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Lo ¥or pay

Lam bai tdp la mot khdu rdt quan trong trong viéc hoc todn, né
giup cho nguoi hoc todn hidu duge Iy thuyét thdu déo hon, ren
luyén v duy khoa hoc, ky ndng tinh todn va khd ndng vdn dung
todn hoc vao gidi quyét vdn dé (problem solving), kich thich niém
say mé hoc 1dp, say mé tim 16i ciia nguoi hoc. Vi vdy, cudi mdi
chitong cua by sdch "Todn hoc cao cdp"” viét cho cdc hé, I6p Cao
ddng cua cdc truong Pai hoc Ky thudt, ching t6i dd dé ra mét s¢
khong it bai tdp. Bo sdch "Bai tdp todn hoc cao cdp" nay dugc viét
nham trink bay bai gidi va huong ddn ciia hdu hét cdc bai tgp da
ra trong bé sdach trén. Ngodi ra, mot so' bai tdp khdc ciing dd dugc
bo sung. |

MG&i chuong ciia b6 séch déu mé ddu bing phdn Tom tdt 15 thuyét,
nhdm nhdc lgi cdc diém mdu chot cia 15 thuyét vé nhing : dinh
nghta, dinh Iy co bdn, phuong phdp co bdn, cong thitc co bdn. Phdn
Dé bai va phdn Bai gidi va huéng ddn cia mdi chuong dugc xép
tdch roi nhau.
Chiing 161 khéng khuyén khich nguoi hoc khi lam bai tdp sit dung
ngay bai gidi trong sdch ndy ma khéng tu minh gidi cdc bai tdp dé.
Gdp khé khan khi lam mot bai tap ndo do, ngudi hoc nén xem lai
phan Tom 1dt 1y thiyét va néu cdn cd phdn tuong iing trong gido
trinh. Chi nén xem 1oi gidi trong sdch sau khi da gidi xong bai dé
danh gid két qud hoc tdp ciia minh. Chi trong qud trink vira hoc ly
thuyét, vira lam bai 1dp thi nguci hoc méi ddn ddn hiéu duoc cdc
khdi niém todn hoc mgi, ndm dugc cde phuong phép co bdn va nhe
dirge cdc két qud co bdn.



Hy vong rdng quyén sdch nay sé€ giup cdc ban sinh vién hoc 161
mén Todn, yéu thich mén Todn va say mé tim 1oi cdc van dé todn

hoc trong céng nghé va k¥ thudt.

Ching t6i mong nhdn duwoc y kién cua ban doc déi voi bé séch nay.
Xin chdn thanh cam on.

Cic tac gia



Chuong I
TAP HQP VA ANH XA. SO THUC VA SO PHUC

A - TOM TAT LY THUYET

1. Ky hiéu
A=>B A kéo theo B. ‘
AoB A tuong duong B.
¥x vé1 moi X.
Jy : t6n tai y.

2. Tap hgp va phan tir cha tap hgp

ae A phin tlr a thute tap hop A.

beg A phan tit b khong thudce tap hop A.

& tap hop rdng.

AcB A 12 tap hgp con cua B.
AcBva(BcA)<> A=B.

Hop (x € AUB)< (x € A) hoic (x € B).
Giao xeANBY<(x € A)va (x € B).
Hiéu xe A\B)eo (xe Ayva(x ¢ B).
Phin b ACEthiE\A = A 13 phén bl clia A.

Tinh dé cdc AxB={(a,b)|ae A, beB}.
AxBxC={(@,b,c)lac A,be B,ce C}.

3. Anh xa

f: XY, x— f(x) l]a mot quy luat img mdi phin tor x € X v6i mot
phén tir duy nhat f(x) € Y. Phan tlr y = f(x) goi 14 4nh cta x, x goi 1a nghich
anh cua y.



Néu A C X thi tap {f(x) {x € A} k¥ hiéu 1a f(A) vA f(A) goi |2 anh cla
tap hop A.

Anh xaf: X > Y goi 1a don dnh néu Xy # Xy = f(x)) # f(x,) ; diéu d6
twong duong vdi f(x,) = f(x,) = x; = x,.

Anh xaf: X — Y goi |2 toan 4nh néu £(X) = Y.

Anhxaf:X — Y goi |2 song 4nh néu nd vita 14 don 4nh, vira 14 toan 4nh.

Neéu f: X — Y la mot song 4nh thi tén tai 4nh xa nguge fl:Y->X
Khi d6 f la mét 4nh xa 1 - 1 hai chiéu gitta X va Y.

4. Tap hgp hitu han va vo han. Tap hop dém dugc va khdng dém duge

Tap hop goi 1a hitu han néu né gém mot s6 hitu han phdn tlr, goi 1a vo
han néu né gém vo han phan ti.

Tap vo6 han goi 12 d€m duge néu c6 thé ddnh 6 duge cic phin tir clia nd,
1a khong dé€m duge trong trudng hgp nguge lai. N 1a tap hop dém dudc.
5. Tap hop s thuc. Tri tuyét dai

Tap hop cdc s6 hitu ty va cic s6 vo ty goi 1a tap hgp cdc s6 thuc, ky hiéu
R. D6 la moét tap hop khong dém duoc.

Tri tuyét d6i clia s6 thuc x ky hiéu 1a |x|, duoc dinh nghia nhu sau

X néux=0,
{xi =

-~-X néux<0.

Tacod:
(X=X <) S (X - <X <Xy + 00,
Ix-x)>B)ox<x,-P)UE>x,+P),
xe{a,b)>a<x<h,
xelableagtxLh.

Ngoaira :

X + yi < [x] + |y,
|x - y| 2 |x] - |yl,
Ixy|=Jx] . |yt



6. So phuc |
C={z=a+iblabeR,it=-1}.
-«Dangchinhtdic: z=a+ib,a,beR,iladonviao;
a=Rez,b=Imz;
Z =a~ 1bla so phitc lién hop cia 2.
o Gia sit z; =a; +ib;, Z; = a, + ib,. Khi d6 :
zZ)=2ynéua; =a,vab; =b,;
Z +zy;=(a; +ay) +i(b; +by);
Z).Zy = (aya; - byby) +i(a by + a,b)).
» Dang lugng gidc : z = r{cosa + isina), trong d6.

r=\(a2 +b? =|z], o = argz,

TN . b ) ,
duge xac dinh tir phwong trinh tga = " o duge chon sao cho sinat

cung ddu véi b.

» Gia str z; = rj(cosa + isinay ), Z; = ry(cosa, + isina,y)
thi 2,2y =1 Rfcos(ay + a,) + isin(a; + o)} ;
Z] T -
g —l[cos(a] —0p) + isin(ot ~ 0(2)], 1 # 0.
22 I
e Cong thitc Moivre

« n P
(cosa + isina) = cosna + isinna.

.« Cong thitc khai can

Q/r(cosa +isina) = %(cosa.ﬂk“ N isina+2kn),

k=0,1,2,..,n-1.



B - DE BAI
1. Tim tap hop cic nghiém thuc clia phuong trinh hay bét phuong trinh
dudi day : '
a)x2—4x+3=0;
b) x* —4x +3>0;
c)x*-4x+3<0;
d)xz—x+1=0;
e)xz—x+1>0;
f)xz—x-i-ls 0.

Ky hiéu cdc tap hgp nghiém tuong ing la A, B,C, D, E,F. Tim: AUB;
ANB;AUC;ANC,

2.Cho A = {1, 2, 3}, B= {2, 3, 4}. Hily viét tat ca cdc phan tir chia tich
Dé-cic A x B.

J.ChoA={x]1<x<4};B={y|l1<y=<2}.

Hay biéu dién hinh hoc cia tich DPé-cic A x B 1én mat phang toa do.

4. Trong céc éﬁh Xa sau :

Af RoOR x—x+7;

Byf: R R, x— x> +2x-3;

) f: [4,91CR - 21,96 C R, x — X"+ 2x - 3;

df:R->R, x—3x-2x;

eYf:R— R:,XP—?GKH‘;

DfI:NoNx—x(x+1)

anh xa nao la don 4nh, toan 4nh, song dnh. N&u né la song anh, hdy tim dnh
Xa ngugc.

2

2x

5.a) Cho 4nh xa f: R — R xdc dinh bdi x +— f(x) = . N6 ¢6 phai

1+x
la don 4nh, todn 4nh khong ? Tim anh f(R).



b) Chog ‘RS> R (R*=R\{0}), X — g(x) = %.Tim fog.

6.Choanhxaf:E — F: A, B2 hai tap con cha E.
a) Ching minh rang néu A C B= f(A) C f(B).
b) Néu f 1a don 4nh thi f(A N B) = f(A) N f(B).

7.Choa, b,c,de Zvaad - bc =1 (Z la tap hop cdc s6 nguyén).
f:7% > 7% x4c dmh bdi f : (x, y) — (ax + by, cx + dy). Chimg minh ring
f 1a song anh, tim £

8. Tim t4t ca cdc sG htru ty X, sao cho y = \/xz + X + 3 1a s6 hitu ty.

9. Ching minh ring 2 1a s6 vo ty, tir 46 chimg minh s6 +2 + /3
ciling 1a s6 vo ty,

19. Giai cac bét phuong trinh :

a)2x - 3/<1; b)(x-2)° 2 4;

X +2x-8<0; d) [ = Tx + 12] > x% - Tx + 12.

11. Tim x, y, z, t 1a cdc s6 thuc thoa méin hé
(1+i)x+(1+2i)y+(l+3i)z+(1+4i)t=1+51}
B-x+@-2Dy+Q+Dz+4it=2-1i

12. Tinh :

a) (1 +20)°; b) (1 +2i)° - (1 - 2i)°.

13. Thuc hién phép tinh :

1+ itga

)(1+21) -(1—1)
I-itga - G+2iP -2 +i)
14. Tim x, y € C la nghiém cha hé :
—Dx+(@+2)y=2+6i |
(4+20)x —(2+3i)y=5+4i

Q+ix+Q2-1y=6 }

b) . _ )
(3 +2i)x + (3 - 2i)y =8



15. Tinh :
' . 2 3
a) (—i+‘—‘~@) ; b) (—%+i£) .

2 2 2

16. Gidi phuong trinh bing cich bién déi v€ trai vé tich cia hai nhan

thidc bac hai véi hé s6 thuc hodc phidc :

10,

a)x4+6x3+9x2+100=0; b)x4+2x2—24x+72=0.
17. PBua vé dang lugng giic céc s6 phic sau :
ayl-i; M1+iV3; o -1+i3;
d-1-iv3; e1-iW3: g2i; h) - 3.
18. Tim biéu dién hinh hoc clia cc s6 phiic 2 thda man ;
a)lzi<2; bylz-i<1; clz-1-i<1.
19. Tinh :
. 20 24
RYTPRI- TR L3 VER Iy c)[l—ﬁ_l) .
: 1 -1 : 2
1.3 1 .3
ZO.ChOO)]_—"E-FlT,(Oz——E—lT.

Tinh of + @} (n e N).

21, Tinh; :

a) 32 -2i ; b) 4~4.
22, Tinh

a) 8 I+1 b 6 1-1

=i 1+iv3’
23. a) Tinh cos3x, sin6x theo sinx va cosx.

b) Biéu dién sin4x, cos’x theo sin, cos bai géc boi cha x.
24. Tinh tdng : '

) 1-CL+Ch-Ch+..; bBCL-Ch+C)-Ch+..



25. Giai cdc phuong trinh sau trén tap hop C :
a) x2 ~(1+i\/§)x—l+i\/§=0;
b)x3—6x+9=0;

)X’ +6x*+30x+25=0;
d)x4—2x3+2x2+4x—8=0;
e)x4+2x3—2x2+6x—15:0.

B - BAI GIAI VA HUONG DAN
1. Bz'mg cdch gidi phuong trinh va bat phuong trinh ta duoc :
a} A= {1, 3} lahai diém x = 1 va x = 3 trén truc s& thuc ;
b)B={x|x € (-0, 1) U (3, +0)} < -0 <x < 1 holic 3 <X <+ ;
)C={x|xe[l,3]}] 1<x<3,
dD={F) < XeR;
e)E={x|¥x € R} © -0 <x < +w,
DF={Z) e XeR
Tiurcactap A, B,C,D,E,Ftréntacé:
AUB={x|xe (-0, 1]U[3, +0)} &> -0 <x < hodc 3<x < +0;
ANB={Q} < IeR;
AUC=C;ANC=A.

2.A=1{1,2,3);B={2,3,4) thi
AxB=1{(1,2);(1,3);(1,9:(2,2);(2,3);(2,4): (3.2); (3, 3); 3, D).
3. Tap hop t4t ca Y4
nhimg diém nim trong 2p= % _
hinh chir nhat, ké ci 4 B[ /// / %
canh (hinh 1.1). o

4. a) Cho x;, x, € R,
ta ¢6 f(x,) = f(x,)

N
-y

o 1

A
Hinh 1.1

11



22X +T7T=%+T=X, =X,
Vay f:R-> R donénh.
Choo e R, tira = f(x) =x + 7= x=0o. - 7 € R, vy f 1a toan 4nh.

Anh xa f vita 13 don 4nh vira IA toan 4nh, suy ra f : R = R 12 song 4nh,
nén ton tai 4nh xa nguge x = f-l(y) =y-1.

b)Anhxa f:R — R xdc dinh nhu sau :
f:xn—»f(x)=x2+2x—3.
Don dnh : Tir f(x,) = f(xy) = x3 + 2x; = 3 = X3 + 2% - 3 1)
= (X -KYE + X+ =0,

Viy véi x, € R ¢6 dinh thi hodc x| = x, hodc x| = - X, - 2. Phuong trinh
(1) ¢6 nhiéu hon mot nghiém nén f khong phai 1a don anh.

Toan énh : Cho f(x) = x* +2x - 3 = &, o € R bat ky,
= x*+2x-(3+0w)=0. _ (2)
Phuong trinh (2) ¢6 nghiém chi khi A'= 1+ 3 +a)=4+a 20>
o 2 -4, vo 1y vi a € R bat ky. Vay f khong phai toan dnh.
¢) Theo cau b), tir f(x) = f(x,) suy ra X; = X, va X; = -X — 2. Nhung vi
X, € [4, 9] nén x| = -x, - 2 <0 (loai). Vay tir f(x,) = f(x,) suy ra x; = x; nén
f 14 don anh.

Ciing theo cau b), 14y o e {21, 96] thi o > -4 thoa min. Viy f Ia toan
4nh nén f 14 song 4nh, suy ra t6n tai 4nh xa nguoc :

x=f_1(y)=—l+ Ja+y.

x néu x =0,
d)f:]R—)R;f:x»—>f(x)=3x—2]x|={

5x néu x < 0.

Dé dang kiém tra f 12 song 4nh, vi vay ton tai 4nh xa ngugc

L y néuy=20,
x=f (y)=11 .
gy néuy <0.

12



) fiR> R, =(0,+w0);f:x— f(x) =",

Hims6y=¢*'>0wva dong bién Vx € R nén né 12 song 4nh. Viy t6n
tai dnh xa nguge x = '(y) = Iny - 1.

g)f: N5 N, xdc dinh f: x — f(x) = x(x + 1).

Ponanh: Tu fix)) = f(x;) véix, =neN;x,=me N

=nn+1)=m(m+1)

= 0m-m)}n+m+1)=0=n=m(cOnn=-m-1 loai). Viy f1a don 4nh.

Toan dnh: Choy € Nbdtky vay=n(n+ 1):>n2+n—y=0 -

-1+ 1+ 4y

2

R rang 1 + 4y khong thé 1a s6 chinh phuong véi moi y € N, ching han
viiy=3eN, '

= l'll.z =

Vay f khong phai 1a toan 4nh, do d6 khéng la song 4nh.

5.a) £ R > R xde dinh bi x — () = —2—.
I+x
2X1 2)(2

Don 4nh : Tir f(x,) = f(xy) = 5 = 5
' I+x7 1+x5

=5 2(%; - %5)(1 - X,Xp) = 0. (1)
Trong phuong trinh nay ngoai x; = X,, cdn ¢6 xy = % (x5 = 0).
Vay f khong phai 1a don 4nh.
Toan énh: Chof(x) =y e R .(bfit ky), ta dugc

= yx>-2x+y=0. )

1+)(2

Phuong trinh (2) xem nhu phuong trinh bac hai d&i véi x, c6 nghiém khi
vachikhiA =1-y?20e |y <1.

Vay f khong phai 1a toan 4nh va f(R) = [-1, 1].

13



b)g:R*—)]R*= {R\N{O}} ;g x—gx)= % thi

1
X 2%

G0 = Mgt = 1| L =

Vay (fog)(x) = f(x), Vx € R .

6. a) Ta phai chimg minh A C B = f(A) C f(B).
Cho y € f(A) thi ton tai x € A dé y = f(x).
Laido A C Bnénx e Bdéy = f(x), vay f(x) € f(B) = f(A) C £(B).

b) Gia thiét f 12 don 4nh, 4 chiing minh f(A M B) = f(A) N f(B) ta cin
chimg minh :

DfANB) ¢ fA)NLB);
2) f(A) N £(B) C f(A N B).

Thyc vay, gia st y € f(A. N B) thi 3x € A N B dé y = f(x). Lai do
xeANB=>xe Avax e B=y=f{{(x) vira thudc f(A), vira thudc f(B).
Vay y € f(A) N f(B) = f(A N B) C f(A) N £(B). (1)

Nguge lai, do fla dondnhnén véiy € flA)Nf(B) =y e f(A) thidx; € A
dé y = f(x,), lai do y e f(B) thi 3x, € Bdé y = f(x,).

Vif la don 4nh nén f(x,) = f(x,) = x| = x5.
Viay véiy € f(A)N{(B) thiténtai x = x; =x, € ANBdé y =f(x)
= f(A)N{B) C .f(A N B). 2)
Tir (1), (2). = (A N B)=1(A) N f(B).
7. Xét dnh xa f : Z% — Z7, (x, y) — f(X, y) = (aX + by, cx + dy)

N e . _ axj + by; = axy + by,
Pon anh : Gia st f(x, y)) = (x5, y3) &
cxy + dy; = ¢xg + dyy

14



{a(xl —X2)+ by, ~y3) =0 )

c(x1 — X2} + d(y; - ¥2) =0

D6 1a mot h¢ hai phuong trinh tuyén tinh d6i véi hai 4n (x, - X5) va
(¥1-¥2). Vidinh thitc cha hé (*) A = ad - bc = ] theo gia thiét, nén ndé cé
mot nghiém duy nhét x, - x, =0, y, - ¥2 =0, do d6 (xy, ;) = (X, ¥,). Suy
ra f 1a don anh.

Toan dnh : Can ching minh ring véi moi cap (u, v) € Zz c6 t6n tai mot
cip (X, y) € 72 sao cho fx.y)=(wv)e (ax + by, cx +dy) =(u, v)

{ax+by—u

cx+dy=v

ViA=ad-bc=1#0nén he hai phuong trinh tuyén tinh trén doi véi X,
y ¢6 mot nghiém duy nhat :

X =

1 =du—-bv, y= A =av —cu.
Vay f1a toan dnh, do d6 f 12 song dnh. Vi vay tén tai 4nh xa nguoc

fl, vy = (du - bv,.av - cu).

8.Giasuxvay= \/x2+x+3 1a 56 hiru ty, do d6 y - x = q ciing 12
s6 hitu ty. Ta biéu di€n x theo q : y - x = /x> +x+3 - x = q
2
-3
:>\/x2+x+3=q+x:>x2+x+3=x2+2qx+q2:>x=q .

1-2q

Dé dang kiém tra q = % :

. 2 _
Tac&‘nkhéngdinhvéiqe@(q-—f-%) vélx:(l1 3thhiyeQ.

-2q
2 _ 2 _
e i [

15



- q4 —2q3 +'1'q2 —6g+9 _ \/(q2 —q+3)2 =q2 -q+3
(1-2q)? |1-2q| |1-2q]

I 56 hitu 1§ véi q & Q [q#%).

9, Chimg minh v2 1 56 vo t§. Gia sir J’=§ @#z0,p.qe 2l

s& hitu 1, khi d6 2q° = p> = p* 1a s3 chiin : p* = 2k (k & N). Vay 2¢* = 2k
= q2 = k = k la s6 chinh phuong. Diéu d6 v6 1y vi khong phai s6 nguyén
duong nao ciing déu 14 s6 chinh phuong. Vay V2 assvoty.

Ta lai chimg minh V2 +43 cling 12 s6 vo ty. Thuc vay, gia su
el I
V2+43 e @ khi dé \/37—\/_=m e Q
= %[(ﬁ+ﬁ)—(\/§—~f2_)]=\/§
cling 1a s hitu ty, vo 1y vi V2 12 88 vO ty di xét & trén.
10.a)|2x_—3|<l<:>—1<2x—3<1<::>1<x<2.
b) (x -2 24 < x> - 4x> 0 = x <0 hodc x > 4.
)x’+2x-8<0o-4<x<2.
DEE-Tx+12|>x° - Tx+ 12 5 - Tx+12<0
=>3<x<4
11.Do x, v, z, t € R, tir diéu kién bang nhau cha hai s& phiic va tir h¢ da
cho ta suy ra hé '

X+y+z+t=1
X+2y+3z2+4t=3
3x+4y+z=2
-X—-2y+z+4t=-1

Béng phuong phép loai trir 4n, ta dugc :

16



X+y+z+t=1 X+y+z+t=1

y+2z+3t=4 - y+22+3t=4

y—2z-3t=-1 2y =3

-y+22+5t=0 2t =-1
5 . . 3 1
Vaynghém_cuaht;:x=—2;y=§ ;z=2;t=-—5.

12, a) (1 +20)° = (1 + 20)°(1 +20)> = (1 + 6i + 12i% + 81°)?
=[(1-12) +i(6 - 8)]* = (-11 - 2i)* = 117 + 44i.
Cht ¥ : Bang hé s6 lu§ thira cia nhi thic (tam gidc Pascal).

a+b 1 1

@+b® 1 2 1

(a + b)’ 1 3 3 1

(a+b)* 1 4 6 4 1

(a+b)’ 1 5 10 10 5 1
(a+b)® 1 6 15 20 15 6 1

..............................................

Sl dung bang hé s6 nay véi chi y : f=1,8=-i'=1;i=i,i%=-
ta ciing dugc két qua trén.

by (1 + 2i)° - (1 - 2i)” = [1 + 5(2i) + 102i)° + 1020)° + 52" + 20)°] -

- [1 - 5@2i) + 102i)* - 102D)° + 5¢21)* - 21)] = 10Q2i) + 20(2i)° + 2(2i)°
= 20i - 160i + 64i = —76i.

13. ) 1 +itgae  cosa + isina  {(cosa + isina)(coso + isinw)
" 1-itge  cosa —isina  (coso — isina)(cosal + isina)

0052 a + 2isinocoso + i2 sin2 o

= 5 ) =cos2a + isin2a .
cos“a —1“sin“ o

) .3
bypa L2 - A

3+2 -2+ B

2-BTTHCCT.1-A 17
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A=(+20)2- (1= =(1+4i+4D—(1-3i+3i%- %)
=(-3+4)+2+21)=-1+6i.
Tuong tu ta cé

B=(3+2i) -2 +i)’=-12 +42i.

V@-Yé -1+6i  -1+6i  (1-6i}2+T71)

B~ —12+ 421 -6(2-7i) 6(2-7TiX2+70)

1 2—5i—42i2_144—-5i_44 5

6 4_a92 6 53 318 318
) _c 4 Ll
ayac|s L T G s - 420 —(214230) ;
4421 —(2+31)
2+6i 4+2i
Ax = |2 AT o
5+41 -2+ 30)
3-i  2+6i
ay="""1 H=23-210
4+21 5+ 4
Ax 2 - 44i .
VA X= T Tt Y
by _ -2
TOA T -Q21+23)
2+i 2-i
by  A=| =2 +DG-20) - Q- DG+20)=-2i;
) 3420 32 (2 + 1) -2 -1X )
l6 2-i 2+i 6
Ax = ‘o2 ay={- T Ul=- @4
8 3-2i 3+2i 8
_Ax 2-41 Lo Ay
Vay X= = —2+1,y—A—2 i.

=2
15. a) (—% + ﬁ} = %H +iv3)2 = 1(1 + 32 - 2iv3)

2 4
[ 1 .43
=~z +if3) =2 ~is.

2-BTTHCCT.1-B



3 |
b) [—% + %J = %(—1 +i3) = %{—1 + 331 - 3(v3)2 + (V3]

=%(—1+3\/§i+9—3\/§i)=1.

16. a) x* + 6x°+ 9x% + 100 = x’(x* + 6x + 9) - 100>
= xX(x + 3)% - 100i% = [x(x + 3) - 10i][x(x + 3) + 10i]
= (7 +3x - 10D(* + 3x + 10) =0
Xétx® +3x - 10i=0: A=9 + 40i = 5 + (4)° + 2.5(4i) = (5 + 4i)?

31 (5+4i) [l+2i
=M T T T S Ly

Conx?+3x+10i=0:A=9-40i= (5 - 4i)%.

-3+(5-4i) [1-2i
2 -4 + 2i.

Viy X3 4 =
Do do x‘-1 +6x> + 9x% + 100
=(X=-1-20)(x -1 +20)(x + 4+ 2i)(x +4-2i)
=[(x - 1)* - 4i%)[(x + 4)* - 4i?]
= (x7 = 2X + 5)(x% + 8x + 20) = 0,
b a2l 2dxeT2oxts 2(x* - 12x + 36)
=x% 2(x - 6)2 = x* - [V2(x — 6)Pi2
= [x* - V2(x - 6)il[x? + V2(x - 6)i] = 0.
Xét x2 ~ V2(x ~6)i =0 = x2 — 2x.i + 6421 = 0 :
A= 2% - 2442 = 18i% - 161 ~ 24V2i
= 16 — 242i + 18i% = (4 - 3/2i)2.
V2i + @ - 32)) z{zwiﬁ

Vi =
M 2 -2 +2iV2.

19



Con x2 + +2ix — 6+/2i =0 : A= 2i2 + 2421 = (4 + 3v21)?

_ 12 +iv2
X34 =
| —2 —2iV2.

Tir d6 suy ra x* + 2x% - 24x + 72 = (x* - 4% + 6)(x> + 4x + 12) = 0.

17.a)z=1—i=\/5(0057—+1sm-—) \fa +b? = \/:": con o ;

4

tgu=§=—1=>a=~% hoécchona+2n=?ﬂ-.
7o V3 T

Byz=1+iv3 cér=1+3 =2;tga = T:JS ==z hoac
0L2=%t,tachona=%visin-§ cﬁngdﬁ'uvérib=~/§>0..

Vay 1 + iv3 = 2(005% + isin%].

c)z=—1+i\/§ cér=2;tga=—\/§ = u1=—g hoac
u/z=—2t§+n=2Tn.Chqn_a= 2; vi sinlzTTr cung déu véi b = 3. Vay
z=—l+i\/_=2[cos27ﬂ+isin%£).

dyz=-1-1J/3 cér=2;tga=~/§ z':itl—ghoacocz--4 . Chon

o= 4% vi sinﬁ%Tt cliing déu vdi b = -3 <0.

Viyz=-1- i3 = 2(005%1r£ + isin4—ﬂ).

3

e)z:l—iﬁ cér=2;_tga=—J§ :;a1=—-§hoaca2=2?n.Chqn

oc=—% ha},rot=—%+211:=~5'3—Tt vib= -+3 <0

Vayz=1- i3 = 2[005%TE + isin-s,g-t-].

20



2

hyz=-3= 3[cosn + isimt].

gz=2= 2[008% + isinE:].

18.a) |2 = x +iy| <2 = yx? + y? <2 = x* + y? < 4 1a tap hop 4t c
cdc diém nam trong hinh trdn tam O(0, 0) ban kinh R = 2.

b)[z-i|=|x +iy—i|=|x + (y - Di| 1 = {x% + (y - 1)? <1

= x* 4+ (y - 1’ <11a tap hop tdt ca céc diém nim trong hinh trdn tim
I(0, 1) ban kinh R = 1 (ké ca cédc diém trén dudng tron).

Az-1-il=|x-D+i(y-D<1=x-1)?+(y-1)?<11atap hop
cic diém ndm trong hinh trdn tam I(1, 1) bén kinh R = 1.

19.2)A=(1+1)>. Tac6z=i+1= \/ifcbszt— + ising] nén

4
7 25 = s
eSS 27[ LI E]
A=(1+1) (ﬁ) [cos4 + 1sm4] 2 005254 + 131111254
= 212x/§[cos[z+ + 6n]+ isin(% + 61:)] = 212~/§(cos% + isin%) _

=2"%(1 + ).

by A =[1+i\/§]20% 1+iv3)2 1+ ¥
I-i a-)*a+p¥

1 - 20 - 20
= e 2(cosg+isin§)] . [ﬁ{cosfﬂsin—)]

9201 4 4
1 -20( @ ..20) 10( 20m 20_1'():|
—20_2 cos31t+1sm3n .27 cos 2 + isin 3
=210 cos%It + isin%’l][cosn +isin7]

Aol el ] - o 1)
=2 _cos[3+n + 1sin 3+1'c 2 0053+15m3

=001 _ ‘Ei]- = 2% - i3).

2 2

21



22

. 24 24 .
¢) A:(l_ﬁ_lj [ i+—1) (cosO+cosS—n+1sm5—)

2 6 6

5n st sn\* 5\
(20082%4-218111—005—) = 224[c0s—) {cos10m +isin10m)

12 1212 12
' 5 l—\ﬁ
—224(005511:)24 Laidocas\25—:lt 1+COSF_ .2 _2—\6
[N VY 12 7 T T
' 12
= [0035_“]24 _ (2 - \/5} _2-H°
12/ \ 4 N
VayA= (2 - 3)"2.
.1 N3 2m .. 2n
20. Tacd o = 5 tig- =cos= +isin nén
ol = cos=— 2nm + Is'n2ﬂ
1="73 3
Con o -1 ~.i£—cosf‘£+isiniﬁ
27722 T 3
nén cosﬂt- + 1s'n‘ﬁli
0y = 3 3
D 4 o8 = cos 22T 4“11] ( 2nm m)
Vayml+m2“(cos 3+ oos—— |+ i| sin == + sin =3
2005 % cos 27 4 i25in 20 cos 2% = 2 cos 2T
= 2cos——cos— 1sm3. 3._. 3

21.a) 0 =32 -2 =320 - 1) =J53c0577n+isin-£§

? + 2kn 7—“ + 2kn
= \/_ cos———— 3 + isin4—3——w

= \E[cosw s 1sin%) v6ik=0,1,2.



. ' In . . Tn
Khik=0: mo—_\/f(cosﬁ-+1smﬁ),

k=1: an

\E(cosls—n + 1sin 15“) :

12 12

: 23 . . 23m
k=2: mz—ﬁ(cosf+1smf).

b)w=94-4 =4 4(Cosn +isinw) = \E[cos—u——:lt + 2kn +isin T F X% 2kn)

4 4
veik=0,1,2,3. o '
1+ ) {4 ﬁ(cos%+isin£~)
22.a) ® = §}—— :xétzZ= = .
N N 2[ (nj (nﬂ
COs| —— | +1851nn| ——
. 6 6
= 1_2—[005[E + EJ + isin(-1E + E)] = *I_[COSS_n +'isin5—n]
S 2 46 46,1 L\ 12 12
1= (5+24k)m . . (5+24k)7r}__ o S
= 0= hl%{cos 9% + isin 9% viik=20,7.

11— I —i \E(cos'%n+isinj;)
b)o=¢ .J_:xétz= ._\/_=
_ V1+iv3 1+iv3 2(cosE+isinE]
37103
—~l—|:c [EE—E)+isin(Ff—n—E)]—L(cosF—nvLisin”—n]
V-1 R R 4 3)1T Z\12 12 )

Vay o = ¢z = 12}5 [cos a7 +7§4k)‘n: + isinﬁ-ﬁﬁ] véik = 0,5.

23. a) Xét (cos5x + isin5x) = (cosx + isinx)5

. . . . 2 PR 2 . - | .. 5
= cossx + 51cos4xsmx - IOcos3xsm X — 10icos xsm3x + Scosxsin X + isim x
5 .2 .4 . 4 . 2 .3 .5
=(cos'x - 10cos’xsin’x + Scosxsin X) + i(5cos xsinx ~ 10cos xsin x + sin’x)

5

.2 . 4
= CO8SX = cos™X - 100083?(51[1 X + 5cosxsin x.

23



24

Tuong tu ta cd sin6x = 6cos xsinx — 20cos xsin"x + 6cosxsin x.
1
b) Gia sif a. = cosx + isinX thi & = cosX — isinx = & .

Vay of = coskx + isinkx ; o ¥ = coskx - isinkx

of +a ok —a¥
= coskx =———— ; sinkx = ————
2 2i
a+at a—-o !
Nhuvaykhik=1:cosx=———2——-,sinx=~*--—r—~—.3uyra:
1

4
ey |
o sin?x = (%] = %(OL4 40’07+ 60lat - 4 + a_4)

—4).

!

%(u“ —4a? +6-4u 2 +a

%[(a“ o —d(a? +a2)+6]

it

1%(20054)( - 4.2cos2x +6) .

_ cosd4x —4cos2x + 3

= 3—12*(a5 + 5ato 4+ 1003072 + 100 20> + Saa? + OL_S)

cosSx + S5cos3x + 10cosx
16 ’

= -3~15(2c055x+10cos3x+20cosx) =
n
24.Xet (1+)" = Y CK* = + cli+ 22+ C3i + ...
k=0
= -C2+ci_ct+ y+iCcl-Ccl+C-cl+.) (1)

Mat khic 1+i= ﬁ[cos% + isin%) nén



R |
(+ )" =22 [cosilf— + isin %) )

So sénh (1) va (2) ta dugc

n

1—c§+cg—c2+... =25cos%?-;
2
cl-cd+cd-cl+... =225in—r—1;.

25.2) A= (1 +iV3)2 —4(=1+iv3) =223
=3-2i3 +i? = (3 - i)

1+v3 . V3-1 .
_4+i3rB-iy_ |72 T

2 1—\/§+i\/§+1

2 2

Vay x;

b) x> - 6x + 9 = (x + 3)(x* - 3x + 3) = 0.

3+ i3

2
) x>+ 6x% +30% +25 = (x + 1)(x> + 5x + 25) = 0

54153
ot

d) x* - 2%+ 2x% + 4x - 8 = 2P - 2) - 2x(x% - 2) + 4(x* - 2)

Vayx;=-3:x33=

Vayx =-1;x33 =
=(x2—2)(x2—2x+4)=0:> X1.2 =i\6 s X34 =1ii_\/§. :

e) x* +2x° - 2x% + 6x — 15 = x2(x% + 3) + 2x(x% + 3) - 5(x° + 3)

=@+ +2x-5=0> x 3 =£iV3 ;x34 = -1 6.
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Chuong I1

HAM SO MOT BIEN SO. GIGI HAN VA LIEN TUC.
PAO HAM VA VI PHAN

A - TOM TAT LY THUYET

1. Hdm s mét bién sé

Gia st X C R, anh xa f: X — R goi la ham sd mot bién s xdc dinh trén
tap hop X. D6 1a mdt quy tac cho tng mébi phan tir x € X vdi mot phan tir
duy nhat y = f(x) € R va ky hiéu f : x = y = f(x). N€u ham s6 dugc cho bdi
biéu thitc y = f(x) thi mién x4dc dinh (MXP) ctia ham sd dugc hiéu 1 tap hop
nthimg diém x tai d6 f(x) c6 nghia. Mién gia tri (MGT) ciia ham sé 1a t4p hgp

f(X)={yeRly=1x), ¥x € X}.

NeuX CR, YCR, f: X — Y lamot song dnh thi f c6 ham s6 nguoc,
ky hieulaf ' : Y - X, né cho tmg m&i phin tir y € Y v6i phén tit duy nhat
x € X sao cho f(x) = y. D6 thi ciia hai ham SO’_ y=f(x)vay= ful(x) déi xitng
~ nhau qua duéng phan gidc thit nhat.

2. Day s va gidi han cta day so
o Dy 50 1a mot tap hop s viét theo thi ty xdc dinh, ky hiéu
{X], X34 s Xy, ..} hay {x,}.

SS a goi la gidi han cla ddy s6 {x,} néu véi moi s6 € > 0 cho trudc, bé
thy ¥, ton tai mét s6 tu nhién n, sao cho ¥n > n,, |x, - a| < &, ky hiéu

lim x, =a. Diy s6 c¢6 gi6i han goi 1a ddy s6 héi tu.
n—»oc
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o Néu cic day s6 {x,} va {y,} déu cé gidi han hitu han thi :

lim (x, +y,)= lim x, + lim y, ;
n—»w n-—»0 n—oo

lim (xn.yn) = bm x, . lim y, ;

n—o n—oc n—o
hm X.n
. X n-—>o0 - .
lim & =——— (néu lim y, #0).
n—>wx ¥n lim y, n-ow
n—w .

o Néux, 2y, v6ivn, lim x, =a, lim y, =b thia2b.
n—w n-— w0
Néu x, <y, <z, véi¥n, lim x, = lim z, =a thi lim y, =a.
n—w n—oo n—o
Néu day s6 x, tang (gidm) va bi chan trén (bi chin dudi) thi né héi tu.

n
Mot gidi han dang chii ¥ : lim (1 + l) =e.
n—w n
3. Gidi han ciia ham sé
» Cho ham s6 f(x) xdc dinh trong Ian can diém a (c6 thé trir tai a). Ta n6i
ham s6 f(x) c6 gi6i han A khi x dén t6i a néu v6i moi s6 £ > 0 cho trudc,
luén ton tai mot s6 & > 0 sao cho [x —a] < 8 = [f(x) - A| < & va ky hiéu

lim f(x) = A.

X—a

« Néu lim fy(x) = Ay, lim fo(x) = A, thi:

X—a X—

lim (f(x) + H(x)'= A; £ A,.
X—a

lim (f,(x).£, (X)) = A.A .
X—a .
i 10 A1
X—a fz (x) A2
« Néu f{(x) < f(x) < f,(x) §1an can diém a va néu

lim fi(x) = lim f,(x) = A thi

X—»a X—»a

lim f(x)=A .

X—>a

(néu A, = 0).
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Ung v6i tieu chudn nay, ta duoc :

sinx

lim =1;

x—0 X
X
lim (1 + i) =e.
X—w X
« V6 ciing bé (VCB) va vé ciing 16n (VCL) :
f(x) la VCB khi x — a néu lim f(x) =0, 13 VCL khi x — a néu
lim f(x) = x—a

X—>a

Né'uf(x)lz‘iVCBkhix—)alhlﬁ la VCL khi x — a.
f(x)

Néu f(x) va g(x) 1a hai VCB khi x — a va néu lim —=

= l ta néi f(x)
X—a g(

va g(x) la hai VCB tuong duong khi x — a, ky hiéu f(x) ~ g(x).

Né&u f(x) ~ f(x), g(x) ~ g(x) khi x — a thi

tim £ _ 10

x—>a&X) x-a g(x)

Néu f(x) va g(x) 1a hai VCB khi x — a va néu lim =— 8(x) =0 thi
Xx—a f(X)

f(x) + g(x) va f(x} 1a hai VCB tuong duong khi X—a.

=1, ta ndi

Néu F(x) va G(x) 1a hai VCL khi x — a va n€u lim Fx)
x—a G(x)

F(x) va G(x) 1a hai VCL tuong duong khi x — a, ky hiéu F(x) ~ G(x).
Néu F(x) ~ F(x), G(x) ~ G(x) khi x — a thi
F(x) - lim F(x)

im .
x—>a0X) x5aG(x)
. Néu F(x) va G(x) 1a hai VCL khi x — a va néu lim —— G(x) =0 thi
x—a F(X)

F(x) + G(x) va F(x) 1a hai VCB tuong duong khi x — a.
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¢ Ham 56 lién tuc

Cho ham sé f(x) xac d'inh trong (a, b). Ta néi f(x) lién tuc tai x, € (a, b)

néu lim f(x) = f(x,), f(x) lién tuc trong (a, b) néu né lién tuc tai moi
XX, _

X, € (a, b).

Céc ham s6 so cdp lién tuc trong mién xdc dinh cha chiing. Tir tinh lién
tuc cua cic ham s6 so cdp, suy ra céc gi6i han sau :

1lLm M:l‘ hm lo_gg_.(_:l'-i-_a):logae;
a—0 a a—=0 a
0'.__ o -
lime l=1; lima 1=lna;
a0 o ' a—0 O
Mo
o—0 %

Néu f(x) khong lién tuc tai x,, thi ta n6i né gidn doan tai x,,.

X, 12 di€m gidn doan bd dugc clia f(x) néu f(x) khong x4c dinh tai Xo

nhumg tontai  lim f(x) ; x, 12 diém glan doan loai 1 cta f(x) néu t16n tai tai
X=X,

céc gidi han hitu han f(x, + 0) va f(x, - 0), nhung f(x, + 0) = f(x, - 0) ; X, la

diém gidn doan loai 2 néu it nhat mot trong cdc gidi han f(x, + 0), f(x, - 0)
khong tén tai hay vo han.

Neéu f(x) lién tuc trén doan [a, b] thi né bj chan trén [a, b], dat gid trj ldn
nhat va bé nhat clia nd trén doan dé.

Néu f(x) lién tuc trén doan [a, b], f(a).f(b) < O thi t6n tai mot diém
¢ € (a, b) sao cho f(c) =0.

4. Bao ham va vi phan

¢ Cho ham s& y = f(x) x4c dinh trong khodng (a, b), x, € (a, b). Néu
ton tai

lim f(x) - f(xo)
x—>x, X 7Xg
gi6i han d6 goi la dao ham cia ham sd y = f(x) tai X, ky hiéu la f(xo)
hay y'(x,).
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Néu ham s6 y = {(x) c¢6 dao ham tai x, thi né lién tuc tai x,,.

Néu ham s6 y = f(x) ¢é dao ham tai moi di€m cia (a, b), ta néi f(x) c6
dao ham trong khoang (a, b). |

» Néu cdc ham sd u(x), v(x) c¢d dao ham tai x thi :
D) u(x) + v(x) ciing c6 dao ham tai x va [u(x) + v(x)]' =u'(x) + v'(x};

2) u(x).v(x) ciing c6 dao ham tai x va [u(x).v(x)]' = W' (X)v(x) + V(x)u(x) ;

ux) .o . T
3) o ciing ¢6 dao ham tai x va I:

u(x)] _ veu'(x) ~ u(xv'(x)
v&x) vA(x) '

vix)= 0.

o Néu ham s6 u = g(x) ¢6 dao ham theo x, ham s6 y = f(u) ¢6 dao ham
theo u thi ham s8 hgp y = f[g(x)] ¢6 dao ham theo x va

Y@ =y wau'(x).

» Bang dao ham cdc ham'sd s cip ca ban :

1)(c)y=0

| 2) (xa)c - CU(o&--l

3)(a"y =a'lna

4) (") =e;

5) (log, x)'=

xlna

6) (Inx)' = —}12

7) (sinx)' = cosx ;

8) (cosx)' = ~sinx ; |

(c 12 hdng s6) ;
(oeR x>0);

(a>0,a=1);

(a>0,a=1,x>0);

(x>0);

9) (tgx)' = (x¢£+ kn,keZ] ;
cCos X 2
10) (cotgx)'= ~ 7 (x#kn, ke Z);
sin“ x :
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11) (arcsinx)’ = —~1—2— (x| <1);

1-x
12) (arccosx)' = 1 (xl<1);
' V1 - x?
13) (arctgx)' = 5
1+x
14) (arccotgx)' = ——— 5
l+x

* Dao ham c4p cao

y=1x),y = £'x), y"(x) = {f'(x)]' = f"(x),

y = (") = 1) ; (0 2 3).
Dai v6i dao ham cép cao ta c6 :
[u(x) £ ve)I™ = u®x) £ vVx) ;

. _
[u(x).v(x)](") = Z Cgu("_k)(x)v(k)(x) , G day V(O}(X) = v(X), u(m(x) = u(x).
k=1
Néu ham s6 y = f(x) c6 dao ham tai x thi
f(x + Ax) - f(x) = £'(x).Ax + a(AXx),

trong d6 a(Ax) 12 mét VCB bac cao so véi Ax khi Ax —» 0. Bidu thiic
f'(x).Ax la phan chinh bac nhét clia 56 gia f(x + Ax) - f(x) va goi 14 vi phén
clia ham s y = f(x) tai x, k¥ hiéu dy = f'(x)dx.

Néu f(x) ¢4 vi phan tai x, ta néi né kha vi tai x. Vay néu f(x) c6 dao ham
tai x thi né kha vi tai x.

Néu Ax kha nho ta cé cong thiic gin diing

f(x + Ax) = f(x) + f'(x)Ax.
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B — DE BAI

32

1. Cho f(x) = x> + 1. Tinh f(4j - £(2) s fa+ 1) £@Y) ; [f@)]° ; £(2a).

x—-1 » Iy .1
2.Cho ¢{x) = 3x+5.Vlet (p[;) va -(p(_x)

3. Cho f(u) = tgu. Hay ching minh ring :
fQuy= 2 _ =
1 —[f(u)]

4. Cho g(t) = lg%. Chitng minh ring khi a, b € (-1, 1) thi

g(a) + g(b) = g(f:att’,)

5. Cho f(x) = lgx ; g(x) = x°. Tinh flg(2)] ; glf(2)].

6. Cho f(x) = x>. Tim g%))—:;ﬂ (b # a).

7. Tim mién xac dinh ctia cdc ham s& sau day :

a)y=\ll—x2 ;

a+Xx
)y=lg— @>0);

e)y=ax+2(a>0,a¢1);

Xx+1
By=1g— ;
X =-3x+2

2
) 5« —x
l)y=\llg .

1) y = arccos

n)y= ,/arcsin(logz x)

p) y = log; logzlogy x ;

4 +2sinx '

b)y=,/x+3+4,l7;x;

dyy= arcsin’x ;

2X +
Dy:‘g( 3 n];
x2—3x+2
h = |J—5———:
x“+7x+10
k) y=log, 5;
i
m) y = —m==—===;
JIx|=x

o)y=log|4—x2|;

A
q) y = JJcos(sinx) + arcsin1 ;; .




8. Trong céc ham s8 sau, ham s& nio 13 ham s6 chin, ham s6 1€, khong
chan khéng 18 :

a)y=2%; byy=1-x*;
) _
Ay=27% ; d) y =cotgx ;
a* +ax ' a* —a™¥
C)y———z—_, Dy=-——5—:
X 1+x-
g)y-—ax_l(a>0,a;&1), h)y—lgl_x.

9. Trong s6 cdc ham s§ sau, ham s& nio Ia ham s6 tuin hoan, tim chu ky
cha ching :

a) y=sin2x; . byy= sin(xz);

'C) ¥ = XCOSX ; d)y= sin;l{w ;
e)y=1+tgx; Ny=1-sinx;
g)y= S'm% ; h) y = |sinx| ;
i)y=2sin(3x+%); k)y=3cosx;n.

10. Tim ham s6 ngugc ciia cdc ham s6 sau trén mién tdn tai clia né :
a)y=10""; b)y=1+log(x+2); c}y= 2 ;
‘ 1+ 2%

d) y = 2sin3x ; e)y=x>-2xkhix21.

11. Hay thir lai réng hAm s6 y = I-x ¢6 ham nguge 1a chinh né.
£ P+x 2 :

A A LA x 1 s L ax + b
Vi diéu kien nao clia a, b, ¢, d thi ham s6 y =
cx +d

la chinh né.

¢6 ham sé ngugc

12, V& d6 thi cdc ham s& sau (dung diém dac biét va phép d¥i truc da
bi€t & phd thong) :

x2

a)y=-3x+35; b)y=?+1; ' c)y=x2+2x—1;
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1 . LA
d)y—-ﬁ, e) y =sin2x ; Dy-—cos(x—g),
X ' . 1
By=183 h) y = logyx; Dy=logy -
k) y = [sinx| ; Dy=[x-2|; m)y=x-[x|;

cosXx néu-m<x<0;
ny=J1 - nfulb<x<l;
— nful £x<2.
x .
13. Viét mot s6 s hang ddu tién clia céc day sG sau, néu s6 hang téng
quat la :

a) X, = sin% ; b)x, = 2 "cosn.
14. Sir dung dinh nghia giéi han cia diy s6. Ching minh ring day
3n2 +1

Xp c6 gidi han bing %

5n2 — 1

15. Chimng minh rang diy s6 : —i=i2i—3=:=;.. cb sO hang
tdng quét -

1~ viinlasolé;

2
L

n+l
2

~v@inlasdchin;

n
122
tir 46 suy ra diy s6 da cho khong hoi tu (giai thich).

16. Chiing minh ring cic diy s6 sau c6 gi6i han bang "0" khin — o :

i n
a)xn=—1E(k>0); , b)x“:&;
n
1 T 2
¢) Xy =—sin(2n - )= ; dx, = (D" )
T n 2 " 59n +1
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17. Tim gidi han clia cdc ddy s6 sau :

2 ' 3 2 4
a) x _3n" +5n+4 b) x. = 2n” +2n° +1 .
" 10+ 602 " l4nd + % 130+ 4

2 2 2
C)Xn=1 F2 e tn ; d) x, =Y6n + 3 ;

5n° +1n+1
e)xn=\(2n+3—\/n—1; g)xn=%/n2-n-3+n;
h)x'—i+L+L+ —
S W) 3 34 7 nn+1)’
i) x, = vn ; | k) x =Lcosn3—jl-—
a1+ dn’ " 2n 6n+1°

18. Chiing minh ring lim ¥n =1.
n—x . .

19. Chimg minh ring day s6 x. = 2P _1
. 8 g cay L T

7 la day ting, cdn diy s6

10" : -
xn*—-qﬁladayglamkhlnzl().

20. Tim gidi han cla céc diy s& sau :

. = n 5 7 =D .
i n2+n’ i n2+1’

Yn = L ! + ...+ 1 .
’ _ n? +1 n® +2 n? +n

21. Sir dung dinh nghia vé gi6i han ciia him s6, ching minh rang :

a) lim(3x —2)=1; b) tim =L _ 5.
x—1 x=>1vx —1
. 2X-1_2_ . X
c)xl_l,n:m3x+2_3' d) lim a® =+ (a>1).

X > +00

22, So sdnh cdc VCB sau (bic VCB va VCB tuong duong) :
Khi x — 0, hay 50 sanh VCB ¢(x) = x véi cdc VCB sau :

f,=tgx’: £ =sinfx; H=JO+x~3;
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fs=1-cosx;

fs = arctg%: .

23. Chitng minh ring khi x = 0, cdc VCB sau tuong duong :

i 1 1

1 -

1+x~§x; 1+x

~X ; sin\}x\r ~ \/xz + \/x_?’

24. Hay so sanh cdc VCL sau (khi x — ) :
) ) =32 +2x+5 vi o(X) =2 +2x -1}

b) f(x) = 2% + 2x vA @x)=(x +2)°;

O fx)=3x +a va px) = ¥x.

25, Tim céc giéi han sau :

) x2+x—1
a) llm—z—-**;
X—w 2x° 45
3
) lim 2x2+8_;
x—=o x° 41

; x2 -5 +6
e} lim 2 . :
x=>2x° —-12x + 20

g) lim ;
x>0
3.3
D lm( +h) —-x :
h->0 h
) lim (\/xz +1 \/xz —1) ;
X—>w
sinzgn
n) lim ;
x—0 3x2

p) lim xcotgx ;
x—=>0

2 Y
r) Iim (1+—] ;
X—>m X

2 — —
b) lim 3x . 2x -1 ,
x—o  x” +4

2

x“ -4
d) lim ;
)x—>2 x -2

n_ *
£ lim L -

x—>1 X —1
¥x -1

h) lim ;
x—=ivx -1

k) lim L 3_3 ;
x>l I-x 1_x

sin4x

m) lim .
x>0 2X

. X
o) lim —p=—;
x—>0+0 ,[1 — COSX

Q) lim (1 - y)tgn
y—1 2

x+1
o lim (2}( + 3) ;

X—>w

2x +1



ax _ _bx ax bx

. € e e —e
t) im —— ; w lim —m .
x—=0 cx : x—»0SInax — sinbx
. sinx — tgx
v) lim ————g'—.
x—0 x3

26. Sit dung cic VCB tuong duong, tim c4c gidi han sau ;

2) lim —SRX__. b) lim L SO8X ;
x—0In(l + 4x)’ x=0( _ o X
- COSE‘

o) lim Incosx ) d) lim \f1,+x + x2 -1
X—)04'1+X2 -1 ’ x—0 sin4x ’

sin2x + arcsin? x ~ arclgzx )

e) lim :
x—0 3X + 4

o) lim (sinx — tgx)2 + (1 — cos 2x)4 +x° :
x>0 7tg7x +sin®x + 2sin’ x

B lim sin¥x In(l + 3x)

X0 (arcigx)2(e VX — 1)'

27. Tim gi6i han moét phia cla céc ham s6 sau

-2X + 3 né <1
afxy=4 T X L
3x-5 npnéux>1

2— .
b)f(x):lxx_lll khix — 1. c)f(x)=————“:08xkh1x—)0

28. Ching minh ring ham 6 f(x) = 3x* - 2x® + 3x lién tuc véi x bit ky.

29. Tim diém gidn doan va buéc nhiy néu c6 ctia cdc ham s6 sau :

L2x?+3) khi-w<xs<l,

5
a) f(x)= 16 - 5x ~khil<x <3, b) f(x )_|2X_3[
x-3 khi3<sx < +o0;
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30. Xét su lién tuc clia cdc ham s6 sau :

sinx .
2) f(x) = — khix =0, b) f(x) = xsm khi x # 0,
1  khix=0; 0 khlxw

31. Cho f(x) = 3x — 2Jx . Tinh f(1) ; £'(); f(a2) ; £'(a?).

3 _ _ )
32. Cho f(x) = = 3"; Jx L Tinh f'[«i—) ?

33. Tinh dao ham cta cic ham s& sau :

a)y= x3arctgx 3 b)yy= xs/;(Blnx -2);
arcsin X SinX — cosX
OY=—y¢ > hy= sinx + cosx
— (73 4, — oSy -
e)y=(2x" +5)"; gy=tgx;
h) y = tg(lnx) ; _ Dy= ln(tggj ;
k)y=InGx + 1+x%); I)y = In(\/2sinx +1 + \[2sinx~1) ;
myy= -~ \fx2+k+%ln(x+ x% + k);
: . 2 . Inx
n) y = arcsin viiixl<l; o)y=arctg—— ;
I+x 3
p)y= cfarctge® —Iny1+e¥* ; qy= SIX | lEsinx
. cos®x cosXx

34, Tinh dao ham cha céc ham s6 sau bang cach trude hét hay 14y 1ogarit
cla hai v€:
2
a)y=x" ; b} y = (sinx)

i
_@x-1 2\/3}; +2 dy= rre
C(5x+ Y1 -x ' _

35. Tinh dao ham cap hai clia cdc ham s6 sau :

: 2
a)y=cx ; b)y=1n\3/1+x2 )

tgx
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36. Ching minh ring ham y = cje™ + cpe 2 ; ¢, ¢, la hai hing s6
tly ¥, théa mén phuong trinh :

v+ 3y +2y=0.
37. Tinh dao ham cdp n clia cdc ham s6 sau
1
a)y =xlnx ; b)y_1+2x’
c)y=xe*; dy= 2 L
x“+2x-3

38. So sédnh s6 gia va vi phan claham s6 y = 2x> + 5x%.
39. Tinh gid tri gdn ddng clia M = arcsin0,51 bing vi phan.
40, Tinh gi4 tri gdn ding cla dién tich hinh tron ¢4 ban kinh bang 3,02m.

41. Tinh vi phan cha cac ham s6 sau :

I X—ﬁ. _ 2x
a)y 2 TE b)y-j arctge™".
c)y:x(lnx—l); dy=Inx + x +4),

C - BAl GIAI VA HUONG DAN
L=l fd) =42+ 1=17; f(§2) =3
f(a+1)=(a+1)2+l=a2+2a+2;f(a4)=a3+1;

[f@)]) = (@% + 1)? ; £(2a) = 4a° + 1.

1
_ —-1 _
2. (%) = — L :>cp(-l-—]=x -1 x

3x + 5 X 31+5 3+ 5x
X
-1
1 g, | x-1 _3x+5
ox) ¥ (x)'[3x+5] x-1
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40

2igu  2f(w)

3. f(u)=tgu = fQu) =tg2u) = tg(u + u) = 5= .
1-tg?u  1-[f(u)?

1-¢ . L=t
4.g(t.)— lgm khit e (-1, 1) thi 131 >0,
. l1-a I-b (1-a)1-D>b)
Vi va - _
tvay g@) +g®) = g7 +log = e i 7o) )
_atb
vt a+b) _ l+ab  l+ab-a-b
Matkhac’g[1+ab]_lo a+b_lg1+ab+a+b
1+
1+ab
= (-a)l-b) o

“ 0 rad+b)’

Tir (1) va (2) ta suy ra g(a) + g(b) = g[f:al;].

S5.6(x) = 1gx ; g(x) = x> = flex)] = 1g[g(x)] = lgx3 = 3lgx ;
glf(x)] = [fx)] = (gx)°.
Vay : flg)] = 31g2 ; glfQ)) = (g2)’.

2 2
6. f(x) = X2 = f(b) - f(a) = b” —a
b-a b—a

=b+a.

T.a)y=yl1-x% c6MXD:1-x*20[x|< 1.

+320
b)y=yXx+3+47-x c6MXD: 1" & 3<x<T.
7-x20
a-+Xx
Oy=1g2tE oMxD: Ja-x " a{(a”)(a_"po
a—x axx;a>0

azx;a>0

S -a<x<a.
d)y=arcsin2xc6MXD:|x|£1@—15x£1.

e)y=ax+2(a>0,a¢l)céMXD:—oo<x<+oo.



2x + 1 2Xx+nm 0w

. n 3
=t B —_ —_ = .
Dy=tg 3 cé MXD 3 _¢2+k‘.'1:<=>x¢4+2k7t
2
iy X“-3x+2=%0 lex<l
g)y=lg7x———céMXD: x+1 = [
X“-3x+2 - >0 x>2
X“=3x+2
2_4 x2 +7x+1020 —0<X<-5
Wy= |22 omxpid 2 5., < |-2<xsl
+7x+10 — 20 2<
o x* +7x+10 SX <o

- - 2
i)y=-Jlg5x4x c;¢31\/1>(£);1g5"4X 20:,5"3" >1

$x2—5x+450315x54.

kK)y=log,5c6MXD:x>0,x#1.

3 3
Dys= —_— 6 Pl —— <
)y arccos4+28inx °6 MXD: -1 4 + 2sinx
Do4+25inx>0‘v’x:>—3——,—sl:>3S4+2sinx
4 + 2sinx

-

= sian—% :~—g+'2krc5xs%£+2kn,kez.

m)y= 1 céMXD:|x|—x>0$|xf>x
x| - x

= X <0 (vix 20 thi x| khéng thé > x).
npy= Jarcsin(logz X) c6 MXD : arcsin(log,x) = 0

= O=<logx<1=>1<x<2.
0)y=1g4-x* c6 MXD:Vx %+ 2.

p) y = loglogslogsx c6 MXD : logslog,x >0 = loggx > 1 = x > 4. -

cos(sinx)2 0 (1)
2

_ ) .
Q) y = yJcos(sinx) + arcsin1 -;xx c6 MXD:

1+x
2x

<1 (2)
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o o

Tir bat ding thic (2) ta suy ra L+[xf" <2|x] = d-|xhp” <0
x=0 x20
=x=x1

Véi x = +1 thi bat ding thic (1) thoa man.

VayMXb:x == 1.
8.a) y =2" : Ham s6 di cho khong chén, khong l€ vi2 " = Lx # y(x).
2
byy=1- x*: Tacé y(-x)=1- (—:«1)2 =1-x*= y(x). Vay ham di cho 1a
ham s& chan.

—x2 | —(-x)? —x* | . R
c)y=2" :Doy(-x)=2 =2"" =y(x). Vay ham s8 da cho la
ham s& chan.
d) y = cotgx : Do y(-x) = cotg(-x) = —cotgx. Vay ham s6 di cho 1a ham
53 1€.

X -X X X
e)y=——5— :Doy(x)= L%~ yx). Vay ham 56 & cho la
ham s6 chén. _
a* —a™* a® —a* a* —a* .
fHy= B — tDoy(x) = ——=-— = -y(x). Vay

ham s6 da cho la ham s6 1€,

2y= : Do y(-x) = X . Vay ham s6 da cho khéng chan,
a” -1 a™® -1 -
khong 18.
-1
1 1—x 1+x
hy=Ig—-— Doy(—X)—lngrlg[l_x]
1+x
——logl_ = -y(x)
Vay ham s6 dd cho 12 ham sé 1€.
csinx=L_1 _1_1
9.a) y=sin x-»2 20052x—2 2cos(2x+2k1:)

1 1
=5 Ecosl(x + kn).

Vay ham s6 da cho tudn hodn chuki T ==.
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b) y = sinx” : Gid si ham 56 da cho tuén hoan chu Ki T, tic 1a

sin(x + T)z = sinx® = (x+ T)2 =x*4 2k hode (x + T)?' =7n-x>+2kn

2 242 _
:,k=2—'1%r~hoac k=(X+T)2:x ﬂ,dié‘unéykhéngthé

xay ravik € Z. Vay ham s& di cho khong tudn hoan.

¢) y = xcosx : Tuong tir ta suy ra ham s6 da cho khong tudn hoan.
d)y= sin% khéng tuan hoan.

e y=1+1tgx:Doy=1+tgx=1+tg(x + m) nén 12 him s& tudn hoan
chuky T=m.

f) y =1-sinx = 1 - sin(x + 2kn), tudn hoan chu ky T = 2.

gy= sin% = sin(% + 2kn} = sin[x +24kn] 1a ham s6 tudn hoan chu
ky T=4n.

h) y = |sinx} = |sin(x + kn)}, tudn hoin chu ky T = 7.

ny= 2sin(3x + %) = 2sin(3x + 3475 + ?.k‘.’t)

= 25in|:[3x + %kn] + %‘] [ ham tudn hioan chu kyT= ZTR

X—T7
3

ham s8 tudn hoan chu ki T = 6m.

k) y = 3cos

X = 1 T ..
= 3COS(§ -3+ 2k7t) = 3cos|:§(x + 6kn) — E] 13

IIO.a)y:10”I>0Vx:>x+1=lg_y$x=lgy—lhayx= lg%.

D6i vai trd clia X, y ta duge v = log]% .

b)y=1+lg(x +2) c6 MXD : x > -2 va la ham lién tuc don diéu
¥x > -2, nén t6n tai ham sé nguoc

x+2=100"1 = x=10""'-2

D3i vai trd clha x, y ta dwoc y = 105" - 2.
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X .
1a ham s6 lién tuc va don diéu ¥x, 0 < y < |, nén t6n tai

cyy=
1+ 2%

ham s3 nguge :
P =y4y2* = 2= =logy ——.

y+y2' = =y = X logzl_y

D4i vai trd ciia x, y ta duge y = log, véi0<x<1.

1-x

d) y = 2sin3x la ham s6 tudn hodn chu ki T = 2'32, xét trong doan

a3

T . . s - .
<£x < 3 ham s6 don diéu tang, lién tuc, nén t6n tai ham s6 ngugc :

: 1 )
3x = arcsm% = X= §arcsmy2—.
ER . N . .l ’ ., X
Doi vai tro cia x, ytaduge y = garcsmz .

e) Him s6 y = x? - 2x khi x > 1 lién tuc va don diéu ting nén ton tai |
ham s6 ngugc x = 1+ /I + y . Ddivaitro chax, ytadugc:y=1+ /1 + x.

1-x
1+x

dieu giam trong tap hop X = (o0, -1) U (-1, +0), mién gid tri twong g

11. Ham s6 y = f(x) =

xdc dinh khi x # -1. N6 lién tuc va don

ciand 12 tap hgp Y = (-0, ~1) U (-1, +oc). Do 46 tén tai ham s6 nguge
x = '(y) c6 mién xéc dinh 1a Y v mién gid tri 1a X.

Ttry=‘ﬁ,suyray+yx=1—xhayx(1+y)=l—y.Dodé

x=l_—Y.D6ivaitrbcﬁax,ytaduqc:
l+y
— =X
y 1+x°

Vay f(x) = £ '(x).
ax + b

Lap luan nhu trén, ta thay ring ham s6 y = f(x) = e d

¢6 ham so

—-dx +b

nguoc Ia y=flx)= — Do dé hai ham s6 y = f(x) va y = f '(x)

tring nhau khi va chi khi a = d.

44



12, Sinh vién tr v& d4 thi clia cic him s6 a), b), c), d), e), ), g), h), 1).
D3 1a cac ham 56 quen thudc, ¢6 thé vé dé thi cita ching bing cdch diing cdc
diém dac biét.

sinX néu sinx >0

k) Vi y = [sinx|= { , nén d6 thi cia ham s&

—-sinx néu sinx <0
Y = [sinx| dwoc suy tir d6 thi clia ham s6 y = sinx bing céch lay doi xitng dai
vdi trye Ox phén cha d6 thi clla him s& y = sinx nim dudi truc Ox va giit
nguyén phén con lai. Ciing d& nhan thdy ring him s6 y = |sinx| la tudn hoan
v&i chu ki =. D6 thi clia né duoc cho & hinh 2.1.

Yy
1
0‘ n 2n 3n x
Hinh 2.1
X—2 néux=2,
Dy=x-2|=
)y = | {—x+2 néu x < 2, Y4
' 2
D6 thi ciia né dugc cho & hinh 2.2.
1
' ) i 0 néux20,
m =X-—-[Xji= o
y 2x néux <0. & 1 2 3 X
D4 thi cita né duge cho & hinh 2.3, Hink 2.2
Yi
_1 0 _
! X
i -1
A
Hinh 2.3
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n) Lap bang bién thién cia ham s6

cosx néu-n<x<0

y=§ 1 nful<x<l

1 nful<x<2
X

b

¥i

Hink 2.4
13.a) Day s x,, = sin%:
X, = nE—ﬁ‘ x—sinz_n—ﬁ-
I I A e B
—'—n-O' x—sinﬂ——ﬁ'
x3=sin===0; x4= =y

b) Ddy s6 x,, =2 "cosnm:

- - 1
X =2 1cosu‘c=—%; Xy =2 200521':=Z ;e

2
14. lim xn=E ru%’uxn=3rl +1:
noo 3 5n% -1




That vay

2
Ve>0,3dn,(e): Vn>n, = 3n2+1_§ <a(*)hay
5nf -1 9
Wl 38 .8 1 1S
Snz_l 5 _5(51.12_1) _ 25¢ 5 5 £
bt n0=[7_1§ 8+58]+1,}(hi d6 Vn > n.(e) bit dﬁng thirc (*) duoc
théa man.
- néunlasdle,
n+l

15. Dy 56 x, = - f

—  néunlasdchin.

22

1 khinlasdle,
0 khin 14 s8 chin.

Vay day s6 di cho khong hoi tu.

Tathdy lim x, ={

n—aL

16. a) Day s6 x, = ik (k>0).
n

Can chimg minh lim x; = 0. Thyc vy V& > 0, 3ny(e) : Yn > n,

n->»w

2|Xn|=—3k—<8(*) = nk>% = n>dg ;ch(_)nno=l: li|+1,

£
n
khi d6 Vn > n,, ta s c6 bat dang thic (*). Vay x, = 0 khin — .

" 1- (D" 2 . .
b)Daysdx_n=—n———.Do|xn|< = — O khi n — o, Viy ddy s6 x,,
€6 gidi han 1a 0 khin — o,

¢) Day s Xg = -Il;sin(zn - l)g. Do [x,| £ % ~» 0 khi n — o nén day da

cho ¢6 gidi han 0 khi n — co.

d) Hoan toan tiutong tw, day da cho ¢6 gi6i han 0 khi n —» .
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17. a) Theo quy tic ngit bé VCL trong mét téng :

. 3% +5n+4 . 3 1
m x, = Ilm —————— = lim — =—-.
n—»o n—oo 6n2 + 10 n—)oo6n2 2

4
23 + 202 +1 (1)4 1
b) lim == ==.
n—>w| 4n3 + 7n% + 3n + 4 2 16

Dol +2%+ .. +n’= %n(n +1(2n + 1), nén

1P +22 4+ 402 1am+D@n+1) . 20 1

Lim 3 = lim — 3 = |im TR

n—w  5n” +n+1 n—w® 553 4p 41 n—« 30n 15
1 1

d) lim ¥6n + 3 = lim (6n)" = Lim 6".Yn =1

=% n—w n—w

Chiy lim Yn =1 {(xem chimg minh trong bai 18 dusi day).

n—w

e) lim (\/2n +3 - \/n — 1) ¢6 dang o« - oo, nhan va chia cho biéu thic
n—awL

lien hop ta duge lim 2o td =0 =D _ n+4

n—»ooJ2n+3+Jn+1 namJ2n+3+Jn—1

= lim = lim

n—>0 \j2n + \/_ n—no\/_ J-
g) lim &n2 —n® +n) = lim 5 - '
n—os n—»o0 _
(n? - n3)3 - n\3}n2 — n3. +n?
= lim 1 =1
n—>wm 2 1 .

T T Y
n n
- Chii ¥, & day st dung hiing dang thiic s +b’ = (a+ b)(a2 —ab+ bz).

1 1 1
h)DOm-—‘E—m Vk—l,?.,...
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nén X = —x 4 e ] -[Ll)+[l_l]+
1223 " Thm+D A2 2 3
1 1 ]
+[E&n+lJ_l_n+l'
. . 1
Vay lim x,; = lim [1— ):1.

n—wo n—w
) lim ————— \/_

Vn lim on 1
n—w.fn+1+ \/_ n—x 2\/_ 2"

k) lim [icosnS— 3n j}— lim i—_—l.

n—oewl| 20 6n +1 n—o 6n 2
P 3 . cosn®
Chi y |cosn” | <1 nén lim = 0.
n—»aw n

18. Chitng minh ring lim ¥n =1.
. n-»wm
Do liéri he clia gi6i han va VCB nén ta dat ¥n =1+ . Ta s& ching
minh rang o 12 VCB khi n — .

n{n - I)a2 . n

Thatvayn=(1+ )" =1 + nat + T + o

—-—( D 2 a“hayn-1> ___n(n —D a2

=>vn>1thin>1+ T | 2

=1> %az (vin>1)

:a2<%.vaykhin—>oolhi(xlﬁVCB

hay lim n = lim (1 + &) = 1 1 diéu phéi ching minh.
n—eod 1-—>»o0

19, a) Dy s6 x, = 2> 1 13 day s6 tan

19-2) Day s6 xp = 7= 14 day s tang.

Cinchirarangx,,, >x,¥n=1,2, ...
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2n +1 2n-1

Thye vay, gid thif Xy, = 5 =7 > X =377

ﬁ6n2+5n+l>6n2+5n—4:>1_>—4ducmgnhiéndiing.

3 10° 1™ 10710 10 _,
b) Day s6 x, =F'D0 Xn+1 @il n!(n%l):x"'n+1'B01
i 10 <lkhinzi0Onénx _ =X .i<x diéu nay ching to di
1 n+1 L R— n: y g y
s6 x,, da cho la ddy giam.

- 20.*Tacod lim x, = lim === = lim ———

n—w n— ‘ n—. ’

* Tuong tr ta cung cé lim z;, = lim ===

n—owo n—w n2+l
*Doy, = ! + ! +...+ L <—2 =z
n 2 2 2 i) n
+1 n“ + 2 +n +1
1 1

va y, =

\/n2+1+\/n2+2 \/n +n \/n +n

Nhu vay x, <y,<z,ma lim x, = lim z; =1.
n— n—w

Suyra lim y, =1.

n—w
21.a)Ve>0,38(e): k- 1| <6 =2 13x -2~ li<e > B -1)|=3x-1|<e
e _
=>x-1 <. 3
Vay véi € > 0 cho trude, tim duge 5 = = dé [x — 1] < 8 = |f(x) - 1| <&

3
Vay lim(3x -~ 2)=1.

x—1
Hoan toan tuong tr ta cling chitng minh dwge d6i véicau b, c.

d) YM > 0 dti 16n, IN(M) : ¥x > N = |’ > M.
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Tir diéu kién |a*| > M = ax>.M:>xlna>lnM=>x> %:IogaM.

Vay véi M di 16n cho trude, ta tim duge A = logaMdéVx>A$]a[>M

hay lim a* = + .
X—>+w

22, Ta xét :

fim A0 _ ot fim | &% 2 -0.
an(P(K) =0 X x—0

Vay f;(x) = tgx3 1a VCB bac cao hon so v6i ¢(x) = x khix - 0.

. f2 (x) I \/3 sin® x . sin?x 1
* lim lim ——— = [im 3 e
x>0 P(x) x>0 X =0y x2 ¥k

=oc0.

Nghia 12 f,(x) = ¥sin?x Ia VCB bac thap hon so véi x.

. I3(x) ) 2+x -3 1
*lim =< =limY*“—>- ~ - {jjy ——=2  _ 1
x—0P(X) x50 X x—»Ox[\/9 + X + 3] "6

Vay £3(x) = /9 + x - 3 1a VCB ciing bac véi o{x)=xkhix —» 0.

2
. 2X . X
- ' 2sin“ — 2[3111_) .
X—')O ‘«P(K) x—0 X x—0 X =0 (XJZ 4
2

Vay f4(x) = 1 - cosx 12 VCB béc cao hon so véi @(x) = x khi x = 0.
* lim f5(x) _ - lim .arctg\/; - lim arctgdx 1
x>0 PX) x50 X x—0 J_ Q(_

Vay f5(x) = arcigd/x 1a VCB bac théip hon so véi o(x) = x.

| —
J 1 1
23, * Xét lim L+x = lim Tx- = lim 2

x—0 lx x—01 xm x>0 xﬁ/1+xl_\/1+x+l:|

2

= lim 2 =1.Vay 1- ! ~lxkhix~—>0.
Jl+x 2

x—>0 _1+x|:J1+x+1:|
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* Xét lim — % = lim — > =
x>0 X x-0X( + X)
1 .
Vay1—1+x~x khi x > 0.
sinxvx sin x\/;
*Xét lim _sinyxx_ lim —YXYX VX gim _axdx
x40 | +\/x_3 x—>+0 ’x +\/_ x—>+0 [Jx +1
Vaysm\! x ~ X%+ khxx—>+0
_ 3_+ 2 . 5
2 X 2.3
24, ) Keét tim 8 o gim XS i X x" w0 g
T xoo®X)  x—ow2x3 4 2x -1 x—>w2+i_i
x* X
Vay f(x) 12 VCL bic thap hon so v6i ¢(x).
2 2+«2— -
by Xet lim 18 = tim 22 gim X_ -7,
x>0 @X) xowm (x +2° x-owy 44
X 2

Vay f(x) = ¢(x) 12 hai VCL cung bac.

¢) Xét lim ) _ lim "“a-_» lim 3,l1+3=1
X X

X—w P(X) x-ow» Q/_

Vay Jx+a ~ ¥x khi x = co.

25. Ap dung quy tic ngat bd VCL bac thép trong mot téng d6i véi clu a,

b, ¢ (vi X — ), ta dugc :
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2x° + 8

c) lim =00,
X% x° +1
2— —
) lim X3 i ZZDX*D
x22 X=2  x,2 Xx—2
e) lim X" —-5x+6 - Lm (x—2)(x—3)=l.
x>2x? —12x +20 x-2(&K-2)(x-10) 8’
n __ _ 1wl n-2
) limx 1=lim(x D{(x + X +...+x-¢-1)=
x>l X—1 x5 x -1
g) lim "1+x_1—lim X :l

x>0 X _x—>0x|:\/1+x +1:| 2’

by lim ¥x -1 Fx - DA + T+ v + 1)
. x=olVx =1 x—>l(\/_ Ix + 1)(& _ 1)(& +1)
x-DEx+) 2

= lim .
@A P -

33 2 2, 3
D lim &7 -x7 o 3xTh+3xhT+hT oo

h—0 h h—0 h

k) lim L 3 = lim ! 1- 3
xo>H1-X 13| xo11-x 1+x+x2

|
=
[u—
1
[—
+
S
+
»
i
w
| I
Il
=
[—
1
e
|
|l
+
o~
ko
(=]
|
=

“[LHx+D]_

= lim 5

x—=1 1+x+x

: 2
1) xlinm[\/x2+1—\/x _1]_;(11—[)“00\[2_'_1_'_\/ —

m) tim S8 iy S89X 5 o Chay: nim 22X
x—0 2X x—0 4X X0

=1.



.2 X

sin”“ — 2
. i 1
n} lim 3 _ lim (i) =,
x—0 3)(2 x—0\3 3}(2 27

O day st dt_mg sinX ~ X khi X -» 0.

0) lim ————— = lim ——= _ = lim—— = /2.
X0/l ~cosx x—0 2x x—ao\/— X :
2 21
X.COSX _
p) lim xcotgx = lim
x—=0 x—0 SImX

q) hm(l y)tg Dethuﬂnlcntadatx—l—y Khiy > 1thix - 0.

e i T T n X
Khi dé f(y) = (1~ y)tgiy = xtg—i(l —-X)= xlg[i - EX) = xcotgax =
tg=x
2
X x 2
Vay him(l - g = lim = lim —=—.
Y y—n( YV 2 x50, % x—07 T -
2 2

X
r) lim (1+2) = Lim [1+iJ2 =e.
X—rw X X—>® X
2

. x+] | x+1
s) Lim (2“3) = lim (1+ z )

X—0 2x +1 X—>w 2x +1
2x+l 1
. 1 2 2
= lm il
\ 2
, \2x+l 1
1 2 2 2
= i J1+ =
xh_r)nw 1+2X+1 _ [ 2x+1) ©
2

X
Chi ¥ : C6 thé sit dung cong thic lim (1 + %) =e?.

X—a0



t) lim = lim
x>0 cX x—0 <X
. e -1 . e . ax . bx a-b
= lim — — lim = lim — - lim —=
-0 X x—0 <X x—=-0¢X x—0CX c
eX *cbx
. e X : x _ _a-b
u lim — - = lim — - = =1.
x—o0sinax —sinbx x_j,gsinax —sinbx a-b
X
¥ lim SinX — tgx _ liﬁ smx(l - cosx) - Lim sinx(cosx — 1)
x—0 x3 x—0 x3 x—0 x3cosx
X X 2
smx(—?.sin2 5) 4 X [E) 1
= lim = hm .
x—0 cosX x3 x—0C08X }(3 2
. sin5x 3x 5
26- 1. —_— = l' —_— —,
) o+ a0 M T3
2sin£ sini ' ﬁ
b) liml_iszii= lim%= lim-—%—=4
x_)Ol—cos-z- ' x*)(:]25111Z.sin74-- x>0 x"
16
. Incosx . In[t + (cosx - D] .. 4cosx —1)
¢) lim ﬁ— = lim 1 = lim —
=041 L g2 _1 x-0 1.2 x—0 X
4x
x 2
—8sin? 2 8[5)
= lim = limn 2
x—>0 xz x—0 XZ

Chiy: Gdéy sit dung cong thire (1 + x) - 1 ~ px khi x = 0.

1 2
" lim\/1+x+x2~1 X))

- = lim &—=—,
X0 Sll’14x x—=0 4X 8
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. sin2x + arcsin® x — arctgzx sin2x 2
e) hm = lim ==

x>0 3% + 4)(3 x—0 3X 3

(Ding quy tat ngat bd VCB béc cao trong mot tong).

a _ 2 _ 4 5
g A= lim (sinx t?gx) + ESI cos?,xs) +x
x—0 7tg'x + sin” x + 2sin” x
5 (si 2 _ gin? 1 Y sin®x 5
Tacé (sinx — tgx)” =sin“x|1 - - (cosx - 1)
_ COSX osZ x

sin® x . 2X 2 2 xt x® .
= ———\ —2sin” 5 | ~ 4x — = — khix = 0.

(1- 2cosx)4 = (25in2x)4 ~16x3;

b

7tg7x ~x; sin% ~ x® . 2sin°x ~ 2x” khi x > 0.
) . 6 -

x—+16x3+x5 %3 1
Vay A= lim - —— = lim ——=2.
x07x7 +x% +2x° x-02%° 2

by A = lim sin3x ln(1+3x)
Ho(arctg\/_ 2 _1y

Do sinz’/_—-%/- 3 In(1 + 3x) ~ 3x .; _
3
(ar(:tg\/;)2 *—(\/;)2 =X ; es‘/; —1~5¥x khix - 0.

Viy A = lim Peax 3
x—=0x, S\/_ 5
27.a)Khix £ 1thif(x)=-2x+ 3, vivayf(1 -0)= Iim (-2x+3)=1

x—1-0
{(gidi han trai).
Khix>1thifx)=3x-5,néenf(1+0)= Ilim (Bx-5)=-2 (giéi
Xx—=>1+0

han phai).

x2 -1 {x+1 khix 21

D00 = T =k + DR x <1



Vay f(1+0)= lim (x +1)=2 (gi6i han phai) ;-
x—1+0

f1-0)= Llim -x+D=-2 (gic')'i han trai).
Xx—=>1-0

2

( [ J2sinX

khio<x<n

X
\E sin%
- khi-n<x <0
{ X
\5 sin X JE
Vay f(+0)= lim Z - N2 (gi6i han phai) ;
x—=>+0 X 2 2
X
—V2sinX
f(-0)= lim = (gi6i han trai).
x>0 X 2
E.X

28. £(x) = 3x* - 2x® + 3x. Xét x = x, bit k¥ va tim

lim (3x* - 2x% + 3x) = 3x% — 2x2 + 3x, = f(x,).
XX,

Vay lim f(x) = f(x,) hay ham s6 f(x) lién tuc tai diém x = x_, ma Xo
XX,

bat ky. Vay ham s6 f(x} lién tyc véi moi x € R.

%(2){24-3) khi - < x <1
29.a)f(x)= |6 — 5x khil<x <3
x—3 khi3<x < +w

Trén mdi khoang twong tmg ham s6 lié tuc vi cAc ham s6 d6 13 cic ham
s0 so cap. Ta chi cin xét thém tai diém x =1 va x = 3.
1

lim —(2x% +3)=1:
x—>1-03

Khix=1tacé: f(1-0)=

x—=1+0

f(1+0)= lim (6-5x)=1; f(1)=%(2+3)=1.

57



Vay ham sé lién tuc tai diém x = 1. 3

Khix=3:
f3-0)= lim (6 -5x)=-9;
x—3-0 i
f3+0)= lim (x-3)=0; E
x—3-0
fG-0)=1(3 +0).
Vay ham sd gidn doan loai 1 va ¢é
budc nhay
A=[fG+0)-f3-0)=[0-(-9)=9. -9
\ 3 Hinh24
b)f(x)_l_ll‘_“_i‘_'_ 1 kh1x2a2-
T 2x-3 . 3
-1 khix < )

Ham s6 gidn doan loai 1 tai x=% vi%(:—2—+0)=1 ; f(%—0]=—1,

ham s6 ¢6 budc nhay A = 2.

sinx )
30.0) fx)= L x Kx#0
1 khix=0

Véi x # 0 ham f(x) lién tuc vi f(x) = % 14 ham s6 so cdp. Ta cin xét

khi x =0.
sinx

Tadiaco lim

=1 = f(0). Vay ham s0 lién tuc véi moi x € R.
x—-0 X .

1 )
b) f(x) = xsm; khix =20
' 0 khi x =0

sinl <1.

X

. 4. 1 N
Tacd lim xsin—=0 vi
x—>+0 X

Con khi x = 0 thi f(0) = 0, vay ham lién tuc véi moi x € R.
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3L f(x) = 3x ~ 2V thif(1) = 1 ; f(a?) = 3a® - 2fa];

fx)=3- L o £ty =2; f@2)=3- L.

Jx ’ LY
X —3x+\/;—1
X

32 f(x) = 2 =2x% —

3+L._i
J; X
:>f'(x)=4x—i—— i—4x— '

X x2 2x\/_

:f’[l)zz}.-l—— + ! =1-4+16=13.
4 4 21 1 1)
- TaNa [z

+ L
2

_S

33. Tinh dao ham :
X3

ay = [x3arctgx]' = x3(arctgx)' + arctgx.(x3)' = + 3xzarctgx .

1+x2

3 ‘
by = [xvXGlnx -2)] = [x2(31nx ~ 2)J

1 3
x2(3lnx - 2) + x2 = —J_lnx

1 .
X.——=——— — arcsinx

'Mlm

. [arcsinx ]’ 1-x2 x — /1 — x2 .arcsinx
c)y' = " = 5 = 5 > ;
: N X X \/1 -X
. [sinx — cosx
d)y'= —*—*—] =
sinX + cosx

(smx + cosx)(cosx + 8inx) — (sinX — cosx){cosx — sinx)

(sinx + cos x)

_ {sinx + cosx)2 +{sinx — cosx) _ 2

(sinx + cos::()2 (sinx + cn:»sx)2

&)y = [(2x* + 5)'T = 42x% + 5)°.6x% = 24x%(2:3 + 5)°.
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£)y = [tg = 6tg>x.—— = 6(1 + 1g%x).17x..

cos“ X
1 1 1 2
h) y' = [tg(lnx)]' = ———.— = —| 1 + 1g°(lnx)
cos2(Inx) X x[ ]
)y =[ln[t 5]]1* L S ! =
’ 32 t i.coszi-2_251115cosl(-_5im{.
) 2 292

k)YI=[ln(x+\’1+XZ)]'=x+\/i+x2[1+Jlix2:l=\ﬁ:-x2

hy'= [ln(JZsinx +1+ JZsinx - 1)] =

- 1 { 2cosX N 2cosx ]
J2sinx+1+J25inx—1 Z@inx+1 2,/2sinx — 1
N 1 cos[JZsinx -1+ 2s5inx + 1]
T smxal+yzsinx-1  y2snx+l.y2simx—1
__cosX

\}4sm x—l
m) y = %\} —g- (x + {x? +k)i\l =

X k 1 X
\/ = 1
2\/7+k x+\/x2+k[+\/x2+k}

\f +k + x

S
2Jx% + k 2\];2+k

(x +k)+(x +k) !x k.

2dx% + k

n) Y'.' arcsin 2 l— ! 2% I—
1+ x? 5 \2|1+x*
2x
1- 4
{1+x ]

l\.)ll-—-




1 A+ xHax - 2x2 .43
1+ x%)? - ax* @ + xH?
1+ xH?

1 ax(1 +x* - 2x%) . ax

\/1—2x4+x8 1+ x? Cl4x

, Inx | 1 1 3
0) y' = |arctg =~ | = ——

e

e*arctge® + e*.

N e el
1+ 2 1+

2x e2x

e
e*arctge® + o~ 5= e*arctge® .
l+e

1+ e°x

Cl)Yz 2 4

, |: sin x + ln1 + sinx}t _ cos® X cOSX + sinx.2cosXsinx
cos” x cosx cos” X

1 cosXx.cosX — (1 + sinX)(—sinx)

1 +sinx 0052 X
CcosX

0052 X+ 2sin2x 0052 X+ sinzx +sinx _COsTX+ 25in2x + 1

cos- x cosx(1+ sinx) cos® x cosX

2

cos’ x + 2sin’ x + cos? x _ 2

COS3 X ' COS3 X

2

X _
3.a)y=x* :>]ny=x21nx=>§y'=2xlnx+x. =x(2Inx + 1)

| =

Vay y' = y[xQ2lnx + 1)} = x* 1Q2Inx + 1).

b) y = (sinx)"®* = Iny = tgx.In(sinx)
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62

= In(sin i) + tgx -—-1--COSX"
y = 8-S 2

1
= —
y cos” x X cos” X

In(sinx) + 1.

Vay v’ =.y[ 12 In(sinx) + 1] =(sinx)'8* [%ln(sinx) + 1] .

CO8 X COsS X
oy= &= 1 Px +2
(5x + 4231 —x
= lny=31n(2x—1)+%ln(?;x+2)—21n(5x+4)—-§ln(1~x)
= l '—3 2 -+i 3 —_ 3 _l —1 ,
v TP o1t e % 2z k44 31-x

_
Vayy = 2X=D J3x+2[ 6 3 10 1

x—1 203x+2) Sx+4d 3M-x

(5x + 4% .31 —x

1

— 1
d) y=xI"X =>ny=—.Inx =1
)y=x y Inx nx

1
= —y'=0=y=0
y)’ _ y

2 _ 2
35.a) y=¢* =y =2xe*

y'= [Zxcxz 1 =25 4 2x. 2% = 2e% I:l + 2x2].

b) y=InJl+x%= %ma +x°)

y'—l 2x 2 x
31+x%2 3 14x2 .
' 2 2
g = 2 X 2 (1+x)—x(2x)_g 1-x
3aex?] 3 a+x?? 3+ x2y
R 4 —2X .t _ ~X —-2x
36. y=cie™" +cpe Ty =g " =20 7.

y'=ce T + 4cze_2x . Thay vao phuong trinh ta dugc :

|



Y+ 3y + 2y = (e * + 4ep02%) - 3cie™ + 2c0672%) +
' + 2cie™ + cpe?X)
=ce*(1-3+2)+ce @4 -6+2)=0.
37. a) y = xInx.
y = lnx+x.%=lnx+1 ;

y' = % =x71y" = x5 y® = oy
=y (D) o k- DK = )N Rk - 2y xR
Ta chitng minh diing véin=k + 1.

Thuc vay |

y N = R 2k - 2tk + Dx K

= (-1 2k - M1k - DX = D I - DI K vk > L

Vay y™ = 1)"*n - 21

SRS SO S T\
Y 1+2x 27 172 2)
X +

-2
1 1
=20 l)(“z] ’
-3 -3
! L7 1y ,( l)
y" 2( (- 2)[X+2J ~2( 1) .2.:'{+2 :
-n-1
17" () _ (=1)"n12"
Dedangsuyray ——( D"l x + ) hay y'"V = ——— _
2 (2x + 1)1
¢) y=xe*;

y=¢"+xe"=¢*(1 +x);
y'=e'l+x)+e" =e*2+x);
=y = €"(k + x). Ta chiing minh diing véik + 1 :

y"‘*” e'k+x)+e* = e[k + 1) +x].

Vayy =¢e"(n + x).
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d)y: ;=i|:#_;i\=%[(x_ 1)"1 "'(X+3)_1:|

Tuong tu ciu b) ta duge :

@ Lo —L L |
y 4( ) n |:(X _ l)I'H'l (X + 3)I'|+1

8B.y= 2% + 5x°
AY = y(x + AX) - y(x) = [2(x + AX)° + 5(x + Ax)*] - [2x° + 5x%]
= 203%%Ax + 3xAX? + AXY) + 10xAx + 5AX®
= (6x% + 10)AX + (6% + 5)AX® + 2A%°.
Con dy = (6x> + 10x)Ax ; dx = AX.
Viy Ay - dy = (6x + 5)AX® + 2Ax°.

39. Xét ham s6 y = arcsinx. Dat x = 0,5 ; Ax = 0,01 va sir dung cong
thiic arcsin(x + Ax) ~ arcsinx + (arcsinx).Ax ta dugc

1 _o001= = +0,011=0,513.
J1- .57 _
40. Str dung cong thitc S = nR>. PatR=3;AR=0,02tacé
AS = dS =2nR.AR =2r.3.0,02 =0,12x.
Vay dién tich hinh trdn béan kinh 3,02 m ¢6 gid tri gan ding 1a

arcsin0,51 = arcsinQ,5 +

9 + 0,121 = 9,121 ~ 28,66 m”.
4%. Slr dung cong thic y = f(x) = dy = '(x)dx:

I1lx+6}x-61 1

1

l1+e

2e2x

2% 4. _
.2e“dx = m

b) dy =

dx. -

ax l1+e

¢) dy = [(lnx -1+ x.%]dx =lnx.dx.

1 X
d) dy = 1 dx = dx.
’ _x+\/x2+4{+\{x2+4]x \[x2+4 "



Chuong II1
UNG DUNG PAO HAM PE KHAO SAT CAC HAM S6

A - TOM TAT LY THUYET

- 1. Cac dinh ly vé gia trj trung binh
* Dinh Iy Rolle. Néu ham s6 f(x) :
- - lién tuc trong khoang déng [a, b] ;
- kha vi tai moi diém trong khoing mé (a, b) ;
- f(a) = f(b), | |
thi trong khoang mé (a, b) ¢4 it nhat moét di€mc:a<c<bsaocho f (€)=0.
* Dinh ly Lagrange. Néu ham 6 f(x) ;
- lién tyc trong khoang déng [a, b],;
- kha vi tai moi diém trong khodng ma (a, b),
th trong khodng m (a, b) ¢6 it nht mot di€m ¢ : a < ¢ < b sao cho -
(b} - f(a) =f"(c)(b—-a).
Cong thiic nay thuding dugc viet dudi dang :
f(d) - f() = f'(a +B(b~a))(b—a), 0<B<1.
* Dinh Iy Cauchy. Néu hai ham s& f(x) va g(x):
- lién tyc trong khodng déng [a, b} :
— khd vi tai moi diém trong khodng mé (a, b) :
- g'(x) khong triét tiéu trong khoang ma (a, b),

thi trong khodng md (a, b) ¢6 it nhat motdiém ¢ :a< ¢ <bsao cho:
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f(b) - fa) _ £'(c)
OB ONGCH

2. Cong thirc Taylor

Néu ham s6 f(x) kha vi dén cdp n + 1 trong mot khoang nio d6 chifa
diém x,, thi trong khoang &y ham s f(x) c6 th€ vi€t dudi dang : -

o) f(m( °)( BT el O PR
o s

f(x)=1f(xy)+ arT

(X —x5)+. 4+ ——=

trong déc =X, +0(x - x,),0<0 < 1.
Coéng thiic Taylor cho phép biéu dién gin ding ham s& f(x) bing da thitc
P, (x):
f'(xy)

- (n)
f(x) =P, (x) = f(xg) +- o f (Xo)

—_— (X -

(x —x5) + ...

vl sai s6 :
FPD(x, + 8% - x,))
 (n+ D!

R, (x) = (x - xo)"!, 0<B<1,

Sai s& nay trong nhiéu trudng hop c6 thé 1am cho nho tay y.
bac biét, khi x, = 0, cong thiic Taylor tr& thanh cong thiic Mac Laurin :

£'(0) 0 o, f"DOx)
f(x)—f(0)+--— + ..+ = +m—n—!x .

0<Q<L

Duéi day la khai trién Mac Laurin cila mot s6 ham s6 so cap thuong
dung :
ofc — 1) 2 v+ cr.(or.—1)...(0.—-n+l)xn N

e (l+x)* =1+0ax+

2! - n!
afe—1)...(a—n) a-n—-1_n+l

oD (1+9x) X .

0<B8<l,aeR, xe(-1,+x).
Pic biét :
n+l
L oo (P2 0<0<l.
1+x (1 + Bx)n+2
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1 ’ n xﬂ+1

T—=l+x+x +  +x - 0<O<l.
1.._x (l_ex)n+2
2 n 0x '
X _ X 3(.,_ X_ \ n+l )
ec" =]+ l+2! +nl+(n+1)!x ,0<0<1,xeR.
3 5 7 2m-1
ey X X _npm-1_%X
sinx = x 3 + T +..+ (-1 (2m—l)!+
x2n'1+1 T
+(—2msm[ex+(2m+l)§:|,O<9<1,xeR.
2 4 6 2m
x=]1_-> X _X _pm X
scosx =1 21+4! 6!+"'+( 1)_ (2m)!+
x21'1'14-2

i
+mcos|:ﬁx+(2m+2)5], O<9<1,xeKR.

2 3 _4 0 n n+l
=x_ X X _X (—p1X_ D x
In{l +x)=x 5 + 3" +..+(=1) n + n+1(l+9x) ,

0<O0<l1,-1<x<].

3. Quy tic L'Hospital

a) Dang vé dinh % vd ;

Néu f(x) va g(x) — 0 hoac = khi x — a hodc x — o, va ;83 co gidi
he_mL(hﬁuh@nhoacvﬁhan)khixﬁahoacxﬂoothi:

o f®) . '(x)

lim —= = 1 —_ =

x—>a 8(X) x—a 8(X)

(x—>x) (X—ow)
. f'(xy ,. . S - }

Trudng hop E'(T) lai c6 dang v6 dinh 5 hoac o khi x > a hoac

X — oo thi c6 th dp dung quy tic L'Hospital I4n nifa vi néu cn thiét, cé thé
dp dung nhiéu lan cho dén khi dat dugc két qua.
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b) Dang vé dinh 0 x cova oo — o0

Trong trudng hop nay, chuyén ching vé€ dang vo dinh % hoac % bing
cach viét tich hodc hiéu thanh thuong, réi 4p dung quy téc L'Hospital.
¢) Dang vé dink 0°, 1 “va o

Vi [O]E® = 8@ (55 fx) > 0) va vi tinh lien tuc clia ham s6
mii, nén
lim g Inf(x)

X—a

lim [f(x)E*X) = x>
X—a
_ {(x—>w)

Vi vay viéc khit ba dang vo dinh trén duge dua vé khit dang vé dinh 0 x .

4, Sy ting va gidm cua ham s&

Sy ting vA gidm cla ham s6 y = f(x) dugc dic trung boi ddu cia dao
ham y' : néu trong mot khoang nao d6 y' > 0 thi ham s6 ting, con nfuy <0
thi ham s& gidm trong khodng 4y. '

5. Cuc tri cia ham sé

o Ta néi ham s& £(x) dat cuce dai (hoidc cuc tiéu) tai diém x, néu ta c6

f(x,) 2 f(x, + Ax) (hoac f(x,) < f(x, + Ax))

v6i |Ax| khd bé. Gid tri cyc dai, cuc ti€u goi chung 1a cuc tri. Diém tai d6
ham s6 dat cuc tri goi 1a diém cuc tri cha ham s6.

+ Quy tic tim cyc tri cha ham s8 y = f(x) ding dao ham cdp mot :

1) Tinh dao ham cdp mét, tim nhitng diém tai d6 dao ham bang 0 hay
khoéng ton tai, goi la diém t6i han ctia ham s8.

2) Néu f'(x) déi dau tir duong (am) sang am (duong) khi x di qua diém
t6i han ¢ thi ¢ 12 diém cuc dai (cyc tiéu). Néu £'(x) khong doi dau khi di qua
diém téi han c thi ¢ khéong 12 diém cuc tri.

3) Tinh gi4 tri cuc dai va cyc tiéu cha ham s6.
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» Quy tac tim cyc tri ciia ham s6 y = f(x) diing dao ham cdp hai :

1) Tinh dao ham cép mét, tim nhimg diém x, tai dé f' (x5)=10, goi 1a
diém dimg.

2) Tinh dao ham c4p hai : Néu f "(x0)> 0 thi x,, 1a diém cuc tiéu ; néu
f"(xo) <O thi x, 1a diém cyc dai.

3) Tinh gia tri cuc dai va cuc tiéu cha ham s6.

6. Gia tri I6n nhat va bé nhit cia ham sé trén doan [a, b]

Dé tim cdc gid tri nay, chi cdn tinh gi4 tri cha ham s6 tai nhiing . diém
t6i han trén doan {a, b] vA gid tri cia ham s& tai hai mdt a va b. Gia tri 16n
nhat (bé nhat) trong céc gid tri d6 chinh 1 gi4 tri 16n nhat (bé nhét) cta ham
sO trén [a, b).

7. Su I8i, 16m cla dudng cong y = f(x), diém uén

» Dudng cong goi 12 18i (hoac 16m) trong (a, b) néu moei diém cia dudng
cong nam phia dudi (hodc phia trén) mei ti€p tuyén clia né trong khoang 4y.
Diém phan chia phfin 16i v phén 16m ciia dudng cong lién tuc va c6 tiép
tuyén goi la diém uén.

» Quy tic khao sit sy 16i, 16m, tim diém udn ciia dudng cong y = f(x) :

1) Tinh £"(x), fim nhimg diém c tai d6 f"(c) = 0 hay f"(c) khong t6n tai.

2) Trong khoing ma f"(x) > 0, dudng cong 16m ; trong khoing ma
f"(x) <0, dudmng cong 186i.

3) Khi x di qua di€m c, néu " déi dau thi ¢ 1a diém uén, néu " khong
déi dau thi ¢ khong 1a diém uén.

8. Tiém can

« Dudmg thing A goi 1a tiem can cia dudng cong % néu khoang cach tir
diém M(x, y) trén #16i A dén 16i 0 khi M chay ra vé cuc trén €.

* Néu y — oo khi x - x,, dudng x = x,, 12 tiém cin ding.

» Néu y —> b khi x - o, dudng y = b 1a tiém can ngang.

» Néu y — oo khi x — o, dudng cong ¢é thé cé tiém can xién. Khi dé,
néu céc gidi han
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f(x)

k= lim —, b= Ilim [f(xX)- kx],
X+ K X —»+a0
(x —>—c0) (x = —w)

cung t6n tai thi y = kx + b 1A tiém c@n xién d6i v6i nhdnh phdi (hoac
nhénh trdi).

9, Sd do khao sat ham s8 y = f(x)

1) Tim mién xac dinh cia ham s& .

2) Xét tinh chin, 1€, tudn hoan cita ham s6 (néu ¢6).

3) Tim giao diém cia dudmg cong vdi cic truc toa do (néu c6).

4) Tim cdc dudmg tiém can chia dudng cong (néu cb).

5) Xét sy tang, giam, tim cyc tri, xét sy 181 16m, tim diém udn cha dudng
cong (néu cd). Lap bang bién thién.

6) V& dudmg cong biéu dién.

10. S¢ dé khao sat va vé dudng cong cho bdi phudng trinh tham
s6 x = opft), y = y(t)

1) Tim mién x4c dinh, cdc diém gidn doan cua cdc ham s6 x = (1),
y = w(b).

2) Xét tinh d&i xtmg, tinh tudn hoan (néu c6).

3) Tim céc tiém cfn clia dudng cong (n€u c6). Néu khi t — t, (hoac

t — +o0) ma hoic x, hoac y, hoac ca x va y déu dén 16i o thi duémg cong ¢
thé c6 tiém can.
Néu lim ¢(t) =a, lim wy(t)=tw,thix=alatém canding.

t—t, t—t,
(L—te0) (t-> %)

Néu lim o{t) =2, lim w(t)=Db,thiy=>blatiém cin ngang.
L1, t—t, .
(1>t} {t—zaw)

Néu lim M =k, lm [y(t)-ke)]=>b thiy=kx+blatiém
o1, P t—t,
(t—>+w) (t—>tw)

cin xién.
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4) Tinh @'(t), y'(t), xét ddu clia chiing, 14p bang bién thién gém c4c dong
t, @'(t), o), w'(n), w(t).

5) V& dudmg cong. Dé v& chinh xic hon, ta tim cic di€m dac biét nhu
giao diém ctia dudng cong véi cdc truc toa do, tiép tuyén cha dudng cong tai
cac di€m 4y. He s6 géc clia ti€p tuyén tai diém tng v6i tham s6 t duoge tinh

i)

dx  o'(t)’

Néu khéng qua phic tap, hiy tinh dao ham cép hai clia y d6i véi x

&y _ i(‘l"(t))= Q'(OY"(1) — y'(e"(t)
a? X @)

9'(t)
dé xét tinh 16i 18m va tim diém u6n ciia dudng cong.

11. So d6 khao sat va vé duéng cong r = f(p) trong hé toa dé cyc

1) Tim mién xéc dinh ctia ham s6 r = f(p).

2) Xét tinh déi ximg, tudn hoan (néu ¢6). Néu ham s6 f(p) tudn hoan véi
chu k¥ o thi chi cn khéo sat va vé dudng cong trong mot khodng cé d6 dai
®. Ta nhén dugc toan bo dudng cong tir phdn dudng cong di v& bing nhimg
phép quay quanh géc O véi cic géc quay o, 2w,... Néu f(¢p) 1a ham s6 chin
thi dudng cong nhan tryc cuc lam truc d6i xing. Néu f(¢) 12 ham s& 1é thi
dudng cong nhan dudng théng di qua gdc, thing géc véi truc cuc 1am truc
déi xidng. '

3) Tinh ¢ =f'(¢), xét ddu cta r' dé x4c dinh cdc khoang tang, giam clia r
theo ¢.

4) Tinh tgV = ri tai céc diém dic biét.
5) Lap bang bién thién.

6) VE dudmg cong.
B - DE BAI

1. Chiing 13 ring ham s6 f(x) = x - x* théa man dinh 1 Rolle trén céc
khodng -1 <x <0 va 0 < x < 1. Hay tim cdc gié tri ¢ twong ing.
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2. Chimg t6 ring giiia hai nghiém cha ham s6 f(x) = x - 4% + 3 ¢6 mot
nghiém cua dao ham f'(x).

3. Ham 56 f(x) = 3/(x — 2)? nhan hai gi4 tri bing nhau £(0) = f(4) = ¥4
tai hai mit ciia khoang déng [0, 4]. Hoi ham s6 trén ¢6 thda min dinh 1y
Rolle trong khoang déng [0, 4] khong ?

4. Ching to ring ham s6 y = Inx théa mian dinh 1y Lagrange trong
khoang déng [1, e], sau d6 tim gid tri c.

5. Ding cong thic Lagrange cho ham s Inx d€ chiing minh bat déng thic :

a—b<1n3<a—b
a b b

6. Dung C(‘)hg thiic Lagrange, tinh gan diing :
a) arcsin0,54 ; b) log;pll.
7. Viét cong thic Cauchy va tim gid tri ¢ doi véi cdc ham s6 :

a) sinx va cosx trong khoang déng [O s %] ;

b) x> va vx trong khoang déng [1, 4].

8. Cho f(x) = x°° - x* + x™, tim ba s6 hang ddu trong khai trién Taylor
clia f(x) & 1an c4n x, = 1, 4p dung d¢€ tinh gdn ding £(1,005).

9. Cho f(x) 1a mot da thic bac 4 ; bit f(2) = -1, f'(2)=0, {"(2)= 2,
£(2) =-12 va £P(2) = 24 ; hiy tinh : f(-1), £'©) vaf" Q).

10. Viét cong thitc Taylor capn cllahdm s6y = " tai diém x, = -1.

. o x x2 1
11. Dung cong thiic gan ding ™ = 1 + x + —, tinh ——= va udc luong
2 Yo

sai 0.

12. Tinh sind9° v6i do chinh xéc 1076,

13. Ding quy tic L'Hospital, tim céc gi6i han sau :
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tgx — X e ~e*

li ; 1i
R D e — %) Fx =1’
o lim n—-2arc.tgx . &) lim lnsnf12x :
X—>+w ln(1+l) x>0 Insinx
X _
) I -
e) lim tg; ; f) hm&;(x-—a—al'
LEBX x—a In(e* —e?)
2
g) lim (1 - x)th ; h) lim InxIn(x - 1) ;
x—1 2 x—=>1
i) lim | — - S hm[i— . J;
1
D lim (1 + sin4x)°®* . m) lim x e -1 ;
x—0" x—=0"
L 2
n) lim (e + X)X ; 0) lim (cos2x)% :
x—0 x—0
1
p) 11m (tgx)>* " ; ) lim (cotgx)Inx
q g
x_,.z_ x—0"

14. Chimg t0 rang céc gidi han sau :

x2 sin 1 '
% sinx
a) lim X . b lim ———

khong thé tinh bing quy tic L'Hospital. Hiy tim cdc gi6i han dy bing
phuong phdp khac.

15. Xét sy ting, giam cha cdc ham s§ :

a)y=3x"—4x° - 12x% +5.
2

+1
b) y = X 5
x-1

¢)y =In|x|.
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16. Chitng minh céc bat déng thidc sau :
A1 +x)">1+nx khix>0van>1;

by x >1In(l + x) khix> 0.

17, Tim cuec tri clia c4c ham G :

a)y=x3—3x2+3x+2; b)y:xle—xz;

2
= 3 N frm x‘
cly=x ‘X33 dyy=xe ",
c)y=x2+ \Ixs; ﬂy:sinzx.

gy=¢e"+2cosx+e .

18. Tim gi4 tri 16n nhat va bé nhat cha cdc ham s6 :
a)y=x3—3x2-9x+35 (-4<x<4);
b)y=x’Inx (1<x<e);

L 3n
¢) y = 2sinx + sin2x (OSX ST) ;
dyy= arctgx2 trong toan bé mién xédc dinh.

19. Cho hinh nén ban kinh ddy R, chiéu cao H. Tim ban kinh r, chiéu
cao h cita hinh tru ¢6 thé tich 16n nhét ndi tiép trong hinh nén.

20, Xét sy 18i, 16m va tim diém uén cla cdc dudng cong sau :

a)y=3x5—5x4+4; b)y=3—5\/(x+2)7;

Q) y= ; d)y:2—|x5—11.

21. Tim céc tiém cin cla nhimg dudng cong sau :
x .
x2 ~ 4x +3

c)y=xe"; d) y = xarccotgx ; e)y= x> - 6x%.

ayy= ; by= xln(e+%);
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22. Khdo sit va v& d6 thi ctia cdc ham s6 sau :

Oy=s ——, d)y=x+23rccotgx;
\3fx2 -1
4

e)y—sm X + cos'x.

X = tint
23. Cho lnt ,tinh yy tait=1.

= In(l + t* o .
X n( ) , tinh Y, 2 tait =0,

Y=

25. Khdo sat va v& 46 thi cdc dudng cong cho theo tham s4 :

1=t
| 1+ x=te',
a) < b)
y:;l"tz, y=te .
| 1+ 12

26. Khao sdt va v& d6 thi cdc dudmg cong cho trong hé toa d6 cuc :

ayr=asin3g (a>0); ' b)r= a\/cos 2¢ (a>0).

C — BAI GIAl VA HUGNG DAN

1. Him s6 f(x) lién tuc va kha vi tai moi difém x thudc R, va :
f(-1) = f(0) = f(1) = 0. Vay dinh 1y Rolle dp dung duge cho céc khoang
-1 €£x<£0va0<x<1.TacH:

f'(x)=1-3x>=0 khi x =% \g

Viy: —1<cl=—\/~1;<0 vﬁ0<cz=\j§<l.
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2. Dé thay rang phuong trinh x* - 4x + 3 = 0 ¢6 hai nghiém thuc a = 1,
b = 3. Nghiém cta phuong trinh : f'(x) =2x -4 =014 ¢ = 2. Vay giifa hai
khong diém 1 va 3 cha ham s6 f(x) ding 1a c6 mét khéong diém 2 clia dao
ham f'(x), di€u d6 hoan toan phi hop véi dinh 1y Rolle.

3. Ham s6 f(x) = \3](x — 2)2 lién tuc trén [0, 4] va f(0) = f(4) - J4,
nhung dao ham :

f'(x) = 2

33x -2
tai di€m x = 2 khong t6n tai. Vay tai diém x = 2 € (0, 4) ham s6 f(x) khong
thoa mén gia thié€t vé kha vi cha dinh 1y Rolle.
4. Ham s6 y = Inx xdc dinh va lién tuc véi moi x > 0, nén ciing lién tuc
1 : ' . -
trén [1, ¢]. Pao ham y' = < xdc dinh v6i moi x > 0, nén y = Inx kha vi tai
moi diém trong khodng mé (1, ). Viy him s6 di cho thdéa man dinh ly
Lagrange, ta c6:
Ine - Inl = %(e -1 viil<e<e,
Vi:lne=1,Inl =0,nén:c=e-1.
5. Néu 0 < b < a, thi ¢6 thé 4p dung dmh I\ Lagrange cho ham sé
f(x) =Inx trén [b, a]. Taco :

lna—lnb 1 .
——=—vdi b<c<a.
a—b c

Vi: 0 < b<c¢ <anén khi nghich dio thi bat dng thitc ddi chiéu, ta ¢é :
1 Ilna-inb 1 !

a a—-b c b’
Chi ¥ ringa - b>0valna -Inb= ln%,nén:

a—b<lna<a~b
a b b

Trudng hgp 0 < a < b, chitng minh twong tu (sinh vién nén tw ching
minh truémg hop nay).
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6. a) Ta c6 : f(x) = arcsinx, f'(x):—wé—. Chon x, = 0,50 ;

Ax=0,04;91=%,tanhanduqc:

arcsin(0,50 + 0,04) =~ arcsin(0,50 + ——-——1~———+.0,04
yJ1 - (0,52
~ 0,523 + 0,046 ~ 0.57.

.. _ ey 1 _ _ _1

b) Ta ¢6 : f(x) = log,ox, f'(x) = a0 Chonx,=10,Ax=1,0, = >
ta nhan dugc : '
1 1

logyo(10 + 1) =~ log 510 + 10705 Inio" 1 =1,0413.

7. a) Hai ham s6 f(x) = cosx va g(x) = sinx lién tuc trén [0, %} , kha vi

trong khoang md& (0, g) va g'(x) = cosx khong triét tiéu trong khoang md&
[0, g—) , do d6 ap dung dugc dinh 1¥ Cauchy, ta ¢6 :

T 0
cos — cos _sinc

cosC

. T )
sin— — sin0

2

Suyra:tgc=1vac=

o )R

b) Hai ham sé f(x) = x” va g(x) = \/; lién tuc trén {1, 4], kha vi trong

khoang mé& (1, 4) va g'(x) = # khong triét tidu trong khoang mao (1, 4),
x :

do d6 theo dinh ly Cauchy, ta c¢6 :

2 2
4 -1 2c
= = 4cvc .
N
2Jc
2
Suy ra: c= 3[%) ~ 2,4
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8.Tacd: f(1)=1,
f'(x) =80x"° - 40x>° +20x"?, £'(1) = 60.
£'(x) = 80.79x " - 40.39x +20.19x '8, £"(1) = 5140.

£'(1) £"(1)
BT 2t

=1+ 60(x - 1) +2570(x - 1> + ..., va:

Viy:  f(x)=f({1) + x -1+ x-D%+.. =

£(1,005) ~ 1 + 60.0,005 + 2570.(0,005)%,
£(1,005) ~ 1,36425.

9. Vi€t khai trién Taylor cha f(x) ¢ lan cin x, =2, tacé :

x-2)%

£(2 i )
0= + TP x-2)+ D22+ LB pp D

Dua vio ddu bai, ta cé ;
f(x) =~ 1 +0.(x ~ 2) + %(x—zf -%(x-zf +§2-i—(x-2)4 ;
fx)=-1+&x-22-2x-2+(x-2*
Do d6 :
f(-1) = -1 + (-3)2 - 2(=3)* + (-3)* = 143.
£'(x)=2(x - 2) - 6(x - 2)° + 4(x - 2)°.
£'(0)=-4 - 24 - 4.8 = -60.
£(x)=2 - 12(x - 2) + 12(x - 2)°.
£(1) =2 - 12(-1) + 12(-1)* = 26.

10. Tacé: f(x)-= %:x“l, f(-1) = -1, f'(x) = (-I)x 2, f'(-1)=~-1,

£700) = (-1)(-2)x > = (<1)2.21.x72, £'(=1)=(~1).2!
£(x) = (-D(=2)(=3)x = (1’374, £ (=) = (-1).31.

Bing phép quy nap, d& dang ching minh ring : f(x) =(-1)" .n! n1+1 va
_ X



(n),_
€91y = (-)° .pt—a = n! o i—%ll=—L

(_1)114‘ .
Vay:
1 2 n n+l (K+1)n+l
—=—-1-E+D-x+D" —..—x+D"+(-D '
X (—1+ 6(x + 1)"*2
0<f<«l.

C6 thé gidi bai nay bang cdch viét : %= T&x+D

, 101 diing khai trién

c . 1 ..
Mac Laurin cGa i voit=x+1.

= 2
11.Tacc’):i=c 4x1+(—l]+l( 1] 25=0,78125.

4 4) 2\ 3) 32
AL e I 1
Sai s6 |Ry |= 5(—3—) e 4 <E.ae° =-§§-z0,00260 (vid<9<1)

Vay nén lay —4—1-— ~0,78.

Ye

12. Bé tinh sin49°, ta viét khai trién Taylor ctia sinx & lan c4n x, = a.

sinx = sina + x_asin(a+~ﬂi)+ (x—a)z sin(a+glt-)+ +
- 1! 2 21 2 )

+ (x n'a) sin(a + n—;-J +R,,

n= @+ D! sin a+9(x—a)+(n+1)2 , 0<0<«i,
_ ¥l :
|Rn|slégf%ﬁ—vvﬂﬂnah§L

Ngudi ta chitng minh dugc rang khi n — +00 v v6i gid tri clia x bat ky,
n
. x [ -, X .. . - " i o,
dai lugng or ti€n dén khéng. Suy ra vdi gid tri clia x va a bat ky, ta ¢6 :
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lim R, =0. Do d6, dé dat d¢ chinh x4c yéu cdu, thudng chi cdn 14y mot

N> +a0

vai s6 hang ddu trong khai trién trén ciia sinx néu [x - a| bé.

bat : x=m49 a= 1g0.45,tac6:
x—a _m(@ 45) = 5
sin49°=£{l+ I S SR i J+‘Rn,
145 21452 3145 n!45"
R, < i+

(n + a5+l

Dé x4c dinh s6 s6 hang ddu cdn ldy dé dat do chinh xdc 107°, ta dénh
gid 1an luot cac R, :
2
IRy <

5 < 0,003,
2.45

3

IR, |< < 0,00006 ,

3.45°

4
IRy |<—
4145

— <0,0000009 < 1076,

Vay, dé dat d¢ chinh xdc 10®, chi cén 14y bon s6 hang dau :

V2

2 3
sin49° ~ =/ 1+ r__T o T 5 |~ 0754709
45 5452 6.45 |

(gid tri ctia =, V2 vakét qua ctia cdc phép tinh trung gian déu 1dy véi bay s6
1¢ sau d4u phdy).

TAt nhién, c6 thé tinh sind9° theéo khai trién Mac Laurin cla sinx, nhung
© dé dat @6 chinh x4c 107%, cén 1ay rat nhiéu s& hang ddu trong khai trién ay
(sinh vién nén ty Kiém tra nhan xét ndy).
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1

-1

2
. tgx — ) 2 . 1-cos“x
13.a) lim -2 = lim £98 X _ Iim
x—0 x3 x—0 3);2 x—)Dcoszx,’_}xz
) ) sinzx ; sinzx A x2 1
= lim . lim 5 = lim 3 =hm—2=—.
x—»OcOszx x—=0 3x x—=0 3x x—->073x 3

(O day, ta da thay sin’x ~ x* khi x — 0, nhd d6 ta khong phai 4p dung

quy tac L'Hospital hai ldn nifa dé nhan dugc két qua. Nén chi § van dung ket
hop nhir trén dé€ nhanh chéng di dén két qua).

by fim S =€ _ g S 2
x_,oln(c—x)+x—1“Hol_1 e~1"
e—X
2

' 2 2
— t .
o lim T 2arclgx - lim 11+x_1 = 1im 2(x° + x)
X =+ ln(l + _) X—>+0 .
X

X —>+00 xz

_ +1
1 2
1+— X
X
1] . - 2x2
= lim ~—-=2
X—=+0 x2
«m 2 2., .2 20
(M 2(x" +x)~2x"vax"+ 1 ~x“khi X — +00),
d) lim Insin2x _ . sin2x'2°052x= i 26052% __ sinx
x—0* Insinx x—0" 1 cosx x—0* €OSX 2SInXCOsX
sinx
. Ccos2x
= lim 2 =1,
x—0" cos“x
1
t cos? x cos? 3x
e) lim —=— = lim |
nlg n_ 3 % 3cos? X
2 ) X3
cos“3x

6-BTTHCCT.1-A
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. 1 =2.3cos3xsin3x . co0s3x sin 3x
= lim =. - = . -
x3 —-2cosxsinx n COSX 7 SinXx
X>— _ X—>— X—>=r
2 2 2
. Ccos3x . —3sin3x
= — lim = —-lim ——=
n COSX g —sinx
2 x—)E_
. cosxln(x —a ) ) In(x —a)
f) iim cosxln(x - a) = lim cosx. lim Jnx -a)
x—>a In(e* —e?) Xx—a x—aln(e* - e?)
1
X a
. ) —~¢
=.cosa lim = cosa lim ——v
x—>a g* x—>ae*(x — a)
e® — 2
X
) e
= cosa lim = cosa.
xoaeX(x ~a)+e*
: . e)( _ ea
(Néu khong mudn ding quy tic L'Hospital, c6 thé tinh lim

x—>aeX(x - a)
nhu sau :

X a

_ a  x-a _ a X—a _
limc € =lime(e 1) € e 1

x>agi(x —a) x—a e*(x - a)

a
X—a

ﬂ'ﬂ
(Y

d=1vie —-1~x—a khix—a)

£) liml(l - x)tg% {dang 0 x ).
X—»

(1 - x)sin—=

P X . .. WX . 1-x
Tacd: lim(1-x)tg—= lim = lim sin—. lim
x—1 x—1 nX x—1 x—1 nX
cos—
2 2
) -1 2
=1.lim " =li - - =—
x—>1 x—l1 :
cOs ——§in—
2 2 2
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h) lim InxIn(x — 1) {dang 0 x o).

X—»1
i
- = _ 2
Tacé lim InxIn(x—1) = Lim 2&=D _ lim —X=1  _ jj ZXIn"x
x-»1 x-»1 1 xo1 1 1 x5 x-1
Inx in2x X
2 2lnx i
= lim (=x). lim 2% = _ Jim X_0
X-—»1 x-»1X—1 x——)]. 1
In? x

(c6 thé tinh lim

bing cich khdc nhu sau :
x—>1X —1 :

2 _
lim = lim]nx.limM=0(viln(1+(x—1))-x~l
x>1X—1 x5] x—>1 x—1
khix - 1).

. 1 3
i) lim lim - dang o — o0).
x—3 (X—?’ XZ_x_ﬁj( g

Tacé: lim L _ > —lim( L. > J
Tx3lx—3 xz—x-ﬁ x-53\X=-3 (x-3)x+2)

= lim XxX+2-5 ~ lim Xx-3 __l
x>3X -3)(X+2) x53(x-3)x+2) 5°
K lim | —— - —* ] (dang - x0)
x—=1 II]X X—l ‘ g T
.. 1 X . X—-1-xInx ; —lnx
Tacé: lLim Bx ~1 = —_-Ul—zllmﬁ—_T
x> nx X x—»1 X nx 'x_)llnx+xx
xlnx ) 1+lnx_~ 1

=-lim—————=—lim——=——,
xl_Tlxlnx+x—I xl_n;ll’).+lnx 2

) lim (1+ sin4x)°°"®%  (dang 1°).
x-—>0"



cotgx

Piat: y=(1+sindx) . LAy In hai v& co:
Iny = cotgxln(l + sin4x) ;

lim Iny = lim cotgxln(l + sin4x) (dang 0 x )

x—0" x—>0"
4cos4x
~ i In(1 + sin4x) lim 1+sindx 4
x—>0" gx x—0* 1
cos? x
Suyra: lim (I + sin4x)®°®* =e*.
x->0"
1
m) lim x™€ D (dang 0°).
x>0
1
_ 1
bat ylen(cx D tacé: Iny= nx ;
In(e* ~1)
fim Iny= lim —2% -[dang 3)
x—0" x—0" In(e* - 1) 0/
1 X x
= lim —X = lim ST = lim —
x>0t __1 X x—0" xe x—0" e* + xe*
e’ -1
X X
. - . -1 .
(cfing c6 thé tinh nhu sau : lim e -11_ lim < lim
x>0t X e x50" X xo0te

vie' -1 ~xkhix ->0h.
1
In(e* -1} _ el —e.

Suy ra : lim x
x>0t
1

n) lim (€* +x)* (dang I®).
x—0



1 lim lln(e" +X)

Tacod: iimo(ex + x)X =gt 0% ' (dang O x .©).
X .

x .
Vi:  lim Sln(e + x) = lim M€ %) (dang %J

x—=>0X x—0 X
(e + 1) .
= lim &2X = lim & o2 ) pen
x—0 1 x-0e* 4 x 1
1
lim (e* + x)x = e,
x—=0
3
o) lim (cost)"2 (dang 1°).
x—>0 '
2 lim ilncost
Tacé: lim (cos2x)X =Xk {(dang 0 x ).
x—=0
Vi: lim ilncos 2x = lim M_ [d:_mg 9)
x—0x x—0 X2 0
- lim — (—sin2x).2
x—0 2x
= —6 1im 302X _ 6 (vi sin2x ~ 2x Khi x - 0).
x—0 . <X
3
Vay: lim (cos 27()x2 =9,
x—0
p) lim (1gx)™ ™  (dang ®°).
X
K—')'E
lim (2x - ®)Intgx
Tacé: lim (tg0)* " =¢ 2 (dang O x o)
T
X—=—

2
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Vi: lim 2x — m)Intgx = lim lni (dz_mg g)

: -1
x T(2x - =)
x—>2 | x~+2
1 1
tow 2 2
. t 2 - —(2x—m . —(2x-n=
- llmi.M= llm.(—)= hm(—l_
T _22X — m) 2 n 2sinxcosx n  sin2x
X——= X—=— X—=3—
2 . 2 2
. —4(2x ~ ) . 2x-m 0 '
= lim ————=0,nén: lim (tgx =e =1.
n  2c082Xx _ n( gx)
—)5 X—DE
n
q) hm (cotgx)"X  (dang «°).
x—>0"
1 lim anlncotgx .
— .
Tacd: lim (cotgx)nx =gx>0" dang — |.
8 ang
x—0" ©
_ 1
Vi: Lm Incotgx = lim cotgxsinzx = lim =X
x->0* Inx x—0* 1 x 0" SiNXCosX
X
= lim . lim —— = -1 (vi sinx ~ x khi x —» 0), nén :
x—0* COSX ~, _ o+Sinx - _
1
lim (cotgx)lnx =¢71,

x—0*

14, a) Diing quy tic L'Hospital, ta cé :

2 . L1 1
X“sin— 0 2xsin— — cos—
lim X (dang —) = lim X X

x—o0 Sinx x>0 COSX

gi6i han bén phai khong ton tai vi khi x = 0, cos-}; dao dong giita -1 va 1.

Tuy nhién, néu két luan giGi han bén trdi ciing khong ton tai 13 sai, vi ta ¢6
thé tim gi6i han 4y bing céch khdc nhu sau :
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x2 sin—

. . X .. 1
lim ——& = lim — Iim xsin—=1.0=0
x—0 SINX x_)OSlnx x—=0 X.

. N .
(visinx ~xva sm-x~ bi chin khi x — 0).

b) Néu dp dung quy tac L'Hospital, ta c6 :

. X-—sinx o0 . 1—rcosx . N .
lim ——— (dz_ing _..] = lim ———— khong ton tai vi khi
x— o X + 51X e x—wl + cosx

X — oo, cosx dao dong giita -1 va 1, nhung néu diing cich khic, ta nhin duoc

[1 sinx)

. X -sinx . B 1-0 - G
lim ~—————= lim X /- =1 (vi sinX bi chin nén
x~3o0 X + SINX x_,wx( smx] 1+0 .

1+ 2028

Snx — 0 khi x - «0).

15.a) y =12x> - 12x% - 24x = 12x(x - 2)(x + 1),
¥y =0khix=-1,x=0vax=2.

Ta c6 bang bién thién sau :
X | - -1 0 2 +00
y - 0 + 0 - 0 +

y +oo\0/ 5\_27/+co

Vay ham s6 da cho giam trong khoang (-, -1} va (0, 2), tang trong
khoang (-1, 0) va (2, +).
G- 2x - D2x -1 2(x+))
(x-1)* x-1y°

b} y

y' =0 khi x =-1 va y' khong tdn tai khi x = 1.

Ta c6 bang bién thién ;
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1 - +20 | +o0
y \0,5/ \ |

Vay ham s6 da cho giam trong khoang (-, —1) va (1, +<0), ting trong
khoang (-1, 1).

¢) Ham s6 v = Injx| x4c dinh v6i moi x € R, trit diém x = 0. Ta ¢4 :

enixpy =g Lo
VR R TR

y>0khix>0;y <0khix<0.

~ Vay ham s8 dd cho giam trong khoang (-, -0),_tz'mg trong khoang
(0, +x).

16. a) Xét ham s6 : f(x) = (1 + x)" - (1 + nx).
Tacé: £'x) =n(i +x)" ' —n=nl(1 +x)"" - 1].

V"1x>0v51n—1>0 ta cé (1 +x)“'1>1 vay f'(x)> 0 va ham s6
f(x) tang trong khodng [0, +w0). Dac biét, f(0) < f(x) khi O < x. Nhung
f(O=0,nén:

0<(1+x)"-(1+nx), va: -
(1+x)">1+nxkhix>0,n> 1.
b) C6 thé giai bing hai céch :
o Cdch 1. Xétham s6 f(x)=x -In(1 + x). Tacé:

1 X

1+x 1+x°

f'x)=1-

Véix > 0thi f'(x)> 0, do d6 f(x) ting trong.khoéng [0, +<0).
Pic biét, f(0) =0 < f(x) khi0O < x,nén :
0 <x-In(l + x).

Vay ding 1a x > In(l + x) khi x > 0.



o Cdch 2. Xéthai haim 3 : y =1In(l + x)
Vay=x. 4
T . 4
Tacod:y' = 2 = (1+x)2 < 0.
Suy ra, duong cong y = In(1 + x) luén 16i y*
(khi x > -1), do d6 dudng cong luén nim -1 0 .
dudi moi ti€p tuyén cta né. Ta thdy dudng ’ X
thang y = x chinh 1 tiép tuyén véi dudng
cong y = In(1 + X) tai diém Q(0, 0), vay tigp |
tuyén y = x phai ndm trén dudng cong
y = In(1 + x), va bat ding thitc x > In(1 + x) Hink 3.1
ding khi x > 0 (hinh 3.1).

17.2) Tacé:y =3x° - 65+ 3=3(x° ~2x + 1) = 3(x - 1)%.

y' = 0 khi x = 1, nhung tai diém nay khoéng c6 cuc trj (khi di qua diém
nay dao ham khong d8i d4u).

b) Mién xéc dinh chia ham s6y = x4/l — x* 1a doan [-1, 1].

R ) 2x 1-2x2

—x2 — = .
" +x2\/1—x2 J1-x2
1

y=0khix = tL vékhéngténtaikhix=i1.Cﬁcdiémx: T —1a

N 2

nhitng di€m t6i han, vi ching nim bén trong mién x4c dinh clia ham s6 y.
Con cdc diém x = +1 khong phai Ia nhitng diém t6i han, vi chiing khong nim
bén trong mién xdc dinh ctia ham s6 y ma lai ndm trén bién.

Ta ¢6 bang bién thién :

1 1
-1 v —= 1
* V2 V2o
0
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Suyra:x=- % 12 diém cuc tidu vy, = y(—w ==

1 1
x = — la diém cuc dai va = (—
JE 5 r} ymax y

Jz]’%'

2
¢) Mién xéc dinh cia ham s§ y = x3 _1+ > la cac khoang (-0, -2) va
(-2, +0). Tacd
- , L2
Zx 3 _ 413
. x+2) 3 X X 4-x
y= 2 =T
(x +2) - 2
x3.(x+2)

y' =0 khi x =4 va khong t6n tai khi x =0, x = -2.
Céc diém x = 0 va x = 4 12 nhitng diém t6i han, vi chiing nim bén trong
mién xdc dinh clia ham s§ y. Con diém x = -2 khong phai 12 diém t4i han, vi
tai X = -2 ham s0 y khéng xic dinh, do d6 khong lién tuc.

Ta c6 bang bién thién :
X | -0 -2 0 4 +o0
- S I
0 \ 00 3
’ Tt \o/ 5O~ 0

Suy ra : x =0 1a diém cuc tiéu va y_;, = y(0) = 0 ; x = 4 12 diém cuc dai
, 2

Va Ypax = YA = 3

d) y' =3x%e* - x%e* =x% %3 - x).

y' = 0 khi x = 0 va x = 3, d6 Ia nhimg diém dimg. Vi him s6 y = x°¢ * ¢6
dao ham cdp hai lién tuc tai moi diém, nén dé tim diém cuc tri ta ding dao
ham cap hai. :

y"' =2xe *(3-x)-x%e "3 -x) - x’%e *=xe {x* - 6x +6);

y'(0)=0,y"(3)=- 9.
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Tai di€ém x = 3, y" < 0, vy x = 3 1a diém cuc dai cha him s§ va
Ymax = Y(3) = 27e .
Tai di€m x = 0, y* = 0 nén diing dao ham cap hai khong dugc. Ta phai
x€t ddu cta y' tai 14n c4n di€m x = 0. D& thdy ring khi qua diém x = 0, y
khong ddi ddu, vay tai x = 0 ham s6 khong dat cuc tri (sinh vién nén tu xét
cuc tri tai diém x = 0 bang cdch ding dao ham cép cao).
¢) Mién x4c dinh cita ham s6 y = x + Vx> 12 [0, +).
_ 5 s
Yy =2x+ —2—x2 ’
Y0 +0) = 0.
Diém x = 0 nim trén bién clia mién x4c dinh nén khong phdi 12 diém t6i
han, vy ham s6'da cho khong ¢6 cuc tri. '
f) ¥y =2sinxcosx = sin2x,

y' = 0khi x, = kg,k=0,i1,i’2,

‘Dé tim diém cuc tri, ta ding dao ham cap hai
¥" = 2c0s2x, y"(X,) = 2coskx.

Do dé, khi k chin, y"(x) =2 > 0, diém x, 13 diém cuc ti€u va Ymin =0 ;
khi k I¢, y"(x;) = -2 < 0, di€m x, 12 diém cyc dai va y,,, = 1.

2y =e* - 2sinx -e *.

e” - 2sinx ~ ¢ * = 0, suy ra x = 0 la nghiém duy nhat clia phuong trinh
y'=0. |
y'=¢e"-2cosx +¢ ¥, y'(0)=0.
y" =€+ 2sinx -e™*, y"(0)=0.
y" =&+ 2cosx +e ¥, y'";(O) =4>0.
Vay diém x = 0 12 diém cyc tiéu va y,;, = 4.
Chit y. D€ tim diém cyc tri cha ham s6 y = f(x), luon c6 thé ding dao
ham cap mot. Con ding dao ham cdp hai, phai nhé nhitng han ché sau :
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« Chi nhimg di€m t6i han la diém dimg (diém tai d6 f'(x) =0) mdi ding
dao ham c4p hai dé€ xét diém cyc tri.
o Him s6 y = f(x) phai kha vi hai l4n tai diém dimg va tai lan can
di€m dé. '
o Né&u tai diém dimg, dao ham cap hai bang khong thi phai dung dao
ham cap mét hoic dao ham cdp cao (néu c6) dé xét diém cuc tri.
18. a) Tinh gid tri cia ham sG y = x> — 3x% ~ 9x + 35 tai céc diém t6i
han. Tacé: . |
y =3 -6x-9=3(x"-2x-3)=0khix=-1vax=3;
y(-1) =40, y(3) = 8.
Tinh gi4 tri cia ham s& y tai hai mit cha khoang kin [-4, 4], tacé :
y(-4) =41, y(4)=15. '
So sénh cédc gid tri trén, tim dugc gia tri 16n nhat cha ham s6 y trong
khoang d6ng [-4, 4] bang 40, va dat dugc tai di€m t6i han x = -1 ; con gid tri
bé nhat bing -41, va dat dugc tai miit trdi cha khoang : x =—4.

1
b) y'=2xInx + x . 3 =x(1 +2Inx),
_1
y=0khix=0vax=e¢ 2.
Diém x = 0 nim ngodi mién xéc dinh ciia ham s6 di cho (mién xéc dinh
1 |

14 (0, +0)). Diém x = ¢ 2 nim ngoai khoang déng [1, e]. Vay bén trong
khoang déng {1, e] khong c6 diém t6i han.

Tinh gid tri ham s6 tai hai mit cda khodng déng [1, €], tacé : y(1) = 0,
2
y(e) =¢".

Vay gi4 tri 16n nhét clia hAm s6 y dat duge tai mit phai cta khoang :
y(e) = e?, gia tri bé nhat dat duge tai miit trdi cia khoang : y(1) = 0.

3
c) Yy =2cosx + 2cos2x = 2.2 cosixcos%x .

. . X oo X
y' =0 khi cos > =0 va cosz—O.
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Cic nghiém cua phuong trinh ddu la @ xy = g(Zk + 1), cac nghiém cua
phuong trinh thit hai 1a : x, = n(2k + 1) v6i k = 0, %1, £ 2, ... Trong cic

. - n - - .7 - Tt - -5 *
nghi¢m 4y, chi c6 hai di€ém t6i han x; = 3 va X, = 7t nam bén trong khoang

déng [0, 3711] .Tacé:

Tinh gid tri ham s6 tai hai muiit cla khoang déng [0, 37“] ,tach:

y(0) =0, y(-s'—;) =-2.
Vay gid tri 16n nhdt cia hAm s y la : y(%) = 2\5@ gia trj bé nhat clia
ham sé’ylé.: y[%}z—&. |
dy=—2_ y=0oknix=0.
I+x

biém x = 0 1a diém 16 han duy nh4t clia him s6 y trén toan bd mién xic
dinh (-0, ©). Ta ¢6 bang bién thién :

x | - 0 oo Suy ra gid tri bé nhét clia ham

y o0 . s6 da cho dat dugc tai di€m t6i han

duy nhédt x = 0 : y(0) = 0. Ham s6

i ' n
y 5 \ / 5 khong cé gia tri 16n nhat vi khi

X —> w0 thiy - g (hinh 3.2).

y.ﬂ
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19. Goi V 1a thé tich ca hinh trdn néi ti€p

trong hinh nén, ta ¢6 : (.)
V = rrh. i
V 1a ham s6 cha hai bi€n s6 r va h. Song do hai Y H
tam gidc ABC va AOQ' déng dang, tacé : !
- | h
E_R—l’ _--—-:-—--..__
H R . "'6r_~""~ C ~ -
Suy ra: h= %(R“P) va V= nrzg(R -1) _ R
Ia ham s ctia mot bién s6 r. D& thay ring : 0 <r<R Hinh 3.3

(hinh 3.3).

Bai todn da cho c6 thé phat biéu lai nhu sau : Tim gid tri 16n nhat cla
ham s : '

V()= %(R G trong khoang déng {0, R].
Taco: V'(r) = %(ZRr - 3r2),

V@) =0khir=0var= %R , trong d6 di€m r = 0 khoéng
phii 12 diém t6i han vi 06 nim tai miit trdi ciia khoang déng.
. . , 2 s et s s

Tinh gid tri ham s6 V() tai r = =R va tai hai mit r = 0, r = R,

3
nhan duge :

2 __i 2 _ _
V(ER] =57 aR“H, VIO =V(R)=0.

Vay gid tri 16n nhit cha hiam s6 V(r) 13 :

2 _ 4 2

Tém lai, hinh tru ¢6 thé tich 16n nhat, néi ti€p trong hinh ndn, c6 ban
kinh r va chiéu cao h nhy sau :

2 H 2 H
“ER""E[R'—ER)“?
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20.a)y' = 15x* - 20x%, y" = 60x° - 60x° = 60x4(x - 1),
y' =0 khi x=0vax=1.
Xét dau clia y" trong timg khoang béng céch lap bang sau :

X —00 0 1 +00
y" - 0 - 0o+

L. ~ A —~ "
y 16i 16i  diému6n 16m

Vay dudng cong 16i trong khoang (-, 1), 16m trong khodng (1, +c0).
Diém (1, 2) 1 diém uén cita dudmg cong.
2
o7 5
b) y =—§(x+2) .

3
(1] 1

y'= - 4(x+2)5 14

25\5f(x +278

y" khong t6n tai khi x = -2. Lap bang xét ddu ciia y',tacéd:

X a0 -2 +o0
3]
y + I -
L e - P — ~
y 16m ' diém uén 161

Vay dudng cong 16m trong khoang (-0, -2), 16 trong khoang (-2, +w).
Diém (-2, 3) 14 diém uén cha dudmg cong.
. -3 " 12
Oy = — ¥ = <
x+1 x+1)

y" khong tén tai khi x = -1. Song x = -1 khong thé 1a hoanh do cla
dlcm uO’n vi tai diém a4y dudng cong gidn doan. Khi x < -1, y" < 0 ; khi

X >-1,y"> 0. Vay duong cong 18i trong khodng (o, -1), 16m trong khoang
(-1, +o0).

dy y' = +5x%, y' = +20x : ddu + Ung vdi nhiing gid tri X nam trong

khoang (-oo, 1), & d6 x -1 <0 ; dau - ¥ng v6i nhiing gi4 tri x nim trong
khoang (1, +o), ddé x> - 1> 0.
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y,y"khéngténtaikhix=1,y"' =0 khix=0.

Xét ddu cia y" trong timg khodng bang cdch 1ap bang sau :

X ~0 0 1 . 400
yl'l ’ _ 0 + . .
y 16i diémuén  18m 161
Vay dudng cong 161 trong cédc Y4
khoang (-, 0) va (I, +w), 16m y=2-[x5-1
trong khoang (0, 1). Diém (0, 1) 1a 1 i
diém uén cha dudng cong, diém / l
(1, 2) khéng 13 diém uén cla dudng R .
PN : L i | 0 L X
cong vi dudng cong khéng co ti€p :
tuyén tai diém (1, 2) (hinh 3.4). Hink 3.4

21.a) Viy ~» o khi x > 1 vd x - 3 nén nhimng duong thing x = 1 va
x = 3 Ia nhiing tiém c4n dimg cha dudng cong. '

Dé thay ring y — 0 khi x — *oo, vay dudng thing y = 0 1a tiém cén
ngang cla dudng cong. '

b) Ham s6 y = xln(c-*—;lz} xdc dinh khi x < —-é- va khi x > 0. Xhi
X —% thi y > o, do d6é dudng thing x = —% l2 tiém cdn dimg cha
dudng cong.

Khi x = *oo thi y —» too : dudng cong ¢ kha ning c6 tiém cAn xién déi
v@i ca hai nhdnh vé cuc phai va trdi. Tacé :

xln(e+l] 1
k= Llim -—X= Iim 1[1(8"‘;):1]16:

Xx—rtoo X X —»+omo

1 _
) 1 ll'l(c -+ "') - 1
b= lim [xln(c-{»-—-)—x:l: lim — %2 -
x> X X+ l
X
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2
e+ l X 1
= lim X = lim ==
X —»too L x—~>iwc L2 €
x2 X

. 1 . . g A2 bt s
Vay dudmg thang y = x + - la tiém cin xién dGi v4i ca hai nhdnh vo
cuc phat va trdi clla dudng cong.
c) Vi:
' 1

X X X X
lim xe* = lim — = lim =0
X—»—c0 x—>-we X x—o-wm_pX

nén dudmg thing y = 0 I tiém cén ngang d6i véi nhénh trii ctia dudng cong.
Khi x — +o thi y = xe* — +0, vy duding cong di cho c6 khé nang cé

tiém can xién d6i v6i nhdnh vo cuc phai. Ta cé :

k= lim = lim e* = +0.
X240 X x5 +w

Vay khong ¢6 tiém cin xién d6i v6i nhanh vo cuc phai.

d) Vi:
1
: . arccotgx . 1+ x?
lim xarccotgx = lim ——=— = lim ———
X =+ X—=24+x l X—»+w e
X - x2
2
. X
= hm =1,

X—>+w] + x2

nén dudng thing y = 1 13 tiém c4n ngang ddi vi nhénh phai ciia duding cong.
Khi x — —co thi y = xarccotgx — ~c0, viy ¢6 kha ning cé tiém cin xién
doi v&i nhanh vo cuc trai. Ta cé :

k= lim S lim arccotgx = arccotg{—w) = 7,

x2-oX yo-w

b= lim (y - kx)= lim (xarccoigx — mx) =
- X——p—oo
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1

- 2 2
. arccotgx — T . + . X
= lim Arecolex ~ T _ lim w_l.._w.}fw = lim =1.
X ——© l X—y—0 _L A—>»-o] 4 xz._
X X2 '

Vay dudng thing y = nx + 1 1a tiém can xién d6i véi nhanh vé cuc trai
cua dudng cong.

¢) Khi X — %o thi y ~> +w : dudng cong c6 kha ning cd tiém cin xién
d6i véi ca hai nhanh v6 cuc phai va trdi. Tacé :

k = lim Y. ”

= lim 31 9—:1;
x>t X x—>ioo X—+o X
b= lim (y-kx)= lim (\/ x)
X—to X—>too
1
% (-3P - 6J3
6 I-<
= lim x( 1———1) lim S
X—>+tw X Xt
x
_2
1 613 6 2
3l x) =z 6) 3
= lim X_=_-2 lim (l——) =-2
X — too ..,L Xt X
x2

Viy dudng thing y = x - 2 1a tiém c4n xién d6i v6i ca hai nhénh vé cuc
phat va trdi ciia dudng cong.
22.a)  Ham s6 xdc dinh va lién tuc v8i moi x € R.
» Ham sd khong chan, khong 1é, ciing khéng tudn hoan.
«Khix=0,y=0vakhiy=0thi:
4’ -x*=x’4-x=0 = x=0vax=4.
Vay dudng cong cit cac truc toa do tai cic diém (0, 0) va (4, 0).
* Dudng cong khong c¢6 tiém cdn ding. Khi x — tw thi y - —oo, do dé
dudng cong ¢6 kha nang cé tiém cén xién d6i véi nhdnh vo cuc phéi va tréi.
Taco:
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4x3 ~ x4 Y4

k= lim ——=%w,
X—tw 5
. ‘ y=4x3—x4
do d6 dudng cong khéng c6 tiém can xién. : 5
. 4 :P !
y'=2x*G-x), .
5 o/ i .
y=0khix=0vax=3. 23 x
y'= %X(Z -Xx),
y'=0khix=0vax=2. Hinh 35
Ta cé bang bién thién :
X -0 0 2 3 4 +00
Y + 0 + 0 -
" - 0.+ 0 -
16— 27 ~_
Y -
Yy g —0 5 5 0 o
—— e N o —
16i 16m 16t

Viy dudng cong ¢6 hai diém uén : (0, 0) va (2, %) Piém (3, 2—;] 1a
diém cuc dai cha ham s6. |

« Dya vao bang bién thién, ta ¢6 d6 thi nhu hinh 3.5.
- b) «Ham s6 xdc dinh va lién tuc vdi moi x € R trir diém x = 0, & 6 ham
s gidn doan.

» Ham s6 khong chin, khong 186, ciing khong tudn hoan.

«Khiy=0thi:

4x + 4

X2

~2=0=x*-2x-2=0=>x=1%+3.
Viay dudng cong cit truc OX tai cac diém (1 + /3, 0) va (1 — v/3, 0).

« Khi x = 0 £ 0 thi'y — +o, nén dudng thing x = 0 la tiém c4n ding
ctia dudng cong. :
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Khi x —> + thi y & -2, nén dudng thing y = -2 la tiém can ngang cda
duong cong.

sy = —ﬂi—;——z—)—,y'=0khix=-2,y'kh6ngt6ntaikhix=0.
x .
y' = S(X—:?’) y" =0 khi x = -3, y" khong t6n tai khi x = 0.
X _
Yi
4x + 4
y=—z ~2
1-Y3 1+V3 N
3127 Jo X
\I__i_}/____ _26 _
-
Hinh 1.6
Ta c6 bang bién thién :

X |0 3 2 1-v3 0 1+4/3 +o

y - 0 + -

y" - 0 + +

-2 3 36_ 0/"+°o +oo 0
h) 9 \__3 / \*_2

fc‘?i ” lémv— i _l‘c')rm
. N , .2 . 26 - s s
Vay dudng cong ¢6 mot diém udn | -3, ~9 /) biém (-2, -3) la diém

cuc tiéu clia ham s6. .
» Dura vao bang bién thién, ta c¢é d6 thi nhu hinh 3.6.

¢) » Ham s6 xdc dinh va lién tuc vdi moi x € R trir cac diém x = £1, &
d6 ham so gian doan.
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» Ham s6 1€, vay dudng cong d6i xting d6i véi géc toa do O(0, 0). Vi vay
chi can khao sit trong khoang [0, +o).

« Khi x =0 thi y = 0, vy dudng cong cat cic truc toa do tai diém
0, 0).

» Khi x — -1 hoiéic x -—» 1 thi y — *w, nén cdc dudng thing x = -1 va
x = 1 1a tiém cin diing cta dudng cong. '

Khi X — #o0 thi y — too, dudmg cong ¢6 khé nang cé tiém can xién d6i
v0i nhdnh vo6 cuc phai va trdi. Ta cé :

k= lim Y= lim ——=0:
x—xo X xotwd 2
b= lim y= lim ————=tcw.

X—>fw x— 1w 3{X2 -1

Do d6 dudng cong khong c6 tiém cin xién.

2
x“ -3 : : e s
-y'=—-—,y'=0kh1x=i\/§,y'khOngténta1kh1x=il-
33(x? -4

v ZXO X)) v 0 khix = 0vax =+3, y" khong 160 tai khi
oY (x? - 1)’
x=%1. : '
Ta cé bang bién thién :

x |0 1 J3 3 +00

y' - - +

y' |0 - + 0 -

Y ~. —=1,37~7 3

. 7
16i | 16m 16i
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Vay phén dudng cong ing vdi khoang [0, +00) ¢6 hai diém uén (0, 0) va

[3, 2) : mét diém cuc tidu | 43, ﬁ .
2 %

« Dya vio bing bi€n thién, ta v& phdn dudng cong ing v6i khoang
[0, +00), sau d6 1dy do6i ximg qua géc O(0, 0), ta nhan duge todn bd dudng

cong phai v& (hinh 3.7).

Yi

Hinh 3.7
d) « Ham s6 xdc dinh va lién tyc ;réfi motx € R.
« Ham s6 khong chin, khong 1€, cling khong tudn hoan.
» Khi x = 0 thi y = 7, khi y = 0 thi x + 2arccotgx = 0 = x = x, (khong
cln tim gia tri cia x; ).
Viy dudng cong cit truc Oy tai diém (0, ) va cit truc Ox tai diém (x1. 0).

e Khi x — #c0 thi y = +o0, dudng cong ¢é kha nang ¢6 tiém can xién
ddi véi nhdnh vo cuc phai va trai. Tacé :

k= lim (1 + —2ar°i°‘g") =1,

X—>tm

by = lim (2arccotgx) = Zarccolg(M) =0,
X —»+o0

by = hm (2arccotgx) = 2arccotg(—ow) = 21
X—»—-0
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Do d6, y = x 1 tiém cén xién ddi v6i nhénh vo cuc phdi viy =x + 2n Ia
tiém can xién d6i véi nhanh vo cuc trdi.

ey =1- 22=x2_1',y'=0khix=i1.

1+ x Xx“ +1
y"=-L22,y"=0khix=O.

(1+x7)

Ta c6 bang bién thién :

X |00 -1 0 1 +¢0

y + 0 - 0 +

y" - 0 +

y ;m/:%ﬁ—l‘ﬂn\,_%+l/f_+w

i 18;_ 16m

Vay dudng cong ¢6 mot diém uén
(0, m). Diém (Hl, 37“ - 1) 1a diém

cue dai, diém (1, % + 1) 12 diém cuc
tiéu clia him s6.

« Dua vao bang bién thién, ta c6
d6 thi nhw hinh 3.8.

e) » Ham s6 xdc dinh vi lién tuc ¥ = X + arccofgx
véi moi x € R.

« Ham s6 chdn, tudn hoan véi chu Hinh 3.8

ky g vi 6 thé viét :

3 1
2 ;lccos2 X = :’I 4+ —cos4x.

4
Ta chi cén khao st trong khoang |:0, %J . Sau dé, dé c6 duoc toan bo

y= sin* x + cos*x =1 - 2sin

dudng cbng, ta tinh ti€n phan dudng cong da vé sang phai va sang trai nhitng

doan bing g
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e Khix=0thiy=1;y>0 déi véi moi gia tri cha x. Vay dudng cong
cat truc Oy tai di€m (0, 1) va khong cat truc Ox.

. "o Cac tiém can : khéng c6.

» ¥' = —sindx. Trong khoang [O, %), y=0khix=0vax= %, nhiig
diém 4y la diém t6i han cha ham s&.
3
y" = -4cos4x. Trong khoang [0, %J ,y'=0khix= -g VAaX = -gﬂ- .
Ta c6 bang bién thién :
s 7 3n it
0 z R hidd had
: 8 4 8 2
"0 - 0 + 0
"4 - 0 + 0 - -4
2
61 lom 16i
Viay trong khoang v
= sin? 4
|:0, ;—} dudng cong c6 hai 1 y= st cosx
. (n 3] X A4 i
diégm uwon : | —,—| va V i
84 L .
3n 3 . (m 1 0 T R X
—.2j. biém |=, = z 2
(8’4) Dlem(4,2] |
la diém cyc tidu, diém Hink 3.9

(0, 1) 12 diém cuc dai cla
ham s6 (y"(0) = -4 < 0).

+ Dua vio bang bién thién, ta v& phan dudng cong Ung vdi khoang

[0, %J . Tinh tién phin dudng cong di v& sang phai va sang trai nhimg doan

bing —12.5 ta dugc toan bo dudng cong nhu hinh 3.9.
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I—Int ¥ l-—lInt

2. xy=Int+1,yp =———  y3 =2L = .
t2 A t2(lnt+l)
. 1-1Inli
Yil=1 = 5——=1.
I“{Inl + 1)
2t ' -2

24. x; =

' ' YI
. =2t, =——=]1+1".
1+12 v Yx Xt

" LI [ \ 1
o2 = (yxdx =+ 1)ty = 1+ tz)t.—-'— =1+,

Xy

)’;’2 it=0 =1.

25. a) » Céc ham s& x(t) va y(t) xdc dinh va lién tuc véi moi t € R.

* x(t) 1a ham s6 chan, y(t) la ham s6 1é, vay ta cho 1 bién thién trong
khoang [0, +o0), r6i thuc hién phép déi xting qua truc Ox.
« Khi t — +oo thi y(t) - —0 va x(1) — -1, vy x = -1 12 tiém can ding.
eTacod: |
L —& C -4

xtz-——’y_
a+22" 7 sy

Véi Vit € [0, +o0) thi x; =0 khit=0; y, =0 khi: 1 - 46 - * = 0,

nghiia 1 khit = \v/5 — 2 .

,_&_t4+4t2—1

y =
X X, 4¢
yx =0 khit= /5 -2 . Khidé:
x( J§-2)=‘/§2"1-v0,618,
51
Y(\/\/_—z)=\/\/§—2J_2 ~ 0,300 .

Vay tai diém (0,618 ; 0,300) tiép tuyén cla dudng cong song song vdi
truc Ox.
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Khit=1,tacé x(1)=0, y(1) =0, v} |t=1 =1, vay tai diém O(0, 0) tiép

tuyén ciia dudng cong hop véi truc Ox mét géc % .

yx —> - khi t = 07, vay tai diém x(0) = 1, y(0) = 0 tié’p tuyén cua
dudng cong song song vdi truc Oy.

Tu d6, suy ra bang bién thiénchax vay:

t |0 Vs-2 e v
x; {0 -
X 1l ———
0618~ o
1 0 ' on
Yt 1 + 0 - _ -1 1 X

y S 0,300~y 0t

—a0

Duya vao bang bién thién, ta vé& dugc
phan dudng cong ing véi t € [0, +o0), lay
déi xitng qua truc OX, ta nhin duge toan bo Hink 3.10
duong cong nhu hinh 3.10 (sinh vién nén tu
xét dau cha ylz dé xdc dinh khoang 161, 16m cla dudng cong).

b) ¢« Cic ham s6 x(t) va y(t) xdc dinh v lién tuc véimoit € R.

» N€u thay t bdi -t thi x déi thanh -y, y ddi thinh —x, vay ta cho t bién
thién trong khodng [0, +o0), r6i thyc hién phép d6i xing qua duo‘ng phéin
giac thit hai y = -x. .

¢ Khi t — +00 thi x(t) = +o0 va y(t) - 0, vay y = 0 13 tiém cin ngang
(dudmg cong con mdt tiém cén dimg x = 0, d6i xiing déi véi tiém cén ngang
qua dudng phan gidc thit hai).

s Taco:
xp=elt+1), yp=ed-1)

VéiVt € [0, +o0), thi y, =0 khit= 1.
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C_yp et 1-1)
Yx = =T ——
Xt e'(l+1) _
y=0khit=1.Khidd: x(1)=¢, y(I) = ;1:—. Vay tai diém (c, é) tiép
tuyén cia dudng cong song song véi truc Ox. Tai diém O(0, 0) (img v6it=0)

ti€p tuyén clia dudng cong la y = x vi y) |t:0 =1.

T d6, suy ra bing bién
thinchaxvay: - Y3

’
—

t 10 1. +co >

s

1

Xi + T .I_

S P o > 0 '

Yt + 0 - -e \\\

y 1

0" ¢ =0
Duya vao bang bién thién, ta

vé dugc phdn dudng cong ng Hinh 341

voit € [0, +0), 14y d6i xdng qua

dudng phén gidc thi hai, ta nhan dugc toan bo dudng cong nhu hinh 3.11
(sinh vién nén tu xét diu cia yy2 @€ xdc dinh khoéng 16i, 16m va diém u6n
cia dudng cong).

26. a) » Ham s x4dc dinh va lién tuc véi moli ¢ € R.

« Ham s6 tudn hoan véi chu ky 'ZTR, nén chi c¢in khao sit va vé dudmg
cong trong khoéng [—%, -;E] .

Ngoai ra r = asin3@ 1a ham s6 1¢, nén dudng cong d6i xing dsi véi
duding thang di qua gdc cuc, thing géc v6i truc cuc. Chi cin khao sét va vé

dudng cong trong khoang |:0, g] .
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sTacd: r'=330053(p;r'=0khi(p=g

r 1
gV = — = =1g30.
2 r 3g<P

Ta ¢6 bang bién thién :

o | 0

R

plo|loa
Wi J

tgV | 0. 0 0

Hinh 3.12

Dua vao bang bién thién, ta v&€ dugc phan dudng cong Ung voi
Qe [0, g] (canh hoa nim & géc phin wr I), 14y déi xing qua dudng thing

di qua gdc cuc, thang géc vé6i truc cuc, nhan duge cdnh hoa thit hai nam &
' 2n
3

dudng cong nhu hinh 3.12. Dudng cong nay thudng goi la dudng hoa hong
ba canh.

géc phan tu 1. Sau dé quay nhiing géc quanh O, ta nhin dugc toan bo

b) « Ham s xéc dinh va lién tuc véi nhitg gid tri clia ¢ thda man

bat phuong trinh cos2¢ 2 0, vy 2¢ € [vg + 2km, g + Zth] hay

Q€ [—%+ kn,%+ kn:|,k=0,il,i2,

¢ Ham s6 tudn hoan véi chu k¥ 7, nén chi cin khao sit va v& dudng cong

trong khodng [—%, %]

« Ngodi ra r=a/cos2¢ 13 ham s6 chin, nén dudng cong doi xing doi

. , S » T
véi truc cuc. Chi cdn khio sét va v& dudng cong trong khoang [O, Z] .

eTaco: r'= —2302@ . 1 0 khip=0.

Jcos2e
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tgV = % = —cotg2Q.

3 6 6
7

a v
—, I'= —= song song véi truc cue.
6 V2

Chu ¥ rang tai ¢ = 161:— gV = —cr;)t‘.g—;£ = Qﬁ, suyra V= R = on

Tiép tuyén v6i dudng cong tai diém ¢ =

Ta cé bang bién thién :

s

@0 4 |

r - :
rla—10 i ?ox
tgV | 0o

Hinh 3.13
Dua vio bang bién thién, ta v dugc phdn dudng cong dng vdi
S [O, %] » 18y d6i xing qua tryc cuyc, sau d6 quay nhitng géc n quanh O,

ta nhan dugc toan bo dudng cong nhu hinh 3.13. Pudng cong nay thudng goi
la dudng Lemniscate Bernoulli.
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Chuong IV

PINH THUC. MA TRAN.
HE PHUONG TRINH TUYEN TINH

A - TOM TAT LY THUYET
1. Ma tran

" Ma trin ¢ m x n la bang s& hinh chit nhat m hang, n cft

aj1 A1z e g
a a1 ... a
Aol 22t 22 | aeR
aml am2 ..... admn
viét tat 13
A= [aij]m X -

Khi m = n, ta ¢6 ma tran vudng cip m.
Khi m = 1, ta ¢6 ma tran hang (1 hang).
Khin =1, ta ¢6 ma tran ¢t (1 cdt).

Ma tran khong ky hiéu 13 O, 13 ma tran ma moi phdn tir déu bang 0

O =[0), x.-
Hai ma tran A = {a;]] o, x, va B =[b] ;, x ; g0i 12 bing nhau néu
aij = bij’ Vl, j

Téng hai ma tran A = [@i] ; x n V& B = [by] o x o ky hidu la A + B,1a
ma trdn

C= [aij +bij] m ¥ ne
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Tich cha ma tran A = [a;;] ;m x n ¥vO1 56 X k¥ hiéu 12 AA, 13 ma tran
C=[%a

ij]m Xn

Tich ctia hai ma trdn A = [aj] mx pva B = [bjjly x o k¥ hiéu 1a AB, 1a
ma trin ' '

[Cij]m Xne
trong dé
p
cij= D aby Vi
k=1 '
No6i chung A B#B.A.

Ma trén chuyén vi cha ma tran A ky hiéu 1a A", duoc xdc dinh nhu sau :
A= [aij]m x  thi Al= [aji]n X m

2. Pinh thire cda ma tran vudng

» Xét ma trdn vudng cdp n

ar 213 e aIn

a ayy ... a
A =| 221 322 2n

an] apz ... Anpn

Ma trin suy tir A béng cich bd di hang i cot j 1a mét ma trdn capn - 1
£0i 14 ma trdn con ig véi phdn tir ajj, ky hi¢u 1a M;;.

- Dinh thic clia ma tran A ky hiéu 1a det(A) hay |A|, dugc dinh nghia
nhur sau ;

-NéuAldmatrdncip 1: A =[a)] thidet(A)=a,, ;

a;; a
—Né'uAlElmatrancﬁ'pQ:A:[ H 12:| thi
a1 ax

det(A) = al Idet(Ml l) - alzdet(Mlz) N
— Néu A 1a ma tran cip n thi

det(A) = (1) a; det(M ) + (-1)*2a pdetMyp) + .. + (1) ™, det(M,).
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Dinh thitc chia ma tran vudng cdp n goi 1a dinh thiic cip n. Cong thikc
trén goi 1a cong thifc khai trién dinh thic theo céc phan tl chia hiang dau.

» Mot s6 tinh chit cua dinh thifc :
1) det(A") = detA ;
2) Néu déi ché hai hang cho nhau thi dinh thic déi ddu ;

3) Néu nhén cdc phéin tit cha mot hang véi s6 A thi dinh thic duge nhan
1én vdi A. '

Tir ba tinh chat trén suy ra duge cdc tinh chét khde.
Néu A, B 1a hai ma trdn vudng cap n thi
det(A.B) = det(A).det(B).
3. Hang cba ma tran A
Hang ctia ma tran A k¥ hiéu 14 r(A), la cdp cao nhat cia céc dinh thic
con khéc khong cia A. '
4. Ma tran nghich dao

Ma tran don vi cap n k¥ hiéu 12 E, 14 ma trdn vuong cip n ¢d dang

1 0 ... 0

o1 ... 0
E=

0 0. 1

V&6i moi ma trdn vudng cdpntaco :
AE=EA=A.

A 13 ma tran vudng cdp n, ta néi A 1a kha nghich néu ton tai ma trén
vudng B cap n sao cho
AB=BA=E.

Khi d6 B goi 1a ma tran nghich dao cha A, ky hieula A™".

Diéu kién cdn va di dé ma tran vuong A kha nghich la det(A) = 0.
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d anr ..
Neu A=| 21 %2 20| va det(A) # O thi

Apl 4p2 e 4nn
11 ©2 e Cln
Al L |c1 2 2n
det(A)} oo,
. Cnt ©n2 e Cnn

trong dé

¢ = (-1 det(M;)).

Néu A va B la hai ma tran vuéng kha nghich thi tich A.B ciing 12 mét ma
tran vudéng kha nghich va

(AB =B A™
5. Hé phuong trinh tuyén tinh
Hé¢ phuong trinh tuyén tinh 1a hé ¢6 dang :

a11X] + 819X + ...+ ApXg & bl
4721X) tagxpXy +... + dapXp = bz

(1)
ml1X¥1 T ay2Xy + mnXn = bm
Dit
aj] 813 . Ay X by
a ayy ... a X b
A | 221 am an | xo|%| go|P
aqp g2 e & Xq b
He (1) ¢6 thé viét dudi dang ma tran
AX =B 2)

» He (1) goi 1a hé Cramer néu m = n (tiic A 12 ma trin vuc‘mg) va né'u
det(A) # 0 h¢ Cramer c6 nghiém duy nhat cho bdi
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trong d6 A, suy tir A bang céch thay o6t j bdi cot v€ phai B.

_ det(Aj)
*T denA)

, j=1,2,...n

 Hé phuong trinh tuyén tinh t6ng qudt (1) ¢6 nghiém khi va chi khi

hang clia ma trin A bing hang clia ma trin A= [A, B] (dinh 1y Kronecker-
Capelli).

Vay néu r(A) # r(A), he (1) vo nghiém : néu r(A) = r(A) =n, hé chinh

12 hé Cramer va c¢é mot nghiém duy nhét ; néu r(A) = r(K) <n, hé c6 vo 56

nghiém.
« Hé (1) goi 1a thuin nhit néu b; = b, = ... = b, = 0. N6 ludn cé nghiém
Xj = Xy =... = X, = 0 goi 12 nghiém tdm thuong. N6 c6 nghiém khong tim
thudmg khi r(A)<n. '
B - DE BAI
1 2 0 1 2 -3
1.Cho A=j-1 3|; B=| 3 . C=i1 2
3 4 -2 3 4 -1

114

a) Tinh (A + B) + C; A + (B + C).
b) Tinh 3A - 2B ; (3A)" ; 3A - 2B).

3 57 1 2 4
2,ChoA=12 -1 0Of; B=3 2 3 -21[.
4 3 2 -1 0 1

TinhA+B;A-B.

3. Thuc hién cic phép tinh sau :

2 2
a{l|i23: 01234
3, 1
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5 11 31 31 11 1 -1
)} 2 1112 1 2([2 -1 1
301 .
10 1 2 3111 0 1
1 3 1 2 10
4.Cho A=]2 0 4{; B=|1 -1 2|. Tinh ABviBA.
12 3| 302 1 '
. 121 23 1 121
5..ChoA=|0 1 2|;:;B=|-11 0|: c=|lo 1 2|
311 1 2 -1 31 1
Tinh:a) AB.C; b)A.C+B.C.
6. Thuc hién cdc phép tinh :
En SA12 313 (X
a) [az; ay axily[=0 (01 ma tran khong).
(431 a3 a3z [|z
(a1 A ap ay | [x ] 2 3
bylay ap azp ax||x; v =|5 0|
(331 233 a33 a34 | |X3 ¥3 4 -1
X4 Ya]
a b c|[t a ¢]
7. Tinh AB={c b ajll b bl.
1 T 1]{1 ¢ a]
5 3 2
8. Tinh dinh thic |-1 2 4/,
7 3 6
9. Tinh cac dinh thic sau :
sinat cosot a c+id 1+42 2-43
a _ ;b _ i ©) ;
—coso.  sina c—id b 2+4y3 1-42
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10. Tinh céc dinh thic sau :

1 logpa x-1 . x o+if y+id
a) ; b) 5 €) . RE
log,b 1 x> x%+x+l1 y-id a-iP
11. Tinh :
1 1 1 a a a
al-1 0 1]; byjra a Xx|.
-1 -1 0 -a -a X
12, Tinh :
111 1 1 1+1
ay [l 2 3|; by[-i 1 0 |;
1 3 6 1-i 0 1
1 1 1 , 5
o)l o ©% ,trongd6m=cos?ﬂ+isinTn.
1 m2 o
13. Chiing minh rang
b+c¢ .c+a a+b_ a b ¢
b'+c¢c' c'+a' a'+b' | =2/a" b 'l
bn + cu c.n + au au + b" all' bu CII
14. Tinh :
1 2 3 4 2 1 1 x
2 3 4 1|, 1 2 1 y|.
A3 4 1 2l By 1 2 z|°
4 1 2 3 1 1 1 t
1 2 3 1 1 2 3
2 1 -4 3] 1 2-x%2 2 3
c) ; d)
3 4 -1 2 2 3 1
4 3 -2 -l 2 3 1 9-x°

116



1 3 9 27|
1 4 16 64

15. Tinh

16. Tinh :

56 000

I 56 00

0 01 56

0 0015

b)i0 1 5 6 0].

»

17. Tinh :

0

-2

-2 -3

o |

b) [-1

0 .

0

a)|0 0 3

18. Tinh :

oo o o
— 5]
|
. =
E e g 29 iy
|
~ 't
— | =
| Y )
=R =
S o™ o
an_a
o i g 9 i°
i
s s e
nwloo <
— — !
= iy
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19. Thuc hién cic phép tinh h’iy thira :
* 2

211 _ 5
3 2
a3 1 0] ; b) 4 -2} :
01 2 -
9 1 " : d) _C(')SO. —sina n.
10 1 | sin cosa

20. Tim f(A) néu ;

2 -1
a) f(x)=x>-5x + 3 v6i A = .
3 3
2
b)f(x)=x>-x-1vdiA=|3

1 -1

11
1 2.
0

21.a)CholJ =

D = O
_— D D

1
0{.Tinh J*; J* suy ra J".
ol

a ¢ b
b) Hay biéu dién M = [b a c|theocicmatrainE,J, 12,

¢ b a

s a
22, Chiing minh rang ma tran A = [
c

b
d:l thda mén phuong trinh
x>~ (a+d)x + (ad — bc) = 0.
23. Chimg minh rang néu A.B=B.A thi:
(A:BY=A>+2AB+B’;
A’-B*=(A-BYA +B):

(A+B)’ = A’ +3A’B+3AB? £ B,



24. Tim ma trin nghich dao ciia cdc ma tran sau ;

I
aAyA= :
2 5

dA=|1 -1 0

A= ;
) -1 1 -1

-1 -1 1

1
1 1 -1 -1
1
1

b)A::[a b:l
c d

[t R

| o R P FEI o ]

.
b

~1

25, Tim ma tran X tix c4c phuong trinh sau :

2 5] 4 -6
1 2 1

2 1] -3 2 -2
b) X. = 4 ;
3 2] 5 -3 3 -1

|1 -3 2 0 -1
1 =2 0 s 1o
0 -1 1
1 -1 1
30 11 -1 1 3
e)l8 1 1![1 0 -1|.X=]|8
5 =3 2(i1 1 =2 5

MW O o

~2
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8 -1 5 17 -3 9 1 2
g2l 1 6 2|.X-| 2 11 -3[.X=[0 -1];
-2 4 0 =5 7 2 2 1
1 0 1 -1 2 -5 '
1 -2 0
hy2X.[| 2 2 1|+X |4 5 3|= .
: 2 31
-2 3 3 5 4 2

26. Tim hang cla cdc ma tran sau :

) - 1 3 5 -1
2 -1 3 =2 4
2 -1 -3 4
a4 -2 5 1 70; b) :
5 1 -1 7
2 -1 1 8 2
- - 7 7 9 1
43 -5 2 3 111 1 1 2
8 6 -7 4 2 121131
ola 3 -8 2 7|; d)131411.
43 12 -3 1 45 111
18 6 -1 4 -6 s -

27. Tim hang cta cic ma trin sau theo tham s6 A :

3 A 1 2 -1 21 -1 1
1 4 7 2 A -1 1 -1 -1
a) A = ; B =
1 10 17 4 1 20 1 1
4 1 3 3 1 22 -1 1
28. Giai cdc hé Cramer sau :
2X] — X3 —x3=4 X] + X9 +2x3=~1

a) 3x) +4x5 —2x3 =11y ; b) 2% — Xy + 2x3 =—-4,.
3x) — 2x5 + 4x3 =11 4%; + X9 +4x3 =-2



29. Gii cdc he phuong trinh sau bing phwong phép Gauss :

- X; + X2+2X3+3X4= 1
Xl+2X2+4K3 =31 :
3)(1— Xy — X3——2X4=—4
a) 35X+ Xy +2x3=29;; b) ;
2X1+3X2“ X3— X4=—6
3X1—X2+ X3 =10
Xy + 2%y + 3x3 — x4 =-—

X1+2X2 +3X3 +4X4= 5

I

2X; + X9 +2x3 + 3x4

c)

I

3Xl + 2?{2 + X3+ 2X4

il
|
th

4X1 + 3X2 + 2}(3 + X4

Xy —3x3 +4x4 =-5
X] —2x3 + 3x4 =4
3 +2xy = 5x4 = 12
4x) +3x5 ~5x3= 5

-
b

X1"2X2_+X3+ Xq4 = |
€) X) ~2Xy +X3— Xg=-1p;
K1—2X2+X3+5X4—_~— 5
X] + Xp —3x3=-1
2x) + Xp —2x3 = 1
g) ;
Xt + X9+ Xq3= 3
X1 +2X5 ~3x3= 1

X1—2X2+ X3+ X4 -— X5=0
b 2X1+ Xy — X3 — Xgq + X5=0
X7 + Xy — 5%3 — 5x4 + 5%x5 = 0

Xy — X3 —2X3+ X4 - x5=0

X1 + 2Xxp o= Xy 425 = 1
N X} — X3 —3x3+ x4.—3x5= 2%
2X] = 3Xp +4X3 — Sx4+2x5= 7
9x] — 9xy + 6x3 ~ 16x4 + 2x5 =25

121



30. a) Cho he
X] + 3%y +4X3 — x4 =2
2X] + X9 + 4x3 + x4 =m +11
X +5X9 —4X3 +5x4=m+9
Tim m d€ hé ¢6 nghiém, giai v6i m d6.
b) Bién lun nghiém ctia hé sau theo tham s§ a :
Xy +{a-Dx3+ 32X4 =2a
X+ 2)(2 + 8K4 = -1
2X] + 5%y + axy +2axy, =2a-3

X] +3x9 +(@a— 2)x3+3a2x4 = 4a - 2

C - BAI GIAI VA HUGNG DAN

1 01 1 3
l.a) A+B=|-1 3} +| 3 2|=[2 5
3 4 -2 3 1 7
1 3] [2 -3 3 0
A+B)y+C=1|2 5i+|1 2|=|3 7
|1 7] 4 -1 5 6
| (3 0]
A+(B+Cy=1|3 7],
(5.6
vi phép cong cic ma tran cling kich thudc ¢é tinh chat két hop.
1 2 [0 1 3 6 0 -2
b)3A-2B=3}-1 3| -2 3 2|(={-3 9|+{-6 -4
3 4 -2 3 9 12 4 -6
3 4
=1-9 5].
13 6
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— N

Do3A=|-3 9 :>(3A)‘=[3 =3 9].

6 9 12

9 12
3 4 3 -9 13
Do3A-2B=|-9 5|= (3A-2B) = .
- 4 5 6

2. Thye hién phép cong cdc ma trin ciing kich thuéc ta duoc :

4 7 11 2 3 3
A+B=14 2 2|; A-B=|0 -4 2/
33 3 5 3 1
2 2 4 6
3.a) [123]—12 3|;
36 9
[1231 =[13].

31
- 12.3+1.2+1.1 2 1+1.1+1.0
b) 2 1
30 1 1 0 3.3+40.2+1.1 3.1+0.1+1.0

9 3
10 3

|

L L[l 1 -1 [3.341.2+411 3.141-D+1.0 3(=1)+1.1+1.1
1 22 =1 1}: 21412421 21+1(-1)42.0 2(=D+1.142.1
2 3|1 0 1] [L1422+4301 LI42(-1)+3.0 K~D+2.143.1
(6 2 -1
=6 1 1§.
18 -1 4

4. Thyc hién phép nhan nhu trong bai 3 ta dugc :
f13 12 10 [8 07
AB=(2 0 4|1 -1 2/=116 10 4]|;
12 3413 2 1 13 5 7
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2 10][1 3 1] [4 6 6
BA=|1 -1 2{{2 0 4i={1 7 3|
3 .2 1|f1 2 3| [8 11 14

Vay A.B # B.A (khong ¢6 tinh chit giao hoén).

12 12 3 1j[1 2 1
5.2)ABC=(AB)C=([|0 1 2}-1 1 O}{j0 1 2
' 3 11 1 2 ~1|J)|3 1 1
1 7 1 2 1 1 9 15
=(1 5 =26 1 2[=|-5 5 9.
6 12 213 1 1 12 26 32
9 13 15
Tacd6 AC+BC=(A+BC=|5 2 5]
4 11 10
411 ajpx apz (X a11x+alzy+_a13z 0

6.3) 3.21 322 323 Y| = 321x+322y+3232 = O
a3) @3z a33]|2 azjXx +apy+agsz 0

ax+appy+ap3z=0
Vay ay1x +a22y+a23z=0' .
ap1X+azyt+ayz= 0

b) Khai trién twong tu cau a) ta dugc :
a Xy +tapX+apXytagXy = 23
8y X| + AppXy + Ax3K3 + AygXKy =D
a3)X] +apXy + aXy +ayXy =4
ajy) tappy,+ays+ays=3

8y1Y1 + 255, + ay3y3 +ayys =0

a3y taypyy +anyy taygys=-1)
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7.AB=

a+b+c a|2+b2 +c2 b2+2ac

b
b 2
1

s 7 R
— B0
etk

a ¢
b b|=|a+b+c b2 +2ac a2 +b2 +c
c a 3 a+b+c a+b+c

8. St dung céc tinh ch4t ctia dinh thite, ta duoc :

5 3 2 -1 2 4 = -1 2 4
-1 2 4D=— 5 3 2|(h,+5h) 0 13 22
7 3 6 7 3 6|(hy+7hy) 0 17 34
13 22
= —(-1) = 68.
17 34

sint  cosa .
9.a_)[ ji=sm2a+cosza=l;

—cosQ  sing

a c-+id } . 2 2
b) . =ab — (c + id)(c ~ id) = ab — (¢“ + d°).
¢ —id b - .
Chi i’ =-1.
) 1+s/§ 2—\6 5
c =-2.
2+\/§ 1—_\5
10. Tuong tu bai 9) ta dugc :
1 1 : x-1 1 .
a) OBba =0 b) 3 2 =-1;
log, b 1 X X“+x+1
. s
c) OH.IB YH_ = o? +B2 —72 52,
oy a-1f
1 1 1 a a a
11.a)|-1 "0 1|=1: b)|-a a x|=2a%@+x).
-1 -1 0 -a —a X
1 1 1 [ 1 0 14
12.a)|1 2 3|=1; byl -1 1 0 (=-=2
1 3 6 [1-i 0 1
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1 1 1

c) |A| = © ©®=3w?-20-0% Do co=a:0527n+isin%‘rt nén
1 m2 ® : .
m4 = m3 © = [0082_1: + isin—ﬂ:J3 (cos—73 + isinﬁt—] =
T 3 3 3 3 )7
= JA|= 30° — 30 = 3(0)2 -w)= 3|:cos4—n+ isin4—‘th —cosE - isinz—n}
3 3 3 3
13. Tacd
b+c c+a a+b b c+a a+b | |c c+a a+b
b'+c" c'+a’ a'+b' |=[b" c'+a’ a'+b' {+|c' c'+a’ a'+b

b"+C" C"+a" a"+b" b" C"+a" a||+b!l .c" C"+a" a!'+b"

b ¢ a+b | |[b a a+b ¢ a a+b

=[b" ¢ a'+b" [+|b a' a'+b i+|c' a' a'+b

b" C" a||+b" ‘b" al' a'lf-'-l)ll C" a" a|'+bfl
b

b ¢ al| ¢ a

b!! CH’ all' CII all b"

(céc dinh thic khac ¢6 hai cdt gi6ng nhau nén bang "0™)

b a ¢ a ¢ b a b ¢ a b ¢
=—[b" a' c¢'|-]a' ¢ b'i=la" b c'|+[a'" b ¢
b” a" ¢"| |a" <" b"] ja" b" " ja" b" c”
a b ¢
=2la' b <¢'| ladiéu phai ching minh.
a" b" C” |

14. Sir dung cdc tinh chét ta s& ¢6 :
1 2 3 4 (h2—2h|)1 2 3 4

3)2341 = 0 -1 -2 -7 _
3 4 1 2| thy=-3hplo -2 -8 -10]
4 1 2 3| ty-4h)g 7 10 -13
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1

0
0

2
4

1
0
0 0O

10| (h3 —2hy)

01 2
0 2 8

DEDED

-36

-4

7
-4
—40

1
0
000

{(hy +h3)

1 4
3 4

~2

= 900.

-1
-2

~1

3

4

—
o~
%
i
4
M
—
o~
e
oy I
v
© T 7 &
(8]
b i o oo D
- It L L 2
o T o o0
o~
o~ .|_.vA 2VA
i [aV] [ ]
v_Aan -+ C I
y— : Al
o .
[ »
c o O o e N
— —~—
~ 23 N o
N =t LS
MTERANY _ ===
~ . -~ Y
£ £= = = &8
o 1l (I | I
g —_ X et - =
< 1 ™, ep D~
N o~ e <+ s oF oD
~
™ nUaﬂO X49m
e o
o~ 2vA LT o B o T o
...l.n.{_n.j_.l_..l.0 L B I ]
— i
=] 1l —
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2-x 4-x* 8-x° 2-X 4-x% 8-x°
=1 5 19 = 1 5 19
2 12 56 [(hz—2hy)] O 2 18

4*-1'(2 8—x3
2 18

=2 -x)

5 19
2 18

=54(2 - x) - [18(4 - x*) - 2(8 - X)]
=2x>+18x* - 54x +52.

16. St dung céc tinh chit ciia dinh thifc ta dugce :

21111
1 31 1 1
all 1 4 1 1]=239%.
1 1151
1 1116
56 000 1 56 00
1 56 00 56 000
mlo 1 56 ol==l0 1 56 0=
001 5 6 00156
0001 5 00015
1 5 600
h,-5h,) |0 =19 -30 0 O 193000)
(hy =ohy) N 1 5 6 0
= o 1 56 0 =-(-D
0 1 5 6
0O 0 156
0 0 1 5
0O 0 015
I 56 0 1 5 6 O
(hy —19hy)
_ 19 30 0 0 - 0 —65 —114 ©
"o 156 B 0 1 5 6
0 0 1 5 0

0 1 5
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65 114 0:) 1 5 6
=-C-Dj1 5 6[¢ -[65 114 0
0 1 5 0 1 5

hy-65h; |1 5 6
211 390

= - [0 211 -390 = ’ 5 ’= 665 .
0 1 5

I 0 0 . 0

0 2 0 .. 0

17.a) {0 0 3 .. 0/ =1.2.3..n=n!.

0 0 0 ... n

b) Lan luot 14y c4c hang sau cong v6i hang du :

1 2 3 .. n 1 2 3 ... n
-1 0 3 ... n 0 2 6 .. 2n
~1 =2 0 .. al=|0 0 3 .. 2n|l=n!

-1 -2 -3 . 0 0 0 0 .. n

18. a) Lan luot 14y cac hang sau trir di hang ddu ;

1 2 3 .. n-1 n 1 2 3 ... n-1

1 3 3 .. n-1 n 01 0 .. 0

1 2 5 .. n-1 n 0 0

1 2 3 ... 2n-3 n 0 0 0 .. n2 O
I 2 3 .. n-l 2n-1 0O 0 0 .. 0 n-1

=1.12.(n-1)=(n- 1
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- b) Cong tat ca cdc cdt vao cdt cudi clng :

-a; 0o .. 0 O -4, a3 0 .. O 0
0 —as a 0 0 0 —dp aj 0 0
©o 0 -a3 .. 0 0| 10 O -a3 .. O O
0 0 O -a, ap 0o 0 0 -a, O
1 1 1 11 1 1 1 1 n+l
—aj a3 0 0
0 —a3 as 0
=(n+1)j 0 0 -ag 0 | = -D"(n + Dajay..a,
0 0 O -a,
2 1 112 1 1 7 4 4
19.a)|3 1 0|31 0| =19 4 3
01 2§01 2 3 3 4
2][ 3 1
b)AZ=AA= 3 2 2 ;
-4 -2]|-4 2 -4 4

oy [ +fo e
AT RS R

Vay A"=(E+J)"=E"+nE" 'J + -’-‘%E“‘Zﬂ o

_ (10 0 1| |1l n
—E+nEJ--[0 l:|+n[0 0]—[0 1].

Chu ¢ : & day EJ = JE = J va sit dung khai trién nhi thic Newton.
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d) |:cosoc —sina] |:cosa —sina] _ [cos2 o —sin” ot —ZSinacosa]

_Smo cosa || s coso 2sincicosar —sin a+cosZ o

. . 1 -
_|cos2a —sin2a _ |cosa —sinal" _fcosno -—sinna *)
sinZ2a - cos2a sinet  cosd sinno.  cosna

Chimg minh cong thitc (*) bang phuong phap quy nap todn hoc : Gia sir
(*) ding vdi n = k ; chiing minh (*) diing véi n =k + 1 (tr chitng minh).

20. a) f(A) = AZ - 5A + 3E.
Huéng dén : Tinh A%, -5A, 3E (E 13 ma tran don vi) vi cong chiing lai,

ta duge :
f(A) = l:g g]

b) f(A) = A2 - A - E. Thuc hién theo huéng din ciu a) ta dugc :

51 3
f(A)=| 8 0 3|,

-2 1 -2

— D D

Jzné'un=3k+2

b a 00 00
c|l =10 a O}+|b O
a 0 0 a 0 b
0
0
1

0 0 0 1
O{+bljl 0 O
1 0 10

E néun =3k
IJnfun=3k+1, k=1,2,..
C
a
b

a
byM=|b
c

-t

o TN . QY
O = O

131



22. Thuc hién phép tinh

2.
a b a b 1 0 00
|:c d] —(a+ d)[c d] + (ad - bc)l:o l] = [0 0].
23. Do A.B = B.A, nén khai trién v& trdi hoac v& phai ta duge diéu phai

chimg minh.

1 2
2 5

a1 5 2] _[5 =2
A "1[—2 1}_[—2 1]‘

b
d

4 1 [d -b
A _ad—bc[—c a]°

1 2 -3
c)det(A)=10 1 2| = 1=0,dodéma tran A kha nghich va
0 0 1 '

24. a) det (A) = l ‘ =1#0 = A kha nghich va

b) det (A) = ~2 =ad - bc #0 => A kha nghich va

. 1 C11 21 ©31
- = —|C C c 1
det(A) 12 €2 €32

€13 ©23 €33

trong d6 : ¢;; = (—1)I*idet(M,;). Cu thé ;
} 1

1 2 2 -3 2 -3

=GO |1 =P 1|=-—2;c31=(—1)f““1 2|=7;
c 2 1 -3 1 -3

e =D 11205 e =P | =1 e = 2‘=—2;
01l 12 1 2

cp3 =~ o ol7% cy3 = (-2 o o=% c33 = (-3 0 l|=1.
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Vay

1 2 7
Al=lo 1 2
0 0 1

1 -4 -3
Al=]1 -5 =3
-1 6 4
1 3 -5 7
01 2 -3 .
e) det(A) = 00 1 27 1 # 0 = A kha nghich va
00 0 1
1 2 -3 0 2 -3
e =-p*o 1 2|=1; cp =(-D*2%0 1 2| =0;
00 1 00 1
0 1 -3 0 1 2
cs=D"30 0 2[=0; e =C¢D"0 0 1] =o0;
00 1 00 0
3 -5 7 1 -5 7
=20 1 2| =-3; cp=¢1?Ro 1 2|=1;
0 0 1 0 0 1
C3=0; - Cpy=0; c3=1l17 c¢3p=-2; c33=1;
C34=O; C4|=—38; C42=7; C43=—2; C44=1.
Vay
1 -3 11 -38
-1 |0 1 =2 7
A=l 0 1 2
0 0 0 1
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) Hoan toan tuong tuta cd

1 1 1 1
411 1 -1 -t
Al=2
a1 -1 1 -1
1 -1 =1 1
3 -1 0 0
9 |3 2 0 0
& A=l 31 Z19 3 -4i
23 14 -2 3

25.2)DoA.X=B,nfudetAz0=3A !, dod6 X=A"'B.

5‘=1¢0 :>A_l=[ 3 _5]_

det (A) = ’2

3 12
o [3 5[4 -6] _[2 -23
= X=A B"[—l 2][2 1]‘[0 8]

b) AX.B=C:Néudet (A)# 0, det (B) # 0 thi

X=A"'cBL. -
12 1] -1_| 2 -1
det(A)—}S 2‘—1¢0:>A _[_3 2].
=82 a_[-3 2] [3 2
det(B)_‘_ 5 _3‘~ 1#0=>8B —[_5 —3i|h[5 3]

w2 -1[2 43 2)_[7 ol1[3 2] [ 24 13
=3 21| 3 -t||5 3| |12 -14|{5 3| |-34 -18]
-1 2 -3
c)AX=B:det(A)=| 2 -6 5{=1=%0 = A khanghich,
1 -3 2|
3 -5 81 o ~13 —13
—=X=ATB={-1 -1 1|2 1|=] -3 =2
0 1 2|0 -1 2 3
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11 -2 0
d) XA=B: det(A)=|2 -2 3| = -1=0 = Akhdnghich va

1 -1 1
-1 2 6
Al=|o1 -1 3
0 1 =2
-1 =2 6
:x=BA"=[(2) _i ﬂ -1 -1 3|= ["i’ ’g ﬂ
0 1 -2
¢) Ta c6 phuong trinh A BX = A = A(BX - E) = 0.
3 0 1
det(A)={8 1 1|=(6-24)-(5-9)=-26%0.
5 -3 -2 ~ -

Vay ta c6 phuong trinh twong duong : BX =E.

' I -1 1 :
DodeiB)=(1 0 -1|{=(1+1)-(-1+2)=1#0= Bkha nghich

1 1 -2
nén X =B 'E=B"\,
1 -1 1 1 -1 1
TatinhB'=1{1 -3 1| vayX=1{1 -3 2.
1 -2 2 1 -2 1
f) Ta ¢6 phuong trinh X.AB=B = (X.A-E)B=0.
2 3 -5
detB)= {0 -1 6]=(-12+36)-(10)=1420.
2 0 6
Ta c6 phuong trinh tuong duong : XA-E=0=> XA =E.
-1 2 1
LaidodettA)=| 3 -2 0|=(2-9)-(4-6)=-1#0= Akha
2 -3 -1
' -2 1 =2
nghich=>X=EA ' =A'=|-3 1 -3|.
5 -1 4
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g) Ta c6 phuong trinh 2A. X -BX =C= (2A-B)X =C.

8 -1 5} [17 -3 9 11 1
Do2A-B=2| 1 6 -2|-| 2 11 -3|={01 -1/
-2 4 0| |-5 7 2 11 -2
-11 1
det(2A-B)=| 0 1 -I|=Q2-1)-(1+1)=-1%0= (2A - B) kha
111 =2
nghich. Vay X = 2A - B)"'C
1 -3 211 2 5 7
hay X=|1 -1 1[|0 ~1| = |3 4.
1 -2 1|2 1t 35

h) Ta c6 phuong trinh 2X.A + X.B = C, hay
X(2A+B)= _
-3

1 0 1 -1 2 -5 1 2
Do2A+B=2| 2 -2 1i+|-4 5 3|=(0 1t 5|
-2 3 3 54 2 1 2 4

-3

det CA +B) = =(-4+10)-(-3+10)=-120=>2A+B)

[SE e -
N = N

5

-4
kha nghich va A + B) [
VayX=C(A +B).

H 1 _21 24 -4 23
Y 0 14 -1 -12|
13 -2 4 2 -1 3 -2 4
26.a) A = 4 25 17 ((hhz 2*")’ 0 0 -1 5 -1
2 -1 1 8 2 37h 0 0 -2 10 =2

2 -1 3 -2 4
W 0 0 -1 5 -1 D()l
0 0 0 0 0

2 3
0 _1\ =-2=%0.

Vayr(A) =
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1 3 5 - 1 3 5 -1
2 -1 -3 4| y2mp |0 -7 -13 6
bYA= 2 1
VA=l 1 a7 (Bs=5h) 10 -14 26 12
7 7 9 1] W™ o 14 26 g
07 s L3
— .Do {0 -7 6|=2820.
(Ea—ihll 0 0 0 o 0 0 -4
Bavhs) 1o 0 0 -4
Vay r(A) = 3.

¢) Thue hién bién d4i tuong tu cau a, b) ta duoc r(A) = 2.

d) r(A) = 4.
30 1 2
1 4 7 2
27.2) A = .
DA=11 1017 4
41 3 3

Pua tham s6 A xudng géc cudi
hang bon va dua ct hai sang cot bon.

ciing bing cich dua hang moét xudng

1 4 7 2 1 7 2 4
A |1 10 17 4 117 4 10
4 1 3 3 4 3 3 1
306 1 2 31 2 A
1 7 2 4 0o 7 2 4
(hy—hy) 0 10 2 [ 0 5 1 3
(h3-4h)) “10 25 -5 -15 0 5 1 3
M=) 1o 20 4 a- 0 -20 —4 A-12

(chia hang hai cho 2, hang ba cho --5)

{h3-h3)

2
1
0
(hy+4hy) 0

o I e B o QPN
S O

> O ow s
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VayA=0thir(A)=2
A =0thir(A)=3.

-1 21 -1 1
" b)B= 7; "; é ‘i _i . Déi hang hai véi hang bén :
1 22 -1 1
-1 2 1 -1 1]
— i i 3 _i | } . Dua ¢t mot va cot hai sang bén phai
A -1 1 -1 -1]

138

1 -1 1 2 -@y-2np[! -1 1 2 -l
2 -1 1 2 1 0 1 -1-2 3
0 1 1 & 1 o1 1 a1

1 -1 -1 -1 A] he=h) 1y 0 2 3 a+1
1 -1 1 2 -l 1 -1 1 2 -l
0 1 -1 =2 3 o 1 -1 -2 3
(h _h’)o 0 2 a+2 2|, +h’)0 0 2 A+2 2
3720 0 2 3 A+ 40 0 0 A-1 A-l
Vayh=1thir(A)=3; A= 1 thir(A)=4.
28. a) Viét lai hé duéi dang ma tran : A.X =B, trong d6
2 -1 -1 . [x 4
A=(3 4 21 X=Ixy|;B=]|11].
3 2 4] X3 11
2 -1 -1
Dodet(A)=|3 4 -2|=(32+6+6)-(-12+8-12)
3 -2 4
6020,

Vay h¢ da cho la hé Cramer.



Ta cé : A =det(A)=60;

4 -1 -1
Alzll 4 2 =180 ;
11 2 4
2 4 -1
Ay=1{3 11 2|=60:
311 4
2 -1 4
A3=[3 4 11/=60.

3 2 11
A Ay A

Vayx1=~31—=3,x2=7=1,x3=f3=1.

[a—

[a—

Ap=6;A,=12;A;=-12.
Vayx;=1;x=2;x3=-2.

29. Vi€t lai he¢ phuong trinh duéi dang A X = B.

-

(1 2 4 Xy 31
a) A=|5 1 21;X={xp|; B={29
_3 —1 1_ X3 10

(1 2 aP3|tha=5hDr 2 41 3

A=|5 1 2[29] — |0 -9 -18/-126

3 -1 1]10|(h3-3h))|0 -7 —11{-83

(hy/9) 71 9 43

1 2
- — |01 2|14 —)_01214
(hyx(~1))/0 7 11{83| (h3—7hy)|0 O

= KA) = r(A) =3
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= hé c6 nghiém, hay : - 3x3=-15 X3=3
Xy +2X3= 14 = X,=4
X|+2Xy +4x3=3 x,=3

hay x, =3 ;x,=4;x3=5.

1 1 2 3 [ 1 %,
I T T I [ I R B2
BPA=1, 3 4 |t BTt X7 X3 |
1 2 3 -1 | —4 | x4
1 1 2 3] 1{ty=3np[1 1 2 3|1
xq xf3 "l -l 24 0 -4 -7 -11|-7
2 3 -1 -1-6 h —2h5) 0 t -5 -7|-8
1 2 3 14 2 V9o 1 1 —4|-5
Z(hy—hy) -
11 2 31 11 30 1]
01 1 -4[-5 (h—hE)OI 1 —4|-5
T o1 -5 -7)-8 (h3_4hz)00—6 -3|-3
04 7 1|77 7[00 32727_3
112 31 112 3 1]
011 -4}-5 011 -4 -5
1o 0 1 9 9 ha-2mp (00 L O 9|
002 tf 147000 -17]-17
Vay r(A) = r{A) = 4 = hé ¢6 nghiém
X4=}
X3+9X4=9 X4=1,X3=0,
:x2+x3—4x4=—5 :x2=—l,x1=—l.

X1+X2+2X3+3X4 =1
Vayx, =x,=-1,x3=0,x4 = L.

Cdc cau con lai giai hoan toan tuong tu.
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C)X;=-2;X=23X3=-3:x4=3.
DX =1;%x,=2;x3=1;x4=-1.
©)X;=a;X=p;x3=2f-a;x,4=1.
g) Hé vo nghiém.

WX =x=%x;=0;x4=%x5=qL.

1) Hé vo nghiém.
13 4 -1} 2
30.a) A=[A|B]=|2 7 4 1im+11
1 5 -4 5m+9
(hy-2h)ry 3 4 g 2 13 4 <1 2
— (01 4 3m+7| —> [0 1 -4 3m+7!.
(h3-h;} |0 2 -8 6im+7|(h3-2hy){0 0 0 Olm+7

Dé he 6 nghiém thi m = -7.
Vai m = -7 ta dugc hé
Xg —4%X3 +3x4 =0
x.l +3xy +4x3 —x4 = 2}

Cho X3, X4 tUdO:> X|= 2- 16X3 + 10X4
Xy =4%;3 - 3x4

X3 ; X4 bat ki

-0 1 a-1 a2 2a
— 1 2 0 -1
b) A 2
2 5 a 2a | 2a-3

1 3 a-2 3a2/42-2

I

Dua hang ddu xudng cudi cing ta duoc :

141



1 2
I 0 a -1 (h2—2h1) 0 2 0 a -1
a 2a |9, 3 01 a .0 72 —1
1 3 a—-2 3a%|4a-2 " h;) 01 a-2 3a?-alda-1
3~
01 a~1 a2 2 01 a-1 a2 2a
1 2 0 a -1 1 2 0 a -1
01 a 0 2a-1 01 a 0 2a~1
(hs —hs) 0 0 -2 3a°-aj 2a (@ihang |0 O 1 a-2a’|-2a+1
3742
(hy—hs) 00 a-2a2|1-2a|3 4chonhau)|0 0 -2 3a%-al 2a
1 2 0 a -1
01 a 0 2a—1
> lo 0 1 a—2a2l1-2a
(h4 +2h3) )
0.0 0 a—a?|2-22a

Viy: 1)N€ua—a2=a(1 ~a)#0=>a=0;1hécdnghiém duy nhat.
2) Néua=0, r(A)=3; r(A)=4 he vo nghiém.
3)Néua =1, r(A) = r(A)=3 hé vé dinh.
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Chuong V
KHONG GIAN VECTO

A - TOM TAT LY THUYET

1. Khéng gian vectd thyre (goi tit 1a khong gian vecto)

Khoéng gian vecto thuc 1a mot tap khéng réng V, cdc phin t&r goi 1a
vectd, trén d6 dinh nghia phép cong vecto, phép nhén vecto véi mot s6 thuc.,
Hai phép todn d6 théa man 10 tién dé sau :

(1) Néuuvave Vihiu+veV:

(2) u+v=v+u VuveV;

3) u+(v+w)=('u+\{)+w,‘v’u,v,we V.

(4) TéntaivectoBsaochoB+u=u+6=u,YueV:

(5) Véimébivectou e V, tdn tai vecto -u € V sao cho

u+(-wy=(-u)y+u==90.

(6) NeuueV,heRthihue V;

T AMu+vy=iu+iv,Vu,ve V,YA e R;

B A+pu=iu+p, Vi, peR, VueV;

9 AQuu)=(pu, Vi, pe R Yue V;

(10) lu=u,Vvue V:

Vecto 9 trong tién dé (4) goi 1a vecto khong. Vecto —u trong tién dé (5)
goi 1a vecto d6i cha u.

Tir cdc tién dé urén suy ra :

DOu=0,YueV;

2)20=0,YALecR;

J)TeAu=0suyrai=0hodcu=28.
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2. Khéng gian con. Hé sinh

V la mét khéng gian vecto. Tap W C V goi 1a khong gian con ctia V néu
v61 hai phép toan da dinh nghia trén V, W ciing 1a mot khéng gian vecto.

Diéu kién cén va di dé tap W C V 12 mot khong gian con ciia V 1 né _
khong réng va dong kin d6i v4i hai phép toan trén V.

S= {X}, Xg, ...y X3} 12 MOt ho vecto trong V. Biéu thife ¢ X, + ¢3%; + ... + ¢ X,
viic;, € R, i=1, ..., n, 1a mdt vecto cha V, goi 12 mot 16 hop tuyén tinh clia
ho S. Tap hop tat ca nhiing t6 hop tuyén tinh cha ho S goi 13 bao tuyén tinh
cua ho §, ky hiéu 1a span(S).

Néu S 1a mét ho vecto cha V thi span(S) 12 mét khéng gian con clia V.
Néu span(S) = V, ta néi S 1a mét heé sinh cha V.

Ho vecto S goi 1a doc 1ap tuyén tinh néu biéu thic
CX;+CX+ ..+ X, =0,c,eR,i=1,2,..,n
chi xdy ra khi ¢; = ¢; = ... = ¢, = 0, goi 1a phu thudc tuyén tinh néu né khong
doc l4p tuyén tinh.
3. Co s6 va s6 chiéu cua khdng gian vects

Co sd ctia mot khong gian vecto 1a mot ho vecto {e, e, ..., €,} doc lap
tuyén tinh trong V va 1a hé sinh clia V. Khi d6 ta néi V la khong gian vecto
n chiéu va viét dim (V) =n.

Khong gian vecto V goi 12 hitu han chiéu néu V = {0} hay néu
dim(V) =n, ia v6 han chiéu néu né khong 12 hitu han chiéu.

Néu S = {e}, €5, ..., &,} la mot co s6 cuia khong gian vecto V thi moi
vecto x € V déu c6 thé biéu dién mot céch duy nhit du6i dang

X=cig +ce+...+ce, e R i=1,...,n
Cic s6 (¢, €5, ..., ¢,) 0i 1 cac toa do clia x theo co s& S, ma trin cot
1
C2
Cn

goi la ma trdn toa d6 clia x theo co s& S va duoc ky hiéu la [x]s.
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4. Hang cta mot ho vecto

S = {Xy, Xp, .-, X} 12 mot ho vecta trong V. S& 16n nhit cic vecto doc
1ap tuyén tinh 14y ra tir S goi 13 hang clia S, k¥ hieu Ia 1(S).

Hang cla ho S bang s& chiéu clia khéng gian con sinh béi ho S.
5. Bai toan déi co s6

B = {e}, 5 ..., gp}, B' = {&'|, ¢, ..., ,} 2 hai co s& cha khong gian
vectd V ; v 1a mét vecto cia V. Ma tran toa do cla v d6i véi B vi B theo
thit ty la - '

A | _ Vi
v v'

[V]B = :2 s [V]B' = :2 .
1LVn V'

Tén tai ma tran khong suy bién P sao cho [vlg = P[vlg, ma tran P got 1a
ma trdn chuyén co s, né c6 dang

P= [[3'113[3'215.--- [C'H]B]-

6. Anh xa tuyén tinh

*» V, W I hai khong gian vecto. Anh xa f: V — W goi 12 4nh xa tuyén
tinh néu :

) fu + v) =f(u) + f(v), Yu,ve V;
) = Af(u), VA e R,Yu e V.,

 Gia thtt dim (V) = n, B = {e, €5, .., ¢,} 1a mo6t co s& cia V,
dim(W)=m, B' = {¢'}, €, ..., €'y} 1a mét co s6 cha W. Khi d6 t6n tai ma
tran A sao cho

(f(x)]g = Alx]p.
Ma tran A gém n cot, cot thit i 14 [f(e;)]y, tic 1a
A ={[fe g [fle)]p - [fle)]p).
€0l 14 ma tran cia 4nh xa tuyén tinh f. |

Néu W =V, dnh xa tuyén tinh f : V — V goi la toan tir tuy&n tinh trén V.
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7. Tri riéng, vectd riéng cia toan t_fr tuyén tinh

» V 12 khong gian vecto, f : V — V 1a mot todn tif tuyén tinh. S6 A goi la
tri riéng cha f néu tén tai vecto x € V, X # 6 sao cho

f(x) = Ax. (*}

Khi d6 x goi 1a vecto riéng cla f ing vdi tri rieng A. Tap hop tat ca cac
vecto riéng cua f tmg v6i tri riéng A goi 1a khong gian con riéng cuia f Ung
v6i tr riéng A, ky hiéu 1a V.. D6 12 mot khong gian con bat bién d6i véi £.

« Goi A 12 ma tran cua todn tir tuyén tinh f. Phﬁcmg trinh
det (A - AE) =0 (%)

goi la phuong trinh dic tnimg clia f. Nghiém cla phuong trinh (**) la i
riéng cla f. Sau khi d3 tim dugc tri riéng cOa f, thi nghiém khong tdm thuong
cia hé phuong trinh thudn nhit '

(A-AEx=0

la vecto riéng clia f (ng vai tri riéng A.

B - DE BAI
1. Hay kiém tra lai 10 tién dé cha khong gian vecto: R" ;

#, = {P(x) | céc da thitc bac < n, vdi hé s6 thuc} va
9]1nxn= {A=[aij]mxniaijERVL]}.

2. V&i cdc phép todn di xét trong thi du 1, cac tép hop
a)U={x =(x_|, X3, 0,0) | x, X, € R} ;
b) W= {x=(x[, X3, 1, 1}| x;, X; € R}

cé phai 13 khéng gian vecto khong ?

3. Tap hop X = {x = (X, X3, X3, Xg) | X; € R,, 1= 1, 2, 3, 4} ¢6 phii la
khong gian vecto khong néu dua vao hai phép todn sau :

Véix, y e X, x=(x], Xp, X3, Xg) VOi 5, € Ry, i = L4 ;v= (Yi: Y2, Y3, Ya)
viiy; € R,,i= 14 thix +y = (X|¥}. X2¥2, X3¥3, X4¥4)-

Vavéii e Rthiix= (x%,x%,x%,x}).
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4. Cac tap hgp nhing ham sd sau day, trong d6 phép cong hai ham s0,
phép nhan ham s6 véi mot s§ thyc duoc hiéu theo nghia thong thudng c6 Ia
khong gian vecto khéng ?

a) Tap hop cic ham s6 f(x) lién tuc trén [a, b].

b) Tap hop céc ham s& f(x) kha vi trén [a, b].

¢) Tap hop cdc ham s6 50 cép.

5. Tap hop cic da thic bac n hé s6 thue véi phép cong hai da thic va
phép nhan mét da thic véi mot s6 thue c6 phai 1a mat khong gian vecto
khong ?

6. Chung minh riing tap hop tat ca cic nghiém ciia hé phuong trinh

QX +ary+azz+ast=0
b1X +byy+ b3z +byt=0
CIX+C¥ +C3Z+cyt =0
dix+dyy+d3z+dgt=0

(@, by, ¢, d; € R, i = 1,4) v6i phép cong hai nghiém, phép nhan nghiém véi
sS thuc théng thudmng 13 mot khong gian vecto.

7. Chitng minh rang tap hgp 9, » 5 céc ma tran vudng c& 2 x 2

A:F ﬂ,mhadek
¢ d

vGi phép cong hai ma tran va phép nhan ma trdn v4i mot s6 thue thong
thudng la mot khéng gian vecto.

8. Ching minh réng t4p hop F = {y = (0, y2, y3, yo) | v; e R;i=2, 3, 4}
14 mot khong gian con ciia R,

9. Chiing minh riang t4p |

F:{Bé@nzxszz [2 ab} |a, b, c € R}

1a mét khong gian con cha 9%, « .
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10. Chiing minh rang tap hop
F={y=(y1.¥2 Y3, ¥ | Y2+ Y3+ ¥4=0}
13 mot khéng gian con cha R, '

11. S = {x;, X, ..., X, } 12 mOt ho vecto trong khong gian vecto V. Chiing
minh ring néu S chifa vecto 0 thi ho S phu thude tuyén tinh.

12. Cho %, 1a tap hop céc da thitc bic < 2 v6i hé s6 thyc.

a) Chig minh rang ho S= {p/x) =1+ 2x + 3x2, py(x) =2+ 3x + 4x2,
p3(x) =3+ 5x + 7x2} 14 phu thudc tuyén tinh. -

b) Ho vecto {q;(X) = 1, gp(X) =1 + X, @13(X) = 1 + X + le la doc lap
tuyén tinh.

¢) Ho vecto {p(x), p(x), p"(x)}, trong d6 p'(x), p"(x) 1a dao ham cdp 1
va cdp 2 ciia p(X) = ax’ + bx + ¢ ; a, b, ¢ € R 12 doc lap tuyén tinh.

13. Trong R2ho S = (v, = (1, 1), v, = (0, 1), v3= (2, 3), 4 = (-1, O)} 12
phu thudc tuyén tinh.

14. Tim bao tuyén tinh ciia ho vecto trong cau a) bai tap 12.

15. Cho khong gian vecto R>.

a) Chilng minh ring ho {e'| = (1, 2) ; &', = (3, 4)} 1a doc lap tuyén tinh.

b) Chitng minh ring ho 4y la moét co s& clia RZ.

¢) Tim toa do ciia vecto x = (7, 10) theo hé co s chinh tic cha RZ.

d) Tim toa d6 cla vecto x = (7, 10) theo co sd €', €', trong ciu a).

16. Ching minh rang ho

C_frol . _[o 2], [00], _[oo
“151g ol'®2%[0 o3 "3 0 4 |0 4

doc 1ap tuyén tinh. T d6 ching minh réng ho d6 132 mét co s& ciia My, 5 -
17. S = {Xy, X5, X3, X4, X5} 12 mOt ho vecto trong R* Tim hang r(S) néu :
X, =(1,1,-1,-1)  x,=(1,-1,1,-1) x3=(3,1,-1, 1)
CX=03,-1,1,-1) x5=(2,0,0,0).
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18. Chimg minh ring tap hgp cic nghiém cha hé phuong trinh
(xl + 2}(2 + 3}(3 + 4){4 =0

1 3
X+ Xp + X3 +2X4=0

2 2

11 2 4
§K1+§-X2+X3+§X4 =0
1 1 3

L‘le +EX2 +ZX3+K4 =0

1a mot khong gian con clia R*. Tim s6 chiéu va mot co s& cia khong gian
con nay.
19. Tim s6 chiéu va co sd clia khong gian con cdc nghiém cia he
Xy —2Xy +x3 =0
2X) — X3 ~ X3 =0
—2X1 + 4?{2 - 2){3 =0
20. Trong R* cho cd s chinh tic {e,, e,, €3, €4} va mot co s& khic
f€1=(0, 1,1, )¢, =(1,0, 1,1, e3=(1,1,0,1), 5= (1, 1, 1, 0)}. x 2

mot vectd ¢6 toa do (1, 1, 1, 1) theo co s& chinh tic. Tim toa d6 cita né déi
vai cosd {e', €5, €'y, €4}

21. Véi ky hiéu trong bai tap 20, hay bidu dién vecto x = 8e, + 6e, + 4e; - 18¢,
theo co s6 {e';, €5, €'5, €'4} néu

e =-3e;+ey+testey | €,=2¢ -4e,+e3+e,
ey=¢; +3e;,-5¢e;+ ¢, €'y =€) +e, +4e; - 6e,.

22, C4c dnh xa sau day c6 phai 12 4nh xa tuyén tinh khong ?

a)f: R® — R>, xdc dinh béi £(x, y, 2) = (x, y, -z).

b) £ : 90, x,,, xéc dinh bdi f(A) = A + A"

c) f: P, — R, xdc dinh bdi fp(x)] = p(0).

d) f:V — V, xdc dinh bdi f(v) = v + u, u = 8 la mot vecto x4c dinh.

e) f:R* - R*, xdc dinh boi f(x (s Xg, X3, X4) = (X, X, X3, Xy)-

D f:R— R, xéc dinh bdi f(x) = x°.
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g) f:V >R, xdc dinh bdi f(x;e; + ... + x,€,) = X;, trong d6 {e,, ..., ,}
lamétcosacua V.

h) I : &, — &, xdc dinh bai flp(x)] = p(x) + xp'(x).

23. f 1a mot 4nh xa tuyén tinh :

a)Néuf: Vo R, f(v)) =2, f(vy) = -3, tinh f(3v, + 2v,).

b) Néu f: R* — R, f[(1, -1)] = (0, 1), £[(1, 1)] = (1, 0), tinh f{(1, -7)].
c)Neuf: #->R f(x+2)=1,{1)=5, f(x2 +c¢)=0,tinh f(2 -x + 3x2).

24. a) Biét f : R* - R> 1a mot 4nh xa tuyén tinh, f[(2, -1)] = (1, -1, 1),
fi(1, )1 = (0, 1, 0), hdy tinh f[(x, y)}.

: 0 0

0 al)=mr ol S ells )om e[ 3])

25. a) Chiing minh riing f : R? - R, x4c dinh bdi

b) Biét f : My x » —» R la mit d&nh xa tuyén tinh, f(|:1 0D:S,

f(x}, X2) = (J(l_ + ZXZ, X - XZ)
la mot todn tir tuyén tinh. Tim ma tran cua f.
b) Chitng minh ring f : R* = R’, x4c dinh bdi
f(xl, X7, Ks) = (4X1, 77(2 - 8X3)_

1la mot todn tir tuyén tinh. Tim ma trdn cia f.

26. a) Cho hai todan tﬁ' tuyén tinh f, g : R’ > R3, xac dinh bdi :
fx,y,z)=(x+2y+32;4x+5y+6z;7x+ 8y +9z);
gX,y,2)=(x+3y+452;6x+7y+9z; 10,5x + 12y + 13z).

Tim ma tran cua toan tu 3f - 2g va fog.

b) Cho hai todn t&r tuyén tinh f, g : R> > R, xé4c dinh bdi :

fx,y,)=(x+y,y+2z z+Xx);
EX, Y, D =(Y+Z,Z+X, X + ).

Tim ma trdn ctia toan t fog va gof.
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27. a) f 1a phép quay mdi vecto trén mit phing xOy mét géc a = %
Bi€u dién todn tif tuyén tinh f + I dudi dang toa do, I 12 todn tir dong nhat.

b) f 1a phép quay moi vecto ctia mit phang xOy mat géc a. Tim ma tran
clia todn tir tuyén tinh g = f+ f .

28. a) Tim tri riéng, vecto riéng cla todn tir tuyén tinh v4i ma tran

(6 —4
A= .
3l
b) Tim tri riéng, vecto riéng cia todn t&r tuyén tinh véi ma trin
2 -1 1
A=t-1 2 -1]|.
L0 0 1
¢) Tim tri riéng, vecto riéng ca cdc todn tlf tuyén tinh v6i ma tran :
3 -1 1 6 2 2
5
A1=[2 z] A2=B lé], B =i-1 5 -1|,By={2 3 -4|.
' 1 -1 3 2 4 3

C - BAI GIAI VA HUONG DAN
1.a) Xét1ap hop R" = {x = (xy, X, .., X} | X, € R,i=1,2, ..., n}.
X=X, Xp - %) € R y=(y, ¥3. ... ¥,) € R
Phép cong duge dinh nghia : x +y = (X; + ¥, X3 + Y3, «s Xy + ¥pp)
va phép nhén vdi s6 thue A : Ax = (Ax,, kkz, vy AXp)
Ta kiém ta lai 10 tién dé cha khong gian vecta :
DDox,y, eR,i= Ln nénx;,+y;€ R
D X+Y=X HYL XYy X+ V) € RY
)5ty =y X, 0= 1, n nén
X+y=Yy+X
X+ +)=(x+y)+z,i= l._n,z=(zl,zg, o Zy) € R

X+{y+z})=(X+y)+z

151



4) Phdn tlr trung hoa 8 = (0, 0, .., 0) € R" ; do x; + 0 = x;, nén
Xx+0=0+x=x.
- 5)Véix; € R=>3-x; € Rdé x; + (-x;) =0 nén
(-x}+x =X+ (-X) = (X| + (-X}), X3 + (X3}, ... Xp + (-X,)) = 0O
6)DoX e R, x; e R=Xx; € R, vay
Ax = (AX{, AXy, ..., AX,) € R".

NieRxeRy ek i= I,mr_l nénl(xi+yi)=7in+kyi.
=AM+ y) =X + ¥ AMXy + ¥9), oy AKX, + ¥,)) =

=(Ax, + Kyl, ?sz. +lyy, oo, AX, + ly,) = AX + AY.
8) A, p € Rnén (h + p)x; = AX; + ux; = (A + L)X = AX + pX.
g)h 1 e R=> (x; = Mux), i = 1,0 = M) = ()x
10) Lx = (1.X], 1.Xp, oo LX) = (K[, Ko ooy X)) = X

Vay tap hop R" 1a khéng gian vecto véi hai phép todn cong va nhan véi

sG thic da dinh nghia. '

b) Xét tap hop P, = {p(x) | da thiic bac <n ; hé s6 thuc}.
px)=a,+ax+..+ax"eP ; aeR,i=0n
qx)=b,+bx+..+bx"c? : beR,i=0,n

Phép céng : p(x} + q(x) = (a, + by) + (a; + b)x + ... + (a, + bn)x".

Phép nhan véi s& thuc A : Ap(x) = Aag + Aax + ... + AaX .

V6i hai phép todn trén dé dang kiém tra lai 10 tién dé cha khong gian

vecto (sinh vién tu ki_ém ta), & day vecto trung hoa 0 1a vecto
0=0+0x +0x° +... + Ox", |
va vecto doi clia p(x) 1a -p(x) = -a_ - a,X - a,x” - ... - a_x".

c) Xét tap hop My, <, = {A = (@l | 35 e R Vi, j}.

Phép todn cong la coéng cdc ma trin clng c& ; va phép nhan ma tran voi
sOthuc A e R:
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Ax[aij]mxn € 9n'mxn; Bz[bij]mxn € 9nmxn-;
A+B= (2] x o + [bijlm x o = [ + Biilm x n s
AA =k[aulm><n [lau]mxn

Ta s& chi ra rang v6i hai phép todn trén théa man 10 tién dé cia khéng
gian vecto.

Thuc vay

1) A =1[3jjlp x n 3 B=Ibjjlyxp Doa bjj € Rnéna;+b; e R

=>Ae€‘)ﬂmxn, BE9]Im,<nthlA+B=[aij+bij]mxne?)Ii.mxn.

2) C = [Cij]m X n [ = f)lim X o DO (aij + b”) + Cij = aij + (bl_] + CU) Vl, j,

i=1l,m,j=1Ln

[

?—>(A+B)+C=[(aij+bij)+cij]mxn=[ai,-+(bij+cij)]m><n=A+(B+C)-
3y a4+ by =b;j+a; Vi, j
= A+B= [ag]m x o + [bilm x o = [a;;+ Bijlm xn =
= [bjj+ gjl, x, =B+ A
4).Phﬁntﬁtrungh0£191hmatran0mxn=[O]mxnvédoajj+0=0+aij=aij
Vi, j nén
A+0=[a;+0lyx,=[0+a;lx,=0+A=A.
5)aj; € Rnén 3-a;;dé a;; + (-a;) = 0
= A+ (-A)=[a;+ (-2l = [0l x p = 0.
6)Ah e Ry e RV, j= Ay eR‘v’i,_jnén
AA = Aajiln x 0 = Rayln x n € My x -
7)A€ My x s BeMyxy, e R Doay,.b;; € Rnén

A(aj; + by;) = Aay; + Aby; Vi, jnén

MA + B) = [Aaj; + byl xp = [Aa + Abyly x o = AA + AB.
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8) A, pn e R, a; € R= (A + plag; = Aa;; + paj; nén

(h + WA = [(n + wagly x o = [Aay; + pajjly x n = AA + pA.
9) ARA) = M2 x n = (A1} x 0 = DA
10) LA = [Lagly, x n = (3] xn = A

Vay 9, x , v6i hai phép todn cdng ma trin va nhan ma trin vdi s& thuc
1a khéng gian vecto.

2.2)U={x=(x;, X0, 0,0) | x;, X, e R}.
Véi cac phép todn da xét trong bai tap 1. Ta thdy U € R*.
Xét X=X, X, 0,0 e U, y=(y,,¥,,0,0) e Uthi

X+y=(X; +¥, X +Y¥,,0+0,0+0)

= (X, + ¥, X3 £ ¥, 0, 0) € U.
Ax =(Ax; + Ax5,0,0) € U.

Viy U la khong gian vecto va la khéng gian con cha khong gian
vecto R,

b) W= ({x=(x. X3 L, 1) | x{, X, € R}
véi phépcong x =(x|, X5, [, 1) e W
y=Upyr L, )eW
th‘1x+yl——-(x1 +¥p X+ y2,2) g W,
Vay W khong phai 1a khong gian vecto.
3. Taphop X = {x=(X|, X5. X3, Xg) | X, e R, ;1= 1,4}
Xetx=(X], X3, X3, X) € X37=(¥), ¥2. ¥3, Ya) € X
Phép cong : X +y = (X,¥1. X2¥2, X3¥3, Xa¥y)-
Phép nhan véi s6 thuc A : Ax = (x%, x%, x%‘, xﬁ).

Ta ki€m tra 10 tién dé ctia khéng gian vecto d6i véi hai phép toédn trén.
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DDox,y,eR,,i=14 =xy;eR,.i=14 =X,y € Xthi
| X +Y = (XY, X252, X33, Xa¥4) € X.

2)Doxyy; =y;x;,i= 1, 4 nén
X+ ¥ =(X1¥15 X2¥2: X3¥3, Xq¥4) =y + X.
X, yeXvaz=(2),2,73,2y) € X.
Do (x;y))7; = X(yiz), i = L, 4 nén
| X +¥) + 2= ((X)z21, (X2¥2)2p, (X3¥3)Z3, (X4Y4)24)
= (X (y120), X2(y22), X3(¥32Z3), Xg(¥aZa)) = X + (y + 2).
4)Phantrtrung hoa B chon:0=(1,1,1, 1) e Xvil e R,.
VéixeX = x+0=0+x= (1.xy, 1.x5, 1.x3, 1.x4)
= (X, Xp, 33, X4) =X

S)VéfixeX.DoxieR,,:*»Elil—:xi"lER+,i=1,_4;haY
i

X = (X}, Xp, X3, X,) thi 3y = (—», —, —, —J e X dé
X‘*.Y:Y+K=(Kl—lﬂxzi'hishi}
X} X3 "7 X3 X4
=(1,1,1,1)=0.
O)xeX;reRthix} eR, i=14
= kx=(x%,x%,x%,x§) e X.
T)X,yeX,keR.Doxi,yieR,,,keRnén(xiyi)txf\. gt‘i=1,_4

= Mx +y)= ((lel)l, (x2¥2 », (X3y3)l, (X4¥4 ™)
= (X%Y%s X%Y%, X%Y%, Xﬁyi) = AX +Ay.
BxeX;hpekR= x?"“ =xi7“_xi“,i= 1 4

= A+wx= (xi”“, x%“‘, x%ﬂl, xi““) = AX + ux.
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NapueR xeX, xl“—(x W.i=1,4

= Qax= &P xR 3 K

= (D, &M, G P = px).
P G R R SN -
10) L.x = (x}, X3, X3,X4) = (X|, Xp, X3, X4) = X-
Vay tap hop X vé6i hai phép todn trén 1a khong gian vecto.

4. a) f(x), g(x) 12 ham s6 lién tuc trén [a, b] = f(x) + g(x) 12 ham s6 lién
tuc trén [a, b].
A € R thi Af(x) 12 ham s6 lién tuc trén [a, b] ;
Phan tr trung hoa 6 = 0 lién tuc trén [a, b] ;
Phan tir d6i cha f(x) 12 —f(x) lién tuc trén [a, b] ;
(Sinh vién tu kiém tra 10 tién dé khong gian vecto).

Vay F = {f(x) | ham lién tyc trén [a, b]} 1la khong gian vecto.

b) Tap hop G = {f(x) | f(x) kha vi trén [a, b]}.

Do f(x), g(x) kha vi trén [a, b] nén f(x) + g(x) ciing kha vi trén [a, b] va
[f(x) + g(x)]' = f(x) + g'(x), AMf(x) cling kha vi trén [a, b] va [AfCO] = A (x).
Phén tr trung hoa 1a 6 = 0.

Do f(x) € G thi ton tai ~f(x) € G dé [f(x) + (-f(x))]' = F(x) - f(x) = 0.
Vay G-la khong gian vecto (sinh vién ty ki€m tra).
¢) (Sinh vién tu kiém tra).
5., = {p(x) | bac bang 2, h¢ s6 thuc}.
Xéthai dathitc px)=2x"-3x+4eP,;
qx)=-2x*+5x+3 e P,.

Nhung p(x) + q(x) = 2x + 7 ¢ P,. Vay P, dang xét khong phai la khong
gian veclo.

156



6. He phuong trinh di cho duogce viét lai dudi dang AX = 0 (1), trong dé

a; a; a3z ay X 0
A=|Pt b2 b3 bal o |y . 0=|°
Cp ¢ ¢©3 ¢4 z 0

dl d2 d3 d4 1 0

a) Néu det(A) # 0 thi he (1) chi ton tai nghiém X = 0 nén tap hop nghiém
F chi gom mot phan tir X = 0 vay F = {0}. Tap hop F d6 1a khong gian vecto.

b) Néu det(A) = 0, h¢ (1) c6 nghiém X = 0, ngoai ra con ¢é nghiém
X # 0. Goi tap hop nghiém ctua hé (1) 12 G.

X1 X2

Gia st XD = y1 ; X@ _ ¥2 ; X{”,X(z)eG..
4| Zy
t ty

Ta chi can chira X + X? € Gvaax¥ e G1a du.
Thuc vay, X(l), XPeo=axP=0 ; AX® =0 ;
AXY + X% = axP 1 axP =0,

Vay XV + X? ¢ G. Véi A € R nen AQXD) = AAXD) = 0, vay
AX" € G = G I khong gian vecto (sinh vién tu kiém tra 8 tién dé con lai).
3 day ciing ¢6 thé nét G = R*. Céc phép todn ciing 1a cidc phép toan trong
R*:nenGla khong gian con cia khéng gian vecto R*,

a b
7. Tap hop 9, « , = {A_[c d]

vecto (xem phan c baitap 1, m=n = 2).

a,b,c,de ]R} la khéng gian

8. Taphgp F = {y=(0, 5 v3 ¥ |vi € R;:1=2,3,4}. Taphop F c R*
(xem phén a bai tap 1).

Xét2vectdu=(0,uy, u3, up) e F,v=(0, vy, v3,v)) e Fthin + v =
O.u+vyu3+vz,uy+v) e Fviy,vieR;i=2,3,4nény; +v, e R
i=2,3,4. '

157



Vaiu=(0,huy, Aug, Auy) e Fviy,e R;i=2,3,4, A e R. VayFla

khong gian con ciia khong gian R,

a b
9. Taphop F = {B—L a]

Ta thdy F < 9, « 5 (xem bai tap 7), vi & day tap hop F ¢6 cic phan t
trén dudng chéo chinh bang nhau.

Xét M, =[2 :] eF; M2=[a2 bz] cF

a,b,ceR}.

Docdc phantirthuc =>a; +a, e R,b; +b, e R,c; +c, e R

ay t+as bl +b2

C1¥Cy a)+ap

} € F vi cdc phén tir trén dudng chéo
chinh bang nhau.

Vai A e R thi Aa;, Ab|, Ac; € R nén

?Lal lbl

A = .
M [1‘31 Aay

] e F vi cdc phan ti trén dudng chéo chinh bing nhau.

Vay F c 91, x 5, F 12 khong gian con cta 91, x 5.
10. Tap hop F = {y = (¥,. Y2, Y3 Y9 | Y2 + Y3 + Y4 = 0}. True hét F C R*
v6i dac diém tdng cac thanh phdn thi hai, ba, bdn cla vecto y bing 0.
Xét Y= ¥n YY) € Fsv=(v, vy, v3,vy) €F
VoL Y+ Y3+ y3=0 v+ vy+v,=0.
= y+V=(y;+ V), Yo+ Ve Y3+ V3, Ya+ Vy) € FV
Y2+ V) + (Y3 + V) + (s + V) = (a2 + Y3+ ¥ + (a+V3+ Vg =0
va Ay = (Ayy, Ay, Ay3, Ayy) € Fvi
Ays + Ay3 + Ay =My, +y3 +¥4) =0.
Vay F la khong gian con cua khong gian R,
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11. Gia sir ho vecto S = {x,, X2 o Kjy s X b CV, €6 vecto X; =0
(vecto "0"). '

i
C1» €25 «os Cj=1s Cjas - € = 0 nén ho vecto S phu thudce tuyén tinh.

Do ¢ x| +cXy + ... + ¢X; + ... + X, = 0 ¢6 thé thda man khi ¢;# 0, con

12, %, = {p(x) | da thic bac < 2, hé s§ thuc}.
a) Xét ho vecto S = {p,(x), P2(x), p3(x)} C P
p(x)=1+2x+ 3%, py(x) =2 + 3x +4x2; p3(x) =3 + 5x + 7x*
Trong trudmg hop nay dé dang thdy ring p; = 1.p; + 1.p,.
Vay ho S phu thuge tuyén tinh.

b) Ho vecto V = {q (x), qx(x), g3(x)} C P, ;

Q) =1, q(x) =1 +X, qa(x) = 1 +x + x°.

Xét cyq)(x) + cpqp(x) + C3gqa(X) =cj 1 + eI + X) +c5(1 + x + xz)
= (Cl o+ C3)+ (02+C3)X +C3X2 =0 ¥x

€ +Cp +¢Cg =0
= Cy+¢3=0 = ¢ =cy=c3=0.
C3=0

Véy ho vecto V doc lap tuyén tinh.

c) Ho vecto U = {p(x), p(x), p"(x)} C 9)2 ; trong dé6 ;-
p(x):ax2+bx+c; a,bcel;
p(x)=2ax+b;

p'(x) = 2a.
Xét  cp(x)+ czp'(ﬁ) +¢3p"(X)
= cl(ax2 +bx +c)+c(2ax + b) +¢c3.2a

= aclx2 + (bey + 2ac,)x + (ccy + be, +2acy) =0
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ac) =0
= <bcy + 2acy =0 = e =cy=ey=0.
ccy + bey + 2ac3 =0

Vay ho vecto V déc lap tuyén tinh.
13. Ho vecto S = {vy, V5, V3, vq} C R*;
vl =(19 l); V2=(0! 1)3 V3=(2, 3); V4=(—1, 0)

Xét C1V] + vy + CqV3 + Cyvy =

o[l 2] e 1)L

+ 2 - = 0 . 3
f1 23 T 14 hé hai phuong trinh bén n : cho ¢, ¢; tu do
€] +¢g + 303 =0 '
= ¢4=¢C +2¢3; ¢y == —3¢3..

Vay ¢y, ¢, €3, ¢4 Khong thé déng thai bang "khong”. Ho S phu thude
tuyén tinh.

14. Ho vecta S = {p(x), py(x), p3(x)} T P,.

pl(.x) =1 +2x + 3% i p(x) =2 +.3x + 4x° s p3(x)=3+5x+ 7%%.
Xét q(x)=a+bx+cx2;a,b,ceR._

span (8) = {q(x) | q(x) = apy(x) + Bp,(x) + Yp3(x), @, B, ¥ € R}.
Ta di tim lién hé giita a, b, ¢ sao cho

a+bx+cx2=a(l +2x+3x2)+[3(2+3x+4x2)+y(3 +5x+?x2)
VX, o, B, y khong déng thoi bang "0" :

S a+bx+cxi=(a+ 2B +3y) + (2y + 3B + 57)x + Bou+ 4B + TPx2

a+2B+3y=a
=>20+33+5=>b
3a+4;3+7'y=cj

Tim lién hé a, b, ¢ sao cho a, B, y khong déng thdi bang "0".
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, _ 1 2 3la (hy —2hy) 1l 2 3la
Xét A=[(2 3 5 0 -1 -1|b-2a
3 4 7|c 0 -2 -2|c-3a
1 2 3]a

— (01 1|2a-b
(hs=202)10 0 0lc~3a—2b+ 4a

Diéu kién r(A) = r(A)=2 =>c-3a-2b+4a=0=c=2b- a
Vay tap hop da thitc g(x) cé dang : q(x)=a+bx+ (2b- a)xz.

span(S) = {q(x) | q(x) = a + bx + (2b - a)x?).
15.2)S={e' | =(1,2);¢,=(3,4)} ; '}, ¢, € R
He S doc lap tuyén tinh. Thuc vay

' , 1] 3] [o
llel +l232 =3.1[2 + 7»2|:4:|=|i0}

M +3y =0 13
.C6
2 + 44, =0 2 4

‘:4-6=L2¢0.

Vay A =&, = 0. Vay he S doc lap tuyén tinh.
b) Dé chimg minh ho S Ia mot co s& ciia R, ta con phai chimg minh ho
$1a heé sinh.

Thuc vay, xét x = (a, b) € R?; a,b € Rthix =ae'| + fe', (*)
a 1 3 L.
= =q +p ludn Iuén ton tai o, § = 0.
b 2 4

a+3P=a
2a+4B =0
Vayx e IR? luén luon bidu dién duoc dudi dang (*).

1 3
}.Cc’)detA=t l=—2¢0.
2 4

Vay ho vecto S = {¢'|, e';} 12 mot co s trong RZ.
c) F={e, e}, ¢ =(1, 0), e, = (0, 1) 12 hé co s& chinh tic trong RZ.
Vay x = (7, 10) € R? ta ¢6 x = e, + Pe,
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HEHR R
=0 + B =

10 0 1 B=10
= x=Te; + 10e,;

(7, 10) 12 toa dd cha vecto X theo hé co sd chinh tic trong R>.

d) Xét hé cosa (€', €',} trong cau b).

x=o¢' +pe'y, = [170] = a[ﬂ + B[i]

a+33=7
200 + 4P =10

ol

x=¢'| + 2e',. Vay (1, 2) 1a toa do clia vectd x theo he co sd e';, €'5.

= a=1,p=2

16. Hudng ddn. Cén ching minh ho v = {¢', €', ¢'5, €4} d(}c 14p tuyén
tinh. Aje'; + Age'y + Age’y + Ae’y =0 = Ay = & = A3 = A4 = 0 va ching
minh luén ludn tén tai A, A, A3, A4 khong ddng thdi bing "0" dé

A= [a b} = Age' + Ay + Mgy + Agl'y
¢ d
hay néi khac di, h¢ V 1a hé sinh trong 91, ;.
17, Tim r(s), s = {Xy, X3, X3, X4, Xs5}-
x1=(,1,-1,D);x=(1,-1,1,-1);x3 =3, 1, -1, 1) ;
x4=(3,-1,1,-1); x5 =(2,0,0,0).

(1 1 -1 1]ha-h) {1 1 -1 1]
1 -1 1 -1 — 0 -2 2 =2
Xét A=|3 1 -1 1 (hy -3h) |0 -2 2 -2|—>
3 -1 1 -li(hy-hy) [0 2 2 -2
12 0 0 0 (hs — 2h;) 0 -2 2 -2
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11 -1 1
T/ 001 -1 1
(h3-h3) 1o o ¢ o
(ha-h32) 19 o o o
ths-ha) g 0 o o

= 1(A)=2. Hang cba ma trin A ciing 12 hang ctia ho S. Vay 1(S) = 2.

18. Viét lai h¢ phuong trinh da cho duéi dang ma tran AX = 0 (1), rong d6 :

[1 2 3 4]
i 1 §_ 2 X1 0
2 2 X5 0
A=|1 2 41, X= ; O=
-~ 1 2 X3 0
3 3 3 0
113 o
4 2 4
He¢ (1) 12 hé thudn nh4t. Tim r(A).
1 2 3 4]
1,3, 1234
A—% 2 2 4 —» 1234 => r(A)=1
- 331! 3 1 2 3 4 o
113 , 1 2 3 4
|4 2 4 d

Nhir vay hé phuong trinh da cho tvong duong véi phuong trinh
Xy + 2x2 + 3X3 + 4X4 =0.

Cho Xy, X3, X4 12 4n ty do thi x| = -2x, - 3% -4x,. Goi F Ia tap hop cdc
nghiém ciia hé phwong trinh (1) :
F={X =(-2x,-3%;-4%4 X5, X3, X X, € R, i =2, 3, 4].
Dé dang chi ra F C R, F Ia khéng gian con cia R*. Lai do dimR* = 4 :
(A)=1néndimF=k =4 -1 =3. D tim mét co s& ¢ha F, ta ldn lugt cho
X2= L x3=%4=0;%3=1,%,=%;=03;%4=1, X, = X3 = 0 ta dugc hé

Y1=(2,1,0,0)y,=(3,0,1,0); y2=(-4,0,0, 1).
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D& dang chi ra hé {y,, y5. Y3} ddc 14p tuyén tinh va 14 hé sinh ra khong
gian F. :

19. Huong ddn : Tim tap hgp nghiém F C R? nhu trong bai tap 18 ta
duge ket qua.

20, He ca s chinh tic {e,, e, &5, ¢4} C R,
va hé co s& khdc {e'), €'5, €5, €4} C R*,

Vecto x = (1, 1, 1, 1) theo hé co s& chinh tic. D€ tim toa d6 cha x theo

h¢ cos6 {e'j}; .77 tati€n hanh nhu sau :

Do
C'1=(0,1,1,1) = C'1=061+82+63 + €4
e‘2=(1)0;111):> c'2=cl+0c2+e3+c4
e'3=(,10,1) = e'y=e; +e5 +0e3 +¢4
ey =(1,1L,1,0) = e'g=¢ +ey +e3+0eq4

ta ¢ ma trin chuyén cd sd&

6 111
1 011
P=l1 101
1110
3t
bat £ = 22 12 toa do ciia vecto x theo hé cg so e k-T2 thi theo
3 .
4
cong thic bién ddi toa do :
0 1 1 1}1& 1 €y +&3 +&4 =1
1 01 1||&y_|1 E1+&3+&4 =1
1 101 (5,3 1 (‘;1+E_,2+(\;4=1
1 1 10 g4 1 él + gz + €3 =1

Giai ra ta dugc .’;1 =E_,2 =é3 ={:,4 =%.
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Vay x = (1, 1, 1, 1) = ¢, + e, + e3 + ¢, theo hé chinh tic thi
‘I' t L) L] 1 £y 1 1 1 1 -~ L3
x=§(cl+ez +e'3+e'y) va &:(5,5,5,5) 1a toa do cua vecto x

theo hé co s& {e;}. _77-

21. Vi€t lai dang bai todn 20 :

Cho x = 8e, + 6e, + de5 - 18¢, = x = (8, 6, 4, -18) theo hé cu s& chinh
tac {e i}, _17 ; hé co s0 mdi s€ la

e =(-3,1,1,1) €,=2,-4,1,1)
e’y=(L3,-51 ey=(,1,4,-6).
Thuyc hién nhu trong bai tap 20 ta duge két qua.
2.a)f: R® & R? x4c dinh bdi f(x, v, 2) = (X, v, -2).
: Xét u={(xX,y.2) € ]R3, V=(Xp, Y. L) € R>.
U+V=(X|+ X3 ¥+ V2.2, + ) € R’
flu+v)=f(X| + X3, y1 + ¥2, Z; + o) = (Xg + Xo, ¥ + V2, ~Z; - 29)
= (X1, ¥1. ~Z1) + (X3, ¥3, -Zp) = f(u) + f(v).
f(u) = f(Ax ), AX,, AX3) = (AX|, XXy, ~AX3)
= A(Xy, Xs, —X3) = Af(u)
Viay dnh xa f 1a 4nh xa tuyén tinh.
b) Xét A ={[ajj);x n € Myxp; B=[bjlyxpy € My xy thi
A+ B=[a;+bjlyxpy € My«
f(A+B)=(A+B)+(A+B'=(A+B)+(A'+B)
=(A + A" + B+ B") = f(A) + f(B).
f(AA) = (AA) + (RA) = AA + AA" = A(A + A") = Af(A)
Vay f 1a anh xa tuyén tinh.

c) Xét nhu trong céu a, b.

165



dXét u, eV +ue V.
flu; +u)=(u; +uy) +u;
flup) + fu) = +u) + Wy +uy=u; + 1, + 2u. Dou# 9 nén
f(u; + uy) # f(u)) + f(u,).
Vay f khong phai 1a dnh xa tuyén tinh.
e) Xét nhu trong ciu a, b.
) f:R>R;fx)=x"
f(x + y) = (x + y)* = f(x) + ().
Vay f khong phdi 1a dnh xa tuyén tinh.
g) Xét nhir trong cdu a, b.
h) £: %, - %, : {[p(x)] = p(x) + xp'(x)
flp(x) + q(0)] = [px) + qOO] + X[p(x) + g
= [p(x) + xp'(x)] + [a(x)} + xq'(x)] = flp(x)] + flq(x)].
fAp(x)] = Ap(x} + x(Ap(x)) = Mp(x) + xp'(x)) = AMIp(x)].
Vay f 1a é&nh xa tuyén tinh.

23.2) 1:V->R;f(v;)=2,f(vp) =-3.
= f(3v + 2vy) = 3f(v)) + 2f(v,) =32+ 2(-3) =0

byDof: R? - ]Rz, ta phén tich [ 17] theo |: IJ va i}] .

B R
> asap=svar L= d1]-3)

fI(1, -] = fl4(1, -1) -3(1, 1)] = 4£(1, -1) -3f(1, 1)
=4(0,1)-3(1,0) = (-3, 4).

¢) f: % — R, phin tich nhu trong cau b) dugc két qua.
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24. a) Phan tich u = (x, y)theoe', =(2,-1);e,=(, 1).

- [’;] = qe'| + Pe'y = a[_ﬂ ¥ “[ﬂ

20+ B=x 1 L
= —a+B=y} :>a-3(x y),B—B(x+2y).
Do f 12 4nh xa tuyén tinh nén

flw] = fl(x, )] = af(e’y) + Bile’)

=z3E -9 -LD+ g(x +2y)0,1,0) = 3(" -y 3. x-y).
b) Phin tich A = [2 b] theo € = [1 O] ;& = [O 1] :

d 0 0 1 0
o 2|1 0], [0 0],
3701 ol o 1 |-

A= llell + lzelz + l36'3 + 7\.46'4
kq + ;L3 =a
12 = b
;&2 + 7»3 =cC
hg=d

= kl=a+b—c;}q=b;k3=c-*b;k4=d.

Do f 12 4nh xa tuyén tinh nén
f(A) = f(h €] + 2585 + Aae's + Aye'y)
= A f(e')) + A (e')) + haf(e's) + Ayf(e'y)
=(@a+b-¢)3+b(-1)+(c-b).0+d.0=3a+2b-3c.
25. ) Xétx = (x, x) € R2;y = (v, yp) ¢ R?
DX+Yy=(X;+YL X+ Yo e R?:ax e R%
fx +y) =f(x) +y1, X2+ ¥2) = (X + 1) +2(X3 + ¥2), (X} +¥1) - (X2 + ¥2))
= ((X; + 2x) + (y; + 2y2), (X) - X} + (¥ =~ ¥2))
= (X, + 2Xq, Xj - X2) + (¥ + 2¥2, ¥; - ¥o) = f(x) + {(y).
f(Ax) =((x + 2x5), Mx; — X)) = AX + 2%y, X} — X5) = Af(X).
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Vay f 1a toan tir tuyén tinh,

PE tim ma trén cha f ta tinh :
fle)) =f(L,0)=(L, D=¢, +e
f(e) =1(0,1) = (2,~1) = 2¢; — &,

1 2 P
j| 12 ma tran cia todn tir f.

= A=
[1 -1

b) Thuc hién bién ddi nhu cau a) dugc két qua (sinh vién tr giai).

26.a) Dof(x,y,Z) =(x + 2y + 3z;4x + 5y + 62 ; 7x + 8y + 92)

f(ey) =1(1,0,0)=(1,4, 7) = e + 4ey + Te3
= f(ey) =f(0,1,0) = (2,5, 8) = 2e; + 5e; + 8¢y
f(e3) = f(O, 0,1)=(3.,6, 9) = 361 + 662 + 9_63

Ma iran cha todn tir f
1 2 3
A=(4 5 6].
7 8 9
g(X,y,2) = (x + 3y +4,52; 6x + Ty + 9z2; 10,5x + 12y + 132)
g(e) =g(1,0,0)=(1;6;10,5) = e, + 6¢, + 10,5¢,
= gle))=g(0,1,00=(3;7;12)=3e + Tey + 124

Matrdncla todn tir g ;

: 1 3 45
B=y 6 7 9
10,5 12 13

Ma trdn ctia todn tir 3f - 2g s€1a:
3A -2B=E (E 12 ma trgn cla todn tr ddng nhat)
v ma trin cia fog

1 23 1 3 45 44,5 53 63
D=AB=(4 5 6|| 6 7 9 |=[95 119 141
7 8 91105 12 13 149,5 185 211,5
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b} Thuc hién nhur trong c4u a) ta duge két qua.

27. a) Goi i, j la hai vecto don v trén hé truc toa d6 x0y.

I N SR NN
Tacd f(i)= 1COSZ + _}Slnz ——1 + = 2 ——J;
)] cs§—+ s'n3—n—-£ —Jz
= 1e0S 7+ Jsinm =~ =i+
Ma trén todn tir f
22
2 2
A= .
2 2
2 2

Ma tran cua todn tir d6ng nhat I 1a

10
2= [g 1]

Viay ma tran cla toan t& f + 12 :

a0
2t -7
A+E=
_Jz _.[2_+1
2 2

Phép dGi f + I ¢6 thé viét duéi dang toa do :

[x] = (A + E){x] hay
y ly
f+Dx, y)=,y)= [(—?— + ljx Jz_y, ‘/2—

b) Tuong tw cdu a) ta c6 ma tran cta todn tir f ;

A= | COST —sina}
sina cosa

Ma tran clia todn tir £

ATtz | cosa sin ot
-sint cosa |’

!

V2

2

).
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Ma trdn clia todn tirg = £ + f ' = 2Icosa I

_ -1 _|2cosa 0
B=At+a = [ 0 2005&}
6-2 -4

28.a)Xét|A—7LE|=’ ‘=12-4x+4=(x-2)2

4 —2-»
- k1‘2=2.

Vectoriéng ing véitririéng L. =2 :

4 -4|1x 0
[4 _4}[y]—|:0]:>4x—4y—0 = X=y=c.

Vay vecto riéng u = (c, ¢) = c(e; + &), vi c € R bat ky.

2-% -1 1
b)XétA-AE=|-1 2-L -1|=0
0 0 I-A
= (1-2’@-M=0; & ,=1,A3=3.

Vi hy 5 =1 cb vectoriéng :

1 -1 -1]|x 0
-1 1 -1|ly|=10
0 0 0Ollz 0

x-y+z=0 =>x=y-zchoy=c,z=¢
-X+y-2z=0 yoa v 2
thi x = ¢; - ¢,, ta dugc vecto riéng

u=(c, ~ Cy)e; +Cyey + Cye4, VOi Cy, Cp bat ky.

Véi Ay = 3 ta cd vectd riéng xac dinh :

-1 -1  1f[x 0 -X—-y+z=0
-1 -1 -1lijy| =0 = Xx+y+z=0
0 0 -2]|z 0 -22=0

= 2z=0;y =-x, cho X = c ta dugc vectd riéng ing v6i A = 3
v=(c,—,0)=c(e| -e,).

¢) Tuong tu ciu a, b ta thu duge két qua.
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Chuong VI
PHEP TINH TICH PHAN CUA HAM SO MOT BIEN SO

A - TOM TAT LY THUYET

1. Tinh phan bat dinh

» Ham s6 F(x) goi 13 nguyén him ciia ham s6 f(x) trong khodng (a, b)
néuvx e (a, b) tacd F'(x)=1f(x) hay dF(x) = f(x)dx.

Néu F(x) 1a m¢t nguyén ham cla f(x) trén (a, b) thi moi nguyén ham cia
f(x) déu c6 dang F(x) + ¢, ¢ 1d mot héing s6 tuy ¥. Biéu thic dé goi I tich
phan bat dinh clia ham s6 £(x), k¢ hieu 12 [f(x)dx .

Moi ham s6 lién tyc trén khodng (a, b) déu c6 nguyen ham trén khodng do.
» Bang céc tich phan co bén :

dex=c;

o Xa+l
fx%dx = e (@)
dx

ui—=ln|x|+c x=0);
X

Iaxdx=a—+c (a>0viazl);
Ina

Iexdx =e® +¢
Isinxdx =—COoSX + C ;

fcosxdx =sinx +c¢ ;

dx
I S =lgx+c;
cos” X
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dx

—— = —Coigx + ¢ ;
sin”“ x

dx 1 X )
Iaz +x2 =;arctg;+c ;
I dx =Llna+x ‘e
az .x2 2a |a-x ’

j > ‘x+\lx +a|+c

x2 +a?
» Cac phuong phép tinh tich phéan bt dinh :
1) Phuong phdp doi bién ¢

Dé tinh [f(x)dx 6 thé d6i bién s6 x = (1) v6i (1) 12 mot ham 6 kha
vi lién tuc va ¢6 ham s6 nguogc. Khi d6 ta ¢6 cong thic

ffeax = fflowle'wd:.

Néu biéu thic dudi ddu tich phan cé dang gle(x)]o'(x)dx thi dé tinh tich
phan [f(x)dx, ta d6i bién s6 o(x) = t va duge

Jeeodx = [glotxle'(x)dx = [gv)dt.
2) Phuong phdp tich phdn timg phdn
Néu u(x), v(x) 1a hai ham s& kha vi lién tuc, ta c¢é cong thiic
Iudv =uv — Ivdu.
Cong thiic nay dugc sit dung khi tinh [vdu don gién hon tinh [udv.
Dé tinh cic tich phan .[P“ (x)sinaxdx , IPn (x)cosaxdx, IPn (x)e™dx,
trong d6 : a 12 hdng s6, P (x) la da thic bac n, ta dat

u = P (x), dv = sinaxdx (cosaxdx, e™dx).
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Détinh céc tichphan [P, (x)Inxdx , [P, (x)arcsinxdx , fPn (x)arccosxds,
an (x)arctgxdx, IPn {x)arccotgxdx, ta dit

u=Inx (arcsinx, arccosx, arctgx, arccotgx), dv = P, (x)dx.

3) Tich phdn cdc phdn thirc hitu 1y

Phan thic hitu ty 12 phan thic c6 dang gm gg , trong d6 P_(x), Q,(x) Ia
n

nhifng da thife bac m va n. Phan thic d6 goi 1a thuc su n€u m < n, khong

thuc sy néu m > n. Né&u phan thic 1% khong thuc su, ta duge mot da thifc
cdng v4i mot phan thic thuc su.

Céc phan thirc don gian 1a nhitng phén thitc c6 dang sau :

A s 13 _
(1) b (A, b 13 hang s6) ;

2) A (A, b 12 hang s6, k 13 s6 nguyén duong > 2) ;
K

(x-b) ‘

3) —-—-——?IHN (M. N, p, qla hing s8, A=p* - 4 < 0) ;
X“+px+q

@) _Z_N_!Z‘_W_k (M, N, p, q la hiing 8, A = p’ - 4q < 0, k nguyén
(X" +px+q)

dwong = 2).

Gia thir (I;((i)) la mét phan thitc hitu ty thue sy Néu Q(x) ¢d dang

Qx) = ao(x—bl)k' ...(m—br)kr (x2 +PpIX +q1)’1 ...(x2 +psx+qs)"s ,

trongdéa,, by, ..., b, p1.q;s -, P € R Ky, ok gy oy I € N piz —dq; <0,
P(x)

i=1, .., s, thi phan thic —-=
P Q(x)

c6 thé phan tich thanh t8ng cla cic phan
thitc don gian nhu sau :

Unhg véi thia s6 (x - b)* clia Q(x), téng c4c phan thic don gian thanh
phén Ia
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Ay Aj

Al
* 2
Xx—b (X—b)

x -

+..+

Ung v6i thita s (x2 + px + q)I cha Q(x), tdng céc phan thifc don gian
thanh phdn 1a

B]_X + Cl + Bzx + C2 + + B]X + CI

x2+px+q (x2+px-+-q)2 (x2+px+q)'”

trong d6: Ay, ..., Ay, ... By, Cy ooy By, Cp, ... 12 nhitng hang s6. Céc hé 56 ay
dugc x4t dinh bang phuong phdp tri s6 riéng hay phuong phdp hé s¢ bt dinh.

Dé tinh tich phan ctia phén thic hitu ty don gidn loai (1) va (2), chi cén
ding bang tich phan co ban. Dé tinh tich phan ciia phan thic don gian

2 2
loai (3), (4), ta bién d8i x> + px + q = (x + %) + [q - pT} va déi bién sd

x+ £ =t

2

4) Tich phdn cua mot s6 ham s6 luong gidc

Dé tinh JR(si_nx, cosx)dx , ta ddi bién s& tg% =1, Khi d6dx =2 dt ,
I+t
sinx = COSX = -
1+ 1+

Pic biét néu R(-sinx, cosx) = -R(sinx, cosx) thi d6i bién s6 cosx =t.
Néu R(sinx, —cosx) = ~R(sinx, cosx) thi d6i bién s& sinx =t.

Néu R(-sinx, —cosx) = R(sinx, cosx) thi ddi bién s6 tgx =t.

PdGi vai tich phan Isinm xcos” xdx , m v n déu chén, c6 thé ding cic

2 2

cong thic sin“x = %(1 - cost), cos“ X = —%(1 + cos2x) dé gidm bac clia

sin va cos.
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5) Tich phan cia mot s6 ham s6vo 13

m

I
Dé tinh [R| x, axtbin fax+bis dx, trong d6 a, b, ¢, d 1a
cx +d cx+d

nhiing héng s6 thoa man diéu kién ad -bc 0 ;m, n, ..., 1, s 12 nhiing s&

nguyén, ta doi bién s6

+b _ .
ax =tk,kla mdu s6 chung cia E,--.
cx +d n

Pé tinh IR(x, Jax% + bx + c)dx, ta viét

2 [ b)z dac — b2 ( b)z A
ax“ +bx+c=a|l|lx+—] +-—"——|=za|[x+—=| - 2.1
2a 4a2 22/ 42

Tuy theo dau cha A, ta dit + -%=k2 k>0 vaddibiénséx + %=ku.
4a
Ta s& dugc mét trong ba dang sau :

(1) [Ry(u, {1+ v?)du, ta d8i bicn 56 u = tgt.
@) |Ry(u, y1 - u?)du, ta di bin s6 u = sint,

(3) [Ry(u, yu? — 1)du, ta di bign s6 u= ——.

cost

T

2. Tich phan xac dinh
* Cho ham s6 f(x) xdc dinh trén [a, b). Chia [a, b] mét cach tly ¥ boi

cdc diém :
A=Xo <X) <X <. KX < Xjyp €on <X <X, = b

Trén méi doan [x;, x,,;] ldy mot diém bit ky & v lap téng
n-1

I,= Z f(€;)Ax; , vOi Ax; = x;,; - X;. N&u khi n — oo sao cho maxAx; = 0,
i=0

I; dén t6i mét gidi han xdc dinh I khong phu thuée vao cédch chia doan [a, b]

va cdch chon diém E; trong [x;, x;,(], thi gidi han dé goi 1A tich phan xéc
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b
dinh ctia ham s6 f(x) trén [a, b], k¥ hiéu la If(x)dx. Khi d6 ta n6i ham sé
a

f(x) kha tich trén {a, b].

TacHd:
a b
J’f(x)dx = - jf(x)dx .
b a
a
J’f(x}dx =0.
a
+ Céc tinh chat

GiA st cdc tich phan xdc dinh sau day déu ton tai, khi 46 :

b b
1) Jkf(dx = k [f(x)dx (k Ia hang s6) ;
a a

b b b
2) [ify (0 + f000x = ffi(0dx + [f(0dx ;

a

b c b
3) [fx)dx = [f(x)dx + [feoax.
a a C

Gia st cdc tich phan x4c dinh sau déu t6n tai va a < b, khi d6 :

b
4) Néu £(x) = 0, ¥x € [a, b] thi J’f(x)dx >0:

&

b b
5) Néu f(x) = g(x), ¥ € [a, b] thi [f(x)dx > Jetxdx ;

da a
6) Néu m < f(x) €M, Vx € [a, b), m, M ]a cdc hang s& thi

b
m(b - a) < J’f(x)dx <Mib-a);

a
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7) Néu f(x) lien tuc trén {a, b thi tdn tai £ e [a, b) sao cho
b
ftx)dx = £(2)b ~ ).
a

» Lién h¢ giffa tich phan x4c¢ dinh va nguyén ham :
1) Néu f(x) lién tuc trén [a, b] thi

[ ff(t)dt} =f(x), Vx e [a,bl].

2) Néu f(x) lién tuc trén [a, b], F(x) 1a mot nguyén ham cha f(x) thi

b b
feodx = Fol, = F®) - Fa.

a
Cong thac ndy goi 1a cong thic Newton - Leibniz.
« Céc phuong phdp tinh tich phan xdc dinh ;
1) Phuong phdp doi bién s¢
b
a) D& tinh {f(x)dx, trong d6 ham s f(x) lien tyc tren [a, bl, ta déi bicn

a

sO X = @(t). Néu ;
() o(a) =a, p(B) = b,
(i1) @(t) va @'(t) lién tuc trén [a, B,
(i11) ham s6 fle(1)] lién tuc trén [a, B,

thi ta ¢ cong thic
b B
[teadx = ftlemlpwd.
a L4

b) Néu ham s6 dudi dau tich phan cé dang f(x) = gle(x)]e'(x) thi dé tinh
b b

_[ f(x)dx = Ig[cp(x)]cp'(x)dx , ta d6i bién 56 @(x) = t. Néu ¢(t) bién thién don

a da
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diéu va c6 dao ham @'(x) lién tuc trén [a, b], con g(t) lién tuc trén
[p(a), p(b)], ta c6 cong thifc

b b @(b)
Jteodx = felotlo'codx = [ gwdr.
a a p(a)

2) Phutong phdp tich phdn timg phdn

Neéu u(x), v(x) la nhimg ham s& kha vi lién tuc trén [a, b] thi

b b b
Iudv =uv| - Ivdu .
a a a

» Vi cong thic dang nhé .
0 néu f(x) 1a ham s6 1é trén [a, b),

a
1) If(x)dx =12 If(x)dx néu f(x) 14 ham s& chdn trén [a, b).
~-a

]
% n (2m—1)(2m—3)...3.1-£ néun=2m,
2) |sin™xdx = _[cosn xdx = 2m(2m-2)..4.2 2
2m(2m-2)..4.2

0 0 nfun=2m-+1.

Zm+1)(2m~-1)..5.3

3. Mot s img dung hinh hec cua tich phéan xac dinh
o Dién tich hinh phdng

Dién tich hinh phing gi6i han bdi dudng y = f(x), truc Ox va céc dudng
thing x = a, X = b, trong d6 ham 56 f(x) lién tuc trén doan [a, b] (hinh 6.1)
duge cho bdi cong thiic

b
S= [lf(x)|dx.
a

Dién tich hinh phéng gidi han b&i hai dudng v = f|(X), y = f(x) va céc
dudng thang x = a, x = b, trong dé f,(x) va f3(x) lién tuc trén doan [a, b]
{hinh 6.2) dugc cho bdi cong thic

b
S= fify(x) - (0| dx .

a
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Hinh 6.1 Hinh 6.2

Dién tich hinh phang gidi han béi dudng x = ¢(y), truc Oy va cdc dudng
thing y = ¢, y = d, trong d6 ham s6 o(y) lién tuc trén doan [c, d] (hinh 6.3)
dugc cho bai

d
S= [loty)idy.
<
Dign tich hinh phing gi6i han bdi cdc dudng x = ¢;(y), X = @4(y) va cdc
dudng thing y = ¢, y = d, trong d6 ham 6 @,(y) va @,(y) lién tuc trén doan
[c, d] (hinh 6.4) duoc cho bdi

d
S= fley) - oy dy.

Hinh 6.2 Hinh 6.4

Néu duding cong duge cho bdi dang tham s& x = ¢(t), y = W(t), & St < B,
¢(a) = a, ¢(B) = b thi dién tich hinh thang cong giéi han bdi dudng cong dé,
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truc Ox va cdc dudng thing x = a, x = b, trong d6 cdc ham s§ @'(t) va y(t)
lién tuc trén (¢, B] duge cho bai

B
S= flv@e'@id.

44

Dién tich cfia hinh quat cong
OAB gi6i han bdi dudng cong cé
phuong trinh cho trong h¢ toa do cuc
la r = f(¢p) va hai tia ¢ = a, ¢ = B,
trong d6 f(p) lién tuc trén [o, B)
(hinh 6.5) duge cho bai cong thite

ey

B
172
S= —2- Ir (p)do. Hinh 6.5
o

» D¢ dai cung dudng cong phdng

D6 dai cung dudng cong phéng AB c6 phuong trinh y =f(x),a<x <b,
trong d6é ham sO f(x) cé dao ham lién tuc trén doan [a, b] duge tinh theo

cong thic
b
s = ‘Nl + f'z(x)dx.
a

Néu cung dudng cong AB dugce cho béi phuong trinh tham 56 x = (1),
y = y(t), o £ t £ B, trong d6 cdc ham sd @(t) va y(t) c6 dao ham lién tuc trén
[, 3], thi do6 dai cha né duge tinh hai

p
§$= I\/(p'z(l) + q;'z(t)dt

o

Néu cung dudng cong AB dugc cho bdi phuong trinh trong hé toa do
cuc r = f(@), o < @ < B, trong d6 ham s6 f(p) cé dao ham lién tuc trén [a, P]
thi 46 dai ciia né duge tinh boi

B
s= [yr' (@ + r(e)de.
v}
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o Thé tich clia vat thé

Néu S(x) 1a dién tich thiét dién cha mot vat thé giéi han bdi mot mat
cong kin véi mat phing vudng géc véi truc hoanh tai diém cé hoanh do x
trén truc hoanh, a < x < b, trong d6 S(x) lién tuc trén [a, b], thi thé tich cla
vat thé Ay dugc cho bdi cong thic

b
V = [S(x)dx.
a
Thé tich vat thé trdn xoay tao ra khi quay xung quanh truc Ox hinh
thang cong aABb gidi han bdi dudng y = f(x), truc Ox va hai dudng thing
X =a, X = b, trong dé f(x) lién tuc trén [a, b] (hinh 6.6) la

b
V=mn jfz (x)dx.
a
Thé tich vat thé trdn xoay tao ra khi quay xung quanh tryc Oy hinh
thang cong cCDd gi6i han bdi dudng cong x = ¢(y), truc Oy va hai dudng
thingy=c,y=d, trong d6 ham s8 @(y) lién tuc trén [c, d] (hinh 6.7) dugc
tinh bai o

d
V=7 fo?(y)dy.

¥
R d// D
x = @ly)
< C
of X
Hinh 6.6 Hinh 6.7
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e Dién tich mdt tron xoay

Dxén tich mit tron xoay tao ra khi quay xung quanh truc Ox cung dudng
cong AB ¢6 phuong trinh y = f(x}, a < x < b, trong d6 f(x) ¢é dao ham lién
tuc trén [a, b] (hinh 6.8) duoc tinh bdi

b
S=2n || fx) |1+ F2(x)dx .

Néu cung AB dugc cho bdi phuong trinh tham s8 x = o(1), v = (1),
o <t < f3, trong d6 cdc ham sS @(t) va y(t) ¢6 dao ham lién tuc trén {a, B], thi

B
S = 27 fly® Vo2 + y 2@ dt.

o
Dién tich mat tron xoay tao ra khi quay xung quanh truc Oy cung dudng
cong CD c¢6 phuong trinh x = ¢(y), ¢ £ y £d, trong d6 ¢(y) ¢ dao ham lién
tuc trén (c, d] (hinh 6.9) duoc cho béi

d
$=2x [lo(y)|y1+ @2(y)dy.

c

y =f(x)

Q]
AT
e

Hinh 6.8 Hinh 6.9

4. Tich phan suy réng

1) Truomg hop khodng Idy tich phdn vo han

- @ Gia thir f(x) xdc dinh trong khodang [a, +0), kha tich trong moi khodng
b
{a, b] v6i b > a. Khi d6 néu 16n tai gidi han lim If(x)dx; gidi han d6 goi

b+
a
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la tich phan suy rong cua ham s f(x) trong khoang [a, +o0] va duge k¥ hiéu

+a0 +x0
la If(x)dx. Khi d6 ta néi tich phan suy rdng jf(x)dx hoi tu. Néu né
a

a
khéng héi tu, ta néi né phan ky.

Tuong tu

a a
j'f(x)dx: lim ff(x)dx.
b -

—0

Tax
| == hoi tu khi o> 1, phan ky khi e < 1.
a
e Dinh Iy so sdnh. Gia thit cdc ham s6 f(x), g(x) lién tuc trén [a, +c0) va
0 <f(x) £ g(x), VX € [a, +o0).
+0 +00
(i) Néu jg(x)dx héi tu thi If(x)dx ciing hoi tu.

a - a
400

+o0
(ii) Néu I f(x)dx phan ky thi I g(x)dx ciing phan ky.
a a
2) Truong hop ham s6 dudi ddu tich phdn khéng bi chdn
e Gia thir f(x) lién tuc trong khoang f{a, b) nmmg lim f(x) = «o . Khi dé

x—=>b”
néu ton tai gidi han lim jf (x)dx , ta dinh nghia
co>b 4
If(x)dx = lim If(x)dx
c—»b"
b b

va néi ring tich phain suy rong I f(x)dx hoi tu. Tich phan suy réng If(x)dx

. a a
goi la phan ky néu né khong héi tu.

b dx

. I— hoitu néu e < 1, phdnkynéu o 2 1.
L(b-x*

183



= Dinh Iy so sdnh. Gia st cic ham s8 f(x), g(x) lién tyc trén [a, b), dén
16i oo khi x ddn 161 b va thda min diéu kién

0 < f(x) < g(x), ¥x € [a, b)

b b
(i) Néu [g(x)dx hoi ty thi {f(x)dx ciing hoi tu.
a a

b b
(ii) Néu ff(x)dx phan ky thi [g(x)dx ciing phan ky.

a a
B — BE BAI

Dung cdc tinh chdt ciia tich phén bdt dinh, tinh nhiing tich phdn sau :

2 N2
1. Iﬁ_x—-t—l)—dx 2. j(l xx) dx
2 . 2
o 4 [
L+ %% X°(1 + x%)
2 2 7 3
5. I(X + D(x 2) dx 6. J‘\/2 + X \/2 X dx
%/X_Z 4 -x*
3x 2x
7- -[(2 — 8. [3%%(e¥ + 2 .5%)dx
3x42x%
273
2
9. I{sini - cosé) dx 10, _[ 50052)(
2 “ sin? x cos? x
11. |(3egx - 2c0tgx)2dx __ 12.
I : Jshzxch2

Duing phuong phdp doi bién s6 tinh nhitng tich phdn sau -

a‘ - x
13, |——— 14, |———dx
Ix6(1+x ) I x*

—X
15. J‘;e*dx 16. J'__dx_
e* +e "3 +e7X)
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sin xdx xzdx

7. 1 + 3cosx 18. -[ 31
sin 2xdx arcsin x
19, |————n= 20. dx
\}1+sin2x I 1-x2
dx dx
21, | —— 22, |-—
I\/;.\Il-f-\/; '[ x-x2
23. [t ** dx 24.
'f I x4 + 2x +2
25. [ 26. _[——lidx
X“+4x + 8 2x2—3x+1
3x — dx '
27, 28. ——
’[2+6x+9 I,/x2_4x._3
29, (3x - 5)dx
J9 + 6x — 3x2

Dang phuong phdp tich phdn tirmg phdn, tinh cdc tich phén sau

30. I(x2 + 7x — 5)cos2xdx 31. Ixze3xdx

32, |arccosxdx 13, J‘ a'mngX
xdx

34. 35. [cos(Inx)dx
cos? x
x>dx

36. |

37. _[In(x + 1+ x2 Jdx

\}1 + x2
38. I\/az ~ x%dx va J‘sz + a dx.

Sau do, dung két qua nhan duge, tinh cic tich phén sau :

a) Ixarcsinxdx : b) I\/xz +2Xx +6dx ; c) |{3+4x - x% dx.
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2dx

1 - x?

39.

Dang phéi hop cdc phuong phdp tinh tich phdn, tinh nhitng tich phén sau

2
40. Ie_x xsdx
arcsin xdx

(1 -x%)y?

42,

41. Ie‘/;dx

43, Ie;rctgxdx
x“(1+x )

Tinh tich phén cdc ham 56 hitu ty sau :

44. Jz—ldx
X“+x-6

2
X" +x° =5
46. I—-~—x3_8 dx

“ L

2
X“+2
50 Imd"‘

2x -5
N de_"

X“+x-
47,
J.x(x + 1)

49, I - Ddx
5)(x ~5x+1)

Tinh tich phdn cdc ham s6 luong gidc sau :

1 I dx
T Jsinx(2 + cosX - 2sinx)

53, I cosxdx

sinx — 0082 X

d
55, J-smxcosii X

1+sin” x
57, 1+tgx

1 - 1tgx
ng dx

sm X — 5sinxcosx
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52. -[2 + 3cosx

sin3 Xdx

COS4 X

54. |

sin 2xdx

COS X+ SlIl4 X

56. [—

58. |

60. Jsin4 x cos?x dx

4 — 3cos X+ 551112}{



61. f—d’i-_ 62. dx

sin xcos4 X sin3 Xcos> X

63. Icos x cos? 3xdx .

Tinh tich phdn cdc ham sé' vé ty sau

’ 2
64. Iﬂ 65. F(___gﬂdx
66. jiz— L X ix 67. dx
x>V X (x + D2yx2 + 2% + 2

68. j‘—‘”‘zfdx 69. j—u——def
X

x6

- b
70. Dung dinh nghia tich phan x4c dinh, tinh Ixzdx .
0
71. Chi 15 (khong cdn tinh) tich phan nio 16n hon :

1 1
a) chx + 1dx hay Iexdx.
0 0

1 : 1
b) I x? sin® xdx hay Ix sin” xdx .

0 0
1
~ 72. Chwing minh ring : I—dx-—m— nam giita % ~0,67 va 1. 0,70.
0\12+x—x2 ‘E

Tinh gid tri ding cha tich phan da cho.

73. Dang tinh chit 6 cia tich phan xdc dinh, uéc lugng gid tri cha tich
2
2
phan: I = Iex Xdx.
0

4
74, Chimg minh ring : }Nl +x2dx > 7,5.
1
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o3
®

75. Tinh cudng d0 trung binh I, cha dong di¢n I = [ sinot trén doan
], trong dé o = 2,1?- , I, 12 gid tri 16n nhat clia cudng d6 dong dién.

76. Tinh dao ham clia nhilng ham sd sau :

X : 0
a) F(x) = jlntdt (x > 0). b) F(x) = J’ ]+t dt.
1 X
lnz 1
¢) F(x) = j’ d) F(x) = jlnxdx.
x2

5
77. Tinh dao ham ciia ham s6: y = | 1+12dt t@ix=0v‘ax=%.
X

Dang cong thisc Newton - Leibniz, tinh nh ﬁ'ng tich phdn xdc dinh sau

4
1
78, | +2‘/§dy 79 dy
1y .J; +1
4 z
2
80, j—d_—_ 81. jL.
x% —3x +2 _£1+cosx
2
82, Xét tich phan xéc dinh : I .Tacd:
2,[ dx 1 |2 _
x-1F x-100 7

0

nhimg ham s6 dudi ddu tich phén trén doan [0, 2] chi ldy nhiing gid tri
duong, do d6 tich phan xic dinh da cho khong thé bang mot s6 am la -2.
Hay chi r sai lam & dau ?
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Dang phuong phdp déi bién s6, tinh nhigng tich phdn xdc dinh sau :

€

1 9
83, j-—’-'d—" 84 dx

0\IY6 +4 . i{)(\/l—(lnx)2



i
2 3
85. [ ye* —1dx 86. f‘f&
0 0X - 3x + 2
: R
d
87. j2+cxosx 88. I cosx-cos3xdx
° s
1
2 2_
89, Icosxln1+xdx 90, _[x > +7x +x X 2dx
2
9 29 %
o1. J_d 92, X2 2)
avx -1l 3 (x )3 +3
a f(
93. [x2\a® - x2 dx (a>0) 04, j 1”
0 1
2
dx
95, j 96.]' .
i 1x\/x2+5x+l

97. Ching minh rang : Néu f(x) 12 ham s6 tuin hoan chu ky T thi
a+T
I f(x)dx khong phu thudc a, nghia 1a
a
a+T

T
j f(x)dx = J-f(x)dx.
100:'1:a °

Ap dung tinh I 1 - cos2xdx.

Dang phuong phdp tich phan timg phdn, tinh cdc tich phén xdc dinh sau :

e 1
98. [|inx|dx 99. [xedx
i 0
r
T 2
100. j‘x3sinxdx 101. jez"cosxdx
0 0
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.o

1 g .
102, I xarctgxdx. 103. Ix 51;1 X

-1 0 cos™ X

dx.

Tinh dién tich hinh phdng giéi han béi cdc dudmng cong sau :
104. y* = 9x va y = 3x.

105.y = X, y = 8 va tryc Oy.
106.y=x2,y=2—xvétruc0x.

X _

107.y2=2x+4,y=—2v5y= 5

5 (phén dién tich nim & phia trén
 dudng y = -2).

108. y = 6x - 3x%,x=3va truc OX.

109. x = acost, y= asin’t.

110. x = acost, y = bsint.

111. r = acos2o.

112. r = a(l + cos®).

113. Tinh d¢ dai cung dudng cong :

a)y:lnxlirx=\/§ dénx = V8.
K2
b)y= —2——1 gi6i han bdi truc Ox.

114. Tinh chu vi hinh phing giéi han bdi cdc dudng cong : y3 = x* va
y= J2 - x2%.
115. Tinh d6 dai mét cung xycléit :

{x = a(t ~ sint)

G100 <t <2n.
y = a(l — cost) Vot

116, Tinh do dai duong tron trong hai trudng hop :
a) X = Rcost, y = Rsint.
b) r = R (phuong trinh dudng tron tam O, ban kinh R trong hé toa d cuc).
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117. Tinh thé tich phdn hinh try tron thing ding, dugc cit bai mat phing
di qua dudng kinh 2R cha ddy va tao v6i mat phang ddy mot géc a.

118. Tinh thé tich vat thé tron xoay, tao bdi sy quay xung quanh truc Ox
hinh gidi han béi cic dudng cong :

a)y2:4xvhx=4.

b)2y =x" va2x + 2y - 3 = 0.

119. Tinh thé tich vat thé trdn xoay, tao boi su quay xung quanh truc Qy
hinh gi&i han bdi dudmg elip :

X2 y2
—-2— + —2 =1.
a b
120, Tinh dién tich mat trdn xoay, tao bdt su quay :
a) Xung quanh truc Ox cung parabol y2 =2pxvéil0<x<a,
b) Xung quanh tryc Oy dudng elip : 4x>+ y2 =4,
¢) Xung quanh truc Ox mét cung xycldit :

{x = a(t - sint)

y = a(l —COSt) véi 0t <£2n.

121. Khdo sdt sit hoi tu cla cdc tich phan suy rong sau va tinh néu ching
hoi ty ;

+a0 +a0
a) I e Xdx ; b) jxe_xdx :
0 0
+e0 : 1
c) Ixcosxdx; d) Ilnxdx.
0 0

122, Khdo st sir hoi tu clia cdc tich phan suy rong sau :

2) +T cos(x? udx ] b) e dx .
0 1+ x? 0(x+\/l+x2)2
! dx

c) .
2 - P x +2)
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C - BAl GIA] VA HUONG DAN

2 _2
1. I——(zJ;; D dx = I——4x +ax + ldx = J(-g-+4x 2 4 x_z]dx
X

K2

=4ln|x|—i—l+c.

Jx X
Y - 2
2. J(l ") dx = jL-—gxzidx - I(x"z—2~+1}dx
X X . X
=—l—21n|x|+x+c.
X
2 2
3._[ X 2dx= Ileldx = |1~ 3 dx=x - arctgx +c.
1+x 1+ x 1+x
4 ;+2x _ J-l-;x + x? - ix2 4 12 dx
x(l+x) (l+x) 1+x
1
——;+arctgx+c.
2 2 4 2 _ 10 4 2
5 [T+ D 2) 4x j#dx = J'(x:s — X3 —2x 3)dx
¥ o
4J_ x2 Y —63x +c.
6 I\/2+x \/2—x dx = 1 _ 1 dx
4-x* \/2-—x2 \‘(2+x2
= arcsini - ln|x + \/xz + 2’ +cC.
ND)
7 (23){ 32)( _ 26x _2'23)(.32?( +34xd
I 23)( 32x - 23){.32)( X

8 X 9 X

v er] 6, B
=d:[%] —2+(3—3J }dx=9—8—2x+—8-9—*+c.

3 2 In—= In=

9 8
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8. j32"(e3x + 2%.5%)dx j[(32.e3)" +(32.2.5% 1dx

_ 0N @250y
ln(9e3 ) In(2250)

2
. X X .
9. j[smé- — cosi] dx = J(I —sinx)dX = X + cosx + c.

X

_ ) 2., 2, 2
10. 1 - 5cos2x dx = Ism X + cos” X — 5(cos” x — sin x)d

sin® X cos? X sin® x cos? x
6 4
= f[ ) }dx = 61gx + 4cotgx + c.
cos“x  sin“x

i1, _[(Stgx - 2(:0tgx)2 dx = f(9lg2x -12 + 4c0tg2x)dx

- [[9[ 12 -1]~12+4[ 12 -1}](1;;
cos“ X sin” x

=J‘[ 92 - 25+ 4 ]dx=9tgx—25x~4cotgx+c.

Cos“ X sin2 X

12. Diing cong thitc ch’x - sh’ = 1, ta c6 thé viét :

I dx —IChzx_Shzxdx—Idx _Idx
shzxchzx shzxchzx sh2X ch®x

= - cothx - thx +c.

13. Cdch I : Déi bign s6 x = %, dx = “det (t=0),tacéd:
t

4 2 t
=— -t =-t"+1- dt
'[6(1+x) Iz+1 I{ t2+1]

= t5+t3—t+arctgt+c—- ! +L——1—+arctg1+c
53 585 30 X%

Cdch 2 ;

I I+ x2 _ L—————L———dx=
6(1+x) x6(1+x) x® x4 (1+x?)
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| 2 .2
=—1 - 1+x X dx:-L..J(L_ﬁm_}_dex

5%° 1+ x%) 5x° x4 X2+ x%)

_ 1+ x*
2(l+x2)

1 1
=t —+ || = - dx

5x° 3’ J{xz 1+x2)

1

= -—F 4+ —— — — —arctgx + c.

5x°  3x° X
Hai két qua trén thuc ra khéng khdc nhau, vi dé ching minh rang :
¥x =0, arctgx + arctg% = g-sgnx , trong d6 ham ddu k¥ hiéu 1a sgn, duge
xdc dinh nhu sau :

-1 néux <0
sgnx =4 0 n€ux=0
1 nfux>0
. s Ty
That vy, véi x > 0, 0} — arctgx € [0, E) va:

T : :
tg (5 - arclgx] = cotg(arctgx) = Py Pr— =2

, I _ 1
do dé 5~ arctgx = arctg =-
Véi x <0, ta cling chitng minh tuong .

14. D3ibiénsd x = %, dx = —idt, ta co

l2
\/* 22 1
P [
I
a2 — x?
Chii ¥ rAing mién xdc dinh clia him s& dudi déu tich phéin — Ia:
X

x;é()vz‘aaz—xzZO,nghTaléx;&Ové—anSa.
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H
Tirdd, suyra:t2> - hoic t < —l.Vay \/t?——'h:[ va:

I_\/a‘z;xz e = [0
X

1)2
Neut>0,tacd:jt|=tva
2 2 1
f%dx = —-1—2 j(a2t2 - 1)2d@%2 -1
X 2a

3
3 2 ‘2_
= - 12(1"2 1)2+c_-i(a——1l +c
3a

3a2 \ x2
3
—(a® - x%)2
== .33 t¢
3a“x
Néut<0,tacd:jt|=-tva
3 3
2 2 2 2 Cfal2 _ 2'2"
Ia 4x dx = 12{3—2—1] +c=-——(a—2};—)+c
X 3a“\x 3a“x
(vi |x|=—xn€ux<0).
X
15. I Im=ln(cx+e_x)+c.
e® +e”
-X X
16. f =—I = fd(3+e =-In(3+4¢ ) +c.
c(3+e" 3+ex 3+ %
17 sin xdx __1 —3sinxdx j-d(1+3cosx)
"M +3cosx 3J1+3cosx  3J71+ 3cosx

= —%inil + 3cosx|+c.

2 2 1
x"dx 1 e3x%dx _ 1. 3 T3 a3 L
1s.j _EJ' _—j’(x +D 2dd + 1 =

\/x3+1 \/x3+l 3
=%\/ 34l +c.
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1

19. sm2xdx J(l + sin? x) zd(l + sin x) = 2\/1 +sin°x +c.
1

20. I arCSln2X dx = I(arcsin X)Ed(arcsin x) = %m +C.

1-x

21.

me_zj(l+\/_) 2d(l+\/ﬂ)_4\“+\/;+c

I dx Y dx =2 d(\/;)
\/x—xz 12\/;.\/1-"(\/;)2 J\/l_(&)z

. J‘eex tXdx = Ieex efdx = Ieex d(e*)= e +c.

22.

= 2arcsin\[£ +cC.

2

»

24.Dat x> =t, 2xdx = dt, ta c6 ;

I I dt 1_[ dt
4+2x +2 2 22t +1+1 (l+l)2+l

2 I it + 1) = —l—arctg(t +D+c

1+(t+1)

=%arctg(x2+1)+c.

S S S LY .
+4x+8 “(x+2°%+4 2 2

2 y 31 [ 31N 19
26. Tacod: 2x —3x+1=2[x -5x+5)=2(x_z) +5_E

foey-4)

- 4 16
Datx~%=t,dx=dt, nhan dugc :
[loB g LB Lpd g
2x° = 3x +1 2 2 - 272 _ 1 2_ L

16 16 16
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1 1 Py 2 1
= —. 1 - -
zzlnu_l 21nit e +C
"4 4
= In "_‘0}5 ‘ —2In(x® ~ 1,5% + 0,5] + c.

27.Vix® +6x+9 = (x +3)*, nén déi bién s6 x + 3 =t,dx = dt, ta cé :

PR i 3 )yt
X“+6x+9 t t 42 t

=3In|x+ 3|+

LI
28 [ [ 47D xoafx-22-7| +c
JJx2—4x—3 J\/(x—2)2—7 n’x e ‘+C

29, Tam thitc bac hai & miu s6 cé thé viét dudi dang :

9 46X - 3x° = -3(x> - 2x - 3) = -3[(x - 1) - 4] = 3[4 - (x - 1)*].
PDoibignsdx -1 =1, dx=dt, tacé:

(3x — 5)dx 1 f —2tdt

J‘\/9+6x —3x2 \/‘2 \/r V3 1—4\/i—?

== J(4 —2y 2d(4 12y - iarcsir1~[-

5
{ 2 t
= - 3(4—t2)-—arcsin—+c
5

= —\[9+6x—3x2 —iarcsinx_1 +c.
\/5 2

30. Datu= x>+ 7x — 5, dv=cos2xdx, tacd :

sin2x
2 k]

du=(2x +7dx, v=

i in?2
SInZ2x B _[(2" +7) sin2x

I(xz + 7x — 5)cos2xdx = (x2 +7x -5 5

dx.
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Lai dung phuong phép tich phan titng phén cho tich phan & v€ phdi bing
cach dat :

u=2x+7, dv=sin2xdx.

cos2x

Khi 36 : du =2dx, v= va

% J’(zx + 7)sin 2xdx = %[(2:; + 7)("";8 2") _ J(_C"Szz").zdx]

= —%(Zx + Ncos2x + %SinZK +c.

sin2x

Viy: I(xz + 7x — 5)cos2xdx = (x2 +7x - 5) >

COs2Xx B sin2x
4 4

+(2x + 7N

31.Patu = x% dv = e>¥dx, ta cé :
du =2xdx, v= -%63" )

2
X
sze3xdx =

3x 2 3x
3e 3jxf: dx.

Lai dung phuong phdp tich phan timg phdn cho tich phan & v€ phai bing
cach dat :

3
u=x,dv=edx.

Khi d6 du=dx,v=%c3x va
3y, _ X 3x _ lopeag, X 3 1 3
Ixc dx—-?j-e 75]6 dx—ge 9e +cC.
Vav : J‘23xd _ﬁax_EX3x_13x+
Ay : x“e X—3.e 313¢ 3¢ c
3x

=Eﬁ-(9x2-6x+2)+c.
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32. Dat u = arccosx, dv =dx, tacéd:

dx .
clu=——-—~2—, v=XvVa:

l1-x

- 2xdx

Iarccosxdx = X arccosx + J\/.._X_ dx = Xarccosx — 0 I\/_
l1-x

1
= Xarccosx —%I(l — x2) 24(1 - x) = xarccosx — /1 — x2 +c.

dx .
33. Dat u = arctgx, dv = — . tacd:

du = dx v=—l,vé:

1+x

arctgxdx 1
J—2~ = ——arctgx + I 2
X X x(1 + x%)
2.2
—larctgx + I—m—x-dx
x(1+x )

it

—larct X + d_x - IZxdx
" g

X 1+ x?

-—-}%arctgx +In|x}{- —%ln(l + x2) +C

X 1

= ln—l—J-— — —arctgx + c.
1+ x2

Mq.pat u=x,dv= ,tach:
cos“ X

du=dx, v=tgx va:

d(cosx)
cosX

xdx
'[cos - dx = XtgX + I

= xtgx + Inlcosx| + c.
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35. Cdch 1. Dung phuong phép tich phan timg phén, dat : cos(Inx) = u,

dx =dv, taco:
. dx .
du = -sm(lnx).?, v=Xxva:

_[cos(ln x)dx = xcos(Inx) + wa—)-dx

= xcos{inx) + Isin(ln x)dx.

Lai dung phuong phép tich phan timg phin cho tich phan & v& phai bing

cach dat :

u = sin{lnx), dv =dx.
. dx .
Khi dé : du = cos(lnx).T, V=Xva:

jsin(lnx)dx = xsin(inx) - '[de

= xsin(Inx) - Icos(ln x)dx .

Vay: Icos(ln x)dx = xcos(lnx) + xsin(Inx) — Icos(ln x)dx,

= Icos(ln X)dx = %(cos(lnx) + sin(lnx)) + c.

Cdch 2. Ding phuong phdp ddi bién s&, dit Inx = t. Suy ra
dx =e'dt va :

Icos(lnx)dx = le' costdt.
Ap dung két qua da biét :

™ (bsinbx + acosbx)
a% + b2

Jcax cosbxdx =

vOia=b =1 (xem lai chuong 6, gido trinh 1y thuyét), ta ¢é

J'cos(ln x)dx = %(cos(ln x) + sin{lnx)) + c.
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36. Cdch 1. Dung phuong phdp tich phan timg phin, dit : u = x,
dv = —Xd)-(—, taco:

1+x2

du = 2xdx, v= \/l+ x2 va

,u__rf}; \/I + x2 _[ 1+ x%.2xdx

i

x2 1+ x2 - [+ x*)2a + x?)
21+ x% - %\/(1 +x2) +¢
V1 + x*

=V x? -2 +c.

Cdch 2. Diing phuong phap déi bien s, dat 1 +x% =1, ta c6 2xdx = dt va :
1
J(t 2 —t 2)dt

it

xdx J-(t l)dt

Fwelt

3 1
%(1 +x22 —(1+x5)2 + ¢

2
L L i S N

3

it

37.Datu = In(x + l+x2).dv=dx,tacc’):

du= L P+ — dx——-—fi—z(— V=XVva:
X + 41+ x° 1+ x? \/l+x2

xdx

\/1+x

x In(x + l+x2)—%j(1+x2) 2d(1+x )

Iln(x+ 1+ x2 Ydx =xIn(x + 1+ x )—I

xln(x+\/l+x2)—\/l+x2 +c.
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38. Tinh I\faz - x2 dx
Tacéd: I\}az - x2 dx =

a dx xzdx

d — _
I } *E _ 42 I\/;z _ 42
a? arcsini - j—-)s-z-(-l-x—-—

a \/az - x2

Pé tinh tich phan & v& phai, ta ding phuong phdp tich phan timg
phan, dat :

1l

xdx .
t=x, dv = ——m——— tacod:

[2 _ 2
du::dx,v=—\/ —X va:

I ,_— m + I\/;z——_xzdx
I\} — x% dx = a* arcsin = +x\/a - x? J‘\f dx.

Chuyén v&, tacé :

f . X /
2_[ a2 —x2 dx :azarcsm;+x a? ~x2
2 2 32 X X 2 2
= J\(a - X dx=TarcsinE+—\/a —-x“ +c.

2
Tich phan dé cho ciing c6 thé tinh bang c4ch déi bién s6 :

T
x=asint,t € | ——, — 1, dx = acostdt,
[ 2 2}

Naz - x2 dx = I\}az - a2 sin2 t.acostdt = Ia2\f1 - s'm2 t.costdt

a2 0052 tdt = a

2 jl + cos2t dt

2 4

+

2{t sin2t a’t  asintcost
=a +C‘—'T ——-"**‘2*-‘—-!-0
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2y . X
Thay trd lai : sint = =, t = arcsin—,
a

X
a
. 1
cost \/ sin®t = E\/az -

ta ¢cling nhan duge ;
2 2 32 X X2 2
_[ a” - x“dx = —arcsin— + —+a® - x° +¢.
2 a 2
« Tinh sz +a% dx.
o PR dx 2 2 s oLz A
Véi chd ¥ rang : j.——-—-=1n X+ X" £ a°{+c va bang cich
2 1 .2
x“ ta
o 2 2 .
gial tuong tu nhur déi véi _[ a” —x“dx,tacéd:
2 X 32 2 2
I\/x iazdx=§\/xzia2i~§~ln’x+\/x ta |+c.

(Sinh vién nén tv gidi bai nay).

a) Pt u = arcsinx, dv = xdx, taco :

2
du= L, v= XT va
1—x2
jx arcsinxdx = ﬁarcsinx - j—x~——— i_
= ﬁarcsinx + = Il - x*
T2

A1 - x
—-xf—arcsinx-kl_[ l—xzdx-—jd—x
2 2 2 /1 _ %2
2
= %arcsinx + %[%arcsinx + %\h - xz) - %arcsinx

= -}[(2}(2 — Darcsinx + x4l - xz] +c.
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b) sz + 2% + 6dx = j\/(x + 12 +5dx + D)
(x+l)2 +5+—;-lnix+1+1,l(x+l)2 +5|+c.

c) Ns +ax —xPdx = {7 - (x - 2%dx - 2)
_x=2 """ 7 . x-2
=— T-(x-2) +2arcsm ﬁ +cC.

x2dx l-—x
39, j =
(Ee i N e Vi ey
-J\f1~x dx + IJ_
1-x2
= —[%arcsinx + %\fl ~ x? ] + arcsinx + ¢.

(O day, ta d3 diing két qua clia bai tap 38).

zdx X 2 1 i
— X7 + —arcsix + C.

( 2
Sinh vién nén tu gidi bai tdp niy bang cich dung tryc ti€p phuong phip
. d
tich phan tirng phén, dat:u=x,dv= e
1 - x?
40. DS bién 56 —x” = t, -2xdx = dt, tacd :
x2. 5. _ Ll 2
_[e X dx_—i_[e tedt
Dung phuong phép tich phan timg phan, dat u = t%, e'dt = dv, ta c6 :

du = 2tdt, v=e'va:

—x2 |
_[e * x3dx = *-i[tze‘ - 2Jtetdt].
Lai dung phuong phép tich phan timg phén, datu =1t, e'dt = dv, du = dt,
v= et, nhan dugc :
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2
Ie“x xodx = —%ct (2 -2t +2) +¢

2
= —-i;c_x x*+2x2 +2) +c.

41. Ddi bién s6 Vx =t,dx = 2udt, ta 6 :
_[e‘/;dx =2 |e'dt

Diang phuong phép tich phan ting phan, dat u = t, dv = e'dt, du = dr,
v=e¢', nhan duoc :

je‘/;dx =2te! —2e' +¢= 26&(\/; -1 +c.

arcsin x arcsin xdx
42, | —=—=—dx =
a-x?y (1 - x2 11— x2
P . . 2 2 dx .
Doi bién s6 : arcsinx = t,x=sint, 1 - X" =¢co8"t, —=—u = dt , tacd:
1- x2
arcsin x tdt
——dx = | =
(I - x2 )3 cos™
Ding phuong phép tich phan timg phdn, dat :
dt
t=u, 5 =dv,tacd:
cos™ i
=du,v=tgtva:
arcsin xdx d(cost
————— = ligt — Itgtdt = ttgt + j E:o t)
b
(1-x%y
= ttgt + Injcost| + c.
. sint .
Thay t = arcsinx, tgt = " , Injcost] = In4fl — x% 1a nhin
co \/ -2
dugc :
arcsinxdx  xarcsin x
m [1-x%|+c.

J.\/(1 - x%)3 \/1 -
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43. Ddi bién s6 : arctgx =1, X = gt, =dt,tacéd:

I1+x
arctgxdx tdt

x2(1 + xz) tgzt '
Dung phuong phdp tich phan timg phan, dat :

dt ,
t=u, —— =dv,tacd:

gt

2 2
cos™t —Sll'l t

dt_duv—[ j : d_j dt
tgt sin“ t sin® t

= I o _ Idt —(cotgt + t)va:
sm t

arctgxdx

-5 = —(cotgt + t)t + I(cotgl + t)dt
x“(1+x%)

~teotgt — 1% + ICOS it + [t

. 1
= —tcotgt — t + In|sint]| + ztz +C
[2
= ~teotgt — —-+ In|sint| + c.
| tgt|

| % |

Thay t = arctgx, cotgt = t;?_l |sint]=

nhédn dugc :

AR Laretgx - (arctgx)? + In

xz(l + xz) X

44, Miu s6 x° + x - 6 ¢6 thé phan tich thanh :
x4 X - 6= (x - 2)(x + 3).

Dodo:
x -1 A B

+ .
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Quy dong méu s6 v& bén phai va khir miu s6 & hai V&, ta 6 :

X~1=AX+3)+B(x-2).
Ding phuong phép tri s6 riéng, cho :

X=208cahaiv€ c65A=1,ritra: A= —;—,

X=-3&cahaive,c6-5B=-4,ritra: B= %

I x — 1 I S S N
x2 4 x — T A5'x-2 5x+3

~;—ln|x~2| —ln|x+3|+c

45. Miiu 56 x - 3x° + 4 ¢6 thé phan tich thanh :

x> -3x% 44 =(x-2)%x + 1),
Do dé :
%-5 __A B _C°
Tomria x-2@ X-2 x+l

Quy dong méu s6 v& bén phai va khir miu s6 & hai v€, ta cé :

2x-5=AX+ 1)+ Bx - 2)(x + 1) + C(x - 2).

Ding phuang phép tri s6 riéng, cho

x=28&cahaiv€ céd: -1 =3A,ritra: A= —

¥

G ] W] -

x=-1dcahaiv€,co:-7=9C.ritra: C= —

¥

x=0(’jcéhaivé',cé:—5=A—2B+4C,rﬁtra:B=%.

2x -5 -1 7
Vay ; —_—dx = + - dx
1y I3—3X2+4 J{3(x_2)2 9(){—2) 9(X+1)
= T X 22
T3 -2) 9 | x+1 ‘
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46. Chia tir s6 cho mau s6, ta ¢d :

X +x? -5 x2 +3 x2 +3
—s = I+ 7 =1+ 3 :
-8 x” -8 (x = 2)(x“+2x+4)
x> +3 ) .
Phan tich thanh téng cdc phan thifc don gian :

(x = 2)(x% +2x + 4)

x2 +3 A N Bx+C
X=-2Dx2 +2x+4) X—2 x2412x+4

Quy déng mau s6 v€ bén phai va khir méu s6 & hai v€, nhan duge :
x> +3=(A+Bx’ + (A -2B+Ox +4A - 2C.
Dung phuong phiap déng nhat hé s8, tacd :

A+B=1
2A-2B+C=0
4A -2C=3
Giai hé thong phuong trinh trén, tim duoc :
7 5 1
A=z, 3=55 va C=-3.
5 S..1
Vay j§__§5£__—§dXh= 1+ 12(7__2 23 fdx
x> -8 X-2) X2 +2x+4
—x+_4MX*2+I X4 k.
12

12[(x + 1) + 3]

Déi véi tich phan & v€ phai, ddibién s6x + 1 =t,dx =dt:

I 5x - 4 J-S(t—l)ﬂ
127+ 12 +3 12
2tdt J3 t
= o= =—l (t +3) — —arctg—= +¢C.
g R e s
Cuoi cling :



3 2

Ix -+-3x dx—x+lln[x—2| +
x" -8
5 V3
24ln(x +2x+4)-—— ctg J_
47. Tacéd:
2

X +x—I_§+ Bx +C Dx +E
x(x2+12 X x2a? K241

Suyra: x>+ x - 1 =A(x2+ 1)2+(Bx+C)x+(Dx+E)(x2+ 1)x

=(A+Dx*+ExX’+ 2A + B+ D) + (C+E)x + A,

Ding phuong phédp déng nhat hé s6, ta c6 :
( A+D=0

E=0

<{ 2A+B+D=1

C+E=1

L A=-1.

Gidi hé phuong trinh trén, nhan duoc :

A=-1,B=2,C=1,D=1vaE=0.

Viy :
2 —
I—-———X ;x zldx= —l+ 22x+12+ 2x dx
X(x“ + 1) X x4+ X +1
= ~In|x| - — —ln|x +1|+j‘
X“+1 +1)
dx £ -
Dung cong thite tinh 1, = I————l viin=1l,a=1,tacd:
+a)
2 . B [ 2
Jx ;—x Zldx= x22 +lnx—+—l—+larctgx+c.
x(x% + 1) 2x% + 1) Ix{ 2

14- BTTHCCT.1-A
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3x2dx
48,
fx“(x + 1) 3I x8(x3 + 1)?

. DSibitnss: x° =t, 3x%dx = dt, ta ¢ :
5 -3 ]

Phan tich 1 thanh tdng céc phan thic don gian :
2t + 1)

i A
2+ 12 12

x3 + 2 12(t + 1)

B C D
t

+=+ + .
+1> t+l

Quy déng méu s v€ bén phai va khir miu s6 & hai v€, nhan duoc -
1= At + 1% + Bt + 1) + % + D + 1),
Dung phuong phdp tri s& riéng, cho :
t=03cahaiveé, c6:A=1,
t=-1dcahaive,c6:C=1,
t=16&cdhaivé, c6:2B+D=-2,
t=23cahai vé,cd:3B+2D=-2.
Giai hé thong hai phuong trinh trén, im dugc :
B=-2, D=2

j -l— i—3+ l + 2 di
4(x +1p?2 32 U @+t

=—l‘ ——~1—-21nlt|w-———!-—+2ln|t+1|1+c
3Lt t+1 )

=l-—1—+2ln N +c.
3 X3 X3 +1

l)dx Y (5x* -~ 5)dx
5)(x ~5x 4+ 377 50 -5+ 1)

x3+1

x3

49, _[
Déi bien 86 : x° - 5x =1, (5x* - S)dx = dt, ta c6 :
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[ (x* - Ddx lj J-t+l—t
xx* = —sx+1y S+ 5

1 41 1 1 1
_EJ(?__t+l)dt Eln|[|-gln|t+1]+c

= é—(lnlxs - 5| ~In[x> - 5x + 1)) +c.

o) (2
Yy w) U ()
x*+3x% 4 4 xz[x2+3+—2J (x_z) o
X X
(Vi x = 0).
e 2 2 .
Diibinsd: x—Z=t,|1+= dx =dt,tacé:
X X2

J.——x——+—2———dx = j—-(it-— = —-I—arctg—l— +cC
43y e7 T

X' +3x° +4

x2 -
= —=arctg +cC.
V1 xV7
PR . t
51. Doi bién s6 : tgi =1, X = 2arctgt, dx = 2dt2 , $inx = 2 5
2 1+t 1+t
g
COSX = 3 ,tacd:
1+t
2dt
J‘ dx _I 1+
sinx(2 + cosx — 2sinx) It 1 -2 4t
z|2 2
l1+1 P+t I+t
f A+ Hdt ¢ 1+

-4t + 3) Wt -3)(t-1)°

+[2

Phan tich -tfti—_f‘i)_(t—_ﬁ thanh téng cdc phan thL’rc don gian, nhan dugc :
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I E SRS ST B
=3 -1 3t 3(t-3) t-1

j- dx =£j‘g+§'[ dt _ dt
sinX(2 + cosx — 2sinx) 37t 3J/t-3 t-1

-

va !

= %ln|t|+-§ln|t—3|—lr1]t—1\+c

=—13-lnt

d _
52. -[2 + 3)::osx - I

5
+§ln

X
£2

tg= —3\—ln

+c.
2

X
igi -1
dx
2+ 3[0082 X s.in2 i)
2 5

_ dx
_j . -~
cos”“ — 3 - 3tg" = +

2 cos?l
\ 2

=I dx

cos® 2 _3 - 3tg2 -3— + 2[1 + tg2 -;—):l

dx

2 X
2cos” — d(tg—-)
' 5- tgzg 5- tgzi

X X
_ 2 ln\/§+tgi £n£+tg5
SCH I I I R

53, cos xdx _ cos xdx

sinx — cos? x sinx — (1 — sin? X)

Péi bién s6 : sinx =t, cosxdx =dt, tacd:

J- cosxdx I dt _ j. dt
sinx —cos?x ‘2 +t-1 ‘-it-t)’
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1 5

trongdé: t;= Tyt o=

m|fm

B[

Phan tich 1 thanh téng cdc phan thic don gidn, nhan duge :
(t=1)(t—1y) : '
cos xdx J‘L( 11 ]dt
sinX — cos? x Jsit=1 t-tp

1
—Injt-1y[+c

-l—lllll -t1|—
NG NG

2sinx+1—~/§

|
= —=In +C
J§ 2sinx+1+~/§
d 2 n -
54, Ism Xdx _ Ism X _ 1 cos_x( smx)dx
cos? x cos? x cos? X
Dai bign s8 : cosx =1, -sinxdx =dt, ta cé :
sin xdx 1-1t2 dt dt
F— “I di=-J7+]3
cos X t t
i i 1 1
30 L Jcos’x  COSX

55. Déi bign sd ; sinx =t, cosxdx = dt, ta cé :

I 2tdt J-d(t)
472 1+ @22 2914 a2y

Isinxcosxdx _ .[ tdt

l+sin4x 1+t

= —;-arclg(tz) +c= %arctg(sin2 X)+c.

Bai nay c6 thé 1am cdch khdc nhu sau : véi cosx # 0, tacd :

sinx cosxdx

Isinxcosxdx _J- cost x _J- tgx 1 ‘dx
1+ sin*x 1+ sin*x tgx + cos” X

cos4 X cOos ' X
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1
_.[ 3 7 dx
x+(1+tgx) cos” X

_J- dx

2tg x+2tg x+1 cos?x

D& bién 56 ; tgx = t,

}; = dt, nhan dugc :

Cos“ X
Iamxcosxdx J i _[ 2tdt
1+ sin* x 2 4 4t +_1_ 4 ( \2
) t + - I + -
4
(2 +3)
_1 2
4 I , = 2arctg(2t +D+c
+_ —_—
(@ +4) +1
1 2
= Earctg(Ztg x+1)+c.
sinx dx
. . . - 2—
56. Zln2xdx4 _ J~ ZS;nxcosxix zszOSX c%s X
COS X + sin’ X cos x(1+1g'x) 1 +tg'x
“2! I 12 2.2tgx ‘2
1+tgxcosx I+ (tg”x) cos” X

= I—lz—d(tgzx) = arctg(tgzx) +c.

1+ (1g%x)?
57.Patigx =t,dx = ,tach:
+1
J-l + tgx (t l)clt
T igx o +1)
Phan tich ——*>

thanh tdng cdc phan thic don gidn ta nhan dugce

}dt _

A-)t2 +1)

1+tgx
lwtgx 1—t
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dt 2edt

=~-ln|t—1|+%ln|t2 +1|+c¢

2 2 +1
2 +1 \/tgzx +1
= In =hi—— I+ ¢
t—1 tgx — 1
1 .
= In ¢=-In|sinx —cosx|+c.
2
58.Pattgx=t,dx = dlz,coszx= 1 2,sinzx=L-z—,t:f.ucé»:
I+t 1+t I+t
,[ dx I I d(3t)
4 - 3cos?x + 5sin? x 1+ 912 3 1+ (3:)
1 i
= Earctg(’.’ot) +c= Earctg(3tgx) +c.
dx - d(tgx)
59. I - .{ 2 2 .[ 2
sin x — Ssinxcosx tg°x — Stgx cos” X tg“x — Stgx
battgx =t, tacé:
_[ dx _ _[ dt - I dt
sin? X — 5sin X cosx 2 - 5t Wt-35)
Phan tich T }_ 5) thanh tdng cdc phén thic don giin, nhan duoc :

e

SIN“ X — 5sInXcosx

1 1, [tigx—-35
§In|t 5| - ln|l|+c—51n tox +c
60. {sin*x cos® xdx = — 6 sin? 2xdx
L L 24x = L f1 - 2
= 1g [7(1 ~ cosanPdx = — [(1 - 2c0s4x + cos” 4x)dx

= é j(l ~ 2c0s4X + %(l + cos8x))dx =
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= IS% '(% + —;—COSSX - 2cos4x)dx
1 sin8x
128(3}; - sindx + g )+c
dx dx 1 1 2 dx
61. - - { - ] .
J'sinzxcos“x jsinzx 6 ‘[tgzx cosx) cos?x
5+ COS" X
cos“ X
j'— (1 + tg?x)? .d(igx) .
tgx
Pattgx =t,tacd:
_[ 2dx _J~(1+t)d_j'}+2E2+t di
sin® x cos” x t
3
= %+2+t2}dt =—%+2t+%+c
__ 1 1.3
= Tiax + 2tgx + 3tg X+cC.
dx dx 1 1Y dx
62. = = [ ] .
Isin3xc055 X '[sin3x 8 ‘{tgz'x cos’x/) cos®x
3 -COs" X
cos” X
j—(l + tg%x)° d(tgx).
tg X
Pattgx =t,tacd:
.[ dx J(l+t)dt Il+3t2+314 t6dt
sin° x cos” X ¢
4
= [[—+ +3t+t ] =-—1—+31n|t|+ 3 t l—+c
22 4
= — 2 +31n|tgx|+§tg X+ 1lg4x+c.
2tg°x 2 4



63. J'(:osxcos2 3xdx = fcosx.%(l + cos6x)dx

1
2 cosxdx + — 5 cos X cos6xdx

= %smx + = 1 J(cosSx + cos 7x)dx

= —sinx + Lsme + L —sin7x + ¢
2 20 28" '

64. Ddibicnso: x =t'2, dx = 12t'1dt, ta ¢6 ;

6 14
J’ ‘/_dx J’St s 12t ha =122 dt
t -t -1
A4 ' _
=120t +1% + dt—lzj'tgdt+12It4dt+ Iu
5 _ 5 3 _
t 1 t 1
0 .5
t t
—12[»13+?+51 | 11]

= g—(?/x_s + 21%{)(_5 + 21n|l%/x_5 - Il) +

65.D3i biéns6: x + 1 =5, dx = 6£°dt, ta c6 :
x> + 1 + 6 132 4¢3
I X _ I(l I +t 6t5dt
Il + x 12
= j6r3(t12 —2t% + 1+ )
16 10 4 7

t t t L
=@ —-2— 4+ - 4
[16 210+4+7J+c

= 63(1 + x)? [%(1 +X)2 —%(1 +x)+l\/1+ X +%} +c.

7

66. Déi bién 54 ; l+x=t,x=%,dx=%,tacé:
X t“ -1 -1
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+ —
]‘-12—,}1 Xdx = j'(t2 D2t 22““ =— _[2t2dt
X X (t“-Dn
SEEF Y Ly
3 3 X
67. Tacod: x> +2x +2 = (x + 1)* + 1. D8i bien s6 x + 1 = tgt,
dx = dtz (-Z <t <Z, trirt = 0), nhan duoc :
cosTt 2 2
dx 3 dt ICOS tdt J-d(sm t)
(x + 1)2\/32 +2x+2 tgzt.————l cos t sin’ ¢ s t
cost
- a x2 +2X+ 2 c
T sint B X+1

Ngodi ra, c¢é thé giai bing déi bién s6 x + 1 = % (t € (~o0, 40} trirt = 0).

68. Vi mién xdc dinh cia him s dudi ddu tich phén 13 hai khoang

- - ' - g 1 FX 9 ﬂ r
(-00, -1] va [1, +0), nén déi bién s x = ot vaiil 0 <t€m,irit= —. Tacé:

2
dx = S“” t, yx2 -1 = g2t =gt
COS t

s Néux e[l, +0)thit e [0, %],dodétgt>0vé \Ixz -1 =tgt.

Tacd:

J.——"xi;ldx = I%% = J‘sin2 tcostdt = Isinz td(sint)

COS4t

3

, 2
1 x“ - 1)2
*"SlIl3t+C_'('*—*""—"")“—"+C.

3x°

L
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e Néux e (—0, -1]thit e (-;—,1:], do do tgt < 0 va \fxz ~1=—tgt.

Céch giai tuong ty nhu trén.

Ciing c6 thé giai bing déi bi€n 6 x = % {te[-1,1], trirt = 0).

(4 - x?%y?

Xﬁ

x thuge khodng [-2, 2], trlr x = 0. Do dé, doi bién s8 x = 2sint, dx = 2costdt

69. Chii ¢ rang ham s6 dusi d4u tich phan xdc dinh véi moi

(te [—E, % , trit t = 0), nhan duoc :

2
V(4 - N 4 ¢4
J- ( x2 I 4 - sin? t costdt = Icmﬁtdl
64sin° t 4 sin- t
—I cotgt ad__1 cot td(cot )= —Lcot t+c
4 ‘ S1n2t_ 4 ® = 20 *
RS
20x°

Bai nay ciing c6 thé giai bang d6i bién s6 x = % (t< —% vat %).
70. Chia [0, b] thanh n doan bing nhau béi cic diém chia : x, = 0,
Xy = AX, Xy = 2AX, ..., X, =nAX = b, Ax = % Lay diém &, trung véi miit phai
clia méi doan nhd [x;, x;,,]. Lap téng tich phan :
L= x%/_\.x + X%Ax +..+ x%Ax
= [(A%)%.AX + (24%)2 AX + ... + (nAX)?. AX]

3
(ax)3(2% + 22 + . 4+ p2)= B D+ DCn+ 1)

n3- 6
)z
Fl-f-; 2+-r;.

b 3 3
~ 2. o b | 1} b
Vay IX dx = lim F[l + —J(2 + —] = ‘*'3*"

n—»+w n n
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71.a) Trén {0, 1] tacd:

e2* 1 1>e*, dodé: \}ez" +1>e*va:
1 1
Nch +1dx > jexdx.
0 0

b) Trén {0, 1), tacéd: x%sin’x < xsin’x do d6 :

1
Ix?‘ Sil‘l2 Xdx < Ix sin2 xdx .
¢ 0
1 1

—_— < M=—,dodé:
\f2+x—x2 \6

72. D& dang tim duge : m = % <

1
2 dx 1
ml-0=2¢ [———<M1-0=—.
3 0 \/2 +x — x2 ‘E
Gia tri diing cua tich phan da cho la:
l'[ dx = lj dx = arcsin 2x - 1‘1 = 2arcsin-l—
0 .
0\,2+de2 OJE_(X_‘I_JZ 3 3
4 2

t _ xz—x _ . 1 - o
73. f'(x) = ¢ (2x -1) = 0 khi x-—-E.Sosanh:f(0)=e =1,
1

f(%) =e 4, f(2) =€, tim dugc : m = e 4 vi M = e2. Do dé, theo tinh chat

6 cua tich phan xéc dinh, ta cé :

1 2
- 2
e 42-0)< ]'e" ~Xdx < e2(2 - 0),
0
2
2 xzmx 2
— < |e dx < 2e“.
==
e
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74. Trén [1, 4], ta cd : 4/1 + x? >\Ix2 =x,dodé6:

4
I 1+ x2dx > [xdx = 1.5.

75. Tacé:

s oly .
I, = 6[10 sinotdt = -E'?— 6|.sm(otdt

=
[}

"
I, . I
= Jsmmtd(mt) = —?cos wt 0
0

—_ IO —_ 2
= —?(cosn cos0) = nI"'

76. a vi b) sinh vién tu giai.

[ x \
linz Ine* '
) F'()=| [—=dz| = (e*) =x.
2 ? e’
2 /x
-] \I
d) F'(x) = Ilnxdx =—ln(x2).(x2) =—-4xInx.
\Xz )x .
77. Sinh vién tu giai.

78. Sinh vién ty giai.

9
y -1 +1 1
79. j dy = j(‘/_ Y+ g y = [y? - ey
J§+l 4 y+1 "
) L
=]|Zy2 - =7~
(3 Y)a=73
80. Trudc hét, tinh : I———-——- Phén tich —2--—--1— thanh t6ng
2 _3x+2 X*-3x+2

céc phan thitc don gian, nhan dugc :

221



1 -1 . 1
(x-1x-2) x-1 x-=2

1 1 x-2
Jz - dx = In + ¢
'5K+2 x—-2 x-1 x—-1
4 4
d _
Viy I? . =In|> 2} =lni.
3X° =3x+2 x—1il3 3
3 2 7
81 I dx =I d =tng =2
1 + cosx 2X x
X ~E2c0s8° = 2
2 2 2

82. Hai diéu kién co ban dé ¢6 thé dp dung cong thiic Newton - Leibniz {a :
« f(x) lién tuc trén [a, b],
« F(x) 12 nguyén ham cta f(x) trén {a, b].
P61 vai tich phan xdc dinh I— ham s6 dudi dau tich phan
ox - 1y?
f(x) =

5 gidn doan tai diém x = 1 nam trong doan ldy tich phan
(x -1

[0, 2], do d6 khong 4p dung duge cong thitc Newton-Leibniz.

ssjydy _ 1 3ydy
\/}’ + 4 o\I(y)+4

Déibiens6:y =1, 3y°dy =di, khiy=0thit=0,khiy=1thit=1I,
do d6 -

2 1' 1
Yy I lnit+\/12+4”0=—
\IY +4 0
84, Ddi bignsd : Inx =1, %:dt khix=1thit=0,khix=¢ethit=1,

do dé:
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[ 1

dx dt b
7 > = i 2 = arcsint|, = 5
1 x4/1 = (Inx) oy1l-t

0

85.D3i bién s6 1 \Je* ~1 =1,¢" - 1 =2 e*dx = 2tdt, dx = g‘d‘ khi
+1
X=0thit=0,khix=In2thit=1,dodé:

12 1
8 { dx~J't 2tde _ Jo ;l_ldt
t

+ 1

1 L Lo
= 2J{l - 7 Jdl = 2(t — atrctgt)’0 = 5(4 - n),

0 +1
i %
86. J‘2 x+3+T7’5216_ dx
0 X —3x+2 0 X —-3x+2
1 L L
2 7% -3 92 dx
= {(x +3)dx + — dx + - f— X
OI( ) 2OI 2 3 aa 26{(7(—1)(){—2)

2

P
=i

[§+3x+ ln| 2-—3x+2| —ln

= 18§ +8In3 - 151n2 (xem lai bai tap 80).
e . X -2 2dt
87. Doi bién s6 ; tg< =1, cosx = 2,dx---:— 2,khix=01hi
2 1+t 1+t
t=0,khix=%thit=l,dod6:

z

2 I |1 -

tg—|, = ——.

({ 2+ cosx 6{ arcg\/io 33
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88. Vi f(x) = y/cosx — cos> x 1a ham s6 chén, nén :
4 z
2 2

\}cosx —cosoxdx =2 \Jcosx — cos’xdx =2 \/cosx(l ~cos? x)dx
0 0

M]Fl — 21

x
2
j cosxsinxdx.
i)

oy . . . . n .
Pdi bién s6 : cosx = t, —sinxdx = dt, khi x = 0 thi t = 1, khi x = — thi

2
t=0,dodo:
2 0, 3
f 4 31 4
- = 2 2 T2 .
jcox cos® x dx = -2 [t2dt = ZItdl 3 0o =3
_X 1
2
. I+x .., . .
89. Vi f(x)=cosxlnl_x 12 ham s6 1€, nén ¢6 ngay :
L
]
Icosxln dx =0,
1
2
x> +7x% +x° - 5x° —2 7x* —SX -2 2)c5+x3
90. j - = j dx+ [Z5——dx.
X +Xx X +x 5 X7 +X
4 o2
Dai vdi tich phan thit nhat & v€ phai, W lahims61é,dodd:
X7+ X
27x% Z5x2 22
I3—dx=0.
5 X +X
-~ . P X5+X3 2 .
Péi vdi tich phan thit hai & vé€ phai, = x“ 12 ham s6 chan, do d6:
X~ +X
jx:x dx = szdx=2szdx=gx3 Ozg.
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2x5+?’x4+x3—5x2—2 16
I 3 dx=—.

Vay
5 X" +X 3

Chit y : Neu ta khong dé y dén tinh chin, 1é ctia ham s6 duéi déu tich
phdn nhu trén, ma xem nhu tich phan xdc dinh cia mot phan thitc hiru ty
khong thuc sy, thi viéc tinh todn s& phic tap hon rat nhiéu.

91. D3i bien s : VX =t,dx =2tdt, khix =4 thit=2 khix =9 thi t =
3,dodo:

9 3 3
J;ng =th2‘di=2§t:1;’ld 2j[1+l—1-1-}1:
aVX-1 g 2 2

3
= 2t+In|t-1p], =2+ 2In2.

92. D3i bign s6: x - 2 =1, dx = 3t%dt, khi x = 3 thi t = 1, khi x = 29 thi

t=3,dodé:

2 3,

"

dx:f; 3tdt
Lt +3

J‘ (x - 2)
3 (x- 2)"+3

3
27 3 27 t 33 9n
= [[3® -9+ =L dt=[t —9t+—arctg—] = 8+—F.
!{ t2+3J NE 3 |1 y N

93. Chdi ¥ réing ham s& du6i diu tich phan x%ya? ~x? xédc dinh véi mo
x thuoc khodng [-a, a]. Do d6, déi bién s6 x = asint, dX = acostdt
L—%S ~2—] khix=0thit=0, khm—-athn-i nhan duge :

X

2
xz \Iaz - x2 dx = Jaz sin2 t\}az - a2 sin? tacostdt

i

0 0
2 42
= a4jm tcos?1dt =2 sin? 2tdt =
4
0 0
4% 44 1y
2 —
a 1 2 ma
_- — = —— 4 =,
3 6[(1 cos4t)dt 5 [l 4sm tJO T

15- BTTHCCT A 225



94. Cdch 1. D3Gibiénso : x =tgt, dx = dt2 (—£<I<E,trl‘rt=0),khi

cost 2 2

x=1Ih1t=§,khix=\/§mit=%,dod6:
Jf 1+x2dx_i-\/1+tgt dt _'3} dt
1 x? z g%t cos’t icostsinzt
. 4
-3—; costdt
‘,_,J‘sin2 t(l- sin® t)
4
D3i bién s6 : sint = u, costdt = du, khit=-2~thiu=g,khit=%thi
u—ﬁ tacéo
=5
i el
Jf\}l+x2 dx = 2_[ du zj-l 112+u2d
i x2 ﬁuz(l—uz) Jau (1 u)
2 )
£ g
= I—1—+ L du —{ -1-+~1—1n1+—u] 2
ﬁ U2 1_u2 2 1-u iz_i_
2

_ - (2+J’)(2 2)
J_ 2 Q2-y)2+V2)’

Cdch 2. D8i bién s6 x = sht, dx = chtdt (t € (-o0, +o0), trirt =0}, ta cd :

2 2 2
Jr\fl-zx dx = r«Jl+sh chtdt = ch
X

.chtdt
sh sh t
2 2
fChz Jr1+S;] tdt*:tv*colht+c.
sh“t sh”t

Chii ¥ ring v6i moi (x, t) € R>:
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t=argshx < x=sht= %(ct—e_'),suy 1a:

et _ 2xe'—1=0.

Phuong trinh bac hai trén (xem 4n s6 1a ' € R) c6 hai nghiém thuc

~V1+x* (<O vax+ yJ1+x? (>0). Vie'>0, nen:
t=argshx <> ¢' = x+\ll+x2.
Vay: Vx e R,argshx = ln(x +4/1 +x2) va

5
I 1+2x dx=[ln(x+\/1+x2)— ,,l+x2
1 X X
2++3
J__T +in 1+~/_

Sinh vién nén tu chitng minh :

2+J‘ (2+\f)(2 V2)
1+J_ (2 Ve +¥2)

%

i

95. Cdch 1. Déi bién s6 : x = ——, dx = S04t
cost COSZI
.4 1 -1 x
Rk _ldx =:j{ cos? t sin tdt ]gtsmtdt
P 0 1 cos? t 0 cost
cost
r a x
%sin® ¢ 1 —cos“t Yo
o o8t g cos't g\cos“t
3
- T
= (gt - 0| _J__?

(t e [0, 7], trixt = %),
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Cdch 2. D6i bién s6 : x = cht, dx = shtdt (t = 0), ta cé :

I\/xzx—x o J-Jc;h:htt—lshl it o J-shzldt _ J-chzt ~1

cht cht dt
= [chtdt - A - jcmd‘

Theo cong thite : ch’t - sh’t = 1,tacéd:

1 th=_1_ J1 - th%t =%.

ch?t’
VX2 -1 dt d(tht)
Do dé: dx = sht ~ | ——F———= = sht - | ——ore
o I x T jchzt\fl—thzt i J\/l—(thl)z

= sht — arcsin(tht) + ¢ va:

I\/—dx—[\/—l —arcsm\/_Jl B-Z

3
1

96. Déi bien 55 : x = dleg—t-(t>0),khilethit=1,khix=3

t

H]a—n

1
thit= =t
I 3,




97. Chia doan ldy tich phan [a, a + T] thanh ba doan [a, 0], [0, T] va
[T,a+T],tacéd:

a+T 0 T a+T
j f(x)dx = J’f(x)dx + j f(x)dx + j f(x)dx .
a a 0 T

Vi f(x) 1a ham s6 tudn hoan chu ky T, nghia 13 : f(x) = f(x + T), do d6 :

0 0
J'f(x)dx = If(x + T)dx.

a a

D3ibiéns6:x+T=tdx=d, khix=athit=a+ T, khi x = O thi
t=T, tacé:

0 T T a+T
jf(x + T)dx = j f(1)dt = j f(x)dx = — j f(x)dx
a a+T a+T T

(tich phén xdc dinh khong phu thudc vao bién s6 14y tich phan).

a+T a+T T a+T
Vay : j f(x)dx = — j f(x)dx + jf(x)dx + ]‘ f(x)dx va:
a T 0 T
a+T T
J fo0dx = [feodx.
a 0
) 100n
Ap dung : tinh I 1 - cos2xdx.
0

'Vi ham s& dudi ddu tich phan ¢6 chu k3 1a 7 va tich phan da cho lay trén
doan dai 100n, néntacé :

100x= )

T
_[ J1 — cos2xdx = 100 2sin2 xdx = IOOJE _[sin xdx
0 0 0

n
= 1002 (cosx)|, = 200V2..
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Inx nful<x<e
98. Vi |Inx| = 1 , néntacod:
-Inx néuESxSI

e [+
lInx|dx = [(~Inx)dx + finxdx.

1

L Lol W—

|

Dung phuong phdp tich phan timg phén, dit u = Inx, dv = dx ta c6 :
dx . :
du= —,v=xva:

X

|lnx|dx = —[ xlnx

T f—

W e O

1 a €
- de + xInx |1 - 1'[dx

—(—llnl - (1 - ED +elne ~(e - 1)
e e e
1-1)

e

99. Datu=x,e dx=dv,tacé:du=dx,v=—-¢ " va:

! ~X —xl 1 -X -X 1 2
Ixe dx = -xe \0+Ie dx = -¢ (x+l)0=1—€.
0 0

100. batu = x3, sinxdx =dv,taco:du= 3x2dx, V= —COSX Vi :

14 ﬂ T
x3 sinxdx = —x3 cosx|0 +3 sz cosxdx.
0 0

b1 véi tich phan & v€ phai, datu = xz, cosxdx = dv, ta c6 : du = 2xdx,
v =sinx va :
n . T
x2 cosxdx = x2 sinx|0 — 2 |xsinxdx .
0 0
Piatu=x, sinxdx =dv,tacé :du=dx, v=—cosx va:
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ki

m
Ixsinxdx = —~xcosx|0 + _{cosxdx.
0 0
3 3 2 "
Do dé : Ix sinxdx = (—x” cosx + 3x“sinx + 6xcosx — 6sinx) 0

0

= 6m.

101. Dt u = e, cosxdx = dv, ta ¢6 : du = 2e2*dx, v = sinx va:

M A

e2X cosxdx = e2 smx

R gin xdx .

e I W L
|_‘N|=l

Dai véi tich phan & vé phai, dat u = e**, sinxdx = dv, ta ¢6 : du = 2e2*dx,
¥ =-COSX va !

[STET

e?* cosxdx,

x
2 2 2
Ie Xsinxdx = —e“* cosx

+
0 2
0

o S S

Do d6 :

T

2
e*X cosxdx = e?*(sinx + 2¢cosX) 0

o] |_.M!=I

r
2

-4 Jezx cosxdx ,
0

bid
E 2x % o 2
jezx cosxdx = e—s-—(sinx + 2CosX) 0= © z
0
. dx x2 .
102. Bt u = arctgx, dv = xdx, tacé :du = , VI —— v
1+ x2 2

1 1
Ixarctgxdx = 2 |xarctgxdx (vi xarctgx 1a ham s6 chin)

-1 0
2 1 2
X I ¢ x%dx
=2 Tamtgxlo—ijm
0
1 2 1
bt 1+x° -1 T n
=== |-/———dx = — — (x —arctgx)|, = — ~I.
4 6[1-5-)(2 4 0 2
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sin X

103. Datu =x, 3 dx =dv,tacéd:
cO8” X
du=dx, v= J-smx3dx - Id(co;x) - 12 v
cos” X CcOS” X 2cos° X

EIxsinxdx _ X % 3 lzj dx
0 cosax 20052x 0 200052x

— X _lt b4 I —-E_l

- 20052)( 2g ¢4 27

104, Hoanh dé céc giao diém cua hai dudng cong y2 =0Ox va y = 3x xic

) RN . O — Qv
dinh bdi (hinh 6.12) : 9x = 9x°. y=3x

3

Vayx=0vax=1. Tacéd:

1
S = j(Jfo ~ 3x)dx .
0

/ i
= L2x\/; - %x2)|0 =2

“2“.
0 .
C6 thé tinh : / X Hinh 6.12
3 2 3
S= J‘[l-ﬁ]@:(}/_*l_)r _1
3 9 6 27/)0 72
0
105. Ta ¢6 (hinh 6.13) :
8 | g
1 3
s= fyray = 2y3ly], =12,
0
C6 thé tinh :
2 4 9
X
S = I(S—x3)dx=8x—TO=12.

0
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Yi
rﬂ
8 -
2
1 %
Cy=x3 i
: N
: 1p--mmmmnes A
[ y=2-x
5 > > 0 1 2 x
Hinh 6.13 Hinh 6.14

106. Hoanh d¢ giao diém cla hai dudng cong y = x vay =2~ X xdc
dinh bdi (hinh 6.14) ;

2

x2=2_x hay x"+x-2=0.

Suyra:

Xa=1va:

S= _[(2 y —Vy)dy = [ ——2*"§Y2)|0=g-

C6 thé tinh :

1 2 3 2
S= 6[x2dx + i[(2 - x)dx = %-l; + [2){ - L]|2 _ _g.

107. Tim hoanh d6 giao diém cha hai dudng cong y* = 2x + 4 va
= éx —~-3,tacéd:
y - 2 ’ -
: 2
(%x - 5) =2x+4

hay %xz -17x +21=0.
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Suy ra : diém D cé hoanh d¢ 4

X = 6 va tung d6 y = 4 (hinh 6.15). ) y2=_2x+4D
Dé thdy ring diém C ¢ hoanh do - -Tﬂ"'E ; ) % s
x=2vitungdoy=-2. r |
/ o t
. A ) -
Vay ’ -2 ] 6 X

4
_ 2 1 2 =S /C
S = I[g(yw)——i(y —4)]dy B
-2
4 2
] E)
- {[ 73 )Y

2 4
1,y 16 ] -
[ 24 +T+~—j—y |_2 =24.
Néu tinh tich phan theo X, ta phai chia dién tich S lam ba phén : S,pF.
Spcer Va Scpe, va

S= I(\/Zx + 4 ~(=2x + ) dx + I(\/2x + 4 — (-2))¥dx +

Hinh 6.15

it

-2
3 ¥Yi
+ I(,/2x+4—[5x—5)]dx=24. 3__A X:ﬁx_:;x?.
N 2
108. Theo hinh v& 6.16,tacé : : '-.‘R b
S = Sopa + Spoc o1 126583 *
2 3
= [(6x - 3x%)dx - [(6x - 3x%)dx .
0 2 n
2 3
=32 -, -3 - Dy =4 - -9
= 8.
Néu tinh tich phan theo y, cdn bi¢u dién Y
phuong trinh dudng parabol y =6x - 3x% dudi ¢
dang x = @p(y). Tacé: Hinh 6.16
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y = 6x - 3x°, x2-2x+—§~=0,

x2—2x+1*1+—§=0,

x-12=1-2 x_1=4 7Y

Vay phuong trinh ciia cung AO lax=1- > ; Y vaclia cung ABC

3-y
3

lax=1+ , VA :

S= SOBA+SBDC 1+ 3 de-!— J‘(:; 1- 3_dey

3
3
3-y [ 3-y
=2 dy+ |{2- d

g‘t@ y_f wgJy

(53692 +2y+ 2ot )%}|° cddms
3\/5 y 3J§ y -9 .

109. Vi tinh d6i xiing, chi can tinh % dién tich S phai tim, ndm trong
géc phan tw I ¢hinh 6.17)

x ¥
s . . a
i ]—asm3t.3acosztsmt|dt
0 X = acos™
x y = asint
T 2. 4 2
= fi-3aZsin* 1t - sin? )| dt.
0
Ap dung cong thire :
‘é‘ B
' n-DIt 7 Hinh 6.17
J‘smn xdx = 8 =D =
nt! "2
0

néu n nguyén, duong va chin, ta nhan duoc :

S=1232[£ n_ 135 nJ 3,

242 7462)°8™ -
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110. Vi tinh d6i xing, chi can tinh %

dién tich S phai tim, nAm trong géc phin tur 1
(hinh 6.18) :

= |ibsint(—asint)|dt,

J:-|co
Oq____‘Ml.‘:l

Hinh 6.18

A

2
S = 4ab j sin? tdt = 4ab.-

5% = mab.

111, Vi tinh déi xidng, chi can tinh % dién tich S phai tim : dé 12 dién
tich ctia hinh quat cong OAB, gi6i han bdi dudng cong r = acos2¢ va hai tia
cp=0va<p=3;:(hmh6.19). |

. : 1
Ta lay ¢ = % vi r = acos2g, r' = -2asin2¢, tgV = -}1‘7=—5c0tg2cp,
tgV| 5 =0, suyra V=0 vati€p tuyén véi dudng cong OAB tai O ring
0=7 -
4

R n ’
vditia @ =Z.Taco:

s 14
SOAB=§ Ej'a cos 2(pdcp.
0
8 2il+cos4(p 2 1 i na’
S= 78 6‘—2—dq)=2a [cp+zsm4(p)0 ==

r=a(l + cosg)

Wil

O%

Hinh 6.20

Hink 6.19
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112, Vi tinh dd&i ximg, chi cin tinh % dién tich S phai tim : d6 la dién
tich cia hinh quat cong OAB, giéi han bdi dudng cong r = a(l + cos@) va tia
¢ = 0 (hinh 6.20).

S lﬂg )
Soas= 5 =5 fa(l + cosg)’do
0

T
= % j(l + 2CosQ + cos? o)do

a? ™ 1
=5 1+ 2cosp + 5(1 + cos2(p)Jd(p
0
2
_2(3 Lein2o |- = 3 ma?
=3 (2(p+25m(p+ 4sm2(p)0 -—411:& .
Vay: S;%ﬂa .
v 1
113.2) Tacé: s= l+—2dx.
A X
D4i bién s6 : x = tgt, dx = (0<t<£).nhan duagc :
cos“ t 2
.[1+ J-l+x Jxll+tgt
cos®t

_[ dt _ J' sintdt I sintdt
==

2 2

sintcos”“t sin“ tcos“t { —coszt)cos2

t
Déi bién s6 : u = cost, du = -sintdt, ta ¢é :

1 d l-
e

1 1 1 1 l1+u
=—fl—=+ du=——-=In
2 1-u? u 2

l1—-nu

+C.-
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Vi:

_ 2 1 2 .2 oy
7 =1+,1g“t nén: 2—1+x,u— 1 + x“ . Thay vao két
cos” t u
qua trén, ta nhin dugc :

(Trong bai nay, ta di tinh nguyén ham cha ham s6 dudi dau tich phan

1+ L , ma khong ding truc ti€p phuong phap ddi bién s6 clia tich phan

2
X
xé4c dinh, nhim trdnh phéi déi can 18y tich phan nhiéu lan).
X2
b) Hoanh do céic giao diém cia dudng cong y = -5 1 véi truc hoanh
la x = £4/2 . Do d6, 4o dai cung dudng cong phai tim la :
V2 V2
s = I 1+x>dx =2 j\}1+x2dx.
-2 0

Dung két qua da biét & bai tap 38, tacd :

. §= 2.%[}(\/1 +x% + lnlx + \}l + xsz = \/g + ln(ﬁ + \6).

114. Hai dudng cong y° = x° v Y4
y=V2-x2
y=+2-x% cit hau tai AQ, 1) va <
B(-1, 1). Vi tinh d6i xing céia chu vi B ---- s A
hinh phéng déi véi truc Oy (hinh 6.21), i
tacd: y =x? i
0 I x

s=2(sgn +S5R) Hink 6.21
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IJT w 2 fali+2)

_i[Hg )'5|1 (13J__1) 1313 -8
270 T 4Y) o T3\ T 27 -

s~—-—j 1+(gy) dx--'|‘1+2 dx*w/_j‘\/*
= \Earcsin%ﬁ) =¥.
_2(13Jl_3—8+nﬁj

27 4

Vay:

~ 3,102 .

115, Ta ¢6 (hinh 6.22) :

2n 2n
$= I\/¢'2(t) + lp'z(t) dt = j\/az(l - cost)2 +a?sin?tdt

0
2n o1 2n t
6[d 2(1 —cost)dt =a I1’4sm Edt =2a 6[smidt

2%
.t ft t|2n
= 4a !Smid(2) ~4acos~-—- |
0
¥i
x = a(t —sint)
y=a(l —cost)
O ' 2%a ;;c

Hinh 6.22
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116. Sinh vién tu gidi.

117. Hinh v& 6.23 biéu dién % vit thé

cén tinh thé tich (AO = AC = AM = R).
Tam gidc vuéng PMN 1a thiét dién cha vat
thé v4i mot mat phing thing gde véi truc
Ox tai diém x. Tl nhitng tam gidc vudng
APM vaPMN, tacé:

(MP)* = (AM)” - (AP =R* - (R - x)°,

MN =MPtga, S(x) = Spyn = Hinh 6.23
= LvpMN - L MPY g
2 2
1

= E[R2 - (R - x)z]tga = %(ZRX - xz)tga va

2R 3
_1 2y, 1 [ 2_X)’2R_23
V—ztgaJQRx x)dx—ztga Rx 7 o —3Rtga.

118. a} Ta ¢6 (hinh 6.24) :

4 5 4 x2 a4
Vz=n Iy dx = nj4xdx = 4n7|0 =32m.

0 0
A3 Y
J"\\.
A\
1 ~
i +
2% B(1, &)
Y20 2
1 L]
A ol B X
Hinh 6.24 Hinh 625

b) Thé tich V phai tim béng hiéu s& thé tich V| - V, cla hai vét thé tao
nén bdi su quay xung quanh truc Ox cdc hinh thang A ABB, va A;AOBB,
(hinh 6.25) :
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1 1
= [(1L5-x)%dx —2— [x4dx

3 -3
1 2 n_s|t
= J(x-157d(x - 1,5) - x| 5
-3
PN | L | LY )
= 70 -15%| 5 - x =18

119. Vi tinh d6i ximg, chi c4n tinh % thé tich V phai tim (hinh 6.26) :

b b 2
\Y%
—=1r|:'[}‘12dy='na2 -2 dy
2 b2

0

- 0
3 b 7
= naz[ - y—zJ 0= gnazb
3b
T 2
Viy: V==-ma‘b.
Yi
Y.i\ A "__ 2
:
1
1
1 -
O 1a X
a X :
Hinh 6.26 Hinh 627

120.a) Tacéd;

v2p

f(x) = 2px, f'(x)=YE

)= \2px, £'x) o

J1+£2(x) = ,/M,va:
2x
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a a
S= 2n_|-\/2px1f2x2: Px = 21tJEI 2x + pdx
0

a 11
= 2m/p I(2x +p)? = d(2x +p) = 21tJ_ (2x + p)?.
0

[
NI
o

_ 2"‘/_[(2a +p)? ~p? | (hinh 627,

b} Vi tinh d61 xing, chi cén tinh 5 dién tich S phai tim (hinh 6.28) :
Yi

2

S .

5 =2z flom N1+ 9 (M dy. 2 ax2ey2—4
g

Gday,tacé:

cp(y)-—J4 y2 . ¢'y) = \/——Lm ) I
,l+cp'2(y '16 3y
—Y

Hinli 6.28
2
S=4nf%\/4—y 3 f 16 - 3" dy = anﬁ 3y2 dy.
0

4 s
D6 bién s6 : y = —=sint, dy = —costdt [0< —] khi y = 0 thi
N JE 2
t=0,khiy=2th‘1t=g-,dod6:

T

T
: 3 e
S= ]-16cos2 tdt = J'lﬁ(l + cos2t)dt = S—n[t + szt]
JEO 0

J3 2 Jlo

c) Ta c¢6 (xem lai hinh 6.22 clia baj tap 115) ;
@'(t) = a(l —cost), wy'(t) =asint,
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\/(p'z (t)+ \|J'2(t) = \/az(l - cost)2 +a’sin’t = 5 [432 sinZ% = 2asin%

N t
(nhé&rang 1 - cost = 2sin? 3 yva:

2
=27 fly®iyo ) +yrad

27 ( 2n t
= 2n 6[&(1 - cost)2asinzdt = 8ma’ 6[sin3§dt .

Péi bién 86 ; u = -—t~,du=£l£

5 2,khit=0[hiu=0,khit=2nth‘1u=n,

taco:

i m
S = 16ma? [sin® udu = ~16ma2 I(l —cos? u)d{cosu)
0 0
_ 2 1 3 ||®_64_2
= ~16Ra [cosu—gcos u]lo —?Tca .
121.a) Tacé :
+eo b 0 .
feMax= lim [eXax= lim ¢ = lim (-e®)=1.

b=
0 b—>+o00 b—+w b—+x

+0
Vay I e *dx hoi tu va bing 1.
0
+a0 b.
b) _[ie *dx = lim Ixe—xdx .
b—+a0
0 0
b
Tinh |xe ™ dx béng phuong phdp tich phan timg phan. Dat u = x,
0
dv=e*dx,tadugc du=dx, v=—e *, dodé
b b b b
_[xe_xdx =—xe * |0 + Ic_xdx =—be P 7* 0= —be®-e7P 41
0 0
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Vay :

+a0
j %e *dx= lim (=be ®—eP+1)= lim (~be )~ lim e P +1.
0 b+ b—+w b+

Ap dung quy tic L'Hospital, ta dugc :

: - . b . 1
lim be®= lim —= lim —=0.
b—+oo b—-+a0 eb b—r+w0 cb
+00 )
Con lim e ®=0 , vy tich phan suy rong Jie Xdx hoi tu va bing 1.
b +e0
0
+00 b
c) J xcosxdx = lim [xcoxdx.
0 b—)+ao0

Ap dung phuong phép tich phén ting phén, ta duge :

: b
Ixcosxdx =xsinx|g - Isinxdx:bsinb+cosb—l.
0 0
+00
Vay Ixcoxdx: lim (bsinb+cosb-1).
0 b+

Vi khong ton tai  lim (bsinb +cosb) nén tich phan suy rong
by +m

+00
I xcosxdx phéan ky.
0

1
d) Xét tich phan Iln xdx . Him s6 Inx xdc dinh trong khoang (0, 1] va
0

dan t6i —co khi x = 0. Vi vay

1 1

Iln xdx = lim Iln xdx .
0 e—~0" c

Ap dung phuong phip tich phan timg phdn bing cich dat u = Inx,

dv=dx,tacd
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1

1
jlnx’dx =xlnx — x e = —~glne+¢—-1.
4

1

Vay : Jlnxdxz lim (—elng+e—-1)=- lim ¢lne - 1.
0 e—=>0" e—=0"

Do quy tic L'Hospital, ta ¢6 :

1
) . Ine } < .
lim elne= lim — = lim &~ == lim £=0.
e—>07 >0t L g0 _ 1 t 0"
€ 82

1 -
Vay tich phan suy rong I Inxdx hoi tu va bing -1.
0

2 +o
cOs{X . dx
| (2)|s 2,Vxe]l?i,,,masx _f

_ l+x o I+X
du 1, muc 4.1, chuong V1, sach Todn hoc cao cdp ing véi sach bai tap nay),

122, a) Vi

5 hét tu (xem thi
1+x

0

¥ |cos(x2)|
nén theo dinh 1y so sdnh 6.4 sich da dén, tich phén I———zdx héi tu.
0 ]. + X
e cos(xz)
Lai theo dinh 1y 6.5 sach d3 din, j dx hoi tu.
1+ x?
0
b)Vix+\/1+x2>2x ¥x € [1, +) nén 1 < !

2
(x+\/l+xz)2 4x

Yx € [1, +o0).

+00
Theo cong thiic (6.29) sich da dén, Id—; héi tu, nén theo dinh 1y so
{ X
+0

sdnh 6.4 sich da dan, tich phan suy rong dx

1 (x+\/1+7(2)2

+o0

héi tu.

. e ] . n d
Chit thich. Cac ban sinh vién hiy khdo sét sy hdi tu cia x

0 (x+y1+x2)2
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¢) Xét tich phan _
L dx L dx
[= = 5 T
3 2 £ 3
-2 \/(x -D*(x+2) 2(x-D3x+2)°

Ham s6 dudi ddu tich phan xic dinh trong khoéng (-2, 1), nhimg dén t&i
oo khi x ddn t6i -2 hay khi x dan t6i 1.

Vay I 1a tich phan suy rong. Ta viét:

1 0 1
dx dx dx
I= I ) = J p) 1’“] ) T
2x-DIx+2P 2 -DAx+2Y ox-1DF(x+2)

zll +12¢

Khi-2<x<0,tac6-3<(x-1)<-1,dodd

L 7 < 1 7= 7 vi vy
-3* x-D} (-1)?
1 1
0 < 5 > < ],Vxe[—Z,O]
(x-D3x+2)3  (x+2)]
¢ dx
Theo cong thitc (6.30) sich da dan, tich phan suy rong I———I hoi

-2(x +2)}

0
d
tu, vay theo dinh 1y so sénh 6.6, tich phan suy rong I; = _[ > X

2 1
2 -13x+2)

hoi tu.
Hoan toan twong tw, khi 0 <x < 1,tacé

0< ! < I

2 1
(x - l)g x+2Y -1

wd |2

bodx ! dx
Nhung J > hoi tunén I = 3 :

0(x — 1)? 0(x ~1D3(x +2)°

hoi tu, ma I =1, + I, nén [ ciing hoi tu.

hoi tu. Vi I, I,
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:“ CONG TY CO PHAN SACH DAI HOC - DAY NGHE
JI‘ HEVOBCO
2] pia chi : 25 HanThuyén, Ha Noi

TIM DOC SACH GIAO TRINH DUNG CHO

SINH VIEN CAC TRUONG CAO DANG
CUA NHA XUAT BAN GIAO DUC

I
1. Gigo trinh toan hoc cao cap T1 | Nguyén Dinh Tri (Chd bién) |

| 2. Gido trinh toan hoc cao cap T2 | Nguy&n Binh Tri (Chd bién) |
—3 Béi tap toan hoc cao cap T1_ Nguyén Diﬁ_h Tri (Chﬁ bién)
4. Bai tap toan hoc cao cap T2 | Nguyén Dinh Tri (Chi bién) |
5. Giéo-trinh vat ly dai.cu:dng T1 “Lu'dng D.uy_é-‘_r“\_ Binh i
6. Gido trinh vat Iy dai cuong T2 | Luong Duyén Binh
7. Bai tap vat Iy dai cuong T1 Luong Duyén Binh
8. Bai tap vat Iy dai cuong T2 Luong Duyén Binh
9. Hoa hoc dai cuong .-.Lé Mau Quyén
_1.0. Bai tap hoa hoc dai (;l_fong Lé Mau Quyén -
11.Vé ky thuat Tran Hitu Qué o
Nguyén Van Tuan
12. Bai tap vé ky thuét_ Tran Hiru Qué
Nguyén Van Tuan

Ban doc ¢6 thé mua tai cdc Cong ty Sdch - Thiét bi truomg hoc & dia
phuong hodc cdc Cua hang ciia Nha xudt bdn Gido duc :

Tai Ha N§i : 25 Han Thuyén ; 187 Giang Vo ; 23 Trang Tién ;

Tai D2 Nang : 15 Nguyén Chi Thanh ;

Tai Thanh phd H8 Chf Minh : 240 Tran Binh Trong — Quan 5.
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Gia : 22.000d
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