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Chuong 1: Pai s6 ménh d&

CHUONG 1 : PAI SO MENH PE

1.1. Téng quan

e Muc tiéu cia chuwong 1
Hoc xong chuong nay, sinh vién phai nim bt duoc cic van dé sau:
- Thé nao 1a ménh dé, chan tri caia ménh dé, cac phép toan m¢nh dé.
- Thyc hién dugc cac phép toan ménh dé.
- Hiéu duoc cac tng dung cua phép toan logic trong lap trinh va trong doi
song hang ngay.
e Kién thirc co ban can thiét
Céc kién thic co ban trong chuong nay bao gom:
- Kién thuc vé phép toan dai s6, phép toan hinh hoc co ban.
- C6 kha nang suy luan.
- Biét 1ap trinh bing ngén ngit Pascal, C
e Tai liéu tham khio
Pham vin Thiéu, Pang Hiru Thinh. Toén roi rac ing dung trong tin hoc.
Nha xuét ban Khoa hoc va K¥ thuat, Ha N6i - 1997 (chuong 1, trang 6 - 28).
e Noi dung cot 16i
- Pinh nghia ménh d¢, biéu thirc ménh dé.
- Céc phép toan
- Vi du Uing dung
- Gi6i thiéu mot s6 thuat ngi chuyén dung

- Tuong duong logic va cach chirng minh.
1.2. Pinh nghia ménh deé

MOoi cau phat biéu 1a dung hay 1a sai dugc goi 1a mot ménh dé.
(Definition proposition: Any statement that is either true or false is called a

proposition.)
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Vi du 1: Cac cau xac dinh dudi day la mét ménh dé
2+3=5
3*4=10
Tam giac déu c6 3 canh bang nhau
Washington D.C. 1a thu d6 cua Hoa Ky
Toronto 1a thua d6 cuia Canada
Cau xac dinh "2 + 3 = 5", "Tam giac déu c6 3 canh béng nhau" va
"Washington D.C. 1a thii d6 ciia Hoa Ky" 14 cic ménh dé dung. Con cac cau xac dinh
"3%4 = 10" va "Toronto 13 thi d6 cua Canada" 13 cac ménh dé sai.
Nhu vay, mot ménh dé co thé 1a ménh dé ding hoac ménh dé sai. Hay no6i cach
khac, mot ménh dé chi co thé lwa chon 1 trong 2 gia tri 1a diing hoic 14 sai.
Mot ménh dé khong thé vira ding vira sai.
Vi dy 2: Xét cac cAu phat biéu sau
Hom nay 1a tha may ?
Mot sb thye 4m khong phai 12 sé chinh phuong
Hay doc ky doan nay
x+1=2
Xty=z
Cau "Hom nay 1a thr miy ? " khong 13 ménh dé vi n6 chi 1a mot cau hoi khong
c6 gia tri dung, sai. Cau "Mot s6 am khong phai 1 sd chinh phwong" ¢6 chan tri 13
ding néu xét trén tap hop s6 thuc R nhung lai c6 chan tri sai khi xét trén tap hop sb
phirc. Cau "x+1=2" va ciu "x+y=z" khong phai 1a ménh d& vi ching chang dung ciing
chang sai bdi cac bién trong nhitng cau d6 chua dugce gan cho mot gia tri cu thé nao.
Gia tri dung, sai cua mdt m¢nh dé duoc goi la chan tri cuia ménh dé d6. Chan tri
ctia ménh dé ding ky hi€u 1a T (true), chan tri cia ménh dé sai ky hiéu la F (false).
Bang chan tri ciia ménh dé bao gém céc truong hop ding, sai cd thé xay ra cua
ménh dé do.
Muc dich cta cac hoat dong khoa hoc 1 phan biét cac ménh dé dé xac dinh
chan tri cua no. Su xac dinh chan tri ndy dya vao thyc nghiém va 1y luan. Ly luan &

day 1a xac dinh chan tri cia ménh dé bang cach két hop cic ménh dé ma ta da biét
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chan tri. Cac luat 1& ché ngu cach két hop mang tinh chinh xéac ciia phép toan dai sb.

Vi thé, ching ta can noi dén "Pai s ménh dé".
1.3. Cac phép tinh ménh de

Trong phép tinh ménh dé, ngudi ta khong quan tdm dén y nghia cua ciu phat
biéu ma chi cht y dén chan tri cua cdc ménh dé. Do d6, khi thuc hién céac phép toan
ménh d¢ théng thuong nguoi ta khong ghi rd cac cau phat biéu ma chi ghi ky hiéu.

Céc chir cai s& duoc dung dé ky hiéu cic ménh dé. Nhimg chit cai thuong dung 1a P,

Ménh dé chi c6 mot gia tri don (luén dung hodc sai) dugc goi la ménh dé
nguyén tir ( atomic proposition ). Cac ménh dé khong phai 1a ménh dé nguyén tir duoc
goi 12 méng dé phic hop (compound propositions). Thong thuong, tat ca ménh dé
phttc hop 1a ménh d¢é lién két (c6 chira phép tinh ménh dé).

Céac phép tinh ménh dé duoc st dung nham muc dich két ndi cac ménh dé lai
vOi nhau tao ra mot ménh dé mai. Cac phép toan mé¢nh dé duge trinh bay trong
chuong nay bao gém : phép phu dinh, phép hoi, phép tuyén, phép XOR, phép kéo
theo, phép tuong duong.

1.3.1. Phép phi dinh (NEGATION)

Cho P 1a mdt ménh dé, ciu "khong phai 1a P" 1a mot ménh dé khac dugc goi la
phu dinh cia ménh & P. Kihiéu: — P (P ).
Viduy: P="2>0"
-P="2<0"
Béng chan tri (truth table)

P D
TI|F
T

Qui tic: Néu P o gia tri 1a T thi pha dinh P c6 gid tri 1a F.
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1.3.2. Phép hoi (CONJUNCTION)

Cho hai ménh dé P, Q. Cau xac dinh "P va Q" Ia mot ménh dé méi duoc goi la
hoi ctia 2 ménh d& P va Q. Ki hiéu P A Q.
Vidu : Cho 2 ménh d& P va Q nhu sau
P="2>0" la ménh dé diung
Q="2=0" la ménh dé sai
P AQ="2>0va2=0"1a ménh dé sai.

Bang chan tri

|q /\q
T |T
F |F
T |F
F |F

Qui tic : Hoi cua 2 ménh dé chi ding khi ca hai m¢nh dé 1a ding. Cac truong
hop con lai 1a sai.

SlIBIEIEIE

1.3.3. Phép tuyén (DISJUNCTION)

Cho hai ménh & P, Q. Cau xac dinh "P hay (hodc) Q" 1a mot ménh dé& moi
duoc goi 1a tuyén ctia 2 ménh dé P va Q. Ki hiéu P v Q.
Vi du : Cho 2 ménh dé P va Q nhu sau
P="2>0" 1a ménh dé ding
Q="2=0" 1a ménh dé sai
P vQ="2>0"1a ménh dé dung.

Bang chan tri

vq

Bl
SIS
i
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Qui tic : Tuyén ciia 2 ménh dé chi sai khi cd hai ménh dé 1a sai. Cac truong
hop con lai 1a dung.

1.3.4. Phép XOR

Cho hai ménh dé P va Q. Cau xac dinh "loai tror P hodc loai tror Q", nghia la
"hodc 1a P ding hodc Q ding nhung khong dong thoi ca hai 1a dung" 14 mot ménh dé
mo1 duge goi la P xor Q. Ki hiéu P @ Q.

Bang chan tri

P | Dq

I
SICIEIE
BIEIEIEIE

1.3.5. Phép toan trén bit

Céc may tinh dung cac bit dé biéu dién thong tin. Mot bit c6 2 gia tri kha di 1a
0 va 1. Bit ciing c6 thé duoc dung dé biéu dién chén tri. Thudng ngudi ta dung bit 1 dé
biéu dién chén tri dung va bit 0 dé biéu dién chan trj sai. Cac phép toan trén bit trong
may tinh 14 cac phép toan logic. Thong tin thuong dugc bién dién bang cach ding cac
xau bit. Ta c6 dinh nghia xau bit nhu sau:

Dinh nghia : Mot xau bit (hodc xau nhi phan) 1a ddy c6 mot hoic nhiéu bit.
Chiéu dai ctia xau 13 sb cac bit trong x4u do.

Vidu: 101011000 13 mot xau bit c6 chiéu dai 1a 9

C6 thé mé rong cac phép toan trén bit tdi cic xau bit. Ngudi ta dinh nghia cac
OR bit, AND bit va XOR bit d6i véi 2 xau bit c6 cting chiéu dai la cdc xau c6 cac bit
cua chung la calc OR, AND, XOR cua céc bit trong tng trong 2 xau tuong Ung.
Chung ta ciing dung céac ki hiéu A, v, ® dé biéu dién cac phép tinh OR bit, AND va
XOR tuong trng.
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Vidy : Tim OR bit, AND bit va XOR bit déi véi 2 xau sau ddy (mdi xau
duoc tach thanh 2 khéi, mdi khdi c6 5 bit cho d& doc)

01101 10110

11000 11101

11101 11111 OR bit
01000 10100 AND bit
10101 01011 XOR bit

1.3.6. Phép kéo theo IMPLICATION)

Cho P va Q 13 hai ménh d&. Cau "Néu P thi Q" 1a mot ménh dé méi dugc goi 1a
ménh dé kéo theo cia hai ménh dé P,Q. Ki hiéu P — Q. P duoc goi 1a gia thiét va Q
duoc goi 1a két luan.
Vi du : Cho hai ménh dé P va Q nhu sau
P =" tam giac T 1a déu "
Q =" tam giac T c6 mdt goc bang 60°"
Dé xét chan tri cia ménh dé P — Q, ta c6 nhan xét sau :
- Néu P dting, nghia 13 tam giac T 14 déu thi rd rang rang P — Q 1a dang.
- Néu P sai, nghia 14 tam giac T khong déu va ciing khong 1a can thi du
Q 1a dung hay sai thi ménh dé P — Q van ding.

Sau déy 1 bang chan tri ctia vi du va ciling 13 bang chan tri cia ménh dé P —»Q.

Q|
o

¥
Q

ST s
SIElGIE

T

Qui tic : ménh dé kéo theo chi sai khi gia thiét ding va két luan sai. Cac

truong hop khéc 1a diung.
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T ménh dé P — Q, chung ta c6 thé tao ra cac ménh dé kéo theo khac nhu 1a
ménh dé Q—>P va —Q — —P duoc goi 1a m¢nh dé dao va ménh dé phan dao cua
ménh dé P — Q.

Vi du : Tim ménh dé dao va phan ddo ciia ménh dé sau

" Néu t6i c6 nhiéu tién thi t6i mua xe hoi"
Ménh d ddo 1a :

" Néu t6i mua xe hoi thi toi c6 nhiéu tién"
Ménh dé phan déo 14 :

" Néu t6i khong mua xe hoi thi toi khong c6 nhiéu tién"

1.3.7. Phép twong dwong (BICONDITIONAL)

Cho P va Q la hai ménh dé. Cau "P néu va chi néu Q" la mot ménh dé méi duoc
goi 1 P twong dwong Q. Ki hiéu P <> Q. Ménh dé twong duong 14 dung khi P va Q ¢
cung chan tri.

PoQ=(P—>QA@Q—P)

Poc la: P néu va chi néu Q

P 1a can va du dbi véi Q
Néu P thi Q va nguogc lai

Béang chan tri

Q|

= Il

<9

ESlissl Ll Lol =

Sl Sl sl

1.4. Biéu thitc ménh dé (LOGICAL CONNECTIVES)

Cho P, Q, R,... Ia cdc m¢nh dé€. N€éu cac m¢nh dé€ nay lién két v&i nhau bang cac

phép toan thi ta dwgc mot biéu thirc ménh de.

Trang 11



Chuong 1: Pai s6 ménh d&

Chu y : . M6t ménh d& ciing 1a mot biéu thirc ménh dé
. Néu P 1a mot biéu thirc ménh dé thi —P ciing 13 biéu thirc ménh dé
Chan trj cia biéu thac ménh dé la két qua nhan dugc tu su két hop gitra céac

phép toan va chan tri cua cic bién ménh de.

Vi du : Tim
. P |-P Q R QAR | =PV(QAR) L
chan tri cua bicu  thirc
. T F T T T T
ménh dé¢ —P v(QAR)
T F T F F F
T F F T F F
T F F F F F
F T T T T T
F T T F F T
F T F T F T
F T F F F T

Do biééu thirc ménh dé 1a sy lién két ctia nhiéu ménh dé bang cac phép toan nén
chung ta c6 thé phan tich dé biéu dién cac biéu thirc ménh dé nay bang mot cly ménh
de.

Vi du : Xét cau phat biéu sau :

" Néu Michelle thang trong ky thi Olympic, moi nguwoi sé kham phuc ¢é dy, va cé ta sé
tré nén giau cé. Nhung, néu cé ta khong thang thi cé ta sé mat tat cd."
Pay 12 mot biéu thirc ménh dé va phép toan chinh 13 phép hoi. C6 thé viét lai nhu sau :

"Néu Michelle thing trong ky thi Olympic, moi nguoi sé khdm phuc ¢é dy, va
cO ta sé tro nén giau co.

Nhung,

néu cé ta khéng thang thi ¢ ta sé mat tdt ca. "

Ca hai ménh dé chinh trong biéu thirc ménh d& nay 13 ménh dé phirc hop. Co
thé dinh nghia cac bién ménh dé nhu sau:

P: Michelle thing trong ky thi Olympic
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Q: moi nguoi sé kham phuc cé ay

R: co ta sé tro nén giau co

S: ¢o ta sé mat tat ca

Bi€u dién cau phat bi€u trén bang cac ménh deé va cac phép toan, ta c6 biéu thirc ménh

dé sau :

(P> (QAR)A(—P—>Y)

Biéu dién cau phat biéu trén thanh mdt ciy ngit nghia nhu sau :

Néu Michelle z‘hang trong ky thi Olympic, moi nguoi sé
kham phuc co dy, va co ta sé tro nén giau co. Nhung, néu cé

ta khéng thang thi c6 ta sé mdt tat cd.

Néu Michelle thing trong ky thi
Olympic, moi nguoi sé kham phuc AND
cO dy, va co ta sé tro nén giau co.

Néu ¢6 ta khéng thing thi c6 ta sé
mat tat ca.

Michelle
thang trong

ky thi
Olympic

Moi nguoi sé
khdam phuc co
d'y, va co ta sé
tro nén giau co.

Co ta khong Co ta se
thang mat tat ca.
—

Moi nguoi sé kham
phuc co ay

AND

Co ta sé tro
A s , NOT
nén giau co.

Co ta sé mat
tat ca.
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1.5. Cac wng dung cua Logic (EVERDAY LOGICAL)

Ngay nay, logic ménh dé¢ dugc Gng dung nhiéu trong cac linh vuc khac nhau
nhu:

- Viét

- Noi

- Tim kiém trén mang (search engines)

- Toan hoc

- Cac chuong trinh may tinh (logic in programming)

Do d6, hiéu biét cac qui tac dé sir dung logic 1a rat hiru ich. Sau day 13 mot vai

vi du dé chi ra cac tmg dung do.

e Vidu 1: Logic trong tim kiém trén mang

Pit vin dé : Ban mudn tim tai liéu trén mang c6 lién quan dén hai tir "disc
golf". Néu ban gd vao 6 tim kiém hai tir "disc golf' nay, ban s& tim thiy cac tai
liu vé disc va cac tai liéu vé golf nhung khong tim thiy cac cac tai liéu vé "disc
golf".

Cach giai quyét : Ban chi can gd vao 6 tim kiém 1a "disc AND golf"
e Vidu 2 : Logic trong lap trinh (Logic in programming)

Pat van dé : Ban mudn dat diéu kién 1a néu 0<x<10 hay x=10 thi ting x 1én 1
don vi.

if (0<x<10 OR x=10) x++;

Cach giai quyét : Ban c6 thé viét lai cau 1énh nhu sau

if (x>0 AND x<=10) x++;
e Vidu 3 : Logic trong cach n6i ¢ gia dinh

Dit van dé : Me ctia bé An ndi rang : "Néu con ngoan thi con c6 thé dugc an
kem
hodc dn banh bong lan". Bé An hiéu rang néu né ngoan thi né s& dugc an kem va
an banh bong lan. Tuy nhién, me cia bé An tirc gian vi that sy ba ta chi cho phép
n6 dugc an mdt trong hai thir ma thoi.

Cach giai quyét 1a me cia bé An phai n6i nhu thé nay :"Néu con ngoan thi con

s€ dugc an hoac 1a kem hoac 1a banh bong lan nhung khong dugc an cé hai".
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e Vidu 4 : Logic trong tinh todn

Pit van dé : Ban c6 3 1an kiém tra trong 16p hoc. Néu ban dat dugc 2 1an diém
A, hodc chi mot lan diém A nhung khong dugc cd6 mot lan nao rét trong 3 lan
kiém tra d6 thi ban s& dat diém A cho toan khoa hoc. Ban 1 ngudi khong duoc
siéng ndng 15m, vay thi ban s& chon cach nao dé dat diém A cho toan khoa hoc ?
Céch giai quyét : Boi vi diéu kién 1a OR nén cach giai quyét 13 ban c6 thé dat 2
diém A va r6t 1an 3, hay 1a chi can dat mot diém A va khong rét l4n nao. Ban sé lya
chon dat mot diém A va khong rét 14n nao.
e Vidu5: Logic trong doi séng

Dit van dé: Sau khi nuéng 1 chiéc banh cho 2 dtra chau trai va 2 dira chau gai
dén tham, Di Nellie lay banh ra khoi 160 nuéng va dé ngudi. Sau d6, co roi khoi nha
dé dén dong cira hang ¢ gan d6. Luc tré vé thi co ai 46 da an 1/4 chiéc banh va
tham chi con dat lai cai dia do bén phén banh con lai. Vi khong con ai dén nha Di
ngay hom d6 trir 4 dra chau nén Di biét ngay 13 1 trong 4 dira d dn ma chua duoc
cho phép. Di Nellie bén hoi 4 dtra thi dugc cac cau tra 101 nhu sau:

- Charles : Kelly d4 an phan banh

- Dawn : Con khong an banh

- Kelly : Tyler an banh

- Tyler : Con khong an, Kelly noi choi khi bao rang con an banh.

Néu chi 1 trong 4 ciu tra 10i trén 14 dung va chi 1 trong 4 dta chau 1a thii pham,
hay tim ra nguoi ma Di Nellie phai phat ?

Cach giai quyét : Vi chi 1 trong 4 cu tra 10i trén 13 dang nén chung ta co thé
dung phép vét can dé tim 101 giai.

- Gia st Charles néi ding nghia la Kelly an banh. Ba cau con lai 1a sai. Dawn
n6i "Con khong an banh" 13 sai nghia 1a Dawn c6 in banh. Vay c6 dén 2 ngudi an
banh, diéu ndy mau thuan gia thiét, gia st khong duoc chip thuan.

- Gia su Dawn néi dung nghia 1a Dawn khong an banh va 3 cau con lai 1a sai.
Nhan thay c6 mau thuan giita Kelly va Tyler. Boi vi Kelly néi "Tyler an banh" 13 sai
nghia 13 Tyler khong an. Trong khi d6, Tyler lai néi rang "Con khéng an..." 13 sai, vy

thue té 1a n6 c¢6 an. Gia thuyét nay 1a khong chap nhan dugc.
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- Gia su Kelly n6i ding nghia 1a Tyler an banh va 3 cau con lai 1a sai. Nhu vy,
cling c¢6 2 thu pham 1a Kelly va Dawn. Méu thuan gia thiét.

- G1a st sau cung la Tyler noi ding nghia 1a n6 khong an banh va 3 cau con lai
1a sai. Nhan thay chi c6 mot nguoi an banh chinh 1a Dawn. Vay gia thuyét nay 1a hop
1y va thu pham chinh 1a Dawn.

e Vidu 6 : Logic trong todn hoc
Dit van dé : Tim sb ty nhién a biét rang trong 3 ménh dé dudi day c6 2 ménh dé 1a
dung va 1 ménh dé 13 sai.

1/ a+ 51 1a s6 chinh phuong

2/ Chit s6 tan cung cua a 1a 1

3/ a-381asd chinh phuong
Cach giai quyét : Trude hét, chung ta s& phai xac dinh xem 2 ménh dé ding va 1
ménh dé sai 12 ménh d& nao ? Sau d6 tir 2 ménh dé ding dé tim ra sb tu nhién a.

S6 chinh phuong 14 sb nguyén duwong khi liy cin bac hai. Do d6, s chinh phuong
c6 cac chir sd tan cung 12 0, 1, 4, 5, 6, 9.

- Nhan thy gitta ménh dé 1 va 2 c¢6 mau thuan. Boi vi, gia st 2 ménh d¢ nay
ddng thoi 1a dung thi a+51 co chit sd tin cung 12 2 nén khong thé 13 sé chinh
phuong. Vay trong 2 ménh dé nay phai c6 1 ménh dé 1a dung va 1 13 sai.

- Tuong tu, nhan thay giita ménh dé 2 va 3 ciing c¢6 mau thuan. Bai vi, gia sir
ménh d& nay dong thoi 1a dung thi a-38 ¢6 chit s6 tan cung 14 3 nén khong thé 13 sb
chinh phuong.

Vay trong 3 ménh dé trén thi ménh dé 1 va 3 1a ding, con ménh dé 2 1a sai.

Véi x>0 va y>0.bat:

80 =1.89=x" - y* =(x+y)x-y)
Suy ra:

x+ty=1 (loai vi x, y 1a nguyén duong nén khong thé co x +y = 1)
{ X-y=289
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Hay la:

x+y=289
x-y =1

Giai hé phuong trinh nay ta dugc x =45 vay =44. Vay a= 1974.

Trén day 1a vai vi du don gian. Hy vong rang cac vi du ndy cho ching ta thay
dugc su quan trong cua logic khong chi trong toan hoc, khoa hoc may tinh ma con

trong cudc séng hang ngay.
1.6. Cac thuat ngir chuyén nganh (SOME TERMINOLOGY)

1.6.1. Pinh nghia Hang dtng (Tautologie):

Mot hang diing 1a mot ménh dé ludn c6 chan tri 1a dung.
Mot hing dung ciing 14 mot biéu thirc ménh dé ludn co6 chan trj 1a dung bt
chép su lya chon chan tri cta bién ménh dé.

Vi du : xét chén tri cua biéu thirc ménh @& —P v P

P —P —PVvP
T F T
F T T

Vay —PvP 1a mot hang dung.

1.6.2. Pinh nghia Hang sai (Contradiction):

Mot hang sai la mot ménh dé ludn c6 chan tri 1a sai.
Mot hang sai cling 1a mot bi€u thirc ménh dé ludén c6 chan tri 1a sai bat chap su
Irra chon chan tri cia bién ménh de.

Vi du : xét chén tri cta biéu thirc ménh @& —P A P

—P —PAP
T F F
F T F
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Viay —PAP 13 mét hang sai.

1.6.3. Pinh nghia tiép lién (Contingency):

Mot tiép lién 1a mot biéu thire ménh dé khong phai 1a hang dung va khong phai

la hang sai.

Vi du : Tim chén trj ctia biéu thirc ménh dé PAQ)v—-Q

Vay (P A Q) v —Q la mot tiép lién vi né khong phai 1a hang ding va ciing khong phai

la hang sai.

Pld|—q|pAq|(prg)v—g
T|IT|F| T T
T|F|T| F T
F|T|F| F F
F|F|T| F T

1.7. Ménh dé hé qua

Dinh nghia : Cho F va G 12 2 biéu thirc ménh dé. Nguoi ta néi rang G 1a ménh

dé hé qua cua F hay G duoc suy ra tir F néu F — G 14 hang dung.
Kihiéu F |-> G
Vidu:Cho F=(P>Q)A(Q—>R)

G=P—>R
Xét xem G c6 1a ménh d& hé qua cua F khong ?
P R | P->Q|Q-oR| F G | F-G
T|T|T T T T T T
T|T|F T F F F T
T| F|T F T F T T
T|F|F F T F F T
F| T|T T T T T T
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F T F F T T

Viy G 1a ménh dé hé qua cua F
Nhén xét : Néu G 12 hé qua cta F thi khi F 1 dtng thi bat bat budc G phai ding.

Nguoc lai, néu G la ding thi chua c6 két luan gi vé chan trj ctua F.
1.8. Twong dwong Logic (LOGICALLY EQUIVALENT)

e Dinh nghia 1 : Ménh d& P va ménh dé& Q duogc goi 1a trong duong logic
néu phép tuong duong cia P va Q (P<>Q) 13 hiang ding.
e Dinh nghia 2 : Hai ménh dé P va Q duoc goi 1a twong duong logic néu
va chi néu chung c6 cung chan tri.
e Ménh & P va Q twong duong logic dugc ki hiéu 13 P < Q (hay P = Q)
Vidul:Cho F=Pv(QAR)
G =(PvQ) A (PVR)

Xét xem hai ménh dé trén 13 c6 twong duong logic khong ?
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Vay F va G la tuong duong logic hay F=G.

Vidu 2:Cho F=P—->Q
G= - (PvQ)

Xét xem hai ménh dé trén 13 c6 twong duong logic khong ?

P| 4 p—>q —p—pvq
T T T F T
T F F F F
FIT T T T
FIF T T T

VayF< Ghay P> Q= — (PvQ)

=]

gAT pvq|pvr

|
)
)

ol 51 ot 1 =1 =1 = =] =
el 21 =T =1 01 1 = L RS
el =1 o = T T
ol o1 o = T v o =
1 G o =1 = = =
S I I EIEI =
Il EI I
e o1 Koot =1 =0 =1 =1 =] e

e IGIGIGIGIGIEGIE
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Bang cac twong dwong logic thuwong dung

Dit T= hing dung, F = hing sai

uy:

Domination laws : luat nuot

Identity laws : luat dong nhat

Idempotent laws : ludt lity dang
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Double negation law : luat phu dinh kép
Cancellation laws : luat x6a bo
Commutative laws : luat giao hoan
Associative laws : luat két hop
Distributive laws : luit phan b6
De Morgan’s laws : luat De Morgan
Ngoai cac tuong duong thuong dung trong bang trén, c6 mot tuong
duong logic khac ma ching ta cling s€ hay gap trong cac chirng minh.
Dola:
Pv(PAQ)=P
PA(PVQ)=P
(sinh vién ty chirmg minh xem nhu bai tap )
e Vidu 1 :Khong lap bang chan tri, sitr dung cic twong duong logic dé chimg

minh rang (P A Q) — Q 1 hing dung.

(prg)—=q)=>—prg)vg «Implication law
< (pv—g)vy <De Morgan’s Law
S—pV(=gVvyg) <Associative law

«Cancellation Law
< —apv T
= T <—Domination Law

) VidgzzChlﬁ:ngminhréng - (q—>p)viparq)=q
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(Hg—=>p)v(prg) S (H—gvp)v(prg)
4 Implication law
< (@A—p)Vv(pAg) «Commutative law

<S(@A—p)v(gap) <« Distributive law

= gN (—|p \V p) «Cancellation law
~ g N T «Identity law
< 4

e Vidu3:Apdung trong lap trinh
Gia st trong chuong trinh ¢6 cau 1é€nh sau :
while(NOT(A[1]!'=0 AND NOT(A[1]>= 10)))
Ta c6 thé viét lai cau 1énh nay mot cach don gian hon bang cach st dung cong thirc De
Morgan.
while( A[1]==0 OR A[1]>= 10)
e Vidu4: Gidsutrong chuong trinh c6 cau lénh sau :
while( (i<size AND A[1]>10) OR (i<size AND A[1]<0) OR
NOT (A[1]!'= O AND NOT (A[1]>= 10)))
Trude hét ching ta s& 4p dung cong thirc De Morgan dé bién ddi biéu thic sau
cung nhu sau :
while( (i<size AND A[1]>10) OR (i<size AND A[1]<0)
OR (A[1]==0 OR A[1]>= 10) )
Sau d6, chiing ta lai sir dung cong thirc vé tinh phan bd cia phép hoi ddi véi
phép tuyén dé rat gon biéu thire phia trude. Ta ¢ cau lénh sau cing 14 :
while( (i<size AND ( A[1]>10 OR A[i1]<0) ) OR (A[1]==
OR AJi1]>= 10) )

1.9. Tong két chwong 1

Trong chuong nay sinh vién can nam viing dinh nghia ménh dé cung cac phép

toan logic. Ngoai ra, cac thudt ngit chuyén nganh ciing rat quan trong. Sinh vién
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phai biét cach ap dung cac phép toan logic trong lap trinh. Tuy nhién, c6 vin dé
can luu ¥ khi ap dung tinh giao hoan.
Trong mot vai ngdn ngit 1ap trinh, vi du nhu C, Java, C++ thi viéc st dung tinh
chét giao hoan c6 thé khong 1a mot ¥ tudng hay.
Vi du : Néu A 1a mét mang co n phén tr thi cau 1énh :
1T(i<n AND A[1]==0)
va
IT(A[1]==0 AND i<n) lakhong twong nhau. (Tai sao ?)

(sinh vién ty tim cau tra 101)
1.10. Bai tap chwong 1

1/ a. Néu biét ménh dé P—Q la sai, hay cho biét chan tri ctia cAc ménh dé
sau:
PAQ —-PvQ Q—P
b. Cho céc biéu thitc ménh dé sau:
1. ((PAQ)AR) = (SVM)
2. (PA(QAR)) - (SEM)
Xéc dinh chan tri cia cac bién ménh dé P, Q.R, S, M néu céac biéu thirc ménh
dé trén 1a sai.
2/ Néu Q c6 chan tri 13 T, hiy xac dinh chan tri cia cac bién ménh dé P, R, S
néu biéu thirc ménh dé sau ciing 1a dung
(Q = (=PVR) A =8)) A (=S = (=RAQ))
3/ Cho doan chuong trinh sau
a/ if n>5 then n:=n+2 ;
b/ if ((n+2 =28) or (n-3=6)) then n:=2*n+1;
c/ if ((n-3=16) and (ndiv 5=1)) thenn:=n+3;
d/ if (n<>21) and (n-7=15)) then n:=n-4;
e/ if ((ndiv 5 =2) or (n+1=20)) then n:=n+1 ;
Ban dau bién nguyén n duoc gan tri 1a 7. Hay xac dinh gia tri n trong cac trudng

hop sau :
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- Sau mdi cau 1énh ( nghia la khi qua cau 1énh méi thi gan lai n = 7)
- Sau tit ca cac 1énh ( str dung két qua cta cau 1énh trude dé tinh toan
cho céu sau)
4/ Cho doan chuong trinh sau :
a/ if n-m =5 then n:=n-2;
b/ if ((2*m=n) and (n div 4 =1) then n:=4*m-3 ;
c/ if ((n<8) or (m div 2=2)) then n:=2*m else m:=2%n ;
d/ if ((n<20) and (n div 6 =1) then m:= m-n-5 ;
e/ if ((n=2*m) or (n div 2= 5)) then m:=m+2 ;
t/ if ((ndiv3 =3)and (m div3 <>1)) then m:=n;
g/ if m*n <> 35 then n:=3*m+7 ;
Ban dau bién nguyén n = 8 va m = 3. Hiy x4c dinh gia tri ciia m, n trong cac
trudng hop sau :
- Sau mdi cau 1énh ( nghia 1 khi qua cAu 1énh méi thi gan lai n = 7)
- Sau tit ca cac 1énh ( sir dung két qua cua cdu 1énh truéc dé tinh toan
cho cau sau)
5/ Vong lap Repeat ... Until trong mdt doan chuong trinh Pascal nhu sau :
Repeat
Until ((x<>0) and (y>0)) or ( not ((w>0) and (t=3)) ;
Véi mdi cach gan gia tri bién nhu sau, hiy xac dinh trong truong hop nao thi
vong lap két thic.
a/ x=7, y=2, w=5, t=3
b/ x=0, y=2, w=-3,t=3
c/x=0, y=-1, w=1, t=3
d x=1, y=-1,w=1, t=3
6/ Trong mot phién toa xir 4n 3 bi can c6 lién quan dén van dé tai chanh, trudc

toa ca 3 bi cdo déu tuyén th¢ khai dung su that va 161 khai nhu sau :

Anh A: Chi B ¢6 t01 va anh C vo0 t01
ChiB: Néu anh A c6 tdi thi anh C cling co to1
Anh C: T61 vo td1 nhung mot trong hai nguoi kia 1a c6 to1
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Hay xét xem ai 1a nguoi c6 to1 ?
7/ Cho cac ménh d& duoc phat biéu nhu sau, hiy tim s6 16n nhat cic ménh dé
ddng thoi 1a ding.
a/ Quang la ngudi khon khéo
b/ Quang khéng gip may mén
¢/ Quang gip may man nhung khong khén khéo
d/ Néu Quang 1 nguoi khon khéo thi né khong gip may man
e/ Quang 13 ngudi khon khéo khi va chi khi né gip may mén
f/ Hoac Quang 1a ngudi khon khéo, hodc nd gip may man nhung khong
ddng thoi ca hai.
8/ Cho a va b 12 hai s6 nguyén duong. Biét rang, trong 4 ménh dé sau day co 3
ménh dé dung va 1 ménh dé sai. Hay tim moi cip s6 (a, b) c6 thé co.
1/ a+1 chia hét cho b
2/ a=2b+5
3/ atb chia hét cho 3
4/ a+7b 1a s nguyén to
9/ Khong 1ap bang chan tri, sit dung cac cong thirc tuong duong logic, ching
minh rang cac biéu thirc ménh dé sau 1a hang dung
a/ (PAQ)—>P
b/ P>(—P —>P)

c/ P=>((Q— (PAQ))
d - (Pv-Q)—>-P
e/ (P—>Q) A (Q—>R)) » (P>R)
10/ Khong lap bang chan tri, sir dung cac cong thirc tuong duong logic, xét xem

biéu thirc ménh dé G c6 13 hé qua cua F khong ?

a/ F=PA(QVR) G =(PAQ)VR
b/ F=(P->Q)A(Q—R) G=P-> (Q—>R)
¢/ F=PAQ G=(—-P-Q) Vv (P> —-Q)

11/ Tuong tu bai tap 9 va 10, chirmg minh cac twong duong logic sau day:

a/ (PvQ)A—=(=PAQ) &P
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b/ —(—((PvQ)AR) v —=Q) < QAR

c (PvQQAPV-=Q)VvQ < PvQ

d/ =(PvQ) v (=P AQ) v —Q) < —(QAP)

e/ P>QA(EQARY Q) < —(QvP)

f/ Pv(PAPVQ) & P

g PvQv(—=PA-QAR) & PvQVvR

h/ (=P v =Q) - (PAQAR) < PAQ

i/ PA((—Q —> (RAR))vV=(QV (RAS)V(RA=S))) < P

1 PVQVR)APVSV-QAPV-SVR) © PV(RASV-Q)

Trang 27



Chuong 1: Pai s6 ménh d&

CHUONG 1 : DATSO MENH DE ..o, 5
Lol TOME QUAN oo e e e e e eeeeeeeeseenaees 5
1.2.  Dinh nghia ménh Q8 e 5
1.3, Cac phép tinh MENN G .......oovieeieeeeeeeeeeeeeeee e 7

1.3.1.  Phép pht dinh (NEGATION) ...ccuteiiiiieiieieee et 7
1.3.2. Phép hoi (CONJUNCTION) c..coiiiiiiiiiiieiieeee ettt 8
1.3.3.  Phép tuyén (DISTUNCTION) ....c.oumieeieeeeeeeeeeeeeeee e 8
134, Phép XOR.....oiiieeeeeee ettt 9
1.3.5.  Phép toan trén Dit.....ccueeeiieeiieeiieciieeeeee e 9
1.3.6.  Phép kéo theo (IMPLICATION)......ccctriiiriiiriiiieeiecieseesteseeseesieeine 10
1.3.7.  Phép tuong duong (BICONDITIONAL)......coovviiieiieeiieeieeeeeeeen 11
1.4. Biéu thitc ménh d& (LOGICAL CONNECTIVES).....coviuiuirieeereeeseeeeeea. 11
1.5. Cécung dung cia Logic (EVERDAY LOGICAL).....ccceevvviiviiiiieieeeeee, 14
1.6.  Céc thuat ngtr chuyén nganh (SOME TERMINOLOGY) ...cccevvveeriveeeirnennes 17
1.6.1.  Dinh nghia Hing d0ng (Tautologie): ..........ccoweweeeeeeeeereeeeeeeeereerenae 17
1.6.2.  Dinh nghia Hing sai (Contradiction): .............oooceveeveeveeeeeeeersreesesns 17
1.6.3.  Dinh nghia tiép lién (CONtINGENCY):......veveeeeeeeeeeeeeeeeeeee e 18
1.7, MBI Q8 N8 QUA. e 18
1.8.  Tuong duong Logic (LOGICALLY EQUIVALENT).....cccccceeviiieiriireeiieens 19
1.9, TONG KEE CHUONE 1 .oovvvererierniiinreeiseeeeseseeses sttt 23
1.10.  Baitadp Chuong 1 ......oooiiiiiieee et e 24

Trang 28



Chuong 2: Suy luan toan hoc & Cac phuong phép chimg minh

CHUONG 2 : SUY LUAN TOAN HQC &
CAC PHUONG PHAP CHUNG MINH

2.1. Téng quan

e Muc tiéu cia chuwong 1
Hoc xong chuong nay, sinh vién phai nim bat dugc cac van dé sau:
- Khai niém vé suy ludn toan hoc
- Céc phuong phap ching minh va biét van dung cac phuong phap nay dé
chting minh mot bai toan cuy thé.
e Kién thirc co ban can thiét
Céc kién thiic co ban trong chuong nay bao gom:
- Céc phép toan dai s6, hinh hoc co ban dé c6 thé dua ra vi du minh hoa
trong tirng phuong phap.
- Hiéu 13 qui tac cua phép kéo theo & chuong 1.
e Tailiéu tham khao
Pham vin Thiéu, Pang Hiru Thinh. Toén roi rac ing dung trong tin hoc.
Nha xuét ban Khoa hoc va K§ thuat, Ha Noi - 1997 (chuong 3, trang 208 -
228).
e Noi dung cot 16i
- Khai niém vé suy luan toan hoc
- Trinh bay cic phuong phap chtrng minh bao gdm:
. Chirng minh rong
. Chirng minh tAm thuong
. Chirmg minh truc tiép
. Chirng minh gian tiép
. Chtrng minh phan chiing
. Chtrng minh qui nap
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2.2. Suy luan toan hoc

2.2.1. Khai niém

Suy luan duoc xem 13 mot trong nhimg nén tang xay dung nén cac nganh khoa
hoc tw nhién. T xwa dén nay, nho suy ludn ma nguoi ta co thé nhén thic duge cai
chua biét tir nhitng cai di biét. Suy luan con 14 co s& cua sy sang tao. Tl cac phan
doan, dua dén cac chimg minh dé chap nhan hay bac bé mot van dé nao do.

Suy luan toan hoc duwa trén nén tang cua cac phép toan ménh dé, chu yéu la
phép kéo theo. Pé chimg minh mot van dé nao do, thong thuong ngudi ta phai xac
dinh diém ban dau (co thé goi 1a gia thiét) va diém két thic (goi 1a két luan). Qua trinh
di tir gia thiét dén két luan goi 13 qua trinh chimg minh va qua trinh nay dwoc thyc thi
bang cach nao thi goi d6 12 phuwong phap chimg minh.

Céac phuong phap ching minh 13 rit quan trong vi khong nhimg chiing thudng
duoc st dung trong toan hoc ma con dugc ap dung nhiéu trong tin hoc. Vi du, su kiém
tra tinh dang din ctia mot chuong trinh, cia mot hé diéu hanh, xay dung cac luat suy
dién trong linh vuyc tri tué nhén tao... Do d6, chung ta can phai nim vitng cac phuong
phép chirng minh.

Tuy nhén, ¢6 nhiitng phuong phap chiing minh ding vi n6 dugc dya trén co so
clia mot ménh dé dung (hang ding) va co nhitng phuong phap chimg minh sai. Cac
phuong phap chirng minh sai nay 1a ¢ ¥ hodc vé y. Khi phuong phap ching minh
dura trén mot hing sai thi s& mang lai két qua sai nhung ngudi ta van cho 13 dung thi
duoc goi 13 ¢b y. Poi khi ¢6 nhimg phwong phap chimg minh dua trén mét tiép lién
(c6 khi ménh d& 1a dung nhung ciing c¢6 lic sai) ma ngudi ta tudong 1am 13 hang dang
nén cho 1a két qua bao gio ciing dung thi truong hop nay goi 1a v6 ¥ (hay ngd nhan).

Sau ddy, chung ta s& di tim hiéu cac qui tic suy luan.

2.2.2. Cac qui tac suy luin

Nhu da gio1 thi¢u ¢ trén, nhitng suy ludn cé dung céac qui tac suy dién goi la suy
luan c6 co so. Khi tat ca cac suy luan c6 co so la dang thi s€ dan dén mdt két luan
ding. M{t suy luan co6 co so c6 thé dan dén mot két luan sai néu mot trong cadc ménh

dé da dung trong suy dién 1a sai. Sau day 1a bang cac qui tic suy luan dung.
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Quy Tic Hang ding Tén Luat
P P—>(PvQ) Cong
PvQ
PAQ (PAQ)—P Rut gon
P
P (PA(P—Q))—Q Modus Ponens
P—>Q
- Q
—Q (—QA(P—Q)) — —P Modus Tollens
P—->Q
P—>Q (P>QA(Q—R)) — | Tam doan ludn gia
Q- R (P—R) dinh
P—>R
PvQ (PvQ)—> Q Tam doan luin tuyén
- Q

Trong cac phan s cua qui tic thi cac gia thiét duoc viét trén tir s6, két luan
duoc viét dudi mau sd. Ki hiéu .. c6 nghia 1a "vay thi", "do do",...
Vi du : Qui tic suy luan nao 14 co s cia suy dién sau :
e '"Néu hom nay troi mua thi c6 ta khong dén,
Néu c6 ta khong dén thi ngdy mai co ta dén,
Vay thi, néu hom nay troi mua thi ngdy mai ¢ ta dén."
Day 14 suy dién dya trén qui tic tam doan luan gia dinh.
e '"Néu hom nay tuyét roi thi truong dai hoc déng cira.
Hom nay truong dai hoc khong dong cira.
Do d6, hom nay da khong co tuyét roi "
Day 14 suy dién dua trén qui tic Modus Tollens
e " Alice gidi toan. Do do, Alice gidi todn hodc tin"

Day 1a suy dién dya trén qui tic cong.

Nguy bién
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Cac phuong phap chirng minh sai con dugc goi la nguy bién. Nguy bién
gidng nhu qui tic suy luan nhung khong dya trén mot hang dung ma chi 1a
mot tiép lién. Pay chinh 13 sy khac nhau co ban giita suy luan ding va suy
luan sai. Loai suy ludn sai nay dugc goi 1a ngé nhén két ludn.

Vi du : Xét xem suy dién sau la c6 co s diing khong ?

" Néu ban d3 giai hét bai tip trong sach toan rdi rac 2 ndy thi ban nim
vitng logic. Ban nam viing logic vy thi ban d3 giai hét bai tap trong sach
todn roi rac 2 nay".

Nhan thay suy dién nay 14 dwa trén ménh dé sau :

(P->QAQ) P

Trong do:

P = "Ban d3 giai hét bai tip trong sach toan rdi rac 2"
Q = "Ban nim viing logic"

Ménh & (P—>Q) A Q) > P khong phai 1a hing dung vi no s& sai khi P
1a F va Q 1a T. Do d6, suy dién nay khong hoan toan c6 co sé dung. Boi vi,
khi Q 1a T nghia 1a ban d3 niam vimg logic nhung khong chic 1a ban d3 giai

hét bai tap trong sach toan rdi rac 2 ndy ma cé thé giai sach khac (P 1a F).
2.3. Cac phuwong phap chirng minh

Nhu di gi6i thiéu trong phan trén, mdi bai toan can ching minh thong thuong
déu c6 hai phﬁn chinh 1a gia thiét va két luan. Viéc chi ra dugc cai ndo la gia thiét, cai
nao 1a két luan s& gitp cho viéc chimg minh dé dang hon thong qua viéc st dung
phuong phdp ching minh thich hop. Do d6, cac phuong phap ching minh trong dang
bai toan nay 1a c6 lién quan dén ménh dé kéo theo.

Viy, truée khi tim hiéu cic phuong phép chimg minh, chung ta hiy xem lai
bang chan tri ciia ménh dé P kéo theo Q ( voi P 1a gia thiét va Q 1a két luan). Cac

truong hop dé cho ménh dé P kéo theo Q 1a dang ciing chinh 13 cac phuwong phap dé

ching minh bai todn ding.
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Nhan thay rang, P—Q 1a dang c6 3 truong hop. Cac trudng hop nay chinh 1a
cac phuong phép ching minh s¢ dugc trinh bay duoi day.

Trudce khi di vao cac phuong phap chirng minh, c6 mot khai niém ma chung ta
can tim hiéu, d6 1a khai niém vé "ham ménh dé".

Ham ménh deé :

> Cho A 1a mot tap hop khong rdng sao cho ung véi mdi xeA ta cd6 mot ménh
dé, ky hiéu 1a P(x). Biy gio ta n6i P (hay P(x)) 1a mot ham ménh dé theo bién xeA.
Nhu vay, khi néi tng voi mdi x€A, ta c6 mot ménh dé P(x), nghia 1a khi d6 tinh dang
sai cia P(x) dugc hoan toan xac dinh phu thudc vao ting gia tri cua xeA.
Vi dy : Cho ham ménh dé
Px)={xlasble} ; xeN
Ta c6 : P(1) 1a ménh dé dung
P(2) 1a ménh dé sai.
> Tong quat, véi cac tap hop khong réng A, A,, ..., Ay, sao cho Gng voi mdi
X1€AL, X2€A,, ..., Xa€A,, ta co mot ménh dé, ky hiéu P(xy, X, ...,X, ). Ta nd1 P(x,,
X2, ...,Xn ) 1 m&t ham ménh dé theo n bién x.
Vi du : Cho ham ménh dé
P(xy,z)={2x+y-z=0} X,y,ZEZ
Taco: P(x,y,z) 1a ménh dé dang khi x =1,y =-1,z=1.
P(x,y,z) laménh désaikhix=1,y=1,z=1.

2.3.1. Chirng minh réng ( P 1a sai)

Dua vao 2 dong cubi cua bang chén tri, nhan thiy rang khi P sai, bat

chap két luan Q thé nao thi ménh dé P—Q 1a ludn ding. Vay, dé chirng minh ménh dé
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P—Q la dang, nguoi ta chi cin chimg minh rang P 14 sai. Phuong phap chimg minh
nay dugc goi 1a chirng minh rong.
Phuong phép chimg minh rdng thudng duogc st dung dé ching minh cac trudng
hop dic biét ctia dinh 1y. Truong hop tong quat thi dinh 1y nay ludn ding véi moi sd n
nguyén duong.
Vi du : Cho ham ménh d& P(n) =" Néu n>1 thi n*>n"
Chutng minh rang P(1) 1a dung.
Giai: Taco P(1)={Néul>1 thi 1°>1}
Nhan thdy ring gia thiét 1>1 1a sai, bat chap két luan 1° >1 la dung hay
sai thi P(1) 1a dung.

2.3.2. Chiung minh tim thwong (Q 1a ding)

Dua vao dong 1 va dong 3 cua bang chan tri, nhan thay rang khi Q dung,
bat chip gia thiét P 1a dung hay sai thi ménh dé P—Q 1a luén dung. Vay, dé ching
minh ménh dé P—Q 1a dung, nguoi ta chi can chimg minh rang Q 1a dang. Phuong
phap chimg minh nay dugc goi 1a chimg minh tim thudng.

Phuong phap chirng minh tAm thuong ciing duge str dung dé chimg minh cac
truong hop dic biét ciia dinh 1y. Trudng hop tong quat thi dinh 1y nay ludn dung véi
moi sd n nguyén duong.

Vi du : Cho ham ménh dé

P(n) = { Néuavab1a 2 sd nguyén duong vaa>b thi a">b" }

Chtng minh rang P(0) 13 dung.

Giai: Taco a’=b"=1.Dodd a’>1b’ 1a dung.

Vay P(0) 1a ding bat chap gia thiét a>b 1a dung hay sai.

2.3.3. Chung minh truc tiép

Trong dong 1 cta bang chan tri, ménh d& P kéo theo Q c6 thé duoc chirng minh
bang cach chi ra rang néu P dung thi Q ciling phai ding. Nghia 14 t6 hop P dung Q sai
khéng bao gior xay ra. Phuong phap nay duoc goi 1a chtirng minh tryc tiép.

Vay dé thuc hién phuong phap ching minh truc tiép, nguoi ta gia sir rang P 1a
dung, sau d6 st dung cac qui tic suy luan hay céc dinh 1y dé chi ra rang Q 1a dang va

két luan P—Q 13 ding.
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Vi du 1: Chimg minh rang { Néu n 13 sb 1¢ thi n* 1a s6 1& }
Giai : Gia st rang gia thiét caa dinh 1y nay 1a dung, tirc 1a n 1 s6 1&. Ta ¢
n=2k+1 (k=0,12,..)
= n’=Qk+ 1’ =4k +4k+1
=22k +2k) + 1 1alé.
Vay néun 1a s 1é thin® 13 s 1¢.
Vi du 2 : Cho ham ménh d& P(n) =" Néu n>1 thi n*>n"
Chtng minh rang P(n) 12 ding vdi n 14 s6 nguyén duong.
Giai : Gid st n > 1 1a ding, ta co :
n=1+k (k>1)
= n’=(l+k) =1+2k+k =(1+k)+k+k*>n

Vay Néu n>1 thi n*>n.

2.3.4. Chirng minh gian tiép

Viménh & P—»Q < —Q — —P. Do d6, dé chirng minh ménh dé P—Q
1a dung, nguoi ta co thé chi ra rang ménh d& —Q — —P 1a dung.

Vidy : Chimg minh dinh 1y { Néu3n+21asé1éthinlasdlé}

Giai : Gia st nguoc lai két luan cta phép kéo theo 1 sai, tirc n 1a chan.
Tacdé n=2k (keN)
=  3n+2=32k+2=2(3k+1) lasdchin
Vay Néu3n+21asdléthinlasdlé

Nhan xét

e (Co nhitng bai toan c6 thé sir dung phuong phap chimg minh tryc tiép hay

gian tiép déu dugc ca. Tuy nhién, co nhimg bai toan khong thé sir dung
phuong phap chirng minh truc tiép dugc hodc sir dung truc tiép thi bai
giai s& dai dong phuc tap hon 13 sit dung ching minh gian tiép ( hoic
nguoc lai). Pay chinh 1a sy khac biét ctia ching minh truc tiép va ching
minh gian tiép.

Vidul:

Str dung chimg minh gian tiép dé chimg minh rang " Néu n>1 thi n*>n"

Giai : Gia str nguoc lai két luan ctia phép kéo theo 14 sai, tirc 1a n* <n.
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Vi n 1 nguyén duong nén ta cé thé chia 2 vé cho n ma bat dang thirc
khong doi chiéu. Tacd: n< 1.
Vay tir =Q da din dén —P. Do 46, Néu n>1 thi n®>n.
Vi du 2 : St dung chtimg minh tryc tiép dé chimg minh rang " Néu 3n + 2 1a 6
1¢thinlasdle".
Giai : Gia str 3n + 2 13 s6 1¢ 1a dung.
Nhan thay rang vi 2 14 s6 chan nén suy ra duoc 3n 14 s6 1é.
Vi3 lasd1édodénlasdlé.
Vay Néu 3n+ 2 13 s6 1¢ thi n 1a sd 16,

O day chung ta phai ching minh thém dinh 1y 1a tich cta 2 sb 1¢é 1a mot s6 16 thi bai
giai chit ché hon. Do d6, trong bai toan ndy viéc sir dung chirg minh gian tiép 1a hay
hon dung truc tiép.

o Dé chirng minh ménh dé c6 dang :
(PyvPyv..vP) —> Q
Chung ta ¢ thé sir dung hing dang sau :
((PyvPyv...vP)) =5Q) © (P12 QAP Q)A....AP,—Q))
Cach chiing minh nay goi 1a chimg minh tung truong hop.
Vi du 3: Chting minh rang:
" Néu n khong chia hét cho 3 thi n® khong chia hét cho 3".
Giai : Goi P la ménh d& "n khong chia hét cho 3" va Q 1a ménh dé "n’
khéng chia hét cho 3". Khi d6, P twong duong véi P, v P,. Trong do:
P,="nmod3=1"
P,="nmod 3 =2"
Viy, dé ching minh P — Q 14 ding, c6 thé chimg minh rang;
(Pi1vP)—>Q hayla (Pi—>Q)A(P>Q)
Gia st Pyladung. Taco, nmod3=1.Patn=3k +1
(k 12 s6 nguyén nao do).
Suy ra
n® = (3k+1)* = 9k> + 6k + 1 = 3(3k” + 2k) + 1 khong chia chin cho 3.
Do do, P; — Q la ding.
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Tuong ty, gia st P, 1a dung. Ta c6, nmod 3 =2. Patn=3k + 2 (k la sb
nguyén nao do).

Suyra n®=(3k+2)*=9k*+ 12k + 4 = 3(3k* + 4k + 1) + 1 khéng chia chin
cho 3.

Do do, P, —» Q la ding.

Do P, > Qladung va P, »> Qladung, hayla (P, > Q) A (P> Q).

Vay (P v Py —>Q.

2.3.5. Chung minh phan ching

Chtrng minh phan chung thudng dugc sit dung dé chimg minh ménh dé P 1a
dung. Trude hét, ngudi ta gia sit nguoc lai rang P 13 sai hay —P 1 dung. Tir ménh dé
—P 1a diing dan dén két luan Q sao cho —P—Q phai diing. Khi d6, ngudi ta chi ra ring
Q 12 mdt mau thuan, nghia 14 :

Q =R A—R. (S¢ di c6 mau thudn nay 1a do ta gia su P 1a sai)

Vi =P—Q phéi dung va Q 1a F, suyrarang -P=F = P =T,

Phuong phap chimg minh phan ching thudng duoc st dung dé ching minh
nhimg van dé co ban va diéu quan trong trong k¥ thuat nay 13 tim ra dugc mau thuan
RA—=R.

Vi du 1: Ching minh rang "2 1asb vo ti .

Giai : Goi P 1a ménh dé& "2 1a s6 vo ti ". Gia sir nguoc lai —P 1a ding. Vay,
V2 14 s6 hiru ti (i tap s thuc gdm 2 tap con 1a tap sb vo ti va tap sé hiru ti. Hai tip

con nay khong c6 3 giao nhau). Khi d6 Ja,b (a,beN) sao cho:

V2 = % ( v6i a, b khong c6 wdc chung hay phan sé nay 1a ti gian (ménh
dé R))

Binh phuong hai vé : 2 = Z—j = 2b° = a*> = a’laséchin = alasd
chan.

bat a=2c, ceN.
Ta co 2b% = 4¢® < b> = 2¢° = b’lasdchin = blasd chin.

Viy a, b déu c¢6 udc chung 13 2 (ménh dé —R).
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Piéu nay mau thuan vi a/b 14 tdi gian. Tir ~P— RA—R.

S& di ¢6 méau thuan nay 1 do ta gia sir +/2 14 s6 hitu ti. Vay +/2 phai 1a s§ vo
ti.
Vi du 2 : Mot trong nhiing cach giai bai toan ton tai 1a dung l4p luén phan chimg.

Cho 7 doan thang c6 d dai 16n hon 10 va nhé hon 100. Chimg minh rang luén
tim duoc 3 doan dé c6 thé ghép thanh mot tam giac.

Giai : Trude hét Sé.p xép cac doan da cho theo thir tu tang dan cua do dai a;, a,,
..., 47, vd chimg minh rang trong diy da xép luon tim duoc 3 doan lién tiép sao cho
téng cta 2 doan dau 16n hon doan cudi (vi diéu kién dé 3 doan c6 thé ghép thanh mot
tam giac 14 tong ctia 2 doan nho hon doan thir ba).

Gia sir diéu can ching minh 13 khong xay ra, nghia 13 dong thoi xay ra cac bat

dang thirc sau:

IA

a;ta; < a3

IN

a, + a3 a4

IN

a3+ ay das

IN

a4+ as ag

IN

as + ag a;
Tu gia thiét a; , a, co gia tri 16n hon 10, ta nhan dugc a; > 20 . T a, >10 va
a; > 20
ta nhan duoc as > 30, as> 50, as> 80 va a; > 130. Diéu a;> 130 1a mau thuan véi
gia thiét cac 46 dai nho hon 100. C6 mau thuan nay 1a do gia sir diéu can chimg minh
khong xay ra.
Vay, luén tdn tai 3 doan lién tiép sao cho téng cia 2 doan dau 16n hon doan

cudi. Hay ndi cach khac 1a 3 doan nay c6 thé ghép thanh mot tam giac.

2.3.6. Chirng minh qui nap

Gia sir can tinh téng n sd nguyén 1¢é dau tién. Véin = 1,2,3,4,5taco:
n=1:1=1=1°
n=2:1+3=4=2°
n=3:1+3+5=9=3
n=4: 1+3+5+7=16=4
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n=>5 1+3+5+7+9=25=5
Tir cac két qua nay ta du doan tong n sd nguyén 1¢ dau tién 1a n®. Tuy
nhién, chung ta can c6 phuong phéap chimg minh du doan trén 1a ding.

Qui nap toan hoc 13 mot k¥ thut chimg minh rat quan trong. Ngudi ta ding no
dé chimg minh nhitng két qua di c6 dua trén su suy ludn ndo d6 nhu vi du trén. Tuy
nhién, qui nap toan hoc chi dung dé ching minh céc két qua nhan duoc bﬁng mot cach
nao d6 chir khong 1a cong cu dé phat hién ra cong thic.

e Nguyén ly chitng minh qui nap yéu

Nhiéu dinh 1y phét biéu rang P(n) 1a ding Vn nguyén dwong, trong d6 P(n) la
ham ménh dé, ky hiéu VnP(n). Qui nap toan hoc la mot ky thuat chirng minh cac dinh
1y thudc dang trén. Noi cach khac qui nap toan hoc thudng sir dung dé chimg minh céac
ménh dé dang VnP(n).

Nguyén 1y ching minh qui nap yéu bao gdbm 2 budc :

- Kiém tra P(x) 1 dang véi x, 1a gid tri du tién cua diy sd n

- Gia st rang P(k) 1a dung khi n=k. Ttr d6 suy ra rang P(k+1) 1a dung.

Ta c6 cach viét cua suy luan trén nhu sau:

[P(x0) A (P(k)—>P(k+1))] = VnP(n)

Vi du 1: Chirng minh rang

Zi:1+2+3+...+n: n(n+1)

i=l

Gidi: Pit  P(n) = {Z' _ n(n2+1)}

-Véin=1:1=@

P(1) 1a dang

k
_Gia si P(k) 1a ding khin=k. Taco:  Yi= @
i=1

Can ching minh rang P(k+1) 12 dtng. Nghia 1a

& i (k+D(k+2)

; (diéu phai ching minh)
i=1
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K+1
Taco : ZI Z|+(k k(k2+1) (k+1)=(kL2(k+2)
Vay VnP(n).
Vi du 2: Chitng minh rang
Py =13+ - !
= (i+1)! (n+1)!
- 1 1 \ 4
-Véin=1: 5:1—5 P(1) la dung

- Gia su P(k) 1a dang khi n=k. Ta co :

K 1
Z‘( kD)
Cén chtmg minh ring :
K+1 | 1

g(i+1)!=1_(k+2)!

Taco:

K+1

k+1 1 1

(dpcm)

k+1

Sl -l
,1(|+1)' - (+1)' (k +2)! (k+D! (k+2)!

_k+)—(k+D 1
Vay VnP(n)

Vi du 3 : Ching minh bét dang thirc sau :
n<2" v6i n nguyén duong.
-Khin=1: 1<2 ménh dé dung
- Gia st ménh dé dung khi n=k, ta c6 k <2".
Can ching minh rang k + 1< 25"
That vay, vi k<2¥= k+1<2"+1 <2*+2"

Do dd,n < 2" v6i n nguyén duong.

e Chuyl:

k+2)!  (k+2)!

k+1
=2".

(dpc

m)
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Khi st dung nguyén Iy chirng minh qui nap, khong dugc bo qua bude kiém tra
P(x) 1a ding vi néu chi c¢6 (P(n)—>P(n+1)) 1a khong du dé két luan rang VnP(n) 1a
ding.

Vidu: Xét

(n+3)(n- 2)}

P(n)= {Zi=0+1+2+3+...+n= ;

i=0
Gia st P(k) 1a ding khi n=k. Ta c6 :
K (k+3)k-2)
=0

i=0+1+2+3+...+k= 5

Cén chtg minh:
K+1 —
D =0+1+2+3+...+k+(k+l)=w
i=0

Taco:

%i =ZK:i+(k+1)=—(k+3)2(k_2)+(k+1)

k? -2k +3k-6+2k+2 k*>+3k—4

VT =
2 2

=Pk +1) (dpcm)

T = (k—1)§k+4)

Ta co P(k)>P(k+1) 1a dang.
Tuy nhién, khi xét P(0):  P(0)= {0 =3} 1a ménh dé sai.
Vay VnP(n) la sai.
Trong trwong hop nay ta cé thé két lugn nhw sau : Néu P(k) la diing va néu

Vin>k(P(k)—P(k+1)) la diing thi Vn=k, P(n) la diing.

e Chuy2:
boi khi chung ta can tinh toan mdt biéu thirc phu thudc vao n, bat dau 1a viéc
doan ra két qua, cong viéc ndy dugc lam bang cach it hay nhidu dua vao kinh nghiém.
Sau d0, sir dung nguyén 1y chimg minh qui nap dé chimg minh ring két qua vira tim

duoc la ding.
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Vi du 1: Tinh tong n s6 1é dau tién.

S = 143+5+7+...+(2n-1) = > (2i - 1)

i=l

Khi n=1: S=1 =1°
n=2: S=1+3= 2
n=3: S=143+5 = 3?
n=4: S=143+5+7 = 4°
n=5 S=1+3+5+7+9 = 5

Vay c6 thé dy doan rdng S= Y (2i-1) =n’

i=1

Sau d6 str dung chirng minh qui nap dé chimg minh két qua vira tim duoc.

Pit P(n) = {i(zi )= nz}

-Khin=1: 1=1 P(1) 14 dGng

- Gia st rang P(k) 1a dung khi n=k. Ta ¢6 :
K
> @i-1)=k’
i=1

can chimg minh P(k+1) 1a dung, nghia 13 :

%(2i—l)=(k+1)2

i=l

Vé trai = ZK:(2i ~D+QRK+D) -1 =k>+2k +1) = (k +1)° (dpcm)

i=l

Vay VnP(n).

Vidu 2: Tong trén co thé tinh toan véi mot cach khac nhu sau :

S= Zn:(zi—l)=2[2n:i—ilJ=2(@—nj:n(n+l)—n:nz

Vidu3:  Tinhtong
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;I(H-l)
Khi n=1: Szl:L
2 1+1
n=: g1, 1 _3+1 2 2
2 23 23 3 2+1
=3 §=2,1_24+1_3 3
3 34 34 4 341
n=4: S:§+L:3‘5+1:ﬂ:i
4 45 4.5 5 4+1

Vay co thé du doan tong S = _n
n+1

Str dung nguyén 1y qui nap dé chimg minh cong thirc trén.

n 1 n
Pit P(n) = {;i(i ) n(n+1}

-Khin=1: 1/2 = 1/2 P(1) la dung
- Gia st P(k) 1a dung khi n=k. Ta c6

i |

i+ k+1

Can chimg minh P(k+1) 1 dtng. Nghia 4 :

11 k+1
_ d
;i(iﬂ) (o (dpem)

T = _K 1 B k 1
Vetral—%:i(iﬂ)—lzl(,ﬂ) (k+1)(k+2)_k+1+(k+1)(k+2)

o kk+2)+1  (k+1D)? k+1
S k+Dk+2) (k+DKk+2) k+2

(dpcm)

Vay VnP(n).

e Nguyén ly chirng minh qui nap manh
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Cho P(n) 1a mot dang thirc ¢6 chira bién n, néu P(0) 1a ding va néu (P(0)A
P(1)AP(2)AP(3)A...P(K)) — P(k+1) 13 dting thi P(n) 1a ménh dé ding Vn (véi 0 1 phan
tir dau tién).

Chii y rang, dé tao ra gid thiét qui nap véi nguyén tic qui nap yéu, ngwoi ta
chi gid thiét rang P(k) la ding tai n=k. Vi nguyén tic qui nap manh, nguwoi ta chi
ra rang gid thiét diing cho tit ci cdic ménh dé P(0)A P(1)AP(2)AP(3)A...P(k). Diy
chinh la sw khdc bi¢t co ban ciia 2 nguyén tic qui nap véi gia thiét yéu va gia thiét
manbh.

Vi du 1: Chirg minh rang tich cta 3 s6 lién tiép luon chia hét cho 6.

Giai : Pat  P(n) = {n.(n+1).(n+2) chia hét cho 6} (n nguyén duong)

Taco: P(1) = 1.2.3 chia hét cho 6. Ménh d¢ dung.
P(2) = 2.3.4 chia hét cho 6. Ménh d¢ dung.
P(3) = 3.4.5 chia hét cho 6. Ménh d¢ dung.

Gia st Vn<k tacé P(k) 1a diing. Nghia 13 : k.(k+1).(k+2) chia hét cho 6.

Can ching minh ring P(k+1) 1a dtng.

Nhan thdy:  (k+1)(k+2)(k+3) = k.(k+1).(k+2) + 3.(k+1).(k+2)

Trongd6:  k.(k+1).(k+2) chia hét cho 6.

Va 3.(k+1).(k+2) chiahétcho 6=2.3 (vi (k+1).(k+2) 1a tich cua
2 56 tu nhién lién tiép nén chia chan cho 2).

Vi tong ctia 2 sd chia hét cho 6 s& chia hét cho 6 (sinh vién ty chimg minh), do

d6 (k+1).(k+2)(k+3) chia hét cho 6. P(n) dung v&i moi n nguyén duong.

Vi du 2: Ching minh rang néu n 1a mot s nguyén 16n hon 1, khi d6 n c6 thé
duoc viét dudi dang tich ctia cac s6 nguyén to.
Giai: Pat P(n)={n=ab..c} (a,b,.c lacac sd nguyén td)
Taco P(2)={2=2.1}
P(3)={3=3.1}
P(4)={4=2.4}

P(18) = { 6.3=3.2.3}
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.......................... 1a cac ménh dé ding.

Gid st P(n) ding Vn>2 taco P(k)la dang.
Can ching minh ring P(k+1) 1a dtng.
Véin =k+1 ta co 2 truong hop xdy ra nhu sau:

-k+11asé nguyén té : k+1=(k+1).1 P(k+1) dung

- k+1 khong 1a s6 nguyén to (hop sd): k+1=ab (ab,e [2,k])
Theo gia thiét qui nap manh, a, b co thé 1a s nguyén td hodc 1a tich cua céc sb

nguyén td. Vay néu k+1 13 hop s6 thi n6 ciing s& duoc viét dudi dang tich cia cac sb

nguyén td. P(n) dang vé6i moin > 2.

Vi du 3: Ching minh rang moi buu phi bang hay 16n hon 12 xu déu c6 thé tao
ra bang cac con tem 4 xu hay 5 xu.
Giai: bat P(n)={n=4+..+5+..}
Taco: P(12)={12=4+4+4}
P(13)={13=4+4+5}
P(14)={14=4+5+5}
P(15)={15= 5+5+5}
P(16)={16=4+4+4+4}
P(17)={17=4+4+4+5}
Gia st n> 15 va P(n) 1a ding. Nhat thay rang dé tao ra buu phi (n+1) xu

ta chi can dung con tem n-3 xu va cong thém mot tem 4 xu.
2.4. Tong két chuwong 2

Chiing ta di mo ta cac phuong phap khac nhau dé chting minh dinh 1.
C6 thé thay rang khong thé dua ra mot phuong phap nao dé chimg minh cho mét bai
toan nao. Nam vitng cic phuong phap chimg minh 13 mot chuyén, biét ap dung ching
dé ching minh cac bai toan 1a mot ki thuat doi hoi ngudi sir dung phai thyuc tap nhiéu

lan bang cach thir cac truong hop khac nhau.
2.5. Bai tap chwong 2

1/ Quy tic suy ludn nao duoc dung trong mdi 14p luén sau :
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a. Nhitng con kanguroo séng & Australia 1a loai tha ¢6 tai. Do d6, kanguroo 1a
loai tha c6 tui.

b. Hodc hom nay troi nong trén 100 dohodc 1a sy 6 nhiém la nguy hai. Hom
nay nhi¢t do ngoai troi thép hon 100 d6. Do d6, 6 nhiém la nguy hai.

c. Steve s€ lam viéc & mot cong ty tin hoc vao mua he nay. Do do, mua he nay
anh ta s& 1am viéc & mot cong ty tin hoc hodc 1a mot ké lang thang ngoai bé boi.

d. Néu toi 1am bai tap ndy ca dém thi toi c6 thé tra 101 dugc tat ca bai tap. Néu
t61 tra 101 duoc tat ca bai tap thi toi s& hiéu duoc tai lidu nay. Do d6, néu toi lam
bai tap nay ca dém thi toi s& hiéu duoc tai lidu nay
2/ Xac dinh xem céc suy luan sau la c6 co s& khong. Néu mot suy luan la c6 co
so thind dung qui tic suy ludn nao. Néu khong hiy chi ra nguy bién nao da dugc
st dung.

a. Néu n la mot s thyc 16n hon 1 khi ¢6 n” > 1. Gia srn® > 1. Khi d6n> 1.

b. Néu n 1 mot s thue va n > 3, khi d6 n® > 9. Gia st n” < 9. Khi d6, n < 3.

c. Mot sb nguyén dwong hodc 1a s chinh phuwong hodc ¢6 mot sé chan cac ude
nguyén duong. Gia str, n 1a mot s6 nguyén duong c6 mot sé 1é cac wdc nguyén
duong. Khi d6, n 13 s6 chinh phuong.

3/ Chtng minh rang binh phwong ctia mot sé chan 1a mot sé chan bang :

a. Chtrng minh truc tiép

b. Ching minh gian tiép

c. Chirng minh phan ching
4/ Chimg minh rang tich cta 2 sb hiru ty 1a mot s hitu ty.

5/ Ching minh rang mét sé nguyén khong chia hét cho 5 thi binh phuong ciia nd
khi chia cho 5 s€ du 1 hoac 4.

6/ Chtrng minh rang néu n 13 s nguyén dwong khi d6 n 13 1é néu va chi néu 5n +
6lale.

7/ C6 2 gia thiét

- Moén logic 14 khé hodc khong c6 nhiéu sinh vién thich mén logic.

- Néu mon toan 1a dé thi logic 1a khong kho.

Bang cach chuyén céc gia thiét trén thanh cac ménh dé chira cac bién va
cac toan tir logic. Hiy xac dinh xem mdi mét trong cac khang dinh sau 1a cac két

luan c6 co sé cua cac gia thiét da cho khong :
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a/ Mon toan 1a khong d& néu nhiéu sinh vién thich mén logic.

b/ Khong c¢6 nhiéu sinh vién thich mén logic néu mén toan 1 khong dé.

¢/ Mén toan 1a dé hodc mén logic 1a kho.

d/ Mén logic 1a khong khé hozic mén toan 1a khong dé.

e/ Néu khong c6 nhiéu sinh vién thich mén logic khi d6 hodc 1a mon toan
khong dé hoic 1a logic khong kho.
8/ Dung nguyén 1y qui nap yéu, chtimg minh céc biéu thirc tong sau

. Z”:iz :n(n+1)(n+2)

= 6
S . _n(n+1)(n+2)(n+3)
b. ;'(HD('”)_ y
c. Zn:i(i)!:(nﬂ)!- 1
o 1
d ;(iﬂ)_l_(nﬂ)!
. Z“: 1 _n(n+3)

S (i+D)(i+2) 4n+D(n+2)

f Y2l =2+(n-1n2™

i=l

g. Zn“zs“ =3"-1
i=1

h. Z":i(i 12)= n(n+1)6(2n+7)

9. Tim cong thirc tinh cac tong sau va sir dung nguyén 1y qui nap dé chimg minh

cong thirc vira tim dugc

a. Zn:(2i -1)

n

b. Zzi—l

i=1

n

c. DiGi-1)

i=1
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o
d Zi(i+1)

i=1

e. i(zi -1

g X

10. Dung nguyén 1y qui nap manh, chiing minh cac bat dang thirc sau:

a. Vn>3: 2" <n!
b. vn>4: n? < 2"
c. Yn>9: n® <2"

d. Yn>=6: dn<n® -7
e.  Vn>10: n-2<(n®-n)12
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CHUONG 2 : SUY LUAN TOAN HOC & ....covvvrmrirrireriesiseeisesieeessseiesissessseone 28
CAC PHUONG PHAP CHUNG MINH.......oooeiiriiriniieiesiniiesisiiesiesssesse s 28
210 TONE QUADN oot ee e e ees e eee e eeeaeeae 28
2.2, Suy I8N tOAN ROC......uiiiiieeiieeeeee e e 29
221, KRAINIEM oo 29
222, CAC QUI tAC SUY TUAN ..o 29

2.3. Céc phuong phap chling minh..........cccccooeiiiiiiiiiiciicee e 31
2.3.1.  Ching minh 10ng (P 1A S81) c..ouovovieeieieceeeeeeceeeee e 32
2.3.2.  Chimg minh tAm thuong (Q 18 dANE) ......c.vveveeeeeeeeeeeeeeeeeeeeee e 33
2.3.3.  Ching minh trire P ......o.vveeeeeeeeeeee oo, 33
2.3.4.  Ching minh @IAN tP ......o.oveveeeeeeeeeeeeeeee e 34
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CHUONG 3 : VITU VA LUQONG TU

3.1. Téng quan

e Muc tiéu ciua chuwong 3

Hoc xong chuong nay, sinh vién phai nim bat dugc cic van dé sau:

- Thé nao 1a vi tu, khong gian cua vi tur, trong luong cua vi tu.

- Thé nao 1a lugng tur, lugng tur ton tai, luong tir vdi moi.

- Céch biéu dién mot cau thong thudng thanh biéu thuc logic.
o Kién thirc co ban can thiét
Céc kién thirc co ban trong chuong nay bao gom:

- Cac phép toan dai s6, hinh hoc co ban dé xac dinh duoc gia tri dung,
sai ctia cac phét biéu.

- C6 kha nang suy luan.

- Ndm vitng cac phép toan logic trong chuong 1.
e Taili¢u tham khao
Pham vin Thiéu, Pang Hitu Thinh. To4n roi rac ing dung trong tin hoc.
Nha xuét ban Khoa hoc va K¥ thuat, Ha N6i - 1997 (chuong 1.3, trang 32 -
52).
e Noi dung cot 16

- Dinh nghia vi tir, khong gian cua vi tur, trong luong cua vi tur.

- Binh nghia lugng tur, lugng tir véi moi, luong tir ton tai.

- Dich cac cau thong thudong thanh biéu thuc logic.

3.2. Cac dinh nghia

Trong toan hoc hay trong chuong trinh cia may tinh, ching ta thuong gap
nhimg cdu c6 chtra cac bién nhu sau : "x>3", "x=y+3", "x+y=z"...

Céc cau nay khong dung ciing khong sai vi cac bién chua duoc gan cho nhitng
gia tri xac dinh. Trong chuong ndy, chiing ta s& xem xét cach tao ra nhimng ménh dé tir

nhitng cu nhu vay.
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3.2.1. Dinh nghia vi tir (Prédicat)

Mot vi tir 1a mot khiang dinh P(x.y,...) trong d6 c6 chira mot sb bién x.y.... 1ay
gia tri trong nhiing tap hop A,B,... cho trudc, sao cho :

- Ban than P(x,y....) khong phai 1a ménh dé.

- Néu thay x, y ,... bang nhiing gia tri cu thé thudc tip hop A, B,... cho trudc ta
s€ duoc mot ménh dé P(x,y, ...), nghia 14 khi d6 chéan tri ciia P(x, y,...) hoan toan xéc
dinh. Cac bién x, y.... duoc goi 14 cac bién ti do cta vi tir.

Vi du 1: Céc cau c6 lién quan dén cac bién nhu: "x>3", "x +y = 5" rit thuong
gap trong toan hoc va trong cac chuong trinh cua may tinh. Cac cau nay khong ding
cling khong sai vi cac bién chua duge cho nhiing gia tri xac dinh.

N6i cach khac, vi tir c6 thé xem 1a mot ham ménh dé cé nhiéu bién hoic khong
¢6 bién nao, n6 co thé ding hoac sai tuy thudc vao gia tri cia bién va 1ap luén cua vi
tur.

Vi du 2: Cau {n 1a chan} 1a mot vi tir. Nhung, khi cho n 1a mot s cu thé 1a
chan hay 1a 1¢ ta dugc mot ménh dé:

n=2:{21a chan}: ménh dé ding.
n=>5:{51a chan}: ménh dé sai.

Vi tir {n 1a chan} c6 2 phan. Phan th{r nhat 1 bién x 1a chil ngit cia cau. Phan
thr hai "1a chan" cling dugc goi 13 vi tir, nd cho biét tinh chat ma chu ngi c6 thé co.

Ky hiéu: P(n) = {n 13 chan}

Tong quat, nguoi ta néi P(n) 12 gia tri cia ham ménh dé P tai n. Mot khi bién n
duoc gan tri thi P(n) 12 mdt ménh dé.

Vi du 3: Cho vi tu P(x) = {x>3}. Xac dinh chan tri cua P(4) va P(2).

Giai: P(4) = {4>3} : ménh dé dung.

P(2) = {2>3} : ménh d¢ sai.

3.2.2. Khong gian cua vi tir (Prédi cat)

Nguoi ta ¢6 thé xem vi tir nhu 13 mot anh xa P, v6i mdi phan tir x thudc tap hop
E ta dugc mét anh P(x)e{, 1}. Tap hop E nay duogc goi la khong gian cua vi tu.
Khong gian nay s& chi 1 cac gia tri kha di cua bién x 1am cho P(x) tré thanh ménh dé

ding hodc sai.
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3.2.3. Trong lwgng cua vi tir (Prédi cat)

Chuing ta ciing thudng gip nhitng cau c6 nhiéu bién hon. Vi tir xuét hién ciing
nhu mot ham nhiéu bién, khi d6 s6 bién duge goi la trong luong cua vi tur.

Vidu 1: Vitu P(a,b) = {a+b =5} lamot vi tir 2 bién trén khong gian N. Ta noi
P ¢6 trong lugng 2.

Trong mdt vi tir P(x1, X2, ..., xn) ¢6 trong luong 1a n. Néu gan gia tri xac dinh
cho mét bién trong nhiéu bién thi ta dugc mot vi tir méi Q(x1, x2, ... xn) ¢b trong
luong 1 (n-1). Qui luat nay duge ap dung cho dén khi n=1 thi ta c6 mot ménh dé. Vay,
thuc chdt ménh dé 13 mot vi tr co trong luong la &.

Vidu2: Chovitr P(x,y,z)= {x+y=2z}.

Cho x=0: Qly,2)=P(D,y,z2)={D+y=12z}
y=0: R(2)=Q(D, 2) = P(D, B, 2) = {D+ D =2}
z=: T=P(3, I, 1={D+T=1}

ménh dé sai.
Cau c6 dang P(x1, x2, ..., xn) dugc got la gid tri cia ham ménh dé P tai (x1, x2, ..., xn)

va P cling duoc goi 1a vi tur.

3.2.4. Phép toan vi tir

Phép toan vi tir st dung cac phép toan logic ménh dé va 1a sy mo rong cia
phép toan ménh dé dé thé hién rd hon céc tri thuc.
Vi du 1: Can viét cau "néu hai nguoi thich mot ngudi thi ho khong thich nhau”
dudi dang logic vi tur.
Trude khi viét cau trén ta hiy tim hiéu cac cau don gian duoc viét nhu sau:
"Nam thich Mai" duoc viét theo phép toan vi tir 1a: thich (Nam, Mai).
"Pong thich Mai" duoc viét theo phép toan vi tir 1a: thich (Pong, Mai).
Téng quat khang dinh trén duoc viét nhu sau:
Thich (X, Z) AND thich (Y, Z) - NOT thich (X, Y)
<  (Thich (X, Z) A thich (Y, Z) — — thich (X, Y)
Vi du 2: Cho vi tr "Qua bong mau xanh". Phép toan vi tir cho phép mo ta theo
quan h¢ tri thuc theo dang: (qua bong, xanh).
Cach thé hién nay thuén tién ddi v6i viéc dung bién va ham trong xtr 1y tri thirc.

Trong linh vyc tri tu¢ nhan tao, dé 1ap trinh trén céc vi tor nguoi ta st dung ngdn ngit
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Prolog. D6 1a mdt ngdn ngit cap cao cd dic diém gan voi ngdn ngir tu nhién, do ong
C.Cameraller (Pai hoc Marseilles, Phap) va nhom déng su cho ra do1 nam 1973.
Vi du: Ta c6 tam doan luan sau:
"Nguoi ta ai ciing chét
Socrates 1a nguoi
Vay Socrates phai chét"

Trong phan nay ching ta khong di sau vao ngén ngit Prolog (vi s& hoc k§ &
mon ngdn ngir 1ap trinh) ma chi gidi thi¢u cac khai niém trong 1ap trinh Prolog co st
dung céc vi tr.

a) Hing:

La mot gia tri xac dinh trong khong gian cua vi tir. cac hang dugc ky hiéu bai
cac chir thuong dung dé dat tén cac ddi tuong dic biét hay thudc tinh.

b) Bién:

Dung dé thé hién cac 10p tong quat cua cac dbi twong hay cac thudc tinh. Bién
duoc viét bang cac ky hiéu bat dau 1a chit in hoa. Vay c6 thé dung vi tir ¢6 bién dé thé
hién céc vi tr tuong tu.

Vi du: Vi tr "Qua béng mau xanh" co thé viét lai: "X mau Y.

Qua bong xanh la cac hﬁng duoc xac dinh trong khong gian cua vi tur. X, Y 1a
bién.

¢) Cac vi tur:

Mot sy kién hay ménh dé trong phép toan vi tir duge chia thanh phan. Vi tir va
tham sb. Tham s6 thé hién mot hay nhiéu ddi tuong cuia m¢nh dé, con vi tur dung dé
khang dinh vé d6i tugng.

Vidu: Cau "X thich Y" ¢6 dang thich (X, Y).

Thich 14 vi tir cho biét quan hé gitra cac ddi tugng trong ngodc. Pdi s6 1a cac ky
hiéu thay cho cac dbi twong clia bai toan.

d) Ham:

Puoc thé hién bang ky hiéu, cho biét quan hé ham sé.

Vi du: Hoa Ia me¢ ctia Mai, Pong la cha cua Ctc. Hoa va Bong 1a ban ctia nhau.
Ta co ham sb dugc viét dé thé hién quan h¢ nay.

Me (Mai) = Hoa
Cha (Cac) = Bong
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Ban (Hoa, Dong)
Céac ham dugc dung trong vi tu 1a: Ban (M¢ (Mai), Cha (Cuc)

3.3. Cac lwgng twr

Khi tat ca cac trong mdtk ham ménh dé di€u dugc gan cho mot gia tri xac dinh.
Ta dugc chan tri cua ham ménh dé. Tuy nhién, con ¢c6 mot cach khéac dé bién céc vi tir

thanh ménh dé& ma ngudi ta goi 14 su lugng hoa (hay luong tir).

3.3.1. Lwong tir ton tai (3)

Cau xac dinh "Tap hop nhitng bién x lam cho P(x) 1a dung khong 1a tap hop
rong" 14 mot ménh dé. Hay "Ton tai it nhat mot phﬁn tor x trong khong gian sao cho
P(x) 1a dung" 1a mot ménh dé duoc goi 1a luong tir ton tai ciia P(x).

Ky hi¢u: 3x P(x) .

3.3.2. Lwgng tir véi moi (V)

Cau xé4c dinh "Tap hop nhitng x lam cho P(x) dung 1a tat ca tdp hop E" 1a mot
ménh dé. Hay "P(x) ding v&i moi gia tri x trong khong gian" ciing 1a mot ménh dé
duoc goi 1a luong tir voi moi cua P(x).

Ky hi¢u: VxP(x)

Vi du: Cho vi tir P(x) = {sb nguyén ty nhién x 14 s6 chan}.

Xét chan tri cua hai ménh dé VxP(x) va IxP(x).

Giai:

Vx P(x) = {tat ca s nguyén ty nhién x 13 s6 chin} 1a ménh dé sai khi x = 5.

3x P(x) = {hién hitu mot s nguyén tu nhién x 13 s6 chin} 1a ménh dé dang

khi x = 10.

Chu y: Cho P 1a mot vi tir c6 khong gian E. Néu E = {ei1, €, ... €y}, m&nh dé
VxP(x) 1a dung khi tit ca cac ménh d& P(e;), P(e), ... P(e,) 1a dung. Nghia 13 Vx P(x)
< P(e;) A P(e) A ... A P(e,) 12 diing.

Tuong tu 3xP(x) 1a ding néu co it nhat mot trong nhitng ménh dé P(e,), P(e,),

... P(ey) 1a dung. Nghia la 3xP(x) < P(e;)v P(ey) v ... v P(e,) 1a dung.
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- Néu khong gian E 1a mot tap trong thi VxP(x) va IxP(x) ¢ chan tri nhu thé
nao ? (Sinh vién ty giai dap).
Vi du: Cho P(a,b) = {cip s6 nguyén twong tmg thoéa a + b= 5}

Hay xéc dinh chan tri cua cac ménh dé sau:

V(a,b) P(a,b) {Tat ca cap sO nguyén tuong mg F

d(a,b) P(a,b) | {Hién hiru mot cap sO nguyén tuong tmg (a,b) saochoa+b |V

dbVa P(a,b) {Hién hiru mot cip s6 nguyén twong tng b sao cho cho moi | F

sd nguyén tuong tng atacéoa+b=>5)}

Vadb P(a,b) | {Moi sO nguyén tuong (mg a, hién hiru mot so nguyén tung | V

ung b sao choa+b =75}

JaVb P(a,b) {Hién hiru mot cdp %) nguyén tuong ing a sao cho cho moi | F

s6 nguyén twong tmg b tacoa+b =5}

Vbda P(a,b) | {Moi sO nguyén tuong mg b, hién hiru mot s nguyén tung | V

ung a sao choa+b =15}

Pinh ly 1: Cho vi tir P(a, b) ¢6 trong luong 1a 2. Khi do:

a) VaVvb P(a,b) va VbVa P(a, b) la c6 cung chan tri.
Nghiala: VaVb P(a,b) <>VbVaP(a,b)
Ky hiéu: V(a,b) P(a,b)

b) Jadb P(a,b) va Ib3a P(a, b) 1a c6 cung chan tri.
Nghia la: dJadb P(a,b) «> 3bJa P(a, b)
Ky hiéu: d(a,b) P(a,b)

¢) Néu Javb P(a,b) 1a dung thi VbJa P(a,b) ciing dung nhung diéu nguoc
lai chua ding. Nghiala: JaVvb P(a,b) —» Vbda P(a,b)

d) Néu IbVa P(a,b) 1a dung thi Vadb P(a,b) ciing diing nhung diéu nguoc
lai chua ding. Nghiala: JbVaP(a,b) > Vadb P(a,b)
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Dinh ly 2:
1. = (V x P(x)) va 3 x (= P(x) la c6 cung chan tri.
2. - (3 xP(x)) vaV x (= P(x) la co cung chan tri.
Giai thich:

1. Phu dinh v6i Vx P(x) néi rang tp hop nhitng x lam cho P(x) ding
khong 13 tit ca tp hop E. Vay noi rang hién hitu it nhat mot phan tir x € E ma & ching
P(x) 14 sai hay néi rang hién hitu it nhat mot phan tr x € E ma & chung P(x) 1a dung.

2. — 3 x P(x) ndi rang tip hop nhimg x ma & chung P(x) 1a dang 1a tap
hop trong. Nghia 13, tap hop nhitng x ma & ching P(x) 13 sai 13 tip hop E hay khong
c¢6 phan tr ndo 1am P(x) ding. Ta ¢6 V x (= P(x)).

Vi du: Phu dinh cta "Moi s6 nguyén n 1a chia chén cho 3"
1a "T6n tai it nhat mot s6 nguyén n khong chia chin cho 3"
- Phuong phép tng dung.
bé dat dugc phu dinh cia mot ménh dé xay dung béng lién két cua nhitng bién
ctia vi tir voi phuong tién dinh lwong, ngudi ta thay thé nhitng dinh luong véi moi V
bdi ton tai 3, ton tai 3 boi v6i vi moi V va sau ciing thay thé vi tir bang phu dinh cia

vi tur do.

Dinh ly 3: Cho P va Q 14 hai vi tu c6 cung khong gian.
1. Ménh d& Vx (P(x) A Q(x)) va (Vx (P(x) A Vx (Q(x)) 12 c6 cling chan tri.
2. Néu ménh d& 3x (P(x) A Q(x)) 1a diing thi ta c6 ménh dé:
(Ix P(x)) A (IxQ(x)) cling ding.
3. Ménh dé& 3x (P(x) v Q(x)) va (IxP(x) v IxQ(x)) 12 c6 clng chan tri.
4. Néu ménh d¢ Vx (P(x) v Q(x)) la dung thi ta ¢6 ménh dé& VxP(x) v VxQ(x)
1a dung, nhung diéu nguoc lai khong ludn ludn dung.
Chu thich:
Néu P va Q 13 hai vi tir ¢6 cung khong gian E. Ta c6 :
- Tap hop Ac E : Tap hop nhiing phan tir x thugc E ma & ching thi P(x) la
ding.
- Tap hop B E: Tap hop nhitng phan tir x thuéc E ma ¢ chung thi Q(x) 1a
dang.
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Khi d6 nguoi ta luu ¥ ring, AAB 1 tap hop nhitng x thudéc E ma & chung ménh
dé P(x)AQ(x) 1a dung. Trong khi d6 AvB 1a tdp hop nhitng x ctia E ma & d6 ménh dé
P(x)vQ(x) 1a dung.

3.4. Dich cac cAu thong thwong thanh biéu thirc logic

Sau khi da dugc gidi thidu vé cac luong tir, chung ta c6 thé biéu dién
duoc mot tap hop rong 16n cic ciu thong thudng thanh cac biéu thire logic. Viéc 1am
nay nham muc dich loai di nhitng diéu chua rd rang va nguoi ta c6 thé st dung cic cu
suy luan nay trong vi¢c lap trinh logic va tri tué nhan tao.

Vi du 1: Biéu dién cau "Moi nguoi déu cé chinh xdc mot ngudi ban tot nhat"
thanh mot biéu thirc logic.

Giai: Gia st B(x,y) 1a cdu "y 12 ban tbt ctia x". Dé dich cdu trong vi du can cht
¥ B(x,y) mudn noi rang ddi véi mdi ca nhan x c6 mot ca nhan khac 14 y sao cho y 1a
ban tt nhat cia x, néu z 1a mot ca nhan khéc y thi z khong phai 1a ban tot nhat cia x.
Do d6, cau trong vi du c6 thé dich thanh:

Vx dy Vz [B(x,y) A (z#y) > = B(x, 2))]

Vi du 2: Biéu dién cau: "Néu mot ngudi nao d6 1 phu nit va di sinh con, thi
ngudi d6 sé 1a me cia mot ngudi ndo khac" thanh mot biéu thic logic:

Giai: Giasu F(x) ="x la phu nit"

P(x) = "x da sinh con"

va M(x,y) = "x la me cua y"

Vi trong vi du 4p dung cho tit ca moi ngudi nén ta c6 thé viét né thanh biéu
thirc nhu sau: Vx (F(x) A P(x)) = Jy M(X,y)

Vi du 3: Xét cac ciu sau. Hai cAu dau tién 1 tién dé va cdu ba 1a két luan. Toan
bo tap hop 3 cau nay dugce goi la mot suy 1y.

"Tét ca su tir Ha Dong déu hung dit".

"Mot s6 su tir Ha Pong khong udng ca phé".

"Mt s6 sinh vat hung dit khong udng ca phé".

Giai: Goi  P(x)= {xla su tir ha dong}

Q(x)= {x hung dir}
R(x)= {x udng ca phé}

Gia su ré“lng khong gian la tap hop toan bd céc sinh vat, ta c6 cach suy dién sau:
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Vx (P(x) > Q(x)
Ix ( P(x) A = R(x))
Ix (QX) A = R(x))

3.5. Tong két chwong 3

C6 mot sb didu can luu y trong viée phu dinh cac lwong tir trong dinh 1y 2.
Vidu : Hay xét phu dinh cua cau sau day :
"T4t ca sinh vién trong 16p déu da hoc mon Toan roi rac 2"

Cau nay chinh 1a cau sir dung lugng tir voi moi nhu sau: VxP(x)

Trong d6 P(x) = { x dd hoc mon Toan roirac 2 }.

Phu dinh cta cdu nay 13 : " Khong phai tit ca cac sinh vién trong 16p déu d3 hoc
mon Toan roi rac 2". Didu nay c6 nghia la :" C¢ it nhat mét sinh vién & 16p ndy chua
hoc Toan roi rac 2" . Pay chinh 1a luong tur tdn tai cua phu dinh ham ménh dé ban dau
dugc viét nhu sau : Ix—P(x). Ta co :

— VxP(x) & Ix—P(x)
— IxP(x) & Vx—P(x)

Phép phu dinh céc lugng tir dugc minh hoa rd hon trong bang chu thich sau:

Phu dinh | Ménh  dé tuong | Khi nao phu dinh la | Khi nao sai

duong ding
— 3IxP(x) | Vx—P(x) P(x) sai véi moi x Coé mot x dé P(x) la
— VxP(x) | 3x—P(x) C6 mot x dé P(x) sai ding

P(x) dung v&1 moi x

3.6. Bai tap chwong 3

1. Cho 2 vi tir P(x) xé&c dinh nhu sau:
P(x) = {x <3}
Q(X) = {x+11asb 18}

Néu khong gian 1a tap s6 nguyén, hiy xac dinh chén tri cia nhimg ménh dé sau:

Trang: 56



Chuong 3: Vi tr va lugng tur

a) P(1) b) Q(1) ¢) - PQ3)
d) Q(6) e) P(NAQ(7) f) P3)AQ(4)
g P4 h) = (P(-4)vQ(-3) i) = P(-4) A= Q(-3)

2. Céc vi tir P(x), Q(x) duoc cho nhu bai tap 1. R(x) = {x > 0}. Néu khong gian
van 14 tap sd nguyén.

a) Xac dinh chan tri ctia nhitng ménh dé sau:

1. P(3) v [Q(3)v—R(3)] 2.=PB3) A [QB) v [QB) v R3]
3. P(2) = [Q(2) = R(2)] 4.[P(2) < Q(2)] = R(2)
5. P(0) = [- Q(1) < R(1) 5.[P(-1) © Q(-2) < R(-3)

b) Xac dinh tat ca cac gia tri x sao cho [P(x) A Q(x)] A R(x) 1a mdt ménh dé
ding.
¢) Tim 5 gié tri nguyén duong nho nhét cau x sao cho vi ti.
P(x) = [- Q(x) A R(x) 12 ménh d& dung.
3. Cho vi tir P(x) dugc xac dinh nhu sau: P(x) = {x* = 2x} trén khong gian 13
tap hop s nguyén. Xac dinh gia tri ding, sai ctia nhimg ménh dé:
a) P(0) b) P(1) c) P(2)
d) P(-2) e) Ix P(x) f) Vx P(x)
4. Cho 2 vi tir 2 bién P(x,y) va Q(x,y) duoc xac dinh nhu sau:
P(x,y) = {x’2y}
Qx,y) = {x+2 <y}

Neéu khong gian 1a tap s6 thuc, xac dinh chan tri cia cac ménh dé

a) P(2,4) b) Q(1,m)
¢) P(-:3.8)AQ(1.3) d) P(% ,%)vﬁQ(-z,s)
¢) P(2.2)-Q(1.1) f) P(1.2)—Q(1.2)

5. Trong mdt chuong trinh Pascal, n 1a mot bién nguyén va A 1a mang chtra 20
gia tri nguyén A[1],A[2]....A[20] dugc khai bao nhu sau:
for n:=1 to 20 do
A[n]:=n*n-n;
Hay viét dang ki hi€u cua nhitng ménh dé sau: néu xem A[n] nhu vi tr mot bién
n trén khong gian cac s6 nguyén tir 1 dén 20:

a) Moi phan tir cia mang déu khong am.
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b) S6 nguyén A[20] 1 phan tir 16n nhit trong mang.
c) Ton tai 2 phan tir trong mang A ma phan tir sau gap 2 lan phan tir
trude.
d) Cac phan tir trong mang duoc xép theo thir tu ting dan.
e) Moi phan tir trong mang déu khac nhau.
Chting minh cac ménh dé trén.
6. Trén khong gian 1a tap sé nguyén, cho cac vi tir sau:
P(x) = {x>0)
Q(x) = {x 1a s6 chin}
R(x) = {x 14 s6 chinh phuong}
S(x) = {x chia hét cho 4}
T(x) = {x chia hét cho 5}
a) Viét dang ky hiéu ctia nhitng ménh dé sau:
1. C6 it nhat 1 s6 nguyén chan.
2. Ton tai 1 s6 nguyén duong 1a sb chén.
3. Néu x chan, thi x khong chia hét cho 5.
4. Khong c6 sé nguyén chin nao 1a chia hét cho 5.
5. Tdn tai 1 s6 nguyén chin chia hét cho 4.
6. Néu x chén va x 1a s chinh phwong, thi x chia hét cho 4.
b) Xac dinh chan tri cia mdi ménh dé a). V6i mdi ménh dé sai, hay cho mot
dan chimg cu thé.
¢) Viét thanh 16i cac dang ky hiéu sau:
1. Vx [R(x) = P(x)] 2. Vx [S(x) = Q(x)]
3. Vx [S(x) »> —T(x)] 4. Ix [S(x) A= R(X)]
5. Vx [= R(x) v—= Q(x) v S(x)]
7. Cho céc vi tir trén khong gian 13 tap s thuc nhu sau:
P(x) = {x=0)
Q(x) = {x* >0}
R(x) = {x*- 3x -4 =0}
S(x) = {x*-3>0}
Xéc dinh gia tri ding, sai cia nhitng m¢nh dé sau. Theo dan chung hoac giai

thich cu thé:
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a) 3x [P(x) R(x)] b) Vx [P(x) = Q(x)]
¢) Vx [Q(x) = S(x)] d) Vx [R(x) v S(x)]
e) Vx [R(x) = P(x)]
8. Cho 3 vi tu P(x), Q(x), R(x) dugc xac dinh nhu sau:
P(x) = {x*- 8x + 15 =0)
Q(x) = {x lasb 1&}
R(x) = {x >0}
Trén tap khong gian 1 tit ca cac s6 nguyén, hiy xac dinh gia tri ding, sai cta

nhirmg ménh d& sau. Cho dan chtng hoic giai thich cuy thé:

a) Vx [P(x) = Q(X)] b) Vx [Q(x) = P(x)]

¢) 3x [P(x) > Q(x)] d) 3x [Q(x) = P(x)]

e) Ix [R(x) A P(x)] f) Vx [P(x) > R(x)]

g) IX [R(x) = P(x)] h) Vx [ Q(x) == P(x)]

1) 3x [P(x) = (Q(X) A R(x))] ) VX [(P(x) v Q(x) = R(X)]

9. Cho 3 vi tir P(x), Q(x), R(x) nhu sau:
P(x) = {x*- 7x + 10 =0)
Q(x) = {x*-2x-3=0}
R(x) = {x < 0}
a) Xac dinh gia tri dung, sai cua nhitng ménh dé sau, cho dan chtirng hodc giai
thich cu thé, néu khong gian 1a tap sb nguyén.
1. Va [P(x) >— R(x)] 2. [Q(x) > R(x)]
3. Ix [Q(x) »> R(X)] 3. Ix [P(x) > R(x)]
b) Cau hoi nhu phan a) nhung khong gian 1a tap Z
¢) Cau hoi nhu phan a) nhung khong gian chi gdm 2 sé nguyén 2, 5.
10. Cho P(x) = {x hoc & 16p hon 5 gid mdi ngay trong tuan}
Khong gian 1a tap hop cac sinh vién. Hay dién dat cac lugng tir sau thanh cau
thong thuong.
a) Ix P(x) b) Vx P(x)
¢) Ix = P(x) d) Vx = P(x)
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11. Cho vi tir P(x,y) = {x d hoc mon y} voi khong gian cua x 13 tap hop tt ca
cac sinh vién 16p ban va khong gian cta y 13 tip hop tit ca cic mén tin hoc cta hoc ky
ma ban dang hoc.

Hay dién dat cac luong tir sau thanh cac cau thong thuong:

a) 3x Jy P(x,y) b) Ix Vy P(x,y) ¢) Vx Jy P(x,y)
d) Iy Vx P(x.y) e) Vy Ix P(x,y) f) Vx Vy P(x,y)
12. Cho vi tur:

P(x) = {x noi dugc tiéng anh}
Q(x) = {x biét ngdn ngir C"™}
Cho khong gian 14 tap hop cac sinh vién 16p ban. Hay dién dat cac cau sau
bang cach dung P(x), Q(x), cac lwong tir va cac phép toan logic.
a) C6 mét sinh vién & 16p ban néi duge tiéng Anh va biét C™
b) C6 mot sinh vién & 16p ban néi duogc tiéng Anh nhung khong biét C™*
¢) Moi sinh vién & 16p ban déu néi duoc tiéng Anh hodc biét C™
d) Khong c6 mét sinh vién nao & 16p ban noéi duoc tiéng Anh hodc biét C™
13. Cho tan tu:
P(x) = {xI 1a sinh vién)
Q(x) = {x la ké ngu dot}
R(x) = {x 1a ké vo tich su}
Biang cach dung cac luong tir, cac phép toan logic va véi cac vi tir P(x), Q(x),
R(x). Hay dién dat cac cau sau véi khong gian 1a toan thé sinh vién:
a) Khong c6 sinh vién nao 1a ké ngu dbt
b) Moi ké ngu dét déu 1a vo tich su.

¢) Khong c6 sinh vién nao 1a vo tich su.
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CHUONG 4 : LY THUYET TAPMO &
LOGIC MO

4.1. T(K)ng quan

e Muc tiéu cia chuong 4
Hoc xong chuong nay, sinh vién phai nam bat dugc cac van dé sau:
- Thé nao 13 khai niém cua tap mo, mé¢nh dé mo, suy dién mo.
- Cac phép toan trén tap mo va logic mo.
e Kién thirc co ban can thiét
Céc kién thiic co ban trong chuong nay bao gom:
- Nam vitng cac phép toan logic trong chuong 1.
- Céc suy luan ¢ chuong 2.
e Taili¢u tham khao
Nguyén Hoang Cuong, Bui Cong Cudng, Nguyén Dodn Phudc, Phan Xuan
Minh, Chu Vin Hy, Hé mé va ing dung. Nha xuit ban Khoa hoc va Ky
thuat, Ha Noi - 1998.
e Noi dung cdt 16i
- Gi6i thiéu khai niém vé tdp md, cac phép toan trén tip mo.
- Ménh dé md va cac phép toan logic mo.

- Suy dién mo.
4.2. Gioi thi€u

Nhu d3 biét, trong nhitng suy luin doi thudng ciling nhu cac suy luan khoa hoc,
logic toan hoc dong mot vai tro rat quan trong.

Ngay nay, xa hoi cang phat trién thi nhu cau con ngudi ngdy cang cao. Do do,
su tién bd cia khoa hoc cling rit cao. Suy luan logic ménh dé da gid1 thiéu trong
chuong 1 (tam goi 1a logic nguyén thuy hay logic rd) v&i hai gia tri dang, sai hay 1, 0

da khong giai quyét duoc hét cac bai toan phire tap nay sinh trong thuc té.
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Vi dy: quan 4o nhu thé nao duge goi 1a day, 1a mong dé may giit biét dugc ma
c6 ché d6 tir dong sdy kho cho hop 1y 2

Hay trong tho van c6 cau:

" Trang kia bao tudi tring gia?
Nui kia bao tudi goi 1 nti non? "

Khai niém trang gia hay nii non la khong duge dinh nghia ro rang. Nhitng bai
todn nhu vay ngay mot nhiéu hon trong cac linh vuc diéu khién ti uu, nhan dang h¢
thdng,... néi chung 1a trong cac qua trinh quyét dinh nham giai cac bai toan véi cac dir
liéu khong day du, hodc khong duoc dinh nghia mot cach rd rang (trong diéu kién
thiéu thong tin chang han).

Mot cach tiép can méi da mang lai nhiéu két qua thyc tién va dang tiép tuc phat
trién d6 1a cach tiép can cua 1y thuyét tip mo (FUZZY SET THEORY), do gido su
Lotfi Zadeh cta truong dai hoc California - My dé ra ndm 1965. Cong trinh nay thuc
su di khai sinh mot nganh khoa hoc méi 1a 1y thuyét tap mo va da nhanh chéng duoc
cac nha nghién ctru cong nghé méi chip nhan ¥ tudng. Mot s két qua bude dau va
huéng nghién ctru tiép theo gop phan tao nén nhitng san pham coéng nghiép dang duoc
tiéu thu trén thi truong. Ly thuyét tap md ngdy cang phong pht va hoan chinh, di tao
nén vitng chic dé phat trién logic mod. C6 thé néi logic mo (Fuzzy logic) 1a nén tang dé
xay dung cac h¢ mo thuc tién, vi du trong cong nghi€p san Xuét xi mang, san xuat dién
ning, cac hé chuyén gia trong y hoc giup chuin doan va diéu trj bénh, cac hé chuyén
gia trong xtr 1y tiéng néi, nhan dang hinh anh,...Céng cu chu chdt cua logic md 14 tién
dé hoa va 1ap luan xap xi v6i phép suy dién mo.

Trong chuong nay, muc dich chinh 1a gidi thi€u khai niém tap mo, logic mo,
tap trung di vao cac phép toan co ban va budc dau di vao 1ap luan xap xi v6i phép suy

dién mo.
4.3. Khai niém tap mo (fuzzy set)

Nhu ching ta di biét, tdp hop thuong 1a két hop ctiia mot sd phan tir co clng
mot sb tinh chat chung nao d6. Vi du : tap cac sinh vién. Ta ¢ :
T={t/tlasinh vién }
Vay, néu mot nguoi nao do 1a sinh vién thi thudc tap T, nguoc lai 1a khong

thudc tap T. Tuy nhién, trong thuc té cudc séng cling nhu trong khoa hoc k¥ thuat co
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nhiéu khai niém khong dugc dinh nghia mdt cach ro rang. Vi du, khi noi vé mot
"nhém sinh vién kha", thi thé ndo 1a kha ? Khai niém vé kha khong rd rang vi c6 thé
sinh vién c6 diém thi trung binh bang 8.4 1a kh4, ciing c6 thé diém thi trung binh bang
6.6 ciing 1a kha ( dai diém kha c6 thé tir 6.5 dén 8.5),... Noi cach khac, "nhém sinh
vién kha" khong dugc dinh nghia mot cach tach bach rd rang nhu khai ni€ém thong
thuong vé tap hop. Hoac, khi ching ta no61 dén mot "l&6p cac s6 16n hon 10" hodc " mét
dbng quan 4o cii",..., 1a chung ta d3 néi dén nhirng khai niém md, hay nhitng khai niém
khong duoc dinh nghia mot cach rd rang. Cac phan tir cia nhom trén khong c6 mot
tiéu chuan rd rang vé tinh "thudc v&" ( thudc vé mot tdp hop nao d6). Pay chinh 1a
nhitng khai niém thudc vé tdp mo. Trong ddi thoai hang ngiy ching ta bt gip rat
nhiéu khai niém mo nay. Vi dy, mot 6ng giam ddc nodi: " Nam qua chung ta di git hai
dugc mot sd thanh tich dang khen ngoi. Nam téi ddy chiing ta phai cd ging thém mot
budc nira". Py 12 mot cau chira rat nhiéu khai niém mo.

Nhu vay, logic rd ¢6 thé biéu dién bang mot dd thi nhu sau

Logic mo ciing c6 thé biéu dién bang mot d6 thi nhung 13 dd thi lién tuc

Pinh nghia tip mo (Fuzzy set):

Cho Q 14 khong gian nén, mét tdp md A trén Q tuong Gmg voi mot anh xa tir O
dén doan [0,1].

A : Q — [0,1] duoc goi 13 ham thudc vé (membership function)

Kihidu A= {(a, pa(a)) /ac Q}
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Trong d6, pa(a) € [0,1] chi mic @6 thudc vé (membership degree) ctia phan
tr a vao tap mo A.
Khoang xac dinh cia ham p,(a) 1a doan [0, 1], trong d6 gid tri 0 chi mic do
khong thudc vé, con gia tri 1 chi mirc do thuodc vé hoan toan.

Vi du 1: Mot su biéu dién tap mo cho ) "integer nho".

—

12 3 int

u
1

Vi du 2: Mot sy biéu dién tip md cho cac tp nguoi dan 6ng thép, trung binh va

cao.
| short medium tall
| —— ﬁ ——————
i
chiéu cao 4 46 5 5'6" 6’ 6'6”
Vidu 3: Cho Q= {1, 2, 3,4, 5}, tap moO A trén Q tuong (rng v41 anh xa p, nhu
sau:
Ha - 1->0

2—->1

3505

4—0.3

5—->02

Tacotapmo A = {(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
Cach viét trén 1a sy liét ké cac phan tir khac nhau cting véi mirc do thudc vé tap hop A.
Tt dinh nghia trén chung ta c6 thé suy ra:
- Tap mo A 13 rong néu va chi néu ham thudc vé pa(a)=0,Vae O
- Tap md A 13 toan phan néu va chi néu pa(a) = 1,Vae Q

- Hai tip mo A va B bang nhau néu pa(x) = pg(x) voi moi x trong Q.
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Vidu4: Cho Q= {1, 2, 3, 4,5}, tap mo A trén Q tuong ing vdi anh xa p, nhu vi du
trén.
A ={(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
Tap mo B trén Q) twong Gng véi dnh xa pg nhu sau:
pg: 1 —0
21
3505
4—03
5502
Ta cé tap mo B = {(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
Nhaén thay, pa(x) = pg(x) véi moi x trong Q. Vay A=B.

4.4. Cac phép toan vé tip mo

Pé c6 thé tién hanh mo hinh hda cic hé thong ¢ chira tap md va biéu
dién cac qui ludt van hanh cua hé thdng nay, trudc tién ching ta can t6i viée suy rong
cac phép todn logic co ban vdi cac ménh d8 c6 chan tri trén doan [0, 1].

Cho Q = {P, P,, ...} vO1 P, P, ... 1a cac ménh dé. Tap mo A trén Q tuong
ung véi anh xa v nhu sau:

\a Q — [0, 1]

VP, eQQ — v(P)

Ta goi v(P;) 1a chan tri cia ménh dé P; trén [0, 1].

4.4.1. Phép bu

Phép phu dinh trong logic kinh dién 1a mot trong nhitng phép toan co ban cho
viée xay dung phép bu cua 2 tap hop. Dé suy rong phép ndy trong tip md chung ta can
t6i toan tir vINOT P). To4n tir ndy phai thoa céc tinh chat sau :

- v(NOT P) chi phu thude vao v(P).

-Néu v(P)=1 thi v(NOT P)=0

- Néu v(P)=0 thi v(NOT P)=1

- Néu v(P)) < v(P,) thi v(NOT P,) > v(NOT P,)

Dinh nghia 1 :
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Ham n : [0,1] — [0, 1] khong ting thoa man cac diéu kién n(0) = 1, n(1)
=0, duoc got la ham phu dinh.
Vidu: n(x)=1-x hay n(x)=1-x* la cac ham phu dinh.
Ta c6 nhan xét :
- Néu v(P;) < v(P,) thi v(NOT P;)> v(NOT P,)
- v(NOT P) phu thudc lién tuc vao v(P)
- v(NOT (NOT P)) = v(P)

Pinh nghia 2 (Phan bu ciia mt tip mo):
Cho n 1a ham phu dinh, phén bu A cua tdp mo A 1a mot tdp mo va1 ham thude
vé dugc xac dinh béi :
u,c (@)= n(ua(a)), voi mdi ae Q.

D06 thi ciia ham thudc vé c6 dang sau:

A A
X
X
A L uAc
> =
X
Hinh a Hinh b

Hinh a : Ham thudc vé cua tap mo A

Hinh b : Ham thudc vé cta tip mo A°
Vidu:véin(x)=1-x thitaco:

(@)= n(pa(a) = I-pa(a) , voi moi ac Q.
Cho Q={1,2,3,4,5}, va Ala tdp mo trong Q nhu sau:
A ={(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}

Taco :

A°= {(1,1),(2,0), (3,0.5), (4,0.7), (5,0.8)}
Dinh nghia 3:
a. Ham phi dinh n 1a nghiém ngat (strict) néu né 1a ham lién tuc va giam

nghiém ngat.
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b. Ham phu dinh n 13 manh (strong) néu né 1a chat va théa n(n(x)) = x , Vxe[0,
1].

Dinh nghia 4:

Ham ¢ = [a,b] — [a,b] goi 1a mot tw ddng cdu (automorphism) cua doan [a,b]
néu né 1a ham lién tuc, ting nghiém ngit va ¢(a) = a, (b) =b.

Dinhly 1:

Ham n:[0,1] — [0,1] 12 ham pht dinh manh khi va chi khi c6 mot tu dong cau

¢ ctia doan [0,1] sa0 cho N(x) = Ny(x) = 9™ (1 - 9(x)).

Pinh ly 2 :
Ham n: [0,1] —[0,1] 1a ham phu dinh nghiém ngat khi va chi khi cé hai phép
tur ddng cdu y, @ cta [0,1] sao cho n(x) =y (1- ¢(x)).

4.4.2. Phép giao

Phép hoi AND trong logic kinh dién 14 co so dé dinh nghia phép giao cua 2 tap
md. AND thoa cac tinh chat sau :

- v(P; AND P,) chi phu thude vao v(P,), v(P,).

- Néu v(P))=1 thi v(P; AND P,)=v(P,), v6i moi P,

- Giao hoan v(P; AND P,) = v(P, AND P,)

- Néu v(P)) < v(P,) thi v(P; AND P3) <v(P, AND P;), v&imoi P;

-Kéthop  v(P; AND (P, AND P;)) = v((P, AND P,)AND P;)

Dinh nghia 5:

Ham T : [0,1]* — [0,1] 1a phép hoi (t-chudn) khi va chi khi thoa cac diéu kién
sau:

-T(1,x)=x, véimoi 0<x <I.

- T c6 tinh giao hoan, nghia 1a : T(x,y) = T(y,x), vo1 moi 0< x,y <1.

- T khong giam theo nghia : T(x,y) < T(u,v), v6imoi x <u, y<v.

- T ¢6 tinh két hop : T(x,T(y,z)) = T(T(x,y).x), voi moi 0<x,y,z <I.

Tir cac tinh chat trén co thé suy ra T(0,x) = 0.

Vidu:
T(x,y) = min(x,y)
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T(x,y) = max(0,x+y-1)
T(x,y) =x.y (tich daisd cuaxvay)
Dinh nghia 6:
Cho hai tip md A, B trén cung khong gian nén Q véi ham thudc vé pa(a),
ug(a), cho T 1a mot phép hoi .
Ung vé6i phép hoi T, tap giao cta hai tip mo A, B 1a mot tap mo trén Q véi ham
thudc vé cho béi :
Ha~p(@) = T(pa(a), pp(a)) VaeQ
Véi T(x,y)=min(x,y) taco:
Ha~p(a) = min(pa(a), pp(a))
Voi T(x,y) =x.y taco:
Map(a) = Ha(a).pp(a) (tich dai sO)
Ta c6 thé biéu dién phép giao cta hai tip md qua hai ham T(x,y)=min(x,y) va
T(x,y) = x.y theo cac dd thi sau day:
- Hinh a : Ham thudc vé cua hai tap mo A va B
- Hinh b: Giao cua hai tap mo theo T(x,y) = min(X,y)
- Hinh c: Giao cua hai tap mo theo T(x,y) = x.y

v

Hinh a Hinh b Hinh ¢

Vidu:ChoQ={1,2,3,4,5}, va A, Blacdac tap mo trong Q2 nhu sau:
A ={(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
B ={(1,0), (2,0.5), (3,0.7), (4,0.2), (5,0.4)}
Vi T(x,y) = min(x,y), ta c6 :
AnB = {(1,0), (2,0.5), (3,0.5), (4,0.2), (5,0.2)}
ANA®= {(1,0),(2,0.1), (3,0.5), (4,0.3), (5,0.2)}
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4.4.3. Phép hop

Phép tuyén OR trong logic kinh dién 1 co s¢ dé dinh nghia phép hop cia 2 tap

md&. OR thoa céc tinh chit sau :

sau :

Vidu:

Hp(a).

- v(P; OR P,) chi phu thude vao v(P,), v(P,).

-Néu v(P;)=0 thi v(P; OR P,)=v(P,), véi moi P,

- Giao hoan v(P; OR P,) = v(P, OR P))

- Néu v(P;) < v(P,) thi v(P; OR P;) < v(P, OR P;), v6imoi P,

-Kéthop  v(P, OR (P,OR P5)) = v((P, OR P,) OR P5).

Dinh nghia 7:

Ham S :[0,1]* = [0,1] dugc goi 13 phép tuyén (t- d6i chudn) néu thoa cac tién dé

- S(0, x) =x, véimoi 0<x <I.

- S ¢6 tinh giao hoén, nghia 1a : S(x,y) = S(y,x), v&i moi 0< x,y <I.
- S khong giam theo nghia : S(x,y) < S(u,v), véimoi x <u, y<v.
- S ¢6 tinh két hop : S(x,S(y,z)) = S(S(x,y),x), voi moi 0L x,y,z <1.

Tir cac tinh chat trén suy ra S(1,x) = 1.

S(x,y) = max(x,y)

S(x,y) = min(1, x+y)

S(x,y) =x+y-xy

Dinh nghia 8:

Cho hai tdp md A, B trén cung khong gian nén Q v6i ham thudc vé pa(a),

Cho S 13 phép tuyén , phép hop cia hai tip md A, B 1a mét tip mo trén Q voi

ham thudc vé cho boi :

Haus(a) == S(pa(a), ue(a)) , VaeQ
Véi S(x,y) = max(x,y) ta co :

Haup(a) = max(pa(a), pp(a)) ( xem hinh a)
V61 S(x,y) = min(1, x+y)

Haup(a) = min(l, pa(a) + pp(a)) (xem hinh b)
Véi S(x,y) =x+y+xy

Haus(@) = pa(a) T pp(a) - pa(a).pp(a)  (xem hinh c)
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Co thé biéu dién giao cua cac tdp mo voi cac phép toan trén bang cac do thi sau

HA(X) He(X) Ha(X) HB(X) ta(x) up(x)

N
v
v

Hinh a: Hinh b Hinh ¢

Vidu:ChoQ={1,2,3,4,5}, vaA, Blacac tap mo trong Q nhu sau:
A ={(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
B = {(1,0), (2,0.5), (3,0.7), (4,0.2), (5,0.4)}
Taco: AUB = {(1,0), (2,1), (3,0.7), (4,0.3), (5,0.4)}
AUA® = {(1,1), (2,1), (3,0.5), (4,0.7), (5,0.8)}

4.4.4. Mot sb qui tic

Trong logic rd véi hai gia tri dung, sai, c6 nhiéu qui tic don gian ma chung ta
thuong sir dung xem nhu tinh chét hién nhién.

Vidu:voibatky tiprd A c Q, taco: AnA° =@ va AUA =Q.

Thuec ra, nhitng qui tdc nay c6 duge 1a nhd vao su xdy dung toan hoc trude do.
Chuyén sang 1y thuyét tip mo thi hai tinh chat quen ding nay da khong con dung nira.
Do do, ching ta can xem xét lai mot sb tinh chat.

e Tinh liiy ding (demportancy)
Chung ta néi T 13 liy dang néu T(x,x) = x, Vxe[0,1].
Tuong tu, S 1a liy dang néu S(x,x) = x, Vx<[0,1].

e Tinh hiap thu (absorption)

C6 hai dang hap thu :

-T(S(x,y),x)=x, Vx,ye[0,1].

-S(T(xy),x)=x, Vx,ye[0,1].

Trang 70



Chuong 4: Ly thuyét tip mo & Logic mo

e Tinh phén phéi (distributivity)
Co hai biéu thtrc xac dinh tinh phan phdi:
- S(x,T(y,z)) = T(S(x,y), S(x,2)), Vx,y,z€[0,1].
- T(x,S(y,z)) = S(T(x,y), T(x,2)), Vx,y,ze[0,1].
e Luit De Morgan
Cho T 1a t-chuan, S 1a t-d6i chuan, n 13 phép phu dinh. Ching ta c6 bd ba
(T,S.,n) 1a mdt bo ba De Morgan néu :
n(S(x,y)) = T(nx,ny)

4.4.5. Phép kéo theo

Chung ta s& xét phép kéo theo nhu mot mbi quan hé, mdt toan tir logic.

Ta c6 cac tién dé sau cho ham v(P; — P,) :

- v(P; — P;) chi phu thuoc vao v(Py), v(P,).

- Néu v(P;) < v(P3) thi v(P; — P,)> v(P; > P,), VP,

- Néu v(P,) < v(P3) thi v(P; > P,)< v(P; —> P3), VP,

- Néuv(P))=0 thi v(P, >P)=1, VP

- Néuv(P))=1 thi v(P>P))=1, VP.

- Néuv(P)) =1vav(P,)=0 thi v(P, > P,)=0.

Tinh hop 1y cta nhiing tién dé nay dua vao logic kinh dién va nhimng tu duy truc
quan cua phép suy dién. Tir tién dé ban dau (v(P; — P,) chi phu thudc vao v(P,),
v(P,)) khing dinh su ton tai ctia ham sd I(x,y) x4c dinh trén [0,1]* véi mong mudn tinh
chén tri ctia phép kéo theo qua biéu thirc

v(P; = Py) =1(v(P)), v(Py))

Dinh nghia 9:

Phép kéo theo ctia mot ham s6 I : [0,1]> — [0,1] thoa cac diéu kién sau :
-Néu x<z thi I(xy)>1(zy), Vyel[0,1].

-Néu y<u thi Ixy)<I(zy), vxe[0,1].

-1(0,x) =1, Vxe[0,1].
-Ix,1)=1, Vxe[0,1].
-1(1,0)=0

Dinh nghia 10:
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Cho T 1a t-chuan, A 13 t-ddi chuan, n 1a phép phu dinh. Ham Ig(x,y) x4c dinh
trén [0,177 biang biéu thirc :
Is(x,y) = S(n(x),y)
Vidu:Cho Q=1{1,2,3,4,5}, va A, Blacac tdp mo trong Q nhu sau:
A =1{(1,0), (2,1), (3,0.5), (4,0.3), (5,0.2)}
B = {(1,0), (2,0.5), (3,0.7), (4,0.2), (5,0.4)}
Véi S(x,y) =max(x,y) va n(x)=1-x tacod:
I (0,0) = S(n(0),0) =1
I (1,0.5) = S(n(1),0.5) = 0.5
I (0.5,0.7) = S(n(0.5),0.7) = 0.7
I (0.3,0.2) = S(n(0.3),0.2) = 0.7
I5 (0.2,0.4) = S(n(0.2),0.4) = 0.8

4.5. Logic mo

4.5.1. Pinh nghia ménh dé mo

Trong logic r& thi ménh d¢ 1a mot cau phét biéu co gia tri dung hodc sai. Trong
logic mo thi méi ménh dé mo 1a mot cdu phat biéu khong nhét thiét 1a ding hodc sai.
Ménh dé md duoc gan cho mot gia tri trong khoang tir 0 dén 1 dé chi mac do ding (do
thudc vé&) cua noé.

Vidu: " Nam trong kha dep trai"

" Chiéc xe nay chay ciing duoc day".
" C6 4y sdng tam goi 1 hanh phuc".

Cho Q= {P, P,, ...} v61 P P,, ... 1a cac ménh dé. Tap mo A trén Q tuong

ung véi anh xa v nhu sau:

L' Q — [0,1]
VP, eQQ — v(P)

Ta goi v(P;) 1a chan tri cia ménh dé P; trén [0, 1].

Céc phép toan trén ménh dé mo 1a cac phép toan logic md dua trén cac tip mo.

Ky hiéu muc do ding (chan tri) cia ménh dé md P 1a v(P). Ta c6 : 0< v(P)< 1.
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4.5.2. Cac phép toan trén logic mo

Céc phép toan ménh dé trong logic md duoc dinh nghia nhu sau:
. Phép phu dinh :
v(P)=1-v(P)
. Phép tuyén :
v(P;v P,) = max(v(Py), v(P,))
. Phép héi :
v(PiA Py) = min(v(Py), v(P,))
Vidu 1:
Cho P, Q, R 14 cac ménh d& mo véi : v(P) = 0.1, v(Q)=0.9, v(R)=0.8.
Ménh @& M = (PAQ)VR c¢6 chén tri (d6 thudc vé) 1a: 0.8
. Phép kéo theo:
v(P—Q) = v(PvQ) = max(v(P), v(Q))
Vidu 2:
Cho P, Q 1a cac ménh d&& md véi : v(P) = 0.1, v(Q)=0.6
Ménh d& v(P—Q) = v(P vQ)=max(v(P), v(Q)) = max(1- 0.1, 0.6) = 0.9

4.6. Suy dién mo (Fuzzy inference)

Suy dién mo hay con goi 1a suy luan x4p xi 13 qua trinh suy ra nhitng két luan
dudi dang cac ménh dé mo trong diéu kién cua qui tdc "Néu... Thi...", véi cac dir liéu
dau vao cho trude 1a khong duoc rd rang.

Thong thuong, suy dién mo hay s dung luat Modus Ponnens hoic Modus
Tollen. Trong logic &, Modus Ponnen dién dat nhu sau:

Ménh dé 1 (Luat hodc tri thirc): P — Q

Ménh dé 2 (sy kién): P dung

Két luan : Q ding

Trong suy dién md, luat duoc dién dat dudi dang sau :

Ludt mo : Néu x=A thi y=B
Su kién mo : x=A'"
Két luan : y=B'
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trong 46 A, A' 1a cac tap mo trén khong gian nén U, B va B' 1a cac tap md trén
khéng gian nén V.

Vidu:

Luatmo:  Néu goc tay quay ga 16n thi xe di nhanh

Su kién mo : Géce tay quay khé 1on

Kétluan:  Xe di kha nhanh

Trong logic rd Modus Tollen c6 dang:
Ménh dé 1 (Luét hodc tri thicc): P — Q
Ménh dé 2 (su kién): —Q dung

Két luan : —P ding

Trong suy dién md, luat duoc dién dat dudi dang sau :

Luat mo (hoac tri thirc mo): P—->Q

Su kién mo : —Q kha dung
Két luan : —P kha dung
Vidu:

Luatmod:  Néu goc tay quay ga 16n thi xe di nhanh

Su kién mo : Xe khong di nhanh 1am

Kétluan:  Goc tay quay khong 16n lam

Pé tmg dung suy dién md vao trong bai toan thuc té thi van dé mau chét ma
chung ta can thuc hién d6 13 xay dung co ché 1ap luan xap xi. Sau déy, ching t6i xin
trinh bay mot tng dung suy ludn x4p xi trong viéc chan doan bénh lao phdi. Trong
pham vi ctia chwong nay, chiing toi chi trinh bay phan so lugc vé cach xay dung suy
luan x4p xi.

Trudc hét chiung ta hiy di tim hiéu vé qui trinh chan doan. Hién nay, khi mot
bénh nhan dén kham tai mot vién lao, bac si tién hanh chan doéan theo cic budc sau:

Giai doan 1: kham lam sang

- Kham ban dau : nhin bé ngoai (toc, da, mit,...)
- Hoi vé tinh trang cta co thé bénh nhan dé c6 thém nhiéu thong tin.
- Tir céc triéu ching 1am sang tién hanh chan doan khang dinh kha ning mac

bénh cta bénh nhan.
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- Néu hét giai doan nay, bac si khong co nghi ngo gi vé bénh lao, ong ta s& dua
ra cau tra 101 pha dinh bénh lao va cé thé go1y vé kha nang bénh nhan mic mot khac.
Bénh nhdn s& dugc khuyén 1a nén quay lai néu bénh ning hon ma khoéng rd cin
nguyén.

- Nguoc lai, néu t6i cudi giai doan lam sang bénh nhan bi nghi la da méc bénh
lao thi giai doan chan doan thir hai s& dugc tién hanh dé c6 két luan chic chan.

Giai doan 2: kham can lam sang

- Kham nghi¢m dom, ...

- Chyp X quang.

Hau hét céc triéu chimg cén 1am sang déu c6 anh huéng rat manh dén kha nang
méc bénh cta bénh nhan. Vi vay, bénh trang dugc khéng dinh hoac loai trir mot cach
chic chén trong giai doan nay.

Sau d6, bac si s& co két luan va dua ra mot phuong 4n diéu trj thir. Néu bénh
tram trong thi bénh nhan duoc diéu tri lao phdi thr, néu khéng qua trim trong thi diéu
tri bang khang sinh. Boi vi, néu thyc té khong phai 1a lao phoi ma chi bi viém phoi thi
diéu tri khang sinh s€ dem lai két qua tich cuc. Nguoc lai, néu thuc sy méic bénh lao
phoi thi chi phuong an diéu tri lao phdi mai ¢o tac dung.

Toan bd qui trinh dugc thé hién qua lugc dod sau:
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Chan doan lam sang

\ 4

Khong bénh lao phoi

A 4

Nghi ngo bénh lao phdi

A 4

Chéan doan can 1am sang

|

Khang dinh lao phoi

!

Piéu trj lao phoi

y

}

Loai trir lao phoi

Khéng c6 két luan

\ 4
Piéu tri thu

A 4

Bénh nang

h 4

Thir Diéu trj lao phoi

y

}

Bénh khong qua néng

A 4

Thir Diéu tri khang sinh

A 4 A 4

A 4

khong hi¢u qua

Hié u qua tot

khong hi¢u qua

Hié u qua tét

A

y

A

y

Khang dinh va diéu tri lao phoi

Loai trir lao phoi

A 4

A
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Xay dung suy dién xap xi :

C6 3 d6i twong ma chiing ta cin quan tim :
1. Bénh nhan : ky hiéu 1a P (Patient)

2. Cac triéu chung : S (Symptom)

Bao gom : 1am sang, can 1am sang, ... goi chung 1a céc triu ching. Ta co

S={S.,S,, ..., Su}
3. Bénh can chan doan : lao phoi D (Disease)
Nhén thay gitra cac ddi tuong trén xuat hién nhimg quan hé mo :
Quan h¢ triéu chirng - bénh nhan : Rgp
Quan hé nay duoc st dung 1am thong tin dau vao cho co ché 1ap luan trong qua
trinh chan doan, duge xic dijnh bdi usp €[0,1]. Gia trj nay thé hién mirc do xuat hién
cua tri¢u ching S trén bénh nhan P. Noi cach khac, Rgp 1a mot tap mo ¢6 ham thudc
vé x4c dinh nhu sau:
usp: Rsp — [0,1]
Véi usp =0 c6 nghia la chic chan bénh nhan khong cé triéu chimg S.
Véi pugp =1 ¢6 nghia 13 chic chin bénh nhan c6 triéu ching S.
Véi 0<pgp <1 c6nghiala bénh nhan cé triéu ching S véi mirc do xuat hién
1a pgp.
Vi du : Gia st dé xem xét mirc d sbt ciia bénh nhan dé dua ra lidu luong thudc,
c6 cac phat biéu mo (luat mo) nhu sau :
o IF st nhe THEN liéu luong asperine thap
o IF s6t THEN liéu lugng asperine binh thudng
o IF s6t cao THEN liéu lwong asperine cao

e IF sot rat cao THEN lidu luong asperine cao nhat
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37 38 38.7 39 40 41

T BT C CN

°C

0 200 400 600 800 1000 mg

B Thong thuong nguoi ta s€ thuc hién 3 budc:
— Mo hoa (fuzzyfication) gia tri nhap vao
— Suy luan Mo
— Khir tinh mo (defuzzyfication) cho gia tri xuat ra
Vay néu bénh nhan st & 38.7 46
=> liéu luong ké don 13 480mg
Phan => 14 ca qua trinh khir tinh mo (1am rd hoa) chung t6i khong trinh bay
chi tiét & day, c6 thé dya vao d6 thi dé suy ra két qua.
Ngoai ra, d6i khi bac si phai di dén két luan "khong r3" ddi v6i mot triéu ching
nao do6. Khi do, psp dugc dinh nghia 1a mot gia tri rat bé nhu sau: usp =€~0
Ké tiép, chiing ta phai x4c dinh quan hé bénh nhén - bénh lao phdi : Rpp . Xac
dinh mbi quan hé nay ciing c6 nghia 1 dua ra két qua chan doan vé kha ning mic

bénh cta bénh nhan.
4.7. Tong két chuong 4

Tat ca nhiing kién thic trinh bay trong chuwong nay chi 1a phan co ban
cta 1y thuyét tip mo va logic mo. Chung t6i khong di sdu vao chi tiét ma chi nhim
muc dich trinh bay cac khai niém va cac phép toan dé sinh vién nim bat dugc van dé
1a bén canh logic rd con ¢ logic md. Sinh vién c6 thé tim hiéu sdu hon vé logic mo &
nam thr tu trong phan tng dung logic mo vao diéu khién tu dong hoa (danh cho 16p
dién tir) hay tng dung logic mo trong tri tué nhan tao. Tuy vy, hy vong ring véi cac
co s kién thirc nén vé logic ménh d¢, suy luan toan hoc, vi tir va Iy thuyét tap mo

trong gido trinh nay 13 hanh trang hitu ich dé di vao cac tri thirc cao hon.
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4.8.  Bai tap chwong 4

1.Cho Q= 1{6,2,7,4, 9}, cac tap mo A, B, C trén Q tuong ing véi anh xa py , g va
Lc nhu sau:
A =1{(6,0.2),(2,0.9), (7,0.5), (4,0.3), (9,0.2)}
B ={(6,0), (2,1), (7,0.5), (4,0.6), (9,0.1)}
C ={(6,0.3), (2,0.1), (7,1), (4,0), (9,0.5)}
a/ Tinh cac tap A%, B¢ va C® v6i ham thudce vé 1a 1-x

b/ Tinh ANB, BNC, ANBNC, ANCE, ANCE véi T(x,y) = min(x.y)

¢/ Tinh AUB, BUC, AUBUC, AUCS, AUCE véi S(x,y) = max(x,y)
2. Cho céac tap mo A,B,C dugc dinh nghia trén nén sb nguyén Q = [0,5] voi cac ham
thudc vé nhu sau: p= sz va U= i

Hay xac dinh cac tap mo sau ¢ dang li¢t ké va dd thi :

a/ Tinh cac tap AS, B va C® v6i ham thudc vé 1a 1-x

b/ Tinh ANB, BNC, AnBNC, ANCE, ANCE v6i T(x,y) = min(x,y)

¢/ Tinh AUB, BUC, AUBUC, AUCS, AUC® véi S(x,y) = max(x,y)
3. Thiét 1ap mo6 hinh phan loai sinh vién qua cac tdp md sinh vién can cu, sinh vién
thong minh va sinh vién luoi.
4. Cho A 1a tAp mod xac dinh trén nén X. Hay chi ra rang biéu thic ANC® = X khéng
dung nhu dbi véi tap hop kinh dién.
5. Kiém tra xem tp mo A, B véi cac ham thudc vé xac dinh & bai tap 2 14 thoa hai

cong thtrc cua De Morgan.
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Predicates and Quantifiers: Suggested Exercises

1. Write each of the following expressions so that negations are only applied to propositional functions
(and not quantifiers or connectives).

(a) ~VzIy—-P(z,y)
(b) = (VzIyP(z,y) A Iz—VyP(z,y))
(© —Vz(IYP(z,y) VVyQ(,y))
(d) ~Vz—-Iy(=VzP(z,2) = 32Q(z,y, 2))
(e) ~Az(=Vy[Iz(P(y,z,2) A P(y,z,z) A P(z,y,2))] V 32Q(=, 2))
2. Let P(z,y)="z likes y”, where the universe of discourse for z and y is the set of all people. For each
of the following, translate the expression to English, and tell the truth value.

(@) VaVyP(z,y)
(b) VzIyP(z,y)
(c) VyIzP(z,y)
(d) Vo P(z, Chuck)
(e) ~VaVyP(z,y)
(f) Yo-VyP(z,y)
(2 Va:ﬂVy—'P(x,y)

3. Let P(z,y,2)="22 + y? = 227, where the universe of discourse for all variables is the set of integers.
What are the truth values of each of the following?

(a) VaVyVzP(z,y, z)
(b) xIYyVzP(x,y, z)
(¢) VzIy3IzP(z,y,2)
(d) VzVyAzP(z,y, 2)
(e) VxIyVzP(z,y, 2)
(f) FzFyAzP(x,y, 2)
(g) 32P(2,3,2)

(h) JzAyP(x,y,5)
(1) JzIyP(zx,y,3)

4. Write each of the following sentences using quantifiers and propositional functions (if it is possible).

(a) All disc golfers play ultimate frisbee.

(b) If all students in my class do their homework, then some of the students will pass.

(c) If none of the students in my class study, then all of the students in my class will fail.

(d) Not everybody knows how to throw a frisbee 300 feet.

(e) Some people like ice cream, and some people like cake, but everybody needs to drink water.
(f) Everybody loves somebody.

(g) Everybody is loved by somebody.

(h) Not everybody is loved by everybody.

(i) Nobody is loved by everybody.

(j) You can’t please all of the people all of the time, but you can please some of the people some of
the time.

(k) If only somebody would give me some money, I would buy a new house.
(1) Nobody loves me, everybody hates me, I'm going to eat some worms.
(m) Every rose has it’s thorn, and every night has it’s dawn.



Rules of Inference

Tautology Rule

p—>(pva) Addition

(pAQ)—Pp Simplification
((p)A())— (PAQ) Conjunction
PA(P—0)]—1 Modus Ponens
—gA(p—Qq)]——p Modus Tollens
(p—a)A(g—1)]—=(p—r) | Hypothetical Syllogism
(pva) A—pl—1 Disjunctive Syllogism
(p—0)— (=q——p) Contrapositive

Rules of Inference for Quantifiers

VX P(X) Universal instantiation
- P(c)ifceU

P(c) for arbitrary ceU | Universal generalization
s VX P(X)

3Ax P(X) Existential instantiation

.. P(c) for some ceU

P(c) for some ceU Existential generalization
- X P(X)




Equivalence Relations

Definition: A relation R on a set A is called an equivalence
relation 1f it 1s reflexive, symmetric, and transitive. Recall the
definitions:

e reflexive: (a,a) € R foralla € A.

e symmetric: (a,b) € R when (b,a) € R, fora,b € A.

e transitive: (a,b) € R and (b,c) € R implies (a,c) € R,
fora,b,c € A.

If two elements are related by an equivalence relation, they
are said to be equivalent.




Examples

1. Let R be the relation on the set of English words such
that a R if and only if « starts with the same letter as (5.
Then R 1s an equivalence relation.

. Let R be the relation on the set of all human beings such
that z Ry if and only if  was born in the same country as
y. Then R 1s an equivalence relation.

. Let R be the relation on the set of all human beings such
that Ry if and only if  owns the same color car as y.

Then R 1s an not equivalence relation.




Congruence Modulo m

Let m > 1 be a positive integer. Then the relation
R ={(a,b) : a = bmod m}

1s an equivalence relation.
Proof: By definition, a = b mod m if and only if
a — b = mk, for some integer k. Using this,we proceed:

e Since a — a = 0 = Om, we have that a = a mod m, and

R 1s reflexive.

e If a = b mod m, then a — b = km, for some integer k.
Thus, b — a = (—k)m, and we have b = a mod m, so R

1S symmetric.




e If a = b mod m, and b = ¢ mod m, then we have
a —b=Fkm and b — ¢ = [m, for integers £ and [. Thus,

a—c=(a—0b)+(b—c)=km+Im=(k+1)m,

and we have ¢ = ¢ mod m, and R 1s transitive.

Therefore, congruence modulo m 1s an equivalence relation =




Definition: Let R be an equivalence relation on a set A. The

equivalence class of a 1s
lalr = 4{b: (a,b) € R}.

In words, |a|g is the set of all elements that are related to the
element ¢ € A. If the relation is clear, we can omit the

subscript (i.e. |a| instead of [a]g).

If b € |a|g, then b is called a representative of the equivalence
class.




Examples Continued

1. The equivalence class of Xenon is all words starting with
the letter X. That 1s,

[Xenon] = {a . (¥ is an English word starting with the letter X }

2. The equivalence class of Chuck Cusack 1s all people born
in the United States of America. That 1s,

[Chuck Cusack] — {A : Aisa person that was born in the U.S.A.}




Example: Congruence Classes Modulo m

The congruence class of an integer a modulo m is denoted by
@)m-
Thus,

3Bl5=4...,-7,-2,3,8,13,...}

0] ={...,—16,—8,0,8,16,...}

5l,=[1s=1{...,—7,-3,1,5,9,...}




Equivalence Classes and Partitions

Theorem 1: Let R be an equivalence relation on a set A. The

following statements are equivalent:

1.aRb

Proof: Show that 1 = 2,2 = 3, and 3 = 1.

Notice that this theorem says that if the intersection of two
equivalence classes 1s not empty, then they are equal. That 1s,

two equivalence classes are either equal or disjoint.




Definition: A partition of a set S is a collection of disjoint
nonempty subsets of .S whose union is S. That is, a partition
of S 1s a collections of subsets A, 2 € I such that

Ai#@fOf’l‘EI,

A;NA; =0, wheni # j, and

UierA; = 5.

(I is an index set. For example, often I = {1,2,...,n}.)




Theorem 2: Let R be an equivalence relation on a set .S.
Then the equivalence classes of R form a partition of S.
Conversely, given a partition {A; : ¢ € I} of the set .S, there
is an equivalence relation R that has the sets A;, ¢ € I, as its
equivalence classes.

Proof (informal): The equivalence classes of an equivalence

relation are nonempty (since a € [a]g), and by Theorem 1 are

disjoint. Since every element of the set .S is in some
equivalence class (e.g. a € [a]Rr), the equivalence classes
partition .S.




(Proof of Theorem 2, continued)

Now, assume we have a partition {A; : 1 € [} of aset S.
Define a relation on S by aRb if and only if a, b € A; for
some ¢. It 1s not hard to see that this 1s an equivalence relation

Example: We can partition the set of integers according to
the equivalence classes modulo 5 as follows:

05 ={...,—10,-5,0,5,10,...},
., —9.-4,1,6,11,...
., —8,-3,2,7,12,...
., —T7.,-2,3.813,...
o —6,—1,4,9 14,...}.

115
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Example: Let R be the equivalence relation on the set of
English words defined by aR3 if and only if « starts with the
same letter as 3. Then we can partition the set of English
words as follows:

{a,ant, any, able, ...},

{be, big, bread, brown, ...},

{zebra, zed, zip, zoo, . . .}.




Logical Equivalences

Equivalence Name
pvT < T Domination laws
PAF < F
PAT < p Identity laws
pvF < p
pvp < p Idempotent laws
PAD <P
—(—p) <p Double negation law
pv—p<=T Cancellation laws
prA—p <= F (Unofficial name)
pv(g < qvp Commutative laws
PAQ < gAD
(pva)vr < pv(qvr) Associative laws
(PAQAT & PA(GAT)
pv(gar) < (pvg)a(pvr) | Distributive laws
pA(Qvn) < (PAQ)V(PAD)
—(pAQ) & —pv—Q De Morgan’s laws
—(pvQ) © —pAr—Q
(p—0) < (—pvQ) Implication law
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