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LOI NOI PAU

Hon ba chuc ndm gidng day va nghién clu vé 16 u hoa - van
e hoc vdi nhiéu tam huyét va kinh nghigm hoc héi duge t iao déng
kign i, tir thdy va ban, dén nay ching 16i moi GuySt tam viét quyén sdch
VAN TRU HOC nay. (Chung 16i da ludng Iy nhiéu I3n, da soan bai v
day khong &, nhung luén mudn sdch phai c6 nét mdi va dap dng nhu
cau djc gid, nhal i& dong dé hoc cho sinh vién va tham khdo cho Ky sif
va cdc nha khoa hoc Iré lrong moi linh viic.)

Van i hoc o thé ditng cho 18t ¢& moi ngudi vi nd ban vé cach
vdn dung khaa hoc, ma nén tdng 13 todn hoe, 08 trtr tinh moi vide. DE
doc sach ndy thie chat ia chi cdn kidn thue hét I0p 12, vi nhi¥ng doi hoi
cao han déu dugc trinh bay di muc d8 sit dyng. Vdi déc gid da o6 kign
thitc vé Gidi tich, Dai s6 tuyén tinh va Ly thuyé! xdc sudt thude ba hoc
&l ddu cda chudng trinh dai hoc va cao ding, thi vidc hidu sdu vén dé
sé thuan lgi hon.

Chung 161 da c6 gdng vist Jé céc chuong uong dSi doc 1ap nhau.
Ban doc ¢6 thé chi doc phdn minh quan tam, vi d6i tugng cha van tri
hoc rdt réng ntwi tén cha no cing da thé hign. Tuy vay chung 18/ ciing
chu y néu lén quan hé logic gida cde chudng, muc vi nd rat cdn dé hidy
ky va ngdm hét cai hay cha mot finh viic khoa hoc, nham nghién ctiu
va ang dyng. Chinh vi su rdng ién cia van tra hoc, ching 16i ¢& géng
giai quyst mau thudn gita visc mudn vit nhidu va KV cang. toan dign
{cdc sach mai vé van tro hoc trén thé gidi thudng day hon nghin trang)
va khudn khd sdch ma Nha xudt bdn Gido duc cho phép dé pho hop



tink hinh Viét Nam. C6 Ié sach d3 bao ham dugc nhilng ndi dung cd
bdn cda van ko hoc. Trong do ching 16i mudn tac mat nét riéng, khac
céc sdch khdc k& cd trén thé gidi 18 & sdu vac bal todn van tai, vi &
M7 chdng han ngudi ta thdy l& 85% cdc bai toan quy hoach tuyén tinh
trong thifc t6, phan nhiéu khéng phai "vén ti", & dang md hinh todn
hoc nay.

R&t nhidu nguidi da gop phdn hinh thanh quyén sdch nay. Trude
hél chiing 161 phai nhdc dén céng cia cdc déng nghiép, nhat ia thudc
BS mén Téi wu va Hé théng, trudng Dai hoc khoa hoc Tif nhién, Dai
hoc Quéc gia TP. HB ChiMinh. Téc gid r&t cam on Hoc vién Cong nghd
Buu chinh Vién thdng da mdi viét bai gidng vé todn chuyén nganh cho
quan Iri kinh doanh ma néi dung 13 tién dé cta sdch nay. Ldi cam ta
chan thanh cing danh cho H8i ddng fién trudng dal hoc ding tiéng
Phép (C.LU.F-C.UD /CU 1) cila Vdeng quéc BE d3 tai trg cho Chudng
trinh hgp tic quéc t& "Optimisation — Mathémaliques Appliquées” trong
sudt ndm ndm qua ma tc gid 1a dng chil nhiém cong GS. Nguyén
Vin Hidn thude Dai hoc Namur. Sy hop tée nghién oy va dao tao r&t
hiéu qua nay da gitp nhiéu cho viéc hinh thanh sach.

Sy tri 4m Irc tiép nhat la gii dén TS. Nguyén Cao Thang, da
bién tap sach, Nha xuflt bdn Gido dyc da xudl ban sach va ban doc
nhing ngudi cd vil 16 va sé gop y sifa d8i nhlng thidu sét chdc chdn
con nhidu ca quyén sdch.

TP. Hé Chi Minh, §.1.2002

PHAN QUAC KHANH
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MG PAU

Van tris {Operations research) ¢ nghia 13 Van dung khoa hoc ma nén
tang la toan hoc dé trty tinh moi viéc, theo cha ¥ cda GS. Hoang Tuy, ngudi
chon thuat ngd ti€ng Viét nay tir dau thap nién 60 th& ki hai mugi. Nghién
cdtu van tri xudt hién trén thé gidi truge dé nhiéu thap ki. Phat trién va dng
dung thuic suf van tra dau tién 13 trong quan sy thai ki chién tranh thé gidi
thit hai, sém nhat la  Anh trong viéc dung rada phang khéng chéng tau
ngam. Sau chién tranh, van trr cang duge phét trién véi sy ap dung ngay
cang rong trong cac linh vyc rdt da dang nhu kinh &, kinh doanh, céng
ngh&, quan |i hanh chinh, sdn xudt, xay dung, van tai, vién thang, quan sy,
y t€, chinh tri, gido duc, dao tao, .... Thuat ngit van tri doi khi cing dugc
dung gan nhu dong nghia véi khoa hoc quén trj (management science) va
cding rdt gan voi chon quyét dinh (decision making)., Diém ndi bat la cac
bai toan van tri thudng nham tim nghiém 6i w, tc 1a chon quyét dinh t6t
nhat theo mdt muc tiéu nao dé. Vi vay, van tri hoc cling rat gin vdi 18i uu
hoa. Nhung né lién quan dén rat nhiéu linh wic khoa hoc nhu |y thuyét kinh
t€, xac sudt thong ke, cong nghé thong tin ... va cd vat Ii, ki thuat. Tuy vy,
van phai khdng dinh day 1a mot bé phan cda toan (ng dung vi phuong phap
va ngdn ngif todn hoc fa cha dao.

Cac budc nghién cls va dng dung mdt bai toan van triy dién hinh 13
nbu sau.

1. Xac dinh vdn dé can gidi quyét va thu thap dir liéu théng ké cda qué
khi.

2. Lap md hinh todn hoc.

3. Xy dung cac thuit ton gidi bai todn da mé hinh héa bing ngon
ngl thuan Igi cho viéc 1ap trinh cho may tinh.



4. Tinh toan thd va diéu chinh md hinh néu can.
5. Ap dung giai cac bai todn thuc t€.

Céc bai toan thuc 1€ duge gidi quyél bang cdc phuong phap coa van
tru hoc thuding [a ¢d 6n, nén viée dp dung van trd ngay cang hiéu qud vai
su phat trién vugt bac coa cgng nghé thong tin va néi riéng la ndang Iuc cda
may tinh.

Vi su da dang ctia nghién ciu va ap dung van trit hoc, ngudi ta thuang
lap cac déi vdn tra (operations research team, viét tdt 13 O.R team) c6 chuyén
gia nhiéu linh wc, dugc chu tri béi chuyén gia vé t8i uu héa toan hoc, Ap
dung van trt tham chi phai tinh d&n cd yéu 16 tam | bén canh phuang phéap
khoa hoc. Chang han trong Dai todn thang may (elevator probiem). Ngugi
ta da dp dung Iy thuyél xép hang ixem Chuong 10} dé tinh toan, khi thay
nhidu ngudi than phién phdi cha lau d thang may, va thay thoi gian cha
khong dang k& Nghién ciu ky han ngudi ta phat hién ra rang nguyén nhan
la chinh viéc ding phia trudc va cd trong thang mdy rat té nhat. Sang kién
dugc duia ra 13 1dp céc guong 16n. Qua nhién moi ngudi mai ngdm minh va
ngudi khac trong guong va khang con 1di than van vé chi doi nia.
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CHUGONG 1

QUY HOACH TUYEN TINH. PHUONG PHAP BON HiNH

1.1 QUY HOACH TUYEN TINH VA CACH GIAI HINH HOC

Quy hoach tuyén tinh (linear programming) la phin quan trong
nhit, co s¢ nhdt cua tdt ci cdc linh vye khoa hoc ding cac phuong
phép todn hoc d€ tdi uu hod hoat déng nhu quy hoach todn hoc, van
trlt hoe, todn kinh té&, .... M6 hinh todn hoc don gidn, phé dung va dep
dé nay dugc G.B. Danzig dua ra cing phuong phdp don hinh (simplex
method) d€ gii cho trudng hop téng quat vao nam 1947, khi 6ng lanh
dao mét tap thé cdc nha khoa hoc Mi gidi quyét bai toan lap k& hoach
cho khéng quan Mi. Ngay sau khi duge céng b6, quy hoach tuyén tinh
da duge dung dé mé té todn hoc va gidi quyét rat nhidu bai todn thue
t&€ thudc cdc linh vuc rat khde nhau. Ta hdy xét hai bai todn dién hinh
dugc md hinh hoa bing quy hoach tuyén tinh.

THI DU 1.1.1 Bai todn ké hogeh sdn xudt - (Production planning
problem). Cong ty Reddy Mikks sin xuit son ndi thit va son ngoai
trdi. Nguyén lidu gém 2 loai A va B véi trir luong 12 6 tdn va 8 tan
tuong ung. Bé sdn xuit mot tan son néi that cdn 2 tan nguyén liéu A
va 1 tdn nguyén lidu B, Hai sd tuogng (ng clia son ngoai trai 12 1 tan
va 2 tan. Qua ti€p thi duge bigt nhu cAu thi trudng 1a nhu sau (cho
mot ngay):

- Nhu cau son ndi that khong hon nhu ciu sen ngoai trii qud 1
tan;



B CHUONG 1 QUY HOAGH TUYEN TINH. PHUGNG PHAP BON HINH

- Nhu cdu cye dai cia son ndi that la 2 tan.

Gid ban si 12 2000 USD mét tan son nodi that va 3000 USD mot
t4n son ngoai trii.

Van dé 1a cin san xuit méi ngay nhu thé niao d€ doanh thu la
-16n nhat.

Goi x| va x, 1a 86 lugng (tinh theo tin) son ngodi troi va son néi
that tuong dng can san xuat trong ngay. Day sé 1a cdc bién (variable)
hodc phuong dn (alternative) ctia bai todn. Khi dé doanh thu trong
ngay sé la

z = 3x, + 2x,

va duge goi 14 haém muec tidu (objective function).

Cdc rang budc trén bién X,, X,, $€ goi la cdc rang bugce (constraint)
clia bai todn, 12 nhu sau. Nguyén liéu sit dung khong duge qué trif
lugng: .

X, +2x,£6 (nguyénli¢u A),
2x, +x,<8 (nguyénli¢u B).
San xuit khéng nhiéu hon nhu ciu thi truémg:
X, - %, £1,

X < 2.

2
San lugng phai 12 sd thuc khéng am:
x, 20,%x,20.
Ta goi phuong 4n (x,, x,) 14 chdp nhdn diuge (feasible) néu né
théa moi rang buge. Khi d6 (x, x,} ciing goi 1a nghi¢m chdap nhin
diige (feasible solution).

Vay bai toan trd thanh:

Tim phuong 4n chap nhén duge lam cuc dai ham muc tiéu z va
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duge viét § dang todn hoc nhu sau

maxz=3x1+2x2,
X, + 2%, <86,
2x, + x, <8,
-X,+ x, =1,

1 2
<

x2~2,

X, 20, x220.

THI DU 1.1.2. Bai todn vgn tdi - (Transportation problem). Hang
héa duge van chuyén ti m kho dén n cda higu bdn 1é. Luong hang &

khoilas > 0(tdn),i =1, .., m va clta hidu j ¢6 nhu ciu dJ. > G (tan),

i =1, ..., n. Cube vin chuyén mét t4n hang ti kho i dén cia hidu j 1a

c, dong. Gid sit tdng hang § cdc kho va téng nhu cdu bing nhau:

s. = > d. (1.1)

i=1 =1

Bai todn dat ra la lap ké hoach van chuyén dé tidn cudc la nhé

nhat, véi diéu kién 12 mbi cita hang déu nhéan dd va méi kho déu trao

hét hang.

Goi lugng hang vAn chuyén ti kho i dén cita hang j la X, , thi ké&
heoach van chuyén, tdc 12 phuong 4n theo dinh nghia chung, la ma

trian (xu) cdp m X n. Dang todn hoc ciia bai togn 1a

m n
minz= ) ZCijxiJ. ,

i=1 j=1

Z xij = Si’ i= 1, Ly N, (1.2)

=1
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m
Zx.”. = dj,J =1 ..,n,
i=1

x. =20

i y 1= 1, cees m,j = 1, very ILL

M6 hinh nay goi 1a mé hinh vén tdi dong (closed transportation
model). Néu khang cé gia thiét (1.1) va rang budc (1.2) déi lai la

n

Z X, < s, tie l1a ede kho ¢6 thé khong trao hét, thi mé hinh duge
j-1

got la mé hinh vgn tdi md (open transportation model).

1.1.1 Pinh nghia quy hoach tuyén tinh

Céc thi du trén thude céc linh vuc khdc nhau nhung duge dua vé
dang toan hoc ¢6 nét chung la:

Phai xdc dinh cde bién quyét dinh (decision variable), goi tdt la
bién, hoac phuong dn (alternative), théa man cdc rang bude sac cho
lam cue dai hofic cue tiéu ham muc tiéu. Hon nita cd ham muc tidu va
cdc rang bude déu tuyén tinh (bac nhét) theo bién quyét dinh.

Nhan xét thém 1a viée tim cue dai ¢ thé d& dang chuyén thanh
tim cue tiéu va nguge lai, vi max z = - min {-z). Do dé cac thi dy trén
déu 1a trudng hop riéng cha bai todn

. T
min z = ¢ x,

alx > b, ie M,
i i 1
ax < b, ie M,
1 L
ax=h, ieM, (1.3)
XJ- Z 0, J € N])
X; = 0, } e N,
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¢day M, Mz’ M., N, va N, 1a tap hop chi s6 nao dé, ¢' 1a chuyén vi
(transpose) clia vecto‘ ¢. X, a va cla cdc vecta n thanh phan. b, la céc
88 thue. Ta luén quy ude vectd la vecto cot, vay ¢’ la vectg hang Chi
ylamin z = e'x cing thutmg viét gon 13 min ¢ x.

Rang butc déng thuc c6 thé viét tuong duong ¢ dang bt ding
thitc nhu sau;

T T T
aixzbic:.aixsbi, a,x > b,.

Rang buoc ddu X, 2 0 la trudng hop riéng ciia rang budc bat ding
thirc dang a'x = b véi aT = 0,..,0,1,0,..,0) va b = 0. Ngoai ra, ro

i
rang aij < b, tudng duong véi - a;lx = -b.

L

Gid st sau khi thuc hién cdc bién d6i trén (1.3) c6 tat ¢4 m rang
budc dang aiTx < b, Ky hiéu A 14 ma tran cdp m X n ¢6 cac hang la

ai vab = (b, .., b )", thi bai todn (1.3) c6 dang ma tran I3
. T
min ¢ x,
Ax<b. (1.4)

O day bat ddng thitc vects Ax < b dugc higu la m bat ddng thic
theo thanh phan, titc 1a aiTx <b,i=1, .., m. Vay quy hoach tuyén

tinh la bai todn ¢é dang tong quat 1a (1.3) hoic viét & dang ma tran
(1.4). Ding 181 dién dat thi quy hoach tuyén tinh la bai toan tim cuc
tiéu (hogc cyc dai) cvia ham muyc tidu tuyén tinh vdi cdc rang bude bat
ding thic va ddng thie tuyén tinh. Tuy vay, trong nghién edu quy
hoach tuyén tinh cing nhu khi 4p dung né, ngudi ta thuong dung hai
dang dac tho

Dang chinh tde: min ch, Dang chudn: min CTx,
{canonical form) Ax =b, {normal form hedc Ax £ b,
x=0; standard form) x20.

s} day A la ma trdn cdp m x n v&i cac hang la a,i=1,..,mva
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cde cot laA,j=1,.,n cvaxlavecton chiéu va b 14 vecto m chiéu
(O day cing ¢6 su khde nhau vé thuit ngd. Dantzig dinh nghia dang
chinh téc trén day la standard form va goi cal form la trutng hop dac
biét ciia né, ma ta sé& gip sau.) Viéc viét riéng cdc rang bude ddu x >
0 14 ¢6 nhidu thuan lgi, nhat1a khi xét vé hinh hoc. N&u & bai todn
6 cdc bién tu do (vé ddu khong c6 rang budc), gia sif la x;, thi ta
thay x, bang hai bién méi x; va xj_ bdi lién hé x; = x; - X[, x; 20, x
> 0. Ta da biét rang bude dang thiic cé thé viét tuong duong thanh
rang bude bat dang thdc. Nguge lai, (d€ dua vé dang chinh tdc) rang
budc bat ddng thuc c¢6 thé chuyén thanh ding thic bing cach dua
thém vao bién bl nhu sau. Gia sif ta ¢d rang bude bat déng thire a:rx
<b,. Ta dua thém vio bién méi s, goi 1a bién bu (slack variable) nhu
sau:

T
ax+s =h,

s, 0.
T
i

{Tuong ur, a:'-x -] t:ni U X~ § = b’., s 2 0)

1.1.2 Giai hinh hoc quy hoach tuyén tinh hai bién

Khi bai todn chi cé hai bién, ta c6 thé gidi quy hoach tuyén tinh
bing hinh hoc dé dang. Chi ¥ rdng trudng hdp riéng nay cing cho
phép ta tudng tugng hinh hoc vé bai todn tong qudt. Hiy xét thi du
1.1 vé k& hoach sdn xuit cia céng ty Reddy Mikks, Nhan xét rdng
mdbi rang bude bat ding thic a'irx < b, cho ta mét nia khdng gian ding

(closed half space) [x € R" : aij < b} giéi han boi siéu phdng
(hyperplane) {(x ¢ R": a;rx = b). Trugng hop hai bién, day 12 nia méat

phing (déng) gidi han béi dutng thing. Tap tat ca cac nghiém chédp
nhan duoe goi la mién chdap nhgn dugc (feasible region}, hodc mién
rang bude, 12 mot tdp 16i da dién (polyhedron). Tép 16i da dién 1a giao
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ciia mét 88 hiru han cdc nita khong gian déng, tic 1a tap ¢ dang {x
R" a'.lrx <b,i=1, .., m} hofc § dang vectd Ix € R™ Ax <b). Chd y
rang chiéu cia bét ding thic & day c6 thé & dang khéc. Cée tap Ix e
R™ Ax>b), Ix e R™ a;rx <b,i=1,.,m; a}‘x > bj,j =1,k a?:x = bp,
p = 1,...,s} cling 1a t4p 181 da dién. Néu tap 16i da dién giéi ndi ta goi
n6 1a da dign 16i (polytope). Trong trudng hop hai bién, day la da gide
16i. Tinh 16i (convexity) la mét khdi viém quan trong. Tap T = R” goi
12 16i (convex) néu b4t ki hai difmt' = T vat® € T déu ¢6 doan thing
néi ching ndm hoan toan trong T (xem H.1.1). Chi y ring doan néi
t'vat®latap it e R t = (1 - th + 12 0 <y < 1), tuc 1a tap t4t ca
cdc t6 hop 16i (convex combination) (1 - yt' + vt ciia t! va t% Mot
cdch ty nhién, ta ¢6 dinh nghia té
hgp 161 téng quat clia nhidu diém.

m
Piém trong R” ¢ dang ), y.lti, 4]

=1

m tap 16i
déinZOVQZyi = 1, goi 1a mét 7’
i=1 .
t6 hop I6i cia cac diémt',i=1, ...,
m. lap khong 13
Ho1

Nhic lai, bai toan céng ty Reddy Mikks 1a quy hoach tuyén tinh
max 3x1 + 2x2,
X, + 2)(2 <6,
2x1 + X, < 8,
- X+ X, 51,
X, < 2,

XIZO,XEZO‘

Mién chdp nhén dliqc duge bidu dién & H.1.2, c4c sd trong vong
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tron va mii tén, chdng hagml(’D 1
14 chi s6 thit tu cia rang buje
tuong Ung va phia cia nua
khéng gian xdc dinh béi rang  (5)
budc.

Buong - muce (level curve,
trong trudng hop nhiéu bién
hon thi goi la mdgt mie - level \52
surface} cta ham muc tiéu la
dudng thang z = 3x, + 2x, = a.
Khi cho « ting dan ta thay diém
cudl cung ma dudng nuic o cdn
cit mién chdap nhin duge la
dinh D (H.1.3}). D 1a giao diém
hai dugng (1} va (21

X, X, + 2)(2 =6,

2x1 + X, = 8.

Giai hé nay ta duge x; = 3 -;-, X, =
\ 1%, chinh 1a nghiém chdp nhan duoc téi
\ tu {(optimal feasible solution), thudmg goi
D tat la nghiém toit vu. Gid tri muc ticu toi
< . ¥u {optimal objective value) 1a z = z(S;-,

Y X,

D 11y - 121 ngan USD.
) . 5 3
EEN
g H 1.3

Qua bai tean cy thé trén ta cé thé
nhan xét so bd nhu sau:

a. Mién chap nhan duge cua quy hoach tuvén tinh la tap 16i da
dién, Néu né gidi ndi {tie 1a da dién 161) thi quy hoach tuyén tinh cé
nghiém t6i vu la mét dinh. Trudng hop nghiém t6i vu khong duy nhat
nhung mién chap nhan duge (tham chi ¢6 thé khong gidi néi) ¢é dinh

%
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(H.1.4) thi van ludn cé nghiém t6i wu la N
dinh.

b. Trudng hop khong cé nghiém téi
utt thi ham muc tiéu khong gidi ndi trén /
mién chédp nhén duge {H.1.5).

¢. Trudng hgp mién chdp nhan duge ?,\ B
khéng ¢6 dinh duge minh hoa & (H.1.6). o

Bai toan quy hoach tuyén tinh c6 thé
~ khong ¢6 nghiém t6i vu hosic ¢6 nhung
khéng c6 nghiém t6i uu la dinh.

Nhiing nhén xét hinh hoc trén day van ding cho ca trudng hop
nhiéu bién (hon 2) va cho nhiing ggi ¥ quan trong d€ xay dung phudng
phép gidi quy hoach tuyén tinh, & dang cde thuit todn, bing ngdn ngir
dai 56 dé c6 thé lap trinh cho mdy tinh.

Vé nguyén tic, ta c¢6 thé giai quy hoach tuyén tinh hai bién, véi
s6 rang budc bat ki, bing hinh hoe.

Béc gid c6 thé xem mdt sé cdch giai quy hoach tuyén tinh don
gian khiac trong [Khanh - Nuang 2000].

X,
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1.2 PHUUGNG PHAP DON HINH

1.2.1 M4t thi du

Phuong phédp don hinh duge G. Dantzig dua ra nim 1947 (xem
(Dantzig 1949, [Dantzig 1963]} cing lic khi éng khai sinh quy hoach
tuyén tinh. Trong khodng bén chuc nam, né la phuong phap thue sy
hiéu qua duy nhat dé gidi quy hoach tuyén tinh trong thuc t& (khi cdc
bai todn thudng la cd lgn). Trong théip nién cudi vita qua chi ¢é phudng
phap diém trong 12 canh tranh duge véi phuong phap don hinh. Véi
cde cdch nhin hién dai, tu tudng cda phueng phap don hinh rat don
gian. G day ta s& theo céch ti&p can cla [Chvatal 1983] va [Vanderbei
1996].

Xét quy hoach tuyén tinh

min z = - 5)(1 - 4x2 - 3x3,
2x1 + 3x2 + X, < 5,
o + 2%y < 11, (1.5)

3)(1 + 4x2 + 2x3 < 8,

4x, + X
Xps Xy, ¥y 2 0,
Truée hét ta hiy dua bai toan vé dang chinh tdc bing cach dua

vao bién bu w,, w,, w, va viét hé & dang chinh tic dic biét sau

minz=-5x1-4x2—3x3,
w, = 5—2x1—3x2— X,
w, =11 - 4x, - x2—2x3,

W, = 8- 3x1 - 4){2 - 2){3,

>
Xy, Xy, Xg W, W, Wy 2 0.
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D& bt d4u ta cdn ¢6 mét nghiém chdp nhan duge. D& nhén thay
mot nghiém la

x1=0,x2=0,x3=0,w1=5,w2=11,w3=8.

Gia tri muc tiéu tuong vng laz =0

Trong budc 14p dau tién ta xem c6 thé cai tién nghiém xudi phét
thé nao dé duge nghidm chap nhén duge mdi voi muc tidu z nhé hon.
Vi hé s6 cla x, 6 ham muc tiéu 1a 4m, néu ta tang gis tri x, tir 0 [én
gid tri duong cang lén thi z cang gidm (néu ta gia X, = 0 X, = 0).
Nhung khi d6 gia tri cdc bién bu ciing bi thay déi. Slr thay d01 nay
khéng anh hudng ham muc tiéu nhung x; chi duge thay d6i sao cho

W, W, W, >0V‘1x_0,x3=0nén
5
W, o= 5-2)(120, XISE,
w,=11-4x =20 e x<~1l
2~ 1~ 1—41
w, = 8-38x, 20 x, <8
3= 1= 17 g

Vay ta ldy x, = g va khi d6 w, = 0. Ta dugc nghiém chdp nhan

duge mét tét hon sau bude mét 1a

] ]
X —,x2=0,x3=0,w1=0,w2=1,w3=-2—_

1:2

Gid tri muc tidu la z = - 12,5,

Nhén xét rang bude lap ddu dé chon vi trong nghiém xuat phat
c6 mdt nhém bién bang 0 va cdc bién khée biéu dién qua ching qua
cac rang bue. Do dé dé vao bude 2 ta ciing viét lai bai tean ¢ dang
tugng ty, tifc 1a déi vai trd cia x, va w,. Vay X}, Wy, W, VA z s& biéu
dién qua w, X, vA X,. Muén vay, ¢ rang bude dau ta glﬂl x, ra theo

W, X, VA X,

- lx . (1.6)

2. VANTRUHOT-A
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Bé vao budc lap 3 ta lai viét phuong trinh & dang X, W,, X, VA

z bi€u dién theo w., x, va w,. Thuc hién phép todn trén hang dai vdi
phuong trinh cho w, ta duge

Xy= 143w, + X, - 2w,
Lam tuong tu déi véi cdc hang khac ta duge

z=-13+ w +3xz+w

1 [
X = 2—2w1— 2X2+W3
w, = 1+ 2W1 + 5)(2 (1.8)

x. =1+ 3w1+ X

5 g~ 2w3

Bat diu bude 3, ta thay khéng ¢6 hé s6 nao ¢ ham mue tiéu 1a
am nén ta khéng thé che bién “déc 1ap” nao tang tir 0 thanh s& duong
{va gid nguyén gi4 tri 0 cho bién “déc 1ap” khdc) d€ giam ham muc
tiéu. Phuong phap don hinh phdi dimg. Nhung rat tat 1a ta thdy ngay
nghiém chdp nhan duge & bude 2 1a t6i uu. That vay, hé (1.8) la tugng
duong véi quy hoach tuyén tinh ban ddu (1.5). Nhan xét (1.8) ta thdy,
vi cdc bién phai khéng 4m nén z > - 13 v6i moi nghiém chdp nhan
dugc ctia quy hoach tuyén tinh, ma nghiém di nhan duge da cho
z = - 13 nén no la t6i vu. Vay nghiém t6i wu ta X,=2,x,=0,x,=1
va gid tri muc tiéu t6i vu la z = - 13.

Cac hé phuong trinh dang (1.7), (1.8) ma ta lap & mdi buéce lap
gol la cac tir vwng (dictionary). Tri z ra, cdac bi€n niim d vé trai cdc
phueng trinh (tite 14 bi€n “phu thudc”) § mdi bude 14p goi 1a dien co
s0 d budc dé (basic variable). Cdc bién & vé phai, tiic 1a bién “déc lap”,
dugc goi la bién khéng co sd (nonbasic variable). Nghiém nhan dugc
khi cho cdc bién khéng ed sé gia tri 0 duoc goi 1a nghiém ¢o s¢ (basic
solution). Vay méi tif ving xac dinh mét nghiém co s¢ tuong ng.

1.2.2 Thuéit toidn don hinh trén ti virng

Xét quy hoach tuyén tinh ¢ dang chuin
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n

min X,
z CJ i’
j=1
n
2axsb,i=1 ., m, (1.9)

1
%2 0,j= 1.0
Viéc dau tién 1a dua bién bi1 vao, dat tén muc tiéu la z va viét
quy hoach tuyén tinh ¢ dang tir ving

n

Z = X,
37
=1
n
w. =b, - Z A, 1= 1, .., m. (1.10}
=1

Ta thay & thi du trén day khi tién hanh thuit toan don hinh, bién
ban dau va bién bt duge xi li nhu nhau, khéng phan biét. Do 46 ta
ky hiédu tai thanh mot bo bién x:

)

Wi, e, W= X, XX .

L X

(%), - X TR

n?

Khi 46 (1.10) tr& thanh

Pay 1a tif vung xudt phat. Nai dung ciia thuit toan don hinh la chuyén
tir mot tir vemg sang mot tir vung khde vdi gia tri muc tiéu tét hon.
Mai tif vung cé m bién cg s¢ va n bién khéng co s6. Hay ki hiéu B 1a
tap cde chi s6 tuong Gng vdi cdc bién co sg trong cde chi s6 {1, 2, ...,
n + m) va N 1a tap chi s cua cde bién khéng cd s6. O tif vung xuat
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phdt thi N =11, ..., n} vA B = [ n+1, ..., n+mj, nhung ching s& thay
déi sau médi bude. O mdi bude, tir viung déu c6 dang

z=2z+ 9, ijj ,

je N
x,=b -2 ax,ieB.
je N

& day dau gach trén dau ky tu d€ chi riing dai lugng nay thay déi qua
cdc bute.

& méi bude lap, diing mét bién tit khéng cd s§ tré thanh bién cg
sd, duge goi 1a bién vao (entering variable), va ding mét bién cd s&
tré thanh bién khéng co s6, goi la bién ra (leaving variable). Bién vao
duge chon trong céc bién ¢6 hé s& muc tigu (tic hé s6 trong ham mye
tiéu) am d€ lam gidm ham muc tiéu. Néu khong c6 hé s¢ muc tidu 4m
thi nghiém nhén duge ¢ bude lap d6 12 t8i wu. N&u 6 nhiéu hé s& muc
tiéu 4m ta duge phép lua chon. Bay gi#r ta chen mét cdch ty nhién la
chon bién ¢6 hé s§ (4m) nhé nhat dé hi vong lam gidm ham muc tiéu
nhiéu nhat. (Khi dé ta vAn con d6 tu do khi ¢6 nhidu hé $6 bing nhau.)
Quy téc nay con goi 1a quy tdc xoay Dantzig.

Bién ra duge chon dé€ dam bdo tinh khéng am cta céc bién. Gia
sif bién vao dé chon 14 x,, tic 12 gid tri cGia né tré thanh duong. Khi
d6 cdc bign dang la cd & sé bi thay d8i va bing

x,=b, -a,x,ieB.

R3 rang x, 16n nhat théa moi bst déng thic nay sé la

— -1
_ ik
Xk-- maxE
ieB M
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O day ta quy ué % = 0 va ta s& x6t sau trudng hop c¢6 s6 b, = 0 va
N - aik . at
truong hop khang cé ti sb —E— nao duong. Vay quy tic chon bién rala
i

a

a,
s 12w . ik . .
chon bién cé chi s0f ¢ B ma i max b (Ta van con tu do khi cd
k i€B

nhiéu ti s& cung bing gid tri cyc dai nay.)

Sau khi chon bién vao va bién ra, viéc chuyén tir vung sang tif
viing méi 1a nhd cde phép todn hang. Toan bg viéc lam nay goi la piép
xoay (pivot). Vi c6 thé c6 nhiéu bién vao va bién ra cd thé 14y déu dam
bao gidm ham muc tiéu va cdc bién van khong am, ta s& thay ¢6 cdc
quy tic cu thé dé tranh sy khéng x4c dinh dé, duge gei 1a quy tdc xoay
{pivot rule).

1.2.3 Tim t& vyng xudt phat

J muc truéc ta di trinh bay thuit todn don hinh, nhung ta chi
xét trudng hgp v& phai cac rang budc déu khong 4m; nhg vay ti vung
xuat ph4t la chap nhan duge. (Ta quy ude nhu vay néu nghiém tuong
itng cha tit vung, khi cho cdc bign khéng co sd bang 0 va doc ra ngay
duge cde bign khdc, 1a chdp nhéan duge.)

Né&u quy hoach tuyén tinh chudn (1.9) ¢6 cdc b, < 0 thi ta phai
tim ti vung xudt ph4t chap nhan duge bing mot bai todn bé trg. Ngudi
ta tim bai todn bé tro (auxiliary problem) ciing l1a quy hoach tuyén
tinh nhung cé 2 tinh chat quan trong sau day

fi) d& thdy ngay tit ving xudt phdt chdp nhdn duge cia bai todn
bé tro nay;

(ii) ti vung t6i wu cda né cho ngay mét tir vung chdp nhén dugce
ctla quy hoach tuyén tinh gée dang cdn xét.

Bai todn bd trg d6 1a

4

L
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min X,,
n
Z X - Xy <b,1=1,..,m,
j=1

ijO,j =0,1, ...,n

D& ¢6 mot nghiém chap nhén duge chi vige ddt x, =0,j=1,...n
v 18y x, > 0 dii 16n. D& thay quy hoach tuyén tinh can xét ¢6 nghidm
chép nhan duge khi va chi khi bai todn bd trg c6 nghiém chip nhin
duge véi x, = 0. Nhung déy rd rang 1& nghiém 81 uu cha bai todn bd
trg. Vay, quy hoach tuyén tinh cén xét ¢6 nghiém chép nhén duge khi
va chi khi bai togn b8 tro ¢6 muc tidu t81 uu bing 0.

Mic dit dé thay ngay mot nghiém chdp nhén duge cla bai todn
bé trg nhu trén da thay, nhung ta vén chua c6 mét tit vung chip nhén

duge ciia né. Lam sao tim? Ta hay minh hoa qua mét thi du:
min 2){l + X,
-X +%<-1,

0 S
-%X, - 2x,<-2,
X, < 1,
X, X, 2 0
Bai tosn bé trg la
min X,,
- X+ X, ~ X, S 1,
. —x1—2x2—xus 2,
Xo = Xy S 1,
Xy Xy, X, z 0

Ta dua vio bign bl v viét tir vung xust phat khong chip nhéin duge

clizt bai todgn b8 trg (vi ¢6 v& phai rang bude am):
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S
w1=—1+x1— X, + X,
W2:—2+x1+2x2+xU
w, = 1 - X, + X,

Vi tif vung nay chua chdp nhan duge, ta chua thue hién bude lap
d4au bing phép xoay ctia thuét todn don hinh, ma o lay x, 14 bién vao
va chon bién ra 12 bién w, “khéng chdp nhan duge nhat™

wy =1 - 3xy + W,

Xo=2-%X; - 2% + W,

wy =3 - x) - 3%, + W,
Pay da 13 tr vung ch&p nhén dugc nén ta bit ddu thuit toan don hinh, cu
thé phai dua x, vaoe va w, ra khdi ¢o s8, sau khi xoay ta duge

Q—i-x T
T3 173717372
x =1 N TR |
27 3 3 1+3w2
- +
X =3 "X W W,

& bude l4p tiep theo ta dita X, vao va x, ra khéi co sé:

t= 0+x,

x~l lw + ~W
273 31 b
x—é—x +gw +—1'w
17 3 0 3 1 3 2
w—g+x +lw~lw
173 0 31 3%

Vi khéng cdon hé s6 4&m & ham muc tiéu, tir ving nay 12 t6i uvu. D8
duge tir vung chdp nhan duge tuong ing cia quy hoach tuyén tinh cin

et
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xét ban d4u, ta bé x, khéi tif vitng nay (vi gia tri mue tidu t6i wu la ¢
= x, = 0) va tinh gid tri tuong \ing cua muc tiédu z:

+ W,,.

z=2x1+x2=3+wl 5

Viy tif vimng chdp nhan duge cla quy hoach tuyén tinh can xét 1a

§ =38+ Wi+ wy,
x, =+ - lw o+ 1ly
273 g1 3g°2
_4 2 1 (1.11)
Xl_s + 3WI+3W"2
W, = 2 Ly -1y
373 T 3M17 3V

May min, mét cach vo tinh, ¢ thi du nay 1a tir ving nay da téi
uu, vi cdc hé s6 mue tidu déu duong. Néi chung thi ta chi duge tir vung
xudt phat chap nhan ducc.

Théng thuong ngudi ta ghép ludn viée giai bai todn bé trg vao
thuat todn don hinh va goi la pha I (phase I). Qud trinh tryc tiép dp
dung thuit toan don hinh tir tif vung xuat phdt chdp nhin dilge nhan
tir pha I goi 1a pha IT (phase I1). Toan bd thuat toan goi la thudt todn
hai pha (two - phase algorithm).

1.2.4 Trudng hop muc tiéu khéng gidgi ndi

T4t nhién c6 quy hoach tuyén tinh ma ham mue tiéu ¢6 thé dan
dén -o trong mién chdp nhan duge. Trudng hop nay sé khéng cé
nghiém toi wu.

Lam sao phat hién ra la quy hoach tuyén tinh dang xét ¢6 ham
muc tidu khéng gidi ndi nhu v4y? Céu tra 16i 1a: ¢6 thé phat hién duoc,
va ngay trong qua trinh thifc hién thuét toan don hinh.

Ta hay xét ki may trudng hgp “bat thudng” ma khi xdy dung thuat
todn don hinh & Muc 1.2.2 cho truimg hgp “binh thudng” thuan loi ta
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, a
da phai géc lai. O day, ta xét trudng hop khong ¢ ti sé B;k’ i e B,

nao duong. (Trudng hop c6 b, = 0 véi i € B s& duge xét § Chuong 3
dudi day.) Ti sé nay gip phai khi tim bién ra sau khi da xdc dinh bién
x, 12 bign vao, titc 14 tang tir 0 1én mét s§ duong. Nhd rang lic d6 cdc
bién cg sd la

x=b -a

[ 1 kX 1 € B.

&.
Mab, va - a, la ciing dau (vi —f:i‘- < 0) va la khéng am. Do dé moi

i
bién co sd x. khong thé tir khong am tré thanh am. Vay bién vao cé
thé 14y gid tri 1dn tiy ¥ dé ham muc tiéu tién t61 - ». Lidc nay ta néi
la ham muc tiéu khéng gidi ndi (dudi), hoic bai todn khong gidi noi.

Chéng han, xét tif vimg

2= TRt X%
X, =2+ 2%, - X, (1.12)
x,=6 + 3x,
X, = 2x,
Bién vao la x, va cde ti 5§ 2* 1a - %, - % va 7. Vi khéng co ti s

nao duong nén bai todn la khdéng gidi ndi.
1.2.5 Tim tat ca nghiém téi wu

Khi da biét la c6 tén tai nghiém t3i uwu cia mét quy hoach tuyén
tinh dang xét, chéing han khi di c6 mét tir ving t6i wu (tite 12 tit vung
cho ta nghiém t&i wu), thi van dé tim moi nghiém t&i wu ciing 14 quan
trong hay duge dat ra trong thue té.
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Thuét todn don hinh c6 mot wu viét 1a cho phép ta tinh meoi
nghiém t6i wu, néi riéng 1a xét duge tinh duy nhat nghiém mét cach
don gian.

Chéng han, xét t vung t6i uu (1.11). Phuong trinh z (tic ia
phuong trinh ddu) cho thdy mei nghiém chap nhén duge cé gid tri
myc tiéu z = 3, tidc la t&i wu, déu phai théa w, = 0, w, = 0. Ba phuong
trinh sau cho thdy néu w, = 0, w, = 0 thi bt buge x, = %, X, = g va
w, = % Vay nghiém t61 uu ] xdc dinh duy nhat.

¢ Muc 1.1.2 ta da thiy béing hinh hoc la quy hoach tuyén tinh
¢6 thé ¢6 v6 s8 nghiém t&i wu. Thudt todn don hinh cho phép ta mé
td tit ca cdc nghiém tdi uu khd don gian nhu sau.

THIDU 1.2.1 Gid stf (bing thuit todn don hinh) ta nhan dudc ti vung 16 uu
sau

=5 *X
W|:3+>{2—2w2+'f':(_.i
::(|=1—5:(2+6\=w2~53b(3

= Tw. -
W, -=1.+9x2+_w2 X5

Dong ddu tién cho thiy méinghié¢m 16i wu phdithda diéukién x, =0(nhirng
khong cin x, = 0hodic w, =0). Vdi nghiém nhu vy, cdc dong dudi cda tif vung
cho ta

wl=3+x2—2w2,
X, = 1 —5x2+6w2,
w3=4+9x2+2w2,

Do d6, d¢ nhin dude nghié¢m (di vu ta ¢6 thé cho x, va w, gid i khong
Amty ¥y mi€n 1a dimbdow >0,x 20va w, 20, ufc la x, v w, chi cin thoa
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- X, + 2w, <3,
5)';2 - 6w2£ 1,
—9}(2 - 2w2£4.

Xy Wy 2 Q.
(Thuc ra bit ding thic - 9%, - 2w, < 4la thifa viné ludn ddng vdi X, 20, w,
=0

1.2.6 Dang bang cua phuong phap don hinh

Trén day ta dd dung tir vung dé€ ghi két qua ¢ méi bude lap ciia
thuit todn don hinh. Mot cdch khde, thdm chi phé bién han Ia ding
bang biéu dién nhu sauv. DE tién lgi ta xét lai thi dy eii 1a quy hoach
tuyén tinh (1.5). Ta viét lai dang chinh t4c ciia bai todn nhu sau (muc
tiéu duge ghi & dang mdt phuong trinh)

s T T T
2X1 + 3%, + Xy + W, = b (1.13)
4x, + x2+2x3 + W, =11
3x1 + 4%, + 2x3 +w,= 8

Vdi quy ude két qua § méi bude déu viét ¢ dang nhu vay, ta chi
cén ghi cdc hé s6 14 du. Ta sé duge bang sau (hoan toan xdc dinh bai
todn (1.5})

2 3 1 1 0 0 5 {1.14)

oy
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Theo céch viét bang nhu vay thi tif vung (1.7) dat duge sau budc
1sela
!

Xy o X9 Ky Wy W, Wallo
o 7 1 5 0 0 25
. 2 2 2 o2
1 3 1 1 0 0 5 (1.15)
2 2 2 2
0 -5 0 -2 1 0 1
0 _1 13 0 1: 1
2 2 2 P2

Ta hdy xem bang (1.15) nhan dugc tit bang (1.14) nhu thé nao. Néi
cdch khdc ta hdy xem bude 1 tién hanh trén bang (1.14) thé nao dé
nhan duge bang (1.15}.

D& chon bién vio ta ldy s6 4m 16n nhat ¢ hang ddu khéng ké s6
tdn ciing bén phdi (14 gid tri cda -z). Trong thi du nay la -5, va x, la
bién vao. Khi dé cot dau duge goi la cét xoay (pivot column). Cha ¥ 1a
néu khong ¢6 sé am ¢ hang dau thi ta k&t luan bang hién tai 12 téi
uu va viét duge ra ngay nghiém téi uu tuong iing ciia quy hoach tuyén
tinh. Thuat toan két thie.

Tiép theo 14 tim bién ra. Theo li luan bing tif vung ¢ Muc 1.2.1
ta phai xét cdc hang i ma phén tit a, cia né trén cjt xoay k la dudng.
Néu moi phén tif trén c6t xoay 14 am, thi theo Muc 1.2.4, quy hoach
tuyén tinh khong cé nghiém tdi vu vi ham muc tiéu khéng gidi nai
dudi trén mién chap nhan duge. Nguge lai, ta phai chon hang t = { ma
A . ) . .

L{ la lén nhat, tie 1a ti & gitia phan to trén cdt xoay va phan td cing
hang nhung ¢ cudi hang la ldn nhdt. Trong thi du cia ta 1a hang 1
(khéng ké hang mue tiéu trén cung):
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11

3!42001:8

Hang ! duoe chon ra duge goi la hdng xoay (pivot row) va phan tir &
giao cla cdt xoay va hang xoay duge got la phdn ti truc (pivot).

Tiép dén, nhu da thay ¢ Muc 1.2.1 ta phai thuc hién phép todn
trén hang. Thuc hién diéu nay trén bang sé la chia hang xoay cho
phéan tit truc d€ bién phén tir truc thanh 1; réi 14y méi hang khac trir
di hang xoay méi, nhén vdi s6 trén cét xoay cla hang dé d€ bién cot
xoay thanh cdt cdc s6 0 ngoai trir phan tu truc, Dén day ta duge bang
(1.15) va két thae mot bude 1ap.

Dang bang viét ¢é gon hon dang tif ving nhung khéng tuong minh
bang, nén sau ddy ta van sif dung tir vung.

Cac thuat ngit “phép xoay, ¢dt xoay, hang xoay” ¢6 thé hiéu la
lién quan dén viéc dua mdt bién vao va ldy mot bién ra § méi bude
tap tuong tu nhu ta “xoay” tir vung hoac bang don hinh dang ¢é & bude
d6. Thue ra cdc thuat ngd nay, cing véi chinh tén cua thuit todn la
“don hinh” c¢6 hinh anh hinh hoc 6 rang gdn lién vdi phép xoay thuc
sy xem {Khanh - Nuong 2000] Muc 4.6.

1.2.7 Hién tugng suy bién
Ta xét trudmg hop "bat thutng” con lai chua giai quyét, nhung da
a
nhic dén, 1a truong hap khi chon bién ra ta gap ti s6 E—'k khéng xéc

dinh b = 0.

Ta néi mét tif vung la suy bién (degenerate) néucé i € B (tap chi



1.2 PHUGNG PHAP BON HINH 31

s0 cda cde bién co s} véi b, = 0. Mot tit vung suy bién c6 thé gay khé
khan khi ta thuc hién tiép thuat todn don hinh trén né, nhung ciing
¢6 thé khong. Chang han, néu ta nhin lai tir vung (1.12}

L T
Xy = 2+ 2){2 - X,
X, = 6 + 3x1
Xg = 2xl.

Piy 13 it vung suy bin vi B = (34,5} va b, = 0. Nhung nhw ta 43 bigt &

20 0 . PR .
-2 —evag: khong ¢é (i sé ndo dudng nén

Muc 1.2.4, vi trong ciic ] s0

bhdi todn 1a khdng gidi ndi. NCu biy gid 1a gip bii wdn khdc ¢6 ur vyng hoan
Loan nhu vdy, chi khic 1a 2x, G phiong trinh ctia x, Jai la - 2x,, thi theo quy tic
chon bi€n ra, x, a bi€n ra. Ti€p theo, vdi phép todn trén hang d€ “xoay™ ta
duge 1 vung mdi

2 i
x,=6 +3x|
- 3
Xg = 2x,

Diy vin 13 mot i vung suy bicn, nhung di 13 (31 vy, nén ta duge ngay nghiém
161 (u clia quy hoach tuy€n tinh (X, X, X, X, xg) = (0, 1, 0. 6, 0) véi muc ticu

&.
e . A e % . NI e | PVt A | B
157 vu 13 2 = 6. Nhiln xét ring & tr vung “khdc™ vira xétcde i s6 é 1 Smuva
i
g -, khéing ¢é ti 58 nao 1i 490, Chinh gid tri 490 ndy s€ gdy rdc rdi nhirta thi'y by
gid.

Mot phép xoay duge goi la phép xoay suy bién (degenerate pivot)
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a

néu c6 ti s E—"‘, khi xdc dinh bién ra, la +w, tic 1 ti s§ duong va miu
béng 0. Khi d6 ta ciing néi la tif vimg suy bién da sinh ra phép xoay
suy bién. Nhu vay theo suy luan trén day, tit ving suy bién sé khéng
gay khé khan gi cho thuit todn don hinh néu né khéng sinh ra phép
x0ay suy bién, con néu né sinh ra phép xoay suy bién thi ¢6 thé phién
todi. Ta xét hai thi du sau day.

THiDU 1.2.1 XéLur vung

2=-3+05% - 2x, + 1w,
xy = 1-08x - 0,5w,
w2 = Xl - X2 + Wl.
T vyng ndy suy bi¢n. Bién vao 12 x, va cic ti s§ dé€ xdc dinh bién ra [a 0 va
+o0. Vi cure dai trong A4 13 +20 nén bi€n ra 12 w,. Nhung, dé€ thdy ti s6 wong (ng
1a +2 ddn d€n hién tung 1a x,, vira (X O g thinh dudng thi w, trd thanh dm,
khong chdp nhin duge! Vi viy milc d x, tf ngoai ted thanh bi€n cd sd nhung
tir vung chip nhin duge ti€p theo ¢d nghiém urong g vin vai x, = 0. Ta thiy
diéu d6 sau khi thare hién phép xoay (suy bién):

z =-3-15x +2w,-05w;
;= 1-05x; - 0,6w, (1.16)
X2 = )(l - W2 + Wl.

Nhin xét rhing, chinh do phép xoay 13 suy bi¢n néo (it virng mdi nay vin ¢6
nghiém chip nbhin dugce (X Xy Xy, Wi wo) = (0,0, 10, 0) v gid tri mue tiéu
tugng Gng 2 = - 3 hodn tedn nhit ¢fi. Nhung dit sao tf vieng 33 thay ddi, hi vong
1 phép xoay tiép theo & cdi thi¢n inh hinh, n¢u chua thi phép xoay sau do ..
Cu the., ta thay tr vung (1.16) vin suy bién, nhung x| 12 bi¢n vio va x, Ia bicn
ra di cho 1a phép xoay khong suy bién, din dn tr vung
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2 _=-6+3%; + 2w, + W,

Xy = 2-‘2x3 -w,
Xg= 2 ~2x3— w,.

T virng nay 12 18i .

Trong thuc t& han nia thé ki 4p dyng phuong phap don hinh
ngudi ta thay thudng gép tit vung suy bign nhung sau mét s8 bude lap
ludn ¢ duge phép xoay khoéng suy bién lam thodt ra khéi sy suy bi&n.
Tuy nhién vé mit li thuyét, van c6 thé xay ra su c6 1a sau mét so phép
xoay suy bién ta lai quay lai tir vung suy bién da gap va thuat toan
dan hinh lam vao mjt vong l4p v6 han, khéng bao gids tim duge nghiém
t61 uu. Trudng hop nay goi la su xoay vong {cycling).

Thi duy d4u tién vé xoay vong duge tim thay & [Hoffman 1953). G
nude ta, thi du xoay vong dau tién 1a clia GS Tran Vi Thiéu (Vién
Todn hoe, Ha N§i), nam 1967. [Marshall - Suurballe 1969] chitng minh
riang quy hoach tuyén tinh (chinh t4c) xoay vdng phai c6 it nhat sau
bién va ba rang bude.

Dinh li sau didy khing dinh ring thu4t todn don hinh ludn két
thic duge sau hiiu han bitge, chi trir trudng hgp bi xoay vong.

DINH LI 1.2.1. Néu thudt todn don hinh kéo dai v6 han thi né phdi
xoay vong.

CHUNG MINH. Mét tir vung duge hodn todn xédc dinh khi in dinh cic bién
m  _{n+m

nao la bicn cd sd, bi€n no la khdng cd 3. C6 tted C = N

kha ning an
dinh khdc nhav. Néu thuit todn kéo dai va han né phdi gip lai mdt wr vung hon
mot 1dn. Ngay tif khi né lip lai mot tir vung ndo dd. ta phii cd su xoay vong ti
diy. O

CHU Y. T&t ¢d cdc phép xoay trong mét vong, khi ¢é hién tugng xoay vdng,
déu phai [a phép xoay suy bicn va cic (I vung trong vong <4 cing gia tri
ham muc tid¢u va cing nghi¢m chap nhan duge tuong dng.

3. VANTRUHOQC-A
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Quy hoach tuyén tinh xoay vong hiém dén ndi hAu hét cdc thé
nghiém cu thé phuong phdp don hinh trong thyc t&, dé giai cic bai
todn cd 1én 1a chinh (cdc thuat toan, cdc phadn mém) déukhdng cha
¥ dén phong ngita xoay vong. Tuy viy, chi ra cde nguyén téc xoay dé
phuong phap don hinh tranh duge xoay vong van la quan treng.
[Bland 1977] da dua ra quy tdc xoay sau d4y d€ tranh xoay vong.

Quy tdc Bland: Bién vao dugc chon la bign c6 chi s& nhé nhat
trong cdc bign c6 hé sé muc tiéu 4m; bién ra duge chon 1a bién cé chi
56 nhé nhat trong 6 cdce bién co chi s6 7 € B thda quy tic chon bién

rala
3— max Zi
bi ieB bi

DINH LI 1.2.2. Thudt todn don hinh s& két thic sau hitu han budc,
tie la khong bi xoay vong, néu ép dung quy tde xoay Bland.

Doc gia cé thé xem ching minh trong [Khanh - Nuong 2000).
Phuong phép Bland dé chéng xoay vong c6 ¥ nghia li thuyét nhung
khéng tién 4p dung, nhat 1a khi viét phdn mém. Nguti ta hay ding
phuang phap nhiéu loan va phuong phap tir dién dé chdng xoay vdng
{xem sdch néi trén).

1.3 NGHIEN CUU HINH HOC QUY HOACH TUYEN TINH
1.3.1 Nghiém cd sé va diém cuc bién

¢ Muc 1.1.2 ta d4 giai quy hoach tuyén tinh hai bién béng hinh
hoc va ¢6 nhan xét quan trong, ma theo cAm nhan tryc quan la ding
¢4 cho trudng hgp n bién téng quat, 14 néu quy hoach tuyén tinh c6
nghiém t8i uu va mién ch4p nhan dugce (1a tdp 16i da dién) cé dinh
thi quy hoach tuyén tinh ludn ¢6 nghiém t61 uu la dinh. Chinh tinh

3.VANTRUHQC-8
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chdt nay 1 co s cGa phuong phap don hinh. Noéi dung ciia phuong
phép Ia xuat phat tirt mét dinh cha mién chap nhan duge; & méi buée
lap ta di sang mot dinh ké né c6 gis tri hAm muc tiéu nhé hon. Vi
s6 dinh 1a hiru han, sau hitu han budc ta sé& dén dinh t8i vu.

Tuy vay, trong hai chuong vira qua ta lai trinh bay phuong phap
don hinh bang 11 ludn gii tich, dua vao biéu dién tir vyng d€ lap luan
don gidn hon. Trong chuong nay ta sé xem xét van dé tir hinh hoc
va s& thay rd sy tuong duong cha cdc cich tiép can.

Truéc hét, ta phan tich kh4i niém nghiém co s8, nén téng cia
phuong phdp ddn hinh. Ta nhide lai dinh nghia bing ngén ngit ti
vung 4d noi d Muc 1.2.1.

PINH NGHIA 1.3.1. Nghiém co s& (basic solution) clla quy hoach tuyén
tinh & dang ti vyng la nghiém nhan duge khi cho cac bién khéng co s& gia
tri 0 va giai ra cac bién cd sd bang ti ving. Ta ciing néi day A nghiém cd sd
Ung vdi t vung nay. Nghiém cd sd thoa thém cac rang buéc dau x, 2 0 dugc
goi la nghiém cd sd chdp nhan dugc. Lic nay ta cling néi tif viyng tuong tng
la chdp nhén dugc.

Béay gid ta xét cdc dinh nghia khac va sé thay ring nghidm co
s6 chdp nhin duge la khai niém hinh hoc gén lién véi quy hoach
tuyé&n tinh khéng phu thudc biéu dién giai tich ciia né. Téng quat hon
tit vung la dang chinh téc ciia quy hoach tuyén tinh

. T
min z = ¢ X,
Ax = b, (1.17)

x =0,

¢ day, A la ma trdn cdp m x n, véi m < n, ma khéng mét téng quat
gia slrla c6 rank A = m (vi néu c6 mot hang la t8 hop tuyén tinh cia
cac hang khac thi bd né di van duge hé rang budc tuong duong, tic
la xAc dinh cung mét tap 16i da dién).
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DINH NGHIA 1.3.2. Nghiém co s& cha hé Ax = b holic néi khac 1a cha quy
hoach tuyén tinh dang chinh tc (1.17) 14 nghiém nhan dugc b&ng cdch cho
n - m bién x; nao dé béing 0 sao cho gidi ra duge duy nhat m bién cén lat.

R& rang, Dinh nghia 1.3.1 cho tit vung chi la trudng hgp riéng
khi Ax = b da gidi sdn ra m bién theo n - m bién con lai, ticla Ax=b
c6 dang dic biét

x,=b,- 2ax,ieB. (1.18)
jelN

Tré lai trudng hop chinh tic téng quat Ax = b, mét cdch tu nhién
ta gol m cot chia A (ng vdi cdc bién gidi ra sau dé 1a co s (basis) cla
quy hoach tuyé&n tinh dang chinh tdc dng véi nghiém co s§ d6 tic 1a
ta ¢é

DINH NGHIA 1.3.3. Co 5& cla nghiém co sd (<%, ..., x%cta quy hoach

tuyén tinh chinh tic (1.17} 1a hé m vectd cot {A,: i e B}ddc lap tuyén tinh cla
A sao cho

B::I::{i:x? = 0}

Bay gi¥ xét trudng hgp suy bién. Ta da goi tit vung la suy bién
néucé b, = 0 (& cot tu do v& phai). Mot cach tong duong, nghiém co
sd tuong Ung ciing goi 12 suy bién. Néi cdch khac nghiém co sd la suy
bién (degenerate) néu né c6 hon n - m thanh phan bing 0, va 1a
khéng suy bién (nondegenerate) néu né c6 ditng n - m thanh phin
bang 0. Pinh nghia nay vé suy bi&n rd rang 1a 4p dung duoc cho quy
hoach tuy&n tinh chinh tdc tdng quat, khéng cén & dang tit vung.

So v6i dinh nghia co sd ta thay:

N&u nghiém cd 53 |3 khong suy bign thi chi itng véi mdr co 58 duy
nhit va néu bifu dién quy hoach tuyén rinh & dang tif vyng, thi dng véi
mét 1Y vung duy nhat

N&u nghiém cd s8 1i suy bifn, thi né ¢6 thé ¢é nhidu co sd va ng vdi
nhidu i vigng khac nhau. Ching han, khi né xoay vong, thi mei tit vyng
trong vong xoay cling dng véi mdt nghiém cd sé.
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Bay gits ta dinh nghia nghiém co sd cho quy heach tuyén tinh
téng quat.

DINH NGHIA 1.34. Nghiém co s& ciia quy hoach tuyén tinh min ¢x, X e
P. & day P xac dinh bdi cac déng thiic va bt dang thirc tuyén tinh, hodc goi
khdc i& nghiém cg sd clia tap 16i da dién P, 1a x € R" thod mgi rang buéc ding
thirc {néu c6) va thod chat thém mét s6 rang budc bat ddng thuc 98 ¢o di n
rang budc thoa véi ddu = djc Jap tuyén tinh. Nghiém cd sd la khdng suy bién
néu né thod chat dung n rdng budc va 1 suy bién ndu né thod chat hon n
rang bude.

Ré rang dinh nghia nay quy vé Dinh nghia 1.3.2 néu P ¢6 dang
chinh tic vi theo Dinh nghia 1.3.2 thi nghiém co s¢ thod ch#t m rang
bujc ddng thite doc 1ap tuyén tinh va n - m rang budc bat dﬁng thie
X2 0, rd rang la déc lap tuyén tinh véi m rang budc trén.

Dén day ta chuyén sang dinh nghia banh hinh hoc nhy sau.

DINH NGHIA 1.35. (a) Didm x cha tap i8i S ¢ R" dugc goi la diém cuc
bién (extreme point) clia S n&u x khéng thé 14 13 hgp 18i cla hat diém clia S
khac x, té¢c lakhongco y,ze S,y e (0, 1) 38 x = (1 - y)y + yz

{b) Blem x cla tdp 161 S « R” duge goi 1a dink (vertex) ciia S néu
c6 mot siéu phang chi cdt S & x va toan
b S n#im & mdt phia cia siéu phing, tic
la néu tén taid e R", d khac 0, sao cho
d'x < dTy, Yy € 5, y khdc x.

H. 1.7 ©  x 13 di€m cuc bién
w khéng phaila diém cyc bién

Binh nghia trén dugc minh hoa bdi ¥
H. 1.7 va H. 1.8. Qua day ta thay "cuc
bién" ¢é nghia la "bién ciing cuc”, "bién
nhat ¢6 thé duge”. Con dinh thi sao? Pinh H. 1.8 : x 1a dinh
Ii sau day cho cau tra loi. w khéng phai la dinh

y= oy
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DINH Li 1.3.1. Gig sz P la mot tép 16i da dién va x* ¢ P. Khi do ta
¢6 ba khdng dinh tuong duong

(a) x* la dinh;

() x* la diém cuc bién;

{c} x* la nghiém co sd chdp nhdn duoc.

CHUNG MINH. (a) = (b). Gid sit x" 12 dinh, ttc la c6 d »0dé d'x" <d'y vy
e P,y #x .V3ihaidiémy va z khdc x bt ki ciia P va vdi y € [0,1] bt ki thi

d'x < dTy, d'x” < d'2 Do 46 d'x" <dT(yy +(1 -y)z V1 viy
x # yy + (1 - y)z. e x_ 13 diém cuc bién.

{b) = (c).Gid st X khong phidi nghiém cd sd chip nhin duge. Ta sé chitng
16 x khong phai diém cuc bién cia P. Gid sit P c6 bifu didn la
{xeR“a'x2b;i=1..m}.Goil={i:a/x =b}. Vix khong phiila nghi¢m
cd s3 chidp nhin dugc, nén trong cdc vectd a, i € [, khong du n vectd dge lap
tuy&n tinh. Do d6 t3n taid € R”, d # Osaochoa d =0, ¥i € . Xéty =x +ed

vd z=x - &d. Ta thay a.lTy = a.lTx‘ =b,VieLConvéiiglthi aij‘ >b, nén
vdisdﬁnhéa?y)-bi.‘v'éyy € Pvie>0di nho. Tudngwwze Pvdie> 0 di

nhéd. Ma x™ = %{y +2)nén X khong phaila diém cuc bién.

(€)= (a). Gid st P={ x € R": al.Tx 2b.i=1,...,m}va x 1a nghiém cd sd

chilp nhin duge. Goi 1= (i 2% =b, } vad=> . Khi d6

ied

d'x = Za.l X' = Zbi :

iel tel

Vdibitkix € Ptaco

d'x=Y axz b. (1.19)

iel iel



1.3 NGHIEN CUU HINH HOC QUY HOACH TUYEN TINH 39

Vi ¢6 n vectd dc Hp tuy€n tinh trong cdc vectda, i € I nén hé aiTx =b,
i eI, c6 duy nhil nghidm 12 x*. Do d6, vdix e P.x 2 x acé d'x >d'x’ (do
(1.19)). Vay x_1a dinh. O

Do dinh li trén, nghiém co s& chdp nhan duge cia P, cling nhu
dinh va diém cuc bién, khong phu thudc vao dang cy thé cia hé ding
thitc va bat ddng thic biéu dién P (khdc véi nghiém co sd).

MENH PE 1.3.2. Mbi hé rang budc tuyén tinh chi cé hiu han nghigm
co sd. Do dé né cing cht cé hizu han nghiém co sé chdp nhén duge.

CHUNG MINI. M3i nghié¢ m ¢d s3 thda chit n ring budc déc 1ap twyén tinh.
V1 hé rang budc chat nay ¢6 nghiém duy nhit, nén nghiém cd sd khic nhau ing
v31 hé rang bude chit dde lp tuy€n tinh khic nhau. Vi chi ¢6 s6 hitu han cdch
chon n rang bugc W s& m rang budc cla hé, nén chi ¢é hitu han nghiém cd 53,

a

1.3.2 Sy tén tai dinh va dinh téi wu

& Muc 1.1.2 ta da biét 1a tap 1
da dién c6 thé khéng ¢ dinh. Bay
gitr ta xét didu kién dé tén tai dinh.

Chi ¥ ring mét duang thing
trong R" qua diém x € R" ¢6 thé biéu
dién & dang { x + Ad: A € R ], § day
d # 0, d € R" chinh 1a vectg chi
phuong cia dudng thang (H.1.9).

PINH LI 1.3.3. GG sit tgp ldi da di¢n P= [x:alx 2 b, i=1, .., m]
khdc tréng. Khi do cdc két lugn sau la tuong duong:

(a} P cé dinh;

(b) P khéng chita mét duong thdng nao;

{c) trong cdc vecto a, ..., a_ ¢6 n vecto déc ip tuyén tinh.
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CHUNG MINIL (a) = (¢). N€u x 13 dinh thi nd thdéa n ring budce chit dje lap
tuyén tinh trong s& a;rx 2b,1=1,...m Khidén vecto a; trong ¥ng 13 dée ldp
tuyén tinh.

(c) = (b). Khdng mil tdng quit gid sit n veetd doc lp tuyén tinh 1a a T

a . Gid s phin ching 12 P chita dudng thing { x + Ad: L € R}, d diy d = 0.
Khid6 a(x +Ad) 2 b.i=1, ... m, vdi moi . T diy @ thiy a’d=0,i=L. ...
m, (v} gid st cé'aEd >0thildy > - = tacé aI{x + Ad} = - miu thudn véi
bat ding thitc a (x + Ad) > b, Vi moi A; wong 1 ad < 0 khong thé xay ra),

Nhunga,, ..., a, ddc lip tuyén tinhnéntira’d = 0,i= 1, .., n. suy ra d = 0, trdi
vdi dinh nghia d.

(b)=(a). Gid sl x e Pval:={irajx=b, }.Néu e nvectaa, i e L, doc
13p tuy€n tinh, thi x 12 nghiém cd s& chdp nhin dudge, wic 1a didém cuc bién di.

Trudng hdp ngum lai thl moivectda, i € 1 nim trong mdt khéng gian
con thyc si ciia R". Do d6 sé ¢6 d € R, d # 0, vudng géc vdi ching, tic 1a
a Td=0,iel Xé1 dudng thdng {x + Ad: X ¢ R}. Ta ¢é

ax+id=ax+iad=ax=h, vicl,vieR.

tic i3 cdc rang bude chit1ai x vin théa chit trén cd duding thing. Nhung P khong
Cthd dudng thing nén khi thay ddi & d€ di theo dudng thing phdi d€n mén gid
iri A aé qua dd ¢6 rang budce j {chi & j khong thudc 1) bi vi pham. Vay diém

ranh gidi phai thda chil rang budc j, tirc 13 aj Tx+ 2" dy= J

Ta s& chi ring a, khong phdi 10 hop tuy&n tinh ciia cdc a, i € I. Ta ¢6
a;rx # bj (vijeI). Dodd a'.rd # 0, tic 14 d khdng vudng goc vdi a, mi lai vudng
gocvdimoia, iel V-l} 4 khdng phdi 3 hop tuy&n tinh clia cdc a,i el Nhu
viy ditirx dcn x+1'd,so (.ac rang budc chit dac ldp wyé&n tinh ¢ tht.m it nhit

1a mét. Cdf iép tyc qud teinh, lai di iy didm x + A 'd, ... cudi ciing ta phdi di dén
didm thda chit n rang budc ddc 1ip tuyén tinh, chinh 1a mot dinh. [
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HE QUA 1.34. Tdp 16i da dién & dang chinh tde ma khdc trong thi
ludn co dinh,

CHUNGMINH. P = { x: AX = b,x20) nim trong goéc oa do duong
{x: x 2 0} nén khong thé chita duisng thing [}

NHAN XET 1.3.L Quy hoach tuyén tinh ¢é th€ ¢6 mién rang bude khong c6
dinh. D€ ti¢n hanh thut toén don hinh ta dua né v& dang chinh tic bing
cich thém bi€n bi. Khi dé theo Hg qua 1.34, trong khéng gian cic bién
méi (nhidu chidu hon) tdp rang bude ludn 6 dinh. Day [ mot li do dé ca
phii dua v& dang chinh tic khi ti€n hanh thuit rodn don hinh. 3 Muyc
1.2.3, khi dua ra bai todn b8 trg d€ tim 1t vung xudt phst, ta da thia nhin
[a luén ¢4 1t vyng nay. He qui rrén méi ching minh didu thita nhan nay.

DINH LI 1.3.5 (t4n tai dinh t&i wu). Xét bai fodn min c'x trén tép 161
da di¢gn P = { x: Ax 2 b ] khde trong. Gig si P c6 dinh. Khi dé hodc
ham muc tiéu khong giot néi dudi trén P hode P ¢6 dinh t6i wu.

CHUNG MINH. Ta gan nhu lip lai ching minh Binh 1§ 1.3.3, chi ¢6 diém khic
12 khi di din vé mot dinh cda P, ta 1am sao d€ c6 thém tinh chdt 13 ham muc
tién khing ting.

Ta s& ndix € Pla c6 hang biing k n€u ta chi tim dugc d&n k rang bude ddc
1ap tuyén tinh thda chit tai x. Ta chi phdi xét trudng hdp ham muc ti¢u gidi ndi
dudi teén P. Lay x € Pbdtki va gid sthang cda x la k <n.

Trudc hét ta chitng 16 s& cd y € P c6 hang Idn hon x v cTy < c'x. bat
={i a;rx =b}. Vik<n, cicvectda, ndm trong m61 khéng gian con thuc sy cla
R” va sé c6d 20 dé ade =0,1 € I. Khdng mit (Sng quat. gid sit ¢'d <0 (néu
¢'d> 0w 1y - d thay cho d).

Néu ¢'d < 0, ta xétnda dudng thing {y = x + Ad: A > 0 }. Tacé

aiT(x +Ad) = aiTx =b,,1€ 1 A >0, nén cdc rang bude thda chat d x ciing théa

chattrén moi di€m cia niva duding thing. Vi cT(x +Ad) — - cokhi A = + 20 nén
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d&n gia tei X" phdi ¢6 ring bude j € 1 ndo d6 1a rang budc chit aT(x +A"d)=b,
d€ sau d6 x + Ad ra ngodi P. Cling nhu d Pinh 1 1.3.3 tathdy hangclla y:=x + J\. d
it nhat 13 k +1vi 3 ddc 1ap tuyén tinh véi cdc a,,1 € L. Honnifa ta cling ¢S ¢ )

< x(vu, d{O)

Néuc'd=01a xét ¢ duding thing { y = x + Ad: & € R} va tuong (v trén
ta s& thay di€m x + . d, kh] dl.rdng thing dén ranh gidi € 131 P, ¢6 hang 16n
han hang cita x. Hon nfta ¢ (x Y dy= ¢'x.

Cit G€p tuc qui tinh cudi ciing 1a s& dén mot diém w o hang n, ukc w la
PR - LT T
métdinhcdaP,mac w=e x.

+* - * %, -y
Gia su wl. ... w 13 cdc dinh cda P (vi chi ¢é hitu han dinh) va w 1d dinh
cocTw <clw i=1,..,r. Vitadachira 131 vidimoix € P, s& cd rnmw dé

Tw 4ch nenL[w <crlx ¥x € P. Vayw 1a dinh 181 wu. O

HE QUA 1.3.6. Bai todn quy hoach tuyén tinh min ¢y trén tap 1éi da
dién khdc tréng hode khéng gidi néi dudi hoge lé c6 nghiém t6i uu.

CHUNG MINH. Ta dua bii todn vé dang chinh tdc¢ twong duong vdi nd. Khi
d6 mién rang budc ludn ¢d dinh va dp dung dude Dinh li 1.3.5. Tuy nhién dinh
t&1 1t theo Binh 1i 1.3.5 lai chi cho ta nghiém t&i wu clia 13p 151 da dién ban ddu,
chua chile 1a dinh. [

Sy tén tai nghidm t&i wu nhu trén 1a dac thi cGa quy hoach tuyén
tinh. Bai todn phi tuyén tham chi don gidn, nhu min li : x > 1) cong
khong c6 nghiém téi uu mac du ham muye tiéu & day 13i, lién tuc, gidi
ndi du6i va mién rang bude 1a tap 16i da dién mot chiéu.

1.3.3 Hién tugng suy bién

Theo Dinh nghia 1.3.5, nghiém co s¢ da thoa chit di n rang buge
doc 1ap tuyén tinh. Néu né thoa chit thdm rang bugc khdce nira, (14t
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nhién khéng thé doc l4p tuy&n tinh nita vi
khéng gian 1a n chiéu ) tiie 12 qua miic cin
thiét ma ta goi 13 suy bién. Y nghia hinh
hoe T4t ro rang. Ta hay i gidi trong R® 46
dé hinh dung.

Trong khéng gian R3, nghiém co sd suy
bién théa hon 3 rang budce chat (tuyén
tinh), ¢6 nghia l1a né 1a giao cita hon 3 mit
phdng. Chéng han & t4p 15i da dién trong
hinh H.1.10, dinh A, B, C, D va E 1a nghiém
6 86 suy bién chdp nhédn duge (ciing c6 thé
goi la dinh suy bién). F, G, H va K la
nghiém co sé khéng suy bién, chap nhan

A

H. 110

duge. I 12 nghiém co sd suy bién (khéng chdp nhan duge).

THEDU. (1} Xét t4p 11 da dién & dang chinh tfc

P=lx,x, x:x, - Xy =0; X; + X, + 2%y = 25 X, X, X3 2014

Vin=3, m=2n-m=1,nén (1,1,0) 1a dinh khéng suy bi€n con (0,0,1)
1a dinh suy hié€n. P 12 doan thing ndi hai dinh nay (H.1.11).

Néu ta bi€u dién lai P & dang khic (khdng phdi chinh tic):

P:l(xl,xz,xs):_xl—x2=0;x1+x2+2x3=2;x120,x320},

thi (0,0,1) 11 dinh khdng suy bi€n vi né chi théa
chat ding ba ring budc (d6¢ lip tuyén tinh).

(i) Tham chi, viéc chuyén dang chinh tfc
tong quét sang dang chudn 1Sng quét bao gid
ciing lam thay i tinh khdng suy bi€n. Gi st
x* 13 dinh khong suy bién clla P= {x: Ax=b, x 20},
d diy A 12 ma trdn cip m x n c6 hang 12 m. Khi
d6 ¢6 ding n ~ m thanh phin x.* = 0. Bay gid

]

{0.0.1)

H. 111

x¢ét P 3 dang chudn, P = {x: Ax < b, ~ AX € - b, x = 0}. T4t nhién x* vin la
nghi¢m co s& chdp nhdn dugc, ntc 13 dinh. Nhung con tinh suy bién thi sao?
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Tai x* ¢6 n - m ring budc diu thda chit va 2m rang budc bit ding thic thda
chat. Vay c¢é m + n ring budc thda chit nén x* 1a dinh suy bi€n clia P & dang
bi¢u dién chudrn.

1.3.4 Giai thich hinh hoc¢ phuong phap don hinh
Ta da biét mot 86 su kién hinh hoc sau day

o Khi thyc hién thuar roan don hinh ra bidu dién tdp rang bude & dang
chinh tdc. V& hinh hoc khi dé khang gian cac bi€n 3 thich hop d& tap
rang budc ludn ¢é dinh.

3 mébi buse Iap cOa thudl todn don hinh ta chuyén tit mot nghiém co
83 ch&p nhin duge sang mét nghiém co s3 chip nhan duge khic ¢ pia
tri myc tiéu t8t hon. V& hinh hoc ¢6 nghia 1a chuyén tii mét dinh cia
tip rang budc sang dinh khac cé gia tri muc tiéu 8t han.

Nhung vi tri hai dinh dé so v6i nhau nhu thé nao? Bay gi¥ ta
xem Xxét.

Tap cdc diém cing thda chit mdt rang budc tuyén tinh, tdc 1a
Ix: aiTx = b} 1a mdt siéu phang trong R, tic 12 mét dien n - 1 chiéu.
Tap cdc di€m cung théa chit hai rang budce ddc lap tuyén tinh la giao
ciia hat siéu phéang, tic 1a mdt dién n - 2 chiéu. Cu ti€p tuc nhu vay
ta thdy tdp cac diém cung thda chit n - 1 rang budc déc lap tuyén
tinh sé 1a mdt canh (dién mét chiéu} cia tap 1di da dién. Va cudi ciing
tap cdc diém théa chit n rang budce ddc lap tuyén tinh la mot dién 0
chiéu, tic 12 mot diém ma ta da goi la dinh hoic diém cye bidn.

Nhu vay hai dinh cia tap 13i da dién trong R" s& goi 1a dink ké
nhau (adjacent) néu cé n - 1 rang budc dde ldp tuyén tinh thda chit
tai ¢ hai dinh.

Bay git xét hai dinh § hai bugc 14p lién nhau ctia thuit toan don
hinh. Khi chuyén sang nhau, chi c6 mét bién X, Va0 cd s, tic la mot
rang buge chét x, = 0 tré thanh théa khéng chit x, > 0. Péng thai,
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d& bu lai, cing ¢é ding mot bién co s x. trd thanh khéng co sd, tic
la cé mét rang buge théa khong chat x; > 0 lai thanh théa chit x, =
0. Nhu vay chi dé1 chi s6 mat rang bude chat (k thanh 1), tic 14 con
n - 1 rang budc dde lap tuyéa tinh théa chit & cd hai dinh. Vay hai
dinh nay a4 ké nhau. Ta ¢6 két luan hinh hoc sau day.

o J mdi buse lap cta thuan todn don hinh ta da di 1it mot dinh, cheo mot
canh (edge) d€ d&€n mot dinh k& ¢é @i tri muc riéu 81 hon,

Tiép theo, ta xét trudng hgp suy bién. Chéng han, xét dinh suy
bién A & H.1.10 trang 41. A suy bién vi né théa chat bén rang bude
{trong khéng gian ba chiéu). Vé hinh hoc, diéu nay nghia 1a A la giao
diém cia bén mat phing bién clia mién chdp nhan duge P. Nhu vay
la qua “muifc binh thudng”, ma da suy bién, vi chi cAt ba mit phing
khéng ¢6 cdp nao song song nhau la xdc dinh mét giac diém duy nhat.
Tuy vay, sy suy bién nay rat ngiu nhién, “tinh c¢”. Chi mét nhiéu
nhé, vio mét mat phlng trong bon mit chdng han, da cé thé lam bén
mét khong c6 mét diém chung nita, ma chi timg ba mat ¢6 diém chung.
Khi d6 mét dinh suy bién A trg thanh vai dinh khang suy bién. Chinh
vi vy khi nhiéu cd m rang buge vdi ¢, i = 1, ..., m, khdc hin cd nhay,
ta da loai bé dugc hoan toan cdc dinh suy bién. D4y 12 bdn chat cia
phuong phdp nhiéu loan dé tranh xoay vong.

1.4 PHUQGNG PHAP DON HINH CA1 BIEN

Trong cdc muc trudc ta da nghién edu phuong phap don hinh dua
trén biéu dién ti vung. Ti bude ndy sang bude khdc, ta tinh tif vung
mdi tit tf vung cii. Néu xem xét k¥ ta sé thay thuc ra chi mét phédn
nhé cha tir vung 12 cin dimg va tinh lai (tifc ]a cAp nhat) khi sang
buée 1ap sau. Ddng thdi, cdc dif kién ban dau clia bai todn {di mat
cong dua vac mdy) lai chi duge dung § bude lap ddu. Con & méi budce
lap sau chi ding dén tir vimg ngay trudc d6. Vi vy ngudi ta da xay
dung phuong phdp don hinh cdi bién {revised simplex method) khic
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phuc hai yéu diém trén, tdc 12 tdn dung dif lidu ban ddu va qua céc
bude chi cap nhat nhitng gi cin thiét, khong can tinh toan b tir vung.
Phuong phdp don hinh trinh bay & cdc muc trude sé cd tén ddy da la
phuong phdp don hinh tiéu chudn (standard simplex method).

Tuy vdy, mdi buéc lap cia phuong phdp don hinh cai bién chua
chéc da tén it th¥i gian hon phuong phap don hinh tidu chudn. Nhung
vdi cac bai todn ¢& 16n dién hinh hay gap va cdc bdi todn thua (scarce
problem), tic 1a bai todn cé phan 1dn cdc hé s8 béing 0, thi phuong
phap don hinh céi bién cho két qua nhanh hon hdn. Vi vay cdc phén
mém hién dai déu diing mét dang nio d6 cia phuong phap don hinh
cdi bién.

1.4.1 Dang ma trian ciia phuong phap don hinh

Phuong phdp don hinh thue hién trén dang chinh tic cia quy
hoach tuyén tinh. Gid st ta ¢6 quy hoach dang chuéin, khi dé dua vao
bién bu ta viét lai quy hoach & dang chinh téc 1a

min z = ch,
[Allx = b, (1.20)

x>0,

ddayxe R ce R, AlamatrincApmx (n - m), b € R™ , I la ma
tran don vi ¢dp m X m xudt hién khi dua bién b vao. Nhy vay vecte
x chita n - m thanh phan la bign ban diu, m bién bu va cing vay ¢
chifa n - m hé s§ ban dau, \ing véi vecto ¢, va m hé s0 la 0 ing véi
bién bi, ki higu la ¢, tie 1a ¢ = [c; e ]. Luic nay (1.20) ¢6 thé viét lai
¢ dang sau, tugng ty nhu dang bang & Muc 1.2.6,

. ocosd Al X1 nghiém
Z of ol 0
X1 A_ L . l_._b
Bing 1.1

Thé hién phuong trinh clia bdng nay la

A
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1 [ z
B S cn X ¢
= i 1.21
o A { I { ( )
X

So v6i tif vyng, ma tran A § ddy dugc vi€t nguyén, khéng chuyén
vé va d6i ddu; dong thoi ta viet thém cd cjt ing véi x; dang 1a bién
cd s6.

Khi thuc hién phugng phap don hinh, néi dung tinh toan chinh
& mdi bude lap 1a phép xoay, tic 14 gidi hé phuong trinh dai sé tuyén
tinh bang phuong phip Gauss - Jordan. Trong mén hoc dai 8 tuyén
tinh ta da biét viéc gidi nay la tuong duong vdi tim nghich ddo ctia
ma tran. Vi vay dé€ “cai bién” cho thuat todn chay nhanh hon thi
nghién ciu cdch nghich ddo c¢ia ma tran la quan trong. Do 46 ta di
vito mét muc bé tro.

1.4.1.a Nghich ddo ma frin theo khoi

R T . 2 B3 IR i x e
Gid sf co ma trin cApn B =A™ va cé biéu dién khéi nhu sau

All Al2 Bll Bl‘Z

(pxp) | (pxq) {pxp) | (pxq)
A= B =

Aot Az By, By,

{gxp) | (qxq) (qxp) | {(gxq)

(ta c6 ghi ca cdp cha cac khéi), & day gid st ta biét chic la A, kha
ngugc. Ta cd

Do d6, tach riéng khéi khi thye hién phép nhan ma trin ta sé biéu
dién duge cac khdi clia ma tran nghich ddo B = A qua céc khdi ctia
A nhu sau.
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ViAB:Innén
AB L FALB,, =1

12721 p
AB,+AB,, =
ViBA =1 nén
ByA, +BA, =
B, A, +B,A,, = Iq.

Vi A, kha nguge, ta gial duge B, B,, vd B, tir ba phuong trinh
dau; thay B,, vao phuong trinh cudi ta gidi nét ra B,, réi don gian
cdc bidu thite ta duge

-1 -1 1 1
= A+ Al A DA, A,

- (A]'A D7,

Ll

11 12

It

1 .
-D (A21 Au)’
D!

¥

B
B12
B
B

GdayD=A,, - A, (A, A,
1.4.1.b Dang ma trégn ctia bang don hinh

Bay gi¥ xét bang don hinh ¢ mgt bude 1ap bat ki. Gia su B la tap
chi 88 tuong tng véi cde bién co s& va N 1a tap chi s6 cac bién khéng
cd 56 & bude nay. Khi dé ta ky hiéu x; 1a vecto bién co s& (m thanh
phan) va x 1a vecto bién khéng co 5¢ (n - m thanh phdn). D¢ tién
lgi ta cling ky hidu B 14 co sd & bude nay, vay B 12 ma trin cdp m gém
m cft cda ma trdn cia hé & bude nay img véi bién co s&. Tuong tu, N
14 cde ¢6t ciia ma trdn cGa hé ung vdi bién khong co s8. (Ta khéng sg
nham 1dn vi tap chi s6 va ma tran khédc hin nhau, tif ngit cdnh sé o
la néi dén co s& B hay tap chi st B.) Khi dé

2 =c'x = z=cx +ch
’ BXp N

Ax =b. Bx, + Nx, = b.
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T

Z = CpXp, 1 |z
N BB o B 190 a2
]?:xB = b. 0 B ||xg b

Dé tinh {z x5] tir (1.22) ta phai tinh nghich ddo ma tran khéi
T

0 BB - Khi tinh xongta s& viét ducc bdng ma tran cho bude nay tuong

if Bang 1.1 cho budc xuat phdt. Theo mue trén ta 6 cdc khai tuong
ung clia ma trin nghich dao & day l1a

D =B-o0a’ (=B,

B, =1+1(-c)B'0=1,
T -1 Try-1
By, =- (1.0- ¢g).B" = B,
-1
B2l =-B".0=0,
-1
B,, = B

Do dé

1 1 ;B
0 B 0o B!
Vay giai (1.22) ta duge

z 1 c;B_1 0} CEB_IID (1.23)
X/ (o B' ||kl | B | '

Mudn duge [z x;] biéu dién qua cdc dit kién ban d4u cia bai todn
ta thay [0 b} theo {1.21) vao (1.23) : .

T-1 T T\t 2 T -1
z | 1 cBB 1 —¢ -y <l cBB b
X710 B0 A I x‘ Bb|

11

4 VANTRUHQC-A
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Bién ddi v& gita bing cdch thyc hién hai phép nhan ma tran ta dugc
Tr-1
z | 1 ¢B z - cITxI - c;rIxH
*s| lo B AXp + X
T T Try-1 Tyy-1
z - ¢ X — Xy + B AY + B x
-1 -1
B Ax, +B 'x;

z + (cEB"lA - )X + (ch‘l - C)Xy
-1 -1 .
B Ax, + B X

Viét k&t qud nay vao bang don hinh (tuwong tu nhu tir (1.21) viét thanh
Béng 1.1) ta duge

. e -y
| ¢cosd .l *p_ . nehiém
‘ T Tn-1 T Tp-1 Ty-1

| z e; - cgBTA ¢ —¢pB cgBh

L —— - I e
L xg ! BlA B! Blb

NHAN XET: Bang 1.2 |3 bang don hinh & buéc 13p bat ki d dang ma trén. N9
duoe bifu dién chi qua co 53 hién hanh B (v3 BY) va dit licu ban du cla
bai todn A, b, ¢, ¢, ¢, Bang L1 {xuit phit) ciing la trudng hgp riéng cia
Bang 1.2.

1.4.1.c Dang tich cua ma trin ngudc

Theo Bang 1.2 & méi budc, bang don hinh chi chita B" la nghich
ddo cia c6 5§ hién hanh B 1a cén tinh, cdn A, b, ¢, ¢, ¢, 1a dir ligu
¢6 ngay ¢ bai toain ban diu. N6i mét cdch khdc dé chuyén tu’ mét bude

da ¢, tite 1a ¢o B! réi, sang bude mdi ta chi can tinh B! 1a nghich

next
ddo ctia co s¢ méi B___ . Phuong phdp “dang tich cia ma tran ngugc”
sau day, dé xuat bUl [Dantz1g Orchard Hays 1954}, 1a rat thuan l¢i

dé tinh ]31‘“t tr B

A VANTRUHGC-B
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Goi r 1a chi s¢ thy tu cda c6t ra khéi co sd B {cha ¥ 12 thit tu tinh
trong B chit khéng phadi tinh chung trong hé) va P la vectd ¢4t vao co
50 mdi. Pit

o= BIP = ( )y ooy & mJT,
[, =(e, e, .., e )

vdi e, 12 vecto cgt ¢6 thanh phén i 1a 1 va moi thanh phan khdc 12 0.
Ta sé chiing minh

B, =EB"

next

’ (1.24)
d day

E = (91, ] er-l’ é’ en,]s ravy em)s

T
g__ﬁ ‘a‘r—l____ _anl _a_m
B U P - S S T
(Ngui ta ching minh duge 12 néu a, = 0 thi B, | khéng tén tai.)

Trude hét hiay nhan xét ring B, ... 12 B dugc thay déi mét cot tha
r bdi cft P. Do d6 dé kiém tra tryue tiép duge a

B__. =BF,

next

voi F =(e,..,e_,o,e ., .,e) Pong thoi, tir dinh nghia F thi r3
rang EF = ,tic F = E. Viy ta ¢6 (1.24) vi

B! -@®F'=F'B'=EB"

next

THI DU. Gid s

Ll
210 2‘1‘
B=|02 0| B'=| 0 3 0}
401
22011

Gia st da xdc dinh duge cot thitr =3 ciaBlara, vio 1a P =
(2 15)". Khi dé ta tinh B_' nhu sau.
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11, 3
2402 4
-1 1 |1
azBP=020 1_2,
2 11||s5] |2
- s
4l r a1
2 -= 10 -3
1 8 8
g=|_2|=|-2lE=l01 -2
2 4 4
1 0o %
2
REE L
2
10 311 1 _1, 5 _5_3]
8 2 4 4 8 8
-1 1 1 1 _ |1 1 1
B, =EB'=[01-3]| 0 Sof-| > -7}
1 1 1
600 ={-2 11 . 11
2 122

—

Goi B, 1 co 53 & budce thit i va gid sit co 6 xudt phat 1a B = I
(tuong tng véi m bi€n bl chéng han). Goi E, la ma trin E & bude i.
Khi dé

B'=EB, =E, B, = EB'=EE, .,
B'=EE ..E. (1.25)
Cdc ma trdn Ei thudng goi 1a eta ma tran. Do d6 (1.25) duge goi la
dang thia s6 theo eta (eta factorization) cia ma tran ngugc cia co s6.
Vé hinh thde, (1.25) cho ta Bi_l khéng phu thude vao cdc co sd trudc

d6, nhung xdc dinh c&c E, E, |, ... ciing khéng dé&. Vi vay khi tinh toan
ngudi ta van ding (1.24).
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1.4.2 Phuong phip don hinh cai bién

Phuong phdp don hinh cdi bién goc (primal revised simplex
method) ¢6 ndi dung 1a & m3i bude ta tinh B duwa vao nghich ddo

next
B clia co sd & bude trude va vist ra bang & dang 1.2 nhung cing chi
cAn tinh cdc phan ti can thiét cla bidng. Nhu viy phuong phap nay
¢6 uu diém nhas sau .

{a} S8 théng tin cin tinh & méi budc va cin luu it € tinh cho budce
sau it hon phuong phiap don hinh tiéu chudn.

(b) Phuong phap don hinh tiéu chudn thuéng din d&n sai s6 [am tran
cde dit lidu mot cdch tich ry, khong diéu chinh duge. Con & phuong phip
ci bién, tinh B' & céc bude c6 the diéu khifn duge 8 chinh xiic, gidm hau
qua sai 56 do lam tron sd.

Bé tinh B;ixt thi mét trong cdc cdch tét 12 dung dang tinh cua

ma tran nguge (1.24). Nhung phuong phép don hinh céi bién ciing c6
thé dung cdch tinh ma trian nguge khic.

Céc coéng doan § mdi buée 1ap cia phuong phap don hinh cdi bién
ciing ding nhu & phuong phdp tiéu chudn, Gia sl ta ¢6 nghich dao cha
¢¢ s& hién hanh 1a B™.

Poan 1 (x4c dinh vecto vao P). Ta cin xét c4c hé sd cia phuong
trinh z & Bang 1.2 (ng v6i cdc bién khéng co s§. Vay ta can tinh
ch'lva, v mbi cit PJ. khéng co sd, cj—c;B'le =z Cot vao 1a et
P 6 c - z. 4m nhat {vin xét bai todn tim minimum). Néu ¢ -z 0,
vj thi phuong 4n hién hanh x, = B b, Xy = 0, 12 té1 wu véi gid tri muc
tidula z = chB.

Boan 2 (x4c dinh vecto ra).

+ Tinh céc bién cv 53 x, = B'b,
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+ Tinh hé s& cla bién vao & cdc rang bude, tic 1a vecto o = Blp
(1 mét cdt & khoi B'A trong Bang 1.2). S8 thi tu r ciia vects cot ra
(& trong co sd B) tng véi chi 56 i dat maximum trong biéu thic (so
sdnh Muc 1.2.2)

a. o
ik i

max— = max ",

ie B bi iep (B b).l=

& day chi s6i & o, va (B"b), 1a chi thanh phén the i, néu gié tri
maximum niay duong.

Néu maximum nay khéng duong ( ticla Vo, < 0,vi (B7b), =
=b, 20, Vi, do day 12 gid tri x; cila bién ca sé trong nghiém chdp nhén
dugc), thi thudt todn ditng vdi két luan 12 bai todn khong gidi ndi (so
sdnh Muc 1.2.4).

Bogn 3. Tinh B, = EB™.

Nhin xét rdng doan 1 va doan 2 12 tuong itng v6i vide viét ra
bang don hinh & bude hién hanh, nhung ta viét & dang Bang 1.2 va
chi viét mot 88 vi tri nhu sau

' |

B I .
_CoS6 | By % - X o X, o nghiém
z €172 S, Ik T N T R

1 1

Xp ‘ B P.i B b

THI DU 1.4.1. Gidi bing phudng phdap don hinh bii todn cong ty Reddy
Mikks (so sdnh Muc 1.1.2). Sau khi dua bién b x,, X, x

3 Xp X X, VA0, bai todn o6
dang chinh tic 1a

5
min - 3x, - 2x2.
X, + 2%, + X, =6,

2x|+ X, +X, =8,
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Ta ¢6 dir liéu xudt phét la
T
Xp = (X3 Xy X5 X)),
¢z =(0000),
B=(P,P.P,P)=1,B"=1L
BUGC 1. Poyun 1 (xdc dinh vectd vio). Trudce hét tinh -z cho cdc vectd
khong cd sd P, va P,
B =(00001=(0000),
(€,-2, ¢,-2,) = (g, ¢) - (:EB'I(P1 P)=
2

1
=[-3 -2]- [0000] j =[-3 ~2.
0

1
1
1
Vi-3<-2nénP, la vectd vio cd 3.

Nhan xét ring vai vectd P, 3 cosd ihi ¢ - g=0vig - c;B'le ==¢- c;IP}.

=c —-¢ =0
1 ]

Poyn 2 (xdc dinh vectd ra). Tinh cdc bién cd 56 :

b — 00 M

Tinh hé s6 ciia bién vio d cdc ring budc
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50 clia bi€n vio & cdc ring budce

-1
a=B'P =IP =| 7

0

Vi€l ra badng don hinh ta thiy r& 1a chi can tinh c6 mdt hing muc tiéu va
hai ¢t nhu sau

cd sd [ X, X, X X, X, Xg nghiém
z = -3 -2 0 0 0 0
X, 1 6
X, 2 8
X -1 1
Xg 0 2
o 1 2 1 0 1
€ ;= max Lo =maxs o, o, -, = — >0,
ieB (B7b), 68 1 2 4

tuong ung s6 thd ty r = 2 cla vecto P, trong co sd B = (P, P, P, P
Vay P, = (0, 1, 0, 0) 1 vecto ra va bién ra la X,

Pogn 3. Tinh B! -EB! Chiylac =qa, =2tacé
next r 2
r al'

o

BN | S Y - P I PO
|

2

i

[==) LR S

1

|
| =} I“Q NQ ]:.:Q NQ 1|—l
i
=
B =

Lavl

T
[
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- 1 |
1 -5 a0
1 . 0 éOO
BnextzEB =EI={91 er.lé er+l eﬂl): 1
0 =120
2
0 001

Tir ddy ta lai ki hiéu co s§ nay la B d€ chuén bi sang budc méi.
Vecta g sd tuong ing la x; = (%3 X, % xﬁ)T vacg=(0-30 o).

BUGC 2. Poan 1. Tinh ¢ -z cho P, va P, (khéng co sd):

1
1200
1
0 00
CEB'1=[0—300] ? ={0_§00]’
0 - 10 2
2
0 001
20
3 11 1 3
(ey2y ¢zl =[-2 01-[0 -5 001 =[__ E}
10

Véy P, 1a vecto vao (vi —% l1a hé s6 am duy nhat)

Dogn 2.
1-Lgo
2

o Looll8 |2
1 2 8 4
szBb= 1 1 :5,

6 —-10
2 2 2

G 001
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1
J
1
)

1 —-l 00 3
2 2
o Yool |%
1 2 1 2
a4 = B Pz = =
o Lol {32
2 1 2
0 001 1
5 J L J
Viét ra bang la
!
co s X, X, Xy X, X Xg nghiém
1 3
z 0 "5 0 5 0 0
o 3 |
Xy 2 ' 2
> & % 4
3
. > 5
X 1 2
3 1 3
o 2 2 2 1 3
6 = max 3 = max|—-,—,—, = —>0,
ieB (B b)i 2 4 5 2 4

tugng ung sé thi tu r = 1 cda vecte P, trong cd s¢ B = (P,,P, PP}

va bién ra la Xq.

Pogn 3. Tinh B! Via =2tacé
next 1

LNV
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_im
34
_1/2 2,3
x| _ol=|™
R I
) ]
=
_3/24
-2—0001—100 2 1y,
3 2 3 3
Lioollo oo vlgoo
-1 3 2 3 3
Bnext= =
1
—10100510 -1 110
2 2 1
-~ 00110 01 -~ =01
3 Nl 0 | | 3 3

Ta ky hiéu Ia1 cd s¢ méi la B. Vectcf cd 80 tuong dng la
= (%, X, Xg x) vacg=(-2- 300)

BUGC 3. Pogn 1. Tinh ¢ -z cho P, va P, (khéng co sé):

2 1
;300
12
-~ 00
aBt=(-2-300) 3 3 {—1—200},
33
-1 110
2014y
(3 3]
10
1 _4 o1p_ 114
leg - 2z5 ¢, - J—[OO]—[—3 ~300}00 -{3 3}.
00

Vi ¢, - z;> 0 v6i moi j 1a chi s6 khong so sd nén cg s& cudi cing
da c6 1a t61 wu. Nghiém t6i uu la
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21,5 4
. 3 3 3
2 o2 (s |10
X -1 3 3 8 3
XB_ :Bb= 1 = ,
X5 -1 110, 3
X
6
| 2 1 2
- — 1 -—
|3 3" | | 3]
X __x3 = 0
N_x4 0
L 4]
3
10
3 38
z:c§x3=[-2—300] =3
3
2
_3_

BAI TAP CHUONG 1

1.1. Mot may can thép co thé san xudt bai san phdm thép tam va thép cudn v6i cong
sudt cho mi loai 1a (n&u chi san xuat mét san phdm): thép tdm: 200 tan/gid, thép cudn:
140 1dn/gid. Lgi nhuan ban san phdm [4: thép tdm 25 USDAAR, thép cudn: 30 USD/tEN.
Theo tiép thi, mot wén chi tigu thy dude 18i da 6000 tan thép t8m va 4000 tan thép cubn.
Biét rhng may 1&m viéc 40 gid mot tudn, Vin dé 84t ra 1a cén san xuat mdi Joat san
phdm bao nhiéu trong mat tudn dé c6 igi nhuan cao nhat. Hay dién dat bai todn thanh
quy hoach tuysn tinh. Ban €6 thé giai bai 1oan bing nhan x4t trye tiép khong?

1.2. "Baitodn xe dap” dit ra nhu sau. C6 ni ngudi cing phai di quing dudng 10 dim
ma chi c6 mét xe dap mot chd ngdi. Te dd di bo clia ngudijla w va dixe dapla b,
=1, ..., n. LAm sao dé thdi gian ngudi cudi cung dén dich 1a ngén nhét.

(a) Giai bai todn v&i n=3, w,=4, w,=w,=2, b, = 16, b, = b, = 12.
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{b) Chung minh rAng gi& tri myc tidu t5i vy cla quy hoach tuyén tinh

min t

t—xj-x". R/ —y‘i20‘3=1,....n.
n n

t- zyj—zy'Jéo-

j=1 j=1

wx - w]xl+by b]y'] =10,j=1,..n,

va Zby <10,

X; x'l. Yy y’j =0,j=1%,...n
14 nhé hon hodc biing gia tri myc tidu t& u clia bai todn xe dap.

1.3. Mot nha may ché bign thit san xudt ba loai thit bd, lgn va cliu, v&i téng lugng mai
ngay 480 tdn thit bd, 400 tdn thit Ign va 230 tdn thit ciu. M&i joai d8u cb thé ban dugc
& dang tuci hofic ndu chin. Tdng Iugng cac loai thit ¢ thé ndu chin (d€ ban) trong gis
lam viéc 'a 420 tAn. Ngoai ra, ¢ thé ndu thém ngoai gid 250 t&n (v&i gid cao han). Lai
nhudn thu duge trén mat dn duge cho bing bang sau, véi dan vi a triéu déng,

‘ tuoi néu chin ndu chin ngoai gid

‘ 8 14 i
‘ 4 12 7
clu | 4 13 9

Thi dy: Phugng 4n sin xuat sau day s& cho igi nhuan 9965 triéu ddng
|

| tugi ndu chin ndu chin ngodigid
bé 165 tin 280 tan 351an
Ign 295 tan 70 tan 35 tan
cuu 55 t&n 70 tin 105 tdn

Muc dich cla nha mdy la tim phigng 4n san xuit dé lam cyc dai lgi nhudn. Hay
phat bidu bai todn & dang quy hoach tuyén tinh chudn.

1.4. Mot xudng mbdc lam ban va ghé. B mdtcdng nhan lam xong mdt ban cdn hai gid
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con mdt ghé thi cdn 30 phat. Khdch hang thudng mua nhigu 1Em 14 bdn ghé kém theo
mdt ban, Do dé, ti 1& san xudt ghé va ban nhiéu nhit 1a 4:1. Gid ban médt ban 1a 135
USD va mét ghé la 50 USD. Hay x4c dinh xem s6 lugng sdn xudt ghé va ban hang ngay
Ia bao nhiéu g€ lam cyc dai deanh thu. Biét ring xudng cé ban cdng nhan fam viéc 8
gid mét ngay.

1.B. Mot nhd mdy san xudt hai kiéu mi. Thai gian lao déng dé lam ra mat mi kidu thi
nhét nhiéu gap hai ldn thai gian dé 1am xong md kidu hai. N&u san xuat toan ma kidu
thif hai thi nha méay lam dugc 500 md mét ngay. Thi trudng tigu thy dude trong mdi ngay
nhidu nhat 1a 150 md iéu mat va 200 mi kigu hai. Tién |di mét mo kidu mat 14 8 USD
va kidu hai la 5 USD. Can san xudt bao nhiéu mii mai kidu trong ngay dé tdng tién ai
I4n nhat.

1.6. Bai todn ga va trdng cda Dantzig. Trong hai tun mét con ga méi dé dugc 12 tring
d€ ban hodc 4p dugc 4 tring nd ra ga con. Sau 8 tudn thi ban 1At ca ga va tring vai gia
0.6 USD mdt ga (In hodc bé déu ciing gid) va 0,1 USD mdt tring. C4n phai bd tri ga
@& va dp triing nhu thé nao d8 doanh thu Ién nhat. Phat biy bai todn cho hai trudng
hgp:

a) ban ddu ¢6 100 ga mdi va 100 tring;
b) ban ddu cé 100 ga mai va khong cd trng.
1.7. Hay dua baitoan
min 2x, + 13x, - 101,
Ix, + 2+ 1x,1 <5,
v& bai toan quy hoach tuyén tinh tugng duong.
1.8. Giai blng hinh hge
(a} min - X, + Xy
- %, - 2%, 58,
X, - 2%, 5 4,
“X 4+ Xy,
Xy %, €0
{b) max 5%, + Bx,,

- >
X, 2)c2 >2,

oA



BAl TAP CHUCNG 1 63

- 2%, + 3%, 22,
(x,. %, khdng bj rang bugc dau};
1.9. Chiing minh riing bai todn t3i uu (vdix < R™)
max f(x},
Ax =Db,
x>0,
trong dé (x) = min {¢'x. ¢, ..., ¢® x} co thé dua vé bai todn quy hoach tuyén tinh

max Xn+1.

Ax =1,
x=0,

<cx, .. %, =cPx

1
xn+1 SCX, xn-'- B . T h

1
1.10. Tim didu kién cdn va d0 d8i véi cdc s thyc a va b d8 quy hoach tuy&n tinh
max X, + X,
ax, +bx, <1,
X, %X, 20
{i) c& nghigm t8i uu;
(i} ¢ nghiém chdp nhan dugc;
{iii) khdng gigi ndi.
1.11. Tim mdilién hé giTa hai guy hoach tuyén tinh
minc 'x, Ax=b, x 20,
va
min ac'x, Ax = ib, x= 0,
& day o > 0 va A > 0 12 hai 56 cho trudc.
1.12. Giai bing phusng phap don hinh
{a) max x, + 3x, + 2%,

X, + X+ X, =1,
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7X, + 2%, + 3%, < 20,
X, + 5%, + 4%, < 30,
Xy Xy Xy 20
{k} min 2x, - X, + 3%, + 7x, - 5%,

x1+2x2+ X, + X

a 4 +6x5210.

2x1+3x2+4xa+ X, + 2x52 4,
a,

= 0.

4
3x1+2x2» +3x4+ X <

X0 X

172

{ch max 3x, + X,
X+ Xy,
-3, - %, 61,
4x, +2x,< 1,
2x,5 1,

=
Xy X, 2 Q.

(<} max 6x, + 8X, + 5x, + 9x,,

2X, + X+ x3+3x435.

2
x1+3x2+ x3+2x453.

Xy Mo X X, 20,

{e) min x, - 4x, + x5 + 13x, + 23x,
2%, + X, + Xy + 4x, - x,=86,
X, + 2%, + Xy 4 X, - 4% =3,
X, ,xszo
{f min - 14%, - 18x, - 16x, - 10x,,

4.5, + 8.5)(2 + By + EOx4 + ¥ = 6000,
X+ X, + 4%+ 40x, + X, = 4000,

Xyi Xg 20,

1.13. Gidi hang phuong phap don hinh
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{a) min - 2x, ~ x,,
20, + X, =4,
2x, +3x, 23,
4, + X, 25,
X, + 5%, 51,
X%, 20

b} max 3x, + 2x,,

- T —
X+ 2%, 2 -1,

X, - %% 2,
- 2%, - X, 2 - B,
X < 5,

1
2%, + X, < 18,

X+ X, < 12,

i
X, +2x2£ 21,

x, = 10,
X%,z 0
(<) min x, + 2%, + %,

R+ Xy 4 x3+x4+x5.—.5,

X+ XKoo+ X, - X =2,

z 37 M
Xy =X+ %=1,
X Xg 20
{d) min 5x, - 10x,,

-2x,+x2g 1,

- o
X, - X,z-2,

<
3x,+ x,€ 8

- 2%, + 3x,2 - 8,
4x,+3x,2 0,

X, x, = 0.

172

5. VANTROHOC-A
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1.14. Giai bing phuong phap don hinh cai bidn
{a} min 2x, + X,

3x,+ x,=3,

4%, + 3x, 26,

X +2x,23,

>0
X x2_0.

.
{ max 6x, ~ 2x, + 3x3.
2x, - X, + 213$2.
X, +4x3£4,

LITR Y

X, 20,
{c) min - 2x, - X, - 2x,,
4x, + 3%, + Bx, <12,
4x, + X, +12x, <8,
4, - A+ Ixy s 8
Xy, X5 %520,
1.15. Gidi b&ng thual toan hai pha
{a) max 2x, - Bx,,
X - Xy - Xg -2,
2x, Xyt Xy 1,
Ko Xy %52 O
{m min - x, - 3x,,
X+ X,z 3,
“X+ %, 21,

X, + 2x2 < 4,
G;

X, X2
(c) max x, + 3:2,
- X, = %, £2-3

5.VANTRUHQC-B
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-X X251,

2
- <
X, +2x2_ 2,

X, Xz O
1.16. Gidi quy hoach tuyén tinh

n

max )’ px,

)1
n

X =
29x<B,
=1

ongg1,j=1,.,,,n,

& day céc s ppJ=1.. ndudng va co t8ng bling 1. Céc sé g, ¢ling c6 tinh chét dé.
Hon nira, gia su ring {gdn nhu khdng mat tinh 1dng quat)

P By P,
— <, T,
q1 q2 qn

Cudi cung, biét rng p > 0 va nhé. {(Xem Bai tip 1.3 d& thdy nguén géc cla bai todn
nay.)
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CHUONG 2
QUY HOACH TUYEN TiNH DOl NGAU.

Ly thuyét ddi ngdu 12 mét van dé trung 1am cda Ii thuyét t8i vu. N6 gitip phén
tich sau cds triic cda bai todn 181 wu, cho phép gidi thich hinh hoc, déng thii cling
I3 cdng cu manh mé dé nghién cifu v xdy dung cac thudt todn, N6i riéng, trong quy
hoach tuy€n tinh, d chudng nay ta ciing thay 5 didu db.

2.1 BAITOAN MG PAU. DINH NGHiA
2.1.1 Bai toan md dau

Xét mat quy hoach tuyén tinh, chdng han & dang chinh tdc
min ch,
Ax = b, (2.1)

x = 0.

Né&u ta biét mot nghiém chap nhan duge x° thi o rang ta duge
mot cAn trén cia myc tidu t8i vu. Gid s la 6 tén tai nghiém t8i uu
x thi ¢'x € ¢ x". Tuy ta chua tim duge x, nhung néu ta biét mét can
dudi clia muc tiéu t61 uu thi dd “khoanh vung” duge gis tri muc tidu
tot uu. Ta hdy tha tim mdt can dudi.
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Xit li rang bude Ax = b 14 khé nén ta hay thi “néi 16ng” béing cach
coi nhu khéng ¢6 rang budc nay nhung phat vaoe cdce phuong dn x khong
théa rang budc nay (tic Ax - b # 0) mét lugng y (b - Ax), ¢ day y la
véc td (m chiéu nhu b) gid phai tréd cho su vi pham rang budc b - Ax.
Thay cho (2.1} ta gidi bai todn

min ¢ x + yT(b - Ax},
xz0. (2.2)

y dudge goi la nhdn td Legrange (Lagrange multiplier), L (x,¥} :=
¢ x +y' (b - Ax) duge goi la ham Lagrange (Lagrange function) hodc
Lagrangean chta bai toan (2.1).

Bat g(y) 1a gia tri t6i uu clia bai todn ndi long (2.2) (phu thuje
vecto gid y). Vi bai todn ndi 1ong bi rang budc it hon nén ta du dodn
g(y) 14 can duéi cho gid tri mue tidu t&1 uu ¢'x cdia bai todn (2.1). Didu
nay duge kiém ching dé dang:

gly) = min(ch + yT(b - Ax)) < c'x + yT(b - Ax) = ch,
xz0
vi x 1a chap nhén duge cia (2.1) nén b - Ax = 0. Vay ta da c6 mét can
dudi cho gid tri mue tidu t6i wu cha (2.1) 14 g(y) véi vec to gia y bat
ki. M6t cdch tu nhién ta quan tam bai todn tim cdn dudi sdt nhét:

max g(y), (2.3)
¥ € R"

Bai todn nay goi la bai todn déi ngdu (dual problem) cia quy
hoach tuyén tinh (2.1). Sau day, ta sé thay két qua chinh cta li thuyét
d&i ngiu cia quy hoach tuyén tinh khing dinh gi4 tri muyc tiéu ti wu
ctia bai todn géc (primal problem), tdc 14 bai todn (2.1), bang gid tri
muc tiéu t3i uu cha bai todn ddi ngiu (2.3) cha né. N6i mot cach khdc,
néu vec to gid y duge chon thich hgp 1A nghiém t6i wu clia bai todn
d&i ngéu thi viée vi pham rang budc b = Ax khéng 1am anh hudéng dén

K
0

N

4
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gi4 tri muc tiéu to1 vu (vi gi4 trl muc tidu t6i uu cia bai todn ndi léng
(2.2) biing ¢ x).

Bay gid ta hay bién ddi (2.3) d€ duge dang t6t hon. Ta c6

g(y) = min (ch+yT(b - Ax)) = yTb + min ((:T - yTA)x.

xz0 xzx0
Mit khic
o T T T
- >
min(cT—yTA)x= O,ne‘uc yA=>0,
120 - néu khidc.

Thay vao (2.3) ta dugce dang tuong duong cia né
max yTb,
yA<e . (2.4)

Vay bai todn d6i ngiu cda quy hoach tuyén tinh (2.1) la quy hoach
tuyén tinh (2.4) duge 1ap dé dang tir cdc di kién cia (2.1).

Ta 14p bai toan dé6i nglu cho quy hoach tuyén tinh dang chudn
mdt cdch tuong tu, bing cdch thém bién bi

Ax <b =3 Ax+s=b,s20.
= (A 11{’5‘}&,,520.

Vi v6i bién b, muye tiéu tré thanh min cTx + OTS, nén theo (2.4), dp
dung cho trudng hgp c6 bién bl nay ta duge bai todn d6i nglu cla quy
hoach tuyén tinh dang chuédn 1a

max yTb,

yIAT < (c" 0],

tae la
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max yTb,
yAsc, (2.5)
y £0.

Bay gid ta xét trudmg hgp bai toan goc khéng ¢ dang chinh t4c
ho#c dang chudn. Khi d6 d€ lap bai todn dai ngau, tdc 1a bai todn tim
cAn dudi sdat nhat cla gia tri muc tiéu t8i wu ta cling 1i ludn tuong tu
nhu trén. Véi cdc rang bude ding thue, bat ddng thic va rang budce vé
ddu ta l1am ding nhu trén. Néu vec to x & bai todn gée 1a tu do (vé
d4u) thi ciing li ludn nhu vdi (2.4) ta c6

{0, néu ¢ - yTA = 07,

. T T
minfc — y A)x = .
n‘ Y . néu khaec.

xeR

Vay & bai todn déi ngiu phai cé rang budc
T T
vA=c.

2.1.2 Dinh nghia bai todn d8i ngiu

Gi sif ma tran A c6 hang 12 a] va cac cot 1a A, Bdi li luan & Muc
2.1.1, ta din dén dinh nghia téng quét cda bai todn dé6i ngdu nhu sau.
Gia si bai todn goc ¢ ciu tric d bén trai trong bang dudi day, Khi
dé6 bai todn d6i nglu duge dinh nghia véi cdu tric tudng ung & bén
phai

min ¢’ x, max y' b,
vdi rang bujc véi rang bube
ax=b,icM, y, tdo, i € M,,
T . .
ax<b,ieM,, yiSO,leM2,

axzb,ieM v,20,ie M,

Sy
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x;20,j ¢ N, yTAj < cJ.,j € N,
. T .
x;20,j ¢ N, yTAj >¢,j € N,
thHdO,JENa, ijzcj,_]ENa.

NHAN XET. Mi rang bude & bat todn géc, khong k& ring bude diu, tng véi
mot bi€n ¢da bai toan d8i ngiu. M3i bi€n cia bai toidn gée (ng véi mot
rang bugc & bai toan ddi nglu. Déng thi cac chidu bit ding thic 6 quan
heé tryc tigp vdi nhau vi cho bing bing sau day.

GOC min max POINGAU _|
=hy wdo
ring bubdc £ bj <0 hién
2 bi =0 N
=0 £gj
bi&én £0 2 ¢ rang budc
ur do =gj

Bang 2.1 Quan hé gitta bi€n v rang budc cda bai todn gdc
va bai todn d6i gy

Cdc bién y, cla bai todn ddi ngiu duge goila bién d5i ngdu (dual
variable). O trén ta da thdy la bién 461 ngdu ciing chinh 14 nhan ti
Lagrange.

Mbi quy hoach tuyén tinh c¢é nhidu dang tuong duong. Tir mbi
dang d6, theo dinh nghia trén ta sé l4p duge mdot bai todn ddi ngiu.
T4t nhién cdc bai todn d6i ngdu nhan dugce cling sé tuong ditang nhau.

Mot cdu héi duge dit ra: bai toan doi nglu cla bai todn dsi ngiu
¢6 khdc bai toan géc khéng ?
THEDU 2.1.1. Xét quy hoach tuy€n tinh & bén trdi dudi day ta s& lap dudc
bai todn d6i ngdu cla nd nhu & bén phai.
minx, + x, + 3x,, max 5y, + 6y, + 4y,

- X, +3x, =35, ¥, W do,
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2%, - X, +3x, 26, Y, 20,
X, <4, y; 50,

X, =0, -y, +2y, <1,
X, <0, 3y, -y, 21,

X, tr do. 3y, + y,=3

Biy gi® 1a tim dGi nglu cta bai wodn d&i ngdu trén diy. Ta viél lai n6 &
dang bai todn min va nhdn ca bha rang budc cudi vdi - 1. Dang tuong dudng
nhiin dudc ta vi€t vao bén trai dudi ddy va ta 1dp 461 ngdu ciia né & bén phai.

min -5y, - 6y, - 4y, max - x, - X, - 3x,,
¥, W do, x|—3x2 =-135,
Y, =0, =2+ x, - 3%, =- 6,
y, <0, -x,z-4,
¥, - 2y2 =-1, X, >0,
- 3yl +y, < -1, X, <0,
-3y,- ¥, =-3 X, W do.

Ta thdy bai toan d8i nglu & bén phai trén day cia bai todn déi
nglu trung véi bai todn goc.

Bai todn gdc ta xét & thi du trén da c6 di cac kifu rang bude. Vi
vay lam dung nhu ¢ thi du trén ddi véi bai todn téng quat (cha khong
phai bing s8 cu thé) ta ching minh duge dinh li sau day

DINH LI 2.1.1. Néu ta bién d6i bai todn d6i ngdu vé dang tuong duong
la tim cyc tidu (min) ve Idp d6i ngu cia né ta nhén duoc bai todn
géc.
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2.2 CAC PINH Li VE POINGAU
2.2.1 D&i ngiu yéu

3 Muc 2.1 ta da thay d6i véi bai toan chinh tde thi gid tri muc
tidu g(y) cla bai toan d6i nglu ludn 1a cén dudi cla gia tri muc tidu
téi wu ciia bai toan goc. Dinh 1i sau cho thay tinh chét nay ding vdi
bat ki cap bai todn tuyén tinh déi ngéu dang bt ki.

PINH LI 2.2.1 (d6i nglu y&u). Néu x i nghiém chdp nhgn dugc cia
quy hoach tuyén tinh gdc va y la nghiém chdp nhgn duoce cia quy
hoach d6t ngdu thi
yTb <e'x.
CHUNG MINIL Ta dit
T
u =y(a x-b),
b - ..T
v, = (cj ¥ Aj}xj.
Theo dinh nghia bai todn d61 nglu (Bdng 2.1} thi y, v a;rx - b, cing dau,
conc, - y' A, va x; cing déu. Do do w20 Viva v, 2 0 V).
Nhin x€1 ring
Z u, = yTAx - yTh,

Z v, = c'x - yTAx.
i

Do dé
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O£Zui +Zvj=ch-yTb.|:l

1 ]

HE QUA 2.2.2. (i) Néu ham muc tidu cia quy hoach tuyén tinh goc
khéng gici ngi duoi, thi bai todn d6i ngdu khong cé nghiém chdp nhdn
duac.

(it) Néu bai todn déi ngdu khong gidi néi trén (tdc la ham muc
tiéu cua no khong gidi néi trén), thi bai todn géc khéng chdp nhén
duge (tuce la khéng cé nghiém chép nhdn duoe).

CHUNG MINH. Do sy trong tf 1a chi chitng minh (1), Gid sif bai todn gdc
khéng gidi n6i dudi, wic 13 0n tai diy x* cdc nghiém chip nhan dugc dé ¢'x*
— - wkhi k - . Gid sif phdn chifng 1 bai todn d3i ngiu c6 nghiém chap nhin
duge y'. Khi d6, do d3i ngiu yéu,

(yU)Tb <c'x" vk.

Cho k — @ ta dude diéu vo 1 (v") b < - o, O

HE QUA 2.2.3. Gid sitZx vd y la nghiém chép nhén dugc tuong ung cia
hai bai todn d6i ngdu nhau. Néu y'b = ¢'x thi X va y phdi la nghiem
t6i ©u tuong ung cia hai bai todn.

CHUNG MINH. Xét nghiém chdp nhin dugc x bdt ki cla bii todn gdc. Theo

d5ingAu yéuta cé y b<c'x, vi dodé c'x <c'x, ¥x chip nhin dugc. Viy X 1a
nghiém 51 vu. Tucng tu ta s& thdy y 1a nghiém &1 vu clia bai todn d6i ngiu O

2.2.2. Pét ngdu manh

Biy gig ta chuing minh két qua chinh nhat cua 1i thuyét déi ngau
da c6 nhéc dén ¢ Mue 2.1 12 gid tri muc tiéu t8i wu clia hai bai todn
quy hoach tuyén tinh déi ngdu nhau la bing nhau.

DINH LI 2.2.4 (26t ngu manh). Néu quy hogch tuyén tinh géc cé
nghiém téi uu x thi quy hoach déi ngdu cting c6 nghiém téi uu y va
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gid tri muc tidu t6i vu bing nhau:
¢'x = (y)Tb.

CHUNG MINH. Quy hoach tuy3n tinh ¢6 nhi¢u dang tuong dudng, nhung ta
da bi€'t 1 cic bai todn ddi nglu cda cdc dang wong duong d6 ciing 1a cdc dang
uong duong. Ma cdc bai todn tuong dudng thi ¢6 cilng gid tri muc tiéu 81 vu.
Vi viy ta chi cdn ching minh dinh 1i cho mdt dang cu thé, ching han la dang
chudn:

LT
min ¢ x,

Ax < b,

x 2 0.
Ta s€ dp dung phuong phip don hinh 1&n quy hoach nay. Vi c6 nghiém t&i
1tu nén sau hitu han budce ta s& dudc 1ir vyng 181 11 véi haim muc tiéu 13

n iy
z2=2"+ 2, <x + 2 dw, (2.6)
=1 i=1 :

g day, cj‘ =0va di* =0 v&icdc bi€n x;vaw la bi€n cd s§ & 1 vung 167 vu nay.
Viz* 1a gid tri muc tiéu (&1 wu nén (n6 phii Wwong dng vdi nghiém 161 wu)

I
z = chxj' . (2.7}
=1

y=-d,i=1 ., m

Ta s& ching minh y* = (y;, - y:n) 12 nghiém chap nhin duic clia bai todn 48]
ngau véi (y*}Tb =¢"x". Viham muc tiéu ban ddu va (2.6) 12 tuong duong, ta cd

n I
» * L 3
CX. =Z + .x.+id.w.
Z 77 _ZCJ j i
)1 )=1 =1
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=z + 2 c;xj + Z - y:)(bi - Z aijxj)

j=1 i=1 j=1

Tl I
=z - i by, + > (cj' + 2 y;aij)xj.
i1 i=1 i=1

Hai v€ 1a bi€u di&n cda cling mot him tuyé&n tinh nén cdc hé s6 tuong tng phai
ddng nhit. Do d6

hiv}
2’ =2 by, ©(28)
i=1
1L
¢=c + Z;, via, 2.9)
i=

Tir (2.7)va (2.8)tacé (y)Tb =c'x. G virng t01 wu cdc hé s6 cia ham muc
tiéu phdi khéng am, wic c; >0,j=1,.,n,va d: 20,i=1, .., m Viviy, theo

2.9

ttc 12 y” 13 nghiém chilp nhin dudc cha bai todn d6ingiu. Do (y") b=c" x*,y phai
13 nghiém 8i wu theo Hé qué 2.2.3.0

NHAN XET 2.2.1 (a) Sau dinh I d6i ngiu y&u ta méi chi biet (v*)'b < (¢)'x"
(n€u hai bai toan cé nghiém t61 vu). Khi xét cac caip bai toan d6i ngiu nhau
cho quy hoach phi tuyé€n téng quat ngudi ta ciing dat dugc sy so sénh gia
tri myc tiéu 8i vu & dang déi nghu y€u nhy vay. N&u d&u bat ding thic
chit xay ra ta néi ¢ 16 héng déi ngdu (duality gap). D8i véi quy hoach phi
tuyén mudn 18 héng nay bling 0,bai toan g&c phai la bai todn 184, tde 1a cac
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tap va ham trong dit liéu phai thda céc gis thigt nhat dinh v& 16i. Dinh li
224 vé d6i nglu manh néi ring déi véi quy hoach tuy€n tinh chap nhan
dugc thi 16 héng déi nglu ludn bing 0. Diéu nay d& hifu vi quy hoach
tuyén tinh 13 trudng hop riéng cia quy hoach 18i.

(bY Hé¢ qua 222 ¢c6 th€ "ghép vao” Dinh li 2.2.4 nhu sau. (Juy hoach
gOc khéng gidi ndi dugc quy uée (khi néi dén d6i ngiu) nhu [ muc tidu
t6i uu biing - . Khi d6 h¢ qué néi riing quy hoach d6i ngéu khéng chip
nhin dugc. Diéu nay c6 thé quy udc coi 1 gié trj muc tiéu cha bai todn d6i
nghu (bai todn max) lu6n bing - «, Nhu viy ta cing coi nhu 1§ héng d5i
ngéu bliing O, tic 13 & dang d6i ngdu manh. Tuong ty, trudng hgp bai toan
d&i nghu khong gidi ndi ¢ thé coi nhu gia tri muc tidu 81 vu cda bai todn
bing nhau & + . *

{c) Theo quy udc md réng cich néi nhe & (b lidu ¢ phii quy hoach
tuyén tinh(khéng cin chdp nhin dugc) luon ¢6 18 héng d6i ngdu biing O
hay khong? Thi dy sau day cho ciu trd Idi phd dinh.

THIDU 2.2.1. C3p quy hoach ddi ngﬁu sau ddy cing khdng chip nhin duoc,
tfc 14 khéng ¢6 nghi¢m chap nhin dudc,

min - 2x, + X,, maxy, -2y,
X, =% <1, y, <0,
“XtX, <=2, ¥, <0,
X, =0, Y, -¥,5-2,
x,20. ~y +ty, sl

Trudng hop nay c6 thé quy udce coi 1a mue tidu t8i wu cda bai todn
min 13 +e va cha bai todn max 1a -=. Vay ta c6 18 héng d6i nghu la
rong v cing.

() Ly thuyét d6i ngiu cho mdr phuong tién tuyér vori d€ kidm ra
nghiém 16i wv. Gid st ban phai gidi mot quy hoach ¢ lén 4t kho dé gidp
ba gidm d6c quyét dinh chi€n lge canh tranh cia cdng ti. Sau khi ap dung
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phuong phap don hinh va tim duge nghi¢m i vu x', [am sao ban thuyét
phuyc duge ba giam déc tinh ding ddn cia nd. Vi quyét dinh kinh t& dya
vio x* |a mang tinh séng con nén gism d6c cAn sy dam bio. Kiém tra lai
¢A qué trinh tinh toén ching, day 13 viéc khong tudng! Ban hay 4p dung
l¥ thuyé&t d&1 nghu. Theo chiing minh Dinh If 361 nghu manh 2.2.4, khi giai
quy hoach g&c biing phucng phap don hinh ban ciing déng thai c6 nghiém
t8i tu cia bai todn d6i nglu 1a v, voi yi' =- d:. i =1, m. Ban chi cin chi
dinh li d6 cho ba giam d&c va kiém tra cho bi ta thdy x* 1a chép nhan
duge (d&), v 1a chdb nhan duge cho bai toan d8i nglu (cing d& nhu vay)
va (y) b = ¢'x" (con d& hon).

(¢) L§ chuyét d81 nglu con gidp xay dyng céc thudt an lién quan d€n
tinh d6i ngfu mi trong nhiéu trudng hgp cho I5i gidi nhanh hon phuong
phap don hinh théng thudng. Thi dy don gidn nhy tridng hgp chua bigt
nghiém co & chip nhin dugc cla bai toan géc nhung lai bi€t nghiém co
s3 chép nhan duge cia bai toan ddi nghu thi ta ¢é thé thay cho vige lam
ca hai pha d6i v&i bai toan gdc biing cich dp dung chi pha II cho bai todn
dsi ngiu.

2.2.3 D$ léch bu

Dinh 1i d6i ngiu manh cho ta tiéu chuin dé€ kiém tra tinh tdi uu
nhir § Nhan xét 2.2.1 (d). N6i cdch khac né cho ta diéu kién tdi uvu:
¢Tx = (y)'b. Didu kién nay biéu thi qua gis tri ham muc tidu. Tir dinh
1i d6i nglu cing suy duge ra diéu kién t8i wu ¢ dang biéu thi qua cac
dit kién cQa bai todn. Pidu kién nay thuéng goi la diéu kién do léch
bt (complementary slackness). Trong kinh t& dinh li nay thutng cé
tén la dinh Ii cén bdng (equilibrium theorem) vi trang thai t&i uu cé
¥ nghia la trang thai cdn béng kinh té.

DINH LI 2.2.5 (diéu kién d¢ léch bu). Gid s x va y la nghiém chép
nhan duge cia bai todn goc va bai todn doi ngdu, tuong ung. Khi dé
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x ve y Lo t6i wu khi va chi khi

y@x-b)=0 Vi, (2.10)
(c;-y'A)x =0 vj (2.11)

CHUNG MINH. (F chitng minh Binh 1§ 2.2.1 ta d3 datu, -y(a x-b)vav =

(c - y A X, va thiy 13 theo dinh nghia bai todn ddi ngiu ta c6 w =0, v, 20
Vl vi. Bong théil ta ciing c6

¢'x-yb= Zu +Zv

Theo dinh fi d6i ngdu manh, néu x va yla lonruthlc X =y Ty, Do do
=v,=0 Vi, Vj. Nguoc lai, néuu =V =0 Vi, ¥j thi ¢’ X=y Th, Theo Hé qua
2.2.3, x va y ciing 12 i wu. [

Cdc diéu kién néu & Dinh li 2.2.5 goi 1a diéu kién d¢ léch bi vi
tir dé ta c6

a'x <b, = v, =0, (2.12)

yTAj <¢ = X = 0. (2.13)

(2.12) nghia la rang budc & bai todn goc “léch” khai théa chat thi bién
d6i nghu tuong ing “blu” lai phai khong léch khéi théa chat, tic la
bling 0 (va tuong ty cho diéu kién (2.13)). Pidu nay rat tu nhién néu
nét theo ngdn ngit bai todn m§ dau & Muc 2.1. Mét rang budc khéng
théa chat tai diém t6i wu thi c6 thé bd di ma khéng 4nh hudng dén
gia tri myc tidu t8i uu, va do d6 khong c4n phai dit gid y; khédc khéng
cho sy vi pham rang bugc d6.

NHAN XET 2.2.1 (a) Néu bai todn géc & dang chinh tc thi (2.10) ludn thoa
v6i moi x chap nhén dugc nén didu kién d6 lech ba cho quy hoach chinh
tdc chi con 1a

T .
(c -y Aj)xj =0 Vvij.

6.VANTRUHOC-A
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(b) Diéu kién d6 léch bi ¢6 thé cho ta ¢ ngay nghiém t6i uu cia quy
hoach tuy€n tinh khi bi€t nghiém t8i vu cia bai toin d6i nghu. Hay xét
thi dy sau

THI DY 2.2.2. Xé1 cip bai todn d8i ngiu

min 13x, + 10x, + 6x,, max 8y, + 3y,
5%, + x,+3x;=8, 5y, +3y,<13,
3, + x, =3, Y +¥,<10,
X Xy X3 20. 3y, <6.

Ngay dudi day ta sé kiémtra 12 x" = (1, 0, 1) 14 nghiém t5i wu cGa bai todn
g6c. Trude mit ta thi'y né chip nhin dugc (va gid sif nd 181 wu) va sit dung diéu
kién d6 1&ch b (2.11) {chi ¢6 (2.11) vi bai todn gdc ¢6 dang chinh tic)

;- yTAj)xj' =0 j=1,2,3.

Vi x; =0 nén diéu kién thda vdi j =2. Con x| > 0 va x; >0 nén ta ¢d, theo
diéu kién a5 1&ch b

5y, +3y,=13,
3y, =6.

Giai hé ndy ta dudc y; =2 v y; = 1. Tinh gia tri myc tiéu d6i ngiu ta dugc
8y, + 3y, =19. Vix" 1a chip nhin dugc, y = (y}, y,) 12 8i uu theo diéu kién do

1&ch bu. Gid tri muc tiéu ing véi X ciing 11 19 nén x’ ciing 1a 161 wu {ciia bai
todn géc).

Nhén xét ring X’ 1a nghiém t8i wu co sé¢ khong suy bién (vi cé
2 = n - m thanh phén duong). Trudng hgp ta c6 mdt nghiém 81 wu
co s suy bién thi didu kién d6 laéch b giGp rat it cho viéc xdc dinh
nghiém t&i uu cho bai todn dai ngiu nhu ngudi ta ¢6 thé ching minh
mot cdch téng quat duge.

6 VANTRUHOC-B

Y
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2.3 THUAT TOAN PON HINH POINGAU

G Muc 2.2, khi chimg minh dinh li d5i ngau manh ta da biét 1a
gidi mot bai todn quy hoach tuyén tinh thi ta ciing duge nghiém cia
bai toan d6i ngiu. U nhéin xét (e) cudi muc d6 ta ciing da chi ¥ la neq
bai todn gde khé giai (chéng han chua c6 tit vung chap nhén duge dé
xudt phat) ta ¢6 thé giadi biing cdch 4p dung thuat todn don hinh cho
bai todn d6i ngiu. T4t nhién do cé ddi nghu manh, cudi ciing ta vin
duge nghiém t6i wu clia bai todn gde. Bay gid ta xét cy thé didu nay
qua mot thi du

THI DU 2.3.1. Gid sit ta phai gidi quy hoach

minx|+x2,
~2x - X,%4,
- 2x, +4x - 8, (2.14)
- X +’*}74:2 -7,
X.%x, =0

1" 72

Vi trong cdc v€ phdi b, ¢6 6 4m nén khi viét thinh tir ving (sau khi dua
bi€n bi) w , w,, vio) ta dugc i ving cd s3 khdng chdp nhin dwe. NEu mudn
ditng dan hinh ta phdi qua pha 1. B€ wrdnh viéc d6 ta hiy viét bai todn d8i ngiu
clia (2.14) va bi€n ddi n6 vé dang chudn & bén phdi (y, mdi #a - y, i)

max § =4y, -8y, - Ty, min - =4y -8y, -7y,
y, <0, 2y, +2y,+y, <[,
y, <0, ¥, 4y, -3y, <1, (2.15)
¥, 50, Y ¥y ¥, 20

-2y, -2y, - oy <,
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-y +4y,+3y,s L

Dudi ddy ta s& viét tiY ving va thuc hién thudt todn don hinh. 4] ct bén
trdi luén 12 quy hoach gdc, c6t bén phdi 1a quy hoach d8i ngiu. Trudce hét ta
viél cap d8i ngdu (2.14) va (2.15) & dang Y vung

z= X, + X L= 4y, -8By, -7y,
w =4 +2x, + X, zy=1-2y, -2y, - ¥,
w,=-8 +2x; - 4x z,=1-y +4dy, + 3y,
wo=-T +x - 3x,.

Nhan xét Ia tif ving d5i ngdu nhin duge bing cach chuyén vi {tifc 13 a3
hing thanh ¢6t) va c6 thay ddi ddu tr vung gdc. Viée thay diu bao gdm giit
nguyén diu & hang muc tiéu va cic hing sd (tdc 1A et v& phdi) va ddi dfu 8
cdc hé 56 khic (thdc 13 cic a,).

Vi tif vung gdc khong chdp nhin dugc nhung i virng d8i ngiu chdp nhén
dudc nén ta 4p dung thuit todn don hinh (véi quy tdc xoay Damtzig) 1én tf ving
d3i ngdu. Tuy vy ta vin ddng thdi thuc hién phép todn wdng dng 1&n tif ving
g6c d& theo ddi mdi quan he. DE thdy bi€n viola y, v bignralaz . Viw, (iing
vdirang bugc gdc thif hai) 12 bi€n bil cla y, va x Ja biénbu cla z, néncip w,,
x, s 1a bi€n vao/ra Wwong \tng & quy hoach géc. Nhung X, dang & ngodi cd sd
nén phdi I bi€n vio (ngudc vdi z,} vd w, dang & trong co s§ phdi 13 bién ra
(ngugc vai ¥,)-

Thitc hién phép xoay di ¢hon cho ¢d hai LY vifng ta dugc

z= 4 + 05w, +3x, -0=-4+12y + 4z, - 3y,
w; =12 + wy, +5x, ¥y =0,5- v, -05z, - 0,5y,
X =4 + 05w, +2x, z, = 3- by, - 2z + yq

wy=-3 +05w, - x,

(Chu ¥ 12 hiing s6 hang muc tiéu & hai tr vyng 13 trdi ddu.)
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Thytc hi¢n budc don hinh ti€p theo trén tir ving 45i nglu ta thiy y, vao va

y, ra. Tuong ing & tif viing g&c 13 w, vio va w, ra:

z = T+ wWy+4xy -G=-T+18y, + 7z, + 6y,
w, =18 + 2w, + 7x, Yg = 1- 2y, - =z, -2y,
X = T+ wy+3x% zy = 4- Ty, -3z, - 2y,

w, = 6+ 2w3 + 2)(2.

Dén ddy ta thiy ¢ hai tir vung déu 44 18i vu. Chii ¥ ring & mbi budce quy ludt
vé chuyén vi vi ddi ddu & hai ti¥ vung déu nhy nhau.

T&t nhién ta chi cAn gidi quy hoach d6i ngdv rdi 4p dung dirh li d&i ngiu
manh cling dudc ngay 1891 gidi cho bai todn gfc: muc tiéu tdiwu laz=¢ =7,
nghi¢m (Si wu 1 (x], X)) = (. d;) = (7, 0). (Hay so sinh vGiy, = - d’ 3 ching
minh dinh li 461 ngdu manh!) Nhung bing nhdn xét mai quan hé wrén day giita
{if virng géc va i vung d6i ngiu cling nhy gilta hai phép xoay ta thiy ¢ thé
lam nguge lai 13 chi viét ddy Y vung g&c nhing lai thye hién phép xoay tudng
ttng v6i phép xoay don hinh d tif vung d6i ngdu (ma khéng cdn viét day tif ving
d&i ngdu). Thudt todn nay goi 14 thudt todn dom hinh d67 ngdu (dual simplex
algorithm).

THUAT TOAN DON HINH POI NGAU

(thutc hién trén tit vung géc mdi budc 1ap nhu sau)

« Bién ra 1a bién c6 hing 56 v& phai 4m nhat (tic 12 &m va modul
lén nhat). N&u khéng 6 bién nhu vay (ma tit vung déi ngiu I1a chip
nhan duge, tdce 12 cde hé 56 hang muc tiéu goc déu khéng 4m) thi tir
vung hién hanh 43 la téi v

+ D€ chon bién vao ta xét ti s§ duong 16n nhat giita cdc hé s&
hang ra da chon va hé s0 tuong \Wng & hang mue tiéu. Bién (ng vdi ti
86 duong I6n nhat 1a bién vao,
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. ® Phép xoay duge thuc hién hoan toan nhv phép xoay don hinh.

GIAI THICH HINH HOC THUAT TOAN PON HINH POI NGAU

Ta da dinh nghia thuat todn don hinh déi ngiu 12 thuat todn thuc
hién trén quy hoach gée khi tir vung xuét phét cia né khong chap
nhdn duge, tuong img vdi thudt todn don hinh thyc hién trén quy
hoach déi nglu véi tir vung xuét phét chap nhén duge.

Ta ciing da nhan xét 12 & méi bude 13p, néu ta vidt cd hai tir vung
gde va déi nghu ra thi thdy ching cé tinh chuyén vi l4n nhau véi su
doi d4u chi ¢ phan ti géc trén bén trdi (giao cia hang muc tidu va cot
56 hang tu do) va & céc hé s6 a;, con & hang muc tidu va ¢dt s6 hang
tat do thi ddu khoéng ddi (chi chuyén vi).

Vé mat hinh hoc ta hay xem thu4t todn c6 y nghia thé nao déi
v6i bai todn géc.

» Dinh xuit phdt la dinh khéng chap nhén duge, tire 1a giao cla
c4c dién ciia tap 18i da dién chAp nhén duge, nhimg ndm ngoai tép
nay. Diéu nay rd rang vi tif vung xudt phat khéng chap nhan duoe,
tic 14 né xdc dinh mdt nghiém co sé khéng chap nhan duge.

¢ Qua méi budc l3p, diing mét bién vao cd s& va mdt bién ra khéi
cd s6. Vigc nay c6é nghia la di tir mét dinh sang dinh ké véi né nhu é
Muc 1.3.4 da gidi thich. Budc 14p tuong \ing & quy hoach déi ngiu lam
muc tiéu § tang (- § gidm) ma ¢ ludn bAng gid tri muc tiéu z cta bai
todn gbe. Vay qua méi budce lap clia thuit todn don hinh déi ngiu, muc
tiéu gdc z ting lén (chi khéng cdi thién hon). Tuy vdy, néi chung l1a
dinh mdi sé& “gdn” vao mién chap nhan duge hon, vi cdc hé s6 muc
tiéu Am & quy hoach déi ngiu “it di” (ta da chon hé s8 am nhat cho
bién vao!) titc 13 cdc s8 Am trong ¢ot s6 hang tu do cla tit vung gdc “it
di”, d6ng nghia véi sy “gidm tinh khéng chap nhan duge” cia dinh
tuong ng vdi tir vung.

» Thuit todn ngimg khi tit vung d6i ngéu t8i uu tde 12 hé s6 hang
muc tiéu déu khéng 4m (cdn c6t s6 hang tu do luén khéng &m ¢ mbi
bude 13p). Laic d6 tir vumg gdic ¢ cbt s6 hang tu do 14n dau tién tré
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thanh khéng am, tifc 14 dinh chdp nhédn duge. Con hé s hang muc
tidu ciia né 1a c6t s4 hang tu do cha tir vung d6i ngdu nén da luén
khéng 4m qua moi buée 14p. Viy tit vung gée ciing la tai wu.

Tém lai, thuédt todan don hinh d6i ngdu xuit phét tir mdt dinh
khéng chdp nhan duge, nhung tuong iing véi mot dinh chép nhén duge
clia quy hoach d&i ngiu. Qua méi bude 13p, ta chuyén sang dinh ké
“gAn hon” theo nghia tién ddn vé mién ch4p nhan duge, vdi sy trd gid
la muc tiéu kém di (tic 13 téng 1én). Pinh d4u tién vao duge mién
ch4p nhén chinh 1a dinh t8i wu. Ta thdy rd sy d3i lai véi thudt todn
don hinh goc (primal simplex algorithm), ¢ déy ta thém chi “gde” dé
nhédn manh sy khéc nhau. U thuat todn don hinh géc ta di tir mét
dinh chép nhén duge, qua cde dinh ké nhung luén ludn & trong mién
chdp nhan duge, sao cho qua méi budc him muc tidu gidm, cho dén
dinh t5i wu thi dimg.

2.4 PHA MOT DUA TREN TiNH DOI NGAU

Nhg thuét todn don hinh d6i ngiu, trudng hop tif vung xudt phét
chura chip nhén duge nhung tit ving d6i nglu tuong ng chdp nhan
duge, ta sé tranh duge pha I bd trg ma tién hanh ngay thuét todn.

Néu ca tit vung d& nglu cling khéng chap nhéan duge thi sao?
Ngay sau d4y ta sé th4y riing thuit todn don hinh d6i ngu ciing cho
ta mot pha I hay khéng kém gi pha I xét & Muc 2.3. Y tuéng don gian
nhu sau. Ta cdi bién bai todn gde dé déi nghu véi bai todn cai bién cb
tir vung xuit phat chap nhén duge. Muén vay, vi cdt s8 hang tu do
(quyét dinh vé tinh ch&p nhén dugc) cha tir vung 481 nghu la cdc hé
s6 hang muc tiéu gdc, ta chi viée cdi bién ham mue tiéu géc dé cac hé
s6 déu khong am.

Pa c6 tir vung 461 ngdu (cai bién) chdp nhéan duge rdi thi ta thue
hién duge thuat todn don hinh d6i nglu trén bai todn cadi bién va di
dén tif ving t61 uu ciia bai todn cdi bién. Vi bai todn cai bién ¢6 chung
mién rang bujc véi bai todn ban d4u nén tir vung cudi ciing nay la
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chép nhan dugc cha bai todn ban ddu.

Liic nay ta c6 thé tién hanh pha II 13 thuft todn don hinh géc
trén quy hoach ban dau. Thuit todn hai pha nay duge goi la thudt
todn doi ngdu - goc (dual - primal algorithm) hozc that diy dd 1a thud:
fodn don hinh hai pha d6i ngdu - géc (dual - primal two - phase
simplex algorithm). Nhan xét thém rdng pha I cia thuat toan dai
ngu - gic cing gilp ta phdt hign duge bai todn géc 1a khong chap
nhén duge. That vay, néu bai todn déi nghu ciia bai todn gdc cai bién
la khong gidi néi thi bai todn géc cai bién, va do d6 bai todn gde ciing
vy, 12 khéng chap nhin duge.

Ta clng thdy ring c6 thé thuc hién hai pha theo thit ty ngugc lai
nhu sau d€ duge thugt todn méi. Ta cdi bién cft s6 hang tu do ciia tir
vung gbc dé tir vimg nay tré thanh chdp nhén duge. Khi d6 ta tién
hanh duge thuit todn don hinh gdc d€ nhan duge tir vung t6i wu ctia
bai todn cai bién. Ti vung d6i ngiu tuong dng 13 tit vung t6i wu cha
bai todn d6i ngdu cia bai todn cdi bién, nhung né vin bdo dam la ti
ving chdp nhén duge cda bai todn déi ngiu ban ddu (vi cdi bién cot
s0 hang tu do & tir vimg g&c xudt phdt tuong tng 12 cii bién hang muc
tiéu cha tit vung d6i nglu; riéng tinh ch4p nhan duge khéng bi dnh
hudng). Sau khi thyc hién pha I nhu vay trén tir vimg géc, pha II s&
la thuit tedn don hinh trén tir ving déi nglu ch&p nhan duge vira cé
dé€ di dén tir vyng d6i ngiu t&i wu. TU vung tuong dng bén gdc s& la tir
vung tdi wu can tim. Thuit todn hai pha nay duge goi 12 thudt fodn
gbc - d6i ngéu (primal - dual algorithm) hoic ¢6 tén ddy du 1a thugt
todn don hinh hai pha géc - d6i ngdu (primal - dual two - phase
simplex algorithm).

BAI TAP CHUGNG 2
2.1. Tim d8i nglv cla quy hoach

maxc x,
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a<Ax<b,
l£x<u.

2.2. Xeétquy hoach tuyén tinh chinh tic vdi A cé cdc hang ddc 14p tuyén tinh. Chdng
minh hod¢ tim phan thi dy cho mdi diéu khing dinh sau day.

(&) Gid s x J4 nghiém c0 s& chip nhan duge. Gid sU vdi m3i cg 58 tuong dng X,
nghiém cd s& tudng Ung cta bai todn d6i ngiu 14 khéng chép nhan duge. Khi d6 gid tri
muc tidu t8i Ly nhd han (han} ¢'x.

{b} Bai toan a3i ngdu cla bai toan bd trg & pha | clia phudng phap don hinh hai
pha ludn ch&p nhén dugc.

{c) Gia s y, 1a bi€n d3i ngAu tuong dng rang bude ddng thire thi i. Loai bd rang
budc ding thue tha i 8 bai todn gdc 1a tucng duang vdi dua thém vao rang budc y,=0
& bai toan d8i ngiu.

2.3. Gidi cdc quy hoach & Bai tap 1.15 (a, b) bAng thuat todn don hinh d8i nglu.

2.4, Xétquy hoach
max Y. pX, .
i
2.ax < B,
i
X s 1,j=1,..,n

xlzo,jz 1,...n

Gid sf cac p, g, duong va 2p = 2q = 1. Gid st
i i

Pi Po Py
. -

9 9 9

va B » 0 di nhd. Ki hiéu

k=min{iq+1+..+qn <P}
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¥, 14 bién d8i ngau tudng iing rang bufc chifa B va y;la pign d8i nglu tuong ung rang
budc X < 1.

Dang i thuy&t ddi ngdu chitng minh rAng nghidm 161 uu cOa bai todn gdic v déi
ngau tuang ong a

Py
4] j<k, — =0,
Ay
B=Qgq- - ~0
X, = ek L=k, ¥,= o 0<jsk,
U
P, P
1 > k; g2 - i>k.
19, g

2.5. Gia sU A A ma tran vudng d&i xung. Xét quy hoach
minc Tx, Ax 2 ¢, x 2 0,
Chiing minh rdng néu x thda Ax = ¢, x > 0 thi x [4 nghiém t&i uu.

2.8. Xétquyhoach min ¢'x, Ax < b. Ta da biét diu kién do léch bu 1a y.l(alTx -b)=0,
i=1,..m,Jddayy, la bién 86i nglu. Pi€m x° dugc goi 1A thda didu kién d6 léch b ch&t
{strict complementary slackness condition) n&u x° théa didu kién 40 lach bu va

néuax®=b, thiy,>0.

Gia sir x° 14 nghiém cd $& t&i uu khong suy bigin va théa didu kign db Iéch bu chit.
Chung minh ring x° 1a nghiém &6 uu duy nhat.

2.7. Xétquy hoach g&c min ¢'x, Ax 2 b, x 2 0. Hay vidt quy hoach d8i nglu & dang bai
toan tim cyc tiu. Tim di€u kién v8 A, b, ¢ d& bai todn déi nglu tring v&i bai todn gbe.
Cho thi dy ey théd thda didu kign nay.

2.8. Xét cip quy hoach tuyé&n tinh chinh tac va d6i ngdu cia no.

{a) Chizng minh réng n&u madt trong hai quy hoach ¢é nghigm t8i uu duy nhat va
khdng suy bién thi quy hoach kia clng vay.

(b) Gia sit 12 co6 mdt cg sd i vu khéng suy bién clia quy hoach géc va biét ring
mot hé s6 myc tidu clia bién ¢d s 14 0. Khi a6 khding dinh ring {(a)} suy ra diéu gi? Co
¢o sd t5i vu khdc hay khdng?

ol
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CHUONG 3

BAI TOAN DONG TREN MANG

Nhiéu bai todn quy hoach tuyén tinh cé thé quy vé bai todn lam
cyvc tiéu phi tén van chuyén hang trong mdt mang (gém cde nut va
cdc cung dudng) sao cho ddm bédo duge cdc nhu cdu & mt s& nut khi
da biét ngudn cung cdp tai mét sé nit khac. Cdc bai todn nhu vay
duge goi 14 céc bai todn dong trén mang (network flow problem) hoic
bai todn chuyén vdn (transshipment problem). Pay 1a ldp bai todn
quan trong nhat va hay gip nhat trong quy hoach tuyén tinh. Ldp
nay bao gém cdc bai toan quen thudc trong thue t& nhu: bai todn van
tai, cde bai todn mang dién va mang giao théng, cdc bai todn quén ly
va phan bé vat tu, bai todn b8 nhiém, bai todn ké& hoach tai chinh,
bai todn dudng ngdn nhat, bai todn dong 1én nhat....

Vi ciing la quy hoach tuyé&n tinh nén cdc bai toan dong trén mang
c6 thé duge gidi bing bat k¥ mot thuat todn cho quy hoach tuyén tinh
nao, chéing han bing céc kifu thuat todn don hinh da xét. Tuy nhién,
tdn dung nhimg cdu tric dic biét cha cac bai toan mang s& lam cho
phuong phap don hinh duge don gidn va thue hién nhanh hon khi ap
dung cdc thuit todn don hinh téng quét rdt nhiéu. D6 12 ndi dung cila
Chuong 3 nay.
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3.1 DO THI VA CAY
3.1.1 D4 thi

Dé thi vé hudng (undirected graph) § 1a mot cip hai tap (A, A),
& day A 1A tap cdc nut (node) va A 14 tap cde cung (arc) khong cé
huéng. Cung khéng cé hudng, hodc cliing goi 12 cung vé hudng
(undirected arc) 1a mét cip khéng k€ dén thi tu hai niit khéc nhau
ivajnaods,ie N, je Nkihidula(,)). Vay (i, j) = (, i) trong db
thi v6 hudng. Cung ciing cdn goi 1a cgnh (edge}. Cung (i, j} duge goi
12 néi cdc nit i va j. Cdp (degree) cha mét nut 12 s cung ndi tdi né.
Cép cda dé thi 1a cdp cuc dai trong cdc cdp cla cdc nit cia né Mit
duong di (path) tif nit i, dén mit 1, 1a b§ t nat khdc nhau i, i, ..., 1,
sao cho (1k, i, € A vdl k=1, t 1. Chu trinh (cycle hodc loop)
labd t nit i, iy, ..., it sao cho i1 . . la mdt dudng di, i i, =1, vacé
it nhat ba nit khdc nhau (tdcla t - 1 > 3). D thi vé hud‘ng dugc goi
12 lién thong (connected) néu ing méi ciip i, j € Al déu c6 mét dudong
di tiri dén j. S6 cde nat cha dé thi thudng ki higu la - M| hoac n, con
sdciccungla | Al =m

Do thi ¢6 hudng (directed graph hoéc digraph) ciing la mét cip
(N, _A) := (§, nhung mdi cung 14 mét ciip cé
thi¥ tr. Vay (i, j) # (j, ). Nhung d6 thi khéng
duge chiia cung “ty néi” (i, i). Thi du ¢ H 3.1
12 mdt db thi cé hudng ( = (N, A) véi N =
11,2,3,4,5), A=11,2),2,1),(1,3),(3, 2),
(1, 4), (4, 3), (3, 5)}. Ta sé néi la cung (i, j) di
tir mit i dén niit j. Cung nay 12 noi tdi ca nat
i va j. D6 thi vd hudng tuong ing véi mot doé
H.a.1 thi ¢6 hudng l1a 48 thi nhan duge khi khong
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tinh dén hudng trén cdc cung nita. B thi c6 hudng 1a lien théng néu
d6 thi vé6 huéng tuong dng 12 lién théng.

Méi dudng di trong d4 thi vo6 hudng tuong ing déu goi 12 mot
dudmg di trong d6 thi ¢6 huéng. Nhung dé thi ¢é6 huéng c6 thé chia
ca hai cung (i, j) va (j, 1), nén dé xdc dinh mot duing di phai néi ré
cd ddy nut i, ..., i, va ddy cung a,, ..., a_,. Khi 46 néu mét cung a, cé
dang “thuén” a,_ = (i, i, ,) thi ta néi a,_ 14 cung tién (forward arc)
trong dudng di nay. Nguge lai néua, =G, 1) thi a, 1a cung Iui
(backward arc). Chu trinh cing dinh nghia nhu § dé thi vé huéng ,
nhung & ddy cho phép chu trinh chi gdm hai nit khdc nhau. Mot
dutng di hoéic chu trinh duge goi 1a cé huwing (directed path va
directed cycle hodc circuit) néu né chi chita cac cung tién. Thi du &
hinh H.3.1 thi 1, (1, 3), 3, (3, 2), 2,(2, 1), 1 1a mét chu trinh c6 huéng.
Nhung 3, (1, 3), 1, (1, 2), 2, (3, 2), 3 }a mét chu trinh khéng c6 huéng
vi (1, 3) va (3, 2) la cdce cung lui.

3.1.2 Cay

Db thi vé hudng duge goi 1a mdt cdy (tree) néu né lién thong va
khéng chita chu trinh. Méi nit cip 1 cia cdy goi la mét ld (leaf).

DINH LI 3.1.1 (i) Méi cdy c6 hon mét niit thi sé c6 ld.

(ii) D6 thi vé hudng la mot cay khi va chl khi né lién thong va
cé VNV - 1 cung.

(iit) Voi bdt ky hai nit i #j trén cdy déu cd ton tgi duy nhdt mot
duong di tt i 16i J.

(iv) Néu thém mét cung mdéi vao mét cdy thi dd thi moi nhdn

duoe c6 ding mdt chu trinh.

CHUNG MINH. (i) Gid s phdn chitng Ja kh6ng c6 14, tifc 1 moi nit déu cé
cdp 1n hon 1 (néu_céd mit cdp O thi d6 thi khéng lién thdng). Vi vay gid sit ea
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di theo mét cung ndi 181 mdt nat thi s& ¢b cung khic ndi 131 46 d€ 1a di ti€p. Vi
0 mit hitu han, s¢ dén hic ta quay lai nit di qua, ti¥c 1a ¢6 chu trinh. Pidu niy
vé 1y vi dd thila cay.

(i1) "chi khi". R0 rang cdy mdt nit ¢6 LA - 1 cung. Gid sif cdy o6 hon mét
nit, Theo (i) né ¢6 it nhdt mdt 14, B di 14 nay va cung duy nhat ndi tdi nd thi
45 thi mdi vin 13 mét cay (vi khong thé ¢6 chu tinh mdi vi viée bd 14 va mot
cung nhu wén ciing khong thé 1am mat tinh lién thdng). Lai ti€p we bd di mot
14 va mdt cung tir cAy mdi nay. Qua trinh sé thyc hién dude INi - 1 1an cho dén
khi ta nhin dudc mdt mit duy nhit (khéng con cung nira). Vi 8 mdilin ta bd di
ding mdt cung, nén ciy ban ddu phai ¢ 1N - 1 cung.

"khi”. Gid st d5 thi 12 lién thong va ¢6 I Al - 1 cung. N&u d8 thi ¢6 chu
trinh thi ta bé mé1 cung trong chu trinh ma d3 thi vin lién théng. Ti€p e qué
trinh cho d€n khi khdng cdn chu trinh ma 44 thi vin lién thong, titc 13 mét cdy.
Vi trong qud trinh vifa lam ta khong bd nidt ndo nén cdy cudi cang vin ¢ 1Al
nit. Theo phin *“chi khi” né phadicé [ At - 1 cung, 1¢c 13 bing s& cung ban diu.
Piéu ndy lai c6 nghia 13 chira ¢é cung nio bi bd di cd. Vay dd thj ban ddu dd 1a
mot ciy.

(iii) Gid st c6 hai dudng di khic nhau tir i tdi . Khi d6 xét ta't ¢3 cde ndt
vi cung clia hai duding di ndy ta phdi c6 mét hodc nhidu chu trinh. Piéu nay
miu thuin vdi dinh nghia ciy.

(iv) Gia sif ta bd sung cung vé hudng (i, j) vao mdt ciy. Theo (ii) @6 thi
nhin duge ¢6 | M cung va khdng thé 12 cdy. Do d6 @6 thi cé chu irinh. Moi chu
trinh dudc tao do viéc thém cung (i, j) déu phai chia cung (i, j) va mot duding
tr i tdi j. Vi {theo (ili)) chi cé diing mdt dudng di tir i 168i jnén chi ¢ ddng mét
chu trinh dudce tao. U

Céy bao trum (spanning tree), hoic ciing goi 12 cdy t6i dai
(maximal tree), clia dé thi lién théng, v6 hudng §§ = (N, _A) 12 mét
cay trong (§ ma chua tat cd cdc nit cia (3. VAy cdy bao trim 12 cay T
c6 dang T = (N, A)véi A c A
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PINH LI 8.1.2. Gid sit G = (N, A) la mot dé thi vé hudng lidn thong
vad Ay c A . Néu cde cung cia Ay khbng tgo thanh mét chu trink
ndo thi cé thé b6 sung thém cdc cung cda dé thi § véo Ay d€ duge
tép moi A, sao cho (N, Ay Id mét cdy bao trim.

CHUNG MINH. N€u chinh § 12 mot cdy thi ldy A, = A (ta dwdc chinh (j 1
cdy bao tritm). Gid si¥ (§ ¢6 chita mét chu trinh thi chu trinh nay phai ¢6 cung
ndm ngoai Ay Ta bd di mot cung ciia chu trinh va khéng thude Ay Néucon
chu trinh ta lai ti€p tuc qué trinh. Cudi cing ta dudgc mot dd thi lien thong (N,
A ) khdng con chu trinh, tfc 1a mét cdy bao trim. Vi cdc cung cita A, khéng
bi bé di ldn nao nén A, c A 0

3.2 PHAT BIEU BAI TOAN DONG TREN MANG

3.2.1 Bai toan dong trén mang

Mang (network) 13 mjt dd thi c6 huong § = (N, _A) ciing v6i mot
s& thong tin vé s§ lugng bd sung nhu: cic s§ thuc b,ie A, bidu thi
nguén ti ngoai (source hodc external supply) hosic goi t4t 1a ngudn
(supply); cdc s6 u; > 0 (c6 thé v han) biéu thi tdi ndng (capacity)
ciia cung (i, j) € A va céc 6 thuc ¢, biéu thi cudce phi (cost) mdt don
vi cia dong (chuyén van) trén cung (i, j) (cost per unit).

Ta chon bi€n clia bai todn 13 s6 thuc X;; biéu thi (lugng cta) dong
trén cung (i, j).

Nt i s& goi 1a mdt ngudn (source) néu b, > 0, khi d6 b, goi la
ngudn cung hodc goi tidt 1a ngudn (supply). Neu b, < 0 thi nut i duge
goi 12 mot diém huit (sink) va I'b 1 duge goi la nhu cGu (demand) cita
nit 1.

Mot cach tu nhién ta dit hai diéu kién sau day.
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(a) Ludt bdo toan dong : (t6ng lugng) dong vao mit i phai bing
(tdng luong) dong ra khéi mit i :

b+2x, = 2x,, Vield, (3.1)
je K je )
& day
IG) :=§j € M: G, i) e A},
O =e A:(L,jle Al
12 tap tat cd cdc mit j c6 cung xudt phat tir d6 tdi i trong d6 thi, va
tdp cdc it j 6 cung tir i di tdi, tuong dng.
(b) Dong trén cung l& khéng dm va khoéng vugt qud tdi ndng
(capacity) caa cung :
0<x; <y, v (@, e A (3.2)
Moi vecto x c¢é c4c thanh phén la xg (1,0) € A, duge goi 12 mot

dong (low). Dong x théa man (3.1}, (3.2) duge goi la dong chdp nhdn
duge (feasible flow).

Lay tdng cé hai v& (3.1) theo moi i € A ta duge
Xb =0 (3.3)

ie

Biéu nay cé nghia la téng dong tir bén ngoai vao mang phéi bing téng
dong tif mang ra ngoai. R6 rang néu diéu nay khong théa thi bai todn
la khéng chép nhan duge (v6 nghiém).

Muc tiéu caa bai todn lam cye tiéu cude phi dong trén mang 1a
min 3, ¢x. (3.4)
(igye.d

& day cuc tidu lay trén moi dong chdp nhan duge. Nhu vy la ta nhan

o
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duge quy hoeach tuy&n tinh (3.1}, (3.2), (3.4). Néu u =@ vdi moi (i, j)
€ A thi ta cé bai todn vdi tdi ndng khong han ché (uncapacitated
problem). Nguge lai thi ta e6 bai todn vdi tdi ndng han ché (capacitated
problem). Bai todn thid nhat 1a mét quy hoach tuyén tinh dang chinh
tdc.

3.2.2 Quy gon bai toan

C6 nhiéu dang khdc nhau cla bai tod4n dong trén mang ma tat
ca déu tuong duong nhau. 0 ddy ta néu vai cdch chuyén dang bai todn.

(a) Mot bai todn dong trén mang ¢é th dua v dang ¢é6 dang mot
ngudn va ding mdr di€m hic That vy, gid st meng ¢6 ba nguén nhu &
H.3.2 (a). Ta thé¢m vioe nit 0 v6i ngudn cung 1 18ng b, + b, + b, vi ba cung
(0, i) § =12, 3, véi tai ning u, o = b Khi dé bic buog dong b i=1,2,3, phai
di rrén cung (0, ). Vi vay bai todn mdl & hinh (b) 1a tuong dUOng v chico
mdt niit 0 13 ngudn. V@i diém hat ta lam tuong tu.

i

-.‘.bs

15
= A

th)
H.a3

{b) Moi bai todn dong trén mang cé thé dua v& dang khéng ¢é ngudn
hoc khong 6 diém hir. Theo (a) ¢6 th€ gid st bai todn chi ¢6 mét ngudn
va mgr hire, gid st c6 dang § H.3.3, Ta thém vao cung mdi {1, s} v8i tii ning

T VANTRUHOC-A
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u, = b vacude phidon vic, = -MvdiM >0 va rit 16n. Khi d6 nghiém
t6i uu cia bai todn mdi phai c6 x = b, (vi cudc phi rén cung la Am véi
modul 1én) hoiic bai toan 1a vé nghiém. Vay ta da duge bai toin ntong duong
& H.3.3 (b) khong 6 ngudn va khéng ¢6 hit.

(c) Ngudn nang cda nit (node capacity). Gia sit trong thyc t& phai ¢6
cén trén g, cho (t8ng ligng) dong <6 thé€ vio nut i:
b, + Z X; < &
j e I}
Ta ¢6 thé loai bo rang budc vé ngudn nang cha niit niy khdi bai toan bing
cach tach ndt i thanh hai nar i va ' bdi cung (i, 1)) v6i thi ning u, = g,
(xem H.3.4).

fre}

(d) Céan dudi ciia domg trén cung. Trong thyc t& c6 thé nay sinh rang

buéc vé can dudi cda dong trén cung & dang x; 2 d;. Khi d6 ta c6 thé dua
lai v& rrudng hop di]. =0 vdéi moi (i, ) € A {(xem Bai tap 3.2).

3.2.3 Dang ma tran cia bai todn dong trén mang

Viét rang budc ( 3.1 ) vé luat bao toan dong ¢ dang ma tran
Ax=b,dday x = (%), b=(b)ie N, G je A, tase thiy ma trian
Aphdicscdpnxm,ddiayn= I Nl las8nit vam= | 4] la s8 cung.
Ddng thoi, phan i clia A c6 dang

1 néu i 12 nat ddu cua cung Kk,
a, = 1-1 néu i la nit cudi clia cung k,
0 cdc trudng hgp khic.

7.VANTROHOC-B
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Vay mbi ¢t cha A cé ding hai phan td khdc 0 1a 1 va - 1; chi nat
ddu va ndt cudi cha cung tuong dng vdi cot nay. Khi xét cdc hang ta
s& thay hang i Ung vdi nGt i va rang bude sé la

aiTx = Z Xy — Z X; = b;,

J € 0Q) je X}y

& day a’ 1a hang i cha ma tran A. Nhu vdy 1 cdc phéan ti khéc 0 (1a
1 hodc - 1) trén hang i cta A § cdt nao thi ¢6 nghia la cung tuong
\ng cdt d6 c6 ndi téi nat i ( 1 tng véi cung di ra tir nat i, - 1 dng véi
cung di vao nut i). Ma tran A dugce goi 14 ma trdn néi nit - cung (node
- arc incidence matrix) hode goi tit 14 ma trén néi.

THI DU. Xétd6 thico hudng 6 H.3.1. Gia
sirtachon thi twcdccung la(l,2), (2, 1),(3,2),
(4, 3), (1,4, (1, 3), (3, 5). Khi 46 ma trdn nd1
la A.

1-1 0 0 1 1
1 1-1 0 0 O
¢C 0 1-1 0-1
60 00 1-1 0
00 0O D0 0-1

A=

o - o0

Nhin xét riing tdng 151 ca cdc hang cla
Alavectg 0. Viviy nhangclia A 1a phu thude
tuy€n tinh. Vi viy ta c6 thé bd di m6t hang
(nu bai todn 1a chap nhin dudgc),

-3.2.4 Hoan luu

Vecto dong x (chidp nhan dugce hoac khéng chdp nhan duge) théa méan
Ax =0

sé duge goi 1a mét hoan luu (circulation). Vay hoan lwu la mat dong
chay quanh trong mang, khéng c6 nguén tif ngoai va ciing khong cé
diém hat vib = 0.

Cho mot chu trinh C thi sé ¢é mét hoan luu tueng dng vdi C mot
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cdch tyr nhién, ki hiéu la hc, ¢6 cdc thanh phan nhu sau
J 1 néu (i,j) e F,
h = {1 néu i, = B,
0 trudng hgp khdc,
d dday F va B la tap cdc cung tién va tap cdc cung Hi, tuong img, cia
chu trinh C. Vectg dong h™ duge goi la hoan luu don gidn (simple
circulation) ung véi chu trinh C. R3 rang 1a

Ah® = 0,

tie 12 h° thue sy 1a mot hoan hewu. Cude phi
cta dong he doc theo chu trinh C, tiie 1a

T, C
¢h” = Z Cij - Z cij 3
tij)e F (ij)e B

duge goi la cude phi cta chu trinh C.

Gid sit x 1a mdt vects dong, 6 la mot so
thue. Khi d6 x + ) dugc goi la vecto dong nhan duge tir x khi dua
thém € don vi cia dong vao chu trinh C. Ldc nay cude phi sé thém
mét huong 1a 6c h® (bing 8 nhan vdi cude phi cia chu trinh C).

Trén H.3.5 12 mét chu trinh va hoan luu don gidn tuong dng. Gia
sif ta chon chiéu ctia chu trinh 14 theo thi ty ede nit 1, 2, 3, 4, 5. Khi
dé cdc cung {4, 3) va (1, 5) 14 cung lui va sé c6 dong la - 1. Chi vy la
tai mdi mit luat bdo toan dong déu duge thoa.

3.3 THUAT TOAN PON HINH MANG

Xét bat toan dong trén mang vdi tai ndng khéng han ché
min ch,
Ax = b,

x =0,
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d day A 12 ma tran néi cia dé thi e6 hudng § = (A, _A). (Bai todn c6
tdi nang han ché sé xét § cuéi Muc 3.3.) Nhé lai riing ma tran A c6é
cApn xm, véin = | Nl, m = | 4, tdc 14 ching ta cé n rang buje
ddng thie vA m bién (nguge v6i ki hiéu & quy hoach tuyén tinh téng
quat xét trude day).

Ching ta sé trinh bay thudt toedn don hinh mang (network
simplex algorithm) ¢ua [Dantzig 19511, déng théi so sanh véi thuat
todn don hinh téng qudt ¢ Mue 1.2. Ta luén ¢é gia thiét nhu sau day.

GIA THIET 3.3.1

(a) 2 b = 0;

e

{b) dé thi G la lién théng.

Néu khong c6 gia thiét (a) thi bai todn la vo nghiém. Gia thiét
(b) cing tu nhién vi néu G khéng lién théng thi bai toan c¢6 thé dugc
tach thanh cdc bai toan con d& xét doéc lap nhau.

Nhd lai réng cdc hang cla ma tran néi A 14 phu thudce tuyén tinh
(vi téng cdc hang bang 0). Do dé rang bude cudi cimg (bdo toan dong
tai nit n) ¢6 thé bé di ma khéng anh hudng dén tap chap nhan duge.
Ma tran A cap (n - 1) x m nhan dugc khi bé hang cudi céa A duge goi
la ma trén néi thu gon {truncated incidence matrix). Nhan xét réing
edt cda A sé c6 dang nhu sau. Cée cot clia A tuong ing vdi cung dang
(i, n) chi chita mét phan tif khdc 0, cu thé 1a bing 1, & hang i. Tuong
tu, cdc cdt ung véi cung cé dang {n, i} chi chifa mét phan t& khac 0,
bing - 1, & hang i. Con lai, moi cdt khéc clia A déu chida hai phan ti
khac khénglatva- 1. Datb = (b, ..., b, |) thi ta chi can xét rang
buje Ax = b. Hé qia 3.3.2 cho thdy A c6 cac hang déc l4p (tic 1a 6
hang bing n - 1),
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3.3.1 Nghiém ciy va nghiém co sd

DINH NGHIA 3.3.1. Mot vectd déng x thda Ax = b dugc goi la mdt nghiém
cdy (tree solution) ¢ng vdi cay bao trum T (cua bai toan dong trén mang) néu
X; = Ovsimoi(i,) «T.

Nghiém ciy thda ca diéu kién x > 0 duge goi k& nghim cdy chdp
nhdn duge (feasible tree solution).

DINH LI 3.3.1. Ludn c6 duy nhat mét nghiém cdy ung vdi mot cdy bao
trum cho truoc.

CHUNG MINH. Ta phdi chitng minh ring cho trede ciy bao triim T thi hé
Ax = b,

X, = Cvéimor (3, e T,

udn c6 nghiém duy nhi't. Gid st B I ma trdn ¢dp (n-1) x (n-1) chita 0 - { ¢t
dng vdi cic cung ciia T. Goi x. 12 m6t phan gdm n-1 thinh phin X, (L)eT,
ciia x. Ta phdi chi ring Bx, = b ¢6 nghiém duy nhil, téc 12 B Ja ma trdn binh
thuding. Ta ddnb s& lai cde nit va cung rén T bt ddn tf mét 14 theo mét dudng
di 161 nit thif n (12 ndt d bd ra khdi ma trdn thu gon A)). Nit nay sé goi 1a nuir
gée (root node) hodc g (root) clia cdy. Ta ciing gdn cho micung (i,1) € T s8
1w nhién min {i, j} (xem H.3.6). Viéc ddnh s0 lai cdc it va cung giy ra viéce
sdp lai thi¥ 1o cdc hang va cdt ciia B nhung khdng dnh hudng 181 viéc B 12 ma
trin binh thudng bay khong.

i0 ¢ 0 0 0 O
o1 ¢ 0 0 0 O
0 01t 6 0 0 O
0 0 0-t 0 0 0
10 0 0 1 0 0
-1 0 0 -1 1 0

L ¢ 01 1 0 0O -1 )

H.3.6 Banh sd cac ndt va cung, va ma tran B tudng ung.
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Sau khi danh s lai, c6ticlia B ¥ng véi cung i, 12 cung c6 dang (i, §) hodc
(j, i) v8i j > i. Do d6 moi phan tir khdc khong cda cd1i1a & hangihodcj. Vij>1,
khdng ¢6 phdn tf khac 0 nio § rén duding chéo va phin 1t 8 dudng chéo la
khic 0. Vay det B= 0.0

HE QUA 3.3.2. Néu dé thi ( lien thong thi A co tdt ed n - 1 hang la
dic lgp tuyén tinh.

CHUNG MINH. Vi {j lién thong nén theo
Pinh 1i 3.1.2 s& cé ciy bao trim T vdi ma 2 2
trdn wong Gng 13 B & dinh 1i trén 44 C®W
_ g ing 1a B (nhu & dinh Ii trén ddy).
ViB con - 1cdt dbe lip tuyén tinh nén A
ciing ¢ n - } cit doc lap tuyén tinh. Do dé 2
A phiicé n - 1 hang doc 1ap tuyén tinh.[} \
Trong thuc t& dé giai hé Ax=b ta °
di tir cac 14, sau khi dd dat dong trén -“""?

cdc cung bén ngoai cay bing 0, réi di /P2
dan vé goc n (xem hinh H. 3.7).

Theo luit bdo toan dong & cdc nat, khi di tir ld 1a mit 1 va 4 ta
cé ngay x,, = 2, X,, = 2. Tiép theo 14 x,; = 2. Dén nit 3 ta phai c6 x4
= 2. Tiép dén x_, = 1 vA x, = 0. Tai nGt 6 ta c6 ngay x4 = 1. Nhan
xét ring ta da dugc méot nghidm cdy chdp nhan dugc.

So sanh v6i thuat todn don hinh tdng quét ap dung cho bai toan
dong trén mang véi n — 1 rang budc (c6 ma tran la A) ta thay B chinh
12 co s6. Nghiém cay 1& nghiém cé cac thanh phan ngoai c4c cét cila
B (tuic 12 cdc thanh phén ngoai co sd), x; & T, déu bang 0, 14 nghiém
cd s& tuong dng. Vay ta di dén két ludn quan trong : cAy bao trim
trong bai todn mang déng vai trd ¢g sd trong thuat tedn don hinh
téng quat va nghiém ciy 14 nghiém co sé. Diéu nguge lai cling ding
theo dinh li sau.
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DINH LI 3.3.3. (i} Mot dé thi con cia G la mét cdy bao trim khi v
chi khi cde cét trong A titong wng vdi cde cung cia nd ldp thanh maét
co 84

(it} Mot vecto dong la mét nghiém co sé khi ve chi khi né lg
nghiém cay.

CHUNG MINH. (i) Ta chi con phdi chifng minh “khi”". Gia sit 6 mat dd thi
conma cic ¢dt 1dng ¥ng rong A 1dp thanh ¢d 3. Khi d6 dé thi con nay phai
c6 n-1 cung. Ta chi con phdi chitng minh n6 chia 41 ¢d cdc mit. N&u né khong
- chifa mGtniti thi trong ma trdn (con clia A) wiong tng s& ¢6 hing tng véii gdm
chi cdc sd 0, vo I¥ vima triin nay 14 ¢g sd nic 1 ma triin ¢é dinh thic khdc 0.

(i) O phin nay 1a chi phdi chifng minh n8t “‘chi khi”. Gid st dong x khong

phdi la nghiém cdy. Ta phdi chitng 6 x khong phii nghiém co s3. N€u Ax # b

thi x khong phdi nghiém cd sd. Tacon phdi xét trudng hgp Ax = b. Dit
={(, e A x;; # 0}. C6 hai tnfing hop.

Trudng hgp dau la S khong tao thanh chu trinh nao ¢d. Theo Pinh 11 3.1.2

s€ ¢6 ciy bao trim T chifa S (vd gdm n - 1 cung). Vi X, = Ovdimoi(Lj)eT
nén dong x 13 mét nghiém cdy wong ng véi T, mau thudn.

Trudng hop thit hai 1a % 6 chia chu trinh C Goi h° 12 hoan hru don gidn

Ung vdi C va xcldongx+h Vi Ax = bva AhC _OnenA(x+h }=b. Ngoidi

ra, néu xij = O thi cung (i, j) £ C nén hij = 0. Do d¢ cde rang budc thda chiit tai

X ¢ling s& thda chat ti x + h¢. vi vy cdc rang bude thoa chat tai x khdng phai
6 duy nhit nghiém. Do d6 x khong phai 1a dinh, nghia 13 khong phdi nghiém

; o cdsd [
4
H.3.8 minh hoa truang
1 4 hgp dong x khéng phdi
nghiém cay. Trén hinh (a)la
5 phan clia déng x théa chit
(@) ®) Ax =b. x khong phai nghiém

H.3.8 cdiy vi cde cung (2, 1), (3, 1)
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va {3, 2) tao thanh chu trinh C v& ¢4 tai mot dong khde ¢. Hinh (b)
cho thay dong x + hC vin théa chét cdc rang budc ma x théa chat.

Cang nhu trong trudng hop quy houch tuyén tinh téng quat,
nghiém co s chap nhan duge c6 thé suy bién. Didu nay xay ra khi cé
cung (1,)) € T ma x, = 0. Khi d¢, cing mét nghiém co s¢ chap nhan
dugce c6 thé tuong ung nhiéu cay. Chang han, cay ¢ H.3.7 ddn tdi mét
nghiém ca s§ chép nhan duge suy bién vi X = 0. Mgt cay khac cing

- ng vdi cung nghiém n&y s& nhan duge khi thay cung (6, 7) bét cung

(53 7)‘

3.3.2 Déi co sd. Chon bién ra

Nhé lai la trong quy hoach tuyén tinh téng qudt khi déi co s&
trude hét ta chon mét bién khong cg sé dé cho vao co s4, tic 1a cho
tang bién nay thanh duong lén dén muc tat ca cde bién co s cil vin
khéng am. Bién ra khéi co sd sé 1a bién bi trd thanh 0 diu tién. Cu
thé hoa cho bai todn dong trén mang la nhu sau. Chon mét bién khéng
cg 54 tic 1A chon mét cung (i, j) ¢ T. Cung nay cling vdéi mdt s& cung
cia T tao thanh mét chu trinh. Ta chon huéng cia chu trinh sac cho
(i, J) 12 cung ti€n. Goi F va B la tdp cdc cung tién va tap edc cung lii,
tuong ung. Khi tdng gid tri cia bién khéng co sd X tif 0 lén € > 0.
Céc bién co sd cii thay d6i d€ van théa rang buge (vé bao toan dong).
Biéu nay duge thuc hién béi ddy 0 don vi dong vong theo chu trinh,
cing tic la x,; sé ting (gidm) bdi 8 néu (k, 1) 1a cung tién (cung lui,
tuong ung). Cde bién ddng (tie 1a déng trén timg cung) mdi 1a

w9 neu k1) e F
X =1%1 ~ 9 néu (k1) € B, (3.5
trutmg hop khac.

X

X

R& rang 6 1dn nhat ¢6 thé duge sac cho moi bién dong vin khéng
am la

0 = min x, (3.6)
kleB

trif tritong hgp B = & thi ta dat 8 = +x, Bidn x,, dat eye tidu & (3.6)
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s& trd thanh x_ = 0 va 1a bién ra. Néu x_ = 0 v6i mot (k, ) € B nao
dé, tic 1a nghidm cd s& chdp nhan duge hién hanh 13 suy bién, thi
viéc thay co sd khéng lam thay cdc bién dong. Ching han é H.3.7,
néu x,., vao thi x rakhéicosovad =0.

3.3.3 Su bién déi ctia cude phi. Chon bién vao

Khi thay ddi co s& nhu trén thi lugng cude phi ting thém sé la

0*( Ye, -3 Cu]- (3.7)

ke F (ke B

Do d4, tat nhién X chi duge 14y 14 bién vao khi lugng (3.7) Am.

Ta da biét tir phuong phép don hinh cho quy hoach tuyén tinh
t8ng quat 12, ndu bién vao nhan gid tri 6, thi lugng thay déi ciia cudc
phi (tic 14 ham muc tidu) l1a 6 nhan véi hé s8 mue tidu cia bién vao.
Hé s6 nay ciing goi 1a cude phi thu gon (reduced cost) cia bién vao.
So sdnh vdi (3.7) thi cude phi thu gon & bude hidn hanh ciia bi&n vao
X, sé la

e, - 2oy, (3.8)

kheF tkl)e B

Ta thay vé& phai (3.8) lai chinh la cudc phi cia chu trinh ma doc theo
né dong duge tai di.

Viéc 4p dung (3.8) dé tinh cdc cude phi thu gon cling cé bat tién
la phai tinh dén timg chu trinh mét. Bay gitr ta xay dung mét cong
thu'c ¢6 hiéu qua tinh toian hon cho cdc cu’dc phi thu gon hién hanh

. Nhd lai cong thic téng quat cl=c - p TA (xem Muc 1.4.1), ¢ day

p la vecto ddi ngau (dual vector) xdc dinh béi p = cTB vdi B 12 ma

tran cc sd hién hanh. Méi bién p, i = 1, - 1, ing véi mét hang
icoa A, tde 1a dng véi nat i # n . Gia su réng (i, ) 12 cung thi k cua
dd thi. Khi dé thanh phan thitk clacva cla ¢, va ¢, tudng ing.
Thanh phan tha k cila p TA1a tich p vdi et k cda A Cot nay o6 thanh
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phédn 12 1 & hang i (néui <n) va - 1 & hang j (néuj < n). Do d6

{cu - (pl - p_]) né’u ix}

# 1,
¢ = 1¢ ~ P, néu j = n, (3.9)
C.Ij + pj neu 1 = n.
(3.9) c6 thé viét gon la
c;=¢ (B, p) VE, e A (3.10)

néu ta dinh nghia thém p = 0. D€ tinh ¢ theo (3.10) can tinh p. Vi
cude phi thu gon hién hanh cta bién c¢ sé hién hanh bing 0 nén tu
(3.10) ta ¢6

P, - p] = cij’ v(i, ]) eT (3.11)

va p_ = 0. D& tinh p theo hé (3.11) ta di tif nit n, goi la goc cla cay,
tién vé phia cdc 14 dé xde dinh dan moi thanh phan p,.

3.3.4 Phat biéu thuat toan don hinh mang

Mbt buée 14p dmg vdi nghiém ¢o sd chap nhan duge hién hanh x
cé cay tuong tung 1a T gdm car doan sau day.

Pogn 1. Tinh vectd dét ngau p bing cdch gidi hé phuong trinh
(3.11) tir gde dén l4.

Boan 2. Tinh cac cude phi thu gon Eij =c; - (p; - pj) cua moi cung
(i, j) ¢ T. Néu chiing déu khdng a4m thi nghiém co s& chdp nhin duge
hién hanh 14 t6i uu va thuat todn k&t thue. Nguge lai thi chon (i, j)
nao dé vai Eij < 0 cho vao cv sd.

BPoan 3. Cung vae (i, j) va cdc cung cia T chi tae thanh mét chu
trinh. Néu moi cung cia chu trinh déu ¢6 hudng nhu (i, j) thi cude phi
t61 uu Ia - o va thuit todn két thic.
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Boan 4. Goi B 1a tap cdc cung cda chu trinh cé huéng nguge véi

(i, j). Pat 0" = min x, va t3i & don vi dong theo chu trinh. Vecto
ke B

dong mdi duge xdce dinh bei (3.5). Pua ra khdi co s6 bién cd gid tri
méi bang 0.

Néu khé xde dinh nghiém cd sd chap nhin duge xuit phit, ta c6
thé phai !ap va xét bai todn bé trg. Ching han, véi mdi cap gém hai
nit 12 nguén va diém hit ta cé thé dua vao mét cung bé trg. Vdi mang
mdi nay thi viée tim mét nghiém cg s¢ chap nhan duge 14 tuong dsi
dé. Hon nita néu chon eude phi cla cdc cung bd trg 1a dii 1dn thi giai
bai tedn la tusng dugng vdi giadi bai todn ban déu,

Nhé lai ring mét buéce lap cGa phuang phap don hinh téng quat
cdn cd O(mn) phép tinh, Ta xét xem vdi phuong phap don hinh mang
thi sao. D& tinh p ta cdn ¢& O(m) phép tinh. P& tinh t4t c& Eij cdn O(n)
phép tinh. Tiép theo, dé thye hién déi co sd cdn Ofn) phép tinh. Vi
m 2 n - 1 nén tinh chung mét bude lip can O{m) phép tinh, it hon
hén s8 O(mn). Trong thuc té tinh todn, thi gian tinh cdon duge cai
thién do khéo cip nhat vecto p va sit dung cdu tric dit liéu thich hop
dé té chuc tinh todn.

Néu khong gap nghiém co 3§ chdp nhéan duge.suy bién thi thuat
todn két thac sau hiu han buge. Néu ¢6 hién tugng suy bién, thuat
todn ¢6 thé bi xcay vong. C6 thé tranh xoay vong bing cdc quy tdc
chéng xoay vong chung cho quy hoach tuyén tinh hofic cd¢ phuong
phdp riéng cho mang. Trong thuc t& s& bude lap can thist chi ¢ 0(m),
nhung ¢6 nhimg thi du cAn mét s6 mé cdc bude lap.

Sau day 1a mét thi du vé dp dung (3.8) d€ thuc hién thuat todn
don hinh cho mang don gidn, khéng cdn tinh p.

THI DU 3.3.1. X¢ét bai todn mang v6i 13i ning khdng han ché & H.3.9(2),
d ddy cdc s8 3 canh cung 1A cude phi cda cung. O hinh (b) 1 mét cdy bao trim

ant
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va nghiém cdy chip nhiin dudc tudng 1 1
lng mA ta ddng 4€ xudt phat. G iy va é g}
{c). (d) thi 36 & canh cdc cung 13 /'ong. 0/ Vb 1/7 0
Xétcung (4. 3) (& ngodi edy xud( phd ) @4— @ b
tao thanh mét chu trinh véi hai cung (3, ¢
5) vd (4, 5) clla cAy xuilt phat Ta xét T1 0 ! 0
(3.8) xem cudc phi cilia chu trinh ¢6 ddu C) .
gi: T ?
- Hy 1
€y =€+ ¢~ Cu=0+0-1= fal (bJ
1< & "
ViEﬂﬁOnén ¢é thé chon cung (4, 1 @
3) vao cly (e 1a x,, vao cd sd). Biy / o ! 1
i X€1(3.5), we Ja diy 8 don vi dong @‘-@ D —
theo chu trinh d€ dong trén cung lii (4,
5) rd thinh 0. Nhung chinh x, ; da bing ! 0 (I)T
¢ (nghiém cd sd chﬁ'p.nhiin dwge xuat @Tp
phatli suy bifn)nén§ =0 (so sdnh vai | 1
{3.6)). Do dé, tuy cung {4, 5)rakhdicdy ic) (i
vi ta dudc cdy mdi (va tudng tng la H.3.9

nghiém cd s§d chip nhin dude mdi) ¢

hinh (¢), nhitng cwtdc phi khéng ddi. Chuyén sang budc lip mdi, ta lai xé1 cung
(1, 2) {ciy & (c) chi thi€u hai cung (1, 2) vi {4, 5) so vdi cd mang & hinh {a); ma
cung (4, 5} vita dude dua ra 8 budc lip trudc). Ta lai phdi xét didu Elzz

C,, =€, + L

24+ C4

—c13=0+0+0—1=-1<0.

12 12 3

Po 612 < Q1a dita cung {1, 2) vio ciy va ddy 8" ddn vidong theo chutrinh 1, 2,
4,3, 1 d€ ddng trén cung hi (1, 3) 13 thanh 0. Vi the 6 =1va cung {1, 3)ra
khoi cdy. Ta nhin dudge ciy mdi 8 hinh (d). D& sang bude lap tiép theo ta lai
tinh cic cude phi thu gon cla cdc cung npoii cdy & trang thdi hién hinh. Ta ¢

Clg=Ca-Cy=-C —C,=1-0>0,

13 13 43 24
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c45=c45—c35—c43=1—0>0.

Viy didu kién (81 vu 4 théa (xem doan 2 & thudt todn don hinh mang),
nén nghiém & (d) di 13 81 vu.

3.3.5 Khi nao nghiém téi wu ¢é6 moi thanh phdn nguyén?

Mat dic trung rat quan trong cGa bai todn dong trén mang la khi
dif 1iéu cha bai todn 14 s& nguyén thi da sé cdc dai lugng can quan tam
vé bai todn ciing la nguyén. Do dé thuit todan don hinh ¢ thé duge
thuc hién chi trén cdc 56 nguyén. Didu nay cho phép tinh toan nhanh
hon va nhat 14 khéng con sai s6 do lam tron s6. Pac trung vita nhéc
dén dugc phat biéu chinh xdc nhu sau.

DINH LI 3.3.4. Xét bai todn déng trén mang vdi tdi nang khong han
ché va cé dé thi lién théng.

(i) Nghich ddo B! cia moi ma trdn co sé¢ B déu cé cdc phdn ti
ld 86 nguyén.

(ii) Néu cdc ngudn b, déu nguyén thi moi nghiém co sé déu co
met thanh phan la sé nguyén.

(iii) Néu cdc hé s6 cudc phi ¢;; la nguyén, thi moi nghiém déi ngdu
co s6 déu cd moi thanh phdn la nguyén.

CHUNG MINH. (i) Theo chitng minh Binh 1i 3.3.1 ta ¢6 thé sip lai cic hang
va cOt clia ma trin cd 6 B d& nd cd dang tam gidc dudi vdi cdc phdn tf trén
duding chéc la 1 hodc — 1. Do d6 det B bing 1 hoiic - 1. Theo quy tic Cramer,
B! ¢6 cdc phin ti déu 1a s nguyén.

(ii) Nghiém cd s3 ¢ dang x; = B'b nén ¢6 cdc thanh phan déu li s&
nguyén.

(ii1) Nghiém d3i ngiu co s§ 13 p’ = ¢gB™' . nén ¢6 cdc thinh phin déu 12

s& nguyén. [J
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HE QUA 8.3.5. Xét bai todn nhu & Dink li 3.3.4 vi gid thiét them la
cude phi t6i uu cita bai todn la hitu han.

(i) Néu moi nguén b, la nguyén, thi sé tén tai vecto dong t6i wu
nguyén (tic la c6 moi thanh phdn nguyén).

(i) Néu moi h¢ s6 cude phi c;, la nguyén, thi sé tén tai nghiém
t6i v nguyén cho bai todn déi ngdu.

CHUNG MINH. Vi cudc phi 101 tu 13 hitu han, nén thuit toén don hinh (¢6
stt dung phuong phap chdng xoay vong) k&l thiic sau hitu han budc, Sau mbi
budc ta déu nhin dirge nghiém cd sd chdp nhin dudc cho bai todn g8¢ va doi
ngiu c6 cdc thinh phin nguyén, nén nghiém (&1 u nhin dude biing thual todn
don hinh ciing ¢é tinh chat d6.0]

3.4 DOINGAU TRONG BAI TOAN DONG TREN MANG

Dé don gidn ta chi xét bai todn véi tai ning khong han ché va
ta vin ludn c6 gia thiét co ban & Muc 3.2.1 vé bdo toan dong va déng
khéng &m. Khi d6é bai todn dong trén mang la mot quy hoach tuyén
tinh chinh téc

Theo quy téc chung clia quy hoach tuyén tinh, bai todn d6i ngiu
sé la
max pT b,

plA<c. (3.12)

Tir dang ciia ma tran néi A, cdc rang budc déi ngu (3.12) ¢6 dang
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don gidn la
P, ~ P; S ¢ (,j)e A (3.13)

Gia st (py, ..., p,) |2 nghiém d&i ngiu chdp nhan duge va y € R.
R& rang (p,+y, ..., p_+y) cing 1a nghiém d&i nglu chdp nhan duge, vi
cing thoa (3.13). Hon nita, xét muc tidu dé&i ngéu ta thay

I n n n
Z (Pi + Y)bj = Z pibi + TZ bi = Z pibj ’
i=} i=1 i=1

i=1

tdc 1a thém hiing s6 vao moi thanh phéan cia vecto déi ngiu khong
anh hudng gi dén tinh chdp nhéan dugc va gia tri muc tiéu. Do 46 ta
luén c6 thé coi p, =0 Diéu nay hoan toan tuong duong vdi viéc ta bé
rang budc thd n d bai todn gde, tide 1a xét A thay cho A.

3.4.1 Y nghia mang ciia d6i ngiu

Gia st ta phai chuyén lugng b, > 0 hang tit méi niti=1, .., n-1
tél nat n theo mdt mang cia riéng. Khi A6 nghiém t61 uu clia bai todn
déng trén mang cho ta cdch van chuyén t6t nhat.

Lai gid s ¢6 m{t céng ti van tdi, 6 md dich vu van chuyén ti
moi nut i dén ndt n (theo dubng cda ho) véi gid chuyén mat don vi
hang la p.. Néu (i, j) 1a mdt cung trong mang riéng eGa ta va phi tén
chuyén mét don vi hang trén cung nay la ¢, thi ta c6 thé tif chuyén
trén cung nay dén j réi trao cho ¢ong ti chuyén ndt dén nit n, véi gid
don vi la c; + Py Céng ti van tdi biét cdc vectd b va ¢ va tim cach bao
hét viéc chuyén hang cda ta, ké ca trén cung (i, j). Khi d6 ho phai ra
gid dé canh tranh la p, < ¢, + p; va p, = 0. Véi gid di hdp dan nay,
coi nhu rang buge, muc dich ctia ho tat nhién 1a lam cue dai doanh

n-1
thu Z pb, . Viy bai todn ciia cdng ti chinh 14 bai toan déi ngau vdi

i=1
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bai todn ti van tai cha ta. Dinh i d61 ngdu manh cila quy hoach tuyé&n
tinh néi rang doanh thu t8i nur cha coéng ti ding bling phi tén t6i wu
khi ta tu vén chuyén bing mang riéng. N6i mot cdch khéc néu hai
phia déu tim cdch van chuyén t6i wu va gid cia céng ti dat ding thi
cude phi 12 nhy nhau.

Nhu vay 14 ngoai cdce ¥ nghia trudc day da trinh bay, bing ngén
ngl mang dinh li d6i ngau ciing ¢6 ¥ nghia rat rd rang.

3.4.2 Déi ngiu va 46 nhay cam

Dé dé déi chiéu vdi 1y thuyét chung ciia quy hoach tuyén tinh, ta
b6 rang bude thd n (iing v4i nit n) va gid si cde rang budc con lai Ax
= b 14 déc 1ap tuyén tinh. Gid st x 12 nghiém co s& chip nhan duge,
t81 uu va khong suy bién (tugng dmg v6i mot cay) va p la nghiém doi
nghu t6i wu. Xét mdt nit nao d6 i # n va gia st ngudn b, bi nhidu thanh
b, + €, v6i € > 0 va nhd, con cde ngudn khdc cho dén b_, khong déi.

Khi d6 diéu kign )" b, = 0 dén dén b_ phai tré thanh b_ - e. Nhung
i-1
thue ra didu nay chi d&nh hudng dén rang bude thit n da b di. Gia st
£ di nho dé co sd ¢l van gilt nguyén la co s, tic 1a cay khéng déi.
Khi d6 d&€ dam bao rang budc vé bao toan dong, lugng ngudn tang 1a
¢ bt budc phdi chuyén ti nit i dé€n nidt n doc theo dudng duy nhéat
xdc dinh bdi cay da c6. Gia sif ¢ di1 bé dé nghiém t6i uu bi nhidu van
1a té1 vu. Vi gid tri muc tiéu t6i uu cia hai bai toan d6i ngdu nhau la
bing nhau, nén lugng thay déi ciing biing nhau (vi hai nghiém bi nhidy

nl
van t4i uu). Muyc tiéu ciia bai todn doi ngéula ) pb. , nén lugng thay
il
déi 1a ep,. Vay ¥ nghia cla bién d4i ngdu p, 1a: & nghiém t6i wu, p, 1a
téc do thay déi cla gid tri muc tiéu t6i vu theo sy thay d8i cia vé phai
rang bude thit i la b, (Thyc ra ¢6 thé chimg minh duge diéu nay cho
quy hoach tuyén tinh téng quat, khéng phai chi ding vdi bai todn

B.VANTRUMQC-A
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mang.)

Bing 1y luan tuong tif ta s& thay néu tang b, thém e gidm b, di ¢
va gill nguyén cdc ngudn khdce va gid s co sd khéng déi va nghiém
vén 1a t8i uu thi muc tiéu t3i uu bi thay déi la e(p, - p) (van gia si
khong c6 suy bién). Diéu nay nghia la p, - p, la cude phi tai wu dé
chuy&n mdt don vi hang tir nit i dén it j.

3.4.3 Pé léch bu

Tir diéu kién do léch bi1 etia quy hoach tuyén tinh téng quit ta
suy ra ngay diéu kién dé léch bl cho bai todn dong trén mang:

(a) Né&u p, # 0 thi (Ax), = b, Vi bai toan chi gém rang bue ding
thic nén didu nay tu déng thda véi mei dong chap nhan duge x.

(b} Néu X; > 0 thi p, P =< , tie 1a rang bude d6i ngau p, -p; S ¢
phai théa chét ¢ nghla van tal cha didu kién nay la néu PP < cIJ
(thi X, = 0), thi c6 cach chuyé&n hang tif i tdi ) ré hon 1a dung cung (i,j}
do d6 dong trén cung nay phai bing 0 (néu thda diéu kién d¢ iéch bu).
Piéu nay phi hop véi 1i ludn & cudi Muc 3.4.2.

X Tir didu kign t8i wu cho quy hoach
tuyén tinh téng quét ta da ¢é: x 1a nghiém
téi wu cha bai todn dong (goc) va p la
nghiém tai uu clia bai toan déi ngiu khi
va chi khi x 1a nghiém géc chdp nhan
duge, p 12 nghiém déi ngdu chip nhan
dudc va didu kién d& léch bii (a), (b) thoa.

H 2 'p_;

H.3.10¢

Hinh don gidgn H.3.10 thé hién day
dd rang bube dau X 2 0, rang budc ddi nghu O & <e; va diéu kién
(b} vé dd léch bu : vm moi cung (i, j), cip s6 (p, - P;r x ) pha1 nim trén

B.VARTRUHOC-B
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dudng té dAm.
Vay diéu kién t8i uu cé thé phat biéu nhu sau.

DINH LI 3.4.1. D6i vsi bai todn dong trén mang vdi tdi nang khong
han ché, hai khdng dinh sau la tuong diuong.

(1) Cdc vecto x va p la nghiém toi uu ctia bai todn gée va bai todn
dét ngéu, tuong ung.

(it) x théa rang bugc bdo toan dong Ax = b va véi moi cung (i, j),
cdp §6 (p, - p, x) théa quan hé trén H.3.3.

3.5 THUAT TOAN CHU TRINH CUGC PHi AM

Thuat todn don hinh mang (géc) trinh bay & Muc 3.3 dua vao mét
¥ tuéng cd bén, 14 co sd clia hau nhu tat ca cde thuit toan gée khdc
cho bai todn mang la: khi dd ¢§ mdt nghiém goc chip nhan duoge ta
tim mét chu trinh ¢6 cude phi 4m va ddy mét dong theo né dé nhan
duge nghiégm chap nhan duge cai thién hon (tic 14 ing v6i cude phi
trén toan b$ dong nhé han),

Uu diém ciia thuat todn dan hinh mang géec 14 cach tim chu trinh
cude phi &m rat don gidn (chon mot cung ngoai cay bao trum va xét
chu trinh tao thanh do né va ede cung cda cay). Nhuge diém lén 1a
khi chon duge chu trinh ¢6 cude phi 4m rdi, viée ddi ¢o s§ van cé thé
bi suy bién. D6 la khi nghiém co 5§ \ing véi cay bao trum la suy bién
nén 0 * tinh theo (3.6) bang 0. Ta khong ddy duge dong nao trén chu
trinh va sy thay d6i cude phi trén toan dong bing 0 (theo (3.7)). Vay
ta van c6 nghiém chip nhan dugc méi nhung khong cai thién gi them
vé ham mue tiéu.
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Trong Myc 3.5 nay ta sé trinh bay thuit todn chu trinh cuwdc phi
am. Pay cling 13 thuit todn géc va dua trén chu trinh cude phi 4m,
nhung khéng phdi thuit todn don hinh, vi né khéng dua trén nghiém
ciy (tie 14 nghiém co s§). Ta s& thiy chu trinh cude phi Am & déy la
bét ki, khong can tao tir mdt cung ngoai véi cdc cung ciia cay bao trim
(& cdc bude 1ap ta ciing khéng cé ciy bao trim). Thuit todn s& két thic
khi khéng cé chu trinh cudce phi 4m nita. Con § méi bude lap déu cé
su cal thién ham muc tiéu. .

3.5.1 Mo ta thuat toan
Xét bai todn dong trén mang v4i tai nang han ché

0<x;sy, i) e J

Gid str C 1a mdt chu trinh nao d6, véi F va B 1a tép cdc cung tién
va tap cdc cung lui cla C, tuong tng. Goi h® 1a hoan luu don gian
tuong dng vdi C, tie la

1 néu (4,p) € F,
hS = {-1 néu G,j) e B,
0 néu (i,)) ¢ C.
Gia s x 12 mot vecta dong chdp nhin duge. Bay 620don w1

dong theo chu trinh C ta du‘o’c vectd don% méi x + @ h van théa rang
budc bado toan dong A(x+ 9 h% =b vi Ah® = ¢ (do h l1a hoan luu). D€

dong mdi van chdp nhan duge, taic 1a 0 < X, + 6 h <uy , hay vi&t ro
Ia

0<x, +6<u, néu {i,j) € F,

0<x,-8<u, néu (ij) « B,

thi cAin vadilan<u, - X néu (i, j) € F, 8 < x_ néu (ij) € B. Vay
lugng dong cuc dai cé tile day theo chu trinh C, ky hiéu la B(C), sé la

8(C) = min ! min X min (4 - xij). (3.14)
(i) eB e F |
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Né&uB = D va U, =0 cho moi cung cda chu trinh thi khéng ¢é han ché
nao doi véi 8 nén ta dit (C) = +o .

Chu trinh C ¢6 &(C) > O, tifc la X; < Uy vdimoi (i, )) € F va
x., » 0 vdimoi (i} € B, duge goi la chu trinh chua bdo hoa (unsaturated
cycle). Nhé lai 1a cuée phi caa chu trinh C

¢'h® = Z ey Z Cj »

iheF (jeB
chinh 1a su thay d8i cudc phi clia toan b dong khi ta ddy mot don vi
dong theo chu trinh C (didu nay ciing dé thay tryc tiép). Bay gio ta
¢4 thé md ta thuit todn.
THUAT TOAN CHU TRINH CUGC PHI AM

& méi bude 14p, xuat phat tir dbng chép nhan duge x (khéng cdn
1a nghiém co s¢) ta lam cde doan sau day.

1. Tim chu trinh chua bao hda c6 cude phi am. Néu khong cd, thi
thuit toan két thuc.

2. Néu e¢d chu trinh C nhu vay, thi xét hai truding hop :

e (a)néuB(C) < ec, thita 1dy dong chiap nhidn duge mdi x + (O va quay
lai doan 1 (cda budc lip mdi);

e (b) néuB(C} =+, thi thuit todn k&1 thiic va cude phi 161 vu clia bai todn
[ -

Xét cu thé cach tién hanh v ching minh thuit toan la dung ta
phai 1am rd cac diém sau day.

(i} Lim sao c6 dong chip nhin dudc ban ddu d€ xuit phdt thudt todn?
(ii) Tim chu trinh chita bao hoa ¢6 cude phi dm the nao?

(iit) C6 diing 13 khi thudt todn k€t thic ta nhin dudce nghiém (8i vu khong?
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{iv) C6 chic 1a thudt todn k&t thdc sau hifu han budc?

Bén muc nhd tiép theo s& trd 1i bén cau héi nay.

3.5.2 Xuat phat thuit toan

Theo Muc 3.2.2 moi bai todn ddong trén mang cé thé bién déi
thanh bai todn tudgng duong khéng ¢é ngudn va diém hut. P61 vdi bai
toan nay thi dong 0 1a chdp nhan duge va cé thé ding dé xudt phat
thuat todn.

Ngoai ra, & ddu Muc 3.6 dudi day s& ching minh 12 ¢ thé tim
ditge mdt dong chap nhan duge bing cdch gidi mat bai todn dong cuc
dai thich hgp. Khi d6 ta ¢6 dong (néi chung khdce 0) d€ xuat phat.

3.5.3 Mang thing du

(i st ta ¢6 mdt mang § = (b | A) va mot dong chap nhan duoe
x. Mang thdng du (residual network) dinh nghia cy thé dusi day sé
12 mét mang { = (N, A) ¢6 cling cdc nit, nhung csdce cung khdc va tai
néng khdc, lién quan dén pham vi cia dong c6 thé ddy thém vao céc
cung cia mang ban dau. Xét cung (ij) véi tai nang u; va dong chap
nh4n duge hién hanh X, Khi dé6 x; ¢6 thé tang thém téi u, - X, va
gidm di lLrUng tdi muce x. .. Tuong u‘ng, ta xay dung mang thang du (ng
véi mang (j va dong Chg'p nhén duge x) ¢6 cung (ij; véi tai ning u,
X va cf cung (j,1) vdi tdi néng X Nhu vdy déng trén cung (j,1) cua
mang thing du s& cé vai trd la lugng gidm dong trén cung (ij) cta
mang ban dau.

Céc yéu t6 khac cda mang thing du duge xdc dinh nhu sau. Cudc
phi ciia cdc cung s& phdn dnh su thay d6i cude phi & mang ban dau.
Cu thé la ta dit cho mang thang du cuée phi clia cung (1,j) 1a ¢.. va clia
cung (j,i) 14 - ¢, (vl mot don vi dong trén cung (j,i) 1a mdt don’ vi giam
dong trén (14} caa mang ban ddu, iing vdi sy thay déi cude phi - ¢,
Nguén trén mang thang du ta ldy bing 0 cho moi nat. Khi dé m01
dong chap nhan duge déu 1a hoan luu. Cuéi ciing ta bd di moi cung ¢
tai ning bang khéng trong mang thang du.

=]

oy



g

3.5 THUAT TOAN CHU TRINH CUOC PHI AM 119

H.3.11 minh hoa cdch xde dinh mang thiang du é (b) tuong Ung
véi mang va mot 0 < x,< th, . USHpeXg
dtng chiap nhén
duge da cho d (a).
Ta th4&y mang
thang du c6 thé
¢6 hai cung cé
cling cdc nit dudi @ = &, < iy, 0 < x,= u,
va dau. Diéu nay
méu thudn vdi
dinh nghia
chung vé 4 thi .
nhung khong giy phién todi gi. (O (b) ta ki hiéu u cho tai nang cia
moi cung.)

H. 3.11 (b

Bay gig gia s dong chép nhén duge x d4 c6 (tuong ung véi mang
thang du) mét vecto gia x sao cho x + x 14 dong chip nhén duge clia
mang ban dau. Ta sé& dinh nghia vecto dong % (cia mang thing du)
tuong Ung véi vectd dong gia ting x (tit dé 6 tén “théng du”!) nhu sau.

e Néu x >0,ta dat dong X, cda cung (i, j) (trong mang thang du)
bing x Xy . Khi dé X = xJ Sy - Xy tue la X, théa rang budc tdi ning
cha mang thang du.

. Neu x < 0 ta dit dong X cha cung (j, 1) (trong mang thing du
béng - x} idéx, =- X, S X, (do tinh chap nh4n duge cia x + x)
nén X, thda han ché’ tai nang & mang thang du.

o T4t ca cdc dong % . khdc chua duge xdc dinh bing hai cdch trén
déu duge dat bing 0.

Ta ¢é cdc nhan xét sau day.
{a) X, 2 0 & mol cung cia mang thing du.

{b) % 14 mot hoan luwu. That vay, ta ¢6 Ax = 0 tdc 12 véi dong x thi
dong tinh (net flow) vao thuc sy § mdi nit bing 0. Do d4, theo cdch
xay dumg %, déong tinh vao méi nit cia mang thing du ciing bing 0.
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Déng clia mang thang du thda (a) va (b) sé& duge goi 13 chap nhén
duge néu né théa moi han ché tai nang.

(¢) Cude phi cia dong % trong mang thing dubing > c.x. ticla
. _ R
béing cude phi clia dong gia ting X trong mang ban dau.

Nhu vay tir dong gia tang x ta cé dong % cda mang thing du c6
cdc tinh chat (a),(b} va (¢). Nguge lai, tir mt déng chap nhéan duge
cGa mang thing du ta ciing xay dung duge dong gia ting x cia mang
ban d4u sao cho x + x chap nhén duge va c'x bang cude phi ciia X trong
mang thang du.

Nhéan xét rdng mdi cung (i, j) trong mang ban diu, cé tdi nang
.. va cude phi ¢, déu din t6i hai cung trong mang thing du : cung (i,
N U o P
j) véi tai nang u- X, cude phi ¢ va cung @, 1) vdi tai nang X, va cudc
phi - ¢;. Nhung c6 th€ mét cung trong dé ¢6 tai ning bing 0 va bi bé
di.

M&bi chu trinh chua bao hoa trong mang déu cé tuong dng mot
chu trinh ¢6 huéng trong mang thing dv ma moi cung c6 tai nang
duong. That vay, néu {ij) 14 cung tién thi do chu trinh chua bio hoa
nén u;;~x, > 0 nén (ij}1a cung cé t4i ning duong trong chu trinh tuong
ung d mang thing du. Néu (i,j) 14 cung 1ii, thi chu trinh chua bao hoa
¢6 nghia la x,. > 0, nén trong mang thing du cé cung (j,i) vdi tai nang
x... Cung {j,1) s& 1a cung tién trong chu trinh ¢ mang thing du. Vay ta
6 chu trinh chi gdm cung tién, tie 1 chu trinh ¢ hudng ma tdi ning
moi cung la duong.

Dé thdy rang diédu nguge lai ciing ding : médi chu trinh ¢6 hudng
(v¢i tai nang duong 6 mdi cung) trong mang thing du déu cé ung vdi
mot chu trinh chua bio hda trong mang ban dau. Hon nira, cuge phi
ctia hai chu trinh nay trong mang tuong ing la biing nhau. Do d6, viée
tim chu trinh chua bao hda cudc phi 4m cé thé duge thuc hién bing
cach tim chu trinh dinh hudng cuSe phi 4 d mang thing du.

Trén H. 3.12 14 thi dy vé xay dung ddng chdp nhin duge % § mang

LIV
0”: ¢
2%
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thang dur (trén hinh
(d); chi vé& cdc cung
vdi ddéng khidce
khdng) tudng udng
vdi su tang dong x
(hinh {¢)) cia mang
ban dau va dong x
chdp nhdn dugce
(hinh (a)}. Tat nhién
dong x + x phai chap
nhan duge (biu dién
& hinh (b)). Céc s6 d
canh cung la cdc
dong. Céc sd & canh
it 13 cdc ngudn.

3.5.4 Diéu kién 161
uu

Bay gi¢ ta xét xem didu gi xay ra khi thuat todn két thic. Néu
thuat todn két thic vi ¢é chu trinh cude phi 4m vdi 6(c) = + © vax la
dong chdp nhan duge hién hanh, thi x + 6h* a chap nhan duge véi
moi & > 0. Cho 8 16n tity ¥ ta thiy cudc phi cua nghiém chdp nhén
duge dang nay 1a khong bi chin duéi.

Néu thuit todn két thiic vi khéng c¢é chu trinh chua bao hoa cude
phi 4&m thi Pinh li 3.5.2 dudi day néi riing ta da c6 nghiém t&i wu. Dé
ching minh dinh l nay ta c¢iAn bd dé sau day.

BO DI 3.5.1 (Dinh 1i phan tich dong). Gid s x > 0 la mét hoan luu

k

khde 0. Khi d6 sé ¢6 cdc hoan luu don gidn vd cd hudng xl o, x*va

cde s6 duong o, ..., oy sao cho

k -
X = z uix' .
i-1
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Hon nida, néu x la mét vecto nguyén thi co thé Iéy moi a, déu
nguyén.

CHUNG MINIL. V1 x khdc khong, & ¢6 cung (i, j) vdi x.. i > 0. Khi di h&ét cung
(i, j), do su bdo toan ddng tai mit j, phdi cé cung (j, 1) nio 46 vdi Xy >0d€ 1 di
1i€p. Lam ti€p qud trinh ndy s& phdi quay lai mot niit da qua, vi so nidt 1a hlm
han. Ldc nay 1a ¢6 mgi chu trinh ¢6 hudng mang mdt dong dudng. Gid sty x'1a
hoan lwu don gidn tuong ng v4i chu tinh nay va o, [a s& nhé nhit trong cdc
dong x;; trén cdc cung cia chu trinh. Khi do vectd x =X - 0.11(1 ¢é moi thanh
phin khong dm. Hon nita AR = Ax -« Ax =0 -0, nén & [2 hodn lw. Péng
thdi, do dinh nghia ciia o 56 thanh phan dudng cia X phdiit hon cGa x. Ta lam
lai v&i % nhu véi x dé du'q': hoan luu don gidn ¢6 hudng x° va o, > 0, rdi ticp
tuc qui trinh. Qua mdi budc, sé cung mang dong ducing gidm di it nhit mot. Do
46 sau eru han budce ta duge dong 0. Lic ndy ta di duge phan lichx =% a x'
ma mdi x' déu 14 hoan luu don gidn ¢6 hudng (ufc 12 chi gém cic cung tién).

Né€u x 12 nguyén, thi o 12 s6 nguyén va % 1a vectd nguyén. Do dé, theo
quy nap, néu ta bit ddu bdi mot vecis dong nguyén x thi moi ddng sinh ra trong
qué trinh trén déu nguyén va moi «, 13 s8 nguyén. O

DPINH Li 3.5.2. Dong chdp nhdn duge x la t6i uu khi va chl khi ung
vdi né khong c6 chu trinh chua bdo hoa cé cude phi Gm.

CHUNG MINH. "Chi khi". Gid st ¢6 chu trinh chua bio hoa cude phi 4m C.
Khi d6 x + El(c)hC 14 dong chap nhin dugce ¢6 cudc phi nhé han cudce phi eda x,
tifc 13 x chua 8] vu.

"Khi", Gid sif x 13 dong chip nhin dudc chira 181 wu, Khi d6 c6 dong chap
nhin dudc x + x ¢6 cude phinhd han, 1 Ja ¢'x < 0. Theo Muc 3.5.3 $€ ¢ rong
lrng trén mang thing du hoan luwu X > 0, chip nhin duge va ¢6 u.rdc phidm (=
C x) Theo B& dé 3.5.1ta ¢cé phiniich X = X o, <, _vdi a, >0va &' ]a cdac hoidn
luu don gidn ¢6 hudng. Vi & ¢6 cude phidm, it nhal mdt hoan hru &' ¢6 eude phi
dm. Do 46 mang thing dir chufa chu irinh ¢6 hwdng véi cude phidm. Theo 15 ludn
§ cudi Muc 3.5.3 mang ban diu ¢6 chu trinh chua bio hoa vdi cude phi 4m. O



3.5 THUAT TOAN CHU TRINH CUSC PHIAM 123

H.3.13 minh hoa su phén tich doéng: (a) Mét hoan luu khéng am
x {cdc cung ¢6 dong bang 0 khong can vé); {(b) hoan luu alxl; {c) dong

conlait=x- alxl; {d) hoan luu a2x2; (e) dong con lai x - a]xl - a2x2
1a hoan luu don gidn nén ta dit luén 1a a3x3‘ Nhu vay ta duge phan
tich x = (xlxl + u2x2 + a3x3.

H.3.13

1ef;
3.5.5 Su két thhic hitu han cda thuiat toan

Dé chimmg té thuat toan 13 ding, tie la thuc sy sit dung duge, ta
con phai ¢é tidu chuian ddm bao né két thie duge. D6 ciing 1a ndi dung
cda dinh i sau.

DINH Li 3.5.3. Gid su mot tdi ndng uy; déu nguyeén hodgc bdng +»
va thudt todn chu trinh cude phi 6m duoc xudt phdt bdng mét dong
chdp nhdn duoc nguyén. Khi dé

(i) Cdc bién dong trén cung vdn l¢ nguyén & moi bude ldp;
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(it) Néu cude phi 161 yu ld hidu han, thi thudt todn k&t thic sau
hitu han bude va ta nhdn duge nghiém 6t uu nguyén.

CHUNG MINH. Néu dong chip nhin dugc hién hanh 1a nguyén thi 6 rang
8(C) 14 nguyén hojc +oc vdi moi chu trinh C . Do d¢é sau mdt bude 1ap dong méi
nhin dudc ciing 13 nguyén, Bdng thdi sy gidm cude phi la G(C)icThCI, g diay C
12 chu trinh cude phi Am ma d budc fap niy di chon dé diy dong theo
né. Vig(Cy = 1, sy gidm cuGe ndy khong nhé hon v = ming TP, @ diy
minimum ldy trén moi chu trinh cude phi dm D. Viiy mdi budc lap lam gidm
cuée phi it nhat 13 v > 0 va ¢8 dinh. Do dd, nu cude phi 181 vu 1a hitu han thi
thudt todn phai két thuc sau hitu han budc.d

CHU Y 351 (a) Ngoai két luan vé tinh két thic hitu han, Dinh i 35.3 cing
néi vé tinh nguyén cia nghiém 161 wu ddng nhy He qua 3.3.5 (ii).

(b) Diéu ngac nhién la, khéc vai phuong phap don hinh, rhujt rodn
chu trinh cue phi dm khéng ddm bioe két thic hitv han néu tai niing cde
cung khong nguyén, ngay ca khi cude phi t6i wu 1A hiu han. Ma i do o
thé 13 sau méi budc cudc phi déu co gidm thuc sy, nhung lugng giam ngay
cang bé din, do dé ¢ thé cudc phi clia dong hién hanh khong hai ty dén
cudc phi t61 uu.

Ngudi ta ching minh dude riing v6i quy téc chon chu trinh cude
phi 4m thich h¢p thi ddm bdo thuit todn két thiic hitu han. Hai quy
téc chon nhu vay la:

(i) Quy tdc cdi thién nhiéu nhat: Chon chu trinh ecude phi 4m cé
su cai thién cude phi 8(C)1 ¢ h®1 16n nhat. Tide ring vide tim chu trinh
nay 12 kho.

(i1) Quy tAc cude phi trung binh: Chon chu trinh cude phi 4m c6
fc'hl
k(C)
thay ring viée tim chu trinh nhu vay khéng khé 1dm (Bai tap 3.20).

16n nhat, ¢ diy k(C) la sd cung trong chu trinh C, Ngudi ta
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{c) Khi cudc phi t8i uu 12 -«, thuat todn cé thé két thiic khéng
hitu han, ngay c4 khi tdi nang cia cdc cung la nguyén. Vi vay ta phai
kiém tra xem cude phi t6i w1 ¢é hitu han khéng trude khi b4t dau thuat
todn.

3.6 BAITOAN DONG CUC DAl
3.6.1 Dit bai todn. Sy tén tai nghiém

Mot trong cac bai todn dong trén mang quan trong nhat phat
biéu nhu sau.

BAl TOAN DONG CUC DAL Cho mét d8 thi ¢6 hudng ( = (A, A)
cd tdl ndng cdc cung la u., i (i,j) € A, ¢6 thé bing +o .Gid sisvatla
hai nit dic biét, goi tu’o’ng img la ngudn va di€m hiit. Bai todn d#t ra
la tim dong 16n nhat ¢6 thé chuyén qua mang tif s tdi t.

Phdt biéu todn hoc ciia bai todn 13

max bs,
Ax = b,
b, =-b,

lui =0, Vi#s,t,
0= X, < uy vit, ) e A

Ta thdy muc tiéu & day khdc vdi bai todn dong trén mang. Gid
tri clia b, s& goi la gi4 tri cta dong chdp nhan duge tuong ng.

Bai todn déng cuc dai ¢6 thé duge dua vé bai todn dong trén mang
da xét trén day bing cdch sau. Trude hét, ta phai dua vao cdc <, . Ta
dat c; =0, ¥(i,j) € A. Ta v& thém cung mdi (t, ) vdi u,_ = +o vél c,

= -~1. Txm cuc tiéu ham muc tiéu Z:u; Xy =X, d bai toan dong trén
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mang méi duge dit, do 46, chinh la tim déng chap nhan dugce sao cho
x,. 14 16n nhat. Nhung vi bai todn mdi dat khdng c6 nguén va diém
hit nén toan bé dong nay phai di qua mang dé tir s quay lai t. Vay
x,, chinh la gid tri nghiém cda bai todn dong cyc dai ban dau.

Nguge lai, viée tim dong chdp nhdn duge clia bai toan dong trén
mang ¢6 tai nang han ché cé thé dwa vé gidi bai todn dong cyc dai
nhu sau. Trude hét ta bd cac hé s6 ¢, di va dua thém vao nit nguén s
va nit hit t. Ta vé thém cung (s, j) tdi mdi nit j 6 bj > 0 va dat tai
ningciandlau = bJ. va cung (i, ) tif méi nit i cé b, < 0 va dat u, =
-b.ViXb =0tacél u, = 2 u, ;= w. Bay git ta dua vao khai niém
cét, dung dén nhiéu cho bai todn doéng cuc dai.

Mat tap con S cua tap cdc nit A duge goi 12 mot cdf (cut) hoac
cu thé hon, s.t cdt cda bai todn dong euc dai ndus € Svat ¢ S. Dung
lugng (capacity) C{S) cla cit S 12 téng tai ning cla cdc cung di tir S
ra ngoai phdn bu cia S, tic 1a cdc cung c6 duéi thuje S, ddu khong
thudc S. Vay

CS) = > u; .

(ilye.'m1€8,j¢8

Moi dong di tir s d&n t ¢6 thé tach thanh hai phéan l1a téng cac
déng trén cédc cung ra khdi S trir di téng cde dong trén cdc cung quay
nguoe lai S. Tdc 12 méi vecto dong x c6 mot gia tri v (chinh la dong
tis dén t):

v X X - 2 x. (3.15)

Jje5, kel ieb,je8
N6i riéng, néu taldy S={sithi v= ) x_ hoae S = A \ {t} thi
kzs

Vo= Z X s vi ta sé& ludn gia thiét 1a trong mang khéng cé cung dang
j=t
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(i, 8), tiic }a cung s& di dén ngudn, va cing khong cé cung dang (1, j),
tie 1a cung ra khéi diém hit. Tir(3.15) ta thay ngay la gid tri cda moi
ddng chap nhéan duge (tit s dén t) phdi thda

v £ C(8), (3.16)

véi moi ¢4t S. Vay dung lugng ciia bat ki ct nao ciing 1a mdt “c8 chai”
ma dong cuc dai khong thé vugt qud duge.

Bay gid quay lai bai todn dong cuc dai ta vua lap tirbai toan dong
trén mang. RS rang gid triw =Y u =2 u,la dung lugng cla cit
gdm chi ¢6 nut s (va ciing 1a dung luong cha cit gdm mei nut, chi tric
niit t). Do dé, theo (3.16) moi dong chdp nhéan duge cha bai todn dong
cuc dai dang xét déu c6 gid tri khong qud w. Cu thé hon la déi véi
dong x chap nhan duoc cda bai todn dong cuc dai nay thi ba khing
dinh sau la tuong duong

(i) gid tri cia x la w ;
(it} X, = Uy vgl moi cung (s,J);

(iit) ¢, = u, vot mot cung (i,t).

Dé thdy dong chdp nhan duge cia bai todn dong cuc dai (ma o6
gid tri w) luén la dong chap nhan duge cta bai todn dong trén mang
ban dau (vi ¢ cdc diém ngudn va diém hit luat bao toan ddng dugce
théa do (ii) va (iii); cdn & cac nit khac thi sy bdo toan dong ¢ hai bai
to4n 12 nhir nhau). Ngugc lai, méi dong chdp nhén duge cia bat todn
dong trén mang phai théa (ii) theo sy bao toan dong d cac diém ngudn
{(viu J_b ), nén phai la dong chip nhéan duge véi gia tri w cia bai toan
dong cuc dai tuong Ung (theo cdch dat cha ta trén day).

Vay ¢6 thé tim dong chip nhan duge d€ xuat phét thuat todn chu
trinh cudc phi 4m blng cach gidi mét bai toan dong cyc dai xem cb
dung dong cyuc dai c6 gid tri w khong, nhu da néi trude ¢ Muc 3.5.2.
(Chi ¥ 1a theo (3.16) dong chap nhan dugce cia bai todn dong cuc dai
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dang xét ma cé gia trnn w phai la dong cuc dai.} Cu thé 1a : bai todn
dong trén mang cé tai ndng han ché ¢6 nghiém chap nhan duge khi
va chi khi bai todn dong cuc dai tuong iing (14p nhy trén) ¢é dong cuc
dai v6i gid tri w. Dinh 1i sau diay khing dinh mét nhén xét tric quan
1a dong cuc dai trong bai todn dong cue dai bat ki chinh bing "¢ chai”
hep nhat. N6 duge céng bé doc 1ap nhau bdi [Fulkerson - Dantzig
1955], {Ford - Fulkerson 1956a| va [Elias - Feinstein - Shannon 1956].

DINH LI 3.6.1 (Binh li déng cuc dai edt cue tidu). Dot vor bai todn
diong cuc dai dung mét trong hai truong hop sau s xdy ra:

(i) c6 dong chdp nhdn duoe véi gid tri lon tuy y va moi cdt déu
cé dung lugng vé han;

(i) tén tai dong cuc daoi vé gid tri cda nd la cue tiéu cia dung
luong ctia tdt cd cde cdt.

CHUNG MINIL {i) Ta dwra bai todn dong cuc dai vé& bai todn dong trén mang
tuong ng theo cdch trén ddy. D1 vdi bai todn ddng rén mang bt ki s& ¢6 ba
kha nang: (a) gid tri myc tiéu ¢6 thé 1dn 1wy ¥, do 46 ¢6 dong ¢chdp nhin dudgc
vdi gid tri 16n tly ¥; (b) c6 nghiém (61 wu; (¢) khdng cé dong chap nhdn dudc.
V@i bai todn dong trén mang trong ifng bii todn dong cuc dai thi ludn cd dong
chap nhin dudgc 13 Xij = 0, ¥(i, ) € _A. Vi vay chi con hai khd niing (a) va (b).
N&u xdy ra (a) thi moi cit déu ¢é dung litgng vo han theo (3.16).

{ii) N&u x4y ra (b) thi nghiém 18i wu phdi thda diu kién 45 I¢ch bd

x; =0 mbi khi P+ C; > Ppr (3.17)

x; =u, moi khi p +¢; <p;. (3.18)

(Pay la md rong k€T ludn & Muc 3.4.3 khi bai todn ¢6 tdi ning han ché,
ddc gid co thé€ thira nhin hodc 4 ching minh.) Néi riéng, vi U, =+ovic = -
1 ta phdi 6 p_~ 1 >p. Do d6,13p S tdt cd cdc nidt k ¢6 tinh chi't p, > p_phdila
mét cAt (vind khdng chia ). Vi ¢; =0cho moi cung (i, j), chitrtr cung (1. $), nén
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(3. l'?)suyrax =0nfujeSviieSva3. 13)suyrax =u, neuJeS ieS.
Céng thic (3. IS) do d6 s€ suy ra 1a gid trj cia dong X 161 u‘u cua bat todn dong
trén mang s€ 1a dung Iwgng cla S. Vi vay x 13 dong cifc dai theo (3.16), Ciing
theo cong thifc nay it § ¢6 dung Igng nhd nhit trong (31 ¢ cdc cit. €]

3.6.2 Thuit todn Ford-Fulkerson

T4t nhién c6 thé dua bai todn dong cyc dai vé bai todn dong trén
mang va dp dung cde phuong phép téng quat 1a phuong phdp don hinh
mang va phuong phép chu trinh cude phi 4m. [Ford - Fulkerson 19564,
1957] da dua ra thuét toan st dung khéi niém dudng di ting dong va
ding thu4t todn danh ddu d€ tim dudng di tang dong. Thuat todn
Ford-Fulkerson tdn dung cau truc riéng cia bai todn dong cue dai, cé
thé ching minh duge tif thudt todn chu trinh cude phi 4m. Trong muc
nay ta sé ching minh thujt todn Ford-Fulkerson mét cdch khéc, dgc
lap vdi phuong phdp chung néi trén.

Cung can néi thém ring 4p dung thuft todn nay ta cing ching
minh duge Dinh i 3.6.1 vé dong cuc dai ¢it cuc tidu (xem [Bertsimas-
Tsitsiklis 1997]).

PINH NGHIA 3.6.1 (Pu¥ng di tang dong). Cho xla métvectd dong chip
nhan dugc cua bai todn dong cyc dai. Dudng di tdng déng {(augmenting path)
la m&t dudng di tir s téi t (diém ngudn va diém hat, tudng thg) sao cho X; <
u; & cac cung tign va x;>0 d céc cung Iti, § moi cung cla dudng di.

Nhin xét riing dudng di tang dong c6 vai tro nhy chu trinh chua
bdo hda, nhung khéc véi bai todn dong trén mang, ¢ bai todn dong
cye dai ta phai xét ede dudng di tir diém ngudn dén diém hit. Thye
ra cing c6 thé goi dudng di tang dong 1a dudng di chua bio hoa tir
diém ngudn dén diém hit. Tir dinh nghia, rd rang ta c6 thé ddy thém
mét ddng, hay néi khéc la 1am sy tang dong (flow augmentation) doc
theo duding di tang dong P mét luong thich hgp ma céc rang bude cia

9 VANTRUHOC-A
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bai toan vin thda. Lugng dong ddy thém

nay chi cdn khong vugt qua

B(P) = min { min (u].d. - xij), min X;; l
upeF (e B J

L3

& day, cliing nhu truée, ta ki hiéu, F va

B la tap cdc cung ti€n va tdp cdc cung

H. 544 lui trén dudng di, tuong Ung. Ching han

vdi bai todn dong cuc dai ¢ H.3.14, véi

u, =1, ¥(i, j), va céc s6 canh cung la dong trén cung X, clia dong chap

nhan dugc x hién hanh, dutng di P ¢6 td diam la mét duong dj ting
dong va 8(P) = L.

THUAT TOAN FORD-FULKERSON

1. Xudt phat tit mot dong chdp nhan duge x.

2. Tim mdt dudng di tang dong P. Né&u khong cé thi thuat toan
k&t thic. Néu cé, tiép doan 3 duéi day.

3. N&u 8(P) < « diy 8(P) dan vi dong theo duong di P dé dugc
dong chdp nhan duge mdéi roi quay lai doan 2.

N&u 9(P) = +x thuat toan k&t thue.
Trong hai muc nhé sau day ta sé ching minh sy dung din cda

thudt todn va cach thuc hién cu thé.

1. Cdch tim diong di téng dong. Ta sé st dung thuat todn danh
diu c6 noi dung nhu sau. Mot duong di théa min Binh nghia 3.6.1
vé dusng di tang dong, nhung chi di tU s d8n nit k nao dé (chua tdi
t, néi chung) sé duge goi 1a duong di chua bio hoa (unsaturated path).

Ta néi nat i 1a da danh déu (i is labeled) néu ta biét la ¢6 mét
dudng di chua bdo hoa tir s téi i. Bay gig ta sé xét tat cd cdc nat j ¢b

9 VANTRUHOC-B
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ndi true tiép dén nit i (s& goi la & canh nut 1) xem ching ¢6 thé duce
" ddnh dau hay khéng khi i dd d4nh dau. Viée nay dude goi la quét
(scanning) niit i.

Néu (i, j} ¢6 dong trén cung X, < u,; thi ta c6 thé néi thém cung
{i, j) va dudng di chua bao hda P tir s dén i d& duge dudmg di chua bao
hda téi j. Vay j c6 thé ddanh dau.

Tuong tu néu (j,i) ¢é x. > O thi ta ciing thém cung nay vao P dé
thay j ¢4 thé d4nh dau.

Goi I 1a tap moi nit da ddnh d4u nhung chua duge quét. Ta c6
thuat toan sau dé tim dudng di ting dong.

THUAT TOAN DANH DAU (The labeling algorithm)
Xuat phat vdi I = (s} va s 14 nuit da danh dau duy nhat.
Mot bude lap s& ¢6 | hién hanh va gém ba doan nhu sau.

1. Néu t € I hoac I = @, thuat toan k&t thic. Nguge lai thi chon
mét niit i € I dé quét va dua né ra khoi 1. Xét tat cd cde nit canh i,
tifc 12 xét mei cung cd dang (i, j) va (j, 1).

2. Néu(i,j e A, x,; < U, vdj chua ddnh d4u thi danh dau né va
dua j vao tép L.

3. Néu G, i) € A, X, > 0 va j chua ddnh dau thi ddanh d4u né va
dua vao téap I.

Bay gio ta xét két qua cia thuit toan ddnh dau. Né c6 két thuac
hitu han hay khéng? Nhan xét ring mét mit duge vao tap I chi khi
chuyén tir chua ddnh ddu sang duge ddnh ddu. Do d6 mét nit chi duge
vao I nhidu nhat 1a moét 1dn. Ma méi bude 1ap bd mdt mit ra khéi 1.
Do d6, vi s nit cia mang 14 hitu han, thuat todn phéi két thic hiu
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han.

Lic thuat todn két thic, két qua ra sao? O doan 1 cda thuat tosn
¢é néi hai trutmg hop két thiic,

(i) N&u thuat todn két thie vi t duge ddnh dau, thi ¢6 mét duomg
di chua bdoe hoa tir s dén t, tite 1a mét dudng di ting dong. Puong di
tang ddng nay duge chi ra cu thé nhu sau. Trong qu4 trinh ddnh dau,
khi nit j duge danh ddu lic quét niit i (da duge ddnh d&u trude) thi ta
ghi lai nit i I4 cha cia j. Khi thuit todn dimg & niit t ta di nguge lai
dugc cha ciia t, r6i dén cha cdia né (6ng cia t) .... Dén khi quay lai dén
s thi ta khdi phuc duge dudmg di tang dong (tir s dén t).

(ii) Néu thuat todn két thic vi I = & thi s& khéng c6 dudng di
tang dong. That vay, goi S 14 t4p cdc mit da ddnh d4u cudi cling. Gia
st phan ching 1a c¢6 duong di tang ddng. Vis € Svat ¢ S nén phai
c6 hai nut ké nhau trén dudng nay laivajsaochoiec Svaje S. Vi
day la hai nit ké nhau trén duting di tang dong nén hotc (i, j) € A
va X;; < U, hosc (j, 1) e A va X > 0. Trong ca hai truyng hop ta thay
nit j lai phai thuge S, vi né phai duge danh dau khi quét nit i. Mau
thudn nay ching té khéng c6 dudng di ting dong.

H.3.15 cho thi dy mét bai todn dong cye dai, di c6 mot dong chap
nhin duge. Ta hay tim dutng di tang dong theo thuit todn ddnh dau
xuft phat véi I = is). Ta quét s va dua s khéi I. Nit 1, 2 duge ddnh
d4u.

Budc lap 2, véi I = {1,2}. Quét nit 1. Nut 4 duge danh d4u.

Budc 1ap 3: I = (2,4}. Quét nat 4. Khong c6 nit ndo duge ddnh
dau.

Buée lap 4: I = (2}, Quét nit 2. Niit 3 duoc danh d&u.

KL
£ e
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Bude lap 5: 1 =
(3}. Quét niat 3. Nut t
duge ddnh dau.

Ta két ludn 1a c6
dudng di ting dong.
D& x4c dinh né ta lan
nguge fai. t duge ddnh
dau khi quét mit 3. 3
duge ddnh ddu khi
quét 2. 2 duge ddnh
ddu khi quét s. Vay
dudng di tang dong la s, 2, 3, t.

Cudi ciing ta xét dd phiic tap tinh todn clia thuit todn d4nh diu.
M3i bube duge quét mot 14n 1a eling. Mdi cung duge xét khi dau hodc
dudi duge quét, tirc 12 nhiéu nhat 1a hai 1an. Khi xét mot cung chi cén
mdt s8 nho, ¢6 dinh cdc phép todn sé hoc. Vi vy dé phiic tap tinh
todn cia thuét todn ti 1& vdi s8 cung, tic 1a O(1 _A1). Vay, téng két lai
ta ¢6 dinh 1i sau.

DINH Li 3.6.2. Vdi dong chdp nhdn duoc cia bai todn dong cuc dai
hién hanh dd c6, thudt todn ddnh ddu dung & viéec ddnh déu t khi va
chi khi c6 duong di tang dong. D6 phite tap tinh todn la O(1 Al), tic
la thudt todn chay trong thot gian O(1_AL).

2. Su két thic ctia thudt todn Ford - Fulkerson. N&u thuat todn
két thic vi 8(P) = o, ta dd c6 mot dudmg di ting dong ma c6 thé ddy
theo né lugng dong lén tuy ¥.

DINH Li 3.6.3. Néu thudt todn Ford - Fulkerson két thiic vi khéng cdé
dudng di tang dong thi dong hién hanh la t6i uu.
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CHUNG MINH. Goi 5 13 tdp cdc nit dd ddnh diu khi thudt wodn k&t thic.
Theo dinh nghfa v& ddnh ddu, S gbm cdc nit i ma cé duding di chara bao hoa tir
s dén i. Vi thudt todn ddnh ddu xudt phat i snén s € S. Vi khéng c6 duding di
ting dong nént ¢ S. Viy S 1a mot it

M@bicung (i.j) € A v8ii € S, ] & S phdi ¢6 dong hién hanh x, = uy (trdi
1ai thi j phdi dugc dinh ddu). Vay tdng dong ra khdi S chinh bing dung fuong
C(S). Hon nifa, méi cung (i, j) € A v8ii¢ S, e S phdicé X, = 0 {trdi laithii
phai duge dinh diu). Diéu ny nghia 11 dong ra khoi § khéng thé trd 1ai S. Do
d6, khi thudt todn Ford - Fulkerson két thiic, gid tri ciia dong tirs dén t phiibing
C(S). Nhung theo (3.16) gid tri cila dong bilt ki khong dude qud C(S). Viy dong
hién hanh di i wa.

Pinh li sau ddy néi v& nghiém nguyén va su két thic hitu han.

PINH Li 3.64. Gid stz moi L la nguyén hodc vé han va thudt todn
Ford - Fulkerson bdt ddu bdng mét vecto dong chdp nhdn duoc nguyén.
Khi dé moi dong chdp nhdn duoc qua cde bude déu nguyén, Néu, them
vao do, gid tri £6i wu (tie lg gid tri dong cue dai) duoc bist la hitu han,
thi thudt todn két thic sau hdu han budc.

CHUNG MINH. Pinh li ndy ¢6 thé dudc chitng minh nhu hé qud cta Binh li
3.5.3. ( diy ta chitng minh tryc ti€p. Nhdn xél ring néu ddng hién hanh 1a
nguy€n va moi cung ¢ 1di ning u nguyén hodc vd han, thi moi dudng di P déu
¢6 B8(P) nguyén hodc v& han. Viy tirh nguyén cda dong hién hinh duge duy tri
& moi budc 1ap. Gid tri dong nhin dude qua mdi budce lap ting it nhat ia 1 (vi
6(P) nguyén). N&u gid tri dong cuc dai 1a nguyén thi thudt 10dn phdi k&t thiic
sau hifu han budc, khi gia tri ddng nhin dudc dat dén gid tri ndy. []

Néu cdce u;; déu 12 =& hitu ti thi thuit todn Ford - Fulkerson vin
két thie sau hitu han bude vi ta ¢6 thé nhan cac wi véi méu 56 chung
nhé nhat dé duge bai todn tuong duong véi tdi ning cde cung déu
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nguyén. Tuy nhién ngudi ta tim dugc thi du cho thiy néu c6 u,, vé ti,
thuat todn c6 thé khang két thic duge, mac du gid tri dong t81 uu la
hifu han. Tham chi cé thé gid tri dong tang don didu qua cdc budc 13p
va ¢6 gidi han nhung giéi han nhé hon hén gi4 tri t8i wu. May méin
ring vdi “trudng hgp vé ti”, néu ding céc cach chon dudng di tang
dong dac biét, thuat todn van két thuc sau hitu han bude. Ching han
ngudi ta chimg minh duge ring néu chon dubng di tang dong c6 s6
cung it nhat cé thé duge thi thuit todn két thic sau 0(| AL TN bude
1ap. Mdi budc kap cé d¢ phic tap la 0(1 A1) theo Dinh i 3.6.2. Do do,
do phite tap ciia thuat tosn 1a 0(1 A1 k1),

Ta hay xét mdt thi du don gidn vé dp dung thudt todn Ford -
Fulkerson. Gia sif ta xust phat tir ddng chap nhén duge 0 cho mang
& H.3.16 (a). O day cédc s ghi canh cung 14 tdi nang U Con cac s8
ghi canh cung & (b), (c), (d) va (e} 1a ddng trén cung. Dudng di to6 dam
& (b) 1a mot dudng di tang dong véi 8(P) = 1. Sau khi déy lugng ddng
6(P) theo P ta dugc dong ghi ¢ canh céc cung cia P. Pudng dam § (c)
1a mé6t dudng di ting dong véi 8(P) = 1. Sau khi tang lugng dong nay
ta duge dong ghi & cdc cung. Hinh (d) ciing tuong ty. Dong & (e) sau
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khi ting c6 gia trila 6. O day khong c6 dudng di tang dong nita. Theo
Dinh 11 3.6.3 thi dong da 1a cyc dai. Pidu nay c6 thé thay tryc tiép vi
téng tdi niing céc cung roi khdi s bing 6, nén s nay 1a mot “c chai”

khéng thé vugt qud.

3.7 BAI TOAN PUONG NGAN NHAT

Bai todn dudng ngdn nhét (shortest path problem) 1a mét bai
todn quan trong ndy sinh tif nhidu bai to4n thue t& vé van tai, mang
théng tin, diéu khién t6i wu,.... C6 thé ph4t bidy mét dang todn hoc
chung cho cdc bai todn nhy vﬁy thanh bai todn dong trén mang nhu
sau. Cho mét dd thi c6 husng (N, A). M3i eung (i, j) ¢6 cutée phic, >0
chinh 12 44 dai cda cung, D€ tim dudng ngdn nh4t tit mét nit s ' den
mét mit r ta s& thdy 14 cAn tinh dudng ngdn nhat tir nhiéu hodc tham
chi moi nit khde r t6i ndt r. Vi vay ta goi bai todn dudng ngén nhat
1a bai todn tim dudng ngin nhat tit moi nat trong A tdi mét nitr e A
cho trude, goi 14 nit gée (root node). D& dua vé bai todn dong trén
mang, dit b, = 1 cho méi nit i # r va

-2 b

i#r

Ta c6 thé giai bai todn dudng ngdn nhat bing thuit todn don
hinh mang. Pudng ngin nhat tir nat i t6i r chinh la cdc cung thude
cdy bao trum t6i wu T ndi tir i dén r (chd y day 13 dudng di ¢6 hudng,
trong duting di khéng 6 cung lbi). Ta c6 ngay dé dai dudng di ngdn
nh4t nhu sau. Vi

P, - p=¢; Vi, eT,

nén chj trén cdc cung tiri dénrsé la p: - p:, o ddy p‘ la vecto nghiém
d6i ngiu t5i uu.

‘o,
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_ Cé nhiéu cdch gidi bai todn dudng ngédn nhait nhanh hon thuat
todn don hinh mang. U day ta chi gi6i thiéu hai thuat to4n,

3.7.1 Thuat todin sWa nhin

Goi v, 12 d¢ dai dudng di ngdn nhat tit nit i t6i mit r. v, cling duge
goi 1a rhdn (label) cda nit i. RS rang

v. =0

Xét cung (i, j). Néu dudng ngén nhat tir i t6i r ¢6 ding cung nay thi
v,=¢; v Né&u tir i ¢6 nhiéu cung qua cdc mit khédc nhau, thi duong
ngﬁn nhat phadi chon cung tét nhét trong dé, tic 1a

v, =min {e;+v. : (i,]) e Al (3.19)

(3.19) goi 1a phuong trinh Bellman (Bellman’s equation). N6 ¢é thé
duge giai thich nhu sau. O dudng di t6i uu (trong bai todn dang xét i
dudng di ngén nhat ), khi xét & thoi diém bat ki j, bit budce tir doan j
tdi dich phai 1a t6i wu ( khi ta chua xét gi dén doan trude, § déy la
cung (i, j) ), nén khodng cdch tir j dén dich phai 1a v, Tir d6 mudén
dudng Ia t6i wu tir i, ta phai tim cyc tiéu c +v, véi moi (ij) € 4. Day
1a ndi dung cia nguyén i t6i vu (principle of optimality) ciia Bellman
trong quy hoach dong (dynamic programming), 1A mdt 1y thuyét thuat
todn ph4t trién bdi Bellman, d& gidi rat nhiéu bai todn téi wu, nhat
12 cde bai toan diéu khién.

Tiu phuong trinh Bellman, rd rang tip cdc cung ma dudng ngdn
nhat téi r cé di qua la
((i,j) e Arv, = c+vh

Téap nay cé thé chita cdc dudng ngdn nhat khdc nhau tir ciing mét nit
nao ds t6i r. Do d6, néi chung tap nay khong phai 12 mot cdy. Tuy
nhién dudng di doc theo cdc cung nay téi r sé déu 1a dudng ngédn nh4t.
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Dé gidi bai todn dudbng ngdn nhat ta phai gidi phuong trinh
Bellman (3.19}, 14 mft hé cde phuong trinh véi dnla v, i e A.

Y tudng clia thudt todn sila nhan (label correcting algorithm) dé
gidi (3.19) 12 ta dit trude coi nhu xap xi nghiém nhan v, ,] € N thay
vao v& phai (3.19) d€ tinh vé& trai. O bude tiép theo, ket qua vira tinh
dugc lai thay vao v& phai. Nhu vay day ciing 1a m{t phuong phdp xdp
xi lién tiép {method of successive approximation). Cu thé nhu sau.
Chon cdc nhan xuit phat la
9 { 0 néui =r,

+w0 néu 1 # T.
J mbi bude k ta sita nhan bing phitong trinh Bellman :

0 néu i = r,
. k . . A
min {c; + v;: (i, Ned)l néu i # r.

Ta xét kha ning két thic hitu han clia thuit todn. Thuit toan
dimg khi moi v, khong thay d8i qua mgt bude. Ta s ching té thuat
todn phai két thiic sau khéng qua n = | Al bude. Chi ¥ ring v¥ chinh

Ia d6 dai dudng ngén nhat tir i tdi r chita khong qud k cung. Vi dutng
ngin nhat cin tim di qua méi niit cing 14m mét 1an nén thuit todn
khéng cé qud n buée lap.

Vi & mbi bude ta phai nhin dén moi cung nén s6 phép todn cing
hoic so sdnh s dung trong thuit todn 14 cd nm.

3.7.2 Thuat toan dit nhian (thuit toan Dijkstra)

Thuit todn nay, cong bé trong [Dijkstra 1959], té ra hiéu qué hon
thuit todn stra nhin, qua thuc t& sit dung cho thay. Y tuéng cla thuat
todn la ldn lugt tim dudng di ngin nhat to méi ndt dén nit goc ki
hiéu la n, b4t dau tir nit ¢é duéng nay ngin hon c4, rdi theo thy tu
it cé dudng ngédn hon lam trude.
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Néu mat cung néi i va j khéng ¢6 ta coi 1a o, = + d€ coi 14 moi
cap nit déu c6 cung ndi. Vi nghiém bai todn d6i nglu duge xdc dinh
sal khdc hing sé cong nén ta dat p; = 0. Do dé dudng di ngdn nhat

tu nit i dén n la p.:. Thuat todn dat nhan xdc dinh p.l' va duting ngin

nhat cu thé ¢6 do dai dé nhu sau.
Déu tién ta tim nit [ 6 p; < p, Vi # n. D6 12 nat I sao cho

¢, =min ¢,
i#n

va khi d6 p, = ¢, .

Thét vay, mbi dudng di téi n phai cd cung cudi cing ¢é dang (i,n)
mac, >c, . Dodé p; > ¢, Vk = n. Riéng vdi nit [ ta lai c6 thém tinh

-TL

chat p; <c,. Vdyp; =¢, <p;, Vi#n

Vay ta da duge duong di ngdn nhat tit [ dén n. DE tim tiép dudng
ngin nhat cho nit thit hai ta tim cach ¢6 mang mdéi, bét di mit I va
lam lai nhu da lam & trén. Xét nit 1 bat ki. Mot trong cde cdch di tu
i dén n la qua ! bing cung (i, ). Khi da &/, thi dé di ngén nhit tat
phai di theo cung (I, n). Ta 461 lai mang nhu sau. Thay hai cung (i, 1)
va (I, n) bdi mét cung thém vao la (i, n) c6 49 dai c,+c, . Sau khi lam
nhy viy cho moi mit i # n, i # [ ta bé nit / di. Chi ¥ ring ndit i (bat
ki) bay gid c6 thé c6 hai cung téi nla (i, n) va (i, ny. Ta sé thay hai
cung nay bing mét cung, cing ki hiéu la (i, n) nhung véi do dai la

min (¢,

¢y + Tl
Nhu vay ta da duge mét bai todn dudng ngin nhat mdi chi ¢6 n-1 nit.

Ta lai lam nhu véi mit { § trén.

Mbi buée lap cho ta thém dudng ngdn nhat tit mot nit va bai
todn mdi bét di nit d6. Do d6, sau n — 1 budce thuat todn k&t thuc.
Té6m t4t nhu sau,
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THUAT TOAN DAT NHAN (label setting algorithm)
1. Timnit / = nsaocho ¢, <c_Vi#n Dit P, =¢.

2. Véimbiizln, dat ¢, méi

c. ! =min {c

in in? cit + c!n}'

3. BS nit { tir d6 thi va lam lai doan 1 véi dé thi méi.

THIDY 3.7.1. Xétbaitodn § H.3.17, vdin =4 va cdc s canh cung |3 chidu
dai cung, J (a) 12 bai todn dudng ngdn nhit. Tacé =3 vi p; = 1. Ta thuc hién
doan 2 12 sifa d6 dai cung:

¢, :=min [ », 9 + 1} = 10,
Cpq = min {7, 8+ 1) = 7.
Sang doan 3 ta bd nit 3 va dudc 43 thi mdi & (b).

Thyce hién budc 13p hai vdi mang méi. Ta laicé !
=2va p; =7, Ti€p theo 13 sita d6 dai cung:

¢, =min{[0,2+7}=9.

Niit 2 bi bd di. Ta chi con nit I 1a khc n nén p;

chinh 14 ¢, hién hanh, wc la p; = 9.

Ta xem xét 49 phiic tap tinh todn cta thuat
toan dat nhan. G mdi buse 13p ta phéi so sdnh
cdc ¢, réi sifa cac d dai cung ¢, . Céde viée dé6 chi
cdn O(n) phép todn sd hoc. Ta ¢6 n ~ 1 bude, nén dé phie tap tinh
todn cha ci thuat todn 1a O(n?).

H.3.17

Déi véi cdc dd thi nhidu canh, ¢ 0(n®) canh, ta thay thuat todn
bat ki d€ gidi bai todn dudng ng4n nhat déu cén it nhat On?) phép
tinh s6 hoc vi mdi cung phdi xét it nhat mét 14n. Do d6 thuat todn
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Dijkstra la t&8t nhat réi.

D61 v6i c4c d6 thi thua, '6i m nhd hon n nhidu thi ngudi ta ching
minh duge d§ phdc tap tinh todn clia thuat todn Dijkstra la O(mlogn).

Béc gia 6 thé doc vé thuat toan Bellman - Ford, mét thuat toan
khdc khd théng dung trong [Bertsimas - Tsitsiklis 1997).

BAI TAP CHUGNG 3

3.1. X6t d8 thi vo husng (M, ). Hai nat i va | trong A duge goi 1a théng nhau
(connected} néu cé mét dudng di tr i t6i j, ki hidu ta i~ j.

(a) Ching minh rdng quan h& ~ trong A 14 quan ha tuong duang (tic 1A thda cac
tinh chdt phan xa, d6i xing va bic cdu).

{b} Phan hogch M ra thanh cac tap M., ..., M, sao cho hai nut thudc ciing mét

tap con khi va chi khi ching théng nhau. Chiing minh ring rank A = | i - k, & day A1a
ma tran néi.

3.2, Loai bd cdn dudi clia dong. Ching minh ring néu trong bai todn déng rén mang
6 rang budc vé can dudi déng %, 2 d, thitacé thé dua vé bai todn tudng dudng vdi ¢

=0vdimei(i.j) e A Goiy: E)al x =X d va 1ap bai toan mdi cho X Céc b sé thay
do: thé nao?

3.3. Bai todn thi ddu - tournament probiem. C6 n ddi thi ddu véng trdn va cac tran
khéng dugc cé két qua hda Gia sk x 14 s6 trin thAng cla d6i i va X 1A 1&p mei vecto
{X,.-. %) k€t qué co thé co. Bai toan dat ra fa phai xac dinh xem mot vectd (g %)
bat ki ¢6 phdi thudc X hay khong. Hay dién dat thanh bai todn dong trén mang.

3.4. Mot cong ti khai thac g8, c6 M don vi riing, mudn tim phudng 4n dén cay 1Ay g
trong thdi gian K nim. Bugc bidt 1a don vi ring i cd a tédn g& dé€ dén trong nam } Céng
ti cAn d4p ng nhu cdu d, tdn gb trong nam j. Tuy nhién, trong méi nam j,j=1.., K,
do han ¢ché cla cong suat cdng ti ¢chi thy hoach dugc nhidu nhat 14 u, t3n. Gb da thu
hoach ¢é thé luu kho dé dap Ting nhu cdu cdc n&m sau vdi cudc 1a ¢ cho mdt tAn has
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t na&m j - 1 dén nam j. Gid s ring
g ¢ thé khai thac nhung chua kip
ddn cé thé d& khai thac vao cac nam
sau. Dién dat bai todn tim phucng 4n
thu hoach gd lam cuc tiéu cude phi
Ivu kho va dam b&o nhu cdu g& nhu
bai todn dong trén mang.

®3.5. Xét bal todn dong trén mang
v&i tainding khdng han ché 9 H.3.18.
& day s& bén canh cic cung 1a cudc
phi.

(a) Tim ma tran A tudng Ung.

{b) Giai bai toan biing thudt todn don hinh mang, bt ddu bdi cdy gdm céc cung
¢t nét lién.

8.6. Giai bai toan ddng trén mang & H.3.19(a} xuat phat tf cay bao trom chira ¢ (b)
bang dudng lién (s8 tai nit 1a nguén b, s6 doc theo cung 1a cudce ¢, cac s& khong da
b di)

3.7. Xét bai toan tim ddng c6 cudc nho nhat 8 H.3.20 véi cach ghicac s6 nhu 6 H.3.19.
Né&u nghiém ¥ng vdi ¢ay bao trim cho béi duding Yién 1 18i uu thi hay ching minh. Néu
chua phdi thi hay tim nghigm 16i wu, xuat phat to cay bao trOm nay.

H.3.19
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bai toan dong trén mang vdi tai niing khéng

3.8. Phuong phép don hinh déi ngdu. Xét @ - 3
han ché.

ta) Ching minh rAng m&i cay bao |
tram xac dinh mét nghiém co sd cho bai @ -9
toan d&i ngdu. 1

{b) Gia st co nghiém cd sd chip
nhan duge cla bai toan d6i ngau, tdng tng vdi mét cay. Chung minh riing no a i uu
khi va chi khi nghiém cay tudng (ing cho bai tean géce la chdp nhan duge.

(c} Néu nghiém cay d {b) la khdng chdp nhdn dugc, ta bd mdt cung co déng am.
Néu ta dang mudn cé déng d8i nglu chép nhan dude thi phdi ehon cung vao cay nhu
thé nao?

(d) Nhan xét riing cung vao chia cdy thanh hai phdn. Xét bién d8i ngau xem phai
cdp nhat theo thudt toan don hinh d8i ngdu thé nao. Chitng minh riing cac bign ddi ngau
trong mét phén cla cay la khdng ddi con & phin kia tht moi bién déu thay ddi ciing mot
lugng.

3.9. Thudt todn chu trinh cudc phi 4m véi quy tdc cdi thign idn nhil. Day 1a thuét todn
chu trinh cudc phi am trong dé ta chon chu trinh C vdi gia tri S(C)lcThCI I5n nhat. Gia su
x 1a dong hién hanh va x’ 1a dong t8i uu.

{a} Chang minh ring X - x bng mot t3 hop tuyén tinh vdi cac hé s8 khdng &m
¢ia nhidu nhét la m hoan lvu don gidn, & day m la s& cung. Hdn nira, m&i hoan luu don
gian nay déu tuong iing v mdt chu trinh chua béo hoa. Gegi ¥ dung k&t qua Bai tap
3.16.

fby Ching minh rdng sy cai thign cudc phi d méi budc lap it nhétla ;{ch -c'x i
{c) Gia sU dif kién cla bai tedn la nguyén. Ching minh rdng thuat toan két thic
sau O{m log{mCU}) bugc 1ap, & day Cva Ula can trén Icljl va Uy tugng ung.
8.10. Chuing minh ring cé mdttudng ung 1-1 gilta cac dudng di tng dong trong thuét

toan déng cuc dai va cac chu trinh cudc phi d&m chua bdo hda trong dién dat bai tean
déng cuc dai thanh bai toan dong trén mang.
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3.11. Baitedn hén nhin. Mt lang nhd ¢6 n dan ong chua vy, n cd géi chua chdng va
m ba méi. Ba m&ii biét mdt s6 ngudi trong d6 va b thé mdi 141 duge cho t6i b, cAp hdn
nhéan trong s8 ngudi ho biét. Bai 104n I x4c dinh s8 cue dai cac cép hon nhan. Ching
minh rdng c6 thé thay bai todn bing mét bai todn dong cyc dai.

8.12. Phai thiét k& mang thong tin c4p ndi céc dia diém chinh {cd khoang cach cho
trong H. 3.21} clia mét khu vyc thé nao 98 ¥ng dd dai day cap 1a nhd nhit?
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CHUONG 4

DIEU HANH DY AN BANG PHUONG PHAP PERT-CPM
(PHUONG PHAP SO BO MANG LUGI)

Dy dn {project) 1A mot tap hgp cac hoat déng (activity) lién quan
véi nhau va phai duge thue hidn theo mot thy tu nae 46 cho dén khi
hoan thanh toan b$ cdc hoat dong. Hoat déng dugc hiéu nhu la mét
viée doi héi thoi gian, va nguyén liéu (resource) dé hoan thanh. Trude
kia dé diéu hanh du 4n ngudi ta thudmg diung bidu dd Gantt (Gantt
bar chart), 1a mét dé thi gém cdc dudng ké ngang, biéu thi diém khai
cong va két thic hoat ddng. Nhuge diém cia bidu d6 1a khong xdc
dinh duge quan hé giita cdc hoat dong, nén khong dp dung duge cho
cac diu dn lon (large-scale project), dot héi dgf ké hoach (planning),
diéu hanh thuc hién (scheduling) v kiém tra (controlling) mét cdch
hé théng va hidu qud, tham chi phai t61 uu héa hi¢u qua (vé thai gian
va tiét kiém nguyén lidu). Vi vay, gdn nhu déng thai vac nam
1956-1958, hai phuong phdp k&€ hoach, diéu hanh va kiém tra du 4n
da ra doi. Phuong phdp duong gang hodc phuong phdp dudng toi han
(critical path method, viét t4t 12 CPM) duge E.I. du Pont de Nemous
va cong ty xdy dung cua 6ng dua ra. Phuong phép thi hai c6 tén la
Ky thudt xem xét va ddanh gid dy dn (project evaluation and review
technique, viét tit 1a PERT) la két qua nghién ciu clia mét cong ty
tu van theo dat hang cda hai quan My, dung dé diéu hanh céc hoat
déng nghién ciu va phat trién chuong trinh tén lira déi cuc. Hai
phuong phap duge hinh thanh ddc ldp nhung rat giong nhau, cing

10 VANTRUHOE-A



146 CHUONG 4 PIEU HANH DU AN BANG PHUONG PHAP PERT-CPM

nhim vao muc dich diéu hanh thdi gian 1a chinh. Su khédc nhau chinh
13 trong CPM thai gian ude lugng cho cde hoat déng, duge coi la tdt
dinh (deterministic), con trong PERT cé thé la ngdu nhién (prob-
abilistic). Ngoai ra CPM ¢6 tinh dén quan hé thai gian va cude phi,
con PERT tap trung vao théi gian. Ngay nay, khi d4 phat trién 1én,
hai phuong phdp duge coi 14 mét, dudi mét tén chung la phuong phdp
didu hanh du én (project scheduling method) hoic phuong phdp diéu
hanh du dn PERT-CPM, hodc phuong phdp so d6 mang luci hodc hé
théng kiéu PERT (PERT-type system). N6 dugc ding dé thye hién rat
nhiédu kiéu du 4n, tir xdy dung, 14p trinh mdy tinh, san xuat phim dén
vin dong tranh cit chinh tri hodc cdc cude gidi phiu thuat phic tap.

Phuong phdp diéu hanh du an PERT-CPM gdm ba pha (tic la ba
khau): k& hoach, diéu hanh va kiém tra diéu chinh. Pha k& hogch ¢6
ndi dung 1a lap mét so dé mang lusi (arrow network diagram hoac
arrow diagram), tuong tu mét dé thi c6 huéng. Pha nay md ddu bang
viée tdch du 4n thanh nhiéu hoat déng riéng va dinh thai gian hoan
thanh cho ching. Trong mang, méi cung c6 hudng biéu dién hoat dong
va ¢a so dé mang biéu thi méi quan hé gilfa cdc hoat déng. M6i nut
biéu thi mét hién cd hodc sy kign (event), danh dau hoan thanh mét
s& hoat dong (activity) 1a cdc cung di vao nit, va bt dau cdc hoat
déng dng vdi cdc cung ra khoi nit.

Pha diéu hanh (scheduling phase) ¢6 nhiém vu xay dung biéu dé
thdi gian, chi rd thoi diém bit ddu va két thac cia mbi hoat déng va
méi quan hé giita cdc hoat dong. Néi riéng, diéu quan trong la phai
tinh chinh x4c cdc hoat ding ¢di han, tic 14 gang (critical), cdn chu ¥
dac biét khi thyc hién, d& toan b dy 4n duge hoan thanh ding han.

Pha kiém tra bao gom viéc sit dung so dd mang ludi, va biéu d6é
thai gian dé theo doi va bdo cdo dinh ki tién trién cta dy 4n. Né&u can

thi phai phan tich lai va xdc dinh so dé méi cho phan dy 4n con lai.

10.VANTROHOC-8

E
"0,;
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4.1 LAP SO PO MANG LUGI

Nhu trén 43 néi, pha dau céa phuong phdap PERT-CPM la lap ké
hoach thé hién & mdt so dé mang lu6i, bidu dién nhu mot db thi cé
hudng. Hay xét du 4n xdy mot toa nha. Viéc tdch du 4n thanh edc
hoat dong nhu dao dat, xdy mong, xay tudng thé, lop mdi, dat dudng
day dién... va dinh thd gian cho timg heat déng, cing nhu xdc dinh
hoat dong (cing goi 1a viée) nao trude, viéc nao lién ngay trude, viéc
nao sau... la do kién tric su hoac ky su xdy dung lam. Dia vao dé,
ngudi quan Iy du 4n lap duge so dd mang ludi nhu H. 4.1. Céc s6 bén
canh cung la thoi gian thye hién hoat ddng d6.

Qua s0 d6 mang ludi & H. 4.1 (trang sau) ta thdy rd moi quan hé
gitta cdc hoat dong vé thoi gian. Chdng han hoat déng (6, 8) 1a trat
ngoai - phai sau {4, 6) 1a lop m4ai, nhung ddc lap véi (5, 7) la chinh
tudmg trong. Ciing vay (4, 7) doc lp véi (4, 5) va (5, 7). O day c6 hai
hogt dong gid (dummy activity) véi thoi gian dé thyc hién bing 0 duge
dua vao dé dam bao cdc quy tic xay dung sa da.

e Cung gid (11, 12), ki hiéu b&i dusng ditt doan, dua vao d€ dam
bda quy tic khang ¢é hai hoat dong cing bién c6 bit dau va két thiic,
titc 14 khong ¢6 2 cung ¢é cing gdc va ngon (tiic 1a d6 thi la don). Viée
son tudng trong va lam san cé cling bién cf dau 1la mit 9, tie 14 bién
cd 14t van tudng xong, va bién ¢d cudl 1a ndt 12 (JAm san va son tubng
xong, bdt dau hoan thién trong). Do dé ta phdi thém mit 11 1a bién
¢6 gid va cung gia (11, 12). '

» Cung gia (5, 8) d€ chi rdng hoat déng (4, 5) phai hoan hanh
trude khi bit dan hoat déng (8, 10} (néu bd cung gia nay th! thai diém
lam hai viéc 1a doc lap).

Cung gia nay la phuc vu cho quy tdc so dd mang lud: phai thé
hién di quan hé thd tu can co.
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Khdi céng

2 | dao mdng

xay mdng

4
10 | xay tWdng 1hd

chinh thdng

aat day dignf 7 tudng ngoai

lam san

thién ngodi

®E1thic

« Néu quan hé thai gian ¢6 dang: viée x, bit dau khi xong % vide

x,, viéc x, bt dau khi xong mdt nita x,, thi ta phai thém cde nit danh

dau cédc bién ¢f xong %xl v xong ;xl dé nhu é H. 4.2,

Tém lai: Sa d6 mang ludi phai
ia mot db thi c6 hudng, don, lién
thong, khong cd khuyén (tdc la
cung cd gée va ngon cung la mét
nit), khong e chu trinh ¢é huéng
(directed cycle), ¢6 nit khéi céng

va niit két thue.
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4.2 PHAN TiCH CAC CHI TIEU THOT GIAN. XAC DINH
DUONG GANG

Pha diéu hanh cé nhiém vu phén tich cdc chi tiéu th¥i gian va
dua ra cdc bang va s8 liéu cdn thiét trén so dd mang ludi. Néu trong
du 4n phai diéu hanh cd nguyén liéu (hosc nhan lue) thi phél xét ca
cac chi tidu do, ta sé néi dén & muc sau.

4.2.1 Tinh céc thoi diém

Chi tiéu ddu tién la thot diém sém cia bién c6 (earliest time for
an event) 1a thoi diém bién cd x4y ra khi moi hoat déng trudc né duge
b&t diu sém nhit ¢é thé. Thei diém sém cda bién cd i thudng ki hidu
la E. Cdc E, dugce tinh theo huéng tang (forward pass), tic 12 di tu
it khdi cong theo thi tu ting caa nit 1. Nhu vay véi ndat khéi cong
1thi E, = 0. Dén nut 2 trong so d6 & H. 4.1 thi E, rd rang bing 2 vi
bién c8 hoan thanh hoat dang (1, 2) phai la E, +1t,, ¢diyt,, lathsi
gian thyc hién hoat dong (1, 2). Vigc tinh E,, E, E_, E, E;, E,  va
E,, cling tuong tuf vi cdc nit tuong ing chi ¢6 mt cung vao, khi dé

E, = E+t

i
d déy j 1a nut ngay truée i. Ching han E_ = E, +t, = 16 + 6 = 22.
Néu ¢6 nhiéu cung vao nit, tite 12 nhiéu hoat déng két thiic tai bién
¢8, thi tir dinh nghia E, rd rang day la thoi diém moi hoat dgng dé
vira xong ¢, tic 1a phai 14y maximum cla céc téng. Ching han

E, = max [E.4 +t E5 + t57} = max [16+7, 20+5) = 25,

47’

E,=max (E, +t

5 s + teg, Bp + t}l = max {2040, 22+7) =

Téng quat, cong thie tinh E, cho moi truéng hep la
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E, = max {E_i + tji},
]
¢ ddy j la cde nit ngay trude i, tic 12 c6 cung néi t6i i. Cac E, duge
ghi & H. 4.3 12 s8 d4u trong ngoiic & mdi nit.

Thoi diém muén (latest time) ciéa bién ¢6 j 12 thai di€m muén
nhat moi cung di vao bi&n ¢8 j ddu hoan thanh ma khéng lam thay
ddi thoi diénr két thace du 4n sém nhat ¢6 thé, ki hidu 1a LJ.. béi lai
véi B, cdc Lj duge tinh theo hudng lui (backward pass), tic 1a di tur
nat k&t thac. Theo dinh nghia, & not k&t thic thi E =1L, & thidu
H.4.11aE, =L, = 44. Néu & bién ¢& chi c6 mt cung ra, tidc 12 mot
hoat dong duge bat dau thi, thii diém mudn la

Li=L -

ir
tc 12 thai diém mudn cGa ndt ngay sau né trir di thoi gian thuc hién
hoat déng néi hai nat. Cdc bi€n ¢6 12, 11, 10,8, 7,6, 3,2va 1 &
H. 4.1 1a & truang hgp nay. N&u c6 nhiéu cung ra khdi bién ¢, thi
theo dinh nghia ta cé

L = min {L, - t;)

¢ day min theo cde mit i ngay sauj va L la thai gian thyc hién hoat
dong ndi (j, 1). Cacnit 9, 5,412 & tnrang hgp nay, ching han

Lyg=min{L, -t5,,,L,, - tg o) = min {38 - 4, 38 - 5} =

Hay cht ¥ su "d6i xdng” clia qué trinh tinh E va L Cac L dugce
ghi & 86 thit 2 trong ngodc & mdi nat trong H. 4. 3

4.2.2 Tinh thJi gian du tei

Thoi gian du triz (slack hoic float) cia mat bi€n cd 1a hiéu thei
diém muén va thdi diém sém cia né: d, = L, — E,. Thoi gian dy trit
(slack hoiic float) ciia hoat déng dugc chia lam hai loai. Thoi gian di
triz chung (total float hofic total slack) cia hoat déng (i, j) 1a
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TF; = L, - E, - t;;
TF.. chi thoi gian
c6 thé& tri hoan ]
ctia hoat déng (i, @f 2
j) ma khéng éanh
huéng dén thoi
diém két thic ca
du dn. Vi né béing
thdi gian t6i da
danh cho hoat
dong (i, )) l1a LJ. =
E, trirdi thoi gian
dé thuc hién la
t; Thot gian du
triz déc lap (free
float hodc free
slack), ki hiéu la
FF;y ciing 1a hiéu
thoi gian danh
cho (i, j) va thoi (37.38)
gian thuc hién la
ts nhung véi gia
thiét 1a moi hoat
dong déu bat dau
sém nhat c6 thé, vay

FF, =E - E -t

Trén so d6 mang ludi thi d. 12 hiu hai s& trong ngoéc ¢ nit i, thudng
dugc ghi bing sé trong 6 vudng canh nit. Thai gian du trit chung cia
hoat dong TF,. dugc ghi trong 6 vuéng canh méi cung. Con thdi gian
du trit doc lap cia hoat dong I*‘Fij it quan trong hon, thuong khong
ghi, xem H. 4.3.
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4.2.3 Dudng giang (dudng téi han)

Céc hoat dgng c6 thai gian dy trit chung bing 0 cin duge chd ¥
déc biét vi tri hoan né s& anh hudng dén thdi gian két thie du 4n. Tir
dé cd

DINH NGHIA 4.2.1 Pudng gdng hodc dudng 167 han (critical path} 1a mot
dudng di tir nut khéi cong dén nut k&t thic ma mot hoat ddng trén dudng déu
c6 thdi gian dy tr chung bang 0. {(Chéng han trén H. 4.3 ¢6 mot dudng gang
lat>2 53 54 =55 37 59 > 12 v-~>1:3,}Hoatdc‘;r\g(i,j}céoTF,.j
= 0 dugc goi |a hoat ding gang (criticaf activity). Bién ¢d i cé d, = 0 dugc goi
I& bién b gdng (critical event).

Mot s8 tinh chat quan trong cia dudng gang 1a nhu sau.
1. Méi du dn déu cd it nhdt mét duong gang.

2. TGt cd cde hoat dong (i, j) cd TF, = 0, tuc la moi hoat déng
gdng déu phdi ndm trén duong ging.

3. Moi bién c6 gang, tuc la bién ¢ i c6 d, = 0, déu phdi ndm trén
duong gang. Bién cd khong gang khong thé ném trén duong gang.

4. Dugng néi nit khéi cong dén niit két thic ma moi bién cd trén
do déu gang ¢6 thé khéng phdi duing gang vi cé thé cé hoat ding
khéng gang. Chdng han duomg 1 52 -3 54 57 59 —» 12
—> 13 khéng gang vi TF, = 2.

5. Puong gdng la duong dai nhdt trong cde duimg néi nut khdi
cong dén nut két thiic.

Biéu 5 nay la rs tir dinh nghia vi & niit khdi cong va két thic hai
thoi di€ém sém va muén trung nhau va théi gian hoan thanh dy 4n
chinh 14 higu thoi gian ¢ hai nit (§ H. 4.3 1a 44 - 0). Dudng ging la
dutmg gdém céc hoat dong khéng c6 du trif nén téng chibu dai, tuc 1a
thoi gian thye hién, 1a toan b§ thai gian thue hién dy 4n (6 H4.3 12
44), nén phai dai nhat. Trén H. 4.3 dudng ging duge t6 dam.
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Mbt thi du du 4n cé nhiéu dudng ging la so dé ¢ H. 4.3 nhung
vdi t,, thay tit 6 thanh 10. Khi dé thi gian dy trif ctia cdc hoat déng
(6, 8), (8, 10) va (10, 13) va théi gian du trif cia cdc bién ¢6 6, 8 va 10
déu thay tir 4 thanh 0. Licnay dudng1 > 2 53 >4 56 -8

— 10 — 13 la duting géng thi hai.

Cac chi tidu thoi gian cia dy 4n § H. 4.3 duge ghi vao Bang 4.1

bién c6 |thii didm | thoi difm | thai gian du | Hoat déng | thai gian duu]
sdm mudn i trit chung
1 0 0 0 (1,2) ! 0
2 L2 2 0 (2,3 I |
3 6 6 _ 0 B 0
4 | 16 16 0 1 4,5 0
5 20 L2 o0 L @A 4
6 22 | 26 4 ;4,7 2
7025 . 25 BV SO - i I N ¢ I
8 20 . 33 4 ,_ (6.8) 4
9 | .33 | 33 0 P 0
10 38 | 42 4 Eo(8,10) 4
11 37 | 38 1 L9111 1
12| .38 38 _ | _0__ 1 (912 0 ]
13 44 44 0 (10, 13} 4
| (12,13 0

Bang 4.1. Chi 1iéu ths: gian xiy nha

Ngoai c4c chi tiéu chinh néi trén, khi can cdc théng tin chi tiét
hon dé diéu hanh dy 4n, ngudi ta cing dita ra mdt s6 khai niém vé

chi tiéu thoi gian khde nita nhu sau.

Thot diém khéi cong som (earliest start) cua hogt dong (i, j) 1a

thdi di€m sdm cGa nut gac: ES, = E;

Thoi diém hoan thanh som (earliest completion) ciia hoat déng
(i, la ECi.i =B + t
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Thoi diem khdi cong mudn (latest start) cda hogt déng (i, j) 1la
LS, =L - t,.

Thoi diém hoan thanh mudn (latest completion) ciic hoat déng
4, plaLC, = L, tic 12 thoi diém mudn cha nit ngon.

Nhan xét rang EC, <E, LS, > L. That vay, ta ¢6
E = mfx (E, +t ) 2 E; + t, = EC,,
vi i cling la mot trong cdc nit k ngay trudc j. Bat ddng thic thit hai
tuong tu.

Thoi gian du trz cia mét duong di (total float of a path) P tir
nuiit khdi céng dén nat két thae, ki higu rI‘Fp, 1a th&i gian c6 thé kéo
dai thém cac hoat déng trén dudng nay ma khéng &nh hudng dén
thoi diém hoan thanh céng trinh, tic 1a

TF, = 2 & - 2 ¢h=TC - 7",

& day 2. ) = T 1a do dai duong gang va 2. tf =T 1a d6 dai dudng
P, la tong thoi gian thye hién cdc hoat dong trén dudng P.

He s8 gdng (critical coefficient) biéu thi mic dé cing thing vé
thoi gian cia mét dudng P néi nat khéi ¢éng va két thiic, khdng phai
dubng ging G, duge dinh nghia 12

P PG
p_T =T~

K - ?
TG _ TPG

o day T 1a d¢ dai quang dubng (tdc 14 mdt phan cha dudng) ma P
trung v6i G. Ro rang O <K < 1 va K’ cang gin 1 thi thei han thuc
hién cédc hoat dong khéng gang trong P cang phai chat cha.

Hai dinh nghia trén diy cia dudng di ¢6 thé mé rong cho dutmg

P ¢6 nut dau va cudi trung vdi nat trong dudng gang, khéng cin la
ntit khdi céng va két thic cda ca du 4n.
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THI DU 4.2.1. O dir 4n wén H. 4.3, dudng ging dudc 16 dim. Thai diém
hoin thanh s6m ECyy = B+ 1y = 2247 =29 =B BCy |, = 3842 = 40<E, =
44. Thoi di¢m khdi cdng mudn LS, =L -1, =26 -6=20>L, = 16. By g}ic‘i
gid sk Pladudngdil -2 -3 -4 =55 56 =28 - 10 - BT =
3 l}j = 40 nén thdi gian dy trif cda P13 TS - TF = 44 — 40 = 4. Hé s8 gang 1a
0

szi—
44

= -;-? {khéng ¢6 quang chung véi dudng ging). Goi Q 1a duding 1 — 2
42 -35 7 10
—— = <.
4 - 35 9 11

thdy mic du 1" nhung thdi han thue hi€n cic boat ddng khdng ging trong
P lai chat ché hon hoat ddong khdng ging (4, 7) duy nhidt ctia Q. Nguyén nhin
1a (4. 7) 12 khéng ging duy nhdt, nén moi sy ndi 1éng cla Q déu don cho hoat
ddng nity.

53 34 7 59 512 >13 thiT®=42, K= Ta

Chui y ring céc dit liéu thdi gian quan trong nhét la cédc chi tidu
c6 trong Bang 4.1. U bang nay ciing cho thay dudng ging (dudng gém
cde hoat déng ging, tidc la cé thoi gian du trit chung bing 0},

4.2.4 Biéu dé thai gian

Mot cdch truyén thong, bén canh so dé 1u6i va bang, dé€ theo doi
diéu hanh thai gian cho du 4n 14 ding biéu dé thoi gian (time chart).
Ta hay xét c4ch vé va sit dung biéu dé théi gian qua médt thi du.

4.4, va Bing 4.2 wong Gng.

{Chu y 1a hoat d6ng gid (4, 5) a1 la
hoat ddng gang.)
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bién cf
1

Hoat dong | TF,; |
(1, 2)
(1, 3)
(2, 4)
(3, 4)
(3, 5)
{4, 5)
{4, 6)
i L4,
| (5,8)
(5,7)
i TR S (6. 7)

Bing 4.2
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Biéu dé thoi gian cho ¢ H. 4.5. G day chi ¢6 truc hoanh 1a thai
gian. Cao d6 khong quan trong. Ta bidu dién cac hoat déng ging phia
trén. D§ dai (thai gian) 1a ¢f dinh, chat ché cho c4c hoat dong giing.
Hoat dong gia (4, 5) c6 d¢ dai 0 nén biéu dién bdi doan thing ditng.

M&i hoat déng khéng gang biéu dién & d6 cao khdc nhau d& nhin
ré vi cdc hoat dong nay cé do co dong va duge diéu hanh bing biéu
dé thei gian.
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Biéu dé dudc vé tit cdc E, va I, & Bang 4.2 (hoat dong gang hay
khéng ging thi theo TFij biing 0 hay khac 0}). Cac 58 khéng cé vang
chi thai gian thuc hién cda hoat dong. Chéng han hoat déng (1, 2)
thue hién trong 2 don vi thoi gian, duge phép xé dich trong khodng
thai gian dai 4 don vi (tir 0 dén 4). Xét sdu hon thi su xé dich ¢é ty
do trong khodng thdi gian nay khong la phu thuge vao FF,. < TF,. hay
FF = TF} Tinh bd sung cde F‘FJ vao Bang 4.2 ta sé thay
FF =0<TF,=2,cbn tat ¢d cac hoat dong khdc ¢é FF = ’I‘F Néu
FF =TF, th1 hoat dong (i, j) c6-thé co dong tuy ¥ trong khoang thoi
glan vé tren biéu d6. Néu FFlJ < TF thi hoat déng (i, j) chi duge bit
ddu mudn hon thai didm khai cong sdm ESJ mdt khodng thii gian
khéng qud FF thi mdi khoéng anh hudng dén cdc hoat déng ngay sau
no. ApdungchoH 4.5,chic6(1,2) 6 FF , =0 <TF , =2 ViFF ,
= 0, nén theo quy tac trén, (1, 2) pha: bit dau ngay lic th(‘J‘i di€m Sdm
thi hoat dong ngay sau né (duy nhat) 1a (2, 4) mdi duge xé dich tuy y
trong khodng thoi gian ti 2 dén 6. Néu (1, 2) thue hién lui lai khodng
tir 1 dén 3 ching han, thi 4nh huéng dén hoat dong (2, 4). Mac du ¢6
FF,, = TF,, nhung lae nay né chi edn duge xé dich thuc hién trong
khoang tir 3 dén 6.

4.3 PIEU KHIEN NHAN LUC

Céc hoat dong khéng gang duge phép xé dich nhat dinh, nhat la
khi FF = TF Cé thé sdp dat ching dap ing cdc yéu cdu khdc nia
ngoai thdl glan ra, chdng han nhin lue, nguyén liéu, chi phi... V& mat
todn hoc xir 1y yéu cau loai nao cing vay. & day ta néi theo ngon ngi
nhan lyuc ching han.

THf DU 4.3.1. Gid sif nhan Iirc cho cdc hoat ddng clla duw dn 3 Thidy 4.2.2
dot hdi nhu sau
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___Hpq_t déng ~ S&ﬁnn_ggl_&%g_ Hoat déng J_Sé' cdng nhan |
L2 0] @6 2 _4
S — . T ) N S— i
I S A | R SN ¢ 1 > DS S 3 !
I S SN N - 4 W R
3% .3 _ |l ®en_ 1 _& i

Chd ¢ ring tai thdfi di€m hai hoat déng ciing ti&n hanh thi s& nhin luc cin 13
t6ng hai s6 cong nhdn. Vivay cin phdi sdp x€p khéo cic hoat ddng khdng ging
d€ doi hdi téng ¢oHng nhin cdia cd dy dn it (tam coi 13 mbi ngudi bit lam moi
viéc). Vige sdp x&p (3 wu 1 phife tap, d€n nay vin chua ¢ phuong phip tedn
hoc d€ gidi quy&tténg quat. G diy 1a sit dung bidu d thai gian, bi€u dién thém

LB = B <]

5¢ ¢éing nhdn

16,7)

10 1"

H 46 (a)

st cOng nhan

3 4 & 10 11

H. 4.E (b}

(8.8)

Thér gian

13 14 17

e B o o e o o o

19

Thai gian
R N NN S S U S S S S S S S S S W -

13 4 17

nhin lyc d€ sip x&p
theo tnre quan. H. 4.6
(a) bi€u dién 18ng
cong nhin cin d mai
thai di€m néu 141 cd
¢dc hoat dong khong
ging xé&p vio lic sdm
nhdt ¢ thé, con H.
4.6 (b) 13 1ong tng
khi x€p vao lic mudn
nhdt ¢ thé. Hai bicu
d6 ndy nén v& thing
dudi H. 4.5 d€ 16 mic
théi glan cua cdc hoat
ddng nhung 4 day ta
khong vé lat H. 4.5
niya. Sipdit sdmnhit
& hinh (a) cho thiy d
mdi thdi di€m du dn
cin nhi¢u nhat la 10
¢dng nhin con d sip
ddt mudn nhidt (b} 1A
12 cong nhan. ¢ hai

E Ty
oy,
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phudng 4n nay, s§
céng nhan cin d cdc
thdi diém khéng
déu. Theo true quan
ta chinh lai tir (a)
nhu sau: chuyén
hoat dong (4, 6} dén
thdi di¢m mudn
nhit c6 thé, chuyén
{4, 7) d&n ngay sau
khi (5, 7) két thic.
K&t quéd duge v lai
& bifu dé H. 4.7.
(Chi ¥ 1d hoat dong
(1,2)va{2,4)khdng
can cong nhin nén
khéng cin ve.)

50 cong nhadn

@
® P
@[\“\‘ ® RG)
v
i '
O—0 \
oL,
5 o
l‘\®\:\ ‘\*__.®
Y
\‘ @‘-b-.@
@‘ @ Tha. gian
[N W W - ——
a4 5 101 13 4 17 19
109
st
‘
74
69
5
t
Thaw gian
I O A R S W A S D A P
3 £ 10 11 13 14 17 19
H 47

4.4 HOAN THANH SOM DU AN

Trén day da xét th¥i di€m hoan thanh du 4n la ¢8 dinh va xde
dinh cac duimg ging, phai thue hién chit ché d€ du 4n hoan thanh
dang thoi gian quy dinh. Néu muén giam thoi gian hoan thanh du 4n
thi lam thé& nao ? Ta ciing s dung duong gang, nhung phai dua vao
ky thuit va céng nghé, chit khéng phdi quan 1y chi biing todn hoe duge
nita. Cu thé 1a phai ding céng nghé méi, tang vat tu, nhan cong... dé
6 thoi gian thuc hién cdc hoat ddng ngdn hon. Nhung tap trung vao
hoat déng nao ? R rang 1A vao c4c hoat déng ging. Cu thé 12 néu ta
quan tadm dén han ché& tang chi phi thi vdi (i, j) € G, tim s6 gia chi
phi AC;; khi dat dugc it ng#n thdi gian thue hién hoat déng la At
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(tim bang thyc t& céng nghé, khéng phai thuin tiy todn hoc). Khi dé

) AC.
58 chon cach ting chi phi d& giam thdi gian sao cho dat min]-;“. Gid
i
(]

AC

sif cuc tiéu la — Khi d6 d¢ dai dudng ging mdi, tic 1a thoi gian hoan
At
i}

thanh duv d4n mdi, 1a
-G G 0
T =T - E Atij s

& day téng l1ay trén moi hoat doéng ging.

4.5 DU AN CO TINH NGAU NHIEN

Trong cdc muc trén ta da coi thdi gian thue hién cdc hoat déng
t,; 1a xde dinh hoan toan tif dau, khi 14p so dd mang luéi. Do d6 ta c6
mé hinh tdt dinh (deterministic model). Trong thire t&, nhiéu y&u t§
bat dinh phai duge tinh dén, do d6 thai gian thue hién hoat déng (i,
j}1a mét bién ngau nhién (random variable), ma ta chi xac dinh duoge
phén b& xdc suat (probability distribution) qua kinh nghiém va sé liéu
théng ké. T d6 din dén phai sit dung md hinh ngdu nhién hoic goi
khdc 12 mé hinh xdc sudt (probabilistic model). Viéc tinh todn céac chi
tiéu dé diéu hanh dy 4n ¢6 hai nhiém vu chinh. Mot 14 tinh ki vong
(mean hoac expected value} clia cdc dai lugng can tinh, ching han
that gian thuc hién hoat déng (activity time), thoi gian hoan thanh
dur 4n (project time}, va phuong sai (variance) cha cdc dai lugng nay.
Hai la tinh xdc suat cOa bién ¢d nao d6, chéng han bién cé 1a du dn
duge hoan thanh trude thoi diém T.

Thai gian thue hién madi hoat dong, thudng goi tat 1a thoi gian
hoat déng, trong md hinh ngiu nhién thubng duge gid thiét 1a xdc
dinh dugc ba yé&u t& sau. Thoi gian lae quan (optimistic time) ki hiéu
14 a, 1a th#i gian can dé lam xong khi heat déng duge thue hién thuan

ARy

"04
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{tim bang thyc t& cdng nghé, khéng phai thuan tay todan hoc). Khi dé

AC.
s& chon céch tang chi phi d& gidm thdi gian sao cho dat mina—tll. Gia
A’ u
s cue tidu 1 —c‘f Khi 46 dé dai dudng ging mdi, tic 1a thoi gian hoan
At
i

thanh du 4n mdi, la
-G G o
T =T - Z ‘ﬁt'ij .

& day téng 14y trén moi hoat déng gang.

4.5 DU AN CO TINHNGAU NHIEN

Trong cic muc trén ta da col théi gian thyc hién cdc hoat déng
t,; & xdc dinh hoan toan tif dau, khi lap so dé mang luéi. Do d6 ta cé
mé hinh tdt dinh (deterministic model). Trong thuc t&, nhiéu yé&u t&
bat dinh phai duge tinh dén, do d6 thai gian thue hién hoat déng (i,
j) 1a mét bién ngiu nhién (random variable), ma ta chi x4c dinh dugc
phan bé xdc suat (probability distribution) qua kinh nghiém va s& liéu
thong ké. Tit d6 dan dén phai sit dung mé hinh ngdu nhién hoac goi
khdc la mé hinh xdc sudt (probabilistic model). Viéc tinh todn cédc chi
tiéu dé diéu hanh dy 4n c6 hai nhiém vu chinh. Mat 12 tinh ki vong
(mean hoic expected value} ctia cdc dai lugng cdn tinh, chdng han
thai gian thuc hién hoat ddng (activity time), thoi gian hoan thanh
dy dn (project time), va phuong sal (variance) cba cédc dai lugng nay.
Hai la tinh xdc sudt cOa bién cd nao d6, chdng han bién cé 1a dy 4n
duge hoan thanh trude thoi diém T.

Thai gian thyc hién mdi hoat déng, thudng goi tit la thai gian
hoat dong, trong md hinh ngau nhién thudng duge gia thist 13 xdc
dinh dugc ba y&u t& sau. Thoi gian lae quan (optimistic time) ki hiédu
14 a, 14 thai gian can dé lam xong khi hoat déng duge thuce hién thuan

R

(04
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lgi nh4t. Thoi gian nay rit khé dat duge. Theo 1i thuyét théng ké,
thi day thyc chat la cin dudi ciia cdc thoi gian xong viée cé thé xdy
ra, tic 1a cdn dudi (lower bound) clia phan bd xdc sudt. Thoi gian bi
guan (pessimistic time), ki hiéu la b, 1a thdi gian cdn d€ xong hoat
dong khi ti€n hanh gip truc tric nhat, tie 1a cdn trén (upper bound)
cia phén b8 xac suat. Thoi gian hop lf nhét (most likely time), ki
hiéu la m, 1a thoi gian hién thuc nhat, tie 1a ¢6 xac sudt 16n nhat
(dinh cao nhit cGa ham mat d6). Ba lugng trén chua da dé xac dinh
phan bd xdc sudt cda thii gian hoat déng, do d6 chua di dé xdc dinh
ki vong t_ tdc la gid tri trung binh theo x4c sudt, va phuong sai o2
ddc trung cho d6 léch khoi t_cia thoi gian hoat dong. M6 hinh cdn
hai gia thiét phu hap thuc t& sau day.

Gid thiét 1. b-a, titc 12 do dai khodng ma théi gian hoat déng c6
thé 14y, bing 6 14n d¢ léch chudn (standard deviation), tic la ta cé
phuong sai

= -—(b a)} (4.1}

Diéu nay diing cho nhiéu bién ngau nhién hay gap.

Gid thiét 2. Phan bd x4c sudt clla mi thii gian hoat déng déu
la phdn b6 beta (beta distribution).

Ta hay nhdc lai vai kién thitc x4c suit. Méi bién ngiu nhién x
c6 hai ham quan trong nhat. Ham mdt d6 xdc sufit {probability
density function) fix), a < x < b, va ham phdn bd tich Iy {(cumulative

distribution function} F(X), goi khdc ta ham phan b6. O day gid thiét
la x chi 14y gia tri trong [a, b]. Ta ¢6 cdc quan hé sau

l]-f(x)dx =1,

a

FX)=Plx<X} = )jf(x)dx,

a

11.VANTRUHQC-A
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b
X, = _[xf(x)dx,

b
= J(x - xe)zf(x)drg

& day x_la ki vong va o 12 phuong sai clia bién ngdu nhién x, P {...}
1a x4c suat cia bién cd {...). Méi mot trong ham méat do hoac ham phan
phéi d#ic trung hoan todn cho bién ngdu nhién. ki vong va phuong sai
la cdc dai lugng quan treng. Ta ciing nét 14 ham mét dd (ho&e ham
phén bd), xdc dinh hodn toan phén bd xdc sudt. Phén bd beta (beta
distribution) 1a mét trong c4c phéin bd x4c suit phd bién nhat, xdc
dinh bdi ham mat d¢ sau, néu ¢ < x < 1,
flx) T@+p) a1y _ g ! 1

_ - R PN T
" Ty x TP Ba,p 9 . @

& day a va p la tham sd, T'(.) 14 ham dde biét gamma va (B(,, .) 1a ham
ddc biét beta, duge dinh nghia bing tich phan phy thudc tham sd (xem,
ching han [Khanh 2000]) nhu sau

o) == Itﬂ “letdt,

1]

,-‘T:d1

Bla, p) =
1

e 'a - vt
0

Né&u y 14y gia tri trén

;;1 — (a, b] va ¢é phan bd beta

thi ham mét dé nhén duge

tir (4.2) bing ddi biény =a

+ (b — a)x. Ching han, ham mat dé cGa phan bé beta ¢6 dang nhu H.
48viiazl,pzlvaa=0,b=1

H. 4.8

11.VANTRUHOC-B

W
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Phan b6 chudn (normal distribu- %%
tion) 1a phan bd xac suit phé bién nh4it,
dinh nghia bdi him mét 43 sau

2
_E-w
]
2o
e , —0 < X < +0,

1
f(x) =

Vono
& day tham s6 p chinh 1a ki vong va o

chinh la phuong sai cia bién ngau
nhién x ¢6 phan bé chudn. Khi d6 bién

LA

F lacer et =

H. 49

z= "—?J’—‘ ¢6 phén bé 12 phan bd chun véi ki vong 0, phuong sai 1a
1. Ham mat dé ciia phan bs chudn c6 dang & H. 4.9.

Céc bién ngu nhién x, ..., x_ dugc goi 1a dée ldp (independent)

néu
Pix, s X, ..., x, <X =Plx; <X} ... Plx, <X }.

DINH LY GIGI HAN TRUNG TAM (central - limit theorem) néi
ring vdi cde didu kién khd nhe, téng cdc bién ngdu nhién déc ldp luén
¢6 phén bo chudn (khong phu thude vao phdn bé cia ting bién ngdu
nhién).

Trd lai mé hinh ngiu nhién didu hanh dy 4n. D& tinh ki vong t,
cla théi gian hoat dong, ngudi ta gia thiét 1a diém giia aQLb chiém
ti trong biing nita diém hop li nhat m. Khi dé

1 1
t, = 3[2111 + 2(a + b)]. (4.3)

THI DU 451, Gid s df dn xdy nhd § H. 4.1 bay gid ¢ céc thdi gian hoat
dong 12 ngiu nhién c6 phin b beta thda hai gid thi€t trén va xdc dinh dudc ba
mdc thdi gian lac quan, bi quan vi hdp Yinhat theo Bang 4.3. Khi d6 phuong sai
va ki vong cda cdc thdi gian hoat déng, tinh theo cong thuc (4, 1) va (4, 3) dudc



¥ e

164 CHUONG 4 BIEU BANH DU AN BANG PHUCNG PHAP PERT-CPM

ghi d hai cdt cudi.

[Ho Hoat déng lhdi gian lac | thi gian hop i |thdi gian bi ‘ k1 \ong perdng sai |
quan ! nhit quan

T

(_(T.?m o 2 3
i

t
| 5|
|| 2.0 | 2 | 31 | 8 | 4 i | )
| 2 |
3.4 j 6 9 18 10 4
{4, 5) 1 4t : 5 4 4 |
2 9
(4. 6) 4 5L 10 6 1 !
2 |
(4.7 3 24 9 7 1
: 2
(5,7} 4 ' 4 10 5 !
(&, 8) 5 6l t1 7 1
2
(7.9 3 9 9 8 1
(8. 10) 5 8 17 9 4
(9, 11) 4 4 4 4 0 ‘
(9, 12) 1 5L 7 5 | 1 !
2 ! '
(10, 13) 1 . 2 3 z | 1
9
(12, 13) 5 5! 9 6 4 |
IO R i ) . .. 9___.
Bing 4.3

Nhin xét rang ¢dt ki vong & Bang 4, 3, do thi du duge x4y dung
dic bidt, tring hoan toan vdi cdce thdi gian heat déng trong mé hinh
tat dinh da xét & H. 4.1. Do d6 dudng ging xiy dung trén cdc thai
gian hoat dong ki vong trung véi dudng ging cta md hinh tat dinh ¢
H. 4.2 va th#i gian cla dudng ging nay 1 44.

Tuy nhién dé€ xdc dinh ki vong va phuong sai cia thoi gian du
4n, ta cAn thém hai gid thiét sau.
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Gidg thiét 3. Cac thoi gian hoat déng 14 cdc bién ngiu nhién doc
lap.

Gid thiét 4. Dudng gang x4y dung trén céc thai gian hoat dong
ki vong, luén doi héi thai gian (hoan thanh mei hoat déng trén né)
lén hon cdc dudng khdc.

Tinh that chi li trong cdc thi dy cu thé thi hai gi3 thiét 3 va 4
cé thé khéng ding. Ching han & Thi du 4.5.1, néu xay ra th&i gian
bi quan & moi hoat dng thi dubng gang da tinh dai 69 (ngay). Con
dudbngi -2 >3 >4 —>6—>8-—> 10— 13 c6 thoi gian bi quan
la 70. Tuy viy ngudi ta vAn chdp nhén cdc gid thiét xdp xi nay. Khi
dé, vi ki vong va phuong sai cha tdng cdc bi€n ngiu nhién 1a téng
cac ki vong va phuung sai nén ta c¢é: Ki vong va phuong sai cia thii
gian dy 4n 1a téng cdc ki vong va phuong sai cha cac th¥i gian hoat
déng trén dutng gang (xay dung theo cde ki vong). Dén day ta nhin
xét riing mot trong céc cdch dp dung thuc t& la diung c4c ki vong clia
chc bién, réi 4p dung moi tinh todn va Iy ludn & cdc muc trude vao
cdc ki vong, thay cho cdc bién tit dinh.

( Thi du 4.5.1 ki vong va phitong sai cla thdi gian dif 4n 13 44 v3 9, vi
dudng ganglal1 —+2—>3—>24—>5->73>9—>12—>13.

Bay gi¥ ta xét vAn dé quan trong 12 tinh x4c sudt dé du 4n hoan
thanh truéc mdt that han bat bude (deadline). Theo dinh 1y giéi han
trung tam, thai gian du 4n l1a bién ngiu nhién ¢ phéan bé chugn. Do
dé ta tinh dugc x4c suat P (x < X), thudng dugce tinh sin d€ tra theo
bang. Ching han Bang Al & cudi sach cho bidt P [z < x, + oK}, ¢
day o 12 dd léch chuidn. Do dé K la s8 dan vi léch chuén.

Thi du, hdy tinh xdc su#ft d€ thdi gian xay nhi & Thi du 4.5.1 khdng qud
47 ngay. Ta thdy 47=44+3.1=x_+c.K_nén K, =1.Theo bing thi P {x > 47}
=0, 1587. Do d6 x4c suit cin tim la = 1 — 0,1587 =~ 0,84.

Phuong phap diéu hanh du 4n ¢6 tinh ngu nhién trén day thuomg
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duoc got 1a phuong phdp ba ude luong PERT (PERT three estimate
method).

Né&u céin tinh cédc y&u t8 théi gian & c4c bién cd trung gian (khong
chi th¥i gian hoan thanh dy 4n, tde 14 véi bign ed cudi) thi ta 1y luan
nhu sau. Trude hét tinh ki vong va phuong sai cfia thdi diém sém
cta bién o6 i. N&u chi c6 mot dudmg tir khéi céng dén i thi, do cde hoat
ddng la doc lap ki vong cda p,, ki hiéu 12 E(u), béing tong cdc ki vong
t, cia thdi gian cdc hoat d(;mg dan dén i. Cung vay phuong sai Var(u,)
b&ng t8ng cdc phuong sai o° cia cdc hoat dong din dén i. Khi c6 nhleu
dutmg dan dén i thi ngudi ta coi xdp xi (d€ don gian) E(u) va Var(p,)
la tdng cdc t, va o” clia cdc hoat déng theo duing dén i ¢6 téng E(u)
dai nhit. Neu ¢6 nhidu dub‘ng véi eing E (p) thi Var(p) quy ude lay
lugng cha dudng ¢6 tdng cdc o° dai nhat.

Bay git hay tinh x4c suat dé bign c6 i xong trude thisi gian bit
budc T, cho trudc. Theo dinh 1§ gi6i han trung tdm #, tudn theo phan
bd chufin, ta chi viéc tra bang edc xdc suit ing vdi phan bd chudn dé
tinh P {p, < T.}. Cu thé, d€ tra bang, quy vé trudng hop dai lugng z c6
phan bd chudn véi ki vong 0 v phuong sai 1 nhu sau:

- E(p-,) Ti - E(Ll;)

K,
Plp<sT}=P < =Plzg K},
Hi ' VVar (TH) YVar () &

3 diy K o D
& day K = —————- da biét.
P Avar ()

4.6 DU AN CO THOA HIEP THOI GIAN - CUGC PHI

Trong ede muc trude cia Chuong 4 ta trinh by vé cdc dy dn cé
yéu cAu chii yéu 1a didu hanh th¥i gian. Theo ngdn ngit ban ddu thi
day 1a phuong phép PERT, cdc thei gian & day ¢6 thé xét nhu cde bién
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tat dinh ho#c ngiu nhién. Con phuong phap dudng gang CPM thi dat
ngang nhau th&i gian va cude phi. Myc tiéu chinh cia CPM la chon
cdch théa hiép thai gian - cube phi & mdi hoat dong thé nao dé toan
b du 4n hoan thanh truge mot thai han bit bude va lam cye tiéu cude
phi. Bay gid ta trinh bay phuong phip CPM d¢é giai bai todn nay.

Trude hét phai gid thiét 14 biét quan hé gita cude phi va thoi
gian thuc hién mdi hoat déng (theo ngén ngtt hinh hoc) tdc 1a bist
dudong cong théi gian - cude phi (time - cost curve) clia mdi hoat dong.
Trong mé hinh todn hoc (x4p xi thé tinh trang thuec t&) ngudi ta gid
thi&t quan hé thdi gian cude phi la tuyén tinh. Do d6 chi cén biét hai
diém. Ngudi ta chon hai diém mit nhu sau.

Piém chudn (normal peint) cé toa d6 la th¥i gian va cudc phi cia
hoat déng khi né duge tién hanh trong diéu kién binh thudng, tiic 1a
chuén, khéng cé cude phi bs sung tang cudng (nhu lam ngoai giv, tang
thiét bi, nhéan luc...). Cuc diém (erash point) la diém ing vdi thai gian
va cuée phi khi dau tu h&t mic dé thai gian thue hién hoat ddng ngin
nh&t c6 thé. Moi diém trung gian gilta diém chudn va cuc diém, tic
12 moi cdch thda hiép thdi gian cude phi (time - cost trade - off) déu
coi 12 chdp nhén duge, xem H. 4.10.

1\
& [~ . Cuc diém
Cdij ___°~ I
= Xij
I T ___________ Diém chuén
O L e ———— : _____ |
= |
d‘ri 13 1 ] ]
o 1 1 1
2 ! 1 |
& : ! thot gian
>
dij X Dij

Puéng cong thdi gian - cudc phi cla hoat djng (i, §)
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Céc ki hiéu trén H. 4.10 rd rang la nhu sau. D'I va d 4 thi gian
chudn va thdi gian cuc didm. Cp va Cy 1a cudc phi chmin {normal

cost) v& cude phi cue diém {crash cost), déu cta hoat déng (i, j). Goi
X (thoi gian thue hién hoat dong (i, j)) 12 bién quyét dinh (decision

variable) ciia bai to4n ma ta can tinh. Goi S,lj la d6 xién, tiic 13 hé s&

géc dutng thing bidu thi dudng cong thdi gian - cude phi, tuc la

CD.. _Cd.
- :.,_L.__._'l_
N Di.i - d'u'

Goi K|, 1a tung d¢ diém dudng thing cit truc tung. Khi d6 cude phi
cda hoat dgng (i, j} dng vdéi thoi gian hoat dong X, 13 rang la

= Kij + Sij X;;-

Téng cude phi duy 4n1a C = > (K + 8,x,), & day tong 14y theo moi
@ j}

hoat déng. Vay, dang todn hoc ciia bai todn chon cdch théa hiép thei

gian - cudc phi 1am cue tiéu cude phi du 4n 1a

Bai toan: Chon cdc X, dé thoi gian du dn khéng qud thoi han
bdt bude T cho trude va lam cue tiéu cude phi du dén C.

Nhian xét rdng cdc yéu td cda bai todn déu la tuyén tinh, ta cd

ging dua vé quy hoach tuyén tinh nhu sau.

Bua vao cdc bién bd sung y, 1a thi diém som E, ciia bién 6 k.
Khi d6 quan hé giifa cdc bi&én theo Muc 4.2 1a

E, = max (E; + t,,}, (4.4)
d day max ldy theo cdc bién 8 j ngay trude k, tdc la ¢6 hoat dong néi
0, k). ki higuy, = E, = Xy va viét lai (4.4) ta duge
Y+ Xy =¥, <0

(sd rang bujc 1a s& cde bign ¢8 j ngay trude k). Goi 1 1a niit xudt phat

2t
%25
[0N
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va n 1A niit két thic dy 4n thi

¥, = 0, ¥ = T.
§ muc tiéu thi cac Kij 13 hding. Tém lai ta duge quy hoach tuyén tinh
minz Suxij’
(L)

d £x. 5D,
b=y i
Vit X -y < 0,

¥, = 0, Y. <T.

Dé dua vé quy hoach tuyén tinh dang chuén ta lam nhu sau. Déi
bién x =d. + x’; thi rang buge X z d;; tré thanh rang budc ddu X' =
0. Thém rang budc hinh thic y, > 0, Vi. Rang bujc nay ty nhién théa
d0y1=0véyj2yi+du+xij.

Trudng hop khong c6 th¥i han bdt bude T cho trude, tdc 1a cdn
tim théa hiép t6t nhat giita tdng cude phi va téng thai gian du 4n,
ngudi ta coi T la tham s& va gidi quy hoach tuyén tinh tham s6 dé
duge nghiém t6i vu nhu ham cia T.

4.7 KIEM TRA HIEU CHINH DU AN

Sau khi dung phuong phdp diéu hanh du an PERT — CPM xdc
dinh duge so dé mang ludi, cic biu dé va bang tinh cdc chi tiéu va
dy dn dang duge ti€n hanh, ngudi quan 1y luén phai theo déi, kidm
tra. Didu kién lao ddng thite t& ¢6 thé nhidu bat ngs. Khi can thist c6
thé phai dung phuong phdp PERT - CPM lai, dya trén cdc dit lidu méi,
dé tinh todn cho phén cdn lai cia dif 4n. Sau d6 didu hanh dy dn theo
c4c biéu dé va bang tinh méi.
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BAI TAP CHUGNG 4

4.1 Hay xay dyng s$6 d& mang ls§i gdm cac hoat déng A, B, ..., L sao cho cac quan
hé sau day dugc thoa.

(a) A, B va C 14 cac hoat d6ng ddu tién va cd thé ddng thii.
(b) A va B trude D. {c) Btrudc E, FvaH. {d) F va C trudic G.
{e)EvaBtudctival. (g)C. D, FvaJtrude K. (h) K trudc L.
{i} |, G va L 1 cac hoat ddng cudi ciing cda dy an.
4.2 Né&u thém cac quan hé sau ddy vao dy 4n & Bai 4.1 thi 8o d6 phai chinh thé nao

{a) A va B trudc G. (b} D trudc G. (c) C trude .

H.4.11

4.3 Xétsg dd mang Iudi d H. 4.11, & d4y s8 & canh cung chi thdi gian hoat ddng. Tim
thoi diém som E,, thoi diém mudn L, va thai gian dy trif c0a mdi bign cd, va thai gian
dy trir chung TF, clla mai hoat ddng. B3ng thdi xac dinh dudng ging.

4.4 Xétdy An & H. 4.4 Tim duding gang néu
(a) thdi gian hoat ddng 1, mdi la 4;

(b) thdi gian heat déng L, mGi 1 15.
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4.5 Xétdy an & Thi dy 4.2.2. Tinh cac théi gian hoan thanh sdm EC;, thai gian khdi
céng mudn LSu va thdi gian dy trd doc lap FFij cOa mgi hoat djng.

4.6 Xétdy an co cac thdi gian hoat déng cho § bang sau

‘Hoatdc}ng ‘[1.2) {2,3) (3.4) (4,5 (5.3 (2,8} (B.7) (7.8) (8.9 (4.7)
‘ thai gian ‘ 5 5 5 5 5 6 2 5 B 0

{a) Xay dung so d5 mang ludi.

(b} Tim thdi diém sdm E,, thdi diém mugn L, va thai gian dy trif cla cdc bign cd
cling nhu thdi gian du trii cla cac hoat dgng. Xdc dinh dudng gang.
{c) Néu bd di quan hé trudc sau xac dinh

bdi hoat déng gia (4, 7), thi thdi gian hoan thanh
dy én giam dugc bao nhiéu 7

47 Xétsu dd mang ludid H.4.12,8 day xva y
la cac thai gian hoat déng chua bigt. Xac dinh x
vaydédusngl —>2 — 3 > 61adusng gang.

4.8 Cac hoat déng cha mét dy an duge cho &
bang sau

&)

1

1

|
hd

H. 412
Hoatdéng |A B C D € F G H { J K L MNOFP QR
Hoat ddng . B E Q m
ngay truide AACDDDGHDJDLDNOEJ{R
Thotgian 1,0 5414 3 70 7014 1 1 1 1 7 7 7 14 4 1 1 1
thyc hién

Hay xay dung sd d& mang ludi va tinh duding gang.

4.9 Gia st & thidy 4.3.1, cidc hoat ddng (1, 2) va {2, 4) cdn 8 va 2 cOng nhan. Hay chi
ra cac thay ddi trén H. 4.6 trong mdi trudng hop sau

(a) c& hai hoat déng dugc shp dit sdm nhit ¢d thé;

{b) c& hai haat dong dugc sdp mudn nhit cé thé.
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4.10 Gia sir frong dy an & H. 4.13 nhu cdu cong nhan duge cho bang bang dudi

i hoat dng { 88 cdng  hoat dang
; nhan
o @.8)
(1.3 2 {3 4)
L(1,4) 5 (3.7)
) 3 (4, 5)
N 2R I ! (4.7)

86 céng

__nhan

4
10
g
8
7

hioatdéng | sd céng
e nhan
(5,:8) | 2
(5, 7) i 5
6.7 ' 3 :

i [P

Hay tim s8 cong nhan it nhdt (nhu ham cla thdi gian dy an) trong qua trinh diéu

hanh dy an.

4.11 Gia sir khi dang phudng phap ba udc ligng PERT ta cé ba ude lugng cda mét
heat déng 1a: udc lugng lac quan bing 30 ngay, ude lugng hop li xdy ra nhat bing 36
ngay va udc lugng bi quan 14 48 ngay. Hay tinh ki vong va phugng sai cla thdi gian hoat

déng nay,

4.12 Xeétdy 4n d Thidy 4.2.2, Wdc 12 & H. 4 4, nhung trong trudng hgp ngéu nhién vdi
a, b, m cua cac hoat dong cho & bang dudi day. Hay tinh cac ki vong t, va phuang sai
o’ clia cac hoat déng. Déng thai cho bit thai gian bt budc cia cac bidn cd T, theo
bang dudi day. Hay tinh ki vong E(u), phudng sai Var(u} va xac sudt P {u < T} g€ mdi
bign cd hoan thanh truge T,
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hoatdeng| a b m |nostoeng| a | b | m | _bencs | T,
L) 113 2 {1, 6) 17 |28 A L
2 |28 2| wn 1 32 _ 2 2
| (2, 4) 1 3 2 (5, 63 6 .8 7 ! 3 T 5
@ 1 n i1,5I &7 |3 11| 4 ! 4 | 6
3.5) 05|75 1| 67 4 |8 s 5 | 13
TN vl e |

4,13 Xét dy an ¢6 tinh ngdu nhién cd so 6 mang Wdi dudi day. Biét ba udc lugng cla
cac hoat dong theo bang da cho.

®

{a) Tinh 1, v& o clia c4c hoat dong.
(b) Xdc dinh dudng ging thea cac 1.

(¢} Tinh x4¢ sudit hodn thanh dy dn tride thei gian

®

{d) N&u moi thi gian heat déng déu bing thai H. 414
gian bi guan thi dudng nao 1a duéng gang. Tinh x4c suit
dé dudng gang nay hoan thanh trude 57 (ngay).

hoatdong | a . om | b |
(1.2) 12 12 12
(1, 3) 15 | 21 : 39
(2. 4) 12 o 18
(3, 6) 18 27 36
(4, 5) 12 8 1 24
66 | 2 5 14

4.14 Dung phuong phdp thda hidp thdi gian cudc phi CPM cho diy 4n & H. 4. 15 tim cye
ti¢u cudc phi hoan thanh dy &n trong 15 (tudn). Bi€m chudn va cyc didm cla cAc bién
¢6 duge cho trong bang (theo tudn) cung cude phi chudn va cyc diém cy thé 1a
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Hoat déng DIJ dq c .,- c ”
{1.2) 5 3 20 30
(1,3 3 2 10 20
{2, 4) 4 2 16 24

L @) 6 3 25 43
(3, 4) 5 P4 22 a0
(3.5) 7 | a 30 48
(4.6) s | s 25 | 45

8 | 8 | 6 30 44

{a) Lap quy hoach tuy&n tinh cho bai toan nay.
(b) Giai quy hoach tuyén tinh.

H. 415

¥, 0
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CHUONG 5

BAI TOAN VAN TAI

Trang chuong nay ta sé xét mat bai todn dong trén mang dac biét 13 bai toan
van 1di. Day 1a bai 1odn quan trong nhit trong cac bai tedn quy hoach wyén tinh. O
Mi ngudsi ta 13ng két ring B5% cdc bai todn quy hoach tuy&n tinh g3p trong ting dung
la bai todn van tai hodc md réng cia né. Thuc ra,  Chuong 3 ta da thay ban than
bai todn dong trén mang t6ng quét ¢6 thé dugc gidi thich nhir mét bai 10dn chuyén
van, sac cho cuge phi nhd nhat. Thudt ngd bai todn vin tai {trangsportation problem)
[a danh cho wwing hap riéng duge néu & Thi du 1.1.2.

5.1 CAC KHAINIEM CO BAN

5.1.1 Dinh nghia

Ta da dinh nghia bai todn van tai (gébm hai trudng hop mé hinh
van tai déng va mé hinh vin tdi mé) nhu la mét trudng hop riéng cha
quy hoach tuyén tinh chinh téc 6 Thi du 1.1.2. Véi ngén gnit dong
trén mang, bai todn van tai la bai todn dong dic biét khi tap cde nit
dude chia lam hai phan r&i nhau (N =S u D, 8 n D = ©) sao cho moi
cung déu cé dudi ¢ S va ddu & D; chc mit thude S 12 cdc nit ngudn
{source)} hodc cing goi 14 niit cung (supply node); cdc mit thuge D 1a
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dich (destination), cing goi 1a nut cdu (demand node). P6 thi trong
truomg hop nay s& goi la dd thi hai phén (bipartite graph). O bai toin
van tai, dd thi hai phan con cé thém gia thiét la méi ngudn déu cé
cung noél véi moi dich. (Cang ¢6 khi ngudi ta dinh nghia bai todn van
tai khong 6 gid thiét cudi nay, con bai tean thém gid thigt nay duoc
goi 1a bai todn vdn tdi Hichcock. O day ta chi xét bai todn van tai
Hichcock, nén khéng cdn tit "Hichcock”.) Ngudi ta ky hiéu phan biét
cdc nguén 1a s, 2 0 va cac nhu cau 1a d; > 0 (khéng ky hiéu chung 1a
b.).

Chii ¥ thém riing bai todn van tdi mé, tic 12 khi cdc ngudn ¢6 thé
i1
khong chuyén hét sang cdc dich x; <s,i=1.,m)eb thé dua
i-1
vé bai todn van tdi déng bing cdch dua thém moét nit ciu gia n+1 véi
nhu cau

m 0
dn+1=ZSi - Zdj
i=1 j=1
d_, chinh la téng lugng hang con trong cdc nguén, khong duge chuyén
di.
Nhiéu bai toan thue t& ¢6 ban chat khac han "van tai" nhung ¢é
mé hinh todn hoc 14 bai todn vén tai.

THI DU 5.1.1 (Bai todn b6 nhigm - assignement problem).

Gia sif ¢ tap S gdm m ngudi va tdp D gém m viée hodc chic vuy.
Cudc phi cda viée bd nhiédm ngudi i € S vao viecj € Dla c, Bai toan
dit ra ia tim céch chia cho mdi ngudi ding mét viée sao cho téng cude
phi 1a nhd nhat. P4t bign (bién dong) la

11 néu ngudii duge viée },
X 4 0 trusng hop khdc

.(U;,.ll
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thi bai todn trd thanh

min Z Z CX; s

ieS5jeD

x; =1,ie 8 (mdingudi chi duge ding mét viéc),

jeDd
z x; =1,jeD (méi viée chi cho ding mét nguwi).
ieS

Pay 1a bai todn van tai nhung ¢6 thém yéu cdu 12 cdc X, chi 14y
gia tri 0 hoac 1. Khi bd yéu cdu n&y ta dugc bat todn van tai. Bax todn
b6t yéu cdu d6 duge goi 1a LP - néi Iéng (LP - relaxation, LP 1a tu
Linear Programming) clia bai to4n b§ nhiém,

Phudng phdp don hinh mang néu trong Chuong 3 rat wu viét
trong trudng hop nay. Vi cdc s, va d, & bai toan LP - ndi Iéng déu
nguyén (= 1) nén theo Pinh 1y 3.3.4 moi nghiém co sd déu nguyén, do
d6 cdc thanh phan X, chi bing 0 hoic 1. Do dé, 15i gidi LP - néi léng
cing chinh 12 19i gidi bai toan b8 nhiém. Chi ¥ ring néu ta dp dung
phuong phédp khdc, chdng han cde phuong phip diém trong (xem
[Khdnh - Nuong 2000]) d€ gidi LP - néi l1éng thi c6 thé hsi tu nhanh
hon phudng phdp don hinh, nhung tinh nguyén cia nghiém khéng
dugc ddm béo, nén ta chua duge 1&i gidi cia bai todn b8 nhiém.

Bai toan bd nhiém ciing cé khi duge goi 12 bai todn chon (choice
problem}. Nhiéu bai todn thuyc t& da dang ¢6 mé hinh todn hoc la bai
todn bd nhiém, chdng han bai todn phan b§ hoé khi vao cic muc tiéu
can tiéu diét.

5.1.2 Céac bai toian dua vé bai todn van tai

Ta xét mdt s0 trong nhiéu bai todn c6 hinh thite khac phie tap
hon hoiic tdng quat hon, nhung cé thé dua vé bai todn van tai,

12 VANTRUHOQC-A
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(1) Béi todn véi cung it hon edu

m n
Khi téng nguén cung Y. s, nhd hon téng nhu cau Y d,, tét
i=1 i=1
nhién khéng thé d4p iimg nhu ciu d, cho moi nit cduj=1, .., n Khi
dé6 & phdt bidu bai todn ta phai c6 cdc rang bude

thay cho rang bugc déng thue.

Ta cé thé dua vé bai todn van tdi déng nhu sau. Cé hai trubng
hop. Trudng hop thit nhat 1A c6 tinh dén su thiét hai (bang tién) khi
thi€u mét don vi hang & nidt cdu j 1a r, ,1=1, .., n Khidé ta dua thém -
mét nut cung gié (dummy source) m . 1, véi nguén gid 1a

n m
I:Zdj - Zsi
j=1

i=1

va cugce phi ¢

mel = T Bai todn van tdi déng nhan duge 1a

n m+l

min Z Z ¢ X

j=1li=1

m+1

o
Il
="
-
i
Y
B

et
H
o
-
I
o
=
+
-P—‘

12.YANTROHOC-B



5.1 CAC KHAINIEM COBAN 179

Lugngx_ | 1= d; - z Xy chinh 1a luong hang thiéu (khong duge
i=1
ché dén) & nit cau j.

Trudng hgp thit hai 1a khéng tinh dén sy thiét hai cho thiéu hang
& cé4ce niit cau. Khi d6 ta dua vé bai todn van tdi déng nhu trén, nhung
di bigt 1 =¢ . =0,j =1, ..., n, nén myc tiéu chi cdn 13 nhu bai

m+1j

todn gbe dang xét:

n m
min Z > CX;i -

j=1i=1

Hoan toan tuong tif nhy vay, § bai toan van tdi mé ciing cé thé
tinh dén cudc phi luu kho (storage cost) & cac ngudn cho mét don vi
hanglac, . ,i=1, .., m Khidua vé bai todn v4n tai déng bling céc

dua vao nit cau gia n + 1 nhy trén d4 néi, muc tidu trd thanh

n+l m

min Z Z C;K;; -

j=li=1

Nhu vy ta chi can xét bai todn van tai déng, va sau day goi (tit)
12 bai todn van tai. Bé 13 bai todn

min Z Z €%, » (5.1)

j=1i=1

(T) 2%, =s,i=1,..,m, (5.2)
J=
m
D x; =d,j=1,.,n (5.3)
i=1
x,20,i=1,...mj=1.,n (5.4)
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(2) Bai todn vdn tdi c6 duong caGm

D4y la bai todn van tdi nhung khong phai mdi nguén déu ¢6 cung
né6i véi moi dich, c6 nghia 1a "cé duting cAm". Céch dua vé bai toan
vén tai la dung phuong phip M-16n, tic 14 phuong phédp phat, nhy
sau.

Goi E 12 té4p cdc cung khong cdm, tic l1a t4p cde (i, j), 1 € B,j «
D, ma bai todn ¢6 thém diéu kién

X, = 0véi(i,j) ¢ E. (5.5}

Ta dua bai todn (5.1)-(5.5) vé bai todn (T) bing cdch dit cufe van
chuyén méi

o - ¢ néu (i, ) € E,
""1M néu G,j)eE,

& day M la mdt sé rat lén, coi 1a Idn hon mei s& gip phdi khi tinh
todan. Goi ba: todn (T), tifc 14 bai todn (5.1)5.4), nhung vdi cude phi
mdi nay la T(M) thi ta cé

BINH LI 5.1.1. Gid s x* = (x;*),, , l& phuong dn vén chuyén t6i wu
ciia bai todn T(M). Khi do

(i} néu X% = 0 V(i j) e E thi chinh x* la phuong dn (vdn chuyén)
toi wu cda bai todn vén tdl cé dudng edm (5.1)-(5.5);

(1) néu ton tai (k, 1) ¢ E max* | > 0 thi bai todn vdn tdi cé duong
cdm khoéng cé nghiém chdp nhdn duoc.

CHUNG MINH. (i) Vi moi phwong an x chip nhan dugc cia T(M) ma X, =
0V (i, j) ¢ E ciing I3 phitong 4n chdp nhin dugc clia bai todn vén (i cé dudng
ciAm va nguoc lai nén k&t ludn 12 ding 13 ring.

(i) Gia str phdn chitng 1d ¢6 x = (xij)m , 12 nghiém chdp nhin dugc cia bai
todn ¢6 duding cdm. Khi d6 né ciing 12 nghiém chip nhin dugc ciia T(M), vdi
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gia tri muc tiéu 1a

11} m
Z %y = z iy <{ [:‘:2}.])( cij) i i X, = (I:E:)x cij) i 5. (5.6)
: i=1

i=lj=1 (il = E - i=1j=1
Gi4 i myc tiéu 181 vu cda T(M) }a

moon
ZZC..K*..ZMX* .

TS| kl
i=1j=1

180 hon gid tri (5.6) vi M 1 1t 1én, miu thudn véi tinh t6i vo. (0
(3) Bai todn védn tai kém ché bién trung gian

Gid sif trong mé hinh van tdi ¢6 mt s§ diém ngudn, tdc 12 didm
sdn xudt, cho ra mét s6 ban sdn ph&m cin phai ch& bi&n trude khi
dén di€m cdu (diém dich). Gia s ¢6 k diém ché& bién A = 1, ..., k v6i
kha néing ché bién a, don vi sdn phdm, tuong dng. Goi cuéc phi van

chuyén mét don vi ban san phdm tiri dén A 1a ¢’;, va chuyén mot don
vi sdn phdm tif A d&n j la ¢”,;- Bai todn dit ra la lap k& hoach van

chuyé&n tit ca cdc bdn san phdm qua ché bién dén théa mén tat ci
cac diém cAu sao cho cuée phi nhé nhat.

Goi z,,; 14 luong sén phdm tir i qua A réi d&én diém céu j. Dang

todn hoc s& la tim z = (zilj)mkn sao cho
m k n
min 2. 2 2 (¢, + ¢ )z s 6,7
i=1a=1j=1
k m
2 Xz, =s,i=1,.,m, (5.8)
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m ok
2 Xz, =d,j=1, .1 (5.9)
i=1i=1
2 Xz, sa,i=1 .k (5.10)
i=1j=1

z,20,i=1, .., mi=1,.,kj=1,.,n ({511
i

Ta s& c0 ghng dua (5.7)-(5.11) vé bai todn van tai cé dudng cdm
bing cach dua vao cac bién mdi

X an = ) zy,i=1, ., mAi=1, .k  (512)
=1

X ons lem ,A=1,.,kj=1,.,0  (513)
i=

Bién x, __, la toan b} lugng ban sdn ph&m chuyén tir nGt i d&n
A Bignx_ ; 1a lugng sén ph&m chuyén tir nit ché& bién 1 dén nat
cdu j. Viét theo cic bi&n méi, bai todn (5.7)-(5.11) trd thanh

rngZcx +Zzn:c’x

A, oo+ A ’R] m+hj’ (514)
i=1 a=1 A=l j=1
k
in,n+l_ Si’ b= 1’ » M, (515)
a=1
k
me+l,j =d;,i=1..mn (5.16)
h=1
m n
Z xl n+l= me+l,j Sa}x’ A= 1’ e k’ (5'17)
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X ,20,x 20,i=1,..,mi=1, .,k j=1 .,n (518)

i, 1+ m + A, j

Ta bién d8i thém (5.17) b&ng cdch thém vao bién bi
X =0,k=1,..,k

m+ A n+Ah

d& (5.11) vi&t lai & dang hai ddng thic:

m
ZX. + X

1,0+ A m+?..,n+l=

a,rA=1, ..k (5.19)

l’

> x

i=1

+ X =a,r=1, ., k. (5.20)

m+ A, ) m+ A 0+ A

Pé thay rd lic nay ta da nhédn duge bai toan van tdi ¢é dudng
cdm ta dua thém vao cde di€m cung (diém sdn xuét) méi m + 1, ...,
m + k v6i lugng hang tuong Gng a,, ...a, va cdc di€m cduméin + 1,
. 0+ k v6i lugng cdu a,, ..., a,, tuong dng. Ching ta quy dinh ring
c4dc dim cung i, i =1, ..., m, chi ndi véi cdc diém cdun + A, A =1, ...,
k, va cdc diém cung m&i m + A, A = 1, ..., k, ndi véi moi diém cau. Dat
cude phi mdi la

¢ =c.,¢ =c”

io+k i *mea; Aj?

i=1,..,mAi=1,....kj=1,.,n

Dé ki€m tra ring (5.15), (5.20) ddm bde toan bd lugng hang san xudt
ra duge van chuyén, va (5.16), (5.19) dam bdo cdc nhu ciu déu théa.
Vay bai todn (5.14)-(5.20) chinh 1& bai toan van tai c6 dudng cdm. s}
day lugng hang trén dudng c¢dm (bling 0) khéng dua vao k¥ hiéu nia.

Ngoai ba bai toan trén, cdn nhiédu bai todn cé thé dua vé bai toAn
vén tai, ching han bai todn van chuyén nhidu loai hang cing lde,
trong d6 chia thanh cdc nhém ma cé4c loai hang trong médi nhém cé
thé thay thé cho nhau (theo hé s8 nao d6). Chdng han mdt nhém la
than, diu héa, xng, mazut; nhém khéc 1a ba loai xi mang mac khéc
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nhau... Mt bai todn khac 12 c6 nhiéu phuong tién van tai kiéu khac
nhau. Doc gid c6 thé xem thém trong [Golstein-Yudin 1969].

5.1.3 Bi€u dién todn hoc bai toan van tai

Ta da thay bai todn vén tai la bai todn quy hoach tuyén tinh c6
dang (5.1)-(5.4). Nhu & Muc 5.1.1, khi dinh nghia ta ciing thdy bai
todn vén tdi 12 mot bai todn dong trén mang dac biét, ma d6 thi cha
né 14 dé thi hai phén, phan 8 1a cdc nit nguén va phédn D la ede niit
cdu (dich) r¥% nhau ma méi ngudn déu c6 néi véi moi dich. Nhu vay
vé biu dién cling nhu cach giai ¢é thé ding t4t ca cdc phuong phdp
chung nhat ciia quy hoach tuyén tinh, ciing nhu cde phucng phdp cia
16p cdc bai todn mang. Tuy vay, tdn dung cde dic diém cla bai todn
vén tdi s& thuén lgi hon, d& phitc tap hon. Chdng han néu vé& dé thi
cta bai todn vén tdi thi cdc cung cit nhau rat nhidu nén thue t& khéng
cung cip dugc minh hoa hinh hoc.

Biéu dién ma tran cda bai toan vén tdi (5.1)-(5.4) ciing it ¥ nghia
thye t& nhung ciing gitp ta phan tich céc tinh chat 1y thuy&t. Khéng
gian phuong 4n 12 m.n chiéu nén vecto hé s6 mue tidu 1a

€=(Cyp5 s Copy Copp oon 5 oy vvv Corr - L

Vecte phuong 4n la

X = Xy Xyge s Xy Koy Xggy o Xgpy ooy Xy, Xmor s X
Ma tran A sé 1a (tir (5.2), (5.3))

11 ...100 ...0..00..0
¢c0...011 .1 .. 00 .. 0

00 ..000..0 ... 11 .1

[y
=)
—
=]
=

=R )
/gN‘
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Vecto v& phai la b = (s vs,dydy.d)

r Sy e 1

Dang ma trén cla bai todn van téi (5.1)<(5.4) la
min ¢ X,
Ax = b,
x20.

Céc vecto ¢t cia ma tran A s& ky higu la A ,i=1l,..,m,j=1, .., n
Cée vecto hang cua A ky hiéu la A, k=1, .. m+n.

NHAN XET 5.L (a) Vi ta da phan biét nguén s, 2 0 va diém hat véi d =0
ma khéng kf higu chung 13 b, véi quy uéc b, < 0 Ia diém hit nén cach
biéu dién ma trin A & day khac vii cach bicu dién chung cda bai todn
dong trén mang. (Chd ¥ 13 d day thi ty cic cot da &n dinh sdn.)

(b) A ¢6 ding m + n — | hing déc Hap tuyén tnh, tdc 13 rank A = m
+ n - 1 Chitng minh § day don gidn hon oudng hgp bii todn dong trén
mang tdng quit. That vay, d& thiy t8ng m hang ddu cda A bing tdng n
hang cudi cia A {vi biing vectd ¢é céc thianh phin déu bing 1). Do dé
rank A < m + n - L. Mit khéc, ma tréin con vudng cApm +n — L clia A Ia

giao cha cdc cbt A", e Am_1 ' Aml, Amz"" . Amn va cdc hing
AL A, AL LA L Am ., €6 dinh thitc biing 1. Vay rank A = m
+n-1

Cédch biéu di&n thuin tién nhat bai todn van tdi la ding bang
gdm m+1 hang, n+1 ct. tite 12 c6 (m+1Xn+1) 8. Trén cée 6 (i, o) ghi
cdc SO s, 1=1, ..., m, tit nay s& goi 12 lugng phdt. Trén cdc 8 (0, j) ghi
cdc sb d , = 1 ..,n ,goi la lugng thu. TAp cdc 6 { (i, jk:i=1, ..., m,

j=1. n} goi la phén chinh cia bdng vén tai. Sau day ta dang thuat
ngit bang vén tdi (transportation table) dé chi phan chinh nay cho
gon. O goéc trén bén trai méi 6 (i, j) ta ghi cudc phi ¢, chuyén (mot
don vi hang) tif nit nguén i, sau day sé goi la diém phdt i, d&n diém
hut j, sau day goi la diém thu j. Nhu vay méi 6 (i, j) cha biang van tai
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ing véi cft A, cla ma trén A. Ta ghi thanh phén tuong iing x;; cia
phuong 4n dang xét vao goc dudi bén phdi 6. Khi 46 ta duge bdng vén
tai tuwong ing vdi phuong dn x. Cdc o (i, j) ma X > 0 duge goi 1a 6 s
dung (hoac 6 chon). Cédc 6 ¢6 X, = 0 dugce goi 1a 6 loal (hoac 6 kidng
st dung). D€ don gidn ta khong viét vac lugng X; = 0 vao bang. Tap
cdc 6 sit dung trong bang vén tai (ng véi phuong 4n x thudmg ki hiéu
la Gix):

G(x) = I(3, j) X, > 0}.

d [ !
i
d, dj dn
..Si i
C11 €y Cln
5,
X Xy Xin
i G Cin
S,
1
Xy X X
cml cmj t:rru'l
s |
e o e ! Xm_l_ xng xmn |

Bang vin tai

Ta goi ddy chuyén hodc duong di (path) trong bdng van tai la
mét day cic & théa hai digu kién:

(i) hai 6 canh nhau n3m trong cing hang he#c cing cot;
(ii) khéng cé ba 8 nao nim ciing hang hoic cing cdt.
Day chuyén théa thém diéu kién

(iii) 6 d4u tién va 6 cudi cling ném trén etng mdt hang hosic mét
cdt duge goi la chu trinh (loop hodce closed loop hodic cycle). Viy chu
trinh 12 mét day chuyén khép kin.

%+
"ioy
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52 CAC TINH CHAT CUA BAITOAN VAN TAI
5.2.1 Sy tén tai phuong an téi wu

PINH LI 5.2.1 (Dinh li tén tai). Diéu kién cdn va du dé bai todn vin
téi c6 phiuong dn téi uu la tong luong phdt bang tong luong thu, tic
la

s =2d >0, (5.21)

i-1 i=1

(diéu kién cén bdng thu phdt).

CHUNG MINH. Cdn. Gi sit bdi todn vin tdi cd phuong 4n t8i wu x*. Khi
ds, theo cdc didu kién (5.2) va (5.3),

isi = %ix"u =zn:§:x*ij =>4

i=1 i=lj=1 j=1i=1 i=1

i, Gid st ¢6 (5.21). Trude hél ta chi ra i3 bai todn 13 chip nhan dugc, wic 1a

m m
¢6 phudng an chip nhin dudc. DatE = Z s, = Z dj . Goix= (xij) 14 phudng
i=1 j=1
an ¢ thanh phdn
s.ld.
X, =, i= womj=1,...n
ij E
Tacéd
n n n
sd. s 5.
_ L ) _ 4 - _
qu—z E —EZd]—E-E—sll-— m
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11
Tuong o, ciing cb Z X, = dj =1 .. D(‘Bng thdi, 16 rang X ={). Vay
i=1
x la ph¥ong an chdp nhin dugc.

Bay gid ta chiing 16 him muc tiéu bi chan dudi trén mién rang budc. Tit
(52}va(548)taco0< X <8 Viviy

< xu>0neuc =0,

> .
i X 2 €5+ 8; néu € < 0.

Do dé

2 iZmHOCS}—CODSI

%
i=lj=1 i=1j=1
Vi bai todn vén tdi 12 quy hoach tuy€n tinh va ¢6 him muc tiéu bj chan dudi
trén mi¢n ring budc khac trdng nén tdn tai phwrdng 4n 16i v

Tit nay vé sau ta chi xét bai todn van tdi can biing thu phat, hoic
goi tit 1a bai todn vdn tdi c4n bing (balanced transportation
problem). ;

5.2.2 Cdc tinh chait vé nghiém cd s&

Bai toan van tdi cing 13 quy hoach tuyén tinh dang chinh tic
nén ta da biét mgt phuong 4n chép nhan duge x 1a nghiém co sé (hay
cling goi 12 phuong 4n co 58, phuong 4n cuc bién) chap nhan dugc khi
va chi khi céc cft cla ma tran A ng v6i cdc thanh phén x;>0la
ddc 14p tuyén tinh. Ta da goi cdc & clia bang van tai Ung vdi x ma cé
x; >0 14 céc & st dung. Ta quy udc lic nay cling néi 1a cde 6 sif dung
doc lap tuyén tinh.

MENH BE 5.2.2. Gid sit tdp U cdc 6 trong bdng vén tdi 6 tink chét
la méi hang hode et cia bing hodc la khéng chita 6 néo cia U hodc
chia it ra ld hai 6 cda U. Khi d6 U phdi chita chu trinh.

)
%, 19*2
0,1\,'
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CHUNG MINH. BAt ddu tf mdt 6 (i), j,) bt ky cla U. Trong hang i, phdi
6 6 (i), j,) nao d6 ctia U. Tiép tuc trong cdt j, phdi ¢6 6 khdc nita, ching han
8 (i3, j,)- Ta lam ti€p néu chita dugc chu trinh. Visd 6 cfia U 12 hitu han nén sé
d&n ldc ta gap lai mdt 6 da di qua tdc 13 ta d& gap mot chu rinh trong UO

DINH LI 5.2.3. M6t tdp cdc é tfong bdng vdn tdi la doc l4p tuyén tinh
(tic ld cde cOt tuong ung cda ma trdn A la déc lap tuyén tinh) khi va
chi khi tdp nay khéng chita chu trinh.

CHUNG MINH. Khi. Gid st phin chitng 13 tip U cdc 6 trong bdng vén t3i
khéng chuta chu trinh nhung 13 phu thudc tuy€n tinh, tirc 12 dn 1ai Yip (jre Uy,
khéng ddng thdi bing 0 sao cho

XyA, =0. (5.22)
ye U

Pién cic s8 ¥;; o 0 (i,j) tuong Wng trong béng vén tii con cdc 6 khéc ghi s6 0.
Khi dé theo (5.22) t8ng cdc s ghi trong mdi hing cla bing don hinh biing 0
(chd ¥ d€n m hang ddu clia ma trin A vi€t & Muc 5.1.3). Biy gid xét tdng céc
s6 ghi trong m&i c4t cla bing. Gia st xét cot 1. Nhin ma trin A ta thdy cot nay
ghi cdc 56 trong s6 {7, . ¥,,» .- ¥, } MA ¢6 mat trong (5.22), nén 3ng cdc 8 nay
chinh 1a v& trdi phugng irinh thit m+1 trong (5.22) va phdi biing 0 theo (5.22),
Tuang tf cho d€n cdt thiy n thi 8ng c4c s& chinh 13 v€ i phudng trinh thif m+n
trong {5.22} nén ciing bing 0.

Goi P1a tip cdc 6 trong bing chita cdc s dugc dién khdc 0, ufcta P={ (igx
Ty * (0}. Khi d6 mdi hang va cdt trong bang hodc khdng chifa 6 no cha P hoac
ChlIa it ra 13 hai 6 (vi t3ng céc s6 khic 0 da dién phdi bing 0). Theo Ménh dé
5.2.2, P phai chifa chu trinh. Vi P 13 tdp con cfia U nén U ciing chifa chu trinh,
méu thuin.

Chi khi. Gia sit phdn ching 12 U 12 ddc 1ap tuyén tinh nhung lai chita mot
chu trinh V. Dién 1 va ~1 mdt cach xen k& vao cac 6 cfia V va 0 vio cdc 6 con
lai cia bing vén 1di. Theo dinh nghia chu tinh, Sng cdc s& da dién rong mbi
hang vi moi c(t cta bang vAn 13i phai bling 0. Nhu vay 13 ta d3 c6 mdt bd hé
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s6, ¢6 cdc hé s khdc 014 1 va -1, d¢ 18 hgp tuyén tinh cdc ¢dt A, cda ma trén
A tuong ting véi cdc 6 clia U bing 0. Suy ra U phy thudc tuyén tinh, mau thuin.JJ

Tiu dinh ly nay ta cé ngay

HE QUA 5.2.4. M6t phuong dn chdp nhdn duge cia bai todn vin tdi
la phuong dn cue bién khi va chi khi tdp cdc 6 sd dung cda né khéng
chia chu trinh.

Ap dung dinh nghia phuong 4n ciyc bién suy bién cia quy hoach
tuy&n tinh téng quat vao bai todn vén tai ta s& goi phuong 4n cyc bién
clia bai todn vén téi 12 khdng suy bién hodc khéng thodi hia
(nondegenerate)} néu s6 v st dung cla né ding bing m+n-1. Nguge
lai phuong dn cuc bién suy bign (degenerate extreme alternative} la
phuong 4n cuc bién ma sé cdc 6 sif dung it hon m+n-1.

5.2.3 Céc tinh chit vé chu trinh

MENH BE 5.2.5. Trong bdng vdn tdi gdm m.n 6 véi m 2 2, n > 2 moi
tdp gém t m+n 6 tré lén déu phdi chia chu trinh.
CHUNG MINH. Vi hang rank A =m + n— 1 nén trong bdng vin tdi moi tip

¢6 > m+n 6 déu phy thudc tuyén tinh, va do d6 phdi chita chu trinh theo Binh
ly 5.23.0

Tir dinh nghia chu trinh ta ¢6 thi tuc sau diy dé€ nhit ra chu
trinh tif mét tap T ¢6 chu trinh, ching han tip ¢6 > m+n 6.

e Xo4 khoi bang van rdi moi dong va ot chi chita khéng qui moér &
cla tap T.

e Lip lai viéc Jam trén cho bing méi nhédn duge cho dén khi thu du.d(,
bang mi mbi dong vi ¢4t d&u chia &t nhit hai 6 coa T.

« L4y ra chu trinh tit bing cudi clng nhy cich lim & ching minh
Ménh d& 5.2.2,
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Thi tue nay cing dung dé phat hién ra tap cde 6 khong c6 chu
trinh. Diéu nay x4y ra néu ta xod hét bing van tdi ma khong dimg

lai trude dé.

THI DU 5.2.1. Tim chu trinh tif cdc & ¢6 ddnh ddu x.

1 2 3 4 5 6 7 8 9 10 1 12 13 4 15 16
| -~ e T :
2w | IS
3 x X X ~ X X 4 X ; X :
4 ! X : A X X |
S | J‘ Px [ x g

s Xod cot ], 3,5 6,7,915 16,11 va 13
¢ Xod hing 2 va hiang 5.

¢ Xoa cét 4 va cor B ta nhan duge bang mdi

2 10 12 14
1 X, O
3 i ._5x:__ - X
4 g

v Bir dau tt 6 {1, 2) di d&n 6 (1, 10) cling hang, ti¢p d&n & (3, 10) cing
cot va vé 6 (3, 2) cing hang ta duge mét chu trinh.

Néu bit ddu tit 6 (1, 10) sang 6 (1, 12), dén (4, 12) rdi (4, 14), (3,

14) va vé (3, 10) ta duge chu trinh khdc.

Nhén xét riing s& 6 trong mét chu trinh Iudn chin.

Ta da biét phuong 4n cuc bién 1a rit quan trong déi vdi quy hoach
tuyén tinh. Ma phuong 4n chap nhédn duge 14 cuc bién khi va chi khi
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cdc & su dung cia né khéng chita chu trinh. Vi vay dinh 1y sau vé
"phd chu trinh" 14 quan trong.

DINH LY 5.2.6. Gid st x la phuong dn chdp nhdn duoe ma tdp 6 si
dung G(x) cd chia chu trinh. Khi dé t x luén xdy dung ditgc phuong

dn x chdp nhgn dugc voi gid tri mue tidu khéng 16n hon ma Glx)
khéng chita chu trinh.

CHUNG MINH. Gié sit V 13 mét chu trinh trong G(x). Panh d&u cdc 6 trong
V, W md1 6 batky, bdi cdc ddu + va — xen k&. Goi V' (V) 1a tap cdc 6 trong V
¢6 diu + (—, twdng vng). Gia sit, d€ xac dinh,

2e, <2 : (5.23)
(e V j eV
Xay dung phifdng 4n x v3i cdc thanh phin
X, +0 néu (i, j) e V',

x,={x,-0 néu eV,

[~

X, néu G, jye V,

trongd6 6= min fx;;: (ij) € V7). Tir dinh nghia 6 15 rang KU 2 0. Vicdc d trong
V titng d6i thude V' va V™ xen ké& nén

i; =ix.. =dj’j=1""’ i; =£x.. =si,i=l,..,,m,

ij ij
i=1 i=1 i= j=

Vay X 12 phuong dn chip nhén dugc. Hon nifa, gid tri muc tiéu mdi 1a

chuxu ZZC X +6‘[l Zc — Zcij] SZ Zcijxij.
i ij) e v' Gijle v [
Do dinh nghia clia 8 va x; s& 6 it nhdt mot (i,j) € V™ dé x; =0 e 1a (i) ¢
G(x). Viy G(x) khéng chifa V.NEu (5.23) ¢ diu ngude lai thi cdi bién dinh
nghia x;, va 6 tuong (ng ta cling c6 k&t qui nhirvay. P&én day néu G(x) con chia
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chu trinh ta Jai lam t&p vdi x nhut vdi x trén day. Cudi cing ta d&n phiong an
¢hAp nhidn dude o6 muc tiéu khdng 18n hon ban diu va co 1dp O s dung kbhdng
chia chu trinh.[J

MENH DE 5.2.7. Gid st P la tdp gém m + n — 1 6, khéng chua chu

trinh, trong bdng vdn tdi gém m.n 6 va (ij} e P. Khi d6 P (i,j) sé
chita mét chu trinh duy nhdt.

CHUNG MINH. Theo Ménh dé 5.2.5 thi P w (i,j) phai chia chu trinh. Gid
sit phdn chitng 13 P i (1,j) chifa hai chu trinh khdc nhau:
vl = {(i!j)v (lv.]|)' (i|!.]|)! rey {lp Jf)s (lp J)}:
V'z = {(l!.]}! {ixj,|]! (i,l’j‘l)' "'l(ik)jk)’ (ik'j)}'

Gia stf d€ xdc dinh 12 s khdc nhau thé hién it nhat d chd k = /. Ta lip mot
chu trinh mdi khéing chida (i,}), va do dé nim trong P, nhu sau

V3 = {(l's jl}s (1!‘ I l)a """ (lf‘ ]{)a (lp J)' (lkvj}y (lk! Jk)vr(l! J,l)}
bidu nay miu thuin vi P khong chifa chu trinh (xem H.5.1).0
(i,j) | (4, j;) (4, )
Wy, iy
{i,,3,)
(1, J) _ (i, j)
(i, j) Gy, § )
H5.1

13 VANTRUHOQC-A
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MENH PE 5.2.8. Néu tdp P cdc 6 trong bdng vén tdi chia duy nhét
mét chu trinh V, va (i, j} € V|, thi t@p P\(i;j) khong chita chu trinh.

CHUNG MINH. Gia sif phdn chiing 12 P\(i,j) chita chu triinh V., thi (i,j) ¢ v,
nén vV, = V,. Vip P ¢6 hai chu trinh khac nhau, v6 1y.0]

NHAN XET 5.2.1. Bai todn vén tai ciing [3 bai toin dong trén mang nén
cing bi€u dién dugc biing dé thi (tuy ring khi d6 cac cung trén hinh vé
cit nhau nhiéu nén phdc rap). Vay khdi niém day chuyén {(dudng di} vi
chu trinh dinh nghia theo ngén ngid bang van rii trén day <d trung véi
dinh nghila theo ngdén ngit d6 thi khéng ? D& thay fa "trang", chi viéc so
sanh qua dinh nghla bing van 1di va dé thi ta s¢ thay 5 diéu dé. Phuong
an cd & & bang vin tai 12 Gng v&i cAy bao trim & d4 thi.

5.3 GIAI BAI TOAN VAN TAL THUAT TOAN THE VI

5.3.1 Tiéu chuén téi uu

Ta sé trinh bay phuong phédp don hinh mang 4p dung cho bai
todn v4n tdi theo ngén ng bang van tai. Bai todn ddi ngdu cda bai
todn van tai (5.1) - (5.4) (tc la d6i ngiu cda mot quy hoach tuyén
tinh chinh tdc) sé la

m o
max ), sp, + 2 dg, (5.24)
P=1 i=1
P+ = < i=1,...,m,j=1, .,n
Duya trén tinh d8i ngiu ta s& ching minh tiéu chudn t8i uu sau

day.

DINH LY 5.3.1. {Tiéu chuin t6i wu). Phuong dn chdp nhén duge x =
(x;y) cda bai todn vdn tdi la 16t uu khi va chi khi tim duge cdc gid tri

13 VANTRUHOC-8

19"
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cua bién d6i ngéu p; va gy i=1.,mj=1, .., n, sao cho

P, +q=c néu x; > 0. (5.286)

CHUNG MINH. Khi. Gia st ¢6 cic P q; thda (5.25), (5.26) va x = (Eij) Ia
phucng dn chap nhdn dugc bit ki, Do (5.26) gid tri myc tiéu tai x la

m n

ZZ i ZZ(P +Q)x11

i=1j=1 i=1j=1

Do (5.25) gi4 tri muc téu tai x duge ddnh gid nhyr sau

m n

ZZL” i ZZ(F qj)x _Zpiziij-i-ijz;ij’

i=lj=1 i=h =1
:Zpi5i+ijdj=zpiinj+ijzxijzz 2. B+ g%
i [ i 3 j i i

Viy x 1a phuong dn 51 vu.

Chi khi. Gia s x 12 161 wu. Theo dinh 1§ 461 ngiu manh, bai todn ddi ngiu
cling o phuong dn (Siwuz=(p,, ..., Py Gy - » qn)T. Do d6 z phdi chip nhin
dudc, tdc 13 thda (5.25). Theo diéu kién dé 1éch bt ta ¢o

(r:l.j -p,- qj} X; = 0 v {3i,)).

Do dé 1a 6 (5.26).0)

Qua chimg minh trén ta thdy (5.25), (5.26) c6 nghia la céc P g
la bién d6i ngdu chap nhan duge va cung véi (x ) théa diéu k1en do
léch bi.

Céc s0 p, q (cdc bign d6i ngdu) duge goi 1a cde nhén ?
[
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(multipliers) vi tif ¥ thuyé&t d&i ngdu téng quat ta da biét bign dai
nghu chinh 14 nhan tif Lagrange. O Viét Nam va mét s6 nude nhu
Nga... p, q; duge goi la cac thé vi. Vi thé phugng phap don hinh mang
sau ddy dé€ gidi bai todn van tai cé tén la phuong phdp nhén tu
(method of multipliers) hoiic phiong phdp thé vi. (Hay so sanh v6i
phuong phap don hinh mang & Muc 3.3.) Phugng phdp nay clng cé
tén la phuong phdp den hinh vdn idi (transportation simplex
method).

5.3.2 Thuit toan thé vi

» Bude xudt phdt: Tim mét phuong 4n co 36 chdp nhan duge dé
xudt phat.

» Budc lap téng qudt: Gia s x 1a phuong an co s§ ¢ bude hién
hanh.

{a) X4c dinh bién vao. Nhé lai cong thitc cho cude phi thu gon
hién hanh ¢ (tic 12 hé s6 mue tiéu hién hanh) qua dif liéu ban dau c,
A va bién déi ngiu hién hanh z (xem Bang 1.2)

ET = cT - zTA.

Dé kiém tra duge v6i ma tran A ciia bai todn van tai, céng thic nay
trd thanh

¢ = ¢~ (p +q) VA (5.27)

Theo quy tdc Dantzig bién vao X, la bién ting véi Eij am nhat, ta phai
tinh cac S Do d6 ta phdi tinh cac bién d8i ngdu P 9 Vi cudc phi
thu gon hién hanh cGa cdc bi€n co sé hién hanh phdi bing 0 nén
¢y = 0 v&i moi X, 1a bién co s¢ hién hanh (ing véi cac & (i,j) cua ddy
chuyén gdm cédc 6 sit dung hién hanh). Suy ra

p,+q,=¢;, v6i cdc biédn X, cd sd, {5.28)

hay viét & dang vectd

4

)
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T
2 A = ¢y, vii X;; co sd.

Theo Pinh 1i 5.2.3, vi cdc & (i,j) ing v6i cdc bién co 56 Xy khong
chifa chu trinh nén hé vec tg ¢6t tuong Gng cua A la
{Aij: X; 1a bi€n co s}

djc lap tuyén tinh. Vay (5.28) gém m+n-1 phuong trinh déc 18p tuyén
tinh véi nhau d€ x4c dinh m+n bién p, q; Do d6 c6 thé cho mét bién
gi4 tri tiy ¥, thudng ldy p, =0, r6i glél ra duy nhat cdc bién Py 4 con
lai.

Sau khi ¢6 céc p, q ta tinh duoc c , ¥(i,)), theo (6.27} va chon

Eij am nhat dé biét bién vao x . Néu khéng c6 hé s0 muc tidu c nao

)

Am thi phuoeng 4n hién hanh x 1a 81 wu.

(b) Xdc dinh bién ra. Tép ix; la bién co 56} w {bién vao xigj } gébm

m+n phdn t¥ nén tdp cdc 6 tuong ting trong bang van tai sé cé mot
chu trinh duy nhat V. Coi 6 (i, j,) € V" rdi xay dung phuong dn méi
tit x theo thi tuc nhu trong chitng minh Binh ly 5.2.6:

X, + 8 néu (1,j)e V',
X, = X - 8 néu (G,j eV, (5.29)

X; néu (,pheV,

g ddy 8 = min {xﬁ: (1j) € V}. Khi 36 phai cé x, . = 0 va ttrdéiilj =0

11

tie 1a X 12 bién ra. Theo Ménh dé 5.2.8, x 1a phuong 4n co sd,
1

s} Dinh 1y 5.2.6 ta d4 thdy gid tri muc tidu & x 12 khéng 16n hon
gis tri muc tiéu & x.

NHAN XET 531

(a) O cic bude tap ca thuse todn the vi ta ludn cb phuong an hién
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hanh x § phuong dn co s chdp nhin dugc, luén 6 didu kien v& d6 lech
b (5.26) thoa, nhung cic bign doi ngiu P; 4 chua chdp nhin duge. Dén
budc nio ching trd thanh chap nhan dugc, tic 1 cthoa (5.25) thi moi Eij
khéng 4m va phuang 4n hién hanh x |3 131 wu.

{b) Né&u bai todn vin tai la khong suy bién, oie 13 4t ca cac phuang
én co s& chip nhan duge cia né 13 khéng suy bi€n, thi phuong phap don
hinh khé&ng thé xoay vong, tic la thuit todn the vi (i thuit todn don hinh
mang) phai két thic sau hitu han budc véi phuong én co 3 t8i uu.

{c) R& ring & cdc budc lip cda thudt toan the vi ra khdng phai dung
dén phép tinh chia. Do d6 néu da liéu ban ddu s, d, B cc 56 nguyén rhi
theo ¢dc cach tim phuong dn co s& d€ xudt phat trinh bay & Muc 4.4 dudi
day, phuong an xuft phat sé ¢ cdc thanh phin nguyén. Vi th€ qua céc
budc lap, cho d€n phuong 4n 6 wu ta ludn ¢6 cac thanh phin phuong 4n
déu 13 céc s8 nguyén.

THI DY 5.3.1. Gidi bai todn van tdi cho bing bing H.5.2

|
d.i b 15 15 10
8.
1 —_—
15 10 0 20 11
Y X2 X3 X14
25 12 i 9 20
X1 Xa2 . X23 Xo4
5 0 14 16 18
X3 | X392 X3z X34

H.5.2
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1 2z 3 4
1| s 10 ] |
2 : 15 5 4
3 i 5 |

phuemy dn co i xudt phdt
H.5.3

Béng phuong phdp géc tay-bdc trinh bay & Thi du 5.4.1 dusi day
da tim duge phuong dn ¢d s§ dé xuit phdt cho & bang van tai H.5.3
(phan chinh cGa bang, va chi ghi céc x; la bién co s&). Gi4 tri muc
tiéu la

fix)=105+0.10 + 7.5 + 9.15 + 20.5 + 18.5 = 410.
Buse 1gp 1

¢ Giai phuong trinh (5.28) dng vdi c4c bién cg s& X, dé tinh bién
déi nghu p, q; (khi da l1ay p, = 0):

X P, +q, =¢y, =10,
X0 P +qy=¢y=0,
Xog* Py+Qy=Cy=7,
X! Dy + Qg = Cyy =9,
b P, + 9, =¢,, = 20,
Xg,' Pg +q, = ¢y, = 18.

Ta thu duge vec to d6i ngéu hién hanh (p,, p,, p,, q,, 5. Gy, )
=(0, 7,5, 10,0, 2, 13).

. Vlét phuong trinh (5.27) img vét cdc bién khong co sé X; dé xdc
dinh c am nh4t:

X . E

13 13 = €13 — (Py + Py} = 20 — (0+42) = 18,
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X4 €y = €y (P, +9)=11-(0+13) =-2
Xy, Cp =€y — (P +q) =12 - (7T + 10) = -5,
Xy, Cy=C, —(P+q)=0-(5+10) =-15
I Cpp=Cgo— (P + Q) =14 - (5 +0) =09,
Xgq! Cg=Cog — (P + Q) =16 -(542) =09.

Vi 631 12 am nhat nén X, 12 bién vao.

¢ X4c dinh bién ra nhu sau. O (3,1) ing véi bign vao ghép vao
cdc 6 tng vdi bién cd s& tao thanh mét chu trinh = (3,1}, (1,1), (1,2),
(2,2}, (2,4), (3,4)} duy nhat. Pdnh dau cde 6 trong chu trinh b3ng dau
+ va — xen k&, bt ddu tir 6 "vao" (3,1) theo chiéu tuy chen, ching han
chiéu kim déng hé, xem H.5.4. Tinh 8 = min 0 (14) € V)=
min {X,,, X,,, xaa} = min {5, 5, b} = 5.

Vi ba bién co s& déu biing 0, 1ay bié€n nao lam bién ra ciing duoe,
giad s ta ldy x,, ra.

e Tiép theo ta tinh phuong d4n cd s3 méi X theo (5.29) va duge
bang ¢ H.6.5.

1 2 3 4 1 9 3 .
1510, [ 1] o015
2 T 518 ‘_}é * 2 0 15 10
3 [ B 5 - 3! 5
H.54 phuong dn oo sd X

H.5.5

Chii y réing phuong 4n co s& méi x 1a suy bién vi cé bién co sé
bing 0: X,, = X,, = 0 (t4p 6 s dung G(x) ¢6 4 < n + m - 1 6), nhung
thuit todn thé€ vi cif tién hanh binh thudng.
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Gid tri muc t1éu mdi la

E(X) =10.0 + 0.15 + 7.0 + 9.15 + 20.10 + 10.5 = 335.

Buoéc lap 2

» Giai phuong trinh (4.28) ung vdi cdc bién co sd iu., vira nhéin
dugc dé tinh céc bién d6i nglu hién hanh p,, aj (1ay p, = 0). Vi 5 bién

cd 5§ dau van nhu ci (chi ddi bién x,, ra va x,, vao) nén chi phuong
trinh cudi 1a khdc Bude lip 1:
531: Ba + 61 = 0.

Do d6 6 bién d&i ngu vin nhan gi4 trj ¢, chi p, = -10 nhén duge
tit phuong trinh cusi. Vay (@, ..., 4,) = 0, 7, -10, 10, 0, 2, 13).

» Ding (5.27) dng vdi cdc bién khéng ca sd iu. dé xdc dinh cube
phi hién hanh c’i‘i am nhat. Cac phuong trinh_&'ng v6i hai héulg 8 trén
van nhu & Bude lp 1 nén van chota ¢’ =c,, = 18,¢ |, = ¢, = -2,
¢y, = Cyy = 5. Chi cde phuong trinh tng hang 6 thd ba d6i vi p, = -10
# p, = 18 va khéng con phuong trinh ing x,, ma thay bing x,,:

Xy, gy = Cgp — ( Py + Gp) = 14 — (-10 + 0) = 24,
Xy C'yy = €5 — ( Py + Q) = 16 — (10 + 2) = 24,
Xy, gy = €y — (D, + Q) = 18 —(-10 + 13) = 15.

Dodéc,, = E21 = —5 1a 4m nhat nén -izl 14 bién vao.

e Xdc dinh bign ra; O (2,1) tao thanh véi cdc 6 co s& chu trinh
duy nhat U = {(2,1), (1,1), (1,2), (2,2)}). Ta ¢6

0 = min {X,;, Xyl = 0,
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1 2 3 4 mnén ;11 va §22 ¢6 thé lam bién ra,
1 ‘ 15 ' —‘ ta ldy tay ¥ iu ra.
2 ] 0 'l 15 10
3 5 " i ; o * Theo (5.29) ta duge phuong

" 4n ¢ s& mdi cho & H.5.86.
phitemg dn oo 56§ tha dwee & Bude 1dp 2
H56 Nhan xét ring vi 6 = 0 nén
tuy bién co sd di déi nhumg
nghiém co s& van gii nguyén. Sy kién nay tuong ing véi phép xoay

suy bién.
Y 4,=5 q,=0 q,=2 q,=13

Buselgps D170 R T F Y sl 15
p,="7 0 | o +F715° 7 10 _| 25
Thuec hién c4c p,= -5 5 k: o] 561 5
céﬂng doan nhu 5 15 15 10
trén ta duge ke} phitong dn oo & thu duac o Bude tdp 3
qua cho d H5.7. 0 H 57

ddy vé& bdng vén

tai (phdn chinh) nhung c6 ghi chi rd gi4 tri cdc bién déi nghu hién
hanh ¢ ria bén trdi va phia trén bang, cude phi thu gon hién hanh
tinh theo (5.27) & mép dudi bén trdi 6 va chu trinh d€ x4c dinh bién
ra. (Lugng phét va lugng thu ghi & ria phai va dudi bang.)

Buwée Idp 4
q,=5 q,=0 q,=2 q,=11
p=0f 5 g 10 |15 o
p,=7 0 10 15 = o5 Theo két qud
p.= -5 5 3 5 cia Budc lap 3, X,
’ 5 m15 19 15 1] 10 vao va Xy, ra. Ta
phudnyg dn co sd thu duge ¢ Bude ldp 4 Ilhi'.i]l dl.ch nghiém co

Khi tinh cdc cude phi thu gon méi theo (5.27) ta duge cdc s§ ghi

\
0
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& mép dudi bén trai cac 6. Chung déu duong nén nghiém hién hanh
la tdi wu. Vay nghiém co s& t8i wu nhan duge ¢6 cic bién co 59 la X
=5, x,, = 10, x,, = 0, x,, = 10, x,; = 15, x,, = 5. Dé tinh duge muc
tiéu tai uu 1a 315 (tdng cude van tai).

5.4 TIM PHUONG AN CU SO PE XUAT PHAT

D¢ giai duoc bai todn van tai, bing thuit toan thé vi chéing han,
ta cAn phai c6 mdt phuong 4n co sd chdp nhan duge dé xuat phat.
Khi gidi quy hoach tuy&n tinh tdng quat vidc ndy thudng chi&m dén
gan nira thisi gian gidi cd bai todn, vi né 14 pha mét trong thuit todn
don hinh hai pha. Riéng déi vdi bai todn van tii, ngudi ta c6 nhiéu
phuong phdp riéng, hiéu qua, d€ tim phuong an xust phat. O day ta
trinh bay mét sé phuong phdp hay ding nhat.

5.4.1 Quy tdc géc tay bic

Quy tdc goc tdy bdc (northwest - corner rule) bit ddu bing viée
phén phéi luvng hang 16n nhat 6 thé duge vao 6 (1,1) (n&m & géc tay
bdc clia bang van tdi). "Cé thé duge"' nghia 1A phai théa rang bubc
((5.2) va (5.3)). Vay

X;, = min {5, d;}.

Gia st x| = s, tiic 1a da dung hét cung lugng hang ¢6 & diém
phdt 1, nén hang 1 trong bang phai x6a di. Pong thdi ta chinh lai
lugng thu ¢ diém thu 1, bdy gior chi con la d’, =d, - x,. Neux, =
d,, thi tuong tu ta xod ¢4t 1 va chinh lai lugng phét & hang 11a g,
=8, - X, Néu X, 58, = ud1 thi xod mét trong hai, hang 1 hodc cit
1, déu dugc.

Déi vdi bang T” con lai sau khi xod va chinh 36 liéu ta lai thue
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hién thd tuc phéan phéi lugng hang téi da cd thé duge vao goc tay bie
mdi. Vi bang c6 m hang, n cét ma mbi bude ta x6a mdt nén sau m+n-1
bugce, tha tuc phai két thac. Ré rang riing quy tdc gée tay bic khéng
chd ¥ gi dén tinh t&i wu, tic 12 d&€n cude phi.

THIDU 5.4.1. Tim phuong dn cd s xudt phdt cho bing vin13i 3 H.5.2, Thi
du 5.3.1.

e ey
X,, = min {s,,d,} = min {15. 5} =5, * 10 l T .10
'_ '1 25
Ta xGa o6t 1 va chinh lai lugng phdtcon & diém L ! ' 7 5
phit 112 8’ = 15 — 5 = 10 &€ duc bing T" & e
H.59 15 15 10
H.5.9

Budc hai. Ta thdy
x|, =min {10, 15} = 10,
nén phdi x6a hang 1 va chinh lai lugng cin thu @ ¢dt 114 15-10=5.

Ci 1i€p tyc ta s& nhdn dudc phuong dn cd sd chdp nhin dugc cho 3 H.5.3,
ma ta 44 ding A€ xudt phat thuit todn thé vi & Thidu 5.3.1.

5.4.2 Phudng phap cuc ti€u cudc phi

D& ¢6 dudng di "ré hon", tic la nhidu kha ning gn véi nghiém
t61 wu hon, so véi dudng di trén bang van tai cho bing quy tdc géc
tay bidc, ngudi ta ding thi tuc phdn phéi lugng hang t6i da vao 6 ¢é
cudc phi nhé nhét, thay vi 6 & géc tdy bdc. D6 1a néi dung phuong
phdp cue tiéu cusée phi (the least—cost method). Viée x6a bé hang
(ho#ic cgt) dd phat hét hang (hoic tuong dng, thu di hang) va hidu
chinh lugng hang & cdt (hodc hang, tuong Jdng) giit lai cing nhu § quy
tdc géc tay bic.

‘..4: &*.:
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THf DU 5.4.2. Lai xé1 bing vin tdi @ H.5.2. Ta thay cudc phi nhé nhal, 3
€, = ¢;, = 0. Ta chon mét thy 7 trong hai §, ching han & (1,2) 4€ dua luong
hing &i da vio, tirc 13

X, =min {s,, d,} =min {15, 15} = 15.
Hang 1 va ¢61 2 déu thda tiéu chudn duge xéa. Ta chon thy ¥, ching han cot 2

vi chinh lai lugng phdt con & hang 114 $', =15-15=0. G bdng conlai, & (3,1)
c6 cudc phi nhd nhit ¢, =0 nén lai phin >hSi18i da vao dé:

X,, = min {s,.d,} = min {5, 5} = 5.

Hang 3 va c6t 1 déu co thé xda, ta x6a hing 3 vi chinh lai ltgng thu 8 ¢t 1 1
d’l =5-5=0.

Trong cic 6 ¢on lai, Cyy = 9 1a cudc phi nho nhit.

X,y = min {s;, d,} = min {25, 15}) = 15.
Ta x6a bd cde 3 va chink lugng phdt § hang 2 1a §,=25-15=10.

Ti€p theo, trong cdc 6 con lai ¢ | = 101 cwdc phi nhé nhit, Ta c6

x,,=min {s’,,d" |} =min {0,0} = 0.

Trong hing 1 va ¢dt §, xda tay ¥

¢t 1. Lugng phdt ¢ hang P dudng |10 ¢ | 5 |20 LR i5
nhién vin 1a O, khdi phai chinh. [12 7 5 15 |20 19 | 25
Bi€n cd s con lai (nim 3 co1 4 ¢~ 5 [14 16 18 5
chua x6a) 16 ring phai Idy gid i 5 15 T 10

la X = 0. X = 10. Ta dugc H. 510 phurmg dn o vl thu duge o bdng

phuong dn cd sd chip nhin dugc
8 H.5.10. Téng cudc phi cia
phudng dnndy 1 10,0+ 0,15+ 110+ 9.13 4+ 20.10 + 0.5 =335,

phuang phip ey tidu citde phi

So vdi phuong 4n cd sd nhin duge bing quy tic gdc tiy bic & H.5.3 véi
cudc phi 8ng ta 410 USD thi phuong 4n niy ré hon.
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Chon cude phi nhd nhat trén toan bang nhu trén ¢6 thé khé nhin.
D& tién hon nguoi ta ¢ thé van dung thi tuc chi chon & ¢6 cude phi
nhé nhit ¢ hang (c6t) ddu. Trudng hgp nay phuong phép c6 tén la
phuong phdp cuc tiéu cude phi theo hang (cit). PE khéi 1an, phuong
phép chinh trén diy c6 tén cu thé hon la phuong phdp cuc tiédu cude
phi togn bdng.

5.4.3 Phuong phap xap xi Vogel

Phuong phdp xdp xi Vogel (Vogel’s approximation method, goi
tdt 1a VAM) c6 ndi dung d méi bude gdm 3 doan nhu sau.

BDogn 1. Tinh tién phat (penalty) cho méi hang va mdi cot. Tién
phat 14 hiéu cia cuéce phi thap nhi va thdp nhéat trong hang (cot).

Boan 2. Chon hang hofic cot ¢6 tién phat 16n nhat. Néu ¢6 hon
mét ung vién thi lay tuy y. Ly 6 ¢6 cudc phi nhé nhét trong hang
ho#c ¢4t da chon va phan phéi vao d6 lugng hang tdi da ¢ thé duge
theo rang budc. Xod bd hang (ho#ic c6t) da phat (hoac thu) hét hang
va chinh lai lugng thu (ho#c phat) cta cot (hodc hang) con lai. Néu
¢6 nhiéu tmg vién nhu nhau thi chi x6a mét.

Dogn 3. « Néu cdn diing mét hang hodc mét cot chua xéa thi
ngung.

» N&u chi cdn mgt hang (ho#c ¢6t) c6 lugng phdt (thu) duong la
chua x6a thi chon bién co 36 trong hang (hodc ¢t) nay & 6 c6 cude
phi cuc tiéu.

» Néu tat ca cac hang va cot chua x6a ¢6 lugng hang (phat hoac
thu) bang 0, thi chon bién cd s& trong d6 theo cude phi cue tidu va
cho bién co s gid tri 0. Ngimg.

» Trong trudng hgp khéc (3 kha nang trén) thi tinh lai tién phat

oY
By
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cho cdc hang va cft con lai va cé lugng hang (phat hedic thu) duong,
réi quay lai Boan 2.

THE DU 5.4.3. Lai xét bdng vin tdi ¢ H.5.2, Thidu 5.4.1.

Bude 1 Tinh tién

tidn phat 8. -
hang ! phat chc modi hing va
9 x.
10 |10 20 11 15 mdicot ta duge HS.11.
g |12 7 9 20 25  Sang Doan 2, ta thdy
14 [0 5 (14 16 18 5 hang 3 c¢6 tién phat 14 13
5 15 15 10 160 nhit. VIC, =014
tién phat . . 3 o N
10 7 7 7 cot  Cudc phi nho nhit wrén
H.5.11 hang nay, ta phin phdi

vio 6 (3,1) lagng hang

Xy, =min {s,,d,} =35.

Hang 3 va c6t 1 cling di tiéu chuin d€ x6a, ta x6a ba1 ky ¢o1 1. Chinh lai
§,=5-5=0,

Bude 2. Tinh tién
phat cho bing con lai.

5 v 5 . tién phat ha .
Chi ¥ riing hang 3 ¢ " PHeReng — i
lugng phét bing 0 nén 1 0 20| 11 15
khong cdn tinh. Hang I 2 175 195 ig . 25
va c8t 3 c6 tién phat 16n

7 11 9

tién phat cét

nhitla 11 (xem H.5.12).

Ta ldy iy ¥ c61 3. O day H.5.12
cu6c phi nhé nhit 1a C,,

=9, Ta phin ph&i viao 6 (2,3) lugng hang

Xy, =min {s,, d;} = 15

va x6a ¢4t 3. Chinh lai lugng phdt d hang 21a &*, =25 - 15 = 10,
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Ap dung VAM ta dudc cdc budce ti€p theo nhu sau (doc gid v kiém tra
la1)

Budc 3. x,, = 10. X6a bé hang 2.
Buic 4.%, = 5. X6 ¢61 2,

Buie 5.%,, = 10. Xéa cot 1. Con lai x,, = 0.

Téng cudc phila 315 USD d3 13 muc tiéu 16i vu. Diy 13 may midn d thi du nay,
nén phudng dn cd sd chdp nhan duge xuat phit da 13 i wu. Tuy nhién, ngudi
ta thd'y ring phuong phdp xap xi Vogel ludn cho phucng dn da ri't gin 161 wu
réi.

Chu ¥ thém ring trong thujt toan xap xi Vogel trinh bay trén
déy, néu ¢ nhiéu vng vién cing du tidu chudn & moét tha tuc nao dé,ta
chon bat ky. Tuy nhién viéc chon nay c¢6 thé anh huéng 16n dén chat
lugng phuong 4n co sé nhin duge cudi cling.

Ching han, & budc 2 trén diy néu ta chon hiang 1 thay vi c6t 3 thi tinh todn
lai cdc budc sau do ta sé thdy di d€n phuong dncdsd fa x , = 15, x,, = 15, x,,
=10, x,, = 5 va céc bién khic bing 0. Cudc phi 3ng cong la 335 USD, chua
phdi 181 wu. Trong [Reinfeld—Vogel 1958] ¢é trinh bay quy ¢ chon d€ dudc
phudng 4n cd sd 161 khi c6 nhiéu wng vién.

C4 ba phuang phdp tim phuong dn co sd xudt phdt trén day déu
thuc su cho ta mét phuong 4n c¢o sd chdp nhén duge. Tinh chap nhin
dugce 14 rd rang vi ta dd dam bao cdc rang bude théa khi phén phdi
cac lugng hang vaoe cde §. Viée phuong 4n ding 13 phuong dn co sa
tuy di c6 th& cAm nhan duge, nhung ta vadn chémg minh chat ché nhu
sau.

MENH DE 5.4.1. Cdc phuong dn tim duoc theo quy tde goc téy bde,
phuong phdp cuc tiéu cude phi va phuong phdp xdp xi Vogel déu la
phuang dn co sé chdp nhdn duoc.
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CHUNG MINH. Ta chitng minh d4y 13 phudng 4n co s, hifc 1 khéng chira
chu trinh, Biing quy nap toan hoc theo k 13 téng 56 hang va ¢4t cla bang vin
tai. RO rang ménh dé diing cho bang van tdi chi c6 mét 6, wiclam=n= 1,k =
2. Gid slt ménh d¢ diing cho bing 6 kich thude m(n—1) hoic {m—1)n. Ta chitng
minh né ciing diing cho bing c& mn. Gid si 6 dwdc phin phdi hang diu tién I
(i,J;)- Sau d6 ta phai xod hing i, hodic cit j,. Khdng mat (ng quat gia st ta
x6a ¢l ) va thu duge bang T" ¢6 tdng s& hang vi ¢t 1a m+n—1. Thd tuc s&
dugc laplai chobdng T". Theo gid thi€t quy nap, 481 vdi bing T ta dude m+n—2
6 ¢d s khdng chita chu trinh. Phutong dn thu duge cha thudt todn s& c6 chc &
cd 58 (tng vdi bién cd 58) 1a m+n-2 8 niy va thém 6 {i,,],) £ rang cling khing
chda chu trinh, vi trong tap cde 6 ndy, 6 (i . j,) 14 6 duy nha't ndm & cot ;.4

5.5 CAC BAI'TOAN VAN TAIMG RONG

Trong muc nay ta xét mot s§ bai todn van tai mé rong va trinh
bay cdch gidi ching. Cach giai chd y&u Ia dua vé& xét bai to4n van
tai déng "tiéu chudn” rdi suy ra nghiém c@a bai todn can giai.

5.5.1 Bai todn van tii véi rang bude bat ding thic

Trong thue t& ciing hay gép cdc bai todn véi rang budc nhe hon
bai toAn van tai (5.1)(5.4) 1a c4c diém phat khong cdn phat hét hang
va cAc diém thu c6 thé thu nhidu hon nhu ciu. Dang toan hoc sé la

min zz

i=li=

&5.30)

u 1.1’

2x, <s,i=1,.,m, (5.31)

14 VANTRUHOQC-A
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2%, zdj=1..mn (5.32)
i=1
x.20,i=1,.,mj=1.,1 (5.33)

Bing cach tuong tyf nhu ching minh Binh 1y 5.2.1 ta s& thu duge

PINH Li 5.5.1 (Tén tai nghiém t6l wu). Piéu kign cdn va di d€ bai
todn vén tdi voi rang bude bat ddng thue (5.30)-(5.33) ¢6 phuong dn
61 uu la

> s, 2 > d . (5.34)

Tuy theo didu kién (5.34) thda chit hay khong ta c6 cdch giai
bing thuat to4n th& vi nhu sau.

Néu (5.34) thoa chit, tdc 1a ta ¢6 diéu kién can béng thu phat,
thi c6 thé chimg minh duge riing moi phuong dn chdp nhan duge cia
bai todn (5.30) - (5.33) déu phai thoéa chit cde rang bujc (5.31), (5.32).
Vi vay, ¢6 th€ thay cdc rang bude nay bdi cdc rang budc ding thic
tuong ing ma bai todn khong d6i. Lic nay ta nhén duge bai todn van
tai déng "tiéu chudn” va giai dugc bang thuit todn thé vi.

Né&u (5.34) théa khang chat, tdc 13 véi déu >, thi c6 thé ching
minh duge riing bai todn van tdi (5.30) - (5.33) luén ¢6 phuong 4n toi
wu théa (5.32) vdi ddu =. Vi vy c6 thé thay bai toan (5.30)-(5.33) béi
bai todn vdi ddu = ¢ (5.32) tuc 1a bai todn vén tai md. Nhu da néi 6
Muc 5.1.1, bai todn nay ¢6 thé duge dua vé bai todn dong bing cdc
thém vao diém thu gid n+1 véi lugng thu

m n
dn+1=zsi - Zd}'r

i=1 1=1

14.VANTRUHOQC-B



5.5 CAC BAI TOAN VAN TAI MO RONG 211

cOng tic 12 da thém bign x,_ . 20,1 =1, .., m, v6i hg s6 & ham muc

tiéu ¢, . = 0. Liic nay ta c6 thé gidi béng thust todn thé vi.

5.5.2 Bai toan van tai nhanh

Day 14 bai todn van tal véi moi rang bude nhu da xét, tie ka (5.2)
-(5.4), nhumg cude phi van chuyén chinh 12 thdi gian van chuyén cho
bing ma tran

1= (t’ij)m P

trong dé t; la thoi gian van chuyén hang tir diém phat i dén diém
thu j (di lugng hang la bao nhiéu, mién ia théa rang bude, khong
phai mét don vi hang). Bai todn dit ra la tim phuong dn chap nhan
duge d& van chuyén nhanh nhat. Nhu vay rang bude van la (5.2) -
(5.4), con muc tiéu la
min  max t., (5.35)
x €3 e Gix)
hoic viét tuong duong la
max t; > min.
(i, i} & Gix)
¢ day max 14y theo moi 6 st dung ciia phuong 4n x dang xét, vi vay
dé that ré cing hay viét 1a
t, := max tij .
(i, 1) € G{x)
Min lay theo moi phuong 4n chdp nhan duge.

Nhén xét rdng bai todn v4n tai nhanh, ho#c goi khéce 1a bai todn
van tdi theo thoi gian, (5.2), (5.3), (5.4), (5.35) tuy 134 mé& rdéng truc
ti€p tit bai todn van tai “tiéu chudn”, mét trudng hop rat riéng cia
quy hoach tuyén tinh, nhung lai khéng phai quy hoach tuyé&n tinh.
Tuy véy, do dang dac biét cia né, ngudi ta van dung cdch giai bai
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toAn van tai “tidu chudn” (ching han thuit todn thé vi) nhu sau.

Xudt phdt. Tim mdt phifong 4n cuc bién x° bing mét trong cac
cach da biét. Cha y ring néu phuong phap cé lién quan d&n eude phi
thi & day la céc thi gian ts

Tinh

tfP=max ¢t.,
X g 1]
.3y e G}

Dogn 1. Lap bai toan phu 12 bai todn van tai "tiéu chudn” véi

ma trin cudc phi ¢ = (cij) xdc dinh béi
0 néu t, < te,

YTI1 néu ty 2t

Dogn 2. Gial bai toan phu, bing thuit todn th€ vi chdng han,
d€ nhan dugc phueng 4n cuc bidn tai uu x" sau khi di qua cac phuong
dnx, ..., x" (& cdc bude i4p chGa thuit toan thé& vi). N&u trong cdc
6 stt dung G(x") ctia X ¢6 6 (ij) véi ¢; =1 thi x* 12 phuong 4n tai uu
cia bai todn van tdi nhanh. Thai gian t6i uu 1

t*=minfte, ', ,tr L
Néu, nguge lai, cac 6 cia G(x*) déu cé ¢; = 0 thi quay lai buée
xudt phat véi phuong an xuat phat 1a x*.

THI DU 5.5.1. Gidi bai todn van tdi nhank 3 H.5.13, ¢6 3 di€m phat, 3 diém
thu.

Xudt phdt. Tntde hét nhin xé1 12 bai todn ¢o dang cung vuot ciu (phat
vurgi thu) vi
3 3

25 = 180>160=2.d .

i=1 e

o
4o,
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o d. i - 5. .2
TR I 70 50 20 | Vi ?;ay ta phai dua vao diém thu
s, i gid 4 vdi lugng thu
3 5 8 o : 3 3
50 !
| d,=2s - 2.d = 20, vit, =0,
______ i i
5 i t 0 : i=1 j=1
w0 : i=1,23.
4 5 3 6 ;
60 ; Ti€p theo ta fim phuong 4n cuc
-——---} bién xuft phét theo phuong phap cvre
H.5.13 ti€u cudc phi toan bang va duge x°
cho 3H.5.14 . :
tLe=max {3,6,1,3,8,0)=8.
3 5 6 0
Bogn 1. Lip bai todn phu vdi ma trin 40 10
cudc phi ¢é e : 3 5
0 né&n <8 70 0
i1 néu t; 2 8, 2 s 3 5
40 20
e 14
Phuemg dn co 58 thu duge
0000 theo phuung phip cuc iéu cudc phi
C=10000| H. 5 14
0010

Bogn 2. Gidi bai todn phy bling thuit todn thé vi xuat phat ux x°.
Bude |. Poan 1. Xde dinh bién vao.

* Tinh bi&n d6i ngiu hién hanh (1t (5.28) cho cic bién cd & x?j)

0 . .
X p,+q, = 0,
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0

Xgt P, +9;=0,
o,

Koy P, +8,=0,
0

Xyt P, +4q;=0,
o,

Xy Py + Uy = 1,
0. ~

Xoy' Py + gy = 0,

tadudcp, =9, =p,=9,=¢;=0,p;=1.¢q, =L

¢ Tinh cudc phi hién hanh Eij v@i ¢cdc 6 (i,j) khoéng cd s ¢ x” theo (5.27).

1

12=Cp (P +g)=0-0=0,

[« 2}

14=Cl4—(P1’*‘q4)=0‘-(“1)=1,

2]

21=c21—(p2+'q1)=0—0=0,

ni

247 Gy~ Py +9)=0-(1D =1,

ol

31 =€ "yt q)=0-1=-1,
Eaz:caz—(p3+q2)=0—~1=—1.

C6 haj cutde phi dm nhdt la ¢ =c,, = ~1. Ta chon tlty ¥ x,, vao.

Doan 2. Xdc dinh bién ra. O (3,2) idp v8i cdc 6 ¢d sd cla x° mdt chu trinh
duy nhit U = {(2,2),€2.,3), (3,3), (3,2)}. Ddnh ddu + v2 — xen k& tir 6 vao (3.2)
ta duge U ~ = {(2,2), (3,3)}. Vay |

8 =min {x3,, x,} =40=x],,
nén X,, ra va ta nhin dugc phuong 4n cuc bi€n méi x' 3H5.15.

Bucc 2. Doan 1. Xdc dinh bién vao.
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e Tinh bi€n d8i ngdu hién hanh. So vdi

a 6
budc 1 chi bd phudng trinh dng véi X}, dirava | 4 10
thém phudng trinh: 1 3
1 : 40
Xp Pyt =€ =0 50
5 o
Gidi hé phuong trinh mdi ta duge p, =q, = p, 40 20

:qE:pJ: q3=0’q4=0‘

phuing dn cef sef X!
e Tinh Eij vdi cdc 6 (i,j) khong cd 53 & x' H.5.15

ta thiy so vdi bude 1 chi bd phuong trinh cho

632 va thém phuong trinh cho 633:

Cra=€yy—(py+ ) =1-0=1.

Tuy viy, mdt s6 phudng trinh khic ¢6 thay d6i:
EMZCH_(pI +q)=0-0=0,
) =Cyy—(p,+q,)=0-0=0,
E_“ = ¢y, ~(p3+q|)=0—0=0.

Ta da cd E;} > 0 véi moi 6 (1,j) khong cd sd nén x'dala phuong dn t3i wu cho
bai todn phu. Tuy nhién cic 8 ¢o s& cia x' déu c6 ¢; =0 nén x' cha phai
phuong 4n 181 vu vén 13i nhanh. Ta phai xuat phat lai tr x'.

Xud't phdt. T x'. Ta ¢6
{1 =max (3,6,1,3,50} =6.

Boan 1. Lip bai todn phu. Ta cé
{0 néu t, < 6,

1 néu l.Ij X

C.
4

v
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nén ta dude
0010
C=({0000|
0010

Boan 2. Gidi bai todn phu bing thuit todn thé vi, 1Y x’,

Bucc I. Doan 1. Xdc dinh bién vao,

» Tinh bi€n d6i ngiu hién hanh (dng x")

1 . -

X P, +4q, = 0,
1

X1y P+q3=1
1

b 3% Py +Q,= 0,

x;s: P, +q3=0,
1

X2 Pyt =0,
1 -

X34 P;+4,=0,

tadudcp =g, =0,p,=p;=-1.q,=q,=q,= 1.

s Tinh Eij vdicde & (i,j) khdng co s3 & x '

o1

127 P+ =0-1=-1,
c,=¢,-(p,+q)=0-1=-1,

C =0y ~P—q)=0+1=1,

2a = Coq ~(Pp + Q) =0-0=0,

51 =C ~ Pyt q)=0-(-1=1,
5=t = (Pt a)=1-(-1+D=1,
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Cag = Cyy~(Py+9qy, =0-¢1+1) =0
Trong hai Ung vién x:2 va xh g cude phi 4m nhal ta chon Wy x}z vio.

Poan 2. Xdc dinh bién ra. O (1,2) 13p vdi cdc 6 cd 58 chu trinh duy nhat
V={(1,2),(1,3), (2,3), (2.2)}). Panh diu ta duge V7 = {(1,3),{2,2))

6 = min {x],,%},} = min {10, 3¢} = 10=x|,,

nén x:3 ra. Ta duge phudng dn cuc bién mdi

3 5
x’ 3 H.5.16. 50 10
Budc 2. Boan 1. Xdc dink bién vio. 1 3
20 | 50
e Tinh bi€n d61 ngdu hién hanh. So vdi : 5
budc trufée chi bo phutong trinh wng véix , va 40 90
thém phuong trinh iing vdi bién vao x _:

12 - —
phRULng dn oo sd x

2. = -
Xjy P+ = €p=0. H.5.16
Gidi hé ta dugcp, =p,=p,=q,=q,=q,=q,=0.

» Tinh cdc Eij vdi (i,j) khdng cd s3 ta thdy Eij =¢;. v (i,j) khéng cd s3, nén

déu khong 4m. Vay x° 1a phudng dn 31 wu cho bai todn vin tdi phu.
Nhin thay ¢;=01ai moi & cd sd cia x’nén x* chua phdi 15i vu thai gian.

Xudt phat lai @ x°. Ta c6

t:=max {2,5,1,3,50}=5
Poan 1. Lip bai todn phu. Ta c6

0 né’uti.<5, 0110
C. = . ’>Slmmc= 1000]

0110]
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Boan 2. Gidi bai todn phu xuat phat tir x°.

Buoe 1. BDoan L. Xdc dinh bién vao.

» Tinh bi&n d6i ngiu hién hanh ing x°: la dudc p,=9,=p,=9,=0.q,=
q,=1p,=-L

» Tinh ij: 1a duddc ¢, = 0, ¢, = 0, ¢,y = 2, Cyp = 1, &, = 0, €y = 0.
Moi Eij >0nénx’ la phtong dn 10i uu cho bai todn phu dang xét. Ta thdy trong
cde 6 cd 88 cha x° 6 ¢,,=1.¢,=1ntn % ciing 1a phuong an (81 ut cla bai
todn vin ti nhanh. Thdi gian vin 131 nhanh 187 vu 13

t* = min {tx“, L (xl‘! =35,

5.5.3 Bai tean lap kho nhian hang

(a) BAI TOAN. Gia sif cdn van chuyén hét hang tir m diém phat
i=1, .., m véi lugng hang s, tuong dng téi n diém thuj =1, .., n.
Nhung trong cac di€m thu chi c6 cdc diém j, véije J cd = {1, .., n]
cén ding luong thu d, dé cho, cén cdc diém thu j € J\J_ ¢6 lugng thu
khong han ché&. Biét cue phi van chuyén mét don vi hang tiri dén j
la c,. Van dé dat ra la tim phuong d4n van tai hét hang tir cde diém
phit, théa cde diém thu i, j € J, sao cho t8ng eude phi nhé nhat. Nhu
vAy ta cling xdc dinh duge lugng thu dj,j € J\J , ma ta phai lap kho
chua.

Mo hinh todn hoc. Ta 58 dua bai todn trén vé bai todn van tai

mé, cdu vugt cung, bing cdch gdn thém lugng thu d;, j € I\J . nhu
sau

d=Ys ,Vjed\J,

O

/0.-’;
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Liic nay phéai thém diém phét gid m + 1 vdi lugng phat 1a

S .y = Z d.j - Z s;,» va thém cude phi van chuyén tit m + 1 dén j, j
i=1 i=1

=1, ..mlac . =0 Khidédacécung bing cdu va bai todn lap

kho nhén hang tuong duong véi bail todn vén tal dong md rong

m+1n

min ) Y. C,%; »
i=lj=1

z =58,1=1, ,m+1,

ij i

j=

m+ 1

inj =d,i=1..,n

i=

x.20,1i=1,...,m+l,j=1, ., n

1y

Sau khi giai bai todn van tai déng mé rng, biing phuong phdp
thé vi chéng han, duge phuong 4n t6i wu x*, ta chi viéc bé di hang
m+1, ing véi diém phat gia, tdc 12 hang gém cac lugng van chuyén
"hu cdu thém". Lugng thu d*, cdn lap kho chita, j ¢ J\j, s2 la téng
theo ¢bt j cac x*i\j sau khi da bo hang m+1:

m
d*j = Z x*ij .

i=1

N6t riéng, néu d* = 0 thi khéng cAn lap kho tai j nay.

(b) THI DU 5.52. Can vin tdi mdt loai hing ti¥ b&n nhi mady sdn xval vdi
lusng phat 60, 120, 80, 100 (tAn) tuong tng tdi bdn kho, Trong d6 hai kho &3 an
dinh lugng thu 1a d = 50, d, = 90 (tdn). Con hai kho c6 Iwgng thu khéng han ché.
Cudc phi (don vi hang) [a ¢, cho & bang H.5.17. Hay fim phudng 4n t5i wu va
trif luong hai kho phdi lip d€ tdng cude vin tai nhd nhat.
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C.. d' 4
i M B0 90 .
5 GIALGénlugngthud, =d,= ) 5. =360,
2 3 5 1 o1
B0
s 5 18 |9 Bit diém phit gid thi 5 vai lugng phat s, =
120 . 2
80 3 7 10 1 Zd,-“z-‘*-. = 860 - 360 =500 vi cdc cudc
i=1 0=
7 7 6 9 phic,=0.j=1,...4.
100 !
Gidi bdi todn vin tdi déng md rong
Bai todn tap kho 3 vi 4 biing phuong phép th€ vi ta nhin dugc bing

H 517 van i 101 wu 6 H.5.18.

B& di hang cudi ta duge phudng 4n vin tdi 161 wa x*. Trit ltgng hai kho
phai 1dp mdi ja

d*, =30+ 30+ 100 = 160,

d"(4 = 6‘0 d.
I B0 90 360 360
S

Téng cudc van tdi la 2 3 5 4

60 0 G ] 60
4 4

f* = Z Z cyx¥, = 1980. 4 5 8 8
i 1201 ¢ | 90| 30 0

3 7 10 1"

80 50 0 30 0
5.5.4 Bai toan diéu xe

7 7 6 9

(a) BAITOAN. Cén vin tdimot | 100 © 0 | 100 O
loai hang tir m di€m phét véi luong o 0 9 0
hang tuong ings,i=1,..,m, dén | 50C[ © 0 200! 300

m diém thu véi lugng thud.,j=1,
..., 1, tugng img, thda cn béng thu

Bang vin tedi 177 wu

H 5.18



5.5 CAC BAI TOAN VAN TAI MG RONG 221

phat D s, = D d,. Biét khodng cdch la L (gidia diém phat i va diém
i i

thu j). Gia sit ta khéng quan tam cude chuyén hang ma quan tam viéce

diéu xe khong hang vé cdc diém phdt d€ c6 thé tham chi ché hang

ti€p. Mién sao cuéi cung chd di hang ddp {ng cung 5, va cAu d ¥i,

V) va téng quang dudng xe chay khéng [a ngin nhét.

Nhur vdy bai todn guy vé phat xe khong tif cde diém j (thuc ra la
xe da c¢hd hang dén trude d6) vé cde di€m thu i sao cho téng quang
dudng ngén nhat. Pay 14 bai todn van tai déng binh thudng. Sau khi
dugc phuong dn t61 uu (chay xe khdng) ta két hgp vé6i phuong 4n phat
hang ¢ ddu bai da cho dé sdp xé&p cu thé hanh trinh xe chay.

THI DU $.5.3. Gidi bai todn diduxe [, 4
cho & bing H.S5.19. 9] day di cho mo: 81 39 97
phuong dn vdn tdi chip nhin dugc, khéng -

cin 13 phudng dn cd 53 (va cling khong t3i 45 1230 i 15 0
).
. - 10 15 13
GIAL Chuyén cic di€m phidt thanh 32 12 20
diém thu xe tréng va di€m thu thanh diém 1= = -

phé1 xe tréng. Gidi bai todn van tdi dong
vidi muc tuéo

28 18 10

15 20 15

42 21 14 7
f= Z Z l:;xq — min,

i=l)=1
Bai todn diéu xe
bing phudng phip hé vi ta nhin dudc H.5.19
bing diéu xc trdng 181 wu d H.5.20.

K&t hetp véi phudng 4n phat hing dd cho & H.5.19 (a suy ra hanh trinh didu
xe két hop cd chd hing va di khdng nhu sau.
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)
e

Iij 5,
, . 45 | 32 | 28 | 42
(Goi di€m phdtila s, , diCm thu j dj
1a D) 12 10 7 15
! 81 32 7 42
8 15 1 20
39 39
16 13 5 18
27 6 21

(nhan di tif S,)

(nhdn d tu S,)

(nhdn dd tif S,)

o

Phuong dn didu xe tring 157 wu

H.5.20
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Gidi thich: Ta giai thich hanh trinh didu xe thit 5 chidng hao. Diéu lugng xe
chd duo 6 (tan) 1t diém phat | d&n diém thoe 1, rdi cho 4t ¢d xe chay khong
vé diém phat 2 18y du 6 (tdn) chay d&n didm thu 3 rdi chay khong vé diém
phir 1 thi cham dat.

Chi ¥ ring ¢6 thé c6 nhiéu cdch didu xc khdc nhau tif phuong dn vin tdi
& H.5.19 va phuong dn didu xe tréng 181 wu & H.5.20. Bdng thdi th ty cdc khodn
tr I d&n 9 & trén khi diéu xc cling khdng nhit thié1 phdi ddnh s& nhu vay.

Qua thi du trén ta thiy bai todn diéu xe rat dé gip trong thuc
t&. Chéng han sau khi giai bai todn vén tai theo cudc phi duge phuong
4n t6i vu. Nhumg & phuong 4n nay khéng tinh gi dén viéc diéu xe thé
ndo. N&u coi nhu toan bd cac lugng hang cdn chuyén cing hic thi néi
chung t&n rat nhiéu xe va sau dé lugng xe tréng quay vé ciing rit
nhiéu. Do dé sau khi c¢6 phuong 4n t6t uu cude phi ciing hay phai giai
bai todn didu xe.

5.6 PHUGNG PHAP HUNGARY

Tir dau Chuong 4 dén gio ta méi chi néi dé€n mot phuong phap
téng quat dé giai bai todn vén tai 12 phuong phdp thé vi (phuong phap
nhan ti). Ta da bigt day chinh 14 phuong phdp don hinh mang dp
dung vao bal todn vin tai la trudng hgp riéng. Bé 14 phuong phdp
don hinh géc. Méi budc lap tuong ing mot phuong 4n co sd chip nhan
duge, va qua mdi bude lap muc tiéu duge cai thién ddn cho dén t8i uu
thi thuat todn két thiic.

Trong Muc 5.6 nay ta s& trinh bay phuong phdp Hungary, la
phuong phdp téng quat, gidi bai todn van tai, pha bién thi hai, sau
phuong phdp thé vi. Ta sé thay day chinh la phuong phédp don hinh
d8i ngiu dp dung vao bai todn van tai. G méi budc 1&p ta ¢6 tuong ung
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bién d&i ngiu chdp nhan duge va diéu kién d6 léch bu thoa; cho dén
bude lap nao ta duge phudng 4n chap nhén duge thi 46 chinh la phuong
4n tdl wu.

Piéu 1y thu 12 phuong phdp nay duge nha todn hoc Hungary
Egervar céng bé trong mét bai bdo bing tiéng Hungary nim 1931,
tidc 1a 16 nam trude khi quy hoach tuyén tinh va phuong phép don
hinh duge khai sinh bdi Dantzig, nhung thé gi6i khéng biét dén cho
d&n nim 1953, khi nha todn hoe My la Kuhn dich bai bdo ra ti€ng
Anh va phat trién phuong phép cho bai toan bd nhiém. Sau d6 phuong
phip duge md rong cho bai todn van tai. Nhu vy la ¥ tudng cia phuong
phdp don hinh d8i ngau da ra doi 16 nam trude khi phuong phép don
hinh ra d4i, dgc lap vdi né. Ping 14 tu tudng 16n gip nhau, Chinh
Kuhn da goi phuong phép 12 “Hungary” d€ nhdn manh céng ctia nha
todn hoc nude nay.

5.6.1 Phuong phap Hungary cho bai toin bé nhiém
{a) Y tudng ciia philong phdp

Ta nhéc lai bai todn bé nhiém da néu & Thi du 5.1.1: Can phan
m vide cho n ngudi. Tién cdng (cude phi) viée i duge lam b&i ngudi j
la ¢;;. Tim phuong 4n dé téng tién cong 1a nhé nhat. N&u can thi thém
viéc gid hoac thém ngudi gid (thy m < n hay n < m), ta cé thé coi la
m = n. Mé hinh todn hee 1a nhu sau. dat bién cia bai todn 1a

< = 0 néu viéci khdéngphan che ngudij,
731 néu viée 1 phan cho ngudi j. '

Bat toan trd thanh: tim phuong dn x = (xij ) sao cho

min z = z Z ¢ (5.38)
i=1=1
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Zx, =li=1,.,n (5.37)
ji=1

rn

> x, =1j=1,..,n (5.38)
i=1

x, = 0 hoge 1. (5.39)

Thay diéu kién cudi béi x; 2 0 ta duge LP-n6i 1éng cha bai todn
bé nhiém, chinh 1a bai todn van tai dic biét véi s;=d =1, Vi, vj.

MENH DE 5.6.1. Moi phuong dn t6i uu chia bi todn b6 nhigm vdn sé
la t6i uu cho bai todn mdi nkhdn dupe khi ta céng vio mbi hang va
mbi ¢t ciia ma trdgn cudc phi mét hing s¢ thuc (cé thé khdc nhaw).

CHUNG MINH. Gia sif cong — p, vdo bangiva —q; vao ¢dt clia ma trin
cude phi, ta duge c‘l.j =Cy— P~ 4, va ham muc tién mdi ja

z’=z ZC’UX-U-:Z Zcijxij~2pi2xij-2qj2xij.
i i i i j i

Vi Z X, = Z X = I nénz’ =2z - const, § diy const 1a hing s8 khong phu thude
i i
phudng dn. Do d6 cdc phuong dn 1am cyc ti€v z thi ciing lam cyc tiéu 2° va ngudc

lai.Od
Tir ménh dé trén din dén

DINH NGHIA 5.6.1. HaimatranC = Cdmn dugc goila tuong
dudng (equivalent) ky hiéu 14 C ~ C' néu Cy=Ci+a+ P i=1, . mij=1,

o M VO, B la céc sd thyc bat ky.

vaC'= (c'ij)m’n

Dinh nghia nay cho ta y tuéng dé gidi bai todn b8 nhiém nhu
sau. C6 gdng tao ra ma tran tuong dusng C’ v6i cac c’ij b&ng 0 & nhiéu

15. VANTRUHQC-A
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chd sao cho 14y X = 1 vao mét s6 trong cde & d6 (con blng 0 trong
moi 6 khdc) ta duac mét phuong dn chdp nhan duge. Khi d6 phuong
4n nay phai 1a t8i uu theo muc tiéu C’ vi téng cude phi bing 0 12 nhé
nhit ¢6 thé réi. Phuong 4n ciing sé 1a t6i wu theo muc tidu C do tinh
tuong duong.

Do cdu tric dic biét cia bai todn b8 nhiém, phuong 4n 12 chdp
nhén duge khi méi hang va méi ¢t déu cé ding mot 8 (i,j) véix. = 1,
con lai céc X, khac phdi bing 0. Vi vay ta cling néi day cac 6 5 chia
ma tran vuéng C la doc lap (independent) néu mdi hang va mdi cat
cua C chi c6 nhiéu 14m 14 mét 6 cia day. Tém lai, d€ gidi bai todn bé
nhiém (5.36)-(5.39) ta phai tim ma tran tuong duong véi C, ma cé
chita dédy dd n 6 0 doc l4p. Lic nay chi vide dat x; = 1 vao cde 6 nay
ta duge phuong 4n t&i ua

(b) Thudt toan Hungary

Ta s& trinh bay thuat todn trén mét thi du. P& ¢6 kha ning dp
dung da dang, ta xét thuit todn cho bai todn vdi muc tiéu

max z = ), %, (5.40)

ij

Ch&ng han ¢, 1a lugng sén pham s& lam duge khi phan mdy i cho
ngudi j thi ta gép bai todn max z nhu vay. Dac gia tu suy ra thuat
todn cho bai todn tim min z.

THI DU 5.6.1. Gidi bii lodn bé nhiém (5.37) - (5.40) vdi

] 34221

Burbe idp 0 (chuan bi). Lay s6 cuc dai & mdi 45313

<Ot triy di méi s6 trong ¢t k€L qua ghi vao chd ci C=l43111
trong ¢6t. Ta thu dugc ma trdn mdi md mdi cot o 31222
13121

it nhdt mot s6 0. Nhimg xét theo hang 1hi cé

hang chuta ¢6 0. Nén ta lai 14y mdi hing tnt di s6 nhé nhaltrong hang. M3i hing

15.VANTRUMQC-B

W e
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mai ¢t déu ¢6 0. BE chon 6 doe ldp trong cdc 6 0, dinh diu * vao 6 0 bat ky
& ot 1. Tiep dén ¢t 2, ddnh * vao 6 ¢6 0 khdng ciing hang véi & ¢6 * trude do.
Ti€p tuc cho dén cdt cudi ta duge diy 6 s6 0 ddc 13p, di ddnh diu *

& +
111 0%2
Butde Igp k+ 1. Gid sit ¢4 qua k budc lap va 00" 0 1 O
c6 C, NEudC, co di nsG0voidin *thinging.  C,= (’] 5L s
dalxij=llai/c:icf)cé*vz‘a:(}lz;iékhécladmjc 14101
phuong dn (1w, 3220 2

Tréi Jai thi danh ddu + trén cdc cOtcd & 0% Bude 0 va doan I cva bude 1.
va tach cdc cdt danh diu + ndy ra.

Boan 1.

e N&u trong cic phin tf con lai khdng tdch (3 cdc cot khong ¢6 ddu + 0
trén) khong c6 sd 0 ndo, sang doan 3.

¢ N&u ¢6 0 chua tich ra thi chia hai trudng hgp:
(o) hang chita O ndy cling chifa O* (dd tdch);
(B) hiing chita O niy khong chia 0* (di tach).

Trong trudng hop (o) dat div 0' 1én s6 0 cla hing va danh ddu + bén phii
hing d€ tach hing ra, va b ddu + trén ¢t ¢6 chifa 0* cling hang vdi 07 ndy
(biing cdch khoanh tron lai).

Trong trudng hop (B) ddnh ddu 0’ 1én 50 0 ndy va chuy€n sang Poan 2.
Lic nay ta ciing ndi doan 1 k&t thiic kifu 1A, Ta cif nghién citu lan lugt cdc s6
0 chua tich. n€u gap Jién 1i€p cdc trudng hop (o) cho dén khi hé1sd 0 chua tich
thi 1a ciing k€t thiic Poan 1 va chuyén sang Poan 3, ta goi k&t thiic kiu ndy 13
1B (d€ v& sd db khdi mo td thudt todn).

(3 thi du nay ta dudc O’ ¢ 6 (2.2) va danh diu + hang 2, x6a + & cot 1. Khi
d6 cot 1 1rd thanh chua ddnh dau nén lai ¢6 08 6 (3.1) Ung trudng hap (B) a
ddnh ddu 0’ va sang Boan 2 (k&1 thie ki€u 1A),
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Doan2 Pitir®”  haing khéng c6 0%, ukcka 6 (3,1) 3 ddy, v& mot1day truyén
cdc phdn ut cda C,. t¥ O' sang 0% rén cung cot, iép dén O’ wén ciing hang vdi
0* ... Dugi day s€ chitng minh ring thil tuc nay phdi xdc dinh. hitu han. va k&t
thiic tai 0°. B3i lai cdc ddu O’ thanh 0* trong diy chuyén va bo cdc ddn 0* cil
clia diy truyén, danh dau lai, cft ¢6 0%, X6a bd td1 ¢ cdc 0 cha C vadiu+

tich hang hodc cot itng vdi n6. Trong thi du ; T i
nay khoéng cé 0° ndo nhu vay.
y Kong 1 D oto1 ol
Ta thiy sau Poan 2 s& 0* dd ting mot. C=lo*2 212
Ta két thiic Budc 1ap 1 va dwoc C,. 14101
|.3 2202

Budc igp 2. sut Bude Idp ! véa Poan | ldp 2

Poan 1. Binh ddu 0" 3 6 (2,3) khoanh
ddu + & 51 2 thanh ® (inedng hap ().

Doan 3. Chon h bing s8 nhd nhét trong cdc <; B cdc 6 chua tich. 3 Pay b
=1, 1dy c,—hvéicdc hang chua tich 1di cdng h vio cdc cdt di tach rdi ta nhin
dugc Cf:) (wrong dudng C,)

L ]000-11 hlooo*i
00*0 1o+ |1 0"0 200+
1001 Pleerial =%
030-10 131000
211 -1 1 3t 100
Bogn 3

Xud't hién tinh huéng 4p dung Poan 1,

Boan L. Trude hét ¢6t 3 chuta ¢dnh diu ¢ 0 & 6 (4,3) wén hang cta nd
chua ¢6 0* nén ta dinh diu 0% & 46 va ddnh dau cdt 3 bing +. Vio doan 1, chi
con ¢6t 5 chura danh dan, ¢6 08 6 (2,5). 1oi vao truding hdp (o) ta ddnh dgu @
ddnh ddu hang 2 va khoanh @ trén ddu + 3 ¢61 2 (¢ 0* ciing hang 2). Cét 2 chuta
ddnh diu lai ¢6 03 (1,2) 13 trudng hop o, ddnh ddu 0’ va + vio hing 2, khoanh
& vao cdt 4. Cot 4 trd thanh chua ddrh diu tai ¢6 0 & (5,4) ddnh ddu O & diy
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v + vao hang 5, 6 (5.4) rdi vao trudng hdp B, sang Poan 2.

+ @& + & +
16 00" 4|
160 20
01141
13000
3LLo L,

Cudt Pogn I, khi sdp sang giai doan 2 & Bude Idp 2
Poan 2. Lip diy truyén tif ¢6 0" & 6 (5.4) nhu hinh v&.

Pdi lai cic O trong diy truyén thinh 0%, bd cdc 0* cii clia ddy truyén ta
nhén dudc ma trin cude phi mdi C, da ¢6 4 n =5 s5 0%, Thujt todn k€t thiic.

+ Kﬂ_\
1£0’ 0 0% 1
1000 1 17020 2
1 0o 20" o1 1 1 1
- L
G=EprLAd 1 3 000/ 0
[3110"1 3 1 1 0 1

Poan 2 burdc Idp 2
Phuong an t6i vu la
X, = Xy = Xy =X =X, = 1, X, = 0 vdicdc (i,j) khdc.
Cudcphitdimla c, + ¢  + ¢, +¢,,+Cg, =15
(c) Sa dé khoi ctia thudt toan Hungary cho bai toan b6 nhigm

Thudng véi cdc thuit todn phic tap ngudi ta bidu dién né bing
so dé khoi. S¢ dé clia thuit todn Hungary duge v& & trang sau.
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Budc chudn bi:
Lap ma tran C,
va ddnh dau *

L4

Tach cdc eot chaa 0%

A

: Kigu 14
i :
Poan 2 i< .
ftrirng hop B

khéng bang

Nhin duge phuong
&n tol uu

(d} Ching minh thudt toén Hungary

* Co sd chung. & bude chudn bi ta da xay dyng ma trén C,~-C
ma mei phan tir khéng am. Cho dén budc cudi ta duge ma tran
C; ~ —C. Gid st n 86 0* clia C, 6 vj tri 1j,, 2j, ..., nj_. Khi d6
1

2. [‘ijJ =20-=0

k=1 k=1
con moi tdng cdc phén t& khéc cia - C , déu khong duong, nén phuong
dn X, ==X, =1, x; =0 Vij khdc 1a t81 wu ciia muc tiéu - C,. Nhung

—C, ~ C, nén phuong 4n nay 1 t6i uu cho mue tigu C.
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NHAN XET 561 D& thay riing néu ta x¢ét bii roan bd nhi¢m véi myc tigu
min Z Z €, X, thi & budc chufin bi ra 14y ma trdn C, <6 cac phin o 1A

q‘] = mil'l. (CU — pl),_] = 1! AERE ] .

e Tinh ding ddnr ctia ting céng doan.
Budc chudn bi va Poan 1 14 ro rang.

Xét Poan 2. Khi xay dung céc 0’ va 0* trong day truyén ta c6 xac
dinh duy nhat vi méi hang ¢6 khéng qud mét 0’ vi ddnh déu (') xong
cing phai tdch hang (béing dau +), vd mbi ¢6t ¢ khéng qud mot 0*
(vi cac 0* dgc lap).

Bay gi¥ ta ching té ddy truyén khéong chita chu trinh va do dé

day truyén 1a hiu han, Gia st day truyén 1a
(il’ le’ {i2’ jl)' e (is’ js—l}’ (is’ js)’ .

& day 0’ & cdc 6 thi tu 1é va 0* § 6 chdn. Xét hai 0’ lién nhau (t, j)
va(i, ,J,) Khi6G,j)cé 56 0 duge ddnh ddu O’ thi cft j la chua
tach. Nhung ciing cgt j, nay lai e6 0% 66 (i, . j,) (cling trong day truyén)
nén thyc ra, theo thuit todn cit nay da duge ddnh dau + va tdch. Do
d6, theo Doan 1, dau + nay da duge khoanh @ d& xod di khi tach hang
i, ,. Diéu d6 c6 nghia 1a viéc danh 0’ & G, j, ,
téach hang i , nay va trude khi dénh 0’ 6 G, j).

) 1a ciing lic véi viée

Tit 1y luan cho hai 6 ¢6 O’ lién nhau suy ra cho hai 6 (i, j, ) va

G,,3 ) A <pco 0’ trong day truyén ta thay 6 {i“ )30 duge d4nh d4u
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0 trude 6 (i,, j,). Suy ra tat ca cdc 6 c6 O’ trong day truyén phai khéc
nhau,

Béy gid ta chi ra la day truyén phai két thiic biing 0'. Gi4 sit phéan
chimg 12 day truyén dimg & 0* tai (i, , i,).

O truse do (i, ).} chia 0’ nén cot i, khéng tdch. Nhung cdt nay
chda 0* & (i, , j,). Do d6 dé&u tach + cia né da bi xéa khi dénh dau
hang i, , béi ddnh ddu 0" 6 (i, , j,,,) ndo d6, mau thudn gid thist la
(i,,,s J,) v6i O* 12 cudi.

Ta lai ching to cdc 0* trong day truyén ciing khac nhau. Gia su
¢6 hai 6 véi 0* tring nhau. Khi d6 hai 8 véi 0’ ngay sau d6 (trong day
truyén) ciing trimg nhau, vé 1y.

Theo thi tuc cla Doan 2, xéa cdc 0" d6i thanh 0* va bé cde d&u
0* dang c6 trong day truyén. Nhu viy ta dd thém duge mét 6 0*. Ta
ching t6 cdc 0* van dge 14p. Vai 0% cd (tic 1a khong & day truyén) &
mét 6 (1)) nao dé, thi hang i va cft j khong c6 0* mdi vi 0* ci khéng
trong day truyén. T4t nhién do tinh déc lap cha cde 0* cii, hang i va
cft } cing khéng c6 0* cii khdc. Bay giy xét 0% mdi bt ky, gia st & 6
(i,, j,)- Rd rang 0* nay ddc lap véi cdc 0* mdi khdc theo dinh nghia
day truyén duge 1ap & Poan 2. Con céc 0* cii, thi né khong ¢6 & hang
va ¢ft da c6 0* mdi nhu trén da thay, Tém lai cic 6 0* vAn doc lap.
Vay Doan 2 1a k&t thic hop 1y cho méi buge lap.

Xét Dogn 3. Khi vao Doan 3 tat ca cdce s8 0 cla C, déu da ¢ hang
va cft tach. Gid sit s8 0* eta C, 1a m_ < n. Nhan xét ring téng sé
hang tich va cft tach cia C, ding biing m, (xem Doan 1). Goi m’, la
s6 hing tdch, m",_1a s& ¢t tach va p la s6 phén t chua tdch cia C,.
thi

p=n{n-m)+ m' m", >n{n-m)=n.
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Véy la ¢6 phan tif chua tdch. Goi I', AI", tuong ing) 1a tap chi s§
cde hang tach (cot téch, tuong ding) cia C,. Sau thi tuc cda Poan 3 ta
duge CV' voi

k PR s s "
c,-h véiiel,jel”,

k = ) ey ”
G cij+h iel,jel”
ij : y s "
o hoac;elk,jelk,
U hodc ig I',jeI",,

k
-

ddiyh = min ¢

IGIkJEIk

Chd ¥ réng (theo thi tuc ciia Doan 1) tat ca céc s6 0 ¢6 ddnh dau
déu (ng véi cdc 6 cd c:;l = c.ﬁ nén tat ca cc s8 0 ¢6 ddnh déu cta C,
déu duge chuyén sang C; (va ddu * cling vén giit nguyén, dau’ ciing
gid nguyén). Cac phén ti cla Ci van khong 4m. Ngoai ra, trong s6
cac phan tf khéng duge tach ra cia Cll‘ c6 s6 0. Tiép tuc quéd trinh,

ho#ic s& dan dén 4p dung Poan 2 va ting thém mdt s 0 doc l4p, hoac
la tach hét cdc s6 0 va lai quay lai Poan 3. Khi d6 s8 chung c4c hang
va cft téch cla C, khong ddi, vén 1a m, nhung s§ hang téch tang. vi

cac 56 0 mdi lap cla C,, theo thuit todn, phai nim & hang téch, con
cdc hang tdch cil van 12 tdch. Lai thue hién Doan 3 s& din dén Ci ~
C, ~ C, v& hoiic la ting thém mét s& 0 doc lap, hoac la tach tat ca s¢
0 cta CZ bdi su tang hang tach va gidm ot téch. Lai tiép tuc qua trinh
cho dén C) ma sau Doan 1 1 Boan 2 ngay. Khi d6 ta lai tang duge

mot s6 0 dfc 14p. Nhu vay la Poan 3 1a ding dén. Duy chi cén phai
ching minh 14 s§ p thi tuc dé dén duge Doan 2 vira ndi la khong 16n
quéd. Cu thé ta chitng minh

psm + 1
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Khi chuyén tir C} sang C; * '(v6i p =0, ..., p - 1) s6 hang t4ch tang
khong it hon 1, vi vy néu sau m,_ vong chi ap dung Doan 3 va Poan
1, khong dén duge Doan 2 t4t cd m, s6 0% cha C« déu ndim & cdc hang
tidch. Bén lan m, +1, hang c6 chita 58 0 mdi ciia Ch’ ' khéng thé c6
0* (da ndm & hang tach ca), nén ta duge dp dung Doan 2.
(e) Gidgi thich phuong phip Hungary nhu phuwong phap don hinh déi
ngéu

Dé tién so sdnh vdi phuang phép don hinh d6i ngiu cho bai todn

mang d Muc 2.3 ta xét bai todn van tai vdi muc tiéu min Z Z €%,

i

Quy hoach tuyén tinh déi ngau 1a

n 0
rnaxw:Zpi + qu

i=1 i=1
P, +q. < S 1j=1,..,n
Mot phuong 4n d6i ngéu chap nhén duge ro rang la
p, = min e i=1,..,n
i
qj = mln (cij - pj)sj = 1& sy 1L

Theo Nhan Xét 5.6.1, ddy chinh 14 cdch chon p,, q dé ta duge ma
trdn C, vo‘lc =¢, - P, —q & budce chuan bi. Neuc =¢,-p,~q=0

thi lay X, = 1 con :r(]_i = 0 vdi ij khéc, diéu kién do lech bu van thoa:
(c; - p; - gq) x; = 0.

Do d6 néu phuong 4n x = (x.) _nay chap nhan duge thi né la t&i wu.

ijfnxn

(x mudn 1a chadp nhan duge thi c4c 6 :::(J = 0 nay phai déc lap.) Néu x

chua chdp nhin duge, ta phai tim nghlem dé6i ngau P q chdp nhin
duge khic van théa diéu kién d@ léch b ma che tu‘cng ting x chap
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nhéan duge bing thuat todn da néu, thue chat la phil tat ca cac s6 0
bing mot sd it nhat hang va cét. Chimg minh chi tiét diéu nay kha
dai, ta khéng néu ¢ day.

5.6.2 Phuong phap Hungary cho bai todn vin tai
(a) ¥ tudng cia phuong phap

Ta da biét LP - ndi 1éng cta bai todn bs nhiém (5.36} - (5.39), tic
14 thay diéu kién (5.39): X = 0 hodc 1 bdi X; = 0, chinh 14 bai toan
vén tai dac biét véi s, = dj. =1, Vi, v).

NHAN XET 56.2. Tap B cic phuong an chap nhan duge cia bai toédn bd
nhiém chinh 13 tip tat ca cac dinh cha V véi V B tdp cac phuong 4n chip
nhin duge cla LP - ndi [dng ciia na.

That vay, rd rang B < V va V |4 tap 161 da dién. Cdc 6 si dung
(i,j) cua B ¢é X, = 1 nim ¢ di ng n hang khdc nhau, n ¢t khac nhau
nén mdi phuong an clia B déu khéng thé chida chu trinh va do d6 12
dinh cla V (theo déu Hé qué 5.2.4). Nguge lai, vi bai todn LP - ngi
l6ng ¢6 céc s, va cij. nguyén nén cdc dinh cda V déu c6 toa dé nguyén
(xem Dinh 1y 3.3.4). Nhung do x;, 2 0 va (5.37), (5,38), méot dinh bat
ky ctia V 1a bang ma méi hang va méi cit déu cé dung mot phén tir
bing 1, cdc phén ti khac bing 0, tic 1A phan td cda B. '

Do nhan xét trén bai todn bé nhiém la tuong duong vdi tim dinh
cia LP - ndi 16ng cGa né, 1a bai todn van tai. Tir diy din dén ¥y tudng
dé m& rong phuong phédp Hungary ra cho bai todn van téi téng qust,
cdsi:el,dj;tl.

G bute 13p 0 (bude chudn bi) ta xdy dyng phuong dn x° = (x))

théa
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X sdyi=1,..n, (5.41)

(chd ¥, tong quét thi m # n) sao cho néu moi rang buje thda chat thi
x” 12 phuong 4n t6i wu. Con néu c6 rang budc théa khéng chit thi phai
sang budc lap 1.

Gia sir khi két thic budc 13p k, duge phuong dn chdp nhan duce
x*. Ta goi

m n m (1)
k
&ﬁzsi + Zdj ‘QZZXU
i=1 i=1 i=gj=1
la d6 léch (t6ng cong) cia phuong 4n x*. Thuat todn s& dimg khi dén
buée lap A, = 0 (& moi budc trude ta ludn c6 A, > 0). Liie nay x 1a
phuong 4n t8i vu {va 14 dinh).

(b} Thudt toén Hungary cho bai todan vén tdi

¢ Buge Idp 0 (chudn bi), T ma tran cudc phi C = (¢, 1ap ma trén
C, biing cdch trit moi ¢t cho phén ti nhé nhét cia cHt, sau d6 trir moi
hang (v6i phan td mdi) cho phan tit nhé nhét cla hang. Ta duge C,
¢6 moi phan ti khéng 4m va méi hang, mdi cot déu c6 0. Thil tuc nay
ding nhu & thuat todn cho bai todn b nhiém. Nhung tiép theo ta
khéng cén chon 8 dée lap d€ ddnh dau 0%, ma xét ngay phueng 4n
tuong ting x°, vi & ddy khéng can chi ¢6 mot x; 9 méi hang, mdi cot &
cée 6 doc lap 0* nhan gi4 tri duong (=1). Ta chi can truge hét la dam
bdo cédc rang budc biing edch ta chon 14 cho nhan céc lugng hang t8i
da vao "géc tay bAc" theo nghia uu tién vao cot 1 trude, trong cot lai
uu tién vao 6 trén trude. Cu thé nhu sau. Goi i, k=1, .., 7r)lachi
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s6 cdc & 0 clia oot j trong C,, ddnh tif trén xuéng. Khi 46 theo wu tién
goc tay béc ta c6 cong thue truy héi dé xdc dinh x?j nhu sau. Trude hét
uu tién cdt 1, ta ¢é (theo uu 1ién hang trén)

[0 néu i=i,, A=1,2 .,r1,
&L - i-1 ]
i - : 0 S
min {a,, b, —prl néu i =i, .
pel

Gia str da xdc dinh xong e6tj — 1. Cot jsé la

0 né’ui;ti)‘j, A=1, 2, o Ty
0 i-1 i-1
i T : 0 0 o
]-I — — —
min {a, inu’ b, Dox .t néui =i,

n=1 =

Nhu véy ro rang x|, > 0, ¥i,j. Néu &) = 0 thi x” 14 nghiém t5i wu.
Néu A, > 0, chuyén sang bude lap 1.

Méi bude lip k > 0 déu la su 4p dung ¢é thé nhiéu lan doan 1,
doan 3 va khi t6i doan 2 thi két thic. Gid sit di xong budce lap k va
cé A >0 va di cé xk, Ck hién hanh. Mé diu bude k+1, d4nh dau + va
tdch ra cdc ¢bt j cua C_ ¢6 dd 1éch bing O (d nhén da lugng hang):

m

&

J

=d - X!(- =0,
] 1)

i=1

» Boan 1. Néu tdt ca 0 caa C, da dugce tdch, chuyén sang doan 3.
Nguge lai thi chon tiy ¥ mét s6 0, gid s ¢ 6 (1,j). Khi d6 tinh dé léch
hangi

I
k k
5, =si_"zxip

p=1
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C6 hai truting hop.

(o} 5:‘ = 0. d4t + bén phai dung i va tdch hang i, ddnh d4u 0’ vao
0 &6 (ij). Xét tat ca chc cot da téch cla C, nél & ¢t u o6 x¥, > O (trén

giao vdi hang i dang xét) thi khoanh ® x6a diu téch cot p va danh
d&u 0* 1én 0 & 6 (i, u) nay cta C,.

{6} 8% > 0. Xét céc cot nhy trén, néu cd xikll > 0 thi danh dau 0’ 1én

0 6 6 (i, p) va chuyén sang doan 2.

Phai xét tat cd cdc 56 0 chua t4ch khi thdy ¢ ddu doan 1, cho dén
khi sang duge doan 2 thi két thie bude 1ap, c6 thé phai lam doan 1
va doan 3 nhiéu lan, Ta ciing goi két thiic doan 1 bsi sang duge doan
2 la ké&t thiic kiéu 1A, cdn sang doan 3 12 kiéu 1B nhur & bai todn bé
nhiém.

e Pogn 2. Lap day truyén cdc O’ va 0* cla C,. bat dau tit mét 0
chua tédch, \ng véi truong hop 611" >0, gia su § 6 (A}, p)) nhu sau. Bi

theo ot p, lay 0; . Tiép theo, di theo hang d€ 1ay o, Réi lai theo
a1 )

¢bt Wy, ... cho dén khi khéng lam tiép duge nira. (Thi tuc nay gidng

trudng hgp bai todn bd nhiém.) S& ching minh duge thii tue nay la
xdc dinh don tri, day truyén khéng ¢é chu trinh (cdc phédn tir déu khac
nhau) va ludén két thic bing 0

o Ox o ey O o, .
)‘l'ul i 3\2_Lll’ a\zj,t!’ ’ LT Am

Phuong 4n x' xdc dinh bai

xi}; néu (i, ) khang ¢ day truyén,
x};“ ={xi+0,  1éuG,j) la 0 6 daytruydn, tic 1a & tha ty 18,
x:; -8, mnéu(i,j)la0* dddaytruyéntucla § thi tu chin,
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6, == min {xk Sk _k}

N .
2 ctes hl""t 1 ;\'1 “u

Dudi day sé& chimg minh la x:‘j” 20, théa (5.41) va A, < A,

» Boan 3. Nji dung la chuyén tit C, sang C:‘, tuong duong, vai
(:ikj1 > 0 va c6 phén ti 0 chua tdch. Goi h 12 86 nhé nhat trong cac phan
tit chua tach. LAy méi hang chua tdch trir h va 1ay mbi cot da tdch
cong thém h ta duge C:‘. Réi chuyén sang doan 1. Dusi day sé chung
minh réng sau p hitu han ldn dp dung doan 1 va doan 3 ta phai sang
dugc doan 2 dé két thue bude lap.

(c) Se dé khoi cia thudt toan Hungary cho bai tedn vdn tadi

Bude chuan bi;

Lap ma trdn C,
va phudng dn x°

h

Hicu 1A
| Tich cde cot j e6 5" = 0 |« [E : |
L : Doan 2 {trutmg hop it

Mat tha tuc
Doan 1 vdi mot 56 0
chua tdach

iém tra diéu kién
A =07

l (trugmg hop ol
dung bing i
con Kiém tra:

chn 0 chuta tdach?

Nhén duge phuang
an téi uu

khang com tkieu 1B}

Boan 3
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(d) Chitng minh thudt toan Hungary cho bai toan vin tai
Buéc chudn bi va doan 1 1a xdc dinh va rd rang.

» Pogn 2. Ching minh day truyén la xdc dinh hitu han, két thic
& 0’ dung nhu cho bai todn bd nhiém.

Bay gi¥ gidi thich tinh chat ciia phuong an x*''. R6 rang ! »
g ’

0. Ta kiém tra diéu kién “chap nhan duge ndi 1dng” (5.41). Trude hét
ta chi ra ring

n 0o
Z x:; = Z xz‘l néui= i,
i=1 j=1
m m
k k+1 PP
Z X, = Z X Meuj # {5.42)
i=1 i=1
Thét vay, 6 mdi hang i # A, ciing nhu ¢ mbdi ¢dt j = u, hosic 1a
khéng ¢é phan ti cia day truyén dang xét hodc c6 hai phan ti 1ién
nhau, khi dé chuyén ti X sang x**!, trit hangi=A vacotj=p, tat
ca xi khéng d8i, hode vita cong 8, vira trie 8, nén vén 1a khéng ddi.
Véii=2 vaj=y, thi
1] n
kel k
2 X5 = &%y T
i=1 i=1
m m (5.43)
k+1 k
Z ¥ = Z X, *+ Bk,
i-1 ' i-1

Do dinh nghia 0., (5.42) va (5.43), x* vin thda (5.41).

Bay gi¢ chimg minh A, < A,. Theo (5.42) va (5.43) thi
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m n m n (5.44)
=Zsi+Zdj—QZ sz —ZBszk—QBk.
i=1 i=1 i=1j=1

Nhung 6, >0vivéi2<t<sthix, >0 (46 0%), 5, >0 (do didu
1

ltl

kié¢n chuyén sang doan 2), ‘6“ > 0 (diéu kién day truyén ngimg). Do

dé 0 = Akﬂ <A

e Bogn 3. Sau khi thyc hién doan 3, chuyén tir C, sang Cll(, it

nhat mdt s8 0 chua tach xuit hién. Do d6 ta phai d&n Boan 1. Sau
Boan 1 nay hodc la dan d&n Doan 2 (két thac kiéu 1A, truémg hop

B) hodc 1a tang s& hang tach cia Ci {trudng hop o). Chi y ring, theo
(a), chi ¢6 hang i v6i dg lech &} = 0 méi c6 thé duge téch. Gia st sau

mdt s§ cap Doan 3 va 1 t4t c cac hang o6 dé léch 0 da duge tach.
S8 cdc hang véi do léch 0 nhé hon m (vi A, > 0). Do d6 van con phin
tif chua tach va ching n3m & cdc hang ¢6 do lach duong. Gia sit van
chua sang duge Poan 2 ma 14 Doan 3, thi phai d4n t6i cdc phén ti 0
chua duge tach, ndim & cac hang c6 d6 léch duong. Vay thi Poan 1 k&
ti€p chi x( I mot s& 0 & hang c6 do léch duong (truong hgp B) [a phai
sang Poan 2. Nhu th& Poan 3 duge tién hanh trong budc lap k+1 vugt
qué 8 hang c6 d¢ léch 0 clia phuong an X< khéng qud 1. Vay sau hiu
han thi tue phai két thic buse lp.

Néiriéng, gia sit tat ca s, va d la cdc s6 nguyén. Khi 36 B, nguyén.
Theo (5.44), mbi hude lap lam glam dg léch téng cong A, d1 it nhat
la 2. Vi vy qua hitu han d buée 13p phai ddn dén A= 0.

16 VANTRUHOC-A
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o Chung minh x? 1a nghigm t6i wu bai todn vdn tdi,
Truée hét ching té x* chap nhan duge. Do (4.41)

5 >0, Ef > 0, vi, vj, vk

Tir cde ddng thic

m n
0=Ad=228f = 225?

i=1 j=1

ta cd 6? =0, gjd =0 Vi, ¥, tdc la x chap nhén dugc.
Chitng minh x* 161 wu dua vao ba nhan xét sau.

NHAN XET 5.6.3. Néu xfj > 0 thi c;. = 0.

CHUNG MINH. V3&ir = 0 th xg > 0 phdi suy ra Cg = () theo cich xdy dung
phudng 4n x° & bude chuin bi. Gid si Nhan xét1a ding vai k vi & budc lap k+1
st dung doan 3 p lan. N&u x; > () thi theo gid thiét quy nap, CE =0 v phdi ndm
Kl k=
§ 7N
= ;" = 0. Bay gio kifm tra két

hodc d hang tich, hodc d c6t tich (theo doan 1}, Do d6 theo doan 3, ¢

Kl =

0. Ap dung doan 3 p lan thi c].l'; =c = ;

hiin vdi k+1. Néu xE“ > 0 thi ¢é hai kha nang. N&u x:; > 0 thi, theo 1§ ludn vira
k+1
i

tdic.’ = 0. Khi nang thi hai 1A x].l'; =0, thi & ldp k+1 bién ndy dudgc ting 1én

duong nén phai ting b (i,)) ¢ trong day truyén d€ xiy dung x**'. Ma moi 6 trong

day wuyén déula 6 s Ocla <] =, ,. Vay c:‘;! =00
NHAN XET 5.6.4. Vdi k bdt ky,ma trgn C, cd moi phan ti2 khéng am.
CHUNG MINH. Chi d doan 3 (va budc chudn bi) ia bién déi cdc c, nhung

13 phép trir di cic s6 nhd nhil, nén vin ludn ddm bio c:z 00

16.VANTRUHOQC-B
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NHAN XET 5.6.5. Néu hai ma trgn cude phi C va C tiiong duong thi
tdp nghiém t6i uu cda hai bai fodn vdn tdi tuong ung, vdi cing rang
bute (tuc la cung cdc s, d}, tritng nhau.

CHUNG MINH. Do C ~ C, s¢ ¢6 a, va B, aé
€=yt og+ BJ., Wi, ¥j.
Gid sirx* = (x*.) 12 phuong 4n t81 wu ciia bii todn véi ma trin citée phi C,

ky hiéu 1 T{(C) vi x = (xij] la phudng dn chap nhin dude cia T(C) va T(C). Ta
ch

> e Xy =2, 2 (o + o+ Bx,
[ i
=ZZ:Ejjxid.+th..lz:xij+Z[iijLi
i i i
‘= Z > CX T
1]

vd&i y khdng phu thude vao phugng dn x. Vi x* 180 wu cla T(C),

E 2 C.X. 2 E E c..x*..,
i IR
[ i

tic li
Z Z Ci%i = Z Z CX;—Y2 Z Z ijx*ij Y= Z Z ijx*ij'
i i P i
Vay x* 12 161 vu cia T(O).O
Chitng minh xd 67 un, Xét bii todn van tai T(C,) trong duong vé’i‘ TC)
{vi theo doan 3, Cd ~ C). Theo Nhin xé1 4.6.4, cg z 0 nén v@i phuong dn chﬁ'p
nhin dude batky ta ¢4, theo Nhin xét 4.6.3 ,

Z Zc%xZO:Z chxz
j iy



g
9
‘o

244 CHUONG 5 BAI TOAN VAN TAI

vay x4 12 181 wu ctia T(C g va do d6 ciing t6i wu cia T(C).0

Can nhdn manh lai 1a néu cde s, va dj nguyén thi sau hitu han
bugc phuong phdp Hungary ddn dén nghiém t8i uu.

THIDU 5.6.1. Gidi bai todn vin tdi v8i ma trin cudc phi va lugng hang phat
va thu I3

2595
8358
C= 73114
5972

(sl,s2,s3,s4:d1,d2,d3.d4)=1(4,2,3,3;3,6,2, 1.

Budc chudn bi. Trit cdc ¢t 1,2, 3,4 cho 2, 3, 1, 2 wong tng ta dudc

0283
6046
0715002)

3660

C

Vi cuc tifu mdi hang 12 0 nén khdng i (if cdc bang. Phudng 4n xuat phat 12

3000|441
020020
X=10300|30
000132
362
0126

(ha: c&t ngoai ghi ludng phidt va dd [&ch hing, hai hang dudi ma trdn ghi lugng
thu va dé 1éch ¢dt). Vi %Aﬁ =3>0nén vao budc lip 1 (Chd ¥ 313 tdng dd 1éch
hang, ciing bing tdng 46 1&ch ¢ot.)

Budc lp 1. Tach cot 1 va 4 8 C, bing diu + vi 6 4 1ech &, , &) (ghi &

dudi ma tran x°) biing 0. Cdc s6 0 & cdt tdch ddnh dau O néu xg >0.Consd 0

chita tich nén viio doan 1,
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Dogn I. Panh ddu 0’ vao hai chd hang 2, 3 va tach hai hang nay bing + bén
phdi. Panh thém x vao bén rdi hang khdng tdch. Ba hét 0 chua tich nén sang
Poan 3,

Poun 3. h =2 nén ta ducc Cé. C6 Ochua tdch & 6 (1,2) nén quay lai Poan 1.

Pogn 1. Danhdiu® 86 (1.2). Do 1&ch hang 1 13 8?= 1> 0 nén sang Doan 2.

Pogn 2. Day truyén chi cé mot phin 6F 0" 36 (1,2).

+ o+ + o+ +T +
«02 83 x|[0063 x| 0063
C,= {60°46[+ ——> Cp = 8048+ —>C = |80 48|+
50002+ =2 70° 04+ 10041+
X136 60 (3440 %3440
Budce 13p |

6, = min {6(:, 5‘:} =min {1, 1} = 1. Chuyén ti x" sang x".

r=1

T

3000]1 , _, 3100]0
o_|0200f0 " . _lozo0|o

03000 0300|0

0001|2 00012

0120 0020

Budce lip 1 {(Poan 2)

(Bén phdi va dudi ma trin ghi dd 1€ch hang, ¢o1.) Vi %A] =250, phiisang Budc
lap 2.

Bude ldp 2. M3 diu ddnh diu + cée ©dtj c6 do léch gjl =0cla C, wicla

cdt 1.2 va 4. (Khdc vdi bii todn bd nhidm, moi ddu tich, 0*,0° va 0 3 day dugc
lam lai & ddu mdi budc 1ap.) Con 0 & 6 (3,3) chua tich nén vao doan 1.
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Dogn [. Dénh diu 0 & (3,3) va + bén phii hang. 6; = 0nén ta cd tnfing
hgp o Ta cé "31.2 > 0 nén ddnh diu 0* vao 6 (3,2) khoanh @ xda diu tich cot 2.
Lai xuAt hién O chita tich 3 (1,2) vdi 6: =0, trudng hgp & ddnh ddu + hang 1, O’
61,22 V1 x:I >0 nén ghi 0* vao d (1,1} khoanh & vio ¢t 1. Con 0 & (2,2)
ing 6; =0, ddnh + hang 2, 0" vao & (2,2). Biy gif dd tach h&t s6 0 clia C, nén

phai vio doan 3. (ghi 0 vio cdc 6 ¢6 xi; >0)

Bogn 3. h =3 nén ta duge C, nhy dudi day.

e ~+ +
0*0 63}, 0"0' 6 6|4
C,=|8 048+ C= (80411
= + : +

7 0404 he3 70%0 7

3 440 o110

LaixuadthiénOchuatdchd(4,1)vdiddiéch hing 61 =20, 1a tewdng hdp

B nén danh diu 0’ & & (4,1) va phdi sang doan 2. Vi th& ciing 13y C,= C:,
+

R
Dogn 2. Lap day truyén & C, bt ddu tir 0’ AT U6 6
6(4,i)chl.rata’tchvécéél:Z)O,ditheocthén co= (B Vg4 I
0* & (1,1), lai theo hang sang 0" & (1,2), ..., T T+
0" 1 10

Phugng 4n x° x4c dinh nh sau, & ddy

8, =min (3,3,2,2} =2,

M 0 0o 13 00
&= [0 3.)0 00 E_; G- |0 2 00
0 3.0 0|0 o1 20
0 0 0 1|2 2.0 0
0 0 20 0 0 00
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Ta thiy A, =0(cacdd lech c6t1a 0 1dt cd 1) nén thuit todn k&1 thuc: x “1a
phirong 4n 151 u'u (Chi ¥ ring X khdng phdi phudng 4n cyc bién.)

CHU ¥ CUOI CUNG. Phuong phip Hungary thudng 4p dung 18t cho bai
todn van Lai véi cac s, d]. nguyén. Khi dé s8 budc ap 13 hitu han va danh

pis tnide duge la khong qua %Ao, vi méi budc do léch gidm dugce it nhat la
7 (théng thuong 1 nhéhdn%A&.CiThidu56Jthi%A0= 3 va ta cin 2

bugc ip. Ngudi ta cing ddnh gia duge do phdc tap tinh toén mdi budc lap
qua m va n. Hon nita con ddnh gid duge mie d6 gan 18 wu cia két qud &
mdi budce lap d€ cé thé ding thuit todn néu & mie sai s6 cho phép (xem
[Golstein - Yudin 1969], Muc 582}

Ngoaira phuidng phdp nay it nhay cdm vdi tinh suy bi€n. Viéc lip cdc ddy
truyén ciing khd don gidn.

Codn c6 nhidu phudng phip khac d€ gidi bai todn van tdi, chdng han
phuong phap Gleyzal [Gleyzal 1958] phudng phdp cia Williams, [Williams
1962, phudng phd p phudng dn 18 tu cé diéukién cda [Lurie 1961] va [Oleynik
1960], phudng phdp cda {Brudno 1962], ....Cé thé chia cdc phuong phipralam
hai loai; Loai 1, dip hinh 12 phuong phap th€ vi, 12 cic phuong phip cdi thién
ddn phudng in. Loai 2, dién hinh 1a phuong phdp Hungary, th phudng phdp
gidm din d6 1&ch khdi rang budc.

BAITAP CHUONG 5
5.1 Xét bai toan van tai. Chang minh réng

(a) moi ¢d 58 B (cla bai todn van tai) cé ldet Bl = 1
{b) moi cd 58 |a ma tran nia dudng chéo dudi.

(c) néu cdc s vad, déu nguyén thi moi phudng 4n cd sd chap nhdn dudc déu cé
mgi thanh phin nguyén.
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5.2 Nhu cduvé mét loai hang d& hdng trong 4 théng 1a 500, 630, 200 va 230 t&n. Kha
nang cung cdp trong cdc thang lién tiép la 400, 300, 420 va 380 1in va gia mét tdn
tuang dng 1a 100, 14C, 120 va 150 ngan ddng. Hang chi dé dugc 3 thdng (k€ ca thang
nhén hang). Cude luu kho mot t&n mét théng 1a 3 ngan dong. Viét bai todn & dang bai
toan van tai.

5.3 Dung quy tdc géc tay béc tim nghiém xust phat. Nghigm nay co suy bign khong.
{Bua vé bai toan van 1ai e4n bing néu cén.)

(a) (3. 5, 55,8, = (10.5, 4, 6). (d,, d,. d, d,} = (10, 5, 7, B).

(B} {8, 5, 85,8 = (1, 16.7,8), (d,. d,, dy, d,, d) = (3,4, 5,2, 8).

(€) (5. 5,. 55) = (30, 35, 45), (d, d,, d,.. d,) = (15, 17, 40, 15),
5.4 Xeét phuong é4ncdsd & H.5.5.

{a) Xdc dinh chu trinh trdng (ing véi mai bi&n khéng ¢o sd.

(b} Gi& sir m&i bién khéng cd sd déu dung fam bién vao. Hay xac dinh bign ra
tueng Ung. Mai bién khéng cd sd vao & mdc nag ?

(c) Xac dinh dé tang va gidm clia gid tri myc tieu ting vdi méi trudng hep & (b).

5.5 Tim phudng én cd sd xudt phat bing ca ba phuong

phap: géc tay bic, cye tidu cudc phiva xdp xl Vogel cho s d | 101010

mé hinh van taf bén phai. Phudng an nae cho myc tidu !

t5t nhat. 7 1 26
. g . A er: o 12 0 2

5.6 Lam nhu Bai 5.5 cho md hinh van tai bén dusi. Sau

dé tim phudng an i vu ding phuong an xuvét phat t8t 11 3 18

nhit trong cac phudng an vita co,

d 180 60 20 10
Su
10 |10 20 5 7
20 /13 9 12 8
30 4 15 7 9
40 |t4 7 1 0
50 3 12 5 g
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6.7 Giai bai toan khéng can béng bén phai bing dl 5 10 15—!
cach ding phuong phap x8p xi Vogel tim nghiém s
xudt phat. Bai toan co thém mot didu kién a bt
budc nat cung 4 tai di hang dé&n not cdu 1.

20
10
5.8 Gidi cdc bai toan bé nhiém sau day bing
phuong phap thé vi va bing phudng phap Hungary
{cho ma tran cudc phi) 15

15

o =1 W Ch
M

1

oW

{a)|8

W oo
O A A~ O
;RN R
LR N R e = ]
[4]
G
W RO W

4

{5 5-2 ddu - & ¢13 chéng han, ¢co nghia la
(©) [? 4 23] above ngudi 1 khong thé duge phan

351 yise3).
426?_i

5.9 Gidi bai toan van tai bén dudi bing phueng phap thé vi vdi hai cach tim nghiép
xuat phat: quy tée goc tay béc va phudng phap xap xi Vogs!

d | 3 3 2 2

5:
5 3 7 6 4
2 2 4 3 2
3 4 3 8 5

5.10 Dua vao thanh tich kiém tra bai b8n kiéu dudi day cda n&m van dong vien thidu nién
dyf tuyén, hulin luyén vién cén x€p ai bai kidu gl trong doi boi 200 met ti€p sic hén hop

kiéu An Chién Hung Quang Tuin

{a) Phat bidu thanh bai toan bé
ngita | 37,7 328 338 370 454 nhiém,

) {b) Gidi b&ing phan mém nao ma
éch 434 331 422 347 418 ban bigt ho3¢ tinh tay.

budém | 333 285 389 304 335

sal 292 264 296 285 311
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5.11 Trong md hinh van tai bén phai cdu nhidu hdn cung. 75 20 50

Biét tién phat mdi don vi hang thidu 1& 5, 3 va 2 tuong Ung

cho nit 1, 2, 3. Tim phuong an &1 uu. 10 5 YT

80 6 4 &
15 3 2 5

5.12 Gid su trong Bai 5.8 {¢) ¢6 thém may (viéc) thi nAm vgi cudc tudng ung vdi
bén ngudila 2, 1, 2 va 8. May mdi cd thé thay mot may cii néu ¢6 Igi vé kinh té.
Hay phat bidu bai toan mdi nhy mét bai toan bé nhiém va gidi. N&i riéng, nén thay
may nao khéng ?

5.13 Giai bAng phuong phap Hungary
(a) Bai 5.7; {6) Bai 5.9; (c) Bai 5.12.

5.14 Gidi bai toan van tal hang tif bsn di€m phat dén bén diém thu o cac lugng
cung, cdu {theo tdn) va khoang cach céc digm (km) ¢ho d bang dudi day. Tim phudng
&n van tai dé lugng tdn hang x km 12 nhé nhit.

[ 120 180 100 150
140 2 4 6 7
550 3 8 8 8
80 6 5 6 g
550 5 7 8 7
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CHUONG 6

QUY HOACH NGUYEN

6.1 PHAC HOA QUY HOACH NGUYEN

Quy hogeh nguyén (Integer programming, viét tat IP}1a bai toan
quy hoach trong dé tat ca hofic mét phan cdc bién bi rang bude chi
lay gi4 tri nguyén. Tuong tng tén cu thé cho timg trudng hep la quy
hoach nguyén hodn todn {pure integer programming) va guy hogch
nguyén b6 phdn (mixed integer programming, viét tat la MIP). Tuy
vay, thudt ngit "quy hoach nguyén" thuc t& ¢hi danh che linh vite todn
nghién citu 16p bai todn quy hoach tuy&n tinh nguyén. Vi vay hai thuit
ngit duge hidu nhu nhau. Lép bai todn niy rat phé bi&n trong thuc
t& Mang bai todn c6 vé don gidn nhat ma cling quan trong nhat trong
16p nay 1a cac bai todn chon cac quyét dinh (c6 lién quan nhau nhung
déu d dang "c6” holdic "khdng” (yes - or - no decision). Chidng han bai
todn bé nhiém & Thi du 5.1.1, bién quyét dinh sé lay gia tri nhu sau

. = 1 néu ngud i duge nhidn viécej,
i |0 néu nguoii khéng nhdn vide j.

Nhiéu bai toan dang quyét dinh c6 - khéng nhu vay, chdng han :
c6 ddu tu khdng? c6 md dai Iy & thanh phd A khong? ¢6 nhan thue hién
du 4n khdng?.... Vi cdc bién (quyét dinh} chi nhan hai gia tri (bién
0-1) nén bat todn ¢6 tén la quy hoach nguyén nhi phdn (binary integer
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programming, t4t 1a BIP).

Néu bai toan ¢6 n bién va cdc rang budce cho thay mién chdp nhan
duge 1a gidi ngi trong R®, thi bai todn "chi ¢6” hitu han nghiém chap
nhén duge, khdng nhu quy hoach tuyén tinh (téng quat) c6 mién nay
la c& mpt tap loi da dign. Tuy vay, sé rat sai 1dm néu nghi ring quy
heach nguyén dé giai hon, hoéic hon nita nghi ring c6 thé diém dién
(enumeration) 1an lugt cdc phuong dn (tic 1 nghiém) chap nhan duge
dé chon phuong an t3i wu. Ching han, BIP véi n bién ¢6 2" phuong
an chdp nhan dugc. Nhung ddy la s§ khdng 16 néu n lén. Trong lich
st Trung hoa ¢d dai da c6 minh hoa rat hay 1a nha vua khéng du thée,
di vét hét kho trong nuéce, dé thudng o8 hat théc theo uée muén (duge
vua ban) etia ngudi nghi ra cd tudéng 1am vua thich thd (ban cir c6 64
8!). Nguyén nhén vi mién chdp nhén dugc, tuy himu han, ciia quy hoach
nguyén khéng c6 cdc dinh dé thye hién phuong phap don hinh, da
biét 1a rat hiéu qud. Chinh vi vay quy hoach tuyén tinh dé& gidi hon
rdt nhiéu so vdi quy hoach tuyén tinh nguyén. Ngudi ta cé thé giai
moi quy hoach tuyén tinh vdi nhidu ngan bién va rang budc bing mdy
tinh trong vai gi¢, nhung dén nay vin khéng dam bdo giai dudc vdi
thoi gian tuong tu bat ky du chi 1a BIP véi 100 bién. (Ngudi ta thay
réing ¢ quy hoach tuyén tinh thi do phic tap tinh todn tang ro theo
s6 rang budc nhung véi quy hoach nguyén thi s8 bién anh hudng quyét
dinh.)

Mot ¥ tudng ty nhién dé giai IP (quy hoach nguyén) la gidi quy
hoach tuyén tinh tuong tng, tic la IP nhung bé di rang bude gid tri
bién phdi nguyén (quy hoach tuyén tinh nay goi la LP — néi Iéng (LP
relaxation) ctia IP) réi lam trdn nghiém t8i uu thanh nghiém nguyén.
Né s& xdp xi nghiém t6i uu cha IP. Cach nay c¢6 thé dp dung trong
thue t&, nhung phéi cdn than hai nguy ca sau day. Mét 12 nghiém lam
tron cé6 thé tham chi khéng chap nhan duge déi véi IP nhu thi dv sau.

THI DY 6.1.1. X¢é1 quy hoach nguyén
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I X, X, nguyén.

v

H.6.1 cho thiy diém A
14 nghiém 16i wu eda LP —
ndi 1ong, B va C 14 hai nghi¢m lam (ron tir A nhitng khéng chidp nhin dudc,
Nghiém 16i uu cia IP 13 D va E.

H. 8.1 Nghiém t6i wu fdm tron kidng chdp nhén duge

Nguy co thit hai 1a nghiém lam trdn ¢6 thé chap nhan duge nhung
c6 thé ¢6 gia tri muc tidu rdt xa muc tidu t&i wu cda IP nhy thi du sau
day cho thay.

THI DU 6.2.2. Xét quy hoach nguyén

_ A
max z=X, + 5x2, Xy

x, + 10x, <20, T —

X, =2,
X120,X220, 3 - L B

X, X, nguyén.

H.6.2 cho thiy di€m A [a nghiém (41 X,
uu cia LP - ndi1ong (v8i muc tiduz= 11). N 1 2
. . N N s R H. 5.2 Ngfudrr t3f ule ldm tron xa
B 14 nghiém lam tron cho IP, chip nhin nghiém 16wy cGa 1P
duge va (ing muc tidu z = 7, xa vi muc
liéu 18} wu ciia IP 14 z = 10 dat tai diém C.

L 4
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Bai tap 6.15 cho thay trudng hgp nghiém lam tron khong chap
nhan duge la rat phd bién. Cé thé nghi ring dir lidu cia bai todn da
12 xap xi nén tinh khéng chdp nhan duge nay c6 thé "tha thi”. Nhung
nhiéu bai toan IP thyc t& c¢6 dir ligu chinh xac. Ching han rang bude
kiéu lya chen ding mdt trong n quyét dinh "cé” con lai la "khéng" 1a
rang budc vdi hé sd chinh xdc

x1+x2+‘..+xn=l,xj=0hoac1.

Hon nita ¢ bai todn nhi phén vdi bién co ¥ nghia 14 “cé" hay
"khéng” thi gi4 tri khéng nguyén la v6 nghia rdi, nén khéng thé lam
tron di nira.

Vi quy hoach nguyén hay gip nhu thé, lai khéng thé nhan duge
tif lam trén nghiém nhén duge tir LP - ndi 18ng ciia né, nhu cAu tim
cdc thuit todn riéng la rat lon, van dang rat dige quan t4m nghién
cifu hign nay. Do gidi quy hoach nguyén khé va tinh todn phue tap
nén vdi cac bai todn ¢& 1dn cdch ti€p cdn t6t nhat 1a ding cac thudt
todn phdn dodn (heuristic algorithm}, tuy khong dam bdo di dén
nghiém t6i uu trong moi trudng hop, nhung thudng rat hiéu qui. Véi
cde bai toan khdng 1on qud, da ¢é nhidu thuat toan giai chinh xac.
Cach ti€p cdn chung la két hop viéc giai cac LP - néi 1éng vdi diém
dién dn (implicit emmeration), tic 1a diém dién cAc nghiém chép
nhan dugc nhung § mdi buée tim cach loai bd 88 d4ng ké cdc nghiém
khéng thé la t61 uu khéng can diém dién. Trude khi trinh bay hai
phuong phép chinh 1A phuong phdp nhanh va can (branch - and -
bound method) va phuong phdp mat phing cit (cutting - plane
method) & cdc muc sau, Mue 6.2 gigi thidu mét s6 bai toan dién hinh
ddn dén quy hoach nguyén.

P& k&t thac muc nay, hay nhdc lai ring & Chuong 3 va 5 ta da
thay nhiéu trudng hdp may man 12 gidi quy hoach tuyén tinh (khong
nguyén) bing thuat todn don hinh ta nhin dugc nghiém t6i wu 1a
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nguyén. D6 1a bai todn déng trén mang vdi cde dif liéu nguyén, ma
trudng hop riéng la cde bai todn sau véi dif 1iéu nguyén: bai todn dong
cuc dai, bai todn dudng ngin nhat, bai todn van tai. Néu khi gidi LP
- ndi 16ng cta quy hoach nguyén ma giip may min nhu viy thi ta duge
luén nghiém téi uu cia quy hoach nguyén.

6.2 QUY HOACH NGUYREN DIEN HINH TRONG THUC TE

THI DU 6.2.1 (Bai 1040 ba 10 - knapsack problem). Mot nha thdm hiém chi
duge mang thco mdt ba 16 trong hwdng khong qud b. C6 n loai vit dung nén
mang theo. Loai vt j ¢6 trong lugng mbi vt 1a a,. Vi gid tri st dung mdi vat
i ¢ . HOi dng phdi mang 1thé& ndo d& c6 gid tri s& dung 18n nha't ?

Goi X, 13 s lugng vitj mang (heo thi mé hinh todn hoc cia bii todn ba 16
nay la quy hoach nguyén sau

n
max Z=ZC].XJ.,
i=1

n
Zax. <b,
1]

i=1

X; z0vanguyén, j=1....n

Sau day sé goi Z+ 12 t4p s8 nguyén khong am. Vé todn hoc, néu
muc tiéu 12 min z hodc rang bugc 1a ddng thuie, thi bai todn ciing goi
la bai todn ba 1.

Bai toan ba 16 c6 dang dic biét va don gidn la chi c6 mdt rang
budc harm, ngoai rang bude diu va tinh nguyén. Do dd nguti ta nghién
cttu duge nhiéu cdch giai riéng, réi tim cich dua cde quy hoach nguyén
khac vé bai todn ba 16 dé gidi. Chdng han ngusi ta chéng minh duge
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dinh 1y sau dé ghép céc rang bugc thanh mot rang buse.

PINH LI 6.2.1. NeuauZO bi>0,i=1,..,mj=1, ., nvatdtcd
nguyén thi luén cd cdc s6 nguyén ¢, ..., tn dé tép nghiém nguyén

khéng dm cda m rang budc
Tl
Z ax = b,i=1,..,m
j=1

trung vdi tdp nghiém nguyén khong am cia mét rang buge

m n m
Z t, Z a,X; = Z 1;ibi .

=1 §-1 i-1
(Xem chitng minh, ching han, trong [Nghia 1997], Muyc 4.2.)

Bay gid ta gidi thiéu mét cach giai coa bai todn ba 1o
n
min z = cCX. ,

1)
=1

Z aJ.xJ.. =b, (6.1)

i=1

X, € Z.,j=1 ..,n
béing cdch dua né vé bai todn dutng ngdn nhat (da biét ba cach giai
6 Muc 3.7 14 thuit todn don hinh mang, thuat téan sia nhan va thuat
todn dat nhan), véi gia thiét a e Z ,b e Z . Xay dung d6 thi ¢6 huong
= (=Y, =4) vai tap mit =V'=1{ 0, 1, ..., b} va tdp cung

F={(L,k:3Ijell,..,nlsaochok -1 = a 3

Gan cho cung G k) véi k - i = a dd dai la diik) = ¢ Khi dé ro
rang méi dudng di S cia dé thi cé do dai la
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L(S) = Y. d(, k).
fikkj e 8
DINH LI 6.2.2. Méi duong di S tiz 0 dén b trong dé thi & déu ing voi

mot phuong dn chdp nhdn duge (xy, .., x,) nao dé cia baz togn ba l6
(6.1) va nguoe lai. Khi dé dé dai duong S la

L(S) = 2 ex,
i=1

CHUNG MINH. Gid stf (x,, ... X} ]2 m&t phudng 4n chdp nhin dirge cla
{6.1). Khi d6 ro rang trong &7 ¢é cwdnv di qua c¢dc dinh

O,a,2a, ... x@a,xa +3, ...Xa +X,3,, Zxa =h,

j=1

!

n
v6i o daiL(S) = 3 ex; .
j=1

Ngudc lai, gid st S = (0,1, ... i, =b)1a mdtdudng dr wr 0 dén b trong &.
Ta chitng t6 mdi nit i, trong S dSu ¢6 dang

v

i = 2. 8P Py € Z, (6.2)

1=1

bing quy nap. Theo dinh nghia &, s& <6 chi s0 r d€ i, - 0=r. Khi d6

i = Z ap;

3=1

rong dé p, =1, Py = Ovdij=r.
Gid st (6.2) da dang d€n cung i ;. Ta chifng minh cho i . Theo dinh nghia

17 VANTRUHOC-A
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&, s€ cd chisdtsaochod, —i,_,=a.Dods
n n
i, =a+i_ =a+ Z AP ;= Z ap
i=1 i=1
V8ip,=p, néuj#tvip, =p,_ ,+ 1 Viy (6.2) ding v6i moi nit i,
rong S.

Noi riéng véi nit cudi i =h, dit Py = J.jz 1. ..., n, ta due

o

tfc 12 phaong dn (X, ..., x,) chdp nhdn dugc cho (6.1) va cé muc tiéu z bling d6
dia1 dudng S tiudng Ung:

L—Zcx = L(S).0]

i=1

Mét diém han ché cia phuong phép dua vé bai toan dudng ngin
nhat 1a d6 thi &7 ¢é s6 nut qua 1¢n khi b 1én. Ngudi ta con nhiéu phuong
phdp khdc d€ giai bai todn ba 6.

TH{ DU 6.2.2 (S4n xuadl ¢o I¢ phi ¢d dinh: fixed-charge production). Gi st
nha mdy sdn xuit n sin phadm. Chi phi sin xui't sin phim j gdm I¢ phi ¢d dinh
K khéng phu thude ludng san phim j vi cude phi don vi sdn phim la ¢ Got X;

la lugng sdn phdm j s& san xudt thi cude sdn xudt sin phim j la

[k +cx néu xi>0,

c(x) \

0 néu xj:O.

Muc tidu sin xuit véi cudce phi cuc tidu sé 1a

17.VANTRUHQC-B
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min 7 = Z cj(xj).
j=1
Ta thdy z 13 ham phi tuyé&n ciia Xy s X VI NG gidn doan t2i cdc di€m cé mét
hoac nhiéu x, = 0. Mic du céc rang bude vé nguyén liéu, thi trudng ... 13 tuyén
tinh t4t cd (ching han nhv & Thi du 1.1.1) thi bai todn vAn 1 phi tuy€n va kho
gidi. Ta c6 thé dua vé& quy hoach tuyén tinh nguyén bé phin bing cich dua vio
cdc bién phy nhi phian

[l néux >0
i

yi:‘O néu X = 0. ©3)

bé thidu thi Y la bi€n (nhi phin) ddc 1ap, khdng phu thude vao X, nhu irén
nita, ta dua vao mm ring budc {cho mdi }) tuyén tinh nhy sau

< Myj.

dddy M >0 coi la rit 16n d€ rang budc X S 14 thira, Khi dé muc tiéu va rang
budc (6.3) ird thianh
n
min z = Z (kjyj + cjxj),
P=1
0<x <My, (6.4)
¥ = O hodc 1.

Thit vy, nCu X > 0 thi Y, khéng thé biing O nén y, = 1. N¢u X, = O thi tir
(6.4) ta thi'y y, = 0 hoac ¥, = 1. Nhu‘ng vi K >0 (néu K 0 thi khong cdn dua
v o bién phu Y ) va muc llCLl li minznénd (hlld.[ todn um phigdng dn (81 uu ludn
1dy ¥, = 0, ¥ phl.rdng in vdi X;=0,y,= 1 khing ¢ 8 vu. Khi vi€t di cdc rang
budc tuyén tinh khidc vio ta dude bt todn quy hoachtuy&n tinh nguyénbo phin.

THE DU 6.2.3 (Rang budc hodc 1 - holc 1a: either - or constraints). Thuc
t& hay gip tridng hgp chdng han mét trong hai nguyén liéu d¢u ding dude khi
d6 chi cin mdt trong hai ring budc iy hwegng cin da vio, thi du nhu
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hoac 2%, +x, <8,

hode x, +4x, £ 16,
(itc 12 it nhat mot rang budc théa), Got M > 01a s& ri11dn ¢8 dinh va y = 0 hoiic
1 1a bi€n b3 trg thi ring budc trén rd thanh

2x, +x, <8 + My,

X, +4x2£ 16 + (1 —y),

y =0 hoic 1,

vi ¢a bai todn trd thanh quy hoach nguyén bd phin,
Trudng hgp téng quét han la k trong N rang bude sau phdi thda

f(x;, .,x)<b,
f]!\r x, ..., xn) < bN.

Khi dé phai dua vao N bién nhi phan phuy , ..., y, va doi héi k trong
N rang buje théa & ¢6 dang

f, (x;, .., x ) <b, + My,

fN (X, ., X ) <by+ MyN,
N
Z yi = N - K:

yi=0hoaflcl,i:1,‘.‘,N.

Ciing c6 thé chi mét rang budc lién quan mét bién nhu: hoaze 1a
khéng san xudt sidn pham j, tifc x. = 0, hosic phai san xuit hon s8 t&i
thiéu bj dé bu chi phi xin phép, va khéng qud dj theo théng tin tiép
thi. Rang budc nay sé ¢6 dang

X zby
] JyJ’



"~ 151_

6.3 PHUONG PHAP NHANH-VA-CAN CHO QUY HOACH NGUYEN 261

X; < dyy,
y; = 0 hodc 1.

Doc gid c6 thé xem nhiéu thi du khac trong [Taha 1992], [Hillier
- Lieberman 2001] va [Schrijver 1899].

6.3 PHUGNG PHAP NHANH-V}-CZ,&N CHO QUY HOACH
NGUYEN

6.3.1 Gidi thiéu thuit toan trén mét thi du

Thuat todn diu tién gidi quy hoach nguyén la thuit toan mat
phang cdt cda Gomory c¢bng b8 nim 1958 (tuong tu tu tudng cila
Dantzig, Fulkerson v Johnson néulén tir 1954). Nhung tir khi phuong
phap nhdnh - va - ¢dn (branch - and - bound method) xuat hién trong
[Land - Doig 1960], va nhit 14 dang hoan thién trong [Dakin 1965],
noé tré nén uu thé rd rét. Ta hay trinh bay phuong phap qua mot thi

du trudc (o
8

THI DU 6.3.1. Xét quy hoach nguyén (goi (4t
[P) &

max z = 5){1 + 4x2,
X, +X, <35,

10x, + 6:(2 <45,
€Z,

XXy

Goi LPQ 1 quy hoach tuy€n tinh trong (dng & budc 1ap 0, ufc 1 thay L
eZ, biing X,y X, 2 0, ¢6 nghiém (3i wu 13 x, =375, x,= 1,25 va £=23,75, xem

H.6.3, & diy A 1a diém (31 vu cha LPO cdn cdc ddu . 12 mién chip nhin dusc
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(cnd) cla IP. LAy bdt k¥ mOt bién ma & A cé gid tri khong nguyén, ching han
X, =3,75. Viphin mién chidp nhin duge cia LPO thda 3 < X, <4 khong thé chita
nghiém chidp nhin duge cia [P nén ta c6 thé bd khong xét phin nay va chiy
nhdnh (branching) ra dugc hai mién va twong Wng 13 hai bii todn quy hoach
wy&n tinh con & budc 1 €D theo:

1. LP! v8i mién cnd = cnd LPO, vdi X, €3
2. LP2 v3i mi€n cnd = cnd LPO, vdix, 2 4.
x, dudc goila bién chiu nhdnh (branching variable). H.6.4(a) bi€u dién viéc chia

mién va (b) la 50 d8 cdy cda thujt todn & bude ddu va di duge nghiém 81 v
cia IP {sau khi gidi LP1 va Ii Judin mdi hoan thanh H.6.4.(b)).

LP2 LP1

® @[x=5x,-2:-23

ot o e
N ki fue - bSF
> b}

H. 6.4

(a)

bén day ta bi€t1a nghi¢ m 181 wu cila IP, phai nim trong LP1 hoic LP2 (ufc
1a trong mién xdc djnh cha it nhit mdt trong hai quy hoach tuy&n tinh nay). Ta
danh gidi ba1ky. ching han LP . 1a LPO thém ring buje x| < 3:
max z= 5)(l + 4x2,
X, + Xy < 5,
10x, + 6x, < 45,
X, <3,

X X, =20

LP1 c6 thé gidi bing cich duta v& dang chinh tfc va diing thuit todn ddn hinh

o
."\r
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ti&u chudn. Ciing c6 th€ gidi biing phuong phap don hinh dp dung cho quy hoach
tuy&n tinh tdng quét, c6 chita cin dang ]j <X, <u, Xem [Khanh - Nudng 2000],
Chuong 9. Nghi¢m tGiwucda LP11a x, =3,x,=2,2=23,v6 tinh dd la nguyén,
Pay 1a nghi¢m (5t nhdt tam thdi cho IP, ta goi la mot &y fuc (incumbent). Do dé
LP1 khéng thé suy ra nghiém chdp nhan dudgc it hon cho IP, chi con chd so
sanh vdi sy nghién ciu LP2. Ta néi da ldm chym ddy (fathoming) LP1. Viéc
"chd so sdnh” nay clng quan trong khdng kém viéce (néu nhu) LP1 con duge
thao tic ti€p (nhw LP2, sau diy sé thay} vi nd cho mdt cin dudi clia muc tiéu
181 vu cia IP do z = 23 d4 dat dudc (bdi nghiém nguyén), z t6i wu khdng thé nhd
hon. Viy & day ta di dgf cdn (bounding) cho thujt todn. Tiép theo, ndi chung
ta phai gidi LP2 nhif s& 1am dudi ddy. Nhung trong trudng hgp may min nay ta
thi'y cén dudi da 13 23 = [23,75] ([.] k¥ higu phin nguyén), véi 23,75 14 muc
tiéu 187 wu ciia LPO. O trutdng hop dic biét 13 moi hé s& muc tiéu cla LPQ, va
ciing 12 clia IP, déu nguyén, nén muc tiéu 181 uu cia IP, 13 s& nguyén, khong
thé 16t hon [23.75] = 23. Vay ta di may mén dudc mot nghiém 181 uu cha IP
ngay sau mdt budc.

Néu ta khong chon (bt ky) LP nhy trén ma chon LP,, thi di da chon (bat
ky va may min mot phin) bi€n chia nhdnh 12 x, thudt todn kéo dai nhu sau.
Giai LP2 (12 quy hoach ¢6 dugc khi thay rang budc x| <3 bdix, 24 ¢ LP1) bling
thudt todn don hinh ta dugc X = 4, X, = (,8333,z=23.3333. Vi X, = 00,8333 chua
nguyén, ta phai chia nhanh LP2 d€ dugc LP3 va LP4 véi rang bude bd sung
wong ¥ng x, <O va x, 2 1, ufc la

I. Mién cnd LP3 = cnd LPO thém rang budc X, 2 4, X, € 0:

2. Mién cod LP4 = cnd LPO thém rang bude x, 2 4,x, 2 1.

Pén diy 1a thiy hop cd ba mién cnd ciia LP1, LP3 va LP4 chita mién cnd
ciia IP va con phdi xét ca ba. C6 thé chon bat ky d€ 1am ti€p. Mt rong cdc
cdch chon hay ding la chon trong cdc bai todn con dudce 14p sau ciing, d ddy 13
LP3 va LP4. Nhue vay khi gidi bing phuong phip don hinh ¢6 thé tan dung k&t
qua & 131 giai LP2 ngay trude d6, vi so vdi LPZ, & LP3 va LP4 chi ¢6 thém médt
rang budc. Do dé ¢6 th€ dp dung nghién citu hju t8i wu 1én nghi¢m 15 1 cla
LP2 ma khong cin gidi lai (xem [Khdnh- Nudng 2000], Chuong 8). Gid s chon
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ngdu nhién LP4 va gidi ta thily LP4 khéng cé nghiém chip nhin duge. Tdt nhién
sau nay ching ¢én nhin d&n LP4 niia, ta cing néi né di cham day. Tiép theo,
con LP3 va LP1, ta lai dugc chon bat ky, nhung theo nguyén tic mdi lap hdn thi
ta 18y LP3 va gidi dudc nghiém 161 wu cia LP3 1a X, =45, %, =10,

2=225. Vix chua nguyén ta phdi chia nhdnh dé duoc hai bai todn con:

1. Mién cnd LP5 = cnd LPO, thém rang bubc x, 24, x, £ 0, x < 4;
2. Mién cnd LP6 = cnd LPQ, thém ring bube x, 2 4,x, <0, X, 25.

Ta ¢on ba bai lodn con chua xét LP1, LP5 va LP6, chon bt k¥ theo nguyén
tdc mdi hon xé1 LP6 ta thay n6 khdng chap nhan dude, tic 1a di chum ddy. B&n
lugt gidi LPS, mdi hon LP1, ta duge nghiém t8i vu 13 X, =4,%x,=0,2=20thda
¢ rang budc vé tinh nguyén. Pén day ta duge mol cin dudi cila muc tiéu 16]
uu ciia 1P 13 z = 20 va do d6 LPS ciing cham ddy, cung cadp mot cin dudi cling
fa motky luc 1a z=20. Con lai duy nhit LP1 phai xét (xem cd ducc ky luc mai
khong). Theo trén da thiy gidi LP1 ta duge nghi¢m &1 wu X, =3.x,=2,2=23,
cling thda tinh nguyén nén ta duge mot ¢in dudi vi LP1 da cham ddy, cung cip
motky fuc mdi. VikhGng con bai todn con nao d€ xét, ky luc mdindy 14 nghiém
161 uu cda IP.

Nhu vdy ciing vdi viéc chon x, 1a bi&n phin nhinh nhung chon LP2 d€ xét
thay cho LP1 ta da phdi lam dai nhi1 trong cic kha ning c6 thé (néu dilng quy
tic chon trong cdc bai todn con méi Iip} nhy H.6.5 trang bén minh hoa so &8
cdy thuc hién thuit 1odn.

6.3.2 Cach chia nhdnh, dit cin va cham day

Moi thuat todn nhanh - va - c4n déu gém ba thd tuc chia nhanh,
dit can va cham ddy. Méi thd tuc duge linh déng trong cdch thue hién
nén ¢6 cdc dang thuit todn khac nhau. Ta hay giai thich thém.

“Chia nhanh" la chon mét trong cdc bai todn con con phai xét dé
chia tiép ra. "Chon" c6 thé 14y bat ky. M6t quy téc phé bien la chon
trong cdc bai todn con mdi Iap. Vi viéc dit can chng c6 thé khac nhau,
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LPO

(D| v, =375. %, = 125,z = 23.75

x24

£ &3
Lp2 LF1
@ |n=4rx=08332:=233333 | @ [x=8.x,=22=23
. cdn dioi
T x,40 ki lue - 167 wu
LP4 LP3
khidng chap @l x = 1,5, Xy = 0,2 =925 |
@ rihdn duge
x,2h .r1$4
LP6 LPS
khéng chdp
@ nhdn duge @[x1=4,x3=0.z=20
cdn dugi ki lye
H. 6.5

¢6 nhidu cach dinh nghia can (khéng chi 1a ky luc nhu dinh nghia
trén), nén ciong sinh ra cdch chon khéc la chon trong cédc bai toan
con ¢ can tét nhat, véi hy vong sdm di dén ky luc méi. "Chia" ¢
nghia ph# bién la 14y mot bién chia nhanh x. d&€ chia ra hai bai todn
con vdi rang budc thém X, < [a] va X 2 fa] + 1 tuong dng. Vi bai todn
nhi phén thi hai rang bugc thém sé la X, =0vax = 1nhy & Muc 6.4.
Tuy vay, mét s6 thuéit toan chi ti€t hon c¢é thé ding cac chién thuat
nao dé dé 1ay bién chia nhanh.

"Dt can” thudng thic hién bing gidi bai toin néi 1éng. Nhu
phuong phap trén day thi phai dung LP - n6i 16ng d€ dat cdn. Véi céc
thuit toan nhdnh - va - can khdc, con ¢é céc kiéu bai todn néi léng
khic. Chdng han thuat todn nhénh - va - can cho quy hoach nhi phan
& Muc 6.4 ¢6 thé ap dung Lagrangian néi 16ng (Lagrangian relaxation).
Pinh nghia téng quat Lagrangian ndi 1dng nhu sau. Gid s cdn xét
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quy hoach nguyén

max z = ch,

Ax < b,

X, & Z,;=1,..,n
3 day x € R", A cAp m x n. Lay mot A > 0, A € R™ ¢ dinh. Khi d6é
Lagrangian ndi 1dng duge dinh nghia 14 bai todn

max L = ¢"x — AT {Ax - b),

x =0
R& rang ta c6 quan hé hai muec tidu t6i wu 2* < L*, tide 1a L* 12 mot
cin trén (cé sat z* hay khdng con phu thude A da chon).

"Cham ddy" ¢6é ba tidu chudn nhu sau (cho bai toan tim max).

o Tiéu chudn I: Néu cin cida bai roan con € muyc tidu k{ luc, hoic ndi chung
hon 13 néu moi muc tiéu chap nhin duge cha bai todn con < muc tidu
ky Iy, thi bai todn nay cham day,

» Tiéw chudn 2: N€u bai toédn con khéng chip nhan duge thi né cham day.

® Tiéu chudn 3: Nghiém 81 vu cda LI - ndi 16ng cda bai toin con 1a nguyén
thi né cham day.

R4 rang néu bai todn 12 tim min thi & Tiéu chudn 1 chi viée d6i
dau thanh 2, con hai tiéu chuédn kia giit nguyén dang.

6.3.3 Phat bifu thuit todn nhanh - va - c4n

Xét bai toan quy hoach nguyén tim max. Goi z 1a ¢dn dudi - ky

lyc. Bugc khéi dong dit i = 0 va dat z = —. § mét bute 1ap téng quat

c6 hai doan nhu sau.

Dogn 1 (cham d4y/dit can). Chon LP, la bai to4n con sé xét. Giai
LP, va xét né ¢é cham ddy khong.

o
-5-::0 ¥
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{(a) Néu LP, cham ddy theo Tiéu chudn 3 thi cap nhit z d€ dugc
can dudi mdi. Trai lai, theo tiéu chudn khdc, thi chon bai todn con i
mdéi va lap nhu trén. Néu khdng con bai todn con chua xét thi dimg.
Nghiém t&i wu cha IP la tuong Ung véi ¢an dudi - ky luc cudi clng,
néu ¢é nghidm nhu vay.

(b) Néu LP, khong cham d4y, chuyén sang Doan 2 d€ chia nhanh
LP..

1

Doan 2 (chia nhdnh). Chon mét trong cdc bi€n X, ma xj* d nghiém
t81 uu LP, chua 1a s6 nguyén. Lap hai bai todn con LP - ndi long bang
cach thém rang budc tuong Ung

e ix¥lvax = [x* ;
xJ_{xJ]vaxJ“[xJ]+1

Chuyén sang Boan 1.

NHAN XET. Néu quy hoach {a tim min, thi & thuat toan chi viéc thay
chn dudi z bdi can tén z va & bude khai dong dir 7 = +eo. Céc chi tigt khac
khong d6i.

Thuit todn trén ciing ap dung che quy hoach nguyén bd phén.
Né&u bién nao khéng bi rang budc 14y gid tri nguyén thi khéng duge
chon la bién phan nhdanh. Gid si & Thi du 6.3.1, bay gio x, la bién
lién tuc. N&u ta chon LP1 dé giai dirge nghiém t8i wu x, =8, x, = 2,
z = 23 thi didy |4 nghiém chip nhan dugc cia quy hoach nguyén bd
phan MIP. Tuy nhién ta khéng thé lam cham day LP1 d€ dugc nghiém
vifa ¢6 12 t81 uu cGa MIP bing li luan nhu & Muc 6.3.1 vi z cia MIP
¢6 thé khong nguyén. Ta phai gidi LP2 d€ duge nghiém nhu ¢ H.6.5.
Nghiém nay chap nhan duge cho MIP nén LP2 cham day theo Tiéu
chudn 3. z = 23,3333 clia LP2 14 ky luc mdi, va 1a nghiém t&i vu cha
MIP vi khdng con bai todn con nao 48 xét.
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6.4 PHUONG PHAP NHANH - VA - CAN CHO QUY HOACH
NH] PHAN

Ap dung cho quy hoach nguyén nhj phan BIP, phuong phap nhanh
- va - cin ¢6 mdt s§ dac thi sau day {cu thé cho bai todn tim max).

3 tha tuc chia nhdnh viéc chon bai toan con dp dung ci quy tde
chon bai todn mdi lap nhat va (néu cing méi lap) thi chon bai toan
c6 can t6t hon. Ldy bién chia nhanh thuéng theo thd tu chi s6 thap
trudc. Vdi bién chia nhanh la x; thi rang bugc thém cho hai bai todn
con tuong dng 1a X, = 0va X, =1

J tha tuc ddt cdn, dat can cho moi bai tedn con la phan nguyén
clia muc tiéu téi wu ca LP - ndi léng ho#c Lagrange néi long.

Viéc hinh thanh ky luc va thil tue cham ddy van nhu quy hoach
nguyén téng quat.

THI DU 6.4.1. Gidi quy hoach nhi phin
max 2 = 9x, +5x, + 6:(3 +4x,.

6){1 +3x, + 5:1L3 + 2x4£ 10,

2
X,+x, <1 {6.5)

sz{)ho{zc Li=1,...4.

Buc ldp 1. Lay bién chia nhdnh [3 X, vé 18p haibai todn con véirang bude
bd sung vao (6.5) 1a x, =0va x, = L. twong ifng hai bai todn ndi ldng Ja LP1 va
LP2.
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Ta dit cin biing cdch gidi cdc bai todn ndi long biing thuit todn don hinh.
LPO (1a (6.5} v&i rang budc nhi phin thay bdi X, <1 va X =20.9=1,.,4)cd

nghiém tdi uu 12 (X}, Xy Xy, X ) = % 1,0, 1), 2= 16,5. Do d6 moi muc tiéu chap

nhin dude cha (6.5) khong 1dn hon 16. Vi vy cin cho (6.5) Ia 16. Cing gidi
tudng tif 1a cd

LPL: (x|, x), X, x)=(0,1,0,1},z=9 cin 9.
LP2: ( =204, 2= 16% can: 16;
P Xy Xy XD = (1,5, 0,0, 2= 16, can: 16,

Ta thiiy bai todn con I di cham day theo Tiéu chuin 3, 8 biéu d6 ta viél
F(3). Ta dudc k3 luc1a (0, 1,0, 1) va z% = 9.

Buie ldp 2. Chia nhinh tir bdi todn con 2 con lai véi bién chia nhanh X,, 12
dugc

4 4
1L.P3 [x] =1, X, =0 (xl, Xy, X5, x4)={l, 0. 3 M, z= 13‘;, cin 13,

LP4(x=l,x:1):(x,x,x,x)=(l,l,0.-l),z=]6,czfm16,
I 2 (R S A 2

C3a hai bii todn con 3 va 4 chwa cham ddy.
Budc Idp 3. Vi con lai hai bai todn con méi bing nhau, ta chon bai todn 4
¢6 ¢in 161 hon (16 > 13). B&n lugt x, ka bi€n chia nhdnh. Ta cé
) _ | SO 5 Ao
LP5 (xl = l,xz-—- lox, ={): (X Xy Ky X ) = (1. 1,0, 2], 2= 16, 13 cin;
LP6 (x, = 1. x, =1, %, =1} khong c6 nghiém chip nhin dugc, F(2) (cham
diy theo Tiéu chuin 2).

Bucc [gp 4. Con bai todn con 3 va 5. Ta 14y bai todn 5 mdi hon d¢€ chia
nhdnh vét bi€n chia nhdnh la x,. Nlumyg diy 12 bi€n cudi ciing nén ta dugc hai
nghiém cu thé chit khéng phéi hai bai todn nita:



270 CHUONG 8 QUY HOACH NGUYEN

%, =00 (X}, X,, X,, X,) = (1, 1,0, 0) chip nhin dudc, z = 14 Ia cn;

X, = 1 (X}. X Xy ) = (1, 1, 0, 1) khdng chidp nhin duge.

Thuc hién hinh thic thil tuc cham ddy 1a thd'y nghiém ddw thda Tiéu chuin
3.va lap ky tuc mdi (1, 1,0, 0) v8i z* = 14, nghiém thit hai thdéa Tiéu chudn 2.

Vi ¢6 ki luc méi ta ki€m tra Tiéu chudn 1 & xét cham ddy lai véi cdc bai
todn con lai, & ddy la bai todn con 3. NG théa z < z* nén trd thinh cham ddy.
Viy 13t ¢d d3 cham ddy. Nghiém t8i wu ciia BIP la ki luc mdi nhat,

Sodd cay cho 3 H.6.6. 3 ddy chi cdn ghi cdc nghiém 1a k¥ luc, céc nghiém
18i 1 clia LP. khdc khdng cin ghi vi khong lién quan dén chia nhanh nhy 3
H.6.5. Nhutng ta ghi thém cdc bi€n chia nhinh & hing trén ciing.
x, x, x5 x,
(1 A(3)

kifuez* =9
(0,1,0.1)

Fi(3;

ki fuec 2* =14
(1,1, 0, 0)
nghiém L6 wu

6.5 THUAT TOAN CONG GIAI QUY HOACH NHI1 PHAN

Vi quy hoach nhi phén 14 quan trong nhat trong ap dung thuc té,
ta xét thém mdt thuft todn nita cho quy hoach nay, dé6 1a thudt todn
cdng (additive algorithm). Tén cia thuat todn c6 ngudn gée tir viée
thuat toan chi cdn hai phép tinh s6 hoc 1a cong va trir. O day thuat
todn duge trinh bay nhu mdt dang cia thuit todn nhdnh - va - can,
v6l mot s6 cal bién trong cdc thd tuc cu thé, D€ xac dinh, ta xét bai
todn tim min.
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Trude hét, phai dua vé dang d6i ngdu chap nhan duge, tic la moi
hé s§ muc tiéu ¢, 2 0 (quy hoach déi ngiu chdp nhan duge ngay & tiu
vung ddu tién) va moi rang bude ¢6 dang b4t didng thite <. Khi dé dua
bién bl w, vao ta dugc

minz =}, cx. ,

¥

i=1

n
Z axX + W = b,1=1,.,m,
i=1
xj.=0ho.";ic1,j=1,“.,n
w,20,i=1,..,m

(Né&u cé ¢. < 0 thi thay bién X, sang bién mdi x =1- X, ta duge bai
todn théa yéu cdu trén.)

Néu bai todn la gdc chdp nhén duge, tic 14 moi b>0, thi ré rang
nghiém x,=0,j =1, .., n 12 t8i uu. Gid sircé b, < 0. Y tuéng cia thuat
todn céng nhu sau. Xuat phat véi X, = 0,1=1, .., n Cdcw, ing vdi
b, < 0sélaw =b <0nén ngh1em xuat phét chu’a chap nhén duge.
Phal ting mot s0 blén X, len 1. § edc budc s& chon bién thich hap cho
téng lén 1 sao cho tién vé sy chap nhan duge, tic 1a ¥Yw, > 0. Ta hdy
gi6i thidu thuat toan qua thi du cu thé.

THf DU 6.5.1. Gidi quy hoach ohi phian

nmax # = 3x] + 2x2 + ij + 2x4 + 3x5,
X =Xy A X+ 2X, xS,
7%, + 3%, - 4x, - 3x, <2,
Ix, —6x, - 3x, - 3x,<-1,

L O hoac 1.

Dua bi€n bl w, w,. w, vio v vi€t quy hoach & dang bing d& d& quan sit
(dang bing nay ciing hay gip, hoi khdc 8 Muc 1,2.6 1 da ddi diu, nitc li chuyén

v&, hang muc tiéu).
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X, X % X, X w,  w, w, 'véphdi
3 2 5 2 3 0 0 0 |
-1 -1 1 2 -1 1 0 0 1
-7 0 3 —4 -3 0 1 0 -2
11 6 __9 B -3 -3 0 0 . 1 -1

Budc ldp 0. Xust phdt véi fo =0, (Wl wl, wi) = (1,-2,-1), 2 = 0.

Vi nghiém chwa ¢hdp nhdn dugc, it nhat mét x, phdi dudc ning én gid
1 d€ cdc w,_hudng tdi khong dm. Ta th&y cdc hé s§ cita x, déu khéng 2m, néu
X, tdng tir01én 1 thi d€ théa min ring bude cic w, s€ nhd di, wic [a cing Khing
chidp nhin duge. Vay x, phdi bi giff lai mic 0. C4c bién X|» X, va X, déu cd hé
s6 dudng nén titng bi€n riéng khong th€ cho 1én 1 d€ dige Yw, 2 0, nhumg mét
t3 hap ctia ching ¢é th€ 1am cho Vw20, nén ta chira loai ching nhu X, Con

- - - oA »
X €0 moi hé 86 dm nén cho x, = 1.

Budc 1dp 1 v@ix = 1. Ta dugc nghiém chdp nhin dudce voi

(W wy) = (W) = (CDowy = (3L w) - (3D =21.2),7 =3,

Viy z* = 2'=31a mOt cin trén, va 12 k¥ luc. Ta ¢§ thé bidu dién budc lip 1
nht phin diu cda 56 d6 ciy & H.6.7. Va ta ciing 14y x, 13 bi€n chia nhénh. Bai
todn con | vdirang budc x, = 1 d cham ddy.

Bude Idp 2. Baitodn con 2 vdix, =0, 14t nhién c6 nghiém trdng vdinghiém
xuit phit. Nhung thue chit bii todn 2 khdc v8i bai todn O vi & diy da ¢d dinh
X, =0, D& chia nhanh t bai tedn con 2 cdn lat (duy nhat) cing lam nhy véi bii
todn O nhung ¢6 thé m mét thdéng tin 1 chon bién
cho ning Ién 1 phdi ddn d&n k&t qua tSt hon ky
fuc z* = 3. Bi€n x, ciing bi loai nhu & budc 1. X,
¢6 ¢, = 3 nén diin dén z = 3 khdng 15t hon z*
cling biloai. Cén x, va x,, nhwbude 1 da 1§ ludn,
tirng bi€n riéng cho 1én 1 chua din d€n nghiém
chip nhin, nén ta chon bi€n nio din dén "dd
khdng chap nhén dugc” it nha', tire 13 Bng mae
amdw,.w ctia bién X

. W

2 3

o
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v, = Z min{(], w, — aij]

it nhat. Ta ¢6
v2=0+(—2—0)+0=—2,
v, =(1-2)+0+0=-1.

Viy x, 12 bi€n phdn nhanh.
Budc Igp 3. Cho x, = 1 din d€n mit 3 ¢ H.6.7 vdi

(W, W, w)=(1-2,-2+4,-1+3)=(1,2,2),2° = 2.
1 Z 3

3 nitndy 3 bigh tr do 1 X» X, VA X,, €6 hé 86 muyc tiéu li 3,2 va 5, tudng wng.
Néu ning 1én 1, titg bi¢n s& din d&n muc tiéu wong tng 13 z = 2+3, 242 va
2+5, khong hon ky luc z* = 3. V1 vy mit 3 cham ddy.

Budc ldp 4. V8i x, =0, ta dudc niit 4, c6

(wi.wi wh=(1,-2,-1), 7 =0.

Trong ba bi¢n w do x , x,, x, thi x, 44 bi€t 1a khdng lam ci thién tinh khdng
chdp nhin dudc nén bi loai, X, €6 h¢ s8¢, = 3, néu dua 1én 1 thi dugc z = 3,
khong han ki luc, cling bi loai. Con x, ¢6 hé s§ a,, =0 cling khng 1am thay ddi
w, =—2néu dura x, 1én 1, nén cilng bi loai. Vy ndt 4 d cham ddy. D3 xét hét
cdc baitodn con nén thudt todn k&t thic. Nghiém t6i wu dat dudc & not 1 vdi z*
=3,

NHAN XET (a) Trén day ta da trinh bay thuat toén cong khac véi dang
ban dau clia né d€ ghép vao dang rhujt toan nhénh - va - ¢in T so 48
cdy & H. 6.7 ra thay rdt 6 ban chit nhanh - va - ¢iin véi ba thi tuc chia
nhinh, dic ¢in va cham déy. Nhung thyc hién cic thi tye ¢6 khic véi
thuir todn nhinh - v - ¢in co ban & Myc 6.4, Bign chia nhinh & day phai
chon phic tap chit khong 1y ny nhién nhu & thuat rodn co ban. Can & day
chi la ky luc v nhén duge khong phai do gidi bai toén ndi 18ng. Nghigm

18.VANTRUMOC-A
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clia chc bdi todn & mébi budc déu la nghidm nhi phan; tinh khéng chép
nhin dugc l[a & ché khong théa rang buge ham (rdc la cic w, &m)

Ti
Z ax, + w < b. (Cac nghi¢m nay d8i ngau chip nhan duge)
i=1

Tiéu chudn cham day la: mét bai toan con (néi khac 13 mét nit & biéu
dd) 1A cham day néu thoa mat trong hai tiéu chufn:

o Xét ti€p khéng din dé€n myc tiéu 18t hon ki luc.
o Xét ri€p khong din d&n nghiém chip nhan duge.

(b) Thuat toan céng ciing c6 ban chat diém dién dn. G day méi khi
duoc mot ndt cham day 13 ta da loai di rat nhiéu trudng hgp trong s6 tat
¢4 2" truding hop. Chdng han ndt1(8 d6 x, = 1) cham day nén tat ca 25_' 16
wrudng hgp ¢6 x; = 1 bi loai. Nit 3 cham day (x, = 1) loal duoc =8
trudng hep cé x; = 0, x, = L Niit 4 cham day loai duqt, 2" = 8 trudng hop.
Téng cong da loai da 16+8+8 =2° = 32, tikc 13 di€m dién h& m thyc ra
chi tinh cho 5 trudng hop.

6.6 PHUONG PHAP MAT PHANG CAT
6.6.1 Y tudng ciia phudng phap cdt
Ta minh hoa ¥ tudng cta phuong phdp mdat phdng cdt (cutting
plane method) do Dantzig, Fulkerson va Johnson dua ra 1954 bing
thi du sau.

THI DU 6.6.1. Xét quy hoach nguyén
max z="7x, + 9x,,

X, +3x2£6,

18. VANTAUHOC-B

oA

“4gy
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- A
7x, + X, <35, 2

=
xl,xz_O,

X, X, nguyen. 5
2
BS di rang budc vé tinh nguyén, gidi quy

hoach tuy€n tinh (lién tyc) tuong dng bing cich
difa vao bi€n bi x,. x, 1a di d&n bing 15 wu

co Sff. X, Xy Xq X, nghiém
z 0 0 28/11 15/11 63
X, 0 1 712 1/22 7/2
X, 1 0 -1/22  3/22 972

Nghi¢m la di€m A(9/2, 7/2) tén H.6.8.

Y tuéng cGa phuong phép mat phing cit 1a méi bude lap k sé
dimg mét siéu phing cit dé€ thu nhd mién chdp nhan dugc § bude
trude (k = 1 1a mién ¢ta quy hoach lién tuc) théa hai yéu cdu sau day.

1. Mei phuong 4n chdp nhdn duge cta quy hoach nguyén khéng
bi cat di.

2. Nghiém t8i uu {chua nguyén) X" vira nhan § budc nay phai bi
cat di. . ’

G thi du 6.6.2 1a s€ ap dung phuong phap cho quy hoach nguyén trén diy
va s& thdy mat phing c4t & hui budc 1dp 1in luot 1a x, = 3 va x, +x, = 7. Sau
hai budc, tic 12 thém lin ludt rang budc X, 3 vd X, +x, <7 ta dugce 1an lugt
dinh 5 vu la B(4%, 3)va C(4,3). C da nguyén nén 1 nghiém 151 wu cia quy

hoach nguyén, xem H.6.3.
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Niam 1958 Ralph Gomory da that su xay dung thuit todn dam
bdo duge yéu cau 3: Sau hitu han bude nhan duge dinh t8i uu nguyén.
T4t nhién d6 1a nghiém t6i wu cia quy hoach nguyén, xem [Gomory
1958} hoic {Schrijver 1999, Muc 23.8.

6.6.2 Thuit toan phan s§ gidi quy hoach nguyén hoan toan

Yéu cdu co bén d€ tién hanh thudt todn phén sé (cho quy hoach
nguyén hoan toan} (fractional (pure integer) algorithm) 14 phai dua
quy hoach vé dang moi dit lidu (tuc 1a cdc hé sd rang bude va mue tidu
ciing nhu vé phai rang budc) déu 1a s6 nguyén. Noi dung chinh 1a &
méi bude lip ta sé xdy dung mot lat cdt véi moi hé s6 12 phan s& (do
dé sinh ra tén cla thuit todn) va thuc hién mét phép xoay don hinh
d6i ngau. Thuat todn do Gomory dua ra nén ciing goi 1a thugt todn
cdt Gomory.

Bude chudn bi. Ta gidi quy hoach tuy&n tinh néi léng (tife 1 chi
bé didu kién nguyén) biing phuong phap don hinh. N&u nhan duge
nghiém t3i wu da nguyén thi chinh 1a nghiém téi wu cda quy hoach
nguyén. Tréi lai thi ta duge bang t&i wu cia LP néi 16ng nhi dudi day
(4€ tién ta ky hidu cdc bién co s& ¢ bang t&i uu l1a w,, bién khéng co
sd la X, nhung khi tién hanh thuit todn khong cdn phan biét; dang
bang nay nhu ¢ Muc 6.5, c¢6 hang muc tiéu trdi dau véi dang § Muc
1.2.6).

cd sd Wy s Wi e oW X - T nghiém
A 0 0. 0 PRI 0 Cl - CJ P CI'I ZO
w, 1 0O ... 0 ayy vy - Ay, b,
Wi 0 1 -0 a, aij A bi
w]'[l O 0 1 a[nl al]]j T amn bIll

(=

% S
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Buge 1. Doan 1. Xét mdt phuong trinh thit i ma b, chua nguyén
tic 1a bién t8i uu w, nh4n duge chua nguyén (c6 thé 1a hang z).

Wb - 3 ax (6.6)
j=1
va goi 12 mdt hang ngudn (source row). Dit
by =[b]+8
g day [ ]} 1a ki hiéu phén nguyén clia mét sé thuye. (6.6) suy ra

ay; = [a].d] + 0y,

B - 2 ayx = w, - [b] + 2 [ax. 6.7)

j=1 j=1
Dé cac X, VA w, tré thanh nguyén khdng 4m c3 thi v& phai (6.7) phai
la nguyén va do d6 v& trai ciing vay. Do d6 v& trdi
B - Zaijxj <B
phai nhé hon 1 theo dinh nghia B, va lai phai nguyén nén
B, - Zax, <0. - (6.8)

Nhu vay d€ huéng vé tinh chdp nhan dugc 1a nguyén, xét mét
rang bugc (6.6) con vi pham, ta ddn dén phai thém rang buéc (6.8),
chinh 12 mit phing cit. Pua thém bién bu 8, 2 0 vao, (6.8) tré thanh

Sﬁiaﬁxj - B

i?
i=1

(6.9

dugc goi 1a mat cdt phdn s (fractional cut). B§ sung rang buée (6.9)
vao bdng don hinh ta duge bang méi.

Bang nay la bai todn méi dét ra nham dua bang 31 wu lién tuc
(tiic 1a chua nguyén} vé tinh nguyén. Nhung chinh bing nay vira chua
nguyén vita chua dam bdo rang budc dau.
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Poan 2. Ap dung thuat todn don hinh déi ngiu tién tdi théa rang
bude diu (vi didu kién téi vu 44 ddm bao, tic 1a ch > 0). C6 thé phai
xoay nhiéu ldn, cho dén khi dat dugc rang bude dau théa. Lic nay,

“theo ly luan dinh tinh & trén vé mat cdt cing da tién duge mét bude
vé thda tinh nguyén. Néu thuat todan don hinh d6i ngau dén téi khéng
¢6 nghiém chap nhan duge vé dau thi dimg. Quy hoach nguyén 1a vé
nghiém. Tr4i lai, thi sang bude lap tiép theo gbm hai doan nhu trén
(cit va xoay don hinh d8i ngau).

Gomory da chimg minh 1a thuat todn sé két thiic sau hitu han
buge. G day ta khong trinh bay. Trong nhiéu trudng hgp, phu thude
vao kifu dir liéu, thuat toan mat phfing cdt to ra kém hiéu quid hon
thuat todn nhdnh - va - can.

. THI DU 6.6.2. Ta hay gidi cu th€ Thi du 6.6.1. Budc khdi ddng da thuc
hién & Thi du 6.6.1. dugc nghiém (31 v chua nguyén.

Buic I. Poan I.C6 thé chon hang i bat ky 6 b. khing nguyén nhung thuding
chon hang ing v6i max . 3 diy B,=8,= % nén ta 1dy bat k¥ phuong trinh vdi

Xy
7 1 1
X+ =X, + —=xX,=3--
20 23 2274 2

tire 1a

7 1 1
L, + 0+ 2, +(0+ 2, =3+,
2 PO+ %+ O r =343

Do d6 mat cdt phin s6 12

S 7 1 t

- X, - TIX, =
7 NN P M 2

B6 sung rang budc nay vio bang ta dudc
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cd 53 x1 X2 X3, x4 Sy _|nghiém
S A 0 0 2811 1511 O .| 63 _.
X2 0 i 7122 1/22 0 31
2
X1 1 0 - 17222 322 0 41
2
51 4] 0 =22 =122 ! - 12
Pogn 2. Thuc hién phép xoay don hinh d8i ngdu vdi S, ra, x,; vao ta duge
Cosd | x5 2. X3 X4 S1 | nghi€m__
z ¢ .0 0 _1 8 | 59
X2 0 1 0 1] 1 3
X1 1 0 0 177 -1 4_‘!
7
X3 0 G 1 177 =221 li
Y N 1
Buoc 2. Bogn 1. B, > B, nén 1ip ¢t mdi tir phuong trinh x,
4
X, + 0+ VT x, +(-1+67)5 =4 + 5
ta dugc mit cit
6 4
S2 - X, - -;Sl =3
BG sung vao bang don hinh din dén
Cosd | x| Xy X X, 1 S, nghi¢m
oz 0 0 0 1 g8 _ 0. 59
x, . 0 1 o o 1 0 3
X, 1 0 0 1 1 ¢ 42
7 7 7
Xg 0 0 1 1 22 9 12
ki 7 7
S, . 0 0 o 1 _&8 1 | _4
| 1.7 7

Poan 2. Thyc hién phép xoay ddn hinh d&ingdu v6i S, ra vi x, vao ta dudc



PR

280 CHUONG 6 QUY HOAGCH NGUYEN

cosd | x; X, X, x, 8 -5, ng_hiém
z 0 [t ¢ 0 2 7 55
X, 0 1 0 0 1 0 3
X "1 0 0 0 -1 1 4
Xy o 0 1 0 -4 1 1
X, 0 0 0 1 6 -7 4

4 . . R

Bing nay da cho nghi€m 161 wu (chip nhin durge) nguyénlax, =4,x,=3,
Z=155.
Pdi sang bi€n x,, X, ban ddu d€ thdy hai cit phin s8 8 hai budc & trén chinh
la
S, +X,=3hay X, €3,

X, +x,<T
diing nhw H.6.8.

CHU Y 661. Mot bang don hinh ¢6 thé ¢6 nhiéu hing ngudn {(1dc I3 c6 b,
khong nguyén) nén cé thé sinh ra nhidu cit. Vay dung ¢4t ndo 14 manh
nhat tic [a vao sau trong mién chap nhin duge nhat. Dinh nghia toan hoe
vé& ¢t manh hon 1A nhy sau. Xér hai cit

2 0% 2 B, (6.10)
i=1
Z % 2 (6.11)

1=1

Cit (6.10) 12 manh hon (stronger) cdt {(6.11) néu B > Bk vi o, < O . Vj,vico
it nhat mdt ddu <. Khé thuc hién tinh todn theo dinh nghia nay nén lhlrdng chon

p
cit "ta1 hon” dz;trnax.I B, hodc max —

i
Z(I.lj
=1

THI DU 6.6.3. & Budc 1 ciia Thi du 6.6.2 ta chon ¢t theo max B, nén ldy
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. . p
bat ky phuong trinh x, (Vi} =P =—1). Néu ta chon theo quy tf¢ max l——’»— thi
y g 2 1= P =3 Y a5

i
2

i
P [ —

1
do 2—l>

7 2 3
a3
22 2 1N n
ta phai chon phu’dng trmh x, et khdng phdi bt ky. Néu ta 18y phuong trinh X,

s& ddn d&n cdt x, <10 khong s&u biing.

6.6.3 Thuat todin hén hop

Bay gig xét thuit todn cdt cho quy hoach nguyen bé phan. Gia
sif w, la bién nguyén (c6 rang bujc nguyén) ma vé phéi b, & bang téi
uu cia LP ndi 1ong chua nguyén. Khi d6 ta duge hang ngudn

wk:bk_zak_xj=[—bk]+l3k - Zaijj’

i=1 i=1
tite 1a

w, ~[b] =B - ax (6.12)

i=1
(chd y 1a mot s6 X, ¢6 thé khéng bi rang buje nguyén).
D& x4y dung cdt ta 1y luan nhu sau. Pé w, trd thanh nguyén thi

hode w, < (b, ] hotic w, 2 [b, | + 1. Theo hang nguﬁn (6.12) thi hai diéu
kién nay tuang du’o‘ng véi

> a,X 2 By, {6.13)
i=1
2axs Bo- L (6.14)

=1
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Dat J'=1jia;20),J =(jia,<0}
thi (6.13) va (6.14) suy ra
> ax = B, (6.15)
je .J'
; Z a, x> (6.16)
ke J e J

Vi (6.15) va (1.16) khéong thé x4y ra déng thoi ching cé thé duge ghép
thanh mdt rang bubc ¢ dang

[z ak_] 4§ + Zakj i == 1 (6.17)

]EJ J€J

8 day 8, 2 0 1a bi&n bu. (6.17) 1a diéu kién can d¢ w,_la nguyén va goi
12 mot cdt hdn hop (mixed cut). Vi Bang 161 uu cho nghiém (t&i uu)
tugng ing véi x, = 0, nén cdt nay chua chdp nhin duge. Cing nhu &
thuét todn phén s6 ta diing thuat toan don hinh déi ngau dé tién téi
chip nhén duge.

Néu tinh dén viéc mot sé %, 14 bién nguyén ta cé thé chimg minh
duge 1a phudng trinh sau x4c dinh mét cit manh hon:

= Bk + Z }] o
i=1
¢ day
Ay néu ay 2 0 va x; khong nguyén,
Py - R . .
B - Mg Neu ay < 0 va x khing nguyén,
b =
oy néu m; S By VA x; nguyén,
l?k.[}k B,) néu oy > B vA x; nguyén.

Xem ching minh trong [ Taha 1975 1.
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THi DU 6.6.4. X¢t Thi dy 6.6.1 nhung by gi® chi x, bi rang budc ngayén.
Ring budc itng vdi x| & bing 161 wu LP - ndi 1dng (Thi du 6.6.2) 1

P4 =383

Do d6 cdthén hgp 1A
1
3 72 (0 0 ) Gt
5 {221‘* * [1_1}"22}(3}“ )
2
tic 1a
S i)(_ 1)(-- -

B& sung rang budc nay vio bing ta duge

_cosd | _x %) X3 X4 S1_. |nghiém
z 0 G ___ 2811 _15/1 0 | 63
X2 0 1 112 1722 o |
X1 ! 0 -1722 3 o | on
S| 0 O . -1R2 -3 1 - 12

Ti€p theo, &p dung thuit todn don hinh di nglu vi S, ra x, vo din t6i
bing 181 uu cho quy hoach nguyén bd phan

cd 54

X1 X2 Xy .. X3 S ! nghiém
oz i 0 0 23/11 0 10 | 58
%2 0 1 10/33 0 -13 {108
X) 1 0 -l 0 1. 4
X4 0 0 173 A -2 13

CHU Y 662, Ngoai cic cir da trinh biy ngudi ta da nghién cifu mot s& it
khac. Tuy nhién, phuong phip mat phing ct kém hidu qui hon phuong
phap nhinh - va - ¢4n va chi thich hgp che mdr 8 dang bai todn ¢ nha.
Néi chung thi cic thuat todn gidi quy hoach nguyén khéng ddm bao gidi
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hiéu quéa céc bai todn 100 bién, khic xa vdi thuit toin don hinh cho quy
hoach tuy&n tinh (khéng nguyén), higu qué cho ci cic bii todn hang trim
ngan bi&n va hang chuc ngan rang budc. Ngudi ta cing da phdi hop hai
phuong phip nhanh - va - cin va mir phdng cit, ching han phuong phdp
nhdnh - va - cdt {branch - and - cut method) kha higu qui, xem [Hoffman
- Padberg 1991].

6.7 QUY HOACH NHI PHAN PA THUC

Tu ddu chuong dén giv ta chi xét quy hoach tuyén tinh. Bay gid
ta mé rong xét quy hogch 0-1 da thic (zero-one polynomial program-
ming) sau

max z = f{x,, .., x_},

gx, ., x)<h,1=1, .., m,

X, = Ohoficl,j=1, .. n,

& day f va g, 12 cic da thite, véi s6 hang thi k ¢6 dang d, [] x;tj ,
i=1

a, > 0. D& dang dua bai todn vé& quy hoach 0-1 tuyén tinh nhu sau:

A a 2 a .

= L = o

Vi x;=0 ho#ic 1 nén X = X, Vaki >0 nénd [] X d.x, ... x“{ Lai
i-1

daty, =x .. x_.thiy, cling bing 0 hosc 1 nén ta da duge quy hoach
3

0-1 tuyén tinh. D€ dua vio bién y, ta phéi xdc dinh rang buge. Vi y,
= 1 khi moi X; = 1,j=1,..n_vay =0 trong cdc trudng hgp khic,
dé kiém tra dugc rang budc nay c6 thé viét § dang

N
2% - (m - Dy,
j=1
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i
1
_Il-: Z X; 2 ¥

j=1
THI DU 6.7.1. Pua quy hoach sau v& quy ﬁoach 0-1 tuyén tinh
max z= 2x1x2x§ + xfxz.
5x, + 9xx, < 1,
Xp Ky Xy = 0 hoac 1.
Bity, =xX,%,, ¥, = XX, ¥4 ¥, = X,X,. Quy hoach 3 thinh wyé&n tinh:
max z=2y, + Yo
5x, + 9y, < 15,
X, +x2+x5—2£y|,
—;(xl + X, + x3)2y|.
X +X,- 1<y,
%(x1 + xz)Zyz.
Xy + Xy~ 1< Yy

|
E(x2 +X)2y,

XX, X5 ¥, ¥y ¥, =0 hodc 1.
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BAI TAP CHUONG 6

6.1 Pua hé rang budc sau vé& mdt rang bude tuong dudng

3x, + 2x2 =10,

X, + 4x2 <11,

3x, + 3x, < 13,

x,, X, = 0, nguyén.
6.2 Cén phai dua hing dén 5 dia di€m bing 6 dudng. M&i dudng co thé dén mot sd
diém nhy sau: dudng 1: 1,2, 3, 4. duding 2: 1,3, 4, 5, duding 3. 1,2, 5, dudng 4. 2, 3,
5; dudng 5: 1, 2, 3 va dudng 6: 1, 3, 5. Khoang cdch t6i 5 dia diém tuong Ung la 10. 5,

9, 13 va 6 km. Cén phai mang hang dén méi dia di€ém mét ldn sao cho tdng khodng
cach 14 ngén rhat Hay phat biéu bai toan thanh quy hoach nguyén.

S 6.3 Biéu dién mién rang budc khéng 13i & H6.9
5 bing phan dugc t6 ddm bdi cac rang budc dang gidi
tich. Tim nghiém t8i du cho bai todn vd&i rang budc
9 nay va myc tidu la
max z = 2x, + 3x,.
{Ggi y: Dang rang budc hodc 14 - hodc ta))
0 1 .2 3 X,

6.4 Giadi bang phuong phap nhanh va can. Hay
chon x, {4 bién phan nhanh & niit 0.
{a) max z=3x, +2x,,
2%, + 2%, 9,
3x, + 3x, <18,
X Xy e &
(b) maxz=x +Xx,

2%, + 5%, £ 16,
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Bx, + 5x, < 30,
X, X, e &
(e} minz=5x + 4x,,
4)(1 + 2)(2 =86,
2x, + 3x, 28,
X, % €L,

6.5 Gidi bing phuong phap nhanh va can cdc quy hoach & Baitap 6.4 nhung bay gio
chi x,, b} rang bugc nguyén.

6.6 Didn dat bai toan chat hang —

{cargo - loading problem) sau day © loaihang | w, v, r
tﬁanh quy hoach nguyén va giai 4 5 1 4
hang phucng phap nhanh va cén.

C6 5 loai hang phai chat I&n tau. 2 8 8 7
Trong lugng w, thé tich v, va gid tri 3 3 6 8
r, dan vi hang dugc cho bing bang 4 » c 5
bén. Trong tai va thé tich cho hang |

clataula 112va 109 tuongung. | 5 7 _4 4

Hay xac dinh lugng don vi cdc loai
hang chat I&én sao cho gia tr] 1& cyc
dai.

6.7 Xétquy heach
max z = - 3x, + 5x,,
Sx, -7x,23.
ng]ss,j: 1,2,
X; nguyén, j=1,2
(a) Gi&i bing hinh hgc.

(b} Gidi bang thuat toan nhédnh - va - can (gidi cic LP ndiidng bang hinh hoc holc
thuét todn don hinh).

(c) Sir dung biéu didn nhi phan cho bién nguydn sau day d€ dua bai to4n vé quy
hoach nhi phan réi gidi quy hoach nhj phan ndy bing thuat toan nhanh - va - can. Gia
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01 bign nguyén x b rang bude 0 < x < u va N 14 56 nguyén sac cho 2N < u < 2™ Kni

N
d6 biéu dién nhj phan cba x 13 x = )" 2y, , y,bling 0 hoac 1.
1-0

6.8 (a) Chung minh rdng moi nghiém chap nhan dugc cdaMiP ciing 1a chap nhén dugc

cla Lagrange ndi long tuang Ung

(b} Ching minh rdng z* = z.", 0 dayz vad 2" Wwdng dng 14 gia trf myc tiéu tdi vy

cla MIP vi Lagrange ndi 16ng.

6.2 Xét bai todn phan viéc (bd ;

; !

nhiém) vdi bang tién cang (cudc phi) | - Viée | 1 2 3 5 |
{a) Truiét ké thuat todn nhdnh - i 39 65 63 66 57

va - can gidi bai toan bing viec ma td

cu thé cac thil tyc chia nhanh, ditcan : 2 - 64 B4 24 @2 22

va lam cham day. (Goi y: Ung v6i | 3 L 49 50 &1 a1l 45

nh!}'ng ngudi crtnf:a ducic ph_én vigo q 4 i 48 45 55 23 50

Bai todn con hién hanh hay lap bai

toan néi I3ng bing cdch bd cde rang 5 59 34 30 34 18

budc ring mdi ngudi ndy déu nhan
dung mot viéc.}

(b} DUng thuat toan gidi cy thé bai todn da cho.

6.10 Giai quy hoach nhj phan sau bing thuat todn nhanh - va - can.
(al max z = 2x, - x, + 5x, - 3x, + axg,
3x, - 2%, + Tx; - 5%, + 4%, £ 6,
X, - Xy + 2%, - 4%, + 2%, <0,
x’=0hoac 1,j=1,.. 5.
{b} min z = 5x, + 68X, + 7X; + 8x, + 9x,
3, — Ky ok Xy X, - 2K 22,

X, +3x2—x3—2x4+x520.

~x1-x2+3x3+xd+x521,

x].:OhOéC 1.j=1,...,5.
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6.11 Giai bdng thuat todn cong.
{a) max z = 3x, +x2+3x3,
—x‘+2x2+x3s4,
4x, - 3%, €2,
X, - 3x,+ 2%5 £ 3,
Xy Xy
{b) max z = 2x, + X

DXy = 0 ho&c 1.
"
10x, + 10x, £ 8,
10x, +5x, 21,
LITE =0 holc 1.
(c} max z = 20x, + 40x, + 200, + 15x, + 30x,,
SXy + 4%y + 3K, + Tx, + Bxg 25,
X, + 7x2 + 9x3 +4><4 +6x5 <25,
8x, + 10x, + 2%, + x, + 10x, =25,

X =0 hotic 1, =1, .5

6.12 Xét

Chung 16 rng thuat toan phan s6 khdng tim ra nghiém ch&p nhan duge trd khi
cac hé 56 va v& phai rang bude 14 nguyén. Bua bai toan vé& dang nhu thé réi gidi.
6.13 Gidi badng thuat toan phan s3

max z = 4x1 +6x, + 2x3.

4%, ~ 4)(2 =5,

- X, + 6)(2 <5,

- X+ X

2+ %355,

Xy Xy X5 € Z+.

19 VANTROHQC-A
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So sénh vai nghiém t8i tu nhan dugc bing cdch lam trén 1 LP ndi1dng.

6.14 Giai bing thuat toan hdn hgp
(a} quy heach & Bai 8.13 nhung chl x,. X, la bi&n nguyén;
{b) max z = 3x, + X, + 3X,,
—X, F 2, + X2 4,
4x,- 3, <2,
X, - 3, + 2%, 23,
Xy, Xo Xq 20, X, X,y nguyén.

6.15 Chifng minh rAng néu quy hoach nguyén tuy&n tinh c¢ i nhdt mot rang buge déng
thirc thi nghigém [am tron 1 LP ndi ldng khong thé 13 nghiém chadp nhan dugc cla quy
hoach nguyén.

19.VANTAGHOC-B
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CHUONG 7

LY THUYET CHON QUYET BINH VA TRO CHOI

Ching ta da xac dinh 12 VAN TRU HOC nghién citu cich Van dung todn hoc
d€ trir tinh moi viéc, thuc chat wke 13 & chon quydt dinh hanh dong trong moi viéc,
moi tinh hudng khéc nhau. Vi viy, c6 thé néi van trh hoc 13 ty thuyét chon quyét
dinh. Chung ta da thay néi dung 6 bao trim suslt sdu chuong vifa qua, mac dis thuat
ngd quyét dinh gan nhu chita duge dang, thay vao dé (3 phudng an va nghiém...
Nhin xét rdng, ngoai trif Muc 4.5 vé diéu hanh dy an cé tinh ngiu nhién bing
phuang phdp PERT, c4 sdu chudng déu néi dén cich chon quyél dinh hanh dong
trong diéu kién co thong tin hoan hdo, tc (3 ¢6 dit lidu chic chdn d€ tinh toan. Noi
khac la chon quyét dinh trong hoan cdnh tat dinh (decision making under certainty).
Trong thuc t& tharimg thiéu thong tin day dd. Tieu dé "Ly thuyét chon quyét dinh®
thuding danh cho viée nghién ciu vé hanh dong trong diéu kién thigu thang tin nay.
C6 thé chia lam hai ruiing hap.

{al Khéing c6 di liéu chdc chidn nhung ¢6 phan bd xac sudt cia cac dit ligu,
Lac nay la goi viéc chan quy@l dinh 13 chen quydt dinh cd mao hiém (decision
making under risk).

{b} Chon quyél dinh bip bénh hodn 10an dudc goi la chon quyét dinh bip
bénh (decision making under uncertainty).
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7.1 CHON QUYET PINH CO MAO HIEM

THI DU 7.1.1. Cong ti Goferbroke c6 mdt viing dat ma theo ¢6 van dia chall
PR i O £ gl LA e = .
la ¢ dau vdi xdc sudt L vantucd thi vi¢c khai thic & mang Igi 700000 USD,

néu khoan khai thic ma khong ¢6 thi s¢ mat 100000 USD. Néu bdn ving dilt
thi s& dudc 90000 USD. Cong ti cin quydt dinh thé nie?

R& rang day la mét bai todn chon quyét dinh ¢6 mao hiém. C6
hai cach tiép can, mét 1a chon quyét dinh khong thi nghiém (decision
making without experimentation), tic 14 sit dung ngay xdc suat da
bidt, goi 1a xdc sudt tién nghigm (prior probabilities), dé€ tinh toan.
Hai 14 thit nghiém lai, titc 1a tham db dia chat thém dé cai thién théng
tin vé xdc suat, d€ cé xde sudt hdu nghiém (posterior probabilities).
Céch tiép can nay la chon quyét dinh co thi nghiém (decision making
with experimentation).

7.1.1 Chon quyét dinh khéng thif nghiém

Bai todn cla Cong ti Goferbroke duge biéu dién b3i hdng gidé thuing
{payoff table) nhv sau

) ang thél t nhicn; 0, teo déau) 0, tkhé)
quyét dinh -
a,: khoan déu 700 - 100
a,; ban dat 80 30
Xéc suat tién nghidm 0,25 i 0,75

O day "gidi thudng” cu thé 12 I¢i nhudn thu dude (nghin USD). C6 cdc cdch
1i€p cin khdc nhau, din dén cdc quy tdc gidi khdc nhau nhu sau.

1. Quy tac hop li nhat (Maximum likelihood criterion): Chon
quyét dinh c6 giai thudng cao nhat ¢ trang thai ty nhién ¢ hop I
nhat (cho nén ciing goi la quy tic xdc suit cyc dai).
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Trong thi du trén thi P(8 = 82) = (1,75 cuc dai, § day 012 k¥ hiéu trang thdi
tf nhién, 12 bién ngiu nhién nhin gid tri 8, hoic 0,. Trong c6t §, thi quyét dinh
a, ¢6 phan thudng 90 13 cao nhat. Vay 161 gidi 1a cong ti cdn bdn dat.

2. Quy tdc Bayes (Bayes' decision rule). Tinh ki vong (tuc la
trung binh) cia cdc gidi thudng cho mdi quyét dinh réi chon quyét
dinh ¢6 ki vong cta gidi thuéng 16n nhat.

Trong ba1 todn dang xét thi
E(a,}=0,25.700 + 0,75 (-100) = 100,
E (2,) =0.25.90 + 0,75.90 = 50.

Viy cong ty cAn quyé1dinh khoan diu, trdi v8i 131 gidi theo quy tdc hap 1 nhit.

Quy tdc Bayes con duge goi la quy tdc ki vong (expected value
criterion). N6 hay duge dung vi ¢6 vu viét la két hgp duge moi thong
tin. Quy tdc hop li nhat khéng tinh gi dén phan thudng & cdc cot khéc
ngoai ¢t trang thai ty nhién 6 xdc sudt 16n nhat.

3. Quy tde ki vong - phuwong sai {Expected value - variance
criterion). Ta d& biét 1a doi vét mot bién ngiu nhién thi hai ddc trung
dinh lugng quan trong nhat 1a ki vong, tic 14 gid tri trung binh theo
x4c sUit, va phiong sai (variance), dic trung cho mie dd 1éch ciia bién
ngiu nhién so véi ki vong, duge dinh nghia cho bién ngau nhién x la

o’ =Varx:= E (x - E(x))z.

o = VVar x duge goi 12 d¢ léch chudn ( standard deviation). Quy tic
Bayes chua tinh dén phuong sai, chi dua vao ki vong. Nhimg ki vong,
tie 1a gig tri trung binh, sé& dai dién cho bién ngau nhién - cang it
chinh x4c néu phuong sai cang ldn. Vi vay, thay cho chon bién x, €6
max E(x) nhu quy tic Bayes, ngubi ta chon x, c6

X

max [B(x) - KVVar x|,
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& day K la hiing danh gia vai trd cla Var x trong viéc xem xét. Ngudi
chon quyé&t dinh it 1iéu 1inh s& chon K 16n. Vi vay nhidu ngudi goi K
la hé s chéng mao hiém (risk aversion factor). Quy tdc nay goi la
quy tic ki vong - phuong sai.

Xét Thidy 7.1.1 theo Quy tdc Ki vong — phuong sai ta thiy vdi K = | thi
E(a,)- K¥Vara, =100~ YVara, =100 - 2V3 . 100 = — 240,
(Vara, = 0,25.600° +0,75. 200> = 120000),
E(a,) - K¥Vara, =90 - VVara, =90 - 0= 90,

(vara,=0,250+0,75.0=0).

Viy cbng ty cAn quy&t dinh ban dat, lai trdi vdi quy€t dinh dua theo Quy
tic Bayes.

4. Quy tdc dit mite doi hoi (aspiration — level criterion). Quy
tdc nay khong dua vao t8i wu héa gidi thudng theo nghia x4c sudt
nido d6é ma dat ra mjt cdch hanh déng chap nhan duge.

THI DU 7.1.2. Mgt ngudi rao bén lai xe 616. Anh ¢o bigt gid thi trudng cho
xe nrdng W, Nhw vy thue chat 12 anh ¢6 "cim thy" phan phdi xdc sudt cha gid
xc i, nhung khdng di d€ x4c dinh chinh xdc him mat dd-xdc sudt. Vi viy ta
khong thé dp dung cdc quy tic trén day. Mot cdch thich hop 13 chd xe dva vao
cam thy trén d€ dit mac doi hdi (aspiration level) v sé ban xe cho ngudi diu
tién tra gia khong thdp hdn mic nay.

Trong nhiéu trudng hgp, mic du cé phin bé xac sudt, nhung quy
tdc dit mice dai héi van duge 4p dung phi hop hon.

THI DU 7.1.3. Bi€t x 13 nhu ciu mt loai hang trong mdt thang, 12 mdt bién
ngdu nhién ¢6 mét dd xdc sudt f(x). N€u hang chudn bi lic diu thing it 1hi thicu,
n€u nhicu qué thi t6n diu nrqué (d€ sin xudt, luu kho...). Nhung khé dinh huong
ditge phi 16n do thi€u hang. BE cin biing ngudi ta dt bai toan xdc dinh hrgng
hang dau thang I sao cho ki vong cita lugng hang thi€u khéng qua A va ki vong

\.
o
Sy
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cla lugng hang thira khdng gqud B, uie la

Ix - D) dx <A, (1.1)
1

T
,[(I — xMi(x)ydx <B. {(7.2)
0

Tuy vdy, véi mot cip (A,B) di chon ¢6 thé khéng ¢6 1 ¢hidp nhin duge, wic 1a
théa ci hai diéu kién. Ching han cho f(x) bdi

2 pgu 10 € x < 20,
f(xy=3x
0 néu khic.

Khi d6 (7.1) va (7.2) trd thanh

20

2
T (x - DE(x) dx 20[1:1 T - 1] <A,

I

T(I — X)f(x) dx 20(111% + 1—‘0 - 1] < B.

10

Pdn gian di ta dugc

Inl - L2m20 - 2 — 1=1996- 2 (1.3)
20 20 20
I B B
- — - — — 1= - —

Il - 1&21a10 - 2 — 1=1302- (1.4)

Né&uchon A =2, B =4 thi v&€ phadi (7.3) va (7414 1,896 va 1,102 nén cic diéu
kién nay tré thanh

I
_ >
Inl 302 1,896, (7.5}

Inl - L >1,102, (7.6)

10
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Ta lap bang tinh v& trdi twong Gng vdi cdc I nguyén trong doan 10 < x < 20 ¢&
xdc dinh x4p x{ I nhu sau.

1|10 11 32 b3 44 15 16 17 |18 19 20 |
WL | 18 184 188191 194 196 197 198 |199 199 199
20
oL | B3129 128|126 124 120 107 L13 109 104 099
10 | . |

Qua bdng nay ta thiy v6i 13 <1< 17 thi ¢a hai diéu kién vé miic doi hdi (7.5)
va (7.6) déu thaa.

7.1.2 Chon quyét dinh cé thd nghiém

THIDU 7.1.4. Gid sty v3i cong ti ddu khi Goferbroke & Thidy 7.1.1 ¢6 thém
mdt khd nang lifa chon nita 14 thim dd dia chit thém vdi phi tdn 30000 USD dé
€O xdc sudt hdu nghigm chinh xdc hdn. Cu thé nhu sau. Goi bi€n ngu nhién §
14 k€t qui thim do dia chdl: $ = 0 gin nhwr 13 khong ¢6 ddu, S = 1, gin chic 1
¢6 dau. Theo dic k€t kinh nghiém ciia qua khit ta bigt cc xdc sudt oo didu kién
saudiy.

N&u thye sy 1a ¢6 ddu, titc 12 8 = 0,, thi bi€t hai xdc sudt c6 diéu kién la
PS=0:8=0)=04vaPS=1 8=6,)=06.

N&u thyc sir 1a khong 6 diu, hifc 1a 6 = 0,. thi bi€t hai xdc sudt c6 diéu
kiénlaP(S=010=0)=08vaPS=1lp= e)_oz

D€ tinh cdc xdc sudt hiu nghiém khi d3 bi€t k&€t qui thim do S = 0 hodc
1 cu thé, tic 14 cdc xdce sudt ¢6 didu kién S =0 hoficS=1clabi€ncd 0= 0, va
B=86,1a rnhic lai cdc cong thite xdc sudt ¢6 didu kién.

Gia st bién nglu nhién 8 c6 n gi4 tri c6 thé B,1=1,..,n,vas
12 mjt gia tri cé thé cia bigén nghu nhién S. Binh nghia clta xde sudt
¢6 diéu kién (conditional probability) 1a
PG = Bi, S = 3)

PO=6 8=3)= , (7.7
! PE = 8)
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GdayP(®=0,8=5:=P(6=0)(S=s), tic la xc sufit dé
hai bién ¢6 6 = 0, va S = s cing xdy ra. Vi n hién c6 6 = 8,i=1, ..,
n, tdch bigt (exclusive events) va 1a hé ddy d0, tdc la hgp n bién cé
nay la bién cé chde chdn {certain event) nén rd rang

P(S=s)= 2L PS = 5,0 = 0). (7.8)

i=1
Mat khac, cang theo dinh nghia (7.7)

PSS = 8,8 = Gi)
PS=s5|0=6)= i
1 Py

Do d6
PS=50=0)=PS=sl0=0)P(®=8) (7.9)

Tu (7.7), {(7.8) va (7.9) ta dugc
PS =sl0=0)PO = 0)

P(B:E}iiS:s):u — (7.10)
2PS =s|o - 6)PO = )
=1
Ap dung vio thi du ctia ta (7.10) din dé&n
P(9=91|S=0}= 0.4.025 :l

0,4.025 + 0.8.0,75 7’

P0=0, 8S=0)=1- %:g’

0,6.0,25 1
Po=0 I8= = : ! = =
® 1 D 06.025 + 0,205 2’

=g, l8=1)=1-1_1
PO=6,/S=D=1-1-1

Biy la cdc xdc suithdu nghi¢m. Tay theo k&t qua tht nghiém 12 S = 0 hay
§ = 1 1a dudc hai trong bSn xdc suft ndy thay thé cho céc xdc sudt tién nghiém
dé dp dung bdn quy tdc chon quy€L dinh ¢6 mao hiém trén day. Chéng han, dp
dung Quy tic Bayes ta tinh nhi sau,
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(a) Trudng hdp thim dd dude S = 0. ki vong cia phin thidng khi chon

quy€tdinh a,, a, wang tng, sau khi trif phi t8n tham do 1a
I 6 110
Ey @) =1.700 + %-100) - 0= 112

6

L
Egla)=7.90 + 7.90 — 30=60,

{b) Trudng hgp thim do thay S = 1. ki vong phin thudng [a

E, (a,)= . 700 + (= 100) - 30=270,

1 1
E, (a,)=7.90 + .90 ~ 30=60.

Vay quyét dinh 181 vu 1A né€u k€t qua tham do lai 13 khdng cé diu thi bén
ddt (dudge 60 ngan USD), néu k&t qui thim do 13 ¢6 ddu thi khoan diu vdi ki
vong thu dugc 270 ngin USD.

Tuy vay, cdu hoi dat ra la ¢6 ddng thit nghiém lai hay khéng van
con ngd. Nghién ciu vé gid ¢ri cda thiz nghi¢gm (value of experimen-
tation) dé cdp dén vdn dé nay, xem chéing han [ Hillier - Lieberman
2001[, Muc 20.3.

7.2 CAY QUYET PINH

Mot cdch hién thi cde tinh todn khi chon quyét dinh cé mao hiém
12 bidu dién cdy quyét dinh (decision tree). §f ddy cde nit (node) duge
goi 14 cdc chae (edy) (fork), con cdc cung (arc) thi ¢6 tén ridng la canh
(branch). Chac quyét dinh (decision fork), dang 6 vuéng trén H.7.1,
chi ra quyét dinh cdn chon & diém nay cia qud trinh. Chae tinh hudng
(chance fork), biéu didn bing hinh trdn, chi ra bién ¢d ngiu nhién
xdy ra & thoi diém nay.

Xdc suit ctia moi bi€n c6 nglu nhién (di tir chac tinh hudng) duge
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ghi trong ngoic () bén canh canh tuong dng. Chd ¥ & cac canh tir chac
f va g ta ghi x4c suit hiau nghiém, con & canh tu chac h, khong cé
x4c suit hau nghidm, ta ghi x4c suat tién nghiém.

(S H.7.1 1a cay quy&t dinh theo quy tic Bayes. Khi d6 tit cd cdc s& con lai
trén hinh déu 13 cic ki vong cla gidi thudng tai di€m wdng ng ¢da qua trinh.

Tinh gidi thudng dira vao cdc xdc sudt va tinh tir phdi sang:

o tai chac f: %.670 + g(— 130) =157,
e tai chac g: %.670 + —;«(— 130) = 270,

gidi thudng

670

-130

18]

670

-130

60

T

-100

& nghiém

90
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e 1ai chac h: i—.voo + f(- 100) = 100,

¢ 1aichacc, d, e, a ghi cdc gidi thudng 16n hon trong hai quyét dinh di ra
¥ chac d6,

¢ taichac b: P(5=0).60 + P(5=1).270 = 0,70.60 + 0,30.270 = 123.

Cac quyét dinh c6 gidi thudng it hon & cdc chac quyét dinh c6
ghi ddu hai gach x6a di. Bay gid ¢é thé di theo dudng mé tit trai sang
dé€ thay quyét dinh t8i uu cho ¢4 qud trinh: c6 tham do thir nghidm;
néu két qua tham do 1a khong 6 dau thi ban dat, néu la cé dau thi
khoan; ki vong cda giai thudng la 123.

7.3LY THUYET VE CONG DUNG

Trong ed hai muc trén ta ding giai thuéng bing tién dé tinh ki
vong khi chon quyé&t dinh. Trong nhiéu tinh huéng cach ti€p can nay
c6 thé khdng thich hgp. Chéng han rit nhiéu ngudi mua bao hiém
mic du ki vong cla tién dat dugc la rAt nhé. Vi vay, tdng quét hon
ta can c6 mjt thang thich hgp danh gia sy ua thich hon cta ngudi

chon quyét dinh, 12 ham s8 cha giai
Ao thudng M nhung khong nhat thist
la ti Ié tuyén tinh. Thang nay duge
__________________ goi 1a ham céng dung hodc cu thé
hon Adm céng dung thay tién (util-
ity function for money) u{M},

MGt trwdng hop dién hinh ctia ham
comg dung cho & H7.2. G day ta thiy
wW100y=4va u(10)=1, tfcla cong dung
H 72 clia 100 (ngan USD) chi gip 4 ma khdng
gdp 10 Idn cOng dung cha 10. G ham

\fz

e e e m e e mw

L]

L= .

=1
-
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u(M) niy 1a thiy h¢ s6 goc gidm din khi M ting. N&u ngudi chon quyét dinh
thich mao hi€m non ¢6 thé chon ham cdng dung ¢é hé s géc ting.

Ta xét cdch xay dung hum cong dung khi ding quy tdc Bayes vi

quy téc nay dung phd bién nlLat. Viéc xay dung ham céng dung la tuy

theo thang wa thich ctia ngudi chon quyét dinh, nhung phai tuin theo
tinh ch4t sau.

TINH CHAT €O BAN CUA HAM CONG DUNG: Ngudi chon quyét
dinh khéng cdn phdn biét hai cdch hanh déng cd cing ki vong cua
tham) cong dung,

Chiing han, mdi cip hiinh ddng sau day déu 12 nhu nhau d3i véi nguii chon
quy¢t dinh ¢6 ham céng dung 3 H.7.2.

{a) "Pugc 100 (ngan USD) vdi xdc sudt p = 0,25 {vi khong dugc gi vdi xdc
suit 0,75)" 14 duge va chen ciing nhu "chiic chin dugc 10", vi cdch hinh
déng dau 6 ki vong E (cdng dung) = 4.p = 1. ¢dn cich hinh d6ng sau ¢6
cOng dung da u(10) = 1.

{(b) "Puvc 100 v8i xdc sudt p=0,5" 1 khdng phin bi¢1 véi "chic chin duge
30" (E (¢Oong dung) = 4.0,5 = 2, cdng dung 1d u (30) = 2).

(c) "Buge 100 vdi xdce sudt p=40.753" 1 dugce wa chon hoin toan gidng "chic
chin dugc 60" (E (cdng dung) =4 . 0,75 = 3 vi ¢dng dung 13 u (60) = 3).

Véi ham cong dung u(M) thay cho gidi thudng tién la M ta dp
dung quy tic Bayes hoan toan nhu trude. Cha y ring ham cong dung
eing ¢6 thé dige xAy dung khong phai thay tién ma thay cho ca hiéu
qua khde. T4t nhién cdc hidu qua khé dinh lugng hodc tham chi khé
ddnh gia thi khé xay dung duge ham céng dung.

THI DU 7.3.1. Lai xét bdi todn cong ti Goferbroke. Gia sif cang ti thi'y cin
cd ddnh gid hidu qui khic vdi tién thu dudc 1a tién thudng, 1dc ta phai xiy dirng
ham cdng dung thay tién. Trong trudng hgp, 1di rac ta phdi quy dinh cong dung
cho moi gidi thuding ¢é thé, theo ddnh gid hiéu qui cGa ngudi chon quy&t dinh,
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dya vao tinh chdt cd ban clda ham cng dung. Cu thé anh ta phii quy dinh mét
loat xdc suit nhu sau.

Gia st c6 hai lya chon: "khéng lam gi”, tifc 1a gidi thudng vi cing dung
déu bing 0, va "dugc gidi thudng 700 v6i xdc sudt p va dude — 130 véi xde sudt
1 —p". V6i p ndo thi anh coi hai Itta chon 13 nhw nhau? Gi sif theo dénh gid
higu qud, va theo "mc 6 liéu” cia minh, ngudi quyt dinh idy p = é Khi dg,

ki vong clla céng dung cia hai lua chon phai bing nhau:

0= %u(?OO) + %u(— 130).

V16 mot phudng trinh d€ xdc dinh hai gid tri ham u ta dudc quyén 14y wf do
mét, ching han u(-130) = ~150. Tir phuong trinh suy ra u(700) = 600.

Tigp theo ta dung hai gid 1rj cia ham cong dung di biét d€ xdy dyng ti&p.
B¢ xdce dinh u(-100) ta ding gif tri gdn 46 u(-130) va dit ciu hdi chdng han:
gidi thudng —130 vdi xdc sudt p va chic chin dude gidi thudng —100 s& didc
coi la nhy nhau véi xdc suit p ndo? Gid si ngudi 1dp quy€t dinh cho biét p =
0,7. Khi 46

L. u(—100) = pu(-130) = 0.7(-150) = -105.

Ti€p theo, anh ta cho bigt: nhdn 700 vdi xdc sudt p = 0,15 ciing khong khic vdi
nhin 90 chiic chdn. Ti d6 ta ¢6

F
M .
~o0 o u(90) = 0,15, u(700) = 0,15.600 = 90,
R

e'ﬁfj\" ’ Q Néu da duge mét s6 gid tri cia u
" 6@%' ta c6 thé vé xép xi dd thi u(M) dé xdic
w dinh cdc gid tri can c6 khdc. Chéng
% han tit dé thi 6 H.7.3 ta 6 u(60) = 60,
u(670) = 580. Ta thay vdi M cang lén
100 » ulM) cang cach xa dudng u = M, 13
H o6 400 o dutmg chéo goi la duong gid tri tién

. H.73 (monetary value line).

‘oy,
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Khi bi€u dién ciy quy&t dinh ta ghi thém cdt cong dung bén phii ciing,
xem H.7.4. Tat nhién cdc chac ciy va canh vin nhu & H.7.1. Nhung by gid ta
dung c6t cdng dung d¢ tinh cdc ki vong cdng dung ghi vao cdc chac ciy. Dua
vao cdc ki vong cdng dung nay cdc quyét dinh & cdc chac a,c va d vin nhir khi
ding gidi thudng dé xét (H.7.1), nhung & chac c biy gid 12 "ban" thay cho
"khoan" rude diy. Tuy vay lin ngudc tif cudi vé ddu dén chac a, thi thiy quy€t
dinh t&i wu cho cd qud tinh van nhu b (& cudi Muc 7.2). S8 di ciy quyét dinh
khong khic trudc miy vi him céng dung khong khic dudng gid tri tién nhiéu
nhu H.7.3 chi r5. Néu ngudi chon quy£&t dinh mudn "in chic”, titc 1a han ché
mao hi€m 15 da thi s& xdy dung ham cong dung khic va ¢é thé din tdi quyét
dinh bin dit ngay tr dau.

gidr thuong cong dung

670 LR
- 1) - 150
#i) [£1H]
871 il
-130 -150
60 60
T fO
=10 - 1R
a9 HL

H.7.4
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7.4 CHON QUYET DINH BAP BENH

C6 bén quy tdc chinh sau day, thé hién mifc dé “an chic” hay
"liéu” khac nhau. Chdng han, quy t4c Laplace dua vao tinh lac quan
hon, tifc 1a lién hon quy tAc minimax. V& théng tin thi ta cing biét
phin thudng, via, 8) ung voé1 cdch hanh dong a, va trang thai tu
nhién 6, chi thidu khong biét x4c suat xdy ra 6 = 8 so v4i didu kién
chon quyet dinh ¢6 mae hiém.

7.4.1 Quy tic Laplace (Laplace criterion)

Quy tic nay dua vao nguyén Iy khéng did 1y do (principle of
insufficient reason). Vi khong da 1y do dé 1y luan vé xic suit P (8 =
) phai khéc nhau thé nao do nén ta coi la cdc trang thai 6, la dong

kha nang, tucla P (0 = 0, )= —,J =1, .., n D&n day bai tedn lap quyét

dinh duge duta vé truong hgp ¢6 mao hiém. Ta ap dung quy téc Bayes
va chon quyét dinh 14y hanh déng a* dat duge cuc dai

max iZ v(a,, B)

5 3-1

THE DU 7.4.1. Can quy€t dinh mic 14p dd1 mot thi€'t bi gidi tri vao ddu ngay
1&. Trang thdi ty nhién dugc coi 1a cé bdn mitc d6 khdach dén gidi i 200, 250,
300 hodc 350. C6 b6n mifc thi€t bi a, (quyét dinh hoai dong) duge dinh sin phi
hgp Iy tudng vdi bdn mitc d6 khach dén. Theo kinh nghiém, n&u x4y ra tirng
mifc khdch s& ¢ thyc (¢ trang thdi 13 Gj,j =1, ..., 4 (khdc vdi bdn s6 chinh xdc
trén) din @i phi n
F Mite khdchy 0w, o, E}i_‘ max via, 0) ifng vdi ting quyét
Mite thiet bi™ dinh a_theo bang bén.

‘ a 5 W 18 25
i : 5 7 8 4

i ay 21 13 12

i . 30 22 19

Theo Quy 14¢
Laplace, coip (0= 8.')

£ minimax
A

| RV s T
HOL IR
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= i va ki vong phi 18n cho bén mic thiét bi [a
E(a1J:i(S + 10 + 18 + 25)= 145,
E(a2)=i(3 + 7 + 8 + 23)= 115, < quvét dinh
E(aS):i(Zl + 18 + 12 + 21) = 18D,
5(34)=i(30 + 22 + 19 + 15)=21.5.
Viy can chon quy&t dinh hinh dong 2,

7.4.2 Quy tic minimax (minimax criterion)

Day 1a quy tdc chdc 4n, cdn trong nhat, dya trén cdch hanh dong
chon phan thudng t6t nhét ¢6 thé trong kha nang xiu nhat. Ching
han véi Thi du 7.4.1 thi "phan thudng" 1a phi tén, nén quy tdc nay
chon quyét dinh hanh déng a* dat dugc min max sau day

min max v(a,, Bj) = 21,
a, f

theo bang trén ddy, tic la chon quyét dinh hanh dong a,, khée véi
két qua theo Quy tdc Laplace. T4t nhién, néu phan thudng la "dugc”
thuc sy, thi phdi chon a* théa

max min v(a,, 91-).

8, 5

7.4.3 Quy tic minimax - héi ti€c (minimax regret criterion)

Quy tfc minimax dya vao suy tinh qud can trong nén din dén
hanh dong thiéu hgp ly trong mét 6 truong hop,

Chilng han, trong irudng hdp ma trin phi 6n ddu trang bén, theo quy tic
minimax, phdi chon quyé1 dinh hinh dong a, (v6i min max v(a,, 8].) = 10000).
A a9 -

20 VANTRUHQC-a
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—- N IS ) R Nhung theo hgp 1¥ true quan thi

p 11000 % ai cling chon a. d€ cé thé chi mat phi

L ax .| _loooo  _yoppq | 2L EURECHONE, GECOU A
vt 0)) tdn 90. Quy tAc minimax-héi tiée,

cing con got la guy tde khe khd:
{savage criterion), dung ma tran khdc goi la ma trdn hoi tiée (regret
matrix) véi cdc phan ti 1a r(a,, 9}.) thay cho ma tran giai thudng, 6
day
v(a, 6) - min v(a,, 0) néu v la phi tdn,
a,
L B8) = - ) _
r(a, _l} 1 max v(ak,()j) - v(a, Bj) néu v la lgi nhuan.
ﬂ.k

Vé v nghia, r(a, BJ. ) la hiéu giita 6 t4t nhat trong cot Sj va v(a, OJ.),
tuc la r(a,, Bj) biéu thi sy mat, sif héi tiée néu chon v(a, Bj} ma bd mat

lva chon quyét dinh t&t nhat ing véi trang thdi tu nhién 91.‘

{3 thi du v&i ma trin 2 x 2 trén ddy thi ma trin héi ti€e 1a nhu dudi diy. Ap
dung Quy tdc minimax {én bing ma trdn niy ta thi'y phai chon a, vdi

minmax r (a, Bj) = 1000,

—_—— e

o F. ) 02 __,
Com b 1000 0o |
| w2 I o o0 |

r(a;. 85}

Ap dung vdo Thidy 7.4.1 ta duge bing ma trin hdi ti€c va i gidi nhy sau,
cho tha'y phai chon quyét dinh a,, khic vdi quy tic minimax d Muc 7.4.2.

————

T 62 03 04 | max r(2;.0;)
. i
. I I, - i ]
a0 3 10 10| 10
3 0 0 8 | B8 minimax
az . 16 il 4 6 ! 16
ag i 2% 1S 110 i 25

Chii y réng dir v(a, 6, la phi tén hay lgi nhuén thi r(a, 6y déu

20 VANTRUHOL-B
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la sy mat nén chi cé thé 4p dung minimax lén ria, 6,), khong thé 4p
dung maximin.

7.4.4 Quy tic Hurwicz (Hurwicz criterion)

Dé x4c dinh ngit canh ta xét truong hop v(a, 8) la lgi nhuan.
Cach chon quy&t dinh dua trén sy lac quan nhat vé van may la chon
a* dat max max v(a, Gj), ¢dn bi quan nh4t 13 chon a* dat

a 8
max min v(a, 8) nhu quy tde maximin. Quy tdc Hurwicz can béng hai
a t
théi eyc bang cdch dua vao ti trong a € [0,1], tic 1a chon a*, dat duge
max [a max v(a,, Oj) + (1 - o) min ¥(a, E)j)].

o OJ B:

a duge goi 1a chi s6 lac quan (index of optimism) duge 14y trong [0,1]
tiy mic d6 "lac quan” ca ngudi lap quyét dinh. Thudng gap mic trung

gian o = —; Ap dung Quy tic Hurwicz véi o = % cho Thi du 7.4.1 ta

duge bang sau véi 1oi giai 1a chon a, hodc a, 14 nhu nhau

| .
| n‘:jmv mﬂaxv —min v + _maxv
I . I } g 8
[ e - S i AT D
! a, 5 25 15 } :
min
7 23 15 a
! 12 21 16,5
15 30 225

Ngoai cdc quy tée trén, cdn mét s& quy tdc khac, ching han quy
tde chon quyét dinh hén hop, duge goi 1a quy téc chién luge hén hap
(mixed strategies), hoan toan nhu déi véi 1y thuyét tro chai & Muc 7.5
dudi day, c6 thé xem [Baumol 19771
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7.5 LY THUYET TRO CHOI

‘0 bén muc trude da xét trudng hgp ngutii chon quyét dinh phai
-d8i mit v6i su mao hiém hodc bat dinh do ty nhién ¢6 cde trang thdi
ma khdng biét trudc trang thai nac xdy ra, nhung tu nhién khdng cé
y lam tén hai ngudi chon quyét dinh. Thyc t& hay gap tinh hudng phai
chon quyé&t dinh bap bénh do phai déi mit véi d6i tha "théng minh”
va ¢6 quyén lgi dal lap vdi ta, ching han trong cdc loai ¢t hoic trd
choi tranh chdp néi chung, trong quin sy hoac van dong tranh e
Nghién ciu vé chon quyét dinh trong trudng hep déi khdng nay c6
tén riéng 1a Iy thuyét tro choi (game theory). O day ca ngusi chon
quyét dinh va déi thil déu goi la ngusi choi (player). Méi nguisi choi
¢6 mét tip (himu han hoéic v6 han, roi rac hoidic lién tue) edch hanh
dong dé€ lya chon goi 1 chién luge (strategy). Tuong ing truc tiép véi
bai todn chon quyét dinh ¢6 ngudi chon quyét dinh va tu nhién 1a fro
chai hai ngudi (two - person game). Ching ta chi xét trudng hop don
gian nhét nhung co ban nhat nay. Pong thdi phin thudng sé la cai
duge cia mot ngudi va ddng biing cdi mat cla ngudi kia. Khi d6 ta cé
trd choi tong zero {zero - sum game).

Gidi mét tro choi c6 nghia 1 tim chién hige t8t nhdt cho méi
ngudi. Hai ngudi choi thudng ky hiéu la A va B, chién luge clia méi
ngudi, khi ta chi xét tro choi him han, thudng ky hiéu tuong tmg la
x,1i=1,. mvayj_l..,nGlal

i
thudng ing vai chlen luge (x,, ¥ cGa hai ! B
ngudikyhiulaa vatacingvistthanh | % ¥, - ¥,
(bang) ma trdn nhu khi chon quyét xl a, 8, . a.
dinh. A xp Ay @gy . By
Nghiém téi wu, ciing c6 khi goi tit .
la nghiém cda tro choi, 1a b (x, s ¥ *) Xmi 8, &, a_ .

¢6 tinh chat 1a néu mdt ngudi lay chlen
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luge khéc con ngudi kia git nguyén thi phan thuéng cho ngudi di khée
sé bi thiét hon phén thudng ung v6i (x.%, yj*). Gidi trd choi ¢6 nghia
la tim nghiém 41 wu.

7.5.1 Giai trd chdi cé nghiém 6n dinh
1. Chién luge bi tréi hon

THI DU 7.5.1. Hai nha chioh tri A va B dang van déng tranh c&f mdt ghé &
nghi vién trong hai ngay cudi quan trong nhat ¢ hai thinh phd chinh P va Q,
bing cdch di ban dém d& danh cd hai ngay 6 mot thanh phd hoiic mdi ngay mét
ndi. Phdi dit k& hoach trude khi khong bi€t k& hoach cia d6i phuang. Nhung
cdc o8 vin c6 thé dinh gid duge dnh hudng cda cic céch tranh clf cha A va B
d€ dia vio d6 chon mot rong ba: chi€n luge 1 13 & mdi thanh pbd mot ngdy,

ngudi B chi€n lugc 2 1a cd hai ngay & P, chién
 chi€n lugc ! 2 3 lude 3 1a cd hai ngdy & Q. Cong dung
ngudi 1 1 2 l 4 duge ddnh gid bing tdng s6 (don vi
A 2 |1 0 | 5 _ ngan) phi€u ngudi A danh duge tr B
30 1 -1 (n€us6amla B danh dugc tir A) dugc

cho biing bing bén.

Trong trtdng hop dic biét nay ta thdy tnh ¢ ¢6 thé gidi don gidn bing
kh4i niém chién luge bi trji hon (dominated strategy). Ta thdy d6i v8i ngudi A
thi chién luge 3 bi edi hon bdi chi€n lvde 1 va 2 vi dd B chon chién lude nio thi
A ciing chon 1 hodc 2 ¢ Igi hon 3. Vi vay ta ¢6 thé loai bd hang thit ba. Khi con
hai hang ta lai thiy d6i v8i ngudi B thi chi€n hige 3 bi trdi hon nén Jai bd ehit
ba. Khi ma trin con bén phin tif ta lai thi'y véi ngudi A thi chién
Iudc 2 bi trdi han, bé hang 2 ta chi con hai phin tif nhi bing 1 2
bén. Bén day ta lai thiy véi ngudsi B thi chi€n luge 2 bi tréihan. 1 ‘ 9
Cudi ciing bd chi€n ege (1,1) Fa nghiém t6i un cia 1o chai vdi
k&t qud A thu thém dudc | (ngan) phiéu tir B. 58 1 nay dude goi 1a gid #ri cida
tré chei (value of the game). Trd chdi tSng zero ma ¢6 gid tri O duge goi la tro
cheri diing (fuir game). Trong nhidu trudng hgp diing chi€n hrge bi trdi ¢ thé
gidm dugc c8 trd chai, tuy chwa gidi xong nhu thi dy wén.
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2, Chién luge minimax cho tro choi 6n dinh

THiDY 7.5. 2.Xét Thidu 7.5.1 nhung vdi bing cong dung dudc cic ¢d vin
didnh gid khic nhu’ dudididy. RO rang day 1a trudng hep chon quy&t dinh ma ddi

chign luqc! phudng thong minh va cd

_ ¥ chon quyét dinh chong

S 1 2 3 |min lai nén dong chién luge
mgudi 1 | -3 -2 6 | -3 "dn chdc" nbit 1a chi€n
A 2 0 2 0 0 - lude minimax dét vdi
maximin Ngudi B vd maximin ddi

. véi A 1d hdp Iy. Kim tra

R T . S lai ta thiy bd chi€n luge
max 5 g 6 {iui durge theo quy idc nay
minimax 12 (2.2) 12 nghiém 87w

cla tro chdi. Vi néu ngudi

nao di tréch ma ngudi kia
di dhing thi ngudi kia thu Igi hon gid tri ciia trd choi, trong truding hdp nay 14 Q.
Biay 1A 1d choi diing.

Nguyén nhén bd chi€n ludc (2.2) 12 18i uu 14 d chd hai gid tri minimax va
maximin ndy ciing dat dwdc d a,, = 0. Tir d6 ngudi nao di tréch khdi chi€n lwge
niy s chiu thiét n€u ngudi kia vin di ding. a,, lic niy duge goi 12 diém vén
nEU (saddlc point) cia ma trin cdc gid tri a; Nghlcm 181 vu ciing dude goi 1
nghiém on dinh (stable solution), vi ngudi nio di tréch s€ bj thiét.

7.5.2 Chién luge hén hop
Ta hay xét mdt thi du trd choi khéng 6 nghigm én dinh

Cthﬂ hrge ngudi B j
. 123 ¢ <
ngtdi 1 0 2 2 <‘-2  maximin THI ] 7.5..3. Xét
A 5 s a4 3 ‘ 3 Thi du 7.5.1 vdi bing
3 2 3 4 4 cdng dung khdc¢ nhu
max 5 4 % bdng bén canh. Ta

thiy

minimax
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max min a;= =2,
i
m_jn max a, = 2

i
nén trd choi (cling uic 12 ma trdn cia nd) khéng cé di€m yén ngra. Ta xem héu
qué ra sao. Néu cd A va B thuc hién diing chi€n lude maximin va minimax thi
theo bdng ma trin A s€ thing 2 ¥ B (khdc vdi -2 nhur A di tinh). B ¢6 matrin
trude mét € suy tinh vi thdy phii chon chién lirge 2 d€ thing 2 i A. Dé&n luot
A, ciing di théng minh d€ t1inh lién dwge hai nude cdr A€ bidt B sé diing chi&n
lugc 2, nén s& chuyén sang chién luge 2 dé thing 4. Nhung B ciing tinh dugdc
diéu nay nén quay lai chién luge 3 &€ thing 3. Do dui théng minh A s& quay lai
chi€n luge | d€ thing 2. Nhu viy ta di o6 di mot vong va of 1§ ludn nhy vay
s€ xoay vong mii. B§ chi€n lwge (1,3) nhin duge theo quy tdc minimax & diy
14 nghiém khéng dn dinh (unstable solution).

D& 6 10i gidi cha trdo choi trong trudng hgp nay, ngudi ta dua ra
khai niém chién luge hén hgp (mixed strategy). M&i ngui choi khong
chon mét chién lugc thudn fiy (pure strategy) nhu truée day quy dinh
ma chon mét phan bd xdc sudt sit dung tat cd cac chién luge. Ky hiéu

x: xdc sudt ngudi A xtt dung chién luge i, i=1, ...
1

¥y xéc sult nguti B x( dung chién luoc j, j

1}
‘P—'
=]

Khi d6 cd k& hoach, hoac goi khac 1a phan bd xdc sudt (x,, ...,
X0 va (y,, ..., ¥,) dugc goi la chi€n luge hon hgp cha A va B tudng
(ng, khi tro chei dang tién trién, t4t nhién méi ngu¥i dimg mét chidn
luge thudn tay, duge chon biing mét cach, mét "thist bi” d€ chon ngiu
nhién theo diing phén bé x4c suat.

Quay lai Thidu 7.5.3, gid sif A chon chién Iuge hdn hop [% % 0|va B chon

(0, ,}l ﬂ Ching han véi A, chién lugc nay co nghia [4 A loai bd chién luge 3

v tung xu d€ xem chon chi€n luge 1 hay 2 a8 ding.
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Tim chién luge hén hop t&i w the nao? C6 ding 1a ding chién
luge hon hgp d€ dua ra 1di gidi cho trd choi khéng én dinh, tic 1a
khong c¢6 diém yén ngya, sé& c6 cau tra 10i thoa ddng khong? Bay gids
ta xem xét.

Khi da ding dén chién luge hén hgp c6 chita y&u t6 ngiu nhién
va xdc suit, thi giai thuéng ciing 12 bi€n ngau nhién, nhan gid tri a;

m n

vdi x4c sudt Xy Vay ki vong gidi thudng la Z Z aijxiyj..Chﬁng han
i=1j=1

& Thi du 7.5.3, néu A chon chién luge [é % 0] va B chon [0, % s é) thi

ki vong gidi thudng (A dugc vaBmat) la 2 (2424 4-3) - 1 Ve
mdt }an chai thi A phai 14y ngdu nhién véi xde suat é mét chién luge
1 ho#c 2 cu thé va B cling vay trong chién luge 2 va 3. Khi d6 phdn
thudng néi chung la khac i. Nhung néu choi nhiéu lan ciing véi chign

luge hén hop {% L o] va (o, L %) thi phén thuéng trung binh 1a 1,

Bay gi¥ nguti A nén suy nghi th& nao vé cach chon chién luge
hén hop t6t nhat. Vi B 1a théng minh va hanh déng véi muc dich dsi
1ap nén t6t nh4t ta A ding quy tdc maximin dai véi ki vong gidi thudng
tuc la chon chién luge x.* (ng véi

m n

max min Z Z axy =V
x Y i=1j=1

i

Con B cdn ding quy tic minimax, tife 1 chon y;* dat duoc

m o

min max ), ). a,X.y, 1= V.

¥ AL oi=1j=1

May man 14 mic dii trd chei 12 khéng én dinh khi dang chién luge
thuan tiy, tic 1a khéng 6 diém yén ngua cho ma tran gidi thuéng:
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max min a; <min max a4,
i } ] i
nhung ta lai luén ¢6 v = v, tic 1a maximin = minimax d6i véi ki vong
khi ditng chién luge hén hgp nhu dinh 1y sau khéng dinh.

PINH Lf 7.5.1 (Dinh 1y minimax). Néu ditng chién luge hén hop, cdp
chién luge t61 wu theo quy tdc minimax I nghiém 6n dinh véi v = v
= v (goi la gid tri cda tro chot). Do dé néu mét ngudi di léch chién
luge €67 uu thi nguoi do sé nhdn gidi thudéng kém hon v.

{(Xem chitng minh cudi Muc 7.5.4.)

Mic du trd choi ban d4u la hitu han, khi diing chién luge hdn
hgp ta c6 v s6 (& mdc continuum) kha ning nén khéng tim chién
luge t6i wu (x.*, ¥ béng cach dung bang truc tiép duge. Ta sé xét &
hai muc sau day.

7.5.3 Giai hinh hec trudng hgp don gian

Né&u sau khi gach bé chién luge bi troi, mét trong hai ngudi choi
chi cdn hai chi&n luge thuin tay, thi ta c6 thé tim chién luge hén hgp
td1 uwu biing hinh hoc nhy minh hoa bédi thi du sau.

THE DY 7.5.4, Xét trd choi & Thi du 7.5.3, ta thdy chién lugce 3 ciia ngudi A
1a bi trdi. Bé chi€n luge ndy thi A chi con hai chi€n luge thudn y. M&i chién
I hdn hop clia A ¢6 dang (x,, x) =0k, I=x yvix +x,=1(d0 do xdc suat!).
Vi viy ki vong gidi thudng 12 ham clia m§1 bi€n x| nén ta ¢6 th€ Gm minimax
v maximin trén d6 thi. Cy th€ & thi du ndy ta thdy n€u B diing chi€n ludc thudn
iy, tdc la (yl,yz, ¥y) bi&ng(l,(), ), (0, 1, 0) hodc (0, 0, 1) thi ki vong gidi thudng
clia A tugng \ing 13

(¥7, ¥5, ¥3) ki veng gidi thudng A
(1,0,0 Ox, +5(1 —x,) =5 - 5x;
(0,1, —2x, + 41 - x) =4 - 8x,
(0,0, 1) 2x, - 301 - x,) = — 3 +5x,
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D6 thi ciia cdc ki vong gidi thudng clia A 13 dudng thing. Néu B ditng chién
lude hon hgp bal ki (y,, y,. y,) thi ki vong gidi thudng cia A s& 13 18 hop vdi ¢
ugng y,. y, vd y, ba ki vong trén:

yl(5—5:(1]+y2(4—6x])+y3(~3+5xi). (7.1

Nhu viy véi mdi x,, ki
vong (3 hdp (7.113 ld 18
hgp cta ba cac dd cia ba
dudng thing trén H.7.5,
vdi hg sc‘)'yj 20viy +v,
+¥, = L. Chi€n lwrgc 13 wu
(x]. 1 —x])clia Alatng vai

A ki vong gidi thugng

1
I
|
3
|
'
3
|
1
|
L
e

maximin (7.11). Khi tim
x, Miniude (ke imtd hop
¥

]
d€ ¢6 wng do thdp nhat),
thi phdi c6 y, = 0 vi dudng
5 -5x, ludn cao hon duting

v

-3

ifng y, 1 4 - 6x . Do d6 X’ 1a di€m thda

max min ‘4 ~ 6x,,-3 + le},
Us.\tlsi

tire 1a x] —% Dodév=4- 81 _2

Biy gitt im ¢hién luge 181 wu cta B 13 (¥}, ¥ ¥3) dat minimax (7.11). Do

dd. vai moi X,

YIS = 5% )+ yi4 —6x,) + y3(-3 + 5x ) < V. (7.12)

Theo Binh Iy minimax thi v

"‘|t-.i

vi gid irj nay phdi dat € (7.12) 16§

thanh ding thife khi x| = X} = % W ha

0
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00, 2%, 2 x_5_.2
Y Y s _v—“, (7.13)

Vi(y,. ¥, ¥,) 1 phin bd xdc sudt nén thay y; + y; = 1 —y] vao (7.13) ta dudc
i—?yl* =0.Suyray; =0 Thycra 3 day ta c6 thé nhin xé1Gng quitla moi duding

thdng j khéng di qua di€m maximin (x], ¥) phdi dng vdi ti trong y}.* =0.Do dé
{(7.12) va (7,13) suy ra

[Fs

v6i0£x1£l,

Y34 —6x 1+ ¥y3{-3 4+ 5x)) . .
=1 vdi x| =7

Nhung y; va y; cf dinh nén v€ trdi 12 m6t vé ctia phuang trinh dudng thing,
phéi = 1—2] ¥x € (0.1]. Do d6 1dy hai gid tri b1 ki cha x, ching han O vd 1, la

dudc

] ] 2
4y2 - 3}’3 = H,

2

—2}’; + 2y5 = H

. 5 _. 6 : - pre - 5 B
Suy ray, = 1 Ya= Ve chién luge toi vu cia B 1a [0, e ﬁ]

7.5.4 Giai tro choi hai nguéi téng quat bang quy hoach tuyén
tinh
Xét tro choi hai ngutsi téng zero véi ma tran cdp m x n tdng quat
(dinh nghia & ddu Muce 7.5). Trude hét tim chién luge hén hgp téi uu
cho ngudi A. Ta da biét ki vong phan thudng clia A 1a
Z Xy, .
i=1lj=1

Chién luge (x,, ..., ) t61 wu phdi théa diéu kién maximin, nén
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(X, ..., x_) 12 t61 uu néu va chi néu

axXy 2v=v (7.14)
ZZ v
i=1=1

(¥, -, ¥y ). N6i riéng véi n chién luge dée biét (12 chién luge thudn

tiay ‘{y1 =1, Y= =Y, = 0), ..., (y1 =.=y,,=0, y, = 13 (7.14) tra
thanh hé n bat ding thec
2ax 2vj=1.,n (7.15)

i=1
Nguge lai, tir (7.15) suy ra

Z y_](z a1_1x1) 2 Z ij =V,

j=1 i=1 i=1

vi ) ¥, =1.Vay(7.15) tuong duong (7.14). Ngoai ra, nhic lai la
j=1
{x,, ..., x_) t1 uu tat nhién ciing phai théa
) X, + X, 4. +x =1, {7.16)
xi20,i= 1, ..., m. (7.17)

Vay (X, ..., x_}1a chién lugc hén hgp t8i wu ciia A khi va chi khi
né théa hé rang bude tuyén tinh (7.15), (7.16), (7.17). D€ dua vé quy
hoach tuyén tinh ta con phai dua vao muyc tidu va gidi quyét viéc v
chua biét. Ca hai viéc s& duge gidi quyét khi dat muc tidu la
max X, ., va thay v § (7.15) béi x__,. Khi d6 rd rang x__, s& bing v
tai nghiém t6i wu. Tém lai, chién luge hdn hop t8i uu clia A la nghiém
téi wu cia quy hoach tuyén tinh

max x_ .,

2ax - x .20,j=1,..,n  (718)

et
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xiZO,i= 1, ..., m.

Bay gid xét ngudri B. Hodc 1a viét lai ma trdn gidi thudng & dang
phan duge cia B va mét clia A, titc 1a ddi ddu, »éi 1am ding nhu trén,
hotic 1a 1y ludn tuong ti nhu trén nhung tit quan diém ctia B trén ma
trdn ban d4u ta s& thdy chién luge hén hgp t8i uu cGa B 1a nghiém
t61 uu cha quy hoach tuyén tinh d6i ngiu v6i (7.18)

mny,

- yn+1 = 0’ 1= 1} ey 10, (719]

y,20,j=1,.,n

Do d6, theo 1§ thuyét ddi ngdu cda quy hoach tuyén tinh (Chuong 2)
ta chi cin gidi mét quy hoach s& nhédn dugc ca bd chién luge t61 uu.

Nhéan xét thém 12 ta c6 thé€ dua quy hoach tuyén tinh (7.18) va
(7.19) vé dang c6 c& rang buge ddu cho bién con laix 20,y ,20
nhu sau, Néu da bigt trudc 12 v > 0 thi of viét thém cde rang budge
d&u nay. N&u v <0 thi cé ba cdch gidi quy&t. Mt 1a thay bi€n nhu da

bit x , bdi hai bi€n mdi theo quan hé x|

_x_

T+ +
= >
+1 xm+1 m+1* xm+1 2 0,

x_, 2 0. Céch hai la vi&t lai phan thudng & dang ma tran phan thudng
duge cho B, tic 1a d8i d4u, khi d6 v cing d6i dau. Céch tha ba, hay

diing nhat, 1 cong thém mét 58 di 16n vao moi phan thudng dé gid
tri cuia tré chol mdi duong.

THI DU 7.5.5. Xét trd chdi & Thi du 7.5.4. Pua vé quy hoach tuyén tinh
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max XB’

5%, — X, 20,
2%, 4+ 4%, — X, 20, (7.20)

Ix — -x. >
2x, 3x2 x3_0,

Ta cif b3 sung rang buéc X, 2.0 va gidi theo thudt todn don hinh s& dutge nghiém

o o | 7.4 N
161 wu (x|, X, ,‘(3) L“ . llJ (nhu vy viéc thém rang budc x, 2 0 khong énh

11 1}
Khi gidi bing thuit todn ddn hinh, theo tir viung (1 wu nhin dugc & bude cudi
ta ¢ing nhin dudc nvhiém 181 vu cia quy hoach tuyén tinh ddingiu la

(y]‘, ¥ 5= 3 . Viy chi€n tugce 1681 wu cda B 1a [0, = —] Tat nhién

huding gi). Vay chién luge 10 vucia A 13 [i —4—] vagidriciatrd chdild v=

TR 111
chi€n luge nay ciing ¢6 thé nhin duge bing cdch gidi truc 1i€p quy hoach ddi
nglu cla (7.20).

Tir 1§ lugn vé d68i nghu trén day ta cé ngay

CHUNG MINH })INH LY MINIMAX. Theo Binh ly d8i ngdu manh cua quy

hoach tuyén tinh x|, = Nhung 18 rang tif dinh nghia cla v va v ta cd
¥ Y,H! 2 2

ni+i

* x
V=X v v = v, Vayy= v.d

7.6 MOT SO NOI DUNG KHAC CUA LY THUYET TRO CHOI

Ly thuyét trd choi ta mét linh vye kha rong. G day ta méi dé cap
dén trd choi hai nguwi, tong zero, hitu han. Mé réng truc tiép la trugng
hgp tong hdng sd (constant-sum), nhung néi chung khéc khéng, duge
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xét tuong tu. Trudng hop t6ng khdc khong (nonzero-sum), nhung
khéng phéi hing 8, phan dnh tinh hudng, cé chia y&u t& khong xung
dot, canh tranh ma cing tdc dong dén ci hai déi thd. Ching han,
chién luge quing cdo clia hai edng ti canh tranh khéng chi 4nh hudng
viéc chia thi trdng ma cd md réng hay thu hep thi trusng téng thé.

Tiép sau trd choi hai ngui, ré rang trong nhiéu tinh hudng can
%8t tro choi n ngudi (n—person game).

Trd chot cht y&u duge hiéu vé tinh trang d6i khidng, nhung cing
phai xét ca trubng hop 6 y&u t6 hop tde. DI lai hoan toan véi truyng
hop trd choi téng zero 1a trusng hop tro choi hop tde (cooperative
game). Ching han hiép dinh thuong mai giita hai nuée, viéc thao luin
gitra chi va cdng nhan c6 thé phat bi€u thanh tro chai hop tac. Trudng
hop ¢6 nhiéu ngudi choi, ¢6 thé phai xét vidc mét s6 1ap thanh déng
minrh (coalition).

Bén canh tro choi hitu han, troé choi v6 han (infinite game) xét
trudng hgp ¢é vé han chién luge hanh déng. Phat trién hon nita la
truong hgp bién quyét dinh lién tyc (continuous decision variable).
Chéng han quyét dinh diéu khién u(t) phu thudc th¥i gian t. Trudng
hop lién tuc duge nghién cdu nhidu nhat 1a tré choi vi phan
(differential game), G day qu4 trinh choi phai tuin theo mét (hosc
hé) phuong trinh vi phan va ngudi chei chon didu khién cha minh dé
qué trinh dién ra lam cuc tri ham muyc tiéu theo quyén lgi eGia minh.

BAI TAP CHUGONG 7

7.1 D& giai quyét may hdng cé hai cach: chita may hdng vai phi tdn ¢, = 100 mot may
va bao tri toan bd n = 50 may vdi cudc phi
¢, = 10 mét may. Biét xéc suat métmay __ T ’ 1 2 3 4 5
bi hdng trong chu ki thai gian tha T 1a Pr o p; ‘ 005 007 0% 013 0,18
va n, 1a bién ngdu nhién chi 86 may héng
d chu ki T. Hay chgn quyét dinh 1a chu ki
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thit T* d& bac i toan bd n mdy (vao cudi chu ki) aé phi tdn (& ft nh&t, p, duge cho bdi
bang trang 319. (& cac chu Ki truse T khéng bio trl ma sda may hdng.)

Gqi ¥: Tinh ki veng phi tén trong mét chu ki EC, khi chen chu ki T d& bao i, chu
¥ E {n;} = np;. T* chon theo diéu kién EC,._, 2EC.. ECy.,, 2ECq..
7.2 Mt cdng ti co ban quyén mét loal chip mdi, N&u ban ban quyén thi duge 800000
USD. N&u san xuét chip d8 ban may tinh thi cé hai trudng hgp déng kha ndng: ban @&
chéc chén dugc 1000 mdy, 1§ chic hé thdng dai Iy thi ban dugc 10600 may. Phi t&n 18
chuic hé théng la 600000 USD. Lai ban mt may {a 600 USD. Phat biéu thanh bai toan
chon quyét dinh va giai bing Quy tic Bayes.

7.3 GidiBai7.1nduc,=200,c,=15n=30va

0,03 néu t = 1,
pr=1p1 + 0,1 néut =2 .,10,
0,13 néut = 11,12, ...

7.4 Cdelé hang cé 8, 10, 12 hoac 14 phin trdim hdng vdi xac sudt tuong rng 0,4; 0.3;
0.25 va 0,05. Hop déng giao hang cho khach A, B va C ¢6 quy dinh phén tram hang
hdng khdng qua B8, 12 va 14, tudng iing. N&u hang hdng nhiéu hon hdp déng, cong i
bi phat 100 USD cho 1% hang hdng qud mue. P& giam 1% hang héng trong 16 cbng t
t5n thém 50 USD khi san xu&t. N&u cdc 16 hang khéng dugce ki€m trude khi chuyén, thi
khach nae phai ¢6 vu tién nhan hang nhit.

7.5 Lugng mua banh mid mdtclia hang thuc phdm cé xac suit nhu sau (x la s& banh).
Gia mét banh tudi 1a 4.9 (ngan déng). Néu phai dé sang ngay sau thi cudc bao quan la
2 6§ va gia giam 1,5. Hai clia hang phéi dit mua lugng ndo trong bang dudgi.

X \100 150 200 250 300
p{x) ‘0.20 025 03 015 010

%6 Giai Bai 7.1 bing Quy tic ki vong - phugng sai vdi k= 1.
Ggiy:Varn,=np (1- B

7.4 Nhu cu mua hang cé ham mat do xac sudt nhu bang sau.

X ‘ Q 1 2 3 4 5
pi) | 0,50 015 040 035 0,10 0,10
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Xac dinh mUc nhdp hang dé xAc suat h&t hang ban khdng qua 0,45 Xdéc dinh
mifc nhap hang dé lugng hang thifu va thiia khang qua 1 va 2.

7.8 Xé1Bai7.7. Tim mdc nhap hang dé ki vong lugng hang thidu it hon ki vong lugng
hing thia it nhatla 1.

7.9 XétBai7.4. Gia s lAy mét lugng hang n = 20 ra kiém lai trude khi chuy&n va phat
hién 4 héng. Tinh xdc sudt hau nghiém cia 4 18 hang da néi va ding né d& xdc dinh
khéach hang nao cé ki vong phi tén it nhat.

7.10 Xét Bai 7.2 Gia s ¢& thé nghién ciu thi trudng véi phi 18n 400000 USD dé xac
dinh mic nao trong hai muc nhu ciu cd thé xdy ra. Kinh nghiém ¢l cho thay nghién
cuu thi trudng dang vdi x4c sudt 2/3.

fa) Tim xac sudt hdu nghiém cla hai mic nhu cdu cho ¢ca hai két qua nghién cuiu
thi truding.

{b) Dung xac sudt hau nghiém chon quyét dinh.

7.11 M@t trudng dai hge can nhic cé 18 chifc quyén goép trong cifu hoe sinh tién dé
xay mdt trung tam thé thao trong truding. Trudng xéc dinh réng néu ddt tuyén béng d4
cila trudng thang trong gidi vao hé nay thi chdc chdn quyén dugc 300 trieu ddng (il
phi t& chde rdi}, néu doi thua thi s& 18 200 tridu vao tién 18 chirc. Néu khang 18 chifc thi
khong madt gi, dugc g

fa) Trong qua khdc ddi tuyén thdng 60% giai. Trudng c6 thé chi dén bao nhiéu
dé tham db thém kha nang thing mua t6i?

(b} Gia sU cé kha nang thué chuy&n gia mdt 10 trigu dé ddnh gid dung dén xac
suat g 14 déi sé thdng hay thua. Xac dinh xdc suat hau nghiém cho két qua thi ddu cho
ca hai dy bao cia chuyén gia.

(¢) Dung cay quyét dinh tim quyst dinh t&i uu va ki vong phin thudng cda quyét

dinh t6i uu.

7.12 Nhu cu mua béanb trong ngay & mét ca hang dugc coi nhu chi ¢é ba truding hap
100, 120 hoac 130 vgi xac sudt 0,2 ; 0,3 va 0,5. Gid mua mdt banh 3 0,6 (USD). ban
14 1.05. N&U a4 dén hom sau th gid con la 0,55, Dang cAy quyét dinh dé fim mdc nhap
banh t&i wu.

7.13 Dya vao nhu cdu mua san phdm cao hay thap, mdt cang ti s chon quyét dinh
IAp day ruyén san xuft I6n hay nhé l0c ndy va ¢ md rong day truyén vao hai nam sau

21 VANTRUHOC-A
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khdng. d€ san xuat trong t8ng cbng 10 nam. Tidp thi cho thay trong vong 10 nam, xac
suat nhu ¢du gid nguyén Ia 0,75 cho nhu cdu cao, 0,25 cho nhu cdu thap. Lip day
truyén Idn mat 500 (triéu d8ng), nhd mat 100 triéu vA md rang day truyén mat 420 trigu.
Udc lugng deanh thu hang nAm nhu sau.

{a) V&i day truyén Idn va nhu cdu cac (thdp): 100 trigu (30 triéu);
(b} v8i day truyén nhd va nhu cdu cao (thap): 25 trigu (20 tridu);

{c) md rong day truyén nhd véi nhu cdu cao {thdp): 90 (20).
Dung cAy quyét dinh tim quyét dinh t8i vu va ki vong tién 1di téng cdng 10 nam.

o 8 6 0 0 7.14 Tim quyé&t dinh cho bai todn cé bang
Tt e =5 giai thuding da cho bing ca 4 quy tic: (a)
a, 5 10 ¢ -6 Laplace, (b} minimax, {c) minimax - héi tiéc,
, 1 3 14 8 9 2
3 i 5 14 20 -3

a, 7 19 10 2 0

{d) Hurwicz vdi « = %

{Khong bigt xac sut xdyra 0 = 0.

7.16 Duong chién lugc bi tréi gidi cac trd choi

chién lugc B ohiéin lugc | &
1 2 3 ——e ! 2 3
(@ A 1 -3 1 2 (b) A ! ! 2 ¢
2 1 2 1 2 2z 3 2
3 i 0 4 3 0 3 -1

7.16 Chung minh réng vdi b&t ki ma tran [a”) thi
max min ajj < minmax a;;.
[ i 1 i

7.17 Cdc tro chdi (hai ngudi, t8ng zero) c& ma tran giai thudng sau day co diém yén
ngua khéng? Tim ¥ va v, diém y&n ngya va chién lugc t8i wu néu ¢6. (D€ don gian ta
khéng ghi hang trang thai 0] vA cOt quyét dinh hang dang a.}

21.VANTROHQC-8
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1.0 -3 [~a 1 -2
(@[6-3 -1 (by| 4-2 -1

31 2 | 3 2 1

g 7 810 (2 6 12
(©)|6 512 8 ({3 5 43

810 5 9 1024

111 2] (4 -3 7 -4 9
€1 2 00 @5 -2-1-2 0

12 11 6-8 8-2-3

7.18 Xéc dinh khodng thay di cia p va q d€ a,, |4 di€m yén ngya trong trd chai hai
ngudi téng zero ¢é ma trin giai thudng da cho

(1 g & 245
{a)|p 510 (b)|10 7 ¢
623 4p 6

7.19 Giai bang hinh hoe trd choi dudi day, diing chién luge hdn hop.

| B L
1 2 B
A 1 2 ; - 1 2 3 4
5 5 2 A 1|2 2 3 -
® s s 2 |V 2 4 s 2 s
4 -2 6
- . ![ S
© o 1 2 3 4
A i 1 3 -3 7
2 2 5 4 -6
7.20 Gia sU ma tran cla trd choi thda diéu kién a =-a, vgimeiij=1, .., n Ching

minh r&ng gia tri cOa trd chai bdng 0.

7.21 Giai tré chdi sau bAng quy hoach tuyén tinh
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B |
1 i 2 1 =
A 2 ‘ -3 3 -1
| 3 | 4 3 3

7.22 (Trd choi daita Blotto). Bai té Blotto ¢f 2 trung doan va doi phudng cé 3, cdn chia
ra ¢€ danh chiém 2 vi tri. Gei n, (n )12 s& trung doan &ng b tri & vi tri 1 (2, ong ing)
vam,, m, 1 sd trung doan ddi phudng b tri. *Phan thudng™ clia dai ta dudc coi la nhu
sau. Nu n, > m, &ng nhan m, + 1 va néu n, > m, éng nhan m,, + 1. Néun, < m_ bng
mét n, + 1 va néu n, < m, dng matn, + 1. Néu s trung doan hai bén bang nhau thi
éng nhan 0. Phat biéu bai todn thanh tré choi hai ngudi 1dng zero va giai blng quy
hoach tuyé&n tinh.



8.1 K¥Y THUAT PHAN BOAN 325

CHUONG 8

CAC PHUONG PHAP DU BAO

Trong Chuong 7 ta thiy viéc chon quy& dinh hoat dong sé thuan Igi hon khi
da bigt phan bd xdc suit cla cac di kién ngdu nhi¢n. Cac xac sudt nay thuc ra 1y
dugc suy ra tif két qua thong ké cta qud khi, ding lam du bado cho khi nang xdy ra
trong tuang lai. Khi cic quyét dinh mang tinh dinh ltgng, ching han phdi sdn xudt
hao nhiéu xe dap, dya vao cic két qud ban xe trong cac giai doan trudc, thi viéc du
béo dinh Jugng s& xe ban dugc trong mét giai doan sdp 1di tif cac 58 liéu xe bdn trudc
day 13 cin thiét khi chon quy&t dinh sdn xudlt. Chuong nay sé nghién ciu cac phuong
phép di bao dai lugng ngdu nhién trong tiang lai.

Cé hai ki thuit dy bido cd ban 13 dinh tinh va dinh bugng. Ky thuat dinh tinh
dya vao phan dodn cda cic chuyén gia nén dugc goi K ky thudt phdn doén
(judgmenial technique). Hai k¢ thudt dinh lugng dua tuang (ng vao hai phudng phip
théng ké ta phan tich chudi thdi gian (time series analysis) va phan tich hai quy
{regression analysis).

8.1 KY THUAT PHAN POAN

8.1.1 Phuong phiap nhém chuyén gia

Phitong phdp nhém chuyén gia (expert group method) cé néi dung
don gidn 124 mdi mot nhém cdc chuyén gia hop lai va dua ra dy bdo
dua trén su ban bac nhat tri.
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8.1.2 Phuong phap Delphi

Phuong phdp Delphi (Delphi method) s dung mét nhém chuyén
gia , mét nhém thu ky chuyén mén va ngudi chon quyét dinh. Dau
tién nhém thu ky soan phiéu diéu tra (questionnaire) giti dén timg
chuyén gia lay y kién. Dua vao két qua, nhém thyu ky soan phiéu diéu
tra thit hai gifi dén cac chuyén gia. Khi dién vao phiéu thit hai nay
cdc chuyén gia da c6 thong tin vé két qua dgt mot d€ tham khao. Cuéi
cing, dua vao két qua phén tich phiu didu tra thit hai, ngudi chon
quyét dinh mdi xay dung dif bdo. N&u cin thiét c6 thé ap dung phi&u
diéu tra hon hai l4n, chdng han khi cdc ¥ kién chuyén gia van con
phén tdn.

8.2 DU BAO BANG CHUOI THOI GIAN

DBiy la phuong phdp dy béo gid tri x cla bién ngéu nhién X 14y
tai thoi diém t+1, khi biét mét chudi gia tri bién X d4 14y trong mét
thai ki qud khif & cde niit cdch déu nhau, Chudi gi4 tri nay c6 thé duge
bi€u thi bing dé thi, bing biéu dé cét hoic bing bdng. Thudng dung
nhat 12 d6 thi. Dya vao 44 thi nay ta xde dinh xap xi mé hinh sinh
ra chuéi thyi gian, tie 1A chudi cdc gi4 tri cha bién ngiu nhién. Cé
b&n loai mé hinh dién hinh. § H. 8.1(a) 1a mé hinh ma qu4 trinh sinh
ra chudi thoi gian duge biéu thi bdi mite hding s6 v6i nhidu ngdu nhién,
duge goi 12 mé hinh muc héng s6 (constant-level model). G (b) 1a mé
hinh khuynh huéng tuyén tinh (linear trend model), tite 14 qud trinh
sinh ra chudi thai gian, (1a chudi cac gid tri clia bién ngiu nhién) duge
. biéu thi béi dudng thing bj nhidu ngiu nhién. Tuong ty, (¢) 1a mé
hinh miic hdng sé bién dong theo mua (constant level with seasonal-~
effects model), dbi khi goi tit 12 mé hink theo mia (seasonal model).
Cudi cung (d) 12 két hop cia (b) va (c), tidc 14 mo hinh khuynh hudng
tuyén tinh bién déng theo mua (linear trend with seasonal-effects

£
25,
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14 f
{a) {b)
A x, T x
t t
(c} ()
H.8.1

model). Ta lan luot xét k¥ ba md hinh dau, con mé hinh cuéi ta khéng
trinh bay vi ¥ tuéng da rd nhung tinh todn phue tap qua. Khi du bdo
mét dai lugng ngiu nhién, trude hét ta phdi quyét dinh md hinh.
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8.2.1 Dy bao theo mé hinh mic hing sé

Theo mé hinh mic hding s6 thi biéu din ctia qu4 trinh sinh ra
chudi thai gian la

X,=A+e,
¢ day X, la bién ngiu nhién quan sat tai thi diém t, A 1a mic hiing
0 va e, 14 sai s6 ngdu nhién tai t. Ta luén gid thist la e, c6 ki vong
0 va phuong sai la hdng. Goi F, | 14 du bdo gid tri clia bign ngdu nhién
tai thai didm t+1. Cé ban cach dy bdo theo mé hinh mdc hiing s6.

1. Dy bdo theo gid tri cudi (last - value forecasting procedure).
Goi x, la gid tri cia bién ngéu nhién (thyc sy) 14y tai t. Phuong phdp
nay lay

Fia=x%

Kiéu du bdo nay it chinh xdc va hay duge ding dé so sdnh thém véi
cac du bdo phiic tap hon.

2. Dy bdo theo trung bink (average forecasting procedure). Thay
cho vi¢c bo moi quan sét trit quan sat cudi nhu trén, bay gio ta 1y
trung binh tat ca :

t

x.

]

Ft+1 = Z ?

i=1
Dy bdo nay sé rat t6t néu mé hinh kh4 ding tic 14 qud trinh 12 én
dinh (chi con nhiéu nhd e ). Nhung thudng mé hinh tham chi bién déi
dén phai thay kifu. Vi vay phuong phdp nay thudng dung cho qua
trinh chua dai qud, va moi x, duge dung la chua "qué ci".

3. Dy bdo theo trung binh chuyén déng (moving - average fore -
casting procedure). D€ tranh dir liéu qué cii, phuong phap nay chi 1ay
trung binh n dit liéu cudi:
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t
X
Ft+1 = Z o
i=t-n+1
Chit ¥ ring dé dang cip nhat Fi dé duoc du bdo tiép theo vi chi bd
mdt x, ddu tién va thém mdt quan sdt mdi. Phuong phdp nay con

nhude diém la trong s6 cia quan sdt cii nhat X, ., cho dén méi

nhat x, 1a nhu nhau. Do d6 dén t6i phuong phdp sau day.

4. Du bdo lam tron theo Iy thua (exponential smoothing fore-
casting procedure). Phuong phdp nay ding cong thie

F,=oax+(1-a)F, {8.1)

t+l

& day o € (0,1) la Adng s6 lam tron (smoothing constant) ma cach

chon s& ndi sau. Thay F = ax_, + (1- o)F _,, ..., vao ta duge

2
Fzox +all-o)x  +all -a¥x _,+... (82)

t+1
Dén day rd rang 1a hiing s lam tron cho trong s6 nang nhat dit 1én
x, va cang nhé din d&i vdi cdc quan st cang ci. Con (8.1) lai cho thdy
viéc tinh [ dé dang, chi diing d&n quan s4t va du bdo méi nhdt viét

lai la
F, =F +ax -F),

cho thdy du bdo & thai diém t + 1 1a du bao § bude truse F, cong véi
sai s8 dy bdo 14y vdi trong sé o.

Mot trong cdc bat 1¢i cda phuong phap du bdo lam tron theo liy
thira 14 khé xdc dinh a thich hgp. Néu o nhd qud thi du bdo & céc bude
thay déi rat it va s& sai nhiéu néu qua trinh 1a kém 6n dinh. Néu o
1én thi ¢6 thé du bdo thay manh qud. Kinh nghiém cho thay thudng
nén ldy o € (0,1; 0,3),
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8.2.2 Dy bdo theo md hinh khuynh hudng tuyén tinh

Gia sif ta thdy, theo chudi thai gian di biét, mé hinh du bso xap
xi t6t nhét la m6 hinh khuynh huéng tuyén tinh, Biéu didn toan hoc
s8 1a
Xt =A+Bt+ e,

d day X, A va e dinh nghia nhu’?f Muc 8.2.1, c¢bn B 1a nhén 6 hudng
(trend factor), tdc 14 hé s6 géc. U mé hinh miic hiing 58, du béo cho
thoi diém t+1 ciing cho ta du béo vio lic nay cho thdi dié€m t+1+m,
m= 1, 2, .... Nhumg v4i mé hinh khuynh huéng tuyén tinh didu nay
khong ding nita. Do dé ta cAn khai niém mife dd tron (smoothed
level} hodic gid tri dd tron (smoothed value) duge x4c dinh bai

S, =ox, +{1- a)S,_, + B),
¢ day o € (0,1) 1& hding s6 1am tron. Vay mdc da tron & t 13 t8 hop
tuyén tinh vdi hé s6 o gia tri x, va mic tron tai t-1 da chinh theo
khuynh hudng mét don vi thoi gian. Bay gio du bdo tai t+1 duoc 18y
la
F.,.=5 +B
Nhung nhan t8 hudng B 1a chua biét. B duge xac dinh bing cach lam
tron theo lay thita bdi céng thic
B, = p(S, - S, ) +(1- BB,

vdi B 12 mdt hding s§ lam tron khéc, chon tuong tu nhu a. Do dé S,
x4c dinh cu thé [a
S, =oax, +{1-aX8,_, +B_,).
Dt bao truée che m bude duge 14y 1a
F,om=8,+mB,.

Céc gid tri ban ddu 5 va B_ dugc ldy theo cdc dir kién da ¢6 cha qua
khit béing cdch 18y dudmg thng khép nhét véi dir kign da cé theo binh

o
o

o
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phuong t8i thigu nhu & Muc 8.3. Tém lai du bdo & thai diém t gdm cdc
doan nhu sau

1. Dungx, 8, |, B, | tinh § =ax, +(1 - aXS,_; + B,
2. Ding S, 8,_, vaB,_, tinh B, = (S, - S, p+ (1 -MB, ;
3.Dubdociambude, m=1,2,..,1a Ft+m = SL + th.

THIDU 8.2.1. Vao ddu thu mot cong ti sdn xudt xe dap mudn du béo lugng
x¢ bin vao mba ddng d& c6 k& hoach ddu e, Chudi théi gian 1a lugng xe ban
dudc 8 cdc miba ddng, xudn vi hé vira qua tudng dng la x, = 2800, x, = 2925,
va X, = 3040 (viy t twdng tng vdi thdi diém ta mba (). Ta cin cé du bio F,. Gid
st ta chon oo = § = 0,1. Qua ba didm (1,2800), (2.2925) va (3,3040) 1a lap dugc
duding thing (theo binh phuteng 15i thi€u) va thly diém itng vdi mia thu trwde
12 (0,2750) va hé s6 goc 1a 100. Viy SO = 2750 va B, =100

Gid tr1 d won S, (Iugng xe bin vio mia ddng trudc) 13

SI =0,1.2800 + 0,9 (2750 + 100) = 2845,
Gid tri da tron cda nhiin (6 hudng & mia ddng 1oude 1a

B, =0,1(2845 - 2750) + 0,9.100 = 99.5.
Cac gid tri d tron wiong (ng cho mia xuin 4

S,=0.1.2925 + 0,9 (2845 + 99.5) = 2943,

B2 = (L2943 - 2845) + 0,9(99.5) = 99 4.
Gid tn di tron ¢cho mba he 1a

8,=0.1.3040 + 0.9(2943 + 99.4) = 3042,

5= 0.1(3042 - 2943) + 0,9.99.4 =994,

Do di, dy bio ludng xe bin cho mba dong di la
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F,,, = 3042 +2.99.4 = 3241.
+2

N&u ta & vdo thiti diém cudi dong trudce thi du bdo cho mua xuin sau do
li F2 = S1 + BI = 2845 +99.5 = 2945. Con vao cudl xuin thi du bo cho mia he
43 phiila F, =S, + B, = 2943 + 99,4 = 3042,

8.2.3 Dy bao theo mé hinh mic hing s6 bién dong theo mua

Tir dit lidu ch hodc tir nhan t6 xa hi néu ta thay bién dong theo
mia la hgp li thi 4p dung mé hinh nay sé chinh xdc hon. Chéng han,
vao mua thu cé thé bdn duge nhidu xe dap hon vi tréi mdt. Biéu dién
todan hoc cia mé hinh mic hdng s6 bién déng theo mua Ia

X, = Al +e,
& day c6 y&u t6 méi 1a I, goi 1a chi s6 mua (seasonal index) tai thoi

diém t. Vi Aval la chua bigt, nguti ta x4c dinh cdc mmfc da tron theo
md hinh nay theo cong thic sau

X
3, = aI— +(1-)S,
t-p
xt
I = yg +(1 - Y)It—p‘
t

& day o va y, déu thudce khodng (0,1), 1a cdc hing lam tron, con p 1a
56 thoi diém trong mot chu ki mua, tic 12 s6 mila trong nam. Du bao
cho th#i diém tdi (mua sip dén) 1a

Ft+1 = StIt—p+1
vichommiasaula, m=1,2, ..,
Ft+m = StIt—p+m

Néum > pthi I khong tinh duge, ngudi ta quy udc cho né
gid tri tinh dugc cudi cung cia chi 56 mila tuong ing. Chéng han can
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dur bdo cho mua déng 2001 nhung chi ¢6 dit liéu cho d&n mia he 1999
thi 1dy chi s6 mba dong 1998 cho mua dong 2000, Cdc gid tri da tron
ban ddu cho thuit todn theo mé hinh ndy cdn cé cho cd mgt chu ki
mila, nhu sé thay trong thi dy sau.

mdi trén day. Ta ¢d (vh cdn dé€n) dit s vé lugng xe bin trong hai nam nhw

bing sau diy.
PR

Mia ndmngodi | nimnay

|
| dong i (=3 2786 | (1= 1) 2800 Gid s cin dy bdo cho mia thu
|

vi mita dong 161, tic 12 ¢cin F, va F.
, xuldn ¢ (1=-2)2928 ‘ (t=2) 2925 -

Nhung d¢ minh hoa thujt todn ta
‘ he 1 (e=-1)3025 | (r=3)3040 ¢iing tinh ¢ Jdif bio cho cdc mila
thu (t=0)3061 trude {ma didng I tihh 1 tnide mia

d6). B& ¢6 xip xi ban dau cho mifc hiing s8 A la §_ (theo cdch chon clia ta thai
diém 0 itng vdi mia thu trude) ta 1dy trung binh bdn mita ndm ngodi:

) 2786 + 2928 + 3025 + 3061) = 2950.

-1

o~ 4(
- - - + Xl

Con cdc chi s& mia dgng vdi bdn mila nAm ngodi ta 12y bing S utc lal ;=
1

2786 . . e
3950 = 0,544, I_2 =0993,1 = 1,025, 1, =1.038 (viX = AIi +¢, nén khi xap xi

X
khéing tinh d€n nhidu e, thi 1 = ). Gid sif ta chon ot = 0,1 va y=0.2.

Dy bio cho mita déng ndm nay, tinh vio thu trudc do, 1a

F, =81 = 2950.0,944 = 2785,

0-a+1

b€ ¢6 du bio cho mba xudn, ¢in gid tei da tron S, va chi s& mila da trdn I cda
mua dong ngay tnude dé:
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X 2800
SI = 0‘.I +{1 - (I)SO =0,1. m +0,9.2950 = 2952,

-3

L=r (=P, =022 . 08,0944 = 0,945
LS, 2 sz T

Do dd dy bdo cho mita xuin 1a
F,=8,1,=2952.0,993 = 2931,

Tuong tu, cdc gid tri d3 trdn cda mla xuin v du bio cho maa hé 13
XE Xl
8,= a: +(1-o)S; =295, I, = yq—‘ +(1 -y} ,=0993,

F,=S,1 = 3025,

Bén lugt cdc gid tri dd trdn cha moa hé va du bdo cho mia thu ta cd
X‘ X‘ -
S, = a;‘: +{1 - 0{)5‘;2 =2052, I, = w@: +{1 - y)l_l = 1,026,
F,=8,1,=3064.
Ciing tai di€m cudi hé nay, n&u ta dy bdo Iuén cho mita déng t3i thi ¢o
F =85,1, =2952.0945 = 2790.

8.2.4 Sai s6 du bao

Sai s8 du bdo cho mét thoi diém t t4t nhién la

Et:xt_F

.
S6' nay duge goi la sai s6 du bdo (forecast error) hodic thdang du
(residual). Néu ¢6 du béo n thoi diém thi sai s chung duge 18y 12 trung
binh ctta sai s6 binh phudng
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Erm = B2+ B2 4+ B2

THi DU 8.2.3. Tinh sai s8 chung khi dy bao lwigng xc ban vao mba xuin va
h¢ nam nay, sau khi di c6 s8 bdn thuc X, vd X, theo bang & Muc 8.2.3, cila ba
phucng phip dy bao xé1 & cdc thi du trudc. Ta ¢

dubdotheogidtri | _ = %[(2925 — 2800) + (3040 ~ 2925)% = 14425,
cudi;

dwbdotheokbuynh g - 1j3995 _ 2945y + (3040 — 3042)? = 202,
huéng tuyén tinh: 2

dubdotheomda: g - %[(2925 —2931)% + (3040 — 3025)% = 131

Nhw vay néu chi tinh d&n hai du bdo F, va F, thi phuong phip dy bdo theo mua
chinh xdc nhit. Du sao sai s§ E., cling cho théng tin cho qué trinh dy bdo tiép
theo.

8.2.5 Phuong phip Box - Jenkins

Trong cdc phuong phap du bdo béng chubi thai gian trinh bay &
trén, sau khi da chon mé hinh du bdo thi trong qu4 trinh dy béo
khéng ki€m tra xem mb hinh ¢6 phii hgp khéng dé€ chinh lai. Phuong
phédp Box - Jenkins c¢6 két hgp ki€m tra su phit hop cia mé hinh, vi
vdy né rit chinh x4c nhung ciing kh4 phc tap. Chdng han né cdn it
nhit dit liéu da x4y ra cGa 50 thai diém. Vi vy phuong phép nay chi
ap dung cho du bdo quy mé 1dn. Chang ta khéng trinh bay & day; doc
gid c6 thé xem [Hoff 1983].
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8.3 DU BAO BANG HOI QUY TUYEN TINH

Phan tich théng ké cac dir liéu thuong phdt hién quan hé gitta
hai bi#n ngAu nhién ma ta quan tdm. G muc nay ta chi xét trudng
hop quan hé nay l1a tuyén tinh. N&u ta xdc dinh duge mdt cach xép
xi nao dé tir cde di lidu, dd biét bién nglu nhién Y phu thude bién
ngiu nhién X tuyén tinh ra sae, thi khi ¢6 mét quan sat thue X = x
ta s& dimg quan sat dé dé du bao gia tri cia Y. Nhu viy 1a ta da dy
bdoc bing héi quy tuyén tinh (linear regression). Phuong phap dy bae
nay bao gém ca vide danh gia khoang tin cidy chung quanh gia tri du
b4o. Ta lan lugt x4t hai van d& x4c dinh quan hé giita hai bi&€n ngiu
nhién va tinh khoang tin ciy.

8.3.1 Xdc dinh duéng héi quy

Quan hé giita hai bién ngiu nhién ¢6 thé la mét quan hé ham
x4c dinh. Chdng han & Muc 8.2.2 khi xét quA trinh sinh ra chudi thii
gian ¢6 md hinh khuynh huéng tuyén tinh, ta cé quan hé ham giia
bién ngau nhién X va thoi gian t (1a bién thd hat, t&t dinh trong
trudng hgp nay) 1la

X, =A+Bt+e,
G day e la sai 50 ngdu nhién. Khi phan tich héi quy ta luén ky hiéu
bién phu thujc 12 Y nén quan hé trén duge ky hiéu lai 1a
Y =A+Bt+e. (8.3}

Quan hé kiéu nay la quan hé ham chinh xdc (exact functional
relationship).

Quan hé giita hai bi&€n ngdu nhién ¢6 thé xuat hién ¢ dang khac.
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Ching han giam d8c mét cong ti phat hanh sich phat hién qua cac
dit liéu (d4 xdy ra) trong qud khit 1a luong sdch ban Y cfa mai diu
sdch tai cdc clta hang phu thuge tuyén tinh vao Iugng sdch ban duge
bang yéu cdu qua thu X. Nhung trutng hgp nay khéng viét duge quan
hé chinh xdc nhu trén, ma hiéu la ki vong cha Y 1a phu thuée tuyén
tinh theo gi4 tri quan sat thay x cta X, tac la

E(Y/X=x)= A + Bx. (8.4)

Nhu vy ta néi gita X va Y ¢6 mét muic dd quan hé (degree of
association), hoéic néi (8.4) 14 mot mé kink mute dé quan he (degree
of association model). Thyc ra quan hé ham (8.3) ciing d4n dén mé
hinh mife d¢ quan hg vi néu 15y ki vong (8.3) ta duge

E(Y,) = A + Bt.

Vi vay cé hai ki€u quan hé (8.3) va (8.4) duoce xd 1y nhu nhau. D& x4c
dinh A va B ta diung phuong phdp binh phuong t8i thidu va cde dir
liéu da c6. Gia sit d4 quan sat duge n gidtricia X va Y la X, ¥, 1=
1, ..., n. U6e lugng xap xi binh phuong t81 thidu ¥, Ung véi gia trj x,
lay =a+ bx, vdi a va b 12 gia tri cia A va B sé x4c dinh phai théa

1}
o2 .
Q= Zl{yi - ¥) — min.
i=1

Nhut vay ta phai tim cue tidu cia ham hai bién Q{a,b) theo diéu kién
oQ Q '

g:O,g:O.Tinhcuthé?taséduqc

n

Z xiyi - iz xiz yi 5: (xi - ;)()"I - ;)

i=1 i=1 i=1 i=1

b: =

22 VANTRUHDC-A
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I e w
. Ban cu:

a=y-bx, Bin qua a
_the | bang.
_ oy L ¢ 3o | oasee
dayx="2. x . ¥=_2¥ 2 | 1313 0 4590 |
N, oy 30| 120 | 4520
a2 b owo
THI DU £.3.1. Ludng sidch bin dugc bing hai . 5 1338 760 |
cdchtaictfa hing vi bingthucda 15 diusicheda | ¢ 1340 S0
mét ¢ong ti phat hanh dudc cho ¢ bing bén va 7 1347 5230 |
dugc bidu dién biing cic diém den wén H. 82. | 8 1355 s080
Budng thing tim bing phuong phdp binh phudag * 9 1360 5550
t31 thidu vé trén H. 8.2 duse tinh nhy sau | 10 ] 1364 3390
- _ 3L 1373 5670
=1353,1,y=5219.3, 12 | 1376 5490
s | 13 ' 1384 5810
3 (x. — XNy, - ¥) = 214543, 9, 14 | 1395+ 6060
' ' { 15 {400 5940

i=1
15

3 (x, - x) = 11966,

i=1

a=-190419,b= 17930

—

+

"

1300 1320 1340 1360 1380 1400

H.8.2

Budng thing § = -
19041.9 + 17,930x dudc goi 1a
dudng hoi guy (regression
line). Diing dudng hdi quy ta
du bdo dugc s& lugng sich bdn
tai clfa hang ciia bit ki diu
sdch nao khic néu bift lugng
ban dugc Ltheo thu.

22 VANTRUHQC-B
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8.3.2 Uéc luwgng khodng tin cay

D& tinh dugc cdc khodng tin cdy nguoi ta gid sif hai didu kién
sau thoéa

(a) ldy duge nglu nhién n cap (x, Y00, oy {x,, Y0

(b) Céc gid tri ngiu nhlen Y, cé phﬁn b& chudn véi ki vong A + Bx,
va c6 cing phuang sai o°. Mot gné tri o’ hay dugc diung (cot nhu gia

thigt) 1a lugng Sy!x sau day (y, 14 quan s4t dugc cia Y,)

Z(}’—Y)‘
i=1

Sylx = n-2

Ngudi ta thudng dung ba loai khodng tin cdy duge xét 14n lugt
sau day.

1. Khodng tin cdy cho ki vong

L&y du bao cho ki vong ciia bién ngiu nhién Y khi da bigt X = x*,
tite 1a E (Y/X = x*) xdp xi l& di€m trén dutmg héi quy :

¥ =a + bx*

Vén dé 1a v4i xdc suit tin cdy 1a 1 - o thl E (Y/X = x*) sé& rgi vao
khodng nio quanh § = a+bx* Ngudi ta ching minh dutjrc cong thite
cho khodng tin ciy nay dua vao cdng thifc tinh x4c sut cho bign ngiu
nhién t ¢é phdn bd Student (Student’s distribution), mét phan bd xdc
suit hay gap. Nguvi ta da tinh sén x4c suit dé bi€n ngiu nhién t, c6
phan bé Student véi v bac tu do, nhan gid tri > t, la bing B, véi
t,, cho & Bang A, cuéi sach nay. Khi dé nguéi ta ching minh dugc

ring véi xdc suat dam bdo 1a 1 - o thi E (Y1X = x*) ri vao khodng
{a + bx* - Tl, a + bx* + T1) vdi
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Vi w |
1, _(ex)

§ Z(xi—;}2

i=-1

Tl = t’E;n—Z sy|x
2

Nhin xét ring khodng tin cay dam béo nhs (tdc 14 du bdo chinh xdc)
néu x* = x va cang rong néu x* xa x.

THI DU 8.3.2. X¢t viéc dy bdo lugng sach ban tai cita hang & Thi du 8.3.1,
iing voi lugng sdch ban theo thir da biét 1a x* = 1400. Theo bing bdn 15 sdch &
Thi du 8§.3.1 thi tinh dudgc Sylx = 130.5. Tim khodng dam bio vdi x4c suit 0,95

=1 -ala E (YIX = 1400) rdi vao khodng d6. Ta di c¢é, theo Thi du 8.3.1,
a+bx* = ~19041, 9 + 17,930.1400 = 6060

1a dv bdo cho E(YIX = 1400). Theo Bing A, d cudi sdch thit

dé
T,=2,160.130,5 V-=+222 =141

15 11966

002513 = 2,160. Do

Vay khodng tin cdy cdn tim 13 (6060 — 141, 6060 + 141) = (5919, 6201).
2. Khodng tin cgy cho gid tri ctia bién ngdu nhién

Trong nhiéu truing hop ngudi ta cdn khodng tin cay d8 dam bdo
vOi xdc suat 1 - o 1a gid tri thue su cGa bién ngdu nhién rvi vao dé.

Nguti ta ching minh duge khodng nay la (a + bx* - T,, a + bx*

+T2)v6i
-2
N
1+~l-+( J
n

i (x; - x)

i=1

T2 = t'%;n - 2Sylx

Xét Thi du 8.3.2 vé1 x* = 1400, 1 - & = 0,95 thi T, = 315, tdc la
khodng nay khéng xdc dinh dugc nhé nhat khodng tin ciy cho ki vong.
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Diéu nay 1a hién nhién. Khodng tin cay cho gi4 tri cu thé cta bign
nglu nhién thuimg duge goi La khodng tién dinh (prediction interval).

3. Khodng ndi léng dong thoi

V6i viée xéc dinh khoang tin ciy theo hai kidu trén, cong ti phat
hanh sach khéng th€ ding dé d4nh gi4 du bao nhidu ldn, cho nhidu
sdch khdc nhau. Vi cdc k&t luan vé khodng tin cay cha du bdo dua
trén cing mét s¢ dif liéu (chdng han bing ban 15 sach) nén khéng -
doc 14p. Cho du gid sif 1a dgc lap thi 4p dung k ldn khing dinh vé
khodng tin cdy véi xdc suidt 1 - « thi x4c sudt ding ¢i k 14n chi con
la (1 - a)*. N&u k 16n thi khéng 4p dung duge niia.

D€ vugt qua khé khan nay ngudi ta dung mét khodng tin cay
khac, goi la khodng ndi ldng déng thoi (simultaneous tolerance
interval). Khodng nay cho biét v6i x4c suat chéc chdn la 1 - «, gi4
tri cu thé cda bién ngdu nhién phai roi vio khodng nay, di ta c6 xét
k 14n véi k biing bao nhiéu ciing duge. Nguai ta tinh duge khodng nay
la (a + bx* - T,, a + bx* + T3) vGi

=2
= X*—X
Ty = c**s,, .\jl_'_ x*=x)" |
I -2
2‘:()(i - X)
i=1

¢ day c** da dugc tinh s&n theo bang dudi day, phu thude thém ci vao
xédc sudt P d€ tdt ca cac lan khéng dinh vé khodng tin c4y 1a chinh
xdc.

Chéng han véi thi du vé ban sach ta dd bigt a+bx* =6060 néu x* = 1400,
Ta mudn tinh khodng ndi 1dng ddng thi sao cho véi xdc sudt P = 0,90 d€ it nhat
0,95.100% lugng sdch ban dude 3 cita hang twong dng vdi cdc lugng sdch ban
theo thula 1400 roi vao khodng (6060-T;, 6060+T,). Tra bing c** iing véi P=

0,90, a=0,05 (vi 1 -a =0,95) va n= 15 ta dugc c** =% (11.447+11,803)=11,625.
Theo cong thic ta s& ¢6 T, = 759. Ta thiy khodng d€ ddm bio chita cic lugng
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sdch bin déu rdi vao phai 1dn hon hai khodng tin ¢cdy & hai muc trude,

@=025  .a=010_ =005

Ce=0.003 .

n__ a=050 . a=00
__.P=0% ..

4 7471 10,160 13,069 14,953 18,663 23,003
[} 5,380 7453 9,698 11,150 14014 17,363
3 5,037 7.082 9,292 10,722 13,543 16,837
10 4,983 7.093 9,360 10,836 13,733 17,118
12 5,023 7.221 9,586 11112 14,121 17.634
14 5,101 7,394 9 857 §1,447 14,577 18,232
16 5,197 7.586 10,150 11,803 15,057 18,856
18 5,300 7.786 10,449 12,165 15,542 19,484
20 5408 7,987 10747 12,526 16023 20,140

_ P=095 e
4 10,756 14,597 18,751 21.445 26,760 32,982
6 6,652 9.166 11,899 13.669 17,167 21,266
3 5,933 8,281 10,831 12,484 15,750 19,568
10 5728 R.080 16,632 12,286 15,553 19,309
12 5,684 8,093 10,701 12,391 15,724 19.619
14 5711 4,194 10,880 12,617 16,045 20,050
16 5771 8337 11,1067 12,898 16,431 20,559
18 5.848 8,499 11,357 13,204 16,845 21,097
20 5937 8,672 11619 13,521 17272 21,652

e P =099
4 24,466 33,019 42,398 48.620 60,500 74642
6 10,444 14,285 18,483 21,215 26,606 32,920
8 8,250 11,4353 14918 17,166 21,652 20,860
10 1.567 10,539 13,796 15911 20,097 24,997
12 7,238 10,182 13,383 15.479 19,579 24,403
14 7,127 10,063 13,267 15,355 19,485 24,316
16 7.079 10,055 13,306 15410 19582 24,467
13 7.074 10,111 §3,404 15,552 19,794 24,746
20 7,108 10,198 13,566 15,745 20065 __ 25,122

Bing gid tr) cda c**

o
ot

N
oG
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BAI TAP CHUONG 8

8.1 Gid stf dy bdo trudc da c6 14 2083, gia tri thyc t& xdy ra cla bién nglu nhién vao
thai diém cusi 12 1975 va gid tri ¢l nht (8 diF liéu) clia bign ngdu nhién 14 1,945, Tinh
dy bao mdi cho thdi diém tiép theo biing phuong phap trung binh chuyén déng dya trén
bén quan s&t mai nhat.

8.2 Gid s dy bdo trudc da co ¥4 782, gia tri thyc 1€ xAy ra cla bién ngdu nhién vad
thoi diém cudi 12 794 va « = 0,1. Diing cdch [am tron theo Iy thira tinh dy bdo méi cho
thai diém tiép theo.

8.3 Giai lai bai toan dy bao vé ban xe dap & Thi dy B.2.1 vdi cac hdng s6 1am trdn «
=p=0,3

8.4 Bidt chudi thai gian cia i 18 thdt nghigp tinh vao ddu mdi quy tr 1990 dén quy 3
n&m 1994 14 bang sau day

u_u? % thdt nghigp quy | % thétnghiép | quy % thét nghiép
190 6,9 1o 8.2 1192 9.4
80 8.7 iif91 7.0 11192 9,2
| /90 7.9 a1 7.3 9z 98
| 190 7.1 | Iv/9t 7.5 | W2 99
r quy % thdt nghiép quy [ % that nghigp |
1193 11.4 1194 88
11/93 10,0 11194 7.8
111193 : 9.4 1t1/94 7.5
L s | 8.4 i

Ap dyng md hinh theo mua, dung dd liéu cho n3m 1990 d€ udc lugng S, va chi
& mila ban d4u. Dang cch 1am tron theo iy thira vdi bién dong moa dy bao ti 1§ that
nghié¢p cho bdn quy ndm 1991, Lai dung dy bao cho quy IV/&1 &€ dy bdo cho quy IV/94,
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1jyu=T:0J
8.6 Sl dung bang & bai 8.4,

{a) DUng dy bao theo trung binh chuy&n déng dya trén ba quy cusi cung dy bac
cho tat ¢ cac quy W IV/90 cho dén IV/94,

(b) Xétthing du cho cdc quy tir [V/90 dén 111794 va tinh trung binh cla sai 56 binh
phuong .

8.6 Gia sl c6 chudi théi gian thee bang sau day.

t ¥ t y
1 430 6 514
2 446 7 532
3 464 8 548
4 480 9 570
| s [ 48 | 10 | se1 |

{a) Ding phuong phép binh phugng t8i thidu xdc dinh dudng hai quy.
{(b) Dixng duding hdi quy dy bao Y4

(c) Bat ddu bing dy bio cho thai didm 3, dong k¥ thudt fam tron véi udc lugng
ddu 430 va o = 0,1, tic §a dy bdo cho thii didm 3 = 0,1.446 + 0,9.430, d€ dy bac cho
mgi thdi diém cho d8n 11.

(d) B&t d4u bang dy bao mdt budc cho thdi diém 3, dung ky thuat 1am tron van
dung cho khuynh hudng véi ude lwvgng ban ddu cho bign ngdu nhién 13 430 va cho
khuynh hudng & 18, hay dy bac cho moi thai diém dén 11. LAdya=p=0,2.
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CHUONG 9

XiCH MARKOV VA QUA TRINH QUYET BINH MARKOV

9.1 QUA TRINH NGAU NHIEN VA XiCH MARKOV

9.1.1 Djnh nghia

Chung ta da nghién cuu cdc bai todn van tri cé chda tinh ngiu
nhién, bat dinh va da thdy ing dung cla kh4i niém bién ngiu nhién.
Néu can xét cd qud trinh theo théi gian thi bién ngiu nhién lai phu
thuge thoi gian, né ldy ngau nhién gi4 tri tai thoi diém t, khdc tai s.
Néi cdch khdc la ta ¢6 tap hgp cdc bién ngdu nhién {X,} phu thuge chi
s6 thoi gian t. T4p hop nay sé goi 14 qud trinh ngéu nhién. Rd rang
cdc bai todn "déng" theo th¥i gian 1a rat phé bién, nén qué trinh ngiu
nhién duge vng dung rit nhiéu.

Néu chi ¢6 hifu han hoac dém duge thi diém t cia qud trinh thi
ta ndéi 1a ¢6 mot qud trinh ngdu nhién roi rac (discrete stochastic
process). Néu c6 khong dém duge thoi diém thi ta c6 qud trink ngéu
nhién lién tuc (continuous stochastic process), lic nay cing hay ky
hiéu la {X(t)}. Tap tat ca cdc gid tri bién ngiu nhién cé thé 14y & moi
thoi diém, tic 1a tap t4t ca cdc két qud (outcome) clia qua trinh ngiu
nhién duge goi 12 khéng gian trang thd: (state space) hoac khdng gian
mdu (sample space). Chu ¥ riing chir "gid tri" § day cé thé 1a dinh
lugng nhung ciing ¢6 thé 13 dinh tinh nhy s& thay & cdc thi du dusi
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day. Chang ta xét ch( yéu 1a trudmg hop khéng gian trang thai ¢6 hifu
han trang thdii = 0, 1, ..., M, tdc 1a M+1 trang théi.

THI DU 9.1.1. Xét qud trinh thai ti€t véi cac thdfi di€m 12 cde ngay 1 =0,
1,...8diyt=013 hdmnay, 1= 11 ngdy mai... D€ ddn gidn gid sif ta chi quan
tim d€n hai trang hai mwa vi ndng. Khi 46 ta ¢6 mét qud tinh ngdu nhién rdi
rac (di€m duce thoi di€m) va &6 hai trang thai. N€u thdi ti€1 13 hodn todn nglu
nhién thi ching con gi d¢ ndi. Vi viy, hy vong 1a qud rinh twong d6i c6 quy
tudt, Theo ddi thng ké mét thsi gian, ching han 1000 ngdy, ta ¢6 thé phat biéu
quy ludt bing ngdn ngit xdc suit d€ gidi quy€l cdc vin dé lién quan dén thdi
1i€1 sau nay. O day &€ don gidn ta chi dya trén quan sdt 10 ngay va thdy (J ddy
chi c¢6 2 trang thdi nén ta khong ky hi¢u X ma k¥ hi€u luébn M va N, tif chir
"mua” va "ning")

M,y M. M, Ny, N, No, N, N, Ny, M.

Md hinh don gidn nhit vé tinh ngdu nhién cla théi 1€t duge chon 1a coi
xdc suit d€ mwa trong ngay nbitky A P (M) = %. vindng A P(N )= % vi

trong 10 ngay quan sdt c6 4 mua, 6 ning. Nhirvay 12 ta coi thai ti€l clia c4c ngady
dr 12 Tién nhau ciing doc 1ap. M6 hinh ndy qué don gidn, thim chi ching can
phat bifu thanh "quéd trinh". M& hinh khic, don gidn nhit ¢6 thé ma khd phd
hop vdi thic 1€ ma sau diy sé goi 12 xich Markov, 13 coi thdi ti€t & ngay n chi
phu thuée vio thifi ti€t & ngay n-1, khong lién quan d€n cdc ngay trude d6, va
mifc do phu thudce nhy nhau cho moi n. V&i md hinh théi i€t theo xich Markov
ndy ta chi phai xdc dinh bdn xdc suil chuyén dua vio quan st thdng ké. Ta
thdy trong diy quan st ¢6 3 trudng hdp ditng § mét ngay mwa M, d€ xem
, o ~ ngdy hom sau 12 mua hay ning, cy thé ¢6 MM,
‘trang thgi’ M, ‘N

o | MM, va MN,ticlaco % 12 chuyén sang mua va

M 2 1 R
n-1 3 3 !; % sang n{ng. Do 46 ta thdy x4c sudt c6 dicu kién Ja
i Na i'E‘pM M_y=2vaP®N | M,_,) =1 Tuong r
| ) ‘ 6 1 6 | ( n n—I) T3 va P ( n n—~l] T ng i
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POM, | N, )= ¢va PN, | N, ) =2 Ta viét vao ma trin (nh trang truwdc) goi
la ma trgn truyén (transition matrix). Gia si La }am tron s& nhu sau. Bng thi,
vi qué trinh 1a “dirng”, tdc 1a khong phy thudc thdi di€m n, ta viél lai ma tran
truyén nhy sau

trang thai M N
M 0.6 04 | .|Pmm Pun
N 0,2 0,8 Pam Pn

Mot trong cdc myc dich ddu tién clia md hinh 1 tinh xdc suit d€ mot ngay
niio d6 trong (uong lai, 1 mua hodc nding khi bi€t trang thdi hém nay. Ta hiy
x€t tryfe ti€p (mdc dit sau diy 6 néu 1y thuyél 1éng quat hon). Cdc xdc sudt nay
c6 thé tinh biing cdng thifc truy hdi, ngay n theo ngay n—1, 1dn ngude vé ngay
{) dd bié1. Vi chi ¢d hai trang thdi nén ta c6

P(M,)=P(M, M, )+PM_nN,_),

P(N)=P(N "M_)+P(N, AN ).

Biéu dién qua x4c sudt c6 didu kién ta dugc
P(M,)=P(M, | M, )P(M, }+POM_ | N_P(N_ ), ©.1)
PIN)=P(N, | M, )P M,_)+PON, | N PN ). ©92)

Thay cac xdc sudt ¢6 didu kién & bing matrdn truyén vao ta dudc
P(M,} = 0,6P(M__,) + 0,2P(N_ ),
PN} =04P(M__)+08P(N__}.
Thém hai phudng trinh Judn ding cho xdc sudt (vi chi ¢6 hai trang théi) la

P(Mn) +P(N)=1, P(Mn_l) +P(N, _ )= 1 vo va rdt gon ta dugc mdt cdng thifc
truy héi

P(N)=04+04P(N_). 93)
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Tir d6 tinh n6t P(M ) = 1 - P(N ). NEu hom nay ning thi PNy =1, P(M) =0.
Né&u hém nay mura thi P(M,) = 1, P(N,)) = 0. St dung cdng thic truy héi ta tinh
dudc hai bdng xdc sudt qud dé (transient probability) nhu sau.

Cidc xdc suit qud 46 Cic xdc¢ sudl qud 46

khi bi€t P(M) = 1 khi bigt P(N,) = 1

o0 | PM) | PNy | m | P | PN

|0 1 0 0 0o I 1

F1 0,6 0,4 1 0,2 ‘ 0.8

‘ 2 0,44 0,56 2 0.28 0,72

L3 0,376 0,624 3 0312 | 0688
4 0,350 0,650 4 0,325 | 0,675
5 0,340 0,660 5 0,330 | 0,670
6 0,336 0,664 6 0,332 : 0668 !
71 0333 0,667 7 i 0333 0667
8 ! 0,333 0,667 8 | 0333 | 0667 °
9 . 0333 0,667 . 9 0,333 | 0,667
10| 0333 0,667 _| 10 1.0333 1 0667

Qua hai bing xdc suit qud do ta thdy vdi n nho thi P(M ) (cling nhur P(N_ })
trong mdi bing thay d8i theo n va khi¢ nhau nhiéu & hai bdng. Nhung véin 1dn
thi c& dinh P(M ) =0.333 cho moi n va cd hai bing, tidc 1i khdng phu thude vao
trang thai hdm nay. Diéu ndy chitng t3 tdn tai lim P(M ) := P(M) = 0,333, 5&

n— o«
dugc goi 1a xdce sudt duy tri (steady-state probability). N&u hift né 4n tai thi
fim dudc ngay tf cdng thic truy hoi. Ching han tir (9.3), qua gidi han ta duce
P(N) = 0,4 + 04P(N). Do d6 P(N) = % =0,667.
PINH NGHIA 9.1.1. Qué trinh nglu nhién {X} duge goi 1a cé tinh chat
Markov (Markovian property) hodic la xich Markov (Markov chain) néu

P,y = [ Xg= kg - Xpoy=Kyy s Xe= ih = P (X =] X =11, i) K

-t o o Kpge

Quéa trinh ngdu nhién théa diéu kién 1& xdc sudt truyén (transition
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probability) P {Xts1 = j t Xt = i} khéng phy thude 1, tuc la

P (Xte1 = \ Xi=i}=P X1 =] \ Xo=i},t=0,1, ..,
dugc goi la qua trinh difng (stationary process). Luc d6 ky hiéu
Flij ::P{x1 =j [ XQ:i}
dugc goi la xdc suft truyén ding. Néu xac suat truyén 1a ding thi dé thdy
P{Xien=]| Xt=i} =P {Xn=] [ Xo = 1} 1= pi".
{n
udc vist pfj” = p, nhu d ky higu & trén,

Y dugc got 1a xdc sudt truyén n budc (n — step transition probability). Ta quy

Sau ddy chi xét xich Markov ¢6 xdc suit truyén dimg nén ta goi
tét 14 xich Markov. Gia stf ¢6 M+1 trang thdii =0, 1, ..., M. Khi d6

M
p; 20,2 p =1Vi,j=0.,Mv¥n=01, .
j=0

Ta ky hiéu ma tran truyén la

Poo Po1r - - - Pom
Ppp Pip -+ - Pin

Pmo Pmi - - - Pum

9.1.2 Phuong trinh Chapman - Kolmogorov

Phuong trinh Chapman - Kolmogorov 1a phuong trinh dé tinh
cdc xdc suat truyén n bude, Vi,j, nva0<m <n,
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M
(m) (my_{n-m)
P = Z Py Py -
k=0
CHUNG MINH, pE:‘]pS;_m) 12 xdc suit c6 diéu kidn d€ xudl phdt i trang

thdi i qud trinh chuyén dén trang thii k sau m budc cdi chuyén d€n rang théi
sau n—m budce. Do d6 1y tdng moi xdc suit ¢é di€u kién nay vdi moi trang théi
kcd thé 1a k=0, 1,... M ta duge p)”.0]

Chu ¥ ring v6i méi m théa 0 £ m < n ta duge mot phuong trinh
Chapman - Kolmogorov cho pg.”. N6i riéng v6i m = 1 chng han thi

M
(n (n-1)
p; = Z PPy -
k=0
Viim=1van=2taco

M
2)
Py = 2 PikPyj:
k-0

M

Ta thay ). p,p,; ciing chinh 1a phdn t & vi tri i, j) cia P% vay
k=0

p2 _pt
D& thay bing phép nhan tiép 1a ta cd tdng quat
Ptn) = Pn

Tir day ta c6 ngay dang ma trdn cia phuong trinh Chapman -
Kolmogorov

in} tm) in-m}
PP =P P,

chi la két qud cia tinh chat két hgp ctia phép nhan ma tran.
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Bay gi¢ ta tinh xac sudt (khdng diéu kién) clia mdt trang thai j
trong tuong lai & budc n1a P (X = j}. Tuong tu nhu (9.1), (9.2) é Thi
du 8.1.1 ta cé

M
PIX, = jl = 2. PIX, = j[X,_=il PIX,_, =il
i=0

M
= 2 pPX , =il (9.4)
i=0

Nhung bay gi¢ ¢é M+1 trang thdi, khéng phdi chi hai, nén ta
khéng ¢6 duge cong thitc truy hdi nhu (9.3) chi chita mét trang thai.
Tuy vAy néu da tinh truée cdc xac sudt truyén n budce pg') thi ta ciing
tinh duge ngay P (X = ji chi dung pé;.” va cédc xdc suat (khong diéu
kién) cia trang thai hién tai P {X, =i} :

PIX, =j = ZP{X =i[X, = ilP(X, = il

i=
M

Z pUPIX, = i, (9.5)

Coéng thitc nay cing hién nhién theo dinh nghia cia xéc sudt c6
diéu kién. Nhung né ciing suy tit (9.4) nhu sau

i
P X, =jl = 2 pPX,_, =i _Xp ZpklPiX L=k
i=0 =0

M M il
= Z P{Xn_z = k} Z pkipij = Z pg}P{Xﬂ—? = k}
= i=0 k=0
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M M
= 2 pPPIX, , =it = .. = 2 pUPIX, = il.

P=10 i=0

Néu biét trang thai hién tai iy xdy ra, tdc la P{X, =i} = 1 thita c¢6

P (X, = =p)
va ta dugc bing xdc sut qua 46 P {X_ = j} tuong t bang & Thi du
9.1.1 ngay tif ma tran xdc suit truyén cip n.

9.1.3 Phéan loai trang thai cta xich Markov

Trang thai j duge goi la dén duge (accessible) tif trang théi i néu

® > 0 v6i n ndo d6. N&u j dén duge tir i va i d&n duge tir j thi hai

P,
trang thdi i v j duoce goi la théng nhau (communicating), hodic ta néi
i théng véi j. R6 rang théng nhau 13 mét quan hé tuong duang, tdc
14 : i théng véi i, 1 thong vdi j thi j théng vdi i va cé tinh bic cdu 1a
i théng vdi k, k thong véi j thi i thong véi j (do phuong trinh Chapman
- Kolmogorov). Vi vy khong gian trang th4i duge chia thanh cae 16p
tuong duong. Moi trang thai théng nhau tao thanh mét 16p. Néu ca
khong gian trang thai chi gdm mot 16p tuong duong thi xich Markov
dugc goi la khéng thu gon dugc {irreducible).

Goi £ 1a xdc suat dé qua trinh b4t ddu tif trang thdi i s& quay lai
i (luc nao d6). N&uf = 1, ta néi i 1a trang thdi ldp (recurrent state).
Né&uf, < 1tanéiilatrang thdi qud d¢ (transient state). Truong hgp
riéng cua trang thai lap 1a p, = 1, tdc 14 xdc sudt truyén sau mét bude
da bang 1, thi ta néi i la trang thdi .hd'p thu (absorbing state). Tuy
nhién, dé xem mbt trang thai i }a lap bay qu4 d¢, thudng rat khé tinh
f,. Vi vay thudng dung mot sé tinh chét sau day thuan tién hon.

Trang thdi i la l4p tifc 1a xdc sudt d€ qud trinh quay lai i bing
mot. Nhung qué trinh 1a Markov tife 12 qud kht khéng ¢6 anh huéng

b
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nén lai bt dau i thi x4c suit quay lai 14 mot. Lap lai i luan nita ta
thay i s& dugc quay lai vé han 14n. N&u i 1a trang thai qud dd thi
1-1£, > 0 va ngui ta ching minh duge k¥ vong s8 l4n qu4 trinh quay
.. 1
laiila ,
: 1-1

lap nhy sau. Gid st X, = i, dé xét "s6 14n" ta dua ra bién ngau nhién
méi

la hitu han. Mot cong thic khac cho ky vong nay dugc

1 néu = i
Bn = [ xn

10 mnéu X, =i
Khi d6 ki vong s§ 1an quay lai trang th4i i khi xust phat tir i 1a

E{ZBH}XO :ﬂi}: 2. E[Bn X, =il = Y p®.
n=1 n=1 o =1

x0=1]=ZP{xn=i
n:l

Tir dy ciing suy ra i la Lap khi va chi khi 2. pi(i“’ =+, TU djnh nghia
n=1

cling thdy moi trang thai thong nhau, tifc 13 thude cing 16p tuong
duong, thi cing ldp hodc ciing qua d6. Hon nita & xich Markov hitu
han trang thai thi ré rang khong thé moi trang thai déu qué dé (vi
qua trinh tién dé€n vé han thi phéi ¢6 trang th4i dugc qua vo han
lan). Vi vay, moi trang thai cia xich Markov hitu han trang thai
khéng thu gon dugc déu la trang thai lap.

Chu ki (period) cia trang thai i 1a s6 nguyén lén nhat t > 1 sao
cho pﬁ“ =0 v6i Vn#t, 2t 3t, ... Trang thai ¢ chu ki duuc goi la
trang thdi tuan hoan (periodic state). Nguge lai, néu c6 hai s6 nguyén
lién nhau s va s + 1 d€ trang thdi i c6 thé xdy ra § thi diém s va
s + 1 thi i duge goi 12 trang thai khéng tudn hodn (aperiodic), hodic
cing néi la i c¢6 chu ki 1. Dé th4y 1a moi trang thai trong cung l6p
cd cing chu ki.

23 VANTRUNQC-A
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Mét trang thdi lap 1 duge goi 1a lgp duong (positive recurrent)
néu ki vong th&i diém qud trinh quay lai i (14n dau) 1a hia han. Néu
ki vong nay la vé han thi ta néi trang thai la Igp Rhéng (null
recurrent). C6 thé ching minh duge 12 & xich Markov hiiu han trang
thai, moi trang thdi lap 1a 1ap duong.

Trang théi lip dugng, khong tudn hoan duge goi la treng thdi
ergodic (ergodic state). Néu moi trang thai 1a ergodic thi ta néi la cé
xick Markov ergodic (ergodic Markov chain).

THI DU 9.1.2 (M6t bai todn dau w). Mot cita hang bdn dién thoai di déng
c6 ban mét loai may va nhip hing ting win vao i chi nhat d€ ban ¢d wdn.
V&i mdy niy, cfa hang dp dung sdch luve nhdp hang (5, §) ( (s, S) ordering
policy): Néu s6 may con chwra ban dude vio chi nhit 13 nhd hon s, thl nhip S
may mdi. Trdi lai, néu con > s miy thi khéng nhidp mdéi. BE don gidn tinh 104n
1dy s = |, S = 3. Chon thdi diém t1a cudi tudn thif t va bi€n ngdu nhién X, 13 s6
mdy (loai dang xét) con vao thdt di€m 1. Gid sl D, 1a s6 midy khdch mudén mua
trong tudn thit t. D, 12 khdng biét nhung qua thdng ké biét dude phin b& xdc suat
cda D, 14 nhi nhau cho moi t. Khi d6 khong gian wang thdi g6m bon trang thdi
0, 1,2, 3. Ddng thisi X, phu thudc vao D, nhy sau

max {3 -D,,;, 0] néu X < 1,

X1;+]. - max {X.t - Dt+1’ 01 néu Xt z 1, (9.6)

va 16 rang {X } 1a xich Markov. Ta hﬁy tinh ma trin truyén P, véi gid (thiét 12
mdi D, c6 phin b& Poisson vdi tham s& j = 1. Phin b3 Poisson rit phé bicn trong
thu'c te nhi1 13 & cdc md hinh v& "lugng dén” nhyt sd cude goi d€n mot mng dai
dién thoai, s khach d&€n mét cita hang... . Ta nhic lai ki&n thic cd ban v& xdc
suit nay.

Trudc hél1a vé phan bd nhi thite. N6 duge dinh nghia bdi ba diéu cof bin:

c6 n phép thit doc lip; mdi phép thit chi ¢§ hai két qud (trang thdi) tam goi 1a
s&p va nglfa: xdc sudt xdy ra sip la n (ngi¥a 1a 1 — ). Khi d6 bi€n nglu nhién

23. VANTRUHOC-B
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X 12 s6 lan sap trong n phép thit c6 phin b8 xdc sudt goi Ia phdn b6 nhi thic
(binomial distridution). Vi cac phép thif doc 1ap, r6 rang ta ¢é phan bd nhi thic 12

P{X=r}=Cn'(1-m""

S3& di goi la "nhi thidc” vi P {X =r} chinh 13 58 hang thi¥ r+1 trong khai tri€n nhj
thire {(datg=1-m):

1]
l=(n+q)"= > Ca'q"™.

t=0

Viy dién ndm na thi phan bd nhj thitc 1 phin b8 ciia s8 1dn sip xdy dén. Ki
vong cia hién cé phin bd nhi thic 13 nn sé din d8n © néu n — . $& di nhu
vay vi luén bt budc sip hodc ngita phai dén. N&u "su dén” 1a ngiu nhién clia
mot d6i tigng (khong bAt bude 1a mdt trong hai trang thai phai dén), nhung kh4
“chinh quy" thi ki vong v6i moi n 1dn, k€ cd n — oo, la hiing 6. Vi viy coi la &
gidm sao cho nm = n 12 hiing. & gidi han khi n —> o, bién ngiu nhién s6 lan sip
(nhung trong v8 han phép thif) nhin duge hic nay dugc goi la ¢é phdn b6 Poisson
(Poisson distribution). Ngudi ta chifng minh dudc, vdi phin b& Poisson,
we™

el

P{X=r}= r=0,1,2, .. ©9.7)
P(X=r+1} p

P{(X=r} r+l
= p; phudng sai VarX = i ; 10ng céc bién Poisson déc 14p 1a bi€n Poisson cé
E(X! + Xz) = EXI + EXE. Var(){‘ + Xz'} =Var XI + VarXT

Phéin b Poisson dac trung bdi bdn diéu . ki vong EX

Khi s6 khach "d€n" lai xét theo chi s6 thdi gian [a D, thi ta dugce qué trinh
ngau nhién. Qud trinh nay dudc goi 1a ¢ phin b Poisson hodc 12 qud trink
Poisson (Poisson process) néu

('™

P(D,=1)= o
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Liic ndy ut duge goi 1a tham s ciia qué trinh. Ta ciing c6 EX =VarX =
pt. u s& 12 ki vong s& lin d&n trong mdt don vi thdi gian hodc goi W tdc dé dén
{arrival rate).

0 thi dy nay ta gid thi€t la 3 m3i thdii diém t, D, déu |2 bi€n ngdu nhién
¢6 phin bd Poisson ¢6 tham sd 1 = 1. Ta quay lai viéc tinh ma tedin truyén P ciia
xich Markov {X }.

Ta ¢6 py, =P {X,= 0| X, = 0}. Theo (9.6), néu X, =0 thi X =max (3
—D,, 0}. Muén X, =0 thi D, phdi 3. Vay p, =P {D, 23} =1 -P (D <2} =
L 1_ 1

————— = (),080 (theo (2. 7)vGipu=1).
e e e

Ti€p theo py =P (X, =0 | X_ = 1) =P (D, 21} =1-P (D =0} =
|- £20,632(vinduX_ =1thi X, =max {1 -D,0}=0suyraD,>1).
c

Tuong typ,, =P {X =1,X_ =2}=P{D =1}=~0,368 ... va ta dudc

0,080 0,184 0,368 0,368
106320368 0 0O
10,264 0,368 0,368 0

0,080 0,184 0,368 0,368

Suy ra

0,249 0,286 0,300 0,165
10,283 0,252 0,233 0,233
710,351 0,319 0,233 0,097

0,249 0,286 0,300 0,165

pP=pp

Gid sif lic bdt ddu1=0c6 3 mdy di dong & cita hang va phiitinh P {X, =
3} tifc 14 x4c sud't d€ vao t8i chi nhit sau hai win con 3 miy.

ViP(X,=3}=1,theo (9.5)ta c6 P{X, =3} = 1.p) = 0,165.

Ta thdy moi p?f) >0 nén xich Markov {X } nay la khdng thu gon dwgc, uie
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1a moi trang thdi déu théng nhau. Do d6 moi trang thdi 13 trang thdi ldp. Vi chi
¢6 hitu han trang thdi nén tr diy suy ra mei trang thdi 1a 1ap dwong. Vip, >0

va p;.z) >0, ¥i, nén ta ¢d xich Markov ergodic.

9.1.4 Xic suit duy tri

( Thi du 9.1.1 ta da th&y véi xich Markov la qu4 trinh thui tigt
thi tén tai xdc suét duy tri, tic 14 xdc suit d€ ngay n, véi n lén, la
mua (hose ndng) 1a 0,333 (hoac 0,667) khong phu thuge vao thoi tiét
hign tai. G Thi du 9.1.2 vé d4u tu dién thoai di dong, néu tinh ma
tran xdc suat truyén 8 budc ta cé

0,286 0,285 0,264 0,166
PtS} _ PS - 0,286 0,285 0,264 0,166
0,286 0,285 0,264 0,166
(0,286 0,285 0,264 0,166

Ta thay pg_” = n, > 0 khéng phu thuge vao trang th4i i ban dAu.
Tic la cdc xdc sudt duy tri cing ton tai. Ngudi ta ching minh duge
khing dinh sau vé ddng diéu dai han ctia xich Markov.
DINH Li 9.1.1. Xich Markov ergodic khong thu gon duge luén c¢é cde

xdc sudt duy tri m; = lim pg’) > 0 va ld nghiém duy nhdt ciia hé phuong

n— o
trinh
M
n = > mp o i=0,1, .M, (9.8)
i=0
M
2w =1, (9.9)
j=0

goi la cdc phuong trinh duy tri (steady - state equations).



358 CHUONG 9 XICH MARKOV VA QUA TRINH QUYET BINH MARKOV

CHUNG MINH. 0 diy ta khéng chitng minh suf t8n tai xdc sudt duy i ma
chi 1dp cdc phuong trinh duy tri. Qua gidi han n = ot § (9.4) 1a dude ngay (9.8).
Vi khéng gian trang thdi ¢6 M+1 trang thii nén theo dinh nghia xdc sudt ta ¢
9.9.0

Déc gia ¢6 th€ xem chiing minh day dii trong (Cinlar 1975], Pinh
Iy 2.1, Chuong 6.

Heé (9.8), (9.9} c6 M+2 phuong trinh, M+1 bién ma ¢6 nghiém duy
nhat, nén mdt trong M+1 phuong trinh dau 14 thifa ((9.9) khéng thé
bo di vi V‘J'tj = 0 théa (9.8}).

3 Thi duy 9.1.2, thay céc p; vio (9.8) va gidi (9. 8) {9 9} ta s& dudc
n,=0,285, w = 0,285, n, = 0,264, n = (0,166, phi hdp\«@lp 'uén diy.

9.1.5 Ki vong cia cudc phi trung binh

Gia st ing véi mdi trang théi j ¢é cuée phi C(),j =0, ..., M. Do
d6 tai méi thoi di€m t phai chiu cude phi C(X)). Py 1a bién ngiu
nhién ¢6 M+1 trang thai C().

DINH LI 9.1.2. Xich Markov khéng thu gon duge va ¢6 moi trang thdi

la lgp duong sé c6 ki vong cia cude phi trung bink dai han (long—run

expected average cost (per unit time)) tinh duoc qua cde m nhu sau

1 M
lim E&Z C(xt)] = 2 1.CG). (9.10)

o= t=1 j=0

Ta khéng ching minh ma chi gidi thich. Xich Markov khéng thu

gon dudc vdi moi trang théi lap duong thi chua chic ¢6 xdc sudt duy
01

tri. Ching han xét ma trdn truyén (chi hai trang thai) P = 1 of Khi

dé p(n) 1 néu n chin va pm} = 0 néu n 1é. Do d6 khéng tén tai
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lim pO] Nhung ngudi ta chiing minh duge la véi xich Markov théa

I =+ o

gia thiét Pinh 1i 9.1.2 thi ta c6 (khong phu thude vao i)
(k}
hrn[ Z pu] =

& day T, 1a nghiém c4c phuong trinh duy tri. Dung gidi han nay sé
ching minh duge dinh 1y.

Mét dai lugng dai han khac 12 cude phi trung binh (dai han) thie

t¢ ((long-run) actual average cost (per unit time)) lim [i Z C(Xt)]‘

[ A |

Ngudi ta ching minh dudc né ciing bang i njC(j).
i=0

Xé1 Thi du 9.1.2 vé ddu tr dién thoai. Gid s& j mdy tda dong cudi tuan bi
md1 cude phibdo quan C(H 1A C(M) =0, C(1)=2,C(2) = 8, C(3)=18 Khido ki
vong cude phi trung binh dai han va cudc phi trung binh thyc 1€ dai han la

lim E ZC(X}]—hm iC(X)

n— « =1 I'l—)DD t=1|

=0,286.0 + 0.285.2 + 0,264.8 + 0,166.18 = 5,67.

9.1.6 Thi du ap dung xich Markov

Mé1 cong ti dién thoai dang thi cong l4p thi€l bi dac biét ngoai trdi ma trdi
mua thi phai ngimg. Déng thdi phii diéu nhan cong trude, rdi néu mua th bio
hodn nhung phai trd cude phi 500 (ngan déng). Tréi lai, néu khong diéu nhan
cong trudc ma thAy trdfi ndng mdi thdng bao gdp ngay diu ngay thi phii trd cwde
phi 1500. Con mdt ngay theo diing k€& hoach thi phdi trd 1000. Doanh thu cla
mdt ngay lao dong 13 3000. Tém lai, 13i ctia cdng ti mot ngay dugc cho bing
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bing sau ddy.

Thoi gt | 96&iéu ngud ruede
mufa hodin viéc, 1di biing ~ 500
ning 1Am viéc, 1di biing 3000 -

. 1000 = 20600 _

bdo gdp, i = 3000 - 1500 =

khong didu ngudi nude |
khéng lam g, 1ii bing O

1500 |

Gia sif quy ludt mua ning nhw & Thi du 9.1.1. Ta xét ba teuding hop dién

hinh.

Trudng hop 1 (D3t k€ hoach trrde mdt ngdy). Diéu kién thdi i€t hdm nay
(tfc 12 ngay chon quyé€t dinh) da bi€t 1a M, hodc N,,. Theo Thi du 9.1.1, ta biét
xd¢ sudt mua clia hdm sau la P(M,). ki vong 14i ¢lia hom sau 12 bing sau diy

1

—__gquy€t dinh ki vong 13i
didu ngudi =500 P(M;) + 2000(1 - P(M1))
khéng diéu ngudi 0.P(My} + 1500 (1 - P(M1))
A ki vong idi
1 3000
1 2000
didu ngun

P4 thi ham ki vong lii
theo P(M,) cho hai quyé&t
dinh duge vé & H9.1. Hai
quyét dinh s& cho 1ii nhu
nhau tai giao diém, ng vdi
P(M}=0,5 Theo H. 9.1 néu

khong dicu L oPM)  PM) < 0.5 th quySt di
nguisi . | U | 5 quyét dinh
0,5 T~ 7 diéu ngudi tride 13 61w
.{. - 1000 H 9.4 ' Theo Thi du 9.1.1, ta ¢é két
qud phu thudc thsi &L hém
nay nhir sau.
S : e
thdi ti€t hdm nay | P(M)) quyétdinhdiva | Kivongls:r
Mo 0.6 khong diéu ngutsi | 1500.0,4 = 600
No 02 |  didungwi | ~500.0.2+2000.0,8 = 1500

Tridng hyp 2 (DAL KE hoach trudc hai ngay). Lic ndy xdc sudt mua vio
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ngay lam viée la P(M,) cung ddc6 3 Thide 9.1.1. Ta ¢6 b«’mg két qué

’jhéﬂ L€t hdm nay ; | P(Mz) . quyéldmh lm u‘u ) ki vong lai __:_
Mo ’ 044 didu ngudi —500.0,44 + 2000.0,56 = 900 |
| N 028 - didu ngudi ~500.0,28 + 2000.0,72 = [300

Chi ¥ ring H. 9.1 biéu dién ki vong ki phu thudc quyé&t dinh va P(M ) vin
gilf nguyén néu thay P(M,) b&i P(M,) hay (PM R

Truimg hop 3 (Datké€thoach trude mot tudn). Ta ¢ xdc sudt mifa vio ngay

lam viéc 1a P(M,) ~ 2, khang phu thudc thii ti&t hom nay 1a M. hay N Vi L <
K 3 P ] b 1] 3

nén quyét dinh t8i wu 1a didu ngudi tnede. Ki vong ldi 1

bt f

-500. - + 2000 . = = 1167.

WlN‘

Biy gidf ta so sanh ba trudng hdp. Vi trong qui trinh dii vio mét ngiy "hém
nay" ndo d6 ta c6 th€ chon quyét dinh theo mdt trong ba kiéu. Lic dé P(M,)
{va P(N 1 1 chua bigt nhung c6 th€ coi n6 13 xdc suit duy td, tic 1a P(M )=

- Do d6 trung binh cia ki vong 14i cho ba truding hop 13 :
Ké& hoach tntée 1 ngdy : 600 . é +1500 . f = 1200,
K& hoach trudc 2 ngiy : 900 . % +1300 . % = 1167,

K& hoach trude 1 tun: 1167 (vi chi ¢6 mdt quyét dinh, khdng phu thude
M, hay N,).

Nhu viy ta thiy dat k& hoach trude chi mot ngay 1a (5t nhdt. Dicu nay dé
hiéu vi théng tin vé thi ti€1 hém nay cho bi€t khd nhiéu vé thdi ti€1 ngay 1am
vigc. Nhin xét nay cang ré v3i qud trinh Markov vi chi ¢6 thdi tid1 hdm nay dnh
hudng d€n thai tiét twong lai. Chinh vi viy ma néu tinh iép trung binh ciia ki
vong 1ai cho cdc trudng hdp 1ap k& hoach truge 3, 4, ... ngay ta thdy cling két
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qué 1167 (vi P(M ) khi d6 déu < 0,5).

Qua thi du nay ta hinh dung ring c6 kha nhiéu cach 4p dung xich
Markov dé chon quyét dinh hanh déng. Ap dung nhu vifa néu la ap
dung "truc tigp”, khang tac dong vao lam thay déi qud trinh Markev.
{ phén con lai ciia chuong nay ta sé xét cac phuong phap chon quyét
dinh bing cdch tac dong hin vao qud trinh Markov, lam thay déi ma
tran truyén theo muc dich t4i uu da chon.

9.2 MO HINH QUA TRINH QUYET PINH MARKOV

& Muc 9.1 ta da thdy nhidu qud trinh c6 thé duge mé hinh héa
nhu xich Markov, khi coi dién bién tuong lai cda qué trinh chi phy
thude vao trang thai hién tai, khéng lién quan dén lich su cla qué
trinh. D4y la tinh chat Markov, déi khi cang goi 1a tinh chdt khéng
nho (lack-of-memory property). Véi dic trung nay xich Markov 1a mé
hinh kh4 khép véi nhidu qud trinh thuc t& Bay gi¥, thay vi chi nghién
ctfu thu déng cac tinh chat cGa trang théi cta xich Markov ¢d dinh
mé ta qué trinh, ta tap trung vao thi€t ké cac sach lugc dé€ chon quyét
dinh thich hop cho mdi trang thdi dé thay déi tién trinh cia xich
Markov véi muc dich lam cuc tri muc tiéu {(cuc dai thu hoach hodc cyc
tidu phi tén).

9.2.1 Thi du miu

Mét qud trinh san xudt cé mdt mdy chinh ludn phdi dat ra vin
dé hao mon va gidm chat lugng san phdm, vi cutng do hoat ddng cao.
Cudi mdi thang phai kiém tra dé xép mdy vao mét trong bdn trang
th4i: 0 12 nhu méi, 1 12 hao mon nhe va hoat ddng duge, 2 14 hao mdn
1én nhung con hoat déng duge, 3 12 khdng hoat dong dugc. Két qua
théng ké 1au dai cho thay cit cudi mi thang kha nang (xdc suit) chuyén
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trang thai cGa mdy khi sang thdng sau 12 theo bang dudi day va né
khéng phu thude vao qua khit. Goi X 1a trang thdi clia mdy vao cudi
thang t thi ta dugec mot xich Markov véi ma tran truyén vita néi. Vi
P33 = 1 nén trang thdi 3 la hap thu, titc 14 mdy da vao trang thdi 3
thi luén & d6, khong thoat duge. Vi vay phai thay dé tidp tue san xuat.
Phi t6n thay méy la 4 (triéu). Ddng thdi m4t mét tudn tam ngimg san
xudt phi tén mat 2(triéu). Ngoai ra may kém ciing lam ra phé& phim
vdi phi t6n trung binh cho méi trang thai trong mdt thdng la : trang
théi O c6 phi tén O (triéu), 1 ¢6 phi tén 1 va 2 ¢6 phi tén 3.

trang_théi! 60 1 2 3

Mdy ¢6 thé duge thay

truge khi dén trang thdi 3 0 ‘ 0 T8 116 116
hoac c6 thé duge dai tu vdi phi 1 0 34 18 18
tén 2 triéu. Dai tu chi e6 tde 2 ‘ 0 0 12 12
dung cho trang thdi 2 dé dua 3 0 0 0 1

mdy vé trang thai 1 va
ngimg san xuit mdt tudn gay ra phi tén 2 tridu.

Bit tén quyét dinh (decision) nhu sau: quyét dinh 1 12 khéng téc
dong gi, 2 1 dai tu va 3 1a thay mdy. Phi tén khi ap dung cdc quyét
dinh vao cdc trang théi duge cho & Bé.ng 9.1.

Iquyé’t dinh trang thai 5phi ton do ph; tén k¥ phl tén ngu‘ng tong ph1 ].
! phé€ phim | thuat s&n xudt | ton i|
[ ey e PR PRAIL | LDuRL R
! 1 0 0 0 0 o
‘ 1 0 0 1
2 3 0 0 3
i 2 b2 .0 2 2 o4
8 .ovn23 ] o | 4 | __2 _| §_
Bing 9.1

Ta goi sdch luge (policy) 12 vecto gdm thanh phén 1a quyét dinh
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sdch luge ‘d (R) d,(R} d,(R) d{(R) cho timg trang thai. O thi du nay,

=

1
1
1
1

Bing 9.2

1
1
1
3

1

2
3
3

3

3
3
3

sach luge [ vecto 4 chidu vi ¢é bén
trang thdi. Ki hiéu sdch lugc R =
(d,(R), d,(R), d,(R), d,(R)). Ro rang
14 chi ¢6 bén sach luge tdt ca. Ki
higu R, 12 sdch luge thay mdy d
trang thai 3 (va khong lam gi &
cdc trang thai khéc), R, la thay

mdy & trang thédi 3 va dai tu & trang thdi 2, R la thay may & trang
thai 2 va 3, R, la thay mdy & 1, 2 va 3. Bén séch luge duge biéu dién

& Bang 9.2.

M&4i séch luge tdc dong véo xich Markov lam thay d6i ma tran
truyén nhu sau

trang thai | 0 1 2 3 trang théi li ¢ 1 2 3
0 0 7/8 1/16 1/16 0 ‘ 0 7/8 1/16 1/16
1 0 34 1/8 1/8 1 ) 34 1/8 1/8
2 0 0 172 172 2 ‘ 0 1 0 1]
3 1 0o o o0 3 1 0 o o0

sdch luge R, séch luge R

trang théi ‘ 0 1 2 3 trang thdi \ 0 1 2 3
0 0 7/8 1/16 1/16 0 ‘ 0 78 1/16 1/16
1 ‘ 0 34 18 18 1 {1 0 0 0
2 | 1 0 U 0 2 | 1 0 0 0
3 ‘ 1 0 0 o 3 ‘ 1 0 0 0

séch luge R

sdch luge Rd

Phi tén C,_ khi dp dung quyét dinh k vio trang théi i duge ghi
vio bang sau, l4y ti Bang 9.1
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&t dink: ¢ (trico d3
AEL Gt G,y (tritu dong) Mot cdch tu nhién,

trang thdi i1 2 3 coi muc tidu cda qua trinh

0 0 ~ _ chon quyét dinh 1a 1am cuc

1 o P tiéu ki vong cla cudc phi

1 trung binh trong thang, ki

2 3 4 6 vong theo dai han. Theo

i 3 - - 6 {9.10) ki vong E(C) nay la
Bing 9.3

v .
E(C) = 2. C,x, . 91D

i=0

¢ day C,, la cudc phi khi d.(R) = k v61 sach luge R. Méi sach luge c6
mpt két qud E(C). Vi chua ¢6 cach gidi ta dung cich difm dign tit ca
bdn sdch luge dé chon s4ch luge t6i wu. Hay tinh._cu thé cho R . Trudc
hét phai tinh cdc xde sudt duy tri tir cde phuong trinh duy tri (9.8),
(9.9). Theo ma tran truyén ctia sach luge R, cdc phuong trinh duy tri

la

—
2]
e}

TIZO+‘It1+T[2+TI:3=1.

. 2 7 2
Giai ra ta duge TS Ty e T g M T

theo Bang 9.1 va 9.3, C=0.C =1, Co = 8, C3k =6 (C,, la cude
phi khi di (R ) = k trong trutng hgp nay). Thay vao (9.11) ta dugc E
(C) = 1,923. Tuang tu tinh cho R, R va R, ta dugc bing sau day.

2 . .
I Vai R = R thi,
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sdch luge | (rm mp ) | _EO
R 272 2) | 1 _25 _
a | [13, TR 13}[ 20714234260 =7 21,023 |
R, (282 —2~] o015 424426 =2 21,667
k21 7 21 21 21 21
R 271 3 ‘ 1 _19_ |
. [11‘ L 11] ‘ 20+ 71+16+16)= 7 =1727 |
Ry {1, L —1~] | L1160 + 146+ +1.6 + 1.6) = 22 = 3,000 |
. \2 16 32 32; 32 U

Ta thay sdch luge R, , tic 1a dai tu & trang thdi 2 va thay mdy &
trang thai 3, 14 t6i vu véi ki vong etia cude phi trung binh 1a 1,667
triéu déng.

9.2.2 M6 hinh qua trinh quyét dinh Markov

1. Xich Markov (roi rac) c6 M+1 trang th4i va c6 K quyét dinh k
=1, ..., K (mét 58 quyét dinh chi 4p dung duge cho mét 6 trang
thai, khong phai tat cd).

2. Quyét dinh d, = k 4p dung & trang théi i 4n dinh cdc xdc truyén
& budc tdi cho trang thdi i pij(k},j =0, ..., M. Bb cdc quyét dinh
cho M+1 trang thai 1ap thanh mét sach luge cho qud trinh quyét
dinh Markov: {d,, d;, .., dyg).

3. Cé hai loai phi t6n. Quyét dinh d; = k dp vo trang thdi i sinh
ra cudc phi tuc thot (immediate cost} véi ki vong G, . Ngoai ra
con ¢6 cude phi sau (subsequent cost) xdy ra trong tuong lai clia
qud trinh.

4. Muc tiéu 12 tim séch luge t81 uu 1am cue tri mét tidu chuan cude
phi. Tuong d6i phé bién 1a can lam ewe tiéu ki vong cude phi
trung binh (trong don vi thoi gian, dai han).
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Chu y la trong mé hinh séch luge 1a ding, né 4n dinh quyét dinh
cho méi trang thdi khéng phy thugc thai didm t. Péng thoi ssch luge
(d,, dy, ..., dyp) ciing 14 tat dinh, tic 1A néu & trang théi i thi quyst
dinh da x4c dinh han la d.

Trong hai muc sau ta s& xét hai thuat todn tim sdch luoc t81 uu
cho qué trinh quyét dinh Markov.

9.3 TIM SACH LUGC TO1 UU BANG QUY HOACH TUYEN
TINH

Giad sir xich Markov ludn 14 khéng thu gon duge. D& tim cach
biéu dién viée tim sach lugc t6i wu & dang quy hoach tuyén tinh trude
hét ta biéu dién lai sach luge R. O trén da dinh nghia R qua bj quyét
dinh (d (R}, ..., d,,(R}). B4 nay lai viét tuong duong & dang ma tran
nhu sau.

quyét dinh
1 2 ... K
0 Dy Dy oo Dy 1 néu quyét dinh k duge
1 D = h a t h,. .’
trang D, Dy Dig | Yix chen r@ng.t a1 i
i 0 néu nguogcelai.
thai )

M DMI DMZ . D

MK

Chi ¥ ring méi hang chi e ding mét sé 1. Chéng han
sdch luge t61 wu R & cudi Muc 9.2.1 ¢6 dang ma tran l1a

L B -
[ Rl = i
== =]

Nhu vay bai todn quy vé tim ma trén cdc D,_t6i vu. Nhung
D, chi nhén gid tri 0 va 1, ma bién trong quy hoach tuyén
tinh phai dwge nhén gid tri lién tuc. Cach khic phuc la
dung sdch luge ngdu nhién héa (randomized policy) nhy sau (tuong
tu nhu chién luge hén hop § 1y thuyst trd choi trong Chuong 7). Ta
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x4c dinh lai D, 12 x4c suft ¢6 diéu kign
D, = P {ldy quyét dinh k | trang thdi da 1a i}.
K
Khid60<D, <1va > D, =1 Luc nay sich luge vin biéu dién
k=1
thanh ma tran (D,) nhu trén, nhung véi Dy 1a cdc xdc sudt c6 diéu
kién va duge 1ay gia tri lién tuc trong {0,1].
Bay gid ta xdc dinh bién y, 1a xdc suat khéng diéu kién
¥, := P (trang thai 12 i va quyét dinh la k).
Theo cong thic xdc sudt cé didu kién ta cé

¥, = Pllay quyét dinh k | trang théi da la i). Pltrang thai 1a i}

= Dy m;.
X K
Do dé Z Yoo = “.Z D, ==, Vivay ta tinh duge D, qua y,
k=1 k=1
Yk Vi
k= o =

, K
Z Yu

=1

Ta chon bién d€ xdy dung quy hoach tuyén tinh la y, . Cac rang
bugc do cédc n, va Dy phai thoa sé 12 nhu sau.
M M K
1.Do(99) 2.n = 1nén 2y, = L
i=0 i=0 k=1
M

2. Do phuong trinh duy tri (9.8) x, = z T.p,; nén
i-0
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K M K
XV =2 Lypy®,j=0,1, ., M
k=1

i=0 k=1
3. Do >0,D, 20 nén Y 20

Muc tiéu la ki vong cuée phi trung binh dai han E(C). Theo cong
M

thic (9.10), E(C) = } n.C(i), & day C(i) 1a cu6e phi khi & trang thai
1=0
1. Luic nay quyét dinh k duge chon véi xdc suat D,.. Theo mé hinh qu4

trinh quyét dinh Markov thi quyét dinh k 4p vao trang thai i bi cude
K

phi la C,. Do d6 C(i) = ) €, D, . Vay ham muc tiéu la
k=1

M K M K
Z=E(C)= Z ﬂiz C Dy = Z Z CYik

i=0 k=1 =0 k=1
Tém lai, viéc tim sach luge 6 uu quy vé quy hoach tuyén tinh

M K
minZ =), 3 Co¥,

i=0k=1

M K
Zzyik =1,

i=0k=1

Zyﬁ‘ Z Zylkpu(lf} 0,j=01,.,M (9.12)
E=0 k=1

Yu20,i=01, . Mk=1,.,K

Quy hoach c¢6 K(M+1) bién Y V& M42 rang buéc ham (nhung trong
M+1 rang budc cudi ¢é thé bé mot rang budc thita, ciing nhu (9.8)).

24 VANTRUHOC-A
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Khi gidi bing thuat todn don hinh s& nhan duge nghiém tdi vu
¢G 58, nén chi ¢ cing 1dm 1a M+1 (bang $8 rang budc ham) bién cd
sy, > 0, con lai bién khéng c¢ s& bing 0. Ngudi ta lai chiing minh
duge vi=0, ..., Mcomot kdéy, >0 Vivayy, =0, Vi, vi# k. Do

Yik e s Yix
D, =% nén néu ding k nay thi D, = — = 1, cdn vdi chi s6
Yix
2 Yu
i=1

khdc thi D, = 0, [ # k. Vay sach luge t61 vu lai van la tat dinh mac
du qud tnnh giai ta dd ngAu nhién héa. That 14 may.

THI DU 9.3.1 (Gii thi du miu 9.2.1 bing cich da v& quy hoach wyén
tinh). Theo Bang 9.1 mot s6 quyét dinh chi dp dung cho mét s6 trang théi, theo
d6 chi cin cdc bién Yor - yl p Y3 Yau Yo Yoa va y,, CoLcudce phi 16ng cdng d
cudi bang cho ta cic hé 5§ ham myc tiéu. Rang bude (9.12) 1 khd phic tap, 8
day Py (k) 12 xdc sufft truyén (¥ trang thdi i sang j khi 4p quyé&1 dinh k, dugc 13y
ra dé nhal la 1it Bing 9.1 v& bon ma trin truyén (ng v8i bon sdch lwge R ,

R, Ta vidt din timg rang budc (9.12).

3
Véij=01aco6 rang budc y, — i Z Y Pio(k)=0.Ta phai 14y téng vdi
i=0 k=1
moi trang thdi j va moi quy€t dinh k, nhung xac sudt dudng d& truyén tir i sang
0 chi ¢6 khi diing quy&t dinh 3, titc 12 k = 3. Vi quy€t dinh nay ca ba trang thdi
i=1,2.3déucs p, (3)=1. Do dd thay vao rang budc ta dudc

Yor — (¥y3: 1+ ¥l +¥5.0)=0

3
Vdij=1tacorang bubc (y,, +y,,) - i z ¥y, 0, (k) =0.Ta xé1 1fng i
i=0k=1

d€ vi€t t8ng cudi cing, V&ii=0,p,, k) = % vdi k=1 v & trang thdi C chi cé
xdc suit chuyén sang trang thai 1 la % véi quy&t dinh 1, con quy€t dinh k khic

khdng 4p dung cho trang thdi 0. Vdi i= 1 chico p, (1) = % con vdi k khac thi

24 VANTRUHOC-B
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P,,{3)=0cdn k=2 khong 4p dung cho trang thai 1 nén khing c6 p,,(2). Tuong
twvdii=2chicd p2|(2) =lofela vdik =2, con vdi i =3 khong ¢cd p_,_](k) nao
dirgng. Viy vdi j= I ring budc la

S R NPT S
YntYu— |Patiynt yzzr

Lam tuong to v3i j = 2 va j = 3. Cudi cling ta dude quy hoachituyé'n tinh
minZ=y, +6y,+ 3y, +4y,, + 6y, + 6y,
Yo P ¥ FY 3t Yy F Yt Yty =1

Yo 3ty t Y= 0.
7 3
Ynt¥n- (f{ym it yzz) =0,
{
Yat¥nt¥s STt oTl
(
Y3~ LIGY[Js y + y21] 0,
moiy, 20.

Dang thudt todn don hinh ta duoe nghi¢m 16wy, = =, v,y ) =

s 2 2w
[?‘ 0}‘ (Yap Yoy ¥p3) = (0' 5 UJ‘ Y =357 Suy ra Dy = 1, (D), D)) = (1L0)

(D,.D,,,D,)=(0,1,0), D, = 1. Viy sdch lugc R, 12 16 wu, tring véi k&t qud
gidi bang cdch ¢iém dién 10in b6 & Muc 9.2.1.

9.4 THUAT TOAN CAI THIEN SACH LUGC

9.4.1 Tinh toan so bd

Goi vI(R) 1a ki vong t8ng cude phi clia hé qua n buée bt dau tir
trang thdi i va theo sach luge R. Khi d6
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M
VIR)=Cy + Y pij(k)v;"‘(R), i=0,1,.., M, (9.13)
j=0
¢ day C, 1a ki vong cuéc phi § ngay bude dau, va tdng sau d6 1a téng
ki vong cudc phi clia hé qua n-1 budce con lai. Ta cé v.ll(R) = C, véi
moi i. Goi g(R} 1a ki vong cude phi trung binh mét don vi thoi gian
(dai han) ting vdi sdch luge R va d, (R) =k thi da biét
M
gR) = G,
=0

va g(R) khéng phu thudc trang thdi xuat phat i. Néu bé qua sai s6
nhé thi 6 thé coi

v(R) = ng (R) + v, (R},

& day v, (R) 1a thanh phin cia téng cude phi phu thude vao trang thai
ddu. Thay biéu thic v/(R) nay va v/ (R) = (n-1) g(R) + v, (R) vao
¢ong thite truy hoi (9.13) ta duge
M
gR)=C_ + ), p V(R - v(RLi=0,1, . M (9.14)

i=0
Pay l1a hé M+1 phuong trinh ciia M+2 dn g(R), v(R). Mot 4n duge ldy
ty ¥ ta chon 1a v, (R) = 0. Gidi hé nay cho mdi sdch luge R réi chon
sdch luge cé g(R) nho nhat 1a sdch luge tai vu. Tuy nhién ta ¢é thuat
todn sau thutng cho sach luge t6i uu sau it budc hon dung quy hoach
tuyén tinh kha nhiéu.

9.4.2 Thuat todn cai thién sach luge
Khdi tao: Chon sdch luge R, bat ki. Datn = 1.

Buée 14p n {téng qudt) gdm hai doan.



St
A
W

9.4 THUAT TOAN CAI THIEN SACH LUGC 373

Doan 1 (tinh gia tri). Dung pij(k), C va vy (R } =0 gidi he M+1
phuong trinh (9.14) cho gR), vR), .. vy, (R)).

Boan 2 (cdi thién sach luge). Tim sach luge R .. saochod (R )
= k dat cuc tiéu sau ddy cho moi i

M
min [cik + 2 pkv,R,) - vi(Rn)J (9.15)
k-1,. K j=0

Kiém tra tinh t6i uu: N&u R . =R, thiding R 12 t5iuvu. Néu
chifa c6 diéu nay thi dit n := n+1 va sang bude lap méi.

THI DU 9.4.1. Ta gidi thi du mdu9.2.1 biing thudt todn cai thié a sach lugc,
VAR =R = (d, (R ), .., d, (R ) =(1,1,1,3).

Budc lap 1. Poan 1. Ly vy (R))=0. Gidi h¢

2BR)= + VR4V, R) - VR,
|
SR)=1 + v, (R)+ R~V R)).

1
gR)y=3 +E\«'2(RJ)—V2(R!).
2R =6+ v (R,

ta duge gR)) = 12 = 1,923, v, (R,) = -2 =~ 4077, v, (R)) = - = 2615,

28
v,(R) =T =2154,

Doan 2. Chon R, d€ quyé&t dinh k & moi trang thai i dat cuc tiéu (9.15).
Chi ¥ réing & trang thdi O chi ding duge quy&t dinh 1 va & 3 chi ding quy&t
dinh 3. Ta chi vi€t {9.15) cho hai trany thdi
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trang thai 1: C,, —p,, (kK).4,077 - p,,(K).2,615 + p,, (k).2,154 + 2,615,

trang thii 2 : Cyy — py (K).4,077 — py (K).2.615 + p,,(K).2,154 - 2,154,

G trang thdi 1 ¢6 hai quy&tdinh 1 va 3. Ta 6 bing sau

quyét dinh SO (<114 11 : 18 gid tri bidu thifc
Cik pofk)  prtk)  prak) P13k} (9.15)
! ] ] 3 18 18 1,923 (min}
3 6 1 0 0 0 4,538

Viy quyé€tdinh 1 1am cye ti€u bi€u thitc cin xét, nén d (R,) = 1.

Bang cho trang thdi 2 1a

quyét dinh trang thdi 2 gid tri bidu thuc
s Cak pao (k) pay(k) pzz(k)  paslk) (9.13)

I 3 o 0 172 n 1,923

2 4 0 i 0 0 -769 (min}

3 6 1 00 0| -231

Viy d(R,)=2.Ta ghi lai R,, ma trin truyén va cude phi tudng tng

siach lugde Ro

trang

ma tran truyén cudc phi
: G N

quyét trang thii | 0O 1 2 3 trung thdi » Cix
dinh

1 0 0 78 6 146 0 0

1 1 0 3/4 1/8 1/8 i 1

2 2 0 1 0 0 2 4

3 3 1 0 0 0 3 4]

Budc ldp 2. Doan 1. Hé phuong trinh ¢in gidiitng vdi R, 14

g(R,) =

7 I
+ §V1(R2) + E"’z(Rz) - VO(Rz),
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gR) =1 + 2R ) + VR, - v (R,),

giR)=4 +v (R) v (R
g(R) =6+ v(R.). [
Nghiém 13 g(R,) = 1,667, v,(R,) = —4333, v (R)) = -3, vz(.fiz) = -(,667.
Poan 2. Ta vié1 (9.15) cho hai trang thai ¢ hon mét quyé:'ll dinh
trang thdi 1: C, - p,,(k).4,333 —p, (k).3 — p ,(k).0,667 + 3,
trang thaii 2: Czk = Pyok). 4,333 — pzl(k].3 - pzz(k).O,éé? + 0,667,

Khildp bing cho hai trang thiinay thicic c6t véi Clk, CZk‘ pm(k)' e pzs(k}
dd cd § bude lip 1, 1a chi phai tinh ¢dt cho gid 1 biéu thite (9.15) nhu sau

quy£l dinh 21 ri (9. 15) cho trang thdi 1 gid tri {9.15) cho trang thii 2
1 1.667 {min) 3,333
2 - 1,667 {min)
3 4,667 2,334

Viy sichlugc R, =(d,, d,,d,,d,)=(1,1,2,3)=R,. Do d6 R,=R, 1a i wu.

9.5 TIRU CHUAN VOIT CUGC PHI GIAM :

Trong cdc bai toan thuc té, khi qui trinh Markov kha dai thi
cudc phi cé thé phai hidu chinh bdi mét Aé s6 gidm {(discount factor)
a € (0,1),chéng han do gi4 tri th¢i gian cha tién nén cdn bd sung
cudc vao céc giai doan tuong lai. Lac nay ta van 4p dung hai phuong
phap gidi nhu § Muc 9.3 va 9.4 nhung c6 cac hiéu chinh.
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9.5.1 Ding quy hoach tuyén tinh vdi tiéu chuin cuée phi giam
Ngoai hé s6 giam o, mé hinh c¢6 thém cédc hing Bri=01,..,

M
M, thoa Bj >0, Z B, = L Quy hoach tuyén tinh s& 14 (khéng ¢6 rang

j=0
buée dau nhu truse)

M K
minZ =) Z L0
t=0k=1
K M K
Zyik_az zylkpu(k): B]"] =O! 1: Teey Ms
k=1 i=0k=1

¥, 20,i=0,1,..., Mk=1,_,K
Ap dung thuat todn don hinh tim duge nghiém t81 uu {y,) xong
thi séch luge t81 wu nglu nhién héa sé 14
. . . ‘Yi
D, = P iquyét dinh k | trang thai i} = K—k
> ¥y
i1
Ngudi ta cling ching minh duge trong trudng hop nay sdch luge
téi uu cling van la tat dinh, téc 14 D, = 0 hoac 1. Hon nia lai khéng
can gia thiét xich Markov 1a khong thu gon duge nhu & Muc 9.3,
THI DU 9.5.1. Gidi thi du miu 9.2.1 vdi o = 0.9 v ﬁ]. = i ¥j. Khi d6 quy
hoach tuyén tinh twong Ung vdi qué trinh quy&t dinh Markov 1a
minZ=y, +6y,+3y, + dy,, + 0y, + Oy,

1

Yo~ 03y s+ ¥ tyy) =5

7 3 1
YntYs _0’9{§ym T +y22]:}
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. 1 ! I, 2t
Yn+Y¥pt¥n- 0,9[16)!01 ¥t zyzlJ =y

1

: |V T B
Yn~ 0'9[16ym MLt )Ty

P
moiy, 2 0.

Ding thudt todn don hinh ta dude nghiém 61 wu Yo = L2110,y = 6,656,
Y3 =00Y,, =¥, =00y, = 1,067, y,, = 1,067, Do do D, =D, =D,,=D,,= 1.
D,;=D,, =D,, = 0. tifc Ia sdch lic i vu vin nhu & Thi dy 9.3.1 (do téc déng
cla o va B, chua d&n mifc thay d6i). Nhumg muc téu 18i wu la Z = 17,325 da
khic inrdc.

9.5.2 Thuit todn cai thién sach lude véi tiéu chudn cude phi

giam

Tuong ty & Myc 9.4.1, goi VI'(R) 1a ki vong téng cude phi 6 gidm
qua n budc, bt dau tif trang thdi i va theo sach luge R thi, tuong tu
(9.13), ta cd

M
-1 .
Vi®) = Cy + o 2 pykV] (R),1=0,1, ., M,

i=0
vii V:(R) = C,. Khi n din dén « thi phuong trinh truy héi nay dan
dén

M

VR) = C, +a ) p KV (R),i=01,.,M, (9.16}
j=0

Thugt todn. Khai tao: chon R, tuy §. Pt n = 1.

Bude 13p n (tdng quét). Doan 1 (tinh gia tri). Thay R_vao (9.16)
va giai ra VR, ..., V(R
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Doan 2 (cai thién sdch luge). Tim R_|
12 quyét dinh dat dugce cuc tiéu

; sao cho Y1, di (le) =k

M

min [Cik + a_z pij(k)Vj(Rn):I.

k=1,., K j=0

Kiém tra tinh téi wu. NéuR_ = R, thidimg R, 12 t&i uu.
n+ n n+l

9.6 PHUONG PHAP XAP XI LIEN TIEP

Y tudng ciia phuong phdp xdp xi lién tiép (method of successive
approximation) la & méi bude lap n = 1, 2, ... tim sdch bige t8i uu cho
qud trinh quyé&t dinh Markov chi ¢6 ding n bude, téc la mét qud trinh
quyét dinh Markov hitu hgn bude {finite - period Markov decision
process) biing phuong trinh Bellman. Khi n - = cdc sédch luge toi uu
nay s& dan dén séch luge t8i 1u cho qud trinh quyét dinh Markov vo
han. Phuong phdp nay wu viét hon hai phuong phdp trinh bay trén
day vi né don gian va nhanh. G méi bude khong can giai hé phuong
trinh. Néu qué trinh ¢6 n bude thi sau ding n budc ta c¢é sach luge
t61 wu. Néu qud trinh la vé han thi ta chi duge xdp xi, nhumg su héi
tu kha nhanh.

Goi V? 12 ki vong tdng cude phi cé gidm cho n bude con loi bit
d4u tir i) theo sdch luge t6i wu. Theo phuong trinh Bellman, trong
quy hoach dong (xem Muc 3.7), Vin sé nhan duge theo hé thic truy
héi

M
V! = m]:n lc, + 0220 pi\i(k}V?-l}, i=0,1,.., M.

woapy
o
O
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Gi4 tri k dat cyc tidu sé& 12 quyét dinh t6i uu & buéc ddu khi qu4 trinh

di tr i, Khi xuat phat thudt todn, véi n = 1, vi moi V? =0 nén
Vi =minCy,i=0,1,.., M
k
THIDU 9.6.1. Ta gidi Thi dy mdu 9.2.1 véi ot = 0.9 biing phuung phip xap
xi lién ti€p. Chi ¥ 1i cic C:k ¢6 & Bang 9.3.
Budc lap 1.

N TR e L
V0—~mkm C,=0tngvdik=1

! . el
v, :m:nClk= . dng vdik = i;

! , . . ]
szmkm C, =3.dngvdik=1;

V.= min C,, =6, dng v6i k =3.

Viy sach luge 181 vu xap xi ddu tién 1a Ry =(d,d, d,,d)=(11 13)
Budc lap 2.
2 !—'F | 1
V, =min {O""O’QE'LE'I +E'3 +E'6’4+0’9[ 1L.11,6+09([1.0]}
= 1,294, @ng vdik=1.

[ 3
Vi =min [1+0,9;§.1+é.3 +§‘6‘5,4+0,9[l.1 1,6+09]1.0])
L ! )

= 2,688, tng vdik = 1;

V§=min{3+0,9{%-3 +%»6},4+U,9[1.1]‘6+ﬂ,9[ 10}
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=4.900, dng v3i k = 2;

Vi=6+091 1.0]= 6,000, ing vdik=3,

Ta dugse sdch Juge 81 wu xdp xi thif haj la R, =(1, 1,2,3). Sdch luoc nay da
triing v&i sdach luge 16 uu cho qud trinh vo han nhin duge & Thi du 9.5.1, nhung
néu khong gidi biing cdch khdc (nhi biing quy hoach tuy&n tinh & Thi du 9.5.1}

thi ta khdng nhir big't dudc.

N&u lam 4€p budc lap 3 thi ta thily R, = R, (nhung cic V) = VD),

BAI TAP CHUONG 9

9.1 Xéc sudt dé mot ngudi cé dign thoai di ddng mua may mdi theo 6 nam su dung

may ci dugc cho d bang sau

58 nam da s¢ dyng 4} 1

2

3

4

xac sudt thay may I 0.1 0,15

0,22

0.5

1

{day 14 xac suat co diéu kién khi d&n nam hién hanh may chua thay). Hay bidu didn
thanh xich Markov véi trang thai 1a s& nam d& dung may. LAp ma tran truyén. Tinh xac

Suat duy tri,

9.2 (Mo hinh gi4 ¢8 phi€u & thj trusng chimg khodn). Gia s cho ddn gian Ia
gia motloai cd phi€u chlco nam mdc 1, ., 5 (tridu ddng) va chi tinh mat 1An mét ngay
{thiic 1€ co nhiéu muc va thai diém gan nhu xét lién tuc). Mt ngudi kinh doanh
phigu coi gia X, tai ngay t1a ngéu nhién, nhung tao thanh mdt xich Markov, dé tinh vidc
mua néu du dodn gia s& tAng va ban néu du doan giam. Gia sit qua kinh nghiém da

c6 ma tran truyén sau day.

( 1 2 3 4 5
| 1 0.6 0.2 0.1 0.05 0.05
2 0.25 0,55 0.1 0.05 0,05
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3 0.1 0,15 0.5 0,15 ]
i 4 0,05 Q.05 0.1 0,55 0,25
5 | o005 005 o0 02 08

{a) Hay tinh ki vong gid ngay mai va ki vong lai n&u mua hdém nay va 5dn ngay
mai cho cd ndm trudng hgp gia hdm nay.

{b) Tinh ki vong gid va ki vong |ai néu mua hdm nay va ban sau hai ngay, cho ca
ndm trudng hgp gia hdom nay.

9.3 Mot chdt diém chuyén déng trén dudng trén va chi ding & nam vi trl 0, 4 xép
thao kim déng hé, xudt phat & 0. & mai budc xac sudt chuyén mot vi tritheo kim 12 0.5
va ngugc kim 12 0.5. Gol X, 1 vi tri cUa chat diém & buGc tva gid sl {X,} 1a xich Markov.

(a} Tinh ma tran truyén P, P va ptt,

{b) Tinh cdc xac suat duy tri.

9.4 Bi&t ma tran truyén cla xich Markov. X4c dinh cédc Idp tudng dudng va xét xem
lap 1& 1ap (recurrent) hay khang.

o0

1§§ 1000
11000 ollp
i 2 2
{a)P:|0100 (b)P:ollo
i e 2
10100 lged
i 2 2

9.5 Ma trén truyén P s& dugc goila ngdu nhién ding néu tdng cac phan tit cta méi
cOt déu bling 1. Gia thiét thém niia 1a xich Markou khong tudn hoan, khéng thu gon

. ; 1
dugc va gom M + 1 trang thai. Ching minh rang n= KJ‘I__1 i=0, . M
+

8.6 Xétbaitoan ddu tv & Thidy 3.1.2 nhung ding sach luge (s, 8) v8is=2,8 =2,
{a) Tinh cac xac suat duy tri.
{b} Tinh k¥ vong cda cudc phi trung binh dai han,

9.7 Mot ngudi miu 141 xe con dén hang hang ngay va rat chi ¥ gil xe, cd cd ba lya
chon dau xe. O bai gill mat vé 5 {(ngan déng) va khong bi trdy sudt, chiém mat chd
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ngoai dusng thi xdc sudl ray sudtia 0,1, chim bira hai chd mién phi thi xac suat tray
SUST 1A 0,02 nhung Xac suét bi phat 15 ngan 1a 0.3. N&u xe bi tray sudt thi ¢6 thé chda
mét 50 ngan. N&u ci di xe khdng sira thi cd coi 14 mat thé dién v6i gia tr 8 ngan maot
ngay. G& mudn chen sdch lude t8i uu vé chd dau xe va c6 chita xe khéng khi hang.
{a) Binh nghta trang thai dé phat bidu qua trinh quyét dinh Mavkov. Tinhcac G .
(b} Xdc dinh cac sach fuge {(ding, tat dinh). V& mbi sach iuge, tim ma tran truyén
va ky vong cude phitrung binh dai han qua xac suat duy tri (=, ..., m,,) chua hi&t.

{c) Xac dinh (n,, ..., m,} cho mdi sach luge. Tinh cac gia tri d (b) d& tim sach huge
t8i uu biing cach diém dién toan bo.

9.8 Ngudi choi quin vt duge giac béng hai [an néu hdng ¢a thi {cudc phi) 14 mat 1
{didm). N&u anh ¢ manh hét sdc (dé &n ngay) thi xac sudt bdng khdng hang la %. néu
danh dam bao thai thi xac sudtia %. N&u ddnh manh ma khang hdng thi xdc sudt thdng
didm 1a % néu ddrh dam bao ma vao san thi xac suat dugc digm 1a % Ba yéu cdu (a),
{b}, (c} nhw Bai 9.7,

Ggi ¥ - trang thai 0 14 giao béng xong va co diém (1 hodc -1}, trang théi 11 cén

mdt 1an giao bong.

9.9 M6t cbng ti dién thoai di ddng x&p mudc bdn may mdi quy & hai miic cao va thip.
MUc nay e phuy thudc viéc ¢ quang cdo hay khong vao guy trude. Gia sU dau mdi
quy s& xac dinh dugc chinh xac mdc ban la cac hay thdp d quy nay va phal quyét dinh
c6 quéng cao hay khang & quy nay. Cudc phiquang cdo mét quy 14 100 (triéu ddng).
N&u co quang céo thi xdc sudt mirc ban quy sau cao la ;—va % tuy murc ban quy nay 1a
cao hay thdp. N&u khéng quang c4o thi hai xac sudt nay la %va é L&i m&t quy (chua

N7 cudc quang cao) 1a 400 ndu muc ban cao va 200 néu thap. Hay xac dinh sdch lugc
quang céo lam cye dai ki vong (@i (trir cuSe quang céo) trung binh dai han. Ba yéu cau
{a), (b). (¢) nhu Bai 9.7.

9.10 (a) Phat bidu md hinh quy hoach tuyén tinh cho Bai 9.7.

{b) Dung thuat todn don hinh dé gidi va suy ra sach luge t6i uu.

9,11 Yéucdu nhu Bai 9.10 cho bai todn ¢ Bai 9.8
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9.12. Yéu cdu nhy Bai 9.10 cho bai toan 5 Bai 9.9,

9.13 Dung thuat todn cai thién sdch uge tim sach luge tdi vu cho Bai 9.7,

9.14 Yéu cdu nhu Bai 9.13 cho bai toan & Bai 9.8

9.15 Yéu cdu nhu Bai 9.13 cho bai toan & Bai 9.9.

9.16 Mot ngudi mudn bdn nha. Gid s md hinh 1A méi thdng cé thé c6 ba ngudi tra

gid 800 {triéu A8ng), 800 va 1000 vdi x4c Suat 2 41 va % Ngusi ban phai quyét dinh

ngay 1a déng ¥ khéng. Néu khéng thi nguéi mua khéng quay lai. Vi cudc phibao tri nha
la 80 nén ngudi ban mudn nhanh va chon hé 58 gidm gia « = 0.95. Hay dung thuat
todn cat thién sdch luge tim séch lugc lam cuc tidu ki veng tdng cudc phicé giam. (Ggi
¥ : ba trang thdi la ba mic gid & nghi va trang thai = Trang thai = x4y ra khi mot gia
dé nghi dugc chap nhan va qua trinh & 1ai trang thai nay vai cude phi bao tri 0. C6 hai
quyét dinh ddng ¥ va khong.)

9.17 (a) Phat bidu thanh quy hoach tuy&n tinh cho Bai 9.16.
{b) Gidi bing thut todn don hinh va suy ra sach luge tdi vu.
9.18 Tinh ba budc I3p theo phuong phap xdp xi lién 1iép cho bai todn o Bai 9.16.

9.19 Xét thidu miu 9.2.1. Bay gid gid st qua trinh ding may dé san xuit chi con 4
thang nita. S dung tiéu chudn cudc phigiam vSia = 0,8 tim sach lugc t6i uu cho bai
toan 4 budéc.
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CHUONG 10

HE THONG DICH VU (LY THUYET XEP HANG)

Cac hé thing dich vu (service system) theo nghia réng, bao gdm rit nhidu hoat
dang nhy: thusng mai (cac clta hang), dich vy cong cong (vién thang, buu dién, khu
vui chai gidi tri}, giao théng (tram xdng, tram thu phi giao thang), y 1€ (phong kham,
phang cap cdul ... [a mét trong cac d&i wigng sdm nhit ada todn dng dung néi chung
va vin tri hoc ndi riéng. DO muc dich 13 Igi nhudn hay phuc vu phi lgi nhudn thi
nhiéu vin dé dat ra dugc qui vé viéc thigt ké va diéu hanh he sao cho viéc "xép
hang” char doi duge gidm thidu. Néu dau w it phuong lién va nguisi phuc vy thi khich
phéi "x€p hang" 1au, quy ra t8n that vé tién (ban dugc it hang, khich sang cta hang
khac néu dich vu la thugng mai hodc thigt hai khac néu la phuc vu cdng cong, thim
chi c& sinh mang nhu & dich vu y &), Ngugc lai qui nhiéu phudng tién va ngi
phuc vy thi "dang cha" khong co nhung lai thiét hai tién ddu e mua phuong tién,
thué nguii nhan réi. Vi vay, nghién cdu hé thang dich vy hay xuat hign dudi thual
npu y thuyét xép hang (queueing theory) hodc nghién ciu vé déng chd twaiting
line). Cac hé thang dich vu mang tinh ngdu nhién 3t lan, vi ching biét lic nao
"khach" dén mua hang, ¢ap cifu hay yéu cdu chita may.... Vi vy ta cling gip thuil
ngtl hé thdng dich vu ngdu nhién (stochaslic service system).

Phan dau chudng nay wrinh bay Iy thuyét x€p hang, cung cip cic thang tin
cén thigt vé dong cha giup cho vite lta chon quyét dinh vé thiél k& hé thang dich
vu, v phin sau xél md hinh chon quyé&t dinh dién hinh
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10.1 QUA TRINH NGAU NHEEN SINH VA TU

Da s6 cde mé hinh x&p hang déu dua trén qud trink (ngdu nhién)
sinh va & (birth an death process). Qu4 trinh nay lai duge dinh nghia
théng qua phan bg xdc suit dang ham s6 ma va phan bé Poisson. Vi
véy ta bit ddu b#ng céc khéi niém xdc suat nay.

10.1.1 Phan bé mi

Nguon vado (input source) cia hé théng dich vu, ciing con goi 1a
ngudn khéch (calling population), 14 tong t4t ca cdc khdch hang Hém
dn (potential customer) c6 thé hitu han ho#c vé6 han. Nguén nay cung
cdp khdch theo mét quy ludt ngéu nhién. Qua kinh nghiém théng ké
nguoi ta thay thudng thoi gian gifta hai khdch (interarrival time) 1a
bién ngéu nhién T cé phdn b6 mi (exponential distribution) tdc 1a T
¢6 ham phan bo

Fit):=P(T<ti=1-e™,t>0,
§ diy o la tham s8. Thday suyraP (T>t} =e v

a ham mat 46 la

d ce™ ndut 0

f(t) ;= —F@®) = R
T (t) dt() { < 0

1} néu t

Thoi gian phuc vu mét khdch & mdt phuong tién (facility) duge
go1 1a thai gian phuc vy (service time). Khong qu4 léch so véi thuc t&
dich vy va dé thudn lgi vé todn hoc thugng ngudi ta gia thiét thesi gian
phuc vy cing la bién ngéu nhién cé phan bé mi,

Ta hay nhdc lai mét s¢ tinh chat can thiét cia phan bs xde sust
quan trong nay. Néu T c6 phan b8 mi véi tham s6 o thi ki vong 1a

25 VANTRUHQG-A
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E(T) = —l& va phuong sai la Var T = iz C6 sdu tinh chdt quan trong

o
khdc nhu sau.

Tinh chat 1. Ham mgt d¢ fo(t), vai t 2 0, la gidm chgt. (RS rang.)

Tinh chat 2 (Tinh khong nhd). P(T > ¢+ At | T > At ) =P (T > #}. (Suy
dé dang tir céng thic cho xéc sudt c6-didu kién.)

Tinh chat 3. Cuc tidu cia cde bién ngdu nhién déc ldp c6 phdn b6
mu cing cé phdn bé mi.

Thye vay, 0éu U = min {T}, ..., T, } thi

_i 1
&
—_—a k=1

P{U>t}=P{T, >t} .. P{T, >t}=e "' . e %' =¢

n
tic 14 U ¢6 phan b& md véi tham s§ 2
k=1

Tinh chat 4 (Quan hé véi phan bd Poisson). Goi X(¢), t > 0, la s6 ldn
xdy ra mét bién ¢ ma quéang thoi gion gitta hai Idn xdy ra lién tiép
la T vdi phdan b6 mi tham s6 o (lic t=0 bdt ddu dé€m s6 ldn). Trong
ly thuyét xdc sudt dé chitng minh la X(t} c6 phdn b6 Poisson vl tham
56 at, tuc la

(at)ne -t
PiX{t)=n) = — 5 .h= 0,1, ...
n!

Néi cach khde X(t), t 2 0, IA qua trinh (ngAu nhién) Poisson lién
tuc véi tham sé o. o s& la ky vong s6 ldn bién cd x4y ra trong mot
dan vi thai gian. Chang han, v6i gid thiét thoi gian giita hai khéch

dén, ¢6 phan bd mii thi s6 khach da dén & thai diém t 1a X(t) c6 phan
bé Poisson. 86 khdch dén trung binh trong mét don vi thei gian sé

25 VANTRIIHOC-8
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l& tham s6 o va do d6 s& don vi thai gian trung binh giita hai khdch
dén la % hoan toan phu hop v6i Tinh chat 4. Mé hink xép hang
(queueing model} v¢i gia thiét la thoi gian gita hai khach ¢6 phan
b& mi dugc goi la co gud trink vao Poisson (Poisson input process)
hoiéic don gidn la c¢6 ddu vao Poisson (Poisson input). Lic nay

E {X(t})) = at.

Tinh chdt 5P (T <t + At IT > t) = a At , ¥t > 0, VAL nhd.

Thue vy, theo Tinh chit 2,

— (—cAl)"
PIT< AT >1) = P{T <At} = 1 —e o gar~ < ,) ~ oAl
nt
n=2
) . PIT < t+AtIT >t} . .
{(Taclalim ). Vé ¥ nghia, Tinh chat 2 néi ring

At — O At
xdc sudt dé bi€n c6 xdy ra trong khodng thoi gian At sdp tdi la hiéng
khéng phu thujc dang xét & thoi diém t nao (tir khi bién ¢§ cudi XAy
ra). Tinh chét 5, di xa hon, khing dinh la véi At nhd thi xdc suat
hang nay la x4p xi aAt. Didu nay, ciing phi: hgp v4i Tinh chat 4 1a
6 lan xay ra trung binh trong mét don vi thdi gian 12 o nén trong
At don vi thai gian phai 1a aat,

Tinh chit 6 (C6 thé gop hodc tach nhiéu loai bién ¢§ déc lap cing
c6 phén bo Poisson hodc cling cé phan bé mi). Gid st cé n logi khdch
o thoi gian gita hai khdch cing logi i la T, c6 phdn b mi voi tham
$6 & i, hay néi cdch khde la ddu veo ciia logi khdch i la ddu vao
Poisson voi tham s6 h . Khi d6 Tinh chdt 6 néi rang déu vao cia
khdch néi chung, khéng phan logi cing la ddu vao Poisson. Tham sé

]
sé lg » = Z A, theo Tinh chdt 3.
i=1

Téch bi€n ¢ dudgc gidi thich cy thé nhu sau. Gia s ddu vao Ia Poisson ¢o
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tham s§ A. Gid sif mdi khich dén ¢6 xdc suat thude loai i 1a p, véi
n

Zpi = lva i =ph
i=1

Tinh chdt 6 ndiring diu vao clia khich loai i ciing 13 ddu vao Poisson véi tham
61

Mbt dp dung quan trong cia Tinh chat 6 1a nhu sau. Gid sit khach
dén nhung lai bd di véi xdc suat p con vao hé théng dich vu vdi xde
sudt 1 - p. Néu khéch dén theo quy luidt ddu vao Poisson thi theo
Tinh ch4t 6, tinh riéng khéch vao thi diu vao ciing 14 Poisson.

10.1.2 Qua trinh sinh va ti¥ cda 1y thuyét xép hang

Ta trinh bay qud trinh ngiu nhién sinh va tit bAng ngén ngif cia
1y thuyé&t x&p hang. Goi trang thdi (state) ctia hé dich vu tai t 14 s6
khédch trong hé Nit) & thai di€m t, t > 0. Mét khdch dén duge goi 1a
c6 mét sinh, mét khdch duge phue vu xong 1a c6 mét tit. Qud trinh
sinh va ti {birth - and - death process) md ta xdc suit thay déi clta
Ni{t), duge dinh nghia béi ba diéu kién.

Diéu ki¢n 1. G trang thai N(t) = n, phan b& xédc sudt cta thoi gian
dén 14n sinh tiép theo & phan bé mii v6i tham s& A (n=0,1,..)
Diéu kién 2. G trang th4i N(t) = n, phan b xdc suat cila thi gian cho
téi 1an tif k& tiép 1a phén bd mi véi tham s6 p_.
Biéu kign 3. Hai bién ngau nhién thoi gian dén 1an sinh k& tiép va
thdi gian dén lan t& ké& tiép 1a déc 1ap nhau. Viéc chuyén trang thai
cua hé sé 1a :

n — n+1{cd 1 sinh)
hoéc

n—»>n-1(cé 1t

W Ve
‘on,
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tiy theo bién nglu nhién nao ¢6 gia tri nhé hon (tai trang thai N(t)
=n).

Vdi ba gia thiét nay qua trinh sinh va tit 12 mét xich Markov vdi
thai gian lién tyc. Theo Tinh chat 4, A | va u_la téc db sinh va ti
trung binh (k¥ vong s& khdch trong mét don vi thai gian) H. 101
biéu dién luge dé qua

trinh sinh va t. Mii
tén ].Q. Chi khé nﬁng fray}g thaf @
chuyén trang thii.

Cde X, p ghi bén Fn Hnet
canh la tdc d§ chuyén. H 101

Khi nghién cu cde md hinh xép hang dua trén qud trinh sinh
va tif (¢ Muc 10.2 s& thay) c6 bon dai lugng chinh cAn tinh nhu sau.
Mot 1a ky vong L (tidc 14 trung binh) s& khdch ¢6 mit trong hé dich
vu. Hai la k¥ vong khdch trong hang L (tde 1a khéng k& s6 dang duge
phue vu). Goi W 1a thoi gian che trong he {trong hang va lic phuc vu)
clia méi khdch, thi ky vong W := E () ] s§ thid ba cn tinh. Goi W
1a thoi gian cho trong hang thi s& thd tirla W = E((ﬁq) [Little 1961]
déd chifnh minh duge 1A néu A_= A, vn, thi & ditu kién duy tri (steady
- state condition) cia qud tnnh xép hang ta cé

L=3W, (10.1)
Cong thic nay goi 1a céng thite Little (Little's formula), Sau day ta
chi xét qua trinh xé&p hang ¢ diéu kién duy tri. Nghién citu & didu kién
qud d¢ (transient condition) phic tap va con it ¢6 hiéu qua. Ciing véi
ching minh cia Little ta c6

- L.q = ?LWq. (10.2)

Néu &_ khdc hang s6 thi § (10.1) va (10.2) & duge thay béi tée do sinh
trung binh xét trong giai doan dai 1a A.
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. 1
Né&u thai gian phuc vu mét khéach trung binh 1a hiing, tie 1a e
¥n, thi ré rang theo dinh nghia

1
W= Wq + (i0.3)

10.1.3 Tinh cac dai luong c¢o ban L, Lq, W, Wq

Goi E (t) 1a s6 ldn qua trinh x&p hang chuyén vao trang thdi n
tinh dén thei digm t va L (t) la s6 lan roi trang thai n. Vi hai bién
cd vao va roi di phai ludn phién nén

|E_(t) - L(t) i< L.

Do d5
E ) Lt
lim | —~-—| =
t— o t‘ t
E_(t) L (t) ‘ ]
Ma lim (va lim )14 t8c 46 trung binh qué trinh chuyén
t— @ t— =

vao (va rdi khéi) trang thai n. Vay ta ¢b phuong trinh cdn béng
(balance equation) cho moi trang thdin la

¢ dg trung binh vac = t8c d6 trung binh ra.

Ngudi ta viét phuong trinh nay (cho mei n} qua c4c &n s6 chua
bigt la x4c sudt P_ dé hé phuc vu c6 ding n khéch va duge hé v6 han

phuong trinh d8 x4c dinh cdc P_ (cung v6i phuong trinh 2. P_ = 1),
n=0
Rbi tir dé tinh duge L, L, W, Wq nhu sau.
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Trudc hét ta viét cy thé phuong trinh can biing cho trang théi 0.
Qua trinh chi c6 thé vao trang thai 0 tir trang thai 1 (xem H. 10.1).
Xdac suat hé d trang thdi 11a P, va ¢ chd khécla 1-P,. Téc do tit trung
binh § trang thdi 1 1a #, chinh la téc d§ trung binh vao trang théi 0
tif trang thai 1. Con téc dod trung binh vio trang thdi O tir moi trang
thai khac 1a 0. Do d6 theo cong thite tinh k¥ vong, téc dé trung binh
vao trang thai 0 la

#, P, +0(1 - P =p,P,.

Ly ludn tuong tu sé thay téc dd trung binh ra khoi trang thai 0
la 4,P,. Do d6 phuong trinh cin bang cho trang thdi 0 1a
#Py = AP,
Véi cdc trang thai khac thi déu 6 hai kha nang vao va hai kha nang
ra nén ly ludn tuong ty nhu trén ta sé duge phuong trinh cén bang
ma moi v& déu ¢6 hai s6 hang. Cudi cling ta didn dén hé phuong trinh
can bing cho qua trinh sinh va ti Ia

© trang thai

toc dd vao = tdc dd ra
0 ‘ M Py = 4Py
o MPo TPy = Oy e By
: 2 MPiamPy=UyvpPy
[ _n___i _):n;Z.Pn--‘? + “n.PLi.Q‘u—.l + Hn—.l.).P =1 |
n :"n-1Pn—‘i +_En_+1£)n+1 = (l‘n + un)pn

Dé dang gidi hé nay tif trén xudng ta duge mei P_ tinh qua Po
nhu sau
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trang th4i
A
. )
0: Pl - noo .
1 P,=2P + LuP —2P)=lp - Lop
2 =50 P - AP = 5P = o Py,
A A Ah A
. __2 1 _ 2 2™
2: Py =1,Py + Py - 4Py = TR P a1
. p=lp 1o op oy op oy lmp
=L n =W e P oA P ) =P =
A A Lk
- -1 n-2 OPO ,
Moty 1o My
Ay L Py
n: Pn+1= I»lnﬂpn + LA I'lnPIl - kn—IPn—-l) = mpn =
lukn—l'“ k{)
h Mooy e’
D& don gidn ta dat
l|.|—l“' A o
néu n = 1,2, ..,
Cn = p'n' I-ll
1 néu n = 0.

Khi d6 cdc x4c sudt duy tri trén day c6 dang
P =CP,,n=0,1,2, ...

Cung véi phuong trinh Z Pn = 1 ta sé dugc ( Z C, )PO = 1. Do 46
n=1{ n={
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@ -1
P,=|2C,1 .
=0

Bén dai lugng cén tinh s& bidu dién duge qua cde P, vita tinh nhu sau.

Theo cach tinh ki vong

o]

L=XnP,
n=0
Goi s6 ngudi duge phuc vy trong hé 12 s thi & trang thdi n s§ nguoi
con trong hang 12 n-s vi s ngudi dang duge phuc vu réi. Vi vay

Lq = Z (n-s)P_.

n=§

Theo (10.1)va{10.2)tacd

Chu ¥ rng cdc k&t qua trén day c6 duge 1a v6i gid thist A vy phai
thich hgp d€ qué trinh x&p hang dat dugc dén didu kién duy tri. Diéu
kién nay théa chdng han khi r =0 vc’u mét n>0(dodsr =0,
¥Ym > n), hodc A, vap la hing sao cho _u < 1. Nguii ta cong chu.mg

minh duge la néu Z C_ = « thi hé khong dat duge diéu kién duy tri.
n=>0
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10.2 CAC MO HINH XEP HANG DUA TREN QUA TRINH
SINH VA TU

C6 nhiéu mé hinh khdc nhau dya trén qud trinh sinh va t& do A
va i khae nhau. Do Diéu kién 1 va 2 va Tinh chat 4 néi trén cia qua
trinh sinh va tif, nén ngudi ta cing hay néi cdc mé hinh x&p hang nay
la ¢6 ddu vao Poisson (Poisson input) va théi gian phuc vy kiéu mi
(exponential service time)

10.2,1 M6 hinh M/M/1

Chi M déau néi ring diu vao hé dich vu 1a Poissen, tice 13 thai
gian gira hai khdch c¢é phan bé mii, va khong phu thude trang thai n
(titc la & =2, vn). Chi M thu hai néi ring thoi gian phuc vu ciing
kiéu mii vdi p_ = p 12 héng. 8§ 1 nghia la hé chi ¢6 mét ngudi phue

n
vu. Theo cdc két qud tinh todn § cudi Muc 10.1, ta c6 C_ = [ﬁ] =p,
n=0,1, .. Tinay vé sau p := - sé gol la hé 56 si dung (utilization

factor), vi day la ti lé phdn thoi gian nguti phuc vu ban. Ta cé
1

* i -1
n i
Pﬂzzp :(1_] =1_p»
p
1= 0
P.=pP,=(U~-pp" ,n=0,1,..

Do dé

_w TP miu RS S T T .
L—E}n(l p)p" = (1 p)p:godp(o] ( p)pdp[ ]— £ =



)
‘o,

P
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l2

nip - A

L =2 m-1P,=L-1(1-P)=
n=1

= ey
Chil y tAng néu A > p thi chudi > (ﬁ) phén ki nén khéng ¢6 P
=0
va tinh todn trén khéng dang nita. Piéu nay cing phu hop thuc té& vi
tée 46 khach dén trung binh vugt téc dé phuc vu trung binh thi khach
trong hé ci tdng mai, hé khéng thé cé diéu kién duy tri. Ta phai gia
thiét A < p.

Bay gio dung (10.1) va (10.2) ta ¢d ngay W va Wq nhu sau

1 x
TR S R TTI

C6 thé chimg minh duge ring @ ¢6 phan bé mii vdi tham s&
u- P lo>th=e " ™ (¢t 0). Hon nita phan b8 c6 didu kién ciia w,
véi didu kién @ >0, c6 phan b& md véi tham sd p - &, titc 14

- (- At

P{‘(ﬁq)tl'iﬂq)()}:e , vl t 2 0,

Ngui ta cling tinh duge phan bd khéng diéu kién 1

Piw,>t)=pe """ 20

Cong thic nay cing phu hop v6i P {'mq =0=P,=1-p>0.
(Xem [Hillier -~ Lieberman 2001}, Muc 15.6.)

10.2.2 M6 hinh M/M/s

Mé hinh nay tuong ty M/M/1 nhung c¢6 s ngudi phuc vy v&i tée
dd phuc vu trung binh cling la p (néu ban lién tuc). Nhé lai p_ la téc
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d% phuc vu trung binh cia c& hé khi ¢6 n khach trong hé. Do dé

Jop néu n < s,

b = |su néu n z s,

Vi véy ta c6 luge dé khéach vao va ra khi da duge phuc vu xong, cu
thé hoa H. 10.1 cho hai m6 hinh dang xét, nhu sau

A 2 P
fLiAie
B H B n
Mt’ hinthMH

Zu 3p (s 1w sy sp
Mb hinh M/M{s
H.10.2

Béy gio ta tinh cac dai lugng quan trong cho mé hinh M/M/s

A
n ;
1 vl n £ s,

n!
Cn = 3 n

(}_ 3 -5 &

M [u] ..

) —J = ns YOI D 238
50 \su sls

Do d6, néu A < sy (tiic p = Si< D thi
I

n s
5-1 &\' i wn n-s
PO =1+ z = + = Z [LJ
, o s! S sT 1_ =
n= n=s o
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L
“—p néudl < n < s,
n' 9
P =
n ]
.
s!ls“_s s Déu n 2 s,
=} el o H
Lq:Z(n—s)Pn=Zsz+j=Zje:!'ijO
n=% i=0 1=0 ’
LY Y LY
A - p (%]
d/ j df 1 o(l:p
:PLllpZ__pJ -P D—'{ J By -
0 g! J_=0dp( ) ®st "dpil-p)  s1(1 - p)?
, Ly 1 1 Ao o
vaW = — W=W +—,L:)L(W +—)=L + —. Tinh ¢y thé thém
q A 1 W T 49 u

ta s& thay khdc véi mé hinh M/M/1, lidc nay @ va w_(v6i diéu kién
W, > 0) khong con la bién ngau nhién ¢6 phan b mi nia:

s )

{
3 -pys-1--

. - Potﬂ (1_9 LL “]
Pln>t)=e 1+ T ,
s!(l—p)t s-1-7

P {-mq =t] = (1 - Pl(ﬂq = O~ -t

s-1

Plu,=0=)P,.
n=0

THI DY 10.2.1. M&t tram stra chita thi€t bj vién théng ¢é mdt ngudi phuc
vu (ta ding s6 nhd dé minh hoa , 6 thé hi€u 13 mot diy chuyén ...). Vi ¢6 hién
wigng khdch quan phiichd. Gidm dG¢ cong ty xét khd ning ting mdt ngudi nia.
Ong dp dung md hinh M/M/s. Thdng ké s& liéu cii cho thiy t6¢ d6 khich d&n
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1d 2 nguzdi mét gid, tic 1A thei gian gifta hai khich trung binh 1a % =

rung binh chifa mot bo mdy 12 20 phit, tfc 12 & =

thifc trén ta tinh duge bing sau diy.

1
3
vd mdi khdch mang chita mdt may). Phai xét hai trudng hap s = | va 2. Trong
w . e . A < e c o
ca hai trudng hdp p = — < 1 nén hé sé dat di€u kién duy tn, Ding cdc cong
K

5=1 g=2
5_ P 2/3 1/3
H
P, 1/3 1/2
Pn, I]. 2 1 1 2 " l n
3\3 3
E L, 4 1
3 12
! L 2 314
W, 2/3 1
24
W 1 3/8
P i, > 0) 0,667 0,167
Plo, >t} Ze—t le—4t.
3 6
P {i > t) e ée*‘(a -e™h

10.2.3 M4 hinh M/M/1/K va M/M/s/K

Céc mo hinh nay c6 thém ky hiéu thd tu la K dé chi ring hang
trong md hinh la hitu han, chi K khéch ¢6 chd trong mé hinh. Han
ché nay trong thye t& ¢4 thé do chit hep vé khéng gian, ciing c¢6 thé
do danh gid theo thong ké 1a khdch tht K+1 s& bé sang hé dich vu
khéc. Do 46 ta cé

b | —

Qua bang nay ta
thdy nén ting thém
mét ngudi phuc vu, vi
céc 58 lidu v6i s = 2 tht
hon nhidu.

Bang 10.1

. Thdi gian

{coi ddn vi thdi gian ia gio

g ‘,0,\;
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l—l néun < K-1,
o néu n > K.

Vi =0 véi métn > 0. Hé sé dat t6i didu kién duy tri.

Lic nay ta c6 luge dé ding nhu H.10.2, nhung "cdt cut” tir trang
thdi K+1 tro di.

1. M6 hinh M/M/1/K. Ta tinh dugc cdc dai lugng can thigt nhu
sau.

[ H
0 néu n > K.
A
dip=— = 1thi
vdip " i
« -1
LY 1-p
-S| <222
=0
Do dé
Pn = ""};}%pn viin=0, .., K,
1-9
£ 1 S d (K+1)p~!
L - nP = "“ip _( n) — - p_ _ —E,.____,

Ly=L-(1-Py

Néup =1 thi P = Kl N vi khd nang ¢6 0, 1, ..., K khidch 14 nhu

+
K

K
nhau.Dc»clf:L:ZnP[1 = 11211 = %
n=10

K
n=10
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Néu p < 1 thi cho K — +« ta duge cde két qua da ¢6 cho M/M/1,
w K

-1
Tiép theo, taco =3, AP, =2 AP = A(1-PyvaW=1,
n=0 n="0
51
W, =3

2. Mé hinh M/M/s/K. Tt nhién phéi gia thiét s < K. Céng thic
cho C_va P_chi khde ¢ md hinh M/M/s 1a = 0 véi n > K. Tiép theo,

° :l:lnI Sin=s+lsk1
Poi(i\sp
L, = 1—“‘ Sl - - (K- ™1 - ),
si{(1-p)
51 s-1
L= nP +L +51-2 P,
n=0 n=0

10.2.4 M6 hinh M/M/s vdi nguén vao hitu han

Mot thi du thuc t& 4p dung mé hinh nay 14 trudng hop mét mang
lui bao hanh cho cdc may hoat déng, méi "nguti phuc vu” phu trach
N may. Ta goi N 14 cg s6 cia ngudn vao (size of the input source hoac
size of the calling population). Khi hé ¢é n kh4ch thi s6 khdch tiém
an 1a N - n. Th#i gian gitta hai khéach ¢6 phan bé mi A s& ¢6 nghia
la thai gian méi ngudi (trong N) & ngodi hé cé phan b ma x. $6 ngudi
ngoai hé 1a N - n nén phén bé xdc suat hién hanh cla thai gian cho
tdi 1an vao hé tigp dén 1a cue tidu thei gian téi lic vao hé cda N - n
ngudi. Theo Tinh chat 2 va 3 cla qua trinh sinh va ti phan bé xdc
suat nay la phan bé ma véi tham sé'% = (N - n)A. Do d6 luge dé cta
md hinh véi nguén hiu han 13 trudng hop riéng cia luge dé 6 H.10.1:
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{N-1)a

L

-

N (N-DA

H. 103

K
(N-n)x n
0 n

dun <
dun >

(N-n+2)A (N-n+1)a

o‘oo@ RO @

N Moo= om
H. 10.3 (a) M& hinh M/M/1 v3i ngudn hitu han

(N-s+2)a (N-s+1)i

(b) Mo hinh

néu n < s,
néu n 2

/M/s véi ngudn hitu han

Chu y réng A_ = 0 v6i n = N nén hé dich vu s& dat duge didu kién
n

duy tri.

1. M6 hinh M /M| 1 voi nguén hizu han. Theo cong thic tdng quat

¢ Muc 10.1.3 ta ¢é

26.VANTRUHOC-A

C = N(N—l).._(N_nJrl)[‘ﬂ

0

N

P0=Z

n

N!

—o N~ n)!

N!

T (N - mle

-1

Sk

n

[L] néu n < N,

néu n > N,
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' n
p - N P,n<N,
nT N-n)le) e

N
_ S1P =N _Atug
L, =2 (@-1P, =N-H1-P),

n=5

L= nP, =L +1-P =N-£1-P),

. N

A= AP =D (N-mAP_ =N - L),
n=0 n=0
L o _ L

W=3 Wo=%

2. M6 hinh M/M/s voi nguén hizu han (N 2> s). Tuong tu ta ¢

! .
—-N'—ﬂ] vii n £ s,

(N - n)inlip
n
Cn: N A véi n = s N
(N - nylsts™ *{H oo
0 vdl n > N,
Nt g )
m[—) P, vdi n < s,
= ——Ni—**[&]P vl n = s N
(N - n)lsls" "\ ¢ e
0 vdin > N,

o
I

o= Z ) ‘Zﬁ]

26.VANTRUHOC-8
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N s-1 g-1
Lq:Z(n—s}Pn, L=ZnPn+Lq+sl—Z Pl
=3 n=A0 n=10

[Bunday - Scraton 19801 da ching minh duge riing cdc cong thic
cho PO, P L L,Wwva Wq cho hai mé hinh véi nguén hivu han trén
day van dung khi thoi gian d ngoai hé cia N-n khéch tiém 4n khong
c6 phan b mi ma cé phan bé x4c sust bat ki véi ki vong 1/2.

10.2.5 Mé hinh véi téc dd khach dén va téc d6 phuc vu phu
thudc n

Mo hinh nay phi hop thuc t& vi khi déng khach ngudi phue vy
thudng bj stc ép va 1am nhanh hon. Trong bai todn thie t& phite tap
hon thi ¢6 thé gidi thich 14 luc déng khach 6 thé phai bé tri nhidu
cong doan sang nguti phu cho ngudi phuc vu (chinh), chng han nhiéu
y td hd trg cho bde si ...

1. Trudng hop s = 1. Thudng téc 4o phyc vu ting khi khéch déng,
Gid sit
Hy = nuu‘l’

d day a la hé s8 sic ép. (Nhu vdy cdc md hinh véi t8c d6 khong phy
thude trang thai trén day la tru'tmg hop a=0.) Lic nay & mé hinh

thudng gia st A = 1. Khidé C_ = £—I)— Cing ¢é thé nguoc lai, gia
m)*
s, =pvai =(n+ 1" A, O ddy b ciing 14 hé s6 sic ép (chd ¥ 1a

. . # O
trong thyc t€ thudng A gidm theo n). Lic nay C = b Céc cdng
(nl)

thue tinh cho trudng hgp nay t4t nhién 1a trung hop riéng cia Muc
10.1.3, nhung cling da phai tinh x8p xi bing tng hivu han thay cho
chudi.
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Téng quit hon cé thé gid thiét
w, = 0'u, A = (mel) A
D‘f n

Khi d6 C_ = =L~ véi ¢ = a + b. Ngudi ta 14p béng tinh sén xép xi
(nl)

cde dai luong cn, nhit 1a P, va L.
2. Trudong hop s > 1. Mot cdch ty nhién gid sitp vax bién thién
theo E (titc !a s& khach trong hé trén mét ngudi phuc vu). Khi dé,

tuong tu truong hop s = 1, ngudi ta gia su

ny, ndu n < s,
H = n} .
n [] sy, mnéun 2 s,

3

A, nfu n £ s-1,
ln=4 r__s___h .

A, néun = s- 1
n+1 Y

Khi d6 theo céng thic chung cho qud trinh sinh va ta ta ¢é (¢ = a+b)

n
uy
' | C'L'J"' néu n € s,
n

C, = ry

7 néu n * s
{n!] {1-cKn-a)
sh—|s

s!

Nguti ta ciing lap bang sén cho PO va L. Theo bang d6 ta c6 dé
)
thi ciia P, va L phu thude vao c, H—" va s nhu & H.10.4 va H.10.5.
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THI DU 10.2.2. Xét Thi du 10.2.1 Biy gidf gidm ddc thiy nén d4p dung md
hinh ¢6 y_thay ddi theo a, vi thuc t& lic ¢6 nhiéu khich “thg cd”, tifc 12 ngudi
phuc vu, trac cho ngudi gitp viée Am nhiéu céng doan hon nén t8¢ dd phuc vu
1ing. Theo thdng ké cic giai doan rudce, ¢d thé diing cong thife

By =0,

(uic a=0.4) vdi H= 2% (khdch/gids). Theo bang tinh sdn hoiic ding H.10.4 va H.10.5
ta co Po' L. T d6 tinh dudc
P1 = C1Pa’

L,=L-(1-P)véis=1,
L,=L-P -21-P;-P)viis=2,

s— |

L
vaW, =3 W=%P(,>0)=1-2 P, va ldpBing 102.
n=10
s=1 s=2
A
su, 0,8 0,4
A
/5ug 0,4 0,2 \ o
Nhén xét réng nhiéu sd
Py 0,367 | 0,440 liéu trong Bdng 10.2 chi khac it
P, 0,294 | 0,352 so véi Bang 10.1 cang khang
L, 0,618 | 0,095 dinh can thém mét ngudi phuc
L 1,251 | 0,864 vu & tram.
W, 0,309 | 0,048
w 0,626 | 0,432
Pl > 0} 0,633 | 0,208

Bang 10.2

o

10-"-"
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10.3 CAC MO HINH KHONG DUNG QUA TRINH SINH VA TU

Céc mé hinh ¢ Muc 10.2 dugc diing phé bién nhat, nhung mét s8
bai todn thuec thé khong hgp véi md hinh ding qu4 trinh sinh va ti
nhu vav, Mat 38 md hinh khde da duge nghién ctu, thudng goi chung
14 mé hinh xép hing vdi phén b§ khde ham ma (queueing models,
with nonexponential distribution). Vi cdc két qud nay rat phic tap, ¢
day ta chi gigi thiéu so qua mdt s6 mé hinh.

Mé hinh M/G/1. Diém khac & ddy 1a thdi gian phuc vy cho céc
khéch duge gid thiét 1a ddc 1ap va cé cing phan bd xdc suat. Phan bé

nay duge gia thiét 1a téng qudat chi cdn c6 ki vong ":I va phuong sai o°
di bi&t. Khi dé Pollaczek va Khintchine da chding minh duge cde cong
thde don gidn mang tén ho nhut sau, néu p = % < 1 (hé dat duge diéu
kién duy tri), xem {Hordijk-Tijms 19761,
1262 + z L 1
P,=1-p, quﬁ! L:3+Lq,wq=—l'l,W:wq+;-

Céc cong thide nay don gidn mét cdch bat ngd so véi su téng quét cia
md hinh (& "vi tri" G) nén mé hinh duge sit dung réng rai. Tiéc ring
ngudi ta chua tim duge két qué tuong ty cho trutmg hop s > 1. Chi cé
hai mé hinh sau 13 trudng hdp G cu thé.

M6 hinh M/D/s. Chit D § day &n dinh thdi gian phuc vy 13 hiing
s6 c& dinh. Xem céde phuong phép xdc dinh P_ va L chiing han trong
[Gross-Harris 1985] trang 344-346.

M6 hinh M/E,/s. Trung gian giita M/M/s vdi o = % (ldn) va
n
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M/D/s v6i o° = 0 14 mé hinh véi phan b6 Erlang (Erlang distribution)
cho thdi gian phuc vu phin bé Erlang ¢6 ham mat 4o 1a
k
fit) = L _pklg skt s g
(e - 1)!
& day p va k duong, k nguyén. Néu bé diéu kién k nguyén thi phan
bd cing c6 tén 14 phdn bé gamma (gamma distribution). Phin bé

1 . .
Erlang c6 ki vong la Il; va phuong sai la P Vay tham s6 k dic trung
B
cho phuong sat trong quan hé véi p (E, 1a tir tén Erlang va k), thutng
go1 la tham s6 dgng (shape parameter). Xem {Gross-Harris 1985] vé
cdc cong thite, bang va dé thi.

Mo hinh véi ddu véo khéng Poisson. Md hinh GI/M/s gid thiét
dAu vao ¢6 phan bé bat ki, xem [Gross - Harris 1985}, trang 304-320.
Céc md hinh D/M/s va E /M/s ciing duge nghién citu va l4p bang sén,
xem [Hillier - Yu - Avis - Fossett - Lo - Reiman 1981].

10.4 MO HINH XEP HANG UU TIEN

Trén day da xét cdc mé hinh ma khach duge phuc vu theo nguyén
tdc dén trude phuc vu tricge (first - come - first - served). Nhiéu bai
toan can phén loai uu tién phuc vu, ching han ra lam N lép (l6p 1
duge uu tién nhat). Trong cing 16p thi lai 4p dung quy tdc dén trude
phuc vy trude. C6 hai mé hinh ¢6 uu tién chinh. C4 hai mé hinh déu
gia thidt mai 16p wu tién déu c6 dau vao Poisson va thai gian phuc vu
trung binh cho khach moi ldp 1a nhu nhau. Téc d6 khach dén trung
binh vdi méi 16p ¢6 th& khac nhau,

Mo hinh wu tién nhuong ngay (preemptive priorities model) quy
dinh 1a khach & 16p kém uu tién nhat, trong s khdch dang duge phue

¥ oy
“on,
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vu réi, phai nhudng ngay ché khi c6 khéch uu tién hon vao hé va ra
chd. Vi tinh chit khdng nh¢ ciia qud trinh, ta khong phai nhé thai
diém mét khéch phai nhudng. Khi ngusi nay lai dén lugt thi phan ba
xdc sudt cia thoi gian phuc vu con lai luén khéng déi. M6 hinh wu
tién khong nhudng ngay (nonpreemptive priorities model) quy dinh
12 ai da duge phyc vu thi duge lam cho xong, wu tién chi 4p dung khi
goi khach vao mét ché vira duge gidi phéng.

Theo Tinh chat 6 clia qua trinh sinh va ti thi khi khéng phan
biét khach niia, ddu vao chung ciing 142 ddu vao Poisson. Con thui gian
phuc vu thi da gia thiét 1a luén ¢6 cung phéan bd mii rdi. Do dé khi ta
tinh téng 6 khach (L va L,) ctng nhu ki vong cia thei gian chy (W
va W ) cda mot khach ngdu nhién thi cdc ¢ong thie cia md hinh khéng
uu tién d cdc mue trude van ding. Chi c6 phén bé xac suat cha thai
gian cho la khac. Phan bd nay ¢6 phuong sai lén vi thoi gian ch¥ cta
khdch wu tién cao 14 ngdn hon nhiéu . Vi v4y, ching han dé€ xem thiét
k& hé dich vu thé nao cho t3t phai tinh ki vong thai gian chd trong
hé W _cho timg lép k = 1, ..., N va ki vong s& khdch trong hé L, cho
tung lép (thay cho W, L chung).

10.4.1 M6 hinh vu tién khéng nhudng ngay

N
Ngudi ta ching minh duge 14 vdi diéu kién z Ao < spthi
i=1

1 1
W = +"!k=1, Laeey N,
k AB, | B, n
d day
s-1 .
SM - A r
A=sl . ‘2_ + §u,
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k
B,=1,B, =1 Sy A, k =1, N,
SH -,

N
A, 12 téc dp dén trung binh cia lép i, A = )3 A, T = %?
i=1

L=2W, k=1 .,N

10.4.2 Mé hinh vu tién nhudng ngay

V6i s = 1, ngudi ta chiimg minh duge

1
W =—k=1, .., N.
. HBy (B,
Véi s > 1, ta c6 phuong phép tinh dan tir W., W,, ... nhu minh hoa §
Thi du 10.4.1. S8 khaich trung binh cGa 16p k trong hé (k& ca dang
duge phuc vu) ciing van thda céng thiic Little:

Lk = lkwk, k = 1,..., N.

THI DU 10.4.1. Lai xét thi du tram sta chita vién théng. Biy gi8 gidm d&c
cong ty thdy cdn phin biét khich lam ba loai uu tién khéc nhau vi ddy 1a tram
phuc vu cho muc dich kinh doanh chung cia ¢éng ty, ¢6 mdy cin dudc wu tién
sita trudc. Gid s ¢6 ba 10p wu tién vditdc 46 d€n trung binh 12 A = 0,2, 4, = 0,6,
A, = 1,2. Ta tinh cic dai lugng theo cdc cong thifc trén va vi€t vio Bang 10.3
ba hang cudi (trang sau) 1a thoi gian trong hang (khong k& thdi gian phuc vy,
nhung c6 thé & trong hang nhiéu tdn do phdi nhudng chd). G mé hinh vdis =2
ba ludng nay dugc tinh nhv sau {trén diy chua c6 cdng thite).

_______ —

wi tién nhubng ngay | uu tién khéng nhudng ngay

g=1 s=2 sa=1 5=2

A - - 4,5 36

&
30

/0~
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B, - 0933 - | 093 | oger |
. i :
B 0,733 - ! 0783 | ose7T
. B, | 0333 - " 0333 | 0667 |
| f |
! w _1 0,024 0,00037 0,238 0029
1 4 i |
w .1 0,164 | 000793 | 032 | 0,033
2w J i -
! :
w _1 0,033 . 006542 | 0889 . 0,048
TN A e

Bang 10.3 K& qua & didu kién duy tri cia tram sita chita may

Vikhdch & 16p wu tién | khéng bi dnh hudng bdi khich i6p kém hon nén
W =W, & ddy W 13 thdi gian chd trung binh trong hé khéng vu tién (v3i mot
Ip) M/Mfsc6s=2, p=3, A =% =02nén ludng tf Bing 10.1 (§d6A=2)1a
cd
W, =W =0,33370,

W, - = 033370 - 033333 = 0,00037.

Biy gidf xé1 hai 1dp ddu. Khach loai nay khdng bi anh hudng bdi 16p 3 nén
thdi gian chd trung binh chung cho hai ldp W, lai van tinh theo md hinh khong
wtiénvéis =2 p=3va A=), +4,=08 vd dugc

W, ,=0,033937.
Vdi mdt khdch ngdu nhién thudc hai 1dp ddu thi xdc suat thudc 1dp 1 1a

-

?L|+l

= iva thudc 19p 2 1 = E.Dodé

=1 3
W _,= 4W1 + 4W2,

Tir d6 suy ra
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W, = 3033937 - 1 0,33370) = 034126
23 4
va W, - i = 0.00793.

Tiép theo goi W, _;1a thdi gian chd trung binh trong hé (nhd la tinh ¢d thoi
gian phuc vu) cia mot khich bat ki (thudc ba 18p) thi W, , dudc tinh vdi mé
hinh M/M/2 khong wu tién voi p=3va A=A, + 4, + A, = 2,dodé W _ =037,
Xidc sud1 d€ khach nay rdi vio Idp 1, 2, 3 wudng wng 12 0.1; 0,3 va 0.6. Do do

W, =04W, +03W, + 06W,.

Suy ra

W, ==(0375 —0,1.0,33370 - 0,3.0,34126) = 0,39875.

W, - L =0,06542.
"

Nhin Bing 10.3 ta thiy khi ¢6 haj ngudi phuc vu théfi gian chis giam nhiéu,

nhi1 13 ¢ m6 hinh wu tién nhudng ngay. Vi viy gidm ddc quyé&t dinh ting mét
ngudi phuc vu cho tram.

10.5 MANG DICH VU

Trén day méi chi xét hé dich vy gdm mét phuong tién §dé cé s
nguti phuc vu. Khdch da duge phue vu 1a chi qua mét phuong tién.
T4t nhién mé hinh gém nhidu phuodng tién 14 rit can thigt, ching han
mét khu du lich gii tri gdm nhi&u "trd” va méi khdch c¢6 thé qua mot
86 tro giai tri theo trinh ty khac nhau, ciing cé thé bé qua méat sé ché
khéng vao. Cde mé hinh nhu vay duge goi 14 mang dich vu (service
network) hoac mang xép hang (queueing network), dang duge nghién
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citu nhiéu, nhung kha phitc tap. O day ta chi gidi thiéu sd luge.
10.5.1 Chuéi phudng tién vdi hang v6 han

Qu4 trinh Poisson ¢é tinh chat co ban sau day gidp cho viec
nghién cifu mang don gidn hon nhiéu [xem Burke 1956].

Tinh chdt tuong duong (equivalence property). Gid sit mot phuong
tién ¢d s ngudi phuc vu va hang vé han, ¢6 ddu vao Poisson véi tham
s8 A. Gia sl mdi ngudi phuc vy déu c6 thai gian phuc vu la phén bé
mi véi tham s p (tie 12 ta ¢6 md hinh M/M/s) vdi sp > A. Khi dé d4u
ra duy tri ctia phudng tién ciing 14 qud trinh Poisson véi tham s A.

Chi y ring tinh chat tuong dudgng ding cho ca nguyén tdc dén
trude phyc vu trude va ca nguyén tdc vu tién phue vu.

Trudng hgp mang don gidn nhét 1a chudi phuong tien vdi hing
v6 han (infinite queues in series). ¥ day ¢6 m phuong tién, phuong
tién i ¢ s, i = 1,..., m, ngudi phuc vu cling c6 thei gian phue vu vdi
phén b8 ma véi tham 88 p, x6p thanh chudi ¢& dinh; phuong tién ddu
tién c6 ddu vao Poisson v6i tham s A. Khi d6 theo tinh chat tuong
duong ddu ra cia phuong tién 1, 1ai 1a ddu vao cGa phuong tién 2, ciing
14 dau vao Poisson. Vi vay ta ¢6 m mé hinh M/M/s, thye chét 1a doe
1ap, c6 thé tinh todn riéng nhu § cdc muc trén. Tir do suy ra cdc tinh
chat che cd mang. Chang han xdc suat cda bién ¢6 (chung) 13 ¢6 n,
khach & phuong tién 1, ..., n khéch & phuong tién m 1a

PN, .., N ) =(n, ..,n )} =P_..P

¢ ddy P_ duge tinh theo cong thitc cho mé hinh M/M/s,. (10.4) dugce

’ (10.4)

got la ngh:ém dang tich (product form solution),

Ti&c ring nghiém dang tich khéng ddng cho chudi phuong tién
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vdi hang hitu han, tic 14 ché x&p hang & cac phueng tién bi han ché.
Su doc 14p clia cdc phuong Lién trong mang va nghiém dang tich lam
cho viée nghién citu mang dé hon nhiéu nén ngudi ta cling tap trung
tim cde md hinh mang ¢6 cac tinh chat d6. Mot md hinh nhu vay
duge xét biy gid.

10.5.2 Mang Jackson

[Jackson 1963] dua ra md hinh mang gdm m phuong tién xac dinh
nhu sau:

1. méi phuong tién i ¢6 ddu vio 0 ngodi mang 13 dau vio Poisson véi tham
s& a c6 s, ngudi phuc vu ciing vai thoi gian phuc vy 1a phan b mil vai
tham s& W, va 6 hang dai vo han;

2. mbi khich i phitong ién i c6 x4c sudt vao phuong tién j 13 P, {va rdi
11 .
mang véi xde sudtq = § ~ Z p. )
j=1

Jackson d4 ching minh duge réing mang nhu vay ¢6 tinh ch&t
1a, v6i didu kién duy tri, mdi phuong tién j déu hoat déng nhu mét
hé MfM:’sj doc lap v6i tée d dén trung binh

K.=%+Zlip.

] y
i=1

d day s, > lj. Do d4, néi riéng ta chng ¢6 nghiém dang tich.

10.6 BIEU DIEN XEP HANG QUA XICH MARKOV ROIRAC

Trong c4dc muc trudc ta dd md ta qua trinh x&p hang, hay néi
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khdc la qu4 trinh dich vu, nhu qud trinh ngéu nhién lién tue, vi thuc
t& bign thoi gian 12 lién tue, khéng thé dinh ra hai thdi diém thé nao
la k& tiép nhau. Tuy viy ta cé thé diing cach ti€p can xap xi dé din
t6i qua trinh r#i rac.

Gia sif tée dd trung binh khach dé&n la o, va tée 49 phuc vu trung
binh la y tai trang thdi hé c6 n khéch. d day don vi thuc t& thudng
Ia khéchx’gla Ta chon mjt doan thdi gian don vi nhd dé cd thé coi la
trong mét doan chi mét khach dén hojc ri hé (khi phuc vu xong),

chéng han 1 gidy. Khi dé tdc d6 trung binh néi trén theo don vi méi
H n

II 3 ll

JI' .
3600 m 3600 m’

Gia st hang ¢6 dé dai N (khach) hitu han. Cé thé coi qué trinh
la Markov, tifc 14 khéng nhd, vi néu § thoi diém hién hanh hé & trang
thdi n thi dién bién tiép theo chi phu thudc vao a,, . khong phy
thuge qud khi. Vi da c6 cdc thdi diém rdi rac, ta duge xich Markov
(rdi rac). Do dé thudn tién nhat 12 vi&t ma tran truyén. N&éu hé dang
g trang thai 0 thi xdc sudt d€ chuyén sang 1 1a xdc suit c¢6 mot khach

dén, tic la —rH Do dé xdc sudt d€ chuyén sang trang thai 0 1a

Py = 1=~ ;‘ Ro rang p, = ... = p, = 0. Ta da duge hang diu clia ma

tran (p--) Xét hang thif hai, tic 14 khi hé dang & trang théi c6 1 khach.
Xac sudt chuyén sang ¢6 0 khéch rd rang la Pyg = ‘[ j-

A lkhA
1 = o khong

. . hght
khéch dén va phyc vu xong 1 khach. Vi m 16n c6 thé coi —=" bling 0

m

o .
nén p,; = :;1 Tuong tu xdc sudt chuyén sang trang thai 1 va 2 1a

J'..( H LT I H
o L _ B S T S |
p”_[l m]{l m]+mm =1 m m +0,
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X4c suat khdc trong hang rd rang la p,, = ... = p,, = 0. Céc hang
khéc cing nhan duge bing cdch tuong tu. Cudi ciing ta duge ma tran
truyén P c¢é dang

0 1 2 3 . N-2 N-1
______ — [
0 |, R Ay ‘ 0 o | 0 0
m m_ .. - L. .
1 S Mo ﬂT M 0 0 0 0 |
m wm . m|l m | ; . I
2 0 | B ik omlh oo 0 0o
m_. . m._m:.m | R S
N-1. 0 9 ' 0 i 0 Z:PN-l 1__)“N—1_“N lglN 1
S AN VD .| JE SR mo, om
N0 i 0 | o0 0 | 0 o} g B
' o [ A . m | m
Do dé cdc phuong trinh duy tri {(9.8), (9.9) trong truéing hop nay
la
N
Pj=). Pp,.i=0..N,
i=90

N
>p =1,
i=0

& day cdc xdc sudt duy tri can tinh P, 1a xdc suat dé hé c6 j khach.
Theo ma tran truyén P = (p,) & trén ta c6
Hy Ay

A
PO=PO(1-—“]+P— = P, =P
m

im 1

1 Om

, .
P P—+P( “uﬂJJ,PE:P:—wPl:-
m m m p.
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*n 4 En M
Py =Py, ot PN(I - ;H—J = Py=—"7""P,  =..-=

y N-1T T
Moty _z""nP
Wby een, O
N My
N
zPi =1
i=0

Thay tat ca le theo P vao phudng trinh cudi ta duge diing nhu § Muc
10.1.3, khi ti€p cén theo qud trinh Markov lién tue,

(x 7
P,={2C| ,P =CP,n=0,.N,

i=0

n Q°

1'i—l"' 10 -
—— néui =1 .,N,
C = I'Lil'l'.l .

1 néui = 0.

i

Do d6 céc dai lugng co ban L, Lq, W, Wq cing ding nhu & Muc 10.1.3.

THI DY 10.6.1. M&t trd chdi trong khu du lich ¢6 thé phuc vu 50 khach mét
gid (1 = p = 50). Thdng ké cho thay @Wc do trung binh khich d&n 12 100
khdch/gids. Tro choi dudc coi nhu hé ¢6 mt ngudi phuc vu. Lii thu dugce tir mot
khich |2 5 (ngan ddng). Bai 10dn dit ra 1 thiét ké hang ché th€ nio d& 131 han,
Theo ¥ ki€n chung 1a ¢6 hai cdch; hang chd 16 thién va hang chd kin d€ khich
khéng bi€t ¢6 nhiéu ngudi tnrde minh, chi khi con 4 ngudi ding trvde mdi bt
dau nhin thiy, Ngudi ta thiy ring thudng khach (tidm ning) d&n nhung thiy
d6ng ngudi chd thi bd di. Cu thé thdhg ké cho thdy t5¢ d6 khdch vio nhu bing
sau

| onkhich |0 1 2 3 4 5
\ khihanglothien | 100 80 60 40 20 0
by khihangkin | 100 100 100 100 100 0 |

27 VANTRIHOC-A
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418 CHUONG 10 HE THONG DICH VU (LY THUYET XEP HANG)

Ta dp dung cic cong thifc vita ¢6 dé tinh cde P, {véi p, = 50).

}\
N PR 1
e Hangld thién. P) = 7Py = 2P, Py = (7P| = 3.2P;. Py = 1 92P,,

P, = 1,536P,, P = 0.6144P,. Do d6
P, (1+ 2432+ 192+1536+06144)=1 =P, =0,0974.
Nhu viy xdc sudt d€ o choi c6 khach 1a 1-P, = 0,9026. Khi ¢6 khdch thugng
xuyén thi 50 khach/gits va 1di 1t mdi khdch 1 5 nén 1ai trung binh mot gid 1a
50.5.0,9026 = 225.5 ngin ddng/gid. '

e Hangkin. P, = 2P, P, = 4P,, P, = 8P, P, = 16P,, P = 32P; Do d6

P (142+4+8+16+32)= | =P, =0,1587.

Do d6 I&i trung binh 1a

50.5.(1-0,1587) = 246,0 ngan déng/gid.

Nhv viy d€ hang kin 1ai hon 20,5 ngan ddng/gid.

Nhéan x¢( ring & ddu Muc 10.6 ta di chon m dn &€ trong thai gian 1/m ¢6
th€ coi 1a chi xay ra mét bi€n ¢ dén hodc di khdi bé. Qua tinh todn tdt ¢a cdc
dai lugng can P.Cvadodo L. L, W W 1a thily chiing khdng phu thudce gid
tri m cu thé, chi ¢dn lén d€ gid thift trén 12 ding.

10.7 CHON QUYET PINH VE THIET KE HE DJICH VU
10.7.1 Kiéu quyét dinh

O cac muc trude ta da nghién ciu cdc tinh chat va tinh cac dai
lugng quan trong nhat cho cdc mé hinh dich vy, tie 14 cdc md hinh
x&p hang. Ta ciing da 4p dung dé chon quyét dinh lién quan d&n thiét
k& dich vu mét cdch truc tiép bing so sanh. Bay gi¢ ta tép trung
nghién ciu cae cach chon quyét dinh t&t nhat vé thigt k& hé. Cac tinh

27 VANTRUHOQC-B
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hudng phdi chon quyét dinh trong thye t& rat da dang, nhung da s§
14 t& hgp ctta ba quyét dinh sau:

1. 86 ngudsi phuc vu s & 1 phuong tién,
2. Chal lugng clia ngudi phuc vu, thé hién qua (8¢ d§ phuc vy trung binh T8

3. S5 phutng Lién trong hé n, thé hién qua t5c 46 khach d&n mdi phuong tién
A{¥in= lp}'l, d diy lp 12 t8¢ d6 khdch d&n cha ¢3 hé, da bigl)

Mot 56 cdc quyét dinh kiéu khdc ta khong xét & day, ching han
56 ché doi cdn bao nhigu? thist k& quy tic wu tién thé nao ?.... Ta
cing khdng xét van dé diéu khién va diéu chinh hé trong mé hinh
“déng" tiic 1a nhu cAu phuc vu thay déi ...,

Mue tiéu t81 uu 12 lam cyc ti€u ki vong cta téng cude phi. Téng
cuée phi bao gom cude phuc vu CP (luong ngudi phuc vu, tién mua
phuong tién) va cude chi dgi CD. Vi ta xét hé dich vu bing ngén ngit
ly thuy€t xép hang, nén ta quan tam chinh dén van dé gidm chy doi,
nhu cac myuc truée da néi (tir d6 ddn dé&n ting lgi nhudn). Cude phi
chd doi khéng dé hiéu nén ta xét cu thé thém.

10.7.2 Cac dang cuédc chd dgi

Cé hai dang cd ban hay gip trong thuc t&.

1. Dang g(N). Khi khach hang ciing 12 ngu¥si cGa té chifc ¢6 hé dich
vy, chdng han cdc mdy héng doi chita  mét tram sia chita cia eéng
ty, hay cong nhan dgi phat dung cu ..., thi cudce dgi chér 134 ham cda s6
ngudi dgi N (trong hé), vi khi doi la ngimg san xuit. Do dé cude dgi
ta ham g(N) tang theo N. Nhumg N 1a bi&€n ngéu nhién véi P {N = n}
= P nén ki vong citéc doi ch¥ mét don vi thai gian cta hé 1a
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E(CD) = E(gN) = 3. gm)P,.
n=0
Né&u g(N) = CyN 1a tuyén tinh, & day Cp 1a cuée doi mot don vi thoi
gian cia mdi khach, thi

E(CD) = C, 2, nP, = CyL.

n=10

THI DU 10.7.1 (Bao nhi¢u thg sifa may?) M6t nha mdy thi€l bj vién thong
¢6 10 mdy sdn xui1 mot loai linh kién ddt tién. M4y khd nhdy cdm, d& hong,
nén nha may chi b6 tri 8 "céng nhin" d€ hoat déng 8 mdy ("cOng nhin” theo
nghia rong, ¢é thé 12 ddi sin xudt), cdn hai mdy sin sang thay th€ hoac dang
stta. Néu ¢4 it hon 8 mdy chay dudc thi thi€u mdi mdy sdn xudt sé mat 400 (ngin
ddng) mot ngiy. Khi d6 cude chd ddi cia hé 1a

(0) = 0 néu n
g = 400(n—-2) néu n

0,1,2,
3. ... 10,

Mudn tinhE (CD)tacinbi€t P . Khi d6 cdn bd sung dif kién d€ xdc dinh
bai todn. Gia si thdi gian dén khi mdy héng 13 bi€n ngdu nhién ¢6 phin bd mi,
vdi ki vong 13 20 ngay (va ta coi d5i vdi cdc mdy 1a nhy nhau). Thdi gian chita
mot may ciing 1 bi€n ngiu nhién ¢ phin b6 ma, vdi ki vong 1a 2 ngay. Nha
may hién chi cé mot thg sita mdy va thay c6 hién wgng mdy hdng phai chd nén
dang xé1 viée bS sung mdt thg. Ap dung md hinh M/M/s vdi ngudn vio hitu han

3 Muc 10.24v8iN=10,% =+ = L véichi ¥ 1a. thay cho A, = 100, &, = O)
20 2 1l |

d d6, trong trudng hp ndy A, = 84, A, = 8X. Ta tinh dugc Bing 104 chos = |
vis=2.

N=n | gm) =l | s=2
- . T___Pn_ .| 2lmPy l . _pn___._l_giﬂ)ﬂn_

o0 | o | o027 o o4 | o |
| 0 0217 0 0336 0 |
_2 o0 Joam ] o o139 o

{0"&".
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400 0139 | 0055 | 24

3 56
4 800 0,097 78 0019 | 16
5 1200 0,058 70 o006 | 8
6 1600 . 0,029 46 0001 . O
7 2000 0012 24 3107 0
8 2400 0,003 7 4107 0
9 200  7.107° 0 4107 0
_olo 13200 70 | _o 2007 o0
__ EQCD)_ . 28lngay . __4%mgay |
Bing 10.4

2. Dang h(w). Khi khdch hang la ngudi ngoai t& chufe c6 hé dich vu,
chdng han & c4c hé dich vu thugng mai, van tai, dich vu xi hdi thi
cude dgi chy thutng 12 ham cda thoi gian dgi cda mét khédch © (k€ ca
thai gian duge phuc vy), ¢6 dang ham h{i), tang theo . Khi d6

E(CD) = AE (h(@)) = & | h(w)fiw)dw,
0

¢ day flw) 12 ham mat d¢ cda bién ngiu nhién w.

THI DU 10.7.2 (M4y tinh ndo?). Mot ¢ quan cla bd tdng tham muu dang
x€1vige trang bi laisi€éu mdy tinh. Co hai phudng dn thué main frame: miy deep
bluc ¢da hing IBM gid 5000 USD, mdy cda hing CRAB gid 3750 USD mdt
ngay. Khi chay céc chuong trinh dién hinh clia cd quan trong 24 gid thi 0 chudng
trinh chay xong 12 bi€n ngiu nhién c6 phin bd Poisson véi ki vong twong wing
1a 30 va 25. Thoi gian giita thdi diém xui't hién hai chuong trinh cdn chay 1
bi€n ngdu nhién 6 phin b6 mil vdi ki vong 0,05 ngay, Céc chuyén gia tham
mutu ddnh gid t6n that1a 500 USD mdi ngdy chudng trinh phii chdy mdy. Ngoai
ra, 3n thit do bi gidn doan cong tdc tham muny cdn 16n hon, dudc dénh gid 1a 4
18 v8i W, cu thé 1a bling 400 . Nhu viy

h(d) = 500 + 400 o

D€ tinh E(CD) ta 4p dung md hinh M/M/L. Vi f(w) = (u - Me ¥ ¥ ngn
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E(h(t) = _Rﬁﬂ()w +400wWH(p - Ay BTy,
0

Ta co

= 30-20 = 10 cho hing IBM,
~125-20 =5 cho hing CRAB.

Cudi cuing ta dudc

2058 = 1160 cho hang IBM,

E(CD) = 20 (h(m}h{zo.laz - 2640  cho hang CRAB.

TRUONG HOP TUYEN TINH. Né&u h(t) tuyén tinh:
h(w) = Cp, W,

thi
E(CD) = AE(C, @) = Cy(A W) = Cp L,

hoan toan trung véi trudng hop g(N) = C; N. Viy ki vong cude doi
chd mét don vi thii gian cda cd hé trudng hgp ham eude phi phu thuge
tuyén tinh vao s& khach trong hé hodic vao th&i gian chd cia méi
khach 14 nhu nhau va ti 1& vdi sd khach trung binh L trong hé.

THI DU 10.7.3 {Mﬁ’y tram dung cu?). M&t nha mdy cd khi méi dang duge
thi€t k&. Mot van d€ dit ra 1a dit may tram phdt vi thu dung cu khi cdc thg co
khi khéng cin nita. Kinh nghi¢m cho thdy s6 thd cd khi d€n tram theo phin bg
Poisson véi ki vong 120 thg mt gid {tdc A = 120 néu ¢6 mdt tram) vi thdi gian
mé1 nhin vién tram phuc vu mét thd ¢6 phin bd mil vdi ki vong ﬁ gid (nfc 1a

i = 120). M6t thg nghi (chd dung cu) mdt gid thi nha mdy thiét hai 480 (ngan
ddng). Tién c6ng mé1 nhin vién tram 12 200 mdt gid va tién bao hanh ... mét
iram k3 160 mdt gid.

-
S
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Ta cé ngay €, =480 vd E (CD) = 480L.

Bé€ thuin tién ta sé& tinh nd1 L & muc sau.

10.8 CAC MO HINH QUYE'T PINH

T8 hgp ciia ba bién quyét dinh da néi la s, p va & ngudi ta thuong
dimg ba md hinh sau day.

M6 hinh 1 (Chon s). Biét p, A va C_la tién cong mot don vi thoi
gian cGa mot ngudi phuc vu. Tim s sao cho cuc tiéu ki vong cude phi
téng cong trong mét don vi thyi gian.

min E(TC) =sC_ + E (CD).

Chi mdt s8 gia tri s (s6 ngudi phuc vu) duge xét, nén cich théng
thudng 1a tinh E(TC) cho mbi gid tri s réi so sdnh.

THi DU 108.1 (Bao nhiéu thg sita mdy?). Xét ti€p Thi du 10.7.1. Gia st
tién cdng mdt ngdy cda thd sifa may 1a 280 (ngan ddng) wic 13 C, =280.Khido,
ding Bang 10.4 cho E(CD} ta tinh duge E(TC) nhu Bing 10.5. Theo d6 nha miy
vin chi thué mdt thg.

s s, BCD) . BTO) |
| 1 | 280 281 | 561 min |
- 2 : 560 48 608 i
>3 > 840 20 z 840 |

Bdng 10.5

M6 hinh 2 (cho s va ). Gid s f(u) 1a tién cong mot don vi thi
gian cua ngudi phuc vu khi téc d6 phuc vu trung binh 12 4 va A la tap
gi4 tri chap nhan dugc cha n. Gid sit da bidt A, f(uyva A. Tim s va p
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sao cho

min E(TC) = s f(p)+E(CD).

pe Avas

THI DU 10.8.2 (Mdy tinh nao?). Xét Thi du 10.7.2. Ta c6 A = {30, 25} ,
f(30) = 5000, f(25)= 3750, s = L. Do d6

5000+ 1160 = 6160 cho may IBM,

TC) =
E(TC) 3750 + 2640 = 6390 cho midy CRAB.

Do d6 cd quan quy€t dinh thué miy deep blue chia IBM.

Néu s khéng c6 dinh nhuf thi du trén nhung A vAn hitu han, thi
ta lam hai buée. Budce 1 ta ¢6 dinh p € A, tim s theo mé hinh 1. Buéc
2, so sdnh cac gid tri phu thuéc p nhan duge.

Néu A ]a tap hgp v6 han, c6 thé thye hién hai bude theo thia s

nguge lai. Bude 1 ¢d dinh s tim min E(TC). Buéc 2 so sénh céc cuc
TR

ti€u véi s khac nhau. Tuy vay viéc gidi 1a kh6 khan vi két qua gidi
tich cho mé hinh xép hang véi s > 1 phuc tap va nhiéu khi khéng cé
cong thic gidi tich. Thyc t& thutng cd gdng chon tap A hitu han lam
dai dién va ditng bang tinh sdn cho cdc u thude A d6. May mén ring
vdi gia thiét kha nhe thi cye tiéu theo g, s ludn dat duge véi s = 1.
Chéng han [Stidham 1970] da ching minh duge k&t qua sau.

Tinh 61 vu cia mét ngudi phuc vu. Gid st

(i) 1ay s = 1 thi min E(TC) dat cuc tri tai p* € A;
u =R

(i) ham f(i) tuy&n tinh ho#c 16m (tde 13 - f(u) 15i).

Khi d6 min { E(TC): p € A va moi s | lubn dat duge véis = 1. P&
hiéu két qua nay ta hay gidi thich y tudng. Gia sif tim duge nghiém
t6i uu khdc cha mé hinh 2 1a (s*, p*) véi s* > 1. Xét nghidm (1, s¥u*)
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v6i mét ngudi phuc vu va ¢6 ciing cong suat. Bang 10.6 cho thay tuy
cung cdng sudt nhung hé véi mét ngudti 6 trudng hop c6 tée dé phue
vu trung binh cao hon va khéng c6 trudng h¢p nao thép hon.

N=n | Téc dd phuc vy trung binh
e Lo st s )
n=29_ . o = 0
.:n= 1, ....s%-1 s* pu* > np*
_.m2sT ] sTw = e

Bing 106

Do t6c d6 phuc vy thap hon nén E(CD) véi (s*, u*) sé cao hon.
Con cude phi phuc vy thi, do gia thiét (ii),

S*ﬁl-l*) > ﬂS*N*)-
Vi vdy tong cude E(TC) cia hé vdi (s*, u*) ciing Ién hon, tdc 13 t5i wu

la hé¢ mét ngudi phuyc vy. Trong thye t& ngudi ta dp dung tinh chat
nay ca khi (i) va (ii) khéng théa.

Mé hinh 3 (chon s va ). Gia sit biét g, A {téc do khéch dén ca
hé), C, (cong mét ngudi phuc vu mét don vi thai gian) va C; (cudc phi
mit phuang tién, mét don vi thai gian). Gid si khédch chla déu cho
cdc phuong tién, tic la 56 phuong tién n = lpfl‘ Tim X va s sae cho
dat minE(TC),

C6 thé hinh dung cong thie cho E(TC) 12

E('I‘C)-?: n[(C;+sC) + E(CD) ).

Néu cong thifc nay ding thi 1y luan nhy véi mé hinh 2 sé thdy nghiém
t6i uu phéi dat duge véi n = 1. Tuy nhién nhidu tinh huéng thuc t&
cho thiy khéng thé ¢6 nghiém t6i wu véi mot phuong tién (chéng han
v6i cao Gc 30 tdng ma thiét ké mot nha vé sinh du to may di nia).
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Vay ¢6 gi khang thuc t& & cong thdc trén. D6 14 chua k& dén "eudc

phi" thoi gian di t6i va roi khéi phiong tién. Goi T 12 (bién ngdu

nhién) thai gian dén va roi (hai chidu) phuong tién ctia mdt khéch

va C, 12 cudc mot don vi thoi gian nay cua mét khach. Khi d6
E(TC)=n [ (C; + sC) + E(CD) + ACE(T) 1.

P& tim cue tiéu, thueng tinh E(TC) cho méi n va médi s.

THI DY 10.8.3 (MAy tram dung cu?). Xét Thi du 10.7.3. Gia stt khudn vién
nha mdy cho & H.10.6. Hai 58 trong ngodc 14

(600, 600 T | T
pa dd cic diem. C6 ba vi i thich hdp che
Vi i 3 tram dung cu, cdng nhin dén tram biing cic
I{ " - ’ ~ -
cﬁo.ﬁm hanhlang song song vdi cdc truc woa d$ (khoéng
O 300) ’ ¢6 dudng di xién). C6 ba lya chon
(300, 300) . P
Vieri 1 Vigre 2 {ay mdt tram & vitri 2,
re i
1150, 1500 (450, 150) (byhai tram & vitei 1 v 3,
0, 01 @00, 0} {(c)batramd& 1,2 va 3.
H. 108

Cong nhan phin bd déu trong khubn vién va
di vai 1dc d6 3 (km/gid). Khi d6 dé tinh duge E(T) bing 0.04; 0,0278 v 0,02 gid
cho mdi lrra chon (a), (b) va (c). Ta dd cé p =120, A = 120, C,= 160, C =200
va C =480. Ta di ¢6, & Thi du 10.7.3, E(CD) = 48L. Ap dung m6 hinh M/M/s
ta tinh dugc L, do 36 ¢6 Bang 10.7. Theo dé ta thiy phdi chon quy&t dinh (c) 1a
ba tram, dong thdi mdi tram chi ¢cé mdt nhin vién (ludng nhin vién cac quaty,
khi d6 & = 40 cho mdi tram.

n | x| s L | E(M) |C +sC_| E(CD) pCET)| E(TC)
1 120 | 1 o | 004 | 860 o |2804,0| w

1 120 2 } 1,333 | 004 | 560 | 6400 |2304,0|3504,0
1 120 | 3 | 1.044 | 004 | 760 | 501,1 |2304,0 |3565,1
2 160 | 1 11000 |00278 | 360 | 4800 |800,0 |3280.0
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5 Te0 2 [omu Toozs 560 2563 000 [sene

360 2400 | 3840 29520 |

3 .40 1 | 0500 | 002 |
3 .40 1 2 | 0344 l_._QLUl_L___EGO .. 1851 |384,0 _3327.3
Bdng 10.7

BAI TAP CHUONG 10

10.1. Gia si¥ céc vidc dén thyg hién trén mot may theo qué trinh ddu vao Poisson vdi
ki vong 2 vigc mét gidr. Gid s may hdng va sé phdi chia trong mét gid. Tinh xdc suat
dé s§ viéc sé dén trong mat gid nay

{a) bAng O, (b} bling 2 va {c) bang holc IGn hon 5.

16.2 Xétquatrinhsinhvativdip =2,n=1.2, . va k=3 k=2 A, =1vak =0
vdin=23,4, ..

{a) V& lugc d8 cla qua trinh;
(b) Tinh Py, P, P,  P,va P V6in=45,.;
{c) Tinh L, Lq, Wva Wq.

10.3 Mt fram x3ng chi cé mdt may bom. Xe may dén thea gud trinh Poisson vdi 8c
dé trung binh 15 xe/gid. Biét ring néu & tram dang c6 n xe thl xae sudt d€ mat xe khdc
d&n 13i bo di mua chd khac 1a n/3 v8 n= 1, 2, 3. Thdi gian phyc vy mdt xe c6 phan b
mi vai ki vong 4 phat,

{a) V& luge a8 cho hé xép hang.
{b) Viét cac phirang trinh can bing.

(c) Gidi cdc phuang tinh ndy cho xac su#t duy tri d& hé cé n xe. Kiém fra riing
nghiém nay trung véi nghiém nhan duge cho qua trinh sinh va td.

(d) Tim ki vong thdi gian ché trong hé ké ca thdi gian phyc vy,

10.4  Mét siéu thinhd chi ct mét quay tinh ti&n, khach ra tinh tién theo qua trinh Poisson
vai tde db trung binh 30 khach/gid. Khi chl cd mdt khdch & qudy tinh thi chl c6 métnhan
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vién thu tién vdi thdi gian trung binh 1.5 phat. Khi ¢ 2 khach trd 1€n thi cé thém ngudi
phy gidp va thdi gian trung binh cén 1 phat trung binh. Bigt thai gian phuc vu cé phan
b& md.

{a} V& lugc 43 cho hé xép hang.
{b) Tinh cdc xAc sudt duy tri cda $6 khach trong hé.

(c) Tinh L, L, Wva W

10.5 Khach dén mét dich vy theo ddu vao Poisson vdi tdc dd trung binh 2 va thai gian
phyc vy c6 phan bd mi vdi ki veng 1/4. Ngoai mdt khach dang duge phuc vy chi co
chd cha tién nghi cho ba khach, con igi @ phdng ngodi. Tinh (i 1@ thai gian tat ca khach
chd déu ¢ chd tién nghi.

10.6 Mbdtdich vy siia xe 616 dang dugc thiét ké va phai can nhdc cdn miy chd xe chd.
Udc tugng dugc rang xe d&n nhu ddu vao Poisson vai 1dc dé trung binh 4 phat mdt xe,
nhung néu hét chd thi xe £ bd di. Thai gian sdia md1 xe cé phan bé mi véi ki vong 3
phut. Tinh xdc sudt &8 mdt xe d&n phai & vi hét chd néu

(a) c6 0 chd {khong k& 1 xe dang riia), (b) 2 chd; {c) 4 chd.

10.7 Matxi nghiép dang dugc thiét ké s& gém nhiéu may W ddng cung loai va cdn tinh
xem dé mdi cong nhan phy trdch mdy may. Bigt ring thdi gian gilra hai [dn may can
céng nhan dén va thdi gian mét ldn cdng nhan phat dung chinh may déu ¢6 phan b
ma v&i ki vong 150 phiit va 15 phut, tudng ng. M3i cong nhan chilo cac may cla minh,
khéng thé giiip nhau. Can dam bao san xudl it nhat 89% thdi gian cac may phdi chay.

(a} Nhiéu nhat 14 mdy mdy dudc trao cho mdi cong nhan?

{b) Né&u trac s8 may nhu vay thi trung binh bao nhiéu phin thdi gian céng nhan
bén didu chinh may?

10.8 Xét md hinh M/G/1.

{a) So sanh ki vong thdi gian chd trong hang Wn néu thdi gian phuc vy cé phan
b& (i) ma, (i) hdng 53¢ va (iii} Erlang v&i 85 1éch chi:dn 14 trung binh céng cla hai trucing
ngp trudce.

(b} W, va L sé thay @3i thé nao cho ba phan bé (i), (i) va (i) néu cd % v p duge
nhén ddi.
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10.8 M6t xi nghiép chuyén dai tu mit loai thist bj vién théng cd bén phan giéing nhau
vé chi dai tu dugc ting thidt bi. Hon nita, c&n hoan thanh nhanh dé tra thidt b vé san
xudt, nén ngudi ta 4p dung cch 1a ndilan chi dai tu mat trong bdn phan. Véi cach nay
thi céc thiét bj phai dén dai tu theo q.:4 trinh Poisson vdi tdc d& trung binh 1/ngay. Thai
gian dai tu mot phin (trong bn) cé phan b6 M vdi trung binh 1/2 ngay. C& ngusi dé
nghi ¢ dai tu cd b&n phan mdt lugt. Nhu th3 théi gian dai tu ting 4 idn, nhung 8¢ do
thiét bi phdi d&n dai tu cting gidm 4 JAn. Hay so sanh L cla hai cach dé thay cach nao
han.

10.1¢ C6 ba loai *khdch® dén mat ngudi phuc vu theo qua trinh Pgisson véi t5¢ da
trung binh la 2,4 va 2 (mot ngay). Thai gian phyc vy cling ¢é phan bé mi véi ki veng
0.1 {ngay). Thi 1y céin yu tién 12 lcai 1 rdi d&n 2, 3. Hay tinh ki veng thdi gian chd (ca
thdi gian phuc vi) cho ba nguyeén tic x&p hang

(a) dén trudc phyc vy trudc,
(b) vu tién khéng nhudng ngay,
(¢} vu tién nhudng ngay.

10.11  Xét chudi gdm hai phuong tién véi hang vé han, méi phuong tién c6 mat ngusi
phuc vy. Thai gian phuc vy 12 ddc 1ap, ¢d phan b8 mi vdi ki vong 3 va 4 phat, twdng
Ung. Phuong fién 1 c6 diu vio Poisson vdi 15¢ 43 trung binh 10 khach/gid.

{a) Tim cdc xdc sudt duy tri cla s6 khéach cho tiing phugng tién.
(b} Tinh xdc sudt d€ cd hai phuong tién khang c6 khach.

{c) Tinh ki vong 18ng khach trong hé va ki vong tdng thdi gian ¢hd (tinh ca thdi
gian phyc vy) caa mdt khach.

10,12 Mot tram x&ng c& mét bom riéng cho 818 (xe mady phyc vy riéng}, ¢é chd 8d cho
2 xe chd va 1 xe dang bam. Biét xe dén theo qud trinh Poisson v&i t5c dd trung binh A
= 20 xe/gi¢ va thdi gian phyc vy co phan bd mo vdi tde dé trung binh p = 40 xelgid. Hay
chon doan thai gian don vi 13 1 giay ¢& bidu dién xép hang qua xich Markov réi rac.

{a) Tinh cdc xdc sudt duy tri 88 ¢6 0,...3 xe trong hé.

(b) Gia sif tram I&i 15 (ngan ddng) tir mét xe 815, Tinh (&i trung binh cta tram trong
mét gid. Néu co chéd ché ddy dU thi I3 trung binh 1a bac nhigu?
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(¢} Hay tinh 14 trung binh cla tram trong mét gith nhu 14 ham ctia sd chd chd N
(k& ca xe dang bom) va tinh cy thd choN=1, ..., 6.

10.13 Gia sU hé xEp hang phi hgp mé hinh MIMA véi & = 2, u = 4. Tinh E(CD) khi
cudic dai chd ¢6 dang (a) g(N) = 10N + 2N2, (b} h{1) = 25 1 + u°.

10.14 M6t sidéu thi nhd ¢é mdt quiy tinh tién vdi moét nhan vién lugng 16 ngan/gid.
Khach ra tinh tién theo qué trinh Poisson v&i tdc dd 30 khach/gid, théi gian tinh tién cé
phan b& md véi ki vong 1,5 phut. Thdy khach phai chd, chl sigu thi tinh rding mdi khach
ch& mot phat s& {am mét 0,08 ngan déng cho kinh doanh (vi khdch cé thé khong dén
siéu thi nida). N&u thué them mdt ngudi phy & quay 8 ngan/gid thi ki vong thdi gian tinh
tien con 1 phut.

{a) Mé hinh nao trong ba md hinh quyé&t dinh & Myc 10.8 4p dung & day? Vi san?
{b) Ap dung md hinh nay xem ¢6 nén thém ngudi phy khang.

10.15 MOt ddi boc dd xe tai vdi thdi gian xong mat xe ¢d phan bd md va néu ddi ¢o
mdt ngudi thi ki vong 1A 1 gis. Xe dén theo qua trinh Poisson vdi 16¢ dd trung binh 1
xe/gid. Ti€n cbng mot ngudi mdt gidl 12 20 (ngan dong). Mt xe tai phai dung mt gic &
tram sé thiét hai 30 ngan vi khong chuyén chd.

{a) Gid sl cuding dd bdc dd 1 & 56 ngudi. Can may ngudi dé cudc phi trung binh
mat gid nhd nhat.

(b) N&u gid sif cuding dd béc da 1T 1€ binh phuong thi cdn may ngudi.

10.16 Xé&t tram sifa chifa vién thang vdi du tén nhyding ngay & Thidy 10.4.1. Gia sq
xac dinh duge cude dgi chd (khang k& thoi gian chita may) 1a 10 trigu déng/gid cho may
uu tién 1, 100 ngan cho may uu tién 2 va 1 ngan che loai 3. Gid sd thém mot ngudi
phuc vy chi t8n 4 ngan/gid. Dung Bang 10.3, dya vao ki vong téng cudc E(TC) xét xem
¢ nén thém mét ngudi khdng?
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TRA LOI CAC BAI TAP
CHUONG |

1.1 max 25 X, + 30xc

2:?‘0 + -1"7:0 = 40,
xt < 6000,
Xc 5 4000,

X, ¥Xe 2 0.

(™, xt") = (8000, 1400), z* = 192000

1.2 T:=max (x] +x" A y'].) — min
i

wx; - wjx'j + bl.yJ - bjy'F =10.}=1,..n,

n f
; by, - 2 by, <10,
1

n n
T2+ 2, .
1 1
X, x'i, yj, y'I =10,j=1, .. n.
1.3 max (8x1 + 14x2 + 11X + 4y + 12y + Tyy + 42 + 1322 + 9z7),
Xy + X% + X, = 480,
Y+ ¥, + Yy = 400,
Zy+2,+2,=230,

Xy + Y, + 2, < 420,
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Xy + ¥y 42y < 250,

X, ¥,Z2,z0.i=1,23,
(Vigt lai 3 rang budc ddu thanh 6 rang bude bdt ddng thuc)
1.4 8 ban, 32 ghé.

1.5 150 mii ki€u mat va 200 kidu hai

‘ 4
1.6. {a) max |870-0,8) x|,
\ 11
X, =75,
4%, + %, =175,
4%, + 4%, + X, =275,
4%, +4x2+4x3+x4 = 375,

0 <x <100, x nguyén .i=1234

3 Al
{b) max |780- 0,83 x,
i=1

0 <x <100, x, nguyén, i =234.

1.7 min 2x + 3{y* + y-)

—x1+(y‘-y'ls%
X, < -2,
. 10
¥y -y z
X,y .y 20
10
(y=%-3)

1.8 (@) (x,", %,°) = { i g 21 (b {x,", x,"} = { ~ 10, - 6).
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110 (ha>0.b>0; {if) va, vb ; _ (i) phil dinh cllaa > G, b > 0.
1.11 Nghiém chap nhan dugc x D,=ixe D, . ho¥c D, = D,=2.
Nghigm 18i vu x* € S, & Ax" € $,ho8c 8, =5,=0
Muyc ti&u tdi vu Z,' = aiz,"

1.12 {a) (x," xz'. xa') ={0,t,0),z" =3 {b) Khéng giGi ndi dudi
{c) khang chap nhan dugc; (d) (x,* ... x,7) =(1,0,0,1), 2* = 15;

(&) (", . ") =(8,0,000), 2 =3, () (X,", ... xg") = [% 0.0,0,0, E‘;’—”]

1.13 (ajz* = -2, (x,", x,") = (1.0);
(6) z* = 12: (¢ z" = g x* = (0, 3,0,
e 55 L_(37
(dyz' = - 2,x _[2, 2],

. {26 .12
1.14 {a) x -[5.5].2 =—.

L15 (b) x* = (2,1), 2" = -5; (¢} khéng gisi nbi.
CHUONG 2
2.3 {(b)x' ={2.1),2" = -5.

CHUONG 3

3.3 D6 thigémn cgp ndt. Vécta (x,. .., Scn) 14 k&t qua thi ddu khi va chl khiné 14 nguén
cla bai todn dong sau day vd ca tan tai nhu ciu {9y . d) dé bai todn c6 dang chap
nhén dugce (xu), Rang bude cOa bai toan 13

n n

Zxr = Edi = f](l'|2_—1)_

1 1

zxij =)|:I‘ i=1,...n

Xl

28 VANTRUHOQC-A
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Zx =d=n-1-x.0i=1,..n,

1#1

X; = 0 hodc t.

3.4 xla s8 tan gb khai thac & ring i nm j.

K-1 M m K-1
¢ (Z Xt +Z xn—Zdj} — min,
j=0 i= P = o

D<x. <a.
3.5 (b) (xaz' Xopo Raqs Xege Xpgi Xpp Xgg) = (2,1, 1,2,5,0.0), 2" =28

36 {x Xon X

12! x14r 23 a5 xasu K4?, x73) = (11 1r21 1; 0: 6. 3}, = 30

3.7 (% Xpp Xy =(1,1,0), 2° = -10.

3.12 (BA. AC, CF, FD, DE, EG), db dai cap 5G80.

CHUUONG 4
4.1 50 dd mang ludi la
4.2 (a) Thém cung gi& {3,6).

(b} Thém cung gi& gika ngon clia D
va nut 7, rdi ndi ngen cia D va niit 6 biing
mét cung gia.

{e) Thém cung gia gifra ngen cla C va ndt 6, réi ndi ngon clia C va nut 3 bing
mét cung gia.

28. VANTRUHOC-8
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4.3
bién cd 1 2 3 4 5 6 7 8 9 10
thai diém sdm 0 6 3 5 10 10 11 14 43 20
thoi didmmuon | 0 7 3 6 11 10 13 14 15 20
thési gian dy rir | © 10 1 1 0 2 0 2 0

Budng gdng 1 -3 —+6 =8 5 10,

44 (@)0 5233545 36va031-3354 5538

()02 5356,

4.5 — -
Hoat déng EC..} LS..:. FF.‘}

a2 |2 |2]o

(1.3) 3 | oo

@.4) 4 | 4|2

(3.4) 6 | 310

(3,5) s |4

{4,5) 6 ! 6 0

) (4.6) g 110 4
@ 8 | 17 | 11

L 5.8 {13 [ 6|0

(57 i 11 |14 ] 8

(6.7} 19 |13 o

4,8 (a) Thay d8ivé s8 céngnhanla 13v8i0 <1< 2,7 vavdi2 <1< 3, va la 12 vai

I3=tecd

(b} Thay déivé 58 cong nhan la 13 vdi2 <t < 3,15vdi3st<4va 12vdid st < 6.

4.9 C6 4 dudng gang vdi do dai 111 : (A, B, D,E. Q R, S), (A, B, O, F, Q. R, 5}
(A, C,D,E,Q,R, S} (A CD.F,QR,S).




436 TRA L8 CAC BAY TAP

4.10 S8 codng nhan it nhat dugc xdc dinh bdi cdc hoat ddng gang.

411 t, =37, o’ =0

412
Hoat dong L, @ |voatamg | 1, | & |
{1.2) 2 | o1 (4.8) 1,00
(13) 3 1 100 47 0,11
(2.4} 2 XE (5.6) 041 |
(3.4) 3 278 (5.7) 1,78 |
(38 | 2 1,36 67) | ‘ 0,44 |
| bigncs | awngar | Ew) | vaty) | PuTy |
2 1,2 2 0,11 1,000
3 1,3 3 1,00 0.159
4 1,3,4 | 6 3,78 0,304
5 1,3,45 b6 3,78 0.500
6 1,3,456 | 13 3,89 0,987
7 | L3,4567 i 19 | aas | osss
CHUONG 5
5.2 . e e e
d;| 500 630 200 230 |
- B e
400 100 103 106 Mo
300 | M 140 148 123 |
420 M M 120 100 |
380 M M M 100 |
_..80 0 o 0 0 | cung gid
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5.3 gia
(8) | 10| 0 10 (o) [t 1
5 2 4 5 2 3 16
L 4 4 | 5 | 2|7
| 3136 8 |8
0 5 7 3 3 4 5 2 8 10

54 (a) Xag ' Xgg = Xpg = Xgp > Xyp = Xy 2 Xy, = Xy

(b} x,, vio & mdc & va Xgq T2

(€) Cyg = -24 va s thiing gid 1ri myc tidu 13 120.
5.5 Goc tay bic : Xy =T %y =3, X, = 9, %y, = 1, Xy = 10, 2= 94;
cyc tidu cude phi X3 = 7, X,y = 10, Xp5 = 2, X,y = 10, X5 = 1, 2 = 61;

x8p xi Vogel: x,, = 7, x,, = 2, Xy =10, %5, = 1, %, = 10, z = 40, t6t nh4t.

5.8 Phudng phap x&p xi Vogel cho nghiém nhat phat t5t nh&t, din d&n nghiém t8i wu
sall ba budc lap : X5 = 10, Xy, = 20, Xy, = 30, Xep = 30, x,, =10, xg, = 30, Xgy = Xgq =
10, z = B20.

8.7 (¢ ba cdch gidi: {1) {don gidn nhit) bd cot ddu va giam s, di5; (2) dite,, = - M;
(3) date,, = Cyy = €, = M. Nghigm 18i vu l& Xy =10, %, =%, = 5, x,, = 10, Xq = 15,
X1 =5, %, =10, 2 =55,

3.8 (a)1-5,2-3,3-2 4-4, 5-1 vdi cudc a 21 (bén budc IEp ndu gidi biing phudng
phap Hungary).

{b) 1-1,2-2, 3-5, 4-4, 5-3 v§i cudce 1a 11 (ba bude 1ap}:
(c) 1-4, 2-3, 3-2, 4-1, véi cudc phi 14 (ndm bude 14p}.

5.9 Gébc tAy bdc : bfn budc 13p d&n nghiém 18i uu, X =3 %, 22, 0,1, %=1,

23
Xy3=1, %y, = 2.

X&p « Vogel: duge ngay nghiém t8i uu X =3 X,=0,x,=0x,=2 Xy = 2,
X, =3
32
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5.12 May 5 thay may 1.

513 x,,= %5, = X5 =10, %, = 60, Xy, = 15, nit 3 thi€u 40 don vj hang, z = 585 {n&m
budc lap). N

B.14 x,,= 140, Xy, = 120, X, = X5 = 40, X, = 60, X, = 150, z = 2890.

CHUONG 6
8.1 1431‘1 + ‘174-6)t2 + 180x3 + 165:(4 + 2'42:(5 = B761.

82 minz= 37)(1 + 38x2+ 21x3+20x4+ 24x5+25xa.
Xy + Xy + Xy +x5+x621,
X, Xy + X+ Xg z1,
Xy + X, Xy X+ Xg 2 Y,
Xy + Xy =1,
Xy + Xy + X, +x321,
xj=0hoéc!'j= 1, .6,

6.3 (x,<1vax,<2) hodic(x, +x,s3vax, 22) Dang tugng duong la x, - My < 1,
X~ My <2, %, +%, - M{1-y) <3, x, + M(1 - y) <2,y = 0 hodc 1. Nghigm 18i uu la
{x,, %3 = (1,2).

8.4 {(a)Nut0:(2,25,225),z= 11,25 nit 1 (x, <2): (2, 2,4}, 2=11,2; nit2 (x, 52,
X, 2 3): (1,3); 2= 11 (cAn dudi} nit 3 {x, 23) : {3; 1.5,z = 10,5, nut 4 (x, £ 2, X, £2)
{2,2) ; 2 = 10 (cham day}. Nghiém t8i uu & nit 2.

6.6 Hai nghigm t&i vu : {x, = 14, x, = 19, hang khac = 0) va (x, = 15, Xy =1,x%,=17,
hang khac =0} z=151.

6.7 (x,, x,) = (2,1) la nghigm t6i wu.

6.9
vige ‘ 1 2 3 4 5

ngudi ‘ 1 3 2 4 5
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610 {a)(x,, .. %)=(0,0,1,11),2=86.
611 {(a)x, =X, =X, =1,2=7.
{b) khéng c6 nghiém chidp nhan dugc.
&) {xy, o X xy=(1,1,1,1,0), 2=95.

8.12 (x,, X, X,)=(0,6,1), z=12

6.13
I nghiémiam tron nghiém nguyén |
X, 2hodc3 2
X, 1 1
X, 6 6
F4 26 ho#ic 30 26

6.14 (b)x, =5 %,=275 x,=3,2=2675

CHUONG 7
T-1
7.1 EC, = 21C, 0p, + C,| quyStdinh cén ehon 18 T* = 3 véi EC,, = 366,7.

t=1
7.2 Quyét dinh san xudt chip.
7.3 Tr=3vdi ECT. =290

7.4 Ky veng phi t8n cho khédch A, B va C 14 190, 120 va 205 USD, tuang ng. B duge
Uu tién nhat,

7.5 Mua 200 banh, ki vong doanh thu 18 uu ta 3695 ngan déng.
T - T-1
c C c c
7.8 min (EC.. + VarC) = n{{?' + T—E] 2P - {T‘T >+ wT-’} T* = 1v8i EC, + VarC,
t=A1 t=1
= 500.

77 122,2<k<4,
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78 1=4

7.9 Ky vong phitdncla A, Bva Cla 263,7; 93,3 va 168,2 USD. B cé uu tién nhat.

7.11
e
{a) 14i 8O triéu.  {b) bang bén: i trang thdi 1 nhién
lf e _.|_théng__ thua
| Dy bao thng . 0818 0181
L _____ , . thua 0333 0867

{c) Thué chuyén gia. T6 chic quyén gép néu chuyén gia dy bao thing gidi. Ky
vang giai thudng 14 105 trigu {tc ta tién quyén dugc).

7.12 130 banh.
7.13 L#p day truyén Idn ngay, ky vong cia 1ai trong 10 nim 1a 325 triéu 4aong.
7.14 (a)a, {b) a, {c) a, {d) a,.
7.15 {a) chién lugc 2; {b) chién luge 1.
7.17 (a)y=v=v=1 diémyenngyaa,, = 1;
(b)y=v=v=1diémyénngyaa,, = 1;
(c)¥ =7 ¥ =09, khong cé diém y&n ngya;
(d)y=v=v=3diémyénngyaa, =3
(8)¥=v=v=1,diém yénngyaa,, a8, =a,=1;
{g) ¥ =¥ =v=-2, diém yén ngia Ay, = Ay, = -2
718 {a)p=zSvags5 (blps7vaqz7.

7.19 {a) Chién Iugc tdi vu clia B 1a {y* 1-y,)= {2, é). V= 2; Chién lugc t8i vu cla A

8
3

2
By %) =6, 0,2,0) v =

{b} Chién hugrc 16i uu ciia A 14 (x,”, 1 - x,) = (i,%) véiy = g;
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Chiéniuge Bivucla BR (y,*, ... y,") = .

(c) Chién luge t6i uu cla A fd {x," , 1 - x,"} = (

©o0 2 7y v=12
tteot2e T T 2

7.21 Chién lugc tdivucllaBva A 1A

7.22 Chién luge t8i uu cha dai ta Ja ¢

CHUONG 8
8.1 20905.
82 783 2.

8.5

(a) | v/e0 l 7.167

1
Py

1

¢

1
55§

1 -~ 5
- M, v==
2! U 2

1
2'2

14 1) 20, 20 1 14

45' 45" 45" "45' 45" 45

29

TS

LI I PR 1147
} va cua dbi phuang (& (3, 5 o, 15)_

1781 I 7,233 /92
/81 7,733 11192
a1 1 7,433 g2

IV/91 7,500 1V¥/92

7,267 1793

8.067 93 10,367

1794 9,267
11/94 8,867

8,700 /83 10,433 1 11/94 8,267

(b} 1,184,

8.6 (a) 410,333 = 17,630t

9.467 . IV/93 10,267 | Iv/94 7,967 |

). claBlafy” ..y =

(b) 604,267
© | 3 4316 ‘ & 445,220 9 458,880
| 4 43484 | 7 452,008 10 478,992
_ 5 43935 | 8 460089 | 11 490,193 |
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567,864

|
585,671
- 804328

() 3 465,52 6 517,405 g
4 483,075 | 7 534,236 10
5 500,196 | 8 551,212 "o
CHUONG 9
9.1 ma trén truyén
l 0 1 2 3 4 xac sudt duy tri ;
o le1 08 o 0 0O x, = 0281, r, = 0,263, n, = 0.215
1 0.15 c ¢.85 0 0 = 0.167. =, = 0,084
2 0,22 0 0 D.78 0
3 0.50 ] 0 0 0.5
4 1 0 1] ¢} 0
8.2 (a)
gid hom nay k¥ vong gid ngay mai k¥ vong lai
1 1,75 0,75
2 2.1 01
3 3 0
4 3,9 -0,1
5 4.25 0,75

(b) Xdc sudt gia sau hai ngay, bigt gid hdm nay & 1 {P {x;=1}=1)

P{X2=j}:ZP{x2=j‘X,l:i}P{X‘:i Xy =

5

i=1

1},

P{x2=1}:0.425;P{x2=2}=0.250:P{X2=3}=0,140;

P{X, = 4} = 0,0925; P { X, = 5 } = 0,0925; ky vpng 4 1,i775,

T m e
<, -9,;%
P

on,
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0 050 0 05 (05 0 025025 0
05 0 05 ¢ 0 0 05 0 025025
93{P=|0 05 0 05 0 p?=lo2s 0 05 0 025
0 0 05 O 05 025025 0 05 O
05 0 0 05 0 0 025025 0 05

0,062 0,312 0.156 0,156 0,312]
0,312 0,062 0,312 0,156 0,156
p® =10,156 0,312 0,062 0,312 0,156
0,156 0,156 0,312 0.062 0,312
0,312 0,156 0,156 0,312 0,062

(byry=...2,=02.
9.4 (a) motidp, lap.

9.6 (a)n;=0,182 =, =0,285 =, = 0368, 1, = 0,165.
{b) 31,42

9.7 (a) Trang thai c6 thé 1A xe bi trdy sudt va khéng bi tray suét.

(¢) Néu xe khong bi tray sudt, ti vu (& chi&m mt chd mi&n phi, ndu xe bi tray
sudt thi chda. :

9.8 (c) Sach luge t3i uu : § trang thdi 0 thi giao bong that manh, 1 thi giao dAm bio.
8.10 (a) minZ =45y, + 5¥,, + 50y,, + 9y,

Yor t Yoa + Yoz * Yygt Y5 =1,

EN) o
Yor + Yoo +¥o3 ~ (g¥01 + pYoo * Yos * Vi = 0

ST o
Yia* ¥is = Gg¥or * LYo * Y1 = 0
moiy, 2 0.

. 1 7 1 5
9.11 minZ = - a¥o1 ¥ oaYoe oY * PRLATE

3 7
Yor* Yoo = {g¥o1 + Yau + GYoa + Yid = 0.
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Yis* Yoo _{::'5'01 * %ym) =0.
Yor tYop * ¥y t ¥y =1,
moiy, 20
8.13 N&u xe chua tray sudt : chiém mot chd midn phi, nfu xe da tray : di chia.
8.16 Khong déng y gid 600, adng y néu duge dé nghi 800 hodc 1000.
9.17 minZ = 60 (¥oq + ¥yy + ¥y, - 600y, ~ 800y, - 1000y,,,
5

5
Yor * Yop ~0.95 . g, + ¥y + ¥ =

|
Yia ¥ ¥ip = 085 Jygy + ¥y +¥p )=

Ao

Yo1* ¥z~ 095. Jg_(ym TY Y= é’
mQiy, = 0.
8.18 Sau ba budc 1ap ta duge ngay sdch luge 16i vu cOa Bai 9.16.
9.18 Tir budc 1 dén bude 3: khong Fm gi ndu may & trang thai 0 hodc 1, dai tu néu &

trang thai 2 va thay néu & 3. & budc 4 : khéng lam gl nSumay & 0, 1, 2 va thay néu
may & trang thdi 3.

CHUONG 10

15 10 5
SO0
101 (a) 0,135, (b} 0,270, {c) 0.0527.
15 15 15
10.3 (a) Hinh bén.
9 9 3 1
P.= — P, =—.P = ,p, =—,
P =25 Pi=6P2=13' =75
d) W = 0,11 gid.
2 3Y1T 6 3 q 1
10.4{b)P0=g,Pn=['5—I§],(C)ng‘Lq=g,w=£,Wq=ga
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31
1055
106 (a)0,429 (6) 0.154 , {¢) 0,072.
10.7 (a) ba mdy, (b} 0.268.
10.8 (a) W, (phan b6 ma) = 2W_ (héing s8) = gwq (Erlang).

{b) Wq (méi) = %Wq {c) va Lq {mdi) = LCI {cl) cho ca 3 phan bd.
109 cachell =1, cdch maiL = 13/16.
1010 () W = 7: (b) W, = 0,20, W, = 0,35, W, = 1.10;

()W, = 0,125, W, = 0,3125 , W, = 1,250

2 1

P

4 .
10.12 (a) F'0=81’15 Py =15 P2=Tg 3 =G"

(b) Lai mét gis 280 {(ngan ddng), néu 8l chd thi 14i 300 (ngan);

i AN
_EI' — @ A
(c) Lai trung binh mét gid = v ; =5 VSiN=1, ., 61acé

N+
g_f2
—_— u fm————————a . e —
LN 1 2 3 4 5 6 |
|
L I&i 200 256,8 280 290.3 295.2 2976

(14 trung binh mot gids = 600 (1 - P y/git).
10.13 (a) F(CD) = 16, {b) E(CD} = 26,5.
10.14 {a) Md hinh 2 v4i s = 1; {b) né&n thém ngudi phy.
10.15 (a) hai ngudi, (b) ba ngudi.

10.16  M&tngudi phuc vy : E(TC) = 62,48 ngan/gi¢s , hai ngudi : E(TC}=9,295 ngan/gid.
Can hai ngudi phyc vy,
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PHU LUC (CAC BANG TiNH)

Al:P{xzx_+ cKa} X cd phan bo chuan o la do lcch chuan X, ]d ky vong

oBe 100 T 01 02 ] 03 ) o4 ] 05 1 06 [ 07 1..09
;0,0 | 5000 | 4960 | 4920 | 4880 | 4840 | 4801 | 4761 | 4721 4681 464l |
L 01 | 4602 | 4562 | 4522 | 4483 | 4443 | 4404 | 4364 | 4325 | 4286 | 4247 -
{ 0,2 | 4207 | 4168 | 4129 | 4080 | 4052 | 4013 | ;3974 ' 3936 | 3897 | 3850 !
;0,3 | 2821 | 3783 | 3745 | ,3707 | ,3669 | 3632 | ,3594 | 3557 | ,3520 | 3483
. 0,4 | 3446 | 3400 | 3372 | 3336 | ,3300 | ,3264 | ,3228 | ,3192 | 3156 | 3121
0,5 ' .8085 | 3050 | .3015 | 2081 | 2046 | 2912 | 2877 | 2843 | 2810 | 2776
06 | 2743 | 2709 | 2676 - 2643 | 2611 . 2578 | 2546 | ,2514 | 2483 | 2451
07 | 2420 | 2389 | 2388 - 2327 , 2206 : 2266 | 2236 | ,2206 : ,2177 | 2148
08 | 2119 | 2090 | 2061 i 2033 ' 2005 . ,1977 | ,1949 | ,1922 : ,1894 = 1867
0,9 | .1841 | 1814 : 1788 | 1762 | 1736 | 1711 ' 1685 | ,1660 ; ,1635 1611
1,0 | ,1587 ' ,1562 | ,1539 | 1515 | 1492 | 1469 | ,(1446 | ,1423 . ,1401 - ,1379
| 1,1 | 1357 |.1335 | 1814 | 1292 | 1271 | 1251 1230 | 1210 : 1190 1170
| 1,2 | ,l151 | 1131 | 1112 | 1093 | 1075 | 1056 . 1088 | ,1020 : ,1003 ' ,0985
1,3 | 0968 | 0951 | 0934 | 0918 | 0901 | 0885 , 0869 | 0853 | 0838 | 0823
. 1,4 | ,080B | 0793 | 0778 | 0764 | 0749 | 0735 : 0721 | 0708 | ,0894 | 0681
. L5 | 0668 | L0655 | L0643 | 0630 | 0618 | 0606 | 0594 | 0582 | 0571 | 0559 |
. 1,6 | 0548 | 0537 | 0526 | 0516 | 0505 | 0495 | 0485 | 0475 | 0465 | 0455
D17 | 0448 | 0436 | 0427 | 0418 | 0409 | 0401 | 0392 | 0384 | 0375 | 0367
| 1,8 | .,0359 | 0351 | 0344 | 0336 | 0329 | ,0322 | 0314 | ,0307 | 0301 | 0294
P19 | 0287 | 0281 | 0274 | 0268 | 0262 | 0256 | ,0250 | 0244 | 0239 | 0233
| 2,6 | 0228 | 0222 | 0217 | 0212 | 0207 | 0202 | ,0197 | 0192 | ,0188 | ,0183 |
i 21 |.0179 | 0174 | 0170 | 0166 | 0162 | 0158 | 0154 | ,0150 | 0146 | 0143
P 2,2 | .,0139 | 0136 | 0132 | 0129 | 0125 | 0122 | 0119 | 0116 | 0113 | 0110 ,
¢ 2,3 | 0107 | ,0104 | 0102 | 00990 | 00964 | 00939 | 00914 | 00889 | 00866 | 00842 |
i 24 |,00820|,00798 | 00776 | 00755 | 00734 | Q0714 | 00695 00676 | 00657 | 00639 :
. 2,5 |,00621,00604 | 00587 | 00570 | 00554 | 00539 | 00523 | 00508 | 00494 | 00480 |
i 2.6 |,00466 |,00453 | ,00440 | 00427 | 00415 | 00402 | 00391 | 00379 | 00368 | 00357 |
27 |,00847|,00336 | 00326 ' 00317 | 00307 | ,00298 | 00289 ° 00280 | ,00272 | 00264 |
| 2,8 | 00256 | 00248 | 00240 | 00233 | 00228 | 00219 00212 ; 00205 | 00199, ,00198
__29 . .00187).,00181(,00175|,00169 | 00164} ,00159 | 00154 | 00149 | 00144 | 00139 |
S e e e
iKoy 0 1 2 1. oo gh ) 8 g+ 8 1 .9
| 3 ]00135 ,0°968 | 0687 ,o“fés 033371 03233 ,0°159 | 03103 , 04723 ,e‘fsﬂ
| 4 | 0%317 | 0%207 | 0*133 | 0%854 | 0 541 | 0 "340 | 05211 | 0%130 ; 05793 | 05479 |
| 5 | 0%87 05170 107996 | 107579 ?333 07190 | 07107 |, 0%99 ' 032 | 0%182 |
| 6_| .0%87 | 0%30 | .0%282 | 0°149 | 0'%7771.0'%02 ;, 0'%06: .0'"104 01’523 | 01260 |

b

v

o,
By
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A2:gidrit, dEPf1 = (4} =B, tcé phan bd Student véi v bic wr do

g 040 | 025 0,10 0,05 | 0025 | 0,01 | 0,005 |0,0025| 0,001 |0.0005
v

1 0,325 | 1,000 | 3,078 | 6,314 | 12,706 | 31,821 | 63,667 127,321318,31 | 638,62
2 3,289 | 0,816 | 1,886 { 2,020 | 4,303 | 6,965 | 9,925 | 14,08922,327 | 31,598
3 0,277 | 0,785 ; 1,638 | 2,353 | 3,182 | 4,541 | 5,841 | 7,453 {10,214 | 12,924
4 0271 | 0,741 | 1,533 | 2,132 | 2,776 | 3,747 | 4,604 | 5,598 | 7,173 | 8,610
5 0,267 ; 0,727 | 1476 | 2,015 | 2,571 | 3,365 | 4,032 ; 4,773 | 5,893 | 6,869
[ 0,265 1 0,718 + 1,440 | 1,943 | 2447 | 3,143 | 3,707 | 4,317 ] 5,208 | 5,959
7 0,263 | 0,711 | 1,415 | 1,895 | 2,365 | 2,998 | 3,499 | 4,029 | 4,785 | 5,408
8 0,262 | 0,706 | 1,397 | 1,860 | 2,306 | 2,896 | 3,355 | 3,833 | 4,501 | 5,041
9 0,261 | 0,703 | 1,383 | 1,833 | 2,262 | 2,821 | 3,250 | 3,690 | 4,297 | 4,781
10 2,260 | 0,700 + 1,372 | 1,812 | 2,228 | 2,764 | 3,169 | 3,581 | 4,144 | 4,587
11 0,260 | 0,697 | 1,363 | 1,796 | 2,201 | 2,718 | 3,106 | 3,497 | 4,025 | 4,437
i2 0,259 1 0,605 | 1,356 | 1,782 | 2,179 | 2,6B1 | 3,055 | 3,428 | 3,930 | 4,318
13 0,259 | 0,684 | 1,350 } 1,771 | 2,160 | 2,650 | 3,012 | 3,372 | 3,852 | 4,221
14 0,258 | 0,692 | 1,345 ; 1,761 | 2,145 | 2,624 | 2,977 | 3,326 | 3,787 | 4,140
15 0,258 | 0,681 | 1,341 | 1,753 | 2,131 | 2602 | 2,947 | 3,286 | 3,733 | 4,073
i8 0,258 | 0,690 | 1,337 | 1,746 | 2,120 | 2,583 | 2,021 | 3,252 | 3,686 | 4,015
17 0,257 | 0,689 | 1,333 | 1,740 | 2,110 | 2,567 | 2,898 | 3,222 | 3,646 | 3,965
18 0,257 | 0,688 | 1,330 | 1,734 | 2,101 | 2,552 | 2,878 | 3,197 | 3,610 | 3,922
i9 0257 | 0688 | 1,328 | 1,720 | 2,093 | 2,539 | 2,861 | 3,174 | 3,579 | 3,883
20 0,257 | 0,687 | 1,325 | 1,725 | 2,086 | 2,528 | 2,845 | 3,153 | 3,552 | 3,850
21 0257 | 0,686 | 1,323 | 1,721 1 2,080 { 2,518 | 2,831 | 3,135 | 3,527 | 3.819
22 0,256 | 0,686 | 1,321 | 1,717 | 2,074 | 2,508 | 2,819 | 3,119 | 3,505 | 3,792
23 0,256 | 0,685 | 1,319 | 1,714 | 2,069 | 2,500 | 2,807 | 3,104 | 3,485 | 3,767
24 0,256 | 0,685 | 1,318 | 1,711 § 2,064 | 2,492 | 2,797 | 3,091 | 8,467 | 3,745
25 0,256 | 0,684 | 1,316 | 1,708 | 2,060 | 2,485 | 2,787 | 3,078 | 3,450 | 3,725
26 0,266 | 0,684 | 1,315 | 1,706 | 2,056 | 2,479 | 2,779 | 3,067 | 3,435 | 3,707
27 0,256 | 0,684 | 1,314 | 1,703 | 2,062 | 2,473 | 2,771 | 3,057 | 3,421 | 3,650
28 0,256 | 0,683 | 1,313 | 1,701 | 2,048 | 2467 | 2,763 | 3,047 | 3408 | 3,674
26 0,256 | 0,683 | 1,311 | 1,699 | 2,045 | 2,462 | 2,756 | 3,038 | 3,396 | 2,659
30 0256 | 0,683 | 1,310 | 1,697 | 2,042 | 2,457 | 2,750 | 3,030 | 3,385 | 3,646
40 0,255 | 0,681 | 1,303 | 1,684 ; 2,021 } 2,423 | 2,704 | 2,971 | 3,307 | 3,551
60 0,254 1 0,679 | 1,296 | 1,671 | 2,000 | 2,390 | 2,660 | 2,815 | 3,232 | 3,460
120 | 0,254 | 0,677 | 1,289 | 1,658 | 1,980 | 2,358 | 2,617 | 2,860 | 3,160 | 3,373
o 0,253 | 0674 | 1,282 | 1,645 | 1960 | 2326 | 2,576 | 2,807 | 3,000 | 3291
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bai .:(;(gn b6 nhigm (assignement probiem)

bai todn bé trg (axiliary problem) 22
bai tztg;n chdt hang (carge-loading problem)

bai todn chon (choice problem) 177

bai todn chuyén védn (transshipment prob-
fem} 91

bai todn dong cue dai (maximum flow prob-
lem) 125

bii todr dong trén mang {network flow
problem) §1

bai todn diéu xe 220
bai todn déi ngdu {dual probiem) 70, 72

bai todn duimg ngdn nhdt (shortest path
problem} 136

bat todn hén nhdn {marriage problem) 144

bai todn k€ hogch sdn xudt (production
planning problem) 5

bai todn tha (scarce problem) 46

bai todn vdn {di (transportation problem) 9
bai todn vdn tdi cdn bdng (balanced) 188
bai tedn vdn tdi cé durng cdm 180

bai todn vdn tdi Hicheock 176

bai todn vin tdi kém ché bién trung gian
181

bdi todn véan tai nhanh 211

bdi todn vdi tdf ndng han ché (capacitated
preblem) 97

bai fodn voi tdi ndng khong han ché{un-
capacitated problem) 97

bdng védn tdi (transportation table) 185

bign (variable) 10

bién bi (slack variable) 12

bién chia nhdnh (branching variable) 262
bign cf (event) 146

bidn el chdc chdn (certain event) 297
bién c6 gang (critical event) 152

bién cf tdeh biat (exclusive events) 297
bidn co sd(basic variable) 19

bién d6i ngdu {dual variable} 73

bién khéng co sé (ronbasic variable) 19
bidn quyét dinh {decision variable) 10, 168

bidn quyét dinh lién tyuc{continuous deci-
sion variable} 319

bién ra(leaving variable} 21

bién vao {entering variable) 21

bigu ddé Gantt (Gantt bar chart} 145
bidu dé thoi gian {time chart) 155
cank {branch) 298

canh (edge) 47,92

cdt (cut) 126

cdt hén hap (mixed cut) 282

edt mank hon (stronger cut) 280

cdn trén (upper bound) cia phdan bd 161
¢ap ctia niit, cia 43 thi {degree) 92
chy (tree) 93

cdy bao tram (Spanning tree} 94

cdy quyét dinh (decision tree) 298

cdy t6i dai (spanning tree} 94

chac (fork) 298

chac quyét dinh (decision fork) 298
chac tink hudéng (chance fork) 298

chi 86 lge quan (index of optimism) 307
chi s6 mia (seasonal index) 332

chia nhdnh {branching} 264

chién luge bi troi (dominated strategy) 3089



HUGNG DAN TRA CUU 449

chién luge hén hop (Mmixed strategy) 307
chitn luge thudn tiy (pure strategy) 311

chon quyét dinh bdp bénh (decision mak-
ing uncertainty) 292

chon quyét dinh cé mao hidm {decision
making under risk) 291

chon quyét dink c6 thit nghism (decision
makirg with experimentation) 292

chon quyét dinh khéng thit nghiém (deci-
sion making without experimentation) 292

chon quyét dinh trong hoan cdnh tdr
dinh {decision making under certainly} 291

chu trinh {loop hodc cycle) 92, 186
chu trinh chua bdo héoa (unsaturated cycle)
17

chu trink o6 hudng (directed cycle) 93

chudi phiong tign véi hang vé han {int-
nite quever in serier) 413

edng thie Little (Little's formula) 389
cét xoay {pivot column) 29

co s (hasis) 36

cung (arc) 92, 298

cung lir (hackward arc) 93

cung teén (forward arc) 93

cung vod husng {undirected arc) 92
ce didnm (crash point} 167

cube phi {cost) 95

cude phi chudn (normal cost) 168
cude phi cia chu trink (cost of a cycle) 100
cude phi Lt kho (storage cost) 179
cude phi cye diém (crash cost) 168
cude phi sau (Subseguent cost) 365
cude phi thu gon (reduced cost) 106

cude phi trung binh thye t& (actual average
cost) 355

cude phi tie thei (immediate cost) 366
dang chinh tdc{canonical form) 11

29 VANTRUHOC-A

dang chudn (normal form hodic standard
form} 11

dang ma trén cie bing don hinh (matrix
form) 43

dang tich cia ma trin ngige (product
form of an inverse matrix) 50

dang thito 36 eta (eta factorization) 52
ddy chicyén (path) 188

dong (flow) 96

dong ché (waiting time) 384

dong chdp nhén dugc (feasible flow) 96
dong tinh {net flow) 120

dung lugng ciia cdt (capacity) 126

dit dn (project) 145

dy dn Idn (large scale project) 145

dy bde lam tron theo liy thita (exponential
smoothing forecasting) 329

du bdo theo gid tri cuoi (last-value forecast-
ing) 328

di bdo theo trung binh (average forecast-
ing) 328

di bdo theo trung binh chuyén dong
{moving-average forecasting} 328

da dign 135 (polylope) 13

ddt edn (bomding) 263

d@t ke hoack (planning} 145

ddu vao Peinssor (Poisson input) 387, 394
dick (destination) 176

diém chudn (normal point) 167

diém cie bién (extreme paint) 37

diém dién (enumeration) 252

digm dién &n (implicit enumeration) 254
digim hut (sink) 95

diém phdt 185

diém thiu 185

diém yén ngua (addle point} 310

didu hanh thuc hign (scheduling) 145
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4 oy,
oy,

diéu kign d¢ léch bit (complementary slack-
ness) 80

didu hign dé léch bi chat (Strict comple-
mentary slacleness condition) 90

didu kién can bdng thu phat 187

didu kign duy fri{transient condition} 389
diéu kién qud do (steady state condition) 359
dinh (vertex) 37

dinh ké (adjacent vertex) 44

dinh suy bién (degenerate vertex) 43

dinh 1y giéi han trung tém (central-limit
thegrem) 163

dinh ly cdn bdng (equilibrim theorem} 80
dé léch bi 80

dé léch ftong cong) cda phuong dn 236
dé {éch chudn (standard deviation) 161, 293
dé thi c6 huong (directed graph) 92

dé thi lién théng (connected graph) 92

dé thi vé hudng (Undirected graph) 92

déi ngdu manh (strong duality) 76

dol ngdu yéu (weak duality) 75

déng mink (coalition) 318

duting cong thoi gian cude phi (timg-cost
curve) 167

dusng di(path) 92, 186
duimg di chua bdo hod {unsaturated path)
130

diuing di tang déng (augmenting path) 129
dudng gang (critical path) 152

ditong gid £ri tién {monetary value ling) 302
dudng héi quy {regression ling) 338

duang mue {level curver) 14

dirng t61 han (critical pathy 152

gid tri cda trd choi {value) 309

gid tri da tren {(smocthed value) 330

gid tri mue tiéu Lot wu (optimal objective
vaiue) 14

gid tri thif nghigm (value of experimentation)
298

ham céng dung (thay tién) {tility function
{for money)} 300

ham dge bigt beta (beta function) 162

ham dge bigt gamma (gamma function) 162
ham Lagrange {Lagrange function) 70

hént mue tigu (objective function) &

hing ngudn (source row) 277

hang xoay (pivat row) 30

héing s6 lam tron (smoothing constant) 329
he sg'g.zhang mao hiém [risk aversion factor)

hé sé gdng (critical coefficient} 154

he s6 gidm (cida cude phi) {discount factor)
375

heé sd st dung (dtilization factor) 394
hé thong dich vie (service system) 384

h@ théng dich vy ngdu nhién (stochastic
service system) 384

he thong kieu PERT (PERT- type system)
146

hodn [ {Circulation) 9%

hoan litu don gidn {simple circulation) 100

hogt déng (activity) 145

hoat dong gang (critical activity) 152

hoat déng gid (dummy activity) 147

hdi quy tuyén tink (linear regression) 336

k&t qud (out come)} cita qud trink nglu
nhién

khdch hang tiém dn (potential customer) 385

khodng ndi Iong déng thai (simultariecus
folerance interval) 341

khodng tién dirh (prediction interval} 341

khodng tin cdy cho gid tri ciia bish ngéu
nhién 340

khodng tin cdy cho ki vong 339
khong gian déng (closed space) 12

29 VANTRUROC-B
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khorg gian mdu (sample space) 345
khéng gian trang thdi (state space) 345
khing suy bién (nondegenerate) 36

ki vong cude phi trung bink (dii han)
{long-run expected average cost) 358

&1 luc (incumbent) 263

ki thudt xem xét va ddnh gid di¢ én
{PERT, tiic project evaluation and review
technique) 145

ki thudt phdn dodn (judgmental technigue)
325

kigm fra{controlling} 145

Id (leaf) 93

Lagrange ndi Iéng (Lagrangian relaxation)
265

Lagrangean 70

lam cham ddy (fathoming) 263

I thuydt xép hang {gueueing theory) 384
Il thuyét tré choi {game theory) 308
6 héng doi ngdu (duality gap) 78
{61 (convex) 13

LP . not léng {LP-relaxation) 177
{ugng phdt 185

{ugng thu 185

ma trdn hol tide {regret matrix) 306
ma frdgn nrdi (incidnece matrix) 99

ma frdn néi thu gon (trimeated incidence
matrix) 101

ma frdn tuong duong 225

Mma trén truyén {transition matrix) 344
mang (network) 95

mang dich vy (service network) 412
mang Jackson (Jackson's network) 415
mang thang du(residual network) 118
mang x&p hang (queuing network) 412
mdt cdt phén 56 (fractional cut) 277
mdt mudc (level surface) 14

mién chdp nhdn duge, midn riang buge
{feasible region) 12

mé hinh khuynh hudng tuyén tink (linear
trend model) 326

mé hinh khuynh hiuong tuyén tinh bién
dong theo miza (linear trend with sea-
sonal-effects model} 326

mé hinh M/ Ex {5407

moé hinh M/D/s 407

mé hinh M/M| 1394

mé hink M/M/1/K3%9

mé hinh M/M /5395

mé hinh MM 1 v6i ngudn hiu han 401
mé hinh MM s véi ngudn hau han 4702
mod hinkh M{M/s/K400

méb hink muc d¢ quan hé (degree of asso-
ciation model) 337

mé hinh muc hdng $6 (constant-level
model} 326

mo hinh mule hdng s6 bien déng theo
maua (constant-level with seasonal-zffacts
model} 326

mé hinh ngéu nhién (probabilistic model} -
160

mé hinh t&t dinh (deterministic model) 160
mé hinh thee maa (seasonal model) 326

mé hinh wu tign khéng nhuding ngay
(nonpresmptive pricrities model) 469

ma hink wy tién nhuéng ngay (preemptive
priorities model) 408

md hinh vdn tdi déng {closed transportation
model) 10

md hink vén tdi md {open transportation
model} 10

mé hinh xdc sudt (probabilistic model) 160
mé hinh x&p hang (queueing model) 387
mife dé tron {smoothed level) 330

mite dot Asi {aspiration level) 294

mute d¢ quan hi (degree of association) 337
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(A
iy ;

nghiém cdy (tree schtion) 102
nghigm chép nhdn duge {feasible solution} 8

nghidm chdp nhdn duge 68 wu (optimal
feasible solution) 14

nghigm co s (basic soltion) 19, 36

nghigm co sd khéng suy bién (nondegener-
ate basic solition) 36

nghiém ca sé suy bién (degenerate basic so-
lution) 36

nghigm dang tich {product form solution) 413

nghiem khong on dinh {unstable solution)
311

nghiém dn dinh (stable solution} 310
nghigm t6i vu (optima! sclution) 14, 308
nghiém (66 wu cda tro choi 308
ngudn, nguén cung (supply, source) 95
ngudn nang ctia ndt (node capacity) 98
ngubn vae (input source) 385

nguyén {iéu (resource} 145

nguyén Ii khong di {i do (principle of insuf-
ficient season} 304

nguyén I t61 vu (principle of optimality) 137
nhan to huong (trend factor) 330

nhdn tit Lagrange {Lagrange muttiplier) 70
rhu cdu (demand) 95

aiit (node) 92

niit cdu (demand node) 176

niit cung (Supply node} 175

ntit cung gid (dummy source)178

nitt dd ddnh ddu (labeied node) 130

ndt goc (root node) 102, 136

nrirt nguan (source) 175

nida khéng gian déng (closed halfspace) 12
& chon 186

& déc lgp {cida ma tran) 226

6 khong sit dung 186

& logi 186

& sit dung 186

pha didu hanh (scheduling phase) 146

pha I, I {phase |, 11} 25

phin bi beta {beta distribution) 161

phén b8 chudn (normal distribution) 163
phén b6 Erlang (trlang distribution) 408
phin bd gamma (gamma distribution) 408
phin b6 ma (exponential distribution) 385
phén bd nhi thic (binomial distribution) 355
phdn bé Poisson (Poisson distribution) 355
phéan b§ Student (Student’s distribution) 339

phdn tich chudi thai gian (time series
analysis) 325

phén tich héi quy (regression analysis) 325
phdn ti trige {pivot) 30

phép todn trén hang (row operation) 18
phép xoay (pivol) 22

phép xoay suy bién (degenerate pivot) 21
phidu diéu tra (questionnaire) 326

phuong dn (atternative) 8, 10

phutong dn chdp nhdn dige (feasible abtor-
native) 8

phuong dn cuc bién khing suy bién {non-
tegenerate extreme alternative) 190

phiong dn cuc bién suy bién (degenerate
extreme aliernative} 190

phuong phidp ba uée lugng PERT (PERT
three estimate method) 166

phiong phdp Box-Jenkins (Box-Jenkins
method) 335

phiong phdp cur tidu cude phi (least-oost
methed} 204

phitong phdp cye tidu cude phi theo
hang (cht) 200

phitong phdp cite tidu cude phi fodan bang
206

phuong phdp Delphi{Delphi method} 326
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phuong phdp don Rinh cdi bién {revised
simpiex method) 45

phuong phdp don hink cdi bien goc {pri-
mal revised simplex method) 45

phiang phap don hinh tiéu chudn (stand-
ard simplex method) 46

phiwng phdp don hink vdn tdi {transporta-
tion simplex method) 196

phueng phdp duing ging (CPM, tik critcal
path method) 145

phiang phdp mat phdng cdt (cutting plane
method) 274

phuang phdp nhdnh va cdt (branch-and-cut
method) 261

phuong phdp nhdnh vé can {branch-and-
bound method) 261

phuong phdp nhén i (multiplier) 196

phuong phdp nhém chuyen gia (expert
group method) 325

phiong phdp so db mang luéi 145
phuang phdp thé vi (potential) 196

phuong phdp xdp i lign tidp {(method of
successive approximation) 138, 378

phitong phip x6p xi Vogel (Vogel's approxi-
mation method, vigt tit VSM) 206

phuong sai (variance) 293

phuong tien (facility) 385

phuag?g trinh Bellman {Bellmanr's eguation)
1

phuggng trink cdn bdng (balance equation)

phuong trinh Chapman-Kolmogorov 34%

phuong trinh duy tri (sleady-state equa-
tions) 357

qud trinh dimg (stationary process) 349

qud trinh ngdu nhién lign tuc (continuous
stochastic process) 345

qud trinh ngdu nhién rii rac (discrete st
chastic process} 345

qud trink Poisson (Poisson process) 355

qud trinh quyét dinh Markov (Markov deci-
sion process) 362

qud trinh quyét dinh Markov hitu han
busde (finite-period Markov decision proe-
ess) 378

qud trinh ginh va tif (birth and death proc-
ess) 388

quad trinh vae Poisson (Poisson input proc-
ess) 387

quan Aé ham chinh xdc (exact functional re-
lationship} 336

quét nut i (scanning) 131

quy hogch 0-1 da thiie {zero-one pohmo-
minal programming) 284

gy hoach déng (dynamic programming) 137

quy hoach nguyén (integer pregramming,
vidt tt IP) 251

quy hogch nguyén by phan {mixed pro-
gramming, viét tat MIP) 251

quy hoach nguyén hodn todin {pure pro-
gramming) 251

quy hogch nguyén nki phén (binary pro-
gramming, viét tat BiP} 251

quy hoach nhi phin da thic (binary polyno-
mial programming} 284

qizy tde Bayes (Bayes' decision rule} 293
quy tde Bland (Bland's rule} 34

quy tde dgt mute ddi kéi (aspiration - level
criterion) 294

quy zifudg géc tay bde {northwest - comer rule)

quy tde hop Iy nhdt (maximum likelibood cri-
terion} 292

quy tdc Hurwicz {Hurwicz criterion) 307
quy tde khe khdt (savage criterion) 306
quy tde ki vong (expected value criterion) 293

quy tde ki vong - phuong sai (expected
value - variance ctiterion) 293

quy tde Laplace (Laplace criterion) 304
quy tdec minimax (Minimax criterion) 305
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quy tdec minimax héi tidc (minimax regret
criterion} 305

quy tde xoay (pivot rulg) 22
quyét dinh (decision) 363
rang budc (constraint) 8
sdch Luoe (policy) 363

sdeh luge ngéu nhién héa {randomized pol-
icy) 367

sdch luge nhap hang (s, §)1((s.5) ordering
policy) 354

sal s6 du bdo {forecast error) 334

sidu phdng {hypherplane) 12

so d6 mang fuéi {arrow network diagram) 146

sty bién {degenerate) 36

si tdng dong (flow augmentation) 129

s¢ xoay vong (cycling) 33

tdi ndng (capacity) 95

tap 16 (convex set) 13

tip 16i da dign (polyliedron) 12

tinh chdt khéng nhid {lack-of-memory prop-
erty} 362

tink chdt Markov (Markovian property) 348

tinh chdt tuong duong (equivalence prop-
erty) 413

tinkh 18 (convexity) 13

tham s6 dang (shape parameter) 408

thang du{residual) 334

thé vi 196

théa hiep thii gian cuoc phi {time-cost
trade - off) 164

thoi didm hodn thanh mudn (latest compig-
tion) ctia hogt déng 154

thon diém hoan thanh som (earlist comple-
tion) ctia hogt ding 153

thii didm khdi céng mudn (latest start)
cia hoat déng 153

thoi didm khdi cong som (earlist stant) céa
hoat dong 153

thai diém mugn (latest time) ciia bidk cd
150

thin diém sem (earlist time) cida bién c5149
thii gian bi quan (pessimistic time) 161
thai gian di triz(slact hoe fioat) 150

thoi gian dy tri2 dbc Igp (free slact, tree
ficat) 151

thoi gian du trit chung {total slact, total
ficat) 150

thoi gian du tri cia digmg di {lotal flpat
of a path) 154

thai gian giita hai khdck (inter arrival time)
385

thai gian hop Iy nhdf (most likely ime) 161
thai gian lae quan (optimistic time) 160
thai gian phuc vu (service time) 385

that gian phue vu kidu ma (exponential
- service time) 394

thudt todn edi thign sdch luge (policy-im-
proving algorithm) 372, 377

thudt todn chu trinh cude phi Gm (nega-
tive cost cycle algorithm) 143 .

thudt todn cong (additive algorithm) 270
thudt todn Dijkstra {Dijkstra’s algorithm) 138
thudt todn ddank ddu (labeling algorithm)

131

thudt todn dat nlén (label setting aigo-
rithen} 138

thudt todn d8i ngéu géc (dual-primal algo-
rithm) 88

thudt todn don hinh d6t ngdu (dual sim-
plex algorithm) 85

thudt todn don hinh hai pha 46 ngdu -
goe (dual-primal two-phase simplex algo-
rithm) 88

thudt todn don hinh géc {primal simplex al-
gorithm) 87

thudt todn don hinh mang {network sim-
plex algorithm) 401

thudt todn Ford-Fulkerson (Ford - Fulker-
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son's algorithm) 130
thudt todn Gomory 276

thudt todn goc - doi ngdu (primal-dual algo-
rithm) 88

. thudt todn hai pha (two-phase algositlim) 25

thudt todn phdn dodn (heuristic algorithm)
254

thudt todn phan sé (fractional (pure integer)
algorithm) 276

thudt todn sta nhanr {label correcting algo-
rithm} 138

tién phat (penalty) 206

(8 hgp 16i {convex combination) 13

téc 46 dén (arrival rate} 356

trang thdi dén duoc {(accessible state) 352
trang thdi ergodic (ergodic state) 354
trang thdi hdp thy (abserbing state) 352

trang thai khéng tudn hodn {aperiodic
state) 353

trang thai {gp (recurrent state) 352

trang thdi {dp duong (positive recurrent
state) 354

trang thdi lgp khong (null recurrent state)
254

trang thdi qud 46 {transient state) 352

trang thdi théng nhau (cOmmunicating
states) 352

trang thdi tudn hoan (periodic state) 353
tro chot dung {fair game) 309

tro chai hai nguii (two-person game) 308
tré choi hap tde (Cooperative game) 319

tro choi n ngudi (n-persen gamej 319

tra c}:gi téng hdng =6 (constant-sum game)

tro choi téng khdc khéng (nonzero - sum
game) 319

tré chai téng zero (zero-sum game) 308
tro chot vi phdn (differential game) 319

tro chot vo han (infinite game) 319
tir vieng [dictionary} 19
tir vung suy bién (degenerate dictionary) 31

xde sudt cé didu kign (conditional prob-
ability) 296

xde ;:gt duy tri (steady-state probability)
xde ;ggt héu nghiém (posterior probabitity}

xde sudt qud dp (ransient probability) 348
xdr sudt tién nghigm (prior probability) 292

xdc sud? truyén ditng {stationary transition
probability) 349

xde sudt truyén n bude (n —step transition
probability} 349

xich Markov (Markov chain) 348
xich Markov ergodic 354

xich Markov khéng thu gon duge (irreduc-
ible) 352
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