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LOI NOI DAV

Cudn sdch nay trinh bay cdc kién thitc ¢d s cla giai tich hién dai tir
nhimg khai niém ban diu cha khong gian metric, khong gian topo, Ii thuyét
do do va tich phan Lebesgue. Qua thuc t€ va kinh nghiém giang day, ching
t6i chon nhing ndi dung t6i thiu vé giai tich cho sinh vién khoa Todn & cic
truong DHSP va DPHKH cho dit vé€ sau sinh vién dé trd thanh gido vién hay
la cdn b9 nghién cdu & cdc nganh khdc nhau. Pac thd cha phdn kién thic
nay 12 ndng vé suy luén triru tugng, 1f thuyét, khac véi phan gii txch co dlén
thudmg tap trung cho céc Ki nang tinh todn bién déi. -

Cuén séch bao gém 4. chuong chinh. Chuong 1 danh cho khéi niém
meétric, 14 cra ngd di vao cac phdn khdc nhau cia gii tich ham (tuyén tinh
hay phi tuyén). Chuong 2 trinh bay cdc y&u t& t6ng quat va co ban cha giai
tich, dé 12 khong gian top6. Ching t6i khong ¢6 tham vong trinh bay chi tiét,
ddy di cédc van dé cua topo dai cuong ma chi cung cdp moét lugng kién thitc
cén thiét, dé ngudi hoc todn 1am quen vdi khai niém, thuat ngit, phuong phap
suy luan hdu c6 thé d& dang linh hoi cic hoc phdn khdc vé sau. Chuong 3
trinh bay Ii thuyét d¢ do Lebesgue, day 1a mdt ndi dung quan trong, dong
thoi cling 14 co s& d€ xay dung tich phan Lebesgue & chuong 4. Cé nhiéu
gido trinh va sach tham khao dinh nghia d¢ do trén dai s6 cédc tap hop. G day
ching t6i trinh bay 49 do trén nfra vanh. Nhin chung d6 phitc tap khong tang
bao nhi¢u nhung céch nay t6 ra thuan lgi khi xay dung d6 do Lebesgue trén

R” hay tich cdc d0 do. V& Ii thuyét tich phan, ching téi trinh biy theo
phuong phép kinh dién ma céc téc gid nhu Rudin, Hewitt-Stromberg, Hoang
Tuy di trinh bay trong cdc cudn sich cua hg.

Cho dén nay viéc 14p mot chuong trinh todn théng nhat cho cdc tnrb‘ng
dai hoc 12 vén dé khé thuc hien. Do d6 trong hai chuong ddu ching t6i c6
gang trinh bay tuong d&i doc lap (do dé c6 d6i chd lip lai) d€ tuy theo
chuong trinh va quan diém cla ngudi day, c6 thé tir chuong 1 di thing vio
chuong 3 va 4 hoic ¢6 thé diing c4c chuong 1, 2 dé gidng c4c kién thic co
50 vé& topd, métric v.v... N6i chung ching toi ¢d ¥ thiét k&€ dé cubn sdch dugc
diing mot cdch uyén chuyén tuy theo ¥ thich clia giang vién va chuong trinh
quy dinh.

Céc vén dé trong cudn sich nay la khé d6i v6i hoc vién cé trinh do tir
trung binh khd trd xudng. Do dé sinh vién mdi hoc phai tap trung nd luc dé
ti€p thu céc khat niém, dinh nghia. Cdn ndm chic c4c phép toén vé tap hop,



anh xa, phai thao tac bién déi trén cdc ddi twong nay mot cch thanh thao.
Kinh nghiém cho thdy ring, néu sinh vién nao khong hiéu ddy dd cdc quy
tac suy luan logic va cdc phép todn v€ tap hop thi rdt ling wing trong viéc
ti€p thu cdc chuong nay.

Di v d6 cha cac tdc gia 12 ¢6 ging trinh by chi tiét, so cdp cdc vén dé
dé phll hop véi trinh d6 cla da s6 sinh vién (day la d6i tuong phuc vu cha
yé&€u cia cudn sich) nhung cé nhiéu két qué khé, chimg minh dai nén dodi héi
ngudi hoc mot sy kién tri ding ké.

Theo su phan cong, PTS. Nguyén Hoang vi€t cdc chuong 1, 2 va
- PTS. Nguyén Dinh viét cdc chuong 3, 4. Céc tdc gid dd c6 nhiéu ¢& ging
trong viéc bién soan, tuy nhién day 12 14n dau tién ra mét ban doc nén cuén
séch ¢6 thé s& con nhitng khi€ém khuyét. Chdng i rat mong nhan duge su
g6p v chan tinh cua quy déng nghiép va ban doc dé cudn sdch duge hoan
thién hon trong 14n in sau.

CAC TAC GIA
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Chudng 0.

KIEN THUC CHUAN Bl

§ 1. TAP HGP, ANH XA, QUAN HE

1.1 Tap hop.
1.1.1 Cac phép toan trén cac tap hop.

a) Cho A, B la cac tap hgp. Tap A duoc goi 14 tdp con cha tap B, ki
hiéu A C B, n&u moi phéin tircia A déu 1a phin thcha B. Haitdphop A, B
dugc goi 1a bing nhau néu AC B va BC A.

Gia st X ta mot tap hop. Ki hiéu P(X) s& duge dung dé chi tap hop
tit ca nhitng t&p con cua X, ' “

~ Céc phép-todn hop, giao, hiéu, hi¢u d6i xing cia hai tp dugc dinh
nghia lan lugt nhy sau :

AUBz{xlxeAhay.xe B} (hgpcla A va B),
Ar‘]B:{xlxeAvéxeB}(giaocﬁ.aA va.B),

A\B={xlxeAvax¢ B} (hieucia A v& B),

AAB =(A\ B)JUEB\ A) (hiéu déi ximg).

Néu ANB=4# thitaciing ndi Ix A va B roi nhau (khong giao nhau hay
c6 giao bing ).

Cac tinh chat. M&i quan hé giita cdc phép todn duge thé hién trong
cdc cong thic sau. Gid sir A, B, C la cdc tap hop.

(i) (AUBINC ={ANCIU{BNC),
(i) (ANBIUC=(AUC)N(BUC),



Giii) (AUBINC = (A\NC)U(B\ ),

(iv) (ANBINC = (A\C)N(B\C). _

b) Hop, giao cia mét ho tap. Cho (A, )!E , 1a mot ho cée tap hop. Hop
va giao cua ho tap ndy dugc dinh nghia nhu sau :

UA,-:{xIHie:'saochoxeA,-},

iel

N4 ={xlxeA, moiiel}.

ief
Ho (4 )ief dugc ggi 12 r&i nhau timg 46i néu ANA =f khii=j

Truong hop 7 =N, ta thudng viet (1 A, hay U A, thay cho N 4, va
i=1

i=] feN

(J A;. Céc cong thifc sau day 1a m& rong coa (i) va (ii) & én (B 1a mot tap
ieN .

tuy ¥).
BN(UA)=U(ANB),
it el ;
BU(N A)=N(A UB).
[ el
¢) Phian b ciia’ mét tap. Gia sir X 1a mot tdp vd B, AC X. Tap

X\ A goi Ia phdn bii ciia A trong X va duoc ki hiéu 14 A°. Céc ding thic
sau la ding.

() ANB=ANB,

(ii) A C B khi va chikhi B C.AS,
(iii) (AUB) = A° N B",

(iv) (ANB) = A“UB".

Luat De'Mor.gan.

(A‘.)J,E! 12 mot ho nhitng tAp con cua X. Cic cong thitc sau thudng
duge goi 12 luat De Morgan,

(UAX = A (NAY =UA

il ief el ief



~

1.2 Anh xa.
1.2.1 Pinh nghia va cac tinh chat.
Gia sir A, B 1a céc tap hop khdc réng. Mot dnh xa f tir A vao B.ki

higu f:A—— B hay x f(x), 13 mét quy tic cho twong ing mdi phan
tr x€ A v6i mot phén tir duy nhat ye B. Phin tir y nay thudng duoc ki

higu 12 f(x) va goi la gid tri cla f tai x hay anh ctia x qua 4nh xa f.

Hai énh xa f:A—— B, g: A—— B dugc goi la bing nhau, ki hiéu
f=g néu f{x)=g(x), véi moi x € A.

Cho f:X-———7Y 1a mot dnh xa. Mot don 4nh, todn 4nh va song 4nh
duge dinh nghia nhur sau. :

dn
(f —don énh){:(‘v‘xl,xz eX. f(x)=f(x)=x =x2)

‘:’(Vxlaxz €X, x =X =>f(xl)==f(x2]),

dn
(f —toan dnh)&>(Vye?Y, Ixe X: fx)=y),

dn
(f —song 4nh)<«>(f vira 12 don 4nh vira 12 toan 4nh).

Bay git gid sit f: X——Y 1A mot 4nh xa, ACX vd BCY. Anh
cla tdp A qua dnh xa f, ki hiéu f(A), va nghich anh (tao anh) ciia tap B
qua 4nh xa f, ki hieu f~' (B), dugc dinh nghia 12 céc tap sau :

flA)={ye¥I3re A déchof(x) =y},
B ={xeXx1f(x)eB}.
Gidst f:X—Y, (4)_ cP(X), (8),, CP(Y). Khids,
@ fUAY=U f(4)

() fF(NAY=NS(4)

iel ief

(i) (U B)=U f1(B),

it ied



v N BY=Nf{B),

ied ieJ

vy B = {1 B) =x\f'(B).

1.2.2 Hop cua hai anh xa.

Cho f:X_%Y- va g:Y——Z 12 hai 4nh xa. Khi d6é hgp cia g va

f (theo thit ty d6), ki hiéu go f, 12 4nh xa dugc dinh nghia béi
gof: X —Z
x——(gofixy=g(rlx)), xex.
Ta c6 thé chimg minh dugc cdc ding thifc sau day.

(i) (g0 f) ()= F"{g"(C)), moi CC Z,

(i) (g0 f)oh=go(foh), moi h:T——X,
iy F(f 1 (B)}C B, moi BCY,

AcC F'(f(4), moi ACX.
1.2.3 Tich Descartes cua mot ho tap.

Gia sir (4;),_, 12 mot ho céc tap hop. Tich Descartes clia ho nay, ki
hiéu [] A, 1a tap dugc dinh nghia bdi '
iel
[TA :{x:!——aUA,. | x(i)e A, moiie [}.
fel ief
Phan tir cia [] A, thudng dugc ki hicu 1a {x, :i e} hay (x;),_,-
iel
Khi ho nay chi gdm c¢é hai tap A, B thi tich Descartes cita ching sé
duge ki hiéu 12 Ax B va phin tir cha AXx B thudng duge viét thanh cap (cod
thir ty), nghia Ia

AxB= {{a, b)lac A, be B}.

Tuong tu, tich Descartes cia 7 t4p, A, x..xA, (ciing ki hiéu ﬁ A)
i=l
la tap gébm cic bd c6 thit tu (al, a,..., a,) trong d6 aie)%;, moi
i=1, 2., n



Néucé iel/ ma A =4 thita dinh nghia [] A, = #. Tuy nhién néu
iel
A =@ moi iel thiliéu ta c6 thé khing dinh 13 [JA. khic @ khong ?
iel :
Khéng the trd 16i cau hoi ndy bing cdch chi sir dung cic tién dé thong
thudng vé tap hgp. Ménh @€ sau day thudmg dugc biét dudi tén goi 1a “tién
dé chon™.

Tién dé chon : Néi (4,),
[14 =4.

iel

la mgt ho gom cdc tdp khong réng thi

Dang tuong duong caa tién dé chon :
Néu (A;)_, 1a mot ho gém cdc 1dp khdc réng, roi nhau timg doi mor
thi t6n tai mot 1dp E con L_{A,- sao cho ENA, chua duy nhdt mot phdn i
1€ .
voimof i € L.
1.3 Quan hé,

Mot quan hé (hai ng6i) trén t3p X 12 mot thp con R cla tich
Descartes X x X, ' '

Néu (x,v)e R thitanéi “x quan hé véi y theo quan hé¢ R va ki
hiéu xRy.
1.3.1 Quan hé tuong duong,

Mot quan hé¢ R trén X goi la mot quan hé niong duong néu né thod
man cédc diéu kién sau ;

(1) xRx, véi moi x € X (tinh phan xa),
| (ii) Néu xRy thi yRx (tinh déi ximg),
(iii) Néu xRy va yRz thi xRz (tinh bic cdu).

Gia st & 1a mot quan hé tuong dub‘ng trér; X va xeX. Lop twbng
duong cua x (theo quan hé tuong duong &), ki hiéu 1a x, 1a tap

¥i={yeXtxRy}.

Tap hop gém t4t cd cic 16p tuong duong theo quan hé R thutmg duogc goi 1a
tdp thuong cha X theo R vakihieula X/R. Vay X/R={xlxe X},



Dé dang nhan thdy ring n€u x, ye X thi hoac 13 X =¥ hoac la
¥Ny = @. Nhu vay tap cdc 16p tuong dwong theo quan hé R 1ap thanh mot
phan hoach chia X, nghia 12 c6 mot ho (4;),_, nhing tap con chia X (mbi
A; 1a mot 16p weong duong), A, NA, = # néu i= j saocho X = J A,

ief
Nguge lai néu (4;)  CP(X) sao cho ANA =@ néu i=; va
A =X thi
ief

f{’:{(x, y)e XxXIH:'_eI sao cho x, yGA,-}

12 moét quan hé twong duong trén X ma céc 16p tuong duong (theo R) chinh
2 céc A, '

1.3.2. Quan hé thi tu.

Mot loai quan hé khic trén X cling cé mét vai tro quan trong 1a quan
hé thi tu. Mot quan hé, ki hiéu “ <7, trén X goi 1a guan hé thi ti (b0 phén)
trén X (hay ciing néi “ X dugc sip b6 phan bdi <) néu né thoa min céc
diéu kién sau :

'a) xZx, moi xekX,

b) x<y va y<x thi x=y (phan xing),

INéu x<yviy<zthi x<z

Bay gidy gia st X 12 tap duoc sip bdi quan hé thit tr bo phan <. Tap
con Y cha X goi la duoc sdp thdng néu v&i moi cap cdc phin tlr x, yeY ta
cé x <y hay y<ux.

Phin tr ue X duge goi 12 mot can trén cua tap ¥ néu y <u, moi
vel.

Phin tir me X dugc goi 1 phdn tkr t6i dai cia X néu quan hé m < x,
xeX kéotheo x=m (luu ¥ ring X c¢6 thé c6 nhiéu hon mot phén ti tdi
dai va ciing ¢4 thé khong c6 phén tir t6i dai). Phét biéu sau day néu lén mot
dam bao cho su t6n tai phdn 1l t6i dai d6i v6i mot tap hop dugce sép. N6 duge
goi tén 1a b8 dé Zorn. Ngudi ta ciing ching minh duoc né tuong duong véi
Tién dé chon. '

Bé dé Zorn. Néu moi tap con sip thing cha X déu c6é mot can trén
thi X ¢6 mot phan tir t8i dai.
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BAI TAP
(4,) . 1ahomot tap.

saocho: B, C B, va G B, = Ej A

n=l r=]

(a) Hay xay dmg motho (B,)

(b) Hay xay dung mot ho (B”)neN a0 cho B.NB, =@ néu n=n'

(c) Gia s them A, CA,,,, ne N.Hay xay dung ho (B,) sao cho

B,NB, =f néun=n', UA =B, vaA =B I

n=l1 A=l n=1

f:X——Y la mo6t dnh xa. Ching minh rding cdc ménh dé sau
tuong duwong.

a) f 1a mét don 4nh,
b) f(AnB)=f(A)NfF(B), mei A, BC X,
c)Moicapcictap A, BC X ma ANB=4 thi
fAnf(BY=4.
f X ——Y 12 todn 4nh khi va chi khi
FlF(B))=B, moi BCY.

Cho mot thi du vé mot 4nh xa f:X——Y vahai tap A, BC X
sao cho:

f(ANB)= f(A)n f(B).
Cho f:X——Y lamoét idnh xa. Chimg td ring f 14 mot don 4nh khi
va chi khi v6i moi tdp Z vamoidnhxa g :Z—— X, g,: Z——X
saocho fog = fog, thi g =g,.

11



§ 2. SO THUC

Trong phan nay, ching t6i trinh bay mot s tinh chdt cha tap s6 thirg,
dugc ding thudng xuyén sau niy. Nhic lai ring, tdp hop s6 thue R 1a mot
trudng véi hai phép todn cdng va nhan thong thudng, trén dé cé trang bi
quan hé thit ty toan phén,

2.1 Supremum va infimum cia mot tap M C R,

Cho M la mot tdp con cua R. S6 ye R duge goi 1a mot cdn trén
(tuong Ung, cdn dudi) clia M néu véi moi xe Mthi x<y (tu,y<x).
Hién nhién néu vy 13 can trén (tir., cin dudi) cha M thi véi moi y' >y
(tar., y'<y) ciing 12 can trén (t.u., can dudi cha M).

Tap hop M duoc goi 12 bi chdn trén (tar., b chdn dudi) néu M ton
tai it nhat mot can trén (t.u., can dudi). Ta ¢6 mot tinh chét co ban va quan
trong sau day :

Nguyén li supremum. Moi tap con M khac rong cta R bi chan trén
(t.u., bt chan dudi) thi tdn tai c4n trén bé nhdt (t.ur., can dudi i6n nhat).

Can trén bé nhit cia mot tap bi chan trén dugc goi 1a supremum cia
M va ki higu sup M. Can dudi 16n nhit cia moét tap bi chan duéi duge goi
12 infimum cia M va k{ hiéu 1a int M. _

Theo dinh nghita ta ¢6 «=supM khi va chi khi hai di€u kién sau day
duoce thoa man : '

1) VxeM:xSu
2 (Va'<o}(FxeM):a'<x

(Diéu kién 1) dién td o 12 mot can trén caa M, con diéu kién 2) néi
rang vi o la cén trén bé nhét nén néu o' <o thi- o’ khong con 1a can trén
cua M nita)

Diéu kién 2) c6 thé dién 14 bang nhiéu cdch khdc nhau. Ta c6 thé viét
lai cdc ménh dé tuong duong nhu sau

D¥xeM: x <«

a=supM <
P 2y (Ve>0)(AxeM):ia—e<x <«

Néu 14y ¢ ldn lugt bang 1 thita 6 thé viét lai
n

12



DVyeM: x<a

=supM <
o =sup 2% 3(x,) cM:x, — aln—oco)

Ban doc hdy viét chi tiét cic ménh dé wong duong d6i véi infimum.
Sau day 1a moét s6 tinh chét thuong diing cha tap s6 thuc.

2.2 Day cdc doan ([an, b, ]) dugc goi 1a thar lai néu |a,,,, b, |C

"

la,.b,], n=1,2... va lim (b, —a,})=0.

H— %

- Nguyen li Cantor. Mdi ddy doan ([a,, b, ]]” trong R thdt lai thi ¢6
mot phdn ne chung duy nhdt cho tét cd cée doan do.
2.3 Nguyén li Bolzano-Weierstrass Moi ddy so thuc bi chin déu cé
mot day con héi ty trong R.

2.4 Diy s6 thuc {x,) CR duge goi la ddy co bdn hay ddy Cauchy néu

(Ve > 0)(3n, ) (Vm,n > n,):

X, — X, <e
Nguyén li Cauchy Moi ddy s6' thuc co bdn thi phdi hoi tu.
2.5 Tinh chat trit mat ca tap so hitu ti Q trong R.

Voi méi cdp s6'thie (a. b). a < b bao gid ciing ton tai mot s hitu f r
sao cho a<r<b. ' '

§ 3. CHUOI S6

Phdn nay liét ké mot s kién thic lien quan t6i cdc chudi s6 duong
dugc sir dung thudng xuyén trong céc chuong 3 va 4.
3.1 Chudi s6 duong va tinh giao hoan.

Nhic lai ring néu (x” )" C R thi chudi i x, dugc goi 1a hdi tu trong
n=I

H
R né€u ddy tong rieng (s,) . cliané hoiw rong R |5, = > x,, ne N|.

i=l

e [ ’_X.‘
Néu lims, =+oo thi ta vi€t 3 x, =4co va néi chudi > x, cé

> A=l =1

." = " hS ~ ey - by
tong la +oa. Trudng hgp 3 x, = —oo cling duge hiéu hoan toan tuong tir.

n=I

13



- B . » » - 'x"
Mot chubi 3~ x, duge goi la héi tu tuyét d6i néu Y- |x, | < +oo. Mot
n=! n=l

chudi hoi tu tuyét d6i thi hoi tu trong R.

Sau nay ta s& xét dén céc chudi f: x, mad x, €R, neN. Téng cia

. n=1
chudi trong trudng hop nay ciing dugc dinh nghia nhu truée day, 12 gidi han
clia ddy tdng rieng (s,) . va1a motsd thuoc R. Ta c6 két qua sau.

3.11 Dinh Ii. Néu 3 x, la mot chudi duong thi véi moi song dnh

A=l

. L W - 0 " . . .
o:N-—-N,tadéucé 3 x, =3 x,, (chuoi ¥ x, co tinh giao hodn).

n=I n=l1 n=]

Chimg minh. Goi a=3- x,, b=3x,, (48§ a, beR va a, b>0).
=l

.on=l]

Ta chi cén ching minh h<a 12 d& (a<b chimg minh tuong tu). Moi
neN, dat k= max{c(1),..,o(n)}. Khidé

" k
L Xy S X; Sa
i=|

m=1

Tirday b<al

Luu y. Do khi ta cling xét chudi s6 Sf x,. Téng chia chudi ndy duoc

hidula lim ¥ x,.

A= f=—n

3.2 Chudi so kép.

Cing v6i chudi s6 thong thudng, cic “chudi s6 kép” v6i s6 hang
khong am ciing duoc sir dung trong gido trinh ndy. Ta nhéc lai mot vai khéi
niém va két qua ddng quan tam.

Néu (a,,,) 1a mot diy kép véi a,,, €[0,+00] thi v6i mdi

(n.m)eNxN

neN c6 dinh, chubi Z a,,, luon hoi tu trong R (e ¢6 tdng 12 mot s6

m=1
thuc hay +o0). _Tﬁng cla chudi kép gj i a,, (luon ton tai) duge dinh

n=lm=l

nghia la

14



1| 1%

5“: = lim > (Xa,,

=X =) =i
Két qua vé sy thay d6i thit tw 14y téng duge cho trong dinh I sau.
3.2.1 Dinh li. Néu a, ,, €[0,00], moi myneN thi

Y Y a,,=5(Za,,)
n=1m=1 m=! n=
Ching minh. D3t a=3" Y a,,, b=3 S a,,. Khi d6 véi méi
n=|1 =1 m=l n=1
p.keN, tacd:
k Pk x
Y Y, =5 Ya, <Y )
=l m=] mi=| n=I| m=1 n=|
<> Ya,=b

3
I
i

Tir day ta dé dang suy ra dugc ring a < 5. Hoan toan twong ty ta cing ¢
b<a Vaya=5 1}

L y. Ngudi ta ciing chitng minh dugc két qua tdng quat sau
Néu a,, €[0,+00] moi m, ne N va o:NxN—NxN /a mot song

anh thi

o
= Z Z aa(n.m)'

a=lm=|

b
T Mg
=

E
li

§ 4. LUC LUQNG CUA CAC TAP HOP

Cho A Ta mot tap hop c6 phin tir 1a cdc d6i twong nao d6. Ta thir dé §
dén “s6 lugng” cdc phdn tr clla tip A nay bing céch “dém” cic phén tir ay.
C6 thé xay ra mot trong hai kha nang sau day :

1) Néu c6 thé uéc lugng cdc phan tir cla tdp A nhd hon mot s6
nguyén nao d6 hoac ¢6 thé dém hét duge cac phén tir cta tip A thitap A

dugc goi 1a tap hop hitu han va s& nguyén cudi cling d€m t6i chinh 1a s8
lugng cdc phén tir cha tap . A.
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2) Néu viéc dé€m céc phin tr clha tip A khong két thac cing nhu
khong thé udc lugng s6 phin tir cla né thi tap A duge goi la tap vo han.

Bay gi¥r chiing ta mudn so sidnh “sd lugng” cdc phdn tr coa hai tap
A. B. Né&u cé it nhat mot tap hitu han thi viéc so sdnh trd nén dé dang nho
viéc dém cdc phén tr. Trudng hop ca A 1an B déu vo han thi cich dém
khong thé thyc hién nén chua so sdnh duge. Ta xét vi du sau day. Ki hiéu B
1a tap hop cdc 58 tu nhién chin

B=1{2.4,6...2n..}

Hién nhien B 14 tap con thie sif ctia tap s6 tu nhien N = {1,2,...} Tuy nhién
chiing ta khong thé néi riing “s6 lugng” cic phan ur cta tap N nhiéu gép doi
“s6 lugng” c¢dc phén tir cua tap B. .

Pé vy ring, thyc chét cla viéc dém cdc phin to 12 thye hién mot don
anh tlr tap ta dé€m vao tap sO tr nhién N. Ngoai ra mudn biét hai tap hop cd
ciing s& lugng cdc phin tir hay khong, ta chi cdn xem ¢6 thé thiét lap duge
mot song dnh giita hai tap nay hay khong. Nhu vay véi phuong phédp dung
4nh xa, ta c6 thé so sanh “s& lugng” phan tir cdc tap hgp cho di ching 12 hitu
han hay v0 han.

4.1 Tap hop tuong dueng,

4.1.1 Pinh nghia. Ta ndi hai tap hgp A, B tuong duong véi nhau néu
t6n tai mot song dnh tir A 1én B.Kihiéu A~ B.

4.1.2 Vidu. _

1. Hai tap hop hiru han cé cing mot s6 lugng cdc phédn tir thi tuong
duong vdi nhau.

2. Tap hop c4c s6 ty nhién N va tap cdc s6 chan B={2,4,...,2n....} 12
tuang duong véi nhau nhd song dnh tr N Ién B xdc dinh bdi n — 2n,
neN.

3. Tap (0, 1) CR tuong dwong véi (a, ) CR v6i a, beR va a<b
nhd song 4nh (0, 1) 2 x— y=(b—a)x+a.

4. Tap [-% g] tuong duong véi tap R bai song dnh

J_E R Cx sy = —1t
f.[ 2.2] R:x—y=f(x)=1tgx
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Nhan xét.

Trong vi du 2, ta thay tir tap N sau khi bo di tdt cd cic s6 nguyén 1€,
14p s6 nguyén chin con lai B vin con tuong duong véi N. Tuong tu nhu
vay, & cdc vi du 3, 4, mot tap con thuc su chia mot tap vin c6 thé twong
duong véi chinh né. Day 12 mot dic trung cha tap hop vo han vi d6i véi tap

- hitu han, hai tap hitu han twong duong véi nhau khi va chi khi chiing c6 cling
s6 luong cac phén tlr. Do vay, ta ¢6 thé dinh nghia tap hgp hitu han va vo han
nhu sau : '

Tap A dugc goi la rdp hop vé han néu A tuong duong véi mot tap con
thuc su cita né. ' '

Tap A dugc goi 1a tdp hop hitu han néu A khong phai la tap hgp
vd han.

Khi hai tap hgp tuong duong vdi nhau ta bao chiing c6 ciung lic lwpng
hay ciing hdn s6. D61 véi c4c tap hitu han, theo nhan xét trén chiing cé ciing
luc luong khi va chi khi ching c6 cling s6 lugng céc phén tr nén ta déng
nhat luc lugng cla cdc tap hop ¢6° n phén tir 14 . Nhu th€ khii niém luc
luong 1a su md rong khéi niém 6 lugng céc phin tir clia mot t4p hop cho
trudmg hgp tap vo han. Lyc lugng cua tdp A dugce ki hiéu la A hay card A.
Vi du card{1.2,3,4.5} =5, card{a,b.c}=3... Luc lugng cta tap N ducc
ki hiéu l1a card N =R.

Néu tap hop B tuong duong v6i mot tap con thuc sy clia A nhung
khong tuong duong vdi. A thi ta néi luc lugng cia 8 nho hon cia A va ki
hiéu B<A. Lic nay ta ciing goi luc lugng cia A 16n hon lyc lugng cia B
vakihieu 4> B.

4.1.3 Pinh li. (Cantor-Bernstein) Cho hai 1dp hop A, B tuy y. Néu A
ruong duong véi mot 1dp con B, C B va B twong duong voi tdp A C A thi .
A, B tuong duong véi nhau.

Chitng minh. Gia st g: B— A, vd h: A — B, la cic song dnh. Khi dé
f=goh lamotsong dnhtit A 1én f(A)C A C A Dat C=A\ f(A).

*Néu C=0 thi f(A)=A,. Nhuvady A~ A va A >~Bnén A~B.
* Néu C = g thi ta ki hiéu
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D:Cuf(c)ufz(c)u...uf” (0)... (1)
trong 46 f2 = fof,.. Dat p: A — A, x4c dinh bai

ol = ;’(.r) Eii\o, @
Ta chimg minh p 1a mét song anh. That vay

wlAy=@(D)up{A\D)=DUf(A\D) | 3)
Theo {1) va (2)tacd

FD)=flCIUfC)u...
nén D=CUFf(D) va
plA)=CUfDIUFIAND)=CUf{A)=A,.

Vay o 1a toan dnh. Tiép theo ta ching minh {D)Np(A\ D)= 4. Tirdinh
nghia cha o tacéd

w(A\D) = AN F(D)= FAN(CUF(D)) = F(A\D.

vay ¢(DIN@(A\ND)=Dn(f(A)\D})=g. Diéu nay c6 nghia {3 v don
anh nén suy ra A~ A nén A~ B vitheo gia thiét A, ~B. Il

Cha §. Ding tién dé chon, ngudi ta ching minb ring khong thé xay ra
truong hop "A khéng wong duong véi bét ci tap con ndo cia B va B

khong twong duong véi bat ki tap con nio cha A." Do d6 tir dinh 1f Cantor-
Bemstein ta suy ra hé qua sau day,

4.1.4 Hé qua. Cho hai tdp A, B iy y. Bao gié ciing xdy ra moét va chi
mot trong 3 truong hop sau :

1. A=B (tic 1a A, B twong duong véi nhau).

2. A< E,

3. A>B.
4.2 Tap hop dém duge,

4.2.1 Dinh nghia. Ta goi A 1a mét tdp dém dwge n€u A tuong duong
vOi 13p s6 ty nhién N. N6i cdch khdc, A d€m duge néu t6n tai mot song 4dnh
tr N 1én A. Khi 4y ta cling néi A ¢6 luc lugng d&€m dugc.
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Ki hiéu a:N — A 1a song dnh néi trén, ta cé
N3n—aln)=a, €A

Nhu vay ta con c¢6 thé néi mot tap dém duge 12 mot tap ma tét ca cac phan tir
ctia né déu c6 thé danh s6 thanh mot day vo han

a), Gy,ns Q...
4.2.2 Vidu. {
_ 1. Tap céc s8 ty nhién, s6 ty nhién chin, s6 tu nhién 1& déu 12
cdc tdp dé€m dugc. That vay N=~N, B={2,4,..,2n..}~N vi

C={L3,...2n+L..} N bing cdc 4nh xa déng nhdt, n->2n,
n—2n+1l.

2. Tap Z gbm t4t ca céc s@ nguyen la dém dugc. That vay, ta xét
dnh xa f:N —Z cho bai :

2 néun chin,
n— fln)=
- neunle.
- 2
Dé dang kiém tra f 12 song 4nh nén ta ¢6 dugc k&t luan.
3. Tap cédc s6 hiru ti Q 14 d€m duge. That vay, mot s6 hitu ti c6 thé
vi€t duy nhit thanh mot phan sO t6i gidn 2, g>0. Ta tam goi téng
_ ' g |

ip|+¢ 12 “hang” cla s6 hiu ti 2. Ro rang tap hgp cic phan s ¢6 hang
q9

cho trude 1a hitu han, vi du, phan s& c6 hang 1 13 %=0. hang 2 la } va

:-l-, hang 3 1a % % _Tz —_5!— Hon nita méi s6 hitu ti déu ¢é hang
xdc dinh nén ta c6 thé dénh s6 cac s6 hitu ti thanh day theo thit ty tang
dén cla hang, tic 1a bt ddu ddnh s6 cdc s6 hang 1 r6i cdc s6 ¢6 hang 2,
hang 3,... Vay cdc phdn tir cha Q c6 thé sip thanh diy nén Q Ia tap
dém dugc.

Sau day 1a céc dinh If co ban vé tap d€m dugc.

19



4.2.3 Pinh l. Moi tdp vo han déu cé chita mét tap con dém duoc.

Chung minh. Gia st M 12 mot tap vo han. Ldy ra mot phan tit bat ki
aeM. Vi M\{a} cing v0 han nén liy ti€p a,eM\{a} r6i
a; € M\ {a,, az} v.v... Tiép tuc quy nap ta thu dugc tip dém duogc
A={a, a..}cM. 1

4.2.4 Pinh li. Moi tdp con cua mot tap dém dugc thi phdi la tdp hitu
han hay dém dugc. ' '

Chiing minh. Gid st A={a,, a,,...} 1a mot tap dém dugc va B 1a
mdt tip con cha A. Goi a,, da, ... la cac phin tir cia A thuoe iap B
theo thi ty tang dén trong A. Néu trong cdc s6 n;, n,,... c6 s0 lon nhét
thi B hitu han. Trudng hgp trdi lai, cidc phén tir cia B dugc sdp thanh
day vo han a, , a, ,... nén B dém dugc. §

4.2.5 Dinh li. Hgp mgt ho hitu han hay dém dwoc cdc tdp hitu han
hay dém duwogc lé mét tdp hitu han hay dém duoc. _

Chitng minh. Cho A, A,,... 1a nhimg t4p hiru han hay dém dugc. Ta
cé thé gii thi€t cdc tap nay khong giao nhau vi néu khic di, ta dat
B =A,, B,=A,\A), By=A;\(AUA,),... Cic tap B; nay 1a hiru han

hay dém duge, khong giao nhau va {JA, =UB;. Bay gid ta sap cic phin
tlr ciia cac tap A, A,.... thinh mét bang hitu han hay v6 han nhu sau :
Atoay Gy ap

Ayl ay Gy ap

Ayl ay ay ay

Ta hdy danh s tat ca cdc phin ti clia bang trén theo “dudng chéo”
tr trdi 1én phia trén. Do méi dudmg chéo ¢é hitu han phan tit nén ta c6 thé
ddnh s& thi tu trén dudng chéo thit nhat r6i dudng chéo thit hai, thit ba, ...
nhu sau

iy Aops Bhgs Q3ps g G3seee

20



Vay tdt ca cdc phén t ctia tap A = A, duge ddnh s6 nén tap A

12 hitu han hay dém duoc. 1

4.2.6 Dinh H. Khi thém mot 1dp hgp hitu han hay dém dwoc vao
mot tdp vo han thi khong lam thay doi lic luong cia tdp vé han nay.

Chitng minh. Gia st A 12 mot tip hiru han hay dém duge va M
1a mot tap vo han. Ki hiéu N =M UA. Theo Dinh If 4.2.3 t6n tai mot
tap dém dugc BC M. Dit M'=M\B, ta ¢6 M=M'UB nén

N=M UBUA. Theo Dinh 1{ 4.2.5 thi BUA la tap dém du’crc nén ton
tail song dnh gita B va BUA. Ta dat

g:M=MUB->N=MUBUA)

x néuxeM’,

glx)= f(x) nduxeB.

Nhu thé g 1a mét song dnh (k' M 1én N nén card M = card N.
Theo dinh li nay ta thiy (a, b)~[a, b]. Hon nita, (a, )=~ R nén
la, b} cling tuong duong véi R. I

Nhan xét. Tu cac Dinh 1i 4.2.3 va 4.2.6 ta thdy luc lugng dém
duge 1a luc largng “bé nhat” trong cdc luc lugng cha céc t4p vo han.

4.2.7 Dinh Wi. Tdp hop tdt ca cdc dday hitu han thanh ldp tw cdc
phdn tw cua mot 1dp dém dugc la tdp dém dwoc.

Chitng minh. Gia st A={aq. a,,...} 12 mot 1ap dém duge. Ki
hi¢u S, 12 tdp tdt cd cdc ddy c6 ding m phdn thr cha A dang
(a,. . ) Ta ¢6 §,=A d€m dugc. Gia st §, dém duge, ta ldy

(€A vaki higu S5, 1a tap it ca cdc diy c6 dang (4, @, ees @, @)

Giita $* ., va S, ¢6 mét song anh cho béi (g, ..., a, , a,) > (a; ...., a;
A+ g i) i, 2k i ("

nén S, ., dém dugc. Mat khac, vi S, = [_J.f~I,',‘,+l nén S, ,, la tap dém
dugc theo Dinh 1i 4.2.5. Nhu vay tap tﬁt cd cdc didy hiru han

S=U S, 1amot tap dém dugc. I

m=1
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4.2.8 Heé qua. Tdp hop 14t cd cdc da thie P(x)=ay+ax+--+a,x"
{neN) vdi cdc hé sé hiru i ay, a,,..., a, la mot 1gp dém duge.
Chitng minh. M6i da thic nhu trén tuong dng véi mot va chi mot

day hitu han cédc hé s6 hitu ti cia né. Vi Q 1a mot tap d&€m duge nén theo

Dinh 1§ 4.2.7, tap t4t ca céc diy hitu han céc s§ hit ti 1a d€m duge nén tap
cdc da thic 8y dém dugc. I

4.3 Luc lugng continum..

Ngoai cdc vi du vé tap vo han dém dugce néu trén, ta con gap cdc t4p
hop vo han khong dém duge. Sau day 1a mét tap hop nhu thé.

4.3.1 Dinh Ii. Tdp cdc s6 thie R 1a tdp v6 han khong dém duge.

Chimg minh. Ta d thdy & Dinh 11 4.2.6 12 R twong duong véi [0, 1.
Do d6 ta chi cdn ching minh [0, 1} khong dém dugc. Gia s ngugc lai
{0, 1] dém duge, Khi d6 cic phin tir cha né duoc dénh s6 thanh diy
X[, Xyyers X,,... Chia {0, 1] thanh 3 doan bang nhau vi goi doan khong
chita x, 1a A,. Lai chia ti€p A, thanh 3 doan bang nhau va goi A, la
doan nhoé khéng chia x,,... Ti€p tuc qué trinh nay ta thu dugc diy doan

ADA, DL Ve A, c6d0daila|A,|=— saocho x, ¢ A, Day laday

doan thit lai nén theo nguyén I Cantor, t6i tai £ U A, C[0. 1]. Nhu
n=l1

vay £ phai tring v6i mot x, nao dé. Vi ge A, v@imoi nnén x, €4, .
Diéu ndy mau thudn véi cich xay dung cdc doan A . Vay doan {0, 1] 1a
tap vo han, khéng dém dugce.

4.3.2 Nhan xét.

1. bat A= {i lne N} [0, 1]. RS rang A 13 tap d&m duge. Do dé
n

hwc lugng cla doan [0, 1] hay R 16n hon luc luong d€m dugc..Ngudi ta
201 lyc lugng nay 12 hwe lwong continum hay luc luong c.
2. Tap hgp s6 thuc bang hop cla s& hitu ti va vo ti. Do tap hop s6

hitu ti d€m duge nén t4p s6 vo t1 khéng dém duge va cling ¢6 luc lugng
la c.
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BAI TAP

Hay thi€t 1ap mot song 4nh gita hai tap (0, 1) va [0, 1.

Chimg minh tap céc diém giin doan ctia moét ham s6 don dieu. xdc
dinh trén [a. b} 12 hitu han hay dém dugc.

Gia st E 1a mot tap con cha R 6 tinh chat |x—y>1 v6i moi
x, y€ E. Ching minh E 12 mot tgp hitu han hay dém duoc,

Cho A va B la cdc tap d€m dugc. Chimg minh tap AX B ciing dém
duoc.

Kihieu E 12 tap hop tat ca cdc day s6 thyc (x,) trong d6 x, =0
hay x, =1. Ching minh £ 14 tap hop khong d€m duogc.
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Chuong 1. _
'KHONG GIAN METRIC

§ 1. KHAI NIEM METRIC

Phép todn dic trung cla nganh gidi tich 1 p.hép toan 14y gidi han.
Pé c6 thé dinh nghia phép todn nay ta phai biét cach “do” do xa, gén gilta
cdc ddi tugng dang xét. C6 nhidu cach dé xdc dinh cdc mic do xa, gén
4y. O day ta ding kh4i niém khoang cich hay métric, d6 12 khdi niém khé
tu nhién, duge dung thudng xuyén trong cudc séng. '

1.1 Dinh nghia.

Gia st X 12 mot tap tuy y khic tréng cho trudc. Ta goi ham s6
d:XxX =R 1a mdt métric (hay khodng cdch) trén X né&u ham s6 ndy
thoa min ba tién d¢€ sau day : \

1. d(x, y}>0, véimoi x, ye X ; d{x, y)=0 khi va chi khi x=y.

2. d(x, y)=d(y, x), (tinh d6i xting),

3. d(x, z)<d{x, y)+d(y, z), v6i moi x, ye'X, (bat ddng thic tam
giic).

Khi d6 tdp X cling v&i meétric 4 d3 cho duge goi 13 mot khdng gian
métric va ki hiéu 13 (X, d}. N&u khong s¢ nhdm lin do métric d duge
xéc dinh 13 rang thi ta chi cdn ki hiéu don gian 1a X.

P& goi hinh anh truc quan, ngon ngit hinh hoc s& duge ding
trong phén I6n cdc khii niém ti€p theo. Ta s& goi phdn tr xe X Il
diém cha khéng gian X, s& thuc khong am d{x, y) 12 'khoa'ng cdch

gita hai diém x, y.
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1.2 Céc vi du.

1.2.1 Gid sit M a tap con khic réng cha tap s6 thuc R. Vdi
x, ye M tadat

d(x. y)=|x—yl.

Khi gy sit dung cdc tinh chdt quen thudc cia gié tri tuyét déi, ta kiém tra
dugc ngay d 12 mot métric va goi né 1a métric thong thuong trén M.

1.2.2 Ki hieu R ={(x'.... x*):x' €R, i=1,..., k} la tap hop tit ca
cdc b gém k sO thuc. Vii x = (x',..., x"), y= (y' ..... yk)e R¥, ta dat

d(x. y):,ﬂélx*'—yir

R& rang d thod man cdc tién dé 1, 2 clha métric. Ta hdy kiém tra tién dé
3. vic 1a ching minh

& , .
\/5; - <
i=}

Tadat a,=x' —y, b=y ~2z khid6 q,+b =x" + '
Déy

i P NI
X —y_l + Z|y —z|.
== ) i=l]

& (x. )= Lla + b = Llaf + 6 f +25 b,
i=l =] =1 i=l

Ap dung bat ding thic Cauchy-Schwarz cho hang tir sau cling coa
bt ding thifc trén ta dugc

& (5. 9)S Ejaf + 3o +2\/Z|a| JZI*"I

k
§|b,.|2] .

Tir d6 18y céan bac hai hai v& va tr& vé céc ki hiéu ci, ta cé
d(x, y)<d(x, z)+d(y. z).

Vay (R".d] 14 mot khong gian métric va ta goi métric 4 nay la

métric théng thuong (hay métric Euclide) trén R*.
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Chay:
I.Khi k=1tatrdvévidul véi M=R.

2. Khi xét R* ma khong néi r& métric n2o thi ta quy uéc la xét R¥
véi métric théng thudng.

3. Cac métric xét trong cdc vi du 1 vA 2 chinh 12 co s& cho ta 1am toan
gidi tich, chang han nghién citu phép tinh vi tich phan clia ham mot hoic
nhiéu bién sg. _

1.2.3 Gia st X 132 mot tap tuy y khac réng. Ta dat

d(i )_ 0, néux =y,
1= 1, néu x = y

vdimoi x, ye X. Tahdy kiémtra 4 12 mét métric trén X.
Tién dé 1) va 2) duge nghiém ding. Tién dé 3) ¢6 dang
d{x, z)<d(x y)+d(y, z)
i) Néu xsz thi d(x, z)=1 cdn v€sau >1 do y=x hoic y=z.
ii) Néu x =z thi d{x, z})=0 con v&€ sau >0.

Vay tién dé 3 cling thoa man nén (X, d) tr& thanh mot khong gian
métric. Métric d ndy goi 12 métric tdm thudng hay métric rdi rac trén X.
1.2.4 Ki hiéu tap hgp cdc ham s6 lien tuc '

f:la, >R
1a C,, p- V6icic ham f, g thuoc G, , tadat

d(f. g)=max | (x)— g (x)]
Vi f, g 1a cdc ham lién tuc trén [a; b] nén ham |f—~g| cling vay.

Do d6 gia tri 16n nhét cha ham |f —g| dat du’c_ICI trén khoang déng |a, b]
nén d(f, g) dugc xdc dinh. Tién dé 2 rd rang. Ta cé

" d(f. g)=max|F(x)- g0 20
d(f, g)=0Vxela bl: flx)—glx)=0

o f=g
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Tién dé 3 suy ra tlr bat ding thifc
Vxela, b:|f () —h(x)| <|f(x)— gl +|g(x) —n(x)|
< r[r;.ag}df(x)—g(x)\+ri1:.e1!3]c|g(x)-h(x)|
nén

max (0 ~h{x)] < r[na};](If (x)—g(0)|+ max |2 ()~ n{x)|

hay d(f, h)<d(f. g)+d(g, h) véimoi f, g heC, .
Khong gian métric nay thuong dugce ki hiéu gonla €, ... -
1.2.5 Ciing trén tap hop G, ., tadat
d(f, g)=f:|f(x)—g(x)|dx.

G vi du ndy céc tien dé 2 va 3 d& ki€m tra. Ta nghiém lai tién dé 1.
R3rang d{f, g)>0. Néu d{f, g) =0 tic 1A

f:lf(x)—g(x)ldx =),
Gia st f =g khi dy ¢6 x,€la, b] dé [f(xu)—g(xo)|>0. Theo tinh chat

clia ham s6 lién tuc, 16n tai € >0 sao cho |f{x)~g(x)| > e >0 v6i moi x

thudc doan |a, ] n2o d6 chia trong {a, b]. Nhu vay
J21F ) =g (ol > f2]£ () — g Qe >
> [Pedx =e(3—a)>0.
Diéu nay mau thuin. Vay f=g. |
Khéng gian métric nay duge ki hiéu Ia C[’;: 8"

Nhan xét : Qua céc vi du trén, ta thdy c6 thé cho nhiéu métric khdc
nhau trén cing mot tap X (tdt nhién s& nhan duge cic khong gian métric
khdc nhau). Tuy theo timg muc dich nghién ciu, ngudi ta s& chon métric
nao phit hgp véi yéu cdu.
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1.3 Mot sé tinh chit don gian.
Gia st (X, d) 12 mot khong gian métric.
1.3.1 Cho x,.... x, 12 céc diém cla X. Khi d6 ta c6 hdt ddng thic
tam gidc mo rong :
d(x,, x,)<d(x, xz)-i----—’rd(xn_p X,)
Tinh chdt nay duge suy tir tien dé 3 va I{ luan t;iuy nap.
1.3.2 V& moi x, y, u, v thudc X ta cé bdt ddng thire tit gidc :

d{x, y)—d(u, v)|<d(x, u)+d(y. v)
That vay, dp dung 1.3.1 tacé '
d(x, y)<d{x, u)+d(u, v)+d(v, y)
hay
d(x, y)—d(u, v)<d{x, u)+d(y, v).
Thay d6i vai trd cha x, y cho «, v ta lai dugc
du, v)—d(x, y)<d{x, u)+d(y. v).
Nhu vay c6 duge diéu phédi ching minh.
1.3.3 Cho A, B 1a hai tap con khdc réng trong khong gian métric
X. Dat

d(A, B)= inf d{(x,y)

€A, yeB

va goi s6 thue d(A, B) ndy la khodng cdch .gifra hai tip A vd B. Néu
A={a} ta viét d(A, B)=d(a,B) va goi la khoang cich tir diém « dén
tap 8. Dé )’f ring néu ANB= @ thi d(A, B)=0 nhung diéu nguoc lai
ndi chung khong ding.

Véi x, ye X, ta c6 bat ding thic sau :

ld{x, A)—d(y, A)| <d(x, y).
That vay, v6i moi z€ A tacd |
d(x, A)<d(x, 2)<d(x, y)+d(y, z)."
Do dé '
d(x. A)<d{x, y)+§2£d(y. zy=d(x, y}+d(y, A).
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Nh.u' thé
d(x, A)—d(y, Ay<d(x, y).
Tuong tu ta ciing ¢6 d(y, A})—-d(x, A)<d(x, y). Vay bit déng thiic
dugce ching minh.
1.4 Khong gian métric con, khong gian métric tich,
1.4.1 Pinh nghia. Gi sir {X, d) 12 mot khong gian métric va ¥ 12

mot tap con khdc réng cta X. Néu xét thu hep 4’ ciia ham d lén tap
YxY (nghiala d'=d|,,,) thi hién nhien &’ 14 mot metric trén Y. Ta

goi d' 12 métric cdm sink bdi d 1én Y. V6i métric cam sinh nay, (Y, d')
dugc goi 1a khdng gian métric con clia khong gian métric (X, d).

1.4.2 Pinh nghia. Gia sir (X, dy) va (Y, d,) 12 hai khong gian
métric tuy y. Trén tich Descartes X xY = {(x. y) ‘xeX, ye Y} ta dat

d(_(xl' )’1)~ (x5 yZ)):dX(xi’ X,)+dy (3 >2)

Dé dang kiém tra dé thdy rang d 12 mot métric trén tap X x¥. Khi
d6 khong gian (X xY, d) duge goi la tich cha cdc khong gian métric
XvaY.

1.5 Su héi tu trong khong gian métric.
«dc khdi niém hoéi tu v gidi han trong khéng gian métric X bat ki
dugc dinh nghia mot céch twong ty nhu trong tap R v6i viée thay {x —y|

bang khoang cdch gitta hai phdn tlr d(x. y}. Mot diy trong khong gian
métric {X, d) 12 mét dnh xa

_ x:N'—)X,n—ax(n)..
Ta ciing diing ki hiéu quen thuge Ia day (x,) . hay (x,) . Gidsir (k,)
la mot day tang thyc sy céc s6 nguyén duong. Khi d6 day (x, ]" duge goi

12 mot ddy con cha ddy (x,) .

n

1.5.1 Dinh nghia. Gid sit X 12 mot khong gian métric va (x,) 12

mot diy trong X. Ta n6i day (x,) hoi tu dén xe X néu khoang cich
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giita x, vad x ddn dén O khi n— oc. Lic d6 x duge goi 1a giGi han cha
‘day x, va ta s€ ki hiéu

lim x, =x

N—x,

hay x, = x. n = oo, Dién ta lai, ta cé

{lim x, = x} < (lim d(x,, x)=0)

= H—u,

< ((Ve > 0}(3n, e N): (Yn = ny)d(x

e

_ .t)<€).

1.5.2 Céc tinh chit.
Cho (x,) . {¥,), 1acdc day trong khong gian métric X. Ta c6

- a) Néu ddy (x,), hoi ty dén x € X thi moi ddy con (x, ')” ctia ddy
(x, )" ciing hoi tu dén x.

b) Gioi han cua mér ddy hoi tu la duv nhdt.

c) Néu x, = x va y, =y thi d(x,, y,)—>d{x, y) khi n >0

Chung minh.

a) Gia sir (k,) 1a ddy tang thuc sy cdc s6 nguyén. Cho >0, t6n
tai s6 nguyén n, sao cho d{x,, x}<e khi n>n, T d6 v6i moi
nzk”” Zn, ta ¢6 Kk, >n>n, nén a’(xku. x](e nghia la diay con
x; —x khi n—> o0 |

b) Gid st x, = x va x, — x". Khi d6 tir b4t ding thic tam gidc,
ta cé

d(x, ¥')<d(x,. x)+d(x,. x').

Cho n— xc thi | ‘

0<d{x, x')< lim d(x,, x)+ lim d(x,, x')=0

Vay d(x, x')=0 hay x=x".
¢) Theo bat déng thic ti giac (1.3.2) ta cé
"d(.\’”. yl‘i)_— d(.l', y)’ S d(xu‘x) +d(yn“ y)’ VH € N‘

Qua gidi han khi 7 - oo ta nhan duge két qua.
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1.5.3 Cac vi du.

1. Hoi tu trong R*. Gia sir (x, )nEN 13 mot day trong R* véi meétric
thoﬁg thuong. Ta cé

.................

Nhu vay cho mot diy trong R* tuong duong véi viée cho k diy s6 thuc
thanh phén. : '

Theo dinh nghia, day (x,) hoi tu vé x, =(x;,... x{}e R* khi va
chi khi d{x,,x,) > 0 khi n— oo. Diéu nay tuong duong vdi
k

, 12
Sl —xi »0e

=

xj,*x(‘)l —0, védimoi i=1,..., k

< | —x{,{ — 0 hay x}, > x,, véimoi i=1..., &,

khi n — o0."

Vay sy hoi tu cia mot day trong R* chinh 13 su hoi tu theo toa a6
(hay thanh phin) cia day. Pac biét vdi k=1 thi day chinh 1a su hoi tu
cua mot ddy sd thuc thong thudng,

2, Héi ty trong C[a. B

Gia sir (x, ), 12 mot day (tic la day ham) trong khong gian Cj, ,)
hoi tu dén diém x e Cia by
Theo dinh nghia ta ¢é
d{x,, x)= frg[laa%”x,, ()= x () =0 {n > o0).
Dién ta chi ti€t cia dinh nghia nay la: _
(Ve > 0)(Iny)(¥n = ny )Vt €a, b)):|x, (1) —x (1) < €.
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Nhu vay su hoi tu trong khong gian Cj, ;) chinh 12 su hoi tu déu cia
mot day ham trén tap [a. b) trong gidi tich 6 dién.

3. Trong C , su hoi tu chia mot day (x,), dén diém x nghia la

d(x,, x f‘x (¢) - A(I)Idf—)o (n->0c0).

Su hoi tu nay cdn duge goi 12 sy hoi tu “trung binh” cla ddy ham
(%,),- |

Nhan xét : Theo dinh I qua gidi han dugi ddu tich phan ctia mot
ddy ham lién tyc, ta thdy ring néu (x,(s)) hoi tu déu dén x(¢) thi

(x,(r)) hoi ty trung binh dén x(s) nhung diéu ngugc lai ndi chung

khong diing. C6 thé coi sy “gén nhau” gilfa céc ham trong tap C, ) theo

"

meétric “max” chat ché& hon meétric *

BAI TAP

1.1, Kiém tra cdc tap va cdc ham sau day lap thanh khong gian métric.

a) X =R, d(x, y)=max{‘x*' ~y‘|, i=1.., k}.

b) X =R*. d(x, z\x ¥l

trong d6 x={x'...., ), y=(y',..., y")e R*.

) X=M, ,={f:[a. b]>R f bi chan trong a, b]},

d{f. g)= sup |F{x)—g(x)].

xela, b

d) X =C, , la tap cac ham kha vi lien tyc trén [a, b],

d(f. g)= maX|f (x}—g'(x)|+|f (@) — glal].
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1.2. Gia st d(x, y) 12 mot métric trén t4p X. Chimg minh cdc ham sau
day ciing 1a nhilng métric trén X,

d|x,
0 (x5 = ool

b) d, (x. y)=min(L, d(x, y)),
c) d, (x, y)= ln(1+d(x, y))

1.3. Cho (x,) 1amotday trong khong gian métric X. Ching minh ring

néu ba day con (xy,), . (¥2041),> (%3,), déu hoi ty thi day (x,)
cling héi tu.

1.4. Trong khong gian Cj, , khdo sdt sy hoi ty ca cdc ddy (x,) duoc

cho sau day.
a) x,()=1¢",
in nt

n

H

é) x, (0=r(1-¢).
§ 2. TAP MG VA TAP DONG

2.1 Cac dinh nghia. Cho X 13 m6t khong gian métric.

2.1.1 Lan can : Cho a 1a mot diém cha khéng gian X vi r 13 mot
$6 duong.

a) Ta goi hinh cdu md tAm a ban kinh r >0 trong X va ki hiéu
B(a, r) 1atap {xe X :d(x, @) <r}. Hinh cdu m& B{a. r) ciing con dugc
g0oi la mot r— Idn C(,inlcﬁa diém a.

b) Tap U C X duge goi 1a mét ldn cdn cia diém ae X néu U 6
chira mét r — lan can ndo dé cia g. Ta ki hi€u tap tit ca cdc lan can cla
diém a 1a A(a). Nhu vay
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(UeN@)e(3r>0:B(a, rycu)

T dinh nghia ta thdy ring cdc r— l4n can cha a ciing 1a 1an can cha
diém nay.

2.1.2 Vi tri tuong d6i ciia mot diém d6i v6i mot tap.

Cho A lamottapconcua X va xe X, C6 ba vi tri tuong déi cha x
d6i voi tap A nhu sau :

a) C6 mot 1an can cia diém x duge chita trong A. Khi 4y x duoc
goi 1a mot diém trong cha A.

- b) C6 mot 1an cén cia x nam hodn toan ngodi tap A, tic 12 tén tai
Ue N(x) sao cho U CA°=X\A hay UNnA=#. Lic nay x duoc goi
1a diém ngoai cha tap A. Tir dinh nghia ta thdy x lai 12 diém trong cha
phian bi A° cha A.
c) Bat cit 1an can nao ciia x clng ¢é chita nhilng di€ém cita A va
nhimg diém clha A tic 13 |
YUeNxX):UNA=@ vaUNA =4
Khi &y x dvoc goi 1a diém bién clia A. Theo dinh nghia, rd rang x ciing
déng thoi 12 di€m bién cha tip A
Nhan xét : Diém trong cha tap A thi phai thuoc A, diém ngoai cia

A thi khong thudéc A con diém bien cia A thi ¢6 thé thudéc né hoac
khéng.

2.2 Tap md va tap dong.

2.2.1 Tap mé. Tap AC X duge goi 12 mot tdp md néu A khOng
chita mot diém bién nio ca.

Nhu vay cdc di€ém cha tap m& A chi 12 nhitng diém trong ma thoi.
Ta viét lai dinh nghia bing cdc ménh dé twong duong sau day :

i. (Amd) < (VxeA:xladiém trong cha A).

ii. (Amd) e (VYreA, Ir>0:B(x r)cA).

iii. (A md) < (vxe A, U e N(x):U CA).

Nhan xét.

1. Dé ¢ rdng cdc tap X va tap @ khoéng c6 diém bién ndo ¢4 nén
theo dinh nghia cic tap nay 1a tap ma,
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2. Trong thyc hanh ta thudng ding ménh dé ii) dé ki€m tra mot tap
nao dé 1a ma.

2.2.2 Tap dong. Tap F C X duge goi la tdp dong néu F chita tdt ca
céc diém bién cla nd.

Nhin xét.

1. Tt cdc dinh nghia trén ta suy ra dugc
(A déng) = (A = X\ A 12 tap mb)

Thét vay, ta c6 ANA° =@ va tap hop tit ca cic diém bién cha A

vi A" trung nhau nén n€u A chda tdt ca diém bién clia né thl A¢ khong
chita diém bién nio ca né ca va ngugc lai.

b) Céc tap & va X ciing la cdc tap déng. That vf:y, vi theo a), cic
tap X =4 va #° =X 12 céc tap md.

2.2.3 Vi du. _

1. Trong khong gian métric tuy ¥y moi hinh cdu mg déu 12 tap mé.

Chitng minh. Gid sit B{a, ) 1a hinh ciu mé& tam a bén kinh r
trong X. Khi d6 v6i moi xeBl(a,r} ta c6 d(x, a)<r. Dat
e=r—d(x,y}>0. Xét hinh cdu m& B(x,¢). Ta ching minh
B(x, e)C B(a, r). Néu ye B(x, €) thi d(x, y)<e Khidé

d(y, a)<d(x, y)+d(x, a)<e+d{x, a)=r
nén ye Bla, r). Vay B(a, ) latap md. 1
2. Kf hieu B'(a, r) 12 tap hgp {xeX:d(x, a)<r} voi r 1a s6

dwong va goi n6 12 hinh cdu déng. Ta c6 B'(a, r) 12 tap déng vi bing 1f
ludn tvong tu vi du 1 ta thdy X\ B'(a, r) 12 tap mé.

3. Tap mot diém {a} trong bat ki khéng gian métric nio ciing 12 tap
dong vi tap cdc diém bién ctia né 12 F hoac chinh né.

4. Gia sir a, b 12 hai s& thuc. Cac tap (a, ), (@, +o0) 1a md ; céc
tap [a, b], [a, +00) 12 ddng trong R.
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Luwu y. Trong mét khong gian métric tuy y X, ta cé

1. (Amd) & (A¢ dong).

2. C6 thé c6 nhifng tap khéng m& ma ciing khong déng, vi du tap
(0. 1]cR. |

3.Co nhfm'g tap vira m&, vira déng (ching han, cic tap &, X).

2.3 Cic tinh chat cia tap md va tap déng, _

2.3.1 Dinh li. Trong mot khong gian métric bdt ki X.ta c6 :

a} Hop mot ho tuy y cdc tdp mad la tgp md.

b} Giao mot ho hitu han cdc tdp mo la tdp mo.

Chitng minh.

a).Gié su (A.‘),-E; 1a mot ho cic tip mé. Dat A= |JA. Néu xe A

ief
thi ton tai j;e] dé xeA . Vi A m& nén c6 s6 duong r sao cho

B{x, r)C A . Khidé B(x, r)C{UA =A Vay A latapmé,

el
b)Néu 4,,..., A, lacictipmdtadit A= (N A. V6i x€A tacd xe A
=1
v6i moi i=1,.., n. Mdi A, 14 tdp md nén tdn tai cic s§ duong # sao cho
B(x, r,)CA. P&t r=min{s,..., r,} >0, khidé B(x, r)C B(x, r)C A, véi
moi i =1,..., n. Dodé B{x, r)C ﬁ A;. Theo dinh nghia, A 1a tip md. |
=1
2.3.2 Dinh li. Trong mot khdng gian métric bdt ki ta c6 :
a) Hop mot ho hitu han cdc tdp dong la tdp déng.
b) Giao mot ho tuy y cdc tdp dong la 1dp déng.
Chitng minh.

a) Gia st F, F,,..., F, la cdc tap déng. Khi d6 cdc tap F',..., F} Ia

md. Theo cong thitc De Morgan () F) = n F. Ap dung Pinh Ii 2.3.1

i=1 =

CJ FY) 1a tﬁp déng,

i=1

tasuyducfc(UF) 14 tap m& nén L"JP}:
i=1 i=l

36



b) Chirng minh tuong tu a). il
Chat y : Giao mot ho vo han céc tap m& néi chung chua chic 1a mot

tap md. Chéng han, ta xét ho G, -——[—l, l] cac khoang mé trong R.
n n

Khi gy ()G, =1{0} lai 1a khong m& ({0} 1a tap déng). Tuong tu. hop mot

n=l

ho bét ki céc tap dong chua chéc la tap déng. (Ldy vi du, ching han xét
ho F, =G} =(~o0, —1/n|U[l/n, +00).)

2.4 Diém tu, diém dinh.

2.4.1 Pinh nghia. Cho A la tip con cha X. Diém xe X dlrU(; goi
12 diém 1y cha tap A néu b4t ki 1an can nao cha x déu c6 chia mét diém
cua A khdc vdi x.

biém xe A dugc goi 1a diém dinh cia tap A C X néu bt ki lan cén
nao cia x déu ¢6 chita mot diém cia A.
2.4.2 Vi du.
1. Trong R cho tap A={l, % %, —l-,} Khi &y A c¢6 diém ty
n

duy nhat 1a diém 0. Moi diém thuéc A déu la diém dinh cta né nhung
khong phai 14 diém tu clia A.

2. Moi diém cha tap B=(0. 1| déu la diém ty cha B.

2.4.3 Dinh li. Diém xe X la diém tu cia tdp A néu va chi néu bdr
ki ldn cdn ndo cua x déu cé chita vo sé diém cua tdp A.

Chiing minh. Di€u kién di 1a hién nhién. Ta chimg minh diéu kién c4n.
Gia sir bt ki lan can cha x déu ¢6 chita mot di€m khéc v6i x. Cho U 1a
mot 1an c4n cia x. ta ching minh trong U ¢6 chifa v6 s6 c4c phén tir cha

A. Theo dinh nghfa ctia 1an c4n, t6n tai s6 duong r sao cho B{x, r)CU.
Goi x, € ANB(x, 1), x,=x. Ly s6 dwong r, <min{d(x, x), 1/2}.
Xét hinh cdu mé B(x, ). Chon x, € ANB(x, r), x,=x. Hién nhién
x, = x;. Bang quy nap, 18y s6 duong r, <min {d(x, x"_l); l/n} va chon
dugc x, € ANB(x, 1), x,=x v6i moi neN. Ta thdy ring véi n=n’

thi x, = x,,. Nhu th€ trong U ¢é chia vo s6 phdn t x, clia A. Vay theo
dinh nghia, x 13 diém tu cta tap 4.
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2.4.4 Nhan xét.

1. Diém tu hoac diém dinh clia tap hgp A thi khong nhat thiét phii
thudc A.

2.Néu x ladiém tuciatp A thi x 1a diém dinh cha A. Nguoc lai

néi chung khong ding.
3. Tr chimg minh dinh I trén, ta thdy x 12 diém tu cha A khi va chi
khi ton tai mot day (x, )n cua A véi x, = x,, (khi #=n') hoitu vé x.

4. x 1a diém dinh cha A khi va chi khi tn tai mot day (x, ) CA
{cdc phén tir ciia day khong cdn phan biét) hoi tu vé x.

2.4.5 Dinh li. Tdp A la déng khi va chi khi A chita moi diém tu
(t.u., diém dinh} ciia né.

Chitng minh. Gia sir A 12 tap déng va x 12 diém tu (t.u., diém dinh)
cia A. Khi d6 x chi ¢6 thé 1a di€ém trong hay diém bién cia A nén phai
thuéc A. Nguoge lai, néu x & A, theo gia thi€t x khong phai 1a diém tu

(t.u., diém dinh) ciia A neén phai c6 >0 sao cho B{x, r)NA =g Nhu
vay A° latap md hay A 1a tap dong. A

Hé¢ qua sau day duge dung thudng xuyén dé kiém tra mot tap hop
nao doé la déng. :

24.6 He qua. Tdp A la ddng khi va chi khi voi bd ki day
(x,,)" C A, néu x, — x thi x phdi thuéc A.

Chimg minh. Suy truc ti€p tit Dinh If 2.4.5 vd Nhan xét 2.4.4. 1

2.5 Phan trong va bao déng ciua mét tap.

2.5.1 Dinh nghia. Cho A 14 mt tap con ciia khong gian métric X.
Dé ¥ ring lu6n luén c6 mot tap md chita trong A, ching han tap & va cé
mét t4p dong chita A, ching han X D A,

a) Hop cua tat ca cdc t4p mo chira trong A duge goi 12 phén trong
cha A, ki hieu A hay int A,

b) Giao cua tat cd cédc t4p déng chita A duge goi la bao déng cla
A, ki hiéu A hay cl A.

Tir dinh nghia ta ¢6 :
2.5.2 Dinh li. Cho AC X. Ta c6 cdc ménh dé sau ddy :

38

e



1) A la tdp md Ién nhdt duge chita trong A, nghia la néu G C A I

mot tdp md thi GCA.
2) A 12 tdp md khi va chi khi A= A,

3) Phdn trong A clia tdp A la hgp tdt cd cdc diém trong ciia A.
Chitng minh. D€ ¥ rang hgp mot ho tuy ¥ cdc tip m& 12 md nén tir

dinh nghia, ta ¢6 ngay Ménh dé 1. Néu A= A thi duong nhién A 1a tap
mévi A mé, Nguoc lai, néu A méthitr ACA va A I tdp md 16n nhat

chita trong A nén A C A. Vay Meénh dé 2 dugc ching minh.

Tiép theo, gia s x e A Vi AR tAp m& nén né 12 mot lan.can cha
x. Nhu th€ x 1a mot diém trong cha A. Mat khic, néu x 1a mot diém
trong cia A thi cé r>0 dé hinh cu m& B{x, r) C A. Theo Ménh dé 1,

tacé xeB(x, rICA. I

D6 voi bao ddng, ta ¢6 cdc ménh dé sau ;-

2.5.2’ binh i,

1) Bao déng A & tdp déng bé nhdt chita 1¢p A, nghia la néu F la
tdp déngva F D A thi ACF.

2) A la tdp dong khi va chi khi A= A.

3) Bao ddng A ciia tdp A bdng hgp cia A va tdp 1dt cd cde diém
bién cua A.

Chitng minh. Cic Ménh dé 1, 2 dugc suy luin tuong tu nhu cic
Menh dé 1, 2 trong Dinh If 2.5.2. Ki hieu A 12 tap tdt ¢ céc diém bien
cua A. Bay gid ta ching minh A= AUQA. Giasir xZ A. Vi A déng nén
tén tai r>0 dé B(x, r)NA=f hay B{x, /)NA=4#. Viy x¢& AUBA.
Nguge lai, néu x ¢ AUOA thi x 12 mot diém ngodi clia A nén tén tai s6
duong r sao cho B(x,r)NA=@ Nhu th€ x¢g X\ B(x, r)D A hay
xg Al
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2.5.3 Hé qua. Cho A la mor tdp con ciia X. Ta ¢ |
1) A la tap hop tdt cd cde diém dinh cia A. Nhiwvdy xe A khiva
chi khi ton tgi mot ddy (x,) C A sao cho x, > A.
" 2) A bdng hop céa A va tdp 1t cd cde diém i ciia A.
2.5.4 Vi dy.
1. Cho @ <b 12 hai s6 thyc. Dat A =(a, b|. Khi d6

A=(a, b), A=[a, b.A=(a, b).
2. Bao déng tap cdc s6 hitu ti Q trong R chinh 1a tap R.

3. Trong khong gian métric X tuy ¥, ta ludn luon c6 Ba, r}C B'(a, 7).

2.6 Tap hop trit mat — Khong gian kha i, .

2.6.1 Pinh nghia. Gia sir A, B la hai tap con trong khong gian
métric X. Ta n6i thp A trit mdt trong B néu BCA. Néu ACX va
A =X thitanditap A tri mdr khdp noi.

2.6.2 Nhan xét.

1. Theo dinh nghia A trit mat trong B khi va chi khi moi diém cua
B 1a diém dinh cha tap A. Néi mot cdch wrong duong, véi moi x € B t6n
tai mot day (x,) C A saocho x, - x. '

n

2. Gid sit A tri mat trong B va B tri mat trong C. Khi dy A cling
tru mét trong C.

That vady,do CCB vA BCAnén CCBCA=A.
Vi du.
1. Trong R, tap s6 hiu ti Q tr mat khép noi.

2. Tap hop céc da thic xdc dinh trén [a, b] trd mat trong khéng
gian C{a. p) (xem Pinh ii Weierstrass 5.6.1.) -

2.6.3 Pinh nghia. Khong gian métric. X duoc goi 1a khd li néu t6n’
tai mot tap hitu han hay dém duge A C X tri mat khip noi.

Céc khong gian kha li ¢6 vai trd quan trong. Nhiéu lic chi cdn ndm
thong tin trén mot tap con “khd nhd” 1a ta ¢6 thé danh gid, am hiéu céc
doi tugng xac dinh trén toan bd khong gian.
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Dé v ring tap QF =Qx...xQ, (trong d6 Q 13 tap s6 hitu ti) dém

k 18n
duge va tri mat khip noi trong R*, k=1, 2--- Nhu vay R* 12 mot vi du
vé khong gian métric kha li.
2.7 Tap mé va tap déng trén duong thing thuc.

Theo dirth nghia, ta thdy mdi tdp m& trong khong gian métric tuy y
c6 thé biéu di&n thanh hgp cha mot ho cic hinh cdu md. Pic biét tap md
trong R ¢6 céu tric cy thé hon nhu dinh 1f sau :

2.7.1 Pinh li. Méi tép md rong R bang hop mét 86 hitu han hay
dém dugc cdc khodng md khéng giao nhau.

Chimng minh. Gia st G 1a mot tap md trong R, V& xe€ G t6n tai
r>0 sao cho B(x, r)=(x—r, x4+7r}CG. Ki higu A, 12 hop tdt ca céc
kKhodng m& chifa trong G va c¢é chita x. Ta ching minh A ciing 12 mot
khoang md. That vay, dat p= ianI,. g=supA_, (p, g c6 thé bing
—00, +00). V& moi yelA, thi p<y<g vi tru6c hét rd rang ta cé
p<y<gq. Néu y=p thi c6 mot khodng m& chita x va chita cid p nén
mau thudn véi p=infA . Tudng tr y khong thé bing q. Vay
A_C(p. q). Nguoe lai néu ve(p, q). gia st p<y<=x Theo dinb
nghia cua infimum, tén tai re A :p<tr<y<x. Do d6 c6 mdt khoing
md chita 'x v3 chita luén ca ¢ Vi th€ y thudc khodng md nay tic 1a

yeA. Vay A =(p. gq).

Bay gid ta xét tat cd cdc khodng A, dng véi cdc diém x e G. Hién
nhién G= |J A,. Nhan xét raing néu zeA thi A CA, (vi A, Ia

Xel

khodng mé 16n nhat chita x) nhung lic d6 xe€ A, nén A, CA  tic 1a-
A, =A,. Cho nén v6i hai khoing m& A vd A thihojc A, NA =4
hoge A =A (vin€ucé zeA NA thi A =4, =A)).

Vay G bing hgp cua nhitng khoang m& r&i nhau. Trong méi
khoang m& dé ta chon mot s6 hitu ti. Vi tp cédc s6 hiru ti dém duge nén

s6 cac khoang md& 1ap thanh G 13 hitu han hay ¢ém duge, Pinh li duge
chiing minh xong. I

. Do méi tap déng 13 phédn bl cla tdp m nén ta ¢6 :
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2.7.2 He qua. Mdi 1gp dong trén R la phdn con lai sau khi rit khéi
R mét 56 hitu han hay dém duwgc cdc khodng md roi nhau.

Cdc khodng m& nay dugce goi 12 céc khoang ké cla tap dong do.
2.8 Tap mo va tap déng trong Khong gian con.

Gia sit X 1a mot khong gian métric, Y 12 khéng gian con cla X va
A 1a mt t4p con cua Y. D€ ¥ ring, néu A 12 mot tap m& (hay déng)
trong Y thi chua chic A 12 m& (hay dong) trong X. Tuy nhién ta ¢6 :

2.8.1 Binh li. Piéu kién cdn va di dé tdp A md trong khong gian
con Y la tén tai tdp mé G trong X sao cho A=GNY.

Chimg minh. Ki hieu B, (a, r), By {a, r) lin luot 1d cic hinh ciu m&
trong X vi ¥ tuong ing. Néu aeY thi B,{a, r)={er:a‘(a, y)<r}
=YNBy(a, r). Gidsit A Ia tap md trong Y, khi d6 v6i moi x e A tén tai
r, >0 sao cho By (x,r)CY. Dat G= U By(x, r,), titc 12 G bing hop

xEA

clia mét ho cdc thp mé (trong X) nén né 13 tap mé trong X. Hon nira,
A= UA B, (x, rx) = UA(BX (x, rjr) M Y)

=YN(U By(x, r,)=YNG.

x€A

Nguge lai, cho A=GNY véi G la tap m& trong X. Néu x e GNY
thi do G md nén t6n tai r>0 sac cho B,(x, r)CG. Thanh ra

By (x, r)=By(x, r)NY CGNY =A hay A m&trong Y. I

2.8.2 Pinh li. Diéu kién cdn va di dé tdp A déng trong Y la tén 1ai
mot tdp dong Firong X sao cho A=YNF.

Chitng minh. Tap A d6ng trong Y khi va chi khi Y\ 4 1a m& trong
Y. Theo Dinh If 2.8.1, t4n tai tap m& G trong X sao cho Y\A=GY.
Khi do6

A=YN(X\G)=YNF

vOl F = X\G latap déng. 1 .

Tit cac dinh If trén ta d& dang suy ra hé qua sau.

2.8.3 H¢ qua. D¢ moi tdp con ACY md (ruc., déng) trong Y ciing
la mo (tu., dong) trong X, diéu kién cdn va di la Y la tdp mé (r.u.,
dong) trong X.
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2010

2.2,

2.3.

24,

BAI TAP

Gia st X la khong gian métric, AC X va xeX.

a) Ching minh rdng x 12 diém dinh cla A khi va chi khi
d{x, A)=0. Suy ra '

(A déng) ¢ (d(x. A)=0¢ xe A).

b} Cho € > 0. Ching minh
{xeX:d(x, A)<e} 1atap mo,
{xeX:d(x, A)<e} 1atap dbng.

Cho F, F, 12 hai tap ddéng trong khong gian métric X sao cho
FNOE =¢. |
a) Ching minh tap G= {xe X:d(x, F)<d(x, F,_)} 13 tap md,
déng thoi K, CG, GNF, =9¢.

" b) Tir a) suy ra c6 cdc tap m& G, G, sao cho F CG,, F, CG, va

G NG, =0¢.
Mot tap A trong khong gian métric X duge goi 12 mot tap kiéu G

(tu., F) nfu A bang giao (t.u., hgp) cia mot ho d€m duge cic tap
ma (t.u., déng). ' '

Ching minh rdng trong khong gian métric X méi tap déng i tap
ki€u G, vatap md lakiéu F,.

Gia sit A, B 14 cdc tap con cha khong gian métric X, Ching minh
a) int(int A) = int A, A = A.
b)Néu ACB thi ACB, ACB.

o) int{ANB)=ANB, int{AUB) D AUB

d) AUB=AUB, AnB=ANB.
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2.5. Cho A la mot tap m& chira trong khoéng gian métric X. Ching minh

rang néu A. 1a tap hop trd mat khdp noi thi A = X\ A 1a mot tap
khong dau tri mat. :

2.6. a) Cho A la mot tap m& trong khong gian métric X. Hay chitng t6
ring v&i moi tap BC X ta ludn ludn cé

ANBCANB
b} Tim vi du vé cic tap m& A. B trén R sao cho 4 tap ANB,
ANB, ANB vd AN B déu khéc nhau. '

2.7. Trén R hay tim mot diy céc tap dong, khic trong (F, ) sao cho

n

F,DF>- nhung N F=4

n=]

2.8. Ching minh ring moi khong gian con ciia khong gian métric kha li
la kha 1. :

§ 3. ANH XA LIEN TUC

3.1 Dinh nghia va céc tinh chit chung. _

Cho hai khong gian métric (X, d) va (v, d,). Néu khong sg nham
lan, ta dung ki hiéu d dé chi ca d, 14n d,. Gii slt £ 12 mot 4nh xa tir X
vio ¥ va x; 12 mot di€m cia X.

3.1.1 Pinh nghia.

1) Anh xa f duoc goi 13 /ién tuc tai X, n€u moi € >0 cho trude,
- ton tai 6>0 sao cho d{f(x),f(x,)}<e v6imoi xe X ma d(x, x,)<5.

- Dinh nghia nay thudng goi la dinh nghia vé tinh lién tuc bing ngon
ngit ¢ 6.

2) Anh xa f duge goi la lién tuc trén AC X n&u £ lién tuc tai moi _

diém xe A

Mot tieu chudn twong dwong v6i dinh nghia trén thudmg ding dé
~ khdo sit tinh lién tuc mot cach 6 higu qua, cho béi dinh If sau :
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3.1.2 Dinh li. (Tieu chuidn qua ddy) Anh xg f lién tuc tai xye X
khi va chi khi voi moi ddy (x,) C X, néu x, — xy thi f(x,)— f(x,).
Chitng minh. Gid sit f lién tuc tai x, va (x,) 1a mot day trong X

sao cho x, —x,. Ta hdy ching minh f{x,)> f(x,) trong Y. Cho
€>0, vi f lién tuc tai x, néncé §>0 dé

d(£(x), f{xy)) < e khi d(x, x,) <8, xeX.

Vi x, o x, nén v6i 80 & trén, On tai ny €N @€ d(x,,x,) <& khi n2n,.
Nhung liic d6 theo trén thi d(f(x, ). f(x,)) <e Vay f(x,)— f(x,).

Ngugc lai, ta diing phan chiing. Gia st f khong lién tuc tai x,. Khi
dy ton tai ¢>0 sao cho vi moi §>0 tén tai xeX:id(x, x))<bd va
1

d(f(x).f(x(,))ze. L&y & l4n luot bing 1, S i,... thi s& ¢6 x, X,,...,
n

X,.... thudc X thod man d(x,, x0)<—]- nhung d(f(x,,),f(xo))ze. Nhu
H

vy ta dad chi ra mot ddy (x,) CX, x,—x, nhung f(x,)»5 f{x,).

Diéu nay mau thuin véi gia thiét. Dinh If duoc ching minh., i

Khai niém giéi han theo tap cla mot 4nh xa trong khong gian
métric ¢6 thé dinh nghia truc tiép hoic thong qua anh xa lién tuc nhu
sau day. '

3.1.3 Dinh nghia. Cho A 12 tap con cla khong gian métric X va o
la mot énh xa tr A vao khong gian métric ¥, x, 13 mot. diém tu coa A.

Tanéi f c6 gidi han /e Y khi x din dén x, va ki hiéu lim f(x}=/ néu

Xy,

anh xa F:Au{xo}—>Y xdc dinh bai :

flx), xe A\ {x}

JCIJCU,

x—= Flx)=

lién tuc tai diém x,.

C6 thé dién t4 lai dinh nghia trén nhu sau
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(lim f(x)=N e (Ye>0)(Fb>0):(Vxe A),

XX,

0 <dix, x))<d=d(f(x).h<e)
@}((\v’(xn)l1 C A\{xo}),xn =Xy = fx,) 21 ))

3.1.4 Binh li. Cho X, Y la hai khéng gian métric va f: X =Y la
mot dnh xa. Cdc ménh dé sau day la tuong duong .

a) f lién tuc trén X.

b} Vi moi tap mé G CY thitgp f~'(G) la md trong X.

¢) Vi moi tép déng F CY thitgp f~'(F) la dong trong X.

Chitng minh.

a) = b). Gia st xe f'(G), khi d6 f{x)eG. Vi G md trong Y
nén tén tai € >0 dé B, (f(x), €)CG. Do f lién tuc tai x nén véi € nay
thi tén tai §>0 sao cho Vx'eX.d(x’, x)<b thi d{f(x), F(x))<e
Diéu naty c6 nghia 1a véi moi x' e B, (x, 8) thi flx)eB, (F(x), e}CG
hay x’ € £ HG). Vay By (x. 8)C f(G) nen f7H{G) 1A md.

b) = a). Cho xeX va ¢>0. Tap B=B,{f(x), ¢} la tap m&
trong ¥ nén f '(B) mdtrong X vi-xe f7'(B). Do vay, tén tai §>0
sao cho B{x, 8)C f~'(B). N&i cich khic, véi moi x'e X sao cho
d(x'. x)<b thi xe f'(B) nén f(x")e B, nghiala d(f(x"), f(x))<e

b) « ¢). Tacd

FUYNE) =X\ FYE).

Do d6 tir m6i lién hé gifta tap md va tap doéng, ta 1dy E 14n lugt bang F
vd G thi suy ra dugc diéu phai chimg minh. I

3.1.5 Binh li. Gid st X, Y, Z la ba khong gian métric, f: X Y
lién tyc tai x,, g:Y > Z lién tuc tai y,= f(x,)e Y. Khi dv dnh xa hgp

h=gof:X—>Z lién tuc tai x,.
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Ching minh. Gia st {x,) CX vd x, > x,. Do f lién tuc tai
X nen flx) oy, =f(x,) vA g cing lien twc tai f{x,) nén

g(£(x.)) = 8(f (x%)). Nhu thé (g0 £)(x,) > (g0 f)x,). Vay h=gof
lién wc tai x,. I

3.2 Anh xa déng phoi.

3.2.1 Phép dong phoi. Cho X, Y 1a hai khong gian métric. Gia sir
f:X Y 1a moét song dnh sao cho f va f~' déu 1a cdc 4nh xa lién tuc
thi f dugc goi la mot dnh xa déng phoi (hay phép dong phoi) tit X lén
Y. Hai khong gian métric duoc goi 12 ddng phoi v6i nhau néu t6n tai mét
phép déng phéi tir khong gian ndy 1én khong gian kia.

Vidu. '

. Ldy X ={a, b), Y =(0, 1) 12 hai tap con clia tap s6 thuc R vdi
meétric thong thudmg. Khi 8y X, ¥ d6ng phoi véi nhau nhd dnh xa

X d

b—a b-—a

2.Cho X =R va ¥ =(0. 1) ciing v6i métric théng thudng thi ching
déng phoi véi nhau béi 4nh xa. :

flx)=

flx)= larctg L
T 2

Nhan xét,

1. Theo Dinh Ii 3.1.4, mot phép d6ng phoi bién mot tap mé (tu.,
ddng) trong khong gian nay thanh tdp mé (t.u., déng) trong khong gian
kia va ngugc lai. Do d6 tdt ca cdc khdi niém, dinh nghia, tinh chat trong
khéng gian métric ma din xudt tir t4p md déu bt bien qua phép déng
phoi, nghia la cdc tdp A C X, cdc di€m x e X c¢6 céc tinh chat hay tén goi
ke trén thi qua 4nh xa déng phoi f, cdc tap f{A), cdc diém f(x) trong
Y ciing 6 tinh chét, tén goi nhu vay.

2. Cac khdi niém vé hinh cdu, khodng cdch, bdn kinh,... khong bt
bién qua phép dbng phoi. Ching bét bién qua mot khdi niém manh hon,
duge dinh nghia ti€p theo sau day. '

3.2.2 Phép ding cu.

Cho X. Y Ia hai khong gian métric. Mot song 4nh f tir X lén Y
duge goi 13 mot phép ddng cu néu '
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vx, x'e X :d(f (), F(x)) =d(x. x).

Hién nhién lic d6 f~':¥Y — X cling 12 phép dang cuy vata goi X, Y 1A
hai khéng gian déng cu véi nhau.

Nhan xét.

1. Néu f ta phép déng cy tlr X lén Y thi rd rang f ciing 12 phép
déng phoi tir X lén Y.

2. Cho X 1a mot khong gian métric cdn ¥ 12 mot tap hop bat ki.
Gia st ¢6 mot song édnh  f:¥Y—>X. Khi dy néu dat
d"(y, y')=a{f(y), f(»')) thi d" 12 mot metric trén ¥ va hon nifa X, ¥
12 hai khong gian métric ding cu.

3. Theo quan diém cha khong gian métric, néu X, Y déng cu v6i
nhau thi chiing dugc déng nhat véi nhau.

3.2.3 Métric tuong duong.
Cho d|, d, 14 hai métric trén cing moét tdp X. Khi d6 ta ¢6 hai
khong gian métric khéc nhén (X, d,) va (X, d,) c¢6 chung “tap nén” X.
Hai métric d,, d, dugc goi 1a twong duong téps néu 4nh xa
d6ng nht
id: X - X
X+ X
12 mot phép déng phoi tir khong gian (X, d,) lén (X, 4,).
Néu t6n tai cdc sd duong m, M sao cho
md, (x, y) < dy{x, y) < Mdy (x, y)
véimoi x, ye X thi 4,, 4, dugc goi 1a hai métric twong dwong déu.
Nhén xét.
1. T dinh nghia ta suy ra néu d,, d, tuong duong déu thi chiing sé&
tuong duong topo nhung diéu nguge lai néi chung khéng ding.

2. Hai métric tuong duong topd thi ho cdc tap md (t.ur., déng) trong
hai khong gian nay tring nhau. T4t nhién cdc khéi niém khdc din xuat tir
tap md ciing tring nhau.

Hai métric twong duong déu thi thém nifa 1a cc tinh chit lién quan
dé€n khoang céch ciing s& bat bién dinh tinh.
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3.3 Suy réng cac anh xa lién tuc. :

Gia st X, Y 1a cdc khong gian métric vd f 12 4nh xa tir X vao Y.
Néu f lién tuc thi vdi moi ACX, thu hep cia f 1&én A, ki hiéu

. fiuiA—> Y. £,{x)= f{x) ciing 1a 4nh xa lién tuc trén A. Nguoe lai, cho
h:A—Y lién tuc thi vdi diu kién n2o t6n tai d4nh xa f X =Y lién tuc,
duy nhdt va fj, =h?

Trude hét ta thist 1ap céc dinh 1i d€ suy ra tinh duy nhét cta suy rong.

3.3.1 Pinh li. Gid su f, g la hai dnh xa lién tuc tit X vao Y. Khi
dé rdp hop

A={xeX:fx)=g(x)}
la tdp dong trong X. .

Chitng minh. Gia sit x, € A. Khi d6 t6n tai ddy (x,) CA sao cho
x, = X,. Theo tiéu chudn qua dy, ta c6 Flx,)— flxg) va g(x,) - g(x).
Vi x,€A nén f(x,)=g(x,) voi moi neN nén f(x,)=g(x,) do gidi
han cha m&i ddy hoi tu 12 duy nhét. Vay x,€ A hay A= 4, c6 nghia [2
A déng. B _

3.3.2 Hé qua. Gid siz f, g la hai dnh xa lién tuc tx X vao Y. Néu
Flx)=g(x) véi moi x€A trong d6 A=X thi f{x)=g(x) véi moi
xekX. . :

Chitng minh. Dat D={xe X: f(x)=g(x)}. Theo Pinh If 3.3.1,
D latapdoéng va AC D. '

Ta cé

X=ACD=DcCX.
Vay D=X hay f(x)=g(x) véimoi xe X. 8

3.3.3 Dinh li. Cho X, Y la hai khéng gian métric, A la tdp con tri
mdr trong X va f la dnh xa lién tuc tiv A vao Y. Diéu kién cdn va di dé
16n tai dnh xa f:X—Y lién tuc, thod man fo=Fla !ieT f(z) ton tai

vdi moi x € X. Khi d6 dnh xa f duy nhdt.
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Chitng minh. Trudc hét ta dién ta lai khii niém giéi han nhw 33 dinh
., nghia & 3.1.3, nh& diy sau day :

[lin(Z):l]ﬁ(V(Zn)CA:(Zn —>a)=>(f(zn)->£)).
ig .

Diéu ki¢n cin. Gidsittén tai f lientuc va f, = f. Khidé Vxe X va
V(z,}C A saocho z, — x thi f(z,)— F(x). Nmmgvi f(z,)=f(z,) nen
flz,) > = F{x} tic 12 gidi han lin(z) t6n tai véi moi x € X.

=X

Diéu kién db. V6i moi xe X dar fFlx)= lim f(z.) Néu xe A hién
] z€

I—rX

nhién f(x)= f(x) ticIa fm = f. Ta chiing minh f lién tuc.
Gia st xe X va (x, )n 12 mét day trong X hoi tu dén x. Theo cich
cdat, taco fx,)= li;n f(z). Do d6, theo diéu dién ta néi trén, véi mbi
ZE

Fan s

neN tén tai z, € A sao cho d(z,, Jur,,)(l va d(f(x,), f(z”))<l.
. n n

Vi d(z,, x)<d(z,, x,)+d(x,, x)<-1v+d(xn. x) > 0{n > o0)
n

tiic 12 z, —x, z,€ A nén f(x)= lim f(z,).

b s 3

Suy ra
d(F(x,), F0) 2 d(F(x,). f(z)+d(£(z,). F )
<i+d(f(zn),f(x))—>0 (n— o0)

Diéu niy ¢6 hglﬁa 12 f tien tuc tai xe X. Vi x bat ki nén f lien

tuc trén X. Tinh duy nh4t céa f duogc suy tit He qua 3.3.2. 1

Nhdn xét. Mot s& cdc ham s6 lién tuc trén R ¢6 thé xem 14 cic suy
rong clha ham s6 lién tuc x4c dinh trén tap s6 hitu ti Q tri mat trong R,
chéng han nhu 1a him s6 mii 1a m& rong coa luy thira.
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3.1.

3.2.

3.3.

3.4.*

3.5,

3.6.

BAI TAP

Gia stt f 12 4nh xa tir khéng gian métric X vao Y. Chimg minh cic
ménh dé sau day 1a twong duong.

a) f lientuctai xyeX

b) Néu Ve M(f(x,)) thi £ (V)e N(x,)

¢} Voimoi Ve N(f(x,)) ton tai U e N(x,): fF(UCV.

Chitng minh céc 4nh xa wr ¢, ,; vdo R cho bdi cdc cong thic sau
day la lién tuc.

a) x(t) > f(x)= [P x(e)dr
b) x— £ (x) = x(a).

Cho K va F, l1a hai tap déng trong khéng gian métric X. Pat
A=FUF, va f:A—>Y 12 mét 4nh xa xdc dinh weén A. Ching

minh ring néu f 1 E> f| g, 1a cdc dnh xa lién tyc thi f lién tuc trén A.

Cho X, Y, Z 13 ba khong gian métric, f: X —>Y, g:¥Y = Z 13 cdc
anh xa lién tyc. Chdng minh rdng néu f 13 mot toan 4nh cdn go f
12 phép dong phoi cia X lén Z thi cdc 4nh xa f, g 14n luot 12 céc
phép dong phoi.
Cho X, Y 1a hai khong gian métric v2 f:X — Y 12 m6t toan 4nh
lién tuc tr X len Y. Gid st A 12 mot tap hop trd mat khép noi
trong X. Ching minh tap f(A) trd mat khip noi trong Y.
Cho A, B la céc tip con d6éng cia khong gian métric X thoa min
ANB=#. Véimbi xe X tadat

d(x, A)
d{x, A)+d(x, B)
a) Ching minh ¢ la mot dnh xa lién tuc tir X -5 R thoa min didu
kien 0<¢(x) <1 véi moi xeX. Hon nita (x)=0 tuong duong
xeA va plx)=1 twong duong x € B,

elx)=

51



3.7.

3.8.

b) bat G, :Lp_'[—'oo, —;—], G, :up_l[%. +oo]. Ching minh G,. G,
12 hai tap m& thod man A CG,, BCG, va G, NG, = 4.

Cho X, Y la hai khong gian métric v f 12 mot dnh xa lién tuc tir
X vao Y. Ching minh hai ménh dé sau day tuong duong :
a) f lién tuc,

b) Véi moi tap BC Y tacé £ (inf BY Cinf(f~1(B)).

Cho f 13 mét ham SO’ lién tyc trén R. |

a) Chitng minh ham s6 F(x, y)= f(x)—y 12 ham s6 lién tuc trén RZ.
b) Suy ra d6 thi G, cla ham s6 f la tap déng trong R? véi
Gr={{x.f(¥)}):xe R}

3.9. Trong tap R® ta xét 3 métric sau :

(¢ ¥

M=

dl(x’ y):

i=]

d, (x, y)= max |x" - y"|
I=la.k

k , .
dy(x, y)z§|X’—y‘|

vii x = (xi,...,xk), y= (y'..,.,yk) e R*

Chimg minh ba métric nay tuong duong déu véi nhau,

§ 4. KHONG GIAN METRIC PAY PU

4.1 Pinh nghia va cac vi du.
4.1.1 Pinh nghia
1. Day (x,) trong khong gian meétric X duoc goi 12 ddy co bdn

hay ddy Cauchy néu lim d(x,, x,)=0. N6i cdch khéc, (x,) 1aday co

", H—00

ban khi va chi khi
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(Ve >0)(3ny):(¥Vm, n> ny) d{x

Ta ¢6 céc tinh chat don gidn sau :

xn) <€

"

a) Néu {x,) 12 mot diy hoi ty thi né 12 diy co ban trong X.

b) Néu day co bin (x,), c6 mot day con (x, ) C(x,), sao cho
(%, )” hoi tu dén x, thi chinh ddy (x,) ciling hoi tu vé x,.

That vay, ta cé |

d(x,. %) <d(x,.x, ) +d{x, %)= 0khin— oo
vi (k,), ladiy sG nguyén ting va k, > n.

2. Khong gian métric X duge goi 14 khong gian métric ddy du néu
moi diy co ban cia nd déu hoi tu trong X,
Nhu vay né€u khong gian métric X 1a ddy dd thi muo6n biét mot diy

¢6 hoi tu hay khong (ma khong quan tam dén gidi han) ta chi cdn xem né
¢6 phai 12 mot ddy co ban hay khéng.

Nhan xét. Khéi niém ddy di xuat phat tir tinh chat cla tap s6 thuc :
Moi diy s6 thyc thod mién tiéu chudn Cauchy (ddy co ban) déu hoi tu vé
mot s6 thuc trong R. Tinh chédt ndy ddng vai trd cot yéu trong viéc thiét
lap tinh ddy du cua phédn 1én cdc khong gian métric.

4.1.2 Vi du.

1. Khong gian R* v6i métric thong thudng 12 khong gian ddy da.

Thét vay, cho (x,,]n C R" 1a mot day co ban, trong d6 X, = (x' ....x").

n? .

Hién nhién 1a ¢6

i
— X S

&
le | =d(x,. x,)>0(m, n—oc)

m*

i
f

nén vdi moi i=1, 2,..., k céc ddy sd thuc (x )" co ban trong R. Do d6
x, = x khi n — co. Theo Vi du 1.5.3 ta biét ring su hoi tu ciia mot day
trong R* 12 sy hoi tu theo toa do nén ta két 'luan dugc rang day (Jcﬂ )n hdi

tu vé xo=(x},.... x*) e R*. Vay R* la khong gian ddy di.
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2. Kihigu X =(0, I|CR va d 13 métric thong thudng trén X tic la
d(x, y) =|x—y|. Khong gian nay khong ddy dd.

That vay, 14y day (x,) xdc dinh béi x, = 1 trong X. Tacé
. n

l—-l’sl+i—>0. {(m, n—> o0}
n ml”n

|xn_xm|:
m

nén né 12 day co ban nhung khong hoi tu vé mot di€ém ndo trong X. (Néu
xét trong R hay trong [0, 1] thi ddy nay hoi tu vé 0.)

3. Khong gian C;, ,; 1akhong gian ddy do.
Chimg minh. Gia sit (x,) 1a mot ddy co ban trong C,. - Theo dinh
nghia ta cé ‘ '

d{x,. x,)= n?a)gllxn (6)—x, () 20 (m, n— o0).

'Vé6i mbi .t €[a, b], hién nhién ta c6 |
| \x, () —x,, ()| < a{x,. x,).
suy ra (x,, (t))n 12 ddy co ban trong R nén né hoi tu. V6i moi te(a. b] ta
o dat x(2) = '}Lrg xn(f). Nhir thé ta xdc dinh dugec ham x trén [a. b). Tiép
theo, ta kiém tra ring xe€C, , v x, — x trong khong gian C, ). Lai
ding dinh nghia ctia ddy co ban, v6i moi € >0 tén tai #, sao cho v6i moi
m, n > n, va véi moi te[a, b] ta c6
Ix, ()~ x, ()| <d(x,, x,)<e (1)
Lay n>n, tuy ¥, cho m— oo & (1), ta duge |;n(r)-x(t)|§e véi moi
t€la, b]. Vay day ham lien tyc (x,) hoi tu déu dén ham s6 x trén doan
[a, b] nen x(z) lien tuc tren (g, b] tic 12 xeC, ), déng théi x, — x. Do
d6 C,, , 12 mot khong gian métric ddy da. I
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4. Khong gian C,];. » khong ddy du.

Chimmg minh. Khong- mdt tinh téng quét, ta xét trudng hop
[a. B]=[0, 1]. Ta hdy xay dung mot day co ban trong khong gian nay
nhung n6 khong héi tu trong C[‘é_ - bat

i khi t €0, ll,
2
A
x, (=10 khi —+— < <1,
2 n’
o1 | 1
n+1-2nt khi —<tr<—+—.
2 2

2n
Véimoi m, neN, (im>n) tacé

1 1
| d(x,, x,) = falx, (D)= x,, (Dde = f}ijﬂ\xn (1) -x,, (dr. 8
2

VI x, ()= x,,(1)] <2 nen d(x,,,xm)glao khi m, n > oco. Vay
n
(x, (1)) ding 1a mot day co ban trong Co. -
Tuy nhién ta ching minh ring day (xn(t))” khong hdi tu trong

Cio. - That vay, gid st x(+) 12 mot ham bét ki trong Cp. - Xét ham s6
gidn doan y(¢) trén [0, 1] cho bdi cong thifc sau |

0,
-2

1 1]
2

0, =
2

1, te

*

ylt) =
0, te

Nhu thé x(¢) = y(¢r) nén phai ¢6 1, €

ching han dé y(1,) = x(z,).

Hon nita, trén doan

0, EJ ca hai ham y{r) vad x(¢} cdng lién tuc nén Ii
luan nhu Vi dy 1.2.5, ta ¢6
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1
0< f2|x(0) = y(o)ldr,
Tir d6 o

0< f2lx(e)— y(e)ldr < fx(e) = y(o)|dr

< folx(e) = x, (D)de + f|x, () — y ()] dr.
Mait khac khi n — oo tacé :

11

> 4n

Vi vay v6i n du I6n, ta cé |
1
INEROEST0 " za=% J2x (0= y(Dldi >0

tic 1a x, khong thé hoi tu vé ham x trong C!ﬁ_ - N6i céch khédc, khong
c6 diém ndo trong Cp ; 12 gi6i han clia ddy co ban (x,) ci. Nhu the
khéng gian Cif,‘ ) khong dﬁy da. i

4.2 Cac tinh chét co ban.

4.2.1 Pinh li. Cho X la mo: khéng gian métric ddy diva Y = @ la
mot tdp con dong cua X. Khi dé khong gian métric con Y cing ddy du.

| Cht?ng minh. Gia sl (xn)n 12 mot diy co ban trong Y. Di nhién
(x, )ﬂ ciing 1a mot ddy co bin trong X. Vi X ddy d@ nén x, hdi tu dén
diém x, € X. Mat khic, do ¥ 1a tap déng v (x,) CY neén tir x, — x,
thi x, phai thugc Y. Vay Y la khéng gian con ddy dﬁ; [

Tinh ddy dua cla khéng gian meétric cdn tuong duong v6i mot tinh
chat trong ty cla diy doan thét lai trong R. Ta c6 dinh nghia sau day.

Cho B,, Bz',..., 12 mot day hinh cdu trong khong gian métric X, c6
bén kfnh l4n luot 12 #, 7,,... Ddy hinh cdu nay duge goi 1a thit 1ai néu ta
c6 BCB,C..,va limr, =0.

P
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4.2.2 Pinh li (Cantor). Trong khéng gian métric ddv du, moi ddy
hinh cdu déng, thdt lai déu cé mot diém chung duy nhdt. Ddo lai, néu moi
ddy hinh cdu dong, thdt lai trong khéng gian métric X déu c6 mét diém
chung thi X ddy du.

Chitng minh.

Diéu kién cin : Cho B, =B'(x,, 5 )..... B, =B'(x,. r,}... 1a mot day
hinh ciu déng thit lai trong khong gian métric ddy da X. Véi m > n thi
B, CB, nén d{x,, x,})<r, Vir, >0 khi n—oco nén (x,) 12 mot diy

co ban trong X, thanh thir t6n tai x, € X dé x, — x,.
Mat khéc, v6i mdi ke N, diy [xk”) véi k, =k +n 13 ddy con cua

day (x")ﬂ nén x, —x,. Hon nita. do k,2>n nén x, €8, v6i moi

k=1, 2,.. va B, déng nén x, € B,. Suyra x; € [}‘, B,. Ta chiing minh x,
k=t

12 di€m chung duy nhat. That vdy. néu ¢6 y, € :ﬁ; B, thi do x,, 5’0 cing
thudc B, nén )
d{xy, yo) <d(xp. %) +d (¥, %) <2 50 {k > 00)
nhu vay d{x,, y,) =0 nén x, = y,.
Diéu kién dd. Cho (x,) 1a mot day co bin trong X. Theo dinh

nghia, vdi ¢, =—;— tén tai s6 nguyén n, >0 sao cho d(x,,x,,) <% vdi moi
. 1
m, n > n,, dac biét, d(xﬂ, xn])<5. bat B = B»‘(xnl, l). Ta chon n, > n,

sao cho d(x", x,,z)<-212- khi n>n,. DE&thiy B, ———-B’[xnj , %]C B,. Bang

quy nap, gia sir da chon duge x,, X, ..., X, , (B <n, <---<n) va xdy

dung dugc céc hinh cdu déng B, DB, D---D B, ta ldy x, trong d6

Meor > My VA d(x,, x, ) < Nhw vay (B, ), 1a mot ddy hinh cdu déng.

k+1"
2+

thit lai nén theo gia thiét tén tai x, € (1 B, Ta c6 d(x, o)<
: k=1 ) -

57



k=1,2,. nén x, — x,. Daycoban (x,) c6motddy con (x )k hoi ty

vé x, nén chinh bén than né ciing phai hoi tu vé X, € X. Diéu nay chimg
té ring X 1a khong gian métric ddy da. I
4.3 Cac tap thuoc pham tra I, 11,

4.3.1 Pinh nghia. Cho M 12 mot tap con ctia khong gian métric X.
Ta goi M 12 tap khong dau trd mat (hay cdn goi I t4p hop thua) néu né
khong trh mat trong bat ki hinh c4u nao cd. N6i mét cach tuong duong

(M C X 1a tap khong dau tri mat) <> (E = ﬂ).

4.3.2 Dinh li. Tgp con M cia X la tdp thua néu va chi néu moi
hinh cdu mo (hodc déng) Btrong X, lubn t6n tai mot hinh céu mo {hodc
ddéng) B, C B sao cho BNM=4.

Chimg minh. Didu kién cin. Gi4 st M=@ va B 1a hinh ciu m&
trong X. Theo dinh nghia, BZ M nén ¢6 xeB va x & M. Theo tinh
chdt cua bao déng, t6n tai r>0 dé€ B(x, r)NM =9 Do B m&va xcB
nén c6 thé chon r di nhé dé déng thoi B(x, r)CBva B(x, r)nM=4.

Diéu kién du. Gia sit M khong phai [a tap hop thira, tiic 1a M = ff. Ldy

xeM s8c6r>0 dé B(x, r)C M. Vay bat ki hinh cdu B, nao chia trong

B = B(x, r) déu duoc chita trong M neén phai cd giao véi M khéc rong. 1
4.3.3 Dinh nghia. Gia'sir A 12 mot tap con cia khong gian métric

X. Ta goi A 12 dp thudc pham tri I trong X néu t6n tai mot day céc

tap khong déu ri mét A, A,,..., saocho A= Lj A

i=l

Tap AC X dugc goi 12 thudc pham tri I néu né khong phai 1a tap
thu¢c pham trii 1.

4.3.4 Dinh li. (Baire) Gid sit X la mot khong gian métric. déy di.
Khi dé X la tap thudc pham tr 11, .

Ching minh.
Ta dung phan chimg. Gid sit X thudc pham trd I, khi d6 theo dinh

nghia, 16n tai mot ddy tap thua A, C X saocho X = (J A,. Do 4, thua nén

n=l
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c6 hinh cu déng B, bén kinh &, <% sao cho B NA, = 4. Cing vay, Vi A,

thua, ton tai hinh clu déng B, C B, bén kinh 7, < % dé B,NA, = 4. Bang
quy nap, ta xay dung dugc day hinh cdu déng, that lai (B,) c6 bin kinh

r, ! sao cho B, NA, = v6i moi » € N. Theo Dinh If Cantor, t6n tai duy
n

nhdt x, € ﬁB,,- Vi Jnlroelf')‘ﬂ nén x, &4, voi moi neN. Tir dé

n=1

Xy & U A, = X. Diéu nay voli. Vay X phéi thu¢c pham tro 1.

n=}

Mot hé qua rét hay ding duge phdt biu dudi dang sau.

4.3.5 Hé qua. Gid st X 1a mét khéng gian métric ddy dii va (A, ).
la ddy cdc tdp con cia X sao cho X = U A,. Khi do tén 1gi nyeN sao

n=l
cho :4: = .

4.4 Anh xa lién tuc déu.

Gia stt X, Y 1a hai khong gian métric, f 13 4nh xa tir X vao Y.
Bang ngon ngit ¢, § theo dinh nghia, ham £ lién tuc tai diém x; € X néu
véi moi € >0 ton tai §>0 (b néi chung phu thudc vao x, vd ¢) sao cho
d(f(0. f(x))<e mbi khi d(x, x,) <8 Néu s6 duong & khong phy
thudc vao méi di€m x; ta c6 khai niém lien tyc déu.

4.4.1 Dinh nghia. Anh xa f: X —>Y dugc g0i le‘i lién tuc déu trén
X néu véi moi €>0 tén tai >0 sao cho véi moi x, x'€eX ma
d(x, x') <8 thi d(f(x), fF(X)) <e

4.4.2 Nhan xét. '

1. Moi 4nh xa lién tuc déu tir X vao Y 12 lién tuc. Diéu nguoc lai
néi chung khéng ding. Ching han, ham x - x* 12 lién tuc nhung khong

lién tuc déu trén R vi hieu (x+h) —x2 = =h(2x+h) cé thé lay nhifng
gid tri 16n tuy y di A 1dy dd bé.
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2.Néu f:X>Y va g:Y - Z lacéc dnh xa lién tuc déu thi 4nh xa
hgp h=go f: X — Z ciing lién tuc déu,

4.4.3 Dinh li. Cho X la khéng gian métric, A 1a tdp con tri mdt
trong. X va f la dnh xa tix A vado khong gian méric ddv da Y. Gid sut f

lien tye déu trén A. Khi dy ton tai duy nhdt mo réng f cia f lén X va
f lién tuc déu trén X.

'Chitng minh. Ta s& stt dung Dinh 1i 3.3.3 d€ ching minh t6n tai mg
rong f. Mu6n the hay ki€m tra ring v6i moi x € X thi heT f{z) t6n tai.

Lay m‘tjt day b4t ki (z,} trong A ma z, - x. Véi €>0 cho trude
tuy ¥, do f lién tuc déu trén A nén t6n tai s6 duong b sao cho
d(f(z"), f(z")) < e khi d(2’, 2"} < b véimoi z', 2" € A.

Vi z, —).x nén day (z”)n 1a ddy co ban : v&i 60 & trén ton tai s6
nguyén n, dé d(z, z,)<8& v6i moi m,n>n, Nhung khi dé
d(f'(z,,),f(}m))<e. Nhu thé (f(z,)) 12 mot diy co ban trong ¥. Hon
nita, ¥ ddy di nén t6n tai nlirgf(z,,):f. Vay ta ¢6 dugc dnh xa
f:X>Y md rong lién tyc duy nhét cia anh xa f.

Con lai ta ching minh f lién tuc déu trén X. Lai ung dung tinh
lién tyc déu clha f trén A nhu trudc, gia sit x, vA x; 12 hai diém trong
X v6i d(x,, xg}<b. Xét hai day (z,) va (z/) trong A l4n luot hoi

dén x, va x;. Chon ny di 16n, ta thdy ring néu n > n, thi
A(z,. 1) Sd (50 %)+ (5 %) <342 =
Do vay
d(F(z), Flz))=d((z). £(z1) <e

Cho n— oc tacé d(?(xo), f(x;;))ge. Vay ? lién tuc déu trén X. 1
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4.5 Nguyén li anh xa co.

4.5.1 Dinh nghia. Gid st f 12 mot 4nh xa tir tap X vio chinh
né. Phén td x € X sao cho f{x)=x dugc goi la diém bdt dong cua dnh
xa f.

Vin dé tim diém b4t dong cla mot dnh xa f c¢6 nhiéu ding dung
trong gidi tich, dac biét trong 1i thuyét phuong trinh (vi phan. tich
phan,...) vi mot diém b4t dong coa dnh xa f chinh 12 mot nghiém cia

phuong trinh dang f(x) = x.
Bay gio cho X 1a m¢t khoéng gian métric va f 12 mét 4nh xa tir X
vao chinh n6. Néu t6n tai mot's6 « € [0, 1} sao cho
Yx, y€ X:d(f(x).f(y))gmd(x, ¥)
thi 4nh xa f duge goi 1A dnh xg co trén X.

Tir dinh nghia ta thdy ngay ring moi 4nh xa co trén X thi lién tuc
déu trén X,

4.5.2 Pinh li. (Nguyén li 4nh xa co Banach) Gid st X la mot khong
gian méwric ddy diva f:X >Y la mot dnh xa co. Khi dy f c6 mét diém
bdt dong duy nhit.

Chitng minh. Ta hiy 18y mot diém tuy ¥ x, € X va dat
X =f{x),
X =f(xl)=f(f(x0)),

%y = f )= f (- f) (%)

n 1an .
Ta ching to (x, )n 12 mot dily co ban trong X. Vi f 1 dnh xa co nén néu
n>1 thi

45 %)= AF () £ (5, ) S 0 (500 3,
= O"d(f(xn—Z)‘ f(xn—l)) ) (*)

< 0‘zd(xn—z’ xn—l) < S 0L.ﬂld(-“’u' xl)
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v6i ae[0, 1) theo dinh nghia. V6i moi s6 nguyeén duong n, p, tir (*),
ta co '

d(xn’ xn+_p) < d(xn’ xn+])+' ”+d(xn+p-—1’ xn+p)

<" 4™ 4o 40P )d(x, x,)

H

<= d(xy, x,).
| B ‘

Khi n di 16n va p tuy ¥ ta ¢6 d(x,, x,,,)—0, (n—>00) suy ra
(x,), 12 ddy co ban trong khong gian diy dii X nén t6n tai gi6i han

* I.
x = lim x,,.

n— X

Cling tir (*), ta cé
d{x,, f(x,))=d(x,, x,,,) S o"d(xy x,).

Cho # — 0o va dé y ring cdc ham 4 va f lién tuc, ta c6

0< lim d(x,, £{x,))=d(x", £(x")) <o0.

A=)

Nhu vay d(x*, f(x* )) =0 hay f\(x") =x" nén x 12 mot diém bat dong

cua dnh xa f. Bay gidn€ucé ye X ma f(y)=y thi
d(x", y)=d(f ("), () <oadl(x", y).

Nhu the (1—a)d(x",y} <0 nen d{x",y)=0. Vay y=x" tic 13 «*
[a diém bat dong duy nh4i. §
4.5.3 Vi du.
Xét bai toan Cauchy cia phuong trinh vi phan sau day :
cdx
= =rl) (1)
x{g)=ux, ' (2)

trong dé f(z, x) 1a mdt ham s6 lién tuc trong mot tap md G C R?va f
thoz man diéu kién Lipschitz theo bién x trén G, nghia 12 t6n tai mot s&
duong k£ sao cho
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.|f(t" x)= £t xz)lskl-"l — Xy (3)
véi moi (1, x,), (1. x,)€G.

Ta hiy chimg minh dinh Ii Picard : Tdn tai r>0 sao cho trén doan
[IO —r, t +r] phuong trinh (1) ¢6 mor nghiém duy nhdt thod mdn diéu
kién ban dau (2).

That vay, phuong trinh (1) v6i di€u kién ban ddu (2) tuong duong
véi phuong trinh tich phan sau :

x(#) = X, + fr;f('r, x(T))dT. | (4)

Do G 12 tap m& va (¢, x,) € G nén c6 mot hinh tron (hinh c4u) tam
{fy. x,) chita rong G. Dat

D={(r, x)eG:lt—rn|<a, |x—xu{§b}

12 mot hinh chif nhat déng, noi ti€p trong hinh cdu dé. Vi f{t, x) lién tuc
trén D nén tén tai s6 dwong L sao cho |f(z, x)| <L véi moi (r,x)eD.

LAy s8 duong r thod 0<r<min{%. %} Ta ki hiéu / =[tu—r, t0+r] vi
C’={xeC,':ma}x|x(t)—x0|$b}
e
la mot khong gian con cia C,. Gid sir (x,) €C’ va x,~ x thi do
x, () —x,|<b v6i moi' neN vi rel nén qua gi6i han, ta ciing c6
]x(t)—x0| <b v6i moi re!l. Nhu vay C’ Ia tap d6ng trong khong gian

métric ddy di C, nén C' ciing phai ddy di. Xét 4nh xa P:C'>C’,
x — Px, trong d6 Px dugce xdc dinh boi

(Px)(t) = L:f(T. x(-’r))d¢+x0, Vel

Anh xa P datnhu trén 1a hop If vi néu x € C’ thi Px 12 ham s6 lién
tuc trén {, déng thoi

(PY@ ~xo|=|f} frx(D)ar| < [ Lar < Lr <,

nghiala Pxe(C’.
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Bay gid, cho x, ye C’, tacé

‘(Px)(r) —(Py)(t)& = |_[:f(7,x(-r)) —f(T,y(T))dTI
< Iﬁ:K|x(’r)—y(T)|d'r§ Kf‘:d('x, y)dr

(O day ta gia st + <1, trudng hop 7 < ¢, li luan tuong tu).

Nhu thé

d(Px,Py) = max (Px) ()= (Py)(2)
e
<Kt —t|d(x, y) < Krd(x, y).

Vi Kr <1 nén P 12 moét 4nh xa co. Theo Pinh li Banach & trén, tén
tai duy nhit ham s6 xeC’ sao cho Px=x. Néi cach khdc, bai todn
(1)=(2} ¢6 nghiem duy nhat. §

4.6 Pay du hod khéng gian métric.

Vai trd cdc khong gian métric dlﬁy du rat quan trong. Nhiéu dinh I{
va tinh chat chi phdt huy tic dung trong cdc khong gian ddy di. Do dé
vl cic khong gian khong diy du X ta hiay “bao” né bing mot khong

gian ddy dd X~ chita X va X phai 1a khong gian gon nh4t.

4.6.1 Pinh nghia. Gia st X 13 mot khong gian métric. Ta goi
khong gian métric ddy di X~ 13 mot ddy da hoa (hay cdn goi 12 bd sung)
~cha X néu:

‘a) X 12 mot khong gian con cha X',

b) X trd mac khip noi trong X.

4.6.2 Dinh li. M3i khong gian métric X déu c6 ddy dv hod X ciia
né. Hon nita, khéng gian ddv du hod nay la duy nhdt theo nghia la néu c6
khong gian Y* ciing thod mdn cdc diéu kién a) va b} trong dinh nghia
trén thi X' va Y" la ddng cy voi nhau. |

Chitng minh. Ta chia phép ching minh ra lam nhiéu budc.

1. Xay dung tap hop X". Kihiéu X 13 tap hop t4t ci cdc diy co ban
trong X. Néu (x,} va{(y, }. la hai phdn tir cha X thi ta xét quan he hai
ngdi trén X theo dinh nghia
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(1), R (3), & tim d(x,3,) .
Ta thdy hgay R ¢6 tinh phan xa va do6i xing, Néu
d(x,, v,) >0 va d(y,, z,} >0
thi
d(x,, z,}<d(x,, yn)+d( Y 2,) =0 |
nén X thod min tinh chdt bic cdu, nghia B néu (x,) R{y,} va

n

(v.),R{z,) Wi (x,) R(z,) . Vay R 12 mot quan hé tuong duong trén X.
Ta ki hieu X' = X/R 1a tap thuong cia X theo quan hé tuong
duong R vira néu trén. '
2. X4c dinh métric trong X .
Ki hieu x” vd y 13 c4c phdn tir trong X . d6 1 cdc 16p tuong
duong cdc ddy co ban trong X. Liy tuy y cdc dai dién ldn lugt
(x,) » (¥,), trong x", ¥ tuong ing r6i dat

d(x )— llm d( n’ yn) (1)

Ta chlmg minh tinh ding din cla cdch dat nay tic 1a kiém tra gidi
han (1) t6n tai hitu han, khéng phu thudc vio viéc chon cic dai dién
(x,),€x va(y,) € y" ma chi phu thude vio chinh céc 1dp twong duong

* *

X,y
That vay, 4p dung bat déng thic i gidc ta cé

vm, neN, |d{x,. y,)~d(x,, y,)|<d{x, x,)+d (3 ¥,)- @

Do chc day (x,) . (»,), 12 cic ddy co ban trong X nen tir (2) ta suy ra

day s6 thyc (d( yn))?

1

X, 1A co bin nén né phii hoi tu. Ngodi ra, néu
(x;), €x" va(y,) ey ticiing theo bat ding thitc tir gide, ta c6

d(x,0 y,)—d{xl. v <d{x,, ) +d(y,, ¥) (3)
Vi '(x,,)"fe(x; ), va (y,), R{y}) nén vé& sau cia (3) ti€n vé O khi

"~ n— o0, nghia la
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lim d(x,. yo)=lim d(x;, y,).

e

Nhu vay 4 13 mot ham x4c dinh trén X° x X~ — R. Bay gid ta kiém tra 3
tiéu dé cua métric :

1. Ta ¢6 ngay la d(x*, y*)-z 0, d(i*, y*)=0 tvong duong
lim d(x,, ,)=0 hay (x,), R(,),. Vay ' =y". *

2. Tién d€ 2 6 rang.

3. Néu (Jr:n)’T ex, (yn)n €y va (2, )” €2 th tir bit ding thirc

d(x,, z,)<d(x,, y,)+d(y,. 2,), ¥neN
nén qua gidi han khi 7 — oo ta duge
d(x", ") <dlx", y')+d(y, )
~ tife 1a tién dé 3 duoc kiém tra.
Vay (X', d) 1a mdt khéng gian métric.
Bay gidta xét dnh xa i: X - X~ cho bdi
x=ild)=x"eX |
trong d6 x* 13 mot 16p twong duong céc ddy co ban thoa x* 3 {(x,) =
(x, x......} € X. Tit dinh nghia khoang céch trong X", ta cé
d(x*, y*)=lim d(x,, y,) =d(x, y).

Nhu vay ta x4c dinh duoc mot phép dang cur tir X 1én mét khong
gian con X* ={x" e X" :x* 3 (x, X,...). x€ X} cha X . Do dé ta déng
nhat X v6i X* nghiala XCX'.

3. X tr mat trong X" S

Cho x" € X" va gia st ¢ 12 s6 duong cho trude. Lay (xn)n € }c*. Vi
(Jnc,,)n 1a mot ddy co ban trong X nén ton tai n, sao cho khi n>#, ta cé
d(xn, x,,(_)(e‘.

Xét phdn tir x; € X* = X, tir dinh nghia vé khodng cich trong X ta c6
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d(x:u‘ x'):n]i’rid(x%, xn)SQ
Vay X" =X 12 trd mat trong X,
4. X" 1a khong gian métric ddy du.

Gia su (x; )n 12 mot ddy co ban trong X . Vi X=X nén véi méi
. : . ) * 1 )
s6 nguyén ne N tén tai x, € X dé d(xn,xn) < —. Khi 46
n

d{x,, x,)<d(x,, x})+d(x, x)+d(x, x,)
<liliala, ).
n m
Vay d(x,, x,,}) >0 khi n, m —>cc nén (x,), 1a ddy co ban trong

X ticla (x,) €X. Dat X 1216p chifa ddy (x,) thi x" e X" vatacé

d(x:, x*) < d(x;, xn)'-#—d(xn, x')é%-l—,d(xn, x*).

Vi (x,, x,...}€ x] va (x, x,,..) € x" vdi moi neN nén

dlx,, x")=d(xf, x")= lim d(x, x,).

F
n, H—00

vay d(x, x*)<-1*+ lim d(x,, x,,). Cho n~> oo taduge d(x,, x') >0
: no am—oc _
hay x; — x" khi n— po.

Nhu thé X" 1a ddy du.

5. Tinh duy nhat (sai khdc mot phép déng cy) clia ddy du hod X~
clua X. '

Gia sit Y* 12 mot khong gian métric ddy di va cé cdc tinh chét sau
1. XCY" (nghiala X ding cv v6i mot khéng gian con clia Y.

2. X=Y"

Ta chiing minh ¥" ding cu v6i X°.

Ldy x" e X", khi 4y tén tai day (x,) ©X sao cho x, > x". Day

(x, )n cobantrong Y nénnéhoituvé y' eY”. bat
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L'p:X*-*—)Y*, x*—)y*.
Ta thdy v toan 4nh vi néu y €Y’ thi y = lim 0 Yo Y, €X nén

y =kp(x*) véi X3 x" = lim y,- Mat khic, do tinh lién tuc cia cdc ham

H—r i
métric trong X~ vd ¥ néntacé
o frong X trong ¥’

.d(x*,x") = limd(x,.y,) = a’(y',y"*)

nghia 14 d(x", x"")=d (tp(x) ol "')) Tir day suy ra ¢ 1a don 4nh va

déng théi né 1a mot phép dang cugita X* va ¥'. Dinh Ii dtrdc chtmg minh
day da. i

4.6.3 Vi du.

1. Tap hop sd hitu ti Q 1a mot khong gian métric khong ddy db véi
khoang cich

d(x,y)=|x~).

Pdy di hod khong gian niy ta nhan duge tap hgp R. Tuy nhién dé c6
dugc . tap so thuc ta phai xdy dung cidc phép toan + va ., quan hé “<”
trong R va déng thdi phai ki€m nghiém lai R 12 moét trudng lién tue.

2. Gia st M 1a mét t4p con cha khéng gian métric ddy da X.
Khong gian ddy du hod cla khong gian con M chinh 14 M.

3. Tacéd Ciﬁ. ») 1a moét khoéng gian métric khong ddy du. Khong gian
ddy di hod cta né duge ki hieu bai L{a, b]. D6 12 tap hop t4t ¢ cdc ham
do dugc, kha tich theo nghia Lebesgue trén doan [a, b]. (Xem Chuong 4).

BAI TAP

4.1. Ki hiéu m 15. tap hgp tat ca cdc day s6 thuc bi chian (xn)n. Véi
x=(x,), y={(y,) thu¢c m, ta dat |

d(x’ y) = Sup‘xu w_'yn‘
neN
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4.2.

4.3.

4.4,

4.5,

4060

a} Chitng minh 4 1& mét métric trén m.

b) Khong gian métric (m, d) 1a diy da.

¢) Ki hiéu ¢ la tap hop céc diy SO’ thyc hoi tu. Ching minh ring ¢
1a mét tap con déng cia khong gian métric m.

Ki hiéu s, 12 tap hop tdt cd cdc day sq thuc (_.1:ﬂ )n sao ¢ho tdt ca cdc
x, =0 ngoai trir m§t $6 hitu han ». Ta xem.s, 12 mot khéng gian
métric con cua khong gian m. Ching minh ring 5o la khong gian
métric khong ddy da.

Ki hiéu N 14 tap hgp cédc s nguyén ty nhién. PDat

0 nfum=n

d{m, n)=

1+ néum=n.

m+n
a) Chl’mg minh d(m, n} 12 mot metric trén tap N.
b) KhOng gian (N, d) 12 mét khong gian métric day du.
Ki higu X =C*{[~a, a]) 12 tap hop tat ca cdc ham chdn, lien tuc
trén [—a. al. véi x; ye X tadat

d{x. y)= max I|x(r)—y(r)|.

tej—a. ¢
Ching minh rang X 1a mot khéng gian ddy du.
Cho (X. d) 1a mot khong gian métric. Dat

d, (x, y}=min(1, d(x, y)). |

a) Kiém tra ring d, 1a mot métric trén X.

b) Ching minh ring (X, d) ddy du khi va.chikhi (X, ¢,) ddy dd.
¢) Ching minh d va d, tuong duong t6p6 véi nhau,

Cho X 1a mot khong gian ddy da, (Y,) 1a mot day cdc tap con md,

trd mat khép noi trong X. Ching minh ring tap hop () ¥, ciing Ia
n=1

tap trlt mat khép noi trong X.
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R

4.7. Ching minh ring ham lién tuc f:R — R x4c dinh bdi
_ - _
fix) zE—i-x—arctgx

khong c6 diém bat dong mic du né thod man bat dang thic
vx,yeR, x =y, |f(x)—-f(y)‘ <|x—yl.
4.8, Trén tap sO thl:I(I) R ta dat _
d,(x, y)=|arctg x —arctg y| va d,(x, y)=le* —e'l. |
Chimg minh :
a) d,, d, 1.?1 cdc métric trén R.
b) (R, d;} (R, d,) 1a c4c khong gian métric khong ddy da.
¢) Pay ¢l hod céc khong gian (R, d,), (R, d,) 1agi?

§ 5. KHONG GIAN COMPACT

Trong giai tich ¢ dién, khi 1am viéc véi cdc tap con cha R ta nhan
thdy céc khoang déng [a, b] C R c6 nhitng,tinh chat t6t sau day :

a) Moi day (x,, )'1 C [a, b] bao gie ciing c6 mot ddy con héi tu trong
doan nay. ' . '

b) Néu [a, b} dugc -chifa trong hop cia ho tuy ¢ cic khodng md
trong R thi luén c6 thé chon trong dé mot sg huu han ciac khoang md
cling di d€ che pht [a, b).

c) Ham s lién tuc trén (g, b} thi lién tyc déu v dat duge céc gid tri
16n nh4t va nho nhat teén [a, b). |
* Tinh chét b) chinh 1 dac diém co ban nhit, cho phép ta chuyén mot s6
khdi niém, thugc tinh, tir dia phwong sang toan cuc béng cich-hitu han ho4
¢dc qud trinh vO han lién quan d&n ddi tugng dang xét. Tinh chit a) cha tap
[a, b] mang yé&u t6 ki thuat, d& tiép can nén trong phdn khong gian métric
ndy ta s& bit ddu tdng quit hod bing cich diing tinh chit a) nay.
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5.1 Tap hop compact va khong gian compact.

S.1.1 Pinh nghia. Cho X 1a mot khong gian métric va A 1a mot tap
con cha X. Ta goi A 1a mot tdp compact néu moi day (x, ), chita trong A

lu6n ludn tén tai mot ddy con (xk ) hoi tu vé mot di€m x € A.
Néu ban than tp X la compact thi khong gian X dugc goi 1a khdng

gian compact. -

Tap AC X duge goi 12 compact twong déi néu A la tap compact.
5.1.2 Ménh dé. Tégp AC X la compact tuong d6i néu va chi néu moi
day (x,) CA s€c mot day con hoi tu dén mot diém trong X (khong yéu

cau thude A).

Chiing m:’nh. Diéu kién cdn hién nhién. Nguge lai cho (x,I )n 12 mot
day trong A. V6i mdi ne N tachon y, € A saocho d(x,, y,)< % Theo
gia thiét, tdn tai mot diy con (yk" )" C{y,), hoimvé y e X, Vi ( Vi, )n CA
nén y, € A. Lic d6

d{x, yO)Sd(x;cn, yk")-+d(yku, y0)<ki+d(yk”, yu)—_)O.

Vay tén tai day con (xkn) cha (x,) hoi t dén y, €A nén A la
compact. §
5.1.3 VYidu.

1. Trong khong gian métric X b4t ki, mot tap gOm mét s§ hu'u han
diém 13 tap compact.

That vay, gid sit A={a,...a,}CX. Néu (x,) 1a mot day bat ki
trong A thi phéi c6 it nhdt mot @, nio d6 dé x, =a, v6i v6 han cic ne N,
Tir tap v6 han cac x, nay ta riit ra mot diy con dimg, hoi tu vé ding a,.

2. Doan [a, b] trong R 12 mot tap compact. Diéu nay suy tir dinh
nghia va dinh i Bozano-Weierstrass,
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3. Tép con déng cua mt tap compact 12 compact. That vay, gid sit B
la mot tap con déng cia tap compact A va (x,) CB. Khidy (x,) CA va

do A compact nén tén tai day con (x, )} C{x,), sao cho x, - x, €A
Nhung khi d6 x, ciing thuoc B vi B Ia tap déng.
5.2 Tap hgp bi chan va hoan toan bi chian

Theo tir nguyén, “compact” ¢6 nghia 1a nén chat, gon gang nén tap hop
compact phai khong duge qud phic tap, rudm ra. Ta cdn céc khdi niém sau
day dé dién 1a diéu vira néi.

5.2.1 Dinh nghia. Cho X 12 mot khong gian métric va @ == A C X.
bat

8(4)= sup {d(x, y)} <+

X.vEA
va ta goi s6 §{A) nay 1a dudng kinh cla tap A.
Néu 6{A) < +oo thi A dugc goi 13 tdp bi chdn, con §(A) = +oo thi
A goi la 1dp khong bi chan.
Ta ¢6 cdc tinh chat don gian sau :

a) Tap A 12 bi chan néu va chi n€u A dugc chita trong mot hinh ciu
nao dé.

That vay, gid st 6(A)= sup {d(x. y)}:r<+oo. Lay x, tuy ¥

X, yeA

thugc A, khi d6 véi moi ye A, ta ¢6 d(x,.y)<r hay AC B(xy r+1).

Nguoc lai, néu A C B{x,, r) thi v6imoi x, ye A tacod
a(x, 3) Sd(x. 1)+ (50 9) < 2r.

Do d6 §(A) <2r <+co nén A bi chan.

b) Hop mét sd hiru han cée tap bi chan 14 bi chin. _

5.2.2 Dinb nghia. Tap A C X dugc goi 1a hoan toan bi chdn (hay cdn
goi 14 tién compact) néu moi s6 duong r, tap A dugc chita trong mot s hitu

han hinh cdu ¢6 ban kinh r. Lic dé ta ciing néi A duge pht bdi mét s6 hitu
han hinh cdu bén kinh r.

Chii y. Tacé B(a, r)C B'(a, r) vanéu v’ > r thi B'{a, r)C B(a, r')
nén trong cdc dinh nghia vé tap bi chan va hoan toan bi chan, ta c6 thé sir
dung hinh cdu m& hoic déng tuy v.
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5.2.3 Ménh dé. Mét tdp hodn todn bi chdn thi bi chdn.
Chiing minh. Cho A hoan toan bi chin, Theo dinh nghia, véi r=1
ton tai hitu han cAc hinh cdu B(a,, 1) d€ AC U B(a,, 1). Ldy xe A s& co
i=1
j dé xe Bla,, 1). Lic dé
d(x, a)<d(x, a))+d(a;, a)
d(x, a_,-)+2d(a;., a)=r.
i=]
Vay A dugc chia trong B'(a,, r). B _
Ménh dé nguge lai néi chung khéng ddng trong trudng hop tdng quat.
Tuy nhién trong R" tacé:
524 Ménh dé. Cho A la mot tdp bi chén trong R” (véi métric thong
thieong). Khi 4y A ciing hoan toan bi chan.
Chimg minh. Goi B(xo, k) la hinh cdu chita- A. Ta ldy mot hinh hop

déu canh bang 2k song song véi cdc truc toa dd va ngoai ti€p hinh ciu nay.
Cho >0, ta chia hinh hop déu nay thanh cdc hinh hop déu nhd bing cic
phing song song vdi cdc mat ctia hinh hop 16n va céc phing ndy cdch nhau

mot doan o < . 86 cdc hinh hop nho nay la hitu han. Lic d6 ré rang A

Jn

dugc phu boi hitu han cdce hinh cdu bdan kinh <r, ngoai ti€p cdc hinh hop
nho. Vay A 14 hoan todn bi chin. 1

5.2.5 Ménh dé. Néu A C X 14 tdp hoan roan bi chén thi bao déng A
ciia A ciing la mot tgp hoan toan bi chén.

Chung minh. Gia st r 1a s6 duong cho truéc. Néu A 12 tip hoan toin
bi chan thi ¢6 hiu han hinh cdu déng B'(a,. r). (i=1..., n) sao cho
AC LHJ B'{a;, r). Nhung do CJ B'(a;, r) 1a mot tap d6ng nén tap nay ciing

=l i=n
chita A. Diéu ndy c6 nghiala A ciing hoan ton bi chan.

Dé dién ta khdi niém hoan toan bi chan bén canh ding ho hitu han céc
hinh cdu phii tap da cho, nhiéu lic ngudi ta cdn dung khéi niém ¢ — ludi dé
dugc thuln 1gi hon.
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5.2.6 Dinh nghia. Cho ACX va ¢ 1a mot s6 duong. Tap NC X
duge goi la mot € — lwdi d6i v6i A nfumoi x€ A ta tim dugc ye N dé
d{x, y)<e.

Ta goi cdc diém thuéc N 12 cdc mit ludi. RG rang A c6 mot e — ludi

N khi va chi khi A duge phi bdi mét ho cdc hinh cdu bin kinh ¢ véi tam

1a cdc .4t lzsi. Do d6 dinh nghla cua tap hoan toan bi chan ¢6 thé phat bidu
lai nhu sau .

Tdp AC X la hodn toan bi chdn néu véi moi € >0 ¢6 thé tim dioc
cho A mdt € — ludi hitu han (nghia la lusi N 1a tdp hitu han).

5.3 binh li Hausdorff.

5.3.1 Pinh li. (Hausdorff). Gid s AC X la tdp tdp compact. Khi dé
A la tdp déng va hoan toan bi chan. Nguoc lai néu A la 1dp déng, hoan
toan bi chdan va thém nita X la khong gian métric day du thi A la tdp
compact.

Chimg minh.
Diéu kién cdn. Gia sir A la tap compact. Néu (x,) 12 ddy trong A va

X, = X, thi theo dinh nghia tap compact, tdn tai day con (x, ) C(x,),.
vin
x;, = X, €A. Nhung lic d6 x, ciing hoi tu vé& x, nén x, = x; € A. Vay

A la tap dong. Ti€p theo, ta ding phan chitng, Gid sirtap A compact nhung
khong hoan toan bi chin, Khi d6 ¢6 € > 0 sao cho khong thé phi duoc A
bang mét sd hitu han hinh cdu ban kinh e L4y x, ¢ A. Hinh cdu B{x,, ¢)
khéng phii duge A nén c6 x, € A sao cho d(x,, x,)>¢. Cic hinh ciu
B(x;, €), B(x,, €) cing khong phii dugc A nén c6 x,e€A sao cho
d(x3, x;} 2 € va d(x, x,)>e Tiép tuc cich niy bing quy nap, ta xédy
dung dwoc day (x,) CA v6i d(x,, x,)>e v6i moi n=m. Bat cit day
con nio ciia day (x, )n nay déu khong phai 12 ddy co ban (vi khodng cich
gitta hai diém phan biét clia diy con 4y déu > ¢) nén né khong thé hoi .

Pidu nay mau thudn véi dinh nghia vé. cho phép ta két thiic chimg minh
diéu kién cén,

- Diéu kien dii. Bay gidr gid sit X ddy di con A 12 mot tap déng va
hoan toan bi chan trong X. Ldy (x,) CA. Ta hdy pht A bing mot s6
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hitu han hinh cdu bdn kinh bang 1. Ki hiéu B, 1a mot trdng cédc hinh ciu

trén ¢6 chira v s8 cdc hang tir cha day (x,) va goi (xn)n 12 ddy con cla

(xn )n thanh lap nén bdi v6 s§ cde phén tir d6. Tap A lai duge phu béng
mot s6 hitu han hinh cdu ban kinh % nén c6 mot hinh cdu ki hieu B,
chita vo s cic (x,',) va ta goi ddy con cla (x:,)ﬂ chifa trong B, 1a (xi )n.
Ti€p tuc qud trinh quy nap nay ta thu duge mot diy cdc day (x,, )n , (x,l, )n ,
(xi )ﬂ ... ma didy sau Ja ddy con cha day ding truéc, déng thoi
(x,f)n CB,, (h‘inh cdu B, c6 bdn kinh bing %). Lay mét phdn wr x,
trong (x,],)n. Tix vo s6 céc hang tit x> ta chon ra dugc x, VOl my >n 16i

chon x, trong (xﬁ)n vl n,>n,,.. Nhu vy ta 13p dugc diy con

(x,, ) C(x,) . Day 1a mot ddy co ban vi v6i k, /e N bat ki, gia sit k >/
' j n

thi (xﬁ)n C{x;), nen x,, x, cing thuoc hinh cdu B. Do d6
d(xﬂt,xnf)g%—éﬂ khi k, />0, VI X ddy dii nén x, - x,€X khi
- k—>o0. Honnita do A 12 déng nén x, € A. Vay A 1a tap compact. I

5.3.2 Hé qua. Trong khong gian métric ddy di X, tdp déng ACX

la tdp compact néu moi € >0 ta cé thé tim duge mot € — ludi compact B
doi vai A. '

Chitng minh. Cho r >0, theo gia thist, tén tai ¢ = % — ludi compact

B d6i véi A vaciing do B compact nén hoan toan bi chan, thanh thir B

cO mot %-— lugi hitu han, Lic d6 N chinh 13 r — ludi hita han d6i v6i A
vin€u x€ A thi t6n tai be B dé d{«x, b)<% va voi b ndy s€ ¢c6 yeN

dé d(y, b)<%. Lic d6 d(x, y)<d(x, b)+d(b, y)<r. Vay A 1a hoan

toan bj chan. Ap dung Dinh i Hausdorff ta két thiic viéc chitng minh. I
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5.3.3 Hé qua.

1. Moi rap compact déu bi chin.

2. Doi voi cde tdp dong rong R", cdc khdi niém bi chén, hoan toan
bi chdn va compact 1a tuong dwong véi nhau.

Chumg minh. Tinh chat 1 1a rd rang. D€ ¥ trong R” tap A bi chan

» khi va chi khi né hoan toan bi chan. Hon nita, R” 1a khong gian métric
ddy du nén 4p dung Dinh 1i Hausdorff ta cé ngay két qua 2. §

5.3.4 Dinh li. Néu X Ia mor khong gian compact thi X la ddy du
va kha .

Chitng minh.

a) Gid sir (v,) 12 mot day co ban trong X. VI X compact nén c6
day con (x ) €(x.},» *, —x,€X. Nhung khi d6 chinh day (x,),
ciing hoi tu vé x, nén X 1a khong gian métric ddy du. ‘

b) V6i mdi neN, tap X dugc phi bing mot s hiu han cédc hinh
Xy l] i=ha,m,. -

»on

.céu B

X={) B['xnr_, l]. *)

. =l n
bat A= {xn cj=laom, n=1, 2} 14 tap hop tat ca tam cha cic
hinh cau nay. Ta thdy A 12 tap dém dugc. Mat khac v6i moi xe X va véi

€ >0 ty ¥ ta chon » du 16n dé 1 <e Tu (*) suy ra x thuéc moét hinh
n
on
X la mét khong gian kha 1i. 1
5.4 Compact v6i phi ma,

cau B[.rn. l] nao dé nén d(x, xn)<i<c. Viy A tri mat trong X nén
n

5.4.1 Dinh nghia. Cho X 12 mot khong gian métric va A C X, Ho
(G, )..o; C4c tap con cla X dugce goi 1a mot phii clla A néu AcC UG,.

el
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Ta goi phit (G, )
Voel, G, 1a tap m& (t.u., [ 13 tap hi han). Néu t6n tai tap con J C/

cla A 1a phi md (tu., phi hitu han) néu

aef

sao cho (G, ) _, van conphi A thi (G, )., 8Oi 18 phil con cha A

5.4.2 Dinh li. (Heine-Borel) Tép con A ciia khéng gian métric X
la compact khi va chi khi voi moi phii md (G,,) _ cia A déu c6 chita
mot phit con hitu han.

Chitng minh. Diéu kién di. Gia s bat ki phl md nio cia A déu c6
phi con hiru han nhung A khéng compact. Theo dinh nghia, t6n tai mot
day (x,) CA saocho x, = x, khi n=n' nhung khong cé ddy con nao
hoi tu cd. Diéu nay c6 nghla 1a méi xe A khéng la giéi han cha bat ki
ddy con nao chia (x,) nén t6n tai mot hinh cdu mdy B, = B(x, r,) chi chita

hitu han cdc x,. Ho (B,) _, 1ap thanh mot phit m& clia A nén theo gi thiét,

k
ton tai phi con hira han : A C (J B, . Mai hinh cdu B, ,i=1.., k chichia

i=1
mot $6 hiru han x, nén hod ra day (x,) chi c6 hitu han cdc phdn tir phan
biét. Diéu vo I ndy cho ta két ludn A phai 13 compact.

Diéu kién can. Cho A compact va gid sir c6 mot phi mé (G,) _.
cia A nhung khong chiya phii con hitu han no. Vi A hoan toan bi chan
neén né duge phil bdi mét s8 hiru han hinh cdu déng bdn kinh bing 1. Ta
ki hi¢u B, 1a mot trong cic hinh cdu déng 4y sao cho A = AN B, khong
~ thé phii duge bing mot s§ hiru han cdc tap G, (néu khic di thi A sé phi
duoc bang hiru han céc tip G,. trdi v6i gia thiét phan chimg.) Tap A,
chira trong t4p hoan todn bi chan A nén A, dugc phii bing mot s6.hitu

. 1 . .
han hinh cdu bdn kinh > trong s d6 ¢6 mot cdi ki hieu B, sao cho

A, = A N B, C A khong thé phii duge bsi hiru han céc tap G,. Tap A,
cling hoan toan bi chin nén cling duge phit bdi hitu han hinh cdu bén kinh

1 .o .
3 Ti€p tuc qué trinh nay, ta thu duge mot ddy hinh cdu déng B, va

céc tap khac réng A, =A,_ | NB,, n=1, 2,... trong mdi A, ra ldy ra mot
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di€m x,. Do A, CA, C--CA nén (x,) 1 daytrong A thi s& c6 ddy
con (x; } C(x,), hoi tu dén x, € A. Ho (G,) _, phit A néncé ogel

n

d€ x,€G,. Vi G, md nén ton tai r>0 dé B(x, r)CG, . Tw

d(xkn, xo)—>0 vi ki—)O khi n—o00, chon n, di lon ta s& ¢6
ro 1 roo e . .
d(ka.xu) <5 va — < R Lic &y véimo1 x € Ah. ta co
ny
d(x, xﬂ)sa(x,xk )+d(xk ,x0)§i+£< r
"y m . knu 2

tic 1a A, CB(x, r)CG, nghiala c6 taip A, duoc phi bing mot tap
G, trdi v6i cach xay dung céc tap A,. Mau thudn nay ching t6 moi phi
md clia A phai ¢6 mot phi con hitu han. Dinh If duge chimg minh ddy da. 1l

5.4.3 Dinh nghia. Ta goi ho céc tap con (F, )
tdm n€umoi tap hiru han J C/ thi N F, = 4.

i =
Tir Dinh li {1eine-Borel, ta c6 hé qua sau :

5.4.4 Hé qua. Khéng gian métric X la compact khi va chi khi moi
ho ¢6 tém cdc tdp déng cua X cé giao khdc réng.

cuatap X 1a ho ¢6
acf : ’

Chitng minh. Gid st X compact va (F,) _, 12 mot ho c6 tam céc tap
con d6ng cia X. Khidé G, =X\F, lAm&. Néu N F, =& thi

ael

[
el aEf ol

X=X\NF =U(X\F,)=UG,
nén (G,)__, 1a mot phi md cda X. Theo Dinh Ii Heine-Borel, X duoc
phu boi mot s6 hitu han G_ -

X =

=

k
F=X\(NF).
; P

' _
Nhu thé N F, = #. Diéu niy mau thuin véi dinh nghia ho c6 tam.

=1

Dodé N F, = .

onef
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Nguoc lai, néu (G, ) _, 1a phil m& bat Ki cha X. Dit F, =G..(F, ) s
khong phai 12 ho ¢é tamcua X vin€uth€thi NF, =(UG,) = =, tréi

aef aef

gia thiét, nén c6 hitu hgn F, . (i =1,..., k) nao dé dé ﬂ F, =#. Diéunay

¢6 nghia l1a tap hitu han cdc G, phil X. Vay X compact. I

5.5 Anh xa va ham sd lién tuc trén tap compact.

€Cac anh xa lién tuc trén céc tap compact ¢6 nhitng tinh chat tOt nhu
ham s6 lién tuc trén khoang déng [a, b|CR. Tacé :

5.5.1 Pinh li. Cho X, Y la hai khong gian métric, f: X —>Y la

dnh xa lién tuc va A la tdp con compact ciia X. Khi dé dnh f(A) ciia
A la tdp compact trong Y.

Ching minh. Cho (y,), 12 ddy bat ki trong f(A). Khi d6 trong A
ton tai diy (x,) sao cho y,=f(x,). Vi A compact nén cé diy con
(%, )k C(x,) saocho x, > x,eA (k—oo). Mat khdc f lien tuc nén
day con y, =f(xm) hoi tu dén f(x,)e f(A). Theo dinh nghia, f(A)
compact. |l

5.5.2 Dinh ll Cho f XY lién tuc, A la tdp con compact cua
X. Khi dé f lién tuc déu trén A.

Chitng minh. Gia sit f khong lién tuc déu trén A. Khi d6 tén tai

€>0 sao cho véi moi 6§ >0 t6n tai x', x" € A v6i d(x’, x") <8 nhung

d(f(x"). f(x"))>e. Cho & 14n luot cdc gid tri l n=1, 2,... ta thu dugc
Al n

hai day (x,} va (x}) trong A c6 tinh chat a’(x,’!,x;;’)<l vi
n

d(f(x,).f(x!))>e Vi A compact, day (x!) c6 day con (xr, ) — x4 € A
Tur bat dang thitc :

d(x,, xo)Sd(x,’;’;,x,’,*)-!—d(x,’,&,xu)<.i+d(x;t,x0)—)0

khi k — oo taciing ¢6 x, — x,.

-

79



Do f lién tuc. trong bAt ding thitc d(f(x;‘),f'(x:;‘i ))26, cho

k—oc tace 0=d(f(x,). f(x,}) > e Diéu vo li nay ni en ring f phai
lién tuc déu trén A. 1

Tiép theo, ta xét ham s8 thuc xdc dinh trén tap compact.

5.5.3 Pinh li. Cho A la tdp compact trong X va ham f:A-->R
lién tuc. Khi d6 f bi chdn va déng thoi dat dwoc gid tri [6n nhét, gia tri
bé nhdt trén A.

Chimg minh. Vi f lién tuc, A compactnén f{A) 1a tap compact trong
R. Vay f(A)CR 1a tap déng vi bi chan. Dat M =sup f(A),
m=inf f(A) thi M, m 1adiém dinh cia f{A)nen M, me f{A) (v tir dinh
nghia cha sup f(4), inf f(A), s& t6n tai cdc day y,.z, € f(A):y, > M,
z, = m). Nhu th€ tén tai cdc diém x,, x, € A sao cho v8i moi xe A:

'm:f(xﬂ)gf(x)gf(xl}=M.

Diéu nay c6 nghia I1a £ bi chin va dat duoc gid tri bé nhat va 16n
nhdt trén tap A. 1

5.6 Xap xi ham lién tuc bing da thic.

Gia sir Gy ; 1a khong gian métric, cdc ham s6 lien we trén {0, 1)
v6i métric d = “max”. Ki hiéu W la tap céc da thice g(x) xédc dinh trén
[0, 1] c6 dang g{x}=qg,+ax+-+a,x". Ta chﬁ'ﬁg' minh W tri mat
trong C, ;.

5.6.1 Dinh li Weierstrass L. Méi ham so lién tue feCy y la gisi
han cua mot ddy da thite hoi ty déu.

N§i cdch khéc, véi moi f e j, tacé

Ve>0,3geW:d(f.g)= mﬂ;v('ﬂ_g(ﬂl <€..

Chimg minh. Khong mait tinh téng quat, ta gia st £(0) = £(1).
That vay, néu ham f khong thod, ta xét haim f~ xdc dinh bdi cong thirc
F )= fla)— F0)—x[f (D= £(0)]
thi £(0)=F (1)=0 vinéu £ duoc biéu dién thanh gi6i han cia day da
thiic hoi ty déu thi f ciing vay vi f sai khéc v&i f* mot da thiic bac nhat.
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bat f(x) =0 v6i x¢[0, 1]. Khi d6 f 13 ham lién tuc déu trén R.
Ta s& “nhan chap” ham f véi mot ddy cdc da thitc xdc dinh d€ thu duge
mét diy da thite hoi tu déu vé f. Ki hién
0,(x)=c,(1-x?)" >0, n=1. 2. 1)
trong d6 ¢, la cdc s6 duong sao cho -
e (ax=2f0, (ax =1 n=1, 2,.. (2)
Tacé
i 1/ vn "
1=2¢, [;(1=x*) dx > 2} (1- x*) ax

uf 2)

>2f,

T (3)
(1— nx?

(D€ ¢, 1a di dung bt dang thirc Bermoulli : .(l—rxz)
Nhu vay ¢, < Jn.

Tix (3), v6i bat ki §e{0, 1) tacé

0, =c (1-x?) <¥nli—x*) <Jn(1-6*)" (4)
v6i moi x thod diéu kién & <[x|<1. Do d6 O, (x) hoi tu déu vé O treén

tap [—1, —4]U[8, 1]. Ti€p theo, ta “nhan chap” ham f va da thic O, (x)
bang cdch dat:

P {x}= f_'lf(x+r)Q,,(r) dr, x [0, 1].
Dung gia thi€t f(x) =0 ngoai [0, 1] va d4i bién s6 x+r=y ta duge :
A):f_':‘f(x+r)Q”(r)dt:folf[y)QN(y—x)dy

= == ay.

Khai trién biéu thic (l —(y—x) ] . sp x€p theo luy thira tién clia x va ding
tinh chét tuyén tinh cua tich phan ta ¢6 duge P, (x) 12 mot da thie d6i v6i «.
Viéc con lai la ta ching minh 2, {x) hoi tu déu vé f(x) trén [0, 1].
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Cho ¢ >0, chon 0<é<1 dé
. ol
F) =G < khi o=yl <5
(Vi f lién tyc déu trén R). Dat M = sup {f(x)]. Tir (2), (4), v6i moi

yefo, 1

xel0, 1j tacé

P, (x) = f () =|f" F x4+ F (), (D4
<[ UFx+0- o0, (Dat

<2M [0, (Ddi +% Lo di+2mflQ, (1)

< aMyn(1-82)" +%<€,
vdi n du lgn.
Vay dinh 1 duge ching minh. B
5.6.2 He qua. Vdi moi feCy  va moi €>0 déu tdn tai da thic
g (x)e W vdi hé s¢ hitu ti sao cho
d(f. &' }= max ‘f(x)—g*(x)|<e.
xel0, 1]
Chitng minh. Gia su feCy va €>0 cho trudc. Theo Dinh Ii

Weierstrass I, t6n tai da thic g{x}=a, +ax+---+a,x" sao cho
: €
d(f, g)= fﬁ&’i]’f (x)—g(x) <3

Chon céac sd hitu ti bq, b...., b, du gin qa,, a,,..., a, sao cho

i[b,. ~a] <<, vadat
i=0 2

g x)=by+hx+..+bx"

Khi dé véi moi x €0, 1], ta cé
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‘g(x)—g* (X)|=l(a0 _b0)+(al _bl)x+"'+(an _bn)xnl

n £‘
<zl hl<3:

Vi vay

(0 =g (D <lf() =g +]|g(x)~ ¢ (x)‘ < — > +5

véimei xe[0, 1). Terdé d{f. g')= m{chl,‘f(x)—g*(x)ke. 1
vell, 1]
5.6.3 Hé qua. Khong gian métric Gy la khong gian khd li.

Chitng minh. Ki hi¢u W, 1a tap cédc da thitc véi he s& hitu ti xdc dinh
trén {0, 1]. Khi d6 W, dém dugc. Theo He qua 5.6.2 thi W, trl mat trong
Co.y mén G,y lakhali @

Chu y. Cac két qua cua Dinh li Weierstrass I va cdc Hé qua 5.6.2,
5.6.3 vén cdn ding trong khong gian G, 4 VO a<b, a, beR. That vy,
kheng gian € ,; ding cy v6i Gy, qua phép déing oy

w]af—’f eCoyp f)=f [b a]

—a

vad mdi da thic bién thanh m6t da thiic qua phép bién d6i p nén cic tinh

chédt coa € |, dugc bdo toan trong Clo. o |
5.6.4 Dinh li Weierstrass I1. Vi mdi ham s6'lién tuc f(x) trén R,

tudn hoan theo chu ki 2w va vdi méi s6 duong e, 5é tén tai mot da thirc
lugng gide

s(x) = a_ i (a, coskx + b, sinkx)

sao chovoimoi xeR racéd _
) —s(w)| <€
Chimg minh. Xét cdc ham s8

(x) = Flx)+ fl=x)
T
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Day 1a cdc hAm s& chdn, lién tuc tudn hoan theo chu ki 2%, Cho x
bién thién trén [0, ] va dat x = arccost, ta thdy ring cdc ham s6

®(t) = plarccost), ¥(r)=p(arccost)

lien tuc trong doan [—1, 1]. Dung Dinh 1i Weierstrass I, ton tai cic da
thite g(¢), #(z) xde dinh tren [~ 1. 1] sao cho véi moi re[—1. 1] ta ¢6

@ () — gl < <. W) —n() < £,
4 4
Khi 8y v6i moi x<[0, =] thi
‘L,o(x)mg(cosx)k%. \w(x)—h(cosx)|<§ (1)

vad vi p{x), P(x), cosx 13 nhitng ham s& chdn, tudn hoan theo chu ki
27 neén cdc bat dang thic (1) ciing ding véi moi x e R.

Theo cdch dat & trén, tacé f(x)sinx = @{x)sinx +1{x) nén

£ Ledsin x ~ g{cos x) sin x — A (cos x)|
< |p(x}~ glcos x)|lsin x] +|w(x) - h{cos x)| <%

Ki higu u{x)=g(cosx)sinx+h(cosx) thi u(x) 12 mot da thic luong
gidc va ta c6 ‘

|f(x)sinx—u(x)[<%. (2)

Lam tuong ty v6i ham s6 £, (x) = f[%—x , ta ciling ¢6

lf[g—;\']sinx—v(x)

[
<_
"2
véi v{(x) ciing 12 mot da thic luong gidc. Thay -;i—_x bdi x, ta c6

€

‘f(x)cosx—v[g—x] <3 | (3)
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K&t hop (2) va (3) ta dugc |

!f(x)-—u(x)sinx— v[%—x]cosx

= |f(ﬁc)(sin2 X +cos? x)——u(x)sinx—lv

T
——Xjcos X
2

S‘f(x)sinx~u(x)‘+|f(x)cosx—v[§—x] < €.

Do tinh tudn hoan, v6i mei xR tacé |f(x)—s(x)|<e trong dé

s{x)= u(x)sinx+u[%—x]cosx

1a mot da thirc lugng gidc. 1 _
3.6.5 Dinh li Dini. Gid sit X 1a mot khong gian métric compact va
(f,), 1a mor day cdc ham 6 lién tuc trén X. Néu (f, ), la mot day ting

(1.0, gidm) hoi ty rimg diém dén mot ham s lién tuc g tén X thi (fn)

hoi tu déu dén g(x) rén X,
Chitng minh. Nhic lai ring (j;,]n hoi tu déu vé g trén X néu
Ve >0)(3n, ) (Va2 ny)(Vx e X):|f, (x) —g<e
bé dinh y, gia st (f, )" 1a ddy tang. Cho ¢ >0, vi v6i moi xeX.

day (f,,(x))n hoi tu dén g(x) nén cé s6 wr nhién n{x) sao cho khi
n>nlx) thi ‘

0<glx)-f {x)<e

Mat khac, vi cdc ham g va £, lién tyc tai x nén c6 hinh cdu mo

B(x, r,) sao chonéu x’" e B(x, r,} thi

oo O ] <5 va o) ] < <.

Nhu vay v6i mot x' e B(x, ) tacé
dY X
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g’)— £, (") glg(x’)—g(x)‘+|g(x)~f;1(_..}(x)|+

€

Ho cédc hinh cau md {B{x,r 12 mdt phit m& cia tap compact
: Y xeX P

X nén c6 phd con hitu han :
ko
X=UBx,r )
ilzll ( { )

pat ny =max {n(x,).... n{x,)}. Khi d6 v6i n>n, va véi moi x€ X 1asé
tim dwge i, (i =1...., k) sao cho x € B(x;.r, ). Nhu th¢

gx)—f, (W <gl)-f, (D<= [, yo<e

Vay dinh I{ du‘qc chimg minh. §
5.7 Pinh li Ascoli — Azela.

Viéc khao sét tinh compact clia cdc tap trong khong gian métric tuy
y néi chung 1a khS. Tuy nhién trong khong gian €, ;. ta c6 tiéu chudn

kha cu thé. Cho A 1 mot tap con cOa khéng gian G, Ta ¢6 céac khai
ni€ém sau day :

1. Tap A dir(;fc got 1a bi chdn tai xo €[a, b] néu c6 K >0 sao cho
véimoi feA tacé |f(x0)| <K. Tap A duoc goi 1a bi chan timg diém
(w1, bi chgn déu) trén [a, b] n€u A bi chan tai moi diém x&la, b] (tu.,
(3M > 0) sao cho véi moi f €A, xela, b] thi |f(x)] < M).

2. Tap A dugc goi la dong lién tuc tai x; € [a, b] néu moi € >0 tén
tai 6>0 sao cho véi moi xela, b, moi feA néu lx—xl<8 thi
\f(x)—f(xo)‘ <e Néu A déng lién tuc tai moi xe(a, b| thitanéi A 12
ddng lién tuc trén |a, b).

3. Tap A duogc goi 1A déng lién tuc déu trén [@, ] néu véi moi e
t6n tai §>0 sao cho vdi moi x, ye[a, b}, moi fe A, néu |x—y <8 thi
1f(x)‘— f(y)l <e

Sau day la diéu kién cdn dé tap A compact.
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5.7.1 Pinh li. Gia s;_i" A la m¢t tdp compact tuong dot trong C[a‘ b
Khi dé tdp A bi chdn déu va dong lién tuc déu trén (a, b).
Chitng minh. Do AC A compact nén A 13 tap bi chin. Suy ra
ACB'(fy, K)CC, , Nhuvay v6imoi feA, xela. b]tacs
£ <]f ) = £, )| 1 ()]
<d(f.f) <K = max |, (o) = M

" Tiép theo, cho €>0. A ciing hoan toan bi chin nén c6 € usi
~ hitu han d6i vc’)i'tap A. Mbi ham f; lién tuc trén [a b] neén lién tuc déu

trén dé : v6i s6 duang 5 ton tai cdc s6 duong &, dé |f (x) f(y)| <§

néu |x—y/ <8, i=1.., n Dat d=min{b,...., §,}. Néu x, yela, b,

|x—¥| <8 vavéimoi feA tachon £ saocho a‘(f.f,.)<§ thi

lF - <l -f x)|+|f(x) AR TACIRA6)
<2d(f. £)+ 10— £y )|<335+—3—=

Vay tap A 1a dong lién tuc déu trén [a. b]. N |

Diéu kién di dé tap AC G, ») 1a compact twong d6i duge dua ra nhe

hon (t4t nhién dé kiém chitng hon). Tuy nhién két hop véi didu kien cén,
ta thay ching tuong duong véi nhan.

5.7.2 BDinh li. Cho A la mot tdp con cua khong gian G thod
man hai diéu kién sau :

a) A bi chan ting diém trén [a, b).

b) A dong lién tuc trén [a, b). |

Khi dé A la mot 1dp hop compact tiwong déi trong C, .

Chitng minh. Do G, ., 1a khong gian métric ddy di nén ta chi cén

chiing minh A 12 hoan toan bi chan, tic 12 véi mbi s6 » >0 tap A dugc
pht boi mét s6 hitu han hinh cdu trong C,.» c6 bankinh r.

87



Vi A déng lign tuc trén [a, b] nén véi s6 duong ’3 v6i méi

x€la, b] t6n tai 6(x)>0 sao cho néu yela, b, |x — y| < 8{x) thi
!f(x)-f(y)‘(%. véi moi f e A

Ho (B(x, 6(.1')))_(6[0.b| cdc hinh cdu md 12 mot phi mé cha tap
compact [a, b] nén phai tén tai phdl con hitu han
la. b]=UL,B(x,. 8,), (6, =8;(x), i=1.... n).

C6 dinh cdc diém x,..... x, nay lai va xét 4nh xa ®:C, )~ R" xdc
dinh béi

O(f)=(f (%) f (x,)).
Do diéu kién a), t6n tai cdc s6 duong K,,..., K, sao cho
|f(x,.)i <K, vé6imoi f € A.
bat K =max{KX,,... k,}, khi d6 véi moi f € A, khoang céch tir diém
(f(xl),...,f(xn)) dén 0=(0...., 0) trong R" la:

JEIF ) <k,

Diéu nay c6 nghia 1a tap ®{A4) bi chan trong R" nén né phai hoan
toan bi chan. Do dé6 ®(A) dugc pht bdi hitu han hinh cdu véi tam

g, =(€} €1). j=1... m va bén kinh %. Ta gia thi€t tap ®(A) va cde

hinh cdu B[af.. %

c6 giao khic réng vi néu trdi lai, ta bé hinh ciu dé di.

V6i méi j=1.... m ta chon mét ham f; € A sao cho @(fj)e B[gj-,%].

Bay gid v&i f € A, tacé

£ ()= £ () <[ G = 8]+, () €]
o, - (*)
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Ti€p theo, ta hiy chitng minh ring
Ac ) B{f.r)
0 (7,1
That vay, 1y f tuy ¥ thuéc A. Tén tai chi s6 j dé bat ding thic
(*) xay ra. Lay xe[a, b] s€ ¢6 i, i=1,.., n sao cho xe B(x,, 6,.). Nhe
(*), tacoH

|f(x}-ﬁ(x)‘$\f(z\f)—.f(x;) +|f(xs)_f(xj)‘

3
vay d(f. f)= ;rila)}’]|f(x)&f,.(x)|gr hay feB'(f;, r). Néi cich

=r.

+‘f(xj)—)‘j(x)|<%+%+

khic, A hoan toan bi chan trong khong gian ddy dd C, , nén phai
compact tuong d6i. Dinh i dugc chitng minh diy du.
5.7.3 Vi du. Cho £ 12 mét tap bi chan trong Cy,. AL Chting minh tap

A:{yeC[a_b] :y(e)= [Ix(7)dT, xe E}

la tap compact tuong d6i trong C[”_ bl

Chitng minh. Ta hiy ki€m tra cdc diéu kién a), b) cia Dinh Ii 5.7.2.
Vi £ la mot tap bi chan nén c¢6 s6 duong L sao cho véi mei
xeE:maxlx() <L Dodé

teia. b
yOl={f x(Dar| < [lx(dr < fLar<(r—a)L.
Vay A bi chan timg diém trén [a, ). Mat khdc, véi €>0 t6n tai

6:%>0 sao cho v6imoi t. ' ela, b}, ye A tacé

Y=y =] x(dr = [ x(r)ar

=" x(t)dr|<li =L <e
I} x| <l -

néu {t— ¢ <8 Vay A déng lién tuc trén [a, &) nén A compact tuong doi
trong G, ;. W
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5.1.
5.2

5.3.

5‘4.

5.5,

5.6.

5.7.

5.8.
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BAI TAP

Ching minh hgp mét s6 hitu han tap compact la mot tap compact.
Gia st X, Y la hai khong gian métric compact. Chitng minh rang
khdng gian tich XxY ciing 1a khéng gian compact.
Cho K la tap compact vd F la tap d6ng trong khong gian métric
sao cho KM F = @. Ching minh

d(K. F)=inf{d(x.y)/xe K. ye F}>0

Cho A, A,.... l1a ddy cdc tap hop khéc tr6ng trong khong gian
métric X thoamin A DA, D..

a) Gia sl t4t ca céc tap {A,) déu 12 t4p compact. Ching minh

ﬁAﬁIﬂ"

el

b) Neéu tdt ca céc tap {A,) déu 12 tap déng thi F] A, ¢6 khéc réng
n=l

khong ?

Cho f:X — Y la dnh xa lién tuc déu tir khong gian métric X vao
khong gian métric Y. Gid sir A 12 tap hoan toan bi chan wrong X.
Ching minh f(A) 12 tap hoan toan bi chan trong Y.

Cho £ :[a, b]— R 12 mét ham s6 lién tuc véi a, b la céc s6 thuc va
a<bh. '

a) Gia st A 12 mot t4p déng chira trong |a, b|. Ching minh f(A)
1a mot tap déng trong R. |

b) Néu B 1a mot khoang md chita trong [a, b|, hdi f(B) c6 phai la
tap md trong R hay khong ?

Cho X, Y la cdc khong gian métric va f laédnh xa tir X vao Y.
Ching minh rang f lién tuc trén X khi va chi khi £ lién tuc trén
moi tap con compact cua X.

Gid sit X 1a mot khong gian métric compact va (G, ) _, 112 mot

phtt m& cia X. Chimg minh ring t6n tai mot s6 duong r sao cho
moi hinh cdu md& ban kinh r déu dugc chda trong it nhat mét tap
G, nao dé.



5.9.

5.10.

5.11.

5.12.

Gia sir X 12 ni(:-t khong gian compac.t vi f:X— X 12 mo6t dnh Xa
thod man diéu kien d(f(x), f(y))<d(x,y) véi moi x, yeX,
x = y. Chitng minh 4nh xa f ¢6 mot diém bét dong duy nhat.

Cho X 12 mot khong gian métric compact va f 1a mot dnh xa tr X
vio X sao cho véi moi cap di€m {x, y) cha khOng gian X ta déu

c6 bat ding thite d{f(x),f(y))=d(x, y). Ching té ring f la mot
phép déng cu tr X len X.

Gia si f 12 moOt ham s6 lién tuc trén [0, 1] va thod mén
Jix"f(x)dx=0,n=0, 1, 2,..
Chimg minh ring f(x)=0 trén [0, 1].

Kiém tra thir xem cdc tap ndo sau day 12 tip compact trong khong
gian Cy |

a) {Jr‘l €Cy yi0 X, (D =sinas, aell, 2]}

b) {x" €Cy i X, (t)=1", ne N}.
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Chuong 2.

KHONG GIAN TOPO

§ 1. DAl CUONG VE KHONG GIAN TOPO

1.1 Pinh nghia. Cho X 1a mot tap hop khéc réng. Mot ho T céc
tdp con cia X dugc goi 1a mot #6p6 trén X néu T thoa man 3 tién dé
sau day :

. 3eT. XeT.

2. Néu (G,),_, 1 mot ho cc phan tir cia T thi | G, 7.

[R3=1)

3.Néu G, G, €T thi G,NG, e T

Bang quy nap, wr 3) ta thdy ring néu G,, G,,... G,eT thi
r”] G eT.
=l

Gia sir tréen X d3 cho mot tops 7. Khi d6 cap (X, T) duoc goi la
mot khong gian 10po xdc dinh trén tap nén X. Cic phan tr cia T duge
80i 1 tdp md va cdc phan tir xe X duge goi 1A céc diém cha khong gian
topd (X. T). Néu khong sg nham l4n, ta thudng ki hiéu van tit khong
gian 10po (X, T) 1a X.

1.2 Vi du.

1. Cho X 1a mot tap hop khéc rdng tuy y. Ly 7 ={X, #}. Khi d6
3 tién dé cia topo duge thoa min mot cach hién nhién.

2. Cho X lamot tap wy y, 7 =/ (X) 14 tap hop tat ca céc tap con
cua X. Lic d6 7 ciing 12 mét tdpo trén X. '
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Trén day 1a hai vi du tdm thudng vé t10p6, tuy nhién ta thudng hay
gap nén chiing c6 tén rieng. O vi du thd nhat, 7 dugc goi la topo tho, vi
du 2, topo nay dugc goi la topo rdi rac.

3. Gia st (X, d) 12 mot khong gian métric. Goi T 12 ho tat ca céc
tap mo trén X. Lic d6 (X, 7) la mot khong gian top6. Dic biét trén R,
topd xdc dinh béi métric d(x. y) =|x—y| goi 12 top6 thong thudng.

D¢ ¢ réing trén cing mot tap hop X cho trudc. ta cé thé cho nhiéu
topo khdc nhau. Khi dé ta nhan duge cde khong gian t6p6 khac nhau (cé
chung mot tap nén X). Néu 7, va 7, 14 hai t6po nhu vay, khi d6 ta c6 hai
khong gian top6 (X, ;) va (X, 7,). Cho AC X. Gia st A 1a tap mé d6i
véi T, (AeT,) ching han, ta sé goi A 1a 7, — md. Tuong tu, ta g0i cdc
p Ala 7, — d6ng, 7, — lancénv.v ..., i=1, 2.

Bay gio 7, va T, 12 hai top6 trén X thoa diéu kién 7; C T,, thi ta
goi T, yéu hon T, hay T, manh hon T, va ki hiéu T, £7,. Hién nhién

top6 tho la top6 y€u nhét va topod roi rac 13 topd manh nhat trong tat ca
CAc topo ciing xdc dinh trén tap X.

Ciing ¢6 thé xdy ra trudng hgp hai topo T, va T, khoéng so sénh
dugc v6i nhau, ching han T, kh(‘)ng chita trong 7, hodc nguge lai, T,
khéng chia trong 7,.

1.3 Lan can.

1.3.1 Dinh nghia. Cho (X.T) I1a mot khong gian topo va x, € X.
Tap AC X dugc goi 12 mot ldn cdn cha x, néu t6n tai tap md U € 7 sao
cho x, el C A. Hién nhién nés UeT thi U Ia lan can cia moi diém
cla né. Tuy nhién mot 1an can clla x, chua chic 13 mot tap mé.

Néu A 1a mot 1an can cua x, thi x, duoc goi 13 moét diém trong cla
A. N6i cach khdc, x, 1a di€m trong cia AC X khi va chi khi t6n tai
UeT saocho x, el C A. '

1.3.2 Dinh i. Tagp AC X la md (tic g AeT) khi va chi khi né la
ldn cdn cua moi diém ciia né.
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Chimg minh. Gia st A m& va x € A. Theo dinh nghia thi A 1a lan
can cia x. Ngugc lai, theo gia thiét, véi moi x€ A ton tai U _&T sao
cho xel, CA Tacd

A=Ulxicuvu,ca

TEA xeA

Vay A= |J U,. Nhu th€ A 1a thp md vi né la hop cha mot ho cdc tap
: vEA

mé U_. §
1.4 Tap dong.
1.4.1 Pinh nghia. Cho (X,7) 12 mot khong gian topo. Tap F C X

dugc goi 1a tdp dong néu va chi néu FC=X\F la tap md (tic la
X\FeT).

1.4.2 Nhan xét.

Ta 6 (G) = X\( (X\G)=G. Nhu thé tap G mé tuang duong v6i

G latap dong.
* Tur tinh chat chia céc tap m& ta suy ra :

1.4.3 Dinh li. Cho X la mot khéng gian t6p6. Khi dé

1. |, X Ia cde tdp dong.

2. Giao mot ho ey y cdc tdp dong la mét tdp dong.

3. Hop mét sO hitu han cdc tdp déng la tdp dong.

Chumg minh. Dua vao dinh nghia cfia hg cic tdp md va cong thiic De
Morgan, chang han, gia sit (F, )“E! 1a ho cédc tap dong. Lic d6 '

(UF) = U F,

ael

1a tap m& vi cdc F, 1a cdc tip md. Do 46 N F, lacictap dong. K

aef
1.5 Phin trong va bao déng cia mt tap hop.
1.5.1 Phan trong. Gii sit X 13 mot khong gian topd va A C X, Luc
d6 ¢6 it nh4t mot tap md chifa trong A chidng han tap rbéng. Hop tdt ci

cdc tap m& chita trong A duge goi 1A phén trong cia tap A, ki hiéu la A
hay infA. Tacé:
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I

A 12 tap md (vi n6 bang hop cha cdc tap md).

| A la tap m& 16n nhét chita trong A (vi trong A c6 chita tdp md nao
khdc thi né phai chita trong hgp tit ca cdc tap mé& chita trong A).

A 12 tap md khi va chi khi A= A.

1.53.2 Dinh li. Cho A, BC X. Khi dé

1) Phan trong A cia tdp A la tdp hop tat cd cdc diém trong cua
tap A.

o o

"2} ACB thi ACB.

3) inf(ANB)= ANB.
Chitng minh.

1) x 12 diém trong cia A khi va chi khi x thu¢c mét tip m& nao
dé chita trong A, nghia |2 x thudc phin trong cua A.

2) Tacé AC AC B nén hién nhien AC B vi B 1a tap m& 16n nhét
chira trong B.

3)Tacd ANB lacdctipconcia A vd B nén inf(ANB)C ANB.

Nguge lai, ANB I tdp con mo cia ANB néngﬂécinf(Ar‘lB). 1

- 1.5.3 Bao déng, Cho AC X. Lu6n ludn c¢6 it nhit mot tap déng
chifa A, ching han X. Giao tdt ca céc tap déng chita A duge goi 1a bao

déng cha A, ki hieu A. Hién nhién A 13 tap déng bé nhat chira A.
Tir dinh nghia ta ¢6 ngay két qua :
A la tap dé’ng khi va chi khi A= A.
1.5.4 Dinh li. Cho A, BC X, ta cé

/) A=A,
 2)Néu ACB thi ACB.
3) AUB=AUB.
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Chitng minh.

Cic tinh cht 1), 2) hién nhién do dinh nghia.

3) Tac6 ACANB nén ACAUB. tuong ty BCAUB. Do dé
ANBC AUB. Nguge lai, ACAUB va BCAUB nén AUBC AUB. Vi
AUB I tap dong nén theo dinh nghia, ta ¢6 AUBRB CAUB Vay
AUB=AUB.1

1.6 Biém dinh — Diém tu.

1.6.1 Dinh nghia.

Cho A 1a mot tap con cua khong gian topd X v x 1a mot diém
cua X. x dugc goi 1a mot diém dinh clia tap A néu v6i moi lan can V
cia x tadéucd VNA=@.

Néu v&i moi 1an can V cla x ta déu ¢6 Vﬂ_(A\{x})zﬁ thi x
duoc goi 1a mot diém tu clha tap A. Hién nhién moi diém tu ciia A déu la
di€ém dinh cia A nhung diéu nguge lai khong dung.

1.6.2 Dinh li. Bao déng cia tdp hop A la 1dp hop tdt cd cdc diém
dinh cua A. -

Chitng minh. Néu x khong phéi 1a diém dinh cia A thi s& tén tai mot
lancan m& V cla x saocho VN A=/, khidé AC V. Vi V' 12 tap déng
nén AC VS, tird6 xeA. Nguoc lai néu x¢ A thi xelad) =x\A=V 1

mot tadp mén€unélalancancia x va VNA=#, nghiala x khOng phai 1a
diém dinh cla A. I

1.7 Tap hop trix mat — Khéng gian kha li.
1.7.1 Dinh nghia. Gia sit A, B 12 hai tap con trong khong gian top6
X. Néu BCA thi ta néi tap A tru mdt trong tdp B. Néu AC X va

A=X thi A duoc goi 12 tru mat trong X hay A 13 mot tap hop tri mdt
khdp noi.

Ta ¢6 cac tinh chat sau.
1) Néu A triomdgt trong B, B triumdt trong C thi A trit mdt trong C.
That vay, vi ADBva BOC nén CC A

2)Tdp A trimdt trong B khi va chi khi véi moi x € B va moi ldn
cdn 'V octia x tacé VNA= 4.
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Diéu nay chang qua 12 sy dién dat dinh nghia cta khii niém diém
dinh va trit mat.

1.7.2 Dinh nghia. Khong gian tépd X duwoc goi 1a khd li (hay tdch
duge) néu trong X t6n tai mot tAp con A hitu han hay dém dugc va A
trd mat khip noi.

1.8 Co s0 cua topo.

Thong thudng dé cho mot topo trén X ta phai chi rd tat ca cdc tap
ma (tidc 13 cdc tap hop thudc 7). Tuy nhién trong nhiéu trudng hop ta chi
cén tim mot tap con cua 7 1a dh xdc dinh topd 7. Ta ¢ dinh nghia sau.

1.8.1 Pinh nghia. Gia st (X,7) 13 mot khong gian topd va
#=BCT. Ho B dugc goi la mot co sd clia topd T néu véi moi GeT
t6n tai mot ho con B' ¢ B saocho G= {J B.

Bes'
1.8.2 Vi du.
1. Theo dinh nghia thi ¢ chinh 12 m6t co sd cia khong gian topo
(X.7). )

2. Topo théng thudng trén R nhan ho cdc khoang md (a, b) 1am
mot co sd cua nd.

1.8.3 Pinh li. Ho BCT I mot co sd cia khong gian t6p6 (X, T)
khi va chi khi véi moi xe X va véi moi ldn cdgn V cua x déu 1on tai
Be B saocho xe BCV.
| Chiing minh. Gia stt B 12 mot co sd clia (X,T). Néu xe X va V Ia

mot 1an can ctia x thiténtai UeT d€ xeUCV. ViU= (J G nén
GeB'cr

ton tai BeB dé xe BCU C V. Ngugc lai, cho GeT. V&i moi xeG
tontai B, e B dé xe B, CG. Khidé G= |J B,, trong d6 B, € B. Dinh
xed
1i duge chimg minh. i
18.4 Pinh Ii, Cho B={U, :a €1} C P(X) thod man hai diéu ki¢n :

a} Vi moi U, VeB vavdimoi xeUNV, tén tai We B sao cho
xeWclinv.

b)Voimoi xe X téntai U e B sao cho xel.
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Khi dy ton 1ai mot 10p6 T trén X sao cho B la mdt co 50 cia T.

Chitng minh. Dat T={GEX:G: UUu,, U, eB, ch}. Ta cé :

welf
'

D PeTvifg=U0UU,X=UU,.

aed =)

(ii) Theo dinh nghia cha 7 ta thdy ngay hop mot ho cdc phdn ti
thuéc T ciing dugc biéu dién bing hgp cdc phén tit thudée B nén né phai
thudec 7.

(iii) Cho G,. G, e T. Khidé G,= U U,. G, = U U,, tacé
asS

Bes’

NG, =(U UDN(U Uy)
Jes

weS

= U U W, NU).
aed det'

Ta con ching minh U, NU, € T. That vay, véi moi xe U NU;,
theo gia thiét t6n tai W, € B sao cho xe W, CcU_NU, nén

U.NUs;= U W,eT.

xell, NS,

Néu xeX va G la mot tap md chda x thi khi dy G= J U, nén
o -

xelU,CcG. i

1.9 Co so 1an can.

1.9.1 Pinh nghia. Mot hg V' nhiing lan ¢an cla diém xe X duge
goi la mot co sa ldn cdn cha x e X néu v6i moi lan can U clha x déu tén
tai mét lan can VeV saocho xeV CU.

‘Theo.dinh nghia, v4i mdi x € X lu6n ludn tbn tai co & 1an c4n cha
n6 (ching han tap tdt ca cde 1an can clia x). Trong thuc t& ta thudng quan

tam dén co sd 1an cin 'bé nhit (theo quan hé bao ham) cha diém x.

1.9.2 Binh li. Cho X la khéng gian t6pé. Gid su V, la mét co sd
ldn cdn ciia méi diém x e X. Khi dé ta cd.

1) VxeX, W, eV, racé xeV..

2)Néu V', VZ eV, thi tén tai V, €V sao cho V, C V' NV2.
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3) Voimoi V, €V, déu ton tai mot W, CV, sao cho YyeW, thi tén
tal V. eV saocho V, CV,.

Nguwoc lai gid sw X 1a mét tdp tuy ¥ va véi moi xe€ X tén tai mot
ho V. gom cdc tdp V. C X sao cho cdc tink chdt 1)- 3) duoc. thod man.
Lic dé ton tai mot top6 T duy nhdt trén X sao cho V, 1a mét co s& ldn
cdn cia moi diém xe X.

Chitng minh.

Tinh ch4t 1) hién nhién. Néu x e V! va x € V? thi t6n tai cic tap md
G,, G, saocho x&G,C V), xeG,CV}. Liy V. CG,NG,, V, eV, tacé
V, C V! NV}, Nhu vay 2) duge chimg minh,

Bay gio gid st V, € /. Theo dinh nghia, t6n tai tip m& G sao cho
xe€GCV,. Vi G cing 1A m§t 14n c4n cha x nén theo dinh nghia cla co
sO, phdi ton tai W, €1/ sao cho W, CG. Khi d6 Vye W, tacé ye G nén
G la mot lan can cla y. Vay téntai V, eV saocho V, CGCV,.

Nguoc lai, gid sir tai méi di€m x cia tap X ta ¢6 mot ho V. sao
~ cho c4c tinh chét 1)- 3) duge thoi man. bit

7 ={G C X | hodc G= . hoac VxeG, IV, eV, :V,. CG}.

Ta hay ki€m tra 7 12 mot top6 trén X. That vay, FeT vd Xed.
Néu (G,)  v6i G eT thi G= {J G, cling thuoc T vi néu xeG thi

ael

el
x phii thuoc mot G, nao d6. Liic gy c6 V, dé xeV, G, CG.

Cho G, Gz €T vA gid st xeG=G NG,. Nhu th& s& ¢6
V'CG,V, CG,. Liy V.ey sao cho V. CV ﬂVZ".. Vi vay
xeV. CV'NVy CG NG, =G, hay GeT. Vay T 12 mot 16p6 trén X.
Tiép theo ta s& chimg 16 ring I/ diing 12 mét co s& lan can cha diém x.
Trudc hét ta ki€m tra méi V, €/ 1a lan can cla x. Liy V, eV va dit
G={zeV,: IV, ey, V,cV,}cV, thi 1eG. Matkhic néu zeG va
V,el/ sao cho V, CV, thi theo tinh chét 3) t6n tai W, eV sao cho
VyeW, thicé V,eY, V. CV,. Vay W, €G nén G m& va V, ding Ia
mot 14n cén cla x.
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Nhur the 7 12 mét topd trén X va tai mdi diém x e X! theo cdch
- xay dung 7 thi I/ ding 12 mot ho co s& 1an c4n cla diém x. I

Nhan xét. C6 thé xay dung tép6 bing con dudng ty nhién 13 xuft
phit tir khai niém lan can, Tuy nhién diéu ndy khong thuan tién béng
cach dung ho cic tap ma.

1.9.3 Pinh li. Cho B I¢ mot co 56 cia khéng gian t6pd X. Gia su
ho B dém dwgc. Khi d6 X khd li va 1qi méi diém xe X déu 10n tai mot
co sg lan cdn hitu han hodc dém duoc.

Chitng minh, Gia sit B —{B,, BZ,...}. Trong méi tap B, ta hay 14y
mot di€m x,. Khi d6 tap A={x,, x,,..} |a hitu han hay dém dugc. Ta
ching minh tdp A 1a tri mat khip noi. That vay, cho x 1a diém tuy y clia
X va U la m¢t 1an can cta x. Lic d6 tén tai tap B, € B sao cho
xeB,CcU. Do x,eB, nén ANU = #. Vay xc A.

Mat khic, v6i méi xe X, dat V. ={Be B:xe B}.khi d6 v/ 1a mot
co s lan ¢4n clla x va vi B dém duogc nén V. hodc dé€m dugc hoic
hitu han.

1.9.4 Dinh nghia. Khong gian t6p6 X ¢6 co s& dém duoc goi 13
khong gian thod mén tién dé dém duoc thir hai. Néu X thod min tinh
chdt 12 v6i moi x € X déu tdn tai mot co s& 1an cin dém duge thi X duge
goi 1a thod man tién dé dém dicoc thir nhdt.

Ho ¢4 C P(X) dugc goi la mot phu ca tdp A trong khong gian X

khi va chi khi A 12 mot tap con cta |J B. Phi &1 dugc goi 12 phii mo
Belt

cha A néu moi phén tir chia né 12 tap mé. Phii con cha phu ¢ 1a mét ho
con clia {4 ma ban than ho ndy cling 12 mot phi cha A.

1.9.5 Pinh li. (Lindelof) Gid sit {X.T) la mot khong gian 16p6 ¢6
co sJ dém duoc. Khi 46 moi phii md tuy y U4 cia mot tdp AC X déu t6n
tal mot phi con dém dugc.

Chitng minh. Gid st AC X, 44 1a phi m& cia A vi B 12 mot co s&
dém duoc cha khong gian 10p6 (X, 7). V6i mdi U e, t6n tai mot ho
con cia B dé U bang hgp cua ho con nay. Tap hop tat ca cdc ho con d6
khi U chay khdp 4, ki hiéu 7 tao thainh mot phti m& clia A, hon nita =
la ho con clia B nén = dé€m dugc. V& mbi phén tir F cta tap hop ~, ta
chon ra mot phén t&r U cua ho ¢ sao cho F C U. Nhu the ta 14y ra duge
mot ho con dém duge 2 cua 44 gém cdc tap U vin cdn phi duge A.
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Vay vdi phu bat ki 21 cia A, t6n tai phi con dém duge.

Khong gian 0po dugc goi 1a khong gian Lindeldf néu v6i moi phil
md bat ki ciia né déu tén tai phii con dém duge. Nhu vay khong gian thoa
tién dé d€m thir hai 1a mot khong gian Lindelsf.

1.10 Khong gian con.

1.10.1 Pinh nghia.

Cho {X,T) 1a mot khong gian topo va ¥ 12 mot tap con cia X. Ta
dit 7, ={GNY:GeT}. Lic dy 7, 1a mot topo trén tap ¥, That vay,
F=@NY, Y=XNY nén &, ¥ e T,. Néu (G.NY) _, 1a mot ho cdc tap
thuoe T, thi U (G,NY)=(UG,)NY cing thuse T, vi UG, eT.

el el nef
Tuwong ty, giao cha hai tap thuéc 7, ciing 1a mot t4p thuée T, .

Topod T, dugce goi 1a t8pé cdm sinh 1én tap Y boi topo T trong X.
Khéng gian topd (Y,‘T,,) dugc goi 1a khdng gian con _cﬁa khong gian
(X.T). |

Gia st X 12 mot khong gian topo, ¥ 1a khong gian con ciia X va

A 1a mét tap con cia Y. Dé ¥ ring, néu A 12 mot tap m& (hay déng)
trong Y thi chua chic A 1a m& (hay déng) trong X. Tuy nhién ta ¢6 :

1.10.2 Dinh li. Cho (X,T) Ia khong gian t6pé va (Y,7,) la khong
gian con cia (X T). Khidy : |

a) ACY la mot tdp mao trong khong gian con Y khi va chi khi
A=YNG voi G la mét 1dp md trong khong gian X.

b) BCY la mot tdp dong trong khong gian con Y khi va chi khi
B=YNF voi F la mgt tap déng trong khong gian X.

Chitng minh. a) Ménh dé nay chi 13 su dién ta lai dinh nghia cia
tdp6 cam sinh. '

b) Cho B 1a tip déng trong khong gian Y. Lic d6 Y\ Be T, nén
ton tai tdp md Ge T saocho Y\B=YNG. Tacé
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B=Y\(Y\B)=Y\(YNG)=Y\G
YNNG =Y nN{X\G),
trong d6 X\G la mot tap dong trong X.
Nguoc lai, néu B=YNF v6i F dong trong X, ldc ay ta c6
YNB=Y\(YNF})=Y\F=YN(X\F).

VI X\F 13 tp m& trong X nén YN(X\F) 12 m& trong Y. Vay B I
t4p déng trong Y. 1

1.10.3 Hé qua. Cho Y la mgt khong gian con cua khéng gian t6po
X va yeY. Khi d6 néu V, la mot ldn cdn ciia y trong Y thi 16n tqi mot
ldncdn V cua y trong X sao cho V, =VnNY.

1.10.4 Hé qua. Cho X la mot khong gian 10p6 va Y la mot khéong
gian con cua X. Liuc do

a) Bé moi tGp md trong Y ciing 1d tdp mad trong X, diéu kién cdn
vadula Y mdtrong X. _

b) P& moi tdp dong trong Y ciing la tdp déng trong X, diéu kién
cdnvadula Y déng trong X.

Néu trudmg hop a) (t.u., b)) thoa mén, ta goi ¥ I khong gian con
md (t.ar., khong gian con déng) clia khong gian X,

1.10.5 Pinh li. Cho Y ld khéng gian con ciia khong gian tépé X va

A la mot tdp con cua Y. Ki hiéu A la bao déng cua A trong khéng g:an
con Y. Khi dé ta c6

A=ANY,
trong d6 A 1d bao déng ciia A trong khong gian X.

Chimg minh. Do Al tap déng trong X nén ANY 1a tap déng
trong Y va chia A Vay ACACY. Mat khic do A déng trong Y nén
t6n tai t4p dong F trong X sao cho A=FNY. Vi ACF nén ACF,
nhuthé ACF=F. Vay A=FNYDANY. Dod6é A=ANY. I
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1.1.

1.2,

1.3.

1.4

1.5.

1.6.

1.7.

1.8.

- BAI TAP

Che X 12 mot tap hgp c6 vo han phin tlr, Dat
7={ACXI|A= g hoic X\ A hiru han}.
Chimg minh ring :
a) T la mét topd trén X, _
b)Néu A, BeT vi A=, B=¢ thi ANB=4#.
¢) (X, T) 1a mot khong gian kha li.
Gia st (X, 7) 1a mot khong gian topd thod man tién dé dém duge I1.
Chimg minh ring méi co s0 bat ki B cia T déu cé chia mot ho
con dém dugc B’ déng thdi B’ ciing 1a cosd cla 7.
Cho A, B 13 hai tdp mo trong khong gian topd X sao cho
ANB =g Ching minh ring inf ANinf B =@.
Cho A 1a moét tap trii mat khdp noi trong khong gian topé X. Gia
sit U 12 mét tp mo trong X. Ching minh ring
U=UnNA.
Cho U 1a mét tap md trong khéng gian topé X vd Ala mot tap con
cia X. Chimg minh ring
UnA=Una ,
Trén tap R cdc s6 thyc, ta xét ho céc tap con ¢ cha tdp R xdc
dinh b&i
{[a, / a, be R}
Ching minh ho nay 1ap thanh mét co sé& cla tap topd T’ trén R.
Hay so sdnh topo nay voi topd thong thudng trén R.

Chimg minh rang t6pd cho bdi mot métric trén X ¢6 tinh chét 12
vOi moi x € X ton tai mot co sd 1an can d€m duoc.

Trén R ta xét ho céc tap con
7, ={U cR10eU}U{g].

Ching minh rang 7; 12 mot topo tréen R va (R,7;) kha li nhung
khéng c6 co s& dém dugc.
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1.9. Cho B={(a. b):a. b Q}. Chimg minh ring B 12 mot cd s& cia
topo thong thudng trén R.

1.16. Cho Z 1a tap cic s8 nguyén. Ki hiéu B=B{m n)=
{km+n:keZ}. Ching minh B 13 co s& clia mot topd trén Z.

1.11. Cho Y la moét khéng gian con cha khong gian t0pd X sao cho
Y=UUV véi U, V la cic t4p m& khdc réng trong khong gian con

Y va UNV =@ Ching minh ring t6n tai mot tap m& A, B trong
X saocho ANB=@ va U=ANY,V=8nNY.

§ 2. ANH XA LIEN TUC

Cho {X. 7') va (Y, ¢4) 1a hai khong gian topod va f 1a mot 4nh xa
tir X vao Y. Treén hai tdp X, Y ¢6 trang bi cdc topo nén bay gidy ta 6 thé
dinh nghia th€ ndo 12 mdt 4nh xa lién tuc. Thyc ra cdc khdi niém nay 13
su tdng quat hod cdc khdi niém da gap trong giai tich so cAp trude day.
V@i moét sy cdn than thich dang, ban doc c6 thé tv minh phat biéu va
chimg minh cédc tinh chit lién quan dén 4nh xa lién tuc.

2.1 Pinh nghia. Anh xa f:X>7Y dugc goi 13 lién ruc tai diém
Xy € X néy v6i moi lan can V cla f{x,) déu ton tai mot lan can U chia
xo sao cho fF(U)CV.

Anh xa f duge goi 1a lién tuc trén X néu nhu f lién tuc tai moi
diém xe X.

Ta c6 cdc ménh dé twong duong sau day.

22 Binh li. Cho X, Y 1 hai khong gian topo va f:X =Y la mot
dnh xa. Cdc ménh dé sau day la tuong duong

i

aj) [ lién tuc irén X.
b) voi moi tgp déng F CY thi f~'(F) Ia tdp déng trong X.
c)vai moitdgpmé G CY thitdp f'(G) md trong X.

d) FUA)c FQA) véi moi tdp ACX.
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Chimg minh,

a) = d). Gia sir yef(Z). Liic d6 t6n tai xe A dé y= f(x). Goi
V 1a mot 1an can bat ki cua y. Do f lién tuc nén t6n tai mot tan can U
cta x dé FIU)CV.VixeA nen UNA=#. Suyra

fUINfA) D FlUNA)= @
nén VN f{A) = #. Nhuthé ye f(A).

d) = b). Gia sit F déng trong Y. Pat A= f~'(F). Khi 4y ta c6

FLA)C F, vi th€ f(A)CF. Miatkhic, dé ¥ rAng néu E latap concia X .
taluon luon ¢é6 EC f1(f(E)). Dodéldy E = A, tadugc |
acr (@) e Flcr ' (PH=a

Vay A= A= f"'(F) 1atap déng.

b} = ¢) hién nhién.

¢) = a). Gia st x;€ X vA V 1a mot Ian can bat ki cia f{x,}. Cho
G 1a mot tap m trong ¥ sao cho. f(x,)e G V. Khid6 f~(G) 1a mot
tap m& trong X chia x, nén dat U=f_' (G) thi nd 12 mot 14n cén cia
x,. Tacé

f=fr'@)cGev.

Vay f lién tuc tai x,. 1

2.3 Pinh li. Gid s X, Y, Z la ba khong gian tops, f:X—Y la
dnh xa lién ﬁ_cc tai xo€ X va g Y~ Z la dnh xa lién tuc tai y, € f(x,).
Khi dé dnh xa hop h=gof: X = Z lién tuc 1gi x,e X.

Chitng minh. Cho W la mot 1an can cia h(x,)=g(y,) trong Z.
Khi d6 vi g lién tuc tai y, trong Y nén ton tai lan can V cua y, dé
g(V)CW. Mit khdc, £ lién tuc tai x, nén ton tai lan can U cla x, dé
fU)c V. Nhu vay
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h(U)=(go )W) =g(fW))cgvicw.
Diéu nay ching to 7= go f 12 4nh xa lién tuc tai x, € X. |

2.4 Phép dong phoi.

Cho X, Y la hai khong gian topo. Gid sit f: X —Y la mot song
dnh sao cho f va 4nh xa nguge f~' cha né ciing lién tuc thi f duge goi
12 mot phép dong phoi (hay phép bién ddi tépo) ti X len Y. Hai khong
gian t6pd dugc goi 1a déng phoi v6i nhau néu ¢6 mot phép dong phoi tir
Khong gian ndly lén khong gian kia. Ta cdn goi hai khong gian nay 12
rwong duong t6po. Néu moét tinh chét nao 6 ddi vai khong gian topo X
thi né cling ¢6 d6i v6i khong gian topd Y dbng phoi v6i né thi tinh chéit
ay dugc goi 1a mot bdt bién tops. N6t mot cdch noém na, tOpG 12 mén hoc
nghién ctu vé cdc bt bién 1Opo.

2.5 Nhan xét.

1. Theo quan diém top6 thi hai khong gian t6po dﬁng phoéi véi nhau
duge ddng nhét voi nhau.

2. Cho 7" v 7’ 12 hai t6po trén cing tdp X. Ta c6 T =T khi va
chi khi 4nh xa déng nhat id : (X, T} — (X, T') 1a phép déng phoi.

BAI TAP

2.1. Cho X, Y 12 hai khéng gian tdp6, f:X — Y la mét dnh xa. Chu‘ng
minh ring ba ménh dé sau day la tvong duong :

a) f lién tuc.

b) Vé&i moi BC X tacé f-(B)Cinf £~ (B).
¢y f7'(B) 12 mot tap m& v6i moi B thudc mot co s& clia tOpo
trong Y.

-2.2. Ki hiéu 7 Ia topd thong thudng trén R v {1 13 top6 xdc dinh bdi -
co s§ B={a, b), a. beR}. Xét dnh xa f:(R, U)—>(R, T) xdc
dinh baoi cong thite
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2.3.

2.4,

2.5.

f(x):{x’ néux <0,

x+1, néux=>0.
Ching minh f 12 4nh xa lién tuc.
Ki hiéu nhu bai tap 2.2, ta xét 4nh xa g:(R, T)— (R, &) xdc dinh
bdi coOng thifc:
X, x <0,

(x)=
BT e+ x>0,
~Chitng minh ring 4nh xa g khéng lién tuc.

‘Gid st T, ¢ 12 hai topé dugc cho trén ciing mot tip X va
id: X — X 12 4nh xa déng nhét. Ching minh ring 4d lién tuc khi va
chikhi #4CT.

Gia sir X' 1a mot khong gian t6po, F,, F, 1a hai tap con dong ctta X
sao cho X = F,NF,. Ching minh ring néu f:X - Y la mot 4nh xa

sao cho f|FI, f‘F? lién tuc thi f lién tuc trén X.

§ 3. KHONG GIAN TiCH - KHONG GIAN THUONG

3.1 Xac dinh topo boi mot ho cac anh xa.

3.1.1 Dinh nghia. Gid sir X 12 mot tap tuy ¥, (X, ) _, 1amét ho céc

khong gian topd va méi cef tacémoéténh xa f 1 X -5 X tredp X vao
tap X_.. N€u trén X ta xét t6p0d manh nhét (tic 12 topod rdi rac) thi hién

nhién (4t cd cdc dnh xa £, déu lién tuc. Trudng hop niy la tdm thudng.

Ta s& ching to riing trén X s& t6n tai mot topod y&u nhat T sao cho tdt ca
céc anh xa f, déu lién tuc.

GC( i

Ki hieu 7, 1a topo trong X,. Pat G= (1 £,'(G, )C X, trong do
FES I -

€7, va n 1a mot s6 nguyén duong nao dé. Ki hiéu 5 12 ho tat cd
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cac tdp G ¢6 dang nhu trén. Khi dy t6n tai mot topd 7 trén X nhan B
lam cosO: Tap AC X 12 7-md khi va chi khi A 13 hop clia mot ho cac’
tap thudc B,

Gid st T 1a mot topd trén X sao cho tat ca cdc 'fu déu lién tyc. Khi
dy néu G, €7, thi f'(G,) 1a mot tap m& trong X, nghia 1a £'(G)e =.
Do d6 néu cdc G, 1a céc tap md trong cdc tap X,, (i=1... n) th

f(_":'(Gn ) latap m& trong £ nén Ge X nghiala T C I

Nhu vy 257 hay 7 12 t6po y€u nhat 1am cho tit ca cic f, lién
tuc. 7" duge goi 12 16ps ddu trén X xdc dinh nhé ho 4nh xa (£,) .

3.1.2 Pinh li. Gid sit T la t6p6 ddu trén X xdc dinh bdi ho dnh
X@ (fy )y fo 1 X = X, Y 12 mot khong gian t6p6 va f:Y — X la mot
dnh xa. Khi d6 f lién tyc khi va chi khi véi moi «el, cdc dnh xq
foof liéntuc.

[

Chitng minh. Di€u kién cén 12 hién nhién. Ta chimg minh diéu kién
di. Gid sir U = £7'(G), GeT,. Khi d6

W=7 =(f 0 f) ' (6)
1a mét tap mo trong Y. Do d6 néu V 12 mot tap thudc co s& clia T thi
V= ﬁ U, tacé

=N, er.
: i=1 '
Tir day suy ra f lién wc. B

Bay git cho X la mot tap va (X, )., 1a mot ho cdc khéng gian
~ t6p0. Vi mbi cel, tacé dnh xa g, : X, — X. Néu trang bi cho X topo
y€u nhit (tic 12 topo the) thi tat ca cdc 4nh xa g, déu lién tuc. Vin dé 13
hay tim trén X mot topo manh nhét 1am cho t4t ca cdc 4nh xa g, déu

lien tyc. Dat € 12 ho tét cd cdc 1ap con G C X sao cho g_'(G) l1a tap md
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trong X, v&i moi ael. Khidé ta kiém tra duge § la mot topd trén X.
Néu 1 1a mot topo trén X sao cho g lién.tyc vi G 13 mdt n— md thi

£.'(G) mé&trong X, véimoi ove/ nén Gef vadodé n<t. Vay € la -
top6 manh nhat trén X 1am cho tat ca cdc g, lién tyc.

3.1.3 Pinh nghia. Topo € mo 13 & trén duge gol 1a t6pd cuodi trén
X xdc dinh bdi ho céc 4nh xa (g, ).

3.1.4 Dinh li. Gia su § la t6po cudi xdc dinh trén X bdi ho dnh xa
(8 )uer

& X, =X

va g: X oY la mot dnh ig. Litc dé g Hén tuc khi va chi khi (gogﬂ) lién
tuc Vi moi el

Chiing minh. Diéu kién cén 12 hién nhién vi tich cdc 4nh xa lién tuc
1a lién tuc. Nguoc lai, cho G 1a mot t4p md trong ¥, khi &y ta cé

(gog,) (G)=g:'(¢7'(G))

la m& trong X, véi moi ael. Do vay ¢! (G) 1a m& trong X theo dinh
nghia cla tde cudi. I '

3.2 Khong gian tich.

3.2.1 Pinh nghia. Cho (Xu-)o.e; la mot ho nhitng khong gian topo.,
bat X latich Descartes clia ho cdc tap hop (X, ):

X=T11X, :{(x‘_‘)uef L x, € Xo}

oef

z{x:[—é U Xu/x(a)=xanu}.

oef
Céc x,, o€l la cac thanh phdn (toa d9) clha phan tir (x,} _ . Vdi mbi

o € 1, ta xét phép chiéu p, XX

[
fryy

cho bai

X, 3(x) , —x eX,

aEf o, Xy )
ef
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Top6 yéu nhit trén X 1am cho t4t ca cdc phép chiu nay lién tuc
(topd ddu trén X xdc dinh boi ho (p,) _,). duge goi 1a t6pé Tikhonov
trén X vd X clng voi topd nay trd thanh mot khong gian topod goi 12
khéng gian tich (hay tich Tikhonov) cta cdc khong gian tops X_.

Ta hay xdc dinh rd hon 16po Tikhonov trén X nhu sau. Néu G, 1a
mot tap md trong X, thi tap hop

p(:[f (G“u ) = G{lil x H Xn
1a tap mo trong X.
Mot tap hop thude vao co sé cha topd tich sé ¢6 dang

v=npG. ),
N, (G.)
trong d6 G, 1a tap md trong X, . Ta c6 thé viét lai nhu sau

v:_rj(c;ﬁ,x I X“)zﬁlG“*x( I X,

e, (L] TRV W

TeBPinh1i3.1.2tacéd:
3.2.2 H¢ qua. Gid su Y ld mot khong gian topo. X = [] X, la tich

ael
Tikhonov cita cdc khong gian topé X, e l. Piéu kién cdn va du dé
dnh xa f:Y — X lién tuc 1o véi moi ael, cdc dnhxa p of:¥Y —>X,
lién J‘QC.

3.3 Khéong gian thuong.

3.3.1 Dinh nghia. Cho X la mot khong gian tépo. Gia s trén X cé mot
quan hé tvong duong R. Ki hiéu X =X /R = { X : ¥ 1a16p wong duong}
va g la dnh xa thuong, d6 12 phép chiéu tir X 1én X cho bdi cong thiic

XBx—>g(x)=f={yeX/ny}.

To6po manh nhat trong cdc tOp6 trén X sao cho g lién tuc (topod
cudi xdc dinh bdi dnh xa g) dugc goi 12 t6po thuong trén X, Khi dy X

cung vdi topo ndy dugc goi 1a khong gian t6p6 thuong cia X theo quan
hé¢ R.
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T dinh nghia ta ¢6 dinh If sau day :

3.3.2 Pinh li. Cho X & khong gian topo vi & 13 quan hé tuorng
duong trén X. Khi ay -

a) Tap hop V C X la tgp md khi va chi khi g~ (V)= | % la tdp
xeV
md trong X.
b)Y Tdp hop F C X la dong khi va chi khi g~ (F) la tdp dong trong X.
Dinh Ii sau la mt hé qua cta Dinh 1 3.1.4,

3.3.3 Pinh li. Cho X. Y la hai khong gian t6p6, X/R la khong
gian thuong theo quan hé teong duong R va f:X/R —>Y. Khi dy f
lién tuc khi va chi khi fog:X > Y lién tuc.

BAI TAP

3.1. Kihiéu X 12 tap s6 thuc v6i topd thong thudng va ¥ = (R, &) trong
doé L1 1a topo rdi rac trén X,

a) Chimg minh ring tap < ={(a, b)x{c}:a, b, c € R} 1a mot co s&
cha topod tich trén Z = X xY. _
b) Tim phan trong va bao déng cdc tap sau day trong Z:

A={(x. 0)eZ:xel0, 1)}.
B:{(O, y)eZ:yelo, 1)}
=[0. 1jx[o, Nc Z.
3.2, Cho X, Y lahai khong gian topd A C X va BC Y. Ching minh ring :
a) inf(AxB) = Ax B.
b) AxB=AxB.

3.3. Cho (X,T) la mot khong gian top6, ¥ 12 mot tap va f 1a mot 4nh
xa tt X vao Y. Ki hiéu £ [a topo cudi trén Y xdc dinh b&i f. Véi
ACX takihitu A" = f7'{f(A)). Chitng minh :

a) V6imoi ACX tacé f(X\A )= FOON F(A).
b) flA)ec e A" eT.
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§ 4. CAC TIEN PE TACH |

Khong gian tépd theo dinh nghia 12 mét cdu tric todn hoc khi don
gian va rdt téng quit nén c6 thé ing dung vio nhiéu finh hudng khic
-nhau. Tuy nhién néu khong bd sung cdc yéu ciu khic thi né it ¢6 nhing
tinh chit thd vi. Ching han, trong cdc khong gian tho thi ta khong thé
phan biét cdc diém véi nhau, con khong gian rdi rac thi mbéi diém lai thu
vé titng S¢ dao nén chiing khong ¢6 gi dé nghién citu thém. Muc nay danh
dé nghién cu viéc tdch cdc diém ciling nhu cdc tap déng.

4.1 Cac dinh nghia va tinh chat.

4.1.1 Khéng gian topd (X.7T') duge goi 1a khong gian thod man tién
dé tdch T, (hay T, — khong gian) néu v6i hai diém khac nhau trong X thi
s& t6n tai mot 1an c4n cia diém ndy ma khong chia diém kia.

4.1.2 Dinh li. Khong gian top6 X la mot T, — khong gian khi va
chi khi mdi phin nt x € X, tdp hop 1x} la tdp déng. |

Chung minh. Cho X 12 mét T, —~ khéng gian v& xe€ X, ta ching
minh X\{x} 12 tap md. That vay, néu ye X \{x} tiic 1A y=x, khi dé
ton tai mot 1an can V cha y nhung x¢V. vay VC X\{x} hay {x} 12
tap dong. Nguoc lai, do {x} déng vi y=x nén ye X\{x} 12 ta;) mao
nén phai ¢6 mot lan can V cia y chida trong X \{x} nén x¢V. Vay X
la mot 7, — khong gian. I

4.1.3 Khong gian topd X dugc goi 1a mot T, — khong gian hay la
khong gian Hausdorff néu v6i 2 diém x, ye X, x=y thi s& t6n tai cic
lan can U cia x, 1ancan V ciia y sao cho UNV =4.

4.1.4 Vi du.

1. Cdc khong gian métric déu 1 cdc khong gian Hausdorff.

2. Moi T, — khong gian déu 1a 7, — khong gian.

4.1.5 Khong gian t6pé X duge goi 12 mot T, — khéng gian hay la
khéng gian chinh quy néu X 1a T, — khéng gian v véi mgi x € X va moi

tap déng FC X sao cho x& F thi t6n tai cic tip md UDx vA VO F
sao cho UNV = 4.
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4.1.6 Pinh li. Cho X la mot T, — khong gian. Lic d6 X 10 T,—
khéng gian khi va chi khi voi moi x € X, voi moi ldn cdn V ctia x, t6n
tai mot lan cén U cia x sao cho xelU CUCV. .

Chitmg minh.

Diéu kién cdn. Cho xe X va V 12 mot 1an can cia x. Theo dinh
nghia, t6n tai tip m& G sao cho xeGCV. Nhrvady x¢ G =F la tap
dong. Theo gia thi€t T, cha X, t6n tai cac tap mé U, W sao cho xel,

C WOFwAWNU=# Suyra |
UCW CF =GCV.
Vay
UcUcW cv.
Difu kign dit. Cho xe X va F 12 tap d6ng trong X sao cho x& F. Khi
dé V = F° lamot lan cén cha x nén tdn tai U md dé xelU cucy. bat
W=U .tacé U DV* hay FCW va xeU, UNnW=4.

Binh i drge chitng minh. 1

4.1.7 Khong gian topé X duge goi 1a mot T, — khong gian hay la
khong gian chudn tde, n&u n6 1a mot 7, — khéng gian vi véi hai tap déng
A, B khong giac nhau, s€ t6n tai hai tap m& U D A, VDO B sao cho
unv =4 |

4.1.8 Pinh li. D¢ khong gian 16p6 X la khong gian chudn tde, diéu
kién cdn va di la voi moi 1dp déng A va moi tdp md G D A déu 16n tai
mot tap mé U sao cho ACU CU CG.

Chitng minh.

Di¢u kién cdn. Dat B=X\G. Khi 4y B latap déng va ANB=4.

Theo dinh nghia cia khong gian chudn tic, ldc d6 t6n tai 2 tap m& roi
nhau U,V saocho ACU va BCV. Tap hgp X\V 1a déng va chita U

(Vi UNV=40) nén UCX\V=X\VCX\B=G. Vay diéu kién c4n
dugc ching minh.

bicu kien di. Cho A, B 1a hai tap déng trong X thod min
ANB=#. Lic d6 tap hop G=X\B 1a mé vda ACG. Theo gia thié,

8- HSBST 113



tén tai mot tap m& U C X sao cho ACU CUCG. Pat V=X\U. Liic
d6 V latapméva VNl =4, honnita B=X\GC X\V=V. I

4.1.9 Pinh li. Cho X la mot khong gian tépod chinh quy. Gid sit
X thod mdn tién dé dém dwgc thit hai. Liic dé X la mot khéng gian
chudn tdc.

Chitng minh. Goi B 1a mét co s& dém duge trong X. Cho A, B 1a
hai tap d6ng trong X vi ANB=. Nhu vdy X\ B 1a mot tap md chia
A nén né 12 1an can cha moi di€m thude A. Vi mdi di€m x € A, theo

Dinn If 4.1.6 va dinh nghia cia co s& tops B, tén tai tap hgp V(x) e B
sao cho
xeV(x)CV{x)C X\B.

Cho x chay khip tap A thi do ho B d&€m dugc nén ¢ mot s6 hiru han
hoac dém duge cdc tap V(x,)=V,, neICNsaocho

AC UV, V,eBvaV,CX\B.

nel

1i luén tuong ty d6i véi tap B, ta cling ¢6

BCUW, W e¢BvaWn,eX\A, JCN.

m?* L]
met

bar
P=V, 0 =W\P,

/=Y \ép o, =W, \(FI Uﬁz)

.................

a1 "

P =V\(UQ) Q,=W,\(UP),
i=| : i=l1

vaP=UP.0=U0,
nef

net
Do cac tap F, va ¢, 1a nhing tdp m& nén P va @ ciing 1 nhimg tap mé.
Véimoi m, n tacé P,NQ, =@ That vay, néu n <m, thi

Q, =W, \(UP)CW,\P.CW, \P,

i=1

114



nén P,NQ, =& Néu n>m thi
n-1 —_
&:Vn\(UQf)CVn\QmCVn\Qm
i=1

nén P,NQ, =4 Suyra BNQ=4.
Ta chiing minh A C P. That vay, n€u x€ A thi ton tai nye/ sao
cho xeV, . Ngoai ra xgWn do W.CX\A nén xg{énv()i moi nel.

n=t
Nhuvay xeV, \UQ;=F, dindén xeUF, =P. Do d6 ACP. Ching
=] ' "

minh tuong tu ta ¢c6 BCQ. Theo dinh nghia thi X a2 m6t khong gian
chuén tic. 1

4.2 Su tdn tai cac ham lién tyc.

4.2.1 Pinh li. (B6 dé Uryshon) Gid st X la mot khong gian t6pd
chudn tdc, A va B la hai 1ép con déng cia X sao cho ANB=#@. Khi
dé ton tai mot ham so' lién tuc f: X — R sao cho

a) f(x)elo, 1], vdi moi xeX

b) f{x}=0 khi xe€ A.

c) f(x)=1khi xeB.

Chitng minh.

Buéc 1. Ta hdy xdy dung ham s@ thod mén a) — ¢).

Ki hiéu r 12 cdc s@ hitu ti nhi phan trong khoang (0, 1}, tdc 13 cdc

s§ ¢6 dang r:zk—n, k=1,2,..2"-1, véi n=1, 2,...

V@i n=1, theo Dinh 1i 4.1.8 t6n tai mot tap m& ki hieu A,,, sao
cho ACA,, C?,ZCX\BEG, trong d6 G 1a mét tap md chira A.

Gia su khi n= p ta xay dung dugc mot day tap m& A, ¢6 tinh chat

7
k .Szi'] th.i

néu r<s —
27 27

r=

ACA CA CA CA CG.
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Khi n=p+1, ta xét cic s§ dang r=

Véi céc s6 k chin,

2p+} '

(1<k<?2P"'—1, thi cdc tap A di dugc xay dung & budc thi p. Néu &
18, lic dé

k—1 k k+1
2p+1 2p+l 2p+] '

Ciing theo Dinh 1i-4.1.8, tén tai c4c tap md A ¢ Ssaocho

vOi k 1as618va 1<k<2rt ],

Bay gid ta dat mot ham s6 f(x) xdc dinh trén khong gian X theo
cong thirc sau :

e Néu xeNA4, thi f{x)=0,
o Néu x¢NA, thi flx)=sup{r:x¢A}.

Theo dinh nghia cta f(x), ta thdy ngay 1a 0< f{(x)<I, v6i moi
x € X. Mat khdc, ACA, voimoi r nén ACNA,. Do d6 néu xe A thi

fix)=0. _
Néu xe B tiicla x€ X\ B nén x ¢ A v6i moi r. Nhu vay

f(x)=sup{r=2£n, neN, 1§k§2"—-1}:1.
Budc 2. Ta chimg minh f lien tyc tai moi diém x, € X.
Néu xuéﬂA, thi f(xu)=0. VGi € >0 cho truée, ta chon ry du

nho sao cho 0<r <e Dt U= A, 12 mot lan cén cia x,. Khi d6 véi

'in yelU tacé fly)< 1p- That vay, n€u r>r, thi ye A, y chi cé thé
khong thudc A, v6i r <. Nhu vay

)= F(x) =lf B)=0l= F () < <e.
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Néu x¢MNA,, khi d6 0< flx})=c. Gid st c<1. V& ¢>0 cho
trudc (e <1) ta chon cdc s6 hitu ti nhi phan r va s sao cho
€ €
C——<r<ec<s<e+—.
2 2

Do c=sup{r:x, & A}, nén x, €A, vi x,€ A nghiala x,c A \A =U.
Khi d6 U 1a mot lan can m& cha x,. Vi moi ye A \A . theo dinh
nghia clia f(y), tacéd r < f(y)<s. Lic 4y

) =7 ()=l ()| <e
Bay gid xét trudng hop f(x,)=1. Lic 46 x,¢ A v6i moi
re(0,1). Ldy r saocho l—e<r<1, ta c6 X, €X\A =U 1a mot an
cdn mé coa x, Néu yelU thi'ygéﬁr nén f(y)>r. Thanh thi
l1—e<r< f(y)<1 vasuy raduge

IFO)=fx)|=1-F(y)<e
Nhu vay trong ¢a 3 trudmg hop ta déu ¢6 f lién tuc tai x,. B

4.2.2 H¢ qua. Gid sit X la mot khong gian chudn tde. Khi dé ho
C(X) cdc ham 56 lién tuc trén X tdch cdc diém cia X, nghia la véi
moi Xy, X, € X, xy=x, thi t6n tgi mét ham s6 feC(X) sao cho
'f(xl) =f(x2).

Ching minh. Vi X 1 T, - khong gian nén tap mot diém 1a tap
déng. Ap dung Binh If 4.2.1, ta thdy t6n tai mot ham s& lién tuc trén X
sao cho f(x)=0, f(x,)=1.

4.2.3 Pinh li. (Dinh 1{ Tietze-Uryshon) Cho X Ila m¢ot khong gian
chudn tdc va M 1a mot tdp déng chita trong X, Gid sir f:M >R lamot

ham s6 thue lién tuc sao cho sup|f (x)| < +o00. Lic db 1on tai mot ham s&
xeM

thuc lién tuc F trén X thod man F ‘ y =1 vd
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sup|F (x)| = sup |f(x)|.

xeX xeM

Chitng minh. Dat c=sup|f(x)[. Néu ¢=0 thi ta chi cdn iay

xeM
F(x)=0 v6i moi xeX 12 xong. Né&u ¢>0, ta ki hiéu céc tap hop
Az{xeM:f(x)g-——;l} va B={xeM:f(x)2§}. Ta ¢c6 ANB=4.

Mf_u khéé do f lién tuc trén M nén A va B la hai tap dong trong M va
chiing ciing déng trong X vi M 1a mot khong gian con dong cta X.
Theo bd dé Uryshon, t6n tai mot ham s6 ~:X — [0, 1] sao cho A(x)=0

voi moi xe A vd h(x)=1 khi xe B. Pat h](x)=%c[h(x)—%]. Khi d6

h(x)—ilglé. VxeX.
2073 -

1) |h]_(x)|=%c

2) VxeM, |f(x)—h (x) g%c. (Bing cdch xét cdc trudng hop
x€A, xeB vi xe M\{AUB), ta s&€ nhan dugc d4nh gid nay).
Bay gid thay cho f{x) va c, ta xét ham s6 f(x)—h {x) va s8 %c,

ta nhan dugc ham s6 4, {x) lién tuc trén X va thod mén

|h2(X)|SJ§[§‘C], v6i moi x e X, va

5V
|f(x)—h](x)—h2(x)l$[§] ¢, véimoi xe M.

Béng quy nap, ta thu dugc mot diy ham s6 (hu (x))n xdc dinh lién

tuc trén X thod mién cdc diéu kién

n

a) 1hn(x)‘§%[-§] c véimoi xe X.

flx)- Z":h,- (x)

i=1

b) S[%] ¢, véimoi xe M.
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L]

Tir di€u kién a) ta suy ra chudi ham i h,(x) hoi tu déu trén X dén
n=| .

ham s6 F(x)= 3 h, (x). Vi cdc ham h,(x) litn tuc trén X nén F(x) 12

n=1
ham lién tyc trén X. Cho n — oo trong diéu kién b), ta ¢6

<0,

‘f(x)—ihn(x)

n=l|

hay f(x)=F(x) v6i moi xe M. Nhu th€ F|,, = f. Hon nita,

sup|F (x)| > sup|F(x)| = sup|f (x)].

1eX xeM reM

Mat khéc, véi moi x e X ta cé

n=]

-~ n—1
|F(x)| < i 1h,, (x)‘ < %cgl [—g—] = ¢

nen sup|F (x)| < ¢ = sup|f (x)|. Nhu vay

xeX xeM

sup|F (x)| = suplf {(x)|

xeX teM
va dinh If duoc ching minh. i
4.2.4 He¢ qua. Cho f la mot ham s6 thuc lién tuc trén tdp dong
M trong khéng gian chudn tdc X. Khi dy ton tgi mot ham sé thuc lién tuc
F trén X sao cho F‘M = f.

BAI TAP

4.1, Cho X 1a mot khong gian top6. Ki hieu A{(x, x): xe X} 12 tap con
cia X x X, Ching minh ring X 12 mot 7, — khong gian khi va chi
khi A 1a mét tap déng trong khong gian tich X x X.

4.2, Hay tim m¢t vi du vé mét khong gian topo thoa tién dé 7, nhung
khong thoa T;. |
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4.3. Cho X lamot T, — khong gian vd ¥ 12 mot khong gian con clia X,
Ching minh Y ciing 12 7; — khong gian.

4.4. Cho {X,T) 1a mot khOng gian topd va R C X x X 1a mot quan hé
tuong duong trong X. Ching minh :
a) Néu khong gian thuong X /R 1a 7, — khéng gian thi R 13 tap
déng trong khong gian tich X x X.
b) Néu R dong trong XxX va g(A) 1a m& trong X/R véi moi
AeT thi X/R 1a T, - khong gian. (g: X — X /R 12 4nh xa chiéu).

§ 5. KHONG GIAN COMPACT

5.1 Dinh nghia va cac tinh chat co ban.

3.1.1 Pinh nghia. Tap K C X clla khong gian t6p6 X duoc goi 12
mot tap compact n€u mdi phil m& ciia né déu c6 chita mot phi con hitu
han. Néi cdch khic, gid st (G,) _, 13 ho cdc t4p m& thod man K < U G,

act

thi 6n tai c&c G, , G, ... G, saocho KC (JG, . Khong gian t0po X

i=l

duoc goi la compact né€u ban than tap hop X 1a compact.

5.1.2 Vi dy. Tur dinh nghia ta ¢ ngay 12 cdc tip hop gdm mot s6
hitu han diém trong khong gian t6p6 tuy ¥ 13 tap compact. Hop mot s6
hitu han t4p compact 14 tap compact.

5.1.3 Pinh li. Gid st X la khong gian compact. Khi &y moi tdp con
dong cua X déu la tdp compact.

Ching minh. Cho A 1a tap con déng cha X. Gia sir (G, )oey 12 mot
phi md cha A. Khidy (G,) U{(Xx\ A)} 1a mot phit m& caa X. Do X

compact nén tén tai phl con hiru han Gy G

u’l\l

sao cho

X=(xX\AWUG,)
=1

Lic &y AC cj G, nén A 1a tap compact. §

i=]
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biéu ngugc lai cla dinh If chi diing néu nhu X 13 mot 7, — khong
gian.

5.1.4 Dinh li. Néu X Ila mgt T, — khong gian thi moi tép con
compact cua X déu la tdp déng.

" Chitng minh. Cho K la tap compact chita trong X. Ta ching minh
X\K latahp mé. Ldy ye X\ K. V§i moi xe K déu tdn tai cdc l14n can

md V{x) cha x valan c4n V (y) cla y sao cho V(x)NV, (y)=49. Ho
¢ =1{V(x)},x 12 mot phis m& ciia K nén tén tai phit con hitu han :

Kc(vix)=V.

i=l

pat U = i’n) v, (y) thi V 1a mot tan can md clia diém y. Hon nita

i=1
KU c (U venng ﬁl vV, C J_L’_]J](V(xf)ﬂ v, W=,

Nhuthé U C X\K nén X\K méticla K déng. 1

Tir viéc chitng minh dinh If trén ta suy ra :

5.1.5 He qua. Néu X la mor T,~ khong gian, K Ia tdp con
compact cua X va x @€ K thi tén tai tdp mg U2 x, tap m& V O K sao
cho UNV =4.

5.1.6 Dinh li. Cho X la mor T, — khéng gian va A, B la hai tdp
compact cia X vé ANB=@. Lic dé t6n tai hai tdp mdé U,V trongX
sao cho ACU,BCV vaUNV =4, ' |

Chitng minh. V6i méi x€ A t6n tai cdc tap m& U, va V, sao cho

xeU,BCV, va UnV, =4 Ho (U,) , la mot phit mé cia tap

compact A nén t6n tai phil con hitu han A C CJ U,.Dbat

=1

u=0U,.v=NV,.

i=l i=l

Licd6 UnV=g vaUDA V>8I
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5.1.7 Hé qua. Gid s X la mgt T, — khong gian va dong thoi X
con la compact. Luc d6 X la mot T, — khéng gian (tic la khong gian
chudn tdc).

Ching minh. Gid st A, B 1a hai tap déng cla 7, — khong gian
compact X v& ANB=4. Khi d6 A, B 13 hai tap compact trong X. Theo
Dinh 1i 5.1.6, tén tai cdc tAp m& U, V trong X saocho ACU, BCV va
UNV =M. Vay X lakhéng gian chudn tic. I |

5.1.8 Dinh nghia. Ho ¥ =(F,)  CP(X) goi 12 mot ho c6 tam

néu F = f vi giao hiru han bt ki cic phdn tir cia 7 déu khéc réng,

nghia 12 v6i bat ki tap hitu han {o,....c, } C7 ta déu cé '61 F, = .

5.1.9 Pinh M. Diéu kién cdn va dui dé khong gian t6pd6 X compact
la moi ho 6 tdm cdc tdp déng cua X déu cé giao khdc réng.
Chitng minh.

Diéu kién cin. Gia st X compact vd F 1a mot ho 6 tam cic tip
dong. Néu N F=4 thi X\ N F_=X. Suyra {J (X\F)=X nghia la

FeF Fer FeF

(X\ F)rer 12 mOt phl md clia X nén t6n tai hiru han céc F

a, prar

, . sao

cho ng(X\F“J_)=X\£]] F,. Vay i}l F, =#. Diéu ndy mau thuin
vdi dinh nghia ho ¢6 tam. -

Diéu kien di. Gia sir (G,) , 12 mot phi m& cha X. Khi &y
X=UG, nén |

el

N{X\G,)=X\(UG,)=4.

el acf

Theo gia thiét ta suy ra ho (X\G khong phai 12 hg c6 tam, Vay tdn
o inel _

tai hi han ... o, €7 € (Y(X\G, }=#. Nhu the X =G, , nen

i=] i=l

X la compact. i
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5.1.10 Pinh li. Cho X, Y la hai khéng gian t0po va f la mot dnh
xa lién tyc e X vao Y. Néu KCX la mor tdp hop compact thi
fK)CY ciing la mot tdp compact.

Ching minh. Gid sit (G, )__, 12 mot pht m&r cha f(K): F(K)C U G,.

wel

Lic d6 K f ' {(f(K))c U f'(G,). Vi f lién tuc va G, m& nén

ael
f7'(G,) md. Vay (f*l(Ga))QEf 12 mot phit mé cha K nén t6n tai phd

con hitu han ;
"ot
KC;‘[:J]f (Gu')._

Liac dé |
FE QG 0= (G))c UG,

Vay f{(K) latap compact trong Y. i
5.1.11 Binh li. (Dinh 1i Tikhonov) D€ tich X = [] X, cia ho cdc

nef
khong gian topo (X, )n%‘, la compact, diéu kién cdn va dii lé moi «el,
X, la cdc khong gian compact.
Chiimg minh.

1. biéu kién cin. V&i moi €/, cdc phépchidu p I X, - X_ 12

el

mot todn 4nh lién tyuc. Do dé néu X =[] X, compact thi X  phdi la

aef

khong gian compact.
2. bi€u kién di. Gia sit véi moi ce/, X la khong gian compact.
Cho 7 1a m6t ho c6 tam cdc tip dong trong X. Ta chitng minh rdng ~
c6 giao khédc rdng. That vay, ding bd dé Zorn, ta ¢6 thé goi 7 12 ho ¢6
tam t6i dai gébm céc tap con cia X saocho /D F. Vi
NA=NADNA

AeF Aer AeF,
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nén dé chiing minh ho 7~ ¢6 giao khéc réng, ta chi cdn chiing minh ring
N A= . Do tinh t6i dai ciia 7, ta c6

AeF,
a)NEu A,..., A, €F thi (A ch
f=I
b) Neu Ay C X v AjNA =g voimoi AeF; thi A e F

% 12 mot ho cé tam nén véi mbi ael, ho (p“ (A)) cling 12

Aet,

mot ho ¢6 tam céc tip con cha X,. Vi X, compact nén ) p, (A) =g
AeF

vl moi wel. Trong mditdp N p, p.(A) ta chon mot phén tr x . Ta s&
AeF,

ching minh x—( )e A v6i méi AeFR,. Néu V 1a mot lan can tuy y'
cua x, theo dinh nghia khong gian tich, tén tai céc lan can W,,..., W, cta

cdc diém «x, ... x, trong cdc khéng gian X, Xﬁ sao cho

ﬂpu (W, )CV Vi x, € N p,{A) nén Wﬂpn (A)= g véimoi Aer
AeF,

va i=1l.... m. Theo tinh chdt b) cha 75, ta c6 p;' (W)e R, i=1..
Theo a) ta ¢6 (1 p;' (W)€ 7. Nhu vay véi moi Aer thl VA =g,
=l

Nhu thé xe A v6i moi Ae R, hay () A= . Theo Dinh If 5.1.9, ta két

AeF;

thiic ching minh. lI

Ta nhic lai ring trong khong gian Euclide R" (v6i t0po thong
thudng, méi tap A C R” 12 compact khi va chi khi A déng va bi chin. Ta
ciing ¢6 cdc ménh dé sau :

5.1.12 Pinh . 1) Dé mot tdp con A trong R" la compact, diéu
kién cdn va du la moi day bdt ki trong A déu ton tai mor ddy con cua né
hoi tu vé mot diém trong tdp A.

2) D6i voi moi tdp dong trong R”, cdc khdi niém compact, bi chdn
~ va hoan toan bj chdn la tuong duong.
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5.2 Khong gian compact dia phuong.

5.2.1 Pinh nghia. Khéng gian topd X duge goi 14 compact dia -
phuong n€u moi x € X déu tdn tai mot 1an c4n déng va compact.

5.2.2 Pinh li. a) Khong gian con dong ciia mot khong gian compacr
dia phuong la mgt khéng gian compact dia phitong.

b) Khong gian con md ciua mgt khong gian Hausdorff compact dia
phicong la compact dia phuong. -

Chung minh. a) Gia sit X 13 khong gian compact dia phuong v F
la mét khéng gian con déng caa X. Véi x € F t0n tai mot lan can U cla

x sao cho U 12 compact trong X. Lic d6 FNU 13 mot lan can déng cua

x trong F (va trong 5_) nén UNF la tdp compact va nhu th€ F 13
compact dia phuong

b) Ti€p theo, gid sit M 1a mot tap md trong 7, khoéng gian X. Theo

dinh nghia, v6i moi xe M t6n tai 1&n can U =U compact sao cho
xelU CUCM. Nhuvay U 1a mot khong gian chudn tic, do dé phai t6n

tai mot 1an cdn md V cla x sao cho erC‘_/Cf}CM. Tacé V 1alan
can phai tim. I

5.3 Compact hoa.

5.3.1 Pinh nghia. Cho X 12 mét khong gian topd khong compact va
cho cap (Y.,¢) trong d6 Y 1a mot khong gian compact, ¢: X — o{(X)CY
12 mot phép déng phoi sao cho (X) =Y. Khi dé6 ta goi cap (¥,¢) 12 mot
compact hod cua khong gian topo X.

Bay gid gia st (X,7°) 12 mot khong gian compact dia phuong nhung
khéng compact. Ki hiéu oo 1a mot diém khong thudc X. Dat
X, =XU{oo}. Ta xdc dinh T, c 2 (X)) gbm t&t ca cdc phan tir cha T
va nhitng tap con GC X, ¢6 chita oo sao cho G=UU{oo}, UeT va
X\U latap compact cia X. Ki hiéu i: X — X_ |2 phép nhiing déng nhit.

$.3.2 Dinh li. (Alexandrov) Vi cdc ki hiéu trinh bay & trén ta ¢6
(X, . i) la mot compact hod cia X.
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Chitng minh. Trudc hét ta ching minh X_ 1 t&p compact. Gia sit
(G, )nel 123 mot pha mo cha X va coe G, v6i oy €/. Theo dinh nghia,
X\G, =X, \G, . D&y ring ho (G,)
Qoo 0, €1 8€ G, ... G, phit X\G, . Vay G, ...G, phi X_.

ciing phit X\ G, nén t6n tai

Ta kiém tra (X,T) 13 khong gian con cia X_. Diéu ndy hién nhién
vi v6i moi Ge‘ir tacd6 G=X_NG. Hon nita, i: X > X 13 rang la
phép déng phoi tir X lén i{X)=XC X, . Ta con ching minh X = X__.
That vdy, mét 1an cin cha oo trong X, c6 dang {co}UU trong dé
U= do X\U compact. Dinh If duge ching minh. I

Ta goi compact hod vita xay dung & trén 12 compact hod mot diém
hay compact hod Alexandrov.

5.3.3 Dinh li. Cho X la m¢r khdong gian compact dia phuong va
dong thoi la T, — khong gian. Khi dé voi moi tdp compact KCX va
moi tdp mé U DK déu tdn tai ham f:X >R lién tuc, thod cdc diéu
kién sau :

a) f(x)el0, 1] véi moi xeX.
b) fix)=1khi xeK.
¢ Fl)=0 khi xgU.

Ching minh. Ki hieu X 12 compact hod Alexandrov cua X. Do K
compact trong X nén né cling 1a tap compact trong X . Vay K 13 tap
déng. Mit khac U 13 mo trong X nén theo dinh nghia né cling m& trong
X thanh thit X _\U 1a déng trong X . Ta c6 KN(X, \U):H. Do

X la khong gian chufn tic nén tén tai £ : X — R lién tuc, sao cho
a) f (x)elo, 1].
by £*(x)=1khi xeK.
¢) f(x)=0khixe X, \U.

bat f = f"|, 1aham lién tuc phai tim. I
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5.3.4 Hé qua. Cho X la mét T,— khéng gian va compact dia

phuong. V&i moi 1dp déng F C X va moi x, @ F déu tén tai ham lién tuc

f xdc dinh trén X saocho

5.1,

5.2,

5.3.

5.4.

ay f(x)elo, 1].
b) f(x,)=1.
c) f{F)={0}.

BAI TAP

Cho (Cn),, la mot ddy cdc tap con compact khic réng ciia khong
gian t0p0 X sao cho C,,CC, i=1, 2,.. Ching minh ring
NG =g

IeN
Cho T va 7' 1a hai top6 Hausdorff trén X sao cho 7/CT va
(X,T) 1a khong gian compact. Ching minh T =T/

Cho X la mgt T, — khéng gian va compact. Gid sir f: X 5 X Ia

- m@t anh xa lién tuc. Chimg minh rdng tén tai ACX sao cho

fl4)= A
Cho f:X —Y 1a mot toan anh.

a) Gia st X la T, — khong gian va compact, ¥ 1a khong gian t6p6
va f lién tyc. Chitng minh Y ciing 12 7, — khong gian.

b) Gid srcd X va Y la hai khong gian compact. Ching minh ring
f lien we khi va chi khi Gr(f)={(x.f(x)):xeXx} 1a mot tap
déng trong khong gian tich X xY.
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 §6. KHONG GIAN LIEN THONG

6.1 Pinh nghia. Khéng gian t0p6 X duoc goi 14 lién thong néu
trong X chic6 haitap @ vd X 12 d6ng thoi vira md va vira déng.

N6i cdch khdc, X 1a mdt khong gian lién théng néu khong t6n tai
hai tap m& khédc réng A, B saocho ANB=§ vAa X=AUB.

Tap Y C X duge goi 1a tap lién thong néu ¥, xem nhu la khong
gian con cua X, 1a khong gian lién thong.

6.2 Cdc dinh Ii.

6.2.1 Pinh li. Néu A la tdp lién thong trong khong gian topé X thi
moi tép B thod mdn AC BC A déu lién thong.

Chung minh. Gia sir B khong lién théng, khi d6 ¢6 hai tdp m& khic
réng trong B sao cho UUV =B va UNV=#. Vi A tril mat trong B
nén UNA, VNA 1a céc tip khic rdng v ma trong khong gian con A, dbng

thdi (UNANVNA)=(UNVINA=4, hon nita (UNA)U(VNA)= A,
biéu nay mau thuln vdi A 12 tap lién thong. 1

6.2.2 Pinh li. Gid sit (A,)__, la mot ho nhimg tdp lién théng trong
khong gian topé X sao cho N A, =9 Khi d6 A= A, la tdp lién

ael aef

thong trong X,

Chitng minh. Gia st A=BUC, B, C khéc réng vd m& trong A,
BNC=f. Liy ae N A,,ac A=BUC nén aeB chang han, do d6

wef

a€ BNA, v6imoi ael. Matkhiccd oy el dé CNA, = 4. Nhuthé ta
cé hai tap khic réng vd m& trong A, I BNA, va CNA, . hon nita
(BNA, )N(CNA, J=8 va A, =(BNA )U(CNA, ). Diéu ndy mau
thudn vdi gia thi€t A, lién thong. Vay tap A phai la tap lién thong. I h
6.2.3 Pinh li. Cho A,...., A, la.cdc tdp lién théong trong khong gian

16p6 X saocho ANA, = voi i=1,2,...n—1. Khi d6 |) A ciing I

i=l

mot tdp lién thong trong X.
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Chitng minh. Ta ching minh bing quy nap. Véi n=1 la hién

nhién. Gia str dinh 1f diing v6i n=4. Cho A,,.... A., 4., lién thong va
k

ANA, =0, i=1..k Lic d6 A=A lién thong theo gia thit

i=1

k+1
quy nap, hon nita J = A, NA,,,. Vay theo Dinh 1{ 6.2.2, AUA,,, = | A,
=1

tién thong.
6.2.4 Dinh nghia. Cho X 13 khéng gian topd, x € X. Ki hiéu C{x)
12 hop tdt cd céc tap lién thong A sao cho xe A vata goi C{x) 1a thanh

phdn lién théng cha x trong X. Néu Clx}={x} v6i moi xeX thi X
dugc goi 1a khong gian hodn roan bdt lién thong.

Tir dinh nghia ta c6 :

6.2.5 Dinh li. Cho X la mét khdng gian t6pé. Khi do :

1} Thanh phdn lién thong C{x} la tdp lién thong lon nhdt trong X
o chira x. _

2)Véi x, ye X ta ¢6 mot trong hai truong hop C(x)=C(y) hodc
C{xINC(y)=4.

3)Vai moi xe X tacé C{x) la mot tap dong.

Chitng minh. 1) 12 hién nhién tir dinh nghia.

2) Néu ze C(x)NC(y) thi C{x)=C(z)=C(y).

3) Ta ¢6 C(x) ciing 13 tap lién thong chita x nén C(x)=C(x). I

6.2.6 Dinh li. Gid sit f la mot dnh xa lién tuc e X vao Y va A la
mét tdp lién thong trong X. Khi dé f{A) la tdp lién théng trong Y.

Chimg minh. Gia st f(A) khéng lién théng, nhut vay f{A)=MUN,
v6i M, N 12 cdc tap md khdc réng trong f(A). MNN = &, Khi d6 ta ¢
FHUMINA, £ HNINA 1a cic tap mé khic réng, khong giao nhau
trong A vd A=(f""(MInA}u(f"(N)NA). Nhu vay A khong lien
thong nén trai voi gia thi€ét. Do dé £ (A) phdi 12 lién thong.

Dinh li sau diy nén 1én dic trung cia tap lién thong trong R.
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6.2.7 Pinh li. Tgp con ECR la lién thong khi va chi khi E thod
man tinh chdt :Voi moi x, ye E néu x<:z<y thi € E.
Chung minh. Gia stt ton tai x, ve £ va ¢6 2 thod min v<:-<y
nhung - ¢ E. Ta dit
A={neE:a<zt=EN(—. )
B={deF:z<3}=En(:. +o0)
Khi d6 ta ¢6 A. B 1a cdc tap md trong E. khdc réng vi ching ldn

lugt ¢o chira x, v twong ang. Hon nlrta AU B = £, hod ra £ khéng lién
théng.

Nguogce lai, gia sie E khong lién thong. Theo dinh nghia vi tinh ¢hit
cia khong gian con, ton tai cdc tap md& khdac rébng A, B trong R,
ANB=4g, (ANE)U(BNE)=E. Chon xeANE, veBNnE, gia su
x<y bar :

S=AnN[x, y] vd - =sup$,

ta ching minh z g £.

Trude hétvi ye B monén - < y. Tﬁajlt viy,néu v > v thi - =y, s&écd
diy (x,) rong A, x, —> y nén ANB =@ vicéchita cic v,. Mau thudn !

Tiép theo. ta thiy vi A md v z la can trén cla § nén “¢ A va
x<:z. Néu -€B thicing do B md nén ¢6 mot khoang ma (¢, d) sao
¢ho -e(c. d}C B. Theo dinh nghia cta supremum, c6 a € AN|[x, ¥] dé
c<a<c<d Diéu ndy mau thudn véi ANB=0. Viy z¢ B do do
hi -3 A |

6.2.8 Hé qua. Tdp E trong R la lién thong khi va chi khi E 1d mor
khodng (trc 1a mot trong cde 1gp 6 dang sau @ (=20, b}, (—cc, b},
{a, +o00), [a, +00), (—o0, + 00}, [a, b). la. b], (a, h], {a, b) voi moi
a beR.

6.3 Lién thong cung.

6.3.1 Dinh nghia. Khong gian topd X duogc goi 1a lién théng cung
néu véi moi a, b€ X, t16n tai mot dnh xa lién tuc £:{0. 1] = X sao cho

f®) =a, f(D =

Anh xa f duge goi la cung néi diém ddu a, diém cusi b.
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6.3.2 Dinh li. Néu khong gian topo X lién théng cung thi no lién

thong.

Chitng minh. Liy a € X 1 mot diém ¢d dinh. Véi moi xe X ton tai

mot dnh xa lién e £, :0, 1= X sao cho f (@) =0, f {l)=x Ta cé

A =f[0.1]) 12 tap lien théng. Ta ¢6 X= |J A, vd ngodi ra

veX

ae | A = nén X lakhong gian lién thong theo Dinh 11 6.2.2. 8

6.1.

6.3.

6.4.

X

BAI TAP

Gia su A, B 1a hai 1ap lién thong trong khong gian topoé X sao cho
ANB = ¥ Ching minh ring AU B ciing 14 tap lién thong.
Cho X 1a mot khong gian topd lién thong va f 14 mot ham s0 lién

tuc tir X vio R. Gid st «. be f{X). a<bh. Chimg minh ring vd&i

mol cef{a, b onat veX dé flv)=rc. ‘

Ching minh rang khong gian topd X khong lién thong néu va chi
néu On 1 mot wan anh lién tue f: X —»Y trong dé ¥ ia khong
gian rdi rac ¢é dung hai phan tu.

Cho (X} .; 12 mot ho cédc khong gian lien thong. Chimg minh rang

khong gian 10pa tich [] X, lién thong khi va chi khi X, lién thong

el

vOl Mol e /.

Chimg minh rang khong gian thuong cua mot khong gian lién thong
cting la lién thong.

§ 7. KHONG GIAN TOPO KHA METRIC

7.1 Khong gian gia métric.

7.1.1 Pinh nghia. Gia s&¢ X (& mdt tap khdc réng. Mot ham s6

d: X x X — R duoc goi 1a mot gid métric trén X néu né thod min ba tién
dé sau day.
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D d(x, y)>0, v6i moi x, ye X.
2) dix. y)=d(y, x), ¥x, ve X.
3)dx, z)<d(x, y}+d(y z) véimoi x, y, z€ X.
Tuong tu trong khang gian métric, ta ¢é cac khéi niém
Hinh cdu m& (t.u.. déng), tam x, € X, bédn kinh r 1a tap hop
| B(x,. r)———{:cEX:'d(x, x0)<r}.

(L., B'{x,. r)= {xe X:d(x, xy) Sr}.

Tap hop AC X dugc goi lamdnéu Vxe A, Ir, >0:B(x, r,)C A

Goi T la ho cdc tap mé vira méi xdc dinh. Khi d6 T 12 mot topo
trén X. 7° duge goi 12 16po sinh boi gid métric 4. Hién nhién ta c6 :

Néu ., 1a mot diém bat ki cha khong gian gid métric X thi ho
(dé€m dugce) cac hinh cdu m& tam x,, bdn kinh re Q™ 12 mot co s& lan
can cua di€m x,. Nhu vay t6p6 sinh bdi giad métric thod man tién dé dém
duogc thit nhai.

7.1.2 Binh li. Khong gian gid métric (X, d) tré thanh khong gian
métric khi va chi khi t0pé T sinh bdi gid métric d thod man tién dé T,.

Chitng minh. Néu (X, d) 1a khéng gian métric thi khi x = y thi sé
t6n tai hai lan can B{x, €} vi B(y, ) véi c:—;-d(x, y)>0 sao cho
B{x, e)nB(y c)= 0.

Nguge lai. gid sét (X.7) 1a 7, — khong gian. Néu x = y, khi 4y tén
tai hinh cdu B(x, r} sao cho y¢ B(x. r). Lic d6 d(x. y)>r hay la
d(x. y)=0.1

Ban doc chi ¥ rang phin I6n cdc tinh chat ding véi khong gian
métric thi cling ddng véi khong gian gid métric. Tuy nhién trong
khong gian gia métric. giGi han cta mot ddy né€u tén tai thi chua chic
12 duy nhat. :
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7.2 Vai lién hé giira khong gian topo va khong gian gia métric.

Nhic lai ring do khéng gian gid métric thoa mén tién dé dém duoc
thd nhat nén mot s6 tinh chét topd c6 thé dién dat theo ngodn ngit cia day,
chang han :

1) x 1a diém dinh clla A trong khong gian gid métric X khi va chi
khi t6n tai mot diy (x,) CA sao cho x,—x{n—oc) (nghia la
d(x,, x)—>0).

That vay, néu x la mot di€m dinh cha A thi trong mbi lan can

: ! e
B[x, —| ta chon mét diém x, € B

n

X, -:;]HA. Day (xn)” $€ hoi tu dén

x. Nguge lai. n€u cé mot day (xn)C A sao cho x, —» x. Goi V 1a mit
1an c4n tuy ¥ cha x. Lidc d6 c6 hinh cdu B(x, €)C V. Ly x, € A sao cho
d{x,, x)<c Licdé x, e AOV. Vay x 1a mot diém dinh cia tap A.

2) Cho X, Y la hai khong gian gia métric va dnh xa f:X — Y. Khi
do ta cé '

(f lientuc tai o€ X) & (V(x,) X, x, = x= f(x,) > f(x).)

3) Cho 4, d, 1a hai gid métric trén cling mot wap hgp X. Ta ndi
rang hai gid métric ndy twong dwong ré6p6 néu ching sinh ra cing mot
topd trén X nghia 12 4nh xa ddng nhat id:(X. d,) > (X, d,) 1a mot phép
dong phoi. .

Gia métric d trén X duge goi 12 bi chdn néu sup d{x, y)<oo. Ta

xveX

¢6 dinh li sau :

7.2.1 Pinh li. Cho gid mérric tuy y d trén tdp X. Khi dé ton tai
mot gid métric bi chdn d, tuong dwong 16p6 vor d.

'Chitng minh. Dat d, (x, y)=min(d(x, y), 1). D& dang kiém tra d,
1a mét gia métric trén X va- d, bi chan. Cho (_l‘” )” 1a mot day trong X va

X, = X, € X. Ta thay
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(.d(_l'". v, ) =0 d (v, x,) =min (1, d(x, - Xy )] -0

khi n-»oc. Vay dnh xa dong nhét id:(X, d)—(X. d,) 1a phép dong
phoi. Noi cdch khic ¢ va d, 1a tuong duong topo. B

Cing nhu trong khong gian métric. gd s £ 13 mot tdp con cia
khong gian gia métric (X, d). V3&i ve X, tadat '

d(x, E)y=infd{x, v).

vel
Dé dﬁng ching minh duge rang .

ld(x, E)~div. E}<d{x, y). Vx, ye X.
Nhu vay him s6 v — d{x, £) 1A mot ham s& lien tuc trén X,

7.2.2 Dinh li. Cho (X. d) Ia mot khong gian gid méwic va A, B la
hai_tap déng trong X sao cho ANB=. Lic v ton tai cdce tap md
UV chita trong X sao cho UNVY = #dvi ACV.BCV.

Chirng minh. Cic ham s6 flv)=d(x. A) vd g{x)=d(x. B) 12
nhitg hiim $6 lién tuc trén X. Do dé hiim 56 h{x) =f(x)—g(;x') cling
lién tuc trén X. Dat _

U={reX:hx)<0}=h"(~o0, 0)
Va{reX:hx)>0t=r"0, +)
Ldc d6 hién nhién U,V 1A nhing tip md trong X, UNV =4, Hon
nita, néu veA thi dix,A)=0. xZ8 thi J(x.B)>0 néen hix)=
dix, A)—dlx, B)<0hay AcU. Tuongw BCV. 1

7.2.3 He qua. Khong gian métric la mot khong elan chudn fcf(_'.

7.3 Khong gian kha métric hoa. o

7.3.1 Pinh nghia. Khong gian 10pd (X.7) duge goi 1a khd métric

hod néu ton tai mot métric d trén X sao cho t6pd sinh bdi d tring véi
16po T

Pé y ring. mot khong gian métric déu thod min tién dé dém dugc
thit nhat. Nhu vay day 12 mot diéu kién can dé {X.7) kha métric hod. Sau
day 14 mot diéu Kién du.
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3.2 Dinh li. Gid st X 1a mot khong gian chink quy va 6 mor co
so dém duge. Khi do X la khd métric hod duoc.

Chimg minh. Ki hieu B={B,, B,,...} 1a mot co s& dém duoc cia
X. Gid sit xe B; khi d6 t6n tai B, € B sao cho xe B C B, C B, Ki hieu
A={(B. 8B CB;}CBxB Khids A 1atap dém duge va c6 thé

viet duge dudi dang

{(Bn T, )‘ (Bn]' Bm_.)""}
V1 X chinh quy ¢6 mét co s& dém duge nén né 1a mot khéng gian chudn
- tic. Nhu vay v6i mdi keN cédc tap Bn va B =X\B, la déng va

Hy

khong c6 diém chung nén t6n tai cdc ham lién tuc i X—> [0, 1] sao cho

8. =11} va f{B;, )=10}. Tadm

ARG

d:XxX >R dx, y)= i' >

thi ¢ 13 mot .métric trén X. That vay, d{x, _\-)20 12 hién nhién. Néu
x=y thi ton tai B; € B sao cho veB;vd ye B;. theo trén s& ton tai
B eB sa0 cho .\-eB;.CE,-CB,-. Vay (B,., B;) 1a mot cap dang
(B,. B, )& nao dénen f(x)=1, f(¥)=0 va khi gy d{x.y)}>0.

Tién dé 2 va 3 hién nhién. Bay gid ta chimg minh t6pd sinh bdi métric
tring v&1 7 nghia 1a ching minh dnh xa

id (X, T)>(X.d), x> x
ta mot phép dong phoi. Cho x,€ X vd ¢>0. Chon k€N sao cho

L%

S <—2— Cic ham f,, fy,.... f; lién tuc trén (X, T) nén tdn tai lan can

k-1

WIACS X
mo V' cua x, saochonéu xeV thi L / 2,f( U)‘ <%.
=1

Tir dé véi moi v eV thi
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i ’f(xu)— i (x}[ ce

d(xU‘ XJ = -1 2;

nghia 12 id: (X, 7)—> (X, d) lién tuc tai x,. Nguoc lai, gid st VeT la
lan can ciia x,. Khi dy t6n tai cap (B, .B,, )€ A sao cho

xeB, CB, CB, CV.

Néu xe X va d{x, x,))<b= 511— ta suy ra duge

i (%) = £ () o) =it "

X, X )<. :
) . LR -
2t P 2

2#

do dé
|fk (xu)“fk(X)l<1— (*)
Vi xyeB, nén fi{x)=1 con f(x)ef0, 1] nhu thé tir (*) ta c6

filx)>0 nén x&€ B, DV hay xeV. Vay id”':(X, T) (X, T) lien
tuc nén id 14 phép dong phoi. Dinh Ii duge ching minh. I

BAI TAP

7.1. Chiing minh ring néu X |a mot khong gian gia métric kha h thi
tOpo tuong ng sinh ra béi métric nay sé ¢é co s& dém duoc.

7.2, Gid st f:X Y 12 mot d4nh xa tir khong gian gia métric X vio
khong gian topo Y. Néu XD(x,;)” hoi tu dén x trong X din dén
(f(x"))” hoi tu dén f(x) trong ¥ thi f 1alién tyc. (Tansi y, — y
trong khdng gian tépd ¥ néu moi lanl cdn cua y chia tat ca y, -

ngoai trir mot s6 hiru han y, ).
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Chuong 3.

Li THUYET DO DO

Vao dau thé ki 20 dé ¢6 thé hiéu vé cfu tric cGa cidc ham nhim mé
rong Idp cdc ham lién tuc vd md rong khdi niém tich phan. cdc nhi toan
hoc nghién ciiu cdc t4p trong khong gian Euclide. Trong qud trinh nay ho
di nhén thdy rang cdc khéi niém onhu “do dai”, “dién tich” c4n thi&t phai
dugc chinh xéc hod va md rong. Diéu ndy dua tdi viéc hinh thanh kbdi
ni¢ém do do va né gan lién véi cdc tén tudi cha cdc nha todn hoc 18i lac
nhu E. Borel, H. Lebesgue, C. Carathéodory.

Chuong nay danh cho viéc trinh bay i thuyét do do trén nira vanh,
cdch thdc trién né 1én mot o— dai s& (bing cich sir dung do do ngoai
theo Carathéodory) va khdi niém ham do duge. Phdn cu6i ciia chuong
duge danh cho viéc tim hiéu vé cdu triic ctia cac ham do duge, 1am co s&
cho viéc dinh nghia tich phan Lebesgue ¢ Chuong 4.

Nhiéu tdc gid dinh nghia do do trén dai s6 céc tap hop. Tuy nhién &
day chiing t6i x4y dung d6 do trén nita vanh cédc tap'”. Ching 16i chon
cdch xay dung do do trén nita vanh 12 vi cde I do sau : (i) D€ xay dung do
do Lebesgue trén IR hay trén IR” dii bang cdch ndo thi cling phai xuat
phdt tir ho ¢dc gian trén IR hay trén IR". Tuy nhién cdc ho tap nay la céc
nia vanh ma khong 1a cdc dai s6. Nhu vay theo mét nghia ndo d6 xay
dung d6 do trén nira vanh la “ty nhién” va “tiét kiém”™ hon. (ii) Vi tich cac
dai s6 hay o— dai s& 12 mot nira vanh (ma khong 1a dai s&) nén khi xay
dung dé do tich trén tich cic khong gian d¢ do, xudt phat tir nira vanh rd
rang to ra thudn tién hon. (iii) Mot thuln lgi nta 1a trén khong gian IR™”
(xem nhu IR" xIR"), d6 do Lebesgue trén IR"” sé& trung véi do do tich

cha hai do do Lebesgue trén IR” vd IR’ néu x4y dung do do trén nira
vanh (ma khong phdi bd sung nhu khi xay dung dé do trén cdc dai s6.

“) Nhi¢u tdc gia cling di fam nhu vay, ching han. B.Z. Vulikh. A.N Kolmogorov-S.V
Fomin, C.D. Aliprantis vd Owen Burkinshaw, ...
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§ 1. NUA VANH, VANH VA DAI SO CAC TAP

Trong chuong nay khi néi dén ho tap (hay hé tap) ta hiéu la mot ho
cdc’tap con cia mot thp X nio dé cho trude.

1.1 Vanh, dai s6 va o — dai so.

L.1.1 Binh nghia. Mot ho tap & khong réng (cdc tap con clia X)
duac goi 1a mot vanh néu né ¢ cdc tinh chat sau :

() vA,. Be K. AuBEeR,

(b) VA, Be R, ANBeR.
Mot vanh chita X (X € &) thi duge goi 13 mot dai 56,

1.1.2 Nhan xét. _

(i) Néu A 12 mét vinh tht ¥ eR. That viy. vi =4 nén ¢6
AeR. Khiddo ANA=gen

(i) VA, Be R thi ANB=A\(A\B)eX theo (b). Nhu vay vanh
dong kin doi véi phép 14y giao. hgp hitu han cic tap hop.

{111} R 12 mot dai s thi

(b’) Ae R kéotheo A" e K.

Tir day dé thdy rang :

R Ad mot dai 56 khi va chi khi R = @ va thod man cac diéu kién
fa)va(h’).

1.1.3 Vi du.

() Cdc ho & = (@}, & = {#. X}. & = 2(X) I céc vanh.

(i Ho R, tat ¢d cdc tap con hitw han cha X 14 mot vanh.

(iii) Ho A% 4t ca cdc tap con bi chin cua dudng thang thuc IR 13
mét vanh.

Trong cic ho trén, A3, &% 12 cde dai s6, K 1 dai s3 khi vi chi khi
X =0 R 1 dai s6 khi v éhi khi X la tap hitu han. & khong bhé'li la
mot dai so.
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'1.1.4 Dinh nghia. Mot ho tap R = @ duoe goi 1a mot o — vanh néu
né thoa méin cdc diéu kién sau :

(@Y AeR.i=1 2. n.. thi A=A eR,
(b) VA, Be K>, ANBeX. |
Mot o — vanh chita X duge goi la mot o— dui 0.
~ 1.1.5 Nhan xét.
(1) Mot o— vanh doéng kin v&i phép ldy giao dém duge. Nghia Ia

AeR.ieN thi A=A eR. That vay, i A=ANU(ANA) nen
[ |

Py
AeR do(b)va{a’).

. (11) Mol o— vanh K 1a m6t vanh, That vay. do (b) (xem Nhan xét
1.1.2) ferR. Khi d6 voi A. BeR, dit A=A, A, =B. A =M. moi
n>3 Khids AUB= A eR.

i—1
1.1.6 Dinh li. Mgr o R khdc réng cdc tdp con cia X la mot o—
dgi 6 khi va chi khi né thod mdn cdc diéu kién (a’) va (b°).
Chitng minh. Diéu kién cn 13 hién nhién. Ta chimg minh diéu kien
di. Gia str & = # va thod mian (a’). (b’). Khi d6 ¢6 Ae R va do (b') thi
A"eR. Pat A =A. A =A". moi i>2 thitheo (a’), A =XeR. Do

1=1

d6 theo (b’ ) thi d=X\XeR.

Biy gio néu A, e R, moi ie N thi A € R nén theo (a’).

(‘-h. A = _Dl A eR.
Vi #eR nén R ciing déng kin d6i véi phép lz‘iy! giao hitu han. Cudi
cung néu A. BeR thi B eR v A\B=ANB e€R. Vay R thoi man
Dinh nghia 1.1.4 va do d6 1A mot o — dai s6. B
1.1.7 Pinh li. Giuo cita mot ho bat ki cde vanh (dai s0° o — dai 0.
o— vanh) la mot vanh (dai $6. o~ dai 56, o— vanh).

Ching minh.

139



Ta chi can chiing minh cho hg cdc vinh. Cic trudng hop con lai
chimg minh tuong tu.

Giad str (R, ) _, 1amot ho cac vanh. Goi R= N R,. VI #eR, moi

nef

cel nén FeR. Néu A BeR thi A, BeR, moi ae/ thi AUBeR
va ANBeR moi ael Dodé AUB, ANBeR. Vay R [a mot vanh. 1

1.1.8 Dinh Ii. Vdi moi ho 1dp C. 16n tai mot vanh (dai 56, o—
vanh, o— dai s6) duy nhdt chita & va chita trong moi vanh (dai 0,
a~vanh, o — dai s6) chita . Ta sé goi né la vanh (dai 56, o— vanh,
o — dai sO, twong ting) sinh bdi ho & va ki hiéu F ()™

Chung minh. That vay, dé thdy F{C)= () . trong d6 S 1a ho tit

cd cdc vanh (dai 56, o~ vanh, o— dai s6) chita < (khong réng vi
riX)e 5.1

1.1.9 Vi du. Gia sir (X, d} 1a mot khong gian métric va 7 14 ho tat
ca cdc tdp m¢ trong X (hay (X, T) 12 mot khong gian topd). T néi chung
khong phai 12 mot o — dai s6 trén X. o—dai s6 sinh b&i T, # (1), duge
£0i 12 o — dai s6 Borel trén X va thudng duoc ki hiéu 12 B(X). Méi tap
thuoc B(X) duge goi la tap Borel. Ching han, cic tap dang F., G, trong

X déu la cdc tap Borel. Dé y o~ dai s6 Borel ciing 14 o —dai s6 sinh ra
bdi ho t4t ca cdc tap dong trong X.

1.2 Nira vanh,

1.2.1 Pinh nghia. Hp R khong réng cac fap con ciia X dugce goi la
nita vanh néu né thod mén cic diéu kién sau :

(aly A, BeR thi ANBeR,

(bl) A, BeR va AC B thi ton tai mot s6 hitu han cdc tap C, e R,
i=1.---, n 101 nhau timg d61 mot sao cho

i=1

B\A=JC,.

©) Tuy timg trudng hop cu thé ma ta g0i F{<) ladai s8, o — vanh hay o~ dai s6 sinh bdi
ho 7
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1.2.2 Nhan xét.
(1) Dé thay rdng moi vanh |2 nita vanh.

(i1 Moi nira vanh déu chia tap 4. That vay, vi K=& nén c6

1

AeR. Theo (bl), tén tai C,,---. C, €R sao cho F=A\A=JC,. Tu

i1

46 C,=@. i=1.. nvi feR.

1.2.3 Cac vi du.

(i) Ho ® ={[a. b)la. h€IR} B mot nita vanh. That vay, rd rang la
R=# va feR. Néuw A=[a, b), B=[c,d) thi hoic ANB=FeR
hoac AHB%[S, t) trong d6 s=max{a, ¢} cdn t=minih, d}. Gii st
(@, b)C[e, d). Khi d6 hoac [a, )= @ thi (bl) thod cdn néu [a, h)= g
thi [e, d)\la, b) = [c. a)U[b. d) va hai tap & v€ phdi ddng thirc ndy roi
nhau. Vay (b1) thoa min.

(i1} Ta goi mot gian trong IR 14 mot trong cac tp ¢d dang sau,
(v6i a, helR), la. bl. (a, b], [a b). {a b), (—oo,al. (—oc, b).

(—oc. b]. {4, 00), [a. 00}, (—o0, +oc). Tir day ta sé diung ki hieu
<a, b>, {a belR =IRU{+o00, —oo}} dé chi mot gian trong IR (a,b
£oi 12 hai dau mat cva gian <a, b>). Goi-

R:{<a.h> la, beﬁ}'.

Khi dé & 12 mot nira vanh va goi 1 nira vanh cdc gian trén IR (dé y ring
K khong 13 moét vanh).

(i) X = {a, b}.® ={g, {a}} 12 mot nira vanh.

Pé ¥ ring cic ho & trong cdc vi du (i), (ii) 12 cdc mra vanh nhung
khong 13 vanh. B6 dé sau ddy déng vai trd quan trong trong cidc muc sau.

1.2.4 Bo dé. Gid su R la mot nita vanh va A, A, A ER,
(peN). Khi dé 16n tai mot sé hitu han cdc tdgp C,eR. (=1, 2, r

(r € N) doi mot khong giao nhau va sao cho

AU, A = C. (1.1)
== ’
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Clrang minf. Ta ching minh bang quy nap. Khi p=1 tacé

ANA = AN[A |.A)—UC C,eR vaC, ‘wC =0 j=J
=
theo dinh nghia cua nia vanh.

Gia su (1.1) ding khi p=n. Ta chiing minh né ciing ding khi
p=un+1. Xétcictap A.---, A ,, € K. Khidé

f=t

A\UA_(A\UA]\A,H,. (1.2)
Theo gia thiét quy nap,

. p _
ANUA=UE . ENE, =8 j=]. (1.3)
=1 F=1
TH(L.2Y-(1.3Ytaco:

n+l

z!l\UAL_(UE)\A,”1 U(E \A, ) (1.4)
FEd |
VGimbi je{l. 2.+, k}. theo wrén (khi p=1), tacé:

ENA,., = :L_'JI D, DD, =@ nés ="
Dodotr¢l. Htasuyra: |

ntl
ANUA4 = U
i=1 A
e

'.-"\'\

Vi cic £, doi mot khong giao nhau vi D, cing do1 mét khong giao
nhau nén cic D, v6i moi j=1---. k: I=1--- r, ciing d6i mot khong
giao nhau vi bd dé duge ching minh. Il

BAI TAP

L1, X. Y lahat thp cho trudc vd f: X — Y [a mot dénh xa, & 13 mot vinh

(trong tmg, o — vanh, o — dai s6) trén Y. Chimg minh riing £ ' (X)) 1a
mot vinh (tuong iing.  — vanh, o — dai s8) trén X. O day
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1.4.

1.5.

I.6.

1.7.

FlR)={Acxi3Ber. A= (B}
Cho A lamot o~ dai s6 trén X. © 1a mdt ho cic tap con cha mot
tAp S va B la o— dai s0sinh bdi O. Giastr 1: X > 5 12 mét dnh
xa 820 cho v6i moi Ge © tadéucé f '(G)e A. Ching minh ring
f '(Ble A vdimoi BeB.
Cho R & mot vanh trén X. Goi A 1a ldp tdt cd cdc tap £C X sao
cho hode £eWR hoac ' = X\Ee®R Ching 1o ring A i maot
dai 86
Cho X 13 m(f)tvliflp tuy v khic rong. Goi R 1a 16p Wit ci cic tap chi
gém mét diém clia X vatdp 4. Chimg to rang R 13 mot nira vinh.

Cho R 12 mot nua vanh wén X vi CC X sao cho C=

ne=l

A, € R, neN. Chimg to rang C ¢6 thé duge biéu dién dudi dang
L Hi

C=U. B, trong do6 (B )m CR. cic tap B, rdi nhau timg doi
mot va vdi mét m, B, duge chira trong it nhiit mot tap A, ndo do.
Hudng dan. Dit £, = .A” \U!T A, 1oi st dung Bo dé 1.2.4.

R 1a mét 18p khde rong cde tap con cta X thod min cdce didu kién
sau day

(a) A. Be R tht ANBeNR,

(b)y AL BeR. ACB thi 1on 1 mot s6 hint han cac tap C,. C.---.
C,eR sao cho C,=ACC, CCC-CC, =8B va D =C\C, ,
eR, i=12,...n

Chimg 16 rang R 12 mot nira vanh.

Mot 16p A cdce tip con cda X duge goi 1a mot 1dp don digu néu

mor day (E”)_ C A don diéu tang hay don diéu giam ta déu ¢é :

Us £, €A néu (E,) don digu tang va N, E, € A néu (E,)
don dieu giam. Ching to rang :
a) Moi a— vinh déu 12 mot 16p don diéu,

b) Moi vanh don diéu déu 1d o — vanh.



1.8. Cho R lamot o— daisdtrén X, AC X. Chdng 10 ring

1.9.

1.10.

R, ={ZNAIZeR}
la mot o — dai s6 cdc tap con clia A,
Gia st X 1a mot tap khong dém duge. Goi A 1a ho gém cic tap

£ CX sao cho £ la tdp khong qud dém duoc hoac X\ E khong
qud dém duoc. Chiing minh rang A 1A mot o — dai s6 (goi 1a o—

"dai s0 céc tap dém duge hoac “d6i d€m duge™).

Chitng minh ring o — dai s6 Borel B(IR) trén IR dugc sinh ra bdi
mdi ho trong cdc ho tap hop sau :

(@) &, ={(a. b)la<b, a. beIR

(by 2, ={[a. bjla<h, a, belR

b
1
() €y 1= {(a, b]la <b, a, be IR},
).

(d) £, :={[a. b)la<b. a, belR
(e) &5 = {{a, oo}lacIR},

(8) 5= {(~00. a)laeIR},

(h) &5 :={[a. x)la IR},

(i} 5 = {(—o0. a]lac IR},
§ 2. DO PO TREN NUA VANH
2.1 Ham tap.

2.1.1 Céc quy uwdc vé cac phép toan trén IR.

Trong chuong nay va Chuong 4 ching ta s& lam viéc vdi tap s6 thyc

ma rong IR =IR U{+oo, —oo} (ta thudng viét oo thay cho +o0). Dé
thuan tién cho viéc tinh todn, ta nhac lai mot s6 quy udc khi thuc hién céc
phép tinh trén IR.
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* ¥xelR,—o0 < x < 400,

* ¥x elR, x+o0=+00,

* Oxoo=o00ox0=0, Ox(—oo)={(—o0)})x0=0,

*VaelR, a=0 thi

: +oo néua >0,
ax{£oo) ={toc)xa= ]
Foo néu a <0,

* Joox(+o0) =+,

00 400 = 00, —{—oc) = o0,

*

+00%(~00) = —oox{+00) = —00 v {—00)x{—00) = +00,

* Céc biéu thitc co—oc, x khong duge dinh nghia trong IR.
: o0

Ta cling quy ude inf # = +oc.

Bay gid cho X 14 mot tap khdc rdng va < 1a mot ho khong réng
c4c tdp con clia X.

2.1.2 Dinh nghia. M6t dnh xa u: C — IR duge goi 1a mot hdm dp.

Dé thuén tién cho viéc sit dung sau ndy, trong suét chuong nay ta chi
xét nhimg ham tdp p chi nhan mot trong hai gid tri +oo hay —oo va khong

déng nhét bang +oc hay —oco. Nghia 12 mién gid tri cha u 12 (—oo, + o0l
hay {—o00, +00) vd tdn tai Ae £ sao cho plA)e(—oco, +00). DGi véi
mot ham tap . sau ndy nhiéu khi ta cling viét pA thay cho (A). Ham tap
1 ogoilakhong dmtrén C, kihigu 20, n€u unA>0 moi Ae .

2.1.3 Dinh nghia, Ham tap ;: C - 1R dugc goi 1a cgng tinh (cong
tinh hitu han)néu A, A € C, ANA, =8 va A UA, eC thi

(A UA)) = w(A)+ p(4,)..

2.1.4 Dinh nghia. Ham tap : & — IR duge goi 13 o— cong tink

(hay ¢gng tinh dém dugc) néu A e C, i=], 2,..., ANA = &, i=jva

UAec th

i=t
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n(UA)—Z#( )-

i=1 =1
2.1.5 Nhan xét. Dé dang chitng minh duge ring
(i) Néu fec va ham tap 4 13 cong tinh hay o— cong tinh thi
u(#)=0
(i) Néu 4 1a o — cong tinh vd @ € < thi u 12 cong tinh.
2.2 Pinh nghia d¢ do va vi du.
2.2.1 Pinh nghia.

e Cho R 12 mét nlfa vanh trén X. Mot ham tap m: R — IR dugc
goi la mot d6 do n€u m thoa man cdc diéu kién sau :

(i) m{g)=0,

(ii) m khong &m,

(iii) m _lz‘-l o — cbng tinh.

Lic nay (X, R, m) dﬁqc £0i 12 mot khong gian do do.

* D6 do m duoc goi 12 hitu han néu véi moi Ae R, m(A) < +oo.

*bo do m duge goi la o~ hitu han n€u v6i moi A e R, t6n tai mot

day (A,) CR saocho A= UA,,, VA mA, < -+oo, moi neN.

r=1

2.2.2 Nhan xét. D& dang thay rang néu m 12 mot d¢ do trén nira
vanh R thi

(i} m la cdng tinh,
(ii) Néu A, B€R va AC B thi mA< mB. Néu hon nita, mB < +00
thi mA <+oco va lic ndy ta s€ c6 m(B\ A) = mB—mA néu B\ AcR.
That vy, vi ® [a nita vanh nén n tai C,, Gy C, €R,
C; ﬂC B' néu i = j sao cho B\A= UL, C,. Khi d6
B=AUL,C), m_BzmA+fjlmC,..

Tir day mA <mB va n€u mB hitu han thi mA ciing hitu han. Hon nita néu
mA hitu han vi B\ Ae R thi
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k
m(B\A) =Y mC, = mB —mA.

i=l1
2.2.3 Cac vi du.

(1) X={a, b}: R=1{g, {a}}, m(-,@'-‘)x(), m({a})=1 12 mot do
do trén XK.

(ii) Trén nira vanh R g Vidu 1.2.3 (1), [a b € R, ta dinh nghla
m([a, b)) b—a thl m 12 mdt do do trén X (xem (v)).

(iii} (D¢ do dém) Gid st X 1a mot tap vi R = P (X). Ta dinh nghia
p:R —[0,+00] bdi wA=400 n€u A 12 tip con v6 han cha X vi 1A
bidng sd phdn tit cla A néu A 11 mot tap con hitu han cia X. Khi dé
(X, R, 1} 1a mét khong gian d6 do. Do do 4 lic nay duoc goi 1a d¢ do
dém trén X.

(iv) (P9 do Dirac} Cho X 1a mot tap khéc réng tuy y. C§ dinh mot
phdn tir a € X va dinh nghia §,: 2 (X) > [0, oo béi §, (A)=1 néu ac A
va §,(A) =0 néu a ¢ A. DE dang thdy ring (X, 2(X), §,} 12 mot khong
gian d6 do. Do do 6, duge goi 12 d6 do Dirac tai diém a € X.

(v) Gia st f:IR - IR 132 mot ham khéng giam va lién tuc bén
trdi (nghia 12 lim f(x)=f(a), moi aelIR). Xét nia vanh

K—a—0

5:{{0. b)la,he IR vz‘lagb}. ~Ta dinh nghia p:5—>[0, +co] bai

w(la, b))=f(B) = f(a) néu a<h va pu(#)=0. Khi dé 1 12 mot d¢ do
“trén 5. ' T ' '
Ta chi con phéi ki€m tra tinh o— cong tinh cha u. Gia sir ring

[a, b)= U [ a,, b,) véi ([an, b"))n 14 d3y gém cdc nlra doan rdi nhau timg

d6i mot. bé y ring c6 thé sdp xép day ([an, ") lai dudi dang
([ €y ("“)); vOi ¢, =a va ¢, /‘b Khi dé

i #([a,p ,,)) Z #([ 0 Cn+1))“" lim Z ”([Cn' Cts ))

n=l n=1 i g

= lim f(¢,)— fla) = 7 (B) - f (@) = u([a. b)).

Laands 51
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Dé y rang & day tacé lim f{c;)= f(b) vi f 12 lién tyc trdi tai . I

Vidu (ii) & trén [a trudng hop dic biét cta vi du nay khi f{x) = x.

2.3 Mét so tinh chat coa do do. |

2.3.1 Pinh li. Gid s m: R = {0, oo| la mét ham tdp trén nia vanh
R. Khi d6 m la mog d¢ do trén R khi va chi khi cdc diéu kién sau
thod mdn :

(i) m{(#)=0,
(ii) Néu A A, Ay, A.-eR. UACA va ANA =0 vii
i=l .
i=j thi

f:mA!- <mA,

i=1
(iii) Néu A, A, Ay, A €R, AC A thi mA< S mA,.
=1 1=1
Tinh chat néu & (iii) goi l4 o — nira cong tinh cha d6 do m. Ciing dé
¥ rang trong Dinh 1f 2.3.1 ching ta khong doi hoi CJ A ER.

=l

Chitng minh.

Gia sit m la mot do do tréen R. Hién nhién (i) ding. Ta ching minh
m nghiém ding (ii) va (iii).

* Ching minh (ii). Ldy tuy ¥ peN. R6 rang 1a U2, A, C A. Theo
B6dé 1.24,t6n tai C\.--, C, eR, C;NC, =, néui=j va

P r
ANUA=UC,. (2.1)

. i=l =l
bat A/=A. i=L--,pva 4, =C, j=L-.r. Khidétacé A'eR,

AINA =, moi i,j=1 2 pptlo ptr, i=j, vi A= A
. i=1

Do dé

1+ 2l
mA="S mA!>3 mA' =¥ mA. (2.2)

i=1 =] =l

148



Vi(2.2) diing v6t mgi p e N nén khi cho p — oo, ta duge

mAZimAJ.

i=l

* Chiing minh (iif). D& thiy ring A= AN(UX, 4)= U (ANA4,). Dat

B, = AN A, Khi dé

!

B.

[N ot

Lai dat €, = B,, C, =B,\(U/5'B;), n=2, 3,--. Liic 6

A= {J C, vaC,NC, =4 néun=n'. (2.3)

=l
Dé y ring R lanla vanh nén B, € R, moi i € N. Mot l4n nita. theo B dé

1.2.4, mbi ne N, tén tai mot s6 hitu han céc tap d6i mot khong giao nhau
D, er, ¢=1,-, £, saocho

i
C, = li:Jl D,. neN.
Tir day va (2.3) ta dugc :
A= LiJ]({_UI D), D,ND,. =8 néu(n O)={n, ¢).
Do d6
mA = g( :Z—. mD,). (2.4)

Vi C, =U,D, CB, nén Y mD,, <mB, <mA,. Dod6(2.4)chota:
]

mA

"

[«

mA< 3 mB, <

1 LE

M,e

L

n

1]

Ngugc lai, néu m. thod mén cdc di€u kién (i) — (iii) thi d& ching
minh dugc ring m 1a 46 do (tinh ¢~ cong tinh ¢6 dugce tir su két hop
(i1) va (iin). Nk
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2.3.2 Nhan xét. Dé thdy rang trong phan chitng minh két lugn (iii)
ctia Dinh 1i 2.3.1 (diéu kién cén), néu R 12 mét vanh thi 'C,, €R moi
reN vatr (2.3) c6 thé suy ra két luan coa dinh If. -

Tir day vé sau dé cho gon, doi khi ta s& dung ki hieu A, T A d€ chi
diy tap (A,) trong X c6 tinh chat A, CA,,. véi moi neN va

L
»

A= (J A, Tuong tr, ki hieu A, | A duoc hi€ula A, DA

aii» YOI MOI

n=1

neNva A= ﬁ A,
n=1
Dinh Ii sau day rat thuan tién trong nhiéu trudng hop. Khéng dinh
dao lai ¢tia né theo mdt nghia ndo d6 ciing ding (xem Bai tap 2.3).
2.3.3 Dinh W. Gid si R la moét vanh va m lad mot do do trén R.
Khi dé cde khdng dinh sau la diing.
(a) Néu (A,) CR, AcR va A, TA thi lim mA, =mA.

e

(b} Néu (A,) CR, AcR, A, LA va mA, <-+co (hay tdn tai ng

"

dé cho mA, < +o0o} thi lim mA, = mA.

Ching minh.
(a) bat B=A4A, B,=A,_ \A, n=23,.. Kbid6 B, €R, moi

n

neN, B,NB, =8, n=n' va

B, A= B,

n=1

A =

H

Tt

I

Tir tinh o — céng tinh (va do d6 cong tinh) cha m ta duge :

mA, = i mB,-‘.l' mA = i mB,.

i=1 i=1

Vay lim m(A)=m(A).

~ (b) Gia sit mA; <+oo (trudng hop cdn lai duge chimg minh tuong
). Dé ¥ rang
B:=A\NA=A\(A, =

n=l1

(AN\A)=U B,
n=|

i C»

1
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v6t B, =A/\A,e€R, neN. D& dang nhén thdy rang B, C B,,,, moi
neN. Ngoai ra, vi. mA, hiu han nén mB=mA —mA va
mB, = mA, —mA, voimoi n. Tu day va(a)tacd

mB =mA, —mA = lim mB, = lim [mA, —mA, ]

H— H—"x:

= mA,— lim mA,,.

s

K&t luan (b) dugc suy ra tir cdc déng thic nay va gia thiét mA, hitu han. 1
BAI TAP

2.1. Cho pu la m6t bam tap cong tinh trén mét ho tdp £. Giasit A, Be £,
AC B vi B\ A e . Ching minh ring néu uB hifu han thi A ciing
hitu han va ta c6 p(B\A)=puB—pA Hon nita, nfu u>0 thi
HA < uB. .

2.2, Cho m la mot do do trén nira vanh K. Chdng minh ring
(i) Néu mA. =0, moi ie N va {J A € R thi

=1

m(UJ A,) =0,
=1
(liyNéu A, BeR, AUBeR, A\BeR va mB=0 thi m(AUB)=
m(A\ B) = mA. _
2.3. Cho m la mOt ham tdp khong 4m, cdng tinh trén mdt vanh R,
m(@) =0 va thoa man mot trong cic didu kién sau :

(i) (4)_ CR..A,CA,, moi neN va UX, A €R thi

“m(U A) = lim mA,,

i=l Lt
fe )
(i) {A4) N CR. 4,24, moi neN va _nl A =@ thi
=

lim md, = 0.

F—

Ching minh rang m 12 mot do do trén R.
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2.4.

2.5.

2.6.

2.7.

2.8.

2.9.

152

Gia sir z 12 mot ham tap o— cong tinh trén vanh &. Chdng minh
rang '

(a) Néu A eR, A, CA,,,, moi neN, vi A=A eR thi
lim u(A,)= n(A).

"

(b) Néu A eR., A, DA, moi neN, A= A R va u(A)

n=1

hiru han (hay ton tai n, d€ cho ;_;,.(An“) hitu han) thi
lim p(A,)=u(A),

Gia s p 12 mot do do trén nira vanh X. Chdng minh ring néu
(A), N CR. AcR v A TA th lim mA, = mA.

H—x

Gia sit X =@ 12 mot tap tuy y. Goi R 12 ho tét ca cic tap con hitu
han cua X. :

a) Chimg t6 ring R 12 mot vanh. _
b) f:X — IR 12 mot 4nh xa vdi gi tri khong am. Dat 1: R — IR
x4c dinh bdi

,u({x,. Xoyeery X, })z_gf(x‘.), (@) =0.

Ching to rang p 12 mot do do trén R,

Cho g 12 mot do do da (Pinh nghia 3.3.2) trén o— dai s§ R,
ECX. Gidasitrang v6i moi €>0 tén tai AeR saocho ECA va
1A <e. Ching tdrang EeR va uE=0.

m la mét do do trén nilta vinh R, A, BeR, mA < +oo. Ching td
rang ton tai hiru han céc tap C,, C,.++-, C, € R sao cho

mA—m(ANB) = imC,-.

f=1

Gia st m la mét do do trén nira vanh R. M6t ho hitu han

{E\. E,,..., E,} céc tap ciia R dwgc goi 12 mot phdn hoach cha

EcR néu E={JE, va ENE,=f, i=j Ho {E, E,...E,}

i=t

duge goi 1a mot m — phdn hoach cha E ndu véimoi A e R ta déu cé



2.10.

2.11.

m(ENA)=3m(E N A)

=]
Ching t0 riang
a) Neu E=C,CC, C--CC,=F, CeR. i=12..n vi
D;:=C\C_ eR, i=1 2. nthi {E D, D,..D,} lamot m
phan hoach cia F, _ '
b) Moi phan hoach cua £ e R déu 1a mot m — phan hoach.
Cho B 12 mt dai s6 cdc tdp con cia X va m,, neN la cdc d6 do
hitu han trén B. Gia st rang (X,) 12 mot déy céc s6 duong sao cho
}E A, {X})<+oo. Chimg t ring ham tap xic dinh bdi

n=|

EosmEl=3 )\,I,m"E, E € B 1a mot d6 do hiru han trén B.

n=]

Xét nlra vanh
S5 ={ACIRIA=# hay A la khong qui dém dugc}

va dinh nghia p: S —[0,400] bdi cong thitc puA=0 néu A=4¢
hay A 12 tap hitu han v pA=-+00 néu A 13 d€m duge. Ching té
rang p 13 ham t4p cong tinh (hitu han) nhung khéng 12 mot do do
trén S.

§ 3. THAC TRIEN PO PO

Khi lam viéc v6i cdc do do m trén nira vanh chiing ta thudng gap

nhiéu khé khan vi nita vanh khong déng kin d6i véi mot s phép todn,
chang han, phép ldy hop hifu han hay dém duge cic tap thudc né. Vi thé
ma ngudi ta mudn théc trién (md rong) m “thanh” mot do do x trén mot
o— dai s6 £DR. Muc ndy dugc danh dé thyc hién ¥ tudng néi trén.

3.1 Do do ngoai, dd do ngoai sinh béi mot do do.
3.1.1 Pinh aghia. M6t ham tap v xdc dinh trén 2 (X) duoc goi 1a

mot do do ngodi trén X néu thoa man cic diéu kién sau :
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(a) v khong am,
(b) v(#)=0,

(c) Néu AC [JA thi vA<3 vA.
= f=I

3.1.2 Nhan xet Gia st v 12 m¢t do do ngodi trén X. Khi d6 dé
chiing minh dugc rang :

(i) Néu AC U A thi v(A) < ivA,. (nlta cOng tinh).
i=} i=l1
(ii) Néu AC B thi vA<uvB.
Céc dinh If sau day 12 co s& dé ching ta thdc trién mét do do m
trén nira vanh 1&n mot o~ dai sé.

3.1.3 Pinh Wi, Gid su m la mot do do trén niza vanh R. Khi d6 néu
dat, moi AC X,

i=1 =]

mA= mf{sz |E, eR, ieNvalJE DA} RERY)

thi m" 1ad mot d6 do ngoai trén X (dé')’f quy woc inf @ = +oo). Ngoai ra
néu AcR thi mA=mA. Ta sé goi m" 14 dé do ngoas sinh boi dg do m.
Chitng minh.

«) D& thiy ring m" thod man céc diéu kién (a) va (b) ctia Binh
nghia.3.1.1 do m la'mot do do.

8) Ta ching minh m' 1a o~ nira cong tinh. Gid'sit AC ) A,. Ta
. n=]
s& ching minh ring m A < f: m_‘A,i. L

n=|

o Néu S m'A, =+oo thi két lugn la rd rang.

LES

o Gia sir Zm*A,, <+o0c. Nhu vay m*An.<+oo. moi 7€ N. Liy

=]

€>0 tuy y. Tr dinh nghia cua m' v mbi ne N, t6n tai mét ho dém

duge (Aw-) CR, U A, DA, saocho
F=I

> mA, <m'A, +2—' o | (3.2)

F=1
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. "
Ho { A, vi A A A .. Do d6, tir dinh nghia clha
i ( i ){n.ﬂeNxN R < 31 " n.,Lf'gN Y ' £
mach:
* o X .'x:- * &
mASY (LmA)NS Y (mA +—
A=l j=1 . n=1 2
<Y mA e
n=l1
Vi € >0 ty ¥ nén
mMALS mA,.
=]

N) A€ R, ta ching minh m A= mA.

« Dat A=A A=f i22 th ACUA. Do d6 theo (3.1),

i=I

m A< Y mA, = mA.

=l
» Nguoc lai, moi ho dém duoc (Ai);e'N CR, Ej ADA thi(déy m
: =

IA o— nira cong tinh)

[Ny

mA < 3" mA..

|

T

TUrd6 tacé mA<m A

Vay mA=m A vi dinh Ii 43 duge chimg minh. B

3.1.4 Nhan xét. Trong dinh nghia do do ngoai m sinh ra bdi d6 do
m (cong thic (3.1)), ho (E,-)ieN C R c6 thé duge chon sao cho céc E; roi
nhau timng déi mot (Bai tap 3.1).

- 3.2 Tap m" — do duoe va dinh li Carathéodory'”.

3.2.1 Pinh nghia. Cho m" 12 mot d6 do ngodi trén X. Mot tap

AC X dugce goi 1a m” — do dugec (hay do duge theo Carathéodory) néu

L]

") Constantin carathéodory (1873 — 1950), ngudi dé xuat 46 do ngodi, nha to4n hoc xudt sic
ngudi Bie (géc Hy Lap), ¢6 nhidu déng gép quan trong trong gidi tich hién dat.
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mE=m(ENA)+m {E\A), VEC X. (3.3)
Ho tdt ca cdc tap m” — do duoc duoe ki hiéu 1a £,
3.2.2 Nhan xét.

(i) D& thdy ring diéu kién (3.3) trong Dinh nghia 3.2.1 twong duong
v3i mot trong hai diéu kién sau :

mE>m (ENA)+m" (E\A), VEC X, (3.3)
mAE) =m (ENA)+m" (ENA°), moi EC X, (3.3")

- Tir (3.3") ta thdy n-gay néu Ae £ thi A” € £. Pic biét, dé thay @ € £ nén
Xel -

(i) Neu m"A=0 thi Aecr That vay, lic d6 véi moi ECX,

m (ANE)=0 vado dé,
mE<m (ENA)+m" (EXA)=m"(ENA)<m'E.

V@i cdc ki hiéu nhu trén ta ¢é dinh 1{ sau.

3.2.3 binh li. (Carathéodory) £ la mor a— dai 56 va thu hep p
ciia m’ trén £, o= m!::, la mét a6 do. '

Ta s& goi 4213 do do sinh bdi dé do ngoai m’.

bé ching minh Dinh 1f 3.2.3 ta c4n bé dé sau.

3.24 B6 de. Gid st m" 1a mot dp do ngodi trén X va E,, E,,..., E,

la cdc tap m" — do duge (thuge L), roi nhau timg doi mot. Khi d6,
m' (AN|ULE]) = = m' (ANE,). moi AC X. *)
i=1

Chitng minh. Ta ching minh quy nap theo ». Hién nhién (*) diing
khi n=1. Gia sit (*) ding v6i n. Ta chitng minh (¥) ding véi n+1. Gia
st E,. E,,... E,, E, ., 1a cdc tap m — do dugc, rdi nhau timg doi mot.
Néu AC X thi

n+1

UE

=]

AN

NE,.., =ANE,

H+le
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["[J]E}mg‘ l—-Aﬂ(UE)

=1
Vi E,,, 1a m — do dugc nén (dé § Nhan xét 3.2.2 va gia thiét quy nap)

"+l

U E,

=

[

] “(anu ”+1E]ﬂEﬂ+i)+m (An[umENEE.,)

=m (AF]E,,+1)+HI*(AO(_ ?-_-IE:'))
_!'E]m (ANE )1

i=]
Chung minh Dinh Ii 3.2.3. .
«) Ta chimg minh £ 12 mot o —'dai s8. Trudc hét d€ y ring theo

Nhan xét 322 thi ferl, XeL vanéu Aes thi A eL Do d6 dé
ching minh £ la mét o—dai s6 ta chi con phai ching minh £ déng kin
d6i véi phép hop d&ém duge. Trude hét ta ching minh £ déng kin véi
phép hop hitu han.

Gia si A, A, el Goi A=AUA,. Dé § ring lic nay
A=A U(A NA,). V6i moi tap EC X tac6 |

mE<m (ENA)+m (ENA)

S[m‘(EDA]]+m"_((Er‘1A,")r1.A2)]+m*((EOA,")OA;)

:m'(EhA1)+|m'((EnA;')nA2)+m*((EnA,"JnA;)]

=m" (ENA)+m' (ENA)=m'E,

chimg 10 A=A UA, € £ Tuday, 4, A €L thl 414, = (A;'UA;)‘“e;:
va A\ A, -_A NA; € £ (viy £ 1a mot dai so).

Bay giv gia sk (A")HEN C L. Goi A= {J A, va dinh nghia G = A,

n=l

G

n+1 7T

A NU A, v6i n21. Khi d6 (G,) CL£ (M £ 1a mot dai s6),
i=1
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G, NG, =@ nfum=nva A= GG"Q bat F, = L"JGj, neNthi F el

n=1 =1

vi A= U F,. Néu EC X thi

n=1

mE=m (ENE)+m (ENF’)

>m (ENF,)+m (Ena‘)
=y m (ENG)+m' (EnA‘)
i=l
moi ne N (ding thic sau cing diing do Bé dé 3.2.4). Tir day va dang
thitc ENA= D (ENG,;) ta nhan duge
i=1

mE>Yom (ENG,)+m (EnA®)
i=1

Sm(ENA)+m (ENA),

ching t0 A€ L.
3) Ta chiing minh }J,:ml:: 1a mot do do trén £. Ta chi con phai -
chitng minh u 138 o—cong tinh. Gi sir (En)"eN C £ 12 mdt ho tap roi
nhau timg doi mot, Dat £ = D E,. Khi dé Eer vaido m 1a g—nina

=]

cong tinh nén

WE=mE<Y mE, =3 uE,.

n=1 =1 '

Mait khéc, theo B3 dé 3.2.4

ij pE, = i mE, = i m (ENE,)
n=| n=\ =1

L] k £l *
=m IED UmEnl <mE=pFE

=}

véi moi ke N. Do.dé uE> % HE, .

n=1

Nhu vay pf = f: pE, va dinh li d3 duge chiing minh hoan toan Il
n=1
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3.2.5 Vi dy. Tren IR xét nita vanh R ={[a, b)la,b€ IR vaa< b}
v6i do do X x4c dinh bdi X\(F)=0, \([a. b))=b—a, moi [a, b)eR.
Goi X" 12 d¢ do ngoai sinh bdi X, £ 1a o — dai s6 céc tap \* — do dugc
Vi 1= x[}c. Khi d6 moi gian 7 CIR (xem Vidu 1.2.3) ddu X" — do duge
va X' (D) =1l vei '

= h—a néugian/ =< a.h> bichin,
\ " |+ néu gian 7 khong bi chan.
RG rang néu / =la,b), a, beIR thi /e L va
AN =x(D=b-a.

Gid st /=[a.b], a beIR, a<h Khi d6, I=la. bl= A1, vei

1 1 -
=|a, b+—]eE’. Vil llgl,=N,=b—a+—<+400 nén [e€L va
_ nj n

N H— R

N'{1) =gl = lim x*[ =1im[b+l—a]=bﬂa:|11.'

a, b+l]
n

Néu I=[a,+o0)., aelIR. Dat I, =[a. a+n), neN. Khi dé
1,€R, 1,71 nen Ie £ va gD = lim X(/,)= lim (n) =co=lt].

Cic trudng hop con lai c6 thé duge chitng minh twong ty.
3.3 Pinb li thac trién.

Dinh Ii sau day tdng két cic két qua vira néu & cdc Muc 3.1, 3.2, goi
1a dinh li thic trién d6 do.

3.3.1 Pinh li, (Thdc trién do do) G:a s m la mér do do trén nua
vanh R, m"la dd do ngodi sinh bdi m, con i la do do sinh bdi dé do
ngoai m'. Khi d6 n la mor thée trién cia m lén o— dai s L cdc tap
m" —do duwge, nghiala RC L va pA=mA, moi AeR.

Céch thic trién mot d6 do néu trén thudmg duge goi 1a rhde trién
tiéu chudn (hay théc trién theo Carathéodory) con 1 g01 la thdc trién tiéu
chudn cia m.

Chitng minh. Ta chi cdn phdi ching minh quan he R C LW dén'g
thic puA =mA, moi AeR duge suy ra tir Dinh 11 3.1.3 va dinh nghia cua
dé do 4.
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Gid sit Ae R va E 1a mot tap con bit ki cha X. Chiing ta hidy kiém
tra bat dang thifc (3.3”’). RS rang 12 néu m E = +oo thi (3.3"") ddng.

Gia stt m E < 4+00. V6i moi € >0, theo dinh nghia cla d6 do ngoai
- m’, 6ntai (A,),_ CR saocho

ECUA, va S mA <m'E+e

n=1 n=1

Khi dé.

Enac U (A,NA)

n=|

Ena’c (4,na)= )

A=l =1

AN (A, NA)]

Vi A, A NAeR moi neN va R la mra vanh nén véi moi ne N, tén

tai mot s6 hiru han cdc tap C,, € R, doi mot khong giao nhau sao cho :

i,
An \(An N A) = U an'
k-1

Ngoai ra,
f’il mC, =mA, —m(4,N4). (3.4)
Nhu vay, |
ENAc CII(A” NA). ENA‘C D] k@] . (3.5)

Bay gi® (3.4) — (3.5) v tinh o —nira cong tinh cia m” cho

| N .
m(ENA) +m (ENA)< Y. m(A,NA)+ Y mC,

=] k=1

< T m(A,NA)+ 5 mA, -3 m(A NA)

n=} n=] n=1

RS "
<> mA <mE+e.

A=i

Vi ¢ >0 wy ¥ nén ta duge (3.3”"). Vay Ae £ va dinh 1i di duge ching
minh. §
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3.3.2 Pinh nghia. Gia st m 12 mot do do trén nira vanh R. Do do
m duge goi la du n€utr AeR, mA=0 va ECA kéotheo E€R (va

do d6 mE = 0). Liic nay ta ciing n6i khong gian do do {X. R, m} la di.
Mot s6 tinh chat ding luu ¥ cia do do thic trién tiéu chuan ;¢ duge
néu 1én trong dinh li sau.
3.3.3 Binh li. Gid stt m la mor do do trén nia vanh R, p la thac

.t . a K + - - - P - # + -
trién tiéu chuan cua m lén o— dai 56 L cde tdgp m — do dwye. Khi do

tii Néeu X =) A, vai A, eR moi neN va mA, <+oo thi khong

I |

nhitng m la o— hitu han ma mo rong n’éu_ chudan pt eta né cling vy,
(i) pla do do da,
(:"U'} LOF(R). Ngoai ra, néu o la o— hitu han thi Ae £ khi va
chi khi '
A=B\N hav A= BUN (3.6)

trong d6 BeF(R), uN =0 véi m la do do ngoai sinkh bdi m (IF(R)
la o— dai 50 sinh bdi R). |

Chirng minh, Khing dinh (i) 12 o rang. Ta chimg minh (ii) va (iii).

(ii) g 13 A0, That vay. néu ACB ma pB=0thi 0<m A<m B=
4B=0. Dodé mA=0vi Ae L. |

(i) £OF(R) vi £ 13 o— dai s6 v £DR. Gia sit j 1 o— hitu

“han. Néu A ¢6 dang (3.6) thi hién nhién A € £, Nguge lai, gia sit A€ L.
Ta xét cac truong hgp :

* Néu 1A < +oc. véi mdi ke N, t6n tai mat ho (ﬂ, ) y CR sao
. vAeE

cho UP, DA va
o

FIEX

ij mb, <pA +%'
o=l i -

Dat B, = P, vd B= () B,. Khidé BeF(R) va B> A. Ngoai ra,
il . .

k=1
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. -
uB < uB, <3 mb, <,{LA+-k—, moi ke N.
i=1 '

Nhu vay puB < uA nhung vi ACB nén pA < uB va ta duge pA = uB.
bat N =B\A thi uN =0 va

A= B\N.
Viy A c6 dang néu trong (3.6).

Ta
* Néu pA=+o00, vi o 12 o— hitu han nén X=|J A, v6i
) n=I1

pX, <+oo, moi ne N, Do vay

A=ANnX={J(AnX,)=U 4,

n=l n=l

vl A, = ANX, € L vd pA, <+oo.

Theo ching minh trén, méi neN, tdn tai B, DA, sao cho
1(B,\NA,)=0, B,eF(R)C L

Pat B= U B, thi BeF(R), BOA va(d€y B \Ae L)

n=1

N=B\A={J(B,\A),

si=l

=i

Nhu vay trong trudng hop nay A ciing ¢é dang (3 6). Dinh i dugce chimg
minh hoan toan il

Chu y. D€ ¥y ring néu Aef thi X\AerL vi ta ciing ¢6
X\NA=B'\N'véi B er(rR) va uN' =0. Tu dé
A=(X\B'UN'=B"UN',
véi B” =X\ B'e F{R). Day la dang thit hai trong (3.6).
Dén day, mét cach ty nhién cic cau hdi sau nay sinh.
(o) Néu ta ti€p tuc thdc trién tiéu chudn g thi ta ¢6 nhan duoc didu
gi mdi khong ?
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(3) Thac trién tiéu chuin nhu trén c6 13 duy nhét (theo mot nghia
nae do) khong ?

Céc vdn dé néu trén duge gidi quyét trong cac dinh Ii sau.

3.3.4 DPinh li. Gid sit m la mot do do trén nita vanh R va p ld
thdc trién tiéu chudn cia né. Néu m' .y’ twong img la cdc do do ngoai
sinh bdi m va p thi m E =1 E véi moi EC X. Hé qud Ia md réng tiéu
chudn cia o trang voi chink nd. |

3.3.53 Pinh W, Gid sit ¢ la thdc trién tiéu chudn cia do do m trén
nia vanh R 1én o— dai 56 L va pu ld o— hitu han. Néu v ciing la mét
théc trién ciia m lén mot o— dai s6 SDOR thi vA=pA véi moi
AeLNS. Néuthém nita, v la do do dii thi £C S.

BAI TAP

Tir day vé sau cdc ki hieu m, u duge diung dé chi do do ngoai
sinh ra béi cdc do do m hay u tuong Ung.

3.1. Cho m la mot do do trén nita vanh R (cdc tap con clia mot tap X
ndo dé), A C X. Ching 16 ring

mA=inf{y mA 1(A,) CR A NA, =4

n=1
néu n=n', |J,A, DAL
Huéng dan. Sir dung Bai 1.5.
3.2. Cho R 1a mét nira vénh cdc tap con cha X va (X, R, p) 1a mot
khéng gian do do. 2”12 do do ngoai sinh b&i 4. Chimg to ring tap
ACX 1a 1" — do duoc khi va chi khi

;L(E)zp*(EﬂA)-Fﬂ,*(EﬂAr), moi EeR va nl(E) < +oo.

to
tn

. Cho u la mot d6 do ngoai trén X, (E”) 12 mot diy cdc tdp 1 — do

duge (Pinh nghra 3.2.1)} va roi nhau ting doi trong X. Chu’ng to
rang v6i moi AC X thi
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3.4.

3.5.

t
e

164

n(ANULE]) = > 1n(ANE) moi AC X.

n=1
Cho p 1a mot do do ngoai trén X, AC X. Goi £ 1a o— dai s6 cdc
tap j+— do dugc. Hay chimg 16 ring A € £ khi va chi khi :

Ve>0,JEe f. EC A saocho pu{A\E)<e.

Cho p la mét do do ngodi trén X va (A,) 12 mot diy cdc tap con
cua X. Gia sl rang t6n tai mot day (8,) cdcrap p— do duge, doi
mot roi nhau sao cho A, C B, 'véi moi n e N. Ching 14 ring

(U A) =3 u(A,)

=l =1

Huéng din. Dat A= (JA,. Sit dung Bai 3.3 VA luu y rang

n=1

ATIB, = A,.
Cho 4 1a mot do do ngoidi trén X v A 1a mot tap con u— do
dugc cua X. Chiing to riing véi moi tap con E cha X ta déu ¢6

HAVE)+ p(ANE) = plAY+ u(E).
Huéng dan. Sir dung tinh ;e — do dugccia A déc6 jilAUE) = ;(A) +
#{ENA™). Cong hai v€ déng thic ndy véi p(ANE) thi duge diéu
phai ching minh.
Cho 77 12 mot ho khac réng nhitng tip con cha X va
f:7 =[0.+00] 12 mot ham tap. Dinh nghia s:7 —[0,+00] béi
w(d)=0 va

n=I

p(A) = inf{fj F(A(A,), crvaAcUy, AH}

v6i moi tap con A=@ coa X (d€ y ring ta luon quy wdc
inf @ = +oc). Chimg minh ring ;: 12 mot do do ngodi trén X.

Cho m 1a mot do do trén nira vanh R va 1 13 thédc trién tiéu chudn

ca m 18én o— dai s6 £ cic tap m — do dugc. Gia st Ae £ va



3.10.

3.11

3.12,

#A < +oc. Ching té rang khi dé t6én tai mot ho (A,),.y CL sa0

. I - I ‘ .
cho v6i moi neN, A, =UE,, (E,) (TR E, NE,=# khi

f—1

i=jvisaocho H= 1A DA vi u{H\A)=0.

=1
Cho m 1a mot 4o do trén o— vanh R, AC X. Hiy ching minh
rang
a)Néu m"A < +o0 thi Ve >0, 3BeR, BD A saocho mB<m’ A +e,
b) an =inf{mE|EeR, E D A},
¢) Ton tai CeR saocho CDA v m A=mC néu m A < +o0.
Cho m, yz, L nhu & Bai 3.8. Gid sit AC X thoa man m' A < 4.
Ching €6 ring ton tai Be F(R) (F(®R) 1a o— dai s6 sinh boi &)
sao cho BD A vd m A=puB. Néuthem Ae £ thi ¢6 thé két tuan
fi{B\ A)=0. Chung td ring lic ndy A° ciing ¢6 thé dugc viét
dudi dang -

A =B UN v6i B eF(R) va m'N' =0.

. Gid st X 1a mot tap khic 4, ®={#. X}. Pat m:R >IR véi

m(G)=0, m(X)=1.
a) Chitng 16 rang m 1a mot do do trén R,
b) Xdc dinh do do ngoai m" sinh bdi m.

¢) Xéc dinh 0 — dai 56 £ cdc tap m" — do duge va do do 1 1a thic
tri€n tiéu chudn coa m.
Cho m, p. £ nhur & Bai 3.8. Chiing to ring néu £C X thi

mE=inf{uAlADE, Ae c}.

Tir d6 suy ra rdng ton tai G € £ sao cho GO E va uG =m'E.

- Cho m, p, £ nhu & Bai 3.8 va EC X. Gia sir ring v6i moi ¢ >0,

ton tai A, Be R sao cho

ACECBvam{(B\A)<e.
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Chiing t6 rang
a)ton tai H, K € £ sao cho
HCECK va u(K\H)=0,
b Eef.
3.14. Cho y 1a mgt d6 do ngoai trén X. Gia sir A 1a mot tap khong (phai -
1a) p— do dugc va E 1a mot tap u— do duge cua X sao cho
A C E. Ching t6 rang khi d6 p(ENA)>0,

§ 4. DO PO LEBESGUE"” TREN IR

Trong muc nay chiing ta s& st dung luge dé thac trién tiéu chudn &
§3 xay dung do do Lebesgue trén IR*. D& thuan tién cho viéc theo doi
ching ta sé thyc hién mét cdch chi ti€t cho trudng hop &k =1. Trudng
hgp &£ >1 dugce thyc hién hoan toan tuong ty ma khong gap khé khin
nao dang ké. '

4.1 Dé do Lebesgue trén IR

® Ta nhic lai rang moét gian trén IR 13 mot tip con cha IR ¢6 mot
trong cdc dang sau : [a, b], [a, b), (a, b], [a,+0), (a, b), (a,+00),
(—o0, b), (—o0, b], (~o0,400), a. beIR. Ta s& ki hiéu mot gian vdi hai
ddu mit a, b{a, beIR) 12 {a, b). Theo Vidu 1.2.3 (ii), ho & t4t ¢ céc
gian 12 mot nira vanh va dugce goi 14 nita vanh cde gian trén IR.
_ ¢ Trén R ta dinh nghia mdt ham tap m:R —IR nhu sau : moi
PerR.P={a, b)"", a, belR

b—a nfuP=9,
mP = ]
0 néu P=f.

(Iuu y céc phép todn trén IR &2.2.1). Khi détacé : .

®) Henri Lebesgue (1875 — 1941} 12 nhi todn hoc kiét xuit ngudi Phép. 13 mat trong nhitng
ngudi xay dung nén li thuyét d6 dovi i thuyét tich phan trinh bay trong gido trinh nay.

™) Néu b< a thita quy uSc P = .
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4.1.1 Bé dé. m la mor dp do trén nita vanh cdc gian R.

Ching minh. RO rang ring m khong am va m(@)=0. Ta cdn
chiing minh m 1a o— cong tinh.

Giast P. FeR,ieN, PNP =M, néui=jva P=U2 F. Tasé
chimg minh rang

mP =3 mP. (*)
i=l
Giasit P={a, b)=f§ (truonghop P =g (*) hién nhién diing), £ = (a,. b;).
i € N. Ta xét hai truong hgp sau :
() Ton tai ieN sao cho @, =g hay b, =b. Gid sit ¢6 ieN véi
a; = a (trudng hop con lai chimg minh tuong tu). Lﬁc'néy ta ¢ thé coi _
(néu cin c6 thé sdp xp va ddnh s6 lai) P :(c‘., ‘-'f+|> véi ¢, =a va
¢; /b (khi i = 00). Khi dé

2

mF, = im(c;, C.-+I>_ lim Zm( iy f+l>

0 i=l1

= lim|[c, ~a|=b—a=ma. b)=mP.

(3) @;=a va b.=bh moi i e N. Tuong tu nhu trén, ta c6 thé ddnh

56 lai dé ¢6 P ={c,, C‘H), ieZ véi ¢ \a khi i »—00 va ¢, /b khi
i = +o0. Lic nay

E mP—' Z m< Cir r+l>_ lim Z m( Cis r+l>

==rx. i=— A=t =g
= nl—ETm[C"*' C_uny|=b—a=mla, b)=mpP N

4.1.2 Pinh nghia. Théc trién tieu chuan (t cha d6 do m trén nita
vanh céc gian R 1én o— dai s6 £ cdc tap m" — do duge (Dinh 11 3.3.1)
goi 12 do do Lebesgue trén IR. £ goi 1a a— dai 56 cdc tdp do dugc
Lebesgue trén IR. Mbi tap thudc £ goi 1a tap do dugc Lebesgue hay
(L)~ do duye.

Nhic lai rang n€u A C IR thi

mA= mf{imﬁlelagm ieN, UPDA} 4.1)
k=l
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Hon nira theo Nhan xét 3.1.4 ho cic gian (F) trong (4.1) ¢6 thé duge

I

chon sao cho ching roi nhau timg d6i mot. Tap A 13 do duge Lebesgue
‘khi va chi khi

mE>m (ENA)+m (ENA). VECIR
v ldc ndy m A = pA,

Tuy duge xay dung theo luge dé téng quat & §3 nhung do tinh dic
thu riéeng cua tap s6 thuc IR, d¢ do Lebesgue trén IR ¢6 mot s6 tinh
chdt dac biét néu trong cic hé qud va dinh 1i dudi day. Tuy nhién ta bat
diau vai cdc nhan xét sau.

4.1.3 Nhin xét. _

(i) Do do Lebesgue trén IR 12 mot d¢ do dii va o — hitu han.

(ii) Dé thdy ring o — dai s6 sinh boi nira vanh cdc gian & ciing 1a
o — dai s6 Borel trén IR. Do d6 moi tap Borel déu do dugc Lebesgue.
Pac biét. moi tap ma, tap déng, cdc tap dang G,, F, déu 12 nhitng tap do
dwoc. Hon nita moi tap do dugc Lebesgue déu bing mot tap Borel trong
IR thém vio hay bdt di mot tip cé do do 0.

4.1.4 Bé dé. Vi moi AC IR,

m A =inf {Z ma,l U ND A A, la khodng ma} {4.2)
k] = ’

Chitng minh. That vay, goi «, 3 lan lugt 1a cdc s6 xdc dinh boi vé
phai caa (4.1) va (4.2). Khi d6 vi mbi khodng md& déu 1a mot gian (thuoc
R) nén o < 3.

Néu oo =+o0 thi 3= +oc v o =[3.
Gia sit o« <+oo va (B)_ CR, UP D A. Khi d6 khong mat tinh
: i=|

tong quat ¢6 thé coi 3. mP < +oo. Ly €>0 tuy . V6i mbi ieN, ta
=]

chon khoang md 4,2 P, sao cho:

mA; < mP, +_2€T'

Rorangla U A, DA va

=l
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S

S mA <

i
i==i =

J/

N C
+y =
=12
Tuday suyra 3<w+¢ vido ¢ >0 tuy ytaed 3<oe Nhuvay o =31

gi mP, +

Tir B6 dé 4.1.4 ta suy ra ngay cdc hé qud sau, trong dé Hé qua 4.1.5
néu lén dac trung coa mot tap ¢6 do do khong trong IR

4.1.5 Hé qua. Tdp N CIR ¢6 do do 0 khi va chi khi vai moi ¢ >0,
16n tai mot $¢ hitu han hay dém dwece cde khodng mo {4, )k phit N va ¢o
10ng do dai bé hon ¢, nghia la |JA, DN va ¥ mA, <e.

k k

4.1.6 Hé qua. Moi tdp hitu han hay dém du’gf(.? trong IR déu do dicge

va co do do 0.

Nhur vy tzqu cdc 8 hiru ti Q 14 do dugc Lebesgue va ¢é do do bang
0. Dinh Ii sau day cho ta cic dac trung cua tap do dugc Lebesgue trén IR
v cling 1a mot két qud quan trong vit sau sac cha muc niy.

4.1.7 Pinh L. Gid sit ACIR. Ba ménh dé sau la neong dicong.

(i) A lado dwge Lebesgue,

(ii) Ve >0, 3G D A, G md va sao cho m (G\ A) <e.

(iii} Ye >0, 3F C A, F dong va sao cho m (ANF) <e.

Chirng minh.
{1) = (1i). Ta xét cdc truong hop :

a) ptA < +oo. Theo B dé 4.1.4. voi mbi ¢ >0 t6n taj mot ho cdc

khodng mé (A, ) sao cho

Y ™ ’
UA DA Y mA, <pA+e
k= k=1
Pit G= A thi G m& G A va
k=1

HG <3 mA, <pA+e
kel

Vi A <+o0 nén u(GNA)=puG — A <e
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b) p1A = +00. Vi IR = ) [~ n} nén

n=|

A=ANIR = U {anj—n )= U A

"
a=1 fzed

v6i A, = AN{~n, n] do dugc va c6 d6 do hifu han. Do d6 theo a). v&i mbi

neN ton tai G, mé, G, D4, vd ;(G,\A,)<

Z n=|

laméd va G O A. Ngoii ra,

wWGNA) < iu[Gn\An)<§: € ~fce

n=t - n=1 2n+1 2

(i) = (). V6 mdi neN, tén wi G,DA G, md vi

m‘(G,,\A)<i. Pat B= (1G, thi BeL vi B A. Vi
) n . n=l

m*(B\A)Sm'(G,,\A)<-]~, moi neN
n
nén m (B\A}=0. Vay B\Ae £ vadods A=B\{(B\A)e
(i) & (ib).
AefL < A el
& (ve>0,36o 4.6 movam (G\A") <e)

&(Ve>0,3F =G* CA. F déng, m' (ANF)=m’ (G\A%) <) B
4.1.8 Nhan xét.

(1) Ngudi ta c6 thé xay dung do do Lebesgue trén IR bang nhiéu
cdch khéc nhau, chang han :

(o) Goi R nira vanh céc gian trén IR va < la ho gém hgp mét s6
hitu han cdc gian rdi nhau. Khi d6 < 12 mét dai s6 trén 2. Trén & ta

dinh nghia mo6t 46 do nhusau : néu Ae . A= CJ (a,.. b,) thi

i=]

M= m(a, )

l'-.—.
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(dé ¥ réng & day cic gian {a;, b} rdi nhau timg doi v m{a,, b;) chi do
dai coa gian (af., b;)). Goi X\* 1a d6 do ngoai sinh bdi X va X la thic
trién tieu chudn cha \ 1én o— dai s6 Z céc tap X" — do duge. Khi d6
L=£ vi X=p(p vd £ chi do do Lebesgue va o— dai s6 cic tap do
duge Lebesgue trén IR - nhu thudng 1€).

3) Goi R ={[a. b)la, belR, a< b}. Théc trién tieu chudn cia do

do N dinh nghia & Vi du 2.2.3 ()\([a. b}) = b~a]' ciing chinh |2 do do
Lebesgue trén IR. '

(ii) P6 do Lebesgue trén IR bét bign d6i vdi cdc phep ddi hinh. Tuy
nhién phép ching minh khing dinh nay khong don gidn va sé& khOng duge
trinh bay ¢ day.

(iii) Khong phai moi tap coa IR déu do duogc Lebesgue. nghia a

L= P{IR). Sau day ¥a vi du vé mot tap nhu thé. Vi du nay thudc vé G.
Vitali

4.1.9 Vi du. (Tap khong do duge Lebesgue trén IR)™ Goi g 1a do
do Lebesgue trén TR. Trén [0, 1] ta xét quan hé ~ xdc dinh nhu sau :
x, y€{0, 1], x ~ y khi va chi khi x—y 12 mot s6 hitu ti. D€ thdy ring ~
12 mo6t quan hé tuong duong trén [0, 1). Khi d6 [0, 1} dugc phan hoach
thanh cdc 16p twong duong. Goi E la tap con cua [0, 1] sao cho giao cta -

né v&i mdi 16p twong duong néi trén gém ding mot diém (t3p £ nhu thé
t6n tai theo tién dé chon). Khi dé £ khdng do dugc Lebesgue.

Chung minh. Gia st E 12 do dugc Lebesgue. Ta dénh s8 tdt ca
cdc s6 hitu ti trong [—L 1] 18 1,5, K. V6 mdi neN dat
E, = {Jr;1 +xlxe E} va nhin xét rang E, 1a do duogc Lebesgue. Bay gio
dé thdy ring E, NE, =@ néu nz=m va pE, = uE moi ne N (vi u bit
' bién d6i véi phép tinh tién). Hon nia, [0, 1)c U E, C[—1, 2. Theo tinh

n=1

o — cong tinh cla & ta cé

) Mai vi du vé tip khéng do duge Lebesgue trén IR* déu duge x4y dung dya vao tién dé
chon. Nam 1965 R. Solovay {Notices Amer. Math. Soc. 12, 217} chi ra rang néu khéng sir
dung tién dé chon ngudi ta khong thé x4y dung dugc vi du vé tap khOng do duge Lebesgue

tren IR,
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140 U E)= Z ,u(E”)— lun npE < p{(—1, 2])=3.

n=i n=1

Tir day ta duoe ;£ =0 vi do d6 (U E,) =0 nhung diéu nay khong thé

L]

xay ra vi [0, 1]C U E, va 1[0, ]=1. Vay E khong do dugc Lebesgue I

n=lI
4.2 Pé do Lebesgue trén IR* (£ > 1),
Trong muc niy ta s& trinh bay vin tat cdch xday dung do do
Lebesgue trén IR*. Ta s& goi mot gian trén IRY 13 mot tap ¢6 dang
& .
a=11{a. b)
i=1
={(& &) EIR* IE, € (@ b). i = oo &)
trong do {(a,, b,._'} la mot gian trén IR, moi r& N. Ta ¢6 thé chimg minh

tryc ti€p ring ho tat ca cdc gian trén IRY, ki hiéu 1a ¥, 1a mot nira vanh,
Tuy nhién, ta sé chitng minh mot két qua téng quét hon.
Gid sit cho A.---. K 12 n nia vanh ndo d6 céc tap hop. Tap

R={AxAxxAIAER, i= n}

gol la tich cia cédc nira vanh &,---, R va ki hi¢u Ia
E:Ri’x...xf\?] —_ er
=1

4.2.1 Bo dé. Tich ctia mét 56 hitu han cde néa vanh la mot nika vanh.

Chitng minh. Ching ta chi cin chitng minh tich cha hai nia vanh la
mot nira vanh 1 di. Gia st R, & 14 hai nira vanh. G0| R=RxR. Vi
ca /X vd K, déu khic @ nén R = #.

* Gia st A BeR, khi d6 A=A xA,, B=B,xB, v6i A, B eR
con A,. B, e &,. Khi d6

ANB={A xA)N(B xB,)=(ANEB)Ix(ANB,)eR

Vi ANB eR con A,NB, eR,.
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* Gia slr A. Be R, c6 biéu dién nhu trén va hon nita A D B. Khi dé
A DB vd A, DB, Vi { vad K 1A céc nira vanh nén ¢6 C,---. C,ek
Va Dy Dy e Ry v6i GG =8, DD, = ¢ khi i = j sao cho
' P 4
ANB =UC, A\B, =D,
e = Y

=l
Tir day
Iz ]
A=UG A =1 D;- voi €, =B, D, =5,
i=i =0
va do dé
o ¢
AxA=UCxUD = U E,.

1={) j=b =l .
poiAlg

.

bé y ring cdc tap £, d6i mot khong gido nhau (E; =C/xD,) va
Ey = B, xB, nén
(A XxA)N(B xB)=A\B= U E,.
=i

J0eg
il freion)

Do d6 & 13 mét nda vanh I
4.2.2 Hé qua. Ho R*tdt cd cdc gian trén IR* la mét nitu vanh.
Ching minh. La hé qud trye 1iép cla BS dé 4.2.1 (dé ¥ ring ho cdc
gian A trén IR 13 mot nita vanh vi X = RXR xR (k lan » 1
Bay gio trén nua vanh cdc gian R*, ta dinh nghia mot ham tap

_ &
viR* 5 IR nhusau: v(#)=0 vinfu Ae®* A= [T{q;, b:)=@ thi
==

v(A) = ]%[m(a;-, h).
i<

trong dé m(a,.. h,-) 13 d¢ do cua gian (a,.. b‘.) dinh nghia & Muc 4.1 (luu ¢

cdc quy ude vé cdc phép todn trong IR). v(A) thudng duge goi 13 “thé

tich™ cia gian A trong IR*. Ta c6 két qua sau.



4.2.3 BS dé. Ham tdp v la mot do do trén nita vanh R,

4.2.4 Pinh nghia. Thic wién tiéu chudn ' cla v trén nira vanh
céc gian R* lén o — dai s6 cic tap v’ — do duge £ duoge goi 1a do do
Lebesgue trén IR*. Lic rifiy £ duoc goi 1a o— dai s6 cdc tgp do duoc
Lebesgue con mbi tap thuoc £ dugc goi 12 mot tap do duge Lebesgue
(hay (L) — do duoc) trong IR,

Do do Lebesgue trén [R* ¢6 nhiing tinh chdt twong tuy nhu do do
Lebesgue trong IR cho trong Nhan xét 4.1.3, B6 dé 4.1.4, Hé qua 4.1.5 —

4.1.6 (céc khoang m3d A, duge thay bdi cic hinh hép md trong IR),
Nhan xét 4.1.8. Ching han. p* 1a di vd o— cOng tinh ; o~ dai s6

F(®*) chinh 1a o— dai s6 Borel trén IR® va ta c6 ~(®=*)c £f. Nhu vay
moi tap Borel déu do dyoc Lebesgue. Cdc két luan trong Dinh i 4.1.7
cling con ding cho cic tap thuoe IR*. Cuthé tacé :

4.2.5 Pinh li. Gid sir A C IR*. Khi dé ba ménh dé sau la tuong duong.
(i} A la do duoc Lebesgue,

(ii) Ye >0, 3G D A, G mdva sao cho v (G\A) <e,

(iii) Ye >0, 3F C A, F déng va sao cho v (A\F) <e.
BAI TAP

4.1. Goi S la nura vanh cédc tap dang [a, b], a, belR. Trén S ta dinh
nghia mot ham tap m v6 m{@)=0 va m([a, b)): +oo néu
[a, b)= M.
a) Chiing t6 ring m 12 mot do do trén 5.
b) Xdc dinh m” va o— dais6 £ cdc tap m — do duoc.

c) Chitng t& d9 do dém X trén £ 12 mOt md rong cua m lén £
nhung X =m" (mdrong lén £ 13 khéng duy nhét).
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4.2,

4.3

4.4.

Goi m" 1a do do ngoai sinh bdi do do m trén nlta vanh cdc gian

tréen IR*. Gia sit E CIR®. Ching té ring ba ménh dé sau 13 tuong
duong.

(1) £ la do dugc Lebesgue,
(it) Tén tai tap K loai G,, K D E saocho m (K\E)=0.
(iii) Tén tai tap H loai F,., HCE saocho m (E\H)=0.
Cho A CIR. Ching minh ring A do dugc Lebesgue va ¢6 d6 do 0 khi
va chi khi v6i moi € >0 tdn tai mot ddy cdc khodng mo (A, )ueN $20
choméi x € A déu thuge vé vo $6 khodng A, vasao cho

i mA, <.

=]

Goi R 12 nira vanh céc gian trén [R. Ta xét ham tap m: &R — IR
xédc dinh nhu sau, moi PeR, P={a, b) (nu b<a thita quy udc
P=f). a belR

b—a nfuP=4.
mP = -
0 néu P = §.
Chiing t6 rang
(a) Néu P, A, ,PeR, U P=P vi PNP = g, i=j thi
& : '
2. mE; =

(b) Néu PR~ PeR, UL PRCP va RNP =§, i=j thi

mP,

™~

mF

A

(c)N&u P, P, P e R ma PCUP thi mP<sz

i=| i=l

(d) m 1a o — cOng tinh.
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4.5,

4.6,

Trén IR ta xét d6 do Lebesgue. Ching t6 ring néu A C IR thi
m A=inf{4G1G mdvaG > A}.
Trén IR ta xét do do Lebesgue .

a) Gid st A 12 mot tap con do dugc cioa [a, b|. Xét ham sd

£ :la, b]— IR xdc dinh bdi

Fld=pnlAnla, x)). xela. bl.

Chung to rang f lién tuc trén |a, b).

b) Gia st ACIR 1a 1ap do duge, ;tA = p > 0. Chimg té ring khi dé

véi moi ¢ €(0, p). t6n tai mot tdp con B do duoe cia A sao cho

1B =gq.

4.7. Trén IR ta xét do do Lebesgue . Cho A CIR.

4.8.

176

(i) Ching minh ring néu AC {J{a,, 5,) thi véi moi v e IR tacé

el

X+AC 0 (Y+a,. x+b ). —AC U(=h,, —a,)

no n=1

(if) S dung két qud cau (i) d€ chitng minh ring néu A do dugc

' Lebesgue thi je{x+ A)= pd = 1 (—A).

Cho a. helR va ACIR. Dat wA+b={av+hlxeA}. Chimg td
ring

a) m (A -+b)=lalm (A) (w12 do do ngodi sinh bai do do m trén
nira vanh cic gian),

b) Néu A do dugc Lebesgue thi aA+h ciing viy vd ta cé
plaA+b)=la A (5 12 do do Lebesgue).



§ 5. HAM PO PUQC

Trong céc gido trinh gii tich ¢6 dién ta d3 biét 13 cdc ham lién tuc
¢6 khd nhiéu tinh chdt t6t. Tuy nhién 16p ham nay lai khong déng kin ddi
v@i phép lay gidi han. Nghia ia gidi han f cia mot day cac ham lién tuc
“(chang han trén mot khodng / C IR) khong nhdt thiét 1a ham lién tuc'™.
Trong chuong nay chiing ta s& nghién citu cdc ham s& duge goi 1a “ham
do dugc”. Ldp cac ham nay rong hon 16p cdc ham lién tuc déng thdi lai
déng kin d6i vdi cdc phép todn giai tich, khic phuc nhiing han ché cia
16p cdc ham lién tuc. Cac ham do dugc s€ dong mét vai trd quan trong
trong If thuyét tich phan Lebesgue (Chuong 4).

Cho X 13 mot tap tuy ¥ khdc réng vi LA 13 mot o— daij s6 trén X.
Lic nay cap (X, A} sé dugc goi 1a mot khong gian do dugc va mdi tap
A e A s€ duge got 1a mot tdp do duge (hay A — do duge) trong X.

Giast ACX va f:A —IR. Dé ngén gon, tit day vé sau ta sé& sir
dung ki higu A[f >a], (a€IR) dé chi tap hop {xe Al f(x)>a}. Cic ki
hieu A(f>al, A[f <a], A[f<d] A[f%g], ... cing dugc hiéu cing
ma@t cach nhu vay.

5.1 Dinh nghia ham do duoc.
5.1.1 Pinh nghia. Cho (X, ,A) Ia mot khong gian do _duqc,. Ae A
va f:A—)ﬁ. Ham f duge goi 1a do duwgc trén A d6i vdi o — daisé A
(hay f 12 -A— do dugc”™™ wén A) néu '
Alf > a}e A, moi aelR. (5.1)

5.1.2 B6 dé. Ham f: A — IR la do dwoc khi va chi khi mot trong ha
diéu kién sau thod mdn '

1 Mot diéu kh4 thi vi 1a chinh Cauchy ciing di nhdm 1in khi cho 13 ham gidi han f (2 lién
e va di dua ra mot phép ching minh (hién nhién 1a khong ding !) trong tap Binh gidng vé
Giai tich clta minh xuit bin nam 1821,

P Kni A da dugce chi 3 va khong sg nhim Un ta ciing néi don gidn f 12 do duge.

12- HSBST 177



Alf >ale A VaelR, (5.2)

Alf <ale A YaelR, (5.3)

Alf <ale A, Va.elR. (5.4)
Chiing minh. D& § ring do

Alf <al=A\A[f > 4],

Alf <al=A\A[f > 4]

va A la o— dai sd nén (5.1) twong duong v6i (5.3) va (5.2) tuong duong
v0i (5.4). D€ chiing minh b dé ta chi con phai chimg minh (5.1) twong

duong vdi (5.2). Gia st ¢o (5.1). Vi [a, +oo]= ~ {a*l, + 00| nén
n

n=1

n=| H

A{f2“]=f_'([a.+m])=f_’[ﬁ a—l.+oou -

=ﬂf“[ a—l,—wo”=rM[f>a—l € A
”n n " i
Chi€u nguoc l1ai duge suy ra bing mot lap luan tuong tu véi luu ¥ ring
“h r ]
(a. +o0]=U|a+—, +oo].
n=I n

5.1.3 Nhan xét. _

(1) RO rang rdng dinh nghia ham do dugc & trén chi phu thudc chi
y€u vao o— dai s6 4 trén X ma khong phy thudc vao bat et do do nao
trén A.

(ii) D& chéng minh duoc ring néu f:A— IR (f chi nhan gid tri
thye) thi £ do duge trén A€ A khi va chi khi 7' (B)e A, véi moi tap
Borel B trong IR.

(i) Néu X 1a mot khong gian t6po, A = B(X) (o~ dai s6 Borel
trén X) va f 1a B(X)— do duoc thi ta ciing néi f 1a do dw()fc Borel trén
X hay f 12 ham Borel. |
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Trudng hop X =IR", A=, v f 12 £’ — do dugc thi ta ciing néi
12 f do duge Lebesgue hay (L) — do duoc. MOt ham f do duge Borel thi
do dugc Lebesgue. Cing dé ¥ ring néu f:IR" > IR thi

(f lien we) < (7 ((a, b)) A md. 4, heIR),

(/12 (L)—do duge) < (£~ ((a, b))e £, a, beIR).

Nhu vay cdc khai niém lién tuc va do duogc rét “gdn” nhau vi ré ring ring
néu f ialién tyc thi f 1a (L)— do duoc (diéu nguoc lai néi chung la
khong ding, xem Vi du 5.1.4),

Ta ket thiic nhdn xét ndy bang fuu ¥ nhd sau : chodd f:IR >R 12
lien tuc thi ciing ¢6 thé t6n tai tdp do duge Lebesgue C CIR sao cho
£7H(C) khéng do dugc Lebesgue.

5.1.4 Vi du.

(a) {X, A) 1a khong gian do dugc, Ae A va f 12 ham héang, nghia
ta f(x)=celR, moi xe A thi f 1a ham do dugc. )

(b) {X. A) 1a khong gian do dugc A C X. Tir dinh nghia hdm ddc
rrung cua tdp A, ki hieu 1 XA(), nhusau:

{InfuxeaA,

XA(x)={
10 néu x &€ A.
Khi d6 () do dugc khi va chi khi Ae A, That vy, vi véi moi a € IR,

& né’ﬁazl.
XIXA>al={X neua<,
1A néul<a<l,

nén khang dinh dugc suy ra tir dinh nghia cita ham do duoc.
(c) Néu f:IR“ - IR 1a ham nita lien tuc dudi trén X (theo dinh
nghia, véi moi ae IR, {xeIR*| f(x) < a} ladéng) thi £ do duge Lebesgue.
5.1.5 Mot so tinh chat don gian cia ham do duge.
Cdc tinh chat sau day duge suy ra ngay tir Dinh nghia 5.1.1.
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(i) Néu f:A'—)iﬁ la A — doduge thi f 12 A~ do duge trén moi
tap con do dugc cia A. That vay néu BC A, Be A thi véi moi e IR,

Blf >al=BnA[f >a]e A

(ii) Néu (E). , C A, A=U;E va f:A—IR 1a do dugc rén mdi
E;, ieN thi f dodugc trén A. Diéu nay dugc suy ra tir

Alf>a)= U E[f >a|e A moi acIR.

(i) Néu (X, A, #) 12 mot khong gian do do véi g 13 mot do do
dG. Khi d6 néu’ A€ A v pA=0 thi moi ham f:A— IR déu ,A— do
duge. Théat vay, vi vdi moi ae€lR, tap A[f >a]C A ma p dd nén
Alf >ale A

5.2 Cac phép toan trén cac ham do duge,

'Trong muc nho ndy chiing ta s€ ching minh ring 16p cdc ham do
dugc déng kin d6i voi cac phép todn s§ hoc, phép 14y supremum,
infimum. gi¢i han, limsup, liminf. Nghia 14 khi thuc hién cédc phép todn
vira néu trong l10p céc ham do dugc thi ta lai nhan duge cdc ham do duge.

5.2.1 Pinh Ii. Gid sit (X, A) la mét khong gian do duoc, Ae A va
fr g:A> IR Khi dé

(i} Néu f do duwgc trén A, «elR thi o.f do dugc trén A. Néu
>0 thi |f[" ciing do duoc trén A,

(ii) Néu f, g hitu han (nghia la f(A)CIR va g(A)CIR) va do
duge trén A thi cdc ham s6" ftg, f.g cing do duoc va néu g(x)=0

voi moi x e Athi L ciing do dugc trén A,
g

Trong phét bi€u & (i) ta hifu ring néu véi xe€A nao dé ma

Flx)=+oc hay f{x)=—oc thi |f(x)]" (x)=+oc. Nhic lai ring 1A 1a

(43

ham x4c dinh trén A bdi cong thie |f]” (x) =|F(x)]", moi x € A.
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Chitng minh.
(i) LAy uy ¥ a IR,

* Néu ¢ <0 thi rd rang la A[\f\“ (x) <a]: Fe A connéu a>0 thi

<a [|f|<a‘ |

1

1
—aly<at

ﬂAlf>—a‘_;

€A
do f lado dugc trén A. Vay |f]" 1a do dugce trén A,

* Dé thdy rang néu =0 thi of 13 A— do dugc trén A (dé ¥
quy udc Ox(+oo)=10). Néu a =0 thi do

néu o >0,

Alf<_3
A[m.f<a]= “

néu a<0.

A[f>3
4
taduge Alo.f <ale A, moi aelR. Vay o.f 12 do duge trén A.

(ii) * Gid st a€IR va n, n. n,... . 12 day t4t ca cdc s8 him ti.

Dé ¥y ring v4i xe A thi(do f, g hiu han)_
(fix)+gl)<cae(flx)<a—glx)
< (IneN: flx)<r, <a—glx)).

Do doé

Al(f+g)<a]= U (A[f(};i]ﬂA[g<a—f;,])e,+'\

=1
(vi f.g do dugc via A 1a 0— dai s6). Ta di chimg minh duoec f+g la
do duge trén A. Vi g do duge nén theo (i), —g ciing do dugc va vi
f—g=f+(—g) nén tir diéu vira chimg minh ta ciing suy ra f—g 1a
ham do dugc trén A.
* Tir chimg minh trén va (i) ta suy ra (f +g¢)° v (f—g)’ 1a do ducgc

tréen A. Do dd f.g= %[(f + g)2 —(f- g)z] ciing 1a ham do dugc trén A.
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* Cugi ciing, né€u g hiru han, do dugc trén A va g() =0 vdi moi

Y€ A thi g’ cing do duge {do (i)). Hé qua la L,, ciing do duoc trén A

&
vi tip
: '] néu a <9,
A —5 <da|= 1 | . |
g | |Alg" >—| néua>0
a
. . P
thuée A, moi a € IR. Tir day == f.g.— clngdodugctrén A §
8 g

Pén day mot cau hdi that ur nhién duoc dat ra 1a néu cdc ham f. g
khong phdi 12 hiru han trén A thi c¢6 thé thuc hién cdc phép todn s6 hoc
trén chiing dugc khong va né€u duge thi trong trudng hop niy cé thé thiet
Yap duge két qua tuong ty nhu & (ii) cta Dinh Ii 5.2.1 khong ? Cau tra 15
ta khing dinh. Tuy nhién cé mot tr& ngai nhd 12 ¢6 thé ¢6 cdc didm xe A
ma cdc phép todn trén khong thue hién duge (khong cé nghia, ching han
tai nhitng x ma f(x)+¢(x) c6 dang co—o0, ...). Mot cich vugt qua trdy
ngai nay la tai nhimg x nhu the ta dat (f +g)(x) =« (ceIR). Ta sé
khong di sau vao chi tiét vin dé nay & day (xem Bai tap O21).

Nhic lai rang v6i day (f,) céc ham xdc dinh trén A va nhan gid
tri trong IR, ngudi ta dinh nghia, véi x € A,

sup £, (x) = sup{f, (x)1ne N},
inf £, (x) =inf {£,(x)Ine N},

lim f, (x) = sup(inf £,(x)). lim £,(x)=inf(sup f, (x)).

H— & = nzk .
5.2.2 Binh Ii. Gid sit (£,} la mot ddy cdc ham do duge (khdng nhdt
thiét hitu han) rén A€ A. Khi d6 cdc ham s¢' inf, f,, sup, f,. lim, f,,

lim, [, ciing do dugc trén A.

Chitng minh. Véi moi a€ IR, ta c6
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| A[supf;, >a}= lj A[f;; >a}e,~4.

ol
Do dé sup, fﬂ_ la do dugce. Tir day ta ciing suy ra inf, f, 1a do duge vi
inf, f, = —sup,(~f,) (d€ ¥ ring —(—c0) =400, —(+00)=—c0}. Cubi
cing. tinh do dugc cGa cdc ham lim,f,, lim.f, dugc suy ra tir chiing
minh trén va dinh nghia ciia cdc ham nay i

5.2.3 Hé qua.

(i) Gia sit f, fy. fyseenn £,, 18 cdc ham do duoc trén Ae A. Khi d6
cde ham :

Max{fy, fyoenr fro br T0I{ S}, frres i }

ciing la do dicoc.

(if} Néu {f, )HeN la mgt ddy cde ham do duoc trén A va néu gioi han

tim, f, (x) t6n tai rong IR voi moi x € A thi hdm lim f, la do duoc.

"

Chitng minh.

*Dit f,=f, moi neN va n>m r6i dp dung Dinh i 5.2.2 1a
duoc (1). '

* Vi lim f, =lim, f, = lim,f, nén (ii) 12 hé qua truc ti€p ciia Dinh

—

li5.2.21 _
Trong Hé qua 5.2.3 gidi han lim £, (x) duoc doi hdi phai t6n tai véi

H—

moi x € A. Tuy nhién trong nhiéu trudng hop khi trén A ¢6 cho fmjt do
do 4, két luan (nén trong hé qua trén) vin cdn ding néu cdc ham f, chi

can x4c dinh trén A\N trong d6 N 13 tap ¢6 do do khong (uN =0) va
gidi han lim, f,,(x) ciing chi cén doi hoi ton tai tren A\N. Khi quit
di€u nay ta di dén khdi niém “hdu khip noi” sau day.

5.3 Tap cé dé do khong va tinh chat “hau khip nui”.

Gid str (X, A, ) 12 mot khong gian do do (L4 12 mot o— dai s6)
vd A e A. Tandi mot tinh chdt P(x) (phu thudc vao x) ndo d6 thod man
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hdu khdp noi (hk.n.) wén A (hay P(x) thoa man véi hdu hét cic x € A)
né€u ton tai mot tdp Be A sao cho pB=0 va P(x) thod min vdi moi
x € A\ B. N6i mot cach khic, tip C gbm tit ca nhiing x€ A ma tai dé
P(x) khong thoa min dugc chita trong mot tap hgp ¢6 d6 do khong (ma
trén quan diém d6 do coi nhu “khong ddng ké™). Ciing dé y ring dinh
nghia ndy khong dodi hoi tap hgp C do duge. Doi khi dé chi rd do do u
(trudng hgp dang xét nhiéu d¢ do) ta viét * e —h.k.n.” thay cho “h.k.n.”.

Bay gi® ching ta néu ra mot s§ vi du vé tinh chat hau khip noi
thudng gap trong gido trinh nay.

5.3.1 Vi du.

(a) Him f:A —IR 14 hiru han hdu khip noi trén A néu f(x)eIR
moi x € A ngoai trir trén mot tip BC A ma BC B, va ,u,(BU) =0,

(b) Day (f;j)" cdc ham xdc dinh trén A 13 hdi t hdu khidp noi trén
A vé ham f néu c6 tap BC A sao cho puB=0 va f,(x)— f{x) khi
n—oo véimoi xe€ A\ B,

(¢) Hai ham f. g xdc dinh trén A 1a bang nhau, hdu khip noi trén
A néu {xe Al f(x)=g(x)}c B md pxB=0. Hai ham bing nhau h.k.n.

rén A duge goi la twong duong trén A va thudng duge ki hiéu la f ~g.

N6i mot cdch khdc, hai ham tuong duong nhau thi ching chi khdc nhau
trén mot tap con clia mot tap ¢6 dd do khong. Ciing dé v ring quan hé
*~ 7 la mot quan hé tuong duong trén Ip cdc ham xéc dinh trén A.

5.3.2 Nhan xét.

(i) Vi hgp cia mdt s6 hitu han hay dém dugc cic tap ¢6 46 do
khong 1 mot tap c¢6 d6 do khong nén néu ¢é mdt s6 hitu han hay dém
duge cédc tinh chdt thoa man h.k.n. trén A thi tdt ca cdc tinh chdt nay sé

thod man (d6ng thdi) h.k.n. trén A. Ching han, néu day (f,) ma mbi
neN, f,>0hkn trén A thi f, >0 moi neN hk.n. trén A
(i1) N&u g 12 mdt dé do da thi khdi niém h.k.n. tr& nén don gian

hon. Cu thé, P(x) thoa man h.k.n. trén A cé nghia la tap cdc x€ A ma
P{x) khong thoa min 12 mot tap c6 do duoc va ¢é dé do khong.
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(iii) Mot udong hgp ngoai 1€ : néu f 13 mdt ham xdc dinh trén A
vacd BCA, uB=0 sao cho f bichan trén A\ B thi ta néi f bi chdn
¢Ot yéu trén A (makhong néi 1a f bi chan h.k.n. trén A).

5.3.3 Pinh li. Cho (X, A, ) la mot khong gian do do véi p la
mot do do dii, Ae A va f.g:A— IR. Néu f nrong duong véi g trén A
va [ la do duoc thi g cing do duoc.

Chitng minh. Goi E, = A[f = g|. vd E, = A[f =g|. Khidé do x 12
diinen E € A u(E)=0 va E,=A\E € A Vi f dodugc trén A va
E,eAnén f va c_l.o d6 g do dugce trén £,. Bay gio tinh do duoc cha g
trén A= E, UE, dugc suy ra d& dang tir dinh nghia ham do dugce va tinh
dicioa p B

5.3.4 Nhan xét.

(i) Trong Dinh If 5.3.3 gia thi€t x dd 13 quan trong. K&t luan cua
dinh li néi chung khong con ding nira néu p khong di. Ching han néu
ECX ma uE=0 va FCFE ma F khong la tAp do dugc. Khi d6 ham

] nfuxefF,
gln) = ’
0 néuxeENF

ro rang 13 tuwong duong v&i ham do duge f(x)=0 trén E nhung g
khong do duge. Tuy nhién gia thi€t nay (¢ d0) khong phai 1a mét han
ch€ qui 16n vi cdc d6 do cé duge bing cdch thdc trién tiéu chuin déu ddy
du. Hon nita néu (X, A, pn) khong da thi ta ¢6 thé “bd sung” dé dugc
mot khong gian ddy du (Bai tap O7).

(ii) D€ ¥y ring néu mot ham f lién tuc trén [a, b|CIR, x, €la, b
thi ham g = f trén [a, H)\{x,} va g(x,) =1 = f(x,) khong con lien tuc
trén [a, b} nita. N6i khac di, néu ta thay ddi gid tri cha mot ham lién tuc
trén [a, b] di chi tai mot diém thi tinh lién tuc cla né s& bi phd vd. D6
véi ham do dugce thi khong nhu the. Dinh 1 5.3.3 néi 1én ring néu do do
¢ 12 d0 thi du ta thay ddi gid tri cha ham do duge f (boi cdc gid tri mdi,
ngay ca thudc tap s6 thuc md rong IR) trén mot tap ¢6 4o do khong thi
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tinh do dugc cta “né” van khong bi phd vd (nghia 12 haim méi nhan duoc
vén 12 ham do duoc). Diéu nay néi len tinh “8n dinh” hay “mém déo” cla
l6p cdc ham do duge. Cung véi cdc két luan cia Dinh i 5.2.2, Hé qua
'5.2.3 né cho thidy cic wu diém cua 16p cdc ham do dugc so véi 16p cic
ham lién tuc.

(iii) Trén co s¢ cia Dinh 1 5.3.3, n€u p di thi ta ciing ¢6 thé néi
téi tinh do duge cia mot ham f trén A cho du f chi xdc dinh h.k.n. trén
A. Chang han, néu f xéc dinh tréen BC A v6i Be A, p(A\B)=0 thi
tadat f(x)=aelR véi xe A\B va flx)=f(x), xeB. Khidénsu f
do dugc trén A thi ta cing néi f do duge trén A.

5.4 Cau tric cua ham do dugc.

Ml;lC nho nay duge danh cho viéc nghién ciu cfu tric cha cdc ham
do dugc ma k€t qua chil yéu duge néu 1én trong Dinh 1§ 5.4.1 vi 12 co sO
~ dé chiing ta dinh nghia tich phan Lebesgue & Chuong 4.

Mot ham s6 5: A — IR chi ldy mot s6 hitu han gi4 tri thuoc IR goi
12 mot ham don gian trén A.

Gia sir o, (t9,..., o, 12 cdc gid tri (khdc nhau timg d6i) cua ham
don gian s trén A. Dit
A={rexlsd=a}, i=1 2., n

Khidé A,NA, =f, i=j, U;;lA,. = A. R& rang I

s{x)= zu XA, (1) XEA (5.5)

n=I
va moi ham s c6 dang (5.5) véi cic A. d6i mot roi nhau va UL, A=A
déu 1a cdc ham don gian trén A. _
Dé dang ching minh duoc ring s 13 do dugce khi va chi khi cdc A,

i=1, 2,.., n déuli cdc tap do duge (nghia 12 thudc -A). Ham don gian s
duogce goi la khong dmnéu o, 20 véimoi =1, 2, 3,..

5.4.1 Pinh li. Cho f:A— IR la ham do dugc khéng dm. Tén tai
mot ddy cde ham don gidn do dugc (s,), trén A thod mdn cdc didu

kién sau :
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(i} 0<s <5y << f,

(ii) s, (x)— f(.\') khi n— oo, voi moi x € A,
Ngoai ra, néu f la ham bi chan trén A thi ddy (s” )H 6 thé d:(()’c.‘ chon
sao cho (s,,)h hoi ty déu dén f trén A va .sn <n moi ne N.

Chimng minh. VG moi ne N, ta dat

n néuf(x)>n
s, () =1{m

| mL e

—F m

2!! 2!!‘

] me{l, 2., n2"}.

Dé dang ching minh dugc ring (s,), 1a ddy don diéu khong giam va

s, <f., moi neN. Ngoai ra, s, 1a do dugc trén A, moi neN. D€ thay
diéu ndy hay d€ ¥ ring

2
Zi{-———* XA, (x)+nxB (x), xeA
k=1 2" _
trong d6, voi 1<k < n2",
k-1 k
A, =Al—<f<—le A
k 12” f 2ﬂ

B = A{f >n|e A
Bay git ta chimg té (s,) thod min (ii). Gid sit xeA. Néu
f{x)< oo thi véi n di 16n ta c6 f(x) < n. Do d6 ton tai mot s6 tu nhién

m —_—
m sao cho

1 | . - k] -, k] - -
< flx)< 5"% Theo dinh nghia cba s,, vdi n di 16n thi

if(x ~s5, (x)[ o . Néu f(t)—+oo thi s, {x}=n, moi neN. Do dé,

lim s, (x)= f{x).

n—"

Ngoii ra, néu ton tai 3> 0 sao cho f{x) <3, moi xe€ A thi

sup|f (x)—s, (x)l<—l. véi moi n > f.
XEA
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Diéu nay cho thay (s, )” hoi tu déu dén f trén A. Khéng dinh cuéi cling
duge chiing minh 1

5.5 Hoi tu theo dd do.

Cho t6i nay ta da bi€t duge mot s6 kidu hoi tu cha cdc ddy ham : hoi
ty khap noi (hoi tu diém), hoi ty déu, hoi ty hdu khéap noi. Trong phén nay
ta s¢ xét mot ki€u hoi tu mdi clhia day ham xdc dinh tren mot khong gian
dé do. D6 1a hoi'tu theo do do.

Gia slr (X, A, p) 12 mot khong gian do do (A }a mot o— dai s6),
Ae A

5.5.1 Dinh nghia. Gid st £, f,: A= IR, ne N la cdc ham do duoe

trén A. Ta néi day (f,) . hoi tu theo do do dén ham f, ki hieu

f,—— f. néu vdi moi s6 >0,
lim 12{x € Allf, (x) = £ (x) >6}=0. (5.6)
5.5.2 Nhan xét. Néu ta khong phén biét cdc ham tuong duong (theo
1) thi giGi han cha mot ddy ham hoi tu theo d6 do 12 duy nhat. Didu nay
dugc thé hign qua hai khdng dinh sau. Gia sit 1 12 dd.
(D Néu f,—£ s f va f,—* g trén A thi f~g trén A.

V&1 6> 0ty vy, moi neN,

Alr-szolclaln-fx2ual-a=3) o
That vay, néu x khong thudc vao tap hgp & v€ phai cha (*) thi hodc
1a £, (x)= f(x) =g{x) = +o0 (hay —o0) va lic nay x khong thudce tap &
vé tréi ; hodc 12 _
| . L §
L= flx)< o v £, (-2 < 5"

va nhu vay |f(x)—g(x)\ <6 tic 1a x khong thudc vao tap hop & v€ tréi

cua (*). T (*) va céc gia thiét Lof, f—t—gtasuyra
g n H g

nAllf —gl=8]=0.
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Dé thdy rang
~ | I
A[|f-g\>0]= !IAM}"—Q‘Z;]-
Tir day va ,“,A[l f- g|2l}—_—0, moi n, ta cé
H

pALf = g]=pAllf — ¢/ >0]=0,
nghiala f~g.
(i) f,,f, g do dugc trén A, f,—E—f va f~g trén A thi

fn : g

That vay, néu dat B=A[f=g] thi uB=0 (BeA vi f va g do
duge). Khi dé v6i moi ne N va v8imoi 6 >0, tacé:
Allf, — g2 8| {xe ANBIf, (x) = (0|2 6}uB
c Allf, - f]= 6 us.
Do d6

0< p(Alf, — gl 2 8)) < u(A]lf, - f1= 8]} >0
khi n—o0. Vay f, ——g.

Mai quan hé gilta hoi ty theo do do va hdi tu hdu khip noi duge thé
hién trong cdc dinh Ii sau.

5.5.3 Pinh \i. Gid sit 1 la d do di, (f,) 14 ddy cde ham do duge
va f,—f hkn. trén Ae A Khi dé6 f do duge trén A va néu
HA <400 thi f, —F— f.

Chieng minh. (i) Chiing minh f do duoc.

Goi B={xe Alf,(x) » f(x)} thi B do dugc va do dé uB=0"".
Vi u dd nén f do dugc trén B. Ngodi ra, véi moi xe A\B,
f,{x) > f(x) (n—>00) nén f do dugc tréen A\B. Do vay f do dugc
tréen A=(A\B}UB. B .

) Ta ¢6 thé ching minh B € »A ma khang sir dung gi thiét 4 12 dil (Bai 12p 5.5.)
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(i) Ching minh f, —“— ¥ weén A. Loy tuy§ 6>0. Vi mdi i € N,
1a dat '
A =Allf - 1|24
Dé ¥ ring néu tai xe A ma |
vneN, 3i>n sao cho |f, (x) —f)|=6

thi £, (x) > f(x) vidodé xe B Vay

NN 4=0NAJf-fl26cB

n=Ili=un Hzli=n

Dodénéutadat C,= U A vA C=(C, thi CeA, CCB va uC =0,

i=# n=l
Mat khdc, dé y féng C,2C,.» moi neN va uC, < uA <+oc nén
lim uC, = nC =0.

H— "

Tirday. vi piA, < uC,, moi ne N nén lim pA, =0, nghiala £, —2 £ N
H— . .

5.5.4 Nhan xét,

(i) Gia thi€t pA < +oo trong Dinh 1f 5.5.3 12 quan trong vi khong
thé bo dugc. Nghia 12 sy hoi tu h.k.n. clia mot ddy ham do dugc trén A
Vol pA = +00 né6i chung khong kéo theo sy hoi tu theo do do chia diy
ham nay. Ta hay xem mot vi du.

Ldy £ =(0.+00)CIR véi do do Lebesgue. Mdi k € N. dat

0 néu Q< x<k,

S ()= 11 néu x >k,

Khi d6 r5 rang £, {x} — 0 moi x e(0, oo). Tuy nhién, v6i moi &k € N,

LA = +00,

1
>
fi 5

viido d6 (f;), khong hoi ty theo d6 do vé ham f =0.

(i1) Mot ddy hoi tu theo do do c6 thé khong hoi tu hiu khip noi.
Ching han, xét A=[0, 1] va véi mdi ne N talap » him s6 nhu sau
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L I néu i*—lg.v(<i.
fru'(‘\.): n I

0 tai moi diém con lai.
Sip xép cdc ham nay lai (neN.i=\.. n), ta dugc diy o, =f,,
1= fas o3 = foo 03 = Fas 5= Fae e = faae 01 = fageen
| bat f(x)=0, x€{0, 1]. Khi 86 véi moi ne N,
kAlfy = f]=1
H
nén (n,o”.)" hoi tu theo do do vé f nhung dé thdy réng tai méi x € A trong
day (y,) c6 vo s6 ham nhan gid trl | tai x va cling ¢6 v6 s6 ham nhan
gid tri O tai diém ndy. Nghia 12 {¢, (x)) khong c6 gi6i han. Tuy nhién ta
¢6 dinh li sau.

5.5.5 Dinh N. Gig sir (fn)” la dav cdc ham do duoc rén A,
f,—f. n—>00. Khi d6 c6 mot ddy con (f, )keN cia ddy (f,) . sao
cho f;n = f hk.an trén A

Chitng minh. Ta chon mot didy s6 (7, ]n sao cho i 7, < +oc. Khi

n=I
dé do f,—“— f trén A nén véi mdi ke N, tén tai n(k)e N sao cho véi

moi n>nlk), tacéd:

<.

l

tAjf, —f1>—

;[m UES

Ta hay lap day con (f, )x- cba (f,) bing cdch 18y cdc chi sd n, nhu sau :

n =n(), ny =max{n +1 n(2)},...
" zmax{nk_, + 1, n(k)}....
Khi dé

;:.A“f”‘ — 2%] <1y, moi keN.

191



~ 1
- Avl.—'.{'A| & -f‘ z k

vaB=08
i=l
thi

UB< B, <3 ;LA[ 1< > e
k=i

Vi lim ZT?; =0 nén p:B 0.

(N

Bay gio néu xe A\B thi x¢€ B va do d6 ¢ i,eN dé x¢& B, .

Nghia la v3i moi & >, thi

f,,;_(x)—f(x)|§%. vay f, (x) - f(x) khi

k—oc. Vi uB=0 neén f, — f hiukhip noitrén A
BAI TAP

Trong tdt ca cdc bai tap sau day khi ta néi dén khong gian do duge
{X. ) hay khong gian do do (X, A, u) thi A ludn duge hidu 13
mt o — dai sd.

5.1. Cho (X..A) 1a mot khong gian do duge, Ac A va f:A—>IR Ia
mot ham s8. Chiing t6 ring cdc ménh dé sau 1a tuong duong.
(a) f do dugce trén A,

(b) vreQ, Alf(x)>rle A,
©) YreQ, Alf(x)>rle A,
(d)y vreQ. Alf(x) <rle A,
&) YreQ. Alf(x)<rle A

5.2. Cho (X, -A) ta mot khong gian do duge, Ae A vd £, g: X IR 1A

ciac ham do duge. Chimg t6 ring cic tap sau déu 12 céc tap do dugc
(nghia la thudc A).
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M) {xe Al f(x)< g},
(i) {xe ALf(x) 2 g(x)},
(i) {xe Al F{x)=g(x)}.
5.3. Cho (X, ) 12 mot khong gian do duoe, Ae A, f:A— IR Ia mot

ham do dugc va p 1a mot s6 nguyén duong. Chdng té rang ham s6
sau 12 do dugc trén A

‘f(.r)lp néu f (x) hitu han,
AMx)=13—  néuflx)=—oc,
3+ néuflx)=+cc
trong d6 3—, A+ 1 cac 56 tuy ¥ trong IR.
5.4. Gid st ring f, f,, (keN) 15 cdc ham do duge trén A € A. Ching
to ring :
{xealf,(x)> flx), n—>oole A
5.5. Cho (X, A, u} 1a mot khong gian do do Ee A va (f,) 1a mot

ddy cdc ham do dugce trén E. Gia st f, —> f hk.n. trén E(n — oo).

Chitng 6 riang : ' '

a) Ton tai mot ham g do dugc trén E va g~ f.

b) Tap {x e E1 £,{x) >5 f(x)} 12 do dugc va c6 do do biing khong,
5.6. Gid sit A <+oo va (f, )"E:\r la mot day cdc ham do duge, hoi tu

h.k.n. trén A vé mot ham do duge f va € >0 1A mot s6 cho trude.

Vi mbi neN tadu

A= U Allf,—f]> ¢}
=k

Ching t6 ring 1A, - 0 khi n > o

5.7. Cho (X, »A) 1a mot khong gian do duge véi A ta mot o— dai s6,

Ae A va f:A—-IR. Ching minh ring cdc ménh dé sau tuong |
duong.
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5.8.

5.9.

5.10.

5.11.

5.12.

194

(a) f 1a A~ do duge,
(b) f'(B)e A vé6i moi tap Borel B trong IR,
() reQ. {xeAlf(x)>r}e A
Cho X la mot tap khdc réng, (S, D, i) 1a mot khong gi.an do do
voi D lamdt a— daiséva f: X — § 12 mot song dnh. Dat

A=fUpi={f"(Alae D)

ji{B)=pA néu B= f'{A).
a) Ching to rng A 1a mot o — dai s6 va (X, A, i) 1 ;‘not khong
gian do do.
b) Ching t6 rang néu g:S—)ﬁ 1a mot ham 27 - do dugc thi ham
hop gof:X»—éﬁ la A —do duge. _
Cho (X. »\, z) 12 mot khong gian do do, A€ . Gid sit f 13 mot
ham do duge, hitu han hdu khip noi trén A. V6i mdi ne N, dat
A, ={xeallfv|<n}.

(a) Chiing to rAng A, € A. moi ne N va lim A, = pA.

{b) Gia sir pA < +oc. Ching to ring v&i moi ¢ >0, ton tai BC A,
Be A saocho f bichantrén B va u(A\B) <e.

Chiing 16 ring néu f do dugc trén moi doan [o, 3] C(a. b) thi f
do dugc trén (a, bl. .

Gid st (X, A, 1) lamét khong giando dova A e A. Chimg 1o rflng
(a) Néu f~g trén A va (f
hoi tu h.k.n. dén g trén A,

), hoi tuh.k.n. dén f tren A thi (f,)

i

(b) (j;,)” hoi tw h.k.n. dén f va (j;,)ﬂ hdi tu h.k.n. dén g trén A
thi f~g trén A

Cho (f;;)” la day cdc ham do duge trén A, Gia st ring f, ——0

o

khi n - co. Chitng minh ring



5.14.

5.15.

5.16.

5.17.

‘f;!’ i 0
1+|f,]

. Gid si&r (f,) 1a ddy cdc ham do duge trén A va' f, —— f rén A,

Ching t6 rang néu f, >0 h.k.n. trén A thi £ >0 h.k.n. trén A.

Gid sir {X. A, g) 12 mot khong gian d6 do, A€ A vA pA < 4o,
{£,), va (g,) lacdc diy gém cdc ham do dugc, hitu han trén A

thod man f, ——-f va g, —£ g Ching 16 ring f,g —— fe.

‘Khang dinh con ding khong khi 1A = +oc.

Gia s (f,), va (g,), 1a cdc ddy gdm cdc ham do duge, hitu han

trén A thod min f, —— f va g, ——g (f, g ciing do duoc, hitu
han trén A). Chang minh rang

f, + B, —L— aif + Bg, moi o, FeIR
A 12 1dp do dugc, f,, f:A— IR 1A nhitng ham do duge, ne N va
f,,—— f. Chimg t6 ring cdc khang dinh sau 13 diing.
(a) f7 ——f",
(b) £y —— 1.
© £ —=lIf
trong d6 cdc ham £, £ duge dinh nghia nhu sau (f*,f cing
dugce dinh nghia tuong ty).
5 =max{f,(x). 0} ; £ (x)=-min{f,(x), 0}, xe A

Trén IR" ta xét d6 do Lebesgue . Gid sit ACIR", pA < 4oo va
f:A—>IR 1a mét ham s6 (hitu han). Chimg té ring néu véi moi
¢ >0, ton tai mot tap déng F C A sao cho p(ANF)<e va f lien
tuc trén F thi f do dugc trén A,

o Day ciing 1a diéu kien cdn va di dé £ do duge trén A.
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BAI TAP ON

Bai O1.
Cho X 12 mot tap khéc réng tuy ¥ va (S, S, ¢) 1a mot khong
gian do do véi I 1A mot a— dai s6. Giad sir f: X > S 12 mot
song anh. Dat

A= @) ={fa4aes},

va ji: A —> IR xdc dinh véi moi Be A, B= ' (A), i(B)= A
a) Chimg minh ring A 1A mot a— dai s6 va (X, A, 4) 1a mot
khong gian d¢ do.
b) Véi moi ham Q— do duge g:S—IR, ham gof: X > IR 1a
A — do dugc.

Bai O2.
Cho ((S, Z, ;). 12 mot ho cdc khong gian do do véi X 1a mot
o— dai s vd ¢6 mot s6 ceIR sao cho 1 (8) < e < +oc, moi

ieN. Gia sir 17T > IR 12 mot ham tap xéc dinh bdi
,{LA = i Z"i;ni—A, Ael.
i=1

Chitng minh ring g 13 mot do do trén .

Bai 03. | |
(Do do trén mor 1dp do dugc) Cho (X, A, i) 1a mot khong gian d¢
do v6i A tamot o— dai s6 v Ae A Goi A, 13 o— dai s6 dinh
nghia ¢ Bai 1.8 va s, 1a thu hep clua it lén A,. Ching t6 rang
(X. A, 1,) 12 mot kﬁéng gian d6 do. '

Bai 04. :
Cho (X, A) 1a mot khong gian do dwge va (S, ) 12 mot khong
glan métric, Mot dnh xa f: X — § s€ duge goi 1a do dwge néu véi
moi tapmd G C S tadéucé FHG)e A
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a) Ching té rén:g f:X—>S§ lado duge khi va chi khi f~'(B)e A
v3i moi tap Borel B trong §.
b) Gia sir ¥ 14 mot khong gian meétric va g:S— Y lién tuc con
f:X - § dodugc. Chiing té ring go f 12 mot 4nh xa do duoc.

Bai OS5,
Cho (X, ~\} 1a mot khong gian do dugc, u, v: X = IR 12 cdc ham
s6 do duge con @:IR* = IR 1a mot ham s6 lién tuc.

a) Chiing 10 rang dnh xa f : X — IR? xdc dinh bdi £{x)={(u(x), v(x))
moi x € X la do dugc.

b) Ham A{x}=®(u(x), v(x)) 12 m6t ham do duge tir X vao IR.

¢) Bang céch dat @, (s, r):==1+s, ®,(s, t):=rs hdy st dung cdc
k€t qua trén d€ suy ra ring cdc ham u+v, u.v déu do duge.

fHudng déan :

a) Chi y két qua : méi tap md trong IR? 1a hop ciia mot s6 khong
qué dém dugc cdc tap c6 dang [, x/, (hinh hop md) trong d6 /,, I,

1a cdc khodng mé& trong IR (céc hinh hop mé nay khong nhat thiét
r0i nhau titng doi).

b) D€ chitng minh £ 12 do dugc, hay skt dung két qua Bai O4].

Bai 06. |
Cho (X, Z. ) 12 mot khong gian do do v6i Z 12 mot o — dai s6 va
(Ei),.y CZ saocho

[M#

;L(Ek) < +00.
1

k
Goi A 12 tip gOm tat cd nhimg xe X sao cho x thudc vao mét s6
v0 han nhitng tp £, cua ho ndi trén.

a) Chimg 1 rang A = F] Lj E,. Tirday suy ra ring A 1a do duge.

n=lk=p

b) Ching t6 ring pA =0. Hay phat biéu lai két qua nay dudi ngon
ngit “h.k.n.” hay “voi hu hét cic xe X .
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Bai O7.
(Ddy dd hoa mot do do) Gia st {X, A, u) 12 mot khong gian do do
(A 1la mot o — dai s8). Goi '
A'={ZeP(X)13A, Ay e A A CZCA, va {4, \ 4)=0}.
Khi d6 mbi ZeA' c¢6 A,A, €A sao cho A CZCA, va
1#{ANA ) =0. Tadat p'Z = pA,. Chl’mg 10 ring
a) A’ 1A mot o — dai s6,
b) ;' 12 mot do do trén A’
c) p' 1ado dodi va p’ 1amot m rong cua p lén A’
d) (X, A, 1/} 12 m& rong déy dﬁ toi tidu cha (X, A, ) theo nélﬁa :
Néu (X, £, v) 1a mot md rong khac clia (X, A, 1) vd v 13 do do
dithi A'CE vay , =pu'

Bai O8.
Goi N 1a tap céc s6 tu nhién va A=2(N). Xét ham tap
ji: A — IR dinh nghia béi ; -

rn  néuA c6 n phan i,

wulA) = )
+oc néu A v han.

a) Chitng minh ;: 12 mot d6 do o~ hitu han trén _A.

b) Hay chi ra trong khong gian d¢ do (N, A, x) mot ddy (4,) C A

sao cho A DA, DA, D---D A, D+ nhung u(N,A,)= lim uA,.

H—

Bai 9.

Gia st X la mot khong gian métric ma ho cdc tdp md tao thanh moét
o— dai s6. Hay xdc dinh ho cic tap md cha khéng gian nay,
Bai 010.

Gia str (X, A, 1) 12 mot khong gian d6 do va (A,), . €A Ching

minh ring
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@ U A AN lim pA

k=1 n=k e,

(1) g ﬂ ( U A )> lim A, néu g U A,) < oo,

k=1 n=k A%

(ii1) Gia sir theém ring
(U ( n‘ A"”“ﬂ (U A,))=B va 1 U A,) <.
k=1 n I w=k k=1

Hay ching t6 lim ;:A, ton tai va lim pA, = uB.

H— Moo=

(Hudng dan : (i} D€ ¥ ring

hs X, "
NACNAC-NA C

n=l w2 n==k

va ;f(ﬂ A,) < itA; moi ke NJ.

H=,

Bai O11.
~Cho (X. A) 1a mot khong gian do dugc va ham f:X [0, col.
Ham tap hop 214 — (0, oo duoe dinh nghia boi 1(A) = 5 £(x)

) _ YEA
n€u A= vd A hitu han hodc d&m dugc, ;(F)}=0 va u(A) =
néu A khong dém dugce. Chiing mmh rang ft 1a mdt do do trén LA,

Bai 012,
Cho (E,,] 12 mdt ddy cdc tap con do dugc Lebesgue cla {0, 1] thoa

mén lim pf, = 1. Chitng minh rang v6i moi o <1, tén tai mot day

H—n

con (E, ]k C(E,), shocho ,u.(&r‘j1 E, )>o

Bat O13.

Trén IR ta xét d6 do Lebesgue y. Gia st E CIR. Chitng minh céc
~ khing dinh sau

a) m'E = inf {4G1G md. G > E},
b) Néu E do duge Lebesgue thi
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uE = sup{,u,FIF dong, F C E}.
¢) N&u £ do duge Lebesgue thi
pE =sup{pK | K compact, K C E}.
Bai 014,

(Steinhaus) Chimg minh ring néu A CIR 1a tap do duge Lebesgue
va #A>0 thi 0 la mot diém trong cua tdp A—A, wong d6

A—A:{x—ylx.yeA}.
(Hudng dan. Sir dung Bai O13 dé ¢6 KCA, UDK, U mg, K
compact sao cho pull <2uK. Goi 6=d(K, IR\U)>0. (-8, 6} Ia
lan can cha 0 cdn tim].

Bai O15.
Cho (X T) 1a mot khong gian do duge, f:X—>IR va
14 =j (IR). Khi d6 f 1a do dugc khi va chi khi f'({—co})e =,

“1({cot}eZ va f 12 do duoc trén Y.

Bai 016’.
Gia sir (f;?),(- ‘12 mot day cdc ham do duge hoi tu theo d¢ do vé
ham f tréen A. Ching minh ring (f, ), 12 diy co bin theo do do,
nghia la

Ye >0, 1121 [J,{XEA”fl(X - filx )|2€}:0.

Bai O17.

Gia st (f, )k 1a mot diy cdc ham do duge trén A vdi gid tri trong
IR, thoa min diéu kien '

¥e>0, lim Jm{xe Allfk(x)wf(x)|ze}:0. !
Ching to rang khi dé tén tai mot diy con (f,( ) clfla' (fk) sao cho

(ﬂ) hoi w h. K.n. trén A vé mot ham ¢6 gié tri hitu hanva do dugc
trén A.

200



Bai O18.
Cho ({X. ) 12 mot khong gian do duge vdi 4 12 mot a— dai s6
va (f, )HeN Ia mot diy cac ham s6 do duge trén X va nhan gid i
thuc. Ching 10 rang tap hgp E gom nhitng xe€ X sao cho diy
(£, (.t')]” hoi tu 13 mot tap do duge (nghia l1a Ee A), -

|Hudng dan : E 1a tap tdt cd nhitng diém xve X sao cho (f,(x)) 1a
mot diy Cauchy trong IR]. |

Bai O19.
Cho f:IR — IR 1 mot ham kha vi. Hay ching 16 ring dao ham f”
clia né 12 mot ham do duge (Borel hay Lebesgue).
[Hudng din : Xét diy ham (g,) xdc dinh boi -

.neNL

g, (x)= n[f[.r+l]—f(.r)
i n

Bai 020.

Gia sir (X, ,A) 1a mot khong gian do dugc, Ae A va f:A—>IR.
Khi d6 f 1a A — do duge (trén A) khi va chi khi

(i) f ' {—acHe A va ' {+c})e A
(ii) f7'(B)e A v6i moi tap Borel B trong IR.
Bai O21.
Cho (X. ,A) 12 mdt khong gian do duge, Ae A vi f, g:A— IR Ia

cdc ham do dugc. Goi A, &k, 1: A — 1R Ia cdc ham xdc dinh 1an luot
nhu sau, x € A,

f(l ) néu f (x) e IR\ {0},
a A‘

hx)=1{8, néufix)=0,
3+ néuf(x)=+occ,
3— néuflx)=—o0,

k() = 1T a(x) péuf(x)+g(x) 6 nghia,
I¥] tat ca cac trudmg hop con lai,
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Fix).g(x) néuf(x).g(x) 6 nghia,
3 cac truong hop con lai,

y)=

trong d6 3. 4., 3, 12 cdc s6 tuy ¥ thuoc IR. Ching to rang &, k. /
la cac ham do dugc trén A

Bai 022.

Cho _)":IR—)IR. Gia st ring t6n tai € >0 sao cho
A= F ) <Cle -y, moi xyelR.

Chitng to ring néu ACIR va ;:A =0 thi ;f,(f( )):0 (gt 12 do do
Lebesgue).

[Huéng din. Trude hét hay ching to ring néu / 13 mét khoang md
bi chan thi ,u(f{!)}<C,u” :

Bai 023.
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Gia st f:IR — IR 1a ham thod min diéu kién _
fla+y)=fd+f(y). véi moi x, yelR.

Chimg minh céc khing dinh sau

a) flx)=rf(x) moi xeIR vamoi reQ,

b) Néu f bi chan & trén mot khoang khong réng nao dé thi f lién
tuc tai 0,

¢) Néu f lién tuc tai mot diém nao d6, ching han tai 0, thi f lién

tuc trén IR,

d) Néu f lién tuc trén IR tht f{x)=ax véi moi xelIR, trong d6
= f{1).

e) Néu f Ia ham do duge Lebesgue thi f{x) = ax véi moi xeIR.

[Hudng dan. a) C6 dinh x e IR, xét lin luot cdc trudng hop r =0,

reN, relZ, vi reQ, '

b) Kh(‘)ng mdt tinh téng qudt, ¢6 thé gid st f bi chan trén mot

khodng (e, €) nao dé.

¢) Sir dung cau a).

¢} Hiy ching to ring t6n tai mot s6 neN sao cho

E=f""([-n n]) ¢6 do do duong. Sau dé 4p dung Bai tap 014 vi

ciu b).



Chuong 4.

TiCH PHAN LEBESGUE

Khii niém tich phan Riemann chi ¢6 thé 4p dung duge cho nhing
~ham bi chan, xdc dinh trén cdc tap trong IR" va khong cd “qué nhiéu™
cdc diém gidn doan. Nhimmg han ché nay 1am cho tich phan Riemann _
khong ddp img dugc nhimg yéu cdu cua nhiéu vin dé khoa hoc. Nam
1902. H. Lebesgue, trong cong trinh ctia minh'™, di dua ra mot khii niém
tich phan dat co s wrén li thuyét do do (ngay nay ta goi la tich phan
Lebesgue) md rong khai niém tich phan Riemann. Y tudng co ban cia
tich phan Lebesgue 14 & chd thay vi nhdm cdc diém gén nhau cta bién v
nhur & tich phin Rieman ma nhém cédc diém ma tai 46 cic gi4 tri cla ham
gin nhau. Tich phan Lebesgue ¢6 nhiing thuin 1¢i cd bin 13 ta ¢é thé dinh
nghia tich phan cho cdc ham do dugc, bi chan ciing nhu khéng bi chan va
cho phép mién xic dinh cha ham c6 thé la céc tap rit 16ng qudt (trong cdc
khong gian do do, khong nhat thiét 1a IR"). Hon nira, vA ciing 13 quan
trong nhat, d6i véi tich phan Lebesgue ta ¢6 cac dinh 1f chuyén qua gidi
han duéi ddu tich phan manh hon vi thuan tién hon so vdi tich phan
Riemann, '

Trong sudt chuang nay (X, A, ;) 12 mot khong gian d6 do v6i A
tamot o — dai sdva A 12 mot tap do duge ndo dé (A e A). '

) H. Lebesgue (1902) Intégrale, longeur, aire, Annali Math. Pura Appl., ser. 3,7
pp. 231 259
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§ 1. KHAI NIEM TiCH PHAN LEBESGUE

I.1 Tich phan cdc ham don gian khong am.
" Ta s& ki hieu S;' 1a tap tit c& cdc ham don gidn khong am (do
duge) trén Ae A. Gid st f€ S thi £ ¢6 thé biéu dién dudi dang

Flx)= ‘iu',.XA,. (x).xeA (1.1)

i=|

trong do céc 86 «; 20, cic tap A, do dugc. rdi nhau ting déi mot,
i=1, 2,...n va 01 A=A

l.i.i Dinh nghia. Tich phdn clia ham don gian khong am f wrén A
theo d6 do 4, ki hiu 12 f, f(x)du(x) hay f, f(x)dp hay gon hon
Lﬂi;a. 1a sé i::u‘-;:,'Af. Vay |

Lo fWdp = f:a'.p,Af. (1.2)
==l o

RO rang rang néu pA=0thi |, fdu=0.

Néu fe 5" v E 1amét tap con do duge chia A thi £, 1a ham don
gian khéng am trén £ va ta dinh nghia tich phdn cia f trén E 12 tich
phan cia f. trén E.

Sufdu={, f.du.
Dé thdy rang néu f cé bidu dién (1.1) thi
fEfd,u:'guig(AjﬂE):fAf\Edp:. (1.3)

1.1.2 Nhan xét. Dinh nghia 1.1.1 12 hop Ii vi néu f c6 moét biéu
dién khéc, chang han :

flx)= f:ﬁj)(B!.(x), xe A
4=l '
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(8, 20, B; do duge, rdi nhau timg doi mot va () B, = A) thi
_ Y

i(tigcA; = f:l 3,18,
i= i=
That vay, véimdi i =1, 2, 3...., n tacod
A =A,.mA=A,.n(_f}| B)= GI(A,.m'B;.).
= =
Cac tiji.p ANB,, j=1,2, .. m lardinhau timg d6i va né€u A M B, = g
thi o, = ;. Do d6 A = 3. (A NB;) va |

j=I

iai;m,- 221!: ; f: u(ANB;)= Xn: i o A, N8,
i izl = SR
= anl i ,{;f[.;t(A,- _-’"?.Bj.) = %Ziifjl,d,.p:(Aj DB_;-_]
= _,f:l . j=li=

"t " n
N ."Z=:l ﬁfg,,,”(’d‘f NB; )= 3 3;uB;.

gl

T day vé€ sau dé cho gon néu (f, ), 1a mot day don digu khong
giam (khong tang) cdc ham trén A. nghia 1a f, < f, _, trén A, neN
(f,=2f,, uénA) vd hoi tu dén him ¢ tén A thi ta s& viét

fo 7 8(f, L g). Mot s& tinh chdt don gian khac cia tich phan cic ham
don gian khong am dugc cho trong ménh dé sau.

LL3 Meénh dé. Voi moi f.ges], (1), (8,),CS5. moi
a, 3elR, a> 0 3>0, cdc khdang dinh sau la diing.
(i) f_ﬂ((tf +3g)dp = (rfA fdp+ ;de adu,
(i) Néeu A=BuUC va BNC=@ th
fA fdi= ]de,u-r-j( fdu,
(iii) Néu f<g .rrén A thi j;,lfdu < f,&du.
(iv) Néu f, /g thi
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lim { fdu={, edp.

H—
() Né.u St va g, <g,., moi neN va ”I_i.nl f= ,}1"3 g, thi

6n tai cde gioi han im [ fidp, lim f g dye va
TR TR

lim [ fodpe=lim | ¢ dpu. a 4)
Chiang minh.
(i) Déthiy iingnéu c€IR vi ¢ >0 thi cf e S v Jefdu=cf, fdpu.
Do d6 dé chimg minh cong thite & (i) ta chi céin phai chimg minh
ff + gy = {, fdp+ J,edn. . (1.5)
Gia sur f.g ldn luot cé biéu dién
Fx)=axA(x), glo)=3 Biva (4) xe A
i=1 ' P
Vi cac ki hiéu. 12p ludn tuong ty nhu trong Nhan xét 1.1.2 véi luu y ring
trén tap A, "B, ham f+g¢ nhdn gid i «; +3,. Ta dugc

LU +@)dn=3% 3 (o, + 3, (A NB,)

=140

= i:(r,- i ;.r.(A:. ﬂBJ,-)+ i .i'ﬁji ‘[L(AJ. ﬂB;)

il g jel i
N ’ ni
=2 0y tA; + 30 BB,
i=1 P
= fﬂ fdu +_[j_l gdye.
chinh 14 (1.5).

(i) Gia sit f ¢6 biéu dién (1.1) vOi 0 A, =A=BUC. Khi dé. méi

=l
i=1 2. n A=(BNAJU(CNA) vido B vi C rdi nhau nén BNA,
C M A ciing rdi nhau. Bay g.iﬁr khang dinh & (ii) duoc suy ra tir (1.2) va (1.3).
(iii) Chitg minh hoan toin tuong ty nhu & (i) va chi cdn luu ¢
ring trén mdi tap A, MB, (ki hiéu nhu trong ching minh (i)) thi
flo=a,<glx)=4g,
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(iv) Gid sit g(x) =3 XA, v6i ANA =H. i=jvd A=A,

=) =]

Codinh re(0, 1) vadat, véimdi keN, mdii=1. 2, ... m.

A= {.\‘ e Al f, (x)>1q, }
R rang rang véi mdi i, k tap A, 13 tap do duge. Hon nita do f, < £,
nén A, CA;, ,. Hién nhién ring KLTJI A, CA. Con nfu ve A thi do
£, = glx)=c, vd 1€(0, 1) nén Cg keN sao cho f, (x) > 1, Nghia

la xeA , vadodd veUA,. Viy A= A,. i=L 2 ..m Theo
A=l k=l

tinh chit cia do do, mdi i =1, 2. ..., m.
HA, = Him pA, . (*)
ket

m

Bay gi¥ ta dat 5, (x):=31q,,, (x), xe A neN.Khi d6 v6i moi
=1 i ) )

neN. xeA tacé s, (x)<f (x)<glx).

Theo (ii1) ta duge
Jasndi=12 coplh, < [ fudp < f gy (**)

Cho 1> oo trong (**) va d€ ¥ dén (*). ta duge

ri oA =t f gdp < lim f fdp < [ gdpe.
i A% !
Lai cho r — 1 trong bit ding thic ndy ta duge

’li—rri ]A fau =j;1 ady.

(v} Trudc het dé § rang theo (iii), cdc day (f, fudi) va (f, gdn)
la don di¢u khong giam nén lim [, f,dj va lim [ g.du t6n tai. Ta con
ching minh (1.4)

Co dinh meN va dit i, (x)=min{f,, g,}. neN. Dé& thdy ring

h, €5, moi neN va (h,), don dieu khong gidm do (f,) khong gidm.

Mat khic vi f, /lim, f, =lim,g, vd lim, g, >g, nén h g  khi
n— oc. Theo {1v),
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lim [ hdpu=f g,dm.

Laivi h, < f, moi neNnén [ hdu< [ fdp va do dé
Signdi=1im [ hdp < lim |, fdpy.
Bat dang thic nﬁy'dﬂng vai bat ki 7€ N nén khi m - oc ta dugc
lim | g dp<limf fdu
H—

H— "

Hodn toin wong wr ta cling. ¢é bdt ding thirc nguoe lai va (1.4) duge
chimg minh i '

1.2 Tich phan caa ham do duge khong am.

Cho f:A —IR la mot ham do duge va khong am trén A. Theo
dinh 1i vé cdu tric cua ham do dugce, tén tai mot day cic him don gién
khong am (f,) trén A sao cho

0<f, <f.,moineNva f, /f. n— .
Gi6i han lim [, f,dp ton tai vi 1a mot s6 thuc khong am hay +oc. Ta di
dén dinh nghia sau.

1.2.1 DPinh nghia. Ta dinh nghia tich phdn cia ham do duge khong
am f trén A theo d6 do p, ki hieu'la f fdge hay |, f(x)dulx), 12 s6
lim [, fudy. Vay

| [ fdpe=1im | f.dp.

Pinh nghia trén 12 hop 1i vi .f},lfd;s khong phu thu¢c vao viéc chon
cdc diy ham don gian khong 4m héi tu dén f (Ménh dé 1.1.3 (v)). Cing
dé ¥ rang tich phan cia mot ham do duge f >0 ludn tén tai va thudc
0, ].

1.3 Tich phan cua ham do duoc.

Bay gitr gia st £: A — IR 1a him do duge bat ki.

Khi d6 néu dat f+ = max{f, 0}, f :=—min{f, O} thi f* va
/13 nhing ham do duge khong am trén A va f=f7 —f",
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|fi=f"+f". Theo Dinh nghia 1.2.1, ¢dc tich phan [, f*du va [, f dp

1On tai va la cdc 8 thue khong am hay +oo. Mot cdch ty nhién ta di dén
dinh nghia sau.

1.3.1 Pinh nghia. Neéu mot trong hai tich phan [ f'du va
[1{ dyr 1a hitu han thi ta dinh nghya tich phdn cia f trén A (theo do
do ju), ki hieula [ fdp hay [, fQ0dp(y), 1256
J\A frdp— ]1 fdu.
Vlf_ly
fofduw=[ fTdu— [ fdu
Dé y i néu tich phan ciia f trén A t6n tai thi [, fdpelR.
Néu [, fdp€IR (nghia la [ fdy t6n tai va hitu han) thi ta néi f
khd tich trén A, Lic ndy ca hai tich phan [ f"dp va [ f dp déu la
| nhitng s& hiru han. '
Gia sir £ 1a mot tdp con do duge cua A. Khi dé6 tich phan caa f
trén £ duge dinh nghia la tich phan coa him f,. trén E. Dé thdy rang
Jpfdie=[ fipdii= [ fxpdpt.
1.3.2 Vidu. (i) f{x)=c. moi Y€ A (¢ la hing s6) thi
| ]‘ fdie=cpA.
(i1) Xét ham Dirichlet f:i0, 1] = IR xdc dinh béi
f(.‘f).= 1 né:u x-hi’ru»ﬁ.
0  néuxvotl
Khi dé |
Fonfdie=1.42000, 1N Q) +0..(jo. 1N} =0.

Dé y ring ham Dirichlet khong kha tich Rieman (¢ day ki hiéu I chi tap
taL ca cac s6 vo ).
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(iii) Néu uA =0 thi moi ham do dugc f: A — IR déu kha tich va
S fdu=0. (1.6)

That vay, vi uA =0 nén moi tap con do dugc clia A déucod do do 0 va
do d6 (1.6) ding khi f 12 ham don gidn khong am. Tir d6 (1.6) ciing
ding khi f la ham do dugc khong am ciing nhir khi f 1a ham do dugc
bat ki.

BAI TAP

1.1. Cho A la mot tap do duoc va (B,) 12 mot ddy cdc tap.con do duoc
cha A thod min diéu kién
B,CB,.,. neNva | B, =A.
n=]

Ching minh ring néu ge 5, thi

lim fﬂ,. gdp= [, gdpu.

e

1.2. Cho (f,) CS5. ges v6i f,<f,.. neN va g<lim, f,.
Chimg t6 ring

-

Sigdu< tim f, f.du.

1.3. Cho A 1a1ap dodugc va f:A— IR 1a mot ham do dugc khong am.
Chimg to rang '

[ fdu= SUP{IA @dyel o 1a don gian khong am va ¢ < f} (*)

§ 2. CAC TiNH CHAT CO BAN CUA TiCH PHAN

Dé khodi phai nhéc lai, tir day ta quy udc ring cdc tap dé cap dén déu
1a cdc tap do dugc con cdc him néi dén déu do duoc (trén cac tap xdc
dinh tuong (mg) va nhan gié tri trong tap s thuc md rong IR,
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2.1 Tinh cong tinh.'"”
2.1.1 Pinh li. Néu ANB=f thi
Saopfdn= [, fdu+ [, fdu 2.0

mién la mot trong hai vé cia ddng thitc trén 6 nghia.

Cht'mg minh. Theo Ménh dé 1.1.3, (2.1) ding khi f 12 ham don
gian,

Gid sir f (do dugc) khong am trén AUB va (f,} 1a.ddy cic ham
don gian khong am trén AU B thoamén f, / f. Khi d6 v8i méi neN,

SasaFudr= [, fdu+ [y fudn.

Cho n— oo ta dugc (2.1). -

Gid sit £ 13 ham do dugc twy ¢. Khi dé f=f* —f v6i f* va £~
14 cdc ham khong am trén AU B. Theo diéu vira chitng minh & trén thi

' fAuBf-i—d“ = ,I:qf.+d:‘*+‘]},f.+dﬂ‘ (2.2)

Joopf du= [, fau+ [, fdp. (2.3)

Néu vé& trdi cta (2.1) ¢6 nghia thi v€ trdi ciia mot trong hai dang thirc trén
phai hitu han. Chang han, néu v€& trdi cia (2.2) hiru han thi ca hai tich
phan trong v€ phai cia (2.2) cling hitu han va do d6 hai hiéu s6

Jufmdp= [ fdp. fyf dp—fy fdpe

déu c6 nghia va khic +oo. Bay gid trir v€ theo vé (2.2) cho (2.3) ta duge
(2.1).

Twong ty nhu vay, (2.1) ciing duge chitng minh cho trudng hop
[ fdp+ [, fdp c6 nghia B

2.1.2 H¢ qua. Néu BC A va tich phadn fA fdp ton tai thi [, fdu
cing t6n tai. Ddc biét, néu f khd tich rén A thi f ciing khd tich trén B.

Chitng minh. Vi A= BU(A\B) va BN(A\B)=# nén theo Dinh
li2.1.1 t6n tai |, fdp vatacé

Oy nghia cla thudt ngit “cong tinh™ s& duge gidi thich rd trong Muc 3.2 duéi day.
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Lofdu=f tdp~+ [ fam (2.4)
Né&u f kha tich thi [, fdu hita han. Tir (2.4) ta suy ra [, fdp hitu han.
nghiala f khatichtrén B 1
2.1.3 Hé qua.
(i) Néu £ >0 trén A va BCA thi [, fdp< |, fdp.

(ii) Néu uB=0 va [, fdyu ton tai thi

j;wﬁ,ﬁ:f;.', = fmh, fdp = ]1 fdp.

(iii} Néu f~g tréen A thi [ fdu= [, gdys micn la mot trong hai
tich phan trén ton tai. Ddc biét néu f =0 hkan. trén A i fA fdp=0.

Chitng minh. D& thay ring (i) dugc suy ra tryc tiép tir Hé¢ qua 2.1.2
v@i luu ¥ rang J‘A\B‘ﬁf;.: >0.

Véi (ii), diing thic [, , fdj= [, fdu d& dang duge suy ra tir Dinh
i 2.1.1 vindu ANB=@ N&u ANB=# thitacé thé dua vé truong hop
trén bing cdch dat AUB = AU(B\ A) vi luu ¥ rang u(B\A)=0. Dang
thifc con lai ¢é thé duge chitng minh theo cich nhu vay con (iii) 1a hé qua
cua (in B

2.1.4 Nhan xét. Hé qua 2.1.3 (ciing nhu He qua 2.1.2 véi
i{A\B)=0) cho thdy ring néu ta thay déi gi4 tri clia mot ham c6 tich
phan trén mot tap c6 d6 do O thi van khong lam thay déi tich phan clia nd.
Chinh vi th&€ ma sau nay (trong viéc nghién cu tich phan) néu moét ham
f xéc dinh va do dugc trén mot tap con do duge EC A ma plANE)=0
thi ta ciing dinh nghia |, fdj = {, fdpu.

2.2 Tinh bao toan thir tur.
2.2.1 Pinh li. Néu f<g wén A va cdc tich phan Lﬂfp,, |, edn
ton tai thi B

Sofdu < [ gdp. (2.5)

Chitng minh. Theo Ménh dé 1.1.3, bat dang thic (2.5) ding khi f

vd g la cdc ham don gian khong am. Néu f, g >0 thi ton tai cic day

(f,),. (g,), cdc.ham don gidn khong am tréen A sao cho f, /' f va
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g, /g Dat b =min(f,, g,), neN tht &, 12 ham don gidn khong am,
moi neN. Vi f<yg nén dé thiy ring &, / f. Ngodi ra vi v8i méi
neN, h, <g, nén [ hdu<{ gdu Dodo

f fdpe= ”llnl J dp < ’11211 I, g,die= | edp
Bay gio néu f, g 1a cic ham do duge tuy ¥ v f<g thi 7 <g”
va > £ . Theo trén ta co _
JofTdu < fyg7du, [ fdu> f 8 du. (2.6).
Vi

—.

Jifdie va [ gdgpe t6n tai nén mot trong hai tich phan [, fTdy,
J4f dj hitu han v mot trong hai tich phan [, ¢, f, ¢ ciing hiru han.
Bat ding thiic (2.5) dugc suy ra tir didu nay va (2.6) 8

Dé dang nhan thdy réng két luan & Dinh I{ 2.2.2 ciing ding néu ta
thay * f < g trén A" boi gia thi€t* f <g hkn. trén A",

2.2.2 Hé qua. Gid sir pA < +oo. Néu | bi chan ¢6t yéu'” trén A
thi f khd tich trén A. '

Chung minh. Néu f >0 va bi chan cot y&u trén A thi ¢6 K >0,
BCA, uB=0saocho 0< <K trén A\B. Theo Dinh 1i 2.2.1 thi

0< fA fdy= j;uﬁfd,u- < j:q\BKd;s = Ku{A \ B} < +0c.

Truong hop f do duge tuy y thi f=f"—f". Vi f bi chan cot
yéu trén A nén f° va f~ ciing viy (d€ ¥ 12 cac ham nay khéng am).
Theo diéu vira ching minh |, f*dp v J,f du hiru han. Do d6 f kha
tichtrén A B

2.2.3 Hé qua. Néu f khd tich trén A thi f hitu han h.k.n, trén A.

Chitng minh. Dat B:= {.r eAlflx)= +:>o} Khi d6 B la do dugc

va f cling kha tich trén B. D€ ¥ ring v6i moi N >0 thi f{x}> N, moi
x€B. Do dé ' :

) Dinh nghita & Nhan xét 5.3.2, Chuong 3.
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+Qo>fﬁfdp2fBNdu=NﬁB, moi N > 0.
Tir day ta ¢6 ;uB=0. Hodn todn tuong ty ta céing chimg minh dugc
u({xe Atf(x)=—o00})=0. Vay f hitu han h.k.n. rén A 1§
2.2.4 He qua. Néiw f>0 trén A va [ fdu=0 thi f=0 hkn.
trén A,
Chitng minh. V6i mdi neN ta dat A, = {.\: eAlf(x)> ;11-} Khi d6

viimoi neN
A, CA., vaB={ A ={xeAlf(x)>0)
n=1

nén uB = lim ;:A,. Mat khdc, theo gia thiét ta dugc

O=f fdu> [, fdu Zl,u,A", moi ne N.
" n

Vay A, =0 moi neN vadodé uB=0, nghiala f :-0 hk.n.trén A 1
2.3 Tinh tuyén tinh,
2.3.1 Pinh li. Cdc dang thicc sau day la diing mién la cdc vé phdi
¢o nghia. :
(i) fA(fdp, = cfA fdn, (ceIR),

(i) [ (f +8Mp= [, fdu+ [, gdp.

Ching minh. Theo Ménh dé 1.1.3. (i), (ii) ddng khi f 1a don gian
khong &m va ¢ > 0.

o) Chiing minh (i). Gia s f >0 trén A. Theo dinh i vé cdu tric
ham do dugc, tén tai mot diy cic ham don gidn (f,) sao cho
0<f, /f ten A |

Néu ¢2>0 th ¢, /¢f va (i) dugc suy ra tir ding thic
fi¢fidu=cJ, f,du bing céch cho n— co. |

Néu c<0 tht ¢f <0 nén {¢f)" =0 con (cf) = —cf. Tit day theo
. dinh nghia cua tich phan va didu vira chiimg minh ta ¢é
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foctdn=[,(cf)" [, (cf) =0 f,(~cf) =<, fp.

Trudng hop f 13 ham do duoc tuy ¥ v f = f* — £~ thi (i) duge
suy ra tu chimg minh trén v6i luu ¥y rdng

() =f*, (¢f) =c¢f néuc> 0 va
(f) =—cf . (¢f) =—cf* néu ¢ <O.

8) Chdng minh (ii). Gid sir f, ¢ 1a cdc ham do dugc khéng am va
(f;,)"'. (g,,)n la cac day gém nhiing ham don gién sao cho 0< f, /' f va

amva 0<(f, +g,) /" (f+g) rén A Tacé:
S+ 8)dpi= tim [, (7, +8,)du
= lim [f, f,dp+ [, g.du]
= lim f, f,dup+ lim |, g.du

= [ fdn+ [, edu.

Vay (ii) duge ching minh cho trudng hop ndy. Tir day ciing dé dang thdy
tang (bang quy nap) néu Ay, h,...., b, (meN) Ia cdc ham khong am trén

0<g, /g trén A Khi d6 mdi neN, f, +g, 1a ham don gian khoéng

A thitacling ¢6:.
/. E hdp = % . hdp. 2.7
Bay gig gia s f, ¢ la cic ham do dugc trén A va téng
S fdu+ [, gdpe 6 nghia. Liic niy phai ¢6 [ fTdu va f g*du déu hir
han hay Jofdu va [ g du déuhitu han (f=f*—f ", g=g*—g).
Gia sir cde tich phan [, f*du va [, g"dp hitu han (trudng hgp con lai

dugc ching minh twong tu). Khi d6 f* v g™ déu hitu han h.k.n. trén A
(He qua 2.2.3) va do d6 f < Hoo, g <+oo hk.n. trén A. Vay f+g xédc

dinh h.k.n. trén A, Khong mit tinh tdng quaét ta c6 thé gid sit f{x) < +oo
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vd g{x) < +oo khip noi trén A (néu khong ta xét cdc ham f g lan luot
wong deong v8i f va g va thoa man diéu kién trén rdi sir dung Hé qua
2.1.4 (dii)).

bat Ai=Ff+g Khiddvi h™ <f +g" nén cdc ham # . .o
déu hiru han va ta cé : ot

h=Rt = =T f g g
B 4 f 4 =f+gt 0.
Ap dung (2.7) cho déng thic the hai ta duoc
Sohfdp+ [ fdu~+ [ g du= [, fTdu+ g dp+ [hdp.  (2.8)
Pé y rang
fhrdp <[ frdp+ [ ghdp < +oc.

Do d6 ca ba tich phan [, f*dy. [ ¢"dp, [h'dp déu hitu han. Dang
thdc cdn ching minh duge suy ra tir (2.8). Pinh Ii di duge ching minh
hoan toan il

2.3.2 Nhan xét. Néu ta ki hiu L'(4, ;) 12 tap hop gém tat ca
nhiing ham kha tich trén A (trén tip nay ta khong phan biét cdc ham
twong duong) thi theo Dinh 1i 2.3.1. L'(A, ;) 12 mot khong gian vecto
trén trudng IR. Lic nay, ciing theo Dinh 1§ 2.3.1, ham /: ' (A, u)—> IR
(thudng cling goi 12 phi€m ham tich phan) xdc dinh bdi /(f):= [, f(x)dp,
fel'(A, ;1) 1a mot phi€m ham tuyén tinh tren £' (A, ;). Didu ndy giai
thich thuat ngir “tinh tuyén tinh” st dung & trén.

2.4 Tinh kha tich.

2.4.1 Pinh li. Cdc khdng dinh sau la diing

(1) Néu [, fds co nghia thi | [, fdul < [ 1 Fldw.

(ii) f khd tich trén A khi va chi khi |f| khd tich trén A,

(iii) Néu |f| < g hkn. trén A va g khd tich trén A thi [ ciing kha
tichtrén A, '

(iv) Néu f, g khd tich trén A thi ftg ciing khd tich trén A. Hon
nita néu f khd tich con g bichdntrén A thi f.g khd tich trén A.
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Chtin'g mini.

(i) Vi [, fdpe c6 nghia nén dﬁng thie [ fdpe= [ frdpu—[ f dp
¢é nghia v mot trong hai dfmg thae nay 12 hitu han. Do viy ta c6

Sl =V = LIS S L = L e

(i) Néu |f| kha tich trén A thi theo (i) f ciing khd tich trén A,
Neuoc lai, néu f kha tich tén A thi ci hai tich phan S f Tdpe va
f,f “dp déu hiru han. Tir dang thirc fl=f"+f tacd

0< ] HIS IR frdp+ ]1_1f_d;_:. <+,
Nghia ta |f] kha tich trén A,

(iii) Néu |f1<g hkn. tén A thi [ |j|d;.-<] gdit < +o¢ nén m
ciing kha tich trén A va do dé theo (ii] f ciling kha tich trén A.

(iv) Néu f, g Kkha tich trén A thi tinh kba tich coa f £ ¢ duge suy
ra tir Dinh I 2.3.1, con ndu f kha tich vh ¢ bi chan rén A. chang han,
l¢1 < K. thi tir ddng thic if.¢| < K.f| tasuy ra

| Jlfgldp < K[| fldp < +a0.

Biéu nay c¢6 nghia la U‘Q[ kha tich vd do d6 f.g¢ ciling kha tich. Pinh i
da dugce chang minh i

BAI TAP
2.1. Cho f:4A—IR 12 ham do dugc khong am. Chiing td ring néu
BC A thi

[ fdu< | fdg.

2.2. Goi A={N), o— dai s0 tdt cd cdc tap con cia N. VG mdi
Ae A tadat ‘u.(ﬂ'):(} vi.
n  néuA cbn phin i,

1A = . X
+o¢ néu A vo han.
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2.3.

2.4.

2.5,

2.6.

2.7,

2.8.
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a) Chiing 16 ring p 1A mot do do trén A vd x4 13 o— hitu han.
b) Gia sit A€ A, A hituhan f:A—IR va f(x)= —0o0 moi xeA.
Chiang t6 f 1a do duge trén A va tich phan f, fdp t6n i, Tim
dieu kién cdn va dli dé £ kha tich trén A.
Cho A 1a mot tap do duge vd f:A— IR 1a ham kha tich (theo do
do ). Ta dat

B, ={xeAllfix)> n},

A ={xe Aln <|f(x)] <n+l}‘ neN.
Chiing minh ring
a) puB, <400, moi neN,

b} lim uB =0,

H o=

¢y lim 3 A, =0.

A=
Cho X 1a mot tap khong réng, ae X va 8, 1a 49 do Dirac tai «
tren 2(X). Gid st ACX va f:A—IR 1a mot ham tuy y. Hiy
tinh f, fdp va tim diéu kién cén va ¢i d€ f kha tich trén A,
Cho A 12 mot tap do duge va pA<oo, f,,f:A—IR, neN, I
cdc ham do dugc. Hay chiing t6 ring néu fA|f,,—f\3dp,—>0 thi
f,——f tén A, n—o x.

Gia stt f 1a ham do dugc trén A. Chimg to ring néu ¢6 hai ham g, k
khd tich trén A saocho ¢ < f < f hk.n. thi f kha tich trén A,
Gia st 42 1a mot d¢ do di, f kha tich vA >0 h.k.n. trén X.

Chimg to ring n€u A 12 mét tdp con do dugc cia X thod min
fA fdpu=0 tht pA=0.

Gia st f la ham kha tich trén A. Chimg 6 ring khi d6 tap

{xeal £(x)=0} c6 thé biéu dién thanh hop cita mot ho dém duoc

cdc tap c6 do do hiru han va r&i nhau timg d6i.



§ 3. QUA GIGI HAN DUGI DAU TICH PHAN

Bay gi¥ ching ta chuyén sang khao sit mét tinh chit quan trong
thudng gap trong giai tich va li thuyét xdc suit. DS 1a viéc qua gidi han
dugi déu tich phan Lebesgue. Day 1A mot trong nhitng wu diém ndi bat
cua tich phan Lebesgue so véi tich phian Riemann.

3.1 Qua gidi han dudi dau tich phan. _ _

Cac Dinh 11 3.1.1, 3.1.2 sau day thudng dugc goi 13 cic dinh 1i vé su
hoi tu don di¢u clia Beppo Levi. Ciing nhy trong muc truée, cic ham néi
dén trong muc nay déu do duge trén tdp do dugc A va nhan gi4 tri trong
tap s thyc md réng IR.

3.L.1 Dinh li. (Levi) Néi 0< f, /' f wén A thi tim |, f,dp= [, fdu.

Chimg minh. Trugc hét dé ¥ ring wr gia thiét ta cb6 ngay
lim [, f,du cing nhu [, fdp t6n tai.

n—x '

Theo dinh 1i vé c4u tric ham do duge, véi méi ne N, t6n tai mot
diy cdc ham don gian khong am (f,, )keN sao cho f,, /' f, wmén A,
(k — oc). Bay gi& ta dat, véi mdi ne N,

hn = max {j;.n’ f:l.n """ f::.n }
Khi d6 dé thdy ring (k,) 1 diy cdc ham don gian khong am trén A.

Ngodi ra, vi f,, < f,,.i» moi m<n nen h,<h,,, neN Vay () 1
day khong giam. Hon nita r6 rang 13
h,<f,<f,moi neN. (3.1
Do d6 lim, 4, < f tén A. Mat khic, néu m<n thi f, , <h, Do vay
fn= llm Jun < ,}Lnl Ay moi meN. Cho m—oo ta duge
”llm f _)‘ < lim h,. K&t hogp véi bit ding thirc vira chimg minh & trén
ta (;uqc T
| lim &, = f. (3.2)

Tit dinh nghia tich phan cla ham do dugc khéng am, (3.1) va tinh bao
toan thit tu cua tich phan ta duge
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Him k= [ fdp < lim [ fdp< [ g
Tir day ta suy ra ding thic cdn ching minh _
3.1.2 Binh li. (Levi) Gid st (f;’)uEN la mor ddy don diéu (ting hay
giam) cdc ham do dige trén A va 1on tai mot s6' k, € N sao cho S khd

tich. Kii do | |
“lipl fohdn={, ',lil'T}ﬁId;:,. : (3.3)

Chung minh. Ta chi can xét t.ru(‘J‘ng hap (£, ]” la diiy don diéu tang
(trudng hop con lai duge xét twong ty) va khong mat tinh téng quat ta
ciing ¢6 the gia st f; kha tich. Nhu vay [, f7dj < +oc vado d6 f hiru
han h.k.n. trén A. Biing cdch thay déi gid tri ctia £~ trén mot tap 6 do
do 'khfmg (n€u cdn) ta c6 thé xem f” hitu han trén A va f, < f trén

A Nhuvay, 0<(f, +£7) /(f+£ ) tren A Dinh 1 3.1.1 cho ta
lim [, fdp+ [, f7du = lim J,(f, + 7 )dp=
= J, Yoo (f, 4+ £ )dpe= [ lim £+ [, £ d

(3.3) dugc suy ra tir dang thic ndy v6i luu y rang |, f;"dp 12 hitu han 1

3.1.3 Nhan xét,

(1} Qua phép chiing minh Pinh If 3.1.2 chding ta nhan thiy ring
trong trudng hop (f;r)” la ddy don diéu tang thichicdn [ f dpu<+oc la
di. Twong wr nhu vay, néu (f, )“ la day don diéu giam thi chi cin gia thiét

Fofidp <400 ladi.
(il) D€ ¥ ring Dinh I 3.1.2 cling ding néu £, / f va f kha tich
trén A, '

314 Hequa Néit g, >0 trén A, moi ne N thi [, S gdp="3" [, g.dp.

. . n=l =l

ACH

dp<+oo thi 3 g {x) <400 hkn. trén A va ham so

n-=1

LS
- Néu thém Y. |
' ne

gldi= 3 g, (&) khd rich wén A

azl

220



Chimg minh. Dat f, =3 g, neN. Khidé 0<f > g. Dang
w1 K-l
thire can ching minh duge suy truc tiép tr Dinh i Levi. Khang dinh con

lai dugc suy ra tir Heé qua 2.2.3 va gia thiét 3. [ gudp <+ 1
k=i

3.1.5 Dinh li. (BO dé Fatou) Néu f, >0 wén A, moi n eN thi
\’,\ “ﬂ)‘;;dv §— l_l_.I.p_ J.A f”'{'{lu’ (3.4}

PN N

Chiing niinh. o

V& mdi neN, dat g, = inf {_f;,. fos j;,+3,...}. Khi d6 theo dinh nghia
ciia gidi han duditacé 0< g, 7 lim f,. |

Moo

Dinh 17 3.1.1 cho

lim I]'_ﬂ‘g”d;.- = \J"l lim £, dt. - (%)

[IEREIRN Ho-

Mat khdc. méi neN, g, <f, wen A va | g du<{, fdu Do d6,

hln _I,\ gnaltu' :. lﬂﬂ -].A gudlﬂ S ll_m -JA f;r(!ﬁi" (**)

- Céc hé thike (*) va (¥*) cho ta diéu phii ching minh b

3.1.6 Nhan xét. '

(i) Bat ding thite (3.4) con ding néu f, >y, neN va g kha tich
trén A. That vy, dé thdy diéu nay chi can dp dung Bo dé Fatou cho day
(f, —%),- |

(ii) Néu f, < ¢ moi ne N vi g khatich thi

[ limfdpe> him [ fdie (3.5)
LN oo

That vy, lic ndy —f, > —g¢ moi ne N. Ap dung B dé Fatou (ciing
v (i})) cho diy (—_}‘;,)” vi dé v rang vGéi moi diy (\n-”)”,

lim (—e, ) =— lim a,.

3.1.7 Binh li, (Pinh li hoi tu bi chin Lebesgue) Gid s (j;])” fa ddy
cde ham do duoe trén A thoa man ‘j;;j'g g, moi neN va g la ham khd
tich én A, Néu ()} hoi ty hau khap noi hay hoi t theo do do vé mot

lam | trén A thi

221



lim ]4 fdi= jA Jfdpe. (3.6)

Chiing minh. (i) Truomg hop f, > f (n—>o00) hk.n. én A. Dé y
rang do tich phan cia mot ham khéng thay ddi khi ta thay ddi gi4 tri cia
ham d6 trén mot tap ¢6 do do khong nén ta ¢ thé gia sit £, — f khip noi
trén A. Vi g kha tich trén A va —¢ < f, <g¢ nén B6 dé Fatou ciing véi
Nhan xét 3.1.6 cho ta

[ limf, <lim [, f, < lim f,f, <[ limf,

u
LU W H— =+

Tir day (v6i lue ¥ ring lim £, = lim £, = ) ta suy ra (3.6).

(i) Trudng hop f, —£— f trén A. Gia suir (£, ):.- 1& mot ddy con cla

(f, ), sao cho [ufodi— tim [ fdp (mot diy nhu the bao gidy ciing t6n

H— .
tai). D€ § ring ta ciing ¢6 f, —“— f. Do d6 cé mot day con ciia ddy nay.
(f;, ) . hoi tu d&n £ hk.n. trén A. T chimg minh trén ta cé
Ay
M IAfn = 11211 f/lf.:h = ‘_l_i_-l'il I,a,fm( = f,ﬂ.f

Hoan toan tuong ty ta ciing ¢
lim f, f,du= [, fdp.
Tir day ta nhan duge (3.6)8
He¢ qua sau day to ra hitu ich trong nhiéu trudng hgp.
3.1.8 Heé qua. Gid sit pA < +oo, |f,| <K moi neN (K la mér hing
56 nao dé). Khi dé néu (f, )” hoi tu vé f theo dé do hay hdu khdp noi
trén A thi '
’}erl Lo hdn= f,fdu 1
3.2 Tinh 6 — cong tinh va tinh lién tuc tuyét déi cia tich phan.
- Ching ta vin lam viéc v6i khong gian do do (X, A, p) vagia st f
la mot ham xéac dinh trén X véi gia tri trong IR va c6 tich phan trén X.

Xét ham tap dinh nghia béi
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A:A-=1IR
A XA)= j;‘fd;z.
Ham tap X thudng duge goi 1a tich phdn bdr dinh cha f. Tir tinh cong

tinh cta tich phan (Dinh Ii 2.1), ham tap X\ 1a céng tinh. Thuc ra X\ cdn
la o— cong tinh. Ta ¢6 dinh If sau.

3.2.1 Dinh li. Ham tdp N\ (dinh nghia nhu trén) la o — cong tinh,

nghia la néu (A,)  CA. ANA,=f n=m A= J A, thi

n=|

[, fap = é S fdn (3.7)

Hon nida, f khd tich trén A khi va chi khi Z f \f|d,u < +00.

n—l

Chitng minh. (i) Gia st f>0 trén A. Vi mdi neN 1a dat

B,=UA. Khi d6 B,CB,C-~CA va A= (JB,. Dé& thiy ring
k=l n=1

O<yp f . f trén A va Dinh Ii Levi cho

lim fAXB"fd,u— llm jﬁ fdu= [ fdu. (*)

Mat khdc, dé ¢ dén tinh cong tinh ciia tich phan va dinh nghia cta tap B,
ta cé

llm jB fdu = llm Zfﬁ fdp = ZfA fdu. (*¥)
Két hgp (*) va (**) ta duge (3 7).

(i) Bay gid néu f la ham do dugc tuy y thi 4p dung két qua vira

chiing minh & (i) cho f* va f ta duge :

= ZL frdp, [ fdp=3 [, fdu.  (**%)

n=l
Vi f, fdu c6 nghia nén moét trong hai tich phan fAerdp, va [, fdu
phdi hiru han, chdng han, [, f~du< +oo. Khi dé [, fdp <+o0 moi
neN. Do do6 tir (***) ta dugc
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. .

[y = [ dp=f o di= 5 [ U= = L J, .
Khang dinh cudi ciing ctia dinh i dugc suy ra tit dang thic
| ki =%, |f1dic 8
3.2.2 Hé qua. Gid sit | do duoc khang am trén X, Khi do N la
mot do do trén A, Lice nay N dige goi la do do xde dinh bot | va i

3.2.3 Vi du. Tinh tich phan [, ?] ]d,u. (j¢ 1a do do Lebesgue
UM

trén IR).

Goi f{x)= jl - A=[0, 00) va A, =10, n]. neN thi A= U A,
X+ n=1

vi A, CA,  moin Vi £>0 trén A nén hdm tap X sinh bdi f va |2

mot d6 do tén o— dai 6 cic tip do duge trén [0, x:). Do dé

A =1im, M, D yrang M, = | 7].:!;:. va trén méi doan [0, #] ham

liha} 2
R

£ 1ién tue nén kha tich Riemann va ta ¢é (xem Dinh I 3.15 dudi day)

: 1 o]
fo———du =(R) [/ ———dx = arctg n.
B oY ot +1
Do vay
. Vo 1
o s dit=rM= Lm(R) [ —s——dx
\ .\__I_+l ¥ LR AT X‘_+1
— ]' I t — E
= limarctg 1= .

3.2.4 Nhan xét. D& thiy ring néu Ae. A md pA=0 thi XA =0.
Mot do do tuy ¥ v: A — IR duge goi 1 lién ruc twyét doi d6i véi g (ki
hiéu <€ §1) .néu vdi moi Fe A md pE =0 thitacd vE=0. Nhu vay
néu do do X\ xdc dinh boi mdt haim do duge khong am f: X — IR va it
thi X < y. N€u 4 12 o — hitu han thi diéu nguge lai cling ddng. Nghia la
khi dé vdi moi do do v A — IR md v < g déu tén tai (duy nhat theo

mot nghia nao dé) mét haim do duge khong am f: X — IR sao cho
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VA= ]A fdj, moi Ae A
(diy 1A noi dung Dinh |i Radon — Nikodym, doc gid quan tdm xin xem
ching han [HUJ}.

Pinh 1i quan trong sau day doéi khi ciing duge g01 14 dinh 1li vé tinh
lién tuc tayét doi cua tich phan.

3.2.5 Binh li. Néu f kha tich wén A thi véi moi ¢ >0, ton tai
& >0 sao cho

_]'1_‘.{‘}"|d;:. <€
vai moi tap do dicge EC A ma pE <.
Chitng minh. Cho truéc € >0. Vi mdi ne N, tadat

o) néuveavalflxli<an,

" néureAva | fixl>n

£l =

Khi d6 15 rang (f,) 1 do duoc trén A va 0< £, /lf|. Tir Dinh I Levi,
ta co
lim f, fdi= [,|fids.

Vi [, |fldj hitu han (do f kha tich) nén ta 6 thé chon n, €N sao cho

S =1 <f2l vd chon & 13 s6 duong thod man b<;)%—. Khi dé
=¥

néu Ee A, ECA VA pE <b thi
L‘fldﬂ = lf(lf\ ", }dﬂ + J{ Hy d-”’ <
< JAIA= £, )i+ ng iE < %+§ =cl

3.3 Quan hé giira tich phan Lebesgue va tich phian Riemann.

Trong muc nay trude hét ching ta s& ching minh rang tich phan
Lebesgue thit su 12 mot sy md réng coa tich phan Riemann. Sau dé trong
diéu kién chin mudi. chiing ta s& thiét 1ap Dinh Ii Lebesgue chi rd 16p cic
ham kha tich Riemann trén-cdc hinh hop trong IR*, diéu ma trong giai
tich ¢d dién ta chua ¢6 diéu kién dé thuc hién.
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Dé thuan tién cho viéc theo ddi, ta s& chi ti€n hanh cho trudong hop
k = 1. Trudng hgp 16ng qudt phép ching minh holn toan wong ty.

3.3.1 Dinh li. Moi ham f:[a, bl > IR khd tich Riemann déu khd

tich Lebesgue va hai tich phdn dé tring nhau, nghia la
- (RJfahf(x)dx :j:’fb’;;..

Chimg minh, V6i mdi neN, ta hdy xét phan hoach
P, = {xg0 X Xpoo 0} cia [a b] v6i oy, =a+ilb—a@)27", i=0.1.
2,..2° Pat

2 S
P, = El X e~ v) va ¢, == EI M. Kis )
m,:=inf {f(x)lxe [.r‘._l,x,..]},- M, =sup{f(x)lxe [x_.x]}. Khi d6 13
rang ring
Ledu=w, [P4du=Q, ¢, <f<vy, uen(a b]. )

o) day w, va Q, ldn lugt 13 cdc tdng Darboux dudi va trén clia f trén
la, b} ing véi phan hoach P,. DE ¥ ring {v,) 1aday cdc ham don gian

N

khong gidm con (w,) 12 ddy ham don gidn khong tang. Do d6 néu goi

@, ¥ 1n lugt 12 giGi h;;n cua ching thi
P, /<o, N\ > f hk.n trén [a. hl.
Bay gior vi (v, —99;,)\ w—» >0 nén tr Dinh } Levi va tinh kha tich
Riemann cua f tasuyra
0< [J(w-@)dp=1lim [} (v, =, )dpn =
< lim {Pp,du— lim {P,dp = limQ, —limw, =0.
Tir day va (*) ta duoc .w:ga:f h.k.n. trén {a, b]. Diéu nay ciing ¢co
nghia 1A ¢, / f hk.n.. Ngoii ra, vi pr,,:w,, —>(R)f:f(x)derR
nén c6 n, €N dé Lp"b kha tich Lebesgue trén [g, b]. Cudi cing, Pinh i
Levi vé su hoi tu don digu cho ta
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J7 fdp=tim [P o dp = timw, = (R) 7 £ () dx

Dinh i dad dugc ching minh hodn toan §

~ Dinh i suu day thuge vé H. Lebesgue, néu ra dac trung ciia 18p cic
ham kha tich Riemann trén mét doan trong IR (quan hé h.k.n. & day
duge hiéu 12 theo do do Lebesgue).

3.2 Binh . Mor ham bi chan f:la. b] > IR 14 khd tich Riemann
khiva chi khi nd lién tuce héu khdp noi wén [a. bl.
Chitng minh. Vi mdi neN, Goi P, ¢,. ¥, 1a cdc phan hoach va
cic ham dinh nghia nhu trong chitng minh coa Dinh I 3.3.1,
Gia s f 12 ham kha tich Riemann trén [a, b]. Tir ghép ching minh
cta Dinh 1f 3.3.1, ta suy ra ring ton tai mot tap A C la. bl ma pA=0 (do
do Lebesgue) va sao cho ¢, {x) /'f(.\'). @, 0N, F{x} (khi n—> ).

moi x ¢ A. RO ring rang khi dé tdp D= AU( U ) el dO do Lebesgue

H=l -
bang 0. Chiing ta s& chiing minh ring f lién tuc trén [a, b\ D.
Liy tuy vy x, €D vd ¢>0. Khi d6 ¢c6 neN sao cho
Flxg) =, (v, <o va e, (w) = £(x,) < c. Trong phan hoach P, ¢6 doan

L"‘.r I

N sao cho wye(x,_,.x). Hién nhien 12 P ly) = n'.r‘.. vil
e, (%) = M,. Lic ndy v moi xe(x; |, x;) (lan can cla x,) ta ¢
—e <, — Fla)<f—fla,) <M, - fla,)<c

chimg t& £ lién tuc tai v, va do d6 £ lién tuc h.k.n. trén [a, bl.

Nguoc lai. gid sir £ lien tuc hok.n. wen [a. bl Liy tuy § x, € [a. b].
v, = b vit1a diém lién tue cha £, Khi dé véi € > 0. t6n tai & >0 sao cho
v&i moi v &[w. b ma |x - Ay <6 thi

fly)—e< fFX)< fly)+e. (*)

Bay gid ta hily chon &k € N sao cho dudng kinh ctia phan hoach P, bé hon
& (cu the, chon & dé cho (h—a)27% < 6). Khi d6 x, €[y, |, x,) véi mot

i ndo dé va ldc nity v6i moi xelx, y, x;) (s8 ¢6 |x —x,| < 8) thi (d€ ¥ (%))
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flag)—e<m = o {x) < Flxg) +e.
Vi (2, (x,)) 1aday don dieu khong gidm nén dé thay rang 2, (x,) /" f{x,).
Tuong t ta ciing ¢6 ¥, (x,) \. f{x,). Vi f lién tyc h.k.n. nén diéu nay
ching t6 rang o, / f va ¢ N\, f hk.n. trén [a, bl. Vi céic ham , do
duge (rd tang) nén f do duge, hon nita f bi'chz}n nén f kha tich
Lebesgue. Mot 1an nita Dinh li Levi cho

limw, = lim "o, = [* fdp =1im "¢, = lim ), € IR

chimg to lim,, (2, —w, )= 0. Diéu nay ¢6 ¥ nghia 12 v6i ¢ >0 bat ki, bao
gid cling ton 1ai it nhit mot phan hoach P, cia {a. b] sao cho
), —w, <€ (diéu kién di dé f kha tich Riemann trong giai tich cé
dién). Vay f kha tich Riemann trén [a, b} §

Pé y rang motr ham khong bi chan thi khéng khi tich Riemann. Tuy
nhién nhiéu ham nhu th€ lai ¢6 tich phan Riemann suy rong. Liéu cic
- ham nhu th€ ¢6 kha tich Lebesgue khong ? Néi chung 1a khong. Tuy
nhién dinh li sau ddy cho thiy ring cau tra ldi 13 khang dinh néu tich
phan Riemann suy rong cla |f} t6n tai.

3.3.3 Pinh li. Gia sv [ [a, +oc)— IR, (ae IR) khd tich Riemann
trén moi doan con dong cua [a. +oc). Khi dé f ta khd tich Lehesguce
trén [a. + oc,) khi va chi khi tich phdn Rienann suy réng ‘]: !f(.‘-.‘)id.\' ton
tai™'. Hom nita, trong truong hop nay

,Ea. ] fdﬂ = ju\ f('\‘)d'\"

Chitng minh.

) Nghia 13 l'Iim J:J|f(.\:)ld.r t0n tai va 12 mot s6 thue. Ciing dé ¥ ring lac ndy tir bit ding
Ll W
thie Ur‘ .f'(.\')d.ri < J;‘ql.f'(.\'ﬂdx moi < 5 vitdidu kién di d€ tdn 1ai tich phiin Riemann suy

rong (xem, ching han, [NJ) ta suy ra tich phan suy' rong [u\ Flxkix clng 160 tai.
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() Gia sir tich phan Riemann suy rong j;}‘|f(.r)|d.r ton tai. Dé y

ring f va m do ‘dugc trén mbi doan [a, a+n) va la, o0) = C} [a, a+ n]

=1

nén f va |f| do dugc trén [a, oo). Theo He qua 3.2.2, ham t3p sinh bdi
1 v Jamét do do trén 6 — dai s6 céc tap con do duge cha [a, oc) nén
buMidp=Tim [ ifldp
=lim {7 f (olldy = £ F (ldy < +oc

ching 6 | f] kha tich va do d6 f ciing khé tich Lebesgue trén [a. oc).

(1) Gid st f kha tich Lebesgue trén [a, oo). Khi d6 f* ciing kha
tich Lebesgue trén [a, oc). V6i mdi ne N. dat £ ()= F7{x) néu
xela a+al va £,{0)=0 néu x>a+n Khidé tim, £, (x)=f"(x) va
0< £, (x) < f7{x) thod miin v6i moi x €[a. oo}. Theo Dinh li 3.3.1, céc
him f,, neN khi tich Lebesgue va [ f,di= L Fr{x)dx. Do dé

~ theo dinh 1 hoi tu bj chan Lebesgue

J,:u_ \}f+d‘u. = lim J“ ot f:,du = lim j::H-nf‘i' (x)dx.

Diéu nay chiing to ring [ F7(0dy ton tai va 7 Wdy=f, frdp.

Tuong ty nhur vay. tich phan [* £~ (x)dy wntiva [~ f (xdde=f [ dp

Bay gitr tr cdc ding thite f=f" —f~ va |fl=f" + f~ ta suy ra ring ca
hai tich phan Riemann suy rong [~ f(x)dx va [|f(x)dx déu tén tai.
Hon nira,
5 flxddx :Ji‘“- ol v‘a'j;\ |f(.1r)}af.r=f[‘L \}Ifld,u. |
3.3.4 Nhan x€t. Sy 18n tai cia tich phan Riemann suy rong
1.7 £{x)dx khong ddm bdo tinh kha tich (Lebesgue) clia ham f. Mot vi
du kinh dién minh hoa diéu ndy 1a ham f(x)=(sinx)/x v6i F(0)=1
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rén [0. oo). Trong gidi tich ¢ dién ta biét tich phan Riemann suy rong
clia f t6n tai va _[;Jx(sinx)/xdng— nhung j;;“ﬂsin x!/x)dx khong én

tai vd f ciing khong kha tich Lebesgue trén 10. oo). That vay. véi méi
keN tacé ' ‘

v {sin x| e
.]u:)ﬂ““;_‘ ju 1, Isin xl dx.
Do dé
m:ISinxl |sm ll 2481
ft) = Z fu - dx > — 3 —,
X Hio R

ching to ring tich phan Riemann suy rong f.™( |sin xl/ x)dx khoéng tén
tai. Diéu nay va Dinh If 3.3.3 cho thay / khong kha tich Lebesgue trén
Fl.'J +o¢).

Doi v6i tich phan Riemann suy rong véi can hitu han (f khéng bi
chan) ta cling c6 két qua tuong ty nhu Dinh 1 3.3.3, duge phat biéu trong
Dinh Ii 3.3.5 sau day. Phép ching minh cta né twong ty nhu phép ching
minh Dinh [i 3.3.3, xin d6c gia ty ti€n hanh 14y xem nhu mét bai tap nhd.

3.3.5 Pinh li. Gid st f:la, | IR khong bi chan, khd tich
Riemann wén myi doan [a-‘t-e, b|Cla, bl (e>0). Khi do [ kha tich

Lebesgue trén [a‘ b:i khi va chi khi tich phdn Riemann suy rong

j;:’lf(x)idr = I‘i_’n{i}f:ﬂ_ £

xldx 0n tai.

BAI TAP

3.1. Cho, (f,), 1a mot ddy cdc ham khi tich tren A sao cho
0< /1 €f, moi neN., Ching té ring f, —» 0 hk.n. trén A khi
vachikhi f, f,die—0 (n—o0).

3.2. Gidsir (£,) 12 mot diy don diéu tang céc ham khé tich trén A va
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i

34.

3.5.

sup |, f,dp < -+oo.
neN

Khi d6 hidu khip noi trén A (6n tai gidi han hitu han
lim, £, (x)= f(x), f khatich trén A va

lim [ f.du= [, fdp.
Xét ham f:IR > IR xdc dinh boi f(x)=0 néu x¢(0, 1] va

l . ” vdi mot ne N nao do. Mbi
n+1 nj

fl)=vJn néu xe A, =

neN, goi f, = i \/E.XAk.
k=|

a) Chimg minh ring f, / f trén IR.

b) Chimg t6 rang f khé tich trén IR va tinh [ fdu (u 12 d6 do
Lebesgue), -

¢} Ching to ring f* khong kha tich trén IR.
Cho A 12 mot tap do dugc va (B,) 13 mot ddy céc tap con do duge
ciia A thoa mén diéu kién

B,CB,,, neNva B, =A.

n=1

Chiing minh ring néu f >0 thi
’!Lnl i) 8 fdp={, fdu.

Cho A 1a mot tap do duge va g, f: A — IR 12 cdc ham kha tich trén
A Véiméi neNtadat
A, ={xeA|_n§‘f(x)|<n+l}.
B, ={xe Alf(x)|>n}.
Ching minh ring :
a) lim JA gdu=0,
b) lim nuB, =0.

H—%,
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3.6.

3.7.

3.9,

3.10.

232

Chimg minh ring néu (f,) 13 mot day ham do dugc trén A va

eN

fldp < 40 thi

=

™ .
thod man 3~ |,
1

by

> [, fdp = j‘,‘(é 1 Mje.

=1

Cho {N. #2(N). sz} 12 khong gian do do nhu & Bai 2.2.

a) Gia st x:N > IR 13 mo1 diy cdc s6 thuc. Ching 10 rang x 12
ham do duge. Chimg 0 ring x kha tich trén N khi vd chi khi

3 ix{n)| hoi tu va trong trudng hop ndy ta ¢ Jyxdp= 3 x(a).

a=I n—l

b) Gid st voi mdi neN. £, :N—[0.40c) la mot déy sa. Ta ki higu
f,{k}=a,.. keN. Haytinh [, 3 f,(k)du. Tt dé suy ra rang
. ohsl
Z Z auk = Z Z anl"

n=l =1 k=ln=l

Cho f >0 wrén A Dat

Flx), néuflx)<n.
(¥)=1{ -
1,0 n, néu f{x} > n.

Chitng minh
tim [ fdp={, fdp

Cho f 1a mdét ham do dugce, khong am va hitru han h.k.n. trén A,
Vdimdi i eZ, goi

n, = ,u,({x eAI2 < flx)g? })

i

Chimg 16 ring f kha tich trén A khi va chikhi 30 2'y, < cc.

Cho (E,),_, 12 mot ddy cdc tap con do duge clia mot tap X vathoa

man 3.7 pE, <+oco. Goi A 13 tap gdm t4t ca nhimg v€ X sao



3.12.

cho .« thudc vao mot 6 vo han nhifng tap £, cta ho néi trén. Dat
gl =30 o (), ve X, Ching t6 ring
a} ¢ 1& ham do duge, kha tich trén X,

b) A =0.

.Giaslt A= {J A, vdi A, NA, =K néu n=m vd A 12 do duge véi

moi neN. Gid sir thém ring _)":A—)ﬁ khd tich trén mbi A

"

Ching 16 ring f khii tich trén A khi va chi khi Y [, |fldj < +oc.
n=1 " .

Trong trudmg hop nly ta cé
J fdie= 5= f, .

Cho (N. 22(N). y) 1a khong gian do do nhu & Bai 2.2. Gid sir
f,:N—>IR, ne N xic dinh boi

f(k)'—% néu 1 <k <n,
0 néuk>n

a) Chitng to ring ddy (f, )" hoi tu déu trén N,
b) Tim lim,, f,, f,ds.

.Cho A={0, I). V&i mbi neN ta dit

n né’u0<.\'<l,
f,(x) = | "
0 néu—<uxy<l.

S

Chitng to ring f, -0 (n—oc) vitim lim [, f,dy.

o=

. Gia st ring pA<+4oo va f,, f:A—IR, neN 1 cic ham do

duge. Ching té ring néu f kha tich trén A va (f,) hoi ty déu vé
f trén A thi
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’Itﬁn:j* j;,d;f. = [’t fd.

‘Hay chi ra-mot vi du ching t6 ring két luan trén khong con diing
nifa néu pA = oc.

3.15. Gia st ring pA<+oc va f, f:A>IR, neN la cic ham do
duge. Chitng 16 rang
/1)
£ =1

, khi vachikhi £, —— f tréen A{n — o0).

r

. dit =0
Jayy /

§ 4. TiCH CAC PO PO VA PINH Li FUBINI

Trong muc nay chiing ta s& thiét 1ap md&i quan hé giita tich phén trén
khong gian tich véi cdc tich phan trén cdc khong gian thianh phan. Cu thé
1a chuing ta sé ching minh ring viéc tinh tich phan Lebesgue trén mot tap
trong khong gian tich cé thé quy vé viéc tinh céc tich phéin lap trén céc
khong gian thanh phan (Dinh Ii Fubini). Ta bat ddu vdi viéc dinh nghia
khong gian do do tich. '

4.1 Tich cac Po do.
Cho (X, A, 1) va (Y, Z, v) la hai khong gian—vdi do do dit; o—
hitu han. O day A va T la nhimg o — dai s6. Ta ki hiéu
- R:={AxBlAe A, BeZ}.

Vi A va T déu la nhitng nira vanh nén theo B8 dé 4.2.1 Chuong 3 tich
cua ching 13 mot nita vanh céc tap con cha tich Descartes X xY.

Xét ham t4p 7: R — IR xéc dinh bdi |
T(AxB):=pAxvB, moi AxBeR 4.1
(€ ¥ quy udc 0.00 = 0). Chiing ta c6 két qua sau.
4.1.1 B6 dé. Ham tép « la mét do do trén miza vann R. Hon nila,

™ la 0— hitu han.
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Chitng minh. (i) RO rang 13 «(@#)=0. va w(AxB)>0 moi
AxBeR. '

(it) Ta ching minh = 12 o— cong tinh. Gia sir AxBeR va
(A xB,) CR 1a mot day cdc tp rdi nhau tung d6i modt sao cho
AxB=) (A, % B,). Ta s& chiing minh rang

n=1

HAXVB = i {(nA, xv8B,). (4.2)
n=1

Véi mi neN. taxétham f,:B— IR xic dinh véi méi y e B.

ptA,; néuyeB,

£, 0)= 0  néuyeB\B,.

Khi d6 f, >0 va f, 1A Z— doduoc (4 y f, = uA .XB,) v6i moi neN.
Ngodi ra, dé ¥ ring véi méi ye¥ néu goi K:={ieNlye B/} thi ho
(A;),_, roi nhau timg d6i mot vi A =1, A (doc gia tu 1i giai). Do dé
HA=73, A vAaveimoi ye B

L fu(¥)= L nA Xy (v) = A

n=1 ek

Theo Hé qua 3.1.4 (cua Dinh If Levi) ta duoc : -

pHAXVB = fB;LAdV—fHZf"du

n=l

= z Jp fdv = b3 (1A, xvB,).
= n=l
Vay (4.2) duge ching minh. Dé thay rang 7 cling 12 46 do o~ hitu han,
B6 dé da duoc chimg minh

Bay gid dp dung qud trinh théc trién tiéu chudn do do trinh bay
trong §4 Chuong 3 cho do do « irén & ta sé nhan dugc mot do do trén
moét o — dai s6 bao ham &. Ta di d&€n dinh nghia sau.

4.1.2 Pinh nghia. Do do thdc trién tiéu chudn cda do do T trén nira

vanh R 1én o— dai s6 £ cac tap = — do duge trén X xY goi la do do
tich cha hai d6 do p va v (theo thit tu &y) va duoce ki hiéu 12 p®wv. Lic
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nay £ duge ki higu la AwX vi mot tip Ee A~ X doi khi cling duoc
goi 1a pxv— do duge. Khong gian (XXY, AxE, pr) duge goi la
khong gian do do tich cha hai khong gian do do (X, A, p) va (Y, Z, v).

4.1.3 Nhan xeét.

(i) Chd ¥y ring A® I chita o— dai s6 sinh bdi K & 77(R) va
feo>. o ludn 1a do do da.

(ii) Ta hiay xét trudng hop dac biét khi X, Y la céc khong gian
IR", IR” véi cdc do do Lebesgue p”. 1" twong ing. Lic nay IR” «IR”
¢6 thé coi 1a IR"'?, Tich cha cdc do do p" va ' 14 p" < p” va d6 do

ntp Ht

Lebesgue trén IR 1a u

Goi K 1a nira vanh cdc tip con cua IR"'? ¢é dang AxB vdi A 1A
. Hy ing

tap do dugc trong IR” va B la tap do dugc trong IR”. Ngudi ta ching
minh duge rang (phép chiing minh doi hoi nhiéu chi tiét va hoi dai nén
xin duge phép khong trinh bay & day) :

LR

* Ax B8 do dugc Lebesgue trong IR""7,
* " P AxBY= " (Alxpu’ (BY=7{AxB).

Trong d6 « la 4§ do trén K (o~ hitu han) xdc dinh b&i " va p” nhu
trong (4.1).

" p

Nhu viy. = 1a thu hep cua g (cting chinh 13 thu hep cGa do do

ngodi sinh boi do do trén nira vanh cic gian trén IR™”, {(m"*7)"), len
R Dodé = ={m"") vatrday p'wu” =u"", ARE=/,"" Dibu
nay c¢6 nghia 1a tich cta cdc do do p" trén IR" va p” trén IR” chinh I
d¢ do Lebesgue p""7 trén IR"™”, |
- 4.2 Biéu dién d¢ do mot tap trong khong gian tich qua tich phan
ciac thiét dien cioa né.
Bay gi& ching ta sé thiét 1ap méi quan hé gilta cdc tap p® v — do
duge trong X xY vd&i cdc tap con do duge trong X va Y. Két qua chu yéu
duge phat biéu trong Dinh 1i 4.2.1 vA né 13 budc quan trong trong viée

thiet 1ap Dinh i Fubini ¢ muc sau. Trude tién ta néu ra mot vai khai niém
cin thiét, : '
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Gia sir AC XxY, xe X va veY. Ta dinh nghia thiér dién cia A
tai & (ki higu A)) va thiét dién cua A tgi v (ki hidéu 1a A7) tuong dng 1a
cic tap sau :

A = {.\-‘ eYi(x, v)e A} A= {.\: e X I.(.\‘, ;\-'] € A}. _

Rorang ring A CY véimoi xe X. A" C X v6i moi yet v cic thiél
dién caa A 6 thé 13 4. Ta néu ra mdt s6 ding thic Hién quan td nhing
thi€t dién cla cdc tap, € duge sua dung thudng xuyén trong phép ching
minh cta Dinh I 4.2.1. Vigc kiém tra cic ding thice ndy 13 don giin v
xin duge nhudng cho déc gid xem nhur 1A mot bai tip nho.

(il} (U Ai).\' = U(Af)| va (U A.-' ).\' = U(A,)\ ;

ief el ) fef fedf
(b] (n Af }_\' = ﬂ (A.')\ va (n Ai').‘. = n (Ar )-‘. N
el ef el ief
(©) (ANB), = A \B, va (A\NB) =A"\B".
4.2.1 Pinh li. Gid sit E€ AwE Khi déo E_€eX p—hkn rén X

va ham x— v(E Y la do duge trén X, thod mdn _
poc(E) = v(E Jdp. (4.3)
Twong tw nhue vay, EY € A v—hin trén Y va ham vy ;:.(E-"_) la

do duwge trén Y, thod mdn
pxvlE)= | 1 (E v,

Pé chitng minh Binh 1 4.2.1 ta cdn b dé sau.
4.2.2 Bo dé. Cho m la mét do do trén mta vanh R, jt la thdc trién
tieu chudn ciia m. Gid sit ACX va m A< +x. Khi dé ton tai mot ho

{A) N CL A CA. moi neN vathod mdn cdc diéu kién sau :

fi) ACA, va pA, <+, moi ne N,

©) Ham ndy xde dinh g~ hkn, trép X



(i) Vi méi neN, A, =UN A, ,

An, i € T'z’ A.Ji.:' N Au. = ﬂ/ khi

T
=1

[l

{iii) Néu H =X thi nH =m" A

.-rl n
Chimg minh. Tit dinh nghia do do ngoai m (va Nhan xét 3.1.4) véi
moéi neN. t6n tai mot ho (C,;)  CRK rdi nhau timg doi sao cho

w_UC DA Vi

ot

1C, = LmC < hi A+—

i=1

bat A =C,, A, =4, ,NC,. neN. Taching minh A, thoda min ¢6 biéu

n--1
dién & (ii). RO rang A, thod min diéu Kién ndy. Gia sit

Aa=UA 1, A NA

il

ot =B, néuis= .

Khi dé
A” = A"__| ﬁC“ =(U An—l.i)m(u CJ!.f)
i=1 i—i

= U ( 1 lrmcu;)z U Dﬂ',j’

i jEN i, jeN

trong d6 D, =A NC,;€R. Cac @p D ; rdi nhau ting doi

1104 Mmooy

(i, jeN). Vay A, ciing ¢ dang trong (ii). Ngodi ra, A, €L, A, CA,

i1

ACA,. pA, <pC, <+oo, moi n. Viy (A,) nghiem ding (i) va (ii).

Néw H=(A, thi Helf, HDA pH=lim, pA, (& ¥

1A = 1€ < +oc0). Lide nay véi moi ne N,
m A< pA, <puC,<m A+ !
n
vd do d6 M = ni” A, (iii) ciing duge ching minh 1
Chitng minh Dinh [ 4.2 .. Ta ching minh phin thif nhit cda dinh 1j.

Phan thit hai dugc chiing minh twong ty. Trude hét, ching ta nhan xét
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rang n€éu E, € p—hkn. wen X thi ham x— v(£ ) twong duong vdi

ham ¢ : X = IR xdc dinh béi
: E ) nefuE _eZ,
¢ ()= /() L
0  néuE, ¢=
Gia st Ee AxX.

(i) Trudng hop poivE) < +oc. Ta tién hanh chitng minh theo cic.
budc sau : '

Buoc I Giast E=AxBekR. Hiénnhiénla £, =B néu re€ A va
E =@ nduxgA Dodovéimoi xeX, £, €X va

V(E )=vB.XA(x).
Diéu ndy ching 10 ring @. 12 do dugc trén X va

.]'X.v(El: My = ’x vBXAX)dp=pAxvB=y s ul{E). (*)

Buse 2. Gii sit E ¢6 dang E= J A, v6i E, R va E NE, =@

n=1

néu n=m Vi E_ = I:I(E”)‘_ vd méi n, (E,}) €X theo Bubc 1 nén

A
n=1

E =X moi xeX.

Bay gio v6i ne N ta dinh nghia c-ﬁ,,(x):iv((E;]\_). x € X. Theo
[ .

Budc 1, méi n, ¢, déu la ham do duge va ta c6 :

Syoduls) = i Iy rf((E,. ) i )d;r.(x} =
21 -

(**)
= i”m"(Ef)—"ﬂr%V(E). n— .

Mat khdc vi ho ((E,) ) \ T0i nhau timg doi nén v (E, )= 5" v((E,) ] va
ME: ' TR .
do d6 0<¢, /¢ Vay ¢ 1adodugc. Dinh Ii Levi ciing v8i (**) cho ta |

Tyv(E)dp= {, ¢djp=1im Jyodn=pwvlE).
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Bude 3. Gia st E = [}] E, voi E,\CE,. neN, pv{f}< ¢

v véi moi n, £, ¢6 dang nhu & Bude 2. Khi d6 E = (_E”)\ va
0ol

(£,) €X moi neN nen E, X Tacing ¢6 {E,.,} C{E,) . neN va

P{E] <+ p—hkn tén X (Vi p(E) . hay ciing vay ¢, kha tich

theo (*}). Do dé néu véi mdi ne N. dat ¢ ()= Cy (x). ve X thi

g ) =wvE =limr(£, ) =limg (x). hkn. trén X.

Viy 0< r,')”. N, ¢r. Cde ham ¢, 1a do duge (Bude 2) nén & clng do dugc.
Ngodi ra ¢, khi tich nén Dinh Ii Levi vé su hoi tu don diéu cho ta
LPlE = [yopdp = lim [ ody =

= limye s v(E, )= po v LD

Ririe 4. Gia st oo (E)=0. Theo BS dé 4.2.2, ton tai mot tap

Be AX sao cho ECB. juxuviB =pwir{(E) vi B ¢6 dang mo i &
Budc 3.

Theo Bude 3. B, €L p—hkn wen X va [ ddu= [ (B )di=
pviBi=0. Dé ¥ ¢, >0 (0, duge dinh nghia nhu q) nén ¢, =
h.k.n. rén X hay v{B,)=0 hk.n. wén X. Lai vi £, CB, vd v la d
nén £ eX vd dodé »(E )=0 hkn. trén X. Viy ¢ =0 trén X va
cudi cang ta duace

Siadn=0=[ v(E )du=pn<v(E).
Birge 5. Trudmg hop tong quit : Ee A& E, pwvlEY< +o0. Cang
Budec 3. j=uvlCl=0, pwuiB)=p%viE) vi E=B\C. Biy gio vi

E =B \C, vitheo cic ching minh trén B . C e€X hk.n trén X nén
E €XZ hk.n. trén X.
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Mit khéc, d& thdy ring ¢, =¢d3 — ¢ h.kon. trén X ma ¢ va ¢ l1a
nhing ham do dugc nén ¢ do dugc trén X. Hon nita ¢ = ¢ h.k.n. trén
X. Tit day, | |

fxv(Ex)dp=fx¢Edu=p®u(B)=:p:@v(E).

(i) Truong hop u ®V(E)‘“ +o0. D€ ¢ ring do 1 vA v déu la cic
d6 do o— hitu han nén p®v ciing 1A o— hiu han. Vi vay E c6 thé
duge biéu dién dudi dang ' '

E= I:J E,ECE,, E € AR, p@uv{E,) <+,

n=lI

moi neN. Lic ndy vi v6i moi neN, (E,) €Z hkn trén X va

E =

X

e

(E,), nén E _eZ hk.n. trén X. Ngoai ra, dé ¥ ring ((E.) ) 1a

i Xin

day don diéu khong gidm nén v(E, ) =lim, v(E,) g— hdu khip trén X.

H

Tir day, 0<¢: /¢ hk.n trén X nén ¢ do duge. Cubi cung Binh i
Levi cho |
Jv(E)dp= [, e,du= lim fy 6 dyu =
=li'rln,u,®u(En)=,u®u(E).
Pinh 1i dd duge chimg minh I
4.2.3 Nhan xét. Dinh If 4.2.1 khdi quit mot két qua quen biét cla

tich phan Riemann trén IR", chéng han, dién tich mét mién G trong IR?
bang tich phan {(tréen IR) cdc lat cat G caa nod.

Pac biét néu f >0 thl fa f(x)dx 1a dién tich clia hinh thang cong
gidi han boi cdc dudng x =4, x=h, tryc hoanh va d6 thi ham y = flx).

K&t qua nay thé hién y nghla hinh hoc cia tich phan Riemann. D61 véi
tich phan Lebesgue ta ciing c¢6 két qua tuong tv.

4.3 Y nghia hinh hoc cia tich phan Lebesgue.
Gia sir (X, A, i) 12 mot khong gian vdi do do u ddy di va o—
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hitu han. M € A va f la ham khong am, kha tich trén M. D6 thi dusi™
cha ham f 1atap
O={(x, y)e XxIRIxeM, 0< y(x)} ().

Bay gio ta lay ¥ =1IR, =L 12 o- dai s6 cdc tap do duge Lebesgue
trén IR va v la d6 do Lebesgue trén IR. Khi d6 Q C XxIR. Y nghia
hinh hoc cua tich phan Lebesgue duge thé hién rd trong dinh i sau day.

4.3.1 Pinh li. Do rhi dusi Q cia f la tdp psov — do duvc, nghia
la Qe A& L. Ngodira,

n®v(Q)= [, fdpu. | (4.4)

‘Chimg minh. Tru6e hét dé ¥ ring néu Q € A ® £ thi ding thic (4.4)
12 he qua tryc ti€p cla Dinh Ii 4.2.1 v6i lwu ¥ ring Q. =[0, £ (x))].
Q. =f(x) néu xeM va Q, =6, vQ, =0 néu x& M. Do vay ta chi
cén chiing minh Qe A® £ 1a da. |

(1) Gia st M < +o0,

() Néu f ta ham don gidn c6 bifu dién f=3"cXM, th
. =1

0=U00, véi Q.=M®[0 ¢l i=L2 ..n Vi QeAKL moi
=]

i=L2 ...n nén QeARL DE y ring trong trudng hop nay
1#&v(Q) < 400 va (4.4) ding theo nhén xét trén.

() Néu f do dugc (khong am), bi chan trén M thi theo dinh If
vé cdu tric ham do duoc, tn tai mot didy cdc ham don gian khong am
{8:),en 530 cho 0<s, 7 f vi sy hoi tu 12 déu tren M. V6i mbi ne N,
ta dat '

) Thuat ngir “d6 thi dudi” (subgraph) do nha todn hoc Lien X6 I.P. Natanson (1906 —
1964) dua ra.

™) New véi xe M ma flx)=+0 ta quy uc hidu thiet dien Q, 1ai x 1a [0.4nc) thay

cho [0, +00]. Nhu viy ¢6 thé coi @ ¢ X xIR. Va lai. véi gid thit £ kha tich trén M tap
cdc di€m x nhu the ¢6 d6 do bing khéng.
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o |n+l néufx)>a,
6?;(.\’):: 2£:;! f(x)ei 2"

m_l. 5”:— cmefl, 2, .., n2"}.

Dé dang chiimg minh dugc ring (xem Ching minh Dinh 1i 5.4.1 Chuong 3)
(o, ]” la ddy don di¢u khong tang cic ham don gian khong am va ¢, > f,

moi neN. Ngodi ra, ¢ \,f déu trén M. Do dé v6i moi €>0 ¢6
nmy €N saocho 5, < f< ¢, tren M va r;q, -5, <e¢/fuM. Do dé

Ju®.du— s, die<e.

Bay gid n€u goi Q, va G, 1an lugt 12 dd thi dudi cta S VA &,

thi r6 rang ring @, CQCG, . Theo () (¢6 sir dung (4.4)) ta duge

(® V(_Qﬂ.. \G, ) =pu® V(Q”" ) —p® V(G"" )
= ]M @, dp— fM 5, din <e.
Tir day ta d& dang suyra Qe A% L.
() Gia sir f >0 wy y. Khi d6 néu dat, ne N,

F{x) néuf(x)<n,
H néu f{x)>n

f, ()=

thi £, 12 do dugc, khong am, bj chan trén M va hon nita, 0= (J Q, (O,

=i

[a dd thi dudi cia f,). Theo phdn (3), Q, € AR L, moi neN. Do vay
Qe AXL. : :
(i) Gia sir uM =400, Vi 1 12 o— hitu han nén cé thé viet

M=) M, v6i M, <+oo mei neN. Bay gid néu goi @, 12 do thi

n=I
dudi ciia ham £ thu hep lén M, thi dé thdy ring Q= |J Q.. Theo ching

n=!

minhtrén Q € AL, moi neN. Dodé Qe AL 1

243 -



4.4 Pinh li Fubini'”,

Cho (X, A, u} va (¥, Z, v) 12 hai khéng gian v6i cdc do do di,
o— hitu han va (XxY, AL, #®v) 1a khong gian tich cta chiing. Gia
st f:XxY IR 1a ham A®T— do d&qc"". Két qué co ban nhat cua
Muc §4 nay la dinb 1i sau.

4.4.1 Dinh li. (Fubini) Gid sit f:XxY IR la ham A®ZI~ do
duoc. Khi do néu f >0 hay f khd tich trén X xY thi cdc tich phdn ldp
sau ton tai

JxUy favidp, [, L[y fdpldv
va ta ¢6 ddng thit '
I)(xl’fd pRv)= Sxlf, fdvidp = j}, [fx Jfduldv. (4.5)

Hon nita, khi f khd tich wrén X xY thi véi hdu hét cdc veY, ham
X3xw f(x.v) khd tich trén X va voi hdu hét cde xeX. ham
Y3 yes f(x, y) khd tich rén Y.

Chiimg minh. Truée hét ta chimg minh dang thifc thit nhat trong (4.5).

Neéu f=,; véi Ec AR®X thi tir Binh 1i 4.2.1 ta dugc

Sxxr xsd(H@’V):!L®U(E)=fyp(E-")dv.
Mat khac, véi mdi yeY c6 dinh thi XE("-’ y):l néu xeE¥ va
XE(x~ y)=0 néu x ¢ E' chonén :
'“’( fx Xb(x )’)dﬁi
Do dé

fxw Xﬁ‘(x’ )’)d(ﬁ ®") = jy [fx XE(_X. y)du]dp.
Tir day ta suy ra (4.5) ciing ding véi cdc ham don gian khéng am.

¢} G. Fubini (1879 - 1943), nha todn hoc Y.
LNeu £ xécdinhtrenmottap Ae ARE thitadat £(x, v):=0 khi {(x,v)}¢ A)
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Gid sit f>0 va (f,), 12 ddy cdc ham don gian khong am sao cho
0<f, /f. Khidé
LU fdude = |, fd{pov)> fdlpov),
khi n->co. Ngoli ra, v6i mdi yeY c6 dinh thi 0< £, (x, y) /" £(x, y).
mol x€ X nén
05_fxfn(x,y]cf;z(x)/fxf(x,y)dp(x), moi yeV.
~ Dinh Ii Levi vé su hoi tu don diéu cho ta
lim [,y f.duldv = [,y fdpldv.
Vay
Soy fAlu@V)= [y f, fduldv.
Néu f kha tich trén X xY thi 4p dung diéu vira ching minh & trén
cho cdc ham f*, f~ (f——-f+ —f") ta dugc :

.ferf+d(ﬂ®V)=fr[fxf+dﬂ]dv<+00, | (*)
S Fd(p®v)= [ [f, fduldv < +oo. )

Cic h¢ thic trén cho thdy cdc tich phan [, f*du(x) va [, fdu(x) 1
hiru han v&i hau hét c&c yeY. Do d6 v6i hdu hét cic ye?Y, ham
X f(x y) kha tich trén X. (4.5) dugc suy ra tir (*) va (),

Ding thitc tha hai trong (4.5) va khéng dinh cdn lai c6 thé ching
minh dugc hoan toan twong tr

4.4.2 Nhan xét.

(i) Dinh 1i Fubini cho phép ta, duéi cdc diéu kién da phat biéu, dua
viéc tinh mét tich phan boi trén khong gian tich vé viéc tinh céc tich phan

lap trén cdc khong gian thanh phdn hoac déi thd «r 18y tich phan trong
céc tich phan lap.

(i) D& ¢6 thé 4p dung Dinh If Fubini cho mot ham khong thoa diéu
kién f >0, truéc hét ta phai khang dinh tinh kba tich cta ham nay trén

khong gian tich va day 1a mot van dé khé.
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Su t6n tai cdc tich phan lap (cho di 12 hitu han) néi chung khong dii
d€ kéo theo tinh kha tich cla f. D& minh hoa ching ta hiy xét trudng

hop X =Y =[0, 1}, p=w 12 do do Lebesgue con ham f xic dinh bai
2
flx, )’):(Xz —}'2)/(X2 +y2) néu (x, y})=(0,0) va (0, 0)=0. Dé
dang thdy rang
T
LM,UJHM@~~Zﬁng(nWMM=E.

Dinh 1i Fubini ching t6 f khong kha tich tren [0, 1]x[0, 1].
Tuy nhién ta cé dinh Ii sau, rt thuan tién trong 4p dung.

4.4.3 Dinh Ii. (Tonelli) Cho f:XxY IR la ham A#I— do
duge. Néu mot trong hai tich phan ldp

| L Aavldp vay [ U |y
hitu han thi f khd tich trén X XY va ddng thire sau nghiém ding.
Lo fA(w@v)= [ 1, fdvidp = [ [, fduldv.
Chitmg minh. Ap dung Dinh 1{ Fubini cho ham || >0, ta dugc

S fld(uov)= [ ([ |flavidp= [,1f,|fldpldr. |
Liic ﬁéy néu mot trong hai tich phan lap da phat biéu & dinh 1i hitu han
(tich phan cdn lai ciing hitu han) thi {f| kha tich va do d6 f ciing kha
tich. Khing dinh con lai duoc suy tir Dinh I Fubini I
444 Vidy. Gidsit X=Y=N, A=%=7(N) va u—v Iacic do do
dém ducc trén 2(N) (Vi du 2.2.3 Chuong 3). Khi d6 motham f:NxN — IR

1a (u®wv)— kha tich khi va chi khi Z Z 17 (n. m)‘ < +o00. Trong trudmg hop

n=1nr=]
nay ta cé
o Fd(p®v) =3 3 fln,m)= 55 3 f(n m).

That vay. khing dinh trén dugc suy ra tir cac dinh 1f Fubini, Tonelli
va céc ding thitc sau -
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IV f(nam)  dpm)]dvin) = il i | £(n,m)lldv(n)

m=l

= fj i tfin.m)l.

me=lm=1

Ding thic cin chimg minh 12 sy thé hién cu thé ciia déng thifc trong Dinh
Ii Tonelli.

BAI TAP

4.1. Cho (X, A, p) va (S, Z, v) 12 hai khong gian d¢ do véi cic do do
o — hitu han. Gid st £, Fe A®Z saocho v(E,})=v(F,} p— hkn
trén X. Chimg té ring

p@VE)=psov(F).
4.2. Giasit f:NxN—[0,+00]. Sit dung Dinh Ii Fubini dé ching to ring

>3 flrm)= 3 Zf(n m).

n=tm=\ mi=l n=

4.3. Ching té ring néu f(x,y) = ye """ moi x,y €[0,00) thi

&

L Fexdualduty) = T FO6duyldp).
[H]

00
Tir day hay suy ra rang

L e Jr
1[0.*\,] e N dp= R

BAI TAP ON

Bai O1l.

Cho (X, A, i) 1a mot khong gian dé do va £ 12 mot ham kha tich
trén X. Ching t6 rdng 1 12 d6 do o — him han.

Bai O2.
Gia sit 1 1a mot do do o — hitu han trén A,
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a) Chiing t5 ring tén tai mot ho (A,) A thod min cdc diéu

kién

e
A,NA, =8 néu m=n, uA, <+oc. neN, X= 4,

n=1

b) Gia sit (A,) 1aho tap nhw & cau a). V6i xe X ta dat

1 néuve A mipuA, =0,
f (x)= 1

nz,uA”

néu xe A, ma A, > 0.

Ching 16 rang f kha tich trén X.
Bai O3.
Gia st (f, ), ta mo6t diy cic ham do dugc, bi chan trén A va

#A < oo, Ching minh ring n€u f, hoi tu déu vé f trén A thi
tim [ = J e
Hay chi ra mt vi dy chiing té ring khing dinh trén khong con ding
nira néu pA = oo,
[Huéng dan. Xem bai 3.12}.
Bai 04.
Gia st (X, A, 1) 12 mot khéng gian do do, f: X — [0,400] 12 mot
ham do duge. Goi v 13 d9 do sinh bdi 1 va f (nghia la v duoc xédc
dinh boi - .
v(E) = [, fdu, (E € A)). (*)
Ching té rang vdi moi ham do duoc g: X —[0,+00| tachd:
fxgduzfxg.fa',u. (¥
Bai OS5,
Cho / 13 mot gian trong IR va f:/-3IR kha tich Lebesgue. Gia sir
a,belR, a=0. bat J={(x—»)/aixel}. Ching 6 rang ham
g:J > IR xdcdinh bdi glxd= flax+b), xeJ lakhatich vatacé

248



[, fdu=lal [, gdp.

[Hudng dan. Trudc hét hiy ching minh cho trudng hgp £ 13 ham
don gian khong am va dé y dén Bai tap 4.8 Chuong 3.]

Bai 06. .
Cho (X. A, u) 12 mot khong gian 4o do véi u(X) <. Goi
S(X. A, ;i) 12 ho tat ca céc ham do duge, hitu han h.k.n. trén X.

Trong 5(X. A, 1) ta xem hai ham twong duong chi 1a mot. Véi
foge S (X, A, p) tadat

|f(x)—g(x)| 4
l+’f(x)—g(.r)‘

a) Ching 6 d 1a mot métric trén S (X, A, ).

d(f’g]=fx

by f. £, e_5(x', A, 1), neN. Khi dé a(f,,,f)—m khi va chi khi

f,—— f trén A.

c) Ching minh ring {S(X, A, i), d) 12 mot khong gian ddy da. -
Bai O7.

Gia su p 1a 46 do du. f,, f lacdc ham kha tich tren A thoa man

Jlf, = fldit —> 0. Ching minh ring f, —“— f. Hay chi ra mot vi
du chimg t6 diéu nguge lai khong ding, '

Bai O08.
Gid sit (f, ), 12 mot ddy cde ham do dugc trén A. Chiing té ring néu

Jalfe = £|die >0 khi &, j— 00

thi tdn tai mot ddy con (ﬂ) cla (f;,]k.sao cho (}‘1) hoi tu h.k.n.
trén A vé mot ham ¢6 gid tri hirve han va do duoc trén A.
[Huéng dan, Chitng to ring

Ve>0, lim p{xeAllf(0-f(0]ze}=0

sau d6 4p dung Bai 017 Chuong 3].
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Bai 09.
Cho E la mot tap do duge vi goi L'(E, i) 13 tap hop gém tét ca
cdc ham kha tich trén E. Trén L'(E, ) cdc ham tuong duong duoc
xem lamot. Véi f. ge L'(E, p). ta dat
d(f, &)= [,If —gdn.
Chidng o rang _ |
a) (L'(E. p), d) 1a mot khong gian métric,
by £, = f trong (L'(E, 1), d) thi f,—“—f trén E,
c) [L' (E. p), d) la mot khong gian métric di.
Bai 010. '

Tinh c4c tich ph'an Lebesgue trén (0,4+00) cla cdc ham s& sau
flad=e"; glx)=—
trong d6 {x] chi phdn nguyén cha x.
Bai O11.
Cho {E,) 1a mot ddy nhing tap do duge thod man E,,, C E,, moi
neN vd f 13 mot ham kha tich trén E,. Chimg to rang

J fdp=1lim f, fdn.
e

Bai 012.
Cho (f,) 1a mot day ham do dugc. hoi tu theo d6 do (Lebesgue) dén
ham f wen [0, 1]. Ngodi ra, |f,|< M, moi x€[0, 1], moi neN (M
12 mot s6 duong nao d6). Gia sit g:[-M, M| -» IR lién tc.
~a) Chimg minh ring go f, 1a (L)— do duoc trén [0, 1). moi ne N va

gof,—£—go f trén [0, 1],
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b) Ching to
,,llnl j[m goj”d,u—- Iua .go fdu.
Bai O13.
Gia sir f 12 ham kha tich trén £ v6i 0< uE <4oc vi f(x)>0
véi moi x € E. Ching minh ring néu 0 < o < pE thi
| inf{j:_fd,u. le CE, pe> u} >0,
Khing dinh trén con dung khong néu pE = +o00 ?
Bai 014,

Gia sir feC|U 0 fO)=0 va f khd vi tai 0. Ching minh ring

ham g(x)= kha tich Lebesgue trén [0, 1].
\’\[_

Bai 015,
Cho (f,) 1a mét day cic ham khong am, kha tich tréen A wva
f, =0 bk wén A Gia su réhg ton tai mot s¢ thye M >0 sao
cho [ max{f,.fov--. f,}du<M v6i moi neN. Ching td ring
fAf”d,u—>0 khi n» — 2.

Bai O16.
Cho f 12 mét ham kha tich trén X va [, fdp <o v6i moi tap do
dugc EC X ma pf < +oc (o 1a mot 6 thuc ndo d6). Chitng minh
rang [, fdi <o Két luan con diing khong néu bo di gia thigt f
kha tich trén X ?

Bai 017, |
Cho f:X —IR sao cho ci fva f? déu kha tich trén X. Ching
to rang
a) Néu 1< p<2 thi f” kha tich trén X,

1

o) tim (J, £ = f fi.
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[Huéng dan. a) Dat g - max {f, f? } Ching minh f” < g.
b) Xét (pn)ﬂ Cll, 2], p,—>1 va xét ham @(p)zfxfpdy,. Ching
minh ring ¢(p,)— @(1)].
Bai O18.
.Cho J 12 mét ham kha tich trén X va c6 tinh chat |, f"du= [, fdp.

moi ne N. Ching minh ring tdn tai mot tap do dugc EC X sao
cho f=,; hk.n trén X.

{Hudng dan. Trude hét chimg minh cho trudng hop > 0. Dat
E={xex1f(0)=1}, E, ={xeX1f(x)>a}, a>1.

Chimg minh pE, =0 r6i suy ra £ <1 hk.n. rén X. Ching minh
Jx f(1~fldp =0l

Bai O19.
1
a) Tinh (L) [ ——=du, oe{0, 1l.
f(u.ljm =(0. 1]
b) Gid sit 7 :N—(0, I]nQ, r— r(n)=r, 1a mot song anh. Chiing
minh ring '

ES 1

n=| nz,ﬂx - !‘“

hoi tu h.k.n. trén [0, 1].

Bai 020.
Gia slt (X, A, p) 12 mdt khong gian do do (A 1A mot o— dai s8)
va f:Xx(a, b} = IR 13 moOt ham s6 thoa min céc tinh chit sau
(i) V6i re(a. b), ham s6 £{.1) 12 do duoe,
(ii) Tén tai mot ham 4: X — IR va ¢, €[a, b] sao cho

h(x)=1lim f(x, t}=h(x) v6i hdu hét xe X.

—t,

Chitng minh rdng A 12 mot him kha tich trén X va
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lim f, f(x.0)dp= [ lim f(x,0)dp=. [, h(x)dp.

Ghi chi. Trong bai nay (a. b} ¢6 thé ia khoang khong bi chan trong
IR va 1, 1a moét diém tu cha (a, b), tic 12 4, c6 thé 1a +oo.

Bai O21.

Gia sir (X. A, u) 12 mot khong gian do do di (LA 1a mot o~ dai
s6Y va f:Xx{a, b)— IR 12 mot ham s6 thod man céc tinh chat sau

(i) V6i méi re(a, b). ham f(.,1) kha tich trén X,

(ii) Tén tai ¢, €(a, b) sao cho dao ham riéng %‘-(x. t,) t6n tai véi
' t
hdu hét cic xe X,

(iti) Tén tai mot ham g kha tich trén X va mot 1an can V cba ¢,
sao cho

véi moi reV\{f} va hdu hét cdc x € X. Chimg minh ring

of

a) Ham sé d—(t(,) xéc dinh va kha tich trén X,
;o

b) Ham s6 F:(a. b)— IR dinh nghia bdi
FG= [, f(x, t}du

kha vi tai ¢, va

p d
F'(1y) = fx(j—f;(x, fo g
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Chiu trach nhiém xudr ban ;
Chu tich HPQT ki¢m Téng Gidm ddc NGQ TRAN Al
Phé T8ng Giam déc kiem Téng bien 1ap NGUYEN QUY THAO
Té chite ban thdo va chin trdch nhiém noi dung
Phé Tdng Giam déc kiem Gidm déc NXBGD tai Tp. Pa Ning HUYNH BA VAN

Bién tdp lan ddu :
TRAN PHUSC CHUONG
Bién tdp 1di hdan :
NGUYEN THI MINH CHAU

Trivh bay bia :
PHAN MINH NHAT

\ Sttu bdn in :
PANG TH] NGOC DUNG -

Ché han :
PHONG M] THUAT - CHE BAN - SUA BAI

HAM S0 BIEN SO THUC
- (CO SG GIAI TICH HIEN BAJ)
Mai s6: 7K410n7 - DAI
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