163)
Ta biéu dién bién 46 tan xa f(6) nhu 13 chéng chét cac séng
riéng phin ) _

£(8) = Z(zz +a, ()P, (cos®) (8.164)
=0
trong dé
' Pl (cosb) = 4 YIO(B) (8.165)

12 mdt da thic Legiingdrd. Cac hé s8 a;(k) néi chung phu
thudc vao gia tri ning ludgng va dude ki hiéu bdi chi 8§ cua
séng riéng phan cia hat iing véi momen quy dao L.

Ta biéu difn séng phing t6i dudi dang

elk? = oikroos® _ 54 (91 4 1)J,(kr)P,(cosb)  (8.166)

=0
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Biéu thiic tiém cin cua cac ham Betsen e¢6 dang

afie-1)
Iy ) — o — (8.167)
Do d6 thay thé (8.167) vao (8.166), ta dudc
ik oW oin [kr _ ﬂl)
1KZ :
et ——— % i'(2l+1) = P/(cos) (8.168)

=0
Ham séng clia hat chuyén dong trong truong the xuyén tdm
V(r) ¢6 dang
wE) =Y CR,®Y6) (8.169)
=0 '

trong dé R;(r)Y;o(0) 14 nghiém ctia phuong trinh Sorddingo

A+ kz) W=V v (8.170)
2mE '
véi k? = ?- Nghiém cua phuong trinh (8.170) khéng phu

thudc géc phudng vi ¢ vi séng phing tdi (8.168) khéng phu
thudc @. :

x1(0)

Dat Ry(r) = (8.171)

va thay (8.171) vao (8.170), ta duge phudng trinh sau khir — o
%, (1) + k2 (1) =0 | (8.172)
Pé thu duge phuong trinh (8.172) ta da bd qua cac s hang

v6 cung bé béc cao hon 14 V(r) va S .
Y
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Nghiém cua phudng trinh (8.172) ¢6 dang

%(r) = A sin(kr + o) (8.173)
Dit
Otz=—% +8§, . (8.174)

va chudn hoa ham Ry(r) sao cho A = %, ta tim duge dang tiém
cin cua ham R;(r)
R() Lin(kr-" 45 (8.175)
AT T - 51n 2 J .

Thay (8.175) vaoc (8.169), ta c6 thé bidu difn ham séng w(F)
bao gdm ca séng téi va séng cAu di khdi (8.169) duéi dang

- sin[kr—zd—?+51]
2

W(I)T; C, — P (cos6) (8.176)
hay
N i(kr-%ﬁi,]_ -i(kr-—’;w,] |
W(E)——— >1_ZOC,e 2&1 P,(cos6) (8.177)

Viét lai (8.168) dudi dang
F1d

e e
eikz——_>Zi’(21+1)e _©
r—oo = _21kr

P, (cos0) (8.178)

T (8.124)
_ ikz ikr
w(D) - ™ ————1(0)

(8.179)
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v céc bidu thiic (8.177), (8.178) ta suy ra
iln '
=(20+1) ¢ 2 ¢
Véi két qua nay, ta tim duge bién d6 tan xa
2i8
f(6) = 2(21 + 1)—-—TP1(005 1))
=0

i, (8.180)

- i3,
=Y @i+ 1)%51':.. 8,P,(cos 6) (8.181)
=0 :

So sanh (8.164) va (8.181), ta duge
o8

Biéu thic (8.181) cho thiy cé thé tinh bién dé tan xa qua dé
dich pha 8; 451 véi méi séng riéng phin. Biét dudc bién 4§ tan
xa cb thé xac dinh ti&t dién tan xa toan phin bing cach iy
tich phén sau

o= jdsz jdg|f(e)| (8.183)

Chi § t4i tinh truc giao clia cic hAm cdu ¥y, v (8.165)

[dQY,, (6, @)Y, .6, 9)=8,35,...
tich phén theo géc khéi (8.183), ta duge

o =_4—;‘ > (2 +1)sin?§, ' (8.184)
k%10

So saAnh két qua nay véi biéu thic cla bién 46 tan xa
(8.181), suyra -

o= (i!:—)lm £(0) (8.185)
trong dé ta da su dung P; (1) = 1.
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ate - - FRIEY-4 -y - A “a - 2 Iy
Cub cting, ta c6 thé bidu dién tiét dién tan xa todn phén

qua tiét dién hiéu dung riéng phan o;

c=Y o (8.186)
1=0 '
véi o, = %(2: +1)sin?3, (8.187)

Luu ¥ ring, gia tri cyc dai cha tiét dién hidu dung riéng
phén g; (tuong ting véi séng ridng phan déng gép vao o) khi 48

dich pha §; = 325 .

D€ chudi (8.184) héi tu thi the ning V(r) & v6 cue phai gidm

nhanh hodn iﬂ (n > 2), sao cho nghiém cua phuong trinh
T

(8.170) ¢6 dang (8.173). Phudng phap séng riéng phén rat hidu
dung néu chi ¢6 mét s6 it cac s§ hang ddu cha chudi (8.184)
déng vai trd chinh dé chubi c¢6 hoi tu nhanh. O vang ning
lugng nhé (tdn xa cGa cac hat cham) chi ¢6 mdt s6 it cac s6
hang clia (8.184) ¢6 déng gop dang k. O viing c6 nang ludng
cao, cin xét d&n nhidu s6 hang clia chuidi (8.184) hon.

4. Vi du vé tan xa ap dung gin dung Bo

Ta hay danh gi4 bién 46 tan xa cla hat chuyén dong trong
trudng thé Yukaoa (Y ukawa)
—mnr

V) =g>

(8.188)

Véi gia tri lya chon thich hgp clia g va mg, th& nay bidu
dién tuong tac gilta cac hat nuclén ma ta goi 1d mét ndtron
va mt proton. Néu ta chon g = 212262 va mg = 0 thi (8.188)
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chinh 14 thé Culéng gitta mét hat dan dién tich z;e vA mét bia
dién tich zye nhu trong tan xa cia Ruddpho.

Thay (8.188) vao bidu thiic bién d4 tin xa (8.157) trong gén
ding Bo, ta duge

£(6,0)= -5 [@Pr =—e'% (8.189)
o

Vi g, ¥ = qZ = qricos®?, do d6

o bl d ™
f=- 2Idr J' d¢’ J'dﬁ’ sin Ore To" lqr cost
2nh 5 0

_ s g

e MoF (plar _gmiary o TEHE :
_[dr (e )= ——t B (8.190)
q0 F*(mg +q°)

Chii § dén (8.158), ta c6

29

=2k?(1 - cos0) = 4k? sin 5 (8.191)

do vay bién dd tan xa chi 1A ham cua géc 0, f = (0). Géc 6 duge
xac dinh nhu trén hinh 54.

Hinh 54 Vecto séng ti Ei' vectd sdng tén xa !;f va vectd s0ng q -
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Do db ta céd

an2g?

49 _ieco)? = (8.192)
do 4l 2 " n2 . 20
h [mo +4k“ sin” —
2
Xét trucng hop tan xa Culdng. & nang lugng va gbée tin xa
sao cho 4k?sin? (%)» m%, cong thic tiét dién hiéu dung vi
phan bién d8i thanh
do _ uz(zlzzez)2 _ (212292)2
dQ

5 5 (8.193)
n* 4k* sint 5 16E2 gin* 3

D4 1a cobng thic tin xa Rudopho ndi ti€ng. Nhu viy 1a tist
dién hiéu dung vi phén (8.193) nhin dudgce tit mét 16i gidi chinh
xAc trong cd hoc lugng tit hoan toan phi hdp véi nghién citu cd
dién vé tan xa Culdng.
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PHU LUC I

TICH PHAN POATXONG (POISSON)

Ta hay tinh tich phan dang

4o

2
I= Ie"ax dx (.1
Muéhn vay, ta xét
oo $oo 4oa o0 -
12 = I e'axgdle e_ay2dy = I I e_a(x2+y2)dxdy

Chuyén tich phén hai 16p trong mit phing xy sang cac toa
dd cye x = reose, y = rsing, ta cé

oo 27 o
2 = I I L de= ane*arzrdr =z
a
r=0g=0 0
do d6 I= -’af 1.9

T tich phan Poatxdng, ¢6 thé tinh duge cac tich phan dang

) +oc
Iy, = I o™X 20 gy 1.3)
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bing cich 14y dao ham }hén tiép I theo a

I = [ e xtax =20 18 [T
4 0a2 4 \a®

PHULUC I

HAM GAMMA (D

Ham Gamma duge dinh nghia bang ding thic tich phin
sau day

o) = Ie-xx“_ldx (o> 0) (I1.1)
0 .

Tinh tich phéin ting phan, ta ¢6
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hay Fa+1) =) (11.2)
Khi o= 1 va a=%, ham Ie) c6 gi4 tri

ray=1, r(%] = (IL.3)

Tu d6 ta xac dinh dude gia tri cua ham I'(0) d6i véi cae o
nguyén va ban nguyén

M) = (n - 1)!

trongdén=1,2, ..

D3i véi cac gia tri khac ciia o, ham I'(0) cé thé im trong cac
bang riéng.

PHU LUC III
TICH PHAN FURIE
Dau tién ta hiy xét chudi Furié ciia ham £;(x) ¢6 chu ki 21
f}(x)z%’+2(ak cos%"-"-mk sin$] (IL1)

k=1
trong d6

!
ay = Hf,(g)cos$dg, k=0,1,2.
i
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-*Iﬁ(é) mﬁdé k=1,2,3..

Thay cic hé s6 nay vao chuoi (IIL.1), ta cé

{
ﬁ(X)=§17If:(§)d§+

oo 1

+%Z .[ fl(E_,)[cos k;n‘; cos k?x +sin ko gin km]d& =

k=1_;

1 .
_ 517 I f(E)dE+ L z I £(8) cos~2=X) k“@ AmE=x) ge (IL2)
o

k=1 -1
Bay gid ta dua vio ham phu

0= [ @ cosr(t - e (IIL3)

trong d6 bién s8 phu A : —o <A <. Haim ¢;(1) 13 ham chin vi
Q;(-A) = (pg(l) Néu dit A —% ; k=1, 2, 3... thi céng thiic

(I11.2) e6 thé dude vist dudi dang
) = —CPz ©) +~Z % (0) (14

Dé (I[1.4) c6 dang tdng tich phan, ta dat A, = 0

2

A — Ay = % = Ak ;k=1,2,3... Khi d6 (IIL.4) ¢6 dang
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G0 =50 @) 4 3 rha A (L5
k=1

Céng thdc nay ding vdi moi x (—o < x < ). Bay gid ta cho
ham lién tuc f(x), xdc dinh trén toan bd truc x vi khéng tuin
hoan. Cho fj(x)=f(x) trén doan ~I < x <[, va gia st f;(x) tuin
hoan véi chu ki 2/, trén toan bd truc x (h.55). Pudng dam la
ham fi(x), dudng moéng 1a ham f(x). Trén doan (-, }), ta cé

1 1 -
f{x)=— - A AN s -d<x <] T11.6
=200+ @b ;L <x (1L6)
: k=1
Cho I tién dén «, ta c6

1 1 -
f(x)=lim —g;(0)+—h Al JAM I11.7
(x) 1_)nl2£(pl( )+m_)1£k§_1¢1( K )AA (IT1.7)

—oo < X < oo

100, G(x)

~

/)

(8] : x
Hinh 55
" Ta gia thiét 1a
IIf(é)Idf:w (11.8)
I
1 1

ta ¢ lim —;(0) = lim — | £(¥)d& =0
aco  pmoya®) z_?izz,[ (&g

-
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oa

oo +oo , .

. 1

a 1 A )AL, = Y o(A)dh = — A)dA I11.9

v Il)n;kzlcm( o = oo =3 [ e ams
= o .

brong &6 (1) = lim ¢;(1) = I £(2) cos AE — x)dE

Thanh thi ddng thie (III1-7) cé dang

o0

f(x) =% [ P¢{A)dA :-2}-1; I I f(E)cosA(E — x)dE [dA

—00 <L X < oo

hay f(x) =% I I f(&)(cosAEcosAx + sin AL sinAx)dE |dA =

:2_111 I I £(E) cosAEE coshx + If(‘&_,)sinl‘éd&sinlx & @110

Vay néu ham f(x) lién tuc trén toan bé truc x, ma cé thé
phén tich né thanh chudi Furié trén quing (-, [) théa mén
- diéu kién (I11.8), thi né cé thé viét dudi dang

f{x)= J [o{A)cosAx + B(A)sin Ax]dA (I11.11)

trong dé
1 o 1 K .
alh)=— J f(E)cosAELE, B(A) = — I f(E)ysin AEE (111.12)
2n 2

Tich phan (T11.11) ¢ cac hé s8 (I11.12) dude goi 1a tich phan
Furié cta ham f(x).
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Ta con c6 thé viet né dudi dang
£(x) = 2—1n T T f(E)cosME—x)dE [ (IIL13)
hay duéi dang phitc T
£(x) =§1; T T £(&)eMEge |ax (I11.14)

bdi vi khi khai trién ham mi theo céng thiic Ole (Euler), tich
phin sin A(£ - x) 88 bang khéng.

"PHU LUC IV

HAM DENTA

Trong vat ki hoc ¢ dién va htong ti hién dal ta thuong gip
cac chit diém cb khsi lugng, cic dién tich diém, cic Iudng cue..

Vi vay, dé vin giil nguyén cac khai niém vé& mat 46 cta
ching, ndm 1926 Diric d4 dua ra him denta.

Ham denta 3(x — x_) bing khong § tat ca céc didm trit diém

X = X,, tai d6 né tién dén v6 tan sao cho tich phan ham nay
theo toan mién 1a hitu han va bang don vi.

I 8(x —x,)dx = 1 @IV.1)

Khi 6 ham d s€ lién hé chang han v61 mat d6 dién tlch p
cza mét ngudn diém dit tai goc toa dd bang hé thitc don gian

px) = e5(x)
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Béi véi doan [ab], thay cho (IV.1), ta ¢6

b -
'Iﬁ(x—xo)dx= {1 vdl‘a<x0<b av.e)

0véx, <a, x,>b

D61 véi mot ham f(x) lién tuc trong mién dang xét, ta cé
hé thie

f(x,) véia<x,<b

b
If(x)ﬁ(x - X )dx = { (Iv.3)

0 vdi x,<a,x,>b
Thue vﬁy, ap dung dinh li trung binh tich phan, ta cé

X +E
If(x)ﬁ(x xo)dx = £(x, +a€)f §(x - x, )dx

X,

i

trong d6 || £1,£>0 _
Sut dung (IV.2) va cho £ > 0, ta duge (IV.3).

T dinh nghia, ta dé dang riit ra cée tinh chit sau cia ham
denta.

1. 8(ox) = B(X)

fod
2. 8(—x) = 5(x) (ham denta 13 ham chin).
3. 8'(x) = -8'(x) (dac ham ctia ham denta 14 mot ham 13).

k
Zﬁ(x - Xg)

4. dlo(x)] = S—l—,(‘—)"—

trong do xg la cac nghiém don ctia phudng trinh

o{x)=0
177,
5. 8(x)=2— J‘ ¢™*dk (khai trién Furié ctia ham §).
n .

313



314

TAI LIEU THAM KHAO

. Tikhonov A.N., Samarski A. A.

Uravneniia matematicheskoi phiziki
Moskva —~ 1953

. Levin B.1.

Metodu matematicheskoi phiziki
Moskva — 1960

. Nguy&n Dinh Tri, Nguyén Trong Thai

Phuong trinh vdt Ii —todn
Ha Néi - 1971

. Courant R., Hilbert D.

Methods of mathematical physics

London — 1953
. Mors PH. M., Pheshbakh G.
Metodu teoreticheskoi phiziki
_ Moskva 1958
. Kochin N. E.

Vektornoe ischislenie i nachala tenzornogo ischisleniia |
Moskva — 1960

. Borisenko A.l, Tarapov LLE.

Vektornui analizi nachala tenzornogo ischisleniia
Kharkov - 1978

. Nisiurkeev

" Sbornik zadach po metodam matematicheskoi phiziki

Moskva — 1964



MUC LUC

Lt néi diu

§1.
§2.
§3.
§4.
§5.

§1.
§2.
§3.
§4.
§5.
§6.
§7.

Chuong I

TRUONG VO HUGNG VA TRUGNG VECTG

Khai niém vé truong v4 hudng va truo‘ng vectd
Hé toa 46 cong

Hé toa d6 cong truc giao
Cac toan tf vi phin
Cac dinh X tich phan

Chuong IT

TRUGNG TENXO
Khai niém vé tenxd
Dinh nghia tenxd
Tenxd xuit cing dan héi
Tenxd don vi. Tenxd cip ddi
Phép téng va phan tich tenxd
Phép nhin tenxo véi vectd
Phép nhén hai tenxg

*$8. Tenxd d8i xitng. Elipxoittenxd

*§9. Truc chinh, gi4 tri chinh va bat bi€n clia tenxd
§10. Dao ham tenxd theo déi s8 v6 hudng

*§11. Dive clta trudng tenxd

$12. So Iuge vé khong gian n chiéu

§13. Vectd hiép bién vi phan bién

Trang

13
15
24

31
32
36
38
40
42
46 -
48
50
52
54

58

3156



§14. Tenxd hang hai -
§15. Dai sé tenxd
§16. Tenxd cd sd

§17. Giai tich tenxo

Chuang III
PHUONG TRINH SONG MOT CHIEU

§1. Pai cuong vé cac phudng trinh vat li toan cd ban
- §2. Lap phudng trinh dao déng cua day

§3. Dao déng cia diy v6 han. Bai toan Cési

§4. Dao déng tu do cia s¢i diy hitu han

§5. Dao déng cudng bifc clia sgi ddy hitu han

§6. Tinh duy nh4t ciia nghiém clia bai toan hdn hdp

Chuwong IV
PHUGONG TRINH DAC DONG CUA MANG

§1. Thiét lap phuong trinh

§2. Dao déng clha mang chit nhat

*§3. Cac dudng mit trén mang chii nhat

§4. Dao dong ctia mang tron va ham Betsen

Chuong V
PHUGONG TRINH TRUYEN NHIET

§1. Thiét lap phuong trinh

§2. BAi toan Cbési d61 véi phuong trinh truyén nluet mét chiéu
trong thanh vé han

§3. Y nghia vat li clia nghiém co bin. Ham denta
§4. Phuong trinh truyén nhiét khéng thuin nhit
§5. Su truyén nhiét trong thanh hitu han

316

60
63
66
70

81
84
87
94
103
107

115
119
125
129

147

150

154
158
162



Chuong VI

PHUGONG TRINH LAPLAXG
§1. Thiét 1ap phuong trinh _ 178
§2. Phuong phap Grin dé gidi bai toan Dirichlé 178
$§3. Giai bai toan Pirichlé dsi véi qua cu 182
§4. Gidi bai toan Dirichlé d6i véi nita khéng gian 189
§5. Da thite Logiingdro va phép tach bign trong toa d6 céu 192
§6. HAm cdu _ 200
§7. Tinh cht tryc giao ctia ham ciy 203
*§8. Ham Betsen hang ban nguyén 207
Chuong VIT
CAC PHUGNG PHAP TINH GAN PUNG VI TICH PHAN
§1. Cong thic ndi suy Niuton (Newton) . 216
§2. Cong thiic ndi suy Stocling 221
§3. Céng thite vi phan gén diing trén cd 83 ndi suy Niuton 225
§4. Cong thic vi phin gdn diing trén oo s3 céng thite Stdcling - 227
§5. Céac cbng thitc cdu phuong Niuton — Cote 230
§6. Cong thiic hinh thang va 86 hang du : 234
§7. Céng thitc Simpson va s8 hang du 238
§8. Tinh gén diing tich phan hai l4p 242
Chuong VII

CAC PHUGNG PHAP GAN DPUNG TRONG CG HOC LUONG TU

§1. Li thuyét nhiéu loan d6i véi cac

. trang thai ditng khéng suy bién 249
§2. Nhiéu loan suy bién 255
§3. Cong thitc tdng quat clia li thuyét nhidu loan 257
§4. Cong thic nhiéu loan ciia Finbec (Feeberg) 263

317



§5. Céng thic nhiéu loan Fredgonma (Fredgolina) 269

§6. Phuong phap bién phan lip 278
§7. Phuong phap bién phén - 283
§8. Li thuyé&t tan xa Iugng ti _ 287
Céc phu luc I I, IIL IV | 306 - 312
Téi lidu tham khdo ' 314

318



Chiu trdch nhiém xuét bdn :

Chu tich HDQT kiém Téng Gism déc NGO TRAN AT
'Phé Téng Giam déc kiém Téng bién tap NGUYEN QUY THAO

T8 chize bén thdo vé chiu trach nhiém néi dung :
Phé Téng Giam déc kism Gidm d6c NXB Giso duc tai TP. Ha Nbi
NGUYEN XUAN HOA

Bién tdp néi dung :
NGUYEN VAN THUAN
Trinh bay bia va mink kog :
HOANG MANH DUA
Sita bdn in :
PHONG SUA BAN IN (NXB GIAO DUC TAI HA NOI)
Sap chir :
PHONG CHE BAN (NXB GIAO DUC TAI HA NOT)

319



320

PHUONG PHAP TOAN LY
M3 sO : TK674T7 — DAI

In 1.000 cuén (QD 78), khé 14,5 x 20,5. In tai Nha in Ha Nam.
Dia chi : 856 29, QL 1A, P. Quang Trung, TX. Phi: Ly, Ha Nam.
S6 DKKH xudt ban : 11 — 2007/CXB/35 - 2119/GD.

In xong va nop lwu chiéu thang 10 nam 2007.



CONG TY CO PHAN SACH DAI HOC - DAY NGHE
HEVOBCO
25 HAN THUYEN — HA NOI

Website : www.hevobco.com.vn

O]l mw»
"‘i [

TIM POC

SACH THAM KHAO DAI HOC MON VAT Li
CUA NHA XUAT BAN GIAO DUC

1.Co sd Vat i (6 tap) David Halliday va c4c tac gia
Ngé Quéc Quynh - Dam Trung B6n (dich)
2. Giai bai tap va bai toan

ca s Vatli (5 tap) Nguy&n Quang Hau - Luong Duyén Binh
3. Vat i dién tir - Nguy&n Minh Hién - Vd Linh - . -
4. Vat i dai cuong (3 tap) Luong Duyén Binh va cac tac gia
5. Bai tap Vat li dai cuong (3 tap) Luong Duyén Binh va cac tac gia
6. Vatlihiendai Ronald Gautreau - William Savin
(Li thuyét va bai tap) Ng6 Phu An - Lé Bang Suang (dich)
7. Phuong phap toan li Pé Binh Thanh - Vi Van Hung
8. Bai tap Vat Ii li thuyét (2 tap) Nguy&n Hau Minh va cac tac gia

Ban doc ¢6 thé mua tai cdc Cong ti Sach - Thiét bi tricong hoc & cdc dia phiong
hode edc Ciia hang cua Nha xuat ban Gido duc :

Tai Ha N&i : 25 Han Thuyén; 187B Giang V6; 232 Tay Son; 23 Trang Tién.

Tai D Nang : S0 15 Nguyén Chi Thanh; S6 62 Nguyén Chi Thanh.

Tai Thanh ph8 HE CHi Minh : 104 Mai Thi Luu, Quan 1; Cita hang 451B - 453,
Hai Ba Trung. Quén 3; 240 Tran Binh Trong — Quén 5.

Tai Thainh ph8 C4n Tho': S5 5/5, dutng 30/4.

Website : www.nxbgd.comwn

WL

9349801786338

Gid : 26.500 d




	PHƯƠNG PHÁP TOÁN LÍ
	MỤC LỤC
	I. TRƯỜNG VÔ HƯỚNG VÀ TRƯỜNG VECTƠ
	II. TRƯỜNG TENXƠ
	III. PHƯƠNG TRÌNH SÓNG MỘT CHIỀU
	IV. PHƯƠNG TRÌNH DAO ĐỘNG CỦA MÀNG
	V. PHƯƠNG TRÌNH TRUYỀN NHIỆT
	PHƯƠNG TRÌNH LAPLAXƠ
	VII. CÁC PHƯƠNG PHÁP TÍNH GẦN ĐÚNG VI TÍCH PHÂN
	VIII. CÁC PHƯƠNG PHÁP GẦN ĐÚNG TRONG CƠ HỌC LƯỢNG TỬ
	PHỤ LỤC
	TÀI LIỆU THAM KHẢO



