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Lo ¥or Ay

Lam bdi tdp 13 mot khdu rdt quan krong trong viée hoc todn, né

gidp cho ngudi hoc todn hiéu dupc ly thuyét thau dio hon, rén

luyén tw duy khoa hoc, ky ndng tinh todn va khd ndng vén dung
todn hoc vdo gidi quyét vén dé (problem solving), kich thich niém

say mé hoc tip, say mé tim toi cua nguoi hoc. Vi vy, cudi méi
chuong cia by sach "Todn hoc cao cdp” viét cho cdc hé, 1dp cao
déng cda cdc truong dai hoc ky thudt, ching t6i dd dua ra mot s6°
bdi tAp. B sdch "Bai tdp Todn hoc cao cdp" ndy dugc viét nhdm

trink bdy bal gidi vd hudng dén gidi cia hdu hét cic bai tip di
ra trong bo sdch trén. Ngoai ra, mgt s6' bai tp khac cing d4 dupc
b6 sung.

Méi churong cda by sdch déu md du bing phan Tém tit Iy thuyét,

nhdm nhic Iai cdc digm mé&u ch6t cia Iy thuyét vé nhimg : dinh

nghia, dinh Iy co ban, phuong phap-co bdn, cong thiic co ban.

Phén Dé bai vd phdn Bai gidi va huong dén cda méi chiong duoe
xép tich roi nhau.

Chiing t0i khong khuyén khich nguot hoc khi lam bar tdp s dung
ngay bai gidi trong sich niy ma khong fur minh gidi cdc bai tap do.

Gdp kho khan khi lIam mot bai tip néo do, nguoif hoc nén xem lai
phén Tom it Iy thuyét vd néu cin cf phén twong ing trong gido
trinh. Chi nén xem Ior giai trong sdch sau khi da gidi xong bai ¢
dénh gid két qud hoc tip cda minh. Chi trong qud trinh vita hoc Iy
thuyél, viza lim béi tip thi nguoi hoc méi dén dén hieu duoc céc
khdi nigm todn hoc méi, ndm duoc céc phuong phdp co bdn va
nhé duge cic két qud co bén.

Hy vong rdng, quyén séch nay sé giup cdc ban sinh vién hoc t6t
mon Todn, yéu thich méri Todn va say mé tim tof cac vén dé toin ..
hoc trong céng nghé va ky thust

Chiing t6i mong nhin dugc y kién cia ban doc d67 voi bo sdch
ndy. Xin chdn thanh cam on.

CAC TAC GIA
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Chutong Vil
HAM SO NHIEU BIEN SO

A. TOM TAT LY THUYET
1. Ham s6 nhiéu bi&n s8. Mién xac dinh
Gidst Dc R 4nhxaf:D —» R goi la hém s& hai bién s8 xdc dinh

trén D. D6 1a mot quy tic cho dng véi mdi cap s6 thue (x, y) € D mdt so
thue duy nhét z = f(x. y). Néu ham s6 dugc cho béi biéu thiic z = f(x, y) thi
mién xic dinh cta né dugc hiéu la 1ap hop nhiing diém (x, y) sao cho biéu
thite f(x, y) c6 nghia.

2. Gigi han va lién tuc

Day diém M, (x,, v,) g0i 12 din 16i diém Mo(xo, ¥o) trong R% néu

liﬂl\/(xn _xn)2 -_I_(Yn '_Y{u)z =0.

Khi dé ta ky hieu M, - M, hay (x,, y,) = (X, y¢) khi n - o,

Ham s6 f(M) = f(x, y) xédc dinh trong mién D chifa diém My(Xg. ¥ €6
thé trir diém My, goi 1a dan t6i L khi M(x, y) dén t8i My(Xq. y,) n€u véi moi
day M(x,, y,) (khéc M) thuoc mién D dén t6i M, ta déu c6

lim_f(xn,yn)z L.

Cho ham s6 f(x, y) x#& dinh trong mién D, My(x,, ¥o) 12 mot diém
thu¢c D. Ham s6 f(x, y) duge goi 1a lién tyc tai M, néu:

DTéntai  lim  f(x,y):

(R Y bRy ¥ )

2) lim f(x,y) = f(xg, Yo)-

SRt PN

~ Néu f(x, y) lién tuc tai moi diém trong mién D, ta néi f(x, y) lién tuc
trong D.



3. Pao ham riéng

of f(x, +Aax,y,)—f(x,,¥,)
i 30 = 5 )= fim ORI,

f(x,. ¥, +AY) - £(X,.¥,)
Ay

. af )
t,(Xp, Yo) = g (Xps Yo) = el.:l:l}o

Nhu vay, khi tinh dao-ham riéng cta ham s& d6i v6i bién s nao thi coi

céc bién so con lai 1a hang sd.
Dao ham riéng chia cic dao ham riéng dinh nghia & trén goi 1a dao ham
riéng cap hai:
o

a(ef &t oz

f = —_ ==
(0 =ko = A% 6xJ o
B & o

(), =f, =— af] f zZ
dy \ Ox ayax 8y6x

2 2

(£). =, _° af) f &z
ox\ oy oxdy 6x6‘y

alof) & &2
0,5 )55

“Né&u ham s6 f(x, y) ¢ cdc dao ham riéng f,y va f,, trong mot mién D va
néu céc dao ham riéng &y lién tuc tai diém (X, yo) € D thi

ny(XO’ yO) = fyx(xﬂ’ YO)' . _
Céc dao ham riéng cip cao hon dinh nghia tiong tu.
4. Vi phan toan phin

o N&u ham s& f(x, y) c6 céc dao ham riéng f,, f, trong mién D chira

diém My(xg, ¥o) va néu cdc dao ham riéng 4y lién tuc tai M thi ta co
f(xo + AX, yo + AY) — f(Xo, o) = £(Xo» YOIAX + £,(Xg, Yp)AY + GAX + BAY,
trong d6 . — 0 v B —> O khi Ax > O va Ay > 0.
Biéu thifc f;(R. Yo)AX + f,(Xg, o)Ay 12 phan chinh cia.s6 gia
f(xo + AX, yg + Ay) ~ 1(xg, ¥o)



goi 1a vi phan toan phin cia ham sé f(x, y) tai (x,, yp) va duge ky hiéu 1a
df(xg, ¥o)- Vi x, y 1a bi€n sé doc 1ap nén Ax = dx, Ay = dy, vay
df(xg, yo) = £x(Xq, YoXdx + £, (xg, yo)dy. )
o Khi Ax, Ay khd nho ta cé

f(xo + Ax, yO + AY) - f(XO, yo) = fx(XO, yO)AX + fy(XO, yo)Ay

¢ Diéu kién cén va di dé biéu thitc P(x, y)dx + Q(x, y)dy 12 mét vi phan
toan phan trong mot mién D ndo d6 12 trong mién 4y
P AQ
EEES
Khi diéu kif}n trén dugc thoa mdn, ta ¢ thé tim dugc ham s& f(x, y) sao cho
df = P(x, y)dx + Q(x, y)dy. |

5. Pao ham cua ham sd hgp

Néu z = f(u, ») 14 ham s6 kha vi ciia u, v v néu u = u(x), v = v(x) 12

- nhimg ham s6 kha vi ctia x thi z 12 ham s6 kha vi cha x va ta ¢6

d_ozdu, & dv
dx oudx ov dx
" Néu z = f(u, v) 12 ham s6 khi vi cha u, v va cdc ham s u = u(x, y),
v = v(x, y) ¢ cac dao ham riéng v, uy, vy, vy-thi t6n tai cdc dao _hém riéng_
oz oz
ox’ dy

vi ta co:

b - A
6. Dao ham cla ham sé an

Néu ham s6 F(x, y) kha vi va néu F(x, y) #0 thi phuong trink F(x, y) =0
xéc dinh & lan can x mot ham s6 4n y(x) kha vi va

E (x,y) _

x)=-
TR



Néu ham s6 F(x, y, z) kh& vi va néu F,(x, y, z) # O thi phuong trinh
F(X, ¥, z) = 0 xdc dinb & lan can diém (x, y) mot ham s& 4n z(x, y) kha vi va:

E__Fx(x,y,z)_
ox  E(xy.2)
@__Fy(x,y,z)
o E(xy.z)

7. Dao ham theo huéng. Vecto gradien
¢ Dao ham cta ham s8 f(M) = f(x, y, z) theo huéng cta vecto don vi U
tai diém My(Xg, Y. Z) 12 gi6i han néu c6 cha ty s
| FOM)—F(M,) _ FX,5,2) = £(Rg, Yo, 2)
p P _
khi p -» 0, trong d6 p=MM, va duoc ky hiéula D f(x,,y,,z,). |

Néu ham s§ f(x, y, z) kha vi tai My(xg, Yo Zo) thi tai dé né c6 dao ham
theo moi huéng xac dinh boi vecto 0 va

D f(x,,¥0,2,) = £i(xg. Yo, Zp)cosa + f(xg, yo, zﬂ)gosB + £,(Xq, ¥g, Zg)cOSY,
trong d6 a, B, y 1a nhilng géc ma U tao véi cac truc Ox, Oy, Oz.

* Néu ham s6 f(x, y, z) c6 cdc dao ham riéng f,, £, f, tai diém
M(x, y, z), ngudi ta goi gradién cia f tai M 1a vectg ¢6 cidc thanh phan
(f,(x.v, z), fy(x, vy, z), f,(x, v, z)), k¥ hiéu la grmf (x,y,z) hay ﬁf (X,¥,2).

Giita D,f(M) va grad f(M) c6 hé thiic

D,f(M)= grad f(M).,
trong dé i 1a vecto don vi. _ _
Néu ham s6 f(x, y, z) kha vi tai diém M(X, y, z) thi gi4 tri 16n nhit cia

dao ham theo hudng D,f(M) bang ]gr?:l'f(M)i va dat dugc khi o ciing
hudng véi vecto grad f(M).
8. Cyc tri clia ham s& hai bién sd

Ta néi ham s8 z = f(x, y) dat cuc tri tai diém My(X,, ¥p) néu véi moi

diédm M(x, y) khd gin M, (nhung khéc M) hiéu f(M) - f(M,) c6 dau |
khong déi.



Néu ham s6 f(x. y) dat cye tri tai diém Mg(xq,, ¥o) v tai d6 cac dao ham
rieng f,, f, t6n tai thi £(x, yp) = 0, f,(xo, ¥o) = 0. Diém (xg, y,) tai dé
f,(Xo. ¥o) = £,(X. ¥o) = 0 goi 1a diém dimng clia ham s6 f(x, y).

Gia s My(xg, yo) 12 mot diém dimg cda ham so f(x, y) va ham s6 f(x, y)
¢6 dao ham rieng cdp hai & lan can diém M, Dat r = f,(x; ¥,).
s = fy(Xg, ¥o)s t = £, (Xy, yg). Khi dé:

1) Néu s® — rt < 0 thi My(xg, ¥o) 1a diém cuc tri ciia ham s6 f(x, y); d6 [a
cuc tidunéur >0, lacucdainéur<0.

' 2) Néu 52 — rt > 0 thi Mg(x,, y,) khong 12 di€m cue tri clia ham s& f(x, y).

3) Néu s? — 1t = O thi chua thé k&t luan duoc My(xg, ¥o) 12 diém cuc i
cha ham s f(x, y) hay khong.

» Cyc tri ciia ham s6 f(x, y) véi diéu kien y = (p(x) duge goi la cuc tri ¢é
diéu kién.

e Mudn tim gid tri 16n nhat va bé nhat cha ham s6 f(x, y) trong mot
mién déng bi chan D ta thyc hién cic buéce sau:

1) Tinh gid tri cta f tai céc diém dimg cta f ndm trong mién D;

2) Tinh gid tri 16n nhat va bé nhat cia f trén bién clia mién D;

3) 86 16n (bé) nhét trong cdc gid tri tinh & 1) va 2) 1a gia tri 16n (bé) nhit
phai tim.
9. Phuong trinh tiép tuyen va phap dién cta dudng cong tai
mét diém

Cho dudng cong cé phuong trinh tham s6 x = x(1), y = y(0), z = z(1).
Phuong trinh ti€p tuyén clia dudng cong d6 tai M(x(tp), y(t), z(t)) 1a

X-x(t,) Y-y _Z-2t)
x@) y'a) o zq)

trong d6 X, Y, Z la cic toa do chay clia dudng ti€p tuyén.

Phuong trinh phap dién ciia dudng cong tai M(x(t,), y(ty), z(to)) la

[X = x(te)IX'(tg) + [Y — y(t)Iy'(ty) + [Z — z(tp)]z'(ty) =

10. Phu’dng trinh phap tuyén va tlep dién cGa mit cong tai
mot diém

_ Cho mat cong ¢6 phuong trinh f(x, y, z) = 0. Phuong trinh tiép dién cia
mat cong tai M(x,, yp. 7g) 12 '



(X ~ o) (Mg + (Y — yo)f,(My) + (Z — 20),(My) = 0.
Phuong trinh phép tuyén cia mét cong tai M(xq, ¥, Zp) 1a
X-x, Y-y, Z-z,
£,(M,) £M,) £M,)

B. DE BAI

1. Chof(x,y) = —=~Y_. Tinh:

x2 42y

£(2, 1); f(-1, 3); f(x, 2x%); f(x + h, y + k).
2, Chog(x,y,7)= xz.lny.sinz. Tinh: -

g(—l, e’ %} gLt 1), gX+¥. X, X~ Y).
3. Tim mién xac dinh cia céc ham s6 sau:

a)f(x,y)=xl : B f(x, y) = X -y :

+y+1

c)fix,y)= x21n(4 - xz_— 4y2); d) f(x, y) = vx+1- Jy -1;
’ - 2
e) f(x, y) = \/;ln(x+y); Hix,y)= H_9x_y;

X+y

g) f(x! Y) = arCCl:}Si -
' y

h) f(x, y) = JX2 +y? —1 +In(4 - x* ~y%);

i) f(x,y,2)= \ll—x2 -y -z

. X Yy Z
fiz,y,2)=In| -+—+—-11.
Ny, 2) _[1 >+3 )

4. Mo ta cic mat bic hai sau:
AR+ +22-2x-2y+1=0; b)z=4x>+y’+1;
) 4x:+y) -2 -4=0; A)y—x2—1=0;
e}y -x1-1=0, Dy -x2-2=0.

10



Tim gi6i han khi (x, y) = (0, 0) clia cdc ham s6 sau;

5xy’ -3x’y +1 2x% - 3y?
a) f(x, y) = ; b) f{X, y) = ——=—;
) f(x, y) Zo— ) _( Y) a2y
2 4 2
c) f(x,y) = g*Jﬂsin}'; d) f(x,y) = (le)i_;
2y X7+
. 2 2
e) f(x, y) = X +y .
JE+yHl -1
Tinh cdc dao ham riéng c4p mét clia cac ham sd sau:
X
a) f(x, y) = Xy’ (x’ + %) ; b) f(x, ¥) = —pe—;
X '+y
¢) f(x, y) = yln(x* - y); d) f(x, y) = —yvx +4xyy* ;
. 3 '
&) f(x, y) = ¥ ffx,y) = 2+2,
: v x
g) f(x, y) = aretg - L h) f(x, y) = In(x + x> +y?);
+X . -
D f(x,y) = e¥ig(x - 2y) ; DX y)=x"7 (x>0);
k) fx,y,z)=e™ Sinl; D f(x,y,z)= zsin y_
. X X+z
Tinh vi phan toan phin cta cdc ham s6 sau:
X
Wy =Xy’ -3xy; D=
o) f(x, y) = ye¥; d) f(x, y) = In(x* + 3y% + 1;
e) f(x, y) = ¢*“sin(x - y); Dfx, y,2)= xy’ +2";

g) f(X,y,2) = In\x* +y> + 27 ; h) f(x, y, z) = xe¥ + ye? + ze ™~

Tinh gin ding céc s& sau:

a) y9.1,957 +(8,1) ; b) Inf(0,09)° + (0.99)°]:
¢) V(L,04)"™ +1n(1,02) ; d) 5" +(2,03) ;
(1,03

Jo,98 . ¢/a,05)

) V(3,020 +(1,99) +(5,98)".

11



10.

Tinh cdc dao ham riéng cdp hai cia cdc ham s6 sau:

a) f(x, y) = x'y’ +2x\6 : b) (X, y) = cos*(2x — 3y);

3_
o) fx,y) = (x" +y°); ' d) f(x, y) = sin(x — y) + cos(x + y).
Tinh cac dao ham riéng cip cao clia cic ham sG sau:

Ca)fix,y)= x3y2 - 5x4y, tinhf,,,; b)f(x,y)= e, tinh foxys

11.

12.

13.

14.

12

¢) f(x, y) = cos(ax + &), tinh f, ,.,;  d) f(x,y,2) = e”% tinh f,.;

e) f(x, y, z) = ¢Vsinz, tinh f, N fx,y,2) =In(x* + 2y* + 32), tinh f, .

Trong céc ham s3 sau, ham s6 nao thod méan phuong trinh u,, +u,, =0?
ayux, y) = x +y’; by u(x, y) = x* - y*

) u(x, y) = x> + 3xy” d) u(x, y) = x° — 3xy*>

e)u(x, y)= Inyx* +y*; ) u(x, y) =€ *cosy ~ e “cosx.
Chitmg minh ring céc ham s sau thoa man phuong trinh u, = a’u,, ;-

a) u(x, t) = sin{kx)sin(akt); byu(x,t)=(x — at)4 + (X + at)4;
c) u(x, t) = sin(x — at} + ln(x + at).
a) Tim ham s& u(x, y) thoa méan phuong trinh u, = 0;

"b) Tim ham s6 u(x, y) thoa mén phuong trinh u,, = 0.

Néu biéu thitc nao trong cac biéu thic o dudi day 12 vi phan toan phén,
hdy tim ham s6 f(x, y) saochodf = w :

a)o= (3)(2 + y)dx + (X - 4y2)dy:

b) © = (Sxy + 3)dx + (2y” — x” + I)dy:

c)w= (3}(23,!2 —4xy + 3)dx + (2x3.y - 2x2)dy;

d) ® = (6x + siny)dx + (xcosy + y? + siny)dy;

e) ® = (Xxcosy — ysiny)dy + (xsiny + vcosy)dx;
f) o = (y + e*cosy + x)dx + (x _ e“siny + e”)dy;

go= lenydx - X+ yzlnx)dy x>0,y >0)

h)m=[l+2—};]dx—(%+%]dy.
hj X s Yy X



15. Ding quy tac 1dy dao ham ctia ham s6 hop, tinh g_z :
X

a)z:u3+v3,lrongd6u=x2,v= 1 -¢%
b)z= uvIl+v?, rong d6 u = xe ¥, v = cosx:

¢}z =In(u + vz), trongdéu=+1+x, v= I+\/;.
. P N . 0z Oz
16. Dung quy tac lay dao ham cfia ham sé hop, tinh — , —
ox oy
a)z = u’sinv, trong d6 u = x° + yz, v = 2Xy;

2

b} z = sinucosv, trong dé u=(x- y)z, v=X" - yz;

¢)z=u’ - 3u’? trong d6u =xe’, v = xe ¥;

d) z = arctg(uv), trong d6 u = x%, v = xe”;

e)z=¢""", trongd6u=x’y,v= xy”.
17. a) Chiing minh rang hdm sé u = \/x* +y> +z*> thoi man phuong trinh

llu~|-lly +Uu,=—.

Y
i
b) Chiing minh réng ham s6 z = yIn(x® - yz) thoa man phuong trinh

1 i z
—Z +t—z, =—.

X Y y
c) Ching minh rang ham s6 u = xf(x + y) + yg(x + y), trong d6 f, g I
hai ham s6 kha vi, thoa man phuong trinh

u,, — 2u,, +u,, =0.
18. Tinh dao ham cha cdc ham s& dn sau:
a) y5 + 3><2y2 +5x* =9, tinh yh
b) y3 +(x2+ Ty + xt= 0, tinh y';

¢) Inyx* +y? = afctgz, tinh y', y";
X

d) xcosy + ycosx = 1, tinh y';
e) 1 +xe’ ~ye* =0, tinh y"

) xyz —-sin(Xx +y)+y=0,tinh y'"

13



g) xy + yz—-zx =0, tinh z,, z,.

h) x2 + y2 —2= 2x(y + z), tinh z,, z,,
i) yx* + x%y® = ¢, tinh z,, z,,

iy xe¥ +yz +z¢" = 0, tinh 2, z,,

K)In(l +y-2z)-z-x=0,1inhz,z,.

19. Tinh gradién ciia cic ham sé6 f tai diém P va dao ham clia ham s6 f theo

huéng :

ayf(x,y)= x2y3 + 4xy5, P(1,-1), ﬁ(é’ _EJ;

5 5
1 2
b f » = *si L) P -lv£]| -.(__9*_};
) f(x, y) = e siny [ 2 u ANE
_ 1 1 1
f(x,y,z)= P1—21 —, =, |}
o) f(x, y, z) = xy’2’, ( ) [3 7 3}
21 2
dfx,y,2)=x y+x\ll+z P(1, 2, 3}, [—?; 5,—5].

20. Tinh gid tri 16n nhét cha van t6c bién thién cha ham s f tai diém M, gid

21,

14

tri 16n nhat dy dat duge theo hudng nao?
a) f(x, y) = In(x* + y*), M3, 4);

b) fix, y) = x* +2y, M, 4);

o) f(x, y,2) = L4 (4 2, 1)‘
y z

d) f(x, y, Z) = cos(2x — 3y+3z) M(— L2 J].

236

Chiing minh ring néu u(x, y), v(x, y) 1a cdc ham s& kha vi; a, b 12 hing
s6 thi:

a) :g;;a(au+bv)=a§i‘;lau+bg?la v

b) é@i(uv):ug—rga v+v§au;



0 Erﬁ[g]= vgradq—:!ugrad v
v v

,v=D:

d) grad (u")=nu"'gradu, n e N,

22. Tim cuec tri ciia cdc ham s6 sau:
a) f(x, y) =2x% + y? + 2xy + 2x + 2y;
b) f(x, y) = xsiny;

dfxyy=x*+y —axy+1;

e) f(x,y) =3’y +y* - 3x - 3y’ + 2;
Dix, y)=(x- y)2 +(x+ y)3;

g X, y)=xy(1 -x - y);

h) f(x, y) = x[(Inx)* + y2;

1

i) f(x, y) = sinx + siny + cos(x + y), 0 < x, y <

PN

DX, y) = (x - y)e'?.
23. Tim cue trj ¢6 diéu kién cia céc ham s6:
a) f(x, y) = xy v6i diéu kién 2x + 3y — 5 = (;
b) f(x, y) = x% + y voi diéu kién x%+ y2 =];
24. a) Diém nao trén mat 2% = xy + | gn g6c toa do nhét?
b) Di€m nao trén dudmg tron x% + y? = 4 g4n di€ém (3, —1) nhat?
c) Diém nao trén mat phing x + 2y + 3z = 4 gin gbc toa d6 nhit?
d) Trong céc hinh hop chit nhat ma ba mat nim trén ba mat phing toa-

d9, mot dinh nam trén mat phang x + 2y + 3z = 6, hinh nao c6 thé
tich 16n nhat.

25. Tinh gid tri 16n nhat va bé nhat ciia ham s6 f trén mién D:
a) f(x, y) = 1 ~ x* - y%, D 1a mién trdn déng (x ~ 1)? + (y — 1> < I

b) f(x, y) = x2 + 3y? + x — ¥, D la mién déng gi6i han bdi cic dudng
thingx=1,y=1vix+y=1; ' |
fix,y)=1+xy~x-y,D 14 mién déng gidi han bdi cdc dudong

y=x* vay=4;

15



d) f(x, y) = x> + y* + X’y + 4, D 13 mién déng gidi han boi cdc dudng
thingx=1,x=-1,y=1vay=-1;
e) f(x, ¥) = sinx + siny + sin(x + y), D 1a mién déng gidi han bdi cic
dudng thing x =0, x = E, y:O,y:.IE-.
2 2
26. Viét phuong trinh tiép tuyén va phép dién ctia dudng cong tai di€m P:

t2 3
aAyx=ty= 5 Z= _t3_‘ P[L%,%J;

byx=2t,v= Zﬁcost, 7= Zﬁsint, P[—;-,ZJ];

. . m
c) X = tsint + cost, y = tcost — sint, z = 21, P(E, -1, n] :

d)x =cost, y = 36‘; z=3e", P(1, 3, 3).

27. Viét phuong trinh phdp tuyén va ti€p dién ciia mat tai diém P:
a)z=x - 2xy +y - x+2y,P(1, 1, 1);
b) 4x% + y2 + 2% = 24, P(2, 2, 2);
OxX+y?-z2=-1,P@2,2,3)
d)z=1In(x*+y%), (1,0, 0).

C. BAI GIAI VA HUONG DAN

1. f(x,.y)z_?gfy_'z
X* + 2y

f(-1, 3) = ﬁ%:ﬁ%;

f(x,2x%)= 2.x.2x° 4x”

x2+2.4x* x*+8x*

16



2.

3

2(x + h)(y + k) _
(x + h)? + 2(y + k)?

_ 2xy+2hy +2kx +2hk
x> +2y* +h? +2k* 4+ 2hx +4ky

f(x+h, y+k)=

gX,y.2) = lenysinz

5 _
= —l,ez,E— 1)? In(e® sm—= ——=J§;
g( 4) -1 In(e?) 2 5
g(t, t, 1) = t’Intsint ;
gx +vy,x, x—y):(x+y)2 Inx sin(x — y).
a) Mién xdc dinh ca ham sé f(x, y) = _ 1a tap hop
Xx+y+1

{(x,y)e RE::x+y+ 120},

~d6 1a toan bo mat phang toa do tritr nhimg diém trén dudmg thing

X+y+1=0.
b) Mién xdc dinh cha ham s6 f(x, y) = {x> —y I3 tap hop

(o, y) e R xP-y20),
né gﬁm nhitng di€m ctia mat phing toa do nidm & dudi duong parabon
y = x°, ké ca nhitng diém trén dlIOllg y = x>
c) Ham s6 f(x. y) = x*In(4 — x* — 4y?) xdc dinh khi 4 — x> - 4y* > 0.
Vay mién xdc dinh cla n6 1a tap nhiing diém ndm trong dudng elip

2
X 2
—+y“=1.
4 Y

d) Mién xéc dinh cla ham s6 f(x. y) = Jx+1-.Jy -1 1a tap hop

{(x.y)e R*:x2>2-1va y 2 1}, d6 Ia mot phan tu chia mat phang toa do
nim trén dudng thing v = 1 va & bén phai duong thang x = -1, ké ca
bién cua né (hinh 7.1). :

¢) Mién xdc dinh clia ham s6 f(x, y) = Jx In(x + y) la tap hop |
{(x,y) € R*:x20vax+y>0} (hinh 7.2).

17



g ke o vo-x*-y*
f) Mién xdc dinh cha ham s6 f(x, y) = +———

la
. X+y
{(x,y) Rzzx2+y2$9véx+y¢0},

d6 12 tap hop nhimg diém nim & trong hay trén dudng tron x? +y? =9,
trir di nhimng diém trén dudng phan giac thi hai (hinh 7.3).

18

-1t 0 x ’/ X ///////////////%

X
y _
dinh ctia n6 1a tap hop {(x, y) € R?: y = 0 va x> < y2}. Phuong trinh
x% = y? biéu dién cap dudng thang y = + x. Vay mién xéc dinh phéi tim
13 mién chita truc Oy ndm gifra hai dudng thang y = +x, trit diém gdc toa
d6 (hinh 7.4).

g) Ham s8 f(x, y) = arc cos> xéac dinh khi y # O va <1. Mién xdc
: y _ .

Y Vi
y=—X y=x
0/ % . |
%/
Hinh 7.4 Hinh 7.5

h) Mién xéc dinh ciia ham s6 f(x, y) = yx2 +y2 -1 +In@d-x*-y) 1a
tap hop {(x, y) € R?: 1 <x* +y* < 4}, d6 12 mién hinh vanh khan nim



gita hai dudng trdn cling tam tai géc toa do c6 ban kinh 1 va 2, ké ca
dudng tron bén kinh 1 (hinh 7.5),

i) Ham s6 f(x, y, 2) = 1-x"-y*-7* xéc dinh khi x> + y* + 2 < 1.
Mién x4c dinh clia né 1 hinh cdu don vi, déng, tam tai goc toa do.

i) Mién xéc dinh ciia ham s6 f(x, y, z) = In [% 4 % + “:? - 1} a tap hop

{(x, y,2) e R*: ? + % + - > 1}, d6 12 phén cia R’ nam trén mat

RIS

;. X Yy oz
phang T+E+§=l.
a) Phuong trinh d3 cho c6 thé viet 1a
-1+ y-1P2+22=1. |
D6 la phuong trinh clia mat cu ¢6 t4m tai diém (1, 1, 0.), ¢6 ban kinh
bang 1. ' '
b) Mat ¢ phuong trinh
z—1=4x*+y?
la mat paraboloit eliptic nhan cdc mat phing x = 0, y = 0 [am mat phing
d6i ximg. N6 cat mat phang x = 0 theo dudng parabon :
' z=y2+1,x=0;‘ ‘ ‘
cat mat phang y = 0 theo dudng parabon
' ' z=4x2+1,y=0; '
cat mat phing z = k néu k 2 1 theo dudng elip

4x% + y =k~ 1.
¢) Vi€t lai phuong trinh duéi dang dudi dang
2
2,2 2
X“+y - =1,
YT

Do la phuong trinh cia mat hypeboléit fnf)t tdng, nhan cdc mat phing
toa d6 lam mat phé_n_g do6i xting, nhan goc toa do 1am tam déi xig. Mat
d6 cat cac mat phing x =0, y = 0 theo cic dudmg hypeboén:

19



20

cit mat phing z = k theo dudng tron
_ 2
2, 2
X“+y'=1+—.
Y 4
/2

Do d6 mat dang xét 1a mot mét trdn xoay, do hypebdn x? - vy =1,

y = 0 quay quanh truc Oz sinh ra.

d) Phuong trinh y — x2 — 1 = 0 khong chia bién s6 z, nénla phuong trinh
clia mat tru cé dudng smh song song vdi tryc Oz, cit mat phang z =0
theo dudng parabon y= X2+ 1.

e) Mat bac hai y? - x2-1=0 13 mat try, c6 duo‘ng smh song song voi
truc Oz, cét mat phﬁng z = 0 theo dudmg hypebén y -x’=1L

f) Mat y — 7% = 0 cét mat phing z = 0 theo duo‘ng ¢6 phuong trinh

' y —x’= 0 tiic 1a theo cap dudng thang y = *x, cit mat phang x = 0 theo

cip dudng thing y = + z va chi giao v6i mat phang y = 0 tai g6c toa do.
NG cit mat phang z = k theo dudng wdn x% + 22 = k2. D6 12 mat nén tron
xoay c6 dinh tai g&c toa dg, nhan Oz lam tryc dd1 xing.

5xy’ — 3x2y +1 _ 1

a) Ta co: lim =-1.
(x,y)—>(0,0) 2xy -1 ~1
b) Ta c6:
2
lim £(x.0) = lim 2%~ =2,
x>0 x>0 352 3
2
- 3
lim £0.y) = lim 33’2 =2,
y =0 0 2y 2

Khi (x, y) —> (0, 0) theo hai huéng khéc nhau, f(x, y) dan 16 hai giéi han
khdc nhau, do d6 khong tbntai  lim  f(X, y).

(x.y)—=>{0.0}
c)Tacd
fn @2 x> +y2).siny - um 2F x2 +y? ign SS0Y
(x,¥)—(0,0) 2 y (x,¥)-(0,0) 2 y—>0 ¥
=1.1=1



d) Ta cé:

. 2
lim f(x,~x)= lim & ’; )_0.
x—=>0 x—=0 2x
o
lim f(x,0)= lim 7=1. :

x>0 x—0 x

Vi0#1,nénkhongtontai lim f(x,y).
: (x.y)—(0.0)

e)Tacod

N yz (x2 + yz)(\}x2+ y2 +1+ 1) - .
> > = 3 I : = +y +1+1
VX +y +1 -1 Xty

- néu (x,y) % (0,0). Do dé
2

2 |
lim Xty = lim [\Ix2+y2+l+lj=2.

'(x.y)—uo,m‘sz 1y 4l-1 (00

a) f(x, y) - Xzyz(x3 + y3) — Xsyz + x2y5
= f = 5xty? 4 2xy°;

f, = 2x5y + 5x2.y4.

b) f(xs Y) =

SN v S S
= f= TRy Ly

X
2

x*+y? =(x2+y2)m; ,
1) 2 273 Xy
£=x[-= |x? +y?[2(y) = -— X
y [ 2}(" y T (2y) % +y2)32
c) f(x,y) = yln(x2 - y2)
= fxz 22xy2;
X -y
| 2 .2 2Y2
f =In{x* ~y*)-——L
=ity

21



d)

€)

g

h)

1 _—
fx=__ X 2+4
o 2)’ y |

1 2

1 :
213 __ ¥

24k

: 1
f,=-\f;+4x%y 3:—\/;_;_ 8

X
33y’

+43ly%;

f(x,y)= erl -xy+y’

f= 2T x-y);

f,=e? T Qy - x). .
3
fxoy)= 2o+ L
y X
3}(2_1
X y3 xz’
T3t
fy Ty T
vt ox
f(xs Y)=arclg y 2
: 1+x
f = ] oy ) 2xy
x HL' (1+x*y A+x*) +y*’
(1+x%)
(1+x*) 1 I+x?

YA Ay 14K (4 4y

Hx,y)= ln[x +x? +y2)

f, = 1 1+ X = 1
X =
x+\j;c2+y2 x2 +y? \[x2+y2

1



Fo_ y y

y_ - el -
x+\/x2+y2 \/x2+y_2 x2+y2+x\[x2+y2

i) f(x, y) = e“g(x - 2y)

= f= exy—rl—— +yeig(x - 2y);
cos”(x - 2y)
f,= —2e"y—2—1—‘— + xeMig(x - 2y).
cos“(x — 2y)
Doy =x
= f=yx"
f, = XY 2y.Inx.
k) f(x,y,z)=e"* sinY
X

= f,=yze"sinY + e cosi.(— l} = g*¥Z [yzsin-z - %COS_XJ;
' X L\ x X X X

) 1 } 1
y = xzc’_‘yzs_mz + ™%, cosz.[—- = "% xzsin L + ~cosL :
: x {x

X X X X
f, = xye"?sin 2.
. X
D f(x,y,2)=zsin—Y
X+z
= f,t=zcos Y |- > == zy2cos Y.
' X+Z\ (X+2) (x+2) X+z
f, = 2 cos—L_;
X+2Z  X+z
£ =sin—— + zcos2—.|_—Y 5 | = sin y _ Zy;,,_c:os Y,
z X+2z X+2 (x+12) X+2 (x+12) X+2Z

7. a) Ap dung cong thic
| df = fdx + £,dy.

23



vao ham s6 f(x, y) = x> +y°® - 3xy, ta c6:
f,=3x>-3y, f,=3y" - 3x;
df = (3x% - 3y)dx + (3y” - 3x)dy.

by f(x,y)=

K2+}*2
o f _}(2+yz—2x2 B yz—xz oo 2xy
B USSR S B L (L A%

_ (y2 —xz)dx - 2xydy -

df —
(x% +y%)?

¢ f(x,y)=ye¥
= fo=yeY, f=eV+ xye;
| df = eV[yldx + (1 + xy) dy].
d) f(x,y)= ln(xz + 3y2 +1)
e df = 21(2dx + 2ydy .
X“4+3y° +1
e)  f(x,y)=esin(x - y)
= f,=e"sin(x - y) +e7cos(x - y),
f, = e*7sin(x - y) - e*Yeos(x ~ v);
- df = {[sin(x — y) + cos(x — y)} dx + [sin(x — y) — cos(x — y)] dy}.

f) f(x,y.2)= Xy +2°

£ = Xy f = 3xz ]
T \jy2+zju 2\/yI+z3

2
df = y2+2° dx+ =Y _dy+ —2E 45,
: \/yz +z° 2~\jy2 +z°

g) f(X,y‘Z)z ln\Ix2+y2+zz' lln(x2+y2+zz)

2

2

_ 2 k!
= f =y +z

_ xdx + ydy + zdz

= df 5

x2+y?+z



h) f(x,y, z) = xe¥ + ye* + ze™ |
= df = (e’ - ze ")dx + (xe¥ + eB)dy + (ve* + e ¥)dz

a) Ta cin tinh gdn diing f(x, + Ax, y, + Ay) véi:

fix,y) = \}9:(2 +y2 3 Ro = 20 Y, = 8; Ax = -0,05; Ay = {,1,

Theo cong thitc tinh gin diing
f(xo + AX, y, + Ay) = f(x; y,) + (X, yo)Ax + f,(x,. ¥o)Ay,
trong do: :

f=—2X _ t- Y 12 8)=10:

\/9x2+y2 d \[9:(2+y2

18 8
f,(2,8)=—=18, £ (2,8)=—=0,8.
(& 8) 10 &8 10

Vay
- f(1,95; 8,1y~ 10~ (1, 8)(005)+(0 8X(0, 1)— 10 - 0,09 + 0,08 = 9,99
" b) Tinh f(x, + Ax. y, + Ay) véi:
f(x, y) = In(x* + ¥} x, = 0; y, = I; Ax = 0,09; Ay = -0,01.
Ta cé: :

2 N 2
o=y gy =
x> +y3 X" +y

f(0, ) =In1 =0; £,0, )=0; £(0,1)=3;

£(0,09; 0,99) = 3.(-0,01) = —0,03.
c) Vdi ham sg ba bién s6 f(x, y, z) ta cling ¢6 cOng thitc tinh gin diing
twong ty nhu véi ham s4 hai bién s6
f{xo + Ax' YO + AY' zo + AZ) b . f(xov yo- zo) + fx(xcp YO; ZO)AX

+ (X Yoo Z)AY + (X, ¥, 2,)A2.
Tacantinh f(x, + Ax, y, + Ay, z, + Az) v6i:

f(x, Y, Z) = \jxy +Inz M) SR ]; Yo : 2; z,= |
Ax =0,04; Ay =-0,01; Az =0,02.
Ta ¢é:

y-1 y
¥X f = X7 Inx f = 1

T A i A
2\/)(" + Inz 2VxY +Inz 2zVx¥ +Inz

f, =

25



(1,21 = L G(1L2 D= 160,21 =0 1,2, =1

Vay:  £(1,04; 1.99; 1,02) ~ 1 + 0,04 + 0,01 = 1,05.
d) Tinh f(x, + Ax, y, + Ay) vGi :

f(x, y) = yJ5e* +y* 1 X, =0, y, = 2; Ax = 0,02; Ay = 0,03.
Ta cod

5¢* y
fx -, fy = —-—-—-—-—-—;
2+/5e* +y? V5et +y?
| 2

©.2=%  §0.2=3; §02=2,

Vay: (0,02;2,03)=3+ %.(0,02) + %.(0,03) = 3,037.

- ¢) Tinh f(x, + AX, y, + Ay, 2, + Az) vOi:

. 2B

1 3

f(x,y,z):gtzy 3z 4.x,=Ly,=lz,=1;

Ax =0,03; Ay = -0,02; Az =0,05.
Ta co: :

f(1,1, D=1, £(1,1,1)=2, f),(l,l,l):—%, fz(l,l,1)=—%.

: 1
Vay: f(1,03;0,98; 1,05) = 1 +2.(0,03) + —.(0,02) - 9—(0,05)3 1,027
3 4

f) Tinh f(x, + AX, y, + Ay, z, + Az) v6i:

fx.y, 2= m;x0=3;yo=2;zo=6;

Ax = 0,02; Ay =-0,01; Az =-0,02.
Tacd



£3.2.6)=T,£0,2,6)= 2, £,3,2,6)= 2, £3,2.6)= &
| 7 7 7
Viy:

(3,02, 1,99, 5,98) =~ 7 + %.(0,02) + %.(4},01) + g.(—0,0Z) ~ 6,989,

9. a) fix, y)= x3y2 + 2x \/;
= =3+ 2y, f=2¢%y+ —J"T;
_ ¥

o = 6%Y% £,y = £, = 6x%y + —, fyy =2x° -

Jy

b) f(x, y) = cos*(2x - 3y) = _%[1 + cos(4x — 6y))

2y

= f, =-2sin(4x - 6y), f, = 3sin(4x - 6y); .
f,x = —8cos(4x — 6y), £y = f,x = 12cos(4x - 6y), yy = ~18cos(4x — 6y).
3
0 fx,y)=(x2+y?)2
' 1 l
= f=3x(+y?)2, f, =3y(x? +y2)2;

! = 3(x.2+yz)+3x2 2xz+y2
fox = 3(x* +y2)2 +3xx(x2 +y2) 2 = - =3l

1

X2 +y2 X2 4y?
f'-f _ 3xy £ _3x2+2y2
WO T iy T 2. 2
X“+y X +y

d) f(x, y) = sin(x -~ y) + cos(x + y)
= f,=cos(x - y) - sin(x + y), f, = —cos(x - y) - sin(x +Y)
fex = —sin(x — y) — cos(x + y), fy =1fx = sin{X — y) - cos(x + y),
f,, = -sin(x — y) - cos(x + y).
10. a) fix,y)= x3y2 - 5x‘_‘y

27



11.

.28

b)

c)

d)

e)

a)

b)

c)

f,= 3x%y? - 20x’y; far = 6xy” ~ 60x%y; fpq = 6y — 120xy.

f(x, y)= e

f=ye” i fy=y'e,

fany = ay’e™ 4 y*e® 2xy =2y’ 2+ xyd).
f(x, y) = cos(ax + &)

f, = —asin(ax + &’); f,, = —acos(ax + e')e’;

f,yy = asin(ax + e¥) e — acos(ax + e¥)e’.
f(x,y,z) =€
_._ XYZ,  wakYL 2 XYyZ
f, =xze™" f,, = xe”" + x"zye
£ = 2. xyz 2_ XyZ 3.2 xyz _ Xyz
vy X Z€ 4 X7Ze7 + XyzL'e = x%ze

f(x, y, z) = e"sinz

f, = e”cosz; f,, = xcosz.e™;

zy
X
f,yx = cosz.e” + xycosz.e Y = cosz.e y(l + xy)

f(x,y,2)= ln(x +2y0 + 3%

(2 + xyz).

= 2X £ . . 8xy
x? + 2y2 + 322 * (x2 +2y2 {r?;z2 )2 ’
£ = 8);)(.2.()12 + 2y2 + 3y2)62 _ 96xyz
e (x*+ 2y2 +3x2)? (X2 + 2y2 +3z? )3 '
u(x, y) = x* + y?
= u,=2xu,=2,u,=2

= Uy, tu,=4x0

u(x,y):xz—yz

= =2, 0, =2,u,=-2y,u, =2

= Uyt Uy = (),

u(x y)-x +3xy

= u, =3x° +3y°, U, = 6%, u, = 6xy, u,, = 6x

= u,+u,=12x20nux=0.



d)

u(x, y) = - 3xy?
= u, =3x%-3y? Uy, = 6x, uy = -6y, u, =—6x

= Uy, +u,=0.

€) Dat x> +y? =r, ham s6 u = Iny/x? + y? = Inr xdc dinh khi r 0.

, 1 X 1 x x L
Tac6u, =u.r, Nimgu =~ r, == nénu, = -~.= == Do dé
- r rr 2 '

r T

2 r2-x 2ri 2 2
. -X.2rr, T 7 =2x
b S - -

4 4 R

Vily do d6i xing, ta cé

L = r? —-2y2
Yy = '
. r4
Do dé
r?—2x? +12 --2y2 2r? ~2(x2 +y2) 2r% - 212
Uyx + u)'y = 4 = 4 = 4- =0.
r r r
f) (X, y) =e “cosy — e Ycosx
= u,=—¢ "cosy + ¢ 'sinx; u,, =¢ *cosy +e Ycosx;
u, = —¢ siny + e Ycosx; u,, = —e *cosy — e Ycosx
Yy~ y ' *Vyy T y
= U, +u,=0

a)

-

b)

~ Vay céc ham s6 b), d), e), f) thoa mén phuong trinh u,, + u,, = 0.
12, |

u(x, t) = sin(kx)sin(akt) _

u, = kcos(kx)sin(akt); u,, = —kzsin(kx)sin(akt);

u, = aksin(kx)cos(akt); u, = -azkzsin(kx)sin(akt)

u, =an,,. '

u(x, ty = (x — at)* + (x + at)? -

u, =4(x — at)3 +4(x + at)3, Uy = 12(x ~ at)2 +12(x + at)2:

u, = —‘4a(x - .’:\t)3 + 4a(x + at)j y Uy = 12az(x - at)2 + 1232()( + at)2

U, =a‘u,.
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13,

14.

30

c) | u(x, t) = sin(x — at) + In(x + at)

1 .
= u,=cos(x—at)+ P Uy = —Sin(x —at) - ————-
X +at (x + at)” -
a 2
u, = ~acos(x — at) + ——, u, =—a’ sin(x—at) - -
X +at (x+at)

— a2y
= u, =anu,,.

Chii thich. C6 thé chiing minh dugc ring, néu f(u) va f(v) 1a hai ham s6
bat k¥ c6 dao ham c4p hai lién tyc thi ham s6 z = f(x — at) + g(x 4 at)
thda man phuong trinh u, = a’u,,. _

a) Néu ham s6 hai bién s6 doc lap u(x, y) thoa man phuong trinh u, =0
thi u(x, y) khong phu thudc x, vay u(x, y) = f(y) véi moi ham s6 f bat ky.
b) Viu,, = (u,), =0, nén u, khong phu thudc y, do d6 u, = f(x) véi moi
ham s6 f bat ky. Néu goi F(x) 14 mot nguyén ham nao d6 cha f(x), ta
duge

u(x, y) = F(x) + G(y),

‘G(y) déng vai trd ciia hiing s6 thy ¥ khi 14y nguyén ham déi v6i x..con

F(x) 12 mot ham s6 kha vi thy ¢ vi 12 nguyén ham cila ham s6 £(x). Tém
lai nghiém cta phuong trinh u,, = 0 ¢6 dang u(x, y} = F(x) + G(y).

a) Bidu thitc ® = P(x, y)dx + Q(x, y)dy 12 mét vi phén toan phén khi va
chi khi P, = Q,. Taco

P(x,y)=3x"+y, Q. ) =x — 4y’ > P, =1=Q,.

Do d6 @ 13 mot vi phan toan phdn. Ham s6 f(x, y) théa man diéu kién
df = @ khi va chi khi

{fx =3x% +y

_ 2
f, =x-4y
T phuong trinh ddu cia hé, ta duge

flx,y)= x> + Xy + (p(y),'
¢(y) 12 mot ham s& khé vi bat ky cia bién s6 y. Do dd

fy=x+ ¢'(y).



So sdnh v6i phuong trinh sau clia he, ta dugc ¢'(y) = —4y?, do d6
o= -2y +C,
trong d6 C la hing s6 wy ¥, vay
f(x, y) = x> + xy —§y3+C.

b) = P(x, y)dx + Q(x, y)dy, P(x, y) = 5xy + 3, Q(x. y) = 2y* = x> + 1
= P =5x,Q,=-2 = P, zQ.
Vay o khong 12 vi phan toan phan. '
¢) o = P(x, y)dx+ Q(x, y)dy, P(x, y) = 3x2y2 ~4xy+3,Q(x,y) = 2x3y - 2x*
= P= 6x%y ~ 4x = Q,.
Vay o 1a vi phan toan phén cia ham f(x, y).
Tim ham f(x, y) thoa man he
fo =3x%y? —4xy + 3
{fy = 2x3-jx —2x?
Tir phwrong trinh ddu cda he ta dugc
f(x, y) = x°y? - 2x%y + 3% + o(y),
@(y) 1a mét ham s kha vi bt k¥, do dé
ff = 2x3y -2x%+ o'(y)

So sdnh véi phueng trinh sau ciia h¢, ta dugc ¢'(y) = 0, do d6 ¢(y) = C,
C la hang s6 thy y. Vay

f(x, y) = x’y? - 2x2y +3x+C.
d) ©=(6x+siny)dx + (Xcosy + y2 + siny)dy
= 6xdx + (y2 + siny)dy + sinydx + xcosydy
Ta nhan thay rang:

3
6xdx = d(3x%), (y2 + siny)dy = d[%- - cOos yJ \
sinydx + xcosydy = d(xsiny).
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Do dé

3 _
= d[:ix2 + —Y3— - cosy + xsiny}.

Vay o lavi phﬁn toan phén ciia ham s6

3

Cf(x, y) = 3x° +y7—cosy+xsiny+c,

C 12 hing sG thy ¥.
Sinh vién hay tim lai két qu ndy bing phuong phdp gidi cha céc cau trén.
e) o = P(x, y)dx + Q(x, y)dy,

P(x, y) = xcosy - ysiny, Q(x, y) = xsiny + ycosy,
= P, = —xsiny — ycosy — siny, Q, =siny
= P, =2Q,.
Vay o khong 12 vi phan toan phén.
f) o=y +e'cosy + x2)x + (x — ¢*siny + e")dy

= x2dx + e’dy + ydx + xdy + (¢"cosydx — €"sinydy)
Vi x2dx = d[g] e’dy = d(e”), xdy + ydx = d(xy),
e*cosydx ~ e*sinydy = d(e*cosy), nén
0= d(%w“ +xy+e’ cosy] .
Vay o la vi phan toan phdn phén ca ham s6

i
fix,y) = {%w” +xy+e’ cosy} +C,

Clahangs6tuy y.
g) 0 = P(x, y)dx + Q(x, y)y, P(x, y) = ©’lny, Q(x, ) = ~(x + ¥ Inx),
2 2
. _X _ Y
= Py**‘)‘,"Qx-—_l"T:’Py¢Qx-

Vay o khong 1a vi phan toan phan.



h) o = P(x, y)dx + Q(x, y)dy,

1 1
P(x,y)= —+— Q(x y)«--*[i2 7}
y y. x
1 2
:> Py=—-?+x_1=Qx!

do d6 o 1a vi phan toan phén,
Tim ham f(x, y) théa méan hé

f, =l+2—§
Yy x
X 1
f,=-—-—
y y2 x2

Tir phwong trinh sau cda he, ta dugc

x

f(x, y) = =~ +(x),

y x _
¢(x) 1a ham s6 kha vi bat k¥ ca x. Do dé
f=2-Lic.

y X

So sénh véi phuong trinh ddu ta c6 ¢'(x) =0 =5 ¢(x)=C, CIa hang sé
batky. Vay

1 2
f(x, y)=—+—f+<p'(x)
y X

15.0)z=u*+v?, u=x% v=1-¢"
Theo coilg thic
dz &z oz
—=—_1Ni{X)+—vix »
dx du (x) ov x)
ta cd
% 302, 3w = 2x, vix) = et
du ov '
= g_.z_ =3ul2x + 3v2(—e") =3x*2x + 3(1 - ex)z(__ex)
X

= 6x° ~ 3e*(1 - 2¢* + %),
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b) z=u41+ v, u=xe™, v=cosx

= ‘%z 1+v?, %3_:\/% J(x)=e ¥ —xe ", Vi(x) = —sinx
= 9z _ 1+cos’x e (1-x)+ ﬂ(*Sinx)
dx 1+cos”x
1+ cos® x) e *(1-x) - xe * sinx cos x
B \/1+cos2x |
oz=In@+v).u= VI+x, v=1+x
oz 1 oz 2v , i , 1
® w un ov ue T Y TR
dz ! 1 201 +/x) 1

Eg=~.}1+x+l+x+2&'571_:x. \jl+x+l+x+2\& 2\/_
1 i '1+J§
«/l+x+1+x+2\/_ 2\/l+x x/; .

16. a) Ap dung céng thiic

o _oz u ooy
X 5‘u_' ox  Ov Ox
oz _oz fu Ozov
ou dy ov dy
Tacd z=u%sinv, u=x+ y v = 2Xxy

= —Qz—=2usinv,—z—=uzcosv,
du ov
@=2x — =2y, §V~=2y, @22}(
Oox oy ox oy

= % =2x%+ yz)sirl(2xy).2x +(x2+ yz)zcos(ny)Qy

=(x%+ y?')[4x sin(2xy) + 2y(x2 + yz)cos(ny)],
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% =2(x” + y)sin(2xy). 2y + (x* + v cos(2xy). 2x

= (x% + yz)[4ysin(2xy) +2x.(x° + yz)cos(2xy)].

: 2 3 2
b) z = sinucosv. u=(x —y), v=x"—y

(674 Jz . :
= -~ -~ = COSU €COSV, —— = —$inu s$inv,
u ov
cu ou oV v
= 2X - y), = —2X—y), — = 2X. =2y
) cy Ox oy
Lz . T2 N Teiin? iy o
= T =COS(X — V) COS(X° ~y }-2(X —y) - sin(x —y)" sin(x” —~ v ).2x.
X
oz
g = —cos(X — y)’ cos(x® —y*).2(x - - V) +sin(x ~ y) sm x’ -V )2\
2 >3 y ¥
<) Z=u - 3uv’, u=xe'. v=xe
0z
= = =2u —6uv’ | = = 9ydy
Su ,
du ov v A
— =e¥, — =xe’. —=e = xe™
X oy ox By
6 4 -2 W PR RES - SR
—=(2x¢’ -6x’e e —9x"e ™ =2xe’ ~ 15k,
X
o7 N 4 5y
—=(2xe" —6x"e "ixe' +9x%e 'x = 2x%e™ +3x7e".
3y
d) z=arctg(uv). u =x“. v = xe’
oz v Oz u
= . = "'"'"",]‘ }_1 R T
AU gty v l+u-v-
cu ou v ov
—==2X, —=0, =—=¢¥, -~ =xe’,
x Oy X
- 2 2 ;
67 xe” . 3x“e”
A 1. 6 2y 2X 4 = 6 T g
x P+ x"e” I+x e 1+ xVe-?
7
dz . x° . x‘?e‘
j— J— _6 ke’ = _6__v
& 1+x% 1+ x0e?
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e) z=e""", u=x%,v=xy
— g_l'_: u~—3v‘_a£ _3eu—'¥v,
du ov
@:2){}1,9}1_ XZ,Q=Y2,@=2XY,
ox By Ox dy
oz x1y-3xy’ 2
—=¢€ 2xy — 3y°),
P (2xy - 3y%)
& _ et Y3 (2 _ 6xy).
dy
17. a) Ta cé
u=xi+yt+z?,
X X
u)( = =T
x2+yZ+z2 U
X
g = BT _u u _u2~x2
Ax u u? u’

Do do

uz—x2+u2—yz+u2—z2 3u2—(x2+y2+zz)
Uy +U,, +U,, = ==

¥y 1.13 u3
2 2
=3l.l 3'-1 =_2_ Y(x,y, z) = (0, 0, 0).
1 u
b) Ta cé
z=yln x*-y?),
2 2y?
X -y X" -y
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18.

lzx +lzy =2—f_i§+lln(x2 -y =____m_yln(x22—y2) = iz

X Y -y vy Y Y
c)Tacé

u=xf(x+y)+ygx +y)

u, = XX +y) +yg'x +y) + f(x + y)

u=xfX+y)+yg'x+y)+gx+y)

Uy, = XI'(X + y) + y2"(X + ) + 20(x + y) (1)

Uy =xf' X+ y) + yg"(x + ) + Fx +y) + g(x + y) @)

u,, = Xf"(x +Y)+yg"(x+ )+ 28 (X +y) 3)

~Nhan phuong trinh (1) véi 1, nhan phuong trinh (2) v6i (<2), nhan

phwong trinh (3) v6i 1 16i cong lai, ta dugce

vy = 0.

Uy — 28, + 1 :
a) Néu y 1a ham s6 4n x4c dinh béi phuong trinh F(x, y) = 0, vA néu

: E (x.y)
F.ixyz0= y'=-2227
¢ F,(x,y)
Ta cé:
F(x, y)= y5 + 3x2y2 +5x°-9= 0,
F(x,y)= tﬁxy2 +20x°, Fix,y)= Sy4 + 6x2y
e 6)(y2 +20x° |
5y4+6x2y '
b) Fa, =y’ + &2+ Dy+xt=0,
F (%, y) = 2xy + 4x°, Fy(x,y)= 3+ x2+ 1
, 2Xy + 4x3
= YETTE o
3y +x°+1
¢} Tacé

iln(x2 + y2) = arctgl .
2 X

Ldy dao ham hai v€ cia ding thiic trén theo x va luu ¥ ring y 1a hAm s6

~ 8n cia x, ta dugc
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x+yy 1 (z] X -y _xyey
lay? (ij' x) xlay? kP xlay?
1+ = -
Y
= XYY EXY -y Y-y =Xx+y (*)
- y,=x+y_
X-y

Dé tinh-dao ham y”. dao ham hai vé cia (*) d6i véi x, ta dugc

(x=yy" + L=y =1+y
2 2 2
= (x—y)y"=1+y‘2=1+(x+y} _2Ay)
X-y (x-y)
2 2
- ,,:2()( +yq).
(X-y)

d) va e) sinh vién tr giai
) F(x.y)=xy2—sin(x+y)+y=0
= F = y2 — cos(x + ), Fy'= 2Xy —cos(x+y)+ 1

cos{x+y)— y2

A .
i T 2xy —cos{(x+y)+1
g Néu phuong trinh F(x, y. z) = 0 xdc dinh z 12 him an cta hai bién s6

=

X.yvanéuF (x,y,z)=0thi

&z _ Ry &_ _Kkyo

X F(x,v.2) "y F,(x.y.2)
Tacé

(X, y.2}= Xy +yZ-17X = 0.

= Fdxy.2)=y-z FX y, z2)=x+2Z F(x.y.z2)=y—x

L Oz y-z % _xtz

X x—-y Oy x-¥%
h Fix.v.2)=x"+y —7" = 2x(y + ) = 0.
=  Fx.v.2)=2x-2y +2) Fyx.y.2) =2y - 2x,
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1)

B

19. a)

Fx.y,2)=-22-2x

X-y-1z - X
2 = XIYTE L _¥oX,
X+ 2z X+2z

Fix,y, z)= yx +xy - =0
F(x, y, z) = 4yx® + 2xy° - yze""?
Fu(x,y,z)= x4 3x2y2— xze"Y?,
F,(x.y,7)=- xye™*

yze ‘- 4x° y 2xy

—xye™Y

, - xze™’ —x* - 3x%y?
,=

_xyexyz
F(x.y,z)=xe’ +yz+2e* =0

— o X B o geY T = x
Fr=¢'+2", Fy=xe +2, F,=y+e

e’ +ze" , o X&'tz
y+et 7 yye

z,=—

Fx,y,2)=In(l +y-2)-z-x=0

Fx=-—l,Fy= 1'_—"!-Fz: -1 _l=_2+Yfz
l+y~z - l+y-z I+y—2z
I+y-2z 1
= — 2y = .
2+y-z - 2+y-z

f(x, y)=xzy3 ~!~4xy5
f, —2xy +4y f, =3x2y +20xy
gradf(l, - 1) = £ (1, ~1)i + f,(L-1)j=-6i+23].

- 3+ 4-
U=-—1--—jnén
5 5

' Dyf(l, — 1) = gradf(l. —1).d = (—6)% - %.23 -2,
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b) f(x, y) = e*siny

. =" f, =e"siny, f, =¢"cosy, Ef{l,£]=if+—g—*'.
X y. L, Y. 8 1 \/5 JEJ
=

i+—= ]nén
S AR

Vi u=

O

Dﬁf[L 3):-1-.-3-+f—.i'=—.
4) 2’5 25 o
c) f(x, v, Z)=Xy223 .
= f=y2, f,=2xy2, f,=3xy'7,
gradf(l,-2,1)=41—43+1iﬁ
1= 1<

Vi l-.i=—~"\/*§-l—\/5 J_ Iléll
12 20

D, f(1,-2,l)=~= e =—
J_ J_ NERN

d) f(x,y,z)=xy+xvl+}:

= fo=ixy+Vl+z, f,=x% = —~

‘ ;l+z’
g&if(l,2,3)=d+]-%fé.
Viod=T4=]-20 ner
2
Dﬁf(1,2,3)=62 (L1225
373 43 6

20. a) Van tdc bién thién cha ham s& f tai diém M cat gié tri 16n nhét theo
huéng céia vecto gradf(M), gid tri 16n nhat 4y bing | grad f (M) . Ta ¢6

f(x, y) =103 + ), £, = =2, f, =50
| x2+y x2+y
grad £, 4) = 27+ 27, gradf(3, 4)i = 6°+8* _ 10
TS sy BT 252 25
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Vay gid tri 1dn nhét cla van t6c bién thién cia f tai M bing ;—(5] , dat

dugc theo huéng cha vecto (-22 i]

5'25

1
b) f(,y)=+x> +2y,f, =
i e 2\}x +2y 11x3+2y

gradf(2, 4)_—1 +1 H jgradf(z 4)' ‘/—

V37

Vay gid tri 1on nhét cla van t60 bién thién cla f tai M béng e dat

duge theo hudng cha vecto (:6‘«, i)

X ¥ 1 x 1 y

c) fy.=—+=, f,=—f, =-" 4+, f =_2L

( Y ) y . z X y y. yz 7 Zz 2
gradf(4,2,l)=%f+0}—2f{, |gradf(4,2,1)'=g' .

J17

Vay gid trj 16n nhét cha van 16c bién thién cla f tai M bing = dat
duge theo hudng clia vecto (% 0, - 2] .

d) f(x, v, z) = cos(2x 4.3y + 3z)
= f, =-2sin(2x — 3y + 32), f, = 3sin (2x ~ 3y + 3z),
f, = —3sin(2x - 3y + 32),
gradf[E I ——J 2i - 3] + 3k, gr?d.f(-r-‘—, uy -—-TEJ
2'3" 6 23 6

-V

Vay gid tri 16n nhdt ciia van t6c bién thién cta f tai M bing V22 , dat
dugc theo hudng cua vecto (2, -3, 3).

21. a) gr?d.(au + bv) = (au + bv)x; + {au + bv)yj

= a(uxf + uy_j') + b(vx_i. + vyj) = agr_aau + bg;aav.
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22.

42

b) g;gla(uv) =(uv)xf + (uv)y]
={(uv, + vux)I + (uv, + vuy)j

=u{v, i+ vy'j) + v (u, i+ u),})

ug;;a v+ vgr_a&u.

L)

o ()
. v

v(uxf + uy]) - u(vﬁ + vy_j)
: 2

v gradu — u gradv

VE

d) grad (u") = (u"), i + ("), ]
TR nu""'uy_j =" (uxf + uy])

=nu""! gradu.

a) Ham so f(x, y) = 2x° + yz + 2xy + 2x + 2y x4c dinh trén toan R 2,
Ta co

fi=a4x+2y+2, f,=2y+2x+2.
Giai he '
4x +2y+2=0
{2x+2y+2=0

Ta dugc mét diém dimg 1a diém (0, -1). Vif, =4,f,,=2,f =2nén
S —rt= -4 < 0, (0, -1) 1a diém cuc tri. Vir =4 > 0 nén diém (0, -1) la
diém cuc tiéu. Cyc tiéu f(0, —1) = 1.

b) Ham s6 f(x, y) = xsiny xdc dinh trén R 2 Taco

f, = siny, f, =xcosy



Giai he
| siny=0
xcosy =0

Ta dugc cdc diém dimg (0,kn) véik e Z.Taco
=0, fx}, = COsY, fyy = éxsiny.
Tai cacdlemdimgr—(),s—i , t=0, s*—rt=1 > 0 ham s& khong ¢6

cuc tri.
2 147 47

¥ X~ Xy ¥y
fix,y x +{47-x- e . B AR U
o) f(x, y) = y( y)( 4) 3T a3 e
P .4 = x_y. &
312 3 12 2 4
Giai heé '
.2.x +_}’__£Z ) .'
312 3 8x +y =188
| X +)_*_i+7 X + 6y =141
liz 27 &
Ta duge x =21, y = 20, do d6 ¢6 méit diém dimg (21, 20). Ta ¢6
2 1 1
f ==, = —— = ——
R R
l l - 2 o [y »
Vay s —nt = m ~-—<0.Vir= _——3—<0 nén diém (21, 20) 1a diém

-cuc dai. Cuc dai f(21, 20) =282,
d) f(x. y)=x4+y4*4xy+l,

f=4x" - 4y, f, =4y’ - ax.
Toa d ciia diém dimg 12 nghi¢in cda he
x> -y =0
_ y3 -x=0
Thé'y = x” rit ra tir phuong trinh dau vao phuong trinh sau. ta duge
O0=x"-x= x(x8 - 1)=x(x - D{(x + 1)(}(2 + l)(x4+ 1.
Suyrax =0, x =1, x = ~L. deco3dlemdungM(0 0), M|(1, 1),

My(-1.-1). Ta cé
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for = 12%%, f,, = —4, f,, = 12y°.

Tai M, ta c6 s> — 1t = 16 > 0, M, khong Ia diém cyc tri. Tai M, va M, ta
c6 s? - it =—128 < 0. Vay M, va M, 12 hai diém cuc tiéu vir =12 > 0.
Vay cuc tidu f(1, 1) = -1, cuc tidu f(-1, -1) =-1. '

e) f(x, y) =3x8y +y° - 3x° - 3y* + 2,
| f,=6xy—-6x, f,= 3x% + 3y2 - 6y.
Giai he
|x(y-1)=0
{3(x2 +y2-2y)=0
ta dugc bén diém dimg M, (0, 0), M, (0, 2), My(1, 1), M5(-1,1).
Tacéd
o = 6y = 6, £, = 6x, f,, = 6y — 6.
 TaiM,tacér —st=-36<0,r=-6<0nén M, diém cyc dai.
Tai M, ta c6 1° — st =—36 < 0, r = 6.> 0 nén M, 12 diém cyc tiéu.
Tai M, vd M, ta c6 1% — st = 36 > 0 nén M, va M, khong 1a diém cyc tri.
Vay cyc dai £(0, 0) = 2, cuc tiéu £(0, 2) = -2.
)  fxy=E&-y+Ex+y)
fo=20x—y) +3x + Y £, =-2(x - y) + 3(x + y).
Gidi he '
{2(x _y)+3(x+y)? =0
“2x~Y)+3x+y)’ =0
Cong v& véi v€ ciia hai phuong trinh ta duge (x + y)° = 0, do d6

X+y=0vax-y=0. Vay c¢6 mdt diém dimg duy nh4t 1a M (0, 0).
Ta cé .

f=2+6(x+y),f,,=-2+6(x+y), f,=2+6(x+Y)
Tai M, ta ¢6 s° — rt = 0. Ta phdi xem xét them tai diém M, Vi

f(x, x) = 8x°, biéu thic 8x> thay déi d4u & 1an c4n x = 0, vi v8y diém
(0, 0) khong thé 1a diém cyc tri. Vay ham s6 khong c6 cuc tri.



9  Fxy)=xy(l-x-y)=xy-x%y-xy’
fx=y~—2xy-y2,f =.x—~x2—2xy.
Gidi hé
y(I-2x-y)=0
{x(l—x—2y)=0

Tir phuong trinh ddu suy ra y = 0, hodc 1 - 2x — y = 0. T phuong trinh
sau suy ra hoac x = 0, hoac | — x -2y = 0. Do d6

y=0 hoic y=0 : hoac x=0
Xx=0 1-x-2y=0 I-2x —y=0
1-2x-y=
hodic X-y=0
I-x -2y=0

Vay ¢6 4 diém dimg M (0, 0), M, (1, 0), M2(0 1), M3[3 ;) Ta ¢

fa=~2y, fy=1-2x-2y, f,
Tai M,, s> — rt = 1 > 0 nén M, khong 12 diém cuc tri.
Tai M, s* - rt = 1 > 0 nén M, khong 12 diém cyc tri.

Tai My, 5 - 1t = 1 > 0 nén M, khong I diém cyc tri.

=-2x.

Tai M,, s2-rt= -—%«:0, r=~%,M3 Ia diém cuc dai. Vay ham s6 cé
cuc dai f 1 lJzi
3'3) 27

h) fix,y)=x [(lnx) + yz] xéc dinh véi x > 0 va moi y e R.
f, = (Inx)* + y2 + 2Inx, f, = 2xy.
Giai he ~

(Inx)’>+2Inx +y2 =0
2xy=0

Vix >0, taduge y = 0 = (Inx)? + 2Inx = 0 = Inx = 0 hodc Inx = —2
= x =1, hoc X = €. Vay ¢6 hai diém dimg Ja M (1, 0) va M(e 2, 0).
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Taco
1 1
fxx = 211'1?( . ; + 2;‘ . f.‘;y = 2y, fyy = 2X. )

Tai M tacér=2,5=0,1=2, —st=-4<0nén M, ladiém cuc tiéu.
Tai M, ta c6 r= —2¢%, s =0,t = 2¢">, 1" — st =4 >0 nén M, khong la
diém cuc tri. .
Viy ham s& cé cuc tiéu f(1, 0) = 0.
i) f(x,y)=sinx +siny + cos(x +y). 0 <X,y < i

fy, = cosx — sin(x +y). f, = cosy —sin(x +y).-
Giai he

{cosx —sin{x+ y)=0

cosy — sin(x+ y)=0

ta dugc

COSX =COSYy > X =Y
. T . .
viD<x.ys . suyra cosx —sin2x =0

= cosx {1l - 2sinx)=0

. 1 T
= SinX=—~=>X=y=—.
2 6
N .2 A ISR ,
Diem [g ~-- 1 la diém dung. Ta co
f, =— sinx —Cos(x+y),fxy=—cos(x+y).fyy:wsiny—cos(x+y).
Tai diém E,.’E) webre—ls= -1 (=-l.$—rt= > <0.nén
6 6 2 4
diém E‘E— 14 diém cuc dai. Vayhémsﬁcécucdalf[E.E ==.
6 6 6 6 2
)] fix, yy=(x—y)e”
f‘=e"’+ye"y(x—y)=e”(l+xy~y2)

f,=—e"+xe"x-y)=eV(-1+ x> — xy).



23.

Giai hé
b+ xy —y? =0
“l-xy+x%=0

2=y =+x. Néu ¥ =X, thay vio phuong trinh dau cﬁa

\/2

ta thdy ngay y% = x
he,taduqc1=0,v()l)'z.Vayy —X, suyral—Zy =0=y=4+-

Viy 1a ¢6 2 diém dimg 1a M [

V2’ Jz)M(Jz J]Tdco

fx =y (1 + xy - yh) + ye = ™ (2y + xy? - v,
fiy = x(1 + xy - y3) + e¥(x - 2y) = eV (2x - 2y + x%y — xy?).

f,, =xe"(~1 +x2—xy)—e x=eY-2x + x? - x%y).

Tai cd hai diém M, M, ta déu c6 5% - 1t = ;— > 0 nén ham s6 khong c6

cuc trj.

a) T dieu kién 2x + 3y ~ 5 =0, nit ra y= ——3—2-}5 Do dé

f(x, > ;2"} = _;5(5 - 2x) = %(—2)(2 + 5%)

D6 1a mot tam thite bac hai d6i véi x, v6i hé s6 dau am, né dat cuc dai
5 s) 25

khi x = 2 - Cuc dai ¢ diéu kien phai tim 1a f| >
4 6 24"

b) Tir diéu kién x° + y2 =l ritrax’=1 - yz. Thé& vao ham s6 f(x, ¥).

ta dugc _
f(i\/l—yz,yjz—y2+y+l.

" / - - - . l . " " .
Ham s6 d6 c6 cye dai tai y = 5 Cuc dai clia ham s6 1a
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24.

a) Goi d 1a khoang cich tir difm (x, y, z) t6i gbc toa do. Ta cé

d2—x +y +z Tacantlmdlémtaldohams6f(x,y,z)—x +y 242

vGi diéu kién 72 = xy + 1 dat gia tri nho nhat.
Thé 22 = xy + 1 vao f(x, y, z) ta dugc ham s6 hai bi€n s6
Fx,y)= X2+ y2 +xy+1.
Giai hé _
F,=2x+y=0

{F}, =2y +x=0
ta dugc diém dimng (0,0).Vir=2,s=0,t=2,sz—rt=—4<0néndiém
dimg (0, 0) 12 diém cyc tiéu. Véix =0,y =0, tacé 72 = 1. Vay hai diém

~ trén mat 7= xy + 1 gdn géc 10a do nhét 1a (0, 0, 1) va (0, 0, -1).

b) Tim diém (x, ) tai 46 ham 6 f(x, y) = (x - 3)* + (y + 1)? véi diéu
kién X2 + y2 = 4 dat gi4 tri nhé nhat. Dat x = 2cost, y = 2sint, thé vao

" ham sd f(x, y), ta dugc

48

f(2cost, 2sint) = (2cost — 3)° + (2sint + 1)
= 14 + 4(sint — 3cost) := F(t).
F(t) dat gi4 tri nho nhdt khi sint — 3cost dat gid tri nhd nhat. Dat
¢ = arctg3, ta cé

sin @ cost _ sin(t -~ @) .
cOs P cos @

sint — 3cost = sint —

1 3 .
Vi tgp = 3, ta c6 cos ¢ = ——, sinp = —, sint — 3cost = V10 sin(t — ¢),
g9 ¢ o ¢ 0.
biéu thiic ny dat gia tri nho nhat khi sint—@)=-1=>1-¢ = —g

T . 3 .
=t= ¢ - — = cost =sinP = =, SIit = —COsP = —
2 V10

!
V1o’

Vay di€ém phai tim 12 diém ( 6 -2 ]

NTMNT)

Chit thich, C6 thé gidi cAu nay bing hinh hoc gidi tich. Diém phai tim
1a mét trong hai giao diém cita dudng thing di qua gdc toa do va diém
(3, -1) vén dudng tron xX+yl=4



¢) Tim diém tai d6 ham s6 f(x, y, z) = x* + y + 2% véi diéu kien
X + 2y + 3z = 4 dat gid trj nho6 nhat. Thé x = 4 - 2y - 3z vio ham s6
f(x. y. z), ta dugc

(4-2y-32)2 + yz +2° = Sy2 + 102% + 12yz ~ 16y - 24z + 16 := F(y, 2).
Giai he

F, =205y +62-8)=0

{FZ =210z +6y - 12)=0

ta dugc y = i_} Z= g,vay (%,—g] la diém dimg. Vir = 10, s = 12,

t=20, s’ —rt =144 - 200 < 0, nén [j; g} 1a diém cuc ti€u cla ham s6

F(y, z). Vay diém phai tim 13 diém (;2?— f_:— gJ .

d) Goi (x, v, z) 12 dinh ciia hinh hop ndm trén mat phing x + 2y + 3z =6
(hinh 7.6). Thé tich cia hinh hop d6 1a V = xyz. Vay ta cin tim diém tai
d6 ham s6 f(x, y, z) = xyz véi diéu kién x + 2y + 3z = 6 dat gid tri I6n
nhit. Théex =6 - 2y — 3z vao f(x, y, 2). ta dugc
Fly,2) =(6 -2y - 32)yz = byz - 2yzz - 3yz2.

Giai h¢

F,=z(6-4y-32)=0

F, =y(6 -2y — 62} =0
ta duge cic diém dimg M0, 2),

M,(3,0), Mz(l. %J.Ta c6

F,,=-42,F ,=6 -4y - 6z,
¥y ¥z
F,, = ~6y. | s b

2z

Tai M, va M, tacé s’ =t > O nén _ " s ' =
tai M, M, khéng ¢6 cuc trj.

Tai M, ta ¢6 :
X CHinh 7.6
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r= —%.s=—2,t=_—6 =t —rt=—12<0.

Vay M, la diém vyc dai. Dinh ctia hinh hop phai tim ndm trén mat

phing x + 2y + 3y + 3z = 6 la diém [2, 1, %)

a) fix,y)=1-x* -y,

f,=-2x,f,=-2y _
Ham s6 f(x, y) chi c6 mot diém dimg 12 géc toa do, diém nay nam ngoai
mién D (hinh 7.7), vay ta chi cdn tim gi4 tri 16n nhat cua f(x, y) trén
dudmg tron (X — 1)2 +(y — l)2 = 1. Phuong trinh tham s& clia dudng tron
déla

_ x — 1 =cost, y — 1 = sint.
Thé vao ham s6 f(x, y), ta dugc
f(1 + cost, 1 + sint) = 1 = (1 + cost)® = (1 + sint)®

=2- 2(sih{ +cost) =2 — 2«/5 sin[x + %) = F(t).

Vi-1< sin[x + %) < 1, nén gia tri 16n nhat va bé nhdt clha F(t) theo thi

frla -2 + 242 va—2 — 242 D6 ciing 1a gid tri 16n nhat va bé nhat cla
f(x. y) trong mién déng D. : '
by  fx,y)=x+3y +x-V,

f,=2x+1,f,=6y-1

, 1 1Y o
Ham s chi c6 mot diém ding (WE g] ném ngoai mién D (hinh 7.8).

Vay chi c4n tim gid tri 16n nhdt va bé nhat ciia ham s& irén bién cta

¥ 'R
0 1 X 0 1

Hinh 7.7 Hinh 7.8



. o ] I
— Trén dudng x = 1 1a cé f(l.y):3y2—y+2, no dat cuc tiéu tal y = r3

vay chi cin tinh f(1. 0). f(l, é] va (1, 1). Ta ¢6

1 11
f(l,O)=2,f] 1, ~{=—,f(l,1)=4.
(1,0) [6] 12( )

- Trén dudng y = 1.1a ¢6 f(x. 1) = x> + X + 2, né tang khi 0 < x < 1, vay
chi cdn tinh £(0, 1) vi da tinh f(1, 1) & trén. Ta 6 FO, 1) = 2.

—Tréendudng x +y=l.tacéy=1-x,dod6 f(x. 1 — x)=4x> - 4x + 2.

) .
nédatcuctiéutaix:l.Vaychicz‘intinh f(ll .Taco f ll— =1.
2 272 272

Tt cac gid tri da tinh, ta thdy ridng gia tri I6n nhat vd bé nhat ciia ham 56

trong mién D 1a f(1, 1) = 4 va f[% é] =1

) f(X.y)=1l+xy-x-y
fe=y-1f,=x-1

Ham s6 c6 mot diém dimg (1, 1), né nam trén dudng v = x> (hinh 7.9).
Vay chi cén tim gid tri 16n nhat va bé nhat cta f(x. v) trén bién cha
mién D.

— Trén dudng y = 4. ta ¢6 f(x, 4) = 3x — 3. né dat gia tri 16n nhat va bé
nhattaix =-2vax =2 Tacé

f(-2,4)=-9,12,4)=3.
—Trén dutng y = x%, 1a ¢6

f(x. xz) =xt o xP-x 1= F(x).
ViF(x)=3x"-2x - 1 =0khix = |

1 . s :
Vi X = -E,nén ta chi can tinh f(1. 1)

va f(— l —I—J. Tacéd
309
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f(1, 1) =0, f[—_l,i -2
379) 27

So sanh cic gid tri da tinh, ta thay gid tri 16n nhét va bé nhat cia f(x, y)
trong mién D 1a f(2. 4) =3 va f(-2,4)=-9.

d) - f(x, y)=x2+y2+x2y+4.
f,‘:2x+2xy=2x(l+y),fy=2y+x2

fi+ 1. y) = y> + y + 5, n6 dat cuc Hinh 7.10

Ham s6 c6 cdc diém dimg M(0, 0),
M,(¥2.0) va My(-+2,0) Hai
diém M,, M, nim ngodi mién D
(hinh 7.10). Ta so sanh (0, 0) = 4
voi gi4 tri 16n nhédt va bé nhat cia
f(x, y) trén bién.

tiéutaiy = —%.Ta ¢ f(x1, 1) =7, f(x1, -1} =5, f(£l, ~%)= 12

4

— Trén duong vy = L. taco f(x, 1) = 2x* + 5. né dat gid tri nho nhat tai
x =0, (0, [)=5.

— Trén dudmng v =1, f(x, -1) = 5.

52

Vay gi4 tri 16n nhdt va nho nhét cha f(x, y) trong mién D la f(x1, 1) =7
va f(0, 0) = 4.

¢) f(x. y) = sinx + siny + sin(x +y),
f, = cosx + cos(x +y), f, = cosy + cos(x + y)
Giai hé _
| cosX + cos(x + y) =0
{cosy +cos(x +y)=0
So sdnh hai-phuong trinh clia hé, ta dugc cosx = cosy, do d6 X = y Vi

D<x, ¥y % g . Thé vao phuong trinh dau cia hé, ta dugc

0 = cosx + cos2x = 2cos3—xcosi.
2 2
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Vi0<x<Z, cosx >0 nén 0093—~0 do do 1{=£.Vay X=2 va
2 2 2 2 3.
T T R s s
y=—3~ ta 6 mét diém dimg [5 5}.dlém nay nam trong mién D,
fr 1)_33
373 2

~ Trén duémg x = 0, f(0, y) = 2siny. né tang khi 0 < y < 1’25 0. 0) =

f(o, 3] =2
2

— Trén dudng y = 0, f(x, 0) = 2sinx. f[—;- 0] =2.

— Trén dudng X=g,f(g,y] =l+siny+cosy=1+ ﬁsin(y+£],

0<y 532‘-; né dat gi4 tri 16n nhat bang 1 + V2 khi yzg va dat gid tri

nho nhat bang 2 khi y = 0 va y = 325
— Trén dudng y = g f(x, g] = | 4 sinx + cosx =1+ JE sin(x + E)

ciing ¢4 gia tri 16n nhat, bé nhat trén doan {0. ;-:] bing 1 + V2 v 2.
Tom lai gid tri 16n nhat va bé nhat phii tim I
f( o7 J 343

=22 va g0, 0)=0.
33 vafi. 0=

- | . : A
biém (l. ; J ing véit=1.Tac6x' = 1,y =t, z' = t°. Cic hé s6 chi

phuong cua ti€p tuyén cla dudng cong tai Pla 1, 1. 1. Phwong trinh cua
dudng ti€p tuyén doé [a
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X-1=v-+=-z-1
2

3
Phuong trinh phdp dién clia dudng cong tai P 1a
X-1+Y-Lsz-Ltoo
2 3
- 11
hay X+Y+Z—Z:(}.

b) x=2t,y:2ﬁcost,z:2\/§sint
=2,y = —2\5 sint,z'=2\/§cosl.

Piém P(g 2, 2) ing voi t = % Céc hé s chi phuong cua tiép tuyén

cha dudng cong tai P 1a 2, -2, 2 cling 1a 1. -1, 1. Phuong trinh d‘uﬁmg
ti€p tuyén do la :

X - g —2-Y=7-2.
Phuong trinh phdp dién cia dudng cong tai P la
) X—%+2-Y+Z—2:O
hay X-Y+Z—g:0.

c) X = tsint + cost, y = tcost — sint, 2 = 21,
X' =tcost, ¥ = ~tsint, z' = 2.

Pi¢m P[g -1 'nJ ¥ng véi t = g Céc hé s6 chi phuong cia ti€p tuyén

clia dudmg cong tai P12 0, — g 2. Phuong trinh dudng tiép tuyén d6 1

X =2, Y+1_ Z-n
2 T "

"

2
Phuong trinh clia phdp dién ciia duong cong tai P 1a

—g(‘{+l)+2(2—n)=0

hay Ty isaz-T 0.
2 2
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d)  x=cost,y=3e,z=3¢",
x' = —sint, ¥’ = 3¢, _
Diém P(l, 3, 3) ing v&i t = 0; cdc hé s6 chi phuong cia tiép tuyén cia
dudng cong tai P la (0. 3, —3). Phuong trinh cua ti€p tuyén d6 la
X-1=0,Y-3=3-2Z
Phuong trinh ciia phédp dién cua dudng cong tai.P I

Y-3+3-72=0
hay _ Y-Z=0.
a) z:x2—2xy+y2‘x+2y,

Z,=2x~-2y-1,z,=-2x+2y +2.

Céc hé s6 chi phuong clia phap tuyén chia mat tai P(l I, ) la (-1, 2, -1).
Phuong trinh cta phap tuyén d6 1a

X-1_Y-1_Z-1
~1 2 -1
Phuong trinh cua tiép dién cua mat tai P la
—X-D+2AY-1D-(Z-1)=0
hay -X+2Y~-Z=0
b) f(x,y,2)=4x>+y* +2° - 24=0
f, = 8x, fy=2y, f,=2z |

Cic hé s6 chi phuong ciia phip tuyén cia mat tai P2, 2, 2) 12 16, 4, 4
hay 4, 1, 1. Phucmg trinh cia phép tuyén d6 1a

->-(-——%—Y 2=2-2
4.

Phuong trinh cua ti€p dién cua mét tai P Ia
' X -2+ (Y -2)+(Z-2)=0
hay AX+Y+7Z-12=0.

c) f(x.y,z)=x2+y2—zz+_l=0
f, =2x, fy =2y, f,=-2z
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Cdc heé s6 chi phuong cla phdp tuyén cha mat tai P(2, 2, 3) 1a 4, 4. —6

hay 2, 2, -3. Phuong trinh cua phdp tuyén d6 1A

X-2 Y-2 7-3
2 2 -3

Phuong trinh cla tiép dién clia mat tai P 13

2X+2Y-3Z+1=0

d) z=In(x* + y9).

S S

24y T xP 4yl

Céc hé s6 chi phitong cla phdp tuyén cia mat tai P(1, 0, 0) 1a 2, 0, -1
Phuc!ng trinh cua phdp tuyén dé la

2 -1’
Phuong trinh cha ti€p dién cia mat tai P 13

AX-1)-Z=0



Churong Vill
TiCH PHAN KEP

A. TOM TAT LY THUYET

1. Binh nghia

Cho ham s6 z = f(x, y) xdc dinh trong mién bi chin, ndm trong mat
phing Oxy. Chia tuy ¥ mién D thanh n mién ohd dg, dy, ..., d,|; ¢6 cdc dién
tich twong ting 13 Aoy, Ao, ..., Ac,_,. Trong méi mién nhé d, 14y mot diém

wy ¥ Mi(&;, n;). Néu khi n — o sao cho maxx; = 0 (A, 1a dudong kinh
n-| : .

cha d,). téng I, = Z f(M,;)Ao; tién dén mot gi6i han xdc dinh I, khong phu
i=0

thude vao cdch chia mién D va céch chon diém M, trong mébi mién nhd d,
thi giGi han I duge goi la tich phan kép cha ham s6 f(x, y) trong mién D
k¥ hiéu 13

I= Hf(x,y)dcr_

Khi d6 ham s6 f(x, y) goi la kha tlch trong mién D. Néu ham sé& f(x, y) lién
tuc trong mién bi chian D thi n6 kha tich trong mién D.

2. Cac tinh chat cia tich phan kép
" Tinhchdt . [ftx.y)o = k [[fx.y)do (k 1a hing 56).
. D D )

Tink chat 2. [[lf,(6,y) + f(x.) - f3(0,y)] do =
D

= Hfl (x.y)do + Hfz(x,y)do - ”f3(x,y}dc.
D D D

57



Tinh chdt 3. Néu mién 13y tich phan D chia thanh hai mién D va D, roi
nhau thi

_Uf(x,y)dc = [ffx,yydo + [Jfx.y)do.

D D, D,

Tinh chdt 4. Néu tai moi diém thudc mién D ta fuén c6 f(x, y) 2 0 thi

[[fx.y)do 2 0. con néu fx, y) < O tai moi diém thude mién D thi
) |

Hf(x. y)do < 0.
D

Tinh chdr 5. Néu tai moi diém thuge mién D ta ludn ¢6 f(x, y) 2 ¢(x, y) thi

Hf(x,y)dcz H(p(x,y)dcr.
D D

Tinh chdt 6. Néu m va M 12 céc gid tri bé nhat va 16n nhdt cta ham s
f(x, y) trong mién D, nghia 13 : m < f(x, y) £ M tai moi diém (x, y) € D thi

m.Sp < Uf(x-,y)dc <M.Sp,
o

trong dé Sp, {a dién tich ctia mién D.
Tinh chat 7 (cdn goi la dinh 1y vé gia tri trung binh). Néu f(x, y) lién tuc
trong mién D thi trong mién dé tim dugc it nhdt mot diém M;(E;, 1y;) sao cho:

Hf(x,y)dc = f(&;, n;}Sp.
D

Gid tri ciia ham s6 f(x, y) tai diém M;(&;. ny;) goi 12 gid tri trung binh cua ham
s& f(x, y) trong mién D.
3. Cach tinh tich phan kép trong hé toa do Dé-cac -

Cé hai cong thifc tinh: |

b @(x)
2) [ftexyydxdy = fax [ teoydy,
D ' a @0

~ trong dé: D 1a mién trong mat phing Oxy, sao cho moi dudng thang song
song vdi truc Oy cit bién cia né khong qué hai diém. Céc can idy tich phan
xdc dinh nhu sau: ké mot dudng thing bit ky song song vdi truc Oy, cat bién
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ctia mién D tai hai diém P va R, ldn
lugt goi 1a diém vio va diém ra.
Khi d6 can dudi cua tich phéan theo
v 1a phuong trinh y = ¢,(x) cua
doan dutng cong APB chifta diém
vdo, can trén la phuong trinh
¥ = @y(x) cua doan dudng cong
ARB chuia diém ra. Can duéi a va
cdn trén b cua tich phan theo x 1a
hoanh do cic ticp diém A va B cta
cac duong ti€p tuyén song song vdi
ttuc Oy cla bién cua mién D
{(hinh 8.1).

¥= @4(x)

O

Waly)

Hinh 8.1

b) [Jecx.y)dxdy = fay | fxyrax.
D C

trong d6: D 12 mién trong mit phang
Oxy. sao cho moi dudng thing song
song v6i truc Ox cit bieén cla né
khong qué hai diém. Cic can lay
tich phan xdc dinh nhu sau: ké mot
duong thang bt ky song song véi
truc Ox. cit bién clta mién D tai hai
diem Q va S, Khi dé can duéi cla
tich phin theo x la phuong trinh
X = y(y) cia doan dudng cong
CQE chia diém vao. can trén la
phuong trinh y = Waly) cua doan

wily)

X=¥i(y)

x¥

Hinh 8.2

dudng cong CSE chita diém ra. Can dudi ¢ va can trén d clia tich phan theo v
la tung do cla céc ti€p diém C va E cla cdc dudng tiép tuyén song song vdi

truc Ox cua bién cia mién D (hinh 8.2).

4. Cach tinh tich phan kép trong hé toa do cuc

Khi chuyén sang toa do cyc: x = rcosq, y = rsing, thi dxdy = rdrdq) va
Hf(x yidxdy = Hf(rcosq) rsin @ drdg .

D

Tinh tich phan & v& phai bang cich dua vé hai tich phan xdc dinh lién
~ tiép doi v6i cic bién'r va ¢. DE xdc dinh céc can 14y tich phan, ta phan biét

ba trudng hop sau:
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a) Trudng hop goc cie O ndm ngoai mién D (hinh 8.3)
Cac can lay tich phan dugc '
xac dinh nhu sau: tir géc cuc O R
ké moOt tia bat ky cat bién cia B : F= g2(9)
mién D tai hai diém P va R, lan
luot goi 13 diém vao va diém ra. e 91@”
Khi d6 can dudi cua tich phan
theo r la phuong trinh r = g, (¢) B/
ctia doan dudng cong APB chita o
diém vao, cin trén 1a phuong
trinh r = g,(¢) cla doan dudng Hinh 8.3
cong ARB chia diém ra. Can |
dudi a va can trén 3 cha tich phan theo ¢ chinh la cic géc cuc cia cic tiép
diém A va B(a < B) vata cé:

g2(p}

_ p
. Hf( X, y)dxdy = Hf(r cos @, rsin odrdg = Jd(p J f(rcos, rsin@)rdr .
b D « 2o

b) Trudng hgp géc cuc O ndm trén bién cia mién D (hinh 8.4). Khi d6 ta
c6 cong thic tinh: '

: B e
ﬂf(x. y)dxdy = _Uf(r cos @, rsin@ydrdgp= Id(p _{ f(rcosg, rsing)xdr
D D @ 0.
r=gle)

Hinh 8.4 Hinh 8.5

c) Triomg hop géc cie O ndm trong mién D (hinh 8.5), khi d6 ta ¢6 cong
thifc tinh:

2 (¢}
Hf(x.y)dxdy= Hf(rcosm,rsin(p}rdrd(p = j.tdcpgf f(rcosg, rsingydr.
D ' D 0 0 -
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5. Thé tich vat thé

* Thé tich V ctia mét vat thé hinh tru cong, ¢6 ddy dudi 1a mién D trong
mat phing Oxy, déy trén I mat cong S ¢6 phuong trinh z = f(x, y) va cic
duong sinh song song véi Oz (ham s6 z = f(x, y) lién tuc va khong am trong
mién D) dugc tinh bang cong thic (hinh 8.6):

V= fffx,y)dxdy.
[}) .
Neu f(x, y) <0 trong mién D thi _Uf(x,y)dxdy <0 va
D

V = - [ff(x.y)dxdy.
D

zi z=1(x, v} zi z=1(xy} .
S....
g | .: :
. : Z =:f1(er)
! '
i ]
I 1
! )
________ — : ' -
" ' "
o T o - I :
D '
\______/

Hinh 8.6 Hinh 8.7
 The tich V cia vat thé giéi han béi cdc mat cong z = f(X, y).
z = f(x, ) va hinh chi€u cta vat thé d6 lén mat phing Oxy i mién D

(fi(x. y), £(x, ) lién tuc va fi(x, y) > f(x, y) trong mién D) dugce tinh bang
cong thiic (hinh 8.7):

V = [fif,(x.y) - £ (x.yldxdy.
D

6. Dién tich hinh phing |
Trong he toa do Dé-céc, dién tich S ctia hinh phéng D 1a:
S= [fdxdy .
D
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Trong hé toa do cuc, dién tich $ ctia hinh phing D la:
S= Hr.drd(p..
]
7. Dién tich mat cong

Dién tich S ciia mat cong z = f(x, y) (fx. v}, fi(x.y), fy(x,y) lién tuc
trong mién D), gidi han bdi mot dudmg cong kin bang (hinh 8.8):

S= H\H + p2 + q2 dxdy:
B

trong dé D 1 hinh chi€u ciia mat cong 1én mat phang Oxy.p={,.q="F,.

7 A z=1(x,y)

Hinh 8.8

| B. DE BAI
Tinh cdc tich phan :
|

1. 2jdy fox? + 2y)dx. 2. ?dx)]lx—idy.
0 o A
X
14
27 a B 3cosp :
3. Id(p I rdr. 4. Jd(p j r? sin’ pdr.
4] asing % 0
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Tim cdc cdn cua tich phdn kép ﬂ fix, y)dxdy khi déi thanh hai tich phdn
D

xdc dinh lién tiép : :

D 12 hinh chit nhat ¢6 céc dinh : O(0, 0) ; A2, 0); B(2, 1) ; C(0, 1).

D 1a hinh tam gidc c6 céc dinh : O(0, 0) ; A(1. 0); B(L, 1).

D 1a hinh thang ¢6 cic dinh : O(0, 0) ; A(2.0); B(1. 1) ; €0, 1).

D I3 hinh binh hanh ¢6 céc dinh : A(1,2): B2, 4); C(2, 7) ; D(1, 5).

D 1a hinh quat tron OAB nhu hinh 8.9.

© % e

Hinh 8.9

Dua vao céc cdn di cho, hdy viét phiong trink céc duong cong gidi han
mién ldy tich phdn D va vé mién ldy tich phdn dy :

3 X+9 3 25—;:2
10. fdx | f(x,y)dy. 11 fdx | fxoyay.
1 2 0 0
2 x2~y
12. fdy [ fxyydx.
-6 ﬁ—l
4

Do thit tu ldy tich phdn trong cdc tich phdn kép sau :

1 3x l -y
13. fax [fox,ydy. 14. fdy [ fixoyddx,
0 2x 0 _ l-y2
RV2 1
5 M R RZ—K?' :
15. I def(x,y)dy + _[ dx I f(x.y)dy.
0 0 RVZ 0
2
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Tinh nhitng tich phéan kép sau : Y4

16. {[xdxdy. D la mién nhu hinh 8.10.
D

17.

dxdy , D la phian mat
5 Jaz ~x2_y? 9

et . - I = O A -';
tron tarfl O((?, 0), b’an k’mh a, nam Hinh 8.10
trong géc phan tu thir nhat.
d T -
18. _U xdx y , D 1a mién gidi han boi cic dudng y = X y = X.
D x2'+ y 2

19. He” Ydxdy, D 12 mién tam gidc cong gidi han boi cic dudng y? = X,
D .
x=0vay=1.
C huyé’n_ nhitng tich phédn kép dudi ddy sang hé toa dé cuc va xdc dinh cdc
cdn ldy tich phdn theo r va theo ¢ :

20. Hf (x,y)dxdy. D la mién tam gidc, gidi han bdi cdc dudng y = X, y = —x
5 _
vay=1.

2 )
21. ‘jdx ]J'f(-;i)dy. | 22. Idxj]f(\/xz + y2)dy.
-l 42 0 0

Chuyén sang hé toa dé cuc, tinh nhitng tich phdn kép sau :

23. H (x? + y*)dxdy, D 1a mién gi6i han boi dudng tron x* + y* = 2ax.
24, -”‘\h -x%- yzdxdy. D 14 mat tron, tam tai géc O, ban kinh 1.

25, H dxdy D 1a mién vanh khan. nim gitta hai dudng tron x* + y =1
\/x + y

va x° +y =4.

R VYRI_x2
26. jdx ]’ An(l + x% + y?)dy.
0 0 :
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Tinh thé tich vt thé gidi han béi cdc mdt :
27.y= x/;,y =2JX, x+2=6,2=0.

28.2=2x + y2 +1,Xx+y= 1 va céc mat toa dé.

3 _
29.x+y+z=2a,3x+y=a, §x+y=a,y=0.z=0(a_>0).

Chuyén sang hé toa do cuc, tinh thé tich vit thé gici han béi cdc mdt :

30.2az = x* + y2, X% + y2.+ 7% = 3a’ (a>0).

31.x2+y2=2ax,’z= \[xz +y2, z=0(a>0).

Tinh dién tich hinh phdng gici han béi cdc duong :
32.y°=dax,x +y=3a,y=0(y20,a>0).

33 y=2y=2">y=4

34. r = asin3¢.

35, Tinh dién tich phdn mat phang 6x + 3y + 2z = 12 & trong géc phén tém
' thit nhdt (x 20,y = 0, z > 0).

36. Tinh dién tich phdn mat paraboléit z = x° + y2 ndm bén trong mit tru

x2+y2=l.

37. Tinh dién tich phin mat cdu x* + y? + z* = R? nim ben trong mat try

x2+y2=Rx.

C. BAI GIAI VA HUGNG DAN

1. Trudc hét, tinh tich phan theo x, xem y 14 hang s6, ta ¢ :

1 3
I(xz + 2y)dx = {— + 2ny
3 3

X =1

1
==+ 2y.
3 y

x=0

Dua két qua vira tinh dugc vao tich phan theo y, ta c6 :

2 1 2 1 !
Idy I(x'z +2y)dx = f(* + 2Y]dy = [~y + YZ]
0 0 0 3 3

2 14

3

0
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2 x.2 2 x 2 N TR
2 J.dxj'ﬁdvzj-dxj'xzy zdy—J{—x— dx
1 1Y i v Y y=l
X X X
2 2 a2
= (—x+x3)dx=[—i—+x—} =_9_
i 2 4 . 4

s oo (2]

0 asing 1§ r=4 %N @ 0

2n

7’ a’ sin 2@ ma’
= p—(l+cos2 =—| o+ = .
!4( o)Xl 4[tp > ]“ ;
T T
3 3cosg 2 r3 r=3cosg
4 Idcp Irzsinchdr= J[-—Sil‘lz(p] ‘ do
b 3
_ R t=0

B A

2

L

2
9sin’ pcos’ pdp=18 Isinz @cos’ pdg

a

S 2 1

]

n
2 2
= ISI(I - cos? 0] cos’ @de =18 I(cos3 Q- 005_5 p)de
' 0 0

3 | A

(Nhd rang, trong chuong 6, ta c6 cong thic :

cos” xdx = 24..n- néu n nguyén, duong va 1)

L= — |

5 va 6. Sinh vién tr gidi. _ _
7. Néu diing cong thiic b) tinh tich phan theo x trudc, ké mot dudng thang

bat k¥ song song véi truc Ox, ta thdy ring dudng OC chita diém vao c6
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phuong trinh x = 0. duong AB

. y
chia ditm ra c6 phuong trinh
= 2 — y, ¢On y bién thién r - y=1
Yo=0dehyc=1Lvay inh8.1): |y, / 5
| 2-y / y= 2-x
[[fx. y)dxdy = Jdy fee yrax D
D 0 0 : z
T

Néu dung cong thiic a) tinh tich A / El z\: >

0 X

phén theo y truée. Vi dudng cong
chita diém ra CBA gém hai doan
CB va BA c6 phuong trinh khdc nhau, nén phai chia mién D thinh hai
mién OEBC va EAB. Ta c6 :

Hf(x y)dxdy = Hf(x y)dxdy + ”f(x y)dxdy
OEBC EAB

Hinh 8.11

Dai v6i mién OEBC, dudng OE chia diém vio ¢6 phuong trinh v = 0
dudmg CB chita diém ra c6 phuong trinh y = 1, cdn x bién thién tix X =0

dén xg = 1, do do :

1 '
[[fex, yydxdy = Jax [fxyydy.
OFBC 0 0

Doi v6i mién EAB, dudng EA chda diém vio c6 phuong trinh v = 0,
dudng BA chita di€m ra cé phuong trinh y = 2 ~ x, con x bién thien
Xp=1dénx, =2,dodé:

2-x

[[£ix. y)axdy = jdx ffxy)dy.
EAB ] 0
2-x
”f(x y)dxdy = j‘dx [f(x y)dy + jdx Jrex yydy.
0 0 1 0

Néu diing cong thifc a) tinh tich phan theo vy trudc, ding céch xac dinh
can da néu trong phan tém tét 1y thuyét, ta c6 (hinh 8.12) :
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2 2x+3

y A
_Uf(x, y)dxdy = Idx If(x, y)dy. y=2x+3
D ' 1 2x 7F——x"72C
) x=2
Néu ding cong thdc b) tinh tich L
phan theo x trudc, ta thdy rang D, £
. 4 -3 - 5 __ \ D
dudmg cong AD|C chita di€ém vao \\\’/
gébm hai doan AD, va D|C ¢ 4TE :B
phuong trinh khic nhau; dudng w=1 TN My=2x
cong ABC chia diém ra gom 2 b—An !
hai doan AB va BC c6 phuong o
trinh khdc nhau; ngodi ra yg = 4 # { |
! 1 o,
Yp = 5, nén phdi chia mien D o X
thanh ba mién ABE, EBFD, va . Hinh8.12
D,FC, do d6 : |
Hf(x, y)dxdy = Hf(x, y)dxdy + Hf(x, y)dxdy + ﬂf(x,y)dxdy .

D ABE EBFD, ' D, FC
Diing cich xic dinh can di néu trong phin tém tat 1y thuyét, ta b :

Y
7

4 2 5 2 2
Hf(x, y)dxdy = _[dy If(x,y)dx + Idy jf(x,y)dx +_Idy If(x,y)dx.
D 21 4 1 50 y-3

2

9. Néu dung céng thiic a) tinh tich phan theo y trudc, ta thay rang dudng
~ cong AOB chita diém vao gém hai doan AQ va OB c6 phuong trinh khac
nhau, nén phai chia mién D thanh hai mién AOC va COB, do d6:

”f(x y)dxdy = ﬂf(x y)dxdy + Hf(x y)dxdy .
AOC COB

Dung cich xdc dinh can di néu trong phdn tém tat 1y thuyé’t ta cd
(hmh 8.13):

o =
jj’f(x y)dxdy = jdx [fxydy + fax  [fxyydy.
-1 —X 0 X
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Néu ding céng thitc b), tinh _ _
tich phan theo x trudc, ta y
thdy ring dudng cong OAC _
chita diém vao gém hai doan

OA va AC ¢6 phuong trinh c)2 y
khédc nhau; dudng cong OBC A 7;; B
chita diém ra gém hai doan | XD

OB va BC cé phuong trinh ; |
khtdc nhau, nhung y, =y = L.
nén phai chia mién D thanh _
hai mién AOB va ACB, Hinh 8.13
dods:

[Tecx, yrdxdy = [JEcx, y)dxdy + [JEx. y)dxdy.
D AOB ACB :

Dung céch xdc dinh can di néu trong phén t6m tit 1y thuyét, ta ¢6 :
2Ny

fdy ffexyrdx

1 T

1y
”f(x, y)dxdy = Idy If(x,y)dx +
D 0 o=y

-y
(Chid ¥ ring, néu bidu dién x 13 ham
sO cla y thi x = —\,‘2—y2 la phuong

trinh cla doan AC, cdn X = /2 - y> 12
la phuong trinh clia doan BC).

Y

. Theo ddu bai, y bién thién tir y = x° 9
d€ny = x + 9, con x bién thién tx

X =1 dén x = 3. Do d6, mién D giéi

han bdi cdc dudng cong : y = %%, =1
y=x+9 x=1vax =3 Mién ldy
tich phan D duoc v& trong hinh 8.14.

. Ta c6 : y bién thién tt y = 0 dén

y = ¥25-x%, cdn x bién thién 1
X = 0 dén x = 3. Do d6, mién D gidi

han béi cdc dudng cong : y =0,y = v25—-x% , x = 0 va x = 3. Mién lay
tich phan D dugc vE trong hinh 8.15.

Hinh 8.14
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5 y=v25-x°

//

7

12.

13.

70

Hinh 8.15

Ta ¢6 : x bién thién tlt x = y? ~ 1 dén
x =2 —y, con y bién thién tr y = -6 dén
y = 2. Do d6. mién D gi6i han bdi hai

“

dudng cong X = Yo 1vax=2- y

(hinh 8.16).

Theo dau bai, mién D gidi han bai cic
duong thing y = 2x, y = 3x vax = 1
(hinh 8.17). '
Péi thit tr 1dy tich phan, nghia 1a lay tich
phan theo x trudc. Vi dudng cong OAB
chia diém ra gbém hai doan OA va AB
cé phuong trinh khdc nhau, nén phai
chia mién D thanh hai mién OAE va
EAB, dodo: '

[ B

2

0 2x b
3

| 3x
Ic_lx If(x.y)dy = Idy Jf(x,y)dx +
0

Hinh 8.16

< ¥

Hinh 8.17

30
Idy _[f(x.y)dx.
z Yy
3



14. Theo ddu bai, mién D gidi han bdi cdc dudng cong x = —+l -y?,
X =1 —y vay=0 (hinh 8.18). |
y

Hinh 8.18

D43 tht wr 14y tich phan nghia 1a 1dy tich phan theo y trudc. Vi dudng
cong ACB chia diém ra gém hai doan AC va CB c6 phuong trinh khdc
nhau, nén phai chia mién D thanh hai mién AOC va OCB, do dé :

1 I-y o Jix* 1 tex
Idy jf(x,-y)dx = de If(x.y)dy + Idx If(x,y)dy.
0 ﬂ -1 0 0 0

15. Theo ddu bii, mién D gi6i han boi cac dudng cong y = VR? —x% ,y=x
va y =0 (hinh 8.19).

Hinh 8.1%
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D41 thit ty 14y tich phan, ta dugc

RJ_ P R\/_ e
_[dx If(x y)dy + Idx If(x y)dy = _[dy Jf(x,y)dx.
RVZ 0 0 y

_ 2
16. Diing cong thic a) tinh tich phan theo y truéc (hinh 8.20), ta ¢6 :

1 I
”xdxdyz dex " ﬁd); = Ix( Y _12+x1 x? de
D
I

0

_ ﬁ_ﬁ_l(l_xz)m
. 3 2 3

|
2,1/2 2
x(x+ 1-x —-1)dx-I(x —-x)dx - 2{Sf(l—x) d(1-x°)

0

X
" Hinh 8.20
17. Dung cong thitc a) (hinh 8.21), ta chd:
dxdy & arox dy
If o R e
Ja 0 0. ya -x"-y
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] a —X

= j(arc sin1—arcsin 0)dx
0

a

HY
= I(arcsin 1)dx=‘£x =Ea.
0 20, 2
y |
Y
X
Y 4
2~ —== y=x
|
|
|
| _—
0 2 X
Hinh 8.21 ' - Minh 8.22

18. Dung cong thic a) (hinh 8.22), ta c6 :

[ e 2

b x*+y?
F)
2 1 y=x 2 X
= Ix (— arclg -X—J dx = J(arctgl - arctg —) dx
5 \X X x’ _ 2

= 0
2 2 <
= I(arctgl)dx - J.arctgﬁdx
0 0 2

2

D& véi tich phan thit hai & v€ phdi, ding phuo‘ng phép tich phan timg
2dx

2 L

phéan : datu = arctgi, du =
2 4+x

dv=dx,v= x ta nhin duac
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H xdxdy =«

=—X
4

,

X 2 2'2}{dx

— | xarctg— -J' 5
0 2 o 04+X

) |
= In(4+ xz)L] ~In2.

2, .2
DXty

Da6i v6i cic bai tap 16, 17, 18, sinh vién nén ty giai bang cich ding cong
thitc b) (tinh tich phan theo x trudc). Dac biét, sinh vién c6 thé gidi cac
bai tap 17, 18 bing cich chuyén sang hé toa do cuc.

19. Dung cong thiic b) (tinh tich phan theo x trudc (hinh 8.23)), ta cd :

X y: X X=y

]J'dy Ie%dx = Iv[(ye”y)

Jfe? axay -
D 0 0 0 x=0

1 .
dy = f(ye? -y)dy
4

i 1 y
= Iyeydy — Iydy .
0 0 :

Déi v6i tich phan thit nhat & v€ phai,
dung phuong phdp tich phan timg
phin : dat u =y, du = dy. dv = e’dy,

v =¢’, ta nhan duokc : o

1 1

ﬂcidxdy =ye’
D

(1

0 il

1 2
- Ie"dy—%—

_ Hinh 9.23
20. Chuyén sang toa do cuc phuong trinh cic dudng bién chia mién D
y=X . =>  1Sing = rcoso,

tgp =1 ¢ =—,

4
1Sing = ~1coSQ,
_3n
=5

y=-x

b U

tgp = -1

: | .
s =1.r= ;16

]
U
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Vi géc cuc O néim trén bién cha mién D (hinh 8.24), ta c6 :

”f(x,y)dxdy = Hf(rcos @, rsing)rdrde
D D

3n -1
4 sing
= Jd(p Jf(rcosq), sin@)rdr .
n 0
4
y y
Y= . = 1
1 // A\ 1 / /;B
| < L | }
7 N7 A
- [ |
Iy =~ =X
R bk | ° "
-1 0 1 X -1 0 1 X
Hinh 8.24 " Hinh 8.25
21. Theo ddu bai, mién D gidi han bdi cic dudng cong y = x> v y = 1 (hinh
8.25). Chuyén sang toa do cuc phuong trinh cdc dudng bién clta mién D:
y=x = rsing=rcos’y = r= ~—S—LH-;P— ,
cos” @
. |
y =] = rsin@=1 = r=-—.
sing

Vi dudng cong kin giéi han mién D di qua gdc cuc 0, gém ba doan : hai
doan OmB va OpA thudc duong parabén va mét doan AB thudc dudng
thang, nén phai ¢chia mién D thanh ba mién OmBnO. OnBAgO va

OpAgQ bai hai tia OB : (ng vaOA:q):?iTn.Tacé:

T sing In L sinm
1 1 1 cos” 4 sing : cos’ o
fax {f (X] = [t(tep)ydo  [rdr+ [f(tgp)dy jrdr+ jfugtp)dcp frar
-1 % 0 n m 3n i
3 3
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22. Theo ddu bai, mién D gidi han béi cic dudng thingy =x,y =0 vax =2
(hinh 8.26). Chuyén sang toa d6 cuc phuong trinh cdc dudmg thang
trén la:

Y
y = X => ISIng = rcosQ,
1 yex
tgo=1=>¢ = —,
go Ny 4
y=0=¢=0, S x=2
D
X=2=>rcosp=2 \\\
=>r= 2 . o 2 X
COs
Vi gbc cuc 0 nim trén bién Hink 8.26
cta mién D nén : ’
n 2
4 cosQ
jdx jf(\fx +y )dy jcup [£tryedr .
0

23. Chuyén sang toa do circ, phuong trinh dudng tron x* + y® = 2ax c6 dang :
r = 2acosQ.

Vi gdc cuc O nim trén bién cliia mién D (hinh 8.27), nén :

I
2 2acos

[fx? +y?yaxdy = [[* rdrdp= [dp [rdr-
D D =1 0

14

ga“ﬂ T 3na’
42 2 2

2

b | A

r= 2acosg

do =

2 [ H

1
4 -

16a* cos* pdop = 2% _|’1153:4 cos? pdeg
r=0 ' 0

il
Y EESIE

S

(16a%cos’e 13 ham s6 chin d6i véi ¢)
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y
2 2 -
X +y'=2ax
r = 2acosg
D .
o a 2a x
Hinh 8.27 Hinh 8.28
24. Trong he¢ toa do cuc, dudng tron tam O, ban kinh 1 ¢6 phuong trinh:

r=1.

Vi géc cyc O nam trong mién-D (hinh 8.28), nén :

' H\}I - x? —y2 dxdy = IIVl~r2 .rdrdo
D D

r=I

. do

1281 21 121:2 22
—_ _ 2(— = 1271 = 2
= 2Id(pj(1r)(2rdr)- 2_[3(1 r*)

0 0 0 =0

2n
. 1 J' 2n
=— dgp=—.
| 3 b 3
25. Chuyén sang toa dé cuc
phuong trinh cadc dudng bién
ctia mién D ]a:

X+yl=l=r=1,

X’ +y?=d4=>r=2

Dung ciach xac dinh can da
néu trong muc 4, phdn tém tét 1y
thuyét va chi ¥ rang mién D bao
quanh goc cuc O (hinh 8.29), nén :

Hinh 8.29
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2 2
¢ dxdy - Jj-rdr;‘_izfl’ = y-drd(p = Jd(p -;[dr =2m.

DJ\IX +y D

26. Theo dau bai, mién D 14 mdt phan

78

tu mat tron, nam trong géc phan tu y
I. tam tai O, ban kinh R. Chuyén
sang toa d¢ cuc, phuong trinh

dudng tron y = v R?-x? ¢ dang :

r=R. Vi géc cuc O nam trén bién
cia mién D (hinh 8.30). nén :

R R-x’
fax | IQex?+yhydx=

0 0

2w ' :
= Jd(p Jln(l +17)rdr Hinh 8.30

" Tinh :

R 1R
jln(l +12)rdr = 5 jln(l +r2).2rdr.
.

D3 bién s6: 1 +r° = t, 2rdr = dt; khi thay lan lu'o“tr—O r=R, céc can
moi la : t—lva‘[—l‘%R2 dodé:

1 R 1+R
= fin@ + r%).2edr = — {Intdt.
RISy

Dé tinh tich phan & bén phai, ding phuong phép tich phén timg phan, dat

dt .
u=Int,du= —,dv=dt,v=tva:
1

1+R 1+R*
Ilntdt == tlnt\”R Idt
2

= %[(1 +R)In{ + R?) - (1 + R? —1)].



ey 2,
J'dx jln(l +x% + yHdy = IE[(I +RHImA+R?) - Rz]d(p
0 0 1]

. %[(1+R2)ln(l+R2) - Rz]‘l’tz ) ?:‘[(I“Rz)-ln(HRz) Y|
{) .

27. Trong khong gian, _
phuong trinh y = Jx z
va y = 2Vx la
phuong trinh mat tru,
duong smmh  song
song voi Oz va
dudng chuan lan luot
la parabén y = Jx
vay= 2Vx trong mat
phing Oxy; x +z=6
la phuong trinh méat
phéang song song véi
Oy va thang géc véi
mat phang Oxz (giao
luyé'n la duf:mg [héﬂg . Hinh 8.21
X+z=6):z=01a
mat phang Oxy. Do dé, vat lhé ma ta phai tinh thé tich c6 dang nhu
hinh 8.31.

Thay rang, mat gidi han phia trén cha vat thé ¢6 phuong trinh z = 6 - X,
mién 14y tich phan D 1a tam gidc cong OAB gidi han boi cac dudng
parabol y = v/x , y = 2+/x va duong thang x = 6. Vay :

6  24x y = 2x
V= H(6 - X)dxdy = Idx I(G x)dy = I(ﬁ Xy dx
0 Jx y = Jx
6 ' 6
= I(6*x)\/;dx=[4x\/;——§—x2\/;J =i5§\/g
0 0
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28. Trong khong gian, x + y = 1 12 phuong trinh mat phang song song
vdi Oz va thing géc v6i mat phing Oxy (giao tuyén 1a dudng thang
X + y = 1). Mat cong gi6i han phia trén cla vat thé ¢6 phuong trinh
z=2x% + y* + 1, mién 14y tich phan D I3 tam gidc vuéng OAB giéi han
b&i cdc dudng thing x =0, y=0vAx + y = 1 (hinh 8.32).

z=2X+y+1

Hinh 2.32

Vay:

I-x

V= jj(zxz +y? +1)dxdy = ljdx ]’(2x2 +y2 +1)dy
D 0

0
1 3
= 2x2y+-¥-+y
o 3

y=l-x |
1 1 1
= j(—2x3 +2x% —x+ 1)dx - 3 j(l—x)3 d(1-x)
1] 0

dx = J((sz +DA~x)+ %(1 —x)3J dx
y=0 0

1
3

2
Y 9 DU NN T R
20 T3 2 12

0
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29. Trong khong gian,
3x+y=a

va éx+y—a
2

la phuong trinh mat
phang song song véi
Oz va thing géc véi
mit phidng Oxy (giao
tuyén la cdc dudng
thing 3x + y = a va

.%x+y=a). Mait gidi

han phia trén cua vat
thé ¢6 phuong trinh
Z=a~-X -y, mién lay
tich phan D 12 tam
gidc ABC gi6i han bai

Hinh 2,33

céc dudmg thing 3x +y = a, %x +y=a vay=0 (hinh 8.33), do dé :

Z{a» )
| a 307
V= H(a—x—y)dxdy = Idy I(a—x—y)dx
D 0 l(:a—y)
3
' 2
a 2 x=§(a—y)
: X
= J{(a—y)X-—J dy
2 |
0 x=5(a—y)

~flacytacy-H 2oy Loy
—]f[(a y)3(a y) 2[9(& y) 9(a Y) de

(

3

=]

"—la - 2 — --_-_li?.__.._)i)i
= 601(a yyda-y) = -

|

Qo

0 1
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30,z = ZL(XZ +y2) 1a phuong trinh mat parab6loit tron xoay, ¢6 dinh tai
a . _

gbc O; x2 + y2 + z°_= 322 12 phuong trinh mat cdu tam tai géc O, béan
kinh a+/3.

X+ y2+ Z=3a

Hinh 8.34

Dudng cong L, giao tuyén clia hai mit, dugc xdc dinh boi hé théng hai
phuong trinh : : -
z=i(x2 +v)
2a
x> +y?+22 =37
Khtr z trong hai phuong trinh, ta dugc :
X2 4y +%(x2 +y?) =342,
"~ 4a
&+ ¥ +4a%(xt + y) - 12at =00,
D6 1a phuong trinh bc hai d6i véi x* + v7, gidi ra nhan duoe x° + y2 = 2%,

Pay chinh 12 phuong trinh clia dudng tron L,, gidi han mién D va i hinh
chiéu ciia dudng cong giao tuyén L xuéng mat phiang Oxy (hinh 8.34).
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31.

nim trong mat phing

Vi tinh doi xu’ng cha vét thé déi véi cdc mat phéng toa d() Oxz va Oyz

‘nén chi can tinh Z thé tich nidm trong géc phan tdm thit thd nhét. Ta ¢é :

X:I 3a? —x2 — 2_x2+y2
4
D]

trong d4, D, la 2 mat tron X° + y2 <24’ nim trong goéc phan tu tha nhat

] dxdy

cia mat phdng Oxy. Chuyén sang toa do cuc bing cich thay x = rcose,
y = rsing, dxdy = rdrde, ta ¢6 :

T : L

2 a2 2 2 34
V=4_[d(p _[ [\lf«la2 —1? -_—L']rdr =4[[—%(3a2 -r?)? —é——}
. a
. 4]

=i J-Z—

do
0 0 2a

r=i

)

2 _ ) 9 3
=416\/i Sa3d(p'z§(6x/§—“5)33(p =%(6\5—5).

Theo hinh 8.35, mat
gi6i han phia trén cia
vat thé 1a- mat nén

=Jx* +y°, mién ldy

tich phan D 14 mat tron
tam (a, 0), ban kinh a,

Oxy.

Vi tinh d6i ximg cua vat
thé doi v6i mat phang
t9a 49 Oxz, chi can tinh

% thé tich ndm trong

gdc phan 1d4m thi phat. X

Taco:
y. x* +y'dxdy
>IN

Hinh 8.35
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trong dé, D, 1a % mit trdn x% + y? < 2ax ndm trong géc phdn tu thit nhat

cha mit phing Oky. Chuyén sang toa do cuc bing cich thay x = rcose,
y = rsin@, dxdy = rdrde, ta cé: '

16 , 211 32 ,
=—a . —=—a".
3 3 9
32. Ta cé: S= jjdxdy.
D
y
¥y = 4ax
2af-—— %~
x+y=3a
//
0 a : 3a x
Hinh 8.36

V&i mién D & hinh 8.36, ta tinh tich phan theo x truéc 13 don gidn nh4t:

x=3a-y
_ dy= I[ y——}ly

3a-y 2a

S= J’dyjdx_j' ,

y? 0 x=2

g da
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33. Tacé:

[ L T TSI S SR —

Hinh 8.37

V6i mién D & hinh 8.37, ta tinh tich phan theo x trudc 12 don gian nhat:
Iny

< eoom ‘“Iny. Iny
S=|d f dx = + I
Jay II[IHZ 21an 21112[”‘1y

R ) &
2in2

Dung phuong phdp tich phan timg phén, dat u = lny = du=— dy dv dy.
y

v-y,tacé.

g9
=——(4Ind-3)=12 -——=~5,507.
- 2(y ny- y)l ( )=12-—

2
34. Vi tinh d6i xdng cha dién tich phai tim, nén chi cdn tinh é dién tich
(hinh 8.38), va cé:

—= || rdrde.
o
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T x
& asin i 6 2
I'
S= I I rdr=
0 0 0 2
b

61 2 . sin6o \6
332 Il 0056(Pd(p=3a ((P*sm6 (p]

r=asin ip

¢
dp=3 Iaz sin® 3ode
|

=0

2
Ta

Hinh 8.38

35. Phuong trinh mat phing c6 thé viét dudi dang:

z=6—3x—%y..
Do dé, p=1z, =-3,
qQ=zy= 22
2

va

9. T,
S= '[[L/'l+9+zdxdy=5 _I[jdxdy.

~ Nhung ”dxdy chinh la dién tich cha tam gidc vuéng OAB (hinh 8.39),
5 _
vay:

s=1 L4214
22
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Hinh 8.39

36. Vi tinh d6F xing ciia dién tich phai tim déi véi cic mat phéng toa do

Oxz va Oyz, nén chi cdn tinh -}I dién tich ndm trong géc¢ phin tam thi

nhét (hinh 8.40).
Ta cé: p=2,=2x,
. q=12y =2y,
va: 5 = HJI +4(x? +y? Yixdy
4 D

1 : X C
trong d6 D, la 2 mat tron X2+ y2 < 1 nAm trong géc phan tu thd nhat

ctia mat phang Oxy. Chuyén sang toa d6 cuc bang cich thay x = rcose,
y = rsing, dxdy = rdrde, ta c6:

X

| . )
s.—.4jj\/' 1+ 4r? rdrd(p=4_[dq> I%.(1+4r2)2 d(+4r?) =
D, b 0
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1rI

2 :
J'—-(1+4r 2| d =%-I5\/§—l)d(p
{1

r=()

g
-_S&_.lﬁ(pl" =£(5\/§_ D).
3 6
z

Hinh 8.40

37. Vi tinh d6i xing cha dién tich phéi' tim d6i véi cdc mat phang toa do

Oxy va Oxz, chi cén tinh i- dien tich ndm trong géc phin-tdm [
(hinh 8.41). Ta cé:

z=_\/.R2 -x?—y?,

p=7\= ———
' Rz—xz—y:’q’
=7y = =T,
R*-x" -y
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D —X -y
S=4R [f dxdy
5 JR?—x2_y?

trong d6 D 1a mot nira mat tron x° + y2 < Rx, y 2 0 trong mat phing
Oxy. Chuyén sang toa d6 cuc bang cdch thay X = rcos@, y = rsing,
dxdy = rdrde:

l
Reosp i

S=4R [[-—" rdrdg _—2Rj‘d<p j R?-r") 2dR?-r")

Jﬁ‘__

L

2
do=4R? I(l —sing)e
0

r-chmp

-—2Rj'2(R2 r )2

rZ0
=4R*(p+cos t;p)luE =2R*(n-2).

1z

2. ittt
—

x/ r = Rcosg

Hinh 8.41

N
1d
—F
L4
-
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| Chuong IX
TiCH PHAN DUONG

A. TOM TAT LY THUYET
1. Pinh nghia

Cho hai ham s6 P(x, y), Q(x, v) xdc dinh trén cung cong phfmg B’_(E
Chia tuy ¥ cung BC thanh n cung nho bdi cdc diém chia B = B, B, B,. ...,
B, = C ¢6 céc do dai tuong tng la As, As), ..., As,,. Trén mdi cung nhé thi i
B.Bi., ldy mot diém wy § M. m). Goi Ax; = X, — X, VA AY, = Vi, — v, A
cac hinh chiéu cua vecto ﬁ_i"l_jm ién hai truc Ox va Oy. Néu khi n — +oo sa0
cho maxAs, — 0, tdng [, = nZi[P(ii,ni)ij '+Q(§i.r|i)Ayi] tién t6i mot gidi

10
han xac dinh I, khéng phu thuéc vao cich chia BC va cdch chon diém M,
trén moéi cung nhd B,B;,,, thi giéi han d6 dugc goi Ia tich phan dudng ciia
hai ham s6 P(x, y), Q(x, y) doc theo cung cong phang tit B dén C, ky hiéu Ia

f P(x,y)dx + Q(x,y)dy. (L
B | <

Néu cung cong phang BC tron vi néu ( /
cac ham s6 P(x, y), Q(x, y) lién tuc trén

BC ,t,l}l u‘ch pharl dusmg ‘lon;ta_u. =
['r dinh nghia dé thay ring Hinh 9.1
[ Pex.y)dx +Qex.y)dy = - [ Pecyrdx +Qx.ydy.
BC CB :
Chit y : Tich phan dudng doc theo dudng cong kin L. theo chiéu
duong (chi¢u sao cho mot ngudi di doc L theo chiéu dy sé thdy mién gidi
han béi L. gan minh nhit ¢ vé bén trdi (hinh 9.1)) duge ky hiéu 1a :

P(x,y)dx+Q(x,y)dy.
L

90



2. Cac tinh chat cua tich phan dudng

[ 1)
Mot tinh chdt hay dung 1a : Néu cung cong phang BC chia thanh hai
cung BD va DC thi

jP(x 9)dx+Qex,y)dy= [POy)x+QMxy)y+ [P(x.y)dx+Q(x,y)dy .
BD DC
3. Cac tinh tich phan duéng

Gia sir BC 12 mot cung cong tron, cdc ham sé P(x y ), Q(x, y) lién tuc
trén BC.
a) Néu BC duoc cho bdi phuong trinh tham s6 x = (1), y = (1), diém B
* img v4i tg, diém C dng véi t thi:
I
[Pocydx+ Quuyidy = [IPE.w)'® + Qo wm)w v]dt,
e Ty
b) Néu BC dugc cho bdi phuong trinh y = f(x), diém B dng véi xp,
diém C tung véi xc thi:

[Pexoy)ax +Qeryidy = j {P(x £(x)) + Q(x. F(x ) '(x)Jdx.

BC Ao

y 1& : Y & .

. yC ------------- c

Y= Y¥Ya X= Xg
B C
Yob----- T i
: bJt] ity B
0. " xy . X X Q Xg ;
Hinh 8.2

Pac biét, néu (hinh 9.2) :

o BCla mét doan thang y = yg, Xg < X < X thi

IP(x,y)dx+Q(x,y)dy = IP(x,y(,)dx.

BC Xy
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e BC Ia mot doan thang x = x,, Yg <Y Sy thi

Yo
JPy)x+ Qeuydy = [Qux,.y)dy.
i |

i

c) Néu BC dugc cho boi phuong trinh x = g(y), di€m B ing véi Vg diém
C img v6i y- thi : .

- Yo
[Peuy)dx+Qxyddy = [IP(e(y).y)g'()+Qeg(y),y)dy.
BC u

4, Cong thiuc Green

Néu cac ham s6 P(x, y), Q(x. y) va cdc dao ham riéng cap mét clia
chiing lién tuc trong mién D thi ta ¢6 cong thic Green : '

995313}«1: Pdx +Qdy,
ﬂ(ax 5 ixty=pan oty

trong dé L. 1a bién cta mién D.

5. Didu kign d& tich phan duéng khang phy thudc dudng cong
lay tich phéan

Neéu cac ham s6 P(x, y), Q(x. y) va céc dao him riéng cdp mot cua
chiing lién tuc trong mién D, gi6i han bdi mot dudmg cong kin L., thi diéu

kign 4t ¢6 va dit dé Pdx+Qdy = 0, / 1a mot dudmg cong kin bdt ky nam
. {
trong mién D, 1a : |
Q_P v, y). e D,
ox oy .
6. Cdng clia mét lyc bién doi

Cong A cta mét luc F(x, y)= P(x.y)'i*+Q(x, y)} tic dung lén mot chal

diém M chuyén dong trén cung cong phing tir B dén C duge tinh béi
cong thiic

A= JP(x,y>dx+Q(x, y)dy.
2 _

7. Dién tich hinh phing

Dién tich S ciia mién D. gi6i han béi dudng cong kin 1. trong mal phing
Oxy duge tinh bang mot trong ba cong thic sau :
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L
S= C:fxdy,
L
S= —(jydx

L

8. Tich phan dudng trong khéng gian

Tich phan dudng cha ba ham s6 P(x, y, 2), Q(x, y. 2). R(x, y. z) xéc dinh

trén cung cong BC trong khong gian duge dinh nghia nhu sau : Chia BC
thanh n cung nhé béi cdc diém chia B = By, B, B,, ..., B, = C. Trén méi

—

cung nhé BB, 14y mot di€m tuy ¥ M€, n;, &)- Khido

 [Pouy,2)dx+ Qex.y D)y + R(x.y, 2)dz =
BC

n—1I
= lim
max As, — 0 )

(n »+a) 1=

[P, ;s EDAX; + Q& miw Ay, + RE;, My, EDAZ),
trong 6 AX; = X, — Xi» AY; = Yiy| — ¥io AZ = Z,; — 7; 120 lugt 12 binh chiéu

clta vecto B;B;,, 1&n ba truc Ox, Oy, Oz.

Néu BC 1a mot cung tron trong khong gian, dugc cho bdi phuong trinh
tham s6 : x = @ (1), y = y(t), 2 = %(1); diém B ing véi tg, diém C dng vdi t;
cac ham sd P(x, v. z). Q(x, v, 2}, R(X, ¥, z} lién tuc trén BC, thi:

I P(x,y.z)dx + Q(X.y, z)dy + Réx, y,z)dz =
BC

= {[P((t), W11 (1) + QD WL OV O+

I

+-R(<p(l)_, W{t), x(0)y "(1)]dt
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B. DE BAI
Tinh cdc tich phan dudng sau :
a) I(x2 - 2xy)dx +(2xy+y2)dy.;s_ﬁ la cung parabol y = x? tir diém

AB
A(1, 1) dén diém B(2, 4).

b) I(xy— Ddx +x’ydy . L tir diém A(l, 0) dén diém B(0, 2) trong céc

trtiéfng hop sau -

o) theo dudng thang 2x +y = 2;

B) theo cung parabol 4x + y2 =4,
¥) theo cung elip X = cost, y = 2sint.

c) (:f(x +y>)dy, L 14 chu vi cda hinh t gidc c¢6 cac dinh 1a A(O, 0),

B(2 O) C(4, 4) va IXQ0, 4).

d) C:fxdy , L 1a chu vi cia tam gidc tao nén bdi cac truc toa d6 va dudng
L

thang =1.

M|><
ml\d

e) J(Za —yyx=(a—-y)y,Llacung xycloittrt =0 dént=2n:

X = a(t — sint), y = a(l — cost).

q(x+y)dx (X; y)dy Lla dudng tron x* +y =a
X" +y

2

2
h) Jx dz - ysdx
X3+ yT‘
y = Rsin’t, tir diém A(R, 0) dén diém B(0, R).
Dung c6ng thitc Green tinh -

, L 1a mot phdn w dudng hinh sao x = Rcost.
L : '

'a) C'fZ(x2 +y2)dx_+(x+y)2dy, L 12 chu vi cia tam gidc cb cic dinh

L
A(l, 1), B(2, 2), C(1, 3). Tim lai két qua thu dugc bang cdch tinh truc
ti€p tich phan dudmg trén.



b) Hiéu cua hai tich phan :

L= [ cey’di-(x-yldy valh= [ (cey)’de-(e-y)’dy.

AmB AnB

trong d6 AmB 14 doan thang néi diém A(0. 0) véi diém B(1, 1), AnB I
cung parabol y = x? nét hai diém trén.

Chol= Cj(l -x?)ydx +x(1 + y)ydy, L Ia dudng tron x*+ y2 =R Tinh :
L .

a) Truc tigp [

b) I bing cdch diing cong thic Green.

Dung cong thitc Green tinh

[= q(xy+x+y)dx+(xy+x—y)dy .
L

2 2 .
L 1a elip "—2-+%2— =1. Tim lai k&t qua thu dugc bing cch tinh truc ti€p
a
tich phan dudng trén.

Tinh

. 3
[= I(xz + ycosxy)dx+(%+xy2 —x+xcosxy]dy,
C

" C 12 cung tron X = acost, y = asint, 14y theo chiéu tang cia tham s6 ¢ :
0<t<ma>0. : '

Tinh :

a) Ixzdx+ ydy, AB 1a nita duomg tron x* + y2 = 4 nAm phia trén truc
AB ' :

Ox va lay theo chi€u kim déng ho.

b) ycos xdx +sinxdy , L Ia dudng trdn (x - 1)? +y2 = L.

Tim héng s6 a dé -

= I (x* +2xy-0_-ay2 ydx + (x? —2xy+y2)dy

3
=B (x+v)
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10.

11.

khong phu thuéc vao dudng cong lay tich phan d6i véi cic dudng cong

khong cat dwdng thang y = —x. Tinh tich phan I véi a tim dugc va
A(l, 0), B(O, ).

Céc hinh chiéu cia luc F xuéng cic truc toa do 1a P = 2xy, Q = x%,

Chimg minh ring cong cta luc F khong phu thudc dudng di, ma chi

phu thudc vao diém dau va diém cuéi..

Tinh cong khi di tir diém B(1, 0) dén diém C(0, 3).

Tai mot diém M cuia elip : x = acost, y = bsint ¢6 tic dung mot luc F,

ma modun béng khoang cdch 1 M 16i tam elip va hudng vé tam elip.

a) Tinh cong cua luc F khi chat diém chuyén déng doc theo cung elip,
nam trong géc phan tu thit nhét, tir (a, 0) d&n (0, b).

b) Tinh cong cla luc F khi chit diém chuyén dong doc theo toan bo
dudng elip theo chiéu duong.

Dung tich phan dudng tinh dién tich hinh phang gidi han bai :
a) Pudng parabol y = X2 va dutmg thang y = I;
b) Duc‘mg axtroit x = acos_‘?l, y = asin’L.
Tinh tich phan dudng trong khong gian
Ixy"dx +yz2dy - zx2dz
L

vai

~ a) L 12 doan thang n6i diém O(0, 0, 0) va diém B (-2, 4, 5);

98

b} L. 1a cung trén AB trong khong gian cho bdi phuong trinh :
x+y? +22 =45
2x+y=0
(cung tron AB 1a mdt phan cla dudng tron, giao tuyén clia mat cdu tam

0O(0, 0, 0), ban kinh \/_5 vGi mat phang y = —2x, n6i diém A(3, -6, 0)
va di€ém B(-2, 4, 5)).



C. BAI GIAI VA HUONG DAN

1. a)Tacé (hinh 9.3):
] *y s
j(x‘2 - 2xy)dx + (2xy + yz)dy = j[(x2 - 2x.x2) +(2x.x2 -f-(xz)")_Zx]dx
AB Xa
: L2, 4. 20
= I(xz - 2% 4+ 4xt +2:0)dx = (—_x3 ~Zx* +——x5+—xﬁ)
, ' o 3 4 5 6_

- 402
30

4 A

x=cost, y=2sint (L,)

x=1-y2/4 (L,)

y=—2x+2 (L,)
17" A
ol 1 2 x 0 1 X
Hinh 9.3 : Hinh 9.4

ba) y=-2x+2,y=-2

. in
I{xy - ydx + *ydy = I[x(—2x + 2y~ 1+ 2 (=2x + 21=2)]dx
L, ) X

('

i
= J‘(4x3 ~6x7 +2x — Ddx = (x* - 2x*+ x? - x)| =1 (hinh 9.4).
i ' : '

) Don gian nhat §a dua tich phan dudng vé tich phan x4c dinh theo bien y
5 _

X=l'“‘y—¢xl ='_‘y_.
4 Y 2
? ¥ 3’2 -y a
- i)d ydy = -2 |y -1 —= | S d
L_!(xy ydx + X" ydy y{[[ 4Jy J{2]+[ Jy y



2
Y
15

1]

6 5 4 3 2
Y Y Yy 3y
9 40 8 6 4

¥) X = cost, X', = —sint. y = 2sint, y', = 2cost ,

j(xy ~ Ddx + x’ydy =

L.\
'y
= [(cost.2sint ~ D(=sint)+ cos> l.23int.2cost]dl
Ia
n
2
= j(4c0s"lsinl +sint - 2sin’ tcost)dt
0
b :IT n
2 2 2
= —4 {cos’ td(cost) + _fsintdl - 2 [sin® td(sin )
n [}] u
b
a 2 3 )
=) —CO8 t — COost — —sin = -,
3 L, 3
c)Tacod:

(j(x2 +y2)dy = I(xz +y2)dy + j(xz +y2)dy +
L AB RC .

o+ [P ryhdy ¢ [ +y)dy (hinh 9.5).

cD DA
Trén AB vd CD. y = 0 v y = 4, nén y 4
dy =0va: | .
JoZ+ydy = [ +y"rdy =0.
AB cn
Tréen DA, x =0, nén :
" 0 ’%
2 3 I 64
T4y = “dv = — vy = e
-‘[ x y")dy '[y Y 3 Y 3 Hinh 9.5
DA 4 A4
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N + . “, ¥ .
Phuong trinh cua duong BCla: x = —2— + 2. dodé:

(x*+y*)ydy = b Yy 2\] +y” |dy
PN 7 _

¥

+ B
> ; 5 >
= I(jy + 2y + 4] dy = (—y3 +y o+ 4y]1 = -1:56
and 12 o 3

Vay

3 | 3 ' 61 1127 1
Cf(x' 4 y" )dy - !_?6 e - = 37
; 303 3 73

d) Taco:

(;fxdy = (i xdy + J xdy + I xdy

¥ oA B i | e
(hinh 9.6). . 3
Trén OA, y =0, dy = 0: trén BO, x = 0.
nen ;
- o A
[ENY By

‘Phuong trinh cia dudng AB la:

X = 2[1 —%].dodc’):

v 1o 230
Cﬁfxdy = dey =2 I[l - %]dy :-:7;[(.1 - g]dy - 2[}' \6*‘ -3

Al ¥y e

(Sinh vién nén thir tinh jxd_v. vt
i X = alt  sint}

- L ' y = a{l cost)
xem v la ham $6 cua x). _
¢) Ta ¢6 (hinh 9.7) : ' L

X =a(l— st

5 B

X', = a(l — cost).
, . Hinh 9.7
y =a(l —cost), y, = asint.
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ft2a - yydx - (@ - yydy =
L. : .

2n
I[(Zd —a(l--cost))a(l-cost)-{a-a(l- cosl))dsmtldl
3
2n
== j[a3(1—0053 t) — a’ sintcost]dt
1]
2n | az n ’
a’ I(sihzl — —sin 2t]dt = — j(l—coszn ~sin 2t)dt
2 2

N

il

4 . ’ 2n
a“ sin2t  cos2t
5 i +

g) Pon gian nhat 12 viél phuong trinh dudmg tron x? + y2 = a’ dudi dang
tham s6 : X = acost, y = asint. Ta ¢d : X', = —asint, ¥', = acost, va :

qg(x +y)dx - (x —ydy

x’ +y
o “jf(acosl + asint)}{(—asinl)—(acost -asint)acost dt
8] a
In 2n
I —(sin’t + cos* t)dt = ]'dt =-27
}] 4] 0
hyTaco: v
x = Reos™, x', = ~3Rcostsint, Rl 8

v = Rsin™. v, = 3Rsin*tcost
(hinh 9.8} va :

x = Reos®, y = Rsint

x*dy — y’dx _ A .
,[ SRRV 0 R X
L X y Hinh 9.8

J-(Rcos 1} 3R sin’ tcost — {Rsin” 1)°( -3R cos? lsmt}
h (Reos* )’ + (R sin® t)‘”
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m
B ?3]{3 sin?1cos’ t{cos™ t + sinsl) di
Ri”(cosjl +sin’ 1)

[}

3 7
=-R? Isin22tdl
4 [}

m

3 4;35 3 a3
= =R I(l—cos4t)dl=-R t
8 b 8

_sin4t]

a) ¢ DUng cong thic Green :
Tacé: P(x, y) = 2(x* + y*).
Qx, y) = (x + yY',
®. 4y, xR =2(x+y)
Oox

Cy

la nhimg hiam s6 lién tuc trén . .
tam gidgc ABC (hinh 9.9), nén ; : >
ap dung cong thie Green, nhan Hint 9.9

dugc :

d2(x? +y)dx + (x + y)dy = [[2(x - y)axdy
- L ' b

2 -x+d 27 2
=2-Idx I (X—y)dy=2_’. xy-z—]
! o

b

= 2[(-2x? +8x - 8)dx = 2 —2"?+ 4x* —8x
i _ 307

LSRN

e g

¢ Tinh truc tiép :

Tacé:

(fZ(x2 +y2)dx + (X + y)zdy = j2{x2 +y2)dx +{X + y)2 dy +
L ' Al '

AB

+ IZ{x2 +yH)dx + (x+y)’dy + IZ(xz +yH)dx 4+ (x +y)2dy
BC CaA
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M

_[7 X +v ydx + (x+y) dy = I(Z{x Fx7 Y (x X% D dx
AB

k P se
= Iszdx =8— ="—.
3.
l i
‘[2(){] +y2)dx +{x +y)2dy =
BC
= [l267 +(=x+47) + (x—x+4)" .- Dldx
1 l
= J‘(4x2 —16x +16)dx = [4%——8){2 -+16xJ = -
. IZ(X +y2)dx +(x+y}2dy =
Ca
| " ' 1 ' 56
= Jdeydy = [a+yydy = P2 By
Yo 3
Vay :
X .
(j2(x +yi)dx +(x + yY dy--—6 1. -‘—6—: i
; 33 3 3
b Tacd:
[[-1,= J{x+v) dx - (x—v) dy - I(x+y) dx-—(x—-v) dy
AniB AnB :
= 'f (x +y)dx — (x —y)Ydy + j(‘(+y) dx —(x - yYdy
AmB BnA
= J (x+y) dx - (x — y) dy
AmBn\
= qf (x+y) dx ~(x ~ y) dy.
AnBmA
O day : P(x. y) = (x + y),
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»
gl—“—*Z(x+y): Yt

o IR | S y—x B
QU == -y, L y=x
.m '
% =-2(x - y). .“ %
Dung cong thite Green, ta nhan ; »
duoc (hinh 9.10) : A ! x
Hinh 9.10

[ - =- (j (x+y)2dx - (x-y)zdy

-\l!Br;1f\

= Hl~2(x —¥)—-2(x + y)]dxdy = ﬂ4xdxdy = 4 l_[xdx ]dy
1 D {r 2

X
¥=x

1
=4 |x.(y)

LH

|
4
dx =4 |x(x - x")dx = | =x* -x*
: I( *) [3X x)

v=x 0

{} 3

3. e Tinh truc tiép :

“Viét phuong trinh dudng tron dudi da

x = Rcost : '
. voi0<g1£ 20,

Y = Rsint

Taco: x| =--Rsint. y', =Rcostva: .

I = (f(l ~ xH)ydx + x(l + y)dy

L

n ' Hinh 9.11
= I[(l - R? cos? t)Rsint(~Rsint) + Rcost(l + R? sin? I)Rcost]dl
{1
= I[Rz(cosz t —sin® t) + 2R sin’ t cos’ 1]dt
{ )
2n R4 2n
=R? Icos2ldt + — Isinz 2tdt
0 2 0

2 2n

= —-5in 2t
2

4 2n 3 .
+ R I(l-- cos4t)dt = B—(I _sindt
4 4

] 1
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e Dipg cong thae Green :
Tacéd:

P, y)=(l —x})y, — op =l-x*,

Q. Y):X(Hyz),i}g:nyz.
ox

va ;

I= (j(l X )ydy+x(]+y )dy = H(x iy ydxdy

Pé tinh duorc don gian, ta chuyén sang toa do cuc bang cich thay
X = rcosg, y = rsing, dxdy = rdrdg, nhan duoc

_U(x:1 +y?)dxdy = H r rdrdg = Td(p l]r“dr
D : ) 0

=R n
S g - B g - B[R
0 4 4 H . .

=il

Vay :

4.

4
(= cj(l—x yydx + x(1 + y')dy = *R

* Dung cong thiie Grccn.
Tacé: P(X,y)=xy+x + Y,
- oP
o =Xx+1

QX y) =xy +x -y,

oQ
— =y+],
0x Y

Hinh 9.12
VA
f=<§(xy+x+y)dx+(xy+x*y)dy
L

= fly+1 - (x+Didxdy = H(y—x)dxdy,
0

trong d6 D 1a mién gidi han boi ehp — + -:;—2 =] {(hinh 9.}12).
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dx

l
oy, &
[ =
4
Q—‘
—
h
|
P
S
j =
<
!
L o &
——
(W [“‘M
!
e
e
N

il
£ ey, ¥
B | =
 aammma
=R o
I‘-J! td
——
=
[g¥ 3
|
F
Lo~
S

a’ --x")]dx -
P 2R {2 o

= J.-gkxxlaz—x"' dx =0 vi —;-Exxl;zvxz ta ham s& 1é doi voi x.

' a a
-4
Qua thi du nay, rit ra két qua sau :

{[ydxdy = 0 néu mién D d6i xtng ddi véi truc Ox;
D .

dexdy = 0 néu mién D d6i xding déi véi truc Oy.
D

« Tinh truc ti¢p :
Viét phuong trinh elip dudi dang tham sd :
X = acost, y = bsint, véi —m <1 < .

Tacé: X' = ~asint. ', = beost, va :
1= I[(acos!.bsin! + acost + bsint)(-asint) n
' _
+ {acostbsint + acost — bsint)bcbstldl

N n
= -a’b Isinz tcostdt — (a’ +b%) Isimcosldt +

.l -7

T n
+ ab I(cosl t—sin Ddt + ab’ Icos2 tsinidt .

n n

Tich phan 1hi hai va thi 1r & v& phai biing khong vi ham s6 dudi dau
tich phan l¢, do dé :
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mit trdn tdm O, ban kinh a, ndm &

= ~2a%b fsin’ d(sint) + 2ab [cos2tdt
o '

0

n
sin2t "

. 3
= 22 EL L g tInctl
3 2

)

b
(chi ¥ ring sin“tcost va cost - sin’t I nhitng ham s6 chin, G day. ta
khong lay t € [0, 2n] ma ldy t € {-n, ] nhim si dung tinh chan. l¢ cia
ham s6 dudi dau tich phan xdc dinh).

DéE 1ao nén mot dudng cong kin L., vi
ta b6 sung vao nia dudng tron C
da cho doan thang AB cé phucng
frinh y =0, dy =0, ~a<x <a
(hinh 9.13). Khi d6. mién D. gidi A

han bot dudng cong kin L. 1a nira A >0

' ! . Hinh 9.13
phia trén truc Ox. Ding cong thitc

‘Green, 1a ¢6 :
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P(x, y) = x2 & YCOSXY.
== = COSXV — XV5Inxy ;
3
X 2
Qx, y) = 3 + XY“ = X + XCOSXY,

Q.

=X+ y2 — 1 + cosxy — xysinxy, va :

-

oX

3
I = j(x2 +ycosxyydx + [53— +xy’ —chosnydy +
C

+ I(xz +ycosxy)dx + [% +xy* - x + xcosxy}dy -

AB

] .
- I(xg +ycosxy)dx + (% +xy’ —x+ xcosxy]dy =

AB



3
= (f(x2 +ycosxy)dx + [%— + xy2 - X+ xcosxy]dy -
1.

3
I(x +ycosxy)dx +[x_}_ +XY" — X+ xcosxy]dy
AB :

”(x +y - 1ydxdy - jx dx .

B¢ tinh u{,h phan kép & v& phai. ta chuyén sang toa do cuc bang cdch
thay x = rcos. y = rsing, dxdy = rdrde, nhin dugc :

1= Id(p :[r - Drdr - 2jx dx = 1‘[—; - ;]

H i |

)
do - 25
A

=

H]

b1

2

i ] . 2 3 'dz . 2
=—f(a -2) —~Za’ = —[3n(a” -2) - 8al.
4 ? , 3 12
6.a) Tacod:
2 2 Y
P(x, y) = x7. Q(X. ¥) =¥, |
) _
ok _Q_, /
dy  Ox D
Vi P(x; y), Q(x, y) va cac dao ham A B .
ricng cap mot cua ching lién tuc, mat 2 =0 2 X
. 6Q op . vy 2
khac -87 = g V(I V(K, }!) E i -, Hinh 9.14

nén tich phian dudng da cho khong phu thuoc dudng cong lay tich phan
AB. Dé tinh duge don gian, ta thay tich phan ducng lay trén nua dudng

tron Al bang tich phan duong lay trén doan thang AB ciia truc Ox
(hinh 9.14).

Trén doan thing nay y=0.dy=0vax bién thién tir —2 dén 2. do dé :

2 2
Ixzdx + yidy = szdx + yidy = ngdx =2 |x7dx
AB AR --2. (
P
3 3
()
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b)Tacd:  P(x,y)=ycosx, Q(x, y) = sinx,
Q

- = —~ =COsX. vt _

ox  dy (X 1 ey=1
Vi P(x, y). Q(x. y) va cic dao ham
riéng cdp mot cha chiing lién tuc, mat

khic 29 :.‘35 véi V(x, y) ¢ R2 " -

ax 1 2 X
nén tick phan duong |4y twén duomg )
tron (x ~ D)* + y2 = 1, ndm hoan toan
trong R 1 bing khong (hinh 9.15). Hinh 9.15
Vay : '

(jycosxdy + sinxdy =0.
L
2 2 2 2
7 Tacs: Pxyy= LIZNAY o ) X o2y byt
(x+y)y ' (X+y)
O _ —x* +2a~2)xy - ay’ 0Q _ —x® réxy-35y’ |
dy (x+y)* x (x+y)!
Bé 1 khong phu thudc vao ‘a
dudmg cong lay tich phan déi
véi cdc duding cong khong cit ' \

dudng thang y = —x, ta phéi ¢6 : a 8

Q ok voi V(x, y) € R? \

x oy 0 S
ity nhimg diém cua dudng _ \
thing y = -x. Suyraa = §. '

Vi dudng thang x + y = | y= X

108

_ : Hinh 9.16
khong cat dudng thang v = —x, inh 9

nén khi a = 3, ta tinh T wr :
A(1, 0) dén B(O. 1) trén dudmg thing néi trén (hinh 9.16). Ta ¢6 -

- X+y=Ly=!-xdy=-dx

4]
va: 1= I[xz +2x(1=x) + 500 - x)? +(x - (1 - x) (= 1)]dx =
) i



0 . 2y
X
=4 {(l-x)dx =4{x - — | =-2.
-.f 3]
.
Vi @—-@ = 2x vOi V(x. y) € R, Y4
ox Oy ‘ 3le

nén cong cha luc F :

A= I 2xydx + x’dy /[/

BC
khong phu thudce vao duong di, ma chi phu y=0
thude vao diém ddu B va diém cuéi C. L B .
. _ - , o < 1 X
Dé tinh cong A cta luc F khi di tir diém .
B(1. 0) dén diém C(0, 3), don gian nhdt & Hinh 9.17
di theo dudng gap khiic BOC (hinh 9.17).
Ta cé ngay :
A= J'nydx + x%dy = Inyd_x + x*dy + I2xydx + x*dy
BC RO ' oC

= (_][U.dx + ]O.dy -0.
] 1]

a) Ta co (hinh 9.18) :

VR
P h lﬁ ) x=acos!, y=bsint L
X.¥y)= he-- F(x.y)=-x, '
Y o (.y b|C .
. M
Q(xa Y)‘—' hC(—); ['(x,y):-——y y _F‘_____:
] B _

Viy : i':'(x.y) = —Xi ~ y] L VA !Ja X

A= I-xdx - ydy vdi B(a, 0),
2 _

C(0, b).

Phuong trinh tham s6 cla elip

12 : x = ucost. y = bsint, x', = —asint, y', = bcost. Do dé :

Hinh 9.18

ll'
A= - I(acosl(wasinl) + bsint.bcost)dt =
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10.

n

:
= (b’ —az) J‘s_intcostdl =
it

hrd
2

N a’ —b? (__ C()SZI)
2 2

]

b) Vi P(x. y), Q(x, y) v cic dao ham riéng cap mot cua ching lién tuc,

Qo

mat khéc : — =0 vdi moi (X, y) € R > nén tich phan dudmg :

ox

f—xdx - ydy, L la toan bo duong clip nim trong R *. 1 bang khong.

L

Viy :

A= -xdx - ydy =0.
. L

a) Don gian nhdt la dang céng thic ' S= (fxdy. L. 1a dudng cong kin
i

AOBCA lay theo thi ur dy. Vi dudng -cong kin L. gom hai doan AOB va

BCA ¢6 phuong trinh khic nhau, do dé pha

thanh hai doan (hinh 9.19), va c6

S= [ xdy+ __j_-xdy.

AOB - BCA
Trén BCA, vy =1,dy =0, nén:
I xdy =0,
RCA

Vay

S= j xdy = Jx.2xdx = I'[szdx
3

AUB I
| k] !
- ; 4
='4Ix“dx = 42(—-- =,
a 3 If] 3

b) Dang cong thiic :

1 e
S = Eq xdy — ydx , L. 1a dudng axtréit ABCEA

L

110

i chia duong cong kin L.

¥
y=1
He -
;324:, b, 7
: - e i :X
0 1 X
Hinh 9.19

. ta ¢o6 thinh 9.20) :



X = acos’t, X', = ~3acos’tsint:
y = asin’t, y', = 3asin’tcost,
In
" . 3 e
va: S=— I(Saz cos’ tsin®t + 3a% cos® tsin® t)dt .
]
3a% °F
= — _[sinz-l cos? t(sin? t + cos? tydt

x=acost
y=asin’t

_ el Tpsinn2t 31"6- j(l—cosm)dt %é//

0 o - ' 4

" 8 : Hinh 9.20

Chit ¥. Vitinh d61 xdng cda dién tich phdi tim, ¢6 thé tinh ddi véi trudng

hop a:
- = (jl xdy
0BCO
con doi véi trudmg hop b :
§ . J xdy — vdx.
4 2 R .
OARO

Sinh vién nén thit tinh bing nhing cong thic nay.
11. a) Phuong trinh dudng thing trong khong gian di qua hai diém O(0, 0, 0)
va B(-2.4,.5) (hinh9.21)1a:

Xy oz
2 4 5 :
Vi¢t phuong trinh dudng thang OB duéi dang tham s6, bang cdch dat
_ x vz :
ERVEES
tacé: ' X=-2,y=41,z=>51,

Xi=-2.y,=4,z,=5va:

111



. 1y
[ xy’dx + yz’dy - zx*dz = [1-2141 (-2) + 451 4 - 51(-21 5] dn
o8

Iy

364

t |
= [364°du = =2t =
i 4

=9].

0
b) Vit phuong trinh dudng tron trong khong gian, giao tuyén ciia mét
ciu x* + y2 + 22 = 45 véi mat phang y = -2x duéi dang tham s&, bing cich
dat:x =t tacd:
y ==2x = =21,
=45 -x—y? =455,

7= \J45 - 50

(taldy z= /45 ~ 5t vi rrén cung trdn AB .z20),

\ -5

- X =l.y' =';2.Z S e
' t b Jas- s

,va !

Ixyzdx + yz’dy — zx%dz =

AD

I[t(—Zt)z.l + (uzi)(45—5:2)(-5)—J45-5t2 12, 3t

d
345'— 5t l
.2

= —-271,25.

3

It

s

H

* '11
J'(lsot — 11thdt = (908- - r‘)
3 ' '

12



Chuong X
CHUOI

A. TOM TAT LY THUYET

1. Chudi s&

x ) n
Chudi s6 Zun £0oi 14 hoi tu néu tdng riéng thi n cia né s, =Z u, din
n=l| k=1
t6i mot gidi han xdc dinh khi n — oo, [a phan k¥ néu né khong hai tu.
Neéu chubi s6 > u, hoi ty thi u, — 0 khi n - . D6 1a diéu kién cin
n=| :

cta chudi s6 hoi tu, nhung diéu kién Ay khong d.

Chudi s6 Z:aq“"l véia#0hditunéulql<]1, phankynéulqi 1.

n=}
2. Chudi s6 duong
¢ Cdc dinh ly so sdanh

.
a) Gid s 0 < u, < v, vi ¥n 2 |. Khi d6, néu chudi s6 > v, hoi tu thi

o=l
s . #*
-chudi s6 Z u, cling hoi ty; néu chudi s6 Z i, phan ky thi chuéi sa Z v,
n=| n=| n.:

cling phén ky.

b) Gié siru, > 0, v, > 0 véi ¥n 2 1. Néu lim = =k véi 0 < k < +oo thi

n—w
vn

hai chuébi s¢ Z u, va Zvn cung hoi tu hay cling phan ky.

n-| n=1
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o Cdc quy tdc khdo sdt su hoi tu

U,

a) Quy tac D'Alembert : Néu lim —2 ={ thi chudi s6 duong ZUH héi
n—oe un C- n:=|

tu khi 7 < 1, phan ky khi / > 1.

b) Quy tde Cauchy : Néu lim Yu, ={thi chudi s6 duong zun héi tu
n-— o

khi / < 1, phan k3 khi /> 1.
c) Quy tdc tich phan : Gia st f(x) 1a ham s& lién tuc, duong, gidm trén
khoang [ 1, +c¢). f(x) — 0 khi x — +00. Pat u_ = f(n), khi d6 chubi s6 duong

" n=t

o, hoi ki [ f(x)dx hoi tu, phan ky khi [ f(x)dx phan ky.
( ) ) t
3. Chudi c6 s& hang véi dau bat ky

~ o Chudi s6 Zu" goi 12 hoi i tuyét ddi néu chudi s6 Z}un| hoi tu.

n=I i n=1

Néu chudi s8> u, hoi tu tuyét d6i thi n6 hoi tu.

n=l .

x ’ o
Chudi 56 Zun goi 1a ban hoi tu néu né hoi tu nhung chudi s6 Z|un[
n=1 n=I

phan k3.

Néu chudi s6 Z u_ hoi tu tuyét dSi va cé téng s thi chudi s& suy tr nd

) n=t - *
bing cdch thay ddi thi tu cia cic s6 hang va bing cich nhém wy ¥ mot s6
s& hang ciing hoi tu tuyét d&i va cé tng s.

e Chudi dan dau la chuéi ¢6 dang

o
Z:(A—l)““‘url =Uy =y Uy — Uy (D)
n=}

trong déu, >0, vn > 1.

Dinh Iy Leibniz : Néu 0 < u,,; €u,, Vo2 1 v néu lim u, = 0 thi chudi

o

dan diu Z(—l)“‘I u, hoi tuvacé 16ng s < uy.

n=!
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4. Chubi luy thua

» Chubi luy thira [a chuéi ma s6 hang téng quat cua né la ham s& cé
dang a,x", trong d6 a, 12 hang s6 va goi la hé s6 ciia chudi [u§ thira.

>
> ax" =agtax+ax +..tax"+ ..
n=0

Tén tai mot s8 R > 0 sao cho chudi luy thira Zanx" hoituvéilx <R
=l

va phan k¥ vé6i | x | > R. Tai x = R chudi luy thira ¢6 thé hoi tu hoac phan ky.
56 R got 12 ban kinh hoi tu ctia chudi lily thira.

o] = p hoic ltmr o thi

all

Néu lim

n-»=

I .
- néu 0 < p < +oo,
P

R=|0 néu p = +co,

+0  néup=0.
Tim dugce R, ta biét rang chudi luy thira hoi tu trong khoang (-R. R).
Muén xdc dinh duge mién hoi tu cia nd. ta chi con phai xét su hoi tu tai hai
diém x = R.

* Néu chudi luy thira Y a,x" c6 bén kinh hoi tu R, thi 16ng

n={}

_ . , ol n _ - n
f(x)=ag+ax +ax“+ ... +ax" +.. = Zanx
n=01

14 ham s6 lién tuc, kha vi trong khoang (-R. R) va trong khoang ay, ta co :

£'(x)=a, + 22, + 3a;x° + . +nax" '+ = S nagx"
n=:1
2 n+l x xn+1
If(x)dx -—C+d X+al_+ +a + . ___C+Za[] ,
2 "n+l - n+lt

C la hang s wy y.

» Khai tri€n mot ham s6 thanh chudi luy thira:

Ta néi ring ham s6 f(x) khat trién dugc thanh chudi luy thita trong mot
khoang I, néu tim dugc mdt chudi luy thira Zanxl" hoi tu trong khoang ay

n--0

sa0 cho
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=41
f(x) = Zanx“ ,¥x el
n=0 .
Néu trong mot lan can nao d6 cla xg, ham s6 f(x) ¢6 dao ham moi cdp
. va trong 1an can &y 16n taj mot s6 duong M sao cho

£ ()| <M. Vn 20,
thi f(x) ¢6 thé khai trién thanh chudi luy thira (goi 12 chudi Taylor) trong lan
cin ay.
¢ Khai trién thanh chudi luy thita cia mot s6 ham thong dung
I x"

e S T I (R =0}
. " 2 n!
3 . XS o+l
SiNX = X——+——...+(-1)" = (R = )
3 Al 2n+1)!
2 4 2o
coskzl—x—+§~——...+(—1)“ A i (R = )
2 4! (Z2n)!
Qexfets Exe M2l o a@-D.@-nth e gy
1! 2! n!
l—j_uu L SN Y 6 b o L _ (R=1)
X
N gt '
ln(l+x)=x——2—+?—...+(—l)“n+l + .. (R=l)
X.’r xﬁ_ KZn—l
arctgx = X ——+——...+ —l)"'l +... R=1)
& 3 5 '( 2n—1 (
B. DE BAl

1. Xét sy hoi ty cia cac chudi s6 ¢6 s6 hang 1dng qudt sau day. Néu chuoi
nao hoi tu, hay tinh tong cua nd.

n+l

l)un=4[—2‘~) .(nz1) ; 2)u, = ——. (n21)

116



n’ +n+l

Nu, =479 (nz1) ; Huy=————. @2 1)
! n”+2n+73
2 3n
Sy, = ,(n=1) ; 6)u = ,mz1y
" ¥4 " 2n+1 ( )
Ty = ——. (21 $lu =+l (mx 1)
R L R SEANEE L
3[1 4I‘I
Ou, = * Ln=z1) . lO)un:—;ln—il—z.(nzl)
" n“(n+1)

Ap dung céc dinh Iy so sanh, xét su hoi tu cua cac chudi s6 sau :

1 1
Dt = o 2= 2
5“
3) ﬂ=2i~~~; Yu, = !
3" n(n+2)
1 1
Su, = — HSu, = ——
’ \/n*+3 " -1
Ty = ——; 8y, = — ;
2n° —1 (n+DH2n-n
1+3° ¥
Nu, = * : 10)u, = —(e" -1)
2+5° n
I | 2n’ +n+1
11} u, = sinf — |; 2)u = ———:
" [\/H) ) n'+n?+1
l+n n
15) u, =0 g5 3y, 16) u _Ynti-Vn

n " Jn

Ap dung cic quy tic D'Alembert, Cauchy va tich phan, xét sy hdi tn cla
cac chudi s6 sau :
3 1

n n.
Du,=—: u, = —;
n 30 rln
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nlon
2 n 1t
S)u, = 4112 1 6)u_ = n4 |
5n° +2 (n+D35""
(n!)” af T
Tyu, = Nu, =sin" | —+—|,(n=2)
(2n)! ) (3 n]
Nu,=e¢" 10)u, = (n+ De™ ;
2
2 n
fu, = ——; 12)un:(1+i] :
2" +2n n
i3 1
_en [ B LY | 4.7.10...C3n+1
- 13) u, =1g [6+2n2}' 14)Lln= ( );
2.6.10...{4n-2)
1 n-1 nin-1}
SHuy= ———— l6)un:[ J . (n>2).
(Gn+1).3"" n+1
4. Xét su hoi tu, hoi ty tuyét d6i hay ban hoi tu clia cdc chuéi s6 sau
2 ' _an : .
Iy, = SO80). 2 = T (0 1 hing 55 duong):
nvn . n"
' b
cos[n. ; ] 2y
3u, = __._1__ - 4)u, = 5
: n! n
2n’ -1
5Yu, = (-D" el 6) u, = —sinnb, (0 1a hing s3);

\/H lnn

Nu, =D Bu,==H"" . (23
. 2
n_n ] _lOn—I
Du, =1 nt 4l lO)un=( n') :
n. T (-1
1D u, =(1)sm—; 12y u, = ——=.
n ¥n
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5. Xét sy hoi tu cia cac chudi s6 sau :

In

o n’ +3
2 n
3-)un=( n) :
02
i)un=nwe_"4
2
Tu = n +3;_
2.3"
21
Nu, = (n+3).;
n!3"
1)y, = -S50_.
n°+4n
n_3
13y = CY°
(n+3)!

1) u,(x) = nx™

(_l)nxn .
Iy x)= E/H :
S ug(x) = =

: {(n+1)
7 = L(nz2):
Y u,(x) nn =D (nz2)
9) u,(x) = X

nl.l

- 8Yu (x)=

2) u, = sinn;

4yu, = —-l——;;
2+[3J
c
6) u, = (Y2 -1)";

71‘]
8) u, = (~1)" Jani °

3'—n?
10) 4, = ==
2y o In+d
oo n(é/;l.+2),

Tim mién hoi tu cha céc chudi luy thita ¢6 s6 hang téng quét sau :

X
2) uy(x) = ;z—i
(_l)nxn
4 = :
) u,(x) Y
6) up(x) = —— ., (n 2 3);
Inn
x+1)"

\/;.:

(o la hdng s6 duong);
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10) u,(x) = —1 (-l:—"J L ) = X227
an-ill+x) "

1

Ryu(x)= ———
nx+2)"

7. Tim chudi Taylor ¢ta ham s6 f(x) & lan can x = X :

l)f(X)=SiIlX, on—z; 2)f(x)=_l__’ XU=IZ
X

3) f(x) = Inx, Xg=2.
8. Khai trién thanh chuéi [uy thira & Jan can x, = 0 cdc ham s6 sau :

l) f(X) = XCOSZX; . 2) f(X) - Xe_-“;

3) f(x)=x sin% : 4) f(x) = arcigx;

S)f(x)y=vi+x, (x =-1)

9. Tinh cic 6 sau véi d¢ chinh x4c 0,0001 :

1);1-: : 2) cos18%

Ye
3) In(1,04).
| 10 Tinh céc tich phan sau véi dé chinh x4c 0,001 :

-l (.1
D fe™dx; 2) fﬁﬂiii%x
i) -

.0 X

C. BAI GIAI VA HUONG DAN

1. 1) Chudi Z4(§J 1a chudi nhan véi q= % <1, n6 héi tu va ¢4 t8ng
=1

2/3

bang 4. =
£ 23

8.
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x o+l x M .
2) Chudi Z 23“ = 22[%] hoi tu va c6 téng bang 2.2 = 4.
n-1 n=I

3) Chuéi 479" = 9228] phan ky vi q = % >1.
nel n=l

n+n+l n+n+l

4) Chubi ) phanky vi lim ———— =120

~n?+2n+3 nswon? +2n+3

Chit thich : Ngudi ta ciing n6i rang diéu kién lim u_ = 0 la diéu kién di
dé chudi s6 Y u, phanky.
=1

5y Tacd

2 2 [1 1 ]
u, = 5 = =2 .
_ n“+n nin+l) n n+l
Do dé tdng riéng thit n
[ |

S, =2 l—-—+———+...+l—-l—]=2 l-—l—)—>2 khin —» o0
2 2 3 n n+li n+l

Vay chudi > —

héi tu va cé téng bing 2.
Pl VI ol 1 | .

6)Chu6ig% phan k, vi mzj‘lf%io.
T Tacd

1 [

" 40’ -1 (@n-1E2n+1)

_l @n+h-@n-n_ 1 |

u

2 @n-1En+D) 2n~-1 2n+1

Do d6

-1[ I 1 1 1 1
S, ==|l-—=+=——=+..+ -
2 3 3 5 2n-1 2n+1
=—]1- L —)~l—khi'n——>oo.

2 2n +1 2
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Vay chudi Z >

hot tu va c6 téng bing 1 .
n=| 4n H_I . . 2

8) Ta c6

(1 1 z ] |

Hai chudi & v& phai déu hoi ty, nén chudi da cho hoi tu va c6 tong bang

i 1
= 5
._2_I_+ 51 :1+l —
-+ 2! 4 4
2
o ’;n n x [y a-— n : : .
9)Chu01z ;4 :Z(%J + [1;‘-) hoi tu va c6 tong bang
n=I nef n=I ’
2
[+ —3 —142-3.
2
3
10y Ta co
~ 2n+1 _(n+1)2_n2_L_ 1
o+ 0l nd el
Do do
Snzl——%+i2~—12—+...+—12—— I >
2 2 3 n (n+1)
=1- 5 = Lkhin - .
(n+1D

Vay chudi da cho hoi tu va c6 1dng bng |,
2. Céc chudi s6 trong bai tap nay déu c6 s hang duong, nén c6 thé dp
dung céc dinh 1y so sanh dé xét su hoi tu cia ching.

1) Tacod
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Chudi Z—~— hél tu nén chudi Z - hoiw
L n=l l'l +I'I
. 1 1 . C e 1 ) .

2) Vi —=— < ===, ¥Yn21, ma chud Z—~ hoi tw nén chudi

n .2“ 2ﬂ el 2n
Z '21 hoi tu
—/n°.2"

o5y sy 5

3) Vi 2;5 > [;) . ¥n =1, ma chudi Z(E] phan ky (do 3 >1)

. - n=l -

’ r
. Lo 2
nén chuot E

n -t

phan ky.’

< -1—2 ma chudi Z—l—z hoi tu nén chudi Z :
nn+2) n n(n+2)

4) Vi
n=j 0 n=I

hot .

1 .o :
¥n 2 1, nén chudi Z—l— hoi tu, nén

1 |
Jnte3 Yt win’
chudbi hoi .
Z\Jn +3

6) Chudi Z

n= 1

5) Vi

h(_)l tu, vi Ia mot vo cung bé trong duong vai

5!; khi n —> o0, chudi Z[%) hoi tu.

n=l

7) Khi n —> o« thi

ST 1 A mot vo chng bé tuong duong véi
n - .

n

—_—=— Chuon—- — phan k. do d6 chudi han ky.
2112 2n ,Z; P ZZn -1 P Y
8) Khi n — o, % 12 mot vo cung bé tuong duong voi

(n+l)(2n-—l)
4 1 - 4
=2,— . Chudi 2. Z—— hoi tu, do d6 chudi Z~—-———~

2n’ n’ s —(m+D(2n-1}
cing hdi .
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1a mot vo cing bhé

2+5"

3 &3
twong duong vdi e ma chudi ZG] hoi tu.

n=|

10)Khin — o0, /"~ 113 mot vé clng bé trong duong véi 1 .dodbu,
n

I
tuong duong véi n_ , ma chudi Z;l— hoéi tu nén chubi Z n( e'/" - l)
n=| - n==|

héi tu.

11) Chudi Zsm( J phan ky vi khi n — o thj sin(—l-—J la mot vo

n=1 \ ‘\/;

cung bé tuong duong voi Jl; va chuéi Z \/_ phdn ky.

2
< +
12) Chuéi E M—l phan ky vi khi n — o thi 2n”+n+l la mét
3 3,2
! +n?+1 n +n"+1

v0 cung bé tuong duong ~2~ , va chudi Z phan kY.

n={

13) Chudi Z hét tu vi khi n — o thi 7 [a mot vo ciing bé

1+n’ l+n

n

tuong duong véi —J—_Il = —=l~—v‘ —l-— < —l— ¥n 2 1, va chudi —l~— héi tu.
_ i 3 : 2

n “—n’

5 A
2 2

n n

14) Chuébi Zln[l + —12~J hoi tu vi khi n = o0 thi ln(l + —ITJ la mot vo
n=| n n-

cung bé tuctng duong véi —5 , va chubi Z—- héi tu,
_ n’ a1 D

15) Chuéi Z——n— phén ky vita ¢é }%Q >—lll— vnz3,va chuél Z;
n=3 : n=3

phén ky.
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CJn+l - 1

16) Taco u, = trong duong véi —l—

| dn Jnnsls Vo) n
Chudi i_lz—ln phan k¥, do d6 chudi iun' phéan ky.
1) Tacs
Bont _ (n+l)3.§i=[9—ﬂ]3.iai<l khin — 0.
u, 3w ot it 3

Do dé chudi Z u, hoi tu theo quy tic D'Alembert.
n=}

2) Vi

) n ’
Uy _ (R4 1) P._z(n+1)_ l ! —+£<lkhin—+oo.

u, T (n+1™ n! [n+1]“'(n+l) €
n

Do d6 chudi Z u,, hoi tu theo quy tic D'Alembert.

n=I1
3) Theo quy tic Cauchy. ta cé -

g/i: f+2n —>£<l khin — .
: 3n-2 3 _

Do dé chudi z u, hot tu.

n=1

4) batr f(x) = . Ham 506 f(x) lién tuc, duong, giam trén khoang

x n x _
[3. +o0) va f(x) — 0 khi x — +o0. Vi u, = f(n) nén theo quy tic tich phan

Y oA
ta chi can xé€t tich phan suy rong I . Poi bién s6 t = Inx, ta duoc
: Xlnx
3
Todx T
] = f—. (*)
; xlnx St

Tich phan (*) phan ky. do @6 chudi da cho phan ky.
5) Theo quy tac Cauchy. ta cé
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Khi n — o, né twong duong véi [%J , ma (%J —>0<1khin— o,

Vay chudi Z u, hoi tu,

ol

6) Ta co

unzi—lfvl.[i] khi n — co.
(n+1).5"" 545

Chubi Z[%J hoi ty, do d6 chubi Y u, hoi tu.
n=] %+ o=l

7) Ap dung quy tic D'Alembert, ta ¢6

Wy _0+D @)l (1) LS
u,  Cn+2)! () @n+D@2n+2)  4n°

khin — w=,

Do dé lim Jnet = i < 1. Vay chudi da cho hoi tu.

N—»o un
8) Ap dung quy tic Cauchy, ta ¢6
fmony o 3 N
Yu, =sin| - +— | = sin— = — < | khin > o.
3 n 32

Vay chudi d4 cho hoi tu, |
9) tfu, =™ — 0 < 1 khin - w, nén chudi hoi tu. |
10) Theo quy tic D'Alembert

u (n+2)e'“2_2"_I 2n-1
ntl — — ~ ¢ """ khin — <.
U (n+1)e™
. H Uy ; —2n-i
Do dé Iim " = lime =0<«l.
n—sx | n—
n
Vay chudi hoi tu.
1) Taco
n’ - ]
U, =— ~— khin-— o
2°+2n 2
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x 2

Dé thay rang chudi Z;—n hoi tu theo quy tac D'Alembert, do d6 chudi

* .
Z u, hoiw.
n=} -

12) Ap dung quy tic Cauchy, ta c6

n=|

n e

ﬁ:(nlj Sl khinow.

Do d6 chudi hoi tu.

13) tfu, = tg(-z- +

14)

u
15) n+l _
3*3n+4 3

16) gfu, = (

u

u

u

n+l

V]

n

12] — tg% < 1 khi n — o, Do dd chuéi hai tu.

Sn+4 - 3 <1 khi n = o0. Do d6 chudi hoi tu.

4n+?2

130+l 1 ) khin = 0. Do dé chuéi hoi tu.

- _e 2 0 .
) | 5(1__2_][ ; ][ “*1]( ) — e < | khi n—>ow,

n+l n+l
Do d6 chudi hoi tu.

|cos(n )‘ 1 :
l)Viluni— <——* Ynzl, machum Z— hoi tu, nenchufn

Tadn

" n2

Z u, hoi tu tuyét doi.

n=1

2) Chuéi'Zun = Z (_t) voi o > 0 la mot chudi s6 dan diu thda man

n=I n=l 0

céc diéu kién cua dinh Iy Leibniz, do d6 né hoi tu. Nhung chudi

L

2

n=|

u

n

x

Z—— hoi tu khi o > 1, phan k¥ khi o < 1. Vay chudi Zu“

n=| I n=I

hdi tu tuyét d6i khi o« > 1, ban héi tu khia < 1.

Vi |u | < , ma chudi Z— hol tu nén chudi Z u_ hdi t tuyét doi.

nl n=I
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n

4) Chudi Z (=2) fa mot chudi dan ddu, nhung s6 hang 16ng quét cla

n
) I
n6 la ——— khong dén t6i O khi n —» co, nén né phan ky.
2 B
35 Viug = (- 1) ta ¢6 mot chudi dan dau. Nhung
3n” +1
2n% -1 2 -

Uy| =~ —> —#0 khin—> o, nénchudi ) u, phanky.
=3 | z, Y
6) Vi |u I = ~—|sm nG‘ < — . ma chudi Z— héi tu nén chudi Zu

n=

hoi tu tuyét déi.

7) Chuéi Z( 1y

Tl la chudi dan dau. Khl n tang tir 1 dén +o thi

B giam dan tir % t6i 0, nén theo dinh Iy Leibniz, chudi dé hoi tu.

n+l
Vo| & vn Vool
1)) ——| = » —— phan ky. vi ~ —= khi
=1’ n+ti HZ::‘nH pram iy vt n+l! JH '

n — oo va chudi Z Jl_ phén kY. Do d6 chuéi da cho ban héi tu.

Mait khdc, chudi Z

n=t

8 Viu, = (-I)° ——, chudi Zun la chubi dan ddu thoa man céc diéu
n n=3
e “lnn
kién cua dinh 1y Leibniz nén né héi tu. Xét chudi ZI u, = Z—n—n . Ap

n=3 n=:3

dung quy téc tich phan. ta xét ham s6 f(x) = En—}E Ham s6 f(x) lién tuc,
_ N _

duong, giam wén |3, +wo), f(x) = 0 khi x — +0,
) +0G ) , d
Tich phan suy rong jmdx phan ky vi néu datt = Inx. taco di = = .
7 X X

do dé

+3

—dx = |—=Int| =+w.



Vay chuéi Y u, bén hoitu.

n=3
. InZ ) ) 2
9 u, = (-1)" =5, Zun Ia chudi dan ddu. Xét ham s6 f(x) = —,
n +1 X" +1
ta co:
3 2 2 3 E
f‘(x):(x +1)%x ;{ 3X :x(% x2)<0khix>3.
(x'+D (x" +1}
2 nZ
Do d6 f(x) giam khi x > 3, nén — giam khin > 3, ——— - 0 khi
_ n +1 oon 4+l

n — o, Vay chudi Zun théa man cic diu kién cia dinh 1y Leibniz,
n=I|

2

. N - | 1.
nén nd hdi tu. Nhung chudi ZI u, | phan ky, vi lu t=——~— khi
n=l nr+l n
n —» oo, ma Zl phan ky. Viy chuéi Zun ban hoi tu.
n:=}i n n=|
n--1 n-1 X .
- 0 < . .
10) Ta co un=£—3~('13m,|un|=1 —. Chudi Dlu, | hoi ty vi
. n. - n. n=j
u,| 10 . IR o
—H = ——— — 0 <1 khin —> o, Do dé chudi Zun héi tu 1uyét doi.
u, |- n+l ol -
1) Ta 6 u, = (<)'sinm, Su, 1a chudi dan dau. Vi -
n n=|
i[s.iinE] = -~-1t2—cmE <0 védi ¥x 2 2 nén sin-JE giam khi n 2 2,
dx X X X n

sinZ > 0 khi n — o, Theo dau hiéu Leibniz chudi dan ddu Z u, hoi
n n=|

tu. Mat khdc fu, 1= sin " ~ = khi n - o, do d6 chuéi Y lu, | phan ky
\ non — -

(do ZE phan k). Tém lai chudi Y u, bin hoi .

n=| n=l .
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N .- ! Inn

12)Tacé lu t="==n"=en
Iln
. . Inn L e P .
Vi lim~——=0 nén limtu,l=e"=1%0. Do dé limu_, #0 nén
n— 1 n—eoo n="

chudi > u, phan k3.

n=|

' 3 3
5 DOVI oy = 2\/; ~ ﬁ =— khi n - o, ma chudi Lj héi tu nén
n°+3 n° . 3 ) 3
n n

chubi duong Z u, hoi tu.

n=|

2) u, = sinn khéng dan t6i 0 khi n = oo, do d6 chubi Zsin n phan ky.
n=| )

(Zn)"

.Tacd
2n
n

3) Xét chudi duong Zun .trong d6 u,_ =
n=1
Uy _ 20+2)™ 0™ (20+2)".(2n+2)n*"
u, @+’ @2n)° @+ )®.(0+1)2n)"

:2 (n+1) . 2n+1).0"n ;2( n ] . l —>£.O=O<l khi n—co.

(n+1*".(n+1)*.2"n" n+l/) n+l1 e
~ Vay chudi di cho héi tu.
4) Ta cd
1 : 1 :
u, = ——, limu, =— # 0 khin — oo,
2 L s 2
)
e
Vay chuéi di cho phan ky.
5)Taco
3_—(n+B) 3 .
Moy ¥ D7e =("+l] e 6040l g | Khin > oo,
un n3 C-n n ’
Vay chudi da cho héi tu.
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6y Tacd

y ! 1—Ir'.2
tfu, =92 1220 f=e" ~1~1in2 khin> oo,

n

Chudi Zi phan ky, do dé chudi dé cho phan ky.

TyTacd

o 2
Ap dung quy tic D'Alembert, ta thiy ngay chudi zz—n héi tu, do do
' a=1 -
chudi > u, hoi tu.

LE

il n L& n N *
) Vily =t = 1(2 , ma chudi Z[EJ hoi tu nén chudi Zun
3™ 3.9 9

n=i n=1

hoi tu tuyét déi.
0) Tacd
u,,  (n+4)! n!3" _1n+4 1

. = —, — — <1 khin — oz,
u (n+1)13°" ~(n+3)! 3 n+i -

n

Do d6 chudi duong )" u, hoi tu.
n=t
10) Taco
I _ a3 SRS X I
\’(’Jin>3, --?khtn—)oo

lu, | =

n

g 3 ] .
Dé thdy ring chudi Z%‘; hoi tu, do dé chudi di cho hoi ty tyet doi.

n=1

1) Vi lu, | € —— L L khin o o Chugi ¥4 hoi .

n’+4n n*+4n n _ no) I

do d6 chudi di cho hoi tu tuyét doi.
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. 1
4 3

12) Vi “n=—1JH—+i~PT= 1 khi n — oo, ma chudi ZL hoi
n(¥n +2)

n] an an

. tu nén chudi duong di cho hoi tu.

3"n’ o Mo ! _ 3" (n+1)* (n+3)!

13) Vilu, I = . ;
(n + 3)! lu, ! (n+4) 3"

3
=3 (1‘5’—}-} —0<1Kkhin—> .
n+4 n

Vay chubi Zun héi ty tuyét doi.

n=]

6. 1)Tacod

132

|
a =n, lim 2wy 2L ey

©onow a | n—ox Il
Chuéi luy thira da cho h01 tu trong khoang (1. 1). Tai x = -1, ta ¢6

chudi Z( D'n. Tai x = I, ta ¢d chubi Zn Ca hai chudi s6 &y déu

n=: n=t
phan k¥ vi s6 hang téng qudt khéng dan t61 0 khi n — co. Vay mién hoi
tu cua chuéi da cho la (-1, 1).
.. ,

Cdag b ) ) z.
2) Vi lim et tim —2 > =1, nén R = 1. Tai x = 1, ta ¢6 chuéi
noe la | noe(n+1) -

n

, d6 la mot chudi dan

Z-lz— nd hdi tu. Tai x = —1. ta ¢6 chudi Z (_l)
n- n=1 l'l

dau thoa man céc diéu kién cua dinh 1y Leibniz, nén né hoi tu. Vay mién
hoi tu cia chudi da cho 1a [-1. 1].

3) Dé thay R = 1, nén chuéi liiy thita hoi w trong khoang (-1, 1). Tai _

n

x = 1, ta ¢6 chuébi Z (;/l_) -, d6 1a mot chudi dan dau hai tu theo dinh ly
Jn _

n=1

L.eibniz. Tal X = -1, ta ¢ chuodi Z-—m né phan ky. Vay mién hoi tu
n=] l'l‘.‘
cta chudi liy thira da cho 12 (-1, 1].



| 2" .
4) Vi lim Bl lim—22 o fmi Sy nen R =2
n—x Ian | n-sc (n+1)’2n+| nox 2 n+l 2

Chudi liy thira hoi tu rong khoang (-2, 2). Tai x = 2, ta ¢6 chudi

Z(_l)“ i né héi tu theo dinh 1y Leibniz. Tai x = -2, ta ¢6 chudi
n _

| R ) y e e . .
Z~, nd phan ky. Vay mién hdi tu cua chudi da cho 1a khoang (-2, 2].

n=] :

5) Tacé _ .
I n+l 2 2
lim !2aet! _ gi 3 2.(“+-1).=31im[““) = 3.
n—soo Ia“] n—»m(n+2) 3" n+2
1 : 1 ., e 1 x . |
Vay R=-.Tz.ux=-—,tacochuélz > . nohoiw. Tai x = ——,
3 3 po (n+1) 3
ta c6 chudi dan ddu Z(—l)" o hoi tu theo dinh 1y Leibniz . Mién
' : - n+
ORI I O
hoi tu phai imla [ -—, —|.
33
6 Tacd
lim 2as1 ! _ pyy 100
e la | nowin(n+1)

Ap dung quy tic L'Hospital. ta duge

Inn . n+l
m-————= lim =1.
n—wsc ln(n =+ l) [ R - s R § |

DodoR=1Taix= l,ta-céchuc’)i ZTI_ Vi li — +o¢ khin — o,
. nn nn

n=}

nén vdi moi s6 C > 0 cho frudc. ton tai s nguyén n, sao cho véi ¥n 2 n,

., n . .1 C . o ! e . .
ta c6 — > C, do d6 —>—. Chudi Z — phan ky, nén chudi
: Inn Inn n non.

ks

1 . Lo ,
Z—-— phan ky. Tai x = -1, ta ¢é chudi dan diu Z:(—l)n N thoa:

n=l] nn n 3 Inn
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134

man diéu kién cta dinh 1y Leibniz, nén né hoi tu. Vay mién hoi tu phdi
timla[-1, D)

v

7) Ban kinh héi tu R = 1. Tai x = 1 ta ¢6 chudi .Tai x = -1

i n{n-1)

ta ¢6 chudi Z -n" . Ca hai chudi d6 déu hoi tu, vi
. n=?

n{n-1)

1
(n-1) n*>

lu, ()] <
Do d6 mién hoi t phai tim 1a [-1, 1].

8)DatX-x+l ldLOChUOlZ

f

[—1. l). Do d6 mién hOi tu cua chuédi Iiy thita da cho la [-2, 0).

9) Ban kinh hoi ty R = 1. Tai x = 1, ta ¢6 chudi Z( 1)".—. d6 1a mot

n=1

1
chudi dan ddu hoi tu, Tai x = -1, ta ¢6 chudi Z— né héi tu néu
n=I n

> 1, phan k¥ néu a < 1. Vay mién hoi tu phdi tim 1a [-1, 1] néu o> 1
vala(-1.11nfua <1.

- o - |
10y Pat X = l—x , ta dugc chuoi Ly thira Z# X" . Bén kinh hoi
+X n - _

tu cua né bang 1. Tai X = 1, ta ¢é chudi ZZ "
n=1 n-

. n6 phan ky. Tai

X = -1 1a ¢6 chudi D (-1)°

n=l

la mot chudi dan ddu hoi w theo
n p—

X" (-1 1)

dinh 1y Leibniz. Vay mién h01 tu cia chudi Z
n——.

Tu -1 < _l____x_ <l].ta suy ra x > 0. Vay mién hoi tu cia chudi di cho la
+X

(0, +0).



fl

_ | ’
.bata, = —,tacod
d o

11) bat x — 2 =X, ta cd chudi lily thira Z

n=]
1
lim 2fa_ = lim —=0.
nil;l;lo P o n
- It .
Do d6 R = o0, Vay mién hoi ty cta chudi Z — ciing nhu clia chubi da

n=I

cho 1a (—oo, +o0).

12) bat 5= X, ta ¢6 chuéi liy thira Z X . Ban kinh hoi tu ctta né
- X+ —~
bang 1. Mién hoi tu chané la [-1, 1). Dodé
i
-1=< <1
X+2

Giai hai bat phuong trinh trén, ta dugc x < -3 hoac x > —1. Vay mién héi
tu phai tim 1a (—e0, =3} U (=1, +).
. 1) Ta biét ring néu ham s6 f(x) kha vi vo han trong mét khoang I nao
dé, x,, 1a mét diém thuode 1, thi cic hé 6 cha chubi Taylor cia ham s& d6
taj x,, 1a '
a, =f(x,),a = m. a, = -fl(j-(—“—l, O B w;
It 2! n!

Ta cé

f(x) = sinx, f(x) = cosx, f'(x} = —sinx, f"(x) = —cosx, fm(x) = sinx, ...

- (3585
i)

Do d6 chudi Taylor ctia ham f(x) = sinx tai diém x, = -} la

1 1 ) 1 n Y 1( n]"'
=t === | == x—=| +={x—=| -
2o 4] 2 4 3! 4

o0 a{n--1}) n
1)
f 2,(-D a4

n={l
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2) f(x) = 1 ¥x_".F(x)=(ﬂl)x_2, P =D =2,
. _
f™(x) = (-1)"n! x ™D,
= () =1Lf)=-1,0)=2!, .., ™D =(1)"n!, ..

Chubi Taylor ciia ham s6 f(x) = 1 taix,=11a
X

== D4 G- 1P = =D 4 G- P = Y ) (k- 1)

n=A{l
3) f(x) = Inx, f(x) = 1 =x ', Fx)= (1) x'_zl. f"(x) = (-1 (<2) x
X _
%) =D" '~ 1rx", L
1 _, 1 ' 1
= f(2) = In2, f(2)=5.f(2)2—2—2,f(2):2!2—3,...,

f2) = 1" - 1)! zl

Chudi Taylor ciia ham s6 f(x) = Inx tai X,=21la
2 3 n
ln2+(—-—x_2]—i[—~—x_2} +1(_x—2] -...+(~1)""l(x_2J +
2 20 2 30 2 n! 2

=2+ Y (-1 1("—;—2J .
It

n=1

8. 1) f(x) = xcos?x = —;-(l +cos2x).

Ap dung cong thic khai trién thanh chudi luy thita ctia ham s6 cosx,
‘ta duge '

2 4 . 2n
f(x)= i[l+1 - £2_x)_ + (2%) - ..+ (=D (2x) + }
2 2! 41! 2n)! -
2 2 4 4 2n, 2?n
_ 2—2x +2x —...+(-ﬂ1)’12 LS
2 2! 4! {2n)!
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{l
P
[
|
>
5]
+
N‘J
k]
s
|

) 2n-1 20
AL J

24 4y (2n)!
3 3.5 201 2n+\
=x—2-§=~+2 x “...+(—l)"2‘——~+
2! 4! (2n)!
22n 1 2n+l
=X+ Y (-
| e S
2) Ap dung cong thitc khai trién thanh chudi lily thita ctia ham sd e’
ta co
2 3 n
f(x) = xe™* = x(l——’i . A —"-—+...J |
2 3! n!
2 3 4 n+|
xR +(l) “x
1! 21! 3!

n=l}
3) Theo cong thiic khai tri€én ham s sinx thanh chudi liy thua, taco

x [x 1@" 1[,;)5 S [x]‘*“*' }
f(xXy=xsin—=x|=-=-—|=| +=| =] —..+(=]) — +...
3 30313 51\ 3 Cn+DIL3

4 2n+2
X xﬁ . Kn+

+ D | _—
3130 513° )(2n+1)t32"+'

It

x
3
o 2n+2

Y-y —

£ (2n +1)1320°

1

4) Vi f(x) =

T (1+x>)"', ta ding cong thitc khai trién ham sé
+X
(1 + x)® thanh chudi liy thita dé khai trién (x). Ta duge

fFo=1-C+x—xb L+ D"+

~Tich phan hai vé, ta dugc

i 5 2n+l
X X X
fx)=C+x—-—+—-.. | s
() 3 5 e 2n+l
trong dé C 12 hang s_(_‘)'tiiy y. Nhung vi f(0)=0nénC-0, do dé
2n+1
arctgx = 1
& nzﬂ( y 2n+1"
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|
5) Vi f(x) = V1+x =(1+x)?, ding cong thitc khai triés ham s¢

(I1+x)*,tacd
{2, A
2 2 X2+ 2 2 2 X?'

f(x)=l+—l—x+ + o+
2 2! 3!
1(_1 _§J (_2?t§J
20 2)0 2) 70 2 ;
+ X+ ..
n! '
1 = a 1.3.5..2n-3)
=1l+—x+ ) (-D X,
2 ,; 2"n!

9. 1) Theo cong thitc khai trién thanh chudi lily thira cia ham s& €*, ta ¢6
| 1 1 '

1
5 2158 315 415
V¢ phai ta mot chuél dan dau, do d6 theo dinh 1y Leibniz, néu ta

tinh gin ding téng cia né bang tong cia 4 s6 hang dau thi sai s6

khong vuot qua tri tuyét doi cia s6 hang tht 5, titc 1a khong vuot qud
|

1 . :
e <0,0001. Vay e > = 1 -0,2000 + 0,0200 -0,0013 =0,8187

2) Str dung khai tri€n ham cosx ta c6
T 1(nY 1{nY 1(nY
cosl8” = cos— = l———(—] +— —J - — —) +
10 2110 4\ 10 6' 10 _
Néu tinh gén diing tong cia chudi dé bang tdng ciia 3 $6 hang dau thi
_ p |
sal s0 khong vugt qua é[%} < 0,0001: Do dé

cos18%~ 1 — 0,0493 + 0,0004 = 0,9511.
3) Theo cong thifc khai trién ham s6 In(1 + x) thanh ¢huéi lay thira, ta c6

2 3 4
(0047 ©04)° ©04)°

[n(1,04) = 1n (1 + 0,04) = 0,04 —

3 4
Tinh gan ding téng cia v€ phai bing téng clia 4 s6 hang dau, sai s6
' 5
pham phai khéng vugt qua (0’24) < 0,0001. Vay

In(1,04) = 0,04 - 0,0008 + 0,00002 - 0,0000006 = 0,0392.
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10. 1) Khai trién ham s6 ™ thanh chuéi 1y thira, ta dugc

iy 2 x' x® xb
et =/t e — = - —
o2 3t 4! 51
Tich phan hai v&, ta dugc
i 5 7 Y 11

j'e""zdx=C+x— TN PR e S
3.1t 5.2y 7.31 94! 118!

C 14 hang s6 tily ¥. Chudi lity thira & vé phai hoi tu trén toan R . Do dé

| 5 x" e x? xu x”. !
Ie'*dx: C+x-~ + - + - + ...
3.1 5332t 731 94 11.5

0
1 I 1 1 1

- + - + - + ..
3.1 520 731 94 11.3!
Néu tinh gin ding bang téng cia 5 s6 hang ddu, sai s¢ khong vuot qua

L <0,001.Dods
11.5!
| _
1
Je_"gdxzl—i+—£-——l-+—z0,74?5.
; 3 10 42 216
) 0l
1 s L
2) Vi linglvwrl.nen Idekhﬁng phai la tich phéan suy
n—l) X 0 X .
rong. Ta ¢cé
m(l+x) 1 x> xt X , x X X
—L s Ke—t — — — + Tl —
X X 2 3 4 2 34
Do dé

0l 0.1

2 3 4
J‘de: x—L+x__.§__+___ —
X 4 9 16

0 o
' 1 1 \
=0,1 - —.(0,01) + —(0,001) - —(0,0001) + ...
p (0.01) 9( ) 16( )

Tinh gin ding bang idng cha 3 s& hang ddu, sai s6 khong vuot qua
(,001. Do dé6 '

1l

In¢l+x)

dx = 0,1 —%.(0._01) + -;—.(0.001) = 0,098.

t} X
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Chirong Xi
PHUONG TRINH VI PHAN

A. TOM TAT LY THUYET

1. Phuong trinh vi phéan

* Dang 16ng qudt ctia phuong trinh vi phan cfip mot 1a

F(x.y.y)=0 hay y'= f(x, y).
‘Nghi¢m t6ng quét y = ¢(x, C) clia phuong trinh vi phan cdp mét phu
thugc modt hang s6 tuy ¢ C. Bai toan tim nghiém cia phuong trinh vi phan
cdp mdt thod man diéu kién y(xy) = y,, trong dé x,, ¥, la cdc gid tri thich
hop cho trudce, goi 1a bai todn gid tri ban ddu (hay bai toan Cauchy).
*» Dang téng quit clia phuong trinh vi phan tuyén tinh cdp hai I
y" + p(x)y' + q(x)y = f(x).

Nghi¢m tdng qudt y = @(x. C;, C,) ciia phuong trinh vi phan cp hai phy
thudc hai hang s6 ty y C,, C,. Bai todn tim nghiém ciia phuong trinh vi
phan cap hai thod mén diéu kién y(x,) = y,. ¥'(Xg) = y,, trong d6 X, ¥4, v, 12
cac gid tri thich hop cho truéc, goi 1a bai todn gid tri ban ddu (hay bai toan
Cauchy).

2. Phuong trinh vi phan cip mét

Mot 50 dang thudmg g@p'cﬁa phuong trinh vi phan cip m&t duge cho
dudi day :

» Plucong trinh bién s6 phdn ly

y' = px).q(y).
by

bE gidi n6, 1a viét né-dusi dang = p(x)dx réi 1y nguyén ham

hai vé.
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» Phuwong trinh vi phdn thudn nhdi

(2

Céch giai : Dat y = ux, thé vao phuong trinh da cho. 1a dugc mot phuong
trinh bién s6 phan ly dé tim u. Tim dugc u ta s& tim dugc v.

¢ Phuong trinh vi phan tuyén tinh

y' + p(x)y = q(x) | (%)

Cach gidi : Dung phuong phdp bién thién hing s&. Trudc hét giai phuong
trinh thudn nhat twong Wng ¥' + p(x)y = 0, d6 1a mot phuong trinh bién sé
phan ly. Nghiém tong qudt cla 16 1a y = Cy,(x). Sau dé xem C 14 ham s&
cua X, tim ham s6 C(x) sao cho y = C(x)y,(x) la nghiém cila phuong trinh

' ¥+ p(x)y = q(x).

Nghiém téng quét cila phuong trinh (*) bang nghiém téng qudt cla

phuong trinh
| y'+px)y =0

cdng vOi mot nghiém riéng cia phuong trinh (*).

¢ Phitong trinh Bernoulli

‘ Y +p(x)y=qx)y” (@=0,a=1) |

Cich giai : Chia hai v€ cho y°, réi dat z = y' ~ %, ta dugc mot phuong
trinh vi phan tuyén tinh dé tim z. Tim dugc z ta s& tim duoc y.

o Phitong trinh vi phdn toan phan

P(x, y)dx + Q(x, y)dy = 0

trong dé

P_RQ

oy ox
Khi d6 P(x, y)dx + Q(x, y)dy la vi phan fodn phan ciia mét has f(x, y) nao
d6. Tim duogc ham f(x, y), ta dugc tich phan tdng quét cia phuong trinh
laf(x, y)=C.Clahdng sd tuy y.

o Mot iing dung ciia phitong trinh vi phdn tuyén tinh cdp mot - Quy dao
truc giao.
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Cho ho dudng cong & c6 phuong trinh F(x. y, C) = 0. phu thudc tham

s0 C. Khir C tir hai phuwong trinh F(x, y, C) =0 va E?_ F(x, v, C)~ 0. 1a duge
X

phuong trinh f(x, y, '} =0, d6 1a phuong trinh vi phan cia ho duong cong da

cho. Khi d6 f[x, y,—l) = 0 la phuong trinh vi phan cua quy dao truc giao
Y
cia ho dudng cong da cho.

3. Phudng trinh vi phan tuyén tinh cap hai
y' + px)y' +q(x)y = f(x). (N

Né&u y,(x) va y,(x) la hat nghiém d¢c lap tuyén tinh cia phuong trinh
thudn nhat tuong dng '

y'+pR)y +alx)y=0 (2)
thi nghiém téng qudt clia né la

y = Cy (x) + Cyy,(x),
trong d6 C, va C, 12 hai hiing s& tdy y.

_ Nghiém tdng quat clia phuong trinh khéng thudn nhat (1) bang mot
nghiém riéng bat k¥ clia né cong véi nghiém tng qudt cha phuong trinh
thuan nhat twong ang (2).

Tl nghiém téng quat ciia phuong trinh thuan nhat (2} la
y=Cyi) +Cypx).
thi ¢6 thé cho C,, C, bién thién theo x va tim ching dé

y=C, (x)y,(x)+C,(x)y,(x)

la nghiém cua phuong trinh khong thuan nhat (1). Muén vay C,(x),C,(x)
phai thoa man hé '

Ci(x)y,(x) * C,(x)y,(x)=0
C, (X)y, (x)+C,(x)y, (x) = f(x)

Giai hé trén ta tim dugc C(x), C,(x), do d6 tinh duge C,(x),C,(x)
(Phuong phap bién thién hang s6).
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Néu Y, 1a mét nghiém riéng clia phuong trinh
y' +p(x)y' +ax)y = fi(x),
Y, 1a mot nghiém riéng cta phuong trinh
y' 4 p(x)y' + q(x)y = f5(x),
thi Y, +Y, |3 mét nghiém riéng cia phuong trinh
y' +p(x)y' + q(x)y = £,(x) + f5(x)
(Nguyén 1y chong nghié.m).
4. Phuong trinh vi phan tuyén tinh cap hai hé s& khéng doi
oy epy +ay = (o). ; 3)
p- q la cdc hang sé. '
* Phuong trinh thudn nhét twong ing
y'+py'+qy=0. | 4)

Tim nghiém duéi dang y = e, trong d6 r 13 mot hing s& thod man
phuong trinh dai s6 bac hai

r2+pr+q:'0, (5)

goi la phuong trinh déc trung. C6 ba trudng hop ¢6 thé xay ra theo bang sau :

Nghiém ctia plirong trinh (5) Nghiém cua plurong trinh (4)

l‘l. 1“2 lhl{C, I‘, # 1'2 ‘y=Cler|X +Czerzx
y =e™(C, + C)x)

L=n=r

r.n=otif, a,p thuc

y = e™ (C,cospx + C,sinPx)

» Phuong trinh khéng thudn nhat (3)
Trong trudng hop tdng quét, dang phuong phép bién thien hing s6.

Trong hai trudng hop sau ctia vé phai f(x), c6 thé tim mét nghiém riéng
Y cua né bang phuong phép hé s6 bat dinh ma khong cdn lam mdt phép tinh
tich phan nao.
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Dang ciia vé phdi f(x) Dang cua nghtem riengV

a) e**Q, (x), Q,(x) 12 da thic bac n, néu a khéng 1a
P (x). P,(x) 1a da thyc | nghiém ciia (5).
bac n, o 12 hdng s6. b) x¢**Q, (x) néu o la nghi¢m don cua (5)

¢) x’€™Q, (x) néu o 1a nghiém kép ciia (5)

P (x)cosPx + Po(x)sinfx, |a) Qfx)cosPx + Ryx)sinPx, I = max(m, n), Q(x),
P, (x) 1a da thirc bic m, Rfx) la nhimg da thitc bac 7, n€u i khong la
P (x) Ia da thiic bac n, nghiém cua (5)

$ 1a hang s6. b} x[QAx)cosPx + RAx)sinPx], { = max(m, n), néu
1[3 la nﬂhlem cua (5)

B. DE BAI

1. Giai cdc phuong trinh bién s6 phan ly :
D x(1+yD%dx £yt +xDdy =0; 2) (x> + Dy = xy;
3) (x? - yxz)y' + y2 +xy* = 0; 4) (x — y?x)dx + (y - xzy)dy =0
$) ydx = (x* — a¥)dy. | |

2. Giai cédc bai todn gia tri ban diu :

1) y'= xy+3x (2)

2)y' + cos(x + 2y) = ¢os(x - 2y), y(0) = z-
3y x(y® + Ddx + y(x* + Dy =0, y(0) = 1;
2x

n
dy =0.y(1)= —.
_ly y(h==

4y " 1gydx -
X

3. Trong céc phuong trinh vi phan cap mot sau day, phuong trink nao la
thuan nhat ?

D2 -y +yy =0; 2) Jx? +vy?dx +ydy =0,

3 (x°+ Yy =xy - x%; 4)y' =Inx - Iny;

5) y'=§—-—>i'. o 6)xy'=x+ysin[l].
X+Yy X
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4. Giai cac phuong trinh vi phan cdp moét thudn nhat :

2
1 x +
Dy'= yzy : 2) (y —x)dx + (y + x)dy = 0;
X _ :
+ .
3) y,:_x y; 4)(x2+y2)dx—xydy_:0;
: X
5)y':_y_+sin-y_. y(l):E; 6) xy'sinzzysinl—x:
X X 2 X X

Tyxy'=y+ xe;.
5. Giai cdc phuong trinh vi phan cdp moét tuyén tinh :
x>+ Dy +xy =-2;

2

2) y'- Y =xlnx (x>0), y(e)=e—;
xInx 2

Dy +2xy=x;

Yy

|
B y+=—=— x>0,y(1}=2;
X x-

ki Fis
S)y-1=ytgx [—-—<x<—1;
)y yig [ > 2]

6) xzy' + 2xy = cosx, y(n) = 0;
7 y'coszx +y = 1gX [—g <X <g}, y(0)=0;

8) (1 +x%)y — 2xy = (1 + %)%

.' 9)y' - 2xy =2x e, y(1) =-0;
10) xy' + ¥'Iny =y (y > 0},
0 y'+ly= sinx

X X _
6. Giai cdc phuong trinh cho dudi day néu d6 la phuong trinh vi phan

todn phan : ‘
1)2x + y2 + xyy' =0,
2) 3x* = 3y + )dx — 3x - dy =0;
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3) c""|:—1—~ln(x+y)}dx+e"‘£¥— =0 (x+y>0)
X+Yy X4y

i

4) 3x2(l + lny)dx'— [Zy——{;—de =0 (y>0)

5) xsiny + (ycosx)y' = 0; _
6) (cosy + ycosx)dx — (sinx - xsiny)dy = 0;
7 (x> + yyx + (x — 2y)dy =0;
8) ('~ x)y =y
9) 3xy - 2 + (3y° —~ x°)y' = 0;
10) (3x* + 6xy - 2y2)dx + (3x® - 4xy + 4y )y = 0;
H) xlnydx — (x + ylnx)dx =0 (x>0, y > 0});
' 2 a2
12) 2 gy 4 L3
y Y-
13) (¢* + y + siny)dx + (&' + x + xcosy)dy = 0.

7. Giai cic phuong trinh vi phan sau bing cich tim thira s6 tich phéan chi
phu thuge x hoic chi phu thuoc y

1) ydx ~ xdy + Inxdx = 0, o = o(x) (x > 0);

dy =0;

2) (x*cosx — yidx + xdy =0, o = a(x);
3)ydx — (x + y)dy = 0, & = au(y):

4) yWl-y2dx + (x{1-y? +y)dy =0, = ol
8. Giai céc phuong trinh vi phan cap mot sau :
1) (x*+ 2xy)dx + xydy = 0:
| 2)x_y +xy=1 x>0, y()=2;
3)e™* - 2cos’x + 3y’y = 0;
HX(1+2y)y" +x +y +y+€y'=0,y(0) =
5) xy' = x*cosx +y, y(g) =0;
2

. +
6y =271,
x—1
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NyE+y)=y:

8) (3y2 —4y3)y' = xe*.
9. Tim qu¥ dao truc giao cita cic ho dudng cong sau :

1) x = Cy* - Dx- 1P+ (y-1)*=C%
1

3k -2y7 =G Hhy=—7:.
X+

10. Giai cdc bai todn gié tri ban dau sau :
Dy -y ~2y=0,y(0)=0,y(0)=1;
2)y" - 10y + 25y =0, y(0) =0,y (0) = I;
3)y" -2y + 10y = 0, y(%} =0, y'[%] =eh,
Hy"+3y' =0, v(0)=1,y'({0)=2;
5)y"+9y=0,y(0)=0,y(0) = 3;
6)y" -2y +2y=0,y0) =1L y©0)=2

11. Giai cac phuong trinh hay bai toén gid tri ban dau sau :
D y" +y' — 2y =cosx — 3sinx, y(0) =1, y'(0) = 2;

2)y" -2y + 2y =x" 3)y" +y = sinxsin2x;
4)y" +y = sinx; S 5)y" — 4y’ + 4y = e*cos’x;
6) y" + 2y + 2y = 2X — sinx; | 7)y" +y = 4xsInx;

8)y' —2y +y=1+x+203x"~2%"  9)y" -y=xcos’x;

10) y" + y' - 2y = e"(cosx — 7sinx); 1) y" +y +y=~13sin2x;
12) y' +y = xcosx, y(0) =0, y'(0) = %:

13) y" +y' = 2y =e™, m la hang s6 duong;
14) y" + m’y = cosx — sinx;
Iy —(m+ Dy +my=x-1.
12. Giai cdc phuong trinh vi phan sau bing phuong phdp bién thién hang 56 :
Dy"+4y=x; )y -y =¢e"

‘B)y"+y: (0<X<%); 4y y" +y=1gx (0<x<‘g)‘

SIn X
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13. Dung phuong phép chudi luy thira d€ giai phuong trinh va bai toan gla tri
ban dau sau :

Dy"+y=0; _
DY -2xy' +y=0,y(0)=0,y(0) = 1.
14. Giai cdc phuong trinh vi phan sau :

2%

l)yy'+y2= e2 ; 2)(y2+2y+x2)y'-+2x=(),y(l)x0;
3 y" -4y + 4y =ePx - 1), 4)y" + 5y +6y = ;

1+e*
3 yy = xvl +x° \/1+y2 ; 6) 2(x + yy) +e¥(1 + xy) =0;
Dy'+y= sin’x; _ 8) By?y' +1gx — e X =0.

G. BAI GIAI VA HUONG DAN

1. 1) Chia hai vé cta phwong trinh cho (1 + x2)(1 + y?)’, 1a dugc
xdx ydy
77t IV
A+x7)y  (A+y°)

1 . I
Vi xdx =\-;—d(l +x?), ydy = Ed(l +y%)}, nén ldy tich phéan hai v& phuong
- trinh trén, ta dugc
2(1+x%)  2(+yh)

K la hing s6 tay . |
-Pat C = -2K, tich phan tdng qudt clia phuong trinh [a
1 I

+

=C.
1+x2 1+y?

2) y =0 la mot nghiém cuia phuong trinh. Néu y = 0, phuong trinh ¢6 thé
viét la .
: d d
(x2+l)—1= xy:>—y= dez .
dx y 1l+x
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L4y tich phan hai v&, ta dugc
Inlyl = %ln(l+x2) +InICI=In(CINVI+x}) = y = CV1+x?,

C ia hing sd thy . Luu ¥ ring nghiém y = 0 ma ta nhan xét & trén ciling
nim trong nghiém téng quat y = CvV1+x? , n6 ing véi C=0.
3) Néu x 0, v = O thi phuong trinh ¢6 thé viét duoc 1
' ~ d
(1 y)dy+(l+x)dx=0<:>d_y_d_y+d_x X

+— =0,
v x2 B vy X x .
Ly tich phan hai vé&, ta duge
In{> ——l-v—l—:C,Cl‘ahﬁngsf)’lily}’!.
yl X ¥ ,

4) Dé thay ring x =+ 1, y = = 1 12 nghiém cda phuong trinh. Néu x # 0,

x #+1,y#0,y# % | thi phuong trinh c6 thé viét la
_3‘_9.’5_2_4_1‘1%:0_
1-x -y

Lay tich phan hai vé, ta dugc
nn-x? - l1n|1-y2 |=IntKI,
2 2 |

K 1a hing s& tiy ¥. Do d6 néu C = -2K, ta duge
| Inl1-x2 1+ Inli-y?I=C.
5)y = 0 va x = % a la nghiém ctia phuong trinh. Néu x* —a’ # 0 va y # 0,
c6 thé viét phuong trinh 13
dx dy

xzva_z y

1.4y tich phan hai v€, ta dugc

L In
2a

X2 alyl-1niCI

X+a

2u
=vy= C(MJ , C1a hang sé ty .
X+a
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2. 1)Néuy + 3 =0, phuong trinh viét dugc 1a
dy  xdx
y+3  xZ+1

14y tich phan hai v¢, ta duge

' 3
lnyg =%ln(x2+l)= Invx®+1,

C la hang s6 tay .
Do do
y+3=CVxl+1.
Tir diéu kién ban dau y(2) = 2, ta duge
5=CV5 = C=15.
Viy nghiém cua bai todn gia trj ban dau 1a
y=+5("+1D) -3
2) Phuong trinh dugc viét 1a

o

j_v = €os(x — 2y) — cos(x +2y) = 2sinxsin 2y
X

= 2sin xdx.

:> "

) ' sin2y

Lay tich phan hai v€&, ta dugc
%lnltgyl = -2co0sx + C, Cla hing s6 tuy .

-

Tir diéu kién y(0) = g. ta dugc 0 = -2 + C, do d6 C = 2. Vay tich phan
riéng cla bai todn la
-;—Inltgyi =2~ 2cosX.

3) Phan ly bién s6, ta dugc

2
xdx +ydy=

6

. 0
x*+1 vy +1
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bat X = x%, ta 6

xdx = —%dX,x4+ 1=X*+1.
batY =y tacé

y2dy = —;)-d}(_. Yarl=Y+ 1

Phuong trinh trén trg thanh
1 dX 1 dY
vl Tavio
2X°+1 3Y°+1
Tich phan hai vé€, ta dugc

larcth + larcth =C= }-mctgxz + ~l—arctgy3 +C.
2 3 2 3
Tir diéu kién y(0) = 1, tadugc C= —l% . Vay

3arc'ch2 + Zarctgy3 = %

4) Phan ly bién s0, ta duge
eV (x=1)dx = ___co%ydy :
siny

Vi e (x ~-1)dx = %d (e“‘_“2 ) , nén bing cdch tich phan hai vé& ta dugc

Leot? Ly Isiny |+ C = ™" = 2Inlsiny ! + 2C,

C 12 hang s6 tuy v. Viy(1) = %, ta dirqc 2C = 1. Vay tich phéan riéng

cha bai toan la | ' |
e = 2Inlsiny! + 1.

I) Phuong trinh dé cho khong la phuong trinh vi phan thuan nhat.

2) Néu y # 0, phuong trinh c6 thé viét Ia

L KTy

y =-
y
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N6 ¢6 dang

| 2
- [EJ +! néuy>0
¥

Yy =< 3 -

3 .
\[(-}i) +1 néuy <0
y

- d6 a mot phuong trinh vi phan thudn nhat,

3) Phuong trinh khong thé dua vé dang y' = f(zj nén khong la phuong
_ X

trinh vi phan thudn nhat.
4) Phuong trinh y' = Inx — Iny = h‘l[i} la phuong trinh vi phéan
_ y) _

thuan nhat.

© 5) Néu x 20, chia tir va méu clia v& phai cho x, ta duge
-(2)
. X
y'=—>=,
l+(zJ
X
dé 1a phuong trinh vi phén thudn nhat.

63 Néu x # 0, chia hai vé clia phuong trinh cho x, ta duge

{2l

d6 la phuong trinh vi phéan thuan nhat.
4. 1) Phuong trinh c6 thé viét 1a

nén né la phuong trinh vi phan thudn nhat. Pat y = ux, ta dugc

' 2 du 2
XU +u=u+u = x—=nu".
dx
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Dé thay ring u = 0 1a mét nghiém ctia phuong trinh d6, nén y = 0 1a mot
nghiém cua phuong trinh da cho. Néu u # 0, ta duge '
| du _ dx
WX
Tich phan hai v€, ta dugc
-lzlnIxI+C:>u=—~—~~————l —.
u _ Inlxl+C
Suy ra
x ) b -
= ———  , Cla hang s6 tuy v.
Y Inlxl+C g vy

2) Phuong trinh viét duge dudi dang

bat y = ux, ta duoc

, 1-u du 1-2u—u’ (1+uw)dun  dx
I+u dx l+u u?+2u-1 X

Tich phéan hai vé&, vi (1 + u) du = %d(u2 + 2u - 1), ta dugc
-%mm2 +2u-1l+Inlxl=1InlClI

= xVlu?+2u-11=C = 1y? +2xy-x? 1= C*, Cla hing sG thy y.

3) bat y = ux, phuong trinh tr& thanh

Lay tich phan hai vé, ta dugc '

—;-lnl2u+1!+ln|x|=lnICI:>x\)I2u+l =C
= x’2u + 11=C? :>Ix2+2xyl=C2,Cléhﬁng36thy)’;.
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4) Dat y = ux, phuong trinh dugc dua vé dang

du 1 dx
X—+u=u+-—=udu=-—"—.
dx u X
Lay tich phan hai vé, ta dugc
2 y?
lnIin:>E— lnICx|:>y =2x2In1Cx |1,
X
C I hang sd wy y.
S5)Daty =ux, tacéd
u . du dx
X— =S = — = —,
dx sinu X
Tich phan hai vé, ta duoe
X u u y
Inf—~ = Injtig—| = x = Cig— = Ctg=-.
C gzl £ T8

Tir diéu kien y(1) = g,ta duoc C = 1. Vay

Y
X=1g—,.
g2x
6) Dit y = ux, ta duoc
. . du dx
Xsinu— = —1 = sinuduy = - —
dx X

Tich phan hai vé, ta dugc

Y

cosu = In|>] = x = Ce¥ = x = Cex ,C la hang s6 tay ¥.

7) Dat Yy = Uux, tacé
' dx

du _
x—=e" =>edu ==,
dx X

Tich phan hai vé, 1a duoc
—¢ " =Inlx{-InICl=> e =nIC!~-InlxI
= y=—xIn{lInICI - Inlxl), Cla hing s& ray .
5. 1) Phuong trinh thudn nhét twong ing 13

(x* +1)——+xy 0:>dy ;chx =0,
dx ¥ X<+ 1

154



L4y tich phan hai vé, ta dugc
IClI
Vx? +1
Vay nghiém téng quat cda phuong trinh thuin nhat tuong tng la
C

1n|yi:—%1n(x2+1)+ InICl=1n

y = —

x* +1

IR e ian e 15 g La e o C(x)

Biay gig cho C bién thién, titc 12 tim ham s6 C(x) sao cho y = TE:——
X" +1

thda min phuong trinh khong thudn nhat da cho. Thay vao phuong trinh
da cho ta dugc

C'(x) C(x)x xC(x) ‘
X + 1) === ~ + =2
1;\/;;%1 J(xhl)‘} V2 +1

2
= V41 CX)=-2= C(X) = - ———
Vx4l

= C(x) = —21n(x + M) + K, K 12 hdng s6 tiy .
. Vay nghiém téng quét cia phuong trinh di cho 12

K 21n(x+ﬁ)
Tlea T deda

2) Giai phuong tinh thuan nhat tuong ¥ng.
ﬂ(_ _X.__ = 0 % d_y — dx

dx xlnx y  xlnx
d .
Vi dx = d(Inx). nén dx = (nx) . Do d¢6 ta dugc
X xInx Inx : '
511 _ d{Inx)
y Inx

Iy tich phan hai v&, ta dugc y = Clnx, C 1 hang s6 ty ¥.
> - " - - ] | C P
Cho hang s6 C bién thién, tacé y' = C'(X)Inx + cx) . Thé vao phuong
X

trinh da cho, ta dugc
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C(x)nx = xInx = C(X)=x = C(x) = x? + K.
K 12 hing s6 ty ¥. |
Vay nghiém t8ng qudt cta phuong trinh di cho 1a

. 2 .
X
=(—+ K |lInx.

. e? : e’ e’
- Tur diéu kién y(e) = PR ta dugc By +K =—i— = K =0. Vay nghiém

ctia bai todn ban ddu la
2

y = X inx.
_ 2
3) Giai phuong tinh thudn nhat
f'1)—,+2xy=0:>d—y+2xdx.=(}'..
dx y
Tich phan hai vé, ta duge

Y

S nlyl+x? = InICl=> In|%{ = ~x?, C1a hing s6 tiy .

Vay nghiém cuta phuong trinh thudn nhat 1a
y= Ce™ .
Cho hang s C bién thién réi the vao phuong trinh da cho, ta dugc
C'(x)c"‘2 =x=>C'(x)= et x
x2 1 x2 2 I x?
= C(x)= |e" xdx = — |e" d(x°*) = —¢" + K,
x)= | dr = ferdo®y =2
K 1a hang s6 tay .
Vay nghiém t8ng quat cha phuong tinh da cho Ia
Ke™ + L
= Ke —.

d 2

4} Giai phuong trinh thuin nhat
dy dy . dx _

S A B N2 4 0.
dx x y X
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Tich phan hai vé& ta dugc

Inlyl+lnx=IniClmy="2)
: X
C'(x) Cx)

X xZ

Cho héang s6 C bién thién, ta ¢6 y' =

Thé vao phuong

trinh da cho, ta duoc

Cx_ Lz = C'(x)= LN C(x)=Ilnx +K,
_ X X X
K 12 hédng s6 tiy .
Vay nghiém téng quét ciia phuong trinh di cho 1a
_lhx+K
. h X ' ’
Tir diéu kién ban ddu y(1) = 2 ta dugc K = 2. Vay
' o _nx+2
==

5) Phuong trinh viét lai la
y' - ytgx = 1 véi [wﬁ§x<—
2 2)

Gidi phuong trinh thudn nhat

d_y _ sinxdx _ d(cosx)

d—y—ytgx=0$
dx y  COsX COSX

Tich phanr hai v€, 1a duge

Inlyl = —Incosx + InlCl = y = :
cos X

Cho hang s0 C bién thién, ta dugc y' = € &) + (x)zmx. The vao

cosX cos” X
phuong tinh da cho, ta dugc '
C'(x) = cosx = C(x) =sinx + K,
K la hing s6 tay .
Vay nghiém tdng quél phai tim la
_sinx +K
T cosx
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6) Giai phuong tinh thuan nhat
dy dy dx

. XL 42y =0=> = +2-—"-=0
dx y X

C
:>lnlyl+21n|x|=lnICI.::>yx2 =C=>y=—.
X
Cho C bién thién, thé vao phuong trinh di cho, ta dugc

C'(x) = cosx = C(x) = sinx + K.
Vay. nghiém tdng quat cla phuong trinh di cho la

sinXx+ K

2
X

Tir diéu kién ban diu y(x) = 0, ta dugc K = 0. Viy nghiém phai tim la

_sinX
2
*7) Giai phuong trinh thudn nhat
coszxd—y+y=0:>d—y¥ d’; =0
' dx Y  ¢co0s X

= Inlyl+tgx =InlCI= In e

y _
| =—tgx = vy =Ce
C’ g y

Cho C bién thién, thé€ vao phuong trinh da cho, ta duge

tgx . .
gz = C'(x) = e®igx.—
cos® x cos’ x

C'(x)e ™ = = e gxd(1gx).

DG bién s6 tgx = u, ta duge
C(x) = Ie“udu.
Béing phuong phép tich phan titmg phan, ta duge
Cx)=ue"—e¢"+K=tgxe® - + K.
Nghiém tdng quat ctia phuong trinh da cho 1a
y = (1igxe® — e + K)e™™ =Ke™" +1gx - 1.
Do diéu kién ban ddu y(O) =0, ta dugc K = 1. Vay nghiém phai tim la

y=e & +tgx - I.
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8) Giai phuong trinh thuan nhat
X dy Y _o dy dx  dx  dx

dx  x+1 y_x(x+l)_x X+1
:ln——-—x :>y=C——x .
x+1 Cox+1

X C(x)
+ - .
x+1  (x+1)?

= In

:

Thay y' vao

Cho C bién thién, ta dugc y' - C'(x)

phuong trinh da cho, ta duge

2
X =x:>C'(x)=x—+l=1+l:>C(x)=x+lnx+K.
Xx+1 X X

C'(x)

K 12 hang s& thy y.
Vay nghiém téng qudt cha phuong trinh di cho 1a

_(x+Inx+K)x

x+1
9) Giai phuong tinh thudn nhat
d ' .
—y—2)(),'=0:‘>~(—1-X=2xdx:>lnl|=x2 = y==Ce .
dx y . |

Cho C bién thién, thé vao phuong tinh da cho, ta dugc
C'(x)=2x = C(x)= x>+ K,
K la hang s6 thy .
Vay nghiém téng quat ctia phwong trinh di cho 1a
y=(x*+ K)e"z .
Tir diéu kién y(1) = 0, ta duge K = —1. Nghiém phai tim 12

KZ

y=(x2- e

10) Phuong trinh da cho khong 12 tuyén tinh cdp mét néu xem y 12 ham
phai tim, x la bién s6 déc lap. Vi

_dy 1
dxvd_X
dy

nén ¢6 thé vi€l né dudi dang
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dx dx
y—=x+lny=>y—-x=lny.
dy dy

D6 14 mot phuong trinh vi phan tuyén tinh cdp mot néu xem x 13 ham

phai tim, y 1a bién s6 doc lap. Gidi phuong trinh thuin nhat

yfli—x=0:>g§=d—y:>ln

dy X y

X
—|=Inlyl= x =Cy.
C‘ y Y

Cho C bién thién theo y, ta co 3—x = C'(y)y + C(y). Thé€ vao phuong
y

trinh da cho, ta dugc

vor ] In yd
Cly)y’ =lny = C'(y) =~ = Cfy) = [~5~.
y

Bang cdch tich phan timg ph4n, ta dugc
1 s coo
C(y) = _ny 1 + K, K 1i hang s6 tuy §.
. ' y Y
Vay nghiém téng qudt cia phuong trinh di cho la
' x =Ky - Iny -1.
11) Phuong trinh da cho 1a phuong trinh vi phan tuy&n tinh cap mot, xdc -
dinh khi x # 0. N6 ¢4 thé vigt dudi dang
Xy +y= sinx < (xy)' = sinx.
Lay nguyén ham hai v& d6i vdi x ta duoc
xy = —cosx + C, C 12 hang s& wy y.
Do dé

~ C-~cosx

X
1) Phuong trinh da cho viét duge dudi dang
P(x, y)dx + Q(x, v)dy =0,

trong do: P(x, v) =2x + yz, Qx,y)=xy. ViP,=2y,Q, =y = P, = Q,
(trr khi y = 0) nén phwong trinh da cho khéng 12 phuong trinh vi phan
toan phdn.

2) Ta cé:

P(X,¥)=3x"-3y+1,Qx, ) =~Bx - ) = P, =-3=Q,.



Do d6 phuong trinh dd cho la phuong tinh vi phan toan phan. Tich phan
t0ng quét cia né c6 dang f(x. y) = C, C 1a hang sd tiy ¥, con f(x, y) 1
ham thoa man hé '

{fx = 3x% -3y +1

fy =—3x+1

Tich phan phuong trinh sau cia hé theo y. ta dugc
f=-3xy+y+ @(x),
trong dé o(x) la mot ham bat ky kha vi clta x. Do dé
f, = -3y +@'(x).
So sdnh véi phuong trinh dau cua he, ta duge
P'(x)= 32+ 1> (X} = x> +x
(khong cong thém hiang s6 thy ¢, vi chi cdn tim mo6t ham f(x, y)).
Do do
f(x.y)=x3—3xy+x+y.
Tich phan tdng quat ciia phuong trinh da cho Ia
' x’-3xy+x+y=C
3} Ta co:

C—X

| _
- In(Hy)}, Qx.y) =
X+y x+y

1 1
P =e™|- - - Q..
A [(X*Y)z XﬂJ &

Vay phuong trinh da cho 1a mot phuong trinh vi phan toan phdon. Ta tim
ham s6 f(x. y) sao cho

P(x,y)= e"‘[

f = e"‘[ ! - ln(x+y)]
X+y '

._,,
i

X+y
Tir phuong trink sau cia hé, ta duge

f(x. yy=¢e “I{x + y) + ¢pfx),
¢ Ta mot hiamy s6 kha vi bat ky caa x.
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Do dé

—K

f ==

—e " In(x+y) + ¢'(x).
X+y

So sanh v&i phuong trinh diu cia hé, ta duge
@'(x) =0 = 0(x)=0=1(x, y) =¢ “In(x + y).
Vay tich phan téng quat clta phuong trinh di cho la

e In(x +y)=C.
4) Tacé:

_ _ ;
P(x, y) = 3x%(l + Iny), Q(x.y) = *[.ZY-X—J
_ y

2
= P, = ES Q,.
Y
Vay phuong trinh di cho |3 phtIo'ng trinh vi phan toan phan. Tim ham s6
f(x, y) sao cho

f =3x*(1+Iny)

x3
£, = ~[2y——}
) y

Tir phuong trinh dau cia hé, ta duge

f(x. v) = x°(1 + lny) + @(y),
¢ la mot ham s6 kha vi bat ky cua y. Do dé
3

. x Ty
fy =— + @'(y).
y
So sanh véi phuong trinh sau cia hé, ta duge
'Y =-2y ®» o(y) = ~y’ > f(x.y) =x’ (l+lny)
Vay tich phan téng quat phai tim [
X'A+lny)-v? =C.
© 5) P(x.y) = xsiny, Q(x. y) = ycosx
= P, = xcosy, Q, = -ysinx = P, =Q,.
Phuong trinh dé cho khong 1a phuong trinh vi phan toan phan.
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6) P(x. y) = cosy + ycosx, (X, y} = xsiny — s$inx
= P, =-siny + cosx, Q, = siny — cosx.
\{\l P = Q, nén phuong trinh dd cho khong 14 phuong trinh vi phéan
twan phan,
“7) Phuong trinh ¢4 thé viét 1a
xdx — 2vdy + xdy + ydx = 0.

k)
X

Nhung x*dx = d[ 3 ], 2ydy = d(yz), xdy + ydx = d(xy}, nén phuong

trinh d4 cho la phuong trinh vi phin toan phan cé dang
3
d[% ~y? +xy] =0.

Tich phén tdng quat ctia nd la

8) P(x, y) = -y. Q(x, =y -x=P =-1=Q,
Phuong trinh di cho 14 phuong trinh vi phan toan phin. Tim mot ham s6

f(x. ¥) sao cho
fo=-y .
f, = y? —x

Tut phuong trinh dau, suy ra

f(x, y) = —xy + ¢(y),
¢ A mdt ham $6 bat k¥ kha vi cia y. Do dé
3 3

f,=-x+9y) > 0=y = oy = y? = Hxy)=—xy s )3

Vay tich phan tdng quat phdi tim ta
_ _ 3

y
Xy +—=0C.

‘9) Phuong trinh da cho khong la phuong trinh vi phén toan phan.
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10) Ta cé:
P(x._\')=3x2+6xy—2_\'2. Qix.y)= 3x° —4xy+4}
= P, =6x-4y=Q,
Phuong trinh di cho la phuong trinh vi phan toan phan. Tim mot ham so
f(x. v}y sao cho
f, = 3x? +6xy - 2y°
f, = 3x’ —4xy +4y°
Ti phuong trinh dau suy ra
fix. vi= <+ 3.‘(2}/'— 2y2x + (V).
¢ la mot ham s& kha vi bat ky phu thudc y. Do d6
f,= 3x* - 4xy + @'(y)
ﬁ(p(y)—-ély = p(y) =y’ = f(x. y)—x +'ixy 2xy +y .
Vay tich phan téng quat phai tim la
x*+3%%y - 2xy? +y' = C,
11) Phuong trinh da cho khong 1a phuong trinh vi phan toan phén.
12) Phuong trinh cé thé viél la
2xydx — 3)(2dy'Jr dy

y? y’

2xydx — 3x*dy x> dy 1
I Bl il
Y y y Y

nén phuong trinh trén 1a phuong trinh vi phan toan phan ¢6 dang

/ 3 \'
X7 l

-l

Tich phan tong quat cua nd la

Nhung

2

-

13) Taco

P(x,y) =¢" + y + siny, Q(x. y) = ¢ + X + xcosy
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= Py=1+cosy=Q,.
Phuong trinh da cho 1a phuong trinh vi phan toan phdn. Tim mot ham s&8
f(x. y) sao cho
f =e' +y+siny
f,=e’ +x+xcosy
Tur phuong trinh dau cua hé suy ra
f(x. y) = e* + xy + xsiny + @(y),
= f, = x4+ xcosy + @'(y).
So sanh phuong trinh nav v&i phuong trinh sau cua hé, ta dugc
¢'(y)=¢' 2> 0y)=¢" = f(x, y) =" + xy + xsiny + &°.
Vay tich phan téng quét ciia phuong trinh da cho 12
_ e 4+ Xy + xsiny + ¢ = C,
" 7.1) wix) la thira s6 tich phan khi va chi khi

%[Q(X)(y + In x)] = %[—xa(x)]

<> (X)) = —oX) - xa'(x) & 20(x) + x%g =0
X

:>-dg-+2d—x=0:>ln
o X -

@

=ln-lz,~:>a(x)=—.
X X
Chon C = 1, ta duge a(x) = L Viy ta duge phuong trinh vi phan
. X"
toan phan

yrInx g - Lav-o W

X X
tuong ducong v6i phuong trinh di cho vi x > 0. Dén day ban doc ¢6 thé
tim dugc tich phan t6ng quét cla phuong trinh (1), ciing 13 tich phan
t1éng qudt chia phuong trinh da cho, d6 1a

y +Inx + | =Cx, Cla hang sd tuy ¥.
2) Thira s& tich phan a(x) I3 him s6 sao cho
a l- ) I I (:
— X HX" COsX—v | = —

Gyl X cosx yJ ™ [xa(x)]
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< —o%) = o(X) + Xa'(X) < 2a(x) + xc;—a =0
X

SN B S
o X C

|
== 0(X) = —
X" X

Chon C = I, ta dugc o(x) = -l- vi phuong trinh vi phan toan phén Ia
RE

xdy — ydx

(cosx——y,—]dx+ldy=cosxdx+ =0

X X v
/ v A
<:>dL +blﬂXJ 0.
X -

Tich phan tong qudt ctia né 1a

Y 4sinx=C,
X

dé ciing la tich phan téng quat ctia phuong trinh da cho vi x > 0.

3) Thira s& tich phan a(y) phai thda min phuong trinh

3 2 2
1wyl = - fom ey

' d . (
&> al(y)y +oly) = —aly) < 2a(y) + yﬁ =0=oaly)=—
v

Chon C = 1. ta duge a(y) = -15 v phuong trinh vi phan toan phan 1a
y _

9_)_{__(%.+l]dy:0<:>d{i +.'y]=0.
¥ Y . y

Né tuvong duong vdi phurong trinh dd cho vi v = 0. Tich phan 16ng quai
cua nd la

2 iy=Cox+y =0y,
y .

Doty v« U la mol ngluem cua piwwong trinh da cho. Bay gio st
y # 0. Thirta s6 tich phan a(y) phai théa man phuong trinh

166



{a(y)yﬂ] [a(y)(x\/l—y_+y)]

& a'(y)yl-y* = crt(y)—w-ym= =4 do _ _ydy

J-yp e 1=y

L
%}= In(1-y?) 2 = a(y) =

= In

> .

Ji—y

Chon C = 1, 1a dugec afy) =

va phuong trinh vi phéan
I~y
toan phin

ydx+[x+ y_]dy=0@xdy+ydx+ ydL2=O
\/1_‘yz Ji-y
= cl(xy - \H—yz)=

N6 tuong duong véi phuong trinh da cho vi y # 0. Tich phan tdng quit
chané la -

_ Xy — =C.
-~ 8. Trong bai tap nay. ta nhan biét loal cia mdi phuong trinh cﬁn phai giai.
1) Phuong trinh dd cho c6 thé viét dudi dang

1+ 2[1) + (i)y' =0.
X X
D6 13 mot phwong trinh vi phan thuin nhat. Dt y = ux, ta duge

xud' + w2 +2u+1=0

= xu%‘lﬂ%(uﬂ)z:o:’ udu +d_x

5 =0.
X (u+1) X

Poibinu+ l=vtacé:u=v—-1,du=dv. Dodd
dv dx dv
—— + —
v X v
Tich phén hai vé, ta dugc

lnlvx|+—l~=C$lnlx+yl+L=C.
v X+Yy
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2) Phuong trinh dd cho 1a phuong trinh tuyén tinh cAp mot. Giai
phuong trinh thuan nhat

C
Xy +xy=0=>xdy +ydx =0=>xy=C=>y= =
X

Cho C bién thién theo x, thé vio phuong trinh di cho, ta duac

C'(x)zl:>C(x)=lnx +K=>vyv= lnx.+Kl
X X

 Tir diéu kién ban ddu y(1) = 2 suy ra K = 2. Vay nghiém riéng phai tim 1
 lax+2

X
3) Vildyy' = (y3)'. nén néu dit z = y3. ta dugc
7 =2co8’x —e =1 +cos2x —c
Do d¢

sin2x _ .
+e ™ +C.

z=y =x+

4) Phuong trinh da cho ¢6 thé viét duéi dang
x+2xy+e)y+x+y?+y=0
' :>(x2+y2+y)dx+(x+2xy+e")dy=0.
Pat P(x, y) = x2 + y2 +y, Qx, y) =x+2xy+¢e'. Tacé
P =2y+1=Q,
Vay phuong trinh di cho la phuong trinh vi phan todn phan. Ban doc ¢é
thé tim dugc tich phan téng quét cha né 1a
<
—3»4—;(}!2 +xy+e¢'=C,
Tir di¢u kién ban ddu y(0) =0, ta dugc C = 1. Tich phan riéng phai fim I
a

%+xy2+xy+e-"=l.

5) Ta ¢6 phuong trinh vi phan tuyén tinh

Xy' — y = x*cosx.

Nghiém tong qudt ciia phuong trinh thusn nhat tuong ting la: y = Cx.
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Cho C bién thién, thé vao phuong trinh di cho, ta duge

C'(x) = cosx = C(x) = sinx + K = v = Kx + xsinx.

Do diéu kién 3(%) = (), ta dugc K = —1. Vay nghiém riéng phai tim 1a

y = —X + XSinX.
6) Phuong trinh da cho la phuong trinh Bernoullhi

2
¥ ¥

\, — —— = L .
x-1 x-1
y = 0 la mot nghiém cua phuong trinh. Néu y # 0. chia hai vé& cua
phuong trinh cho yz. ta dugc -
v : l

YT

Datz=y ', tacé z = -y %" Do dé6 ta dugc phuong trinh cap mot tuyén
tinh doi véi z 1a

7= ()

Nghiém tdng qudt cha phuong trinh thudn nhat tuong ing la z = ﬁ(;f
x —

Cho C bién thién réi th€ vao phuong trinh (*) 1a dugc
K -x x-1
= ys= )
x—1 K X
7y Xem x la ham s& phai tim, y la bién s3 doc 1ap. Phuong trinh da cho-
co the viét la

C'(‘{):~l:>(j(x):~x+l(ﬁz=

dx dx 2
x+vizy— o y— —x=v,
dy dy
P6 Ia mot phuong trinh vi phan tuyén tinh cap modt d6i véi x. Nghiém
cua phuong trinh thudn nhit tuong Wing 12 x = Cy. Cho C bién thién roi
thé¢ vao phuong trinh (**) ta duge

(*¥)

Cly)=1 = Cy)=y+K=3x=(y+Ky=Ky+y~

8) Vi 3y%y' = (¥"). 4y’y' = (")’ nén phuong trinh di cho c6 thé viét Ia

3

. (y. _ y4)l - xe)l.
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Do dé
v —yt= jxé"dx.
- Tinh v€ phai bﬁng céch tich phan timg phan, ta dugc
y -y =xe'—e* + C,
9. 1) Phuong trinh cia ho dudmg cong 1a

X= Cyz.
L.ay dao ham hai v& déi véi x. ta duoc

1=2Cyy"

N X - % »
Tu phuong trinh ddu ritra C = — » thé vao phuong trinh sau ta dugc
Y

1= 2xy =y = 2xy".
¥
D6 1a phuong trinh vi phan ca ho dudng cong da cho. Do dé phuong
trinh vi phéan ctia quy dao truc giao cia né 1a
y=—2f-:,pyy’+2x=0.
Y

Do dé

Quy dao truc giao phai tim 12 ho dudng elip c6 tam tai géc toa do. nhin
hat truc toa dé-1am tryc déi xing, c¢6 cdc ban truc1a C va C2 .
2) Ho dudmg cong da cho 12 ho dudng trdn c6 tam tai diém (1, 1), ban
kinh C:

(x- 1 +(y-1)2=C~

Dao ham hai v&€ d6i véi x, ta dugc phuong trinh vi phan cua ho dudng
tron dé la :

_ xX-D+y-Dy=0.
Phuong trinh vi phan cita quy dao truc giao [

: |
(x—l)~(.y—l);¢=0::>(x-—1)y'—y=—1.
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D6 12 mot phuong trinh vi phan tuycn tink cdp mot. Nghiém cua phuong
trinh thudn nhit tuong ing la y = C(x — 1). Cho € bién thién. thé vao
phuong trinh wren, ta duoge

C(x)=-

> = C(x) =-—l-— + K
(x-1 x—1

- v = (X—”“K + ﬂ—l——_\ = Kix-1+1
S S
= y-1=Kx-1)
1o 1a ho dudmg thang di qua diém (1, i).
3) Ho dudng cong di cho 1a ho dudng hypeboén nhéan cip ducng thing
X * y\/2 =0 lam tiém can:
x? - 2y2 =C.

Dao ham hai vé& déi véi x, ta duge phuong trinh vi phén cua ho dudng
- déla

x-2yy =0.
Phuong trinh vi phin cia qu¥ dao truc giao la
x+21=0:>x9i+2y==0¢d—y+2d_x:0_
y' dx y X

Tich phan t1dng qudt clia né 1a
' yx* = C.

Qu¥ dao truc giao 1a ho dudng hypebon y = % :
' X

4) Ho dudng cong di cho 12 ho duong hypebon nhan dudng thang
x = —C va truc OX Jam tiém cén:

L ()
x+C
Pao ham hai ve doi voi x, ta duge
Y(x & Ciey =0, (2)
1 N .
Tir phwone trinh (1) suy ra x + C = —. Thé vao phuong trinh (2)

y
1a duogc
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10,

y—«i-y:().

y

Pé 1a phuong trinh vi phén clia ho dudng hypeboén di cho. Phudng trinh
vi phén cta qu¥ dao truc giao cha nd la

_Jf+y=0n-l—+f:0
vy _ y'
.1 )
=> v = - 2 vidy = dx.

3

Tich phar tdng quat ciia né 12

kY

%-X=C=>y3=3(x+C).

1) Phuong trinh dic trung r# — r — 2 = 0 6 hai nghiém r, = -1, r, = 2.
Do d6 phuong trinh di cho ¢6 nghiém téng quat 1a

V=0 O sy = Cle Y 20
Vivith =0, vt =1.tacé
C,+C, =t
{ e :bszl,C,:—l.
|~C, +2C, =1 3 3
Vay nghiém riéng phai tim Ia
1 2x l i 3
y—lge 3e .

2) Phuong trinh dac trung r? - 10r + 25 = 0 ¢6 nghiém képr, =1, = 5.
Nghiém t6ng quit cia phuong trinh di cho Ia

Cy=eMCx+Cy)
=V = ™0+ SO X+ ) = 5C,xe ™ 4 (€ + 5Cae™.
Vivi0) =0, y'(0) = 1, tacé C, =1, C, = 0. Nghi¢m phai tim I y= xe™t

3) Phuong trinh dac trung r* — 2r + 10 = 0 ¢6 2 nghiém phic lién hop
r=1 % 3i. Nghiém tdng quat ctia phuong trinh da cho I3

y = ¢"(C;cos3x + C,sin3x)

= y'=¢e"[(C, + 3C,)cos3x + (C, ~ 3C,)sinx].
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- = 1
Tir diéu kién y[%) =0, y'(g} =ef,tadugc G, =0,C, = -3 Vay
nghiém phai tim la
i _
=-=e"cos3x.
Y73
4) Phuong trinh dac trung * + 3r = 0 ¢6 hai nghiém r, = 0, 1, = -3,
Nghiém tdng quat ciia phuong trinh ddchola
y = C: + Cje—3x o }__r - _3(:20' Ay

Viviy =1,y (0)=2.taco
C +C, =1 5
{ L :czz—g.c,=—.
~3C, =2 3 3

Viay nghiém phai tim {a
y = Lese 2e ™).

_ 3
5} Phuong trinh diac trung I +9=0¢6hai nghiém r = £3i. Nghicm tong
qudt cua phuong trinh di cho la _

y = C,c0s3x + C,5in3x = y' = —-3C;sin3x + 3C,cos3x.
Tir di€u kién y(0) =0, y'(0)=3,tadugc C; =0,C, = 1. Do dé

y = sin3x.

6) Phuong tinh dac trung r? - 2r + 2 =0 ¢6 hai nghiém phiic r= 1 * 1.
Nghiém téng quat cta phuong trinh vi phan di cho 13

y = e (C,cosx + C,sinx)
= y'=e'(C, +Cyleosa +(C, - C) hinx)).
Viy0)=1y(0)=2.taduoc C, = 1.C, +C;=2 = C, = 1. Vay
' ' y = e'(CosX + sinx).
11. 1) Phuong trinh dac trung r* + 1 — 2 =0 ¢4 hai nghiémr, = 1, r, = -2,
Nghiém t6ng quat cia phuong trinh thudn nhét 1a
y=Cpe'+ Cze_'z“.

V¢ phai cua phuong trinh 1& cosx — 3sinx, ma + i khong 1a nghiém cia
~phuong trinh dac trung. nén tim mot nghiém riéng cha phuong trinh ¢6
v€ phai dudi dang
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Y = Acosx + Bsinx,

trong dé A, B Ia hai hang s ma ta s& xdc dinh bang phuong phip hé 56
bat dinh. Do dé

Y' = ~Asinx + Bcosx,
Y" = —Acosx — Bsinx.
Thé vao phuong trinh vi phan ¢ v& phai. ta duac

(—3A + B)cosx — (A + 3B)sinx = cosx — 3sinx.

- D6 1a mot déng nhat thitc, do dé céc hé 56 cla cdc s6 hang dong dang

phai bang nhau, tiic la:
-3A+B=1
= A=0,B=1.
A+3B=3
Vay: Y =sinx.
Nghiém tong quat cila phuong trinh vi phan di cho 1a
 y=Cet+ Ce P asink =y =Ce” - 2C,e 2 + cosx.
Viy(®) = 1,y'(0)=2. ta dugc
iC,+C, =1 C,+C, =1
- =3 =C,=0,C,=1.
Vay nghiém phai tim la
_ v=¢' +sinx.
2) Phuong trinh dic trung r — 2r + 2 = 0 ¢6 hai nghiém phifc r = 1 + 2i.
Nghiém t6ng quat cGa phuong trinh thudn nhat 1d
y = e*(C,cosx + C,sinx).
V& phdi clia phuong trinh 1a x* = ¢™x?, do O khéng la nghiém cia
phuong trinh déc trumg, nén ta tim mot nghiém riéng cla phuong trinh
c6 v€ phai dudi dang
Y=Ax}+Bx+C
= Y =2Ax+B
= Y'=2A.
Thé vao phuong trinh vi phan ¢6 vé phai, ta dugc

2A%° + (2B —4A) x + (2C — 2B + 2A) = x°.
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Suyra
2A=1,2B-4A=0,2C-2B+2A =0

f— f\?l.B=l,C=‘!‘.
2 2

Vay
Y=£x2'+x+l=-l-(x+i)2.
2 2 2
Do d6 nghiém 18ng quat phai tim [a
y = e"(C,cosx + C,sinx) + %(x 1y,

3) Nghiém cta phuong trinh dac trung 1 + 1 = 0 lar = + i. Do ¢6
nghiém tong quat cila phuong trinh thudn nhat [a '

y = Ccosx + Cysinx.
V& phai cua phuong trinh 12 sinxsin2x = %(cosx - ¢0s3x). Theo nguyén
1y chéng nghiém ta tim moét nghiém riéng cla phuong trinh ¢ v€ phai
cédang Y, + Y5, trong dé Y, 12 mot nghiém riéng cua phuong trinh

11

y +y=%cosx, (1)

Y, la mot nghiém riéng cia phuong trinh

y +y:—%0053x. (2)

V& phéi cua phuong trinh (1) 1a %cosx, ma + i la nghiém cua phuong

i i

trinh dac trung, ta tim Y, duéi dang

Y, = x(Acosx + Bsinx).
Do do

Y', = x(—Asinx + Bcosx) + Acosx + Bsinx,

Y"| = x(—Acosx - Bsinx) — 2Asinx + 2Bcosx.
Thé vao phuong trinh (1), ta duge

—2Asinx + 2Bcosx = l(:osx ;
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Suy ra:

A=0,B=

Vé phai clia (2) fa -—%cos 3x,tatim Y, dudi dang

Y, = Ccos3x + Dsin3x.
The vao (2). ta duge

-8Ccos3x — 8]sin3x = —%cos 3x.
Suy ra

C= -1—. D=0,Y,= _Lcos_?x,
16 16

Vay nghiém tong quat phii tim 1a
v = Ccosx + Cysinx + —l*x COsX + —lhcos3x.
4 16
4) Nghiém tdng quat ciia phuong trinh thuan nhat 1a

y = Cycosx + C,sinx.

V& phai ca phuong trinh 12 sinx, ma + i 13 nghiém cia phuong trinh dic

 trung, nén ta tim mot nghiém riéng Y cda phwong trinh d3 cho ¢6 dang
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Y = x(Acosx + Bsinx).
Thé vao phuong trinh ¢4 v€ phai, ta duge

—2Asinx + 2Bcosx = sinx.
Do do

A= ~~1, B=0,Y = —ixcosx..
2 2
Vay nghiém 16ng qudt phai tim 1a

. 1
y = Ccosx + Cysinx —Excosx.

5) Phuong trinh dac trung rF-4r+4=0c6 nghiém kép r = 2.-Nghiém
10ng quét cia phuong trinh thudn nhat a

y = e™(C, + C,x).



V¢€ phai cia phuong trinh 1a

2

2
e“*cos

X = %ez"(l + c0s2x).

Theo nguyén ly chéng nghiém, ta tim mot nghiém riéng cha phuong
trinh da cho dudi dang Y, + Y, trong d6 Y|, Y, theo thd ty 12 nghiém
riéng cha cdc phuong trinh:

' 1 ».
Y"—4y'+4y:58‘“, )

" ' 1 2x
y' —4y' +dy = Ee COs2X . (2)

Vé& phat cta (1) 1a %ez" . 2 lai 12 nghiém kép cia phuong trinh dac trung.

Ta tim nghiém riéng Y, duéi dang
Y, = Ax%e?
= Y =2Axe™ + 2Ax%,
Y", = 2Ae™ + 8Axe™ + 4Ax%™,
Thé vao. (1). ta duoe

2Ae2x:-;-ez":>A= =Y, =—x%

L3 1
4 4
" 3. ¥ . l X . .-\ *n + ~
Ve phai cia (2) la 3 e’ cos2x, 2 + 2i khong 1a nghiém cva phuong trinh

dac trung. Ta tim Y, dudi dang
Y,= eZ*(Ccos2x + Dsin2x)
= Y',=e"(-2Csin2x + 2Dcos2x) + 2e(Ccos2x + Dsin2x),
Y, = 62"(—4Ccos2x —4Dsin2x) + 4e2"(—2Csin2x + 2Dcos2x) +
+ 4e”(Ccos2x + Dsin2x).

Thé vao (2) ta duge

—4Ccos2x — 4Dsin2x = %cos 2x

= (= —é, D=0=Y, =—%cos2x &>,
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'Vay nghiém t3ng quét phai tim I3

178

y =[G+ Cox+ —1x2 —lCOSZXJ .
4 8

6) Nghiém cta phuong trinh dic tnmg 14 -1 + i. Do d6 nghiém téng
quat cha phuong trinh thudn nhat 1a
y =e (C,cosx + Cysinx).

Mot nghiém riéng cua phuong trinh ¢6 v€ phdi la Y, + Y5, trong d6 Y,
Y, theo thit tr 1a nghiém riéng cia cac phuong trinh

Y2y + 2y = 2x, : (1)

y"' + 2y + 2y = —sinx. (2)
V& phai ciia (1) 12 2x = ¢”.2x, 0 khong 12 nghiém cha phuong trinh dic
trung. Ta tim Y, duéi dang Y; = Ax + B. Thé vao (1), ta duac

2AX + (2B +2A)=2x

:>A=-l-, B=—l:> Y, =—l~(x~l).
2 2 2

V€ phai cla (2) la --sinx, * i khéng l& nghiém cia phwong trinh dic
trung. Ta tim Y, dudi dang Y, = Ccosx + Dsinx. Thé vao phuong trinh
(2), ta dugc _
(C + 2D)cosx + (D — 2C)sinx = —sinx
C+2D =0 2 | 1 _
=>C=—,D=~-—=Y, =—(2cosx -sinx).
-2C+D=-1 5 5 -5

Vay nghiém tdng quat phai tim 1a
y=e (Cjcosx + C,sinx) + %(x -1+ %(2 COSX ~SInX).

7) Phuong trinh dac trung ?+1=0¢c nghiém * i. Nghiém tong quat
cba phuong trinh thudn nhat la

y = Cycosx + C,sinx.
Vé& phai ciia phuong trinh 1a 4xsinx, + i 1a nghiém cta phuong trinh dac
trung. Do d6 ta tim mot nghiém riéng cla phuong tinh cé vé phai
duéi dang '



Y = x[(Ax + B)cosx + (Cx + Djsinx]
= (Ax2 + Bx)cosx + (sz + Dx)sinx
= Y =—(Ax*+ Bx)sinx + (2Ax + B)cosx + (Cx” + Dx)cosx + (2Cx + D)sinx
Y" = —(Ax2 + Bx)cosx — 2(2Ax + B)sinx + 2Acosx —
| — (Cx” + Dx)sinx + 2(2Cx + D)cos + 2Csinx.
The vao phuong trinh di cho, ta duoc '

(ZA + 2D - 4Cx)cosx + (~4Ax - 2B + 2C)sinx = 4xsinx

2A +2D =0
AC =0
=
]-4A =4
~2B +2C =0

> A=-1LB=C=0D=1=Y = x(-xcosx +sinx).
~ Vay nghiém téng quat phai tim la
y = C,cosx + Cysinx + x(sinx — xcosx).

8) Phuong trinh dac trung r° — 2r + 1 = 0 ¢6 nghiém kép r = 1. Nghiém
tong quét cua phuong trinh thuin nhat la

y =eY(Cy + Cox).
V& phai ciia phuong trinh 1a: 1 + x + 2(3x® -~ 2)¢*. Ta tim nghiém riéng
cua phuong trinh ¢6 vé phai dudi dang Y = Y, + Y. trong dé
Y -2, +Y, = 1+x (N
YY", - 2Y' + Y, = 2(3x% — 2)e” 2)

V& phai cua (1) 1a 1 + x. 0 khong 1a nghiém cua phuong trinh dac trung,
ta tim Y; duéi dang Y, = Ax + B. Thé vao phuong trinh (1), ta dugc

AX+B-2A=1+x=A=1,B=3=Y =x+3.
VE phai cta (2) 1a 2(3x% = 2)e*, I 12 nghi¢m kép cia phuong trinh dic
trung, ta tim Y_2 dudi dang
Y, = e*x*(Ax? + Bx + C) = e%(Ax"* + Bx® + Cxd).
The vao phuong trinh (2), ta duge |
| e*(12Ax° + 6Bx + 2C) = c*(6x” — 4)
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= A= %.B:OI_.C:—Z = Y2=c‘x2[%x2—l}

Vay nghiém tong quat phai tim la

y=e(C;+Cx)+x+ 3+ e“‘xz(%x2 —l].

9) V& phai caa phuong trinh la Xxcos?x = —§+5xcos 2x . Dung nguyén ly

chéng nghiém, ban doc ¢6 thé tim duc_ic nghié¢m téng qﬁél cua phuong
trinh cé vé€ phai 1a

- | .
y=Cie" +Cxe " - lx — —XCOS2X + 3~sm2x.
B 2 10 25

) L
10y y=Ce' +Coe ™ +¢"(2cosx + sinx).
X

' 3 3 .
1y vy=y=¢? C,c037x+Czsin—é—~x}+2coszx+3sm2x.

12) Nghiém tong quét clia phuong trinh thuan nhat la
y = Cycosx + C,sinx.

Vi v€ phai cia phuong trinh la xcosx, * i 12 nghiém cua phuong trinh
dac trung, ta tim mot nghiém riéng cua phuong trinh véi vé€ phai Xxcosx
co dang

Y = x[(AX + B)cosx + (Cx + D)sinx].

Bang phuong phap hé s& bat dinh, ta duge

A=p=0B=1,c=1
4 4

(1 I . ] X xZ .
=  Y=x|—-cosx + —Xxsinx |=—cosx + —sInx.
V4 4 4 4

Vay nghi¢m 16ng quat cua phuong trinh da cho la
. . X x>
y = C,cosx + C,sinx + —cosx + —sinx
. . ; 1 X . . x? .
=y = —C,sinx + C,cosx + S COSX — Jsinx + —sinx + ~—cosX.



Tit cdc diéu kign y(0) = 0. y'(0) = 1 tadugc C, =0, C, =%.
Vay nghiém riéng phai tim la
1 . 1 1 5.
y = —$inX + —Xcosx + —x"sinXx.
2 4 4

13) Phuong trinh dac tumg 1 + 1 — 2 = 0 ¢6 hai nghiém r; = 1.1y = -2,

Nghiém téng quat ciia phuong trinh thuan nhét la y = Cje* + Cye >~

V& phéi clia phuong trinh 14 €™ hai trudng hop cé thé xay ra:

eNéum=#1vam=#-2 1ta tim- nghiém riéng cta phuong trinh da cho

dudi dang Y = Ae™, A 1a hing s6. Thé vao phuong trinh da cho. 1a dugc
1

A= ———.
m2+m_~2
Do dé

_ 2 1
y = Ce' +C,e " + ~———e™

m’ +m-2
e Néum = 1, ta c¢6 phuong trinh
vi+y - 2y=ct. {*)
Vi 1 1a nghiém ctia phirong trinh dic trung, nén ta tim mét nghiém riéng

cua phuong trinh dang xét dudi dang Y = Axe®. Thé vio phuong trinh (*),

ta dugec A = % =Y = %xe" . Vay nghiém riéng cta phuong trinh la

- |
y=Ce* +Cye > + ;_xe" :

14) ® Néu m = 0, phuong trinh di cho c6 dang
y" = COSX-— SinX. .-
Lay ngdyén ham hai v€ hai lfiﬁ. ta dugce
y = ~cosx +sinx + C|x + C,,
C,, C, 1a hai hang s6 tuy y.

e Néu m # 0, phwong trinh dac trung c6 hai nghiém phan biét r = *im.
Nghiém tdng quat ctia phwong trinh thuan nhét la
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y = C,cosmx + C,sinmx.
V& phai cia phuong trinh 1a ¢™(cosx — sinx), ta xét 2 trudng hop:
Im=ivatm=1.
— Gia sit tm # 1: Tim nghiém riéng cla phuong trinh da cho dudi dang
Y = Acosx + Bsinx.
Thé vao phuong trinh da cho, ta dudc
A(m2 - Deosx + Bm? - 1)sinxX = cosx — sinx
l 1

7 B=-—s5—=Y=
m-—1 m- ~1 m-~—1

= A= {cosx —sinx)

= y=Cjcosmx + C,sinmx + {cosx —sinx).

m-—1

— Gid st 2m = 1: Vi +im la nghiém cia phuong trinh dac trung. nén ta

tim nghi¢m riéng cla phuong trinh da cho duéi dang
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Y = x(Acosx + Bsinx).

The vio phuong trinh di cho, va gidi ra ta dugc
. ] .
y = Cjcosx + Cysinx + 5x(cosx+ SINX).

15) Phuong tri.nh dac trung o - (m + i)r + m = 0 ¢6 hai nghiém phan
bietr) = 1. r = m néum # 1; c6 mét nghiém képr, =r,=1nfum= (.
* Néu m = 1, phuong trinh d3 cho trd thanh

y' -2y +y=x-1. _
Nghiém t6ng quit cha phuong trinh thudn nhat 13 y = eC, + Cyx).
V€ phai cia phuong trinh da cho 1a ¢™(x - 1). ma 0 khong 13 nghiém
cila phuong trinh dac trung, do 46 ta tim nghiém riéng cia phtrong trinh

da cho dudi dang Y = Ax + B. Bng phuong phdp hé s6 bat dinh ta tim
dugc: A=1,B=1,doddY =x+ |.

Viay trong trudng hop m = | ta dugc nghiém
y=e(C, +Cr)+x + |
* Néum = |, nghiém t6ng quét clia phuong trinh thuan nhat la

y=Ce*+ Czemx.



12.

Ta ciing tim nghiém riéng clia phuong trinh di cho duéi dang.
Y =Ax+B.
Thé vao phuong trinh da cho, ta duogc

Y = i(x+-1-];
m\ m

Vay trong trudmg hop m # 1 ta tim dugc nghiém it

y=Ce'+ Czém“ + —l—(x +L].
m\ m
1) Nghiém téng quat ciia phuong trinh thudn nhat la
y = C,cos2x + C,sin2x, (*)
C, va G, 1a hai hang sé thy ¥.

Bidu thic (*) 12 nghiém cia phuong trinh ¢ v€ phai néu C, va C, I
nhimg ham s& thoa man hé phuong trinh

Clcos2x + C',sin2x =0
-2C" sin2x + 2C", cos2x = x
Gidi he trén daéi véi C'y, C'a. ta duge
C = —lxsin2x, C, = lxcos2x.
2 2
Do dé

= 1 xsin2xdx = lxcost - lsin2x + K,
' 2 4 8

. :l jxcos2xdx = lxsin2x +lcos2x +K,,
2 4 8

trong do: K. K, 1a hai hiang s tuy y.
Vay nghiém t6ng quat phai tim la

b
y = (%xcost - gsm2x -kK,)COSZX +
R N 1 .
+ szmZx + §c052x + K, |sin2x
=K, cos2x + K, sin2x + %
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Ta dé dang nhan thay rang, giai phuong trinh nay bang phuong phip tim
mot nghiém riéng cua phuong trinh ¢6 v€ phai don gian hon nhiéu.

2) Nghiém téng quat cta phuong trinh thuén nhat 1a
y=C,+Ce*v6iC,C,1a hai hing s6 tuy ¥.
Biéu thitc nay la nghiém téng quit clia phuong trinh c6 vé phéi néu
C;. G, la hai ham s6 thoa mén h¢ phuong trinh
{c',+c5 “=0 -l e
CLe* =’ :
= C=="+K.C;=x+K,,
trong do: K|, K, 12 hai ham sé tuy y.
Vay nghiém téng quat phai 1im la _
y=K; + K" +e*(x - 1).
3) Nghiém téng qudt cha phuong trinh thudn nhat 13
y = C,cosx + C,sinx.
Tim hai ham s6 C,(x), C,(x) sao cho

C'icosx + C'ysinx =0

—C',sinx + C',cosx =

sin x
Nghiém cua hé la

COSX

CII=-——1, C'Z = :>Cl=—X+K],C2=lﬂ(SiHX)+K2

s X
Vay nghiém t8ng quat phai tim Ia
y = K cosx + K,sinx — xcosx + sinx.In(sinx).
4) Nghiém téng- quét cua phuong trinh thudn nhat la
y = Cicosx + Cysinx.
Tim hai ham s6 C,(x), C,(x) sao cho
C'icosx + C',sinx =0
{~C', sinx + C', cosx = tgx
Giai ra ta dugc
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13.

. sin’x

C' =- = COSX — , C'y = sinx.
coSs X COSX
Suy ra:
X
. I-tg--
. d .
Clzsmx—I 2 =sinx +In 2 + K|,
COS X X
I+tg -~
2
C2 = —COsX + K2
“trong do: K, K, Ia hai hing s6 tuy y.
Vay nghiém cén tim la
l—th
y = K cosx + K,sinx + cosx.In .
l+tg -
£3

1) Gia sir phuong trinh dd cho ¢é nghiém khai trién duoc dudi dang
chuéi liiy thira
Y=ag+ax +ax b+ agx" 4.

Do dé

y'=a +2ax+3a; + ..+ (n+ Da, X"+ ..

y" = 2a, + 3.2a;x + 4.3a,x° + ... + (n+2)n+ 1)a, X"+ ..
The vao phuong trinh da cho va sap xép theo lily thira tang cba x, ta duge

(2ay +a )+ B2a;+ax+ .. +[(n+2)(n+ Da,,, +a,x"+ ... =0

Do dé

2a, +a,=0,

32a; +a, =0,
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S - T
82, = " s Ay T -
2n(2Zn-1) 2n+1)2n

Nhan cac dang thic trén vé véi v¢ ta duge

a a .
a, = (—1)" —, &y, = (-D"—— v6i Vn 2 1.
2 = 1) (2n)! znat = (2n+1)!

Céc hé s0 a,, a, khong chiu su rang budc nao, d6 1a hai hing sG tay ¥.
Vay ta duge nghiém

2 4 Zn
X© X X
= l-—+— - -°
y 0( 2[ 4’ ( ) (2[1)' J
3 5 Zn+l
+a, X—L+X——...+(—l)" X + ...
33 Cn+1)!

Nghiém d6 chinh 12 y = a_cosx + a,sinx (mét két-qua quen biét).
2) Gia sit phuong trinh cé nghiém khai trién dugc thanh chudi liiy thia.
Viéty, ¥', y" nhu ¢ cau 1) r6i thé vao phuong trinh, ta dugc

xy" =2a,X + 6a3x2 + ot (m+ Dnag (x* + ...

2y' = 2a, + 4a,X + 62;%° + ... + 22, X" + ...

XY =aX +a,X° + ... +a,_ X"+ ...

= - Xy 42y +xy=24;+(bay+a)x+..
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+{n+2)(n+ Da, +a,41x"+..=0

Do dé:

a, =0,

6a, + a, =0,
_ (n+2¥n+ Day,, +a,. =0véine N*
Vay -

=3 = . =8y, = =0

2=,



14,

Nhén cdc dang thic (rén titg vé mat, ta dugc

a . B at ]
a,, = (=" 2 5 g 1a hang so tiy §.

(2n+ 1
Vay

2 4 2n
U PTG
3t st en+lt )

Dé kiém tra chudi ldy thira dé hoi tu véi moi x va

sin X .
4 — néaux =0

(A}

Y= X
a néux =0

)ybatz= yj, phirong trinh tré thanh
1
—z'+2= lc:*z".
2 -2
D6 1a mot phuong trinh vi phan tuyén tinh cdp mot doi véi 2. Nghiem
tong quét cia né la
2=V =(x + Q) .
2) Xem x I ham s& phai im, y 1a bién s6 doc lap, phuong trinh dugc
viét 1a '
3 d
y“+2y+x2+2x'—i =0.
dy
D6 1a mot phuong trinh Bernoulli d6i véi x. Dat x* = u, ta dugc mot
phuong trinh vi phan tuyén tinh cdp mot déi véi u

d—u-+u=—y2v2y.
dy
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Nghiém téng quét cha phuong trinh thuian nhat twong ting [a u = Ce 7.
Cho C bién thién réi th€ vio phuong trinh ¢6 v€ phdi, ta duge
C(y) = —ey(y2 +2y) = Cly) = Ie"(yz +2y)dy = —y%e¥ +K,
K 14 hang sO thy ¥,
Vay
u=x=(y% +Kie Y =-y* +Ke V= x* +y’ =Ke 7.
Do y(1) =0, ta duge K = 1. Vay tich phan riéng phai tim 1a
xt+yi=e™.
3) Phuong trinh dac trung t* —4r+4=0c6 nghiém képr, = r, = 2,
Nghiém t6ng quat cia phuong trinh thudn nhat Iz y = e™(C, + C,x).-
V& phai cua phuong trinh 1a e®*(x ~ 1), nén ta im mot nghiém riéng Y
cua phuong trinh ¢é v& phai dudi dang
Y =e¥x*(Ax + B)=e™(Ax’ + Bx).

1

Tim A, B bang phuong phap hé s6 bét dinh, ta dugc A ==, B =3

o«

Vay nghiém cén tim 1a
2x ifx 1
=e“(C,+Cx+x"——— ()
4 t T4 (6 2) )
4) Phuong trinh dac trung P +5r+6=0c6 hai nghiém r| = -2, 1, = -3.
Nghiém téng quat clia phuong trinh thuin nhat 1a
y=Ce ™ +Ce ™

Biéu thic trén s& 13 nghiém cta phuong trinh da cho néu C,, G, la hai
ham s6 thoa man hé phuong trinh

Che?+Che™ =0

20" e -3C,e™ = -—1——
=X
l+e
Giai hé trén, ta dugc
2x ax
e ¢
CF' = 2 b= 2x
1+e** l+e
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Do d6 _
er ’ c_‘s.\'
C = dx ,C, =- dx.
: ‘[l+ez" 2 -[14-32"

Trong ca hai tich phan trén, déi bién €* = u, ta dugce: -

_ -udu _l 2 _1 Ix
C, = j-l+u2 =S In(+u) + K, = SIndre™) + K,

2
u“du I
C, =- = || 1- du = ~u+arctgu + K

i '[l+u2 I( 1+u2] ST

= —¢" +arctge” +K,,
trong do: K, K, la hai hang s tuy v.
Vay

=Ke ™ +Ke >+ -l-e"z" In{1+eX*) + e X (arctge* —¢e*).
y | 2 )

5) Ta ¢6 phuong trinh phan ly bién s6
ydy

=xvi+x%dx
JE+y
1 2 ‘% a1 2'; 2
hay E(l+y Yy cd(i+y )=—i(1+x y2d(l+x7).

Do do

7 | 3
\/(1+y') = ?f(ux-)-‘ +C.
6) Phuong trinh viét duge dudi dang
Y2y +xe’)+2x+¢' =0 hay Pdx+Qdy=0,
trong d6 P =2x + ¢, Q = xe” + 2y. Vi P, = Q, = ¢, nén phuong trinh da
cho 12 mot phuong trinh vi phan toan phin. Tim ham f(x, y) sao cho

f=2x+¢
f, = xe’ +2y.
Giai hé ta duge f(x.v)= x> +y% +xe.
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-Vay tich phan 1éng quat phai tim 1a

190

X+y’+xed=C

7} Nghiém cia phuong trinh dac tnimg r° + 1 = 0lar =+ i. Nghiém tdng
quét cia phuong trinh thudn nhait la

y =C,cosx + C;sinx.
. e ' N ooy 3 1 . R
V€& phdi cua phuong trinh 1a; sin'x = Zsmx—;sme. Tim mot

nghiém riéng cla phuong trinh c6 v& phéi dui dang Y + Y,. trong dé
Y, Y, theo thit tr 14 nghiém riéng cha cic phuong trinh

3
+y=—sinx
y ty 4

y'+y= --I—sin3x
2 .
Giai ra ta duogc:

1.
Y, = —Excosx.‘{j = —SInX,
8 32

3 1.
= Y = ~—XcosX + —sinx.
: 32
Do d6
. 3 I .
y = C,cosx + C,sinx —gxcosx + —sinx.

8) Pat z = y*, ta duoc

b

z :Jc""‘x - tgx.
Do dé

Z=y = —*%e'“—lnlcosxi+c.'
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Ché ban :
QUANG CHINH

BAI TAP TOAN CAO CAP — TAP HA|
~ Masd: 7K616T7 - DAI
In 2.000 cudn (QD 75), khé 16 x 24. In tai Cong ty CP In Anh Viét.
Dia chi : 86 74, ngd 310, dudng Nghi Tam, Tay Hé, Ha Noi.

S6 DKKH xuat ban : 11 - 2007/CXB/340 - 2119/GD.
In xong va nép luu chiéu thang. 10 nam 2007.



TiM DOC GIAO TRINH DUNG CHO
SINH VIEN CAC TRUONG CAO DANG
CUA NHA XUAT BAN GIAO DUC
1. Gido trinh Toan hoc cao cap — T1 Nguyén Binh Tri (Ch bién)
2. Gigo trinh Toan hoc cao cap - T2 Nguyén Binh Tri (Ch bién)
3. Bai tap Toan hoc cao cép — T1 Nguyén Dinh Tri (Cha bién)
4. Bai tap Toan hoc cao cép — T2 Nguyén Dinh Tri (Ch bién)
5. Gido trinh Vat ly dai cuong — T1 Luang Duyén Binh
6. Giao trinh Vat ly dai cuong - T2 Luong Duyén Binh
7. Bai tap Vat ly dai cuong - T1 Luong Duyén Binh
8. Bai tap Vat ly dai cuong - T2 Luong Duyén Binh
9. Hoa hoc dai cuong Lé Mau Quyén
10. Vé ky thuat Tréan Hiu Qué
Nguyén Van Tuan
11. Bai tap vé ky thuéat Tran Hiu Qué
Nguyén Van Tuén

Ban doc co thé mua tai cac Cong ty Sach — Thiét bi truong hoc o

dia phuong hodc cac Cua hang cua Nha xuat ban Gido duc :

Tai Ha N&i : 25 Han Thuyén ; 187B Giang V6 ; 23 Trang Tién.
Tai D4 N3hg : 15 Nguyén Chi Thanh.
Tal Thanh ph8 H8 Chif Minh : 240 Tran Binh Trong — Quan 5.

8934980‘760383

) Gid: 19.500d
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