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Trong mét vai nam gan day, cic mén hoc Todn — Tin vmg dung dd dwoc dwa vao
chuong trinh dao tao Sau dai hoc cho mot s6 chuy én nganh kinh t é — ki thudt nhuw Qudn tri
kinh doanh, Quan li ddt dai, Céng nghé théng tin, Sinh hoc ... tai mét s6 trwong dai hoc
trong nude. Cac mon hoc nay, tuy sé don vi hoc trinh chwa nhiéu nhung da giip cho hoc
vién cao h oc ciing nhu cac nghten ¢ ttu sinh ¢é nhitng  kién thire co s6 va ndng cao v é Todn
hoc va Tin hoc, ddc biét vé cac phwong phdp tinh toan khoa hoc (Scientific Computing
Methods), la cic vin dé hét sirc can thiét cho cdc dé tai nghién ciu khoa hoc ciia ho. Piéu
nay ciing phit hop véi xu thé chung trong dao tao Sau dai hoetai cdc tr wong dai hoc nuée
ngoai, voi cac mon hoc vé Toan — Tin nang cao cho hoc vién cao hoc, thuong chiém thoi
lieong kha 1om t6i khodng 200 dén 250 tiét bao gom nhiéu ndi dung phong phii v a cdp thiét.

Xudt phat tir nhitng li do trén va duwa trén cac kinh nghiém tich luy dwoc trong qud
trinh day mét s6 mén hoc cho chuwong trinh Cao hoc Quan li dat dai va Cao hoc Pién
(Truong Dai hoc Nong nghiép 1), Cao hoc Toan — Tin vung dung (Truong Dai hoc Bdch
khoa Ha Ngi), Cao hoc Quan tri kinh doanh (tai mét sé truong dai hoc khdc), ching toi
bién soan gido trinh ndy véi mong muon viée vmg dung cdc phwong phdp todn hoc, cdc
phiong phép van tric hoc dwoc trién khai rong r Gi hon va mang [ ai cdc hiéu qua thiét thuc
hon. Gido trinh v &i thoi lwgng tie 45 t6i 60 tiét, tr wéc hét, danh cho hoc vién cao hoc nganh
Dién, voi cac ngi dung da duwoc Khoa Co dién va Khoa Sau dai hoc, Truong Dai hoc Nong
nghiép I, théng qua. Cdechii-dé trong gido trinh bao gom: mét s6 mé hinh va phiwrong phdp
16i wu, cdc bai todn ve mang, gidi thiéu vé quy hoach déng, mét sé iing dung cia Ii thuyét
hang cho (Waiting Line Theory) v a mé ph éng ngau nhi én (Stochastic Simulation), cdc khdi
niém co ban va g dung cua qud trinh ngau nhién Markov. Pdy la cdc chii dé chinh vé
Toan ung dung va Van tru hoc ma hoc vién cao hoc cua nhiéu chuyén nganh kinh 6 — ki
thudt tai cac trwong dai hoc nuwdc ngodi bat budc phdi hoc. Céc ¢ hii dé nay cé thé givp ich
khong chi cho van dé quan li — sit dung dién ma con cho van dé thiét ké va xdy dung cdc hé
thong ki thudt dién. Gido trinh ciing c6 thé dwoc ldy lam tai liéu tham khdo vé cdc ph wong
phap toan 1mg dung hay mé hinh hod cho chwong trinh Cao hoc cac chuyén nganh nhu:
Quan li dat dai, Kinh té néng nghiép va mét sé chuyén nganh kinh té — ki thudt khac.

Khi bién soan gido trinh, ching téi luén chii Y nhdn manh khia canh img dung cdc
phuong phap toan hoc va khia canh tinh toan khoa hoc voi cac vi du minh hoa chon loc,
nham givip cho hoc vién hiéu ré nén ap dung cac phuwong phép d6 vao cdc van dé nghién ciiu
nao va dp dung chimg nhw thé nao cho mét s6 trwong hop cu thé. Do thoi heong ciia mon
hoc, giao trinh khong di sdu vao vén dé chimg minh todn hoc ciia cdc phwong phdp nay ciing
nhw cdac ung dung tong quat ciia chiing trong cac hé thong lon.

Hi vong rang, nhitng hoc vi én cao hoc quan tam t6i cdc ph wong phdp toan h oc dwgc



trinh bay trong gido trinh ¢6 th & tw minh tiép tuc c6 nhitng nghi én cveu chuyén sau hon sau
nay. Chang han, vz'ri kién thirc vé quy hoach déng va cdc ph wong phdp t6i wu phi tuy én ma
gido trinh cung cdp, nguoi doc cé thé tlep tuc nghién cuu vé cac phuong phap quy hoach
dong nham dp dung v do cac hé diéu khién toi wu trong tw déng hod. Con véi mét sé chi dé
vé xich Markov va img dung ciing nhw mé phéng xich Markov, nguoi doc co thé tiép tuc
nghién cieu vé cac mé hinh ngdu nhién nhiw qué trinh sinh—tir hay qud trinh hoi phuc cé
nhiéu img dung réng rdi trong nganh Dién, Pién tir va Vién thong hay Cong nghé thong
tin.

Pay la mét trong s6 khéng nhiéu cdc gido trinh vé Todn g dung danh cho chirong
trinh Sau dai hoc cac chuyén nganh kinh té — ki thudt tai cac truong dai hoc trong nudc, nén
mdc dii ching téi hét sitc ¢6 gang trong qud trinh bién sogn, nhung chae chan gido trinh
khong tranh khéi con ton tai nhitng diém han ché. Chiing téi rat mong nhan dwoc cdc ¥ kién
dong gép ciia cac nha khoa hoc, cdc thay gido, cé gido, cdc hoc vién cao hoe, tién si dé gido
trinh dwoc hoan chinh, chinh xac va sinh dong hon.

Cudi ciing, tdc gia xin chdn thanh cam on Khoa Sau dai hoe va Khoa Co dién, Truong
Pai hoc Nong nghiép I vé nhitng givip dé quy bau trong qud trinh bién soan;  cdm on Bé
mon Toan, giang vién DPang Xuan Ha va Bo mon Tin hoc, cdc hoc vién cao hoc chuyén
nganh Pién khod 10 va 11, Truong Pai hoc Nong lnghiép I; ki sw Phan Vin Tién va cdc hoc
vién cao hoc chuyén nganh Toan — Tin ung dung;, khoa 1 va 2, Truong Dai hoc Bach Khoa
Ha Néi, da danh y kién dong gép va tham gia hoan chinh mét s6 ndi dung ciia gido trinh nay.
Tdc gia ciing xin chéan thanh cam on cdcly kién phan bién quy bau cia cdc ong Trieong bg
mon Toan, Truong Dai hoc Nong nghiép I va Truong khoa Toan — Tin ung dung, Truong Dai
hoc Bach khoa Ha Noi.

Ha Noi, ngay 19 thang 5 nam 2005
PGS.TS. Nguyén Hai Thanh



Chuong 1

MOT SO MO HINH VA PHUONG PHAP TOI
UU

1. Mo hinh quy hoach tuyén tinh

1.1.Cac buére can thiét khi 4p dung phwong phap mé hinh hoa

— Trudc hét phai khao sat, phat hién van dé can giai quyét.

— Phét biéu cac diéu kién rang budc, muc tiéu clia bai toan dwdi dang dinh tinh. Sau
d6 Iya chon cac bién quyét dinh / cac an sd va xay dung md hinh dinh lvong (con goi la mo
hinh toan hoc).

— Thu thap s6 liéu, xac dinh phuong phap giai quyét.

— Pinh ra quy trinh giai / thuat giai. C6 thé giai mé hinh bang cach tinh toan théng
thwong. BO6i voi cac mo hinh Ién, gdm nhiéu bién va nhiéu diéu kién rang budc can lap
trinh va giai md hinh trén may tinh.

— Bénh gia két qua. Trong tredng hop phat hién thay co két qua bat thuong hodc két qua
khong phu hop véi thucté, can kiém tra va chinh stra lai quy tinh giai hodc mo hinh.

— Trién khai cac phuong an tim dwoc trén thuc té.

Céc thuat ngr sau thudng gap khi ap dung ph vong phap mé hinh hoa:

—Ung dung toan/Toan tnglung (MathematicalApplicationshay Applied Mathematic}.

— Van tri hoc (Operations Research Viét tit 1a OR).

— Khoa hoc quén Ii (Management Science Vit tit 1a MS)

1.2.Mé hinh quy hoach tuyén tinh
Phat biéu mé hinh
V@i muc dich tim hiéu budc dau, xét md hinh toan hoc sau day, con goi la mé hinh
quy hoach tuyén tinh hay bai toan quy hoach tuyén tinh (BTQHTT), ma trong do6 ching ta
muon t6i wu hoa (cuc dai hod hay cuc tiéu hod) h am muc tiéu:
z =cix; + coxp + cpxy > Max (Min)
véi cdc diéu kién rang buéc:
apx; +apx; +.. fapx, <b;

arx; + apx; +.. tayx, <b

AmiX] t Ap2X2 T T Xy < bm



X1, X2, X 2 0 (diéu kién khéng dm)

Vidu: z=8x; + 6Xx, — Max

V@i cac rang budc:
4x1 + 2X2 < 60
2X1 +4x, < 48
X1, Xo 20

Can tim céc gia tri clia cac bién quyét dinh Xy, X, d€ cac rang budc.-dwoc thod mén va
ham muc tiéu dat gia tri I&n nhat.

Bai todn nay c6 y nghia kinh t€ nhw sau: Gia sir mot xi nghiép san xudt hai loai san
pham I va Il. D& san xudt ra mot don vi san phdm | cdn c6 4 don vi nguyéniliéu loai Ava2
don vi nguyén liéu loai B, cac chi ti éu d6 cho m6t don vi san pham loai I 1 1a 2 va 4. Lwong
nguyén liéu dv trit loai A va B hién c6 la 60 va 48 (don vi). Hay xac dinh phwong an san

xuét dat lgi nhuan I6n nhét, biét loi nhuan tr én moi don vi'san phdm béan rala 8 va 6 (don vi
tién t&) cho cac san pham loai I v a ll.
Phuwong phdp do thi

Phuwong phap db thi cé y nghta minh hoa v.a gitp hiéu ban chat van de.

Budce 1. V& mién rang budc / mién cac phwang an kha thi, la tap hgp cac phuong an kha
thi (cac phuong an, néu néi mot cach ngan gon). Moi phrong an dwoc thé hién qua bod s (X1,
X2) con goi la véc to nghiém, thoa mén.tit ca cac rang budc da c6 (xem hinh 1.1).

— Truwéc hét ching ta v& dd thi 4x; + 2x, = 60 bang cach xac dinh hai diém trén do
thi: (x1 =0, X2 =30) va (x2 = 0, X3 = 15).

X2

30

A%, + 2X, =60

£ B

2X1 + 4%, =48

w

0] 6 15 24 X1

Hinh I.1. Ph wong phap dé thi giai bai todn quy ho ach tuyén tinh



Do thi trén 13 mot dwong thang chia mét phang | am hai nra mat phdng: mot phan gém
céac diém (X1, X2) thod mén 4x; + 2x, < 60; mdt phan thod mén 4x; + 2x, > 60. Ta tim duwoc
nira mat phéng thod man 4x; + 2x, < 60.

— Tuong tw, c6 thé v& dd thi 2xy + 4x, = 48 bang cach xac dinh hai diém thudc dd thi
(X1 =0, % =12) va (% = 0, x; = 24). Saudo tim nira mat phéng thod néin 2x; + 4x, < 48.

— Luc nay, giao clia hai nira médt phang tim duoc trén cho ta tap hop céc diém (x, X2)
thoa man hai rang budc dau tién. Tuy nhién, dé thod man diéu kién khéng am cliacac bién,
ta chi xét cac diém nam trong géc phan tw thir nhat. Vay mién cac phuong an kha thi 1a
mién gi¢i han béi t& gidc OABC (con goi la don hinh vi Ia mién tao nén béi giao cla cac
nira mat phang).

Budéce 2: Trong mién (OABC) ta tim diém (1, X2) sao cho
Z =8xy + 6x; dat gia tri I&n nhét.

Cach 1: Ding dwong dong mirc. TQy theo gia tri clia X1, X2 M z ¢6 nhing mic gié tri
khac nhau.

— V& duong dong miic: 8xy + 6X2 =c & miic ¢ = 24, (ta cd thé chon gia tri ¢ bat ki,
nhung chon ¢ = 24 14 bdi s6 chung cla 6 va 8 déviéc tim toa dd cac diém cét hai truc toa dd
thuan lgi hon). D& dang tim dwgc hai diém nam trén dudng dong mic nay la (x; = 0,
X2 = 4) va (X2 = 0, x; = 3). Cac diém nam trén dwong dong mic nay déu cho gia tri ham
muc tiéu z = 24.

— Tuong tv, c6 thé vé dudng dong mikc thir hai: 8x + 6x, = 48 di qua hai diém (x; = 0, X,
=8)va (x2 =0, x1 =6). Ching ta nhan thdy, néu tinh tién song song dwdng dong mtc Ién
trén theo hudng cla véc to phap tuyén (8, 6) thi gia tri clia ham muc tiéu z = 8x; + 6x, tang
1én.

Vay gia tri z 16n nhéat dat dwoc khi duong déng mirc di qua diém B(12, 6) (tim duwoc
X1 = 12, X, = 6 bang céch giai hé phuong trinh 4x; + 2x, = 60 Va 21 + 4x, = 48).

Két lugn: Trong cac phuong an kha thi thi phwong an t6i wu la (xy = 12, X, = 6). Tai
phuongannay, gia tri ham muc tiéu la Ié6n nhat Zmx =8 x 12 + 6 x 6 = 132.

Nhan xét: Phuong an t6i wu cla bai toan trén (hay cac BTQHTT khéc, néu cd) cla
mdt BTQHTT v&i mién ph uwong an D la mot tap 16i da dién cé dinh lubn dat duwoc tai it nhat
mot trong cac dinh clia D. Cac dinh ctia D con goi la cac diém cuc bién clia n6 (chinh xac
hon, diém cuwc bién Ia diém thudcD, ma khong thé tim dugc mot doan thang nao ciing thudc
don hinh nhan diém do 1a diém trong). Nhan xét trén day 1a mot dinh Ii toan hoc da duwoc
chitng minh mot cach téng quat. N6i mot cach hinh anh, muén dat dugc phwong an téi uu
cho cac BTQHTT thi can phai “mao hiém” di xét cac diém cuc bién ctia mién phuong an.

Cach 2: Tl nhan xét trén, dé tim phuong an téi wu ta chi can so sanh gia tri clia ham
muc tiéu tai cac diém cuc bién cla mién phwong an.

Tinh gia tri z tai O(0, 0): z(0, 0) = 0; tai A(0, 12): z(0, 12) = 72; tai C(15,0): z(15, 0) =



120; tai B(12, 6): z(12, 6) = 132 = Max{z(0), z(A), z(B), z(C)}. Vay Z max = 132.

Nhdn xét: Muén tim phuong an t6i wu clla BTQHTT ta xuét phat tr mot diém cuc
bién nao do, tim cach cai thién ham muc tiéu bang céach di téi diém cuc bién ké né. Tiép tuc
nhu vay cho ti khi tim dwoc phwong an toi wu. Trong trudng hop BTQHTT cé ph wong an
toi wu thi quy trinh gi i nay bao gom hi*u han bwéc (do s6 diém cuc bién 1a hiru han).

D0oi v6i BTQHTT dang xét, quy trinh gi ai dwgc minh hoa nhuw sau:

00,00 — A(012) > B(12,6) dirng
z=0 - z2=72 > z=132
hodc:
00,00 —  C(15,0) —  B(12, 6)dirng
z=0 - z=120 - z=132
So do khéi

Nhép dir Iiél/

]

Tim diém cuwc bién
Xuat phét

Tim
diém cuc bién
ké tot hon

Kiémtra
diéu kién toi w

Blng

Inva luwu trir két qua

Hinh 1.2. S o d6 khéi gigi BTQHTT




Quy trinh gidi BTQHTT t6ng quat c6 so do khdi gian luge nhu trinh bay trén hinh 1.2,
Trong so do6 trén, vi muc dich trinh bay van dé don gian, ching ta khoéng dé cap téi cac
truong hop khi BTQHTT ¢ mién ph wong &n 1a tap rong (lac dé ta khdng tim dwoc phwong
an xudt phat) ciing nhu khi ta khéng tim dwoc diém cuc bién ké t6t hon méc du diéu kién
t0i wu chua thod méan (lGc do tap cac gia tri ham muc tiéu z khdéng bi chan).

1.3.Phwong phap don hinh
Day la phwong phép s6 gidi BTQHTT theo s o db trén. DE giai vi du da cho, trudc hét
ching ta can duva BTQHTT v dang chinh tic bang cach th ém vao céac bién bu khong am x3
va X4 nhu sau:

Z =8x; +6X, +0x3 +0x4 — Max
V@i cac rang budc:

4X1+2X2+ X3 =60

2X1 +4X,  +X4=48

X1, X2, X3, X4 =0

Cich lgp va bién déi cic bing don hinh

DE giai BTQHTT dang chinh tc trén day, can lap mot s6 bang don hinh nhu trinh
bay trong bang I.1. Truéc hét, can dién so liéu cla bai toan da cho vao bang don hinh bwéc
1:

— Cot 1 la c6t hé s6 ham muc tiéu (ng v&i cac bién co s& da chon. Phwong an xuét phat
¢6 thé chon la x; = x, = 0 (day chinh la diém g6c toa do O(0, 0)), do d6 x3 = 60, X4 = 48). Nhu
vay tai budc nay ching ta chwa budc vao san xuat, nén trong phuong an chua cé don vi san
pham loai | hay Il dwoc san xudt ra (chi “san xudt” ra cac lugng nguyén liéu du thira, ta
cling ndi la cac “san pham” loai 111 va 1V), va gia tr i ham muc tiéu z tam thoi bang 0. Céc
bién bucégiatri 16n hon 0 cé ngha la cac nguyén li éu loai twong (ng chwa dugc st dung
hét. Ta goi cac bi€n xsva x4 la cac bién co s& vi ching cé gia tri Ién hon 0 con x; va x; la
cac bién ngoai co s& vi ching c6 gia tri bang 0. Vi b ai toan cé hai rang bu dc, tai moi b woc
chi cd hai bién co s6.

— Cot 2 la ¢t cac bién c o s6. Trong cOt 3 (cot phwong an) can ghi cac gid tri cla cac
bién co s& da chon.

— Céc cOt tiép theo la cac cot hé s6 trong cac diéu kién rang budc twong (ng vé6i cac
bién xy, X2, X3 va X4 cla bai toan da cho.



Bdng L.1. Cac biang don hinh giai BTOHTT

Hé s ham Bién co Phuong c1=8 C2=6 c3=0 cs=0
muc tiéu c; ] an X1 Xo X3 X4
0 X3 60 4 2 1 0
0 X4 48 2 4 0 1
Hang z 20=0 z:=0 z,=0 z3=0 24=0
Hang A; = ¢j — z; A1=8 | A=6 A3;=0 Ay=0
8 X1 15 1 1/2 1/4 0
0 X4 18 0 3 -1/2 1
Hang z Z0=120 z1=8 z,=4 Z3=2 24=0
Hang A; = ¢j — z; A1=0 | Ay=2 | Az=-2 Ay=0
8 X4 12 1 0 1/3 ~1/6
6 X2 6 0 1 -1/6 1/3
Hang z Zo=132 8 6 5/3 2/3
Hang A; = ¢j — z; 0 0 -5/3 -2/3

Phan tich bang don hinh budc 1

— Hé sb (ng v6i bién x; trén hang th& nhat 1a a;; = 4 c6 nghia la ti 1€ thay thé riéng
gitra mot don vi san pham loai | v a mét don vi san pham loai 111 |4 4 (giai thich: xét ph uong
trinh / rang bu 6c thit nhat 4x 1 + 2X2+ X3 = 60, X ; tdng mdt don vi thi x3 phai gidm b6én don
vi néu gilr nguy én x7). Twong tu ta c6 thé gidi thich dugc y nghta clia cac hé s6 a i khac cho
trén hang 1 va hang 2 trong b &ng don hinh buéc 1.

— Chiing ta xét hang z ¢ tla bang don hinh. DE tinh z;, can ap dung cbng thirc z; = (c6t
hé s6 clia ham muc tiéu) x (cot hé s6 ctia bién x 1) = 0x4 + 0x2 = (gia mot don vi san phadm
loai 11)x(ti 1& thay thé riéng loai 1 / loai 111) + (gia mot don vi sdn pham loai 1V) x (ti 1é
thay thé riéng loai.l./ loai 1) = téng chi phi phai bd ra khi dwa thém mot don vi san phadm
loai | vao phuong an s&n xuét mai = 0. Cac gié tri zj, voi j=1, 2, 3,4, dwoc tinh twong tu
va chinh la céc chi phi khi dwa mdt thém mdt don vi san phdm loai x; vao phuong an san
Xudt m@i. Con z, la gia tri ciia ham muc tiéu dat dwoc tai phuong &n dang xét: zo = (c 6t hé
s0 clla ham muc tiéu)x (cot phuong an) = 0x60 + 0x48 = 0.

—Trén hang A; can ghi cac gid tri A j=1,2, 3, 4, tinh theo cdng th trc A; = cj—z;= loi
nhuan trén mot don vi san phdm — chi phi trén mdt don vi sdn pham. Vay A;  l1a "l&i
bién"/mdt don vi san pham khi dwa thém mot don vi san phdm loai j vao phuong an san
xudt m&i. Néu A;j> 0 thi ham muc tiéu con tang duoc khi ta dua thém cac don vi san pham
loai j vao phwong an san xudt méi. C6 thé chirng minh dwoc A; chinh 1a dao ham riéng
0z/0x; clia ham muc tiéu z theo bién x;. Nhw vay, x1 tdng 1én 1 thi z t ang 1én 8 con  x, tdng
1én 1 thi z tang Ién 6.

Do A1 va A, déu duong nén van con kha nang cai thién ham muc tiéu khi chuyén sang



(hay “xoay sang”) mot phwong an cuc bién ké tét hon (quay lai nhan xét & phan giai bai
toan bang phuong phéap dd thi: diém cuc bién k& cla diém (0, 0) c6 thé 1a A(0, 12) hay
C(15, 0)).

Thii tuc xoay (pivotal procedure)

Bude 1: Chon cdt xoay la cdt cd A; > 0 tirc la chon bién x; lam bién co s¢ moi do x;
tdng kéo theo ham muc tiéu tdng. &' day ta chon dua x; vao (danh déu vV & cot A;).

Buée 2: Chon hang xoay dé xac dinh dwa bién nao ra khéi s6 bién co s& (vi tai moi
budc s6 bién co s 1a khong thay déi). DE chon hang xoay, ta thuc hién quy- téc “ti s6
dwong bé nhat" bang céch Iy cot phwong an (60 48) T chia twong (rng cho cot xoay (4 2)' dé
chon ti s6 bé nhat. Mot diéu can chl y 12 ta chi xét cac ti s ¢6 mau s6 d vong.

Vi Min{60/4, 48/2} = 60/4 dat dwoc tai hang dau, nén ta danh dau V' vao hang xoay la
hang dau (hang tvong (ng véi bién x3). Do do6 can dwa X3 ra khoi cac bién co s6.

Burée 3: Chon phan tlr xoay nam tr én giao clia hang xoay va cot xoay.

Budc 4: Xoay sang bang don hinh méi, xac dinh cac bién co s¢ méi dé dién vao cot
bién co s&, dong thoi thay cac gid tri trong cot hé s6 h am muc tiéu. Sau dé, tinh lai cac phan
tl clia hang xoay bang céach 14y h ang xoay cii chia cho phan ti xoay dé c6 hang méi twong
rng.

Burée 5: Céc phan tir con lai clia bang den-hinh moi dugc tinh theo quy tic "h inh chi
nhat": (Dmei = Lea — (2)eax (4)eal/(3)es, trong do (3) Ia dinh twong ¢ng véi phan tir xoay
(xem hinh 1.3).

9 b))

Chang han: (1) s = 4, 2y = 2
(3)ea = phan t xoay = 4, (4)es = 2

:>(1)m@i:4—2><%:3.

() 4)

Hinh I.3. Quy t ac hinh ch & nhat

Gidi thich: Cac budc xoay trén day chi la phép bién d6i twong duong hé phuong trinh
4x1 + 2X2 + X3 =60 (a)
2X1 +4x;  +Xx4 =48 (b)
dé co hé
{ X1+ (1/2)x2 + (L/4)Xs =15 (@)
Oxg+3x2 — (1/2)xs +x4 =18 (b")

bang céch 1y phwong trinh (a) chia cho 4 (phan tir xoay) dé c6 (a’), rdi ldy (b) trir bot



2 x (a)/4 dé co (b’). Pay chinh la ndi dung clia bwdc 4 va bude 5. Con buwdc 3 sé& dam bao
rdng gia tri cla cac bién ¢ o s¢ mai khong am (x1 = 15, x4 = 18).

Ap dung thi tuc xoay cho cac phan tir ndm trén hang 1 va 2 ¢ Ga bang don hinh buéc
1, sau d6 tinh céc gia tri trén hang z; va A; twong tu nhu khi 18p bang don hinh buwéc 1,
chiing ta sé nhan dwoc bang don hinh buéc 2.

Phan tich bang don hinh budc 2

Bang budc 2 c6 thé dwoc phan tich twong tw nhu bang bwdc 1. Can chd y rdng ldc
nay ta dang & vi tri clia diém C(15, 0) vi x; = 15 con x = 0; gia tri cla ham muc tiéu la
20 =120 da dwoc cai thién hon so véi bwdc 1. Tathdy A, =2>0nén concd thé cai thién
ham muc tiéu bang cach chon bién x, 1am bién co s& mdi. Thuc hién cac budc xoay sang
phuong an cuc bién ké tot hon, chiing ta sé c6 bang don hinh buwéc 3.

Phan tich bang don hinh buoc 3

Tai bang don hinh buéc 3 ta thdy diéu kién t6i wu;dad dwoc thod man (A, < 0
Vj=1, 2, 3, 4) nén khong con kha nang cai thién phuong an..Phurong an téi wu da dat duoc tai
X1 =12, % =6,% =0, X4 = 0, tlkc 1a tai diém cuc bién B(12, 6) VOi gia tri Zmax = 132.

Mt s6 chit y

—biéu kién t6i wu cho cac BTQHTT dang Max la Aj <0 Vj.

— P0oi véi cac BTQHTT can cuc tiu  hod ham muc tiéu thi diéu kién t6i wu (hay tiéu
chuén dirng) 1a Aj > 0 Vj (néu ton tai j ma Aj <0 thi can ti€p tuc cai thién ham muc tiéu
béng céach chon cot j 1am cot xoay...).

— Trong thuc tién gidi caic BTQHTT dang téng quét c6 thé xay ra trudng hop khdng
tim dugc phuong an xuat phat (tkc 1a khong cé phuong an kha thi, xem thém muc 1.2). Lic
nay c6 thé két luan md-hinh.da thiét 1ap co cac diéu kién rang budc qua chét ché, can xem
xét nGi léng cac diéu kién nay.

— Trong trudng hep ta tim dugc cot xoay ma khong tim dwgc hang xoay thi két luan
ham muc tiéu khong bi chan trén (d6i v&i cac BTQHTT dang Max) hodc khong bi chan
dwéi (d6i véi cac BTQHTT dang Min). Khi dé dirng qua trinh gidi va két luan mo hinh quy
hoach tuyén.tinh da thiét 1ap khong phu hop véi thuc té.

1.4.Giai mé hinh quy hoach tuyén tinh bing cic phan mém tinh toin
Hién nay c6 nhiéu phan mém tinh toan gidi B TQHTT kha hi éu qua nhuw Excel, Lingo.
Nhitng phan mém nay rét than thién véi ngudi ding. Tuy nhién can nhin manh réng, viéc
phét biéu dwgc md hinh bai toan va phan tich, danh gia dwoc két qua méi chinh la nhitng
khau quan trong nhét trong phrong phap mo hinh hoé. Sau day, ching ta dung phan mém
Lingo dé giai vi du da xét & trén.
Z=8X1+6X; — Max

V@i cac rang budc:



4x,1+ 2X, < 60
2X1 +4x, < 48

X1, X2 > 0.

DE giai bai todn nay, ching ta can cai dat Lingo vao trong may tinh. Nhin vao biéu
twong Lingo trén man hinh dé vao clra s6 Lingo. Sau do thuc hién cac lénh Lingo:
Menu > New > <Untitle> va gb vao cac d liéu ctia bai todn nhuw hinh 1.4.

B LINGD
File Edit LINGO ‘window Help

EEEIEIRE EEE E RIS [

max = Bex1+hHxEx?;
Raex]+2%x2C=060;
2ax1+Ren2 =48 ;

Hinh I.4. Nhip di li¢u ciia bai todn quy hoach tuyén tinh trong Lingo

Tiép theo, can nhay chudt v ao ndt LINGO va gidi bai toan dé thu dwoc két qua chi tiét
nhu trén hinh L.5.

BEALINGO
File Edit LINGD Window Help
NECIE N EEEEERREEE 2
=] Report: Window
Rous= 3 Vars= 2 No. integer vars= @ ( all are linear)
Monzeros= 8 Constraint nonz= 4( 8 are +- 1) Density=0.889
Smallest and largest elements in absolute value= 2.80008 68.00088
Mo. £ = 2 HMo.=: @Ho.>: 8, Obj=HAX, GUBs <= 1
Single cols= ]
Optimal solution found at step: ]
Objective value: 132.0080
Variable Value Reduced Cost
X1 12.008088 8.00000806E + B
X2 6.000000 0.0000BOBE+ B0
Row Slack or Surplus Dual Price
1 132.0008 1.808000
2 0.0000006E+08 1.666667
3 0.0000006E+08 B.6666667

Hinh L5. Két qua gidi bai todn quy hoach tuyén tinh trong Lingo

Két qua chi tiét cho ta biét gia tri cc dai clla ham muc tiéu la 132 véi phwong an téi
wu 1a: x; = 12, x, = 6. C4c gia tri t6i wu cla cac bién d6i ngau 1a y; = 5/3 va y, = 2/3 (con
goi la cac gid woc dinh hay gid bong Shadow Prices).

1.5.Mét s6 wng dung ciia phwong phap don hinh

(Giai céc bai todn quy hoach san xuét trong Iinh vire ¢ o khi va dién luc)



Bi todn phén phoi dién ning

C6 ba hd phu tai can dwoc cung cdp dién ndng tir hai ngudn dién ndm céch xa nhau.
Giéa thanh truyén tai mdt don vi dién ndng tir ngudn i dén ho tiéu thu j la cj;. Kha néng cung
cép dién ndng cta mdi ngudn bi gidi han béi trik | wong hién c6 cla ching 1a Az va A,. Nhu
cau tiéu dung cua céc ho tiéu thu la Ba, B, va Bs. Goi X 1a lugng dién ndng duoc dua tir
ngudn i téi ho tiéu thu j. Can phai xac dinh cac x;; sao cho tong chi phi 1a nhd nhét. Nhu
vay ta c6 BTQHTT sau:

z= zz CiX; - Min

2
i=l j=

[N

vGi cac diéu kién rang budc la:

{ Comment [nht1]:

X11 + X2 + X13 [S Aq,

! /{ Comment [nht2]:

X1 + X22 + X23 ]S Ay,

X1 + X21 = By,
X12 + X22 = By,

X13 + X23 = Bg,

xj 20, Vi=1,2vaVj=1,2 3.

Bai toan trén day (hoic ¢-dang-téng quat hon) co thé giai dvoc bang phuong phap
don hinh da biét hay phuong phap phan phéi sé dwgc nghién ciu & muc 1.3, chwong 1.
Bai toan phén tdi cho may

M6t xi nghiép cd'hai loai may M; va M,. Cac loai may nay cé thé san xudt duoc ba loai
san pham Py, P, va P3 V@i cac ning sudt 1a a; chang han may M; sdn xuét san phim
P, VGi ndng sudt a;», Mi don vi san phdm mang lai I4i suét ¢; voi j = 1, 2, 3. M0i thang xi
nghiép phai san xudt san pham loai j khong it hon b; don vi va khong vuot qué d; don vi,
j =1, 2, 3. Hay Bp ké hoach phan tai cho cacmay sao chodat tdng lgi nhuanlén nhat.

Dé théy bai toan nay dan t¢i BTQHTT sau:

zZ= c. Y a.x. — Max

3
j [
[T

vGi cac diéu kién rang budc:



a11X11 + @z Xa1 > by,

a12X12 + 822X22 = by,

a13X13 + a23X23 > b3,

a11Xu1 + azXer < di,

a12X12 + 822X22 < O,

a13X13 + 823X23 < 03,

X11 + X1z + Xa3 <My,

Xo1 + X2 + X3 < My,
x;>0,i=1,2vaj=1,23.

(trong d6 my va my la téng thoi gian chay may M 1 va M,).

Bai toan trén day con co thé phat biéu modt cach téng quat hon va van giai duoc bang
phuong phap don hinh. Hon nita, trong Iinh vic quy hoach san xuat hay quan Ii kinh doanh,
noi riéng trong nganh co khi va dién lyc, BTQHTT dwgc (¢’ng dung rat rong r di va mang | ai
hiéu qua can thiét.

2. B0 sung thém vé phwong phap don hinh
2.1. Puwa BTQHTT vé dang chinh tic
Vi du 1: (Truong hop cac rang.budc déu cé dau <)
Z = 8X1 + 6X2 - Max
V@i cac rang budc:
4x, 42X, <60

2X, +4x, <48
X;, X, =0

Puwa BTQHTT V& dang chinh tic nhw da biét bang cach thém hai bién bu (slack
variables) X3 V& x,4. Taco BTQHTT dang chinh tac la:

Z = 8X1 + 6Xy + 0x3 + 0X4 —»> Max
4X, +2X, + X, =60
2X, +4x,+X, =48
X,y Xy, X5, X, 20
Ldc nay, trong hé hai diéu kién rang budc da cé du hai bién ding doc lap trong tirng

phuong trinh véi hé s6 +1, nén d4 c6 thé tim dwoc phwong an cuc bién xudt phat dé bat dau
qua trinh giai bai toan. Mot cach téng quéat, BTOHTT dang chinh tdc la bai todn véi cdc bién



khéng am, cdc rang budc véi dau “=", hé s6 vé phdi ciia cdc rang budc khéng am. Ngodi ra,
moi phwong trinh bat budc phai cé6 mot bien ding doc ldp voi hé so +1.

Vi du 2: (Truong hop c6 diéu kién rang budc véi dau >)
z = 8X1 + 6X2 > Max
V@i cac rang budc:
4x, +2x, <60

2X, +4x, 248
X1, X, 20

Ta thém cac bién bu x5 (slack variable) mang dau “+”, X4 (surplus variable) mang dau
“_” @€ c6 hé diéu kién rang budc sau:

4X, +2X, + X, =60
2X, +4x,-%x, =48
Xy, Xy, X3, X, 20

Phai thém bién gia xs (x5 goi la lwvong vi pham clia ph weng trinh thé hai) dé dugc hé
diéu kién rang budc

4X, +2X, + X, =60
2X, +4X, —Xg+Xs =48
X1, Xy, X3, X4, Xg 20

Luc nay, d4 c6 dd-hai-bién diing doc lap trong tirng ph wong trinh v&i hé s6 +1, nén da
c6 thé tim dugc phrong an cwc bién xuét phat dé bat dau qua trinh giai bai toan bang
phuong phap don hinh véi ham muc tiéu la z = 8x ; + 6x, + 0x3 + 0X4 — MXxs — Max, trong
d6 M ~ +oo va biéu thirc —Mxs goi la lwgng phat (danh thug). Bai toan da duoc dua vé dang
chinh tac. Lwong vi pham X s cang 1¢n thi ham muc tiéu cang giam, gia tri clia ham muc tiéu
chi c6 thé dat Max khi xs = 0.

Vi du 3: (Truong hop cé bién khong d vong)

Z = 8X1 — 6X2 —> Max
V@i cac rang budc:
4X, +2X, +X, <60

2X, +4x,—%, =48
X,20,x,<0,x;20,x, 20

LGc nay mubn giai bai toan bang phuong phap don hinh ta phai déi bién X', = —x,. Ta
¢ BTQHTT véi céc bién déu khdng am.



Z = 8%y + 6x', —» Max
V@i cac rang budc:
4x, —2X',+ X, <60
2x, —4x',—x, =48
X, X', X5,X, 20

Vi du 4: (Truong hop cé bién véi dau tuy y)
z = 8X1 + 6X2 > Max
V@i cac rang budc:
4x, +2x, <60

2X, +4x,<48

X, 20,X, déu tuy y

Lac nay ta viét bién x, dwdi dang x; = X', — X"z VGi

{X'Z =max[0.%:1 i dam bao {X 22

x", =max[0,-x,] X", 2

Céc rang budc sé la
4X,+2X',— 2X",+ X; =60
2X, +4x',—4X',+ X, =48
X, X' X", X5, X, =20
Bai toan v i ham muc tiéu la: z = 8x 1 + 6x'2 — 6x"2 + 0X3 + 0x4 va cac diéu kién rang
budc trén 1A BTQHTT dang chinh téc.

Két lugn: Bao gio cling dwra dwoc BTQHTT bét ki (cac bién c6 ddu tuy y, céc rang
budc cothé <, =, =) vé dang chinh téc.

2.2. Phuong phap don hinh mé rong
Phuong phap don hinh mé rdng con goi la phwong phap danh thué M dwoc ap dung
dé dé giai BTQHTT co bién gia.
Vi du:
z = 8X1 + 6X2 > Max

V@i cac rang budc:



4x, +2x, <60
(a) 12x, +4x, > 48
X, X, 20

hay: z = 8x; + 6x, +0x3 + Ox4 — Max vGi cc rang budc

4X, +2X, + X, =60
(b)< 2x, +4x,—-x, =48
X,y Xy, X5, X, 20

Ta c6 thé dwa bai toan v& dang chinh téc sau goi | & bai toan M:
Max z = 8x; + 6x; +0X3 + Ox4 — Mxs (trong d6 M =~ +o0) v@i-cac rang budc

4X, +2X, + X, =60
(€) 2%, +4x, — X ,+ X, =48
X;, Xy, X5, Xy, X5 20
Cdch 1: C6 thé gidi BTQHTT voi cac diéukién- rang budc (a) bang phrong phap do
thi dé nhan duoc két qua: phwong an téi wu la (x4= 0, X, = 30) Va Z max = 180.
Cdch 2: Giadi BTQHTT voi cac diéu kién rang budc (c) bang cach 1ap bang don hinh
nhu thong thudng nhung chl y hé s6 M ~ +oo (xem bang 1.2).
Bdng 1.2. Cdc bdng don hinh gidi bai toan M

\Hé sO Bién | Phuong 8 6 0 0 -M
ham muc O S .
tidu an X1 Xz X3 Xa Xs
0 X3 60 4 2 1 0 0
-M Xs 48 2 4 0 -1 +1
Hang z Z0=-48M | z,=-2M | z,=-4M 23=0 ;=M | zs=-M
Hang AJ A]_ =8+2M Az = 6+4M Ag =0 A4 =-M A5 =0
X3 36 3 0 1 1/2 -1/2
6 X2 12 1/2 1 0 -1/4 1/4
Hang z 72 3 6 0 -3/2 3/2
Hang A; 5 0 0 312 -M -3/2
X4 72 6 0 2 1 -1
6 X2 30 2 1 1/2 0 0
Hang z 180 12 6 3 0 0
Hang A -4 0 -3 0 -M

Tai bang don hinh cu6i cung, ta thdy A; < 0 Vj nén phuong &n t6i wu dd dat duoc véi



X2 = 30, X4 = 72, c4c Xj khac = 0 va Zmax = 180.
Luu y

— Khi mgt bién gid da duoc dwa ra khdi co sé thi khong bao gi & quay lai nira. Do d6
ta cO thé xoa cot bién gia dé khdi bang don hinh.

— Néu ddu hiéu dirng xudt hién (Aj < 0 Vj) nhung van con bién gia véi gia tri dwong
trong s6 cac bién c o s& thi diéu nay chiing to bai toan ban dau khong thé cd ph wong an kha
thi (c6 thé chiing minh béng phan ching).

— Vi vi du trén (xem bang 1.2) ta thdy qua trinh giai chia lam hai pha: pha 1 nham
gidi bai toan M cho t i khi bién gia (x s) duoc dwa ra khoi s6 bién co s& (ldenay cé phuong
an cuc bién xuét phat cho bai toan (b)) va pha 2 nham tim phwong an t6i wu cho bai toan
(b).

— Phan mém tinh toan Lingo c6 thé giai dwoc tit cd cac BTQHTT khong doi hoi
ngudi dung phai dua ching vé dang chinh tic.

3. Mb hinh quy hoach tuyén tinh da muc tiéu
3.1.Céac khai niém co ban
Phét biéu mé hinh

Trong cac bai toan k Tthuat, cong nghé, quan Ii, kinh té ndng nghiép v.v... ndy sinh tlr
thurc té, chling ta th wong phai xem xét dé t6i tu hoa dong thoi mot IGc nhiéu muc tiéu. Cac
muc tiéu nay thuong la khac vé thir nguyén, tic la ching dugc do béi cac don vi khac nhau.
Nhitng tinh huéng nhu vay tao ra cac bai toan t6i wu da muc tiéu. Nhu vay, ching ta can
phai t6i wu hoa (cuc dai hod hodc curc tiéu hoa tuy theo tinh hubng thuc t€) khéng phai la
chi mo6t muc tiéu nao dé, ma la dong thoi tat ca cAc muc ti éu da dat ra.

Bai toan t0i wu da muc tieu ma trong dé mién rang budc D la tap 16i da dién va céc
muc tiéu z; = fiX);vei i =1, 2,..., p, | a cac ham tuy én tinh xac dinh tr én D, dwgc goi 1a bai
todn quy hoach tuyén tinh da muc tiéu. Khi d6, ta ¢c6 md hinh toan hoc sau day duoc goi la
m6 hinh quy hoach tuyén tinh da muc tiéu :

Max CX voi rang buoc X € D, trong do:

C la ma trdn capp x n

D={XeR"AX<B)}

voi A la ma trdncapm x nva B € R".

Vidu: BTQHTT véi hai myc tiéu

fi(X) = x1 + 2X; —» Min hay z; = f’; (X) = —x; — 2X; »> Max
Zp = (X)) = 2x,, > Max

V@i cac rang buéc



—X;+X,<3
X, +X, 23
X;, X, 20

Ta c6 thé viét bai todn nay dudi dang ma tran nhu sau: Max CX véi rang budc
X e D={Xe R*: AX < B}, trong d6 X = (x1, X;)", B=(3,-3,0,0)", con

-1 1
C= -1 —2’ A= -1 —l.
0 2 -1 0

0 -1

C6 thé no6i, BTQHTT da muc tiéu la BTQHTT ma trong dé chling ta phai t6i uu hoa
cung mot ldc nhigu muc tiéu. Tuy nhién, cac muc tiéu nay thwang déi choi canh tranh véi
nhau. Viéc 1am t6t hon muc tiéu ndy thwong dan téi viéc 1am x&u di mot s6 muc tiéu khac.
Vi vay viéc gidi cac bai toan tdi wu da muc tiéu, tirc la tim ra mot phuong an kha thi tot
nhét theo mdt nghia nao dd, thuc chat chinh I a mot bai toan ra qu yét dinh. C6 thé thy lai &
day mdt Ian nita khang dinh "T6i vu hoé chinh 1a/edng ¢ u dinh luong chd yéu nhét cla qué
trinh ra quyét dinh".

Hién tai cac tai liéu, sach chuyén khdo, tap chi cap nhat vé Iinh vyc li én nganh Toan —
Tin, Khoa hoc quén Ii, Céng nghé, Kinh t€, Bién, Co khi ndng nghiép,... dé cap rat nhiéu
t6i bai toan t6i wu da muc tiéu. Van dé nghién clru co s& |i thuyét, thuat toan, 1ap mb hinh,
xay dung hé may tinh trg gilp quyét dinh, va 4p dung cac mbd hinh t6i wu da muc tiéu cho
cac qua trinh cong nghé, quan Ii,... Ia mdt van dé lién nganh duoc rat nhiéu nh a khoa hoc va
Ki su thie hanh quan tam.

Phwong dn téi wu Pareto

Khai niém then ch6t trong téivu hoa da muc tiéu la khai ném phwong ant6i wu Pareto.

Pinh nghia: Mot phurong &n t6i wu Pareto X ¢d tinh chét sau day:

— Trwéc hét né phai thuéc vao mién cac phuong an kha thi clia bai toan, tirc la phai
thod man tat c& cac rang budc: X* e D.

— V6i moi phuong an kha thi khac X € D ma ¢ mot muc tiéu nao dé t6t hon (fi(X) tot
hon £(X")) thi cling phai c6 it nhét mdt muc tiéu khac x&u hon (£(X) xau hon £,(X), j = i).

NG6i mot cach khac, khéng ton tai mot phwong an kha thi nao X € D ¢6 thé trdi hon
X" trén téng thé.

DE minh hoa dinh nghfa trén, ta xét vi du da cho.

Vi du:
Xét BTQHTT v&i hai muc tiéu.



f1 (X) =X1+2X, — Min
fb(X)= 2x — Max

V@i cac rang budc
—X;+X,<3
X, +X,23
X, X, 20

Hinh 1.6. Minh ho a dé thi BTQHTT hai m uc tiéu

Mién cac phuong an kha thi D (mién gi¢i han b&i doan AB va cac tia Ad, Bx) dugc
biéu thi trén hinh 1.6:.f, (~1, —2) la huéng gidm ctia muc ti éu 1, con #, (0, 2) la hudng téng
clla muc tiéu 2.

Ldc nay A(0, 3) ciing nhu B(3, 0) la hai ph vong an t6i vu Pareto cla bai toan trén. D é
thdy tap-hop P tdt ca cac phuong an téi wu Pareto bao gdm cac diém nam trén doan AB va
Ad.

3.2.Mjt s6 phwong phap giai BTQHTT da muc tiéu

Dinh nghia 1

Giai bai toan t0i wu toan cuc da muc tiéu la chon ra tlr tap hop P cac ph wong an tdi wu
Pareto clia bai todn mot (hodc mot s6) phwong an tot nhat (thod man nhéat) theo moét nghta
nao dé dua trén co cdu wu tién clia ngudi ra quyét dinh.

Trong vi du trén, tuy theo co cdu wu tién clia ngudi ra quyét dinh, ching ta cd thé
chon ra mdt hodc mot s6 diém t8i wu Pareto ndm trén AB hodc tia Ad 1am phuong an téi wu
cla bai toan.



Cdch 1: Bang mdt phuong phap t6i tu toan hoc thich hop tim ra tp hop P tét ca céc
phuong an toi wu Pareto. Ngudi ra quyét dinh sé dé ra co cdu wu tién cla minh ddi véi tap P
nhdm tim ra phuong an t6i vu Pareto thod mén nhat cho bai toan da muc tiéu ban dau.

Cach 2: Viéc tim tap hgp P trong truong hop cac bai toan nhiéu bién la kha khé va
maét nhiéu thoi gian. Vi vay, so véi cach 1, cach 2 sé tién hanh theo trinh tv nguoc lai.
Trwéc hét ngudi ra quyét dinh sé dé ra co cdu wu tién clia minh. Dya vao co cdu wu tién do,
cac muc tiéu sé dwoc té hgp vao mét muc tiéu duy nhat, tiéu biéu cho ham tong tién ich clia
bai toan. Bai toan t6i wu voi ham muc tiéu t6 hop nay sé duoc giai bang mdt phuaeng phap
t6i wu toan hoc thich hop, dé tim ra mot (hodc mdt s6) phuong an tdi wu Pareto. Luc nay,
ngudi ra quyét dinh sé chon ra trong s6 cac phuong an t6i wu Pareto d6 mot phuong an tot
nhat.

Chiing ta sé tiép tuc phan tich cach thi 2. R & rang, nguoi ra quyét dinh khong thé dé
ra co cau uu tién cia minh mdt cach chinh xac ngay tir dau. Trong qua trinh giai bai toan,
trong mdi budc Iap, sau khi xem xét lai co ciu wu tién da dé ra, cling nh v phuong an trung
gian vilra tim dwoc, nguoi ra quyét dinh ¢ thé dua vaocac thdng tin do dé thay ddi lai co
cdu wu tién clia minh. Sau dd, qua trinh gidi lai dwoc tiép tuc, cho t¢i khi mot ph uong an toi
wu cubi cuing duoc dua ra.

Dinh nghia 2

Phuong phap gidi bai toan t6i wvu da muc tiéu dwa trén sy tro gilp cla hé may tinh,
nham gitp nguoi ra quyét dinh tirng budc thay d6i cac quyét dinh trung gian mot cach thich
hop dé di téi mdt phwong an t6i wu Pareto thod man nhat, dwoc goi la phrong phéap twong
tac ngudi — may tinh.

Phuong phap tuong tac nguei — may tinh giai bai toan t6i wu da muc tiéu c6 cac yéu
t6 cdu thanh sau:

— Co cAu wu tién clia nguai ra quyét dinh va ham té hop twong Gng.

— Kiéu twong tac ngwdi — may tinh: cho biét cac thong tin nao may tinh phai dua ra lai
trong cac budc lap trung gian, va cach thay ddi cac thong sO clia co cau wu tién tlr phia
nguai ra quyét dinh.

— K thuét t6i vu toan hoc duoc xay dung dua trén Ii thuyét t6i vu hod nhdm tim ra
cac phuong an téi uu Pareto cho céc bai toan c an giai trong cac b wéc ldp trung gian.

Cho tdi thoi diém hién nay, hang chuc phwong phap giai BTQHTT da muc tiéu da
duoc dé cap toi trong cac tap chi chuy én nganh, ma da s6 ching déu cé nhitng (ing dung rat
thanh cong trong nhi éu Iinh vire, nh u: phwong phap tham s 6, phuong phap nén phap tuy én,
phuong phap véc to cuc dai, phwong phap trong so tvong tac cla Chebysev, phuong phéap
thod dung md tuong tac cta Nguy@n Hai Thanh.

3.3.Phuong phap thoa dung mo twong tac gidi BTQHTT da muc tiéu

Thudt gidgi
a. Budc khaoi tao



— Nhap s0 liéu cho cadc h am muc tiéu tuyén tinh z; (i =1, 2,...,, p) vam diéu kién rang
budc.

— Giai BTQHTT cho tlrng muc tiéu z; (i = 1, 2,...,, p) v6i m rang budc ban dau, thu
dwoc cac phuong an t6i vu X*, X2,..., XP (néu véi mdt muc tiéu nao dé bai toan khdng cho
phwong an t6i wu thi can xem xét dé chinh stra lai cac diéu kién rang budc ban dau).

— Tinh gia tri ham muc tiéu tai p phwong an X*, X2,..., XP.
Lép bang pay —off. Xac dinh gia tri can trén z® vagiatri can dugi z)cla muc tiéu z;
(i=1, 2,..., p).

— X4c dinh cac ham thod dung mo pi(z1), pa(z2),..., 1p(zp) cho tirng muc tiéu dwa vao
théng tin tlr bAng pay—off theo cng th trc:

z.-7" .
w(z) :ﬂl 1=12..p.

-Dbatk: =1.
b. Cdc bwdc lap (xét buéc I13p thi k)
Buée 1: Xay dwng ham muc tiéu t6 hop tir cdc ham thoa dung trén:
Wip1(2Z1) + W 2p2(2Z2) +... + W ppip(Zp) - Max
Trong do6: Wi, Wa,..., W, la cc trong s6 phan anh tdm quan trong cua tirng ham thod
dung trong thanh phan ham t6 hop, vai
Wy +Wo+. +Wp=1val<wi, wy,..,wp<1
Buoc 2:
— Giadi BTQHTT vai ham muc tiéu t6 hgp va m rang budc ban dau dé tim dwoc
phuong an t8i wu cta buéc Idp thir k 12 X® va gia tri ctia cac ham muc tiéu z; cling nhu clia
cac ham thod dung pi(zi) (v6ii =1, 2,..., p).

— Néu nguoi ra quyét dinh cadm thdy chua thod man véi céac gia tri dat dugc cla cac
ham muc tiéu ciing nhu ciia cac ham thoa dung thi phuong &n thu dugc X® chua phai la
phuong an t6i wu thod man nhéat. Bét k:= k + 1, quay vé b uéc 1.

— Néu nguoi ra quyét dinh da cam thdy thod man thi phuong &n thu duoc la X,
Chuyén sang buéc 3.

Buée 3: Két thic.
Vi du: Gidi BTQHTT hai muc tiéu.
Z1 = 8X1+ 6X2 —> Max

Zr = X1 + 3X2 — Max



V@i cac rang budc:

4x, + 3X, <60
(D) 2x, +4x, <48
X1. X>0
a. Budc khaoi tao
— Gidi BTQHTT cho tlrng muc tBu trong vi du trén ta cd hai bai toan: Max z = 8x; + 6x;
— Max v6i digu kién rang budc (D) cho phuong én t6i vu X'(12, 6) va Max z; = 132;
Z, = X1 + 3x; — Max cho phuong n t6i vu X3(0, 12) va Max z, = 36.
Nhu vay mién phuong an t6i wu Pareto chinh la moi phuong an thugc AB (xem hinh
1.1), v6i A0, 12) va B(12, 6). i, (8, 6) la hudng tang cla muc tiéu 1, con f, (1, 3) la hudéng
tang cla muc tiéu 2. Do d6, khi chon phuong an toi wu Pareto dich-dan tir B vé A thi z;
gidm, z, tdng. Can tim phuong &n t6i wu Pareto “thod man nhét" thudc AB bang cach
“thvong lvgng” gilia z; va z,.
— Lap bang pay—off cho cac muc tiéu

Phuong an X; Z; Z;
X'(12, 6) 132 30
X3(0, 12) 72 36

Dva trén thong tin cla bang pay-off, ta c6 zY = 72, z’= 132; con z)Y = 30,
z5=36. Do do, doan bién thién can xét cho z; la [72, 132] va cho z; la [30, 36]. T do6
chiing ta c6 thé thiét 1ap cac hamthoa dung mo (rng va&i hai muc ti éu da cho nhw sau:

-z - 12
“1(21)=ZB ZW: = = e — e o -12
z -z 132-72 60 60 60
Ham thod dung mo tr én day phu thudc vao z;, nén phu thudc vao (x1, Xz). Khi c6 m ot
phuong an khathi (x1, x) ta tinh dwoc do thod dung u, (z,) d6i voi muc tiéu z;. Tuong tu
d6i voirzz taco ham thoa dung mo:

_z,—zV 7z -30_z
Hy(z;) = eml W—h—‘—5.
z, —z, 36-30 6

Lap ham thod dung t6 hop u = wiy, (z,)+ Wap,(z,) . trong d6 w1, w2 la céc trong so
thod man 0 <wj, wp <lvawg +w, =1,
b. Cac buoc lap

Xétw; =0,5vaw, =05, thi cOu=0,5 @me— 1,2) + 0,5 (emie— 5) = (ems+amis) + 1,9. D&
60 6 120 12



cuc dai hod ham thoa dung t6 hop, ta chi cin tim Max {leZE%} Vay chlng ta can gidi

bai todn: Max u = leZO- + % v6i cac rang budc (D), hay bai toan tuwong duwong:

z=120u/18 = x 1 + 2X2 — Max v6i cac rang budc (D). Giadi BTQHTT nay ta sé c6 két qua
(0, 12). N éu thay ddi gia tri ctia bd trong s (w1, Wo) thi s& thu duoc cac ph vong an Pareto
khac nhau, nhung déu nadm trén doan AB.

Chii y: Chl y rang, véi moi bd trong s6 (wi, W,) ta tim dwoc mot phueng-an-ti vu
Pareto (X1, X2) bang cach lam cyc dai hoa ham thoa dung t6 hop u d4 thiét lap duwgc. Cir thé
chon céc bo trong s6 w 1, w, khac nhau ta c6 cac ph wong an toi wu Pareto khac nhau. T v cac
phuong én dd, ching ta chon duwoc phwong an toi wu Pareto tot nhét.

Phan mém MULTIOPT phién ban 1.0 dwgc xay dung dua trén phwong phap thoa
dung md trong tac nham gidi BTQHTT da muc tiéu. Chuong trinh duroc xay dung bang
ngdn ngir Visual Basic, c6 giao dién don gian va dé dung. Céc chirc nang chinh cta phan
mém bao gom:

— Chiic nang nhap di liéu cho BTQHTT da muc tiéu mot cach trwc quan: nhap dir
liéu qua ban phim hodc nhap dir liéu tir tép.

— Xuét bai toan da duoc nhap ra tép.

— Giai bai toan: theo doi b ang pay—off va giai theo phuong phap trong so.

— Xuat két qua ra tép: xuat két qua trung gian ra tép / xuat két qua cudi cung ra tép.
Sau khi da cai dat chuong trinh, mot lién két dén chuwong trinh sé dugc tao tai menu
Start > Programs cla Windows. D€ khai dong chuong trinh, kich hoat menu Start >
Programs > Téi wu da muc tiéu.

] Sau d6, can phai chon bai toan bang cach vao menu Chuong trinh, dé chon Bai todn

tuyén tinh.

Nguoi st dung ¢6 thé nhap dir liéu theo mot trong hai cach sau:
Nhdp dir liéu tie ban phim

Chon menu Xat i bai toan > Nhdp dir liéu > Nhdp ti b an phim .

Cac s0 lieu dau vao ctia chwong trinh bao gom:

—n — S0 hién;

—m = sd cac rang budc;

—m1 - sd céc rang budc <=;

—m2 — sd cac rang budc >=;

—p — s6 cadc muc tiéu;

—ep —s6 duong dl nho;

— gz —s6 dwong du Ién.

Nhap dir liéu tur tép



Thuc hién Iénh Xur li bai todan>Nhdp dir liéu>Nhdp tir tép , sau d6 chon tép dit liéu.
Vidu:
Gidi bai toan quy hoach tuyén tinh ba muc ti éu.
Z1 = X1 — 2Xp + 3Xq4 > Max
Zp = —-3X1 + 6X2 — 9X4 > Max
Z3=5X1 + X2 + 2X3 — Max
V@i cac rang budc:
—2X; + X3 < 6;
X1+ X2 +5X3 £ 6
6X1 + 5X2 — 3X3 < 6;
—X3 +4x4 < §;
X1, X2, X3, X4 2 0.

Nhv vay, & day chiing ta mudn cuc dai hoa dong thoi ba ham muc tiéu trén mién D cac
phwong &n kha thi thod mén dong thoi bon rang budc va diéu kién khong am cta cac bién.

0 Nhap sb igu 1=

Xem théng tin vé cdc théng s5 "Chlﬂiﬂl

m: [4 mi:[4 mZ.IU n: |4 B[z eps: [.0001 | gz (500

Nhap s8 muc tigu mé: IU

IMhap cac he socua ham da muc tieu A
- MHAP YiC TO TRO

cil [ciz [cis [cia
g [

Mhaptrong so Gifi bai

MNhap Tron

Dua ra cac he so cua ham meot muc tieu

ail [miz. [aiz [mis [bi

al z
a2 1
al &
B4 a

=
+ oloo
EICACAES

==

Hinh 1.7. Nhép dir liéu tir ban phim

Trong bu¢c khéi tao, ta nhap di liéu tir ban phim nhw trén hinh 1.7.

— Sau khi d& nhap di liéu, thuc hién tinh c&c bwéc trung gian (tinh cac gié tri trong
bang pay—off, tinh cac gia tri cho cac ham thoa dung) bang cach chon Xur I b ai todn>Tinh
toan>Tinh trung gian .

— Thuc hién X Ii bai toan>Tinh todn>Phwong phdp trong sé. Trén man hinh xuét
hién form nhap céc gia tri trong s6 (xem h inh 1.7: cac gia tri clia trong s6 dwgc nhap sao cho



6 tong la 1). Sau khi nh ap cac gia tri trong s0 nhan vao nlt Gidi bai toan A€ giai bai toan
(xem hinh 1.8).

W Bai toan Quy hoach Pa muc tiéu

Héthéng Chuenatinh X(tljbaitodn Tiwchon T aip

5 it @

" Tép nghiém ing vdi trong 0.

B todn tuyén linh

KET QUA TiNH TOAN

Choo chled.

m Skoxgp | Chon fils ellp x&p | Loced lign | Thok |
KET QUA TiMH TOAM
X 2 B [ E [z [z I

145 o 91 ) ® 5 100 145 436 9.0
1 145 436 9,09

Hinh 1.8. Nhip cdc gid tri trong sé va gidi bai todn
KOt quq tr®n hxnh I.8 1p x; = 1,45, x, = 0, x3 = 0,91, x4 =
0, p(z,)=042, u,(z,)=058, p,(z,)=1 z1=1452,=-436 vu z3=9,09 Gng voi
bo trong sO Wy = 0.2,
w, =0,3 vawsz = 0,5.

4. Mb hinh toi vu phi tuyén don va da muc tiéu

4.1. Mt s6 khai niém co ban
M@ hinh toi wu tong qudt
M0 hinh t6i wu téng quat, hay bai toan toi vu téng quat, cé dang:
F(X) - Min (Max) véi X € D c R".

O day F(X) c6 thé 1a mdt ham vd huéng hay ham véc to, tuyén tinh hay phi tuyén.
Trong treong hop F(X) 1a ham vo huéng thi ta cé md hinh t6i wu don muc tiéu, con néu F la
ham véc to thi ¢c6 mé hinh t6i wu da muc tiéu. D dwoc goi la mién rang budc hay mién
phuong &n kha thi, thwong duoc biéu dién bai cac dang thirc vashodc cac bét dang thirc.

M@ hinh téi wu phi tuyén don muc tiéu

Dang chinh tdc cOa bai toan t&i wu mdt muc tiéu duoc biéu dién nhw sau:



J(X) > Min (Max), X = (x;, x2, ..., x,)e R",
VOi: (i) gi(X)<0, j=12 ..k
(ii) gi(X) =0, J=k+t1 kt2, ..., m,
Trong cdc bai todn thec té cé thé bé sung cdc r ang bugdc
(iii) a; <x; < b;, i=12 .. n.

Trong truong hop hodc ham muc tiéu f(X) hodc c6 it nhdt mot trong cac-ham rang
budc gi(X),j=1,2, ..., m, 1a ham phi tuy én, ching ta co6 b ai todn t&i wu phi tuyén. Khi tat
ca cac toa dd x; ddu bat budc nhan cac gia tri nguy én, i =1, 2, ..., n, thi ta c6 bai toan t 6i wu
nguyén. Con néu chi c6 mot s6 toa dd (nhung khdng phai tat ca cac toa do) bat budc nhan
gia tri nguyén thi ta c6 bai toan t 6i wu hdn hop nguyén.

Ki hiéu D 1a mién cac phuong an (mién rang budc) cho béi cac rang budc (i), (ii)
va/hodc (iii) thi bai toan toi vu trén day c6 thé viét gon hon nhu sau:

f(X) > Min (Max) voi X € D.

Ldc nay, d6i v6i bai toan cuc tidu hod, X~ e.D.dugc goi 1a phuong an t6i wu toan cuc
néu vX e D taludn cé: f(X") < f(X). Trong tr wong hop f(X') < f(X) chi diing v6i ¥X e D
trong mot 1an can nao d6 ctia X~ thi X~ duoc goi la phuong an téi wu dia phuong. M6t cach
trong tu, ta co thé dinh nghia khéi niém phweng an téi vu toan cuc hoéc dia phuwong cho bai
todn cuc dai hod. Néu chlng ta chi quan tam t6i viéc tim kiém phwong an toi wu toan cuc
thi ta c6 bai todn t6i wu todn cuc.

Trong cac bai todn t 6i wu phi tuy€n tng dung ndi chung, trong Iinh viec ¢ o khi — dién
Iwc néi riéng, phrrong &n t6i wu toan cuc c6 mot y nghta quan trong. Chéng han trong thiét
ké may ndng nghiép, sau khi dung phuong phap phan tich hodi quy nhiéu chiéu, ta thuong
thu dwgc ham muc tiéu f(X) c6 dang phi tuyén. Bai toan dat ra la phai tim dwgc phwong an
t6i LU toan cuc.

C6 rat nhidurphwong phap gidi cac 16p bai todn t6i vu phi tuyén, nhung chuwa cé
phwong phap nao t 6 ra hitu hiéu cho moi bai toan tdi wu phi tuy én, dac biét I a cac bai toan
t6i wu nguyén va hon hop nguyén.

M@ hinh téi wu phi tuyén da muc tiéu
M6 hinh t6i wu da muc tiéu c6 dang:
zi=fi(X) > Min (Max), X=(x1, X2, ..., %), j=12,...,p(p =2)
VOi: (i) gi(X)<0, j=12 ..k
(ii) gi(X) =0, J=kt1 kt2, ..., m,

Trong cdc bai todn th e té cé thé bé sung cdc r ang bugdc

(lll) a;fxifb,', i:], 2, ooy N



Trong md hinh nay, tacé p muc tiéu can tdi wu hod, cAc hé sb clia cac ham muc tiéu
va rang budc néi chung duoc gia st 1a cac gia tri thuc xac dinh. Trong trudng hop c6 it nhat
mat trong cdc ham muc tiéu hay cac ham rang bu 6c 1a ham phi tuyén, chlng ta cé bai toan
t0i wu phi tuyén da muc tiéu.

D0Oi v6i bai toan toi wu phi tuyén da muc tiéu ching ta cling cé khai niém ph wong an
t0i wu Pareto nhu da trinh bay trong muc 3.1 va 3.2 d6i voi BTQHTT da muc tiéu.

Ciing nhv d6i v6i cac BTQHTT da muc tiéu, phuvong phap giai bai toan t6i wu phi
tuyén da muc tiéu dua trén sy tro gidp clia hé may tinh, nham gidp ng woi ra quyét dinh tirng
buwdc thay d6i cac quyét dinh trung gian mot cach thich hop dé di tdi mot phwong an téi wu
Pareto thoa méan nhét, duoc goi la phuong phap tuong tac ngudi—may tinh.

4.2.Mbt s6 phwong phap va phian mém gii bai toan tdi wu phi tuyén don
muc tiéu
Cic phwong phdp gidi bai todn téi wu toan cuc

Céc phuong phéap giai bai toan t6i wu toan cuc phistuyén don muc tiéu dwgc phan ra
thanh hai 16p: phuong phap tit dinh (deterministic methods) va phwrong phép ngau nhién
(stochastic methods).

Phuong phap tat dinh st dung cac tinh chat giai tich cla ham muc tiéu va cac ham
rang budc. Mot s6 dang b ai toan t6i wu toan cuc voi nhirng tinh chat giai tich nhat dinh cla
ham muc tiéu va cac ham rang budc c6 thé gidi dwoc bang cac phuong phép tét dinh thich
hop, chang han nhw phuong phap quy hoach toan phuong, quy hoach tach, quy hoach 16i,
quy hoach d.c... Trong céc trudng hep do phuong an toi wu toan cuc cé thé tim dwoc sau
mat s hiru han budc tinh toan véi d6 chinh xac chon trudc. Tuy nhién, d6i véi nhiéu 16p
bai toan t6i wu toan cuc phwong phap tat dinh té ra khdng c6 hiéu qua.

Trong khi d6, cac phuong phap ngau nhién nhw: phuong phap da khai tao
(multistart), md phong toi (simulated annealing ), thuat giai di truyén (genetic algorith m),...
6 thé 4p dung dé giai cac bai toan t6i wu toan cuc dang bét ki, khong doi hoi cac tinh chat
dic biét clia ham muc tiéu hay cac ham rang bu 6c. Cac phuong phap ngau nhién dic biét to
ra c6 hiéu qua d6i vai cac bai toan t8i wu phi tuy &n nguyén va hon hop nguyén. Tuy nhién,
cac phuong phap nay thuwong chi cho phuong an “gan” t6i wu kha t6t sau mét sé hiru han
buwdc ma khong kiém soét dugc do chinh xac clia phwong an tim duoc.

Phan mém Lingo gidi bai todn quy hoach toan phwong
Vi du: Giai bai toan t6i wu phi tuyén dang toan phuwong
zZ= 8x12 + 6x22 — Max,

V@i cac rang budc:

4x,1+ 2%, < 60
2X1 +4x, < 48

X1, X2 > 0.



DE gidi bai toan trén, chiing ta nhdn vao biéu twgng Lingo trén man hinh dé vao clra
s6 Lingo. Sau dd thuic hién cac 1énh Lingo: Menu > New > <Untitle> va g0 vao cac d i liéu
cla bai toan (twong tw nhu khi giai BTQHTT béng phan mém Lingo, xem lai muc 1.4, hinh
1.4).

B uUNGD

File Edit LINGD ‘wWindow Help

nzEz] REREREe BREE] [E=] 2]

Rouws= 5 Uars=
Honlinear rouws=

ﬁ Reports Window o

2 Mo. integer vars= [}
1 Honlinear wvars=

2 Honlinear constraints=

Honzeros= 18 Constraint nonz= 6 Density=0.667
Optimal solution found at step: 4
Objective value: 1800.000
Variable Ualue Reduced Cost
bl 15.0800888 8.00006000E+ 88
N2 8.0000000E+ 08 120.0088
Row Slack or Surplus Dual Price
1 1800. 000 1.000000
2 0.0000000E+00 60.00000
3 18. 00000 0.0000000E+00
4 15. 00000 0.0000000E+00
5 0.0000000E+00 0.0000000E+00
B2 C:AMYDOCU~1\LINGDALINGDALINGOAUSERATHANH LNG M=
max = Bxxlxxi+6xx2xx2; -
Bax1+2xx2{=60;

2ex1+hxx2{=48;
x1>=0;
X2>=8;

Hinh L.9. Két qua bai todn quy hoach toan phwong trong Lingo.

Tiép theo, can nhay chudt v ao ndt LINGO va gi ai bai todn dé thu dwoc két qua chi tiét
nhu trén hinh 1.9. Két qua trén cho ta biét gia tri cuc dai ciia ham muc tiéu la 180 voi
phrong &n t8i wu la: x4.=.15, %, = 0. Cac gia tri t6i wu cla cac bién déi ngau la y; = 5/3 va
Y2=Y3=Ys=0.

Gidi bai todn t6i wu phi tuyén bang phan mém RST2ANU

Phan mém RST2ANU 1.0 duoc st dung dé giai cac bai toan toi wu toan cuc phi
tuyén dang t6ng quét vGi cac bién lién tuc, cac bién nguyén va cho céc bai toan hon hop
nguyén..Qua.trinh xay d wng phwong phap tinh toan t6i wu, thuat gidi, cai dat trén ngdn ng &
C va sau nay la ngon ng @ Visual C++ 6.0 cling nh v chay thtr nghiém kéo d ai gan tam nam.
Ngoai wu diém giai duoc cac bai toan hén hop nguyén, phan mém c6 do tin cay rat cao
trong viéc tim ra cac ph wong an tdi wu toan cuc va co giao dién than thién ddi voi nguoi st
dung. Phan mém da dwgc déng goi tranh sao chép va cd thé dung dé giai cac bai toan lon
khi duoc cai dat trén hé may tinh manh.

Thuat giai

Thuat gidi ngau nhién RST2AN (hay RST2ANU), dwoc dwa ra bdi C. Mohan va
Nguyén Hai Thanh. Thuat gidi nay la thuat giai tim kiém ngau nhién c6 diéu khién, c6 két
hop thuat todn mo phdng téi (SA). Thuat gidi RST2AN la thuat giai 1dp, bao gom hai pha:
pha cuc bd va pha toan cuc. Sau day Ia thuat gidi RST2AN dwoc phat biéu mdt cach ngan
gon cho bai toan t6i wu chinh tac dang cuc tiéu hoa.



Trong pha toan ¢ uc, mot s0 luwgng thich hgp di 16n cac ph wong an kha thi dugce dwgc
phéat sinh ra mét cach ngau nhién va lwu tr & trong mang c6 tén A. Banh d du hai diém c6 gia
tri ham muc tiéu Ién nhat va nhé nhat twong tng la M va L.

Trong pha cuc bé, cac phuong an dugce x& |i nhdm thu dugc gia tri t6t hon cla ham
muc tiéu. Trong pha nay, thut giai xac dinh X la diém dwoc ndi suy bac hai dua trén
phrong 4n L va hai phuong an khac dwoc chon ngau nhién trong mang A. Néu nhw X la
phrong an kha thi thi véi f(X) < f(M), M sé dwgc thay thé bdi X trong mang A; con véi
f(X) > f(M), M sé dugc thay thé béi X véi xac sudt p= exp(—B(F(X)—F(M))/(f(X)-f(L))),
trong dé B > 0 la tham s6 dugc Iya chon thich hgp. Néu X khéng phaéi | a phuong an kha thi,
b6 qua X va chon hai phuong an khéac trong A m 8t cach ngau nhién roi ¢cling véi L tiép tuc
sinh ra phurong 4n mai. Qua trinh c( thé tiép dién nhu vy cho t¢i khi tp hep cac phirong an
trong A sé c6 xu huéng co cum lai xung quanh mdt phuwong an téi wu toan cuc.

Vi du: Giai bai toan t6i wu phi tuyén hdn hop nguy én.
7= %28 + %28 + %% + 2x4 + 5Xs5 — 4X3 — X —> Min
V@i cac rang budc:
( Xo— 3X1 — 3X4 =0;
Xz — 2Xp — 2X5 =0;

AX4— Xg =0;
X1 + 2X4 <4,
< Xo + X5 <4;
X3 + Xg <6;

X1<3; X< 4; X35 4;

X4< 1, X5< 2; X < 6;

X1, X2, X3, X4, X5, Xg = 0;

\ X4, X5, Xg la c&c bién nguyén.

Huwéng dan sir dung

Chuong trinh dugc géi gon trong mét file chay duy nhat mang tén rst2anul.0.exe.
Khi bat dau khdi dong chwong trinh, nguoi dung sé duoc héi ma ding ki st dung chuong
trinh. M&i nguoi ding sé dwoc cdp mot ma dang ki va phai c6 ma ding ki méi st dung
dwoc chuong trinh, do d6 chrong trinh khong thé bi sao chép.

Sau khi nhap ma ding ki, ngudi ding cd thé nhap bai toan mot cach dé dang (xem
hinh 1.10) v 6i:

—NX la s6 bién clia bai toan.

— XINT x&c dinh bién nguyén va bién khong nguyén. Nhu trong hinh trén, XINT =
0,0,0,1,1,1 cho bi ét ba bién dau la bién lién tuc, ba bién sau la bién nguyén.



fis RSTZANU Algorithm =101 =i
Mazx/Min
/53 |6| XINT: IU,U,U,I,l,I P I\::IN
Fx (310 E OS2 R0, B EFH0, 402 F NS4 356 =1 )
=1 LYY
Feas H2-FHH1-FHRA== K- 2 H2-2H NS == ¥ K HE==0 K | H2F N <=2 - |
HE o= K HE <=6 = 2 (SFIQ;I[L)I\?)_
Rules |1 =(x2-3%04)[3; K3=2HR2HHE ) HE=4 "2 =] R
-
I~ SAVE
MINZ - n,0,0,0,0,0 om
i I Jitidile6 RI;SULTS
—Runtime controls —
ABOUT
MA [0 WX RANDOM | 1000 _—
GLESS
ITERLAST | L00A ISLAST | 200 IFLAST | 200 —
Epsilon 1 I Le-006 Epsilon 2| 0.1 Eeta I 1
— Input and Cukput options OPTIONS |
Prob file I in.txk Res file I out.kxk EXIT |

Hinh 1.10. Man hinh giao dién sau khi nhdp xong dir li¢u

— FX la xdu xac dinh ham rang budc, duwoc nhap theo ci phap cla
EvaluateExpression. Céc bién dwoc viét bang ki hiéu “X” c¢6 kém theo chisd. Vidu, X114
bién thir nhat, X5 la bién th 5.

— NE&u bai toan t6i wu la bai toan tim cwe tiéu thi lva chon 6 MIN v a nguoc lai chon 6
MAX v¢i bai toan tim cuc dai.

— Feas xau cho bi ét cac ham rang budc, dwgc nhap cach nhau béi dau chdm phay hoac
xubng dong. Céc xau nay c {ing tuan theo cu phap cla EvaluateExpression.

— Rules 1a cac xau chi ra céc luat. O day, mot luat co thé coi nh v 1a mot Iénh géan gia
tri clia mot bién béi gia tri clia mot biéu thirc cac bién khac.

— MINX la mang xac dinh can du¢i cho cac bién, cac gia tri viét cach nhau béi dau
phéy (,)-

— MAXX la mang xac dinh can trén cho cac bién, cac gia tri viét cach nhau béi dau
phay ().

— NA la kich thudc clia mang A (cd thé chon tuy v, t6i thiéu 1a 2(n + 1) v&i n la s6
bién cla bai toan).

— MAX RANDOM 14 s8 lan ¢8 gang t6i da dé tim mdt phwong an chdp nhan dwoc
bang phwong phap ngau nhién.

— ITERLAST, ISLAST, IFLAST la cic gi¢i han vé s6 vong lap, s6 lan that bai trong
viéc cdi thién gia tri ham muc tiéu, s lan that bai trong viéc ndi suy phwong an méi chap
nhan duoc.

— Epsilond, epsilon2 1a cac s6 duong d0 nhd nhdm xéac dinh tiéu chudn co cum cla
mang A theo thuat giai.

— Beta la hdng s6 st dung trong cong thirc tinh xac xuét thay thé mét phwong an tét



hon trong mang A b&i mét phwong an toi hon.

— Prob file va Res file 1a cac t &p dAu vao va tép két qua. Co6 thé soan sén tép b ai toan
dau vao roi nap bai toan. Ciing c¢6 thé luvu mét bai toan da nhap ra tép.

Chay chuong trinh

Sau khi nhap bai toan hay nap bai toan tir tép, c6 thé chay chwong trinh bang cach
kich chudt vao nat RUN. Trong khi ch ay chuong trinh, 6 trang thai & phia tr én nat RUN s &
xudt hién dong chir SEARCHING. Khi thuat giai chay xong thi & trang thai sé& tré vé
READY cho biét da sén sang cho cac bai toan tiép theo. Moi thdng tin vé& phan_mém va
céch st dung sé dwoc biét néu kich chudt v ao nit ABOUT.

Sau khi chay xong chuwong trinh, két qua chay sé dugc xem tryc tiép khi kich chudt
vao nit RESULTS va c6 th € luu ra file van ban, bao gdbm phuwong an téi tu, gia tri ham muc
tiéu, mang A, ... c6 cdu tric nh v trén hinh 1.11.

R RN AR AR A R AR S A r A NG TS S F Ak A A F S A RS r AR AR AT R A A KA AT RAA

Lx=(Z1*%%0.6) +(Z27*0.6) + (X3 **0, &) 42 *E+D 7 ES-4*H3-X6

ITER = 158/1000; ISMAX = 76/200; IFMAX = 100171000

x= = 0.666667 &.000000 4.000000 0.000000 O.000000 O.000000

L(Z*) = -11.959130

e e e e e S S G e e e b
0.666667 2.000000 4.000000 0O,000000 O.000000 O.000000 -11.959130
0.666667 2.000000 4,000000 0,000000 0,000000 0,000000 -11,.9539130
0.666667 2.000000 4.000000 O.000000 O.000000 O.000000 -11.959130
0.6660667 2.000000 4.000000 O.000000 O.000000 O.000000 -11.959130
0.666667 2.000000 4,000000 0,000000 0,000000 0,000000 -11.959130
0.666667 2.000000 4.000000 O.000000 O.000000 O.000000 -11.959130
0.6660321 1.998962 3.997925 0.000000 0.000000 O.000000 -11.951906
0.663472 1.990417 3.980834 0.000000 0.000000 O.000000 -11.892427
0.662414 1.987243 3.974487 0,000000 0.000000 0,000000 -11.870335
0.659851 1.979553 3.959105 0.000000 0.000000 O.000000 -11.816829
0.6405845 1.922544 3.8545055 0.000000 0.000000 O.000000 -11.420634
0.640116 1.920347 3.540693 0.000000 0.000000 0.000000 -11.405380

Hinh L.11. Ciu tric file két qua
Nhu vay, bai toan da dugc gidi xong, voi két qua: x; = 2/3, X2 = 2, X3 = 4, X4 = 0,
X5 = 0, Xg=10;Vva gid tri tdi wu cla ham muc tiéu la —11,95913.
B todn téi wu thong sé sang phén logi
Chiing ta c6 thé sir dung phdn mém RST2ANU dé tim nghiém clia hé phuong trinh
phi tuyén sau phat sinh trong viéc tinh todn mét s6 thdng s6 hinh hoc va dong hoc cla co
cdu sang phan loai dao ddng (can chd y rdng nhiéu ph wong phap tinh toan thong d ung khac
clla gidi tich s0 da td ra khong hiéu qud):
rcosQ; + Ilcosp, + ZYQCOS(p3 + lycos@q—xc1 = 0;

rsinQ; + Ising; + lygsin(p3 + Lsings—yer = 0;

rcosQ; + Ilcosp, + ly3cos((p3 —a) + Iscosps—xp; = 0;



rsinQ; + Ising; + ZY3Sl.I’l((p3 —a) + Issings—yp; = 0;

Trong hé phi tuyén trén cac thong s6 da biét 1a: r = 0,05m; | = 0,30m; |3 = 0,15m;
I3 = 1,075m: I3 = 1,025m; I, = 0,50m; Is = 0,40m; Xc1 = 0,365m: ye1 = 0,635m; Xp =
1,365m; yp; = 0,635m; o = /8.

Dé sir dung phan mém RST2ANU giai hé phuong trinh phi tuyén cho ¢; = kn/8
(k=0, ..., 9), trvéc hét chling ta can thiét 1ap h am muc tiéu sau:

z = (rcosy + lcosqa + 17360503 + 1400594 — Xc1)® + (rsings + Ising, + 1’3 sings +
lssings — Ye1)? + (rcoser + 1cosgz + 13c08(g3 — ) + 15c05¢s — Xp1)® + (rsingy + Ising, +
I'ssin(ps — a) + Issings — yp1)? — Min.

Két qua dwoc cho trong bang 1.3 v&i z min = 0.

Bing 1.3. Két qud tinh todn gid tri cdc thong sé ciia sang phin logi

91 €[0,27] 92 €[0,7] 93 €[0,7] ¢2€[0,7] ¢s€[0,7]
0 0,226128 0,551311 1,783873 1,666775
/18 0,199269 0,550518 1,784628 1,670250
27/18 0,170835 0,550590 1,782751 1,668853
3n/18 0,143343 0,550490 1,778826 1,663697
47/18 0,112669 0,552073 1,770032 1,652171
57/18 0,090986 0,551991 1,759350 1,639575
67/18 0,066036 0,553576 1,745374 1,62282 3
/18 0,051284 0,554296 1,730174 1,602970
8n/18 0,039053 0,555262 1,713242 1,581813
9n/18 0,033773 0,556277 1,695605 1,560720

4.3. Mot s6 phwong phap giai bai toan t6i wu phi tuyén da muc tiéu

Phuwong phdp twong tic nguwoi—mdy tinh

Phuwong phadp PRELIME (PREference Level Interactive Method) hay con goi la
phrong phap trong tac dwa trén mic wu tién do C. Mohan va Nguyén Hai Thanh d& xuét.
Con phwong phap trong s6 quy chuén |a do Andrezj Osyczka dé xuét. Cac phuong phap nay
déu thudc 16p phuong phap twong tdc nguwdi—may tinh gidi bai toan t6i wu da muc tiéu véi
cé&c yéu td cau thanh sau:

— Co céu wu tién cla nguoi ra quyét dinh va ham t6 hop tvong tng.

— Kiéu trong tac ng udi — may tinh: cic thong tin nao may tinh phai dua ra trong céc
buwdc 1ap trung gian, v a cach thay d6i cac thong s6 clia ¢ 0 cdu wu tién tir phia nguoi ra quyét
dinh.

— KT thuat t6i vu toan hoc duoc xay dung dua trén Ii thuyét t8i vu hod nhdm tim ra



cac phuong an toi wu Pareto cho céc bai toan c an giai trong cac b wéc 1ap trung gian.
Bai todn thiét ké truc mdy

Bai toan cé hai muc tiéu sau:

— Muc tiéu 1 la cue tiéu hoa thé tich cla truc may

f1(X) = 0,785[x 1 (6400 — x,%) + (1000 — x,)(1000 — x,?)] (mm®)

— Muc tiéu 2 14 cuc tiu hod do nén tinh cla truc

X
Trong dd, X= (X1, X2) la véc to quyét dinh hay véc to phuang.an, voi xi, X la cac
bién quyét dinh sau: x; — do dai phan giap néi truc, x. — dwong kinh trong cla truc. Céac
théng s6 khac da duoc thé hién trong cac ham muc tiéu f;(X).va f2(X). Ching ta can chon
Cac gid tri cho cac bién quyét dinh (con goi la cac bién thiét ké) x;, x, dé t6i wu hod dong
thoi cdc muc tiéu 1 va 2 trong cac diéu kién rang budc sau:
r

g1(X) = 180 —% >0, (1)
{ 8(X)=752-x,20, )
03 (X) =x2—-402>0, ©)
\ 04 (X) =x120, 4

trong do6 cac diéu kién (2), (3), (4) I 2 dé hiéu (ngoai ra, ta gia thiét x; < 1000), con diéu kién
(1) nay sinh do yéu cau sau: Mot mét, truc may phai chiu dung dwoc t&i mirc tdi da lwe Frax
= 12000N. Mat khac; do nén két noi cho phép | a 180N/mm.

Viéc phat biéu bai toan t6i wu da muc tiéu dudi dang toan hoc (chinh la viéc 1ap md
hinh toén hoc cho van dé phat sinh tir thuc t&) 14 mot khau rat quan trong nham md ta tét
nhat hanhvicda hé thdng dang dwoc xem xét, mit khac nham t im ra duoc cac phuong phap
t0i wu hoa co hiéu qua dé di t6i mot phwong an du tét va mang lai lgi ich.

Sau day, ching ta hdy phan tich van tat hai phuong phap giai bai toan thiét ké truc
may da néu ra & trén.

Phwong phdp trong sé quy chuin

Trong yéu t6 cdu thanh th( nhét, ham to hep cac muc tiéu cho bdi f(X) = wifi(X) +
o2 f2(X), trong d6 w1, @ la cac trong s6 khéng am (ng véi cac ham fi(X) va f2(X),
1 + o = 1. Do gia tri cGla ham f,(X) thuwong I6n gép rat nhiéu Ian gia tri cia h am f2(X), o,
va o, duoc quy chudn nhu sau: f(X) = o1'fi(X) + 0'f2(X), V6i o1’ = ©1.107%/2,961 ; w,' =
®2.10%%/0,338.

O yéu t6 cdu thanh thi hai, trong cac bwdc Iap trung gian, ngudi ra quyét dinh thay



ddi 1an lwot cac cdp trong s6 (w1, wy) Vi cac gia tri 1a (0,2; 0,8), (0,8; 0,2), (0,6; 0,4) va
(0,4; 0,6). Cdp trong s6 cudi cung cho phwong an tdi wu Pareto thod méan nhat la
X, = 237,1 Va X, = 68,2, v6i f1(X) = 3,529 x 10°; fo(X) = 0,437 x 107>,

Con ¢ yéu td cau thanh th( ba, tdc gid Andrezj Osyczka da st dung thuat toan toi wu
do tim ngau nhién.
Phwong phap twong tic dwa trén mirc wu tién PRELIME

Trudc hét, & yéu td ciu th anh thi nhat, hai muc ti éu f1(X) va f2(X) dugc chuyén thanh
hai ham (lién) thudéc m& phan anh dd thod man cla ngudi ra quyét dinh déi véi-tling: muc
tieu. Cac ham thudc md nay la cac ham tuyén tinh tirng khc, dwgc viét duéi dang gian
luge nhu sau cho mot s6 diém ndi suy:

A

0 néu f > 6,594 x 10° = ar=—1
py = 05 néuf,=4x10°=h, 0,5
1 néu f; < 2,944 x 108 = ¢, fl;
O G b a
y
0 neuf,>0499 x 103 =2 =
p2=13 05 néu f,=0,450 x 10°=b, 05
1 néuf, < 0,338 x 103 =¢ >
o @ az

D0 thi cla cac ham thudc md cho & cac hinh vé trén. Phan tich ham thudc mo p, ta thdy:
nguoi ra quyét dinh sé c6 do thod man 0 d6i voi moi phuong an lam cho f; > 6,594 x 105 do
thoa man 1 néu f; < 2,944 x 10° ; va do thoa man 0,5 néu f; = 4x10°. D6 thoa man 0,5 duoc
coi la dd thoa man t6i thiéu va mic f; = 4x 10°° = by dwoc goi 1a mic wu tién twong Gng ddi
v&i muc tiéu f;. Tuong ty chiing ta c6 thé phan tich v h am thudc p, va mic wu tién b,. Sau
d6, ham thoa dung t6 hop dang Max —Min dwgc thiét 1ap cho hai h am muc tiéu riéng ré trén
dudi dang: Max{Min[py, p2]} nhdm tim ra phueong an thod dung (x4, X») trong mién rang
budc cla bai toan.

D0oi v6i yéu to cdu thanh thv hai, nguoi ra quyét dinh sé can cl vao thdng tin do may
tinh dua ra dé digu chinh cAc mirc wu tién by va b,. Thay d6i cac cdp mirc wu tién (by, by) tir
(4x10°%; 0,45x10°%) sang (3,6x10% 0,435x107°), sé nhan dwoc phuwong an sau (X1, X2) =
(235,67 ; 67,67) v6i (f1, f2) = (3,58x10°; 0,433x107%).



Trong yéu t6 cdu th anh th( ba, cac tc gid d4 dung thuat toan tim kiém ngau nhién c6
diéu khién RST2ANU két hop vai thuat toan md phong tdi (SA) dé tim ra cac phwong én
t0i wu Pareto cho cac bai todn trung gian thdng qua viéc gidi bai toan toi wu phi tuy én don
muc tiéu dang Max{Min[ s, p2]}.



Chuong 11

CAC MO HINH MANG
1. Mo hinh mang van tai

1.1.Phat biéu bai toan vin tai

Bai todn van tai dwoc ap dung rét rong réi trong Iinh vuc lap ké hoach phan bo san
pham hang hoa (dich vu) tir mot s6 dia diém cung / cdp phat tdi mot s6 dia diém cau / ti éu
thu. Thong thudng, tai moi dia diém cung (noi di) chi cd6 mdt s6_lvong gidi han h ang, moi
dia diém cau (noi dén) chi can mot sd lwvgng nhét dinh hang. VGi cacicung dwong van
chuyén hang da dang, véi cudc phi van tai khac nhau, muc tiéu dat ra la xac dinh phuong
an van tai t6i vu. Noi cach khac, van dé dit ra 1a can xac dinh nén van chuyén tir moi dia
diém cung téi moi dia diém cau bao nhiéu don vi hang nhdm thod man nhu cau cla tirng
noi dén dong thoi dat tong chi phi van tai | & nho nhat.

Vi du: Ta ¢ 3 diém cung cdp hang A, B, Cva4 diémcau S, T, U va V véi luong
hang cung va cau tai moi diém ciing nhw cudc phi van tai trén mot don vi hang cho moi
cung dwong nhuw trong bang 11.1.

Bdng II.1. Cac di li¢u ciia bai toan vin tdi

Diém cung Lwrong hang Diém cau Lugng hang
A 5000 S 6000
B 6000 T 4000
C 2500 U 2000
Tong 13500 \% 1500
Tong 13500
Noi di Cudc phi van chuyén/ don vi hang ci; (USD) dén)
S T U \%
A 3 2 7 6
B 7 5 2 3
C 2 5 4 5

T diém cung i dén diém cau j ta c6 c udc phi van tdi / mot don vi hang la c;; da biét,
chéng han nhu cy; 1a 3USD / mét don vi hang. Can thiét 1ap phuong an van tai hang dap
ng dwoc cung cau v a téng chi phi van tai 1 & nhé nhat. Cha v réng b ai toan van tai dang xét
c6 t8ng cung bang téng cau, n én dwoc goi 1a bai todn van tai can bang thu phat. Day 1a dang
don gidn nhat trong cac d ang bai toan van tai.



1.2.
Khai niém bdng vdn tdi
Bang van tai c6 m hang, n cot gdm mxn 6, m la s diém cung, n la s6 diém cau véi
cudce phi cjj duwoc ghi trong 6 (i, j) cho cung dwdng (i, j). Khi m =3, n = 4 nhv trong vi du
trén, ta c6 bang van tai 11.2.

Tao phwong an vén tii xuit phat

Bang I1.2. Bdng vdn tdi

3 2 7 6 Cung 1: 5000
7 5 2 3 Cung.2: 6000
2 5 4 5 Cung 3: 2500
Caul: 6000 Cau2:4000 Cau3:2000  Cau 4: 1500 Tdng: 13500

Ta can tim phwong an phan hang vao céc 0 (i, j) sao choténg theo hang hay cot déu
khép vai cac | wong cung, cau v a téng chi phi van tai | & nho nhét. Mi 6 (i, j) biéu dién mot
cung dwdng van chuyén hang tir diém cung i vé diém cau j.

Cic phwong phdp tao phwong dn xudt phit

C6 mot s6 phuong phap tao phwong an xuat phat. Ta nghién clru hai phwong phap sau
day.

a. Phwong phdp "géc tdy bic"

Phuwong phap nay dwoc phat biéu nhw sau;

— Phan phét hang t&i da vao goc tay béc ctia bang van tai.

— Sau khi (hang) cung hodc (cot) cau da thoad man thi ta thu gon bang van tai bang
céch bd bot hang cungrhodc cot cau dé di (chi bd mot trong hai thir hodc hang hodc cot, &
day la toan tlr hoac loai trlr, OR exlusive).

— Tiép tuc lap/lai hai budc trén day cho t6i khi hang dwgc phan phdi hét vao cac 6
(cac 0 dugc phan hang dwgc goi la 6 si dung).

Béng phuong phap “gdc tay bac” ta tao dugc phuong an A trong bang 11.3 véi sau 6
st dung(4;0)(2, 1), (2, 2), (2,3), 3, 3) v a (3, 4).

Bing I1.3. Phuong dn xudt phdt véi phwong phdp “géc tiy bic”

8 2 7 6
5000
7 5 2 3
1000 4000 1000
2 5 4 5
1000 1500

T6ng chi phi van tai:




YCPVT=(3x5+7x1+5x4+2x1+4x1+5x1,5)x 1000 =55500.

b. Phuwong phdp cwéc phi toi thiéu

Phuong phap nay duoc phét biéu tuong tu phwong phap "géc tay bac" nhung wu tién
phan phat hang vao 6 c6 ¢ wéc phi bé nhat (néu c6 nhiéu 6 nhw vay thi chon 6 bét ki trong
s0 do). Lac nay ta c6 phwong an xuéat phat la phuong an B cho trong bang 11.4.

Bing IL.4. Phuwong dn xudt phdt véi phwong phdp cwéc phi toi thiéu

3 2 7 6

1000 4000
7 5 2 3

2500 2000 1500
2 5 4 5

2500

T6ng chi phi van tai:
YCPVT =(Bx1+2x4+7x25+2x2+3%x15+2x25)x1000 =42000

Nhan xet

— Phrong phap cudc phi t6i thiéu thwong cho phuong an xudt phét tot hon phuong
phap “gdc tay bac”.

—Bangvantaicosd 6strdungl a3+4 —1=7 —1=6. Mt cach tbng quat bang van
tdimhang, ncot cd s6 6 st dunglam+n — 1.

— Bai todn van tai ciing 1a BTQHTT. Trong vi du dang xét, néu ki hiéu x; la lvong
hang van chuyén trén cung-dudng (i, j) thiching ta BTQHTT sau:

Z = C11X11 + C12 X12 +... + CaaXzs — Min

V@i cac rang budc:
Xyq + Xpp + X453 + X, =5000
X,y + X, + Xog +X,, = 6000
Xg1 + Xgy + X5 + X5, = 2500
Xyq + X, + X5 = 6000
Xy, + Xy + X5, =4000
Xy3 + Xp3 + X4 = 2000
Xyq + Xy + X5, =1500
X; 20 Vi=12,3;j=12,3,4

Hé cac rang budc c6 12 bién vai 7 ph uong trinh. N éu 1dy tdng 3 phwong trinh dau trir
di téng 3 phwong trinh tiép theo thi duoc phwong trinh cubi. C6 thé kiém nghiém dé dang,
s0 phuwong trinh doc lap tuyén tinhctiahéla7-1=86.



— Mbi phwong &n xudt phat A hay B tim dwoc cla bai toan van tai chinh 1a mot
phwong an cuc bién xuét phat khi gidi BTQHTT. Bai toan van tai ¢ thé hoan toan giai
duoc bang phwong phap don hinh. Tuy nhién do ¢ du tric dic biét clia minh, bai toan v an tai
¢6 thé giai bang phwong phép déc biét vdi thuat toan chuy én dung.

1.3.Phuong phap phan phdi giai bai toan vén tai

Chlng ta &p dung phwong phap “da 1an” (tam dich tir Stepping Stone Method), hay
chinh thirc hon con goi la phwong phap phan phoi (Distribution Method) d€ giai bai toan
van tai.

Phrong phap “da 1an” 1a mot quy trinh tinh toan nhdm tirng budc cai thién phwong an
van tai da cd dé cubi cung tim dwgc phuong an van tai toi wu.
Xdc dinh hi¢u suit ctia cdc é chuwa sit dung

Quay lai bang van tai 11.3 véi phuong an xudt phat tim dugc theo phuong phap “géc
tdy bac”. Trong bang do chi co mot s6 6 da st dung, ta coi chling nhu cac hon da ndi I1én
trong mot cai ao. Xét mdt 6 (i, j) bat ki chua s& dung trong phuong an déd cd. Ta can tinh
hiéu sudt ctia 6 do, ki hiéu 12 ej;, (e 1a viét tét clia tir effect) theo cac b wdc sau:

— Pau tién ta can tim mot duong di co tinh.chat: di qua modt 6(i, j) chwa st dung (6
Xuét phéat) va mot s6 6 da st dung khac, moi budc phai di theo hang hoic theo cot xen ké
nhau (khong dugc di lién hai budc trén mét hang hay mot cot) dé cudi ciing quay vé 6 (i, j).
Dbiéu nay gidng nhu dang & trén thuyén,;mudn ra khoi thuyén ma khong uét ta phai nhay
qua cac hon da ndi 1én trong ao dé cudi cling lai quay vé thuyén (v vay phuong phap co tén
la phuong phap “ da 1an”). Mot diéu tha vi nita la con dudng nhdy trén cac hon da nhu vay
la duy nhat.

T6m lai xudt phat tir 6 (1, 2) chang han, ta sé c6  dwong di nhw sau: (1, 2) — (2,2) —
(2,1) > (1,1) - (1, 2), trén dwong di nay chiduy nhat c6 mot 6 chua st dung (xem bang
11.5).

Bing IL5. Tinh higu sudt cdc 6 chua sir dung

3 2 7 6

ST 5000
7 5 2 3

1000 4000 1000 6000
5 - |5 ) |4 5

) = 1000 1500 | 2900

6000 2000 2000 1500

— Déanh dau cong trlr xen ké tai cac dinh trén duong di ma trong dé 6 chwa s dung
dwoc danh dau “+”. Gia st ta can luan chuyén mot don vi hang theo duong di da xac dinh
ma van thod méan dugc cung cau (tkc 1a cac 6 mang ddu “+”: 6 (1, 2) va 6 (2, 1) c6 thém
mot don vi hang, cac 6 mang dau “~": 6 (2, 2) va 6 (1, 1) rat bét di mdt don vi hang). Lac nay
t6ng chi phi sé thay d6i mot luong tién 1a: e;p = +Cio— Coz + Co1— C11= 2 — 5+ 7 — 3 = +1. NGi
cach khac, tdng chi phi van tai s& tang thém lén 1USD cho mdi mét don vi hang luan



chuyén theo duong di trén. Ta goi ey, 1a hidu suat cla d(1, 2).
Tuong tuy:
e3=7-2+7-3 =+9,
eu=6-5+4-2+7-3=+7,
exn=3-5+4-2=0,
en=2-7+2-4=-7,
e =5-5+2-4=-2.
Chi c6 hai 6 v&i hiéu sudt am 1 a6 (3, 1) va 6 (3, 2) (xem b ang 11.5) ¢ thé lwa chon dé
dwa vao st dung trong ph wvong &n méi. Ta quyét dinh trong phwong an mai sé chon 6 (3, 2)
dé dwa vao s dung, mdi don vi hang dua vao st dung tai 6 (3, 2) s& | amténg chi phi giam
2USD. Ki hIéU € = €3.
Chii y: C6 thé chitng minh duoc ejj = A V6i Ajj 1a gia tri trén hang A (ing voi cot x;;
néu giai bai toan van tai bang phuong phéap den hinh.
Xdc dinh lwong hang dwa vao 6 chon
Nhu trén da phan tich, mot don vi hang dua vao 6 (3, 2) lam giam tdng chi phi van tai 2
USD. Ta can tim g, lvgng hang t6i da co thé dwa vaod:(3, 2). Brong di qua b (3, 2) va m 6t
s0 6 da dwgc str dung la: (3,2) —» (2,2) — (2, 3).— (3, 3) — (3, 2), v6i cac 6 dugc danh dau
cong trir xen k& (6 (3, 2) mang dau +). Lugng hang q duoc tinh theo quy tac:
g = gia tri nhé nhat cla cac | wvong hang tai cac 6 mang dau ( —) = Min {lugng hang tai
0 (2, 2), lvgng hang tai 6 (3, 3)} = Min {4000, 1000} = 1000.
Vay trong phwong an mgi, lugng hang tai cac 6 mang dau “+” (cac 6 (3, 2), 0
(2, 3)) dwgc tang thém 1000 don vi, con tai cac 6 mang dau “-“ (cac 6 (2, 2) va 0 (3, 3))
lugng hang gidm di 1000-don vi (xem bang 11.6). Phuong an méi gom 6 0 st dung
(6 (3, 3) tng vGi g =1000 dd bi loai ra).
Bdng 11.6. Phwong dn vin tdi sau hai buéc

3 2 7 6
o 5000
7 5 2 3
1000 3000 2000 6000
2 (5 |5 4 5
1000 1500 |2900
6000 4000 2000 1500

Tong chi phi van tai:
ZCPVT:(3><5+7><1+5><3+2><2+5><1+5><1,5)><1000:53500;
hodc

ZCPVTmsi = ZCPVT i — e x g = 55500 — 2 x 1000 = 53500.



Diéu kign toi wu

Thuc hién theo quy tr inh trén cho t &i khi tit c& cac hiéu sudte ;>0 V 6 (i, j) lacac 6
chuwa st dung. Day chinh la diéu kién t6i wu hay diéu kién dirng. Diéu kién n ay thuc chat
la digu kién Ajj> 0 v&i moi bién ngoai co s& x;; néu giai bai toan bang phuong phép don
hinh.
méi:

€12=2-54+7-3=+1; €13 =7-2+7-3=+19;

€4=6-5+5-5+7-3=+45, ey =3-5+5-5=-2;
€31=2-7+5-5=-5; €33 =4-5+5-2=4%2.

Ta quyét dinh sir dung 6 chon (3, 1) trong phwong &n mGi Vi e '= —5. Tim duwgc
q = 1000 theo quy t ¢ da biét. C6 hai 6 ng v6i q t im dugc, ching tachi bd di6 (2, 1) con
phai gitt lai 6 (3, 2)dé dua vao st dung. Phuong an sau brdc thi ba cho trong bang 11.7.
Bdng I1.7. Phwong dn vdn tdi sau ba buwoc

3 2 7 6
5000 5000
7 5 2 3 “2)
4000 2000 6000
2 5 4 5
1000 0 1500 | o500
6000 2000 2000 1500

Tdng chi phi van tai:
2.CPVT = 53500 - 5 x 1000 = 48500.
Tiép tuc tinh cac hiéu suat:
e = +1; e3=7-2+5-5+4=09;
eu=6-5+2-3=0; en=7-2+5-5;
eu=3+5+5-5=-2; ex=4-5+5-2=2.

Chon 6 (2, 4) dua vao st dung va tinh g = 1500. T&r d6 c6 phrong an méi sau bon
buéc nhu trong bang 11.8.

Bang IL8. Phwong dn vin tii sau bon buéc
3 2 (-4 7 6
5000

5000

6000

2500 2000 1500

2500



1000 1500
6000 4000 2000 1500

T6ng chi phi van tai:
2.CPVT =48500 — 2x1500 = 45500.

Tiép tuc tinh cac hiéu suat:
e =2-5+2-3=-4; €3=7-2+5-5+2=3=4,
€4 =6-3+5-5+2-3=2; €1 =7-2+5-5=5;
e33=4-5+5-2=2; e =5-5+5-+2=3;

Taco e;p =—4va chon 6 (1, 2) | am 6 chon véi g = 1500.va chuyén sang ph wvong an
m@&i nhu trong bang 11.9.

Bidng IL.9. Phuwong dn vdn tdi sau nam bwdc
3 2 7 6 5000
3500 1500
7 5 2 3 6000
2500 2000 1500
2 5 4 5 2500
2500
6000 4000 2000 1500

Tdng chi phi van tai:
2.CPVT = 45500 — 4x1500 = 39500.

Lac nay ejj=>0 v&i moi 6 (i, j) chva si dung. Diéu kién t6i vu da dwoc thod man.
Phwong an van tai toi wu cho trong bang 11.9 vai téng chi phi nho nhét | a 39500.
Bai todn vin tdi khéong cin bang thu phdt

Truong hop tong lvong cung 16n hon téng lweng cau, can bd tri thém mét diém cau
gid ma moi chi phi van tai dén dé déu dwoc coi bang 0.

Twong tw, néu cau v wot cung thi can bd tri mét diém cung gia v a coi moi chi phi van
chuyén tir d6 di déu bang 0.

1.4.Phuong phap phan phdi cai bién giai bai toan vén tai
Phwong phap “da 1an” hay phwong phap phan phdi cé6 mét nheoc diém Ia viée tinh
hiéu suét clia cac 6 kha d ai dong. Vi v ay, ta sé nghi én ctru phwong phap phan ph 6i cai bién
nham tinh cac hiéu sut e j ngan gon hon.
Xét phwong an xuét phéat tim dwoc bang phuong phap cwdc phi cuc tiéu cho trong



bang 11.10 (va&i tdng chi phi van tai | & 42000).
Bing II.10. Phuwong dn vin tdi xudt phdt

3 2 ! 6 5000
1000 4000
7 5 2 3
2500 2000 1500 | 6000
2 5 4 5
2500 2500
6000 4000 2000 1500

Tacoes=7-2+7—3=+9. Ta tim cach tinh es3 bang cach khac nhanh hon nhu
trinh bay sau day.

Trudc hét can xay dwng hé théng s6 thé vi h ang va cot {(ui, vj), 1=1,2,3;j=1,2,3,
4}, C6 thé gan cho mot thé vi bat ki gia tri 0 (hodc mot-gia tri bat ki khac), thé vi nay
thuong dwoc chon & hang hay cot ¢ nhigu 6 st dung nhat. Chang han chon u , = 0.

Céc thé vi khac dwoc tinh bdi cong thirc: u;i + vij= ¢ij ¥ 0 (i, j) st dung.
u=0= Vi=7 (5Cu—U)
V3=2 (=C3—Up)
Vs =3 (=Co— Up)
Up = -4 (=C11— Vi)
Us = =5 (= Ca7 — V)
V2 =6 (=Ci2— U1)
Cong thikc.tdng quat dé tinh cac hiéu suat cho céc 6 (i, j) chua st dung la:
gjj = Cij — (Ui + vj).

Chang han ta c6 e13 = €13 — (U1 + v3) = 7 — (-4 + 2) = 9. C4c hi éu suét khéc dugc tinh
tuong tw (xem bang 11.11).

Bing IL.11. Tinh todn cdc thé vi va cdc hi¢u sudt

vi=T7 V=6 V3 =2 Va=3
u=-4r3 2 7 6 5000
b =0 1000 4000
2T0 T 5 (-1) |2 3 6000
_ 2500 2000 1500
Uz = -5

2500



2500
6000 4000 2000 1500
Trong béang 11.11 ta thdy e = —1 < 0. Chon 0 (2, 2) dé dwa vao st dung (ng v&i
q = 2500, ta chuyén sang ph uong &n m@i va tinh lai cac hé théng s6 thé vi nhu trong b ang
11.12.

Bing IL.12. Tinh todn cdc thé vi va cdc hi¢u suit cho phwong dn méi

Vi=6 Vo =6 V3 =2 Va=3
W=-3r3 2 7 6 5000
Up = 0 3500 1500
7 5 2 3 6000
Us = —4 2500 2000 1500
2 5 4 5 2500
2500
6000 4000 2000 1500

Chon u=0=v,=5(=5-0);vs=2(=2=0);vs =3(=3-0);
U=-3(=2-5);v1 =6 (=3 =(=3)); Us = -4 (=2 — 6).
T6ng chi phi van tai:

2XCPVT = (3x35+2x15+5x25+2x2+3x1,5+2x2,5)x1000

=39500 (tinh cach khac, 2CPVT msi = 42000 — 1 x 2500).

Tiép tuc tinh toan cac hiéu suat:
eis=Ciz— (U +Vv3) =7 —(-3+2)=8;
€14 = C1s— (U +v4) =6- (-3 +3) = 6;
€21 =Co— (U +Vvi) =7 — (0+6) = 1;
€3 =Cp— (U3 +V2)=5— (-4 +5)=4;
e =Cx—(Uz+Vy) =4 —(-4+2)=6;

6342034—(U3+V4):5—(—4+3):6.
Tathdy ej; > 0 V & (i, j) chuva st dung nén diéu kién t6i wu da duoc thod méan. Phuong
an t6i vu cho trong bang 11.12, v&i téng chi phi van tai nhd nhat | a 39500.
Chil y:

— D6i v6i bai toan van tai can cwc dai hod ham muc tiéu thi tiéu chuén dirng sé la



e;j <0V 0 (i, j) chuast dung.

— DOi v6i bai toan van tai c6 6 cAm (cung dwong khdng dwoc st dung) thi dat cudc
phi M = +o0 cho cac 6 cdm véi bai todn Min hodc M = —oo v6i bai todn Max.
Gidi bai todn vén tdi bang phan mém Lingo

Dé giai bai toan van tai trong Lingo, ta c6 thé st dung cac bai toan mau bang céch
nhén vao biéu twong Lingo va thuc hién cac Iénh File > Open > Tran.lng dé€ vao bai toan
van tai mau. Sau d6 nhap cac s6 liéu dau vao cla bai todn can giai, chang han, ctia vi du da
xét trong cac muc trén thay cho céc s6 liéu cha bai toan mau (xem hinh 11.1).

FALINGO - |D:THAYTH-T'\ATHANHILINGO'\ LINGO'\LINGOIS AMPLES TRAN.LNG|

%y File Edit LINGO ‘Window Help

DzEE LERREe] BRRE] ER] 2D

HODEL :
* A 3 Warehouse, 4 Customer Transportation Problem;
SETS:
WAREHOUSE / WH1, WH2, WH3/ - CAPACITY;
CUSTOMER f C1, C2, C3, Cu/ : DEMAHND;
ROUTES{ WAREHOUSE, CUSTOMER) - COST, UOLUME;
EMDSETS

t* Here are the parameters;

DATA:
CAPACITY = 588@, 60008, 2500 :
DEMAHD = 6008, 4800, 2888, 1588 ;
COST = 3, 2, 7, 6,
7, 5, 2, 83,
2, 5, 4, 5 ;
ENDDATA
END

Hinh I1.1. Nhdp sé6 ligu cho bai todn vin tdii

Sau d6 chung ta thuc hién LINGO>Solve, két qud tinh toan sé hién ra trén man hinh
(xem hinh 11.2).



BLNGO

File Edit LINGO Window Help
EEEIE NEEE R E RNEEE A

Rouws= 8 Uars= 12 Ho. integer wvars= 8 { all are linear)

Nonzeros= 43 Constraint nonz= 25( 24 are +— 1) Density=8.413

Smallest and largest elements in absolute value= 1.00668808 608806.80

No. < : 3 Ho. =: 8 Ho. > : 4, 0bj=MIH, GUBs <= 4

Single cols= a

Optimal solution found at step: 8

Objective value: 39500.00

Variable Ualue Reduced Cost

VOLUME{ WH1, C1) 35806.000 0.00008000E+08
VOLUME{ WH1, C2) 15806.0008 0.00008000E+ 008
VOLUME{ WH1, C3) 0.0000000E+00 8.080000
VOLUME( WH1, C&4) 0.0000000E+00 6.0800008
UDLUME{ WHZ, C1) 8.0000000E+00 1.08000008
VOLUME{ WH2, C2) 2500.0008 B.0000000E+008
VOLUME{ WH2, C3) 2080.0008 0.0000000E+ 00
VOLUME{ WH2, C4) 1500.0008 0.0000000E+08
VOLUME( WH3, C1) 2500.0008 0.0000000E+08
UDLUME{ WH3, C2) 8.0000000E+00 4_@g0o0008
VOLUME{ WH3, C3) 0.00008000E+00 6.0800008
VOLUME{ WH3, C&4) 0.0000080E+00 6.0800008

Hinh I1.2. Két qui ciia bai todn vén tai

2. Mo hinh mang PERT

(Program Evaluation and Review Techniq ue)

2.1.Cac khai niém co ban vé PERT
Vai tro ciia PERT

PERT c6 thé dwoc hiéu la phrong phap ho dc Ki thuat theo ddi va danh gid d v an véi
muc dich gitp cho bd may quan Ii trd 1oi cac cau hoi sau day:

— Du an sé hoan thanh khi nao?

— MOi hoat-ddng clia du 4n nén duoc bt dau vao thoi diém nao va két thic vao thoi
diém nao?

— Nhing hoat dong nao ctia dy an phai két thic ding thoi han dé tranh cho toan b du
an bi két thic cham hon so véi ké hoach?

— Liéu c6 thé chuyén cac ngudn du trir (nhan lyc, vat luc) tir cac hoat dong “khong
gang” sang cac hoat ddng “gang” (cac hoat dong phai hoan thanh dlng tién dd) ma khong
anh hwdng téi thei han ho an thanh dy an?

— Nhitng hoat dong nao can tap trung theo d 6i?

Dé budc dau hinh dung vé PERT, chiing ta xét vi du sau day.

Vi du:

Gia str can thuc hién mdt du an hodc ch wong trinh cé cac ho at dong dwoc liét ké trong

bang 11.13.



Bdng 11.13. Cdc hoat dong ciia mét dw dn, thw tu va thoi gian thuc hién

Hoat dong Hoat dong ké truwéc Thoi gian thyc hién (tuan)
A - 2
B — 2
C _ 2
D A 3
E A 4
F E 0 (hoat dong gid)
G B 7
H B 6
| D, F 4
J c 10
K H,J 3
L G, I, K 4

Ta can lap ké hoach thic hién di an tr én dé hoan thanh toan b 6 cac hoat dong clia du
an trong thoi gian ngén nhat, dong thoi phai xac dinh dwge nhitng hoat dong nao can chi
trong (dwoc hiéu la cic hoat dong “gang™).

Vé so do mang PERT

D ¥
E Szdl |
<E\
B G |
u)\H\ /a) &y,
@ @)
Hinh IL3. So do mang PERT

Trén hinh 11.3 ta th &y mang PERT la mdt mang cac nit c6 danh sé dugc ndi véi nhau
b&i cac cung cd mii tén. Mbi cung c6 mii tén biéu dién mot hoat dong cta dw an, con moi
nat biéu dién thei diém két thGc mdt s6 hoat dong va / hodc thoi diém bét dau clia mot s6
hoat dong khéac.

Hoat dong gia F duoc ki hiéu béi cung mli t én vai nét roi cd thoi gian thuce hién bang
0, nham tranh cho hoat déng D va E c6 ciing ndt bt dau va nat két thic. Nhu vay, trong so
dd mang PERT ta budc phai tuan theo quy wéc: hai hoat dong khac nhau thi khong duoc cd
cung ndt bat dau cling nhu ndt két thac.
Xiac dinh thoi gian tbi thiéu thue hién dw 4n

DE xac dinh thoi gian toi thiéu thwc hién dy an, triede hét ching ta nghién ctru khai
niém thoi diém bat dau som nhat va thoi diém két thdc sém nhét (EST va EFT — Earliest
start time va Earliest finish time ) cho ting hoat dong.

Vi du: Hoat dong A cO ESTA=0VaEFTA =2, Vi

— Thoi diém bat dau sém nhat 12 khi bat dau khéi dong dw an,




— Thoi diém két thic sém nhét 14 sau 2 tuan.
Moi quan hé gitta EST va FFT la:

EFT = EST + th&i gian thuc hién hoat dong.

M@t cach tng quét, dé xéac dinh EST ching ta c6 quy tic “thoi diém bdt dau sém
nhat”: thoi diém bat dau sém nhat ctia mot hoat dong roi mét mit n do dé 1a thoi diém muodn
nhét trong céc thoi diém két thdc sém nhét d6i vai cac hoat dong di vao mit dé. Ap dung
quy tac trén day, cd thé tinh duwgc ESTk = 12 (do EFTw =8, EFT; = 12 va s6 16n hon la
12) va EFTk = 15. K&t qua tim EST va EFT cho céc ho at dong dv an duoc tink todn ti én tir
nat 1 dén nat 9 va dwoc tom tit trong bang 11.14 va hinh 11.4. Vay thoi gian két thdc som
nhét dv an la sau 19 tuan.

Hinh I1.4. Tinh EST va EFT cho cdc hoat djng ciia dw an
Bdng I1.14. Tinh EST, LST, EFT, LFT va tim dwong ging

Hoat dong EST LST EFT LFT (::'?I:Eﬁ% Trén cung gang
A 0 5 2 5
B 0 4 2 4
C 0 0 2 2 0 *
D 2 8 5 11 6
E 2 7 6 11 5
F 6 11 6 11 5
G 2 8 9 15 6
H 2 6 8 12 4
| 6 11 10 15 5
J 2 2 12 12 0 *
K 12 12 15 15 0 *
L 15 15 19 19 0 *

Budc tiép theo 12 xac dinh thoi diém bt dau mudn nhat va thoi diém két thic mudn
nhat (LST va LFT — Latest start time va Latest finish time ) cho tirng hoat dong.

Vi du: Hoat dong L c6 LST =15va LFT =19, vi



— Thoi diém két thdc mudn nhét | a sau 19 tuan (néu ta &n dinh duv an phai két thic sau
19 tuan),

— Thoi diém bat dau mudn nhat 1a tudn 15 (do hoat déng L can thoi gian 4 tuan dé
thue hién).

M0i quan hé gitta LST va LFT la:

LST = LFT - thoi gian thic hién hoat dong.

M@t cach téng quét, dé xéac dinh LFT ching ta c6 quy tac “thoi diém két-thie-mudn
nhat”: thoi diém két thic mudn nhét clia mot hoat dong di vao mét mit n.ao dé 1a thoi diém
séGm nhét trong cac thoi diém bat dau mudn nhat d6i véi cac hoat ddng roi miit do.

Ap dung quy t&c tr én day, co thé tinh dwoc LFTa=7 (do LSTp=8, LSTz=7vasd
bé hon la 7) va LST o =5. K&t qua tim LFT va LST cho cac hoat dong dy an dwgc tinh todn
I tle Gt 9 V& nat 1 va dwoc tdm tat trong bang 11.14 v & hinh 11.5.

Hinh IL5. Tinh LET va LST cho cac hoat dong ciia du dn

Chii y: Mai cung ¢6 miii tén 1a mot hoat dong, nhung cé thé bao gdm nhiéu hoat dong
nhd khac. Néi cach khac, ban than tirng hoat déng clia du an c6 thé lai 1a mdt mang PERT
nhé.

Xdc dinh hoat dong gang, dwong gang
Hoat ddng gang la hoat ddng ma

LST - EST = LFT — EFT =0, hay [EST, EFT] = [LST, LFT]

EST =LST Slack =LST-EST=0 ,_, . « A
= = (d6 tre cho phep bang 0).
EFT =LFT Slack =LFT-EFT =0

Gidi thich: Slack = d06 noi 16ng (d tré).

Trong vi du dang xét, cac hoat dong gang la: C - J - K — L (xem béang 11.14) va
tao thanh duong gang (Critical Path). Vi vay, phvong phdp mang PERT con c6 tén la
phuong phap dwdng gang (CPM — Critical Path Method).

Xic dinh dwong ging bang phan mém Lingo
Dé xac dinh dwong ging bang phan mém Lingo, ta c6 thé sir dung cac bai todn mau



béng céach nhan v o biéu twong Lingo va thuc hién cac 1énh File > Open > Pert.Ing A€ vao
bai toan PERT mau. Sau d6 nhap céac s6 liéu dau vao cla bai toan can gii vao thay cac s6
liéu cCia bai toan mau, chang han nhu s6 lidu ctia vi du d& cho (xem hinh 11.6).

BALINGO - |DATHAYTH~1\ATHANHILINGOILINGO'LINGO\SAMPLES'PERT1.LNG]

% File Edit LINGD Window Help

EEEIEIRHEEEEEIRRE = 7 2]

PRED{ TASK, TASK)/
fn,D, fn.E,
F,I, C,J,
ENDSETS

EHDDATA

H,K,

t For each task there is: Time, Early Start (ES),
Late Start {LS), and Slack;
TASKf FIRST, A,B,C,D,E,F,G,H,I,J,K,Lf: TIHE, ES, LS, SLACK;

t Here are the precedence relations, the first task in the
precedence relationship needs to be completed before the
second task can be started;

FIRST,A,

E.F,

DATA: * Here are the task times;
TIME = @8, 2,2,2,3,4,0,7,6,4,10,3,4;

J,K,

FIRST,B, FIRST,C,
5 B,H, D,I,
Ly I, L, K,L/;

Hinh I1.6. Nhip sé liéu cho bai todn PERT
Sau d6 chiing ta thuc hién LINGO > Solve, két qua tinh todn sé& hién trén man hinh

(xem hinh 11.7).

B LINGO

File Edit LINGD ‘Window

Help

SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(
SLACK(

DEdlE] R lzE]loe] EIRE] [

FIRST)

G.0000000E+A88
5 .d080008
4 _d00008
8.0008000E+08
6._0000008
5 .d00008

8.0008000E+00
8.0008000E+08
8.0008000E+08

Hinh IL.7. Két qud tim cung gdng ciia bai toin PERT

2.2.S0 d6 PERT véi s6 li¢u ngiu nhién
Thoi gian thiee hién tirng hoat dong clia dy an néi chung 1a mdt lwgng bién dong kho
du doan trwdc, ching ta gia thiét ching | & cac bién ngau nhién. Gia st ta c6 cac 6 liéu wéc
tinh vé thoi gian thuc hién cac hoat dong cla dv an (xem bang 11.15) a, m, b. Luc dé thoi
gian trung binh va dd léch chufn thoi gian thic hién cac hoat dong dwoc wdc tinh theo cong



a+4m+b
G

thirc t =
Bing IL15. So liéu woc tinh vé thoi gian thuwe hién cdc hoat djpng
Thoi gian wéc tinh

Hoat !-I oat% a m b t

dong dong ke (sém | (nhigu kha nan 0 0i gi o lech ti 2 i
. trwdce ! nang (muNon (thoi gian (d0 léch tiéu chuan,

nhat) xay ra nhat) nhét) | trung binh) d6 bién thién)

A - 1 2 3 2 1/3
B - 1 2 3 2 1/3
C _ 1 2 3 2 1/3
D A 1 2 9 3 4/3
E A 2 3 10 4 4/3
F E 0 0 0 0 0
G B 3 6 15 7 2
H B 2 5 14 6 2
| D F 1 4 7 4 1
J C 4 9 20 10 8/3
K H.J 1 2 9 3 413
L G, I, K 4 4 4 4 0

Buéc ti€p theo la 1ap so d6 mang/cho dy an véi cac thoi gian trung binh t va tim
dwong gang. Buong gang la C —» J — K — L bao gdm céc hoat dong gang C, J, K va L.
Céc hoat dong nay cd dd tré cho phép bang 0, hay n6i cach khac, khéng cho phép sy cham
tré ndo. DAy la céc hoat ddng can hét stec chd trong, viéc cham thwc hién bat cr mot hoat
dong nao trong s6 nay déu kéo theo stk cham tré trong tién dd cta ca dw an. Tl Critical
Path (tiéng Anh) dwgc dich sang ti€ng Viét | a duong gang vi |i do do.

Thoi gian thue hién dw an | 8 mot lvong ngau nhién tinh theo cong thbe: T=Tc + Ty +
Tk + To. Ta tim ki vong clia T (thoi gian trung binh thyc hién dy an) theo cong thic: m =
mr=tc+tyj+tg+tg=2+10+3+4=19 (tuan).

Tinh d6 léch chuén cua thoi gian thiec hién dy an:

o=0; =0l +0, 10, +0,° = \[(U3) +(8/3)° +(4/3)° +0 =3.

Ta coi T (thoi gian thuwc hién du 4n) 1a bién ngau nhién tuan theo luat chuén
N(m=19; c = 3).
P06 thi ham mét d6 xac sudt clia T cho tr én hinh 11.8.

v




Dé tinh P, xac suét thuc hién du an trong v ong (khong vugt qua) 19 tuan, ta phai quy T
V& bién ngau nhién vai phan phdi chuén tic N(0, 1) nhw cho trong phu luc 1:Luc do:
T-m

P(T<19) =P [—g%} = P(Z < 0) = 0,5 (hay 50%),
(e}

¢ day Z = (T — m)/c 14 bién ngau nhién tuan theo phan ph6i N(O, 1).

Tuong tw, xac sudt thyc hién dy an trong vong (khong vugt qud) 21 tuan dugc tinh
nhu sau:

P(T < 21) = P[T+‘mSZIT—19) P (Z< 0,666) = 75%.

Ta chuyén sang xem xét vdn dé vé do tin cay cla thdi gian hoan thanh dy an. Chang
han chiing ta muén tra 1&i cau héi sau: Muon thoi gian thuc hién dy an ¢ do tin cay 90%
thi thoi gian t6i thiéu (tinh theo s6 tuan) la bao nhiéu? Dat P (T < t) =90%. Tra b ang phan
phéi chudn tic N(0, 1), fim dwgc z = 1,28. Vi z = (t — 19)/3 = 1,28 nén
t =19 + 3. 1,28 ~ 23 (tuan). Nhv vay, dv an dang xem xét c6 kha nang hoan thanh véi do
tin cay t¢i 90% trong v ong (khong vuot qua) 23 tuan.

2.3. Diéu chinh du 4n khi ké hoach mét s6 hoat dong bi pha v&
Vi du: B0i khi trong qua trinh th yc hién dy an, ké hoach clia mdt s6 hoat dong bi pha
v&. Chinh vi vay, khi phat hién dv an dang bi cham so véi ké hoach dé ra ta can dinh lai
thoi gian thirc hién (thoi gian rat gon) mot s6 hoat ddng trong giai doan t&i. Xét cac dir kién
cho trong hinh 11.9 va b &ng 11.16.



Hinh I1.9. S o @6 mang PERT dw &n can diéu chinh

Bing II.16. S li¢u diéu chinh khi ké hoach bi phd vé'

Hoat Thoi gian Thoi gian Kinh phi bé sung/ 1 don vi thairgian rit gon
déng dinh mtrc rut gon (triéu dong)

A 6 4 2

B 4 3 3

C 3 2 1

D 8 6 15

E 7 4 0,5

Sau khi c6 thoi gian dinh mic choreae hoat dong nhu trong bang 11.16, dé dang tim
dwoc thoi gian tdi thiéu can thiét dé hoan thanh ké hoach la 16 (tuan). Tuy nhién do yéu cau
m&i, can rat gon thoi gian hoan thanh du an trong vong (khong vuot qud) 10 (tuan). Mudn
vay ta thuc hién cac diém sau:

— Tim thoi gian t6i thi€u dw dinh thwc hién dy an (16 tuan) v a tim dwong gang.

— Uoc tinh thoi gian rat g on t6i da (cot 3, bang 11.16)

— Khi rat gon.thoi gian trén duong gang cling phai chl trong dong thoi cac cung
duong khac.

Trén hinh 11.9, ta th dy can thyc hién A, C v a E vai thoi gian rit gon t6i da (4, 2, 4 dé
tong céc thoi gian thrc hién cac hoat dong ging la 10 tuan), dbng thoi rat gon cac hoat
dong B va D & mic cho phép:

— Phuong an 1: rat byt thoi gianthue hién hoatddng B mot tuan \a rat bdt D mot tuan.

— Phuwong an 2: khong rat b 6t B va rdt bét D hai tuan.

Vay khi can diéu chinh thoi gian thie hié n du én ta can thay d6i ké hoach clia mot s6
hoat déng theo cac budc da néu trén.

Tuy c6 nhiéu phuwong an diéu chinh du an, nh wng trong viéc pha vé ké hoach cac hoat
dong clia dy an dé dap (ng tién dd médi can chl y vé khia canh chi phi gia ting dé c6 mot
phuong an tdi wu dam bao rt gon duoc thoi gian thuc hién véi chi phi nhé nhat. Dai voi vi
du trén ta chon phuwong an 2.

C6 thé ap dung phwrong phap téng quat dé diéu chinh dy an theo cdc muc tiéu & trén
(phuong phap don hinh cho BTQHTT don va da muc tiéu) nhu sé duoc trinh bay sau day.



2.4.Tinh thoi gian rat gon toi wu bang phwong phap don hinh

D& tinh thoi gian rat gon bang phuong phap don hinh (cd thé st dung cac phan mém
may tinh thich hop), ta phai dwa ra dwgc md hinh toan hoc, hay cach khac, can phat biéu
dugc BTQHTT (don hay da muc tiéu).

Trudc hét, can xac dinh cac bién quyét dinh. Goi X1, X2, X3, X4, X5 la cac thoi diém ma
cac hoat dong xay ra (tai cac nat); ya, Vs, Yc, Yo, Ye la thoi gian can rat bot cho cac hoat
dong dé yéu cau mai vé ddy nhanh tién dd dwoc thod mén. Ta cé BTQHTT da muc tiéu sau
(can cuc tiéu hoa ca thori gian thue hién dv an 1an tdng chi phi giat ang):

Muc tiéu 1: z; = X5 — Min

Muc tiéu 2: z, = 2ya + 3ys + Yc + 1,5yp + 0,5y — Min

V@i cac rang budc:

X, 26—y, +X,

X, 23-Y.+X,

Xy 24—y +X,

Xg 2T—Y+X,

X 28—y +X,

X;20,i=12,3,4,5

y;20,j=A,B,C,D,E

Ya SZIyBS]"yC Sl,yD S2’yE <3

Xs <X, +10 *

C6 2 cach giadi md hinh:

— Chuyén muc tiéu 1 thanh rang bu 6c (*). Néu lic dé BTQHTT khong c6 phwong an
khé thi thi phai ngi 1éng dan (*): chang han thay (*) b&i x 5 < x3 + 11.

— D& nguyén ca hai muc tiéu dé giai theo phwong phap BTQHTT da muc tiéu.

2.5.Ap dung mang PERT trong phén tich chi phi va quan li tai chinh dy
an
Trong giai doan dau (*ng dung PERT va CPM, cac phuong phap nay thuvong dugc ap
dung cho bai toan tim th ¢i gian t8i thiu thwc hién dy an, t im cac hoat déng géng. Ching it
khi duoc ap dung dé phan tich chi phi, mac du trong cac du an thi viéc phan tich chi phi
(bao gdm chi phi truc ti€p, gian ti€p va chi phi tién ich) cling rat quan trong. Tuy nhién
ngay nay, PERT va CPM duoc dp dung rat rong r di cho cac bai toan d ang nay.
Vi du: Ching ta xem xét d v &n v&i cac dir kién cho trong bang 11.17 v a hinh 11.10.



Hinh 11.10. Mang PERT cho bai toan phdn tich chi phi

Bang Il.17. D & kién cho bai toan PERT chi phi

Hoat Thotgian | 400 chiphi | Chiphi / mot thang
dong | E°T LST | thuchién | e dong) (triéu dong)
(théng)

A 0 0 3 30 10

B 0 8 2 200 100

c 3 9 1 40 40

D 3 3 4 20 5

E 7 7 5 75 15

F 4 10 2 100 50

G 4 10 1 75 75

H 12 12 3 18 6

| 5 11 4 240 60

Dé thdy, thoi gian t6i thiéu dé hoan thanh du an 14 15 (thang).

Nguyén tic diéu hanh tai chinh mot dw an 1a:

— Ludng kinh-phi phai dugc dwa vao dan dan sao cho dap (ng dugc tién do dy an.

— Néu kinh phi duwa vao thira hodc thiéu (theo tién dd) thi phai kip thoi diéu chinh.
Can nam bat dugc: nhitng hoat dong nao khong ding h ét kinh phi dy kién, nhitng hoat dong
nao st dung kinh phi nhiéu h on du kién dé c6 su diéu chinh thich hop.

— Céc béo cao dinh ki cho phép kiém soét dugc dy an vé tién do va ludng kinh phi.

Mudn vay, trivéc hét can lap bang theo d &i kinh phi cho d v an tlr thang 1 dén thang 15
(xem bang 11.18). Phan trén cta tlrng 6 (ng v&i cac hoat déng gidi ngan sém nhét, phan
dwégi tng voi gidi ngdn muodn nhat. Hai h ang cu6i bang danh cho kinh phi trong t (rng thang
va téng kinh phi céng don cho t¢i thang do6 twong ¢ng vai hoat dong giai ngan sém nhat v a
gidi ngan mudn nhat.

Bang I1.18. Dir kién cho bai toan PERT chi phi
T. |1 2 3 4 5 6 7 8 9 10 [11 |12 |13 |14 |15




10 [10 |10
B |10 |10
0 0 10 |10
0 0
C 40
40
D 5 5 5 5
5 5 5 5
E 15 |15 |15 [15 |15
15 |15 |15 [15 |15
F 50 | 50
50 |50
G 75
75
H 6 6 6
6 6 6
I 60 |60 |60 |60
60 [ 60 |60 |60
> |11 |11 |10 |45 |13 |11 |65 |75 ¢of75|15 [15 |15 |6 6 6
0 0 10 0 5 15 |11 [15 |14 |12 |66 |66 |66
10 |10 5 5 5 5 0 5
>+ |11 |22 |23 |27 |40 |52 |58.|66 [73 |75 [76 |78 [78 |79 |79
0 0 0 5 5 0 5 0 5 0 5 0 6 2 8
10 [20 |30 |35 |40 |45 |50 |65 |18 |33 |47 |60 |66 |73 |79
0 5 5 0 6 2 8
800 +
700+
: a =2 a
'S so0 4 duon'g giai ngan
@ sém nhét
3 200
‘= 400 4 mién kinh phi
_g- kha thi
c 300
= S S
| duong gidi ngan
200 A -
mudn nhat
100 ~
O T T T T T T T T T T T T T T

1

2 34 5 6 7T 8 910111213 14 15 16
thei gian (thang)

Hinh IL.11. D6 thi mién kinh phi khd thi

Dua vao bang 11.18, cé thé vé dwoc do thi mién kinh phi kha thi nhuw trén hinh 11.11.
Néu tién d6 gidi ngan nam ngo ai mién kinh phi kha thi th 1 can gép rat dwa ra cac bién phap



diéu chinh tién do giai ngan. Ngoai ra, cling cd thé diéu chinh kinh phi cac hoat déng cua
dw an dwa vao bang 11.18.
Luuy

Cac van dé co ban can giai quyét khi &p dung phuong phap PERT hay CPM trong
theo doi va danh gia dv an la:

— Xac dinh duoc so d6 mang PERT cla dv an.

— Tim dugc dwdng gang va cac hoat dong gang.

— Tinh dwoc do tin cay tng v&i cac mdc thdi han ho an thanh dy an khi s6 liéu 1 & ngau
nhién.

— Biét cAch diéu chinh thoi gian rat gon khi tién  d6 thuc hién dw an | a cham so véi ké
hoach.

— Phan tich chi phi va diéu hanh kinh phi d an.

3. Mot s6 md hinh mang khac

3.1.Bai toan ciy khung toi thiéu

Bai todn cay khung t6i thi€u duwoc nghién clu va ¢ng dung trong nhiéu Iinh vuc
(Cong nghé thdng tin, Bién lic, Quy hoach thuy lgi,...). Van dé dat ra la can xac dinh mot
mang dwong di téi moi nGt clla mang xuét phat tle mot ndt n ao dé trong mang, sao cho téng
dd dai cac cung dudng nay la ngan nhat. Phuang phép t6t nhat giai bai toan cay khung t6i
thiéu thudc vé R. Prim s& dugc trinh bay trong muc nay.

Vi du: Méc dién cho 7 x4 trong huyén tir ngudn phat dién dén dwoc 7 x& véi chi phi
dwong day la bé nhéat. So do khoang cach tir nguon cung cdp dién t¢i tram dién cac xa nhw
trén hinh 11.12.

Bai toan dat ra | a phai phat trién dwoc cay khung hay dwong di tdi thiéu sao cho tong
chiéu dai céc cung duong la bé nhét.

Dé giai ta'lap bang 11.19 (chiéu dai cac cung dwang dugc quy gon), trong do M la ki
kiéu mdt s6 ~ +oo, biéu thi cung dwdng khdng thé xay ra tr én thwe t&. Mdi hang hay mdi cot
clia bang d@u biéu thi cac nat, chdng han 6 ndm tr én giao clia hang 2 va ¢t 7 (ciing g iéng
nhw 6-nam trén giao cia hang 7 va cot 2) déu chira s6 9, | & khoang cach gitra hai nit 2 v a 7.
Mot hang va mot cot dwoc ndi la lién théng véi nhau néu 6 nam trén giao clia hang va cot
nay chtra gia tri khac M.



Nguén

®iOn (1)

Hinh IL.12. So d6 khodng cdch tir nguon dién téi cic xi

Béng I.19. B ang khoang cach cdc cung dwong

(Nat Nt (cot)
hang) T 3V 4 5 6
v 1 0 11 1 3 6 10 4
2 11 0 M M M 9
~ 3 1 M M 5 M
N 4 3 M M 0 M 7 M
5 6 M 5 M 0 2 M
6 10 M M 7 2 0 8
~ 7 4 9 M M M 8 0
Thudt gidi Prim

— Budc khéi tao: Lap bang khoang céch gilta cac nGt mang. Trong bang trén, chon cot
bat Ki (vi du ¢t 1, tirc I ta chon nit 1 dé bat dau), gach bd cdt vira chon ra khoi bang.

— Cac buoc lap:

Budce 1. Banh dau vao hang twvong (ng (hang cuing chi s6) véi cot vira chon. Tr én cac
hang da dwoc danh dau tim 6 c6 gia tri nhd nhat.

Buée 2: Chon cot twong (ng v6i 6 vira tim dwoc (cot 3 biéu dién mit chon médi, ghi
cung dwong vira tim dwoc 1 l—) 3), rdi gach bd né di (gach bo cot 3). Néu trong bang van
con cac cot chua gach bo hét thi quay vé budc 1, néu trai lai chuyén sang b udc két thic.

//{ Comment [T3]:




— Buéc két thic: Néu tat cd cac cot da bi gach bd hét thi dirtng voi tat ca cac cung
dwong lién thdng tim duoc tao nén cay khung tdi thiéu.

Chu: y: Nhitng cu in nghiéng minh hoa cho buéc khéi tao va buéc 1dp dau tién. Sau 6
bwéc 1ap, qua trinh giai két thac véi cac cung dwong sau: 1 — 3, 1 — 4, 1 — 7,
35,5 —>6va7 — 2. Tong dd dai cac cung dwong clia cay khung toi thiéula Y =1+ 3 +
4 +5+ 2+ 9=24. Ngoai ra, ¢ th & chon nit khai tao 1a bat ¢ nit nao.

Thuat toan Prim con dugc (ng dung trong cac bai todn xac dinh chi phi toi thiéu
nhiéu dang khac. Viéc chirng minh thuat gidi trén xin danh lai cho nguoi doc-quan tam
nghién ctru cac van dé vé thuat toan.

3.2.Bai toan tim dwong di ngin nhit va quy hoach dong

Bi todn tim dwong di ngin nhat

Trong bai toan tim dwong di ngén nhét, chiing ta mudn xac dinh hanh trinh ng an nhét
tlr mot dia diém xuét phat (diém gdc) dé di toi diém can dén (diém dich) trén mot mang lién
thong. DE cho dé hiéu, chiing ta xem xét vi du sau day.

Vi du: Bai toan ngudi di du lich.

C6 mot nguoi di du lich, xuat phat tr nGt 1 vakét thie hanh trinh & nat 10 theo h anh
trinh trén hinh 11.13.

Hinh IL12. So' d6 hanh trinh dwong di

Nguoi du lich xuét phat tir nat 1. Trong giai doan dau anh ta chi dwoc quyén (va bat
budc) chon mot trong ba ndt (th anh ph6) 2, 3, 4 dé vao tham quan. Giai doan tiép theo, anh
ta chi dwoc chon mdt trong ba ndt 5, 6, 7 dé du lich. Trong giai doan tiép ndi, anh ta c6
guyén vao mot trong hai nat 8 ho dc 9 trwéc khi két thiic hanh trinh tai nat 10.

Nhu vay, trong mdi giai doan ngudi di du lich chi dwoc quyén di vao mét thanh phd
(mbi thanh phd dwoc coi |a mdt trang thai clia giai doan do). Hay tim céch xac dinh duong
di ngan nhét tir nat 1 t¢i nut 10 thod man céc didu kién dat ra ctia bai toan.



Nguyén tic toi wu Bellman trong quy hoach dpng

St dung nguyén tic t6i vu Bellman trong quy hoach dong dé giai bai toan ngudi du
lich, chling ta chia bai toan thanh nhiéu giai doan, tirc 1 thanh nhi 8u bai toan nh 8. Tai mHi
giai doan ta can tim phwong &n t6i wu la cac ph wong an t6t nhét cla tinh trang hién co, xét
trong moi quan hé v&i cac ph wong an téi wu da tim dugc clia cac giai doan trudc.

Ta c6 thé giai quyét bai toan dan theo ting giai doan theo cach tinh todn tién hodc
tinh todn i . DE giai bai todn nay, ta 4p dung cach tinh toan i (backward computing ) Vi
cac ki kiéu va dir kién cho trong bang 11.20.

Bdng 11.20. Cac giai doan ciia bai toan quy hoach djong

Giai doan bau vao Paura Puong di toi vu Kho,a_mg, d
161 dich
10 8-> 10 150
Giai doan |
10 9 510 100
558 400
Giai doan Il 6 9 6—>9 300
758 275
256 600
Giai doan 111 3 6 355 600
4 7 456 500
1 2 152 700
Giai doan IV 3 153 775
14 650

Gidi thich: St dung nguyén tic t6i u Bellman, dé tim dwdng di ngan nht tir nit 4 tdi
nGt 10 ching ta tim dugc phuong an t6i wu la di tlr ndt 4 t&i nGt 6 cho giai doan I11 (IG¢ nay
d(4, 10).= d(4, 6) + Min d(6, 10) = 200 + 300 = 500). Diéu nay la do hai lva chon khac la di tir
nit 4 tGi nGt 5 hay 7 thi déu cho khoang céch tr ndt 4 téi dich 1a ndt 10 16n hon (chéng han
néu diqua nat 5 thi d(4, 10) = d(4, 5) + Min d(5, 10) = 175 + 400 = 575).

Trong bang 11.20, tai giai doan IV, ta thdy khoang cach ngan nhét tgi dich 1a 650. Di
nguoc lai, tr diém g6c toi diém dich ta xac dinh duoc duong dingdnnhatla: 1 — 4 —» 6 —
9 — 10 vai téng chiéu d ai 1a 650.

Quy trinh tinh todn tong qudt

— Truéc hét, can chon c6 cac bién trang thai (state variables) nhu mo ta trong

bang 11.21.



Bing I1.21. Cdc bién trang thdi ciia bai todn quy hoach dgng

Bién S6 trang thai Céc trang thai (nit) Gié;;r“:i é:icﬁé:]hé ;és/trhaé;:l]a
X4 1 1 Xa=1

X3 3 2,3,4 X3=2; X3=3; X3=4
X2 3 56,7 Xo=5; X,=6;, X,=7
X1 2 8,9 X1=8; X1=9

Xo 1 10 Xo =10

Bién trang thai md ta trang thai clia hé thdng trong tlrng giai  doan.

— Xéac dinh ham muc tiéu: it Fi(x;) 12 khoang cach ngén nhat toi dich tinh tai giai
doan i. Theo bang 11.20, ta thay:

150 viix;=8
Fl(Xl) = |: L
100 viix;=9
400 viixp;=5
Fa(X2) =| 300  viix, =6
275 viix, =7

Muc dich cla bai toan la can tim dwgc gia tri Fa(xs) = F4(1).

— Lap ham truy toan: Fi.1(Xis1) = Min [Fi(x;) + fi(u;)], Min tim theo moi t6 hgp thich
hop X; va u;, trong d6 u; 1a bién diéu khién dé diéu khién chuyén trang théi tir trang thai x;
sang Xi+1 va fi(u;) 1a hiéu.tng.cla bién diéu khién tac dong Ién ham truy todn (va Ién ham
muc tiéu, néu tinh dén bai toan cudi cling). Theo biéu thirc clia ham truy todn ta thiy, néu
Fi(x;) + fi (u;) 1a ham phi tuy én thi phai ding kT thuat t6i wu thich hgp dé tim ra Fiy(Xi+1).

Sau day chiing ta di tim cac ham truy toan F i.1(Xi«1) VGi quy trinh tinh todn lii d€ gidi
bai toan theo tirng giai doan, nham cudi cing tim ra duoc F4(Xs) = Fa(1).

Giai-dogn 1: Trong giai doan nay, muén chuyén tlr nit 10 (X, = 10) v& n(t 8 (x; = 8)
chéng han, thi bién digu khién uo phai c6 gia tri 150 (u o = 150). Hiéu (ing gay nén bdi u la
f(up) = 150. Biéu nay cd nghta la néu chuyén tir nGt 10 nguoc vé ndt 8 thi can di quang
duong co chiéu dai la 150.

Fo(Xo) =0 Xo =10 Ug fo(Uo) Fl(xl)
X1 =8 + up =150 150 150 150
X1=9 + uo =100 100 100 100

Chu: y: Khong ph ai bai todn nao u ; cling trung véi hiéu ng f i(ui) cta nd. N6i chung,
bién diéu khién u; cd thé gay ra hiéu tng fi(u;) khac vai u; ca v& do Ién ciing nhw don vi



do.

Giai doan 2:
Fi(x;) + fi(u F.(x,) =
% X =8 X =9 1(X1) + f1(uy) _ 2(X2)
X; =8 X1=9 Min[F1(x1) + f1(u1)]
5 +u;, = 250 +u; =400 400 500 400 = 150 + 250
6 — +u;, = 200 - 300 300 =100 + 200
7 +u, =125 - 275 - 275=150+ 125
Giai doan 3:
« Xz Fa(x2) + f2(uy) F3(x3) = Min
s 6 7 | %=5] %=6 |x=7| [F200)+fu)]
2 u, =275 | u, =300 - 675 600 — 600
u, =200 - u, = 350 600 - 625 600
4 |u,=175 | u,=200 | u, =275 575 500 550 500
Giai doan 4:
Fs(X3) + f5(u E, (X,) = Min
Xa X3 = 2 X3 = 3 X3 = 4 3( 3) 3( 3) 4 ( 4)
Xs=2 | X3=3 | x3=4 | [Fa(xs) + fa(us)]
1 | us=100 | uz=175 | uz=150 700 775 650 650
Dap s6: F4(x4) = F4(1) = 650 v6i dwdng di ngan nht trén hinh 11.14.
Xg=1l—> Xx3=4 > X, =6 > x1=97 " %, =10
us =150 u; =200 Uo =100
PR
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Hinh I1.14. Puwiong di ngin nhit1 — 4— 6 — 9— 10
3.3.Ap dung quy hoach ddng cho mot s6 bai toan nganh dién
Bai toan'1
Can phan phdi céng suét t6i wu clia n nha may dién véi phu tai ton that cd dinh. Biét chi
phi ctia cac nha may la ham fi(p;) phu thudc vao cong suét p;, véi i =1, 2, ..., n. Can xac dinh

cAc gia tri clia p; sao cho téng chi phi 1a cuc tiéu. Vay ta ¢d bai toan tdi wu sau:
Ham muc tiéu:

z =fi(p1) +....+ fo(pn) — Min
V@i cac rang budc:



p,+p,+..+p, =P
0 < pi < Pi,max
trong dé P 14 téng phu tai, P;, max 1a cOng sudt t6i da cho phép.
Chéng han, v&i n = 3 taco BTQHTT (nguy én) sau day:
Z=3p1+2p;2 + p3s — Min
p,+p;+P; =15
0<p,<6; 0<p,<6; 0<p,<8

néu da biét:

fl(pl) = 3p1
f,(p,) =2p,
fg(ps) =P

Chung ta xét phwong phap gidi bai toan nay véi gia thiét cac cong sudt p; la nguyén.
Dit cac bién trang thai | a X1, X», X3 ; cac bién diéu khién la p1, p2, ps Vi quan hé nhw sau: x;
=Py, X2 =P1 + P2, X3 =P1+ P2 + ps = 15. Cacrhiéu ng gay nén bdi cac bién diéu khién la
fi(pi) voii=1,2, 3.

Xo=0 /= X1 / > x27—> X3
Bién diéu khién  p1 p2 Ps3

Thiét 1ap ham truy toan Fix (Xi+1) = Min [Fi(xi) + fier (piv1)]. Dét Fo(Xo) = 0, dé thdy:
F1(x1) = Minfy(p1), Fa(x2) = Min[fu(p1) + f2(p2)] va Fa(xs) = Min[f(p1) + fa(p2) + fa(ps)] = 3p1
+2p, + ps. Muc tiéu cudi cling la cuc ti€u hod z = F3(xs).

Sit-dung-nguy én tic t6i wu Bellman ta chia bai toan ra céac giai doan sau day (voi quy
trinh tinh todn tién).

Giai doan 1: chi xét cong suat py;

Giai doan 2: chi xét cong suat p 1 va pz;
Giai doan 3: xét cac cOng suat p 1, p2 va ps.
Giai dogn 1: (Coi Fo(Xg) =0)

F]_(X]_) = M|n

% X0 =0 fi(p1) = 3ps [Fo(xo) + fa(p1)]




0 p=0 0 0
1 p=1 3 3
2 pL=2 6 6
3 p=3 9 9
4 p=4 12 12
5 p=5 15 15
6 p1=6 18 18
Giai doan 2:
X1
Fi(x1) + f2(p2) F_z (x2) =
X2 0‘1‘2‘3‘4‘5‘6 Min[F1(x1)
+f
P2 ol 1|23 4]5]e6s 2(p:)]
Y ) s T U R B A 0
1 1ol ||l 23| |- | =1]_-1- 2
2 2|1lol-ll2l-] 4|5 ez | - | - 4
3 31211]0] -|-]|—| 6 7 8 9 _ _ _ 6
4 |4(3|2|1lol_|l-l 8] 9 10|11 |l12] - | = 8
5 |5(4|3|2/1]ol_| 10|22 |12 | 13|14 15]| _ 10
6 [6[5(a[3|2|1|gl2 18] 14| 15| 16| 17 | 18 12
7 |-|6|5|43|2|ql = [ 25|16 | 17|18 19 | 20 15
8 |-|-|6|5|al3lal = | - | 18|19 |2 |2 |2 18
9 |-|-|-l6lslalzl - | - | - | 21| 22| 23| 24 21
10 | f—|-|-|6]|5lal - | - | - | - |24]|25] 26 24
(O B e — | == - ]27 |2 27
i J0 I S O I S A N I I IS 30
Giai doan 3:
X Fa(x2) + fa(pa) Fa(xa) = Mi
2\A2 3\M3 3(X3) = In
x; |0 [6]7[8[o[w|uf® [F2(x2) + (ps)]
R 7 ]s8]lololule
15 _\ Hs|7|6\5|4|3 3 AEIETE 23
Pdp s6: Téng chi phi dat gia tri cuc tiéu 1a 23, véi p; = 1, p, = 6, ps = 8.
Xo=0 / xp=1 Xo =1 X3 =15
Bién diéu khién p:=1 p2=6 ps=8




Luuy
Cac van dé co ban can giadi quyét khi &p dung phuong phap quy hoach dong theo
nguyén téc Bellman 1&:

— Chia bai toan thanh nhiéu giai doan nho dé giai bai toan t&i wu cho tirng giai doan.
Céc yéu to cla bai toan quy hoach dong la bién trang thai, bién diéu khién, ham truy toan
va ham muc tiéu.

— Khi chuyén tir mdt trang thai n ao dé (trong mot giai doan) sang trang thai khac (giai
doan khac) can co bién diéu khién.

— M6i gi4 tri ctia bién didu khién gay ra mdt hidu tng | én ham muc tiéu.

— Tuy theo cac bai toan tdi wu phat sinh trong cac giai doan ma lwa chon phwong phap
t0i wu thich hop.

Trong vi du dang xét, khi cac hiéu ting fi(p;) cho dwéi dang ham tuyén tinh véi cac
bién pi nhan cac gia tri roi rac/nguyén thi ham truy toan Fix (Xiv1) = Min [Fi(xi) + fix
(pi+1)] s tinh dwoc bang thuat gidi dya trén bang liét ké (nhu phwrong phéap giai da trinh
bay). Néu fi(pi) phi tuyén voi cac bién p; nhan cac gia tri lién tuc thi dé tim Fiwi(Xis1) =
Min[Fi(x;) + fi+1(pi+1)] ta c6 hai cach:

— Céch 1: roi rac hod theo tirng mie. Chang han véi p; e [0, 6], thicoip 1 € {0, 1, 2,
3,4,5, 6}.

— Cach 2: 4p dung phwong phap t6i wu thich hgp véi bién lién tuc (xem chuong 1) cho
ham muc tiéu. Chéng han, trong vi du trén khi can tim Fy(x2) = Min [Fi(x1)+ fa(p2)] =
Min[fi(p1) + f2(p2)] = Min:[3p+ 2p2] v&i diéu kién rang budc: p;+p2 <15va0<p;<6,0
< p2 < 6, c6 thé ap dung phurong phap don hinh.

Bai toan 2

Xac dinh tuyén dwong di cla dwong day truyén tai dién tir diém A dén diém B, voi
céac chuwdng ngai vat khac nhau, sao cho tdng chi phi 1a nhd nhat. Cac dir kién clia b ai toan
cho trén hinh 11.15.

Nhuw vay dé thiét 1ap so do duong truyén tai dién thi xudt phat tir A ta cé thé dinh
tuyén di clia dwong truyén tai dién tredc hét phai qua mot trong hai diém sat gan, theo
huéng bac hay hwéng dong, vai cac chi phila 15va 12. T mdt trong hai diém nay, ching
ta lai ti€p tuc xac dinh tuyén di cho dwong truyén tai dién, véi céc chi phi da biét... Vay ta
¢6 bai toan tim dwong di vai chi phi nhd nhat.




Hinh I1.15. So d6 tuyén di cho diy truyén tdi di¢n
Bai toan nay hoan toan t vong tw v&i bai toan ngudi du lich da xét va co th € giai bang
phuong phéap quy hoach ddng (Huwdéng dan: Chia bai toan thanh nhigu giai doan nhé theo
cac dwong voi nét dit ndi trén hinh 11.15).






Chuong II1

GIOI THIEU LI THUYET MO PHONG
VA MO HINH HANG CHO

1. Muc dich va cac cong cu cia mo phong

1.1.Khai niém vé md phéng ngiu nhién

M0 phéng (Simulation) dwgc (ng dung réng rai trong kinh té, ki thuat va nhiéu Iinh
vuc khéc. Theo Tir dién chinh xdc Oxford, ban 1976, "md phong ¢6 nghia la gia cach, ...,
lam ra vé nhu, hanh déng nhu, bat chudc gidng vai, mang hinh thie ctia, gia bd nh ..., 1am
gia cac diéu kién cua tinh hudng nao dé thong qua mdt moé hinh véi muc dich huan luyén
hodc tién loi".

V& mdt y nghia ki thuat, mé phéng (hay néi ding hon, phuong phap mo phéng) ham
chtva viéc ap dung mdt mé h inh nao dé dé tao ra két-qua, chir khéng cé nghia | a thir nghiém
mot hé thdng thuc t€ nao d6 dang can nghién ctiu hay khao sat. Néu md hinh c6 chira cac
thanh phan hay yé&u t6 ngau nhi én thi chiing ta €6 md ph éng ngau nhién.

Thuat ngir “phuong phap Monte—Carlo™ xuat hién tir thé chién thi hai khi tién hanh
cac md phong ngau nhién trong qua trinh phét kién bom nguyén ti. Ngay nay, thuat ngi
nay dai khi cting dwoc dung dong nghiia véi thuat ng phuong phap mé phdng ngau nhién,
nhu khi ta néi phrong phap Monte—Carlo tinh tich phan chéng han, tuy nhién, né khéng
dwgc st dung mot cach rong r ai.

Chiing ta xét md phéng trén hai quan diém: nghé thuat va ki thuat (voi tu cach mét
cobng cu), ma trong madt so trrong hop rat khd phan dinh ranh gi¢i rach roi. Trong chuwong
nay ching ta nghién cu md phong ngau nhién vé phurong dién mot s6 ki thuat, cong cu
thwong dugc strdung.

1.2.Céac cong cu chii yéu ciia mé phong

Nguodn ngéu nhién (Source of randomness)

Dé ap dung md phéng ngau nhién trdc hét can phai cd duoc mot ngudn cac s6 ngdu
nhién. Céc s& ngau nhién nhw vay c6 thé duoc tao ra bdi cac ham sinh s8 ngau nhién.

Trong nhiéu ngdn ngt 1ap trinh (nhv Visual C++ 6.0, hay Builder C++ 5.0,...), ta sé
thdy c6 mot cdp ham dang SRAND (seed) va RANDOM dé phat sinh céac s6 (dwoc coi 1)
ngau nhién. Ham SRAND, c6 tham s & 12 seed dugc goi 1a hat mam ngau nhi én, dong vai tro
khoi tao ddy s6 ngau nhién. Con ham RANDOM la ham sinh cé4c s6 ngau nhién sau khi c6
gia tri khdi tao.

Thong thwdng, cac ngudn nay duwgc coi nhu ton tai mot cach dwong nhién. Cau h 6i dat
ra la chiing d & "du tot" hay chwa? Trong gido trinh nay ching ta khong di sau vao phan tich



van d@ trén. Mot cach khéi quat c6 thé néi rdng, cac s6 duoc goi 1a s6 ngau nhién duoc tao ra
nhuw vay con xa méi thwe si 1 & ngau nhién. Mot cach chinh xéac hon, ching chi c6 thé goi | a
cac sB gia ngau nhién ma thoi. Chét luvong clia ngudn ngau nhién co thé anh hudng rat 16n toi
két qua nghién ctu khi str dung phuong phap md phong ngau nhién.

Xét vé thire chét, cac s6 gia ngau nhi én 1a cac s& co tinh chét tat dinh ( deterministic),
nhwng ching c6 tinh chét giéng voi mot day céc gia tri thé hién clia cac bién ngau nhién
doc 1ap, c6 phan phdi déu. Vi du, xét day s6: 13, 8, 1, 2, 11, 14, 7, 12, 13, 12, 17, 2, 11, 10,
3,... Day s6 nay trong thi ¢ vé& ngau nhién, nhung thwc chét 1a tuan theo mdt quy tac (hay
phat hién ra quy tic nay). Viéc tim kiém cac thuat giai (hay cac quy tac tit dinh) dé phat
sinh ra cac s& gia ngau nhi én du t6t 1a mot Iinh vire nghi én clru chuyén siu ctia Toan hoc va
Tin hoc. Méc di trong thuc t&, khi &p dung md phong ngau nhién, nguoi ta it khi ding cac
s6 ngau nhién tuan theo luat phan phdi xac suat déu U[O0, 1) trén [0, 1), nhirng ngu dn s6 ngau
nhién loai nay chinh la co s& dé mo phong cac phan phéi xac suat khac (xerm muc 1.3).

M@ hinh ngéu nhién

Hai Ii do chinh cho vi &c 4p dung mo phdng ngau nhi én la:

— Tdng hop dir liéu theo si phan loai nhét dinh.

—Dua ra cac du bao.

Mudn 4p dung mo phdéng ngau nhién can phai ¢c6 mé hinh. Nhw vay, muc dich clia md
phong ngau nhién ciing gan v&i muc dich ctia md h inh hod (modelling). C6 hai loai md hinh
thwong dugc ap dung, dé la: mo hinh co ché (mechanistic model) va md hinh tién dung
(convenient model). Ca hai loai nay déu cé thé duoc st dung dé trg gilp cac cong viéc
nghién ctu, khao sat nham gia tang s nhan biét v a tim kiém tri thikc, dv bao v & ho tro viéc
ra quyét dinh.

DE (ing dung mot md hinh, ta ¢d hai sv lwa chon sau:

— Tién hanh cac phan tich vé mat toan hoc dé tim hiéu hanh vi cia m6 hinh. Vén dé
nay nhiéu khi tré n én.rat phic tap véi cac hé phi tuyén nhiéu bién, do d6 ching ta can dat
ra thém céc gi & thiét. Tuy nhién nhirng gia thiét “chat ché qua" cla toan hoc ddi khi trg n én
"dang nghi ng o™ trong thyc té.

— Thi.nghiém véi md hinh dang xem xét. D 6i vai cac md hinh ngau nhién cac gia tri
phan hoi (dau ra) sé bién thién, vi vay chilng ta can tao ra hang loat cac thé hién (di liéu
nhan tao) véi nhitng b tham s6 khac nhau ctia md h inh.

Bai khi cling can xem xét t&i sv lwa chon thi ba, d6 la tiép can lai (hybrid approach)
cla hai lwa chon trén.

1.3.Mé phéng mot s6 phan phdi xac suit
Mt s6 phin phéi xdc suit thuwong gap
Dé 4p dung md phdng ngau nhién can biét mot s& kién thirc co ban ma ching ta sé
nhéc lai ngay sau day. Bién ngau nhién 1a mot khai niém quan trong trong Ii thuyét xac suat
théng ké&. Mot cach gian lugc, bién ngau nhién (random variable), con goi la dai lvong
ngau nhién, dwoc hiéu 1a bién nhan gia tri tuy thudc vao két qua cla phép thir (phép do,



quan sat, thi nghi ém) ma khéng thé doan truwdc duoc.

Bién ngau nhién chia 1am hai loai chinh: roi rac va lién tuc. Bién roi rac ¢ thé nhan céac
gia tri tr mot tap hop (co lwc | wong) hitu han hodc dém duogc. Bién lién tuc 1a mot khai niém
toan hoc v& loai bién ngau nhién c6 thé nhan céc gié tri day sat nhau trén mot hodc mot s6
khoang / doan s6 thuc nao dé (dé trinh bay van dé don gian, & day ching ta chi ndi tGi bién
ngau nhién nhan cac gia tri 1a s6 thwc). Trong thuc té, khéng c6 mdt dai lvong ngau nhién nao
1a lién tuc theo nghta tuyétdéi, chang qua la ching ta khéng nhan biét duoc (mot cach c6 y hay
khong c0 y) khoang céach gittacac gia tri rat sat nhau clia n6 na thoi.

Phan phdi xac suét ca bién ngau nhi én roi rac duoc minh hoa qua vi du sau: Xét bién
X ¢6 thé roi vao mot trong ba trang thai duoc dinh lwong bdi cac gia tri 6, 9, 12 voi cac xac
suét twong (ng cla céac trang thai 1a 0,3, 0,4 va 0,3. Chi y rang téng cac Xac suat bang 1
(100%) duoc phan phdi vao cac gia tri bién ngu nhién X c6 thé ldy-nhu trinh bay trong
bang sau day, dwoc goi la bang phan phdi xac suét.

Cac gia tri cla X: x; 6 9 12
Xé&c sudt tvong ing: p; 0,3 0,4 0,3
(Chay: Zpi=1)

M0t s6 phan phéi xac sudt thuong ding clia bién ngau nhi én lién tuc va roi rac duoc
liét ké duwai day.

Phdn phoi déu trong [0,1): X nhan cé&c gia tri thudc nira khoang [0,1) véi kha ndng
“nhu nhau”. Ham mat do xac suét f(x) cla né dwoc bién dién trén hinh 111.1.

f(x)

P(X<a) P(X>a

Hinh lll.1. Pé thj ham mat dé phan phéi déu

Phdn phéi Podt—xéng: V& mdt hé théng hang chd mdt kénh (xem muc 3), s6 lugng
X tin hiéu dén trong mot khoang thoi gian | & mot bién ngau nhién.

Gia st s6 tin hiéu dén trung binh trong mot khoang thoi gian da biét duoc (ki hiéu 1), thi
voi mdt sd didu kién nhat dinh cd thé coi X tuan theo luét phan phdi xac sudt Poat—xong
(Poisson) nhu sau:



Cac gia tricla X: x; 0 1 .. Xerroreereanns + ©

Xac suét p; tvong (g e

ol o a2 X o
2pi= e | o emnammt .. et ... |=e" xe" =1
or 1 2! x!

Cha y rang s6 dic trung cho gia tri trung binh ca bién ngau nhién X duroc goi la ki
vong. Trong phan phoi Poat—xong, ki vong ctia X la A. S6 dac trung cho do phan tan cac
gia tri ctia X xung quanh gia tri k 1 vong ctia né duoc goi la do léch chuan . Véi phan phoi
Poat—xdng thi 6° = A.

Phdn phéi mii: Trén day ta da xét phan ph 6i Poat—x0ng clia s6 c4c tin hiéu dén trong
mot don vi thori gian. Mot ki€u bién ngau nhi én thuong xét 1a khoang thoi gian gita hai tin
hiéu lién tiép s& tuan theo phan phdi mi. Py la bién ngau nhién lién tuc chi nhan cac gia
tri khdng &m véi h am mat do xéac sudt 1a f(t) =xe™ . Ki hiéu bién ngau nhi én dang xét 1a t

t
thi xac suat P(t <t) = Ixe'“dr c6 thé hiéu la xac suét céng don cho t6i t. Do dé ham phan
0

t t
ph6i xac suét cla t la: F(t) = jf(r)dr = _"ke‘“dr _—— 'E =1-¢™
0 0

Phdn phéi chudn tae N(O, 1): Gia st X 1a bién ngau nhién c6 phan phdi chudn tic
N(0,1). LGc dd n6 cd ki vong m =0 va do léch chudn o = 1. Ham phan ph 6i xac suét clia X
c6 dang:

F(x) =P (X< x) = j F(x)dx = I(l/‘Z?)exp(—x2 12)dx .

Cho X 1a bi &n ngau nhi én tuén theo lu at phan ph6i chuan N(m, o) c6 ki vong m, do

léch chudn o. Luc do, thic hién phép ddi bién Z = M thi Z 12 mdt bién ngau nhién
c

tuan theo luat phan phéi chudn tc N(0,1).
M@ phéng cdc phin phoi xdc sudt

Vi du 1: M6 phdng phan phdi déu trén [0, 1)

Cdch 1: Dung bang s6 ngau nhién (xem phu luc 2A va 2B). Day la cac bang s6 ghi
lai c4c s8 (gid) ngau nhi én dwoc phat sinh nho cac ham sinh s 6 ngau nhién trong may tinh.
Chéng han, st dung phu luc 2B ching ta nhan dwgc mot day s6 ngau nhién: 0,10; 0,09;



0,73; 0,25 ...

Cdch 2: Sk dung cac ham sinh s6 ngau nhién (Random number generator) da dwoc
cai dat trén may tinh.

Du ding bang s& ngau nhién hay st dung cac ham sinh s6 ngau nhién trong may tinh, ta
cling 14y ra hoic tinh duoc lién tiép cac s& ngau nhién x; trong [0, 1) v6ii=1, 2,..., n. Tan s6
cac gia tri nay roi vao k khoang nho véi do dai bang nhau 1/k dwoc chiara tir [0, 1) 14 gan
nhu nhau (= n/k). V ¢i n 1én thi cac tan s6 do cang sat gan n/k. Vi vay ta coi cac gia tri phat
sinh duoc 1a cac thé hién cla bién ngau nhién X tuan theo phan phdi déu trén [0, 1).

Trong trwdng hgp can mo phéng bién Y phan phdi déu trén [a, b), ta chiviéc tinh yi =
a + (b — a)x;. Chuy r dng dé phét sinh céac s6 ngau nhién nhan gia tri nguyén 0,1, 2,..., N,
chi can ap dung cong thic y; = [(N + 1)x;], trong d6 vé phai la phan nguyén clia (N + 1)x;.
Mot s6 bang s6 ngau nhién nguyén hay ham sinh s6 ngau nhién nguyén cai dit san trong
cac hé may tinh cling gilp gidi quyét van deé nay.

Vi du 2: M6 phdng phan phdi roi rac véi luat phan phdi xac sudt sau

Cac gia tri cla X: X 6 9 12

X&c sudt p; 0,3 0,4 0,3

Mudn md phong phan phéi trén, trwéc hét can tao ra mot day cac chir s6 ngau nhién
béng cach tra bang s6 ngau nhién hay dung ham sinh s6 ngau nhién da duoc cai dat trong
may tinh. Chéng han ta c6 thé chon-day sau 1009732533 7652013586 3467354876 ... ldy
tlr hang dau bang s6 ngau nhi én trong phu luc 2B. Ta quy dinh néu cac chirs6 0, 1,2 xuft
hién thi coi X =6,néu 3, 4, 5, 6 xudthiénthicoi X =9, connéu cod 7, 8, 9 xuat hiénthi
coi X =12. Lic d6 (ng.v6i-10.chit s6 dau tién cla day trén aaz...a10 = 1009732533 ta co
bang sau day cho biét cac gia tri ctia X cd thé lay:

aj 11040/ 9|7 |3 ]2|5]3]3

Cac gia tri cla X: X 6 6 6 12 | 12 9 619909

Nhu vay, da c6 10 gié tr i (thé hién) clia X duwoc tao ra. T wong t, cd thé tao ra cac thé
hién khéc ctia X. Do tan suét (hay xac suét thirc nghiém) clia moi chit s6 ngau nhi én tir 0 tGi
9 trong bang s6 ngau nhién 1a kho &ng 10% n én tan suét (x&c sudt thirc nghiém) X nhan gia
tri 6, 9 va 12 theo th( tu 12 30%, 40% va 30%. Do do ¢ thé coi P(X = 6) = 30%, P(X = 9) =
40%, P(X = 12) = 30%.

Vdy muén mé phong phan phoi ciia X phdi phat sinh ra mét loat cdc gia tri (cdc thé
hién) x; cia bién ngdu nhién X tuén theo quy lu it phan phéi da cho.

Vi du 3: M6 phdng phan phdi md.
Gia st bién ngu nhién t tuan theo phan ph&i mii v&i ham phan ph 6i xac suat 1a F(z)



=P(t<t)=1-e™'. Day chinh la xac sudt dé t nhan gia tri khong 16n hon mdt sd t cho
trudc; A la tham sé da cho cla phan phdi md.

Néu r 12 bién ngau nhién c6 phan phéi déu trén [0, 1) thi P(r>e™) =1 —e™=P(r <1)
(xem hinh 111.1). Do d6, P(Inr > — At) = P(—%Inrs t) = P(t < t). Vay dé phat sinh ra cac
gia tri ngau nhién (cac thé hién) ctia = thi truéc hét can phét sinh ra céc gia tri ngau nhién r
va tinh t = —%In r. Chang han, tr bang s6 ngau nhién (phu luc 2B), néu ldy

r=010va i =5thit=-0,2 x Inr = 0,2 x In0,1 = 0,46. Tiép theo, néurldy r = 0,09 thi
1=-0,2x1In0,09 =0,482. C (r nhw vay ta thu dwgc mét day céc thé hién cla t.

2. Ap dung mé phéng ngiu nhién

2.1.Vai tro ciia phuwong phap mé phéng

Nhi&u bai toan thyc té chita cc yéu td ngéu nhién, bt 6n dinh khong giai dwoc bang
cac phuwong phép giai tich. Néu ching ta ap dung cac ph wang phap giai tich, thi trong nhiéu
truvong hop budc phai cong nhan nhitng gia thiét chét ché khéng duoc thoa mén trén thyc té,
va do d6 1oi giai tim duoc ciing it co gia tri thuc tién. Phuong phap mé phong dugc ding
rong rai dé giai cac bai toan loai dd, nhat 1a nhirng bai toan lién quan dén hé thong I6n, bét 6n
dinh, ham chira nhiéu yé&u t6 ngau nhién.

Chung ta can &p dung phueng phap moé phong trong céc tinh huéng sau day:

— Khi khéng tim dugc md hinh gidi tich nao thich hop.

— Céc hoat dong clia hé théng thudng bi ngat quang, dit doan khong theo quy luat
nao ca.

— M0 phong la.phrong phap duy nhét cho chi phi tiét kiém v a ton it thoi gian.

Tuy nhién phueng phap mo phong cdé mot s6 diém han ché sau:

— Khéng dwa ra dwoc 101 gidi chinh xac.

— Khé xac dinh duoc sai soO.

= M0 phong chi str dung khi mdi tr wong cé tinh bt 6n dinh.

— M0 phdng chi tao ra cac ph wong an danh gia ch* khong dua ra duoc Ki thuat tim loi
giai toi uu.

— M® phong ddi khi rat dat tién.

2.2.Cac buwéc cin tién hanh khi ap dung mé phéng

— Xac dinh van dé hay hé théng can mé phéng.

— Xac dinh md hinh mé phéng.

— Do va thu thap s0 liéu can thiét cho mé h inh.



— Chay mo phéng.

— Phan tich két qud md phdng, néu can thi phai slra lai phuong an dd dwoc danh gia
qua chay md phéng.

— Chay m6 phéng dé kiém chiing phuong an mai.

— Kiém tra tinh ding d&n cla moi k&t luan vé hé théng thuc té dwoc rat ra sau khi
chay mo phéng.

Trén day la cac bwdc can 1am khi p d ung md phong ngau nhi én dé tim ra cac phuong
an hop i cho céac bai toan thyc té. Ngoai ra, mé phong con dwoc ap dung dé giai quyét
nhiéu van dé khac.

2.3.Mbt s6 vi du vé 4p dung phwong phap mé phéng

Vi du 1: Can lya chon mdt trong hai chién lwgc dé phat trién san pham, véi cac s
liéu thu thap duoc cho trong ba bang I11.1, 1.2 v a 111.3.

Bing I11.1. Xdc sudt thoi gian phdt trién san phim

Théi gian phat trién Xac suat
san pham Chién luoc | Chién luoc 11
6 0,2 0,4
9 0,3 04
12 0,5 0,2
Bing IL2. Chi phi lpi nhugn
Chi phi/gia ban Chién luoc | Chién lugc Il
Chi phi c6 dinh 600.000 1.500.000
Chi phi bién thién/don vi 7,5 6,75
Gia ban/den vi san pham 10 10
Bing I11.3. Doanh sé phu thugc thoi gian phat trién sin pham
Xéac suat
Doanh s6
6 thang 9 thang 12 thang
1.000.000 0,2 0,4 0,5
1.500.000 0,8 0,6 0,5

Vén d& dat ra 1a 4p dung phuong phap mé phdng dé tinh lgi nhuan trung binh cla
tlrng chién luwgc, sau do kiém tra két qua (so sanh vai két qua Ii thuyét).

Nhu vay c¢6 ndm phan ph 6i xac suét can mé phong tng véi ndm bién ngau nhi én: X
— thoi gian phét trién san pham (theo chién lugc) 1, X, — thoi gian phét trién san pham |1,
X3 — doanh s6 cho thoi gian 6 thang, X 4 — doanh s6 cho thoi gian 9 thang v a X5 — doanh s6
cho thoi gian 12 thang. Trong vi du nay, dé trinh bay don gian vé van d& mo phong cac



phan phdi xac suét cta cac bién tr én, ta ding mudi s6 ngau nhién, mdi s6 gdm mudi chir s6
ngau nhién rat ra tir bang s6 ngau nhi én — phu luc 2A (vi vay cac chirs6 0, 1, 2,..., 9 mdi 6
chiém khoang 10%).

QD
flay
QD
N
QD
)
QD
&
QD
>
QD
g
QD
co
QD
o
QD
flry
o
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Ta quy dinh a; (’ng v&i X1, a» tng V@i X2, as tng v&i X3, ag (ng vai X4 va ao tng voi
Xs. Ngoai ra ciing quy dinh:

(01 thi X; = 6 thang (thoi gian phat trién san pham I)
a =234 thi X; =9 thang
56,7,8,9 thi X; =12 thang

[012,3 thi Xz =6 thang (thoi gian phét trién san phdm 11)
a2= 4567 thi X,=9thang

189 thi X, = 12 thang
01 thi X5 = 10° (doanh s6 6 thang phat trién san phdm)
ag =
°7123,.,9 thiX,;=1510°

fo1,2,3 thiXy= 10° (doanh s6 9 thang phét trién san pham)
8{4,5,...,9 thi X, = 1,5.10°

_[01,2,3,4 thiXs= 10° (doanh s6 12 thang phat trién san pham)
10 —
56,.,9 thiXs=1510°



Can nhéc lai mot s& cong thirc trong Iinh vire quan tri kinh doanh nh v sau:

+ Loi nhudn = (Doanh s6— Diém hod vo”'n) x (Loi nhudn /don vi sdn phcfm)

+ Diém hoa vén = (Chi phi c6 dinh) / (Loi nhudn / don vi san phim)

+ Loinhudn/don vi sdnphdm = (Gia bandon vi sdnphd’m)f (chiphi /don vi sdnphcfm)

Céc tinh toan md phdng dwoc tdng hop trong bang 111.4.

Bing II1.4. Két qud tinh todn mé phéng

S8 ngau nhién ;ihaii Doanh s6 Loi nhuan

a | a as ag ap | | 1 | 1 | 1
115 1191223 6 |6|9]1510° 10° |31510°| 1,75.10°
210 857|719 4|9]6]1510°(1,5.10°|3,15.10° | 3,38.10°
8|2 2(1(3|0|s 2 [12] 6 10° | 1,5.10° | 1,9.10° | 3,38.10°
8|3 4183|610 9 |12| 6 | 1,5.10° [ 1,5.10° | 3,15.10° | 3,38.10°
416 7(5(6|7]|4 8 9]9]1510°|15.10°3,15.10° | 3,38.10°
0|9 8{1/0|5]|5 2/ 6 [12] 10° 10° 1,9.10° | 1,75.10°
702 5(o|8|8]|5 9 (12| 6 | 1,5.10° | 1,5.10° | 3,15.10° | 3,38.10°
915 611 |16 2 (129 10° | 1,5.10°| 1,9.10° | 3,38.10°
710 5(5(0|8|7 7 12| 6 |1510°| 10° |3,15.10°( 1,75.10°
6| 4 2(3(8 |29 4 1129 10° | 1,5.10°| 1,9.10° | 3,38.10°

Diém hoa von cla chién luoc | :M: 240.000

10-75
Diém hoa v6n cua chién lwoc 11 = Lo00.000 = 461538

——
10-6,75




Bang II1.5. So sanh lgi nhudn giita chién lwoc Iva Il

. ) Chién lwoc | Chién luoc Il
Tong loi nhuén
26,5 x 10° 28,91x10°
Loi nhuén trung binh
) 2,65 x 10° 2,891x10°
(Z lgi nhuan/ 10)

Can chl y rang trong bang 111.5 1a két qué tinh toan khi chay md phoéng 10 Iwot tng
v6i 10 s6 d4 chon ra. N&u ta 18y cang nhiéu s6 ngau nhién thi dd chinh xac dat dwoc cang
cao. Vi vay, néu viéc tinh toa n trén day dwoc Iap trinh va chay trén may tinh.v ¢i hang tram,
hang ngan lwot thi d chinh xac sé rét cao.

Qua cac phan tich trén ta th dy

Pé tién hanh mé phong can phdi co:

— Co so dir liéu (DataBase)

— Co so tri thirc (KnowledgeBase)

Kiém tra két qua mé phong trén bang cach so sanh vai két qua |i thuyét duoc thuc
hién nhuv sau:

Doanh s6 chién lugc 1 = 0,2x(0,2x10° + 0,8 x1,5%10°) + 0,3x(0,4x10° + 0,6 x1,5x10°)
+0,5%(0,5x10° + 0,5x1,5x10°) = 1,295%10°. Lgi nhuan trung b inh chién lvoc | = (1,295 —
0,24)x2,5x10° = 2,637x10°. K&t qua tinh todn md phong | & 2,65x10° rat sat v6i két qua nay.

Tuong tu ta tinh dwoc doanh s6-v-a loi nhuan trung b inh cho chién luoc 11 (2,84 x10°),
va rit ra duoc két luan vé do chinh xac ctia tinh toan mé phaéng.

Vi du 2: Tim xac suét p dé bao 16i clia 4 diém ldy bét k i trong vong tron don vi [a mot
hinh tam gic (bai todn Sylvester).

Co 18 cach don gian nhét dé giai bai toan nay la 4p dung md phdng ngau nhién theo
cac budc sau day:

i) Gan cho bién dém Counter gié tri ban dau bang 0.

i) Tién hanh mot dot gieo ngau nhi én tim s@ thuc 0 <r; < 1va 0 < ¢; < 27 (dé gieo ¢;
ta 1dy s6 ngau nhién thudc [0, 1) gieo dwgc nhan thém vai 271), i =1, 2, 3, 4. D 3t X; = rising;,
Yi = ricosei, ta c6 4 di ém nam trong hinh tron don vi. Bat A = (X1, Y1), B = (X2, ¥2), C = (X3,
ys), D = (Xa, ya).

iii) Ta tinh dién tich 4 tam gidc ABC, ABD, ACD va BCD. Néu ta c6 dién tich cla
mdt tam giac bang téng dién tich ba tam gic ¢ on lai thi ta dwoc bao 16i cta b6n diém A, B,
C va D la mot tam giac. Ta tang gia tri cla bién dém Counter 1€n thém 1, néu tréi lai bién
dém gilr nguyén gia tri cli va quay veé budc ii).

Quié trinh c thé tiép dién cho t&i khi s6 dot gieo dat téi mot gia tri kha I6n d woc chon
tlr truéc (chdng han 10000 dot hoac 20000 dot, hodc 100000 dot). Mdi lan bién dém
Counter sé c0 gid tri két thlc khac nhau. Lay ti s6 cla s6 do va so dot, ta c6 tan suat xuat
hién clia s kién "bao [6i ciia 4 diém [ a tam giae”. S6 tan suét nay theo luat s 16n 1a gia tri



gan dang clia Xac sudt can tinh.

Theo cac tai lieu chuyén khao, 1oi gidi ding cla bai toan la: p = 35/(127%) =~
0,29552. Rd réng, trong tr wong hop nay, ta nén ap dung md phong ngau nhién dé tinh ra
tan sudt (viéc de thuc hién), thay thé cho viéc tinh xac suat theo Ii thuyét (viéc khé thuc
hién).

Sau day la van ban chuwong trinh may tinh v&i ngdn nglr 1ap trinh C gidi bai toan
Sylvester.

#include <stdio.h>
#include <math.h>
#include <stdlib.h>
#include <conio.h>

#define P1 3.14159265358979
const double esp =4.5e -12;
struct diem {double x,y;};

/* Tao bo so ngau nhien bang cach trony=shuffling */
int rd(){return rand()%10;}

double radm()

{return rand()%100+0.1*rd()+0.001*rd()+0.0001*rd();}

/* Chuong trinh chinh */

void main()

{

clrscr(); long int count = 0, reps; diem d[4]; double r, goc;
printf("\n Provide number of repetitions:");
scanf("%]ld",&reps); printf(" \n reps= %Ild",reps); srand(19587);

/* Gieo ngau nhien 4 diem va tinh dien tich bon tam giac */
for(long int i=0;i<reps;i++)
{ for (int j=0;j<4;j++)
{ r=radm(); goc=radm()/100;
d[j].x=r*cos(goc); d[j].y=r*sin(goc);
}
double d12=sqrt(pow(d[0].x —d[1].X,2)+pow(d[0].y —d[1].y,2));
double d13=sqgrt(pow(d[0].x —d[2].x,2)+pow(d[0].y —d[2].y,2));



double d14=sqgrt(pow(d[0].x —d[3].x,2)+pow(d[0].y —d[3].y,2));
double d23=sqrt(pow(d[1].x —d[2].X,2)+pow (d[1].y—d[2].y,2));
double d24=sqgrt(pow(d[1].x —d[3].x,2)+pow(d[1].y —d[3].y,2));
double d34=sqgrt(pow(d[2].x —d[3].x,2)+pow(d[2].y —d[3].y,2));

double p123=(d12+d23+d13)/2;
double p124=(d12+d24+d14)/2;
double p134=(d13+d34+d14)/2;
double p234=(d23+ d24+d34)/2;
double s123=p123*(p123 —d12)*(p123-d13)*(p123—-d23);
double s124=p124*(p124 —d12)*(p124—d14)*(p124—d24);
double s134=p134*(p134 —d13)*(p134—d14)*(p134—d34);
double s234=p234*(p234 —d23)*(p234—d24)*(p234—d34);

/* Cac truong hop bao loi cua 4 diem la tam giac */

if(s123>0& & $123>0& & 5134>0& & 5234>0)
{

§123=sqrt(s123);s124=sqrt(s124);
s134=sqrt(s134);s234=sqrt(s234);
if(fabs(s123 —(s124+s134+5234))<esp)
count++;

else if(fabs(s124 —(s123+s134+s234))<esp)
count++;

else if(fabs(s134 —(s123+s124+s234))<esp)
count++;

else if(fabs(s234 —(s123+s124+s134))<esp)
count++;

}

else count++;

}

printf("\n Number of repetitions = %Ild",reps);
printf("\n Number of successes = %Id",count);

printf("\n Probability to compute= %0.9f", count *1.0/reps);

getch();
}

Cac két qua chay chuong trinh trong bén lan nhw sau:

esp =4.5e-12 esp =4.5e-12 esp =4.5e-12

esp =4.5e-12




s6 lan 1ap 10000

s6 lan thanh cong
3050

xac suat: 0.30500

s6 lan 1ap 20000

s6 lan thanh cong
5941

xac suat: 0.29705

s6 lan 1dp 100000

s6 lan thanh cong
29594

Xac suat: 0.29594

s6 lan 1ap 200000

s6 lan thanh cong
58993

Xac suat: 0.294965

Vi du 3: Giai bai toan t6i wu toan cuc sau (xem lai muc 4.2 chuong | vé bai toan toi
wu toan cuc phi tuyén).

f(X) = 4x? = 2,1%] +X¢ /3+ XX, — 4% +4x; — Min
voi diéu kién rang budc (mién rang budc D):

—2,5<x,<25
~1,5<x, <15

Bai toan trén day c¢d 4 cuc tiéu dia ph wong va 2 cuec tiéu to an cuc, cé tén goi la “Bai
todn lung lac da”.

Ta tim phuong an t6i vu toan cuc bang phwrong phap md phong t6i SA (Simulated
Annealing). Phuong phap (SA) mo phong qua trinh mdt vat thé ran sau khi bi nung nong &
nhiét do rat cao dugc dé ngudi tir tir v& mdt nhiét do rét thdp. Lic dé ham nang lugng clia
vat thé s& dat mirc thdp nhét. Thuat giai SA ap dung md phdng ngau nhién (bang i thuyét
xich Markov, nhu sé trinh bay trong chwong 1V, c6 thé chiing minh dugc qua trinh SA sé
hoi tu theo xac suét vé Ioi gidi toi-wu-toan cuc) nhu sau:

Buoce khoi tao

Ta xudt phat tr mot phuong an X bat ki ban dau thod diéu kién rang bugc. Lay nhiét
@0 T = Than aau kha cao (T pan gau =10000, chang han).

Cac buoc lap

Tai mdi muc nhiét do T thuc hién cac b wéc sau:

i) Chon X* € D va thudc mot lan can da nho cta X.

i) Xét Af=F(X") — f(X). Néu Af < 0 thi dat X := X", Néu trai lai khi Af>0thichép
nhan X := X’ v 6i xac sudt p =exp(—Af /(K, xT)), trong d6 Kp, la hang s6 Boltzmann (K , =
1,38.10%), T 1a nhiét do hién thoi trong qua tr inh nguoi.

Quy trinh i) va ii) 1&p lai mdt s6 1an L dd 1én (chéng han L = 200, 300, ...).

Sau d6 tinh mrc nhiét dd mai theo cong thirc T: = aT (o ~ 1, chdng han nhw o = 0,95
hay 0,99...). Thuattoan ditng khi T < Teusi (Teusi 1a gia tri da chon truéc ~ 0).

Sau day la van ban chuwong trinh annealing.cpp

/* Su dung ky thuat annealing — mo phong toi
giai bai toan toi uu toan cuc co rang buoc */



#include <stdio.h>
#include <stdlib.h>
#include <conio.h>
#include <math.h>

/* Tinh gia tri ham so can cuc tieu hoa */

float f(float x,float y)

{

float fg = 4*pow(x,2) —2.1*pow(x,4)+pow(x,6)/3;
fg =fg +x*y —4*pow(y,2)+4*pow(y,4);

return fg;

}

/* Kiem tra cac dieu kien rang buoc */
int constraint(float x,float y)
{ float fg;
fg=x+2.5;
if (fg<0) goto ZERO;
fg=25-x;
if (fg<0) goto ZERO;
fg=y+1.5;
if (fg<0) goto ZERO;
fg=15-vy;
if (fg<0) goto ZERO;
return 1;
ZERO: return 0;

/* Thu tuc tim diem thay the mo phong qua trinh annealing */

void sa(float x0,float y0,int k,float T,float Tlast,float alfa,float delta)
{

float x1,y1,deltaf,u,p,ux,uy;

int I=1; srand(27556);

printf("\n starting value of the function=%f",f(x0,y0)); getch();



printf("\n obtained at x=%f, y=%f",x0,y0);getch();
do
{ do
{
ux=float(random(10000))/10000 —0.5;
x1=x0—-delta*ux;
uy=float(random(10000))/10000 —0.5;
y1=y0—delta*uy;
if(constraint(x1,y1)==1)
{ deltaf=f(x1,y1)—f(x0,y0);
if(deltaf<=0) {x0=x1;y0=y1;}
else
{ u=float(random(10000))/10000;
p=exp(—deltaf/T);
if(u<=p) {x0=x1;y0=y1;}

}
I=1+1;
Jwhile(l<=k);
T=T*alfa;
Jwhile(T>Tlast);
printf("\n Optimal value fM in=%f"f(x0,y0)); getch();
printf("\n obtained at x=%f, y=%f",x0,y0);getch();
}
/* Chuong trinh chinh tim diem toi uu */
void main()
{ clrscr();
float x0,y0,T,Tlast,k,alfa,delta;
printf("\n Within the range —2.5 to 2.5 provide value x0=");
scanf("%f",&x0);
printf("\n Within the range —1.5 to 1.5 provide value y0=");
scanf("%f",&y0);
printf("\n Specify number of iterations at each T level=");
scanf("%d",&k);
printf("\n Specify a very high value for Tstart=");



scanf("%f",&T);

printf("\n Specify a very low value for Tlast=");
scanf("%f",& Tlast);

printf("\n Specify reduction coeffient alfa=");
scanf("%f",&alfa);

printf("\n Specify neighbourhood radius delta=");
scanf("%f",&delta);
sa(x0,y0,k,T,Tlast,alfa,delta);

getch();

}

Két qua chay chuong trinh may tinh v 6i thuat gidi SA la:

Hat mam Phuong an Phuong an Gia tri
(Seed) ban dau t6i uu fitin
27556 0,0) (—0.0898613, 0.7124848) -1.0316283
19587 (0.1,0.1) (0.0898837, —0.7125957) -1.0316284

(voi alfa = 0.997, delta = 0. 01, Tpan gay = 20000, L = 500, T s = 0.0001).
3. Mot so van dé vé. mo -hinh hang cho

3.1.Mt s6 yéu t6 co ban cita hé thong hang chy

Nhuw da biét, trong-nhiéu hoat dong san xuét kinh doanh cling nhu trong doi séng
ching ta 4p dung céac hé dich vu ddm ddng hay hé phuc vu cbng cdng. Ching c6 tén goi
chung 1a hé théng hang chd (Waiting Line System ). Chang han cac xi nghiép stta chita may
mac, cac clra hang, cac bén xe, bén cang, tram téng dai, cac hé thdng dién ti vién thong,
dich vu Internet,... I a cac vi du vé hé thdng hang cho.
Mo hinh-hang cho

Trong cac hé théng hang chd thudng xuyén dién ra hai qua trinh: qua trinh nay sinh
cac yéu cau (mot yéu cau con duwoc coi la mot tin hiéu can dwoc phuc vu) va qua trinh phuc
VU cac yéu cau dy. Song trong qua trinh phuc vu cla cac hé thdng, do nhiéu nguyén nhan
khac nhau, thuong xay ra cac tinh trang sau: Trong nhiéu truong hop, qua trinh phuc vu
khdng dap ng cac yéu cau va do do dan dén két qua 1a nhidu yéu cau phai chy dé duoc
phuc vu. Nguoc lai, trong mot so t inh hudng khac, kha nang phuc vu ctia hé thong v vot qua
sO yéu cau can dwoc phuc vu, véi két qua 1a hé thong khong str dung hét phwong tién phuc
vu. Vi vay bai toan dat ra la:

— Phan tich ban chét cGa qua trinh dién ra trong cac hé thdng h ang cho va thiét lap céac
mai lién hé vé lwong gilta cAc ddc trwng clia cac qué tr inh dy. Diéu dé c6 nghTa la can thiét
lap hay lya chon mot mo hinh hang ch & (Waiting Line Model) phan anh dwgc ban chét cla



hé thong.

— Trén co s& cdc moi lién hé da duoc xay dung va cac s6 liéu thu dwoc tir hé thong,
can tinh toan, phan tich va dwa ra céc quyét dinh nhdm tim ra céc gié tr i thich hop cho cac
tham sd diéu khién / thiét ké cla hé thong dé thiét ké hay diéu khién cac hoat dong clia hé
thong hoat dong mot cach cé hiéu qua h on.

Cac phwong phap gidi bai toan mé hinh hang cho

DE tim 1&i gidi cho mdt mé hinh hang ch& nguwoi ta thudng st dung hai ph wong phap:
phuwong phép giai tich va phuwong phap mé phdng trén may tinh. Phuong phap-giai-tich dé
giai m6 hinh hang ch& gom cac buéc sau:

Buéc 1: Phan tich hé théng, chi yéu | a phan tich b an chéat ctia dong yéu cau / tin hiéu
dén va cac trang thai cla hé thong.

Budc 2: Thiét 1ap hé phuong trinh trang thai cho cac xac suét trangpthai (xac suat dé
hé thong & mot trang thai n ao dé tai thoi diém t).

Budc 3: Giai hé phuong trinh dé tim cic xac suét trang thai. Tir do6 thiét 1ap cac moi
guan hé gitra cac chi ti éu can phan tich.

Budce 4: Tinh toan, phan tich cac chi tiéu, trén co s& do dva ra cadc nhan xét va céc
guyét dinh.

Phuong phap gidi tich thuong st dung céac gia thiét rat chat ché cla Toan hoc vé cac dac
trung clia hé thdng, vi vay né ¢ mot so han ché nhatdinh khi gidi cac bai toan thuc té.

Trong khi d6, phwong phap mé phéng / md phong ngau nhién dé giai md hinh hang
cho dugc ap dung cho cac bai toan-dich vu dédm dong khong giai dugc bang cong cu giai
tich, nhat la nhitng bai toan lién quan dén hé théng Ion, bat 6n dinh, ham chita nhiéu yéu t6
ngau nhién, khong tuan theo cAc gia thiét qua chit ché clia Toan hoc. Trong nhiéu tredng
hop phwong phap md phéng-cho ta ti€t kiém dugc thdi gian va chi phi nghién ctu. Tuy
phwong phap mo ph dng chi tao ra cac ph wong an di tot dé danh gia hoat dong clia hé thong
ch¥ khéng dua ra dwgc Ki thuat tim Ioi gidi tot nhét, nd té ra rat thanh cong khi giai quyét
nhiéu bai toan hang ch & nay sinh tir thuc tién. Céc budc can tién hanh khi &p dung phuong
phap md phdéng bao gom:

Bude 1. Xac dinh bai toan hay hé théng hang chd can mdé phéng va md hinh mo
phéng.

Buée 2: Do va thu thap s6 liéu can thiét can thiét dé khao sat thdng ké céc so dic
trung / cac yéu t6 co ban ctia mo hinh.

Budc 3: Chay mo phong kiém chiing (test simulation) mé hinh va so sanh két qua
kiém chitng vai cac két qua da biét dwoc trong thuc té. Phan tich két qua chay md phong
kiém chitng, néu can thi phai stra lai phuwong an da degc danh gia qua chay mé phéng.

Budc 4: Chay mb phong dé kiém chirng phuong an cudi cling va kiém tra tinh ding
dan ctia moi két luan vé hé thdng thuc té dwoc rdt ra sau khi chay md phong. Trién khai
hoat ddng ctia hé thong h ang chd dwa trén phwong an tim duoc.

Tl nhitng phan tich trén day cd thé thdy Li thuyét hang chd (Waiting Line Theory)
con goi la Li thuyét hé phuc vu cong cong hay Li thuyét hé dich vu dam dong la Iinh vuc



rat quan trong clia Toan (ng dung/ Van trt hoc. Nhiéu b ai toan th uc té trong céac Iinh vuc
hé thong dich vu, ki thuat, ... da dwoc giai quyét th anh cong nh & ap dung ph wong phap mé
phdng md hinh hang cho.

Cac ye“:u 16 co bin cua h¢ thong hang cho

H¢ thong hang cho tong qudt dwgc minh hoa nhw trén hinh I11.2.

Input Output

Nt pial e . dong tin hiéu ra
dong tin hiéu dén KENH PHUC VU

v

hang cho

Hinh lll.2. H é théng hang ch &

Cac yéu to co ban ctia hé thong hang cho bao gom:
a. Bé tri vt li ciia hé thong

Hé théng hang chd c6 mot s6 dang b tri vat li (phisical layout) nhu minh hoa trén
hinh 111.3.

Single Channel — Single Server (M0t kénh phuc vu, mdt loai dich vu)

Single Channel — Multi Server (M0t kénh phuc vy, nhiéu loai dich vu)

Dichvu 1 Dich vu 2 Dichvu 3

Multi Channel — Single Server (Nhiéu kénh phuc vy, mét loai dich vu)

Multi Channel — Multi Server (Nhiéu kénh phuc vu, nhiéu loai dich vu)

Dichwvu 1 Dichvu 2

Hinh ll.3. Cdc d ang hé théng hang ch &



Trén hinh 111.3, cic kénh ph uc vu duoc hiéu 1a nhitng thiét bi ki thuat hodc con ng uoi
hodc nhitng t6 hop céc thiét bi Ki thuat va con ngudi duoc t6 chirc quan If mét cach thich
hop nhdm phuc vu céc yéu cau / cac tin hiéu dén hé théng. Chang han, & cac tram dién
thoai tw déng, kénh phuc vu | a cac dudng day lién lac cuing cac thiét bi ki thuat khac phuc
vu cho viéc dam thoai.

b. Nguyén tic phuc vu

Nguyén tic phuc vu (hay ndi quy) clia hé théng la cach thirc nhan ca¢ yéu céu vao cac
kénh phuc vu. Nguy én téc phuc vu cho biét tr wong hop nao thi yéu cau duwgc nhan vao phuc
vu va céch thrc phan b cac yéu cau vao cac kénh nh v thé nao. Dong thoi nguy én tic phuc
vu cling cho biét trong trudng hop nao yéu cau bi tir chéi hodc phai cho'va gi¢i han cla
thoi gian cho.

M6t s6 nguyén tic phuc vu thudng duge ap dung trong cac hé thdng hang cho la
FIFO (First in first out) , LIFO (Last in first out) , FCFS (First come first serve) , cO U tién,
khong uu tién,...

c. Cic phén phéi xdc sudt ciia cdc dong tin hi¢u, dong phuc vu

S0 tin hiéu dén trong mot khodng thoi gian cling nhuw thoi gian phuc vy tirng tin hiéu
noi chung la nhitng bién ngau nhi én, va do do, chling tuan theo cac quy luat phan phdi xéac
suat. Céac quy luat phan phdi xac sudt n ay dwoc thiét 1ap can clv cac so liéu thyc nghiém thu
thap tlr cac quan sat, thi nghiém, hay-tir-¢-0' s& dir liéu san co.

D3&i v6i dong tin hiéu dau vao, théng thwong ching ta gia st rang s6 tin hiéu dén
trong vong mot khodng thdi gian nao dé dwgc an dinh trudc (1 phat, 3 phat, 5 phat, 30
phiit,...) tuan theo luat phan ph6i Poat—xong P(1). & day, tham s6 A dac trung cho s6 tin
hiéu dén (trung b inh) trong kho ang thoi gian tr én. Vi du, sé khach v ao siéu thi (trung binh)
la 100 ngu i trong 1 gio. C6 nghfia 14, s6 khach vao siéu thi 14 bién ngau nhién X c6 phén
phdi Poat—xong véi' A = 100. Ho 4c, v&i sO cudc goi (trung binh) dén téng dai trong vong 1
phit 12 3.(tin-hiéu) thi co X ~ F(3).

M0t cach chinh xac h on, trong nh {rng trwdng hgp trén, ta ¢é dong tin hi éu dén la dong
Poat-xong dirng (con goi 1a dong t6i gian) véi cac tinh chét trén sau:

— Tinh khéong hdu qua: Mot dong tin hiéu cé tinh khong hau qua néu xac suét xuéat hién
mot sO tin hiéu nao do6 trong mot khodng thoi gian nhat dinh khdng phu thudc vao viéc da co
bao nhiéu tin hiéu da xuat hién va xuat hién nhu thé nao truéc khodng thoi gian do.

— Tinh don nhdt: DONg tin hiéu c6 tinh don nhét néu xét trong khoang thoi gian khé
bé thi su kién “c6 nhiéu hon mot tin hiéu xuat hién” hau nhu khong xay ra. V& mat thoi
gian ta c6 thé xem dong tin hiéu c6 tinh don nhét néu thoi diém xuét hién cac tin hiéu
khong tring nhau.

— Tinh dung: DONg tin hiéu c6 tinh dirng néu xac sudt xudt hién mdt so tin hiéu nao



d6 trong khoang thoi gian © chi phu thudc vao do dai clia T chir khéng phu thudc \ao diém khai
dau clar.

3.2.Céc chi so cin khio sat

D6i véi mot hé thdng hang cho, can tim cach dé danh gia dwoc céac chi s sau:

— A (drrival rate): cudng do dong tin hiéu dén hay s6 tin hiéu dén trung binh trong
mot khoang thoi gian. Vi du: A = 6 (6 khach hang dén trong 2 tiéng); A = 20 (20 cl dién
thoai dén téng dai trong 1 phat).

— S (Service rate): cwdng do phuc vy hay s6 tin hiéu trung binh dwgc phuc vu trén
mot don vi thoi gian. Vi du: S = 7 (hé thdng cd thé phuc vu 7 khach trong 1 gio); S = 25
(téng dai phuc vu dugc 25 cl dién thoai trong 2 phat).

— Lg (Number in queuehay Length of queue): SO tin hiéu trung binh trong hang cho.

— Ls (Number in system hay Length of system): s0 tin hiéu trung binh trong toan hé
thong (nhw vay Ls > Lq).

— Wq (Waiting time inqueue): thoi gian chd trung bnh tronghang che' clia mot tinhiéu.

— Ws (Waiting time in systen): thoi gian ch® trung bnh trong hé théng clia mét tin hiéu.

— Pw (Probability the system is busy): Xac suat hé thong ban (dang hoat dong) hay
con goi la hé s6 (chi s6) st dung cla to an hé thong (Utilization factor).

3.3.Tinh to4n céc chi sb
V@i muc dich tim hiéu budc dau, sau day ching ta chi xét cac hé thong hang cho véi
mot loai dich vu. Bang phuong phap gidi tich (xem muc 3.1), c6 thé tim dwoc cong thirc
tinh todn cac chi s6 véi diéu kién: cac gia thiét ciia mo h inh dugc thda man.
Mb hinh mgt kénh phuc vu thoi mén: sé tin higu dén cé phin phoi Podt-xong,
thoi gian phuc vu c6 phin phoi mii
Céc cong thirc (1) sau day da duoc chitng minh (bang ph vong phép giai tich):

2
Lo —en— | s :A; Lq :A.Ls;

S(S-A) S-A S
Wq :A; Ws =é; Pw =A.
S(S-A) S-A S

Chéng han véi A=3,S=4thi:

Lq:$=2,25 ;L32£:3;
4(4-3) 1

Wa :éz 0.75;Ws=1; Pw= %: 075.



M@ hinh mjt kénh phuc vu thod min: sé tin hign dén la phin phéi Podt—xong, thoi
gian phuc vu c6 phéin phoi bit ki.
Céc cdng thiic (1) sau day da duoc chirng minh:

2 2 2
quAc +(A/S : Ls:LqA;
2(1-AIS) S
Wq =L4; Ws =Wq +£; Pw =A
A S S

Trong d6 o dd 1énh chufn thoi gian phuc vu  mét tin hiéu. Chl y ran-g, néu thoi gian
phuc vu tuan theo phan phdi miithi « :é va cling la thoi gian trung binh phuc vu mét tin

hiéu. C6 thé nhic lai rang:
m= th(t)dt e Vi o= T(t—m)Zf(t)dt =
0 S 0 S

Lac nay cac cong thire (I1) tro ve (1).
Mb hinh mét kénh phuc vu thod mén: sé tin higu dén c6 phin phoi Podt-xong,
thoi gian phuc vu cé phan phéi mii, h ang ché ¢é giéi han sé tin hi¢u téi da M
Céc cong thirc (111) sau da dwgc chitng minh:
1-A/S

= ; Pw=1-Po;
P AIST °

V@i Py la xac suét-khong-cé tin hiéu nao trong hé thdng (hé sé khong st dung);
P, = (A/S)"P, latilé % tin hiéu khong dwoc phuc vu do hé thdng * day”;

Ls PW—M!A/SEP”;Lq:LS Asl;Pi”;

1-(A/S)

Ws :&; Wq =Ws —é
A(1-P,) S
Ch'y réng néu M = +oo thi (111) tré v (1).
M@ hinh nhiéu kénh phuc vu thod m @n: tin hiéu dén cé phin phéi Podt —xong, thoi
gian phuc vu la phén phéi mi.
Po — X4c suét tit ca cac kénh phuc vu déu khdng c6 tin hiéu, tim dwoc bang cach tra
phu luc 3 dua trén ti s6 A/kS (k s6 kénh phuc vu) hoac tinh truc ti€p tir cong thikc sau:



k
Ls = ASIGYS P, A; Lq=Ls-A; Ws:g; Wq =L4
(k —1)I(kS—A) S S A

A

Mt s6 diém han ché ciia cic mé hinh hang cho

Cac md hinh hang cho gi6i thiéu & trén la nhitng mo hinh tién loi 'nhat dwoc ap dung
kha rdng réi. Tuy nhién, do cac m6 hinh nay cong nh an cac gia thiét “qua chat ché” it xay ra
trén thuc té, nén cac chuyén gia trong ITnh vuc Toan ('ng dung/Van trt hoc/Khoa hoc quan li
cling da dé xuat xem xét nhiéu mod hinh khac. D6 la cac md hinh v 6i cac gia thiét nhu: s6 tin
hiéu can phuc vu la hiru han, dong tin hiéu dén khéng phai ki€u Poat—xong, cuong dé phuc
vu phu thudc vao sé tin hiéu trong hang cho ... va viéc gidi quyét nhitng md hinh nhuw vay
can tGi s tro gilp clia phrong phap md phong ngaunhién.

Ngay ca khi cac gia thiét kha chat ché ctia-b6n mo hinh da néu trong muc nay (ciling
nhu mot s6 mo hinh twong tu khac) 1a hop i, thi viéc cdc md hinh hang chd dwa ra céc | oi
gidi v6i trang thai vitng ( steady state solutions ) cting it c6 y nghta thic t€. Trong nhiéu (rng
dung thuc tién, céc hé théng hang cha khéng bao gio dat t6i cac trang théi vitng. Chang
han, trong mdt hé théng hang che, cwong do tin hiéu dén trung binh thay d6i nhiéu lan
trong ngay khong cho phép h é thdng dat dwoc trang thai viing.

Do do, dé giai quyét-nhiéu b ai toan hang cho trong linh vuc dich vu dam dong va cac
Inh virc khéc, can ap dung phwong phap moé phéong dé tim ra cac 1oi giai co tinh thuc tién
cho cac m6 hinh hang.ch & khi hé théng khong thé dat t&i trang thai vitng hodc khi khéng cé
cac mo hinh Ii thuy ét thich hgp.

3.4.Ap dung mé phéng cho mét s6 hé thong hang cho

Vi du 1: Bai toan hé dich vy hang chd ba kénh véi dong t6i gian c6 tir ch6i.

Cho biét: dong tin hiéu dén 1a dong Poat—xong dirng (con goi 1a dong toi gian). Gidn
céach thoi gian gilra thoi diém dén cla hai nhu cau (tin hiéu) lién tiép c6 phan phdi mii véi
tham s6 w = 5, tirc 1a c6 ham mat do f(t) = 5e>". Néu tin hiéu xuét hién ma cé it nhat mot
trong ba kénh khong ban (kénh s6 1 hoac k énh s6 2 hodc kénh sé 3 khdng ban) th i tin hiéu
duoc phuc vu tai kénh khong ban véi s6 thi t nhd nhat; néu trai lai (khi ca ba kénh déu
ban) thi tin hiéu bi tir chdi. Biét thdi gian phuc vu mdi nhu cdu 14 0,5 phat, hay xac dinh ki
vong toan s6 nhu cau dwoc phuc vu trong khoang thai gian 4 phat.

Nhuw vay, can ap dung md hinh hang chd MultiChannel — SingleServer System (Hé
thdng nhiéu kénh phuc vu — mdt loai dich vu) theo quy tdc First in first out (FIFO: Tin hiéu



dén trvdc dwoc phuc vu xong trwéc). Thoi gian gilra hai tin hiéu li én tiép c6 phan phdi mi
voi ham mat dd xac suat f(t) = 5e ~>'. Trong bai toan nay (nh &m don gian cac budc tinh toén)
thoi gian phuc vu mbi tin hiéu duoc coi 1a khdng d6i va bang 0,5 pht.

Chiing ta s& ap dung mé phong dé xéac dinh sé nhu ciu trung binh can duoc phuc vu
trong khodang th&i gian 4 phit nh v trinh bay sau day.

Ki hiéu T; la th&i diém dén cla tin hiéu thi i, T i 1a thoi diém két thac dich vu cda tin
hiéu thr i (néu cd), tai k énhthir k (k =1, 2, 3). Thoi diém dén clia nhu cau tiép theo | & T; =
Ti.1 +1i Vi T tuan theo luat phan phdi mii c6 ham mat do f(t) = 5e™>' va ham phan phéi la
Fi)=1-e>'= P(t<t).

Lic dd Ty =0, Tyy = Ty + 0,5. K&t qua nay cho biét thoi diém dén cla tin hiéu thir nhat la
T, = 0 vadugc kénh 1 phuc vu. Két thiic phuc vu tin hiéu 1althoi diém Ty = To.+ 05 = 05. May
dém ghi nhan 1 don vi la so tin hiéu da duoc phuc vu.

Dé tim T, theo cong th (¢ T, = T; + 1, ta phat sinh 1, theo cach da biét & muc 3.1.3:
Trudc hét, phat sinh s6 ngau nhi én r, ¢6 2 ch it s sau ddu phiy 0 < r; <1 (theo bang s6 ngau

nhién — phu luc 2B) ta ¢6 r, = 0,10. Sau d6 tinh t, = —%In rp,VaT, =T —%In r, =0~

0,2In0,1 = 0,46. Vay tin hiéu tiép theo phai vao kénh 2 vi kénh 1 con dang ban. May dém
ghi thém 1 don vi thoi diém két thdc phuc vu tin hiéu 2 la Tp = T, + 05 =
0,46 + 0,5=0,96.

Tiép tuc phatsinhrs = 0,09, ta ¢d 3 = —0,2In 0,09 = 0,482. Do d6 thoi diém dén clia
tinhiéu31a T3 =T, + 13=0,46 + 0,482 =0,942. Luc nay kénh 1 d& dugc gidi phong do dd
phuc vu xong tin hiéu 1, nén tin hiéu 3 duoc ti€p nhan vao kénh 1. Tai thoi diém két thic
phuc vu tin hiéu 3 1a Tiz = Tz + 0,5 = 0,942 + 0,5 = 1,442 may dém lai ghi tiép 1 don vi.
Thuc hién tinh toan twong tw, két qua tong hgp dwoc ghi trong bang 111.6.



Bdng I11.6. Tinh todn mé phong tim 6 nhu cdu dwoc phuc vi

4

Thite | S6ngiu = Tha diém Thoi diém Tki kf%t thuc Dém_§6 tin
- n —Inr: i ! phuc vu tai k énh k hiéu
tin hiéu nhién r; " | =1/5Inr; dénT; -
1 2 3 nhan | boé
1 0 0,5 1
2 0,10 2,30 0,46 0,46 0,96 1
3 0,09 2,44 | 0,482 0,942 1,442 1
4 0,73 0,32 | 0,064 1,006 1,506 1
5 0,25 1,39 | 0,278 1,284 1,784 1
6 0,33 1,11 | 0,222 1,506 2,006 1
7 0,76 0,27 | 0,054 1,560 2,060 1
8 0,52 0,65 0,13 1,690 1
9 0,01 4,6 0,92 2,61 3,11 1
10 0,35 1,05 0,21 2,82 3,32 1
11 0,86 0,15 0,03 2,85 3,35 1
12 0,34 1,08 | 0,216 3,066 1
13 0,67 0,40 0,08 3,146 3,646 1
14 0,35 1,05 0,21 3,356 3,856 1
15 0,48 0,73 | 0,146 3,502 4,022 1
16 0,76 0,27 | 0,054 3,556 1
17 0,80 0,22 | 0,044 3,600 1
18 0,95 0,05 0,01 3,61 1
19 0,9 0,10 0,02 3,63 1
20 0,91 0,090,018 3,648 4,148 1
21 0,17 1,77 | 0,354 4,002 1
14 6

Phan tich két qua tinh toan ta thdy trong 20 nhu cau dén thi chi c6 14 nhu cau dugc
phuc vu. Tinh toan twong tw 6 1an nira ta c6 két qua:

X1

X2

X3

X4

X5

Xe

14

15

14

12

13

15

Vay s6 nhu cau trung b inh duoc hé phuc vu trong v ong 4 phit vao kho ang

X =(14+15+ 14+ 12 + 13 + 15)/6 = 13,83.

Gidi bai todn dich vu ba kénh c6 tiv choi trén mdy tinh

Mot phan mém may tinh véi t én goi MOPHONG1 phi én ban 1.0 da duwoc thiét ké dua
trén ngdn nglr Builder C++ 5.0 dé giai bai toan mét dich vu vai nhiéu kénh phuc vu cd tir




chdi nhu dé trinh bay trong vi du 1 véi cac diéu kién sau:

— S6 kénh phuc vu n ¢ thé lay gia tri tir 2 t¢i 10.

— Dong tin hiéu dén la dong Poat —xo6ng, thi gian d dn cch gi (ra hai tin hiéu lién tiép
tuan theo phan ph6i mii véi ham mat do xac suét 1a f(t) = 5e ™.

— Thai gian trung binh phuc vu (xt If) mét tin hiéu | a 0,5 pht.

— Tinh s& tin hiéu dugc phuc vu trong s6 m tin hiéu dén (m cd thé lay gia tri tir 10 t6i
100).

— Thuec hién k 1an md phong (k lan thir, k cé thé 1ay gia tri tir 4 t6i 10).

Muc dich clia viéc xay dwng phan mém nay nham vao: phuc vu day va hoc mén Mo
phong ngau nhién, cling nhu tiép tuc nang cip phién ban 1.0 d€ md phéng duoc hé nhiéu
kénh phuc vu — nhiéu loai dich vu c6 tlr ch@i trong tr wong hop tdng quat khi d ong tin hiéu
dén va thoi gian phuc vu tin hiéu c6 phan phdi bat k1.

Dé chay phan mém MOPHONGL1 chiing ta can c ai dat Builder C++ 5.0 v a0 may tinh.
Sau khi kich chudt vao biéu twgng clia phdn mém, chon File > Open Project > Look in >
Mophongl (Thw muc luu triv phan mém) > Mpl.bpr. Sau d6 chon Run trén thanh cong cu
dé chay phan mém (xem hinh 111.4).

pE]

HH
===

Bl ﬂ |- Stochastatic Simulation

Chugng tinh md phdng -Mhidu kénh phuc vu [Co W chdi)

D ligw 80 vao —HEt qua

S0 1in higu S0 En thir

54 [&n xudt hign fin higu 120

S8 18n dugc phucwu 83

50 dich vu

f | K wang 13.8333330154419

Hzl midm ngau nhién

123456 |

Chay

Hinh IIL4. Chay phan mém MOPHONG 1

Chlng ta nhap s6 kénh phuc vu n =3 vao 6 s6 (kénh) dich vu, s0 tin hiéu phat sinh m
= 20 vao 0 s0 tin hiéu, s6 1an md phdng k = 6 vao 6 s6 lan thr. Ngoai ra ta phai chon hat



mam la mdt s6 nguyén (dd 1én) nhdm khéi tao ham sinh s6 ngau nhién c6 phan phdi déu
trong [0, 1), chang han s6 123456 dé ghi vao & hat mam ngau nhi én, nham tir d6 md phéng
dong Poat—x0ng céc tin hiéu dén. Sau do chiing ta kich chu 6t vao nit Chay dé chay chuong
trinh.

K&t qua ta thdy tdng cong sd tin hiéu dén la 120, trong d6 ¢d 83 tin hiéu duoc phuc vu
(do d6 c6 37 tin hiéu bi tir chdi). Vay trung binh trong 20 tin hiéu dén cé 13,833 tin hiéu
duoc phuc vu. KéEt qua nay so véi két qua tinh toan tr én gidy cho vi du trén la kha sat nhau.

Chii y: Viéc tinh toan dya vao bang s6 ngau nhién cho trong phu luc hoc dua vao
ham sinh s 6 ngau nhién trong may tinh khéng cho két quéa ho an toan gi 6ng nhau trong céc
Ian chay mo phong khac nhau. Digu nay xay ra la vi cac bd s6 ngau nhién tao dugc khong
giéng nhau. V6i cac hat mam khac nhau thi ham sinh s8 ngau nhién cting cho cac bo so
ngau nhién khac nhau va do dé céac két qua cudi cing ciing khéng-trang nhau. Mubn két
qua md phong 6n dinh hon can chon s6 tin hiéu dén m da lon.

Ngoai ra, ching ta c6 th & chon s6 k énh phuc vu tuy y, chéng han n = 5. Két qua chay
phan mém véi hat mam 123456 cho biét trong s6 20 tin hiéu dén trung binh c6 18,167 tin
hiéu duoc phuc vu.

Vi du 2: MGt ¢ong ti diéu hanh mo6t kho nguyén [liéu dé cap phat cho cac déc cong
cla 10 phan xuéng. Hién tai, hai nhan vién phuc vu dang duoc cong ti giao cho nhiém vu
cdp phét nguyén liéu. Bo phan quan Ii cong ti muén can nhac liéu c6 nén thém mdt nhan
vién phuc vu nita hay khong.

R6 rang rang s6 ddc cong (tin hiéu can phuc vu) 1a hitu han, phan phéi cla s6 tin hiéu
dén trong mot don vi thoi gian cling khong theo kiéu Poat—xdng va thoi gian phuc vu tin
hiéu ciing khéng tuan theo luat phan phoi mi. Do d6, khdng thé tim ra dwoc 10i giai giai
tich thong qua mdt mé hinh nhiéu kénh phuc vu véi cac gia thiét nhuw vay. Phrong phap
“duy nhat” la tim cach &p dung mé phong.

S6 liéu thu thap dwoc

— Quan sat trong vong mét thang vao cac ngay lam viéc, mdi ngay mot gio vao céac
thoi diém ngaurnhién, cac s6 lidu vé thdi gian phuc vu mdt tin hiéu va tan suét twong ¢ng
da dwgc thu thap (bang 111.7).

— Tinh thoi gian phuc vu trung b inh cho mét tin hiéu (tinh ki vong):

8x0,1 + 9x0,2 + 10x0,3 + 11x0,4 = 10 (phat).

— Ngoai ra cling da khao sat dwoc: gidn cach thoi gian trung binh gitra hai tin hiéu lién
tiép la 5 phat va s0 lugng tin hién trung binh dén trong mot khodng 5 phat B mot tin hiéu.



Bing IIL.7. Thoi gian phuc vu mgt tin higu va tan sudt

Thoi gian phuc vu mét S6 lwgng Tan suat/ Xac suét
tin hiéu (phat) thiye nghiém
8 15 0,1
9 30 0,2
10 45 0,3
11 60 0,4
> =150 =1

Can chd y rang, dong tin hiéu dén chwa chéc tuan theo phan phdi Poat-xong va thoi
gian phuc vy mét tin hiéu khong nhat thiét tuan theo phan phéi mii. Do do, khong ap dung
dwoc cbng thirc clia muc 3.3 ma phai ding md phdng dé giai quyét van dé: can bo tri bao
nhiéu kénh phuc vu (nhan vién phuc vu) trong kho cdp phat nguy-én liéu la hop Ii nhat? Nhuw
vay md phdng c6 kha ndng x@ Ii cac tinh hubng, sy kién nhv trong thuc té xay ra chi khong
bét chung tuan theo cac phan phdi xéac suft nhét dinh hay theo cac hanh vi go ép.

Mo phong hé théng hang cho

— M6 phéng tin hiéu dén: trung binh 5 phitco 1 tin hiéu dén. Ching tadung 24 s6
ngau nhién sau ldy ra tir bang s6 ngau nhién (phu luc 2A), moi s6 gdbm 10 chit s6 dé md
phong 24 khoang 5 pht t (nhw vay téng cong la 120 phat, mdi s6 dung dé md phong mot
khodng 5 phat tr 9h — 11h): 1581922396, 2068577984, 8262130892, 8374856049,
4637567488, 0928105582, 7295088579, 9586111652, 7055508767, 6472382984,
4112077556, 3440672486,..., 5973470495. N éu chr s6 7 xudt hién trong s6 10 chit s6 da
chon, ta coi nhv 1 tin hiéu dén trong khoang thoi gian twong (ng (vi trung binh trong 5
phut c6 1 tin hi éu déncling'giéng nh v trung binh trong m 6t s6 ¢6 10 chi s6 ¢ mot chir s6
7). Chéng han trong khodng 5 phit  dau khéng cd tin hi éu nao, khoang 5 phut thi hai ¢6 2
tin hiéu dén.

Ta thay sd tin hiéu dén chicothé a0, 1,2, 3,4 tin hi éu. Thoi diém dén cla tin hiéu
trong mdi khoang 5 phit dwoc quy dinh nhu sau tuy theo s6 tin hiéu dén trong khoang do
(bang HI.8). Chang han, néu c6 hai tin hiéu dén, thi thoi diém dén 1a vao dau phdt thir nhét
va dau phat thi ba.

Bing II1.8. Quy dinh thoi diém dén ciia tin hi¢u

Phat 1 2 3 4 5
Néu 1 tin hiéu dén *
Néu 2 tin hiéu * *
Néu 3 tin hiéu * * *
NéEu 4 tin hiéu * * * *

— M6 phong thai gian phuc vu X mot tin hiéu: Ta md phéng phan phéi xac suat &
béang 111.7 theo cach d4 biét. Trwdc hét 14y ba s6 ngau nhi én c6 10 chr s6: 9846413446,



8306646692, 0661684251 (hang 4 t ir dudi 1&n, phu luc 2A). X = 8 pht néu xud t hién chir
s6 0; X = 9 phit néu xudt hién chi¥ s6 1, 2; X = 10 pht néu xuét hién chit s6 3, 4, 5; X =11
phat néu xudt hién chir s 6, 7, 8 hoic 9. Bang 111.9 téng hop két qua mé phdong so tin hiéu
dén va thoi gian phuc vu cdc tin higu.

Bing II1. 9. Két qui mé phong sé tin hiéu dén va thoi gian phuc vu tin higu

CI?iu S& ngau nhién 10 chi s6 hisé(z t(;%n TFthfzJng\i/in
1 1 (518|119 1|12|2]|3| 916 0
2 2 |06 (8|5 |7[7|9] 8 |4 2 11,11
3 8 |26 (2] 1 |3(0|8] 9 |2 0
4 8 | 3|7 (4] 8 |5[6|0] 4]9 1 10
5 4 16| 3 |7| 5 ([6]7|4] 8|8 2 11,10
6 0192 1|8 1(0]5|5]|] 8 ]2 0
7 71219 (5] 0188|5719 2 9,10
8 9 |58 (6] 1 |1[|1|6]| 5|2 0
9 7105 (5|5 (|0(8|7| 6 |7 3 10, 10, 11
10 6 |47 (2] 3 |8[2|9] 314 1 11
11 4 111120 (7|75 5|6 2 10,8
12 3144 |0 6 [7]2]|4]| 8|6 1 11
13 1 (8| 8|24 12|96 |3 0
14 0|68 |4|0(12]2|0]|]0]6 0
15 01983 |3| 1 (417|914 1 11
16 7 |45 (7| 4 |7|7|4)| 6 |8 4 10, 11, 11,
11
17 5 (43 ([5]|]8|8[0|7| 8 |8 1 9
18 9467 (0] 852|913 1 8
19 1 (29|12 |6|5|7| 3|0 1 11
20 4189 (0| 0 (3]12(3]0]5 0
21 0|10 919 5(2]0|8] 58 0
22 310} 9]0 9(0]|8|8]| 72 1 11
23 2 1013 (9|5 ]|9(3|1] 8|1 0
24 5197 (3] 4 |7[04] 9|5 2 9,11

DE tién hanh minh hoa qua trinh tinh todn md phdng cho sd tin hiéu dén trong tirng
khoang thoi gian 5 phat \a thoi gian phuc vu mbi tin hiéu, chling ta quywdc cac ki hiéu sau:



O Tinhiéudén ~  wesmeessm Cho Puoc phuc vu

Hinh 111.5 t&ng hop két qua tinh todn md phong cho hé théng chd hai k énh phuc vu —
mot dich vu.
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H
inh lll.5. T 6ng hop két qua mé phéng hé théng cho

Theo hinh 111.5¢6 thé thdy, trong thoi gian 120 phlt c6 25 tin hiéu dén (25s0 7 xuét
hién & cac chu ki 2, 4,5, 7,9, 10, 11, 12, 15, 16, 17, 18, 19, 22, 24). T 6ng thoi gian dgi 213

pht, vi vay thoi gian doi trung binh = %: 8,52 phat.

Chung ta phan tich y nghfa kinh té clia tinh todn m6 phdng nhu sau: Md hinh hang
cho trén c6 hai kénh phuc vu (hai nhan vién phuc vu). Gia st rang lvong 7$/1 gid/1 nhan
vién phuc vy, lurong ctia mbi doc cong 1a 12$/1 gid/1 déc cong. Theo dir kién clia b ai toan,
thoi gian trung binh gitra hai 1an tin hiéu dén lién tiép la 5 phat. Nh v vay, trong trong 8 gio
¢6 96 1an di, va phai doi 8,52 phut moi 1an. Do d6, tdng hao hut / mbi ng ay 1am viéc do thoi
gian déc cong lang phi do phai doi la: (8,52 x 12$ x 96) / 60 = 163,56%. Ngoai ra, t 6ng chi
Ivong / ngay cho hai nhan vién phuc vu la: 7$ x 8 x 2 ngudi = 112$. Tl do, téng chi phi /
ngay cho hé théng hang cho trén la $ 275,56.

Twong tw, néu bé tri ba k énh phuc vu (ba nhan vi én phuc vu) thi cé thé tinh dwgc thoi
gian trung binh ch doi la 1,88 phit va tong chi phi cho hé théng ba kénh la 204$. Néu
diing bdn kénh phuc vu thi thoi gian chd doi trung binh 12 0 phat, t 6ng chi phi 14 224$. V ay



hé thong hang chd trén nén dung ba kénh ph uc vu la t6t nhat. N6i cach khac, ban diéu hanh
codng ti nén diéu thém mdt nhan vién phuc vu téi lam viéc tai kho cap phat nguyén liéu
nham giam bét chi phi “co hdi”.
So sanh voi loi gidi li thuyét

So sanh 1¢i gidi dung mo phéng véi 10i gidi dwa trén I thuyét mo hinh hang cho (lic
d6 can gia st réng: s6 tin hiéu dén tuan theo luat Poat —x6ng, thoi gian phuc vu mét tin hiéu
tuan theo phan ph6i mi).

Khi tra phu luc 3 tim Py dva vao ti s6 A/(kS) v6&i k =3 12 s6 kénh phuc vy, ta-duoc

P,=0,11435 (A =12,S=6;A/(kS) = 0,66) ;
k
LS = e P iem—2,915; Lq = Ls em=0,915;
(k-1)!(KS—A) S S

Wq :%: 0,076 (gi0) = 4,5 phit.

Trong khi d6 theo két qud mo phoéng thi thoi gian cho trung binh la 1,88 phat. Tuy
nhién, néu chay mé phdng cho thdi gian d ai hon (10 t6i 15 gi®) thong qua ch uong trinh trén
may tinh thi c6 k ét qua thoi gian cho trung b inhila 2,63 phut twong ddi 6n dinh.

Tlr cAc phén tich tr én c6 thé thay, trong.cac tinh hudng chiing ta khong x& Ii duoc cac
diéu kién toan hoc phtrc tap an chiva trong b ai toan hang cho, lua chon duy nhét l1a ap dung
mo phong dé giai bai toan.

Phdn mém mé phong hé thong hang cho

Phan mém may tinh véi t én goi MOPHONG2 phi én ban 1.0 da dwgc thiét ké dya tr én
ngbn nglr Builder C++ 5.0 dé md phong hé thong hang chd nhw da trinh bay trong vi du 2
v&i céc diéu kién sau:

— S6 kénh phuc vu n c6 thé lay gia tri tir 2 t¢i 10.

— Dong tin hiéu déntheo quy luat: c trung binh 5 phlt c6 mét tin hiéu dén, nhung chuwa
biét day cophai la phan phdi Poat-x6ng hay khong. Ngoai ra, thoi diém dén cla céc tin hiéu
trong vong 5 phut ding chua biét rd, nén chiing dwgc mé phéng can ct bang 111.8.

— Thai gian phuc vu (xt 1f) mdt tin hiéu tuan theo phan phdi roi rac  da biét:

Thoi gian xt 1 mot 8 9 10 11
tin hiéu (phat)
Xé&c suat 0,1 0,2 0,3 0,4

— Khoang thoi gian md phdng c6 thé chon k chu ki, mdi chu ki 5 phut (k ¢6 th & chon
giatri 12, 24, 32, 48, ...)

— Can tinh thoi gian chd trung binh (phat) cho mdi tin hiéu di dén hé théng dich vu
trén day.



Muc dich cla viéc xay dwng phan mém nay la phuc vu day va hoc moén Mé phéng
ngau nhién, cling nhu tiép tuc nang cap phién ban 1.0 d& md phdng dwoc hé nhidu kénh
phuc vu — nhiéu loai dich vu khong ¢4 tir chdi trong tr wong hop téng quat khi d ong tin hiéu
dén va thoi gian phuc vu tin hiéu c6 phan phdi bat k 1.

DEé chay phan mém MOPHONG?, ciing tvong tw nhu chay phan mém MOPHONG1
chiing ta cn cai dat Builder C++ 5.0 vao may tinh. Sau khi kich chudt vao biéu twong clia
phan mém, chon File > Open Project > Look in > Mophong2 (Thuw muc luu trit phan mém)
> Mp2.bpr. Sau d6 chon Run trén thanh cdng cu dé chay phan mém (xem hinh 111.6).

Chung ta nhap s6 kénh phuc vu n = 3 vao 6 s0 (kénh) dich vy, khodng thoi gian mo
phéng v&i m =24 chu k i 5 phit vao 6 kho ang thoi gian phét sinh tin hiéu. Ngo ai ra, ta ph ai
chon hat mam 1a mdt s6 nguyén (dd 16n) nham khdi tao ham sinh s6 ngau nhién c6 phan
phdi déu trong [0, 1), chang han s 345678 dé ghi vao 6 hat mam:ngau-nhi én. Sau do6 chiing
ta kich chu6t vao nit Chay dé chay chuong trinh.

ﬂ |L Stchastatic Simulation

Chuang tinh mé phéng -Nhiéu kénh phuc vu [Khing tir chéi]

Thing s6 d&u vao K& qua
Khoang th&l glan phat sinh tin hldu |24 Thoi gian cho 288

Téng They gian phuc vy 120

Phét sinh hat mam[Srand seed)

|3456?8 vl

86 tin higu xi¥ i 27

Thai gian chd trung binh  10.6666669845581

Kénh phuc vu[5d Server)

—

Chay

Hinh IIL.6. Chay phan mém MOPHONG?2

K&t qua ta thdy tdng céng ¢6 27 tin hiéu di tdi hé théng dich vu, tong thoi gian cho' | &
288 pht, nén trung binh mot tin hiéu phai chd la 10,667 phit. Két qua nay so voi két qua
tinh toén trén gidy st dung bang s6 ngau nhi én (phu luc 2A) 14 khé sat nhau.

Can nhéc lai rdng viéc tinh toan dwa v a0 bang s& ngau nhi én cho trong phu luc 2A va
dua vao ham sinh s& ngau nhién trong may tinh khéng cho k &t qua hoan toan giéng nhau do
cac b s6 ngau nhién tao dwoc khdng gidng nhau. V&i cac hat mam khac nhau th 1 ham sinh



s6 ngau nhién ciing cho cac bd s8 ngau nhién khac nhau va do d6 cac két qua cudi cling
cling khong tring nhau. Chang han, néu thay hat mam 345678 (cho két qua thoi gian cho
trung binh 10,667 phat) bang hat mam 456789 thi thoi gian chd trung binh sé chi [ 4,158
phit. Néu lay trung binh clia hai két qud nay thi dwgc con s6 sat hon véi két qud tinh toan
da biét dwa trén phu luc 2A.

Tl cac phan tich trén ta thay, muén két qua mo phdong 6n dinh hon can chon sé chu ki
mo phong m d 16n va chay cho nhiéu hat mam khéac nhau dé tinh gia tri trung b inh clia két
qua cac l1an chay d6. Van dé nay thuc chét 1a van d b6 tri thi nghiém mé phong trén may
tinh, ciing 1a mot hwdng trong nghi én cltu vé md phong ngau nhi én hién nay dang duwoc tién
hanh trong nhiéu Iinh vuec.



Chuwong IV
PHAN TiCH MARKOV VA UNG DUNG

1. Cac khai niém co ban vé xich Markov

1.1. Mt s6 dinh nghia

Nhiéu mé hinh ngau nhién trong Van tru hoc, Kinh t€, Ki thuat, Dan s6 hoc,
Di truyén hoc,... dva tr én co s& la qua trinh Markov. Ddc biét, hién tai mot linh virc moi vé
Tin — Sinh hoc (Bioinformatics) chuyén nghién ¢ Gu vé gene (rng dung-rat manh céc van dé
cla li thuyét cac qua trinh Markov. Trong nganh Co dién hién nay nhiéu chuyén gia li
thuyét va thyc hanh ciing rat quan tam t¢i qua trinh Markov.néi chung, cong nh- c,c
qu, trxnh sinh-td hay qu, trxnh h&i phdc ndi ri®*ng.

Vi du: Xét mdt hé thdng vat li tién trién theo thoi gian. Tai thoi diémt =0, hé thong
c6 thé roi vao mot trong ba trang thai (hay vi trf) 1, 2 hodc 3 mot cach ngau nhién. Ki hiéu
X(0) lavitri cla hé théng tai thi diémt =0, thi X(0) la mét bién ngau nhi én, c6 th & nhan
cac gia tri 1 hodc 2 hodc 3 v6i cac xac sudt nhat dinh. Gia st rang can c vao cac két qué
quan sat hay nghién c (tu, chiing ta c6 bang phan phdi xac suat sau cho X(0):

Céc gia tri cta X(0) 1 2 3

Xé&c sudt twong tng 0,2 0,5 0,3

Tai cac thoi diém tiép theo, chang han, t =1, 2, 3, ... vi tri cla hé théng s& d wgc md
ta bdi cac bién ngau nhi én X(1), X(2), X(3), ... v ¢i cac bang phan phdi xé4c sudt t wong Gng.
Dua trén vi du nay, chling ta xét dinh nghfa sau vé qua tr inh ngau nhién.

Dinh nghia 1

Xét mot hé thong vat Ii (hay mot hé thdng sinh thai, hé thdng dich vu,... ) tién trién
theo th&i gian. Goi X(t) 1a vi tri (tinh trang) cla hé tai thoi diém t. Nhu vay Gng v&i moi
thoi diém t, X(t) chinh 1a mdt bién ngau nhién mo ta vi tri (tinh trang) cla hé théng. Qué
trinh {X ()} -0 dwoc goi 1a mdt qud trinh ngd~u nhién.

Tap hop céc vi tri cd thé cd cla hé goi 1a khéng gian trang thai. Khdng gian trang
thai duoc ki hiéu 14 S. Trong vi d u trén, néu gia st rang X(t) chi ¢ thé nhan mét trong ba
giatri 1,2, 3 vt, thi S={1, 2, 3}

Gia st trwdc thoi diém s, hé d 4 & trang thai nao do, con tai thoi diém s, hé & trang théi
i. Chlng ta mu6n danh gia xac sudt dé tai thoi diém t (t >s), hé sé & trang thai j. Néu xac
sudt nay chi phu thudc vao b6 bon (s, i, t, j), tic | a P[X(t) = j/X(s) =i] = p(s, i,t, j)la dlng
Vi, Vj, Vs, Vt thi diéu ndy c6 nghia 13, sw tién trién cla hé trong twong lai chi phu thudc



vao hién tai (tinh trang cla hé tai thoi diém s), va hoan toan doc lap véi qua khiv (tinh
khéong nhé). D6 chinh 1 tinh Markov. Ldc nay qué trinh ngau nhién X(t) duoc goi 1a qud
trinh Markov .

Trong vi du trén P[X(1) = 2/X(0) = 1] la xac suét cé diéu kién cla sv kién X(1) = 2
(tai thoi diémt =1, hé théng ndm tai vi tri 2) véi didu kién X(0) = 1 (tai thoi diémt =0, hé
théng ndm tai vi tri 1). Néu qua trinh ngau nhién c6 tinh Markov thi xac suét nay chi phu
thudc vao tinh trang clia hé tai thoi diém s = 0 va hoan toan déc 1ap véi cac t inh trang clia
hé trong qua khi (tr wéc thoi diém s = 0).

Dinh nghia 2

Néu khong gian trang thai S gdbm mot s6 hi*ru han hodc vo han dém dwoc cac trang
thai thi qua trinh Markov X(t) duoc goi la xich Markov. LUc nay, cé thé ki hiéu S = {1, 2,
3,..}, tlrc la céc trang thai dwoc danh s6. Hon nita, néu tap cac gid tri t khong qua dém d woc
(chéng han, t=0, 1, 2,...) th 1 ta c6 xich Marko v V@i thoi gian roi rac , hay xich Markov r &i
rac. Néu te[0, o) thi ta c6 xich Markov v 6i thoi gian lién tuc, hay xich Markov lién tuc.
Dinh nghia 3

Xét mdt xich Markov. Néu xac suét chuyén trang thai p(s, i, t, j) = p(s+h, i, t+h, j¥i, Vj,
Vs, Vt va Vh > 0, thi ta néi rang xich Markov thudn nhdt theo thoi gian .

Pay la mot khai niém méi va sé dwgc gidi thich ngay sau day trong muc 1.2. Ngoai
ra v&i muc dich tim hiéu budc dau, trong cacmmuc 1.2 va 1.3 ching ta sé& chi xét xich
Markov roi rac va thuan nhat theo thoi gian. Vi du vé xich Markov li én tuc sé dwgc xem xét
trong muc 2.4 va 2.5.

1.2.Ma trin xéc suit chuyén trang thai va phan phoi dirng

Trong muc nay ching ta dwa ra khai niém vé ma tran xac sudt chuyén trang thai clia
mot xich Markov roi rac.v-a.thuan nhat theo thoi gian v&i khong gian trang thai goém N phan
tl. Trong trwong hop xich Markov roi rac va thuan nhat c¢é khong gian trang thai véi sé
phan t& vo han dém duge, khai niém v& ma trin xac sudt chuyén trang thai sé dugc xay
dung mdt cach tuong tu.

Vi du: Xét lai vi du da cé trong muc 1.1, nhung véi mdt cdch minh hoa khac trong
ITnh virc dich vu. Trong mot khu pho 1000 dan (khach h ang) cé 3 siéuthila A, B, vaC (A,
B, C dwac coi la cac vitri 1,2, 3 clahé thdng siéu thi nay). Gia sl rang, trong tirng thang
moi khach hang ludn trung thanh v&i mot siéu thi. Ngoai ra, ciing gia st rang trong thang
dau s6 khach vao céc siéu thi lan luwgt la 200, 500 va 300; tirc la c6 20% khach hang vao
siéu thi A, 50% v o B va 30% vao C. Nh u vay, c6 thé du doan réng mdt khach hang vao A
voi xéac suft 0,2; v ao B v@i xac suat 0,5 v a vao C vai xac suat 0,3. D& md ta tinh trang phan
chia thi phan trong thang dau (thang 0) clia hé thong siéu thi trén, ching ta thiét lap bién
ngau nhién X(0) v&i quy tac: néu khach hang mua hang & siéu thi A thi d&t X(0)=1, & si éu
thi B thi dat X(0) = 2, con & siéu thi C thi X(0) = 3. Luc d6, X(0) c6 bang phan phdi xac
suét sau:

Cac gia tri cta X(0) 1 2 3

Xé&c sudt twong ng 0,2 0,5 0,3




Ki hiéu P[X(0) = 1] = m@, P[X(0) = 2] = @, P[X(0) = 3] = m5@, thi véc to 1V =
[nl(o), 1, ng(o)] =[0,2 0,5 0,3] duoc goi la véc tophdnphéi xdc sudt tai thoi diém t = 0
hay véc to phdn ph éi ban dau. Céc thanh phan cta IT® cho biét ti 1& phan trdm (%) khéach
hang vao cac siéu thi A, BvaC.

Nhitng thang sau, ta gia st xac suat dé& mot nguoi khach, dd vao mua hang ¢ siéu thi
A thang trude, vao lai A trong thang sau luon | & 0,8; chuyén sang mua hang & B luén 12 0,1
va chuyén sang C luén la 0,1. X4c su at dé mét ngudi khach, da vao mua hang & siéu thi B
thang trudc chuyén sang A lubn la 0,07; vao lai B ludn la 0,9 va chuyén sang C lubn la
0,03. Con xac sudt dé mot nguoi khach, da vao siéu thi C thang trudc chuyén sang A lubn
12 0,083; chuyén sang B ludn | a 0,067 va vao lai C ludn 14 0,85. Lic d6 cac xéac su at chuyén
clia khach hang duoc cho thdng qua ma trdn xdc sudt chuyén trang thdi P (con goi la ma
trdn chuyén sau mot bugc).

08 01 01
P=1007 09 003]|=[pilsxs
0,083 0,067 0,85

DE md ta tinh trang phan chia thi phan trongthangt (t=1, 2, 3, ...) ¢ Ga hé thong siéu
thi trén, c6 thé thiét I1ap bién ngau nhién X(t) vai quy tac trong ty nhu khi thiét 1ap X(0): néu
khach hang mua hang & siéu thi A thi dadt X(t) = 1, & siéu thi B thi dat X(t) = 2, con & siéu thi
C thi X(t) = 3. Van dé dat ra la X(t) c6 bang phan phoi xac suét nhu thé nao.

Trudc hét ta di tim bang phan phdi xac suat cho X(1). Xét p1» = P[(X(1) = 2/X(0) = 1] =
0,1 1a xac su at dé mét ng woi khach, dd vao mua hang & siéu thi A thang 0 chuyén sang mua
hang & siéu thi B trong thang 1. Ngoai ra, P[X(t+1) = 2/X(t) =1] =0,1 Vtlas6 ty nhién, vi
theo gia thiét cla bai todn thi xac sudt dé mot nguoi khach, dd vao mua hang & siéu thi A
thang trwdc chuyén sang mua hang & B ludn 12 0,1. Vay pi, dwoc goi 1a xdc sudt chuyén sau
mét bude tir vi tri 1 sang vi tri 2, bdi vay ¢ thé dung ki hiéu p,,” dé chi ro day la xac su at
chuyén sau mot b wge. Cacphantlrp i Vi=1,2, 3vaVvj=1,2, 3 clamatranP céy nghia
trong tu.

Dé thdy rang trong thang 1 s6 khach h ang mua hang tai siéu thi A 14 200 x 0,8 + 500
x 0,07 + 300 x 0,083 = 219,9 (=~ 220); s0 khach hang mua hang tai siéu thi B 1a 200 x 0,1 +
500 x 0,9 +300 x 0,067 = 490,1 (~ 490); con s6 khach hang mua hang tai siéu thi C sé la
200 x 0,1 + 500 x 0,03 + 300 x 0,85 = 290. Do téng s6 khach hang la 1000, nén X(1) c6
bang phan phdi xac suat sau:

Cac gia tricua X(1) 1 2 3
Xé&c sudt twong ng 0,2199 0,4901 0,2900

Vay véc to phan phdi xé4c suét tai thoi diémt=11a 11 = [1,®, 7,®, 75%] cho biét ti
1& phan tram khach hang vao céc siéu thi A, B va C trong thang 1. Bang phép tinh ma tran
cling tim duoc IT® nhu sau:



08 01 01
n® =119 P=[0,20,50,3] x| 007 09 0,03
0,083 0,067 0,85
=10,2199 0,4901 0,2900].

Twong tw c6 thé tim duoc IT®:

08 01 10k
@ =11% x P =[0,2199 0,4901 0,2900] x | 0,07 0,9 0,03
0,083.0,067 0,85

=[0,234297 0,48251 0,283193].

Sau day ta di tim ma tran xac suat chuyén trang thai sau hai b véc. Ki hiéu p,,” 1a xac
sudt chuyén tir vi tri 1 sang vi tri 2 sau hai b wdc. Theo cdng thikc xac suét to an phan ta cd:

p?=P[X(2)=2 /X(0) =1] = P[X(&)=1 / X(0)= 1] x P[X(2)=2/X(1) = 1]
+P[X(L) = 2/ X(0) = 1] x P[X(2) = 2/X(1) = 2]
+P[X(1) =3/ X(0) = 1] x P[X(2) = 2/ X(1) = 3]

= pll(l)plz(l) + p12(1)p22(1) + p13(1)p32(1)

3
= pPp =08x0,1+0.1x0,9+0,1 x 0,067 =0,1767.
k=1

M6t cach hoan toan twong tu, ta c6 xac sudt chuyén tir vi tri i sang vi trf j sau hai b wéc

3
a2 pi® = pu®py® + p®pas? + pis®pg® = > pPp. Vay ta c6 ma tran chuyén sau hai
k=1
buéc la:
P@ = [pij(z)]3x3 = PO x pW=p x p= P2

08 01 01 08 01 01
=10,07 09 003|x 007 09 0,03].
0,083 0,067 0,85| |0,083 0,067 0,85

Dé thay I1® = ITxP=I1"xP%. Twong tu, c6 thé chirng minh dwoc TI™™ = 1™ x pM,
trong d6 T1™™ va I1™ 1a cac véc to phan ph 6i tai cac thoi diémt=m+nv at=n,conP ™
12 ma tran xéc suét chuyén trang thai sau m b uéc.

Do P™= [p;{™]s,5 nén P[X(m) = j / X(0) = i] = P[X(n + m) = j / X(n) = i] = P[X(n" + m¥
j /X)) =] = pi™, Ia x&c suét chuyén tir vi tri i sang vi tri j sau m budc. Dat n = s,



t=n+tmvah =n’ —nthi congay P[X(t)=j/X(s)=i]= P[X({t+h)=j/X(s+h)=i] , hay
p(s, i, t,j)=p(s+h,i, t+h,j)lubn ding Vs, Vt, Vh. Tl cic phan tich trén day va déi chiéu
véi cac dinh nghia 1, 2 va 3 muc 1.1, ta thdy qua trinh ngdu nhién X(t) v6i
t=0, 1,2, ... trong vidu nay chinh lamdt xich Markov roi rac i thudn nhat theo thoi gian.

DE khai quat hoa cac khai niém da trinh bay, ching ta xét xich Markov ri rac va
thuan nhat theo thoi gian X(t), t =0, 1, 2, ... v6i khong gian trang thai gdm N phantr m ata
kihiéulasS={1,2, ..., N}.

Dinh nghia 1

Gia str tai thoi diémt = n, X(n) ciing ¢6 thé nhan mot trong N giatri 1,2,..., N véi
céc xac sudt twong ¢ng 13 ™, ™, ..., i (voi 1@+ 7™ +...+ oy™ = 1) thi véc to 1V
= [m®, 1", ..., m®] duoc goi la véc to phdn ph éi tai thoi diém t =n.NGit=0taco véc
to phan phdi ban dau 19 = [ @, 1@, ..., @]

Matran P = [pijnxn, trong d6 psj = p(t, i, t+ 1, j) = P[X(t + 1) = j/X(t) =i] Vtla xdc
sudt chuyén trang thai tie vi tri i sang vi tri j sau mot b wée, Vi=1,2,...,Nva vj=1,2, ...,
N, dwoc goi 1& ma trdn xdc sudt chuyén trang thai hay ma trén chuyén sau mot budc.

Vi du: Tiép tuc xét vi du trén, trong dé da tim duge IT® = [0,2199 0,4901 0,2900],
1@ = =[0,234297 0,482510 0,283193]. D& thay, c4c véc to phan phdi xac suat 14 11
1®,... tai cac thoi diémt=1, 2, 3, ... d voc tinh theo cong thie: 1V =119 x P, T® = 1™
P=MOx P . valm™ =m"xP= 1@x P"™ W¥n. Sau 21 buéc (21 thang), tacé T1?V =
[0,272257 0,455523 0,272220].

Céc véc to phan ph 6i (hayti-lé-phan tram khach hang vao cac siéuth i A, B, C) sau 1,
2, 3,..., 21 thang du gc cho trong bang IV.1.

Vaén dé dat ra 1a lieu TT = lim, IT" c6 ton tai khong va néu ton tai thi duoc tim
béng cach nao. Trong vi du nay, chung ta s& tim dugc IT = [0,273 0,454 0,273], biéu thi
cho ti 1& phan trdm can bang ditng (stationary equilibrium) s6 khach hang vao cac siéu thi
A, B, C sau mot thoi gian dd d ai.

Cach tinh 11

Xuét phat tir TV = T x P, cho qua gi6i han ca hai vé khi n— oo ta c6: TT=T1 x P, hay
IMx(1-P)=0.

Do P la ma tran déc biét (ma tran chuyén) nén nd la ma tran suy bién. Khi viét lai
duwdi dang hé phwong trinh (3 an, 3 phuong trinh) ta phai loai bét mdt phuwong trinh di, va
thém vao hé thirc m+ mp+ me= 1 varang budc mc >0 (k =1, 2, 3). Ki hiéux=m,y=myvaz
= m3, ta S& co hé:

0,2x-0,07y -0,083z=0 x=0,273
-0,1x+0,1y—0,0672=0 <> {y=0,454
X+y+z=1 z=0,273

Vay I =[0,273 0,454 0,273].



Bing IV.1. Ti I¢ phan triam khdch hang vao cdc siéu thi

Thang A B C

1 0.2199 0.4901 0.29

2 0.234297 0.48251 0.283193
3 0.2447183 | 0.476662631 | 0.27861905
4 0.2522664 | 0.472135676 0.2755979
5 0.2577373 0.46861381 0.27364893
6 0.2617056 | 0.465860633 | 0.27243373
7 0.2645868 | 0.463698194 | 0.27171505
8 0.2666806 | 0.461991958 | 0.27132742
9 0.2682041 | 0.460639762 | 0.27115613
10 0.269314 0.459563657 | 0.27112231
11 0.2701238 0.45870389 0.27117228
12 0.2707156 | 0.458014426 | 0.27126994
13 0.2711489 | 0.457459633 | 0.27139144
14 0.2714668 | 0.457011789 "| 0.27152141
15 0.2717005 | 0.456649225 | 0.27165023
16 0.2718729 || 0.456354922 | 0.27177223
17 0.2720002 | 0.456115454 | 0.27188433
18 0.2720947 | 0.455920181 | 0.27198516
19 0.2721649 | 0.455760634 | 0.27207446
20 0.2722173 0.45563005 0.2721526
21 0.2722566 | 0.455523004 | 0.27222035

Dinh nghia 2

Xét_xich ‘Markov roi rac va thuan nhat véi ma tran chuyén P = [pij]nxn. Llc do,
véc to phan phoi xac suat T =[m, w2, ..., nn] théa man diéu kién TT x(1 — P) = 0 duoc goi la
phan phéi diemg cla xich Markov d4 cho.

C6 thé thdy ngay, phan phdi dirng TT khong phu thudc vao IT® ma chi phu thudc vao
ma tran P.

Mot cach toan hoc, ta néi mé hinh xich Markov roi rac thuan nhdt chinh 1a bo ba
(X(tn), S/II, P). Ap dung md hinh xich Markov dé phan tich mdt van dé nao dé trong Kinh
té, K1 thuat, Sinh hac,... d wgc coi la viéc ing dung phan tich Markov.

1.3.Cac tinh chét va dinh li

Xét xich Markov r ¢i rac va thuan nhat véi ma tran chuyén P = [p jj]n«n. C6 thé chiing
minh dwoc cac tinh chat v a dinh If sau:



Cic tinh chit
N
k=’

1/ ptmmy, = z p™i p™y; (day 1a phuong trinh Chapman—Kolmogorov).

AN

2/P@ =P x P =p? PM = p"ya prm = p()  p(m
3/ ™™ =1 x ptm,

Dinh li
1/ Gia st P 1a ma tran xac sudt chuyén chinh quy, ttc la ton tai chi s6 ng, sao cho
Vi, j, thi xéc su at chuyén tir i dén j sau n o buéc 1a mot s6 dwong: pi™ >0. Khi d6 ton tai

T, Mo ey TN >0,VA T+ Mo+ ...+ iy =1dé cho limy_,., p™; = m;, khéng phu thudc vao
i

Céac S0 my, my, ..., Ty dwgc tim tir hé phuong trinh

N N
X; =D XDy J=1 2., Ni X2 0 Vjva yx, =1.
k=1

=

2/ Néu cbé cac s6 mi, m2, ..., mn thod mén digu kién mi+ m+ ... + iy = 1 va
limy.. p™; = m;, khong phu thudc vao i, thi matran P la ma tran chinh quy.
Luu y

Phan phi (my, 7y, ..., ) thod mén digu kién m + o + ... + 1y = 1 va lim, ., p© = m;,
khong phu thudc vao i, dugc goi'laphan phoi gi¢i han. Ngoai ra, néu diéu kién =; >0, Vj
dwoc thda méan thi phan ph 6i nay dwec goi | & phdn ph6i Ergodic. C6 thé chirng minh duoc
rang, néu phan phéi gi¢i han ton tai thi d6 1a phan phdi dirng (duy nhat). Tuy nhién, diéu
nguoc lai khdng lubn ding:

2. Mot s ing dung cia phan tich Markov

Phan tich Markov ¢6 nhiéu (rng dung trong Kinh té, KT thuat, Sinh hoc, X& hoi hoc,
Cdng nghé thdng tin,... Trong muc nay, ching ta sé xem xét cac (¢ng dung nhu tim cén
béng thi phan, xac dinh chinh sach thay thé vat tu thiét bi, dy bao that thu cho cac hgp dong
thuc hién trwée, tim phan ph6i gidi han clia mot hé thong ki thuat v a mét (rng dung ctia qua
trinh sinh — t& cho hé thong hang cho.

2.1.Tim cén bang thi phin
Ta nh&c lai mdt cach van tt bai toan cho & muc 1.2: Trong mét khu phd 1000 dan
(khach hang) c6 3 siéu thila A, B, va C. Gi & s, trong thang dau, s khach v ao céc siéu thi
Ian lwot 12 200, 500 va 300. Nh @tng thang sau dd, ta gia st xac sudt d& mot khach hang (da
vao siéu thi A ldc trudce) vao lai A ludn 1a 0,8; chuy én sang B ludn 14 0,1 va chuy én sang C
lubn 12 0,1... Céc xéc su &t chuyén khac clia khach h ang (“"tru lai" B, chuyén sang A, chuyén
sang C...) duoc cho théng qua ma tran chuyén P



08 01 01
P=1007 09 0,03
0,083 0,067 0,85
LGc dd, theo két qua da biét, ti 18 phan téim can bang dirng (khi thoi gian d0 @) s6 khach
hang vao cécsiéu thi A, B, C B27,3%, 45,4% va27,3% co thé im dugc tir heIT x(1-P) = 0.

2.2.Chinh sich thay thé vit tuw thiét bi

Trong mdt hé théng dién KT thuat, cac thiét bi cung mot loai duoc phan ra cac tinh
trang sau day: vira méi thay, con t6t, van ding dwoc va da bi hong. Theo s6 liéu théng ké
duwoc, ta co ma tran xac suét chuyén trang thai nh v sau:

0 08 020

0 06 04 0
“lo 0 05 05}

100 0 O

trong d6, sau mdi tudn (xem hang dau ctia ma tran-P)-cd 0%, 80%, 20% v & 0% s céc thiét
bi m@i thay chuyén sang tinh trang mai thay, con tét, van dung dwoc va da bi hong. Céc
hang khac cla ma tran P dugc gidi thich mot cach tuong tw. Ta di tim phan phdi dirng TT
béng phuong phap da biét.

Xuét phét tr T1™? = 1™ x P, cho.qua gi¢i han cé hai vé khi n—oo ta c6: IT1=TI1x P,
hay TT x(I = P) = 0.

Do P la ma tran dac biét (ma tran chuyén xac sudt) nén nd la ma tran suy bién. Khi
viét lai d uw6i dang hé phrwongtrinh (4 an, 4 phwong trinh) ta phai loai bdt mot phuwong trinh
di, va thém vao hé thi¢c m+ mo+ 3 + ma=1varangbuodc mc >0 (k=1, 2, 3, 4). Ki hi éu x; =
71, Xo = T2, X3 = T3 VA X4 = T4 ta S& O hé:

X, =X, =0

—0,8x,+0,4x, =0 X, = X,
0,2, —0,4%, +0,5x, =0 < i
—0,5%,+%x, =0 X, =X, =?

X +X,+ X+ X, =1

Vay phan ph6i dirng IT =[1/6 1/3 1/3 1/6].

Gia st rang chi phi thay mdi mét thiét bi 1a 25 nghin (ddng) va that thu khi mdi mot
thiét bi hong 12 18,5 nghin, thi mdi tuan hé thdng trén phai chi trung b inh trén mdt thiét bi
s0 tién la: (1/6) x 25 + (1/6) x 18,5 = 7,25 nghin / thi ét bi / tuan.

Ta xét phuong an thi hai cho viéc thay thé vat t v thiét bi v&i ma tran xac suét chuyén
trang thai sau day:



0 0802
P=/0 06 04].
100 O
Ma tran nay twong (bng v6i chinh sach mai vé thay thé vat tu thiét bi 1a: thay th & mbi

thiét bi mot khi kiém tra va phét hién thiét bj & tinh trang van dung duoc. Diéu nay c6 thé
dan téi viéc giam thiéu thét thu do thiét bi héng gay nén. That vay, Gng véi matran P trén
day, phan phéi dirng I1 = [1/4 1/2 1/4]. Lic nay, mbi tuan hé théng trén phai chi trung
binh trén mdt thiét bi so tién la: (1/4)x 25 + (0)x18,5 = 6,25 nghin /thiét bi / tuan. Nhw vay hé
thong sé tiét kiém dwoc 1 nghin/ thiét bi / mdt tuan. Néu hé thdng c6 2000 thiét bi, th 1 nho
chinh séach thay th & vat tw méi, moi tuan hé théng sé tiét kiém dwoc 2 triéu (dong).

2.3.Phan tich Markov trong du bao thit thu cho cic hgp dong thue hién
truéc
Mot cong ti kinh doanh trong ng anh dién chuyén vé stra chita v a thay thé phu tung dé
ra chinh sach tin d ung: dap (ng yéu cau cla khach hang trwéc, thanh toan sau. Phan nhiéu
hop dong sé dwoc thanh todn dling thoi han, mot ti 1€ nhat dinh sé dwoc cong ti cho thanh
toan cham, con mot s6 it khéng thanh toan duwoe: Theo kinh nghiém, sau hai hay ba hop
dong thanh toan chdm ctia mot khach hang nao.do la hop dong khong thanh toan dugc sau
mot thoi gian dai, cong ti coi day la hop dong “xau” va s& cat b chinh sach tin dung voi
khach hang dé. Nhu vay tai tirng thoi diém céc hop dong cd thé r oi vao mdt trong cac tinh
trang (trang thai) sau:
— So: hgp dong dwgc thanh toan,
— S1: hop dong khong dugc thanh toan,
— S, hgp dong sé duoc thanh toan ding thoi han,
— S3: hop dong sé duoc thanh toan cham.
Sau day la ma tran xéac sudt chuyén trang thai (sau tirng thang):

1 0 0 O
01 0 O
050 0302
04 03 0,2 01

Hién tai cong ti c6 cac hop dbng phai thanh toan diing han véi tdng s6 500 triéu, va
cac hgp dong cho thanh todn chdm véi tong s6 100 triéu. Hay xac dinh trong téng trén cé
bao nhiéu sé& dwoc thanh toan, con bao nhiéu sé la ng “xau” khong doi duoc.

Day la bai todn kha ph trc tap lién quan t&i phan loai cac trang thai clia xich Markov | a
van d& ching ta s& khong trinh bay trong gido trinh nay. Tuy nhién, co thé thdy ngay rang
céc trang thai Sova Sy la céc trang thai “hap thu” (absorbing state), tic la moi hgp doéng du
hién dang ¢ trang thai nao thi cudi cling sau mot thoi gian nhat dinh cling sé roi vao mot
trong hai trang thai trén. Trong khi d6 cac trang thai S, va S; dwgc goi la cac trang thai



truyén (rng (hay cac trang thai di chuyén).
DE tim cau tra 1 cho van dé dit ra, chling ta can thic hién ca ¢ budc sau: Tr udce hét,
ta chia ma tran P theo khoi.

b J O VoI = 10 K= 050 0= 00 M= 0,3 0,2 .
KM 01 0,4 0,3 00 0,2 01
Sau d6, tatimmatran R =1 — M va ma tran nghich dao cliané R, & day I'lama tran
don vi cung c& voi ma tran M. Ta cé:

_1_ 15254 0,3390
0,3390 1,1864 |’
va tinh duoc:

RivK {0,8983 0,1017}
xK =

0,6441 0,3559 |

Céc phan tlr trong ma tran trén cd y ngh Ta dac biét. Trong s6 céac hgp dong hién tai &
trang thai S, (phai thanh todn ding ki han).cudi clng sau modt thdi gian nhéat dinh c6
89,83% sé roi vao trang thai So (dwgc thanh toan) va 10,17% sé& roi vao trang thai S; (khong
dwgc thanh toan). C on trong s& cac hgp dong hién tai & trang thai S 3 (thanh toan ch am) cubi
cung sau mot thoi gian nhét dinh c6 64,41% sé r oi vao trang thai Sp (dwgc thanh toan) va
35,59% sé roi vao trang thai S; (khéng dugc thanh toan).

Thuc hién phép tinh:

0,8983 0,1017

[500 100] %
0,6441 0,3559

} = [459,32 140,68],

ta thay trong 500 triéu phai thanh toan ddng ki han va 100 triéu thanh toan cham cudi cling s&
¢6 459,32 triéu dugc thanh toan va 140,68 triéu la no “xau” khéng doi dwoc. DE cai thién tinh
trang nay;-cong ti can nghién clru tim ra mdt chinh sach tin dung hgp Ii ton.

Ngoai ra, ma tran R con cho biét cac thong tin sau:

— T0Ong cua cac phan ti trén hang thi nhat 1a 1,8644 la thoi gian trung binh (thang) ma
mot hgp déng dang phai thanh toan diing ki han sé trai qua trudc khi roi vao mot trong cac
trang thai hap thu, ttre 1a tré thanh hop dong thanh toan dwoc hodc hop dong “xau”.

— Téng cac phan t& trén hang tht hai cia R cling c6 y nghia tuong tw déi véi cac
hop dong dang thanh toan cham.

— Phan t nim trén hang 1 va cot 1 clia R™* cho biét thoi gian trung binh (thdng) ma
mat hop ddng dang phai thanh toan ding han sé & trong trang thai S, trudc khi no roi vao
mdt trong céc trang thai hap thu | & 1,5254 thang. Phan tir ndm tr én hang 1 va ¢ 6t 2 cho biét
thoi gian trung binh (thdng) ma mét hgp dong dang phai thanh toan ding han sé & trong



trang thai S3 trude khi né roi vao mot trong cac trang thai hap thu la 0,3390 thang.

— C4c phan t& nAm trén hang 2 ctia ma tran R™ ¢6 y nghta tuong tw d6i véi mdt hop
ddng dang dwgc thanh toan cham.

Sau day, ching ta sé dua ra mét sé cong thirc gidi thich cac phan tich trén day cho
trwdng hop ma trin xac suét chuyén tr ang thai clia xich Markov ¢é dang sau:

1 0 0 0O 1 0 0 O
01 0 0| |0 1 0 O
P Par P2 Py 050 0302
P3o Par Paz Py 0,4 0302 01

:{J O}vé'iJ: {1 O]K: |:p20 pﬂ]oz{o 0}’,\,,: |:p22 pzs]
KM 01 Pso Pay 00 Pz Pas
trong d6 p;; 1a xac su at chuyén tir trang thai S; sang trang thai Sjsau mét budc. Khdng gian

trang thai gébm bon trang thai So, S1, S; va Ss; céc trang thai Spva S; la cac trang thai hdp
thy, con S, va S la céc trang thai truyén (ng. Ching t a dung cac ki hiéu:

U, U
U= |: 20 21]
Uz Uz

VOi ui: 1a xac sudt hap thuvao trang.thai-Sckhi trang thai bandau la S;, k=0, 1, con i =2, 3.

P= (nhu trong bai-todn trén),

Vi v; lathoi gian trung binh cho téi khi roi vao mot trong cac trang thai hap thu néu trang
thai ban dau 1a S;, i =2, 3.
W - |:W22 W23j|’
W32 W33

voi wy la thoi gian trung binh xich Markov & trong trang thai S; truéc khi né roi vao mot
trong céc trang thai hap thu néu trang t hai ban dau la S;, i = 2, 3. Luc dé:

ot v i T v e - [2 0
U=(-MLVv=(-M) Mvaw [(Y) {o J.

Chi y: Viéc chling minh céc cong thirc trén cho treong hop tong quét thuc ra cling
khéng qua kho, co thé tim thay trong céc sach tham khdo vé qué trinh Markov. Cach (ng
dung phén tich Markov nhu trong muc nay con c6 thé dugc ap dung rong réi trong nhiéu
Iinh vuc khac nhu Sinh hoc, X& hoi hoc, Li thuyét nhan dang va Thiét ké cac hé thong ki
thuat, trong d6 cé KT thuat dién.



2.4.Tim phén phéi giéi han cho mét hé thong Ki thuat
M6t hé théng ki thuat co hai chi tiét c6 thé bi hong & bt ki thoi diém nao. Tai mbi
thoi diém hé théng ¢ thé r oi vao maot trong nhitng trang thai sau (xem h inh 1V.1):
So: €& 2 chi tiét tét;
Si: chi tiét 1 hoéng, chi tiét 2 b inh thuong;
S,: chi tiét 1 binh thwong, chi tiét 2 hdng;
Ss: cd hai chi tiét déu hong.

/So

Hinh IV.1. S o d6 céc trang thai

N6i cach khéc, tai mdi thoi diémt, bién X(t) c6 thé r oi vao mot trong cac vi tri / trang
thai So, S1, S»va Ss. Chl y rang ldc nay ta ¢6 xich Markov (thoi gian) lién tuc voi khong
gian trang thai S ={So, Si1, Sz, Ss}. Sau day, chiing ta sé tim cach xac dinh phan phéi gii
han (long run distribution ) cla {X(t)} 0. Pay la mot van dé kha phiic tap n én chdng ta chi
¢6 thé trinh by van d& mot cach van tat.

Trudc hét ta nhic lai v@ phan  phdi Poat—xong va phan ph 6i mii. Gia st dong tin hiéu
dén (hay xay ra) tuan theo phan phéi Poat-xéng E (1) v6i A 1a s6 tin hidu dén trung binh
trong mot khoadng thai gian nhat dinh (coi la mt don vi thoi gian), A con dugc goi la cuong
d0o cla dong tin hiéu dén. Luc do, trong khoang thoi gian nh v trén thi s 6 tin hiéu xay ra sé

ko=

nhan gia tri k véi xac suat }“+. Tagoi phan tlr xac sudt P la xac suat xuat hién (it nhat)

mot tin hiéu trong khodng thoi gian At. Thé thi, do tinh “don nhat” cla qua trinh
Poéat—xong, P ciing la xac suat xudt hién ding mot tin hiéu trong khoang thoi gian At. Theo
cdng thirc da biét thi P = aAt (chinh xé&c t6i vd cing bé o( A t)). Chadng han, néu A = 6 tin
hiéu/ 1 phit va At =2 gidy, tasé c6 P = AAt =6 x (1/30) = 1/5 =0,2. T i do, ta thay xac sudt
dé ¢d 1 tin hiéu dén trong khoang thoi gian 2 gidy |14a0,2.

Xét bién ngau nhién T (chdng han thoi gian phuc vu mét tin hiéu trong mot hé dich
vu), ¢6 phan ph6i mii g(u) véi ham mat do la f(t) = pe™". p cling dwgc goi la cwong do
phuc vu hay cudng do cla “dong phuc vu”. Ham phan ph6i xac sudt cla T sé 1 a



F(t)=P(T<7)= j f(t)dt = j petidt =1 — e,
0 0

Con ki vong toan va do I&ch chuén cla bién ngau nhién T 1a

+9%0 +o0 1
mr = jtf (t)dt = j ptedt e 5, =—am.
n u

0 0

Ta nhan thy ngay rang:
PO<T<Aty= F(A) -F0)=1-e ™"~ [1-¢"]

=1-e™'=pAt (chinh x4c tdi vo cing bé o( A t)).

Chii y: Néu dong tin hiéu dén c6 phan phdi Poat —xong P (1) thi thoi gian gitra hai tin
hiéu lién tiép c6 phan phdi mi g()).

Chung ta quay lai bai todn dang xét. Goi Ay sO lanrchi tiét 1 hdng va A, s6 lan chi
tiét 2 hong (tinh trung b inh) trén 1 don vi thoi gian. Lac do, ta cd thé coi dong tin hiéu chi
tiét 1 va 2 héng la dong Poat—xo6ng véi cac tham sé-Aqva Ax. Goi Ty va T, la thoi gian sta
chira chi tiét 1 va 2, c6 phan phdéi mii v&i cac ki vong tsc; va tsc; la thoi gian stra chira
(trung binh) chi tiét 1 va chi tiét 2. Vay Ty va T, ¢6 phan ph6i m{ e(ui) va e(uz), voi pg =
1/tscy va pp = 1/tsc,.

Tai thoi diém t ta c6 bién ngau nhi én X(t) = X, v&i phan phdi xac sudt sau day:

x| So S S, Ss
P Bl mO) O )

Tatinh mo(t + Az) tai thoi diém tiép theo (t + Ar) trong hai trwdong hop sau day:

— Truwong hop & Tai thoi diémt, hé théng & trang thai So va tai thoi diémt + Az, hé
théng van & trang thai S (khdng hong).

— Truong hep 2: Tai thoi diém t, hé thdng & trang thai S 1 hodc S,, con tai thoi diém t
+ Ar héthéng ¢ trang thai S .

Do do, mo(t + At) = mo(t) [1 — (M + A)AL] + mu(t) pa At + ma(t) po At (*). That vy, xac
suét do truong hop 2 gay n én la m(t)pus At + ma(t)pz At, vOi piAt = P(0 < T, < At) la xéac suét

stra chi*a xong chi tiét 1 trong khoang thoi gian Atva 2 Ar=P(0 < T, < At) la xac su ét sita
chita xong chi tiét 2 trong khoang thoi gian At. Trong khi d6, xac suét do trudng hop 1 gay
nén la mo(t)[1 — (M + A2)At], vbi A1At: xac sudt hdng chi tiét 1 trong khoang At, con AzAt:
Xac sudt hong chi tiét 2 trong khoang At.

Noi cach khéc, ching ta da thyc hién cong thirc xac sudt day dd mo(t + At) = mo(t)poo +
()10 + m(t)pao, trong do: pio 12 xac suat hé & trang thai S ; tai thoi diém t va chuyén sang
trang thai Sy tai thoi diém (t+ At).



. . t+At) —m, (t
Tl (%) 12 00; ey - 7 () + 70, (8 1y — 0y (DA, — 11y (), -

At
Cho At — 0 (vé phai khong lién quan véi At) thi
dr, (t
*Z T (0w, + 7, O p, — O, T (D2,

Khi t rat Ién (hé thong hoat dong trong mdt khodng thoi gian da dai) thi hé thong dan
on dinh voi phan phéi gidi han c6 thé  tim dwoc, tée 1a: [mo(t), m(t), m(t), ma(t)] = [no, m,
o, m3]. Vay ta co:

Rt + Tapts — ok — ks = 0 (Vi ﬁatﬂ: 0 khi t dii 16).
Mot cach tuong tw, ta di dén hé phwong trinh:
drc
ﬂdt =W+ B,m, — (A +2A,)m, =0
dr
idt =Ty + W, — (A, + 1) =0
). A =0
rral 2T+ M7 — (A + )T, =
drc
?: AoTy + Ty — (Hyt )73 =0
M6t cach téng quat, phan ph6i gi¢i han duoc tim tir hé phrong trinh: -n,q; = Zniqij
i#]
hayzniqij =0,vj €S (*¥), vézni —1,trong d6 — g la cuong do chuyén tir trang thdi i
ieS ieS
sang cdc trang thai khac (khéng ké i), ¢ on qgijla cuong do chuyén tir trang thai i sa ng trang
thdi j, dwoc dinh nghia nhw sau:
Qi = — limatso (PLX(t +At) =i/ X(t) =i]/At),
0ij = limatso (PIX(t + At) = j/ X(t) =i]/ At),

Lic do6, Q = [qi] dwoc goi 1a ma tran cuong d. Tu diéu kién (**) ta thdy, dé tim
phan phéi gi¢i han can phai gii hé [ mo 71 1 13]Q = 0 hay Q[ 71 w2 m3]™ = 0.

Vidu: Cho k=1, 22=2, p1=2, pp=3. Trso ddcudng db chuyén trang thai cho
trén hinh 1V.2, c6 th é tim dwoc ma tran cudng do Q, véi Q' ¢ dang sau:

-3 2 3 0

T
R PR
0 2 1 -5
So
x/“ “ O\
S S,



Hinh IV.2. So d6 cwong dp chuyén trang thdi

Gidi thich: doo = — 3 Vi crdng dd chuyén tlr trang thai S, sang cac trang thai khéc la
M+ A2 =3,c0nqy =2 lacwong do chuyén tir trang thai S ; vao trang thai So.

Giai hé [mo 1y o 13]Q =0 hay Q'[ro m1 2 ms]" = 0 (V@i diéu kién b6 tro mo + 1y + 7
+m3=1) co k€t qua: m, =6/15=0,4; m, =3/15=0,2; ©, =4/15=0,27; m,=2/15=0,13. Can
chayrang, hé [my m m 73] Q=0 theo mot nghia nhét dinh la twong ty véi hé TIx(l -
P) =0, nhu @4 trinh bay trong cac muc 1.2 va 2.1.

Gia str lgi nhuan / 1 don vi thoi gian hé thng mang lai trong céc truong hop cé thé
xay ra nhw sau: néu hé thdng trong trang thai-S'o thi lgi nhuan 1a 8 USD, tai S; la 3 USD, tai
S, a5 USD, tai Sz 1a0 USD. Vay loi nhuan trung binh / 1 don vi thoi gian la

8x04 + 3x0,2 +5x0,27 = 5,15 (USD).

Qua vi du ta thdy mo, 71, 2, 73 dwgc xac dinh can ¢t vao cac gia tri dd biét Ay, Az, pa,
Ha.

A1, Ap: S0 lan chi tiét hdng (tuy thudc hé thdng cu thé),

u1, w2 : cac thamso sra chira can dua vao.

Loi nhuan cudi cung cla hé thdong phu thudc vao As, Az, p1, p2 va dugc xac dinh
bang cach giai-bai toan t&i vu sau:

Loi nhuan L = comg + €11y + Comy — Max
(co, ¢1, c2: loi nhudn tung trang thai)
V@i cac rang budc:



W7+ p,T, — (A +2,) T, =0
Mo+ 1, — (A, + ), =0
ATy + iy, — (A, +1,)m, =0
AT+ AT, —(py +1,)m, =0

Ty + M +7,+71, =1

Ty Ty, Ty T3 2 05y, p, 20

Luu y: Bai toan trén day c6 6 bién (A1, A, da biét). Ta phai tim dwgc pi, po tir bai todn
dé c6 phuong hudng xay dung hé thdng véi loi nhuan 16n nhét.

2.5. Mot rng dung cta qua trinh sinh—tir cho hé th(”')ng hang cho

QUua trinh sinh —t& dugc (ing dung kha rong rai trong Li thuyét do tin cay, la mét moén
hoc clia nganh Dién / Dién tl, va mot s6 nganh khoa hoc Ki-thuat khac cling nhu trong
Quan tri kinh doanh va Van tru hoc.

Qua trinh sinh — t& la trwdng hop riéng cla xich Markov thuan nhét thoi gian li én tuc,
voi khéng gian trang thai S khong qua dém duoc S = {So, S1, S2,..., Sn, ...} va ma tran
cuong do Q = [q] c6 tinh chét g; = 0 véi li - i |> 2. Pitu nay c6 nghfa la viéc chuyén
trang thai trong qua trinh sinh—t( chi cé thé téi “1 don vi Ién hodc xudng” (xem hinh 1V.3).

ho M Ana An
S0 Sl SZ e Sn—l Sn Sn+l

H1 M2 Hn Mn+1
Hinh IV.3. So do chuyén trang thdi trong qud trinh sinh - tiv
Tl trang thai Sy, tai thoi diémt hé X(t) chi co thé chuyén ti mdt trong cac trang thai
Sn+1, Sn hodc Sy,1. Vivay chling ta cé cac c wong do chuyén:

Ho= A-1=0, qoo=—2A0, On,n+1 = An, On,n-1 = Hn va qn,n =— (xn +P—n) vn.

Trong truong hop An, un>0, ¥n >0, theo dinh Ii d& dugc chirng minh, phan phdi gigi
han c6 thé tim duoc bang cach giai hé: [ng m 7z m3...]Q =0, v &i matran cudng do Q da
biét.

Ma tran chuyén vi clia Q c6 dang:

oo G0 - uo 9nsr0
9o1 911 9 912

Qon 910 9 Dusin

Taco [71:0 T Tt T3 ...]Q:0C>QT[71:0 T TC2 T3 ...]T:0C>



Qoo G Yo | [T 0

Qoo Ou Qa2 - o 0 .

Opo G2 G | | T 0
hay:

Joomo + Qiom1 + (oom2 + ... =0,

Qoimo + Qum + (ume+ ... =0,

Qo2mmo + Qu2mi + (Qpme+ ... =0,

Do tinh chét dac biét, nh v da phan tich & trén, clia ma tran cuwong do Q cla qua trinh
sinh—t(, hé trén dwoc viét mdt cach twong minh hon nhu sau:

—AoTo + Rt + ... =0,
Aol — (Xl + p,l)nl + um to.. =0,
AT — (7\.2 + p,z)?tz + pamg t ... =0,

Tir day d& dang fim duoC e = (Ao/pnes)n, VN = 1, 2, 3, ... dé di t6i cong thirc
tinh ﬂZi,Vi.

m = (Aolpa)mo,
T = (7\,1/].12)751 = (117&0/“2“1)71301

< 3 = (Ro/pa)ma = (AaAa/uspo)m = (Aahahol puapiopts) mo,

et = (An/pne1) T = ..o = (AnAn-1 .. Ao/pnsipn ... H1)To0,
\

Vi diéu kién zni =1, cudi cuing ta co:
i=0

00

mo =1/ (l + Z (kkkk—l }\.Oluk+1uk P-l))-
k=0

Pac biét khi p, = 0, ¥n, thi qua trinh sinh—t& tré thanh qua trinh sinh thuan khiét
(pure birth process ). Qua trinh sinh thu an khiét v&i A, = A la qua trinh Poat —xong v&i tham



sO A.

Vi du: Gia st dong khach hang dén mua vé & mdt v an phong ban vé v i M quay phuc
vu la dong Poat—xong v6i tham sé A = 6 khach hang / 1 phdt (digu nay cling c6é nghta la
khéach hang dén phong ban vé véi cac thdi diém dén tuan theo luat phan ph6i mii vai tham
sO A =6).

Ngoai ra, con biét nguyén tic phuc vu la FCFS (First come first serve) va thoi gian
phuc vu tai mdi quay c6 luat phan phdi mii véi k 1 vong 1/3 (phat).

Can tra 101 hai cau héi sau day:

— S0 quay hang tdi thiéu 1a bao nhiéu dé hang cho khéng trd nén dai-vé-han?

— Gia sl Ny la s6 khach hang dang chd hay dang duoc phuc vu tai thoi diém t. Chon
M = 4 va mdt khach hang sé ch dé dwoc phuc vu néu N; < 4,.chd-vdi xac suat 0,5 néu
N; =5 va sé bd di néu N; = 6. Hay xac dinh phan phdi dirng clia qua tr inh nay?

Truwéc hét, trong vi du ndy chiing ta c6 mdt qua trinh sinh—tlr voi khong gian trang
thdiS={S, S1, S, -.-, Sny ...}, trong do6 S, la trang théi trong van phong cé n khéach hang.Céc
cwong do chuyén la A, = 6 voi k =0, 1, 2,... con ux = 3k v6i K < M va px = 3M Voi
k> M (diéunay la do bién cuyc tiéu clia cAc bién ngau nhién vGi phan phdi mi doc 1ap
cting ¢6 phan phéi mii voi tham s6 bang téng cac thamsé clia cac phan phéi mil twong
rng).

Do At /pksr = 6/3M < 1 (khi k > M).nén.véi M > 3 thi:

0

z gz Mo I Pigableeby) < -

k=0
Boi vay hang doi s& khong dai vo han (néu trai lai, khi chudi phan ki, thi
m,=m, =n, =..=0, Nén s0 khachtrong h ang dgi sé dan t¢i mot s6 hitu han khit — oo Vi
X&c suét béng 0).
Trong cau hoi th hai, ta c6 Ao = M = A2 = A3 = Ay = 6, A5 = 3. Theo cong thtc tinh
5
o =11+ Mdyege-o ! Pyabye-by)) 1@ €O ngay mo = 12/89. Tur d6 tinh ra m = 24/89,
k=0

np = 24189, 1tz = 16/89, ns = 8/89, 15 = 4/89 va s = 1/89.

3. "Mo phong xich Markov

3.1.Mo phéng xich Markov thoi gian roi rac
Phwong phap 1
Xich Markov r&i rac va thuan nhat con cd thé duoc ki hiéu 1a Xo, X1, Xo,... Gia st
khong gian trang thai la S gom hiru han trang thai: S = {0, 1, 2,..., N} va ma tran xac suat
chuyén trang thai da duoc biét 1a P = [pinx~. Chling ta s& md phéng xich Markov roi rac va
thuan nhét thong qua vi du da trinh bay & cac muc 1.2 va 2.1 cla chuwong nay.



Ta c6 phan phdi ban dau la:

Xo 1 2 3

n° u® =02 % =05 % =03

DE md phong Xo ta &p dung phuong phdp mé phdng phan phdi roi rac da hoc &
chwong I11. Trén may tinh, ta phéat sinh ra mdt s6 ngau nhién r = RANDOM][0,1) theo luat
phan phéi déu U[0,1) trong [0,1). Néur <0,2taldy Xo=1;néu0,2<r <0,7 thitaldy Xo =
2 ; con néu r> 0,7 thi dat Xo = 3. Cédn clt két qua md phdng Xo, ta md phong X; dua trén
ma tran xac suét chuyén trang thai:

08 01 02
P=10,07 09 0,03].
0,083 0,067 0,85

Gia str da biét X, = 2, llicdo ta cin mod phong bién ngau nhén X; can ct phan phdi sau:

X1 1 2 3

Xé&c sudt twong ng p21 = 0,07 p22=0,9 p2z = 0,03

Diéu nay c6 thé dugc thyc hién tuong tw nhue khi mé phong Xo. Can chi y réng, trong
hang th( hai clia bang tr én ta ¢6 phan ph 6i xac sudt c6 diéu kién ctia X 1 v6i diéu kién X =
2. Cac budc tiép theo md phong X, Xa,... dwgc tién hanh tuong tu (cho tdi Xse chang
han).

L&p lai quy trinh nay bt @au tir Xo cho mdt s& budc 1dp L d 1én (chang han 1000
1an), ta s& ¢ mot b 1000 s6 liéu cho X 5. Tir d6, b thé tim dwgc bang phan phoi tin suét
(con goi la xac suat thie nghiém) clia X sq0 qua thi nghi ém mé phéng trén day doi voi X seo.
Nhu vay, ta tim dwoc véc to phan phdi (xéc suat thuc nghiém) 1. Cusi cung, ching ta
c6 két qua tim gan ddng phan phaéi dirng 1a: T ~ 1%,

Chil y:

— Trong Vi du trén day, ta thdy cd thé ding mé phong dé tim phan phdi dirng. Tuy
nhién, muc dich chi yéu clia phwong phap 1 1a nhdm md phéng céac xich Markov roi rac
thuan nhat, |a cac qua trinh co th & xay ra trong cac hé théng phtrc tap.

— Khi khong gian trang thai S gom mot s6 16n céc trang thai thi phwong phap mé
phong trén yéu cau thoi gian chay may tinh kha 16n. D& khic phuc digu nay, ching ta xem
Xét phwong phép 2 sau day.

Phwong phap 2

Xét mdt hé thng ki thuat dwoc biéu dién béi xich Markov roi rac thuan nhat {X J,t=
0, 1, 2,... v6i khong gian trang thai S c6 N trang thai (N kha 16n) va ma tran chuyén trang
thai P = [pi]nxn. Xét thoi diém n, tai thoi di€ém nay gia st dd mo phong duoc X, = s. Ta sé md
phong thoi gian T, la thoi gian téi l1an nhdy tiép theo sém nhdt ma Xum =s. Do xich



Markov 14 r&i rac nén T, chi c¢d thé nhan cac gia tril, 2, ... Datp=ps, dé thdy T, c6 phan
phdi hinh hoc nhu sau:

Tn 1 2 k
X&c suét 1-p (1-p)p (1-p)p*t
tuong tng

M6 phdng phan phdi n ay ta tim duoc gia tri T . Con Xty €6 phan ph 6i xac suat nhw

sau:
XnsTn 1 2 e | S N
Xac suat Ps1/(1—Pss) Ps2/(1-pss) || O Psn/(1—Pss)
tuong tng

Céach md phong nay sé tiét kiém hon thoi gian chay may tinh (khi N kha I¢n), nhung
viéc lap trinh sé phtc tap hon it nhiéu.

Xétvi du nhw da trinh bay trén, néu dung phwong phap 2, mot cach hoan toan tuong
tw, chiing ta cling tim dwoc phan phéi ding T10 ~11®%%.

3.2.Mo phéng xich Markov thoi gian lién tuc

Xét xich Markov thoi gian lién tuc X(t)}cc o, «). Gia st rang xich di vao trang thai i
tai thoi diém nao dd, chéng han thoi-diém 0, va khong roi khoi trang thai n ay cho dén thoi
diéms. Luc do, do tinh “khdng nhé” clia qué tr inh Markov, xac su 4t dé xich van tiép tuc &
nguyén trang thai dé cho tdi thoi diém (t + s) s& | a:

P{TISS*+t)(Ti>s)}=P{T > 1}

trong do T; la thoi gian qué trinh dirng lai & trang thai i. D& thdy, néu T; c6 phan phdi mii
véi ham phan phéi F(T; < 1) = 1 — e*" thi d&ng thirc trén duoc thod man. Diéu nguoc lai
cling c6 thé chiing minh dwoc. VAy T; ¢d phan phéi mi.

Tl nhan xét trén, ta c6 thé dwa ra moét dinh nghia khdc cho xi ch Markov thoi gian lién
tuc. Xich Markov th&i gian lién tuc 12 mét qua trinh ngau nhién c6 céc tinh ch &t sau mdi khi
no di vao trang thai i:

— Luwong thoi gian T xich dirng lai tai trang thai i tr uéc khi n6 chuyén sang trang thai
khac 1a mdt bién ngau nhi én véi phan phdi mil c6 tham s v ; (hay c¢6 ki vong 1/vj).

— Mot khi qua trinh roi khoi trang théi i, né sé di vao trang thai j nao dé (doc lap voi
Ti) voi cac xac sudt pj thod man > p, =1,p, =0,Vi.

i

Vay dé md phong xich Markov thoi gian lién tuc, chiing ta cdn mo phéng day T, 1,
T2,... (C&c luwgng thoi gian T, xich dirng lai tai trang thai J, trwdc khi né chuyén sang trang
thai khac) va day Jo, J1, Ja,... (CAc trang thai ma xich chuyén dén). Dé phat sinh 1, nhu trén
d& noi, ta can biét tham s v 5 clia phan phéi mii twong (ng. Con dé phat sinh trang thai xich



Markov chuyén dén J; Vr, chiing ta ¢ b ang phan phdi xac suét sau:

Trang thai dén 1 2 SR I T N

Xé&c sudt tuong ting Pi1 Pi2 . 10 .. Pin

Trong bang trén, i =J,_; 1a trang thai cla xich tai buéc r — 1 (v6i cac xac suét p i thod
man " p, =1,p, =0,vi).
i

Dé thuc hién mé phdng xich Markov thoi gian li én tuc, c6 thé st dung s liéu ctia  vi
du da xét trong muc 2.4 hay 2.5.



Phan bai tap
BAI TAP CHUONG I
1. Vi vi du trong muc 1.2 ch wong I, hdy 4p d ung phuwong phap don hinh dé di theo quy

trinh 0 — A— B nham dat t6i Z max.
2. Gidi BTQHTT sau day:

Z = 6X1 + 8Xp > Max
V@i cac rang buéc
33Xy +3%X, <6
BX1 +3x, <8
X1, X2 =0
3. Gidi BTQHTT sau day:
z =40x; + 30x,; > Max
V@i cac rang buéc

%Xl %xz <120

sz <5

%xl +%x2 <28
X; 230

X, =5

(X, X, >0)

Huéng dan: DE dua vé dang chinh tic, ta can 5 bién b 0 (3 bién bu thiéu va 2 bién bu
thira) va 2 bién gia (s6 bién gia bang s6 bién b 0 thira).



le +ix2 +X,=20
5 2

1

?xz +X,=5

3x1 +£x2 +X; =28
5 4

X, —Xg + X, =30
X, —Xg+Xq=5

Xps Xp, Xg.00y Xg 20
Ham muc tiéu sé la
Z = 40x; + 30Xy + 0x3 + 0X4 + OX5 + OXg — MX7 + OXg — MXo.

4. Chlng ta xem xét mdt dv an thiét ké nang cdp mang dién bang hé théng cap ngam
cho mét trvong dai hoc. Mang dién dugc thiét ké cho ba tuyén sau: khu hanh chinh,
khu gidng duong va dwdng day bdo vé. Do yéu cau vé mat Ki thuat gia mot mét cap &
cac tuyén trén la khac nhau va lan lvgt nhw sau: 500, 400 va 200 nghin dong. Goi x; la
chiéu dai céc tuyén trén, theo diéu kién thiét ké co6 cac r ang budc nhuw sau:

(%, + % + X3 > 1900,
X1 + Xo = 1500,
< %y + xs > 1400,

X2 + X3 = 900,

\ X1, X9, X3 = 0.

Hay lap phuong an thiét ké co tong chi phi mua cap nhd nhat véi cac rang budc trén
va ham muc tiéu sau:
Z = 500x; + 400x; + 200x3 — Min.

5. Phat biéu mot mo hinh t6i wu da muc tiéu (tuyén tinh hodc phi tuyén, tlr hai dén bon
muc tiéu) tng dung trong quan Ii s& dung hay thiét ké hé théng ki thuat dién.

6. Xét bai toan t6i wu phi tuyén ba muc tiéu phat sinh trong qua trinh nghién ¢ (u cac anh
huwéng cta cac yéu t6 nhiét do X; (°C) va bé day lép sdy X, (cm) téi cac chi tiéu vé
ham lrong tinh dau Y 1, chi phindng lugng Y, va tdc do sdy Ya. Sau day la phat biéu
todn hoc clia bai toan can cv két qua quy hoach thuc nghiém da tién hanh:

Y1=9,147247 — 0,609964X; — 0,679045X, — 0,005767X1X>

- 0,003268X % - 0,007967X 5% (%) — Max
Y= 38,2168 — 1,1324X; — 0,9554X; + 0,004166X1 X2 + 0,01097X,?



+0,03909X,? (Kwh/kg) — Min
Y3 = — 4,760179 + 0,110704X; + 0,023387X; + 0,0013666X,X,
—0,002884X,% - 0,006722X 5> (KgH,0/h) — Max.

Hay giéi bai toan trén b &ng phan mém tinh toan thich hop v a kiém tra két qué céc g iai
gid tri thich hop cho X 1 1a tir 44°C t6i 51°C, X, tir 9,5cm t6i 13,5cm.



BAI TAP CHUONG II

1. Gidi bai todn van tai cho trong bang sau:

7 11 8 13 110
21 17 12 10 100
8 18 13 16 50
50 70 60 80 Y = 260

2. Giai bai toan phan cong nhi ém vu vai thoi gian thye hién (cia mdi ki s v di véi tirng
nhiém vu dwoc ghi theo hang) cho trong b ang sau:

32 18 32 16 1

22 14 12 16 1

24 30 26 24 1

26 30 28 20 1
1 1 1 1

Tim cach phan céng nhiém vu (m6i mot trong s6 bdn Ki sw chi duoc giao ding mot
nhiém vu) dé cue ti€u hoa tong thoi gian thirc hién.

Huéng dan: Bai toan trén co thé giai dya trén phuong phap phan phéi (c6 bén diém
cung ciing-nhw bén diém cau, vai téng cung bang téng cau v a bang 4).

3. Hai may bién &p c6 dun g lvong 580KVA v a 650KVA hoa dién Ién thanh cai dé cung
cap dién cho bon nhém may A, B, C va C c6 cong sudt t6i da lan lugt la 180, 270,
420 va 320. Qua kh o sat, chling ta c6 cac s6 liéu sau:

— Chi phi truy én tai mét don vi cong sudt tr may bién &p thi nha t dén cac nhém may
la: Cya = 250, Cy = 300, C1c = 320 va Cyp = 310 ddng / don vi cong suét.

— Chi phi truyén tai mot don vi cong suat tlr may bién ap thi hai dén cac nhdm may
la: Coa =350, Cop = 380, Coc = 330 va C,p = 340 ddng / don vi cong suét.

Hay tim cong suft ma mdi nhdm may c6 thé nhan tir cac may bién ap dé dam bao
tdng chi phi truyén tai | a nho nhét.

4. Lap mang PERT cho du an véi cac hoat dong sau day:

Hoat dong Thi ty Thoi gian (tuan)




D, E
CF

— M mMmOO W >
> |
O NN OB W

Hay tim thyi giantdi thiéudé hoan thanh dy an va xac dinh cachoat déng.can chitrong.
Huréng dan: Kiém tra két qua tim dwong gang A - D > F — |
5. Xem xét mot duv an véi cac di kién nh v sau:

H ) Hoat dong ké Thoi gian woc tinh (ngay)
oat dong truéc

a m b

A - 3 6 9

B - 2 5 8

C A 2 4 6

D B 2 3 10

E B 1 3 11

F C, D 4 6 8

G E 1 5 15

Hay giai quyét cac van dé sau day:
— V& so do mang.
— Tinh thoi gian (trung binh) hoan thanh d i an sém nhat.
— Tim xac suét dé dv an thyc hién trong v ong 20 ngay.
6. Xéc dinh cay khung t6i thiéu cho mang dudng dan sau v & phét biéu y nghfa thuec tién

cla no:
33
’ /zo/
/10/ E

A— 47

2

7. Cho mot lugng dau tu ¢6 15 (don vi tién) cd thé dau tv vao cac du an sau: I, 11, 111



theo cdc mtrc 0, 3, 6, 9, 12, 15 v&i mtrc lgi nhuan nh v sau:

Mtrc loi nhu éan
S6 tieén dau tu

| 1 1
0 0 0 0
3 1 2 2
6 4 5 5
9 6 6 6
12 8 7 7
15 10 9 8

Xéac dinh phuong én chon danh muc dau tw va méc dautw sao cho téng loi nhuan la
16N nhat.

. Hay tim phuong an t6i wu phan phoi cong sudt clia ba nha may 1, 2 va 3 véi phu tai
va ton thét ¢ dinh. Biét chi phi clia cac nh amay la ham ph u thudc vao cong suét fi(p-
i), trong d6 p; la cong suét thyc té clanha may i, v6ii =1, 2, 3. Giaslr ching ta da
khao séat dwoc cac so liéu sau:

— Téng cong suét ca ba nh a may can cung cap 1a 18 (don vi cong suit).

— fi(p1) = 4p1, fa(p2) = 3P2{ f5(ps) = 3Ps.
—0<p1<Pimax =7,0 <p2 £Pouax = 8, 0 < p3 < Paumax = 6.

Hudng dan: Ap dung quy hoach déng.

. Xéc dinh tuyén duong di cla duong day truyén tai dién tir diém A dén diém B, vai
cac chudng ngai vat khac nhau, sao cho t 6ng chi phi 1a nho nhat. Cac dit kién clia b ai
todn nhu sau:

8 9 13 10 B
14 12 6 q
10 7 11 9
6 8 2 4 Z
7 13 15 8
19 12 11 14 1
A 12 15 10 11

Nhu vay dé thiét 1ap so do dwdng truyén tai dién thi xuét phét tir A ta co thé dinh
tuyén di clia dwong truyén tai dién trude hét qua mot trong hai diém sat gan, theo hwdng



béc hay hwéng ddng, véi cac chi phi 1a 15 va 12. T mét trong hai diém nay, ching ta lai
tiép tuc xac dinh tuyén di cho dwong truyén tai dién, voi cac chi phi da biét,... Vay ta cd b ai
todn tim duong di vai chi phi nhd nhat.

Huéng dan: Chia bai toan thanh nhigu giai doan nhd va ap dung phwong phap quy
hoach déng.



BAI TAP CHUONG III

1. Khao sat 200 xung tin hiéu qua céc van dién dén diéu khién co cdu chip hanh, nguoi
ta thdy trung binh 2 gidy c6 mdt chudi xung. S6 liéu d& khao sat dwoc vé thoi gian
xung cla cac chubi xung nh v sau:

Thoi gian xung (giay) S6 lan Tan suat
3 50 0,25
40 0,20
5 50 0,25
6 60 0,30

Béng phuong phap mé phong ngau nhién (néu co thé, 1ap ch wong trinh tinh toan trén
may tinh) hdy xac dinh s6 van dién (t6i thiéu) can md sao cho viéc diéu hanh co cau
chdp hanh dugc lién tuc (ndi cach khac, cac chudi xung luén dugc phuc vu Kip thoi).

2. Xét m6 hinh mdt kénh phuc vu thod mén: so tin hiéu dén c6 phan phdi Poat—xong,

thoi gian phuc vu ¢é phan phdi mii. Gia s¢ A = 3 tin hiéu dén trung binh trong mot
pht, S = 4 tin hi éu dwoc phuc vu trung-binh trong m ot phit. Hay kiém tra lai cac két
qua sau va phan tich y nghTa ctia chung: Lq= 9/4(4-3)=2,25;Ls=3/1=3; Wy =
3/4=0,75,Ws=1; Pw=/3/4=0,75.
Tuy nhién, véi Py = 0,75, tathdy 75% s6 tin hiéu phai cho truéce khi dwge phuc vu.
Diéu nay c6 nghiia la can tiép tuc cai thién hé thdng hang cho dé hiéu qua phuc vu
duwoc tot hon. MOt trong cac bién phap dé dem lai hiéu qua phuc vu dugc tét hon la
nang cao téc do phuc vu. Hay lap bang tinh va so sanh khi cac tham sé khac clia hé
théng co dinh, riéng S nhan cac gia tri khac nhau S =4, 6, 8 v a 10.

3. Xét m6 hinh nhiéu kénh phuc vy véi céac gia thiét nhu trong bai tap trén (A = 3 va
S = 4). Hay tinh cac ch i s6 ctia md hinh khi s& kénh phuc vu k =2, 3. Tir d6 phan tich
y nghia cua céac két qua dat dwgc va so sanh véi két qud khi st dung mo hinh mét
kénh phuc vu.

4. Mot tram buu dién vién thong c6 13 c6ng. Thoi gian phuc vu moi khach hang trung
binh 1a 5 phit. K ét qua khao sét thdng k é cho biét s6 lwgng tin hiéu khach h ang trung
binh dén trong mdt gid, con két qua thu thap phiéu tham do y kién khach hang cho
biét thoi gian trung b inh (s6 phat) mdt khach h ang co thé doi trude khi duoc phuc vu
nhu sau:

Céc giai doan S6 tin hiéu / git Thoi gian co thé doi téi da




Nhu cau cao 120 5

Nhu cau trung binh 60 55

Nhu cau thap 30 6

St dung mod phdng ngau nhi én, hy xac dinh quy trinh tinh toan tim s & c6ng t6i thiéu
can md trong mdi giai doan dé dap (ng dwoc yéu cau cla khach hang (nhitng gia thiét
nao can dé ra dé giai quyét van dé nay).



BAI TAP CHUONG IV

1. Chi s6 tiéu thu dién 1a mdt luong ngau nhién c6 phan ph&i tai thoi diém ban dau nhw
sau:

Xo Du6i 50 s6 50 t&i 100 100 t¢i 150 Trén 150

Tilé % 5% 40% 40% 15%

Biét ma tran xac suét chuyén trang thai | a:
0,85 010 0,05 0
0,05 0,85 0,08 0,02
0,02 0,03 0,90 0,05
0,05 0,05 010 0,80
— Hay giai thich y nghfa clia ma tran P.
— Tim phan ph 6i dirng ctia xich Markov thgi.gian ri rac trén day va cho bi ét y nghia
cla két qua thu duoc.
2. Cho X, la mét xich Markov v@¢i khéng gian trang thai S={1, 2, 3, ...} v a ma trén xac
sudt chuyén trang thai:
1/2 1/2 0 0
3/4 0 140
0 7/8 0 1/8 ..

Hay tim véc to phan phoi bét bién IT = [ry, 7, 73, 74, ...] Sa0 cho TIx P = TL.
Chu y: D@ tinh mo can ap dung phwong phép tinh gan ding.
3. Cho {Xt}0 la mot xich Markov véi ma tran ¢ wong do sau day:

-1 1 0 0

1 -3 2 0
Q:

0 1 -2 1

0 o0 1 -1

Hay tim phan phai gigi han cho xich Markov tr én day.

4. Mot hé théng dich vu KT thuat c6 hai k énh. Gia st réng thoi gian phuc vu tin hi éu dén
cla hai kénh nay cé phan ph 6i mii doc 1ap véi nhau véi ki vong 1a 20 (giay), tic lap
= 1/20, khi trong h é théng khong c¢é qua hai tin hiéu. Néu trong hé thong ¢ tir ba tin
hiéu tré 1&n thi u = 1/30. Ngoai ra ciing gia st rang dong tin hiéu dén la dong
Poéat—xong v&i tham s6 A = 1/10 khi hé thong cé it h on ba tin hiéu va A = 1/30 néu hé



thdng c6 tir ba tin hiéu tré | én. Tim phan ph 6i gi¢i han clia xich Markov X  va tim xac
suat gi¢i han ma mot tin hiéu phai chd tr wéc khi duoc phuc vu.

. Xét xich Markov th &i gian roi rac thuan nhat véi khéng gian trang thai So, S1, S2, Ss,
Ss4, Ss. Gia st qua khao sat cac mau thdng ké da biét dwoc ma tran xac sudt chuyén
trang thai (sau méi don vi thoi gian, c6 thé | & phit, tuan, ndm, thé hé...) nhu sau:

1 0o o o o0 ©
o 1 o 0o 0 0
5-|00L 0 08 019 0 O
003 0 0 076 021 0
009 0 0 0 074 017
0 019 0 0o 0 081

Hay tra loi cac cau hdi sau:

— Cac trang thai nao la trang thai hap thu, cac trang.thai nao la trang thai truyén rng?
Hay tim xac su &t d€ qué trinh bi hdp thu v ao mdi mdt trang thai hap thu khi qua tr inh
Xuat phat tir mdt trong céc trang thai truyén ng.

— Tim thoi gian trung binh (ki vong thoi gian) tir Idc qua tr inh xuét phat (tir mot trang
thai truyén (rng nao dé) cho t¢i khi bi hap thu.

— Tinh thoi gian trung binh qua trinh rei vao mét trang thai truyén (ng da chon nao
do trudce khi né roi vao trang thai hap thu.

Huréng dan: Xem lai muc 2.3.

Can cha y rang, van dé nhi mé ta trong bai tp nay c6 thé phat sinh trong nhi éu linh
vuc nhu trong hé thdng Ki-thuat dién — dién t, kinh té nong nghiép (chuyén dich cac
loai hinh sl dung dat, quy mo sr dung dét, hay kinh té hd), sinh hoc (chuyén dich tan
s0 gene qua cac-thé hé), x & hdi hoc, va nhiéu linh vyc khac ...

. Hay phét biéu thuat giai dé md phéng xich Markov trong cac vi du dwoc trinh bay tai
cac muc 2.4 va 2.5.



Phan Phu luc

Phu luc 1. Béng tim xdc su 4t P(X<t) cho bi én ngdu nhién X
tuan theo phan ph i chuéan tac ~ N(0,1)
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Phu luc 2A. Béng 2500 chit sé ngdu nhién
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Phu luc 2B. Bing 1600 chit sé n

du nhién
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Phu luc 3. Tim gid tri ciia PO cin cik 56 kénh k va fi s6 A/kS

A S6 kénh k
kS
1 2 3 4 5 6 7 8 9 10

.02 | .98000 | .96078 | .94176 | .92312 | .90484 | .88692 | .86936 | .85214 | .83527 | .81873
.04 | .96000 | .92308 | .88692 | .85214 | .81873 | .78663 | .75578 | .72615 | .69768 | .65032
.06 | .94000 | .88697 | .83562 | .78663 | .74082 | .69768 | .65705 | .61878 | .58275 | .54881
.08 | .92000 | .85185 | .78659 | .72614 | .67032 | .61878 | .57121 | .52729 | .48675 | .44933
.10 | .90000 | .81818 | .74074 | .67031 | .60653 | .54881 | .49659 | .44933 | .40657 | .36788
.12 | .85000 | .78571 | .69753 | .61876 | .54881 | .48675 | .43171 | .38289 | .33960 | .30119
.14 | .86000 | .75439 | .65679 | .57116 | .49657 | .43171 | .37531 | .32628 | .28365 | .24660
.16 | .84000 | .72414 | .61837 | .52720 | .44931 | .38289 | .32628 | .27804 | .23693 | .20190
.18 | .82000 | .69492 | .58214 | .48660 | .40653 | .33959 ;|..28365 | .23693 | .19790 | .16530
.20 | .80000 | .66667 | .54795 | .44910 | .36782 | .30118 | .24659 | .20189 | .16530 | .13534
.22 | .78000 | .63934 | .51567 | .41445 | 33277 | .26711 | .21437 | .17204 | .13807 | .11080
.24 | 76000 | .61290 | .48519 | .38244 | .30105 | .23688 | .18636 | .14660 | .11532 | .09072
.26 | .74000 | .58730 | .45640 | .35284 | 27233 | .21007 | .16200 | .12492 | .09632 | .07427
.28 | .72000 | .56250 | .42918 | .32548 | .24633 | .18628 | .14082 | .10645 | .08045 | .06081
.30 | .70000 | .53846 | .40346 | .30017 | .22277 | .16517 | .12241 | .09070 | .06720 | .04978
.32 | .68000 | .51515 | .37913 | .27676 | .20144 | .14666 | .10639 | .07728 | .05612 | .04076
.34 | .66000 | .49254 || .35610 | .25510 | .18211 | .12981 | .09247 | .06584 | .04687 | .03337
.36 | .64000 | .47059. .33431 | .23505 | .16460 | .11505 | .08035 | .05609 | .03915 | .02732
.38 | .62000 | .44928 | .31367 | .21649 | .14872 | .10195 | .06981 | .04778 | .03269 | .02236
40 | .60000 | .42857 | .29412 | .19929 | .13433 | .09032 | .06064 | .04069 | .02729 | .01830
42 | .58000 | .40854 | .27559 | .18336 | .12128 | .07998 | .05267 | .03465 | .02279 | .01498
44| .56000 | .38889 | .25802 | .16860 | .10944 | .07080 | .04573 | .02950 | .01902 | .01226
46| .54000 | .36986 | .24135| .15491 | .09870 | .06265 | .03968 | .02511 | .01587 | .01003
48 | .52000 | .35135 | .22554 | .14221 | .08895 | .05540 | .03442 | .02136 | .01324 | .00820
.50 | .50000 | .33333 | .21053 | .13043 | .08010 | .04896 | .02984 | .01816 | .01104 | .00671
.52 | 48000 | .31579 | .19627 | .11951 | .07207 | .04323 | .02586 | 01544 | .00920 | .00548
.54 | 46000 | .29870 | .18273 | .10936 | .06477 | .03814 | .02239 | .01311 | .00767 | .00448
.56 | .44000 | .28205 | .16986 | .09994 | .05814 | .03362 | .01936 | .01113 | .00638 | .00366
.58 | .42000 | .26582 | .15762 | .09119 | .05212 | .02959 | .01673 | .00943 | .00531 | .00298




A S6 kénh k
kS
1 2 3 4 5 6 7 8 9 10

60 | .40000 | .25000 | .14599 | .08306 | .04665 | .02601 | 01443 | .00799 | .00441 | .00243
62 | .38000 | .23457 | .13491 | .07750 | .04167 | 02282 | 01243 | .00675 | .00366 | .00198
64 | 36000 | 21951 | .12438 | .06847 | .03715 | 01999 | 01069 | .00570 | .00303 | .00161
66 | .34000 | .20482 | .11435 | .06194 | .03304 | 01746 | .00918 | .00480 | .00251 | .00131
68 | .32000 | .19048 | .10479 | .05587 | .02930 | .01522 | .00786 | .00404 | .00207 | .00106
70 | .30000 | .17647 | .09569 | .05021 | .02590 | .01322 | .00670 | .00338 | .00170 | .00085
72 | 28000 | .16279 | .08702 | .04495 | .02280 | 01144 | 00570 | .00283 | .00140 | .00069
74 | 26000 | .14943 | .07875 | .04006 | .01999 | .00986 | .00483 | .00235 | .00114 | .00055
76 | .24000 | .13636 | .07087 | .03550 | .01743 | .00846 | .00407 | .00195 | .00093 | .00044
78 | .22000 | .12360 | .06335 | .03125 | .01510 | .00721/| 00341 | .00160 | .00075 | .00035
80 | .20000 | .11111 | .05618 | .02730 | .01299 | .00610 | .00284 | .00131 | .00060 | .00028
82 | .18000 | .09890 | .04933 | .02362 | .01106 | .00511 | 00234 | .00106 | .00048 | .00022
84 | .16000 | .08696 | .04280 | .02019 | .00931 | .00423 | .00190 | .00085 | .00038 | .00017
86 | .14000 | .07527 | .03656 | .01700 | 00772 | .00345 | .00153 | .00067 | .00029 | .00013
88 | .12000 | .06383 | .03060 | :01403~.00627 | .00276 | .00120 | .00052 | .00022 | .00010
90 | .10000 | .05263 | .02491 | .01126 | .00496 | .00215 | .00092 | .00039 | .00017 | .00007
92 | .08000 | .04167 | .01947 | 00867 | .00377 | .00161 | .00068 | .00028 | .00012 | .00005
94 | 06000 | .03093 | .01427 | .00627 | .00268 | .00113 | .00047 | .00019 | .00008 | .00003
96 | .04000 | .02041 | .00930 | .00403 | .00170 | .00070 | .00029 | .00012 | .00005 | .00002
98 | .02000 | 01010 | .00454 | .00194 | 00081 | .00033 | 00013 | .00005 | .00002 | .00001
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