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LOI NOI PAU

Cudn Pui 56 dal creong cla tac gia Hoang Xuan Sinh tir [au nay
di ta mot i liéu hitu ich cho nhiéu ngudi lam todn va ca nhitng
ngudi hoc todn. Dac biét né dé 1 “"sdch cam nang” ciia nhiéu gido
vién day todn trong cdc trudng Dai hoc Su pham, Cao dang Su
pham va cda sinh vién cdc trudng nay.

Trong cuén sdch d6 tic gia da dua ra mot khéi luong bai tap
twong doi phong phi, da dang va ddy da. Tuy vay, trong do c6
nhiéu bai tap nhiéu doc gid chua tr giai duoc. Dé gitip cho doc gia
cé mot tai liu hoan chinh vé bo sich Pai sé Dai cuong va thuian
loi trong khi st dung né. ching toi bién tap cudn Bai tdp dui 56 dui
cifong nay.

Ngoai viéc giai tudng minh tat ca cdc bai tap trong cudn Dui s6
dai ciong cla tac gia Hoang Xuan Sinh ching t6i ¢6 lua chon dua
thém mot sé bai tap nham giip doc gia tham khao va di sau hon
vao nhitng néi dung co ban trong cudn sich li thuyét di dé cap
dén. Chiing t6i khéng c6 tham vong dua vao day nhimg bai tap qud
khé hoac ¢6 ndi dung khéng gin véi muc dich da néu trén.

Cu6n sdch nay gom hai phan. Phdn I tém tat [i thuyét va cdc dé
todn, phan I 1a 1&i gtai va hudng din. Mbi phdn gobm sdu chuong,
thit trr cdc chuong duge trinh bay theo ding thit tu cac chuong muc
trong cuén Puai 56 dai cirong.

Trong phén dé todn. dau mbi chuong cé gianh mot phin dé
tém tit If thuyét. Trong phin 1&1 gidt d6i vdi nhimg bai tap dé hoac
cdch gidi don gian ching toi chi cho 101 giai van tat. D6t véi nhimg



bai c6 nhi¢u cich giai khéc nhau ching t6i chi trinh bay mot cich
giai ngan gon nhat.

Khi viét cudn sdch nay ching t6i dd nhan duoe nhiéu diéu chi
dan quy bdu cda Gido su Ti€n si Khoa hoc Hoang Xuan Sinh, tic
gid cuon Dai s6 Dai cuong. Chiing toi xin biy té long biét on
chéan thanh déi véi Gido su.

Ha Noi, thang 3 nam 1996
Tac gia



LGOI TUA CHO LAN TAI BAN CHINH LI

Cudn Bai tdp Dui s6 Dai citong duge xuat ban 1an dau vio nam
1996. Tir khi phdt hanh, né da duge nhiéu doc gia fim doc va su
dung. Vi Ii do dé cho t6i nay cudn sich di ducc tdi ban nhiéu lan
vdi 56 luong phat hanh kha lon.

Do sy phdt trién khong ngimg ctha Toan hoc hién dai nén
chuong trinh giang day mén Todn & nhiéu trudng Dai hoc luon
thay doi. Dac bi¢t, gan day chuong trinh Dai s6 va 56 hoc ¢ Khoa
Todn ciia cic truong Pai hoc da ¢6 su thay d6i va diéu chinh ddng
ké nham ddp tng su phdt trién chung cua Toén hoc va phii hop véi
nang luc hoc tap cua sinh vién trong giai doan mai,

Theo yéu cdu chia Nha xudt ban Gido duc va theo yéu cau cua
nhiéu doc gia, mot 14n nita, ching t6i cho tai ban cuén sach nay va
b6 sung thém nhiéu bai tap mang tinh chét dinh tinh.

Chiing t6i xin chan thanh cdm on nhimg doc gia da ¢é nhiéu ¥
ki€n déng gop cho cuén sich trong nhiing 1an phat hanh trudc. Hi
vong cuén sich nay van s€ 1a tai liéu hoc tap va tham khao hitu ich
cho sinh vién va hoc vién Cao hoc ¢ cac truong Pai hoc.

Ha Noi. thang 1 ndam 2005
Tdc gid
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A. TOM TAT LI THUYET

l. Co s6 16gic toan

Nhimg cau phan danh ding hoac sai thue ¢ khach quan duoc
goi 1a nhitng ménli dé. Ta quy wdc ménh dé cé gid tri | néu néd
diing va c6 gia tri 0 néu né sai. Mdi ménh dé c¢é6 mot va chi mot
trong hai tinh chét diing hoac sai nén né chi ¢6 thé nhan mét trong
hai gi4 tri | hoac 0. Cac gia tri 1 va 0 duge goi 1a gid tri chdn Ii cla
ménh dé.

Tir cic ménh dé di cho, bang mot quy tac nhat dinh, ta c6 thé
tim duoc ménh dé mdéi hoan toan xdc dinh. Mot quy tic nhu vay
goi la mot phép todn logic.

Binh nghia. Plui dinh ca ménh dé p, ki hiéu 12 p hoic —|p {(doc
12 khong p), 1a mot ménh dé sai khi p diing va ding khi p sai.

Dinh nghia. Hg/ cla hai ménh d€ p va q, ki hiéu 1a paq (doc
la p va q), 12 mot ménh dé ding khi ca p va g déu ditng v sai
trong cac trudng hop con lal.

Pinh nghfa. Tuyén cha hai ménh dé p va q, ki hiéw Ia pvq
(doc 1a p hodc q), a2 mot ménh d¢ sai khi ca p va q déu sai va
ding trong cac truong hop con lal.

Dinh nghia. Ménh dé kéo theo p-—>q (doc 1a p kéo theo q) 12

mot ménh dé chi sai khi p dhing va q sai, con ding trong moi
truong hop con lai.



Ménh dé p rrony duong vor q, ki hiéu Ia p<>q, 12 mot ménh
dé ding khi va chj khi ca hai ménh dé p va g ciing diing hoac

cling sai.

Ta ¢6 bang gia tri chan Ii d6i véi cdc phép todn logic trén nhu
sau ;

Pig| P |prg|pvq | p=q | peg
olol 1] o | o i 1
ol1]1] o 1 I 0
1o 0 I 0 0
L{1]o]| 1 1 1 I

Binh nghia. Moi cong thic cia dui s6 ménh dé 1 mot day céc
ki hiéu thuéc bén loai :

- Céc hang 1, 0 ki hiéu clia ménh dé diing hoac sai ;

- Céc bién ménh d&é p, g, i, s, t.. ;

- Cac ki hiéu cia cac phép todn logic —, A, v, =, ©;
- Cdc ddu ngoac () chi thit tu céc phép todn.

Mot cach chinh xac hon ta dinh nghia cdc hding va cdc bién
ménh dé 1a nhitng ong thite. Néu p 1a cong thiic thi pcing la cong
thitc. Néu p va q 1a nhitng cong thic thi (paq), (pvq), (p—>q),
(p 4> q) 1a nhilng cong thirc.

Binh nghia. Cho P (a, b, ¢, ..., g) va Q(a, b, ¢, -...g) 1A hai
cong thic cha cic bién ménh dé a, b, c,..., g. Cong thic
P(a, b, c,..., g) goi 12 hang hay nwong duong 16gic v6i cong thitc
Qa, b, c, ..., g), ki hidu 12

P(a,b,c....,g) = Qa, b,c, ..., g),

néu ching nhan gia tri bing nhau véi moi hé nhing gid tri ¢6 thé
¢6 cla céc bién ménh dé.
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Cong thiic P dugc goi 1a hang ding n€u né nhan gid tri 1vé
moi hé nhitng gid tri cé thé cé cla cdc bién ménh dé. Mot cong
thitc hdng ding con dugc goi Ia mot luat iogic ki higu FP. Cong
thuc P 14 hdng sai néu nd nhan gid tr1 U véi moi hé nhimng gia tr1 ¢6
thé c6 clia céc bién ménh dé.

Binh nghia. Cho A, A,, ..., A, va B la nhimg c6ng thic. Ta
néi ring c6 mot quy fdic suy ludn v6i cic tién dé 1a A, A, A,
va hé qua légic 1a B néu va chi néu véi mot hé gid tri cha céc bién
ménh dé cé mit trong A, A,, ..., A, Blam cho A, Ay, ..., A, cé
gid tri bang 1 thi B cling c6 gia tri bang 1. Ta ki hiéu

ALA, A,
B

Dinh nghia. Vi tiv n ngéi xdc dinh trén tip hop M = & (n 2 1)
12 mot anh xa xdc dinh trén tap hop M" 14y gid tri trong 1 ={0, 1}.
Vi tif n ngdi con duge goi 1a mot ham ménh dé n bién.

Mién ding cia vi tr F(x, X5, ..., X,), ki hiéu la E 1a tap

Fix| K. iy)?
hop tét ca cic ddy (a;, &, ..., a,) € M" saocho F(a, ay, ..., a} = 1.

Cho F(x) 1a vi tir I-ng6i xdc dinh trén tap M.

Binh nghia. Lugng tiv phé bién cha F(x), ki hiéu 1a ¥ x F(x), doc
1a "véi moi x, F(x)", 1a mot ménh dé ding khi Eg,, = M va sai khi
Epxy # M.

Dinh nghia. Litgng tir ton tai cta F(x), ki hieu 12 3x F(x), doc
1a "tén tai x, F(x)", 1a mot ménh dé diing khi Eg,, # & va sai khi .
Epyy = 9.

Cédc dinh nghia trén diy dugc mo rong mét cach tr nhién cho

Vi tir n - ngoi.



Il. Tap hop va quan hé

1. Tap hop

Nhimg vat, nhiing doi tugng todn hoc... duge w tap do mot
tinh chat chung nio dé thanh lap nhitg tap hop. Cac vat x trong
tap hop X duoc goi 1a cic plran nicla X, ki hitu la x € X,

Phu dinh cua x e X ki higu1a x ¢ X.

Hai tap hop A va B 1a bang nhau néu va chi néu moi phan tir
thuoc A thi thuéc B va nguoc lai, ki hiéu A = B. Tap hop A duoc
goi la mot tdp con hay moét bg phdn cha tap hop B néu véi moi x, x
e A thi x B, ki hi¢u 1a AcB hoac Bo A. Nhu vay A = B khi va
chi khi AcB va Bc A. Thong thudng b phan A clia tap hop B
duge xac dinh boi tinh chét 7 nao dé thi ta ki hiéu nhu sau

A ={x e B|x ¢é tinh chét 1}.

2. Cdc phép todn trén tip hop
Binh nghia. Hié¢n cha hai tap hop A va B 1a tap hop
A-B={xcA|x ¢ B}

Néu B < A thi A - B duge goi la phan bl cua B trong A, ki
hiéu 1a C,B.

Tap hop A — A duge goi la tap réng, d6 1a tap khong chita mot
phén tit ndo, ki hiéu 1a &, .
Tap hop cac b phan cia tip hop X duoc ki hiéu 13.# (X).

Dinh nghfa. Hop cha hai tap hop A vA B, ki hiéu la AUB, 12
tap hop

AUB={x|x e Ahoac x ¢B}.

Binh nghia. Giuo cua hai tap hop A va B, ki higu 1a AnB, 1
tap hop .

12



AnB={x|x cAvax eB}L
Binh nghfa. Tic/h Dé-cde ctia hai tAp hop A va B, ki hiéu 1a A x B,
la tip hop ' :
AxB={a,b)|lacAvabeB}
Trongtaphop A x Bitacdé (a. by ={(u, vi< a=u,b=v.

Néu A = Bthi A x A duoe ki hieu ka A”.

3. Anh xa

~ Dinh nghia. Mot dnh vy f tir tap hop X dén tap hop Y 12 mot
guy tic cho tuong tmg méi phan tr x € X mot phan tlr xac dinh
thuodc Y, ki hiéu f(x).

Tap hop X goi 1a nguon va tip hop Y duoe goi 1a dich cha
 dnh xaf.

Gia sir f 13 mot dnh xa tr X dén Y.

Bo phan I = {(x, f(x)) ¢ X x Y | x e X} dugc goi 1a dé thi cha

anh xaf. Néu A < Xthibophanf(A)={y e Y| JacA, f(a)=vy}
duoc goi-1a unhr cia tip A qua f va néu B <Y thi bd phin

f7(B) = {x e X | f(x) € B} dugc goi k rae dnli cia B qua f.
Anh xa f tr X dén Y duoc goi 1a mot don dnlt nu véi moi x,
va X> thude X quan hé x, # x3 kéo theo f(x,) # f(x,); f dugc goi la

mot toan dnh néu f(X) =Y. Mot anh xa vira la don anh, vira 1 toan
anh duoc goi la mot song dnh.

binh nghta. Chohaidanhxaf: X > Yvag:Y 57
anhxagf: X —» Z
X B> gf(x) = f(f(x))

dtrgc goi la tich (hgp thanh) cla anh xa f vi dnh xa g.



| Binh li. Tich cua hai don anh 4 moét don énh, tich coa hai
loan anh la mot toan &nh va do dé tich cila hai song dnh 12 md
song dnh.
Binh li. Phép ldy tich cic dnh xa ¢6 tinh chét két hop.
Pinh nghia. Cho Anh xaf: X - Y. Néucé g: Y — X sao cho
gf=1lyvafg=1,
thi g duge goi 1a nghich ddo hay dnh vu ngitge cia f, ki hiéu la
g=f"
' Dinh li. Anh xa f ¢6 4nh xa-ngugc khi va chi khi f 1a mot song
anh.

4. Tap hop chi s6

Gia sir I 13 mot tap khdc rong, f: I —>X. Khi dé cic phan ur
x; = £(1), + € 11ap thanh mot fig nhitng phan nt cua X chi s6 hod bai
tap I, con tap I duoc goi la tdp ofif 56, ki hiéu (x;), ¢ |-

5. Hop, giao, tich Bé-cdc cua mot ho tip hop
Binh nghia. Gia st (X)); ¢ 12 mot ho tap hop duoc chi s6 hoa bai
tap I, 1= Q.

Hop cia ho (X)), , ki hiéu 12 L;,!Xi , la tap hop gom cac x sao
cho x thuéc it nhat mot tap hgp cia ho (X)), ¢ -
Giao cac ho (X)), ¢, ki hi¢u la QX, la tap hop céc x sao cho x
thuoc tit ca céc tap hop cta ho (X)), ;-
Binh nghia. Tich Dé-cac clia ho (X));c; ki hieu la []X, , latap
i€] .
hop cac ho (x;);e; nhitng phan tr cha X = UX, sao cho x; € X, vai

el

14



~moi i€l. Pac biet, néu tdt ca X; = X véi moi i €l thi [ X, dugc ki

el

hieu 1a X'.
6. Quan hé

Dinh nghia. Mot guun hé hai ngoi trén tap hop X la mot bo
phan R clia tich Dé-cdc X”. Néu hai phan tir a va b thuoe X ma
(a,b) eR thitabaocacéquan hé¢ R véibvakihituaR b.

Dinh nghfa. Quan hé hai ngoi R cX? duoc goi 1a mét quan hé
tuwony dieong néu cac diéu kién sau day thoa man :

a) Phan xa : vdi moi a thude X, aR a.

b) DBé1 xing : véi moi a, b thude X né'u aRbthibR a;

c) Bac cdu : véimoi a, b, c thusc X nfuaRbvabRcthiaRc.

Gia sit R 1a mot quan hé trong duong trén tap X v a e X.

Tap hop

_ Cla)={x eX|[xRa}

£oi 12 lap tiong duong cha a 461 véi quan hé R. Ta con ki hiéu 16p
délaa.

Taluén cé

e VYac X, ac Ca)

e Yac X, ¥beX aRbo Ca)=Cb).

¢ Vae X, ¥Vbe XnéuCa) N Clb) 2 thi Cla) = Cib).

Mot sir chia I6p trén tap hgp X 13 mét tap nhitng bd phan khéac
rong cita X d6i mot rdi nhau va méi phan tir cua X thude mot trong
cac bo phan dé. Gia sit R 1a mt quan hé tuong duong trong tap
hop X, the thi tap cac Idp twong duong cua X déi véi R thanh lap
mot sut chia Idp trén X, ki hiéu



)}{{ ={C(a) | ue X}.
Tap ndy duoc goi la tip thiong cita cua X theo quan hé R.

Binh nghia. Quan hé hai ngéi R < X~ duoc goi 1a mot quan hé
ther e néu 16 thoa mién cdc tinh chat san :

a) Phan xa : véi moi a thudc X, aR a;

b) Phan déi ximg : voi moi a, b thuoe X, néuaRbvabR athia=b;

c)Biccau:voimoia, b, cthuoc X, nfuaRbvabRcthiaR ¢

Néu trong X ¢é mét quan hé tha tr thi X duge goi 12 mét tap
sap thit tw. Mot quan hé thd tu thuong duge ki higu 13 <, doc 1a "bé
hon hay bang"” hodc 2, doc 12 "16n hon hay bang™.

Dinh nghia. Cho < 12 mot quan hé thit tu trong tap X. Phan ur
a € X duoc goi 1a phin tir t61 tiéu (161 dai) néu Vxe X, x < a
{a < x)suyrax =a. Phin tlra € X dugc goi 1a phén tr bé nhat (16n
nhit) néu ¥xe X, a<x (x <a).

Tap sap thit e X duge goi 12 tap sip thi w t6t néu moi tap con
khic rong ciia X déu cé phan tir bé nhat.

B. BAI TAP

1.1. Hay chimg to ring médi dong ki hiéu ghi ¢ dudi day la mot
cong thite va 1ap bang gid tri chan 1 cia nd, trong d6 p, g, 1
1a nhitng c6ng thite :
a) p—> (g —1); b) (pvar;
{(prgaT > q)>(pvr).



1.2. Hay ching minh :

a) {Ll—)\’]—)WEW—)_I;!_:;\:;
by p—=ilg—=r0={parg)—r;

) (po>nvig=>r1I=q—=>(p-—>r1);

d) (pAq)/\_(_(_)T\_Li-)v (prQv (pTcﬁ =1.

1.3, Hay ching minh :

w (pv )= (P Ag): b poq=(prg:

)P qEperq=pAgAaqgap
1.4. Dung phép bién déi dong nhat dé chimg minh céc dang thuc :
a) (p—q)—>q=pvy: b)Y (pvAlpviiia=p;
) (pApvipAQvpPAg =p oY
dy pv(paql=pvy;

1.5. Chimg minh cic dang thitc sau bang phép bién doi dong nhit
v lap bang gid tri chan 4 :
a)po>yg—oris{paq)or;
byjp—=(q—>1r)=g—>(p—>r1)
apaganvipaganvipan=s{(p->qgiar.

1.6. Dung phép bién déi déng ahét dua cdc cong thic sau day vé
dang don gian hon :

2-BT BAISO BC A ' 17



1.7.

L.8.

1.9.

1.10.

1.11.

ay {(pvq) =>{(pvyghrq:

by (pv Qv {p = q)Ap):

po>Palg—=ar)—=(p—r1);

& Po>PAp->Q)

¢) (_p; Aq A_(;:; Q)_) .

Dua cong thic sau vé dang chi chita phép v,

a) (p—>1)—>(pan: by (pAg) > (qap).
Dua cong thifc sau vé dang chi chia phép A,

aA) (pvq)—>(Pp—r) b) (p—=>qivp 7).

“Pua céng thic sau vé dang chi chiza phép —,

a) pv(qal(parg)vr)); b) (PAQ)VPA(PA).

Pua cong thic sau vé dang chi chia phép v,

a) pvg—>FAaq); b) pAg = (p—>q);
) {(pvan—>(pvq);

d) (pvPapvgalpvq).

Dura cong thic sau vé dang chi chita phép A,

a) pvipAqvipAag):, by (p>qvipvy:
c) (px\.q)v(pz\r)vr;

D (pArgvigvp)apvipa(pv ).

2.BT PAISO DCB



1.12.

1.13.

1.14.

1.15.

1.16.

Lap cong thitc d6i ngiu va cong thiic phil dinh ciia cc cong
thirc sau : :

a) (pv QIar; b) pvan(pv(@an ;

c) (pA_EAqAr)A(pAr).

Dua vao bang gia tri chan 1i hdy tim xem trong nhilmg cong
thirc sau day, cong thiic ndo hing diing, cong thiic nao hang
sai?

a) (paq) > (pva); by (p—>q)—=(Qq—p):
¢) p—>(PAQ); d) (pAQA(PVQ) ;
ey (PAQY > QAP ; f) (pvg—>{p—o>n.

gypon-o>p—on—>pPpvg—or;
h) PAgar)v(PAQADNV(PAQADIV(PAGAT).

Chimg minh cdc cong thic sau day la nhimg cong thitc hang
ding, viét cac luat tuong \ng :

a)p—p; by p—>(@—p):
cy(paqg)—op; dyp—>(ppvy:
e) (parlp—>q))—>q; fy @~A(p—>g)—p;

Dpo>rPa{goH—->(p—>0; hpprg—>(p-—2>q.

Chimg minh céc cong thic sau day 1a hang sai :

ay (p > ApAq: D) palg—>Dp).

Hiy chimg 6 ring cdc cong thic sau day khong hang ding
va khong hang sai :
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a) (pvq)—>r; b prgy—>{p—q) o
c)ip—=2nalgq—=r)—o{p—oq).
1.17. Chitng minh cidc suy ludn sau :

| L

4—op

P9
(por)>(p-o>r1)

q-)r .
po>q—>(p—or)

p—=>{g—r) )
(p—)q)—)(p—)r)"

PY . P49 P9 P . 9
PAQ P 4 pvq pvq
P>qpoT,
p—={gnar) ’

pP—>rng—or

(pvq) o ‘

p=24gr—-t
(pAN—=@an)

p—>4g.r—>t
(pvr)—)(qvt)’
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q p
P p—>p
p—q p

ii_—_;a—urxxf)_ (pAq)—>(raf)
p—>q p—>q

PAg)—>p_q—op
p—>q p—q

1.18. Gia sir S vi T 12 hai cong thiic. Chitng minh rang cé cic quy

tic suy luan % v % khi va chikhi S=T.

1.19. Chimg minh ring néu ménh dé p;v p; v ... v p, ding va

néu cdc ménh dé g, qo. ..., g, bai xich lan nhau timg d6i mét
(khong c6 hai ménh dé cung ding) va tat ca cdc ménh dé -
P14
P24,
Pn = Pn

ding thi t4t ca cdc ménh dé :
q1 =P

Q=P

90 = Pn



1.20.

1.21.

1.22,

2

cung ding.

Mot trong nam ban ciia 16 I ddnh v& kinh cia s6. Khi duoc
hoi, cac em lan luot tra 1o :

- Chi ¢6 thé hoic 1a Bao, hoic 1a Tuan - An néi.

- Toi khong dénh v, ca Khai cling theé — Bao ¢ii lai .

- Ca hai déu khong diing — Tuén 1én tiéng.

- Khong phai thé Tudn a, mot ban ndi ding, mot ban nodi
sal — Prc tiép 1oi.

- Puac noi khong ditng — Khoi can thiép.

Thdy gido chi nhiém I16p (ma hién nhién ta c6 thé tin tuong
dugc), tin chéac rang ba trong nam em di ndi ding.

Hoi ai ddnh v& kinh?

Tham phdn hoi cung ba ngudi bi nghi 1a pham toi. Trong
budi 1dy cung, A néi rang 161 khai caa B khong diing, B néi
rang 101 khai cia C khong ding. Cudi cting C ndi rang A ndi
sai v B néi sai. Dua trén cdc 101 khai d6 tham phén c6 the
biél ai trong ba nguoi bi tinh nghi néi ddng hay khong?

Bon ban A, B, C, D quyét dinh di tham quan. M&i nguoi s&
di mot trong bén thanh phé khdc nhau : Ha Noi, Hai Phong,
Nha Trang, Thanh phé H6 Chi Minh. Hoi ai di thanh pho
nao, biét rang :

1) Néu A khong di Ha Noi thi C khong di Hai Phong. '

2) Néu B khéng di Ha Noi, khong di Thanh phs H6 Chi
Minh thi A di Ha Noi; _

3) Néu C khong di Thanh phé H6 Chi Minh thi B di Nha Trang.
4) Néu D khong di Ha Nai thi B di Ha Noi.

5) Néu D di Hai Phong thi B khong di Ha Néi.



0

1.23.

1.24.

1.25.

Siu sinh vién A, B, C, D, E. M &y ki thi vé dich vé mén Toan.
Hai trong sdu ngudi lam duge bai. Khi Trudng doan hoi cac
em, ai 1am duoc bai thi nhan dugc cdc cau tra 101 nhu sau

1Y A va C 1am duoc bai.
2) Chi B va E 1am dugc bai.
3) Chi M va B 1am dugc bai.
4) A va M lam duqc bai.
5) A va D lam duoc bati.

B6n cau trong nam cdu tra 151 trén ding mot nira, cOn mot
cau sai hoan toan. Vay ai da lam dugc bai?

Mot thi sinh dén truéc mot mdy cham thi. C6 nam cau héi can

Zr

tra 101 "c6" hay "khong". Tra 15i diing thi mdy cho mot diém.

Mot thi sinh nhan thiy minh khong biét nén tra 161 diing cho
mot cau nao. Nhumg anh ta biét rang :

1) Cac cau ddu va cudi phai tra o1 nguge nhau.

2) Cau thit hai va thi tu phai tra 161 nhu nhau.

3) Tt nhat mot trong hai cau ddu phai trd 131 bing khéng dinh;
4y Néu cau thit tr tra Ioi "c6” thi cau thd nam phai tra 101
"khong". .

Sau khi tinh todn, thi sinh biét ring c6 thé duoc 4 diem va
néu may min thi duge 5 diém. Hoi thi sinh d6 di tinh toan
nhu thé ndo? Anh ta da tra 16i ra sao?

Xac dinh xem trong s6 cdc cau sau day cau nao 13 ménh dé,
cau nao 13 ham ménh dé? Trong truéng hop cau 12 ham ménh
dé hay tim mién ding cua né.

a)2U=1; b)xoxl; c)xZZO;
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1.27. H

1.28.

24

dyax"+bx+c>0véia b.cli nhimg s& thuc khac O ;

¢) Puding thang x song song vai duong thang v.

. Timy mién diing cua cdc ham ménh dé sau -

A @(x) 1 " [a wde chung cua 12 va 187,

b) p(x. ¥) 1 "X va y Ia citc 0 nguyén thoa min 2x + 6y = 5",
s s TS R S

) fix.y): "x vayla cac so thue thoamin x™+ v = 1",

dy phdt biéu thanh 61 mdi cau twong Gng véi cdc ham
ménh dé sau :

a) (pix,y)~qly,z)) = (p(x,2)). Trong do p(x, y) [ "x chia
hét cho y", q(y, z) 1a "y bang z"
b) (p(x)/\ @) — r(x). Trong dé :

p(x)1a "x 13 s6 nguyén 16"; q(x) 12 "x 12 s6 1€"; 1(x) 14 "x chia
hét cho 2.

Gia st o(x) 1a mot ham ménh dé ciia bién x xdc dinh trén 1ap

X. Ta ki hi¢u Eq,, 1a mién diing cta ¢(x). Hay chimg minh

cac ding thic sau day :

a) E‘I"{.\JV\V(.\J - Etp{x} - En(\j;

b) E =E . ,ME

mihep( ) [URY] l:rtx};

¢y E_ =C(E,,,), trong d6 X la mién xdc dinh cig ham
(RN '

ménh dé @(x).

d) E =C(E_  )wE trong dé X la mién xédc

dinh cira ham ménh dé o(x).

[ECIRS AT 8] ) wis}?



1.29.

1.30.

by E =E

IR b :pl\}mE'\pi\}'

¢y E =C,(E . trong d6 X 12 mién xdc dinh cua ham

t[ll\l
tpl\l

ménh dé g(x).

d) E _C (E, JUE_ . trong d6 X 1a mién xdc

[apis 1—sif i b VH Y yix)®

dinh cia ham ménh dé ¢(x).
Cho ba ham ménh dé @(x), y{x) va B(x) xac dinh trén

mién X. Dat A = Eg,,, B = Eyyyy C = Egy, (xem hinh vé
dudn day).

Hay xdc dinh mién diing ciia cdc hdm ménh dé sau bang cdc
mién gach chéo.

) e(x)vy(x)vo(x) ;
b} @(x) Ay(x)AB(Xx} ; | B
o) {o(x) Aw(x)]vB(x) 3
d) [o(x) v w(x)] A 8(x) ;
e) (@(x) > Y(xNPAO(x) :

A

Hinft |

f) (p(x) > w(x)) v B(x).
Hay chémg minh cic dang thiic tap hop sau day :

a) C, | E =E
X =y {x) (% b2 yrx}

]:C)\( )9 Cx By )

Trong dé @(x) va y(x) la nhing hAm ménh dé xdc dinh trén
mién X.

0y C, [ E

X
k [EAENRIIEY]
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1.33.

1.34,

1.35.

26

H(IxeR)(VyeR)(x+y=6)

d}(Vx eR)(Fy eR) (x + y=6).

. Hay dung ki hiéu dé vié€t cdc ménh dé sau rdi chi ra tinh

diing sai cua né.

a) Ton tai 6 thuc x sao cho véi moi 86 thuc y ¢c6 yx = .
b) V&i moi s6 thiic X, y ton tai s6 thuc zsaocho x +z = y.
¢) Khong 16n tai s6 hitu ti x sao cho x” = 3.

Cho x, y. x 12 nhitng s6 thue. Trudc cdc vi tir sau, hiy dat céc
luong tir thich hop dé€ cé duge ménh dé ding :

a}{(x +y)z=xz+yz byx +1>y;

cY2x +3x=5; dD(x=y)Ivx>y)vix<y)
Tim phu dinh cta cdc ménh dé sau day :

A(VxeR, VyeR, VzeR)Y(x+y=2z);

b)(VeecR", 38R, ¥x eR: |x —a] < &) [f(x) — f(a)] <&
Trong d6 R™ 12 tap hop cdc s thuc duong.

Cho X = {a,, a,, ..., a } 1a tap hop hitu han gédm n phan tr.
Chimg minh rang néu @(x) 1a mét hdm ménh dé xac dinh
trén X thi cé - '

a) (Vxe X) o(x) =op(a ) A o(a, ) A A0(a,);
by Ixe X) p(x}=9a,}v... voa,).

Hay ditng cdc dang thirc trén dé chiing minh :



1.36.

1.39.

1.40.

1.41.

¢) (vx € X} o(x) = (Ix € X)p(x};
dy (Ix e X) o(x) = (¥x € X)p(x).

Xéttap hop {A . As, .., A} macdc phantir A, A, ..., A IR
nhitng tap hop. Chimg minh rang c6 it nhit mot tap hop A,
khong chita mé1 tap nao trong ¢dc tap con lal.

. Ching minh rang A — (A — B) = Bkhi vachi khi BC A.

. Gia str X 1a mét tap hop cé n phan tir va r la mét $0 tu nhién

khdc 0 va bé hon hay bang n. Tinh :
a) 86 cdc bo phan cua X ¢é r phén tr;
b) S6 cdc phén tr cua AX).

Biéu dién hinh hoc tap A x B véi
AA={xe R|1<x<3};

mB=R;

c)A=B=7Z.

Biéu dién hinh hoc tap hop X cic (x, y) clla mat phang Dé-céc
codang (x, x) v6 1 0< x < | hodc géda_mg x,x+Dvdhix = 0.
Chimg minh :

a) AU B = A khi va chi khi B A;

b) A~ B = A khi va chi khi AcB;

OAND =;

dyAUD =A.
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1.42,

1.44,

- 1.45.

1.46.

28

Tap hop X & bai 1.40 ¢é phat la d6 thi cita mot anh xa tor R

dén R hay khéng?

- Taphop G = {(x. x) | x <O} {(x, 0) | x 20} ¢ phai 1a d6 thy

cua mot anh xa tr R dén R hay khong? Biéu dién hinh hoc

tap hop do.

_ {
Tap hop G:J[X, ! ]
1 x -1

ctia mot dnh xa nhu the nao? Biéu dién hinh hoc tap hop dé.

xeR x = ]} c6 thé coi 1 do thi

Giastf: X — Y la mot 4nh xa, A va B 12 hai bé phéan cha
X. C va D 1a hai b6 phan cta Y. Chimg minh :

a) flA U BY=flA U f(B);
b) f(A A B) < f(A) f(B):

o) f{CuD)y=f"(Cyuf(D);

d) F(CAD)=f {(C)ynf(D):

e) f{X—A)> f(X)-f(A):

) (Y =C) = X - ().

Gia st n fa mot s6 tumnhién cho trude,

f: N — N1a mot dnh xa duoge xdc dinh bai

f(k]—Jn_k néuk <n
N in +k néuk zn

f ¢6 phai la mot don dnh, toan dnh, song anh hay khong?



1.47.

1.48.
1.49.

1.50.

1.51.

1.52.

1.53.

Giastr f: X > Yvig:Y — Xlaho dnh xava h = gf la
anh xa tich cua ching. Ching minh :

4) Néu h 1a don anh thi { [ don danh, néu thém f 1a toin anh
thi g ta don inh.

b) Néu h la toan danh thi g a toan dnh. néu them g 1a don énh
thi f la toan dnh.

Cho dnh xa f: X — Y. Cluing minh f 13 don dnh khi vk chi
khi ¢é mot anh xa g tir Y dén X sao cho gf = 1 (X = &).
Chodnh xa f: X — Y. Chung minh f ]a mét toan anh khi va
chi khi ¢é mdt dnh x‘a; g: Y — Xsaochofg=1y.
Chobadnhxaf:X —»Y.g g :V — X.Ching minh :

Ay Neufladondnhvafg=fgthig=g"

b) Néu véi moi g, g'. vdi moi V ma fg = fg' kéo theo g = g
thi f la don dnh.

Chobadnhxa:f: X —>Y:h.h':Y — Zchitng minh :
a) Néu f1a moét toan dnh thi hf=h'f suyra h'=h

b) Néu vt moi h, I, véi mor Z ma hf = h'f kéo theo h' = h
thi f i toan anh.

Ching minh rang néu c¢é mét song dnh tir X dén Y va mot
song anh t X dén Z thi ¢é mot song anh tr Y dén Z.

Chimg minh ring diéu kién can va di dé cho mot bo phan G
cha-tich Dé-cic X x Y li dé thi clia mot dnh xa wr X dén Y
13 anh xa G- X

(X,¥) > X

la mot song dnh.



1.54. Gia st (A}, | la mot ho nhimg bo phan clta tap hop X. B 1a
mot tip hop tuy §. Chung minh :

ay {lJJA DA véimoii=sl:

b) NA., c:A vdi moi i< [

i=l

c) Bﬁ(UA y=UBMA):

el

d) BU{NA)=N(BUA,):

1£] izl
) CLUA)=NCLA
£ Co(NAY=UC, A, .
171 =]

L.55. Giasu f: X — Y la mot anh xa. (A));z [ 12 mot ho nhiing bo
phan cua X, (B))je) 12 mot ho nhitng bo phan cha Y. Chimg
minh : ‘ '

a) f{UAi)=Uf(A1);

el el

by (N A) < NT(A;):

el el

) 7 UB)=UT(B)):

iej J€]

dy ! ﬂB—ﬂf

€] )

1.56. Ta ki hiéu Hom(X, Y) la tdp hop tat ca cac anh xa tle X dén
Y. Chimg minh :

a) Cé mot song dnh tir Hom(X, Y) dén Y
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1.57.

b) Néu Y ¢6 hai phan tr thi ¢é mot song dnh tir Hom(X. Y)
dén #A X).

c) Tir a) va b) suy ra rang néu X c¢6 n phan t«r thi #X) ¢é 2"
phdn .

Gia st f: X — Y Ia mot 4nh xa. R 14 b6 phan clia X~ gém
cdc cap (x, x') sao cho f(x) = f(x").

a) Chimg minh R 1a mét quan hé twong duong trong X.

b) Xét tap hop % va 4nh xa

p:X—)%

x = Cix)

~ Chitng minh ¢6 mét anh xa duy nhat f: }%{ — Y sao cho

1.58.

biéu d6 sau giao hoan
i
X——Y
p\ / f
X
%
nghiala f = fp.

¢) Ching minh 14 mot don 4nh trong trudng hop f 12 toan
4nh thi f 1a mot song 4nh.

Xét tap hop cic s6 nguyén Z va tap hop N cdc s6 tu nhién
khic 0. Goi S la quan hé trong Z x N xdc dinh boi

(a, b) § (c, d) khi va chi khi ad = be.
Chimg minh :
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1.59.

1.60.

1.61.

1.62.

1.63.

32

a) S 1a mot quan hé tuong duong;

b) C6 mét song anh tr tap thuong Zx N% dén tap cdc 50
hitu ti Q. |

Gia st S 1a mét quan heé hai ngoéi xdc dinh trong Z bdi cac
cip (X, y) V0 X.y € Z va X + y lé. Chiing minh :

a) S khong phai la dé thi cia mot anh xa tr Z dén Z;

b) S khong phai 1a quan hé thir ty, cling khong phai 1a quan

hé tuong duong.

Ciing cau hdi trong bai tap 1.59. Thay gia thiét x + y 1& boi
gid thiét x + y chan.

Gia su X 1a mot tap hop, T 12 mét quan hé hai ng6i c6 tinh
chat phan xa, déi xtimg trong X. Ta xédc dinh quan hé hai
ngodi S trong X nhu sau : xSy khi va chi khi ¢é x; =x, %, ...,
X, =y sao cho x;T x,, X, T x5 ..., X~ T x;,. Chitng minh :

a) § 1a mot quan hé tuong duong va T S;

b) Véi moi quan hé tuong duong H sao cho Tc H thi Sc H.
Gia str X 1a tap hop cdc ham kha vi xac dinh trén tap hop cic
s6 thuc IR. Gia sir S 12 quan hé xdc dinh bdi v S z khi va chi

khi j—y = % vii moi x € R. S ¢d phai 1a mdt quan hé tuong
x dx

duong khong?

Cho X 1a khong gian ba chiéu thong thudng va O 1a méot
diém ¢6 dinh cia X, Trong X x4c dinh quan h¢ S nhu sau :

P S P' khi va chi khi O, P, P' thang hang.



a) Scd 1a quan hé tuong duong trong X hay khong?

b)’S ¢o 1a quan hé tuong duong trong X ~ {0} bay khong?
Neéu co, hdy xdc dinh cdc 1dp twong duong.

1.64. Cho S =X~ Ia mot quan hé hai ngéi trong tap hop X. Ta goi
la guan hé nguoce cha S, ki hieu 1a S tap con cha X7 xéc
dinh bai (x, y) € S' khi va chi khi {¥. x) £ 5. Ching minh :

a) Néu S la mot quan hé tha ne thi 5! cang la moét gquan hé
tha tu.

b) Néu S I3 mot quan hé tuong duong thi S ciing 13 mot
quan hé tvong duong.

1.65. Gia st S la mot quan hé tuong duong trong tap hop X. Ching
minh rang néu S = {(x. x) | x X}, thi S khong phai 13 mot
quan hé thir tu trong X.

1.66. Cho tap hop X = N" (n>1). Trong X ta xdc dinh quan hé §
nhu sau :
{ay, a5, ...,a,) S(b|, b, ..., b} khi va chi khi
(a), a5, ... ) = (b, by, ... b,)
hodc comotchiséi(i= 1,2, ..., n)saocho
g =b,as=b. ..., 4, =b_,, a4 <b

=1 i

Ching minh S 12 mot quan hé thif tr toan phan.
1.67. Giasuf: X — N Ia mét don anh tiv tap hop X dén tap cic s6

tw nhién N. Quan h¢ hat ngoi S trong X xdc dinh boi x S x'

3-BT @AISO BC A : 33



1.68.

1.69.

1.70.

1.71.

34

khi va chi khi f(x) < f(x"). Chiéng minh S 13 moét quan hé tha
ty toan phan.
Cho hai tap hop X va Y. Got ©(X. Y) Ia tap hop cdc anh xa
tir ciac thp con cla X dén Y. Xét quan hé S trong O(X, Y)
xitc dinh nhu sau :

£'S g khi va chi khi g 12 md rong ciia f.
a) Chitng minh S la mot quan hé thi .
b) Tim cdc phdn tr toi tiéu, t6i dai, bé nhat, 1én nhat cua
®(X, Y) dsi véi S.
Ching minh rang néu a ta phan tr bé nhit (16n nhat) ctia mot

tap hop X d6i véi mot quan hé thd tr S thi a 1a phan t toi
tiéu (161 dai) duy nhit cia X.

Chiing minh rang néu X sép thir ty tét thi X sap thi
toan phan. ) _

Chiing minh céc tap hop trong bai tap 1.66 va 1.67 1a sip thi
tu 6t (tap hop sdp thit tv X duoge goi 1a sap thit tr t6t néu moi
bo phan khéc réng cia X déu ¢é phén tir bé nhab).

1.BTRAISOBCSB



Chuong 11
NUA NHOM VA NHOM

A. TOM TAT Li THUYET

1. Nira nhém

Binh nghia. Mot phicp todn hai nga trong tap hop X 1a mot anh
XaT: X% - X. Anh cta (x, y) € X2 qua anh xa T dugce goi la Aop
thanhcua x va y déi vai phép todn T, ki hiéu la xTy.

Thong thuong phép toan T dugc ki hiéu 1a . (phép nhan) hoac +
(phép cong) hop thanh x.y cdn duge viét la xy.

Phan tir ce X duoc goi 1a phin b trung Idp (d6i véi phép toan
T) néu va chi néu véi moi xe X cé eTx = xTe =x.

Phép toan hai ngdi T trong tap hop X duge goi la £éf fop néu
va chi néu véi mol x, v, ze X ta ¢6 XT(yTz) = (xTy)Tz.

Phép todn hai ngoi T trong tap hop X duge goi la grao fodn néu
va chi néu véi moi x, ye X ta ¢6 xTy = vTx.

Binh nghia. Ta goi 1a naa nhom mot tap hop X cung vdi mot
phép toan hai ngoi két hop da cho trong X.
Mot nita nhém c6 phén tir trung lap duoc goi 1a mot v7 nhom.

Mot nita nhém ma phép todn cta né 1a giao hoan duogc goi la
mita nhom giao hodn. '
2. Nhém

Binh nghia. Ta goi 2 #Adm mot vi nhém X trong d6 moi phz‘in
tir cia X déu ¢6 phan tlr d6i xing, nghia 1a v6i moi xe X ¢6 mot
x'e X sao cho x'x = xx' = e (¢ 1a phan tir trung lap cla vi nhom X).
Neéu phép toan trong X 1a giao hodn thi X duge goi la mot nhom
giao hodn hay nhom Aben.
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Néu tap hgp X ¢6 hiu han phin t thi nhom X duge goi 13 mot
‘nhém ¢é cdp hitu han. S6 phan tir etia X duge goi 1a cap cua X va
ki hieu 1a X].

Néu tap X cd vo 30 phan tir thi X du‘UC gol la nhém ¢6 cip
vo han.

Trong mét nhém X ta ¢6 cdc tinh chat sau day:

a) Phén ur trung lap cda X la duy nhat.

b) V6i mdi phan tir x e X, phdn tlr d6i xing x' cha x 1a duy nhat
(né€u phép todn trong X 1a phép nhan (.) thi ki hiéu x' = x ', néu
phép todn trong X la phép cong (+) thi ki hiéu x' = -x).

¢) Véi moi x, vy, z thude X, dang thiic

xy=xz {(yx=zx)kéotheoy=1z
d) Vé&i moi a, b thudc X, phuong trinh

ax=b  (ya=Db)cé nghiém duy nhat thuoc X.
e) V&i moti a, b thudc X

-1 _ -1 -1
(ab) =b a .
a - ( ~ . - o ~ s
Néu dat a’ = e thi vé6i moi sO nguyén m, n ta co:
—i -1
(al'l) — (a )I'I
n __m n+m
a.a =a
El )l‘l"] nm.

Binh li. Gia st X 1a mot nira nhom khdc réng, thé thi cac tinh
chat sau la tuong duong:

(i) X 1a mdt nhom;

(i1) Tén tai phan tir e€ X sao cho véi moi ae X, ea = a va v
moi ae X, tébntaiae X saochoa'a=¢; . _

(ii1) V&i moi a va b thuéc X, cdc phuong trinhax =bvaya=b
¢6 nghiém trong X. :
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"~ 3. Nhém con
Pinh nghia. Mot bo phan 6n dinh A ctia mét nhém X duge goi 1a
mot nhém con cia X néu A cung véi phép todn cam sinh 1a mét nhom.
Binh Ii. Gia sit A 1a mot bo phan khdc rong cha mot nhém X
the thi cic diéu kién sau day la tuong duong:

a) A 1a mot nhém con cia X;
. s
b) V&imoi X,y € A, XyeAvax €A;

) Véimoi x, ye A, xy_ €A.

Gia st U 1a mét bo phan cia nhém X, khi d6 giao cla ho cic
nhom con ctia X chita U 14 mot nhém con cia X chita U, né duocc
g0i 12 nhém con ciia X sinh ra bai U, ki hiéu 1a <U>. Néu U = {x}
thi nhém con cha X sinh b&i U dugce goi 1a nhém con xyclic cha X
sinh b&i phan tir x, x dugc goi 1a phdn ni sinh cha < x >. Nhém X
duge goi 1a xyclic néu né duge sinh ra boi mot phan tor xe X.

Néu < x > 13 nhém ¢6 c¢4p n thi n dugc goi 1a cap cla phén tr x.

Pinh li Lagringgig. Cip clia m6t nhém X hiru han 12 boi cha
cip cia moi nhém con cila né.

Hé qua. Cip cta mdt nhém hitu han X 13 boi clia cip cua moi
phan tir cua X.

4. Nhém con chuan tic

Pinh nghla. M6t nthém con A ctia mot nhém X goi 12 chudn tac
néu v6i moi ae A va véi moi xe X tacéd X 'axe A.

Dinh Ii. Mot nhém con A cha moét nhém X 1a chufn tic néu va

chi néu véi moi x € X ta ¢6 xA = Ax vdi xA:{xa|aeA} va

Ax ={ax|ac A}.
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5. Nhom thuong _
Pinh nghia. Né&u A 12 mdt nhom con chudn tic cua mot nhém

X thi )%\ = {XAI X € A} cing vdi phép todn XA.yA = xyA Ja mot

nhém, goi 12 nhdém thirony cia X trén A.

6. Bong cau

Dinh nghia. Mot déng ¢du (nhém) la mot dnh xa f tir mot nhém
X dén mot nhém Y sao cho '

f(ab) = f(a)f(b), vé1 moi a va b thuoc X.

Néu X =Y thi déng ciu f durge goi 1a mot e dong cdie clia X.

Mot déng cdu 1a mot don 4nh duge goi la mot don can, mot
déng cau 12 mot toan dnh duge goi 1A mot roan cdu, mot dong ciu
song dnh duge goi I3 mot ddng cdu. Néu cé mot dang cau tlt mot
nhém X dén mot nhém Y thi ta néi rang hai nhom X va Y dang
cau véi nhau, ki hidu la X=Y.

Gia sit f : X — Y 13 mot dong cau, tap hop Imf = £(X) duge goi
14 anh clia dbéng cau f va Kerf = f_l(eY) duoc gol 14 hat nhdn cuia
dong cdu f (ey 13 phan tir trung 1ap cia nhém Y).

Gia st f: Y — X 1a mot dong cdu. Khi do ta c6 cic tinh chét sau:

a) fley) = ey ; ex, ey theo thif t 1a phén tir trung 1ap clia X va
cua Y.

b) fa™) = [f@)] " ;

c) Néu A la mot nhém con cua nhéom X thi f(A) 1a mot nhém

con cua Y. Pac biét Imf la mot nhém con cia nhom Y.

d) Néu B 12 mot nhém con chudn tic cha Y thi f_l(B) la mot
nhém con chudn tac cha X. Pac biét Kerf 1a mot nhém con chuén
tac cna X.
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e) f 12 mét don cau khi va chi khi Kerf ={e, }.

g) f 1a mot toan cau khi va chi khiImf =Y.

by Né&u £ 12 mot dang cdu thi £ efing 1a mot dang ca.

Binh li. Néu f : X—>Y va g : Y2 la nhing dbng cau thi
gf : X —Z ciing 1a mot dong ciu.

Binh li (dinh 1i déng cdu). Gia st f : X—Y 12 mét dong cau.
Thé thi c6 mot don cdu duy nhat f: )%(erf — Y sao cho tam giac

X——}Y

P\ /f
Miert

giao hoan, tic 1a f = fp; Imf = Imf, trong 46
: X
p:X— A(erf
XX
12 toan c4u chinh tac.

-~ 5 N - - - X
Nhu vay néu fla toan cdu thi Y = A(e of

B. BAI TAP
2.1. Gia sir X 1a mot tap hop tuy y. Xét énh xa
X* > X
(x,y)—>x

Ching minh X 12 mét nira nhém véi phép toan hai ngoi trén.
Neéra nhém dé c6 giao hodn khong? cé don vi khéng?

2.2. Gia sir a vd b 1a hai phin tir cia moét nira nhém X sao cho
ab = ba. Chimg minh (ab)" = a"b" v6i moi s& tr nhiénn > 1.
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2.3.

24,

40

e N . - P 2 2 v .
Néu a va b la har phin nr sao cho (ab)” = a b thi cé Suy ra

ab = ba hay khéng?

Goi X la tap thuong cua Z trén quan hé dong du theo modun n.
a) V&i moi cap (a ., b) ta cho tuong vimg 16p tuong duong
ab . Chiltng minh khi d6 cé mot dnh xa tir X° dén X.

b) X 1a moét vi nhém giao hodn doi véi phép todn hai ngoi
xac dinh o a).
¢) Néu cho twong iing méi cap (a, b ) 14 16p ab . Chimg
minh litc d6 X ciing 12 mot vi nhém giao hodn.

Gia st 1a mot tap thwong cha Z x N trén quan hé tuong

duong S xéc dinh bdi (a, b) S {c, d) khi va chi khi ad = be.

Ta ki hiéu cac phan 6t C(a, b) cia X bang —E— voi(a,b)e Zx N

a) Vai mdi cap (%, %) cho tuong tng I6p tuong duong

d+ : .
—‘z—b-dE. Chimg minh rang nhu vay ta ¢6 mét 4nh xa tir x?

dén X.
b) Ching minh X 1a mét vi nhém giao hodn véi phép-toin
hai ngé1 0 ciu a).

¢) Néu moi .czfap (% , %) ta cho twong ung 16p tuong duong

E%. Ching minh hic d6 X ciing 13 mot vi nhém giao hodn.



2.5.

2.6.

2.7.

Xét tich dé cic N" (n = 1) v6i N 12 vi nhom cong céc so

i rthién.

a) Ching minh N" cling véi phép todn

[a]. dy,y -vay E‘ln) + (bi" b:._ - bn) = (El] + b!._. d- + bz. R 1S + bn}
l4 mot vi nhém giao hodan.

b) Trong N da xéac dinh quan hé thit tu (chuong L. bai 1.66),

chimg minh néu o, Be N" sao cho a < P thi

o +y<PB+yvéimoiyeN".
Lap cdc bang toan cho cac tap hop gom hai phan ur, ba phan

tir d& dugce nhing nhém.

Ching minh cdc tap hop sau day véi phép todn thong thuong
lap thanh mot nhom:

1) Tap hop cic s6 nguyén véi phép cong;

2) Tap hop céc s hitu ti véi phép cong;

3) Tap hop céc s6 thuc véi phép cong;

4) Tap hop céac s6 phic va1 phép cong;

5) Tap hop cédc s6 nguyén 12 boi cia mot s6 nguyén m cho
trude véi phép cong;

6) Tap hop céc s6 thue duong vo1 phép nhan,

7) Tap hop céc s6 thuc khic 0 véi phép nhan,

8) Tap hop céc s0 phitc khac 0 véi phép nhén;

9) Tap hop cic s6 phic véi modun béng | véi phép nhan;

10) Tap hop céc s6 hitu ti ¢6 dang 2", n € Z véi phép nhan;
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11) Tap hop cdc can phitc bac n cua 1 vdi phép nhan;

£2) M ={1, ~1} v6i phép nhan;

1) Tap hop cac 56 thue co dang a+ by'3 véiavab thudc Z
cung vo1 phép cong ; -

14) Tap hop cic s6 thuc cé dang a+b3 vai phép nhan (¢
déabe Qvaa+b = 0);

15) Tap hop cac s6 phitc c6 dang a + bi v6i phép cong (o 46
abe?):

16) Tap hop céic vecto n chiéu clia khong gian R" véi phép

cong vecto ;

17) Tap hop c¢dc ma tran thuc vudng cap n véi phép cong ma
tran ; '

18) Tap hop cic ma tran thuc vuéng cap n khong suy bién
vgi phép nhan ma tran;

19) Tap hop cdc ma tran thuc vudng cap n véi dinh thic bing
1 véi phép nhan ma tran;

20) Tap hgp céc da thiic (v6i hé 58 thuc) véi phép cong céic
da thirc;

21) Tap hop gém da thitc 0 va cdc da thitc ¢6 bac khong qua
n (n la mét s& tunhién cho trudc) véi phép cong céc da thic.
Trong cic nhém irén diy nhém nao la nhém con ciia nhém
nac?

2.8. Cho X 12 mot nita nhém khic réng. Véi méi a € X ki hiéu

42

aX = fax | x e X}
Xa:{xélxeX}.



2.9.

2.10.

2.11.

2.12.

Chting minh X 12 mét nhém khi va chi khi vé1 mor ae X ta
coaX = Xa=X.

Cho X 1& mot tap tuy y. Ki hieu Hom{X, X) I tap hop cic
anh xa tit X dén X. Vi phép nhan dnh xa Hom(X, X) cé Iap
thanh mot nhém hay khong? Chimg minh rang bo phan S(X)
ciia Hom(X, X) gém cac song dnh tir X dén X la mot nhom
v6i phép nhan dnh xa. Hay tim cap cta S(X) trong truong
hop X ¢4 n phan .

Cho X 1a mét nhoém véi don vi e. Chitng minh rang néu véi
moi ae X, a° = ¢ thi X la Aben.

Cho mot ho khac réng nhimg nhém (X,);; ma cic phép todn ki
hiéu bang ddu nhan. Chimg minh rang tap hop tich De-céc
[T X, v&i phép todn xéc dinh nhu sau

izl
(Xier -(Yidier = (X3Yidiel
13 mot nhém (goi 12 tich cua cac nhém X).
Gia sir (X,);¢[ |2 mot ho khdc réng nhitng nhom.

X =HX.' 12 tich tryc ti€p cha ho (X));e;- Cdc dnh xa p; cho
il
boip,: X = X
X B x, 1€l

a) Chiing minh ring céc 4nh xa p; déu la todn cdu vdi moi
iel

b) Cho Y 12 mot nhém va cic dnh xa (f; 0 Y - X)) g [a mot’
ho nhimg dong cdu. Chimg minh rang ton tai duy nhat dong

ciu f : Y X saocho védimoiieltact fi=p;f.
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2.13.

2.14.

2.15.

2.16.

2.17.

2.18.

2.19,

Chitng minh rang Z, x Z, 12 mét nhém xyclic khi va chi khi
m va n nguyén t6 cling nhauv.

Chung minh rang moi nita nhém khic réng hitu han X 13 mot
nhom néu va chi néu luat gidn wée thue hién duge déi véi
mol phan tir ciia X.

Chitng minh rang moi b phan khdc réng on dinh cia mot
nhom hitu han X 12 mot nhém con cha X.

Chiimg minh rang trong nhém coéng céc s6 nguyén Z mot bo
phan A cua Z 1a mot nhém con cla Z néu va chi néu A ¢6
dang A =mZ, meZ.

Che Y 1a mot bo phan cia tap hop X. Chimg minh ring bo
phan S(X, Y) cua $(X) gém cic song 4nh f : X > X sao cho
f(Y) = Y la mot nhém con cha S(X) (bai tap 2.9). Tim s6
phén tr cua S(X, Y) trong trudng hop X ¢é n phén tr, Y ¢6
mat phén tir.
Trong nhom cdc phép the€ S, chitng minh rang cic phép thé
sau:e, a=(12) (34), b = (13) (24) va ¢ = (14) (23) lap thanh
mot nhém con cia S, Nhém con d6 c6 giao hoan hay
khong?
Cho A va B 1a hai bo phan ctia mot nhém X. Ta dinh nghia
AB={ablac A beB]}

A’ ={a"'laeA}.

Ching minh céc dang thiic sau day:

- a){AB)C=A (BC);
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2.20,

2.21.

2.22,

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

) (AB) '=B'A™';

d) Néu A 1a mot nhém con ctanhém X thi A ' = A

Cho A Ia modt bo phin khdc réng cta mot nhém X. Chimg
mink A 13 nhém con cita X khi vl chi khi AA™ = A

Cho A 12 mot nhém con cia mét nhém X, ae X. Ching minh
rang aA |a mét nhém con cua X khi va chi khiae A.

Trong mét nhém X chimg minh rang nhém con sinh ra boi
tap & la nhém con {e}, e 12 don vi ctia X.

Gia sir S 1a moét bo phén khidc rong cua mét nhém X. Ching
minh rang cdc phan tir cia nhém con sinh bdi S Ja cdc phan
tr c6 dang X Xo ... X, V81 Xy, X5, ..., X, thudc S wS ' Tim
nhoém con c¢ila nhém nhan cdc s6 hitu ti duong sinh boi b
phan cdc s6 nguyeén t4.

Ching minh rdng moi nhém con cia mot nhém xyclic [a mot
nhdm xyclic.

Cho X 1a m6t nhém véi phdn tir don vi e, mot phdn tr a
thuoe X 6 cap 12 n. Ching minh ring a* = ¢ khi vi chi khi k
chia hét cho n.

Cho a, b 13 hai phan tir tuy ¥ coa mot nhém, ching minh ab
va ba co cung cép.

Chitng minh rang moi nhém cép vo han déu ¢6 vé han nhém
con. B

Cho X va Y 1a nhitng nhém xyclic ¢é cap la m va n. Ching
minh rang X x Y 1a mét nhom xyclic khi va chi khi m van
nguyén té cing nhau.

Cho A 12 mot nhém con cita nthém X. Gid sir tap thuong X/,

¢6 hai phan tif. Chiing minh A 13 chudn tic.
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2.30.

231

2.36.
2.37.

2.38.

46

Trong nhém cé céc phép the S . Ching minh A — tap hop
cdc phép the chan, 1a nhém con chudn tac caa S,

Gia st X 1a mot nhom xychic vo han va ae X 12 mét phan wr
sinh. Goi A Ta nhém con cua X sinh ra boi a7, Chiing minh
rang cdc 1dp trdi clia’ A bang cic 16p phdi clia A va 56 cdc 16p
dé bang 3.

Gia stir X 1a mot nhém. ta goi bo phan C(X) = {ae X | ax = xa
véi moi x € X }1a tdm coa X . Chimg minh ring C(X} 1a mot
nhém con giao hodn vd moi nhém con ctia C(X) la mot
nhém con chuén tic coa X.

Tim tat ca cdc nhém con vi nhém con chuan tic cia nthém
cdc phép thé S;.

Gia st X ]2 mot nhém, x va y 1a hai phdn tit cita X. Ta goi 1a
o . . -1 - . ST .
hodn tircua x vay phan e xyx y ' Chimg minh rang nhém
con A sinh boi tap hop cdc hodn tt cOa 1t ca cde phan nr x, y
ctia X la mét nhém con chuan tic ctia X va nhém thuong
X/ 1a Aben. Nhom con A duoc goi ta nhém con hodn tit

cua X va ki hién [x; x].

Chimg minh ring muén cho nhém thuong }%—I cua mot
nhém X 14 Aben ¢dn va du 12 nhém con chudn tic H chita
nhém con cac hodn tircta X,

‘Tim nhom cac hoan tr cua nhém cde phép the S,.

Ching minh ring moi nhém cip bé hon hay bang 5 déu Ia
Aben.

Hay tim cac nhém thuong cua:

a) Nhom cong cdc s6 nguyén 1a bdi cia 3 trén nhém cong
cdc 6 nguyén 1a boi cha 135,



2.40.

2.41.

b) Nhém cong cic s8 nguyén la bor ciia 4 trén nhom cong
cac s6 nguyén la boi cua 24,

. Cho D la tap hop cdc dutmg thing A trong mat phang ¢

phuong trinh 12 y = ax + b (a va b 1a nhing s6 thuc. a £ 0},
Anh xa
DxD—->D

{A), Ay) > Ay
trong dé A, A.. Az Han Iuot 12 cdc duong thing c6 phuong
trinh y; = ;X + b, ya = ax + bo, y; = ajax + by + by xéc
dinh mot phép todan hai ngdi trong D.
a) Chimg minh D [a mdt nhém véi phép todn trén.

b) Chitng minh &nh xa @ : D — R

A a

trong doé R 12 nhém nhén céc s6 thuc khac 0 va A 1a dudng
thang c6 phurong trinh y = ax + b 12 mot déng cau.
¢) Xdc dinh Kerg?
Mot phép dbi xiing ctia mét hinh hinh hoc 12 mot phép thé
cua tap hop X cic diém cua hinh dé va bdo toan khoang
cach. Chiing minh ring tap hop cdc phép d6i xding cla mot
hinh hinh hoc ta mot nhém véi phép nhéan dnh xa.
Ki hiéu Ay 12 nhom d6i ximg ctia mot tam gide déu. Chimg
minh rang

Ay={is R,R*, D}, Dy D3}
trong d6 R 13 phép quay tam O, géc quay 120°, Dj ta <éc
phép doi ximmg qua duong cao di qua cic dinh i (i =1, 2, 3).
Hay lap bang todn cho Ay vasuy rarang A; = S;.
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Hinh 2

2.42. Cho Gy, G, la nhimg nhém v6i don vi theo thit ty 13 e, - va
G =G, x G, latich cha G, va G..
A =G, x{e;} vaB = {e;} x G,. Xét cic inh xa

P, :G — G, Py: G — G,
(X[, X3) b X, (X1, X3) > X»
q4,:Gy - G 9:G, > G

X (X, Cy) X2 > (€], X5).

a) Chung minh p;. p, 14 nhitng toan céu. Xdc dinh Kerp, va
Kerp,.
b) Ching minh q,. q; [a nhitng don cau. Xdc dinh Img, va
mq;. Tir d6 suy ra G, dang cilu véi A va G- ding cau vdi B.
¢) Ching minh A vi B la nhilng nhém con chudn tic va
AB=BA =G.

2.43. Ching minh rang moi nhém xyclic hite han ¢ip n déu déng

+ clu vdi nhau (ding ciu véi nhém cong cac sO nguyén

modun n),
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2.44.

2.45

2.46.

247,

2.48.

2.49,

Chimg minh ring moi nhém xyclic cap vo han déu dang cau

vén nhau (ding ciu véi nhom cong cdc s nguven Z).

Chung minh rang
Méi nhém_xyclic cap vo han chi ¢ hai phan ti sinh. Moi
nhém xyclic ¢ip vo han chi ¢6 hai tr ding ciuw.
Gid su X 1a mot nhém va Y 1a mot tap hop duge trang bi mot
phép toan hai ngdi. Gia si ¢6 mot song dnh f : X =Y thoa
man tinh chat f{ab) = f{a) f(b) véi moi a, be X. Chitng minh
Y clung véi phép todn di cho trong Y la mét nhém. Hon nit,
néu X la Aben tht Y ciing ta Aben va néu X la xyclic th1 Y
ching la xyclic.
Cho X va Y 1a hai nhém xyclic ¢6 cdc phan tir sinh theo thi
tulax vay,cécaplasvat
a) Ching minh quy tic ¢ cho (ng véi méi phin tr x"e X
phan tu (yk)" €Y, véi k 1la mot s6 tu nhién khac 0 cho trudc,
14 mot dong cau khi va chi khi sk 1a boi cua t.
b) Chimg minh rang néu sk = mt va ¢ 12 ding cdu thi (s, m) = L.
Cho X 12 mot nhém giao hodn, chitng minh rang dnh xa:

p: X=X

arsa

véi k 12 mot s6 nguyén cho trude, 1a mot dong cau. Xdc dinh
Kerg.
Choe X 12 mét nhém. Anh xa ¢: X - X

ak>a’

1A mot tu dang cau ctia nhém X Kkhi va chi khi X 1a mot
nhém Aben.
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2.50.

2.51.

- 2.52

2.33.

2.54.

2.55.

50

Chio X 1a mét nhém. Chimg minh ring tap hop cic tu déng
cdu cila X cling vé1 phép nhan dnh xa 1a mot nhém.
Gia st X, Gy, G, 13 nhilng nhom, G = G xG.vaf: X>G,,
¢ : X =G, lanhitng Anh xa. Xét dnh xa

h:X -G

X > hix} = (f(x). g(x))

Chitng minh rang h 12 mot ddng cdu khi va chi khifva g 1a
nhimg dong cau.

. Trong tap hop X = 7>, 7 1a tap hop céic s0 nguyén ta xdc

dinh mot phép todn hai ngéi nhu sau:

a) Chitng minh riang X ciing v&i phép todn hai ngéi d6 1a mot
nhom. -

b) Chitng minh rang nhém con A sinh béi phan tir (1, 0, 0} 1a
chuén tac.

¢) Ching minh ring nhém thuong X/, déng ciu véi nhém
cong cac s6 phitc c6 dang a + bt véi a, be Z.

Chitng minh rang nhém céng céc sé thue dang cdu vdi nhém
nhan cdc s0 thuc dirong.

Chimg minh rang nhém cong cdc sé phitc ¢6 dang a + bi vé6i
a, be 7 ding cau véi nhém tich Z x Z (& d6 Z 1A nhém
cong cdc s6 nguyén).

Gia s X la mot nhém xyclic cdp n sinh boi phan tir a. Xét
phantirb = a* eX, Chémg minh:
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2.56.

!\J
n
™

2.58,

2.59.

2.60.

a) Cap b bang avcn d 14 ude chung 16n nhat cua n va k.

b) b 14 phan tr sinh cia X khi va c¢hi khi n va k nguyén 16
clng nhau. (Tir 36 suy ra 6 phan i sinh cua X).

Gia sir a. b 12 hai phin tir ca mot nhém. giasiracécpr, b
¢ cip s, vGi 1 va s nguyén 16 cing nhau, ab = ba. Ching
minh rang cip cla ab bang rs.

Chimg minh rang:
a) Moi nhom cap b6n hoac dang cdu v6i Z, hoic ding céu

Vdi Zz > Zz.

b} Moi nhém cdp sdu hoic ding cidu v6i Zg hodc dang cdn

vdi nhom cdc phép the S;.

Ching minh rang moi nhém thuong cia mot nhém xyclic la
mot nhom xycelic, anh dong cau cua mot nhém xyclic 1a mot
nhém xyclic.

Trong nhom cong cédc sO nguyén Z, chiing minh véi hai s6
nguyén m. n ta cé:

a) mZ nZ = bZ véi b I boi chung nho nhéit cuiam va n;
by mZ + nZ = dZ vdi d 1a ude chung 1én nhit cua m va n:

c) mz/ng dang cau véi an.
Gia str A vi B 1 hai nhém con chuan tic cua nhém X sao
cho A~ B = {e} va X = AB. Chimg minh rang X déng céu
véi nhdm tich A x B,
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2.61. Gia sit A vi B 14 hai nhém con chuan tic cia nhom X,

2.62.

2.64,

2.65.

1-d

Ching minh:

a) AB 12 mot nhém con chuan tac caa X.

b) A~ B la mot nhém con chuin tic cua X va cling & mot
nhoém con chudn tac coa A.

¢} Ton tai mot don civ ¢ X/A ~B (%)x (%]
d) A/Am B_d{iﬁg cau v AE}/I; : |

Cho H 14 mét nhém con clia nhom G. Anh xa f: GG’ la
mot ding ciu. Ching minh ring f(H) 12 mét nhém con
chudn tic cta G'. Néu f chi la mot déng cdu thi f(H) ¢é 1a
nhom con chudn tac cta G' khong?

Chiing minh ring néu A 12 mot nhém con chuén tic clia X
thi ton tai mot song énh tir 1tap hop cde nhém con chudn tac

cua X chita A dén tap hop cdc nhém con chudn tic cla % ,
Nhém con chuan tac H duge goi 1a mét nhém con cluidn tdic
t61 dui ciia nhém G néu H # G va voi moi nhém con chuin
tic K cia G,K o H thi K = G. Chimg minh ring H la
nhém con chuén tac t6i dai cia G khi va chi khi nhém
thuong (/H la mot nhom don.

Cho H va K 1 hai nhém con chuin tic 16i dai khic nhau cta
nhom G. Chidng minh:

a) HK = G:

b) HN K I nhém con chuén tac 61 dai cia H va oia K,

dong thai ta ¢o
G K. 3
i =8k v
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2.66.

2.67.

2.68.

2.69.

G/, = H/ ‘

/H Hm K
Ching minh ring ¢é mot dong cu duy nhat tir nhom cong
cace s6 hitu 117 dén nhdm cong cdc s nguyén Z. Tu 46 suy
ra nhém cong cdc s& hitu ti khong phii 1a mot nhom xyclic,
Cho X 12 mot nhom. Ki hieu Aut(X) Ia tap cac nr ding cdt
cta nhém X, Ching minh rang :

a) Aut(X) 1l mot nhém véi phép nhan anh xa.
by Aut{Z) = Z- (vé6i Z Ja nhém cong cdc s6 nguyén). .

Cho A la mot nhém cong Aben. Ki hiéu End(A) la tdp cdc
dony eau cria phidm A. Chitng minh:
a) End(A) 1a mot nhém Aben véi phép cong sau:

vf, g e End(A), (f +g)a)=fla)+gla), Yac A.

b End(Z) = Z (vét Z lanhdm cdc s6 nguyén).

¢} End({)

1T

¥ (v&i { 1a nhém céc s6 hitu t).

Cho X 12 mot nhém. V@i méi phén tr ae X ta xét énh xa

£X X

X > axa’

a) Chimg minh ring f, 12 mét tu dang cdu cha X, goi la
dang c4u trong xdc dinh boi phan tir a.
b) Chimg minh rang tap hop cac tu déng cdu trong cia X lap
thanh mot nhém con cua nhdém céc tu dang cdu cua X (bai
tap 2.50).
¢) Ching minh rang nhém con H ctia X 13 chuan tac néu va
chi néu f (H) = H v&i moi wr ding céu trong f, ciia X.

h
Lt



2.70.

2.71.

2.72,

2.73.

2.74.

2.75.
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d} Chimg minh nhém céc ty déng cau trong ctia X ding cdu
v6i nhom thurong XA«{‘() val C(X) 1a tam cia nhom X (bai

tap 2.32),

Cho f: X —Y 1a mot dong ciu wir nhom hitu han X dén
nhém Y. Chitng minh:

a) Cip ciia a € X chia hét cho cap cta f(a).

b) Cép cua f(X) chia hét cap cua X.

Ching minh rang nhém Y 12 dnh déng cdu cha mot nhém
xyclic hiru han X khi va chi khi Y 12 nhém xyclic va cp ciia
no chia hét cdp cua X.

Hay tim tat ca cdc déng cu tir ;

a) Mot nhém xyclic ¢dp n dén chinh né;

b} Mét nhém xyclic cap 6 dén mot nhém xyclic cap 18;

¢) Mot nhém cyclic cép 18 dén mot nhém cyclic cap 6.

L) k * ~ 4 4 -.' - - . - -
Gia st € la nhém nhan cdc s6 phite khéc 0, H 1a tap hop cdc
- - - # o - w + - .
6 phitc cua € ném trén truc thue va truc do. Chilng minh

ring H 12 nhém con ctia € vi nhém thuong CX{ dang cau
vOi nhém nhén U cdc s§ phite ¢6 modun bing 1.

Chitng minh" rang nhém thuong % dang ciu véi nhém
nhan U céc s6 phic c6 modun bing 1.

Goi X 12 nhém nhan cic ma tran vudng cip n khoéng suy
bién trén trudng s6 thuc. Ching minh: b

a) Nhom thuong cla X trén nhém con cic ma tran cé dinh
thiic bang 1 déng cdu véi nhém nhan céc 6 thuc khic 0.



2.76.

2.77.

2.78.

2.79.

b) Nhém thuong cua X trén nhém con cdc ma tran c6 dinh
thiic bing 1 dang c4u v6i nhém nhan cédc s thyc duong.
¢) Nhém thuong cua X trén nhém con ¢dc ma tran cé dinh
thic duong la mot nhém xychic cap hai.
Ap dung dinh 1i Lagoranggio dé chimg minh dinh 1i Fecma:
“Gia sir p 12 mot s& nguyén 6, a la mot s6 nguyén bat ki ta
luén cé a” =a(modp)”.
Gia str f : X—> Y 1a mot dong ciu tr mot nhém nhan X dén
mét nhém nhan Y; K = Kerf 14 hat nhan coa dong cdu f va

1:K—X

XXy =X

12 phép nhiing chinh tac. Ching minh:
a)filadnh xadon vitr K vao Y.
b) Véi moi nhém G, va véi moi dong cdu g : G - X sao cho
fg 14 dnh xa don vi t6n tai duy nhat déng cdu g: G — K sao
chog=ig.
Gia sit G = G, x G, la nhém tich céia G, va G,, hai phép
chiéu chinh tic p, : G —> G, va p;: G > G, (bai 2.42).
Chimg minh rang vdi moi nhém X va véi moi cap dong cdu
g X > G, g : X > G, t6n tai duy nhat déng cdu
g: X—~»Gsaocho g, =p,.g va g, =p..8.
Gia st G = G; x G, 1a nhém tich clia hai nhém Aben G va
G,; hai phép nhing chinh tic q, : G;—»>G va q, : G,>G
(bai 2.42). Chitng minh rang véi moi nhém Aben Y va véi
moi cap déng cdu h; : G, >Y, hy: G, > Y t6n tai duy nhat
ddrig.cau h: G—Y saochoh; = hq, vih, = hq,.
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2.80.

281

2.82,
2.83.

2.84.

2.835.

2.86.
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Gia su G, H vad K 1a ba nhém f: G—oH. g G- K Ia hai
déng cau véi f 1a mot toan ciu. Ching minh ring cdc diéu
kign sau day la tvong duong:

a) Tén tai mot dong cau h - H- K suo cho tacé g = hf;

b) Kerf < Kerg.

Néu cic diéu kién dé thoa man thi:

¢) h1a duy nhat:

d) h 1a don dnh néu vi chi néu Kerf = Kerg:

¢) h la toan dnh néu va chi néu g 1a toan anh.

Cho tap hop X. Ta goi F 12 nhém tu do trén tap X va mot dnh
xa f @ X—F sao cho v6i moi nhém G va moi 4nh xa
g : X->G. Ton tai duy nhat déng cau g : F>G dé g = gf:
Chimg minh rang:

a) f la don cau va f(X) sinh ra nhém F;

b) (F, f) xdc dinh duy. nhat sai khac mot dang cau.

Chiémg minh rang méi tap X déu t6n tai mot nhom tu do trén X.
Hay tim nhém tu do trén tap X véi:

a) X =,
by X = {a};
¢) X ={a, b}. .

Chitng minh ring moi nhém tw do trén tap h 6m mot
2 g mc : ip hop g .

phén tir déu ding ciu véi nhém cong cdc s6 nguyén Z.

Chimg minh rang moi nhém déu la anh déng cdu cita mot

nhom tu do va do d6 né dang cau véi mot nhém thuong cua
nhém tu do.

Chimg minh rang néu (F, ) 1a nhém Aben tu do trén tap X thi:
a) f 12 mot don cdu va f(X) sinh ra F;



2.87.

2.88.

2.89.

2.90.

b) (F. ) xac dinh duy nhat sai khac mat dang cau.

Chiing minh ring vdi mdi tap X da cho, tén tai mot nhom
Aben tur do trén X.

Hay chdng minh:

) Moi nhém Aben tir do trén 1ap X gém n phan 11 déu ding
ciu v&i nhom 2", ¢ dé Z 12 nhém céc s6 nguyén.

b) Moi nhém Aben fit do déu dang cau v6i mot nhom con
cta tich truc tiép cia mot ho cic nhém déng ciu vdéi nhdém
cong cdc s0 nguyén Z.

Ching minh rang:

4) Mot nhém Aben déu dang cdu véi mot nhém thuong cua
mot nhom tu do.

b) Moi nhém con cla nhém Aben tu do déu 1la nhém Aben
tu do.

Cho (F. f) ta mdt nhém ty do trén tap X. Goi {F, F| 12 nhém
con hodn tir cua nhom F. Hay chimg minh:

a) Nhom thuong A = %F ) 1 mot nhém Aben.

b) Nhém thuong A ciing v6i dnh xa q : X — %F pyéc dinh

bd1 q = pf la mot nhdm Aben ty do trén tap X. Trong dé
p:F- F/[/[ F) 1a phép chiéu chinh tic.
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Chuong 111
VANH VA TRUONG

A. TOM TAT Lf THUYET

1. Vanh, mién nguyén

Binh nghfa. Ta goi la vanl mét tap hop X cung véi phép cong
va phép nhan di cho trong X thoi man céc diéu kién sau day:

1) X ciing véi phép cong 1a mot nhém Aben;

2) X cing v&i phép nhan 1a mot nira nhém;

3) Phép nhan phan phéi d6i voi phép cong: véi cic phdn tir

tuy y x, v, z thudc X ta cé

X(y +2z)=Xy+xzva
(y+2)x =yx +zy. _

Phan tr trung 1ap cla phép cong goi 1a phdn nir khéng, ki hiéu
la 0. Néu phép nhan c6 phén tir trung lap thi phédn 1 d6 goi ta don
vi cua X va thuong ki hiéu la e hodc 1. Néu phép nhan 14 giao hodn
thi X dugc goi 1a vanh giao hodn.

Pinh nghfa. Phan tr a thudoe vanh X duge goi 12 uée bén trii
(bén phai) cia O néu a= 0 va ¢6 mot phin 1 b# 0 trong X sao cho
ab=0(ba=0).

Phan tir a duge goi 13 ude cia 0 néu né wira 1a udc bén phai, vira
la wéc bén trdi cha 0.

Binh nghia. M6t vanh giao hodn, c6 don vi e 0, khong cé uéc
cua 0 duge goi la mién nguyén.

Dinh Ii. Mot vanh giao hodn, c¢6 don vi e#0 13 mot mién

nguyén khi va chi khi ¢6 luat glan uGe cua phép nhan déi veéi céc
phan tr khdc 0.
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2. Vanh con idéan va vanh thuong

Binh nghia. Gia s X 12 mot vanh, A 13 mot bo phan cha X én
dinh d6i1 véi phép cong va phép nhan trong X. Ta gor A 1a mot
vanh con cua X n€u va chi néu A cing vdi hai phép toan cam sinh
trén A la mét vanh.

Binh 1i. Gia st A 12 mot b phan khéc réng cia mot vanh X. thé
thi A la vanh con cia X khi va chi khi véi moi a, b € A c6a-beA
vaabe A.

Giao cia mot ho khdc réng bat ki coa nhing vanh con cua
vanh X la mét vanh con cua X.

Pinh nghia. Gia st X }a mot vanh. Ta goi vanh con A cia vaoh
X 1a idéan trai (phdi) néu véi moi ac A, xeX, xaeA (axe A).
Mot vanh con A goi 1 idéun ciia X néu va chi néu A vira 1a idéan
trdi, vira 1a idéan phai.

Nhén xét. Mot bo phan khac rong A cua vanh X 1a idéan cia X
khi va chi khi v6i moi a, be A, a —bec A vavéimoi acA, xe X,
axe A vaxae A. ' '

Pinh li. Giao ciia mot ho bat Ki nhimg idéan cha mot vanh X 1a
mot idéan cua X. _

Pinh nghia. Gia sir U 1a mét bo phan cia mét vanh X khi dé
giao cua ho cdc idéan cia X chia U 1A mot idéan bé nhat cia X
chita U, n6 dugc goi la idéun cia X sinh boi tdp U, ki hiéu 1a (U).
Néu U = {a} thi idéan sinh boi U dugc goi 1a jdéun chinh sinh bai
a; ki hiéu 14 (a). Néu X 12 mét vanh giao hoan co don vi thi

(a) = {ax | xe X}.
Neéu idéan A cua X chita don vi ctta vanh X thi A = X.

Gia sir A 12 mot idéan cua mot vanh X, khi dé A 1a mét nhém
con chudn tac ctia nhém cong X. Ta c6 mot nhém thuong

%={x+A|xeX}
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voi phép cong (x + A) +(y + A)=(x +y) + A,

Nhém % ciing v phép nhan (x + A) (y + A) = xy + A 1

mot vanh. Vanh nay duge goi 12 vanh tincong cua vanh X trén
idéan A.

3. Pong cau
Binh nghia. Mot dény cdu (vanh) la mot anh xa tir mot vanh X
dén mot vanh Y sao cho véi moi a, b thude X ta cod
f(a + b) = f(a) + f(b),
f(ab) = f(a)f(b).
Néu X = Y thi déng cau f duge goi 12 nrdonyg cdu cha X. Néu f
12 mot don dnh thi déng ciu f dugc goi la mot don cdu. Néu f la
toan 4anh thi f duge goi 1d mot toan ¢du va néu f la mot song dnh
thi f dugc goi 12 mot ddng cdu. Néu ¢ mot dnh xa f : X— Y dang
cau thi ta néi hai vanh X va Y ddng cdu véi nhau va ki hiéu la
X=Y.
Tinh chat. Gid st f : X>5Y [a mot dong cau. Tap hop f(X)
duoe goi 1a anh (cha dong cau f), ki hiéu la Imf.

Tap hop f_l(UY) duogc goi lashar nhan cia dong cau f, ki hiéu la
Kerf. .

Gia str f : X — Y 1a mét dong ciu tir mét vanh X dén moét vanh Y.
Khi dé:

e F(-a)=-f(a) véi moi ae X
e f(a—b)=1f(a)~f(b) véi moi a, be X.

e . f(a") = [f(a)]" v6i moi ae X, v6i moi ne N,
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Binh li. Néu A it mot vanh con caa X thi f{A) 1a méot vanh con
cua Y. Pac biét Imf 1a mot vanh concna Y.

Dinh 1i. Néu B [a mét idéan cua Y thi f (B la mot idéan cira X.
Pac bigt KerftAmot idéancua Y. Giasaf: X>Yvag: Y > Zla
hai dong cau thi gf : X — Z 1a mot dong cau.

Binh li (dinh li déng cdu). Gia st f : X — Y 12 mot dong ciu va

ptx_)%erf

X = X + Kerf

la toan cdu chinh tac thi t6n tai duy nhat mot don ciu

f: %erf -Y

y r . o . . N s 1l Ve X
sao cho f p=f. Nhu vay néu f la mét toan cAu thi Y= A{erf .

4. Trudng

Binh nghta. Ta goi mot mién nguyén X 1A trirong né€u moi phin
tlr khic 0 cia X déu cé nghich dao trong vi nhoém nhan X,

Nhtr vy mot vanh giao hodn ¢é don vi 1 # 0 la mot trudng néu
va chi néu X — {0} 12 mdt nhém vai phép nhan trong X.

Pinh nghia. M6t bd phan A cha mét trvong X duge goi 1a
triong con cha X néu A én dinh déi véi hai phép todn trong X va
A clung v6i hai phép todn cam sinh 1a mot trudng.

Binh li. Bo phan A c¢6 nhiéu hon mot phan ur cia mot trudng X
12 mét trudng con cia trudmg X khi va chi khi:

a) Va1 moi a, b thudc A coa-—-beA;
b) V&i moi a, bthuoc A,b£0céab ' € A.

Mot 1ruong X chi ¢ hai idéan tdm (huong [a {0} va ban than X.
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5. Dac sé

Pinh nghia. Cho X la mot vanh gtao hoan, ¢6 dom vi e.

Néu trong nhom cong X, phan tit e ¢é cap vo han thi X duge
goila vénh of dac 560

Néu trong nhom cong X, phin ur e ¢é cip m # 0 thi X dwge gol
la vanh ¢ ddc s6 m.

Clut ¥ Néu X 1a vanh ¢6 dac s6 m # 0 vd X 12 mdt mién
nguyén thi m 1a mot $6 nguyén (6.
6. Trudng cac thudng

Binh li. Cho X 1a mot mién nguyén. Khi dé tén tai mot trudng
X cing v6i don ciu ¢ - X — X sao cho véi moi o € X, o viét
duge dudi dang o = ¢(a) [(p{b)]_], trong do a, b thuée X va b £ 0.

Truong X duge goi 14 trudng céc thuong ciia mién nguyén X.

B. BAI TAP

3.1. Chitng minh cdc tap hop sau day véi phép cong va phép nhan
cac 0 1ap thanh mét vanh giao hodn, c¢6 don vi

a) Tap hop cic 6 ¢6 dang a+ bv2 v6i a, be Z;
b} Tap hop cac s6 phuc ¢6 dang a+ bi vai a, be Z.

3.2, Chimg minh tap hop cdc ma trian vudng cdp n véi cac phan tu
la nhitng sé nguyén lam thanh moét vanh vét phép cong vi
phép nhéan ma tran.

3.3. Ching minh tap hop cdc da thife cua x véi hé s6 nguyén lam
thanh mot vanh véi phép cong va phép nhin da thic.
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34.

3.5.

3.6.

fad
=1

3.80

3.9.

Cho R [a mét vanh va X la mot tap tuy y. R* 1a tAp cdc anh
xa tit X dén R. Chimg minh ring R* 1a mot vanb vo1 hal
phép toan sau:

VigeRY . Vxe X . (f+g)x)=f(x) + g(x).

vf,ge R¥, vxeX, fg(x) = f(x)g{x).
Cho H Ia tip cdc ham s6 thuc, Chimg minh ring H 13 mot

vanh giao hodn, ¢6 don vi v61 hai phép todn sau:

vi,ge H (f+ g)(x) = f(x) + g(x), VxeR;

vf.g e H fg(x) = f(x)g(x), VxeR.

Cho A |3 mét nhoém cong Aben. End(A) 1a tap cdc tr déng
cdu cha nhém A. Chimg minh rang End(A) 12 mét vanh vai
hai phép toan sau:

71, ge End(A). (f + g)a) = f(a) + g(a), VaeA.

7 f, 2 End(A), fg(a) = f(g(a)), Vae A.

(Vanh End(A) duge goi la vanh cdc ty déng ciu ctia nhém
AbenA).

Ching to rang vanh s& nguyén, trudng s6 hitu ti, truomg s6
thuc va trudng s6 phirc déu 1a nhitng vanh ¢6 dac s6 0.
Ching minh rang moi vanh, truomg hitu han déu cé dac s6
khac 0.

Ching minh ring néu mdt mién nguyén X ma cé dic s6
m # 0 thi m phai 1a moét s6 ﬁguyén 1.
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3.10.

3.11.

3.14.
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Ching minh rang moi triong 6 dac s6 O déu chia mal
trudng con dang cau véi trudng sé hifu t (. Moi trudng ¢6
dac 56 p £ 0 déu chita mot trudng con dang cau voi 2.

Gia su d3 cho trong moét tap hop X hai phép foian cong va
nhan sso cho:

ay X canyg voi phép cong la mot nhom:
b) X cling vai phép nhan 1a mét vi nhém;
¢) Phép nhan phin phoi déi vai phép cong.

Chimg minh X Ia mot vanh.

Tim cic wde cua khong trong vanh '%7 .
-

Ching minh %Z’ (vGin # 0) 1a mot mién nguyén khi v chi
khi n 12 mot $6 nguyén 16,

Chitng minh tap hop X = Z x Z cung vo1 hat phép toin

(EJ.'._ b]) + (321 b’_}) = (ﬂl + Elz. b| + b:)
(Hl. b] )(E.lz.. bz) = (ﬁ]ilz, b]b:)

ta mot vanh giao hodn, ¢6 don vi. Hay tim tat ca cic ude cuta
khong cua vanh nay.
Gia str X la moét vanh ¢é tinh chat sau day:
2 . .
X~ =X vl moi X e X.
Chimg minh rang:
a)x = —x vo1 moi xe X;

b) X Ia vanh giao hodn;



¢) Néu X la vanh khong ¢6 u6e cua 0. ¢6 nhidp hon mor
phan i, thi X i mién nguyén.

3.16. Cic vanh néi dén & cac bat 1ap 3.1, 3.2, 3.3 I rhing vanh
con cua nhitng vinh nio?

3.17. Cho X {a mot vanh tuy v, A va B 1a hai idéan cia X Ching
minh rang bo phan

A+B={a+blaecA beB}
la mét idéan cua X,

3.18. Cho X 1a mot vanh tuy ¥, n 12 mét s6 nguyén cho trude.
Ching minh bé phan

A={xeX|nx =0}
la mot idéan cia X. |

3.19. Che X 1a mét vanh tuy ¥, ac X. Chimg minh ring bo phan

aX = {ax | xe X}
la mot idean phai ctia X, vA bo phan
a Xa={xa|xeX}

12 mot idéan (rdi cia X,

3.20. Cho X la mot vanh giao hoan ¢6 don vi la [. { va J 14 hai

]
idéan cua X. 1 Jz{z ajbjla;el.b;eli=L...n,n2 l1

Hay ching minh:
a) I J'1a mot idéan cia X.

byNéul+J=XthilJ=1nJ.
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3.22.

3.23.

3.24.
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Cho m va n la hai s nguyén duong. Chimg minh rang
mZ + nZ = Z khi va chi khi m va n nguyén 16 cung nhau.

Cho I va J 12 hai idéan cta vanh giao hodn, ¢6 don vi X.

p: X (¥ )<(%4)

ar>(a+La+J).
Hiy ching minh:
a) p 1a mot dong cau;
b) p 13 mot toan cdu khi va chi khi I +J = X;
¢) Hay md rong cac két qua trén khi I, I, ..., L, (véin 2 2)
14 nhitng idéan cla vanh A.

Gia sir X 13 mot mién nguyén va n 12 c&p clia phén tir don vi
e trong nhém cong X. Ching minh:

a) n 13 mot s6 nguyén to;
b) Moi phan tir khac khong x & X ¢6 cap n;
c) Bo phan mX = { mx | xeX} véimIla s6 nguyén cho trudc
12 mét idéan cha X;

X ~ X n& 3 bdi cha n:
d) AlX =X néu m la bdi cua n;

)%nX = {0} néu m khong phai 12 boi cia n.
Gi4 sir X 12 mot vanh giao hodn, ¢6 don vi. Mot idéan A £ X
ciia X duoc goi 1 idéan 181 dai néu va chi néu cic idéan cua
X chifa A chinh 13 X va ban than A. Mot idéan P # X cua X

goi la nguyén 16 néu va chi néu véi u, v e X tich uveP thi
ue P hoac ve P. Ching minh rang:
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3.26.

3.28.

.a) % la mién nguyén khi va chi khi P 1 idéan nguyén 6,

b) X/, 1a trudmg khi va chi khi A 1a 16 dai.

. Cho f [a mét dong ciu tir vanh X dén viinh Y (X vA Y Ia

nhitng vanh giao hoan ¢é don vi).

a) Ching minh rang néu f 13 mot todn cau va I [ mot idéan
cua X thi f(I) Ia mot idéan coa 1. Néu f khong 13 toan cau thi
tinh chat nay con ding khong? Tai sao?

b) Chimg minh rang n€u p 12 mot idéan nguyén 6 cia Y thi
£ (P} 1a mot idean nguyén t6 cua X. Két qua nay con ding
khong néu thay gia thiét "nguyén t3" bang gia thi¢t "t6i dai"?
Tai sao?

Cho X la mét vanh giao hodn ¢d don vi. I 1a mét idéan thuc
sy cta vanh X. Ching minh ring ton tai mot idéan t3i dai
clia X chira L.

. Cho X 14 mot vanh giao hodn cé don vi 1. Chitng minh rang

vdi moi phan i ae X, a khong kha nghich, déu ¢6 mot idéan
161 dai chira a. '

Cho X la vanh giao hodn, ¢é don vi. Chfm.g minh hai khing
dinh sau day tuong duong véi nhau :

1) X chi c6 mot idéan t6i dai duy nhit;

ii) Tap cdc phan tir khong kha nghich ciia X lap thinh mof
idéan cua X.

. Cho X [a moét vanh giao hodn ¢6 don vi. Ching minh rang

A NX)y={xeX|Ine N’ nx = 0} 1a mot idéan cua X.

b} Tap N(X)} 1 giao cda tat ca cdc idéan nguyén 6 cua X.
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3.30.

3.31.
3.32.

3.35.

68

Gia st A 13 mot vanh, B 1a mot tap hop vot har phép todn
cong va nhan. f : A — B la mot song dnh thoa man.

Yu.b eA. fla+by="fa) + f(b)
Fa. b €A, flab) = f(a)f(b).
Ching minh :
a) B la moét vanh.

b) Néu A Ix mét vanh giao hodn thi B cing la vanh giao
hodn.

¢) Néu A 13 mot vanh cé don vi thi B ciing la mot vanh ¢6
don vi.

d) Néu A 2 mién nguyén thi B ciing 13 mién nguyén.
Hiy tim a1 ca céc ty déng cdu cila vanh cdc s6 nguyén.

Tim tap céc tr dong cau cua vanh

'/Z[\/E:]={ a+b\/§|a,beZ }

. Tim tap céc v dong cau cua vanh Z[i] :{ a+bi|a,be Z} X

Gia sir £ : X = X 13 mot tw dong cdu cha vanh X. Chimg minh
rang tap hop A = {x € X|f(x) = x} 12 mét vanh con cta X.

Gia str X 1a mot vanh tuy ¥, Z 12 vanh cdc s6 nguyén. Xét tap
hop tich X x Z. Trong X x Z ta dinh nghia cdc phép toan
nhu sau:

(X}, N} + (X5, M) = (X + X3, 0 +1y),

(X, 1 X XA, M) = (X X5 + NyXs + DXy NMa )
1+ 1 AXn, Ha 142 1R+ MoXy. in



3.36.

3.37.

a) Chitng minh rang X x Z & mot vanh c6 don vi.
b)Anhxa f:X 5 X x7

X = (x, )
fa mot don cau.

Cho A va B l1a hai vanh tuy y. Xét tap hop tich Pécac
X = A x B. trong tap X 1a dinh nghia cdc phép toin

(a,b)+(c,d)=(a+c.b+d),

(a, b)(c, d) = (ac. bd).
Chung minh:
a) X la mot vanh;
b) Céc bo phan A = {(a, O)jae A}va B={(0, b) be B}
1a nhitng vanh con cta X dang cu theo thit tu véi A va B;
¢) A va Bla hai idéan cta X sao cho

ANB={(0,00} vaX=A + B,

d) Gia sir A va B 1a nhiing vanh c6 don vi, hdy tim cac don vi
cnaX, A va B.
Gia st X 1a mét vanh va ae X. Chitng minh rang:
a) Anhxah, : X - X |

at— ax

1a mot déng cdu (nhém) tir nhém cong Aben X dén nhém
cong Aben X.
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3.38.

3.39.
3.40.

- 341.

70

ey

b)Anh xa h: X - End(X)

ab h(@)=h,

13 moét déng cau tir vanh X dén vanh End(X) cic tu dong cau
cua nhoém cong Aben X.

¢) Tim Kerh. Chilng minh rang h 14 don cdu khi X c¢6 don vi.

Gia sit X va Y 12 hai vanh, f : X— Y 1a mot dong cau tir vanh
X dén vanh Y, A va B theo thit tu 12 hai idéan cia X va Y sao

e X/ oy - Y/ 13 e tedn of
chof(A) c B;p: X— A vap: Y- A; 14 cac toan cau
chinh tic. Chimg minh ring tén tai mot déng c4u duy nhat f

tr %dé’n % sao cho hinh vuéng.

X—f>Y

| b
TV

la giao hodn, titc la ?p =p'f.

Néu f [a mot toan céiu thi fcoé phai I mot toan cdu hay
khéng?

Chimg minh moi mién nguyén hitu han déu 1a mét trudng.
Chimmg minh vanh cédc s6 nguyén mod n 1a mét trudng khi va
chi khi n 12 s6 nguyén t6.

Chitng minh ring trudng cdc s§ hir ti khong cé trudng con
nao khéc ngoai ban than né.



3.42.

3.43.

3.44.

3.45.

Ching minh ring bo phan A = { a+by2| abe @} 12 mot
trudng con cua truong s6 thuc R.
Chimg minh rang b6 phan

A= {a + b%/i +c§/1la,b,c ey }

12 mot truong con cha trugng s6 thuc R.

Gia st X 1a mot truong, e la phan tur don vi cha X. Xét bo
phan A = {nelneZ}.

a) Ching minh A 12 mot vanh con coa vanh X, A cé phat 1a
mot mién nguyén khéng?

b) Chimg minh A déng ciu vé6i vanh cdc s6 nguyén Z khi X
¢6 dic s6 0, va ding cdu véi vanh cdc s6 nguyén mod p, khi
X ¢6 dac s6 p.

¢) Trong trudng hop X dac s8 p # 0, hdy ching minh A 1a
mot trudng.

Gia st X 12 mot trudng, Y 1a mét tap hop da cho cung véi hai
phép todn cong va nhan trong Y, f : XY 1a mét song dnh
tir X dén Y thoa min:

fa + b) = f(a) + f(b),
f(ab) = f(a)f(h)
v6i moi a, be X. |

Chiing minh Y 142 mot truong va X= Y.
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3.47.

3.48.

3.49.

3.50.

3.51,

. Hiy tim

a) Cdc tu dong ciu cha trudng cae <6 hin .
b) Cic tr dong cdu cua trudng cdc 56 thue;

¢) Cée 1y dong cdu cha trudng cde so phiic gilt nguyén cde s6
thuec.

Tim tap cic tu dang cau cha trudng
Q(\/E) = {a +by2

Tim tap cdc tu dang cau cua tromg

abe }

Qi)={a+bilabe |
Tim 1ap cdc tr dang cau cua trudng

Q(%)={a+b%ﬁ+c{'/é_&'a,b, ce Q}

Chimg minh rang tap hgp cdc ma tran cé dang

-

vO1 a, b 1a nhitng s6 thuc 1la mot trudng doi vdi phép cong va
phép nhan ma tran; trudng ndy dang cdu véi trudng cic s6
phuc.

Chitng minh rang tap hop cdc ma tran cé dang

]

v6i a, be Q) 1a mot trurdmg (v6i phép cong va nhan céc ma

- tran) dang cdu vdi trudng A & bai tap 3.42,
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3.52,

3.53.

3.56.

Tim trudng cdc thuong cua mién nguyén A trong bai tap

344

Chitng minh rang moi trudng déu ¢ trudng con bé nhat

(quan hé thir 1 la quan hé bao him) dang cau hodc vdi
trudng s6 hitu ti, hoidc véi trudng cdc s6 nguyén mod p (p la
mot s nguyén 6).

Gid sir X 1 mot trudng, A 1 mot vanh con cua vanh X,

a) Chitng minh rang néu A ¢6 nhiéu hon mot phian tir va A ¢
don vi th phan tir don vi ciia A tring véi phin tir don vi cua
X, va lac dé A la mdt mién nguyén.

b) Gia sit A 1a mién nguyén. Chimg minh rang boé phan
P= { ab™!

abeAb=z0 } 13 mot trudng con cua X va P la
trudng cédc thuong cua A.

¢) Ching minh rang P 14 trudng con bé nhat trong cic truong
con cua X chia A.

Gia st p 12 mot s0 nguyén 16. Chiing minh rang tap hgp céc
e a7 2 m . A A e s
s¢ hiu ti cé dang —, trong dé n nguyén t6 voi p, la mot

n
mién nguyén. Tim trudng cdc thuong cia mién nguyén nay.

Cho A 12 mét idéan, B 1a mot vanh con cla mét vanh X ¢
don vi. Chuing minh:

a) A + B 12 mét vanh con cua vinh X;
b) A B 1a mot idéan coa B;

c) A 1a moét idéan cua A + B;

@) %mB = A+%'



3.57.

3.58.

3.59,

" 3.60.

3.61.

3.62.

74

Gia sit A va B 1a hai idéan cia mot vanh X ¢6 don vi va
A c B. Chiing minh ring bo phan

% ={X+A|X€B}C%

la mét tdéan cta vanh % va ta c6 dang ciu

Gia sir X 1a mot vanh giao hodn cé don vi; A, B 1a hai idéan
ctia X sao cho X = A + B. Chitng minh rang

Vas =A%)

Cho m 2 n 1a hai s6 tu nhién nguyén (6 ciing nhau. Ching

minh
%nz = %Z Lo

Cho X 12 mét vanh, ¢6 don vi 1, U 13 tap hop céc uée cha |
trong X. Chimg minh ring U 12 mot nhém véi phép nhan
trong X.

Tim nhém céc uéc clia don vi trong vanh %Z' Tir d6

ching minh a” ' =1 (modp) voi p 1a mét s6 nguyén 16 va a
xhong chia Lét cho p. :
Gia st f 1a mot déng cdu tir mot vanh X dén mot vanh Y:
K=Kerfvai:K > X

X B X

1A phép nhiing chinh téc. Ching minh:



3.64.

3.65.

a) f.i 13 dong cdu khong tit K dén Y.

b) VSi moi vanh Z, véi moi déng cau g : Z — X sao cho
fg = 0, t6n tai duy nhdt dong cdu §:Z — Ksaochog= ig.

Gia stV = A x Blatich ctia hai vanh A va B (bai tap 3.36).
pptV A va P2V DA

{a,b)—a (a,b)y—b
1a hai 4nh xa. Chitng minh:
a) p; VA p, 12 nhimg toan céu, goi 1a cac phép chiéu chinh tac;

b) Véi moi vinh X, véi moi f; : X = Avaf,: X — Bon
tai duy nhét dong céu f: X — V sao cho

f, =p,fvaf,=p,f

GiasaV,X, Ylabavinh; f: Vo X, g: VoY la hai dong
cau vanh véi f 12 toan cdu. Chiing minh céc diéu kién sau day
tuong duong:

a) Tén tai mot déng cdu h : X — Y sao cho g =hf;
b) Kerf ¢ Kerg.

Khi céc diéu kién do dugc thoa mén thi:

c) h 14 duy nhat; |

d) h 12 don anh néu va chi néu Kerf = Kerg;

e} h 12 ton 4nh néu va chi néu g 1a toan anh.

Cho d =7 hodc d = 11. Chimg minh:
a) Bo phan Q(V/d ) = {a+ bd |a, b <Q} 1a mot trudng con

cla trudng s6 thuc R;
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3.68.

76

b) Cdc trudmg T Vil va 01t J7 ) khong dang ciu véi nhau.

. Cho X la mét niién nguyén. Chimg minh rang X 1a mot trudng

khi vi chi khi X chi ¢6 hai idéan tam thuong 15 {0} va X.

. Vanh giao hodn ¢6 don vi X duge goi i vinh sép thi tu néu

trong X c6 mot quan hé tha w todn phan " <" thoa min cic
tinh chat sau day:

1) Vdi mot a. b. ce X. quan hé a £ b kéo theo

a+c b+

2y Cacquan hé 0 < ava 0 < bkéotheo 0 < ab.

Cho X 1a mot vanh giao hodan. Chimg minh céc tinh chat sau
la rong duong:

a) X 1a mot vanh sap that ty;
b) Ton tai mét bo phan Pc X khéc réng, sao cho:
(1)aePvabeP = a+beP;
(N aePvabeP = abeP;
Gi)P N (-P)= {0} ; PU(-P)= X v6i P ={-x | x € P}.
(Tap hop P* = P - {0} dugc goi 1a l.‘_i.p con duong cua X).
Ching minh céc tinh chat sau day trong méit vanh sz"ip‘ thit tr X

(1) at+x<a+y=D>x<y

() a-x<a-y=>x>y
(1) c>0=>(a<b=>ac < be)
(iv) a<0=(ax<ay 2>y <x)

(v} a>0=(ax <ay =>x<y)



3.69.

3.70.

3.71.

3.72.

(vi) a= 0=>az>0.l
a) Chimg minh ring moi vanh sap thi tu déu ¢6 dac s6 0.

b)*Cho X 12 mot vanh sap thd ty v4i tap con duong clia X la
P. M6t vanh con A ctia X. Chimg minh rang A 13 m6t vanh
sdp thit tu v6i tap con duong 1a A P,

Trong mét vanh sap thi ty, dinh nghia gia tr luyet dér cla
phan tif a [a mot phén tit |a] cho boi

a néua>0
laj=3 0 néua =20

-a nfua < O

Chiéing minh cdc quy tic sau:

|abl = [al.|b]

la+b| < fa| + bl

~la] £ a < la

lal - |b| < [a=b]
Gia sit A Ia mot mién nguyén sip thi tv. A 13 trudng cic
thuong ctia A. Chitng minh rang ton tai duy nhat mot quan
hé thif tu trong A sao cho phép nhiing chinh tac

f:A>A
a f(a)

bao toan thif ty, nghia 12 néu a la phdn tlr duong trong A thi
f(a) 1a phan tir duong trong A .

Cho X 12 mot trudng sap thit ty; x, y € X la hai phdn tr ma
x < y. Chimg minh t6n tai phantrz € X saochox<z<y.
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3.73. Truomg sap thit ty X duge goi 13 sap thit nr Acsimet néu véi

3.74.

78

moi X,y € X, 0 < x t6n tai mot s tu nhién n sao cho y < nx.
Chitng minh:

a) Truong s6 hie i § va truong s6 thue R 12 nhing trudng
sap thit e Acsimet;

b) Neu X 12 mot truong sip thit ty Acsimet thi véi moi

xvaythuoc X, x <y, tontaiz € Qsaochox <z<y.

Ching minh rang khong c6 mét quan hé thi ty ndo trén tap

cdc 86 phirc € dé € 1a mot trudmg sap thit tu.



Chuong IV
VANH PA THUC

Trong toan bo chuong ndy. céc vanh da cho 1a vanh giao hoan
c6 don vi 1.

A. TOM TAT Li THUYET

1. Vanh da thirc mét an

Gia sir A 13 mot vanh giao hodn v6i don vi |, P 1a tap hop céc
.dz“iy (ag, ap, ..., A&y, -..), trong d6 a; € A v6i moi i € N va bang 0
tit ca trir mot s8 hite han. Trong P, phép cong va phép nhan dugc
dinh nghia nhu sau: :

1) (ag, &, ..r Ay, ) +(bg, by, .., by ) =

=(ay+ by a;+bp, .., a, by, )
2) (g, A, -eer Ay o2} - By By oy by ) = (Cg, €y -l €y )

voi ¢ = 3 ab,,i=0, 1,2,....0, ...
k+fi=1

V6i hai phép toan nay, P 1a mot vanh giao hoan, c6 don vi.
Anhxa AP
a—(a0,..,0,..)
12 mot don céu vanh, do vay néu ta déng nhat phan tir a € A véi
diy (a, 0, ..., 0, ...) € P thi A lamot vanh con cua P.
Pat x = (0, 1, 0, ..., 0, ...), khi d6 mbi phén tir cha P 1a ddy
(a[]., al,' Veay al’l" 0, ...) VO’.] 3i GA, i = 0., l, R | MO Cé thé Viét
dugce dudi dang
f(x)=ay+ax + ... +ax.

f(x) duoc goi 12 da thifc cta an x voi heé tir trén A. Phan tr khong

ciavanh P12 (0, 0,..., 0, ...) goi 1a da thic khong, ki hiéu 1a 0.
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Néu a, # 0 (n = 0) thi n dugc goi 12 bac cha da thic f(x). ki
hiéu : bac cua f(x) (hay degf(x)). Pa thirc 0 1 da thirc khong ¢6
bac. _
Vanh P dugc goi 12 vanh da thic cia 4n X trén A, ki hiéu la

P = Alx].

Cho f(x) va g(x) thude Px]; hix) = f(x) + g(x) va k{x) = f(x)g(x).

Néu f(x) =0, g(x) 2 0, h(x) # 0 va k(x) = 0 thi
‘bac h(x) < max (bac f(x), g(x));
bac k(x) < bac f(x) + bac g(x).

Néu A 12 mién nguyén thi deg(f(x)g(x)) = degf(x) + degg(x).
Khi d6 ta ¢6 vanh A[x] ciing 12 mét mién nguyén.

2. Phép chia véi du

Gia sir A 1a mot ruong. f(x) va g(x) thude Afx], g(x) # 0. Khi
dé ton tai duy nhat cdc da thic q(x) va r(x) thudc Alx] sao cho

f(x) = g(x)q(x) + r(x).

Né&u r(x} # 0 thi bac r(x) nho hon bac g(x). Pa thic q(x) duge
got Ja thuong va r(x) dugc goi la du cta phép chia f(x) cho g(x).
Nhu vay f(x) chia hét cho g(x) trong A[x] khi va chi khi du trong
phép chia f(x) cho g(x) bing 0.

3. Nghiém cua da thirc

Pinh nghia. Cho A 12 mot vanh con cua vanh B va

fix)=a5 +a;x+ ... +a,x € A[x]. Khidé véi o € B

f(a) = ag + a0+ ... + 2,00 € B duge goi 1a gid tri ctia da thitc
f(x) ta1 . _

~Binh 1i. Cho A la mot trudng, f(x) € A(x] vd o € A. Du trong

phép chia f(x) cho x — o [a f(w).

Binh nghia. Phan 1l a € B duge goi 12 nghiém chia da thitc

f(x)=ag+ax+... +ax" € A[x],
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véi A 12 mot vanh con cua B, néu
fla)=ag+ao+...+aa =0

Dinh nghia. Phin tir & € B dugc goi 1a phin tr dui 56 trén A
néu né 1a nghiém cta mot da thic khic 0 trong Afx]. Trong truong
hop trdi lai, e duge goi 1a phan tu siéu viér trén A.

Binh )i. Gid sit A 1a mot trudng. o € A 1a nghiém cla da thifc
f(x) € Aix] khi va chi khi f(x) chia hét cho x — o trong A[x].

So doé Hooc-ne

Cho f(x) = a, + a;x + ... + ax" € Alx], € A, gid s
f(x) = (x — og(x). Khi d6 g(x) =bgx™ '+ b;x" + ... + b€ Alx]
véi b, dwoe xdc dinh trong so d6 sau : |

a() a] aw aL . an_l an

G b“ = 3.0 b] = a‘+(1b0 e bk = ak+abk_l e bl f(a)

4. Trudng phan thirc
Pinh nghia

Cho A 13 moét mién nguyén (trudong), A[x] 12 vanh da thic cla
4n x trén A. Trudmg céc thuong cla vanh A[x] duge goi 1A trudmg
phan thic clia 4n x trén A va ki hiéu 12 A(x).

Nhu vay A(x)={ tx)
g(x)

f(x), g(x)eA[x] g(x);tO}

f(x) f'(x)
g(x) T g'x)

trong do o f(x)g'(x) ='(x)g(x).

5. Vanh da thic nhidu an

Bing quy nap, ta xdy dung vanh da thic nhiéu 4n trén vanh A
nhu sau:
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An = An—l [-Xn-’
Vanh A, = A_[X,-;] ki higu la A[xy, x,, ..., x,] duge goi la
vanh da thite citu n dn X{, X3, ..., X, frén A. Cic phan tu caa

Alxy, x5, ., x L kiheéula f(x, x,, ..., Xx,), cé dang
f(X)2 Kpy on X ) = CXTIRGR XA+ Cox [P x5 HoLXpH +
+... mezli'“lx;“‘2 e X
trongdo Ce Ai=1,....,mva(a,a, ..,a)eN"i=1,2,..,m

Chii y. Néu A 1a mot mién nguyeén thi Afx,, x5, ..., x,,] cling 1a
mot mién nguyén.
- Cho mién nguyén A. Trudng cdc thuong cha AlXx,, X4, ..., X,]
duoc goi 12 trudng phan thic cba n 4n x|, Xo, ..., X, ki hiéu Ia
A(X|, X3, -.-, X;). Nhu vay

AlXp, o X)) = _
f(xiv'“sxn) f(x]a"'sxn).‘g(xls-"sxn)e A[le"'sxﬁ]v
g(Xp, X)) g(x,...x) =0

Binh nghfa. Da thic f(x,, x5, ..., x,) duogc goi la mot du thie
déi vimyg néu

f(x;, X5, ... X)) = flx, . X s e X )

n

trong doé (iy, iy, ..., i,) }a mot hodn vi bat ki cia {1, 2, ..., n}. Cic
da thic sau day dugce goi 1a cac du tlure doi xiing co bun '

0’1=X|+X2+...Xn
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O, = X1X;3 ... X,

Pinh li. Moi da thic d6i ximg déu viét duoc dudi dang mot da

thirc cua cic da thide d6i ximg co ban.

B. BAI TAP

4.1.

4.2.

4.4.

Trong vanh da thiic Z;[x] hdy tim tat ca cdc da thdc ¢é bac

la:

a) 2, b) 3; cjn.
Tim céc udc cia don vi trong cac vanh sau:
a) Z[x]; b) Q[x]:

¢) Af[x], A 1a mét trudng;
d) A[x], A 14 mot mién nguyén.
Cho A la vanh giao hodn ¢6 don vi. Chilng minh ring da
thirc f(x) = ax + u la kha nghich, trong d6 u la mét uSe cha 1
va a la phan tr lu§ linh (tic 12 t6n tai s6 nguyén duong n sao
cho a" = 0). Hay phat biéu két qua trén khi f(x) ¢6 bac n > 1.
Cho ¢ : A—> B la mot déng cau tir vanh A dén vanh B.
Chimg minh rang dnh xa ¢ : A{x] > BIx] |

n . n ’ .

f(x)=> a;x' = ¥ ofa; X'

i=0 i=0

1a mét dong cau.

Néu ¢ 13 mot ding cau thi ¢ ciing [a mot cia"mg cau.
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4.5,

4.6.

4.7.

4.8.

4.9,

34

Trong vanh Zglx], chimg minh rang cdc da thic sau day
kha nghich:

ay | +4x: b 1+ 4x + 4x°: -

o)1 +4dx + ... +4x".

Chitng minh ring néu A 1a moét mién nguyén ven sip tha ty
thi vanh da thic A[x} cing vay. Tén tai it nhat hai cich sip
thit tir trong Alx ] nhu sau:

n .
a) f(x) = 3 a;x' >0 & heé tircao nhat 13 durong trong A.
i=0

n .
b) f(x) = 3 a;x' bacn, f(x)>0 < a;>0.
=0

§] .
Bao ham hinh thic cla da thic f(x)= ¥ a;x'1a da thic
1=0

i .
f(x)= Y ia;x'"" . Ching minh cic quy tic sau:

1=|

- a) (ef(x))' = cf(x), VceR, V f(x)eR[x];

b) (f(x} + g(x)' = f(x) + g'(x), ¥ f(x), g(x) eR[x];
€} (Fx)g(x))" = F(x)g(x) + f(x) g'(x), ¥ f(x), g(x) eR|x};
d) (f(x)™) = mf(x) f(x)™ ', ¥ m 2 1,V f(x) eR[x];

Trong vanh da thitc Zs[x] hdy thuc hién céc phép nhan

(2x* + 4x +T).(3xj+Tx+§);

td

(=2x% +4x + 3)%.

Trong vanh Z[x] hay thuc hién phép nhan



4.10.

4.11.

4.12.

4.13.

4.14,

4.15.

2x* +4x> + 1x).3x7 +3x+ 2)

Vanh nay ¢6 ude chia 0 hay khong?

Trong vanh Zs{x] hay thuc hién phép chia

f(x)=~Tx* +2x* +2x+1 cho g(x) =-2x% +2x—1

Hay xdc dinh s6 nguyén p dé du clia phép chia da thic
1x* +Px+3 cho Ix% + 5x + 6 trong Z,[x] bing 0.

Trong vanh Qfx] chimg minh rang da thic

fx)=(x+1)*" —x*" —2x -1
chia hét cho
a)2x + 1; _ byx +1; ¢) X.
a) Ching minh ring da thic f(x)=1x*+14 & Z;5[x] c6 bon

nghiém trong Z 5.

b) Tim tat c4 cdc nghiém da thic g(x)=1x>+20 € Zy,{x]
trong vanh Z,,.

Cho A 1a mdt vanh giao hodn véi don vi 1. Cic da thic f(x)
va g(x) thudc A[x] véi g(x) 1a da thitc ¢6 hé tir cao nhét bang
1. Chitng minh rang t6n tai duy nhat hai da thic q(x) va r(x)
thugc A[x] sao cho f(x) = g(x)q(x) + r(x). Néu r(x) # 0 thi
béac r(x) bé hon bac g(x).

Cho A 13 mot mién nguyén, f(x)e A[X].
a) Gia st ue A 1a nghiém cna f(x). Chiing minh rang f(x)
chia hét cho (x — u) trong A[x].
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4.16.

4.17.

4.18.

4.19,

86

by Gia st u, u,, .... u,, déu thuoc A 13 m nghiém phan biét
cua f(x) . Ching minh rang f(x)} = (x - v, }x —uy) ... (x ~u
g(x) trong do g(x)e Afx].

m )

Cho A la mot trudng, f(x)e Afx] ¢é bac n (n 2 0). Ching
minh rang f{x) cé khong qud n nghiém phan biét trong A.
Tinh chat nay con ding khong néu:

a) A 1a mot mién nguyén?

b) A la mot vanh c6 don vi tuy y7?

Cho A 12 mot trudmg con cua treong B. Phdn tir e B 1a dai
sO trén A, p(x) e A[x] 1a da thic ¢4 bac thap nhat trong A[x|
va ¢6 nghiém o. Chimg minh:

a) Indéan sinh béi da thue p(x}, I = (p(x)), 12 mot idéan tai
dai trong A[x];

b) Vanh thuong A[X]I ding cau véi Alal; tir d6 suy ra

Alo} 12 mot trudmg (Ala] = {f(ct) | £(x) € A[x]}).

Cho f(x) 1a mot da thic thuoe vinh A[x], a 1a mot phan ti
cua vanh A. Ching minh ring f(x) bt kha quy trong A{x]
khi va chi khi f(x + a) bt kha quy trong A[x}.

Cho ¢ : A—>V 12 mot dong cdu tir A dén vanh V sao cho
@(1) = 1. Ching minh rang vét méi u € V t6n tai duy nhat
mot dong ciu @ : A[x] —» V sao cho

|4 =@. N6i cich khic ta c6 bidu dé sau giao hoan

A— 5 Alx]
cp\ ®
\%

Vi q 1a phép nhiing chinh tic A vio A[x].



4.20.

4.21.

4.22.

4.23.

4.24.

4.25,

Cho A 13 mot vanh giao hodn, c6 don vi. 1 1a mét idéan cua A

I[x] = {]21: ai){l € Alx]

=0

a, elii=0,...nn 2 0}.

Chimg minh rang:
a) Iix) 12 mot idéan cua vanh A[X|;

b) A[%xl ding cduvoi (A1 )1x1;

¢) I 1 idéan nguyén té cua A khi va chi khi I{x| 12 id¢éan
nguyén td cua A[x};

d) Néu 1 1a idéan 16i dai cua X thi I[x] cé 1a idéan 61 dai cua
A[X] hay khong?

Cho A ta mot mién nguyén. Ching minh rang tap hop cac da
thic thude Alx| c¢6 hang tir tu do bang 0 12 mot idéan nguyén
t6 ctia Alx]. Néu A 1 mot trudmg thi tap cac da thic ¢6 hang
tir tir do bing 0 ¢6 12 idéan 16 dai ciia A[x] hay khong?
Trong vanh Z[x,, X, x3] hdy biéu dién da thic
x}+x3+x]
qua cic da thic d6i xing co ban.
Trong vanh Z,[x,, X3, X3] hiy biéu dién da thic
Tx!+Tx3+1x;
qua cic da thitc d6i xiing co ban.
Trong vanh R[x. y] hily biéu dién cédc da thitc sau qua cdc da
thitc d6i xdng co ban:
5 .5
a)x +y,
b) x” + 2)(3)12 + 3x2y2 - x4y = xy4 + 2x2y3 +y.

Tim céc s6 nguyén X, ¥, X sao cho



4.26.

4.27.

- 4.28,

4.29,

4.30,

4.31.

4.32.

4.33.

88

Xyz=6

x3+y3+z3=36.

X+y+z=6
Giai hé phuong trinh
x'+y' =4
x +y3 =8

Giai hé phuong trinh
xX'4+y 7P =4
x4yl 422 =b? .
X+y+z=a
Tim nghiém nguyén clia phuong trinh
x+y=x2=xy+y2.
Tim nghiém nguyén duong ctia phuong trinh
x3+y3+ 1 =3xy.
Tim téng 1ap phuong cic nghiém chia da thite
f(x):x4+x3+2x2+x + 1.
Phan tich cédc da thic sau thanh cdc nhan tir
A f(x,y)=6x" -1 lx3y 18x2y2 -1 Ixy3 + 6y4;
b)g(x,y,2) = 2(x y + xzz2 +y z ) (x4+ y4+ 24).
Chiing minh hiang dang thic
(X +y+ 2} Xy + Xz + yz) - xyz =(X+y)x+ z)(y + 7).
Ching minh ring néu x + y+z=0thi

x4+y +z =2(xy+xz+yz)2



4.34

4.35.

4.36.

4.37.

4.38.

4.39.

4.40.

4.41

. Chimg minh ring néu a. b; ¢ lfi nhiing so thuc thoa man
a+b 2 ¢ 2 0thitacd cac bat dang thifc
a) a:+b225; ; b) a4+b425—4—;
2 8
¢y a +b" 2 < :
128
Cho x, y, z 14 ba 56 thuc bit ki. Chéng minh
(x+y+ 2)2 2 3{xy + Xz + yz).
Ding thic xay rakhix =y = 2.
Chitng minh rAng néu a, b, ¢ 14 nhimg s6 thuc bat ki thi ta cé
(ab + ac + be) 2 3abe(a+ b+ c).

Cho a, b, ¢ 1a nhitmg s6 thye duong. Chimg minh

| (x —y — 2)(xy + yz + zX) = 9xyX.
Trong vanh R[x, yl, phéan tich
ffx, y)= x+ 3x3y- + 2x2y + 3)(2)/2 + 2)()!2 + Bxy3 + y3
thanh tich nhimg nhan ur bat kha quy.
Trong vanh R[x, y, z] phan tich

fix,y,2)= —x*- y4. —7 2x2y2 +2x%7% + 2y2z2.
thanh mot tich nhitng nhan tit bat kha quy.
Cho a, b, c la ba s6 thuc sao cho a+ b+ ¢ = abc.
Ching minh rang
a(b? - 1) = 1) + bla” = 1)c” — 11+ c(a” ~1)(b7 ~ 1) = dabc.

. Chox,y,zlabaso thyc saochox +y+z=0.

Chitng minh ring x* + y4 +7'=20xy +xz+ yz)z.
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Chuong V
VANH CHINH VA VANH OCLIT

A. TOM TAT Li THUYET

1. Ly thuyét chia hét trong mién nguyén

Pinh nghia.” Gia st A 13 mét mién nguyén véi don vi 1. Hai
phdn tir a va b thudc A. Phan ti b dugc goi 1 1dc cta a néu ton tai
phan tlr ¢ € A sao cho a = be, ki hiéu b\ a.

Tap hop U cic udc chia don vi 1 1ap thanh mét nhém véi phép
nhan, goi la nhém nhdn cdc phan ne kha nghich cria A. Hai phan tu
a va b dugc goi 1a lién két véi nhau néu a\b vab\a.

Phan tr b duge goi 1a wdc thie sw cia a néu b khong kha
nghich, b\ a va a khong la udc cha b.

Phan tit b duge goi 13 bdt khd quy néu b khong kha nghich va b
khong co udce thuc su.

Phin 1 b duge goi la nguyén 16 néu b khong kha nghich va
quan hé b\ ac kéo theo b\ a hoac b\ ¢ véi moi a va c thudc A.

Dinh li. Trong mién nguyén A moi phdn tir nguyén t6 déu bt
kha quy.

Dinh nghia. Phan t ¢ duge goi 12 wée chung cia a vad b néu
c\avac\b. Phan tu d duge goi 12 «6c chung [on nhdt cia a va b
néu d 12 ude chung cla a va b va moi ude chung cua a va b déu 1a
ude cia d.

2. Vanh chinh

Binh nghfa. Mién nguyén A dugc goi la vanh chinhi néu moi
idéan ciia A déu 12 idéan chinh. '

Tinh chat. Trong vanh chinh A :

«  Ubc chung 16n nhat cha hai phan tir bat ki ludn luén 6n tai.

« Mot phin tir bt kha quy déu 1a nguyén 6.

» Moi dily ting nghiém ngat cdc idéan

Lcl <.l <

= o2 ®
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déu dimg. : -

Binh li. Trong vanh chinh A, moi phin tr khac 0 va khac ude
cua | déu phan tich duge mot cich duy nhit thainh moét tich nhiing
ithan tir bat kha quy sai khdc thit tu va cdc ude chia don vi.

3. Vanh OCclit

Dinh nghfa. Vanh Oclit 1a mot mién nguyén A cling véi dnh xa

5:A"=A-{0} >N
a 8a)

sao cho:

a) NéEu b\ a vaa# 0thi 8(b) < d(a);

b) V6i hai phan tr a, b tuy y cia A, b # 0, ton tai q va r thuge
A sao cho a=bq + r. Néu r # 0 thi 8(r) < &(b).

Dinh 1i. Moi vanh Gclit déu 1a vanh chinh.

‘Dua vao tinh chat sau day dé tim udc chung 16n nhét cla hai
phan tu. '

Néu a = bq + r thi uSc chung Ién nhit clia a va b bing udc
chung kén nhatcha b var.

Trong vanh Oclit ta tim u6c chung 16n nhat cla a va b bang
thuat todn Oclit.
B. BAI TAP
5.1. Trong vanh da thic R[x], véi R 1a truong s thuc, ching

minh cdc da thic ax” + bx + ¢ v6i b® — 4ac < 0 la nhimg da
thic bat kha quy. Diéu dé c6 con ding nita khong néu thay
trudng sd thue R bai trudng s phidc C?

5.2. Cho a va bl hai phén tir ca mién nguyén X. Ching minh rang:
a) a la udc cna b khi va chi khi aX »bX.
b) a a lién két v6i b khi va chi khi aX = bX.
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5.5

5.6.

3.7.

5.8.

5.9.
5.10.

92

by a |2 lién két vai b khi va chi khi aX = bX.

Cho X 1a mét mién nguyén. Chitng minh ring céc tinh chat
sau day tuong duong véi nhau:

1) Mot day tang nhitng idéan chinh ciia X déu dimg.

11y Moi dily giam nhitng udc thue su déu dimg.

i) Mei ho khic réng nhilng idéan chinh cia X déu cé phan
tu 161 dai.

Xét vanh Kix| véi K Ia mot truomg.

a) Chimg minh rang moi da thic bac nhét cta K|x] déu 13
bit kha quy. Néu K 1a mot mién nguyén thi diéu dé con
ding nita khong?

b) Chimg minh rang céc da thitc bzft‘(,: hai va bac ba cia K[x| Ia
bt khil quy khi va chi khi chiing khong cé nghiém trong K.

Trong vanh Z[x] xét xem cdc da thic sau day c6 phai 1a bat
khd quy hay khong:

fix)=2x+8§;

g(x) = X’ +1;

hix) = x” + 2x -2,

Gid sir 4 va b 1a hai phdn tf nguyén t6 ciing nhau ciia vanh
chinh A. Chimg minh idéan sinh ra boi a va b 1a vanh A.

Gia st p la mét phén tlr khdc O cia mot vinh chinh A. Chimg
minh p la bt kha quy khi va cht khi Ap 1a mot idéan t6i dai.

Trong mot vanh chinh, ching minh cdc idéan nguyén t6
khdc (0) 1a cac idéan t6i dai.

Chimg minh mét trudng 13 mot vanh chinh.

Vanh thuong cia mét vanh chinh ¢6 phai 12 mot vinh chinh
khong?



5.11.

5.12.

5.13.

5.14.

5.15.

5.16.

5.17.

5.18.

Vanh con cua mot vanh chinh ¢6 phai 12 mot vanh chinh
khong?

Vanl, Z[x] c6 phai la mot vanh chinh khong?

Gid sit A ={a+b3i | abe 2},
a) Chiing minh ring A ciing vdi phép cong va phép nhan cic
s6 phikc [a mot mien nguyén.

b) Ching minh ring 2, | + vY3i, | — ¥3i I nhimg phan t
batkha quy ctia A nhung khong phai la nhitng phdn tu
nguyén 6. Tir dé suy ra A khong phai 1a mot vanh chinh.

Chiing minh rang vanh
A ={a+b\/§i | a,beZ}
ta mot vanh chinh.

Ching minh ring vanh Z[x.]. khong 12 vanh chinh nhung

vanh thuong 'Z% ;5 )121 mot vanh chinh.
X" +2

Chimg minh ring Z[ V2 ] = {a+ bV2|abe z} 3 mot vanh
Oclit.

Ching minh ring 2] ( , ) 14 mot vanh Oclit.
X +2

Gia stt a va b 1 hai phin tif cha mot vanh chinh c6 dang
phan tich nhu sau:
a=p'py..py

b=pl'py..p].



5.19.

5.20.

5.21.

5.22.

5.23.

94

Trong d6 céc p; 1a nhitng phan tir bat kha quy, cdc o; va §; la
nhimg s6 tynhién, i=1,2, ..., n

Ching minh phan tir d = p, pY2 pln véi y; = min(ey, By,
i=1, ..., n]a mot uGc chung 16n nhat clia a va b.

Chimg minh rang vanh A{x] 12 mét vanh chinh khi va chi khi
mién nguyén A 12 mot trudng.

Mién nguyén A duge goi 1a vanh Gao—xo néu moi phan tr

khac 0, khéng kha nghich déu phan tich dugc m6t céch duy

nhat (n€u khong ké dén thit tr cdc nhan tir va céc udc cha

don vi) thanh mét tich nhitng nhan tir bat kha quy. Hay

chimg minh ;

a) Moi vanh chinh déu la vanh Gao—xo;

b) Trong mot vanh Gao-xo ludn t6n tai uéc chung 16n nhat

cha hai phan tir bat ki;

¢) Trong mét vanh Gao-xo moi day giam nhitng uéc thuc su
aj, 8y, .eny Ay, e

trong d6 a, khdc 0 va khdc ude ca don vi, a;,, la udc thuc su

cuaa,i=1,...,,n—1déudimg.

d) Néu mién nguyén A thoa man tinh chat b) va ¢) thi A 1a

moét vanh Gao—xo.

Chitng minh rang vanh

A= {a +b2i | a,be Z} 12 mot vanh Oclit.

Chimg minh ring mot trudng 13 mét vanh Oclit.

Gia sitr A 12 mot vanh Oclit. Chiing minh rang A la mot
trudng khi va chi khi 8(x) 13 hang vdi moi x € A"



wn
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5.25.

3.26.

5.27.

3.28.

5.29,

. Gia st vanh A vd1 dnh xa 8 : A — N Ii mot vanh Oclit.

Chimg minh tén tai anh xa Oclit

§:A >N
sa0 cho 8 (A ) ={a. ..., n} véin 2 O hay 8(A ) =N,

Gia stt A ta mot vanh Oclit véi dnh xa Oclit 8. Ching minh
S(u) 1a phan tir bé nhét coa 5(A$} khi va cht khi u kha nghich
trong A.

Gia sir A 1a mot mién nguyén. Ching minh diéu kién can dé
A la vanh Oclit fa 16n tai mét phan tr khong khda nghich
X & A sao cho moi ldp cua %X) c6 moét dai dién hoac kha
nghich hoic bang 0.

Chimg minh vanh

zﬁ;:{a+bl+ll)\/E

a,be Z}
khong phai 1a mot vanh Oclit. (Ngudi ta c6 thé chitng minh
A 1a vanh chinh).
Gia sir f(x) = X A Ex+ ]
g(x) =x + 2+ x + 1.

Tim ude chung Ién nhdt cua f(x) va g(x) trong Q[x].

Tim wdc chung 1on nhat caa f(x) va g(x) trong Zz[x] vdi
fx)=Tx>+I1x +Ix*+1x+1

gxX)=I1x"+2x" +1x+ 1,

05



5.30.

5.31.

5.32.
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GldsuR(\/ )—{d-F-b\/_ ta, b e B},
QV-3)={a+b3ilabeQ
QV2)={a+b2 la, b e Q)

Chitmg minh rang

) R(V=3). Q(v=3). G(+2) I nhimg trudng véi phép

cong va nhan thong thudng cic sé;

by R(v-3)= B
(x +3

v (x2+3} {2 idéan sinh boi x° + 3 trong Rix];
V2 = Qlx / véi (x* - 2) 1a idéan sinh béi
) trong (P[x];

Gia sir E 12 mot trudmg mo rong cla trudng K. Mot phin tr u
thuoc E, f(x) la da thic bat kha quy trong K[x| nhan u la
nghlem gia st g(x) e K[x] ciing nhan u la nghiém. Ching
minh riang trong K[x|:

a} f(x) ta da thitc c6 bic thap nhat nhan u Ia nghiém;
b) g(x) chia hét cho f{x);

¢) Vanh thuong K["%m dang ciu véi K[u] véi (F(x)) 1a

idéan sinh bdi f(x) trong K|x]..Ching minh K{u}] la mét
truong.

Gia su E 1a mot trudng md rong cua trudng K. Phan tiru € E
va f(x) e K[x]| la da thic bat kha quy bac n nhan u lam
nghiém. Chimg minh K[u| & mdt khéng gian vecto trén K
vO1 phép cong trong E va phép nhan cac phan tir cia K véi



cac phin tr cua K{ul (pﬁép nhin vé hudng) 12 phép nhan
trong E. '

Tim co s& va 56 chiéu ctia khong gian K[u].

5.33, Tim cdc tu dcmo cdu cha trudmg:

\2(\/—)_{:.1+b\/—|d be Q}

5.34. Gia st X =Q" = {(a, b) | a. b ¢ @}
Trong X xdc dinh hai phép todn cong va nhan nhur sau:
(a,b)+ (c,dy=(a+c,b+d),
{a, bi)c, dY={ac + 2bd, ad + bc)..
a) Chimg minh X vé&i hai phép todn trén la mot truong dang
cau véi Q(V2) .
b) Tim c4c ty dang c4u cta X. Tir d6 suy ra réng tap hgp céc
ty dang ciu cia X 12 mét nhém xyclic véi phép nhan dnh xa.
5.35. Cho f(x) 1a mot da thifc véi hé s6 nguyén cé hé sG cao nhat
bang 1. Chimg minh ring néu f(x) bat kha quy trong Z[x}
{p 12 mo6t sO nguyén ) thi né bat kha quy trong Q[x].
5.36. Cho A la mét trudng, a va b 12 hai phan tir cho trude thudce A.
Chimg minh rang dnh xa ¢ : A[x]—> A[x]
fixy—> flax +b)
12 mot tu ding cau clia A[x]. Néu a kha nghich thi ¢ ta mot
tv dang cau cfia A[x].
5.37. Cho f(x) = x” — x* = 3x" + 2x + 4. Phan tich f(x) thanh mot
tich nhimg da thitc bat kha quy trén cidc truong s6 Q;

Q(V2).Rvac.
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5.38.

5.39.

5.40.

5.41.
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Cho A 12 mot vanh Gao-xo, A la trudng céc thuong clia A.
f(x) =apg+ a;x + ... + ax, € A[x] dugc goi la mot da thic
nguyén ban néu udc s§ chung I6n nhit cia cdc hé
ag, 4;, ... 4, bang I. Chimg minh ring : -

a) Tich cla hai da thite nguyén ban 12 mét da thic nguyén ban.

b) Néu da thuc f(x) € Alx]; f(x) kha quy trong A [x] thi né
cling kha quy trong A[x].

Chimg minh rang néu A 13 mét vanh Gao-xo thi vinh A[x]
cling la vanh Gao-xo. Tinh chat nay con ding khong néu
thay gia thiét "vanh Gao-xo" bang gia thiét "vanh chinh”
hoac "vanh Gclit”.

Trong vanh Q[x], hdy tim da thirc f(x) bat kha quy, cé hé s6

cao nhat bang 1, nhan u lam nghiém véi:

a) u=\/§+\/§;
b) u=+2-+3;
c) u =42 +3i.

Véi u d3 cho trong bai 5.40a), hiy tim sé chiéu cta Q[u]

trén Q.

7.8T BAISO BCB



Chuong VI ‘
" PA THUC TREN CAC TRUONG SO

A. TOM TAT LI THUYET

1. Da thirc vdi hé s thuc va phirc
Trong chuong nay, ta xét vanh Alx| vé1 A A mot trong cac truong
s& : Truong s6 phiic C; Trudng s6 thuc R; Truong s6 hitu t1 §.

D3 vé6i da thitc vdi hé 56 thue hoidic phife ta ¢6 cic két qua sau:
Binh li. Moi da thic bac 1€ véi hé s6 thuc c6 it nhat mot
nghiém thuc.

Binh )i. Moi da thic bac n véi hé s6 phic (n 2 1) d€u ¢6 it nhit
mot nghiém phiic.

Binh li. Pa thic bat kha quy trén trudng s6 phuc la va chi la céc
da thitc bac nhat.

Binh li. Moi da thifc biac n (n = 1) trong trudmg sd phiic déu
phan tich duge thanh tich n nhan t bac nhat.

Pinh fi. Cdc da thic bat kha quy cta Rx] la va chi 1a cdc da thie
bac nhat hoac da thic bac hai véi biét s6 am.

Binh li (dinh Ii co ban). Moi da thitc bac n (n > 1) v6i hé s6
phttc ¢6 diing n nghiém phic.

2, Phuong trinh bac ba va bon
Mot phuong trinh bac ba ¢é dang
x*+ax*+bx +c=0vdiabce A (1)
bao gity ciing ¢6 thé duwa dugc vé phuong trinh bac ba dang

y +py+q=0 {2)
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bang cdch dit y = x +%.

« D¢ giai phuong trinh (2) ta dat
y=u+v

—.R:u\;_

Khi do u va v dugce xac dinh bdi céc cong thite sau:

<
m
-d'__‘_"_______
|
N [
|
e,
=S
| i

2 3
Gid siru, 1 mot gid tri cla 3\/__3_+1/q?+% khi d6 phén tir v,

o P
tuong tng véi né 1a mot trong ba gl tri cia ij—g«— 34—+%— $ao

chouv, =-=
Goi £ 1a mét can nguyeén thuy bac ba ciia 1 thi ta'¢6 céng thiic
nghiém cita phuong trinh (2) 14 :
Yi=u +v,

yZ = u18-+ V]€2

y). = ulﬁz + VIS.



S

~ B¢ giai phuong trinh bac bén

3 3 3 -
X +ax +bx"+cx+d=0 (1)

ta dua vé gidi ciac phuong trinh

> ax y

‘+——+m=(xx+]3;
22

2 dX

x“+?+&=—0tx—[3.

Trong d6 y,, la mot nghiém cua phuong trinh
y* — by + (ac — 4d)y - [d(a" — 4b) + ¢*] = 0. (2)
Phuong trinh (2') duge goi 1a phuong trinh giai bac ba cua

phuong trinh (1').

3. Pa thirc véi hé s hiru ti

Viéc tim nghiém hitu ti cia mét da thitc véi hé s6 hi ti bao

gid cling dua duge vé viée tim nghiém hitu ti cia mot da thirc vdi
hé s6 nguyén.

Néu o 12 mét nghiém hitu ti cha da thie
f(x)=x"+ a,x"_‘i- ota e Z{x]

thi o 1a mét s6 nguyén va la udc cua a,. Hon nita o phai thoa

man hai diéu kién sau:

f(1)

a) | nguyén,

f(—1)

b
) o+1

nguyén.
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De xét tinh bat kha quy ciia da thiic véihe $6 hitu ti trong vanh
Q[x] ta c6 thé dua vao diéu kién du sau:

Tiéu chudn Aidenstaine

Binh #i. Gia su

f(x)=a;+a;x +.. +a,x" (n>1)

1a mét da‘thifc véi hé s6 nguyén. Neu c6 mot s6 nguyén t6 p sao
cho p khong chia hét hé s6 cao nhdt a,, p chia hét tdt ca cac hé s§
con lai va p2 khong chia hét s6 hang tu do a, thi da thiac f(x) bat
kha quy trong ([x].

B. BAI TAP

6.1. Trong vanh C[x] hdy phan tich cic da thic sau thanh mét
tich nhitng da thic bat kha quy:
a) X2+ 1;
byx*—1-1i;
) xP-4i+3;
dx ~1-iy3.
6.2. Bi€u dién hinh hoc céc nghiém cia da thic
fix)=x"-1,p21;
gx)=(x—-a)"-b (v6ia#0, m> 1.

Tir d6 suy ra ring f(x) va g(x) ¢6 khong qud hai nghiém
chung.

6.3. Tim céc nghiém phitc clia da thic
f(x) = (1 - x7" +8x".
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6.4.

6.5.

6.6.

Phan tich da thic f(x) thinh mot tich nhimg da thiic bat kha
gquy véi hé s6 thue.

Diing thuat toan Oclit tim udc chung 1én nhit cua hai da thic
trong Q[x].
a) f(x)=x4+x3—3x2+4x—— 1 va
g(x)=x8+x2—x— 1;
b) f) = x® 4 3x* —4x - 32 + 8x - 5va
g(x)=x5'+ x2~x+ I;
c)f(x-)=x5_+x4—x3—3x2—3x— 1va
g(x)=x4—2x3-x2—2x+l;
dfx)=x"-4x'+1va
g(x)= x> —3x%+ 1;
e) f(x) = (x — 1)’ (x + 2)(x = 3)(x —4) V2
g(x) = (x = DHx + 2)(x + 5).
Trong C[x] hady thyc hi{:n phép chia.
a) x4—2x3+4x2—6x+8ch0(x— 1);I |
by 4x” + x* cho (x + i+ 1); |
c)x4+ix3—-ix2+x+lcho(xz—ix+ 1):
g x5 +v2Zx* -2 - 3(V2 + X% - (V24 3)x — 1 cho
(x2 + \/5 X+ 1);
&) x* 4+ 2x7 + dx> + 2cho [x* + 1(1 —Dx + 1 +1]
Dﬁng thuat todn Oclit tim cac da thiic p(xj va q(x) sao cho

f(x)p(x) + g(x)q(x) = d(x), trong dé d(x) 1a uée chung 16n
nhdt cha f(x) va g(x), voi
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a) f(x)=x4+2x3*x2—4x—2vé
g(x)=x4+x3—_x2—2x-2:

b) f(x) = 4x* - 3x* — 16x2 + 5x + 9 va
g(x)=2x" - x* - 5x + 4.

6.7. 'Trong vanh C[x] chéng minh rang da thic f(x) chia hét cho

da thitc g(x) khi va chi khi moi nghiém cua g(x) cing ta
nghiém cua f(x) va moi nghiém boi cap k clia g(x) ciing la
nghiém boi cap khong bé hon k cta f(x).

6.8. Trong vanh Qx| chimg minh rang da thic
f(x) = x4 x4 302 k,,neN)

chia hét cho dathitc g(x) =x%+ x + 1.

6.9. Trong vanh Q{x] chiing minh ring da thiic
f(x) = x = 3n’x + n

vOi n 13 mot 6 w nhién khic 0, 13 mot da thiic bat kha quy.
6.10. Giai cic phuong trinh bac ba sau day:

a) -4)/3 - 36y2 +84y-20=0;

b)x’—x~6=0;

c)x3+ 18x + 15 =0,

d)x'-3x*-6x+4=0.
6.11. Chiing minh (iing dung da thirc d6i xing)

{x,— xz):2 (x|~ x3)2 (x; - X3)2 = —4p3 - 27q2
Vi xy, X4, X5 12 cdc nghiém cia phueng trinh

x3+px+q=0.
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6.12. Giai cdc phuong trinh
a) oAty x2I+ 4x -6 =0
by x*—4x  +3x +2x — b =00
c)x4—2x3+8x3+2x+7=01
d)x*+6x7 +6x° —8=0.
6.13. Giastoa=1+1.
a) Biéu dién o dudi dang lugng gidc. Tim modun va argumen
clac vaa
b) Viet o" va o " duéi dang a + bi.
c) Biéu dién hinh hoc céc gid tri o va o " véin <8.

d) Chdng minh rang moi s6 phitc z tuy ¥ déu c6 thé biéu dién
mét cach duy nhat dué dang

Z=X+ya,
véi x va y la nhilng s& thuc.

¢) Chimg minh rang dnh xaf: C > M

_ X y
Z=X+yo >
[—2}1 x+2y}

tir vanh s6 phitc dén vanh cic ma tran vuong ¢dp hai trén .
trUO‘ng s6 thuc 12 mét dang cdu. Tir d6 suy ra rang tap hop
cac ma trdn vudng cip hai dang

X y
-2y x+2y

6.14. Tim da thuc véi hé s6 thuc ¢é bac bé nhat sao cho:

1a mét trudmg.

a) Chia cho (x — l)2 con du 2x va chia cho (x - 2)3 con du 3x.
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b) Chia cho x* — 2x* — 2x” + 10x — 7 condu x” + x + [ vA
chiacho x* = 2x* = 3x° + 13x — 10 con dur 2x™ — 3.
6.15. Tim nghiém hitu ti cua céc da thic
a)x3~6x2+-15x— 14
b) 2x" + 3x% + 6x ~ 4 ;
6 5 4 3 g2
)X 6 + 11X -x - 18x"+20x + 8 ;

d) X + 2x4+'6x3 + 3x2 —12x - 48.

6.16. Gia sir phan s6 t6i gian P mot nghiém clia da thic

1, - '
+ ... +ag e ZIx].

f(x) = anxn + a,’,_lxn_
Ching minh rang:
a)ypNagvaq\ag
b} p — nq la udc cha f(m), véi m nguyén; dic bict p — g la
ude cha f(1) va p + q la udce cua f(—1).
6.17. Ap dung bai 6.16 dé tim nghiém hitu ti cia da thitc
f(x) = 10x”" — 81x" + 90x” - 102x” + 80x - 21.

6.18. Chimg minh ring da thitc f(x) véi hé s6 nguyeén khéng c6
nghiém nguyén néu f(0) va f(1) déu 12 nhimg s6 18.

6.19. Gia st p(x) 1a da thic véi hé s6 nguyén va p(x) bat kha quy
trong Z{x]. Chitng minh ring trong Z[x] néu p(x) \ f(x)g(x)
thi hodc p(x)\ f(x) hoac p(x)\ g(x).

6.20. Trong vanh Z(x) ching minh rdng moi da thic khic O va

khic +1 déu cé thé viét duoe duéi dang mot tich nhing da
thic bat kha quy.

106



6.21.

6.22.

6.23.

6.24.

6.25.

Ding tiéu chuan Aidenstaino dé ching minh cdc da thirc sau
12 bat kha quy trong (J[x]: ‘
a) x4 —8xt+ l2x2 - 6x + 3;

b)xi—x3+2x+1;

I e 1A A <& an t6s
X7+ x4 L+ x + 1 véi p 1A mot s6 nguyén té;

d)x* = 3x + L.
Tim diéu kién cin va du dé da thic
f(x)= x* + px2 +q

1a bat kha quy trong Q[x].
Gia st f(x) = (x — a;} (X — 3, ... (X — a,) — | v6i a; |a nhing
s6 nguyén phan biét, i = 1, ..., n. Chimg minh rang f(x) bat
kha quy trong QQix].
Cho a;, aa, ..., a, 1a nhilng s6 nguyén do6i mot khac nhau.
Chitng minh da thic

f(x) = (x —a) (x —ay)’... (x —a,)’ — |
bat kha quy trong Q[x].
Hay chimg minh dinh 1i Aidenstaing khi thay vanh sg&.
nguyén Z boi vanh Gao-xo bit ki va Q béi trudng cic

thuong cua vanh Gao-xo di cho.

107



PHAN I1. L0 GIAI VA HUGNG DA

CHUONG |
CO SO LOGIC TOAN. TAP HOP VA QUAN HE
a) Dong ki hieu p —(q —r) la mot cong thic vip, g, r 1a

1.1.

1.2.

108

nhimg cong thic.

q —r la cong thic.

- p —>(q —r) la cong thic.

Bang gid tri chéan 1i cla cdc cong thic nay la:

Piq|(r | por|p>(@-or)
111 1 1
1lr]o| o 0
1{oir]| 1o 1
tjlolo| o 1
o1 |1} 1 1
o|l1|o] o 1
0j0|1{ 1 !
ololo| 1 1

D61 v6i cde cau b), ¢) tam tudng tur.

a) D€ ching minh déng thic ndy ta c6 thé lap bang gid tri
chan li timg v€ ciia dang thifc. Ciing c6 thé chimg minh béng

cach sau day :

Tacé p—>q=q—>p. Néu thay p béi u—> v va q bsi w thi
ta dugc ngay dang thtic can chiing minh.

C4c cau b), ¢), e), lam tuong tur.



T L3,

1.4,

1.5.

1.6.

Ching minh bing cich 14p bang gia tri chan Ii timg v& cua
dang thic. Y nghia ciia cdc dang thic ndy 13 chi can hai phép
toan logic |, A (phép phtt dinh vi phép hoi) di d€ xéc dinh
cac phép todn 1ogic con lat.

1) Bién déi vE trii tu cé

(p>q)>q=p->qvy
=(prqvq
=(pvar@vy)
=(pvyial
=pvq.

Bién d6i déng nhat:

a)p->(g—=>r=pvig-or)

=pv{qvr)
=(pvgivr

=pAqQVT

=(pAag)—r
Ban doc tr lap bang gid tri chan Ii.
a) Rat gon '

([ﬁvq J—>(qu)]f\q =((pva)vipvg)ag

 =(Pvpvgvaing
=(lvg)ag
El.Aq
=q.
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1.7.

1.8.

1.9.

- 1.10.
1.11,
1.12.

1.13.

110

L
Dé gidi cdc bai tap loai ndy ta chi y rang c6 céc dang thiic
sau day:

p>q=pva;

_ PAQ=PVy.
Dé gidi cdc bai tap loai ndy cdn chd ¥ ring ¢ cdc dang thiic
sau day: :

P—>q=pAg;

pPVg=PAg.
day:

p—>q=pvq;

P>q=pAg.
Dura vao cac ding thic trén dé giai cac baj tap loai nay.
Lam twong ty nhu bai 1.7. -
Lam tuong tu nhy bai 1.8.

a) Déi ngducta (pv@Ar A (pA@vr

Phi dinh cua (pv @ AT 1a pvgar E(pvfl)vf
=(PAQVT.

a) Lap bang gid tri chan Hi ta c6 (pAq)—>(qvp) la cong

thitc hang ding.

c) Lap bang gid tri chan Ii cho két qua p > (q A p)' khong la

hang ding ciing khong 12 hing sai.



1.14, C6 thé chitng minh bang cdch 1ap bang gia tri chan 1i, cfing
c6 thé diing bién doi dong nhat.

¢) Dua cong thic (pA(p—4q))—>q vé dang chi chita v,
A taco ' '
prlp—=2>q))—q=l
Vay coluat =(pA(p > 4)) > q.
1.15. C6 hat cdch chang minh, Lap bang gid tri chan 1f hoac bién
doi dong nhat. Ta nén bién déi dong nhat.
1.16. aNeuchop=1.g=l.r=1thi(pvq)>r=1.
Néuchop=1l.q=1,r=0thi{pvg) - r=0.
Vay (pv q) —>r khong hing diing cling khong hang sai.
1.17. Ta hiy ching minh quy tic suy luan:
pP2>44>r
r

Cdach 1. Lap bang gid tri chan I

P la [f P=d [>T gAp—PAGoDpAP QAT T

SR T O O T R 1 L
LILjop 1 | o 0 |
L{O|1] 0 | 1 0 1
tiolol o [ o 0 1
of1{1l 1|1 0 1
010t 1 | 1 0 1
ojoli] 1 | 1 0 1
oloto] 1 | 1 0 1

e




1.18.

1.19.

112

Can cit vao bang ta thiy khi p, p —q, q —r cung nhén gid
tri 1 thi r cling nhén gia tri 1. Vay theo dinh nghia ta ¢6 quy
tac suy luan
| P:p—>9,9>r
T

Cidch 2. Theo dinh li giita quy tac suy luan va luat 16gic ta cd
quy tac suy luan

p.P2492>r
r

khi va chi khi c6 luat
F(par(p—o@Aalgq—1))—r1).

D€ chiing minh luat nay, ta dung bién déi dong nhit hoac 14p
bang gid tri chan li.

Chimg minh rang néu cd %vé —z-lh\l $=T.
A S .
That vay do cé ¥ncn tacod F(T —8). (1)

Tuong tu, do ¢d %nén cOF(S »T). (2)

Tu()va(Q)suyrakF(Se T)nghiala S=T.

Dio lai, néu S=Tthitacé & (S »T) vak (T —»S) vy cé
S . T
— Va —.

T S
Gia sit khong phai 14t ca cdc ménh dé

4 2> P



g — P

4y = Py
déu ding. Chang han ménh dé q, —p; sai, vdi mot i nao dé6.
Diéu nay xay rakhigy=1vap,=0. Vip vp.v..vp, =1
nén phai ¢6 p; = 1 v6i j+# i. Nhung p; > q;= 1 nén g, = I.
Dicu nay trdi vdi gia thiét cdc q; bai xich 14n nhau. Vay diéu
gia str trén la sai. Nghia 12 tdt ca cdc ménh dé g, —»p, ding
voimoii=1,2.....n.

1.20. Ta ki hi¢u b 12 khing dinh “Bao dinh v& kinh”, b 1a khing
dinh "Bao khong ddnh v& kinh”. Céc chirt, k, ... va phu dinh
cua chiing ¢6 nghia tuong tu.

Ta viét cdc cau ndi ciia cde em thanh cong thie :
An: A=bvt
Bio: B=bak ;

Tudn: T = A/\B&(bvt)/\(b/\k)
=(bAt)A(bvk)=bx\tAk
Dic: D=(AAB)V(AAB)=bv(iak) :

Al

(Chii ¥ rang (t A k) la sai vi theo gia thiét chi mot ngudi danh
v& kinh).

Khoi: K=D=bv(tvK)=bAa(tAk):

Theo gia thiét ba em néi ding. Tir cdc cong thirc A, B, T, P,
K ta 1ap cdc hoi bang cach lay trong méi hoi ba cong thic.
Trong cdc hoi dé chi c6 moét hoi [a diing, cdc hoi kia sai. C6
ca thay Cl= 10 hoi co thé duge. D6 la:

a-BT 84158 BC A 113



1.21.

14

AABATAABADAABAK AATAD.AATAK.
AADAK BATADBATAK.BADAK. TADAK.

Vi cédc cong thite A via T, B va T, D va T héi lai cho mau
thuan, nén tir mudi 16 hop chi xét hai:

AABAD va AABAK.
Nhung ta dé thay rang hoi cita B v D mau thuin. Vi vay hoi
duy nhat ding 1A AABAK . D6 la:

ArnBaAK =(va)AEAEA(lv ki=ztabak.

Tir d6 ta két luan ring Tuan danh v& kinh.
Ta ki hiéu a, b, c, theo thit wr 14 cdc ménh dé A, B. C, néi
dung sy that,va ki hiéu cac phu dinh clia ching 1a a, b, c.
A c6 the néi diing sur that, c6 thé néi khong ding. Vi vay 1o
khai cuia anh ta c6 thé viét dudi dang céng thiic

A=(aab)v@nb)=1.
Tuong tu, 161 khai clia B ¢é thé viét

B=(baCT)v(bac)=1.
C c6 thé néi ding sy that, trong truong hop nay A va B néi
sai, khi d6 ta viét cAFAb. Nhumg C ciing ¢é thé néi sai,
trong truong hop ndy it nhit mdt trong hai A hoic B néi
dung. Khi d6 ta viét TA(avb). Nhu vay 131 khai cha C ¢
thé viét:

C=(c AE{AB)V(EA(avb))z l.

Taco

AAB=((aAE)V(EAb))A((bAE)v(BAc))EEAbAE.

AABA'C=(5AEAE)A((CAEAE)V(EA(avb)))EEAbAE=l

Viy A va C noi khong that, B néi that.
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1.22.

1.23.

B di Ha Néi, C di Thanh phé Hoé Chi Minh, A di Hai Phong.
D di Nha Trang.

Ta dung chif a &€ chi ring A lam dugc bai, cac chir b, c. d, ¢,
m ¢6 nghia tuong tu. Theo gia thiét ta ¢6:
arnc=0:bac=0:mab=0;aanm=0;and=0. (1)

Trong nam tuyén (avc). (bve), (mvb), (avm), (avd) (2)

~ ¢4 bon 1a ding va mot 1a sai. Vay héi cha chiing 1a sai.

Taco:
(avcia(bveys(anb)viane)vicab)vicae)
{(avcia(bveya(mvb)= (cream)viaablvicab);
(avola(bvela(mvbya(avm)={@aab)vicaeam);

(ave)a(bvea(mvbia(avmia(avd)=
=(aab)vicreamad)=0.

Vayanb=0.

Ta l4y hoi bén trong ndm ménh d€ cta (2). C6 nam hoi nhy

thé va chi ¢c6 mot hoi dung.

Tadacé

K=(avecia(bveya(mvb)a(avm)=

=(aab)v{caneam).

Cong thiic nay sai vi (aab) = 0, va theo gia thiét chi ¢6 hai

hoc sinh [am dugc bai. ’

Taxét P=(avc)a(bvela(mvbia(avd)=

=(caeamad)vi{cabad)
Cong thic nay cling sal.
Taxét H=(avc)a(mvdalavmia(avd)=(camad).

Cong thic nay ciing sal.
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1.25.

1.26.

1.27.

116

T=(bvala(mvbiantavmia(avd=damace)
Cong thic nay cling sai. Vay cong thuae thit nam phai 12
ding. tic 1a
F:(avc)x\(hve)z\(avm)»\(avd)s
={arnc)vicrneamad)=1.

Turdo suy ra anc=1.Vay A va E lam duge bai.

) Cau 2" = 1 1a mot menh dé, cac cau con lai déu Ia nhitng

ham ménh dé.

b) va c) Mién ding cia hai ham ménh dé "x" = 1" va "x” >
0" 1a tap hop tdt ca cdc s thuc.

d) Mién dding cia ham meénh dé “ax” + bx + ¢ > 0" I

Néu a > 0 thi mién ding clia né 12 tap cdc s6 thuc nim ngodi
khoang hai nghi¢m (néu cé).

Néu a < 0 thi mién ding cla né 1 tap céc s6 thuc nim trong
khoang hai nghiém (néu cé).

) Mién diing cia ham ménh dé "dudng thing x song song
véi dudmg théng y" 1a tap hop cdc dudng thing song song véi
dudmg thing y.

a) Mién diing cta o(x) la {£1,+2,43.16} .

b) Mién ding coa o(x} 12 tap hop cic nghiém nguyén cua
phuoig trinh vé dinh 2x + 6y = 5. Phuong trinh nay vo
nghiém. Vay mién ding cta ¢(x) 12 &.

¢) Mien diing cta ¢(x) 14 tap cdc diém nim trén dudng tron
don vi trén hé truc toa d6 Dé-cac.

a) "Néu x chia hét cho y va y biang z thi x chia hét hét cho z”

b) "Néu x khong la s6 nguyén 16 va x khong 13 s6 1é thi x
chia hét cho 2."

%



1.28. Ching minh theo dinh nghia cta mién ding ctia ham ménh dé.
1.29. a) Mién diing cua ham ménh dé
O(x) v y(x) v 0(x) 1a hinh 3

Hinh 3

b) Mién ding clia ham ménh dé

O(x) A yi(x) A B(x)1a hirnh 4

¢) Mién diing caa ham ménh dé

[®(x) A y(x)} v B(x) lahinh 5 Hinh 4

Hinhs Hinh 6

d) Mién diing ctia him ménh dé [¢(x) v w(x)] A 8(x) la hinh 6
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1.31.

1.32.

1.33.
1.34.

(18

s

c) Mién diing cia ham ménh dé

[p(X} — yr(x}] A {x)Ia hinh 7

Hinlt 7
f} Mién ding cta ham ménh dé

lp(x) = y(x)] v B(x) I hinh 8

Hinh 8

a) "V&i moi s6 thuc x, |x| = —x". Ménh dé nay sai.

b) Ton tai s6 thic x sao cho |x| = —x". Ménh dé nay dung vi
tontaisc 0 e R, |0j=0=-0.

a) Ménh dé nay c6 thé viét nhu sau
(Ix eR)[(Vy eR)yx =y)|.

Meénh dé nay ding vi I R, v6i moi s6 thuc y ¢6 1y = y.

(Vi eR, Vy eR, Vz eR)((x+y)z=xz+yz)‘
a) Phu dinh clia ménh dé

(VX e, VyeR, Vz eR)(x+y=z)}1a



1.36.

1.37.

(3x ek, Iy eR, JzeRY (X +YF2)

Gia sir A, ef{A,.A...A,}. Néu A, khong chia tap nio
con lai thi A la tap cAn tfim. Néu né chia A, .l lap
juan nhu véi A, . Tase duge mot day giam
AI“DA-“DALD“.DA“D... (1)

Day khong vo tan vi chi c6 mot s& hine han tap A,
Day (1) phai dimg, nghia la cé it nhit mot p A, khong
chita mot tap nao trong cdc tap con lai.
Ta ¢6 thé dua ra cach giai khac (quy nap theo n).
Hién nhien ding cho n = 1. Gia st ding chon = 1vaA,-;la
tap khong chia tap A nao,i=1,...n— 2. Xét quan hé gitra
hai tap hop A va A, Ta c6 hoae |

1A CA . vay Ay la tap cén tim; hoac

DA C Ap vAY Apy 14 tap cén tim; hoac

3) An < An—l va An—'l (ZAn’
Vay ta c6 A la tap cin tim. Néu trang bi cho tap haop
{A..., Ayl quan hé th oy 1 quan hé bao ham thi bai todn
c6 thé phit biéu dudi dang tim phin tir t6i véu. Ta clng c6
thé phat bidu bai todn bang tim phén tir 16i dai. Tong quat

hon, ta cé thé xét mot tap hop gom n phan tir sap thit va
fim phén tir t3i tiéu hay t6i dai.

Gia st BcA. Néux € Bthix & Avax € A- Bdovay
x e A — (A - B). Gia su X e A — (A — B), nhu vay x cAva
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1.38.

120

X¢€A-Bhayx eAva{x ¢gA hodc x e B}. Khong thé Xay
rax ¢ Anénchkiconlaix e B, Vay ¢6 dang thic

A—-(A-B)=B.
Bay gir gia st A - (A - B) = B. Hién nhién c6 bao ham thic
A-(A-B) c AnénBc A.

a) Gia sir X = {x,, X2:- Xy } 1@ mét tap hop gém phan tir va
I<r<n. Ta xét day (sap thit tu) (x;,x,, »-X; )nhitng phén
tr cha X doi mot khac nhau. Co bao nhiéu cach luya chon cic
phan tir X; thi c6 by nhiéu diy ké tren. Trude hét VOi x; ta

¢6 n céch lya chon tir n phan t cia @p X. V6i x; (#x, ) cé
n 1 cich chon tr n ~ 1 phén 1 cia taphop X, = X - {Xs. }
sau khi da ¢6 dinh X,, 101 V&ix, ¢6 n - 2 cich chon tirn - 2
phin tir ctia tap hop Xy = X- {X.-Z} sau khi ¢§ dinh X;,

vax; ... Cu6i cling véi X; €0n—r+ 1 cachchon tirn —r + ]

phén tr cia taphop X =X_, - {Xi,_, }

Vay ¢6 1dt can(n - D)..{n~r+1)céch chon diy
(xil,xiz,...,xir). (1)
Bay gid gia sir {’-‘-'. Xy v X, } (2)

12 mét tap con cia X g6m r phan tir. Khi d6 v6i mé; hodn vi
cha (2) ta duge mot day (1). Nhu vay v6i méi mot tap con (2)
cua X tacdr!day (1),

r!=1.2...1.Dodsss bo phan ctia X gém r phan 1y 13
n(n-l)(n~2)....(n~r+l) n!
_—_'_'“__———————__._‘———— = ‘——'——-——-_

r! : (n—-n)'r!



b) Pat C| la <6 tap con gém r phdn tir ciia X. Khi dé ta ¢6

or n! .. . .0 n! :
Ch=————vdiquy usc 0! = I. bat C, = =1, khi
(n—r)'r! nto!
do s6 cdc phan tir clia FAX) $€ 1a
A} -
Ch+Ch+..+Ch =
n! n! n! n! .
= - Fot———mF+ .+ ——=12
O'n! I(n-1)! (n—r)!r! n!0!

1.39. Biéu dién hinh hoc 1ap A x B véi
A={xeRil £x =<3}

4

(A x B li phin ¢6 gach chéo}
Hinh 9



b) Z x Z 1a tap hop cic diém ¢é toa do nguyeén

M = (a. b), a va b thude Z.

TR T T T S SRS
+ ¢ 4+ Ty 4+ 4
+ 4+ 4+ e e e e
e
T T S SR SR
4**1%*#;&«#%4%«#
4%«%4*_%4%%4%4%

Hinh 10

1.40. Hinh aub hinh hoc cua tap hgp X 14 duong gach dam trong
hinh 11.

¥

Hinh {1



1.41.
1.42.

Cac chitng minh la hién nhién.
Tap hop X khong phdi 1a d6 thi cua mét dnh xa ndo tir R dén
R vi néu nd la do thi cta mot éanh xa f : R — R thi cap

(-1, f(-1)) € X, nhung cap nay khong phu thudc X. Ta cling
c6 thé xét hai cap (1, 1) va (1, 2) chiing déu thude X; Nhu
vay, tuong tng v6i 1 [3 hai phan tir 1va 2, trdi véi dinh nghta
cua anh xa.

. Taco dnh xa f : R = R cho bai quy tac

X ntux < 0
f(x) = .
{() néux 2 0

nhan G = {(x,x) I x <0} {(x,0) x 20} lam dé thi cia né.
Hinh anh hinh hoc cua G 1a duong gach = trong hinh [2.

-2 -l 0[ I 2 3

Hink 12

144, Tap G = [(x, —— 1| x €K, x #1} 12 do thi cita 4nh xa

X—1
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Hinli 13

1.45. 4} Chimg minh f{A w B) = f(A)u {(B).

124

Gia sty e f(Aw B). Khi dé t6n tai x € AU B sao cho y = f(x),
nhu vay ton tai x € A hodc x €B sao cho y = f(x) hay
y=1ix) efiA)hodcy =f(x) efiByuic lay e f(A) U f(B).

Dao lai, gia sty e ftA) U (B) khi d6y ef(A) hoac y <f(B)
do dd ton tai x €A hoac x €B dé y = f(x) hay tén tai
x €e A UBdéy=1(x), vayy ef(AU B).

Tém lai ta c6 ding thic (AU B) = f(A) U {(B).

b) flAnB)c f(A) nf(B) (1



Giasay « (A B)kht d6 t6n tai x e AnBsaocho y = f(x).
Nhu viy ton tai x € A v x € Bsao cho y = f{x). T dé suy ra
y effA)vay efiB) tic la y e flA} N f(B). Vay c6 bao ham
thic (1). Khong ¢é bao ham thic ngugce lai vai moi 1.

) Ching han f. Z->%

1.46.

n - f(n) =in|
A 1a tdp hop cdc s6 nguyén duong ;
B Ia tap hup cic s6 nguyén am :
ANB=Jnén flANB) = .
flA) =N

f(B) =N vay f(A) ~f(B)=N # Q.
Ta c6 thé chimg minh dugc ring bao ham thirc ngugc lailcﬂa
(1) xay ra néu f 1a mot don anh.
Céc bao ham thitc va déng thitc con lai chitng minh tuong tur.
Ta lan lugt xét céc trudmg hop:
Néu n = 0 thi f 14 dnh xa déng nhat, do dé f Ia mot song dnh.
Néu n = | thi ta c6 f(0) = 1 |
f(1)=2
flk) =k +1
Trudng hop nay f la mdt don dnh nhung khoéng toan dnh vi 0

khong ¢6 tao anh. Néu n > 1 thi f 1a mot don anh nhung ciing
khong la toan dnh vi trong trudong hop niay n + | khong cé

tao anh. That viy, r6 ring n + | > n nén n6 khéng thé I anh

cla nhing s6 k <n. (ftk) = n - k). Nhung néu c6s6 k > n
ma f(k) = n + | thi ta phai ¢6 dang thic n + k = n + 1 mau



1.47.

1.48.

thuin véi k > n> 1. Buong nhién trong cic trudng hop nay
khong 1a song anh. (Ban doc ¢6 thé ching minh céc s6 tir
n+ | dén 2n -1 khong ¢6 tao anh).

a) Gia sirh = gf 1a mot don danh. va gia s x;, X> €X sao cho
t{x;} = f(x5) khi d6 ta c6 g(f(x ) = g(f(x5)} hay fg(x,) = gf(x-).
suy ra x| = X,, vay f 1a mét don dnh. Néu f ta moét toan anh va
gid siry, vit ys thude Y sao cho gly,) = gly,) € Z. Vi f latoan
dnh nén ton tai X va X thude X sao cho f(x ) =y, vt f{x,) =y
Tir dé suy ra

hix;} = gf(x;) = a(f(x))) = gy} = gy} = g(f(x)) = gf(x5) =h{x).
Vi h 12 don dnh nén x, = x,. '
Vay y; = f(x} = {(x-) = y,5. Taco g la don danh.

b) Gia su h = gf 1a moét todn anh, z € Z ta mot phan tir bat kl

Vi h la toan dnh nén ton tai X € X sao cho h(x) = z. Khi dé ta
c¢6y = f(x) €Y thoa min g(y) = g(fix)) = gf(x) = h(x) = z.
Vay g la mot toan anh. Néu gid thiét thém g 1a mdt don dnh
thi f cing I3 mot toan dnh. That vy, gia st y € Y la mot
phan t tuy ¥, qua dnh xa g ta ¢6 g{y) =z €X, vi h la toan
dnh nén ton tai x €X sao c¢ho h(x) = z. T d6 suy ra
g(y) = g(f(x)). Vi g 1a don dnh nén y = f(x). Vay f 1a mot
toan anh.

Gia st f : X —Y [a mot don dnh. vi X # & nén 3x, € X.
Pat Y, = Y - f{X). (Y, c6 thé rdng}. Vi f 1a don dnh nén

vy ef(X) ton tai duy nhat Xy € X sao cho f(x_\,) =y. Tacéd
anh xa g1 Y — X dugc xac dinh nhu sau:



Jx,. néu y € f{X)

()= ,
81¥) lxl, néuyey,

Brine My e X af(X) = gilix)) = x = Iy (X), v.a_v ef = Iy.
Do lai, giaswg: Y —» Xsaocho gf = 1. Do I 1a mot don
dnh nén theo bai 1ap 1.47 suy ra f la don dnh.

1.49. Gia st £ : X —>Y 1a mot toan dnh khi d6 véi mdi y €Y,
((y) # @. Véi méi tap £ '(y) ta ¢& dinh hod mot phan tir x,
(f(x,) = y). Khi d6 ta ¢6 mot dnh xa '

g Y- X
Yy X,
thoa man
fa(y) = f(x,) =y = y(y).
Vay fg = |y.

* Ban doc chi y diéu nay: Thuc ra, d€ cédnh xag: Y — X
ta phai st dung tién dé chon.

Pao lai, néu c6 g1 Y — X sao cho fg = | thi theo bai tap
1.47, f 1a mot toan anh, vi Iy 1a mot toan anh.

1.50. a) Gia st f ta mét don dnh va fg = fg' khi d6 véi moi v €V,
gf(v) = fg'(v) hay f(g(v)) = f(g'(v)). Do f la don anh nén
gv)=g(v). Vayg=g. |
b) Néu f khong [ don dnh (di nhién khi dé X ¢6 nhiéu hon
mot phan ). Gia s X, vd x> thude X, x; # X» sao cho
f(x,) = f(x,). Xét tap hop V = {1, 2} va hai dnh xa

gV-oX v ghiv—oX
- x, 1 x,
2 X 29 x,
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fg(l)=fg'(1) = f(x;)
fa(Ny=fg'(2)= f(xil),

rorang g # g' va {

Viy fg = fg'. Theo gia thiét ta phdi c6 g = ¢'. Mau thudn nay
ching t6 f phai la mét don anh.

. Gia sur f 12 mot toan dnh va hf = h'f.

Gia sty € Y la mot phan tx tuy ¥, khi d6 vi £ 1a todn dnh nén

’l(‘in tai X € X sao cho f(x) =y, do dé

h(y) = h[f(x)] = hf(x) = W'f(x) = h'[f(x}] = h'(y).
Vay h=Hh'.
Dao lai, gia st f khong 1a moét toan dnh, tiic [aton tai y, €Y

ma f'(yy) = @. Dat X = {1, 2} va xét hai 4nh xa

h:Y »Z
y— 1
h:Y —»>Z
I néuy=y
h,(y):{ Y=o
2 néuy = yy

" v rang W' £ h va hf = h'f. Theo gia thiét, h = h'. Mau thuin.

1.52.

128

Vay f phai 12 mot toan anh.
Giasaf: X ->Y vag: X — Z1ahai song anh. Vi f 1a mot
song dnh nén tén tai £ ;Y —>X khidé { ' ciing 13 mot song

anh va ta ¢é tich gf_l © Y — Z1amoét song anh.

.batp : G-X.

(X, y}t=> X

Gia st p 12 mot song dnh. nghia 1a p((x, y))} = p((x’, y")) khi
vi chi khi x = X’ v y = v"; va p 1A mét toan dnh, diéu nay ¢é



nghla v6i moi x e X tén tai {(duy nhit) (x. y) €G sao cho
p((x. ¥)) = x. Vay theo dinh nghia thi G la d6 thi cha 4nh xa
f: X »Y,. f(x)=yvdi(x,y) eG.
Bay gitr gia su G 12 d6 thi ca mot dnh xa tir X dén'Y. Nhu
vay trudc hét p phai 1a mot toan dnh. Néu (x, y) va (X', y) € G
ma p{(x, y)) = p((x, ¥} vi p{(x, y)) = x va p((x', ¥'}) = X" nén
x = x, do d6 y = y'. Vay p la mét don danh. Vay p la mot
song anh.

1.54. a) Hién nhién.
b) Hién nhién.

c)Giastx eBN{(UWA )khidéx eBvax € _k,:A],nhuvay

ist
x eBvax € A, vdi mdti, nao dd cua I, x eBM A, do dé
x €UBAA,). Pio lai, gid sit x €UBNA,) khi do
Jiye1déx eBMA, hayx eBvax e A, dodéx eBva
X € t)!A.i.
Vay x EBﬁ(ik:llAi)
d), e), f) chiing minh tuong tu nhu c).

1.55. Ta hay chimg minh d).

Gia su xef"(qBj), nhu vay f(x)enB; suy ra
Tk el
f(x)eB,v6i moi j €J nén xef ' (B,) v6i moi j €J hay

xenf(B)).
el
Nguoc lai, néu x € _mjf"'(Bj)thi x € {7 (B,)v6i moi j e J hay
j&

f(x) € B; v6imot j €], do d6 f(x)e N(B)).

el
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1.56.

1.57.

130

Vay xef™ {ﬁB)

1)
a) Xétanh xa ¢ : Hom (X,Y)—> Y*
f'"')(f(x))\ex

Ta co ¢ 1a mot song dnh. That vay, gia st f, g e Hom(X, Y)

ma ¢(f) = ¢(g), thi (f(x)), e x = (8(x))x € x- do Vay f(x) = g(x)
voi moi x €X hay f =g, titc 13 ¢ 13 mét don anh. Gia si

(¥x)x e x 2 mot phén tir bat i cita Y™ khi d6 c6 dnh xa
f: XY
X5y,
thod méan ¢(f) =(y,),.x - Vay ¢ 12 mot toan dnh.
b)Dat Y = {0, 1}, véi mdi A <X ta xét anh xa sau
Il néuxeA
0 néuxeX-A
Khi d6 c6 mot song 4nh tir &X) dén Hom(X, Y) cho béi:
x:?(X) — Hom(X, Y}
Ay,

1a: X 2Y, xl,\(x)=_{

¢) Vi'Y ¢6 hai phan tir va X ¢6 n phdn tit nén Y” ¢6 s6 phan
tir bang 2", do dé theo a) Hom(X, Y) ¢6 2" phén tir; theo b)
FX) ¢6 2" phén tir.

a} Xét quan hé R cX? cho bai (x, x"}y eR khi va cht khi
f(x) = f(x", hay x R x' & f(x) = f(x").

Vi f(x) = f(x) nén xRx vdi moi x € X.

Gia sir xRx' nghia 1a f(x) = f(x') hay f(x") = f(x) nhu vdy cé
x'Rx.
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Néu xRx' va x'Rx" nghia la f(x) = f(x") va f(x") = f(x") thi
f(x) = f(x"), do dé xRx". Viy R 1a mét quan hé tuong duong

b) f dudc cho bdi quy tic saa f(C(x)) = f(x).
Quy tic nay khong phu thuoc vao dai dién x cta lop C(x).

- That vay. gia su C(x) = C(x") tiic 12 xRx" hay f(x) = f(x") thi

1.58.

f(Cx)n = fx) =f(x') = (C(x')).
Véi moi x € X ¢6 f(p(x)) = fCx)) = f(x), vay f=1fp.

¢) Fla mot don 4nh v néu F(C(x))=FCKx Ve la
f(x) = f(x") hay C(x) = C(x"). Bay git gia str f 1a toan anh,
nhu vay véi moi Y'Y tén tai x € X sao cho f(x) = y. Déng
thosi ta ciing c6 C(x) € g sao cho HC(X) =f(x)=y. Vay

f 12 mot toan dnh, vi do d6 né 1a mét song 4nh.

a) S 1a mot quan hé tuong duong vi:

Véimoi (a, b) e X ¢cd ab=banén(a, b) S (a, b).

Gia sir (a, b) S (c, d) khi dé ad = bc hay ¢b = da. Dé"mg thic
cudi cimg ching t (c, d) S (a, b). Bay gi¥ gia sir
{a, b) S (c, d) va (¢, d) S (e, ). Khi dé c6 ciac dang thic
ad = be va cf = de. Tur d6 suy ra adf = bef va bef = bde hay
adf = bde gian udc cho d ta duge af = eb. Vay (a, b) S (¢, ).

b) Anh xa cp:Q—»Zxﬁ%

EH(P~Q)
q

véi {p,q) la lép tuong duong ciia (p, q) theo quan hé S, 1a
ZxN
mot song anh tir (@ dén ( 8 % .
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1.59.

1.60.

1.61.

132

a)S={(x.y) e Z7 | x +yI¢]

khong phai 14 dé thi cia mot anh xa tir Z dén Z vi ta ¢6

(. x+1)eSvax,x+3) eS.
b) S khong c6 tinh chat phén xa vi x + x = 2x chin cho nén
(x. x) 5. Do d6 S khong phai [ mot quan hé thi 1y va ciing
khong phai la quan hé wong duong.
Néu S = {(x.y) €Z’ | x +y chin} thi S ciing khong phai 12

d6 thi cua mot dnh xa tr Z dén Z vi (x, x) €S va (x, 3x) €85,
voi X 1a mot $6 nguyén bat ki.

S khong phai 12 mét quan hé thit nr vi ta ¢ (x, 3X) €S va
{3x, x) € Snhumg vdi x # 0 taco x # 3x.

S ta mot quan hé tuong duong vi véi moi x € Z, 2x chin do
do (x, x) €S. Néu (x, y) €8S tic la x + y chan thi
y + X (=X + y)chan hay (v, x) €S.

Cudi cling néu (x, y) € Sva (y, 2) € Sthix + y chin vi Y +z
chan tir d6 suy ra x + z chdn, vay (x, z) €S.

a) D€ chiing minh S tuong duong ta chi cdn ching minh S ¢6
tinh chat d6i ximg va bic cau. Theo cich xay dung S, 15 rang:
néu x Sy nghialacéd x; = x, x;. ..., x, =y sao cho x; T x5,
X3 T'xz, ..o %, T x, thi vi T 12 d6i ximg nén ta ciing ¢6
Xn T Xg=ps oo, X3 T X5, x5 Txy. Vay y S x, nghia 12 S ¢6 tinh
chét doi xing. Bay gio, gid st x Sy vay S z, khi d6 tén tai
Xy =X, X3, ., Xy =Y VA Y| =Y, Y2, .., ¥y = Z 520 cho

X Txo, o X Txyvay; Ty, o yoy Ty, KEt hop lai ta



1.62.
1.63.

CO X) =X, Xg, ooy X Yo ¥Y2eeon ¥y = Z thoa man x; T X, ...

X1 TXp X Ty, ooy Yooy T ¥ope VY X S 7 hay S ¢6 tinh
chat bac cdu. Hién nhién ta c6 T < S theo cach xay dung S.

b) Gia st H <X ta mot gquan hé tuong duong sac cho

T <H. Ta s€ chimg minh S < H. That vay gia sit (X, y) €S
hay x Sy nghia la ton tai x; = X, X5..., X, = y sao cho
(x; T Xy X, T X3y oo xoy T ). Vi T <H nén ciing c6
x; H x5, x3 Hx3, ..., x,; H x,,. Do tinh chét bic cfu ctia H
suy ra x| Hx,, hay x Hy, vay (x, y)} €e H, hay S c H.

S la mét quan hé tuong duong trong X.

a) S khong phai 1a mot quan hé twong duong trong X vi néu
ta ldy P = O thi véi hai diém P, va P, bat ki cla X ta luén c6
O, Py, O thing hang va O, O. P, thang hang tic la c6 P,S O
va O S P,, trong khi d6 chua chéc O, P,, P, thang hang hay
chua chic c¢6 Py S'P, (c6 thé chon Py, P, sao cho P,0 L P,0).
b) S la mét quan hé tuong duong trong X' = X - {O} vi moi
P €X' taludn ¢6 O, P, P thang hang hay P S P.

Néu P S P' nghia 1a O, P, P' thang hang, suy ra ngay P' SP.
Bay gio gia st P S P va P' S P" nghia 14 O, P, P’ thang hang |
va O, P!, P" thang hang. Vi P, P', P" khdc O nén suy ra P va
P" cling nam trén dudng thang OP'. Vay P S P".

Ki hieu X4 1a t4p hop cdc 16p twong duong cita X' theo
quan hé S ta c6 méi 16p clia )% |3 tap hop c4c dudng thing

di qua géc toa do O trir diém O.
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1.64.

1.65.

1.66.

- 134

a) Hién nhién véi moi x € X, x S ' x vi x S x. Gia Sir X Sly
va'y S x khidé tacéy Sx vax Sy, do tinh chat phan ximg
chaSnénsuyrax =y. Bay giv giasitx S 'yvay €S ' zco
nghiaz Sy va y S x, do tinh chat bic cdu cha Ssuyraz S x
vayx S ' z. |
b) Dua vao két qua ciu a) ta chi can chitng minh néu S ¢6
tinh chat d6i xing thi S~' ciing ¢6 tinh chat d6i xéng. That
vay gid sir x S y nhu vy ¢6 y Sx vi S d6i ximg nén x Sy
dodéy S x.
ViS#£{(x,x)|x eX} nén 3(x,y) €S, x #y. (*)
Do tinh chat d6i xung cia S nén (y, x) €S. Néu S 1a mot
quan hé thit v thi ta phai ¢6 x = y. Diéu ndy trdi véi ().
Hién nhién S c6 tinh chat phan xa.
Giasu(a;, ay, ...,a,) S(b;, by, ..., b)) (N
va (b, by, ... b)) S(a, 2y, ..., a). ' (2)
Neéu (a;, a,, ..., ay) # (by, by, ..., b,), theo (1) ¢c6 mot
i(i=1,..,n)saochoa; =by,a;=b,,...,a-, =b_;, a <b,
theo 2)comot j(j=1,...,n)saochob; =a,a,=b,, ...,
bj-| = aj-;, bj < a;. Nhung hai diéu d6 khong déng thdi xay ra
duge. Vay (a;, a,, ..., a,) = (b, by, ..., by), S ¢6 tinh chit
phan doi xung. . :
Giasir(a;, ay, ...,a) S(b;, by, ..., b,) va

(b;, by, ..., b)) Sy, Ca. ... )
Neéu (a(, ay, ..., a) = (by, by, ..., b,) hay

(b, by, ..., by = (¢4, ¢5, ..., ¢,) thi suy ra ngay



1.67.

1.68.

(a,, as, ...‘an)S(cI;cz ..... cp).
Bay giv gid sit (4. a5, ..., a,) S(b. by, ..., b} va
(a, 23, .... 8) % (by, ba. ... by
(b, by, ....b) S(c), ¢, ..y Cp) VA

(b], b21 ERL] bn) # (Cl'i Cz, EERE | Cn)'

-Khi dé tén tai cic chi s6 i va j sao cho:

a, = b}* B bi"]’ a; <bi;

b| = C]., Caay b]_l = Cj_l, b| < Cj.

né‘ui < j [h\l a.| = bl =C‘[., . ai_l = b!_! =C'|_l., ai <bl Sci.

Vay (a), a3, ..., a,) S (Cs €2y v ens Cp)-

Né’u i >J thi a; = b| =Cs ey aj_l = b.l_l = Cj']‘ aj = b_l < CI .
vay (a['s az-’ R an) S (CI9 027 EERE cn)“ |
Tém lai trong ¢d hai trudong hop ta déu ¢6

(a]'y aZs EE ] an) S (Cl1 Cz‘) AERE] Cn)s
do vay S ¢6 tinh chit bac cdu.
Dé chimg minh S la quan hé thit e toan phan, ta dua vao tap
N véi quan hé < 1a tip sip thi tf toan phén.
a) Theo cdch xdc dinh quan hé S ta thdy ngay S ¢é tinh chat
phan xa “
Gid sir f S g va g S f nhu vay f 12 md rong ciia g va g [h mo
rongcuafnénf=g.

Giasit 'S g va g S h. Chang han cé

f: X =Y, g: X5 »2Y, X, cX;va gfy =f

X
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1.69.

1.70.

L71.

136

Khi d6 ta cling ¢6 h‘x = f vi véi moi x thuoc X,
|

hi{x) = g(x) = f(x).
Vay S ¢6 tinh chit phan d6i xing va bic cau. Do d6 S 1a mot
quan hé tha .
b) Ta gia sit X # &. Néu Y c6 mot phian fr y thi (X, Y) cé
phan tir 1én nhatladnh xa £ X 5 Y ={y!

vx e X, y = f(x)
va phdn tif bé nhat 1a 4nh xa ¢.
Néu Y c¢6 nhiéu hon mot phén ti thi méi anh xa f: X —»Y
déu 1a phan tir t6i dai va mdi dnh xa tir 1ap {x} dén Y déu Ia
phan tr t6i tiéu, x 12 mot phén tir tuy ¥ cha X, néu ta loai trir
anh xa réng trong tap D(X, Y). _
Gid sira € X 1 phan tir bé nhit coa tap sap thit ty X, nghia la
a<xvdimoix eX Gidslirangy < a (1)
viiy eX, tacilingcéa < y. _ (2)

tr (1) va (2) suy ra y = a. Vay a 12 phdn tir t6i tiéu. Néu a, va
a; 1a hai phén tir bé nhat cla X thi ta ¢6 cdc quan hé a, < a,
vaa) < ajsuyraa; = a..

Gia xir X 13 tap sép thit tu t6t. Véi hai phan tr bat ki
X vay thudc X; {x, y} c6 phén.tlr bé nhat, nhu vay hoac x 1a
phan tit bé nhat thi x < y, hoac y 13 phdn tit bé nhat thi
y < X. Tic la cap x, y 12 so sédnh duoc.

Vay X 1a tap sép thit w toan phan.

Dwa vao tinh chat sap thit tu 18t cGa tap N dé chimg minh.



CHUONG Il. NUA NHOM VA NHOM

2.1,

2.2

X1anira nhom vi véi mei x, y, z € X

x(yz) = Xy = x2

(Xy)z =Xz =x.
Vay x{yz) = (xy)x.
Néu X c¢6 nhiéu hon mét phan tir thi X khong giao hodn va
ciling khong ¢6 don vi.
Gia str trong nua nhém X ta ¢6 ab = ba. Trude hét ta ching
minh v6i moi 56 tw nhién n>1, ab” = b"a. Ching minh quy
nap theo n. That vay, vdi n = | theo gia thiét ta ¢6 ab = ba.

Giastum=n- 1, ab™ =b"a hay ab™ =" a
Khi dé ab” = a(b™ 'b) = (ab™ )b = (b 'a)b
=b" '(ab) = b" '(ba) = (b" 'b)a = b"a.

Bay gi& ta ching minh (ab)” = a"b" quy nap theo n. That vay,
v6in =1 tacé ab = ba.

Giastvéim=n—-1tacéd (ab)” =a"b" hay

(ab)n—i — an—lbn—l
Khi d6 (ab)” = (ab)™ '(ab) = (a" 'b™ }(ab) = 2™ '(b" 'a)b
b b = (2™ La)b™ by = a"b",
chura thé suy ra ab = ba.

li
o

]
td

Néu (ab)* = a’b

Chéang han, ta xét nira nhém sau: Cho X 1a mot tap ty y ¢6
nhiéu hon mot phin tr vt phép 1odn xy = X véi moi x va y
thudc X.

Néu a, b €X saochoa;ébtacéa2=a,b2=b, ab = a,
azbzzanén (ab)2 =a2b2=a, nhingab=a#ba=b.
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2.3.

138

3

Tuy nhién, néu x 13 mot nhém thi tir [ub}2 = 32b2 ta suy ra
dugc ab = ba. Tir ddng thic (ab)” = a’b”. nhan ca hai vé véi

a~' vé ben trai vi b’ vé ben phai thi ta c6 ba = ab.

a} Ta chimg minh tuong 1ing (a,b) > a+b'khong phu
thude vao cdc dai dién a va b clia cac 16p a. b. That vay, gi4

sir a=a nghia ld a — o chia hét chon vi b= nghia la
b — b’ chia hét cho n khi d6 ta ciing c¢6 (a + b) - (a' + b") chia

hétchonvay a+b=a'+b".

Vay tuong g trén [a mot anh xa o X* den X.

b) Ta ki hiéu phép toan hai ngdi én la + , ta c6
a+b=a+b . Vai phép todn nay X 13 mot vi nhém.

That vay

(a+b)+c=a+b+c= (a+b)+c¢c =

= a+(b+c) =a+ btc =a+(b+c),

c6 0 eXsaocho O+a= O+a =a v6imoi a, b, ce X .

¢)Gidsita=a' vd b=b'nghiald a —a' vd b —b" chia hét
cho n. Khi dé (a — a')b’ + (b — b')a chia hét cho n.
Tir d6 suy ra ab — ab’ + ab' — a'b' = ab — a'b' chia hét cho n.

Vay ab=ab ta cing c6 X 1a mot vi nhém véi phép todn

nay. That vay, véimoi a, b, c € X ta cé

a(b ¢) = a(bc) = a(bc) = (abje = ab .c = (a b)c va




'_‘ls‘%'

a
Ngodiratacé ab=ab=ba=ba.

2.4.. a) Ta chimg minh tuong ung (%,%) ad + be 12 mot anh
xa tr X* dén X. That vay, néu > =2 va === thiab'=ba’

b b d d
vi cd' = dc’ suy ra ab'dd’ = ba'dd ' {1
cd'bb' = dc'bb'. ()

Cong tir v€ cua (1) va (2) ta duge
adb'd’ + beb'd' = bda'd’ + bdc'b,
do dé :dd+bc=ad+bc _
bd b'd

b) bat E+3= ad+ be
b d

,taco

a c_ad+bc_cb+da_c a

d bd db
c¢. e ad+bc e
_)+_ =

d g bd g

_ {ad)g +{bc)g+ (bd)e _ a(dg)+blcg)+ b(de)

a
—+
(b

(bd)g | b(dg)
_ a(dg)+b(cg+de) =3+cg+de _ .{+(S+E)
b(dg) b dg b d g

. 0 , . 0 a Ob+a a
vitaco —e Xthoamin —+ —=- =—.
I 1 b l.b b

Vay vdi phép toan “cong” nay X 1a mét vi nhom giao hodn.
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crg,

aDar >+ S Khidovai 2=t S
bd bd ' b b d d
thi ab’ = ba' va cd' = d¢'
suy ra ach'd' = bda'c’ hay LI
bd b'd
Vﬁ}‘ :i.__.{..:_:a_‘.c_
bd b d
ac ac ca c¢d
Tacinged ——=—=—=".—;
bd bd db ab
i(c E) ace_a(c}e) (ac)e iEE__(d E)E
bdg bdg bdg) (bdig bdg bdg

% X (b € N*) thod man E.3=Pﬁ=5

bd d
2.5. a) V&i moi a = (a, a,, ..., a,), B =(by + by, .., b) vl

=(¢y, €y, ..., ¢,) thude N ta cd
¥ 1+ %2 n ;

(@+B)+y ={(a, ap, ..., a ) + (b + b,, = b+ (c; + ¢y, .hC)
=((@; +b,ay+ by, o, + b)) + (¢ + ¢y €))
={(a +bp)+cp (@ +by)+cy ., (a, +b ) +c,)
=@+ +edta+b+ o), . a, + (b +c,))
=(ay, a3 ., a) + (b +c;,by+¢s5 ... b, +¢,)
=(ay, ay, ..., a,) + [(by + by, ., b)) +(c| + ¢y, ..y C)]
=a+(B+y).

a+B =(a,ay .., a,)+ (b + by, ..., b))

= (al +b|, 32 + bz, . dTI +b|'l)
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2.6.

=(b +a.ba+a, ..,b +a)
= (b] + b:, . bﬂ) + (a|, 3.2., - Hn} = B+G. .
Diy 0= (0. 0. ..., 0) e N" thod man
O+ a=00,0...0)+ @@, .,a,)=(a,a, ...a,)=u.

Viay (N", + ) 1a mot vi nhém giao hoan.

b) Gia sit o = (4, @, ..., a) vd § = (b, + bs, ..., b,) 520 cho
o < By y =(cy + ¢s, ooy ¢). Khi d6 hoac o = §, nhu vay
o+y=B+y; hoac o# PBthitén tai i (i = 1, ..., n) sao cho
ay=bj,ar=bs, .., =b_;,a,<b. Khidé a; + ¢, =b; + ¢,
3+ Cy=ba+Co ., +Cuy =by Fo VR A + ¢ < +c
Vay a+y=P+y.

Doi v6i tap hop X = {a, b} gém hai phan tir ¢6 mdt bang
toan duy nhat sau khit d& chon phan tir nao cta X 14 phan ur
don vi dé nd lap thanh mot nhém

*1al|b
alatlb
b| b a

D61 voi tap hop X = {a, b, ¢} gdm ba phdn tif, c6 mét bang
todn duy nhat sau khi da chon phan tir don vi, dé né thanh
lap moét nhém ' '

*la bte

a
blib|c!a
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2.7.
2.8.

2.9.

Piy Ia 21 vi du quen thuge vé nhom va nhdm con.

Do X # (7 nén co mot phian tira € X.

Theo gia thiét ta cd aX = Xa =X nén suy ra a € Xa, nghia la ¢é
phan tire & X sao cho a = ea, ta hdy ching minth vdi moi x € X,
ex = x. That vay do aX = X nén ¢é x;; € X 5a0 cho X = ax,;. suy
ra ex = efax) = ax;, = x. Gia sit x € X 1a mét phan tir twy y, do
e € Xa nén co mot x' € X sao cho e = x'x. Viy ta ¢6 X la mot
nhém (theo mot dicu kién tuong duong vdi dinh nghia nhém).
Dao lai, néu X 1a mot nhém thi hién nhién ta cé aX = Xa =X
val moi a € X.

Hom(X, X) 1a mot vi nthém vi phép nhan anh xa ¢4 tinh chat
két hop va anh xa dong nhéit cia X déng vai trd phan tir don
vi. Song néu X ¢& nhiéu hon mot phédn tir thi Hom(X, X)
khong 12 mot nhém vi cac dnh xa khéng phai 13 song 4nh
khong c6 nghich dao.

Tich cua hai song dnh tir X dén X 13 mét song anh tir X dén
X, va phép nhan 4dnh xa cd tinh chat két hgp nén S(X)} la
mot nira nhém véi phép nhan 4nh xa. Anh xa déng nhat i
cia X la mét song dnh nén 1y € S(X) va cudi ciing néu
f e S(X) urc 1a f 134 mot song 4nh thi f ¢6 d4nh xa ngugc
' eSX)yvaft' =1 'f= 1y Vay SX) 12 mot ohom véi
phép nhan anh xa.

Gia st X = {X|, X2, ..., X,} ¢6 n phén tir. Vi mbi hodn vi
(XX, X, ) cua X ta ¢6 mot song dnh f : X - X xidc

dinh boi fx)=x.j=1L.,n

Diao lai, véi méi song dnh £ X X, (f(x), f(x,), ..., f(x,})
cho ta mot hoan vi cna X. -
Vay s6 phan tr cua $S(X) bing s¢ hodn vi cha n phén tir, s6
dé bang n! hay cap S(X) bang n!.



2.10.

2.11.

2.12.

Ta cé a° =eviimoia eX Vaya= a . Véi avabtuy y thude
X, taco (ab)’ = ab. ab=e, tird6ab=(ab) '=b 'a ' =ba.
bat X =]]x; = {(xi)iel Ix;eX;, i€ I} :
Gidsit o =(x,);.;» B=(¥)ier» ¥=(2,),.; tacd
(o, By =[(% )it (¥ i 2 i

= (Y )iaZ)ia = (X¥1)Z)iy

= (X, (¥iZ)ier = (X),a(¥iZ)ic

= XD ly ) (201 = aBy).
Phép nhan 1a két hop. Goi e; 12 don vi caa nhém X véi moi
ieltacé e=(e,),, thoa min

ea=(e)_ (X)), = (€X}, = (X)) .

Gia sit a=(x,),€X khi d6 ta c6 a'=(x"),, véi x'1a
nghich dao cta x; trong X, théa mén

a'o=(x") (X)) = (X'X,) = (&), =¢.
Vay X la mot nhém.
a) p; la toan cau véi moi (x;); g1 va (¥); e thuoc X ta cé

Pil(xpier ie ] = %Y = pil{xpe d pil(YPje
va v6i moi x;€ X ta ¢ (x))e; € X Vi X; = {’_(i m;&"u J =1 '

0 néui #

thoda méan p;[(x); 1] = x;-
b) Anh xa T : Y — X duge xéc dinh nhu sau:
véimoiy €Y, f(y)=({.(y),, -

f 1a mot déng cdu vi v6i moi y, va y, thuoc Y tacé :
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Flyiya) = (fily y ke = By fily e,
=y Die(fily2Die
= f(y)f (ys).

Mait khdc véi morye Y ta cé

(P £y = pit () = pi{fiy)) e 1) = Fi().

Vay f.f =f véimoiiel

2.13. Gia strm va n 1a hai s6 nguyén td ciing nhau.

144

Khi d6(1, 1) € Z,, x Z, c6 cip la mn. That vy,
mn(l,T):(mnT,mnT}
*—-(n(mT),m(nT)
=(0,0).
Glasuk( 1) =(0,0) khi dé
- - - — k.1 =(1+mZ)=mZ
(ki ki)=(0.0)hay { - (+mé&)=mé
k.T=(1+nZ)=nZ

Suy ra k chia hét ¢cho m va k chia hét cho n. Vi (m, n) =
nén k chia hét cho mn.

Vay Z, x Z, 1a nhém xyclic sinh béi (1, 1).

Dao lai, gia st Z | x Z 1a mdt nhém xyclic.

Khi d6 t6n tai a.b thuoc Z,, x Z, cé cap la mn. Mat khic
néu [m, n] 14 boi chung nho nhat cha m v n thi
[m, n](a b} = {{m, n}a [m, n]b)—(O 0).

Tir d6 suy ra [m, n] chia hét cho mn.
Vay m, n nguyén tg cling nhau.



2.14. Ap dung bai 2.8 ta chi cin chimg minh
' aX =X va Xa=Xvdimoia eX.
Giad sit X = {X{. X3, ..o X} g8m n phin tir. V& méi x; € X tap
hop x,X = {X X, XXa, ..., XX} 1a mét bé phan clia X gém n
tich phan biét vi-néu k # { thi x; # x; va x; X #xX; (do ¢ Tudt
gian wdc cho cdc phan tir clia X). Vay x; X = X. Tuong tu ta
cling c6 Xx; = X véi moi x; € X.

2.15. Gia st A 13 mét bo phin khic réng 6n dinh cia nhém X. Khi
- dé A 1a moét nira nhém hitu han va luat gian uée thyc hién
duge trong A. Theo bai tap 2.14, A 1a mot nhém.

2.16. Gia sit A = mZ (vdi m la mot s6 nguyén) A # & vi0=m,
0 € A. Lay mk, va mk, la hai phan t( bat ki cua A,
mk, —mk; =m(k, - k,) € A.

Vay A 12 mot nhém con cua 7.
Dio lai, gi sit A 13 mot nhém con cia Z.
Néu A= {0} thitac6 A=0Z v6im=0.

Gia sit A # {0}, khi d6 ¢é a € A la mot s6 nguyén khac O.
Goi m 12 $6 nguyén khéc O thudc A sao cho |m | < |a | v6i
moi a # 0), a €eA. Do dé A = mZ. That vy 10 rang
mZ < A(vi m eA). Nguoc lai gia sir a € A 12 mot s6
nguyén,tacé a=mq+r(1} véir=0hodc|r|<|m}

Tit dang thic (1) suy rar = a — mq € A do d6 r = 0 hay
a=mq emA. Vay A cmZ. Tém i co A = mZ.
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2.17.

2.18.

2.19.

2.20,

146

Tap hop S(X. Y) # D vi 1,(Y) = Y nén 1, e S(X. Y).

Gia sir f, g € S(X, Y) Ia hai phdn 1 bat ki. Khi d6 f(Y) = Y
va g(Y) = Y kéo theo gf(Y) = g|f(Y)] = g(Y) = Y neén
gf € S(X. Y). Matkhic £'(Y) = £ (YD) = £ f(Y) = 1Y) =Y.

Vay ' e S(X, Y) do dé S(X, Y) ta mét nhém con cita S(X).
Néu X cé n phan tir va Y ¢6 mot phan tir thi S(X, Y) c6

(n— 1)! phén . né tng véi s6 cdc hoan vi cha n — | phén tir

cuatagphop X - Y.
Ta lap bang todn cla tap
A ={e, (12) (34), (13) (24), (14) (23)}

* € (12) (34) | (13)(24) | (14) (23)

e e (12) (34) { (13) (24} | (14) (23)

(12) (34) | (12) (34) € (14) (23) | (13) (24)

{13)(24) | (13) (24) (.14)(23) e {(12) (34)

(14) (23) | (14) (23) | (13) (24) | (12) (34) €

Nhin vao bang todn trén ta cé aA = A vd Aa = A. Theo bai
2.3, A 1a mot nhém. Cic phdn tir d6i xing véi nhau qua
dudng chéo chinh nén A la mot nhém Aben.

a) Do tinh chat ket hop cua phép todn trong nhém X.

b) Do tinh chat (a 'y = a, véi moia € X.
¢) Do tinh chit (ab) ' =b 'a %,

d) Dya vao mot diéu kién tuong duong ciia dinh nghia nhém
cor. _ .
Gia slr A 132 mot nhém con clia nhém X.

Theo bai 2.19, A c A do d6 AA ' = A.
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2.21.

2.22.

2.23.

2.24.

Mat khéc, véi moia €A, a=a¢ '€AA” nén ACAA™ hay
AAT' = A
Do lai, gia sit AA™ < A thé thi v6i moi a va b thudc A ta c6
ab ‘e AAT = A, suy ra A Ia mot nhém con ctia nhém X.
Gia sit aA 12 mot nhém con ciia X va e 13 don vi ciia X, khi
dée=—aa' € aAvfia eA. Viya =a-1 €A, néna €A.
Pao lai, néu a € A, theo bai tap 2.8 thi aA = A do dé aA la
mot nhém con clhia nhém X.
Nhom con sinh boi tap réng & 14 nhém con bé nhat (theo
quan hé bao ham) chaa &. Viy nhém dé chinh 1a nhém con
tam thudng {e} chi cé phan tirdon vi e.
bat A = {x). X5..%, [ x; €5 wsT').
Khi dé A 1a mét nhém con cia X vi

o= XXg.. . Xp B=x'1X5.. X €A

1 _ —-1.-1 -1
=X, Xo1--X] €A.

Mat khdc, néu x €S thi x € A do d6 S c A. Gia sitr B 1a mot
nhém con cua nhém X saocho S ¢ B.

thi off = x;X,.. X, X'1X5.. x|, e Ava o~

Nhu vay, néu a € A, o = X|X;...x, thi

Xps Xas roes X, €8 U S hay Xy, X5, ..., X, € B do d6 tich
cha ching o = x,x,...x, € B. Hay A ¢ B. Vay A 1 nhém
con bé nhat clia X chira S, tiic 1a A 1a nhém con cha X sinh
bai tap hop S.

Nhom con cia nhém cdc s6 hi ti duong sinh bgi cic sd

nguyén t6 chinh 1 nhém Q°.

Gia slr < x > Ja mot nhém xyclic sinh bdi phan 1r x, A 14 mot
nhom con cia X.
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2.25.

2.26.

148

Néu A = {e}. e 1a don vi ciia nhém X thi A = < e > 13 nhom
xyclic sinh bot phan e, '

Néu A # {e} thi cé mot phin t x" (# e) thuoe A. Khi do
n# (0 Vi Alanhém concia X nén x " e A, gita 1 vd —n 6
mot s6 la nguyén duong. Viy (6n tai cic luy thita nguyén
duong cha x trong A.

Goi x™ la lug thita nguyén duong bé nhat cita x trong A. Khi
dé A = < x" > That vay, vi x™ ¢ A nén < x" > c A. Gia sir
x* 1a mot phan wr tuy y cia A. Chia k cho m ta duoc
k=mq+rvdi0 <r<m.

Do dé x* = x™ * "= (x™" x" suy ra x" = xFx™ Y €A,
chimg tor = 0.

Vay x = (x") e <x™ > hay A c<x™ >,

Gid sir k 12 s6 nguyén sao cho a* = e, vi n I cdp clia a 1én
n>0.Chiakchontadugck =nq+rvéio < r<n.

Do dé a*=a™* " = a™.4", tir diing thitc d6 suyraa =e.

Vin la s6 nguyén duong bé nhit sao cho a®=cema 0 < r<n
nén r =0, do d6 k = nq, hay k chia hét cho n.

Pio lai, néu k =nq thi A =@ =el=e.

Ta c6 thé gid thiét mot trong hai phén tir ab hodc ba c6 cap
hiru han. Gia sit cap clia ab bang n, nghia ta (ab)" = e vin 2
s6 nguyén duong bé nhét sao cho (ab)" = e.

e . - - -1,.-1 -
Khi do ta ¢cé a(ba)” 'b=e suy ra (ba)" =2 = (ba) :
hay (ba)” = e. diéu niy ching to ba ciing c6 cap hitu han va
cip cua no chia hét cho n.

Gia sur cp ciia ba bang m. nhu vay ta ¢6 (ba)™ = ¢ hay



2.27.

2.28.

b(ab)™ 'a=e, (ab)™ ' = b a ' = (ab)

tit dé suy ra ab” = e, vay n chia hét cho m. Tém lai ta duge
m=n. '
Trudc hét ta thay ring nfu X = < x > 1& mot nhém xyclic ¢ap
vo han thi véi mbi 88 tu nhién k ta ¢é < x* > 1a mot nhém
con xyclic cua X va néu k #/ thi < x*>#<x'>do vay X ¢é
vo han nhom con.

Biy gio gia st X 1a mot nhém c6 ciap v han. Néu X c6 mot
phan wr x;, ¢é cdp vd han thi A = < x,> 14 mdt nhém con
xyclic ¢dp vo han. Nhém nay ¢6 vo han nhém con, moi
nhém con cua nd lai 1a mét nhém con coa X. Vay X ¢d vo
han nhém con. Néu méi phan tr coa X déu c6 cdp him han
thi $6 cac nhém con xyclic sinh bdi cdc phan tir cia X [a vo

han vi W <x > =X 1atip vo han ma < x > hitu han.
rex -

Giast X=<x>céciplamvaY=<y>cocaplan, vdim
Vi n nguyén toé cung nhau.
Ta sé ching minh rang X x Y 1a nhém xyclic sinh boi phin
tr(x, y). Vi X c6 m phin tir va Y ¢é n phan thrnén X x Y ¢é
mn phén tir hay cap X x Y =mn. Tacé

(x, )™ =(x

o k : s o kK k

Neu (x,y) =(ex,ey) thi(x",y ) =(ex, ey)suyrax =ey
va y.k = ey. Theo bai 2.25, k chia hét cho m va k chia hét
cho n, vi m va n nguyén t6 cing nhau nén k chia hét cho
mn. Do dé cdp (x, y) =mn bang cAp X x Y.

mn, Ymn) — (c» CY)-

Vay X x Y la mét nhém xyclic sinh boi (X, y).
Bao lai, gia st X x Y 1a mét nhém xyclic sinh bdi phan tit
(x*, y). Goi M la bdi chung nhd nhét cira m va n ta ¢6
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2.29.

2.30.

2.31.

2.32,

150

Mk M/
XLy ) =(ex, evh

oty = ¢
diéu nay chimg t6 M chia hét cho cap cua (x*, y) hay M chia
hét cho mn. Vay m va n nguyén 15 ciing nhau,
Gid su A 1a mot nhém con cla mot nhém X, A ¢é chi s6 2
tiic la cic [dp ghép trdi ciia X theo nhém con A ¢6 hai phin
tir va céc op ghép phai caa X theo nhém con A ciing ¢6 hai
phén tir. Trong hai 16p ghép c6 mot 16p 1a A va 16p con i 12
phan b ciia A trong X. Do d6, mébi 16p ghép tidi cha X theo
A 1A mét 16p ghép phdi ciia X theo A va nguoc lai. Vay A 12
mot nhém con chudn tic clia X.

Do S,, 1a mot nhém hifu han nén dé chimg minh A, 12 mot
nhém con cla r-Sn ta chi cdn chimg minh A, én dinh d6i véi
phép nhéan dnh xa. Vi tich cila hai phép thé chan I3 mét phép
the chan cho nén A, 6n dinh d6i v6i phép nhan 4nh xa. Theo
bai 2.15, A} la mét nhém concua S,

Vi X 1a mot nhém xyclic nén né 13 mét nhém Aben do dé

mbi nhém con clia X déu 1a nhém con chudn tic. Gia sir
A=<x">, nhuvay A = x|k ¢ Z}. Khi d6 tap thuong

Al =100, €, T,

That vay néu x * 13 mot phén tir bat ki ctia X, chia k cho 3 ta

duoc k=3q+r,0 <r<3.

L 3 k-1 _ 3 .
Do d6 x* = x 9% suy ra x(x") ' = x ¢ A cho nén

C(x*y = C(x) e {C(x), C(x3), CxY).
XY = {a eX | ax = xa v6i moi x eX}, C(X) £ @ v
e € C(X). Néu a va b thude C(X) thi ax = xa va bx = xb nén
(ab)x = a(bx) = a(xb) = (ax)b = (xa)b = x(ab).
Viy ab e C(X).

- RE



2.33.

2.34.

2.35.

Tir ax = xa véi moi x X ta suy ra xa ' =a 'x. Vay
a ! «C(X). R6 rang v6i moi a va b thusc C(X) déu 6
ab = ba. Do dé C(X) 12 mot nhém giao hodn clha X.

Gia sir A 1a mot nhém con cia C(X). Khi dé A ciing la mot
nhém con cita X. Ngodi ra voi moi a € A, véi moi X € X,

x lax=ax 'x=acA

nén A 13 mot nhém con chuén tic cua X.
S, ¢6 cdc nhém con 12 {e} (e 1a 4nh xa dong nhat);

le, (1 2)} = <(12)>

(e, (13)} = <(1 3)>; {e, (2 3)} =<2 3)>

{e, (123), (132} =<(123)>=<(132)>vaS;.
Trong d6 ¢é {e}, S; va <(1 2 3)> 1a ba nhém con chuan tac
clia S4. '
Ki hieu [X, X] la nhém con sinh béi cic hodn tir. Vé&i moi
ae[X,X],v6imoix eXphdntib=a 'x ' ax e[X, X]. Do

46 x 'ax = ab e [X, X]. Vay [X, X] 12 mot nhém con chuén
tac ctia X.

Giasira va b thudc X%X.X] tac6ab=ab vaba=ba.
Mat khdc aba 6! = (ab)(ba) ' e[X, X] nén ab =ba hay
ab=ba.

Gia su XAI 1a mot nhém Aben, nhu vay vdi moi aH va bH
thuoe X £ ta c6 aHbH = bHaH hay abH = baH.

Do d6 ab(ba) ' = aba 'b ' e H. Tir d6 suy ra nhém con céc
hodn tir cia X bi chita trong H. Pdo lai, néu nhém con cac hoan
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2.36.
2.37.

2.38.

2.39.

152

tir ciia X chifa trong H thi v&i moi a, b € X. aba 'b | € H. Tit
d suy ra abH = baH, hay aHbH = bHaH tiic 1a X/, 12 mot
nhom Aben.

Nhém cdc hodn tirctia S; 12 H = <(1 2 3)>.

Hién nhién nhém cap mot (nhém chi c6 mot phén ur don vi)
la mot nhém Aben; nhom cdp hai, nhém cdp ba vii nhém cap
nam déu la nhém cdp nguyén 16 nén ching la nhitng nhém
xyclic do dé ching la nhitng nhom Aben.

Gia s X 1a mét nhém cép bon. Néu X ¢6 mét phan 1 cap
haij thi né 12 moét nhém xyclic nén X 12 mot nhém Aben. Néu
X khong cé phan tlr ndo cap bén thi X cé ba phén tiy cap hai
do d6 véi moi a e X, a’ = e. Theo bai 2.10, X Ja mot nhém
Aben.

37, 1
a) %sz ={15Z,3 + 15Z,6 + 157, 9 + 15Z, 12 + 157

47/ |
b) 424, = (24Z, 4 + 4L, § + 24Z, 12 + 247, 16 + 24Z,

20 + 247},
¢) Goi R 1a nhém nhan cdc s6 thyc khéc 0,
Ri la nhém nhan céc s6 thuc duong,

* * * %

%* ={R,. R_}, R_Iatip hop cic s& thuc am.
+

a) Chimg minh theo dinh nghia cia nhém.

Don vi cha D I1a dudng thang A, c6 phuong trinh y = x.

Nghich dao clia dudng thing A c6 phuong trinh y = ax + b 12

dudng thing A’ c6 phuong trinh y = ! x—b.
a



P

2.40.

2.41.

b)Anhxag:D >R

Aa
Véi A la duong thing xic dinh boi phuong trinh y = ax + b
la mot dong cdu Vi gia s A, vd A, 1a hai dudng thing xdc
dinh boiy, = a;x + b, vi yo = a-x + b,
Q(A) LAs) =4 as = PlA) PlAL) .
Kerp = {A e D | A ¢6 phuong trinh y = ax + b}, A e Kerp
khi va chi khi phuong trinh clia A ¢6 hé $6 cha x bang 1.
Ta chi cin ching minh tap hop cic phép d6i ximg cliia mot
hinh 13 nhom con ctta nhém ¢ac phép thé cia tap hop cic
diém cua hinh dé.
Mo6i phép doi ximg cha tam gidc déu co6 dinh la 1, 2, 3 &
chuyén dinh 1 thanh mét trong ba dinh | hoédc 2 hoac 3. Do
d6, ing v&i moi phép déi xing 12 mot phép thé caa tap hop
{1, 2, 3}. 86 cdc phép thé cia {1, 2, 3} la 6. Mat khic cic
phép doi ximg chi ra |, R, Ry, Dy, D5, D5 1a khéc nhau. Vay
Az ={1,R,R? Dy, Dy, Dy} 6 cip 6.

Ta cé bang todn sau:

=

mI\-l
o
v
¥
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2.42,

2.43.

154

Cho ta thanh 1ap duoc ding cdu A, = S,

a) Tacd Kerp, = (e}, x5) | x>, € X5} =B.

That vay, (x; x5) e Kerp;e> pi(x;. x2) = g,
< piXs X)) =% =,
S (X, Xy) = (£, X5)
< (e}, Xy) €B.

Tuong or ta cé Kerp, = A.

b) Imq, = A theo dinh nghia cia g, va

Imq, = B theo dinh nghia ctia gs.
Viq; la don cdut va Imq, = A nén G, = A va g la don ciu,
Imq, =Bnén G, =B.

¢) Vi A va B lan luot 1a hat nhan ctia p, va p; nén ching 1a
nhiing nhém con chudn tic.
Hon nita, véi moi (x,, x5) e G tacé
(X}, X2} ={(x}, &5) {e[, X,) € AB

nén G < AB, suy ra AB = G (vi luén ¢6 BA = G).
Gia st X = < a > 12 mét nhém xyclic sinh bai phén tr a. Xét
dnhxag:Z —»X

n +>a"
khi d6 ¢ 1a mét toan cdu tir nhém cong céc s6 nguyén Z dén
nhém xyclic X. Vi mdi phén t&r cia X déu 1a mot lu§ thira
nguyén clia a va a".a™ =a" " "nén ¢(n + m) = ¢(n). (m). Ta
hdy xdc dinh Kerg. .



Néu X 1a mot nhém hivu han cép n thi Kergp = nZ. That vay vdi
k=nq enZtacé ok)=p(ngy=a =¢". Suy ranZ c Kerop.
Gia st k e Kerg thi ¢(k) = a* =e suy ra k chia hét cho n,
hay k = nq e nZ, hay Kerp cnZ.

Néu X 1a mot nhém xyclic cdp vo han thi véi n # m, a' £ a"
nén ¢ la mot don cdu va do dé Kerp = {0},

- Theo dinh li déng cau ta cé Z/ =X
. Kerg

2.44.
2.45.

2.46.

a A : . " = Z
Nhu vay néu X c¢é capn thi X = AZ‘

Néu X cdcp vohanthi X = Z.

Lam tuong tu nhu bai 2.43.
Gia sit X = < a > 1a nhém xyclic cdp v6 han vé&i phép nhan.
Khi d6é X ¢6 hai phan tu sinh 1a a va a”'. Hon nita, x ciing chi
c6hai twrdangcduld id,: X > X vag: X > X

X=X X+ x7!

That vay, gia st X ¢6 phan tirsinh 1a b, khidé b=2a", n € Z.

ViaeXnéncém eZdéa=b"=a™ Do X Ia nhém c6
cdp vo han nén ma = 1. Tir dé 6 hai trudng hop: n = 1 thi
b=a hoicn=-lthib=a '.Matkhiccé<a ' >=<a>
Néu f: X — X 1a mét dong cau thi f s& bién phin ur sinh cia
X thanh mot phan tif sinh ciia X. Vay chi c6 hai kha nang
f(a) = a, khi d6 f = id,. Hodc f(a) = a ', khi dé f = @.

Kiém tra lai theo dinh nghia ctia nhém va nhém Aben.
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247.

2.48,

2.49.

|56

a)Gidstr ¢or X oY

x" s {}"k )n
la mot dong cdu voi x K phin (& sinh cia X ¢6 cap s v y 1a
phan tir sinh cta Y ¢6 cdp t. Nhur viy. ta phai co

p(x". x") = (p(x")(p{xm} hay

(yk)n t |(yk)n(yk)m v

. 5 Ko ks

Ple =X ) ={y Y =y =ey.
Do dé ks phai chia hét cho t (cdlp cia Y) (theo bai 2.25). Dio
lai, néu ks chia hét cho t thi ks = tr. Gia sit x™ = x" thi

x' =gt hay m — n = su. Khi d6 (p(xm) = ykm va (p(x") = yk",

—kn ki{im— n} Jsu _tru

suy ra o(x (x| =y y M =y =y =yM=ey.

Do d6 o(x™) = p(x"), do dé @ la mét dnh xa. Hon nita

m+n, _ _kim+n) _  km
y=y T =

O™ . x") = (x y "y = (™ o(x").
Vay ¢ la mot déng cau. '

b) Néu ¢ 12 mot dang cfu vi sk = mt thi do X va Y 13 hi
han nén s = t vl suy ra m = k. Mat khdc do ¢ 1a dang cau nén

y* phai 1a mot phdn tir sinh ciia Y do d6 theo bai 2.25, k va t

nguyeén t6 ching nhau hay k va s nguyén t6 ciing nhau.

Ta ¢6 @(ab) = (ab)k = afp* (vi X la mot nhém Aben) nén
©(ab) = p(a) ¢(b).
Kero = {x e X| x‘=e)={xeX | cp x 14 udc cia k).
Gia sir X 12 mot nhém Aben thi theo bai tip 2.48, ¢ 1a mot
dong cdu Kerg = {x ¢ X | x ¢6 cdp la ude cla -1}

hay x e Kergp & cipclaxfaudccia-1 & x =e,



2.50.

2.51.

Do d6 ¢ la mot don ciu, hon niva hién nhién ¢ la mot toan
cauvi (x )" = x. Do dé°g 1a mot ding cau. Dao lai, gid sit
¢ 12 mét dang caw. véi moi a va b thuoce X ta co
olab) = (@)pb)=a 'b "
Mat khic ¢(ab) = (ab) ' nén suy ra (@b) ' =a"'b ' =(ba)”
hay ab = ba. Vay X la mét nhoém Aben.
Ki hieu Aut{X) Lit tap hop cdc tr dang ciu cia nhém X. Khi
dé Aut(X) < S(X) var S(X) 12 nhém cac song 4nh cua tip X
v6i phép nhan dnh xa. 1y € Aut(X) nén Au(X) # J. Ngoai
ra ta con ¢6 tich clia hai ty dang cau ciaa X 1a mot dang
cAu ciia X vh nghich ddo ctia mot ty dang ciu cta X 2 mot
tu dang cdu ctia X. Do dé Aut(X) 1a mét nhdm con cua S(X).
Giasah: X -G
x > h(x) = (f(x), g(x))

ta mot dong ciu. Khi d6 véi x, va x; thudc X ta ¢o
h(x;x5) = h(x)h{x,) = (f(x,), glx)H(x2), gx,))

= (f(x).f(x5)., g(x}).g(x1)).
Mat khdc h(x,x,) = (f(x}, X2), 8(x;. X2)). Nhu vay c6 ding
thirc

(f(x. x2). g0xx2)) = (FOxf(x2). gx g (x2)).
Suy ra f(x X2} = f(x)f(x4) v g(x;x;) = g(x,)g(x,) nghia la f
va g la nhitg déng cau. '
Pao lai, gia st [ va g 12 nhimg dong cau. Khi dé
h(x.x5) = (f(x;X4), g(X{X3))

= (f(x Df(X2), gxglxz))
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= h{x)h(x-)
Vay h la mot dong ciu.
2.52. a) Ta cé X la mot nhém véi phan tir trung Tap a (0, 0, O).
Phan t{r doi xing cia o = (k|, ks, ki) 13
C(EDN Ky kg, —ky).
b) Nhom con A duge xic dinh nhu sau:
(1.0,0)' =(1.0,0)
(10,0 = (2, 0, 0).
Bang quy nap ta ¢é v6in =0
(1,0,0)" = (n, 0.0) vado dé
(1,0,0) " = (-n. 0, 0).
Vay A= {(k,0,0) |k € Zj.
Gia str o = (k. ks, k3) e X via=(k: 0, 0) € A khi dé6
@™ ac = ((-D* "' Ky, —ka. —ka). (K, 0, 0). (k. ko, ks)
=k.0.0)eA
nén A la mét nhém con chudn tic cnia X.

' P
¢) Xét dnh xa X —=X]i}
) (k].kz.kg)l—)k]+k3i
trong d6 Z[i| = {a+ bi|a,b e Z}.

¢ la mot toan cau va Kerg = A nén theo dinh 1f déng ciu ta
suy ra % =ZL
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2.33.

2.54,

2.55.

Goi R 14 nhém cong cic s6 thue vi =, 13 nhoém nhan ciic s6
thuc duong. Ta xét dnh xa lg: R, > &

X = lgx.
{Igx 1a togarit thap phan cita x).

Do tinh chét cha ham 1g 1a ¢6 1g(xy) = lgx + lgy nén lg 1A
mot dong clu, néu x # y thi lgx # lgy nén lg 12 mot don ciu.

Ngoai ra v6i mdi a € R, 10" € B, thoa man Igl0* = a. Vay
lg la mot dang ciu.
Xétdnh xa @ : Z = ZJi]

(a,b) > a+bi
Ta cé @ la mot dang cdu.
a) Gid st X =<a>cécdpn, b=a" e X. Goi d Ia uéc chung
Ion nhit cua k va n khi dé n = n;d va k = k;d véi n, vak,
nguyén té ciing nhau. Ta ¢é

b = (ak )n| _ akn, — ak|dn, :ek‘ —e
Thém nita, néu b' = ¢ hay 2" = e thi kt chia hét cho n. Nhu
vily c6 kt = k,dt = n;ds hay k;t = n;s nghia 1a k,t chia hét
cho n. Vi k; vi n; nguyén t6 cing nhau nén t chia hét cho
ny. Vay n, =-g 1 ciip ctia b = .
b) Phdn tit b = a* 13 phan 1 sinh clia nhém X néu va chi néu
cap cha b bing cdp cua X va bang n. Theo cau a). cip b a
g, Nhir vay, phdn tix b 1 phan tix sinh cua X khi va chi khi

d = | hay n va k nguyén 16 cung nhau. Vay s6 cac phan tlr
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2.56.

2.57.

2.58,

160

sinh cia X bang s6 cdc s0 nguyén dwong bé hon n va nguyén
10 vé1 n.

Doab=banén (ab) =a"b" =ce=e.

Gia sit (ab) = ¢ hay ab' = e. suy raa = b . Nang c¢i hai v&
= ~ - - b B

i¢n fuy thira r va s ta duge a'=bh "=e ()

. a"=b "=e. (2)
Tu (1) va (2) suy ra ts chia hé&t cho r va tr chia hét cho s. Vir
vl s nguyén td cling nhas nén t chia hét cho ca v 1an s va do
dé t chia hét cho tich rs. Vay rs [a cdp cla phan tt ab.

i) Gia s X 1a mot nhém cap bén. Néu trong X ¢6 mot phan
tu cap bon thi X 1a mét nhém xyclic sinh boi phan tir ¢6 cap
bon d6. Néu X khong ¢ phan i nao ¢6 cap bon thi X ¢d ba
phian tr cdp hai. Trong trudng hop ndy X diang ciu véi
Zn X L.

b) Gia su X ta mot nhém cé cap sau. Khi dé X chia mot
phén tlr cdp hai vAi mot phan tit cap ba. Chiang han a € X ¢6
cdp hai va b € X c6 cdp ba. Néu ab = ba thi ab cd cap sdu do
d6 X 13 mot nhom xyclic. Néu ab # ba thi X dang ciu vdi S,
Gia st X 12 mot ahém xyclic véi phan ti sinh 13 a. Anh xa
f: X =Y 1a mot dong cdu tir X dén Y. Nhur vay f(a) e Imf va
do do Imf = {f(a)" = f(a") | n € Z} 1A mot nhém xyclic sinh
bai phan tir f(a).

Bay gi& gia su H 1a mot nhém con clta nhém xycelic X. Ta
xét phép chi€u chinh tic

p:X a)%[

x — xH.



p 1a mot toan cau, Imp = % H theo chiing minh trén thi

Imp 14 mot nhom xyclic. Vay nhom thuong )%l 1la mot
nhom xyclic.

2.59. a) Goi b 12 bd1 chung nhd nhat cia m van, Ta ¢é:

m\b=mZ D bZ;

n\b=>nZ obZ.
Suy ra mZ nnZ = bZ. (D
Mait khdc néu a e mZ M nZ thi ton tai k, va k, thugc Z sao cho
a=mk, vd a = nk,. Do dé a chia hét cho b hay tén tai k e Z sao
cho a =bk. Vay a € bZ. Suy ramZ m nZ cbZ. (2)

Tue (1) va (2) suy ramZ nnZ =bZ.

b) Goi d 1a ude chung 1om nhat ciia m va n. Khi d6 ton tai hai

s6 nguyén u va v sao cho d = mu + nv. Viy d emZ + nZ.
Suy ra dZ <mZ + nZ. Gia sita e mZ + nZ, khi d6 tén tai k|
va k5 thuéc Z sao cho a = mk; + nk,. Vi d la udc chung ton
nhat cla m vA n nén ton tai m; va n; thuoc Z sao cho
m =dm, va n=dn;. Suy ra a =d{mk; + n|k,} e dZ.

Nhu vay ta ¢6 mZ +nZ cdZ. Hay mZ + nZ = dZ.
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2.60.

162

c) Xétanh xa¢p: mZ — ZA&
mk —k + nZ,
© 1a mot déng cau vi véi moi mk va m/ thuée mZ cé
@(mk + m/) = p(m(k + ) = (‘k + 1+ nZ
=(k + nZ) + ({ + nZ) = p{mk) + p(m/).

¢ 14 mot todn &nh vi néu k + nZ € £/ thi mk e mZ thod

man ¢{mk) =k + nZ.

Tim Kero:

a=mk ¢ Kerp & k +nZ =nZ < k chia hét chon
< k=nk, voik, eZ

<> a =mnk,.

Vay Kergp = mnZ.

inh 17 dé i 4 mZ, = Z

Theo dinh 1i dong céu ta ¢é AmZ = AZ

Do AB = X nén méi phan tr x cioa X viét duge dusi dung
x=abvéiacAvibeB Gasitcox=ab=ab véia a A
vib,b' eBthia 'a=bb ' ¢A B ViANB= {e} nén
a 'a=b "b=e dodéa =avab =b. Vay méi phin ur x
e X viet diwoc mot cdch duy nhat dusi dang x = ab véi
a € A vab e B. Mat khic cédc phin nr cia A giao hodn duoc véi
cdc phan ur ciia B. That vay, véi a va b tuy ¥ thudc A va B, xét
tich a_'b 'ab. Vi A va B I nhitng nhém con chusn tic cia X

11-8TPAISO BCE



2.61.

nénb 'abeAvaa 'b 'aeB Vaya 'b '‘ab e A nB={e}.
néna b lab=e, hay ab = ba.
Anh i AxB —»X

(a, b) > ab
la mét dong cau do ab = ba, la don ciu do A nB = {e}, Ia
toan ciu do X = AB. Vay ta cé dang cu.
a) Gia sit A v B 14 hai nhém con chudn tac ctia nhém X. Khi
dé AB = {ab|a € A, b ¢ B} ciing 12 mot nhém con chuan tac
cua X. That vay,e e Avie eBnéne=ece c ABnén AB# .
Hon nita véi moi a € A, a = ae « AB va v6i moib €B,
b=eb « AB.
Giastra b, € AB va a.b, € AB,

(i.lib] }(azbz) = al(b|212)b3 = a]azb']bz & AB
(vi B 1A nhém con chuan tic clia X nén a-B = Ba,);

(b)) "= byl = a;'b c AB

(vi B 1a nhém con chudn téic cha X).
Ngoal ra, véh moi x £ X cé

x(AB) = (xA)B = (Ax)B = A(Bx) = ABx.
b) Ta biét rang giac cha hai phém con cia mot nhom X 1a
mot nhém con cua nhém X. Giasora e A mB vax e X. Khi

) N o o .-l
déacAviaeBnénx ax eAvax ax eBhay

-1
x ax e A mB.

Vay A ™ B 1a mét nhém con chuan tic cla X.

c) Xétdnhxao: X — (%)X(%)

X = (XA, xB).

bO3



2.62.
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¢ 1a mét dong cdu vi véi moi X; va x» thude X
PXyx3) = (XA, X1X2B) = (x;Ax,A, x,Bx.B)
= (XA Xy B)(xqa. x3B) = ¢(x  Je(x,).

A NB=FKerpvivdimoi x e A "Bthix cA vi x ¢ B nén
XA = A vaxB=B, dodé ¢(x) = (xA, xB) = {A, B) la don vi cia

% vA % vanéu x e Kerg thi p(x) = (A, B) = {xA, xB) suy

rax ¢ Avax e Bhay x e A nB. Vay theo dinh If déng ciu ¢
3 dnh o @ X X X
mdt don dnh ¢ /(A(\B) _)(/%)x(/B)

dyXétanhxac: A > (AB%

a—aeB=aB.

G(aja3) = aja,eB = aje.a,eB = a,eB.a,eB = ofa)o(a,).
V&t moi abB ¢ (AB% tacod ia « A thoa min

ofa) =ueB=abB(vib ¢B)dodé o la moét toan cau.

Gia str x € Kero, 6(x) = B = xeB nhu vay x e B, duong nhién
XcA,dodéx e A nB.

Néu x e A N B thi o(x) = B. Vay ta ¢6 Kero = A- A B. Theo

S . AB '
dinh 1V déng cdu %AGB)E( %

Gia sir H 1 mot nhém con chudn tic clia nhém G.
Khi d6 f(H) Ia mot nhém con chia G'. Mat khdc, néu ' e f(H)
va x" e G khi d6 6n tai h e H sao cho fth) = h' va vi { I3
toan 4nh nén tén rai x € G sao cho f(x)=x". Do dé

Xhx T = fOfM) T = fxhx ') e f(H).
Viy f(H) 1a nhém con chudn tic cta G'.



‘1“. :

2.63.

Vi du sau chimg to H 1a nhém con chuan tac cia G, nhung
f(H) khong 1a nhém con chuan tic cta G' khi f khong la
toan cau.

G=75G =Sy ={(1),(123),(132),(12).(1 3),23)}

f:

[\
]

—> S_’;

0 B (I)-
1 = (12)

f 1a mot dong cdu. Ta ¢6 Z» 1a nhém con chudn tic cla Z,
nhumg f(Z-) = {(1), (1 2)} khéng 12 nhém con chuén tic cua S,

Trudce hét ta chiing minh rang néu f: X > Y 14 moét toan cau
vd A 13 mot nhom con chudn tic ciia X thi f(A) ciing 1a mot
nhém con chudn tac cia Y. Ta di bi€t néu A 1A mot nhém
con cua X thi f(A) 12 mot nhém con cha Y (tinh chét cua
dong ciu nhém). Gidsiry € Y vab e f(A), tdntai a € A sao
cho b = f(a) vi f 1A toan cau nén ton tai x € X sao cho
f(x) = y. Xét phan ur
y 'by = f(x " f(a)f(x) = f(x 'ax) € f(A) vi x 'ax € A.

Baygldtdxelanhxap.X—)A

X — XA,

p 12 mot toan cdu. Do d6, vdi méi nhém con chuin tic H cla
X ma H o A thi ta ¢6 mét nhém con chuin tic p(H) coa

%. Dio lai, néu K 1a mot nhém con chudn tic cla’ % thi

p '(K) 1a mot nhém con chudn téc ctia X chifa A. Nhu vay,
t6n tai mot tuong ing 1 — 1 hay mot song énh tir tap céc

165



2.64,

2.65.

' 2.66.
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nhém con chudn tic cla X chita A dén tap cic nhém con
3 2 o X

chuan tac cia A

Ap dung k&t qua bai 2.63. Gia sit H 12 nhém con chudn téc

161 dai cua G. Khi dé, gitta H va G chi ¢6 hai nhém con

chuan tic 1a H va G. Do d6 nhém thuong % ciing chi cé

hai nhém con chuan tic. Vay % la mét nhém don. Ddo

lai, néu % 1a mét nhém don thi giita G va H khong con

mot nhém con chudn tic nao khéc. Nhu vay H 1a nhém con
chuén tc t6i dai cha G.

a) Ta c¢6 H va K 14 hai nhém con chudn tic cia G nén HK Ia
mét nhém con chudn tac cla G. Hon nita, ta ¢6 H —c HK va
K <HK. ViH # K nén suy ra H # HK va K # HK. Mat
khdc, H vad K 1a hai nhém con chuian tic t§i dai cha G
nén HK = G.

b) Theo dang cau Noether ta ¢é

%=(H%) (I%-ImK)

Vi G/ 1a nhém don nen [%lmK va B 1a nhiig

nhém don tir d6 suy ra HN K 12 nhém con chudn tic t6i dai
cia Hva ctia K. :

Gia sir f: Q —Z la mot ddng cdu tir nhém cong Q dén nhém

cong Z. Néu f # 0 nghia 1a t6n tai mét s6 hifu ti q (q # 0) sao cho

f(q)#0.Gidslt g == & Qvéis>0.Khidé sf(2) =) £0.
S s

e



Mt khic f(r) = fir.1) = rf(1), tr 46 f(1) = ny # 0. Vay vé1 moi 50
nguyén n = 0, f(n) =nf(1) £ 0.

“Giaarp>l,neZva(n,n)=1Taco

2.67.

2.68.

1
fitly=f(n.—) = nf(l) =nn, =n, voi f(—l~) =Ty
n n n

Nhu vy, n lai 1a udc caan;. Vo li.
Vay chi ¢6 mot dong cau duy nhét 12 dong cdu khong tir @@
vao Z: () khong déng cau véi Z nén Q khong 12 mét nhém

xycllc

a) C6 thé chimg minh Aut(X) 12 nhém con cua nhom $(X)
(S(X) 12 nhém cac song dnh tir X dén X véi phép nhan dnh xa).

b) Z 1a nhém xyclic ¢6 cép vo han sinh boi 1 va -1 véy

Aut(Z) gom hai anh xa

idr 1 Z X vai O0:Z > Z

X X nkE —-n..

Vay Aut(Z) = Z
a) V@i moi a va b thudc Atacé
(t+gla+b)=f(a+b)+gla+b)
= [f(a) + f(b)] + [g(a) + g(b)]
= [f(a) + g(a)] + [f(b} + g(b)]

= ({f+ g)a) + (f+ g)(b).
Vay f + g 14 mot dong cau.
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Phép cong trong End(A) ¢6 tinh chat giao hodn vi két hop
duge suy 1ir tinh chat giao hodn va kél hop cua phép cong
trong A.

Anh xa khong 0: A A
a 0

thudc End(A) thoaman f + 0 = f véi moi f ¢ End(m voi méoi
feEnd(A)dnhxag: A > A

a - gla) = —f(a)
thoa mén f+ g = 0.
Vay End(A) 1a mot nhém Aben.
b) Anh xa F : End(Z) —Z
f = F(f)=f(1)
14 moét déng cau.

That vay, véi mot f va g thuéc End(Z) ta c6

F(f+ ) = (f+ g)(1) = f(1) + g(1) = F(f) + F(g).
F()=F(g)nenf(1)=g(1) hay Vn e Z,
f(n) =nf(1) = n (1) = g(n)
nghialaf=g.
VneZ, énhxaf:Z -7
l —»n

a —na
la mét trr ddng cau ctia X.

Vay End(Z) =X



2.69.

¢) Tuong ty cau b) anh xa F : End({3) F)Q
f=>1(h)
12 mét dang cau.
a) Gia su x va y thude X ta co
f(xy)=axya ' =(axa ) (aya '} =£,x).f(y).
Néu f,(x) = f (y) tifc |a axa ' = aya ' thi sau khi gian udc ta
dugcx=y. Védimodiy € Y taco a"'ya e X thoa min
f(x)=f,(a 'yaya(a 'ya)a ' =y.
Vay f, 1a mot dang cau.
b) Ta s& chimg minh véi moi a va b thuoc X ¢ T.1,, = f,.
That vay, vé1 mot x € X,
£, £, = £,[f,(x)] = f,(bxb™') = abx(ab) " = f,,(x).

Nhir vay, tap hop céc tr ding c4u trong cua nhém X la mot
tap con on dinh clia Aut(X). Hon nita véi moi a ¢ X ta cé

f . f,=f, =f=1x

Do d6, tap hop cac tu dang cdu trong X 1a nhém con cha
Aut(X). '

¢) Gia stt H 13 mot nhém con chudn tac cia X va f, la mot o
dang cau trong cia X. Ta cé f (H) = aHa ' =H.

Pio lai, gia sir f,(H) = aHa ' = H véi moi a < X. Khi d6 H 12
chudn tic (theo dinh nghia).

f
d) Xét dnh xa X > A

a fa) =1,

v6i A 1a nhom cic tr dang cau trong clia X.

169



2.70.

2.71.
2.72.

t70

f 12 dong cdu vi flab) = £, = £, = [(a)f(b). Hién nhién f [a
toan anh.

Tacéa eKerfe>f,= Iy e axa  =xvéimoix eX
Pax=Xavoimol x e X < a-e G(X).
N _ - .o A e - X ~
Vay Kerf = C(X). Theo dinh I dong cau ta ¢é (%T(X)) = A.

a) Gia s cdp cha a 1a m, nghia 1a a™ = e va a' = e thi t chia
hét cho m. Khi dé [f(a})™ = f(a") = f(ey) = ey. Vay cap clia

f(a) 1a udc cua m.

b) Theo dinh 1i déng ciu ta cé

X =
A(erf - f(X').'

Néu X 12 hitu han thi cip cia )%(erf béng chi s6 cla Kerf
la mot udc cua cép ctia X. Vay cdp cda f(X) 1a mét ude cha
cip cua X,
Ung dung bai tap 2.58 va bai tap 2.70.
a) Gia sit X = < a > 13 mot nhém xychic cdp n. Méi tr déng
cdu cua X cho ta mot gid tri xdc dinh cla f(a) e X. Pio lai
véimbéib eX,dnhxa f: X » X

a¥ s bk,k =1,2,...,n

[a mot tr dong cdu chia X. Nhu vay méi tu déng chu f cha X
hoan toan xdc dinh boi f(a) € X. Do dé c6 diing-n tu déng
cau cua X.

by Méi dong cau f : Z,, —>Z_ cho mot gia tri xdc dinh

f(lyeZ. Cdp clia f(1)la uéc cian. Vi T ¢6 cdp m nén theo



2.73.

bai 2.70, cap cua f(1)1a u6c cia m. Do d6 cap cia f( 1) la

udc chung cua m va n.

Do lai, phdn tir b= Z_ ¢6 cdp 1a udc chung ciia m va n, dnh
xa k > kbcho tamot déng cau f: Z,, - Z,.

Tir d6 suy ra co sdu dong cdu tir Zg dén 2. DO la cac dnh

xa f 1 Z, — 2,y sa0 cho f(1)=0; f(1)=3; f(1)=6:

f1)=9: f(1)=1

cf(H)y=15.

ol

c) Theo ciu b) ta ¢é sdu dong cau wr Zg dén Z,. do Ja cac
dong ciu f(1)=0; f(T)_zf; f(1)=3: f(1)=4; f(1)=5;
f(1)=1. ' ‘

M&éi s6 phiic thuoc H (ndm trén truc thuc hoac truc ao) viét
duéi dang luong gidc 1a

r(cosEHsinEE) viikeZ,reR .
2 2
- .. k
vayH={r(cos-1523+1sm—2"ﬁ) keZreR, |
Dé kiém nghiém H 14 nhém con cia C’

XétanhxaF: C¥ >U

r(cosp+isin@) -> cos4@ +1sin4 .
F 1a mot dong cau vi
F(r(cosp+isinp).r{cos@'+ising’))=
= F(rr'(cos{p + @)+ isin(p+¢)))
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2.74.

2.75.

172

= (C.054((p + @} +aisind{@+ @)
= (cosdq +isindg).(cosdp '+ isinde')
= F(r{cos@ + 1sin @)).F(r(cos '+ isineg')).

. . .o . . {] L4 )
Va1 moi cose rising el ta cé cos£+lsmzp T thoa

man F(Cosgﬂsin%) = COSQ+18INg.

Vay F la toan cau.
Ta hdy tim KerF. Ta ¢6

z= r{cos@ +1sin@) € KerF & F(z) = cosdog + 1sindg = |

&> 40 = 2kn <::>(p:£27E <~z eH.

) ~ ]
Ta suy ra A_[ =U.
XétanhxaG:R > U
I cos2mr +isin2nar.

Dé kiém tra dugc G 1a mét toan cdn va KerG = Z. Suy ra

%;U.

Bat X, 1a nhém nhan cic ma tran vudng c6 dinh thirc bing 1.
X, 12 nhém nhan céc ma trin vuong c6 dinh thic bing +1.
X3 la nhém nhan cdc ma tran vuong c6 dinh thiic duong.
a) Xétdnhxaf, : X >R"

A > |A]
(|Al 1a dinh thic chia A).



2.76.

f, 12 mot toan cdu va Kerf) = X,.
b) Xétanh xa fr : X - R,

A Al
(|[A]} 12 gid tri tuyét doi cda dinh thirc cia A) tif nhém nhan
cde ma trin vudng cap n khong suy bién dén nhém nhan céc
s6 thire duong. £, 1 mot toan cau va Kerf, = X, |

c) Taco Y = {—1. 1} 13 mét nhém xyclic véi phép nhin
thong thudng.
Xétanhxaf:: X =Y
I néu|A| >0
f}(A) - ] B .
-1 néu Al <0

fy 14 mot toan cau va Kerf; = X;.

Xét nhém cong cdc 1dp thang du theo modun p, v6i p 1a mot
$O nguyén to:

Nhém niy ¢é cap 1a p —1. Do d6 mot phan tir cita nd c6 cap

laude chap — 1. Gida sira e Z 1a mat s6 nguyén tuy y.

Néu a chia hét cho p thi ta c6 a = O(modp) va
a” = O(modp). Vay a” = a (modp).
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2.77.

2.78.

174

Néu a khong chia hét cho p thi a e Z; do do a' =T, suy
raa” ! =1 (mod p) hay a" =a (modp).
a) Voimoi x € K =Kerf
fix} = f(i(x)) = f(x) = ey, vay fi [a dnh xa don vi tis K vao Y.
b) Vi fg la anh xa don vi tir G dén Y nén véi méi a e G,
fe(a) = f(g(a)) = ey,
dieu d6 chiing 10 g(a)e Kerf hay ¢(G)c K.
Khi dé hién nhién ta c6 déng cdu g: G > K
a> é(a) = g(a)
va ié =g,
Gia st g’ : G —K la déng cdu sao cho ig' = g =ig. Viila
doncaunéng = é .Viy éduqc x#&c dinh mét ciach duy nhat.
Tacédnhxag: X -G
X = g(x) = (g,(x), g2(x)}
(Vig;: X -G néng(x) e G, va
8> X ->G;nén gy(x) € Gy, do dé
(g1(x), g2(x) e G =G, x G,.
Vaimoix,y eX, ¢é
glx.yy = (g (x.y), &2(x.y)) = (&1 (X).g,(y). 8a2(x).82(y) =

=(g(x); 220308, (1), g20y)) = g(x) gly)
suy ra g la dong cau.

V61 moi x € X, cé



2.79.

pra(x) = plg(x)} = p(g,(x), g@-(x)) = g,{(x).
Tuong ty pog(x) = ga(x). VAy tacépig=g; vapg = g3,
Cistcdg : X »Gsaochop g’ =p g vap.g = pg.
T do suy ra g'(x) = (a,. as) = {g,(x), (X)) =g(x) hay g' = g.
Vih, :G, 5Y vah,: G, =Y nén véi moi cip (X, x») G
tong hy(x;) + ha(x2) e Y.
Khidétacéanhxah: G =Y
{X], X2} P hy(x)) + hafxs).

V@i moi (X, x5) e G, (X'}, x5) G
h{{xy, x>} + (x". x"5))y = h{{x; + x|, x5+ x'3))

=h(x; + x"y )+ halx; + X')

= [(hy(x)) + h(x"))}] + [hy(xa) + ha(x'5)]

= [hy(x ) + ha(x5)] + [h(x") + ha(x'5)) (vi Y 1a Aben)

=hi{x}, X-)) + h({x"}. x'2).
Vay h 12 mot déng cdu. Véi moi xy e G,

hg,(x;) = h(g,(x;)) = h{{x;, 1) = h(x}) + hy(0)
=h(x;)+0=h(x)). _
Viay hq, = h;. Tuong tu, chitng minh duge hqg = h,. Gia s¢
c6h': G - Y sao cho gy = hy; va h'qy = hq,. Tur dé suy ra
h'(x;, x~) = h'({x;, 0) +( 0. x2}) = h'(x, 0) + (0, x3)
= h,(x) + hy(x) = h(xy, X5),

nghiatah'=h.



2.80. Ta hity chiing minh a) = b).
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Gia su ton tai mét dong cau h : H - K sao cho g = hf. Néu
X € G sao cho f(x) = ¢j; nhu vay g(x) = hf(x) = h(f(x)) =
hiey) = ex. nghia la Kerf < Kerg.

Dao 1ai, gid sir Kerf <Kerg. Vi f i toan 4nh nén véi méi
y e Hton tai x € G sao cho f(x) = y. Khi d6 ta c6 tuong img
h tic H dén K cho boi quy tic hiy) = g{x), véi f(x) = y. Quy
tac h ta mot dnh xa vi néu cé x, va x> thuge G sao cho

nghia la f(x,xi') = ¢y hay xlxgl e Kerf < Kerg, thi

gOxx;") = ey hay g(x,) = gxy);
h 1a dong cau vi hiy,y,) = g(x,x,) véi
(fx) =y, f(x3) = y5) = g(xDg(x2) = hiy Dh(y,).
Do cédch xay dung h, ta c6 g = hf.

¢} Tinh chat duy nhit ciia h dugc suy ra tir tinh chat f 1a
(oan ciu.

d) Ta hay tim Kerh. Ta co
Kerh = {y e H|h(y) = ex|
= [f(x) | hi(x) = g(x) = e } = f(Kerg).
Vay néu h la don cau thi Kerh = f(Kerg) = {cy}, suy ra
Kerg c Kerf. Vay Kerg = Kerf.
Bao lai néu Kerg = Kerf thi Kerh = {ey,}. do dé h 1a don cau.
e} Ta ¢6 Imh = hf(G) = g(G).

Vay h{H) = Imh = K < g(G) = K hay h 1a toan dnh khi v
chi khi g 13 toan 4nh.



2.81. a) Gia sfra vi b thuée X, a # b. Khi d6 véi G 1a mot nhém
nhiéu hon mot phan tir va ta cé 4nh x2 g : X — G sao cho

g(a) # g(b). Anh xa g: F -G thoa mén g=gfsuyra
g(a) = gfa) = g(f(@)
g(b) = g f(b) = g (f(b).
Vi g(a) # g(b) nén g (f(a)) # g (f(b)) hay f(a) # f(b).
Vay f 1a mét don anh.
b) Gia sur G 1a nhém con cha F, sinh ra boi f(X) G = <f(x)>.
Anhxag:X 5G
x = f(x)
"cAm sinh" mot dnh xa 1: F »>Gsaochog= §.1.
Mat khic tacé anh xa1: G »F
X X
lamét doncdu suyradnhxag =ig: F - F.
Ngoai ra idp : F —F la d4nh xa ddng nhét clia F cho ta cdc

biéu d6 sau giao hodn

X—-)F X-—>F

AVZREVS

Tic lata cé g'f = f = idef. Suy ra g' = idp.

Viy F=G =< f(x) >.

b) Gia st (F, f) va (F ', £ ) déu la c4c nhém tr do trén tap X.
Khi détacécicanhxa f: F' 5>Fva f': F >F'1anhiing
déng cau sao cho cdc tam gidc sau giao hodn:
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By AV

Tacla f = f'f'hay T f =idg
va f' = ffhay ff =idg.

Suy ra fvd f ' Ia nhitng déng cdu. Vay F = F ",
2.82. Dat F bao gém céc tich hinh thitc (goi 13 cac )

_ aE1,E2 £,
U=a;ay ..y,

ong dé a; e X, ¢; =xl,1=1, 2, ., n va khéng ¢6 hai nhin
tit n20 ké nhau ¢6 dang a' vi 2~ hodc a ' v a'. ki hi¢u e Ia
tich rong.
Néu u va v thudce F, ta dinh nghia tich uv nhu saw:

uv=unéuv=e.

uv=vnéuu=e.
Néu u # e, v # e thi uv duge xdc dinh bang cich "ghép” hai
tir u va v v6i nhau r6i gian wde tat ca cdc cip o6 dang a'a
hoac ala’!
Véi phép toan nhut viy. F 1a mot nhom. Cang véi dnh xa

f: X »F
at>a

F 1a nhém ty do trén tap X.

2.83. a) néu X = I thi nhém ty do trén tap X (.i'l]l']h & nhdm don
vi,d6 1A F = {0} vaf. & — Fla dnh xa rong.
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byNeuX ={a}thiF={a"|necZ}vaf:{aj>F

t
ara.
Trong trudng hop nay X la mot nhdm xXyclic ¢6 cép vo han.
¢) Néu x = {a, b} thy

F={a™b"a™b" a™b™ {m, eZ neZc=1, . .k}

f: X » F

H
& = a

b > b

2.84. Theo b 2.82. Nhom tur do teén tap X = {a} la mot nhdm
xyclic cé cip vo hannén X = Z.

2.85. Cho G Ia mot nhom tuy §. Goi (F, ) 14 nhém ty do sinh boi
tap G. V& dnh xa dong nhdt ¢iia G la idg : G — G t6n tai
duy nhét dong cau h : F — G sao cho idg; = hf: Vi id; 1a toan
anh nén h Ia toan cdu, vi vay G = h(F). Theo dinh 1{ déng cdu

9 C0 ~H
tacd G = A(erh'
2.86. Lam tuong tu bai 2.81.
287, DatF = {(a),c x € Z° | (8, y c6 gid hitu han}.
Trong F ta dinh nghia phép cong nhu sau :
Va1 mot u va v thide F,
U= (ai)ie X.V= {bi)iE v U+ V= ((ﬂl + bi)ie X-
V61 phép toidn nay F 1a mét nhém Aben.
Cung véi anh xaf: X »F
0 néui=x

X > (i) 2 x VO a; ={1 i = %

L
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2.88.

2.89.

2,90,

180

F 1a mét nhom tu do.
That vay, gia stt g2 X — A 13 mot dnh xa y ¢ tir X dén
nthém Aben A. Khidétacddnhxa g: F - A -

{.ai)irz,\' = Zar(gm)-

(Tong > ai(g{ll))cé nghia vi chi ¢d hitu han a; khic 0).

X '
g 1a mot dAng ciu va thoa man gf=g.
Do tinh chit f 1a don dnh nén suy ra g 1a duy nhat thod man
dang thic trén. Vay (F. f) 1a nhém Aben tu do trén tap X.
(C6 thé chimg minh diéu nay dua vao bai 2.82 va bai 2.90).
Theo két qua bai 2.87 tacé

a)Khi X ={a} thiF = Z' = Z.
b) Khi X = {a;, a3, ... 2} thi F = Z".
¢) Khi X iy ¢ ta c6 F ding ciu véi mét nhém con clia Z~.

a) Gia st A 1a mot nhéom Aben di cho. Pat (F, f) 1a nhdém
Aben fir do trén t3p A. Khi doé dnh xa idy : A — A cam sinh
mot dong cdu h: F — A, h ¢on 1a mét todn ciu va do do

F =

/Kerh =A.

b) Chitng minh dua vio bai 2.87.

Gia su (F, £) 12 mot nhom tu do trén tap X; [F, F] 12 ahdm con
- “ - ~ s F s - - . =

hointrctaFvap: F — %F. Fi la phép chiéu chinh tac.

Patj=pf:X %21 - khi d6 ta c6 %F! ;| €lng voi dnh

xa j 14 mot nhdém Aben tu do trén tip X.



FLh

CHUONG Ili. VANH VA TRUONG

3.1

3.2,

3.3
34.
3.5.
3.6.

a) Chi can chitng minh

A:{a+b\/§|a,be?ﬁ}
la mot vinh con cua vanh cic s6 thuc R.

Co neZ,n:n+0J§eA.V:§1y ZAnen A=,
Gia str a+b\f§, c+d2 eA.
fa+bv2)-{c+av2)=(a-c)+(b-dW2 e A;

(a+b\/§)(c+d\/§)=(ac+2bd)+(ad+bc)x/§e A.
Viay A la mot vanh con ciia R. Vi R 1a giao hodn nén A ciing

giao hodn. Don victaAfa 1 +0.4/2.

b} Chitng minh tuong tu cau a).

Téng va hiéu ctia hai ma tran vuéng cap n véi cic phin tr |2
nhimg s6 nguyén 12 mét ma tran vuéng cip n voi cde phin tir
la nhitng s6 nguyén. Tich cta hai ma tran vuéng cip n vét
cac phin tur nguyén 1a mot ma tran vuéng cdp n véi cac phén
tr nguyén. Do dé tap hop cdc ma tran vudng cip n véi cic
phén tir 1a nhitng s& nguyén 1a mot vanh con ciia vanh cac
ma trdn vudng cap n.

Chiing minh twong tu nhu bai 3.2

Chiing minh dua vao dinh nghia ctia vanh.

Chiing minh dua vao dinh nghia ciia vanh.

Xem chitng minh bai 2.75 (chuong 1I).
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3.7

3.8.

3.9.

3.10.

182

Vanh s6 nguyén Z cd dac 56 .0, vi vl moi n > 0 ¢6
nl=n>0
Tuong tu véi cdc truong s6 hite t @, trudng sd thuc R va
trudng s6 phic Ctadéu ¢6 vn>0,n.t =n>0.
Gia su F, 1a trudng hitv han gém n phén tr. Khi d6 nhém
cong F cocaplan. Do | € F, nén cip cla 1 12 mét ude clia
n. Vay F, ¢6 déc s6 khic 0.
Gia sir X 1a mot mién nguyén, cé daic s6 m = O vim > 1.
Néu m khong la s6 nguyén t6 thi m = pq, trong d6 p vaq la
hai s6 nguyén 16n hon 1. Do dé me = (pq)e = (pe)ge) =0 (e
la don vi cta x).
Vi p va g déu bé hon m nén pe # 0 vige # 0. Nhu vay X ¢é
ude coa khong, trai vdi gia thigt. Vay m phai 1 s6 nguyén té.
Gia sir X 12 mot trudng tuy v. Xét dnh xa ¢ sau day:

¢:Z->X

n—n.l

(Z 1a vanh s6 nguyén, 1 1a don vi cta iruinig X).
@ 1a mot dong cau vi:
¥Ym,ne Z,gm+n)=(m+r1).l=ml+n.l=0(m)+qo(n)

va ¢(mn) = (mn) =m.l.n.1 = p(m)p(n).
— Néu X cé dac s 0 thi ¢ con 1a mot don cdu, do d6 X chira

vanh con ¢(Z) ding cau véi Z. Tir d6 suy ra X chita mot

trudng con dang ciu véi trudng s6 hiu t Q.



3.11.

3.12,

3.13.

— Néu X c6 diac s6 p = 0 thi p 1a mot s6 nguyén t6 (theo bai

3.9). Trong truong hop ndy Kerg = pZ. Mat khic, p 1a s6

nguyén t6 nén Z, 1a mét truomg. Theo dinh 1i déng ciu, X

chita mot vanh con 12 ¢(Z) déng cdu véi Z , = %Z :

Pé chimg minh X 12 mot vanh ta chi con phai chimg minh

phép cong trong X la giao hodn.

Véimoix,y € Yiacd .
X+ +D=x+y)l+X+yll=x+y+x+y.

Mat khac ta co
X+y)(I+D=x(l+D+y(l+)=x+x+y+y

dodéx+y+x+y=X+X+y+y.

Gian udc bén trdi cho x va bén phai cho y ta duoc

Yy+X=X+Yy.

Suy ra phép cong la giao hoén. N

Vay d6i véi mot vanh ¢6 don vi tien dé vé tinh giao hodn cha

phép cong dugc suy ra tir cac tién dé khac.

Céc wéc ciia 0 trong vamh Z/, 14 2, 4 va 3 vi

23=0,43=0.
Gid sit Z’%Z (n+0) 12 mot mién nguyén do dé n=+1.
Vi nZ = —nZ nén ta c¢6 thé 1ay n > 0. Néu n khong phai 12

mot s6 nguyén t4 thi ¢ hai s6 nguyén p, va p» khdc | sao
cho n=pp,.
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3.14.

184

Nhi vay 0=5,p, mi P, 0 va B, = 0, diéu dé ching 1o
Z/, cé ude cia O, trdi vai gia thiét Z/Q la moét mién
nZ. nZ

nguyén.

Bio lai, nu n la mot s6 nguyén 18 thi %Z, [ mdt mién
nguyén, hon nita ta con ching minh duge né 1a mot truong.
Giasirae %Z’ a#0, nhu viy a khéng chia hét chon. Vin
nguyén 16 nén a va n nguyen t6 cung nhau do d6 tén tai u va
v thuéc Z sao cho au + nv = |.

Suy ra

au+nv =1 hay au+nv=1 hay au=1.
Chimg td u 1a nghich d4o cia a .
Tacé
[(a],b])+(a2,b2)]+(a3,b3)=(al +32,b] +b2)+(a3.b3)
:((a| +32)+a3,(b| +b3)+b3)=(a| .+ (ﬂ: +ﬂ_g)..b] +(b2 +b3))
={ar.by ) +(az +az.by +by) = (&:»bl)*[(azsb2)+(33»b3)]-
Chiing t6 phép cong 1a két hop.

(a] P b]) + (32 » bz) = (al -+ 32, b| +. bz)

= (32 + a|, b2 + b]) = (az, bz) + (ai, bf)'
Vay phép cong 12 giao ho4n.
Phdn tir khong 1a (0, 0) vi

(0,0)+(a,b)=(0+a,0+b)=(a, b);

tuong tu (a, b) + (0, 0) = (a, b);



3.15.

{a;. b)) (as, bs) =(a,a5. bb,)
= (a-a. byb)) = (a,, ba) (a), by).

Vay phép nhan la giao hodn. o

[{a;. b)) (4. ba)} (a3, by) = {a,a,, byb,) (azhs}

= ((a)a5)a3, (bybalba) = (a;(aya3), b (bab3))

= (a, ,_b.l) (@»as. bybz) = (4, b)) [{a,, by) (a3, by)].
Vay phép nhéan 1a két hop.
(a1, bl(az. ba) + (a5, by)] = |
= (a,, b,) (4 + a3, by + b3) (a) (a; + a3). by (by + by)) =
={a;a; +a;a;. bb, + b\by) =
= (a,a;, byby) + (a;a;, byby) =
={(a;, b)) (a3, bs) + {a;. b} (a3, by).
Vay phép nhian phan phoéi d6i vai phép cong.
Phan tir don vi 1a (1, 1} vi(l, I)}{a, b) = (L.a, L.b) =(a, b).

Cac udc cua khong trong vinh X =Z x Z 1a

A= {(Ob)‘ beZ}u{(a,O)I ae Z}‘
a) Vaimoi x € X tacéd
- -X =(—x)2=x2:x.
b) Vaimoix,y € Xtacé
x+y:(x+y)2=x2+xy+yx+y2
=X+ Y+ XY+ ¥X,
hay xy + yx = 0 suy ra xy = yx. Vay X la vanh giao hodn.
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¢)Giasux € Xsaochox = Ovady e X la mot phin ti tuy
ylaco xy= xzy = X{xy). Vi X khong ¢é uéc ctia khéng nén
ta c6 thé gidn ude cho x & ding thic trén va ta dudc Xy = y.
Vay x 12 phén tir don vi cia X. Trong trudng hop nay vanh X
chi ¢6 hai phdn tr 1a 0 va don vie.

3.16. Cic vanh di cho trong céc bai tap 3.1 , 3.2, 3.3 khéng vanh
nao la vanh con ciia vanh con lai.

3.17. Gia su A va B 12 hai idéan cia mét vanh X.

Dit C=A+B={a+blacAbeB].

Cz0viDe Ava0e Bnén0=0+0¢e A+B.
Giasltcy=a, +b, € Cvicy=a,+by € C.
Khidéc)—cy;=(a;—a)}+(b,—-by) € C.
Giasirx € X, tacd
x{(a,+b))=xa +xb; e C
va(a;+b)x=ax+bxe C
Vay C 1a mét idéan cna X.
3.18. Gia st A={xeX|nx=0}.
TaconO=0nén0eA, viy Az .
Giasirx), x; € X. manx, =0 vanx, =0, suyra
n(X{ —X») =nx; —nx,=0,
VAY Xy — X, € A,
Giasirx € Xviaec Atacéna=0.
- Tir d6 n(xa) = x(na) = x.0 = 0, n(ax) = (nayx = 0x = 0.
Suyraax € Avaxa e A,
Vay A 1a mét idéan caa X.
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3.19.

3.20.

3.21.

Vé aX = {ax |xe X}- Lacd0=a0 € aX. Viy aX # @ . Gia
slraxy, ax> € aX vax € Xtacod
ax| —ax: = a(X; —Xy) € aX
(ax )X = a(Xx|x) € aX.
Vay aX 12 idéan phai cua X.
Tuong tu ¢6 Xa fa idéan trai cia X.

a) Rorang Oe I].

n m
Gidstu=» abyelJvav=>ab;ell.
i=1 j
Khi d6

m

u—v-Zab Za b Zdlb1+2( )b ell

Vdixe Xtacd

I

Xu = x:ZIaibi = x(a;b; ).: i(xai Yo ell.

i=1
Vay IJ 1a mot idéan cha X.
b)Taluoned liclvallclnménllcIn].

Bay giodgiast aeclnJ vil+T=Xvale Xnénl=u+v
viiue lve I

Titdésuyraa=al=alu+v)=au+av.e l].
Vaytacoll=1In].
Gia str m va n 1a hai s6 nguyén & cing nhau. Khi dé ton tai

hai s6 nguyén u, v sao chomu + nv=1. Do d6 I € mZ + nZ.
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3.23.

IR§

Viy mZ + nZ = Z. Dao lai. nfu mZ + nZ = Z thi

I € mZ + nZ hay | = mu + nv. v6i u vi v thuée Z.

Vay m va n nguyén tg ciing nhau.

. a) Chitng minh theo dinh nghia déng cau.

b) Gia str p [a toan cdu. Khi dé véi méi x thuoe X thi
(x_+ L(I-x)+ Nhe ()%)x()%) nén ton taj ae X sao cho

play=(x+1 (1-x)+ ])
hay (x+J). (1 +x)+N=(a+ 1 a+ .
Trdoésuyraa+i=x+Ivia+J=(1+x)+J. dodé
a-X+uelva(l+x)—a=l-(a-x)=l-u=vel

Vay l=u+ve [+). VayX=1+]J,
Daolai, néul+J=Xthil =u+vvdiue [ vave J. Gia sit
{a+Lb+I)laphintirtuy ycoal+J Pat x = va + ube X.
Khidétaco p(x) = (a+1, b+ 1J). Vay p 1a mot toan céu.
Goi n 1a cap cta phin tr don vi e cha vanh X, nghia 1 n 12 s6
nguyén duong bé nhit cho cho ne = 0.
a) Néu n 1a hgp 6, nghia 1a n = nn, véi 0 < n|, n, < thi
ne = nie nye = 0. Nhu vay, vi X 1a mién nguyén, nén nje = 0
hoac nye = 0 trdi vai gia thiét vé n. Vay n phai 13 mot s&
nguyén 6. (Puong nhignn= 1 vindun=1thile=e=0, X
khong phai 1a mét mién nguyén).
b) V&1 moi x ta c6 x = ex, do d6 nx = n(ex) = (ne)x = 0.
Vay cdp clia x }a udc clia n. Vi n nguyén (6 nén cdp cia x
bang n. '

C) mX:{mx|xeX}¢@ vi0=m0Oe mX.



3.24.

Giastxe X.mx, vimx, € mX, tacod
mx; — mx> =m(x,— x»)e mX,
x(mx ) =m(xx;} € mX

va (mx;)x = m{x;x) € mX.
Vay mX la mot idéan cua X.
d) Ta hay xdc dinh mX.

— Néumchiahétchonthim=nq,qe Z
mX = {rnx = n(qx): U} .
Vay mX = {0}.

— Néu m khong chia hét cho n thi m va n nguyén t6 cling

nhau.doddédcédu,ve Zsaochonu+mv=1_.

Vay véi moi x € X ¢o

x = Ix = (nu + mv)x = n(ux) + m(vx) =m{vx)e mX,
do dé mX = X.
Tém lai

— Né& -hia hét che i X =X/ =~
Néu m chia hét cho n thi /X_ Aj}_x_

_ A -LAN o 1 =4 H X = X =
Néu m khong chia hét cho n thi /nX A( = {0} :

a) Gid st P 12 mot idéan nguyén t6 ciia mot vanh X
X/, ={x+P | xeX!} Ia vinh thuong cta vanh X tren P. Vi

P nguyén t6 nén P X do d6 7%, c6 nhiéu hon mot phin tir.

Pon vi cia P%, 13 e + P véie 1a don vi cita X. Do X 13 vanh
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giav hoidn nén % cing la vanh giao hoan. Bay git gia st
X+ Pvay + Plahai phin tir tuy ¥ cua A néu
X+P)(y+P)=0+P=P

thi xy + P=Phay xv & P. ViPIa nguyén 1o nén hoic xe P
suyrax +P=P=0+Phoicye Psuyray+P=P=0+P.

Viy )% khong ¢6 udc cua khong, do dé )% [a mdt mién
nguyeén.
Gia sur % la mot mien nguyén. Khi dé )% ¢6 nhiéu hon

mot phin tir. do d6 P = X. Gia sir x. y 12 hai phin tr thuoe X
sa0 cho xy e P nhu vy Xy+P=(x+P}y+P)=P=0+P.

Vi )%, khong cé uée cia 0 nén suy ra hodc x + P = P hay
x€ Phoicy +P=Phay ye P, Vay P la idéan nguyén t6.

o X 5 mot traamo khi da X/ e s .
b) Gia sir /ﬁ\ 12 mot truong khi dé /a\ ¢O nhiéu hon mot
phin i do d6 A= X. Gia st I 13 mot idean cita X sao cho
I> A nhu vay c6 mot phan wr x,e I - A. Ta xét

X+ Ae }%

Vix, € A nén x,+ A khi nghich, nghia la c6 mot phan i
Xy + A sao cho (x|, + A) (:\'“ +A)=xXo+ A =¢+ A, hay
c=x'Xptaae A Vix,elviee A clntne e [dods
I=X. Viy A 1 idéan 87 dai cua X.

Dao lai. gid sir A 13 idéan t6i dai ctia X thi A # X do doé %

¢6 nhieu hon mot phan nr. Vi X 12 mét vinh giao hodn cé don



Ehg

3.25.

vi nén % ciing 13 mét vanh giao hodn c6 don vi. Bay gid gia

sit x + A la mot phdn tir khac khong hay x + A# A, vay
xg A XétidéanIctaXmal=A +xX. KhidéIoAvaxel
ViAlatSidainénI=Xsuyrae €l

Dodée=a+xx, vdia € Avaxy € X hay

e+ A=(a+xx))+A=xx +A=(Xx+A) (X +A)
Diéu d6 chimg t x; + A la nghich dao cia x + A. Do dé %
la mét trudng. -
Tir hai két qua trén ta c6 nhén x€t ;

Moi idéan 167 dai diu 12 idéan nguyén (6.

a) Trudc hét ta cd 0 = f{0)e f(I).
Gia sir a', b'ef(l) khi d6 t6n tai a, b €Y sao cho f(a) = a',
f(by=b".Nhuvaya' -b =fla)—f(b)=f(a-b) € L.
Gia st a' & D), yeY. a' = f(a), ac L Vi f la todn céu nén
Ix € X sao cho f(x) = y. Khi d6 a'y = fla)f(x) = f(ax)e[.
Vay f(I) 1a mot idéan cha Y.
Néu f khong 12 toan cdu thi khang dinh trén khong con ding.
Chang han f: Z — Q

nn
la dnh xa nhiing ws nhién tir vanh s6 nguyén Z vio trudmg 506
hitu i Qx Tuy nhién Z la idéan clia Z nhung f(Z) khong la
idéan cua Q. |

b) Ta da biét néu P la idéan cia Y thi f'l(P) 134 mot idéan

cha X. Gia st hai phin tr x;, X, thudéc X sao cho
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3.26.

3.27.
3.28.

162

X|X3€ f"I(P) nhu vay ta co f(x|x,) €P hay f(x M(xy)eP .
Vi P la idéan nguyén 16 nén hoac f(x|)eP hoac f(x,)eP.
Néu f(x;)eP thi x, ¢ f_l(P), néu f(x,) ePthi x, € = (p).
Vay f71(P) 1a idean nguyén td cia X.
Néu P 1 idéan t8i dai clha Y thi khong thé ket luan f~1(P) 12
idéan t6i dai ctia X. Ching han, £:Z - ¢

nn
la phép nhiing ty nhién tir vanh Z vao Q. Tuy nhién {0} I
idéan t6i dai cla Q nhung £7'(0) = {0} khong 13 idéan t6i
dai cua Z.

Dat 3. 1a tap hop tat ca cc idéan thuc su cta X, chita I Khi
d6 2 =@ vil € X.. Theo B3 dé Zom, Y. ¢6 phan i t6i dai
la M. M chinh 12 idéan t6i dai cha X chira L. (X duogc sip ter
tur theo quan hé bao ham).

Ap dung bai 3.26 v6i I = Xa.

(i) = (ii}. Gia sit X chi c6 mot idean 161 dai duy nhat 1a M, |
Khi d6 idéan M la tap céc phédn tit khong kha nghich chia M
(Ap dung bai 3.26).

(ii) = (i) Gid sir tap M cac phdn tir khong kha nghich ciia X
la mot idéan cla X. RS rang M 12 idéan t8i darcia X. Gia st
M’ la mét idéan t6i dai bat Ki clia X khi d6 (theo bai 3.26)
M'c M. Vay suy ra M’ =M tirc 12 X chi c6 mot idéan t6i
dai duy nhat.



3.29. a) N(X)z{xeX‘ Ine N“.nx:U} 12 mot idean ciia X vi

0=1.0 = 0e N(X).

Gia st a. beN(X), Khi dé6 In,me N~ sao cho ma = 0,
nb = 0 khi dé mn{a—b) = 0 tic la a — be N(X).

Giasuxe X, ae N(X). khidé Im e N" sa0 cho ma=0 suy ra
miax) = (ma)x = 0 do dé ax e N(X).

b) Gia stt ae N(X), khi dé6 In 2 [ sao cho a” =0 € P vét mo
idéan nguyén t6 P cua X. Vi P la idéan nguyén 10 nén suy ra
aeP. Vay N(X) la tap con cua giao cua tat ca cic idéan
nguyén t0 cta X. Pao lai. néu ag N(X) ta c6 moét idéan
nguyén t6 PymaagPy. -
Pa S= {a“1 n 20} vi goi ¥ 1a tap céc idéan cia X ma
khong giao vdi S. Vi aeN(X) nén a" =0, vn21 nén
0}e Y. Vay T # O Theo b6 dé Zom (X duoc sap thit
theo quan hé bao ham), 3 c6 phén tir 161 dai 1a Py. Ta ¢é thé
" chimg minh dugc Py 13 mot idéan nguyén td cia X va ag P,
Vay N(X) 1a giao cha ho tat ca cdc idéan nguyén 16 cua X.
3.30. Hién nhién.
3.31. Trude héttacécacanhxa 0:Z > Z va ly 2 > Z

nk=0 n—n

12 hai ttf dong ciu cua vanh s6 nguyén Z.

13-BT DAISG DC A : 193



Gia sit f:Z — Z 1a mot te déng cau cita Z va £+ 0. Nhur viy
ton tai ae Z sao cho f(a) = 0.
Mat khdc ta 6 f(a) = fa.1) = fu)f(1). Vi f(a) =0 nén suy ra
f(1) = 1. V6i n 12 mot s6 nguyén tuy y f(n) = nf(1) = n. Vay
Do do tip hop cdc tu dong ciu cioa Z 1A {0, I;,,-;} :

3.32, Lam tuong tu nhu bai 3.31. Gia st f i[ ]—> L[\/_]
mot tr dong cdu cha vanh Z[\/:] ma f# 0. Khi dé ta suy ra

f(n):n, Vnel.

1(+2)] "= 1(2)=2 hay 7(V3)=

= L

Neéu f(\/—) V2 hivu=a+by2 e Z[\/_] f{u)=u trong
truomg hop nay f 1a d4nh xa dong nhat.

Néuf(y2)= -2 thi
Yu=a-+ b\/i € Z[\E:r,f(u) =a-b\/5.

Ta ciing chimg minh duoc trong trudmg hop nay, f con 13 dnh

xa ddng cdu. Vay ngoai déng ciu khong, Z[\EJ con ¢d hai
tr ddng cdu niia 1 4y 5] T z[ V2] z[ V7]
a+by2 > a-by2,
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3.36.

. Lam tuong tu bai 3.32, ngodi tu dong cdu khong. !Z[I] con

cé hai tw ding ciu nia §3 id;:[-l} va f: Efi[i] - Z[l]

at+bl—a—bh.

CVIf0)=0nen A= Q.

Gid sitx;, x> € A, nhu vay f(x) =x,, fxy) =x; dodo
fix;—x») = f(x)) — (X)) =X =X,
v f(xlxz) = f(X] )f(xl) = Xy Xa.

Vay A 13 mét vanh con ctia X.

. a) Chimg minh nhu d6i véi bai tap 3.1. Phan trdon vila (0, 1).

b) Anhxa f: X - Xx7Z
x > (x, 0)
hién nhién 13 mot don anh. N6 13 mot dong céu vi:
fix +y) = (x +y, 0) = (x, 0) + (y. 0) = f(x} + f(y) ;
f(xy) = (xy. 0) = (x. OXy, 0) = f(x} f(y).
a) Chimg minh dua vao dinh nghia cua vanh.
b)‘K = {(aO)' ae A} 14 mot varh con ciia X vi A >(0. 0)
nén A = @. Gid sit (a, 0) va (b, 0) thuoc A,
(a.0)~(b,0)=(a-b,0-0)=(a—b.0)eA,
(a, 0) (b, 0) = (ab, 0.0) = (ab, W€ A,
Tuong tu ta 6 B= {(Ob)| be B} i mot vanh con cua X.
Cicdnhxa f, :A > X vifhb :B—X
a> (a.0) b (0.b)
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3.37.

la nhitng don ciu va lan luot ta c6 Imf; = A.lmf, = B nen
suyra A=A, B=B.
A)Gdsix=(a,bleXvh o =(a.. 0) € A taco

X = (a5, b)) (as. 0)=(a;a. 0)e A,

X = (a2, W (a, by)=(aa,.0) € A.
Vay A [aidéan cua X.
Tuong twta 6 B i idéan cia X,
d) Theo dinh nghiatacé AnB = (0. 0)}.
Ngoaira, néu xe X, x = (a,, by} thi

X =(a). b}=(a,0)+(0.b)e A+B.
ViyX= A+B.
d) Gia sire, 1a don vj cua A, eg 12 don vi cita B khi dé
€ =(e,, €g) ladon vi ciia X.

a) Véi moi xeX ta cé h(x) = ax, do dé vdi moi X, X €X

- eOhy(xg + Xp) = alx| + Xy) = ax, + axy = h,(x|) + h(x5). Viy

|46

h, 1a dong c&u tir nhém cong X dén nhém cong X.
Goi E = End(X) 1a vanh cdc v déng cdu efia nhém cong
Aben X.Khidé h: X - E
atk> h(a] =h,
la mot dc‘ing cdu (vanh) vi véi moi a, be X,
h(a + b) = h, + v va hlab) = hhy.

That vay. véi moi xe X tacé



3.38.

h, . nx}={(a+ bix = aX + bx = h (X} + hy(x) = (h, + hu)(x)
va h g (x) = tab)x = a(bx) = h(bx) = h,(hy(x)) = h,hy(x).

o) Kerh = {ae Xl h, (x) =0 véi moi x € X}

= {anfax=0 véi moi x}.
Néu X 12 vanh cé don vi thi ae Kerh khi va chi khiae =a =0.
Vay Kerh = {O} hay h la mot don céu.

Tir bai tip 3.35 va bai tap 3.37 ta suy ra ring moi vanh déu
dang cdu v6i mot vanh con cua vanh cdc ty dong ciu cua
mot nhém Aben .

Ta cho tuong tmg méi x + A thude 7% lop f(x)+ B e %
Ky hiéu tuong img dé la f , nghia la f (x+A)=f(x)+B.

Gia st x + A = x' + A nghia la ¢c6 x-~x"eA. Khi do
f(x+A)=f(x)+Bva f(x'+A)=f(x')+B bang nhau. Vi
x-x'eA nén f{x)-f(x')=f(x-x")ef(A)cB. Vay
tuong tng f 13 mot dnh xa tir X/, dén e
Vaimoi x| + A, X2+ Ataco

f(x + A +(xa+ AN = T((x +x) + A)=f(x; +x) + B
=(f(x1}+f(x2))+B=(f(x])_+ B) + (f(x,) + B)

T Fx, F A+ TOG A

f((x))+A) (xo+ A = F(x %, + Ay =f(x;x;) + B
= f(x )f(x,) + B= [£(x))+ B][f(x2)+B].
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3.39.

3.40.

9%

Mt khac
fpx)= £ (px)) = T(x + A) = f(x) + B= p((x)) = p'i(x)

Vay f 12 mot dong cau thoa man fp=p'f.

Gia sit ¢6 f,: % — Y2 1a déng cau sao cho f,p=p'f thi

ta c6 dang thic fp = f,p. Viplatoan dnh nén gian udc cho

ptaduoc f = f,.

Diéu d6 n6i len tinh chat duy nhat cia f.

Néu f 1 mot toan dnh thi p’f 1a mot toan dnh.

Nhu viy ta cé fp 1a mét toan anh tir dé suy ra f 12 mot toin

dnh va do d6 f 13 mot toin cau (bai tap 1.49 chuong I).

Gid stt X = {0, ¢, x;, ., X,}12 mot mién nguyén. DE

chitng minh X 12 mét trudng ta chi can chimg t6 méi phén

tit cha X khéc 0 déu cé nghich do. Gia sir x; € X, x; # 0.

Xét x,X = {xiO. X1X3. ... XjX,}. Do trong X c6 luat gian

ude nén tap hop x;X ¢é ding n phan tir béng s6 phdn tlt clia

X,dodé x,X =X; eeX nén ton tai xj € X sao cho e = XiX;
(e 1a don vi cha vanh X).

Vay x; 1a nghich dao cia x;.

Xétvanh Zp ={0. T, ., n=1}.

Theo bai 3.13, Z_ 12 mét mién nguyén khi va chi khi o 1a

nguyén 16. Két hop v6i 3.39 ta c6 diéu khing dinh.



341,

3.42.

Gia st A 1a mol trudng con cla tntomg cac so hitu tf Q, can
chimg minh A = @. Ta luén ¢6 Ac Q. Pao lai, vi 1€ A (do

A 1a truomg con cta () nén véi moi s6 nguyén n > 0, déu co

i
n=l+l+..+leA, —neA va —€ A
h—-——-—ﬂ

n lan L

Tir d6 suy ra néu 2(q#0) [ mot 56 hitu ti bat ki thi ta ¢
q

-Ezp(—l-]e}\ Vay QcAdodo Q=A
g9 \9 |

Tacé@c:Av‘tvéimc_)iae@,_a:a+0\[2..Giésfra+bﬁ
vic+dy2 e A Tacé

(a+632)- e+ dv2)=fa-c)+ o -dN2 e A
néu ¢ +dv2 = 0 thi
a+b\/§ﬂ(a+b‘/§)(c_d\/§)_éc—2bd bc ad\/— A

crdd2  cro2d? T 2oad? F-2d?
ac—2bd —ad
Trong dé l? b va be-a cl.

¢t -2d  ¢road?

Viy A 12 mot trudng con cla truong 56 thuec &£

. Ching minh giong nhw doi v6i bai 3.42 hoac dua vao két qua

chitng minh bai tap 5.31 chuong V.

CA2@vid=0e A, e=lecA (N

voi moi nje, nye€ Atacone—~ne= (n;-myle€ A
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3.45.
3.46.

200

(ne)(nye) = (nyn,)ee A do phép nhan phan phdi doi véi phép
cong va e” =e,

Vay A 14 vanh con cta X. Vi X Ia mot trong nén A khong
€6 udc cua 0 va theo (1), suy ra A Ia mot mién nguyén.

b)Xétdnhxa ¢:Z — X '
n - ne.
Dé thay ¢la mot dong cau va Ime =A.
Tim Kerg '
¢ ¢ c6 cdp vO han thi véi hai s6 nguyén n, meZ, n# m kéo

theo ne# me, dods ¢ [a modt don cdu viltacd Z = A.

* € ¢6 cap p thi vi X 12 mot trudng nén vanh A = o(Z) 1a mot

mién nguyén cé p phin ti e, 2e, -~ (p~1)e, pe = 0. Lic dé
Kerg =pZ v6i p nguyén t6 va A = %Z

¢) Theo ket qua bai tap 3.40 ta c6 % 7 1a mot trudmg, do do

A 1a mot trudmg.
Hién nhién.

a) Gia sit f: Q—»Q 1a mot ty déng cau ciia Q. Néu f=0,

chitng minh giéng nhu bai tap 331, ta c6
f(ly=1;

f(n) =n véi moineZ.

Véiq e Z,q % 0, f(l)zf(q.l]:f(q)f[wJ:qf(—J,



.EI-

3
suy ra f{ J . Do dé véi moi 56 hi ti Pe Q.q=0 1

q

\ ‘~I 9 4

Viay f la 4nh xa dong nhat cia §.

Tém lai, cde ty ddng cdu cha trudong s& hitu ti @ chi la dong
- cau 0 va dong cau dong nhat.

b) Chitng minh nhr cau a) néu f: R — R 1a mot tu dong cau,
f= O 1thi f(a) = a vdi moi 6 hitu ti ae Q. Ta hily chimg minh
néu r € R 1a mot 6 thue duong thi f(r)= 0. That vay, r cé

-3 2

thé viet r = (Vi) do dé f(r)= f(\/r_sz[f(\/?ﬂ >0,
Bay gity gid sirr € R 12 mot s6 thue tity ¥ ma f{r) = r. Do

tinh chat tri mat khip not cta trudng s6 hitn ti @ trong R

nén c¢d s hitu ti g sao cho r < ¢ < f{r) (1) hoac f(r) < q <.
Khi d6°q —r > 0 do d6 f(q ~r) = f(g) - f(r) = hay q = f(r)
mau thudn véi (1). Hodc r — g > 0 do d6 f(r - q) = f(r) - f(q)
=f(r) — ¢ = 0 mau thudn véi f(r) < q <.

Vay f(r) = r hay f phai 13 mo1 4nh xa dong nhat.
Do d6 tap hop céc tudéng cau cha R [a {0, b }.

201



347,

3.48.

3.49.

3.50.

c}Giasuf: C — € la mot tu dong cau cua trudng s6 phic
Csaochof(a)=avdimoiacR.

Nhur vy véi $6 phitc batKi o =a +bi € Ttaco
f(@) = fla + bi} = f(a) + f(LX() = (a + bH(D).

Hay tim f(i). Vi i® = -1 nén |f(D)]° = f(i¥) = f(-1) = —1.

Vay (i) = i hodc f(i} = —i. Do d6 f phai 1a w dang ciu dong
nhat hay tr dang cau dat tuong ting moi s6 phic a + bi vdi s6
phttc lién hop a — bi.

Q(+2 ) ¢6 hai w déing cdu 1a:
ld. 5, A QH2) > Q(H2)
a+by/2 >a—b2.
(2(1) ¢6 hai tu dﬁng cau ba: Id__.;,\(i) vaf: Q) —» Q)
a+ha—bi

@({/?) chi cé mot tr dang ciu duy nhat |3 4nh xa dong nhat.

a b
-b a

Xétanhxaf:C > M

a+bl—
-b a

a,be ]Ril

g




f la mot song anh vi né€u a + bi = ¢ + di nghia la a = ¢ hoac
b = d thi

]

do d6 f(a + bi) = f(c + di), véi mbi ma trin { 2

b]
e Mta

-b a

a b
co ngay a+ bi € € (via, bthuc), fla+bn) = [ X }
-b a

Gidsira + bi, ¢ + di e C. khi dé
(a+bi)+(c+diy=(a+c)+(b+diva

{a + bi) (¢ + di) = (ac—bd) + (ad + bch.
Tuong ing ta ¢d

a bj+ ¢ d] [ a+c b+d
b a] |-d c] |~b+rd) a+c

[ a b_[ c d}u1: ac —bd ad+bc]

|-b aj|-d c —bc—ad -bd+ac

va

Nhu vay suy ra fi(a + bi) + (¢ + di)) = f(a + bi) + f(c + di) va
fi{a + bi) (¢ + di)) = f{a + b1} f(c + di) Vi C la mot trudmg

nén theo két qua bai 3.45 ta cé M 1a mot trudng.

-3.51. Chimg minh tuong tu bai 3.50. Bang cach dat

" Hzau; :]

a,be @} va xét anh xa



3.52.

3.53.

3.55.

204

f-A> M

2 b
a+by2 .
2b a
Theo ket qua cta bai 3.44 ta ¢6: Néu e ¢6 cidp vo han thi
A= {ne[n e/:_/} dang ciu v&i vanh s6 nguyén Z. Khi dé
trudng cde thuong cua A dang cau véi trudng s6 hiru ti ) 1a

trudng cua cac thuong cia Z.

Néu e ¢é cap p thi A dang cau véi Zy» 06 1a mot trudng nén
truong cac thuong cia A chinh 13 A
Xétanhxa f: Z-T
n— ne.

Va1 T la mot trudng va e 1a phan ti don vi ctia truomg T. Khi
dé f1a mot déng cidu vi v6i n v m thuoc Z ta c6

f(n + m) =ne + me = f{n) = f(m),

f(nm) = _(nm)e = ne.me = f(n) f(m).
Néu T 1a trudng ¢é dac s6 0 (tic 12 cap cla € 12 vo han) thi f
1a mét don cdu. Khi d6 Z dang can véi vanh con A cia T.
Trudng cic thuong cha A 0 rang 1a mot trudng con cia T.

N6 ding cdu véi Q (theo bai 3.52). Néu T 1a truomg cd dic

0 p (# 0) thi A dang cdu véi Z,. n6 1a mot trudng.

Dat A = {EEQKn,p):]},A#—'@ ViZCA.
n .



3.56.

N ¢ TR 1 O . m, m, mn,—m,n,
Néu —, —2eAth _M:_mMn i
ny i n, n, nn,

Vi (n],p)r lw‘i(n:,p): I nén (n]n:.p)z b,

LM, —m-.n
dOdO ]—3,___:.__|€ A

n,n,

. m ms, m;Im
Tuong twcé — —2 =12 ¢
n, 1m, 4RRLL)

Al

Viy A la mot vanh con ctia (, né chia 1 nén A la mot mién
nguyén. Goi A la trudng cic thuong cita A thi vi A= Z nén
A Q. matkhic i AcQnén A <) Vay A=0Q

a)Tac6A+B= {a+b lae A.beB}khzic rong vi
_ 0=0+0e A+B.
Giasira; +bj,a,+b, € A+B.Taco
(aj+b)—(ay+by)=(a  -b))+(b—by) € A+B,
(a; + b Nay+by)=ajay +ab, + bjay, + bb, € A+B,
Viajdy +ajb, + bjay e Avabb, €B.
Vay A + B la mot vanh con ciia vanh X.

b)Rérang ANBCBva AnB=D vi0 e AnB. Giasua,,
a» la hai phan tr tiy ¥ cia A B va b 13 phan tr tily y cha B.
Khi dé &), a; € Avaa,a, € Bnén a, —a, € ANB, dong
thon a;b € AN Bvaba, € A B Vay A n B la mat
idéan cua B.
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) VIACA + Bva A laidéan ciia X nén A ciling 1a idéan cua
A+BcX.

d)y Xétanhxaf: B — A(A +BK
b= {0+b)+A=h+A.
Véimoi b, by €B,
f(by + by} = (b, +ba)+ A=(b, + A) + (s + A) = f(b) + f(by)
fibyby) =b by + A =(by + A) (by + A} =f(b) f(by)
Ta hay tim Kerf, c6b € Keif @ b+A=A

<>beA
< be ANB.

T’hcé dinh li dong czj’u Suy ra (%) ABz= At % :

. . B
. Hién nhién /A =&

Gid sirx; + A, x; + A € B/ khidéx;. x; eBvaviBla
1déan cua X nén X, ~ X, € Bdo dé
X, +A) - (X5 +A)=(x;-X)+A € %
- B .. X . . R N
thsux+A€Avax + Ae A.Klndoxer:Bia
idéan cia X nén x'x e B, dodd

(x' +A)(x+A)=x'x+Ae%.

~ ot ' B :B by At 171a-
Tuong tr (x + A) (X' + A) € A.V}) A la mot 1déan

cua %



3.58.

5 moi X/ ta di i 5 X
V01m01x+Ae/Alddglluonglmgvmx+Be43.

Neux+A=x"+Athix-xeAcBnénx+B=x"+B.

Vay tacéd mot dnh xa ¢ : %—) %

X+A > x+B
Dé thay ¢ la mot toan céau, va bay gid tim Ker ¢
x+A e Kerg < pix+A)=x+B=B

= xe B

S X+Ae %

Vay Kergp = % :

X7
Theo dinh 1f déng cau ( -~ A

)/
A

Xét anh xaf:Xa(%)x(XB) |

(X + A, x +B).
R& rang f la mot dong cau.
Taco ]l =¢ +e, vii € €A va e, €B. Nhu vay, vdi moi
X1. X3 € X datx =e)X| + )X, € X, tir do
X=X ={e;—- Dx, +e1x3=¢;(—x| + x5) € A,

X—Xa=€X| +(e — )Xy =ex(x; - xy) € B,

doddx+A=x +Avix+B=x,+B, suyraflamottoan

anh.
Mat khic, x e Kerf @ (x+ A, x+B=(A,B)

S xeAnB.
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3.59.

3.60.

3.61.

3.62,
- 3.63.

208

Vay Kerf = AmB. _

Vi A va B 1a nhimg idéan, nén AB 1a mot idéan luon tuon

chita frong A B. Bao ham thic Am B < ABsuy ratw
X=A+B.

Vay A m B=AB.

Theo dinh 1 dong cau suy ra XAB = (X/f\) X (Xé)

Do m vii n 3 nguyén t6 cling nhau nén mZ + né = Z.
mZnZ = mnZ.

A S ach b =(Z Z .

Ap dung bar 3.58 ta cd . _(A_'Z)x(f né’i)

bat U = {an |33'6X,a'a=aa':l}A

Uz vileU. Giastra bel, khi d6 tdn tai a’.b"' € X sao
cho an’ =a'a=1 vi bb'=b'b=1suy abb'a’=1; ba'ab=1.
Viy ab e U.

Néu a e U thi a’ 14 phdn 0 sao cho a'a=aa’ =1, ching 10
4’ € U v la nghich dao cta a trong U.

Céc wéc cia don vi trong vanh Z// 13 va chi 12 cic 16p a
sao cho a vA m nguyén t6 cung nhau.

Trong vanh Z%Z’ cdc ude cha don vi la 1.2, .. p-1.

-Ching 1ip thanh mét nhém cap p — I véi phép nhén.

Do dé néu a 1a mot s6 nguyén ma a khong chia hét cho p thi

_ T —
4 12 mét uée cia don vi va a’ =1 , vy 2Pl = i{mod p).
Chiing minh tuong tu bai 2.77 (chuong II).

Chiing minh twong tu bai 2.78 (chuong II).



3.64. Ching minh tuong ty bai 2.80 (chuong 11).

3.65.

3.67.

a) Chimg minh twong ty bai 3.42 (chuoug II).
b} Gia sit ¢6 mot dang cau f tir QX J7 y dén Q1 Jﬁ) :

Lam nhu bai 3.46 tacé f (a) = a véi moi a € @ do do

[f(ﬁ)r =f[\/?7)=f(7)=?.

Vay f( J1)= J7 . Nhung V7 ¢ Q(x/l_i),_mz‘iu thuan !

. Ta biét rang mot trudng chi ¢6 hai idéan tdm thuong. Bay gio

gid sir X 1a mot mién nguyén va X chi ¢6 hai idéan tdm
thudng 1a {0} va X. Gid sir a# 0 12 mot phén tir cia X. Ta
xét idéan I = (a) cia X sinh ra boi phan tra. Via # O nén
T2 {0} do d6 1= X. Ta cé leX nén lel hay tén tai mot
phéan tr 4’ € X sao cho 1 = aa’. Vay X 12 mot truomg.
Gia sir (X, <) 1a mot vanh sip thif ty. Khi d6 ta dit
P={xeX|x20}.
Dao lai, néu ¢6 P 1a tap con duong cia X thoa man céc tinh
chit: aePvabeP>=>a+belP '
acPvibeP=>abeP
P (-P)=1{0}
PuU(-P)=X

thi véi quan hé a £ be> b—a < P, X 1a mét vanh sip thu ty.

368. (Da+x<a+y = a+a+x<-a+a+y

=0+x<0+y= x<y.

a—-x<a-y=>((a-y)—-(a—x)>0
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3.69.

= X=y>0hav x >y,
Voaic>0vaia<btucé0<bh-u o
= 0<e(b-a)
> 0<ch-ca
< cuZch,
Véia <0, ax <ay <> 0 <ay —ax
< U <aly —x)
SO0 <-alx—y)
S 0<x-yovax.
Néw a>01hiax <ay <
O<ay —ax < aly —x)> 0
Sy-x>0 e x<y.
a>0 > 212>U,
<= —a>0 :{—a)2 —a’> Q.
1 Giasta,be X.Neua-be Pthia>b:néua=be —P
thia—b < 0dodéb—a=0hayb = a
Vay X sap thit tu toan phin.
a) Theo bai 3.68 tacé 1 = 1° > 0 (I'la don vi coa vanh A). Lan
lugt dp dung tinh chdta>b = a+c¢>b+ctacod
1>0
I+1>1
I+1+1>1+1

I+l+. 41141+ +1.

n ki n-1 lan

12-BT DAISO PGB



Do tinh chit bac ciu cua quan hé 2 nén suy ra n.1> 0 vo
moin> 0, n € Z vay vimh A c6 dac 56 0.
b) Pat P, = A ~ P. Khi d6 P, thoa man cic tinh chat sau:
véimoia. be Ploa.be Avia b e Paén
a+beAnP=P
abe AP =P,
P,~(-P) =(AnP)n{An-P)
" =An(PA-P)=1{0}
P,u(-P) =(AnP)U(AN-P)
=An(PU-P)=AnX=A
Vay A 1a mot viinh sap thit ty véi 1ap con duong la

Hi

Ching minh dua vio dinh nghia cta

. Gia str A ta mot mién nguyén sap thi tu véi tap con duong 1a

P. A Ii truomg cic thuong cia A, Khi dé trong A ta xay
dung tap con duong nhu sau P = {% e A ‘ abe P}.

Ta ¢6 the chitng minh duge véi tap con duong P2 la mot

truomg sap thit e vii PAA = P.

. Gia st 1 1 don vi cua truong sap tha e X, Khi do véi hai
. . -, X+y .
phan 1o x. y thuoée X sao cho x <y, taxétz= - . Phan wr
. o XYL
z thoa min x <z <y. That vy, X <y nén > <5 tr do
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vaz= —+
9

< -+

:y‘

[ SR
[N

3.73. ) Gia st 2. 12 hai s6 hitu 1, véi <> 0.
- b'd d

“Neu L c0tace L1 528
b b d

- Néu ™ >0, ta lay s0 tu nhién n€ N sao cho nbe > ad thi
N a <
sé dugc —<n—.

b d

Vay @ 1a trudmg sap thit ty Ac-si-met,

Gia st a, b 1a hai s6 thuc, a > 0.

- Néub<Othitacéb< la=a

— Néu b >0, dat [b] la phan nguyén cuia b,
Taluoncé [b] + 1> b.

Néu a < 1 thi l>l, l -t-1>l do dé
. a a a

b<[b]+1 _ [oJ+! a<([b]+5)ﬂa}+1J

a
Néu a > | thib < ([b]+ 1.
b) Gid sir X & mot rudng sap thit tr Ac-si-met, x, y € X sao
cho a < y. Nhu vy y — x > 0, vi X sip thi ws Ac-si-met nén
ton tat 0 (r nhién m sao cho I < m(y — x) =my — mx (I la
don vi ctia X) hay mx + 1 < my. Ciing vi l{ do X sédp thit tw

Ac-si-met nén ton tai 6 ty nhién m sao cho |my‘ <nl =n.
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XéttaphopM = ke Z

k < my} : M bi chan trén vi véi moi
k € M, k < my < n. Mat khdc M= {0} vi-nl < —[,myl <my,
ticla—n e M.

Vay M c6 phan t(r 1én nhdt 1a p. Ta ¢ p < my. Va ta cling c6
mx <p(vinfumx 2 pthip+1 £ mx + [ <my.dodd

p+ | € M. mau thudn véi gia thiét vé p).

Viy tacéd mx < p<my. Tudo suy ra x < P <y.
m

. Ta biét ring néu (X, <) lh mot truong sap thi tu thi

Yae X,az0:0<a” va0< 1, suyra—1<0.

Néu trong C ¢é mat quan hé thi ty < sao cho (C, <} ta mét
trudng sap tha ty thi ta phai c6 0 <i’. Nhumng i=—-1<0
{mau thudn).

Vay khong cé moét quan hé thit ty ndo trong C dé € trd thanh

mot trudng sap thit tu.

213



CHUONG IV. VANH DA THUC

4.1,

214

a) Co 18 da thuc bac hai trong Z,|x], d6 1a

22 - 2
XX"+ 1 x+x

) T 2 s 2 =

XK +x+ 1%+ 2.x"+ 2x

3 — — 3 - —

XT+ 2x+ x4+ 2x+ 2;

5 _

X+ X+ 2

52 3.0, T. 5.2

IXT 27+ 1 2T+ x

5 2 - 52 = =1 =

2x +x+ P 2x + 2: 2%+ 2x

_.2 — _.,.2 p— _2 J—
2XT4+2x+ 102X+ 2X+2: 2"+ x + 2

b) €6 2.3.3.3= 54 da thikc bic ba trong Z;[x}.
¢) C6 2.3" da thic bac n. That vay, gia sir
f(x) = ax" + a|x""l + ... +a" e Za[x)
la mot da thic bac n. C6 bao nhiéu bo (aj, 4, ... a,) phan ti
clia Z3 x Zs x ... x Z thi c6 by nhieu da thitc f(x). S6 phdn
thcha 73 x Ly x ... x Dy = 75 x 75 1a2.3",
Viy s6 da thic bac n trong Z;[x] 12 2.3".
véin =2 ta ¢6 2.3 = 18 da thic
n=3tacé 23" =54 da thic.
a) Trong vanh Z[x]cicuécclia | la +1.

b) Khi A Ta-moét truong, tap cdc uée cha 1 trong A[x] la tap
cdc phan tr Khdc 0 cna A.



4.3.

44.

4.6.

c) Khi A 1a mét mién nguyén thi tap cdc ude cua | trong
Aln}1a tap cdc udc caa 1 trong A.

Gia sut & 1a mot phan ur luy linh cua vanh A. Theo dinh nghia
ton tai s6 nguyén duong n sao cho a” = 0. Gid sit m 12 s6 mil
bé nhét sao cho ™ = 0.

Tacol=t+a"x" =1+ @)™

<= | = (1+ax) [(ax)m-l B (ax}'“’z - (_])m—ll

<l =(1+ax) (am—‘_xm—l e, (- l)m—1)

Viy |+ ax kha nghich. -

Mot cdch 1dng quét ta ¢6:

Cho f(x) = ay + a;x + ... + ax" € Afx| {A 12 mot vanh giao
hodn, ¢6 don vi 1), f(x) 1a udc cia don vi khi va chi khi a; 1a
ude cha 1 vaa; (i =1, 2, ..., n) [a nhimg phan t tu§ linh. Doc
gia tr ching minh.

Chiing minh 5 12 ding ciu bang cdch cho f(x) va g(x) 1a
nhiing biéu thifc xdc dinh cla ching.

Trong vanh Zg[x] ta c6

(1 +4x) (1 +4x)y=1;
(1 +4x +4x7) (1+ 4x + 4x7) = 1.

Mot cach tong qudt (1 +4x + . + 44" =1me Z)

Do d6 suy ra cdc két qua cua a), b) vac).

a) Dat p = 1f(x) € Alx] | f(x) cé hé tir cao nhat duong

1a tap cac phan tir dwong cua A[x].

V61 moi f(x) va g(x) thuéc Ptaco f(x) + g{x) e P
f(x) g(x}) e P.
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bar —P = {f(x) € A[x] | f{x) ¢6 hé tr cao nhat am},
khidoP n{-P} =&
P U0} W(-P) = Alx].
Vay, ta da chi ra duoc tap cdc phin tr duong cliia Alx| lam
cho A[x] tro thanh moét vanh sdp thit .
b) Lam tuong tr cau a)
Dat P = {f(x) € A[x} | f(x) ¢6 hang tlr tu do duong |
4.7. Chiing minh bing cach cho f(x) va g(x) boi biéu thic cu thé
va dua vao dinh nghia cia dao ham hinh thic,
48. (2x% +3x+ D(3x> +Tx+2)=
XM+ 2+ + @+ 3+ +(F+T)x+2

Tx* + 4 + Tx? +3x+2

= 2x* +3x+ 37 =4x? +ax* +ax + 3
4.9, .(fx?' +4x% + )G +3x+2)= 1X° + 5%° + 2x .
Vanh Z[x] c6 udc cia khong, ching han 2x va 3x° + 3 .la
hai da thiic khdc Onhung 2x.(3x% + 3)=0.
4.10. Ta c6 thé viét f(x) = x> + 3x2 +2x + 1
g(x)=3x> +2x + 4.

(Vi =1 =4 vd -2 = 3). Ta thuc hién phép chia theo so dé sau:

ax +2x% 4+ 3x +1 3x? +2x+ 4
ax? + Tx? + 2x 3x+2
1x2 +1
Tx% +4x 43
1x+3




4.11.

4.12.

4.13.

Vay fix) = g(x}3x+2)+ 1x+ 3.

Taco

- 3 R 9 = =
1x: +px+35 X" +5x+6
xS +3x7 + 6x Ix+2 .

%%+ (p-6)x+5

= 2 = —=
' +3x+5

{(p—6-3)

Décho (p-6-3)=0ta phai cé p =2 (mod 7).
pcodang 7k + 2 véi k € Z.
a) 2X + | ¢6 thé viét thanh

]
2x+1=2{x+ -
2)

e I SR

Vay f(x) chia hét cho [x-&--};) do do f(x) chia hét cho -

2(){ +—;—J trong (Jx].
b) Ta ciing cé f(—1) =0, do @6 f(x) chia hét cho (x + 1}.

¢} f((0) = 0 nén fix) chia hét cho x.

a)Dathic ((x) = 1x* +14 eZs[x]



4.14,

4.15,

cobonnghigmitrong Z51a 1, 14= -1, 4 vall= -4
ngoai ra khong con nghiém nao khic.

by Cac nghiém cun f(x) = 1x" +20 & Z,|x] trong Z~y la

1.20.8 va 13,

et n—1 .
Gia st fix) = ax" +a,x"  + __+a_ vl
{ | n

gx) =x"+ b,xm_] + ... +b,,.

Trong truong hop hé tir cao nhdt cita g(x) bang 1, ta vin thuc
hién dugce thuat todin Oclit trong Alx | dé tim g{x) va r(x).
Bay gitr gia su
f(x) = g(X) ¢ (x) + r;(x) v&i bac r)(r) < bac g(x) néur,(x} # 0 va
f(x) = g(x)g>(x) + 1(x) v bac ry(x) < bic g(x) néu rH(x) # O
Tir hai dang thite nay suy ra

2(x) (qy{x) — q2(x)) = 12(x) — r((x). (*)
Néu r((x) # ry(x) thi ¢(x) # ¢2(x) vd ¢6 bac cua v& phai cha
dang thdc (*) bé hon m (bac g(x)) con bac cha vé trdi cla (+)
16n hon hay bang m (vi hé s6 cao nhit cha g(x) bang |) diéu
niy khong thé sdy ra. Vay r(x) = 15(x) va do dé q,(X) = g(x),

tic 1a cdc di thic q(x) va rf(x) duge xdc dinh mot cich duy
nhat.

a) Theo két qua bai 4.14 ta ¢6

f{x) = (x —u) g(x) + r(x} v&i bic r(x) < 1 néu r(x) £ 0.
Nhu vay f(x)=(x —u)g{x) +avdia ¢ A.
TacoO=fluy=u-u)g(u)+a

tr d6 suy ra a = 0 hay f(x) chia hét cho x — u.



4.16,

4.17.

b} Gid souy, us, . 1 m nghiém phan biét caa fix) rong
A. Theo a) ta cd

f(x)=(x —uj) q,(x) véi q(x) « A[x].

f(us) = (us = uy) gy (ua) =0
uy =ty £ 0 nén ¢y(uy) = 0 nghia [ u, 12 mot nghiém clia
q,(x). Lai theo a) ta c6

() = (X — ua) g4{x).
do d6 f{x} = (X — u) {x — u5) ga(x). Lap lai twong tu nhu frén
doi v uy va gs(x)... Sau m budc ta ¢
FOX) = (X = 1)) (X = us)o (X — u) (%) V6 q,(x) € AlX].

Gia sir f(x) = agx" + apx™ '+ +a, € A[x), ay £ 0 c6 nhiéu
hon n nghiém phan biét teong A. Theo bai tap 4.15 ta cd

f(x) = (X — X HX~Xa ). (Xx—X,,) g(X) (h
trong dé x|, x,, ... X,,, 1& m nghiém phan bi¢t cia {(x) véi
m > n.
V1 A la mét trudng nén bac cia da thic v€ phai coa (1) bang
m + bic g(x) >m [6n hon bac cia da thie {(x) & v& trdi.
Diéu d6 din dén mau thudn. Vay f(x) c6 khong qud n
nghiém phan biét trong A.
Néu A 1a mot mién nguyén thi tinh chét ndy vin con diing.

Con néu A 1a mot vanh tuy ¥ thi tinh chat ndy khonﬂ con
ding nita. Xem bai 4.13.

@) Trude hétl 1a chimg minh rang néu p(x) = g(x) g(x) véi
q(x} va g(x) thuoc Afx] thi bac g(x} = 0 va bac g(x) = hac
p(x) hoic biac g{x) = 0 va bic g(x) = bac p(x). That vay, néu
bac g(x) # 0 va bac g(x) £ 0, gia sir bac g(x) = m; va bic

g{x) = m,, the thi m; + m, = bac p{x), 0 <m, n < hic p(x).
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Khi do tacopia) = glu)gla) = 0.
Vi A la mot truong nén g(a)= 0 hodc qlu)=0.
Diéu nay trdi vo6i gia thiét vé pix).
(Khi d6 ta néi rang da thic p(x) bat kha quy trong A[x]).
Ngoai ra, gia sir f(x) e Ajx] sao cho fla) = 0 thi f(x) chia
hét cho p{x) hay f(x) e (p(x)). Thit vay ta co
fix) = p(x)yg(x) + r(x) néu r{x) # O thi

bac r(x) < bac p(x). (*)
fla) = plo) glo) + r{a) = 0 kéo theo r(x)=0. Do {*) nén suy
ra r{x) =0.
Vay f(x) = p{x) q(x). Bay git gia su f(x) e Alx] sao cho f(x}
khong chia hét cho p(x). Dung thuat todn Oclit ta ching
minh dugc wéc chung l6n nhat cua f(x) va p(x) 1a mot da
thitc bac O nghia 14 mot phéan t cua trdng A va ¢6 cic da
thic u(x) va v(x) sao cho

p(x) u(x) + f(x) v(x) =1 (**)
(1 12 dom vi ctia rrudong A). Dua vao cdc két qua trén ta ching
minh I = (p(x)) 12 idéan 161 dai trong Ax]. That vay, gid sit B
1a mot idéan cua A|x] sao cho I < B, vi gia sit B # I, nhu
vy 16n tai f(x) e B sao cho f(x) ¢ 1. Khi dé f(x) khong chia
hét cho p(x). Theo (¥*), ton tai cac da thic u(x) va v(x)
thude Alx] sao cho p(x) u{x} + f(x) v(x) = 1. Do dd | €B,
hay b = A[x]. Vay I ]a idéan 151 dai.
b) Xét dnh xa ©: Alx] > Al |

f(x) > fla).

RS rang ¢ 12 mot tean cau tir vanh A[x]| dén vanh Aloj. Hon
nita Kergp =1 (dua vio két qua da chimg minh trong ciu a).
Do dé f(x) e Kerg khi va cht khi ¢(f(x)) = 0 hay f(a) = 0
hay f(x) L.



W

4.18.
4.19.

Theo dinh i déng ciu ta co AIX]I = Al

Chimg minh theo dinh nghia caa da thic bat kha quy.
Gia <t p: A -V la mét dong cdu tir vanh A dén vanh V sao
cho (1) = 1 viiu € V 1a mot phan tr cho trudge. Khi dé co
anh xa ¢ : A[x] — Vduoc xidc dinh nhu sau
H . 1 i
P ax =Y gau')
1=0 1=l
n . ) f
véi moi f(x) = > a,x' e Alx}, $1a mot dong cau. That vay,
i=()
ta co

n . n . 1] .
F ax' +> bix'y = §( Y (a; +b;)x'
i=0 i=0 i=0)
3] R
= > o¢fa, + b W'
1=0)

=Y (ola; u' + (p(bi '
i=0)

= > ofa; e + (q)(bi)ui

i=0 i=t}

% . n .
=Y ax Y+ (Y byx').
=0 i=0)

n . m .
Giasitf(x)= Y, aix' . g(x)= X bx).
i=0) =0

bt
It



=4 m .
) gtx)=hx)= 3 ¢x' véic = D> ab,
1=} b
i= . ..n4+m.

Khido o(f(x).g(x)= D (puc,u' =

i=()

m+in . m+n

= Z ol Z a by ' = Z( Z qlay Jp(b; })uj. (*)
1=f) k+1= 1=} k~l=]

1 . [} .
Mat khie $(F(xN =o( > a;x' )= 3 ola; u'

1= p=()
1m R m

Plex) =3 bxh)y= 3 oh; u
=0 J=0

do dd o(f(xNep(gix)) = > ola, u,.> (p{bi !

i={} =t

n+im . i

= > (2 ota et hu' . (%)
=0 k+1=i

- So sanh (%) véi (%) ta thay §(f(x)g(x)) = pF(x)).P(g(x)).
Honnta §(x) =9I x)=@(u=lu=u:"
vavoimol a € A ta ¢ Q(a) = @(a), nghia li F;?‘A =,
Biy giy gid ~iv w0 Afx] — A la mét déng ciu sao cho

n .
Y(x)=uva \p‘A =thi véimoi fix) = Y a;x' € A[x] ¢6
1=t

1 R it 1 R n R
w2 ax )= 2yt px' ) = Y pau ) =5 ax'
i=0

1={) 1=t 1=(]

T



Vay w= ¢ . Tic Ev ¢ duoe xde dinh mot cich duy nhat.

4.20. Xt dnh xa ¢ Alx| —» (“%)hi

Hx)= ia‘x" — f{x): i{ui + ix!

i=1 =
T €6 ngay @ i toan ciu va Kerg = 1{x}.
Viy theo dinh Ii dang ciu suy a:

a) I[x} [a idéan cua A[x].

) AIX,I Tx| = (] )ix1.

¢) I ladéan nguyén to cua A < % 12 mién nguyén
<> (‘%]lxl 14 mién nguyén

= A[x%xl la mién nguyén

<> x| 1a 1déan nguyén 16 cua Alx|.
d) Néu [ Ia idéan t6i dai clia A thi I]x] khéng L idéan (61 dai

cua Afx) vi Alxyx] = (fﬁ/)lx] khong la truong.

4.21 Xétdanh xa ¢ Alx] 2> A

] -
fixy= 3 a,x' + f(0) = ay,
1=(}

[a ot toan cau vi

) .
Kerp=T={> ax'
1=1

aeAi=1,..n nz L



Alxl/ -
I = A,

vi A 13 mot mién nguyen nén suy ra I 13 mot idéan nguyén 6
cuz A[x].
Néu A 1a mot truomg thi ta ciing cé [ 1a mét idéan t6i dai cua
Alx].

4.22. Ta ding phuong phdp hé 6 bat dinh dé bidu dién da thiic

xf + xé + x;' qua cic da thie d6i ximg co ban.

Tir d6 suy ra I 1a mot idéan cua Afx] dong thoi

Hé thong s6 mil 1a
M={(4,0.0). (3, 10),(2,2,0). (2. 1, h}.

L . L3 7 L
Do do xf +x§ -!-x; = (‘114 +ad78, + bd3 +¢;d;

i X, X 'l x_«,‘ : a + b ¢

0 | o 2 |
| | (U i -4

R o 4

: : - o~ -2 s o
Vay x| +x3 +x$= 8] - 4818, +263 + 48,8,
4.23. Trong vanh Z,[x,, X5, x3]tacd

4 : .
(X, + X2+ Xx3) = x?+x§ +x}f

nén da thitc xf + x}i + xi‘ bi¢u dién duge qua cdc da thite doi

xling co ban 1a

4.24. Pat S, = x" + y tacé

Sy = ‘)‘|
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Téng quat ta cé

T T 2 R )y R

(X +y+ {xk
X +y4 = 8,8, (-8,8, 5.
Suy ra Sy = & — 35,5,
Sy =8) —48%5, + 283
Ss= &) — 5878, +55,83.
b) Ta c6 x” + 2x3y3 + 3)(2)/2 - x4y - xy4 + 2x2y3 +y
=(x" + yﬁ) + 2x2y2(x +y)+ 3x2y2 - xy(x3 + y"')
= (8] — 5818, +5883)+28,83 +355 ~5,(5) —35,5,)
= 87 6378, + 108,55 +383.
4.25. Dat d|=x+y+z
8y =Xy + y7Z + ZX
Oy = XYZ.
Ta c6 hé phuong trinh
5, =6
8;=6
87 — 35,8, + 3584 = 36.

Tie h¢ nay tim duge §,=11. Vay x, y, z 12 ba nghiém cta
phuong trinh bac ba
f(X)=X"-6X>+ 11X ~6=0.
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Phuong trinh nay cé mot nghiém 13 1 (vi tong cac hé¢ so
bang 0).
Khi d6 v€ trai cia phuong trinh ¢é dang

f(X) = (X - 1) (X* — 5X + 6).

Pa thic X> - 5X + 6 c6 nghiém la 2 vd 3. Vay cdc s6
nguyén can tim 1a 1; 2 va 3.

4.26. bat o;=x +y
&> = xy khi d6 h¢ dé cho tro thanh
<3 .
52 —25, = 4.
Tir hé phuong trinh nay suy ra

—%af +68, ~8=0 hay

57 +128, -16=0. |
Phuong trinh nay c6 mot nghiém 1a 2. Vay v€ trdi c6 dang
(8, —2)(8% +25, -8).
Phuong trinh 87 + 28, —8 = 0.¢6 hai nghiém 13 2 va —4.
Véi ;=2 tacé 8,=0
= —4tacé d,=6.
Suy ra x va y 1a nghiém cua cic hé phuong trinh sau:

X+y=2 . x+y=-4
va
xy=0 Xy =60.

Céc hé phuong trinh nay cho ta cdc nghiém Ia
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{x1=2 ' {xzzU
y|=0 }’222

{x3z—2+iv": {x4=—2~i\/§

Y, =2-i\2

4.27. Dat ;=x+y+z

8y =Xy +yz + X

dy = xyz
khi d6 hé phuong trinh di cho tro thanh
o =a
87 — 28, = b

&) 38,8, +35; =a .

Tu hé nay suy ra

8] =34
1 2 2
82:_"2'*(3 -b )

8y = %a(a?’ -bz).
-Vay x, ¥, z 1a nghiém clia phuong trinh bac ba
f(X) = X - aX* + -;-(a1 “bH)X - %a(a: -b*)=0.

Vé trai cta phuong trinh phan tich duge thanh

f(X)=(X -a) [x3 +*;-(a: —bz)}.



Viy phuong trinh {(x) = 0 ¢6 cdc nghiém fa

PR b2 —a
X]=a,X'J= b a .qu—vb a .
- 2 ’ 2

Khi két hop lai ta dirge sau nghiém cua hé phuong trinh di cho.
4.28. Dﬁt 6] =X+y

&, =Xy.

Tu phuong trinh dd cho ta ¢6 phuong trinh &, = 6? - 35,.
- Vi x. y nguyén nén ciing la nhitng s6 thuc, vay phai cé
87 — 48, >0 tic 1a 8 2 48, . vi vay

2 s s L3
87 — 8, =35, <25

Py

1
hay 2812-61 <0 tic 1a 8,(3, -4)<0.

0<8, <4

Tir dé6 suy ra ,
{3‘32 N 612 - 0

ta cé cdc hé

Tix dé suy ra



4.29,

4.30.

bat 6 =x +y
8y = Xy.
Phuong trinh di cho tro thanh
8y — 38,8, —1=33,
hay (8; +1)(8] — 8, +1-38,) =0.
Vix>0,y>0nén 6l-x+y>0 clodo O +1#£0.

Viy tacé 61 -0, =38, +1 —_0
tr dé suy ra 8, = 5(8,2 —5, +1).
Vay x va y thod man

X+y=9§

Xy =%(8|2 —8, +1)
Chuing la nghiém ctia phuong trinh béc hai

2 —~6]z+—31—(6]2 —5, +1)=0. (1)

Phuong trinh (1) v6 nghiém néu o #£2.
Viy phaicé ;=2 hayx =y = 1.

Goi x|, X3, X3. X4 12 b6n nghiém cia da thic f(x). Khi dé
S=xj +x3 +x3+x} =8} -35,5, + 36, (1)
VG O =X + Xy + X3+ x4 =~1

82 = X1X2+ X1X3 +X1X4 + X2X3 +X2X4+ XXy =2
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4.31.

230

e

O3 = X XXy + X XaXy + X X3Xy + XoX3Xg =~1.

Thay vao(1)taco S = 2.

a)Tacofix,y) = ‘S(x4 + 5’4) -1 lxy(x2 + yz) - 18x2y2 =
= 6(5] - 4878, +263) 1155 (8F —28,) ~ 1853
= 65 — 35575, +1653 .

Vé phai la mot tam thic bac hai d6i véi 8, . N6 ¢6 nghiém la

2, 32
0y =207 va 6, = —97 .
2 1 2 16 1
Vi vy tacé

, 3
f(x, y) = 16(8, — 282 )(3, —Eof)

= (28] —8,)(38] -163,).
f(x, y) = (2x% + 3xy + 2y%) (3x” — 10xy + 3y%)
= (2){2 + 3xy + 2y2) (x-3y) 3x —-vy).
b)g(x,y,z) = 2()(2y2 + X7+ yzzz) - (x4 + y4 + 24)
= 285 —28,84) — (5] — 4515, +283 +45,5;)
= -5} +4525, ~85,5;
=8,(48,5, — 57 —88;).
Vay g(x,y, z)chiahétcho §;=x+y + z

g(x, y, z) chi chita céc 1y thita chén cia x, Iy, znén g(x,y, z)

cingchiahétchox -~y +z -x+y+2vax+y-z Viy

28X, y,2)= _
X+y+D)(X-y+2)(x+y+2)(x+y-2z)h{x,y, 2).



So sdnh bac cha hai vé& ta ¢6 bac clia hix, y, z) bang 0 d6i v&i

X,y,ztic lahlamoét s6. Chox =y =z =1 taduoc

3=3 hix,y, z).
Suy ra h(x, y, z) =1.
Vaytaco g(x.y.z)=

(X+y+2) . (x—y+2). (—x+y+z).{(x+y-—-1Z)
4.32. Taco (x+y)(x+2)(y+2) =

2 2 2 2
=X y+x22+yzz+y X+ XZ +yz"+ 2xyz

= 8,5, - 35 + 204
= 818, - 83

=(X +y+2)(Xy + yZ+ ZX) — XyZ.

CTacx* +y*+2° = 3 — 4575, +263 + 45,8,

Vigd =x+y+z=0nén

x* 4yt 2t = 262 =20xy + yz + 2x).

4.34. Dit 5,=a+b, 5,=ab

2
A= 51 —462
224+ b = 5% — 25, = 52 —2%(55 _A)

= -1-6,2 +1A.
2 2

ViAz0vad=a+bz2cnén

at+b% > -1~c2.
2
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4.35. Taluén cé
2 2 2
X=¥Y +{y-2) +(z-x)y 20
o 2(x7 + y2 +27)— 2xy + yz +2zx) 20
& 28} —28,)-28, 20
& 28] 68, 20
© 287 268,
& 87 235,

S (X+y+ z)2 2 3(xy + yz + zx).
Néu x =y = z thi dang thic xay ra.
4.36. Theo két qua bai 4.35, ta ¢6
' (x -{-y+z)2 >3(Xy + yz + zX).
Thay x = ab, y = ac, z = be ta duge
(ab + ac +bc)’ 23(a’be + ab’c + abe?) hay
(ab + ac + be)® > 3abc(a + b + c).
4.37. Vi x, y, z duong nén & >0, 8, >0, 33 > 0. Theo két qua
bai 4.35 va 4.36 ta cé
5% > 35,

53 > 35,5,.
Tir d6 suy ra
5753 > 95,8,8;.
Gian uéc cho 3,6, ta dugc
8,8, 2 98;.

Vay (X +y + 2) (xy + Xz + yz) >9xyz.
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4.38. f(x,y) = (x3 + y3) + 3xy(x2 + yz.) +2Xy(X + y) + szyz
= 5,(5F —38,)+ 30, (5] — 285 )+ 28,5, + 383
= &) — 8,5y + 3878, - 383
= (3; —38, )87 —8,)
=(x+¥ - 3xy){ x3+y2+ Xy).
Céc da thie g(x, y) = x + y — 3xy va h(x, y} = x> + ){3 + Xy
bat kha quy trong R[x.y|* |
4.39. f(x,y,2) = —x* - yJ' — 7'+ 2>c2y2 +2x%2% + 2y222
= (x4 + y4 + 24) + 2()(2512 + xzz2 + yzzz)

8,(=57 + 48,5, —853),

fx,y,2)= (X +y+2) (X +y—2) (X =y +2) (-X + Y + 2).
4.40. A=ab’~ 1) (¢’ -~ ) +b@ - )’ = D +e@ = 1) (b - 1)

abc(ab + ac + be) - (ab2 + ac” + ba + be” + ca’ + cbz)
+{a+b+c)

I

= 8507 — (8,8, —383) + 0.
Theo gia thiét 8 =a+b + ¢ =abc = §5.
Vay A = 48;= 4abc.
441 Taco A=x"+y* + 2 = 8] - 4325, + 283 + 45,3,
Do &;=x+y+z=0nén

A= 28% =2(xy + xz + yz)z.
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CHUONG V. VANH CHINH VA VANH OCLIT

5.1

5.2.

5.3.
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Cho da thic f(x) = ax” + bx + ¢ eR[x], a # 0 véi
A =b* ~ 4ac < 0. Do A < 0 nén f(x) khong ¢6 nghiém thuc
ma nd ¢6 hai nghiém phitc lién hgp. Néu f(x) kha quy, thi
f(x) = gx) h(x) v4i g(x) vd h(x) thudéc R[x] va

bac g(x) = bac h(x) = 1. Khi dé g(x) va h(x) lai c¢é nghiém
thuc. Cic nghiém nay déng théi cling 12 nghiém cia f(x),
diéu nay mau thudn véi A < 0. Vay f(x) 1a bat kha quy
trong R[x]. '

Diéu nay khong con ding khi thay trudng s6 phic C cho

trudng s6 thue R, vi da thifc bat kha quy trong C{x] 12 va chi
la cac da tntc bac nhat.

(i) Gia sira 12 uéc clia b, khi 46 3¢ e X sao cho b = ac € aX
suy ra bX —aX.

Pao lai, néu bX caX thi b ebX nén b €aX do b = ax,
X € X vay ala udc cba b.

ii) Ap dung két qua (i), a lién két véi b khi va chi khi a\ b vi
b\a tlr d6 suy ra bX caX va aX cbX viy aX = bX.

(1) —(i1)
Xét day giam nhitng ude thuc su a,, a,, ..., ... (D)
trong 46 a; 1a udc thyc su cha a,_;. Ung véi day nay ta c6 diy

tang nhimg idéan chinh cia X 1a (a;)< (a;)c...c... (2)
Ed # *

Day nay dimng (theo (1)) nén day (1) dimg.



5.4.

(ii) = (1) Gia s ¢6 diy (2) 14 ddy tang nhimg idéan chinh, (a

‘6 diy giam nhimg udc thue su (1). Theo (i} day (1) dimg,

vy day (2) dimg.

(1) —(iii) Gia st X 12 mot ho khdc rong nhiing idéan chinh

ctia vanh R. Mot idéan I, cua £. Néu [ 1a phan tur t6i dai

cua Z(tttc 1a I) khong bi chita thuc su trong mot idéan nao

thu¢c Z) thi & c6 idéan t5i dai 1a ;. N&u I, khong 1a phin ti

toidaicta X thicd [, € X saocho I <. Xét [, twong tu [

ta c6 day tang nhimg idéan I, cl, ...l ...

Diay nay dimg (theo (i)) tic 1a cudi ciing ta cé I, 1a phan tir

t61 dai cua X .

(ii1). Gia sir ¢6 day tang nhimg idéan chinh cua vanh X.
(ac@)c..cla)c.. - (%)

Goi ¥ ={(a;)|i=12,..}theo (iii), T co phin tir 5i dai 1a

(a,)nhuvay ¥V n>mdéucéa,=a,

Vay day (a|, a,, ..., a,, ...) dimg.

a) Gia st f(x) = ax + b €K[x], a # 0 ¢6 su phan tich trong
K[x] 1a _

f(x) = g(x) h(x)
vai g(x) va h(x) thuoéc K[x], bac g(x) < bac f(x) va
bac h(x) < bac f(x) dong thdi bac g(x) + bac h(x) =1.
Khi dé ta ¢6 néu bac g{x) = 1 thi bac h(x) = 0 hay h(x) €K
va h(x) = d # 0. Nhu vay ' :

200 =d 00
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5.5.
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tic la g(x) va f(x) lién két vii nhau. Néu béic g(x) = 0 thi
g(x) e K.va g(x) =d' # 0 do dé hix) = d" 'f(x) hay f(x) va
h{x} ti¢én két véi nhau. Vay trong ca hai trudng hop suy ra
f(x) la da thic bat kha quy.
Diéu rén day khéng con diing nita néu A khong 1 mét
trudng. Chiing han da thitc
f(x)=2x +4 e X[x]
€6 f(x) = 2(x + 2) ca 2 va x + 2 déu khong 13 uéc cha | trong

Z[x].Ching to f(x) khong bat kha quy.

b) Gia st f(x) e K[x], bac f(x) = 2 hoac bac f(x) = 3.
f(x) kha quy < f(x) = g(x) h(x);

g(x) va hix}) thudc K[x] va hoac g(x) hodc h(x) ¢6 bac mot
nghia la f(x) c6 nghiém trong K.

Vay f(x) bdt kha quy khi va chi khi f(x) khong cé nghiém
trong K.

f(x) = 2x + 8 = 2(x + 4) do d6 f(x) khong 12 bat khi quy
trong Z|x].

gx) = T+ 11a mot da thifc nguyén ban khong c6 nghiém
hitu t1. -

Vay g(x) la da thic bat kha quy wong Z[x|.
h(x) = x%+2x -2 -

h(x} cé su phan tich duy nhat trong R[x] 1a

h(x) = (x+ 1 =v3)x +1+/3)



5.6.

5.7.

5.8.

va h{x) la mot da thie nguyén ban nén ta cling suy ra hix)
bat kha quy trong Z[x}.
Gid sira, b €A v6i a va b nguyén té cing nhau trong vanh
chinh A. Vi A 12 mdt vanh chinh nén ton tai u va v thuéc A
sae cho

au+bv=1.
Nhtr vay ta ¢o 1 thude vao idéan sinh boi a va b do d6 idsan
nay tring véi A.
Gia st p 1a phan r bat kha quy trong vanh chinh A; T 1a mot
idéan cua A sao cho Ap 1, va Ap # . Nhu vay c6 mot phian
wael—Ap. Via ¢ Ap nén a khong chia hét cho p, nén a va
p la nguyeén 6 cung nhau. Tir d6 suy ra 16n tai u va v thuéc A
sao cho

au+pv=1.
ViaelvapeAp clnénl =au+pv el, vay I = A. Didu
dé chiing to Ap 1a mét idéan t6i dai cia A.
Do lai, gia sir Ap 1a mot idéan t3i dai clia A, khi dé Ap = A
va do dé p khong 12 udc cua 1. Gia skt p khong la bat kha
quy, nghia 12 p ¢6 mot udc thuc sulaa € A dé a.l =p. Vithé
Aa # A (do a khong 1a udce cia 1), Aa o Ap va Aa = Ap (do
a khong liéen két véi p). Nhu vay ¢6 idéan Aa ma
Apc Aac A, tridi véi gia thi€t vé tinh 161 dai cta idéan Ap.

= *

Vay p phai 14 phin ur bat kha quy trong A.
Do cdc tinh chat ‘% [3 mét trudng khi va chi khi I B idéan

to1 dai va f% 1a mét mién nguyén khi va chi khi [ 1a mot
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5.9,

5.10.

5.11.
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idéan nguyén 16 ciia A, nén moi idéan 161 dai déu 12 idéan
nguyén to.

Bay gio ta chimg minh rang néu A 13 mét vanh chinh thi moi
idéan nguyén 16 khac {0 déu 1a t6i dai. That vay. Gia su
I'= {0} 1A mét idéan nguyén t6 cua vanh chinh A. Vi A 14
vanh chinh nén ton tai a € A sao cho I =(a), vi I 12 nguyén t6
nén I # A do do a khong la uée cua 1. Dua vao két qua bai
5.7, ta chi can chitng minh a 1a phén wr bat kha quy trong A.
Théat vay, gia s a = uv véi u va v thuoc A thi ta s& ¢o
(a} c(u)va{a) c(v).

Mat khic vi uv = a €(a) nén hodc n € (a) hoac v € (a) hay
(u) = (a) hoac {(v) c(a).

Tur cdc bao ham thic trén ta suy ra hodc (a) = (u') hoic
(a) = {v), nghla la hodc a lién két véi u hodc a lién két véi v.
Viy a la phan tir bat kha quy.

Néu K 1a mét truomg thi K 1a mét mién nguyén va K chi ¢6
hai idéan 1a K va {0}. Khi d6 ta ¢ K 1a idéan chinh sinh boi
I va {0} la idéan chinh sinh boi 0. Vay K 1a mét vanh chinh.
Vanh thwong ciia mot vanh chinh ¢6 thé khong phai 13 mot

vanh chinh. Chéng han, vanh s6 nguyén Z 1a mét vanh chinh

a v a Z, . Z Ao 3 Z -
nhtmg vanh thuong AZ‘ AZ tong qudt hon KnZ (véi
m > |, m khong phai 1a mét s6 nguyén t8) la nhitng vanh cé
udc cua 0, do dé chiing khong 1a vanh chinh.

Vanh con ctta mot vanh chinh ¢6 thé khong phai 1a mot vanh

chinh. Chang han mZ, m > 1 13 mot vanh con cla vanh chinh



5.12.

5.13.

Z, nhung né khong phai 13 mot vanh chinh vi mZ khong ¢6
don vi.

Ta chung minh ring vinh Z[x) khong phai 1a vanh chinh.

That vay. Trong Z|x] ta xét idéan I sinh boi x va 2

I={fix)x+2.g(x)]|f(x), g(x) e Z[x]}.
hix) eI nghia 14 hang tr tu do cta h(x) 1a mét s6 chan. Hién
nhién | # {0} va I = Z[x]. Gia st I 1a mot idéan chinh, nghia
1a ton tai da thic g(x) € Z[x] sao cho I = (g(x)). Tacé

x=1x+20va2=0x+2.1
nén x va 2 thudc I va do d6 g(x) 1a ude cha 2 va 13 udc cha x.
Né€u g(x) 12 udc cia 2 thi g(x) chi c6 thé 1a £1 va +2. Néu
g(x) 1a uéc cua x thi g(x) chi 12 1 va +x. Két hop lai g(x)
bang -1 hoac + 1. Nhung vi I # Z{x] nén g(x) khéng thé 13
—1 hoac 1 dugc. Vay I khong phai 1a mét idéan chinh. Do dé
Z{x] khong phai 12 mot vanh chinh.

a) Pé ching minh A = {a + b\/gi | a, b €Z} 1a mot mién

nguyén ta chi can chimg minh A 1a mét vanh con chita don

vi clia trudng s& phic C. That vay, 1 = 1 + 0431 e A.

Gia st a+b+/3ivac+dv3ilahai phan tr cia A. Khi dé
(a+by3)—(c+dV3i)=(a-c+(b-d)V3i) A
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(a+b3i)c+dv/3 1) = (ac - 3bd) + (ad + be) V3 i € A.
b) V&i mbi s6 phitc v = a + bi ta goi chudn cia né la
N(x)=a@ =a’ + b Khidénéu o vap 1a hai 6 phic th
ta c6 N(ouB) = N()N(B).

That vay, N(ap) = (X ap)=aBEp =aafB = N()N(B)

Nhuvdynéu o e Ama o [audccha l thi N(a)=1. Tacé

N2)=4; N(I+v3 =4 vaN(1-y3i) =4
nén cdc s6 21 1+ V31 va 1-43i khong la udc cua 1. Bay
gi6 ta hay chitng minh 2 khong ¢6 ude thuc sur rrong A. Gid
s B=x +y\/§1 14 mot ude cta 2 khi d6 N(P ) = x* + 3y
phai 12 udc cua 4.
Tirc 1a hoac N(B ) = | hoac N(B ) =2 hoac N(B) = 4.
Néu N(B) = 1 thi B=1+0+3ihoic p=~1+0+3i nén p K
udc cua 1.
NéuN(B) = 2 thi ta cé x° + 3y2 = 2, diéu ndy khéng thé
Xay ra.
Néu N(B)=4 thitacé 2 = By vdi N(y) =1 dodd y==+Inén
2va b lién ket véi nhau. Vay 2 khong ¢6 ude thue su trong A.
Tuong tir ta ching minh duge 1++/3iva l—J3| 1a nhitng
phan tir bat kha quy trong A.
A khoéng phai 1a mét vanh chinh vi irong A, 4 ¢6 hai sy phan
tich thanh mét tich nhig phan tir kha quy:

4=2.2=(1+3i)1-+3i).



514, Xét vanh A = {a + bv2i|a b € Z}. Ta hiy chiing minh A
ta vanh chinh.
Ta thay ngay QG V2 y=1{a +B\/5i | o,p €@} 1a mdt trudng

chita mién A. Trén truc s, ta ciing thdy ngay cho mot o hi
ti «, bao gid cing tim thdy mot s6 nguyén a sao cho

ot —al < % Do d6 ta c6 thé khang dinh duge rang: V4i moi
PR~ 5.3
xe@(hﬁ ). ton tal z€ A sao cho ‘x—z‘ $z<1. (*)

Bay gid hdy lay mét idéan I khéng tdm thuong cia A. Tap

hop x:{\zf

Oxze 1} 12 mot bo phan khic réng ciia N va

khong chita ). Vi N sép thi wr 16t nén X ¢6 phan tir bé nhat,

goi u la s6 phic thugce I sao cho | u |2 12 86 tr nhién bé nhat

cua X. Xét mot phin tr tuy v ve l. Hién nhién — e (¥( iv2).
u

el

v P
—-z

Theo khing dinh (*), tén tai z € A sao cho
. u

<1 hay

fv-uz |2<|u lz. Nhung u, v €1,z € A, vay v —zu €1. Mat
khdc | u |7 1a phdn tir bé nhét cia X, nén v ~ zu = 0, hay
v = zu, hay [ = Au. Vay A la vanh chinh.
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5.15. Theo bai Z[x] khong la vanh chinh. Vi x* + 2 1a da thitc bat

kha quy trong Z[x]. Do dé (x* + 2) 1a mot idéan t6i dai cua

. Z[x| . .
Z]x] cho nén Ag +2) 1a mot trudng.

Vay Z[x%x2 + 2y lamot vanh chinh.

5.16. Lam tuong tu bai 5.21.
5.17. Lam tuong tu bai 5.15.

518. Co d = p}"pzz..‘pz " vol y; =min(e;,B) 1= 1, . n, trong

do
a=p'pyi.prt, o, eNi=1..,n
v b:p?'pgz...pﬁﬂ,[}ief\‘,i: s T

12 su phén tich ca a va b thanh mot tich nhimg nhan tir bat
kha quy trong mét vanh chinh. Ré rang d 13 udc chung cua a
va b. Biy gio gia sir c 1a mot ude chung cia a va b, vic ¢é su
phan tich la

&, 8 &
C=P 1F'Zz"'l:‘nn .

Khi d6 phai ¢6 & <a,vd 8 <f;1 =1, .., n do do
& <min{a,,B,) véii=1.2, ., n Tirdé suy ra ¢ 13 ude cha
d. Vay d 1a uéc chung 16n nhit cua a va b.

5.19. Trude hét néu A 1a mot trudmg thi A[x] 12 mot vanh Oclit, do
do6 A[x] la mét vanh chinh.

Iod
Fa
w3
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3.20.

Pao lai, gia si Alx] }a mot vanh chinh. Gia sira € A 1a mot
phén tir khac 0. Ta xét tap hop
I={xf(x)+ ag(x) | f(x), g(x) € Alx]}.

1 14 mot idéan cha Afx) sinh bdi a va x. Theo gia thiét Ajx|
td mot vanh chinh nén T 1a mot idéan chinh sinh boi da thic
p(x}, I = (p{x)). Khi d6 p(x) phai 1& udc cua a vd do do
p(x) € A va p(x) 12 udc cha x nén p(x) phai 1a udc cua 1. Vay
[=A[x].Suyral elvil=0x+ab.
Dicu do chitng 16 b 1a nghich dao cta a. Vay a kha nghich,
do dé A 1a mdt truong.
a) Hién nhién.
b) Gia sif a va b 12 hai phén tir bat ki cdia vanh Gao-xo A.

Néu a = 0 hoidc b = 0 thi udc chung 16n nhdtcuaava b
s€ 1a phan tir khdc O trong hai phén tr a va b. N&u mét trong
hai phan tir 12 u6c cia don vi, chang han a 12 u6c cla don vi
thi ta cling ¢6 ngay a la udc chung 16n nhat ciia a va b. Bay

g gid sirca a va b ¢6 sy phan tich thanh mét tich nhimg

nhan tr bat kha quy trong A. Goi {p, p» -, P, } la tap hop
tat ca cdc nhan ur bat kha quy khidc nhau cta a va b. Khi d6
ta cé
a=plpS2.p%e véi o, 20,i=1,...n
va b=phiphz pbe B 20/i=1,..n
Khi dé 1a s€ c6
p{‘pz’ p;{]" vai v =minfa; ,By)si=1, ..., n,

12 uée chung 16n nhat cua ava b.
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¢) Gia sira € A la mot phén ti khdc 0, khdc udc cha 1 cé su
phan tich thanh mat tich nhimg nhan ti bat kha quy trong A
12 a = p;p,...py, trong d6 cdc p, khong nhat thiét 13 phan biét
thi ta ndi rang a ¢6é do dai bing k. Néu a = bc véi bva ¢ Ia
nhitng udc thuc sy cua a thi ta s& dugc su phan tich cla a
thanh mot tich nhimg nhén tt bat kha quy bang cich nhan
céc sy phan tich tuong Ung cta b va ¢ v6i nhau. Nhu vay do
dai clia a bang do dai ciia b cong v6i do dai cua c. Bay gid
gia str trong A ¢6 mot ddy tuy ¥ nhimg udc thuc su:

al’ 32. ras an (l)

trong d6 a;, 1a wéc thuc sy cla a; véii=1,2,3,...,n- 1.
Tuong tng v6i diy nay ta s€ cé mot day giam cac do dai ciia
cac phdn tif a;. Day cdc do dai ndy dimg do d6 day (1) dimg.
d) Gia sit A 1a mién nguyén thod man tinh chat b) va ¢) thi A
la mét vanh Gao-xo.

Tru6e hét ta ching minh néu mién nguyén A thoa min tinh
chat b) thi moi phdn tir bat kha quy déu 1a nguyén t5. That
vay, gia st p 1a phan tir bat kha quy trong A, va p 13 uéc cla
tich ab v6i a, b € A. Do A ¢6 tinh chat b) nén a va p ¢6 uéc
chung 16n nhét d. Vi p bat kha quy nén d lién két véi p hoac
d 1a u6c cua 1. Néu d lién két véi p thi p 12 uéc cha a. Néu d
la u6c cha 1 thi b Ia udc chung 16n nhat cGa ab va pb. Vi
p\ab va p\ pb nén p chia hét uéc chung 16n nhat b. Vay
chimg minh duoc rang néu p\ ab thi p\a hoac p\ b hay p Ia
phan tir nguyén 18. -

Néu A la vanh thoa man tinh chét ¢) thi moi phén tir khéc 0,
khdc ude cia don vi déu cé6 mot ude bat kha quy. That vay,
gia sira € A 1a mot phén tr khac O va khdc udc chia 1. Néu a



.""L%%'
bat kha quy thi viéc ching minh xong. Néu a khong bat kha
quy thi a ¢6 mot ude thuc su 13 a,. Néu a, bat kha quy thi
chimg minh xong. Néu a, khong bat khd quy thi a, c6 mot
ude thue sy la a;. Hodic a» bat kha quy hodc a, ¢6 udc thuc su
1a az. Qua trinh ti€p i ta s& duge mot day nhitng udc thuc
Sday, az, ..., 4,... Theo gia thi€t diy nay dimg nén cuéi cung
phai c6 mot ude ciia a 1a bat kha quy.
Bay gitr gia sir a 14 mot phan tir khic 0, khdce wdc cha 1. Néu
a bat kha quy thi xong. Néu khéng, theo trén a c6 mot ude
bat kha quy thuc su p|, a = pya;. Néu a; la bat kha quy thi
xong. Néu khong. a; lai ¢é sy phan tich a, = p,a,, trong d6
P2 12 ude bat kha quy thuc sy cta a,. Lap lai qud trinh trén ta
s€ dugc moét day nhitng udce thue su: '
4y, dy, ..., &g
Day nay dimg. Nhu vay cudi ciing ta s& duge
a=piPz-- Px
Vi cic p; la bat kha quy.
Ta hdy ching minh tinh chit duy nhét clia day weén.
Gia st a c6 hai su phan tich la:
= P\P2--Px; Py P2- --- Py 12 bat kha quy va
a = ¢ ¢..-q;; 9 §as .., q; 12 bt kha quy.
Tudé pyps..p, = = qq2...q;.
Py 1a udc cua vé tréi nén ciing 12 udc cia v€ phai. Va vi p, 1a

bat kha quy nén p, phai la uéc cha mét nhan ur g, nio dé,
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chang han p, 13 udc cia ;. Vi g; 12 bdr kha quy nén
qy = pu; voiu la uée cua 1.
Vay ¢6 pipa--p = U1p142--qp-

Gian ude cho p, ta dugc psps...px = UqQ...q;,. Tiép tuc
lap luan nhu trén néu k < { thi sau k 14n gian udc ta duoc:

['=uyls. gy

Diéu nay khéng thé xay ra vi g; bat kha quy do dé k > 1.
Lap luan tuong tutacé / = k.
Vayk=/vapu =q;1=1,..,Kk
Do dé A 12 mot vanh Gao-xo.
Xétdanh xa o: A" N

a=a+by2is 8(a)=a% +2b° = N(a) =] .
Ta phai ching minh & 1a mot anh xa Oclit.

Trong bai 5.13 ta da ching minh N{af) = N(c)N{[3) nén néu
ocla ude cua B thi' N(a) < N(B).

Cuéi ciing cho x, y € A* ta phai tim q va r thudéc A sao cho
x=yq+r;néur =0thil 8(r)<d(y).

Mu6n vy xét © = o +Bi € Q(i/2) . Ta biét ring cho mot s¢
y
hitu ti & bao gid cling tim duge mat s& nguyén a sao cho
1 2 1
o—al<— hay jo-a] £-—.
<1 bay for-f <

Ciing 1am nhu vay déi véi s8 hitu ti B, tacé b € Z sao cho



!B—bi: gi hay 2‘B—b§: S%:{)at q=a+b\/§i,tac6

x—yyq‘2 _ 3_: =l(a+[3\/§i)—(a+b\/£i)lz
fa-a)+iv2@ b
= (o -2y +2(p—2)°
- g%+%=%<L
Vay 22Y9 <1 hay x-yq <[]

patr = x — yq, ta dugc x = yq + 1 vdi B(r)iﬁ(y)né'u r=0.
Chii . Cach chimg minh gi6ng bai 5.14.
5.22. Gia sir A 1a mot trudng, kKhi d6 A cling véi dnh xa
3:A" >N
ab>d(a)=n,
véi ng 12 mot s8 tw nhién cho trude, 13 mot vanh Oclit.
5.23. Gia sir A 13 mot vanh Gclit véi 4nh xa Oclit:
§:A > N.
Néu A 12 mot trudng thi véi moi x € Atacsl=xx
Vay &(1) 2 8(x); mit khdc x = 1.x vay 8(x) = 8(1). Két luan
S(x) = 8(1) v moi xeA" |

Déo lai, néu 812 mot 4nh xa hing ; véix =1 vay =0 tacd
q va r thuéc A sao cho
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l=yq+r.
Néu r =0 ta phai cé &(r) < 8(y)nhung 8 !a dnh xa hang. Vay

1 =0, nghia 1a moi y # 0 déu c6 nghich dao.

Gia st vinh A véi 4nh xa &: A" — N 1a mot vanh Oclit. Khi

d6 hoac 8(A")1a hitu han, hoac S(A")la v6 han. Vi N 1a tap
sap thit tu t6t va 5(A™) 12 mot tap con khic & clia N nén
8(A")c6 phén tr bé nhit va thira huong thi tu ciia N.
Néu (A" )hiru han gom m phén tit
A )= {ng. Ny, Ay} VI Ny <Ny < <0y

khi dé6 ta lap anh xa

5 :A” > N nhu sau: &'(a)=1néu d(a)=n;.
Néu 8(A")1a tap v6 han, do moi bd phan khic réng ciia N

déu c6 phén tir bé nhat nén 3(A’)1a day céc s6 tw nhién tang

sau day 8(A")= {ng, Ny, Dy, Myyy, -} VO My < My, VA

k=0,1,2,..khidétalap dnh xa
8:A" 5N

d'(a)=1néu &(a)=n,.



5.25.

5.26.

Ta hiiy ching minh &' 1 dnh xa Oclit. Gia sa a\b vdi ava b
thudc A, khi dé d{a) < 6(_b)chfmg han &(a)=n, va &(b)=n,,

véin; < ny nhuvay i < kdodd 6'(a)<8'(b).

Giasira cA vaib A" khi d6 t6n tal g va r thudgc A sao cho
a=bq+r voi 8(r) <db)néur = 0. Gia sir 8(b)= n, va néu
r #0co 3(ry=n,thin, <ng, nénl <k hay &'(r) <3 (b).
Vi i la udc ctia moi phéan tir trong A* nén &(1) < 8(a) vo1 moi
a €A* do dé 5(1)1a phin tir bé nhit trong S(A”). Gia si
u\ 1, nén &(u) <d(1), suy ra 8(u)=3(1)1a phin tr bé nhit
trong S(A™).
Piéo lai, gia st u € A* sao cho d(u)=0(a)voi mo1 a € A™.
Vi A 14 vanh Oclit nén cho 1 va u ta ¢cé v va r thudc A sao
cho | = uv + r; néu r = 0 thi §r)=25(u). Nhung diéu cudi
cling ndy khong xay ra duge, vay r = 0 va do d6 u 1a udc
cua |. .
Gia slit A 1a mét vanh Oclit. dp dung bai 5.24 ta 06 thé lay
anh xa Oclit dciia A sao cho 8(A")laday 0, 1, 2, ... (*) hitu
han hay vé han. Theo gia thiét ctia bai todn, A khong phai la |
mot trudng, nén diy (*) ¢6 it nhat hai phan . Lay x e A*
sao cho 8(x)=1, 4p dung bai 5.25, x khong kha nghich. Gia
st y 13 mot phan tr tuy ¥ cha A. Lay y chia cho x ta duge
y=xq+r1, d(ry)<3(x)=1 nfur«0
nghia 12 3(r)= 0 néu r = 0, hay r kha nghich néu r # 0 theo
bai 5.25.
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Vay moi phan tir y cua A ¢6 dang

y=x4q
hay

y = xq +r, r kha nghich.
N6i cch khéc moi 16p cita A/(x)cé mot dai dién hoac bang -
0 hoac kha nghich.
Trude hét ta dua hai nhan xét sau:

1+iy19
2

l+i\/ﬁ

2
mot sty nhién. That vay

2 b
N(y) =1y] :[a+5) +

=aZ +ab + 5h? eN

Mat khic, néy y c6 phan do, thi theo cic dang thitc trén
N(y)=35.

1) Néu y=a+b v6i a va b thude Z 1a mot phan

tuy y thuoc Z{ j]thi chuan cua y, N(y) = |y |2, 1a

19h?
4

=0)

2) Céc phan tir kha nghich cla Zl: 5

”"/E]la +1.

L+iV19
2

That vdy, gidsitu=a+b sao cho ¢6 v dé uv =I.



Thé thi N(uN(v) = N(uv) = N(1) = 1. Theo nhan xét 1),

N{u)=1 :(a+%)3+~l%b—- hay (22 + b)> + 19b" = 4. Vay

b={Jvz‘14a2=4haya= +1.

Ap dung vao bai todn, ta hdy ching minh bang phan ching.

l+ix}'@
2

Gia sur Z‘: }é mét vanh Oclit, ta phai cé

]+1r

X=a+

(theo bai 5.26)

sao cho moi y cia vanh ¢ dang y=xqhay y = xq *1 (theo
nhan xe’_:t 2).

Trude hét x khong thé khéng cé pham ao, vi néu khong cé

phén 3o, x s& c6 dang x = m €Z, va mdi y cua vanh s& cb

IJ— l+|\/_
2

y mati+mb

dang ma + mb

l+1r

Nhu vay y khong chay khip Z{ } i x khong kha

nghich nén m = £1).

Vay x phai c6é phin 4o, vh do d6 theo nhan xét 1) thi
N(x) =5. Bay gio ta hiy ldy y = 2 th& thi 2 = xq hay
2=xq+1.Néu2= xq*|thi3=xq.(l=xqkhong xay ra
vi x khong kha nghich). |

Néu xq = 2 thi N(x)N(q) = 4. Nmmg N(x) 25 nén N(x) =
va N(q) = 1. Theo nhan xét 1) thi q = +1, vdy x = 13, mau
thuin véi viéc x phai cé phan ao.
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5.28. Diing thuat toan Oclit

s 3 2 k! 2
X + X+ X +x+l'x+2x+x+!

5 4 3 2 2
X +2x +x +x J‘ X"—-2x+4

“2x4 + X+ 1

4 342
=% —4x-2x" - 2x

ax 4 2x7 4 3x + |

4x}+8x2+4x+4

6"+ 12x° + 6%t 6 J—6x2—x—3

6x” + x>+ 3x '—xwl

11x%+3x + 6

llx2+£x+£

It 33
__._x__
77
73

=

-

Vay udc chung 16n nhat ciia f(x) va g(x)lat.
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C g b . . . 3 2
Co thé nhan xéf nhit sau: Pa thire g(x) = x" + 2x~ + x + | bac
ba khong c6 nghiém hitu ti do dé g(x) bél kha quy trong

QIx} (bai tap 2.28) va f(x) khong chia hét cho g(x) nén udc
chung Ién nhat cha {(x) va g{x) bang 1.
5.29. Dang thuat todn Oclit

X _ +x3+x2+x+T|x3+§x3+x+T
x4 2xY ext ax? X® 4%+ 1

x* FX+1

x4 2% 4 x% ax

x*+2x2 41

2 i x+1

N
X+ 2x

3 = ~
X +2x2+x+l

3
X
S _
2x" +x+ 1
2x?
X+ 1
X
|

Vay ude chung 16n nhét cia f(x) va g(x) bang 1. Ciing nhan
xét nhu bai 5.28, bac g(x) bang 3 va g(x) khong ¢ nghiém

trong Z; nén g(x) la bat kha quy trong Z,|x] va f(x) khong

chia hét cho g(x). nén udc chung 16n nhat cia ching bang 1.



5.30. a) Ta chi cdn chimg minh R (v~ 3) 1% mot trudng con ctia

trueong s phiic €.
Tac60=0+0.v31 eR(V—3)vd

=1+ 0.+3i eR(~~3)nen R(v-3)cé nhiéu hon
modt phan tr. Gia s a + b3 vic + d+/3i Ja hai phan ti
thudc R(~—3)tacéd

(a+ bV3i)—c+ dV3i)—(a-c)+ (b-dW3i eR(vV-3).

Néu ¢ +d+/31 =0 thi

a+bV3i  (a+by3i)c—dv3i)
¢ +dV3i % +3d?

dC+3b§l bc —ad J_IER(J_)
c“+3d ¢ +?d”

Viy R(v—-3) la mét truong con cua C.

Tuong t ta chéing minh duge Q (- 3) va Q(+/2) 14n luot I3
truong con cua C va R.
b) Xétdanhxa ¢ :Rx} »C

f(xy=ay+ax +...+a,x" > f(v-3)=

=3q, +4, i+ an(\/gi)"



5.31.

Ta ¢6 ¢ 1a mot dong ciu tr vanh R|x] dén T va
Imoe = R(+¥—3). Ngoai ra ta ¢d Kergp= (x: + 3) la idéan
sinh bi x* + 3. Theo dinh Ii dong cdu

lx% | 2RG-3).

X~ +3

¢) Xétdnh xa o :-@[x] —-»>R

f(x)r—»f(ﬁ).
Ta cing c6 ¢ la mot dong ciu, Imqe = Q(\fﬁv;‘l

Kerg = (:rc2 — 2) 1a idéan sinh bai da thiic x* -2 trong {J(x].

Vay @["J(xz L, FeR.

f(x) 1a mot da thic bat kha quy ctia K[x] nén moi da thic
g(x) € K[x]} hoac nguyén t6 vdi f(x) hoac chia hét cho f(x).
Neéu f(x) va g{x) cung nhidn u €E lam nghiém thi ching
ciing nhan uéc chung 14 x — u, vdy ching khong nguyén t6
cung nhau (khai niém bat kha quy phu thudc vio truong ma
ta dang X€t nhung khdi niém nguyén 6 cung nhau khong
nhir vay) cho nén g(x) chia hét cho f(x), ngha 1a ¢6
q(x) € K{x] dé g(x) = f(x)q(d). Tir d6 suy ra a) va b).
c) Xétanhxa o : K|x] > E

g(x) - g(u).
RS rang ¢ 1A mot dong cdu v Img@ = K[u).

Ngoai ra, dua vao cau b) ta ¢é Kerg = (f(x)).

Theo dinh If dong cfu K[’%ﬂx)) = K[ul.
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Theo bai 5.5 1a ¢6 K[u] 1a mot truong.

. Theo bai 531 ¢) K[u] la mét treong. Mat khac, Kju| la mét

truong chita trudmg K va chida trong trudng E. Hién nhién véi
phép cong va phép nhan trong E. K[u| la mdt khong gian
vecto trén K.

Ciing theo bai 5.31 ¢) méi phdn tir cia Ki’%ﬂx)) ¢6 dai

dién [a-mdt da thic ¢d bac < n —1 hay da thuc 0. Vay cic

n—1

phian tir cta K{u] ¢6 dang a, + a,u + ... + a,_ju ', a3 €K,

1=0, ..., n-1
Vay {L u. ... u"'} 1a mot hé sinh cla khong gian vécto
Kfu|. H¢ sinh do6 la doc lap tuyén tinh. That vay, gia st ¢6
ag, A, ..., &, € K khong bang O tat ca, sao cho

ay + au+ A a“_lu"qI =0
the thi da thiic r(x) = a, + a;X + ... + a__;X" ' ¢6 bac bé hon
n, nhan u lam nghiém, trdi vdi két qua cua bai 5.31.
Do {1, u, .., un_],} 1a mét co s6 cua Klu], nén K[u] c6 s6
chiéu bing n.
Trude hét ta chimg minh néu

¢: Q(v2) > Q(2)

la mot tu dang cau cla 'Q(\/E)thi ¢(a)=a vdi moi a ().

That vay, vi ¢ 1a mot tu déng cau cha (v2)nén ¢ i mot
fu dang cdu cda nhém nhan cdc s6 khac 0 cha @(\/5), ma
mot dang cau cia nhém nhan dén mot nhém nhan thi bién
don vi thanh don vi. Cho nén v&i médi s6 nguyén n cé
emy=pn.l1}=n.1 =nvanéun =0 thi



1 1
(1) = (p[n.;] = n(p[—n—) =1.

Vay cp(%]:% Tiv d6 suy ra Q[E}W[i}:g véi %15

phan s6 bat ki thuoc Q.

Cudi cing ta co [([}(\/27)}2= w(\/?) =0(2)=2.
Vay ¢(4/2) = V2 hotic ¢(y/2) =—/2. |

Nhu vay, néu @ 13 ty ding céu cha Q(¥2)thi véi moi
a+b+y2 thuoe Q(+2)

o(a+bv2) = o(a) + p(bYp(v2) = a + be(v2)
Vay hoac tp(a+b\/5) =a+by2
hoac cp(a+b\[2_)=a—bﬁ.
5.34. a) Xét anh xa .
¢:Q(2) > X =0’
a+bv2 > (a,b)
Tacé ¢ 1a mot song anh va
o((a +bv2)+ (c+dv2)) = gla + c + (b +dW?2)

=(a+c,b+d)
=(a, b) + (¢, d)

= (p(a+b\/§)+(p(c+d\/§);
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@({a+by/2)(c +dv2)) = plac + 2bd + (ad + be)v/2)
= (ac + 2bd, ad + be)
=(a, b) (¢, d)
= (pfa+ bﬁ)tp(c + sz_) )
Vaye la mot ding ciu. Theo bai 5.30a), Q(v2)1a mot
truedng nén X ciing 1a mét trudong.
b) Theo bai 5.33, Q(~/2)cé hai tr dang clu va theo cau a)
@(~2) = X nén X c6 hai tu dang c4u. d6 1a tr ding cdu déng
nhat va tv dang ciu xéc dinh boi:
XX
(a,b) = (a,—b)
Do d6 tap hop cdc tu dang ciu ctia X 12 mét nhém xyclic ¢ip
hai.
Xét phép chi€u chinh tac ¢:Z - Z,
ar>@la)=a+pZ=2a
¢ la mot toan ciu. ¢ md rong duge thanh mot déng céu @
tir Znj dén Zp[x]:
0:Zx}—> Zplx}
f(x)=ag+a; +..+a,x" b @lay) + ola )x +... + oa, )x"
Néu f(x) e Z[x], f(x) khong bat kha quy trong Q[x] thi
f(x) = g(x)h(x) v&i g(x) va h(x) thudc Z{x] ma 1 < degg(x)
degh(x} < degf(x).



5.36.

3.37.

Khi d6 @ (f(x)) = @ (g(x) P (h(x)) v6i @ (f(x)), B (g(x)) va
@ (h(x)) déu thuéc Z[x] thoa man

deg ¢ (g(x)) = degg(x) > |
deg ¢ (h(x)) = degh(x) > 1.

Do dé ¢ (f(x)) khén_g bat kha quy trong Zp[x].
Vay néu f(x) bat kha quy trong Z[x) thi né bat kha quy

trong QQ[x].
(Chimg minh theo dinh nghia ciia déng cau)
Dé dang kiém tra dugc ¢ : Afx] - A[x]
f(x) > f(ax + b)
2 mot dong cdu.
Néu a khd nghich thi ¢ ¢6 4nh xa ngugc 1a
¢ Alx] - AlX]

f(x) fla'x—a7'b).

fx)=x"—x* = 3x" + 2x + 4.

a) Trong Q[x] tacé f(x) = (x> — 2) (x = 2) (° + x + 1)

b) Trong Q(~2){x] tacé
Hx)=(x -~ V2) (x + ¥2) (4 x + 1)
¢) Trong R[x] tacé f(x) = (x —v2 )(x + ¥2) X" +x + 1)

d) Trong Cix] ta cé
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0= (x— V2 ) (x + ¥2) (x + %—1—@)( 1 ”73).

5.38. a) Giastr f(x) =ay + a;x + ... + a,x, € A|x] va

260

g(x)=by+ bx + ...+ b x,, € A[X]
la hai da thic nguyén ban. Khi dé udc chung 16n nhat ciia
cdc hé s a, a,..., a, vd udc chung 1dn nhit chaa cic hé s6
by, bys- .., by, déu bang 1.

Dat h(x) = f(x)g(x) = ¢y + ;X + .. + oy X0

trong d6 c; = z a b, .i=0,m+n

k+i=1
Néu h(x) khong la da thic nguyén ban, titc 1a cic hé so
Cyr €1s ---» Ciep €0 MOt udc chung 12 phan I nguyén té p.
Vi cdc a; nguyén t6 citng nhau nén tén tai a, ma a, khong
chia hét cho p
Gia str r 12 chi s bé nhat sao cho a_khong chia hét cho p.
Tuomg tu, gia sir s 12 chi s6 bé nhat sao cho b, khong chia
hét cho p.
Tur day iat suy ra C,, khong chia hét cho p (mau thuan).
Viy h(x) phai 12 da thiic nguyén ban. |
b) Gia sir f(x) € A[x], f(x) kha quy trong Alx]. Tic 12 trong
Alx], f(x) = g(x)h(x) vdi g(x) va h(x) thudc A[xl

I < deg g(x), degh(x) < degf(x).
Dat %gl(x) = g(x) trong dé %e A, g,(x) €Alx] va g(x)

! , 1
nguyén ban ;



2—3 h; (x) = h(x) véi %2— € A, ha(x) € AlX], h;(x) nguyén ban

2 2
khi dé
ad, '
f(x)=—""g,(x)h (x).
12
bat A_2% 06 a va b nguyén t6 clung nhau, ta cé

12
f(x) = %g,(x)hl(x) . Vi'h(x) va g,(x) 12 hai da thic nguyén
ban nén g, (x)h,(x) 1a da thitc nguyén ban.

Do [(x) € A[x] nén ta cling suy ra %eA. Vay f(x) ciing
khong bdt kha quy trong A[x].

5.39. Lam tuong ty bii 6.20 (chuong 6). Khi thay Z bang mot
vanh Gao-xo bat ki. _
Két qua s& khong con ding néu thay gia thi€t "vanh Gao-xo™
bing "vanh chinh” hoac "vanh Cclit". Khi A 1a vanh chinh
khong suy ra duge A[x] 1 vanh chinh. Khi A 12 vanh Oclit
thi cling khong suy ra duge A[x] 12 vanh chinh. Két qua chi

ding khi A 12 mot trudng thi A{x} 12 mot vanh Oclit va do dé
ciing 1& vanh chinh.

5.40. 2) f(x) = x* — 10x2 + 1
b) () = x* — 10x% + 13
o) )y = x4 + 2x% + 25.

5.41. Trong ci ba trudng hop, so chiéu ciia ([u] déu bang 4.
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CHUONG VI. DA THUC TREN CAC TRUONG s6
N2 2,

_(7_1__2_)—=
. A2 2 V2 2
—[x-(T.ﬂT)}[xHT—IT)}.

b) Déi ra dang lugng gidc ta cé

6.1. a) x?4i=x

I +i=~2(cos™ +isin=)
Ty 4

dat o = \/\E(cosﬁ-{»isini) =872 (cos = + isin 1)
A 4 16 16

12 mot gid tri ciia Y1+ tacod
oy =oui, o3 =oyi%, ay =oyi’. Dox* -1 -i=x"~ a*nen
ta cd

X o= o M — g )X - g (X — )
c) Ta c6 can bac hai cha s phitc 4i - 31a 1 + 2i vd -1 - 2j,
dod6 x> —4i+ 3 = x* - (1 +2i)°

= (x =1 = 20)(x +1 + 2i).

d) Viét 1 + iv3 dudi dang luong gidc

1+iy3 = 2(l+i£) = 2(cosZ +isin2)
272 3 3

Goi o 12 mot gi4 tri ciia can bac bay ctia 1+iv3,
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6.2.

T[ . - TE r -’ - n H " = A i
o = Y2(cos— +isin a) , c4c gia tri cdn lai cha can bac bay

cha 1+iv/3 1a o, = ag, o) = ag?, O3 = ac’, g = e’
O = ag’, g = ag®, a; = og’ = v6i £ 12 mot can nguyén
thuy bac bay cua 1.
Tacé x! —1-i3 =(x —al')(x—az)...(x ~0lq ).
Biéu dién hinh hoc nghiém ctia da thic

f(x)=x" -1

g(x)=(x—a)" —b(a#0).

\ J

Hink 14
Nghiém ctia da thic x” — 1 12 cdc gid tri clia can bac p cha
don vi. _
Goi o [3 mot gid tri cla cin bic m cua b va
o, 0&’, ..., ae™ 1 cac gid tri con lai cha can bac m cGa b,
v§i €13 mot cin nguyén thuy bic m cia don vi. Khi dé cic
nghiém cha da thitc g(x) 12 a+a, ae+a, ., ag™ +a.

Vay céc nghiém cia da thiic f(x) 1a cdc diém nam trén dudng
tron don vi tam (0, 0). Cic nghiém cia da thic g(x) la cac
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diém nim trén dudmg tron tam (a, 0) ban kinh bang YIbi.
Hai dudng tron nay cat nhau khéng qua hai diém vi ching
khong dong tam (a, 0) # (0, 0). Vay hai da thitc ndy chi c6

nhiéu nhat 1a hai nghiém chung.

Xét phuong trinh

f(x) = (1 —x%)" = (=2x)" =0 hay (1 — x2" = (=2x)>. (1)
Goi €1a mot can nguyén thuy bac ba cta 1 thi phuong trinh
(1) trong duong vdi tuyén ba phuong trinh sau:

1—x*=-2x 11-x%+2x=0 (2a)
[-x?=2ex < |[1-x%=2ex=0 (2b)
1-x*=-2¢% 1*X2+282X=0 (2c)

Phuong trinh (2a) ¢6 hai nghiém la

x==l+\/§
Xz 21—\/5.

Phuong trinh (2b) ¢6 hai nghiém 13
X3 =e+Vel +1=g+v—¢
X4 —e—-vel +1 =g—-€.

Phuong trinh (2c) ta ¢6 bai nghiém 1a

Xs =82+\,"l+8=82+\/—82
Xg =gl —Vl+e =g - -¢?

Taco xq=%3 vi et =%,
— X Vig?=F
X =Xg4Vieg“ =%.

Vay f(x) = (x = X1) (X = X3) (x = X3) (x — Xg) (X — Xs) (X — X¢)



=(X = %) (X = X2) [(x — X3) (X = X} {{x — %) (X ~ xg)).

bat 8=—l+i—3tac6 £ =—i—i~\/—3_~ va
272 2
V3i-1 . 43-1 ~V3-1 3+
I +1 sx4: +1
2 2 2 2
Vil W3-l V31 3+l
X, = -1 ) Xg = —i
2 2 2 2
la cdc nghiém phitc cia da thite f(x).
Vay
f(x) = (x ~ L —V2)(x =1 +v2).[x% + (1= v3)x + (2 = V3)]
12+ 1+ 3+ 2 +3))

la su phan tich f(x) thanh mét tich nhiing da thiic bat kha quy
trong R[x].

Udc chung 16n nhat cla f(x) va g(x) trong Q[x] 1

ayl; b ol Ax-1(x+2)=x"—3x+2.

a) x4+2x3—x2—4x—2|‘x4+x3-x2—2x—2

x4+x3—x2—2x~—2 | 1

4 13 3
X +X +x2—2x—2x —2x
2
x4—2x x+1
3
x‘+x2—2x—2

3
X — 2X

x3—2x x2—2x
x3—2x X

0
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Ta c6 udc chung 16n nhdt ciia f(x) va g(x) 1a d{x) = x* — 2.

Dodé x>— 2= g(x) — (x3 -2x}(x + 1)
=g(x) = [f(x) —g(x) 1] (x+ 1)
=f(x} [-(x+ D]l + g(x) [1 + (x + 1)]
=) [-(x + D]+ g(x)
Vay ta tim'duge p(x) = —(x + 1)
qx)=x+2.
b) Cdch lam tuong tr ciu a).

Gia sir f(x) chia hét cho g(x) trong C{x],

fx)=ax"+a_x" '+ .. +ax+a, €Zx].

a) Taco
n n—]
f(B) =a, [B] +a,_; [—E] + .. +[B)+a0 =0
q q q A4
n n-1
Suy ra anp—n+an~l P o _q+...+al%.qn_] +ag =0
q -9 q

hay a_p" + a_.,p" 'q + ... + a]p.qn—1 +ayq" =0
Tir (1) ta ¢6 hai déng thic sau:

ap” +a, p" ' +..+apq" ! =-aq"
suy ra P(ﬁnl:’n;1 + an_lpn_zq + ..+ a]q“_l) =—ayq"
via, p" 'q+.. +agq"=—ap".

Do d6 qlan-(p" ' + - + agq™ ) =—a,p".

)

(2)

(3)



Vi p, q nguyén t6 ciing nhau nén p, q" ¢iing nguyén (6 ciing
nhau va p", q cling nguyén 16 ciing nhau. Tix cic dang thiic
(2)va(3)suyrap\ayvaqg\a,.
b) Chia f(x) cho x — m, ta dugce

f(x) = (x — m) g(x) + f(m).

"Vim eZ va f(x) €[x] nén theo s¢ d6 Hoocne ta cling ¢6

(ol

do vay f(m) = (p - mq). ét-trong dé A eZ (vi cac hé s6 cha
q

gx) € Z[x}.

g(x) la nguyén).

hay q' f(m) = (p - mq) A. (*)
V1 p va q nguyén t6 cing nhau nén q' va p ciing nguyén to
cling nhau vi do dé q' va p — mq ciing nguyén t6 cung nhau.
f(x) = g(x)q(x).

a € € la mét nghiém cia g(x) tic 1a g(a) = 0 suy ra
f(a) =0, va néu a la nghiém boi cdp k (k > 1) chia g(x) thi
g(x) = (x — a)* h(x), do d6 f(x) = (x ~ & )h(x)q(x) diéu
nay ching o o la nghiém boéi cdp khong nhd hon k cia f{(x).
Dao lai, néu moi nghiém béi cap k, (k; = 1) ciia g(x) (k€ ca
nghiem don cla g(x)) déu 1a nghiém boi cé cip khong nhd
hon k; ctia f(x) thi ta cé su phan tich f(x) va g(x) nhu sau:

g(x) = (x —al)k‘ (X =0ty )k2 X -y )k'
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va f(x) = (x —o)M (x ~ a0 )2 (x—a )N k(x), v6i o la

nghiém boi cap k; cua da thitc g(x), i = 1, ..., t. Diéu nay cho
ta dang thiic
| f(x) = g(Ok(x).
Vay f(x) chia hét cho g(x).
Pa thic g(x) = >4 x+ 112 moét da thie bac hai khong co
nghiém hitu ti nén né 12 bat kha quy trong Qfx]. Da thic nay
c6 nghiem phie 13 € (va £°), 12 hai can nguyén thuy bac ba
cna don vi (ta co Xl = {x — Dg(x)). Ta ciing ¢6
fx) = x %+ 3 4 2
c6 nghiém la e (vaca £ )
fey=e® ve3 g™ 2l hgve? =0

Theo bai 6.7 c6 h(x) e C[x] sao cho

g(x) = g(x)h(x).
Nhung f(x) va g(x) € Q[x] nén ta suy ra h(x) € Q[x].
Pa thuc f(x) = X - 3n2x + n3, n # 0 c6 bac ba. Do vy f(x)
bat kha quy trong (P[x] khi va chi khi f(x} khong ¢6 nghiém

hifu ti. Gid sit f(x) c6 nghiém hitu tilaqvaq’ —3n°q+n° =0

. 3
suy ra [ﬂ] —3[3J+ 1=0.
] n
Nhu vay thi 3 13 nghiem cia da thic g(x) = x* - 3x + L.
n

Nhung da thite g(x) la da thitc bat kha quy trong Q(x] (xem



bai tap 6.21) nén khong thé nhan 9 lam nghiém. Vay da
n

thic f(x) khong cé nghiém hitu ti vd do d6 l1a bat kha quy

trong Q[x].
6.1, ) Giai phuong trinh
4y —36y*+ 84y = 20=0 (1)
oy —9y?+2ly-5=0. (2)

Patx=y-3taco
(x+3Y —9x +3’ +21(x +3)-5=0
X —6x+4=0 (3)

ap dung cong thitc Cac-da-noé ta ¢d

4, =Y-294429° -2 =29+ 833
Goi uy 1a mot gia tri thuc cuia J-29+/833 vaco v, 1a gid

tri tuong vng véi u, s& 1a gia tri thyc ciia ¥-29— 833 . Vay
ta s& c6 nghiém cua phuong trinh (3) 12

X - Uy + v :{(—29+\}833 +§/—29—

2 ~
X,= WE+VE v

X3= WET+VE
tir d6 suy ra ba nghiém cua phuong trinh (2) va (1).
b) Giai phuong trinh '
x'—x—6=0.

Phuong trinh ndy ¢6 mot nghiém 1a x, = 2, do d6 v€ trdi cla
phuong trinh ¢6 dang '

x"'~x—6=(x—2)(x2+2x+3).
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Phuong trinh x* + 2x + 3 = 0 ¢6 hai nghiém 12
Xy = —1+i2
x3= —1-iy2.
Cha y: Néu giai phuong trinh nay bang céng thic Cac-da-no

thi nghiém thuc cla X, cla né s& viét dudi dang téng caa hai
s¢ phiic rat cong kénh.

Diat 8, = x; + Xy + %3

B, = XXy + X X3 + X2Xq

0, = X XoX7
vl X}, X3, X3 1a ba nghiém cta phuong trinh

X+ px+q=0.
Theo cong thitc Vi-ettacé 8,=0, 8,=p, §,= —q.
Bay gid ta biéu dién da thitc
f(xy, x5, X3)=(x; ~- xz)z(x,v X3 )2 X (X5 — )(_q‘)2

qua céc da thidc d6i xing co ban. Day la da thiic d6i xing
thuan nhat ¢6 hang tir cao nhat x;x3. Do d6 ta ¢6 hé thong
s6 mil, va f(x, x5, X3) = 8;8] +a88, +bd] +¢5,8,5, +ds?.
Bing phuong phép hé s6 bat dinh ta duoc

f(x(, X2, X3) = 8/83 —48]5, —43] —185,8.5, — 275"
Thay céc gid tricua 3, 8., 8, taduge

f(X{, Xp0 X3) = ~4p” — 27q".

d) Giai phuong trinh
x*+6x" +6x°-8=0 (1)
< X'+ 6x7 = —6x"+ 8
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6.13.

<> x4+6x3+9x2=9x3-6x2+8
= (x*+3x)" = 3x" +8. (2)

Cong vao hai v€ cla (2) v (x2 + 3x)y + -)-:1— ta dugc

(x:+3x+%)3 =(y+3)x3+3yx+(%+3) (3)

Dé cho vé phai 13 mot binh phuong cla bicu thic, y phai
thoa man diéu kién

A =9y~ dly +3) (%m) =0
& y' — 6y’ + 32y + 96 = 0. (4)
Phuong trinh nay tuong duong voi
X2 +3x~1=x—3

x> +3x-1=-x+3

-xz +2x+2=0 (%)
At 3 ' %ok
<2 +4x-4=0 %)
Phuong trinh (*) cé nghiém la
xp=-1+1. Xy =-1-1

Phuong trinh (%) ¢6 nghiém la
x_‘=-2+\/§; . x4=—2—\/§.

Viy phuong trinh (1) ¢6 bon nghiém 1a x|, X, X3, X4 trén day.

a=1+icé 1c1|=\/§, arga=3;:+2kn.

Vay a = ﬁ(cos=%+isin§)
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a)Tacé o = ﬁn(cos%+isin%)

0'._“ -

-nmt ., . -nm
(cos + 18I —)
n 4 4

(V2)
b) a” = (1+1)" . Theo nhj thic Niuton ta ¢é
o =(1+i)"
= 1+ CLi+CoP +Chit v Clid oty

=1-Cl+Ch-Cr4. )+ (C -C 4+ CI-C +.)i.

n! .
V6i CK = Jas6t6 hopchapkcian, 0 < k < n,
" = K)tk! opchap
c) Biéu dién hinh hoc «” va ™" v6in < R
_ A
3024 02
(14 ,E 1 -‘?(1 16 -
-4 2 ! 18 o
ar e 4 f
g !
a61| ---------------- [ 391
Hinh 13

d) Gia sir z = a + bi v6i a, b 12 nhitng s6 thyc. Tim cdc gié tri
thue x, y sao cho:
Z=x+ya=x+y(l+i)=(x+y)+yi



N X+y=4a

Tir diéu kién trén suy ra (*)
. y=b

“hé phuong trinh (*) la mét hé cramer (c6 dinh thic

o1

i =1=0).

01 )

NS ¢6 nghiém duy nhat la
y=bvax=a-b
Vayz=(a—b)+ ba.
e) Ching minh dnh xa
f:C->M
Z= x+yar~»[_;y x+y2y}

1a mot déng cau. That vay, giasitz=x +ya vaz =x +y'a
ta cé

z+zZ=(x+ya)+ (X +ya)=x+x)+(y+¥)a
do do

f(z+z')=[ X+ y+y ]
~2(y+y") (x+x)+2(y+y")

X y . X y -
- + =fz)+(z);
-2y X+2y| |-2y x+2y

2.2 = (X + y o }(X'+Y 0 )=(X+y+yD(x"+y+y'D)
= (X+y)X'+Y )y + [(x + y)y' + (X' + y)yli
= (XX + Xy + yxX) + (X' + xy' + 2yy)i
= (xx' = 2yy) + (2yy' + xy' + yx) + (yx' + xy' + 2yy)i
= (xx' - 2yy' + 2yy' + xy' + yx) o |
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do doé

_ Xx'—2yy' . Xy'+yx'+2yy'
o(zz') = {1
~2(xy+yx+2yy)  xx'=2yy'+ 2(xy '+ yx '+ 2yy )

Mat khéc ta ciing cé

X y X' A
~2y  x+2y -2y x'+2y'

_ Xx'=2yy’ XY+ yx'+2yy’ 2)
“2(xy+yx'+2yy)  =2yy'+xx'+2xy'+2yx'+4yy’

So sanh (1) va (2) ta ¢6 hai ma trdn nay bang nhau, vay f 1a

' mot dong cdu.

f a toan dnh va 1a don 4nh hién nhién. Vay M dang cau véi
C, do d6 M la mét trudmg '

a) Gia sir f(x) = (x — 1)® péx) + 2x va
f(x) = (x — 2)° q(x) + 3x.
Trir vé& véi vE ta co
0=(x - 1) p(x) — (x — 2)’qx) - x.
Do dé (x — 1)°p(x) = (x - 2)°q(x) + x.
Tir k&t qua trén ta thiy rang degp(x) = degq(x) + 1.

Gia sur degq(x) = 0 va degp(k) = F. Khi d6 p(x) = ax + b va
q(x) = ¢. Ta ¢6 ding thiic

(x* = 2x + 1)(ax + b) = (x" = 6x + 12x° — 8)c + x
hay '

ax’ +(b— 2% +(a— 2b)x + b= cx’ + 12cx°+ (1- 6¢)x — 8c.



a==cC a=c¢

a==c«C
b—-2a=12¢c b-2¢=12¢ .b 10
. = C
a-2b=1-6c < lc-2b=1-6c = )
= —8c.
b:—Sc b=—80

Hé phuong trinh nay v6 nghiém.

"Giastrdegg(x) =1 va degp(x) = 2 khi d6

q(x)=ax+b va p{x) =cx2+dx +e.
Ta c6 dang thic '
(F— 2t 1) (x4 dx +6) = (5 — 65+ 125~ B) (ax + by + x
e exH(d - 200% + (c=2d+e)x” + (d-20)x + € =

= ax*H(12a + b)x* + (12b — 6a)x” — (6b + 8a — 1)x — 8b.

c=a a—-c=0
1d—2c=12a+b 10a+b-d=0
Suyrajc-2d+e=12b-6a o qc-2d+e=12b-6a
 |d-2e=1-6b-8a 7a—20b-2d =0
c=—8% 8a+22b+d =1.

|

Giai-he phuong trinh nay ta tim dugc

a=4,b=-3

c=4,d=-19,e=24.

Vay taco p(x) = ax® - 19x + 24
qx)=4x -3

va f(x) = 4x* — 27x" + 66x7 - 65% + 24.

. a) Tim nghiém hitu ti cua da thic

f(x)=x3 - 6x2 + 15x — 14.

Cac uée cia 14 1a £1, +2, +14.
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f(1)=-4#0,

f(—1) = —36 £ 0,
f(2) = 0.
I g I I R
2 1 -4 7 0
7 ! 3 12820
7 R

Vay f(x) c6 mot nghiém hiw ti 13 2.

Giasit 2 < ©,q>0, (p. q) = 1 1 nghiem ciia da thiic.
P

Tir déng thic (*) ta suy ra p — mq la udc cha f(m). Vi

m=1,tacop~1qg=p-qlaudeciaf(l) vivéim=-1 ta

cOp—(-lq) =p+qlaudc cha f(-1).

Theo bai 6.16 néu phan 5 16 gian 2 < Q 13 nghiem ca da
q

thitc
f(x) = 10x” - 81x* + 90x” — 102x2 + 80x — 21
thi p\21 vag\ 10.
Ngoai ra (p — @)\ (1) va (p + @) \ f(~1).
Tacé f(1)=-24

f(—1) = -384.
Cic gid tri ca p ¢6 thé 1a 1, +3, +7, 421
Céc gid trichaqcé thé 1a 1, 2, 5, 10.



: , | 1 3
Ta lan luot xét cic phan s6 +3, +7, £21[; if; igz i—z-;
2
ig; _Z; 1.2 : + 2
5 3 2 2 5

Trude hét ta loai trir cac phan s¢ khong thoa mén diéu kién
can di néu trong bai 6.16.

21 — 1 = 20 khéng chia hét cho 24 = f(l)
-21 — 1 = -22 khéng chia hét 24 = f(1),
2% — 2 = 19 khong chia hét 24 = {(1),
-21 — 2 =~23 khong chia hét 24 = {(1).

Vay +21, i%khéng la nghiém ctia da thitc f(x). Twuong tu
21 . IR .
13, + sy ciing khong 1a nghiém cua f(x).

Con lai ding so do dé fim nghiem cita f(x):

6.18.

10 | —81 | +90 | —102 | +80 | —2i
7 10 ~11 13 ~11 3 0
1 10 -6 10 -6 0
> _
3 10 0 0 | o
5 | |
Da thiic 10x” + 10 khong c6 nghiém hiru ti. Vay f(x) ¢6 ba

s 1 3
nghiém hiw t1 la: 7, > vi 3

Gia st f(x) ¢ Z[x] véi f(0) va (1) déu 1& ma f{x)} cé nghiém

nguyén 1a a. Do f(0) 13 s6 hang tu do cho nén a Ja uée cua
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f(0) phai 1a mot <6 1é. Lai theo diéu kién can trong bii 6.16,
a —| phai 12 udc cua f(1). Nhung a — 1 chdn va f(1) 1é nén
a — 1 khong thé 12 ude caa f(1) duge. Diéu vo If nay chimg t6
f(x) khong ¢6 nghiém nguyeén.

Ta x&t hai trudng hop:

a) p(x) € Z. Nhu vay p(x) 1a mot s8 nguyén t6. Hién nhién
néu p(x)\ f(x)g(x) thi p(x)\ f(x) hoac PO\ g(x).

b) p(x) ¢ Z. Nhu vay p(x) phdi 13 mot da thifc nguyén ban.

Ta coi p(x) nhu mét da thie thudc Q[x]. Khi do tinh chat bat

~ kha quy cha p(x) trong Q[x] twong duong vai tinh chét bt

6.20,
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kha quy cia p(x) trong Z[x]. Vi (P[x] 12 mot vanh chinh nén
p(x} la mot phén t nguyén t6 trong Q[x]. Piéu ndy néi lén

rang néu p(x) \ f(x)g(x) véi f(x) vi g(x) thuoc Z[x] thi
p(x)\f(x) hoac p(x)\ g(x). '

Viéc ching minh bai todn duge dua trén bd dé sau day (xem
Dai s6 dai cuong, Hoang Xuan Sinh):

Néu f(x) e Z[x] ¢6 bac 16n hon 0 va f(x) khong bat kha quy

trong Q[x] thi f(x) phan tich duge thanh mot tich nhitmg da
thitc bac khac 0 véi hé s6 nguyén.

Bay gi0 ta hay di vao bai todn. Néu f(x) ¢6 bac O thi f(x) [a
moét s6 nguyén. Néu s6 nguyén do6 khic +1, nd sé phan tich
thanh mot tich nhitng thira s6 nguyén t6. N&u f(x) ¢6 bac Ién
hon 0, 4p dung bé dé trén f(x) s& viét dugc dudi dang:

f(x) = p(x) pr(X)... p(xX) (*)

)



6.21.

6.22.

trong dé ¢6 phiing p;(x) c6 thé cé bac 0, vay la nhing so
nguyén t3, con déi vdi cdc pi(x) ¢ bac khéc O thi ching la
nhitng da thitc v6i hé s6 nguyén, nguyén ban va bt kha quy

trong Q{x].
Ap dung bai 6.19, ta c6 thé chimg minh sy phan tich (¥) la
duy nhat sai khic * 1 véi méi nhan tr. -
aybaty=x-3taco

4 3 2 4 3 2
X —8x + 12" —6x+ 3=y +4y -6y —42y -42=g(y).
Pa thic g(y) bat kha quy trong QIx] vi theo tiéu chudn
Aidenstaino voi p = 2, do d6 suy ra da thitc

f(x)=x* - 8x" + 12x* —6x + 3

bat kha quy trong Q{x].
b) Poc gia tu giai.
cybaty=x-1

3 — —
f(x)=x"‘l+xp_‘+...+x+l=yr]+C;yp 2o+ Cgi

=y 4y 4 p=g(y)
Theo tiéu chudn Aidenstaino da thic v€ phai g(y) la bat kha
quy trong ([x]. Vay f(x) bat kha quy trong Qfx].
d) Pat x = y + 2. R6i 4p dung tiéu chudn Aidenstaino.
Gia sur f(x) = x4+ px2 +q € QIx] kha quy trong Q{x] thi f{x)
¢6 thé phan tich dugc thanh tich ciia hai da thic bac hai

x4+px2+q=(x2+ax+m)(x2+bx+n).

So sdnh hé 6 & hai v&€ suy ra
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a+b=0

m+n+ab=p

an+bm =20

mn = q.
Néua=0thib=0va

m+n=p

{mn =q.
Khi d6 m va n la nghiém ciia phuong trinh
x? —pX +q=0.

Phuong trinh ndy ¢6 nghiém hiru ti khi vi chi khi

A= p2 — 49 la binh phuong clia mot 6 hitw 11

a=-b
Néua£0thim=nvi {2n-a’ =p
nzzq.

Via va n la nhing s6 hitu ti nén g, 2,/q —p(=a’) phai I
binh phuong ciia nhimg s& hitu .

Tir cac két qua trén su.y ra ring da thic x* + px2 + g la bat
kha quy trong Q2(x] khi va chi khi q, p2 - 4q va 2\/a—p,
khong phai 12 binh phuong cta nhimg $6 hiu ti.

Gia sir f(x) = (x — a;) (x — ay)...(x — a,) —1, véi a, 14 nhitng 6
nguyén phan biét, i = 1, 2, .., n, khong phai 12 da thic bat
kha quy trong Q[x]. Nghia Iz ton tai hai da thiic h(x) va g(x)

cua Z[x] sao cho

f(x) = g(x) h{x) _ (D



véi 0 < bac g(x), bac h(x) < bac f(x).

Tir dang thite (1) suy ra

na)=g{n)=-1vdii=q.2, ... n

vi g(a;) va h(a,) thuéc Z nén g(a,) = -h(a) véii=1,2, ... n.
Pat k(x) = g(x) + h(x). Néu k(x) = 0 thi ta c6 g(x) = -h(x),
nhu vay f(x) = —[g(x)]l. Hé s6 cao nhat cua --{g()c)]2 am, con

hé s6 cha f(x) bang 1 > 0. Diéu nay khong thé xay ra. Néu
k(x) # 0 thi bac k(x) nho hon n, nhung

k(a)=g(a)+h(a)=0,i=1,2, ..., n.

Vay k(x) ¢é n nghiém phan biét, mau thudn véi diéu da
chimg minh trong bai 4.16.
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