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LOI NOI PAU

Cudn sdch Ham 56 bién sé phitc duoc bién soan dwa theo chuong trinh
hién hanh, dung dé gidng day cho sinh vién nganh Todn. Noi dung chinh
gbém cdc chuong : Chitong 1, Chuong 2 va Chuong 3 : gioi thidu vé sd phitc,
cdc ham s bién 56 phite va cde phép bién hinh bdo gidc nhe ede ham so
cdp. Chuong 4 : gidi thiéu vé tich phan phirc va li thuyét tich phdan.
Chuong 5 : trinh bay phdn Ii thuyét chudi va Ii thuvét thdng dw. Ngodi ra,
trong chuong ndy gidi thiéu mot s6 wng dung cua lf thuvét thang dic trong
viée tinh tich phdn thc ma viéc tinh todn ching trong gidi tich thuc rdt
phitc tap, tham chi khé c6 thé tinh bdng. phwong phdp tich phdan thong
thiong, vd trinh bay mot s6'két qud vé nghiém ciia cdc phiong trinh dai so.

Bé ¢6 thé doc 16t cudn sdch ndy, sinh vién cdn phdi dwoc trang bi mot
sO kién thic co bdn vé phép tinh vi tich phdn cia ham mét bién va nhiéu
bién thuc, mét s6 dang phuong trinh ciia cdc duomg quen thuoc trong hinh
hoc gidi tich. '

V&t muc dich la tinh gidn, nhung day di, do doé 6 mor vai muc nhd, tdc
gid chi giéi thiéu chir khong trinh bay chi tiét hodc dita vao bai tdp dé sinh
vién tw nghién ciru. O phdn cudi cudn sdch c6 phdn hudng din gidi bai tap
va két qud nhdm giup sinh vién phuong phdp gidi mét s¢ bai todn va kiém
tra két qud hoc tdp cua minh.

Cudn sdch dwoc bién soan lan ddu nén khong trdnh khdi nhiing thiéu
sOt, tdc gid rdt mong nhdn dugc sy déng gép y kién ctia cdc ban doc dé ldn
in sau dugc hodan hdo hon.

TRUGNG VAN THUONG



Chuong 1
SO PHUC

§1. SO PHU'C VA CAC PHEP TOAN TREN TAP SO PHUC

1.1. BPinh nghia.

Chiug ta dA biét ring trong tap hop s6 thye, phueong trinh bac
n 2 2 khong phai bao gir ciing o6 ughiéni. Vi vay cin phai duea vao
mot load 6 mdi ¢6 ban chat tong quit hon. ni s6 tinge 1 mot trurdng
heop dac biét.. Tar nhién khi dira ra i0ai 6 mdi nay ta cin phai lrang
bi trén no mot s phép todn, ma cic phép todn nay can phai phi hop
voi nhitng phép todn da ¢o trén mp hgp 56 thye. C6 nhicu phwong
phap d(‘ xay dung loai sd mdi nay. [s; day ta dira viw 56 i (goi 1 don
vi ao) 1a nghiém cua phwong trinh z2+1 =0 tr oug tap hyp cic sd mdi
“dara vao. -

binh nghia, S3 phfrc [a 56 ¢6 dang z = = 4 iy, trong d6 7,y € R
va i goi la dom vi do (1% + 1 = ().

T goi 1a phin thue cia s6 phite 2. ki hién Rez ;

¥ goi la phan do cda s phite z. ki hiéu Im:z.

Dac bigt, néu y = 0. khi d6 s phite z =  + i0 1 86 thue x. Néu
= 0. khi d6 2z = iy goi la s0 thuin do0.

Hai s6 phite z) = &) + 4y viL 20 = T2 + iy goi 1a bang nhau néu
Iy =Ty vay = .

Cho s6 phitc z = = + 4y. 50 phitre 6 dang & — 4y dge gol la s6

phirc lién hop aia sd phie 2. ki hiéu z, nghia 13

p=rHiyvai =4y =a —iy.

KihituC={z=z+iy|az,ye R} 1a tap hop tdt cd cde s6 phiic.
1.2. Cac phép todn trén céc s8 phire.

Trén tdp s6 phite ta trang bi cde phép todn sau:
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Phép cong. Ta goi tong cda hai s6 phirc 23 = 21 + iy va 22 =
2y + iy 1A 36 phire

z = (x1 +@2) + iy +y2)- (1)

Ki hi¢éu z = 21 + 29.

Tir dinh nghia cda phép cong, ta cé céc tinh chét sau:

1) Két hop: z1 + (22 + 23) = (21 4 22) + 23.

2) Giao hodn: z1 + 22 = 22 + 21.

C4c tinh chat nay duoce chirng minh dya vao tinh két hop va tinh
gino hodn cia cde sd thye.

Dac biét ki z; v zp 13 hai s8 thye thi dinh nghia (1) tring véi
dinh nghia cia phép céng sd thuc. | _

Phép trir. Phép cong trén c¢6 phép todn ngwoe. V&i hai sé phitc
21 = I 41y va 29 = Tg + iy2 ta o thé tim dwoc s§ phite z sao cho
2y + 2 = 2. S6 phite ndy goi la hiéu cia hai s§ phirc z; va 2y, ki hiéu

-

e

=z - 23

RO rang tir dinh nghia ta ¢
z=(z1 — x2) + iy — ¥2)- (2)
Phép nhan. Ta g;r)i tich cda hé.i 86 zy = 21 + 1y VA 22 = T3 + 1y
}a mdt s6 phitc 2 xdc dinh bdi
| 2 = (2172 — 1ye) + i{@1y2 + y122). {3)

Ki{ hieu 2z = zy.23.
Tir dinh nghia ta ¢d cdc tinh chdt sau:
1) Két hop: 21(22.23) = (21.22)23.
 2) Giao hodn: 21.23 = 2g.21.
3} Phép nhan ¢6 tinh phan phdi déi véi phép cong

21{z9 + 23) = 21.22 + 21.23.

Ncéu 2y va zp 14 hai 8 thare thi dinh nghia (2) trung véi dinh nghia
thong thwdmg cia phép nhéan trong tap hop cdce s6 thire.



Dac biét khi 18y z; = 29 = 4. Tir dinh nghia (3) ta 6
id=-1=i% (4)

Ro rang v zy = @1 + iy, va 23 = Zg + iy2 thl cdng thie (3) sé
¢t durrge bang cdch nhan thong thudmg (phép nhan trong tap hop sé
tinre) va thay 42 = —1.

Chu y. z.

Phép chia. Plép toin nhan ¢é phép todn ngirge néu it nhit mot
trong hai 6 d6 khdc khong. Gid sit 22 # 0. Khi d6 ta 6 thé tim duwoe

=a? +y? > 0.

bl

mot 80 plite = = x + 1y sao cho 22.2 = 21. Theo dinh nghia cia phép
nhan ta ¢d hé phwrong trinh sau
T2 = Yay = I
| (5)
Yok + T2y = .

V1 z; # 0 nghia la dinh thire cia he Cramer khac 0, 1én hé phrrong
trinh trén luom luén b maot lod gidi duy nhat. S6 phite z ¢b dirge goi
la thwong cda hai 80 phite z; va z9. Gidi hé phuong trinh (5) ta dwge
X1dg + Yy

3+ y3
WXz - L1y
R
Ki hiéu = = %

Chu y.

1) Hé thire (6) cing ¢d duge bing cich nhan % v %

2} Tap hgp tat ca cic s3 phire véi hai phép todn céng va nhan
dwoe xay dung trén tao thanh mot truomg, dwoc goi 1a trirdmg 86 phite.

Luy thira bac n. Tich cia n lan 88 phite 2 duge goi 14 lay thira
bac n cia 8 plnke z. Ki hieéu 2™, _

Can béac n. S6 phite w drge goi 14 can bic n ¢ia s6 phire z néu
w' =z, Ki hicu w = /2.



Vi du. Thize hién cde phép tinh sau
(1—-i){1+i)=(1—-—i4+i)=2

L+i _ 1+4i 1-iV2_ 1+v2 . 1-V2
14ivV2 14+iv21—-4iv2 3 3

(14+3)2 =149 +6i=-8+14.9.

Dinh i 1. V&1 cde s6 phite 2, 29, 22, ta ¢d

VWZ=2121+22 =7 + 295 Z1-22 = Z1.22.

2) 2+ % =2Rez = 22; z -z = 2{lmz = 2iy.
3N zz=x+y* >0 '
4) (F) =&

§2. BIEU DIEN HINA HOC CUA SO PHUC

2.1. Dang lugng giic cia s phire.

Xét mat phang tlrmlg ng véi hé toa dd Descartes 20y va ta bicu
dién mot s6 phite z = z + 4y bdi mot didin ¢d toa do (z,y). Nhu vay
ciace 86 thiue sé dwoe bidu dién béi cace diém trén true Oz, no dwoe goi
la truc thire; cdc sd thuan do dwoce bidu dién bdi cdc diém trén truc
Oy. né duoc gol 1A truce do.

Ngwoe lai. véi méi difm cda mat phing z0y ¢d toa A6 (z.y). ta
dat twong g vdi mot 86 phie z = z + iy.

Viy ¢6 sy tuong ng 1-1 gifra tap hop tat ca cde s6 phare C vl
tap hop tat cd cdc difm aia moét mat phing.

Vi médi diém c6 toa d6 {x,y) trong mat phing twong dng véi mot
vecto ¢ ban kinh vecto 7 = /z? 4 y? va gbc cue tuwong ung . Do d6
moi 50 phire z = z + iy ¢6 thé bidu dién dudi dang:

z=r{cos ¢ +isiny) o 7

trong dé r, ¢ lan luot la ban kinh cyce va gée eye aia s6 phite 2z, Ban
kinh r goi 1 modun ciia s8 phire z, ki hiéu r = |z|. Gdc cire gol la
argument cia s6 phire z, ki hidu ¢ = Argz.



Modun etia 56 phire droe xde dinh mét cdch duy nhat

2] = Vi +y?2 > 0 (8)

va argiment cda s phire dwoc xde dinh v&i sai khdc mot hoi cda 2.
arctg? + 2kw (k € Z)

(néu s6 phite z & goc phiin tir th I, [V)

artg? 4+ (2k + U)x (k € Z)

(néu'sd phite z & gée phan tr thir 11, 111)

voi arctg? € [- 3, 7] a gid tri chinh ciia ham arctg.

Vi du. Tim modun va argument cia s6 pinre

21 =14iV3. 2o = -1 — V3.

1)
ry ( | oy
ZI
B i o
s j :
O | X z,_,l‘ _____ -\E'

Hinh 1

Tw cong thie (7) va (8). ta ¢o:

121l =1/12 + (V3)2 = 2.

vlg - - S -
21 = Argz) = ar(:tg‘—l—— + 2km (Vi 21 & gée phin tw thit nhat).
Vay

Argz, = % +2%n (k€ Z)
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Twong ty

2l = /(=1)2 + (—V3)? =2,
va

- 3 - P
wa = Argeg = a.rctg—\{ + {2k + D)7 (Vi z9 & gée phan tir thir ba).

Vay
Argz, = % +(2k+ 17 (ke Z)

2.2. Tinh chit cda modun va argument.

Dinh 1§ 2.

1) {2120 = |21i]22]

2) |z 2 {Rezj

3) |z| > |lmz|

4) {z} < |Rez} + |Imz]

5)|z1 + 22| < fz1] + |22
i

21 — 22| 2 |21| — |z

Chirng minh. Tinh chéit 1), 2). 3), 4) ban doe chitng minh nhu
bai tap.
pe chirng minh tinh chdt 5). Ta vict
21 + 22| = (21 + 22)(21 + 22)
= (21 + 22}{z1 + Z2)
= 2171 + 22Z1 + 21Z2 + 2222

= |21/> + 2Re{29Z1 ) + |22|*,

Chit ¥ rang Re{z321) < |2271] = l22][Z1] = |21]]22]. ta suy ra

|21 + 22]? < |21)? + 2|21 22| + |22

< (2] + |22y

Lay cian bac hai cda hai v& cla bt ding thic trén, ta ¢6 5).
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Tuong tur cho bat ddng thice 6).
Dinh 1i 3. Cho hai s6 phire

z1 = ri(cospr + isinpy), 22 = ra(cos gz + isin W2).

Khi dé ta ¢6 cdc hé thire saw

1)z129 = rirefcos(ipr + @2) + isin(pr + yv2)] (9)
1 1 L
2)— = —(cos @1 — isina). (10)
21 T _ _

Chitng minh.

2129 = rira(cos @y + isingy){cos g + tsin wa)
= rirzj{cos 1 oS P2 — SiN ) i @y)
+ #(sin 1 cos Pz + sin s cos Py )]
= ryrofcos(ipy + w2) + isin(p1 + ¢2)].

Déng thite 1) duge chirng minh.
Chitng minh tiwoug tu cho déng thire 2).
Tong quét. ta ¢b cong thire sau:

2" = r"(cosnyp + isinng). (11)
Dac biét khi r = 1, ta ¢ cong thirc Moivre
{cosp +ising)” = cosny +isinny. (12)

Gid st w = z. Khi dé ta ¢

Argz

lw| = %/]z] va  Argw = (13)

U

Vi du 1. Tim tdt cd cdc gid tri cda Vi.
Ta cd

i= (Z(JS(% + 2k7) + isin(g + 2km).

11



Tir ddng thire (13) suy ra

Vi= (:os(g + A7)+ isin(-} +km)y k=0,%1,42, ...

Vay V1 ¢6 hai gia tri la

%

20 = cos = +isin = = Y2(1 4 q),
4 4
va .
R 1 S 2 _
41—(.()s—4—+ebmz—--—2—(1+z).

Viduy 2. Tim 4t cd cde gid tri oda /1
. Tacé
1 = cos2kn + isin 2k,
Tir dang thire (13) suy ra
V1=coskn +isinkn; k=0,+1,42 ..

Vay VT ¢é hai gis tri la

=1 vh z; = -1,
Nhan xét. Khi ta xem 8 1 1a mdt 86 thye thi cin bac hai cida

no la Iy con khi ta xem s3 1 13 mdt 56 phite thi can béc hai cia né ¢
hai gid tri 1a 1 va -1.

Vidu 3. Tim tat cd cde gid tri cia V1.
Ta co

1 =cos2km + isin 2k,

Tir dang thire (13) suy ra
n 2k .. 2k
V1 = cos ) + zsin __?r; k=0,+1,4£2, ..
n n

- Vay V1 ¢6 n gig tri la

12



i

kw 2k .
£ = c()s—: +-.isin——~ﬂ.; E=0.1.2,....n— 1.
n )

§3. MAT CAU RIEMANN.

Trong nhiéu truomg hop, di€m vo cung ¢é vai tro quan trong khong
thé bo qua dirge. DE hicu v6 badn chdt ciia didm vo cung, Riemann da
bicy ditn tap hop cde s§ phie bang cdch sau:

Trong khong gian Euclid ba chigu véi hé toa d6 Descartes vuong
goc (01€.n.¢). Xét mat can S c6 phrong trinb

E+nt+?=c (14)

> NW©0.0.1)

H‘uﬁt 2

Mat cau S ¢6 tam 1 didm 7(0.0, %) va bdn kinh » = %

Lay mat phing ¢ = 0 Lun miét phing phite sao cho tryc thie Oz
trang v&i true O, true do Oy trimg véi truc On. Goi diém N(0.0,1)
14 cve bac cda mat can S. Tir mdi dicm z{z,y) cda wat phang phite

ta ké tia Nz. Tia niy cit mét cau S tai didm 2, (£, 7.¢). Negwoc lai, tir
inoi didn z; € S\ {N} ta ké tia Nz;. Tia niy cdt mat phdng phirc tai
diém 20 y).

Phép tuong rng nay goi la phép chiéu néi. Khi z1 dian dén didm
cire bac N, tia Nz trd thanh tia song song v&i mat phang xOy. Do
dé. ta o6 thé xem diém N € S twong ung véi didm z = oo,

Mat phang phire ¢6 bé sung didm vO cung duoe goi 1A mét phang
phite m& rong. Ki hiéu C, nghiala € = Cu {x}.

13



Trén day ta méi thiét lap sy twong tng gira cdc diém cia mas
ciu S véi mat phiang phire md& rong bang hinh hoc. Sau day ta sé thiét
lap su tuong ing giita chiing bang cac hé thite gidi tich.

Theo gid thiét, ba di€m N,z; vd z thang hang. Do dd phuong
trinh cia duong thang Nz la

E_mn_¢-1
T -1
Suy.ra
r= S
il
o N
1-¢
Vay ‘
=Tty = it?. (15)

Mat khac., vi z3 (€. 7. ¢) ndm trén mat cdu nén né thoa man phuong
trinh (14). Suy ra

2 _ .2 .2 E+n* ¢
S R
Vay
I
CTTETE
"= (16)
1+ {z|?
_ P
C-_1+|z[2'

Cdc hé thirc (15) va (16) ndi lén s twong vng 1-1 giira tap hop
céc 56 phite va tap hop cdc diém trén mat chu S trir diém N,

Khi z din ra v cing, tir hé thire (16) ta suy ra di€m 21(&,7,¢)
din vé difm N(0,0.1). Ngwoc lai, khi difm 2, din vé di€m N. tir hé

thire (15) chuyén qua gi¢i han khi ¢ dan vé 1. Ta ¢6 gimlz = 00,

14



Vay c6 sy tuong ttng 1-1 gitta tap hop tat cd cdc diém trén mét
cau S va tap hop tdt cd cde diém trong miat phing phirc mé rong C.

§4. CAC KHAI NIEM HINH HOC

4.1. Khodng cach.

Dinh nghia. Khodng cdch gitza hai diém 2; = 21 + iy va 2z =
a3+ iy2 1 modun cuia sd phire 21 — 2. Ki hidu d(z. 23), nghia la

d(21.22) = |Zl — 22|. (17)

Ta ¢6 the kiém tra lai cdc tién d@ cda khoang céch (hay con goi 1a
metric) trén C. Khodng cach nay goi 1a khodng cach Euclid. He thire
(17) c¢hi ¢ nghia khi 21,20 € C.

V1 han ché nay ngudi ta duwa ra mét khodng céch khéac ma nd cé
hi¢u lye d6i véi moi 8§ phire 21. 22 € C. Khodng cich ciu va né duoe
dinh nghia nhw sau:

Khodng cach cau gira hai di€m 21,2, € C duoe xde dinh bdi hé

thire e {_21.‘32) — |21 — 22| 21,22 € C
VIH 2Tz 2 1 (18)
1 \

YIETENEN

d*(z,x) =

4.2. ¢ -lan can.
Dinh nghia.

1) Tap hop nhirng diém z € C thod man h¢ thite |z — zy| < e,
trong dé e 1a s6 duwong cho triede, voi 29 € C duwoce goi 1a e -lan can
ciia diém zg. D6 la hinh tron mid tam zp ban kinh e. Ki hiéu

Vi(zo)={z€C||z— 2| <€}

2) Tap hop nhimg di€m 2 € C thod mén hé thie {z| > vV — 1,

. \ ~ - N . - -~ iy -
trong d6 € la 86 duwong cho triede dwge goi 1 € -lan cin aiia diém vo



(-iulu' D6 14 phan ngoai ¢ia hinh tron tam tai gée toa do bdn kinh

\/ : — 1. Ki hi¢cu

. ’x,):-{zEC}|z'[>\/Fl2'-1}‘

Tinh chat. Tir dinh nghia cia e-1an can ta o6 cde tinh chdt sdu:

1) Néu V, (20} va Vi, {20) 12 €1-1an cin va ex-lan can cda didm 2
tht ton tai mot e-lan ¢an 14 Vi(zg) chira trorip; Ve, (zo) NV, (z0).

2) Nu hai dicm 21,22 bt ki mia z; # zp thi ton tai hai lan can
Vi (z0) va Vi, (20) sao cho Ve (20} NV, (20) # 0.

3) Néu 21 1a mot didm bt ki thude e-lan can cua zp thi ton tai
er-lan can Vi (21) C Vi(z). '

4.3. Diém trong. Tap md. Phan trong.

Di€m trong. Didm 2y € C duwge goi 1a difm trong ciia tap hop
con £ C Cnéu 2y € E va Je > 0 sao cho Vi(zg) C E.

Tap md. Tap con G C C dwoe goi 1a tap md néu moi diém ia
G dén 1a didin trong (ia né.

Vidu., Tap hop B(0:1) = {z & C 1 |z] < 1} Lz tip mé trong C.
That vav. vz € B(0;1) ta o lz] < 1. Dt e =1—|z] > 0.
X6t e-lan can

Visy={teC|lt—zl<e}.

Ta s¢ chimg minh Vi(2) chita troug B(0;1). V& moi t € V.(z) ta
O |t — z| < e. Theo tinh chat eda modun ta ¢é

P — 1zl [ <t —z] <.

Suv va ft] < |z|+e =1. Vay t € B(0:1).
Do dé = la diém trong mia B(0;1). Vi diém z diroe ldy bt ki, nén
B(0: 1) 1a tap md. '

Phan trong. Tap hop tit cd cde dlom trong cda tap con F ¢ C

dirgre goi 1a phin trong cia E. Ki hitu E

16



Tir dinh nghia ta ¢6 cdc tinh chdt sau;
) ECE

i) E’ la tap md.

iii)*F 1a tdp m& < F =
iv) g? 14 tap md iém nhat (theo quan hé bao ham) chira trong £.
4.4. Pidm bién. Bién. |

Di&m bién. Didm b € C diroc goi la diém bién cila tap con E ¢ C

néu moi e-1an can cja diém & dsu chtra diém cila F va diém cda phan
bu cia E.

Bién. Tap hgp tat cd cdc diém bién cia E duge got 1a bién cda
E. Ki hiéu 9F.

Vi du 1. Cho hinh ciu mé B(0:1). Moi diém z € C ¢6 modun
bang 1 déu la difm bién cia tap hop B{0;1) va

IB(0;1) ={z € C | |2] = 1}.
Vi du 2. Cho tép hop
S(O;l) ={zeC||z] =1}

Khi dé moi diém cﬁa tap hop S$(0;1) déu 13 di€m bién cda né, nghia
la 85 = S.

'4.5. Diém gid¢i han. Tap déng. Bao déng.

Di€m gi¢i han. Didm 2, € C duge goi 1a diém giéi han cia tap
hgp A C C néu moi ¢-ldn can cda zp déu chira v s6 phian ti cia tap
hop A.

Pinh 1li. Di€ém zy € C 1a di€m gidi han cda tap hop A ¢ C khi
va chi khi moi e-1an can cda zp déu chira it nhit mot phan ti (‘11*1 tap
hop A, khic véi diem zg.

Chirng minh.
Céan. Hién nhién.

2- HSBSGPHUC 17



Dai. Chitng minh bang phdn chimg. Gid it ton tai mot e-1an cin
efia 7 chil ehita mat =6 hiru han phin i cia tap hop A 1la 2y, z22..... 2,

Gol €7 = min {2x — 2g]-

1<k<p

Tap hop Vi, (z20) = {2 € C | |z — 20| < €1} 12 €;-14n can cia diém
zgp. Lan can nay khong chita phan ti ndo cda A ngoai zg. Dicu nay
trai v&i gid thidt. '

Dinh li. Diém z; € C 14 diém gidi han ciia tap hop A ¢ C khi va
chi khi tom tai diy diém {2, }, 2, € A sa0 cho z, # z,(n # m) va day
{z.} hol ty ve diéra 2 (khdi niém hi tu ta sé xét trong phan sau).

Tap dong. Téap hop F ¢ C dwoe goi 1la tip dong néu nd chira
tit ca cdce diém gidi han cia no. |

Vi du. Tap hop B{0:1) = {z € C | |z| < 1} la tip déng.

Bao déng. Hop ciia tap hop E va tap tat ca cde didm gidi han
cia nd dirge goi 12 bao déng eda E. K{ hiéu F.

Tir dinh nghia cia bao ddng, ta ¢d két qua sau:

i) ECE. '

ii) £ la tap déng.

iii) £ la tap déng <= F = FE.

iv) E la tap ddong nhé nhit chva £,

v) Néu A la tap ddéng thi C\ A la tap mé.

vi}) Néun A la tap md thi C\ A 14 tap déng.

vil} £ = FUJE.
4.6. Duong.

‘Dinh nghia. Puing trong C (hay trong C ) la mot 4nh xa lién
tue v : la, b)) € R — C (trong C) cho bdi bidu thie
=) =2(t) +iy(t); t € [a,b (19)
Vidu 1. Duoug tron tAm O ban kinh r

2 =(t) + iy(t)
=r{cost +isint); t € {0,2x].
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Vidu 2. Doan thiang (0,1}, z = 4 (t). trong d6 dnh xa -, : 0.1 ¢
R — C xdc dinh bdi w(¢) = t; ¢t € [0.1] hoic z = ~2(t). trong 46
anh xa 2 : [0, 2} C R — C x4c dinh béi Y2(t) =sint; f¢ [0. zl.

Nhan xét. Qua vi du trén ta thdy ring mot duomg nao do ¢d
thé duoe xdc dinh bdi nhidu dnh xa. Tuy nhién cdc anh xa nay thuace
cliing mot 1ép tuong dirong theo mot quan he twrong dwong dwoe xidc
dinh.

Pudng Jordan. Dudng v diroc goi 1a duimg Jordan néu v dom

anh.
Vi du.
Ay AY
| {C-\\
V\
0 x 0 X
Hinh 3
(C") duorng Jordan. (Cy) dwomg khong Jordan,

DPudng cong kin., Duimng v duroe goi 1a diririg cong kin néu
v(a) = v{b), (v: [a,b] — C).

Vi du. Duong v cho bdi phuong trinh v() = acost +isint: (€
[0, 27].

Pudng cong tron. DPudmg v diroe goi 1a dwdmg cong trom néu
r(t), y(t} trong cong thire (19) kha vi lién tue va b

V() =2 (t) + iy (t) # 0 vdi moi t € la.b].
Pudng cong tron titng khic. Néu v 13 hop aila mot 54 hiru

han dudmg cong trom thi v dwgce goi 1a duwdng cong trom tirng khiic.
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4.7. Tap lién thong.

Dinh nghia. Tip con D C C dwoc goi la tap lién théng néu
khéng ton tai hai tap hop mé A va B sao cho

NDNA#£EO. DNB#Q.

Wy DNANB=1.

W) Dc AUB.

‘Tir dinh nghia ta ¢é hé qui sau:

Tap hop A 13 tap lién thong khi va chi khi trong A khong ton tai
tap hop con thue su cda A khac rong vira déng vira mé trong A.

Vidu 1. Tap hop C 1A tap lién thong.

Vidu 2. Tap hgp €\ {z1,22,....2p} 1a tap lién thong,

Vi du 3. Doan thing {a, b} 1a tap lién thong.

Dinh li. Gid st D 1a tap hgp md trong C. Khi dé hai ménh dé
sau tirong dwong:

i) Tap hop D 14 lién thong.

i1) C6 thé ndi hai di€m tuy ¥ cda tap hop D bing modt duémg cong
namn trong D. . '

Gia sit tap hop D C C khong lién thong. Nhitng tap hop con lién
thong cue dai (nghia 13 ching khéng ndm tron trong mot tap hop con
lién thong nao khac cda D) duge goi 1A cdc thanh phan lién thong
cia D,

4.8. Mién.

Dinh nghia. Mién 13 m6t tap hop con D cila mit phing phire C
¢6 hai tinh chat sau: _

i) V&i mbi didm thuge D luén ton tai hinh tron dd bé nhan didm
dé lam tam va ndm hoan toan trong D (tinh md);

ii) C6 thé ndi hai diém bat ki thude D bing mét dudng cong nam
hoan toan trong D (tinh lién thong).

Mién déng. Tép hop gom tat cd cac diém cda wién D va céc
diém bién cda D diwrgce goi 1d mien déng. Ki hitu D = DU ID.
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Mién don lién. Mién da lién.

Mién D «¢é bién 1a mot tap lién thong thi dwroc goi 1a mign don
lién.

Nguwoce lai, mién D ¢6 bién 1a tap khong lién théng thi duoc goi 1a
mién da lién. Néu sd thanh phan lién théng ¢da bién D 1a hiru han
thi sd ndy dwoe goi 1a ¢ap lién théng cia mien D: néu s thanh phin
nay la vo han thi D dwge got 1a mién v han lién.

Vidu 1. Mién Dy ={z€ C ||z} < 1} la mién don lién.
Mién Dy ={z € C |1 < |z|] < 2} la mién da lién.

Vidu2 MiénD={z€C||lz—1|>1,j2—-2| <2 } ]2 mdt mién
don lién.

Vi du 3.

v

Hinh 4
Mién don lién ' Mién da lién.

4.9. Tap hop compact.

Tap hop bi chan (gidi néi). Tap hop M C C duge goi 1a tap
hep bi chin néu ton tai hinh ciu

B{a,R)={z¢eC||2~a| < R}
sao cho M C Bla, R}.

Tap hop compact. Tap hop M C C duoc goi 1 tap hop com-
pact néu M 1a tap déng trong C.
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Tap hop M C C duoe goi 1a tdp hop compact néu M 13 tip déng
vé bi chan trong C.

Vi du.

1) Tap mot diém [& tap compact.

2) Tép hop hiru han cdc di€m 1a tap compact.

3) Tap hep C khong phai la tdp compact.

4) Tap hyp C 1A tap compact.

Phi mé&. Gid sit {Golaca 12 ho tuy v céc tap hop mé sao cho
moi diém z € M thude it nhat mét tap hgp G, nao d6. Khi d6 ta goi
ho {Gqataca 13 mét phd md cda M. .

B& d& Heine-Borel. Tap hop M < C 1a tap compact khi va chi
khi tir moi phd md& cda M déu cé thé 18y ra mét phd con hirue han ma
ho nay tao thanh mdot phi md cda M. )

Mot trong nhirng hé qud quan trong nhit cia bd dé Heine-Borel
la nguyén l{ Bolzano-Weierstrass. '

Nguyén li Bolzano-Weierstrass. Moi diy vd han bat ki {2,,}
thude tdp hop M compact trong € cé it nhit mot diém giGi han.

BAI TAP CHUONG 1.
1. Thure hién cde phép tinh sau day:

1 —1 - . '
a) BY(1 — iV/3)S: )y/1 +iv/3.
147
2. Tim modun va argument cda cdc s phire sau day:
a)l + i; By~ 3+iv3 - )3 +iv3)2
3. Giai phuwong trinh
T=2""1

4. Thun nhirng gid tri cda cic can sau:
a)y v—1; b) V1 ¢) vV1—i.

5. Chitng minh cdc hé thirc sau day:
a} ‘ﬁ — 1| < |arg2).

22



2 — 2ol = (14 1= )L + {2a]?).

2R - EE| + B 4 |

d) {21 + z2) > %(12’1| + | ) B+ 2.

e |22]
trong &6 z1, zo 14 nhimg s0 phire bat ki.

L
}

) 1zl + |za) =
)

6. Dung cong thite Moivre d€ bifu dién cosnz va sinnz qua céc
luy thira ciia cosx va sinz.

7. Tinh cdc tong sau:

a) I+ cosz + cos2x + ... + cosnx:

b} sine + 8in 22 + ... + sinn;

¢} cosa 4+ cos(a + b} + ... + cos(a + nb):

d) sina + sinfa + b) + ... 4 sin{a + nb).

8. Goi €p. €1 ..., €1 1A cde can bac n cia don vi

.. i
€p = 08 —— F+isin—, k=0.1,..,n—-1
T i’

va gia s p 1 86 nguyén duong,

Tinh tong S =€l + e +... + € _,, trong hai trudmg hop p 14 boi
cia n va p khong phai 13 boi eda n.

(Tra lvi: § = n néu p la béi cda n; S = 0 néu p khang phai [a boi
cua n.)

9. Gidi thich ¥ nghia hinh hoc elda cde bigu thire sau:

a)|z—-2i+]z+2|=5.

b) lm*=%L = 0.

z—z2

¢) ReZ=2L = (),

e L—ZzZ2

d) [—f—:—z;| = A, (A > (L va la mot hang s8.)

e)argi==2 = a. (-7 < a <)

vl 21, 22 la nhirng hdng s8 phite.

10. Tim didu kién A€ ba diém do6i mot khong trimg nhau nian trén

- - - .

maot dwrdng thang.

11. Tim digu kién d€ bdn diém d6i moét khéng triing nhau naw
trén mot dudmg thing hodce trén mét diwomg tron.

12. Xdc dinh tap hop nhitng diém 2z € C thod man dica kién

Im(

Z— Z
=0, neN;
Z = Zn
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trong do zy, 20 14 cde hdng s0 phire.
13. Trén tap hop s6 phnre C. Cho ham gid tri thue

d:CxC—R

sa0 cho d{z1,22) = |21 — 29] v&i moi z. 23 € C.

Chirng minh rang d 1a mét métric (khodng cdch) trén C.

(Hudng dan: Ham s d: X x X — R dwoe goi 1 métric (khodng
cich) néu né thod man cde diéu kién sau: '

i)diz.y) >0néuzx#y, d{z,y)=0néuvachinéuz=uy:

ii) d{z.y) = d(y,x) véi mai z, ¥

iii) dz, 2} < d(z,y) + d{y.2z) v&i moi z,y, 2.)

14. Chitng minh rang

i) Téap hop Bzo:r) = {z € C | |z = 29| < r} 1& tip hop md trong
C (vdi r 1a 86 thye dwong cho truéde). .

it) Tap hop B(zp;7) = {z € C | |z — z0| < 7} la tap hop déng
trong C (vdi r 1a 86 thwe duong cho truée).

iii) Bién cda tdp hop Blze;7) 1a tip hop

OB={z¢€C||z2—2|=r}

(Hudmg dan: 1) Be chitng minh tap hop B 14 md ta ching minh
rang bat ki didm ndo cia B déu la diém trong cia B nghia la véi mai
z € B ta chon dwrge mot lan cdn cda 2z sao cho 1an can d6 chira trong
B.} '
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Chuong 2
HAM SO BIEN SO PHUC

§1. DAY SO PHUC. CHUOI SO PHUC
1.1. Gi&i han cda mét day s6 phire.

Binh nghia day s& phirc. Day s6 phirc la mét 4nh xa tir tap
hgp cde s6 tiy nhién vao C (hay C), nghia la dnh xa

A:N——»C

n— A{n) = z,
Ki hiéu {2,}5%, hay {z,}.

- Gidi han cda day s phire. S8 phitc 2 goi 1 giéi han cda day
56 phite {z,} néu véi mdi e—lan can V cila 2p dBu ton tai sG ng € N
sao cho véi moi n € N ma n > ng thi 2, € V, nghia la

Ve >0 dng e NNvnée Nn>ng= |2, - 29| < e

Ki hiéu lim z, = 2.
L — T .
- o - -~ e, F -~
Ta con ndi day {zn} hoi tu vé 2g. Ki hi¢u z, —— z5.n — o0.
Tir tinh chdt cda e-14n cdn ta suy ra két qui sau:
Trong C moi day hoi tu déu ¢d gidi han duy nhat.
Néu bicu diéu z,, = z, + iy, thi dinh I sau dwge khiang dinh:

Pinh li 1. Day {z,} hdi tu vé zg = zg + iy khi va chi khi day
{rn} hoi tu vé zy va day {y,} héi tu vé y.
- Chitng minh. Gid sit lim z, = 25 = 2y + iy # ox.
TL—e X

Khi d6 véi moi e > 0, ton tai ng € N sao cho

20 — 20l = V{xn — 20)2 + (¥n — ¥0)? < €, v&i moi n > ny.
T d6 suy ra |z, — zo| < € va |y, — yy| < €, khi n > ng. nghia la
T

lim z, =29 va lim y, = 3.
; [ s I

Ngugc lai, néu ton tai limy o Tn = 29 VA limy— 0o ¥ = 3o, thi
vol moi € > 0 ton tai n; € N sao cho |zn — o] < €/2, v&i moi n > ny



va t6n tal ne € N sao cho |y, — yo| < €/2, v&i moi n > ny. Chon
ng = max{ni,nz}. Tir A6 suy ra |z, — 20| < |20 — To| + |yn — wo| < €.
véi moi n > nyg.

Vay lim z,, = zp = o + 1yp.

o

Vi du.

1) Cho day {zn}.2n = (% + ZL)

Do day @, = £ héi tu vé 0 va diy g, = o hoi tu vé 0 nén day
{z} hoi tu vé 0.

2) Cho day {zn}. 2, = % +in. Diy z, = }L hoi tu vé G, nhung day
Yn = n khong héi tu. Vay day {z,} khdng hoi tu.

Dinh I 2. Gid st {zn} v& {wn} 1a hai day s8 phirc cé gidi han
lan lwot 12 2o va wy. Khi d6 |

1) lim (zn, X wn) = 20 £ wy.

R

2) iim (zn Wr) = 20.Wy.

3) Bim 2 = 2 (wg £0)

Ban doc chitng minh d;uh li trén nhu bai tap.

Néu biéu din z, = r,,(c0s Y, + isin@,,) (véi moi z, # 0) thi dinh
li sau dwoc khiang dinh: '

Binh 1 3. Day {2,} héi tu vé z5 = ro(cos pp + isingy), (z0 # 0)
khi va chi khi day {r,.} hoi tu vé rg v day {p,} hoi tu vé g,

Chirng minh. Ap dung dinh 1 2 va dinh nghia cda modun va
argument cia so phire. .

Vidu. Cho day z, = (1 + 5?})“, trong dé yo 13 hang sd thue.

Day rn = |za] = |(1+ 207 = |1+ 2o |n = (/14 %) = (1 +
%)% . Day nay hoi tu ve 1. | '

Day ¢, = arg z, = arg(1 + )" = n_arg(l + i?f) = n.arctg¥.

Khi n lom £ = tg¥,

Do d6 khi n 1on ¢, = y. Vay _nllmxgon = yp.

2

=l

Suy ra ddy {z.} hdi tu v& zy = cosyp -+ isinyp.
Ta ki hiéu cosy +isiny = e*¥.
Day la cong thire Euler ma ta sé chimg minh trong chuwong sau.
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1.2. Day co bdn (day Cauchy).

Binh nghia. Day {z,} duoc goi 1a day co bdn (hay con goi 1a
day Cauchy) néu Ve > 0,3ng € N,Vm,n € N,m > ng vi n > ng thi
lzn — 20| < €.

Trong tap hop s6 thye ta da biét rdng maoi day co bdn déu héi tu
va nguge lai. Tir Dinh 1i 1 duge khang dinh trong phan 1, ta suy ra:

Dinh 1i 4. (Tiéu chudn Cauchy). Diy {z,} 1a day co bdn khi vi
chi khi day {z,} héi tu. '

Ching minh. That vay. gid sit {z,} 1& diy co bdn suy ra day
{Rez,} la day co bdn nén

Rez, — zq.n — ox.

Tuong tu day {Imz,} hoi tu vé yy.

Vay zn, — xg + fyo, n — 00.

Nguoc lai, gid sit {2} 1a day hoi ty, theo dinh nghia ta suy ra day
{zn} 14 didy co ban.

1.3. Chudi sé phitc.
Dinh nghia. Cho diy sd phic {z,}, bicu thirc
21 +z2+..-+2n+...

goi la chuéi s6 phire. Ki higu 3 2,.

n=1
n

bat S, = 3z goi 1a tdng riéng thit n cda chudi. Day {S,} goi
k=1
[ dity cdc tong riéng cda chubi.
fe. 4]

Chuéi 3 2y, goi 1a héi tu ndu day céc tong riéng {S,} héi tu. Néu
n=1 ’
lim S, = S thi S goi la tong cda chudi. Khi dé ta ndi chudi 3" 2z, hoi
o=

n=1
tu.

Ngiroe lai, néu lim S,, = oo ho#ic khong ton tai thi ta néi chudi

=00

pe )
3 2z, phan ki.

HE=l
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K
- ~ “ - - Pl . v P
Twong tu nhu chudi s thire, diéu kién cin dé chudi sé phire Y 2,
. n=1
héi ty la lim 2, = 0.
FL— 0

. A9 s ) - "
Dinh 1i 5 (Tiéu chuan Cauchy d6i v&i chudi s6 phire).

Chuéi Z 2y, hoi tu khi va chf khi v&i moi € > 0, ton tai ng € N,
n=1 .
sao cho

P :
1D _znekl <,
k=1 _

vi¥yi moi 7 > ng va p € N.
Chiémg minh. Goi S, 13 tang riéng thit n cia chudi da cho. khi
do
Sﬂ.+p - Sn. = Zp41 + ...+ Zridps
theo dinh nghia cia chudi héi tu va Dinh I 4, suy ra diéu ¢in ching
minh.

Chudi héi tu tuyét dsi.

s ) e
Dinh nghia. Chuoi }” z, goi la héi tu tuyét d6i néu chudi 3 |z,|
=1 n=l
hoi tu.
Tir dinh nghia ta ¢6 két qua sau:
Binh l 6. Moi chudi hoi ty tuyét déi déu hdi tu.

Chitng minh. Tir bdt ddng thirc
[2na1 oo Znap| <Zns1] + s+ |20yl
va Dinh li 5 suy ra diéu can chiing minh.
Cha y
1) Ch1101 hoi tu khong chic héi tu tuyét ddi.
Vi du. Chuoi E < 1l tu nhung khong héi tu tuyet doi.

n=1
That vay. thoo cong thitc Euler e = cosn + .asmn va tir d6

chirng 16 chudi Z <" hoi tu khi va chi khi cée chudi Z €8 va chuoi
n=1 n=1 '



o0 .
> #L% h6i tu. Trong gidi tich thue hai chudi nay héi tu theo ddu hidu

=1

o in .
Dirichlet. Vay chudi ) & héi tu.

n=1
. Fors) 1 ' . .
x . e“’l . 1 by ) * - LY ¥ . -
Nhung chuoi 3 1| —j = > e 1& chuoi phan ki. Piéu nay chitng
= n=

t6 chudi khong hoi tu tuyét d6i. Chudi nhir vy goi 1a ban héi tu (hay
hoi tu c6 didu kién).

2) DE xét sy hoi tu tuydt d6i cda chubi s§ phite ta ¢ thé st dung
cdc ddu higu héi tu cda chudi s§ dwong.

§2. HAM SO BIEN s PHUC
2.1. Dinh nghia ham s3.

Dinh nghia. Ta ndi trén tdp M cda mit phing phitc cho ham
w = f(z), nu véi mdi difm z € M dat trrong ing véi mot s8 phirc
hay nhieu gid tri phitc w. | _

Néu méi tri 86 z € M tuong ¢ng v&éi mdt gid tri w thl ham
w = f(z) goi la ham don tri. Cdn trudmng hop moi tri s§ z twong ¢ng
véi nhiéu gié tri w thi goi 1a ham da tri. M goi la tip xdc dinh cda J.

Tap.hop gom t&t cd cde gid tri w cda f(2) 14y trén M goi la tdp
cac gia tri. - '

Khi M va N la nhirng mién trong C, thi ta s& ¢6 mét s6 tinh chat
quan trong duge khdo sit & chuwong sau.

Vi z vi w 1 nhirng s6 phirc nén ta cé thé bidu dién nhw sau:

z=x+iy; w=1u -+ v,
khi d6 ham s8 w = f(z) tré thanh |
w = f(z) = u(z,y) + v(z,y) (1)

trong dé u(x,y) = Ref(2) va v{z,y) = Imf(z).
Vi du. '
1) Cho ham s6 f(z) = zy? +ix?y.
Ta ¢6 phan thuc cla f(2) 1a ulz,y) = zy?
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va phin do cda f(2) 13 v(z,y) = z%y.

2) Cho ham s8 f(z) = 2.3

Ta c6 phan thue cia f(z2) 1a ufz, y) = 2% + 2
va phan do cia f(z) la v(z.y) = 0.

Nhir vay viéc cho ham 8 f{z) cia mot bién phll’C (dom tri) twong
duong véi viée cho hai ham sd cda hai bién s thue u(z,y) va v{z. y).

V& mat hinh hoc ngudi ta ¢é thé bidu dién mdt ham s6 eda bién
s phirc nhir 14 mot phép bién ddi tap hop M aila mét phing phire (2)
thanh tdp hgp N cia mat phing phite (w).

Néu f don tri 1-1, khi d6 phép bién ddi nay dwoc goi 1a don trj 2
chiéu hay con goi la don diép.

Ham nguoe.

Cho ham s phitc w = f(z) bién tip hgp M thanh tip hop N.
Ham 86 2 = p(w) dat twong (tng mdi w € N véi tit cd cde difm 2 € M
sao cho w = f(z) duoc goi |3 hdm nguoce cida ham f, ki hidu ¢ = f~1.

Ro rang w = f(z) don tri hai chiéu néu va chi néu f va ¢ don tri.

Vi du 1. Cho ham s6 phic f1{2) = az + b, a # 0. Khi dé ham
nguoce cila nd la

_ w B b .
fHw)==—-= (2)
_ a a _
Thuong nguoi ta thay bién s6 w bdi bién 2. Khi d6 (2) duoc vidt
la
- b
f1 l(z) =—-= a

Vi du 2. Cho ham G phite fo(z) = 22. Khi d6 ham ngueoc cda
né la f71(z) = /Z.
Ham f, 14 ham don tri, tuy nhién & day ham nguoc cia né f;!
la ham da tri. Tai moi z # 0 vi z # oo thi ham fz._1 c6 hai gid tri, con
- .o ~ N + . - - . .
tal diém z =0 va 2= oo ham chi ¢ mot gid tri.
Difm z = 0 va z = oo goi 13 diém phan nhénh cia ham It

2.2. Gié&i han cda ham sé.

Bay gicr ta xét khai niém co badn cia gidi tich. Tir day trd vé sau
ta Chl xét trudmg hep ham f 14 ham don tri.
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Binh nghia 1. Cho ham s don tri w = f{z) xdc dinh trong lan
can cia didm 2g. ¢6 thd trir z9. S8 A # oo goi 1y gidi han cia ham
s0 f{z) klii z dan vé 25. néu ¥Ye > 0,35 > 0 sao cho ¥z thoa man
0<tr— 2] <dtacdif(z) — Al <e Kihiéu lim f(z) = A.

z— 2y

Binh nghia 2. Cho ham s6 don tri w = f{z) xdc dinh trong lan
can cia di€m zy. ¢6 the trir zg9. $S6 A # oo goi 14 gidi han ciia ham 6
f(z) khi z dan vé zp. néu moi day {z,}, 2, thude lan can z,, ma z,, hoi
tu vé zg thi f(z,) hol tu vé A. Ki hién lim f(z) = A.

E—vED
Ngwdi ta da chitng minh duge rdng hai dinh nghia trén 13 twong
dirong,

Binh li 1. Cho ham s6 f(z) = u(z, y)+iv{z.y) va A = a+ib € C.
Khi d6

lim f(z) = A. (3}

khi va chi khi
lin wlz,.y) = a va lim viz,y) =b. 4
(zay)—{(zo.y0) ( y) (zy)—(zo.y0) ( y) ( )

Chirng minh. Gid st f ¢6 gi¢i han 14 4 khi z — 2. Khi d6
Ve > 0,33 > 0 sa0 cho |f(z) — Al < € v&i moi z thod dieu kién

1/2

2 — 2ol = {(z — x0)* + (y — %0)?]*/? < &,

Mat khac

[u(z,y) —al = [Re(f(2) — A)| < {f(2) - Al <e.

va . _ .
oz, y) — bl = {Im(f(z) — A < |f(2) — 4] < e
Vay lim u(x,y) = a va lim v(z,y) = b.
{z.y)—{zu.yo) ' {(z.a)—(zu,yn)
Nguwoe lai, gid sit ¢6 (4). Khi d6 Ve > 0, 30 >0vade >0 sao cho
lu(z.y)~a| < % voi moi (z,y) thod diéukién |{z.y) — (zo,y0)| < &) va

le{x,y) — b} < —5 v moi (z,y) thod dién kién |(z,y) — (2o, 30)| < 82.
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Néu chon & = min(d;, §2) thi vdi moi 2 thod man dieu kién |(z. )~
(o.yo)| < 8. ta b
() = A < [(uley) — a)? + (vle.y) — B2 <,

Vay Inn f{z) = 1.
Tz ) .

Ta ¢od dinh nghia twong ty cho cdc truomg hgp gidi han cia ham
s0 khi 2 — o0 v gidi han bang vo cling.

Chu y.

Sy ton tal gidi han cia ham s6 f khong phu thude vao hirdng khi
& — Zp. .

Vi du. Cho hiaun 56

\ 1

flz) = 2 ¢ J:
Dat z = r{cos + isinp) = re'?. Xét gidi han cia ham f{z), khi

z dan dén 0 theo tia Of hop véi true thire mot gée bang ¢, ta cd

i
S

RS

g 17 —ig
f:(0) = lim ;jlr—_{_ r‘e_w — rle - ) = sin 2.
—U gy reT rete
Suy ra gidi han ciia ham sd f khi 2 — 0 khong ton tai.
Tir dinh 1 trén, trong tw nhe hans s6 bién sd thire, ta ¢6 cde tinh
chat sau vé gidi han aia ham 86 bién 58 phite:

Dinh i 2.

1) lim (f(z) £ g{z)) = lim f(z) £ lim g{z).

F—zpn I Iy T gy

2) lim (f(z).9{2)) = lan f(z). lin g(z).

3} lim fz) _ lmas, U ( liII;l g(z). #0).

z)
=z g{2)  lim,—,, g(2) R

2.3. Ham s§ lién tuc va lién tuc deu.
Pinh nghia 1. Cho hin s f(2) xdc dinh trén D ¢ C. Ham 58

f(2) duge goi 1a lién tue tai diém zg € D néu lim, ., f(z) = f(z0).

A

Haun 50 f(2) dirge goi la lién tuc trén D néu né lién tuc tai moi dicm

thuoc £
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Vidu. Ham f(z) = 2".n € N lién tuc trén C.
That vay. lay diém zp tuy v trén C.
Ta co: '

TE

2=z = (2~ zoJ(z““l + 202" %+ .+ z{]‘“]-).

Suy ra
2™ — 20| < |z — zU!(|z|“—1 + Iz(]||z|”"2 + .+ |zU|”’“1).

Ta xét hinh tron {z € C | |z] £ r} sao cho 2 va zp thude vao hinh
tron dé. Khi dé [2™ — 23 < nr™ 71z — 2}

Chon ¢ = min(—i=,7 + |20l)-

Vay f lién tuc tai zg.

Do d6 f lién tuc trén C.

Pinh 1i 3. |

1) Ham s6 f(z) = u(z,y) + iv(z,y) lién tuc tai difm zg = 7¢ + 1Yo
khi va chi khi u(z,y) va v{z,y) lién tuc tai (Ilo, Yo )-

2) Néu ham s6 f(2) lién tuc tai 2o thi bam |f(2)| cling lién tuc tai
20. '

Dinh }i 4. Téng, hiéu, tich, thwong (mau khac khong) cida cde
ham lién tuc 13 mot ham lién tuc. '

Dinh. nghia 2. Ham f{z) dwgc goi 1a lién tuc déu trén D nén
Ve > 0,36 > 0saochoVz, 2/ € Dma|z—2'| < dtacd |f{z)—f(2')] < e

Tir tinh lién tuc déu cia ham f suy ra ham f lién tuc. Piéu nguoc
lai n6i chung khong dang.

Vi du. Ta xét ham sd f(2) = 1 trén tap hop
D={:eC|0<|z—2z|<1}.

R rang ham f(2) lién tuc trén D, nhung khong lién tue déu trén

D.
That vay, ldy e =1,¥6 > 0,3n € N sao cho n > 3 (hay § > 1)
T | . 1 N
Chqnz-;,z’—ﬂtaco
1 1 1
== —1=—<34
Iz =2} |n 2n'  2n
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Vay f(z) khong lién tuc déu trén D.

Tinh chat cia ham lién tuc.

Dinh 1i 5. Néu ham s6 lién tuc trén tip hop compact K thi tap
hop f(K) cing 14 tip compact.

Chirng minh. L&y mét day bat ki {wn}, w, € f(K) Khi d6
s& ton tai day {zn}, z, € K sao cho wy, = f(2,). Vi tip K compact
- nén ton tai day con {z,,} C {z,} hoi tu . Dat 2, = Iim L 2o khi dé
zp € K. Hon nira. do f lién tuc nén hm 0 Zn, = flzo) e f(B bieu

nay chirng té day con {wnk} C {wn} ho] tu trong f(K). Vay f(K) la
tap compact.

Binh i 6. Ham s6 lién tuc bién tap ho'p lién théng thanh tap hop
lién thong.

Ban doc ¢ thé doc chirng minh dinh If trong céc gido trinh Topd
dai cuvong.

Binh 1i 7. Ham s6 lién tuc trén tap hop compact thi bi chin va
dat gia tri lén nhat, gid tri bé nh&t vé modun trén tap hop nay.

Chitng minh. Choham f(2), taxét ham | f(2)| = /Tu(z, 9)]% + [o(

V1 f lien tuc nén hai ham w, v lién tuc trén K 13 tap compact. Suy ra
ditu can chirng minh.

Dinh 1i 8. Ham sé lién tuc trén tdp hop compact thi lién tuc déu.

Chirng minh. Cho f 1a ham s6 lién tuc trén tdp compact K.
Gia st f khong lién tuc deu trén K, khi d6 ton tai 88 eg > 0 sao cho
vl moi n € N eb zn € K v wn € K sa0 cho Jz, —wn| < L va
| flzn) — flwn)| > €. Dé,y {2n} c6 day con {2z, } hoi tu vé 2o € K.

Vi 2, — wn, | < 2L vA 2,,, hdi tu vé 29, nén ta suy ra wn, hoi tu
ve 2g.

Nhu vay [f(zn,) — fwn, )| > €0 (*), véi moi k € N. Do f(z) lién
tue nén chuyén qua gi¢i han bifu thire (*) ta c6 0 > e > 0.
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Mau thuin nay chimng té him f lién tuc déu trén K.

2.4. Day ham va chudi ham.

Binh nghia day ham. Day ham la mdt dnh xa tir tap hop cdc
s6 trr nhién N vao tdp hgp cdc ham s6 phite cling x4c dinh trén tap
hop D C C, nghia la dnh xa

A:N—F={f:D— C}.
n— A(n}) = fn (f: D — C).
Kihiéu: {f,} hay {f.{2)}.

Day ham héi tu.

Day ham {f.} duoc goi la hdi tu tai diém zg € D néu diy sé phire
{£n(20)} hoi tu. | |

Day ham {f,} dwoc goi 1a hai tu trén D néu day ham {f,} hdi tu
tai moi diéfm z € D.

Trong trudng hop nay ta c6 mdt ham s8 xac dinh trén D cho bdi
bigu thire '

f(z) = lim_ ful2).

Vi du. Xét day ham f,(z) = 2" trén hinh tron {2 € C | |z| < 2}.

Day ham {f.(z)} héi tu vé 0 tai moi z € {|z] < 1}, hoi tu vé 1
tai z = 1 va phan ki tai cic diém khde.

Day ham héi tu déu.

Day ham {f.(z)} xdc dinh trén D goi 1a héi tu v& ham f(z) trén
D néu Ve > 0,dng € N sao cho Vn € N mi n > ng va véi moi z € D

ta cé
|fn(z) — f(2)] <e

Vi du. Day ham f,(z) = 2" hoi tu déu trén hinh tron {|z| <
0 <r <1}

Hé qud. Moi day ham hoi tu déu trén D thi héi tu trén D.
Diéu ngugc lai néi chung khéng ding.
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n+1

Vi du. Xét day ham fn(z) = 22—
Ta cd

trén D = {z € C | |2z] < 1}.

| L—zth ]
limw f.(z) = lim = . |z} < 1.

T— 0 z2—0C 1—2z- 1—1z

Tuy nhién { f.(z)} khong hoi tu déu trén D.
That vay, ta xét z =z € (0,1). Khi do

1 1 — zn+1 : Zn-{—l :C:*_z+l
|1—zr— I —z |:|1—z|_

1-x
Vi lim £ —H = o0,¥n € N | nén day ham {fn )} khéng hoi vy déu

.r—»ll

tren D.
Binh nghia chuéi ham. _
Cho day ham {f.(2)} , xdc dinh trén D. Bi€u thirc

filz) + falz} + o+ ful2) +

e o)
dwoe goi 1 chudi ham. Ki higu Y fu(2).

n=1

n .
Goi Sp = 3 fir(z) 13 tong riéng thi n ciia chudi ham.
k=1 i

o

. N . “ o~ . . | -

Chudi hamn 3 fu(2) duogce goi ta hoi tu tai diém 20 € D néu
=l .

day ham {Sx( )} héi ty tai diém zp.

Chuoi ham Z fal(z} duge goi 14 hdi tu déu trén tap hop D

n=1

neu day {Sp{2)} hdi tu déu trén D.

(¥ trén ta da xét sir hoi tu cida chuoi ham nhe vao day ham. Tuy
nhién v&i 2o € D chudi da cho 1& mét chudi sd. Vi viy ta (ung cé the
xét sir héi tu tai tirng difm cia D nhr chudi s6 hoi tu.

Hé qud. Moi chuoi ham hdéi tu déu trén D thi héi tu trén D.
Chu y. bitu nguoc lai néi chung khéng ding. Ching han, xét
.
chudi ham 5" 2" trén {2 € C | 0 < |2} < 1}.

n=1

Mét s8 dinh li vé chudi ham.
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Binh li 9. (ddu hiéu Weierstrass). Cho chudi ham E fn(2). Néu

n=1

s
vGiVz € D va voin dd Ion ta ¢6 | fn(2)| < an va chudi s6 durong 3 an
n=1

hoi tu, thi Z fn(2) ko tu tuyét d6i va déu trén D,

=1
50 ' :
Chirng minh. Do Y a, hdi tu nén Ve > 0,3n; € N sao cho

n=1

vneN,n>ng va ¥p € N ta c¢b

P -
|Zan+kI <e
k=1

Theo gid thiét, ta cé

P P : r
D IrrklD D farn(@)] <D anin <e.
k=1 k=1 k=1

v&i moi n dd 16n va 1dm hon ng.
Vay chudi {f,(2)} hdi tu tuyét dsi va déu trén D.

Dinh i 10. Néu chuéi ham Y f,.(2) héi tu dau trén D va céc
n=1
ham f,.(z) lién tuc trén D thi tong f{z) = Y f.{2) 1a ham lién tuc
n=1 )
trén D.
Chitng minh. Liy di€m 2y € D tuy ¥. Vi chudi Z fa(z) hoi tu

d8u nén Ve > 0,3np € N sao cho Vn € N man > ng vaVzE D, ta ¢b
P i T
[Sn(z) = f(2)] < 3 (Sn(2) = > _fulz)).
k=1

Mat khdc, do S.(z) lién tuc (t8ng cda n ham lién tuc) nén 36 > 0 sao
choVz € D ma |z — 20l < § = [Sn(z) — Sn(z0)| < £.
Tir cdc bat ddng thirc trén, ta suy ra
|f(2) = fl2o0)] < |f(2) = S (Z)| + |Sn(z) Snlzo)|

F19n(20) — fal20)] < g + 5 + 5 =

Vay f lién tuc tai zp. Suy ra ham f lién tuc trén D.

37



2.5. Chubi luy thira.
Dinh nghia. Chudi tuy thira 1a chudi ham c6 dang

ch(z — 2p)" (5)

n=0

trong dd ¢y, 20(n = 0,1.2,...) & nhirng hing sg phirc.
Khi zg = 0, chudi (5) cé dang

icnz“. (6)
n=~0

Thue ra chuoi (5) luén ludn ¢6 thé duwa vé dang (6) bing cach dit
n = z—2zy. Vivdy & day ta chi cin nghlen ctru chudi luy thira dang
(6) ta dil.

Dinh 1i Abel.

a) Néu chudi (6) héi tu véi 29 % 0 thl né héi tu tuyét d6i tai moi
z thod man digu kién |2| < |zot v héi tu deu trong moi hinh tron
{zcCllz] <0 <r <]z}

b) Néu chudi (6) phan ki tai z; thi né sé phan ki tai moi z sao cho
2] > [21].

Chirng minh.

a) Gid thiét chuoi Z cnzg hoi tu nén hm cnzo = 0.
n=0

Suy ra jc,2f| < M,¥n=0,1,...

o ¥l
Xét 56 hang tong quét cda chudi $° ¢p2™.

n=0
z ™ Tt
lenz® I—Jcnzg I— lenzgll—[" < Mq™,
g 20 '
trong d6 ¢ = | 2] < 1, vi |2] < |z .

= o0
Do chudi 37 ¢ héi tu, suy ra 3 {c,2"] hoi tu.

n=(0) n=0

Z cn2™ hoi tu tuyét d6i véi moi 2 thod didu kién (2| < |z
n=0
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Bay gidr ta xét chuoi Z cp2™ trong hinh tron
=0

{zeCllzi<r 0<r < |z}

e .
Theo chimg minh tréu, chudi 37 ¢, 2™ hai tu.
ri={}
’ v X
Ap dung ddu hiéu Weierstrass ta suy ra chudi 3 ¢, 2™ hoi tu déu
n=u

trong hinh tron dé.

b} Chtrnig wninh bidng phuong phap phdn chirng.  Gid it chudi

<
o . ] \ # - - o
> en2™ hoi tu tat diém zp nao 46 thod didu kién |z2] > {z1]. Theo

n=0

G
phan a) ta suy ra chudi 3 ¢,2™ héi tu véi moi z. thod digu kién
n=0 .
|z| < |22] , do A6 chuoi da cho héi tu tai z;. Diéu nay man thuan vét
gid thiét. _
- )
Vay chuot 3 cp2™ phéan ki tal moi 2z thod man jz| > |z,].
n=>0
Khi nghién ciru si hdi tu cda chudi, ta thiy ¢é nhitng chudi chi
hoi tu tai mot diém z = 0 duy nhat. Chdng han, chudi

' [ o]
1+ Zn“z“.
n=1

Va ¢6 chudi hoi tu tai moi di€m thude mat phing phire. Ching han.

A
chuoil
[& 9

2"
Z hall
o n!
(ta sé chirng minh sau).
Hodc theo dinh lf Abel ¢ nhitng chuéi hoi tu trong mot hinh tron
nao dé va phan ki bén ngoai nd.
Ninr vay van dé dat ra la lidu ¢6 ton tai s6 R > 0 sao cho chudi

™

3" ¢, 2™ hoi tu khi |z| < R va phan ki khi |z} > R hay khong?
n=>u .

Binh Ii sau day sé tra lod ciu hdi trén.

e
Binh 1f 11. {vé bdn kinh héi tu). V&i moj chudi luy thiva )~ cp2”

n=0
- ~ . ! ~ N L3 . . -
luon luén ton tai s6 B > 0 (¢d the bang vo cling) sao cho chudi (6) hoi
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tu vl moi z. fz| < R va phan ki véi z, |2f > R. S& R nhw vay dwroc
gol la ban kinh hoi tu cida chudi (6). .

Ching minh.

D31 vai chudi luy thira chi héi tu tai didm 2z = 0 duy nhét. ta dat
R = 0. v chudi hoi tu tai moi z € C, ta dat R = oc.

Bay gi¢r, gia sit chuoi (6) hoi tu tai 29 # 0 v phan ki tai z; #
. Theo dinli i Abel, trén mba truce thue dwong ton tai doan thing
lay. b1] v ay 1a didm héi ty ada chudi, con by 1a didm phan ki ¢ia
1o, Ta chia doan [ay, b1] thanh hai doan bang nhau vi ki hidu [az, ba)
la doan wa trong dé ao la diém hoi tu va by 14 diém phan ki. Tiép
tuc quat trindi trén ta thu duge day cde doan that [a,,. b,] ¢6 tinli chit
[trg 1. brp1] C |G, by, @n 13 dicm hoi tu, &, 13 di¢m phan ki va duomg
kinh szt — (0 khi 0~ oo,

Theo nguyén li cde doan that Ja € 71?'101[(.5?1._ bn).

bat R = a. Ta sé clnimg minh chuoi héi tu tai 2 ma |z| < R.

That vay. vi ;linLa,, = a va @, < Nyq1. BEN Ing sao cho |z] <

i

ay,, < a=R. Theo dinh i Abel chuéi héi tu tai z ma [z] < R.

Vol s ma izl > R Vi :li“figb“ =a va b, > b,41, nén 3n; sav cho

—

1z| > &y, >a = R Vay chudi (6) phan ki tai z ma |z} > R.

Dinh 1i 12. (¢ong thite Cauchy-Hadamard).

Baxn kinh héi tu cia chuoi luy thira dwge tinh theo cong thike

R=t-o_1 (7)

Eo T g/
=
trong do ta dat R =0 néul = 4oc va B = +oc néu l = 0.
Comg thive (T) gol la eomg tinre Cauchy-Hadamard.
Chirng minh.

1) Nin & = oc thi chudi 37 ¢,2™ khong thé hoi tu véi z # 0.
ri=l]

o
That viy. néu 3z #£ 0 deé 37 e, 2™ hoi tu suy ra lim ¢,z = 0.
re=4) e

4 wy g T ; . ; - Al
kéo theo je, 20| < M (chou M > 1), Suy ra ¥/]e, ] < Tl
Foae ] — Yiywr /] A N S s
Viavi= lim {/]e,| < o7 tral voi gid thiét.

o= T
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2) Néul = 0, gid sit 29 # 0. Dom"\/_|cn| = (. Suy ra m Ve =
0, nén ve > U Jng € N sao cho ¥n € N ma n > ng suy ra \“/Icn| < €.

Chon ¢ = 2t2{:| ta cé

1
|Cﬂz6“ |CnHZ{)‘ < on 21,_

Vi Z{)QT hoi tu, nén Zocnzg héi tu. Di€m z l&y tuy ¥ do dé
n=

~
> 2™ hai tu t@.i moi z € C.
=

I‘x: .
3} Néu U < I < +oc, ta chimg minh chuéi Y ¢,2™ hoi tu tai moi
' n=0
2 ma |z| < % va phan ki tai moi z ma [z{ > %
Theo gid thiét { = Lim /[c,! nén ¥/|cn| < [+¢€, véi n khd 1ém va
P i
€ tuy y.

eon 1 _ 1—!|Z()}
Vi |zg| < ; tachone = 2zl

n 1t Y

Suy ra eyl <1+ 2|z|jl°l = QIJ;;’I.

Do d6 |cazl| < (FU2lym — gn (trong d6 g < 1).
(s

2
Vay chudi 3 e,2™ héi ty tai 20.
n=0
Véi |zol > 1, trong A6 L = lim {/|cal, nén ¢6 vO $G tri s6 n dé
=2

Ylen| > 1 — € véi e tuy y.
Chon € = Hzl=l gy ra |enz &l > (- £|2°| Ly} z9|™ = 1; nghia I3

EN
{cnzl} khong dan vé 0 khi n — oc.

Vay chudi Z cn2™ phan Ki tai 2p.
n=>40

2.6. Dinh nghia mét s8 ham so cip.
Nher vao chudi lily thira ta ¢ thé dinh nghia cdc ham so cdp co
bdn sau:

Hain exponent

oo on | :
g'n— (8)



Céac ham lwong gide
Zn+1

. = n 2
Sz = E (—1) (2—n"+-—1)'
n=0

Céac ham khac

Céc chuoi (8), (9), (10), (11), (12) ¢ ban kinh hdi tu R = oo.
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BAI TAP CHUONG 2.

1. Tim gi¢i han cda cdc day s8 phitc san:
' a) zp =n + }1,
b) zn, = z§ trong d6 zg 14 mét héng s8 phite.
2. Cho day s6 phittc {z,} xdc dinh nhu sau 2, = (L+ £)*, trong
dé zo 1a hang s6 phite. Tim gidi han cda diy s8 {2.} khi n — oc.

3. Khdo st sur hoi tu cia cac chudi sd sau:
X

a) 3., b)Z”

n=1

4. Xét sy hdi tu cda chudi E £

5. Khdo sdt suw hoi tucda céde chucn sal:

st = nl | =, et =, cosin
Z 21)” ;(in)"; C)ZF;. d)z an '

‘ N Re(z? . .
6. Cho cdc ham sé sz, & —rz(l—zrl, zf‘% xdc dinh véi z # 0.

Nhirng ham s6 ndo trong s8 cic ham 8 trén c6 thé bd sung tai didm
z = 0 d& ching trd nén lién tuc trén C.

7. Cho cac ham s6

a) flz) = 1 b) glz) = 7.

Xét sy lién tuc déu cda cdc ham s6 f, g trong hinh tron {|z] < 1}.

8. Cho ham s8 f(z) lién tuc déu trong hinh tron {z € C} |z] < 1}.
Chirng minh rdng véi mot difm 2z bat ki trén duomg tron {|z] = 1)
va voi day {zn}, |2n] < 1, 2, — 2o (khi n — 00) tOn tai gi&i han
lim f{zy) va gidi han dé chi phu thudc vao zp.

Z— 20

9. Tim bén kinh hoi tu cda cdc chudi sau:

[& [ &l Y
no o, ern
a) § : z n" E 2" -
2n nP
n=1 n=1 n=1
[ #]
i 1
C)E 2"z, E (n+a™)z"
n=0 n=0
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Chuong 3
HAM GIAI TicH

§1. KHAI NIEM HAM GIAI TiCH

1.1. Pao ham. _
 Binh nghia. Cho ham s8 f(2) xdc dinh trén misn D, f(z) duoe

goi 1a khd vi tai di€m 29 € D néu ton tai gidi han

. fleo + Az) — flz)
&lir_r}[) Az

(1)
va ta néi ring ham f ¢ dao ham tai di€m 2. Ki hidu

ea) = Jim K0+ 851~ flar) )

1a dao ham cda ham f tai didm 2.
Ham f dugc goi 1a khd vi trén mien D néy 16 kha vi tai moi diém
zeD.
Vi du. .
1) Ham f(z) = 22 khd vi tai moi z € C.
That viy, 1dy difm 2 ¢ C bit ki Xét
_ 2 _ 2
lim flzo + Az) — f(z)) P A
Az—g Az Az—0 Az
Vay f'(z2) = 2.
2} Ham f(2) = 2% chi khd vi tai di€m 2y = 0.
That vay, ta lap t{ s3

= 2z.

flzo + Az) - f(zg) _ 204z + 2502 + AzAz
Az N Az .

Az —
ZZUZ; +2zg+ Az

Tai 25 = 0, ta ¢6

i [0+ 82) ~ 1)
ADz—0 Az

= 0= f(0).
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Bay gicr, gid sit zg # 0, vi gigo(fa+A_z) = Zp, CON zg% khéng c¢6
gidi han khi Az — 0 nén ham f khong khd vi tai bat ki di¢m zg # 0
nao.
Nhan xét. Moi ham khd vi tai zg thi lién tuc tai diém dé.
Do dinh nghia dao ham hodn todn twong tuw vél ham madt bién
thue nén mot cach twong tir, ta dé dang chirng minh céc tinh chit sau:
~ Pinh 1i. Néu cic ham f(z) vA g(z) khd vi theo nghia phtc tz_ali
di€m 2 thi cdc ham f(z)+g(z), f(z).g(2) va f(2)/g(2) (g(z) # 0) ciing
khd vi tai z va
1) (f(2) £¢(2)) = f(2) £ ¢'(2). |
i) (f(2).9()) = f'(2).9(2) + [(2).4(2). ‘
iii) (ﬁ%_:_)l)f . (zJ-S({;)(:)f)gZJ-Q (2)
Néu f(z) khd vi tai 20 v& g(z) khd vi tai wo = f(z0) thl g(f(2))
khd vi tai z4 va
) (9(f(z0))' = ¢'(F'(20)).
Ta da biét rang gitra ham s6 bién s§ phirc vA ham s& bién sd thirc
¢6 sur lién hé véi nhau. Tuy nhién khi xét vé tinh kha vi thi sir lién hé
dé bi€u hién nhur thé nao?

Dinh li sau day sé trd loi cau hdi d6.

Dinh 1i (ddu hiéu Cauchy-Riemann).

Cho ham s6 f(2)} = u(z,y) + iv(x,y) xdc dinh trong lan cin cia
difm zy = zg + iyp. Gid st u,v khd vi theo nghia thuwe tai diém z.
Khi d6 digu kién can va dud dé f kha vi tai z 13

ou_ o

' ieu kién Cauchy-Riemann
gi d%v (digu kién Cauchy-R )
oy Oz

el

Chirng minh.
Cin. Vi f khd vi tai 2o nén ton tai giéi han

lim f(z”‘o‘;i_f(z“ — flzm) (2)

Az—0
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R& rang gidi han nay ton tai khéng phu thude vao hudng din vé 0 cia
Az
Chon Az = Az (Ay = 0), ta cé:

flzo + Ax) = f(zo)

f (20) = AI‘_’U Ay

o ul(zo+ Az, yo) +iv(xo + Az,yo)  [(@o, o) + tv(2o. o)

= lim | - = - ]
Ar—0" Ax Az

. ulmg Az, yo) — ul(xo, yo) . vz + Az, y0) — v{z0,%0)

= lim + lim
M= A,I? &:r—»O Ax
Ov av :

= —(ln o) +1—($0 yo) (3)

Twong ty. chon Az = iAy (Az = 0), ta <o

Ay) — A —
f!(z(}) — lim (:BU Yo + y) U(m(}g y[]) lim U(.I'O., Yy + y) 'U(:r[]}yo)

Ay—0 1Ay o Ay—»o 1Ay
v v
= —ii('ro Yo) + 5—(:1:0,?;0)_ (4)
y .

Tu (3) va (4). ta suy ra

ou_ o
or By
Ou v
Oy Oz 20
Du. Theo gid thi€t ham u, v khd vi tai (xg,y0) nén ta cé:
Ju du
u{zo + Az.yo + Ay) —u CL‘(], Yo) = —Ax + B—Ay + a(|Az|)
ou Jv
U(I()+A$,y0+Ay) —’I‘J(mg,yg) S—AIE+ ayAy‘}“ﬁ(lAZ“
a{|dz)} _ BllAz]y
trong do 1;130 T = Al;rgo Ae = 0.
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Xét,

flzo + Az) — flz0) = Au+iAv
_ Ou
oz By
+ (o +1i8)(|Az]).

Do . v thod man didu kién Cauchy-Riemann, nén

Ju dv

flzo + Az) — flz9) = ($+3—— (Az +iAy) + {a +

Chia hai v€ cho Az ta dwoc:

flzo + A2) = flzg) Ou i Ov {a +18) (|Az|)

Az + %A + z(—A + —

Az - Or Or

Xét

. (a +i){|Az])

Al;rﬂol Az = Az-0
o (|Az])|
- Alirgo |Az|

Vay

lim flzo + Az) - f(z0) _ Ou L

Az—0 . = BLE

nghia la

Ju Ov
'z} = é—m‘(ifogyo) + 35&:‘(130:3;‘0)

(5)

Tir diéu kién Cauchy-Riemann, cong thirc (5) con durge vidt dudi

dang
, _Ou . Ou
f (""U) _'8_1. an
, v Bv
f (Z()) - 6:9’ +?‘§;
, v Ou
f'() = 5 —ig
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Céc cong thite (5), (6) cho ta tinh dao ham cila him s& bién sd
phire nhe vao cdc ham s bi€n s6 thye. Phwong phdp tinh dao ham
nay da duge biét trong phan phép tinh vi phan aiia ham s& nhigu bién
6. '

-Trong nhiéu trirdmg hop, cdc ham u. v dirge cho theo cac bién r. ¢
[an luot 12 ban kinh cire va gée cue trong toa dé cuwe. Khi d6 digu kién
Cauchy-Riemann tr& thanh

du v

8o~ or (7)
v Ou '
3 or

Vi du 1. Xét tinh kha vi cia ham f(z) = 27 tai 20 = 0. Ta ¢6

fz) = (z +iy)(z - iy) = 2* +y* — 2xy

Ou _ Ju
o = 2% 5y =Y
ov dv
oz ay =

Tai zg = 0, ta co:

5:1:(0 0) = 55(0 0) =
Ou v
Vi a—y(U,O)* -a—ﬂ

Vay f kha vi tal zg = 0.

Vi du 2. Cho ham s6 f(2) = e®(cosy +isiny). Khdo s4t tinh kha-
vi cda ham s§ trén C.

ou v .

or Oy - 6, ey
v ou .
5;: “% =€ EBlny.

Vay f kha vi tai moi z € C.
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Vi dy 3. Cho ham 6 f(z) = 2" Ta bi€u dién z = r{cosyp +
18In ).

Khi dé flz) =r"(cosny +isinng).
Ou nr™ ! cos O nr® cos
— = ST . — = nr" Cosn
or v O 14
ou _ e’ sinn Ou nr™ ! sinn
L g o = = sin n¢
3y v ar r

Vay f kha vi tai moi z € C.
1.2. Ham gidi tich.

Dinh nghia. Ham f xdc dinh trén mién D dwgc goi 1 gidi tich
tai 2 € D néu ton tai e-1an cin cia z; chira trong D sao cho f khad vi
trong lan can dé. _

Vi du. Ham s8 f(z) = v gidi tich tai moi difm z € C\ {%i}.

Ham f xdc dinh trén mién D dugce goi 14 gidi tich trén D néu né
gidi tich tai moi z € D.

Nhan xét. -

1) Ham f gidi tich tai diém zo thi khd vi tai di€ém d6. Tuy nhién
diéu nguge lai néi chung khong dung,

Vi du. Ham f(2) = 2z khd vi tai difm 2z = 0 nhung khong gidi
tich tai di€m do.

2) Trén mién D (md), ham f gidi tich trén D khi va chi khi f khd
vi trén dé.

1.3. Y nghia hinh hoc cia dao ham. Anh xa bdo giac.

Gid st ham w = f(2) = ulz,y) +iv(z,y) gidi tich tai 20 € D va
'z} # 0.

Suy ra :
J(u,v) #0 : (8)
trong dé J{u.v) 1a dinh thitc cda ma tran Jacobi:
Iu,v) gu  Ju Ou v
J{u,v) = Ll =9 Oy — (Z2)2 4 (222
0) = By | w ) G
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J('u,,'u) = |f(2())lz.

Trong gidi tich c& di€n, theo dinh If ham ngiroc khi J(x, W(zo.y0) #
0 thi cdc ham 80 v = u(z,y) va v = v{x, y) cd cdc ham nguoge trong lan
cin cua diém {(xg. g ).

NO6i mét cach klide, nén f'{z0) # 0 thi ham w = f{z) s& don tri
hai chién trong mot lan cin ndw do cia zy va ham nguoe z = £~ H{w)
ciing kha vi trong lan can cda diém wg = f(z0) va

1

f'{z0)
- Gid siv v = ~(E). ¢ € [ab] 1a dudmg cong Jordan, tron di qua diém 2.
~ Tai dicm z, = (o), to € [a.b] ta co v (tg) #0. "

Anh cla v qua dnh xa w = f(2) 1a dudng cong I' = f(v) di qua
Cdiém wy = fizo).

(f 1Y (wo) = (9)

Phuong trinh cda ~ la

w=ft)) . t€fah
va ta cH
w'(to) = f'{v{to)).v' (te) # 0. (10}

Tir (10) suy ra dwdng cong ' ¢6 tiép tuyén tai wy va ta cb
arg f'(z0) = argw'(to) — arg z'(tg) (11)

Daug thite (11) xdce dinh sai khde mét boi cia 27,

Nhuw vay, qua dnh xa w = f(2) v&i f'(z5) # 0, tidp tuyén cia
dirorng cong ¥ tai zy quay mét gée bang arg £/ ().

Bay gitr, gia s1r v 1a mdt dwdrng cong Jordan trom khdc qua diém
e 00 pharong trinh

7 =v(7). 7€ ed]

20 =M (‘TO)-. ’}'(Zn) #0
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Goi I'y = f{v1). twong tir trén ta 6
arg f'(20) = arg w (to) — arg =, (tn) (12)
Tir (11} v& (12) ta suy ra
argw'(to) — arg w}(20) = arg (to) — arg 2, (fn)

hay
¢(T.T1) = p(v.7) | (139

trong A6 (I, T'1), o{v.v1) [ lugt 1a goe gitra hai duedmg cong T.T,
va ¥, 1
bitu dé chirng td rang qua dnh xa w = f(z) v&i f/(2) # 0. 2éc
gitta hai duromg cong tai diém zg duge bdo toan ve do Idm va hudng.
Mat khdc ta cé
A

lim |=—| = |f'{zq)] = k. (14
Jim {1 =1z (14)

Hé thire (14) ciing t3 rang véi do chinh xde ciia cde dai lirgug:
bac cao hon so véi [Az| ta ¢6 thé vidt

A.
k=~ |A—f| hay |Aw| = k]Az],

Hé thirc nay chi phy thuoe vio f'(z0} ma khong phu thuoe vio st
chon cac dudmg cong qua z;.

Nhu vay qua dnh xa w = f(2) véi f'(z)) # 0 bé 53 co dan (do
dan) tai diém zg khéng phu thuoe vao dang va hwdmg ena diromg cong.

Anh xa bdo giic.

Dinh nghia. Anh xa w = f(z) bién mitn D cda mat phaug phite
(2} thanh mién D* cia mit phdng phite (w) diroe poi 1 dnh xa bao
gide trong mién D néu tai moi diém 2 € D, gée gitea cie dirdmg cong
duge bao toan (¢ vé d¢ 1om va hudng) va d6 dan khéng 08 theo moi
hlr&ug.

Tir y nghia hinh hoe cda dao ham ta ¢6 dinh Ii sau vé dicu kién
dd d& mot dnh xa 13 bio gidc.



Dinh li. Gid st dnh xa w = f(2) bién mién D thanh mién D*,
néu f(z) 14 mét ham gidi tich trong D va f/'(z) # 0 véi moi z € D thi
f(z) 1a 4nh xa bdo gidc trén D.

Binh Y sau ddy dwoc xem la dinh 1i ddo cda dinh 1 trén.

Dinh li. Gid sit 4nh xa w = f(2) bién mién D thanh mién D=,
néu f(z) 12 dnh xa bdo gidc trén D thi f(z) 1A mét ham gidi tich trong
D va f’(‘z) #0védimoi z € D.

Chirng minh. L&y zo € D tuy ¥, xét hai diém
z =20+ Az |
za =20+ Azo
qua &anh xa f chiing lan hrot bién thanh cic di€m

wy = wo + Awy (wo = f(20))

wy = wo + Aws

Do f bdo gidc trén D, nén f bdo gidc tai zp nghiala véi |Az |, |Az|
di bé, ta cd

arg Awg — arg Awy = arg Azg — arg Az, (15)
va A A
Un i w3 .
|A21[_|A22|_k:}é0 (16)
Néu ta dat
Aw . Aw
éﬂ arg Azll = thi arg Az; =@ (17)
Tir (16) va (17) ta suy ra
Awl _ A‘wg _ i
AZ]_ - Azg = ke

v&i sai khac mét dai lrong vé cling bé bac cao hon so véi
min(jAz|, |Azsl).
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Vi 21, 22 chon tuy ¥ trong lan cin cda 2o, nén v&i moi z trong lan
can cda zo{z = 29 + Az) ta ¢6

Aw ia
| A, =H
v&i sai khdc mot dai lugng vé cling bé bac cao hon so véi |Az].
Vay
. A o
=2 ke 8
Al s =He 1e)

nghia 1a f khd vi tai 20 v& f'(20) = ke'® # 0. Vi 2 ldy tuy ¥ nén f
gidi tichi trén D va f'{z) # 0, véi moi z € D.

§2. CAC HAM 80 SO CAP

2.1. Ham luy thira.

Dinh nghia. Ham luy thira 14 mét ham cé dang

w=2z". (1)
"Ham luy thira xde dinh v&i moi z € C va khd vi trén C véi dao
ham tai di€m 2 1A f'(2) = n2""!. Dao ham nay khic khéng tai moi
z#0,véin>1; nén khi n > 1 ham luy thira bdo gide trén mién
C\ {0}. | |
Bay gio ta xét ham (1) tai difm z = 0.
Vi f(0) = 0 nén tai difm 2 = 0 ham luy thira m&t tinh bio giac.
D€ hi€u r5 hon vé tinh chdt nay ta bifu didn s3 phitc 2 # 0 trong toa
do cyc (r,¢) |

z=r(cosy +isiny)

vaw = p(cos + isinb)

tir (1), ta c6
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Ta nhan thay rang néu chon hai diém z;. 29 sao cho

21 = |zg] : )
2kw (d)

Tt -

arg z; = argzg +

thi anh eta cining qua dnh xa (1) sé tring nhau.
Nhur vay. tai diém 2z = 0 haum luy thira mat tinh bdo gide, va moi -
gae ¢6 dinh tai @ = 0 qua ham Iuy thira sé tang 1én n Jin.
Tir dinh nghia cia ham don tri. D& ham w = 2™ la don tri hai
chitn trén mién D, cin va dd 1a mign D khéng chira bat ki cap diém
nao thoa man diéu kién (3).

Vi du. Xét mién D nhir sau

.
D:{ZGC]0<argz<£}.

Ham Iuy thira don diép trén D.
Tir {2) ta suy ra dnh cda mién D qua ham (1) 12 mign

D*={zeCl|U0<arguw < 27 }.

Hain can bac n. Ham ngugc cda ham luy thira w = 2™ c6 dang
z= Yw ., voiw# 0. c¢dngia tri (ham da tri).
- » - . " - - .l . ~
Nhan xét. Trén moi mién D khéng chira diém 2z = 0 ta cé thé
xde dinh ham lién tuc va don tri, ma mbi ham nay tring véi mot gid
tri xdc dinh oia w, n ham nay dwoc goi 1a cdc nhénh cda ham da
tri. '

biém 0, x dwoe goi 1a difm phan nhanh eda ham can biac n cla

MOGi nhdnh nay 14 mét ham don tri 1-1 cda mién D nao dé, nén
theo tinh chdt cita dao ham ta ¢d

1 ]. l_1

W=y



2.2. Ham mdu.

Pinh nghia. Hin mu direre dinh nghia qua chuol luy thiva

L

Ham mi xac dinh don tri trén C.

Binh li.
13 Ham wn thu h('p trén tap hop R trang voi ham mit thoug

thurdmg trong giai tich ¢ dien va khi d6 f(1) = e.
2) Hamn mit ¢6 tinh chit cong tinh. nghia la

SVt = gL eft . W,z € C (5)
3) Hau mi kha vi trén C.
Chung minh.
1) Hien nhicn,
2) Theo dinh nghia. ta cé
X " x _V
2 "1 E
n!’ !
n=l} n::(l
™
— E :ann
r=)
trong do
LI _it—p
. e ~1 -2
ns = ! n—p)
p=>0 p: L Pl
H
— L PP .
- n<1%2 . i
" p=0 "
1
_ z + 2{ TL
(21 +22)



Vay

n (z1 -+ Zg)n
D emzt =S
=0 n=i} )
= ef1tee]

3) Dé chitng minh f(2) khd vi trén C. Trueée hét ta ching minh
J kha vi tai difm 2 = 0.
Xét

4

0 °C L n
. e —e¢ .1 z .
litn — = lim —( E L)
z—{) z =0 z 7!
n=0
do chudi nay héi tu déu trong moti hinh tron ban kinh r tuy ¥ nén ta
¢6 thé chuyén qua giéi han dudi diu tong, suy ra
z ] o n—1
. - .z
lim = lim = — =1

z—0 z z—0 n!
n=1

Vay f khd vi tai 2 =0 v f'(0) = 1.
Bay gir ta xét tai diém 2 # 0 tuy v. Ta ¢6
[+~ f2) .  f(Az) 1
Az =fz). Az _
_ f(Az) ~ f(0)
- f(Z) AZ )

Chuyén qua gi¢i han khi Az — 0, ta duoc

[t B = f@) _ o0
Ay = fEL0) = £(2).

lim
Az

Dinh li. Haim f(z) = e* 14 ham tudn hoan v&i chu ki co bdn 2773,
Chitng minh. Trude hét ta chirng minh cong thitc Euler
eV = cosy + isin y.

bat fliy) = aly) +i8(y). Vi f khd vi nén
_Ou Ov Gv Bu

== —1

A A e
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| 7(2) = B'w) — i/ (y). 6)
Mait khic f'(z) = f(z) , suy ra

aly) = B'(y)

va Bly) = o (y).

Do f{0) =1 nén «(0) =1 va 3(0) = 0.
Vay a(y) va 8(y) lan hrgt 1 nghiém cda phuong trinh vi phén sau

{a%w+dw=o

a(0) =1 @)

{ By} +By) =0 ®)
B0} =0

Gidi phwong trinh (7) ta ¢ nghiém a(y) = cosy, va phuong trinh
(8) c6 nghiém S(y) =siny.

Vay fliy) = e®¥ = cosy + isiny.

Tir ¢éng thitc Euler ta suy ra

cosy = é(e‘y + ™) (9)
siny = l(eiy —e %), (10}
21
Bay gi¢ ta ching minh dinh li. Tir ¢cong thite Euler ta, ¢6
ez+2krri — eZIGQk:rri.

= e*(cos 2k7 + ¢sin 2km) = €*

Vay ham e* 13 ham tuin hoan véi chu ki co bdn 2.

Dinh li. Ham e* bdo gidc trén moi mién don diép cda né.

(Ban doc d¢ dang ching minh.)

Do ham e tuan hoan nén mién D la mién don diép khi né khong
chita cap di€m thod man digu kién

21 — 29 = 2kmi, ke Z. (11)
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Vi du. Mién
D={z€C|0<Imz <27}
la mién don diép cda ham e*.

Ham Légarit.

S6 phite w dwrge goi 1A 1bgarit cia s& phite 2 néu ¥ = 2. Ki hiéu
ez =w.

Tir dinh nghia trén ta suy ra tinh chat co bin sau day

Nén w; =Inzy, we = lnzy thi
lnzy 4+ lze = In{z.2y) (12)
That vay.

w) =Inz) = " =

[
—

wo = N 2p == "2 =

%]
[ =)

SUY ra z1.29 = ¥l g% = gWr1twe,
Theo dinh nghia ta b wy + wy = In(21.29).
Viay iz 4+ Inzp = In(zg.z0).
DPac biét khi z; = |z] va 22 = 87 tir (12) ta ¢6

Inz =In|z| +farg >
trong dé argz 1a mét gid tri ndo dd aia argument cia s3 phite z.
Vay vii moi 2z 3# 0 ¢6 vo s6 gid tri 16garit,.
binh nghia. Ham Logarit 14 ham nguoce eda ham mil, né duwge
xdc dinh boi tap hop tdt ca cde s6 1ogarit cda z ({w € C | ¥ = z}).
Ki hi¢u ur = Lnz.
Noi cach khac, vdi 2 # 0

Lnz = Injz| + iArgz (13)

RO rang ham Logarit 14 ham da tri.
Chn y.

[ula }
m.



1) Ln(z;.29) = Luz;y + Lnzg

2) Ln2 = Luz — Loz

3) 2Lnz # Lnz + Lnz

Trén moi mién don diép ham Logarit 14 ham ngurge cia ham mua

va 16 14 ham dom tri ln z, nén theo tinh chat cia dao ham ta ¢é

(mz) = —— = — =

=

Tinh ch&t hinh hoc cia ham mii.

D¢ nghifn ¢t phép bién hinh thie hitn béi ham e®. ta xét dai
[-x <r< +x:0<y < 2n).

bat z = r+ iy va w = pet? Khidép =e¢

T

va f =y.
Doan thing x = xg vA y € [0, 2] bién thanh dwdmg tron ban kinh
ey .
~ Dudmg thdng y = yo bién thanh tia xudt phat tir gée toa dd hop
v&i true thire mot gée 1A yo (do bang radian).

Tir dé ta suy ra rang ham e* bién mia dai {—x <z < 0:0 <
y < 27} thanh hinh tron don vi véi nhdt cdt doan [0, 1} bién mia dai
{— <2 < 0;0 <y < x} thanh mba trén hinh tron don vi.

2.3. Cac ham luong giac.
Dinh nghia.

et’z _ e-—z’z

sinz = —T- (14)
eiz _,-—iz

ooz = (15)

Dinh nghia nay trung véi dinh nghia ¢ chuong 2.

Ham sinz xac dinh don tri trén C. Khi 2 = x € R thi ham
sinz = sing thong thuong trén R.

Dinh li.

1) Ham sin z 1A hiun 16

2) Hamn sin z khd vi trén C va ¢6 dao ham (sin z)’ = cos 2.

- 3) Haum sin 2 14 ham tuén hoan véi chu ki 2.



4) Céc cdng thire hrong gide co bdn vAn con dting cho cdc ham
lrong giac phirc.

Ban doc ti chitng minh nhw bai tap.

Déi v&i ham luong gidc phire, ngoai cdc tinh chit giéng nhur ham
lwrong gidgc thye. Ham sinz, cosz cdn c6 tinh chat sau hoan toin khdc
v&i ham bién thire.

Binh li. Ham sin z ¢6 modun khéng bi chin.

D€ chimg minh tinh chdt ndy, truwde hét ta xét dén cic ham
hypebolic. Puge dinh nghia béi bidu thirc sau

Z + —Z

chr=51°%_ . (16)
2 .

e? — g~*
shz = 17
shz 5 (17)

Céc ham nay lién hé véi cde ham luong gide rat chét ché.

chz = cosiz, cosz = chiz - (18)
shz = ~isinéz, sinz = —ishiz. (19)

Bay gi¥ ta sé chitng minh dinh I trén.
Ta cé

sin z = sin(z + iy)
= 8In Z CoS iy + oS z sin iy

= sinzchy + i cos zshy
Ldy modun hai vé ta duogc
| sin 2|2 = sin® zch®y + cos? wsh?y
= sin® z(sh®y + 1) + cos? zsh?y

= sin? z + sh?y(sin® z + cos? z) > sh?

Véy |sinz| > [shy|. Diéu nay chirng t3 ham sin z ¢6 modun khong
bi chéan.
V6i ham cos z ta c6 cdc tinh chdt twong tur.
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Dinh nghia.

sin 2 T
tgz = , 2 —+kn, keZ.
cos z 2
COS 2
cotgz = pemn z+ kn, ke Z.

Ham tgz va cotgz 13 cdc ham tudn hoan véi chu ki co bdn 1a 7.
Pao ham

2.4. Ham phén tuyén tinh.
Pinh nghia. Ham phin tuyén tinh 14 ham c¢6 dang

az +b
= - 2
v cz+d (20)
trong dé a, b, c,d 14 cdc hang s phitc thod man dicu kién
ad.— be # 0 . (21)

Gid thiét nay loai trir trudmg hop ham f(z) = w suy bién thanh
hang sd, vi
az+b a ad — be
cz+d ¢ clcz+d)

" Céc tinh chdt co bdn cia ham phan tuyén tinh.

Dinh 1i 1. Ham phin tuyén tinh xdc dinh dom tri trén toan mat
phing phitc mé rong vdi f(—2) = 00 va f(oo) = &.

Dinh Ii 2. Anh xa phén tuyén tinh thue hién anh xa don tri hai
chidu trén C vé&i 4nh xa nguge

= fNw)y= —— (22)
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Binh 1i 3. Anh xa phén tuyén tinh bao gide trén C.
Géc tai di€m vé cling.
binh nghia. Goc gita hai dwimg cong v;.7v2 tai diém z = =<

diecre hidu 14 gdée gifta cde dnh ¢iia 41,72 qua dnh xa g xAc dinh bdi

glz) = L. 1a~] = g(m). 5 = g(y2) tai difm 2* =0 (v&i z* = 1).
Vi mol z € C Y {—f—_‘__!}, ta ¢o
; ad — b -
(z) = ——= #0
fiz) (cz + d)?
nghia 14 f bao gide tai moi difm 2 € C\ {—4}.
Bay gidr ta xét tai didm 2z = —i—f.
Gid sit ¢ = (v1.v2),-_<2 qua dnh xa phan tuyén tinh
d . ]
T T 11— ' y2 — .
Hai duong cong 1.z qua diém w = oc theo dinh nghia goc &
v cung, ta ¢6 (', T'2)yw=0c = ('}, '3 )~ =g trong d6 w* = % 1=
g(T'y) va Ty = g(T2). Ta cd
cz +d

t* = 2
@ az +b (23)

Anh xa {23) bao gidc tai didm z = ’—%!
llgh]a ]gl .p(Im;- r;)‘r;r"‘ =0 — ‘{9(’)’1 1 ":';Q]zz— d -

F

Vay (1. 72)sm 8 = (L1 T2)umre

Li luan twrong ty cho diém z = 0.

Vay ham phan tuyén tinh bdo gisc trén C.

Dinh 1i 4. Téap hop tit cd cdc dnh xa phan tuyén tinh trén C véi
phép toan la phép todn hop anh xa tao thanh mdt nhém khong giao
hodn, \

B gia ty chitng minh nhw bai tép.

Dinh 1i 5. Anh xa phan tuyén tinh bdp ton duomg tron trong mat
phdng phire md rong.
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Chirng minh.

N&u ¢ = 0 thi d4nh xa phan tuyén tinh ¢6 dang f(2) = az + b la
ham tuvén tinli. nén ud biao toan dwdmg tron. duwdng thing (dwomg
tron tren C).

That viy, sG phite ¢ 3 0 (do dicu kién (21)) viét dwdi dang heong
gide e = |ale ™. Ditu nay chitng té phép bién doi 2 — az chinh
la urp cia mot phép vi tr taim O = O0.0) ti k = |a| v mot phép
quay gic o = arga tam Q. Phép bién ddi az —— az -+ b chinh 1A phép
tinh ticu vecto b (xem s phike nhir 1 mot vecto). Cée phép bidn A3
nay gitr nguyén dwdmg tron va dwdmng thing nén anh xa phan tuyén
tinh f{z) bao toan dudug tron, duong thing.

Néu ¢ # 0 khi d6 f(z) dwoe vidt dwdt dang

a ad — be

=) = ¢ clez+d)

vir fiz) Ia hop eda ede 4nh xa san

f
= ez d =2z
L 1
e — =2y

<1
S S
¢ ¢
fr- f3 1a ham tuyén tinh. Theo clitng minh trén ching bio toan
dudrng trou trén mat phiang plute meé rong.
Bay gier ta chi ¢can chiimg minh ham fo bio toan dudmg tron trén
C. '

Truede hét ta xét dudmg tron v ¢ phwong trinh
A + gy + 2Bz +2Cy+ D = 0.

Pira vé dang phite

rmt gon ta dwege
Azz+ Ez+ BT+ D =0. . (24)
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Goi T = fa(v) ., khi 46 phuong trinh cda I' ¢6 duge bang cich
thay z = — vao phuong trinh (24) va ta ¢6

Dwit + Ew+ Ew+ A= 0. (25)

Diéu nay ching t3 I' 1a mdt duong tron.

Vay dnh xa f = fz o fy o fi bdo toan dudng tron trong C.

Dinh 1i 6. Anh xa phan tuyén tinh bdo tban cip difm ddi xing
d6i véi duemg tron C. ’

L&y hai diém z va z d6i xtrng nhau qua truc thwe. Mot d4nh xa
phén tuyén tinh v&i hé 86 thire bién truc thiye thanh chinh né va cac
diém z,z thanh cdc di€m d8i xding nhau qua truc thuc.

Téng quat hon, néu mdt dnh xa phan tuyén tinh f; bién truc
thue thanh duwdng tron {C), ching ta néi ring cap diém w = fi(z) va
w* = f1{Z) 1a cap difm ddi xing déi véi (C). Day 13 méi lién hé gitra
w,w” va (C) ma khong phu thude vao fi . That vay, néu fo 14 mét 4nh
xa phan tuyén tinh khdc bién truc thye thanh (C) thi 4nh xa f; ' o fi
la 4nh xa phan tuyén tinh cé hé sd thue. Nhu vaf.ly, flw=(fy'ofi)z
va fo 'w* = (f; ' o f1)Z 1 céc s3 phite lien hop. Mot céch tong quat
tinh d6i xitng dwge dinh nghia,-nhu' sau:

BDinh nghia. Hai di€m z vi z* duoc goi la dSi xirng nhau qua
dwdmng tron (C) néu ching thod man hai diéu kién sau day:

i) z,z* cling nam trén mot tia xudt phat tir tm du'(‘)"ng tron;

ii} Tich khodng cach tir hai di€ém nay dén tim dwdmg tron bang
binh phrong ban kinh cia dudng tron dé.

Nghia 13 néu dudng tron (C) ¢é tAm 13 difm zp va bdn kinh 13 R
thi

arg(z — z9) = arg(z* — z9) vd |z — zol.|2" — 20| = R%

Hai he thire trén twong dwong véi hé thikc sau

2
z*=_R‘ + 2g (26)

Z— 2

Trong hinh hoc so cip ngwdi ta da xdc 1ap tinh chat sau diy dac
trung cho cidc di€m déi xung:
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Dé cip diém z, z* d8i xitng nhau qua dudng tron (C) can va dd
la moi dudmg tron v qua z, 2* déu trye giao véi duong tron (C).

That vay, gid st z va 2* d8i xitng qua (C) va ~ 1a dudng tron
bdt ki qua z va z*. Khi d6 theo dinh li da biét trong hinh hoc so cip:
“Binh phuong d6 dai cia tiép tuyén véi 4 tir 20 bang tich cia |z — zp]
vGi |2* — zg|(xem hinh v&); nghia 14 [z — z¢|.|2* — 20| = R% = T — z|*.

Vay 20T 1a tiép tuyén cda v. Suy ra zoT vudng goc véi IT, nghia
la v true giao véi (C). _ '

" Nguoce lai. néu duong tron v bit ki di qua z vi 2*, true giao vai
(C) (& day xem dwimg thing zz* 1& mot dudng tron trong C qua z
va z*) thi hai difm z va z* cing nim trén mot tia qua difm 2* va
|2 — zol.|z* — 20|l = |T — 20]* = R?%. Vay z va z* déi xirng qua {C).

Hinh 5

Bay gi¢r ta chirng minh tinh chit bdo toan cac diém d&i xing cia
anh xa phan tuyén tinh.

Cho z,2* d&i ximg qua (C). Goi €' = f(C), w = f(2), w* =
f(2*). Ta s& chitng minh w, w* d48i xting qua C".

Xét dudng tron T bat ki quaw, w*. Vi f 1a ham phén tuyén tinh
nén f~! cling 1a ham phan tuyén tinh, do dé v = f~1(T) 1& dudmg
tron qua z, z*. Theo tinh chdt trén v L (C).

VayI' L C". : r
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Phép ddng ciu, phép tir didng cdu phan tuyén tinh.

Trong dinh nghia. ham phan tuyén tinh phu thuéc bén tham sd
phitc. Ta luén ludn ¢é thé gid thidt mét tham s6 khde 0 va cho né bang
1. Nhwr vay, hAm phan tuyén tinh chi eon phy thude vao 3 tham s&
phite. Tir nhan xét trén dan dén két qud sau:

Dinh H. Tén tai mot va chi mot dnh xa phan tuyén tinh f bién ba
diem 27.22, 23 € C phan biét wy, wa, w3 € C sao cho flzk) = wy, k=
1.2.3.

Chirng minh. _
a)Sw ton tai. Xét dnh xa phan tuyén tinh xdc dinh nhu sau

Li: 2 —0; vd Ly:w — 0;
29— OC; wy — 0%
z3 — L. wy — 1.
Nhu vay

20— 21 23— 21
Ll(z) = _ .
- Z2— 23 Z3 — 29

va
Wy — W W3 —un

Lo(w) = T —

bat f=L;' o L;. D6 la dnh xa can tim.

b)Su duy nhdt. Gid st ¢ ham phan tuyén tinh g sao cho g(zx) =
wy, k=1.2,3. .

Xét ham h = Lyogo LT!. RS rang A 1a ham phéan tuyén tinh. Véi
h(0) = 0, h{o0) = oo, (1) = 1. Suy ra h(z) = z hay h = id (ham dong
nhat). Vay g = [.

Dinh nghia. Anh xa phéan tuyén tinh bién mién D thanh mién
D* dirgre goi la phép ding cdu phan tuyén tinh.

Néu mién D" = D thitagoi la phép tir ddng cdu phan tuyén tinh.

Vi du 1. (Phép ding cdu phan tu.yén tinh). Tim dnh xa phan
tuyén tinh bién mién D = {z € € | Imz > 0} thanh mién D* = {w €
C||lwl <1}
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Lay 2o € D. ta tim dnh xa f sao cho f(z) = 0 € D*. Vi z, ddi
xi’rng qua truc thuc nén dnh cda né qua f phai déi xing véi dudmg
tron {|w| = 1}, nghia la f(z) = oc. :

Suy ra f(z) = AL,

Ldy z = x ndm trén tryuc thuc, khi dé dnh cda né phdi thod man
dieu kién |w| = 1.

Z— 2

0
: — £
Vay A = e'. Do d6 dnh xa cin tim 1 f(z) = e"0 =22,

Vi du 2. (Phép ty ddng cdu phan tuyén tinh). Tim dnh xa phin
tuyén tinh bién mién D = {|z| < 1} thanh mién D* = {|w| < 1}.

- L&y di€m 29 € D, tim ham phan tuyén tinh f sao cho f{z0) =0 €
D*. Vi & d8i xtmg v&i 2p qua dudmg tron {|z| = 1} nén fld) =
(d6i xirng v&i 0 qua dwomg tron {|w] = 1}). Suy ra

' z— 2 z = 2

f(z):Azl 1 :4411_202-

&y
L&y z sao cho |z| = 1. Khi d6 dnh cia né sé ndm trén dirdrng tron

{lw| = 1}, nghia 13

z— 2 e — 20
vl = |A =1=A-—-——A
fwl =141 "l Ay = 14l
Suy ra A) = e*¥.
Vay 4anh xa can tim la
zZ— Zy

_ e T
f(z) ¢ 1—2[]2 i

2.5. Ham Jucopski
Dinh nghia. Ngudi ta goi ham hiru ti

w = (z+-21?) (27)

B[ e

}a ham Jucopski.
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Cac tinh chét.
1) Ham Jucdpski xac dinh don tri trén C\ {0}. Ta dat f(0) = oc.
2) Ham Jucopski khd vi trén C \ {0} va dao ham cda né 1a

7= 50- )

Suy ra f bdo gidc trén mién C\ {0,1, —1}.
Bay gidr ta xét tai di€ém z = 0, khi d6 dnh xa cia nd & w = .
Do dé theo dinh nghia géc & vO cung ta xét dnh xa

. 1 2z
S il s
Vi dao ham cmia ham hop (go f) (2) = QW »=0 7 0, nén f bdo gidc
tal z = 0.
Tuong ty. tai difm z = oo, ta xét f(%) tai z = 0 nhung vi f(%) =
" f(2) nén f bdo gidc tai z = oco.
Tai céc difm z = £1, ta viét ham (27) duéi dang

w—1 z—1

w41 =(z+1

2.

Nhir vy dnh xa Jucopski 1a hop cda cdc dnh xa

z—1 2 f 14+w w
=1 . —_ = W; ) — ———— = Y.
z+1 A K 2 l —w

fizz—

Cdc ham f1, f2 14 4nh xa phan tuyén tinh nén ching bdo gidc trén
C. Vi ham g khéng bdo gisc tai difm 5 = 0 (twong tng véi z = 1) va
tai difm 1 = co (twong ng véi z = —1). Do d6é ham Jucdpski khong
bdo gidc tai cdc difm z = +1. ' '

Mién don diép.

Digu kién d€ mién D nao dé don diép 1A né khong chira nhirng
cap diém 23 vA 23 thod man dieu kién z;.23 = 1.

~ Thét vay, gid st f(z1) = f(22). Khi d6 ta c6:

1 1 1
214+ — =204 — = (2 — 22)(1 —
Z1 22 Z122

) =0,
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do d6 néu ldy z; # 23 thi z;.29 = 1.
Vi dy mién don diép

D= {z-e C 2] < 1}.

BAI TAP CHUONG 3

1. Xdc dinh cdc hing sd a, b, ¢ sao cho céc ham s8 sau:

a} f(z) =z + ay + i(bx + cy),

b) f(z) = cosz(chy + ashy) + i sin z(chy + bshy),
12 ham gidi tich trong toan mat phang phite.

2. Tim mién D trong d6 ham s6 f(z) = |22 — ¥?| + 2i|zy| la ham
gidi tich.

3. Gid stk 2 = re™ va f(2) = u(r, @) + iv(r, ¢). Viét phrong trinh
Cauchy-Riemann trong toa d(_) cre. '

4. Cho ham sé xdc dinh nhu sau:

0 . néu z=0.

Chirng minh réng:

a) f(z) lién tuc tai 2 = 0.

b) f(z) thod man diéu kién Cauchy-Riemann tai z = 0, nhung
khong khd vi tai diém do.

5. Chirng minh ring ham $6 f(z) = \/ﬁ thod man diéu kién
Cauchy-Riemann tai z = 0, nhung khong ¢ dao ham tai di€m d6.

6. Ching minh ring ham s3 f(z) = zRez khd vi tai difm z = 0,
nhung khéng gidi tich tai di€m d6. Tinh dao ham tai didm 2z = 0.

7. Tim anh cda ho duimg cong sau day:

a) Ho dudng tron z? + y? = az.

b) Ho dudmg tron 2?2 + 4% = by.

¢) Chiim dudng thing song song y =z + b.

d) Chim dudng thing di qua diém z = 2,
qua énh xg w = 1.

8. Tim dnh cda cdc mién sau
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a) Géc phin tu thit hai qua dnh xa w = £

b) Nita hinh tron {z € C| |z] < 1,Rez > 0} qua énh xa w = et
¢) Vanh tron {z € C} 1 < |2| < 3} qua dnh xa w = %5.
9. Tim cAc dnh xa phan tuyén tinh thod didu kién sau:

a) Diém 1 vi i bit déng, diém 0 bién thanh diém -1.

b) Diém -1, 0. 1 1an lwgt bién thanh cdc diém 1, 4, -1.

¢} Céc difm -1, 4,1 + ¢ bién thanh cdc difm i, 00,1 tuwong Gng.
10. Tim dnh xa phan tuyén tinh bién dudng tron don vi thanh

. n - - - ~ . A7 -
5.2 = 2 la di€m bit déng va diém z = % 4¢3

chink né, hai diém z =
bién thanh di€ém vé clng. :

11: Tim dang tong quat cda dnh xa phan tuyén tlnh bién

a) Nita mat phing trén thanh chinh né,

b) Ntta mét phdng trén thanh nia mét phdng trai.

12.Tim 4nh xa phan tuyén tinh bién dwong tron {zeC||z| =2}
thanh dudng tron {w € C| |w + 1| = 1} vA cdc di€m -2, 0 bién thanh
0.1 twong \ng. ' | |

13. Tim 4nh xa phén tuyén tinh bién nita mat phang trén {z €
C| Imz > 0} thanh hinh tron don vi {w € C| |w| < 1} sao cho:

a) w(i) = 0,argw’(i) = — 3.

b) wla + ib) = 0, argw’(a + ib) = 0, trong d6 b > 0.

14. Tim anh xa phén tuyén tinh blen hinh tron don vi thanh chinh
nd sao cho:

) w(i) = 0,argw'(%) = Z.

b) w(a) = a,argw’(a) = o trong dé a 1 mot s6 thue,

15. Tim 4nh xa bdo gidc bién mién D thanh mién D*

a) D = {|z - 2| < 1}, D*—{Iw—22|<2} sao cho w(2) = ¢ va
argw’(2) = ().

b) D= {|z] < 1,|z—i| < 1},D* = {Imw > 0}.

¢) D= {|z] <1,]z - | > 1}, D* = {Imw > 0}.

d) D = {|z| < 1,Imz > 0},D* = {Imw > 0} sao cho w(—1) =
0. w(0) =1,w(l) = .

16. Tim dnh xa phan tuyén tinh bién mién D = {|z - 3| > 9,]z —
8] < 16}, thanh mitn D* = {w € C| p < |w| < 1}. Hiy xéc dinh p.
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Chuong 4
LI THUYET TICH PHAN

§1. TICH PHAN CUA HAM SO BIEN SG PHUC

1.1 Dinh nghia va céc tinh chit co ban.

Dinh nghia. Cho v [a dwomg cong Jordan, tron tirug khide véi
hai das mit a,b. Trén 4 cho ham s8 f(z). Chia v thinh n phin bdi
cac ditm chia ¢ = zy. 29, vernZny1 = b {cac di€m chia dwrge cho theo
chiéu tang cia tham s6). trén mdi cung 2p2p4q 18y di€m ¢ bat ki
(k=12 ..n+1).

Lap tong:

T

Sn=> Fll)ers1 — 2) (1)
k=1 '
'S, goi 1A téng tich phan.

Néu gidi han cda tong tich phan trén ton tai khi d = 1@E£L|zk+l —
2| dan vé 0, khong phu thuée vio cich chia dwomg (_:ong__; '; va cich
chow (. thy gidi han dé du’i_yc goi la tich phan cda ham f(z) doc theo
dwong cong ~. Ki hidu: '

/f(z)cf_z = {E{i_lf(l)‘glf(qk)(zk—rl — 2k) (2)

St tém tai ctia tich phan trén tuong durong véi s ton tai cia tich phan
cida hai hat s bidn sé thue.

That vay, dat:.
fz) =ulz,y) + vz, y); 2 = 2 + iyns
Az = 2541 — 2k = Axp + iAyy;

Gk =&k + i up = € M) e = v(Ep i),
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Khi d6 (1) ¢6 thé viét dudi dang:

Sy = Z(uk + i )(Azg + iAY)

k=1 :

i)

Sp= > (uelAzr — vkly) +1 Y (ueDyx + veAzy) (3)
k=1

k=1
vé phdi cila (3) 14 tong tich phan cia cic tich phan dudng loai hai
twong ang. Suw ton tai éirr%]Sn, kéo theo sur ton tai eda céc tSn_g tich
phan & vé phdi va ta cé:
/f(z)dz = fud:r —vdy + i/udy+ud:r. {4)
R y ¥
Bay gi& iéu ta xem dwdmg cong v cho dwéi dang tham s, thi ham

f(2) duge bi€u dién duwédi dang ham sd phite ctla bién s3 thye

w(t) = f(2(t)) = () + (1) (5)

vt diéu kién thich hop cida ham f, ta cé:

3 3 a
/w(t)dt = f¢(t)dt_+z‘fw(t)dt. (6)
hodc
3 R _
[ ez = [ 1) tar. (7)

trong dé 2(t) = v(t) véi v(a) =a va fy(ﬂ) =b.
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1.2 Vi du.
1} Tinh tich phén sau [ Zdz.trong d6 v la doan thing néi z = 0
¥ _ :
vh 2z = 2 +1. Ap dung cbng thirc {4) ta co

fEdz = /(a:da: + ydy) + 1 /(:rdy — ydz)
¥ "T Y
Phuong trinh cda vy 1a y = £, 2 € [0,2]. Suy ra

2 2
dr =« 5 5
/zdz—/ (:rd:B+ )+z/0 (x?—adm)_——‘ij{; :Bd:l?——§

Y

2) Tinh tich phan sau f v6i 7y 14 dudng tron tam a bén kinh

—-—a

r. Phuong trmh tham sé cﬁa v la
=7(t) = a+re, t € 0,27

Ap dung cong thirc {7), ta cb

dz 2 ipeit )
= — = 27,
z—a o rettdt

Y

1.3 Céc tinh chit co bdn.

1) Gid sit y* 1& dwdng cong v v6i huéng dwong cho trude (thuomg
ngudi ta cho theo chiéu tang cda tham s6) con 4~ la v véi hudng ngirge

lai. Khi d6 |
/ F(2)dz = — f f(2)dz

2) Néu f va g 1 céc ham s6 lién tuc trén dlromg cong y va a,b 13
céc hang sé phire thi

/(af(z) + bg(z))dz = a/f(z)dz + b/g(z)dz (8) .
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3) Gid st v1. 2 13 hai dudrmg cong Jordan tron, sao cho v (t) xac
dinh trén [ag. Sk], (k = 1,2) vd 81 = ap. Khi dé véi vy = v Us, ta ¢b:

/f(z)dzz/f(z)dz+ff(z)dz

4) Déi v&i ham f bat ki, lién tuc trén v tron, ta luén luon cé

|ff(z de] </|f )ldz|

trong d6 |dz| = y/dx? + dy? 1a vi phan Cung

§2. TICH PHAN CAUCHY

2.1. B3 dé Goursat.

Néu w.= f(z) 1a ham lién tuc trén mién don lién D va ~ 1a duomng
cong Jordan, tromn, kin chia trong D thl v moi € > 0 cho trirdc, ton
tai da gide P < D, ¢6 céc dinh ndm trén ~ sao cho

I!f(z)dz —(l flz)dz| <&

trong d6 P 1a bién cda da gidc P.

Chirng minh. Goi D, la mién sao cho v € Dy € D va [ 1a do
dai cung cda 4. Do f lién tuc trén Dy nén f lién tuc dBu trén Dy,
nghia la:- véi moi € > 0, ton tai 6 > 0 sao cho véi moi 2.2 € Dy ma
21 — 22| < § kéo theo | f{z1) — flz)l < §

Chia dudmng cong v thanh n cung nhd v (k = 1,2,...,n) bdi céc
diém chia 21, 2, ..., 2n 580 cho d(yz) < (51 < §, trong d6 d( 'yk) la duomng
kinh cia 7. nghia [a

d{w) = maz |z - 7';
2,2 CvR
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4, 14 86 duge chon sao cho P C D (P la da gide vdi cdc dinh la
21,22,...,2n ). Khi dé ta cé:

=
-

| f f(z)dz—zfzkmzkk f £(2) = el < 5

Tirong ty

| /f(z)dz =S fe)Azd < %
P k=1

‘[f(z)dz —ai f(z)dz‘ < €,

2.2. BPinh li Cauchy.

Nhu chiing ta da biét, tich phan dwong loai hai

/P(mgy)ds: + Qz, y)dy (9)

~

néi chung phuy thude vao dang dudng cong v ndi hai difm (zy,y9) va
(z1,y1). Tuy nhién khi cho P(z,y) va Q{z.y) thém mot s6 dicu kién
nao dé thi (9) chi phu thude vao (xg,yo) va (x1,v1) ma khong phu
thude vao dang aia duong cong . ' _
Biéu kién d6 Ja: cdc ham P, Q phdi ¢d cic dao ham riéng cdp mot
lién tyc va cac dao ham dé phdi thod man hé thire: '
8P  0Q
— = —, v&imoi (z,y) € DC RZ
5y = Bz i (2, y)
Bay gitr d6i vdi ham 86 bién s0 phire, ta xét xem v&i digu kién
ndo cia ham f(z) thi ff(z)dz khéng phu thude vao dang cia duong

cong, ma chi phu thuo( vao diem dau va difm cudi cda duong cong.
Noi dung cia dinh If Cauchy sé trd 1o ciu hdi nay.
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Dinh 1i Cauchy. Gid sit ham f(z) gidi tich trong mién don lién,
hiru han D. Khi d6 véi moi dirdmg cong Jordan, tron (hoac tron tirng
khtce), kin + chira trong D, ta co:

N W/f(z)dzzo..

Chirmg minh. Gia sif v 1a bién cda tam gide A, ta chirng minh:

/f(z)dz :.U'

Dat
M= ]_/ f(2)dz].

¥

Chia tam gidc A thanh 4 tam gidc bing nhau, ta cé:

4
M= [/f(z)dz| gZ\ff(z)dz|
¥ k=1

trong dé v, 1a bién cda cdc tam gide mai.
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Tir bat dang thirc trén, suy ra ton tai mc}t tam gidc ma ta ki hiéu
A sao cho
| f f(2)dz| > —
V(fl'] " = C’}A]

Tiép tuc qua trinh nhu trén ta dirge mot day cdce tam gide{A,}
~sa0 cho .
ADAID..DA,D ..

véi chu vi bang dd dai cung cida ~ chia cho 2. Goi s6 dé 14 :,i,l va

\ff(z >4

Theo dinh li day hinh cdu déng léng vao nhau véi duong kinh din vé
0, ta co:

[ An = {20}-

Vi ham f(z) giai tich tai 20 € D nén véi moi £ > 0. ton tai 6 > 0
sao cho véi moi z € D ma |z — zg| < § kéo theo

|Lﬁi@ ()] < e
20 .
 Hay
f(z) ~ f(20) — f'(20)(z — 20) = (2 — z0)x(2),
trong dé zl_i_{lg a(z) =0. 3
Hon nvfrati

ff )dz T/f 2)dz + (20 f (z0) — f(20)) /dz—f(zg)/zdz

'Yn

ff 2)dz —f(zg)fdz—f (zo)/ z — zg)dz.

(V1 tich phan cia ham g1(2) = 1 v go(z) = z trén v, déu bang khong.)
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/

Mat khac, véi n dii 1dm ta ludén ludn cé:
Khi d6:

if—i < 1/f(z}dz\ = i—/a(z)(z_— 20)dz| < / la(2)]]2 — 20]ld2| <

Tn

£l?
‘4_71'_.

Tir bat ddng thirc trén ta suy ra M = 0.

Vay
' /f(z)dz =0.
¥

Néu ~ 14 bién cida mot da gide P. thi ta chia da gidc d6 thanh céc
hinh tam gidc va do tinh dinh huéng cda cdc bién cia cdc tam gidc, ta

suy ra: : .
[f(z)dz = ;Jf(z)dz =0

trong do v 14 bién cda tam giac.
Néu v la dudng cong kin bat ki. thi diing b& d& Goursat, ta duoe:

[ stel = [ stan - [ sz <
¥ ¥ aprP
Vay |

/f(z)dz = 0.
. 8!

2.3. Dinh 1i Cauchy md& réng trén bién.

Néu f(z) 1a haun gidi tich trén mién don lién, hivu han D va lién
tuc trén bién cda mién D, thi | f{z)}dz = 0.
aD

Chirng minh. Khoéng méit tinh téng quat ta gid sit mién D ¢6
tinh ch&t: Ton tai difm zg € D sao cho moi tia xudt phdt tir di€m zg
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¢hi ¢at bién aia D tai mot diém. Va ta cd thé gid st zg = 0. Khi dé
0D ¢é phuong trinh:
z = z(t) = r(t)e’. t € [0.27]

Gol v, la duong cong ¢ phirong trinh: ¢ = Az(t), A € (0,1).
Theo dinh I Cauchy, ta ¢6: | f(¢}d( = 0.

ff(/\z)d/\z = A / flrz)dz =0
#D . ep

Suy ra

hay
| [ faz = [ts2) - rirane.
4D oD
V1 f(2) lién tue trén D = D U JD nén nd lién tuc déu trén dé,
nghia la: v moi € > 0, ton tai & > 0 sao.cho véi moi 2. ¢ € D'ma

2=Cl<d tacs [f2) = FQOI <3,
Suy ra
| [ szl < [ 15 - ssliaz] <
15, aD o
(Chon A sao cho A > 1 — ?;,*r = mazx r(t))
te[0.2n)
Vay .
/f(z)dz =10
an
D

Hinh 7
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2.4. Dinh 1i Cauchy cho mién da lién. |
Gid st f(2) gidi tich trén mién D hiru han, da lién véi bién la
Y = YUmU..Uys va f(2) litn tuc trén D = yUD. Khido [ f(z)dz = 0.

Chitng minh. Dé don gidn ma khong mat tinh tong quat, ta dua
vé trudmg hop mién nhij lién véi bién A v =y U™

Hinh 8

NGi yo v&i v1 bdi doan 1. Khi d6 trén mién D* = D\l ham f(z)
thod méan diéu kién cia dinh lf Cauchy suy réng trén bién, nén:

/ f(2)dz =0, trongdé OD* =y Ult U~ UL
aD- -

Suy ra

/f(z)dz+_/f(2)dz+/f(z)dé+/f(z)dz = ()
0 i+ 3 i-

Vay
f f(2)dz = / f(z)dz = 0.

Yol
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2.5. Céng thirc tich phan Cauchy.

Dinh li. Gid sit f(z) gidi tich trong mién hiru han don lién D va
z0 € D, con v la dudrng cong Jordan, tron, kin bt ki bao quanh 2y va
nam trong D. Khi d6 ta ¢é cong thitc tich phan Cauchy

'Hom nita, néu F(2) lién tuc trén bién cda D thi vdi moi z € D; ta
06: L[ 10,
flz) = | -

Chirng minh. Gei D, 14 mién giéi han bdi duwong cong v. Theo
gid thiét zo € D,. Chonr > 0 khéd bé sao cho B, = {|z—z)| < r} C D,.
Goi D* 1a mieén giéi han bdi v va C la duong tron tam 29 ban kinh r.

Hinh 9

Theo dinh li Cauchy, ta c():
B RCE P

2
{9 S
Hay :
/f(C Zo) /f(C f(zo  (10)
— 20 — Zp
ff(() - iézo)dq < f Iﬂ%gf"_)udq_ (11)
C
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Do ham f gidi tich tal zg, nén:

F(¢) — f(z0)
§—zy

bi chan trong lan cdn cida .zo, nghia la: |ﬂ%:—‘:5(~z—“-lh < M, voior dd
bé. Tir (11} suy ra:

(z0)

£¢) = Fz0) .
‘._/ e e

vi r bé tuy ¥ va do (10), nén:

]/f dd—{]

f(Zo
/ - f e
Mat khac ta ¢o:

Slz0)
¢ — 2o

hay

d¢ = fg 20) i = S0

2w ¢ — zo
Ménh dé thit hai dwoe suy ra tir ménh dé thir nhit bang céch 4p
dung dinh li Cauchy mé réng cho bién.
Chu y.
1} Néu v khdng bao quanh zg thi f(C —d( = 0.

2) Cdng thire tich phan Ca,uchy van ding cho mién da lién. hiru
han.
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§3. TICH PHAN LOAI CAUCHY

Tich phan loai Cauchy néi 1én rang gis tri tai mot di€m 2o € D
cda ham gidi tich phu thude vao gia tri trén bién. Tuy nhién ham f(z)
khong doi hdi gidi tich trén bién ma chi can lién tuc ma thoi. Vi vay
van dé ti nhién dugce dat ra la phai nghién ctru tinh chdt ciia ham xéc
dinh bédi hé thire sau:

1 [ o) |
F(z)= — { —~d 12
() =55 | £o5% (12)
l
trong dé 1 la dwdmg cong Jordan. tron (hoac trom tirng khie).p 1a ham
lién tuc trén {. Ham F(z} xdc dinh bdi (12) goi la tich phan loai Cauchy.
Tich phan loai Cauchy c¢é tinh chit sau:

3.1.Dinh li. Néu p(¢) lién tuc trén dudng cong Jordan. tron I thi
~ tich phéan loai Cauchy 13 mot ham gidi tich trén C\l v& ¢6 dao ham

F{z) = 1 Lodc. (13)

2mi ) (¢ —2)°
Hon nira F(z) ¢6 dao ham moi cdp va
! 2(¢) -
FiM(zy = = / LALYANS 14
. (2) 2?1__2‘ ! ((: _ z)n+1 k) | ( }
Dé ching minh dinh 1i trén ta dung bo dé sau:

Bo de. Gidst(=¢(+inc€lvaz=a+iy € DcC O\l Giasd
néu véi moi ¢ € [ ham (¢, 2) gidi tich trén D; U((,2) va 'f;f (C.z) lién
tuc trén ! x D, thi

Fe) = [vead (15)
!
12 ham giai tich trén D va cé dao ham la

|
P = [ T (16)

{
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Chitng minh. Dat
¥(¢. 2z) = u(€, n, . 9) + (€ 7.2, )

Fiz) =Ulz.y) + iV{z,y)

Theo dinh nghia tich phan, tir (15) ta cé:

Ulz.y) = /ud!;' — vdn (17)
l
Viey) = /vd£+udn (18)
Theo gia, thiét ‘”’ lién tuc, suy ra ¢ 9w v v )ia, tue theo cde

Ar By dx" Jy
bién €., . y.

Vi vily d6i véi cde cong thie (17) va (18) ta ¢6 thé 1dy vi phan
theo x va y dudi ddu tich phan. Ta cé:
aUu Ou dv | - v Ou av
o= | —df - —dp= | —df+ —dnp=—
o = ) o™ T wm ™= ) 5%t 5,9 5,

ou 3} 6 (3V

Vay F(z) gml tich trén D. Hon nira F"(::_) = QU 4 oV

Hx o

R R

du o
/(d:r +3—) d€ + idn) —]Ea—z(g‘ 2)d

Ba dé dwrge chimg minh.,
Bay gitr ta chuyén sang chimg minh dinh 1.

Dat
IV
V(€ 2) = E%a%)%l k€ NNYCelVze D C C\L
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. " ~ e .- - -~ LV - -
Ham ¥ thoa man diéun kién cia bo dé, nén ta ¢o:

P = oo [ G = o [

2m Jfy Oz 2w f, z

1 oV,
Zm Jz.

_onl v(C
T 9 /i(g — il «

Hé& qud. Néu f(z) gidi tich trén mién don lién D ¢6 bién 1a v, thi

P (z) (€, 2)d¢

- - . . o~ n 0y : 2 . -1 P}
nd cé dao ham moi ¢ap va dao ham cda né cho bdi bidu thire

{7} R‘ i f(C)
S T 2w [, (- 2y dc.

3.2. Nguyén ham cia ham s6 bién s8 phirc.
Tir dinh i Cauchy ta ¢6 hé qud sau:
Hé qud. Néu f(z) gicii tich trong mién don lién D va 25,z € D,

thi tich phan ®(zg,2) = j F(€)d¢, chi phu thude vao zg v z ma khong

phu thude vao dang cda du'o’ng cong néi chiing vd nam trong D. Khi

¢ dinh zp thi F(z) = J f(€)d¢ 1a ham cda bién s6 z. Hon niva F(z)

2

cing la ham gidi tich. Diéu nay duge chitng minh trong dinh If sau:
Binh li. Gid sit f(z) lién tuc trén mién don lién D vi véi mot
du‘o’ng cong Jordan, tron. kin 4 cha trong D, ta déu cé j flz)dz = 0.
Khi d6 véi 29 € D ¢6 dinh, ham F(z) = f f(O)d¢ 1a ham gidi tich trén
D va F'(z) = f(z).
Chimg minh Theo gid thiét [ f(z)dz =0, ¥y C D.

Suy ra F{z) = jzn F1O)d(, xdc dinh mét ham trén D. Véi moi
z € D, ta xét:

20

Fz+Az)— F(z) 1 [7&
e v (T
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Mt khdc == f;""ﬁz d¢ = 1.
Suy ra: '

' z+Az
el =gz [ 010 - s

F(z+Az)— F(z)
| Az

FRSLY- o
sﬁQ/ £ = F(2)l1dc] (19)

Do f lién tuc trén D nén Ve > 0,346 > 0 sao cho 1 F(Q) — f(2)] < ¢ vai
moi ¢ € Dmal|¢ — z| <4
Chon Az sao cho |Az| < § tir (19) ta co:

Filz+4+ Azy— F(z 1 24+4Az
l S Ai~ ()_f(z)!<|_A—z—[/ eld¢| = e.
~ Vay
F Azy—F
i X ENZFE )
Hay
F(2) = £(2)

binh nghia. Ham F(z) dwoc goi 1a nguyén ham cda ham f(z)
trén D néu F'(z) = f(z) véi moi z € D. Néu F(z) 14 mét nguyén ham
cia f(z) thi

f”ﬂo«:fvn—Fun

Day la cong thitc Newton-Leibniz.

Vi dy. Tinh tich phan sau: f;" %.

Ham duwdi ddu tich phan gidi tich tai moi diém z # 0, vi vay tich
phan ndy ¢6 nghia véi moi z # 0 va khi dudmg 14y tich phan khéng
di qua diém z = 0. Néu dudmg ldy tich phan khéng bao quanh diém
z = (), nghia 14 —7 < argz < 7, thi hAm F(2) 14 ham don tri gidi tich
va ta co: [nz =, lz %5, —7 < argz < . Trong trudmg hop z =z > 0,
ta ¢ Ine = flx %“. Né&u dwdmng lay tich phan bao quanh difm z = 0,
thi ta nhan duge F(z) 1a ham da tri Lnz = [ %,

86



3.3. Dinh 1i ddo cda dinh li Cauchy (dinh Ii Morera}.

Néu ham f(z) lién tuc trong mién dom lién D va tich phan j_? flz)dz
doc theo moi durong cong Jordan, trom, kin chiva trong D déu bing 0
thi ham f{z) gidi tich trong D.

Chimg minh. Dat |
Flz)= / F(QYdE véi 2,2 € D.

Theo dink li trén, ham F(z) gidi tich trén D va F'{(z) = f(z)

Tir hé qud cia tich phan loai Cauchy, suy ra’ f(z) la ham gidi tich
trén D. -

3.4. Ham disu hoa.

Dinh nghia. Ham s6 thye u(z.y); xdc dinh trén mién D va cé
dao ham riéng cdp hai lién tyuc, thod man diéu kién

Pu  OPu
522 + ‘8—3}'5 =0 _ (20)

goi 1a ham diéu hoa.
Phuong trinh dao ham riéng (20) goi 1a phuwong trinh Laplace.
Todn tit vi phan '
. 32 82

=@+5? (21)

A
goi la todn tit Laplace.
Trirée ddy, theo hé qud cia tich phan loai Cauchy ta da ching
minh duwoc rang: néu ham w = f(z) gidi tich trén D th tai moi 2 € D,
ham s8 f(z) ¢6 dao ham moi cdp.- Tir d6 suy ra cdic dao ham riéng
Ju Ju Ov Qv
Oz’ Oy’ Oz’ By’

lién tuc va
Ju v du Ov
! = — — = —§—— —_—
fiz) = ox +'“ax sz + dy

cung ¢d dao ham lién tuc.
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Hon nira, vi f(z) gidi tich trén D, nén ta cé:

Gu Qv Ju Ov

oz 8y’ By oz (22)
Vay )
8y 8% :
Ay = 322 + %2‘ =0 (23)
va P P
v v ,
Av = 322 + @‘2‘ = {23")

H¢ thire (23) chirng td phan thue va phin do cda ham sé gidi tich 13
cdc ham diéu hod.

Hai ham diéu hod u,v thod min hé thire (22) dwoc goi 1a ham lién
hop diéu hoa.

Vi vdy ta c6 thé xac dinh dwge ham s6 phire w = f(2) gidi tich
trén mién D, khi biét phén thuc (hay phén do) cida né 13 ham didu
hoa. Chéng han, khi biét ham phin thuc u(:z: y). ta ¢ thé xdc dinh
ham f(z) nhu sau:

. %, Ou 3u
fe) = ey +i [ (~Gide+ Sy +C.

§4. MOT $O DINH LI QUAN TRONG VE HAM GIAI TICH

4.1. Dinh If gi4 tri trung binh.

Gid sit f(z) gidi tich trong mien D va hinh tron By = {z €
C | [z ~ 20} £ R} € D. Khi d6 gié tri f(20) bing trung binh cong cac
gia tri cda né trén duomg tron Cr = {2z € C | |z — 2|}, nghia la:

27
$eo) = 3= [ o+ Reyo = oo [ri0as ()
o - ' Cr .

trong d6 ds 1a vi phan cung.
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Chirng minh. Theo céng thirc tich phan Cauchy, ta cé:

_ 1 f©)
f(z0) = ﬁ/ﬂdg
Cr

vi ( € Cg, nén ta cé thé viét:
¢ =z + Re'?, ¢ € [0,27]

"

do d6 d¢ = iRe*¥ dyp.
Thé vao (2) ta duoc:

27 .
. L[ Q) L [ f(z0+Re®) .
= — — 4 = ——— i R¥™d
Tz0) = 5 / ¢ - 2% = omi Rew
Cr -0
1 ar
- i
3= [ f0+ R\,
0
Hon nira ds = Rdp, nén:

1
flzo) = ;= [ f(Q)ds.
.2ﬂ.RC/R.

4.2. Nguyén lf modun cyc dai.

(2)

Gid st f(z) gidi tich trén mién D va lién tuc trén D. Néu f(z) #

const thi | f(z)| dat cuye dai trén bién cda D.

Chirng minh. Ham g(z) = | f(2)| lién tuc trén D nén né dat cuc

dai trén D, nghia 1a 325 € D, sao cho | f(20)| = maz|f(2)|-
: zeED
bat M = |f(20)}. (xem hinh trang 90)

Gid st zp € D. Khi dé ton tai hinh cdu md Br(20) ¢ tdm zg va
ban kinh r, sao cho: B, = B, UC. € D. Tir dinh i vé gid tri trung

binh. ta cd:
] 27
o) = 5= [ Hao+ re)d.
0
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Hinh 10

Hay ,
1) < 5 [ 1tz + 7). (3)
2 /
Vi
|z}l f(z)], Vzeli,
nen

27 2w
0< [{f(20)l = [f(2))d < 27| f(20)] = [ |f(2)|dep. (4)
o /

2n .
0 |fte0)l = = [ 170 +reldp. )
Q

Tir {3), (4), (5) suy ra:
|f(2)] = |f(z0)| = M, VzeC,.
Lap ludn tuong tu cho cdc di€m ndm trén C,, véi 0 < 7y < 7, ta
cé: |f(2)] = M, trén B,. _
Gid st 2* 13 di€m bat ki ndm trén D. N&i 29 v&i 2* bdi duimg

gip khic ! C D v6i d(1,0D) = d > 0 (khodng céach giira hai tap hop).



L4y hinh tron ban kinh ' < d ¢6 tAm chay trén { tir 2o dén 2*. Vi
[ 1a tip compact trong C, nén ¢6 mot ho hiru han cac hinh tron bin
kinh ' phd né. Vi vay véi lap luan nhw trén ta dwoc:

|f(z5)] =M

Do d6: f(z2) = const trén D.
Mat khic

fz) =1 f(z)|e='“‘"ﬂf(zi = M(cos(x,y) + isinb(z,y)).

Do f{z) gial tich trong D, nén:

0 d Y
er:B(M cosB(x,y)) = 5§(M sinf(x,y))

va :
a . _ g
%(M sinf(z,y)) = —gg(ﬂ«f cos Bz, y)).
Hay
/)
—8in 6‘% = u)b(?g—i
4]
cOs ng = sm@%
co‘aé’smﬁ[(—)2+( ) = 0. (6)

Dang thte (6) ding véi moi 4, suy ra:

Wzy) _ 0y
O Oy '

Vay ,
8(x,y) = const.
Tir dé suy ra f(z) = const trén D, trdi véi gid thiét. Diéu dé
chitng td z, € 9D.
Cha ¥.
1} Cho ham f(z) gidi tich trén D va lién tuc trén D. Néu f(z) # 0,
vl mot z € D va f(z) # const thi |f(2)| dat cuc tiéu trén bién. Néu
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ta bé gi;i thi€t f{z) # 0 thi |f(2)] khéng dat cyc tidu trén bién. Vi
du f(2) = 2. trén mién D = {z € C 1|z < 1}. [f{z)]| dat cure ti€u tai
2=10 thuo( D

2) Néu mién D khidng bi chin thi dinh If trén khong coOn ddng nira,
Vidu f(z) = e* trén D = {2 € C | Rez > 0}. Ham |f(z)| khong dat
cue dai trén bién vi | f(z)| = 1, véi moi z thude bién.

4.3. B& dé Schwartz.

Cho ham f(z) gidi tich trong hinh tron don vi U = {zeCilzl «
1}valientuc trén U = {z € C | |2| < 1}. '
Néu ham f(z) thod man:

FO) =0 [f(2)i <1, v6ilz| <1,
thi | f(2)] <|z|. v&i moi |z| <1 va f/(0) < 1.

Néu ton tai 20 € U, 20 # 0 ma | f(20)| = |zo|, hay f(0)=1,
thi [f(2)| = [2|.Vz e U va f(z) = e™z.a € R.
Chirng minh. Xét ham s6

() ﬂzﬂ néu z # 0
T f(0), néuz=0.

RO rang o(z) lién tuc trén U. va gidi tich tai moi z € U\{0)}. Ta

1 i, _
e f ~dt = f(0) = 0.

it|=1

co;

Tir doé suy ra:

: oz f{t)
f(Z)“QM /( Udt‘% tt - 2) it

itl=1 [th=1

Hay
fe) 1 [ _fw
z  2mi t(t - 2)
1t]=1
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Do @(z) litn tuc trén U nén £22 gidi tich trén U (theo dinh li tich
phan loai Cauchy). Tir nguyén Ilf modun cug dal, suy ra: [p(z)| dat
cyce dai trén bién, nghia la:

maxle(z)| = ma.x‘ fz )‘ fl2)].
zelf

Do [f(z)| < 1, v&i fz] < 1 vﬁ f(z) lién tuc trén U nén [f(z)] < 1
v moi z € U.
Vay
max|f(z)] < 1.
{z]=1

Hay
lp(z){ <1, v&imoizelU.
Suy ra
If(2) <z, VY2el.

Néu ton tai zgp € U ma zp # 0 sao cho |f(z0)| = |20|. Khi d6 ta ¢6
|¥9(ZU)I - .]-5 0 € U
Theo nguyén I modun cwe dai

|99(3)I =1, v&imoi z € T
Hay
[f(2)] =1z
nghia la =~
f(z) =e* 2, a €R.
4.4. Dinh li Liouville.

Néu ham f(z) gidi tich va bi chin trén todn mat phing phirc thi
f(z} = const,

93



Chitng minh. Liy 2 bt ki trong C. khi dé theo hé qua cda tich
phan loai Cauchy

iy o L (9,
filz)=5— / T RB>0.
I¢-zi=R

Theo gid thiét | f(2)| < M,Vz e C. S.uy ra
: 1 | |f(C)]

|c—z1=R

1 M M
< - ldel < ==
= on / %S 7

1§—z2|=R
" dan vé khéng, khi B din v& vé cing; nghia la f'(z) =0.
Vay f(z) = const trén C. '

BAI TAP CHUONG 4

1. Gia sit v 14 mét dudrng cong Jordan tron, kin gigi han mot mién D,
Chirng minh ring:

a. fa:dz:z'S;
¥

b. fydz— -5,

c. fzdzv2zS

trong dé S 14 dién tich cida mién D
2. Tinh tich phan: _
| %, trong do v la cac dwdng cong sau day:

a. Nita duomg tron: {z € C||z] = 1,Imz <0}, V1= 1
b. Nita duomg tron: {z € Cllz| = 1,Imz < 0}, V1 = —
c. Dutmg tron: {2z € Cl|z| = 1}. V-1=1.
3. Tinh tich phan:
a. f sz gz, trong 6 + cho bdi phwong trinh ~N(t) = —i+3et, t ¢

[0, 2.
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f —;dz, trong d6 7 cho bdi phuong trinh v(¢) = 2, t ¢

(0. 27]. . .
c. [ Fdz, trong d6 v cho bdi phuwong trinh v(t) = 2e¥, ¢ ¢
[0,27]. | |
d. [ $%%dz, trong d6 v cho bdi phuong trinh (t) = 4e¥*, t
Y
0. 27].

4. Chitng minh rang

/’ |dz| < 27 R
lz—allz+al = |R?~jaf|

lz|=H

5. Tinh tich pitdn
J  #5dz, trongdéa> 1.

|z—a|=a

- 6. Tinh tich phan:

a. f——gdz
b"l z(_zze—az)dz
v

trong A6 v la duong tron {z € Cl|lz —a] = %a}
7. Tinh ti(,h phan
f (Z 1) ——sdz, trong dé v 1a dwong cong Jordan, tron, kin gidi han

" mot mign D va phan biét 3 trueng hop:

a. D chita diém 2 = 0 va khéng chira diém z = 1;
b. D chita difm z = 1 va khéng chira diém z = 0;
¢. D chita cd hai difm z = 0 va 2z = 1.

/ e*dz = —2mi.

jzl=1

8. Chirng minh rang:

9. Cho ham s6 hai bién s6 thirc u(z,y) x4c dinh trong mién D. Ham
36 u dwge goi 1a ham didu hod trong mién dé néu né kha vi lién tuc

95



dén cap 2 va thod man diéu kién:

o,
ozt oy

a. Chitng minh rang moi ham gidi tich trong 2 déu ¢6 ham phian
thue va ham phin do 1a ham diéu hoa.

b. Ching minh rang moi hAm phin thiwre « didu hod trong mién
don lién D déu la phan thye cda mot ham gidi tich nao dé trong D.
10. Tim ham gidi tich f(z)néu:

a. u(z.y) = e“(zcosy — ysiny) + 2sin zshy + 2° — 3zy? + v.
b. ulx,y) = x? —y% + 2.

c. u{z,y) =e*(xcosy — ysiny) — 51%3,77‘

d. v{z.y) = coszshy — shxsiny.

e. v(z,y) = (£ —y*) + = — 2.
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_ Chuong 5 _
LI THUYET CHUOI VA Lf THUYET THANG DU

$1. CHUOI TAYLOR

1.1. Pinh li Weierstrass

P - NN e
Néu chuoi ham ) f,(2) héi tu déu va ham f, gidi tich trén mién

n=1 '
D véi moi n € N thi tdng f cda chudi ham cling 13 mo6t ham gidi tich

trén mién D va
: [» W]

F®(2) =Y £8P (). )

n=1
Chitng minh. Theo Dinh li 2 Chwong 2 th ham f lién tuc trén
D.
" Lay « la dudmg cong Jordan, tron, kin chita trong mién D. Dit
L) .

Sa(z) = 3 fu(2).
k=1

o -
Theo gid thiét chudi ¥ fu(2) hdi tu déu vé ham f(z) nén day S,
n=1 .

hoi tu déu vé ham f trén D. Suyra: Ve > 0,3ng e N,Vn € N,n > ng
sao cho:

I/f(z)dz —/Sn(z)dzl < /!f(z) ~ Sn(2)||dz] < €l
b 7 ) v

trong d6 I 1a 46 dai cda v.
Chuyén qua giéi han, ta cé:

lim /Sn'(z)dz =/f(z)dz.
To—r OO
¥ ¥
Mat khéc, vi Sn(z) gidi tich trén D,¥n € N, nén theo dinh I

Cauchy -
/Sn(z)dz =0, v&i moi n € N.
. _

7. HaBSOPHUC : a7



vy [ flzidz = 0.
Theo Dinh 1f Morera hun f{z) giii tich trén mien D.

Bay gior ta chirmg minh ddng thire (1), V&t 2z bit ki thuoe D, 18y
dwrémg cong Jordan. trom, kin bao quanh difm 2, sao cho z € D. <
D(D,, 1a mién gi¥i han bédi dwdmg cong v ). e

: d 1
Goil d = lclg_{llc — zo] > 0. Bat ()} = e 5770 (E -

e
Ta 6 (¢ < z5r. ¢ € 7. Theo gid thidt Y fn(2) hoi tu deu

nue=l -

b - . - - . n P 5 [ z
ve haan f(z) trén D, nén chudi E_L_\%T, héoi tu dén ve ﬁh—
] ' ' :

=
trén v, do d6 ta ¢é thé lay tich phan timg s6 hang va uhan cho % ta
dwrore: '
B[ fQde / W(G)dC
2m (¢

I (¢ — 30]’[‘+1 L+1

b

Theo cong thire tich phan loal Canuchy, t.a co:

=

F¥z0) = > £{9(z0)-

=1

V1 zy lay tuy ¥ trong D, nén ta clng ¢d:

XK

R =)0 19(2), V~ €D.

n=1

Chu y. Trong dinh li trén ta chimg minh duge tinh chit 18y dao
han tirmg s6 hang cia chidi tai cac diem z € D, chit khong phdi tai
cde didm z € D va ta d3 sit dung d = d(v.2) > 0. Vi du sau chitng té
ddi vai z € D dinh If nay khéng con-ding nira.

o

Vi du. Cho chuéi ham 3 £

B n=1
Chuoi nay héi tu déu trén mien {{z[ < 1}, va moi s6 hang cda né

dtn la ede ham gidi tich trén {|z] < 1}. Tuy nhién chudi cdc dao ham

O .
" # * - n—1 - -~ - - .
cia né la 3° *—— lai phan ki tai diém z = 1.

r=1
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1.2. Dinh li Taylor

e
Bay gi¢r ta xét chuoi lu¥ thra Y e,z — z0)"*  (2)
w={)
¢( ban kinh hoi tu la A.

Goi f(z) 1a téng cia chudi. Theo Dinh If Weierstrass hiun f(z)
giai tich trong moi hinh trom {|z — 20l < By < R} va ¢6 thé 1dy dao
ham- tirng s6 hang. nghia la:

=

FRzy = Z n(n —1)..(n—k+1De(z —z)"

n="F

Khiz = zg.suyra f(zo) = co. fl{zo) =1 f (z—z0) = 2w, fOHz) =
nle,, hay

(n)f -
Cp = L——(!:fﬂ vn € N. (3)
71! -
Nhir vay (2) cho ta:
S G
f(z) = Z o1 (Z — Z;]‘f
==t

Chudi luy thira (2) vdi hé s6 xde dinh bévi ede dao ham (3) gol Ia
chnuoi Tavlor.

Dae bidt. khi zp = 0 ta ¢ chubi Maclaurin,

Ngwge lai, nén f{z) 1 gidi tich trén D thi vin dé dat ra i cd thé
khai tricn haun nay thanh chudi haun lu¥ thira hoi tu ve f(z) trén mien
D hay khéng? Binh li san day s¢ tra i ean hai da.

Binh li Taylor. Néu f(z) gidi tich trong hinh trow {|z — 20} < It}
thi f(z) khai trién duwoce thanh chuoi Taylor troug binh tron d6.

Chitng minh. Gia sit véi bat ki = € {|z — 29| < R}. Ly s6 thye
Risaocho 0 < Ry <« Rva z € {|z — 20| < qR;}. trong d6 0 < ¢ < 1.
Goi v 1a duwong tron {|¢ — 2] = Ry }.

Theo cong thie tich phan Cauchy -

1RO,
fle) = o [ —
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Mat khéc. ta lai ¢6:

I 1 1 | 1
(-2 ((-w)—(z—2) (-2l-2

Vi |z — zgf < |¢ = 20| nén ta cé:

Néu ¢6 dinh z trong hinh tron {lz - z] < R} thi chudi ham
Z (éz zjﬁ’n“ héi tu déu trén v, nén ta c¢6 thé ldy tich phan ting s6

h(_mg cia (4}, suy ra:
1 f€) (z —20)"
%_[C—z 2‘m/f Z(C—Z n—i-lC

-y L / A f;nﬂdc(z—m)“,

n=0
, . {r)
trong d6: ¢, = 7= (C-zg" rd( = Lﬁf‘—'l
'T
Vay f(2) = Z cn(z — 20)", trong d6 cic hé s6 ¢, duoge xdc dinh
n=0

béi dao ham cda ham f(z).

1.3. Chudi Taylor cda cic ham s8 so cdp co ban
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Coon
2 Z
e" = -_!

et !

2n+l

sinz = Z(— )— Bn 1)

cosz = Z(— (Qn)‘
In(1 + 2) = Z(—l)“*—znf

(14 2)" = i (z)z“

n=0
trong dé « 1a s6 thye duong va

(n)= afa —1)..(a — n+1)r

f2" n!

1.4. Khong-di€m va dinh Ii duy nh&t cda ham gidi tich

a) Khéng-di€m. Diém z; duge goi la khong-diém cia him f(2)
néu f(zy) = 0. _

Gid st 20 12 khong-difm cda ham gidi tich f(z). Khi d6 khai trién
Taylor ciia ham f(2) trong 1an cin cida diém 2p €6 dang:

F™ (z0)
oy

f(2) = fllzo)(z — z0) + ... + (z —20)" + ..

Néu ham f(z) khéng dong nhit bing 0 trong 1an can cia diém z
thi ton tai {t nhit mot hé sd ¢, trong khai trién Taylor khédc 0. Chf s8
bé nhét trong cdc hé s6 khéc 0 nay duge goi 1a cip cia khong-diém z,.

Nhu vdy trong lan cin cda di€m z (khong-diém cip n) ¢é khai
trién Taylor

fl2) = cnlz = 20)" + cpya(z — 20)"H + .

voi hésd e, #0, n > 1.
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R& rang. ¢ip cia khong-difm 2o ciing 1a cdp bé uhdt lam cho
- - - ~ s me . ~ -~ \ ~ L
FU(z4) # 0. Do d6 uéu haan f(z) giai tich va nhan 2y lam khéng-diém
cap n thi ham f{z) dwge vidt dudi dang:

flz) = (2 — 20)"p(2).

trong d6 o(2) = ¢, + enp1(z — 20) + ... gidi tich trong lan can cia diém
2p va plzg) # 0. |

Do »(z) lién tue nén (2} # 0 trong mét 1lan can cda diém z,. Ta
¢ the phat bidu thanh dinh 1i sau:

Dinh li. Cho ham f(z) gidi tich trong lan can aia diém 2y va nhén
2o 1hm khong-diem. Néu f(z) khéng dong nhit bing khong trong lan
cant ndo do cua didm 2, thi ton tai mét 1an can V{zg) sao cho trong
lan can d6 haun f {z} chi nhan zg 1a khong-diém duy nhat.

b) Dinh li vé syt duy nhit cda ham gidi tich

Pinh 1li. Néu hai ham fi(2) va f2(2) gidi tich trong mién D vi
gia tri cia ching trimg nhau tai mét day diém {z,,}, z, € D, hoi tu vé
zy € [ thi

filz) = fal2), Vze D.

Chitng minh. Dat f(z) = fi(2) — fa(z). Khi d6 f(z,) = 0 véi
moi n &€ N. Do ham f(z) lién tuc, suy ra ﬂ]i_I:fcimf(zz,,,,) = f(z9) = 0. Theo
Pinh li 4.a ham f(z) = 0 trong lan can no d6 cda difm zo.

Gol E 1a tap hop tdt cd cde di€n trong cda tidp hop cde khong-
didmn eda ham f(z). Khi d6, 29 € E, nghia la £ # §. Ta ¢6 E la tap
hop mé (theo dinh nghia cda tap hop E) va EC D.

Gid sir £ # D. Khid6 3b € EN D. Do b € OF nén ton tai day
{b,} C E. by — b.Suyra Hlirrcl)cf(bn) = f(b) =0.

_ Theo dinh Ii trén b 13 di€m trong ciia £, mau thudn véi b 1a diém
bién. '_

Vay E = D, nghia 1& ham f(z) = 0, ¥z € D hay fi(z) =
). Vz e D.
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Chua y: .

1. Diy {z,} trong gid thidt cia dinh i phai héi tu vé didin zg 1a
ditm frong cita micn D.

Vi du. Xét haun fi(z) = sin< gidi tich trén C\ {0} v ham
folz) = 0. Ta thdy fi{zn) = folzg). 2, = ﬁ € C {U}. uhwng day
2z, — 0 khong thuoe C\ {0}, RS rimg sin & # O trén € {0},

2. Diub I vé sir duy nhat khdng dinh tiul duv nhat ve sie thidce
tricu cia ham gial tich on cdc mien.

Vi du. Xét hang fi(z) = sin? z + cos? z gidi tich trén C. VI ham
fo{2) = 1 trimg véi fi{z) trén toan truc s& thire. nén ta b f(z) = 1
tren C Ihn‘_v sin®z + cos?z =1 trén C.

3. Binh i vé sir duy nhdit néi len sir khde nhau co bian gitra hiun
giai tich phire va ham bién 58 thire. |

Vi du. Xdét ham
e” uifuz #

fla) =

0 S néunr =0.
Ham nay kha vi trén R v ¢6 dao ham

— P .
, fge =2 neu £ Q)
Flay=<" .
: 0 néu x =4,
Treong tr ta ¢6 FUH0) = 0 véi moi n e N.
Tuy nhién ham f(z) khong ddng nhdt bing khong trong mot lan

can naw cua dicm khoug,

§2. CHUOI LAURENT

 Chudi Taylor 1a mét eong cu gitp ta nghién eru hiun s6 trong 1an
can ciia mot dicin ndo dé, wi tai didn d6 ham sd 1a gial tich. Tuy
nhién ta ¢§ vhirng ham khong gidi tich. Kii d6 chudi Taylor khong
the sit dung dwge. do viy ta phdi ding mét cong cu khde. DS 1a chudi
Laurent ma ta s¢ nghicn ciru sau day.-
2.1. Dinh li Laurent. Cho hium f{z) gidi tich troug vanh K =
{r<lz—zol < R} trong d6 0 < r < R < +ox.
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Chon r1 v Ry sao cho r < r; < Ry < R va q thod man digu kién ., -
0 < g < L Xét vinh Ky = {% < |z — 2| < gR:}. Ta c6 thé bifu dién
ham f(z) theo cong thitc tich phan Cauchy nhir sau: 18y 2z € K. ta ¢

1) = g [ e o / e 5)

2 -2 {—=z
_ Yry
trong 46 yr, = {|¢ — 20| = R1} va vr, = {I{ — 20} =71 }.
Ly ¢ € v&,, ta ¢b |z < 1.
Vay

Z (z—z)" o ®

< (¢~ (¢~ zo)*1

Vi chudi (6) hdi tu déu vé ham cTz trén vg, nén ta cé thé 18y tich
phan tlrng s6 hang. Suy ra:

- f = dc Z nz— ) G
trong 46 |
= 2 / < —fig)"“ &« ®
Tuwong tu, ta cb:
ﬁ.g_:r_i? cf (_C)zdg - g Con(z = 20)" (9)
trong dé |
eon = o (“4-2% 3 (10)
Vay "
fz) = i en(z — 2o)" (1)
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trong do

21‘(1 / (C_zo ,H_ldg n:0*112>-..vé,

_ 1 o) 4
C‘"_2m/—(g—z0)—“+ldC n=-1,-2,..

Hfr'l

Theo dinh 1i Cauchy cho midn da lién ta ¢6 thé thay dwdong tron
YR, V& ¥, bdi duimg tron v = {|¢ — 2o} = 7’} trong dé r; < v’ < Ry.
Khi d6 cdc hé s6 ¢, duge xde dinh nhir sau:

1 fl¢)

ami | (¢~ z)ntT
/ _

Cn = d¢ n=0x1+2,...  (i2)

Khai trién (11) v&i hé s6 xdc dinh bdi (12) dwge goi 13 khai trién
Laurent cia ham f(z). Chudi & vé€ phdi cia (11) dwoc goi la chudi
Laurent. |
Chuéi 3.7, c,;(z — 20)™ dwgce goi 1a phan déu,
va chudi E_ (z — 20)™ goi 1a phan chinh cda chudi Laurent.

Theo dinh h Abel phan déu cda chuoi Laurent hoi tu trong hinh
tron {|z — zg] < R} hon nira chuoi nay hoi tu déu trong moi hinh
tron {}z — zo| < gR} (0 < ¢ < 1). Ph3n chinh héi tu ngodi hinh tron
{lz = 20} > r}, hon nira n6 héi tu deéu ngoai hinh tron {jz — 20| > T}.

Nhtr vay ta ¢é két qud sau:

Dinh 1i Laurent. Néu ham f(z) gidi tich trong vanh
K={r<jz—2|<R} 0<r<R<x)
thi c6 th€ khai tri€n ham f(z) thanh chudi Laurent va chudi nay hdi
tu déu trong moi mién déng chira trong K.

Chimg minh. Theo trén

o

)= Y en(z— =)

n=-—o
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vl ¢, = 2—}” | -if’!—d(, n=1{_0+1.+2 ..

“C_. ;:Inn-{-l
~

Chudi nay hot tu déu trong mien dong X' C K.
-~ e .. ] ~ ) ' + +
Bayv gitr gia sit ham f{z) biéu dién thanh chudi nhw sau:

Ta hiy xdc dinh cdc hé 86 eda chudi ndy. Theo dinh Y Abel chudi

ham hoi tu déu vé haw f(z) trong mién déng K (K’ 1a mien bit ki
x .
chira trong vanh A'). Vi vay chuéi ('.-.n% héi tu déu vé haun
. i o) Ly
e - %
(:_—);L“*)}T:; ke Z trén v (troug d6 v 1a duirmng cong Jordan tron kin
bao quanh diém ze chita trong mign K’) va ta ¢6 thé 1dy tich phan

tirng 0 hang, nghia la:

dz .(] néun £ 1
fm T 27 néun-=—1.
Ta =snuy ra |
-/ Erf(fs’g;kﬁdz : 2micy.
Vay |

! f(z)
Tl == —— ——r k = . 2,
Cx 27Ti/(z'—zg)k+1dz 0,+1,+
J .
Vi du. Cho ham f(2) = ;—fz=. Ta khai trién f(2) thanh
chu6i Laurent trong vansh K = {1 < |z] < 2}. '

Ta o
ok

1 s &
2_2:_22k+l* 2] <2
k=0
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—

= Z JE = Z Zk, |Z| > 1.

k=0 k=-—1
Vay
™ zk — oo
] k
j(z)=—22k+l -3 Rl <2
k=0 k=-—1

2.2. Bat ding thic Cauchy
Gia sit f(z) gidi tich trong vanh K. Khi dé ham f( ) bi chan trén
dwomg tron v = {|z — 2l = p} € K. Do dé

frong do M = meaxif(zﬂ.
2y

43. DIEM BAT THUONG CO LAP

Chudi Laurent. cho phép chiing ta nghién ciru dé dang hon cde ham
gidi tich trong lan cin cia difm nao d6 ma tai diém dé ham mét tinh
gidl tich. Diéin nhw vay goi la diém bt thuong co lap.

3.1. Pinh nghia. Difm 2z, € C duge goi 14 didn bt thuomg 6
lap cia ham f(z) néu ton tai mot 1lan can thing {2z € Cl1 0 < [z — 25 <
R} cia didm 2 sao cho tai lan ¢dn nay ham f giai tich.

Vi du
1) Ham f(z} = z_iT nhan di€m z = 1 lam diém bat thudng ¢o 1ap.
2) Ham f(z) = W nhén cdc difm z = -1 n € Z lam dicm

bt thwong co lap. Tuy nhién di€m z = 0 la diém bt thwong khong
¢6 lap. vi trong bat ki lan cédn nao cd dlem z = 0 déu b chra didm
bat thieong khdc khong. '

3.2. Phan loai. C6 ba loai diém bdt thiromg ¢o lap:
1) Pidm z 1a bt thuimg bd dwge néu 11111 f( ) # 00,

2) Bicm 2 13 eue difm néu hm f(z) 0C.

3) Didmn 2 14 bat thu'cmg cot véu néu ham f{z) khéng c6 gidi han
khi 2 dan Ve 2g.
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Vi du. N
1) Hdm s8 f(z) = #22 nhan difm 2z = 0 lam di€m bat thwdng bd
duoc vi '
sin 2
hm f(z) = Im}) — = 1.

2) Ham s6 f(2) = 22 phan difm z = 0 lam cyc diém vi

lun f(z) = lim cos 2

z—0 z

= O,

1) Ham s6 f(z) = e nhan difm 2 = 0 lam didm bat thuomng cdt
yvéu.
That vay, ta cé:

. . ] . 1
lim f(2) = lim e* = lim er = oo
z—0) z—10 r—dt
y=0,z>0
VA
' . 1 . L
lim f(z) = lim e* = lim er = 0.
z—0 z—0 =0
y=0.2<0

bigu nay chirng td lin})e% khéng ton' tai.
_ —

3.3. Su lién hé giita chudi Laurent va di€m b&t thuing cé
lap.
Binh 1i: Cho 2z € C 14 di€m bt thudmg cb lap cda ham s6 f(z)
va khai trién Laurent cia ham f(z) trong lin cin thing cda 2 1a:

=+ 0G

> ealz— z)™ (13)

Khi d6 3 ménh d2 sau la ding:

1) Di€m g la bit thudmg bé dwoc néu va chi néu phfm chinh cda
chudi ( (13) béang 0.

2) Di€m 2o 13 cyc diém néu va chi néu phin chinh cda chudi (13)
chi ¢6 mét 3 hiru han s8 hang (khong k& cac s6 hang bing 0).

3) Diém z 12 bit thudng cot yéu néu va chi néu phin chinh cia
chum (13) c6 vo s8 s8 hang khic 0.
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Chirng minh.
1) Gid sit lim f(z) = A # o0. Khi d6
Z2—rZp

|f(2)] € M = sup|f(2)|
eV

trong do V = {z € C| 0 < |z — 2} < R}.
~ Tacé

I [
ey = — 28 _ge 0< R, <R
./ Tz 1
I¢—20|=Ry
Lay modun hai vé ta dwrgec:

1 £ M
7. IC—20.|“+1|dC| <

1
[€—z0|=R1

len| =

Khin<0Qva Ry —0thic, — 0.

o0

Vay f(z) =) ealz — 20)".

n=0

Nguoc lai, gid sit f(z) = E cn{z — 20)™. V1 chudi da cho héi tu

déu trong hinh tron bdan kinh R1 (véi Ry < R-bdn kinh héi ty cia
chudi). Chuyén qua gidi han ta duoc:

lim f(z) Z lnn cnl{z — 20)" = ¢p # 0.

Z—In
n-—(}

Vay zg la diém bt thtrb’ng bd duoe.

2) Gid st 29 1 cye difm cdp n cila ham f(z) (nghia ta ham
nhin z; lam 0-difm cip n.)

bat

1
f{z)

0 néu z = zg.

1 -
néu z # zp
g(z)={ e
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Vi ham f(z) gidi tich trong lan can thing ciia di€m 25 nén g(2)
giai tich trong lan can thing cia diém 2. Suy ra ham g(z) ¢6 thé bidu
dicn diréi dang:

g(2) = (z — 20)"p(2)

trong Ao ham p{z} la ham gidi tich va ¢{zg) # 0. Do p(z) lién tuc. nén
2(2) % 0 trong lan can eda didin zp.
. Ly o 1 1
Vay f(z) = glz) = (z=—za)hp(2)" . .
Ham ¢(z) gidi tich va p(z) # 0, nén ham Zc?(l'z'i gidi tich trong lan

can ala difm zp. Khi d6 khai trién Taylor ¢iia haun Hl—; s¢ 1a:

1
- =ay +ai(z ~ z0) + az(z — 20)% + ...

#lz)
= Coq T C-n-i-l(z - 30) + e pyolz — 30)2 + ...
trong d6  c_,, = ag # 0. :
Vay

™

fy=clz—2)"" 4+ ... +c_q1(z — zo_)_l + Z ck.(z — zn)k.
k=0

Nguoe lal. gid st f(2) = D07 celz — 2p)%. Khi do:

o>

olz) = (2= 20" fl2) = 3 enlz = 20)**™.

k=—n

Chuyén qua gii han ta dwoc:

lim ¢(2) =c_n #0.

T— I
Vay
lim f(z) = tim —2%)

z— gy z2—z (2 — 2z9)"

3) Ménh dé 3 dwge suy ra tir hai ménh dé trén.
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‘Chl'rng minh.
1) Gid stk Jzlim f{z) = A # oo. Khi dé

|f(z)] < M = sup|f(2)]
zeV

trong d6 V = {2z € C| 0 < |z — z] < R}.
Ta cé

_ 1 f(C)
Cn = o / mdc, .0<R1 < R.
[€—2o0l=H1

Lay modun hai vé ta dwoc:

1 Fi(9]
len| = - ] TE—_ZO-l;:'TI d¢| < R“

IC—20]=R,
Khin<Ova R —0thic, = 0.

o0

Vay f(z) = Z en(z — 20)™.

n=>0

Ngwoc lai, gid sit f(2) = E en(2z — 2p)". Vi chudi da cho héi tu

déu trong hinh trdon bdn kinh R1 (véi Ry < R-bdn kinh hoi tu cda
chuéi). Chuyén qua giéi han ta duoc:

lim f(z thcnz*zo)n—co%oo

Z—r Iy 02:—*2'.0
n—

Vay 2o 12 difm bat thudng bd duoe.
2} Gid st 29 1a cye di€m cdp n cila ham f(z) (nghia la ham ﬂlz)

nhan zg lam 0-diém cdp n.)
Dat
1 -
néu z # zp
g9(z) = { 7

0 néu z = zg.
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t4. LI THUYET THANG DU
4.1. Khai niém thang du.

Cho ham s6 f(z) gidl tich trong lan can cia ditm zy € C (¢6 thé
S .t - . - - - . . 5 .t
trie dican 2g). Ta goi thiang dw cila ham s6 () tai di€m 2y (29 13 dic

bat thwdrmng c6 lap) 1a sé phire:

ZM/f -

trong dd v := {|z — zo| = r} . r 14 s dwong dd bé. Ki hicu

1
Res{f. z0) = %V/f(z)dz‘
¥

Ta chitng minh dinh nghia trén 14 hop 1i.

Gid sit 1.7 12 hai 86 dwong i bé A€ vy = {Jz — 2] = 11}, 70 1=
{iz— 29! = ra} chita trong V (lan cin thing cda diém zy) 7, < 74, theo
dinh i (;d.u(.h}, ta co:

57 /f zjdz——/f dz.

Vay gia tri thang dir khong phu thude vao dudug tron «.
Khi 2y = oc va f(z) giai tich trong lan cdn cia dicm vo cung,
thang dw dwoe dinh ughia nhr sau:

Res(f. %w/fz | (15)

trong d6 4~ = {|z] = R} la dwdmng tron véi ban kinh R dii lon 6
chiéu ciing chiéu kim déng ho.

4.2. Cach tinh.

Tir dinb i Laurent ta suy ra:

R(!S(f._. ZU) =y : . (10) ]
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Res{f,x) = —¢c . : (17)

Vi du. Tinh thing du cda ham f(z) = 1 tai difm 2z = 0 va
z = nc. Ta o Res(f,0} =1 va Res{f,o00) = —1. '

Tuy nhién, viéc tinh thing du dwa vao khai trién Laurent nhigu
lic gép phdi nhitng khé khan nhat dinh. Do d6 véi zp 14 cye diém ta
6 cdch tinh sau:

a) Gid st f(z) nhan zg lam cuc di€m don. Khi dé6 ta cé:

(2 — zg]

flz) = =t ch(z—zg)k.
k=0

Suy ra _
| c1= lim f(z)(z — 20).

z— 2z

b) Néu f(z) c6 dang f(z) = £ trong 46 @(z0) # 0. 1(z) =
0, ¥'(z0) # 0 thi theo (17), ta co:

o ¢(2) #(20) _ p(z0)
c-1 = lim (z — z9) = = = .
! 2—'2(1( U)TP(Z) linlz_‘ZD M w(ZO) .

=2y

(18)

¢) Néu f(2) nhan diém zp lam cye diém cap n (n > 1) thi khi dé
f(z) ¢6 khai trién Laurent c¢6 dang:

C—n | k
=R MG ML

flz) =

Nhan hai vé€ cda (19) cho (2 — 2z)™ va lay dao ham dén cép (n 1),
sau dé chuyén qua gidi han ta dwoc: '

1 . ! T '
ST o A, e @ 20
Vi du.
1. Tinh thang dir cda ham f(z) = #_1) tai z = 1.
Ta ¢

Res(f.1) = lim (2 — Df(z) =1.
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2. Tinh thang dur cda ham f(z) = tal z = 1.

zg+l
Ta cé:
Res(f.7) = lim{z — ) f(z) = 1.

I—1
Ta cling ¢6 thé diing cong thire (19) dé tinh thing du tai diém
(i) -2

Res(f,1) = (i) = g: i.

=1

3. Tinh thang dir eda ham f(z) = —;g:—ﬂw tai z = 4.

Ta co: )
Res(f.i) = o lim[(z = i)’ f(2)]"
Tinh 1 12
(= — P f)]” = [(ZH "= e
Viy
Res(f.i) = o H(i_Q)S S

4.3. Cac dinh li co bdn vé thang du.

a) Dinh li Cauchy. Gid sit ham s f(z) gidi tich trong mién D
trir mét s8 hiru han diém bat thuwomg ¢d 1ap. Khi dd moi duomg Jordan
trom kin nam trong D, gi¢i han mét mién G chira tat cd cdc didwm ag

thi ta cd:

ff(z}dz =2mi Y Res(f.ax). (21)
¥ k=1

Chirng minh. Goi v la cdc dudng tron {|z — ar| = r}. Vi
d1i bé sao cho cdc hinh tron By, = {lz—ak| L7} C G va BN By = 0.
bat G* = G\ kGIEk; Xét ham f(z) trén G*, theo dinh Ii Cauchy

ta cé: .
' f f(z)dz = 0.
aG= - :
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I\Iat khac [ flz)dz = | flzyde.
ol U C_J v

Suv ra

b=l k=1

/fif-' Z/f )d"*‘QmZR(‘%j ag ).

Hinh 11

Vi duy. Tinh tich phan [, 75dz. trong 46 v :={lz —2[=2}.
Theo dinh If Cauchy vé thang di. ta cé:

/ Z4Z_ ldfz = 2miRes(f. 1) = Qm'% — _7;

.

b) Dinh li thing du toan phan. Gid sit f(2) gidi tich trong
toan mat phing phitc trir mot s8 hiru han difm bit thuémg co l1ap
ap (k=1.2....,n). Diém z = co duge xem 1a diém bat thuwdng cb 1ap.
Khi d6 tang thang dur cida chiing bing khong. nghia la:

Z Res(f, ax) + Rf,b(f o) = 0. (22)

k=1

‘Ching minh. Ta chon dudng tron v := {|z| = R} dd 1én sao
cho moi difm bdt thwong ¢d lap ar (k = 1.2,...,n) thudc hinh tron
{i12] < R}. Theo dinh I Cauchy vé thang du ta cé:
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Res(f,ax) = QWiZRes(f. ag) = — [f(z)dz‘
k=1 - -

~

Theo dinh nghia cda thang du & vo eling, ta cé:

ff(z)dz = 2miRes{f, 00).

Suy ra _ |
z Res(f.ar) + Res(f,00) = 0.
k=1

Vi dy. Tinh tich phan san [ i5d=.

|z|=2
Theo dinh 1i Cauchy vé thiang duw, ta cé:

T
1 . ]
/ z4+1dz:2m E Res(f, ax)

|z=2 k=1

Ap dung dinh I thang du toan phan

) .
2mi Yy Res(f.ax) = —2niRes(f. 00).

k=1

Mat khdc vi hé s6 c_; trong khaj trién Laurent & lin cin diém

o - . e o 1 3 ~ ) 1 S
z = 00 cla ham s6 f(2) = orpg bang Onén [ lidz=0.
2 =2

Binh If Cauchy vé thing dw 1A mot trong nhitng dinh 1 qﬁan trong
cda li thuyét ham bién phire. Dinh lf d6 chi ding trong truomg hop
khi trén bién + khong chira diém bit thudong cila ham f(z). Téng quat
hom, ta xét trudng hop bién 4 ¢é chira circ diém don cda han f(z).

Gid st ham s6 f(2) gidi tich trong mién D, C D trir mdt s hiru
han di€m bAt thuomg ¢6 1ap a1, a2, ..., an va gidi tich trén ~ trir mot s6
hiru han di€m bat thudmg cd 14p by, ba, ..., b (hdm f gidi tich trén ~
nghia 1a f gidi tich trong mién chira 7).
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Goi v, B =1.2....,m la duong tron tAm by bdn kinh r dii bé sao
cho mdi duomg tron v, chi cat v tai hai diém.
bat Bbe.ry=~vN{|z—bei<r}, k=1.2.....m;

A(ry =7\ G Blb.r).

Dé xét mdi lién hé gitra gid tri ctla tich phan v cde diém bat
thudmng ndi trén, ta dua vao moét khdi niem mai.
Gia tri chinh.

Dinh nghia. Gi&i han cda tich phan

/f(z)dz'. khir — 0
Y

duge goi 1a gia tri chinh cida tich phan [ f(z)dz theo Cauchy; ki hiéu
_ .

vpff(z)dz-—hm / f(z

+(7)

Dinh li. Gid st f(2} 1& mot ham gidi tich trén mién D trir mot s6
hiru han diém bat thudong ¢d lap ay,as, ..., a,. Gid sit trén bién tron
v cia mién D, C D ham f(z) chi ¢6 mét s6 hiru han cuc diém don
1,42, ....@m {M < n). :

Khi d6 gid tri chinh ciia tich phén f f(z)dz ton tai va duoc xdc

. ¥
dinh bdi

v pff(z)dz = 27{3[ Z Res{f, a;] + = ZRes[f:ak]]

a, el

Chirng minh. Ta ki hiéu cdc difm bat thuc‘:mg cd lap cia ham
f trong Dc.,, 1a b1, b2, ....bp. Chon r dd bé sao cho cdc di€m &1, b, ..., b,
khong nam trén cdc dudmg tron v, = { |z —axl =7}, k=1,2,....m.
bat  Clak,7) = Dy Ny,
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14 cung tron chay théo hudng am, va
¥ (r) =~(r) VU Clar. 7).

Xét mign D* 13 mién c6 bién 1a v*. Ap dung Dinh If Cauchy vé
thiang dur cho ham f(z) trén mién D*, ta co

/ f{z)dz = 2mi Z Res|f, bx].
k=1

Mait khac, ta cd

Tir hai ddng thirc trén, ta co

/ flz)dz = 2mZRes fiob] + Z _/ f(2)dz.
C+( ksr} '
Vi a1, ag, ..., am 13 cue difm don cda ham f. Theo dinh li ve moi lién
hé giita chudi Laurent va difm bat thudmg co 1ap, trong lan cin cia
diém ax ham f(z) viét duge dudi dang

flz) = 72+ ()

z_

trong d6 ham ¢ (2) gidi tich trong lan cén cda diém ax.
Khi d6 ta cé

/. f(z2)dz = co1x ] T a / oi(2)dz.

CHiak,r) Ct{ag,r} C+iag,r)

Chuyén qua gi¢i han déng thirc trén, khi r dan v& 0, ta ¢6

l_irr{lJ / f(2Ydz = c_q xmi = TrfRes[f, ag).
C"'(ﬂk,r)
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- Vay

vp/f(z)dz—2m Z Res[f,a3]+ ZRes cak)].

aJED
Chu y. Dinh li trén van con ding khi v 14 dudng tron tirng khie.

4.4. Ung dung cda li thuyét thang duw

a) Tinh tich phan cda cidc ham sé lugng giac

/ R(cos8,sin6)de (23)

trong d6 R 13 ham hiru t1 theo siné va cos 8.
Dit z = e, dz = i2df, cos@ = L(z+ 1), sinf = 5;(z~ 1). Do
dé {23) o da.ng.

/R(0089 sin 8)df = / Ry (2z)dz (24)

|2|=1

trong d6 R;(z2) = (2(z+ 1), (2 — 1)] 1a ham hiru tf theo 2.
Theo dinh I Cauchy vé thing du, ta ¢é :

/ Rf(cos 6, sin §)df = 2mz Res| Ry, a] (25)
k=1 '

trong dé ax 13 cdc didm bat thudng o lap cda ham R;(z) trong hinh
tron don vi.

Vi du 1. Tinh tich phan

2%
df
I:/ O<p<l.
0

1 —2pcosf +p? "’
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Theo (24) ta co:

- dz
= / iz[l — plz + 1) + 9]

1z|:1

: dz
=1 .
pz% —(p*+ 1)z +p

Vay 1=
Vi du 2. Tinh tich phén

2w
dx
=} — b<a.
d /(a%—bcosx)"” 0< ¢
0

Ta ¢d

I 4b% 2dz
N i(b222 + 2abz + b2)?
jzt=1

: / 4b*2dz .
= —1 .
: (bz + a — Va? — b2)2(bz + a + Va2 — b?)?

Hay

I— /‘ ' dzdz
ST Rz -2z — )

|zf=1
v LN —a— -
Theo (24) ta cé: '

4z .
02(z - 21)2(z — 22)2

I = 2nRes| ]..
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'_I‘ . - 29
\/c'l.} = (‘U—ZW

b) Tinh tich phan cia ham gidm nhanh trén phin vé han.

1) Trudng hep ham sd khong cé6 di€m bit thuéirng trén
truc thue.

B& dé 1. Gia sit

i) Ham f(z) giai tich trong nda mat phdng trén ({z € C : Imz >
0}) trir mot 86 di€m bat thudomg o 1ap a1, ag, .... an.

i) Trén mka dudug tron ban kinh R ndm trong nita mit phing
tren, ki hiéu la 6(R) = {2z € C: {z| = R,Imz > 0}, bat ddng thirc sau
dwee thoa man:

|f(2)] < Fiks, trong dé6 M va § la cdc hing s8 duong. Khi dé:

limy ff(z)dz:ﬂ.
R—ox
§(R)

Chitng minh. V&i moi z € §(R) ta c6 thé viét z = Re?, 6 ¢
[0, 7). Suy ra

/f dz|</|f )de9<RH5fda—

d( )

Vay limp—o [ flz)dz =
. 8{ R}

BPinh li. Gid sit ham f(z) gidi tich trong mta mat phing trén
{zeC: Imz > 0}) trir mdt s6 diém bat thuwong cé 1ap aq,az, ..., an
va jf(z}] < h”+‘5 trén 6(R). Khi dé6 ta ¢6 cong thire:

t2a 1 )
/ Fla)de = 2mi' 3 Res(f. ax) (26)
. k=1
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Chirmg minh. Vé mita dirdmg trom tam O ban kinli B di 1on sa0
cho cac difm ax (k= 1.2,....n) thude micn D gici hau b [—R.R] va
ctulg tron (1),

Hinh 12

Theo dinh li Cauchy vé thang du, ta ¢o6:

R | L
/ f(x)dr + / f(z)dz = 2mi Z Res(f,ax).
“n ' k=1

a{ K}

Theo B& dé 1 khi R — oc ta ¢6

R n
/ fleyde = 2wy " Ros(f.ax).
k=1

- R
Vidu 1. Tinh tich phan

4o
dr
L+ 2

-

TR T Yo 1 PR T I Y 1am it b b
Giai. Dt f(x) = ;5. Thdc trién ham f(z)} 1én mat phing phite
+ hys Ly — 1 > Av oidl tieh trone nira At nhdne fra
ta duoe ham f(z) = 5. ham nay gidi tich trong mra mat phing trén
trir diem z = 4. _Ap dung cong thie (26} ta droe:

I =2miRes{f. i) = .
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Vi du 2. Tinh tich phan
+oc

dr
f—/a‘;}z—p'

-0

Gidi. Dbat f(x) = (1—+l£2_ﬁ Théc trién ham f(x) 1én méit phing
phire ta duge ham f(z) = {1?]:27'3, ham ndy gidi tich trong nta mat
phdng trén trir diém z = 1. Ap dung cong thite (26) ta dugc:

I = 2miRes(f,1) = Z?ri(—%i) = ég-

B& de 2 (Jordan) Gid st ham s f{z) gidi tich trong nira mat
phing trén ({Imz > 0}) trir mét s hiru han di€m b&t thudmg co lap

a1, ...y @n. Gid st modun cida ham f(z) dan déu vé 0 khi modun cida 2
din ra vo cung. Khi d6 véi moi s8 thue dvong «, ta cé:

Jim e f(2)dz =0
5(R)
trong dé §(R) = {|z] = R,Imz > 0}.

Chimg minh. Theo gid thiét ta c6: |f(z}| < M(R} vdi moi z
sao cho khi |z| = R( véi R dd lén) va M(R) — 0 khi R — oc.
Dit z = Re® ta c6 thé hiéu dién

/ eiuz f(Z)dZ — /f(Reiﬁ)eiaR{cos @-+7sin G)Riewdﬂ.
S{I) 0
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Lay modun hai vé ta dugce

| ] e f(2)dz| < Rf|f z)|e~*fsinb 49

S(R)
<2RM(R) / —aRsiné qg
0
<2RM(R)[ e Rz dg
0
< M) —aro?

o

s 1
< 51— ZRIM(R).

(27)

(28)

ta ¢6 bat ding thic (27) nhir vio bdt ding thirc sinf > 26 khi § €

(0, 3)-

Chuyén qua gi&i han khi R din ra v6 cung vé phdi cda bat dang

thire (28) dan vé khong.

Vay lim [ e**f(z)dz = 0.
R—-ooé(R)

Vi du 3. Tinh tich phan I = f o8z dzx, (a > 0).

aifz?
Gial. bat f(x) = ag_,_i:
Theo Ba dé Jordan

. ez‘z
li ———7dz = 0.
Ao _/ 22 + a?
SR}

Khi do | f(

Suy ra

+ o i iz -
] & dr= 2niRes|-——— 28 ia} = 2m'e —

2 72 2‘
e @24 T
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+ o +oc

1 COST 1 etr e
== — dr == —dr = .
2 / a? + x? N 2Re/ a? + z2 T 2ae?
0

—

Vi du 4. Tinh tich phan [ = f Cl‘ffr“"duc

Gidi. Dung céng thirc bién A& hr(mg, gidc va tinh chan aiia ham
dwdi dau tich phin ta ¢é

cos° 1 1 cos 2T

—dr = = —dr + = ——dzx. 29
/1+;c2I 2/1+x2T 2,/1+x2$ -
O — NG —

bat f(z) = ‘H—mg Khi d6 |f(z)| < £z — 0, khi R — cc. Theo két
qud trong Vi du 1 s6 hang thit nhit & vé phdi cia (29) bang J. Theo
-Bé& dé Jordan "
li = ().
R*lﬂmoc 22 + ldz
s(R)

Suy ra

+ox 2 i22 —2
/;x li Izd:r = 2rriRes[i——l;i] = 2m’e.2—z_ = 55'

Khi d6 s6 hang thir hai & vé phdi cila (29) bang ;.

Vay 1=12(1-2%).

2) Truréng hgp ham s8 ¢ di€m bat thuirng trén truc thue.

‘Trong trudng hop nay ta dung gid tri chinh cda tich phan, trén
co s¢ cdc dinh i sau:

Binh li. Gid sit ham f(z) ¢6 dang

P(x)
Qm(I) ’
- trong d6 Pr(z), Qn(x} 1 cdc da thire cé bac lan luot 1a n va m sao

chom > n+1. Gid st ax Ia cdc khéng-diém phite hodc 13 khong didm
thue cap 1 cda Q.

fa) =
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Khi do

v.p./f(:{.‘)d$=27ri[ Z R,es[f,ak]+% Z Res[f,ak]Jr%Res[f,ooH.

Ima >0 Imay=0
(30)

Ban doc nao quan tam dén ching minh dinh li nay hiy doc & tai
liéu “Co sd li thuyét ham bién phire” cda Nguyén Thiy Thanh.

Chi §

1) Néu m > n+ 2 thi Res{f oo] =0.

9} Néu Qn, (z) khong 6 nghiém thye thi s6 hang thit hai aia (30)
bang khong. |

3} Tir dinh lf thang du toan phin, {30) cdn c6 thé viét dwdi dang

+oc .
\r.p.ff(:}:)d:t:=—2?rz'[ Z Res[f,ak]+% Z Res[f,aﬂ%-%Res[f,oo]].

Imay <0 Iima,=0
(307)
Pinh 1. Gid st ham f{z) c6 dang

flx) = €™ F(z),

trong 6 m > 0 va ham F(z) gidi tich trén mta mat phéng trén k& ci
truc thuc trir mét s8 hiru han diém bat thudng ¢d 1ap a1, a2, ... an V&
cde cre di€m dom nim trén truc thire byy ba, ..., by sao cho F(z) — 0,
khi z — o0 va Imz > 0.

Khi d6 |

+ox TL Tr. .
v.p. / flx)dzx = 271'?3[2 Res|f, ax] + % Z Res|f, b;] + %Res[f, ]
e k=1 j=1

(31)

Chirng minh. Diung dinh lf vé thing du (ph‘ﬁn gid tri chinh) va
Bo dé Jordan.
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Vi du 5. Tinh tich phan

I :/sinmdm.
T
0

Gidi. Ap dung dinh If trén vA theo cong thire (31) ta cd

e + o
/Sinmdz _ 1 / sin:cdx‘
r 2 X
] — X
+20 +oc 1 .
sin et e?
= — =1 — —,0h =
/ - dx Im(f - dz) = Im(2mi 2Res[ pouk )
+ o
Vé.y f smmdl_ — _
0
- Vidu 6. Tinh tich phin
w "
rsine
I= ———dx.
/ 22— 5546

Gidi: Ap dung dinh If trén vA theo cong thirc (31} ta ¢6

- o

rsinzx
—————dr =1
/ 22 —5r 467 m(f x2—5:c+6 dz)
ze iz zeiz
= es[—=— 9 —_
Im(m[Res[z2 st }+ Res[z2 . 6,?»])
= Im(mi[~2e% + 3e%]).
+ oo
Vay [ —Qﬂ%ﬁ_—ﬁdm n(3cos3 — 2cos 2).

4.5. Thang du légarit vi 1#ng dung clda né

a. Binh nghia. Thing du 16garit cia ham f(z) tai difm z 1a
thang du cda ham dao ham cda ham f(2) tai di€m z.
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Ta dat -
_ (=)
| - f2)
Ro rang thang du 1ogarit khong chi tai cde di€m bat thuong cda
ham f(z) ma con xét tai cidc khong-di€m cia ham f(2) (nghia l& cdc
diém bit thudmg cia ham F(z)).
Gid stt zg 1 khong-diém cdp n cda ham f(2), khi dé trong lan cén
cda difm nay ta 6 thé bifu dién ham f(z) dudi dang

f(z) = (z — z0)" f(2),

trong d6 f1(z) gidi tich trong lan can cda difm 2z k& cd didm zo va
filzo) #0.
Suy ra:

F(z) = (7 () (32)

_ d | _n fi(z)

F(z) = = [nIn(z — 20) + Infi(2)] = panp + )
Vay Res[F; 29] = n. (33)
Bay gio. gid st 2o 13 cye di€m cdp n cia ham f(z), khi d6 f(z2) =

2 v, trong d6 ham fa(z) gidi tich trong lan can difm zo va fa{zg) #

0.
Suy ra:
F(z) = Ed;[]nfg(z) ~ nln(z — z0)] = ﬁ Ez; oz —nzo-

Vay Res[F; z5] = —n. (34)

Tir (33) va (34) ta c6 thé di dén dinh If sau: -

b. Binh li. Gid st f(z) gidi tich trong mién hiru han D trir mot
s6 hiru han cyc di€m z1, 29, ..., 2, 18n hrot ¢b cdp py,pa, ..., pn. Gid st
a1,82, .., &m 1& cc khong-diém cda ham f(z) trong D c6 céip tuwong
ung 14 q1,¢2,....¢m. Khi d6 véi moi dwong Jordan, trom, kin 4 bao
quanh cdc cue diém va khong-di€m ta cé:

z -
1=

1 - f;(z) B m - n ._— )
%'Y/ 1 )d’z_Z;QJ";pk—N(f)—P(f) (35)
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trong d6 N(f) 1a s8 khﬁng—diérn cia ham f(z) va P(f) la s8 cyc diém
cua ham f(z) trong mién D.

Chirng minh. Theo dinh If Cauchy vé thang du, ta ¢

1 'f"(z f"
2?1'1 f(z ZR [ zj]

trong d6 z; 14 cde difm bAt thudng co 1ap cda J}(( Tir két qud trén

ta ¢o
i f,( m
ﬁff( -3 u- va - P(f).

c. Nguyén li argument.

Binh 1i. Cho ham s8 f(z) gidi tich trong D déng trir 6t sé hiru
han cdc cuce diém va bién cila mién D khéng chira cic khong-diém cda
f(z). Khi d6 hiéu sd gitra s6 cdc khéng-diém va s6 cic cue diém cda
ham f(z) bang sy bién thién cda Argf(z) khi z chay mdt vong trén
biétn T" ciia mién D theo chitu dwong chia cho 2.

Chirng minh. Cho ham f(z) gidi tich thod man digu kién cda
dinh li, ta xét

[z
2m f(z =5 /d Lunf{z))
r

-+ / Al @) + 5 [ dlarare))
T r

(36)

Vi tich phén trong s6 hang thi nhét cda vé€ phdi (36) va tich phan cda

s6 hang thi hai bing d6 bién thién argument cda ham f(z) khi z chay

trén I'. K{ hiéu d¢ bién thién argument clda ham f(z) la AArgf(z)|.er.
Vay

1 [F(z)

2mi J i =2—AArgf 2)|eer = N(f) - P(P)
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Chia y. Néu f(z) khong ¢6 cdc cye diém trong mién D thi sd
khoug-diém cia ham f bing 8 vong mi ham f vach nén khi z chay
mot vong trén I', nghia la:

N(f) = p-AAef()lser.

Két qud nay cé ¥ nghia rét 16m ddi véi viec tim nghiém cia hamn f
trong mién D.

d. DPinh li Rouché. Gia sit hai ham f(z) va g{z) gidi tich trong
mién hitu han D; hon nira |f(2)} > |g{z)| trén bién cda D. Khi d6 ham
f+ g vaham f ¢6 s3 cdc khong-diém bing nhau trong midn D.

Chirng minh. Theo gia thiét ta co:
| f(2)] > {g(2)|, v&i moi z thude T

uén  (f(2) + g2)| 2 |f(2)| — Ig()| >0, VzeT
va |f(z)] > 0, ¥z €T (theo gia thiét).

bién nay (,hu'ng td f(z) va f(2) + g(z) khéc khéng trén . Do d6
ta ¢d thé viét:

_ 9(2) .
flz) +9(z) = f(2)[1 + Gz )] (37)

Tir ddng thire (37) ta cé:
Arg(f +g) = Argf + Arg(1 + %).
Theo nguyén i a.rgumeht, ta suy ra:

1
N(f +9) = 5-DAwsf = N(f).
(Vi Arg(l + %) = 0).
Dinh Ii (vé nghiém eda phwong trinh)
Mol phuong trinh bic n luén ludn ¢6 n nghiém trong truedong sé
phire.

Chimg minh. Goi da thitc cip n 13 Po(2) = ag+a1z+.. +an
trong dé a, # 0.

k]
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Dat f(z) = anz™ va g(z) =ag +a1z+ ... + an_127 L.
Trén duong tron tAm 0 ban kinh R d1d 16n, ta cé:

‘g(z); — |an.-1l a_Oil :
fi)==8 1 a, 2z 77 ap gntn=E
Qp—1 1 ag ., 1
= 1 12 e <

Suy ra |f(z)i > |g{z)| trén dudmg tron {|z] = R}. Vay theo Pinh
li Rouché ta ¢6: :
N{Pp)= N(f) =n.

Vi du. Tim s6 nghiém cda da thirc
f(z) = 2° +52° + 22.

trong hinh tron don vi.

Gidi. Theo dinh If trén ham f(2) ¢6 5 nghiém trong C. Tuy nhién
& day ta chi xét xem ham f(z) ¢6 bao nhiéu nghiém trong hinh tron
{121 < 1. |

Bay gitr ta xét ham h(z) = 52° va g(z) = 2% + 2.

Trén dwong tron {|z] = 1} ta c¢6 |h(2)] > |g(z)|. Theo Pinh li
Rouché ham f(z) ¢6 s6 khong-di€m bing s6 khong-di€m cila ham A(z)
trong hinh tron {|z| < 1}, nghia 1& ham f{z) ¢6 3 nghiém trong hinh
tron don vi.

'BAI TAP CHUONG 5
1. Phan tich cdc ham s6 sau thanh chudi 1ay thira & lan cin didm
29 = 0 va tim ban kinh héi tu

1

. 2

, o T (b#0)
sin® z, (a+ z) az+b( # )

z : 22 lnl—l-z
22 —42+13" (24127 T1-2
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z

sin ¢ ; 3
[t [ea
t ;
0

0

2. Tim cdc khéng-diém va cuwe ditm cida cde ham s¢ sau (néu o). Xiae
dinh ¢dp cia ching

224+ sinz

7 z

[ ]

2%+ 9,

. (2 = )3 sinzd

3. Khai trién thanh chudi Taylor trong lan c¢an aia difm g va tim ban
kinh hoi tu eiia chudi do _
y B . 2 e
a) sin(2z — 2?) tai 2y = 1. b) 7 tal 2o = 4.
4. Khai trién céc him s6 sau. thanh chudi luy thira trong lin cian cia
] “ -l

diem z = 0 va ('hpm z = oc.
dJ) f(z) = =

f() Goa)F a) ,a#£0, ke N.
Khal trién cdc h(lm 56 sau thanh chudi Laurent

a) f(z) = (zz-Q_)—%;’j:)lﬁ) trong lan can didn1 2 = 2 va trong vanh tron
{zeCl1l<]z[ <2}

b) f(z) = G:m (trong d6 a.b thod diéu kién 0 < |af < ib
trong lan cdn cia difm 2 = 0, z = a, z = o0 vd trong vauh tron
{zecl|a|<|z|<'b|}

flzy = —2+“'1‘)? trong lan ¢in cia didm 2z = 4, vd z = x.

1

(.l) f(z) = z%sin 27 trong lan cin cia difm z = 1.

6. Tinh thang dir cida cdc ham s sau tai cdc diém bat thuemg 6 lap

¢da ching

22 22n 1

- . , 2'sin—. ne N:
(zl + 1)2 (1 4 Z)n- 5 P
e* o1 1

5
—ST 5 > LEZ, ——, COS .cotgtz
22(2%2 +9)’ " sinz z—2 '

7. Ap dung li thuyét thang du d¢€ tinh cdc tich phan sau

J" dzx f dz " _zjufz .
FR(REA SRIC aim T
z—1|=1 z|=1 :

/ “E%"iiz_‘ ] sinlde, [ z"edz, (n e N).
|z]=1 |zl=+ . |z|=7

8. Tinh céc tich phéan sau:
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2 d

a) [ mraaoe:
J {24 cong)?
n [EInar
27 ’

: dx

b) f (2+sma)2”

0

9. Tinh cac tich phan sau:

o 4
ad ' T .
a; ’ (w21 {x2+4d)"
+x ;
dic :
b) f f:r‘*-l»—2:1.+2)2’
-
+x
L ' Cxdx
(} J N +1.r+ld)2
-x
4

redr
d) J {TT—H'{T)-' (a > 0)
10. "[‘fnh ('zic tich phan sau:

d.} [ HlII‘ :cdx

ri44a
£LosITLr g
b) j —2r4—10d‘};’
+‘F.x‘

_C) J (TQ:‘:II)]{I“C d:II

j' etdr, trong ddtla sé thue.
11. Tinh cﬁ,c tich phan sau:
+
a) 'of —g——c‘{‘:_“ ile dx;
_ + o i
b) f T’Z“i‘j‘r‘-—;;ﬁd.r trong dé a.b 1a nhirng s6 thue duong;
J ) 2

+2C

() j *-,111' .rd:r

d) J: cos 2ax —coa 2br

— dzx, trong dé a, b 12 nhirng sd thuwe dieong.
0
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HUONG DAN GIAI BAI TAP

Chu'o'ng 1

1. a) —%, b)\pd, c) zp = (\/'+z), 2] = %(\/ng 1).
2.a)v2, I, b)2V3, éﬁ.- ¢) 12, %.
‘3. Neun=1thiz=1, '
Néun=2thiz=2z, zcR;
Néun > 2 thl z = cosyy, +zsm<pk, trong dé ¢y = 27 =
0.1,2,...,n—-1.
Ngoal ra z = 0 cung la nghiém.
4. a) £ (1+1), £1(1-14),
b) +1, :tz, f(l + 1), :t:72=(1 — 1),
) £ 5(VV2+1-iV/VE-1).
5. Dung nhirng kién thire ve hinh hoc d& chu'ng minh.
Bai huéng dan
¢) Chitng minh dang thirc sau

21 +22
21| + [22] = |

Z1 -I- Zo .
— /2129 |+| +\/2122|.
Gidi: Ta xét dadng thirc sau
(|lza] + |22|)2 = |z1]* + |z2|2 +2|2122] = 21Z2 + 2971 + 221229

= l[(21 + 22)(Z1 + Z2) + (21 — 22)(Z1 — Z2)] + 2|21 20

21+22 21+22
= - Vaz)( Z122) |
z+ —_— 1
+(= ”+f—m =4 Vam) + gl - af
z +z +z 21 +
=2 2_ﬁ[2+| 2 2+\/zl_z|2+21(1 "2) — z123).

Vay dsing thitc trén dwge chitng minh.
d) Chirng minh bat ding thitc sau

1 : z z
21 + 22] > Z(|a1] + |22])| == + =
2 |z1] 2]
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-Gial, Pat 21 = pre®, 2o = poet?:, Khi dé&:

2y + 23] |p1e® 4 poet??|
21| + |22 . P+ o2
= Bl _gien P2 e |45
1+ p2 P11+ p2
AMat khac, ta ¢d
. 1. 1.
1 o, 2 | = |Zer 4+ Zei¥?| = .
2 |Z1I |321 2 2

SA phitre w ndm trén day cung ndi hai diém e*! véi €2 ciia duwong
tron dom vi. con s6 phire v 14 di€m giira cda day cung do. Vay |ul > |u|.
nghia la bit dang thitc dwge chitng minh.

6. Theo cong thie Moivre ta ¢é

(cosx + ising)” = cosnz +isinng

n
= E CE(i)Y* sin* 2 cos®* 1
k=0

%
= E C2P (-1 sin® zeos™ 2P ¢
=0

n

2
+ 4 E CEH 1P sin® ! roos" 21 ¢

p=0

(néu n chan va 3 1é).

Suy ra

h

2
COSTE = E Cﬁp(—l)p sin®? z cos™ 2P x;

p=0
Vil

L
5 .
sinna = E :Cfe,pﬂ(*l)p sin® ! peog® 1 g

p=0

Tromg t cho céc trieomg hop con lal.
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sin 2tz cos 2 sin 2Lz 5in 2 S
@) sin £ » b sin £ '
Sml 5 2
sin 241 p nb sin -1y nb
c)——=5— cos(a + —); d)——=— sin(a + ——)
S 3 2 51 5

8. Goi ex 1a cin bac n cia don vi, khi d6 g, = et 52
- Do dé tong

= ipn
S=14¢% 4% Tt E_LJL

=1+e¢ nw+(1_a_)2+ .+ (e

2p-n-

)n—l

Neup 1a béi cda 7 thi § = n.
Néu p khéng 12 boi cia n thi

iQ"E”
s=12¢" _y
= - 2y - .

l—e"":'-‘_

9. Y nghia hinh hoc cda hé thﬁ'c
|z — 2|+ |z + 2| = 5.

Khodng céch tir z dén 2 14 |2 — 2| va khoang céch tir 2 dén -2 1a
|2+2|. Vay tap hop tat cd nhirng di€m z thoa mén hé thirc do la mit
ehp ¢ truc ldm 1a 5 va truc nhd 1a 3.

11. Diéu kién can va dd 1a

2y —Z3 22— Z3

. : =acR.
2 — 24 22— 2

12. Nhirng di€m z thod man diéu kién cda bai todn s& thoa phuong
trinh sau:

(1 -ar)zz + (Z10* — Z2)z + (220" — 21)Z+ (2123 — a¥212,) = 0, (1)

trong d6 a = e'5, k=0.1,...n— 1. |
Néu k = 0 thi (1) la phuong trinh dwdmg thang dudi dang phie
qua hai diém 2, 25.
Néu k % 0 thi (1) 13 dudmg tron qua hai didm 2y, 2.
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Chuong 2
1.a) B
lim z, = lim (n + i) =
n—oQ 00 n

b) Néu |z0| < 1 thi lim z, = 0.

To— o0
Néu |zo] > 1 thi day (2,) khong héi tu.
2.

14 héi tu theo dau hiéu Leibnitz.
Khong hoi tu tuyét ddi.
b) Hoi tu v&i moi z ¢6 |z} < 1.
Phén ki v&i moi 2z ¢6 |2] > 1.
Véi z ¢6 |z| = 1, héi ty véi moi z # 1.
4. La trudmg hop dac biét cda bai tdp 3 (hdi ty khong tuyét don)
5. a) Hoi tu tuyét dSi. b) Hoi tu tuyét doi.
¢) Hoi tu tuyét doi. d) Phan ki.
6. Hudmg dan:
Do f(z) lién tuc déu trén U nén

Ve > 0,36 > 0saocho V2, 2" e U

ma
|2 = 2" < 6= |f() - f(2") <e.

Mat khéc do day (z,) héi tu vé zg, nén

Ym,n €N, m>mng, n>ng=lzm —2n| <6
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theo trén |f(zm) — f(2n)] < € v6i moi m, n lén hon ng nao dé .

Vay {f(zn)} & diy Cauchy nén hi tu.

. Hon nira gi¢i han dé 1a duy nh&t v khong phu thude vio diy

(2n). |

7. a) Lién tyc nhung khéng lién tuc déu.

b) Lién tyc nhung khéng lién tuc déu.

9.a) R=1, R=0b)R=2, R=1,

¢) R=1/2, R=1nfua<lviR=anéuna>l1.

Chuong 3

1.a} Theo gid thiét ham f(z) giéi tich trong mat phing phl'I'C. C,
do d6 diéu kién Cauchy-Riemann dwoc thod man tai moi z € C. Gidi
hé phuong trinh -
{ L(z,y) =P(z.y)
Ta duge a = ~b, c=1.

Khidé f(z) = (1 - ai)z. _

b) Twong tu cau a), ta ¢é hé phurong trinh:

{ —sinxz{chy + ashy) = sinz(shy + bchy) @)

cos z(shy + achy) = —cosz{chy + bshy)
He} (2) ding v&i moi (z,y) suyraa=b=—1.
Khi d6 f(z) = ¢, -
2. Ham gidi tich trong cdc mién

.4

{zECt0<_a.rgz<%}U{2€C|w<argz< %}

v6i f(z) = 22,

va
- 3 3 7
{zeClg—<argz<—£}U{z€C|?ﬁ<argz<f}

véi f(z) = =22
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3. Didu kién Cauchy-Riemann trong toa dé cyc

ou _ Oy
{T"g‘; T B¢

du _— _pOu

Er = To

7. Diing dinh nghia cda phin thiyre vA phan do cda sé phire, ta c¢é

z2+zZ [ z2—7Z

x = va — va w=u+ iv.
: 2 21
a) Ho cdc dwong thing u = é (song song véi truc do trir dirong
=0}
b} Ho cdc duwdmng thing v = —% {song song v&i truc thure trir duong
u = {)}.

¢) Ho céc dudng tron b{u? + v2) + u + v = 0 tiép xiic véi duimg
thdng v = —u tai géc toa do. ' |

d) Chum dudng trdn di qua gdc toa d6 va qua difm wo = o (k€
cd dudmg thing qua gde toa dod va difm wy.

8. D6 14 mién
a) D"={weC|jw <1, Imw < 0}.
] | 5.3
by D"={weC]|w <1, |w+Zzl>Z}.
3 2 1
D = Cllw—2> 2 L
c) {weCilw 4|>3,Rew>2
9. 'Ham phéan tuyén tinh can tim '

(=1+4+3)z+1—1

a =
) [ S I P
z—1
b) = ;
) i
(1 +2i)z + 6 — 3
c) W = _ .
Dz — 5

10. Trurde hét ta tim ham phan tuyén tinh xdc dinh bdi hai bo ba
diém phan biét sau d6 ta kiém tra didu kién: dnh cia duwdng tron don
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vi la duong tron don vi.
C(1—di)z—21 -4 (5—3i)z—4
201 — i)z — (4 —4i) 42— (5+3%)

H =

Bai nay ¢ thé dung ham phan tuyén tinh dang
Z = 2D
1 —2Zyz

w = e'¥

va diing cip di€m déi xirmg qua dudmng tron d€ gidi.

11.

z+b _ .
w="2 + trong do a.b,c.d € R va (ad —be) > (0

al .
cz+d
b} w = fw;. trong dé w; 14 dnh xa & phin a).

1z + 28

12.
ST )

13.

14.
)

I —az’
| w z—2+1
a e
iz — 21+ 2
b) w_&-(Qz-{-\/g—i)s,rz
22 -3 -4

nn§z+1}
¢) w=e -1 .
' 1+ z.2
d = .
) v (1 — z)
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16. Huéng dan: L&y cip diém 2, 2, d8i xitng d8i v6i hai dudmng
tron { [z — 3] = 9} va { |z — 8] = 16}, khi d6 dnh cia ching 13 w, w
phadi d6i xing nhau qua hai duong tron { 2| = p} va { |2| = 1}. Ta
chon w) =0, wy = .

Suy ra dnh xa phan tuyén tinh cé dang

2
z+ 24

Tir didu kién cda bai todn, ta tim dwoc p = %

A — i
Vay w =3 .

Chuong 4

1. Huéng dan: Ding cong thire

ff(z)dz = /ud&:—vdy+ifvdm+udy.
Y

Y ¥
.

Sau dé dung cong thirc Green dua vé tich phan hai 1op véi cdc ham
u, v nhu sau: - .

a) u{z,y) =z, viz,y) =0. b) u(z,y) =y, v(z,y) =0.

) u(z,y) =z, v(z, y) = —y. -

2.8) I ==-2(1-4). b) I=2(1-14). ¢) I = 4.

3.
1
a‘) - rr[e - _)1 b)os
e
_ 1
c)mi(e + E)’ d)0
5. I
6.

a)2mie*(2 + a),

L
b)a—z(e - 1).
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a) —2mi. b) ~wei, ¢) ~7(2 +€).
10. a) f(z) = ze* + 2icosz + 2° — iz + Ci, b) f(z) = 22 + 2+ C4,
¢) f(z) = 2¢* — £ + Ci,d) f(z) =sinz ~ chz + C, ' :
e) flz) =iz + (i - 2)z2+C.

Chuang 5

1. Phén tich cdc ham s8 sau thanh chudi lu§ thira & lan cén diém

zp = 0 va tim bén kinh héi tu

sinzz—l'“—ms—%—l—lcosﬁz
N 2 T2 2

11 »(22)%"
—2 2 g(‘l) (2n)!

2
o 12211 1
+ Z:(—l)"IL+ o )' " véi R=oc.

b)
(o2 = Y ()3

_ a(a—1).. (a—ﬂ+1) (n = 1,2,..), (a) =1, R=a.

n!

trong d6 (:)
c)

1 . 7 an n .
= L g R= 1
n=0
d)
2 _z 1 1
zz—4z+l3_6iz—2 3:‘ z—2+_3z']
1
= —_ n+1 ’ =
Z 2 3'1 nt1 (2 +_3i)“+1]z y R \/ﬁ

22 0o n
e) 4132 = Zn=2(_1)u(n - 1)2 3 RH= 1,
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1
In rZ

=In{1+ z) — In{1 — 2).

Ap dung khai trién co bdn

Ldy tich phan hai vé ta duoc

-4

1—_—t = Z/t”dt
8]

L——O
Suy ra
e ) Zn
In(1 — —.
Twong tu
= n 12
In(l1+2z2) = Z
Vay
1+2 oL gl
| = =1
Il1 —z Z 2n+1 R
=0
g)
[ sint d Z2ntl
dt 1" , R=o0.
/ Zl( S ey >
] e _
h)

2n—+—1
/8 dt = Zm, R=noc.

0

2. Tim cédc khéng—dié’m va cye di€m cia cdc ham s6 sau (néu cd}.
Xdc dinh cdp cda chiing
a) 2% +9 ¢6 cac khong-diém cdp mot z = +3i.
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b) 53;;":1{—9— ¢6 cic khong-difm cip mot z = +3i va khéng-didm cip
hai z = cc. - S

c) B2 ¢4 cac khong-di€m cadp mot z = k7 (k= £1,£2,..).

d) (22 — 4)% cé cée khong-diém cip ba z = £2.

e) sin z® ¢ céc khong-didm cap ba 2z = kx (k =0,+1.£2,..).

3. Khai trién thanh chudi Taylor trong lan cin cia diém zg va tim
ban kinh hdi tu cda chudi dé.

a)
. > sin(l + 2F ,
sin(2z — 2%) = Z ﬂ;ﬁi)(z — 1), R=x.
n=0 ‘
b)

Z 1H+l 3:1-{—1 ”1](2_?:)?13 R=1.

4. Khai trién céc-hdm s6 sau thanh chudi luy thira trong lan can
cda difm z = 0 va difm z = cc.
a) Tailan can 2 =0

f(z) = 2_2:—22 o7 el <2
n=>0
Tai lan cédn z = o
1 * 9o
o) =525 = X e el >2
b) Tai lan can 2 =10
_ 1 e k1 (DR
f2) = (z —a)k nzzocn"-k"l gk an’ 2l <ld|.-
Tai lan can z = o
1 ) i k—1 an
Cflz) = Goaf => . Chi e 12> al.
n=0 :

143



5. Khai tri€n cdc him s3 sau thanh chudi Laurent
a) Tai lan can 2 =0

22 -22+5 {e=2" n (227
f(z)*(zv2)(z2+1) z—2—Z "'“ Z( % (+2)”‘Jrl

Trong vanh tron {z € C |1 < |2} <2}

222245
f(z) = (Z — 2)(22' + 1) =- Z In+1 2222(ﬂ+1)

n— n=

b) Tai lan can 2 = 0

>0
bn+1 _ an+1

1 1 _ n
f(z)=(z—a)(z—b)'zb-an§0 @byt %

Trong lan cén cda diém z = a

1 1 (z —a)"
flz) = (z—a)(z = b) a—bz—a*z(b Q)L

Trong ldn cdn z = oc
n—1

' 1 1 Xl g
f(z):(z-a)(z*b]=b—az )

=2

Trong vanh tron {z € C | |a| < |2] < |b] }

1 n+1

f(z) (z“a)(z_ ) = a_bz: ntl Zn+1

-~ I + At
¢) Trong la.n cén cida diém z = {

_ o 1 _ i (n+ .
f(z)_(32+1)2_'_4(z—z')_ 2—3)2 Z 2n+4 — %

Trong lan can cia diém z = 0o

(z - a) (z - b) Z( 22“"‘2’
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d) Trong lan cén cda diém z = 1. szxtz~1=t:>z=t-Fl, khi

~ddé ham

1 1
f(z) zzzsinz_ D= (t% + 2t + Lsin 7 = g(t)

Khai tri€n ham g¢(t) trong lan cén diém ¢ = 0

1
(2n + 1)1z2n+1

g{t) = (£ + 2t + 1)\i(~1)“

6. Tinh thing du cia cdc ham s8 sau tai cde diém bét thwdmg ¢o

lap cda chiing

a) Res(f,i} = —% , Res[f,—i] =1 Res[f,00] =

b) Res[f, 1] = (~1)"+ G Reg[ 7 oo}—~( 1y et
c) :

—p?

0 néu n<0 hayn>018
1£,0] = j :
o151 e n=0hayn > 0chan

Res{f, oc] = - Res{f,0).

d) Res(f,0] = § , Res[f,3i] = — & (sin3 — i cos 3),

Res(f,3i] = —g;(sin3 +icos3) , Res[f,00] = L (sin3 — 3).

e) Res{f, #t1n] = —1 (k=0,+1,+2,...)

f) Res[f, km| = (-1)* (k=0,%£1,%2,..)

g) Res[f, 2] = Res(f, 00] = 0, h) Res[f, k] =0 (k = 0,1, +2, ..

7. Ap dung li thuyét thing du dé tinh cdc tich phan sau

a) / dz __m b)f dz _ o m
241 /Y (z—3}2%~1) 121"
|z|=2 .

jz—1]=1

) / 23dz — i, d) e*dz _ _“213'-
22441 o 2222 -9) 9’

lzj=1 jz]=1




. 1 . 20 néu n> -1
l?) f sin -dz = 2m1; f) f Z”e%dz — . {(n+1})! | =
z 0 néfu n< —1.
lzl=+ 1z]=r
%. Tinh céc tich phén sau:

2

2T
)/ dp o Ar b)/ der 2m
“ (24+cos)? 33 2+4sinz /3
0 . 0

9. Tinh cdc tich phan sau:

)/ {x? + :1‘2+4)___
G+

+ 06
)/ Tdx T d) / ridx T
) @ rar+132 o7 @2+ a?)?  4a’
A | |

.b) / | dx o
(2 +2x+2)2 2
e U

10. Tinh cac tich phan sau:

+x
a) / ;Si;%dm‘— = 1—__-3_; b) [xg‘”“;;imd %= o5 (3cos Lsin 1)
0) / sin da = Tleos1 — =);
(z2 — 4](3: 5 e2
+oc
) / ;gj‘jdm = Zjsinl| +e"""5’§(sin1%| +\/§cos%)];
11. Tinh céc tich phan sau:
+oo +oo
a) f x—é{:?—im—@d:r = 2(1—ei4); b) f ﬁd:p — oil2—(2+abje
0
i 2 T +oocos 2ax — cos 2bz (b — a)
) / 2 dr = 5 d) f . dxr = g
0 0
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