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LOINOI AU

Dao dong 1a mot hién tugng k¥ thuat hay gap trong céc linh vuc dién, dién tr, quang
hoc,... ddc biét trong linh vuc co hoc. Trong nhimg nam gin day cdc bai todn dao dong co
hoc da duoc khdo sdt rat nhiéu do yéu cdu cla thyc t€ va do sy phat trién nhanh chéng céc
thuat todn tinh todn mdi cling nhu sy phit trién nhu vii bdo cfia mdy tinh dién tir. Vi vay, dao
d6ng cha mdy méc, cong trinh, mdy bay, tau thuy,... déu dang duoc cdc chuyén gia nghién
cliu ngdty cing sau sic hon. Ngay nay, cdc k§ sy co khi néi chung va k§ su céc chuyén
nganh mdy bay, tau thuy,... can phéi duge trang bi khd k¥ kién thitc v& dao dong clia chuyén
nganh minh.

Gido trinh ndy duge bién soan sau bay nam gidng day mén Dao dong tau thuy cho
sinh vién nganh K§ thuat tau thuy — Khoa Co khi - Truding Dai hoc Bach khoa Ha Noi. Noi
dung gido trinh da nhén dugc sy gép ¥ rat nhiéu cha GS. TSKH. Nguyén Vin Khang. Nhan
day to1 xin gui t6i GS. 101 cdm on tran trong. Téi ciling xin cdm on TS. Nguyén Phong Dién
dd gitip toi dich mot s6 doan trong [1] va ThS. Nguyén Minh Phuong da ché ban, ciing nhu
cdc cong sy khdc da gidp toi hoan thanh cudn sdch nay.

Cuén sach duge xuét ban 1an ddu nén mac di di duge chinh sira nhiéu 1an nhung vin
khong trdnh khoi ¢6 nhitng thi€u sét. Ching toi rat mong nhan duge nhiing ¥ kién déng gép
dé 1dn xuat bin sau 18t hon.

Moi y kié€n xin giri vé cho:

PGS. TS. Vii Van Khiém

Bo mén Co hoc tng dung

Khoa Co khi

Trudng Bai hoc Bach khoa Ha Noi
Tel: 04.8680469, 0903208696

Email: khiem@mail.hut.edu.vn
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PHAN I
DAO PONG TUYEN TiNH

CHUONG 1
DAO PONG TUYEN TINH CUA HE MOT BAC TU DO

He co hoc holonom mot bac tu do 1a co hé ma vi trf cla né trong khong gian dvoc xic
dinh boi mot toa dé suy réng. Chuyén dong ciia he duge xéc dinh b&i qui lu4t thay déi cha
tea do suy rong dé theo thdi gian.

Trong chuong nay ta xét dao déng nhd ciia heé mot bac tr do quanh vi trf cin bing 6n
dinh. Khi d6 phuong trinh vi phan mo ta dao dong chia hé s& 1a phuong trinh vi phan tuyén
tinh cdp hai hé s6 hiang s6.

1.1. DAO PONG TU DO KHONG CAN
1.1.1. M6t 50 thi du vé thiét lap phuong trinh vi phan dao dong

Trudc heét chiing a xét mot vai thi du vé thiét lap phuong trinh vi phan dao dong tu do
khong can ctia hé mot bac tu do.

Thi du 1.1: Dao déng clia mot vat ning treo vao 1d xo.

Xét mot vat ndng khéi lugng m treo vao Id xo ¢6 h¢ s6 cimg c. Bd qua khéi luong 16
xo (hinh 1.1).

Dong ning va the nang cila hé ¢6 dang:

Tzlmﬁz; I"lzlcx2

2 2
The céc biéu thic dong niang va thé nang trén TS Vi tri
vio phuong trinh Lagrange loai hai: . ¢an bang tinh
4 [ﬂ _ar__an X :
deyox ) & ox m
ta nhan duge phuong trinh dao déng ciia hé: Hinh 1.1

mx+cx=0 (1.1)

Cht ¥ rang fa ¢6 thé nhan duge phuong trinh dao dong (1.1) bang nhiéu phuong phap
khdc nhau. Ching han, néu sit dung dinh luat Newton ta c6:
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m¥ =P —-c.{xy+x)
trong dd X, 12 d6 din tinh clia 10 xo P = cx;, cdn biéu thite cha lye dan hdi tuyén tinh cla 1o
x0 Fgp, = ¢.{(Xp+X), luc dan héi hudng nguge chiéu truc x. Tir phuong trinh trén ta suy ra:
mX+cx=0
Thi du 1.2: Dao dong con lac todn hoc.
Con lic todn hoc 12 mot hé dao dong gém mot chétl diém cé khoi lugng m treo vao
mot diém O ¢d dinh bing mot sgi day nhe, khong dan chiéu dai 1a / (hinh 1.2). Goi toa do
clia chat diém 1a x, y. Tir hinh v& ta ¢6 x = Ising, y = lcosg. Tir d6 dé dang tinh duge céc

biéu thitc ddpg nang va thé niang cla chit diém:

T= %m(xz + yz):%mfchz ; [1T=-mgy=-mglcosp o (o

Thé cdc biéu thiic trén vao phuong trinh Lagrange loai hai
ta dugc:

m!zifm = —mg/sin @

hﬂ.y: ('|5+§sintp=0 P r—
! Vi tri
. - . can béng finh P
Trong trudng hop con lac dao ddng nho, ta c6 the lay xép
xi sing = ¢. Khi dé phuong trinh dao dong nhd cha con lic toan Hinh 1.2

hoc cé dang:
¢+%¢=o (1.2)

Thi du 1.3: Dao dong con lic vat 1y,

Con lic vat 1y 12 mot hé dao dong gém cé mot vat rin ¢6 thé
quay quanh mot truc ¢8 dinh di qua O va vudng géc véi mat phing
chifa khéi tam C cua vat (hinh 1.3). Khodng c4ch tir diém O dén
. khdi tam C cha vat 1a a, mémen qudn tinh c¢ha vat rin v6i truc quay
la J,. Biéu thitc dong ning va thé ning cia hé ¢6 dang:

L .
T = EJn(Pz; IT = -mga cos ¢ Vi tri
can bang tinh

The cdc bifu thitc do a a thé nang vao ph trinh
céc biéu thic dong ning va nang vao phuong trin Hinh 4.3

Lagrange loat hai ta dugc:
Jo¢+mgasing =0
Trong trudng hop con ic vat 1§ dao dong nho, ta 14y sing = ¢, phuong trinh vi phan
dao dong c6 dang:
Jop + mgap=0 (1.3)
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Thi dy 1.4: Dao dong xoén. @

Xét dao dong xoan clia mot vat nang (ching han c
mot dia hinh tron) gin chit vio mét truc dan héi. Pdu  Z——
kia ctia truc dan héi ngam chat vao twong ¢ dinh (hinh A
1.4). Cho biét mémen qudn tinh cla vat ning d6i véi
truc quay la J, do cing xodn cla truc dan héi 1a ¢. Gia
thi€t momen qudn tinh cda truc dan héi d&i véi truc
quay nho hon nhiéu so véi mémen qudn tinh cha vat Hinh 1.4
nang ddi vdi truc quay. Bi€u thic dong nang va thé nang clia hé c6 dang:

Vi tri
can bang tinh

T :%J(pzz IT =%cq}2

Thé cdc biéu thilc dong nang va thé nang vao phuong trinh Lagrange loai hai ta nhan
dugc phuong trinh dao dong xodn tuyén tinh cia vat nang:
Jo+co=0 (1.4)
Goi g 1a toa d¢ suy rong. Tir cdc phuong trinh (1.1), (1.2), (1.3), (1.4) ta thdy dang
cha phuong trinh dao dong tu do khong can cha hé mot bac ur do 6 dang chung la:
mg+¢cq=0 (1.5

1.1.2. Tinh todn dao dong tu do khong can

Néu ta sir dung ky higu: o2 = < (1.6)
m
thi phuong trinh dao dong ty do khong can c6 dang:
q+ogg=0
Nhu da bi€t 1l 1y thuyét phuong trinh vi phan, nghiém cla phuong trinh vi phan (1.7)
cd dang nhu sau:
q = Cycoswpt + Cysinwgt (1.8)
Trong d6 C;, G, 1a cc hang s6 tuy y. Céc hang s6 nay duge xdc dinh tir cdc diéu kien
dau:
t=0:q(0)=qy, q0)=4q,
D¢ xdc dinh cdc hing s6 C,, C, ta dao ham bidu thitc (1.8) theo thai gian:
q = _CIG‘)U Sin(l)(]l'i'CZ(UU COSU)U[ (1.9)
The cdc di¢u kién ddu vao cc biéu thie (1.8) va (1.9) ta xdc dinh duge:
_ Qo

Ci=qp Cy=— (1.10)
Wy

Chi ¥ rang nghiém (1.8) clia phuong trinh vi phan (1.7) cé thé viét dusi dang:
q = Asin(ogt + o) (1.11)
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Trong d6 A va o 1a céc hing s6 wy . Do hé thic:
sin{wgl + o) = sinmgt cosa + sina cospt

nén tir (1.8}, (1.10) va (1.11) dé dang tinh duoc:

. N\2
A=~,,‘Cf+C%: q%-&-(-gi] : tgotzuc—l=cuo{,-~t_li (1.12)
Wy G, Qg

Tir biéu thie (1.11) ta thdy dao dong ty do khéng can clia he mot bac tu do duge mo ta
bdi ham diéu hoa. Vi vay dao dong ur do khong can con dyoc goi 1a dao dong diéu hoa.

Trong biéu thic (1.11), A duge goi 12 bien do dao dong, o, dugc goi 12 tan s& rieng,
ool + & duge goi la pha dao dong, o 1a pha ban diu. Dai lugng T = 2n / @, dugc goi 1a chu
ky dao dong,

Qua khio sét trén, dao dong 11 do khong can clia he mét bac tr do 13 dao dong diéu
hod vA ¢é cédc tinh chit sau:

- Tén s6 riéng va chu ky dao dong khong phu thude vao cde diéu kién ddu ma chi phu
thude vao cdc tham s6 cia heé.

- Bién do dao dong 1a hang s6. Bién do dao dong va pha ban ddu cla dao dong tur do

‘khong can phu thude vao cic diéu kién ddu va cde tham s¢ cha he.

Viéc xdc dinh tdn sd dao dong riéng theo cong thirc (1.6) 1a nhiém vu quan trong nhat
cla bai todn dao dong tir do.

Thi du 1.5: Tay bién khéi luong m, dai /. Tim toa d¢ trong tam vi mdmen qudn tinh
clia tay bién ddi v6i truc qua rong tam va vudng géc véi mat phang tay bién. Cdc kich thude
cho trén hinh vE.

Lot gidi: Ta s&€ xdc dinh cdc dai lugng trén bing
thuc nghiém Chinh 1.5). Goi vi trf trong tam 1a C. Cic
khoang cdch a, b trén hinh la cdc dai lugng can tim, véi a

={ — b. Ky hiéu J, Jz 12 momen qudn tinh cla tay bién
lan lugt 461 véi cdce true di qua A, B va vudng géc véi mit
phang hinh v&. J,, Jg 12 cdc dai lugng chua biét. Ta lam
hai thi nghiém xem tay bién 13 con lic vat 1y, lin luot cd
cic diém treo 12 A 1di B.
Phuong trinh dao déng nhd quanh A, theo (1.3) 1a:
Jo, +mgap, =0

Tir d6 suy ra chu k¥ dao dong quanh A:

p J
T, =25 g | 2a (1.13) Hinh 1.5
W, mga
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Tuong ty, phuong trinh dao dong nhé ciia tay bién quanh B la:
Jg. @5+ mgbpg =0
Tir d6 suy ra chu ky dao dong:
2n J_B

TB =_’:27[

1.14
O mgb ( )

Céc dai luong Ty, Tg & trén duge xdce dinh bing thye nghiém (ching han sir dung dong
hé bdm giay). Ngoai ra, ta cdn ¢d ba phuong trinh:

a+b=1 Jy=Jo+ma; Jp=Jc+mb? (1.15)

Nhir the ta ¢6 nam phuong trinh dé xdc dinh nam 4n 12 J,, Jg, J¢ a, b. Giai cc phuong
trinh trén ta duge:

2 2 2
b= 1. LAV 241r! ; JC=—Tl-mgb—mb2
g.(Tx + T3)-8n%l 4?

1.1.3. Xac dinh cic tham s6 d¢ cang cia hé dao dong

Céc phdn tr dan hoi trong céc hé dao dong hiiu han bac tv do thudmg duge gia thiét bod
qua khoi lugng. Pai luong dac trung cho phén tir dan héi tuyén tinh c6é do cing va ky hi¢u la
c¢. Vi hé c6 thé thuc hien duge dao dong thing, dao dc‘ghg uén, dao dong xoén,... nén thi
nguyén ctia do citng ¢ ndi chung khic nhau. Phén tir din héi ¢é nhiéu dang va nhiéu két cdu
tuy theo sy sit dung va cdch chiu lyc chia chdng. Dudi day trinh bay mot s6 cong thitc tinh
todn h¢ s§ cting ¢ qui déi.

a. Tinh todn hé s6 citng qui doi ciia thanh dan hoi

Néu phan tir dan héi 13 cde thanh dan héi khong trong lugng, ta

. . a. . . IV ININIIIY;
¢6 thé tinh todn he s6 cing quy déi tuong d8i don gian.

Trong trudng hop thanh dan hdi chiu kéo nén (hinh 1.6), tir [6],
Fi '

tacé: Al=—o L
ac EA
trong d6 E 12 médun dan héi; A 1a dién tich mat cit ngang.
Tiedtasuy o F=ZR ar=cal My
.. L . F
Viy do cifng qui d6i dugc xdc dinh bdi cong thite: l
EA Hinh 1.6
== -

Trong trudng hop thanh dan héi chiu xodn (hinh 1.7) tir [6] ta ¢6 ¢ong thifc:
M./
Ap=—2
?=ar

P




10 DAO DONG TAU THUY

trong dé G 13 médun trugt; "
I, 12 mémen qudn tinh cyc clia mit cit ngang. o Cf:ﬂ X

< GI
Tir cong thivc trén dé dang suy ra: M, =TpAq) =cAgp
Vay do cing qui déi trong trudng hgp thanh xodn ¢6 dang:

GI,
c=— (L17) T

Trudng hop thanh dan héi bi usn, hé s8 cing qui d6i ¢ cdn \
phu thude vao cic diéu kién bien. D€ 1am thi du ta xét ddm chiu e

u6n nhur hinh 1.8. Tir [6] ta tinh dugc do véng: = % : %"; Hinh 1.7
Trong dé EI 1a d6 citng chéng udn. Tir do6 ta suy ra: !
F=§§—If=cf / Y "
Viy do cling qui déi ¢ duge xdc dinh bdi cong thiic: 2 f

c=37 (1.18) Hinh 1.8
!-

b. Tinh todn 16 xo thay thé tuong duong cua cdc hé cdc 1o xo mdc song song va mdc
noéi tiép
D6i véi hé €6 hai 10 xo mic song song nhu hinh 1.9, ta ¢é thé thay thé twong duong

bing he c6 mot 1d xo. Tur biéu thire luc dan hoi 10 xo, ta suy ra cong thitc tinh hé s6 cimg 10
xo tuong duong:

F=cx+cXx=¢X —> ¢ =¢;+0y

¢ c, c €4 c*
C2
<) X}
Hinh 1.9 Hinh 1.10

Né&u hé cé n 1o xo mic song song, tinh todn tuong tir ta ¢6
n

c*=ch (1.19)

=
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D61 véi he ¢6 hai 16 xo mac ndi ti€p nhu hinh 1.10, néu & hé thay thé 16 xo dan ra mot
doan x bang tong hai dé din x, va x, cia he ban d4u thi ta c6:

F=cx;=¢% X1 +X,=x; F=c*x

Tir d6 ta suy ra: x=£+-F—=—lf- —>i=i+L

o3} C2 C* C- < Co

Néu he cd n 10 xo méc n6i ti€p thi cong thirc tinh hé s6 cimg 10 xo thay thé ¢6 dang:
Z—l— (1.20)
i1 C;

Thi du 1.6: Cho hé dao dong gbém khéi lugng va cic 15 xo
miéc nhy hinh 1.11, Hay tinh t4n s6 riéng cia hé.

e B - ] N 2 . -] C1 C
Léi gidi: O day ta ¢6 bon 16 xo méc song song. Do dé: E ']\ Y
(v : |
C*=C1+C2+C3+C4, Wy =4 3 m
m 7

Thi du 1.7: Cho hai hé¢ dao dong nhu hinh 1.12a va 1.12b. c o
Mbi h¢ gbm mot ddm khong trong luong cé do cing chéng uén
1a EI, mt 16 x0 ¢6 do cing c va mot khdi lugng m. Hiy tinh céc

. . \ Hinh 1.11
tan s riéng cna ching.

Lot gidi: Ca hai he da cho déu c6 thé thay bing mot mo hinh thay thé tuong duong
(hinh 1.12¢).

Trén hinh 1.12a dam va 15 xo 1a hai 10 xo méc song song. Ld xo thay th& dim c6 do
. - 48EIl
cing quy doi la: ¢, = —?‘_—
Tl d6 dé dang tinh duge 10 xo thay thé tuong duong clia hé:
48E]

33

EI EC EI

2 2 2 12 m

c*=c+c =c+

a) b) c)
Hinh 1.12
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*
c

3
Tén s& riéng cia he trén hinh 1.12a la: o, = J_ =\/Cf + 48EI
m

mi’

Trén hinh 1.12b, dam v 1d xo 12 hai 1d X0 méc n6i ti€p. Do dé:
I 1 i cc|

—=—+——ct*=
¢c" ¢ ¢ c+cy

Tén s8 riéng cua hé la:

o fex 48cEl
0 TN VT A aemi
m (¢!’ + 48ED)m

Nhir the tin 56 riéng cha hé b nhd hon tdn s6 riéng clia hé a. N6i cach khidc, hé b ¢é 1
xo thay thé€ mém hon.

1.2. DAO PONG TU DO CO CAN

Quan st cdc hé dao dong, ta thdy dao dong tu do ndi chung tat din theo thoi gian.
Tinh chit nay cha hé dao dong 1y giai b&i anh hudng cita lue can. Hai loai luc can phé bién
nhat 12 lye ma s&t nhét ty 1@ bic nhét v4i van tée va lye ma sdc kho.

1.2.1. Tinh toan dao ddng tir do ¢6 ma sit nhét

Xét dao dong cua hé mo ta trén hinh 1.13. Do ¢6 thém luc can nhét 1y 1é bic nhit véi
van téc, nén phuong trinh vi phan dao dong cua hé ¢é dang:

mg+bq+cq=0 (L.21) }q%.
Né&u ta dra vao cac ky hiéu: b

Yo I
c 3 b m
—=@ph; —=20 {1.22)
m m c

ST 7
thi phuong trinh (1.21) ¢ dang:
Hinh 1.13

§+26Q +wiq=0 (1.23)

Theo 1y thuyét phuong trinh vi phan tuyén tinh, phuong trinh dic trung cta (1.23) la:
A 428+l =0 (1.24)

Tuy theo quan hé¢ gitra 8 va oy, ¢6 thé xdy ra cdc trudng hgp sau:

8 < wy(luc cannho): Ay, =-8 F im
dzwy(luccanlon): A,,=-8F ﬂ

a. Truong hop thir nhdt: 8 < ay (luc cdn nho)

Trong trudng hop nay A c¢6 gid tri phire. Nghiém tdng quat ciia phuong trinh vi phan
dao dong (1.23) cd dang:
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q= e_a’.(C,.cosu}t + C,.sinmt) ' (1.25)

trong dé: @@= \/mf, -5° (1.26)

Cdc hang 56 C,, C, dugc x4c dinh tir cdc diéu kién ddu:
t=0: q0) =qg g0 =4,
Tir cac dieu kien ddu da cho, dé& dang xdc dinh cac hing s5 C,. Cy:

1o +
Ci=qy Cy= qi-mﬁ‘l (1.27)

Dé bién déi biéu thic (1.25) 1a dua vao céc hing s6 A vA B x4c dinh theo hé thic:
C, = Asinf; G, = A.cosB

C
Tirdosuyra: A= JC} +C3 ;tgf = C_]

2
Bi€u thic nghiem (1.25) bay gi& ¢6 thé viét dusi dang:
q = Ae ' sin(ot + B) (1.28)

0
Tir biéu thitc nghiém (1.28) ta thay: *

Khi lye can du nho, hé thuc hién dac dong
tit ddn. Do léch Ae™™ gidm theo luat so -
md, tiém can 61 Khéng (hinh 1.14). Dao ,"\"}’\4— t
dong dugc mo ta boi phuong trinh (1.28) 13
dao déng ho hinh sin.

Tuy chuyén dong ctta he duge mo ta
boi qui ludt khong tudn hoan, nhung toa do
q lai d6i ddu mot cdch tudn hoan. Vi thé nguoi ta qui wdc goi @ 1a “tdn s6 rieng™, T=2n/
1a "chu ky", cdn Ae™™ 1a "bién d8” ciia dao dong tit ddn.

Hinh 1.14

D€ dic trung cho do tét dan cla dao dong tu do ¢6 cin nhét, ta dua vao khai niem do
tit toga. Do tat loga A duge xdc dinh bdi he thife:
O _5p
qit+T)

A=In (1.29)
D6 tat loga dic trung cho do giim "bién do” dao dong tit dén. Trong thuc té& ta thutmg
xde dinh ty s6 hai bien do dao dong sau k chu ky:
-5t :

qit)y e KT
q(t + kT) - o~ S(+KT) -
Tirdétasuyra: A=6T<—p— 30 (1.30)
k  g(t+kT)

b. Truong hop thir hai: 8> @, (luc cdn lon)

Khi & > @, hai nghiém &, va X, cla phuong trinh dac trung 1a cdc s6 thuc va am.
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Nghiém téng quét clia phuong trinh vi phan dao dong (1.23) ¢6 dang
q=Ae sh({8% —wit+P) (1.31)
Dudng biéu dién q = q(1) cét truc ¢ khéng qud mot 1dn (hinh 1.15). Do d6 chuyén déng
cia hé 1a chuyén dong tit din, khéng dao dong.
c. Truéng hop thir ba: §= w, (luc cdn téi han)
Trong trudng hop nay hai nghiém &, va &, 1 cdc s6 thyc am va bing nhau. Nghiém
t6ng qudt cla phuong trinh vi phan dao ddng (1.23) c6 dang:
q=e"(Ct+C;) (1.32)

Chuyén dong cia hé la tat ddn, khong
dao dong. q)
Trong mot s4 tai liéu viét vé dao dong
trong k¥ thuat, ngudi ta con sir dung khéi
niém dé can Lehr. Do can Lehr (k§ hiéu bang \’_//—-—
chit D) duge xac dinh boi hé thic: ‘i’o“az%
8 b b

(ﬂ(] men 2\! mc

Phuong trinh vi phan dao dong tu do ¢6 can nhdt (1.23) c6 thé viét dudi dang:

D=

(1.33) Hinh 1.15

§ +2Dwgd + 03q=0 (1.34)

Do hé thic 1((0%, -5% = (1)(,\1'1—D2 chuyén dong cia hé dugc phan thanh ba trudng
hep sau:
D <1 (8 < wy): do can nho;
D=1 (8 = wy): do can t6i han;
D> 1 (3> wy): do can lén.
Can cif vao d6 can Lehr ta ¢6 két luan: Khi D < 1 chuyén dong cua hé 1a dao dong tét
ddn, khi D 2 1 chuyén dong ciia hé tat din, khong dao dong.
’ftr cong thie dinh nghia do can Lehr, ta d& dang xdc dinh duge hé thiic lién hé giita
do tét loga va d6 can Lehr:

A=6T=2n—0 (1.35)

V1-D?
Thi du 1.8: Gin mot kh6i luong m vio ddu thanh. Gén vio thanh cdc phan tr can va
dan héi nhu hinh 1.16. Bd qua khoi lugng cla thanh.

- Phai chon d6 Ién clia hé s6 cin b nhu th€ ndo dé€ hé c6 khi ning dao dong nho ?
- Xdc dinh d6 can Lehr D cdn thi&t dé sau mudi dao dong, bién do gidm con 1/10 bién
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do cita chu ky déu, sau d6 xdc dinh chu ky dao déng.
Loi gidi: Ap dung dinh 1y bién thién mémen dong luong déi vai truc di qua A va do @

nho &y x4p xi sing = @, cosp = 1, ta nhan duge phuong trinh vi phan dao dong cba hé:

. b . c g
+—p+{—+=)p=0
® 4m(p (rn Za)tp

S H+280+wip=0

trong do: 26=-£; m{z}:i_'__g_
8m m 2a

D¢ he ¢6 kha nang dao dong nhd thi § < w,,
Tir do suy ra:

2
£<1I£+—8— > b< 8yom+ B
8m m 2a 2a

Tir cac cong thire (1.30) va (1.35) ta cé:

Hinh 1.16

10 -2 _ 119 _1110 & D= = 0,037
V1=D? Qa+10
Chu ky dao dong: T=2Re— 28 2% _o. | 2am
® ® /l—Dz Wy 2ac + gm

1.2.2. Nhan xét chung vé dao dong tu do ¢6 ma sat

Ngoai ma sit nhdt, ta con ¢6 ma sit kho va cdc dang 16 hop. Trong trirdng hop can
nho, ta ¢6 dao dong ty do ¢6 ma sit ciha hé mot bac ty do néi chung ¢6 dang tit din giong
nhu dang ma sdt nhat.

1.3. DAO PONG CUGNG BUC CUA HE CHIU KiCH PONG PIEU HOA
1.3.1. Cac dang kich dong ctta mo hinh dao déng khéi lvong - 16 xo
Phuong trinh vi phin dao dong cudng bic ctia hé mét bac tr do ¢6 dang téng quét
nhu sau:
md + bq + cq = f(t) (1.36)
D¢ thdy 15 viéc xdc dinh cdc ham f(t) ta xét cac mo hinh dao dong trén hinh 1.17.

Trén hinh 1.17a hé dao dong chiu kich déng luc. Gia sir F(t) = Fsin Qrt, trong dé Fla
gia tr1 cue dai ciia ham F(t). Ta cé:

f(t) = Fsin{t (1.37)
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u(t)
Cq “ E
ml .
2N |
m E c3 b
L=l
cé b u(t)
77- .
c) )
Hinh 1.17

Trén hinh 1.17b he chiu kich dong bdi lye quén tink gay ra do khoi lucmg léch tam
m,. Trong phuong trinh (1.41) ta 18y m = m;, + m|, con ham £(t) c6 dang:

f(t):ml.r.Qz‘sm 91 {1.38)
Trén hinh 1.17c hé chiu kich dong béi luc dan héi. Gia st diém ddu cna 16 xo chuyén
dong theo qui luat: u(t) =a.sin Qt ,
Trong phuong trinh (1.36) ta 14y ¢ = ¢g + ¢4, cdn ham f(t) ¢6 dang
f(t) = ¢;. U.sin (ot : (1.39)

Trén hinh 1.17d hé chiu kich dong dong hoc. Gid sir diém chén clia 15 xo chuyén dong
theo qui luat u(t) = G sin Ot .Trong trudng hop nay ham f(t) ¢6 dang:
f(t) = cu(t) +b.a(t) =(c.sin QU + b.Qcos Q)4 {1.40}

V4i b6 loai luc Kich dong ké trén, phuong trinh vi phin dao dong cudng birc (1.36)
¢ ba dang mau nhw sau.

a. Kich déng luc hodc kich déng qua lé xo

X +28% + X =02.ysin Ot (1.41)
Trong d6: )’}:E hoac y= A
b. Kich dong boi khoi lugng léch tim

{4+ 26% + 0d.x=0%§.sinQt (1.42)
. . m,
Vi y=———-r

¢. Kich dong diong hoc

X+ 28.% + 05X =0, .}'*.[mu sinQt + 28g cosQl} (1.43)

Wg

véi y=1.



Chuong 1. DAO DONG TUYEN TINH CUA HE MOT BAC TU DO 17

1.3.2. Tinh toin dao dong cudng bire khéng can

Phuong trinh vi phan dao dong cudng biic khong can clia h¢ mot bac wr do c6 dang:

m.q +c.q =H.sin {xt (1.44)
Néu ta dua vao cdc kY hiew:  w =£; h A
m m
thi phuong trinh (1.44) ¢6 dang:  §+ @2q = hsin Qt (1.45)

Nghiém téng quit cua phuong trinh vi phan (1.45) bao gém nghiém tdng qudt clia
phuong trinh vi phan tuyén tinh thudn nhat tuong tng va mot nghiém riéng cla phuong trinh
co v& phai.

Khi Q = ©; ta tim nghiém riéng cia phuong trinh (1.45) dusi dang:

g* = Asinht (1.46)
trong d6 A 1a hdng s6 chua xdc dijnh. Thé biéu thic (1.46) vao phuong trinh (1.45), so sdnh

v&i cdc he s6 cua sinQt, ta rdt ra biéu thic xdc dinh A:

A= _Z-L—Z (\-’éi (= (D(})
Theo 1y thuyét phuong trinh vi phan, nghiem Sng qudt cia phuong trinh (1.45)
c6 dang:
q(t)zCl.cosu)nt+C2.sinm{,t+—2l—?-sin§2t (1.47
Wy -0
Cac hang 56 C,, C; duge xdc dinh tir cdc didu kién ddu. Gid st khit = O thi q(0} = qy.

q(0y=q,. The cdc diéu kién ddu nay vao bidu thitc (1.47) va dao ham ctia né, ta coé:

q hQ)
Ci=qp; Cz=_ﬂ‘**——2 3
m[} U.)U.(O)U —Q )

Nhu thé, biéu thic nghiém (1.47) ¢6 dang:

q([)zqu.cosm{,[+ﬂ-sinmnt— I;Q 3 -sinw(}t+—2h—7-sinﬂt (1.48)
Wy W {oy — Q) wh —Q

Nghiém (1.48) gém hai phén: ba s& hang ddu bi€u thi dao dong tu do véi tdn s6 13 1dn

5O rieng clia he, s6 hang thi tu bidu thi dao dong cudng bifc v6i tdn s 1a tdn 8 cla luc kich

dong. Chd y rang khi q4 =q, = O chi ¢6 hai 56 hang ddu clia dao déng 1y do triét tieu. Vi

vay s6 hang thit ba duge goi 1a thanh phan dao dong tw do kéo theo. Giai doan tén tai ca cic

thinh phin dao dong véi tén s& lue kich dong va cdc thanh phédn dao dong vdi tan sd riéng

duge goi la giat doan chuyén ti€p. Giai doan chi tn tai thanh phin dao dong véi tdn s6 cla
lyc kich dong duge goi 12 giai doan binh én.
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Né&u bd qua cdc thanh phin dao déng ur do trong (1.48) ta cé biéu thitc x4dc dinh trang
théi binh &n cla dao dong cudng biic

q*(t)z%-sinﬂ[=L'sian (1.49)

(1)(] - Q C(l - n2)
Chd ¥ rang thira s6 H / ¢ 12 dich chuyén gay ra bdi luc tinh H dat vio vat rdn dao
dong. Trong dé n = Q / wy. Pal lugng:

Vi) = (1.50)

-]
biéu thi tde dung dong luc cua luc kich ddng, va duge goi 14 ham khuéch dai (hoac hé s6
dong luc), Trén hinh 1.18 biéu dién sy phu thude cha V vao n.

Khi ty s8 @ / @y ddn dén 1 thi ham khuéch
dai (hé s6 dong luc) va do d6 bién d6 dao dong
cudng birc ting lén nhanh chéng va tién tdi vo
cuing khi 2 = w,. Hién twong doé goi 1a hién tugng

Vg

cong hudng. Nhu vay hién tugng cong hudng la
hién tugng bién do dao dong cudng birc tang lén 4
rit 16n do tdn s6 cha luc kich dong tring v6i tan s8
dao dong tu do. Trong thyc t€ khong ¢é truémg hop >

nao bién d6 dao dong tang lén v6 clung vi trong
cac hé thuc bao,glc ciing t6n tai luc can. Vin dé Hinh 1.18
nay s& duge xét ¢ sau.
Trés lai biu thitc 18ng quat (1.48) clia nghiém. Khi q, = 4= 0, biéu thic nghi¢ém
(1.48) ¢6 dang:
Q
q([)zz—h—z[sinﬂt——-—-sinw{,t) (1.51)
wy —Q g
Ta xét trudng hop Khi tdn s6 Q cia luc kich dong rat gin véi tdn s6 dao dong ty do oy,
Dua vao ky hiéu:
Q- Wy = 2e
trong dé € 1a mot dai lugng vo cling bé. Bo qua cdc s6 hang bé cd & trong bi€u thie cla q
ta cd:
2h Q+wy Q-w,

h ) : )
qz——(stt—smmnl)=  COS t-sin t
mﬁ -Q? wﬁ -0? 2 2

Q
=~2A-2——sinsl.cos ro t=— -cos (1.52)
oy -0 2 2Qk
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Do € 1a mot vo cling bé nén ham sinet bién thién cham, con chu k¥ cta nd 2nfe rat
16n. Trong truong hop ndy c6 thé xem bi€u thie (1.52) 1a qui luat dao dong véi chu ky 27/Q
va bién do bien déi (h/ 2Q¢).sinet. Dang dao dong ndy duoc biéu dién trén hinh 1.19. Hién
tuong dao déng nay goi la hién tugng phdch.

g [/

Hinh 1.19 Hinh 1.20

Xeét trugng hop 2 — wy.{e — 0). Khi d6, ta c¢6 thé thay sinet bing et trong bidu thic
{1.52) va ta ¢6 hé thirc:

q=——h—t COS Wyt (1.53)
Oy

Bié¢n d¢ ht/2w, tang 1én vo han khi thdi gian ¢ tang nhu hinh 1.20. Nhu theé, ngay trong
pham vi 1y thuy€t dao dong tuyén tinh khong can, sy tang bién do lén vo han & ving cong
hudng ciling doi hoi phai ¢6 thdi gian. Déi véi cdc mdy duge thigt k€ 1am viéc & trén ving
cong hudng, khi tang van tdc clia mdy qua ving cong hudng, cdn phai khin truong cho vuot
qua d0 nhanh.

Nhur the khi tinh todn dao dong cudng bitc khong can 1a phan ra hai trudng hop:

- Trudng hgp xa cong hudng (2 # o)

- Truong hop gén cong hudng (Q ~ o). Trong trudng hop nay khi Q = g + 28 tacd
hién tugng phich, khi Q = oy ta ¢6 hién tugng cong hudng.

1.3.3. Tinh todn dao dong cuong birc ¢6 ma sit nhat

Céc phueng trinh vi phan dao dong tuyén tinh chju kich déng diéu hoa cla hé mot bac
tu do ¢4 ma sit nhdt (1.41), (1.42) va (1.43) ¢6 thé viet dusi dang nhu sau:
q+28.4+wi.q=h,.sinQt + h,.cos O (1.54)
Ta tim nghiém riéng cla phuang trinh nay dusdi dang:
q*(t) = M.sin{2t + N.cos(t {1.55)
trong dé M, N 1a cdc hing s6 c4n xdc dinh. The bidu thirc (1.55) vao phueng trinh (1.54) réi

s0 sdnh cdc he s6 cla sinQr va cosQt, ta rit ra hé hai phuong trinh dai s6 tuyén tinh dé xdc
dinh M va N:
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(03 - Q)M -28ON =h,
280M + (05 - Q*)N =h,
Giai ra ta dugc:
_(wf =0, +28Qh,
(0 - 01?2 445702
N 280h, +(wh —Q*)h,
(wd - 0%)? +482Q°

M

(1.56)

Nghiém tdng qudt cha phuong trinh vi phan (1.54) 12 tdng clGa nghiém riéng (1.56} va
nghiém tdng quat cha phuong trinh vi phan thuin nhat (1.28):

q(t) = A.e_ﬁt.sin(m[ + B) + M.sinQt + N.cos{t (1.57
S6 hang tht nhat cia biéu thitc nghiém (1.57) biéu dién thanh phin dao dong tu do tat
ddn. Hai s6 hang sau ¢6 tdn so  cla ngoai lyc biéu dién thanh phin dao déng cudng bic
cha heé.
Thanh phin dao dong cudng bic (1.55) ¢6 thé biéu dién dudi dang:
q* (1) = §.sin(Q + ¢) (1.58)

trong dé:

q - m B \(hf +h§ B \{h,z +h§

J@2-0%)? +482.07 ol (-12)? +4D%n}

(1.59)

N
(e = 1.60
B0 =11 (1.60)

0 day, ciing nhu cdc doan trude, ta diing ky hiéu n =—-@-' D=-§-. So sanh phuong

k4

@y Wy

trinh vi phan (1.54) v&i cac phuong trinh vi phin (1.41), (1.42) va (1.43) ta rit ra cac hé thic
sau:

- Trudng hgp kich déng lue hodc kich dong qua 18 xo:
!

§=V,(n.D)¥; Vv, =[(1—n2)2+402n2} 2 (1.61)
- Trudng hgp kich déng déng hgc:

q=V,(.D}: V, =y1+4D™ 0 v, (1.62)
- Trudng hop kich dong bdi khoi lugng 1éch tam:

§=V;(n,D): V; =n*V, (1.63)
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Cic ham V|, V,, V3 dugce goi 1a cde ham khuéch dai (hay céc he s6 déng luc). D6 thi eha
c¢dc ham khuéch dai Vy, V,, V img véi mot vai gid trj cla do can Lehr D cho trén hinh 1.21.

5 ir

5-
-
‘-
I
I
] |
k] I a2
2 |
24
i
1F
H
Pl
!
o '} Fi '} L 4
fri-3 f 15 2 25
¢) 7

Hinh 1.21

Khi ta ¢6 dinh d¢ cdn D (xem nhu dd cho), cdc ham V,, V,, V3 dat cue dai tai cdc gid
tr1 sau cla n:

V, dat cyc dai khi n=+v1-2D?
V, dat cyc dai khi n=,{v1+8D2 —~2'—D ~v1-2D? néuD << 1
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1
v1-2D*
Ta ¢6 thé tinh duge cdc gid tri cuc dai nay:

I
max V, = maxV, = ————
" n 2DV1-D?

Vi dat cye dai khi n=

maxv,z—l—- 1+2D? | khi D nhod
n t T oD 2

Géc pha ban dau ¢ duge xdc dinh boi he thic (1.60):
~250h, + {02 -0 h,
03 — Q% h, +280h,

2o =

Trudng hop kich dong lue va kich dong bdi khoi lugng léch tim:

- 280 -2Dn
tgo =— ;= > o @ =-arctg 5
wy -0 1-7m i-n°
Trudng hop kich dong déng hoc, ta c6:
(o = - 250° _ -2Dn
(of - Q%) +487Q7  1-n7 +4D™?
3
= @ =-arctg —“%
1-1" +4D"n

Néu ta ky hiéu y = —¢ thi 1a ¢6 ba hé thic sau:
y = 0khin —0: Dao dong cung pha
y =7 /2 khin =1: Cong hudng
v = 7w khi 1 — o: Dao déng nguoc pha

Truong hop kich dong luc hoac kich dong bdi khéi lugng 1éch tam su phu thudc cla
gbe y vio 1 tng véi mot vai gid tri cha D duge biéu dién trén hinh 1.22.

i,,_

D0
/

i

Hinh 1.22
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Thi dy 1.9: Bo phan 1am viéc cia mdy didm dét ¢é khoi lugng M tua trén cdc 10 xo
nhu hinh 1.23a. Khéi lugng v6 mdy 1a m. O bo phdn lam viéc ¢6 hai khéi lugng léch tam
(mdi khéi lugng 1a my / 2) quay vdi s6 vong quay 1a n. Hay chon cdc tham s6 chia mdy sao
cho mdy lam viéc & viing cong hudng va trong qud trinh tam viéc vo mdy khong nay len
khoi dat.

Léi gidr:
m
my/2 (M+m)g
n |
CR '
X o2l b kexs2
Zc2 T b T c by
SIS 77777777 777 777

a) b) c)

Hinh 1.23

Mo hinh ¢o hoc chia bo phan fam viéc clia mdy nhu hinh 1.23b. Bo phan nay dao dong
quanh vi tri can bing tinh. Toa d6 cla m, la:
X2 =X+ & cos{dt
Phuong trinh vi phan chuyén dong clia mé hinh méay 1am dat [a;
MX +bXx +cx = Qz.m}e‘cosQl
- X +28% +cx = Qz‘x“.coth
VOl X = mye /M.
Nghiém cua phuong trinh nay theo (1.58), (1.42), (1.63) ¢6 dang:

X = Xp.V3.c08({C2t — o)

nZ

il
\/(l _nz)‘ +-4D2Y]2
Khi cdn nho, hién wong cong hudng xdy ra khin ~ 1:
1n JrC— ?‘tn\2
Q~(ur.—>—z — x| — 1 M
VM L 30

1
Khi cong hudng V, ~—.

2D

Phan lue phip tuyen cia nén tic dung 1én vd mdy (hinh 1.23¢):

N={M+m)g-uex
\[l

iD

Nmm =M+ g - Xmax = (M + m). g-
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Diéu kién dé vd may khong nhay khoi nén:

cX cX
Npin 20 > (M+m)g2—2 — D2—"
min { J:4 D 2(M +m)g
1.3.4. Pém dan hoéi ciia may
D¢ giam lie truyén xudng nén mong ngudi ta ding dém dan héi. Gia sir mdy 6 Khéi
luong m, dém din héi qui déi thanh 15 xo ¢6 he s& citng ¢ va gidm chén c¢6 hé s6 b. Néu trén
mdy chiu tdc dung mot lye didu hoa F(t) =FsinQt (hinh 1.17a) thi luc truyén xudng nén
duoc xéc dinh bdn hé thic:

Fg = cx+bx (1.64)
Nhu di biét, phuong trinh vi phan mé ta dao ddng ciia mo hinh 1.17a ¢ dang:

K+28X+m%x=mﬁ§sinﬂt (1.65)
Trong qué trinh chuyén dong binh én, nghi¢m cla phuong trinh trén cé dang:

%= -E V, (1, D)sin(€t — ) (1.66)
Thé bidu thirc (1.66) vio phuong trinh (1.64) ta dugc:

Fu = L Vi(n, D).[c sin{{t — y) + bQcos(t - q;)]
<

. (1.67)
=Ev,(n, Die? + b2 sin(€t -y +v)
c
. bQ 280
< 0y
2
va do: Vet +b20? = ch +(9] 0 = cy1+4D%y?
C
ta c6: Fy =FV,(n,D).sin(Qt -y +7¥) (1.68)

Tir cong thiic (1.68) ta suy ra: D€ cho luc truyén xudng nén méng nhd ta phai chon
cdc tham s& clia he sao cho harn khuéch dai V, dat cuc tiéu.

Néu trén mdy c6 bd phan quay chua duge can bing s& sinh ra cic luc Iy tam (hinh
1.17b). Nhoy ¢é dém dan héi ta ¢6 thé gidm duge lyc truyén xudng moéng mdy. Nhu dd biét
phuong trinh vi phan dao ddng clha mo hinh 1.17b ¢6 dang:

mr

X+20K+wix = Q% .sin (1.69)

My + my
Nghiém riéng ciia phuong trinh (1.69) c6 dang:

x=— L v, (n, D)sin(€ - ) (1.70)

Thé (1.70) vio biéu thite (1.64) ta duge:
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Fyq =L-V3(n,D)-[c sin{ 2 — ) + bQ cos(Q - \p)]
my, +m]
Fy =—E-HL\/;J‘(n,D)\.’c2 +b20? sin(On —y+y)
(1.71)
=c-L-nzvz(n,D)sin(Qt—w+y)
mg +m,

Néu ta dua vdo ham khuéch dai V,(n,D) = nzvz(n,D) thi luve truyén xudng dat
c6 dang:

Fy=c— 1 v, (1, D)sin(Qt -y + 7) (1.72)

‘ /

180
W
/] [— o=00%
5 Dt / . /-‘ """"---.|"'----E£_____
D=ga% ]

D= | £-0-5 | 001
. A/ | T

120 = —
/ | o
]J’ % O=is

= <

N

30
1 /
8
’ ! 2 3 4 5
H 2 J ¥ 5 B—
’1_"‘
Hinh 1.24a Hinh 1.24b

Su phu thudc cia ham khuéch dai V,(n,D) va gée (y — ) vao 1 khi cho biét gid tri
cta D cho trén hinh 1.24a va 1.24b.

Trong k¥ thudt ta ciing hay gip bai todn do anh hudng rung clia nén cic thiét bj trén
nén mong lam viée s& kém chinh xdc. Trong trudng hop ndy ta sit dung mé hinh 1.17d. Nho
c6 dém dan hoi s& 1am gidm &nh hudng rung clia nén méng 1&n céc thidt bi dat trén d6.

Thi du 1.10: Mot mdy gan chit vio méng va duge dit wén nén bang mét he 16 xo
song song. Khoi lugng ciia may va méng 1a 1000 kg. Trong qud trinh mdy lam viéc xudt
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hién mot fuc diéu hoa tic dung theo phuong thing ding véi bien do F =1000 N va tin s6
f =10 Hz. Dudi anh huéng cha lyc nay méng dao dong theo phuong thang ding. Hay xéc
dinh h¢ s6 cimg cua 10 xo tuong duong véi ca hé 10 x0 sao cho chi ¢é 5% luc tac dung lén
méng truyén xudng nén. Sau do x4c dinh do lin tinh cla méng va bién do dao dong ca né.

Lot gidi: M6 hinh co hoc cita bai todn cho trén hinh 1.25. Phuong trinh dao dong ciia
hé la:

m¥ +cx = Fsin(t

~

- X+m%x=£%sin9t .
¢1-n # F = FsinQ
I A
Nghiém dimg la: x = — sin £t
cl-— 1 m
Thé biéu thitc nghiém vio biéu thiic tinh Iye truyén
xudng nén ta duoge: c
Fyg=cx= F sin (Xt
I-7m
E ] Hinh 1.25
Tir diéu kién ~¥ = — =005
F i]_ — n"
tasuyran= V21 = 4,58
Heé s6 cing cha 10 xo téng la:
2 (2nf)’ 2m.10)°
c=mco(2} =m%—=m( ) =1000.—(—~—)=188 N/ mm
m n’ 21
Vi hé s8 cing dd, do nén tinh cia méng mdy la:
mg _ 1000.9,81 - 522 mm
c 188
Bién d¢ dao dong dimg cila méng mdy la:
X = I _F_ 10900 =0,266 mm

P__nz‘E': 20188

1.3.5. Mot vai nhan xét vé tinh chit dao dong cudng buc khi ¢ ma sat

Qua cdc tinh todn O trén ta ¢6 thé rit ra mot s6 nhan xét vé tinh chét clia dao dong
tuy€n tinh cé can nhét chiu kich dong diéu hoa & trang thai binh 6n nhu sau:

- Dao dong cudng bitc khi c6 can x4y ra vdi tan s6 cia luc kich dong.

- Bién d6 dao ddng cudng biic khong phu thude vao cic diéu kién ddu va thoi gian. Do
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d6 khdc v6i dao ddng tu do ¢6 can, dao dong cudng bitc khéng tit din vi lue can.

- Khi Q = @ bién dé dao déng cudng ifc tuy khd 1dn, nhung van 13 dai lugng hiu
han. N6 chua phai 1a gid tri 16n nhat trong cdc gid tri clia bién do.

Khi hé chiu tic dung liuc diéu hoa F = F sinQt, bién dé dao dong cudng bic cé dang:

B
\/(mﬁ - 02)2 +45%Q°

A:q:

Tir didu kién 2—?2:0 ta suy ra Q° = o) -28%. Vay A = A, khi O? =0} -257.
Bién d6 dao dong cudng bite dat cuc dai khi Q nhoé hon o, mét chuit,
- Trong dao dong cudng biic ¢6 can nhét ludn xdy ra su léch pha giita pha dao dong va

pha cua lyc kich dong. B¢ léch pha d6 duge x4c dinh bdi cong thic:

280
tgot = ————

Khi Q = o, thi 1go = o do d6 « = n/2. Vay dao dong cudng buc khi cong hudng ¢6
pha léch mot géc /2 so véi pha clia ngoai lue.

- 0 xa viing cong hudng, bién do dao dong cudng bic véi lyc can nhd khong khéc
mdy so véi bién do dao dong cudng bitc khong can. O gin ving cong hudng lyc can cé mot
vai tro rit quan trong. Trong viing cong hudng d6 16n bién do dao dong cudng bic phu thudc
10 rét vao hé s6 can.

1.4, DAO PONG CUONG BUC CUA HE CHIU KICH PONG DA TAN VA CHIU
KIiCH PONG TUAN HOAN
1.4.1. Tinh todn dao dong cina hé chiu kich dong da tan

Trong thie € ta cling hay gap dao dong cha hé chiu kich déng ciia té hop cic kich
dong ngodi véi cdc tan s6 khdc nhau. Phuong trinh chuyén dong clia hé ¢6 dang:

n
mi‘1+bq+cq=ZFisin(Qit+ai) (1.73)
i=I
Chia hai v€ cta phuong trinh (1.73) cho m va sir dung cdc ky hiéu quen biét ta duge
§ oA
F, .
§+28q+0iq = —tsin(Qt+a;) (1.74)
= M

Ta tim nghiém ctia phuong trinh (1.74) dudi dang:

q = 4;sin(Qt +a; —B;) (1.75)
i=1
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Thé bidu thife (1.75) vao phuong trinh (1.74) ta din dén heé phuong trinh dé xdc dinh
q; va B
. . F,
(mf, - 0? )qi cosP; +28Q;4, sinf3; =—
m {1.76)
280,q; cos B, —(mﬁ —Q?)qi sinf; =0

Heé phuong trinh (1.76) 1a h¢ hai phuong trinh dai s6 tuyén tinh déi v6i hai an 1a
g, cosP; va §;sinB;. Gii ra ta duge: '

lEi (m% - Qi2 ]
{q; cosP; = > - (1.77)
m[(mﬁ -Q7) +48%07
g;sinB; = Ez&?* - (1.78)
m[(m% - Q,E) + f-lﬁzfli2
Chia biéu thic (1.78) cho (1.77) ta duoc:
2802, 2Dm:
ghi=——== n.z (1.79)
0y -Qf 1-n
.. Q;
voi ;= —-
@Dy
Binh phuang cdc biéu thiic (1.77) va (1.78) r6i cong lai ta rit ra
. _E 1 E
q, = = —V,(n,D} (1.80)

¢ J@-n) + a0l e
1.4.2. Tinh toin dao dong cua hé chiu kich dong tuan hoan

Trong thuc t& ta hay gap cdc kich dong tudn hoan. Nhu da biét tir gidi tich todn, ham
f(t) tudn hoan chu k¥ T bao gits ciing ¢6 thé khai trién thanh chudi Fourier

f(ty=ay + Y (a;cos jO +b;sin jCt) (1.81)
!
trong d6 Q = 2n/T 14 tin 8 co ban cha kich dong. Cic hé sd Fourier a,, a, by = L., =)
duge xdc dinh theo céng thifc sau

2T

T T
1 2 .
== |f{t)dt; a;, == |f(thcos jCudt; b. == |f(t)sin jundt 1.82
2 Tﬂj() , TJ() j ; T“juu (1.82)
Tir cde cong thic (1.82) 1a thy, n€u f(1) Ia ham chédn thi b; = 0, n€u f(1) 1a ham l¢ thi

anz aj= 0.

Phuong trinh vi phén dao déng cudng bitc clia hé mét bac tu do chiu tdc dung cua kich
dong tuan hoan c6 dang:
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q‘+2<3Q+m(2,q=~l— a{}+Z(ajcoszt+bjsianl) (1.83)
m P

Ta tim nghiém riéng cla phuong trinh (1.84) dudi dang:

q*=Ay + ) (Ajcos jOu+ B, sin ju) (1.84)
j=1
Thé biéu thic (1.84) vao phwong trinh (1.83) va so sdnh céc hé s& cha sinjQ va
cosjC2t, ta nhan duge h¢ phuong trinh dai s§ tuyén tinh dé xdc dinh cdc hing s chua biét A,
A, B,
i i

14 _ &y
muAn =

a.
[mg —(jQ)z]Aj +28jOB,; =EJ

b.
~25jQA, +[mﬁ —(jQ)zJBj _2i
m
Giai h¢ phuong trinh trén ta nhan duge:
An - anz
mady
[w%, - szz]aj ~ 28§02,
A_I = 2 =
m[(mg —jZQZ) +482j202]
[mf, - jzﬂzlbj +28j(a,
B. =

! ( 2 .2 2)2 2.2~7

Nhur the dao dong cudng birc manh phdt sinh khi Q = ©y/j. Cong hudng loai nay duge
goi 13 cdng hudng cap j.
Do he thife lugng gidc: A jcos jOk + Bjsin jQt =C;sin(jQt + o)

v6i C;=\/A] +B}; 1ga; = A;/B;, biéu thitc nghiém (1.84) c6 thé viet dudi dang:

a*= Ay + ) C;sin(jQt +a;) (1.85)
j=1

Nghiém tng qudt ctia phuong trinh (1.83) khi & < g ¢6 dang:
q(t) = Ae ™ sin(ot + B) + A, + 3 C,sin(jQt +a,) (1.86)
jl

S8 hang thit nhit cia (1.86) biéu dién thanh phdn dao déng tu do tit dan. Véi t di 16,
ta chi cdn quan tam tGi thanh phan thi hai ciia (1.86), biéu thi dao dong cudng bic cia he.
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CHUONG 2
DAO PONG TUYEN TINH CUA HE NHIEU BAC TU DO

Ciing nhu trong chuong 1, & day ta chi xét dao dong cla cdc hé cg hoc holénom. Mot
hé n bac tr do 1a mét hé ma vi tri clia né trong khéng gian duoe x4c dinh bdi n toa do suy
rong: qp, qz, --.» qy DUGi tdc dung cia lye, chuyén dong cla hé duge xdc dinh bdi su bién
déi ena cde toa d6 suy rong nay theo thoi gian.

Trong chuong nay ta xét bai todn dao dong nhd cla hé n bac ty do quanh vi trf can
bang tinh. Khi d6 h¢ cdc phuong trinh vi phan mé 14 dao dong cla hé 14 hé n phuong trinh vi
phan tuyén tinh cap hai hé s6 hing s&.

Trong cdc bai todn k¥ thuat, ta thudng gip b6n mo hinh cdg hoe sau: hé cdc vat rin, hé
céc phdn tir hitu han, hé lién tuc, hé nhiéu vat hén hop. Cic phuong trinh todn hoc maé ta dao
dong clia he cdc vat rdn 1a cdc phuong trinh vi phan thudng, loai phuong trinh chiing ta xét
trong chuong nay. P&i véi hé cdc phén tir hitu han, sau mot s6 phép bién ddi ta ciing nhan
dirgc hé cac phuong trinh vi phan thuong. Cdc phuong trinh todn hoc mé ta dao dong cta he
lién tuc (mo1 trudng lién tuc) la cdc phuong trinh dao ham riéng. Cdc phuong trinh todn hoc
mo ta dao dong clia hé nhiéu vat hon hop 12 cdc phuong trinh vi phan thudng va cic phuong
trinh dao ham riéng. Tuy nhién, khi tinh todn dao dong ctia cdc hé phifc tap, ngudi ta thudng
cG ging bién doi wrong duong gan diing vé hé n bac tu do, véi n 12 56 bé nhit ¢6 thé chip
nhéan duge.

2.1. THIET LAP CAC PHUONG TRINH VI PHAN DAO PONG

Viéc lua chon cdc phuong phap dé thanh 1ap cdc phuong trinh vi phan dao déng ciia he
nhiév bac tu do phu thude vio mo hinh co hoc clia cde mdy va cde codng trinh. P6i véi cic co
hé gém cdc chit diém, cic vat rén, cdc phdn tir Id xo bd qua trong luong, cdc phdn tir can,
ngudi ta thudng ding phuong trinh Lagrange loai hai dé thiét 1ap cdc phuong trinh dao dong.
Dai v6i cdc ket cdu dan hoi, ngudi ta thudng sir dung cdc phuong phip luc, phuong phip
bién dang, phuong phdp phin tir hitu han. D&i v4i cdc co hé phite tap ngudi ta con sit dung
phuong phdp cdc hé con (phuong phdp tdch cdu tric) dé thiét 14p cdc phuong trinh vi phan
dao dong. Dudi day ta trinh bay viéc dp dyng phucng phdp sit dung phuong trinh Lagrange
toai hai dé thiét lap phuong trinh vi phan dao déng cfia mot s6 mé hinh dao déng cu thé.

Céc phuong trinh Lagrange loai IT duge dp dung dé thiét 1ap cdc phuong trinh vi phan
chuyén dong clia hé holoném c6 dang téng quat nhy sau:
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d{arY or o b . .
a[aqu—a =Qi=——£—a+Qi, 1—1....,n (21)

trong d6: g; 1a toa do suy réng, Q; 13 luc suy rong twong tng v6i q;, T 1 biéu thitc dong
nang, n la s6 bic ty do cla h¢, IT 1a the niang, @ 12 ham hao tdn (nang lugng tiéu hao cha luc
can nhét), Q;‘ 1a lyc suy réng con lai (khong c6 thé va khong la luc ma st nhét) cia ;.

Thi du 2.1: Cho mo hinh dao dong nhu hinh v& 2.1. Hiy thiét 1ap phuong trinh vi phan
dao dong cda hé.

L&t gidi: Biéu thitc dong ning va

thé nang cua hé ¢6 dang: c 3(‘_') c, ﬂ.q;
1 1

T=-mq’ +=myq3 SAVAVAVS F(t)
2 2 b, my b, m, -
— I —

g rnrrniid

| 2 1 2
[T=—cq; +=c -
5 11+ 2(q2 —qy)

Biéu thiic ham hao tdn cé dang: Hinh 2.1
1. .2 1 . .42
O=—b,g; +—b -
> 19 5 2(d, —q,)
Thé cdc bidu thifc trén vao phuong trinh Lagrange loai II ta duge:
mqy +(b; +b3)q, —byq; +(c; +¢3)q; ~¢,q; =0

. . . (2.2)
myd, —byq, +byq; —c3q; +¢2q, =F(1)
Céc phuong trinh (2.2) c6 thé viét dudi dang ma tran nhu sau:
m, 0 b +b, -b
Trong d6 M =| ' , B=| ' 2 2
0 m, -b, b,

Cz[:‘:lH:z -Ca qz[‘h} f=[0]
-¢y ¢y | Q] F(t)

Khi trén hé khong c6 lyc kich déng va khong ¢6 phdn tir can, phuong trinh dao déng
tu do khong can ¢é dang

0 m,]l4; -2 ¢ J1492] (O
Thi du 2.2: Thiét lap phuong trinh dao dong xo&n clla m6t mé hinh truyén dong nhu

hinh 2.2. Cho bi¢t cdc momen M (1), My(t). Cic mdmen M, va M; ty 1¢ v6i van tdc:
M; = -by¢y. Mj;=-bs9p;
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Ja

Loi gidi: Co cdu truyén dong s _
c
nhu hinh 2.2 12 mét he dao dong ba M,(t)_, —= |
r
bac tu do. Trong bdn dai lugng dinh M, T :
vi ©, 02, @3, 94 ¢6 moOt didu kién _ 1 I3
raing budc ry@, = -r394. Ta chon cic M, —] na
toa do suy rong: q; = @5, 42 = 93, 3 J
= . Déng nang, thé ning va ham — "
hao tdn cha hé ¢6 dang Hinh 2.2
1 . . ) .
T= (1] + 1263 + 1203 + 163 ):
1 2 1 2 1 .2 1 .3
=@y —9)" +262(0,=93)7: @ = 50707 +5b3¢3
Th& diéu kién rang bude ¢4 = ——rlcpz vao cac biéu thiic trén, ta c6:

I3

2
1 . I . .
3

1 t r 1
II= 5‘31(% -9p)? +502((P4 +f¢2)2 ; d= ‘Z*[bz "‘b:;[

]:» M.(t)

_ﬂnb%

bé xdc dinh cdc luc suy rong tng véi cdc lue cdn lai khong the, khong can tuyén tinh

ta tinh cong kha di cda hé
Vaytacé Qj = M,(1): Q3 = My(1)

Thé cdc biéu thic trén vao phuong trinh Lagrange loai II ta nhan duoc he phuong trinh

vi phan dao dong coa cd cdu truyén dong:
V1o —cy{e, -9 )=M;(1)
1, +(r /r_;)zlgk)z +[b2 + by (1, /r3)2]fp2

r r
+C1(y =0, )+ Cy i((p4+;2—(p2):0
k 3

. I
J4®y +¢c2(q, +r—2<Pz)=M4(t)
3

He phuong trinh (2.5) ¢6 thé viét lai dudi dang ma tran nhu sau
Mg+ Bq +Cq =f(1)

(2.5}

(2.6)
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trong do:
I, 0 0 0 0 ]
M=10 J,+(r,/53)%], O |; B=|{0 b, +(r,/r;)’b; O
0 0 Ja 0 0 0
€ —C 0 N M, (1) ]
C=|-¢ c1+(r2;’r3}202 (p/n)eyls q=]0,4; f=| O
0 (r, /r3)¢5 sy 0y M, )

Thi du 2.3: Thiét lap phuong trinh vi phin dao déng tw do cha hé dao dong xoin gém
n dia nhu hinh 2.3.

Loi gidi: Biéu thitc dong nang va bidu thic lhé’ nang cua hé c6 dang:

== 1,6}
ZE H Cy ’—’Crﬁ
1n~1
=5§Ci((pi+l_q)i)2 U
N

Thé cdc biéu thirc dong nang va thé nang

JIn

trén vao phuong trinh Lagrange loai II: Hinh 2.3

g[ar]_ar _on
dt \ 8o,

o0, &P,

ta duge hé phuong trinh dao dong tir do cia mo hinh khao sat:
J19 +¢1(9) —9) =0
Ja03 +C3(0y —93) —¢y(@ —,3)=0
...................................................... 2.7
Jn—Iif"n-l +Chy ((pn—] - (pn)* Cn—Z((pn*Z ~Pp- )=0
anjn ~€h-1 ((Pn-—l - (Pn) =0

Heé phuong trinh (2.7) ¢6 thé viét dudi dang ma tran:

Mg+Cq =0

2.2. DAO DPONG TU DO KHONG CAN
Phuong trinh vi phdn moé ta dao dong tu do khéng can cta he n béc tu do ¢6 dang
Mg+Cq =0 (2.8)
Trong d6 M va C la cdc ma trin vuéng cdp n ¢ cdc phén tr 1a hing s6. Trong nhiéu
bai todn thyc t&, ching la cdc ma tran thuc d6i xing.
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2.2.1. Céc tan sé riéng va cac dang dao déng riéng
Ta tim nghi¢ém cua phuong trinh (2.8) dudi dang:
q=asmi ot +a) {(2.9)
Thé& biéu thic (2.9) vao phuong trinh (2.8) réi don gian di bifu thic sin{ot +o) ta
nhan duge phuong trinh:
(C-0*Mya=0 (2.10)
D¢E cho phuong trinh dai s& tuyén tinh thudn nhét (2.10) c6 nghiém khéng tim thuong,
diéu kién cin 1a:

|C—w2M|=0 .11

Phuong trinh (2.11) 12 mot phuong trinh dai s6 bac n d6i véi ° va duge goi 1a phuong
trinh tn s6 hodc phuong trinh dic trung. Cic nghiém o, (k = 1,...,n) cba phuong trinh tdn s6
duge gol 1a cc tan so rieng. Thay 14n lugt cdc gid tri cla oy (k = 1,..., n) vio phueng trinh
(2.10) ta nhan dugc cdc hé phuong trinh dai s6 tuyén tinh thudn nhat dé xdc dinh cédc thanh
phén cla vecto a,

(C-of Mya, =0 (2.12)

Cic vecto a, nay dugce goi 1a cac vecto riéng.

Do phudng trinh (2.12) la hé phuong trinh dai s tuyén tinh thuan nhat cé dinh thic hé
s6 bang khong nén cdc thanh phin cla vecto a, duge xdc dinh sai khic mat hing s nhan.
Chéng han ta ¢6 thé chon a,, mot cich tuy ¥,

Ta dua vao ky hiéu:

2 o al®
Vi =2k hoac: v: }=ﬁ i,k=12....n (2.13)
]

a1k a

Thay lan lugt cdc o, w;...., vio phrong trinh (2.12) ta xdc dinh duge ma tran

Vio V2o Vg
Vv v A
V= 21 22 2n (2.14)
Vol Y2 - Vi
& da ve= v =1 vk
¥ k=Y = '
M&i vecto ¢ot clia ma tran (2.14)
T k) ,(k k) T
Vi = [V Vop o Vel = [v} ),vg },...,vfl)]

cho ta bigt mot dang dao dong riéng clia hé dao dong (2.8). Ma tran V duoc goi 14 ma tran
dang rieng (Modalmatrix). Nhur thé ma trdn dang riéng cho ta biét t4t ci céc dang dao dong
riéng ¢6 thé c6 cla he dao déng.
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Xét truong hop h¢ hai bac ty do. Khi d6é cdc phwong trinh vi phan dao déng tir do
khong can c6 dang

i 0
{m“ m12]{?1]+{°|1 012:][(11]:[ } (2.15)
My M3 |92 €2 €22 1142 0
Phurong trinh tan s6 (2.11) d6i véi trudng hop ndy cé dang:

2 2
C—® My & ~® My 4

¢y @ My Cp —w’my,
Khai trién dinh thic cdp hai trén ta dugc:
{c, —w'm,, )¢y, —'my,)~(c,, —'m, )c, —w'm,,)=0 (2.16)
Néu ta dua vao ky hiéu vy, = a{zn ;"agi) thi tir phuong trinh (2.12) ta suy ra cdc phuong
trink xdc dinh cdc phdn tr cha ma tran dang riéng
(¢ - mfm“)-kvﬂ (cyy - mfm]2)=0, i=1,2 (2.17a)
hodc: (¢, —w'm,, ) +V,,(c,, ~oim,,) =0, i=1,2 (2.17b)

Ma tran dang riéng ctia hé hai bac ty do trén ¢6 dang

Thi du 2.4: Cho mé hinh dao déng nhir hinh v€ 2.4a. Hay xdc dinh ma tran dang riéng
khic =c¢, =¢, m, = my = m, sau dd vé cdc dang dao dong riéng clia he.

Loi gidi: Biéu thic dong nang va thé nang cia

hé¢ cd dang 2—&> gqé

1 21 .2 g G
T:—m +—m .
S Mt + o myd) W S PV 6
2 1
M= _ciqf +5ca(a, -q;)? Hinh 2.4a

Sir dung phueong trinh Lagrange loai II, ta dé& dang thiét lap duge phuong trinh vi phan
dao dong 1y do clia hé:

{ml 0][ql]+{c,+c2 -CZ}P}H (2.18)
0 mydy| | -e2 ¢y Jlap] (O

Tuong tng vdi phuang trinh (2.3) ta ¢~

o S I (IR

Tir dé ta suy ra phuong trinh tn s6:
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¢ +¢; ~0’m, -Cqy

2
'Cz Cz—m m2

=0 (2.200

Khai trién dinh thic (2.20) ta duge phuong trinh:

¢y +¢C c ciC
m“—(' 2, 2}02_[_ 12 _y

Tir d6 ta tinh duge cdc tin s riéng:

2
mlz_zzi[uc_zgz_]i i("l_“;+£z_] _eiey 2.21)
2\ m, m, 4\ m, ms, m m,

Thé cdc bi€u thite cla o, v ©, vio phuong trinh (2.19) ta cé

a; = A : a, = : a
I as a (c,+cz—m,mf),’c2 te cz;’(cz~m2mf) I

312 1 1
a; = = 2 dyp = 2, 212
ay (¢, +¢y —myw;)/cy €y /(¢; —m,m3)

Trong d6 cdc dai luong a; | va a5 1a cdc hing s6 chon tuy y.

Khic; =c; =¢ vd m; = m, = m, ta d& dang tinh duge:

v
v | ' Viz | _ 1 ]
Vo Vo 1,62 -0,62
‘Trén hinh 2.4b cho ta cdc dang dao dong riéng thit nhit va thi hai

q, 42
¢, %ﬁ C, g_>

‘_/\/VV\— °m1w m,

RNANANY

Dao dong riéng thir nhat

/ Viz V22

Cao ddng riéng th{t hai
] NG rieng

Hinh 2.4b
2.2.2, Tinh chat tric giao cda cdc vecto riéng
X¢ét phuong trinh dao déng tu do khong can ¢la hé n bac tu do:
MG+Cq =0 (2.22)
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Néu cde ma tran khéi lugng M va ma tran d¢ cing C 1a cdc ma tran thic d6i ximg thi

¢dc vectd riéng v, tuong ing véi cic tin s6 rieng oy s€ truc giao véi ma tran khéi lugng M
v ma trdn d¢ ctng C. Ta c6 cic hé thic:

ViMy=0; v Cv,=0; khi W # O (2.23)

Ta s& chiing minh tinh chat trén. Chd ¥ dén ky higu (2.13), t&r phuong trinh (2.12) 1a
suy ra:

w!Mv,=Cy, (2.24)
@fMv;=Cy, (2.25)
Nhén bén udi phuong trinh (2.24) véi VJT , phuong trinh (2.25) véi viT ta dugc:
w? v;-r My, = VJT Cyv, (2.26)
2T _ o7
(DJ Y M Vj =V C VJ' (227)
Do tinh chat d6t xdng cha cdc ma tran M vi C ta c6:
v}- Mv,= v/ Myv;; VJT Cvi=v] C \f (2.28)
Pem phuong trinh (2.26) trir di phuong trinh (2.27) va chd ¢ dén tinh chat (2.28) ta
suy ra:

(@f -07)vI Mv;=0 (2.29)

Do dé v}r My, =0 khi o, # ;. Tir (2.26) ta suy ra v'jr Cv,=0khi o, ;.

Chd § ring néu w? = m} thi tir (2.29) ta khong thé suy ra tinh chat truc giao ciia cic
vecto riéng tuong (ng.

Gia sir mf [a mot nghiém boi k clia phuong trinh dac tring. DoM =M", C = C" nén
Uing vdi co-z ta s€ c6 k vecto riéng doc lap tuyén tinh. Cde vecto nay truc giao véi (n - k)
vecto rleng con lai. M&i 16 hgp tuyén tinh cia k vecto rieng nay lai 1a mot vecto riéng img
véi cn . Nhu the tir k vecto riéng nay ta ¢6 thé xdy dung mot ¢o s& (ruc giao d6i véi M ciia
khong gian con cha R". Xay dimg tuang ty doi véi cde tri riéng bai khdc cha phuong trinh
dac trung, ket qua ta dugc n vectd riéng trye giao véi M.

2.2.3. Cic toa dé chinh

Nhu trén dd trinh bay, phuong trinh vi phan dao dong tu do khdng can cia hé n bac ty
do cé dang

M{+Cq =0 ' (2.30)

Néu ta ¢6 thé chon duge céc toa do suy rong dic biét sao cho vé6i cic toa do do, cic
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ma tran khoi luong va ma tran do ciing déu c6 dang dudmg chéo, thi cdc toa do suy rong dé
duge goi la cdc toa do chinh. Ta ky hiéu cic toa do chinh bdi py, pa, .y Ppe
Thuc hién phép déi bién:
q=Vp (2.31)
Trong dé V 1a ma tran dang riéng. Thé (2.31) vio phuong trinh (2.30) ta c6:
MVp +CVp=0

Nhan bén trdi phuong trinh trén véi VT ta duge

VIMV p+VICVp=0 (2.32)
Do tinh chat (2.23), cdc ma tran VIMVvaVv'CV lacic ma tran dudng chéo:
e 9O ... 0 nw 0 .. 0
0 0
VIMY = H2 . vicvy=|~ " (2.33)
0 ... . M, 0 .. o Ya
Vi vily cdc phuong trinh (2.32) ¢6 dang:
Trong dé u,; = v}r Mv,; v,= viT C v (2.35)

2 ¥
' Mi

thi cdc phuong trinh (2.34) xdc dinh cdc dang dao dong chinh ¢6 dang:

Néu ta dua vao cdc ky hiéu: ©

p,+olp; =0, i=1,2,..,n (2.36)
Viéc giai cdc phuong trinh (2.36) da duge ban k¥ trong chuong 1.

Thf du 2-5: MOI, hé hai con léc Cé Chiéu ////////////////////////////////////////
dai méi thanh 13 /, khoi lugng méi vat diém 1a m.
Hai thanh dugc n6i vdi nhau bang 1o xo ¢ hé s
cimg la ¢, & vi trf cach true quay mot doan 1a d
(hinh 2.5). Do dai clia 16 xo ¢ trang thdi khong
bién dang bang khoang cdch giita hai truc con
lac. Bo qua kh&i lugng céc thanh, khdi lugng 1o
xo va luc can

Hinh 2.5

a. Xdc dinh cdc toa do chinh cia hé.

b. Xdc dinh dao dong tu do cha hé véi cdc didu kign ddu @,(0) = @, ¢,{0) = 0,
0 {0)=0, ,(0)=0.

Lot gidi: Trude hét ta thiét lap phuong trinh vi phan dao dong ty do cla hé hai con lic
trén hinh.2.5. Biéu thic déng nang va thé nang c6 dang:
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1 » o5, 1
T= Em.’“(([),z +¢3) II=mgh, + mgh, + 50‘12(% =)’

Do: h =/(1 —cosp,) = %I(pf;hzzl(l — COSPy) ~ %!(p%

nén ta ¢é: 11 =%[(mg! +cd? )(q:r,2 + (p% )— 2cd2(p,(p2]
The cdc bi€u thie dong nang, thé ning vao phuong trinh Lagrange loai I ta duoge cdc
phuong trinh dao déng tu do cla hé hai con lic:
m!z(‘p] + (mg! + cdz)(p, -cdchz =0
m!zé{)z —Cd2(p| +(mgl + cdz)cp2 =0
() thi du naytacd: my; =my = m#?, my; =0, my; =0, ¢}, =¢yy =mgl +cd?,
€1z = ¢y = — cd’. Do dé phuong trinh tdn s& ¢d dang:

(mgl +cd? —mi?w?)? -¢2d* =0

2
Tir d6 suy ra: o’ :-g-; 3 :§+2Cd
omi?

{
Bay gio ta xdc dinh cdc phdn tir cha ma tran dang riéng. Tir phuong trinh (2.17a) ta
suy ra:

2 2 g
o C“—m“mf _ mgl +ed” —m! ; _,
U= = - =
Cip — MWy -cd
2
mgl + cd? - m/? 5+E-‘12_
c“-m”mg I mi
Voo = y = 3 =1
Clp —My03 —-cd
. . 1 1
VAay ma 1ran dang riéng 1a: V = [:1 l]
Tu d6 ta cd:
Q=P + P2 N Py ={Q, +9,)/2
P2 =P — P2 P2 =(@, —93}/2

Phuong trinh dao déng dang toa d6 chinh:
p; + 0312191 =0
Py +@3p, =0

Tir d6 ta dé dang tim duge cdc dang dao dong chinh:
pr(=Csin(@t+ o) pa(t)=Cysinfo,t +a,)
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Tr& lai toa do suy réng @, ¢, ta cé:
@ (1) =Csin(ew t+o; )+ Cysinfl@,t+0y)
@, (1) =C, sin(e,t+ ;) — C, sin(w,t +a,)
Céc hing s6 C|, Gy, «;, 0, duge xdc dinh tir cdc diéu kién diu ¢,(0) = ¢y, ¢5(0) = 0,
01 {0)=0, ¢,(0)=0.
Pao ham theo thdi gian cdc ham @, ¢, ta duge:
(1) =, Ccos(@t+o ) +0,Cycos(®yt+cty)
Py (1) =0, C  cos(wt + o)) —w,Cy cos{wot + oty )
Tir cdc diéu ki¢n ddu da cho ta duoe hé bdn phuong trinh xdc dinh C,, G5, «, o,
C,sinay +Cysinay, =0
C,sinoy —C,sinoy =0
w,Cy cosa; +w,C, cosay =0
w,C, cosa; —w,C,ycoscey, =0

Tir hai phuong trinh thd ba va thit wr ta suy ra:

T
cosa =costy, =0 = a =u, =5

TU hai phuong trinh diu ta c6:

2C, sina; =2C,sina, =@y - C, =C, =%¢,U

Vay dao dong tu do clia hé hai con lic cé dang:

W +0 W —w
(pl(t):%(cosw]t+cosmzt)=(pucos[ '2 2t]cos[ ] 2t]

Py(t) = %(cosmll—cosng) =<P(,sin[m] + 0y t)sin[m] -y t]

2.2.4. Mot vai truomg hop dic biét
Trong doan nay ta giGi han chi xét dao dong ty do hé hai bac ty do. Phuong trinh vi
phén dao déng ¢6 dang:
myd; +myppd; +¢1q; +¢12q; =0
My Gy + Myply +€21q; +€pqp =0
Khi str dung cdc toa do chinh hé phuong trinh trén dua dugc vé dang:
P 4“(’312 p =0 (2.37)
Py + @3 py =0
a. Truomg hop |: @) = 0, = o.
Khi d6 nghiém hé phuong trinh (2.37) cé dang:
p; =C;sin{mt+ o), py =C,ysin{wt+a,)
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Ca hai toa do chinh déu dao dong diéu hoa vdi cling tdn s6 w. Tir hé thic:

q=Vp
tasuyra:  g; = A;sin(ot+p,); g, = Ajsin(ot+5,)

Trong trudng hgp nay ca hai toa do suy rong déu thue hién dao dong diéu hoi véi
cing tdn s6 . Néu ta chon toa do q, q, bét k¥ thi ching ciing dac dong diéu hoa véi tdn s6
w chung dé. Do d6 phuong trinh dao ddng cé dang:

q +0~"12(h =0, §; +©3q, =0

b. Trucng hop 2: 0w, 20,w,=0

Khi d6 hé phuong trinh (2.37) ¢6 dang:
p+w? p, =0 N p, =C, sin(w,t + ;)
pz =0 p2 =C2I+C3

Nh the trong trudng hop ©; = 0, w, = 0 thi toa d¢ chinh p, thye hién dao dong diéu
hoa véi tan s6 w, con toa d¢ chinh p, hodc ludn 1a hing s8 (néu C, = 0) hoic tang len vo
cung khi thdi gian t tang. Kha nang nao xay ra phu thude vao cdc diéu kien ddu.

Néu nhir ta chon q,, q; mét cdch tuy ¥, thi tir cdc phurong trinh (2.17a) va (2.17b) ta ¢é:

(¢, —m, zmi )+ vy(e, - mlzmi) =0
(), = m21m§)+ Vya(Cyy - m22m§)= 0

Khi o, =0, tir hai phuong trinh trén ta suy ra:

1 Ci2 _
Vp =———=-—= = ¢y =dyeey

€12 Cn
Troung truting hop dng quit ta ¢o:
qy=p; +py=Cisin{ot + o) + Gt + G (2.38)
Q2 = V1P + Vo3P = V21 Cisin(@gt + By) + v Gt + vy Gy
Thi du 2.6: Cho hé gém hai khéi lugng m,; va m; n6i vdi nhau bing 16 xo ¢6 do ciing
¢ nhu hinh 2.6. Hiy tim biéu thic nghiém téng quat va mot tich phan ddu cia he.

Loi giai: Dong nang va the nang cla hé ¢6 dang:
1 .21 .2
T=—mx;j +=myX%
o A T Mo Xy
1 2
IM=—c¢(x; — x
5 ( 2 1)

Thé cdc bi€u thite dong niing va thé ning vao phuong trinh Lagrange loai II ta duogc:
m;X; +¢X; —¢x, =0
MyXy —CX[ +CXy =0

Phuong trinh dac trung cia he:
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2
c—-w'm -c X
‘C—szlz ! =0 X 4 ’
-c c—w’m, 2
c
4 3
- mmw —cim;+my) o =0 m; m;
AN A T
Tir d6 suy ra: mf' = w; @3 =0
m,;m;
1 1 Hinh 2.6.
Ma tran dang riéng ¢6 dang: V =
Vai Vn

Trong d6 v,; duge xdc dinh tir phuong trinh:

C*(!J‘Zm]‘—CVEi=O —> \*’2]:2'-[", V22=1
2
1 1
Vaytacé: V=
-m;/m, 1

Cic phuong trinh chuyén déng ctia hé trong dang toa do chinh:
p+w? p, =0 R p; = Acos{(®,t + Q)
py =0 p; = By + Byt
Trd lai toa do x4, X, ta c6:
(0 =p; {0+ p;(1) =B, + Byt + Acos(o, L + a)
Xy (1) = ~ 2L p (1) + py (1) = By + Byt — L A cos(w, t + )
m, m;
Cic hing s6 A, «, B, B, duge xdc dinh tir cdc didu kién ddu.
Goi x¢ 1a toa do khéi tdm co he, theo dinh nghia khoi tam ta cé:
(m; + my)Xe = mX; + my(l + X5)
Tir dinh 1y bao toan dong lugng ta cd:
(M +m,)Xc =mX; + myX, = const (2.39)
Biéu thiic (2.39) 12 mot tich phin ddu cia he.
Theo két qua trén ta ¢ %, = B, - khdi tam co hé chuyén dong déu.
c. Truwong hop 3: o = o,
Phuong trinh dao dong & dang toa do chinh
;j]+m|2 p; =0 = p(=Csin(let+a)
Py +05 py =0 > Pa(0)=Cysinfo,t+ay)
Trong d6 C,, Cy, o, &3 12 cdc hing s6.
Trd lai toa do q, g, theo (2.31) ta c6:
q) =p) +py = Cpsin{@t+0¢)+C, sin{w,t +ay) (2.40)

qQz = Vo1Py + Vaapp = Vo Cysin(@ t + o) + vpoCosin(@ayt + o) (2.41)
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Do ) = w; nén 0, - o, << ©,. Néu ta dit:
oty =(0,; —ot+{o; —oy) (2.42)
thi @(t) thay doi cham theo thdi gian. Tir (2.40) ta suy ra:
q, =G sin{fw;t+ o))+ Cysin{ot+ o) + @)
= Cysin{e,t+ o) + Cy[sinfw t + oy ycos @ +sin @ cos{m 1 + o )]
=(C, +C; cosg)sin(w;t +a )+ C, sin@cos(o;1 + &, )
Tinh todn tuang tu ta dugc:
Q2 = (v2)C; + vy Chcos@)sin{et + oy} + Voo Cysinpeos(a t + o)
N¢u ta dat;
Ci+Cycosp=A;c0s0; Cysing=A,sin0,
V1€ + vy Chcosp = Ascos0y; v Casing = Ajsing,
thi cdc biéu thiic q;(t), q,(1) c6 dang:
q,(0) = A (t)sin(o,t+o; +8,)

. (2.43)
qz2(0) = A, (t)sin(w t+ 0o, +64)
trong do:
Cysing
A= JC,z +C% +2C | Cycosg; 120, = m

v,C, sing

2 2 2 . =
Ay = \/vlel2 +v95C5 +2vy vy C Cycos@; 180 = VG vy C, co8 g
Do géc ¢{t) thay ddi cham theo thdi gian nén cdc ham A, A,, 8,, 6, thay ddi cham
theo thoi gian. Tir (2.43) ta thdy chu ky thay déi bién do:
2n

Ty =——
Wy —w,

rét 16n so v6i chu k¢ T = 2n/w,. Hién tvong dao déng nhu thé goi 1a hién tuong phach. Do
thi dao dong ¢ dang nhir hinh 2.7.

7
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Thidu 2.7: Tim diéu kién xudt hién hién tugng phach d6i véi mo hinh dao dong trong
thi du 2.5

s

2
Loi gidi: Theo thi du 2.5 ta cé: o? =2; o2 =8 2%
! I mi?

Hién tuong phdch xuit hién khi: 0, - 0 << 0, — m% - mf << mf

Tir cdc cong thitc trén ta suy ra diéu kién xudt hién hién tugng phich

2¢d? 2 2¢d?
<<= >
m/2 ! m!

<<g

2.3. DAO PONG TU DO CO CAN
Phuong trinh vi phan dao dong tr do ¢é luc céan ty 1é bac nhat v4i van tdc cha hé n bac
ty do c6 dang:
Mi+Bg+Cq=0 (2.44)
Trong d6 cdc ma tran M, B, C 12 cdc ma tran hing s&.
Trong mot s6 bai todn k¥ thuat ma tran cdn B ¢6 thé biéu dién dudi dang:
B =aM + 8C (2.45)

Trong d6 o va & I cdc héing s6. Ma tran (2.45) dugc goi 13 ma tran can Rayleigh.
Khi d6 biang phép bi€n déi q = Vp, v6i V 1a ma tran dang riéng, ta dua duge phuong
trinh (2.44) vé dang:
fib; +Bip; +viPi =0, (i=12..n) (2.46)
trong do:
B,=viMv, B, =vIBy;; y,=vICy, (2.47)
Nghiém cua cdc phuong trinh dang (2.46) da dugce khao sét k¥ trong chuong 1.
Thi du 2.8: Cho md hinh dao dong hé hai

bic ty do nhu hinh 2.8. Hiy tim nghiém cua he c
bang phuong phdp ma tran dang riéng. m

3
é"
R WO

N
]

Lé&i gidi: Cdc biéu thic dong ndng, thE 77777777777 7777777

nang v ham hao tdn clia hé c6 dang: g% 2,&.)_

1 . .
T=Em(ch2 +43);

Hinh 2.8,

1 » 1 2., 1 2 | s 32
Il=—cqy +—¢ - +—cg5; ©=—=b(q, -
5 d) ) (q; -4q2) 5 93 2 4y -42) |
Thé cdc bi€u thic dong nang, th€ nang va ham hao tdn vao phuong trinh Lagrange loai

I ta nhan dugce phwong trinh vi phan dao dong tu do cd cén cla hé:
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H I KR bl ot e S

Chia phuong trinh trén cho m va sir dung cdc k¥ hiéu:

2 c b 8
@0 m 2m oy,
I 04 1 -1[a,] 2 -1 0]
ta duoe: ,(_1' +2w4D (_ll +m{2,{ [ =
0 1]id, -1 1]|q, t-1 2 !_qz 0
2D

Néu chon o = 2w,D; §=—
Wy

thi tr phuong trinh trén ta ¢6: B =aM + 8C
Do d6 ta ¢& thé 4p dung phuong phdp ma tran dang riéng tim nghiém cla phuong trinh

dao dong & trén. Phuong trinh dac trumg cla hé:

2(0% -2 - m{z,

=0
—mﬁ Zwﬁwkz

\c-ﬁm]:

= At —4022? £ 30) =0
Giai ra ta dugc: 7&71 =3m3; A} =wl
Phuang trinh xdc dinh cdc vecto riéng:
(lz,- —2(0[2, + m%az) =0
Ly, 220 A

2i 2

ml]

Khi 2] =30) = vy =-1,khi A}, =0} = vy,=1

[
Véy ma tran dang riéng la 'V =L | l]

Tir d6 dé. ding tinh dugc
2 0 6 0 4 0
viMy = . VICV =} . VIBV=20,D
0 2 0 2 0 0

Phuong trinh dao déng cha hé dudi dang toa do chinh:
By +40,Dp, +305p, =0
P2 +‘D{2}P2 =0

Tir d6 suy ra c4c biéu thitc nghiém dang toa do chinh:

pL(0)=e 2P, cos(v3 - 4D% wyt) + Cy sin(¥ 3 — 4D% @y 1)]

P2 (t) = C?_] COS(D(}I + C22 Sin(l)[]t
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Tr& lai toa do suy rong ban ddu ta c6:
q; () = p (1) + p, (1) = 2P0 [C,, cos(v¥3-4D%w,t)
+C, sin(¥ 3 - 4D? @+ €,y cosapt + Cyy sinw gt
Q2 (1) = —p; (1) + po (1) = —e 2P0 C | cos(V3 - 4D o 1)
+C, sin(¥3 - 4D? Wo)]+Cy coswot + Cyy sine gt
Gia sir cho biét diéu kién dau:
(0 =q, (=0, q,;O)=v, ¢®=0

V&1 cde didu kién ddu d6 ta dé dang tinh duge

v
y Cop= o —

\ 1
200 \/3—_ a2 20,

Nghiém riéng ing vdi cdc diéu kién ddu trén c6 dang:

q(0) = v [ 1 e~ 2Dowot sin(\/3—4D2c0(,t)+sinmnl]

200 3 4D2

Clg(t)=—2"r [\/ L 2e_zm”tsin(v?a—4D2mnl)~sinmut]
Wo +/3-4D

Cii=Cy=0 Cp=

2.4. DAO PONG CUGNG BUC

2.4.1. Phuong phap truc tiép
V€ mat todn hoc dao dong cudng birc ¢6 can nhét clia hé tuyén tinh n bac tu do dugc
mé td bai phuong trinh vi phan dang ma tran nhu sau:
Mg+ Bqg+ Cq="f(1) (2.48)
Treng d6 M, B, C 1a cdc ma tran hang s6, f(t) 1a vecto cot cdc ngoai lue tic dung. Gia
str f(1) 12 vectd tudn hoan theo thdi gian va c6 thé khai trién thanh chudi Fourier mot cich
gin déng:
f(ty=a, + i(ak coskCxt + b, sinkQt)
k=1
Ta sir dung nguyén 1§ cong tdc dung trong 1y thuyét hé phuong trinh vi phan tuyén
tinh dé tim nghiém phuong trinh (2.48). Trudc hét ta tim nghiém phuong trinh:
Mg, +Bq, +Cqq =2, (2.49}
dudi dang qq = v, (2.50)
The (2.50) vao (2.49) ta nhan duoce hé phuong trinh xé4c dinh v,
Cvy=1a, (2.51)
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Sau dé ta tim nghiém cia phvong trinh

Mgy +Bq, +Cqy = a, coskQt + b, sin kOt (2.52)
Nghiém ctiia phuong trinh (2.52) duge tim duéi dang:

gy = u, sinkQt + v, coskOQt (2.53)
Dao ham vecto gy theo

qy =kQ(uy cosk — v, sinkQt) (2.54)

dy = -k>07% (u, sin kOt + v, coskQt) (2.55)

The cdc bidu thic (2.53), (2.54) va (2.55) vao phuong trinh (2.52) r6i so sdnh céc he
$0. ta nhan duge hé phuong trinh dai s& tuyén tinh d€ x4c dinh céc vecto u, va A\

1.2y _ b
C-k"Q'M kanz “k}[ k} (2.56)
kOB C—K2Q*M| v, | |a,

Khi dinh thifc cha ma tran h¢ s8 clia hé phuong trinh trén khéc khong, thi cdc vecto u,
va v, duge xéc dinh duy nhat. Nhu thé nghiém ctia phuong trinh dao dong cuéng birc (2.48)
khi f(t) tudn hoan duoc tinh theo biéu thic

n
q =vy+ 3 (u, sinkQt + v, coskQt) (2.57)
k=1
trong d6 vy duge xdc dinh tlt phurong trinh (2.51), cdn g, v duge xdc dinh tir phuong trinh
(2.56).

Trong truong hop khong ¢6 cdn (B = 0) ngudi ta c6 thé xdc dinh nghiém bing phuong

phdp giai tich déi v6i he hai bac ty do. Trong trudng hop s& bac tu do 1én hon hai ngudi ta
thudng st dyng mdy tinh tim nghiém theo thudt todn trinh bay & trén.

Thi du 2.9: Cho mo hinh co hoc cha mot thi€t bj lam viéc theo nguyén 1y rung nhu
hinh 2.9. Cho bi€t kich dong léch tam & kh&i lugng thi nhét 13 2.Am.e = 2.20 kg.0,1 m = 4
kgm. Khoi lugng cdc vat va do ciing 1 xo ¢6 tri s§ nhu sau:
m; = mg + 2. Am = 1500 kg; m, = 1000 kg; ¢, = 10* kg/s; ¢;5 = 107 kg/s®.
Hai m6te quay déu nguge chiu nhau véi van téc géc Q. Hiy xac dinh cée tén s6
riéng cna hé, tinh va vé dé thi dao déng cudng bitc,
Lot gidi: Biéu thitc dong ning va th€ ning cha hé c6 dang:

1. 1.
T :Em,x]z +§m2x§

| 3 2
IT= Ec,xl +-2~012(x;_ ~X1)

The cdc biéu thirc dong nang vi thé nang trén vao phuong trinh Lagrange loai II ta
nhan dugc cdc phuong trinh vi phan dao dong clia hé
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. 2 .
m X, +(c, + ¢, )X, —¢,X, =2AmelY sin

m,X, —Cp,X, +¢;,%, =0

Chia hai v€ clia phuong trinh ddu cho m, hai v& c¢ha phuong trinh hai cho m, ta dugc

c,+c c Am .
pob T2y 2 =2 e sin (U
C ¢ Tx 4 v
Xp =2 x; +—2x, =0 I\ %
m, m; 7
~ ~ - ’ a / f
Né&u ta dua vao cidc ky hiéu: Ci2 7
g
- C, +C Cc - 7
,Y.I_: 1 |2; ,Y%: 12; F|=2AmeQ2 II\X1 7 E\Q
m, mo 7 -
= m
2

thi hai phuong trinh vi phan trén cé dang -

- 1
i1+712x]—c1—2x2=isinﬂl mé_”
e (2.58) Hinh 2.9

" 2
Xy +Y35X, wm—xl =0
2

a) Xdc dinh cdc tdn sé' riéng

Pé xdc dinh céc tdn s8 riéng, ta xét hé phuong trinh vi phan tuyén tinh thuin nhat
tuong ung vdi hé phuong trinh trén;

.. c

X +Y12x1 -2z Xy =0
my

.. c

X4 +y%x2 ——lg—x] =0
my

Phuong trinh tan so:

yi-a? -ZR2
a=l R -
AT IR S
m;
2 2 2 2 c}
A=(y] —0)y; -07)-—2—=0 (2.59)

mms;
4 c
o' -] +yDe’ +yiri -—2-=0
m;m;,
Giai phuong trinh bac hai & trén d6i véi 0)2_:
2 .2 2,232 2
Yi+Ya o (i Y3) 2.2, Ci2
-
2 4 mpm,

2
Wiz =
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Thay s6 vao biéu thitc clia @; va w, ta xdc dinh duge
w; = 94,7 1/s; w, =272,7 lfs
b) Tinh rodn dao dong cwdng biic

Do khong ¢6 can (B = 0) nén xudt phat tir biéu thitc (2.57) ta ¢6 thé tim nghiém cla he
phuong trinh (2.58) diréi dang

X; = A sinQt; X5 = A,sin(t (2.60)
Thé cdc biéu thic (2.60) vao phuong trinh (2.58) ta din dén hé phuong trinh dai s&
tuyén tinh:
(4} QA - 22 p, = 0
m, m,

c
__iA] +(Y% —Qz)Az =0
m

2
F (2 -0%) Fic
Gidirataduge: A =- — = A, =— 12
mlA m]mzA
2
trong d6 A =(y? —Q¥)yl -0 N2 2.61)
mym;
i - A’
At | LT A,
cmi
L
|
1t !
|
f -
’! 1 .\_ .
{ o= =T T ~ —=7
;100 200 \‘ 556 { )_,___...—-/ 5
|
| \ ’
] S
] oo
I
i
|
I
| [
I
Il

Hinh 2.10
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So sdnh cdce biéu thic (2.59) va (2.61) ta rit ra két ludn: khi Q = v, hoiac khi Q = a,
thi A" =0, dodé A) = o, Ay — . H¢ xay ra hién tugng cong hudng.

Pbé vé cdc dudng cong bién do tin s0, trude hét ta nhic lai mot s6 ki€n thirc quen
thugc vé tam thitc bac hai. N&u x; va x, 1 nghiém cdia phuong trinh ax? + bx + ¢ = O thi ta
c6 thé phan tich tam thic bac hai thanh cdc thira s6 nhu sau;

ax? + bx + ¢ = a(x - XX - X5)

Tir bidu thiic (2.61) ta cé:

B = Q=+ i - = (@ - X~
1My

Tl céc nhin xét rén ta ¢6 thé d& dang v& cdc dudng cong bién do- tin s6 nhu hinh
2.10 (trang 49),

2.4.2. Phuong phip ma tran dang riéng

Phuong phdp ma tran dang riéng (Modalmatrix) dugc 4p dung thuan tién d6i véi he
tuyén tinh khong can:

Mq + Cq = f(1) : (2.62)
trong d6 M va C 1a cdc ma tran thuc, d6i xing.

Ap dung phép bién ddi toa do: q=Vp (2.63)
v6i V 12 ma trén dang riéng, p 1a vecto cdc toa do chinh, ta dua duge phuong trinh (2.62) vé
dang:

MVp+ CVp=f()

Nhan bén trdi phuong trinh trén v6i ma tran chuyén vj vT ciia ma tridn dang riéng ta
dugc:

VIMVp+VTCVp = Vi) (2.64)

Céc ma tran YVIMYV va VICV 1a céc ma tran dudng chéo va ¢ dang nhir (2.33).

Néu ta dua vao ky hieu:

hi=v,' f (i=12,..n) (2.65)
thi phuong trinh (2.64) vi€t duge dudi dang hé n phuong trinh vi phan tuyén tinh cap
hai:
wp+y;p; =h; (i=12,..n) (2.66)
Trong dé 1, ¥; duge xdc dinh bdi cong thire (2.35).
Nghiém ciia méi phuong trinh ciia he (2.66) tng véi didu kién ddu
Pi(0)=piys Pi(0)=py
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b
Jhi(t)sinwi(t — )t (2.67)

0

cé dang: pi () =pip cosmil+pisinmil+
w; Hi®;

rong d6:  o? =1L
Hi

Déi véi truding hop kich dong diéu hoi f,(1) = fi sin 21, theo cong thic (2.65) ta cé:

n
Bi () = (O visfy )sin Ot = fi; sin
k=t

Cac phuong trinh (2.66) déi véi trudng hgp nay ¢6 dang

Wi +yp = h;sinQt, (i=12,.n) (2.68)
Nghiém cia cdc phuong trinh (2.66) trong giai doan binh 6n 1a:
h; .
P = —~—§—2-i—stt
Yill=—)

Tr& vé toa do ban ddu q, ta c6:

-

n
qQy () = ivkipi :Z%sinﬂt (2.69)
a Sy =3)
!

Nhur thé, khi chju kich dong diéu hoa, hé dao dong véi tdn s6 cha lyc kich dong v
dang dao dong phu thu¢c vao cdc tham sé cha hé va tdn s6 cua kich dong ngoai. Tit cong
thitc (2.69) ta thdy: khi tan s¢ kich dong Q bing tan s& riéng o; clia he, bién do dao dong
cudng bic ting lén vo han. Hién tugng dé goi 1a hién tuong cong hudng.

Néu ké dén luc can ty & bac nhét véi van 16¢, phuong trinh vi phan dao dong cudng
bitc ¢6 dang

M+ Bq +Cq = f(1) (2.70)

Trong k¥ thuat ta hay gap trudng hop: B = aM + 6C
v6i a, 8 1a cdc hing s& thue. Tuong ty nhu cdc muc truée, bing phép bién déi (2.63) phuong
irinh (2.70) dua duge vé dang:

HiPi + P +Yip; = ki), (i=12..,n) (2.71)
trong d6 p;, v;, P; duge xdc dinh bdi cong thite (2.47) con h; tinh theo cong thiic (2.65). Viéc
tfim nghiém cia phuong trinh (2.71) da duge trinh bay trong chuong 1.

Thi dy 2.10: Xét mo hinh dao ddng trong thi du 2.8. Gid sir trén vat thit hai tic dung
mot luc F,(t) = f:z sint theo chiéu q,. Hiy viét phuong trinh vi phan dao dong dang toa
d¢ chinh. Tim dao d6ng cudng biic binh én.
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Léi gidi: Phuong trinh vi phan dao dong cudng birc ¢6 dang
m 0lg ] [b —blla], [2e —clq;] [ ©
0 mjq, -b b |4 -¢ 2¢|{q; ] F, sin Qt
Chia hai v& cha hé phuong trinh trén c¢ho m va sir dung cédc k¥ hiéu nhu & thi du 2.8 ta duge:

1 0][4 1 -1]4 -1f 0
_(:11 +2CDUD l ql +(l}(2) 2 ql =| i
0 14, -1 1 ]i4; -1 2 |[q, FysinQt/m

Trong thi du 2.8 ta d& tinh dugc ma tran dang riéng:

Ve 11
-1 1
- 0 . [—si
Dode: vir=t M|, By j-sintx
1 1 ||FsinQt/m m | sin{x

Hé phuong trinh vi phan dao dong cudng bic dang toa d6 chinh:

F, .
P, +40,Dp, +30kp, = —2—251th (2.72)
m

~

Py +03p, = ;—;sin o) (2.73)

@ trang thai chuyén dong binh én (bd qua thanh phin dao dong ty do) nghiém ciia cac

phuong trinh (2.72) va (2.73) c6 dang:

P (=M, sin Ot + N, cos

128 1 .
)=—= ———sinth =M, sin{h Qzw
pZ() 2m mﬁ—Qz 2 ( U)
(ol - QHEF,

2m([Go) - Q*)? +1603D20?]

rong d6: M, =

_ 403 DQF,
' oamGe? - 0?)? + 1602D%0?]

N

Tir hé thitc q = Vp ta suy ra cdc bidu thitc d6i véi céc toa do qy, q; ban diu
q; {0 =M, + M, )smOu +N; cos (nt
q, (1) =(M; —M,;)sin 3t —N; cos {2

2.5. MOT VAI BAI TOAN AP DUNG
2.5.1. Bo tit chidn dong luc khdng tinh dén ma sait
a. Ly thuyét
Xét phuong trinh vi phan dao dong cudng bie clia hé hai bic tr do khong can
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[m“ mlz][?l}+|;€n Clz]{m]={f]:| (2.74)
My My |[q2 Ca1 Cx 92 f,
Gia str cac lyc kich dong cé dang

f (0 =f, sin(Qt+a)  f,(t)=1, sin( + o) (2.75)

Ta tim nghiém clia he phuong trinh (2.74) duéi dang:
q; = A;sin(Qt + a));
Qs = A,sin(Qt + a) (2.76)
trong dé Ay, A, 1a cdc hing s6 cin x4c dinh.

Thé cdc biéu thite (2.76) vao phuong trinh (2.74) ta nhan duge hé phuong trinh dai s6

tuyén tinh dé x4c dinh A, vi A,
(e ~mpQHA| +(cy ~mp0QHA, =1 @277
(€2 —my QYA +(cy —mypQh)A, =1,

Dé don gidn gi sit M va C 1a cdc ma tran d6i xing (¢;; = ¢, M,y = myy). Gii he
phuong trinh dai s6 tuyé&n tinh (2.77) ta duoc

_ (e —mpQ®)f —(cpp ~mpQH,

Ay
- A - (2.78)
AL < Lu=mp Qo — (e —mp QN
, =
A
trong d6: A =(cyy —my %)y —mp Q)= (e - myp Q%2 (2.79)
Xét trudmg hop fz = 0. Khi d6 tir cong thitc (2.78) ta suy ra;
PO m, QD)
| =
A (2.80)
A, = —(C ~mp QT
5 =
A
Khi A # 0, néu ta chon cdc tham s@ clia hé sao cho ¢,, —m,, Q% =0 thi:
£,
A =0; A, = - (2.81)
€12 ~myp82

Vay khi Q2 = Cy3 / My, thi dao dong cudng bifc wng véi toa dd suy rong thi nhat
duge hoan toan dap tat.

b. Nguyén Iy thiét ké bo tdt chdn dong luc

Dua tren 1y thuy€t & trén, ngudi ta ch€ tao céc thiét bj tit dao dong goi 12 bo tit chin
dong luc hay bo hitt (Absorber). Gid sir ta ¢6 m6 hinh dao doéng xoén nhyv hinh 2.11a. Dé
dang tinh duge biéu thite déng nang va thé nang
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N R 1
'1=§J1CP|2; ”FE‘?:‘PIZ ®4
va luc suy réng Q=M (1) = f’l sin({X + ). Phuong urinh vi o M,{t)
phan dao dong clia hé trén hinh 2.11a ¢é dang:
3@, + ¢y, = f; sin(Qt + ) (2.82)
. \ , a
O ch€ do chuyén dong binh on, dao dong cudng biic )
cla hé co dang: @
‘] - P2
@ = ———sin{t + ) (2.83) o C,
J(0F -Q%) p I
trong dé: mlzzc, /1. L Imy
Gén vao mo hinh 2.11a mot hé phu nhy hinh 2.11b. Mo b) i
hinh 2.11b 1a mot hé co hoc gébm hat bac ty do. Hé phuong
trinh vi phan dao déng ciia hé nay cé dang: Hinh 2.11
J o+ () +cp)o —cyp, = f", sin{2t + a)
F205— ey + 20, =0 (2.34)
Diéu kién dap tit dao dong ¢, 1a Q% =¢, /J,. Khi d6 ta c6:
¢, =0
f (2.85)

Qs = —f—]sin(Ql +a)
€2
¢ phu lap thém vao h¢ 2.11a nhu trén hinh 2.11b duge goi 12 bo tit chan dong luc.
Khi thigt k& bo tit chan dong luc trong thi dy trén ta phai chii ¥ dén hai diéu sau:
- Chon hé s6 ciing ¢, sao cho bién d6 dao dong cudng bic clia goc @H(t) 1a 131 fcy o
thé chdp nhan dugc.
- Chon momen quédn tinh khéi J; sao cho Q? =¢, /J,.
Chd y: Trong [2] ¢6 xét dén vi du minh hoa cho b tat chan dong luc c6 ké dén ma sét
nhdt - day 13 bai todn phifc tap.

2.5.2. Dao déng udn caa truc Laval

Mo hirh dao dong udn cia truc quay don gian nhat la mé hinh dao déng udn cha truc
Laval. M6 hinh gom mot truc khong khéi lugng mang moét dia & gifia tryc. Ta k§ hiéu tam
truc 1a T, trong tdm ca dia 12 C. Khoang cdch gifta T va C goi 1a d¢ léch tam va ky hiéu la
e. Khi truc chua bj udn di€m T tring véi diém O cia géc toa d6 (hinh 2.12a). Ta k¥ hiéu toa
d¢ cuia diém T va C trong mat phang Oyz tuong tng 12 yr, 21 V2 y¢, Zc. Nhur the yr va z7 [a
dd vBng cha truc quay. Goi ¢ 12 gée quay ciia dia quanh true di qua T va song song vd&i truc x.
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Tir hinh 2.12b ta ¢6 cdc hé thiic lién he:

Yo = YT +esing

(2.86)
Zc = ZT +€CosQ

Nhu thé vi tri chia dia duge xdc dinh bdi ba tham s6 yr, zr va @.

e

b)

a) Hinh 2.12

Ta ky hiéu m 1a khoi luong cua dia, P = mg 1a trong lugng cla dia, b 13 hé s6 can
tuyén tinh, ¢ 1a hé s6 cimg tuyén tinh. Ta chon vi tri ban ddu cla truc z tng véi vi tri can
bing tinh. Ap dung dinh 1y chuyén dong khéi tam ta c6 (xem hinh 2.12b):

mye = -Cyr — byr

R . (2.87)
mzc = —Czt — bzy

Ap dung dinh 1y bién thién moémen dong lrong déi voi truc di qua trong tam C va
song song va3i true X

J$ = (cyt + byq)ecos@ — (czp + bz )esing + M(t) (2.88)

Trong d6 J 1a momen qudn tinh cha dia d6i vdi truc di qua khoi tam C va vudng géc
vOi mat phing yz, M(1) 12 mémen ngoai luc.

Trong thuc t€ do léch tam e va do vong cha truc 12 nhd cho nén & trang thdi chuyén
dong binh &n ta c6 thé xem vén t6¢ géc cha truc 1a hing s6 (¢ = Q). Khi dé ta ¢6:

Q= +Qq, Yo =yr+esin(U+@y); zc =27 +ecos(Qt+ @) (2.89)

Thé cdc biéu thire (2.89) vao céc phuong trinh (2.87) ta nhan duge he phuong trinh vi
phan dao déng udn cla tryc Laval
myr +byr +cyp = meQ? sin(Qt + 0p) (2.90)
miq + by +czp = meQ? cos(Qt + ) ‘

V@i cdc gia thiét da néu trén dao dong udn cia truc Laval duge xem nhir dao déng
phing don gidn khong c6 lién hé giita cdc dich chuyén theo hai phuong y va z vuong gée véi
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nhau. Viéc tim nghiém cta timg phuong trinh trong hé (2.90) di duoc xét k¥ trong chuong 1.
Khi b =0 cdc phuong trinh (2.90) ¢6 dang:

Yo+ m%y-,— = eQ? sin(Q + 0q)

5 5 (2.91)
Zr +@pzy = eQ cos(QU+@y)
trong d6:  w} = =
m

Khi Q = @, bién d§ dao dong cudng bic clia he s& tang lén vo ciing. Hién trong nay
dugc goi la hién tugng cong huong. S& vong quay cha truc Laval iing vdi Q = o, duoe goi 14
56 vong quay téi han va duge tinh theo cong thic:
30 30 {¢

Ny = —Wp = —4f—
T m ¥m

Chy ¥ rdng néu dia khong dugce ldp & chinh gilta clia tryc quay, hodc néu do cimg cha
truc dé6i véi cdc 6 d& khong doi xing d6i v6i mat phing giira dia thi khi truc quay dia s€ bi
nghiéng. Khi dd cdc tan so riéng cla hé khong nhitg phu thudc vao cdc tham s6 cla he nhu
d6 ciing, momen qudn tinh kh&i ma con phu thude cd vao s§ vong quay cla truc.
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CHUGNG 3
DAO PONG TUYEN TINH CUA HE VO HAN BAC TU DO

Céc he lién tuc cdn duge goi 12 cdc he vo han bic ty do. Trong chuong nay, ta xét dao
dong cia mot s6 h¢ lién tuc don gidn nhung hay gip trong ki thuat. D6 13 dao dong cia day,
dao dong cha thanh v ddm, dao dong clia mang va dao déng cda tdim. Cic dai lugng vat 1y
ddc trung cho dao dong clta hé vo han bac tr do nhu khéi lugng, do ciing phan b6 mot cich
[ién tuc.

Phuong trinh mo 13 dao dong clia hé lién tyc 1a cdc phuong trinh dao ham rieng. O cdc
h¢ lien tuc, ta nhén duge vo 56 céc tdn s6 riéng, cdc dang dao dong rieng, vv...

3.1. DAO PONG DOC VA DAO PONG XOAN CUA THANH THANG

3.1.1 Thiét l1ap phuong trinh vi phian dao dong doc cia thanh

dx
p.EA
"/ ] ———— \ e
> N | N+ %‘- dx
dm = pAdx
a) b}

Hinh 3.1

Xét mot thanh thing (hinh 3.1a) ¢6 mat do khéi [a p(x), thiét dién 12 A(x), modun dan
héi 1a E. Thanh thuc hién dao dong u(x,t) doc truc x. Ap dung nguyén ly d’Alembert, xét
mat phan 1§ cha thanh chju lyc nhu hinh 3.1b. Phuong trinh chuyén dong theo truc x cda

phan & thanh ¢6 dang:
2

p(x)A(x)dxa—éli =N+ N+ Ny
&t ax
82 ON
N p(x)A(x)—-—atzu == (3.1)

Tir[6]tacs: N= EA(x)@
ox

Thé biéu thic trén vio phuong trinh (3.1) ta nhan duge phuong trinh dao dong doc tir
do cia thanh thang:
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a%u @

P(X)A(X)ﬁ - 5;('

[EA(X)@—J} =0 (3.2)
X

3.1.2. Dao dong doc tu do ctia thanh déng chat thiét dién khong déi

Khi p(x) va A(x) déu la cdc hang s0, tir phwrong trinh (3.2) ta suy ra phuong trinh dao
dong doc tu do cia thanh thing déng chat thi€t dien khong ddi:

52 2
_;1_02_"_6 121:0; (:,2=E (3.3)
at oX p

Nhu th€ phuong trinh dao dong doc ty do clia thanh thang 12 phuong trinh dao ham
riéng cdp hai. Bay gi& ta tim nghiém cua phuong trinh (3.3) dudi dang:

ulx,t) = X()T() (3.4)
Thé biéu thic nghiém (3.4) vio phuong trinh (3.3) ta c6:
X(x)T() - e2X"(x)T(1) =0
Sl X"(x) _ T
X(x)y T
Do vé& trdi chia phuong trinh trén chi phu thude vao x, con v€ phai chi phu thuéc vao t,
cho nén hai v€ d6 phai bing hing s&. Véi mue dich dinh trude, ta ky hiéu hing s6 d6 12 —w>.
Ta c6:
2 X T 2

X(x) T
Tir 46 ta nhan duge hai phuong trinh vi phan thudng:
o)
X"(x)+[—] X(x)=0 (3.5)
c
T+ T(1) =0 (3.6)
Nghiém t6ng quit cia cac phwong trinh ny c6 dang:
X(x)= A’ cos > x + Bsin = (3.7)
¢ c
T(t)=Ccoswt + Dsinwt (3.8)

Cdc hang s6 A*, B duge xdc dinh tir cdc diéu kién bién, con cde hing s6 C, D duge
xdc dinh tir cdc diéu kién dau.

Thi du 3.I: Hay xdc dinh cdc tan s& riéng va cdc ham riéng cla cic thanh chiu lién
k¢t nhu hinh 3.2

» D&i vdi thanh mot ddu ngam chat, mot dau tr do (hinh 3.2a), cdc diéu kién bién cé
dang:
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u(0,)=0 - X(0)=0—-> A" =0

{
N =EA2RED o s xin=05BLcosCr=0
ox c C
p.EA p.EA p.EA
] i Vi £
7 ; 7 .I 7 ]
— x i > x ; 5—9‘ X
I i N ) I I
| /'; [ el
a) b) c)
Hinh 3.2

V6i cdc gia thigt B = 0, > 0, ta suy ra phuong trinh dic mmg:

cos%;’:O (3.9)

Tir dé suy ra cédc tin s6 riéng va cde ham riéng:

2k-1me 2k-1 ’E
Wy = 2 !— ) n F,k—],z,"'

X, (x)=B, sin[zkz_ ! “—;‘) k=12

(3.10)

D3&i vdi thanh hai ddu bi ngam chat (hinh 3.2b), cdc diéu kién bién c6 dang:

X(0)=0 —> A" =0; X(f)=0—>sin%f=0

Tur d6 ta cé cdc tan sO riéng va cdc ham riéng:

op =k F=kn |2 . X, (x)=B, sin ¥ (3.11)
) pfz }

P61 v6i thanh hai ddu tv do (hinh 3.2¢), cdc diéu kién bien cé dang:
X'(0)=0 - B=0; X'(h=0 — sin%l:O

Tir dd ta nhan duge:

op =k ™ —kn |-E s X, ()= AL cos KX (3.12)
! pl® !

Nhir thé, tir cdc diéu kién bién, ching ta xdc dinh duge cdc tdn s6 riéng va cdc ham
riéng. Bang 3.1 thOng ké mot s6 dang co ban cdc diéu kién bién bai todn dao dong doc cla
thanh.
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Thi du 3.2: Hay xdc dinh céc tdn s& riéng va cdc ham riéng cda thanh mot ddu bi
ngam chat, moét ddu mang khéi luong diém m nhu hinh 3.3a.
Loi gidi: Diéu kién bién bén trdi:
w0 =0 > X(M=0 - A"'=0
Diéu kién bién bén phai (xem hinh 3.3b)

du(l,t) _ d%u, 1)
EA——" S =—m—

EAX'(1) = mo* X(1)

-3 EABECOS—@I = mszsinEir
c c ¢

— cot —(EI = Joe
8" T Ea
' i
cotgh ! |
EA : el |
m
) fj‘ ' Ney M | i
[ |
—> % 77:7777" % [ ' N
! 3‘—’ AN\ T A, A, N\ g
u(.ty I |
a) : |
c) I |
Hinh 3.3
: /
Ta dua vio cdc ky hiéu: A = 90— L g= %
s b ax. 2_ E L .
vachi ydén ¢c” = —‘; , {Ut phugng trinh trén ta suy ra:
cotgh = gh (3.13)

Phuong trinh dac trung (3.13) 1a mot phuong trinh siéu viét. Giai phuong trink ndy
bing phuong phép s6 hodc phuong phip dé thi (hinh 3.3¢), ta nhan duge mot tap vo han cde
gid tri riéng A,. Tir d6 suy ra cdc tdn s@ rieng v ¢dc ham rieng:

c E
O =h,—=A, [— . k=12,
l k pfz

X, (x)=B, sinkk?

Néu ta chon € = 1, thi ta ¢cé:
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A =0860 — o=}, 7:0860

A, = 3,425

> 0y =A, %:3,425

E

pr?

Bang 3.1. Cic diéu kién bién clia mot vai dang lién két

So dd Dang lién két Biéu kién bién
0
= X
Z f—s Ngam u(0ty=0
0 u(0, t
| % | pautydo ea 200 o
9 X ou(0, t)
A ———_l —_
'N‘*L > Lve doc E ~ N
- 0
g’““":}*“’ Lién két dan héi | pa 0.8 _
1 tuyén tinh ox
c X EA QUL
w5 >
L X
1+ MY 2
0 m D4u thanh gén o
% X khéi lugng uht) 2%
—— 7 — I
!

Thi du 3.3: Mot thanh thing bén phai bj ngam chit, bén trdi gan vao 15 xo nhu hinh

Lot gidi: Céc diéu kién bién c6 dang:

ou(0, 1)

EA—ax—— = ¢'w(0,t) (xem hinh 3.4b) - EAX’(0) = ¢*X(0):

3.4a. Hay xdc dinh tan s riéng co ban khi c* = 2EA/].

u(l,)=0 = X()=0: A" cos—(gH Bsin%eo

EAB% =c'A’
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. . tgh
c p.EA © NOY
i
- 3 Aq Ay
%vwv - Q_J | Il}
l u{0.h T 2n A
a) b) c) -2

Hinh 3.4
Nhu the ta nhan duge hé hai phuong trinh dé xdc dinh A* va B:
C*A° - EA% B=0
At cosL1+Bsin21=0
C C

Diéu kién cin dé A" v B khong déng thasi triét tiéu 12 dinh thie hé s6 bing khong. Tir
dé ta suy ra phuong trinh dic trung

¢ sin1+EALcos 2I=0 0 g+ X =0 (3.14)
C c c 2
vai: lz—m—l
C

Phuong trinh dac trung (3.14) 12 phuong trinh siéu viét. Ta ¢6 thé gidi phuong trinh
nly bing phuong phap s hodc phwong phdp d6 thi (hinh 3.4c). Ta c6 tdn s& riéng co ban:

A =229 o =h 2=229 %

Chu ¥ ring img véi mdi @, ta ¢6 mot ham riéng X, (x). Nghiém téng qudt ctia phuong
trinh (3.3) c6 dang:

u(x, )= ) X, ()T, (1)

k=1
Khi xét téi luc cdn ngoai ty 1& bac nhédt véi van téc du/ ot , phuong trinh vi phan dao
dong doc tir do clia thanh thidng ddng chat thi€t dién khong ddi (3.3) bay gio ¢6 dang:
2 2
9u +28 Hu_ c? ou =0
atz a[ ax2
trong d6 28 1a hé s6 can.

(3.15)

Ap dung phuong phdp Bernoulli khai trién theo cdc ham riéng ta tim nghiém phuong
trinh (3.15) dudi dang:
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u(x 1) = D T (1) X, (%) (3.16)
k=1

Trong d6 X, (x) 1a cdc ham riéng, duge xdc dinh tir phuong trinh:
2 2
d—xzkar[%] X, =0 (3.17)
dx c

Thé biéu thire (3.16) vao phuong trinh (3.15) ta duge:

o0

D T (D) X (x) + 28T, (1) X4 (%) - 2T, (1) X[(X)]=0 (3.18)
k=1

Chi ¥ dén (3.17) ¢*X}(x) = —w2X,(x), phuong trinh (3.18) ¢ dang:
Z[Tk([) + 28T (1) + 02T, (t)]Xk(x) -0
k=1

I
Do tinh chat cia cdc ham riéng: IXj(x)Xk(x)dx
0

tasuyra T, (1)+28T, (O+0iT, (1)=0,k=12, - (3.19)

=0 khi k#j
20 khi k=j

Viéc tim nghi¢ém clia phuong trinh (3.19) d3 duge xét ky trong chuong 1. Khi § < a,
ta ¢6 dao dong tat ddn
T (D =e"(C cosw t+ D, sinw |t)

trong d6 0} = Joi 82

Biéu thitc nghiém (3.16) bay gi& c6 dang:
u(x,)=e > (Cy cosoyt + Dy sino Xy () (3.20)
k=i
Céc hiing s6 C,, D, duge xdc dinh tir cic diéu kién ddu.

Lyc can trong ctia thanh 1a luc can chiém wu the. V€ thuc chat loai luc nay tuén theo
quy ludt phi tuyén. Trong pham vi 1y thuyét dao dong tuyén tinh, d€ don gian ta thira nhin
hé thuc:

N '
‘O xtar
Diéu dé c6 nghia quan he gitra ting su4t bién dang c6 dang;
c=E(u+a?E] 3.21)
at

Khi d6 phuong trinh dao dong doc ty do ciia thanh cé dang:
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2 3 2
OU 05, Bgg TN 20N
& & ox*or ox?

Trong d6 23, 1a hé s& can ngoai, 25, 12 hé s& can trong.

0 (3.22)

3.1.3. Dao dong doc cudng bitc ctia thanh thing déng chit thiét dién khong déi

a. Thanh mét ddu ngam, mét ddu tu do chiu tdic dung mét luc doc

Trong doan nay ta xét bai todn dao dong doc cudng biic clia thanh thing déng chit
thiét dién khong déi mot ddu ngam, mot ddu tr do. Tai ddu ty do tdc dung mat luc doc thay
d6i tudn hoan theo t 1a F(1) = F;; cos{t (hinh 3.5a).

Phuong trinh vi phdn dao déng doc cha thanh;

8%u ) &*u _

—_— 0 {3.23)
o ox?

Céc diéu kién bién bay gi&r ¢6 dang:
u(0,t}=0; N, t)=EAu’(l,t)=F, cos Cu (3.24)

Su khédc nhau giita bai todn nay va bai todn dao dong tu do 12 diéu kién & bién tr do.
Bai todn nay dugc goi 1a bai todn ¢6 diéu kién bién khong thudn nhét. Nghiém tdng quat cha
phuong trinh vi phan khong thudn nhat bao gém nghiém téng quat clia phuong trinh vi phan
thudn nhdt uy(x,t) va mét nghiém riéng ctta phuong trinh vi phan khong thuin nhat uy(x,t)

u(x,0) = uy(X,t) + uy(X,t) (3.25)
Nghiém t8ng qudt clia bai todn tuyén tinh thudn nhét ¢6 dang:

oo

up(x,1) = ) {Cy coswy t+ Dy sinw, )X (x) (3.26)
k=1

trong d6 o, 13 cdc 14n s6 riéng, X, (X) 12 cdc ham ri¢ng.
Ta tim nghiém riéng bai todn tuyén tinh khong thudn nhat dudi dang:

up(x,1) =U,(x)cos (3.27)
Upll) o
Uy (o) j
y E’E,A Focost 4
—— |
X : !
< i (2 Wy 0y Q
a) b}

Hinh 3.5
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Thé biéu thite (3.27) vao phuong trinh (3.23) ta nhan duoc phuong trinh vi phan
thudng:

p —
a2 *;z—Up =0 (3.28)

Nghiém téng qudt clia phuong trinh (3.28) ¢6 dang:

Up(x)z B, cosgx+B2 singx
c c

Viy ta cé: u,(x.t)= (B] cos9 X+ B, sing x] cos{n (3.29)

< C

Cac hang s6 B va B, duogc xde dinh tir cdc diéu kién bién ¢(3.24)
up(O,t)=0 :B, =0

F,
EAuj, (/1) = FycosQt; EAB, Qosf - F,— B, = 0
P c < Q
EA —cos—1!
c c
Nghiém riéng (3.27) bay gid 6 dang:
Fyc sin ’ X
up(x.t)zm— Q cos L (3.30)
cos < !

Nghié¢m t6ng qudt (3.25) 1a tdng cla hai nghiém (3.26) va (3.30). Cdc hing s6 C, va
Dy duge xdc dinh tir cdc diéu kién dau.

Trong céc hé ky thuat, thudng 6n tai thanh phin can. Do dé véi t dil 16n, nghiém coa
bai todn thudn nhit s& d4n t6i khong. Ta chi cdn quan tam dén nghiém riéng (3.30).

Tren hinh 3.5b bi€u dién d6 thi bién do dao déng doc cha diém cudi thanh (x = {) theo
tdn s6 Q. Trong dé k¥ hiéu:

sinQ!
Fol 7% « . Fol
U (D= gly=2
"D Ean, o U5
—lcos—1
c c
U, v Fol
Khi © 0, do sin>2/ > cos 2751 nen 20 5 1 v Up(D=—"- 1a d6 dan
c c c U;(!) EA

tinh cta thanh. Do phuong trinh dac trung dao dong doc tr do 1a cos-u—)f=0, (xem phuong
c

trinh (3.9)), nén khi Q@ — o, (tdn s6 riéng) thi bién d6 dao dong cudng bic tang lén vo

cimg {do cos—?l—>0). Vay hién tugng cong hudng xay ra khi Q = o, (k =1, 2,...). Chy y

rang bi¢u thitc nghiém rieng (3.30) chi sit dung dugc khi Q = oy Khi Q— o, biéu thirc
nghiém riéng c6 dang:
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up(x,t)zUp(x)tcoth (3.31)

Vigc tim nghiém riéng trong tridng hop nay da duge xét trong cdc tai liéu chuyén khao.
b. Thanh chiu tic dung cda luc doc phdn b
Bay gid ta chuyén sang xét bai todn dao déng doc cudng bifc clta thanh thing déng
chat thi¢t dien khong déi, trén thanh chiu tic dung cia luc doc truc cudng d6 p(x.t). Khi dé
phuong trinh vi phin dao dong doc cudng birc khong can clia thanh c¢6 dang:
atu e &%u _ pix.t)
a? ox? p
Ap dung phucng phép khai trién theo cdc ham riéng, ta tim nghiém riéng chia phuong
trinh (3.32) dudi dang:

(3.32)

u(x, 0 = Y q(HX;(x) (3.33)

i=i
Trong dé X;(x) la cdc ham riéng, duge xdc dinh tit phuong trinh:
2
x:'(x)+{&] X;(x)=0 (3.34)
c
Thé biéu thitc nghiém (3.33) vao phuong trinh (3.32) ta c6:
=P 1
- faiOXi0 -, OX 0] = —px.)
i=1 H
Chi ¥ d&n (3.34) phuong trinh trén c6 dang:

Z[qi(t)+mi2qi(t)]xi(x) = ip(x,t) (3.35)
i=1

Nhén hai v& cia phuong trinh (3.35) véi ham riéng X, (x) rdi 1dy tich phan theo chiéu
dai clia thanh:

@ 1 l
> [ai0+olq )] jxi(x)xk(x)dxﬁ fox, X (x)dx
i=l L] . [}]

Do tinh chédt tryc giao cia cdc ham riéng, tir phuong trinh trén ta suy ra hé phuong
trinh vi phan thudng

1
P DX (x)dx
i (1) + 0f gy (O =2— =f (1), k=12, (3.36)
n{XG (x)dx

Giai h¢ phuong trinh dang toa d¢ chinh (3.36) ta xdc dinh duge cdc ham q,(t). Sau dé
thé vio biéu thirc (3.33) ta tim duge nghiém riéng clla phuong trinh (3.32).
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3.1.4. Dao dong doc tur do ctia thanh c6 thiét dién thay ddi

Cong thic (3.37) dugce goi 1a ty s6 Rayleigh, ding dé xdc dinh tin s& riéng thap nhat
dao dong ty do clia thanh thing c6 thiét dién thay ddi:

|
IA(x)X’Z(x)dx

w?=c? L (3.37)

1
IA(x)Xz(x)dx

4]

2;2

Gid st A(5) = Aff(E) vadarx =1 A2= £ o= g
C
1
tEyx g
- =2 (3.38)

l
[fE)xde
{

Thi du 3.4: St dung ty s6 Rayleigh tim trj riéng bé nhit chia ném hinh nén nhu
hinh 3.6.

L&i gidi: Phuong trinh thigt dién: \
A(X) = Af(x) o] _— X

f(E) = (I- &) ! |
Ta chon ham X(£) dang: X(&) = sing—ﬁ Hinh 3.6

Ham X(£) chon nhu trén, thod man céc diéu kién bién. That vay:
u0,1)=0 =X(M=0
au(l,t) , T i
EAZS J g D=LcosZ=0
o —»X'(1) 5 cos 5

Ta tinh cdc tich phan 3 tlr s6 vi miu s8 clia hé thie (3.38)

1 2 1 2
¢ 2 eyde = & 2ol Frge =T 46
Uj(a)x §dg==- J(l &)’ cos” ~Edg ="

72 -6
62

| 1
[fex*@d = [0-8)?sin? ggdg =
0 0

2 2
Tir dé suy ra 2= n2+6
n° -6

=1,02572 > A=101257
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3.1.5. Dao dong xo4n clia thanh thing

Trude hét ta thi€t 1ap phuong trinh vi phin dao dong xoin ciia thanh déng chat, thist
dién bién déi nhu hinh 3.7a. Ta tich ra xét mot phan 8 nho nhu hinh 3.7b. Mémen quéin
tinh 13 dB=pdx Irsz =pl,dx, vdi I, 1a moémen quéin tinh thi€t dién cyc. Ap dung dinh 1y

A

moémen dong lugng ta ¢é;

dogp=-M, + [Mx + a:[" dx} +q(x,t)dx

X
e 5 (3.39)
¢ oM,
- pl ()X -— X0
pl, 2 . q{
dx
a) b}
pl GI IXI Ip
7 / '
7 } - — -
5% X Mx \ Mx"' a‘;\:x dx
do = pl,dx

Hinh 3.7

Trong d6 p 1a mat do kh6i lugng, q(x.t) 1a cudng d6 moOmen ngoai luc tic dung lén
thanh. Theo dinh luat Hook déi véi thanh xoén ta cé hé thic:

t Id( )Bx ( )

trong d6 G 12 modun cit, Iy 1a mémen quén tinh thi€t dién xoin, GI,(x) 1a d6 cing chong
xo4n. DGi véi mat cat hinh tron Iy = I,. N6i chung 1, khac L.

Thé biéu thic (3.40) vao phuong trinh (3.39) ta nhan duge phuong trinh vi phan dao
dong xodn cla thanh thing thiét dién bién déi:

o_2

o
Gl (x)= | =q(x, )
pl (x) Bx[ ,,(X)ax} q(x,1) (3.41)

r 6[2
Khi thanh déng chat ¢6 thiét dién khong déi, I, va 1 1a cdc hing s6. Néu ta dua vao
cic ky higu:
GI
2 d
ol= s p=pl (3.42)
PL, ’
thi tir phuong trinh (3.41) fa nhan dugce phuong trinh dao dong xofn clia thanh déng chat ¢
thiét dién khong déi

¢ 2% _q(xy)
o’ o

(3.43)
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Phuong trinh dao dong xodn cia thanh thing cé dang giéng nhu phuong trinh dao
dong doc cua thanh. Cdch gidi phuong trinh nay di duge trinh bay chi tiét & trén.

Thi du 3.5: Truc dong chat hinh tru tron dat trén hai 6 d& nhu hinh 3.8. Cho biét
L1/l = 1/2. Hiy xdc dinh t4n s& riéng co bén dao dong xodn ciia truc.

,
——> Xy ——> X 5 A A \27/3 A

a) b)
Hinh 3.8

Léi gidi: Ta chon trén méi doan cla truc toa dé x, va x, nhu hinh 3.8a. Theo c4ch tim
nghiém & trén (@(x,1) = X(x).T(1)) ta ¢6:

W .0
X, (x))=A, cos? X; + B, sm? X

X,(x3)}=A, cos 2 X, + B, sinE)—xz
c ¢
Céc diéu kién bién va diéu kién chuyén tiép cé dang:
M{’(0,0)=0 - X[(0)=0: B, =0

MP (2a,1)=0 - x'z(za)=0:-A2%sin%zawz%cos%za:o
w
i(a.t) = 02(0,1) - Xy (a) = X,(0): A, cosza =A,

. , 0. 0 o
M@ 0=MP©0,0 > I,;X]@=1,X50): -I, A, Zsin—a =By —
Tir ba phuong trinh cu6i ta nhan duoe phuong trinh d4c trung:

cos Asin2i +%sinkcosz7u=0

Trong dé A= 2
c
Chii ¥ dén h¢ thite lugng gidc:
2sineccos P =sin(o — B} + sin{ee + B)
phuong trinh dic trung ¢6 dang:

sinA +3sin3A =0 (3.44)
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Gidi phuong trinh (3.44) bing phuong phdp s6 hodc bing phuong phdp dé thi (hinh
3.8b) ta duge

A =115 > o =xl§=1,15 /%
pa

Néu Iay G = 0,81.10° N/mm?, p = 7,89 g/em® (d6i v6i sét) v a =2 m thi ©, = 1853 s,
Do d6 f; = »,/2n =295 57",

3.2. DAO PONG UON CUA DAM

Khi nghién cttu dao dong doc va dao dong xoédn cia thanh ta gia thi€t chiéu dai cla
thanh khd 16n so véi ¢éc kich thude khic cia thanh. Ciing nhu thé, khi nghién eiu dao dong
uén cia dam, ta gia thiét chiéu dai cia ddm du lén so v6i cdce kich thude khéc.

Khi thi¢t 1ap phuong trinh vi phan moé tad dao dong uén cha didm, Rayleigh (1842-
1919) 1a ngudi ddu tién da quan tdm dén tinh quin tinh quay clia thiét dién, con Timoshenko
(1879-1972) la ngudi ddu tién quan tam dén bi€n dang truot cha truc ddm. Khi nghién ciu
dao dong udn clia ddm, ta gia thiét ring mat cit coa ddm d6i xiing qua hai truc. Ching han
mat cat cha ddm c6 dang hinh trdn, hinh chit nhat, hinh chit I. Khi mat cit clia d4m khong
déi xiing qua hai truc thi ddm sé& thuc hién dao dong u6n va xoin déng thoi. Bai todn d6 ta
khong xét & day.

3.2.1 Thiét lap phuong trinh vi phan dao dong uén ciia ddm

px.t}

Huéng dao ddng

2\
Hinh 3.9

Gia st c&c mat cit cia ddm ludn luén phang v vudng géc véi truc vdng cia dam.
Truc hinh hoc clia ddm khi chura bi€n dang thi thing. Ta 14y dudng thang nay lam truc x, con
truc z chon vuéng gdéc véi truc x (hinh 3.9). Bd qua dao dong xodn va dao dong doc truc.
Ddm chi thuc hién dao dong udn theo phuong z.

Khdc véi bai todn tinh, & day d¢ vong w, géc Xoay ¢, momen udn M va lyc cit Q I
cdc ham cia toa do x va thoi gian t

wx,t); ¢x,t); M(x,0; Qx,b)
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Nhur dd biét, quan hé giifa d¢ vdng vi géc xoay c6 dang:

XD L o(x,) (3.45)

1gp =

Bay gity, d€ thiét 14p cdc phuong trinh vi phan dao dong udn, ta tudng tugng tich mot
phan t6 nho cha dam cé chiéu dai dx nhu hinh 3.10. Trong dé géc xoay ¢ bing t6ng géc
xoay y (do mémen udn M gay nén) va géc truot 8 (do luc cit Q iy ra)

Ow

@:a:q}+9 (346)

D¢ thiét lap cdc phuong trinh vi phan dao dong udn cia ddm, ta 4p dung nguyen ly
d’Alembert. Tir diéu kién can bing céc lyc theo phuong z ta cé:
2

—dm ;N+Q+%(3-dx—Q+p(x,t)dx=0 (3.47)

trong d6 dm = p(x)dx, v6i u(x) 1a khéi lugng mot don vi dai ciia ddm.

2
p{xlt d .a W(X,t)
‘L"‘“‘-\. m al2
Qx,1)

MO, M(x,1) + 20 aM(x Y 4x m A
f/ | \/ o N S N L W
W_._.. ] — Z
y

'\< AQ(x, Y dx '
QX0+ == ax Z\L dz tj
\---...-.—--' 2

X dg\jgi(x_t) dx z b(z)

at AR

Hinh 3.10 Hinh 3.11

Tir diéu kién can bang momen céc luc, ta nhan duge phuong trinh:

2
M+ M M- Q—-[Q+§9dx)5’i+d1‘3—2:o (3.48)
ax 8 2 or?
trong d6 dJ 1a mémen qudn tinh khéi clia phan t6 d6i véi truc y (hinh 3.11)
dI = [2'dm’

Néu ddm 1a thanh déng chi thi do dm” = p dA dx, ta ¢6 hé thitc
dI = pdx Izsz = pI(x)dx
A

trong dé¢ I{(x)= Izsz 12 mémen quédn tinh mét d6i véi truc y.
A
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Tu cdc phuong trinh (3.47) va (3.48) ta suy ra:

2
u(x)a—‘f =R pix, ) (3.49)
2 .
pl(x)il- -q-HM (3.50)
ox
Tir [6] ta ¢6 cac hé thikc sau
M=—El(x)§£ (3.51)
ox
ow
Q=k¥GA(x)B= k*GA(x)[a— - ) (3.52)
X

trong d6: 1a G modun trugt, k* 14 hé s6 phan bé trugt.

Nhu th€ ta ¢6 hé bdn phuong trinh vi phan v6i bén ham chua bi€t 1a M, Q, w,y. Khi
xay dung cdc phuong trinh dao ham riéng trén, ta da xét dén anh hudng cia bién dang truct
va moémen qudn tinh quay. Ly thuyét dao ddng udn cGa dim duya trén cdc phuong trinh
(3.49) dén (3.52) dugce goi 12 1y thuyét dao dong usn clia ddm Timoshenko. Thé cac biéu
thic (3.51) va (3.52) vao cic phuong trinh (3.49) va (3.50) ta nhan duge hé hai phuong trinh
dao ham riéng cap hai doi véi do ving w(x,t) va géc xoay y(x.t}

2
(x)a— _k*Gai[A(x)[@_ J:|+p(x.t) (3.53)

2

pI(x)——q{ = k*GA(x)[@—w] +E— [I(x)aw] (3.54)

D¢ giai hé hai phuang trinh nay ta cdn biét cdc diéu kién bién va cdc diéu kién dau.
Dai v6i ddm déng chét thi€t dién khong d6i, do A(x) va I(x) 12 cdc hing s8&, tir céc

phuong trinh vi phan co ban ta suy ra cac phuong trinh don gian hon. Tir cdc phuong trinh
(3.53) va(3.54)tacd

3 (aw ) 8*w
Gk*A—| 22 — - p(x,t 3.55
o 1 ! p(x.t) (3.55)
ow ty 2%y
-Gk* A(—— J El— -pl— 3.56
x " o (320
Pao ham phuong trinh (3.56) theo X réi cong vao phuong trinh (3.55) ta duoc:
’w &ty Py

0= B - xt)+EI——pI (3.57)
ol p x>

ot ox

Mait khic tir phuong trinh (3.55) ta rit ra:
@_62\!«_ v 62w+ 1
ox  gx? GK*A 5?2 Gk*A

p(x,t)
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Dao ham riéng phuong trinh trén theo x, r8i theo t hai 14n ta dugc:
Oy _ o*w _p 3w . 1 62p(x,t)
ox’  ox* Gk*Aa’ox? Gk*A 42

(3.58)
By _ o'w w1 2pxo
xa?  oxla? Gk*A gt Gk*A g2
Thé& c4c bidu thiic trén vao phuong trinh (3.57) ta ¢6:
2 4 4 2
Ozua W—p(x,t)+EIaw— I a"w . 1 o7p(x,t)
atZ ax4 Gk*A atZaXZ Gk*A axz ; 59)
(3.

ol o%w K 84w+ 1 62p(x,l)
p axzatz GK*A 614 Gk*A atl

V6i chi ¥ p = pA, tir phuong trinh trén ta it ra duge phuong trinh vi phan co ban dao
dong uon ciia ddm Timoshenko ddng chat thist dién khong déi

8w E 3w o*w p?l o*w
EI—4—pI 1+ 57 TRt 2

X kK*G/ ax*at a K*G ot (3.60)
I EI &%p(x,1) P! 3% p(x, t)

kK*GA  px° K*GA 52
Néu thanh d manh thi ¢6 thé bd qua anh hudng clia bién dang truot do luc cit. Cho
k*G — oo, tit phuong trinh (3.60) ta suy ra phuong trinh:
4 4 2
Erl T pl 62“’2+pa = = p(x.1) (3.61)
Ox Ox“ ot ot
Trong phuong trinh (3.61) ta vin cdn chi ¥ dén anh hudng cia ngu luc quan tinh
quay. Theo céc nghién ciru clia Rayleigh thanh phdn qu4n tinh quay (pI) chi ¢6 anh hudng
16n dén cdc tdn 56 dao dong bac cao. Dsi véi cdc ving tdn s§ thdp ta ¢6 thé bd qua thanh
phdn qudn tinh quay. Cho pI — 0, ta nhan duge phuong trinh vi phan dao dong udn ciia dim
Euler-Bernoulli:

4 2 _
Elg—fwizﬂw(x,g) (3.62)
xt " a

Chi ¥ ring trong trudng hop dim Euler-Bernoulli ta ¢ quan h¢ Q= %I;—&

3.2.2. Dao dong udn ty do ciia ddm Euler-Bernoulli dong chat thiét dién khong ddi

Trude hét ta xét dao dong ubn ty do clia ddm déng chét thiét dién khong déi theo mo

hinh Euler-Bernoulli. Tir phuong trinh vi phan (3.62) ta cé phuong trinh dao dong uén tr do:
4 2

d'w s o‘w

=0 3.63
ox* EI a2 (363
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Ap dung phuong phdp Bernoulli, ta tim nghiém cia phuong trinh (3.63) dudi dang
w(x.t) = X(x) T(t) (3.64)
The bidu thirc (3.64) vao phuong trinh (3.63) ta duoc:

TOX™ (x) + %T(I)X(x) =0

T _ B X

T d6 suy ra: —
Tty uw  X(x)

(3.65)

Do v&€ phii cha phuang trinh (3.65) 14 ham chi phu thude vao x, edn vE rdi 1a ham chi

phu thudc vio t, cho nén c¢a hai v&€ bing mot hing s6. Do ¢é chi dinh trude, ta goi hing s6
d6 13 . Tir d6 suy ra

T

2 o 2
T o > T+ T()=90 (3.66)
EEx™Mx) Ho?
— o XM x)-f=-X(x)=0 67
L X O TR X (3.67)
Nghiém ctia phuong trinh (3.66) ¢ dang: T(t} = Acoswt + Bsinwt (3.68)

Trong pham vi bai todn xdc dinh cic tin s6 dao dong riéng, ta phai tim nghiém
phuong trinh (3.67). D€ biéu dién nghiém mot cach gon gang, ta dua vao dai lugng khong
thit nguyén A

2
— 3‘
A= I / (3.69)

Khi do, phuong trinh (3.67) ¢d dang:
4
XM(x) -[%) X(x)=0 (3.70)
Ta tim nghiém coa phuong trinh (3.70) duéi dang

X(x)=C, cos[xﬂ +C, sin[xﬂ +C, cosh[xﬂ +C, sinh[xﬂ 3.70)

Trong d6 cac hdm lugng gidc cosx, sinX ching ta quen biét tir hoc ph6 thong, cdc ham
hyperbel coshx, sinhx chiing ta ciing da quen biét trong gido trinh todn cao cdp. & day nhic
lai mot it vé dinh nghia va cdc tinh chat so cdp clia cdc ham hyperbol.

Theo dinh nghia

X —K X —X
. g — e +e
sinhx = : coshx=——;
2
X -X X —-X
et —e e +e
tghx =—; cotghx=——

e* ye7¥ e¥ %
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D6 thi cdc ham hyperbol c6 dang nhu hinh 3.12. Tir dinh nghia trén ta dé dang suy ra
sinhQ = 0; coshO = 1; 1gh0 = 0; cotghQ = +w

Cédc ham coshx, sinhx tudn hoan chu k¥ 2mi (i 13 don vi 40)
sinh(x + 2kmi) = sinh(x), cosh(x + 2kni) = cosh(x),

con cac ham tghx va cotghx tudn hoan chu k¥ i

tgh(x + kni) = tgh(x), cotgh(x + ki) = cotgh(x)

¥
\ 1
-.1‘ st
1 I/
‘o 5t 4
\& 4 ; ;“‘ cotghx
1 ! 11
\‘ X ;’ 3_»“‘
8 K
\\\ 2“ /!’ 2“ ‘\\
o 1 L _3':5‘:;‘r""';g‘h;"
3 2 I"f) 1?5 x ' ENERE
_____ S
. 21 ‘.1“—2
§ -3t ',I4'—3
it -4
Hinh 3.12

DPao ham cdc ham sinhx, coshx ¢6 tinh chat dic biét nhu sau:

f L

(sinh x) =coshx, (cosh x) =sinhx

Cdc hang s8 C,, C,, C3, C, trong biéu thic (3.71) dugce xéc dinh tir cdc didu kién bién.

3 ddu dim c6 gdi tua ban 14, do vong va mémen udn déu bang khong, do dé6 ta co:
2
X =0, g =0 (3.72a)
dx

O d4u dam bi ngam chat, do vOng va géc xoay déu bing khong, ta cé;
dX
x=0 %2 _¢ (3.72b)
dx

3 ddu ddm tr do, mOmen udn va luc cit déu bing khong, do do:
2 3
X0, X (3.72¢)
dx® dx-

O hai ddu ddm, bao gid cling c6 bén diéu kién bién. Tir cdc diéu kién bien, ta c6 thé
xdc dinh duge cdc hing s6 trong hé thitc (3.71). Trong qu4 trinh dé, chiing ta s&é nhan duge
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phuong trinh ddc trung. Gidi phuong trinh dic trung ta nhin dugc cdc tan s6 riéng ;. Ung
v6i mdi tdn 54 riéng @; ta ¢6 mot tri riéng Aj, va theo (3.71) ta cé mot ham riéng X(x). Ta s&
x€ét tinh chat true giao clia cdc ham riéng nay. Gia sir X(x), X(x) 1a hai ham riéng tuong
ting voi ®;, ©y. Tir phuong trinh (3.70) ta suy ra:

d*X,0 ()
— = 2 X

dx* {
X, (A
) e

X

Nhin phuong trinh thit nhat véi X, (x), phuong trinh thit hai véi Xj(x), trit di nhau r6i
1dy tich phan theo x, ta dugc:

A=At ! d*X, ddxj
—— | X (X)X, (x)dx + || X :(x) -X,.(x) dx=0
1 {)[ ! , {,[ ! dx* k dx?

Béng cdch tich phén timg phin, ta ¢6:

dx? dx  dx? dx dx?

{
3 2
d’X; +ka d°X; _de d*X,
I dx?

4 4
it 3
x jxj(x)xk(x)dx=[xj 4 Xy - X,
0

0
Chi ¥ dén cdc diéu kién bién (3.72a), (3.72b), (3.72c) ta cé v€ phai cba phuong trinh
trén luon bing khéng. Vay ta ¢6 diéu kién truc giao:

!
[X[(x)X, (x)dx =0 khij=k
()

Nghiém téng quét cha phuong trinh (3.63) ¢6 dang:

w(x,0) = > X (XA cosot+ By sint) (3.73)
k=1
Cidc hing s6 A, By, duge xdc dinh tir cdc didu kién dau.
bé lam thi dy ta xét dao dong uén ty do clia ddm hai ddu tua ban 1é nhy hinh 3.13a.

Dao déng riéng ¢d ban
| 1

P pA, EI {2 /
Z X, fx)

i
Frrrs

Dao ddng rigng bac 1

2 ! ye /
¥4
a) X? (X) b)
Hinh 3.13
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Céc di€u kién bién trong bii todn nay 1a do vdng w(x.t) v momen udn M(x,t) triét
tiéu Ghaibien x =0vax =/
w(0,t) =0, M(0,t)=-EIw"(0,t)=0
w(/,t)=0, M({, t)=-EIw"(/,t)=0
Véi cde diéu kién bién ndy, tir biéu thite nghiém (3.71) ta suy ra 4 phuong trinh dé x4c
dinh cdc hing s6 C|, G5, C3, Cy

X =0: C + C4 =0
X{(h =0: CicosA+Cysink + C;ycoshi +Cysinhd =0
X"(0y=0:-C, + C, =0

X"N=0:-C cosh—C,sinA + CycoshA+CysinhA=0

Tl cdc phuong trinh trén va do sinh A # 0 nén C; = Cy = C4 = 0. Mat khdc dé cho
C; # 0, ta ¢6 phuong trinh dac trung:

sinA =0
2
Giairata duge: Ay =kn—> wy, = {k_;r} % y k=12, (3.74)
Cdc ham riéng (3.71) bay gid ¢6 dang:
X (0)=C¥ sink, ? —c® sink—’:" (3.75)

Khik=1,2tacé

2
b El . TX
0, :[7) 1’; Xl(x)=C(2”smT
2
m2=[27n] 1’%.)(Q(X)=C(22}sin2%

Céc dang dao dong rigng co ban v dao dong riéng bac 1 v& trén hinh 3.13b. Biéu thite
nghiém t6ng quit (3.73) trong thi du nay cé dang

w(x,t)=Zsinkif(Ak cos® t+ By sinmkt) (3.76)
k=1
& daytalay ¢ =1,
Tir cdc diéu kién ddu:
dw(x,0

ta ¢6 céc biu thirc dé xdc dinh A, va B,

[)s

.k
A sin % =w,{x)

L
L%

Bkmk Siﬂ? = V(}(X)

INdE

-
i
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Chii y dén tinh chét tryc giao clia cdc ham rieng (3.71), tir cdc biéu thitc trén ta suy ra

!
Ay =2 jw(,(x)sinmdx
ln !
f . kmx
_[v{}(x)sm—v—dx
a I

i
® 1
Bay gid ta chuyén sang xdc dinh cdc tdn s6 riéng va cdc ham rieng cfia ddm mot diu
ngam chat, mot diu ty do nhw hinh 3.14a. Cic diéu kién bién c6 dang:
w(0,1}=0, M{,.t)=-Elw"(/,t) =0
w'(0,t)=0, QU,t)=-EIw"(/,t)=0

Dao dong riéng ¢o ban

X {
|
1
X fr
cos A ! "
pA, El !
— \\7\_1 o Ay s 3mi2
4 ox - ; ry Dao ddng riéng bac 1
2
i | A
X
1 g ]
z \/( !
-1/coshi, Ly 4
z
a) b) c)

Hinh 3.14

Vdi cac diéu kién bién trén tir biéu thifc nghiém (3.71) ta suy ra hé b6n phwong trinh
tuy€n tinh thudn nhat
X0=0: ¢ +C, =0
X' (0)=0: C, +C, =0
X'N=0:-C cosh-Cysink + Cycoshh +C,sinhd =0
X"(Hh=0: C sini- CycosA +CysinhA +C, coshi=0
Tir hai phuong trinh ddu cua hé b&n phuong trinh trén ta suy ra C, = -C;, C; = -C,.
Sau d6 thé vao hai phuong trinh sau ta duge:
C(cosA+coshA)+ Cy(sinA +5inhA)=0

. . (3.7h
C;(sinA —sinh ) - C,(cosh +coshA)=0

Diéu kién cdn dé cho C), C, khong déng nhat triét tiu 1a dinh thiic cic hé s phai
bang khong:

cos A +cosh A sin A +sinh A

sink ~sinhA —(cosh +coshA)
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Tu d6 ta nhan dugce phuong trinh dic trimg:
cosA coshA + 1 =0 (3.78)
Giai phuong trinh (3.78) bing phuong phap 56 hoac phuong phdp d6 thi ta nhan duge
tap vo han nghiém A = X; (i = 1, 2, ...) (hinh 3.14b). Khi biét dugc céc gid tri riéng A, tir
cong thirc (3.68) ta x4c dinh dugc cac tdn s6 rieng:

2
O; =ﬁ\/§ (3.79)
?¥u

Ung v&i méi tri rieng A, , theo (3.71) ta c6 mot ham riéng:

Ax A
X;(x)=C{¥ cos ll +C4 sin kf +C{ cosh =12 ; +C(') h—}-)i (3.80)
Tir hé phuang trinh (3.77) ta suy ra:

cosA; +coshi,
sinA; +sinh &,

Gy _
Cy =- 1
cosA; +cosh ; (i;

Dods CY =-C§ == : 1
sinA; +sinh A,

Mat khdc, nhu trén dd chira CY) = —¢{»,

The CP, C{’, €Y xdc dinh theo C¥vao bidu thiic (3.80) ta duoc dang cu thé ciia
ham riéng:

- Aix A;Xx cosh, +coshA, hix AX
) = {1) i LI i : 1
X x)=C} [c — ~cos h—-! Sk, +sinhh [ sin—= +smh—! H

Trén hinh 3.14c cho ta dang dao dong riéng co ban va dang dao dong riéng bac 1.
Giai bing s6 phuong trinh dac trung (3.78) ta duge:

: (3.81)
EI
wi
Bi€u thic nghiém t6ng qudt (3.73) trong trudng hop ndy c6 dang:
w(x,t)=ZXi(x)(Aicoswit+Bisinwit) (3.82)

i=1
Céc hang s6 A, B; dugce xdc dinh tir cic diéu kien ddu:

w(x,0) = wy(x), w vo(x)

Nhu the, ta cé: ZX;(X)A-. =w, (X}, Zc;JiX.,(x)Bi = v,(x)

i=] iml
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Nhan hai v€ clia cdc phuong trinh trén véi ham riéng X, (x) roi 14y tich phéan theo x tir
0 dén 1. Chd ¥ dén tinh chdt truc giao clia cdc ham riéng, ta duge:

! !
fwa (X (x)dx fvo (X (x)dx
Ak - [} 1 : Bk — 4] f
X (xdx o) X5 (x)dx

Tién hanh tinh todn tuong tu, ta xéc dinh duge cdc phuong trinh déc trung, cdc tin s6
riéng va cdc ham riéng clia bai todn dao dong udn tu do clia dim vdi cdc diéu kién bién khic
nhau. Bang 3.2 cho ta bi€t phuong trinh dic trung, cdc tri riéng cla mét s6 md hinh dao
déng uén cia dam hay gap.

Bang 3.2. Céc phuong trinh dic trung va cic tri riéng cia mot s6 dam

A2 JEI
O = “l? I Phuong trinh d3c trung k Mo
1 4 730
ﬁ E cosi coshh -1=0 2 7.853
2 3 10,996
N = (2n+1) n/2
7'y Bl ! "
sinA=0 2 2n
A 3 3n
A 7 n nn
1 1,875
] 2 4,694
a cosi coshh +1=0 3 7.855
n = (2n-1) al2
A ‘ 1 3,927
ﬁ tgh - tght =0 2 7,069
3 10,210
1 A
7y n ~ (4n+1) n/4
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Thi du 3.6: Cho dam déng chat, thiét dién khong d8i, ddu bén trdi ngam chit, ddu bén
phai ty do mang khéi lugng m. Cho biét € = m/p/ = 3/4. Hay xdc dinh céc tan s6 riéng co
ban va tdn s6 riéng bac | (hinh 3.15).

pA, EI m

AN

wi(lt)

QLY ‘I"‘l‘““

N
N

Hinh 3.15

Lai gidi: Cling gidng nhu trudng hop ddm bi ngam chat mot du, mot ddu tu do & trén,
ta c6 ba diéu kién bién:
w(0,.)=0; w'(0,t)=0; M{,0)=-Elw"(},t)=0
B¢ tim diéu kién bién thi tu, ta tudng tugng tich khéi lugng m khodi dam (hinh 3.15b).
tir dinh luat Newton II d6i vdi khdi lugng m ta c6:
mw(l,t)=-Q.t) - EIw"(,t) —mw({,t) =0

Véi cdc diéu kién bien trén, 6 biéu thite nghigm (3.64), (3.68), (3.71) ta ¢6
(OF +C, =0
C, +C, =0
-Cycosh - Cysind+ Cicoshi+Cysinhd =0
C,sinA- Cy cosh +Cysinhd +C, coshd
+eA(C, cosh + C, sinA + CycoshA +C,sinhA)=0

Tir hat phuong trinh ddu ta suy ra C; = -C3, C; = —C,. Thé€ vao hai phuong trinh sau ta
duoe:
-C,(cosA +coshA)—C,(sinA +sinhA) =0
C,(sinA + €Acos A —sinh A —elcoshA)
-C,(cosA —gAsinA + cosh ) + gAsinhA) =0
Tur diéu ki¢n cdn dé cho C,, C, khong déng nhi triét tiéu, ta nhin duge phwong trinh
dac trung:
I +coshicosk +gh(sinhAcosh —coshAsinA) =0 (3.83)

Khi € = 3/4, gidi phuong trinh trén bing phuong phip s6 ta ¢é
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A =1320 - o, =1,742 ii
pf

hy =4,060 > @, =16,48 —E%
ul

So sdnh véi két qua (3.81) vé céc tin sd rieng clia ddm mot ddu ngam chat, mot ddv tu
do ta thiy va6i khoi lugng phu m hai tdn s6 riéng ddu tién gidm ddng ké.

(3.84)

3.2.3. Dao dong udn cudng bic cia dam Euler-Bernoulli dong chit thiét dién khong déi

Poan nay ta xét bai todn dao dong udn cudng bitc ddm déng chét thiét dién khéng doi
theo mo6 hinh Euler-Bernoulli, chiu tic dung cla ngoai luc theo phieng vuong géc vdi truc
ciia dam. Phuong trinh vi phidn dao dong uén cudng bire cla dam Euler-Bernoulli ¢6 dang
{xem phuong trinh (3.62))

4 2
Ela—fwa—;":p(x,n (3.85)
ax a
a. Bién doi phuong trinh dao ham riéng (3.85) vé hé phuong trinh vi phdin thuong

Ap dung phuong phap Bernoulli, ta tim nghiém phuong trinh (3.85) duéi dang:

w(x,0) = ) X;(x)q;(1) (3.86)
i=1

Trong d6 X;(x) 1a cdc ham riéng.
Thé biéu thitc (3.86) vao phuong trinh (3.85) ta dugc

> [B1 X" (x)a; (0 + 1X (05, (0)] = pOx1)
=1

z EI X{™(x) p(x, 1)
Tit d6 suy ra: 4,0+ ———q; (O X;(x)=—""=
;l: B Xi(x)
(1v)
Chii ¢ dén cdc biéu thifc (3.67) 1a cé: —]E—:-I-~}()‘<—((;(—) =] (3.87)
(X
J

Thé& (3.87) vao phuong trinh trén ta dugc:
PILACEERRCL AOE %
i=1

Nhan ca hai v& cha phuong trinh nay vdi ham rieng X,(x) réi 14y tich phan doc iheo
chiéu dai cua thanh
1

o ! !
Z[ﬁii(l)+o)i2qi(t)]jxi(x)xk(x)dx=a fp(x, X, (x)dx
i=1 il 0
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Do diéu kién truc giao cta cdc ham riéng ta suy ra:

f
Ip(x,t}Xk(x)dx
k(D + 0f q (=" =h, (1) (3.88)

1l Isz {(x)dx
0

Nhu the ta dua viéc giai phuong trinh dao ham riéng (3.85) vé viéc giai hé phuong
trinh vi phan thudng (3.88). Duéi day ta xét mot s6 dang cu th€ clia ham kich déng p(x,1).

b. Luc kich dong tdp trung diéu hod

Xét dao dong uén cua dam chiu luc kich ddng tap trung diéu hoa FycosQt nhur hinh
3.16a. Theo cong thitc (3.75) ham riéng X, (x) ¢6 dang:

X (x) =sinkidrX

Trude hét ta tinh tich phan

! f
_[Xi (x)dx = Isinz knx dx = 141 [BR—XJ _1 sin[Z kﬂ}
0 0 ! 4 !

3 . | F=FcosQt F(t)=F,cosCt
¥ X

!
0

!
2

Hinh 3.16

!
D¢ tinh tich phan Ip(x. )X (x)dx trong trudng hop nay ta s dung khdi niém ham
0

Delta-Dirac. Theo dinh nghia, ham Delta-Dirac duge xdc dinh bai hé thic:

+
5(x-a)=0khix#a va ]'a(x —aydx =1 (3.89)
Ham nay c6 tinh chat: If(x)&(x —a)dx = f(a) (3.90)

o0

Ap dung vao bai todn cia ta. Tir biéu thitc p(x,t) = Fy cos Qt §(x — a)ta suy ra:
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an cos nB(Xx —a)X, (x)dx = F, cos U J'X (x)8(x — a)dx
0
{
=F, cos {3t Jsin -kT—xS(x —a)dx =F; cos QtsinE}—tE
0

Phuong trinh (3.88) bay gi® ¢é dang:

F, cos Qtsin X2 | 2Fgs m?
é'11((t)+(’3'f( Q)= ; L - " cos (Ut
H3

Nghiém ding cia phuong trinh trén theo chuong 1 ¢6 dang:

2Fﬂsinm
qe(t) = ———~ 12 cos Qt
ploy -Q7)
Nghiém cudng bic clia phuong trinh (3.85) trong trudng hgp ndy ¢6 dang:
Z i 2F{,sinm knx
wix, =) X, (X)q, (0= sin cos £t
k=L I (mk Qz) {
sin kna
2F,cos (it & 1. knx
wi(x,t) sin (3.91)
Y kZ:] oy — Q? !

Cong thic (3.91) 1a biéu thic tinh do vng & vi tri x bit k¥ cha ddm tai thdi diém 1.

. km
ZFUCOS & Z 51n7 knx
k=) m - Qz !

754
!2

Chi § ring: @, = —
2
Néu ta dua vao kv hisu: n=k? 2 =& 1’%

Khi a = /2, ta ¢6: w(x,t)=

2

O n
3 sin kra
2,07 cosQt & .
thi nghiém (3.91) cé dang: w(x,t)= 4 4605 Z 2 ! > sin knx
Bl k= k” = {
! Q{Q u : - Py I3 - 1
Dé minh hoa ta 1dy a = 3 va m=-—r o =0,7. Khi dé ta ¢$ the tinh do vong &
T

gitta dim mot cdch tuong doi don gian (hinh 3.16b)
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P2
m | —
| 2R Peosn &’ [2)

W(_—vt)
2 n*El gk4—0,49
Cha y ring: 3 L, ., 1 1 4o %1975
5ok 0,49 051 8051 624,51 129551

. / Fy !l
Do dé: - t)=— (9]}
040 W D= 4 6sE
Bién do dao dong & gilta ddm fa: w,, = o /"

PR O T ™R 24,65El

Néu dim chiu tdc dung cia luc F(t) = Fy = const & giita ddm, theo [6] do vong finh o
gilta dam 12
Fo!*
W, = —
48EI

Nhu thé d6 véng dong cuc dai & gidta ddm lén gdn gdp doi d6 vong tinh tai d6.

Ngoai ra chii ¥ ring khi n = k> - Q= wy thi xdy ra hién tugng coéng hudng. Do c6
luc can va do lién két hinh hoc nén bién do dao dong & viing cong huéng tang lén khd 1don,
tuy nhién khéng tién tdi vo cling nhu khi gia thi€t bd qua luc can.

3.2.4. Dao déng udn tar do cia ddm Timoshenko thiét dién khong déi

Tir phuong trinh (3.60), cho p(x,t) = 0, ta nhan dugc phuong trinh dao déng ty do clia
dam Timoshenko
4 2 4 - 2 4
& w 0w (+E}6w+p16w=0 (3.92)
4 k*G GXZ&Z k*G atél

Ta tim nghié¢m ctia phuong trinh (3.92) duéi dang:
w{x,t) = X{x)cos{wt + )

Thé bi€u thifc trén vao phuong trinh (3.92) va thuc hién mot vai phép bién déi so cép
ta nhan duge phuong trinh vi phan thutmg:

4 2
d—§{-+y4i2(1+a)¥*74(1—74i4a))(=0 (3.93)
dx dx
A I E
T dé ta dua vao cic ky hieu: y* = Zp—;'2=—; =
rong d4d ta dura vao cic kv hiéu: y UJEII Aak*G

Xeét truong hop ddm hai ddu 6 lién két ban 18. Khi d6 ta tim nghiém ciia phuong trinh
(3.93) thod méan cdc di¢u kién bién dudi dang
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X, (x)=B, sin?, k=12,

Thé biéu thidc trén vao phuong trinh (3.93) ta nhan duge phuong trinh dac trung dé
xdc dinh y:

xnY? k)’
) -viearaf S —yarite o

Phuong trinh trén 13 phuong trinh bac hai d6i véi ham 74. Giai ra ta dugc:

4 _.2 PA
Yrik2 = Ok x2 El
A2 N2 .\ 4 (3.94)
L el ¥ s 1ead o) KB oo XH
2i%a i H i

Khéc véi 1¥ thuyét ddm Euler-Bernoulli, & day Gng v6i méi gid tri cha k ta ¢é hai tri
riéng khdc nhau y,, > y,. Nhu th€ tng v6i mdi ham riéng X, (x) ta ¢4 hai tdn s6 riéng w,, >
Wy S& di ¢6 hién tugng dé 1a vi trong 1y thuyét ddm Euler-Bernoulli d¢ vong w va géc xoay
¢ c¢6 lién quan véi nhau w’=¢q, cdn trong 1y thuyét ddm Timoshenko ching 1 hai dai

luong déc 1ap vai nhau.

Vé mat k¥ thult, ngudi ta it quan tAm dén cic tin s6 cao (ng v6i diu cong trude can
trong (3.94)). Ta xét trudng hop tng véi diu trir trude can. Trong trudng hop knifl << 1, 4p
dung khai trién:

3
J1+x=1+§—x—+"—- ..... véi [{<1

ta ¢6 cong thirc gdn ding véi cin thitc trong (3.94):

iy 2 ) iy 2
R R o
N4 .32
- 20{%} {1_2(1”)[1%‘1) } ......

Tir d6 ta nhan dugc biéu thiic gdn ding xdc dinh céc tdn s6 riéng:

NI
0, =k2n{1-—(1+a)(ﬂj ] £ (3.95)
! Ml4
Chi ¥ ring, tdn s& rigng cia dim Euler-Bernoulli duge xédc dinh boi cong thirc:
Wy = k2n2 EL

ul?
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Nhu theé s¢ hang thit hai trong ddu ngodc vudng cla cong thic (3.95) thé hién sy khic
nhau giita cdc tdn sO rieng tinh theo 1y thuyét Timoshenko va 1y thuyét Euler - Bernoulli. Do
16n chia s6 hang nay phu thugc vio d6 minh A = //i clia ddm, vao chi s6 k va vao he s6 1 + «.
D341 voi ddm c6 thiét dién hinh chit nhat, chiu cao h, néu k* = 5/6, E/G = 8/3 thi s6 hang
(1 +o)kni/1)? s& bing 3,45(kh/N?. Néu //h = 10 thi 4o chénh lech tdn s6 riéng co ban
(k = 1) gitra ly thuyét Timoshenko va 1y thuyét Euler-Bernoulli 14 3%, dé chénh léch tin s&
riéng bac 1 (k = 2) 1a 14%. Qua kinh nghiém ngudi ta thay khi //k > 5h thi céc két qua tinh
todn theo 1y thuyét dim Euler-Bernoulli kha t6t. Ta sit dung 1y thuy&t dim Timoshenko khi
ty s& I/k c& x&p xi bang h.

3.2.5. Dao dong udn tur do cia dam Euler-Bernoulli ¢é thiét dién thay déi

Déi vdi ddm <6 thiét dién bién ddi viéc tim chinh xdc cde tdn s6 dao dong riéng 12 bai
todn khd cong kénh, phic tap. Vi vay ngudi ta thudng hay sir dung cdc phuong phip gin
ding dé xdc dinh ching. Dudi day chiing ta trinh bay mot phuong phép gin diing théng
dung dé tinh céc t4n s6 riéng clia ddm Euler-Bernoulli: phuong phép Rayleigh

Trong cdc hé bao toan ta c6 hé thic: T, = [, (3.96)
1 ] w :
Biéu thifc th& ning bién dang cha ddm: 1= 5 IEI( X)(G_ZJ dx (3.97)
X

0
Biéu thitc dong nang clia ddm ma trén ddm ¢6 mang céc khéi luong diém m; & vi tri X;
cO dang
1t fewY . o1& [ewxn]
T== — | dx +— | — 3.98
2('!-“(){)[8[) x+2§m.[ o } (3.98)
Gid sir ddm thuc hién dao dong udn khong can véi tdn s6 co ban ©. Khi d6 nghiem
riéng tuang ing cd dang:
w(x, 1) = X(x)(Acosot + Bsinwt) = f(X)sin(ot + o) (3.99)
Trong dé X(x) 12 ham riéng @ng vdi tin s& riéng o.
Thé (3.99) vao biéu thitc (3.97) ta duoc:

i
1 =% jEI(x)f’z(x)sinz(fm + a)dx
4]

f
Tirdé suy ra: T :% [EIx)f "2 (x)dx (3.100a)
‘ 0

Mat khdc, th€ (3.99) vao biéu thifc (3.98) ta cé:

_

2 f 2 n
T= > Ip(x)fz(x)cosz((ot+a)dx+%Zmif2(xi)cosz(mt+a)
0

i=l
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20t n
Do dé: T, = % neof? (x)dx + ¥ m;£2(x;) (3.100b)
0 i=1
Thé cdc bidu thic (3.100a), (3.100b) vao hé thirc (3.96) 1di giai ra o? ta nhan duge
cong thifc Rayleigh dé xédc dinh t4n s& riéng co ban dao dong udn ciia ddm

!
JEI) "% (x)dx
4]

{ n
[Heof2 (dx + Y m £2(x,)
0 i=1

©F = (3.101)

trong do: E la modun dan hoi; I(x) - momen quén tinh mat; pu(x) - khoi luong trén mot don
vi dai cia dam,

Ddi v ddm ¢6 thiét dién bién déi rdt khé xdc dinh chinh xdc cdc ham riéng X(x). Vi
vay do chinh xdc clia phuong phdp Rayleigh phu thudc vao viéc chon dang ciia ham f(x).
Thong thudng ngudi ta chon f(x) 12 mot ham nao d6 thod mén cdc diéu kién bién cia bai
todn. Viéc chon dang xdc dinh ciia ham f(x) tvong duong vdi viéc dua vao cac lién két phu
dé chuyén co he di cho thanh co he mot bac ty do. Nhimg lien két phu d6 néi chung 1am
tang d¢ cimg coa hé. Do d6 tdn s& riéng tinh theo cong thiic Rayleigh thudng 16n hon gid tri
chinh xdc clia né mét it.

Thi du 3.7: Xic dinh tdn s6 dao dong riéng clia ddm mot ddu ngam chat, mot ddu ty
do, trén d4u (1 do ¢6 mang vat nang khéi lugng m (hinh 3.17).

Loi gidi: Ta chon dudng cong uén cita truc dao dong nhur sau:

X ¢ X ? X 2 X
f(x)=[7] +31[T] +32[T] +al[7]+an.

trong d6 cdic hing s a; duge chon sao cho f(x) 7 : . 5
]
|
1

thod man cdc diéu kién bién.

p,Ei=const | m
Céc diéu kién bién ¢c6 dang: I
x=0:£(0)=0, £(0) =0 )
x=L:f"(DH=0,"("H=0 Hinh 3.17

Tir cdc diéu kién bién trén ta dé dang xdc dinh cdc hing sé a;

a0=0, a1=0, 3.2':6, a3='4

4 3 x 2
w4 )

Thé f(x) vao tir s8 va méu s chia cong thitc (3.101) ta ¢6:
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2 ? .
J'Elf"z(x)dx_EI 20x 1 x _maElf(x ' 144 E
4 3 272
Iu(x)f (x)dx + mf2(}) = “j]:( J - 4[?) + 6(%] ji dx + 9m
4]

=pl % +9m= —(104;,u' +405m)

3 (144x45)El 1296EI

Tl d6 suy ra: 0 ==
517(104pd + 405m) 17 (104 + 405m)

Pé kiém tra do chinh xdc clia cong thiic Rayleigh, ta xét trudmg hgp m = 0,75p/. Khi

do:
o} =— 1296EI _ 1296 _@_}_3”842
(104 + 405.0,750) 407,75 1y T
Do dé: wg =1,7828 —E—I—
ui
Truong hgp m =0, ta cé:
o = 1220 Ei =12, 46——> 0p =353 EL
104 ul IJ-" pl

Gid 1ri chinh xdc cna 14n s6& riéng co ban theo cong thire (3.81) la:

w; = 3,516 El

it
Viay sal s& 12 0,4%.

Nhir vay tan s6 riéng co ban theo cong thiic Rayleigh khd gin véi tin s6 riéng tinh
chinh xdc.

3.3. DAO DONG UON CUA TAM

Tam 1 phin tir két cdu ¢ dang mat phing ma bé day cia nd nhd so véi cic kich thudc
khdc. Ciing nhu khi nghién cifu dao ddng uén ciia ddm, khi tinh todn dao déng udn cla tim
ngudi ta sit dung nhiéu mo hinh co hoc khic nhau, tuy theo cdch dat bai todn.

Tiéu chudn phan biét quan trong nhdt 12 ty s6 gilta bé day h cia tdm véi cic kich thic
bé mat clia tAim. Ngudi ta thudng phan ra bdn loai tdim: tdm rdt moéng, tAm mong, tdm trung
binh, tam day, Bang 3.3 cho ta mot téng quan vé nhimg anh hudng c6 thé bd qua khi sir
dung cdc mo hinh khic nhau cba tam.
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Bang 3.3. Sy phan loai cdc tim

D3c diém cla tam r4t méng mdng trung binh |  day
Chu y dén cac tmg suéit vusng gbc véi mat phing gitra 0 0 0 1
Chu y dén bign dang trugt 0 0 1 1
Mt cit phang 1 1 1 0
Chu y d&n cac tng sudt cang mang 1 0 0 0
Chi y dén quan tinh quay 0 0 1 1

Ly thuyét tAm mong con duge goi 12 1y thuyét tdm Kirchhoff, con 1y thuyét tam trung
binh con duge goi 1 1y thuyét tdm Mindlin. Trong tai liéu ny ta chi nghién citu dao déng
udn cia tdim mong theo 1y thuyét ¢cha Kirchhoff (1824-1887).

3.3.1. Thiét lap phuong trinh vi phan dao dong uén ciia tim mong

Xét dao dong udn cha t&m mong dong chat bé day h, mat do khéi p khong déi. DE
thi€t 1ap cdc phuong trinh dao dong clia tdm, ta thira nhan cdc gia thiét cia Iy thuyét t8m
mong <6 dién nhu sau:

1. Bién dang u6n ctia tdm khi dao dong 12 nhilng bi€n dang nho tuan theo dinh luat
Hooke.

2. Trong tdm ludn t6n tai mot 16p trung hod ma khodng céch gitra cic diém cla né
khong thay déi. Khi tdm -ddng chdt bi u6n it, 16p trung hod tring véi mit cong trung binh
chia doi bé day ca tim. Ta goi mit ndy 13 mat trung hoa.

3. Céc phén tir clia t4m ndm trén dudng thing vuong géc véi mat trung ho, khi tam bi
uén vén nm trén dudmg théng d6 va dudng thing d6 vdn vuong géc véi mat trung hoa.

4. Khéng xét dén cdc tng sult vudng géc voi mit trung hoa.

5. Bo qua anh huéng cla bi€n dang trugt vd quin tinh quay.

Ta chon mat phing tring v6i mat trung hod & trang thdi chua bién dang lam mat
phing toa do xy, truc z dugc chon vuoéng géc véi mit phing xy va hudng vé phia dudi (hinh
3.18). Ta ky hiéu u, v, w 1 cdc thanh phdn dich chuyén clia di€m M(x,y,z) clla tdim tuong
ing theo cdc tryc x, y va z. Ky hi¢u v, vy, wq 12 cdc thanh phédn dich chuyén twong tng cia
diém A thuéc mat trung hoa ma MA vuong géc voi mit trung hoa. Tir cdc gia thiét trén ta ¢

Ug = vy =01 wy=w(x,y,1)
uz_z@; v=_z@; (3.102)
ox dy

Vi cdc lyc va cdc mOmen da vE trén hinh 3.18, 4p dung nguyén 1y d'Alembert ta nhdn
dugc cdc phuong trinh sau:
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oQ +8Q)r N *w

h"—-+p(x,y,1) =0 3.103

= oy P2 p(x,y,1) ( )
oM, M,

= + 3.104

Q. ™ 3y ( )
M,, M,

= +—L 3.105

Q, p™ o ( )

(Mt My, dy)dx (Myy+ M, dx)dy

(Q,+ Q,dy)dx
{M+ M, dx)dy {Q,+ Q,,8x)dy
z

Hinh 3.18

Trong cic phuong trinh trén ta st dung cdc ky hiéu:

Qy . Qy: Luc cat trén mot don vi dai & cdc mat cit x = const, y = const theo hudng z;

My, M,: Momen udn trén mot don vj dai & cdc mit cit x = const, y = const;

M,y» M,,. Momen xoén trén mét don vi dai, vudng géc véi cdc mat cit x = const,
y = const, {M,, = M,,});

p(x,y,t): Tai trong ngoai trén mot don vi dién tich, vuéng géc véi mat trung hoa;

w(x.y.t): Dich chuyén ctia céc diém thudc mat trung hda theo hudng z.

Thé céc bi€u thie (3.104) va (3.105) vao phuong trinh (3.103) ta duoe

M, M, M, 3w

+2

+ -ph = -p(X, ¥t 3.106
or oy ey o PR 310

Tir céc cong thite Cauchy quen thudce trong 1y thuy€t dan héi tuyén tinh ta ¢6 cdc méi
quan hé hinh hoc
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’w tw o*w
€, =—2Z—— B, m—Z—— Yy = 2Z—=— (3.10
ax2 Y dy* Y Oxdy
Tir cdc dinh luat Hooke déi v6i trang thdi (ing suat phang ta cé:
o = E (€. +76.)=— Ez [62w+782w]
7Y I * y 1—y2 L\ ax?2 ay?
E Ez [ d*w 0'w
Gy =—7(e, +yE )=~ ["{ + } (3.108)
-y " 1-y2\ ax?  ay?
e E B dw
YOO 2+ Y L4y Bxdy
Tir d6 ta tinh dugec cdc moémen mat cat
hi2 2 2
M = I oxzdz=—D(g—\:’-+7?—~‘;]
~hi2 ax ay
hi2 2 2
ocw O'w
M= |o zdz=—D[——-+ym] (3.109)
¥ _h_L ¥ ay2 ax2
hi2 2
M, = | t,zdz=~(1-1)D ow
~hiz axay
3
trong d6: D:i—{— (3.110)
12(0-v7)

dugc goi 12 4o cing try clia tdm, ¢dn ¥ 12 he s6 Poisson.

Thé cdc biéu thitc (3.109) vao phuong trinh (3.106) ta nhan dugc phuong trinh dao
dong udn cha tAm mong theo 1y thuyét Kirchhoff

4 4 4 2 .
D[fo”afza\;z +zy‘f]+ph;—f=p(x.y.t) (3.111)
4 4 4
Néu ta sir dung todn ti:  A> = 9 +2 0 + 9 3.112)

Y axlay?r oyt
thi phuong trinh (3.111) ¢6 dang:

DA*w(x 62_w_
.¥.1)+ph e = p(x,¥,1) (3.113)

Né&u chi xét dao dong udn ty do cha 14m, ta 14y p(x,y,t) = 0, tir phuong trinh (3.113) ta
suy ra:
2
DAzw(x,y,t)+ph‘3;t—;”=0 (3.114)
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Ta tim nghiém phuong trinh (3.114) duéi dang:
wix,y,t) = W(x,y) sin{wt + §) (3.115)
Thé (3.115) vao phuong trinh (3.114) ta ¢6:
AW (xy)-B'W(xy) =0 (3.116)
trong d6 ta ky hieu: p* = ﬁzDih (3.117)
Phuong trinh (3.116) c6 thé viét dudi dang:
(A-B*)A+BHW(x,y)=0 (3.118)
trong dé todn tir A ¢é dang:
o 8
= o + gz.
Nghiém cta phugng trinh (3.118) c6 thé tim dudi dang:
W(x,y) = W (x,y) + Wy(x,y)
trong d6 W, W, tuong iing 14 nghiém ciia cdc phuong trinh:
AW, +B2W, =0 (3.119a)
AW, —B2W, =0 (3.119b)

Néu x€t bai todn dao dong ty do chia t&m trén nén dan héi, thi phuong trinh dao dong

tr do clia tdm 6 dang:

8% w

DA2w+cw+ph—2-=0
ot

Phuong trinh nay ¢6 thé dua vé dang (3.116), néu ta ky hiéu [34 =

3.3.2. Dao déng udn cua tdim méng hinh chir nhat

a. Dao dong tu do

Phuong trinh vi phan d6i vdi cdc dang dao dong riéng cia tdm

A'W-B*w =0

Trong h¢ toa d6 D¢ cdc vudng gdc, phuong trinh (3.120) cé6 dang:

4 4 4
[54+2 4 2+a4]W—B4W=O
X ox°oy" &

(3.120)

(3.121)

Ta tim nghiém phuong trinh trén dudi dang W = W+ W,. Trong d6 W,;, W, 1a

nghiém cia cdc phuong trinh:
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dang:

2 2 ]
{a_+a_ W, +B*W, =0

2 2
[E_Jra— W, -B*W, =0

(3.122)

(3.123)

Ap dung phuong phdp tdch bién ta tim duge nghiém clia phuong trinh (3.122) c6

W (X,¥) = A sinaxsinyy + A, sinoxcosyy
+ A;cosaXsinyy + A  COSAXCOS Yy

Véi o +y? =p?

(3.124)

Ciing dp dung phuong phdp tich bién, ta tim nghiém phuong trinh (3.123) duéi dang:

Wa(x,y) = X(x) Y(y)

Thé biéu thtc (3.125) vao phuong trinh (3.123) ta duge
2 2 2 2

vy X x &Y pixy-o 14X 14

dx dy X dx?

Y dyz

Tir dé suy ra:

2
g_—zxzo
dx

2
%_'21{:0
dy
0.’.2 +,?2 :BZ

Nghiém ciia cdc phuong trinh (3.127), (3.128) ¢6 dang:
X(x) = C; sinhax + C, coshax
Y(y)= Cysinhyy + C, coshyy
Nghiém ctlia phuong trinh (3.120) bay gid c6 dang
W(X,y) = A sinaxsinyy + A, sinaxcosyy
+ A4 cosOXsinyy + A 4 cosaxcosyy
+ A g sinh axsinh ¥y + A ¢ sinh axcosh ¥y
+ A; cosh axsinh¥y + Aq cosh axcosh vy

Trong d6 a? +y2 =a? +¥2 =p?

+[3,2

(3.125)

(3.126)

(3.127)

(3.128)

(3.129)

(3.130a)
(3.130b)

(3.131)

(3.132)

Céc gidtricla o, v, a,¥ va do dé clia B va o duoc xdc dinh tir cdc diéu kign bién.
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Thi du 3.8: Tim 14n s6 riéng va dang dao déng riéng clia t4m hinh chif nhat tra ban 1&
trénbéncanh bienx=0,x=a,y=0,y=h.

Lai gidi: Do lién két & trén bién 12 tva ban 1, nén chuyén vi vh moémen uén & trén bién
déu bang khong. Ta c6:

2 2
Trenbitnx=0,x=a: w=0, M, =0 - 6W+ 6_w

x? oyt
*w 8w
Trén biény=0,y =b: w=0,My:0 > —+7y—==0
oy? a2
o N ow 8
C)trencacblénx=0,x=atud1éuklenw=0tasuyra—=0, Ey—2—=O.T1r0'ngtL_I
A gt w 8* .
nhu vay, & trén cdc bien y =0, y = bdo w = 0 nén ta ¢cé —6;:0’ §=0.Kethqpvmcac
diéu kién bién & trén ta suy ra:
2
x=0, x=a: W=0, a‘fzo (3.133)
ox
2
y=0, y=b: W=0, aw:O (3.134)
By?

Tir c4c didu kién bién & trén, cdc hing s6 A,, ..., Ay trong biéu thic (3.131) déu bing
khong. Vay ta con:

W(x,y) = A sinax sinyy (3.135)
Pé cho A, # 0 ta suy ra;
sinoa=0 — o,a=mn, m=L2,...

sinyp=0 — y_,b=nn, n=12,....

2 2
s ae P 71l m n
Tir dé ta c6 Bﬁm =T H;] +[—6J }

Céc tdn s6 riéng cua tdm hinh chit nhat tya ban 18 trén b6n canh ¢6 dang

2 2
W, , = f““JE”z\/EKEJ +[EJ} {m,n=1,2.) (3.136)
o " Fmaglon ph i\ a b

Tir bidu thic dang dao dong rieng (3.135) va tdn s rieng (3.136) 1a suy ra nghiém cla
bai todn dao dong tr do cita t&m hinh chir nhat tua ban 1€ trén bén canh bién:

x - . 2 2
w(x,y,t):Z{ ZIAM sin%’ix sinn—;ty sin{rtz\/;Eh H%) +(Eb] ]HSM} (3.137)

trong dé céc hang s6 A, , va 8, ; dugc xdc dinh tir cic diéu kién déu.
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Thi du 3.9 : Xdc dinh phuong trinh dic trung va cdc tdn s& riéng cla tfm hinh chif
nhét hai bién x =0, x = a tua bin I¢, hai bién y =0, y = b ngam chat (hinh 3.19).

Loi gidi: Tim nghiém dudi dang (3.131) khong thuan tién. Ta tim nghiém phuong
trinh (3.120) duéi dang:

Y
W(x,y) = sin == Y(y) (3.138)
b pa
RO rang véi m = 1, 2, ... biéu thitc nghiém nay sé& thoa
min tir dong diéu kién bién:
2
x=0,x=a: W=0, 6\:I=O
X ' .
L 0 a X
Thé biéu thiic nghiém (3.138) vao phuong trinh (3.120)
ta nhan duge phuong trinh vi phin thudng: ) Hinh 3.19
2,2
YV -2 Y'+[&—B4]Y 0 (3.139)
a’ a

Nghi¢m t6ng quat cha phuong trinh vi phan c&p bén (3.139) ¢6 dang
Y(y) = C, coshAy + C, sinh Ay + C, cos ky +C, sin Ay (3.140)

“trong dé

2.2 _ 2.2
:’ghm;‘ , x:#ghm;‘ (3.141)
a a

Do c¢dc bién y = 0, y = b ngam chat, cdc diéu kién bién ¢6 dang:

y=0, y=b : w=0, %_0 > Y=0, Y'=

Vay nghiém (3.140) phai thoa méan cdc diéu kién bién sau

(Y')yeq = ACy +AC, =0 (3.142b)
(Y)y=p = C; coshAb + C, sinh Ab + C cos Ab + C,, sin Ab (3.142¢)
" (Y"),_p = AC, sinh &b + AC, cosh Ab — ACs sin Ab + AC, cos Ab (3.142d)
bé cho C,, C,, C5, C, khong dbng thai triet tieu, ta suy ra phuong trinh dic trung
1 0 1 0
0 A 0 A

coshAb  sinhAb  cosAb  sinAb
AsinhAb Acoshib —A sinAb  AcosAb
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Tir d6 suy ra:
20X (cos Ab cosh Ab— 1) + (A2 — A2 )sin Ab sinh Ab = 0 (3.143)

Chu y dén cdc k¥ hiéu (3.141), tir (3.143) ta giai ra cdc nghiém (Ba)y, - Sau do chu ¥
dén hé thirc (3.117) ta tinh dugc t4n s6 rieng ®

2 [D _(Ba)? |D
= -~ = — 3.144
0 BJ; > \/:h (3.144)

b1 véi tdm hinh vuong (a = b) ta cé:

(Ba)i, = 28,946 ; (Ba)}, =54.743; (Pa)l, =69,320:.....

Cudi cling chd ¥ ring biéu thic nghiém (3.131) khong phai luén luon thuan tién khi
biéu dién nghiém t6ng quat chia phuong trinh (3.120).

b. Dao déng cucng hirc

Dao dgng udn cudng biic khong can cla tdm hinh chit nhat duge bi€u dién bai phuong
trinh vi phan

2
DAzw(x,y,t)+ph1—f=p(x,y.t) (3.145)

Dé tim nghiém riéng cha phuong trinh (3.145) ta ¢6 nhiéu phuong phdp khac nhau,
Néu da biet duge cdc ham riéng cla bai todn dao dong ty do W, (X,y), ta cé thé tim mot
nghiém riéng cla phuong trinh (3.145) dudi dang:

WKLY, = DY Wi (X, Y000 (1) (3.146)
m=1n=l

trong d6 qy, (t) 1a cdc ham cén tim. Dya trén tinh chdt tryc giao clia cdc ham rigng, ta c6 thé
tim phuong trinh vi phan d6i v6i ham q, ,(t) tuong tu nhu trong tinh todn dao dong udn clia
dam.

Thé bidu thitc (3.146) vao phuong trinh (3.145) ta duge:
3 3 [DAW 0 ()0 (04 PE Wi (%, i (O] = PO, (3147
m=ln=1

Do W, ,(x,y) 1a cidc ham riéng nén theo phuong trinh (3.116) véi chii ¥ dén (3.117) ta
cé:
DA*W,, , = 0% .phW_ (3.148)

The biéu thirc (3.148) vao phuong trinh (3.147) ta suy ra:

> Z[phirim_n(t) + 0 opha L (DWW, (6, Y) = pX, ¥, 1) (3.149)

m=In=1
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Nhan hai v€ clia phuong trinh (3.149) v6i ham riéng W (x,y) réi 18y tich phan trén
dién tich mat tdm, chd ¥ d€n tinh chat tryc giao cla ham riéng:
{= 0 khi i=m hoic j#n

_me nWi_jdXdy - N .
R # 0 khii=m va j=n

A

ta nhan dugc hé phuong trinh vi phan thudng déi véi qg, 4(t):

G (U + mﬁ'\_n Qm,n(t) = # (1) (3.150)

IJP(X, y‘t)wm,n(x-Y)dxdy
véi fm,n(t) =-A I

5 (3.131)
Wo (X, y)ydxdy

A
Viéc giai phuong trinh (3.150) di dugc xét k¥ trong chuong 1.

Neéu khong bi€t trude cdc ham riéng W, (X,y) ta 4p dung phuong phdp Ritz-Galerkin
tim nghiém phuong trinh (3.145) dudi dang

WX, 0= DY 0;(XY)q; (1) (3.152)

i=1 j=I

trong d6 ¢; j(x,y) dugc chon sao cho thoa méan céc diéu ki¢n bién.
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PHAN II
DAO PONG TAU THUY

CHUUNG 4
NHAN XET CHUNG VE DAO PONG TAU THUY

4.1. TONG QUAN V£ DAO PONG TAU THUY

Than tau thuy c6 thé xem 12 mét hé khéng gian bao gém nhiéu phan tit k&t cdu c6 gan
(g®). He n2y c6 phé tdn s6 riéng day dac. Than tau chiu kich dong bai mot s6 lugng 16n cic
luc kich thich v6i phé tdn s6 ciing day dac nhu vay, gay ra nhimg dao dong. Nhimg dao dong
nay la su pha rén phite tap cic dao dgng ¢é cac tin s8 khdc nhau. Do vay, khéng tranh duoc
c4c hién tuong cong hudng.

V6i mot con tau hoan chinh phai triét tiéu hojc gidm bét cdc dao dong khong dugc
phép, néi chung phai sir dung cdc bién phép rit t6n kém. Do vay, cin 6 sy nghién ctru cang
s6m cing t6t vé Anh hudng cla trang thdi dao déng tau thuy.

Céc c6 gdng vé mat nay clia cdc k¥ su tap trung chil yéu viio cdc cong viéc sau:

- Gidm thiéu céc lyc kich dong thuy luc qua cdc b6 tri cdc bé phan ddy (xung luc) va
hinh dang phia sau cia tau.

- Quan tam dén cdc kich dong dao dong, déng luc hoc cla mdy khi thiét k& cac thiét
bi mdy.

- Tinh toan so bo tinh trang dao dong coa than tdu va cdc bo phan két cfu cia né, lwu
tam dén két qua tinh todn nay dé tranh cic dao dong khéng duoc phép.

- Do dac dong cha toan bd con tiu hoidc mot bo phan hoan chinh cha tau & tai bén
cang va trong hanh trinh chay, réi phan tich két qua do.

Su kich dong cla cdc dao dong co hoc én tau xay ra do sy thay ddi 4p sudl gay nén
boi chan vit vao phin ngoai & pham vi chan vit, do su thay ddi cia cdc lyc tdc dung 1én chan
vit, qua hre quén tinh va momen luc qudn tinh ty do clia cdc may mée chinh va phu, va qua
song bién.

Chl yéu 6 day 1a cdc luc kich dong thuy luc. Boi vay phdi ¢é cdc c6 ging d€ cdc luc
kich dong nay & mitc thap nhét c6 thé, thong qua viéc bé tri tuong ing cdc bo phan tao sic
day va hinh dang (au thuy & mifc thip nhit c6 thé.
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Nhitng van dé lien quan trén & trén thugc vao pham vi cla déng luc hoc thuy fuc thu
thuy. Su hi€u bi€t vé€ mat ndy dd duge md rong ddng ké trong thai gian gin day va di ¢ kha
nang tinh todn cdc lyc kich dong thuy luc phy thudc vio cdc tham s& thiét k€, véi do chinh
xac di dung.

Cdc kich dong dong luc hoc mdy do cdc hyc qudn tinh va momen luc qudn tinh khong
can bing duge x4c dinh khd dé dang. Khi thiét K€ cdc thiét bi m4y bén canh viéc phai dat
duge cdc yéu cdu k¥ thudt va kinh t€ thong thutng ta ciling phai ¢ ging gidm cac kich déng
dao dong cang it cang tot.

Viéc bd tri va 1am can ddi cdc dai than thu moét cdch hop 1y theo quan di€ém dao dong
dan dén vi¢c tinh todn trang thdi dao dong clia né. Do vay sy phat trién, thudng xuyén cai
thién cdc phuong phdp thudng gip vé tinh todn dao dong rieng va dao dong cudng bic cla
thin tau va cdc phin ciu triic cua nd 13 nhiém vu quan trong cla k¥ su k¥ thuat tau thuy,

Do cdu tric rat phic tap clia than taw nhur 13 mot hé khong gian cde (4m cé gan, trang
thai dao dong clua né cling lién quan dén cic dao dong cha cdac phan thudc hé va ban than
ching it nhiéu cling lién quan vdi nhau. Tir cdc quan sat riéng 1 s& cho ta thdy cdc dang dao
déng dac biét troéi hon hin. Dao dong toan thé va cuc bo clia than thu ducc phan biét theo y
nghia trén.

Ching ta nghién citu dao dong than taw téng thé khi cdc chuyén vi ngang va doc cba
truc dai cla tau hoac 13 sur quay xung quanh truc nay tréi hon so vdéi cac bién d6 dao dong
cla cdc dai than tau riéng. Trong trudng hop ndy, thin thu c6 thé quan niém nhu 13 mét ddm
trén mat nude, trong dé khong cin chi ¥ su két ndi véi cdc hé toa 4o dia phuong.

Mat khdc, ching ta khao sdt dao dong cuc bo, khi su ghép néi cdc dao dong cia cdc
céu tric cuc bd vdi cdc cdu tric 1an can va v6i dao dong téng thé cha thin tiu 12 nhd bé, ma
anh hudng clia né duge phép bd qua. V& nghia dé, cdu tric cuc bo s& duge tdch tir bo téng
thé dé nghién citu.

Dac biét, cdc k&t n6i chit ché cha cdc cdu tric cuc bd riéng 1é v6i dao dong t8ng thé
cé thé duge hiéu qua céc té hop mo hinh hod ddm 1y tudng véi cdc dao dong cuc bs. Cic
tinh todn so bd cia dao ddng ddm c6 mitc do chinh xdc di dung trong hdu hét cdc trudng
h¢p thuc té. .

Ngugc lai, cc tinh todn vé dao dong cuc bo con gap phai cdc quan sdt chua di dé tin
cdy. Chiing ty gidi han chung & cdc tinh todn cia cdc cdu tric dia phuong dic biét.

Bén canh dao dong than tau con xudt hién dao dong udn, doc, xoin cla truc truyén
dong ma cdc tinh todn clia né la can thiét. _

Mot s6 vdn d€ Khdc trén tau thuy la g6i d& dan héi cla cdc mdy mée. Trong trudng
hop rieng biét ngay ca céc phan trén cta tau cling duoc két ndi dan héi vé than tau, véi cich
thitc nhu vay ta gitt duge miic do dao dong duge phép trong cde¢ phong ngﬂ-,)i)hbng lam viée.
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Viéc do dao dong tau thuy c6 mot y nghia tn. Vi viéc so sanh cdc gid tri do dugc va
gid tri tinh todn cho phép két luan vé mo hinh dva ra dp dung, cic phuong phép tinh todn va
nay sinh cdc tham s&. Bén canh cdc phép do trong hanh trinh chay con ¢6 cdc nghién ctu vé
cdc kich dong nhan tao, cic dao dong dic biét clia con tau duge kich dong dao dong ngay &
bén cang. Viec sir dung cdc ddu hiéu do dac, sy phan tich ching va dénh gid cfing déng mot
vai trd khd 16n.

4.2. CAC NGUON KICH PONG LEN TAU THUY

Céc kich dong quan trong nhat cia nhimg dao dong co hoc trén tau thuy 1a cic thay
ddi cta cde lyc doc true, lye ngang (& viing nuée chiy phia sau) va cdc mémen tdc dung lén
chan vit cling nhu viéc thay d8i dp luc gay ra bdi chan vit.

(4c dai lugng luc tdc dung 1én chén vit duge truyén 161 truc din va céc 8 truc trén than
tau trudng hop cong hudng udn khi gap phai, ¢ thé cdc luc ndy tang 1én mét cich ding ké
v dan t6i cdc dao dong c6 hai trén than tau. Tuy nhién trong nhiéu trudng hop, cic lue tic
dong leén phia duéi tau do viéc thay doi dp luc 1a co bin. Ngoai ra, cic tic dung ciia dao
dong kich dong cdn xuat phdt tif céc luc khdi lugng va cdc momen khéi lugng mat can bing
cla cdc mdy chinh va may phu, ciing nhu tir cdc mdy khic duge dat trén boong. Céc luc khi
thé trong déng co d6t trong ciing gay nén céc dao dong kich dong.

Cu6i cling c6 thé séng bién ciing 12 nguyén nhan gay ra dao déng dan héi cia than
tau. Ben canh dé, cdc kich dong dac biét do Slamming déng mét vai trd ding quan tam.

4.2.1. Kich déng dao dong do chan vit

Chan vit 12 ngu6n kich dong quan trong nhét cho cdc dao doéng cita tau thiy. Boi vay,
nhiéu ¢& ging da ducc thye hién dé nghién citu cdc quy luat cé lién quan va dé tim ra cdc
phuong phip ¢é hi¢u qua nhim gidm thiéu cdc luc kich dong nay. Cic vin dé c¢é lién quan
dén di¢u ndy thuoc vé pham vi clia thuy dong lyc hoc tau thiy va khong phii la d6i weong
clia quyén sach nay, O day chi mo ta nhimg hién tugng quan trong nhit khong thong qua
viéc khao sdt v& mit giai tich.

4.2.1.1. Kich dong do khot léch tam ciia chdn vit

Do cdc d6 léch bdi ché tao khong thé tranh khoi, truc quay va truc quan tinh chinh ciia
chan vit khong tring nhau mét cach chinh xdc. Thong qua dd, xuft hién cic luc qudn tinh va
cidc mémen quin tinh. Hinh 4.1 chi ra cdc m6i quan hé vé mat hinh hoc.

X, ¥, z 12 ¢dc tryc cla k¢ toa do tinh, &, n, ¢ Ia céc truc toa do clia hé gin véi chan vit,
truc & trung véi truc quay, va truc 1 di qua khéi tam chia chan vit.

Do d6 léch tam ¢, xuat hién mot lue li tdm quay clng véi chan vit:

Fy= em’ (4.1)
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Ta biéu thi chiing nhu 12 lue tinh do kh6i léch tam gay ra. m biéu thi khéi luong ciia
chén vit va € 1a van t8c gdc clia chin vit.

Hinh 4.1. Khdi I&ch tAm tinh v& déng luc cla chan vit.

Luec tinh do léch tam nay 12 mét luc kich dong bac mét, ¢é nghia 1a chiing ¢6 tdn s6
bang tdn s6 quay cla chan vit. N€u truc quay khong tring véi truc quédn tinh chinh, khi d6
xudt hién thém mét moémen qudn tinh tudn hoan theo s§ vdong quay.

Mg 0
M, |=Q% I (4.2)
M, —Ign

& day ta coi gdn ding van t6c géc 1a hang s6. Iz va g, 1a momen qudn tinh chif nhat
1dy theo cdc truc gin chat véi vatran &, n, G.

Ngoii cdc luc léch tim nay con xudt hién cdc sy 1&ch khdi lugng thuy dong lue, khi
ma timg cdnh chan vit riéng ré khong duge can bing. Theo d6, do doc khdc nhau ¢6 anh
huong rat 16n. Nhitng luc va mémen lue tdc dong lén chan vit duge chi ra & hinh 4.2, Taj
mdi canh thir k cha chan vit tdic dong mot lyc hudng truc F,y theo hudng x va mot luc tiép
tuvén F theo hudng chu vi. Hop luc cia chiing dudi dang vecto:

EFuk

F
F = F, | = | - ZFk cos[(p+2—zﬂ(k~l)jl (4.3)
F

- 2F, sin{(p + EZE (k - 1)]

k=1,2,..., z trong d6 z 1a s6 cdnh clia ch4n vit
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Hinh 4.2, Luc va mémen luc & chan vit.

Céc luc khdc nhau clia riéng timg cdnh tao ra mét mémen:

- -

0

M
M=|M, | =|-ZF,r coslicp+%(k—l)} (4.4)
M

ZFIk I Sin[@ + % (k - l):|

Ca hai vecto niy quay cung vdi s§ vong quay ciia chan vit. Vi tham s@ hinh hoc ciia
chan vit da biét cho phép tinh todn dugc cdc vecto nay.
4.2.1.2. Cdc kich dong gdy ra boi luéng nwéc do chdn vit

Lubéng nuéc xung quanh chan vit 13 khong déu. Hinh 4.3 chi ra mot vi duy cha viéc
phan bs luéng nude ti€p tuyén va huéng kinh trong mit phing cia chan vit clia mot tau thuy.
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Hinh 4.3

Trong d6 v la van t6c¢ coa tau thay, v, = v — v, 1 vin t6c¢ lubng nude phia trude, v, 12
téc do ludng phia sau theo hudng truc; vy, v, 12 cdc thanh phén ti€p tuyén va huéng kinh
cha vén toc ludng phia sau Vog:

Do tinh khong déu cila van téc ludng nudc phia trude, chan vit chiu tic dong do céc-
lue va cdc momen thay ddi ¢6 chu ky theo moi huéng, ngay ca khi van téc clia tau va tdc do
quay clla chin vit khong thay doi. Viéc xudt hién nhiing luc bi€n déi nay duoc bidu dién mat
cdch don gian trong hinh 4.4,

df,

Hinh 4.4. Luc va van t6c d mat cit chan vit tai luéng phia sau tau.
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Trong d6 u, va u la cdc van t6c b8 sung duoc tao ra bdi chinh ban than chan vit. Céic
van t6c cia luéng nudc phia sau v, va v,, phu thuéc vio ¢, tic dong 1én vi tri géc ¢lla chan
vit o (@) va tuong Umg véi cac luc ddy va 1i€p tuyén khic nhau dF, va dF,. Moi su thay déi
cua luéng tao ra tai cdc bién clia cdnh chan vit céc luéng xody. Bdi vay chan vit lam viéc
khong dimg. Véi truong hop ludng phia sau da biét cho phép biéu dién van t6c lubng phia
sau v, (9), v, (@) thanh chudi Fourier. Cdc thanh phin diéu hoa clia géc ot.{¢) dugc xdc dinh
bdi biéu thie:

V_Vna((p) + ua

= o - arct
%) =a arcg2r:rtn—v.1m(q::)~ul

(4.5)

Nh& viée tuyén tinh héa cho phép thiét 14p cdc méi quan hé truc t11€p gilta cdc thanh
phin diéu hoa ciia a,(@) va céc lye tic dung tai cdnh cla chan vit. D6i véi timg cdnh riéng,
ta tich phan theo toan bo bdn kinh céc luc tiép tuyén F, (¢) va luc diy F.x(@), sau d6 ldy
t10ng cdc dai lugng ndy trén toin bo cdc cdnh clia chan vit, k = 1, 2,..., Z, n6 cho phép xac
dinh duoe luc ddy F (), cdc thanh phin luc cit theo huéng thing dimg va nim ngang F(y)
va F,(¢), mémen xodn M(¢) vi mémen udn My(9) va M,(9) tdc dong 1én chin vit (xem
hinh 4.2). Céc diéu hoa cd hiéu qua cho moémen diy va quay la m = i.z, cho lue cét va
momen udn la m =iz = 1 (i = 1, 2, 3). Phuong phédp nay di duge biét tir trude, chiing cho
khi ning tinh todn cdc luc va mémen kich déng véi do chinh xdc di dung. Nhung viéc xac
dinh vi tri pha cha ching van gip sai s& khd 16n.

Vigc tinh todn ndy tuy nhién gap khé khin do luéng khong gian khong dimg, duge
hinh thanh xung quanh chan vit va g4p phéi nhiéu bong béng nudc. Néu thuc su tai luéng
xung quanh cia canh chn vit, dp lye gidm xuong gdn bang dp hyc cha hoi nudc thi tai cdc vi
tri nay hinh thanh cac khoang réng chia khi va hoi nuée. Viec di chuyén clia cdc bong béng
nay lam thay ddi vi tri, dang va dé 16n cha géc luong. Chiing gap nhau khi 4p luc trong
luong lai tang hon 4p lyc clta hoi nude. Hiéu tmg nay anh hudng co ban dén cic luc tic dung
lén chan vit

4.2.1.3. Xung dp luc kich déng tir chdn vit lén thdn tou

Ngoai chan vit van t6¢ clia tau cfing bi bi€n déi, do s canh chan vit 1a hifu han va cic
ap luc tc dong lén than tau bién déi véi nhip d6 clia canh chan vit da tao ra moét sy thay doi
cO tin s6 goi 12 tan 56 tAm. Sy thay d6i cua dp luc nay cé tdns6la v =inz(i= 1,2, 3) trong
d6 z1a s6 cdnh clia chan vit; n 1a s6 vong quay /phiit. Cdc bong béng giip phai trén canh ciia
chan vit mot cdch thudng xuyén hoac tuy timg thdi diém 1am gia ang xung 4p luc nay. Hién
nay da c6 nhiéu phuong phdp s6 khac nhau dé tinh toin xung 4p luc nay nh& méi quan hé
vai sir hinh thanh bong béng.
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Su phut hgp clia cdc két qua tinh todn trén véi cde gid tri do duge trén tau va mé hinh
tau tuy nhién vin con 13 moét vin dé.

Cac kinh nghiém tlr truSc dé€n nay da chi ra ring xung dp luc kich d6éng do chan vit ¢6
mot anh hwéng rat I6n ddng quan tam dén dao dong kich dong cia than tau, cdc dao dong
nay da dugc truyén qua tryc chan vit dén than tau.

bic bigt cdc bong béng nuéc tai chan vit téc dung khé nhiéu dén do 16m cha xung 4p lue.
Trong hinh 4.5 mé t4 mot vi du cla dé thi xung 4p luc v& mat nguyén 1y.

Trong dé ta ¢6 thé nhan thdy ring xung 4p luc 16n nhdt khoang 0,15 D gap phai trudc
mit phdng chén vit va xung ndy gidm nhanh véi ban kinh R. Tir d6 suy ra rang gifta chan vit
va 16p vo bén ngoai phai duy tri mot khodng cach di I6n.

W%M

r
xlD-

fal i ap }
m x
I

Hinh 4.5. Xung ap Iuc d8i v@i chan vit khéng bi xam thuc kh.

Ap

i

i

as 10 riD

4.2.2. Cac kich déng dao dong déng luc Ién tau thuy

Céc mdy chinh va mdy trg giip duge ding hdu hét bing dong co diesel trong nganh
déng tau thiy thoi truée. Céc lye qudn tinh v momen quén tinh bt nguén tir nhimg dong co
nay tao ra cdc dao dong c6 hai. Cdc mdy tro gitp chi kich dong dao dong cdc viing truc tiép
xung quanh ching, bdi vi nang lugng cén thiét cho viée kich dong dao dong toan thé khong
da. Ngoai ra, cdc dong co nay da phdn ¢6 cdc 6 d& dan héi nhd d6 c6 kha ning khir cdc dao
dong nhi€u bic cao. Nhu vay, ta chi quan tdm chi y&u dén kich dong dao dong cha may
chinh.
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4.2.2.1. Kich dong bdi réto citng

Céc r6to ciing tao ra cdc luc va momen qudn tinh néu chiing c6 cic lugng mit can
bing (inh hodc dong luc. Cdc mai lien hé c6 lién quan duge chi ra trong phin 4.2.1.1 & mot
vi du vé chén vit. Ching cé thé duge truyén mot cich tryc ti€p 1én cdc roto khic dat trén
boong tau.

Cdc kich dong Ién thu nhur viy cé thé€ xuidt phat tir cdéc banh di khong duge can bing
hoan toan va phdn quay c¢la dong co dién hoac 1a tudc bin.
4.2.2.2. Kich déng do cdc luc va momen qudn tinh trong dong co dét trong

Céc lyc va cdc momen quan tinh tr do tic dong tir dong co d6t trong din tdi cdc dao
déng nhiéu cla than tau. Trong nhiéu tai liéu dong lyc hoc clia cd cdu tay quay - con trugt

da dugc trinh bay mot cdch cu thé. Bi viy viéc nghién citu dudi day gidi han trong mot vai
chi ¥ va b6 sung riéng

Fu= Finx Fo

Hinh 4.6, Cac luc va mdmen tai dong co mét xylanh:
a- cic luue tac dung vao co cdu;
b- ¢dc lye tdc dung vao vo dong co.

Trong hinh 4.6 mé ta cdc lyc tic dong lén he théng phéit déng mét xylanh. Cic ky
hi¢u ¢6 ¥ nghia la:

r - bdn kinh tay quay;

m, - kh&i lugng piston;
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m;, m,, my - ba khéi lugng thu gon cia cin lic:
my - khéi lugng clia tay quay k€ ca luong déi trong;
Fg - luc khi trén piston;
M, - momen xoin;
e - khoang cdch khéi tim cia tay quay bao gém ca lrgng déi trong tinh tir truc quay.
Cac luc quédn tinh téng hgp tir hinh 4.6 din dén:
Frx = (my + m) X, + maX; — (myr - m4e).m2005(p
Fry = M3 ¥ ; ~ (Nt — mye).w’sing (4.6)
Hy, = (m; + m) X, tgf
Thong qua thanh phan luc ndm ngang H,, xuit hién mét momen lat:
My, = Hpx, (4.7)
Tir hinh 4.6 cdc m6i quan hé hinh hoc duge x4c dinh:

r(cosq)+%\/l—lz sin? tp]
r[costp+%v'l-7u2 sin? cp) (4.8)

y3=r.l — o).sing

X1

It

X3

voidA=r/lLo=s/l
Sau khi khai trién c4c can thic thanh chudi luy thira, sir dung cdc biéu thiic nay va thé
vao cdc phuong trinh (4.6), (4.7) chiing ta ¢6 cdc biéu thic cha luc quédn tinh va momen hrc
quan tinh.
Fox = —rmz[(ml +my) (cos@ + A,c0820 — Aycosdp + ...) +

+ m3.(CosP + Ay0Cos2¢ — Aocosdp + ...) + (m, + m4% J.cose]  (4.9a)

Fry = —rmz[mg (1 -o)+(m;+ m4§ )).sing (4.9b)

M. = rzmz[(m, + my) (Bysing - B,sin2¢ - Bisin3¢ — B,sinde +
+ BssinSg +  ...) - my0 (Csing + C,sin2¢ +
+ Cssinde + Cysindo + ...)]  (4.9¢)
trong dé dira vao cdc k¥ hiéu:
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2 2 4
=1 Lya| o) A 3 (C=1- 20 S A
M8 o4 A8 od 256 2016

2 2
c2=§7{1+—3~xzj-§m(1+373 = 20 A (4.10)
8 16 8 16 4

V6i cdc he théng phit dong nhiéu xylanh, cde dai luong lue cha timg xylanh riéng
duge tinh téng cong véi sy chi ¥ t6i vi tri pha clia ching. Céc lyc quén tinh tdng hop téc
dung 1&n tau c6 cac biéu thitc sau:

me == Zmek ; me =- ZFm}'k_
k=1 k=1

z z Z
Mmx = 2 2¢Fayk s Moy = = 22, Fog s My == Y M, (4.11)
k=1 k=1 k=1

trong d6 z 1a 56 xylanh va z, 12 khodng c4ch doc truc ctia xylanh thit k tir diém quy chiéu.
4.2.2.3. Kich déng théng qua cde hue khi

Trong khi tai cdc dong co dot trong nhiéu xylanh cdc mémen quén tinh tong hop M,
thudmg bang khong, cic hye khi gay ra mot momen, chiing tuong \ing véi cdc momen quay

tic dong len truc tay quay. D)6 16n ctia chiing xdc dinh tir tdng clla momen cla céc lue tiép
tuyén:

Zz
Mg = ) Fpr (4.12)
k=1
Sau khi chia cdc luc tiép tuy&n Fr thanh cdc thanh phdn diéu hoa ta cé mémen quay:

M,s = r{ank + 2 3 [a, cosm(o, +ay ) +b, sinm(p, + oy )]} (4.13)
k=1{m)

Trong d6 a,, va b, 14 cdc hé s Fourier cha cic lyc tiép tuyén Fr(p) va oy 1a géc
nghiéng vdi truc tay quay clia tay quay thit k.
4.2.2.4. Cdc luc va mémen qudn tinh cho mét vai su sdp ddt vi trf cdc xylanh

Viéc lya chon mdy chinh khong dugc phép chi theo quan diém vé quan hé tao luc
chuyén déng ma cic tic dong cha dao dong kich dong cling phai duoe tinh dén. Tir bang 4.1
ta ¢6 thé doc duge cdc dai luong va moémen quén tinh khéng thi nguyén dén bac bén véi
nhimg vi tri x€p dat khdc nhau cla tay quay va thit tr kich né déi véi mot loat moto. Cdc hue
va mdmen quin tinh duge xdc dinh tir hé thic.

Fyz) = 10°Ag (my + my + omy) fy,
Fx(4} = l'(DQAq_ (m] + mk + Umq) f(4)

Fy(1)=r(02 (ml +mk+m3) am“] (414)
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2
Fyoy=ro®A; (m| + my + om;) am,;)

2
Fya) =ro"A, (m; + my + om;) amy,

Bang 4.1. Luc quén tinh vd moémen quin tinh khéng thit nguyén
cha vai vi trf x&p dat cla tay quay

86

S6 f"' Thit ty kich nd f(2) f(4) m(1) m(2) m{4)
xylanh nd i
3 2 1-2-3 0 0 1,73 1,73 1,73
4 1.3-2 0 0 1,73 1,73 1,73
4 3 1-4-2-3 0 4,0 1,41 4,00 0
4 1-3-2-4 4,0 4,0 0 0 0
2 1-4-3-2-5 0 0 0,45 4,98 0,45
5 4 1-3-5-4-2 0 0 0,45 4,98 0,45
2 1-4-5-3-2 0 0 4,75 1,56 475
4 1-5-2-4.3 0 0 475 1,56 4,75
2 1-6-2-4-3-5 0 0 0 3,64 3,64
® 4 1-3-5-6-4-2 0 0 0 0 0
; 2 1-6-3-4-5-2-7 0 0 0,27 1,00 9,84
4 1-3-5-7-6-4-2 0 0 0,27 1,00 9,84
2 1-8-2-6-4-5-3-7 0 0 0 0 0
8 4 1-7-4-3-8-2-5-8 0 8,0 0 0 0
4 1-6-5-2-7-4-3-8 0 4,0 0 0 0
2 1-8-3-6-5-4-7-2-9 0 0 0,19 0,55 16,33
° 4 1-3-5-7-9-8-6-4-2 0 0 0.19 0,55 16,33
2 1-10-2-9-3-8-4-7-5-6 0 0 2,63 3,09 8,09
10 4 1-2-3-4-5-10-9-8-7-6 0 0 2,63 3,09 8,09
4 1-5-9-7-3-10-6-2-4-8 0 0 0 0 0

Trong dé céc chi s6 trong ddu ngodc biéu thi biac cha cic diéu hda. a 12 chiéu dai
xylanh va coi nhur 1a hdng 8. Ta gia sir rang cdc khéi lugng chuyén dong d6i véi tat ca cdc
xylanh 13 bang nhau

Bing 4.1 da chi ra ring cdc mOmen quén tinh trong nhiéu trudng hop khong duogce can
bang. Tai cic mdy chinh v&i tdm xylanh ¢6 thé cdc mOmen qudn tinh niy ndm gdn mot nut
dao dong cua dac dong hai hoac ba nit cia than tdu. Trong trudng hgp ndy, cic momen
quan tinh tir do ¢6 thé gay ra cdc dao dong clia than tiu 1én qué mitc cho phép.
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4.2.3. Kich dong héi séng bién

Séng bién ciing gy ra cic dao dong cha than tau. Chiing ta phin biét cdc kiéu kich
dong sau:

- Coi than tau nhu 12 vat thé cing chuyén déng trong nude. Qua dd hinh thanh céc dao
dong vdi tan s6 thdp cla cdc luc vd momen cit trong mat cit ngang clia than tau.

- Kich dong va cham do Slamming. Qua dé gy ra cic dao dong tit ddn nhu 12 c4c dao
dong riéng. Cic va cham gap phai mot cdch ngiu nhien. Ching ta biéu thi Slamming nhu 12
cdc dinh 4p lyc gap phai trong thdi gian ngdn va c6 gidi han vé vj tri, chiing xuat hién khi
phia trudc hodc phia sau tau ngap dudi nude. Hién tuong nay di duge quan tam rit 16n trong
thoi gian gdn day, vi ¢6 thé xudt hién cdc yéu cdu vé do 1én cla hién tuong duge néu din
trén.

- Kich dong dao dong ciia thin tau do cic phdn gidu ning lugng tai tdn s6 cao clia phé
dong bién. Hién tugng ndy thudng chi gap tai cdc tau 16n v xudt hién hién wong dao dong
vGi hai niit.

Vigc phan biét hai kich déng duge néu cudi cing thong thudng 1a rat kho khan.

Séng bi€n khong déu 12 mat qud trinh nglu nhién, qua trinh nay c6 thé duoc bidu dién
boi dai lugng da bigt thong thudng. Nhiing khédo sét tinh todn dao dong tin s6 cao duge kich
dong boi séng bién 12 rdt khé khan va hién tai né ciing khong dam béao duge doé chinh xdc
can thiét. Nhilg nhan xét du6i day dugc riit ra tir kinh nghig¢m:

- Dao dong kich dong séng bién cha than tau tang theo chiéu dii thu, Do vay ta chi
quan tdm van dé nay déi véi nhimg tau 1n.

- D6i v6i phan chim trong nuéce, nhimg dnh hudng kich dong bi gidm do quy dao
chuyén dong tat din.

- Khi vén t6c tang, dnh hudng cta kich dong cling tang.

- S6ng c6 gbc nghiéng tang, s& lam tang kich dong dao dong.

- Huéng cia séng bién ¢ anh hudng khd 16n. Tac dong kich dong 16n nhat xdy ra khi
tau chuyén déng nguge chiéu séng bién.
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CHUCNG 35
DAO PONG THAN TAU THUY

5.1. DAO PONG TONG THE CUA THAN TAU
5.1.1. Nhan xét chung

Sau phdn phan loai so bo dugc trinh bay trong chuong trude, chiing ta phan biét ba
kiéu dao dong than tau dudi day:

- Dao dong toan thé than tau, tai d6 khéng cé viée néi o rét véi cac dao dong cuc bo.
Khi dé than tau duge coi nhu 14 ddm néi boi trong nude.

- Dao dong cuc b cla than tau. Trong trudng hgp nay cdc cdu tric cuc bd duge coi
nhu 13 hé khung phing cé goy tach biét v6i nhau, trong dd tai ving bién cdc diéu kién bién
thue ¢6 thé duge thiét lap.

- Dao dong dong thdi, trong d6 cdc dao dong cia ddm tuy 1a troi nhung céc phin cau
tric cuc bo cting dong thoi dao dong va c6 sy két ndi v6i nhau. Mot 16p dic biet trong céc
dao dong nay la cdc dao dong clia phin 14i, phdn ndy di dugc thiét k& ché tao tir trude.
Thong qua d6 ching mudn chiing t6 ring, ving ndy khong duce phép coi nhv 13 ddm nifa.
Ngoai ra con mét dang dién hinh nita 12 dao dong dudi tu {(ciing da dugc thiét ké tir truéde),
trong khi ta thudng chi nhan ra cdc dao dong it 6i trong phén than tau con lai.

V&i khdi niém dao dOng toan thé than tau, ching ta phan biét cdc dao dong udn theo
phuong diing, ngang va dao dong xoln, dao dong doc. Dao dong udn ngang bao gid ciing

duge ndi v6i cdc dao dong xodn do tinh khong ddi xing clia mat cit ngang than tau. Trong
hinh 5. 1 1a céc dao déng duge mo ta vé nguyén 1y,

L Dao déng mdi tau
| Dao déng cuc bd cia boong
r’ 1 L —

| e T ] -
T- " I 1"""-..._. &I —_.._‘,f

Dao dong cuc bd cla day tau

- — z
_‘_,,.«"" ., »
] RS

Hinh 5.1. M6t vai kiéu dao ddng clia than tau:
1- dao dong thing dimg véi ba niit; 2- dao dong ngang vdi hai niit; 3- dao dong xoén.
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5.1.2. Gi6i thiéu mo6 hinh tinh dao dong toan thé than tan

5.1.2.1. M6 hinh ddm

V& mé hinh ddm, than tau duge coi nhir [ mot ddm bai trong nudce. Bén canh do, ta
ciing tinh dé€n viéc tdc dong quan tinh clia nude chuyén dong cing giy ra do dao dong dan
héi cua dém, thong qua dai lvong duge goi 12 khéi lugng nude cing dao dong, khéi luong
nudc nay ducce bd sung thém vao khéi lugng clia tau thuy.

Mo hinh don gian nhit 12 dam Euler - Bernoulli. Tai cdc bac dao dong cao, cdc bién
dang truot do luc cdt va momen quan tinh quay xung quanh truc nim ngang khong dugc bd
qua nita. Boi vay mé hinh Euler - Bernoulli chi duge phép ing dung cho tinh todn "the" cdc
bic dao dong thap nhat. Nguge lai, cdc dam Timoshenko ¢6 tinh dén cdc anh hudng cua bién
dang trugt, va boi vy né mo td mét mé hinh ding duge cho nhiéu trugng hop dé tinh todn
cdc dao dong toan thé than tau, chimg nao viec k&t néi chat ché vé6i cdc dao dong cia ciu
tritc cuc bo khong déng vai trod gi .

M6 hinh ddm St. Verant - Bredt dugc dung dé tinh todn tho dao dong xodn. Ly thuyét
trong mo hinh nay bd qua sy "vénh" ciia mat cit ngang va nhitng tdc dong tir 6. Viéc giam
cdc do cing xoédn do c6 16 héng 16n duge tinh gdn diing. M6 hinh clia ddm Wlassow ¢6 tinh
dén sy vénh cla cdc mat cét.

Mot 16 hgp véi ddm Timoshenko tao kha nang tinh dén viéc bign dang trugt do luc cit.
Tuy nhién, mo hinh dim khong thé xét duge sy lién quan giita dao dong dia phuong va
cdc bién dang trugt ciia tdm.
5.1.2.2. Mé hinh tdm va mo hinh tdm - thanh

V61 mo hinh thudn tdm, than tau duoe coi nhu 12 mot cdi ddm hop. Tai dé boong, than
tau, suon tau durge mé hinh 13 cac tdm (xem hinh 5.2).

Hinh 5.2. Than tau nhy [ dam hop.
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M9 hinh nay khong cho phép quan tam dén su thay déi thiét dién. Tuy nhién, né phii
hop vai viee khao sdt mét cdch ¢6 so sdnh tic dung chia bién dang trugt va cia luc qudn tinh
doc truc & day boong va sudn tau.

Véi mo hinh tdm - thanh, than tau duge coi nhu mét hé phang ciia thanh va tdm nhu
hinh 5.3.

Hinh 5.3. M& hinh t&m - thanh,

Thong thudng sy 4p dung mo hinh nay lién quan d€n phuong phap phdn tr hifu han.
Boong, day va tdt ca cdc ngan cich va két néi 6 day giam xudéng thanh cdc thanh, ching
dugc n6i véi cdc phan tir tdm d€ vo tau chay bao quanh. Trang thdi tng xit clia cdc phin thist
bi 1dp thém duge thi€t 1ap nhd moé hinh t4m - thanh t6t hon hin 13 nhd mo hinh ddm. Phai hét
stc ¢4n than khi xdc dinh tham s& cho cdc 14m va thanh thay thé.

5.1.2.3. M4 hinh khong gian

Viéc 1y tuéng hod than tau nhu 12 he khong gian cdc hé khung phéng cé g& phan dnh
t6t nhat thyc €. Trong dé, than tau duge phan chia thanh cdc phdn tit t4m citng hoic cong.
Tuy theo viéc dat bai todn, ta ¢é cac kha nang dudi day:

Trong h¢ thdng chung, d6i véi cdc tdm ta dé cap dén ca bién dang udn, ca bi€n dang
tdm va viéc k€t ndi chiing théng qua cdc g udn khd cing.

- D31 v4i cdc t4m ta chi quan tAm bién dang tdm trong hé théng chung va déi véi cic
gd cimg ta chi quan tam stic bi¢n dang doc truc. Bdi vay cdc dao dong uén cuc bd khong
dugc xét.

- Trong timg phdn bi€n dang udn va bi€n dang tdm duge lién quan vé6i cde thanh phin
khdc hoac 1a chi thong qua cdc bién dang hoic chi 1a bi€n dang uén. Hinh 5.4 chi ra mot mo
hinh tinh todn khong gian. Viéc ting dung mo hinh tinh todn khong gian ddi héi mot chi phi
khd 16n cho viéc xdc dinh rat nhiéu cdc dif liéu vao va thoi gian tinh todn 16n.

5.1.2.4. M6 hinh tinh t6 hop

Mot sur phit hop c6 thé sir dung duoc thé hién dudi viec img dung mé hinh dugc goi 12
mo hinh t3 hop. Chiing két n6i mé hinh ddm vdi mo6 hinh hai chiéu. C6 rat nhidu phuong 4n
dang ban vé né. Mot sy lya chon trong s6 céc phuong 4n duoc chi ra & hinh 5.5.
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Hinh §.4. M6 hinh tinh khéng gian.

b)

Dam

Dam

thay thé

rd
am

D

T&m ding hudng va gén

Hé khdng gian

Hinh 5.5. M4 hinh t8 hap.
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Kha ning don gian nhat 1a cia dao dong mot phin cia hé dia phuong duge tinh dén
thong qua mot khéi lugng thay thé M néi v6i dim bdi phin tir dan héi. Khéi lugng thay thé
va do cing 10 xo thay thé phai duge xdc dinh d€ tan s& riéng cla hai hé 1a nhu nhau va su
thay déi doc ¢6 anh hudng nhu nhau d6i vdi ci hai hé. Mo hinh ddm - tdm theo hinh 5.5.c
ciing la mot lya chon rat (61. Than tau duge coi 14 cdc dam Timoshenko va cdu tric cuc bo
ddy tau hoic boong duge mo hinh 14 cdc tdm dang huéng. Mé hinh duge mé ti trong hinh
5.5.c 1a rdt c6 hiéu qua, di ding trong nhiéu trudémg hgp thuc 1€, Vi mo hinh ndy, phin co
ban cna thin tau duge coi 1a dam Timoshenko, phan dudi tau tai d6 ¢6 lp dat cdc thigt bi
duge coi nhu 1a hé khong gian gém cdc khung phing ¢6 g& va trong chimg muc nhit dinh,
ddy va boong tau dugc coi 1a cdc tdm ding huéng hoic [ tim c6 gd.

5.1.3. Tinh toan dao dong theo phuong thing dirng ciia than tau thee moé hinh dim
Timoshenko

5.1.3.1. Cdc dai luong va céng thirc cia mé hinh tinh todn
Trong muc 5.1.2, ta di xdc dinh ring ddm Timoshenko mé td mot mo hinh ¢é thé su
dung dugc dé tinh todn dao dong toln thé clia than tau hoac chi it cling cho mét phén ciia
than tau. Bdi vay, cdc phuong phdp quan trong nhat dudi day dé tinh toédn dao dong than tau
theo phuong thang ding dugc trinh bay trén co s& clia mé hinh nay.
Cic luc tdc dung 1én mot phdn tir ddm v cdc ky hiéu cla ching duge chi ra & hinh
5.6, n6 gbm cdc ky hiéu sau:
W(x,t), W(X) - di chuyén thing ding clia truc doc tau géc udn:
B(x,t), B(x) - phdn cla di chuyén thing diing do mémen udn va do luc cit;
¥(x,1), ¥(X) - géc cta bién dang truot;
1(x) - khéi lugng trén mot don vi chiéu dai bao gém ca khéi luong nudc thuy dong
luc hoc (cudn theo tau);
6(x) - mémen quén tinh trén mot don vi chiéu dai, lién quan dén truc y;
3 - hé 58 can vat liey;
b - hé s& can ngodi;
Qz , I;:/Iy - lyc cét va mdémen ubn;
q,{x,t) - lyc kich dong trén don vi chiéu dai.
Dau ~ thé hién 12 dai lugng phu thudc thai gian.
Tir hinh 5.6 ta c6 cédc diéu kién can bang trén phén tir dim.

Q. —pﬁ—b\f\“ﬂrﬁz:O

G-M,,-98 =0 (5.1)
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x
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yzw

Hinh 5.6. Cac lyc va bién dang & phan tir dam.
, of
Odaytakyhieuf, = —.
ytaxyhieut ax
Ta c6 m6i quan hé¢ ting suit va bi€n dang khi chi y dén cdc yéu t6 can tuyén tinh
g, = E[Ex+%§}t= G(7+—gﬂ (5.2)
Tén s6 vong Q & mau s6 dé cap dén hién tugng 1a véi cdc vat liéu kim loai, yéu t6 can
khong phu thudc vao tdn s6. Nhd méi quan hé hinh hoc:
Ea . B“XZ

cdc dai lugng luc cét c6 dang:

M, (x,t) = jaxsz = -CB(x)(ﬁx +§[§_x] (5.3a)
(A) : Q
Q,(x,0) = Co(x)(W, -P) (5.3b)

trong do:
Cg(x) = EI(x) - do ciing ch6ng ubn;
Co(x) = GA(x).k(x) - d6 ciing chéng trugt clia mit cit ngang;
k(x) - hé s& truot.
Vi gidi han & kich dong diéu hoa:
q,(x,0) =q,(x)e'™ (5.4)

Déam thyc hién cdc dao dong diéu hoa v6i m6i quan hé tuyén tinh. Ta cé thé khir bién
thoi gian nho phép thé.
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W(x,t) = W(x)e™
Blx, 1) = B(x)e™
Q,(x.1)=Q,(x)e'"
M, (x,1) = M, (x)e'*

Thay vao (5.1) va (5.3) ta cé:
Q, + MW —ibOw +qz =0
Q,-M,, +90Q'=0

(5.5)

M, =—CLB_X
Q, =co(W, ~P)

Vi cdc do ciing udn va kéo nén phiic:

(5.6)

cy =cy(l+i8) 5.7)
cg =cg(l +i8) '

Tir (5.6) cho phép khir luc cit v moémen udn.

Tuy theo viéc chon cac bién, cdc phuong dn trong bang 5.1 cho ta cdc phuong trinh
chuyén dong, & day ta di sit dung cdc md&i quan he déng hoc wp + Wo =W, Wy + [ Wos = T
va duing dai lugng v6 hudng 1 = b/ uQ dé biéu thj cin ngoai.

Bang 5.1. Cdc phuong 4n clia phuong trinh chuyén déng cho ddm Timoshenko
véi cac bién tu do

Bién Phuong trinh chuyén déng Diéu kién bién |S6 phuang trinh
[catw, —B)] +nQ2(1-inw+q, =0 By=0

w, B . N ) {5.8a)
(CaB ) +Calw, —B)+8Q°PB=0 W, =

(cqv)y + WP (1-in)w +q, =0

e [CE;(W_,, -V )].x +Cqy +90Q%(w, 1) =0 Wox = ¥x = (5.8b)
Wg, (C:}WQ)( It HQ2(WB +Wo)(1-in)+q, =0 W = 0
Wo | (CaWey)x +CoWax + 3Q%Wg, =0 Wox = 0 (5.8¢)
(CaWay )y + HOPW(I-in)+q, =0 W~ Wam= 0
W [Cé(w,, —Wax )L +CoWay + 30X (W, —Wq,)=0 Wax = (5.8d)

G cic dao dong ¢6 can, cic dich chuyén 1a phitc. Nhos viéc phan tich céc dai luong
phtic thanh phdn thuc va do, cdc phuong trinh (5.8) c6 thé chia thinh bén phuong trinh thuc
tuong ung.
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Bai t0dn bi€n phan tuong duong vdi bai todn gid tri bién duge gidi han & cdc chuyén
dong diéu hoa sau khi tich rieng khir bién th&i gian:

U-T-W, - dat cuc trj - (5.9)
V61 thé nang coa nodi luc:
= %:_![C*Bﬁi - cgwy -~ pix (5.10)
Déng nang:
T= %Qz Ij(luwz + 8B2)dx _ (5.11)
0

va céng cla luyc can ngoai va luc kich dong:

! {
W, = jqzwdx-liobjwzdx (5.12)
0 2 0

Vi cdc dao dong toan thé clia than tau, dnh hudng cia can bao gid ciing nhd va cé thé
bo qua khi xdc dinh dao dong riéng. Cdc phuong trinh tuong ing ¢6 duge tir hé (5.8) vadi:
9, =0;0=n=0vaQ=0

trong d6 w biéu thi tin so riéng vong.
5.1.3.2. Cdc phuong phdp gidi

Cé nhiéu phuong phdp dé giai cdc bai todn gid tri bien di cho tim dao déng cudng birc
va cic bai todn dao dong rieng. Cic phuong phdp quan trong nhét trong tmg dung thuc t&
dong tau duge mo ta dudi day.,

a. Phuong phdp sai phdn

Véi phuong phdp nay, ta xudt phar tir hé phuong trinh (5.8a) va thay thé bing cic toan
tir sai phin tuong (ng

Tir d6, v6i bude chon h, ta ¢6 cdc phuong trinh sai phan cho ddm truc tam

- L]
o Wi —2WE AW Comn ~Comen Wiy “Wie v B =B
Cx + . - Cox -

h2 2h 2h Zh (5.13a)
ce —c -
_&u_é_h_mﬁk +Pm, (1-in )w, +q, =0
Caik+) ~Bk-1) By — By +c Bier =28 + By _ Cousn ~Cquen By +
o 7h Bk h? 2h X
(5.13b)
+C:)k(ﬂ'ﬂ—;l;h_ﬁkJ+Q29kBk =0

H¢ phuong trinh (5.13) v6i tat ca céc diém chia s& din dén hé phuong trinh c6 dang:
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I_<ww I—(WB M 0 w q.
. —0%] —; ALTINY = = 1| He ‘
[(IHS){KW I—(BJ ! m)[ 0 MBB]{ED [Q } G

‘. _ T -
rong d6:  w=[w_ wo W, .. W]

9=[B—] Bo BI Bn+l]T

12 cdc vecta dich chuyén ciia t4t ca cdc ludi va vectd gée udn.

Cdc ma tran d6 citng va ma tran khéi lugng trong cong thitc nay 1a khong déi xdng.
C6 moét quy luat tho cho yéu cdu vé ¢ bude 1a h < [/8, 1 1a nia chiéu dai séng tuong tng
v3i bac dao dong 1dn nhat cin quan tam.

—_——

|
|
I
<> O O O— o P <
1 2 k-1 ke K+ 1 " n+l

o

I8
0

Hinh 5.7. V& cac diém Iudi cho phuong phap sai phan.

b. Phuong phédp ma trén truyén (MTT)

Phuong phdp ma tran truyén dugc dng dung nhiéu trong ché tao tau thuy, vdi phuong
phap nay than tau dugc chia thanh mét s phdn tir ddm hinh lang tru véi do ciing va mat do
khéi khong d6i nhu hinh 5.8. C6 chit dinh rudc, phuong phép nay duge tinh todn véi cdc dat
lugng v6 hudng. Ta thém vao cdc k¥ hié¢u sau:

X o W _ v - ML _ QB _ gl
€=—,'W=—,'|.L=£,'V= ; "My: Y : sz zl]'.qz=qr.(l :
! Iy Hp Ik Cgo CBo Cpo
col? o -
EB=C_B'.EQ= Q%0 : = b : A=“‘UU ; l{szk‘ (5.15)
Cgo Cro hpl2 Cao Iy

cdc dai lugng c6 chi s6 O biéu thi dai lugng tham chi€u duoc chon bat ky.

Véi cac dai lugng khong thit nguyén nay, phuong trinh (5.6) din dén hé phuong trinh
chinh tie:

Gz . (- M)’
EQ(1+i8)’ Tl +iB)

My :Qz + AVB; (_)‘c =_M(1_in)w_c—lz

li

W' =P+ (5.16)
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Hinh 5.8. Dam thay th& v6i cac tit dién hinh fang try.

Dau * biéu thi dao ham theo toa do vo hudng &. Ta dua ra mot vecto trang théi:

zZ'=[W B M, Q] (5.17)
Khi d6 (5.16) ¢6 dang Z'=AZ + (5. 18)

0 1 T_l_

S (1 +18)

-1
5 A= 0 0 — 0 5.19
o A o1+ i0) (3.192)
0 VA 0 1

| —pA(-in) O 0 0 |
f=[o 0 0 g, 1| (5.19b)
Nghi¢m thudn rhat clia phuong trinh (5.18) 1a: Z, =% (5.20)

Nghi¢m trén c6 thé ding cho moi phén tir ddm. Déi véi doan ddm thi k, vecto trang
thdi cda bién trdi ddm nhu san: Z,, =e®=

Vi gy 1a toa do clia bién tréi. Khi d6 & bién phai ta cé:
iy = el = oAl edl B, Zy (5.21)

Ta trién khai MTT B, thanh chudi ma tran:

B, =k =1+ ZLAQTK“ : (5.22)
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Trong d6 I 12 ma trin don vi. V6i cac doan dim di nhd chudi nay hoi tu rat nhanh.

Chiing thudng dugc ngét sau mot s6 it phdn tlr. Véi dao dong cudng biic, cdn can ton tai
nghiém rieng Z, cha phuong trinh trinh (5.18) duge tim nhd tich phan phuong trinh sau

Zp = .f_- v
Piéu nay dan dén:

. 2 3
Qp =~q,83 My, =7, %: B =1. :

" (+iv)

leﬁ +—Q!_p_ W :(_l' éz gz ____l._
PP +i8) T 20+ 128, T

(5.23)

Ta bé sung nghiém riéng (5.23) vao nghi¢m clia phuong trinh thudn nhat, khi dé ta ¢6
MTT doan k véi =4

Gk [ K 1

2 2(1+18)\ 126, Cq

SN R T I
Fo= b1+ —Aln | L M
LT EntT : % e 1+

! ! 6%+ ] (5.24)

Céc diéu kién bién lién quan dé€n qud trinh truyén. Vi trang thdi 0 bién trdi ty do:

_ - T
z=[% B My, Q 1] (5.25)
o -
1
va MTT B(] = 0 (526)
0
| ld
Diéu kién bién & bén trdi 1a: Z, = RyZ, (5.27)
Tuong tu ta c6 diéu kién d6i véi bién phai:
B‘n+1 + Z‘n+l =0 (528)
0 0110
R .= 5.29
—“*‘[00010} 22

Céc doan truyén riéng 1¢ la:
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Zl = B(}Z{J

Zz =ElgoZo

Zow =5E-EReZy (5.30)
R EFE _EReZy =R I, RyZ; =0 (5.31)

Tir m&i quan hé (5.31), cdc gia tri ban ddu chua biét va B, duge xdc dinh ddi vdi cic
dao dong cudng bitc cdn, cac dai lugng dich chuyén va lyc 1 phitc. N&u khong tinh bing dai
lugng phiic thi vecto trang thdi vd MTT s& duge phan thanh cdc phan thuc va do. P6i véi mét
phdn ut phitc:

f.

|j=

£

ire +1fim

ta dua vao mét ma tran con ¢6 dang:

finc “f'.j fm
fitm  fijre

Ngoai ra cdc ma tran truyén tai bién (5.26) va (5.29) dugc khai trién dudi dang dup.
Vdi viéc tinh todn dao dong riéng, phuong trinh (5.31) 13 thudn nhdt. Cic tin s8 riéng
duge xdc dinh tir diéu kién:
det(R, , IT,R)=0 (5.32)
trong trudng hop nay cé thé bd dé dang hang va ¢6t thi ndm trong cdc ma tran.

Khi tic déng moét luc kich dong tap trung, né cé thé duoc chia thanh phdn phan bé
nho da min doc theo chidu dai cla phdn o ddm, hoic 1a ta thuc hién tai vi tri lue kich dong
mot ham truyén goi 1a ma tran (ham) truyén diém (xem hinh 5.9).

Su truyén qua diém: Zj =P, Z} (5.33)
1 0 00 0 |
0100 O
Vv6i P=[0 0 1 0 -Mg (5.34)
0 0 01 -Fg
0000 1 |

phai duge dat vao vi tri twong (ng trong qud trinh truyén.

Phuong phdp MTT rat phii hop v6i viéc tinh todn mdy. Nhuge diém duy nhét [a c6 thé
gdp phai su khong 6n dinh trong tinh todn khi chon s6 phdn tif tang lén. Tir d6 c6 thé dé nghi
ring, chi nén phan chia than tau thanh cdc phin tir ddm khi ddi hoi sy phan bd dd cimg va
phan b6 khoi lugng. Cac doan lang tru dai khong phai phén chia.

Phuong phdp tdm thay th€ rdi rac dugc mo ta nhu 14 moét trudng hop diac biét cla
phuong phdp nay. 3 day, cén 13i rac héa hé than tu duge thay thé€ bdi mot he cic tdm rdi
rac dugc sdp x&p, cdc tdm ndy dugc ndi vdi nhav bdi cdc ddm khong khéi lugng. Bbi vay cdc
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khéi lugng va moémen qudn tinh tap trung & cde tdm, con do clng uén va kéo nén tap trung
c&c ddm. Can ngoai duge coi 12 luc 14p trung dat vao cdc tdm thay thé€. Hinh 5.10 chi ra hai
kha nang cho hé thay thé.

Gz | A7k
‘Fkﬁ

Hinh 5.9. Sy truyén dudi tac dung cla mét luc tap trung F
va mot moémen tap trung M, .

Ca hai mo hinh theo hinh 5.10 dugc phan biét chi & ché 1a, trong trutmg hgp thit nhét
khoi lugng duge phan bo duge dat tai diém niit clia cdc doan chia. Con trong trudng hop thi
hai khé&i lugng clia méi doan duge dit tai trong tam clia n6. Khi phan chia nhé dim thi hai
phuong an nay cho cdc két qua sai khdc nhau rat it

Ji

0 A

1 0
. O MW
i p) !
i ; i
‘ — e | iE _.?_.(f_)__.. :[— i

N .

{ L

 Cgy |_u R ‘ Cor ] HI|

Ca1 Cox
my my, Mn
&, S, On

Hinh 5.10. M4 hinh cho phén tir t&m thay thé& rgi rac.

Ta xudt phdt tit phuong trinh (5.16) va bé tdt cd cde s6 hang qudn tinh do gia thiét
phan tr ddm khong ¢6 khdi lugng. Tir d6 ta c6:
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W' =B+ Q . B = M, . (5.35)
Tl+i®)’ Tl+if)’ :
Mly =Qz: Q; = _az

Tich phan truc ti&p (5.35), ta tinh dugec MTT:

Lo B B R & R
Yo2g(1+i8) 1418\ 8, 665 ) 1+i8l 24T, 2¢,
0 R SR q ke
F, - Tpl+i8)  2g(1+i8) £ 6 (1 +15) (5.36)
- _ 7
0 0 1 I 4%
0 0 0 1 —-q,h,
| 0 0 0 0 | ]

Céc diéu kién truyén tai cdc tdm thay th€ duge xac dinh & hinh v&. Sau khi dua vio céc
dai lugng:

i, =X B, = ®k2, i1 = Milo ‘
my myly Cro
- i b
Q, = Qi i Zy =B P~ EPRyZy; n=—0 (5.37)
CBo mym, §2
ta dirge ma tran truyén sau:
. 0 00 0]
0 I 00 0
P = 0 -A®, 1 0 M, (5.38)
-Am{d-n) 0 0 1 F,
i 0 0 00 1 |

Céc gid tri ddu chua bi€t va §') tuan theo twong te nhu méi quan he (5.31):

Ry PaEoiPoi - EBRZ) =R, I,RZ, =0 (5.39)
Tir dé cho ta vecta trang thii:

ZL =E_ B -EPRGZ,

ZE =BE B BRRyZ, (5.40)

D6i v6i dao dgng rieng, phuong trinh (5.32) cho ta tdn s6 rieng. Vecto Z, & day la:

_— o — T
Zo= W{ ﬁ{ M{ Q{ 1
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M
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thzwkl I by, 52wy
Hinh 5.11. Cac didu kién truyén tai mot tdm thay thé.

c. Phuong phdp phdn it hitu han

Phuong phép phdn tir hitu han (PTHH) c6 cdc Ung dung tinh todn dao dong toan thé
than tau vé nhiéu phuong 4n. Mot trong sd cdc phuong dn d6 duge mo ta dudi day. Him
ning luong cho mot phin tit thé hién & cdc phuong trinh tir (5.9) dén (5. 12) véi:

B =W ¥

! !

IN. = %(1 +1d) ﬂ:cB(w-” —y. )%+ chz]dx —%Qz Rpwz + V(W —7)2]dx
! 0 ,: 0 (5.41)

+ % i2b szdx - quwdx —z E,w(x;)

0 4] (i)

I
V™

| i—\"*—‘
| g P ™
i He Ve -
a1 it Cu C ¢ |
1 LI LI
L’ # lg_ I_.sl | __'ln-‘l lﬂ
. L -
i 1 2 e n-1 n Phan i
1 2 2 e e+l n  m1 Nt

Hinh 5.12. Phan chia than tau thanh cac phan tl hitu han.



Chuong 5. DAO BONG THAN TAU THUY 127

Déi v6i dich chuyén ciia phén tir, ta dat:
w(x)=h"(x)w
1(x) =g (x)y (5.42)
Trong dé: h (x) =[h1 h, h, h4]; gﬂr(x)z[g1 gz]
Ia cdc ham dang d6i véi cdc dich chuyén w va y, con:
w(x)=[w; (0 w, (0) wi(l) w,(0)]
y=[y(® ] (5.43)
la cdc vecto dich chuyén nit. Bai vay méi phén tlr ¢6 6 bac ur do. Haim dang duoe ding dudi
dang cdc da thiic Hermite (5.44);
hy=1-3x*/7+2x*/F
hy=x-3x2/1+2x"/
hy=3x2/P2 -2 P
hy=-x>/1+x /P
gi=l-x/hgy=x/! (5.44)
Viéc chon cdc ham dang trong bai todn trén 14 ¢6 muc dich. B&i vi phdn bién dang do
lyc cét vé can ban 1a nhd hon phan bién dang uén, didu dé di dé x4p xi mot gée trugt y (x)
bang ham dang wyén tinh. Vige x4p xi duge dua ra & day, nhim muc dich khir bién dang
trugt huc cit thong qua cic méi quan he thudn tinh hoc, khong phai bao gids ciing cho két quéa
du chinh xdc.
Theé biéu thitc (5.42) vao ham (5.41) va thuc hién phép tinh:
ol fow' =0 ; oI, /" =0

Khi d6 ta ¢6 phuong trinh sau:

| |
ICBh,uh.-ix dx - JcBl—l,xxg:l;(dx
(1+i8)| ° , l 0 -
- J.ng'xl_l:[;xdx ‘[(cBg.xgi +cogg’ Mx
0 0
| .
i

I(H@T +vh b} )dx —ab }@de - vﬁ_ngdx
4]

[‘3] (5.452)
y
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hodc viét ngan gon:

[1+iOK -QM, |d, =f, (5 .45b)

Ma tran biéu dién can ngoai lién quan dén ma tran khéi lugng.

D61 v6i phdn tir ddm dang lang tru cho phép tich phan (5.45) chinh xdc, va dua ra céc
ma trin phin tir sau, néu cdc vecto dich chuyén mit duge dinh nghia dudi dang:

d =[wO) w, 0 v w w, ) 0]

Va dung cdc ky hiéu:

cal’ 4
cg 119 nl 420cq
12 61 0 12 6! 0 1
41 - 61 21 I
. Pl+y/3y 20 2 -P(1-y/6
K = (I+%/3) (1-x/6) (5.47)
12 -6l =21
ddt xing 47 P
i P+y/3) ]
[156(1 —in)+504  22/(1-in)+42el  210ef  54(1-in)-504s -13/(1-in)+42e! 210/ |
4P -im)+56e =35 13l(1-im)-42el =321 -im)-14el’  35e°
A = 140el —210¢/ 35¢/ 70e/?
—e 156(1—in)+ 504 -22K1—-in)-42¢l -210€i
d6i xing At (1-m)+56el*  —35el
| 140el” |
(5.48)
Vecto luc kich dong f. duge thé hien:
4 T
Ec* :q? 1_[1 .,.!_, 0 _l._ _i 0] +
cgl2 12 2 12
. (5.49)
I3 T
+C—ZF,_i[hl(xi) hy(x;) O hy(x;) hy(x;) O]
B (i)
Tir d6, ta co:
(1 +iK; - AM; |d, =1, (5.50)
1a con dua ra:
[4
0= Haly ot (5.51)

420,
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v6i cdc dai lugng quan hé tuy ¥ p, 4, cgo- Tir (5.50), (5.51) va (5.46) suy ra:

* !4 * *
(1+10)K, — A E%’-Mc d. =f; (5.52)
oloCp

Su thi€t lap cdc ma tran clia h¢ & dang thong thudng nhd viéc dich chuyén lén trén cha
cd¢ ma trn phdn t& theo so d6 dudi day:

K,

(5.53)

>
1l

K

n

ma trdn kh6i lugng dugc thigt 13p tuong ty, bén canh d6 cdn phai luu tam dén phép nhan
theo phuong trinh (5.52). Vecto kich dong cla hé dugc xdc dinh tvang tu nhd viéc dich
chuyén len phia trén tuong ting clia cdc vecto kich dong phén tir.

Tai bien tr do, cic di€u kién dong hoc khéng duge thuc hien. Mic di vay, trong
trudng hop ndy it nhdt cling phai lua § dén diéu kieny (0)=y () =0

Nho viéc gach cdc dong va cot twong (ng. PO chinh xdc cla tinh todn dugc nang cao,
néu céc diéu kién clia momen tai bién triét tigu duge duy tri.

Wx(0) —7,(0)=0
W,xx("') - Yxa) =0
Chii y dén m&i quan hé tir (5.42) dén (5.44), c4c diéu kién bién nay c6 dang (5.54):

6—%+4w]‘x —61%+2w2_x —y,=0
l 1

(5.54)
S WI"H N 6ﬁ —2W AW Y, =0
n n
sau khi thi€t lap cdc di€u kién bién, ta ¢6 m&i quan hé clia ca he:
[(1+i8)K - AM]d = £ (5.55)
Tir dé céc vecto phitc dich chuyén niit duoc tinh
d=[1+iOK-AM]" £ (5.56)

Luwu ¥ ring vecto dich chuyén nit da duge x4c dinh ¢6 lién quan dén chuyén dong ciia
vat thé rin.
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D¢ tinh todn dao dong riéng khong cin, ta dic:
S=b=0va f=0

Boi vi ma tran can dugce thiét 14p truc tiép tir ma tran khdi lugng theo luat can dd duogc
chap nhan, bai todn dao dong cudng bifc c6 thé ciing dugc gidi bing phuong phip ma tran
dang riéng. Gia st A, 12 tri riéng vd d, 13 vecto riéng cia bai todn gid trj riéng:

(K-AM)d =0 | (5.57)
va X = [g, d, .. Qn] l& ma tran dang riéng tuong dng.
Phép bign ddi: d = Xd" (5.58)

dua phuong trinh (5.55) vé dang:
[(1+i8K -AM 14" =f (5.59)
vdi cdc ma tran dudng chéo:

K =X"KX va M = XTMX (5.60)

va vecto luc kich dong duge bién déi:
f=X"f (5.61)

Tur (5.59) tim dugc vecto dich chuyén niit phic g* va sau khi bi€n déi nguge nhd
(5.58) tim dugc d. V6i viéc khai trién thanh cdc ham riéng ta khéng cin quan tdm tat ca cdc
ham riéng.

d. Cdc phuong phdp khic

Bén canh cdc phuong phdp da duge miéu ta, cdn mot vai phuong phip véi cdc phuong
an khdc nhau. Tuy nhién, chiing khong tim duge st m& rong to 16n trong thyc tién déng tau.
Boi vy, su mo ta chi tiét ching khong duge dé cap dén. Phuong phdp dua bai todn gid tri
bién thanh bai todn gid tri ddu dd dugc dung nhiéu 1dn dé tinh toén dao dong toan thé than
tau. Tu tuéng cd ban cua phuong phdp nay 1a & chd, hé phuong trinh vi phan (5.8) duge tich
phan bang s& nh& phuong phdp Runge - Kutta véi cdc gid tri bién duge thira nhan cho bién
trdi w(0) v y(0) nhu 13 gid tri ddu va cdc diéu kién ddu nay dugc bién d6i cho dén khi cdc
diéu kién bién & bién phdi duge thoa man.

Mot phuong phdp ti€p theo 13 phuong phdp chudi khép. Nguge lai v6i phuong phdp
thay thé tdm rdi rac, than tau duge phan chia thanh cdc phan tir thanh cting tuyét déi va ¢é
khéi lugng, cdc phan tlr nay duge néi véi nhau bdi cdc khép dan héi va ching thé hién ca
bién dang udn ciing nhu ci bi€n dang trugt. O day ciing nén dé cap mot phuong phép x4p xi
lién tuc, boi vi phuong phip nay trudc day da duge dung nhiéu cho viéc tinh toin dao dong
toan thé cia than tau. Nhuge diém cha phuong phdp nay 1 viéc tinh todn cdc dang riéng bac
cao ddi hdi mot qud trinh trye giao hod bing s6 cdng kénh dé tich cdc dang dao dong riéng
khoi dang dao dong co ban.
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Cudi cling cdn phdi ké dén phuong phap Ritz. Ung dung ctta né d€ tinh toin dao dong
toan thé than tau khong thuan tién lim.

5.1.4. Dao dong xo4n - udn ngang két hop

Khi khong cé d6i ximg ngang, cdc dao dong ubn ngang bao gid cling két hgp véi dao
dong xodn. Bdi vay ci hai dang dao dong ndy déu phdi duge tinh chung véi nhau. Vigc tng
dung 1y thuyét dim cho cdc dang dao dong nay it nhiéu ciing thich hop dé xdc dinh xdp xi
tho, tuy vay vdn con nhi€u van dé phai cht ¥. Ly thuyét ddm sir dung mé hinh dim
Timoshenko cho cdc dao dong uBn va sir dung mo hinh thanh Wlassow cho bién dang xoén
v6i nhitng con tau c6 nhitng doan boong (dang hinh quat) tuong d8i nho - vi du thu chd ddu -
than tau 6 thé duge coi nhu 12 6ng xodn kin dé khio sit dao dong xoén. Tau cho hing hién
dai cé cdc khoang rat 16n, cdu (Au giira cic nip khoang bj tac déng boi hién wong phdng.
Chiing c6 thé dugc xdc dinh gin ding nhd vige dua vao anh hudng trugt bé sung theo hinh
5.13.

Ug
- .l ] ) L |
{ ! ' i ! I !
. ; [ - i
L | — e —
\5 j T,
! : : TO B
I | —— i 4y i
| ! | t [
} i I : !
4 u_-A 1 r i ]

Hinh 5.13. Xac dinh anh hudng cta cdu tau trung gian.

Néu C, 1a d¢ cimg ciia cdu ndi, thi véi cdc k¥ hieu trén hinh 5.13, ta ¢6 cong thic:
Ty = (ug — ug).C, (5.62)

Theo 1y thuyet cia luc xoan vom, ta nhan duoc dich chuyén doc truc (d6 cong phéng
clia tiét dién) gay ra do xodn v6i cdc k¢ hiéu trén hinh 5.14:

ur(X,s) =—(p‘xco(x,s)+%x(s) (5.63)

% ds
Vi = [— 5.64
gi: x(s) e (5.64)
a(s) = [r,(5)ds (5.65)

0
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r,(s) thé hién khoing cdch truc giao v6i dudng khung clia tiét dién tir diém cuc xoin
M va ¢(x) 1a gée xodn. The (5.63) vao (5.62) d6i v6i diém A va B, khi d6 ta ¢6 sy anh hudng
trugt:

T,(x)=G o(sg) — (5, ) o =ZGA—'“(p_x (5.66)

WX G
— + % (sg)—x(s —+
C. %(sp) —A(s4) C. XaB
trong dé A, 1a dién tich déng tao bdi cung AMB va bién dang, ¥ 45 12 tich phan theo (5.64)

véi bién tir A dén B.

—-'y
p(x)
1z
Hinh 5.14. C4c ky hiéu 9 dng xo0an,
Thé T, tir (5.66) vao (5.63), khi dé ta ¢6 d6 phéng xoén:
ur{X,s) =—m*(s)tp_x(x)
. 2A
val: ) (s)zm(s)——m——z-(—sl (5.67)
1+_G___ XaB
CXas

ta chon diém cuyc ca hinh quat M sao cho:

Iy = |0 (s)ydA=0 (5.68)

(A)
Ngoai ra, do tinh d6i xitng theo truc z, cdc diéu kién sau ludn thoa man:

$,= [o')dA=0; I, = [ ()2dA=0
(A (A}

Piém cuc M cla hinh quat luén nim trén truc z. Do tinh déi x¢ng ta chon diém C la

diém ban ddu cho S.
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Hinh 5.15. Céac ky hiéu va lyc & phan tlr dam.

Céc diéu kién can bing & phén tir ddm cho phép xéc dinh tir hinh 5.15. Chiing la:
Qyx = —HHO vy
M, = Qy + UH(JJZVB‘K
M x = QyxZm - Upmch (5.69)
Giita cdc dich chuyén va cdc dai lugng luc cit 6 m6i quan hé sau:
M, = —Cg1 VB xx = ~CauBH,x
Qy =-CquVax = Couvn (5.70)
M, = Glr¢ x = —Eloo® xxx
trong doé:
Up, LY - mémen quén tinh trén mot don vi chiéu dai lién quan dén luc hoic 12 mémen
qudn tinh xich dao cho dao dong theo phuong ngang;

Cgy =El,, =E [ y’dA, Cqu = kyAG - do ciing u6n va do cling trugt cho dao dong
(A)

theo phuong ngang;
v, Vp - dich chuyén do bién dang uén va truot;

BH = VB.x» YH = Vo - 86c uén va géc truot;
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It - hé 58 can quay theo 1§ thuyét xodn St.Venant vi xodn Bredt;
e - he 86 can xodn do sy vénh cia tiét dién.
Ta c6 Iy va Iy nho (5.66):
1 4A2
Ip = —Zt?li + Am (5.71)
Yoo, (18
AB CsKAB

I, = j[m‘(s)]z dA (5.72)
(A)

Phan Bredt ¢ (5.71) xdc dinh tir m&i quan hé mémen:

B
Myg, = [Tords =2TyA =Gl 0,
A

Néuta dua viocdc dailugng R=¢,; S=R, = ¢, (5.73)
va chi ¥ dén méi quan hé dong hoc theo hinh 5.15.
Vg = Vg + Vg + 0Zy
Vsx = Bu+Ya+ 02y (5.74)

cdc phuong trinh (5.69), (5.70) va (5.73) c6 thé viét gon lai dudi dang hé phuong trinh chinh
tic:

o, =R
R, =S
1
S, =- M, -GI-R
X Elmm( x T )
Mx,x = "HHC‘)ZZMVs - Spmzq)
Q .
V,, =By +-—7+RZM (5.75)
CQH
—_ M?,
P = Cen
M,, = QY + SHmzﬂH
Qy,x = _“Hmzvs

Néu ta dua vao vecto trang thdi:
z=[o V, By S R Q M, M] (5.76)

Khi d6 hé phuong trinh (5.75) viét duge dudi dang ma tran nhy sau:
Z,=BZ _ (5.77)

RIS
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vdi ma tran:

[0 0 0 0 1 0 0 0 |
0 0 I 0 Zy, 1/Cy, 0 0
0 0 0O 0 0 0 -1/Cgy 0

0 0 0o o0 Sh 0 0 -1/El,,,

B= EL,, (5.78)

0 0 1 0 0 0 0
Py’ 0 0 0 0 0 0
0 0 ppo® 0 0 1 0 0

=907 —pue’Z, O 0 0 0 0 0

Ta gidi han chi xét & day bai todn dao dong riéng.

D¢ giai he phuong trinh chuyén dong nay, ta ¢6 thé s dung céc phuong phép d trinh
bay & muc 5.1.3.2, trong d6 dic biét cdn quan tam 13 phuong phip MTT va phuong phip
PTHH.

Cic diéu kién bién clia bai todn ndy la:

Qx=0=M,x=0)=M,(x=0)=0
Q,(x=L)=M,(x=L)=M, (x=L)=0
R(x=0)=R{&x=L)=0

Biéu kien cudi ciing 13 yéu cfu triét tieu su vénh tai ddu tau,

Cac méi quan hé duoc trinh bay & day mo 1 bai todn dat ra véi Xap xi tho. Thuc su
chiing chi ¢6 hi¢u lyc véi tiét dién ngang khong d6i. N&u gap phai bac cdu, tic 1a tai doan
chuyén ti€p gilta cdc tiét dién md va déng, cdc trang thai chuyén tiép khong thé giai duoc
bang Iy thuyét dam.

Diéu nay 16 hon, néu ta chd ¥ ring truc quay duge x4c dinh di qua diém tam duimg
kéo nén c¢6 budc nhay. Tai doan ddm md, ta dat C; — 0. Tai boong bao quanh, khong cé

phan mdu s6 thi C;—> . Doi khi d¢ cimg cla cdu tiu wen tdng chiéu dai cha ndp khoang
dugce xdc dinh khong ding

5.1.5. Dao dong doc - udn coa than tau

Dao dong doc clia than thu trude hét bi gay ra do sy bién d6i chuyén dong doc cha
truc chan vit ¢6 chu ky. Gifta dao dong doc va dao dong udn thing dimg cé su két n6i yéu,
do khdi tam S, khong triing v6i tam S cia dién tich tiét dien. Thong thudng su két néi nay
12 nhé duge phép bd qua
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My s w?wdx My +My,xdx
Y fdx
N g l _7-- } + NeN_dx Zol—45m
::
f Gz"az’xdx
wa"umdx 1}2
Z
Hinh 5.16. Luc va céc ky hiéu d phan t&r ddm dao dong doc.
B - 1a g6c uon, khi d6: v, = ug - Bz, (5.79)

Tir hinh 5.16 ta ¢6 cdc diéu kién can bing sau:
Ny + pe® (ug - Bz,) = 0
Qo+ po’w=0 (5.80)
My + Q.+ B’p — p_xcoz (uy - Bz) 2, =0

Céc lyc & mat cét duge cho dudi dang biéu thie:

N =u, ,AE
M, = —cgB « (5.81)
Qz =Cy (w,x - B)
Cac phuong trinh ny c6 thé viét gon lai thanh hé phuong trinh chinh tic nhu sau:
u = i
“*  AE
w, =B+ Q
, co
M
Br=——
Cp
N, =-p,0*(u, —Pz,) (5.82)
M,, =Q, +80’B-p, o’ (u, - Bz, )z, =0
Qz,x = _“mzw

T
V&l vecto trang thai: 2 =]:u,i w B N M, QZ]
thi phuong trinh ma tran dugc viét: Z, =LZ (5.83)

Vi ma trin:
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0 0 0 L0 o
AE

0 0 1 o o L

Cq
L=| 0 0 o L g (5.84)

Cg
2 2
-, 0 B, 0Z 60 0 0
noe’z, 0 Bw'+peizl 0 0 1
|0 ~po? 0 0 0 0]

Nghiém cla (5.83) 1a: Z = ek (5.85)

Ap dung phuong phdp ma tran truyén cic MTT dugc mo ta tuong ty nhu & phdn b muc
5.1.3.2

Zyn =G Zy (5.85b)
véi: (_3=_I_+Z]:’L£‘-‘—I (5.86)
o n!

Thé& N tir (5.82a) vao (5.82d) ta cé:
(AEU, ) + 10 (ug = Bzyy) = 0
Tir day ta bo qua s6 hang lién quan d€n Z,,, khi dé ta c6 phuong trinh dao dong doc:

(Aeu, ), + po’u, =0 (5.87)
Vai vecto trang thai: Z = [us N]T {5.88)
o L
thi ma tran L. ¢6 dang: L = AE (5.89)
L—pxmz 0

Vi muc dich dp dung phuong phdp phén tir hiru han (PTHH), ta thay dich chuyén
u(x) bang ham thay thé: U(x)={h, h, hy; h,Ju=h"u

Y6i ham dang theo (5.44) va vecto dich chuyén nit:

u=uO u, 0 u® u D

f f

[ABuZdx P [pu%dx (5.90)
4] ' 2 4]

Tir ham nang luong: m, =%

ta ¢6 phuong trinh chuyén dong clia phén tir theo cdch thong thudng véi cdc ma tran tuong
ing.
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5.1.6. Xac dinh cic tham so6

Tinh chinh xdc cla cdc k&t qua tinh todn dao dong tau thuy phu thudc vao do chinh
Xdc clia cdc tham sO cdn xdc dinh. Viée xdc dinh cdc tham s6 ndy thudmng gap nhiéu khé
khan. Duéi day trinh bay nhimg tham sd quan trong nhét cho viéc tinh todn dao dong téng
thé chia thu thuy.
5.1.6.1. Xdc dinh tham s& khéi lugng

Viéc xdc dinh su phan bg khéi hugng va dudng cong ciia momen quan tinh khéi luong
néi chung mang tinh tuong ddi. Can chi ¥ 14 phdn nao dao dong véi dang nio. Céc phin ti
chru tai ¢é néi citng véi nhau hodc ndi cing véi tau khéng? D6 1 mot vin dé khéng don
gian. Ching cin c6 du kinh nghiém dé suy xét hodc nhiing nghién citu dic biét.

5.1.6.2. Khéi luong thuy déng

B8 sung vao khdi lugng than tau thuy, cdc phin ciu thanh nén né va céc tai trong, con
¢6 moét khoi lugng duge goi 1a khéi lugng thuy dong. Viéc xdc dinh duge dai lugng nay la
bai todn quan trong cta thuy dong luc hoc tiu thuy. Théng thudng dé xdc dinh cdc khéi
lrgng thuy dong ngudi ta hay ding 1y thuyét vat thé manh. Nghia 1a ta gid thi&t ring tai mdi
ti€t dién cat ngang cfa tau thuy ¢6 mot ludng bao quanh phing. D6 nhét va tinh nén duge
cla nude duge bd qua va anh hudng cia ludng nuée khong gian dic bigt & dudi tdu va § cdc
niit dao dong duoc xét dén mot cdch gin ding. Qua nhimg diéu dugc néu & trén, khéi lugng
thuy dong phu thudc vao dang dao dong.

Trong nginh déng tau, thong thuémg cic khéi ligng thuy déng dugc mo ta thong qua céc
hé s6 quédn tinh C, ching duge dinh nghia véi cdc ky hig¢u trong hinh 5.17 théng qua hé thiic:

2
my, = lCzpn—lg—Rz
21 4 (5.91)
My ECypnTzR),

G

,.’ , z ’, / ‘<, "
/",_-.‘7/ ’%
o

-~

Hinh 5.17. Cac ky hiéu tai ti€t dién cit ngang cla tau thuy.
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Cédc he s6 quén tinh C phu thudéc vio dang tau, huéng chuyén dong va ty s6 T/ B,
chiing c6 thé dugc 14y tir cdc tai lieu tham khdo vé thuy déng hoc tau thuy. R, va R, la cic
he s6 hi¢u chinh khi tinh dén dnh hudng cia lung khong gian. Céc he s6 quan tinh ¢ thé
dugc xdc dinh gin ding bdi cdc cong thitc dudi day:

C, = (%Jz [ 3l |

S (5.92)
4 2
C—{IK(E] “"—*]
r=2le A
B BT
A1=1;3’“;A3=1?-1 (5.9%)
9 e 27
B B
B

C 1 4
= :Z{S(Hl)—\/(l +2) +37{1 ‘;CM”

He s6 R, ¢6 thé duge xdc dinh cho 3 bac dao dong ddu tién tir hinh 5.18.

Van tdc chuyén dong cla tau thily, do nhét va tinh nén dugce clia nude khong duge dé
cap téi trong cdc he thie trén, Anh hudng cia cdc dai ltrong nay dén dao dong dan héi cla
tau thuy 1a khong 16n.

Tinh khong chdc chin clia viéc xdc dinh cdc kh6i lugng thuy dong do anh hudng cia
luéng khong gian nudc bao quanh tang len déng ké néu trong mo hinh tinh todn, d4 nhét bao
quanh tau thuy duge dé cap dén.

Vin dé nay con duge nhic dén & doan sau.

10

Re B | J_—— I—
oa Bacll —Tr .
=
-
0 e -
/
Oy
¥ & 4 0 4 » ]

—— L,fﬁ

Hinh 5.18. Hé s& R, khi tinh ¢4 luéng bao quanh khéng gian.



140 DAC BONG TAU THUY

5.1.6.3. Dé citng uén
Khi xdc dinh do ciing chéng uén C;, = EI thi phan b6 tng suat cuc bg céing phai duge
tinh dén. Trong mémen quén tinh I c6 14t ca cdc thiét dién tai pham vi truyén cing duge dua
vao. Cac Ung suit phdp ndm trén ddy hoic boong gidm xudng do tic dong cba bién dang
' truot tai "cau tau” phai duge luu tam dén thong qua cdc hé sd diéu chinh. Tiép theo, cdc dién
tich timg phdn A; trén boong va day tau phai duge nhan v6i hé s8 o,; / oy, (hinh 5.19).

— b
f
6.5 1
| T 5ult)
_ |- TS
| !
| T a
| . |
I "‘il— L‘}.—t(J)
s %(3) | N
I =
_15_ 'l
Y — ,I“"'J
| L_.J

Hinh 5.19. Dudng cong {ing suét phap va ing suat truot
tai thiét dién ngang clia than tau thuy.

Qua4 trinh nay ddi hoi s hi€u biét vé dudng cong tng sudt phdp o,(s) & ddy va boong
tan. Né ¢6 thé duge xdc dinh gdn ding néu ta coi than tau nhu 12 mot cdi hop. Khd khan 12 &
chd, viec gidm xudng clia img suit phdp do bién dang trugt phu thudc vao lyc cit, va dudng
cong luc cit lai 12 ham cha dang dao dong. Bdi vay, d6 cing chdng udn cling 12 ham ciia
dang dao dong. ’

Khi bac dao dong ting lén thi nlra budc séng cua dang dao déng giam xudng va su
giam ting su4t lai tang lén.

Trong nganh déng tau, thong thudng viée gidm g sudt ndy duge xdc dinh thong qua
bé rong duge “truyén cling™ loai mot b,. Nhu d3 biét, dudng cong ing sudt trén boong duge
xé4c dinh gan ding qua:

coshE K

= — b 4
g, {s)=0,(b) K | (5.94)
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tanhK b,
b

Bén canh d6, cdn chi ¥ ring bé rong “truyén ciing” loai mét phu thude vio dang dao
dong.

Trong d6 tham s K duge xdc dinh tir:

(5.95)

Tai cde mat cdt, dudng cong g sust phdp bi sai léch qua mit cdt phai duoc xic dinh.

Ta ¢6 mot phuong phdp gén ding trong thue t€, néu nhur dién tich gach chéo trong
hinh 5.20 dugc chap nhan khong truyén cing.

= =

2¢

Hinh 5.20. Sy gidm thiu mit cét ngang & viing cudi cira tau.

5.1.6.4. Dé cirng kéo nén
Db ciing kéo nén duge xdc dinh theo cong thifc sau:
Co = KAG = GA,
trong d6: A - dién tich t6ng thé; k - heé s6 trugt; A, - dién tich mit cét ¢6 hiéu qua.
Nho vige tinh 10ng nang lugng, he s6 truot dugc tinh theo coéng thic:

I2
k :——Sz—— (3.96)

Trong dé S(x,s) la momen tinh cta dién tich mat cit ngang d6i v&i toa do chu vis vat
[a bé day cla tdm ton. He s& truot nay khong phu thudc chinh xde vao hé s6 mat cit ngang

ma phu thudc vao dang dao déng do chda S(x.s). Sy phu thuoe dang dao dong nay thudng
khong duge quan tam.

5.1.6.5. D¢ citng chéng xodn

Dé tinh todn dao dong udn ngang ket hop vdi dao dong xodn, con cdn dén do cung
chong xodn. Ta ¢6 mémen quan tinh xoin St. Venant tir hé thic:
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1
It :_Zlil? (5.97)
30
Phan Bredt cia mémen qudn tinh Xo#n theo he thiic:
2
I?rcdl = 4Am (5 98}
X 1+ G
A8 CiXaB

Cudi cling, ta tinh duge phin do sy phdng tir cong thic:
2

Lo = | m(s)—ﬁ%——.l‘-(s—) dA (5 99)

{A) 1+ XaB

CiXap
5.1.6.6. Cdn

Cic tic dong cia can khi than tu dao dong duge nghién ciru rét nhiéu, vi kién thic
hién nay vé van dé nay vin con chua dugc théng nhat. Trong céc tai liéu tham khao da dua
ra cdc m&i quan hé gin ding, tuy nhién vdn con tin man. Trong doan 5.1.3.1, ta da dua ra
hai thanh phén chinh clia cin: can tuyén tinh ciia vat lidu khong phu thude vao tdn sg, ching
duge dac trung thong qua tham s& vo hudng 8, va can ngoai phu thugc vao van téc, boi vay
n6 phu thudc vao tin s6 véi tham sé b hodc n. Néu phai xét dé€n sy phy thudc vao tén s6 cla
can vat liéu, thi tham s& 8 duge dat: 8 = &, + Q28,.

Thong thudng cdc tham s& cin lién quan dén can t&i han, & d6 dai lugng nay dac rumg
cho trang théi giGi han cia su tdt ddn ¢6 chu k¥ hodc khong ¢é chu ki cta dao dong tu do.

Chuing duge xdc dinh qua hé thiec:

(B +Mkp =[50 +Q2§, +£] =2 {(5.100)
PE ),
Chit t.h 1a viét tat ca chil tdi han.
Cdc tham s6 & va i c6 thé nhan gié tri gidi han dudi diy:
5 = 0,006 dén 0,02 ; n = 0,02 d&n 0,06
V& co ban, can ngodi chiu anh hudng cha chét 1dng chuyén dong cung.

5.2. DAO PONG CUC BO CUA THAN TAU THUY

5.2.1. Nhan xét chung

Nhu di trinh bay & phén 5.1, thin tau duge m6 ta 1a mot hé khéng gian cdc khung
phing cé gan va ta ciing chi ra tinh da dang cia cdc hién trgng dao dong. Ching ta xem cic
dao dong timg phén clia than tau la dao déng cuc bo, khi ma & d6 viéc két nbi cdc phan cla
hé c6 ciing bién véi nhau hoac 1a k€t n6i véi dao dong toan thé cla thu 13 it 6i.
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Viéc tinh todn tuong ving véi nhu cdu thue t€ vé trang thdi dac dong cha cdc cdu tric
than tau cyc bo c6 nhitng kho khan ddng ké, bdi vi viée xét doc 1ap cac phin cia cau tric va
bo qua dnh hudng ctia cdc he 1an cin khong dem lai d6 chinh x4c mong muén.

Trong tinh todn tinh, ta c6 thé xét tdc déng clia cdc hé 1an can qua dé cing ndi tuong
ing, viéc tinh todn dao dong yéu ciu phai xem céc dai luong ndi dong luc dusi dang phu
thudc vao dang dao dong va céc khéi lugng bién dé didm bio trang thii twong duong cia
phin cdu tric nay.

Céc tham s8 nay khong thé xdc dinh dugc ngay ur ddu. Do viy chi ¢6 rang budc thoa
min gin ding khd tho diéu kién bién. Ta chon cdc bién clia cfu triic cuc bo sao cho trj s§
cta cdc di chuyén thing va quay cing nho cang t6t. DSi véi dich chuyén vuéng géc véi dién
tich trung binh clia hé khung ddm phéng thi cdc tdng trung gian dugc twa hay 1 cdc dim
chiu uén cing 12 cic vi du gén ding cho trudng hgp nay. Ngoai ra, ta phai ¢8 ging kéo céc
viing bién ra khoi pham vi cAn quan tim xa nhét ¢6 thé, b&i vi anh hudng cha cic diéu kién
bién khéng thyc giam dén tr ngoai vao trong.

Ngudi ta mudn xdc dinh cdc trang thdi dao dong clia cdc he cuc bo tir viec xem xét
cau tric chung, khi d6 viéc mo hinh ho4 rit don gian d€ tranh phi t6n 1 cdn thiét va do didu
ndy, trang thdi dao dong cuc bod ¢6 thé bj sai.

C#u trdc cuc bo cla than thu bao gi¥ cling cho phép dua vé duge cdec hé khung phang
c6 gan ddi vdi cdc tdm moéng (dang vach ngin). Thong thudng, tinh cong trong pham vi cuc
bd duge gia thiét 12 nhd bdi vdy, cdc khao sét dudi day gidi han & cic tdm c6 gan va trong
mot vai truong hgp duge gidi han & cdc vo c6 gan .

5.2.2. Gidi thiéu mo hinh cho tinh toan tim ¢6 gan va vé mong (thoai) cé gan

He khung phidng ¢6 gan duge cdu tao tir vo bao quanh duge gia thiét 1a mong va cdc
gan lam citng. Véi cdc he didm 1am viéc véi nude, con phai bd sung thém luong chit long
ti€p xtc véi hé dim phang.

y

Hinh 5.24. Cac ky hiéu & hé khung phang cé gan.
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D¢ tinh todn trang thii dao dong cia chiing, cdc m6 hinh dudi diay duge st dung: mé
hinh thanh d3, tdm ding hudng va cdc he khung phing c6 gan.

M6 hinh thanh d& chi ¢6 thé 4p dung vao tdm c6 gan. Mai bo phan cimg dugc sip xép
nhu 1a mot dudng ké trén tdm va bdi vay, cdu tric hai chiéu duge gidm xuéng thanh hé dim.
Khé khin khi 4p dung mo hinh nay 12 & chd, cde ham truyén theo bé rong tdm con i céc
dang dac déng chua biét, va ngoai ra, ching bién d6i déng k€ doc theo chiéu dai clia ddm.
Cac dao dong cua cdc tdm gilta cdc gan (bo phan lam cing) hoan toan khong duge dé cap
dén trong mo hinh nay. Cic sai s6 gay ra do diéu nay c6 thé 16n d&én mitc khong duge phép
bd qua. Bdi vay, viéc 4p dung mo hinh thanh d& dugc gidi han & cic tdm duoc lam cing bdi
céc gin c6 do usn kha mém. Khong thé dénh gid dinh lugng pham vi tmg dung m6 hinh nay.
Bai vy, khi tng dung mo hinh nay cdn hét siic cdn than. Véi mé hinh tam ding hudng, cic
gan cing bi lam nhda di. Dao déng uén cia tdm gilta cic gin qua moé hinh ndy ciing khéng
duge dé cap t6i. Bdi vay, mo hinh nay chi c¢6 thé 4p dung n&u nhu cdc gan duoge b tri déu
dan va du sit nhau, nhu thé s€ khong gap phéi cdc dao dong tam troi hon.

Vi vy, d€ tinh todn chinh x4c hon, chi ¢6 mot mo hinh ma & dé céc g4n dugc coi nhu
Ia cdc ddm cing chiu xodn va uén duge b6 tri rdi rac, ching dugc gén chat véi tdm (hinh
5.21).

D6i v6i viec mo hinh hod he¢ nhu vy, mot 14n nifa lai ¢6 rédt nhiéu cdc kha nang khdc
nhau. Véi cdc kich thuge thong thudng trong nganh déng tau, tdm nén bao gi¥ ciing duge
coi la tdm Kirschoff, ban hoic vé moéng. Vo bao quanh trong céc tinh todn tiép theo dugce coi
nhu 1a phing hodc cong rat it. Mot vé duge coi It cong it néu nhy chiéu cao miii tén do cong
nhé hon 1/20 d¢ gidn doc tuong ung.

Viéc bo qua Gng sudt tdm duge gidi thiéu trong nhiu tai liéu tham khdo ndi chung 12
khong duge phép. Ddu vay, trong nganh déng tau xust hién nhiéu hé théng tinh todn ma &
d6 viéc don gidn hod rdt ¢6 hiéu qua. Vi cdc gan sdt nhau, cé thé gap phai sai s& khi tinh
todn tdn s riéng 16n hon 20%. Ngugc lai, Iuén duge phép bd qua cic lic quan tinh mang &
cdc tAm ¢6 gan ciing nhu & cdc ban phang ¢6 gan.

D6i véi cdc gan, v6i chit dinh trude, ta ding mo hinh dim Wlassow. N6 ching td
ring, do cting xodn cfing 16n cling bac véi do cimg xodn St. Venant va thim chi c¢dn c6 thé
hon. Cic lyc quin tinh doc truc va quédn tinh quay xung quanh truc vuéng géc duge phép bd
qua. Ngugc lai, qudn tinh quay xung quanh tryc ddm bao gidr cling phai tinh dén. Su quyét
dinh vé van dé bién dang trugt do lwc cit vudng géc v6i he khung phing 13 khé khan. Trong
hau heét cdc he xudt hién trong thuc t€, dnh hudng cla chiing dén trang thii dao dong 12 it i.
Chuing chi ¢6 ¥ nghia & dang dao dong bac cao. M6t quy tdc khi thé cho dang dao déng ma
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tai d6 4, / H 2 3 1a sai s6 & tdn s6 riéng dudi 1%. Trong 40, {, la nira budc séng nhd nhat
quan sdt duge va H 1a chidu cao cha bién dang. Ngugce lai, d6i véi khic cong clia gan theo
hudng thiét dién trung binh, bién dang trugt do luc cdt khong ¢é ¥ nghia gi. Théng thudng,
anh huong udn cia gin theo phuong niy c6 thé bd qua.

Khi tinh todn cdc trang thdi dao ddng chia tdm cé ti€p xiic véi chat long, chat long
dugc coi 1a 1y tudng.

Tém lai, ta ¢d cdc mo hinh dudi day déi véi trang thai dao dong cla t4dm c6 gan, ban
phing c6 gan.

Tdm nén: Ly thuyét tam Kirschoff + 1¥ thuy€t tinh cia tdm hoac ly thuyét dong luc
clia ban phang v6i viéc bd qua luc quén tinh mang.

Gdn cong ngang theo dién tich cia tdm nén: Ly thuy&t ddm Wlassow véi viec bd qua
luc quédn tinh doc truc, tuy nhién phai luu tam dén bi€n dang trugt do lue ¢t bién déi.

Gan cong theo phuong tiét dién trung binh cua tdm nén: Dim Wlassow va khong luu
tam dén hiyc quédn tinh hodc bé qua anh hudng uén dng cOng theo hudng nay.

Chdt 1dng: Chat 1ong 1y tudng.

Chiing ta ciling phan chia cdc tdc dong ciia can tdi dao dong cuc bo thanh can vat lidu
vi can ngoai. D& ti€p tuc tinh todn, ta 4p dung luat tuyén tinh don gian. O day, ta hiéu can
vit ligu qua ham thay thé:

- . O
9=ILI(§+5§) (5.101)

Trong dé:
Vecto fng suit trang thdi phing: &7 =[c'rx G, fxy:l
Vectd bién dang: &7 =[§ E ?KY]

Ma tran ctia dinh luat Hook cho trang thdi ¢ng sudt phang.
0

8: tham s6 cla can vat ligu; Q: tn s8 vong.

Didu ~ & bén trén dic trung cho dai lugng phu thudc th¥i gian va diu « 1a dao ham
theo thii gian.

Tén s6 vong Q & miu s6 cua dai lugng thi hai trong (5.101) n6i 1én ring can vat lidu
cta kim loai doc 1ap vdi tin s6.
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Vi gidi han & dao dong diéu hoa: &=oel™ va §=ge™.
Pinh luat vat liéu dng véi trang thai iing suat phang:

ag=(1+18}He (5.102)
Chiing ta gia dinh ring cin ngoai ty 1& véi vin tdc dich chuyén ngang véi tdm nén.

Theo dé dai véi luc can trén don vi dién tich, ta ¢6:

Pp = b (5.103)
Tir day, d6i v6i dao dong diéu hod: pp = —1bQw {5.104)
Qua (5.102) va (5.103) can vat liéu khong phu thudc vao tdn s&, con can ngoai thay

ddi tuyén tinh ciing tdn s6. Anh hudng can cha chdt 1ong phu thudc vao tin s§. N6 thudng

dugc thé hién gua sy thém vao dai lugng b.
5.2.3. Cong thire todn hoc cua ¢cic mo hinh

5.2.3.1. Céng thirc cua bai todn gid tri bién

Trude hét, 1a dua ra cidc phuong trinh chuyén dong dsi véi tdm phéng. Vi thé, ta c6
cdc gia thiét sau:

+ Bién dang nho, bé day ciha tdm 13 nho, sir dung giad thuyét Kirchhoff.

+ Do cong nho, dudng cong la thi€t dién cé x= const va y= const, hinh chiéu clia phan
tir duomg 1én mat phing (x,y) ciing 12 phin tir duding.

Trong trudng hop niy, ta ¢6 bién dang cha phén tir & Khoang cdch z d&i v6i mat phang
trung binh cta tam: |
gx(2) = u, —zw,, - wK,
ay(z) =V, IW,, - wa (5.105)
VelZ) = Uy + v, — 22w
Trong dé u, v, w 1a c4c dich chuyén & mat phang trung binh cla tdm va K, =1/ R;;
K, =1/R, la d¢ cong theo phuong x va y.

V& gia thict trang thai ¢ng suat phing thi cdc tng suit

o, = 1]—:\»2 (g, + vsy) = ll—ivz [ubx +WW, - (W + VW - (K, + va)w]
o, = 1ot vve )= Ealug tw, —zw v )= (K VKD] (5.106)
T E* E

Xy - 2(1_\,2)“{)(); = z(l_vz)(u‘y +V.X _2ZW,X}")

gday: E' =E (1 +18)
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Hinh 5.22. Luc dat & phan tr tam.

Theo hinh 5.22, cidc phuong trinh can bang tai phan tir tdm la:
Nex+Ty+pc + ptQ*u =0
24—
Nyy+T+p, +ptQv=0

Qux +Qyy +N,K, +N K, +p, - ibQw+ptQ’w =0 (5.107)

t
My My, +Qy - py 5 =0

M +M“—Qx+px%=0

xy.y
Céc luc p, va p, tdc dung lén mat phing trén ctia tim z =t / 2.

Cic dai luong tai thi€t dién néu ra ¢ trén, duge xdc dinh nhu sau:

N, = j-cxdz; M, = ]cxzdz; T, = ]txydz
= . kK (5.108)

4

N, = ?d},dz; M, = gJcs},zdz; M,, = Itx},zdz

-4 - -

Khir cdc Q,, Q, trong (5.107), thay cédc dai lugng luc tai thi€t dién & (5.108) vao
(5.107) va chii y dén (5.106), ta duoc:

B —y2
U+ l_z\iu.y}r + HTVV"W'_ [(Kx + VKY )W]‘x +(1- \R)%QZU + Py IEYI =

, = +v 2 2 1-v2 _
L +—2—"\"M +-12—u_xy —[(K), +va)wL +(1-v }—S_—Q v+pyE—:’t =0 5100,

Viw - %[(Kx +VK ) u  + (K, + VK, )V, (K2 + Ki +2vK,K, )W]
_12(1-v)?

2 sz .
_IZ(I—V W(l——m)w— E‘[3

t t
(pr, + Pxx E + Pyy 5)
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trong dé: t - bé day cla tdim; n= % - h¢ s0 khong thit nguyén ciia can ngoai; p - mat do
p

ciia vat ligu tdm; Q, w - tin s& kich dong, tdn s6 riéng; py, py, p, - luc kich dong didu hoa tic
dung 1én mat trén cla tdm z = t/2.

Trong cdc phuong trinh (5.109) di bao gém ca cdc lyc quin tinh mang, diu ring
khong cdn ¢é ching theo cédc trinh bay & doan 5.2.2.

Dé thigt lap phuong trinh chuyén dong cla cdc gan ¢ do cong nho, ta diing 1y thuyét
Wlassow. Sau d6, dua ra cac dich chuyén & déu.

(x,s)=u-v,y—wg z2—@, 0s)
V(X,5) =Vv— 20,
W(X,8)=w -y,

(5.110)

trong doé:

G, v, w: dich chuyén & bién dang phai theo toa do s (xem hinh 5.23);
u, v, w: dich chuyén ca gdc toa do (mit phfmg trung binh};

Wg, Wg! phan dich chuyén do uén va do lyc cat;
w(s) = ‘[n(“s‘)di : don vi ctia sy phéng;
1}

®,: g6c xoay ciia bién dang theo truc x.

Cic diéu kién can bing c¢6 duge tir hinh 5.23:

4, + |0, dA+pQ? [UdA=0
(A) (A)

g, +Q,, +pQ* [VdA=0
(A)

-Q, + _[ o,x¥dA =0

(A)

q, +Q, +pQ [WdA+ [0,K,dA=0

(A) (A)

(5.111a...f)

[0, 2dA-Q, +q, > +pQ* [TzdA=0
{A) 2 (A)

m+Mry, —dy % + I T ndA - sz I (Vz—-Wy)dA =0
(A) (A}
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t/2
.:?)
3
|~
]
) ""'—';f'
‘-\

| a. ‘y -)T-
Y
HT;' s FFAre.
s Vs ey
6+ 0y dx
—lds
l Tx 9 R VdAdx 8,0, e
Tz 9R*WdAdx

oo

9y Gy * Gy, dx
L —0Q*TdAdx
.é *qx
PRV dAdx
o N1
-y
10,

Hinh 5.23. Céc ky hiéu va cac luc tai phan tir ddm cong.

Ta nhan duge bién dang va ting sudt theo phuong x déi v6i dim Wlassow c6 do cong
nho:
E(X,8)=u, -V ,y-wp 2=, . 0-K w (5.112)
5(x,s)=E"&§(x,s) (5.113)
S6 hang cu6i ciing & (5.112) dugc hiéu 12 hiéu u‘ng bac thang bdi dich chuyén téng thé
cua mot pha theo huéng xuyén tam quanh w.
Vi chid y dén (5.113) va diéu kién can bing (5.111a), ta duoc:
qx = E“ [—All" + Syv xx T Ssz,xxx + (px.xxxso) + (wa),x A:I -

A (5.114a)
—pQ (AU——SYV.K _Ssz,x _Sm(px.x)
Tir (5.111b) va (5.111c¢) sau khi khir Q), véi chi ¥ dén (5.110):
q)‘ E [ S)"u XXX +1 )’V XXXX + I)‘ZWB.XXXX + I'-UY(P"J”UU‘ +(K W) XX SYJ (Sl 14b)

-pQ*(Av - S,Pxx)



150 DAO BONG TAU THUY

Vi (5.112) va (5.113) va vdi m6i quan he giira luc cdt va bién dang trugt do luc cit:

KE'A
Q, “ev) Wox (5.115)
Cédc diéu kién can bang (5.111d) va (5.111e) chuyén thanh:
E'kA '
q, =- 2(1 +v) wQ.xx -E Kx [Au,x _Syv.xx _SZWB.XX "Sm(px,xx - KXWA]
~pQ* (AW +S,0,)
. (5.114c.d)
E kA t N
21+ v) Wax ~dx E -E [Szu.xx - I)"'I.V,XXX - Izsz.xxx - Imztpx,xxx - (Kx w),x Sz]
- sz(Szu - Iyxv.x - I?zWB.x - Imz(px,x )=0

Trong d6, k biéu thi hé s6 trugt trén thi€t dién ngang toan thé.

Luc trugt theo toa do s ¢ duge tir hinh 5.24.

I
T(s) =—q(x) - J cx_di =-q, - J.cx.xl(s)ds
(A} 0

em—————— qx

--"-""",

\ . ™

T(s)

Hinh 5.24. Lyc trugt T,

Trong dé ! Ia chiéu dai clla dudmg trung binh bién dang dén tan diém cudi tr do cla
bi¢n dang. Ta bién ddi s& hang thaf tu trong (5.111f) nhu sau:

‘ ‘ !
ITJ (s)n(s)ds = .[T" (s)do(s)=T, (s)u)(s)‘:] - _[GT&F” w(s)ds
0 0 0

S& hang dau tién triét tiéeu do diéu kién bien T, (/) = © (5 = 0), vi ta nhan dugc:
f
[TaomG)ds = | o, ,odA (5.116)
0 (A)

M7 12 momen theo thuyét xodn St. Venant. N6 ¢6 méi lién he:
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Mt = Glo, (5.117
v6i: I = th?S}
Bay gid, the vao (5.116), (5.117) va (5.110) vao (5.111f), ta duge:

(m -~ qy _) E [ Sm JXXX I{uy xt Im)WB xaxx T Imm(px.xxxx +(K W) XX SmJ

. (3.114e)

2
—pQ (=S, v+ o +1,w)- m 10 xx

Trong cdc phuong trinh (5.114), ta dung céc tham s6 mat cdt sau;
A= Jaais, = [ydais, = [zdA:s, = [ wdA

(A) (A) (A) (A)
= [yldair, = [yuair, = [Z%dA (5.118)
(A) {A) (A)
L=l +1,i Ly = [oydAi L, = [odAil, = | ©zdA
(A) (A) (A)

Bi€n dang trugt do lyc cit theo phuong z duge bd qua, khi d6, c¢6 thé khir Q, tir
(5.111d) va (5.111e), tir hai phuong trinh nay véi wg = w ta nhan dugc:

qz+qxxE-E[Su +1,.v +1 w + L +

£, XXX Y& MXKX I KXXX J’.B(PX XAXX

+HK, W) S, - K, (Au, =S v, -S,w, -S,0,  —K,A)] (51140
—pQ* (WA + S0, +S,u, -1 v, ~Lw, -1 o)

yeVox T eeW o T Loa Oy xx
Trong trudng hop nady, phuong trinh (5.114f) thay ¢hé phuong trinh (5.114¢) va (5.114d).
b6i véi cde gan theo phuong y cling ¢6 cdc quan hé tuong ty, néu déi chd cdc chir s6 x
va y. Can chii y riing, géc xoay ¢, tuong dng 1a duong. Doi khi, cdc gan tuong ting khong
dugc dat ngang vdi nhau. Trong trudng hop niy, cdc phuong trinh cla tdm bao (vd) phai duoc
chuyén sang hé quy chi€u clia cdc gan hodc 12 nguge lai. Trén hinh 5.26, truc cla gan duge
dit nghiéng mot géc o so véi truc x. Trong trudng hgp nay, he thic chuyén déi nhu sau:
u, =cju,

Uy, = chz:;‘uﬁ_JL
U m = CRCI Chlig 3 (5.119)
Uy ton = CEC?CH Cv'-'g Apv
Yy tnp = Ckci C” "c;‘ug v
trong dé:

uy (k =1, n, z) dich chuyén & hé quy chi€u theo cic gan;
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uz (& = X, y, z) dich chuyén & hé quy chiéu x, y, z;

[l

CE =cos(k,%) cosin chi phuong gilra truc k va £.

Vi cdc he thite nay, cic phuong trinh ciing ¢6 thé duge viét cho cdc gan ngang véi
a=mn/2.

A /t
-_ [‘\
X \"‘"/ &
-- ?y
Gan
. /
! _—
y
*z n
Hinh 5.25, Cac ky hiéu ddi v6i gan ngang. Hinh 5.26, Cac ky hiéu & gan dat nghiéng.

5.2.3.2. Cong thirc cua bai todn bién phdn

Bai todn bién phan duoc 4p dung trong nhiéu phuong phap giai. Co sd & day 12 nguyén
1¥ Hamiiton dudi dang

T, L
3 [(U-T)dt= [3W,at (5.120)
1, L
Dsi véi chuyén dong diéu hod, thoi gian khéng ¢S quan heé véi phép bién phan. Didu
d6 cho phép dua (5.120) vé dang:
S3(U-T-8W,=0 (5.121)
Trong dé, U va T 1a cdc bién phan cla thé nang diéu hoa va dong ning, W, 1a cong
kha di cua lyc khong bio toan. Ning lwgng cha lue can trong duge dwa vao nhd dp dung
cong thitc bidu dién cin thay thé trong (5.121) véi viec dung E” trong thé ning dan héi U.
Ta cé thé viét phuong trinh (5.121) dudi dang:
I=U, +Us - T, - T - Wp + Wg > cye tidu (5.122)
trong dé:
U, Ug: thé nang dan hoi doi v6i tdm nén va gan;
T, Ts: dong nang clia tdm nén va gan;

Wp, Wg: cong cia luc can ngoai va nang lugng cha luc kich dong.
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Vi (5.105) va (5.106), ta c6 thé nang dan héi va dong ning clia tdm nén:

=— I(G €, +0,8, +1
(Vl

B AN l-v 2 1+v .,
” — [u +v +2vu Wyt U+ +(1 v)u yVix
24(1 v) 2 2

xy ¥ xy dv

—2(K, + VK Ju w-2(K, + VK v, w+(KS + K] +2vK, K, )w?]

+ w‘zxx + wi,), + 2\,".1'.#,“\1»'_W +2(1- v)wiq‘r } dxdy

1 ab
T, = > ptY? _“(u2 +v2+w? Ydxdy
a4

Véi luat can theo (5.104), coOng cta fuc cén ngoaj la:

~— [fpowdxdy =-ipt®n ] f Widdy

i)

~ (5.123a)

(5.123b)

(5.123c)

V6i gia thiét ring, lyc kich dong phan b6 trén dién tich va lyc kich dong tap trung F,,

tic dong theo hudng z, ta c6 cong cla luc nay:

ah
wg = ”wpzdxdy +> wE,
0o Gy

(3.123d)

Ta nhan duge cdc biéu thitc nang lugng tuang (g phan bs theo chidu dai tir (5.110),

(5.112) va (5.113).

d
=—E H £ dAdx_—E‘ JlZA+T, V2 +
(A)O 0

2
+ IuwB x T Imm(Px XX +28' 1 WE Zsyu Vi ~

_2S U Py xx +2I 0 W BxPx.xx +21y¢ xxWBxx ~

- ?,Imy\,rl,{,‘c|)x‘,(x +2K, (-u, WA +S, v, ,Ww+S,wwg -

2

-S,wo, )+ KiwiA + kAWS L
' Al +v) 21+ v)

119y , Jdx

E
T, =%PQ2 I{Auz + Iw\"it + Iu“’%},x + Imm(pi.x _2SzuwB,x -
0

- ZSyuv_X -25,u¢,  +21,, Wy, 0, , + ZIyzv_ow_x +

+ 2LV @xx Av? - 2S,vp, + Aw? + AV —25,wo, Jdx

(5.124a)

(5.124b)

Trong d6, cdc gan wén theo phuong x duge biéu thi 13 cdc gan doc Cic biéu thirc

tuong fmg Uy, T, danh cho ¢4c gin ngang.
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5.2.3.3. Hé chim trong nudc

o1 vo1 he chim trong nude, ngoai nhimg phuong trinh di néu & trén vdi chat long Ly
tudng, ta con phai thém vao phuong trinh nang lugng clia chat léng la:

Bax +0yy +6,,=0 (5.125)
& day ¢ 1a thé van t6c. Cdc diéu kién chuyén tiép gilta tim nén va chit 1ong duoe viét dudi
dang:

WX, y.1)=¢,(z=0) (5.126)

Pr(x,y,10) = —ppd(z = 0) (5.127)

Trong d6: pp 12 dp luc cua chit 1ong 1én bé mat ngoai cha tdm; pg Ja mat do chat
16ng. Khi gidi han & dao dong diéu hoa, vdi phép thé phan ly:
WX, y,t)=-w(Xx,y)cos ()
be(x,¥,1) = d(x,y,HQsin X
PrXy.2=0,1) =pp(X,y. 2 =0)cos{M (5.128)
Cdc quan he trén chuyén thanh:
¢'.xx + ¢,yy + {b‘zz =0
$,(z=0)=-w (5.129)
PF= —IDF¢’Q2
Tinh nén duge va tinh nhét cha chit 1ong khong duge dé cap dén 0 cdc phuong trinh
trén. Cac nghién cru clia nhiéu tdc gia cho thdy rang, ching dugc phép bé qua khi tinh todn
cho dao dong diéu hoa cuc bo. Con cong thite clia dong nang chat 16ng:

1
T. ==
F o

ahe

oL j”(¢2 +4 +¢i)dxdydz (5.130)

ann
va cong thic ap luc tic dung giita tdm va chat long:
ab
Wiy = pe’ | [8(z = 0ywdxdy (5.131)
06
Tir d6, d6i véi dao dong diéu hod ching ta c6 thé xdc dinh cong thife thé nang téng
thé mo rong riéng cho c¢é hai phdn ctia hé khung ¢6 gin va chét long dudi dang:
ITp = Up + Ug, - Tp ~ T, - W — Wg — cuc tidu trén G,

[z = -Tg + Wr — cuc tiéu trén Gy (5.132)
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Gp va Gg la ving xdc dinh bdi tdm va bai chat 1ong. Khi d6 thuc hién phép tinh bién
phan, chii ¥ ring & Gp chi ¢6 cdc dich chuyén u, w, v bién thién con & Gg chi c6 thé van téc
¢ 1a thay déi. Téng hop hai ham trén lai ta dugc:

Mp=IIp+ Ig = Up + Ug, - Tp - Wp — Tg (5.133)

Khi d6 véi phép tinh bi€n phan, diéu kién chuyén ti€p nhu 1 diéu kién phu sé& dugc

thoa man.

5.3. CAC PHUONG PHAP GIAI

5.3.1. Loi giai chinh xac

Cac 1oi giai chinh xdc cta van dé da néu chi c¢6 thé tim duogc trong trudng hop dic
biét: tdm hodc vo ¢6 ban kinh cong khong déi. Trong trudng hgp nhu vay, ngoai bién ngang
c6 mémen uén va ing sudt phap bing 0, cdc dich chuyén theo huéng cic bién ngang ciing bi
can tr&. Hinh 5.27 chi ra mot hé nhu vay.

*x
We W= U= V=0

/_

7]___.

Diéu kién
| bientuyy

|
{ |

e e e s —
e e e e e
e e e e

Wo W= Ux= V" 0

Hinh 5.27. Tdm chiu ngam theo chiéu doc.

Bén canh d6 bién doc c6 thé chiu lién két bat ky. Chiing ta chia hé thanh n phén, cdc
phin nay dugc gidi han bai cdc gan. Sir dung hé thirc tich bién cho méi phan:

u(x, y) = U(y)cos e
a

V(X, y) = V(y)sin 22X (5.134)
a

w(X, y) = W(y)sinm
a
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Khi d6 phuong trinh chuyén dong (5.109) dua vé mot hé phuong trinh vi phan thudng
va c6 10i giai chinh xdc. Véi cich tuong tu, tir cdc phuong trinh chuyén dong cla cdc gan
(5.114) va cic hé thitc cho noi luc:

q:(x) = Q, COF»E? . q(x)=Q, sin%

qy(x) = ﬁy sin 22X . m(x) = M, sin 21X (5.135)
a a

ta dugc mot hé cac phuong trinh dai s6. Hé thirc (5.134) va (5.135) da thoa mian cic diéu
kién bién tai cdc bién ngang. Boi vay cdc 10i giai cho timg trudng hop tdm phai dugc 1am
phil hop véi cdc diéu kién bién doc va diéu kién chuyén tiép tai gan. C4c diéu kién chuyén
ti€p dugc mo ta tai hinh 5.28.

Hinh 5.28. C4c diéu kién chuyén tiép giira tAm va gan.

Cac diéu kién nay c6 dang:
T(E) _ T(_E) -q,=0

Q) ~Q)* -, -q,, 5+ M3, M52 =0

2 Xy, X XY, X
o — M§5’+M§,‘E’~qy% =) (5.136)

Ny’ -Ny® -qy =0

Ching ta con quan tam dén cdc diéu kién chuyén ti€p dong hoc, khi d6 nhd viéc tich
su phu thudc vao x va dua ra céc 10i giai tdng quat cho U(y), V(y), W(y) din dén mot he
phuong trinh dé xdc dinh céc trj riéng va cdc dang riéng hoic céc dich chuyén trong trudng
hop cdc dao dong cudng bic.
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Viéc chdp nhén gia thi€t cdc dich chuyén bing O tai cdc bién ngang theo huéng cia
bién nay dan dén tdc dung clia ting sudt trugt trén bién. Tuy nhién thanh phin ng suit nay
tai cdc bién ty do khong ton tai. Boi vi sai s6 mac phai vi diéu ndy nho nén gia thiét cic bién
c6 (g sudt phap van c6 thé sir dung duogc.

5.3.2. Phuong phap sai phan

Phuong phdp sai phan phil hop cho viéc tinh todn dao dong ciia tdim cé gin va vo
phing. Thuat todn gidi xay dung & day rat don gian va dé hiéu, dic biét khi cdc gan b6 tri
vuong goc véi nhau va hé c6 bién hinh chit nhat.

Tu tudng cha phuong phdp nay & chd, céc todn tir vi phan xuét hién trong cdc phuong
trinh vi phan chuyén dong dugc xdp xi thong qua céc todn tir sai phan. Hé duoc dénh ddu béi
mang céc dudng ludi va d6i v6i mot mét 1udi (i,j) mot phuong trinh vi phan dugc thiét lap.
Hinh 5.29 chi ra viéc dat mang IuSi cho mot ving hinh chit nhat. Cho cic bién cé dich
chuyén bing 0 cdn mot dudng ludi va cho cdc bién khdc 0 cdn hai dudng lué6i ngoai. Véi cac
dich chuyén u;; va v;; ta chi cdn mot s6 cdc diém ngoai va trong trudng hop cic dich chuyén
& bién bang 0 ta khong cdn mot diém nao.

Cdc dich chuyén ciia diém ngoai cho phép mo ta bdi cdc dich chuyén ciing su trg giiip
cua di€u kién bién trong pham vi xdc dinh. Chd ¥ ring véi phuong phép sai phan, céc diéu
kién bién dong hoc ciing nhu dong luc hoc phai duge thoa man.

X

T

Ngam

i 4

-Tu do

<V

' A\
h etdo

Hinh 5.29. D3t Iudi cho céac dich chuyén.

D¢ thod man diéu kién chuyén tiép giita tim va gan c6 hai cch. Thit nhat, toan bo hé
dugc chia tai cdc dudng gin va tai bién clia timg phdn tir, cdc diéu kién chuyén ti€p duoc mo
ta thong qua céc diém ngoai tuong ting.
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Pon gidn hon nita, cdc dai lugng luc tic dung giita gan va tdm trong pham vi khoang
cdch gitra hai dudng thudc Iu6i duge coi nhu 1a tai trong bé mat (tai trong dién tich) nhu
hinh 5.30. Momen xodn & day dugc thay th€ boi hai thanh phdn luc mat tdc dung ngugc
chiéu nhau. Cic mémen va budc nhay luc cit gap phai tai gan duge xap xi theo cich nay.

Céc tai trong dién tich trong pham vi clia gan ta c6 thé xdc dinh dugc tir hinh 5.30:

t L
_ 9z *dxx 3 m=ay 3
Pos RS i Pm ot Q1P
y y 2hY
k-2 k-1 k k1 kel
hy
r P —{’A‘ A
) sany
HNES
e

Hinh 5.30. Tai trong dién tich trén td&m va luc tiép xuc.

Cic tai trong mat p, va p, tai cdc dudng luéi k, tai trong p,,, tai dudng luéi (k-1) va
(k+1). Ddu duong cho dudng ludi (k-1) va &m cho (k+1). Ta viét phuong trinh chuyén dong
(5.109) du6i dang cdc phuong trinh sai phan, dua vao cdc hé thic tai trong (5.137), bén canh
dé qy, qy, ... & phuong trinh (5.114) ciing dugc dp dung duéi dang sai phan, khi dé ta c6 mot
hé phuong trinh dai s6.

Dé minh hoa, phuong trinh ddu tién (5.109) dugc viét du6i dang sai phan:

1-v 1+v
D,,u + = Dyyu + = Dyyv = Dy [(K, + V'K,) w] +

0
+(1—~v2)§ Qu+{ {_y2t =0 (5.138)

t P/~

E't

v6i g IV sl LerB
by idad E'th,

[—AD“LI + SnyxxxV + Sszxxw + S(oDxxx(px +

+ AD;K,w) - pQ’ (Au-8,Dv - SDw-S,D,00]  (5.139)



Chuong 5. DAQ DONG THAN TAU THUY 159

Ky hi¢u D;; mo ta todn tir sai phan. Nhu vay céc todn tr 4p dung duge bidu dién:

l
| 1
D= —=|-2|5 Dy=—[1 -2 1§
hyl h?
| -1 0 1 | 1
Dy = 0 0 0} D= 0 (5.140)
4h,h, {0 1 2h, 1

Bang cach tuong tr cdc phuong trinh (5.109b), (5.109¢) va (5.114f) cling ¢ thé biu
dién dudi dang cdc phuong trinh sai phan. Tuy nhién chd ¥ dén gée quay bién dang, ta xic
dinh duge ¢, = w .

Trong phuong trinh (5.139) cdc bién dang trugt con lai duge bd qua. Viéc dp dung
phuong trinh (5.109) viét dudi dang sai phin cho cdc diém mét lréi cho ta bai todn gia tri
bién dudi dang;

(E*ll_an d=f (5.141)
l1+1d

hoac bai todn tri riéng cia dao dong riéng khéng cén:
(K-AM)d=0 (5.142)

trong d6 d= [gT gT ET]T la vecto dich chuyén céc diém mét luéi, K : ma tran d¢ ciing,

M : ma tran khoi luong va f 1a vecto luc kich dong. Cdc ma trdn do cimg trong phuong phép
sai phan n6i chung la khong déi xtng. Tuy nhién trong nhiéu trudng hgp dé dang bién ddi
thanh déi ximg. Tai cdc bién c6 ing suat phdp bing O thi viec 1am déi xing ma tran niy chi
¢6 t+3 khi gia thi€t mot cach gdn ding 1a dich chuyén tai cdc bién theo hudng cha nhimg
bién nay bang khong. Tat ci cdc ma tran ¢6 dang ma tran dai.

Viéc nang cao ddng k€ do chinh xdc s& dat dugc néu déi véi cdc dich chuyén w, céc
todn tir sai phan dugc x4p xi cao hon. D6i v6i chuyén vi u, v thi viee st dung céc todn tir sai
phan thong thudng 1a di vi anh hudng clia né dén chuyén vi w 13 nho.

Céc kich dong dong hoc duge thye hién thong qua viéc 1am thod min cdc diéu kién
dong hoc tai cdc diém kich dong. D61 vdi sy xudt hién cdc dang bién khong ¢6 dang hinh
chir nhat, cdc diéu kién bién dugc thoé min théng qua phép nodi suy, Do céc vu diém cha
phuong phdp sai phan khi gidi cdc bai todn vo phing, ta cé thé 4p dung cho bai todn tdm véi
cdc thudt todn duge gilr nguyén.

5.3.3. Phuong phip Ritz

Phuong phdp nay dic biét phit hop cho bai todn phan tich dao dong cha hé duoc gia 6
bdi cdc bién hinh chir nhat. Ta ¢6 h¢ thitc cho cdc chuyén vi trong tdm:



160 DAO DONG TAU THUY

uxyy] |9 0 |fa
vix,y)=|vx.y) [ =107 07 07 ||b| = G(x,y)d (5.143)
wix.y}] o7 o7 nT |le
wongdé: d=[a’ b’ ¢']¥ (5.144)
14 cdc vecto ty do trong khai trién Ritz cho cdc chuyén vj u v, w va:
7 =[f, ... )]
gT =81 - 8l (5.145)
h' =[h ... h]

14 hé cac ham toa d6.
Vecto bién dang trugt cia hé cé dang:
e=Dv=DGd (5.146)
8/dx 0 -29" |9x* -K,
viimatrin D = 0 dloy  -20' /oy’ -K, (5.147)
dloy 8lox  —220" |9xdy

véi gia thigt v& vae ligu (5.101) ta ¢6 vectd Gng sudt:

o=(1+id)He (5.148)
E 1 v 0
v@imatran H= - v | 0 (5.149)
-V
. 2
Thé ndng dan héi ctia hé duge tinh:
1 1 1.7
U, = 5 [eTodv = EQ K,d (5.150)
(V)
véi ma tran d¢ ciing: K, = [(DG)"H(DG)V (5.151)
V)
Pong ning duge biéu dién:
1 1
T, = EpQ2 [vTvdv = EQTMPQ.QZ (5.152)

v)
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wong dé: M, = p {GTGdV (5.153)
(V)

12 ma tran khoi lugng. Cudi cling cong cha lyc can ngoai va cia luc kich déng theo phuong
trinh (3.123c¢), (5.123d) ¢6 dang:

ab
Wp = 1 iQ%ptn [ [vidxdy = ~igT BdQ? (5.154)
2 00 2
ab
We=- [ [p,wdxdy + SwiF;=-d"{ (5.155)
an
ab
véi: B =iptn | {hh"dxdy (5.156)

an
g:]hj ,hdxdy + > F,h,
0 (i}

Bang cdch trong ur ta ¢6 he thie tuong tng cho céc gan. Ta giéi han & day chi cho bai
todn lién quan d€n cdc gan doc, ta ¢d:

Vi yL.s=0=G.d (5.157)
g =D V¥V =D G d (5.158)
Txyyy O o7 £ " o7
G.=| 0" g'xyy 0" |=j0" g 0O
0" 0" hTxyp] (07 07 nf G159
D, =|8/8x  ~yd® /x> (-2 [ox? — 08 | o0y - K,) |

VoxyLs) = v =Ly, (5.160)

1 -yd/&x -28/8x - 0d® |dxdy

L =0 1 -20/dy (5.161)
0 0 1+y8/dx

chi s8 L biéu dién gan doc. V&i cdc ky hieu va todn tir nay, ta c6 hé thitc nang luong:

U, = 1e J _faiLdAdx = %QTI_(LQ(I +13)
(A)0 (5.162)

L oo _1 Tar a2
T, =2pQ [ v vdAdx =_dM, 40

{A)(
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Vol
KL =F | J(0.G)T(DLGy)dAdx
(A)0

(3.163)

M =p | (L G)T(L G)dAdx
(A0

Phuong trinh (5.122) ¢6 thé duoc viét dudi dang:
1+ 16)%@‘15,,(_1 +d"K -0 %(QTMPQ +d "M d+d"Bd)-d"f - cue tiéu (5.164)

Bi&n ddi nho hé thife clia vecta Ritz din dén:

[(1+i8)Kp +K )~ (Mp + M, -B)|d=f (5.165)

Viéc Khai trién din dén céc ma tran:

! !
1
£+ | vyt
i T
+ X 0 + L5V gl | KK b
________ l______________-t___ﬁ______________
""" A
! ByBy * ]
b 1-v . 1 ~Ky+vKog, b
Pt By By |
1
Et b L --------------- :— -------------------
Kp = |3 dxdy (5.166)
1-v2 ;) i ‘ﬁ‘[h,uh:];x +
d6i xing E v(h  h- +h hT
: SHAXZYY O Sy
! T
i +thyyhyy +
| 2(1-v)h b, ]
1
! 2
i +KZ +K? +
1
i +2vK, K, )hh "
SR L0
ah f-mmmmrene- ': ------------- -E- ------------
My =pt [ - S dxdy (5.167)
R T L mmcame ]
?9 1 asi ximg | _ T
: (1-inphh
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C
I
I
I
I
i
d6i ximg E
)
)
]
j
i
l
]
i

~S,f.hT -S f. hT

Z24x22,xx [CERELPLY

hT

m)fg.xx--.xxy

lyz“g_.xxll,—l;x -1

I, (b, ,h" +h  h")

AXILXAY 2Ky s,

+1_h. . hT 4

DW= XY=, XKy
Ssz(h.xxt—lT +m,1x) +
Sme (h.xxyhT + @.xxy )

+KZAhh +

i T
2(l+v) Irh-xyll.xy

MLZPI ------------
4]

q—————=

e ———————

T
'—Szﬂ}:{n - Smm,xy

+Iph h})+ Ahh”
T T
+S,(h h” +hh})

Céc ma tran can & day c¢6 quan h¢ v6i ma tran khéi lugng. Heé thiic:

fx(x,y) = f]([(x)fl(z(Y)
Ex (X,¥) =gy (X)gka (V)
he(x,y)= hi, (X)hy, (y)

dx (5.168)

dx (5.169)

dugc sir dung nhu cdc hdm toa do, trong d6 fy,, fxs va gky. Ex2 6 lién quan t6i cdc ham
rieng dao dong uon cita dim Euler ~ Bernoulli. Diéu kién bién cha cic bién cé tng suat
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bang khong, tuy nhién chua duge chimg t6 & day. Véi nhifng bién nhu viy phai gia thiét gin
ding c6 cdc dich chuyén theo hudng bién bing khong.

Trong trugmg hop dao dong cudng bite ¢6 can ta c6 céc gid tri Ritz phiic.
5.3.4. Phuong phap phan tir hiru han (PTHH)

Phuong phdp PTHH (FEM}) di duge sir dung ngdy cang rong rii trong nganh ché tac
tau thuy vi kha nang ting dung da ning clia né d€ tinh todn dao déng cic cdu tric.

Phuong phip nay duoc biét dén véi rdt nhiéu hinh thie. G day chi dé cap dén mot
phuong dn, rat phit hop cho viéc tinh todn dao dong cla cdu trdc tau thuy. Tu tudng co ban
cia phuong phép 13 hé duogc chia thanh cdc phan tr hitv han va trang thdi chuyén vi trong
cdc phin tir duge mo td theo cdc ham dang bao gém cdc chuyén vi cha ndt (nhu 14 tham s& tir
do) va cdc dao ham cia né. Viéc két hop cédc phdn tir thanh hé théng qua sy bién déi hé thic
nang lugng do dich chuyén ctia cdc nit. Chiing ta gii han trong trudmg hop bai toin tdm
dudi day. Ta chon tir gidc c6 ¢dc canh I3 dudng thing nhu hinh 5.31 lam phin tir va c6 thé
bién d6i vé dang moét tAm vudng don vi.

x”E X
T\
L \, Y" 3 1 ¢
3 i a

Hinh 5.31. T giac v anh cla nd sang hinh vudng don vi.

Trang thdi chuyén vi bén trong mot tim vuéng don vi duge mé ta théng qua hé thic:

wem] [£TEw 07 0" 4
vem=|vEn i=| o7 fTem 0T | d, |=GEmd (5.170)
w(E, 1) of 0" hTEmild

trong dé: iT =[h22 hy hyy hyy hyy hyy by by Iy by by, hzz]

(5.171)
b =[h22 By hyy by Byp hyy by hyg by by hyg By hyy By hog h43]

14 céc vecto cua cdc ham dang. Cdc ham dang nay dugc thiét 1ap tir cde da thie Hecmit:
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hy; (&) = p; () q;(M) (5.172a)
. 1 5 1 5
VoL P =Z(1—§) (2+&) qQ =Z(l—n) (2+m);
1 1
p2=z(1+a>2(2—a); q2=z(l—n}2(2~n);
A 1 (5.172)
ps =30 —EPA+E: g =E(1—n)2(1 +1);
1 1
ps=-7( +E(1-8)  qq =— 0 +m*(1-mn)
Dich chuyén clia cdc diém niit duge dinh nghia:
QI =[u| e Uy Uz u4.n]
c_lj =[v1 Vig Vig V2o VMJ (5.173)

T _
d, _[wl Wie W) Wiy Wy W4£,n]

.—:y 1

Hinh 5.32. Su bién ddi clia phén tir thanh trong hé toa d6 &,

Phén tir t&m - dia c¢6 40 bac ty do. Phdn tir dang thanh thing tuong ng vé6i hinh 5.32
duoc bién déi trong hé quy chidu n&. Trang thai chuyén vi trong phén tif thanh ¢é thé bifu

dién:
u(E) 'XT(@ oT 0T o7 7
V(e = V@) |_ 1 (&) )
w(E) of o' ' 0

¢y (&) oT o7 oT LT(EJ)_

Trong dé v(£) mo (4 vectd chuyén vi cia thanh cho

5.33).

=

¥ |=Ge)d

¥

e et el e

=

(3.174)

toa do quay s = 0 (xem hinh
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Hinh 5.33. M4t cit ngang cla thanh.

Ham dang r(§) duoc xdc dinh tir da thic Hecmit:

'@ =[pE) piE) P& pa®)] (5.175)
v6i pi(€) theo (5.172). Céc vectd chuyén vi ctia diém nit duge dinh nghia nhu sau:
d, :[Ul Ue U “2‘5} ; dy =[V| Vg, ¥ Vz,g] (5.176)

_ =p
Qa I[Wl Wie Wa Wz,g] ; qu =|:(p1 P P ﬁpz,g]
Trang thédi @ng sudt trugt v img sudt phdp & tim c6 thé nhd hé thitc nay va qui luat
clia vat liéu theo (5.148) biéu dién dudi dang:
e = D(x,y)v(§,m) = D(x,y)G(§,n)d
e=D( .Y)‘(é n) =D(x,y)G(&n)d (5.177)
o=(1+id)He
M6i quan hé nay phu hop véi két qua xédc dinh bing phuong phép Ritz. Véi phuong
phdp Ritz G 12 ma tran clia cdc ham toa do va d 1a vecto dich chuyén ctia diém niit. Chiing
ta ¢6 thé truc ti€p sir dung céc hé thic niang luong trong muc 5.3.3 va xdc dinh dugc cdc ma
tran phan tir clia tdm.
T
Kp = [[Dx,yGEW] H[DK,y)GEMHY
V)
M; =p [ GT(&nGE AV
) . (5.178)
B=iptn [h(&mh" (XS
(S)

£= [phEmdS+Y Fih(Em,)
(S) (i)
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Trong dé S 1a dién tich bé mit cha phén tir.

Do din ty d6i doc theo thd cia profil nhan duoc thong qua:
£ (&.5)=D(&,5)G(8)d (5.179)

10 ¥ 0 u) & e

1 88 Foagt P oog? P

trong dé: [:)(é,s)z (5.180)

Véi vigc vi€t gon d, =[Q 00 _l_](__iz[_)(p ta c6 hé thirc thé nang dan hoi cho mot

phin tt thanh trong m&i quan hé véi luat xodn St.Vd nang va khong ¢6 bién dang truot do
luc cat:
= 1 TR TR
U=—_(+idE | j(DGd) (DGd)IdAdF,+I (1" Dyd)" (£ "D, d)dE,
2 (Ar-1 2(]+ L) {5.181)

1
=—(1+13)dKd
2( +13)dKd

V& ma tran do cling cta phan tir thanh:
I (
K-El [ [[Dod®] [BeGE© Jardk T j @' EDd  (5.182)
(Ar-1 -1
Vectd chuyén vi cha mot diém trén mat cit ngang ciing vé mot toa do s tir (5.110) va
(5.174) la:
[UE.s)
V(&s)=| V(&) |=LEs)WE) = LEsIGE) (5.183)
| W(E, s}
Y90 D wfs) D]
1o 1 e 1 o
vdimatrdn L(E,s)=|0 ] 0 -z (5.184)

|

Str dung quan hé (5. 183) ta c6 dong nang cta phin tir thanh:

T=1pa? | j vTvdAsdg=—Qza Md (5.185)

2 {A)-1
1
v6i ma tran khoi luong: M=ol | [[Le&)G@ ] [LE)TE)]dAde (5.186)
{A¥-1

Céc tich phin doi v6i ma tran do cing, khéi hugng, cén theo phuong trinh (5.178) c6
thé khong thuc hién duge. Ta phai bién ddi ma tran D(x,y} thanh D(&,n) trong hé quy

chiéu (&, n). Trong d6 ta chon phép bién dbi tuyén tinh théng qua quan hé:
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x] (8T oT|[x] |8"%
i o7 sT|ly] |sTy G5

Trong d6 x, yla cdc vects dinh vi cia cdc diém géc cla phdn tir trong hé (x,y) va

§T :[Sl S; $ 34]
1 1
S, =Z(i+§)(l+n): S, =Z(I~E,)(I+n)
Vol X ) {5.188)
Sg=z(l—é)(l~n): S4=Z(1+é}(1—n)

Pao ham theo £ va n dan dén:

{af@g]:l[a/ax (5.189)

a/om a1y

8% 1 8E? a* fox? oo

5% an? |=p| 8% /oy { x] 5.190
o P [oy” 1+Q 510y ( )

&% 1 dEdm 8% | Oxdy

alx/aéz a?.y/aé?.

véi: 1{2}{23 Z;Zﬁ] Q=| &x/am* 'yl (5.191)
&*xoEdn 8%y / B
(Ox /88 (9y /oK) 2(8x | BE) By / BE)
P=| (&x/om)’ (@y/on)? 2(8x / Xy / ém) (5.192)
(Ox ] BEY)Ox /M) (Dy/BEYBylom) (D% /OENDy/ )+ (Bx/BEXBY/an)
Nguogc lai:
a/ax}zl_{a/ag} (5,199
| 8]y afom
_61/8)(2 62/652-
62/ay2 _p! az/anz _B-ngl-l[gji} (5.194)
d* | OxBy &2 ] 3Em

Tir d6 ta ¢6 thé mo ta ma tran vi phan D trong he toa do (&, 1) nhu sau:
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"J_,{a/a@]
~ 19/om

Ny
= |8/om

o jae? (5.195)
DE =R

R = { =z = (5.196)

1i1 27 : -7

Céc ma tran cho phén tir tdm duge biéu dién qua:

I 1
K, =t | [[DEmGE ] B[DENGEn)]det Jdgdn

-1-i

11
M, =pt | [G" (& mG(En)det Idzdn
-1-1

. (5.197)
B=iptn | [h(&mh" (& n)det Jdzdn
L -1-1
f= { { P, (&, n)det Jd&dn + UZ}F,,im&.,i,m)
V6i mdi phdn tir tén tai quan hé:
[ (1+8)Kp +K), - Q' (M, + M-B), Jd, =1 (5.198)

Chiing phai bi€n déi dua vé he qui chi€u dng thé theo céch thong thudng.

Cudi ciing, khi xét d&n hinh dang va cdc diéu kién bién déng hoc, quan hé cua toan hé
duoge xdc lap.

Phuang phdp PTHH mo ta & day dp dung duoc cho cdc két c4u phing va cong theo
mot tryc. Dac biét phit hop cho cdc hé c6 cdc gan vudng géc véi nhau.
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Ngoai ra con nhitng phuong dn khdc cla phuong phdp PTHH sir dung céc dang phin
ttr khdc nhaun di biét. D€ tinh todn, cdc hé chuong trinh di duge xay dung. Cdc dac tinh khac
clia phuong phap nay duge dé cap tdi trong nhiéu tai liéu chuyeén khao.

Viéc dp dung phuong phdp PTHH cho bai todn vé cong theo hai truc ciling c6 nhiéu
phuong dn khdc nhau. Kha niang don gian nhat 13 chia vo thanh cdc phdn it tam gidc &
hinh 5.34.

J

z 4

Hinh 5.34. Chia vé thanh cac phan tir tam gidc.

Quan h¢ gitra téc dung udn va lyc mang, lirc bé mat tai cdc phdn tir phing dugc xay
dung théng qua phép bién déi trén hé toa do toan thé. Viec img dung cla cdc phén tl tam
gidc phang chi phi hop d6i vdi cdc mit ¢é ban kinh cong 16n. V@i cdc vo cd bdn kinh cong
nhd thi ta phdi 4p dung cdc phédn tir cong, trong dé cdc phén tr duge phép xay dyng trén co
s& clia 1y thuyét vo phing. Viéc sit dung cdc phin tif thé tich ma phit hop véi vo ¢6 chiéu day
16n khong phéi 12 muc tiéu cla bai todn cho ¢du tric than tay.

Mot phuong an ¢é nhiéu wu diém dé tinh todn dao dong cia két cau phang c6 gan la
phuong phdp cic dai hitu han (FSM). Co s& clia phuong phdp nay 1a viéc phan chia két cdu
thanh cdc phan tir dang dai va 4n dinh trang théi chuyén vi trong dai (theo hudng dai) thong
qua cdc hé thiic giai tich. Cdc hé thic nay phai thod min cdc difu kién bién tai cdc bién
ngang. Theo hudng vuong géc véi hudng cla dai, cde da thitc théng thudng sir dung cho
phuong phap PTHH dugc 4p dung. Tir d6 bai todn hai chiéu dugc giam xudng thanh bai todn
mot chiéu. Hinh 5.35 mo td mot phdn tir dai hitu han ¢6 phuong theo tryc x. Trang thdi
chuyén vi duge biéu dién qua:

wem| (gL oT 0* d,
viem |=| o7 g (LT (M) 0" d, (5.199)
w(g,n) 07 0" g, &)L () |Ldw
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PRV

! ~a—

b b yn-yb

Hinh 5.35. Phan t{ dai hiru han.

Trong d6 g,(8). g4(&), g.(8) 12 cdc he thirc biéu dién syt phu thudc cha chuyén vi theo
hudng dai. _fuT(n). j,,T(n) va ﬂ(n) la cdc vecto ciia ham dang. Ta thudng 4p dung cic da

thirc hecmit bac ba cho ham déng ciia ca ba chuyén vi:
T 1 2 1 2 1 2 1 2
f = Z(l—n) (2+m) —i(l—n) (1+m) Z(1+n) 2-m) —1(l+n) (1-m)

(5.200)

B&i vi anh hudng cla bién dang cia tdm trdn (dia) 13 rit nhod so véi bi€n dang uén,
trong nhiing bai todn cdc chuyén vi ciia dia ¢6 thé biéu dién dudi dang da thitc bac nhat:

1 1
LT(n)=LT(n)=[§(l~n) 5(1+n)} (5.201)
Cic vecto chuyén vi cta diém ndit:
Q,T=[ul U, U uln] hoac QI=[U| uz]
d=[v; vy V2 vy hotc df =[v, v,] (5.202)

T_
Qu _[wl wl,n Wa Wz,n]

Mot phén tir ddi bao gém 12 hodc tdim béc ty do. Ta ¢6 thé xdc dinh quan hé cua céc
gan trong phan tir di. Tuy nhién phai quan tAm d&n mot vai diéu kién khic (& day khong dé
cap dén).
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Xét trudng hop don gidn, cdc bién ¢ moémen bang khong cé thé duge mo ta di chinh
X4c qua cdc ham:
g (&) =cosmné; g (&) =sinmn§; g,(&) = sinmn§ (5.203)

Phuong phdp FSM dic biét ¢6 uu diém cho viéc tinh todn cdc két cdu chi duoe gia c6
dd cifng theo mot hudng.

5.4. CAC HE CHIU VA PAP BOI CHAT LONG

5.4.1. TAm hinh chif nhat khéng c6 gan cing vdi goi tua c6 mémen bing khong va chiu
tic dung cua chit long

Viéc dua ra m6 hinh cho két cdu than tau chiu va dap cyc bo boi chat long da duge dé
ciap tdi tat muc 5.2.3.3. Ta xét truGc hét mot truong hop don gidn: T&m hinh chi nhéat cé
diéu ki¢n bién momen bang khong, dao dong riéng véi va dap cla chat 16ng tai mét phia. Tir
phuong trinh ciia tdm (5.109¢) ta cho do cong va can bing 0 va dua vao dp sudl cua chit

long theo (5.129¢) nhir 12 tdi (rong ngoai. Ta cé:

Vhw—aw = PE Aoz =0) (5.2042)
p
Ngoai ra ta con ¢ phuong trinh thé nang ciia chuyén déng chat léng theo (5.12%a):
Pux Ty +0,, =0 (5.204b)
va diéu kién chuyén tiép: ¢, (z=0) = —w (5.204¢)
2
v6i k¥ hieu: & =12(1 - v)? ‘;iz (5.205)
{

O day ta gia thiét ring cdc bién va diéu kién bién ¢6 dang nhu hinh 5.36:

e
i R

Hinh 5.36. Cac ky hiéu va diéu kién bién cla tdm hinh chi nhét.
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Ta coi ring céc bién gidp v6i chuyén dong chia chét 1dng cé tinh chdt khong déng nhat
vé hinh hoc. D61 v6i chuyén déng ciia chat IBng, cdc di€u kién bién tai bién z = z, phai thod
mian. Thém nifa, ta xem ring tai d6 4p sudt ciing nhu van 8¢ bing khong, ¢é nghia 1a:

¢|(ZR) = (, hoic [I)‘z (ZR) =0

Heé phuong trinh (5.204) duge thoa man véi hé thite:

. mMREX . nny
W =W, sin sin—-—

. MTX . nry ,
b=, sm———sm—-};)i(e ¥ 4 Ce*)
a

The cdc hé thite nay vao phuong trinh (5.204) ta ¢6:

C=e 2k
K= m’n? a n’n?
a2 b2
2
m’n®  nn’ 1
A= TR

ptk 1FC

(5.206)

(5.207)

Hg¢ thiic trén cling biéu thi diéu kién bién ¢é 4p suat bing khong va hé thic dudi bidu
thi diéu kién bién cé van t6c bing khéng tai z = zg. Trong chit 1ong (chiu kéo nén dén vo
han) zg — w0 va bai viy C = 0. G hinh 5.37 quan hé o/ cho diéu kién bién zp — o« dugc
mo ta. oy 12 tin s6 vong riéng khi khong c6 tdi trong va dap cha nuée. Diéu nay chi ra ring,
tai trong va dap clia chit 1dng 1am gidm cdc tdn s6 riéng di mot lugng ddng k€ va anh hudng

cla chat 1éng véi cdc dao dong riéng bic cao giam.

10
o =
%} \..‘.\
o &\%*4__{ |
RS Siesur
% e ———
D.& 4 R [+ 7. T
m=n=1, afb=2 /b g
0%
0z 0 2 ¥ & 8 L 2

Hinh 5.37. Quan hé gilta tan sd riéng va tai trong va dap cha nudc.
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Ping quan tam 13 sif tit ddn cla chuyén dong chét 1ong khi khodng cich z 16n din. Su
suy giam cha dp sudt duge xdc dinh theo (5.206) véi C = 0:
| —En\{ P

HZ)=0(z=0)e ™ =¢(z=0)e * b? (5.208)

Tir d6 suy ra, ngay khi zp = a, thé van toc va theo dé ap sudt giam 4% va khi z = 2a dp
sudt trén tdm giam 0,2%. Chu ¥ 14 viéc ap dung cdc phuong phap gin diing cho chat 1dng vo
han 14 di chinh xdc cho cde diéu kién bién ¢ (z =) =0 véi z/a = 1,5, trong d6 a biéu thi
maot nira chidu dai budce sdng.

5.4.2. Cac phuong phap giai

P& tinh todn dao dong cia k&t cau phing chiu ti va dap cla nuée, ta quan tam tdi céc
phuong phdp mé ta tai muc 5.3. Tuy nhién chi c¢6 phuong phip sai phan va phuong phap
PTHH la ¢6 ¥ nghia thuc t&.

Véi phuong phdp sai phéan ta c6 thé xay dyng duge mot thuat gidi rit rd rang va dé
hiéu. Phuong trinh sai phan trong muc 5.3.2 cdn dwgc bé sung thém phuong trinh chuyén
dong clia chit 1ong:

Dy +Dyyd + D4 =0 (5.209)

Trong dé ky hiéu Dj; m6 (A cic todn tir sai phan. Ta b6 sung thém & v€ phai phuong
trinh (5.109¢) hé thiic cua dp suit nudc 1a tai trong:

p.r = —preyd (z = 0) (5.210)

Diéu kién chuyén tiép giita tam va chét 1ong: D,¢ = ~w (5.211)

Phuong phdp phé bi€n nhat dé gidi quyét bai todn dit ra 1 phuong phdp PTHH. Quan
hé duge dé cap t&i trong muc 5.3.4 cdn bd sung thém ma tran khéi lugng clia chil [ong. Cdc
phin tir dugce sir dung 1a phén tir chat 16ng dang lap phwong (hinh 5.38).

8

Hinh 5.38. Phan tr chat I16ng dang lap phuong.
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Ta thiét lap hé thitc th& van t6¢ trong méi phan tir:
HEMG) =0 d, (5.212)
véi vecto chuyén vi nit: dj = [¢, dre buy g Op - ¢8_¢] (5.213)
Phdn tlf nay c6 32 bac ty do va nhiéu hon ddng k€ so v6i phdn tir dang t&m.
Ham dang cé dang:
9T = [(Pzzz Quza Pz P24 P22 P2 Pua2
Priz @32 Pz Pryg P21z Para Pox2 (5.214)
Paar Pazy Poar P2z P2r P Py
Piz; P T Pz Par Pan Prm @213]
voi Pijk (.8 = p; (§) q; (M) 1 (L) (5.215)

Pi» G- va 1 [a cdc da thic Heemit theo (5.172). V&i mot phén tir dang hinh hop chi
nhat cdc kich thu6e a, b, ¢ cé mit trong hé thitc ddng nang cia chét 16ng:

P11
Ty = %abc:[ _jl _jl(q;fg + 93, + 9% Jgdndg

Sir dung (5.212) ta c6: T, =%Q¢TMFQ¢

va sau khi dao ham theo c_ig ma tran khéi luong:

11

i
My, =abe [ [ [(0:0% + 007 + 0% Mednde
—1-1-1

Cong duoc thue hién do mot phdn chat 1ong:

i b
We =@ [ [$(z=0)wdxdy=dIM,,,d,

—-a~-h

I 1
véi: M,, =ppCab [ [hoT (0)dzdn
-1-1

(5.216)

(3.217)

(3.218)

Cédc quan hé gifta cdc phdn tir véi tAm (k€ cdc chdt 16ng) ddn dén bai todn dao dong

riéng dudi dang:

E—(uu I—(uv Kuw 0 M““ 0 0
Egvv E;vw 0 hdvv 0
-A
E;ww 0 IEIWW
0

{5.219)
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5.5. CAC HUGONG DAN TRONG THUC HANH

Khi tinh todn dao dong cla két cau thin tau (cuc bo), ta cin phai chia tir két céu
chung va tai cdc phan riéng phéi lya chon cdc diéu kién bién thay thé mot cach phir hop. Ben
canh dd ta phdi ¢6 géng xdc dinh cdc ranh gidi bién sao cho cic gia thiét vé diéu kién bién 1a
gin véi thuc t€ nhat. Trén hinh 5.39 mo td mé6t vai két cdu dién hinh. Cic hinh 5.3%a-b 1a
cdc tdim phang. Céc bién ¢ thé duge xem nhu d6i xiing hoic khéong d6i ximg d6i vdi cac
chuyén vi.

a) b)

-
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Hinh 5.39. Vi du v& két cau cuc bd cla than tau.

Néu xudt hién tai va dap do chélt 1éng, khi d6 t6n tai the van tdc ¢. Phite tap hon l1a cdc
diéu kién bién tai cdc bién doc. Do céc tdn s& riéng cha tdm diy va tdm sudn bén rdt khic
nhau, truéc hét chi xét rieng tim day va cdc bién doc dugec mo td théng qua tdc dung clia
ngam dan héi. Nhung néu cic tan s& riéng nay it sai khde nhau, ca hai heé (tdm day va tim
sudn) c6 thé coi nhu mot hé d€ tinh todn (hinh 5.39¢, 5.39f). Hinh 5.39d mé6 ta mot doan
tam nén trong va ngodi. Cic bién doc vi ngang c6 thé 1a d6i xing hodc khong déi xing.
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Mot vai dang dao dong dién hinh cho t&m c¢6 gén theo mot huéng dugc mo ta trén
hinh 5.40. C6 hai trung hgp dac biet: trudmg hop thif nhat 1a tim dao dong giita céc dudng
gan d6i xing (hoic khéng d6i ximg), cdc dudng gan hdu nhu khong chuyén dong. Trudng
hop thif hai cde dudng gan thuc hién cdc chuyén dong ngang.

\J - - e

=TT %

Hinh 5.40. Vai dang dao dong cla tdm ¢6 gan doc bién,

Céc chuyén dong trong d6i clia cdc tdm giifa cic gan thudng nhd. Véi dang d4u tién,
cdc tan s6 riéng duge ddnh gia véi do chinh x4c dit 16n. Thong thudng tai thin tau ¢ cic két
cdu cyc bo tai chd, cdc két cu ndy phdi duoge 1am chéc theo mét huéng va cdc bién ngang
cua né duge coi nhu cd cde diéu kién bién momen bing khéng. Trong tridng hop nay cho
phép phan chia sy phu thudc theo huéng gan qua cdc hé thic didu hoa. Tir d6 mdot bai toan
hai chiéu duoc gidm xu6ng thianh bai toin mot chiéu.

Tai cdc két cdu cyc bo, diéu ki¢n bien khong thé mo ta di chinh xdc. Tuy theo kha
nang, ta dya vao cdc két cdu bén canh dé mo ta né vi sai s6 do x4c dinh diéu kién bién giam
dan tir ngoai vao trong.
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CHUONG 6

TINH TOAN DAO PONG
CUA CAC KET CAU THAN TAU PAC BIET

6.1. CAC NHAN XET CHUNG

Trong muc 5.1.2.1 viéc tinh todn dao dong di dwge dé cdp 161 trong dé than tau duge
coi nhu 12 cdc dam, viéc ndi cdc dao dong cuc bo khong duoe xét dén. Cac dao dong cha két
c&u than tau cyuc b duge trinh bay trong doan sau.

Bé&i vi bai todn nay lién quan dén nhiéu pham vi khiac nhau nén hinh thanh mot hé dao
déng phitc hgp va téng qudt va nhu vdy, toan bo than thu ¢ thé coi 13 mot hé khong gian véi
cdc két cdu ¢6 gan. Nhu viy viéc phan biét gitta dao dong cuc bo va dao dong toan thé
khéng phai 12 d6i tuong co ban va viéc tinh todn dao dong cung cdp cho ta tat ca cdc dang
dao dong c6é lién quan dén mo hinh. Dé thuc hién viéc tinh 1odn nhu vay yéu cdu mot lugng
16n cdc dir lieu ddu vao va thoi gian tinh 16n dé giai cdc hé phuong trinh. Bdi vay nhiing ¢6
ging trong phdn nay 1am giam khé&i lugng tinh todn.

Trudc hét, ta ¢8 géng dua ra cdc mo hinh tinh don gian nhét trong d6 cdc tham s& hinh
hoc va vat 1§ cia mo hinh 1a nhiing tham sd nhat thi€t c6 lién quan dén bai todn da cho, theo
cdch nay thi cdc luc qudn tinh cia tdim mong bao gid cling duge bd qua, tuy nhién viéc tiét
kiém thdi gian tinh todn Ia khong déng k€.

Cung véi diéu nay cho phép ta don gidn héa mé hinh tinh todn cho céc hé phéng bing
céch bd qua céc bi€n dang udn trong timg phan ctia hé. Viéc 1am don gidn héa mé hinh cling
lien quan dén cdc mé hinh duge t6 hop lai tir cic doan ddm hoac tir cdc két cdu phang. Theo
cdch nay than tiu ¢é thé duge cot nhu ddm Timoshenko. Néu cdc dao dong cia cac hé cuc
bo ching han cdc bo phan & ddy tau hoac boong tau 1a ddng ké thi cdc hé ndy dugc moé hinh
héa 1a két cfu phang cing vdi mo hinh ddm.

Mot kha nang ti€p theo ta cac gan trong mot pham vi ndo ddy duge lam “nhda di” va
boi vay mot hé théng c¢6 gan duge thay the bdi mét hé cac tdm.

Viéc iing dung cua phuong phdp PTHH cling din d&€n mét loat cdc don gian héa ding
ké. Tai dé viéc gia c6 do cing ¢ lién quan truc ti€p trong cac phdn tir, tic dung cia né ¢b
thé duge mo ta théng qua cc chuyén vi clia cdc miit clta phén t& t&m, cudi cling viéc giam
tinh todn c6 thé dat duge bang cdch 1am gidm s6 bac ty do cha cdc hé phuong trinh 1én, viéc
giam nay s& dé dang thyc hién néu toan b hé duge chia thanh k&t cau nhd phit hop (cdu triic
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con} va vi¢e 1am gidm s6 bac tyr do duge thyc hién tén cic siéu phén tir. Viéc két hop cdc
siéu phdn tlf v6i cdu tric toan thé din dén bai todn tri riéng va bai todn bién véi kich ¢ don
gian hon. '

Vigc bd qua cdc diém nidt ben trong trude hét din dén viec mat m4t thong tin, va
nhitng dang dac dong riéng s& khong xuét hién. Hién nay di c¢6 nhiéu k¥ thuat mo ta siéu
phan tir. Theo céch nay cho phép ta xay dung dugc mot céu tric cdy nhi phan cuia cédc ciu
tréc con, ching bao ham ca cfu tric timg phin dién hinh cho tau thily. Viéc phét trién van
dé nay vin con trong giai doan nghién citu.

Mot van dé dac biét cia dao dong than tau 1a dao dong cla cic khoang trén dic biét 1a
& phia du6i tau béi vi & tai d6 xuat hién cdc luc kich dong ding ké va c6 céc phong diéu
khién ciing nhu phdng sinh hoat. Viéc ki€m sodt dao déng trong pham vi nay c¢6 ¥ nghia dac
biét quan trong,

6.2. CAC DAO PONG THANG PUNG CUA THAN TAU XET DEN ANH HUGNG
CUA VIEC NOI VOI CAC DAO PONG CUC BO

6.2.1. Ung dung ctia phuong phap ma tran truyén

Nhu da xdc dinh trong 5.2, gitta cdc dao déng cuc bo va cdc dao dong todn thé cla
than tau ¢6 lién quan dén nhau va khong thé bd qua duge. Vi du trong truong hop cdc tin s6
riéng cyc bd cha boong hodc 1 ddy tiu gin véi cdc tén s6 riéeng dao dong chia ddm. Mot nhu
cdu trong thyc t€ 12 c4n phai xay dung mot mé hinh hop 1y trong d6 than loai trir phin
trén boong dugc coi nhu 12 ddm Timoshenko va cdc doan boong va ddy tau dugc coi nhur 14
cdc tdm. Bdi vi mo hinh ndy ¢é ¥ nghia co ban va cé nhiéu (mg dung rong rii, nén ti€p sau
day chiing ta s& mo 1a né théng qua cdc biéu dién giai tich.

Trong hinh 6.1 chi ra m6t mo hinh nhu vay. Mo hinh ndy bac gém mot dim
Timoshenko va mot t4m c6 d¢ ciing thudn nhat dugc néi véi né. Cic luc tic dong lén ci hai
phan ciia h¢ duge chi & hinh 6.2, trong d6 cdc chi s6 H va B dac trung cho ddm va phin diy
tau. Tir hinh 6.2 ta c6 thé x4dc dinh duge cic diéu kien can bing:

Ny.+q,=0

Q}{_x + qz + p’Hmsz = 0
My +Qy + 940 By + Ny, a=0 .
NB.x —-q,= 0

6.1

Cic phuong trinh chuyén dong cia t4m:

2

waB,uxx +2HwB,uy)r + Dwa,yyyy —H—E?(D Wg =Q {6.2)

trong dé: B 1a bé rong cha ddy tau; D,, D,, H 12 cdc do ciing ciia tdm tryc hudng.
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Dam Timoshenko
AN

X
e

L Tim dang hudng
z

Hinh 6.1. H& d4m Timoshenko va tdm dang hudng.

Gy Tyw B, dx
M”!‘ l \/HH *H”‘xdx
*—_ "
N \ | P F b T NN 0
My wydx Qy*Qy ax
\ L KEi ] XX
% PRIV TR g,0x
N
Ng . dx Nsi-NBdex

Hinh 6.2. Luc & than tau chinh va day tau.

Pdi vai ddm Timoshenko ta c6 hé thic:
My =-Cgy BH.x
Qu =Coulwpx —Bu)

vai Py 12 gée xoay va Cpy, Cou 12 do cling uén va do ciing kéo nén cua dam.

Tir cac diéu kién tuong thich & chd néi gitta ddm — tdm dan dén:

(6.3)
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My, Na _Ng

(6.4)
I Ay Ap

trong d6 Ay, Ag 1a dién tich mat cit ngang cila hé chinh (ddm) va ddy taw, I;; 12 momen
quén tinh mat chta he chinh.
Khir g, tir (6.1a) va (6.1d), th€ Ng, = —Ny 4 Va0 (6.4), ta co:
Apga

= M
T+ A fAy) ™
v tir (6.10) suy ra: My = %(QH + SHa)ZBH) (6.5)
2
yoi: K =[+— 282 (6.6)
LLA+AZ/AY)

Vi cdc quan hé nay, tir (6.1) va (6.3) ta ¢6 hé phuong trinh dao ham riéng:

QH,K :_prsz _q;r_
1
My, = E(QH + SH(’JEBH)

By =-My /Cgy (6.7)
Wy =By +Qu /Coyy

Kg 2. _
D Wg xox + ZH W cxyy + DyWa yyyy —Em wy =0

Hinh 6.3. Céc diéu kién bién ctia tdm.

Tai bién ctia tdm y = O vi y = B, tir hinh 6.3 ta ¢6 cdc diéu kién bién:
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Wp =Wy

Mg, =0 (6.8)

1
VBy = QB;.-r + MBxy,x =i5

b6i véi dang dao dong tai ddy tau, ta dar:

q, (y=0,B)

wg(X,y) = wH(x)+vB(x)sin% (6.9}

diéu d6 c6 nghia 12 ta chi xét trong trudng hgp ddy dao dong véi mét nira bude séng. Gia
thi€t nay la phi hop, vi trong trudng hop nay cdc dao dong ctia ddm chiu dnh hudng dang ké

cua dao déng cuc bd cia tdm. Thé (6.9) vao (6.2), nhan véi sinn—g va 14y tich phén theo y.

Bo qua s6 hang 4 / nD, wy 4., khi d6 ta ¢6 phuong trinh tdim dudi dang:

2 4
L T 4
DxVB,xux _ZHEVB,“ +[Dyg_%w2]:;%mzwﬂ (6.10)

Céc dai lugng lyc tai bién tdm y = 0 va y = B duge xdc dinh tir 1y thuyét cua tdm:
MB}f = “(Dwa.y}' + DIWB,xx)

MBW = _ZnywB,xy =—(H-D, )WB.xy (6.11)
Qgy = —(DyWp yyy + HWp )
véi: 2D,, =H -D.
Trong dé Dy, 12 d0 citng Xodn lién quan t6i bign dang trugt clia t4m va D, l1a phédn cha do
cing tdm lién quan t&i anh hudng cia ting suat phdp theo phuong ngang.

Trong muc 6.2.3 m6 ta viéc xdc dinh cdc tham s& ndy. Thé€ (6.11) vao cdc diéu kién
bién (6.8) ta ¢6:

WB = WH
DyWegyy +DyiWp =0 | (6.12)
D,wp,,y +(2H-Dy)wg ., = $%qz
Tich phan phuong trinh tdm (6.2) theo y véi cdch th€ tuong ty va quan tdm t6i (6.12c):
q. :—?(wa&xxxx + Dy W 4y —%mzwajdy (6.13)
0

Két hop vdi (6.9) va thuc hién tich phan, quan hé nay din dén:

B 2n
q, = “Bmsz - 2Dx ;vB.,un + Dl E Vexx t 2%“)2"]3 (6.14)

Trong dé s6 hang D,wy .« dugc bo qua. Theo cdch tuong tu ta thiét 1ap duge cac dai
lugng ndi luc tai bién tdm x = const:



Chuong 6. TINH TOAN DAO BONG CUA CAC KET CAU THAN DAC BIET 183

MBx = _(DKWB,XX + DI WB,)fy)
Vi = Qi + MBxy.y = (D Wp o + HWB~X)’Y) - ZDX)’WB-X)’}' (6.15)
= _'Dx WExxx ~ (2H - Dl )WB,xyy = QBx

Két hop v6i (6.9) va thire hi¢n tich phan theo y va bd qua s6 hang WHe

2
2B
Mg, = - {DI(B] VB“Dx"’B.xx}

(6.16)
2B 2
QB |:(2H D )[ ] “vaB,xu}
Tir cac phuong trinh thu dugc, ta viét hé phuong trinh dusi dang dao ham riéng:
Whx = Br + Qi /Cou
Bix =—Myg /Cpy
1
My =_I€(QH + SHmZBH)
2 8 nY D,
' n B D,
(tlr 6.7a)

2
- [E] (2H-D, )_M._Bx_
B D,
Vpx = R
D,

T n
R,=—L| = vg-—M
*7D [B] 8 2BDx

X

MBx.x = 4%(])1 - H)R + QBx

8 oy 2p 2\ D
__9 2 had Ty _%4%MB .2 A R |

Qucx == =7Hy® wH+[2[B) (D, -D}/D,) 2o }“(BJ D, Ms:

(tr6.16b) (6.17)

trong d6 g, dugc thay the tir (6.14), Vp e W (6.10), v xx tlr (6.162) VA Vg, 11 (6.16b).

Viéc bd qua cdc s6 hang Wy gy, Wixex V2 Wi xxux XUAT phat tir gid thiét 12 d6 vong cla hé
chinh nhé so v&i d¢ vong clia nén theo huéng x.

Vi vecto trang thdi: 27 =[wy By My Qy vy R Mg, Q] (6.18)

hé phuong trinh (6.17) duoc biéu dién duwéi dang: Z, =Cz (6.19)

v@i ma tran:
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1 Cip !  Cig | I : I
=T [ i === [ re==== [ el Bl T
. R I SO N
I T TN o 1 S S DU O
c=Cns i iCsi Gl (6.20)
S S S N S o S A
SR S S SUN - - S S L
S S S SR U o, 3 S S
- Cay I X ¢ Cgs | y Cer 0
Céc phén tlr ctia ma tran C 1a:
1 1
Ca=1 Cy=1/Cgy; Czsz‘”CBHi C32=“9H“32; Gy ==
K K
3
Ty D
-~ l—-— i Cue=2|— 2H-D)—L -D_|: 6.21
S T R R S
1 D= 2
Cyr=— (2H-D,)— C,=l Cp=—L]Z=]":
47 [ ) )D 56 65 DX[BJ
11: 8 2
C =——~—— Cos=4—=(D;-H); Cyy=1; Cy =——ppo
67 2BDx’ ( ) Cog 81 nzl-lB

2up Y D
cgs_z[ J(D DZID) n 2B o, cm:[g) D—'

X
Phuong phip ma tran truyén mé ta trong muc 5.1.3.2 duge 4p dung dé giai hé phuong
trinh (6.19).
Céc phan lyc tic dong tir ddy tau duoc truyén din téi cdc vich ngan cha boong tiu.
Bén canh d6 xuét hién su bi€n dang cia tdm ddy va cn duge xét 16i. Su anh hudng nay cé
thé mé hinh hod thong qua mét 15 xo thay thé.

6.2.2. Ap dung phuong phap PTHH

Nho viéc 4p dyung phuong phdp PTHH ta ¢6 thé mo td dugc quan hé giita cdc dao dong
clia ddm va céc dao dong cla cdc hé cuc bo dang tdm phing. Ta sir dung ciing mot mo hinh
nhu trong muc trude. Xét mot trudng hop dac biét, tai d6 tdm dao dong theo hudng y véi
mat ntlra séng hinh sin. Khi dé:

wi(X,y) = Wy (X) + vH(x)sin"—g (6.22)

Péi v6i the nang dan héi clia than tau ta c¢6 he thic ning luong:
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L
i 2 b
Uy=3 J‘[CB(WH‘” ~Yhx) +CQYH}dx (6.23)
Q
trong d6 bao gém ca do cimg udn cg vh dé cimg truct ¢ ciing nhu dién tich mit cat ngang
ddy tau x4c dinh theo (6.31). Thé nang dan héi ciia tim chiu udn thudn tuy:
LB
1 2 ) 2
Up = J{[Dowh ., + Dywh , +2Dwy W, + 4D, W} 5 |dxdy

na

4

L
1 1 b bj n 2
=E J‘{DKB[WEM + EWB'“ +ZVB‘“WH.“J+DY —2B3 Vg — (6.24)
{

2
-D, '%(4“"1{.“ + MVp )VB + 2ny % VZB_X :|dx

Déng nang cha dam ké ca nén (ddy tau);

Tys =-;-o;n2 [l:[(p“w]ﬂ + 863 )dx + T]EE?- w%dxdy]
0 00

(6.25)
1 L' 2 T Ly . 2 2
=— J‘{(UH +Hg )Wy +—HpWy Vg + —wg + 9 [dx
2 4 2
Ngodi ra con ¢6 dong nang clia nudc ciing dao déng:

{ .t

Tg =5m2 J‘(“HFW%-I + 21 gpeWy Vp + “BFW%)dx (6.26)
0

trong dé:
By, g - kKhoi lugng cba ddm va nén trén mot don vij chiéu dai;

$ - moémen qudn tinh kh&i cia toan bo mit cir déi véi truc v, trén mot don vi chidu dai;

2
Hyr :EDR(EJ Chr - khéi lugng thuy dong do bién dang uén cia ddm trén mot don
vi chiéu dai;
I _(BY
Wgg = Epn[aj Cgr - khéi lugng thuy déng do bign dang udn cita nén trén mot don vi
chiéu dai;
2

diam va cua tam;

2
1 B .. , . : .
JER =—pn[-2—] Chre - khoi lugng thuy dong do su két hop giifa chuyén dong cla

Chrs Car, Char - cdc tham s6 cho céc khéi lugng thuy déng.
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D6i v6i chuyén dong cha ddm ta dua vao cdc ham tir (5.42) trong muc c cla 5.1.3.2
Véi k¥ higu wyy va ¥y 12 cdc vecto chuyén vi ctia diém niit ta 6 cde chuyén vi cla dam:

wr(x)=h" (x)wy

T (6.27)
Ya(X)=g (X)¥n
Bién dang uén cta tdm duge mo ta qua hé thic:
va(X) =h" (X)vg (6.28)
Ta thé cdc chuyén vi nay vae quan hé dé tinh dao dong riéng khong can:
n=Uy+Ug - Ty - Tg = cuc tiu
Khi dé ta ¢6 hé phuong trinh:
Ky Kz Ki My M, Mg} wy
Ky»n K -’ My, Myl vu |0 (6.29)
d6i ximg K d6i ximg M |1 Vi

vai cdc ma tran con:
L L
T T
I—(ll = I(CB + DxB)h.xxl—l.xde; I—(I2 = _ICBh,xxg.xdx’
0 0

L

L

B A

I—<13 =2 J{;th,uh:‘;ﬂ _EDlh,xth }:‘X; l—<~22 =" J‘(CBE.KEI + CQEET }jb( :
0 1]

L 2 2 4
B T 2n T T T T T
K. = J(—Dxl_l_“h_“ +=-D, b, b7 -—Dh,h" +—D,hh" [dx  (6.30)
0 2 B B 2B

L L
M = ﬂ:(PH + Mg + My )b + 91_1,11_1:',;:|dx: M, =—I9h,x§de:
Q0 Q

L L

2

M; = J‘[; Mp + HHBF]@Tdm My, = ISEEdel
0 0

L
Mj; = J(%B”*' PBF]MTdX: Ky =Ky =M,; =My, =0
o

trong dé cdc do cing ubn va trugt duge dinh nghia nhu sau:

H+Ap
Cq =KG(Ay + Ap)

(6.31)

a 12 khoang cdch tir dudng trung hod clia mit cit ngang ddm khong ¢6 nén dén nén ddy.



Chuong 6. TINH TOAN DAO BONG CUA CAC KET CAU THAN DAC BIET 187

Dé tinh todn cac dao dong cudng bic ta phai b sung cdc phdn tr can va kich déng
viio cdc quan hé duge xét & trén.

Tai cac ket cau cyc bo mot chiéu ta c6 thé gid thi€t két cdu phing duge néi voi dim.
Trong d6 ta ky hiéu bé rong clia phin tir tim 12 B va chiéu dai L. Hinh 6.4 mé ta phan
dam-tam.

Hinh 6.4. Phan i té hop.

The nang dan hdi clia toan bo thiét dign ngang khi khong xét dén bién dang usn cia
cdc phin tir tdm la:

UH=

b | —

L

2
J[CB (Wi = Yie ) +Co¥h }dx (6.32)
0

Thé nang cia tdm bi udn:
LB
Up=2D | [[wh,, +w} 2
p=— Whax t Whyy T2VWg Wy o +2(1 - V)wg . [dxdy (6.33)

2 na

va thé nang cia cdc gan doc va ngang:

L

1

UL = EEZ ﬂ:IuwZB‘xx(yL)"' Imtowé.XXY(yL)-'-
0

1 2
+2IzmwB,xx (YL )WB.xxy(yL) + m ITWB.x)r(YL ):|dx

B (6.34)
1
Uq = EEZ J‘[Iu“’é,yy (xg)+ Imm“’%.xxy(xQ) *
0
+21mWB‘W (Xq )WB,xyy (Xg)+

1 2
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Trong dé cdc phdn tir ¢6 toa dor x;, va ;. duge 18y tdng. Trong hé thifc niy cdc chuyén

vi u v v tai mit phing trung tam cha t4m dugc bd qua. Hé thic dong ning tuong tng cé

dang:
L, 2 2 1 zLBI-l 2
Ty == wy + 9 dx: Ty == | {28 widxd
H=3 (;[(I'LH H BH) BT ('][{']{B gdxay
1 L
T =Emzpz II:IU.WZB,X (Yo + Imm“’%,xy()’l_) + 21, Wh (YL )Wh 4 (VL) +
{0

(6.35)
+ IPWZI;,)»(YL )+ Awg(y )+ 28, wy(y )wgy (yL )]dx

B
1
TQ = “2“'3292 J‘[Iuw%‘y(th Imwé,“(xQH ZlmwBJ(xQ}wB_w(xQH
K
+Tpwh  (xg) + Awh (xq) + 25, Wy (xg)Wy . (xg) |dy

Pong nang cta lugng nude ciing dao déng theo tau nhy (6.26).

Trong trudng hop cdc dang dao dong chi gidi han d6i véi udn cla tdm, qua quan hé:
wB(x,y)=wH(x)+».r3(x)sin“—ay (6.36)

bai todn t&m c6 thé dua vé bai todn mot chiéu. Thé ning téng cé dang:
M=Uy+Ug+U +Ug-Ty-Tg- T - Tog- T - cuctiéu 6.37)
Dai vdi trang thai chuyén vi, ta xdy dung cdc hé thic nhu (6.27), (6.28):
wy (X)=h" (X)wy
) =g Xy , (6.38)
va(x)=h" (X)vy
V& cdc ham dang theo (5.42) va vectd chuyén vi cha diém nit:
Wi =[wy(0) wy,(0) wi(L) wy,(L)]
¥h =1 (@ y4L)] (6.39)
Vi =[¥6(0) Vg, (0 vaL) vg, (L]
Vi cdc hé thire nay cho phép ta xdc dinh cdc ma trdn d6 cliing va ma tran khoi luogng
theo cdch thong thudmg, the (6.38) vao (6.37) va tinh theo Wy, ¥4, Vg .
Trong trudng hgp dang xét ching ta di don gidn hod bai todn bing cdch bd qua bién

dang & dién tich giifa clia tdm va biéu dién bién dang uén clla tAm nén bdi médt ham diéu hoa
nira séng hinh sin.
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Su don gian hod nay c6 thé khong phai 4p dung néu ta tich riéng cdc phén tir mat va
phan tir ddm va coi né nhu cic phén tir dugc lam cing. Trong trudng hop nay su anh hudng
cua chdt 16ng khong thé xét dén thong qua viéc sir dung dai luong 1 khéi luong thuy dong,
ma phai coi chét 1ong nhu 12 mét phén cia he.

6.2.3. Xac dinh cac tham so

Dé6i v6i phdn ddy don hoac kép duge mo hinh hod bdi cdc tdm, cic tham s6 duoc xéc
dinh nhu duéi day.

Cac mo hinh va cdc noi luc tai mot ddy kép dugc mo ta trén hinh 6.5. The nang dan
héi c6 dang:

Upg =+ U[letla +0,atgExp + Oy 18y + 008 + 1T, (V) + Y2y ) +

[] 0
) (6.40)

t_)[ Ij t,0,& dydz
0-r,

+1,71, (sz +72y):|dxdy+ TJ' t,0,.e,dxdz +

2;- -1,

B | =

vdi cdc quan hé d6i véi tdm:
€1 = TWix s Ex2 =W s €y =‘rylw.yy; £y2 =Wy Y =TIV

tir (6.40) din dén:

UDB=—”(DW +D, Wiy +2D,w ,w . ~4D, w2 )dxdy (6.41)

00

Hinh 6.5. M6 hinh va cac luc ctia mét tam kép.
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vGi do cing cua tdm:

D, = 1_Ev2 [rxltl +Iot +%E( K ”32)(1-\;2)}

t
D, =——| At +1rt +—y(r3 +r0 )(l—vz)
y lﬁvzlyll ¥2'2 " qa\1 " y2

(6.42)
Ev
D, = -2 [t IR S ) AN ¢ 2:‘
E 2 2 2
4D, =—1 . [tlrxl +1,00 + 41y +t2 2 +241,1,; +2t rﬂrﬂ]
Hinh 6.6. Tam c6 gan.
Vi so d6 cho hé 1a tim mot mat nhu hinh 6.6, ta c6:
__E 2 bex 2 bt 2
Dx - 1—\’2 [[lrxl + ok b Iyo +£(r I )(1 v )
wE ) 2 box 2 Yy 3 2
D, -- [x oy 2+ (3 051V
. (6.43)
E
D =——~ l—v 5 VT Ty

4D —- 2(1 tl[r +Iy ]

Céc tham s6 dé xdc dinh khi lugng thuy dong c6 thé dugc tim thdy & hinh 6.7. cyp,
Cgp» Cypr 12 cdc gid tri cho bi€n dang uén clia dim, cho chuyén dong tuong d6i clia ddy va
cho viéc két n6i ca hai chuyén dong. Ching dugc x4c dinh tir (6.26).
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Hinh 6.7. Cac tham s& dé xac dinh khéi lugng thuy déng.

6.3. CAC DAO PONG CUA DAY KEP

Dé tinh todn dao dong cuc bo ctia mot doan day kép, trong da s6 cdc trudng hop, viéc
mo hinh hod ching nhu cdc tdm 1a di chinh xdc. Véan dé nay da dugc mé td & doan trudc.

Néu viéc khao sdt dao dong cin do chinh xdc cao hon thi doan ddy kép phai duoc chia
thanh cdc phén tlr va duge khao sdt bing phuong phdp PTHH. D4y kép duoc chia nho thanh
cdc 0 thong qua cdc dudng gan dd theo chiéu doc va vién ddy. Nhd sir dung cdc ham ding
cdp ba, viéc chia nho thém cdc phén tir ty nhién ndy khong cin thiét nita.

Tuy theo viéc dat bai todn, ta ¢6 cdc phuong 4n sau day khi 4p dung phuong phédp
PTHH:

- Cdc phan tir tim - dia dugc dp dung cho tat ca c4c phdn tir.

- Cédc phén tir tim-dia dugc dp dung cho cdc phdn tir ciia ddy trong va ngoai. D6i v6i
cdc phdn tir s6ng gan & gitta chi sir dung phdn tir dia. Ta khong xét dén dao dong ciia gan vi
6 thé don gian hod dugc.

- D6i véi cdc phdn tir dia, bi€n dang uén ciia tém khong dugc xét dén. Trong trudng
hop nay, d6i véi cdc phan tir ddy, cdc chuyén dong cia vat thé rdn tuyét d6i theo huéng
vuong géc v6i mat phing trung binh cta tim phai dugc xét dén hoic 12 céc kh6i luong ciia
cdc phan tir tim duoc tap trung & cdc diém nit. Khong thé mo hinh hod don gian hon nita.
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- Céc gan 1a phin tir dam Timoshenko, céc phdn 1t nén dugc mo hinh 13 phéan tir dia.
M6 hinh nay c6 thé 4p dung nhiéu lan.

Céc ma tran phén tlr cho cdc phdn tir ddy va sudn phdi dugc bién ddi sang hé toa do
tong thé nhd qua moi quan hé:

u, =cfu,
Uy = cicf”ux_l (6.44)
l‘lk.lm = cicfcrnux.lu

Trong dé:

‘ u, (k = X, y, 7): 1a cdc chuyén vi xét trén hé toa d6 téng thé,
uy (x = & M. 0): cdc chuyén vi xét trén hé 1oa do dia phuong;

cf =cos(k,y}: 1 cosin chi phuong giita truc k va truc .

6.4. DAO PONG PHAM VI PHIiA PUOI TAU

Tdm quan trong cua viéc khéng ch€ cdc dao déng cia cdc két ciu va céng trinh &
pham vi phia dudi thu da dugc nhéc téi trong muc gidi thiéu chung ctia phan nay. Tuong tng
ta phai ¢ gang tinh todn dugce cdc dao déng mot cach chinh x4c.

M6 hinh dam khong duge str dung & day. Trong hinh 6.8 ¢6 hai kha nang vé viéc thiél
lap mo hinh.

Hinh 6.8. M6 hinh tinh toan dao déng dudi tau.

M6 hinh theo hinh 6.8a duge cfu tao tir mot ddm va duge k&t hgp véi ot mé hinh
dia. Cic bi€n dang u6n va bién dang trugt clia cdc cong trinh bén trén diroc ma 12 hop 1y

théng qua cdc phdn tir nay, tuy nhién cic bién dang ngang va quan hé tieong hd véi than Gu
khéng dugc xét tdi.
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M6 hinh 6.8b t6t hon, dudi tau cling nhu phdn cdc cong trinh bén trén duge méd hinh
hod nhu mét h¢ két cdu phing duge b6 tri trong khéng gian. Trong d6 céc phan tir clia két
cdu phing dugc mo hinh béi cdc hé dia-thanh hoic dia-tim-dim tuy theo ta quan tam dén
dang dao dong nao.

Trong nhiing trudng hgp dic biét, viec khéng ch€ mitc dao déng cia dudi tiu trong
mot pham vi bién d¢ cho phép khong thuc hién duge bang céc giai phdp vé két cau thong
thudmg. Mgt huéng gidi quyét cho van dé nay 1a thong qua viéc ldp cdc g6i dF dan héi cho
toan bd cdc coéng trinh bén trén, trong dé giira than tdu va cong trinh dugc néi bdi cdc khan
trung gian dan h6i. Khdc v6i cdc két ciu géi dd thong thudng cho cdc co cdu citng, & day,
ban than cdc cong trinh bén trén boong ciing 14 mot k&t cau dan hdi phite tap. Theo d6 su da
dang cuita dang dao déng riéng 14 rdt 16n.

V6i mé hinh tinh, cdc két cdu phing v khong gian duge sir dung. Mot mo hinh
phuong phdp PTHH khong gian duge mo ta trén hinh 6.9,

L /L

/‘
/ A3
V

o

\

L3
ENEIREERIXIERE
Hinh 6.9. Md hinh PTHH khéng gian cho gdi & dan hai.

Thong thudng céc diém ndi céa cdc phdn tr trung gian dan héi véi than tau duge coi la
c6 dinh. Ta sir dung cdc phdn tit dia - tdm - ddm mot cdch c¢6 muyc dich. Tén s& riéng nho
nhét twong ving véi dang dao dong riéng cua vt cing tyét d6i. Cdc tdn s6 riéng cao hon
tuong ting vdi cdc dao dong do bién dang dan héi.

Viée bé tri cdc phan tir 16 xo 1a mot van dé dac biét. Viec bs tri ndy c6 ging sao cho
tao ra mot viéc phan bd tai trong déu dan giira cdc phan tir dan héi.

6.5. TINH TOAN DAO PONG CUA TOAN BO THAN TAU NHO MO HiNH PTHH
KHONG GIAN

C6 nhitng dang tau thuy ma cdc cong trinh bén trén duge x4y dung & phia mii tau.
Trong trudng hop nay viéc mé hinh miii va giffa thu nhu 14 cdc ddm Timoshenko khong én.
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Khi dé, hodc todn bé than tau, hoic t6i thiéu pham vi cdc cong trinh trén boong phai dugc
moé hinh hod nhu cdc hé khong gian. Tuy nhién tinh chinh xdc clia bai todn sir dung phwong
phdp PTHH che toan bd than tau s€ kéo theo mot khéi lugng tinh todn 16n cho thu thap s8
liéu, x(r Iy va xudt k&t qua. Mot cdch don gian [ coi than tau d6i xting theo mit phang giita
doc theo tryc tau dé khio sit cdc dao dong thing dimg va doc. Ta phai dic bigt chid ¥ dén s6
phan tir va viéc b tri cdc phan tr. Than tau duge phan thong qua cdc vich doc va ngang
thanh cdc viing. Ta nén sir dung cic viing duge phin chia tr nhién theo két cadu nay. Viéc sir
dung cac ham ddng bac ba cho ta d¢ chinh xdc di 16n dé mo 14 cdc dao dong cuc by. Nhung
ban than ludi chia nhu vay van tao ra mt s& bac tu do vugt qué nhiéu 14n sd bic tu do ¢6 thé
dp dung. Bdi vay ta két hgp cdc khoi 6n thanh cdc phan tir ¢ dac tinh déng nhdt thong qua
viéc 4p dung cdc phan tr gia ¢§ do ciing. Bén canh dé ta phai quyét dinh, ¢é dua cdc hiéu
ing bién dang udn va mang vao cdc phdn tir hay khéng, viéc nay doi hoi nhiéu kinh nghiém.
Hinh 6.10 chi ra mét vi du don gidn cho viéc chia lugi PTHH dé tinh cho tau RO-RO.

Hinh 6.10. Chia Iudi PTHH @& mé hinh tinh cho tau RO-RO.

Mot vi du tiép theo chi ra trén hinh 6.11 cho mot tau chd hang v&i dién tich trén
boong 16n. Cic dang dao déng mo ta trén hinh 6.12. Ddng chd ¥ 1a su sai khéc ddng ké giita
cdc dang riéng chia boong trén, boong thit hai va ddy. Viéc so sdnh cho ta thay cdc dao dong
udn tai mat boong va diy la ding ké. Viéc mé6 hinh hod duéi dang dim khong mo ta dugc
cdc dao dong cuc bo ¢ bién do 1dn va viée k&t ndi dao dong nay vdi cdc dao dong cla dam.
Ngodi ra, mé hinh than tau khong c¢6 cdc ¢ong trinh bén trén nhv [ ddm & vi dy trén 12
khong chdp nhin duge. Nhu vay cdc mo hinh dim chi c6 thé 4p dung duge khi khong xét
dén viéc két ndi cdc dao dong cuc bo.

Nhd viéc sir dung cdc phan tlr hitu han ta c6 thé gidm ding ké s6 bac ty do trong cdc
két cdu phiang vdi gan cimg. Hinh 6.13 chi ra cdc phidn uf hinh chir nhat v6i cdc ky hiéu
tuong ing.
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Hinh 6.11. M6 hinh PTHH cho mét tau chd hang.

Mat cdt trung gian cla tau
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Hinh 6.12. Dang dao déng cho hinh 6.11.
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Gan ngang

Hinh 6.13. Phan tir hitu han t&m hinh chif nhat ddng huéng cé gan.
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Céc ma tran do ciing va ma tran khéi lugng cho tdm c6 thé nhan dugce truc tiép tir muc
5.3.4. V6i dao dong khong can theo (5.178) va cac ky hi¢u theo hinh 6.13, cdc ma tran
nay la:

T
Kp= [[DxyGEN] B[D(x,y)GE n]dv
vy
M, =p [ GTEMGE AV
(V)
cic ma trdn G, D, H duwge xdc dinh theo (5.143), (5.147) va (5.148). Trong d6 cic quan hé

(6.45)

giffa gan doc va ngang phai dugc b6 sung thém.
Do dan dai ty d6i theo phuong doc true cia médt thd gin doc théng qua hé toa do y va z
. = Divpr (6.46)

o, AN SN -5
ad% Tata? A% a’bdt’om

trong d6: D :[ (6.47)

vd vy, 12 vecto chuyén vi cia mat phing trung binh cia tdm tai gan doc véi toa do m,:
Vo, =[u@&ny) viEnL) wEny)]
Chuyén vi nay lién quan dén vecto chuyén vi diém niit clia tdim qua quan hé;
Vo =Grdp =G(Em )dp (6.48)
Tir d6 ta ¢6 thé€ nang bién dang clia mot gan doc:
B
U, = lEZ ,[ IsiLdAdx =19;KLQP
2 (A 2
vGi ma tran do citng cla gan doc:
: T
K, =aEY, [ [(D.G.) (D.G,)dAds (6.49)
(A)-]
Vecto chuyén vi cha moét thé clta gan doc din dén:
Vi =Livp =L GLdp

[ 8 ([ o o & ]
L A
adt | ad% aboedn

z 90
Vi L, =l0 1 il (6.50)
b én
0 0 1438
b én

Tir d6 ta xdc dinh dugc dong nang clia mot gan doc:
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a
T, = %mzpz J Julvidadx= % ©’dgM, dp
(A)-a

] )
Y T
voi: M =pa} j I(LLQL) (L, G, )dAde (6.51)
(A) -]
Céc h¢ thite twong tmg choe cdc gan ngang nhu sau;

l v
I;IQ :EQPEQQP

i
Ko =EbY. [ [(DgGq)' (DgGq)dadn
(A)-1

1.7
TQ = EQPMQQP

Mo =pby. | lJ.(I:QQQ)T(]—*:;?‘-3':3)d‘""‘m

(A)=1
(_}QZ(_}(F:QJ'I)
[ 108 8 78 o &
Do "33 o Biod  a seond
bdn b on b* on® ab® dEdn
(x@ | 20 o &
bén bon abdEdn
z 0
Lo=| 1 0O _£9 6.52
0 0 1439
| a ot

Thuc hién viéc 18y tdng 14t cé cdc gan. Ta ¢6 cdc phuong trinh chuyén dong cho mébi
phan tr khi xét dao dong riéng khong can:

[ (Kp +K +Kq) -0’ (Mp + M, +Mg)|d, =0 (6.53)

Viéc xdc dinh anh hudng cia chét 1ong ¢ thé thyc hién duge théng qua viéc 4p dung
mot mo hinh PTHH khéng gian, trong dé chdt Idng duge coi ta moét phan clia hé khong gian.
O day ta chuyén déi cdc didu kién bién vo han ciia chat 1éng v6 han thanh cdc diéu kién bién
hitu han (vi du hinh 6.14). Sai l&ch sinh ra thuémg 13 nho va bd qua duge néu khoang cich
gilta cdc bign tuong tugng cita bé mat than tau it nhat 12 tuong (ng véi mot nira chiéu dai
bude séng 16n nhat hodc mot nira budc séng cla dang riéng cidn quan tam.

Ma tran khéi lugng cia chat long duge xdc dinh tir hé thiic dong ning mo ta trong
doan 5.4. Tdt ca cdc phdn ti hitu han duge 4p dung 1a phén tir dién tich v6i ham dang bac
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hai, ba vi c6 20 hoac 32 bac tu do. DE ghép néi vdi bé mat than tau, chiing duoe bién déi
nh& cde tham s& phu.

Tai bé mat than tau, cdc diéu kién chuyén tiép giita hai hé con phai duoge thod min
(xem phan 5.4). Tai cdc bién ciing, dao ham cila thé van t6c vudng goéc véi bién phai triet
tidu.

7 |
g @=0 i d=0

7 E I '—&-—T—-
Yy

Z

iy

] ~y |

Vi

Z

7 |
A 0y0

1 |

,’/j i Bién twong tugng
f/mwmpmrj

0.,=0 1___/ .E_

Hinh 6.14. Cac diéu kién bién cho chat [dng.

6.6. AP DUNG KY THUAT CAU TRUC CON - SIEU PHAN TU DE TINH TOAN
DAO PONG CUA TAU THUY

Viéc dp dung cdc mo hinh PTHH khong gian lam cho khéi Iugng tinh todn rat 16n do
bai todn tri riéng ctia ma trdn I6n hodc bai todn gid trj bién kich ¢ i6n. Nhitng nim gin day
da c6 cdc phuong phdp dé dung hoa bai todn trj riéng 16n. Véi cdc bai todn tinh, k¥ thuat cdu
triic con-siéu phdn tir rdt phit hop. Cic két qua ap dung cho bai todn dong cé thé tim thay
trong tai liéu chuyén sau. Hién nay da cé nhiéu k¥ thuat khdc dé gidi quyét bai todn nay. O
day chi dé cdp dén mot vai chi tiét rieng.

Dé giam s6 bac ty do, toan bo két cau duge chia nhéd thanh cdc cau tric con théng qua
cdc dac diém két c4u riéng. Hinh 6.15 chi ra mot vi du clia mét két cdu mat. Chiing ta chia
cdc bic fur do clta cdu tric con thanh bic ty do ngoai (e) va trong (i). T d6 viéc rdi rac hod

PTHH mot siéu phdn tir s mo ta dudi dang:
K K| | MY M e |1 6.5
K{‘)T K(S) M(.S)T M(S) a(s) -fc(sj )
Do e Ylec )

=10
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Hinh 6.15. Viéc chia mét c4u trdc thanh cac cau trac con.

Ching ta dua vao mot ky hiéu goi 1a ma tran do cing dong luc cho céc siéu phén tir:

[_)(s} — I_((s) _ KM(S} (6.55)
Khi d6 (6.54) bi€n d6i vé dang:
[ D DEi’MQa‘”] . I:fs(s)} 56
D" DY 4] [
Tir d6 cho phép khir d* va ta c6: D®dY = £ - D®DE-1£® (6.57)
v6i ma tran d¢ ciing dong luc siéu phdn ti: D =D —DHTDH-Ip® (6.58)

Hé thitc nay gém ca hé s6 ty 1& véi tn s6 A.

Tai cdc dao dong cudng bifc, ta di biét ring, viéc két ndi phi hogp c6 thé thuc hién
dugc thong qua dang da cho. Ma tran siéu phdn tir dong luc nay dugc nhap vao ma tran ciia
toan bo hé nho viéc xét dén két cdu.

Ta gi6i han viéc khao st trong pham vi bai toén tri riéng. Tir (6.57) din dén:

D®d® =0 (6.59)

Trong céc ma tran siéu phén tir dong luc céc tri riéng chua biét. Véi phép gin diing
bac k ph hop ciia A{*) clia heé ta c6 céc gdn diing tuong iing ctia D® . Ma tran siéu phén ti

dong luc din dén tir (6.55):

oD )

MO0 =~
oA

)T -1 T )T =1 s
=MY +DPTDP'MPT + MPTDP'D® + G50

()T () =1 4 (5)Ty(8)-1 1 (5)
+Di Dy MDY Di
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Sau khi két hop toan bd cdc ma tran siéu phdn tr thanh mot hé chung, dan dén bai
todn tri riéng:

[D(l}k])—lgkﬂ)@*(lgk))]gz =0 (661)

vdi nghig¢m chinh xdc hon k{ka)_ Phuong phap lap skt dung & day rit ric r6i va it ¢6 ¥ nghia

thue t&. Mot loat cic 1o gidi gin diing da duge dua ra. O day ta dé cap 18i mot phuong phép
goi 12 “lam can bang tinh”.

Ta viét bai todn tri riéng:

(K-aM)d=0 (6.62)
véi: Ko =2 KT 0 Mo =2 MY
(53 {s)
K K| My M 1
W o M Lo =0 (6.63)
K K M M |
L KEE)T I—(EE)T I—<cc M%:]T MES}T Mcc (—iC

Vé&i mot siéu phin tirs:
K{Pd + KA, -2 (MVd + M, )=0

tir dé:

dt? = (K -2 ) (KL -AM)a,

- (6.64)
= [ | KD -2 o
ta khai trién gén ddng he thiic trong ddu ngodc ciia (6.64) dudi dang chudi:
! . L2 .
[E-2KGMP | =1+ ARG M + [ 2KE MY |+ (6.65)

va chi gii lai 56 hang d4u tién. Khi d6 ta c6 quan h¢ tinh gitta cdc bac ty do trong va ngoai:
d = -K{KR, (6.66)
Néu ta xét tdi viéc két ndi cdc khéi lugng, khi dé:

o =K (K M) (667

vi 1a ¢6 bai todn tri riéng phi tuyén.
Tuy theo s& lugng clia cde sd hang trong chudi (6.65) ta cd bai todn tri rieng v6i bac
" bat ky.

Vi phuong phdp nay ta ¢é cac ma tran do cing va ma trdn khoi lugng si¢u phén tir:
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KW =K - KOTKP-KY
B = M+ (KOKE) M (kKD) - (6.68)
- MY (R RE ) (k9 KE) T MY
Viéc mo ta cdc dac diém khéc ta c6 thé tim thay trong cdc (di lieu chuyén sau.

6.7. TINH TOAN DAO PONG CUA THAN TAU TREN €O SG AP DUNG CAC PHAN
TU HUU HAN KHONG GIAN

Mot khi nang khic d€ tinh todn 12 viéc dp dung céc phdn tir hiru han khong gian trén
co sd 1y thuyét vo nlta moémen mé rong ciia Wlasow.

Viée tinh todn tinh hoc cho than tau c6 thé tim thay trong céc tai liéu chuyén sau

D¢ tinh todn dao déng cua than tau, ly thuyét nay cin duge md rong va cdc bién dang
ngang hodc cdc chuyén dong ngang clia cdc phin tir tim phai dugc xét d&n.

Y wdng co bin clia phuong phép nay 13 & chd, than thu duoc chia thanh cac phan tir
khong gian va phing, ching han nhu hinh 6.16. Céc phin tr nay lai bao gém cdc phan tur
vich phing chiu uén dugc néi véi nhau. Céc phin tlt vich c6 thé duge lam cing theo hai
huéng. Ta gid thiét ring, ban kinh cong ciia t&m theo chiéu doc nhé bd qua duge.

Hinh 6.16. Sg¢ do chia than tau.
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Truc x 1a theo hudng doc tau va s 1 toa d¢ tai mat cit. D61 véi cdc chuyén vi ta cé:

{
u(x,5) = 3 U, ()¢, (s) =U" (x)g(s)
a=1

v(x,8) = 3"V, (X0, (s) = VT (x)w(s) (6.69)

p=1
w(x,5)= I W, (x)x,(s) = W (x)x(s)
v=]
D3 thi cia céc chuyén vi theo hudng x duge mé 13 qua hé thirc:
Ux)=G,(x)d,
Vix)=G,(x)d, ' (6.70)
W(x) =G, (x)d,
rong dé:
G, =[8i(0L XL g®WL gxL]
[gl(x)l; g, (0L gL gxL] (6.71)
G, :[gl(x)lﬁi g, (X} B;(0]; g4(x)l,_]

v

1& cdc vectd cha cdc ham woa d6 voi:
g, (x)=1-3x* /2 +2x" /P
g, (xy=x-2x2J1+x* P
g (x)=3x* /1 -2 1P
g () =—x>/l+x* /P

(6.72)

L.L, L 1a cdc ma trdn don vi véi kich c¢& 7 x I, m x m va n x n. Thong qua:

di =[Vi) Varo Vo Vig Vg Vina] (6.73)
Wi W24'"Wn4]
cdc vecto chuyén vi cia diém nit duge x4c dinh, @ (s), y (s}, % (s}1a cdc ham dang. Cic
ham nay duge chon mét cdch ¢ muc dich sao cho trang thai chuyén vi duge 1am gin ding
mot cdch 16t nhat. Trong hinh 6.17 1la mét su két hgp ctia cac ham dang nhu vay.

Trong dé:

©,: chuyén vi doc truc 12 hing s6;

03, ®3: chuyén vi doc truc do udn ngang va thing ding;

®,: chuyén vi doc truc do bién dang mat ct ngang;

9s. Pg, ¢7: chuyén vi doc truc do cdc bién dang trugt trén ddy, boong va suom;
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y;: chuyén vi theo huéng toa do bao;

%1» X2: chuyén vi vuéng géc véi mat phing ddy va boong.

,, = ]
+ ¥ + \\ 9, / -1 ¥ *
_ - 7 B e
T~
i p‘_\\\ Ps Pe
S
D —
X\ .l A w |l v
LJ _:-
P —
e —
T ¥s 1 t % 1 ¥
—_— (o —o
T ]
\' \ X X
L3 1 z
R N

Hinh 6.17
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Ham néng luong cho cdc dao dong riéng la:
!

E I-v
R=— (u,+vwu, +(vo+va v +——(u +v, ) |tdxds +
2(1*‘)2)014[ AWV VLV 4, _»}

f
1
+2 ch: [wafu +D, w2 +2Dyw W, +4D, Wi, ]dxds (6.74)

——;mzpi[cﬁ (u2 +vi+ wz)tdxds
0

Tix (6.69) va (6.70) va cdc hé thige:
onfod, =0.onfod, =0;0n/ed, =0

bai todn 1ri riéng cé dang:

Kuw I_(uv I_(uw Xy 0 0 d,
va I_<vw _mz ' Mvv 0 (_j.v =0 (6.75)
ddi ximg K

— T —
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CHUONG 7
DAO PONG CUA CAC THIET BI MAY

Céc dao dong phiic hop ciing gap phai trong cdc thiét bi miy méc cha tau thuy.
Truéc hét phii ké dén cdc dao dong xodn - ubn - doc clia truc chan vit. Ba loai dao déng
nay két n6i véi nhau théng qua truc khuyu va chan vit. Thudng thi viéc anh hudng 14n
nhau cia cdc dao dong nay 1a nhé ¢6 thé bd qua duge va vi vay mot loai dao dong c6 thé
khdo st rieng. Quan trong nhat 1 dao dong xodn vi dang niy gip phai tai truc chan vit
véi cudng do 16n hon.

Céc mdy va thi€t bi thyc hién cdc dao dong trén nén dan héi. Boi vy cdc mdy phu
duge dat trén nén dan héi nhiéu tdng. Cusi cling, cic mdy chinh va phu ciing 13 cdc vat thé
dan hoi ¢6 thé bj kich dong va dao déng.

7.1. DAO PONG XOAN CUA TRUC CHAN VIT

Céc dao dong xoin cha truc thiét bi truc chan vit c6 moét inh hudng ding ké dén do
bén khi van hanh ciia thiét bi nay va boi viy dén sy an toan clia thu.Vi 18 dé, cdc tai liew k§
thuat cho méi chigc tau déu yeu cdu cdc tai lieu lien quan dén dao dong xodn nay. Trong d6
bén canh viéc xdc dinh cdc tan s6 riéng, cdn phai ddm bao cdc 1ing suat sinh ra do mémen
xodn va dao dong phai nhé hon mét gid tri cho phép. Bdi vay, d6i v6i mébi thiét bi truc phai
duoc tinh todn dao dong cuding bitc. Viéc tinh todn dao déng clia chan vit khéc rat it so véi
viéc tinh todn dao dgng chia céc hé théng truc khic. Trong phan nay chi dé cap 16i mot vai
dac di€m doi v6i thit bj truc chan vit. D6 12 bén canh cdc kich dong théng qua luc khi thé
va luc qudn tinh clia thi€t bi phit dong con cé cdc kich dong tir chan vit. Nhu the ta phai luu
tam 161 khdi lugng thuy dong va tdc dong clia can d6i véi chan vit.

Trén hinh 7.1 Ia cdc chi tiét cha mot truc dan chan vit va mo hinh tinh toin dao dong
Xodn.

Thiét bj truc chan vit bao gbm: cdc bo can dao dong xodn, cdc phin tir phat dong,
bénh da, 6 , truc trung gian, truc ddu ra va cudi cing la chan vit. Thudng thi cdn ¢6 mot bo
phan truyén dong cho dong co tai truc. V6i cdc dong co c6 t6c do vira phai con ¢6 mot hop
s6 ndi gilta dong co va truc chan vit. N&u ¢6 nhiéu déng co ciing néi véi mot chan vit s& tdn
tal cdc truc dang ré nhanh.

Viéc mo hinh hod thiét bi nay tuan theo cdch thong thuding. Tit ca cdc doan true duge
thay th€ b&i 10 xo xoin khong khdi lugng. Vi cdc phén tir phat dong chuyén dong qua lai,
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gia thi€t mot gid tri hing trung binh cho momen quan tinh xodn 1a di. Anh hudng cta can
dugc xédc dinh thong qua cédc hé s6 can trong va can ngoai. Trong dé can ngoai dugc coi nhu
gay ra bdi truc khuyu va ma sat cia 6 va ty 1€ vé6i van t6c tuyét d6i. O day ciing cdn xét dén
cac hiéu ing phi tuyén. Can trong dugc tao ra do can cta vat liéu, ty 1é v6i van t6c tuong déi
hodc do sy khong phu thudc vao tin s6, c6 thé ty 1¢ véi do léch tuong déi. Céc gié tri can
cua bo can ciing nhu can tuong d6i 1a ty 1é gin ding vé6i bac nhat van téc.

Chan vit
. NS
¥ Banh da \\l
rf O i
B& can dao déng 4L
Hop sé

Hinh 7.1. Md hinh ctia mét truc dan chan vit.

Nhu da mé ta trong doan 4.2.1.3 do dao dong ciia mémen xodn tdc dong trén chan vit
tao ra kich dong dao dong xodn véi tdn s6 i.z.n (i = 1, 2, 3). Trong d6 z 1a s6 canh va n 1a s6
vong quay/phuit.

Do viéc két hop clia cic mémen kich dong nay, vi tri pha cia momen dong co phai
duoc quan tam dén.

Cic dang can tai chan vit rét phitc tap. Do d¢ léch dao dong cia chan vit xuit hién bd
sung su thay déi van t6c va din dén thay déi vi tri géc quay. Sy thay déi géc quay nay gay
ra cdc moémen can luén nguge huéng véi van t6c gée, hinh 7.2 m6 td méi quan hé nay. Tinh
chét can gdy ra do d6 nhét cua chat long ciing anh hudng dén tic dung cla can. Viéc ddnh
gid cdn cla chan vit xudt phat tir hinh 7.2 thong qua sy thay déi cua géc dinh huéng do do
léch dao dong:

-'a, <,
¢.21'tnc R @b

Ao, =
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Hinh 7.2. Su thay d8i géc dinh huéng do dao ddng xoén.

Ta coi ring, moémen xodn trung binh ty 1& v6i gé¢ dinh huéng hiéu dung & 0,7R, tir
(7.1) din dén momen can:

MD=M'—_—'__“PP (7.2)

trong d6: Mp - momen cdn; M - mémen xodn trung binh; ® - tin s6 vong cia dao dong
xoan; ®p - d0 léch dao dong clia chan vit; o, - géc dinh huéng hiéu dung; ¢ - goc nghiéng
ctia chan vit; n - s6 vong quay.

)

Hinh 7.3. So d6 clia chan vit.

Nho sy trg gidp cta 1y thuyét dai hai chiéu, ta ¢6 thé danh gi4d duoc khéi luong thuy
dong luc ctia chan vit cho cdc dao dong xodn. Ta cé:

R
Myp = %Kpnz jbz sin? ¢dr (7.3)
RN

H¢ s6 K xét dén anh hudng cia lung khong gian. Heé s6 nay c6 thé xdc dinh duoc
thong qua viéc so sdnh vdi luéng bao ciia mot elip:
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K=—; ! dv (7.4)
1-k?*sin’*v
0
2
v6i: kK’=1- b—z . b =b(0,7R)sind(0,7R); a = %
a

7.2. DAO PONG UON TRONG TRUC DAN CHAN VIT
7.2.1. M6 hinh hoa va x4ac dinh tham s6

Trong doan 4.2.1.1 da mo ta rang céc luc cit va momen u6n tdc dung 1én chén vit bién
dai theo thoi gian. Chiing tdc dung 1én chan vit cdc dao dong uén, cdc dao dong nay c6 thé
dan t6i dao dong phia duoi tau. Cic hu hai cha 6 trong 6ng d& ciing phai dugc xét dén. Hinh
7.4 chi ra mot truc chéan vit va cic 6 da.

Hinh 7.4. Truc chan vit va cac 8 da.

Chan vit dugc d& trén mot 6ng va céc 6 trung gian. Truc chan vit chuyén dong trong
mot moi trudng ddu nhét. Céc bo phan than 6 lai duge d trén céc hé g6i dd dan héi tai than
tdu ciing dan hoi. Trong d6, do ciing theo huéng ngang va thang dimg 12 khdc nhau. Bdi vay
day l1a 6 khong ddng huéng. Do tdc dung cla hiéu (ing quay ciia chan vit xudt hién céc dao
dong udn. Tir cdc so d6 thiét k& chan vit ¢6 thé xdc dinh duge cdc mo hinh tinh todn dao
dong uén.

Truc dugc coi nhu mét hé roi rac ¢6 mot khéi lugng hodc coi nhu ddm Euler —
Bernoulli lién tuc. Chan vit dugc m6 hinh nhu mot dia quay, trong dé khéi luong va mémen
quén tinh thuy dong luc can dugce luu ¥ téi.

Viéc mo hinh hod cic g6i d& phitc tap hon do c6 cdc do ciing cia mang ddu, cin mang
ddu, khéi lugng clia 6, do dan héi clia g6i d va can clia 6 theo hai phuong phai dugc xét
dén. Hinh 7.5 gi6i thiéu mot vai mo hinh cho g6i d& trung gian.
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Viéc b6 tri cdc phdn tir dan héi va cin theo phuong ngang va thing dimg 12 hop ly.
Trong mo6 hinh tai hinh 7.5a, dao dong clia 6 trong mang ddu tuong d6i véi 6 va & dich
chuyén tuong déi v6i nén. Khéi lugng clia 6 va mot phan chan 6 dugc m6 hinh hod thu gon
bai khéi lugng thay thé m; . Trong trudng hgp mé hinh 7.5b, truc dao dong doc lap trong
mang diu va 6 dugc coi nhu ciing tuyét d6i. Mo hinh 7.5¢ chi ra truc va 6 dao dong tuong
d6i véi nén.

a)

Hinh 7.5. M6 hinh cho géi dd trung gian.

Tinh dan héi va can cia mang ddu c6 lién quan dén cdc gid tri dic trung cia 6. Céc
nghién ctru clia Thorbeck da chi ra rang d6i v6i mo6 hinh truc ddn chan vit 7.5b c6 thé xdc
dinh dugc cédc gia tri nay kha chinh xdc. Phitc tap hon la cic quan hé trong 6ng Steven. Tic
dong cua do cimg va can duge xdc dinh theo chiéu dai 6ng. Diéu nay xay ra thong qua viéc
b6 tri nhitng phdn tir dan héi va can doc theo chiéu dai 6ng. C6 nhiéu dé nghi cho van dé
nay. Kha nang don gian nhat theo hinh 7.6 c6 hai cap ctia cic phan tir dan héi — can duge b6 tri.

Hinh 7.6. Mé hinh cho éng Steven.
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Bao gt ciing xdc dinh duge hai cip gid tri cia 16 xo - can theo hai huéng ¢}, cf’ , bY,
b, cdc dai luong ndy mo ta ung xir cin va dan héi cia fng dii chinh xdc. Viec phan b cic
phén tir dan hoéi - can dem lai sy hai hoa t6t hon véi phan b6 4p sudt thue t&. Trong van dé
nay cdn phdi xem rang, phan b6 4p suat trong 6 12 mot ham cla dang dao déng va béi vay
viéc mo hinh hod 6ng Steven phu tlquc chit ché vao dang dao dong.

Ky hi¢u AR 12 mgt nira khe hd cia 6, F 1 phin Iyc 8, n 13 do nhét dong luc cha diu,
o 1& van t6c géc va B 1a chidu rong clia &, khi d6 dai lugng duoce goi 1a s6 Sommerfeld duge
xdc dinh qua:

2
F AR 1
Sy= —- [_J T (7.5)
2BR | R nw
Quan he gifta s6 Sommerfeld va do 1éch tam € 12 phi tuyén.
R-h_;
oda g = —n 7.6
y AR (7.6)
trong d6 h,;,, 1a chiéu day nhd nhat clia ming ddu va R 12 ban kinh clia 6.
D6i véi 6 chiu kéo nén vé han, ta cé quan hé:
2=y 0.4 (7.7)

—— +
2 4
s¢ Vs§ 3
D¢ cing mang ddu va cdn mang ddu duge biéu difn qua dé léch tam tuong d6i. Hori

dé nghi quan hé nay cé dang dudng cong trén hinh 7.7. Khi d6 do cing va cin duge xdc
dinh nhu sau:

Cij = %‘Cij(a)? bij = A_l;'Dij (7.8)
" T
0 \ |
Ci 5 \\ j /
t \\\.ng
B :
' ‘ \ v
2 — N |
0 o0z Or 06 08 10 0 02 Qv 06 03 10
—— —

Hinh 7.7. Cac tham sd khdng thif nguyén chia mang déu.
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Céc chi 56 vv, hh, hv & hinh 7.7 ddc trung cho cdc tham s6 mang diu theo hudng
thing ding, ngang, va k&t hgp. Téc dung cia hiéu ing quay gay ra mdt anh hudng khong bd
qua duge véi cdc tin s6 riéng udn cla truc chan vit. Trong trudng hop nay ta phai phan biét
dugc cdc tdn s6 thuan va nghich, trong dé tin s& thudn nim bén trén tin s6 nghich. Cic
momen tic dung lén truc tit hi¢u Uing quay duge Xdc dinh:

Mp,=-0,¢, - 8,Q0¢,
Mp, =— 0,5, + 0,00, (7.9)

D6i vai truc chan vit hoat dong thong thudng thi dnh hudng cla hiéu tng quay 12
khong qud 16n va chi 1am thay déi khong dang ké cdc tin s6 rieng.

Viée xdc dinh khéi lugng thuy dong cho dao dong uén 12 mot bai todn phitc hop ciia
thuy dong luc hoc. Thudng thi ta sir dung cdc phép gin diing tho it hoic nhidu, Trudng hop
don gidn nhit 12 céc kh6i Iuong nay duge xdc dinh qua quan hé véi kh6i luong chan vit:

Mpy = (0,1 + 0,2)m,
Opy = (1,5 2,0) O, (7.10)

Pham vi clia tham s6 thé hién su khong chic chén cla gia thiét. Chinh xdc hon 1a viec

ap dung ly thuyét dai voi viéc sir dung hé s6 xét tSi anh hudng cla ludng khéng gian. Tir d6
ta ¢d hé thic:

R
Mpy = il( Ipnbi sin’ pcos’ [m+£‘9] dr
Ry

1 z 2 . 2
= —Kpr— 1 b sin” ¢dr 7.1la)
G 24 2 sin’ ¢d (
z R
Op = Kpn fr*b? cosgar (7.11b)

Ry

Hé 38 K duge xdc dinh tir (7.4), trong d6:

b = max(bsind); a = 522

7.2.2. Phuong phap giai

Tét ca cdc phuong phdp gidi da duge mo ta trong muyc 5.1.3.2. Pac biét phi hop 1a
phuong phdp ma tran truyén. Sau ddy ta quan tam t6i trudng hgp céc dao dong rieng khong
can.
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Hinh 7.8. X4c dinh ddu & phan t dam.

V&i viéc xdc dinh ddu theo hinh 7.8 va tlr vecto trang thai:
2 =lv o, M, Q w ¢, M, Q]

ta ¢6 su truyén mot doan ddm: 2" = Fz!

v6i ma tran truyén:

lps]

trong d6 sif dung cdc ky hiéu:

2
7‘.:&; CB=EI; (py:w'x; ¢, =V, F=x

Ca

CH= %(cosh I +sinl"y; c([‘)=%(cosh I —cosl)

S(I"y= %(sinh P +sinly, st )= -;—(sinhf' ~sind")

Ma tran truyén cho chan vit tir hinh 7.9:

(7.12)

(7.13)

(7.14)
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r _
12

u

Hinh 7.9, Lyc va mémen tai chan vit,

Ma tran truyén cho & trung gian:

(7.16)
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Céc tinh todn cho phuong phdp ma tran truyén tuan theo cich thong thudmg. Quan he
gilta can va kich dong gay ra vai khé khan nhd.

Ngoai phuong phdp nay, phuong phdp PTHH ciing c6 thé sir dung dé tinh todn dao
déng udn clia chan vit.

7.3. CAC DAO PONG DOC CUA TRUC CHAN VIT

Vigc tinh todn dao dong doc cla truc chan vit ¢6 sai khdc mét it so véi tinh todn dao
dong doc cua cic truc, & chd 1a khéi lugng thuy dong phai duge xét tdi.

Vi vige tinh todn dao dong cudng bic, ta phai xdc dinh duge cdc kich dong va can.
Khoi lugng thuy dong clia chan vit dao dong doc truc dude xdc dinh mot cdch gin ding:

R
My, = :11‘ Zpn Ibz (r)cos® $dr 717
RN

7.4. GOI DO PAN HOI CUA MAY VA CAC CO CAU KHAC TREN TAU

Vige bo trf gi d6 dan h6i 1a mot phuong phdp 6 higu qua dé€ gidm dao déng, tiéng 6n
va c6 nhilg tng dung rong rai trong nganh ch€ tao tau thiy. Cac thigt bi phu tre thudng
duge dat trén nén dan hdi. Trong nhing trudng hgp dic biét, tham chi ca may chinh. Viec
gidm dao dong dat dugc thong qua viéc dit cdc 10 xo gilfa mdy vA nén. Viéc xdc dinh gdi d&
dan héi trong maot s6 tai liéu da duge mo 14, & day chi cAn them mét vai chii ¥. Trude hét 1a
bén canh céc kich dong tir mdy con phai xét dén cac kich dong dong hoc tir nén. Tiép theo 12
do tau chuyén déng trén séng nén kich dong ¢é dang ngiu nhién. C6 khi cling mot nén ¢é
1ap nhiéu mdy, co cdu va nén ndy lai dugce coi 1 dan héi so véi than tau. Vi du nhu cdc thi€t
bi lam lanh, thi€t bj bom va hiit khi, diéu hoa nhiét d9. Ngay c4 cdc thi€t bi dong co diesel
dat trén nén trung gian mém khong th€ m6 hinh nhu vat thé cimg wyét doi.
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CHUONG 8
MOT SO VAN PE THUC TIEN CUA DAO PONG TAU THUY

8.1. NGHIEN CUU DAO PONG THUC NGHIEM TAI TAU THUY

8.1.1 Muc tiéu nghién ciru

Bén canh c4c phuong phdp giai tich tinh todn dao doéng cha két cdu than tau va cdc chi
ti€t khdc trén tau, viéc nghién ciiu bing thuc nghiém ¢6 ¥ nghia rat lén dé:

- Xdc dinh mo hinh va céc tham s& lién quan dén cde nghién ciu 1y thuyét

- Xdc dinh va danh gid mic do dao dong tai nhilmg vi tr{ trén tau

- Kiém dinh céc k€t qua tinh bing gidi tich va cic phin mém

- Nhan dang va cé bién phap phdng ngita hir hai.

Céc phuong phap, pham vi va ki€u ddnh gid két qua do dao déng phu thude vao muc
tiéu cu thé.

8.1.2. Cac dai luong do

Tuy theo bai todn mé chiing ta do dich chuyén, van t6c hoac gia t6c. C6 cdc loai do
dac déc biét cho ting loai nay. Nhd viéc néi v6i cdc bo khuéch dai tich phan ¢é thé véi viec
do gia 16¢ thi van t6¢ va quang dudng duge xic dinh. P& x4c dinh céc tai trong dong luc, cic
lyc va momen trong nhitg trudng hop xdc dinh ¢6 thé sir dung cdc diu do

Trong da s6 cdc trudmg hop, viec do dao dong trén thu gidi han trong céc dao dong
dimg bdi vi cde kich dong gap phai, trir séng bién, ¢6 dac tinh dimg. Néu cdc dudng cong
theo thoi gian do duge bao gits ciing chita mot tap hop cdc dao dong ¢6 tdn s6 co sé thi cho
phép ta phén tich ham 1a dai lugng do duge duéi dang chubdi Fourier:

a - .
X(t) = qz‘l + Y (a, sinkayt +b, cosko,t)
e

e \ . " . 2n
Trong d6 tan $6 co s& @, ¢6 quan h¢ véi chuky T: ©, = T

Neu tin hiéu do c¢6 chifa cdc tich phan tdn s6 khong phai 1a s6 nguyén 14n tin s6 co sb,
vi du tai co cau hop s6 ¢6 ty s6 truyén khong phat 1a s6 nguyén thi tich phan Fourier 1i cén
thiét cho viéc phan tich. Viéc 4p dung thuat todn nhanh cho bién déi Fourier 13 dic biét phu
hop. Bdi vi phuong phip nay xdc dinh duge cdc ham khéc nhau cfa tin hiéu nén duge dp
dung rong rdi cho viéc phan tich tin hiéu dao dong néi chung.
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8.1.3. Xdc dinh m6 hinh va xac dinh tham sé bang do dac

Viéc tinh todn dao dong cla ciu triic, két cdu rau thuy, cic mo hinh tinh v cdc tham
s6 cia nd thudng duge xédc dinh thong qua cde gia thiét dé don gian hod bai todn. Vi vay
ching phai duge kiém nghiém qua thyc nghiém. Pé lam diéu dé6, cdc dao dong duoc do tai
cac vi trf khdc nhau trong khoang tdn s& quan tam. Viéc do dac duge thuc hién trong qud
trinh m& may hodc sir dung cdc bo kich dong chuyén dung. Vai vi du vé viéc b6 tri cdc diém
do dugc mo 14 trén hinh 8.1 + 8.3,

o= AR

0 e
EI N-E"-:‘:- el
_5—1,0
Bac 1
SEEp=
Fgr Sooneg o .

Hinh 8.2

Hinh 8.1 mo ta viéc b6 tri di€ém do dé x4c dinh cdc dao dong thing ding cla than tau
va cdc dao dong ngang cia cédc chi ti€t trén boong. Hinh 8.2 minh hoa cdc diém do va mot
dang dao dong do dugc cho cdc dao ddng cua cdc két can trén boong tau.

Hinh 8.3 chi ra cdc vi tr{ do va mot dang dao dong cha dao dong cuc bd cha tdm
boong.
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i Céc diém do
— DPudng dao dong
—-—  Budng nut

Hinh 8.3

Mbi co h¢ thudng c6 mot phé tén s6 rieng dic trung tuong ing v6i cdc dang riéng. Boi
vay dé xay dung cdc dang dao dong cdn phai sir dung kh4 nhiéu vi tri do, dic biét tai céc
dang dao dong riéng bac cao.

Tir dudng ddp tng tdn s6 va pha cho phép ta xdc dinh duoc cdc thong tin vé can.
Gidng nhu hé dao dong mot bac tu do d6 cin I c6 thé dugc xdc dinh thong qua thuat todn
mo ta trén hinh 8.4. Ta c6 thé khai trién 9" du6i dang chuéi.

w -
v =7&=%4=1f5 x
/| o o
. "g ,»_E E=1/\T thi o
NN z *= 1,01, I
J/
L~
n, ' o B ‘__‘/
L—T
o _____] V@i géc pha
3 |-
a=T/2 7/t . —_—
1/ =
1'}‘ 0. - 11&- r].1
, Vo

Hinh 8.4
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$ =9 +3Q+ 5P

9" bao ham ci can vat liéu ciing nhu cén ngoai. Ching ta da sir dung trong chuong 4,
5 cdc hé thic cho can vat liéw:

o, =Ee (1+1d)
Ta m& rong he thitc ndy dudi dang: o, =Eg, [1 +i(d, +8,Q+ 5292 )]
Thong qua viéc so sénh he s6: 8, =9,; 8, =9,: 8,=9,
Tuong ty, ta x4c dinh cdc dac tnmg ca can ngodi: ¢, =8;; $ =9 4, =9
Can 161 han dat duge voi can tuyén tinh tai: 8, =8 =2 hodc 9, =2
hodc 12 tai tdc dung déng thdi cla cé hai loai can: §, + 8,2+ 8202 +5=2

Dai véi cdc hé phifc tap, cdc tin s8 riéng rat gn nhau. Trong nhitmg trudng hop nhu
vay viéc xdc dinh cédc tham s can thudng khong chinh xdc. Bdi vay cac k€t qua duge x4c
dinh trén dudng cong ddp tng tdn s6 thudng d& bi nhdm 14n nhat 1a & viing cong huéng. Vai
viéc ndy ngudi ta thudng sir dung cac phuong phdp phan tich tiép

8.2. CAC CONG THUC KINH NGHIEM XAC PINH TAN $O DAO PONG RIENG
CUA THAN TAU
T4n s6 dao dong va bién do dao dong dimg va ngang ciia than tau nim trén nude phuy
thudc vao céc yéu to:
a) phan b6 khaoi lugng tau doc thén tau
b) phan bd lugng nude kém doc than tau
c) d6 ciing k&t cau chiu udn, chiu cit doc tau thay d6i
d) anh hudng phan b6 luc ndi doc tau
Vi vay khi tinh tdn s& dao dong cdc anh hudng trén cdn duge dua vao dé tinh todn.
Trong giai doan thi€t k& so bo 1au, ngudi thi€t k& cdn c6 nhimg thong tin nhit dinh vé
tan s6 dao dong ding va ngang cla than tau tuong lai. Mot s6 cong thic kinh nghiém rit ra
tir khio nghiém, tdng két ¢4 thé gitp cho viée dénh gid ban ddu vé dao dong. Dudi day liét
ké nhiing cong thirc kinh nghiém dang duogc ding.

8.2.1. Cong thirc cia Schlick

Trong tap san TINA tr nam 1894, v6i bai bdo “The Futher Investigation on the
Vibration of Steamers™ Schlick dé nghi cong thic tinh s& ldn dao dong trong mot phiit cla
than tau chay bing may hoi nudc, thdi by git. Ddi sang hé mét, cong thic c6 dang:

J
N, =C, = (8.1
" AL )

wrong dé: Jg - mOmen quédn tinh mat cit ngang gilta tau, tinh bang m*;
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A - lugng chi€m nude chia tiu, tinh bing tin (t);

L - chiéu dai tau, tinh bang mét (m);

C - hing s6 xdc dinh trén co s& théng ke, tir 280.10° cho thu bién ¢6 hé s& ddy lon
dén 340. 10* cho tau ciing loai song hé s6 ddy nhé.

8.2.2. Cong thire Burrill

Trong tai liéu “Ship Vibration: Simple Methods of Estimating Critical Frequencies”
Trans.NECI, 1934 - 1935, Burrill dé nghj tinh s6 14n dao dong trong mét phiit N, theo cong

thiic:

1/2

N, =¢ J (8.2)
) ALY(1+B/2T)1+1,) ‘

trong dé: J - mémen quan tinh mat cit ngang giffa tau, thdi dé yeu cdu tinh bing fr*;
A - lugng chi€m nudc cla tau, tinh bing tan (1 ¢ = 2240 1b);
L - chi€u dai gifta hai tru, tinh béng ft;

B - chiéu rong tau, tinh bing ft;
T - chiéu chim tau, tinh bing ft;
Theo ddi va xir 1y két qua do tir 25 tau that, Burill dua ra hing s6 ¢ 1a 2400000. Sai s6
ciia phép tinh 5%.
I, - hé 56 tinh dén anh hudng luc cit, theo Lockwood Taylor, hé s& hiéu chinh nay la:
3,5D°[3(B/D)' +9(B/DY +6(B/D)] )
L’(3B/D+1) = ®-
trong dé: D - chiéu cao tau, tinh bing ft;
¢ - hang s6 rit ra tir kinh nghiém.

Trong cong thitc Burill bi€u thie 1 + (B/2T) thé hién sy hiéu chinh cho luong nude
kém. Néu lugng nudc kém tinh theo chi ddn cia Lockwood Taylor, céng thitc Burill trd

thanh:

1/2

N, =6 ] (8.4)
" A+ AU (141 '

v6i: A, - lugng nuéc kém. Trong trudng hop ndy nhin bing ¢ = 2100000.
8.2.3. Cong thidc Todd

Cong thic duge F. H. Todd xay dung tir 1935, trén cd s& quan st loat tau hang va tau
khich.

BD3 172
N, =C|——"=%—| +C 8.5
' ‘[AL3(1+B/3T)] : )
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Trong cong thic, Dg ¢6 § nghia sau: Vi tu chd ddu va tau chd hang kho, thugng
ting ngan, né déng vai trd chiéu cao tau tinh dén boong. Vi tau khach, thuong tdng dai, De
duogc goi 1a chiéu cao hitu hiéu va xdc dinh thy thudc didu kién cu thé. Coi boong trén chim
len hét chidu dai L; 1a boang cao nhat. Chiéu cao tir tim ddy dén boong &y, do tai giita tau la
D,. Khi dé:-

12
D =[> DL, /L] (8.6)
Cic hang s6 C,, C, dugc cho trong bang sau:
C4 C,
Tau chd dau 52000 28
Tau chd hang 46750 25
Tau khéch 44000 20

Trong h¢ théng mét, cong thite Todd duoc chuyén thanh:
- véi tau chd dau:

BD}
N, =94900 - +28 (8.7)
(1,2+B/3T)AL

- v&i tau chd hang, tau khach:

BD.
N, = 85300 _+25 (8.8)
(1,2 +B/3T)AL

Thi du 8.I: Ap dung cong thirc Burill va Todd tinh s& lin dao dong trong moét phiit
clta tau chd hing vdi kich thude sau:

L =160 m (525ft); B=23,15m (76ft); D= 13,6 m (44,5ft); A = 16840 t:

Ty 1¢ B/D = 1,71; 1, =0,213; J = 7.246.200 cm* (7800 fi*); T = 24.4 ft

Theo cong thitc Burrill:

N, = 2400000 7890 =77
16840x 525°(1 + 76/ 48,8)x 1,213
Theo Todd:
3
N, = 46750 76x44,5 +25=77
16840x 525°(1+76/3x 24, 4)

8.2.4. Cong thitc Kumai

Trong “Report of Research Institute for Applied Mechanics”, Vol. 16, 1968, (Nhat
Ban) Kumai dé nghi diing cong thite tinh N, nhu sau:
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N, =3,07.10° ! - (8.9)
AL

thit nguyén duoe ding: s6 lan dac dong trong mét phiit.
trong cong thire:

1 - mémen quédn tinh mat cit ngang giita tau, tinh bing m*;

A, - luong chiém nudc kém = (1,2 + 1B A (8.10)
3T,

A - lugng chi€m nudc, tinh bing t&n;
L - chiéu dai giita hai try, tinh bing m;
B - chiéu rong tav, tinh bing m;
T,, - chidu chim trung binh cla tau, tinh bing m.
K&t qua tinh theo cong thic trén day phil hgp vdi két qua tinh theo phuong phdp phin

tir hitu han. Bang so sdnh sau trich tir taj liéu cla cdc tdc gid Johannessen va Skaar, cong bs
1980, néu rd do chinh xdc cla cong thitc.

TT Ki€u tau At CT Kumai | PP PTHH | Sailéch, %
1 | Tau hang 15500 2,00 1,62 +23

2 |RO-RO 32000 1,46 1,16 +26

3 |RO-RO 49000 1,49 1,80 -7

4 |RO-RO 42000 1,04 0.94 +10

5 | Tau chd hoa chat 33000 1,00 0,93 +8

6 | Tau chd hang rdi 73000 0,63 0,64 -

Tir k&t qua phan tich héi qui hai tdc gia trén xdc 1ap d6 thi biéu dién quan he giira tdn
s6 dao dong, 4p dung cho céc dao dong riéng bac 2, 3, 4, 5, 6, theo su thay déi cla kich ¢&
tau thudc cdc kiéu tau dan sy. D thj trén hinh 8.5 diing cho tau ché hang néi chung, hiéu
theo nghia hang kho, hing thing. D6 thi trinh bay tai hinh 8.6 ding cho tau ché diu, ché
hang rén.

Can cif vio cong thic Kumai va d6 thi cha hai tdc gid J - S, 6 thé vi€t cong thiic tinh
tdn s6 dao dong cho cdc bic cao hon néu ¢é gid tri N, cla bac 2.

N,, =N (n-1)* (8.11)
vdi: a= (0,845 danh cho tau van tai néi chung;
a = 1 cho tau chd hang roi;
a = 1,02 cho tau ch& du.
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Hinh 8.6

8.3. CAC BIEN PHAP NGAN NGUA VA HAN CHE RUNG TAU

Xudt phdt cua cdc bién phdp chéng rung 1a tim cdch han ché cdc tham s6 chia qua trinh
rung gom bién do, van téc, gia téc. Ca ba dai lugng nay déu l1a ham cia tdn s6 dao dong,
thay déi do 16n theo dang hinh sin.
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O phén trén, ching ta dd lam quen bidu thitc xdc dinh bién do rung clia hé théng mot
béc tu do. M6 hinh tinh ctia chiing ta tién hanh theo cdch thong thudng, tim cdch chuyén k&t
céu thuc t€ vé dim hodc h¢ ddm tuong duong, hé tdm twong duong. Dao déng cia hé tuang
duang vira 1ap duéi dang két cdu lién tuc, gin véi dao dong hé mot bac tu do.

Dudi tdc dong luc gay rung bién d¢ F, tdn s6 o, cong thic vira dé cap cé thé viét lai
dudi dang.

x(t) = F/X cos(mt — o) = X cos(wt — ot) (8.12)

[]-)

O day tan s6 riéng va hé s6 can tinh theo:

K D
p=,—,n=-——
M 2Mp

(8.13)

trong cong thic nay: M - khéi lugng; K - do cing; D - luc cdn clia hé théng.

Tir cong thite c6 thé dé ra cdc nguyén tde chung 1am gidm téc dong rung tau:

1) Tim cdch giam bién d6 luc F gay rung. VG6i hé thdng luc gay rung tir phia chan vit
tau ching ta c¢6 thé thay déi cdc dic tinh thily luc clia chan vit nhdm gidm bién d6 luc gay
rung. Mot trong cidc bién phip dugc sir dung 14 tang khe h& giita ddu cdnh vGi vO tau nhaim
giam d¢ khong diéu hda ddng chay trong ving, thay déi cic dudng dong do hé s dong theo
nhiéu loan. Trong nhiéu trudng hgp cin thiét thay di thiét k& chan vit nhim lam giam luc
kich dong.

2) Tang 4o cimg K, trong nhiéu trudmg hop ting do cing K thin tau s& gép phin lam
nho quan hé F/K & tir s§ cha cong thite (8.12). Thye t€ cho thiy K ¢6 thé tang néu kéo theo
thay ddi p va trong trudng hop nay nguy hai do thay déi p 16n hon néu so véi diéu loi do
tang K. Bién phdp tang cling két ciu luon duge cdn nhic, tinh todn trude khi thue hie‘n.

3) Trdnh lam viéc trong pham vi cdng hudng cla rung thin tiu, ¢6 nghia trdnh tinh
trang ® gin qud vdi p. Theo huéng nay cdn chon mdy chinh, hop s6 théa ddng dé tin suat
quay may chinh, tdn sudt quay chan vit khéng gdn tdn s dao dong riéng cla thu & cic bac
dau tién, trong d6 cdn quan tam ddy di dé€n dao dong riéng thi nhit. Chon lua s canh chan
vit phit hop v6i ch€ do 1am viéc cla chan vit va mdy chinh gép phdn thay déi tin s& quay
cla hé théng.

4) Tang he s6 cin n trong diéu kién ¢6 thé. Thong thudng véi két csu tau thuc t€, he
6 cén rat nho, n << 1. Trudng hgp gin vdi tin s6 ¢dng hudng, theo (8.12) bién d6 rung tinh
theo thitc gdn ding X = (F/K) /2n, phu thuéc vio d¢ 16n n. Tuy nhién trong thuc t€, vdi than
tau d& duge ché tao ngudi ta khong con 6 co hoi dé thay ddi heé s& can.
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5) Ap dung nhimg két cdu hop 1y, ¢6 téc dung giam rung tau.Vat lieu sir dung trong
k€t cau be mdy nén chon theo xu huéng vat lidu gidm chan. Trong nhifng trudng hop c6 thé,
trén mot s6 tau cu thé c6 thé dp dung cdc co ciu giam chan cho bé may tau nhim han ché
rung.

8.4, GIOI HAN RUNG PONG AP DUNG CHO TAU THUY

Rung déong trén tau duoc thé hién qua bon dai luong chinh: bién do dao dong cua
chuyén vi S, bién d¢ van t6c, bién d¢ gia t6c va tin s6 dao dong, dwoc hiéu theo dang tdn s8
g6c w, don vi do /s, hodc tan s& ky thuat f = w/ 21 do bing s6 1dn dao dong trong mét don
vi thdi gian, vi du 56 ldn trong mét giay, tinh bang hertz. Quan he giira tdn s&6 f va chu ky T
la:  f=1/T.

Giira céc dai lugng vita néu ¢6 mdi quan hé rang buoc sau:

Vin toe: v = S.0

Gia 16¢: a = S.0°

Tir két qua théng ké, c6 thé thay gi6i han cho cdc dai lugng trén nén nim trong pham
vi han ché;

S<1+15mm

a < 1000 + 1500 mm/s>

Cong thite kinh nghiém xdc dinh giéi han cia S, tinh badng mm, dp dung cho khu vuc
chd khdch, khu sinh hoat trén tau;

_ 1,3
© 1+0,04f?

Tai nhitng viing ma ngudi it di 16, giGi han trén 6 thé nang 1én 15 ldn.
Bién do dao dong cdc tAm trén tau khong duge vuot qud gidi han:

2
S= 0,10[l] t
100t

trong dé: b - chidu rong tdm (canh nhd hon); t - chidu day tdm.

Trong thuc t€ ngudi ta di ghi nhan nhitng trudmg hop rung qua mic trén tiu that nhu sau.

Tau hang dai 116 m, lugng chi€ém nuéc 10.900 t, lip mdy chinh sdu xi lanh, cong suat
2000 kW (2700 Hp), quay tai vong quay dinh mitc 100 v/ph di duge phat hién rung qué mitc
cho phép. Rung ditng trong bac dao dong riéng thi nhat, bien dé chuyén vi dat 7 mm tai khu
vire ddu va cudi tau. Gia t6c dao dong ghi duge 0,7 m/s? (0,07 g).

Tau chér ddu dai 128 m, luong chiém nude tuong duong tau ké trude, lip mdy 1000
kW bi rung ddng ké, bién do chuyén vi 14 mm, gia t6c 1,24 m/s%. Tau phai cai tao lai méi
dua vio sir dung.



Chuong 8. MOT SO VAN BE THUC TIEN CUA DAO BONG TAU THUY 225

Tau ché khich dai 106 m, lugng chi€m nuée 2240 t, lip ba mdy diesel cong sudt tdng
cong 3 x 660 kW, vdng quay dinh muc 750 v/ph, ba chan vit quay véi tin s& 350 v/ph, bi
rung vdi bién do chi 0,2 mm song gia t6¢ dén 4,3 m/s® (0,44g) khi tién. Lic chay lii, bién
do dao dong dat 0,5 mm con gia t6¢ vuot qua gia téc trong trudng, dat 11 m/s? (1,12g). Tau
khong thé hoat dong vi hanh khdch khong chju néi rung kiéu dé.
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Nghién ctru kha nang chiu dung cia con ngudi trén tau bj rung cdc nha nghién citu di
di dén nhitng két luan giéng nhau. NGi chung ngudi ta ¢6 kha nang lam viéc trong diéu kién
gia t8¢ dao dong khéng qué 15n.

Trong pham vi f < 0,3 Hz con ngudi lam viéc binh thudng dén tdm git déng hé néu
gia t6c chua qud 0,2g véi g - gia t6c trong trudng trdi dat. Thai gian trén nit Xxuéng cdn hai
£i0 néu gia t6c tang dén 0,4g. Khi gia téc dén Ig hoic hon, ngudi ta chi chiu dung dwoc
khéng qud vai chuc phiit.

Trén co s& d6 nhiéu qudc gia dua ra nhing tieu chudn tranh rung, dam bio sitc khoe
cho nhitng ngudi lam viéc trén tau. Mot trong nhitng du thio nhdm dua ra tiéu chuin trinh
rung, dam bao stic khoe cho ngudi lam viéc trén tau, hoach dinh tai SNAME 1980, dugc vé&
lai & hinh 8.8 duéi day. Trén biéu dé trinh bay trong hé toa d¢ bién d6 dao déng - tin s6
nguoi ta chia lam ba viing miéu 1a mitc dé cam nhan khéc nhau khi con ngudi chiu rung trén
tau. Ba viing d6 duge qui uéc nhir sau:

Vung I - mie do rung trong ving nay khong gy cam giéc khé chiu,

Ving II - mitc d6 rung 16n hon ving I, cdm gidc kh6 chiu d3 cdm nhan duge khi ngudi
ta phai Iam viéc trong viing nay.



226 : DAO BONG TAU THUY

Vung III - mic do rung 16n hon céc viing vira néu, cam gidc khé chiu clia ngudi tang

ro rét hon.
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Tir cach chia viing trén dé thi ching ta c¢6 thé x4c dinh cdc tham s& xuat hién trong
qué trinh rung, cé anh hudng dén siic chiu dung ctia con ngudi. Vi du khi chiu rung véi tin
s6 10 Hz, con ngudi vin cam thdy thoai mai néu gia t6c khong vugt qud 0,012 g, bién do
dao dong hét sic nho, chi vao hang vai phin trim mm. Tuy nhién tai tdn s6 d6, néu bién do
ting dén ¢& vai phdn mudi mm, tdc ting 1én chimg 10 14n, cling véi né gia téc ciing tang lén,
stic chiu dung c6 han clia con ngudi khong cho phép cdm cu lau trong trang thdi khé chiu.

Nam 1972 t8 chitc tiéu chudn quéc t&€ ISO dé xudt nhitng tiéu chudn an toan, trinh
rung. Nam 1974 tiéu chudn nay dugc thong qua va cdc quéc gia duge khuyén cdo dp dung.
Theo tiéu chudn cta ISO, pham vi 1am viéc an toan cho con ngudi dugc han ché trong ving gidi
han, gia t6c rung khong qué 0,05 g néu tdn s6 nho hon 60 14n/ph, tai tdn s6 500 14n/ph gia
t6c khong duge 16n hon 0,07 g. Tai tdn s6 3600 14n/phiit gi6i han gia t6c c6 thé dén 0,25 g.

Tiéu chudn 4p dung cho dao dong ding it khic nghiét hon, dugc trinh bay tai hinh
8.10. Nhitng yéu cdu t6i thiéu cha cdc nha 1am luat tap trung & chd, ngudi lam viéc trén tau
phai dugc séng dé& chiu dé c6 sitc 1am viéc.
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Theo cdch nay hai thong s6 co béan trén tau bi rung phai nim trong gidi han cho phép,

d6 la tan s6 dao dong va gia t6c. Hai dai luong nay duge tinh bing don vi lan/ph véi tin s6
va g = 9,81 m/s” khi tinh gia téc.
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