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LGOI NOI PAU

Quyén bai tep nay trink bay i gidi cua cde boi tap dé ra trong
quyén Todn hoc cao cp t6p ba, phép tinh gici tich nhidu bién s6. Mot
s6 bai tap khdc d& duge bé sung vao.

Nhu chiing ta da biét, trong hoc todn, gitta viée hidu sGu sdc ly
thuyét va lam thanh theo cde bai t6p c6 mpt méi quan hé mat thiét.
Chinh trong qud trink hoc Iy thuyét réi lam cde bai tap, tir nhitng bai
t4p vén dung don gian Iy thuyét dén nhitng bai tip ngay cang khé
hon, ching ta dén ddn hiéu dugc cde khdi niém todn hoc moi, ndm
duge cde phuong phdp co ban, nhé dude cde két qud co ban.

D61 v6i cdc ban sinh vién ditng quyén sdch nay, ching té khuyén
cdc ban hay tw minh giai cdc bai tgp dé ra trong gido trinh va chi
xem loi gidi trong quyén sich nay dé kiém tra lai, tw minh ddnh gid
két qua hoc tip cia minh. Mong ring quyén sich nay giip cdc ban
hoc t8t hon va tim duwge nhitng 151 gidi hay hon.

Quyén sdch nay viét lon ddu nén khoéng tranh khoi cde sai 5oL
Chung t6i mong nhin duge ¥ kién dong gép cie déc gia. Xin chén
thanh edm on,

CAC TAC GIA



Chuong I
HAM SO NHIEU BIEN SO

A - PE BAI

1. Tim mién xac dinh cda cac ham s8 sau

1
\/x+y+\/x~—y

a) f(z-c, y) = Inxy; b} f(x, y) =

C}f(X,y}=\/4-x2v—y2 + -\[x2+y2_1 .

d) f(x, y} = arcsin y““‘;““]; ; e} fix, y) = \/x]ny

f} fix, y) = o g f(x, y) = Inx + Insiny;
y—x

h) flx, y) = X ; DI,y =vy—xIn{y +x
cosly

2. Tim gi6i han khi (x, y} = {0, 0) cia cdc ham s8 sau

2 _ 2
) flx, y) = b e y) = —
x2 + y2 o x2 4+ y4
2 B4yl
e} f(x, y) = xarctg — d) f(x, y) = " ;
X o ox2+y?
1+x2+ o
e) fix, v) =—xz£(1 —cosy); Dfx,y = 2_)(1{31,
y T exy+y?
{a, ) € R?
sinx — sin; sinx — sh
flx, y) = oY h) fix,y) =
8 fx, y) shx — shy ) £x, 3) shx — siny
3. Tinh cic dao ham riéng cip mdt cua cac ham s§ sau
3 3
a) f(x, y) = 1‘51’-1? b) fix, y) = In (x + V(2 + 32 );

+y2’

b4



o) fx, y) = y2sin = ; d) f(z, y) = arctg L
v X
\ V2 + ;,2 — X
e) f(x, y) = arcsin (x - 2y} ; f) fx,y) = In Ay
2_ .2
g) f(x, y) = arctg Ez—L 3 h) f(x, y) = e¥cosxsiny
X +y2
i) f(x, y) = In (x + Iny) ; DXy =% x> 0)

K fx,y,2) =x" x > 0,y »0); ) f(x, y, 2) = e sin %
Z
1

m) f(X, y, Z) = exE +§2+zz _X_

; n} f(x, v, z) = zsin
X+z

4. Khac sat sy lién tuc cda cac him s6 sau va céa céc dao ham
riéng cdp mot cia ching

x2+y'2

a) (=2 + yz) sin ( L ) néu (x, y) # (0, 0)
f(x, y) ={
0 néu {x, y) = (0, 0)

3 _ o3
-y < £ (0. 0
flx, y) = { %2 + y2 néu &, y) = (0, 0)
0 néu (x, y) = (0, 0)
2
c) xarctg (“V—) néux = 0
f(x) y} = { X
0 néux =10
d) X80y ~ yeInx néu (x, y) # (0, 0)
£z, y) = x2 + y2

0 néu (x, y) = (0, 0)

5. Tinh dao ham cia cAc ham s8 hop sau

. .
a)z = eV 2"2, u=cosx,v=v‘x2+§2;

b)z=ln(u2+v2),u=xy,v=

-

u
)z=ullny,x = —,y = 3u—2v ;
v

o2,
2,

f, G,



b
g,

-Aoesh
N

ddz=ue" +ve ™, u=eXv=yx?

= 2t
e)z = xey, x=cost, y=e

flz =xVi+y2, x=te y=et
8. Ching minh ring

a) Ham s6 z = yln (x? - y®) théa méan phuong trinh
1 1

1 + r z
=z, + —z, = —
X y 7 y2

z ” - -
b) Him s8 z = yx sin®- thoa mén phuong trih
: X

%22’y + XyZ'y = yz
7. Tim ham s8 z = z(x, y) théa man phuong trinh
a) 22’y — z’y = 0, bing phép ddi bién s
t=x+y,v=x-+2y
b) xz’y — yz'y = x% — y% bang phép ddi bién s§
u=x+y, v =xy

8. Tim vi phan todn phén cua cac ham s6

8z =sin 2 + y9); b} z = e* (cosy + xsiny)

cz = lntgz; d)z = arc:tgm

L X X—y
ez = ey+e x; f'}zz_fet?dt

X ¥

i ‘ 3
gz = f}; t2cos2tdt ; h)u = y2vx3 — 3y V22
hu = xe¥ + yet + ze*; j)u=xy2“(x>0)

9. Dung vi phan, tinh gin ddng cac sb sau

3 .
a) V(1,02)2 + (0,05)2 ; b} In ( VL,03 + V0,98 - 1)

c) V9. (1,95)% + (8§,1)% ; d) Vsin? 1,55 + 8 . e0:015



02 .
e) arctg 1,02 ; f) (V99 - %/m)s
0,95
10. Tinh dao ham cla cic ham s8 4n xac dinh b&i cac phuong
trinh sau:
a) x% — y% = a% tinhy ;

b) xe¥ + ye* — e¥ = 0, tinh y’
c) arctgx—:—z = E , tinh ¥’
dnvVZ+y? = arctgi , finh ¥,y ;
e)y5+3x2yz+5x4 = 12, tinh y’ -
22+ Vay = 3x2+ 17, tinh y’ ;

Ve .
g)3sinf¥'—2ms—x+1 = 0, tinh y’ :

¥y y
h)x +y + z = ¢ tinh 2, 2’y :
i) x3 + y3 + 23 = 3xyz, tinh z'y, 7y :

D xy?2® + x%2%2 = x + y + z, tinh 2y | Zy
k) xe¥ + yz + ze* = 0, tinh z'y, 2y ; |
) xyz = cos (x + y + z), tinh 2’y , z'y :
m) y2ze**¥Y — sin(xyz) = 0, tinh 7'y, Zy ;

3/ x3+yd - 3x%y
n} arcsin x X = a, tinh y’

23+ y3 - 3xy‘2
11. a) z = f(x, y) 14 ham s8 4n xac dinh boi hé thic
E
z~xe9 =0

Tinh gén ding (0,02; 0,99)
b) Cho ham s§



o

X+ zZ
u = =

y+z ’
trong d6 z 13 ham s6 4n xac dinh boi hé thirc
ze® = x&* + yo
Tinh w’y, v’y

¢) z = z(x, y} 14 ham s8 4n xac dinh béi hé thic

22 o VESZ
X
Chung minh ridng
., 1, 1
xzzx+;zy=;

d) F(u, v} 12 mét ham s€ kha vi z = z(x, y) 1a ham s& 4n xac dinh
bai hé thire

Flcx —az,cy -bz) =0 (c=0)
Chimmg minh rdng
az’y + bz'y = ¢
e) z = z(x, y) 1a ham s8 4n xac dinh bdi hé thic
x2+y?+ 4% = yf(ﬁ) :
Trong do f 1a mot-ham s8 kha vi. Chung minh réng
(2 —y2 -8y + 2xyz'y = 2xz

f) Tinh dao ham cda cidc ham s6 4n y(x), z(x) xac dink bdi he
phuong trinh

2

x+y+z=0
{x‘+y2+22=1

2 ¥y = y(x) 14 ham s6 4n xac dinh bdi hé thie



O
T

A TN

x3 +y3 -3xy-1=0.
Tim khai trién hitu han dén cdp 3 caa y(x) & lan c4n cla diém

x=0.

h) Tim khai trién hitu han dén c4p 3 & 14n can &idm x = 0 cia

ham s8y = y(x) xac dinh bdi hé thic

10

arctg(xy) +1 = Y,
12. Tinh cac dao ham riéng cip hai cia cic ham s8 sau

a) f(x,y}= xzy + xJ3_: ; b) f(x,¥) = sin{x + y)+cos(x-y)
o) £(x,y)= %J(xg 985 D y) = Cnx +y)

e) fx, y) = In(x +yx2 +¥%) ; ) f(x,y) = arctg%
g f(x, y) =x"Y ; h) f(x, y) = cos(ax + &%)
13. Tinh £",, 0, 0) v& £y (0, 0) néu

2
néu x # -y

a) j
f(x,y)=  X+¥

0 ndux=-y

(x3y - y3x
f(x,y)= 1 x2+y®

L 0  néu(x y)=(0,0)

b) néu (x, y) = (0, 0)

14. 2} Tim ham 86 u(x, y) théa mén phuong trinh Uy =0
b} Tim ham s§ u(x, y) thda mén phuong trinh u" 2 =0
c) Tim ham 8 u(x, y, z) théa man phuong trinh Uy, =0
d) Tim ham s8 u(x, y), biét ring
W' =12x%y + 2, u'y =x* -30xy%, u(0, 0) = 1, uQ1, 1) = -2
e) Tim ham s6 u(x, y), biét ring



wy, = ){2—21(_3(2+3,u’)r = y*— 2x% + 3
f) Tim héam s8 u(x, y) biét

. _ Bx2-y?) (x2 +y?)

X

, By -2 4y?
H u = 13
x%y Y xy?

S ]- - -
15. a} Ching minh ring ham sd u(x, y} = In ———— thoa man
g g y Rty
phuong trinh
2 2
Au: = ou gﬂl‘l— =0
gx2 6y2
{(phuong trinh Laplace trong khéng gian R?)
. 1 .-
b} Chimg minh réng ham s8 ulx, y, z) = ——————— thoa man
N VxZ + y2 ¥ 22
phuong trinh
20 #2u &
Au: = ou o oy =0

ax2 8y2 922
(phwong trinh Laplace trong RY).
¢) Cdng cau hoi nhu chu b) véi ham s6

i

X

X
ulx, y, z) = arctg = + arctg Z4 arctg —
y z

d) Tim ham s6 u(x, y, z) co0 dang u = {(r), trong do
r = VxZ +y2 + 22, sao cho

16. Ching minh rdng ham sé z = x{f (X) , trong d6 f 1la mot
X

ham s6 c6 dao ham cép hai lién tyc, théa man phuong trinh
IRl = 1 2
z7x% 272 (2" xy)"
17. a} Ching minh rdng ham 8

11
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Soat

trong d6 f, g 12 hai ham s§ kha vi lién tuc hai ldn, thda man
phudng trinh

2 _n " 2. _
X2 +2xyz“+y Zyg =0 . {*)
b) Tim ham sb z = z(x, y) théa man phuong trinh (*) bing
cach ddi bién sGu=x, v = Y.
X

18. Tim ham s8 z = z(x, y)

a) Thoa man phudng trinh
2", —a’z", =0
X ¥
bing cach déi bién s u =y + ax, v = v - ax .

b) Théa man phuong trinh

2 n 2 LJ _ / ’
Xz 3y 202 =XZy~ ¥z

bing cach déi bifn s u=xy, v=2 -

X
19. a} Tinh dao ham caa haigc‘{ w = xy?z° tai diém M(1, 2, -1)
theo hudng xac dinh bdi vects MM, véi M, (0, 4, -3),
b) Tinh dao ham cila ham s8 z = x> - xy + y? tai diém M(1, 1)
theo hudng cla vects v=6i +8] :
¢) Tinh dao ham ciia ham s6 z = In(x? + y?) tai diém M(3, 4)
theo hudng clia vectd gra z,

d) Tinh dao ham cia ham s§ z = arcsin—— —— tai di€m
2.2
X4y
M,(1, 1, 1) theo huéng clia vectd MM, véi M,(3, 2, 3) ;
x2 'yz 2
e) Tinh dao ham cua ham 88 u = =+ <=+ = theo hudng
a? b2 2

cia ban kinh vects ¥ ciia diém M(x, v, z). V4 diéu kién nao déi
vdi cac s§ duong a, b, ¢ dao ham &y bing | gradu|?

12
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f) Tinh dao ham cia ham s8

1 1
u=-—=

T ||x2+y2+22

theo hudng cua vectd 1 c6 cac cosin chi huéng la (cosa, cosp,
cosy). Khi nao dao ham &y tridt tiéu?

20. a) Cho ham s6 u = x’y’2’. Tinh gradu va % tai My(L, -1, 3)
bigt ring 1 duge xdc dinh béi vectd MM, v6i My (0, 1, 1).

b) Cho ham s6 u = xsinyz. Xac dinh gradu va %“I— tai M.(L, 3, 0)
biét ring 1 dude x4c dinh bdi vecto =1+2j-k

c) X6t ham s6 z = xe¥ tai diém My (2, 0). Tinh van t&c bién thién
cia ham sb d6 theo hudng ti M, d&n M,(5, 4). Theo hudng nao thi
vén tdc bién thién cha z c6 gia trj tuyét ¢di 16n nhat. Tinh gia trj ay.

d) Tim dd 16n va hudng ctia Er_z'l'du. u=x"+y*+2z’ - 3xyz tai
diém M. (1, 2, 1). Tai nhing diém nao thi gradu vubng géc vdi

. - .2 L . ta
truc Oz, tai nhing diém nao thi gradu triét tidu.
21. Ching minh ring
a) Néu u,, U, 14 hai ham s8 kha vi, C,, C; 12 hai hiing s6 thi
— —_— —_—
grad (C,u, + C,u,) = C,gradu, + C,gradu,
b) N&u u,, u, 12 hai ham & kha vi thi
—_— —_ JRE
grad(u,.u,) = u,.gradu, + u, gradu,

¢) Néu f, u 1& nhitng ham s§ kha vi thi

grad(f(u)) = f'(u).gradu

22. a) Khai trién ham s f(x, y) = 2% - xy - y* - 6x -3y + 5
theo céng thic Taylor § lan can didm M,(1, -2).

b) Khai trién ham s f(x, y) = x¥ (x > 0) theo cong thic Taylor
d 1an can diém M, (1, 1) dén cac s§ hang bac 3.

13



23. Tim cye tri cla cic ham s6

a)z=4x-y) -x*-y%, Dyz=x*+xy+y2+x—-y+1
clz=X+y-x; d) z = 2x% + y* — x2 — 2y2
2 2
e)z=xy1_n(x2+y2); f')z=xy\’1—§*—L,a>0,b>0
a? b2
glz=x-y2+x+yd,; Wz = x2(x + 1) + 3
Dz=xt+y*-2x-y2; PDz=x%3Bx+ 2y + 1),

24. Tinh gia tri 16n nh4t va bé nhét cia ham s6
a)z = xg—yztmngmién Dxécdinhb&ix2+y2‘_=4 :

b) z =x2 + y2 trong mién D xac dinh boi
x-vVZY¥2+(y-vZ2<o :

z=x%yd-x-y) trong mién déng D giGi han bdi cic dudng
thingx =0,y =0,x + y = 6.

d)z =x% 4 2xy - 4x + 8y trong mién doéng D gidi han bdi cdc
duong thdngx = 0,x =1,y =0,y = 2.

e) z=e &*¥) (2x%+ 3y% trong mién D xac dinh boi
x2 + yY =1

f) 2z = sinx + siny + sin (x + y) trong mién d6ng D giti han béi cac
T 7
T y=0y=_
2’ V=Y

gz = (a% - Hx? + (b2 — Ay? + ? — [(a~c)x2 + (b-c)y? + cI2,

dudmg théngx = 0, x =

voia > b > ¢, trong mién D xac dinh béi x2 + y2= 1.
25. Tim eyc tri cua ham s8
a)z=xyvoidiukiébnx +y =1

bz = l%—lvé'idiéukién*'15+i2=~--

1
X ¥ p:4 ¥y a2
14

ot
?(90.\1

a



24 o2 4 o2 vii didu kien = 4 L 4 B
c)u = x¢+ y¢ + z% vai diéu kién — + +—=la>h>c
a2 b2 2
vomen 1. L1 1
diu=x+y+zviidibukibln—+—+—=1
X ¥y Z

26. Cho hinh cdu ban kinh R. Hinh hop cht nhét nao noi tiép
trong hinh cAu &y c6 thé tich lén nh4t.

B - LOT GIAI

1. a} Ham s6 f(x, y) = Inxy xdc dinh khi xy > 0, vy mién xac
dinh cua n6 1a tap hop

{x,VER2:x>0,y>0U{x,y)€ERZ:x <0,y < 0}
b) Ham 8 f(x, y) = ! + ! xacdinh khix + y > 0 va
vx+y vVi-—y

x —y > 0. Mién xac dinh cta no la tép hop.

{x, ) ER%:x »0,-x <y < x}

c) Ham s6 f(x, y) = V4 — x% — y2 + V32 + y2 — | xac dinh khi
4—-x2—-y2>0 va x2+y2—1=0. Mién xac dinh cia né la vanh

khuyén déng giéi han bdi cac dudmg tron x2 + y2 = 1, x2 + y2 = 4,

. —1 -1
d) Ham s8 f(x, y) = arcsiny— xac dinh khi — 1 = Y- 2 = 1.
X X

Mién xac dinh cua né 14 tap hop

{(xVER :x>0,1—x=<y=1+x}U
U{xyyER?:x<0,1+x<sy<1-—-x}

e) Ham s6 f(x, y) = vxiny xdc dinh khi xlny = 0. Mién xac dinh
cia no la tap hop

15



ot
R o0

n

(Y ER :x20,y21} U {,y) ERZ:x=0,0<y = 1}

f) Ham s6 f(x, y) = - xac dinh khi y ~ x2 # 0. Mién xac dinh
* - " y - x2
cua no la tap hop

{x, ERzzy = x2}_

g) Ham s6 f(x, y) = Inx + Insiny xéc dinh khi x > 0 v siny > 0.
Mién xac dinh cda né 1a t4p hop

{x, ) €ER?: x> 0,200 <y < (2n+ )7, n € Z},

h) Ham s6 fix, y) =

xac dinh khi cosy = 0. Mién xac dinh
T coszy
cua no 1a tap hop

{x,y) ER2:y = (2n+1)%,nEZ}_

i) Ham s6 f(x, y) = vy = x In(y +x) xac dinh khi y—x 20, va
y + x > 0. Mién xéc dinh cda né 13 tap hop

{(X=Y)ER2:y>0,—y<xsy}.

— g2

2
2. a) f(x, y) = 52—3’—2 xéc dinh véi ¥ (x, y) = (0, 0).

x“+y

Cho x = 0, ta ¢6 f(0, y) = - 1, Vy = 0. Vay f(x, y) - - 1 doc theo
true Oy.

Choy = 0, tacod f(x, 0) = 1, ¥x = 0, Viy f(x, ¥y} = 1 doc theo
tree Ox.

Ham s6 f ddn tdi hai giéi han khac nhau theo hai phuong khac
nhau, vay khéng t6n tai gi6i han cia f khi (x, y) - (0, 0).

b) {(x, y) = 2" L XAcdinh ¥ (x, y) = (0, 0).
X<+ y
Cho y = kx, k 14 hdng s6, ta cb

k2x3 k2x

22 + kx4 1+ k2

fix, y) = fix, kx) = Vx = 0

16
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Do 46 f(x, y) = 0 khi (x, y) -+ (0, 0) theo moi dudimg thdng y = kx.
Diéu 46 khong cé nghia la giéi han phai tim bing 0. That vay, cho
x = y2 ta ch

fx, ) = 62 y) = L -
2y

Do do f(x, y) = % khi (x, y) > (0, 0) doc theo dudng parabon
x = y2. Vay khong tén tai giéi han ciia f khi x, y) = (0, 0).

Yy =0

B

c) fix, yv) = xarctgx khéng xac dinh khi x = 0. Ta cb
X
|fx, 9) | = | xarctg? | = | x| . | arctgL | < Z ]
b X 2
Do 46

lim f(x, y) = 0.
(= ¥} (0, 0)

3 4 3
d) f(x, y) = x—z—% xac dinh V(x, y) # (0, 0). Ta c6
X<+ ¥y

1P+ 53 = [ +y) 62~ 2y + D = [x+y| K2+ 32 + [xy]]

Nhung |xy| = %(x2 + y2) Y(x, y) e R2, do %

3
1x3+y3] = |x +y) 5 &2+ D)

Suy ra
3
ifx, )| = g I+ ¥l
Vay Clim f(x, y) = 0
(x, ¥) = (0, 0)
1+x2+ .
e) fix, y) = I (1 — cosy) xac dinh Yy # 0. Theo cong

thirc khai trién hiru han cia hiam s6 cosx, ta cé

2BTTCCT3A 17
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¥
1 - cosy = 2 +0 ) khiy » 0
Do d6

30 = A+ =24y S+ 0(1)) khiy = 0

Vay
_ 1
lim f(x, y) = _
@.y) ~ (0.0)
f fix, y) = 2—”’5— xac dinh V(x, y) = (0, 0).
X“—-xXy+y

Khi 46 x2 -~ xy +y2 > 0. Mot mit, ta ¢6 f(x, x) =x*+5 -2
nén néu a + § - 2 < 0 thi giéi han da cho khéng tdn tai; mat khac,

néua < 0, hojcf < O, thi khong tén tai  lim f(x, y).
x> 00
Bay gid ta xét truomg hgp e +8-2>0, a = 0, § = 0. Pat

k =max (|x}, |y]). Tacé |x2y?| < k& +F

2

. 2 _ o_ (. _¥\2_ %% ¢ x\2 3x?
vi X xy+y—(x 2)+4—(y 2)+4

2
nén |x2 ~ xy + y2| 2%
Do & |f(x,y)|s§ka+ﬁ‘2
Vay lim f(x, y} =0

(x¥)>(0.0)
Néua+8-2 =0th
a+ﬁ—2_kﬁ kﬁ

lim f(x, kx) = lim> = (phy thude k)
<0, -0l —-k+k 1-k+k?

Tém lai giéi hanchi tbn tai khi e+ -2 > 0, =2 0,8 = 0,
gi&i han 4y bang 0.

18 2 BTTCCT3B
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— +
LSl AP S 4

i
sinx — siny S 2 2
g) fx, y) = -
shx - shy x—-y x+y
2sh 3 ch P

Khi (x, y) - (0, 0)-tacésinx—;X ~ sh% ~ X—;X.Dodé

lim f(x, y) = 1.
(x5 =00

h} Cho x = y, ta cd f(x, x)
(x, ) = (0, 0) doc theo dudmg y

—1vx = 0. Vay f(x, ¥y) - — 1 khi

X.

Choy = 0, ta duge f(x, 0} = 1 ¥Vx = 0. Vay f(x, 0) - 1 khi
(%, y) = (0, 0) doc theo duomg y = 0.

Do dé khdng tén tai lim f(x, y) .

% ¥)~(0,0)
3+ 43
3.8 fix, y) = 2
x? + y2
oo (22 + y2) 3x2 — (x3 + y3) 2x  xt — 2xy? + 3x%y?
x - x2 + y2)2 B %2 + v2y2
) y

V1 If do d6i xitng giva x va y, ta cd

£ y4——2ﬂ3+3x2y2 .
y =

(x2+y2)2
b) f{x, y) = In (x + Vx2 + y*)
Po= e (14 i) =
¥ x+Vx2+y§ m mﬁ
0 ! yo_ y

Cx+VZHy? Vi ryl x Vi@ g2 +x24 52

c) fix, ¥y} = y2$in‘;{:

'y = chosi‘:. (i) = y'::oa':iE

19
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f"—2ysm“+y2cos ( i)=2ysin*"—xc:os;
y2 .
d) fx, y) = arctg‘:—
1 ¥ ¥y
o ()= g
e (3)T T
R e
14 (Y)2Tx w4y
X
e) f(x, y) = arcsin (x - 2y)
ff, =— 1 Py =— 2
W:‘l—(x—Zy)2 Vl—(x-2y)2
0 y) =m(VeZ+yE ~x) - In (Va2 + 32 +x
S S— —2— 4
P_ng-i-)_rz, ‘_V'x2+? _ 2
* m—x VxZ+y2 4+ x \f:l(2+y2
—_ -y
Fo= Vx2+)_r2 _ \Mz2+;2 .
7 1/;2+_yz-—x Vx2+y2+x
= =—( 1 - L) -
V2 +y2 V2432 —x V¥ +yZ 4 x
-y 2 2x
VA 2 T yVaZa g
2 _
g flx, y) = arctgv xz—‘ﬁ
x+y2
r 1 1 &2+ y92x — (22— y92x
PN o o2 +yB2

o Ve

o
L)



_x2+y2_ 1 _ 4xy? _ y2
T ox? 9 x2 - (x2+y2)2_x\/—xj_‘:}T
x2+y2
B R W R & B a2
v 2x2 1/ x% - (x2 + y%)?
2
:{2+y2
__x2+y2_ 1 ‘ 4x%y _ y .
- 2x2 2 x2 — y2 (x2+)'!2)2__\/x7—:__§r
x2+y2

h)} f(x, y) = e*cosxsiny
'y = eycosxsiny — e*sinxsiny
'y = e*xcosxsiny + ¢¥cosxcosy .
i) f(x, y) = In{x + Iny)

_ 1 _ 1
s y{x + Iny)

X

x+ Iny’

f)f(x,y)=x-"'3
f”x=y3x-"3'l,f”y=xy3.3y2.lnx

K fix,y,z) = x5

Fe=y3y "L Fo=x 2yl Inx

£, = x¥ .y*.lny.Inx

b f(x, y, z) = e*sin L
z

b

', = e®¥yzsin
z

P, = eixzsin L+ o9z Loos?
z z Z



M
ot
et

f'; = e¥¥Zxy sin L_ eyt cos ¥
z 22 z

1
m) f(x, y,z) = e +¥ +z

1
f’x=—ex ‘_"§+;2 2X

(x2 + y2 + 22)2

1
2
P DT E. Y
y (x2 + y2 + 22)2

1 . 2z

P,=—eX+ty+0 . —2% .
(x2 + y2 + 227
n) fix, y, 7) = zsin —L—
X+z
y y
', =—2. cos
x (x+z)2 X+ z
1
f"y=z. cos‘*‘v—
x+z xX+z
f; = sin L _, Y cos —>— -
X+z (x + z)2 X+z

4. a) TacoVix,y) = (0, 0

. , 1 .
[fix, v)| = (x2+y2)|s1n( 3 2) | =x2+y2
. X+ y

Do d6 khi (x, y) = (0, 0), f(x, y) » 0 = (0, 0). Ham s6 f(x, y) lién
tuc tai (0, 0). Ro rang f(x, y) lién tuc tai moi (x, y) # (0, 0), vay f(x, y)
lién tyc trén RZ.

Céc dao ham riéng £, (x, y), Fy(x, y) ton tai tai moi (x, y) # (0, 0).

Bay gid xét tai (0, 0). Ta c6 ¥x = 0, f{x, 0) = xZsin —15
x

Do @6 £,(0, 0) = lim f(h, 0) - (0,0 = lim hsin — = 0

h0 h ho0 h?
22



LaTh
‘og

Tuong ty ta dugce £ (0, 0) = 0.:V4y cac dao ham riéng '4(x, y),
Pylx,y) ton tai trén RZ Véi (x, y) # (0, 0) ta c6

1 1 1
. (x, v} = 2x | sin - cos -
& ¥ ( 24y2 22 xz_,_yz)
Dodbvaix # O
2 1
" (x, 0)=2xsin“l—~—cos—
%2 X %2

T 46 ta thay ring khong tdn-tai
lim f,(x, O
x=0
tic Ia £ (x, y) khéng lién tuc tai (0, 0). Vi vai tro cua x va y d6i xing
nhau nén f’y(x, y} cung khéng lién tyc tai (0, 0).

Tém lai f{x, y) lién tuc trém R2 cédc dao ham riéng 4(x, ),
f,(x,y) ton tai tréen RZ nhung chi lien tyc tai (x, y) = (0, 0).
3_ 3
b) ham s4 fix, y} = E =Y lign tuc tai mei (x, y) = (0, 0). Tacd

1{2+y2

|xi3+ |:f|3
= (x| + |y]

flx, y)| =
[fx, y)| 2t y?

Do dé f(x, y) > 0 = £(0, 0} khi (x, y) - (0, 0). Vay ham s& f(x, y)
cung lién tyc tai (0, 0). Suy ra f(x, y) lién tuc trén RZ.

Véi (x, y) # (0, 0), cac dao ham riéng f'x(x, y), I'y(x, y) déu tdn tai

va lién tuc
%3 + 3xy? + 2y
f..x(x’y)=X( y= + 2y°)
(x2 + y2 )2
— v (y3 + 3x%y + 2x3
£,y = = (v 2y )
(x2 + y2)2

Xeét tai (0, 0) ta co
23



£40,0) = lim &A= 0 _ . h _
h0 h ho B
£y (0,0 = lim LR 0\ -k _
k=0 k k-0 K

Véy cac dao ham riéng £,(x, y), fy(x, y) cang tén tai tai (0, 0),
nhung ching khéng lién tuc tai (0, 0), vi
1+ 3t2 + 2t3
(1 + t22
Do 4o khi (x, y} = (0, 0) theo dudng y = tx thi

ez, tx) =

felx, y) - 1—4-“3—t2+—21£, gidi han nay thay d6i theo t.
(1 + t2)2

Cung vay, ta cd

I+ 32+ t3

Do d6 khi (x, y) + (0, 0) theo dudng x = ty thi

Folty, y) = ~

14 3t24¢3

folx, y) = — , giol han nay cling thay d8i theo t.

Vay f(x, y) lién tuc trén R2, cac dao ham riéng *,(x, y), f',{(x, y)
tén tai trén R2, nhung chi lién tyc tai (x, y) = (0, 0},

2
c) Ham s6 f(x, y) = xarctg (i_) lién tuc tai mei x = 0. Ta ¢b
Vx =0

[z, y)| < |x] -3

Do do f(x,y) = 0 = f(0, y) khix - 0 Vay f(x, y) cang lién tyc tai
x = 0, suy ra f(x, y) lién tuc trén R2,

Véi x # 0, cac dao ham riéng 'y (x, y), fy(x, y) déu tén tai va
lién tuc

24



g
“og,

Fi ) = avetg (L)74 5 —T— g (L) (- 1) -

2
1+(1)4 X
T2 _ 2
= AR —_
s (1) - 25
1 1 2
f’y(x,y)=x._‘“—4.2(f)“};=4—XBL4
: 1+ (X) Xty
X
Bay gio xét taix = 0. Néuy # 0, ta ¢
— 2
(0, y) = lim fih, y) f(O’y)=lim arctg(‘z) =z
h+0 hes 0 h 2
£y(0, y) = lim f(O'y-'-k)_f(o’y)=lim 0=0
k
k=0 k—+{

Néuy = 0, ta cb

£,0, 0) = lim 4 =F00 _ 6o

b0 h b0
— {0, 0
Fy(0, 0) = lim 2R =FQO _ o0
k) k k=0

Viy cac dao ham riéng {",(x, y), {"y(x, y) cing tén tai taix = 0. Tu
chc két qua trén, ta thdy rang fy(x, y) lién tuc trén R?, nhung f'y(x, y)
lién tuc trén R2\(0, 0).

___JL__.Y_
d) Ham s6 f(x, y) = Xsin

lién tuc tai mei (x, y) = (0, 0).
X* +y2
Ta co ¥(x, y) = (0, 0).

x(y—§+0(y3)) —y(x—3—?+0(x))
x2+y2 B

_xy G-y | x0G° - y.0e?)
3! 2+ yz) x2 + y2

fix, y) =

25



Do @6 khi (x, y) = (0, 0) thi f(x, y) = 0 = £(0, 0), ham s6 fiz, y)
cling lién tuc tai (0, 0), vay no lién tyc-trén RZ.

Vai (x, y) = (0, 0), cac dao ham riéng 'y(x, y), f'y(x, y) déu tdn tai
va lién tyc.

(y2 — x2) siny — y (x2 + y%) cosx + 2xysinx

‘ (X2 + y2 2
(y2 - xz)sinx + x(x% + Yeosy — 2xysiny
(X2 + y2)2

folx, ¥) =

Folx, y) =
Xeét tai (0, 0), ta co
f(h, 0) - f(0,0) _

£4(0, 0) = lim lim 0=0
"0 o 0.0

£,0, 0) = lim "R IO 6
k() k k=0

Ban doc hay ching minh rang khéng tén tai cic gidi han

im fu(x, y),  lim f£yx, y).
(xy)~> (0,0 x,3)~ (0, 0)
Nhu vay ham s8 f(x, y) lién tuc trén RZ cac @20 ham riéng

Px(x.y), fy(x,y) ton tai trén R? nhung chi lién tuc trén R2\(0, 0).

5.a) Taco
2y =2y Wy + 2, .V
Zly — Z?u . u)y + z)v . vly
2 _ o2 2
Nhung 27y = ¥ T 2y 2, = Y 27 (— 4v}
] . ] » X E] _L
Wy = —sinx, Wy =0, vy=—"—""— Vv =
V2 + y2 VxZ + y2
Do &6
2. g 2. 2 )
7'y = — e X T 2 +¥) (9cosxsinx + 4x)
2y = — eoosx — 265 + 37 4y .
2u 2v
b) Z,u = ]

i Tz =
w2+ 2777 u? + v2
26



K3
og,

¥ ’ —

Wy =y, V= _,Wy=x Vy,=— 2
y
X
2 20 1
s .4
x2y2+— x2y2+—
e ¥
2yt N 2x Zx(+yh 2
(L+yh) 2a+yh) FQ+yh) X
2 20
X
zy = Fx+ . (ﬁ_):
2 K20 42
x2y2+“'§ x?‘yz+_2
y y
_ 2y? _ 2 :2()’4_1).
L+yt (I+yhy yG'+ 1)
u 3u?
Q) 2y =2 —In(Bu—2v) + —————
" ve ( ) v2(3u — 2v)
’ 2“21(3 2v) 2u”
Z = - —mnjiouv—z2v)~-——"— " °*
Y v3 v2 (3u — 2v)
dyz'y = ev —ve ™% 2, = ue'teY
» % 3 a

uwy = efuy = 0, vy =2xy, vy = x
Do do
p x 2 %
z'y = (e-"”“a —yx%e ®) X + (5FF +e7%) 2xy

b oYX —e*y 2
7’y = (' +e °)x° -

x xZ 2
z'y = xey (_y2) = — gey
x"y = —sint, v’y = 202
Do do
dz
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'z
ot -
q'.Qfxx‘;f-

:m,z:y= X!

V1+y2
x,t = 92t+ 2te2t‘= ezt (1 + 21‘,), y’t = — gt
Do db
& iven tet
—_— = 1+ rzt'eztl+2t+_"—‘“———__e—-t:
dt e ( ) Neprawesd )
_(d+2e?t(Q+e )~ -
V1+ e 2
6. a) Ta cd
z = yln (x2 - y)
s 2X
zx_yx2_y2
r 9 B 2y
Zy——- In(x y.2) yxz—yz
Do 40
1 1 1 g _
lz’x+_z’y=—]n(x2_y2)=mx_2_ﬂ=_z_ .
X y ¥y v y2
b) Ta cé
=y§-sinx
X

o (= ) nd ok (=) e
=y¥‘—(1 + lny)sin + yx cos T
x x X

Dodé x%2', + xyz'y = yE [ — ylny sin L_ yeos = +
X

NMNh—'

+y( +lny)sm + ycosx] =

<
= ¥yx ysinx = yz
X



.
Le)
5

7. a) Theo cdng thic tinh dao ham cua ham s6 hop, néu thyc hién

phép @8i biénsu =x +y, v=x + 2y, tach

Zy =2yt 2,2y = 2y + 22
Ham s6 z thoa man phuong trinh
22y — 2y = Ohayzy = 0
Véy z khong phu thuéc u, né chi phu thuéc v. Do dé
z = f{v)
trong d6 f 14 mét ham s8 kha vi bét ky. Suy ra
z = f(x + 2y) .

b)DéibiénsSu=x +y, v=xy Tacd

2y =2y + y2'y, By = 2y + %2,

Thé véo phuong trinh da cho, ta dugc

-y =x-y)x+y

2y = U

L&y nguyén ham theo u hai v& cia phuong trinh &y, ta duge

z = :?‘l*u2+ f(v),

trong d6 f 1a mot ham s& kha vi bat ky. Vay
z = %(x +y)% + fzy) -

8. a) z = sin (x% + y9).

Do &b

dz = cos (% + y?) dx% + y®) = cos (x2 + 3B (2xdx + 2ydy)

29



ot
et

b) z = e* (cosy + xsiny)

z'y = e* {cosy + xsiny + siny)

K

z’y = &* (- siny + xcosy)

Do do
dz = e* [(cosy + siny + xsiny)dx + (xcosy — siny)dy] .
c)z = Intg L
X
Do dé dz=—1—. 1 d(X) =
tgx cos2X *
X X
_ 1 d(x)_zgxdz—zdx! .
sinxcos}1 x x2singx
+ X X X
d) z = arctg 2Ty
X—y
Do do
-2 -
dz = 1 d<x+y)= x -y .2(xdy ydx)=
1+ (M)2 X=y' 26 +y?) (x-y)?
-y
_ xdy — ydx

;1c2+y2

Ciing c6 thé nhén xét ring z xac dinh khi x = y, né khéng xic
dinh khi x, y d6ng thdi bing 0. Gia st x = 0, ta c6

1+%
X Y
z = arctg = arctgl + arctg
1 — X
x
Dodédz=d(arctgx)=——"1——d(x)=
X ¥y2 X
1+ (%)
X
=xdx—zdx .
1L2+y2

30



Do 46
dz = —edx+ e dy .

@ Ditu=xy,v=—,tach
y

v
z = [ t2cos2tdt

u
Do d6
dz = z’ydu + 2'dv =
= — uZcos2u du + vZeos2v dv
2 2 dx — xd
= - x%rzcos2xy (xdy + ydx) + x—cos_x (X—;;—‘X) :
3 ) ooy y
h)u = y2x2 — 3yz3

Do db
2

3 g 1 2 9 _1
2dx-—3z3dy—3y§z 34z =

du = 2yx2dy+ y> "2-x
3



2
.@6‘

-~

3
=§~/§y2dx+(2y\f§?—3 \G?)dy—gidz '
2 %

Du = xe¥ + ye? + ze*
Do do

v, = e¥ + ze¥, vy = e + xe¥, u', = e* + ye?

du = (¥ + ze*) dx + (e* + x&¥) dy + (" + ye?) dz -
h), u=xyzz(X>0)

i

z b4 2
u’x=y22xyz*1,uy=xyz‘lnx.2yz,u’zzxyz.lnx.y2

Do d6

du=x¥%2 (%dx + 2yzlnxdy +y21nxdz) -

9. a) Xét ham 56 f(x, y) = VxZ+ y2 . Tach

V027 + 0,057 = £(1 + Ax; 0 + Ay),
trong d6 Ax = 0,02, Ay = 0,05. Vi

2x 2y
f'xxs = T R m———g 1 f,(:}=
wtwge | BVGEEE Y

f(1+ Ax, 0+ Ay) = £(0, 1) + (1, 0) Ax + £y(1, 0) Ay =
=1+ % (0,02) = 1,013 -
b) Xét ham 6 f(x, y) = In ( ¥X + V¥ — 1). Ta b

In ( ¥1,03 + ‘%mjgg_l)=f(1+Ax, 1+ Ay),

trong d6 Ax = 0,03, Ay = — 0,02. Nhung
Felx, y) = 1
TR (w+ o
1
Fylx, y) =

. s VY x+ %o
3



&: L
?aé

ta duge f(1 + Ax, 1 + Ay)= (1, 1) + £,(1, 1). Ax + fylx, y) . Ay =

0,03 0,02

i}

3 4

¢} Xét ham s6 f(x, y) = V922 + y2 . Ta cén tinh

V9.(1,952 + (8,1)F = £(2 + Ax, 8 + Ay),

trongdd  Ax = —0,05 , Ay = 01. Vi

9x
)= g VY = e

=== = 0,005 -

ta duge £(2 + Ax, 8+ Ay)= f(2, 8) + Fy(2, 8). Ax + (2, 8). Ay =

= 10+ 9—~ (- 005)+ — (01)»

= 9,99

d) Xét ham sb f(x, y) = V sin’x + . Ta cén tinh

V 5in®1,55 + 8005 = ¢ (% + Az, 0+ Ay),

trong d6 Ax = — 0,021 (vi g ~ 1,571), Ay = 0,015. Ta cb

£ (x. ) 2sinxcosx o v)
. :_"_—'_"_", x’ =
XY 2 VsinZx + 8¢¥ y® Y

Do do

Fid ks s
f(2+Ax,0+Ay>==f(E,0)+f’x(§,O)Ax+f’ (2

8.0,015
= +‘—’"=
3 > 3 3,02

e) Xét ham s6 f(x, y) = arctg L Tach
X

arctg';% =f(1 + Ax, 1 + Ay)

trongdo Ay = 0,02, Ax = — 0,05. Tacod

3 BTTCCT3I-A

o) oy~

33



Fl())=_J_?F 3)= X
=Y X2+ ¥y oy x?

+
e

Do d6
f(1+Ax,1+Ay)=f(1,1) + £,(, 1). Ax + £, (1, 1). Ay =

= arctg 1 — %(— 0,05) + %(0,02)

tq

=7 + 0,035 = 0,785 + 0,035 = (0,82

f) Xét ham s6 f(x, y) = (Vx \/_)3 Ta cén tinh

(V99 — VIZ4)® = (100 + Ax, 125 + Ay),

tron_gdéAx=—1,Ay=-—1.Tac6
1
£ =3 (VX — V3)?.
L%, ¥) = 3 (Vx y) VT
1
= —3(Vz — ¥y}
,(x, y) 3 (vx — Vy) 3V

Do &b

f(100 + Ax,-.12_5 + Ay} = f(100, 125) + " (100; 125). (- 1) +

+£,(100; 125) . (- 1) = 125 - 223 25 _

2.10 25
=125~ 3,75 + 1 = 122,25
10, &) Ta co

fix, ) =x*y-¥x-a*'=0
Fxy)=3&% -y, F(xy) =x* - 3y
Do d6

,_ P&y yGe-y)
Fyx, )  x (3 ~x)

3.BTTCCT3-B



P O’f"‘;
C‘ge

b) Ta cé
Fix,y) = xe + ye* - e¥ =0
F,x(X;Y)=ey+yex—Yexy
F (x, y)=xé’+e"—xe"y
e)’+ X __ xy
Do dé y = ¥
—xe' — e + xeV
c) Ta co
F(x,y) = arctg 23Y — ¥ = ¢
a a
i 1 a
Py = —-=
) XE¥. a2 (x+y)+a
14+ (=)
a
F (x, ) 2 Loy
x’ = - . T —_— T = - T
Y x+yP+a a x+yP+a® a
. a’
Do do y = "
(x+y)
d) Ta cé

Fix, y) = %ln &+ y9) ~ arctgz 0

x:
+ y—X
Py = —L Py = :
oy x2+y2 Y x2+y"'

Do 46 y’=i—f§f(vcﬁx:y)-
Péng thic d6 6 thé viét 1a

x-y)y =x+y
Lay dao ham hai v& ddng thirc nay, ta duge

(x__y)yn + (1 _y)}ya =1+ y!
35



hay

36

Vay

e) Ta co

Do &5

) Ta cd

Do d6

g Ta co

2 5
Gy =1 +y2e14 (M)2=M
X—y X—y

) i
y” = 2!x +z !(vé'ix;ty) .

(x -y
Fx,y) =y3+ 3x52 + 5x4 - 12 = 0
Froix, y) = 6xy> + 20x3
Fy(x, y) = 5y* + 6%y

v 223+ 10x%)
y (6y° + 6x%)

Y

Fx,y) = 2y% + ¥ay — 3x2— 17 = 0

_2
3

1
Fylx, y) = 5 (xy) 3.y~ 6x

] 1 _g
Fybe,y) = 4y + 2 Gy) 3.

-2 1
, 18k —x 3y3
VT L2
12y +x3y 3
vx
F(x,y)=3sir_1—x*—2cos§‘+l = 0
y Y
1 Vx v¥x
F.ix,y) = —— (SCos—x + 2sin —x)
2y Vx y ¥
vx
F’y(x,y)=——x(3c:os—x+25in£)
2
¥y y ¥y



Do do

h) Ta co

Do dd

i) Ta co

Do d6

J) Ta co

Do d6

k) Ta co

Zy =

= X
2x

Sl
= [

2y

Fix,y,z) = - x-y-2=0
F’X(x:‘ y: Z) = - 1) F’}"(XQ ¥, Z) = - 1
F’Z(xa .Y) Z) = ez - ]-

1
et~ 1

Zy = Zy =

Fix,y,2) =x° + y* + 28 _3xyz2 = 0
F'y(x, y, 2) = 3x° - 3yz
Fy(x, y, 2) = 3y* - 3zx
F',(x, y, 2} = 3z - 3xy

. o yz-x® N

A , z'y =
ZQ_K.Y z2—xy

Fx,y,2) =xy?2d +x%y%2 ~x -y -2=0
Fu(x, y, z) = y225 + 3x%yZz — 1
Fylx, y,2) = .‘?.x_yz:_3 + 2x%z — 1

F(x, v, z) = 3xy%2® + x%2 - 1

_1- y2z3 - 3x2y22 , _1- 2xyz3 - 2x3yz

< ? Zy =
3xy%z? + x%2 — 1 Y 3xy?z? + x3y2 — 1

Fix,y,2) =x¢¥ + yz + 2 = 0

37
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or
5

S
U

Fox,y, 2z) =¥ + ze*
Fylx, y,2) =xe¥ + 2

F.x,y,2) =y + ¢*

Do dé
, e + zo* , xe +z
2y = - Py = - ——=
v+ e - v+ ef
) Tacé
Fi(x,y,2) = xyz-cos(x +y + z) = 0
Fel®, 5, 2) =yz +5inlx +y + 2
F’y(x, Y. 2} = zx + sin(x + y + z)
F.x,y,2) =xy + sinlx + y + z)
Do db
s _ _yztsinxt+y+z) y _ _ZXtsinx+y+az)
* xy tsin(x+y+z)’ Y xy+sinx+y+z)
m) Ta co
F(x, v, 2) = y22e*Y — sin (xyz) = 0
F'y(x, y, 2) = y2ze**¥ ~ yzcos (xyz)
F'y(x, y, z) = 2yze*?Y + y?ze* ¥ — zxcos (xyz)
F'u(%, y, z) = y%**Y — xycos (xyz)
Do d6

, . _ 2 (ye**Y — cos (xy2))

ye**¥ — xcos (xyz)

, o _zly(y+2) e — xcos (xyz)] |
y [ye*t¥ — xcos (xyz)]




. 'C‘Oé

n) Ta cd

x> + XB SX%X
F(x, y) = arcsin
x5+ y - 3xy2
Ham s8 F(x, y) 1a mét ham sd thuén nhat bac khéng, do do theo
cong thuc Euler ta ¢

xFx(x, ¥) + yFyx, y) = 0 *)
Mat khac, néu 14y dao ham theo x hai v& cia phuong trinh
F(x,y} = 0, ta duge
Fyx, » + Fyx, 9y =0 (**)
T hé hai phuong trinh (*), (**), ta dugce
» _ X

-4
Chi ¥ ring ké&t qua nay ding véi mei him s 4n xAc dinh boi hé
thae

¥

px,y) =a
trong d6 ¢(x, y) 1a mdt ham s§ thudn nhéat béc 0.

11. a) Tacd f(0,02; 0,990 = f(0 + Ax, 1 + Ay), trong do
Ax = 0,02, Ay = — 0,01. Theo cong thic tinh gin ddng bang vi phﬁn
toan phén, ta cd

F(O + Ax, 1 + Ay) = £0, 1) + (0, 1) Ax + £'(0, 1) Ay
thé x = 0, y = 1 vao phuong trinh
Z
z—xe¥y = 0, *)

ta duge (0, 1) = 0. Liy dao ham theo x hai v€ cua phuwong trinh (*),
ta duge

z z g

z'y — e¥ — xey .

x=0
y
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Z

!

X 7
hay zy|l——e? |=¢e”
Y

thé x = 0, y = 1 vao dﬁng thic dy, ta duge fy (0, 1) = 1. Lay dao
ham theo y hai v& cia phuong trinh (*), ta duge

r

yz', -z
1 ¥ ¥
z', — xe =
¥
hay
z z
X Xz 3
Z | l——e? |=-=e”
Y y 2
y

thé x = 0, y = 1 vao ding thuc &y, ta ditgc f;, (0, )=0.

Do dé .
(0, 02; 0,99) = 0 + 1.(0,02) + 0.(—0,01.) =0,02.
b) Ta cé
o = (y+z)(1+2' }(x+2)z', _
) (y+z)2

- WzZiHyrs) yx )

(y+z)2 (y+z)2 x y+Z

. (yr2)Zy —(x+z)(1+2', )

' (y+z)?
(y-x)z'y~(x+z)  yx | X+Z
= 2 = 2%y~ >
(y+z)~ (y+2z) (y+z)

Mat khace, 14y dao ham theo x hai v& cfia hé thitc
ze* = xe* + ye' , ta dugc (ze® + e®}z', = xe* + e*,
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Do dé

e (x+]) '

e’ (z+1)

X

Tudng tyu, ta duge

Vay

¢) Ta cé

Do do6

Suy ra

e’ (x+1) ‘

e’ (z+1)

— x .
P oYX e(x%—l)+

]

(y+z)? e*(z+l) y+z

co Y% el ) x4z

u

F(x.y,z)=zz+~2~— y*-z? = 0.
X

2
2
F(x, v, 2= - 5
X
F',(x. Yy, zZ) = ——";y—r’ +
y -z”

" y+2)? et (ze) (y+z)?

=
y'-z?
2
2
- X —
Z'x" . , Z'_‘.—
2z +
yz_zz
[
2+
22
r y _z
X’z + —7', =
y
y 1
z| 2 +
yz_zz
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d) Lan lugt 1dy dao ham theo x réi 18y dao ham theo vy hai vé
etz hé thic
F(u,v)=0,

trong d6

=¢x—az, v=cy - bz,
ta dugce

{c—az', )F', (uv)-bz', F' (uv) = 0

—az'}, F, (u,v)+(c—bz'y JF', (uv) = 0.

Xem dé la hé hai phuong trinh dai s& tuyén tinh thudn nhéat
déi véi F'(u, v) va F'(u, v). Diéu kién cdn va di dé hé ay cé
nghiém khéng tdm thudng la dinh thiic ctia n6 bing khéng, titc 1a

c-azy -bz [

¥ - bl

—az

y ¢—bz y

hay
¢ - ¢bz', - acz', + abz'2', - abz' 2, =0 .
Vie = 0, ta dude
az', + bz, =c.

e} Lan lugt 14y dao ham theo x, réi 18y dao ham theo y hai vé&
cta hé thdc

X{+yt 4zt = yf{EJ :
Y

ta duge

2x + 227", = yf' [3}5"_ =7, f'[fj . *)
y)y y

42
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“2g

7', —Z
2y + 2z2z', = f[-z—J + yf'[—z—J Y yz =
¥ Y/, vy

s o
Y y° Y

Ta nhan xét ring hé thitc ma ta cdn chitng minh khéng chia
ham s6 f mdt cach tudng minh, do dé ta tim cach khd f'ti hai
ding thic (*) va (**). Nhin hai v& cla (*) v6i z - yz',, nhan hai v&
cta (**) v8i yz', roi cong lai, ta duge

(8x + 2zz' )(z - y2',) + (2y + 2z2' )yz’, = yf{i}z'x .
Y

Nhung theo gia thiét
yf(ij =x2+y2+2.
Yy

Do dé 2xz - 2xyz', + 22%2', - 2xyz'z', + 2y*z' + 22y2.,2, =
= (x*+y* + 202, .
Suy ra
2xz = (x? - y¥ - 2z, + 2xyz', .
) Hé hai phudng trinh
x+y+z=0
{x2+y2+22=1 )

Xac dinh hai ham s8 &n y = y(x), 2 = z(x). L4y dao ham theo x
hai vé cac phuong trinh trén, ta duge

{y'(x)+z' (x)y=-1
yy' (x)+zz'(x) =-x .
(Giai hé phuong trinh dy dot véi y'(x), 2'(x), ta duge
X-Z -X
yow ==, zZm=i_.

-y 72—y
g) Thé x = 0 vdo hé thic
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Fx, y): = x3 + v -8xy-1=0,
tadugecy = 1. Vi
F'ylx, y) = 3y? - 3x,

F'y(0, 1) = 3 # 0, nén hé thic Fix, ¥) = 0 xac dinh mét ham s8
dny = yx) trong mét 1an c4n U cua diém x = 0. N6 b dao ham moi
cdp trong lan c4n 4y. Khai trién hiu han dén cdp 3 cua nd trong lan
cdn gy 13

b4 0 P *ry 0 .
y(x) = y(0) + y'(0)x + U“lz x% + L‘K—)‘B 3 + 0(x3)
Ta da thiy y(0) = 1. Dé tinh y'(0), ta 18y dao ham hai v€ hé thire
x3+y3—3xy—1 =0,
ta duoc
3x% + 3y _ 3y - 8xy’ = 0 (*)
Thé x = 0 vao ding thie (*), ta duge
3y%(0) y'(0) = 3y(0) hay y(0) = 1.
L&y dao ham hai v& hé thic (*), ta duge
6x + 6yy’ + 3y%y” - 6y — 3xy” =0 (**)

Thé x = 0 vao hé thiic (**), ta duge y'(0) = 0. Lai ldy dao ham
hai v€ hé thuc (**), ta duge

8+ 6y;2 + G_Yy” + syy&yn + 3y2yn, _ gyn _ 3xy!” = (***)
Thé x = 0 vdo hé thic (***) ta duge ¥ (0) = - 4.

Viy khai trién horu han dén cdp 3 cda y(x) trong lan cén U cia
diém x = 01a

s = 1+ x- 255+ o)
44
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Chii thich: CAu nay con co thé giai bAng cach khac. Ta viét khai
trién hiru han cda y(x) trong lan can U dudi dang

yx)=1+axx+ azx2 + a3x3 + 0(x3)

v tim céc hé & aj, ag, a3 bing phuong phap hé s8 b4t dinh, Thé biéu
thuc 4y vao hé thic F(x, y) = 0, ta duge

x4 (1 +ax + agx? + agx® + 0(x%)* -
-3x(1+ax+axl+ax3+0E%)) -1=0,vVxeU !

Nhung (1 +a;x +agx? + agx® + 0(x))? = 1 + afx® + 3a;x +
+3agx? + 3adx2 + Jagx® + 0(x%)

—3x(1 + agx + dox? + azxd + 0(x%)) = — 3x — 3a;x% — Bayx? + 0(xY)

Do d6
¥+1+ a?x3 + 3a;x + 332}!2 + 3a%x2 + 3agx3 -
— 3x — 3ayx% — Bagx® - 1 + 0(x3) =0
Hay

8(a; — 1)x + 3(ag +af —apx® + (1 + a} — 3ag + 3ag)x® +
+0xH=0,vx €U
Diéu d6 x4y ra khi va chi khi
aj-1=10
ag + a% —a; =0
1+af—3ag+3a3 = 0
Nghiém cia hé phuong trinh £y laa; = 1,83 = 0,a3 = — "2-
Vay khai tri€n hiu han phai tim la
| 45
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vix) = 1+x- %x3 + 0(xY).

h) Thé& x = 0 vao hé thite
F(x, y) = arctg(xy) + 1 - e**¥ =Q,
ta duge y = 0. Ta co
F",(X, _Y) = ____i__z_ _cx-!-)"_
1+(xy}

Vi F' (0, 0) = -1 # 0, nén hé thitc F(x, y) = 0 xac dinh mét ham
s6 An y = y(x) trong mét 1an can U clia didm x = 0. Ham s& v(x) c6
dac ham moi cdp trong lan can iy vi F(x, ¥} c6 dao ham riéng moi
cdp. Khai trién hitu han dén c4p 3 ctia né trong U ¢6 dang

y(X) = a;x + a,x* + a,x* + 0(x9)

(Vi y(0) = 0). Th& biéu thitc &y vao hé thitc F(x, y) = 0, ta dude

vYxelU

. . 2 3 3
arctg(a,‘xz + azxs + O(Ki:l) +1 - c(l+-1.| Jx+a3Kk” +azx” +Hx") =0. ()

Nhirng
u?
arctgu = u - ey + O(u®).
Do do
arctg(a,x* + a,x® + 0(x%) = a,x? + a,x* + 0(x%).
Vavi
2 3 .
e'=1+v+ —+—+0v")
2 6 ’
nén ta cé
e(tu,uu;x“n;-)wu’l =1+ (1 + al)x 4+ 3.2}(2 + 33x3 +
 (1+a,)? 1+a, )’
+ ! 2') X2+ (1+a, Ja,x*+ ( 61) x*+0(x%).
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Thé& cac bidu thite &y vao hé thice (*), ta duge

ax+a,x®+1-1-(1+a)x - ax’-ax®-

2 3
_Qvay o (1 + a,)a,x’ _ U+ay) 3+ 0(x*) =0 |
9
+ 2
Hay (1 + al)x + (al——az—(l zl} ]xz +

1+a ) |
+[a2—33—(1+a|)az%}ca-w(xa): 0,

. - e - 2 < - - at . .
vx € U. Didu d6 chi c6 thé x4y ra néu cac hé sbd trong khai trién

dy bdng 0 r
l+a| -
Y
4al—32— (l""d]) =0
az—dg—(l‘i'a])az—( +a]) =0.
\ b

Nghi8m cua hé phuong trinh la a, = -1, a, = -1, a; = -1. V3y
khai trién hitu han dén cdp 3 ciia ham sé y{x) la:
y(x) = -x — x2 - x*+ O(x*).

12. 2) £(x, y) = X%y + x.Jy

£(x, y) = 2xy + \Jy , £,(x, y) = X2+

X
2

' 2 (x,¥)=2y. (%, y) = f)dx, ¥) = 2x +

1
2,/;’

X

f*(xy) = - )
y 4 y“
b) f(x, ¥) = sin(x + y) + cos(x - y)
f'.(x, ¥) = cos{x + ¥} -~ sin(x - y)
f,(x, y) = cos(x + y) + sin(x - y)
£%, (xy) = -sin(x +y) - cos(x - y)

47



48

R
RO

f',(x, ¥) = ~sin(x + y) + cos(x - ¥)
f"yz (x,¥) = - sin(x + y) - cos{x ~ y).

0 f(x,y)= %»j(x%yz)-‘

I
, 13 . <
felx, )= 5-2—(X2+y2)2 2x=x 1,,‘x2+y:2 '
f50x y) = yYx2+y?
" _ 2.2 x? 2x2 4y
2Ly = x"+y° + = Y ,

Jalsy?y  Jeyh
Xy

f"xy(xx Y) =S o,
}_{xzﬂz)

x“’+2y2

" 2 (xy) = —tee.
’ Yx*+y?)

d) f(x, y) = x’In(x + y)

2

f(x, y) = 2xIn(x + y} + X ' .-
X+y
2
£,0x, ¥) = ——
X+y

2
' 2 (x,y) = 2n(x +y) + 2x | X4y R

Aty (}:<+y)2 '

2
i =_2_X_ X 5 ’
XY (x+y)
2
fhixy) =- .
4 (x+y)?

e)  f(x, ¥) = In(x+y{x’+y*)
1
f'x(x» Y) El—————— 1
x2+y2



¥y
Jx2+y2 (x+\/x2+y2) '

Tt o —X

f x! (X’Y) (x2+y2 )3

1 = -_-y

L& 7 -———-(x2+y2 5 y
x(x? -y )\fx +y

Pyx, y) =

1

72 (x,y) =
(x +y ) (x+\(x +y )

i fix,y)= arclg!»
X

- X
f{x, y) = — yz, fx, )= -7
X +y X“+y
2 .2
o = o, Py = L
(x"+y") (x“+y*)
—2xy
fll 3 (x.y) -
y (x2+y2)2

gy f(x,y)=x"

1
fox, ¥y} =lnyx" ™ Fix, y) = " Inx.— , '

% (xy) =Iny(ny - 1xnr2,

L xy) = 1 [ Iny.x™*.In x+x/mY l} =
y X

#

£ 2 (x,5) S

Inx.x"M¥

= ——(1 nx-1}.
)’
h) f(x, y) = cos(ax + e)
f.(x,y)= -sin(ax + e').a ,

4.BTTCCT3-A

i 1
In x(——zx'"y+—x‘"’.ln X.
Y

Y

1
y
I

y

~x" T nxiny+l),

),
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Fy(x, y) = - sinfax + )"

2%, y) = — cos(ax + e¥).a?

' xy(x, ¥) = - cos(ax + e¥).ae”

f73%(x, y} = — cos(ax + &) . &% — sin(ax + ). e .

13.a) Véix = -y, tacd

x+yyt-xy? P

Frlx, y) = =
ISR weyy
Pyx, y) = {x +y)2xy;xy2 - 2x%y +x:3;2
x +y) x+y)
Do d6 ta o

£x(0,y) =y, ¥y = 0; f'y(x, 0) = 0, Vx = 0.
Ta lai cb '

fx,0) =0VxER = f,(0,0) = 0

f0,y) =0Vy € R = £,(0,0) =0

T cac két qua 4y, ta duoc

mmm—g@mzo
h

'yx(0, 0) = (£,)',(0, 0) = lim
h-0

£4(0, k) = £,(0,0)

(f)’y(0, 0) = lim

fxy(0, 0) =
k=0 k
= lim k =1
k=0 k

- Chii thich: £7(0, 0) = 'yx(0, 0), theo dinh ly Schwarz céic dao
ham rigng cdp 2 17,,(x, y), fyx(x, y) khong lién tyc tai (0, 0). Ta cb
thé thdy lai didu d6. That vay, véix = — y, ta cb
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v + 3x%2 + 4xyd
@+y)t
Khi (x, y} = (0, 0) doc theo truc hoanh, ', (x, y} = 0O

eyf®, ) = Filx, ) =

Khi (x, y) = (0, 0) doc theo duémg y = x, £y, (x, y) - % 20
Do do f"yy(x, y) va £y (x, ) gian doan tai (0, 0) -

b) Véi (x, y) = (0, 0), ta cb

folx, y) = (x2 + yz) (3X2}’ - Y3) - (xay - y3x) 2x

(2 + y%?
A S s i 49
(x2 + y2)2 |
£.(x, y) = (x2+y2)(x3—3xy2)—(x3y—y3x)2y=
o (x% + y2)?
=hx(y4+4x2y2—x4)
(x2 + y2)2
Do do 5
f,x(O,Y) =—’Yz= -y Vy;go
y
5
£y(x, 0) = i_4=x Vx = 0.
Ta lai co

fix,0) =0 VYx€R=%x{(0,0=0
fl0,y) =0 VyER=>{,0,0=0

Suy ra
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'y (h0)-1", (0,0) _
- =

£,(0, 0) = (f,)' (0, 0) = lim
h—0
. h
=lim—=1,
h—0 h
f', (0.k)-f", (0,0 _
k

(0, 0) = {f',(0, 0) = lim
k—0
= lim—E- =-1,
k=0 k

Ta ciing ¢6 két luan nhu § cau trén.
14. a) Viu",, = (v}, = 0, nén u', khéng phu thuéc y, hay

U‘, = fi(x) [
trong d6 f 14 mt ham s& tiy ¥. Do dé
u(x, y) = F(x} + G(y),

trong d6 F(x) 1a mdt ham s6 kha vi tily ¥ (vi 14 nguyén ham cda
ham 38 tay ¥ f(x)), G(v) 1a mét ham s8 tay ¥ (G(y) déng vai tro caa
hiing &8 tay ¥ khi 14y tich phan d8i vdi x).
b) Tt hé thic
u:; =(u} ), =0 |
ta suy ra
w' =y},
trong d6 f 134 mgt ham s6 tuy ¥. Do dé
u(x, y) = xf(y) + gy},
g 1a mdt ham s6 tay v.
¢) Tit hé thite

L] — " LI
uxyz _(uxy)z =0,

52



o
305

b

ta duge
uy =fx, v,

trong d6 f(x, y) 14 mjt ham 86 tiy §. De d6, vi u”,, = (u')', ta duge
v, =fix, y) +glx, 2),

trong dé f,(x, ¥} 13 mot nguyén ham theo y cita f(x, ), gix, z) la
mét ham s8 tay y. Tit hé thite 4y, ta suy ra

ux, y, z) =Fx, )+ Gx, z) + Hy, z) ,
trong d6 F, G, H 14 ba ham sé tuy ¥, G kha vi, F kha vi hai 1an.
d) Tit hé thic
uty =12x%y+42 »
suy ra
u', = 4x’y + 2x + f{y),
trong d6 f 14 mét ham s4 kha vi tuy y. Do 44
u(x, y) = x'y + x* + xf(y) + g(y) ,
g 1a mét ham s8 kha vi tuy y. Lay dao ham hai v& déi véi y, ta duge
o, =xt+xf(y) + gi(y) - '
Mit khéc, theo gia thiét
u', = x* - 30xy® .
Do dd
f(y) =-30y°, g'(y}=0.
Suy ra
f(y) = -5y* + Ci, g(y) = G, .
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Vay
ux, y) =x'y +x* - 5xy + C,x + C, .

Nhung viu(0, 0) = 1, ta duge C, =1, vaviu(l, 1) = -2, ta dugc
C,=0.Dodo

wx, y)=x'y+x2 - 5xy*+ 1.
e} Tu hé thic
u, =x*-2xy’+ 3,

ta duge
X3
u= —3— - x2y2+3x+f(y) »

trong dé £ 1a m§t ham s6 kha vi tay §. Do d6
u', = -2x% + f'(y) .
Nhung theo gia thiét
uw, =y’ - 2x% + 3.
So sanh hai bié"ﬁ thite &y cta u',, ta duge
flyy=y2+3 .
Do do

3

f(y)="—3-+3y+c,

trong d6 C 1a hding s& tay y. Vay
u(x, y) = %(x3+y3) -x%y? 4 3x4y) + C .
f) T hé thic

w = Byl ) 32 y’
) xzy y x?
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2 y3
ta duge u(x, y) = — + 2xy + — + f(y) »
y X
trong dé f 14 mot ham s8 khé vi ty y. Do dé
3 2
; 3
u, = —-x—,+2x+L+f'(y) .
¥ X
Theo gia thidt
2 2y 2,2 2 3
- 3
u;:(-’iy X)(zx +ty7) _3y +2x_%_
Xy X y
So sanh hai biéu thtc cda w',, ta duge
fiy)=0 = fn=C,
trong &6 C 1a hiing s6 tuy y. Vay
3 3 2,.,2:2
ux, y} = i-—+2)cy+}(—+C=(x—f§;~)~—+c.
y X Xy

15. aj Patr= 1Ix1+y2 . Ta c¢6 u = -lInr. Do 44

, v -1 x -x
uw,=—ur, =—.—=——,
R SR S ST
Vi véy
X
—r?+x.2r. - 2 2

" r —r°+2x
U= n = 3

* r r

Trong biéu thitc cta u, cac bién s6 x, y ¢d vai trd déi xing, do d6

" - 1'2+2.y2
r
~2r2+2(x2+y2) N —2r¥4212 _0

Suyra Au=u 2t 2 = 0 =

b) Datr:1}x2+y2+22. Tacd u=

Do dé

-] —
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R 1 o 1 x X
u = - = —_—o L= -
¥ r? “ r’r rd
Vi vay
Ny 3 2 2
rd - x.32
", 3 — Brx2
u = — = -
x rb ré
Cling vay, ta duge
"o _ M
u’e = — i
e = 23_—_@_1‘53
F4 r6

Do 4o

3r3 - 3r (x> + ¥+ 22) _

Au=u"2+u’2+ a2 = —

3 3 r6
3r® — 3
) itk SN
L
c) ulx,y z)= arctg‘z + arctgg' + arctg5
X ¥ z
Do do
. 1 A 1 1
Ux= (‘ 2) + =

2 +y2  xZ+ 42

", 2xy 2xz
u 3 = L) i - —__—_r_i_
X (xz + y2)2 (X2 + 22)2

Biéu thirc cia u khong d6i khi ta hoan vi vong quanh cac bién s&

X, ¥, z. Do d6

56

. 2yz 2yx
u’ e = -
7T 2+ 222 2 + x2)2

<



_ 2zx _ 2zy
(x2 + z2)2 (22 + y2)2

!)2
z

Viy
Au = U2+ w2+ u’2 = 0.

d) Tacdu = f(r), trongdor=v X2 + ;2 +z2. Do db

u;=r@yr;=f@y§

s rﬂx%
wy=ﬁuy(ﬂ e
= () (%)2+-fu}‘ ;—E

r

Bing cach hoan vi vong quanh céc bién s x, y, z, ta duge u”’y2 va
u”,2 Do do
3 - r?
Au=u"2Z+u"2+ u’r=1{0"(r) + ——-‘;—f’(r)
9 r .
= (r) + ;f’(r)

Ta cdn tim f sao cho

'(r) + %f’(r) =0
bat £°(r) = glr), ta duge

, 2

g(r)+ gy =0
Hay

g _ 2

() r
Ldy nguyén ham hai vé, ta duge

Inlg(r)] = — 2In|r| + In{A] = anﬁL

1«-2)
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trong 46 A 1a mét hdng s§ tiy y. Vay

g(r) =

e | >

Nhung g(r) = f'(r) = :Az-, do d6

flr) = —é+B,
r

trong d6 B cing ld mét hing s6 tuy ¥.

Chi y rdng néu chon A = - 1, B = 0, ta duge f(r) = l Viy ham
1 T

s6 u(x, y, z) = ~——————— thda man phuong trinh Au = 0, nhu da
Vx2 + _y2 + 22

thdy & cau b).

16. Dat u

il

L , ta cd z = xf(u). Do &b
X

2'x = f(u) + xf(w) { - —x%) = f(u) — ;‘ff‘(u)

z’y = xf’(u) i = f'(u)

2 %2 x3

2= 0w (- 5) + Hre-Lrw (- 4) - L)

bd )

25y = 2y = (Zy)x = (P(u))y = — ;”5 £(u)

o=

22 = (F(0))y =

Ta duge

£ (w)

Z”x2 ; z):y2 = ﬁ‘l [f”(u)]2 — (z,,xy)2
X
Chi thich 1: Ta nhén xét rang biéu thitc cdia ham s6 z chia f,
trong d6 f la m§t ham s6 bat ky kha vi lién tuc hai 14n, ma hé thiic ta

cén ching minh khéng chira £ mét cach tudng minh. Do d6, sau khi
tinh dugc

2’ = f(u) — iif’(u) *)
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z'y = f'(w) (**)

ta tim cach khu £'(u) ti hai hé thire (*) va (**), bAng cach nhén hai vé
cua (*) véi x, nhan hai v& cua (¥*) v&i y, réi cOng lai, ta duge

xz'y +y2'y = xf(u) = 2z (¥*%)
Lan lugt 18y dao ham hai v& cia (**¥) theo x rdi theo y, ta duge

¥

LI * L3] —_
X2 @2+, +yz yx = Zy

¥

xz¥py +y2i 2+ 2y = 7y
hay

272+ yz'lyy = 0 -

X2y + y2'y2 = 0

Xem hé Ay 1a hé hai phuong trinh dai s8 tuyén tinh thuan nhat
d6i voi x, y. N6 ¢6 nghiém khong tAm thwomg khi va chi khi dinh thic
cta nd bang 0:

z”xz z,’yx
L] g = 0
Z xy Zy
- ] ] ” —_ bE 2
tac la 272 .27y = (27"

Chii thich 2. C6 thé nhan xét rAng ham s6 z = xf (X) 1a mot
X
ham s8 thuin nhét bae 1, do d6 theo céng thitc Euler, ta ¢

XZ'y + yz'y. = 2
D6 chinh la hé thae (***).
Cung tir nhén xét nay, ta suy ra ring moi ham s6 z(x, y) thudn
nhét bac 1 déu théa man phuong trinh
2’2 . 2”2 = (27%)% |

59



17, a} Ta ¢

:
s (1) (- 2) e (2) (- 3) +a(2).
hay
e et -Lel(Z) vld) »
Ger(l) dess (1) 2,
hay
vy=Le(L) s g(Y) @

Nhéan hai v& cua (1} véi x, nhan hai v& cda (2) véi y réi cong lai,
ta duge

xz'y + yz'y = xg (i) (3)

Lan luot 14y dao ham hai v& cia ding thire (3) theo x réi theo v,
ta duge ’

xz”x2+z’x+yz”yx=—§g’.(i)fg(i) 4
x2'yy + yeiptzy = g (1) | (5)

Nhén hai v€ cia (4) v6i x, nhan hai v& ciia (5) véi y, réi cong lai,
ta ducc

X2an2 + 2xyz,,xy + y2zny2 + XZ’X + yz’y = xg (Z)
X
hay do (3)
xzz,,xz + zxyZ”xy + yzzﬁ,)}z = 0

D6 chinh la phuong trinh (*) ma ta phai ching minh.
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b) D& giai phuong trinh (¥), ta d6i bién s8

u=xv = L
X
Do &6
Y ? H L) r —_ 1 Lg
Zy=Zy. W+ Z,.Vvy, = 2, — 2zv
X
> ¥ i E] ¥ l}
Ty =2y Uyt 2y .Vy = sz

¥ ¥ 3 2 1
Z”x2=(z’u)x_1£(zv)x+ ;’gzv =
X

. \ 2
= 2”2 Wy + 2gVx — ‘Xz- (z”vuu’x + 272 v) + _% 2y
X X

2
=Z”uz_Lz,,uvhlz,’vu+%z,,vz+_§z,v
X2 X2 X X
2
=242 2z,_w+ 4z‘r2+ 32v
X X X
3 oy LR _L 14 i': —
Zxy=(zx)y=(zu)y'_x2(zv)y_x2 v=
1 LR 1 ’
=zy = _YE 22T T =
X X X X
1 ¥ _X_ LR} i ¥
_xzuv_xz_}zvl xzzv

1
!’2 —_ »
2y = L2 ‘,2

Thé cac bidu thirc y vio phuong trinh (*), ta duge

2y ,
x%z7 2 — 2yzyy + % z72 + —f z'y +
X

+ Zyz"uv — z”v2 = XZ_Z”u2 = ()

2
2 e, W, L
2 x <2



L

ot
n;%(a“h.
SR

Do d5
z'"2 =0
Moi ham s8 z ¢ dang
z = f(v) + ug(v)

trong 46 f, g 1a nhung ham s6 tiy ¥, thoa man phu-cng trinh Ay (xem
bai tap 14, b).

Tom lai ham s8 c6 dang
NANNS ¥
=T ] +
z(x, y) (x) xg(x)
thoa mén phuong trinh (*).
18. a) Thyc hién phép d8i bién 38

U=y + ax, v =y - ax,

ta co
Z'y = az'y - az’y
Zy = 2y + 2z’
27y = a(az”\? — az”y,) — a(az’y, — az"\2) =

= azz”uz — 24 z 7y + a%2” 2
22 = 2+ 2 gy 2y + 22 =
= 22+ 227, + 272
Thé vao phuong trinh da cho, ta duge
- 272 — a2z”y2 = - 4&22”.le =0

Do d6

bh )
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Ta da biét rdng phuong trinh 46 duge théa méan bdi him s6
| z = f(u) + gv),

trong a6 f, g la hai ham s6 kha vi tly y (xem bai tap 14, a).Vay ham
$8 phai tim la

z =1y +ax) + gly - ax) .
b) Bibi€n s6u = xy, v = *, tacd
x

a

Ty= 2y Wy + 2y Vv, =y2', —

-z.,y = Z’u . u’y + Z’v . V’y = xz’u + ; z:v

LR _-w’_‘ »” L EE] _L” gz k] —_—
2= Y(zugy_ Zuv)_xz(yzvu_xzzvz)+x33v—
_.YQZ”:E“ ZJ;EZ”U\? + ﬁzu‘# + _2_X.z:v
X X4 x3
" LE] ]' LR} 1 27 1 1%
z2=x (xz w2t ;z u\,) +;(xz w+;z Vz) =

1
= xzz"uz + 227, + > z" 2
X

Dodo xz’y—yz', = - 2'}%2"r

0

x22"x2 - yzz”y2 - 4y22”m, + 2 i 2,

Thé cac biéu thic gy vao phuong trinh da cho, ta duge
| 4y22”,_w = 4 4 z'y
X
Hay
uz'y = 2’y
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Dat g = z'y, ta duge

ug'y =g
Hay

Bu 1 9 &
- = - I =.H_1
= ™ gu (n 8D = - anlu))
Suy ra
In|g| = Inju| + In|h(v)],

trong 46 h(v) 13 mot ham s6 tiy 7, s6 hang In|h(v}| déng vai tro cia
hing s6 tich phan khi !4y tich phan theo u. Do d6

g = u.h(v)
Nhung g = 2, vay
z=u, H(v) + K(u),

trong d6 H(v) la mét nguyén ham cda hiv), K(u) la mét ham s& bt ky.
Tém lai ham s8 phaj tim 1a

z(x, ¥) = xyH(x) + K{zy) ,
X
trong do H va K 14 hai hdm s& kha vi tiy y.
19. a) Goi T'la vecto don vi cla M:fVIl. Vi vecto M:Ml co toa 46 1a
1 2 2

-1,2 - 2)nénvectolcotoad¢l‘( 3’ 3 3).Tacé
Ju dulM,) du(M,) du(M,)
= Mo) = —_ —cosa + — = cosf + —— cosy
al o) ox * oy 3z

trong 46 cosa, cosf, cosy 1a céc toa d6 cual Vi

u = xy%z®,
ta co
du 3 du Ju
Doy, Dogryd, Moy
| o vz oy xyz? o xy2z2
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Do 46
1 2 2 28'
Bty =o(-3)+o(3) e (-3)- B

~ - -’ - k] - 3 4 ’
b} Got ila vecto-donv;cua\_r:cactoadé challa (—5—, "5') Ta co
z=x%—xy+y? dodd Zy =2x —y, 2’y = 2y — x. Vay

9z 3 4 7
——ﬂal M)—l.5-+—1.5—5
c) Ta co
z = Inx* + y%
— 2Zx > 2y -
gradz = — i+
xz+y2' 1\:2-f-yz'l

Vay vecto gradz(M) cb cac toa do la (Eﬁg , %) Ta biét ring

f’—T_» = chy gradz

Do d6 néu hudng cia rtr&ng véi hudéng cua gradz thi

5= { gradz |. Vay
dz{M 62 8.2 2
VG ) -

d) Vecto M:Ml cb cac toa do (2, 1, 2), vecto dom vi {ctia n6 cb cac
toad@(-z—, l, —2-)‘Tac6
3 3 3

SBTTCCT3-A
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A,

Do 46

Vay

12 1 1.
2'3 2'3
e) Ban kinh vecto r clia didm M(x, y, z) ¢b

du
M) = —
g»( o) +1.

|>¢g o:llto

_’ - . - -
Vecto don vi | cua né cé cac toa dd

=VZ+y2+ 22. Tachd

_ 1
T8
ctoaddla (x, y, 2).
¥
I‘

. E) trong &b
r T

=]
+
%[
+
M
[

Do do

Vay

a? b2 c? r
Dao ham 4y bang |gradu| khi va chi khi hudng eda | tring voi

. , — —_— . .2 y 2 e
huéng cua gradu. Vi gradu co cac toa 36 1a —-X ) 22 , —*; , nén diéu noi
a‘ b

2 2
0y = %(_23‘_+2£+Zz_) _2u

trén x4y ra khi va chi khi

L=L=_§_>O
=2y 2
a2 b2 c2
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ticlaa® =b®=c% haya=b=1c.

. 1
f) Taco u ==
T
trong d6 r= Vx“+y“+2z°, dodd
oy . L X_ % ¥y o, __Z
ux—ur,rx——rz.r——rs,uy—-—r3,uz— 3
Vay
g
_1L=~_xoosa+ycosﬁ+zco_sy
)| 3
1 /x y z
= — — | —cosa + O + — cosy
r2(r T % ros;)

Goi ;:) la vecto dom vi cda ban kinh vecto r cia diém M(x, y, z).
. . z . . .
Ba toa d5 cua r_-: la (E, 'Y‘, —), con ba tgoa 44 cua vecto i 1a
r'rir
{cosa, cosf, cosy), do &b

ou

1(—» l—)»
i QU S
ol 2 e
Pac ham 4y triét tiéu <> r"'z Lileril

20. a) Tacé u = x%y?z% Do 6
w, = 2xy%z? vy = 2x2yz2, v, = 2%’z
Viay ‘
R - , - , —
gradu (Mo} = wx(Mo) i + w'y(My) j + v, (Mo) k
- — —
= 180~ 18]+ 6k,

Vecto M:Ml cb cac toa 4§ (- 1, 2, - 2), do 46 vecto don vi cta no

co toa Ao (—-l, g, hz).Dodé
du 39 3l 2
TM=18. (- 2) - 18 (3)+8 (-
b} Ta ¢0 u = xsinyz, Do do

) =-22.

[
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u’y = sinyz, W'y = XzCOSyZ, U, = Xycosyz

Vay
— P - > —»
gradu (Mg) = 0i + 0j + 3k = 3k.

+ - > F R - - - > =
Cac cosin chi hudmg cua vwvecto v=i+2j-k 1la

(i, 2 ~—1—“).Dodé

vB V6 V6

; 1 2 1 3
%+(M°)=O.E+O.E+3‘(—E> =—\]_§ ‘

¢) Taco z = xe¥. Do do
Zy=¢,2y = xe¥
Van t8c bién thién cua z theo hudmg cua vecto MM, duoe bidu
dién boi dac ham cia z theo huéng dy. Cac to% a5 cha vecto MM 13

- a - - 4
(3, 4), do 46 vecto don vi Tcia né cb toa d6 ( 5 g) . Vay

i

z’ (M,)cosa + z’y(Mo)cosﬂ =

3. .4
1.5+2.0 = =
57 %5 5

du
3 l" (Mo)

Van t6c bién thién cia ham s8 z tai Mg cé gi tri tuyét d8i dat cyc
dai khi huéng 14y dac ham trang v6i hudng cua vecto
gradz (My) =1 + 2j Gia tri cuc dai &y bing

|gradz (M)| = V1 + 22 = V5 .
d) Tacéu = x5+ y3 + 2% — 3xyz. Do d

u'y = 3x% — 3yz, Wy = 3y% — 3zx, u’, = 322 - 3xy

Vay  gradu(My) = — 8i + 9j — 3k.
Suy ra I.&;;_In?ldu(Mo)f2\"32+92+32 = v99 = 3 V11. Ba cosin
chfhuéngcﬁa;adu(M)lé ( S )
AT vITT Vit
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Vecty g-rﬂgdu vudng gic véi truc Oz khi toa do thit ba ciia né triét
tigu, ive 1a khi x? = xy. Vecto"é'?&du triét tidu khi ca ba toa 49 cia né
bing khéng titc la khi

X% = yz, y2 = zx, % = xy
tuc la

X=y=2z .

21. a) Theo dinh nghia cua gradién, ta c6
——
grad (Cjuy + Cyug) = — (Clul + CzUz)l + + (Clul + Czu;g)_] +

+ l (Clul + Czuz)l? =

oy 6u1 duy dug » Jdug » duy »
=C ~——f’+-f’ K)+Co(——i+—j+— k)=
! x ox

dz dy dz
=y g_'r;d up + ngrad uy .
— -
b) grad {u; . uy) = (ul u2)1 + (ul u2)j oz (ul cugyk =
duy Sul du2 duy, o
={u; — +u i+l —Huw )it
(lo'x 28x> (lr}y zay)']
du. Au ous dug du‘g
+(u1—z+u2—1)f=u1 _%1_}'?”_"__]_) l? +
0z dz g% dy dz

dul_,. dul_,. ()Ul_,; —_ —
+u2<_ax1+';;'|+“a-;k)= ulgradu2+u2gradu1-
) grad (f O (w2 () - ) B
= - — - u =3
o) grad (F(w)) = () © o (£() ™ - (f(w)
du = S 1 iy -
= Plu) S Py T P S R =
ax Jy Jz

(Ju—r Ja = )

= f(u) ( oyt —~k = f(u) grad. u .
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22, a) Theo cong thic Taylor, ta ¢é
1 )
EM) = (Mo) + (M) + - (M) + .. + idnf(Mo) +R,,

trong 46 Ry 1a phan du. Vi f(x, y) 12 mét da théc bac hai d6i véi x, v,
nén cac dao ham riéng cép 16m hon hai cia né déu bang khéng. Do &6

70

fM) = f(M,) + df(M,) + % d%f(M,).
Ta co
M) = fix, y) = 2x% —xy - y? - 6x -3y + 5
fo(x, y) = 4x - y — 6, fyx y)=-x-2y-3
72, 3) = 4, yx, y) = - 1, £20x, y) = - 2
Do 4o
f(Mo) = 5, £,(Mo) = 0, F'y(M,) = 0
£7,2(Mo) = 4, I75(My) = - 1, '2(M,) = — 2
Suy ra
df(M,) = 0

(M) =4(x - 1)2 - 2(x - 1) (v + 2) - 2y + 2)2

fx) =5+ 2x- 12 - x-Dy+2) -y + 22
b} Ta b

fix, y) = x¥

Fulx, y) =y, £,0x, y) = ¥inx

2(x, y) = y(y — D)x¥2

@, ¥) = ¥ + ylinx = 1 (1 + ylnx)
£72(x, y) = xIn’x

£78(x, y) =y - Diy - 273

7 y) = @y - D% + y& - D= 2inx



f’”xyg(x, y) = x¥nx(1 + ylnx) + ¥’ nx =
= x¥"Nyln% + 2Inx)
£ p(x, y) = *n3x
Do d5
f(M,) = 1, P'e(My) = 1, Py(Mg) = 0, £2(Mg) = 0, £55(Mg) = 1,

f”yi(Mo) =0, "3M,)=0, fmxzy(Mo) =1, f’”xyz(Mo) =0,
7 (M) =0

Vay
fx,y)=x=1+x-1) + (x——l}(y-1)+-;—(x—1)2(y-l)'+ Ra(x,y).
23. a) Ham s6 z = 4(x - y) — x% — y* xac dinh V(x, y) € RZ Ta cd
p= z’x.=4—2x,q= Zy=-4-2y

Cho z’x = 0, 2’y = 0, ta dugc mot diém t&i han duy nhét 1a diém
M(2, - 2). Ta cb

r=z'2=—-2,8=2";=0,t=2"2=~2

Vay g -rt =4 < 0,dod6 M, la dim cyc tri. Vir < 0, nén My
la diém cuc dai, zgay = z2(My) = 2(2, - 2) = 8.

b)Hémséz=x2+xy+y2+x~y+lxécdinhV(x,y)ERz.Ta_

co
p=2x+y+1l,g=x+2y-1

Cho p = 0, q = 0, ta dwgc mdt diém t6i han duy nhit la diém
My(- 1, 1). Taco

r=28=1t=2

Dodbs? rt=1-4=-3<0, viy M, 1a diém cyc tri. Dé Ja
difm cuc tibu vir > 0, 2y, = z(Mg) = 2(- 1, 1) = 0.
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c) Him s8 z = x + y - xe¥ xac dinh ¥(x, y) € RZ Ta cé-
p=1-¢,q=1-xe
Cho p = 0, g = 0, ta dugec mot diém téi han duy nh4t 13 diém
My(1, G}. Ta co
r=0,s=-¢e"t=-x¢
Tai diém M,, ta c6 s — rt = (~1)*=1 > 0, vay M, khong Ia
diém cye tri, do 46 ham s6 z khong ¢o cyc trj.
d) Ham s6 z = 2x* + yi—x? - 25> xac dinh V(x, y) € R% Tacb
p=8x" — 2x = 2% (4x% — 1) = 2x (2x — 1) (2x + 1)
=4y’ —dy=ay P~ D=4y (y- Dy +1)

Cho p = 0, g = 0, ta duge cac diém tdi han sau

M(0, 0), M;(0, 1), Ma(0, - 1), M.:j (% 0): My ("21', 1 )

M,,(% —1),Mﬁ(ﬂ%, 0),M7(—%, 1),M3(—é, ~1)

Tinh céc dao ham riéng cdp hai
r=24x2-2 s=0,t=127%_4

Tai diém M, taco s -1t = -8 < 0. Vir(Mp) = — 2 < 0, nén M,
la diém cyc dai, zpp, = 2(M,) = 0.

Tai cac diém My, My, tacd s? - rt = 2.8 = 16 > 0. Vay M, M,
khong la diém cuc tri.

Tai cac diém My, Mg, s” - rt = 4.4 = 16 > 0. Do d6 ham s§ khong
dat cuc tri tai My, Mg.

Tai cac diém My, M5, M7, Mg, taco s —rt = - 4.8 = _ 32 < 0.
Vay dé la cac diém cye trj. Tai cac diém dy r = 4 > 0, cac diém 4y 1a
cac diém cye tidu:
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9
z(M,) = z(My) = z(M;) = z(M} = z;,, = - g

e} z = xyln(x® + y%) xac dinh V(x, y) € R*\ (0, 0). Ta ¢b
24y X!
oy yz——y[ln(x + ¥ + 2+y2]

[ln(x +y2)+7_%]

Vi (x, y) # (0, 0), nén néu cho p, q d8ng thdi triét tidu, ta duge cac
hé phuong trinh sau

{y—O - y=0
In(x* +y2)+—t 0 x==*1

p=yln(x*+y) +

x=0 x=0
2x2 <
t +y) + =0 ==
e+ ) + B ’
ln(x2+y2)+~2t=0 x? = y?
N <
{ I + ¥ + ¢ _, { In2%* = —
= +y q
Hs cu61 cung cO nghiém la x = + —— |, y = + ——. Viy ta duoc
e V2e

cac diém t4i han sau:
Ml(lg 0)! MZ(_ 1! 0)! MS(O! 1)) M4(0”_ 1}
1 11 11
7z ve M M (e 7))

1 1
“ (7% 7%

Tinh cac dao ham riéng cdp hai, ta duge

(L

= [ 2x +(x2+y2)4x—2x2.2x]__ 6xy  _ 4x’y
Tlewy &% + ¥ Txdy 24y
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x° 2y 4x2y _
s = In(x? +.V2)+x+y2 [x . (x2+y2)2]_'

= In(2+y%) + 2 - —X

(x2 5+ y2)2
b = bxy _ 4dxy
Cry? x4+ yh?
Tai cdc diém M, Mg, My, My, tacor = t = 0, s
s2-rt=45>0 Vay cac diém &y khong 1a diém cuc tri.

2, do do

Tai cac diém M;, Mg, tacos =0, r = t = 2, 5_2—rt =-4 <0 Vay
z dat cyc tidu tai M;, My,
1
Zmin = 2(Ms) = z(Mg) = - o8
Tai cac diém Mg, M7, tacdos = 0, r = t=-2s’-1rt=-4<0,

viy z dat cuc dai tai Mg, My,

1
Zmax = 2(Mg) = z(Mqp) = % ’
2 2 2 2
Y Hams8z = xy I—X—‘—Xfxécdinhkhii’+L‘ = 1.Taco
a2 bZ 32 bz
ey (== (-5) (1-5-5)

1 —
( a2 b2
Cho p, q ddng théi triét tidu, ta duge hé phuong trinh sau:
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% 0
:‘06

22 2
2 22
-5 -

Giai hé 4y, ta dugc

—hodicx =0,y =0

2
—hoacx=0,1—’%=0hayx=0,y=:b
by
—ho:’:_icy=0,1——2=Ohayx:ia,y=0
a
2 2
- hoac 1—2—%"— - =0
a? b2
2 2
X _
a>  b?
e, ) avy bv3
Hé nay c6 cac nghiém x="_"'*3—,y="_‘—'§'—.

. ' bv3
Vay ta cb6 cac diém toi han Mq0, 0), M, ( —3*
avs bv3 avy V3 ava bv3
2 (%5 =75 ) s (=5 ) (=55, -5
Con cac diém (a, 0), (- a, 0), (0, b), (0, — b) nm trén bién cua mién xic

dinh cua ham s6 z, ta khong xét.

Tinh cac dac ham riéng c¢dp hai, ta duge

2 21 4 a2 20 2 -l
(-%-90-%) 50291052008
(%)
a®  b?

2 2 4 2%2 2
O-ERCE)0-5E)
(“;*ﬁ;)“ 75



2 2
2 2
(l_ig_é)dx’z
U T Vo Y
a2 b2t %2 e
a b
5 (- 02
b2 a2  p?
t= (l_ﬁ_ﬁ)axz
aZ B2

Tai diém My, r = 0,s =1, t = 0,5~ rt = 1 > 0, Ham 6 khong
dat cuc tri tai M,

. . . V3 b 4v3
Tai cac diéem M;, My, ta c6 r=— é—, = — __a,
9V 3a 3b
s= - —-3—, dodds®—rt =—4 < 0, Him s8 dat cuc dai tai My, My,
ab
Zpas = z{(M) = z(My) = 3v3
) 4v3b 4V3 a 2vV3
Tai cac diem My, My, tacé r = Lt = ,s=—-"—=d
ai cac diem My, My, ta co 1 9n " ap S P 0
d6s? -rt = -4 < 0. Ham 6 dat cuc tiéu tai My, My
ab
Zmin = 2(My) = z(My) = - 3V3 '

g hamsiz = (x —y + (x + y)? xdc dinh Vix, y) € RZ Tach
P=2x-y}+ 3x + y)2
q=-2x-y) + 3(x+y)2

Cho p, q d8ng théi triét tidu, ta duoge
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ag,

x-y=0
#x:o,y:O
x+y=0

Vay chi c6 mét diém téi han duy nhét 1a gbc toa d¢ O. Ta cb

r=2+6x+y
s=-2+6x+y
t=2+ 6x+ y)

Tai géc O, s° — rt = 0, ta chua két ludn duoc ngay.

Taco z(0, 0) = 0, zth, h} = (2h}3 = 8h3, né déi diu khi h d8i dau,
vay goc O khéng 1a @iém cuc tri. Do dé ham s6 khong c6 cyc tri.

h) ham 88 z = x%(x + 1) + y® xac dinh ¥(x, y) € R2 Ta cb
D = 3x? + 2x, q = 3y°

Cho p, q déng thoi triet tiéu, ta duge hai digm t&i ban 1a M(0, 0),

2 . . . v .
M, ( — g, 0 ) . Tinh cac dao ham riéng cap hai

r=6x+2,s5=0,1= 06y
Tai Mg, tacor = 2,5 =0,t =0, dodo s _ rt = 0, ta chua thé
két luan gi. Ta cb z(My)= z{0, 0} = 0. Hay xét gia trj cua z o lan can
diém M, Vi z(0kk = k' > 0 = z(My khi k > 0 va
20k) = k? < 0 = z{M,) khi k < 0. Vay z(M} — 2(M,} thay d6i ddu khi

M chay trong mot lan can cua M,, ham sd khéng dat cye tri tai M.

. ) 4
Hoan toan twong tu, ta co z(Mp)= z( - g , 0) = E,
-2 4 : .
Z( ~ 3 k) =97 + k% Hieu (M) - z(M}) thay d6i ddu khi M bién

thién trong mot lan can cia My, ham s& khong dat eye tri tai My, Tom
lai ham s& khéng co cue tri.

LT
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i) Ham s6 z = x* + y* — 2(x — y)? xac dinh V(x, y) € R% Tacé

p=4x’ 4x-y)

q = 4y% + 4(x -y
Cho p, q déng thai triét tiéu, ta duge hé phuong trinh

x3-(x—y).=0 X +y3=0
S
¥+ (x-y) =0 x5 (x-y) =0

{ x+ W -xy +y2) =0
b=

ooy =0
Ro rang (0, 0) 1a mét nghiém cia hé 4y, Néu (x, y) # (0, 0) ta co
a2 L2 2
xlxy byt ETYE X YT

2 2 2
Véy hé phuong trinh trén tuong dwong véi hé

x+y=0
{x?’—(x—y) =0
Ta hé nay, ta suy ra
xX3-2x =0

Do d6 véi x # 0, ta duge x2 = 2 hay x = + V2. Vay hé 4y c6 hai
nghi¢m (v2, - vZ) va (- VZ, vZ). Tém lai ta 6 3 diém téi han M (0,0,
My (V2, = VZ), Ma (- VZ, V2). Tacb

r=12x% 4,5 =4,t = 1252 - 4

Tai cic diém M;, My, ta c6 r = 20, s = 4, t = 20, do dé

82~ rt = 16 - 400 < 0, ham s6 dat cyc tidu tai My, My,
Zmin = z(M)) = z(Mp) = -8
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%

“Tai diém Mg, tacér = 4,5 = 4,t = - 4, 8% - vt = 0. Ta chua két
ludn ngay duge. Ta cd

2(M,) = 2(0, 0) = 0

Ta xét ddu cda hidu z(M) — (M) khi M chay trong 1 14n cén cua
diém M. Ta cb

2(x, - x) = 2x* - 8x% = 2x%(4 - x) < 0 = 2(Mg) v6i 0 < x| < 2
z(x, x) = 2x* > 0 = z(M,) Vx = 0,
Vay ddu cia z(M) - z{M,)) thay d8i khi M chay trong lan cAn cua
Mo. Ham s khong dat cyc tri tai M.

i) Ham s6 z = x%3(3x + 2y + 1) xac dinh Vix; y) € R% Ta co

p = 2xy3(3x + 2y + 1) + 3x%° = xy3(9x + 4y + 2)
q = 3x52(3x + 2y + 1) + 2% = x%y%(9x + 8y + 3)
Giai hé 2 phuong trinh
xy2(0x + 4y +2) = 0
{ x%y%9x + 8y + 3) = 0
ta duge cac nghiém la
i 1

=0, yeERy=0xER,x=—_,y=—".
X : ¥ 5 Y > X :_x gﬁy 4

Vay cac d{lém tfi'i han la nhing diém ndm trén hai truc toa o va
diém M, (—5, —;)‘
Tinh cac dao ham riéng cdp hai, ta duge
r=y3(9x + 4y + 2) + Ixy? = 2(9x + 2y + 1)y3
s = 2xy2(9x + 8y + 3) + 9x%y? = xy%(27x + 16y + 6)
t = 2x2y(9x + 8y + 3) + 8x%y% = 2x%y(9x + 12y + 3)
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Tai didm M, ta c6 r=i3, s= L ! do d6

= , t =——,
4 9.42 2.92

1 1 1
g-rt= —— - =- < 0. Vay ham s8 dat cyc tidu tai M,.
4492 24397 4492

Tai cac diém téi han ndm trén hai truc toa db, ta ¢6 s* — 1t = 0.
Ta chuta ¢6 thé két luan gi. Ta sé xét diu cha sé gia cha ham s8 2
tai cdc diém Ay. Ta ¢6
A =z(h, y, + k) - 2(0, y,) = h¥(y, + k)*(3h + 2(y, + k) + 1)
= hi(y, + K)¥(y, + k)(2y, + 1 + 3h +2k).
Khi h, k kha nhd, s& gia A luén cang d&u véi ¥o{2y, + 1), vay

A>0néuy,(2y,+1)>0, tic landuy, < ~—;— hosic y, > 0, A < 0 néu

—-;- < ¥, <0. Do dé z,,(0, y) = 0 nédu y, < -% hodic v, > 0,

&

. 1 . g 1 R
Zuax(0r ¥,) = 0 néu - - <y, < 0. Cac diém (0, 0), (0, -5 khong
phai 12 diém cyc tri cua z vi s8 gia A thay d6i d&u trong moi lan
can di bé cua cac diém iy,
Ciling vay, n&u xét ddw cla s6 gia cia ham s6 z tai cac diém
(X, 0) trén truc Ox, ta thay ring s4 gia
A = 2(x,, k) - z{x,, 0) = x k*3x, + 2k + 1)
thay déi d4u khi k d&i d&u va c6 gia tri tuyét d8i kha bé. Vay cac
diém trén truc Ox khong 1a diém cyc tri.
. . . o l 1 . . .3
Tém lai z dat cyc tiéu tai diém [—6.— Z] va tai cac diém

0,y,) viiy, < —% hodc y, > 0, dat cyc dai tai cac diém (0, y,) véi

1
- <y, <0
> Yo
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-2,

24. a) Ham s6 z = x* - y* lién tuc V{(x, y) € R% Ta cé
p=2x, q=-2y.
Vay chi ¢6 mét diém tdi han 1a gée O, n6 ndm trong mién D.
Tacé z(0,0=0.
Bay gid ta %6t gia tri cda z trén bién cia mién D, tic 14 trén
dudng tron x* + y* = 4. Trén dudng tron ta c6 y2 =4 - x%, do dé
z=2x"-4.
Ta phai tim gia tri l6n nhdt va bé nhdt cta ham sé iy khi
-2 < x <2 D& thay ring nd dat gia tri 1én nhit bing 4 khi x = +2,
va dat gia tri nhd nhat bing —4 khi x = 0. So sanh vdi gia tri cla 2
tai diém tdi han (0, 0), ta thiy rdng ham s& z dat gia tri 16n nhét

bing 4 tai hai diém (-2, 0), (2, 0), dat gia tri bé nhit bing -4 tai
hai diém (0, -2), (0, 2).

b) Ham 6z =x" +y* lién tuc V(x, y)e R%. Tacé
p=2x, q=2y.

Vay chi cé6 mot diém téi han 13 goe 0, né ndm trong mién D.
Ta ¢d 2(0, 0) = 0.

Bién clla mién D ¢6 phuong trinh 1a:
(x- V2) +(y- V2)*=9.

Phuong trinh &y c6 thé viét duéi dang tham s6&
{x:ﬁ +3cost

y=\/5 +3sint .
Vay trén bién cua mién D, ta cé

z=x2+y2=4+9+6\/§(sint+cost),Ostszn .
Nhung
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1

aPhe

sint + cost = V2 sin (t+£)
4
Do &6
— V2 =< sint + cost < V2

Vay z = 13 + 6 V2 (sint + cost) dat gia tri 1om nhdt bing 25 khi

s 5v2 ) .
t = f, tac la tai x =y = T dat gia tri nho nhdt bdng 1 khi
t=r,tu’clatai XK=y == So sanh vGi gia trj cua z tai

{0, 0), ta thdy riing gid tri 16m nh4t phai tim la 25, gia tri bé nhit 1a 1.

¢) Ham s8 z = x%y(4 — x — y) lién tyc V(x, y) € R2. Ta c6
p=2xy(4-x —y) - x%y = xy(8 - 3x - 2y)
q= x2(4—x—y)—x2y = x%(4 - x - 2y)
Diém tdi han la diém 6 toa 46 (x, y) thda man he phuong trinh
{ xy(B-3x-2y) = 0

x4 -x~2y) =0

Giai hé 46, ta dugce

x =0, ytuyy, hoicy = 0, x = 4, hoaicx = 2, y = 1. Cac diém
(0, y), (4, 0) @u nam trén bién cua mién D, edn didm (2, 1) ndm trong
mién D. Vay ta chi cAn so sanh gia tri cua z tai diém (2, 1) v&i gia tri

cua z 0 trén bién cia midn D. Ta cd

z(2, 1) = 4
z(0, y) = 0
zix, ) =0

Trén dudmg x + y = 6, ta cb z = 2x? — 12x2. Khi x bién thién tir
0 dén 6, ham s6 dy dat gia trj Iom nhdt bing 0 tai x = 0 va x = 6, dat
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gia tri nho nhdt bng - 64 tai x = 4. V4y z dat gia tri 16n nhit bing 4
tai diém (2, 1), dat gia tri nho nhét bang — 64 tai diém (4, 2).

d) Ham s6 z = x% + 2xy — 4x + 8y lién tyc V(x, y) € R2 Tacé
p=2x+2y-4
gq=2x+8

Cho p va g ddng thoi triét tieu, ta duge mot diém toi han':duy nhit
(— 4, 6). Nhung diém £y khong thude mién D. Vay ta Chl cén xét gia tri
cua z trén bién cua mién D.

Khix=0,tacoz=8yvoi0=sy=<2, zdatglatrlnhonhatbéng
0 tai y = 0, dat gia tri 16n nhdt bAng 16 taiy = 2

Khix = 1,tacdz= 10y -3 vdi 0 =y < 2, z dat gia tri nho nhAt
bing — 3 tai y = 0, dat gia tri Iom nhét bing 17 tai y = 2.

Khiy=0,tacoz=x>-4xv6i0<x=1dodbz =2x-4<0
trong khoang 6, vay z giam trong doan [0, 1], nd dat gia tri 16n nhét
bing 0 tai x = 0, dat gia tri nhé nhat bAng — Staix = 1.

Khiy=1z = x2 + 16, n6 ludén tang trong doan [0, 1], dat gia tri
nho nhét bing 16 tai x = 0, dat gia tri Jén nhédt bing 17 tai x = 1.

Tom lai trong mién dong D, ham s6 z dat gia tri lon nhat bing 17
tai diém (1, 2), dat gia tri nhd nhdt bing — 3 tai diém (1, 0).

e) Ham s8 z = e~ *3) (222 4 3y?) lién tuc V(x, y) € RZ. Ta cb
p=e 0"+ gy + o= + 7)) (= 2x)(2x2 + 3% =
= e 0" +¥) 2y (2 — 2x? — 32
q=e"® ¥ gy + &6+ (- 2y) (2 + 3y?) =
— e 6"+ ) 9y (3 — 22 — 3y2)
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Giai hé hai phuong trinh
{ e @+ ox (@ - 222~ 3y = 0
e ™+ gy (3 —2x2 - 32 = ¢
Ta dugc cac nghiém (0, 0), (0, + 1), (£ 1, 0), con hé
2-222-3% =0
{ 2-2x2 32 =0

vd nghiém. Cac di€m (0, = 1), (+ 1, 0) n&m trén bién cta mién D. Do
dé chi c4n so sanh gié tri cia z tai diém (0, 0) véi gia tri cva z & trén
bién cua mién D. Ta ¢
z(0,0) =0
Bién clia mién D cé phuong trinh x2 + y2 = 1. Trén bién dy
z=e_("2+y2)(2x2+3y2)=e_1(2+y2), —-1=y=<l.
Voi —1=y=1,z=e"1(2+y% dat gia tri nhé nh4t bang 2¢’1
taiy = 0, dat gia tri 1on nhdt bing el tai y = + 1.
Vay trong mién D ham s& z dat gia tri bé nhét bing 0 tai diém
(0, 0), dat gid tr Iom nhat bang 2 tai céc diém (0, - 1) va (0, 1).
f) Ham s6 z = sinx + siny + sin(x + y) lién tuc V(x, y) € R2
Ta cb
p = cosx + cos(x + y)
{q = cosy + cos{x + y)
Cho p, q dng théi triét tiéu, ta duge hé hai phuong trinh
{cosx+cos(x+y)=0
cosy + cos(x + y) = 0

T hé hai phuong trinh 4y, ta duoc

COSX = cosy
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ViOSxS%,OEyE%,tasuyrax=y.Théx=yvéophuﬂng

trinh d&4u cua hé, ta dugc

3
cosx + cos2x = Zcosgcos?x =0
x x V2
V: 0= —_-=<—né — &=
1 5 4nen cos2 2,s.uy ra
Ix 0:‘3}( JI: T
08— 9= —_——a =
2 2 2 %7 3

Vay cht c6 mot diém téi han duy nhét (%, %), diém &y ndm &

trong mién D, Vay chi cdn so sanh gia tri cia z tai diém-dy vai gia tri
cia z trén bién cla mién D. Ta co
(5 1) = 3V3
3’3 2
7 .
Trén canh x = 0, z = 2siny, 0 =y < —, no dat gid tri nho nhét
r

bang O tai y = 0, gia trj 1on nhét bing 2 tai y = % Trén cenh x = —,

ta co

z = 1+siny+sin(%+y) =
y

b4 T
= 1+ V2si +—)},0=sy=s—
sm(y 4) 5
z dat gia tri 16n nhét bang 1 + v'?khiy=i, dat gia tri nho nhat
V2
bAng 1+ VZ .- =2khiy=0véy=%.

Vi Ii do d8i xing gitta x va y trong biéu thire cua z, ta thdy ring
trén canh y = 0 va trén canh y = %, z dat gia tri nho nhédt va 1on nhat

. T
nhu trén canh x = 0 vax = E

Tém lai ham s& z dat gia tri nho nhédt bang 0 tai diém (0, 0), dat

gia tri 1om nhit bing 3V3 .z ) :

tai diém (‘é’, g
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Bz=0" A+ 02— Ayl + el - [(a~ e+ (b - cy? + ot
lién tuc V(x, y) € RZ Ta co
P = 2(a® - cAx — 2[(a — c)x? + (b ~ c)y? + ¢ 2a — c)x =
=2(a-oxla—c—2(a-c)x?~2(b - c)y?
q=2(b-cylb-c-2d-c)y?-2(@a—c)x?

Dé tim cac diém t&i han, ta giai hé hai phuong trinh

p:o’qzo
Ta duge cac nghiem
x=0,y=0
. vZ
x=0,1—2y2=0¢*x=0,y=i?
V2
y=0,1—2x2=0%y=0,x=:?
Con hé

a—c—2(a—c)x2—2(b—c}y2=0
{ b-c-20b-cy? 2a-cx?=0
vd nghiém vi a > b > c¢. Vay ta ¢6 5 diém t6i han
V2 V2 V2
Mo© 0, Mi(0, -7) M (0,°2), Mp( L, 0),
M4(——2;“, 0),chﬁngdéun§mbén trong mién D. Ta cén so sanh gia

tri cua z tai cac diém d6 véi gia tri cla z trén bién cta midn D. Ta cb

z{(Mg) = 2(0,0) = 0

z(Ml)=55(MQ)=bQ_C2+ c? — (b_c+c)2‘:(

a—c>2

2(Mg) = =(My) = (>

a6
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Trén bién caa mién D, ta ¢ x2 + y* =1, do d6
z = (a® — cAHx? + (b? - e (1 —~ x%) + -
~la-c)+ b -c) (1 —x}) +c? = (a-bARE1 -x),
—-l=x=1
N6 dat gia tri nho nhdt bAing O taix = 0vax = = 1, dat gia tri
a—b)Z V2

1on nhét bing (T tai x = & o

So sAnh cac gia tri da tim duoe, ta thdy z dat gia tri lon nhét bing

—cy2 . a V2 . sy -
(azc:) taicacdiém(:—;,0)vadatgiatr;nhonhétbﬁngOtal

diém (0, 0).
25. a) Ta c¢6 z = xy, trong do x, y thoa man diéu kién
gx,y) =x+y-1=10

Diéu kién cén ela cyc tri cha z voi diéu kién gx, y) = 0 la
2’ z’
L S
gx Ey
Thé ding thic 46 vao didu kién glx, y} = 0, ta duge
1

X =y = .
A Fl 1 ” r -
Ta cb mot diém toi han duy nhdt M, ( %, P ) Dé xét xem diém

Ay ¢6 la diém cyc tri khong, ta xét ddu cua s gia

1 1 11
A.= Z(E'l' h,'2”+k)—z(§,-'2-) =
=(%+h) (%+k) —i:%(h+k)+hk
1
2

. . 1 , . - .
Mt khae, cac toa 46 P 4+ h, — + k phai thoa man diéu kién
glx, y) = 0, tic la
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Lih+iikctensk=o0

2 2
Do db
A = hk < 0,
vi h, k trdi dfu nhau. Vay M, la diém cyc dai 6 didu kién,
Zmax = 2(Mg) = i

Chu thich: Lai giai trén nhdm trinh bdy phuong phap chung dé
giai quyét nhimg bai todn cyc tri c6 didu ki¢n. Riéng bai toan nay cb
thé giai rdt don gian bing cach dua vé tim cuc tri caa ham s6 mét
bién s6. Thuc vy, viy = 1 —-x, ta cé z = xy = x(1 -x) = x - x2

Néux > 0,y > 0, ta c6 thé dang bét ding thic Cauchy

&?SX_‘ZF_‘V_

dé giai bai nay.
b) Theo phuong phap nhén t& Lagrange, dé tim cwc trj céa ham
1 1
$8 2(x, ¥y) = = + = vdi diéu kién
x ¥

1 1 1
gx, y) ="+ —-— =0,
x2 y2 a2
ta chi viéc tim cyc tri cta ham s6
1 1 1 1 1
Fx,y, ) =z(x,y) +dgx,y) ==+ —+1({—+—_ -~
y J Euy =37y (Xz w2 a2 )
trong d6 4 la nhén ta Lagrange. Ta cé
1 21
F.,y,)=-—-=
x1% ¥ 23
1 21
Fyx, y,4) = - — - =
¥ y.2 y3
Cho F’y, F’y d6ng théi triét tidu, ta duge x = y = — 2 1. Thé céc

gia tri dy vao diéu kién g(x, y) = 0, ta duge
88



e
b
@

1
m?
Vay ta duge 2 diém tdi han:

3.2

Aa
V2

a a a
M () Ma (- )
D& xét xem M c6 1a didm cuc tri khong, ta xét ddu cla s6 gia cla
F tai M;. Ta cé
A=F(=+h, =+k, 1) -F (-, £ 1)
V2 V2 V2 V2
Tai My, F’x = F’y = 0. Do d6 theo cong thitc Taylor, khi cac s6 gia
h, k rit bé, ddu cla A duge xéac dinh boi dfu cla

F”2(M1, )b + 2F, (M, bk + F*2(M;, k2

Nhung
2 64
Frex, y, ) =—+—,
X y }[3 x4
F”xy(x, y’ A} —3 0
+ ) 2 _.6;{_
F o(x, y, ) = 5+
% y Y
Tai My, tacs A=~ = —%,dodé
71 2& " ” _—2V{§
F72(My, A) = - ) , Fy(My, ) =0, F"2(M1, 4) = - —
a

zvfz‘ [}
Vay s6 gia A cing d4u véi biéu thie - 3 (h? + k?),
a

tic 13 A<O vai h, k kha bé. Do dé6 M; la diém cyc dai,
Zyex = 2(M1) = ?
Tuong tu nhu vay, M 13 diém cyc tidy, zmin = z(M2) = — —.
a
¢) Ding phuong phap nhan t Lagrange, ta tim cyc tri cua
ham s6
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2 2 2

v v X Z
Fx,y,2, 0 =x®+y2+ 2244 (—+5+ %
(32 b2 o2 )

Cac toa d¢ (x, y, z) cua diém t&i han 1a nghiém cua hé

f F’x(x,y,z,l}=2x(l+$) =0

F’y(x,y,z,ﬂ)=2y(l+i) = 0

bZ

FLx, y, z,i)=2z<1+i) = 0
C

Sl o

32 z 2

Giai l;é phuong trinh nay, ta duoc 6 diém t& han
M (- a, 0, 0), Ma(a, 0, 0), M3(0, b, 0)
M4(0, - b, 0), M5(0, 0, - ¢), Mg(0, 0, )
Ij'ng véi cdc didm My, My, 1 = — a% ung v&i cac di€m Ms,
My, A = — b% dng véi cae didm Mg, Mg, 4 = — o2,
Bay git ta xét diém t6i han M;. Xét d4u cla s6 gia cia F tai M.
Ta co
A=Fa+h k1,1 -F-a 002
N6 ¢6 d4u cia bidu thuc
F2(My, Hb% + F72(M;, Ak + F",2M;, )h2 +
+ 2F75y(My, A)hk + 2F7 (M, Aykl + 2F",(My, A)lh -
Khi h, k kha bé. Nhung

Freix, y, z4) = 2(1+:—2), F”2(x, y, 2, 1) = 2<1+§E),

P 2%, y, 2, A) = 2( 1 +é)

F”xy(xs ¥, 2, ’1) = F"yz{x: ¥, & A) = F”zx(x; Y.z, ’1) =0
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Do do
3.2
FP2Mp, =0,  F'pMy, Hh=2(1- bg),
2
a
CFTaMp, A =2(1- 8—2)

Suy ra ring A c6 dfu cua

2(1-2—2)1;%2(1—22

)1% khi I, k dd bé
Via>b>c >0 nén A< 0véih, kdibé, vay M; 14 diém cyc
dai, do 46 My cung 13 diém cyc dai,
Umax = W(Myp) = u(My) = a

Hoan toan tuong ty, cd thé thdy ring cac diém My, My khéng la
diém cue tri, diém Ms, Mg la nhirng diém cyec tiéu,
Umin = u(Mp) = u(Mg) = .
d) Ta tim cyc tri cua ham s&
1 1 1
Fx, y,2,A) =x +y+z+4 (—+—+——1),
x y oz
trong d6 A 1a nhan t& Lagrange. Giai hé phuong trinh

. A
F.x,y 2z 4) =1——2 =0
3
F’y(x,_'y,z,ﬂ.)zlr-—2 =0
] )
F.x, ¥, Z:A):l__g =0
Z
1 1 1
—+=4+= =1
L X y Z

Ta duge 4 diém téi han
Mo(3, 3, 3), My(1, 1, — 1), Ma(l, - 1, 1), M3(1, 1, - 1), 4 ung véi
diém M, bdng 9, A (mg voi cac diém M;, Mg, M3 bing 1.
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Béy gid xét dau cha 56 gia cia F tai M. Ta c6
A=F(3+h,3+k,3+1,7&)—F(3,3,3,1).

Khi h, k, 1 kha bé, A c¢6 d&u cda biéu thic
F"; (M, M)h? + B Mg Mk? + Ff (Mg 1 +

* 2F (M, Wbk + 2F",,(M,, Mkl + 2F (M,, M1k -

Ta cé
2A . 2A 2Ai
2 (X,y,z l) N F 3 (X,}’,ZJL) =0 2 (K,Yaz k) =7
x>y y z?

F'xy(x, v, z, A) = Fro y, 2, My =F' (x,y,2,A) =0
Do d6

" 2 . 2 . 2
XZ {MO,A)=§, Fyz (Movl)=.§! FZZ(M:)JL):_

Vay khi h, k, 1 d0 bé, A ¢6 ddu clia biéu thite

2 I'} kl l‘])
—{h"+k " +17),
3{ )

tde 1a A > 0, M, Ia diém cug tidu,
Linin ll(M ) =
Xét didm M, ta ¢6
F:: (M, .2)=2, F;; (M, A)=2, F:z M, A= -2 .

Viy s& gia cia F tai M, ¢6 dau cia bidu thie
2h* + 2k* - 212,
biéu thic nay khéng la dang xac dinh d&u vi 2[(h? + k% - 1?] ¢6

dau thay déi, vay M, khong 13 diém cyce tri c6 diéu kién ciia u. Cac
diém M,, M, ciing khéng 1a diém cie tri c6 diéu kién cua u.
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26. Trong hé toa d6 dé cac vuéng géc, phuong trinh cia mit

cdu tdm O ban kinh R 14
X2 +y?+ 22 = R?.

Khéng han ché tinh tdng quat, ta chi xét nhéng hinh hop chi
nhat ¢é cac canh song song véi céc truc toa 49, ndi ti€p trong hinh
cdu. Goi (x, v, z) 1a toa d@ ctia dinh cta hinh hdp chit nhat ndm
trong goc phén tam thi nhat. Ta ¢6 x > 0, y > 0, z > 0. Ta phéi tim
cye dai cia ham sé

f(x, v, 2) = xyz

véi diéu kién

gx,y,z)=x2+y?+z?-R*=0. *)

Piéu kién cin clia cyc tri cha ham s6 f(x, y, z) véi diéu kién
g(x,y,z)=01a

f'. B

¥
g &y &

yr_zx_x.

fl

z

hay **)

X y z

T (**) suy ra x =y = z. Thé vao (*), ta duge

Dé xét xem diém [ ] 6 1a diém cyc tri ¢6 didu kién

khéng, ta chi viéc xét ddu

Af[f 5 }J[III

55 5

2
RT(hﬂwl) + —R—(hk+kl+lh)+hkl .

7

RRRJ
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Vi1 dig —+h, —+k,
i diém (\/3 h, gtk s

nén (%+h)2+ (%+k)2+ (%+£)2 - R

+ l) cung nim trén mit cduy,

Do do
2R
—h+k+)+h+KE+2=0
V'?( )
Suyrah + k +1 < 0. V&i h, k, ! ¢4 nhd, d4u eda A 1a dfu cla s6

a 2
hang co bic thdp nhét, tic 14 d4u cla s§ hang —R(h + k +1). Vay

. . R
A < 0vdih, k,I &G nhd, do d6 diém ( % 73 \f; ) 1a diém cuc dai

cd diéu ki¢n. Do d6 hinh lap phueng c6 canh bé.ng la hinh hop chi

v3
nhat ndi tié€p cd thé tich Ién nhAt.
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Chuong 11

UNG DUNG CUA PHEP TINH VI PHAN

TRONG HINH HOC

A - PE BAI

1. Tinh 48 cong cua

a) Pubmgy = - x° tai diém cb hoanh d6 x =

o | =

b) Puomg xy = 1 tai diém (1, 1)

¢) Dudng y* = 2px tai nhimg didm (0, 0), (g, p)

d) Dudmg b%? + a%y? = a®b? tai cac diém (0, b) va (a, 0)
e) Duomg < + y§ — a8 tai diém (x, )

f) Pudng x = acht, y = bsht tai diém (x, y), (a ,b> 0)

g) Dudng x = e'sint, y = e'cost tai didm dmg véit = 1

h) Dutng xoén &c Archiméde cb phuong trinh trong hé toa do cuc '

r = ap tai diém b4t ki, {a > 0).
2. Tinh khic ban kinh cda

N x> ﬁ . 3.2
- = ta .
a) Pudng 25 + 9 1 tai diém (0, 3)
b) Dudng y* = ° tai ¢iém (4, 8)
¢) Dudng y = Inx tai diém (1, 0)
d) Puimg y* = 2x — x° tai diém b4t ki

e) Dudng y = sinx tai diém (%, 1)

) Pudng x = a(t - sint), y = a(l - cost) tai diém bat ki, (a > 0)
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i)

)

g) Budng x = a(cost + tsint), y = a(sint — tcost) tai diém bt ki,
(a > 0y

h) Pudmg x = 3t%, y = 3t - t3 tai diém ung vait = 1;
i) Pudng r = a(l + cosp) tai diém bat ki, (a > 0);
J) Dudmg r = ae™ tai diém bdt ki, (a > 0);
k) Duomg 1 = a%cos2¢ tai diém bdt ki, (a > 0).
3. Tim nhing diém trén cac duomg cho dudi day, tai d6 khiic ban
kinh ¢ gia tri bé nh4t.
ay = Inx - bhly=¢€*
X2,'
VX +VYy = Va,(a>0);dy = 1n(1——2-),(a>0).
a

4. Viét phuong trinh dudng tic b€ cha
1
a) Dudng parabén y2 = x + =

2
s
> _¥y _
b} Duong hypebén 2 1
2 2 2

¢) Duéng axtroit x3 + y3 = a3, (a> 0);

d) Duong x = alcost + tsint), y = a(sint — tcost), (a > 0);
e} Dudng xicldit x = alt - sint), y = a(l - cost), (a > 0);
f) Buomg cacdidit r = a(l + cosp), (a > 0).

5. a) Tim hinh bao cta hg dudng tron ¢é ban kinh bﬁng 2, cO tAm
ndm trén dudng thing y = x.

b) Tim hinh bao cla ho dutmg parabon ex? + cfy = 1, ‘ﬁrong ddc
la tham s8

-\

¢) Tim hinh bao cia ho duong parabén y = c2(1c—(:)2
tham s6.
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d) Tim hinh bao ctia hg dudng tron cd duimg kinh 14 cac day cung
2

song song véi truc Oy cia dudmg elip x_2 + i 1.
a

€) Tim hinh bao cda hg dudng trén cé tdm ndm trén parabon
y? = 2px va di qua gdc O. '

f) Mot doan théng cb 40 dai a di chuyén trong mit phing Oxy sao
cho hai mit ctia né nam trén hai truc toa 4. Tim hinh hao cta ho
doan thing 4y.

g) Mot doan thing di chuyén trong mat phing Oxy sao cho tdng
cac doan ma nd chin trén hai truc toa 46 khéng ddi va bang a. Tim
hinh bao cia ho dudng thing 4y.

h) Trong mét phing Oxy, cho hai diém A(a, 0), B(0, a), M la mot
diém chay trén doan AB, MNPQ 1 hinh chu nhét ¢6 cac canh song
song voi cac tryc toa d6. Tim hinh bao cta cac dudng elip E nhén Ox,
Oy lam truc d6i xing, ndi ti€p trong hinh cha nhat MNPQ.

i) M 1a mét diém chay trén parabon y? = 2px. Tim hinh bao cia
ho dudng thdng D di qua M vudng goc véi FM, F 1 tieu diém cua
parabon.

3 Tim hinh bac clia ho dudmg kinh MN cia mot duong tron ban
kinh R, lan khéng trugt trén mdt dudng thing cé dinh.

r
k) F 1a mot diédm of dinh ¢6 toa dd (E’ 0), M la mot diém chay
trén truc Oy, Tim hinh bao cia dudmg thing MT di qua M vudng goc
voi HM.

8. Gia stt p(t), a(t) 1 cAc ham vecto kha vi. Chimg minh cic cong
thire sau:

d > > dp(t)  dg(t)
a) 1 (p(t) +qth =~ 7+
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ham s8 kha vi,

R ORTORTS —‘;;9 B 2
% @on oy - fon L, J’Qm(t)

7. a) Chitng minh réng néu p(t) 12 ham vecto kha vi hai 14n thi ta cé

iy 2
3 (FOAEE) < By a B0

b) Né&u cac ham vecto p(t), q(t), r(t) kha vi, hay tinh
d - - —
d&t (p(t), q(t), r(t))

¢} Chimg minh rdng néu ham vecto 1?({:) kha vi ba l4n va néu -
i = (3, ﬂl, —zmz
dt
thi
£(t) = (p(t), _P_(_l’ _P_Q
dt3
8. Viét phuong trinh ti€p tuyén va phap dién cia dudng
.2 . P .. T
a} X = asin“t, y = bsintcost, z = ccos?t tai diém ang voit = Z

t‘t t 1
byx = 2y =1,z = "2 (o diém dmg véi t = 0
vz v

c)x=t,y:t2,z=t3taidiém1}ngv6it=3.
X

t i g
d)x:t—sint,y=1~cost,z=4singtajdiém1mgvmt=E"

9. Cho dudng

X = %(2cost — cos2t)

i

y 3(25int — sin2t)
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= gi;zcosé,(a:-m

a) Tim hinh chigu cua né trén mat phing xOy

Z

b) Chirng minh rdng né ndm trén mit cdu
X2+ y2 +22 = a?
va nhing tiép tuyén clia né lam véi truc Oz mot goc khong d6i.
10. Viét phuong trinh clia tap hop t4t ci cac giao difm cia tiép
tuyén cua duomg
X = asintco_st, y = acos2t, z = acost
voi mit phdng xOy

11. Ching minh ring duding

cost sint sht
X = """, ¥y¥= ", ¥y= "7

cht cht cht

nim trén mat clu xZ + v2 + 22 = 1 va c&t céc giao tuyén cla mit
cdu v&i cac mit phdng z = a, a khong d8i, — 1 < a < 1 theo mot goc
khang déi.

12. Tinh 49 cong cua dudmg

alx=¢e y=etz = tv2Z

b) x = € 'sint, y = e tcost, z = e
¢) x = 3(cost + tsint), y = 3(sint - tcost), z = 2t%
d)x=t-sint+4cos%,y=t—sint—4cos§,z=\/—2—(1~cost)
13. Viét phuong trinh phap tuyén va tifp dién caa mit
a) x> — 4y% + 222 = 6 tai diém (2, 2, 3).
b) z = 2x% + 4y? tai didm (2, 1, 12)
¢)z = In(2x + y) tai dim (- 1, 3, 0)

14. Viét phuong trinh ti€p tuyén va phap dién cia dudng
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a) x2 + y% = 10, y2 + 22 = 25 tai diém (1, 3, 4)
b) 2x% + 3y + 2% = 47, x% + 2y = 7 tai diém (- 2, 1, 6)

B - LOI GIAI
1. a) Ta cb =_x3

Tinh cac dao ham cép 1 va edp 2, ta duge

y = —3x2, ¥ = -6x

. ” = -3. Do d6 49 cong cua dudmg
1

C| - 3 _3.48 192
’ =5 (14_1)3;2 53 125
b) Ta co 16
1 ; 1 n_ 2
VEYT Y S e VT
Khix=1,tacoy’ =-1, y’ =2 Dodd
2 1

| =1 (ﬁ)B h VI
¢) LAy dao ham theo x hai 14n phuong trinh

y? = 2px,
ta duoe
we=p wt+y*=0
. . +2 2
Dodé y}=E’ y)’=_x_=_E3
¥ ¥
C _ Iyu.l _ pz _ p2
1+yH¥2 P2 +yH¥2  (p? + 2px)¥2
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Véyltai didm (0, 0), ta c6 C = i-, tai diém (123, p), ta cb
T 2ve p
d) Phuong trinh b%2 + a%?® = a?b? co thé viét la
2 2

a2 b2

D6 1a phuong trinh cia dudng elip; dang tham s8 cua né 1a
x = acost, y = bsint
Do 46
x’ = — agint, ¥y’ = beost; x”’ = - acost, ¥’ = -bsint

Vay

_ tx’y!’ — y’x”J _ ab
' (x’2 + y’2)3/2 (a2sin2t + b20052t)3" 2

Diém (0, b) ting véi t = %, do 46 46 cong ctia dudmg elip tai diém

P b - - ’ - - .
a6 bing % = % . Diém (a, 0) ing véi t = 0, 40 cong cua duong elip

a’ a
- - b
tai diém do bang 2_2.
b3 b2

) Phuong trinh tham s& cua dudng

2 2 2
x3+y3 = a3

1a x = acosSt, y = asin’t
Ta cb X’ = - Bacos’tsint, y’ = Sasithcost
x’ = - 3al- 2costsinZt + cost)

y' = 3a(2sintcos?t — sin’t)
Do do x2+y?% = 9aZsin?tcos?t

2y - y'x” = — 9a%sinZtcos? t
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ey

_ 9asin®tcos? ¢ _ 1 _ 1
2743 sindtcosdt| 3alsintcost| 1
f) Ta co ! | 3eowy)3
I x = acht, y = bsht
x’ = asht, y’ = beht
x” = acht, y’ = bsht
Do &b
x'? +y2 = aZ%h? + bPehZ
X'y” - y'x” = ab(sh’t - ch?) = - ab
C _ Jx’y,! _— y,x”l _ ab ’
(X,2 + y:2)3/2 (32Sh2t + b2ch2t)3/2
g) Ta cd
x = ebsint, y = etcost
X’ = e*(sint + cost), y' = el(cost - sint)
x” = Zetcost, y’ = - 2etsint
x'2 4+ y'2 = g%t
X,y” _ y;x” = _ 2e2t
Do dd
C - styu — y;xnl N 2821: 3 1
(% + y'2y372 2VZed YDt
1
Tai diém dng véit = 1, tacs C = :
ev2
h} Ta ¢
r=ap,r=ar'=0
Do 46
c - P +2r—m|  a%p?+ 2 1 242
(1.2 + r’2)3/2 a3((P2 + 1)3/2 a ((pfl + 1)3}’2



g, 4.

2 2

2. a) Puong ;—5 + 2{9— =1 la dudng elip, phuong trinh tham s§

cua noé la:
X = becost, vy = 3sint .

Diém (0, 3) ttng véi t = % D cong cha dudng elip tai didm dé
3 ” . . .
bing E (xem bai 1, cau d), vay khic ban kinh caa dudng elip tai

diém d6 bang %?- .

3 3
b) Tacéy=+x2 . Diém (4, 8) Ung véi nhanh y = x%. Do dé
‘= _...x_lg— "= ‘3—)(_%
¥ 5 + Y ) .
Vay khic ban kinh cha dudng y* = %’ tai diém (4, 8) bing
3
2 C(+y'?)? _ 80410
x=4 |)"[ x=4 3
¢) Ta cd
1 1 " 1
y:]nx_,y:-—-, y:__.._{.
X X

Do d6 khic ban kinh ctia dudng y = Inx tai diém (1, 0) bdng
3.

RI =22=2J2.

x=i
d) Phuong trinh
yi=2x - x% .
C6 thé viét thanh -
x-1F+y*=1.
D6 14 phudng trinh ctia dudng tron tim tai didm (0, 1), ban
kinh bing 1. Vay khic ban kinh ctia dudng &y tai moi diém bing 1.
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e} Ta ¢6
y=sinx, y' =cosx, y"=-sinx.

Vay khiic ban kinh cta dudng y = sinx tai diém (—215, 0} bing

f) Ta ¢
x =a(t - sint), y=a(l - cost)
x' = a(l - cost), y' = asint
x" = asint, ¥" = acost .
Do d6
x? + y? = 2a%(1 - cost) = 4a? sin %
X'y" 2t

X'y" - y'x" = a¥cost - 1) = —2a% sin

Vay khic ban kinh cta dudng tai diém bat ki bing

8a’[sin? Y
(x'2+y'2 )3"’{2 2| =4alsin£4 ‘
|x Y-y HI 2a2 sin? 2
2
g) Ta co
= a(cost + tsint), y = a(sint - teost)
x' = a{-sint + sint + tcost) = atcost
¥' = afcost - cost + tsint) = atsint
X" = a{cost - tsint)
¥" = a(sint + tcost) ,
Do d6

x|2 + y‘z = aztz

X'y" — y'x" = a¥t¥(sin®t + cos?t) = a%t?.
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Vay khic ban kinh cla dudng tai diém bat ki bing

31413
t
R = EJ——zl— = alt|
a’t
h) Ta co
‘ x =32y =3t-t
x’=6t,y’=3—3t2
Xl’ :6, y,’ =_6t
Do do

22 + y2 = 36t2 + 9 + 9t — 18t = 9(t2 + 1)?
Ky” —yx’ = — 362 - 18 + 182 = — 18(t2 + 1)

Vay khuc ban kinh cia dudng tai diém dng voit = 1 bing
16 32
R:L—L=(36)W=6

36
i) Ta cd
r = a(l + cosp), I’ = — asing, r”’ = — acosy
Do dd
2 + 1’2 = 2a%(1 + cosp) = 4320052‘3
r2 + 2r'2 — i = 3a’(1 + cosp) = 6:3\%:(::525;i
Vay khiic ban kinh tai diém b4t ki bing
3 3¢
P 8a® | cos 9 |
11‘2 +2r2 — rr” 6320052 £
S apa 2
3 2
B Tacod
r = 8e™, r' = ame™, 1’ = amZe™

2+ r'? = a%(1 + m?%)e?™
124 202 — pp” = a?(1 + m2)e?™
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Véy khuc ban kinh tai diém bt ki bing
a3(1 + m2)3/2 eSmnp _
a(1 + m?) e2m¢

=aVvl+m?emw = rv1l+m? |

R =

k) Ta c6
= azcosz(p
Lay dao ham hai v& theo ¢, ta dugc
rr’ = — a%in2p *)
Do dé
Ny alsin®2p rt + atsin®2p
artagdy SR rrd

_ a*(sin22p + c05220) _ at

2 T2
Lai l&y dao ham theo ¢ hai vé cia ddng thac (*), ta duge
rr’ +rl o= — 2a°cos2p
Do @6 2+2rf =2 ol g r? + 2a2cos2(p =

4
= 3(r?+r? = —31
rz
Vi vay khic ban kinh tai mot diém bét ki bing

_a® 2 a2
- r3‘334 3
3. a) ham 88 y = Inx xac dinh khi x > 0. Ta ¢6

LE]

y:"—) = -

Do dé khic ban kinh cia dudmg y = Inx tai diém c6 hoinh do
1432
x bang 1+ —
1 B X

x2

R(z) =
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Ta co . 1 . 3
x.§(xz+ 1)Z.2x — (x2 + 1)2 & + 1)% :
R'(x) = = (2x% — 1)
x? X
€ V;?
R(x) = O khi 2x%2 = 1 hayx = Y
T4 bang bién thién
. V2
X 0 2 +
R’ - 0 -
ta suy ra rAng khic ban kinh R ¢6 gia tri bé nhét khix = 5 » néumg
V2 1
se 3ad Yo oo 2
vol diém ( 5 9 1n2)
b) Ham s6 y = & xac dinh Vx € R. Ta co
y! — ex, y)! — ex
Do 86 3
(1 +e)2
R =
Ta co
1 + %2
R'(x) = ( o ) (2> - 1)
e
L] I3 e 2X 1 ]_ -
R'(x}) = 0 khi 2. = 1, hay e~ = 9 hay x = -—Elnz. Cung
nhu trong cau a), t& chiéu bién thién cua R(x}, ta thdy rang khic ban
kinh ¢b6 gid tri bé nhit tai x = — Elnz, no ung vol diém
(-llnz Q)
2 T2

¢) Phuong trinh vx +Vy = Vva cé nghia khi x > 0, y > 0. Ldy
dao ham hai v&€ phuong trinh 46 theo x, ta duge
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+ y =10
v vy
V¥ —va
Dods y = —\| ¥ == azl—\’ﬂ
X VX X
o _E‘_
¥ 9532
Vay ( Yoy F) .
x Vg 2(2x + a — 2ax)¥?
‘ dz
Ta cod 2x

P — 16 va
R = = 3(2x + a — 2VaK) (2-2)

X
R0 = Okhi 2- Y& _ Ohayx = >
Vx 4
T bidng xét ddu caa R’(x), ta suy ra réing R(x) c6 gia tri bé nhat
khi x = %, né Ung véi diém (3, %)
. x°
d} Ham s8 y = aln ( 1 ——2) xac dinh khi - a < x < a.
a
Z2ax
Tacéh y = - ———
aZ _ XZ
» 2:12—x2+2x2 9 a2 + x2
y'= ~2a " _—=-2a
hd (az _ X2)2 (az _ X2)2
Lhy?e1e 20 ety
(32 _ X2)2 aZ _ xZ

Véy khic ban kinh tai diém c6 hoanh d9 x bang

2 2

(a + X )3
R(x) = a2 — x? _igaz+x2}2
o 9 a?+x2  2a a® — x2
A7 o9
108 (aZ_XZ)Q
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TF
r:"-l'

Do 6

Rx) = 1 @-x)2@+x?)+ @2+ P o
2a (aQ _ X2)2 )

x =

x (a® + x?) (3a2 — x%)
a (a2 — x2)2

Vi-a < x < a, nén R(x) co dfu cua x va R'(x) = 0 khix = 0. Do
@6 R(x) cb gia tri bé nhat tai x = 0, nb Gng v6i diém (0, 0).
- n E 1 -
4. a) Ta viét phuong trinh dudng parabdn yo=x+ E dudi dang
tham s6
l =1
2’ ¥~
Khi d6 ta co
X =2,y =1;x" =2y =0
Néu goi X, Y 1a toa do chay cua dudng tic bé phai tim, ta cb

r 52 92 2
+ 1 1+ 4t .
XexYETTYD) o 13S0 g
Xy —YyX 2 2

(x'2 + y? 2t (1 + 4t% N
Y:y+x~,%y—l=t——i1—2i—l=—4t3

X y - y’xll

Khir t giga hai phuong trinh 8y, ta duge

(2= (&)

16 .
g _ 1943
hay Y 27}(.

Dé 1a phuong trinh cia dudmg tic bé phai tim.

Chii thich. Néu d6ibiéns6x = x + -;, phuong trinh cua parabon
da cho cb thé viét la

— 1
y? = 2px, trongdé p = 5

109



Theo két qua da biét trong gido trinh, phuong trinh dudmg tuc bé
cla parabén y2 = 2px la

; 8 - 16 /= 1,3
Y=r—X-pi=2(X-2
g7p X 7P = 5 ( 2 ) ,
Véy phuong trinh dudng tic bé cia parabén Y =x+ 5 1a
16 _.
Y2 = —X3
27
b} Phuong trinh cda hypebsn
2 2
Y 2 1@>0b>0
a’® b

c6 nghia khi x = ahoicx = - a. L4y dzo ham hai v& phuong trinh

dy d6i véi x, ta duge

x o . _ b ox
2 5 = Ohayy = 5y
Do do
b2
x— - £
pro oz B TRy b2 phe
a2’ 2 a2 V2 a2 a%y3
_ ¥ e pt
Y BCE
b? —(1+b=4 ﬁ)
» 33 2 4
+
Vay Xex_YO*yH _ a at v _




3
f

%%

2 I
X = E_X3, Y = _‘Iy3
at b

Vi x, y théa man phuong trinh cia duomng hypebon, nén néu kha
X, ¥ tu hai phwong trinh trén, ta duge

2 2 4
(aX)3 — (bY)3 = ¢3

d6 Ja phuong trinh cla dudng tic bé phai tim.

Chii thich. Ta cing c6 thé st dung phuong trinh tham s§ cia
duong hypebén:
x = eacht, y = bsht,

trongdde= Infux >a,6=—1 néux < -aKhido
X’ = easht, X" = eacht

¥ = becht, ¥ = bsht,

Do d6 % +y? = a%h% + behk,
X’y” _ y’X!‘) = — Eab
Vay '
IR ] 252
+ &
Xox - LEEYD &,
Xy~ yx a
[y »2 2
X(x“ 4y C .
Y=y+ oo = . sh
X'y’ —y'x b

Do 13 phuong trinh tham s6 cda duomg tic bé, Khi t gita hai
phuong trinh y, ta lai duge

I

2 4
@X)3 - (bY)3 = c3

¢) Phuong trinh tham s8 cia duing axtroit
2 2 2
X3 + y3 = a3

la X = acosdt, y = asin’t

Do do x = - 3am52tsint, ¥’ = 3Sasin®tcost
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bk,

2 + y2 = 9a%sin%cosit
X'y’ — y'x” = — Oa%sin®tcos?t
Véay phuong trinh tham s6 cla dudmg tic b€ cia dudmg axtréit la:
X = acos® + 3asinZtcost
Y = asin® + 3asintcos®t

T4 hai phuong trinh d6 suy ra
X + Y = a(cost + sint)® = 2vZ acos> (t—f:)

X — Y = a(cost —sint)® = 2vZ asin® (t - %
X+Y
V2
X-Y _, .3 n
=z 2asin (t 2 )
Néu quay hé tryc toa 46 quanh géc toa d6 mot gée % thi cac toa
d¢ X;, Y; cua mot di€m duge bidu dibn qua cac toa 46 X, Y cia né boi
cong thic

hay

2a cos® (t—4)

X+Y X-Y
Xy = s Y = T

V2 vZ

Vay phuong trinh tham s3 cua dwong tic b8 phai tim trong hé toa
30 méi 14 X; = Zacos’r, Yy = 2asindt
Y3 ' X,
Y
X
Hinh 1
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T =t-TDola phuong trinh cia dudng axtrdit cd kich thude
lén gdp hai lin duong axtrdit da4 cho. N&u khir tham sd 7 to hai

phuong trinh trén, ta dugce
X+ YP = 20

Nhu vay dudng tiic bé ctia dudng axtrdit duge suy ra ti dudng axtroit
boi mot phép vi tu tdm O t1s8 2 va mdt phép quay quanh O mot géc% (h.1).

d) Ta ¢b

x = afcost + tsint}, y = a{sint - tcost)

Do do

X' = ateost, ¥y = atsint, x2+y2 = a%?  x'y’ - y'x" = at?
Vay phuong trinh tham s8 cia dudng tic bé phai tim la

X = a(cost + tsint)} — atsint = acost

Y = a(sint - tcost) + atcost = asint

Do dé dudmg tic b& chinh la dudng trén tAm O ban kinh a. Vi vay
duéng cong da cho la dudng than khai cia dudng tron Ay.
e) Ta cbd _
x = alt - sint), y = a(l - cost)
x' = al{l — cost}, ¥’ = asint
x” = asint, ¥’ = acost
x2 + y? = 4asin’ ';'
x'y” — y'x” = — 2asin® L
Vay phuong trinh tham s6 cua dudmg tic bé cda dudmg xiclsit 1a
X = aflt - sint) + 2asint = a(t + sint)
Y = a(l — cost) — 2a{l - cost) = — a(l - cost)
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Dt t =7 — x, phuong trinh trén duge vidt Ia

X = —ma+ a(r — sinr)
Y = - 2a + all - cosr)

Thye hién phép tinh tién hé tryc toa 46 bang cach dit
Xy =X+m, Y, = Y + 2a,

ta duge X; = a(t ~sint), ¥; = a(l - cosr)

Dé la phuong trinh tham s§ cda duong tic b€ phai tim trong he
tryc toa do IX;Y;. Phuong trinh &y cing 14 phuong trinh cia dudng
xicldit cing kich thuée véi dudmg xicldit @2 cho. Nhu vay duomg tic b8
cia dudng xiclbit duge suy ra ti dudng xicl6it &y bing cach thye hién
mét phép tinh tién song song véi truc hoanh mdt doan bAng za sang
trai vd mot phép tinh ti€n song song véi tryc tung mot doan bing 2a
xuéng dudi (hinh 2) . '

J\Yl 45-5!
X
¢
{
«—RA—> Xt
Hinh 2
f) Ta co

r = a(l + cosp)

Do 4o x = a(l + cosp)cosp = a(cosp + cosp)
¥y = a(l + cosyp)sing = a(sing + sinpcosp)

Vay x' = a(— sinp — 2cospsing) = — a(sing + sin2p)
¥’ = a(cosp + cosZp — sinp) = a(cosp + cosZp)
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x"” = — a(cosp + 2cos2y)
y' = — alsing + Zsin2g)
x? + y? = 222 (1 + cosyp)
X'y — y'x” = 3a%(1 + cos2p)
Cac phuong trinh tham s6 cda dudmg tic b8 phai tim 12

2
X = a (cosp + cosZp) — ga (cosp + cos2p)
= g(cosp — cos?p + 2)
9 :
Y = a(sing +  sinpcosp)} — Ea (sinp + sinZ2yp)
a .
= gsmtp (1 — cosp)
Pit t = n — o, cdc phuong trinh trén duge viét la

a 2a
X = — _(cost + cos’t) + -
) 3(cos cos“t) 3
Y = gsint (1 + cost)
Péi bién s6 Xy = %—X,Y1=Y,

ta dugce X = % {1 + cost) cost

Y= %(1 + cost) sint

L 4

Hinh 3
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- D6 1a phuong trinh cia duong cac-di-6-it ¢6 kich thude bing 1
kich thude duong cac-di-6-it da cho (hinh 3) 3

- 5. 2) Vi tam cua ho dudng tron ndm trén dudngy = x, goi (¢, ¢} 1a
cac toa d6 cua tAm dudmg tron. Phuong trinh cia ho dudmg tron gy 1a

(x-c)2+(y—~c)2—4 = 0,

né phu thuge tham s8 ¢. Ldy dao ham hai v& phuong trinh 8y d8i v&i ¢,
ta duge

—2x-0)-2y-) =10

Do 45
Xty
c =
2
Thé biéu thic &y vao phuong trinh cda ho dudng tron, ta duge
— 2
L%L = 4hayy = x £ 2VZ

Vi ho duong tron khong ¢6 diém ki di nén phuong trinh ay la
phuong trinh ciia hinh bao phai tim. Hinh bao gém hai duong théng
song song véi dudmg v = x (hinh 4).

Hinh 4
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b) Ta cé ho parabdn phy thudc tham s6 ¢
xZ+e&y-1=0

L4y dao ham bai vé€ 48 véi ¢, ta duge

x2 + 2y =0
Do d6
x2
c = - 25
Thé bidu thitc 4y vao phuong trinh cua he parabdn, ta dugc
x4
y= %
D6 14 phuong trinh cda hinh bao phai tim, vi ho parabén khéng cb
diém ki di.

c) Xét ho parabén phy thude tham s6 ¢
y= Ax - ¢)?
LAy dao ham hai v€ d6i v6i ¢, ta duge
2c(x - ¢)* - 2c*(x - ¢) = 0
Hay
2c(x —cHx - 2¢} = 0

Do d6, hotice = 0, hoicc = x, holicc = X 'Thé cac gia tri dy vao.
phuong trinh cua ho parabdn, ta duge

]

hoicy = 0, hodcy = 31%. '

Vay hinh bao phai tim gém hai duomgy = 0,y = 21%.

Dudng y s 0 tiép xtic v6i t4t ca chc parabdn cua ho ¢ dinh, con
dudmgy = %8 tiép xiic véi tht cA cAc parabdn cha ho & diém x = 2e,
né con chit cic parabén dy & diém x = — 2¢ + 2¢VZ.
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d) Tam cia duong tron ndm trén tryc Ox, 1€y hoanh d8 ¢ cta né
lam tham s6. Bén kinh ctia ho dudmg trém bing

'\/%(a2—c2)=9\/a2——?
a a

Vay phuong trinh cia hg dudng tron 13
b2
x-gf+y? - =@ -c) =0
a

Voi—a < ¢ =< a Lﬁydaohémhaivédﬁivé'ic,taduqc
2
—2(x—c)+'2—b'"c =0

a2

Do dd
a2
e=—2% 4
a? + b2
Thé biéu thic fy vao phuong tnnh cta hg dudng tron, ta duge

2
ree B o Ok
a? + b2 (a2+b)
2
X +ﬁ=1
a®+b? b2
Iﬁnhbaolﬁmt)telipcécécbéntmclé\fa2+b2 va b (hinh 5).

hay

Hinh 5
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e) TAm cta dudmg tron nim trén parabén y* = 2px: I_.gv tung
46 c cia nd lam tham s6. Toa 4§ cua tam dwong tron la (2_p . c);
binh phuong cda ban kinh cia dudng trén bing
c4
1y + .
Vay phueng trinh clia ho dwong tron-bing
( - i)z'-l- (y —cff = &+ <.
2p 4p*
Hay

x2+y2-§'x-zcy - o
L&y dao ham hai v d6i vdi ¢, ta:duge:

_EX_ oy = 0.
p.
Hay
e BV
X

Thé bidu. thntc £y vao phuong trinh cla ho duomg tron, ta duge
x?-+y-2+2ii = 0 hay x(x*+y?) + py* = 0-

D6 14 phuong trinh cla. hinh bao cua ho - dudng tron.

f) Phuong trinh clia ho dudmg thing cb thé viét 1a

RS A
m n
trong &0
m? +n? = &
bat

m = acost, n = ésint.
Phuong trinh trén trd thanh:

X Yoy
cost sint

t 1 tham s6. L&y dao ham hai v& d6i véi t, ta dige
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LIPS - L)

xsint yeost -0

cos’t sin’t
Do &6
X _ ¥y .
cos’t  sin’t

Suy ra X y X XL

cost _ sint _ cost sint _ a

cost  sin’t  cos®t + sin’t 1
Vay x = acost, y = asin3t

Hinh 6

) Vili do d6i xung, ta chi xét trong géc phin tir thi nhat phuong
trinh cia ho dudmg thdng c6 thé vit 1a
I A ,
m n
trong do m+n=a.
Vay phuong trinh cua ho dudng thing la
(a - m)x + my = m{a - m)
trong 6 m la tham s8. Ly dao ham hai v& d6i véi m, ta duge
X+4+y=a-2m
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hay
at+x—y

m = 2
Do d6

a—x+
al~m=—~-7-X

Thé cac biéu thite &y vao phuong trinh clia ho dudng thing, ta duge

a—x+yx+a+x—1yz 3.2-—{:{—1::2
2 2 4

Hay
:{2+312—2xy—~23.:1(—25.y+a2 =0
Hay
4xy = fa - (x + y) 2

Trong géc phén tu thu nhét, tacé 0 = x < a, 0 <y < a, phuong
trinh trén tuong duong véi

2Vxy =a— (x ty)
> x+y+2/xy =a y
= Vx +Vy =va

D6 la phuong trinh cua hinh
bao trong goc phan tu tha nhat,

né biéu dién 1 cung parabdn

nhdn dudng phan giac thd nhit - >x

lam truc va tiép xic véi hai trye
toa do & cac diém (a, 0) va (0, a)

(hinh 7) . .
Hinh 7

h) Chon hoanh @9 ¢ cta diém M lam tham s6, 0 < ¢ < a VIM

nim trén doan AB, nén toa dé cia nd 1a {c, a — ¢). Phuong trinh cac

R

(a— c)?

elipE la

bo

DmlN
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2t
3]
¥

o
2y
=1

L&y dao ham hai vé phuong trinh d6 d8i véi ¢, ta duge

2x2 2y?
-+ ~ =0
3 (a—-c)3
Do &6
- 2 a—c\ 3

Thé biéu thirc 4y vao phuong trinh cia ho elip E, ta duge

2 -

02 03
3 ( 23
< C a—c
xz = —'_a ,1{2 = a

Bay gi d6i tham s6 bing cach &4t ¢ = acos?t, didu nay hop li vi
0 = ¢ = a, ta duge cic phuong trinh tham s8 cia hinh bao la:

Do db

x = acost, y = asin’t

Bo 1& phuong trinh cda dudng axtroit quen thudc (hinh 8) .

yfk
Ng

AN
N
A\

Hinh 8
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i) Phuong trinh tham sé ctia parabén y= = 2px la
X = 2pt.2, y = 2pt
Tieun difm F co toa 40 (1;-, 0) , do @0 vecto FM cb toa do
(Zpt2 - —g—, 2pt) . Vay phuong trinh eta he dudng thing D 1a

(x — 2pt2) (4t2 — 1) + (y — 2pt)ydt = ©
Hay (462 — 1)x + 4ty - 2p4t? + 35 = 0
L&y dao ham hai v€ phuong trinh 85 d8i vai t, ta duge

8tx + 4y — 32pt> - 12pt = 0

Do d6 y = 8pt® + 3pt ~ 2ix

Thé vao phuomg trinh cia ho dudng thing D va rat gon, ta duoc
cac phuong trinh tham s8 cia hinh bao

X = 6pt2, y = 3pt - 4pt3
Hinh bao duce cho o hinh 9.

v A
M
pl-
i
L >
ONF B op x
2 2

Hinh 9
i) Chon truc Ox trén dudmg thing. Goi T 13 tAm cla dudng tron, H1a
hinh chidu cta I Ién tryc Ox. Chon gfc toa-d0 O sao cho d) dai doan OH
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.
biing 46 dai cung HM (hinh 10). Chon gée M = t lam tham sd. Khi do
toa d¢ cia Ila (Rt, R). Do d6 phuong trinh cia duong kinh MN 1a
y - R = cotgt (x - Rt)
Lay df-_lO. ham hai v& phuong trinh 46 déi véi t, ta duge
- Ry - =tg L
sinlt sing
Do dé
x = Rt — Rsintcost = R(t - 2'1-sin2t)
Thé viw: phuong trinh cin ho dudmg kinh MN, ta duoce

) v R
y = R{) — cos™t) = Rsin?t = E (1 - cos2t)
Dol tham s6 2t = ¢, ta duge cdc phuong trinh tham s6 cia hinh
bad la
{ x = 2 (p ~ sing)
R
y = 5 (1 —cosp)
Véy himh bao Ja dudng xicldit (hinh 10)

HYl

H X

v

O

Hinh 10

k) Chon tung db ¢ cua diém M lam tham s6, Hé s§ géc cta dudng
thiing FM 1a ~ 2% do d6 he 6 gbc cta duémg thing MT 1a L vay

P . X 2c
phuong trinh cua ho dudmg thang MT la
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o
© 7y

ey = px + 2¢?

L&y dao ham hai v& phuong trinh 4y ddi véi ¢, ta duge

\i
2
Thé vao phuons trinh cda ho duéng thing MT, ta dugc

2y = 4c hay c¢ =
. \'2 .
¥ = px+’§hayy3= 2px

Hinh bao la dudmg parabén (hinh 111

6. Goi cac toa dd cua cic vect ;(t), é?(t'j theo thir Ly la x4(t), y(t),
2,{t) va xy(t) yott), zy(t).

a) Cac toa do cua p(t) + aft) 1& x,(t) + xu(t), y1(t) + yult).
Zl(t) + Zz(t).

T .
M
¥
I\{\
Do do Hinh 11

d - - - >
1 (P(t) + q(t)) = (X’1{t) + Xot)i + (Y1(t) + y'o2thi +
+(Z1(1) + Zo)E = O + ¥ 1(0F + 2 1(0F) +

- - - d_’t d_} t
+ (X"a(t) + y'o(t)j + z’a(t)k) = —%—)‘ + -—((11%1
b) Cac toa db cua alt) . [_J)(t) la a(t)xl(t), a(t)yi(t), a(t)zl(t). Do d6

L @) F9) = e 1) + OO+
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+ By 1(t) + OO+ [a(t)2'1(8) + @ ()21 ()] =

= a1V + y10F + 210K + OB+ yie)]* 2] =

= at). ﬂl + & ®P)

d = :
c) 3¢ PO .a(t)= ad; (x1(t) . x9(t) + y1(t)yalt) + z1(t).29(t)) =

= (X{t’o(t) + y1(t)y'oft) + z(t)2’o(t)) +

+ @1 (RAE) + 3 1) + 21Ot = Rt —qu l 3)

d) - (_?p’it) Aq() =

4 i ¥
=71 21} yit} oz =
dt
xg(t)  yolt) zo(t)
i i k i i K
X)) Yt 2y + x(t)  yut) oz [T
x3(t) ya(t) za(t) X'o(t)  yalt)  Z'a(t)

= _R(_lAq(t)+p(t)/\_9§_l

1. a)‘—(p(t)/\ -PLl) .-P;to. /\_P_Q_,_ (t)A_ZP_Q
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o "5.0.‘.
&

d’p(t}

P(OA

Vi @Am=0 .
dt  g?
b) Pt cac toa dd cha P(t),G(t),7(t) theo thi tu la x, (1), v;{t),
2, (t); Xa(t), ¥alt), 25(L); X4(t), ya(t), 24(1). Ta cod
x () y(t) 2,0
X4(t) y3(6) z3(t)
X ¥y @) z') (1) x, (1) y ) z;(1)
= xa(t) ¥alt) zp(0) + X () Yo (1) Zop(t) +
X3(t)  ya(t) z3(t) x3(t)  ys(t)  zz(t)
x; {t) y () z(t)
+ %2t} ya(t) zp ()| =
x'3(1) ¥a(t) z5(

[ Y ac0); r(t)] [pm dace )?(t)] [p(tm(t)—f—’) :

d o
;i"t"QP(t),Q(t)yr(t)) =

- . b=
=] 9B O RO | 5 dTBO B, o), ( - )dP(t)'d pgl)J
de d g’ ar  a? dt
dp(v) 4'p
[() L ]

8. a) x = asin’t, y = bsintcost, z = ccos®t
x' = Zasintcost = asin2t ,
y' = b(cos? — sin®t)} = bcos2t
' = ~Zesintcost = —¢sin2t

Do d6
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Vay phuong trinh clia tiép tuyén la =35

Phuong trinh cta phap dién 1a a(x - %] - c(z - %} =0.

by x e'sint L , = & cost
= R y = , =
V2 V2
o= e‘(sint + cost) y =0, zo e'(cost-sint)
‘\/5 3 ¥ \/5
X =0, y(0) =1, 2(0) = g
2 2
x'(O) = [_ , y'(O) = O, z'(O) = £ .
2 2
2
x oyl %7 By
Phuong trinh cta tiép tuyénla ——=—=72 - = :
FT0 T Ta
2 2
Phuong trinh cta phap dién 1a —\i—ix + —i@[z - —‘\/22} =0 .

c) x=t,y=1t z=13
X' =1,y =2t z' = 312
x(3) =3, y(3) = 9, z(8) = 27
x(3)=1,y(3) =6, 2'(3) = 27..
Phuong trinh clia ti€p tuyén la
x-3 y-9 z-27
16 27
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Phuong trinh cua phap dién la
x-3+6y-9+27z-27) =0

t
d) X=t-sint,y=1-cost,z = 4sin§
x' = 1 - cost, y = sint, 2’ = 2005—2‘
2 2

x(3) = 5~ Ly(3) =1,2(7) = 2vZ

o2 =103 - 1e(3) -1
Phuong trinh cua tiép tuyén la

— 2V2
x—£+1=y—1 =z___2

2 V2
Phuong trinh cia phap dién la
x—{r2”+1+y—1+v’f(z-2ﬁ) =0
Hay x+y+v’§z=%+4

9. a) Phuong trinh tham s8 cda hinh chiu cia dudng da cho trén
mit phdng xOy 1a

x = % (2cost — cos2t) (a > .0)
y = %(251111; — sin2t)
D6 13 dudng cacdiot (hinh 12) ¢4

w v

Hinh 12
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b) Ta ¢o

2
x4+ y2 422 = %— (4cos?t — dcostcos2t + cos22t +
. 8a® t
+ 4sin% — dsintsin2t + sin22t) + ._3._ cos? =
-2 dcost + 8cos? L) = |
= ( — 4cost 5 2) =

2
= ;(5—4cost+4+4cost) = a
Vay dudmg da cho nim trén mit cdu X2+y2 422 = 42 -
Ta c6

X = g—(~ 2sint + 2sin2t)

y = g(Zcost — 2eos2t)

zZ = — a—\’Esin L

2 2
x2+y24 2= *af (8 ~ Beost + 2sin? E) = 2a%in2 t
9 2 2

Do 46 cosin chi phuong thi ba cia ti6p tuyén cia dudng da
cho bang avZ |t
——sin~
3 2 1

==
av2 sin —

I
: 2
Vay cac ti€p tuyén &y 1am véi truc Oz mét goc khong déi.

10, Ta ¢o
X = g'sinZt, ¥y = %(1 — cos2t), z = acost.
x’' = acos2t, y’ = gsin2t, z’ = — asint

Phuong trinh cda ti€p tuyén cia dudng da cho tai didm tmg v&i
tham s6 t 14 a a _ '
x—-z-sin2t y—~§(1~—oos2t)

_ z — acost
cos2t sin2t — sint
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Giao diém cla tiép tuyén 4y véi mat phdng xOy cb toa 46 (x, y, 0)
thoa man phuong trinh trén, tic la

a . acosteosdt
Xx = —sin2t+ ————— =
2 sint
_ a cost(l + cos2t) acos3t
T2 sint sint
a asin2tcost
= —(1l—-cos2t) + ———— =
y 2 ( cos2t) sint
= %+ % (1 - cos2t) = %(1 + 2sint)
Véy phuong trinh tham s6 cia tap hep t4t ca cc giao diém dy 13
cost a 9
X =a—/—, yv=—(1+4+ 2sin“t).
sint 2

d6 la phuong trinh cda dudng xixéit (hinh 13).

Aty
3a
”/K‘
a
P

o %

Hinh 13

11. Ta c6

2 ] )
x? +y2 4 2= &8 t +sint +sh®t _ 1+sh% _ )
ch? ch2t

Véay duomg da cho ndm trén mit cdu x2 + y2 + z2 = 1. Ta ¢é
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—chtsint — costsht

¥

x ==
ch2t
y = chteost — sintsht
ch?t
,  ch®t —gh?t 1
z = =
ch?t ch?t
h2t +
x’2+y’2+z’2=c sh?t + 1 N 2
ch¥t ch*t

Do d6 cée toa 49 clia vecto don vi T°cia tifp tuyén cla dudmg da
cho la

( — chtsint — costsht chtcost — sintsht 1 )

vZcht ’ v2cht " vZcht

M#t khac, phuong trinh tham s6 cda giao tuyén cda mat cdu

x2 +y2 + 2% = 1 véi mit phing z = a 1a

X = Vl—agcost,y = V1 —aZsint,z=a
Do 46
X = —Vlmagsint,y’ = Vl—agcost, 2 =10

Céc toa do cua vecto dom vi 7] cla tiép tuyén cia cic giao tuyén
dy la (- sint, cost, 0)

Vay
P77 = (chtsint + costsht) sint 4+ (chteost — sintsht) cost
v2cht
- _cht _ 1
vZ2cht V2

Do d6 cac vecto 7, 7] ldm v6i nhau mét goc khong déi
12. D cong C cua dudng cb phuong trinh tham s6
x=x(t)h,y=y{®),z=1z (1)
duge cho boi comg thic
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2

(x'2+y'2+z'2)3’!2

a} Ta cod
x=e,y=el, =t2
X'=e,y=-e"z= J2
x"=ehy'=e" 2" =0
x? + yrz + g2 =@ 4t 4 9= (et + e*t)ﬂ

xlyﬂ _ yIX" = 2, yrzlr —- Zlyll = _‘JE e-i.,I ztxll _ xlzn = ‘JE et,.

Do dé
oo Ja+2e T 42e 2(e'+e™) W2
(s::t+e:")3 (e‘+c:_t)3 (rct+r.:“)2
__ 2
_(x+y)2

b) x =e'sint, y = e'cost, z = et

x' = e*(sint + cost), y' = e*(cost — sint), z' = e*

x'" = 2e'cost, y"' = —2e'sint, 2" = e

x2 + y'? + 2% = 3e2

xy" - y'x" = -2e®

y'z" - 2'y" = e¥(cost + sint)

z2'x" - x'z" = e®(cost — sint)

(X'y" - y'x)2+ (y'z" - 2'y")? + (2'x" - x'2") = 6.e’.
Vay

. s/geh ﬁ o

3\/563‘ 3

133



c) X = 3(cost + tsint), y = 3(sint - tcost), z = 2t?

x' = 3tcost, ¥ = 3tsint, z'=4t

x" = 3(cost - tsint), y" = 3(sint + tcost), z" =4

x? + y'? + 27 = 252

X'y — y'x" = Ot%, y'z" - 2'y" = —12t%cost, 2'X" ~ x'z" = —-12t%sint
(X'y" —y'x"? + (y'2" - 2'y")? + (2'%" — x'2")? = 225¢4,
Vay

15t 3

C= —_
125t% 25t

d) x = t-sin t+4cos%, y = t—sint—4 cos%, z= ﬁ(l—cost)

.t .t .
x'= 1—cost—231n5, y' =1—cost+2sm§, z' = 2sint
. t . t
x" = sint - cos E, ¥" = gint + COSE’ z" = -\Ecost .
t . t .
x?+y?+22= 24+2cos? — + 8sin? 5 4cost + 2sin? t=

h]

' ' gt .
= 4 —4cost + 8sin® = =16sin? A3
2 2
t t R
x'y" - y'x" = 2| cos— ~ costcos— — 2sin—sint |=
2 2 2
:—2sinisint = - 4sin? lcos—,
2 2
.t . t
y'z" - z'y" = s/f[cos t-1+2sin 5 cos t—sin tcos ~2—} =
= ﬁ(eos t—1}{1+sin %): ~24/2sin? %(1_+sin % .

ot : t
z2'X" - x'z" = -\E(l—cos t+2 sin —2—cos t—sint cos 5] =

= 2 (cost - l)(sin% 1) = - 2 4/2 sin? -;»(sin% _D-
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(xsyn — y)xn)z 4 (y:zn _ zsyn)‘z + (Z’X” - x;zn)2 =

' t
= 16sin’ ‘;* (1 + cos? % + sin? —;“) = 32sin*

2
Vay ¢
4vVZsin® =
. e v3
. t
48 sinaé 16sin E
13.a) Ta cd

flxyz)=x"-4y + 22°-6 =0

fxyz) = 2% £, xyz) = -8, f{,(xy2) =4z

(2,23 = 41,223 = ~16, ,(223) = 12
Phuong trinh cia phép tuyén cia mit tai (2, 2, 3) la:

x—2 y—-2 z-3

4 —-16 12
o_¥—2 _2z2-3
hay x—2= T4 3

Phuong trinh cla tiép dién tai diém 46 13
Xx_2-4y-2) +3@-3) =0
b) fix,y, z) = 25° + 4y° ~ 2z =0

Poxy z)=4x 1, &, v 2) =8y, . (x,5, 2) = -1
£,2,1,12)=8,f,(2,1,12) = 8,1, (2,1,12) = -1
Phuong trinh cia phap tuyén cia mit tai diém (2,1,12) Ia
x—2 y—1= z—12

8 8 -1

Phuong trinh cia ti€p dién tai diém 46 1a
Bx~-+8(y-1-(z-12)=0
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Q) fl,y,z) =Iln@x +y)-z=0

2
£y x, y, Z)=_2—:;:Fy(’(,y,z)= P2 (%, 5, 2) = -1

2x +y
F¢1,30=2,0-130=1f,(-1,30=-1

Phuong trinh cua phap tuyén cda mat tai diém (-1, 3, 0) 1a
x+1 _y=38_ =z

Phuong trinh cia tiép flién tai dilém do _lz‘il
2x+ 1D+ (-3 -z=0
14. a) Tiép tuyén cia dudmg da cho tai diém (1, 3, 4) 1a giao tuyén
cua tiép dién cia hai mat
x2+y* =10vay? + 2% = 25
tai diém 4y. Dat f(x, y, 2) = x> + >~ 10, gix, y, 2) = y° + 22 - 25,
ta co
s (x, 5, 2) = 2x, foXy,2) =2y, xy,2) =0
£x®y,2)=0,g,xy2) =2, g,y 2 = 2
Q1,34 =2, £y(1,3,4) =6,1,1(1,3,4) =0
gx(1,34=0g,(,34=6g,(,34=8
Phuong trinh ti€p dién cda mit x% + y% = 10 tai (1, 3, 4) 13
26 -1) +6{y-3) =0hay x-1) + 3(y—3) = 0
Phuong trinh ti€p dign clia mit y2 + 22 = 25 tai (1, 8, 4) I
6(y-3)+8(z-4)=0hay3(y-3)+ 4(z~4) = 0
Véy phuong trinh cua tiép tuyén phai tim la
x-D+3GF-3H=0
{3(y—3)+4(zﬂ.4)=0
Hay x=1 _y-3 _z-4

12 -4 3
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B
28, 24

Phuong trinh cla phap dién cua duomg tai (1, 3, 4) 1a
12x-1D-4y-31+3z-4)=0-

b) Dat
f(x,y,7) = 2x2 + 3y + 22-47=0,g(x,y,2) =x2 + 25> -z =0
f,&xy 2 =41, &y 2 = 6y, I, (%, ¥y, 2) = 2z
gy Xy 2) =2x ¢, &y, z) =4y, g, x v,z =-1
Fe(-2,16)=-81,(216 =6f,(21,6) =12
g (-2, 1,8) =-4,¢,(2 1,6 =4,¢,(-2,1,6) =-1

Phuong trinh cia tiép dién cda mat 2x2 + 3y> + 2% — 47 = 0 tai
diém (-2, 1, 6) 1a

-4 x+2)+3y-1D+6@E-6=0

Phuong trinh cda tiép dién cia mat x> + 2y% — z = 0 tai diém
-2,1,6) 13 ~4x+2)+4y-1)-(z-6)=0

Vay phuong trinh cla ti€p tuyén v6i dudng da cho tai diém
(_27 1:\ 6) lé.

4 x+D+3GF-1)+6@Ez-6=0
{—4(x+2)+4@/—1)—(z—6)=0
Hay

x+2 y-1 _ z-6

27 28 4
Phuong trinh phép dién cia duomg da cho tai diém (-2, 1, 6) 1a

27T (x+2)+28(y-1)+4(z-6=0.
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Chuong 111
TICH PHAN BOI

A - BE BAI

1. Chitng minh riing tich phén phy thudc tham s6
1

I5) = Jfx,y) dx
0
trong 4o f(x,y) la mdt ham s8 gian doan zac dinh bdi

lnéux 2y

f(X;Y)= {_1 néu x<y

12 mot ham s& lién tuc cha y, Vé dé thi cia ham s6 u = [ 8]

2. Khao sat sy lién tuc ctia tich phan

Iy) = B g

(f(x) lién tue va duong trén doan [0, 1]).
3. Tinh cac tich phan
1
a) [ x* (Inx)" dx, trong d6 « > 0, n nguyén duong

]
T

b) [ In(1 + ysin®x) dx, trong d6 y > - 1.
0

4. Ching minh rang tich phén phy thudc tham s8

f arctg!x+z!
- 1+ x2
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e Mat
<og,3

12 mot ham s8 lién tyc va kha vi d6i véi y € R. Tinh I' (y) rdi suy ra
biéu thic cta I (y).

5. Cho tich phan phu thudc tham s8

SR
Iy) =J e X dx.
0

a) Ching minh réng tich phan £y hoi ty déu dfi véiy € R va co
thé Iy dao ham dudi ddu tich phan véiy € [a, b] véia > 0.

b) Chirg minh rAng I’ (y) = -2I(y). Suy ra biéu thic cia I{y).
8. Tinh cac tich phan

+
a) J —————, trong 46 y > 0, n nguyén duong.
0 (X2 + y)‘n+1

—ax _ g—Px

+ oo
b) f E—;—dx,trongdéa>0,ﬁ>0
0

+ = _a_x2_ _,8712
o f e——e“—dx,tmngdéa>0,ﬁ>0
0 x2

+ea .

d) fe_k"iliﬁdx, trong 86 k = 0.
0

+ oo

e) fe"‘2 cosyxdx.
0
¥y

dx, trong ddy = 0 .
0 1+X.2 g y

+o0
7. f(x) 1a mét hiam s6 lién tyc v4i x > 0, sao cho f E(E)-dx héi ty
Va>0valimfx) = A ¢ X
x+0+

Chimg minh ring
+ e
RO _x_f dx = Alny, ¥Yy>0
0
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B

o
Ehect

8. Tinh
a) H(x2+xy—y2)dxdy, D={xy):0<x<1,0<y<32
J _

b) If(coszx+sin2y)dxdy, D={xy): 0<x< g—, O<syx< %:—}

9. D&i thit tu tich phéan trong céc tich phan sau

2 4
a) Idx If(x, yidy ;
2,2
3 2y
b fdy [fex,yix ;
10

e Inx

c) j‘dx If(x,y)dy ;
0

R )
d) Idy I f(x,y)dx ;
0 2-y
J2a
J' dx J' f(x,y)dy (a > 0).

d?ax—xz

dxd Ca , . »
10. Tinh xy’ D 14 mién xac dinh bdix 2 1, y 2 1,
(X+y)
X+y<3.
d . .
11. Tinh y—z’“l—y, D 13 mién x4c dinh bdi x 2 0, y > 0,
D X +1
2 +yr<l,

12. Tinh ”xz(y—x)dxdy, D 1a mién gidi han béi cac dudng
y=x*vax=y2

13. Tinh Hln(x+y)dxdy , D la mién gi6i han bdi cic dudng
x=l,y=1,y=x+1.
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xdxdy

DI'\“‘FKz +y2 ,

yvi=92x vax =2

14. Tinh D 1& mién gidi han bdi cac dudng

15. Tinb ([ XY _dxdy, D la midn gii han bi cic dudng

DXty
x=0,y=0,x+y=1
16. Tinh. ”(x+y)dxdy , D 132 mién gidi han bgi cac dudng
D

x2+yi=1, J;h/;:l , trong géc phan tu thi nhat.

17. Tinb [[lx+yldxdy, D=t y: ixI <1, iyl <1}
D

18. Tinh H |y-—x21dxdy, D={x,v:ixt=1,0=sy<g
D

x2 2

¥
Va2 6t
19. Tinh Hf(x,y)dxdy, f(x, y) = j zdz
D 0
xz y2
D 12 mién gidi han bdi dudng —+5 =1L
a b

~ 20. Tinh H(x—y)dxdy, D 13 mién gidi han b3i cac dudng
D
y=2-x%y=2x- 1

21. Tinh ”sz +yZdxdy, D la mién gi6i han bsi
D

a) Cac dudng tron x2+y2 =a%, x*+y?=4a%, a>0;
b) Budng hoa héng bén canh r = asine, a>0.

22. Tinh H(x2+y2+1)dxdy, D 13 mién giéi han béi dudng
D

+yt—x=0.
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0. "

23. Tinh ff(x+ 2y + 1)dzdy, D 14 giao ctia hai hinh tron
D
+y s 2, 2%+ < 2x

24. Tinh J[;N4 —x' -y dxdy, D = { (xy:: x® +y2 2%,y = O},
25. Tinh g vVay dxdy, D = {(xy): (2 + ¥ < xy}.
26.'I‘fnh,ge’2dxdy,D= {y):0=x< 3,05y5§}.

27. Tinh g(x +y)® (x — y)*dxdy, D la mién gidi han béi cac

dudngx + y = Lx-y=Lx+y=38x-y=-1

28. Tinh {)f xydxdy, D la mién giéi han béi cic duomg y* = x,

)’2=3X,Y=x,y=2x_
29. Tinh {)f X% VI — % =y dxdy,
.D={(x,y):xzo,ya.(],xa_i_yggl}

30. Tinh {)f(x +yYsint (x +y)dxdy, D = {(x,y) :x 2 0,y = 0,

x+y=1}

31. Tinh £f(x2+y2)(yz-x2)“’dxdy, D la mién giéi han bdi cac
duongxy = a,xy = b, y? - % = Ly=x,a>0b> 0.

32. Véia > 0, dxat
2 2 % 2
L=ff e dxdy, I, = ,Q;e_‘ 7Y dxdy,
D.!

trong 44 :
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D,={xy):x20,yz0,+y <a°)
A ={xy:0=<x=<a0=sy= a}

a) Tinh L

b) Ching minh rdng I, < J, < I5,. Td d6 suy ra

. . 2
lim Je * dx
a—*+20

33. Tinh fo e~ @Hot’) gydy D = {(xy): & + xy + ¥ = 1}

34. Tinh dién tich cGa hinh phéng gidi han béi cic dudmg

Ax=4y-y,x+y=6;

b) ¥ =x*, ¥ = 8(6 - % ;

c)y=2",y_=—§, y=4;

d) r = acosp, T = beosp (b > a > 0);

e) r = asinZp ;

f) r = a(l+cosp), (a > 0},

2 1’ = 2a%cos2p, r = a, phén cua hinh éng véir = a.
35. Tinh thé tich cla vat thé giéi han bdi cac mit:

a)z=1-x*-y,y=x%xy=v3x z = 0 vd nim trong gdc phén
tam thd nhét

x>+ y =a, x>+ 2 =2a";
dz=x+yY,z=x+y;
D +y+2=2,x2+y =2,
elz=x+y, (X+yF = 2xy,z=0x>0,y>0 .
86. Tinh dién tich cia
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a) Phdn mét nén  z2=x*+y?,  z 2 O nim trong mit tru
xz + y2 = 1 :

2 2

b) Phin mit parabdldit z = L+YT (a>0,b>0) ndm ¢
a
2 y2
trong mét tru 5 t5 = 1;
a b

¢) Phan mat cAu  x? + y% + 22 = a® ndm & trong hinh tru
(x? + y4? = a’(x* - y%) (a > O);
x2+y2
2a

d) Phdn mit parabdlsit 2z = nim & trong hinh try
(x2 + y)H? = 2a’y (a>0).

37. Xac dinh trong tdm cla cac ban phdng ddng chat giéi han
bdi cac dudng:

a) yi=4x +4, y®>=-2x + 4;

e) r=a(l+cosp)(a=>0);

f) E+yH=a%x*-y%),x20,a>0,

38. Tinh m'zdxdydz, V 1a mién xac dinh b3i 0 < x <
v

Xx<y<2x 0<z< /1-x%-y2.

39. V 1a mién xdc dinh bdi x 20, y20, 220, x+y+z<1

|
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g T,

“p
‘e

a) Tinh j”(l—x—y—z)dxdydz ;
v

b} Tinh Jﬂxyz(l—x—y—z)dxdydz .
v

40. Tinh I”(x2+y2+z2)dxdydz. , V 1a mién x4c dinh bdix 2 0,
Y

y20, 220, ~+34+7%<1
a b ¢
41. Tinh Hﬂxyzldxdydz ,  V1a mién xac dinh bédi x* + y? < 2z,
Y

O<z<a(a>0).
42. Tinh szzdxdydz, V 12 mién xac dinh béi x* + y* + 2 < 2az,
v

X+y*+z2t<a’(a>0).
43. Tinh m'(x2+y2+z2)dxdydz, V 13 mién xac dinh bdi
v
2 2 2

LSRe SRLIPS )

a? 3a?

44. Tioh [{[-
o J'\JJJ2

dxdydz

V 1a hinh try xéc dinh bdi

x2+y2+(z-2)?
x*+y?<1,-1<z<1.

45. Tinh _[ jjﬂ‘iz—, V 12 mién xac dinh bdi
v (X2+y2+2.2)2
*+y?<ax,0<z<aa>0).
48. Tinh szzdxdydz, V 1a mién xac dinh bai
v
x* +y? + 22 <R%
47. Tinh Iﬂxzyzzzdxdydz, V 1a mién xac dinh boi
v
2 2 2
LIS SRNENPIE
a2 b2 o2
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48. Tinh ”j(xy+yz+zx)dxdydz, V 12 mién giéi han bai
v

x*+y? + 2% <R
49. V 12 mién xac dinh bdi cac bat déng thite
O=sx=<1l,x<y<l,x<z<y.
f1a mét ham sd xac dinh, lidn tyuc trén doan [0, 1].

Chitng minh ring

3
I]'J'f(x)f(y)f(z)dxdydz ;_%Uf(n)dt} .
v 1)

50. Tinh'thé tich clia vat thé
a)Gidihan bdicac mit z= x>+ y%, 2=2(x* + y?), y = x?, y = x;
b) Giéi han bdi cac mit z =x2 + y?, 22 = x% + y?

2 2

2
c)xacdmhbaios"—+y—2-52-gl,-hszsh;
b c

L

d) Xacdinh bdi 0<z<x®+y?, x’<y<l;
e} Gi6i han bdi cac mat x® + 2y% = az, z=y+a,a>0;

f) Gidi han béi cac mat phdngx+y+z2=43,x+2y-~z=11,
X+4y +2 =49,

51. Tim trong tdm cla vt thé ddng chit gisi han bdi cac mat:

2 p 2
X . L
a) — +__¥2 +—.,z2=c(c>0);
a b c

byz=x"+y%,2=0,x=0,y=0,x+y=1;
) x*+y =22z, x +y*+22=3a%,220,2>0;

d)z=%yz,z=0,x=0,y=0,2x+3y—12=0;

22
e) L+=}’_2+
b

146 16.BTTCCT3-B

2
=1,x=0,y=0,z=0v6ix20, y20, z20.
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€2, o,
Q:*w
g

B- LOI GIAI
1. Néuy <0, tacéf(x,y) =1, ¥x e [0, 1], do d6
1
Ity) = Il.dx =1.
0
Néuy=z1,tacéf(x,y)=-1, ¥x« {0, 1], do 46

1
I(y) = j(—l).dxz 1.
1]

y l _
NéuO<y<l, tacédl(y)= If(x, y)dx + If(x,y)dx =
0

y
¥ 1
= J'(-l)dx+ I l.dx =1-2y.
0 Y
1 néu y<0
Vay I{y) = {1-2y néu O<y <l
-1 néu y=1
D6 1a mot ham s6 lidn tuc. D6 thi cha né duge cho d hinh 14.
u 4
1
0 1 y
i
I T
Hinh 14
2. Vi ham s6 f(x) lidn tuc trén [0, 1), nén ham s6 duéi déu tich
phan yzf(x)z lién tuc trong cac mién
X +y

X, y):0<x2],-Asy<-8L{{x,y):0<x<1,5<y<A}
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K
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Trong dé & 1a mdt s6 duong bé tiy ¥, A la mot 8§ dudng 14n
tuy ¥, do d6 ham 88 y - I(y) lién tyc vy > 0.

Y
x24y?
va f(x) kha tich theo x trén [0, 1], f(x) lién tuc va khéng d8i dau
trén [0, 11, nén theo dinh lf trung binh thi hai, ta 6

Bay gio xét sy lién tuc clia I(y) tai y = 0. Vi cac ham s&

ydx

_ !
SR —f(r:(y))arctg; ;

o X +y

1 £x) 1
Ity) = [0 dx =fie)) |
0

x% +y?
trong d6 c(y) 1a mdt s6 ndm gitta 0 v& 1, s8 d6 dueng nhién phu

thuge y. N&u £ > 012 mot s8 bé tuy ¥, ta co:

|I(e)-1(~¢)] = [f(c(a)+f(c(—a))] arctgé 2

> 2 min f(x).arctgl — @ min f(x)>0 (khie — 0%,
O<x<t £ O<x=<1

Yay ham s6 I(y) gian doan taiy =0.
3. a) Xét tich phan

I
(o) = j £(x, ) dx,
0

trong 46 fix, ) =x% a>0
I(o) 12 m{t ham s& lién tuc d6i vai «. Ta cé

1
o+l 1

Ioy=>{ =2,
- o+l 0 o+l

Dao ham f; (x, @) = x"Inx lién tyc Vx e (0, 1), c6 didm gian
doan bd duge tai x = 0, vi

limx%“Inx =0
x—0
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R

1

= Ix"“ Inxdx .
(c+1) o

Do d6 ta cé I'(a)= -

L

2
Tudng ty, ta cé6 I"(a) = 7= x%* (Inx)? dx

(a+l)”
1
I'"{a) = ~ 123 —Ix“ (Inx)® dx
(x+]) 0

I () = Jx {Inx)" dx = (- 1)'“‘——-~n|—+—1
5 ( o+ l)l'l‘l-

b) Vi ham s6 f(x, ) = In(1 + ysin?x) lién tuc trong mién

[O—E] x {—1, +x) nén tich phan phu thudc tham 58

I(y) = | In{1 + ysin®x)dx

[=F— |

lién tuc ¥y > ~1. Vi dao him
2

. sin” x
f,, 9= ———

. 2
l+ysin® x

cling lién tuc trong mién [0, %:1 x (=1, +>), nén ta c6

n

2 .
I‘(y) I sm X

a 1+ysm X

D& tinh tich phin d6, ta d3t t = tgx, do d6

dx= —— sinx t—
1342 1+t 2
+a0 2
tedt
vay o= [ — —.
A+t)X1+A+y)t")
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.
L
R %"

Phén tich ham duéi diu tich phan thanh cac phan thie hitu ti
don gian, ta cé

t? At+B Ct+D .
= >+ 2 ™)
A+ 142 T4(+y)t
Nhan hai vé cua (*) v8i (1 + t2) rdi cho t = i, ta duge
1 =At+B.
Y
Dodd A=0,B= l Lai nhéin hai v& ctia (*) véi [1 + (1 + y)t?],
Y
réichot =1 l , ta duge
1/y+1
1 C
-—= i+D .
Yy o Jy+l
Dodé C=0,D= —l.Vé_ly
Y

I'(y) =

J' 1+1¢2 _;6[ 1+(,/1+yt)
arctg(m t)
0

-

1l

e | =

+m
arctgt] ™~

i
,/1+y

fa—

s
L S .2 DT PR
y\2 Wivy 2) 2yl Jy#l
y+1—1 T 1

2y Jy+l 2 y+1 Jy+141
Tit d6, ta duge:

Y
1) = 10+ |

?t dy
o 2,/y+1-,/y+l+l
= nln(ﬁﬂ)';: mln(\/y+1+)-xin2.
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2
Vi 1(0) = j 0dx = 0.
o’

Chii thich: Khong thé tinh tich phén-I(y) bing cach tim
nguyén ham ctia In(1 + ysin’x).
arctg(x+y)

4. bat fix,y) = 5

1+x

Ta co

1.
Iex,y) sgl—ﬂ—z vy eR

d .
x2 hoi ty, do dé tich phén suy ring

0
ma tich phin suy rong I
o 1+x

40
phu thude tham s8 I(y) = J f(x,y)dx hoityu déu.déivdiy e R, vay

I(v) 12 mot ham s& lién tyc trén R. Ta cé

1 1
£ (x,y)| = < ¥y eR.
' y Y l A+xD)[I+x+y)?]  1+x? 7 <

Do d6 tich phén suy rong

+0
j £ (xy)dx
hoi tu déu 461 véi y € R, vay ham I(y) kha vi trén R va ta c6
3 d
rp= | ——5———
QxS+ x+y)]

D& tinh I'(y) ta phéan tich ham s duéi d&u tich phén thanh
phén thdc hitu ti don gian. Ta c6

1 _Ax+B-+ Cx+D _
AexH+Hxy)3] - Hx? x+y)?

™

Nhéan hai v& ctia (*) v6i 1 + x2 réi cho x =1, ta dugc:
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.

Ai+B=——1 = 21 = yf‘ .
L+(y+i) yo+2y  y(y“+4)
Do dé
' -2 1
A=———, B=——.
y(y“+4) y +4
Nhén hai v&ctia (*) véi 1 + (x + y)%, rdi chox =i — ¥, ta duge:
2
Ci-y)+D= —! - = 21 — =2
+i-y)*  y -2y  y(y*+4)
Do déb:
C= ——22——, D= 23 .
y(y~+4) y©+4
Vay
B ant]
- 2x+3
I'ty) = : I 2x-|;y+ Xt )’2 dx =
y(y +4)_m l+x I+(x+y)
N e 2 2
= In(1+x°) + yarctgx + In (A+(x+y)“ )+
y(y®+4)
a0 2r
+yarctg(x+y)]_m= >
y“+4
y
d
Suyra  I(y)=1(0) + 21:_[ Y - 1(0) + rarctg Y |
2 2
o Y +4
'm arctgx 1 e
Nhung  I(0) = g2 dx=—(arctgx)? | =0,
= l+x 2 -
Do ds I(y) = narctg%.

2
9. Dat fx,y)=e 7
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Ta co |f(x,y)‘£e:_"2 , VyeR.

+ao =+
Tich phan | e dx héi ty, vy tich phin I(y) = [ fox,ypax
Q 0

héi tu déu d6i vii y € R. Xét tich phin
+o0 1 +e0
| oyax= [ fooyace [ £xydx .
0 0 1

2

1 1 2+
Tich phén If;(x,y)dx = I _Z_gre " xz)dx héi tu déu d6i véi
0 o X
y e [a, b, vi N D
X X

al

l
2b "3 .
va tich phan J' e x> dx  hoi tu. Con tich phan
X

0
+a0 +a0 _(x2+,Y_2,)
' y 2 o 1a: o .
I fo(x,y)dx = I -—e X" dx ciang héi tu déu trén [a, b), vi
1 1 X
2
: xu_] :
2 2
- 2—§e { | < 2be™
X

00 3 0
va tich phin I 2be™ dx hdi tu. Tém lai, tich phan I f; (x,y)dx -
1 o

héi tu déu d61 véi y e [a, b]. Vay Vy < [a, b, ta c6 thé 14y dao ham
duéi dau tich phén, tic 1a
2
+a0 _{x2+3"_)
I'(y) = j —2—§e x> dx, Vy>0.
o X
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'C};‘_

b) Thyc hién phép d6i bign L =1t trong tich phan trén, ta

X
duge —L-dx = dt, do dé
X
2
=0 —{%—Hz}
I'(y)= -2 j' e ©  dt=-21Iy)
0
Vay
Il
') =2=InlIMi =In{C| - 2y,
I(y)
trong d6 C 1a hdng s§ tay y. Vay
I(y) = Ce™,

I Jn
Cho y = 0, ta duge C = 1(0) = j e dx =22, Do ds
a

ﬁe_zy i
2

Ity) =

R& rang I(y) 1a ham s& chdn, do d6

Jr -
2

’I(y) = vl y#0.

6. a) V8i y > 0, xét tich phan phu thudc tham s8
+e0
dx X
Jy

1
=) 5 —=—
2
J X“+y Wy
L&y dao ham hai v& d61 véi y n 14n, khi 18y dao ham v& trai, ta
cit 18y dao ham mét cach hinh thie dudi diu tich rhin. Ta duge:

3
_T _dx__i(_l] =
g Tyt 20 2

arctg =I th
LA

0

% Tich phén nay da dugc trinh bay & sach Toin hoc cao cdp tap 2 trang 281, va
cén dude néu ra trong bai tap 32 ciia chudng nay.
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o (X“+y)
o o 2o+l
. dx Tt o 2n -1 3
ol f = G Sy
5 x%+y) 2
Do g6 *"f & _m@nDi -r-3
2+ 2 Qo

0
Ta con phai chitng minh rdng ¢6 thé 18y dao ham dudi ddu

T dx
. That vay, dat f(x, ) = —

tich phan n 1an chaa r >
o X°+y X< +y
1

Ham s8 f(x, y) cing véi cac dao ham £ (x, v} = ————
(x“+y)

{n) i1y 1 & .
T fyn x.y)=(-1) _#(x2+y)"+l déu lién tyc trong

£7, (x.y) =
y x2+y)
mién {(x, y): 0 < x < 4o, y 2 a > 0}. Trong mién 4y, ta cé
1 1
f‘ (X,Y) S f(:}(x’y) =

et
. d
ma céac tich phan (khéng phy thudc tham sé y) I —-—2—X-T,.
o (x%+2)

o dx .
j P déu héi tu. Do dé cac tich phan

X +a

1]

oo +oo
[ fomax, .. [ @yd
¥
0

0
hoi tu déu déi vl y 2 a. Vay Vy > 0, ta ¢é thé 1§y dao ham duéi

T dx

d&u tich phan n lan J -
5 X'ty

b) Xét tich phan phu thudc tham s6 «
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o
A%

o) = J'_—~———_dx.
’ {

—ax_ _—px

e ;
bat f(x, a)=f-—-———,tac6 fé(x,a)=—e'"*.V61a2a>0,tac6
X

i (xa)j<e™™ .
+o0 +ao
Tich phan I e **dx héi tu, vay tich phéan I fa(x,a)dx hdi
0 0

‘tu déu d8i véi o > a. Do d6 Vo > 0, ta c6 thé 14y dao ham dusi d&u
tich phan:

+on +on

I'(a) = -[ fo (%, a}dx = I —edx =
0 ]
B e-G’.X +00_ 1
o T«
0

Viy I(a) =-lna+C.

Trong hai v&, cho o = 8, ta duge:
IB)=-Inp+C=0.

Suy ra C = Inp. Tém lai

to ax P
o) = _{ € _-e - Inp - lna = lnE.
o X o

c) Xét tich phan

o _gy? _ —ﬁxz
(o) = J'° 2 dx, «>0,p>0.
X
0
e—axz —C_sz 2
Bat fx, o) = —— —-Taco fi(x, ) =-e™  Véiaza>0,
x .

ta co:
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2
| r, (x,a)l =g %
+ 2 ) + o2
Tich phan | e = dx héi ty, vy tich phan [ £',(x,c)dx hoi ty déu
0 a
d6i véi a = a. Do d6 V a > 0, ta cé thé 1dy dao ham d8i véi tham s6

a dudi ddu tich phan

+ o
Pla) = —f ™ dx
L8

Trong tich phan £y, déi bién s8 Vo x = y, ta duge

2 d T 1
Vi) = Je¥ =L = _"=.—

0 Va 2 va
Vay |
I@) = —Vava +C
Trong hai vé, cho a = B, ta duge
IB) = -vavgf+C =0
Dodé C = vr vB. Vay

+oo oy 2

— afx
Yoy = J ——dx = V& (VB - Va) -
0 X

2
d) Xet tich phan phy thudc tham s8 y
+ . .
Iy) = fe VX g4 k>0
0 ) 4

Pat fix,y) = e™ & gr;ﬂ. Taco f'y xy) = e~ 1= cosyx.

Véi moi (x,y) € Ry X R, tacod

Ify xy)| se™™=
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+w +=

Tich phén f e™ dx hoi tu, vay tich phan f f(z,y) dx hoi tu déu
déi véiy € R. Do d6 ta co thé 14y dao ham theo tham s8 y dudi d4u
tich phén.

+ o

I'y) = fe_k"cosyxdx
0

Béng cach 1y tich ph&n phén doan hai l4n, ta duoc

re) = [ (ysinyx ~ keosyn)] " ” = X

k? + y2 k2 + y?
Do do
kd
Iy) = 10+ | —L2 arctg)
0 +y?
Vil{0)=0.
e} Xét tich phéan
*® 2
Iy) = J e * cosyxdx
0
Dat f(x,y) = e_"2 cosyx. Ta co fy (x,y) = —e % sinyx . x
Véi (x,y) € Ry x R, ta ¢o
2
Ify xy)| =e™ ™ .x
+ o0

Tich phén f e xdx hdi tu, viy tich phan f 'y (x,y)dx hoi ty déu
divéiy € R. Do d6 c6 thé 4y dao ham theo tham s6 y dudi d4u tich

phan.

+ 2
2
Py) = —fe % sinyx . xdx
0

Bang cach 4y tich phan ting phén, ta duge
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I(y) = e® cosyx . ydx =

- ¥
= ~3 1)

—xE . l+nc 1 J-+
e _=
sinyx | 21

o | =

Do d6

'y . _y
I(y) 2

LAiy nguyén ham hai vé, ta dugc
s
InjI| = —§+ln|C} = I = Ce 4
Trong hai v& cho y = 0, ta duge

I0) = C=

Mlé

Do do6

=]

i
q

® |F

+eo
Ity) = J e ™ cogyxdx =
0

+ -~ L
flHamsd f (x,y) = lﬂll_i}l lisntucvakhavitrén R, xRy

+ x
Ta co

X
P, (xy) = .
y (63 1+x2 1+yx

y
DoddI(y) = f In(1+ y%) 4y lien tucvakhavitrén R, vatacd
0 y1+x2
Py = x dx+1n(1+?z2)
o (1+x%) (1 +yx) 1+y?

D& tinh tich phén trén, ta phan tich biéu thuc dudi ddu tich phan
thanh cac phan thite hiru ti don gian.
A + Bx + C )
1+ x%

X
(A+x(1+yx) 1+yx
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1
Nhan hai v& cta (*) véi (1 + y%) di cho x = — — vao hai vé,
ta duge. ¥y

Nhéan hai v& cta (*) véi (1 + x2) r8i cho x = i vao haj vé, ta duge

; : N
Bi+C=— 1%y g _ ¢ = L
L+yi 1442 1+ y? 1+y?
Do do
¥ ¥
f x dx= — ¥ dx 1 j-x+y _
0 (1+x%)(1+yx) y+19l+yx y2+101+x

=[~ ‘1 In(1+yx) + — 2 1n(1+x2)+—l—arctgx]

v+ 1 2y> + 1) ¥+ 1
_1n(1+y2)+11n(1+y2)+_x_
T+y2 2 1 +y2 1442

arctgy

Vay .
In(1 +
rey < A+ =L arctgy
®) 210+ y% 1492
Suy ra '

1n(1+y2) v
1 = f[2(1+y2) 1+

b d ”
Doi bién s6  arctgy = ¢, ta duge y=t,gcp,—L = dp ,dodd

1 +y?
¢
I(y)=f[l_nﬁmgfm

. 9 +sotgv] dp =

2 arctgy] dy

P 4
= -f Incospde + [ ptgpde
0 0
Tinh tich phan thi nh4t bing phuong phap phan doan, ta duge
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¢ P
Iy) = — ¢lncosols - | otgede + [ oteode =
’ ] 0

= —glncosp = %arctgy. ln(1+1»,f2 ).

7. Xét tich phén

X X X
I %= | f(j)_;‘f@dhj‘ E(;x—)dx—f f(?)dx'

¢}
Trong tich phan thit hai & v& phai, ta d8i bién s8 yx = t, do 46

dx = ldt.Vf;\y
y
X Xy
t
Jo, X) = I f) 4 — I LOF.
X t
o ay

©y X X ay
= J _f(x) dx + I ___f(x) dx + I —f(x) dx + I #_f(x) dx =
MRS oy X Xy X X

ay X
= I __f(x) dx + I v__f(x) dx.
o * Xy x
- e R
Bay gid cho X — +w. Theao gia thiét, tich phéan I ——dx héi
X
x

X
tu, vi vay lim mdx =0,

X—+eo X
Xy
oy
Do d6 lim J(o,x)=I(ct)= j LIPS
’ X

X+
[+

. ] L1
Ta lai cho a » 0. Vi ham s8 f(x) lién tyc, ham s6 — > 0 trén
X
doan [a, ay), theo dinh lf trung binh thit hai, ta ¢

ay
1) =@, [S-=f@ny,
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trong dé £ € (o, ay). Khi ¢« = 0* thi «
]f f(x) — f(yx)

X

Vay
0

8.a) H (x? +xy—y2)clxdy= lj. d
D ]

M[ }

3

yexd Y

3

Il

It

Lf
IS

ok,
P

y— 0", dod6¢& 0.

dx=lim I(a) = lim f(¢). lny = A . Iny.
w0 E—0"

2

xf 2 +xy-y?udy =
G

y=2

y=0

0

b} H(coszx+sin2y)dxdy = J'J( l"'Cz
L D

.4

1

_ IJ‘[I_'_COSZX cosZdede:I
2

D 0

z
4
- y 1 .
= J.dx{y-kgcost——styJ
’ L
mX T, x}4
=H—+—sm2x——f =—.
(4 16 4)0 16

9. a) Mién ldy tich phan bi gidi
han béi cac dudng y = x%, y = 4,
Xx=-2,x=2 Haidudngy=x* y =4
lai cit nhau tai 2 didm x = +2. Do do,
néu déi thi tyf tich phan, ta duge:

2 4 sy
j' dx j f(x, y)dy = J‘ dy j' £(x,y)dx .
-2 2 0 -y

b) Mién 14y tich phén bj gi¢i han
béi cac dudng x =0, x =2y, y=1,
162

¥=

¥=

082X N lﬂcosily)dxdy -

T
4
dx I[ cos2x — cosZy) dy
0
E .
4 T om 1
=] |—+—cos2x—-—- [dx =
[4 8 4Jd

0

f=F NN ]

yl\

N\I"

0

[ens

Hinh 15
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U/
==
e

y = 3 (hinh 16). Khi 481 thd ty tich
phan, ta chia mién 14y tich phén
thanh 2 mién:

D, ={xvy):1<y<30=<xs<2},

Dz={(X,Y):%£yS3,2Sx$6},

1
: ta duge
| — 3 2y 3
0 2 x o+ fay | fexyax= J' ax | £x,y)dy
I 0 i
- 3
+ .
Hinh 16 ) d",[ f(x,y)dy
2 X
2
¢) Mién ldy tich phan bi gidi vt

han bdi cac du&ng y =0, ¥y = Inx,
I, x = e, dudng y =
d wing y = 0 8 diém x = 1 (hinh 17).

1

Inx cét 1“m_
NN

Do @6, d6i thit ty tich phén, ta dude: % 1 e X

I dx I f{x,ydy = I dy J f(x,y)ydx .

Hinh 17

d) Mién lay tich phan bi gidi han bdi cac duong x = 2 - vy,

x=1 +\[1—y2 .

Ya
2

Dudng thdng x = 2 - y va
dusng tron x = 1 + -y’ cét

nhau tal hai diém y=0,y=
(hinh 18). Vay khi d6i thi ty tich
phén, ta dude:

1+'ﬁ:;— l+m
J.dy _[ f(x y)dx = Idx I f(x,y)dy -
2-y 2-x

e) Mién lay tlch phan bi g161
han bdi cac dudng  y = 2ax—x*,
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1
)

<%
s

y =v2ax , x=0,x =a Dé ddi A
thi ty tich phan, ta dyng dutmg 28
thing y = a, no tiép xic vai
dudmg tréom y = V2ax — x2 va a .. AlLL _IU
chia mién 14y tich phan thanh ba D, -1 A
1
mién nho (hinh 19), ]
Dy = {xy): g = x = ) a 22 x
a=Val-y?, Hinh 19
0=y=a)

164

Dg={l{x,:,r):a+v‘afz-~;2 =x=2a,0<y<a}

D= {(x,y):‘;ﬁﬁxsZa,asy£2a}.
2a  vZax 2 a a—¥al-y*
Dodé fax [ f(xy)y=J dy [f(xy)dx +

0 V2ax-x* 02
a 2a 2  2a
+fdy f fxy)ax + fdy [ fxy)dx
0 a+ az—y2 a r%‘zﬂ

10. D la mién tam giac (hinh 20) Ta 06

gisdy 7 a4y

D+yP | ] x+y?
Nhu‘ng _
ey _ 11 . S
a4y 2x+y2771 ga+x)? 18
Do d0
dedy 15 dx 1 2 1 1 2 1 42
Rl (DR NN S S WY L WL
Dx+y¥ 2 x+12 18 2x+1 '1 181
_ 1L
T



__eag

y
v
24 i
‘l -
0 1 2 3 x ry 1 x
Hinh 20 ' Hinh 21

11. D 14 mdt phédn tu mit tron don vi ndm trong goc phén tu tha
nhdt (hinh 21). Ta co

1 1-x 1 2
d dx 1 1-x"
pui_ e, foLlody,
D x*+1 px“+1 ¢ o x°+1
1 ] 1
1,—x“+1 1 2 1 x 1
= dx=—_J(-1+4 dx = —— + == - =
2 oy Tl (L g sy rante| = g
12. D duoc cho & hinh 22. Ta co
1 vx y
]{f x2(y —x)dxdy = fdx [(xZy—x¥dy= | . __
0 xz \
1 2 '
]_n =V’_ 1=Y []
= Jax(xty? =) Y = :
0 - 2 Yy =x .
' 1 :
=f (?3__,‘3&_21‘64_115)&: y=x2 E
0 0 1 X
9
5 1 1 .
= (;1514—%(2 - aﬂ + %xfi) | 0= Hinh 22
_1_ 2z 1.1 _ _ 1
"8 9 14 6 504
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13. D la mién tam giac (hinh 23).
Ta co

1 I+z
I= gj In(x + y)dxdy = f dx f In(x + y)dy
0 1

Bang cach tich phin phan doan, ta p..
duge 1

1+x

1+
=]+ .
[ + y)dy = yingx + y) |y=1 -y
1 ¥ x+y

Lx Hinh 23
=(1+x)In(1+2x)~In(1+x)~f (1 - —X 3dy =
1 X+y

o
-
o

=(1 +x)In(1 +2x) —In(1 +x}) —x + xIn(1 + 2x) — xIn(l + x) =
= (1+2x)In(1 + 2x) — (1 + x)In(l +x) ~ x

Do @6

1
I=J1(1+2x)In(1 + 2x) — (1 + x)In(l + x) — x}dx.
(]

Lai ding phuong phap tich phan phan doan, ta dugc

: 1 2 2
(1 +2x)? 1_p+2xy* 2 . (1+x)? 1
1= .ln(l+2x)|0 { PRSI S In(i+x)| +

1+x

1( 22 2
0 2 210

1 2|1 13 2(1_1
In3 — (1 + 2x) !0~2]n2+4(1+x) |0—2

W [¢O

= n3-1-2In2+1-—-

|t

9 3
= :L'lnS — 2In2 - Z

b |

1
4
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14. Mién D nhan Ox lam tryc déi

A
. - e ae s ¥
xing (hinh 24), ham s8 dudi ddu tich
phén l& chan d8i véi y, do dé af----=-=
1= | xdxdy _
B Vit aZ Ty ‘
D:[ W 1 + x + y
Trong &6 Dj ndm trén tryc Ox. Dé _g|-----=
tinh tich phan kép nay, ta tinh tich phan Hirh 24
theo x trude, rdi tinh tich phén theo y sau. Ta dugce
2 2
I = 2f dyf

2
\/sz+—y2 2£V1+x2+y2|£dy=

2 2
=2f V5+y2dy—2f\’1+li+y2 dy=211—212.
0 0 4 ’

Ta cod

2 2
e B ANNLES:
12={\/ J§+1)2dy=f0(2 + 1y = oy =g + 2

Dé tinh I , ta ddi bién s y = vBsht , do do

= V5chtdt, V5 + y° = v5cht

.. . 2
Khi y bién thign tir 0'dén 2, t bién thién t& 0 dén argsh —
2
bat « = argsh —, ta duge
vE

I

(23 5(1
[ eh%tdt = Ef(l + ch2t)dt =
0 0
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5 sh2t. 1« 5 a 5
= b+ )|o = 2(t+shtcht)|0 = (@ + shacha)
Nhung sha = —g—*, cha = 3 , a=ln("2—+—3—) = l1n5.
vh V5 v6 VB 2
5/1 5
Vay L= 5(;m5+3) = Jln5+3
5 20 5 2
d6 = ns+6-=2 = Jpp_=
Do d6 I 2n5 6 3 21115 3

15. D 1a midn tam giac (hinh 25).

1 1-x

Ta cd J,T—L—dxdy = xdxf‘—y—-dy—
x2 + 52 0 o x2+y?
1 A
y

= Szl +y?

f o 0)2

1 1

== f xin(2x? - 2x + 1)dx —

2%

;]

-~ ln(xz)dx——(Il—Iz) >
20 ] X
Tinh I; bing tich phan phén doan, Hinh 25

ta duge
1

2
= [ xin(2x? - 2x + I)dx = x;ln(sz —2x+1)
i} .

flxz 4x — 2 E 2x3 — x2
=S
o 2 2x -2 +1 0 2x% — 2% + 1

1
H_fx++__————_-@
( 2 4x2 ~4x+2)

Ta b 4x2 —4x+2=(2x—1)2+ 1. Do d6
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Cung tinh Is bing tich phan phan doan, ta dirge
1 1
1 1
Ip = f 2xinxdx = x%nx | - fxdx = -
0 2
0 0
Vay
+ = —
8 2 4 8 4
16. Puong x> + y* = 1 la dudmg tron don vi, con dudmg
vx + ¥y = 1 1a dudmg parabén nhin dudng phén giac lam tryc déi
ximg, tiép xic véi hai truc toa 46 tai hai diém (1, 0) va (0, 1). Mién D
duge cho & hinh 26. Tw phuong trinh cia dudmg trom, ta rut ra

y = V1 — x2. T&r phuong trinh cla dudng parabén ta rit ra.

Vio=x=1.Dodb

Hinh 26
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1 V152
I—ff{x+y}dxdy—fdx f(x+y)dy =
0 14x-2Vx

1-x

¥=14+x—2X

—f[x l—%x*—x (1+x—2v’§)+%(1—x2)—

]. 4
—g(l+x2+4x+2x—4v’§—43\/§)]dx =

1
f(xvl-x2—2x2—4x+4xv'§+2\/§)dx=
0
1 08 2 4 g 8 5 4 341
s (1 -xH2 -3 -2 4+ 2xT 4+ 43| =
[ 3(1 x“) 3% 2x 5 X 3x]o

_g_2+_8_+é:§.
3 5

1
3 5 3

17. D la lanh vuéng duoc chia thanh 2 mién nhu & hinh 27.
Di={x,y):x+y20}={(x,y): |x| < l,-x<y=1}

De=1{xy):x+y<0)={xy:|x)=1,-1sy=<_x}

¥

3 7///// =
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3 v
%E%a
) 5

Ta c6
= mx+yldxdy—-j (x+y)dxdy— H(x+y)dxdy—11 -1,.
Dy
Nhung
1 1 ! 2y jy=l
I, = Idxj (x+y)dy = j [xy+i—1 dx =
-1 —-X -1 2 y=—Xx

: 1 x? x? +1 x3 ' 4
= I X4+—+X2 -— jdx = 2‘[ dx | —+x|| =—.
2 2 3 3

-1

i y=-x
= pA =
I, = j.dxj-(x+y)dy- (xy+ 5 ) dx
R y=-1
1
1 1
= I —x2+ x2+x-— 2_{ x4 dx=—i.
2 3
-1 o
Vay I"Il—12=§.
18. D 1a hinh vuéng dugc chia yﬁ\z

thanh hai mién nhu & hinh 28. / 7
D, = {(x, y): y 2 %% / %
={x,y): Ix] €1, x*<y <2k
D, = {{x, ¥): y <x% /

={(x,y): Ix! £1,0<y <x*%. §

Ta cé -1 0 I x
I= ” |y—x2|dxdy =
D Hinh 28
= H y—xzdxdy+ H x2-ydxdy =1, +1,.
Dy D3
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y=2
I, = Hﬂy x % dxdy = Ide Jy—x3dy= I —(_y X )2 dx =
2
=X
1 3 1 3
-2 2v2 40 =2 oo 22
—3—-[(2—){ ) dx—SI(Z x“)=dx.
1 0
D3i bign 56 x = V2 sint, do d6 dx = V2 costdt, 2 — x® = 2cos?t .
Do dé
r r
4 4 2
1, =1-61J' costtdt = '—QJ’ ——_”“‘052‘] dt =
30 30 2

T
4
= l—gj[ +— cosZt+lcos4t]d
3 5 8

n
16(3t sin2t sindtY4 16(3x 1) =«
= — — 4+ + ===t ===+
3l 8 4 32 J, 3184 4) 2

Tinh I,, ta duge

2
L = .“‘"‘xz“y dxdy:i[ dxxj \!xz ~ydy=
D; -1 0

W

1 3 )"—“Xz i 4
= 4 4
= [ -2t -yt dxi”xs;dx:ﬂxadx:_% L
3 3 y=0 - ; 3 0 3
™5

Vay: I=L+1,=24+2,

o SRR A

19, Ta c6
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D la mién elip nhin cac truc toa 44 lam truc ddi xung, xac

dinh bai
- b = - b a
-_ = -_— —_— = - —_
A=X = a4, a a =y a X
Ta co EV;?::?
Y a 2 y?
1= f texy) dxdy = gla S (-5 )dy=
- r_ a
a —X‘a _X_a_ y=E a"~x
=c2f( y- 2) d= =
a” 3b y=
1]
- dbe _f(a - xz)‘*“dx
385 ]
Déibiéns&x :asint,Ostsg.Tadu-qc
E
4 >
= 4be” [ a% costtdt = bc‘a'g.l‘ir'=£abc2
3a® 3 4'2°2 4

Chui thich : Bai nay cung co thé giai dugc bing cach d8i bién s§

. _ X
U S
Do 6 X = au, y = bv

. D6 1a mdt song anh bién mién D 1én mién D’ trong mat phing
(u,v) giéi han bdi dudmg tron u? + v2 = 1. Ta ¢d

a 0
= ab
0 ;

2
1=ff al;c (1 — u? — v?) dudv

Vay
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Chuyén sang toa 4 cuc (r, p). Mién D” trong mat phdng (r, p}
tuong ung voi D’ duge xac dinh boi
0<p=<25,0=r<]l

Suy ra
3 2-'1.' l E .
abe? . abhe? 1 =mabc?
I = Jde f (1 —rdrdr = 2=
2 ﬁ‘p {( Fyrdr = 7, 4~ 4

20. Duong y = 2 - x? 13 dudmg parabén c6 dinh tai diém (0, 2),
nh4n Oy lam truc déi xing, duéng y = 2x — 1 13 dudng thing, ching
cAt nhau tai hai diém (-3, ~7) va (1,1) (hinh 29). Ta c6

1 9-x2
ff(x—y)dxdy =fdx fx-y)dy=J [xy —yz]yfx =
1 -3 Xx-1 - -1
= f [x(2 — x%) - x(2x - 1)— —(2 - x2)2‘ + = (2x - 1 dx=

-3

: 1 1

=f(2x~ x3—2x2+x—2——§x4+2x2+2x2+§—2x)dx-—-
-3

1

—f(—lx —x3 4 2x2 +x——)dx vi
-3 2
15 1,221, 3 /1 64
=[— - +=x*+ - - ==
T N RET

21. a) Mién D 14 hinh vanh khan
(hinh 30), Chuyén sang toa do cuc,
mién ldy tich phan D’ tuong ing trong

mat phdng (r, ¢ ) dugce xac dinh boi cae

bat ding thire

-7
O=p=2mr,as<r=2a Hinh 29
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) E

‘,
%

Vay
27 2a
I = JfvVxZ+yZdxdy = ff rPdrdp = [dp [ rédr =
D N ol o 0 a
21 3. 19, 2Tm 3 3
r 2a Ta 14xa
= d - = - =
{ ¢ (5) { 3 Y73
J\y

Hinh 30 Hinh 31

b) Mién D duge cho o hinh 31, nd nhin cac true Ox , Oy va cac
duomg phin giac y = x, y = —x ldm truc d6i xung. Ham s6 dudi déu
tich phan la chin d6i véi x, chn d6i voi y va khong d6i khi ta thay
(x, y) boi (y, x) hodc thay (x, y) béi (y, —x) nén

I= _]]:;f\/xg + y2 dxdy = sg)f VxZ + yZ dxdy,
1

D la phin cia mién D duge chi ra ¢ hinh 31. Chuyén sang toa do
cue, mién D’; tuong ung trong mit phang (r, ¢) duge xace dinh bai cac
bit dang thie.

0 = r = asin2p
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2 zx =
4 4 é . 833 4
I = d(,ofrzdr = 8f == dp = '—fsin32:pdgo‘
p 3 'm=0 3y
d
D61 blensﬁu= 2p. Tacodp = ?u Vay
4
2
I = iaifsm Budy = 220 2 _ 8%
2.3, 3 '3 9

22. Dudmg 2% + 2 - x = 0 la
duong tron cb6 tim tai diém (%, 0),
¢o ban kinh bing % (hinh 32).
Chuyén sang tpa 4% cyc, phuong
trinh cia duimg 46 13 r = cos ¢.

Vay mién 14y tich phan I’ tuong

ung trong mit phing (r,¢) duge
xac dinh bai Hinh 32

LR

1A

'--.:da“io s
+

1A

Hh?.la

0
Do 46 ff (? + ) dxdy fJ’ (? + Drdrdp=

———
P ™
+
v T
S

d_{P:

£

de [ (r3 + r)}dr
0

bs |2

I
Rfj Mllht—‘t"'"“

T
2

fcos pdp + fcos pdy =
0

\ Il
gﬂ"—‘"\
w |
g
h-
+
[ R
&
CE./

[

+

. | Lo

(-]

st

23. Goi 11 giao diém khac O cia hai dusmg tron x2 + y2 = 2y, 2 +
+ y* = 2x. Doan OI chia mién D thanh hai mién Dy va Dy
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Chuyén sang hé toa dé cuc,
phudng trinh cGa hai duong tron
trén theo tha ty la:

r = 2sing, r=2cosy.

Céc mién D', D', trong mat
phing (r, ¢) tuong ting vdi D,, D,
duge x4c dinh bai:

D' ={(re):0<¢< E, 0 <r < 2sing] ;

={{r, @) i L¢= Et-, 0 <r < 2cosy}.
4 2 Hinh 33
Vay I = H(x+2y+1)dxdy = J [r(cos @+2 sin @} +1]rdrdg =
Dyubs
E
2sindp 2cosp

dg [ (coscp+2smcp)+r]:l Jd(p I[ (cosm+23mtp)+r}.1 =

4

[= I N ]

3 2 r=2sing
[(coscp +2sin (p)? + %} do +
r=0 )

o-_.,hlﬂ

1 3 r=2cosqp
(cosp+ 2sinq))1~+—r-- dg
3 2 0

Lo S ]

Il
|

(%sin3 cpcosq:m-?sin4 @ +2sin? (decp +

8 =
[56054 ¢+ 1—36~cos3 @sing+ 2c0s” q)}icp -

+
S y—

n

.4 . . . 2
=[§sm (p+£[§_ _sm2q)+sm4cp)+(p_sm2(p] +
0

3 4 3.8 4 12 2

. . 4 . 2 5
+ 8 g(p+sm2q)+sm4(p _ 16 cos (p+(p+sm2q) -2 —E—l}.
318 4 32 3 4 2 |x  2\2

12.BTTCCT3-A 177




24. Chuyén sang toa 49
cuc, phudng trinh
dudng trén x2 + y? = 2x 13
2cosp. Mién D' trong
mit phing @, ¢) tuong dng

-’
cua

r =

véi mién D duge xac dinh 0 %
bdi cac bat ddng thue
T
O0<¢@=< —,0<r < 2cos0.
¢ 2 ? Hinh 34
L
2 2cosg
I= ‘U\}‘l-rz rdrdp = Id(p J' 4-r%rdr =
D 1] 0
K x
2 2coso 2
_ 12 2.3n (B . 3 -
= [-556 i dq)_I3 (Hm (p).l(p =
] a
_8 E_?:J
3 2 3}

25. Mién 14y tich phan

duge cho d hinh 35. N6 duge
gidi han bdi duong

(x* + y%* = xy. Chuyén
sang toa dd cuc, phuong
trinh dé duge viét la:

'r? = singcosg = —21—sin 2¢.

Duong dé 1la duong
lemnixcat ndm trong cac gac

178
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phén tu thi nhat va thit ba, nhan dudng phin giac thd nhat lam
truc 481 xtng. N6 dude suy tit dudng lemnixcat quen thude
r2 =%cos 2 , bing mot phép quay géc % quanh gée O. Vi lf do d61

xding ciia mién D ciing nhu ctia ham 8 dudi ddu tich phén, ta 6

I= ZHJdedy
Dy

trong d6 D, 12 phin cla mién D ndm trong géc phin tu thi nhat.
Mién D', trong mit phing (r, ¢) tuong Ung vdi D, duge xac dinh
bdi cac bat ddng thae

m 1 .
0 <p<—,0<r<,]—8n2¢p.
03 1/2 29

2 HJ singcos¢ rdrdo
D1

Vay

—
il

| =

1% 15 i
6 E|‘-sm 2pdo = 12 J(l—cos dp)dep = 2a "

26. I 14 mién tam gidc (hinh 36). Chuyén sang toa dd cyc,

phuong trinh cia dudng thing y =—§ duge viét 1a ¢ = arctg-é-, con

phuong trinh dudng thingx =31lar = . Mién D' trong mat

cos
phéng (r, ¢) tusng ting véi D duge xac dinh bdi cac bt ddng thic

3
cosp

O<ops< arctg%, O0<r<
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LR )

Hink 36

Ta cd
1 3
arctgg Cosgo.
I = H ooy rdrdy = Idgo I e’?‘mz‘"rdr
D’ 0 0

Dé&i bién s8 rzcoszgo =1, ta cd du = Zrmszgodr, do do
k}

Q08P

130

f@l_zms::ﬁo e = edu _ 1 Y e? —1 '
0 0 2cos’p 2cosz<p °  Jeos’p
Vay
, 1
arctgy 1
I-_eg—-l de _e9—1t ardgg_eg—l
-T2 2, " T2 B, Ty

0 Cos g
27. D 12 mién hinh vudng (hinh 37). D8i bién 6
u=x+ty v=x-y
Do do

Lo
x—2(u v),y—z(u v}



o 8
& %y

o
og

Dd la mét song dnh bién

mién D lén mién I’ xéc
dinh bai
lgsu=<d -1svel
Ta c6
. v 1
J = x,“ x"'_.| |=—— -
Yu ¥y B -1 2 X
Do dd
Hinh 37
1
Jx+y? (x —y)dxdy = 5 [[ vdv?dudv =
D 2D‘
3 4
1 1 v
L e [ vae = L
24 Y 2411 31
y] _ 18 2 20
T 2°4°'3 3
28. Mién D dugc cho & hinh 38
Thue hién phép déi bign s6
y° y
—=u, ==v
X X
0 X Do dd
Hink 38 _v _ s
X = V2 ] y - v
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Dé 12 mft song anh bi&n mién D 1én mién D' trong mat
phing (u, v) xac dinh bdi cic bat ddng thic

lsu<3 1=sv<2

Ta ¢é
_ 2u
- Ka X'y _ vi_n
e Yl _u| e
V2
Do do

_U Xydxdy =Hvl2 ; % . ;‘t— dudv =
D D’

= J‘ lvl;dudvzj *du ‘::' =
&

3
Y _ ol 63 _ 105
4] 6‘#5 6 64 32

29. Mién D duge cho & hinh 39, Thuc hién phép déi bién sé
x*=u, ¥y

y\
Ta cé
&_/ ' )
=uwly=v* D6 la mjt song
/ anh bién mién D 1én mién D'
5 7 trong mit phing (u, v) xac
dinh bdi cac bat déng thic
uz0, v=0 u+v<l,
Ta cé
Hinh 39 .
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b W)
& Sy
g

Do dé

gx:!yz\}l—ﬁ*}'}dxdy = %I{‘P l-u-vdudv =

v=l-u

1 i 1

1 unyPav =L L2 w3

9Jclu I(luv) dv_gj 4(1uv) du
0 0 0 v=0

It

1
3
L I(l—u)4’#3du=—L‘_(l—u)?"3 - —.
12 127 28
0 0
30. D 13 mién tam giac cho & hinh 40. D&i bi&n s8
X+y=u, X=v.

Ta cb

Hinh 40
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b6 la mot song anh bién mién D lén mién D’ tmng miit phing
(u, v} xac dinh bot cac bit dng thic.

vz0,u—-v=0, u=sl

(hinh 40), Ta c6

0 1
-
1 -1
Do do -
= g x+ y)2 sinz(x + y)dxdy = f f u’sinrududy =
1 u 1 D
= f wsinrudu f dv = f 3 sinrudu
(] 0 0

Bing cach 14y tich phan phan doan 3 l4n lién tiép, ta duge
1

1
COSTT 3
I = —u3——~x—u '0 + Efu%osn’udu =
. 1 . . 1
1 3 1 1 3]
=+ E[ 2%”-11 |0__ f S";;m Zudu:l = ;- '—Efusimmdu =
1 o
1 6 cosmu |1 COSTU
= TF—"o|-u +f du
A [ ln ‘ 0"y 7 ]
1 6 6 f 1 6
= g = .~ LJecosmudu = - —— -
Toad g8 0 T8
1
y . 31. Mién D duoc cho & h.4l.
LY -
Thyc hién phép d8i bién s
l'\ yg x2=1 ,’y:x Phep
T \\.‘ xy=u,y2—x2=v )
Xy=b
I D6 la mot song &nh bjén mién
7 \‘x\’.‘y:a D lén mién D’ trong mit phéng
0] X (u, v) xdc dinh bdi cic bt ding
Hinh 41 thie
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asu<sb,0=v=1,
That vay v&i mdi cap (u, v) cho trude, tu (*) suy ra

—~x2=v=='x4+vx2—u2 =0

|f-‘
M| B

u
y=_®
X

e

Véi v > 0, phuong trinh tring phuong y chi ¢6 mot nghiém

duong x, td do taduge y = 2 Tém lai véi mdi cap $8 (u, v) cho trude,
X

chi ¢6 mot cip s6 (x, y) tuong ung duy nhét.

Ta b
_ Dy _ 1 1 1

~ D(u,v) a D(u,v) -
D(xy)

3

¥

¥

»
w, u

’
Vg v
1

= ——/— =0 , ¥ (x,y) €D,
26>+ y%) ’

Vay

T2 - x5y %+ y2)dxdy = 1 Jf v"dudv =
D 2 D’

1
2

32. a) Mién D, duge cho &
hinh 42. Chuyén sang toa d¢

cue, mién D’, trong mit phing

(r, ¥} tuong umg voi D, dugc

By ey O
[=H
=

xac dinh bdi cac bat ding thic. Hinh 42



oht

n x
E a 5 —r2 2
Tace L= [fe™ rdrdp= fao fe Prdr= |- dep
2
D, 6 0 0 o
= ;(1{")
byVie™ ¥ >0 Y(x,y) e R%, vavi

Da . Aa = Dv'rin
{(xem hinh 42), ta c6
”e‘"LYZ dxdy < He‘"z_yz dxdy < He_"z‘yz dxdy.
A,

a D7
Mit khac
2.2 a 2 2 2 a 2 2
J, = Hc_x R4 dxdy:_[e_x dx Ic_y dy Ie_" dx | .
A 0 0 0
Nhung L<d, s Ig,
Do d6
T _a? . 252
—(l-e )T s~ (1-e"").
4( )<J, 4( )
. 2
2
Vay lim J, = lim [J'e de _—
a—r+m a—p+o0 4
a o0
2
Suy ra lim Ie"‘ dx = ‘l‘c—"ldx =£.
2=+ 2

0

-x* = v -
Viham 88 x> e™ 1a chin, nén ta c6

2
Ic"‘ dx=vr.
-
Tich phan gy duge goi la tich phan Gauss, né béng dién tich
186
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&, ,;;;g
%

cta hinh phéng gi6i han bdi dudng hinh chuéng y = ™ véi dudng
{iém cén cia ndé (hinh 43).

I

0 X

Hinh 43
33. D 12 mién gid) han boi dudng elip x? + xy +y* = 1. Ta cb

) 2
y yv3
Phxy+yi= | x+=| H—| .
my ey (sl 2]
Thyc hién phép déi bién s6
y yﬁ:
2

X+ - =u, V.

Y 2v
_, y L — .
V3 V3

D6 14 mét song Anh bign mién D 18n mién D' trong mit phéng
(u, v) gidi han bdi dudng u? + v = 1. Ta cd
1

I E]

0% V3

Dodé: 1= ye-(x:“"'*yz)dxdy - -j_g E[Jc_(“z“'z)dudv :

Ta co X=1u-—

r L)
x'y ®

J=["¥ 7
Yu ¥

D' 12 mién tron. Chuyén sang toa do cue (r, ¢). Mién D" trong
méat phang (r, ¢) tuong dng véi D’ ditge xae dinh bai:

D<gp<2a, 0O0=<r<l.
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Suy ra
21 '
2 2 2 1 =241
I=—=-04q fe‘rrdrz——‘f:‘.:'r.~—e_r
Vo T RS L)

o
o et
o

2 1
=__1__
v’§( e)

34. a) Dudng x = 4y - y? 14 dudng parabon e6 dinh tai didm (4,2),

co tryc song song voi tryge Ox, cit tryc Oy tai hai

diém (0, 0) va (0,4).

Duong x + y = 6 1a duomg thing cAt cic truc Ox ,» Oy theo thd ty taj
cac diém (6,0) va (0,6). Hai duomg fy giao nhau tai cic diém cb tung

d6 thoa man phuong trinh.

y-y"=6-yoy¥ 5y +6=0=y

=2,y=3

tuc Ia tail diém (4,2), (3,3). D 13 mién gii han boi hai dudng 6. Dién

tich cia mién D bing ot
8 ————————
3 4 ~y2 3
2 66— ¥ 2 A‘a
3" . 5
2 3 2 2 %
1 i} w

1 5
= 27— 8+ (9—4)—6 ==
2T -8+ 0 -4 —6=

b) Puomg y? = x* 13 dudng parabén bae 3/2 0
c6 diém lai tai gc 0, con dudmg y2 = 8 (6 — x)3
la dudng parabén bac % cd diém lui tai didm
(6,0). Hai dudng 4y cht nhau tai diém c6 hoanh

d0 thoa man phuong trinh

x¥3=86~xPex =4 8
tic la ching cit nhau tai hai diém (4,8) va
(4, - 8) (hinh 44). Dién tich cia mién D gi6i
han bdi dudng cong 4y, vi Iy do dsi xung, bing
188
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o

%

25
| g 57
= 2ff dzdy=2fdy [ dx =
b 0 24
¥
8
3 2 3 3 5 8 192
=2f(6—-2-y3)dy=2(6y—5.gy3)|0 =2(48——* 82)="_""

0

c) Pudmg y = 4 cit dudmg y = 2* tai diém (24) va cit dudng
y = —%tai didm (-8, 4), Dudmg y = 2 cﬁtdu&ngy=—§taidiém

-1, —) (hinh 45). T¢ cdc phuong trinh y = 5

suy rax = - 2y, x = E% Dién tich 8 cia mién D giéi han boi ba

dudng trén bing

W

Hinh 45

Iny
In2
dy dx~f(l+ 2y)dy =

S = f[ dxdy =
D -2y 1 102

Bt

Iny — 1 1 1
- (L’—‘lf?z+y2) ‘4%=E[4ln4—%]n%—(4—§)] +16-7 =

17 7 63 97 7

2 " 2m2 44 2m2
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d) Goi D 12 mién gidi han boi hai
dudng r = acosp, r = beosp (O<a<b),
D; la phén cta mién D nim trén truc

Ox. Vi Ii do d6i ximg, dién tich cua

mién D bing

S =2f/ rdrdp =
b
Hinh 46 a
2 beosy
=2 fdp [ rdr =
0 acosy
a
2 1 14
. . i J
=2.L[ 0 - dPcosPpdp = 0% - 2 T =Z? - ad) .
2% 2 2 4

e) Buong r = asin2p nhén cac
truc Ox, Oy va cac dudng phan
gidcy = x, ¥y = -x lam truc d8i
xung. Goi D 13 mién gidi han bdi
dudmg r = asinZp , Dy 1 phdn cla

mién D ndm gita hai tia ¢ = 0,

¥ =%. Ta co
. Hinh 47
4 2 2 2
S_ff rdrdp = f E8IN2p 4, _ 2L g AW
8 0 2 16 2
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f) Goi D la mién gidi han bdi dudng
r = a{l +cosp), D; 14 phan cia mién D

7 AT

TR
A

nim trén truc Ox thinh 48. Vi Ii do d6i 900’0’ 0’ 4444

w7

KR
sing dign tichoiamicnDbang  URUIRIRLOR)
x  a(l+cosp) \
S=2[ rdrdp =2[dp [ rdr=
o, 0

<A

0

_ g3 1z :gnaz_ Hinh 48

) Goi D la phdn cia hinh giéi han béi dudng r2 = 2a%cos2p
nim ngoai dudng r = a, D; 14 phdn cda D ndm trong géc phdn tu
thd nhét (hinh 49). Vi li do d&i xdng, dién tich clia mién D bang

W

Hinh 49

Hai dudng r* = 2a%c0s2p va r = a c4t nhau tai cde difm cd
191



goc cyc ¢ thod man phuong trinh

2 2 1
2a‘cos2p = a‘ > cos2p = 3
Sx
Suy ra p:t%,go=i—6—-véy
£ T
ay 2cosZe 3{5—5

— 2 _ 2
4[ dp J’ rdr = 2a J(2cos2tp 1)de =5 a

85. a) Mat z = 1 - x%-y? 13 mat
parabdldit tron xoay cd dinh tai diém (0,
0, 1), nhén Oz lam truc, quay bé lom vé
phia z < 0, nd cit mat phdng z = 0 theo
dudng tron x2+ y2 = 1. Vay thé tich cta
vat th€ gidi han bdi cic mat z =
1-x2-y2,2=0,y=x,y = xV3, ndm
trong gdc phdn tdm thd nh4t bing

= [ (-2 -y2axay
D
trong ds D la hinh phéng giéi han béi cac dusng x%+ y2 = 1, y=x,y=xy3

nam trong gée phén tu th nhat cua mat phing xoy (hinh 50). Chuyén
sangtoadd cuc, taduge

yT /

Hinh 50

= l;_[ (1 + r3)yrdrdp

Trong toa d6 cuc, phuong trinh cla

“——— duttng x*+ y2 = 1 la'r = 1, clia cdc duding
thing y = x, y = xV3 theo thd tuy Ia
T i
: e =7,9=7
¥y
X Do dd
Hinh 51
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A
K]
E‘OE

mir r
I(I' r )dr— 5[7—7]0

b) Mat x% + y?2 = a? 14 mat tru 6 dudng sinh song song véi Oz,
cit mat phing xOy theo dudng tron x> + y* =a%; mit x>+ z? = a? 13
mat try c6 dudng sinh song song véi Oy, cit mit phing xOz theo
dudng tron x2 + z2 = a? (hinh 51). Vi i do d6i xiing, thé tich V cla
vat thé giéi han bdi hai mit &y bing 8 14n thé tich cla phﬁn vit
thé &y nim trong gée phan tam tha nhat. Vay

- I‘[dedy= J.I-"a —xzdxdy,
D D

trong d6 D 12 phan cla mién tron x* + y* < a® n3m trong géc phdn
tu thit nhat trén mit phing xOy. Do 46

II
.|=|:=|._..._.w|:a

a—x

SELICH

V= SI\[a —x2 dx Idy 8-[(4 —-x2)dx =

a
B(azx—-‘;—x3) 3

0
¢) Mat z = x* + y? la mit yi
paraboldit troén xoay ¢6 dinh tai
gdc toa d9, nhan Oz lam truc
d6i xitng, quay bé 16m vé phia
zbO.Matz=x+ylémat
phing di qua gde tea d9. Hinh

By

7.
~

chidu xudng mit phing xOy 4 N
cna giao tuyén ctia hai mit trén AN
¢6 phudng trinh la: Hinh 52

x2+y?=x+y hay

(-3 (22
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L] . N . ~ - A 1 -
D6 1a phuong trinh ctia dudng trén cé tim tai diém [E,—;-J , eb

ban kinh bing L (hinh 52). Goi D 1a mién trong mit phing xOy

V2
gi6i han béi dudng tron trén. Thé tich cha vat thé gidi han béi cac
mitz=x>+y*vaz=x+ybing
V= H[x +y-— (x2 + yz)]dxdy
D

chuyén sang toa db cuc, phudng trinh cia dudng tron x* + y2 = x + y
lar = cosg + sing. Mién D' trong mit phang (r, ¢) tuong dng véi D
duge xac dinh bdi cac bat ddng thite

Te <3E ¢ <r<cosg+sin
4_"P— 4! - - (p (\D'

3n
4 cosg+sin ¢

Vay V= Id(p J.[r(cos Q+sin q))-rzjr dr =

2 0
4
in
4 3 4 Jr=cosgsing
= I[L-(costp+sintp)—-r—:| dop =
3 4
_x =0
4
3n An
4 . .4 ry (1/2_)4 sin# (P"'E
I {cos @+sin @) Ao = 4 d
12 ¢ i2 ¢
= _I
4 4

I ,\, i
béi bién 8 qHZ =1, ta duge

T

1 n 2 2
= = [sin*tdt == Isin4tdt =
3 3

3
0 0 4

[

1 R_=x
2°2 8§

d) Mat x* + y* + 22 = 2z 1a mat cdu di qua gbe toa d9, c6 tam tai
diém (0, 0, 1). Mat x2 + ¥* = z? 1a mit nén trdn xoay, ¢6 dinh tat géc toa
d9, nhan truc Oz lam truc d6i xing. Ngoai gbc toa do, hai mat &y
194 13BTTCCT3-B
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o e

¢4t nhau tai nhitng diém ¢ cao d5 z thod man phuong trinh

2z —gl=gl=z =1,

Vay phuong trinh c¢ta hinh chiu xudng mit phing xOy cha
giao tuyén cia hai mat x* +y? + 22 =2z va x®*+y?=2%1la
xT+y2=1,
Goi D 1a mién trong mit phing xOy gidi han bdi dudng tron
dy. Tit cdc phuong trinh x? + y% + 2% = 2z va x® + y? = z? ta lan lugt

ratraz=1 +\I1—x2 —y2 vaiz= \lx2+y2 ;

Vay thé tich ctia vat thé gidi han bdi cac mat x? + y? + 2% = 2z,
x? + y2 = 2% béng

V = H(1+J1—x2—y2- x2+y2)dxdy
D

chuyén sang toa dé cye, ta duge

n 1
vV = Id(pj(lﬂ/l—rz—r)rdr
0 o
1
2 .3 3
= 2. r——r——l(l—rQ)2 :2n[l+l)=n:.
2 3 3 6 3

0
e) Vat thé duge gidi han & phia trén bdi mat phingz = x + v,
d phia duéi bsi mat phing z = 0, xung quanh bdi mat tru
(x* + y?)? = 2xy (x > 0, y > 0). Thé tich clia né bing

V= H(x+y)dxdy,
D
D 1a mién trong mit phing xQy, gidi han bdi dudng Lemnixcat
(x*+y*? =2xy (x>0, y > 0).
Chuyén sang toa dd cyc, phuong trinh dudng lemnixcat 1a
r? = gin2¢, do dé r = .fsin2p (0 < ¢ < Zy. Mién AL R
phing (r, ) tuong tng véi D duge xac HhRBoE S
pes



O0<¢x %,Osrs Jsin 2¢

Vay
e
7 fsin2
I I sin gp+cos (p)rzdr =
o 0
T Jsin 2p
2 1
= I(s-intp +cos cp)g(ra) dy
0 .
1]
%
=3 I(sin'(p +cos ) sin®? 2pde .
0
Ta ¢6

sin2¢ = 1 - (sing — cosp)?, (sing + cos@)de = d{(sing - cosg).
Do d6 néu dit u = sing - cose, ta duge

1 1 i 2 1 E
== j(l—uz)‘du=— I(l—uz)ﬁdu
3--l 3 0

Bay gis d6i bién s6 u = sint, ta c6 du = costdt, vay

36. a) Nhitng diém trén giao tuyé'n clia phan mit nén 7% = x? + y?
ing véi z 2 0 va mit tru x* + y*> = 1 ¢6 cao 46 z thod méin phuong

trinh 2 = 1. Vay phuong trinh cfa hinh chi€u xuéng mit phing
xQy cua giao tuyé&n dy la:

81 +Goi D 12 mién phéng gidi han béi dudng trén d6. Phuong trinh
$Ea PR ROR dng vdiz 2 0 la:

- 2z . :
z whﬁ&ffﬁb asx obuh U ov L

od

mt



Do dé
X ' y

p=z,= /———, qQ=z,= —-
x2+y2 ,x2+y2
Vay dién tich phai tim bing

5= J‘J\[1+p2 +q2dxdy=«f§dedy.
D D

Nhung dedy = dién tich mién D = 7. Vay

D
S= /2.
b) Ta céd
2 2
X ¥y 2x 2y
2= —— 42— =, g=—",
a b P a 4 b
2.2
p+pieq=1+ 42 L
a’ b
. x2 yr
Vay dién tich coa phin mit parabélsit z = —+? nim
a
2 2

. > Sl SN
trong hinh tru ?+b_2 =1 bAng .

2 2
X y
8= 1+ 4 —+=—|dxdy,
‘][,'[ [a2 b2J

trong d6 D la mién trong mat phing xOy, giéi han bdi dudng elip

2 2 :
X 7 - e
—2+—y—2— = 1. Débi bién s8d
a‘ b
X = arcosp, y = brsing.
Ta cod
— X'y Xy _[pcos@ —arsing _ .
Yr Y| {bsing brcosg ’
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Mién D' trong mat phéng (r, ¢) tuong ing vdi D duge xac dinh
bdi cac bat ding thitc
O<ep<21,0sr<1.
Vay

Zr 1 1
S = ab jdcpjwll+4r2rdr=2nab%.§(l+4r2)3’2 =
00 0

= mab sy,
6
¢) Phudng trinh cla mit cdu x% + y2 + 22 = a2 x4e dinh mégt
ham s8 4n z(x, y). L&y dao ham hai vé phudng trinh £y 451 véi x,
ta duge:

X
2x +2zp=0>p= -2,
' z
Tuong ty, ta duge:
y
q=-=.
Z
Do &6
2 2 2
X“ +y° g
1+p2+g?=1+2-2 2%
z2 22

Vili do d6i xiing, dién tich cia phin mat ciu x® + y: + 22 = a?
nim trong hinh try (% + y?)? = a’(x? - y%) bing 8 14n dién tich cda
phin clia mit 4y trong géc phin tam thd nhat, Goi D 1a dién tich
cta mién trong géc phin tu thii nht cdia mat phéng xOy, giéi han
béi dudng lemnixcat (x? + y%)? = a%(x? - ¥%. Dién tich phai tim bling

S = 8_[ —2  _ dxdy

5 [a2 2 _y?

chuyén sang toa d6 cye, phuong trinh cda dudng lemnixcat 1a
r* = a%cos2¢. Vay
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a¥cos2e

14 fri 3

T T
— 8 = _1 2 _ VeosZp o _
s_sldgp{mrdr_saa“ 5 7V ¥2|Z°‘“ dp =

ST i 4
= 8a%[7 (1 —V2 sinp) dp = 8a% (p +V2cosp) |7 = ga¥(7 +1—V2)
{ .

d) Ta cd
_x2-|~y2 X Y
Z = 28. 3 p_a:q‘_‘a
2 2 2 2
X< + a“ +x<« +
1+pi+qi=14 2y = 2 y
Cooa a

Mit tru (x2+ y9)? = 2a? xy nhan mat phing x = y lam mat phing
d6i xdng. Goi D l1a mién trong mat phing xQy gidi han bdi dudng
lemnixcat (x%+ y2)2= .2a2 xy Ung véiy < x va x > 0. Vi li do d6i xiing,
dién tich phai tim bang

_ 4”-" aﬁ}fﬁ dxdy

Chuyén sang toa dd cue, phuong trinh dudng (=2 + y ) 2 = 2a’xy
la r? = asin 2¢ , vay

T T
z - Z
4 4 avfsin2y SO
S=—J-dng. a“+r _[a+r2) nz"pdgo
2% 0
% 14
T
4a? a? 4a? gz
el 3dp —— = =
=3 _[[[(1+sm2(p) ] _([smgo + cosp) dp 3 4
%{.
4a’ 3 na?
= ?_([2\!_2-sm (zp+4)dgo—?—
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T
2
=g - 2\’-_[[c052 zp-i-;f)—l]dcos(rp +a-)—£§—— =

4a2 1 T na?
‘—"_3“-2\[_2_[ cos® (go+;f) cos(go+a—)] ~ 5=

8aH o __1_ 1 wal a’
5Tz Ty T 9@

87. a) Ban phing giti han bdi cac dudng y? = 4x + 4, y° = ~2¢ +4
' nhan ox lam truc déi xdng (hinh 53), do d6 néu G 1a trong tam cha né
th1Y = (, Tfnth ta cd

1
—(d — vyt
2 347Y)

ff dxdy = 2fdy [ dx = y
0 _(\_4) 2
2 2 2
14—y y-—4
=21!'-( 2 - 4 )dX= s
2 3y_2 g
= 2j(3—T)dy =
1 42
- G[y—ﬁy3]0=8
2 %(4_"2]
[ xaxdy = 2fdy [ xdx= Hinh 53
D 0o 1,
2079
2
= [ -v7- 97]dy =
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2
11 2
Do dé ®——=—,
O OXG 8 5 5
b) Ta cé
3
Y1 5 E 25—!{2
3 _dedy = Idx I dy =
D 0 3[1—E
. ax
0 s % I(— 25-x% -3+ de_,
x2 ||5
Hinh 54 =2 W25 -x2dx + 3x+— .
10 /|10

A

Trong tich phﬁn&vé’phé.i,tadfﬁbié’n s6 x =bsint, 0<t < E,tadm;lc

it

2
3 9 15 3 1x 15 15
ﬂdxdy =% I25cos tdt—? — 5 25, 95 g = —Z-(n~2).
D 0
Mat khac
5 3J25-x2 _
dexdy xdx I dy = J{—gx\l 25— x% - 3x(1 - %)] dx =

bo | -
by

Il
1

5
(25—;;2)3"2—3"2 E _@5-1, 25)_—
2 5 2

cn.rw
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3J25 x2

ﬁydxdy 5Idx S(JEJ ydy =j‘ [-(25 x?) - 9(1-3)2}&

5 o 13)5
-2
25 j(x x)dx = [2 3% Jo
_2[%_%’3) 9 125 _15
o502 3 ) 2576 g
2% 4 9
Va
Y X T 5-2) 3m-2)
15 4 10
G =

215(112)1r2

¢) Goi D 13 ban phing déng chat gidéi han bdi cac dudng
parabén y =X, x2= =y (h.55), tach:

1 Wx
dd=d d:
fos= fo [

0
1 9 1 Y
= I(\}x-xz)dx ( 32 _1 3] l Thocooooo
0 3 % .
4] A !
1 VX * !
NN '
_Uydxdy = _[dx Iydy = \ '
D O x2 y_KZE
1 2 5 :
=I—(X—x4) =[x —E——Jl=1 N ! -
5 4 10/[0 20 0 1 x
Do dé 33-2 | Hinh 55
Y6=56° 20"
Vi D nhéin dudng y = x lam truc d61 xing nén
9
g =Yg —%
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d) Ban phing D gidi han bdi cdc dudng tron y =

\JZx —x% va

duding thdng y = 0 nhén duting x = 1 lam tryc d6i xing ( h. 56), do dg

[I)I dxdy = 3,

dd la dién tich cia nda hinh tron cd béan kinh 1. Ta lai cd

xg = 1. Tinh y, ta ¢d

2 Vx-+
II ydxdy = _[ dx J;dy =
D 0 0 v
21 3 2
[ 3@ == (5 %) |,=3
Do dé
2 2 4
YG=§-E=§' a

e) Ban phang D gidi han béi dudng
hinh tim r = a(l + cosp), nhan truc Ox
lam true ddi xaing (h.57). Do dd

X

Hink 56
Yo =0
Tinh x; , ta cd
(1 + casyp)
I daxdy = 2Td¢a jm:}r =
D 0
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x  a{l +cosp)

[ xaxdy = 2[ dp { rcospdr = Z_I %a3(1 + cosp) cospdyp
D 0

2a’%
—g—_[ &oség(Zczoszg = L)dp
Q .

Ddibins6t = 9 ta duge

Eis

4
[ xdxdy = %‘if (16c0s®t — Scos®t)dt =
D 0

4a* 75 3 1 5 3 1 Bora’
=5 (16.5.0.5.5.%-8.2 T
3 86 4722 6 4 22 4
Vay
_ bma® 2 _ ba
X5 = 4 3na2 6
f) Chuyén sang toa d6 cuc, ban
phdng D da cho gigi han bai dudng
r2=a2c032<p,—%£gos%.Ndnhan
0 :
% Ox lam trye d6i xing, do do
Yo =0
Tinh xg, ta cd
Hinh 57 xo 1o
&
£l av cosZg
[ axdy=2fdp [ rar =
[} 0
4
3 2
=J‘320052g0d§0 _ &251112@ 4 :E_
204 5 2 o T2



Lt
2%
og

Mat khac .

4 afcsdp 4
II xdxdy = 2I d(,oJ. rcospdr =
D 0 0

= ZI (cosZgo)y2 cospdy

z VZ Hinh 58
a 4 39 233 2 »
= -3—f (1 — 2sin%)"* cosp dp = ?j (1 —20%" du
3] 0

trong dd u = sing. Lai d8i bién s6 uy2 =sint, 0 s t < 2, ta duge

Fi4
LA 2 SR 6 RO OF . L
-3 ) TR g2 27T e
Vay
o 2a3 E__:raZ
6T 716 a2 8
38. Ta c6
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s
.Q‘\*?
< '%":I

2% 73 2 ,
1,1 5 1 43
=3(32 ~ 6356 = 3573
39. a) Ta o

L 1-x 1l-x
III (1—x-y—z)dxdydz=_[dxfdy J_(yl—x—y—z)dz=
v 0 0 0

L 1-x 2 z=1—x—vy
=)ax|[Q-xyz-% d
.{l]. -(l)-[ i y)z 2]z={}
1—x

\ 2
(1—X~y)
= dx =
'r[ '([

_ (1-x —y)3|y=l -x

f
= dx =
0 2.3 Iy
1 1

=3 j(l —xydx =

1 (1—x)4 1

BE] |0 4

b) Truée hét, xét tich phan Hinh 59

a
I, = Ix(a—x)“d.x,a > 0.
0
DGi bign s6 y = a — x , ta duge

a ya+l y(.z+2
:{-][ (@ —y)y'dy = (aa-f-l a +2)

1 1 _ a®t? ‘
a+1_a+2) T @t a+2)

0

= a{r+2(

206



Ta cd

1= j”xyz(l -x-y-z)dxdydz

v
1 1-x 1-x-¥

O

Nhung theo két qua trén

= dex Iydy Iz(l— x—y-z)dz.
0 0

1-x—y 3
(I-x-y)
- x-y—z)dz =—"—"—.
Iz( X— y—2)dz 73
0
Vay
i I-x |
— — R, T 3 =
1= dex I 3!)1(1 x-y) dy
0 0
11 111
= [ xx)dx=— .o =
03E 4.5 4567 T
40. Ta cé

i
(=
[}
E
[
——
—
E
[
+
b
2
S
]
3
|
o]
[ E—

o | [[l_jy[lﬁ)

i
ey
=
]
=
—
— T
R
— 1
Lo}
—
P
(=]
+
et
[+
o
Panniinnt
—
|
|
e
R
+
LY
v
At
TN
—
0|

3
c. .2 3 c
- — + + —
b(xyy) 3



g

&
P

a 2 a 3 4 3 4 3
P12 axf w20 g (60X X0
o a ! a a 3 4a Sa o

_ a%be+abe® +ablc
60

= E‘f—::)—c(.':i“2 +b? +c?).

41. V 12 mién giéi han bdi mit parabdldit tron xoay

]- 2 - A k] - o s
z= E(xg + y%) va mat phing z = a (a > 0). Mién V chi nim v& phia

z > 0. Vi tinh 481 xting cla miér_x V va vi ham s& duéi dau tich
phin Ixyz| la chdn d6i v6i x, chin d6i véiy, nén néu goi V, la
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phén clia mién V ndm trong géc phan tam thi nh4t, ta co:
I=4 ”ﬂxyddxdydz =4 Iﬂxyzdxdydz .
Vl Vl
Phudng trinh cGa hinh chidu xudng mit phéng xOy cla giao

v . 1 R .
tuyén cua hai mit z'= -2—()(2 +y)vaz=alaxt+y?=2a,

Vay hinh chigu xudng mat phing xOy cla mién V| 12 mién D,
¢i6i han bdi dudng tron x® + y*> = 2a ndm trong géc phén tu tha
nhat. Do dé

a 2,22
_ a2 GPay?
I1=4 nydxdy szz =4 ny 5 [d 2 dxdy .
D] l(xz +}’2) D1
2

Chuyén sang toa dd cye, ta cd

o

2 \651 2 rh)s
I= 4Jcoscpsmq)dq) Ji[a — |ridr

0 4
Nhung
K x
2 2 X
. . . Ay |
Jcosnpsmtpdq:: sinpdsing =—sin“ ¢ =—,
o 0 0o 2
J2a 4 4 8 V2 at
aZe e rtdr = al——— =—
4 32 2
0
Vay
4 4
I= 4ild_.:.d_
22 2 2

42. Nhitng diém trén giao tuyén cia hai mit ciu x* + y2 + 2% = 2az,
x2+y?+z2=a? ¢ cao dd thda min phuong trinh 2az = a% do d6

= % Mat phing z = g— chia mién V thanh hai mién:
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. 2]
a

Vi={x,y,2)eV:z>2 E};

Vo={(x, y, 2 e‘V:z<%};

Ta cé:

1= jgzzdxdydz =

)

= mzzdxdydmj' ﬂz"-dxdydz
v Vo

= Il + Ig .

Dé tinh 1, ta goi S(z) 1a thiét
dién ciia mién V, véi mit phing di Hinh 60
qua diém (0, 0, 2} vudng goéc vdi truc Oz.

Ta c¢b

I,= jizgdz”dxdy

(I

b |

Nhung ﬂ dxdy = dign tich S(z) = n(x? + y) = n(a? - 7%,

S(2)
Do d6
a 2.3 5 5
I = x} 28(a® - 23z [E__Z_J 472°
' ﬂJ; (@ -z)dz=n 5J/la 480
3 2
Tudng ty
2 azt 0 5 5
L= nfzz(iZaz—zz)dz:n L
0 2 b 40
1]
59ad
Vi I=1,+L,= T
y 1 2 480
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43. Thuc hién phép déi bién s8
x=u, y=v, z=+3w.
D6 12 mbt song 4nh bi&n mién V xac dinh bdi bat déng thie

x24_3(,2 Z2

Tt S 1 thanh hinh cdu V' trong khéng gian (u, v, w) xac
a 3a
dinh bdi W+ v? + w? < a®. Taco
j= D&Y,z _
D(u,v,w)

Vay
I= ‘[H(x?‘ +y24 zz)d::(dydz:\[f)T Hj(u2 +v2 +3whdudvdw .
v A

Chuyén sang toa d6 cdu, ta duge:

2n T 1
1= 43 Idtp j(sin2 8 +3cos’0)sin6do Jr“dr .
L3 1] [H

Ta c6

2n a aS

jdcp=2n , Ir‘dr=~— ,

i} i} 5

b4 T

- J'(sin2 0+3cos’ 8)sin 0d0 = — j'(1+2 cos2B)d(cos ) =
1] 0
T
=— c058+~2—00539 =E.
3 o 3

Do d6

10 a° 4n s
[=32n— 2 20,5,
35 ?

NE)

44. D61 bign s x =1, y = v, z - 2 = w. D6 1a mdt song anh bién
hinh tru d& cho V thanh hinh tra V' trong khéng gian (u, v, w)
xac dinh boi:

wr+vig<1l, -83<ve-1
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Vid = 1, nén ta co

~ dxdydz a .- dudvdw
I= J.\J;f V2 +y7 +(z-2)7 J‘J'J. VuZ +vZ + w?

Chuyén sang toa do tru, ta cd

1 1w 2 1 _
I=£d¢'(l;rdr:g—‘l;zﬁz—=(‘]l.dgoﬁl.ln(w+m)|w=h3rdr =

1 1 .
= 2 [Jln(\ﬁz +1- l)rdr—[!ln (VEZF9 ~3rdr =2 (I, - 1.

Khi r =0, n(¥r +1 — 1) = - «, nhung ta s& ching minh ring
rln (VrZ +1 — 1) 0. That viy, khi r — 0, ta cd

\!?Tl*—l=l+%r2—-;;-r4+0(r4)—1 =
- ira-lgto@
T 9 ( _4 + 0 (r)).
Do dé
In(VI + 72 ~ 1) = 2lnr —In2 +In(1 —i—rZ +0(r2) =
=2lm-—.1n2—:11—1-2 +0(r2) .
rln(\f1+?-1)=2rlnr—rln2—-%r3+0(r3)
Suy ra

limdn (VTFZ -1) = 0.
212 r=0



Vay tich phén I, cé nghia. Ciing nhu vy véi tich phin Is.

D& tinh I, ta ddi bién 5§ Vr2+1=t, do d6 r2+1=t, rdr =
tdt. Ta duge

_[ln(J r2 +1-1)rdr = _[t}n(t ~1)dt = --1n(t - I—dt -

—ln(t -1 _[(t+1+—)dt—

2 2
t t“ t 1
= In(t-1)- - =-=In(t-1)+C =
2 ( ) 4 2 2 ¢ )+ '
2 2
=t_'1.1n(t_1)..§__l+c

Do d6

t2-1 t2 t‘E
11—[ ) ln(t 1)————2-]1 =—1 2 - 1)———~(f -1).

Ciing nhu vy, 48 tinh I,, ta dat vr® +9=t.Tacé

Iln(\/rg +9-3)rdr = J'tln(t-a)dt = —ln(t 3)-— I—-—dt =

- _ln(t 3)-1 I(t+3+_-§)dt=

t2 t2 3t 9
=—In(t-3)-—-—-= 1 t-3)+C=
5 (t-3) 1 2 n{t-3)

2 _ 2

Y O 3)-5—--§ C.

I =%ln(\/1_6—3)—%*%(~ﬁ6—3).
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z T Do dé
I =2r(l,~1) =

+3\/_-8~/_]

et

45. V 14 mién hinh try
LT T T 2> cho & hinh 61. Hinh chi&u
¥

’ A clia né xudng mit phdng xOy
a 2 12 mién trén gidi han béi
« dudng tron x® + y¥ = ax 6 tim
s a oy
tai diém (=, 0), ¢6 ban kinh
Hinh 61 2

%. Phuong trinh cia dudng

tron 4y trong hé toa dé cuc l1a
r = acos¢p. Goi V, 1a phan cha mién V itng vé6i y > 0. Vi miédn V
nhén mit phdng y = 0 lam mit phing dsi xing va vi ham s6 dudgi
ddu tich phan 12 chdn 51 véi y, ta cé:

I= J-” dxdydz ”_[ dxdydz o

(x +y +a )2 (x +y +a
Chuyén sang toa dé try, ta duge:
% ACOEQ a
rdr
I= 26[d(p I o) ‘[dz
N Y rdr
Tacoé |dz = a. D& tinh ————, ta d6i bifn s6 1% + a? = u,
(rF+a’)
1] [H]
do dé du = 2rdr, vay
BCOSY . ]'.'d]'.' 1 a2(l+mszm) du 1 n2(1+mazqg)

o B
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Do do

lf[ ) 1_151
a; 1+cos? o 2a a01+cos o

Ham 6 dudi dau tich phan & v& phai 1a chin ddi véi cosg, ta
d581 bién sd't = tgy, do d6

¢ = arctgt, do = dt2 , cosip = 12 )
1+t 1+¢
Vay
r
2-[ +T dt arctg — +Do=—-n— .
01+c05 P 4 t2+2 \/_ ‘\[2-0 22

Cudi eiing ta duge

I= %(1-%]

46. V 12 hinh cdu tim O, ban kinh R. Chuyén sang toa d§ ciu,

ta dudc:
21 L R
1= I”zzdxdydz= jd(p J'coszesinﬁde _[r“dr.
¥ 4] V) Q
Nhung
2n R R5 v
Idtp =2n; jr“dr:~5—. _
0 ] '

Diat cosf = u, ta duge:

1]c:os2 8sinBdo= 1J'uzdu = 2]u2du =
1] -1

o

| no
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Vay

S
375 15

I=2

47. V 14 hinh elipxit. Goi V, 1a phin ctia V nim trong gbc

phin tim thit nhat. D& thdy ring
I= _[Hx2y222dxdydz=8”Ix2y2z2dxdydz .
v v,

ba&i bidn s6 x = au, ¥y =bv, z=cw.

b6 1a mét song 4nh bién mién V, thanh mién V', 12 mét phén
tdm hinh c4u ddn vi, ndm & géc phan tam th nhat cda khéng gian
(u, v, w}. Dinh thuc Jacobi ctia phép bién d6i trén bing abe, nén

I=8 jIIa3b3c3u2v2w2dudvdw
Vl

Chuyén sang toa d6 cau, ta duge:

C 2| 21

5 .
I= 82" [dy [de [¥*sin® Bcos? B cos? psin’ odr
1] i}

T

2 2 1
= 8a’h’c? J‘.::os2 @sin’ pdo J.sin'r’ Bcos* 0do Irsdr i
1] ] L]

1
1
Ta ¢6 ddr =~ |
Q al-r 9

_’25
sin®Bcos?0do=— j(l —cos?8)? cos? 0d{cos @) =

a

(=g ]

1 1
= I(l—2uz +uuidu= J‘(uﬁ —2u*+u)du=
5 0
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u’ u? ol 1 1 8
= -9 4+ Eeem—p—=—
7 5 3 o 7 3 105
r x
2’[0052 sin? @d —T(ws2 — cos* @)d lrn 3l=z =
Fa e A A A AR T

Do d6

I= 8513b3t:3.l 8 =« =ﬂ-a3b303.

97105716 945
48. Xét tich phéin

1= J‘{U(xy +yz+ zx)dxdydz

trong d6 V 1a hinh cau tidm O, ban kinh R. Trong tich phﬁn iy,
néu thay x bdi -x, gidt y, z khong ddi thi phép bién d8i &y 13 mot
song anh bi&n V lén chinh né.

Mit khac gia tri tuyét ddi cia dinh thic Jacobi cta phép bién
déi &y bang 1. Do dé:

1= I{U(—xy +yz—zx)dxdydz -

Tuong ty nhu vay néu thay y bing — v ma giit x, z khong déi,
réi thay z bing -z ma giit x, y khong d6i, ta ¢é:

I= “ (-xy-yz+zx)dxdydz,
v

1= Ifj(xy —yz—zx)dxdydz.
v

Cong bén déng thic trén lai, ta duge 41 =0
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DodséI=0.

49, Ham s6 f xac dinh va lién tuc trén doan [0, 1]. Gia st F 1a
mdt ham s& xdc dinh trén [0, 1] b8i ding thic
u
F(u) = If(t)dl .
0
Ta cé:
] 1 y
I= mf(x)f(y)f(z)dxdydz =jf(x)dx jf(y)dy j'f(z)dz :
v a X X
V8i x ¢6 dinh € [0, 1], ta cé

] ¥ 1
[y [fdz= [8)IF(y) - F(x)ldy =

1 ¥ =1
jF'(y)[F(y)—F(x)}dx=[§(F<y»2 —F(x)F(y)}

¥=x

]

é[th)—Fa)}?.

Do dé

1 1 !
1= Oj LF(x) - FOOP(s)dx = [FGo) - P, =

1 , 1} ’
S [F() - FO) = E(Jf{t)dt} :

50. Goi V Ia vat thé giéi han bdi cic mit parabdlsit tron xoay
z=x*+y% z=2(x*+y), mit phdng y = x va mit tru y = x2. Hinh
chiéu xuéng mit phing xOy cia mién V la mién gidi han bdi
dudng thang y = x va dudng parabén y = x%, hai dudng nay giao
nhau tai x = 0 va x = 1. Vay mién V duge xac dinh bdi cac bat
ding thie _

Osx<1, x*<ysx, x2+y?<z<x2+y?Y).
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.-4‘..%.:
3.

&
&
"3y

Do d6 thé tich cia mién V bing

H dxdydz= Idx )]dyzu ﬁ;z) ljdx I(K +y?)dy=

x2 x2+y

1
=l
)

[ ]
‘ZF
]
ad
L
[ I}
(=%
o)
il
——
L | =
)
L
P
N
»
[=,]
—
=W
>
Il

4 1 s 1
A ls 1.7
20 s T a
b) Goi V la vat thé gidi han bdi myt parabslsit tron xoay
z = x* + y? v4 m#t noén tron xoay z? = x? + y%. Nhing diém thujec

giao tuyén cha hai mit 4y c6 cao dd z thod man phuong trinh
z’ = z titc 14 z = 0, z = 1. Vay hinh chiéu cia giao tuyén cta hai
mit &y xudng mit phing xOy c¢é phudng trinh 1a x + y? = 1. V4t
thé V lai nhan cac mat phing toa d6 x = 0, y = 0 lam mat phéng
d8i xing. Do d6, chuyén sang toa dd tru dé tinh thé tich cla vt
thé V, ta duge:

TE)

T
=

c) Goi V 1a vat thé xac dinh bdi cac bat ddng thite

2 2 _2
0< %+y—2—~—2~ <l,-h<z<h
a“ b® ¢

Thé tich ctha vat thé 4y bing
219



'8

“h @)

I=[[] dxdydz= JDdZ I] axdy

trong dd S(z) la thiét dién cua vat thé V bdi mat phing di qua di€m
(0, 0, z) vudbng gdc vai truc Oz, Hinh chi6u ctia S(z) xudng mat
phang xOy la mién xdc dinh bai

tic 12 mién ndm gitta hai dudng elip

2 2 2 2
h.4
+ y

B ) ey (B e

Do dd dién tich cta S(z) bAng mab(l +E§) —:n:ab% = nab.
c c

h
Vay thé tich clia vat thé V bang I = | zabdz = 2nabh .
—h

d) Goi V la vat th& xac dinh

bdi 0 = zsx2+y2,x2£y=§1‘ p

Hinh chiéu clia mién V xuéng mit

phang xOy la mién gidi han bdi cic

dudng y = x° va y =1 (h62)

7

Hinh 62

Vi Ii do d6i xing, néu goi V,

b = ——

L

1a phan caa V nim vé phia x > 0, thié
tich cua vat thé V bang
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It

i 1 ! _
Zj'dxj‘(x2+y2)dy=ZJ-(xzy +%y:’)‘ y:12 dx =
[ 0 y=x

l 2 4 1 ! &
=2f(x —x +§—§x)dx=
0

2 X x x\ 1 g_l_i

o= 2(37 5720 " 105

1
e) Goi V 12 vat thé gi6i han bdi mat paraboldit z = — x> + 299

va mat phing z = y + a (h. 63). Phuong trinh cda hinh chi&u cia giao
tuyén cia hai mat &y xudng mit phing xOy la

Qg2
x° + 2y = ay +a? hay x2+2(y—%)2=%

AZ

W

Hinh 63
221



Do d6 hinh chidu cta vat thé V xudng mat phing xOy 1a mién
D gidi han béi dudng elip d6. Thé tich cha vat thé V bing

1= J’J’ dxdydz =_dedy y]ilz :H[y+a - é(x2+2y2)dxdy .
v D

1(x2+2y2) D
a

Thyc hién phép d6i bién s&

x=u VEy-2)-v.

D6 12 mét song anh bién mién D 1én mién trdn mit phing
2
(u, v) xac dinh bdi u? + v2 ¢ gg—. Dinh thitc Jacobi ctia phép bién

d6i 4y bing

chuyén sang toa dé cue, ta dudc:

3a

J- -
llj(u2 +v? )dudv:zjd(pzjr3dr=2n.%‘ 22 =217,
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2

Do d6

1 81 3[ 1] 3t
= —=—.nma"|1~~|= —=—ma”.
/2 64 2 J227

f) Goi V 12 vat thé gidi han béi cic mit phinyg
X+y+z=13, xXx+2y-z=1211, x+4y+z=2=2,

Thé tich ciia né bing I= II dxdydz.
V'l

Thue hién phép d6i bién s&
u=x+y+z, v=x+2y-z, w=z=x+4y+z

dé 12 mét song anh bién mién V lén mién V' trong khéng gian
(u, v, w) xac dinh béi

-3=z2u=sl3 -1<v<l, -2<wsg?2.
Ta c6:
1 1
Du,vw) _1l=
D(x,v,2) B
(X,¥y,2) 1 1
2 - -1 3y 1 2
= +
4 1 1 1 1 4
=6-2+2=86,
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.c\gé

Do d¢

Dx,y z) _ 1
D(u,v,w) 6

Vay

I = éj’\!] dudvdw = %‘6.2.4 = 8 .

\ x>y 22
51. a) Vat th€ dbng chat V gidi han bdi mat nén -t -h—2 ==
& c
vA mat phing z = ¢ nhan truc Oz lam truc d6i xing. Do d6 trong tam

G cta nd nam trén Oz, vay X5 = ¥g = 0. D€ tinh Z¢, ta phai tinh cac
tich phéan j_” dx dy daz, J]_[ z dx dy dz.
v v

Phuong trinh hinh chiéu cta giao tuyén ctia hai mat xuéng mat

2 2
phang xOy la -x—,, + X'i = 1.
a“ b

Vay hinh chifu cha vat thé V xuéng mat phéng xOy la mién
giéi han bdi dudng elip &y. Thyc hién phép déi bign s6

i
£

X = au, y = bv, z

rdi chuy&n qua toa d¢ tru dé tinh hai tich phan trén, ta duge

2x 1 1
_[II dxdydz = abfdcpfrdrjdw = ?.nab_[ c(l —r)rdr
v 0 0 cr o

v ",

5 f

1
=27rabcf (r—r¥dr = 2Jzabc[ 3
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o-Sg-h"
% ¥y
e,

E S c 1 2
_[_U zdxdydz = ab Jd@frdrjwdw =2mab _[ % (1 =12) rdr =
v 0 0 er o
¥ 1l
= 2 ] - - = =
= mabc [2 4]0 = 4;rirabc2
Vay
1 , 3 3¢
2¢ = Z.?rabc mabc 4 °
b) Vat thé V gidi han boicde mat z = x> +y 2,z =0, x = 0,
= 0,x +y = 1 ndm trong géc phin tdm thd nh&t, nhan mat
phing y = x lam mat phing d6i xiing, do d6 néu G 1a trong tam
cha V thi x; = y.. Ta ¢
1x X +y 1 1—x
III dxdydz = Idx _[ dy I dz- = _[dxj (x% +y%) dy =
(4] o]
' 1 qy=1-x f
= [x2y+§y3] _ dx = j[x (1 -x)+ (1—x)]dx—
o y=o o
= x_3 x_4 1 1 4 ! = — 4+ — 1
= [5-7T 3¢ x)]0‘12 126
1 1-x £+ 1 1-x
JJI xdxdydz = _[xdx_[dy sz = _[ xdxf (x2+y2)dy =
0 (] 0 0
fl 2 1 3. xS 1o
=|x(1-x+=-(1 —x dx=| ——-=—| += —e3 3 e =
oA - +3a -0 aax= [ -5] 3 ) x(1 -0
15.BTTCCT3-A



o
A
ok

4
_ | :1 x(l—x) J(l—x)
20 3 4 % ;

<1l
1 1(1-x°

20 3 20

1 1 1

20 60 15

H

2
Tty —X

II zdxdydz = J‘dx Id Izdz=J j —;-(x 2 +y2)? dy
0 0 0

1
%ﬁx“(l-x)%x?(1-x)3+é(1—x}5}1x =

1 1
1¢ 2 3 —
} +§Ix (1-x)°dx =
0 ]

2|5 6 30
4! 4
= 1:1 -x? (-x) +IZX(1_X) dx | =
30 3 4 4
st 1 5
_ 1+ (1 X) +j(1~x) dx | =
06 5 | ) 5
_1 1a-9% 1 1.1 7
30 30 6 0 30 180 180"
Do d6
1 2 7 7
=y, = —6H=—, = _——6=—,
Xa=Ye = 75973 %= 180" " 30
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c) Vat thé V gioi han bdi cAc mat x° + y° = 2az, x> +y° + 2° = 3a%,
véi z = 0 nhéan truc Oz lam truc d6i xdng, do dd trong tadm G efa
né nam trén Oz, vdy x; = y5 = 0, chi con phai tinh z.

Nhitng diém trén giao tuy&n clia hai mit :;2 + y2 = 2az va

x? + y? = 8a® - 2% c6 cao d6 z thoa man phuong trinh
2az =3a” - z° hay 2° + 2az - 3a®° = 0

Do d6 z = a. Vay phuong trinh hinh chiu cia giao tuyén cia
hai mit trén xuéng méit phang xOy la

x% +y? = 2a°

Hinh chiu cia vat th€ V xuféng mat phiang zOy 1a mién gi6i
han bdi dudng tron d6.

Chuyé&n sang hé toa do tm, ta dugc

2z V3l -7 afZ A
”fdxdydz-fdwfrd dz = %{(d&z—?—g)rdr=

] |—‘N‘_i

ay2
=2n_|.\|33.2—;2rdr—— —

0

3
o [‘—1—(3:12 —r2)5.g~] | s

il

—(3»[‘37—1) na® = wa (2\’_——

I 33 - r 3\’71 5 r4
Iffzdxdydzufdgofrd [ =dz :2::! 2 @a —rz—E)rdr=
2
2a
2 4 [ 4
_ PR AR N T a_a_L1 4 _ Bma
—Jr(3a 2 " 24&2)I0 = (3a a—sa)— 3



Vay

Brat 3 ba
Z_ = . = .
¢ 3 "xa®.6¥3-5 6V3-5

d) Hinh chi€u xuéng mit phing xOy clia vat thé V gisi han bdi cdc
1
matz=§y2,z=0,x=0,y:0,2x+3y—12=0151rrﬁéntamgié.c

gi6i han béi cac dudng x = 0,y = 0, 2x + 3y - 12 = 0.

Ay Ta cd
} 21,
7 N
/ _”I dxdydz = _[dx_[ dy I dz
]
Z X .
0 6N_*¢ %3

1 3.1 2
=5[x(2) 7(4-30"| +5le-go'a]
1 2 1 4.3 3.2
=7 (439 5 (-9 | =Fe="5
2 12 2
—3x 3 4-7x

f”ydxdydz—fdx Iydy Idz-jdxf 1Py =
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4—Ex
6 4 3 6
_1qy 1 4. _
_E'IT‘ dx-—s-j(4——x) dx =
0 o 0
_11[ 2 Y 3] 1 4% 3 326
= —~|4-Zx| -2 | == 12 =22
23’5 3 2, 2°52 5
4—-1 —y 4—§x
y*
zdxdydz = \dx Jdy {zdz=|dx —d
JfJeaxay I M I [ e
2
6 4-3x 3
= l.jlys dxe— J'(4—2 x)° dx
875 2°5 3
L] o &
6
S O LTI [N LR i
285 6 20, 235 2 5
Vay
L.32° 8 32° 12 _ 2" 20 8
ST 52t 57 5ol 5 59t 5 5

e) Vat thé V 1a phén cla hinh elipxdit giéi han bdi mit
X2 y2 Z2
. +2_4 2. =1, nim trong géc phdn tam th nhat. Ta cé

a2 b2 c2

j;}[ dxdydz = %abc :

Vi tich phan 4y bing thé tich cha V, titc 12 bing % thé tich
cua hinh elipxait,
P31 bign s6 x = au, y = by, z = c¢w rdi chuyén sang toa dd cdu,

ta dugce:
: 229
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r x
2 2 !
”dexdydz =a’hbc Icoe‘. @d¢ |sin? 6d0 jr:"dr =
v V] 0 0
= azbc.l.l.ﬁ.lbl—nach,
224 16
kil x
2 2 1
H ydxdydz =ab?c Isin pdo |sin? eda Irsdr
Vv Q 0 G
= ab2c.1.£.l.l:inabzc,
224 16
rr
2 2 1
JH zdxdydz = abc? Iclcp Isin Bcos8do Iradr
v 0 0 Q
= abc2E.l.—1-:i1rabcz.
2 24 16
Vay
| S 6 3 3
Xg = ~—na“be. ==a, = —=b,
“ 16 nabe 8 Yo 8

-
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et

Zg = —¢,



s
@*
""\?

2

Chuong IV

TICH PHAN DUONG. TiCH PHAN MAT

A- DE BAI

1. Tinh cac tich phan dudng
a) j(x—y)ds , AB 1a doan théng néi hai diém A(0, 0), B(4, 3);

b) Ixyds . L 1a bién cha hinh chit nhat ABCD, A(0, 0), B4, 0),

L
C(4, 2), D(0, 2);

) j (x? +y®)ds, L la bién ctia hinh tam giac OAB, véi O(0, 0),
L
A(l, 1}, B(-1, 1);

2 2
d) J-(x”3+y"’3)ds . L 1a dudng axtrdit x2 +y3 =a3 (a>0)
L

(=)

2
y2

N . . X . .
e) Ixyds, L !4 cung dudng elip —+-—=1 nim trong goc
2 2
L a“ b
phan tit thit nhat;

) ﬂylds , L 1a dudng cacdidit r = a(l + cose) (a > 0);
L

g) Iye"‘ds, L la duong x = In(1 + t%), y = 2arctgt - t + 3,
L

0=<t<1;
h) jJé;ds,Llédu'Ejngx:t,y=%t2, % 0st<;
i) Ixyzds Lladﬂdngx*‘t y= —V'St ——;: ,0<t g1,
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i) j.xzds',Lladuangx2+y2+z2=a2,x+y+z=0(a>0);
L

k) j zds, L 12 dudng x* + y* = 27, y° = ax tit diém (0, 0, 0) dén
L

diém (a, a, a+v/2) (a > 0).
2. Tinh khéi lugng ctia

X X

a) Buong y = %(e;ﬂe—;], 0 < x < a, bi&t khéi lugng riéng
1
plx, ¥} = P (a>0);

b} Dudng x = acost, y = asint, 0 <t < = bit khéi lugng riéng
p(x, y) = x|, (a > 0),

c¢) Duong dinh 6c x = cost, y = sint, z=t, 0 < t < 2n bist khéi
lugng riéng p(x, v, z) = \}xz +y2 +2z%

3. Xac djnh trong tim ciia dudng déng chat

a) x = a(t - sint), y=a(l ~cost), 0st<n;

b) x = acost, y = asint, 0t <, (a > 0):

¢) X = acost, y = asint, z=bt, 0<t<n .

4. Tinh cac tich phin dudng

a) [(x-y)'dx+(x+y)*dy, ABC la dusng gip khdc, A0, 0),

ABC

B(2, 2), CQ4, 0);

b Iydx~(y+x2)dy, L 1a cung parabén y = 2x - x® ndm & trén
L
truc Ox theo chifu kim ddng hé;
P .
¢) IJ;dy—J; in(x+1)dx, AB 1 cung dudng y = (x - Din(x + 1)
AB'
giita hai diém ¢6 hoanh doOval;
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d) j(x2+y2)dx+(x2-y2)dy, Lladunmgy=1-[1- x|,
! .

0<x<2;

e) j(za—y)dxﬂcdy, L 14 dudng x = a(t — sint), y = a(l - cost),
L
0<t<2n (a>0)

2

D I(x+y)dx+(x—y)dy, L la duong elip — -i-:-——l chay
L a

ngude chidu kim déng hé;

) I 2xy.dx+(x -

Xz +y2

dy 72 . . .
) Y, AB la nfta dudng tron & + y? = 2y

AB
vé phia x 2 0 n8i diém A(0, 0) véi didm B(O, 2);

~ )
h) J‘xdy+1idx, OA 12 cung dudng y = 2Vx -x néi diém
+X
T

OA
0(0, 0) v6i diém A4, 0) ;
i} I yij;g, L la dudng parabénm y® = 2x + 1 theo chiéu y

Bb. Tinh I(xy—l)dx +x%ydy theo cac dudng néi diém A(l, 0)
AB
véi diém B(O, 2)

a)2x+y=2;
b) 4x + y* = 4;
52
¢} x> + = =1 theo chidu duong.

6. Tinh truc tiép cac tich phan dudng sau réi kiém tra lai
bing céng thitc Green
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a) j(2xy—x2)dx+(x+y2)dy, L 12 dudng kin gém hai cung
parabﬁnLy = x* va x = y® theo chiéu duong:
b} J(2x3 ~y*)dx+(x*+y*)dy , L 1a dudng tron x? + y? = 1 theo
chiéu d;dng;
c) J’(x2+y2)dx+<x2_y2)dy, OABO 12 dudng gdp khic kin véi
OABO _
cac dinh O(0, 0), A(1, 0), B(0, 1).
7. Tinh cac tich phan dudng
a) Ixy{— [x+%}dx+(%+y)dy}, L la bién cta tam gide ABC
theo chili;fu dudng véi cac dinh A(-1, 0), B(1, -2), C(1, 2);
b) j:z(x2+y2)dx+(4y+3)xdy, ABC 1a dudng gap khic véi cae
dinh A(SI,SCO), B(1, 1), C(0, 2); |
c) _[(xy+x+y)dx+(xy+x—y)dy, L la dudng trén x* + y? = ax
L

theo chiéu ducng (a > 0);

L
theo chiéu ditong;

e) I(xy+e" sinx+x+y)dx+(xy-e " +x-siny)dy, L 1a dudng
L
tron x* + y* = 2x theo chiéu duodng.

8. Tich phan dusng

2
I [1—%005 XJdX+(Sinz+XCOSXde
X = X X X
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d) Ixs(y+§de—y3[x+i—]dx, L 14 dudng tron x? + y? = 2x

-
o



AT e
-99 *e:r
o g

)

¢6 phu thude dudng 14y tich phan khéng ? Tinh tich phén &y ti
didm A(1, ) dén diém B(2, 7) theo mdt dudng khéng cit truc Oy.
9. Tich phan dudng

_[ <2 +y2 (3:{2 _yz e 3y2 _x2 dy)
¥y

Xy X

¢6 phu thude dudng 14y tich phan khéng ? Tinh tich phan iy trén
cung AB xéac dinh béi

x=t+cosgt,y=1+ sin’t,0<t<

oA

10. Tim cac 86 m, n sao cho tich phin dudng

j’[(x +a)(y +b)2 + (n —m)by +amyldx +
L

+H(x+ a)? (y+b)+2(n-1l)axldy =0
vi moi dudng kin L va véi moi gia tri cha a, b.

11. Ching minh ring cac biéu thitc Pdx + Qdy sau day la vi
phén toan phn cia mét ham s8 u(x, y) nao d6. Tim u

a) (x2 - 2xy2 +3dx+ (y2 - 2x2y +3)dy ;
b) (2x- 3xy2 +2y)dx +(2x — 3x2y +2y)dy ;
¢) [ + cos(x - y)ldx + [e*7Y - cos(x-y)+2Wdy ;
d) e*[eY (x -y +2)+yldx +e*[e’ (x-y)+1Mdy ;
e) xdx 1-x"-y

2 +y2  x%+y

12. Tim m d4 biéu thic

(x-y)dx +{x+y)dy
2 +y?)y

1a vi phén toan phin cia mét ham s§ u(x, y) nao dé. Tim u.

18. Tim a, b dé biéu thic
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(ax” + 2xy +y*) dx = (x* + 2xy + byP)dy
(& + 5%
14 vi phan toan ph&n cia mot ham s6 u (x, ¥} nao dé. Tim u,

14. Tim «, 8 d€ tich phan dudmg
J-y (1 =x* +ay?) dx +x(1 - y? + BxP)dy
L (1 +x% +y%)?

khong phu thude dutng 1y tich phan. Tinh tich phan &y ti di€m
A (0,0) dén di€m B (a, b) ing véi cdc gia tri o, § da tim duge.

2

dx +yd
15. Tinh [ 5=~ [ 13 duang elip =+l
L (X +y2+1) a’ b

16. Tinh cac tich phan dudng
a) J.(y2 —zz)dx +2yzdy —x*dz, C 1a dudngx =ty = t% z = ¢
L

(0 < t = 1) theo chiéu ting cha tham s& t.
b) [ ydx +2dy +xdz, L 1a duimg dinh dc
L

X = acost, y = asint, z = bt (0 < t < 27) theo chiéu tang cua
tham sé; '
c) I(y-—z)dx t{z-x}dy+(x—-y)dz , L la dudng tron

L
x% + ¥y + 2% = a?, ¥y = xtga, theo chidu duong néu nhin tu
huéng x >0.
d) J.zdx +xdy +ydz, L 1a dudng tron x° + yz +z2 = 1,
L
x + z = 1, theo chidu duong néu mat phdng x +z = 1 duge
dinh hudng bsi véc to phéap (1, 0,1).
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17. Tinh cac tich phan mat
a) [[(x+y+2)dS, S la bién cia hinh lap phuong
S

{(xy,2): 0 sx < 1,0<sy<1 0<z< 1} ;

£ ; X,y 2 _
b) J._!(z+2x+ 5)dS, S 12 phén cta mat phing 5 +3+7 =1

nim trong géc phin tdm thii nh4t.
) _” (yz +zx +xy)dS, S ]a phan cia mit ndén z = .J;2+—y7 nAm
5

trong mat try X% + y2 -2ax =0, (a >0 ;

d) f[ ydS,Slaphfnciamatz =x+y?, 0 s x< L,0<sy <2
s

o) [[ (x%2+2%%)dS ; S 1a mat chu x2 +y? +22 =a? , a >0
S

f) {[ 248, $ 1a bién cda vat thé gioi han bdi cic mat z = 0,
s

z=x+1,x"+y* =1,

2 _” (y> +2%) dS, S 13 phin cia mit parabsleit x = 4 - y? - 22
5

nidm & trén mit phdng x = 0.

18. Tim khéi lugng cha

1
a) Mat 8 xdc dinh béiz =3 x%+y%), 0 € z < 1, néu khéi lugng
riéng P (x, v, 2) = 3

b} Nita mit cdu S ¢ phuong trinh x% + yz +z2 =4a%z 20,

Z

néu khéi lugng riéng £ (x, y, z) = —, {(a > 0). ‘

a
19. X4ac dinh trong tam cta mat déng chét S cho bdi
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x2 +y2

a)z = 2 - 5

, 2 2 0

b) z = 1.‘::55+y2 bi cat badi mat x2 + y2 = ax, (a > Q) ;
) x?+y2+2 =232 7> 0,x20y20,x+y<a (a>0).
20. Tinh cac tich phan mat

a) ff xyzdxdy S la m&t ngoai cha phdn hinh cdu xac dinh
S
bdi x2 + y2 + z2 = Lx20,y =0,

by [ xdydz+ dxdz + x2%dxdy, S 12 mat ngoai cda phén hinh
S

clu xdc dinh béi x? + y2 + 22 = ,xzz0y20 2z 2 0.

o) f[ x%dydz + y2dzdx + z2dxdy, S 1a mat ngoai cta hinh ciu
5

{x—a)2+(y—b)2+(z—c)2=R2,(R>O);

dz _ dzd d
a ff db;z ¢ Ldx  dxdy o mit ngodi cda elipxsit

S y
x2 y2 g2

—++Z =1,

az b2 g2

e) ff xdydz + ydzdx - zdxdy, S la phia ngoai cta nita mit

5
cdux? +y2+22 =1,z » 0.
21. Dung cong thitc Ostrogradsky, tinh cdc tich phan mat

a ff xzdydz + yxdzdx + zydxdy, S 1a phia ngoai cta bién cua
5
hinhchrjpx30,y30,z30,x+y+zs1'

3

by [ x3dydz + y3dzdx + 23dxdy, S 1a phia ngoai ciia mat cdu
5
x2+y2+22 =R%L (R > 0) ;

238

ot
n'.%!\‘



Ve @
N

o) [ x* dydz +y* dzdx + 2% dxdy, S 1a phia ngoai ca bién ctia hinh
S

lap phuong V= {(x, y,2) ;0 s x £ 3,0 sy sa,0 <z < a}.
22_ Gia st o (x) 14 ham s6 kha vi lién tuc sao cho tich phan mit
I-= II (1 +x%) a (x)dydz + 2a(x) xy dzdx — 3zdxdy, trong d¢ S 1a

s

mot mat gigi han bdi dudng kin, chi phu thu6e L ma khéng phu

thude 8.

a) Ching minh rdng néu dat § (x) = (1 + x%)? (%) thi ta cé
B'x) = 8 (1 +x2) . Suy ra bi€u thic cia a (x).

b) Ching minh ring nfu a (x) théa man didu kién a (0) = 0
thi tich phan mat I bang tich phan dudng

J = J- 2x* (x% +3) yzdx _ x(x*+ 8)zdy
L 1 -l-x2)2 1+%2
Tinh tich phan dy n&u L la dudng tron x = cost, y = sint,
z = 1 theo chidu t ting.

23. Tinh tich phan dudng
1= [@?+2) dx + (2 +xP) dy + (* +3) dz,
L

L 1a giao tuyén cda cdc mit x% + y2 + 2% = 2ay, x% + y2 = Zby,
z>0,a>b >0, huéng di trén L 14 nguge chidu kim déng hé né&u
nhin tit phia z > 0. Ki€fm tra lai két qud bing c4ich 4p dung dinh
1i Stokes.

24. Tinh cdc tich phan dudng

a) [(y+z)dx +(z +x)dy +(x +y)dz, L 1a giao tuyén cda cac

L
2 2 g2
X z x y 2z .
mit ?+§+§= 1; ;+E +E= 1, huéng di trén L la nguge
chiéu kim d6ng hé n&u nhin ti phia z > 0.
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b} J2xyzzdx+2x2yzdy+(x2y2 ~2z)dz, L la dudng x = cost,
L
= —2-—sin t, z=-%sint huéng theo chiéu ting cla t;

) J(y—z)dx+(z—x)dy+(x-y)dz, L 13 giao tuyén ella cac mat
L

x2 + y? = 5%, £+§=1, a >0, b >0, huéng di trén L 1a ngude chidu
a
kim dong hd néu nhin t phia z > 0:

d) _[(yz —z8)dx +(2? - x")dy +(x* — y*)dz,
L

L. 1a giao tuyén cla bién cia hinh l4p phudng

{x,y,2): 0<x<a, O0O<y<a, O<z<a}
véi mit phdng x +y+ 2z = %, huéng di trén L 13 ngugde chidu kim
dong hé né&u nhin ti phia z > 0.
25. Chiing minh cac céng thie
L =L
a} div(gF)=grad(g).F+g.divF;
i -
b) div(G A F)=F.1otG - G.1otF ;
e
c) rot(gF)=gradg A F+g.rotF.

26. Ching minh ring cic trudng vecto sau day la nhing
truong the. Tim ham s& thé vi cta trudng

-X

a) F(x,y)ze_xl:—l——ln(x+y):’_i.+ © 3 ;
X+y X+y

b) F(x,y,z)=yz(2x+y+z)f+zx(2y+z+x)} +xy(2z+x+y) E;
o) F(x,y,z):(y+z)i_+(z+x)]+(x+y)12.

27. Tinh théng lugng cla cic trudng vecto
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a) F(x,y,2z)=xyi+yz)+zxk qua phin S clia mit cdu
X>+y*+z?=R? x20, y20, z 20, hudng ra ngoai;

b) F(X,Y, Z)=X31+y33+231; gua mit cdu S ¢é phuong trinh
x? + y? + z? = x, hudng ra ngoai;

¢) F(x,y,2)=xi+yj+zk qua phén 8 cta mit ciu

z= 1—\Hx2 +y2 , 220 hudng lén trén.

28. Chitng minh ring

a) N&u F(x,y,2)=P(x,y,2)i + Q(x,,2)] + R(x,y, 2k

P, Q, R 14 ciac dao ham riéng cap hai lién tue, thi
div(rotd) = 0 |

b) néu f(x, y, 2) ¢6 cac dao ham riéng cap hai lién tuc thi
rot(gradf) = 0.

29, Cho vects

F(x,y,2) =xf(0)1 + yi(r)] + 22£(r)k ,

trong d6 r = ﬂxz +y2 . Tim ham s& f € tén tai mét veetd G sao
cho F=;§.G , bi&t ring f(1) = 1. Tim mot bifu thdc cha chc thanh
phin cla G bit ring thanh phin thd ba cfia né bing khang.
30. Tinh c6ng caa lyc
F =(y+zﬁ+(z+x)3+(x+y)l§
doc theo cung bé nhit cia dudng tron 16n ctia mat ciu x> + y* + 22 = 26
ndi cac diém M(3, 4; 0) va N(0, 0, 5).

31. M la diém ¢6 toa 49 (x, v, z). Diat OM =r. Tim_ll)ém 88 f(r)
thoa min diéu kién f(1) = 1 sao cho trudsng vectd f(r).OM c6 théng
lugng bao toan. Tinh théng lugng cha trudng vects 4y qua mit
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cdu 8 tdm O ban kinh R huéng ra ngoai. Cé thé ap dung djnh I
Ostrogradsky 4 tinh théng lugng 8y duge khéng?

B- LOI GIAI

1. a) Phuong trinh cGa duong thing AB 13 y=§x, do dé

3
= —.Va
¥y 4 Ly

4 4
3 9 5rx 5
(x-y)ds= |[{(x——x),f1+—dx=— | =dx=—.
th 5[ 4 16 4.4 2
b) Ta cé

I= Ixyds= J' xyds + I xyds + jxyds+ Ixyds .
L BC AD

AB DC

Trén doan AB ta ¢6 y = 0, do dé Ixyds= 0. Ciing nhu vay
AB

Ixyds = 0. Trén doan BC, ta cé x = 4, ds = dy, vay
AD

2z ) 5
B{xyds=é[4ydy=2y |0=8.

Trén doan DC ta cé6 y = 2, ds = dx, vay
. 4
Ixyds= _|‘2:~ccix=le4 =16.
Do 1] ¢
Do do6

1=8+ 16 = 24.
c) Ta cé

I= I(xz +yt)ds= J.(x2 +y)ds + I(x2 +y3)ds + I(x2+ y2)ds
. L 0A BA BO

242 16.8TTCCT3-B
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Trén doan QA tacéy =x, dodé y =1,ds = J1+1dx, vay

' 1 !
I(x 2 +y2 )ds=«/§ I2x2-dx=\/§% x> ¥ .
QA 0 0

Trén doan BA tacéy =1, do 46 ds = dx, vay

1 3
_[(x2+y2)ds = _[ (x2+1)dx = 2[33-”(]

BA —i

1

0

Trén doan BO tacéy = —x, do d6 y' = -1, ds = f1+1dx, Vay

0
I(x +y )ds I-\/_szdx \35 3 &

-1 3

Do dé

4\/§+8 4(J— 2.

1=

d) Trudc hé&t ta nhin xét réing dudng axtrdit L nhan cac truc
Ox, Oy lam tryuc d61 xdng va ham s8 duéi d4u tich phin khéng 4di
néu ta thay (x, y) bdi (-x, y) ho#c bdi (—x, —y) hoic bdi (x, -y), do
d6 néu goi L, 1a phdn cha L nim trong géc phdn tu thit nhat thi

I= _[(x‘”3 ‘”3)ds =4 I(x‘”g’ ‘”3)ds Phuong trinh tham s§

cua dudng axtréit x3 +y

X = acos’t, y=asin®t.

Do dé
x' = —3acos’tsint,  y' = 3asin®tcost ,
ds = x'2 +y'%dt= 3alsint cost|dt .
Vay
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F

2
I= 4_{51‘”3(&:;54 t+sin” t)3a sint cos tdt
1]
il

72
12a3 I(coss tsint +sin> tcost)dt
o

e 11y &
=12a3(—+—J=4a3‘
6 6

.
12a3 [:lccas6 t+ lsiJ:L6 t]
6 6

0
x?2 v

¢) Phuong trinh tham s8 ctia dudng elip —-2—+b—2=1 la
a

X = acost, ¥y = bsint .
Do 46
X' = —-asint, ¥' = beost .
Vay

3 -
_ EhjsinZt\/aﬁl c;s?.t +b 1+cos 2t
4

dt .
2

ab a? +ab+b?
3 a+b



f) Dudng ecacdidit L nhan truc Ox lam tryc déi xdng. Ham s6
dudi d4u tich phan khong d6i néu ta thay y badng ~y. Do dd néu goi
Li 13 phén cta L nadm trén truc Ox thi

I=J|y| ds=2_ryds
L L1

Phuong trinh cia dudng L 1a r = a (1 + cosp). Lay o lam tham
6, phuong trinh tham s6 cia L 1a

x = a (I + cosp) cosp, v = a(l + cosp) sin ¢

ds = Y1 +r7° dp =a y (1 +cosp)” +sin‘p dp =

aV2(1 +cosp)dp = Za!cosg—| de
Vay

T T
v Aal : LA, = 2 4T . P
I= 4a _([(1 +cosgo)smq7coszdgp = 16a _(’;eos 231n2dga

1
Dat cosg =u, ta cd —*sinﬂdp = du, do dd

272
0 5 2
I= 32a{udu_32a 5|0 = 3

g) Ta cd
x =In (1 +1t%, y = 2arctgt -t + 3
.2t ; 2 142
x=—'_, — - —

1427 7 T 182 1+t

4t% + (1 — t%)?
R J ikl ik 2 MU R W

1 +t%)?
( ) 245



3

.
By
[

_Do do

Jl. 2arctgt —t +3

dt =
0 1+t2

I=

1 1 3r
= tgt)e — = 1In (1 +t4) + = —=1n2 +—
[(arc gt} 2 n(l +t9 3arctgt]0 16 211:12 1

h} Ta co

Do d6

1 1
1 1 3 1
V2yds= [tyl +2+ 60 dt = = ‘\’ 2t d(tP+o) =
_{[ysi ¥ dt 2{ (W+gP+7 d@+5) =

1
2+
1

1 2
E[ 5 dt‘+t2+1+ In (t2 +;+\Itz‘+t2+1)] =
1]

3+2F
8(3\F—1 —3

i) 'I‘acof

s, 2=t
9"

H i_s_v‘! ¥
2t t

x' =1, y = , z =

= VX7 +y 7127 dt = |t+1] dt

X=ty=

ﬁ-t” I,
3

Do dg

LS RF-)

. 13 u
{xyzds=—‘!é§—i]; 7t +1)dt =i3_2— [~1~2§t2 +—12Tt ]:

2,2 2 16Y2
-3 (w1 - T
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j) L la. giao tuyén clia mét ciu x + y2 4 22 = a? c6 tam & gbe
toa d6, ban kinh a va mat phdng x + y + z = 0 di qua gfic toa do.
Do d¢ L 12 m6t dudsng tron 16n clia mét cdu, tdm & glic toa d9, ban
kinh a, né ¢ 46 dai bing 2na.

Ta nhan xét ring L khéng thay déi khi ta hodn vi vong quanh

X, v, z. Do dd Ixzds=jy2ds=jzzds.
L L L

Vay
J‘xzds=l‘|.(x2+y2+z2) ds
L 3L

nhung trén dudng L, ta cd x? + y2 + 2% = a?, do d¢

Vi [ ds bing do dai ctia dudng L.
L

k) Chon x lam tham s6. Phuong trinh tham s6 cia dudng
L la

Do dd

J (2x+a)
ds = 1+ dx =
x 4 (x* + ax)

_ V8x% + 9ax + 2a°

2\):{2 + ax

dx =
247



12
-3 \, (25 + )" - 35 =

i [t G o

- ——n

17a2 9a

35 (2ﬁX+4\{§ +V8x + %ax +2a ) ]0
_ (23818 17 25+4V38, _
w7 (T8 m ) S
2
. 95 + 4y38

= S5eys (100 V88 - 72 ~171n T

2. a) Ta cd

‘4-
]
[
-
|
=
T
o
ot
+
‘4-
I
x]
R,
®
1
]
=
|
)
Q
&



m = lelds,
L

trong d¢ L la dudng x = acost, y = asint, 0 € t < 5. D& thdy ring

néu L, 12 phdn cia dudng L Gng v6i 0 < t < % thi

Vi x’ = ~ agint, ¥’ = acost, ds = adt, nén
z
2

m = 2J alcostdt = 2a? .
0

e) Ta ¢d

m=f x° +y¢ +z¢ds
i,

trong dé L 14 dudng x = cost, y = sint, z = t, 0 < t € 2z,
Nhung

%' = -gint, ¥ = cost, 2’ = 1

ds = V2 dt
Do ddé

2
m = [ V2V +t7 dt =
0

= % [t\(1+t2+ln(t+\'1+t2):|2n =
= _\fizt [27r'dl+4.7£2+ln(27r+111+4,n2) ] _
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ot
_n'.%_ o'

3. a) Goi G 14 trong tAm ciia dudng L ¢6 phuong trinh
x = a{t - sint), ¥ = a(l - cost), O<tsm. .

Vi L 12 dudng déng chit, ¢6 thé xem nhu khéi lugng riéng chaa
16 p(x, y) = 1. Do d6 céc toa dd ctia G duge cho bai |

1
Xoa = — |xds, y0=L Jyds,
m L Im L

trong dé
m = jds.
L

5 p 5. .t
Ta co ds = 1,/5\‘4(1—{:051:)‘2 +a’ sm2tdt:2a'sm§dt.

Do d6
m= 2ajsin—t-dt=—4aws ¢ =4a,
2 2
o 0
1

X; = = xds=—1— J-a(t—sint)Qasinidt=
4a } da ; 2

bo |

= jtsmidt-jsintsinidt =
| 0 2 0 2

-

-2t ccrs1
2

6]

A T.oat  t
+2|cos—dt~- 2 [sin? - cos —dt
A UI 2 ! "%y }

f

B o
= élsini—isin?’E =E(4—§-):f.1.5,
| 2 3 2], 22 3 3

Vo = 1 Iyds =—1~ Ia(l—cos t)?.asinldt =
4a 7 4a 2
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*r
24

b) Pudng déng chit L ¢ phuong trinh x = acost, y = asint,

X' = —asint, y' = acost, ds = adt

Ids = a’]dt =ma ,
L 0

n

Iyds =a’ Isin tdt = a2(-cost) " 2a% .
L 0 ' 0

Do db

22 2a
Yo =& — % -
a b3

¢) Puong ddng chat L trong khong gian ¢é phutong trinh
X = acost, y = asint, z = bt, 0<t<n.
Ta cb

x' = -asint, ¥’ = acost, z=b.

ds = 1,}32 +b_2dt .

Do do

0 <t < 7 nhan Oy lam trye d8i xdng, nén trong tim Gcla né ndm
trén Oy, tic la x; = 0. Ta chi phai tinh yg. Ta cé
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I(is=1,,‘a12+b2 ]dt=n1/ag+b2 ,
L 0

des;wfa2+b2 ]acostdt:O ,
i 0

T 0
jycls = 1|faz+b2 Ia sintdt =a 1,,‘a2+b2 cost| =
L 0 T

= 2aaZ+b? |
T 2 |z
| s =vaZ +p2 J‘btdt=b\/a2 +b2 t?
0
L i 0

= -;—b \}az+b2 n? .

b
Vﬁy XG=O! YG= _2_a"l ZG:ﬂ_-
yis 2

4.a) Tacd

[= [ec-y)ldxr(x+y)dy= [-y)tdx+(x+y)idy +
ABC AB

+ j(x-y)zdx+(x+y)2dy =1, +1,.
BC

Trén doan thing ABta c6 y = x, dy = dx, do d6

2

4 3
SRy EEY

2 4
I, = _[4x2dx=—~x3
5 3 0 3 3

Trén doan thing BCtacdy=4-x,dy = -dx, do d6

64

2

_ , T1 . t
I, = ![(QX-‘Q —16]dX—[E(2x—4) —lﬁx] =3
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b) Parabén v = 2x — x2 ¢t truc Ox tai hai diém x =0, x = 2.
Tacé dy=(2 - 2x)dx, do dd

9
= Jydx ~ (y+x2)dy = I[(Zx—xz) ~2%(2 - 20)Kx =
L Q

2
= j(3x2—2x)dx=[x3—x2]2=8—4=4.
0
c) Trén dudngy={(x - DIn{x + 1) ,tacd
dy = [—X—_—l-ﬂn(x +1)]dx
x+1

Do doé

st
1l

j' Vxdy—vx la(x+1)dx =

—
AB

el
J‘J—x 1dx ‘

x+1

)

+ln(x + 1)]4; In(x +1)}dx =

dat x = t?%, ta duge:

1 2 1
[ = tT_-l—2t2d1=2 12m2+ﬂ52-_ dt =
ot +1 0 L+t

1
———2t+23rctgt] =:t~—132. _

0

d) Phuong trinh ctia dudng L 1
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ot
R

_ ix nfu<x <l
¥ 2—-x nful<x<?2.

Do ds
1
I(x2+y2)dx+(x2—yz)dy= j2x“dx +
L 0

+ T[L2+(2~x)2- (x*-(2- x)ZJ]dx =
1

1 2 alt 3|2
= 2J’x2dx+2j(2—x)‘dx=2" -2(2'3) s
] ; 3], 38 | 38

e) Trén dudng L, ta c6
X = a{t - sint), y = a(l —cost) ,
dx = a(l - cost)dt, dy = asintdt .
Do dé

,[(2& -y)dx+xdy =
L

Zn
I[az(l +cost)(1-cost) +a’(t-sint)sint)dt =
4]

2x 2x
a’ Jt sintdt = a’[— tcos 1:|:_'r + Jcos tdt:' =-2na?.
1] 1]

2 2

f) Phuong trinh tham s8 clia elip x_2+y_2=1 l1a
a“ b

X = acost, y = bsint .
Dodé  dx =-asintdt, dy = beostdt .
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M=,

e
g,

Vay

[x+y)dx+(x-y)dy =
L

)

Zn
j[(acost +bsint)~asint}+(acots-bsint)bcostidt =
[\]

2n 2 2
f(ab cos 2t — & -;b sin2t)di=
0

. 9 9 2n

absin2t a“+b” cosZt

= + = 0.
2 "2 2 o

g) Phuong trinh tham s& cta nita dudng tron x* + (y - 1)) =1
véphiax201la

Xx=cost, y=1+sint, £t=

bo| A

T
5"
Do dé

j —2xydx+(x2—y2)dy -

X2+y2

gy

AB

Ly——

2cost(1+sint)sint+((:052t—1—sin2t—2sint)costdt =0
cos?t +(1+sint)?

r

3| a

Vi tli 86 ctia biu thtc duéi dau tich phan bing
sin®tcost + cos®t — cost = cost ~ cost = 0.
h) Dat Jx =t, phudng trinh tham s6 cla cung OA la

x=t%, y=2t-t% 0<t<2 Tacb
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. Q:?:L %

6_[;dy+1 dx = f[zt (1- Qtl—&:%]dt

2

2t — 4
[et?-28 -2t +4+ ydt =
0 1+¢2

t

2, 1 2
[_ta__t4_t2+4t+1n(1+1;2)-—4arctgt] =
3 2 0

i

.

=3 + Inb ~ 4arctg? .

1
i} Trén dudng parabén y2 =2x+1ltacox = 2 (y2 - 1)
dx = ydy. Do dd

B T 4y'dy y*dy
I_-Ix 2432 L(y2+1)2— J(1+y2)2

d6i bién s6 y = tgp, ta duge Ay

3 | /

I = -8 [sinfpdp =
0

"

|
¥

>< \

5. a) Trén dudng 2x +y = 2, ta .

w S

y =2~ 2x, dy = -2dx, do d6 Hinh 65

j (xy — 1) dx +x%ydy = j[x(z 2x)-—1—2x2(2 ~2x)]dx =
AB
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0
= {(4x3—§x2+2§z-—1)dx = [x4~2x3+x2-1]:= i.

2
b) Trén dudng 4x + y° = 4, ta o6 x = 1 -, do d6

.
dx:——;ydy
Vay f(xy-* 1dx +x ydy =
2
=!{-}2“[(l—ﬁ)y—l]yﬂl—y{)%}dy=
FoR Yy Y.y
=l (-Z*Erety ey -
2
y ¥ ¥y ¥y 8
=tz 2o =
Y ¥ ¥y 832 2 4 4 17
- [t 85 6  4lo-3" 523315

¢) Phuong trinh tham s6 cia dudng elip x° +

di€m A (1, 0), B (0, 2) theo chiéu duong la

x=cost,y=2sint,0st$%

Vay

_[ (xy —'1) dx +x2ydy =
AB

17 BTTCCTI-A . 2567



R
LT

S wn

[(2smt cost —~ 1) (— smt) +4cos3tsmt] dt =

3| H

= _[ ( — 2sin® t cost + sint + doos’t sint) dt =
0

w!rh

2
sin’t — cost — eos"t] 2= —5 +2 =

Il
I_I
mlm

6. a) Hai dudng y = x° va x = y?
cAt nhau tai hai di€m O (0, 0) va
1 R A A (1, 1) (h.66). Doc theo cung OBA,
tacd y = x%, dy = 2xdx, do d6

LZq—x)dx+(x +yh)dy =

L] I T N N T I A pppny

B OBA
1
= > = _[[2x3—x2+2(x+x4)x]dx =
0
1
Hinh 66 = [@ +2® +x)ax =
0

=. [§x6+ix +%x3] =

Doe theo cung OCA, ta cd x = y , dx = 2ydy, do dd

o:i.-.:

,ﬂhy—xz)dr*(x +9dy = (1P -y 2y +2y2dy =
ACO 1

17

- [ -aprapay = [4y -2y o2y - -2

258 17.BTTCCT3-B



Vay

T 17 1
_ 2 _ LA 1
—_][:(2xy x%)dx + (x +y%) dy 6 15~ 30

Coéng thde Green che ta
ff [ | )——(2xy +%)] dxdy

trong dé D 1a mién gidi han bdi duimg L. Vay

1 ¥z '
= If(l —2x)dxdy = Idxf (1 -2x)dy =
D o ¥

1 1
= J-[y—2xy]y=\!§ J-(Vl_ - 2x¥x —x° +2x3)dx e
0 yEx 0
2 : 2 g 1 1
X 1
=[5 2 5 -+ = 5

b) Phuong trinh tham s6 cta dudng tron x> + y° = 1 &
X =cost, y=sint, -~z st<a

Viy

1= [@-ydx+@B+yHdy =
1 _
= f [ (2cos’t — sin’t) (~sint) + (cos’t + sin’t) cost] dt =

ki3
= | (—2cosPtsint + sin’ + cos't + sin’ cost) dt =
-
259



n ‘'R
= I(sin4 t+cos* t)dt = 2I(sin4t+cos4t)dt :
-1 o

Vi —2cos’tsint va sindtcost 1a nhilng ham s& 1&, con sin't va
cos’t 12 nhitng ham s6 chdn. Ta lai ¢é

.4

n T2
j’ (sin* t + cos* t)dt=2j'(sin* t+cos* t)dt =
o 0

L3

= 4fsin‘tar=a 3 1 X 37
f Y122
4 2

Né&u ap dung céng thidc Green, ta dudge:
I= x*+y*)- ( 2x® - 3)]dxcly=3 (x? + y*)dxd
[ttt oy = e+ oy

trong d6 D 12 mién gisi han béi dudng tron L. Chuyén sang toa dd
cuc, ta duge:

311‘

1= 3Jd<pj qdr = 32n 1 -

¢) Trén OA, y=0,dy =0, do db

i 3 1
' I
I(x2+y2)dx+(x2_y2)dy :Ixzdx :%‘ = 3

OA 0 0

Trén ABtacéx+y=1hayy=1~x,dy =-dx, do dé
0 .
I(x2+y2)dx+(x2— yz)dy = J-{x2+(1—x)2-x2+(l—x)2}dx =
AR I
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A

1§ ’ 2 0
=2{0-x)%dx = -=(1-x)*
1J’(l x)Pdx = = 2(x)

1 3

Trén OB tacéx =0, dx =0, do dé

0
3
I(x +y )dx+(x ¥ )dy = j‘yzdy = —y3 = %
BO 1
Vay
J‘(x2 +yHdx +(x” -—yﬁdy:%——z— +%=O

DABO

Pit Px, v) = x* + %, Q(x, ¥) = x* -y~ Goi D 1a mién tam giac
giél han bdi dudng OABO. Cong thic Green cho ta

I = H[—-————-]dxdy ﬂ'z(x y)dxdy

2jdxlf(x yidy= QI xy—ryz]y=l_xdx =

L 2] ~ 2 3 3 1
ZI{x(l—x)—(l—X) dx-_-g{x__f__‘_(l—)() ]
0 2 ) o

= 2[1—1] =0,
6 6

7.a) Bat P(x, y) = —xy[x+ ) Qx,y}= xy(2 ].Tacé

oQ g OP 2
==Xy + YT —=—-X" —Xy.
YT y

Ap dung coéng thic Green, ta ditge:
) 261



I= !xyI:— (x+§-)dx+(§+y)dy]= _U(x2+2xy+y2)dxdy ,
L )3l

v, D la mién tam gisc gisi
2[ _____ C han bdi L, (hinh 67). Phuong

trinh cha céc dudng thing AB,
. AC theo tht ty la y = -1 — X,
¥y=1+x Taco
A - 1 I+x
= 0 1 X I= Idx I(x2+2xy+y2)dy =
) -1 ~{1+x)
\ 1 1+x :
= |dx ((x*+ yH)dy =
2-----= B '[ I

-1 —{1+x)

. . 1 1+x
2. 2
=2 (4 .
Hinh 67 2 Jl. xéf(" Y7y

Vi 56 hang 2xy 1a I8 d6i véi y, con cac s6 hang x% y?1a chén
dé&i véi y. Do &6

! 1

I=2|x%y+=y?
[oege]
i

1
=aflx2e i lax 423X s
3 137 734,

¢

y=l+x

1 _
dxzzj'[xz(1+x)+%(1+x)3}dx
-1

¥=0

b) ABC la duong g&p khidc khéng kin. Ta cé

I= IQ(XZ +y2)dx +(4y+3)xdy =
ABC

= J2(x2 +y8)dx +(4y +3)xdy ~
ABCA

- I?(x2 +yH)dx + (4y +3)xdy .
CA
262



Nhung doc theo doan théng CA ta

¢6 x = 0, do &6 dx = 0. vi vay 1
JZ(x2+y2)dx +{4y+3)xdy=0 2|C

CA .

do da:
o dé | . B
I= J’ 2x? + y2)dx + (4y +3)xdy :
ABCA

ABCA la dudng gip khiuc kin. Goi Al 1 X
D 14 mién tam giac giéi han boi dusng Hinh 68
dé. bat

P, vy =2(x*+¥9), Qx,y)=@y+3)x,

@ R
o

By

Theo céng thic Green, ta dugce:
= Y &-Z= =3 :
1 J]; x 2y dedy _][)Idxdy

Nhung ﬂdxdy bing dién tich mién tam giac D, vay I=3.
D

¢) bat
P, y)=xy+x+y, Qx,y)=xy+x-y.
Ta co

.@B:xq.]_; _.aﬁ=y+1 -
ox

oy
Ap dung coéng thitc Green vio tich phan dudng

I= j'de+-Qdy . ta dudc
1L .
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= J-I(y—x) dxdy
D

trong d6 D la mién trdon gidi han bdi dudng L. Chuyén sang toa d¢

cye, phuong trinh cla dudng tron L 14 r = acosp, =

b
5 < ps< 5 Ta

dudc

14

i 4
2 acosy . ' 2 r}
I=_[ d@_l- r? (sing —cosp) dr = J‘(smtp cosg))[ ]de:
Sz 0 _= °
2 2
z
2a3
=J. E(singa —cosp) cos’p dp =
"2
ELs
2
—23 feostpap= 22 3 1 x _ _m2
! Sedp= = 1228
d) Dat
x
Py =y @+, Quy =x @ +3 _
Ta ed
o _ L O
ay = " 8xy? , = - X +3 x%y

Theo coHng thie Green, ta cd

J'de+Qd = j’j(

—-—) dxdy ,

ox

D la mién tron gigi han bdi dudng L. Vay
264



1= fj (x> + 8x%y + 3xy? +y°) dxdy = _U (x +y) dxdy
D D

Chuyén sang toa db cuc, ta duge

il
2 2cosp

I= J‘ dgo.{[ (cosp +sing)® ridr =

]

ra |

E
2 r5 \
= _[r (cosp + sing)> [g] ;ms'p dp =
2
1
2

25
5 (cosp + singo)3 coss(,od(p =

l
va |85

i
o0 2

5 I (0053(p + 3cosgosin2(p) cossgpd(p =
0

i 3
96 2 _
=5 I(3coséga—'2cosggo) dp =
8]
20 5 3 1 75 38 1l,nx Bx
-5 (361322582222
8. Ta cd
¥ oy
P(x,y)»l—xzmsx
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o
RN 48
.‘.;}K\ g

R

Qx, y) = sinl-klcosg—‘
X

X X
" Do dé

. L2

ay x2 D 4 XS X ox ’

. eP & N
Cac ham s8 P(x, y), Q(x, v}, _\—,% déu lién tuec ¥x = 0. Do
oy

dé tich phan duong
Ide+Qdy
—
AB
doc theo moi dudng ndi hai di€m A, B khéng cdt truc Oy déu bing

nhau. D€ tinh tich phan 4y ta chon dudng 1y tich phén 1A doan
thing néi AB. Doe theo doan théng dé ta co y = n,-do dé dy =0, vay

2

2
Ide+Qdy= J‘ l—ir—z—cm‘.E dx =
1 x X
)
r - 2 .
= x+:rrsin—} =n+1,.
L X0
9. Dat
2 2 2,2 2 3
P(x,y)= &Y )23’( )% +2Y‘12‘,
Xy ¥ X
2, 2002 L2 I 3
Iyt = R
Qex, y) = &2 )(; s )zjy—+2xﬁ"—2;
Xy X ¥
Ta cé
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aQ ,

Cac ham sd P(x, v}, Qx, v), 2—, . lién tuc tai moi diém

(%, y) thoa min diéu kién xy # 0. Do dé tich phéin duong
| }' Pdx + Qdy
dogc theo moi dudng khéng cit hai truc toa d6 chi phu thude hai
diém mut. Cung AB xac dinh bdi
x=t+cos’t, y=1+sin’t, 0<tg 1:2-
nam tron trong ééc phan tu th@ nhat, kh(”)ng cﬁt cac trl,lé toa 49,

.2 p L . A o2 , ar 4
diém Aang v8it =0, né6cotoa dd (1, 1), diéem Bung véi t = E, noé

co toa do (-g—, 2). Theo két qua trén, ta cé

J‘de+Qd'y = Ide+Qdy

— AIB
AB

trong d6 AIB la duong gép khic gom doan Al song song vdi Oy va
doan IB song song véi Ox (h.69). Doc theo Al,tac6x=1, dx=0

~ )v\
Vay
. 2 1 B
[Pdx+Qdy= J‘[syhz-i?_]dy_ = !
Al 1 ¥y : .
1 .
2 2 9 2 - A 1
=[ya+2y+i} 6Tt 25 o
vh y |} 2 ! :
I
Doc theo IB, tacé v = 2, dy =0, 0 1 A %
do do: Hinh 69 . 2
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oy
FAC

XX+42 5 @*+162 25
- )| - _ 2

2x |, 167 2
Vay |
2 2
10. Dat
P{x,y) = (x +a) {y + b)* + (n ~ m) by + may
Qx,y) =(x+a)? (y +b) +2 (n -1} ax
Ta cd
aP .
% = 2({x +a)(y+b)+(n—m)b-_l-ma
2—3 = 2(x+a) (y+b) +2(n—1)a

9P o :
Cdc ham s0 P, Q, a_ég lién tuec V¥ (x, ¥y} € R’ . Didu kién At

6 va db dé tich phan dudng )

[ Pax + Qdy = 0
L

vdi moi duting kin L 1a

99 _
ax By
-hay' ma+n-mlb=2mn--1)a

Diéu d6 dang vai moi gid tri cha a, b, vi v4y ta o6

m = 2n - 2

n-m=20
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& o
208

[

Do d¢

11. a) Ta cd
Pz, y) = x* - 2xy* + 3
Q& y =y -2y +3

®_ A
oy YT

Do d6 Pdx + Qdy 1 vi phan toan phén cha moét ham s& u (x, ¥)
ap
niao dd. Vi P, Q, 5; . % lién tuc trén Rz, nén ham sf u duge cho

bdi cong thie
x ¥ '
uxy) = IP(x,yO)dx+ _[ Qxydy + C
x Y

[+4 a

trong d6 x_, y, 12 nhimg s6 ¢6 dinh nao ddé, C la hang sb tuy ¥.
Chon x =y, = 0, ta duge

uxy) = J(x2+3)dx + f (y2 — 2x%y +3)dy +C =
0 0

3 *
= 53— +3x+§—x2y2+3y+0 =

¥ +y

3

+3(x+y) -x¥*+C .

o . s o U 2 2
Chii thich : Ta cd thé tim u (x, y) biét Pl —2xy” +3,

du 2 2
— = y“ —2x"y + 3 nhu sau :
dy
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ot
n'.Qa‘s

3

a .
Degx‘i = x* —2xy? + 3, ta duge u &, y) = % — X% +3x +¢ (y)

trong dd Q (y) 14 mot ham s6 kha vi tuy ¥. T d6 ta duge
oy = —2x%y + ¢'(y)

Ju .
So sdnh vdi bi€u thie cia o & trén, ta duge

o) =y +3
Do do
y3
ey = §-+3y + G, C 1a hing s8 tiy y. Vay

3
u = %——xz_y2+3x +'y§3-_|-3y+C

= X3;y3+3(x+y)—x2y2+C .
b) Ta ¢8
P(x,y):Zx;Sxyz+2y
Q (x, y) = 2x - 3x%y + 2y
%.z —Gxy +2 = %g
Vay Pdx + Qdy 1a vi ﬁhan toan phén cia mot ham s6 u (x, ¥}

aP @
nao dé. VI P, Q, 5}- s FxQ- lién tue trén Rz, nén ta duge

X
u(x,y) = _f 2xdx + JX (2x —3x%y +2y)dy +C =
270 0 °



. 3 »
= x4+ 2xy — E'xzy2 ~+ y2 +C
trong d6 C 1a hdng &6 tuy ¥

c) Ta cd
Py = JH'3’(+'cos (x -y
Q &, y) =-'x+y—c.os x-y)+2

9P

x- I 9Q
oy = ° I+Y + sin(x —y) = —

Do d6 Pdx + Qdy 1A vi phén ctia moét ham &8 u (x, y) nio do.
P R

Céc ham s§ P, Q, — ; — lién tuc trén Rz, ta o6
] dy = ox
X ¥
u(xy) = _’.(e"+oosx)dx+'[ [e"+3'—cos(x—y)+2] dy +C =
Q ]
= [e"+sinx]x+ [e"+y +sin(x—y)+2y:|y +C =
o o
= X +sinx +e* Y —e +sin(x —y) —simx +2y + C =
= &MY +sin(x—y)+2y + C ..
d) Ta cd _
Pix,y)=e""x-y+2)+y]
Qx y=¢e[ x~y+1]
3 ='e"{ey(x'—y+2-1)+1] Q _ Fld -y +1+N
Ay ™

2m



Do ds ;P Q , Pdx + Qdy la vi phin toan phédn cfia mét ham
y &

apP
88 u(x, y} nao d6. Cac ham s§ P, Q, %}7 %9_ lién tuc trén R?, vay
X

ulx, y) = Ie‘(x+2)dx+]e"[e-"(x-y)+1]dy+C =

[}

1

e{x+2)‘ j"dx+e e'(x- y)‘ Ie dy+y |+C=

Sef{x+2)-2 -e*+1 +'e"[e-"(x—y)--—_x +e'-1+y}+C=

elle’(x-y+ 1} +y]+C

trong d6 C' = C + 1 cing 1a mdt hing s6 tuy y. .
e} Ta cd
x
P(X, }’) - 2 »
x“+y
2 2

-—x -_—
Qx, y) = =y,

Xx“+y°
é 2xy

& ey

2Q_ %+ y")20-(-x-yhex

ox (x% +y?)?
S @
(x +y2yE dy

Do dé Pdx + Qdy la vi phén toan phin ctia mét ham 88 u(x, y)
nao d6. Ham s& u 4y théa min phuong trinh
272



i

X

LY
% x24y?
Do d6

xdx

1
ux,.y) = _[ Zay? =§1n(x2 +y3)+1£(y),

trong d6 f(y) 1a mét ham s6 nao 46 cha bién 5§ y ma ta s& xac
dinh. T d6 suy ra

ou y

—= +1'(y).
oy x2 +y2 d

So sanh véi

cu 1¥x2wy2_ ¥

- =¥ = b
oy )(2+y2 )(2+y2
ta dudc fiyy=-vy.
Do dé
y* ~
f(y) =—? + C, C1a hang sé tuy ¥. Vay
1 2 2, ¥ -
ulx, v} = =In(x“ + -=— +C,
(x, ) 2 ( y©) 2
12. Ta co
X-y
P, y) = —/——5—,
O S a0 &
X+y
Qx, )= ————,
(X2+y2)m

P -y --ymxE4yBy™ oy -
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s

_ -G +y’) ~omy(x~y) _
- (2 +yym 1 -
Q_ @@ty med +yhP Tl
x (2 4y B
_ (X +7) - 2mx (x +7)
S @yt

aP 9
Cdc ham s8 P, Q, -8? . aQ lién tye ¥ (x, ¥} = (0, 0). Do d¢ trong

moi mién don lién khéng chia gbe toa dg, didu kién 4t o va da dg
Pdx + Qdy la vi phan toan phéin cta mot ham &6 u (x, ¥) nao dd la

® _ %
oy ox
hay |
- (2 +y%) —2my(x —y) = (x? +y%) ~ 2mx (x +y)
hay
262 +y) =2m (F+xy-xy+y°) = 2m 2 +y?)
Do dd

m=1
V8im = 1, ta cd

_Eoydxt@x+y)dy
x2+y2

P(x,y)dx +Q (x, y) dy

xdx+ydy+xdy—-ydx_

):2+y2 x2+y2

S T I y
=d (2ln(x +y)) + d (arctg )
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Vay v6i m = 1, Pdx + Qdy la vi phan toan phfn ctia ham s8
! .
ulx, y) = Eln(x?' +y2) +arctg§ +C

C la héng s6 tuy ¥ .

ax2+2xy+y2

o +5%)
x% + 2xy + by?
@ +y?)?

13.Tacd Py =

Q) = -

Do do

Py 2ty) -ty +yh 2@ ryH 2y _
oy (=2 +y%)?*

&2%)’2_)3 [x3 - 3xy? + (1 - 2a) x%y —y3]

A I+y2)22 (x +y) —(x* +2zy +by?) 2(x2 +y9) 2x
ox (= +y B

[x3 +(2b — 1) xy? + 3x%y —y3]

(xz + y2)3

oP 8Q

Céc ham s8 P, Q, 5y’ ox
moi mién don lién khéng chifa géc toa d6, didu kién 4t o va di d€
Pdx + Qdy 14 vi phan toan phén cia mdt ham s6 u (z, y) nao d¢ la

b 9
by X
Bang cach d6ng nh&t hé s6, ta suy ra

lién tuc V (x, y) # (0, 0). Do dd trong

2b-1=-3=b=-1
1-2a=8=43=-1
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1.
R
o

Tém lai, bigu thudc

2y +y? 2P+ 2y -y
(x? +y%)? =7 +y%

la vi phan toan phén cia mét ham s6 u (x, y) ndo d6. Ta cd

dy

= 2 + 2zy +y?2
N o
Do d¢
~x% + 2xy +y° —2x% + 2xy + (%% +y%)
uxy) = .[ 2 2 = .[ 2 2
(x? +y%) & +y?)
- _2x%dx f 2xdx J-
R A R A
Nhung
i 2x%dx | 2xdx x [ dx
e S . = —
o + ) o +y9)? 4y 24y
2xdx X =y
Dods u(xy)=—-5—35+ J = -5+
b4 +y x +y) X" +y

1

trong ddé f(y) 12 mdt ham s8 ma ta sé& xdc dinh. Tt dd ta co

u - +y) -(x-y) 2y x2 + 2xy ~ y?
— +f + f
w o +y?y? DTy ¥
So sanh véi didu d& bist
du _x2 + 2xy —y2
@y

ta duge £'(y) = 0, do d6 £(y) = C, C 1a hang s6 tiy ¥.
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L.U.(
K3
e,

x2 +y2

Vay u(xy) = +C .

2 2 3
y(-x +ay’) _ Yoyx tay
A+ +y)r QA+l

14. Ta cd P (xy) =

x(1 —y% +Bx%) : x —xy° + %3
(1 +x2+y)?  (L+2?+y

Qx.y)=

Do dd

P (P (L x4 80— P +ay) 21+ 2y

9y (1 +x% +y%!
1 ~x*+3(a +1)x%r2 + 3(a --*l)yz—o:y4
(1 +x* +y%°
3Q (L ++yH’( “y? +38x%) — (x —xy? + 2 2(1 +x* +y) 2x
ox ) |
_143@ -2 -t +3(8+ 1)x2y? -yt
- 1 +x? +y2)3
P
Cac ham s6 P, Q, %; . 2—3 lién tuc trén R’. Do d6 mudn cho tich
phéan dudng
J Pax + Qdy
L

Khong phu thude vao dudng L, diéu kidn cén va di 1a
% _ N
3y  &x

P

aQ '
ayv& ax,taduqc a=8=1

d6ng nh&t cac hé s6 trong



Vi a=f=1 , tich phan' duimg

S Pdx + Qdy khong phu thusc L. Dé tinh
L
tich phan 4y ti A(0,0) dén B(a,b), ta chon b

duong ldy tich phén 1 doan thing ndi AB.

Phuong trinh cla dwimg thing di qua
A,Bléy=kx,v6ik=§(hinh70).Dodé
dy = kdx. Vay

I = [Pdx +Qdy =
AB

_ ka(l ~ x* + k%x%dx + x(l. = k%2 + x*)kdx _
o (1 +x2 + K2

2kxdx - _k 1 Ia=
[1 + (1 + k2)x2)2 1+k% 1+ 1+ k)20

Il
S Sy

ka? __ 8
1+ (1 +k%)a?2  1+a%+p?

15. Ta co
xdx +ydy = _dGc +y2 4 1)
Do &6
xdx+ydy _ . 1
= 4 ) -

(x2+y22+1)2 _2(x2+y2+1)

Llﬁduﬁngeﬁpx‘2+ 5 = 1, mot dudmg kin, do 6
- Y | b

f de+zdz --=0

2 132
L(x +y2+1)
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og,

® "oy
) -]

B}

168. a) Ta ¢d

dx = dt, dy=2tdt, dz=3t%dt
Do do

f (y2 - zz)dx'+ 2yzdy — x2dz =
L

= [t — t5 +4tf — 3that =

t? 911 1
f0(3t 2t%)d [37_ 2—5]0

b} x:= acost.,y = asint ,z=bt (0 =t < 27 )
dx = —asintdt , dy = acostdt, dz = bdt
Vay
2n
| yax + zdy+ zdz = [ [-a%sin’t + ab(1 + t)costldt =
0

= .f [ —(1 ~ cos2t) + ab(1 + thcost] dt =

a2 sm2t.

; =) + ab(1 + sint + abcost] = _mal.

¢) Truwdc hét ta 14p phuong trinh tham s8 cﬁa duimg L. Thé

y ='xtga vao phuong trinh x2 +-y% + 22 = a?, ta duge
2
X

+ 22 = g2

coser
= acosp , z = asing , y 1a tham s6, ta duge phuong

COoBx
trinh tham s6 cua L.1a.

X. = 8c0Sa COSp ,y = asinacosp ,z = asing , (0 <y =< 27)
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d?éf

Do 46

dx = —acosc sinpdp, dy = —asina singdy, dz = acospdy

280

Dua tich phan dudng da cho vé tich phan xac dinh, ta duoc
27 .

I = a%f [(sinacosp — sing)(— cosasing) + (sing — COSQCoSP) .
0

(-sinasing) + (cosa - si"na_)coszgo]dgo =
%
=a?f (cosa — sina)dy = 2ra? {cosa — sina)
0 : '

2v2 na%in(% -a) -

d) Thé z = 1 — x vao phtmng'trinhx2+,y2 +z2 =1 , ta duge
¥ = 2x(1 - x)
VE phai khéng 4m néu 0 < x < 1 . Pat
gt _ 1+ cost
r=cog'- = = ——
2 2
Do dé
y2 = 2c0s?t sin2t = sin’
2 2.
Suy ra L
vZ
Va z=1-x = L-oost
: 2
Do d6-cac phuong trinh tham s8 cia L 1a
x 1+ . cost sint 1 — cost Tt <
=‘__—_! .=-_-) -z'=‘-—_h’ - - -
.2 y ﬁ -2 .
Vay

J zdx + xdy + ydz =
L



T
ey
80&

2%,

‘F[ 1 — CDSt( sint) ( 1+ r.uost) cost + sin2t:| dt =

b2V 2 2 /vT o 2vE
_ 17 Comfate el mo @
= 2ﬁ_{t(1+cost)dtl- ﬁ{c"?’zdt‘2ﬁ'2’2 =

17. a) Bién S cta hinh 1ap phuong gém sau mét. Dat
5 ={xyz:2=0,0=x=1 0=y=s 1}
S;={(xyz:z=1,0=x=<1,0sy=1}
S, = {(xy2):y=0,0sxs1,0<z<1}
B, ={lxyzi:y=1,0=x=<1,0sz=<1}
S = {xy2):x=0,0=<y=<1,0=<z=1}
Se={xyzh:x=1,0=<y= 1,0525.-1}
TrénmatSl,taoéz=O,d0d6p=q=O,dS=dx.dy‘Vétyn‘e’u

D,={(zxy)€ER?:0<x=<1,0=y=<1},tachd

Jx+y+2d8 = [f(x+y)dxdy = fdxf(x+y)dy =
B : 1 D=, ! ; - 2 x|t

- {(xy+§3x'—’) . dx={(x+§)dx = [—2~+-§]0 = 1.
Trén mit Sy tacéz = 1, dS = dxdy, do db

HJa+y+24dS = [fx+y+ dxdy =

% ff c+yydxdy + ff dxdy = 141 = 2.
D D
Vay [l (x +y+2)dS=31+2)=9
5

b)Trénmatph?xng§+‘§+—z‘,= 1,tach.
z=4—2x—§y
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o,
S

[t

Do do
p=-2q= g')dS v 1+p2-i~q2dxq:ly=—\/;E dxdy.

Hinh chifu cda mit S xufng mat phdng xOy 14 mién D giéi han
b&i céc tryc Ox , Oy va dudmg th&ng§+§= 1. Mién D duge xéc
dinh boi cac bt ddng thic

0=sx=<2,0=syx

MPJCQ

Vay

Ha+ox+ éri)ds- = ff (4-2x - %y +2%+ %y)%xdy -
3

.3 =4vel .

c)’I‘rénmatnénz: X“+vy° ,tach

X
P_'_ Cl_x

2
aS= \/ 1+ x*ﬁ*é " dxdy = vZ dxdy
z

Hinh chiéu cta S xuéng mat phing xOy 14 'mién D giéi han béi
dudmng tron x2 + ¥ = 2ax . Do dé

= [f gz +z=x+ xy)dS= vZ ff V2 + y* (x +¥y) + xyldxdy
s D
chuyén sang toa d9 cuc, ta cb
I=vZ ﬂ [(cosp + sinp) + cospsing] ridrdy

D’ 1a mién trong mat phing (v, ¢) tucmg ung v D . No duge xac
dinh boi cac b4t ding thie

TcpsE,  Osrs2ucosp
_2 ¥ 2:$ P ST = Lacosp



2acosyp

d)Trénmatz=x+y2,taoé
p=1,q=2y,dS=Vl+1+4§ dxdy

Hinh chiéu ctm S xufng miit phing xOy 1a hinh chit nhat D xac
dinh boi

0=<=x=<1,0=sy=2

Do 46
Jf yas = fF yVE T 47 axdy =
S D

1 2
=Idxfﬁy\/1+zy?dy=

= V2. “(1+2y2)2| =—@ :

e) Mat chu S nhan mat phdng z = 0 lam mit phing 6 xing.
Ham s6 dudi d4u tich phan 12 chn d8i v6i z. Do 46 néu goi S 1a phén
cia miit cAu S ndm & trén mit phing z.= 0, ta cd

1= ff (x%2% + 2%%)dS = 2Jf x?22 + 2%%)dS.
8 : 5, 283



Tuphuongtmnhcuamﬁtcﬁux +y2 + 2% = 2% | ta duge
2x+22p=0—i'p'—.—E
z
Tuong tu
q=_l
Z
Do do _
) 24 42 2
1-(b-pz-i-qz=l+X + =—aE, dS=ﬁdxdy

2
z z
Hinh chiéu cia S; 1én m#t phing xOy 13 mién D giéi han béi

duong tron x2 + y2 = a2, Vay
1= 2ff 2267 + y)% dxdy = 2a Jf Va? = 2 — y2 (x + y%)dxdy.
FA
D

Chuyén sang toa 4o cyc, ta duge
2r g
I= 2af dp fVa? - 2 ridr
0 0

b .
T, ta cd dr = acestdt ,

= asint, Ostsg,

Déi bién 8 r =

VaZ — 2 = acost,dodE)
E
f\fa2 — 2 ridr = a5f51n3tm52tdt—

z 0
2 2
= f sindtdt — a® f sin%tdt =
0

2 4 2 2 1 2a®
=g (2.2 8y & L5 28
? (3 53 735" 15
Vay -
245 8mab
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f) Mat S duge cho & hinh 71. Nd gém cb ba miit
Sl={(x,y,z):x2+y2£1,z=0} .
SQ={(x,y,z):x2+y2£1,z=x+1}
83={Gxyz:x*+y"=1,0sz=<x+1}
Tr@nmatsl,taoéz%o,dodé
=ff =8 = [f 048=0
5, S, .
_Tréhma‘_ith,tacéz=x+1,dod6p=l,q=0,vay
dS = V2 dxdy .
Hinh chiéu ctia S xung mat phing xOy la mién D gidi han bdi
dudmg tron x% + y2 = 1. Vi vay
Ip = f zdS = ff (x + 1)v2dxdy
Sy D
Chuyén sang toa 6 cuc, ta duge

2z 1

Ip = vZ f dp [ (rcosp + Lyrdr = ﬂ
o 0

z=1+4x

2t g 1’2 _
r - r=1
=v’2‘_£[3cosg3+—-2—]r=0d.,p =

1 1
5 * )% =

ﬁf(
Q

.— \-’g(—ag %)Iin=7n"§

Con mit Sy nhin mit phing
xOz lam mit phing d&i ximg. Ham | Hinh 71
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e

88 dudi-ddu tich phén 1a chin d6i véi y. Vi vy nfu ng 8’3 1a phén cta
S2 nim trén mit phing xOz, ta ¢o

Is = [[ za8 = 2ff zas
Sa S,3
Phuong trinh cia $'3 13

y= Vi— =2

Do 46 y’x=_—‘;,y; =0

2
£ Ty
as = 1 gxg L
= = 7 = .
y Vl—;

Hinh chiéu cia §’3 1én mit phing 0z 13 mién D’ xac dinh bdi

_lsxsl,0£;5x+l

Da @6
dxds ax  Ft!
= ,U zdS = 2ff 2 2f f zdz =
83 p¥l—-x 1V¥1 —~x20

1 x+1 2
=2flz.‘?.| * dx _f£§+1)
) V1-x2 _1V1—X

T

Datx =sint, ->s<t<>Z. tacs
O - ’. 2— —-23
dx = costdt, V1 — x2 = cost
Vay
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n/‘Z ”/2
Iy = f (sint+ 1)¥dt = [ (sin% + 2sint + 1) dt =
_J'l'& _n&
J'E& )
= ofin2t+ Nat = of % 1.0y 3
o( ) (2 2 2) 2

Cuéi cing ta duge
I1=Jff2d8=1;+Tp+ 3= zr(\/f+g).

8
g Trén mit S ta co

x=4—y2—22
Do do |

x’y = _2Y! x’z = —2Z, ds = mdydz

Hinh chiéu cia mat S xuéng mat phing x = 0 la mién D gidi han
béi dudmg trom y* + 22 = 4. Do d6

I = fl?+22 a8 = fI ¢+ 2B V1 + 45> + 29) dydz
. 5 D
Chuyén sang toa 45 cyc, ta dugc

I

2r 2
Jdp J ¥ V1 + 4% rdr

0 0
DEi bién s6 V1 + 4?2 = u, Tacd

1 + 4% = % = 4rdr = udu

Vay
VT
I=2Jr{E(u4—u2)du=
5 K S gy :
i 4 u u 17 x T
== (E=_= = —(182VIT + 2) = = +
8(5 3)|1 120 ¢ 2) = - (BOLVIT +1).
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18.a) Vip (x,y, z) = z, nén
m = ff =S
5

Trén mit S ta cd

Do d6
p=x, q=yd5 = VI +x?+y% dxdy

Hinh chi€u cia S xufng mit phing xOy la mién D gi6i han béi
dudng tron 22 + y® = 2. Vay

m=f e VITE Ty dxdy
D
Chuyén sang toa 40 cyc, ta duge
12:1' vZ :
m = Ef dp | 2V1+ 2 rdr
0 0

Dat\‘l-!-r?:u.'l‘acér‘?_=u2—1,ndr=udu.V$y

va 5 3. Vg
_ 2,2 {1
m—:r,lfu(u 1)du—:rr(5 3)!1
_ 27(6vV3 + 1)
B 15 '
b) Ta co
m=Lff 8
a g
Trén mat S, ta cd x2+y2+zz=a2. Do dé
2
X a
z 4 =

Hinh chiéu cua mit 8 xuéng mit phing xOy 14 mién tron D giéi
han bdi '
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“p

x2 + y2 = a2 Vay
o1 '
m=—ff z 2 dxdy = [ dxdy = naZ,
ap 2 D
Vi Jf dxdy bang dién tich cda mién D .
D

19. a) Mat S nhén truc Oz lam tryc d&i ximg. Vi mat S déng chat,
nén trong tam G cia né ndm trén truc Oz, tic la

xg =0, ye =0

Chi con phéan tich zg. Trén mit S ta cd

2
Lo g XY
2
Do d5

p=-xq=-ydS = VI +x>+y” dxdy

2 4 42
- . X + -
Phuong trinh ctua giao tuyén cua hai mat z = 2 — 5 Va

z = 013 x2 + y* = 4. Vay hinh chigu ciia S xufng mat phiing xOy la
mién D gi6i han béi dudng tron d6. Vay '

fas = ff VI +xZ+y2 dxdy
. S D
Chuyén sang toa 46 cye, ta duge

[y

21 2
ffas = fdo f VI + P rdr =
i 00

= 27:.":;—‘(1+r2)3@ ‘i = %(5@— 1)

Cung nhur vay, tinh JJ 2a8, ta duge
. R

ff zas = ff 2 -Q_;ﬁ)myz dxdy —
8 D
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n 2 2
= J‘qu J‘(Z - %}j 412 _'rdr.
L] 0

D01 bién sd \f1+r2- =u, ta duge r? = u? - 1, rdr = udu, do d6

Vs 2 Js
_Uzds =2n j[g - %—Juzdu o _|'(5u2m u¥)da
) 1

1

45
_ {5113 uT 505 — 22
=q = —.

3 5 15
Do dé
_ w(50V5 - 22) 3 307-15/5
¢ 15 ‘oxGv5-1 310

b) Ta cé z= \fx2+y2,p:£,q=l,1+P2+qz= .
) Z z
Do dé dS = V2dxdy. Vay

[fas=v2 [faxdy ,
3 D
trong d6 D 14 hinh chi€u cta S xufng mit phing xOy, d6 13 mién

gi6i han bdi dudng trdn x® + 2 = ax ¢6 ban kinh % Do d6

HdS=~/§ﬁdxdy= ma’y2
D

4
]

Ta cb

Hﬁ(dS =42 _” xdxdy .
] b

Chuyén sang toa d6 cuc, ta duge:
n

| A

acosp

deS =2 Tcos pdp I r2dr =2
S _E 0

33 4
?cos pdg =

b | R So——

2
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a’V2

Tuwdng ty, ta co

w2

cos® @d _2a3J§§l£_naSJ§
PO T4 e T T

Lo —a— ]

j‘[de \/_ Hydxdy J_ Ism pde Ca‘.quzdr
_5

aS

—cos®gsingpde =0,

=2

|

wehA

aCOs G

szs J_H x2+y2dxdy = ffd{p Izdr |

2
r L
2 3 32
a 3 2‘J§d 2'\/§ 3 2 4J§ 3
=J2 | — = = a‘.—= a
2 I 3 cos” pdy 3 Icos pdo 3 3~ 5

_x 0

2

3
2
DOdé XG:naf 4 a YGZO»
8 ra’Jz 2
. 4J§ 24 _l6a
G~
nazJ_ on
c) Mit S ndm trong g6c phin tam thit nhdt, nhan mit phing
x =y lam m4t phéng déi xitng, do d6 Xg = Yo
Trén mit S, tacé x* +y? +22=a%, dodop = —i,q=—z ,
Z Z
2 .2 .2
L+pttg= 14Tl 2
z2 z
as = 2gxdy= 2
Z

[ _x2 42
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ffs=effmm
a“-x“-—
D ia hinh chifu ctia S xudng mat phing x0y, né 1a mién tam
giac giai han bdi cac duong thngx=0,y=0,x +y =a. Do d6

a a-x )
’ d
el e

¥=a-X
a
= ; y
= a|| arcsin —pSe—== dx
o a‘Z xz

— 0

a
S
= aJ.arcsm —dx =a.l.
atx

0
. ja-x . 4, a—-X
Dat arcsin =t, taduge sinit= :
a+x _ a+x
Do do
.2 .
]—sin“ t 2a )
X=a 5 dxz———-*f-s-—-Zsmlcosld{.
l+sin“ t (I+sin” 1)
Vay
r
2
j2t sin t cos t¢t
B {1+ sin t)

Ap dung ¢éng thiic tich phan phan dean, ta duge:

[E1E]

p dt _
e ENE
1+sm t‘ U1+sm t
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il
b

Ta cé

I

I
n 2j{;l(cotgt) _
4 E L) (12 .

a 2+eolg "t

. i
I 1gt| 2 h

o —arclyg bk - («./_ 1.
4 2 V2

K=a ¥

a].\}az —yzdy—aﬁ]\ly(a—y)dy :

D3&i bién s6 y = asinu, 0 € u < -;— trong tich phin thi nhat,

) g )
y =asin’v,0€v < 3 trong tich phén thi hai, ta duge:

”de a‘

hd
2
cosZudu ~ 2a3v'2 Isinzv cos_zvdv =

C'-......-..M ]
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59

Do d4 4 2
0 do X = ¥ = Z = .
=Wy W2
2
3
P _ Jo_ B
Ta cé ”zdS-adedy_— g "
S D
2’

2
. ma n
—(2-1)
20. a) Goi 8, Ia ph?in cia mat S ndm trén mat phing z = 0,
phuong trinh cda né 1a z = 1/1—x2—y2 » S; la phan cha mat S
nim dusi mit phdng z = 0, né c6b phuong trinh 1a

z = —yf1-x2 ~v% Vi vects phap cia 8, lam v6i Oz mot gée nhon,
vectd phap cia 8, 1am véi Oz mat géc ti, nén ta co

nyzdxdy = ”‘xy V1-x?-y? dxdy ,
5 o

trong d6 D 14 hinh chidu cta S lén mat phing xOy, d6 1a mién
xac dinh boi x* +y* <1, x>0, y 2 0. Ciing vay

I= ”xyzclxdy = Ixy \fl—xz—yzdxdy .
S |
Do d4 i

I= j'[xyzdxdy =2 J'xy V1-x%—y2dxdy .
d .

D
Chuyén sang toa d3 cyc, ta duge:

i 1
I=2 sirupcosq)dq:»jr3 1-r*dr,
¢ 0

Nhung

x
2

Ol-_,hﬂﬂ

sin @ cos (pdc|>=%sin2 |

o
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N

. pd
Dit r=sint, 0 £t < —, tacd dr = costdt, {1-r?

= cost, do 46
2

1 3
j 3 1- rt I in*tcos?tdt =
i) [H

3 _
J.(sm t—sin t)dt—z-iE:g,l:_g__
b1 3 53 35 15
Vay 1=212_2,
2 15 15

b) Vecto phap ctia mat S lam véi cac truc toa @6 nhiing gée

nhon. Do dé
= deydz: ny\jl— y2 - zzt_iydz .
3 D

D, ia hinh chifu cia S lén mit phing yOz, d6 12 mién xéc
dinh bdi y? + 22 <1, y 2 0, z > 0. Chuyén sang toa d6 cuc, ta duge:

e
2 272 % 1 23!220 n
I=Jd 1-t dr= Z.—(- =

Goi D, 13 hinh chi€u cita S 1én miat phing zOx, d6 1a mién
tron xac dinh bdix2+22<1,x20,y20. Tacd

ﬂdxdz=j dxdz=£—.

Goi D; 1a hinh chidu cba S 1én mat phdng xOy, d6 1a mlén
tron xac dinh béi x> +y* <1, x20,y20. Tacéd

= [[xa*dxay= ﬂxu—x? -y?)dxdy
3 D

Chuyén sang toa d4 cue, ta duge:
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4
;Q’?t"‘

| =N

1

I3 cosp de .frg(l—rz)dr =
o .

ll
S

3 5.1 1 1 9
e TR

Vay

ffxdydz + dzdx + szdxdy L+lg+1; = Sz =
8

¢) Trudc hét ta tinh tich phan I} = JI 2%dxdy . Goi S, la phdn

8
cla mit S ndm trén mat phing z = c, phuong trinh cda né la

z =

géc

¢+ VR-(x ~ a)2 — (y — b)%, vecto phép clia né lam véi Oz mot

nhon. Goi Sp la phén cia mit S nim dudi mat phidng z = ¢

phuong trinh cia né la z = ¢ - VR? - (x-a)Z — (v = b)? , vecto phap

cua né lam véi Oz mét gée ti. Goi D 13 hinh chidu ciia mit S lén mat

phing xOy, d6 13 mién tron giéi han béi dwimg tron
x—a)?+@F-12% =R, Tacd

206

I; = ff szxdy +ff szxdy =
8, 5, '

= Jf{c+ VRZ- (x —a) — (v ~ b)%) 2 dxdy -
. _

- - VRT - ~ a2 — (y - 0)%)%dxdy =
D

= 4 JI VRZ—(x — a)? — (v - b)Zdxdy
D

Chuyén sang toa d9 cuc theo che cong thitc-



..«4.‘;
A "_\93

x—a=rcosp ,y—b=rsing , 0= ¢ <2n

Tadﬁqc
2r R o .
Il=4cfd(prR2—r2rdr
1] 0
1 . 2:0 8ac,_.
— SR2 — 2y 2| = —Ri
fme 5 73l T 3

Tuwong tu nhu véy

Ip = JI y2dzdx = i‘g—be*
3

I3= IS x%dydz = %RS
8 3

vay  Jf x%dydz + y2dzdx + 22dxdy = T; + o + I3 =
S _

3
= SR:? (a+b+c) .

d) Xét tich phan 1, = [f dxdy . Twong ty nhu o bai ¢} , néu goi D |
) z

1a hinh chiéu cia S 1én mt phing xOy, ta co

I =2ff o Oxdy
D

8.2 b2
D 14 mién giéi han béi dudmg elip — + > =1 . Déi bién s6
' a~ b
w=2 | v=Z
a b
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D6 1a mét song anh bign D lén mién D’ trong mét phang (u, v)
gidi han béi dudng tron u? + v2 = 1. Dinh thdc Jacobi cha phép
ddi bién s6 trén bing

a )

J = 0 b

¥

Yu Yy

B

Do d¢ :
1 ~ %ab ff dudv

p eyl —uZ -2

Chuy€n sang toa dé cuc, ta duge

L

Tuong tu, ta cd

dydz  dzdx dxdy _ be ca ab
if +*——y+Z _4n(a+b+c),

e) Phuong trinh ctia mat S l1a
xX+y'+z22 =122 0

Do dd céc cosin chi hudng cia vecto phép tai di€m (x, y, z)
cia mat S hudng ra ngoai 1a '
cosa = X, cosff = y, cosy =

Néu goi dS la y&u t8 dién tich tren mat S, ta co
dxdy = dScosy, dydz = dScosa, dzdx = dScosg.
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._ 809

Do do

|
—
—
to
“N.
+
X
%
1
=1

D 1a hinh chi6u cta S 1én mat phing xOy chuyén sang toa
dé cuc, ta duge

n 1
2r2 —1
1= fdg. [ —=rdr
0 o V1 -1
D&i bién r = sint, —% <t s % ta duoc
{2
1 = 27 | (2sin’t —sint)dt = %
: 0

Chu thich : S la mat khong kin. Goi 8, la phén cia mat
phidng z = 0 nim trong hinh cdu x? + y2 + zZ = 1 huéng ra
ngoai. Ta co

I=ffo+[fo-[fo=[[o-[fo
) S, S, SUS, S,
w la bi€u thic duéi dfu tich phan da cho. § U 5, 1a moét mat
kin. Goi V la vat th& gidi han bdi mat kin 4y, tdc 14 nua hinh
cdu. Cac ham s6 '
P=x,Q=y,R=—z

lign tuc cung vdi cde dao ham riéng cdp mdt cha ching trong
mién V, do dé ap dung céng thidc Ostrogradsky, ta dude
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ot
R

27T

[

ff xdydz + ydzdx — zdxdy = fff dxdydz =
SUS, v

Vi 8, nam trén mat phing z = 0, nén ta cd

Jf xdydz + ydzdx — zdxdy = 0
o -

Ta thay lai két qua trude : [ = = — 0 = =

2L a)Dat V={xy,2:x>0,y20z20x+y+z < 1}.

Céac ham 86 P(x, y, 2} = xz, Q(x, y, z} = yx, R(x, y, 2) = zy
~ lién tuc cing vdi cdc dao ham riéng cdp mot cia ching trong
mién V. Do dd theo cong thidc Ostrogradsky, ta duge

J f xzdydz + yxdzdx + zydxdy =
S

1 1% 1—=x—y ’
ST x +y + 2)dxdydz = Jdx fdy J x+y+2)dz
' 0 0 0

l-x

1
fdx f [xz +yz +%z.2
0 0

1—=x

1

1
f dx f [x(l—x—y) +y(l—=x-y) +§(1—x—y)2]dy.
] 0

l—x 2

1
1 X
Jdx [ [x(l —X) +-§(1 —x)“—xy“y?]dy =

0 0

1

1 1 1 1—x
= f [x(l - X}y +§(1 —x)zy-é-xyz-g'y-g]ﬂ dx =
0
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9 o
c"os_

1
- Y 1. a 1o 2 1. s
= !l:x(l x)* +—(1-%) S X X) 6(1 x) ]dx

= {l x(1-x)" +— (]"i)a (_l x):ldx:-

0

I:\...

1 ‘ 1}
= E!(l—x)‘dx—g 6[(1—)()3d:'{=

1
_1a-x
2 3

10-x° '
L1d-x)7
6 4

s

3

0

b) Goi V 1a vat thé gii han bdi mit ciu x* + y? + z? = RE Cac
ham s8 P(x, y, 2) =x%, Q(x, v, 2) = v3, R(x, v, 2) = z° lién tuc cling
véi cac dao bam riéng cdp mét cua ching trong mién V.

Ap dung céng thite Ostrogradsky, ta duge:

I= ”x“d}’dz+y3dzdx-i z"'dx(ly =3 H (x2 +y2 +z° ydxdydz .
S v

Chuyén sang toa d¢ cdu, ta duge:

2n a1 K
I= 3jd¢jsi119d0 [ridr =
¢ 0 0
&5 ¢
- zona o 120R5
) 5
¢) Cac ham 88 P(x, y, 2} = x°, Q(x, ¥, 2) = y%, R(x, y, z) = 2* lién

tuc cing véi cac dao ham riéng uz'ip mét clia ching trong miénV.
Coéng thic Ostrogradsky cho ta

”xzdydz+y2dzdx+zzdxdy =2 j”(x+y+z)dxdydz =
) ' v

A

da a da E A
=2 jdx Idy j(x%—y+z)dz =2 Idx j.\:xz +yz + %zz:l dy =
0 0 0 )

0« z=0
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0
%

a a
= 2fdxf(xa+ya+ laz)dy=
0 0 2
’ 1 1 y=a
= 2{[xay+5ay2+‘2“a2y]y=0dx=
a 1 a
= 2f(xa2+a3)dx = 2[12a2+aax] =
0 2 0
=2.ga4 = 3at,

22. a) Cac ham 8

Pxy,2) = (1 +x%) a(x) , Qx,y,z) = 2a(x)xy , R( x,y,2) = -3z

lién tye cing véi che dao ham rieng cdp mot cua ching trong R3 . Tit
dinh 1y Ostrogradsky, suy ra ring tich phan mit I chi phy thuoe
dudng kin L ma khong phu thuge S khi va ch] khi

B, 99 R

= 2y, — 3=
wtay e —(1+x)a.(x)+4xa(x) 3=90

hay
(1 + x®%a’(x) + dxa(x)(l + x%) — 3(1+x%) =0
Do d6 néu f(x) = (1 + x%%x(x) thi ding thl'.rc trén cho ta
Bx) = 3(1 +x?
Viy |
B(x) = 3x+x3+ K,
K Ia hing s6 tiy y, va
| 3x+x*+K
(1 + x?)2

b) Néu a(x) thda man diéu kién a(0) = 0thi K = 0, vay
302 '

afx) =



WA

43 + 3
1=ff 3“—xdydz+2—3x—55xydzdx—3zdxdy
s 1+x? (1.4 x%)

theo dinh 1y StoKes, tich phan 4y bing tich phan dudng

f Pldx+ Q1 dy + Ry dz

L
trong 4o
2x2 (3 + 3 yz x(x2+ 3) z
po Bty g o _MEEAER -0
{1 + x9) 1+ x
That vay, ta ¢d

Ry aq, x3 + 3x

ay iz 1+x?

9P _ IR _ 2(3x+x3)xy .

9z ax (1 +x3%?

3 aP

BB s gy oo
o Oy a+=3?

Khi L la-duomg tron x = cost, y = sint, z = 1, ta tinh tich phan
dudmg bing tich phan mat, va vi tich phan mat 4y khéng phy thuge S,
chi phy thudc L, ta chen S 13 phdn ciia mat phing di qua L, tikc 1a mit
phing z = 1. Ta duge

3 = —3J  dxdy = -3 .
8
23. Phuong trinh tham s§ ctua dudng L 1a
t t
x = beost, y = b(1 + sint), z = vZb(a — b) (sinE + cos‘z')
Cé thé diing cac phwong trinh tham s6 &y 4é dwa tich phan dudng
I v& tich phan xac dinh theo t, nhung tinh toan se dai.

Ta nhén xét ring
x2dx + y2dy + 22 dz = ?la'd(x3+y3+z3)
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LA

L 1a dudmng kin, do dé
[ x%dx + ydy + z%dz = 0
L

Vay ta co thé viét

L=+ +hydx+ 2 +y2 + D dy + (2 +y2 + 20 dg =
L .

=2+ 2+ [dx+dy+dg) =
L

= [ 2ay (dx + dy + dz)
L

= 2a [ ydx + ydy + ydz
L

Nhung f ydy = 0, vi ydy = %d (?). Goi C 1a hinh chiéu cia L
L )
len mat phing xOy, 46 1a dudmg tron x2 + y2 = 2Zby, c6 ban kinh b.

Ta c6

[ yax = fyax = -ab?
L c _
(zb% la dién ‘tich cua vong tron giéi han béi C). Ngodi ra
J ydz = 0 vi hink chiéu cda L lén mat phing yOz la mét cung dudng
L
kkéng kin, dién tich cGa phén mit phing giéi han béi cung Ay bing

khéng. Vay

I = — 27ab?
Cach khac dat

Fix,y, 2z} = y2 + zz, Q (x,y 2) = 22 + x%, Rix, y, 2) = x* + y2
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805

e

Ta cd

oy a9z
Q

= 2z, 6_Q=2x
az ox

R o, B_gy
ox 0z

Cac ham s8 P, Q, R lién tyc cing véi cic dao ham riéng cdp mot
cha ching V (x,y,z) € R3. Do 46 cong thirc StoKes cho ta

I =2ff (v—z)dydz + (z — x) dzdx + (x — y) dxdy
8

trong d6 S 14 phia trén cia phdn mat cdu x% + y2 + z2 = 2ay ndm
trong mat try x° + y2 = 2by, z > 0

Phuong trinh ctia mat cdu cb thé vidt Ia
¥+ y-al+22-a2=0

Vecto phap cia mit cdu dinh hudémg lam véi Oz mdt géc nhon, vi
vay cac cosin chi hudng cia né la

cosx =

P oM

— a z
,00813=La—,cosy=;

Goi dS 1a y€u t6 dién tich trén mit 8, ta b
dxdy = dScosy = idS
dydz = dScosa = -z—ds

dzdx = dScosf = y—;—"‘ds
- Vay

20.BTTCCT3-A
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1= 200 Bo-0+G-26-0+u-yes -
] |
=2ff x~z)4as
5

Nhung [f xdS = 0, vi ham s8 dudi du tich phan 13 16 d&i véi x

8
va mat 8 nh4n mit phding x = 0 lam mat phing d6i ximg. Do d5

I=-2ff2a8 = 2a JI 248 = - 2a ff dxdy
s g & D
trong d6 D 1a hinh chi€u cta S 18n mit phing xOy, @6 14 m6t mién
tron ¢6 ban kinh b, vi vay

ff dxdy = nb?
D
Suy ra
I = — 2zab? .
24. a) L 1a mdt dudmg kin, xdx + ydy + 2dz la vi phén toan phin

2 2
cta ham sd Eizm . Do 46

J xdx + ydy +2dz = ¢
L
Vi vay

I=f(y+zdc+(z + x)dy + (x+y)dz =
IJ‘
= f(x+y+z)dx+(z+x+y)dy+(x+y+z)dz =
L
= f x+y+z)dx+y+z) = 0.
- L

b) Ta nhén xét réng

2xy2zdx + 2x’yzdy + x%2 _ 2z) dz = d(x%%z — z2)
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A

13 mot duomg kin trén mat cAux? + y2 + z2 = 1, do @6

c) bat

I 2xy22dx + 2x2y2dy + (x%y2 — 22)dz = 0 .
L

Pix,v,2)=y-2Q&Ey2)=2z-x,R&,y,20=x-y

Ta co

op

dy
4Q

iz

R
dx

Theo cong thic StoKes, ta ¢

S la phén cha mat phing X + .

I

f(y-2) dx+(z — x)dy + (x —y)dz =
L

~2 [ dydz + dzdx + dxdy

5

Z =1 giéi han boi dudng L ma

a .
vecto phap cua no lam véi true Oz mot gde nhon. Cac cosin cht huomg

cua vecto phap 4y la

COsa

b o =0, cosy = ——E
Va? + b2 Va? 4 b?
Goi dS 13 yéu t6 dién tich trén mit S, ta o
.- dxdy = dScosy = —>——dS§
Va2 + b2
dydz = dScosa = —L2——ds
VaZ + b2
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dzdx = dScosff = 0

_a+b -2{(a+h)
Vay I = — 2 d§ =
i -gf ‘v’.¢_12+b2 a gva + b2

- _zga_ﬂl ffdxdy,
a D

trong 6 D 14 hinh chi€u cda S 1én mit phing xOy, d6 1a mién tron cé
ban kinh bing a. Do d6

= o2t h) na? = — 2na(a+b) .
a

DPxy,2D=y-2Qxy0=2-x2Rxy 2 =x2_y

Py, B _y
ay Jz
N o9, 9 g
dz ax
1:',-E=2x, ifi=—2y
ox dy

Céng thirc StoKes cho ta

1=J?-2Ydx+ (22 -xDdy + 2 -yPdz =
L

- 2f{(y + 2)dydz + (z + x) dzdx + (x + y) dxdy
8

. 3a ... N
trong 46 8 la phén cia mit phéngx +y + z = f gioi han boi dudmg
L, véc to phap cia ndé ldm véi truc Oz mét gée nhon. Cac cosin chi
hudng cua vecto phap £y la
308



Hinh 72

1
cosa = cogf = cosy = —_

V3
Do @6 néu dS 13 yéu t§ dién tich trén mat 8, ta co

= 2ffo+y+z) B = 2738 = —6aff axay,
] V3 ] V3 D
trong 46 D la hinh chiéu cda S lén mit

phing xCOy (h.73). Dién tich cia mién D

bing \
Z_gl 2 a_ 3 \
2 2 2 4
2
Vay I = --(*T-aai..i = —ga3.
4 2
25. a) Gia st vecto F cb ba thinh \
phdn la P, @, R. Véy vecto g ¥ co ba
thanh phén l1a gP, gQ, gR. Do 6 IHink 73
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., = 0 i a
dw(gF)—g(gP)+é;(gQ)+5;(gR)
= g(£+@+@J+§EP+%Q+%R
dgx a9y dz/) 0Ox dy 0z

g.divF+ gﬁg. F.

b) Gia si ba thanh phén ctia vects F 12 P, @, R ¢on ba thanh
phén cla vects G la P.Q,, R,. Tacs

1 ]k
GAF=P, Q Rq|=(QR-R,Q)i+(R,P-P|R)j +(P,Q-Q,P)k .
P Q@ R
Do do

div(GA F) =§(Q1R—R1Q)+-(%(R1P—P1R)+-:—Z(P1Q—Q1P)

+Zup, g Bp p R,

dy ay oy

&P, 8Q Q. . oP
+ 2lQep 2 _Tup o P
0z Q+h 0z Oz @ 0z

A B (),

dz  ox ax oy
d 7R F3) orP P
* Pl[a—‘i’E}Q{aREJ*Rl(%‘%'
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Nhung [aR‘—anj [apl ale [an aPl) la ba thanh
ay 0z

phin cla G, [%% - %] @ - a—R (___ —]la ba thanh phén

cia rotF Vay le(GAF) F.rot.G

¢} Tacd

+( Q 6gQ 5P 8gP]R
o 9y 5‘)’ dy

a_f{__@}hg(ap CR)-.+ [@ P)k
oy o2 7 ax ) B oy

+ [R?E_Q%J{.F[pgﬁ_[{a_g)j+(Qa_g.-pa_g]ﬁ=
dy oz oz 0Oy ox oy

—. —> .
g.rotF + gradg AF.

26. a) Hai thanh phén cla vecto F la:

-X

P(x, y) = e"‘[—l——ln(xw)} Qux, )=
X+y X+
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Ta co

cex[_ 1 1]
x+y? xty

[— (x+y)e ™~ e-x]

aP
dy
| __ 1
% (x+y)P
Vay 2—P = (Z—QL Do a6 Pdx + Qdy la vi phén toan phédn cia mét
.4 X -
ham s8 u (x, y) nao 45, trudmg vecte F Ia mét truong th€ ma ham <6

th& vi 1a u. Ta b

du - 1
— =P =g - Inx+ *)
Jx [x +y = Y)] (
Ju e ¥
—_— = = (**}
ay Q Xx+y
T (**) ta duge
-X
ux,y) = f dy = e™*In (x +y) + ¢ (x),
x+y )
trong 46 ¢(x) 1a mot ham s6 nao d6. Do 46
ﬂ —_ e_x" —_— X »
o Xty e ln(x+y)+<p(x)

So sanh véi (*), ta duge ¢’ (x) = 0, do d6 ¢ (x) = C,Cla hing s6
tay y. Vay

ux,y) = e*lnx+y) + C .

b) Dat

P=yz‘(2x+y+z), QR=2zx(2y + z + x), R=xy(2z +x+y)

Ta cb

R _ 9Q _
P = X(x+ 2y + 22)
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'“;‘7{

aP R
ox - ox ¥(2x + y + 22)
@- = Q = g (2}[ =+ 2y + Z)
ax ay

Do d6 Pdx + Qdy + Rdz 1a vi phén todn phdn cia mdt ham sg
u (%, ¥, ) nao 49, trudmg vecto Fla mot trudmg thd ma ham s8 thé vi
la u. Ham s0 thé vi u dugc tinh béi céng thic

X ¥y

u(x,y,z) = J- P(X7YO:ZO)dx+f Q(x:y!zo)d.Y'i'
X0 4 Yo
+f R(xyz) dz + C

Zy

trong d6 (x, Yo, %o) 12 mot diém nao 46 trong R3, C 13 hing 6 tiy .
Cac ham s6 P, Q, R va cac dao him riéng cAp médt cia ching lién tuc
trong R3. Ta chon X = Yo = Zy, ta duge

z
U(X,Y,Z) = f XY(ZZ. + x+y)dz+ C=
0
= xyz® + x%yz + xy°z + C = xyz (x+y+z2) +C
¢} D& dang thdy rdng biéu thirc Pdx + Qdy + Rdz, trong 46

P=y+zQ=z+x,R=x+y

13 vi phan toan phdn cla mft ham s6 u (x, y, z) nao dd. Vay
trudmg vecto.

Fxyz) = y+)i+ @0j* x+pk

la m¢t trudomg thé. Tinh him s8 thé vi u(x,y,z) theo cong thie (¥*%)
cua cAu b} trong 46 x, = y, = 2, = 0, ta duge
y

Z
fxdy+f(x+y)dz+C=
0 0

u(x,y,z)

xy + xz +yz + C.
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27. a) Thong lugng cta trudng vectd F = (xy, vz, zx) qua mit
S bang

I= ”xydydz+ yvzdzdx + zxdxdy .
8

D& thay ring
nydydz = ”yzdzdx = Hzxdxdy.
8 3 o)

Do dé
I= 3”zxdxdy .
S5

Goi D 1a hinh chifu cla S 1én mat phing xOy, D 1A mién
{x, y): x*+ y* <R% x 2 0, y 2 0}. Vectd phap cia mat S lam véi Oz
mét gée nhon, do d6

I= 3IIX\JR2 ~x? —y2dxdy.
D

Chuyén sang toa dé cuc, ta duge:

STCOS (pdq}l]\;'Rz —riridr
0 {

31]'1/112 -riridr
i}

I

il

D&i bign s8r = Rsint, 0 <t < — | ta duge

T
2

=R

5 z
I1=3 jR"sinztcosztdt-—-FJR“ jsin2 tdt-jsin*tdt =
1] i}

0

=3p4® 1 1_3nR*
2°2'4 16
L) Ta phai tinh tich phan mat
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1= Hxadydz+y3dzdx+z3dxdy .

Cachamséd P=x% Q=yv R=2z% P _ 3x2, P _ 3y?,
ox oy
oP . 5 a ,
™ = 3z%lién tuc trong R®. Cong thiic Osirogradsky cho ta
Z

I= 3”](){2 +y2 +22)dxdydz ,
Vv
trong d6 V 12 hinh cdu giéi han bdi S. Cé6 thé viét phusng trinh

2
k] 1 1 " = L at
cua S la [X—E] +y2 +2z° :Z. Vi vay phép d6i bién sd

u=x L V=Y W=z
2’ L

12 m§t song Anh bién V 1&n hinh cdu V' trong khéng gian (u, v, w)
xac dinh bdi u? + v? + wh < i— Dinh thitc Jacobi caa phép ddi bién

s& dy bing 1. Do dé
I= 31;‘,['[[(“ +%)2 +v2 +w2ldudvdw =

=3 _”J(u2 +v2 +whdudvdw +3 J-Hududvdw +
A v :
+ 3”]& dudvdw = 31, + 31, + 31;.
v
Ta cd

= - I”dudvdw—i -g— 2%:—2%,

H dudvdw bing thé tich ctia hinh cdu V.

I, = HJududvdw =0
v
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S

vi ham s6 dudi ddu tich phan 13 18 d6i v&i u va mién V' nhin mit
phéng u = 0 1am mit phing d6i xing.

Chuyén sang toa d cdu dé tinh I, ta dugc

. 1
2 x 2 1 x
Is = dp [ sin0do frtdr = 27.2 = =
o o 0 5.2° 40

Viy

8 40 40 5
¢) Théng luong cia F (x, ¥, z} qua mit S bing

= I xdydz + ydzdx + zdxdy
]

S la nta mat cAu z = 1 — Vx? + yZ, 2 = 0, hudng lén trén. N
khong kin. Goi Sy la phén clia mat phing z = 0 giéi han bdi duong
tron x2 + y2 = 1, huéng xudng dudi. Ta cb

= Jf xdydz + ydzdx + zdxdy ~ [f xdydz + ydzdx + zdxdy
sUSs, S

Nhung If xdydz + ydzdx + zdxdy = 0, do &6
51

I1=ff xdydz + ydzdx + zdxdy
sUs

Goi V 1a vit thé gidi han bdi SUS; , 46 la mita hinh cdu c¢é ban
kinh bing 1. Theo cdng thic Ostrogradsky, ta cb
= 3fff dxdydz = 3.2, = 2n
V T3
28. 2) Néu ba thanh phén cia ¥ 13 P, Q, R thi
- JR - i)
o = (2 - Yy py (2R

dy oz Pl E (EQ_QE)E

oz 9x gx oy
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- 9’*-‘
c"og

Do @5
—-—> & /R d a a :
div (rotF) = _(___g) v L(E_By L (2 _By
ox \dy 9oz dy\oz ax/  9z\ax  dy
_PR_¥Q P PR QPP
T dyox dzox dzdy  Oxoy axoz dydz a
b) Ta c6
- - -
i j] k
ax 3y oz |
of  of of
ax Iy oz

% %N\ o 0% 20\ > 4 o 2%, .
=<6‘__ ) (azax aiaz) (_a___ "ﬁ)

i+ I+ - k=0
dydz  dzdy Oxdy dydx
29. P& tén tai mdt vecto Csaocho ¥ = rot 6, ta phai co
divF = div qot&) = 0
(xem cfu a) baj 28). Ta o
= S 9 2
aiv F = - efol + w1+ [2z f(1)]
Nhung
2 ixm] = fr) + xP@) =
Jx ox
a ar
—Iyf(®)] = f(r) + vf —
oy [y £(r) () + yf (0 ay
B 28 (1)] = 26(r)
Jz

dar _ x ar _ ¥

ax r dy r
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,‘.
.%?ﬂ-

Do dé
div F = 4f(r) + rf'(r)=0
' f'(r) 4
h = —
w £(r) r

L&y nguyén ham hai vé, ta durge

In |f(r)| = anQL

rd

C la mdt héng s& tay 7. Do 44

C
f(r) = <
rt .
biéu kién (1) = 1 cho ta C = 1, vay cAc thanh phén cua F la

X ¥ 2z
R N R ok
Néu tén tai vecto G sao cho B = 1ot @ thi cac thanh phan X, Y, Z

» =4 ¥ - ” A
cua G thoa man cic hé thic

318

i/ aY x
o gy
X _Z_ vy
dz e x? + )2
aY [.9 2z

Véi didu kién Z = 0, ta duoc

oX y .
- = — {*)
az (x2+y3)z

¥ _ _x *)
9z =% + y*?

9  axX 2z

- (***)
ax ay (X2 + y2)2



o vy

Td (*), (**) tasuy ra

—_— gy = —E g(x, y)

X
o + vy a* + v

Y = —- + h(x¥)

X d Xz
N S —
" + v & +5%)
trong 46 g (x, y), h {x, ¥) 14 hai him s& ndo 46 cia x, y. Do &4

X _ -y 268+

+ gy (xy) =
oy o+ y2* ’
2 2
-3 ,
—Z.L:‘a__zl%+-gy (X:Y)
(x"+ 9
oY 2 _ gx? .
9x _ _z.gy2—~3—%+hx(x,y)
ox "+ 5%
Vay
Y oxX 3x% — y2 — x2 + 82 , ,
- =2 Y22 2.9 Y +hx(x:y)_‘gy(x’)’)=
ax dy (x* + ¥4
27

= m + bWy &,y - gy &y

So sanh vai (¥%%), ta duge
by &) = gy x9)
Diéu kién nay dugc thoa man dic biét khi
hix,y) =glxy =0
Vay mot biéu thirc cda cac thanh phén cla vecto G 1a

vz Xz o
&+ oA
Chi thich; Néu tén tai mot vecto (?1 # C sao cho
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Al

F=rotG,
thi ta cé

TotG = rotG
hay

%_. -
rot(G-Gy) =0
Diéu d6 cé nghia 1a
G-G, = gradf,
trong dé f 14 mdt ham s8 tiy § c6 dao ham riéng cdp hai lién tue

(xem ciu b, bai 28). N6i cach khac G va Gl sai khac nhau mét

vectd bing gradién ctia mot ham s§ tuy ¥ c6 dao ham riéng cdp
hai lién tuc.

30. Coéng ctia lye F doc theo cung MN bang tich phan dudng

I(y+z)dx+(z+x}dy+(x+y)dz
N
DatP=y+2 Q=2+x, R=x+vy,tacé
R 9Q . aP R 3Q oP

——=0, ———-=0, —=~—=0,
dy 0Oz dz &x ox oy

Vaiy Pdx + Qdy + Rdz ]la vi phén
il 3 todn phan cfia mot ham s& nao
~dé6. P, Q, R va cac dao ham
riéng c¢dp mét cha ching lién
tuc trén R% do d6 tich phan

duong J'de+Qdy+Rdz khéng

N

; phu thude duong 14y tich phan.
Qf oo M Chon duong 18y tich phan gﬁm
doan thang MO ndi M véi géc O
trong mat phing xOy va doan
326 Hinh 74 thang ON trén truc Oz (hinh 74).



B o

Trén doan MO, tacéz=0,dodédz=0,y= 4%, dod6dy = %dx, vay

. 0 .
J(y+z)dx +z+x)dy+(x+y)dz= ngdx=— 12 .
Mo 33

Trén dean ON, tacéx =0,y =0,dx =0, dy =0, vay

_[(y +z)dx+(z+x)dy+{x+y)dz=0.

ON
Dod61=-12.
. —> .
31. Trudng vecto f{r).OM ¢6 théng lugng bao toan
. —
div(f(r).OM) = 0.
Ta cé
. P — —> . =
div{f(r}.OM} = grad f (r) . OM + f(r)div(OM)

(xem cdu a) bai 25). Nhung

radfr) = 2T+ Loty + Lk
pradf(r) = ax (Fr)i + é‘y(f(r))J + az(f(r))k
o) Z1 2]
ox Oy &z

f'(r)[i A E] =
r T r

= ———-—f {r) (xf+y3+z]2) __“(r_) OM.
.
Do dé
— —
grad(f(r).OM = L (r) OM2 =rf'(r)
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ot

Ta lai cd
' > 3 3 3
div ( = — + — - =
e (@) = )+ )+ )
Vay trudng vecto £(r).OM cé théng lugng bao toan khi va chi khi

rf'(r) + 3f(r) = 0 hay —L)‘ _3
f(r) r

LAy nguyén ham hai v&, ta dugc
C
In |f(r}| = an—L

rB
trong d6 C la hiing s8 tdy y. Do 4o
C
f(r)= 3
Diéu kién f(1) = 1 chota C = 1, vay f(r) = —1-3~
1 T

. . OM . . . .
Tém lai trucmg vecto 5 €O théong lugng bao toan. Vecto 4y <6 ba
r

I‘3 r

qua mit cdu S duge tinh boi tich phan mat

thanh phédn la ‘}% , L , ‘% Do do thong lugng cua trudmg vecto y
.

JI —dydz + "‘V— dzdx + - dxdy
g 1" r

=
Il

_I-{_ S xdydz + ydzdx + zdxdy

Nhung tich phian mit & vé phai bang 3 ldn thé tich cla hinh cdu
ban kinh R, vay

1=-L 4R3= 4x
R3
Néu ta ap ' dung dinh ly Ostrogradsky dé tinh thong huong cia
oM oM
trudmg vecto — , ta se dugc théng lugng I =0, v div (—3) = 0,
r T
. 0]
nhung két qua nay sai, vi vecto Y khéng xac dinh khir = 0.
r
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Chuong V
PHUONG TRINH VI PHAN

A - DE BAI

1. Giai cac phuong trinh vi phén cb bién s8 phan li
ax(1+ydx+y(l+xH2dy=0

b) &~ yxD)y + y* + x7 = 0

¢) y'cos2y — siny = 0

d)y,=l£-_'-_1

Iny + 1
NS S
ey~2y X

Dy +sin(x+y)=sin(x-y)

cosy — siny — 1

gy = cosx — sinx + 1

h)y’ = cos (x - y)

i)y'=x2+2xy—l+y2

. 1
Dy = + 1.
X—-y

2. Tim nghiém riéng cla phuong trinh vi phan théa man diéu

kign ban ddu:

AxVit+tyldx+yV1i+x2dy =0, v =

x=0
b) (1 + e®)y2dy = e*dx, y

x=0=0

1
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o,
e

¢) sinxdy - ylnydx = 0, y‘(z{) =1

d) &+ Dy =y +4, 3 =2;

’

- . s
e) y'sinxeosy + cosxsiny =0, y“_ x "1

S

3. Giai cac phuong trinh vi phan

a)x =y +y?;

bix =y +e”;

e) y = y”?siny’;

)y +y°-yy'=0;
X+y-3

e) )"': _—“ﬁy-—'—'_lé- +
(x+y-1

D (yxy + Dxy'—(Jxy -1)y=0 ;
g y1-x2y'-y2-1=0;

h)y yx*+y* - 1)y -x=0.
4. Giai cac phugng trinh vi phan thuan nhit cap mét
a) (y - x)dx + (y +x)dy = 0 ;

b) xdy - ydx = )(2+y2 dx ;

) xyy' +x* -2y =0;
d) (3x* + ¥y + (v - x)xy' = 0
) 2(x + yy)? = y¥(1 + y'® (chuyén sang toa dd cye) ;

f) xcos %(ydx +xdy)=ysin —z—(xdy —-ydx) ;

g) xy' — v+ xthl =0;
X

hy X’y +y? + xy(y' -1) =0 ;



¥ S

5. Tiép tuyén va phap tuyén cia dudng cong phing L tai M

cat truc Ox & T v N, ¢dt true Oy ¢ T vA N'. Tim nhing dudng
cong L théa man diéu kién sau, vM e L

a) ON' = OM;
— —
by ON'=20T";

c} ﬁ =2a.

6. Giai cac phuong trinh vi phan tuyén tinh cip mét

a) v + 2xy = xe ™ ;

D) (L+ 9y - 2xy = (1 + x5,

{—

2
1 “y 3
e ——=(x+1)", =
)y == Yoy

St

r

d) 1 +x)y' +xy =1,

X= \}
e) 2ydx + (v* - Bx)dy = 0 ;

D xy' — v = x*arctex ;

2

| o
=xlInx, Yoo = 5 ;

gy — Y
xinx

h) (x° + Xy + 3x%y = x2 41 ;
x(1+x)y - -y +2x=0;
D -y +xy=4;

kye2x(x - L)y +(Zx-Dy+1=0;
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7. 2) Ching minh ring phuong trinh
X2+ Dy -~ (2x*+ 3y =3
c6 mét nghiém la moét tam thizc bac hai. Giai phuong trinh &y;
b) Cang ciu héi vdi phuong trinh
(X - x)y' +(1-2x)y+1=0.

X
8, Ching minh ring ham s y = xJ‘é'_ dt 12 nghiém cia
1
phttong trinh

xy' -y = xZe* |
Tim nghiém rigng cia phudng trink 4y thoa man diéu kién
v =1.

x=1

9. Giai phudng trinh xy' - 2y = x* + x. Tim tap hgp cac diém
udén cta ho dudng tich phan,

10. Giai cac phuong trinh vi phéan c&p mét phi tuyén

a) xy* + x*(x + )yy' + 3x - 5 =0;
b) y' + xy = x%°;
¢) (yInx - 2)ydx = xdy ;

X

5 9
dy+y=e2fy, y\x=0=z;
e} ydx + (x + x*’y)dy = 0;

dy . .
f) —):(xzy3+xy):1;
dx

g xyt+yy' -2x=0;

hy=xy'+y*+1;
326
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. , a
Dy=xy + —

D2y -xy-2y"=0;

k) y=xy'+

y'+1 ’
11. Tiép tuyén tai diém M cia dudng cong phing L cit truc

Oy tai T. Tim dudng L di qua diém (1, %}, biét ring ta co:

OT =v%, ¥M(x,y} e L.
12. a) Ching minh rdng phuong trinh vi phan
(x* - Dy = y* + x’y - 2x

¢6 mot nghiém riéng dang y, = x“ Tim nghiém téng quat cua
phuong trinh &y bing cach déi ham s& phai tim y =y, + =.

b} Ching minh rang y = x 12 mdt nghiém riéng cia phuong
trinh vi phén :

2x%y' = (x - L){(y? — x%) + 2xy .
Giai phuong trinh iy bang cach daty =x + z.

13. Chang minh ring cic phudng trinh sau la phudng trinh
vi phan toan phan. Giai ching

a) (x+y+ Ldx+x-y* +3)dy=0;

b) 2(3xy? + 3y7)dx + 3(2x*’y + yO)dy = 0 ;

3
¢) 3x4(1 + Iny)dx — | 2y——|dy =0;
¥

2 2
d) {—y———g——l—}dx+{lr—x~—,{ldy=0;
x-y)* X y (x-y)
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e)(isini—‘x‘cosx+1) dx+(xcos":' n—+i) dy = 0.

X
Yy ¥ %2 % y2
14. a) Giai phuong trinh
(2xy+x2y+§}dx+(x2+y2)dy= 0
bing cach tim thia s& tich phan dang a(x)
b} Giai phuong trinh
y{l+xy)dx-xdy =0
bing cach tim thia s tich phan dang a(y)
c¢) Giai phuong trinh
xdy + ydx — xy“lnxdx = 0
bang cach tim thia s§ tich phdn dang o (xy)
d) Giai phuong trinh
xdx+(2x+y)dy.=0
bing cach tim thita s& tich phan danga (x + y) .

15. Giai cac phuong trinh

ay - - = 5%,
2x

b) xy' —y—xcos.z‘X
9y = 2% -yt
x* — 2xy® ’

1
drxy’+y = 5=
WY = o
, +1 2
y=XQ‘Tl__Xln(X)
X

X x
328



. “306-

16. Tim qui dao true giac cda cdc ho duong cong phu thude tham
sd C

a) y* = 2p (x - C)

b x?-y?=C

o) x2 + y? = 2Cx

B2+ yd2 = Cx2 gD

e) (x - 02 + y° = a?, ala hiing s§ xac dinh .

17. Gi&i cac phuong trinh vi phan cdp hai khuyét

a)xy’ -y = x% e

wo_ X -1 = = ’ - T
b)y x—l X(X 1) 0, yx=2 1, y =2 1
s ? ’ 1
Oy +y -2 =0y| (=0, | =3
o 9 _ 4 ) = —
d)xy”’ -y =xInx, ¥y x=1 g’ Y lx=1 !

E‘) yys-: _ys2 + y’:'] =0
f) y”?. + y’2 = a2

gy’ =

¥

2y
h) yy” +y3—y’2= 0

1) 3y)yss2 _ (}. + y’2) y:n =0

18. Giai phuong trinh vi phan cép hai tuyén tinh

) x? (Inx - 1) y” — xy’ + y = 0, biét rAng né co mot nghiém riéng
co dangy; x) = x%, ¢ € R.
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b) (2x + 1) y” + (4x - 2) y’ - By = 0, biét réng né c6 mét nghiém
riéng co dang y; (x) = e, o € R.

e} (x% - 1) y" - By = 0, biét rdng nd ¢6 mét nghiém riéng yp {x) ¢6
dang da thic

D2x-xHy + -y +2Q-0y=0,

yi__. . =0;y =1

x=1 x=1
biét rdng né cdé mot nghiem rieng y; (x) = &

e} (2% -x%) y” + 2(x - 1) y’ ~ 2y = -2 biét réng né cé hai nghiém
rignglay; (x) = 1, y9 (x) = x

Dxx+ Dy’ +x+2y-y=x+ %, biét rdng phuong trinh

thuén nhdt tuong dng cla né cé mot nghiém riéng dang da thire.

g x(xZ + 3) v’ -22x% + 3) y + bxy =
=% (32 +x3-+x2—9x~12)

biét ring n6 c6 mot nghiem riéngdang Y = (ax + by e, a, bE R va
phuong trinh thudn nh&t tuong déng cda né c6 mét nghiém riéng cb
dangy;=x*,a«a € R .

19. Giai cac phwong trinh

ex
T+t
b)y” + 2y’ +y = 3e™* vx +1

a) yn -y

L1}

chy’ +y = tgx
d)y” + 8y + 6y = 1
1+ e
e) » + —_— __.._,,];____
4 y cos2x vcosZx
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20. Giai cac phuong trinh
a) y’ - Ty’ + 6y = sinx

b) v + 9y = 6e™

Ay -3y =2-6x

d)y’ -2y + 3y = €™ cosx
ey’ + 4y = 2sinZx

Dy +2y +y=4e*
gy’ -9 + 20y =xe¥

h) y” + 4y’ - 5y = 2&
)y’ + 2y + 5y = 2xe™ cos2x

2 2

DY  +y=x"cos“x

k) y” - 3y = e _ 18x
Dy" +y= cosx
m)y’ -4y + 4y = e cos’x

Ny -2y +(1+adHy=(1+ 4a?)coser x, < la tham s6 = 0,

Y

x=0 =1,y
0) y* + 6y + 9y = xe™, a la tham s6

Py’ —(m+ 1y +my=e —x-1mlathamsb
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21. Giai phuong trinh
a) x&y" + xy' — 4y = x?%Inx

b) x%y” _ 2y = x’cosx

2);

c) ¥y’ -y = ™ cos e* bang cach ddi bidn s6 t =

‘ 4 2 ,
&) & + 1) y” + 20y’ + - = ~—="— bang cach d6i bién s6
*+1 2+ 1)2

I Jjx
— <t <=
2 2

X = tgt, -
e) (x + 1) ¥’ + gy’ —y = 0 bAng cach déi bién s8 x = sht
D x%y” - 2%y’ + (2 -x® y = 0 bing cach d&i ham s phai tim

Y

X

zZ =

g) X‘ y”

Iy

. 1 )
+4xy + x* +2)y = pove béng phép bién ddi y = %
X

h) (14 x%%y” + 2x (1 + x) y’ + y = 0 bing phép bién déi

u

V1 + %2
) (x* + D y” + xy’ —a% = 0 (« > 0) bAng cach tim phép bién déi

x = ¢ (t) d¢ dua phuong trinh vé phuong trinh tuyén tinh ¢6 hé s6
khong d8i.

) ¥ eosx + y'sinx - yeos®x = 0 bang cach tim phép bién déi
t = ¢ (x} d¢ dua phuong trinh vé phuong trinh tuyén tinh cé hé s6
khong déi.
22. ) Patr = VxZ + 2 + 22. Tim ham s6 @ (r) dé cho ham s8
uxyz) = ﬁr@l
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K

thoa man phuong trinh

#%u #2u 0?u
, T, T, =4u
ax2 {)yz 22

b) Bat r = Vx2 + y2. Tim ham s& p(r) dé cho ham s8

u(xy) = ¢(r)
théa man phuong trinh
9% Xy
S _ X 4lahingsd -
oxdy » « 1a hing sb

H

23. Phuong trinh c6 dang F (x, L , l(—) = 0 duge goi la phuong
trinh vi phan thudn nhét cfip hai. Ching minh ring c6 thé dua né vé
phuong trinh cip mdt bdng cach d8i ham s8 phai tim z = L Giai

) ¥
phuong trinh

Ay -yi4yy +xy =0

b) xZyy” = (y - xy)*

c) yy,)! _ y)2 = 0

d) xyy”" + xy’Z-yy =0

24. a) Tim nghiém khai trién dugc thanh chudi luy thua cua
phuong trinh

Axy” + 2y -y =0

b) Tim nghiém khai trién dwgc thanh chudi luy thira cua

phuong trinh
Zx{(1-x)y+{1-2x)y=1

¢) Tim nghiém khai trién duge thanh chui liy thua cia
phuong trinh
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(1-x)y" - 2xy' + 2y =0
thod man didu kign yfxzo =0, y1x=0 =1. T d6 tim nghiém téng
quat cta phuong trinh.
d) Tim nghiém khai trién dudc thanh chudi lay thita cta
phudng trinh
y'-2xy'+y=0.
25. Giai cde hé phuong trinh

y'=dy—2z v'=3y-2z
a) ; b) ;
Z=v+z Z=2v-z
y=y+8z+e™ V=y+2z-3
¢} ; d}
:2y+z+p_3x Z':—2y+32+1

yl\(ﬂ 0, ero_o

- 1
[y‘ z 2y+3z
e) ;
z'= 1
y-x 2y+3z
b4

‘)\ o] _'1 z[x 0=

y="

gy by (G V=R
2= (z-y)iz'=y
Loy

9 dx dy dz
Y+Z z+X X+y

26, Giai cac hé phitong trinh

"=z - '=4y -3z

" {yl 2oy b) {y' y-3z

Z=-y-3z Z=3y+4z
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£ii—-—x+ +z d—x_x"'y

dt Y dt

dy dy

——=X- ; d) s —=-%x+2
c) it X—¥+2 ) m X+2y+2

é?——x+ -z EIE—x+z

& Y d&t

B- LOI GIAI

1. a) Phan li bién 58, ta dudc:
xdx ydy

- ——=0,
(1+xH? 1+y*)?
Ly tich phan hai vé, ta duge:
1
- 1 .

o1+x?) 21+v?)

Vay tich phan téng quat cua phuong trinh la:

1 1

+ =K,
2

1+x l+y2

trong d6 K = -2C 12 hang sa tay ¥.
b) * xy # O, phudng trinh c¢é thé viét la:
—vid
A-y)dy X400,

yz X/l

Lay tich phan hai v&, ta duge:

—l—ln‘y"—}-whlll‘x‘:(},
y X

C 1a hing s6 tay ¥. Vay tich phéan téng quat cila phudng trinh la:

X

}!’

X+y

In =C,ixy=0)

Xy

335



dy =
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*y =0 ciing 1a nghiém cta phudng trinh.

¢} Ta co
*giny =2 (:
2 1-2sin®y
dx =982 g, 1-2sin7y ,
sy siny
Do dé

X = J- sidr:1yy_2j sin ydy = injtg

g5 +2cosy+C

*simy=0=y=kn(k € Z) cing la nghiém.
d) Ta ¢6 (Inx + I)dx = (Iny + Ddy .

Do dé J. (Inx+Hdx = I (In y+ 1)y .
Hay xlnx = ylny + C.
e) Ly tich phan hai v& phuong trinh
LY
[ }dy :_cii
e¥ -2 X
e¥ -]
Ta duge I dy = ln‘x|.
e¥ 2

Trong tich phin & v€ trai, ta d6i bién s6't = ', do d6 y = Int,
q .
—t—E. Do d6

[t [l

= —l-lnt+l]n‘t—2!+C
2 2

Il

%G+@&_ﬁ+c

ot
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©
",

Vay tich phan téng quat cla phudng trinh la:
Inle* -2 +y-Clnlx| +C=0.
£y Ta cé

i):+sin(x +y)-sin{x _y)=iy~+ 2sinycosx=0.
dx dx

Do d6:
* siny # 0 {y = kn) thi:
dy
siny

+2cosxdx=0.

L&y tich phan hai v&, ta dudc:

In

tg% +2sinx=C (y =+ kn).

*giny =0 = vy =kn (k € Z) ciing 14 nghiém,
g} Ta c6
* Néu cosy — siny - 1 = 0 thi:
dy 3 dx
cosy-siny-1 cosx-sinx+1

d
Dods 1,= f Lo x i,

eesy—-siny-1 cOoSX-sinx+1

. - ¥ m YT
Trong tich phan I, datt=tg=—, ~ —<=<— dodé

B HER PR 4 82" 737273

y = 2arctgt, dy = 5 Ta dude

1+t

L=~ Jt(t+1) J t+1 J

=lnil1+t] -Injitf +In|C;! = In

23 BTTCCTI-A
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. X JL X A
Trong tich phan Iy, dat 7 = tg~, -2 < > < Z tad
ng tich phan Iy, dat v 8,1 "5 =5 = 5itaduge
C
I = J ldf = ~In|l-1{ +In|Cal= In | —2—]
-7 X
1 —tg>
£

Véy tich phan téng quat cua phuong trinh la

Y ¥y x
= C{l+t -
tg2 ( gz)(l tg2)

. C; .. .
Trong 46 C = —* 1a hing s& tuy y .
2

* Néu cosy —siny — 1 = 0 = vZ cos (E-&y) = l=y=2knva
y =- g + 2k cung la nghiém .
h)Patz = x - y. Tacd 2’ = 1- y'. Phuong trinh da cho trd thanh

2Z

7

zZ = 1—cosz = 2sin

*Néusin%:to (2=x-y#=2kr) thi:

dx = dz
2sin?>
14y nguyan ham hai v§, ta dugc 2
x=—ootg£+C
2
Véyx+cotx;—=0, (y£x+ 2kr, k&Z)

*Néusinz=0=z=x-y= 2kr =y=x-2krcungla
nghiém .
i) Ta co

y’=x2+2xy—l+y2=(x+y)2—1
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bBatx + y =2 Tacé z’ = 1 + y’. Phuong trinh duge viét lai thanh

. d
z’=zzhay—;a = dx{nfuz=x+y=0
z

. d 1
Do do X = —‘Z=_l+c:_ + C
72 z x+y
1
Suy ra x +y = """ x+y=0
C-x

*Néuz=x+y=0=y=x cingla nghiém

j)Ditx —y = z. Taco 2’ = 1 — y'. Phuong trinh 4a cho duge viét

lai thanh
1
l ~2 = =+1lhayzdz + dx = 0
z
Z2
Hay x-y2 + 2x = ¢,

C; = 2C la hing s6 tiy ¥
2. a) Phan li bién s6, ta dugc

xdx ydy

+
V1 + x2 V1 + y2
Liy nguyén ham hai vé, ta duoc

Vi+x% + V1+y?2 = C

=0

trong 46 C 1a hdng s8 tiy y. Do diéu kién y

= 1, ta duge
x=
C=1++V2
Véy tich phan riéng cua phuong trinh la
Vi+x? + Vi+yZ = V3 +1
b) Phuong trinh da cho c6 thé viét 1a
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; eFdx
yidy =
1+ e

L4y nguyén ham hai vé, ta co
3
‘% = arctge® + C,
C la hiing s8 thy y. T diu kiény | _, = 0, ta dugc
1 7
0 = 4 + C, hay C = -2
Vay tich phén riéng cua phuong trinh la
y® = Barctge* — % .

- ¢) Phén li bién s6, ta duge

dy  dx
ylny sinx
. dy ) p
Vi = d(Iny) nén ldy tich phan hai v&, ta duge
y

in(|inyl) = In(ltg 1) + In iC|

hay Iny = C‘tg*;%

T didu kigny {__ 5 = 1, taduge
0=C0

Diéu kién nay duge théa man véi moi C. Diéu d6 ching to
340



ring moi nghiém cha phuong trinh déu thod man diéu kién 4y.
Néi cach khae moi dudng tich phan cha phudng trinh déu di qua
diém (0, 1). Vay diéu kién duy nhat nghidm cta phuong trinh

khéng duge thoa man tai diém dé.
d) Ta cd
dy  dx
y2 +4 x%+1

Lav tich phin hai vé, ta duge

1 ¥y
—arctg —=arctgx +C.
g ey &

2, nén ta co

Vi N

i

x=1
g i
24

Vay tich phan riéng cia phudng trinh la:

y T
arctg—=2arctgx ——.
&9 BT

Do dé

tg[arctgz ) = tg(Zarctgx - -EJ .

2 4
Hay
"2—%‘1 5
y_1l-x _2x-1+x
2 1+_2L 2x +1-x*
1-x2

Vay nghiém riéng cua phudng trinh la;
_4x + Ax%-1)
Y T w2
2x+1-x
e) Phén li bién 5, ta duge

cos ydy L cos xdx 0

siny sinx

+C ha C=~——.
Y 8
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L4y tich phin hai v&, ta duge
Inlsiny| + In|sinx| =1n|C{,

hay sinxsiny = C |

n

. . Vay tich phén riéng cia phuong

Vi y| = ,ta duge C =
Yix-2 |

b | =

trinh la:
sInxsiny = 1
‘ 2

3. a) Phudng trinh x = y' + y"® khuvét y. Dat ' = t, ta ¢6

Xx=t+t".

Vi d—y:t, ta cd:
dx

dy = tdx = t(1 + 3tHdt = (¢t + 3tY)dt .
Do do
t? st
= —+-—+C.
YT

Vay phudng trinh tham s6 ctia dudng tich phan téng quat la:

) 1
. t
x=1t+t4 y = +§~t-—+C.
2 4

b) Phuong trinh  x =y' +e” khuyéty. Dat y =t, ta cé:

Xx=t+e*,
do dé dy = tdx = t(1 + eYdt .
e
Vay y = J‘tdt+jte‘dt:—2—+tet—et+c .

Phuong trinh tham s cta dudng tich phén téng quat la:
&
£ 2
X =1t+¢, =-2—+te“—~et+C.



¢) Phudng trinh v = y"siny’ khuyét x. Dt y' =ht, ta cd

y = t?sint . -
Da da
: 2
dx = (-1-54: 2t smt:t cost Z2sint + tcost .
Viy x = -2cost + I tcostdt =

= —Zcost + tsint - I sin tdt =

= —cost + tsint + C.
Phiong trinh tham s6 cia dudng tich phén téng quat la:
x = —cost + tsint + C,  y =t%sint.

d) Phuong trinh y* + y* - yy' = 0, khuyét x, nhung phudng
trinh 4y khéng giai ra duge déi véi y, hodic d8i v8i y'. Dang cia
phuong trinh &y ggi cho ta dua tham sd t vio bang cach dity' =ty
{xem vi du 13 Descartes, muc 2, chudng 5, quyén toan hoc cao cip
tip 2). Ta duge

t 12
Y= = Y=
t+1 t7+1
Nhung
. dy dy dt t3+1—3t:i dt ¢
Tdx dtdx 1F +1)2 dx Pl
Do dé
dx_ 1-2¢ J _toa?
dt 2341y 2w

Dé tinh tich phan &y, ta phai phan tich phan thuc hitu ti dusi
ddu tich phan thanh téng ctia cic phan thc hiou ti don gidn.

, e v 1 du
Nhung ta cé thé trude hét déi bidnsdt= —, doddédt = - — vAy
u u

o _ 3
X= stu du:'[[u:il_l]du BIU 1 -u

u” +1
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e

Ta co
3 __A . Bu+C
ud+1 u+l 2oy

&

Nhén hai v& caa (*) v8i (u + 1) v8i cho u = -1, ta duge A = 1.
Nhan hai v& ctia (*) vdi u rdi cho u » =, ta duge

A+B=0 = B=-1
Cho u =0 trong hai v cha ("), tadugc A+C=0=>C=2.
Vay

3du du u-2
J- = | — - I 5 du
u”+l1 U+ u’-u+l
2u-1-
=lnfu+1] - jl-:l—-—adu =
u“-u+l

=

1 2 3
=1 +1]- =1 - 1 - — =
nlu | 5 n{u“-u+ )+2I

()3
u-—| +—
2 4
1 (u+1)? 2u-1

= —1n{—-—-+\/§arctg +C.

2 w?l-u+1 J3

Vay phudng trinh tham s& clia dudng tich phan téng quat 1a

2
-1
X=—u +lln () + ~+/3arctg 2u +C
u? —u+ 3
¥y= v
u+l

e)Didtx +y - 1=z Tacé 1+y' =z Phuong trinh da cho trd
thanh
2
z-2 2°+2z-2
2 -1= hay z'= —
Z Z

Do dé
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2
d
dx="§z Z
2+ z—2
Vay
22—z 2 -z
x=J/{1+~— dz = z+ [ — dz =
( zz+z—2) 2Z+z-2
1 1 4 1
‘ f(s z -1 3z+2) z

1 4
=z+§ln|z—ll—§1n|z+2|+0

Suyra x = x+y—1+%ln|x+y| -—%ln'[x+y+l| + C
Viy tich phan tdng quat cua phuong trinh la
1
y + -é‘ln|x+y| - gln [x+y—-1+C, =20

trong 46 Cy = C - 113 hing s6 tuy y .

f) Pat viy = u. Ta ¢b6 xy = u, do d6 xy’ + y = 2uw’, phuong
trinh 44 cho trd thanh

(u+ D @Quu-y)-(u-Dy=0

Hay 2uu’ (u+ 1) -2uy =0

u2
Hay wu+1)-—=20
. X

Phéan li bién s6, ta duge

(u+1)du dx
u? T ox

Tich phén hai vé, ta ¢

1

In |u|—; =In|x|+ C

Dodé Lln |yt - —— — Linjx|~ C=0
2 =y 2
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co e b4
g Doi bién s6 x = sint, -~

- — .
=t € =~ Taco V] — x2 = cost
2 2

d dy d —
a‘% = ax a}"t(- = y'eost = y' V1 - x2
. X
Phuong trinh da cho tré thanh
d : d
a“f=1+yz hay -—‘X‘;:dt
1+ y

Do do
arctgy = t + C = arcsinx +
Viy y = tg (arctgy) = tg (arcsing + C) =

_ g (arcsinx) + tgC
1 — tg (arcsinx)tgC

Nhung
tg (arcsinx) = sin (arcsninx) _ _.X
cos (arcsinx) V1 22
Do do X +K
V1 - x* x + KV — 52
y=l—K xn=\/T--—x1‘3—Kx,
V1 -2

trong 46 K = tgC 1a hang s6 tiy vy
h) Viét phuong trinh da cho dudi dang
y &2 + v% dy —ydy - xdx = 0

Datu = x% + y2 ta duge du = 2xdx + 2ydy. Phuong trinh trd
thanh

1
dy = —d
yuay 9 u
Phan 1i bién sd, ta dugc

du
2vdy = —
yay u
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LAy tich phén hai vé, ta dugc

v =inu+ C
Do dé & = e u = Ku =K x2+y)
Tich phan téng quat cua phl::'cmg trinh la

trong 46 K = e 1a hang s6 tiy §.

4, a) Co thé viét phuong trinh da cho dudi dang
, L XTY
y = x+ty

Dit y = ux, u la mot ham s8 cua x. Ta co
, 1-u
xu + u =
l1+u

dx + 1)d

Hay dx | (u+Ddu _
X u?+2u—1

L&y nguyén ham hai vé, ta duge

in x| VuZ+ 2u—1 = In|C|
Do dd xVuZ+2u~-1 =C

Binh phuong hai vé&, thay u boi Y ta duge
X
¥+ 2xy — x2 = C?

D6 la tich phan téng quat cua phuong trinh
Cing cb thé xem
C _ Cu

X = y ¥
VuZ + 2u — 1 VuZ + 2u — 1

14 phuong trinh tham s8 cia ho dudng tich phan téng quat.

b) Ta co



xy' = Va2 42 +y

baty = xu, tadugc véix > 0

x e VT
Phan li bién s6
du _ dx
VITwE

Do dé
In(+V1i+u?) = in|Cx|,
C la hang s8 tay ¥, hay
u+ Vi+dZ = Cx
Binh phuong hai v€ ding thic VI+u? = Cx—u, réi thé

u= X,tadux_}c
X

1420y -C&%%Z=9
Voi % < 0, ta cling duge két qua tuong ty.
¢) Dat y = xu, thé vao phuong trinh, ta duge

xugg+1—u2=0

dx
*Néuu = + 1 tcy= = x thi:
udu dx
u? -1 =_x_
Do do
InVu? =T = In [Cx]

C la hing sd tiy y. Do d6 .

ﬂ=02x2

2
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Suy ra

¥ + x V1 + C2%? (y # *£x)

*pnéuu==x1=y==*xlanghiém .
d) P4t y = xu, phuong trinh trd thanh

(.12_1),(%u + 98+ 20 =0

Hay
2 _
L ad® SHPYRY > SN *)
2u (u? + 1) X
. u2 - 1 2 - a - I "
Phan tich ———— thanh téng cac phan thuc huu t1 don gian,
T 2u@+ )
ta duogc
_w?-1} _ 1. _u
2u (v + 1) 20 4241

Do d6 14y nguyén ham hai v& phuong trinh (¥), ta duge

|:J:|\fu2 + 1
In = In |C},
Vu

C 14 hing s8 tuy y, suy ra

%2 §u2 +1) o2

u »
Hay x(x% + 9 - C&y =0
Chii thich: Chuyén sang toa d0 cyc x = rcos g, y = 1sing, phuong
trinh cda dudng tich phan téng quat la

?=Cltgg

Tt nhén xét ndy, ta thiy ring cling cd thé giai phuong trinh da
cho bang cach chuyén sang toa d¢ cyc. Ta co
349



dr .
a—— sing + rcosp

y = dy _ dg
dx dr .
~ cosp — rsing
dp
Thé vao phuong trink da cho, ta duoe
dr _ _dp
r sinZp

Nghiém téng quat cta né 1a r? = (2 tgp

e) Chuyén sang toa d6 cyc x = rcos ¥, ¥ = rsin ¢, va ky hiéu

. dr .
r = — ,taco
de
v o dy _ Jsing + rcosp
Y dx rcosp — rsing
Ta duge .
L + 2
2(x +yy')” =2 (rcosgo+ rsing M) =
Fcosp — rsing
2r

(fcosp — rsing)?

13 L ‘ " M + 13
yz {1+ y"g) = rzsinztp [l + (%S—IFP—W)Z] =
rcose — rsing
2 + 2

(feosy — rsing)?

2. 2
= r7sin“p

Phuong trinh da cho trd thanh
rzf'zsinzq) + rt sin‘zgo = 2r%r?
Hay
r’sinp = §2 (2 ~sinp) = #2(1 + cos%p)

Do do
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) sin
f==r —
v1+ cos‘zr(;
Phan li bién s6, ta duge

dr _ _ _ sinpdyp

r T V14 coste
L4y nguyén ham hai vé, ta dugc

Inr = + In(cosp + V1 +cos?g)+In|C|,
C 1a hing sd tuy y, do do
r = ﬁm * cosy)
Trd vé toa d9 dé cac, ta duyce
2y +2Cx-C2=0

Ho duéng tich phan tdng quat 1a ho dudmng tron suy ra tu duong
tron tam tai diém (1, 0), ban kinh V2 bing phép vi ty tam O.

f) C6 thé viét lai phuong trinh 4a cho nhu sau
y xdy —ydx 0

cos L. (ydx + xdy) - xy . sin .
X X x2
Hay
cos? . d (xy) + xyd (cos X) =0
x x
Hay
d(xy . cosx) =0
X
Do do, 1y nguyén ham hai v&, ta dugc
Xy . CO8 I —¢
X
C la hing 6 tuy y.
@) Pat y = xu. Thé vao phuong trinh da cho, ta duoc
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— + thu =0
xdx u

Phaén li bién s8

chudu dx
—  + — =0
shu X
Do do In |xshu| =In |C],
C la hang =8 tuy 5. Do dé
xshu = C
Hay
u="2< argsh —
x x
Suy ra
C
¥ = xargsh —
x

h) Pat y = xu. Thé vio phuong trinh da cho, ta duge

d
xS (L+u) + 2u= 0
dx

Hay
(d +w)du + dx -0
2u? x

L&y nguyén ham hai v&, ta duge

1 1
- 5.+ ohnju| +In{x| = In|C|,

Z2u 2
C 1a hang s6 tuy ¥. Do d6
1
xViu| e 2u = C
Vay
1 L
x = —= el y = Cu elu
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1a phuong trinh tham s& cia ho dudng tich phéan t8ng quat.

i) Phitong trinh 44 cho khéng phai 1a phuong trinh thudn
nhdt, do sy ¢6 mit cia cac s6 hang 1 vd 3 d v& phai. Nhung ta ¢6
thé dua phuong trinh da cho vé dang phuong trinh thuin nhat
bing phép tinh ti&n céc truc toa d8. Dat

x=X+a,y=Y+h, phudng trinh trd thanh

dY  X-Y+a-btl

—— *)
dX X+Y+a+b+3

Chon a, b sao cho

{a~b+1=o
La+b+3=0‘

Giai hé phuong trinh 4y, ta duge a = -2, b = -1, Khi 4y
phuong trinh (*) tré thanh

dy _X-y
dX  X+Y'

D6 1a mot phuang trinh thuan nhat. Tich phan téng quat cia
nd la:

Y+ 2XY -X2=(C2?,

(xem céu a, bai tdp nay). Vay tich phan téng quat cua phuong
trinh di cho la:

(y+ 1P +2x+2(y+ 1) - (x+2)2=C?,
hay yi+ 2xy —x2-2x+68y=K,
K 1 hang s tuy ¥.
i) Thyc hién phép bién d8ix=X+a,y=Y +b,
a, b 12 hai hing s6. Phudng trinh d3 cho trd thanh
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ay [ vebs2 Y
dX | X+Y+a+b-1

Chon a, b sac cho
b+2=0 - {b =-2
a+b-1=0 . |a=3
Khi &y, ta duge phudng trinh thuin nh4t
ao v ¥
dX X+Y)
bat Y = X.U. Thé& vio phudng trinh trén, ta duge

2
x&y - 2[—U-J .
dX

_ 1+U
Do &6
2
A+ ':;U+ﬁd_}_(=(}
U@a+U% X
Hay

dU dU dX
—+2 t—=

Q.
U 1+u? X

L4y nguyén ham hai vé, ta duge:
In|UXe?" V| =1n|{(C]| ,

C 14 hing s& tuy ¥. Do d6

y

2arctyg-
UXe?euwl = Ye X =,

Suy ra

y+2
—2arctg® —
gx 3

v+ 2= Ce
Gia s phudng trinh cila dudng C 1a y = f(x). Phudng trinh
cua tiép tuydn tai M la:
Y-y=yX-x
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Phuwdng trinh cua phap tuyén tai M la:

Yoy=-L(X-x).
y

yl\
Cho Y = 0 1an lugt vao cac N'
phucng trinh (*) va (**), ta
dudgce:
x=6"‘=x--l:, M(x,y)
¥y
X=0ON=x+ yy'. ™
Cho X = 0 lan lugt vio cac T/o N x;
phudng trinh (%) va (*%), ta
dutge: Hink 75
Y= 0O0T=y-xy
Y=0ON=y+Z
¥y

a) Tt didu kién ON' = OM, ta dugc:

X 2,2
V+ TTEXT YT

Y
D6 1a mét phuong trinh vi phén thuin nhat. Vit né dugi
dang
d Y
y+ x—x :\{x2+y‘2 .
dy
dx du .
bat x = uy, ta ¢6 —=y— + u. Thé& vao phudng trinh, ta
dy °dy
duge viiy > 0
. du
1+uw + uy— =yl+u? .
dy

Phén li bién s8, ta duge:

dy udu
y 1/1+u2 —(1+u2)
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Ldy nguyén ham hai v&, ta duge:
udu

1+u? —(1+u2)

Iny =

Pdi bién s v = \/1+u2 ,tacé vi =t +u? 2vdv = 2udu, do dé

vdv dv C
Iny = =— =1
i Iv_vz Iv—l 1

trong d6 C 12 hing s§ tay ¥ dudng. Suy ra
Cy

= C = .
¢ \/1+u2 -1 \/yz +x2 =

\}y2+x2 -y=C.
Véiy <0, ta duge:
y-yy2+x2 =¢C,
C 13 hing s6 tiy ¥ 4m.
b) Pudng cong L phai tim théa man diéu kién ON' = 20T, do

Hay

d6y+ = =20y - xy).
y

D6 ciing 12 mot phuong trinh thuin nhat cdp mét. Nhung chi
¥ ring c6 thé viét phuong trinh 8y duéi dang

1
y =x@2y'+ =)
y
Dat y' =t, taco
y = x(2t + %),
1 1
dy =tdx = 2t + =}dx + x(2 - —)dt,
t t2
do do
dx _1-2e® o 1+t®-3t% o dt 3edt
X t(1+t%) t(1 +t2) b 14t2
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Ldy nguyén ham vé ddu va vé cudi, ta dugc

3 .
In |x| = In|t| — Eln(1+t2)+ln1C| =1In |CtQ +t% |

trong @6 C la hng s8 tiy y. Vay

x = Ct{l +15

1
Thé vao hé thicy = x (2t + 1‘) , ta

dugc
- 37
y=Cc@2+ 1+ Y2

Véy cac phuong trinh tham s6 cia

dutmg L la
x = Ct 1+t~ Y% |
g — 372
y=C @2+ +tH

ing véi C = =1, néu d6i tham s6
t = tge, ta duge

372

]

Hinh 76

x = singcos®y , y = cosp (sin%p + 1)

Puomg @6 nhan Ox, Oy lam truc d6i xing, c6 4 diém lui A, B, C,

1

D,diémAfngéisingo=‘\/‘§—, 005(p=\l—g,cécéctoadé

(%‘3 , %) (h. 76) .

¢) Puomg L théa man diéu kién

TN = ON ~ OT = yy’ + + = 2a

¥
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D6 1a mét phuong trinh vi phan cfp 1 khuyt x. Pat y = t,
ta duoc '

_ _Zat
t2 + 1
1 - 42
dy = 2a 2 t2dt=tdx
(t* + 1)
) 1—t?
Do da dy=2a—2“——2dt=tdx
(t*+ 1)
.2
Vay dx = 2a ——Y g
t (¢ + 1)2
Bat t = tgp, ta duoe
dx = 2a (L= tE20) (1 + te%) dp = 2a(cos?p — sin%p) £ g4 =
tep (1 + tg%)? sing

= 94 Q- 25in25_q!

; cosp dp = Z2a(cotgy — sin2p)de
sing

Do d6
x = 2aln |sing| + acos2¢ + C
= a(cosZp +In (1 — cos2p)) + C

t
y = 23—'_g£—— = asm2<p
1+tg2(p

Lai dit 2p = 7, ta dugc céc phuong trinh tham s8 cda duomg L 13

x = afcost +In(l —cost)] , y = asint

Budng L, ing véi C = 0 duge cho & hinh 77. N6 ¢b hai
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Hinh 77
diém lui A (0, &) va A’ (0, -a), nhén Ox lam tryc d&i xing va lam tiém
cAn ngang vé& phia —o. Diém B tai 46 ti€p tuyén thdng ding c6 hoanh
d6 x = a (In 2 — 1). Cac dudmg L khae suy ti L, bing phép tinh tién

song song vé&i Ox.

6. a) Phuong trinh thudn nhét tuong dng la

gy + 2xy=0
dx

Phan li bién s6, ta duge

& o _oxdx
¥y

L&y nguyén ham hai vé, ta dugce In | {El = -x*=In e"‘2
trong 46 K 12 mdt hdng s6 tiy y. Dodoy = Ke™’

D6 14 nghiém tfng quat cia phuong trinh thuin nhét. Dé tim
nghiém cia phuong trinh khong thuén nhét, ta cho hing s§ K bién
thién, tic 14 xem K 1& ham s6 cla x réi thé vao phucmg trinh khéng
thudn nhit, ta duge

K’e"‘ _ 2%Ke™ + 2xKe® = ye
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Hay K’ = x
2

Dodé K = 3‘2— C, Cla hing s6 tiy §.

Véay nghiém t8ng quat cia phuong trinh da cho la
2
NS SR
¥y = ( 2 + C) e

b) Phuong trinh thuén nhdt twong img 1a -

d dy Z2xdx
1+x2) L = 2zy ha = ==
( ) 4 y hay L2
LAy nguyén ham hai v, ta duge

n | §| = In (1 + x2),

K 1a hiing s6 tiy y. Vay nghiém téng quét cia phuong trinh thudn
nhét 1la

y=K(1 +x9

Xem K 14 ham &8 cia x, thé vao phuong trinh khéng thuén nhét,
ta duge

K=1=K=x+C

C 14 hding s8 tiy y. Vay nghiém t8ng quat cia phuong trinh khong
thudn nhdt 1a

y=(x+C)(1+x2).
¢) Phuong trinh thudn nh4t tuong img 13
2
dy . 2y _ 0, hay

dx x+1
EtX'_. dx
¥y x+1
360



‘-r
c"aé

>

nghiém tdng quat cua no la
y=Kx+ 1)?

" K 14 hing s6 tuy ¥. Cho K bién thién, th§ vao phuong trinh khong
thudn nhdt, ta duoe.

2
KE+1D?+2Kx+1) - Zzif‘ﬁg— = (x+ 1)}

Suy ra
K=x+1

Do d6
2
K = XE +x+4C
C 1a hang s8 tay ¥. Vay nghiém téng quat cua phuong trinh khéng

thudn nhét 1a

c;

2 L3
y = (-’52—+x+C)(x+1)2

. Viy ta duge nghiém

s 1 1
T diéu kitn yly =9 = _, taduge C = 5

2

riéng cua phuong trinh da cho la

y = (§+x+%) (x + 1)%.

d) Phuong trinh thuin nhdt tuong img la

(1+x2)§'§+xy =0 hay Y 4 X _

¥ 1+ x2
nghiém tdng quat cla né la
y = K ;
V1 +x2
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K 1a hang s6 tly y. Xem K 1a ham s6 cia x, th€ vao phlro'ng trinh
khong thuén nhét, ta duge

; ’ K
1+ x2 -~ k—= L Sl |
e (e Vaed) e
Hay
1
K,:_.__—
ﬁ+x2
Do do

=ln@Ex+v1i+x2) + C,

Cl1a hang s8 tuy y. Vay nghiém téng quat cta phuong trinh khéng
thudn nhit 1a
_ In@x+vl +x%) + C

V1 + x2
Tt diéu kién y c=o = O taduge C = 0. Vay nghiém riéng cia

phuong trinh thoa man diéu kién trén 13

ln(x+V1+x§) .
V1y 2

e) Phuong trinh da cho kh6ng phai la phuong trinh tuyén tinh d6i

y=

vol y. Nhung néu ta viét né dudi dang.
dx
2y — ~ 6x + y2 =
dy

thi ta duge mdt phuong trinh tuyén tinh déi véi x (¥). Phuong trinh
thuan nhét tuong ing la

2y & =
ydy

nghiém téng quat cua no la

d
dx 6x-—0hay—x‘—3gx
y

x = Ky5,
362
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K 1A hiing s6 tiy y. Xem K 1a ham s6 cua x, th& vao phuong trinh
khong thudn nhit, ta duge

2y (K'Y’ + 3Ky>) + y> - 6Ky° = 0

Suy ra .
. K = - —
Do dé 2y*
K=——+C
2y
C 1a hang s8 tiy y. Vay nghiém téng quat cla phuong trinh da
cho la

1 o3 L Y
x = (2y+C)y3—Cy + 9
f) Nghiém téng quat cia phuomg trinh thudn nhét tuong ing la
y = Kx,
K 14 hing s8 tiy ¥. Xem K 14 ham s6 cua x va thé vao phuong
trinh khéng thudn nhét, ta duge

x(K’x + K) - Kx = x%arctgx
Hay K’ = arctgx
Do ab

K = [arctgxdx = xarctgx — [ x dx =

1+ x2

X arctgx — -21—1n (1+x%) + C,

C 1a hing s8 tdy ¥. Vay nghiém téng quat cia phuong trinh da
cho ia

y = [xarctgx—éln(1+x2)+C]x =
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= x%arctgx — gln (1+x% + Cx .

g} Phuong trinh ¢6 nghia khi x > 0. Phuong trinh thudn nhat
tuong dng la

: d
dy v hay &L = -4
dx xlnx y xInx

Lay nguyén ham hai vé, ta duge
In | )L| . S [ 4inx)
K Inx

= In |Inx|
xinx

K la hing s6 tay y. Vay nghiém téng quat cda phuong trinh thuin
nhit la y = Kinx

Xem K la ham s cta x, th€ vao phuong trinh khong thuén nhét,
ta ducgc

Klnx + K - Kinx = xlnx
X xInx
SuvraK =x
Do d6
2
X
= = C
K 9 ,

C la hdng 6 ty ¥. V4y nghiém téng quat cha phuong trinh khong |
thudn nh4t la

Tu didu kién ylxze = %‘, ta duge C = 0. Vay nghiém riéng cia

phuong trinh da cho théa man diéu kién trén la
_x
Y= g
h) Phuong trinh thudn nhét tuong (ng 13
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@) Lam o0 ey T2
dx . y  x*+1

nghiém tdng quat cua nd la

K . . iz . P
y = —————, K la hiing s6 tuy y. Cho K bién thién, thé vao
Vix? + 1)3
phuong trinh khéng thuin nhét, ta duge
2
’ +1
_xK =Vx2+lhayK’=x =X+_1‘
Vx? + 1 X X

Do do6

i

K—;+lnx+C,

C 1a hing sd tiy 7. Vay nghiém tdng quét cda phuong trinh da

cho la X
-z—+ Inx + C

v (xEZ + l)3
i) Phuong trinh thuén nhét tuong img la

y=

x ) - @onyhay s T
X Y

—~ (1 + x%) + 2x% 1 2x
= dx ( —_
x (1 +x%)

Do 6
*+1
| %]
Vay nghiém téng quat cia phuong trinh thuln nhét 1a
*+1
X

'K 12 hang s6 tity . Cho K bién thién, th€ vao phuong trinh khéng
thuin nhdt, ta duge:

In | {Z| = ~In|x]+l@E2+1) = In

y =K

K = —2%
(1 +x%?
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Do do

Kz—f Zxdx o 1 +C

(L+x22 1452

C la hang s8 tiy y. Nghiém téng quat cla phuong trinh khéong
thudn nh4t la

-

+ C) (x2+1) AL ek

1 + x2 X X X

=Cx+l(C+l).
X

J} Phuong trinh thudn nhst tuong (ng la:

d d xdx
(x2—4)a§+xy = Ohay“;rz+ ;:z = 0

nghiém téng quat cda no 1a

_-‘/TZ-X—K_—? néux <- 2 hojic x > 2
K _
Yy = —— = K
Y |x® — 4] \/T__T nu-2<x<?
- X

trong d6 K 14 héng 8 tiy . Cho K bién thién réi thé vio phuong trinh
khéng thudn nhit,

Né’ux<-‘2hoacx>2,taduqc

Y
Vx? - 4

Do b
4dx
K= ——
VxZ 4

Néu x > 2, ta ddi bién 6 x = 2cht, do do

dx = Zshtdt, V2 - 4 = 2sht
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=4fdt=4t+C=4argch§+C,

C la hing s6 tiy y. Vay nghiém tng quat cla phuong trinh khong

thuén nh4t la x
4argch 3 + C

y = V2 — 4
Néu x < - 2, ta d6i bién s6 x = -2cht va duge

K = —4argch(—-§)+c

do 46 x
- 4argch (- g) + C
y —
Vx2 - 4
Néu -2 < x < 2, ta dugc
R T
V4 — x2
Do do
=—4f Ty —4arccos§+C
V4 2
C 1a hing s6 tuy y. Vay nghiém téng quat cua phuong trinh da
cho la
4arccos 2 + C
v = V4 — xwé

k) Phuong trinh thudn nhét tuong ung la
2(x% — x) %Hzx-l)y =
Phén li bién s8, ta dugc

dy _ _Q"_.__lldx
y 2(x% ~ x)
Do do
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K la héng s8 tiy y. Vay nghiém tdng quat cia phuong trinh thudn
nhéat la

K néux < Qhodcx > 1
y_.—K,____ "Xz'-x
Vix2—x| K

N nfud<x«<l
X—X

Xem K la ham s8 cua x rdi th€ vao phuong trinh khéng thudn
nhdt.

Néu x < 0 hotic x > 1, ta duoe

Do do
K= -lln(x-*l-+\fx2—'x) +C,
2 2

C la héng s6 tuy y. Vay nghiém téng quat cia phuong trinh
khong thuan nhét 1a ! 1
—Eln(x—§+v‘x2—x)+c

y = ———
X —x
Néu0<x:11,taduqc
K’_—l—_
2Vx — x?
Do do
d -
golpo & 1, 79
IS E P
1 4 2
=§arcsin(2x~1)+0.
Vay 1
Ear@in(Qx—I)+C
y= \"X—X?

368



CANER
(0&

7.2) Gid st y = ax® + bx + ¢, a#0, 13 nghiém cla phuong
trinh da cho. Thé vac phuong trinh 4y, ta duge d6ng nhét thuc

x(x? + 1)(Zax + b) - (2x” + 3)(ax® +bx + ¢} = 3

Hay

bx3 — (a + 20)x% - 2bx - 3¢ = 3
Déng nhét cic hé s6, ta duge

b=0,a+2c=0,-3¢c=3
Suy ra
b=0,c=-1l,a=2
Vay mét nghiém riéng caa phuong trinh da cho la
y=2x2-1,

Mu6n tim nghiém téng quat cda nd, ta chi cdn tim nghiém téng
quat cua phuong trinh thudn nhit tuong ing

x(xZ + 1y’ - (2% + 3)y = 0

Phan 1i bién s6, ta duge

dy _ 2®+3 , _ 3, _ _ xdx
Y ox@z%2+1) X x2+1
Do d6 In| £} = 3injx| - L inx?+1) =
C 2
=In —lﬂf’:
Va2 +1
C la hang s6 tiy ¥. VAy nghiém téng quat cda phuong trinh thuén
nhét 1a ’
y = =i
x% + 1
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Nghiém téng quat cta phuong trinh phai tim 13
: 3
L3 x
= 22— 1+Cpm -
Y x2+1
b} Bang cach déng nhdt hé 6 sau khi thé y = ax? + bx + c vao
phuong trinh da cho, ta duge mdt nghiém riéng cta né 1a

y=2¢2_1.

Vay chi cdn tim nghiém téng quat cla phuong trinh thudn nhAt
tuong ing

(x3—x)gz+(l —2x2)y =0
dx
Phan li bién s8, ta duge

2.1 dx
dy _ 2 dx = & ‘xdx
Yy o oxx2-1) x x2_1

L4y nguyén ham hai v&, ta dugc

1n| %| = ]n|x| +%ln|x2— 1| = In(|x}V |x% = 1])

trong d6 C la hdng s tuy y, vAy nghiém téng quat cda phuong trinh
thudn nhét 13

y = CxV|x2-1].

Do 46 nghiém téng quat cta phuong trinh khéng thudn nhat la
y =2 -1+ CxV[xF - 1] .

8. Ta c6

x 2
xf eb dt
1

f

¥
2 X o
y = xe* + [etdt.
1
Thé véo v& trai cda phuwong trinh da cho, ta duge

X X
2 2 2 9 2
xy' -y = x%* +xfetdt —x[etdt = x2e*
1 1
370
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Do dé

X
2
y = xJ et dt
1
la mét nghiém riéng cua phuong trinh
xy' —y = x2e¥

Muén &m nghiém téng quat cda phuons trinh €y, chl cdn tim
nghiém tong quat clia phuong trinh thudn nhat tuong dng xy’ -y = 0.
Nghiém 4y 12

y =Cx,

trong 46 C la hling 3 tuy y. Viy nghiém téng quat cha phuong trinh
da cho la

X
2
y = Cx+xfetdt.
1
Tu diéu kién y o1 = 1, ta duge C = 1. Vay nghiém riéng
cua phuong trinh thoa man diéu kién trén la
x
2
y = x+ fe¥dt

1
9. Phuong trinh thudn nh4t tueng ung la

d
Phan 1i bién 8, ta duoc
dy _ dx
y b4

Nghi¢m tng quat cua né lay = Kx?, K 1a hing s6 tiy 7. Bing
phuong phap bién thién hiing s6, ta dugc nghiém téng quat cia
phuong trinh da cho la -

y=x%—x + Cx?, {*)
trong d6 C la hdng sd tay y.

371



-
_Q;QE ?

Ta co
Yy =3x?-1+2Cx, y" =6x+2C

y” la mét nhi thic bac nhét, né d6i ddu khi x di qua nghiém cia né.
Mot diém (x,y) 13 diém udn cla ho dudng tich phan téng quat khi va
chi khi (x,y) théa man phuong trinh (*) va phuong trinh

6x +2C=0. (**)

Khu C giva cac phuong trinh (*) va (**), ta duoc

y=x3-x+ (3x).x2= 2% _x.

D6 la phuong trinh cua t4p hop cic diém uén cua ho dwdmg tich
phan téng quat.

10. 2) Pat y2 = z . Ta ¢d 2yy’ = 2’ . Phuong trinh da cho tré
thanh

1 L)
xz+5x2(x+1)z’+3x—5 =0.

b6 la mot phuong trinh vi phén tuyén tinh cdp mét d6i vai 2.
Phuong trinh thuin nhAt tuong dng véi no la
1 d
xz + o x¥(x + 1)&2- =0
Phén li bién s6, ta duge

dz _ _—2dx 11
f=x(x+1) B (Q_ +1)d"'
Dods  In| | = -2m| 2| = m(*; b,

K la hing s6 tiy y. Vay nghiém tdng quat cia phuong trinh
thudn nhét la
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Xem K la ham s8 cda x, thé vao phuong trinh khéng thudn
nhét, ta duoce '
10 — 6x

K = ,
(x + 1)3

Do do

- - 6(x + 1)
K_IIO 6XdX=J-16 6}( ldx:

(x +1)3 (x + 1)3
dx dx 8 6
=3 e — - = — C’
16f(x+1)3 6f(x+1)2 (x+1)2+x+1+

C la hing s& tiy y. Vay nghiém téng quat cua phuong trinh
khong thudn nhét la
2
z=(— 8 - 6 +C)(x+1)
x+ 12 (x+1) X
Nhung z = y*, vy
. 2
y2=__%+6x+1+c(x+l) |
X

X X

b} Phuong trinh da cho la phuong trinh Bernoully. Chia hai vé
cho y3 va dat y‘2 =z, ta duge
= 1 de +x2 = x5,
2 dx
Dé la mdt phuong trinh tuyén tinh d8i v6i z. Phuong trinh
thudn nhéat tirong Uung vai no la

- 1dz +xz = 0.
2 dx
Phén li bién s8, ta duge
dz = 2xdx

z
Nghiém téng quat cia né 1a
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F
z = Ke*,
K 1a hing s8 tiy y. Ding phuong phap bién thién hang s8, ta duoe
K = —2x% %

-

Do d6 K = —f2x% % dx .

Déi bién 56 x% = u , ta duge
K= —f ue Ydu =ue U+ e M4+

C la hang s6 tay y. Vay nghiém tdng quat cla phuong trinh
khong thudn nhat la

zZ= (:(2:3""2 + e'”"a + c::)e"2 = x>+ 1+ Ce"2 Viz =i‘ , nén ta co
Y2 +1+Ce) = 1.
¢) Phuong trinh da cho cé nghia khi x > 0 va duoc viét la
xy’ = y° Inx - 2y .
Do 1a phuong trinh Bernoully. Chia hai vé cho y? , ta duoc
xy %y = Inx — 2y L,
Patyl=2z. Tacéz = ~y % Do d6
—xz’ + 22 = Inx .

D6 la mdt phwong trinh tuyén tinh d6i véi z. Phuong trinh
thudn nh4t tuong ing la
-xz' + 2z =0,

Nghiém téng quat cia né la
z = Kx*,

K 14 hiing s& tuy y. BAng phuong phap bién thién hing 6, ta duwoc
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x3
Do do
Inxdx 1 1 dx
K=_-f—=_[=m+[——F—) =

x° (21;2 2x2x)

Inx i

= —+—7+C,
2x%  4x%

C la hang s6 tuy §. V4y nghiém téng quat cia phuong trinh khéng
thudn nhét la

y(%lnx+%+0x2) =1.

d} Phuong trinh éa cho la phwong trinh Bernoully. Chia hai v€ che
1 1
y2 réidat z = y2, ta duge phuong trinh tuyén tinh d6i vai z:

x
22" +z = e2
Nghiém téng quat cua phuong trinh thufin nhét tuong tng la
X
z = Ke Z,

K la h&ng s& tiy y. Xem K 14 ham s8 cua x, thé vac phuong
trinh khong thudn nhét, ta duge
1
K = Ee"
Do do

1
K = —e*+C,
2

C 1a hang s6 tiy y. Vay nghiém téng quat cua phuong trinh khong
thudn nhit la
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1y -
| z—(ze +C)ez
Vay
1 1 X
yZ = (‘z*e" + Cle" 2
N 9
Tu diéu kién y k=0 = 4> ta duge C = 1. Vay nghiém riéng

cua phuong trinh da cho thoa man didu kién trén 1a
y= (%e" + 1)Z%ex

e) Vi€t phuong trinh dd cho dudi dang
d
y—x +x+x%y =0
dy
b6 14 phuong trinh Bernoully d6i véi x(y). Chia hai v€ cho %2,
~ rdi dat z = x !, ta duge phuong trinh tuyén tinh d6i véi z(y)

dz
-y +z+y =0
dy

Nghiém téng quat cia phuong trinh thudn nhét tuong tng la
z = Ky,

K 1a hang s6 tiy y. Xem K 1a ham s6 cda y, th§ vao phuong trinh
khéng thudn nh4t, ta duge

dK _ 1
dy y°

Do do
K =Inly|+C,

C 1a hdng s8 tiy y. Vay nghiém téng quat cda phuong trinh khéng
thudn nhét 1a

i

z = (Injy| +Cly
1
X

i

Vay: (n|y| + C)y .

f) Vi&t phuong trinh da cho dwéi dang
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ax xy = x%3
dy

D6 13 phuong trinh Bernoully d6i véi x(y). Chia hai vé cho x*,
datz = x ! ta duge

3
_— = y7 =
dy ¥ y

P6 1a mot phuong trinh tuyén tinh d8i voi z{y). Nghiém téng
quét clia phuong trinh thudn nhit tuong dng la
v
z = Ke 2,
trong d6 K 1a hing s6 tiy y. Bing phwong phap bién thién hing s dé
tim nghiém tdng quét ctia phuomg trinh khéng thudn nhat, ta duge
1 3 f‘
K = _-y e2
Do 46
3 5 2 v
K = ffy‘ge"”ﬁzdy = y* P2+ C,
¢ 1a hang s6 tity ¥. Vay nghiém téng quat cdia phuong trinh khéng

thudn nhat la
, T ¥ vl . :
2 = (% + 207 +C)e"2 = 2 +2+Ce’2 .

Do do . 2
- = -y2+2+Ce‘)‘IZ‘
X

g) Phuong trinh da cho la phuong trinh thuén nhét, nhung
khong biéu didn v’ dudi dang hiu t1 duge. Cha ¥ ring y’ = 0 khéng
thé 14 nghiém cla phwong trinh da cho duge. Giai phuong trinh 4y

déi vii y, ta duge

Daty =t, ta duge Y=
3177



Do dé
2dx  2xdt
t t2
Nhung vi ‘SXX = t, tacd dy = tdx. Thé vao phwong trinh trén,
ta ducc

dy = — xdt — tdx .

2 2
(T-2)dx = (= + 1) xdt *)
t 2
Ta nhan xét rdng t = = 1 thoa man phuong trinh (¥},

Néut= =+ 1,td(*) tasuyra

dx 2+ t2 1,2 3 3

= o dt = —(—— + )

x 21 ~ t)(1 + t) 2Vt 2L+ 21 -t
Do do

In| %] = In]t| —glnft+ 1 —glnit—- 1],
C 1a bang s6 tuy y. Vay
X = Ctltz—l['%
Suy ra
y = zt—x—xt = C(2-t2)|t2—1|_%

Vay cic phuong trinh tham s8 eda ho dudng tich phan téng
quat la

3

x=Ct/t>-1]"%
3
{ y=C2-H|2-11

Cacnghiétmy = =x,dngvéit = =1 , khodng thuée ho
nghiém téng quat. D6 1a cae nghiém ki di .

h) Phuong trinh da cho 14 phuong trinh Clairaut. Daty' = t, ta
duge
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y=xt+t2+1‘

Do do
dy = xdt + tdx + 2tdt .
. d . -
Nhung vi EXX = t, nén dy = tdx . Thé vao phuong trinh trén, ta
duge '
(x + 2t)dt = 0.
Do d6:
Hoficx = -2t = y= (=20}t +t2+1=1 -1t
Hoacdt = 0 = t = C, C la hdng s8 tiy ¥, vay
y=Cx+C2+1.
Vay ta duge
* Puodng parabol P ¢ phuong trinh tham s X = 2t,y=1-1t2.
Khu t gitta hai phuong trinh 4y, ta dugcy = 1 ~ XI

% Ho duomg thing D¢ ¢d phuong tninhy = Cx + Ce+1.

Nhu da ching minh trong giao trinh, dudng tich phén ki di P la
hinh bao c¢ia ho dudng tich phén tédng quat De ¢h. 78) .

¢) Phuong trinh da cho 1a phuong trinh Clairaut. Bat y’ = t. Ta

dugc
t + 2
= X .
Y t
Do do
adt
dy = xdt + tdx — — = tdx .
t2
Suy ra

a
dt (x - t2) = 0.
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y
%\2 .
2 X
M
Dc P
Hink 78

Néu dt = Othit = C, C la hing 8 tiy y. Ta duoc nghiém téng
quat

a
= ox+ 2
¥ X C
biéu didn mot ho duomg thing phu thudc tham s8 C. Néu x = % , ta co
2 L . e
= % b+ % = —ta" - Khur t givra hai phuong trinh 4y, ta duge dudmg
t

tich phan ki dj.

¥? = dax .
f} Phuong trinh

la phuong trinh Lagrange. Dat y’ = t |, ta duge

Do do
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égg‘

o

Suy ra
dx

t—x = 6t2.
dt

Pé 1a mot phuong trinh tuyén tinh d6i véi ham s8 x(t). Nghiém

téng quat cua né la
x = 6t2 + Ct,
trong do C 1a hdng s8 tiy y. Do d6

t
y =5 +f =4+ 02

Vay phuong trinh tham s8 cia ho dudng tich phan tdng quét la

x =62+ Ct,y=4t5 + Ct .

k) Phuong trinh

Y
y+1
la phwong trinh Clairaut. Dat y’ = t, ta dugc

y = xy +

t
= xt+—— .
YT R T4
Do dé
dy = tdx = xdt + tdx + .
d (t + 1)2
Suy ra dt {x + =) =
( (t+1)2)
Néu dt = 0 thit = C, C la hing s8 tay y. Ta dugc nghiém téng
quat
= Cx + ,
yEMET o

né biéu difén mdt ho duomg thdng phy thudc tham s6 C .

1

—-—-—,t A
(t + 1)2 2 e

Néu X =
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B
A

t t t2

+ = —
t+1)2 t+1 (g4 1)2

Khu t gita hai phuong trinh fy, ta duoc
(x+y)2+2x—2y+1 = 0.

N6 biéu didn mot parabdn cé truc 1a dudng phan gidc thi hai.
Parabén 4y 1a hinh bao eta ho duong thdng phu thude tham s6 C
néu o trén.

11. Tacé OT = y — xy’ . (xem bai tap 5 chuong nay). Vay ta
phai tim duong L di qua diém (1, E) thoa man phwong trinh

y-zy = y%

D6 la phuong trinh Bernoully. Chia hai v& cho y*, roi dat
z =y ! taduoc phuong trinh

z+3x2'=1.

Bo la mot phuong trinh tuyén tinh d8i véi z. Nghiém téng quat
cua no la

x+ C
z = -
X
trong 46 C la hang s6 tuy y. Vay
1 _x+C
y X
Tw diéu kién y iel = é » ta duge C = 1. Do d6 dudng cong

phai tim cé phuong trinh la

X
x+1

y —
12. a} Thé y = x* vao phuong trinh

&= Dy =y* + oy - 2x,
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Ta duoc

Cxxa+2_axa—l - x2a+xa+2_2x
Do d6 (@ — 1)x%72 - x% = g x*~1 - 2%
Hay

(@~ D274 — 1] = x*" Ya - 22279
RG rang hai v€ déng nhit bdng khéng néu « = 2 . Vay phuong
trinh ¢6 mot nghiém riéng la y, = x> .
Pity = x° + z . Thé vao phuong trinh da cho, ta duoc
(B -1D@x+2z) = E+2)%+ E+z)x—2x
Hay
(x3 -1) 2" = z% + 3x% .

Do 1a mot phuong trinh Bernoulli ddi véi z. Cé thé giai nd bing
céch chia hai v& cho 2%, réi diat z! = Z . Nhung ta nhan xét ring ¢
thé viét phuong trinh dy dudi dang

~(x3 - 1)z’ + 3x°%z

‘ =1
ZZ‘
Hay
3
x = 1y
= -1
()
Do do .
4
x 1=—x+C,
Z
C la hing s6 tiy ¥. Suy ra
z__x3—1 qx2+x3~1_Cx2—1
c-x' 7 C-x C-x

Chu thich. Phuong trinh vi phdn ¢é dang
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alxly’ = b(x}y2 + clxly + d(x)

duge goi la phuong trinh Riceatti, Cé thé giai duoe phuong trinh 4y
néu biét dugc mét nghiém riéng caa né.

b) Ro rang ham s8 y = x thda man phuong trinh
2% = (x — D(y? - x3) + 2xy .
Dit y = x + z . Thé vao phuong trinh trén ta duoc
2%z’ = 2x%z + x - l)z2 .

Do 1a phuong trinh Bernoulli d8i véi z. Chia hai v& eta nd cho
zz, daty = z1 , ta duogc

-2x%0 = 2%u+x-1.

D6 1a mét phuong trinh tuyén tinh-d6i véi u. Nghiém téng quat
cua phuong trinh thudn nh4t tuong Gng la

u = Ke™*

trong d6 K 1a hdng s6 tuy y. Xem K ]a ham s& cda x, thé vao phuong
trinh khong thudn nhat, ta duge

1-x

K = [—eXdx .
2x?
Ta co 1 ) 1
—%dx = —of + x dx .
f?.,xe 2x fesz
Do do 1 ) !
K = fe( - Jdx = - et + C,
22  2x 2x

C la hang s8 tuy y. Vay

: Xe 1
u = (—-—el X+C)e_x = Ce—r~ L _ Gxe -1
2x 2x 2x
trong d6 C; = 2C . Suy ra
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Eig

1 2 Cixe™® + 1
y=x+z=x+“=x(1+“— - )= .
ou Cxe™ -1 Cixe™®* -1 .
3Pt Pxy) =x+y+1,Qxy) =(x-y%+3). Tacd
P _ . _Q
dy ax

Véy phuong trinh (x +y + Ddx + (x - y> + 3dy = 0 14
phuong trinh vi phan todn phén. P,Q va cac dao ham riéng cp mot
cla ching lién tyc trong R? . Tich phan téng quat caa phuong trinh
4y dugce cho bai cong thire
% b
() I P@yodx + f Qydy = ©,

Xp

Yo
trong d6 x Ia hai s6 nao dé, C la hing s8 tuy y.

OTYO

Chonxo——yo =0 tadquc

f(x+1)dx+f(x—y2+3)dy

Hay
2 3
X -
—+x+xy-— =C,
5 Txtxy -2 +3y = C
b) Pat P(x,y) = 2(3xy? + 2x%) , Q(xy) = 3(2x%y +y2) . Ta cd
® 12xy = ‘6-9“
dy ax

Vay phuong trinh da cho la phuong trinh vi phén toan phédn. P, Q
va cac dao ham riéng cAp mot cla ching lién tyc trén R? . Tich phan
téng quat cua 1o dwge cho boi

x ¥ '
JasPax + [ (6x% + 3yddy = C .
0 (]

Hay

*+a52+y8 = ¢

¢) Phuong trinh da cho c6 nghia tfong mién D = {(x,y): y > 0}.
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x5

Dat Plxy) = 3x%(1 + Iny) , Q(xy) = -(2y ~ ). Taco
P _ o oQ
ay y ax
P,Q va cac dao ham riéng cdp mdt cua ching lién tyc trong
mién D. Ap dung cong thire (1) véi x; =0,y, =1, taduge
x y 3 .
JaxPax - [ (2y - )dy = C.
0 1 y
Hay

-y +5my+1 = C.
Hay
x3—y2+ x%ny = C’
trong 46 C’ = C - 1, C’ cOng 13 mét hiing s8 tiy 7.

d) Phuong trinh da cho cé nghia khi

x#0 , y=0, x=y. (*)
' 2
Pat Py) =~ -1, Quy = Lo —E— Tacs
(x—yy X y -y
P 2xy _ 9Q
Q  x-y?P

Vay phuong trinh da cho la phuong trinh vi phén toan phén trong
mién thoa man diéu kién (*). Néu Pdx + Qdy la vi phan toan phén cia
ham s8 u, thi tich phan téng quat cia phwong trinh da cho la u = C,
C 1a hang s& tay §. VAy ta chi cdn tim u(x,y) biét ring

i‘l = _f_ — l (**)
o x-y) X
g‘,'l._ = l — X— (*** )
¥y ¥y x-y?

T (**) suy ra
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wxy) = -~ lajx| + 1y) ,

f 12 mdt ham s8 kha vi tiy y. Do 86

- 2
a—u——M+t‘(y)ml— +f(y) .

¥ (x-y)? (x - y)?

So sanh vai (**¥), ta duge

1

£y =

y

Vay
f(y) =Inly| -y+K

Do do6

u(x,y) = —(;_iyi-y) +ln| Xl +K =

—xy—+1n| X‘ +K
X-y
Tich phan téng quét cla phuong trinh da cho 1a
In| XI X _
X

-y
e) Ta co
(;sm; fmsx+ 1)dx+ (ioosi—ésin§+§)dy -
. dx — xd, — xd d
- (TI) ¥ (W) g O

- 1
= sm?d(i) —oosid(”:—) +dx-d(;) -

= —d(cos?) +d(sin§) +d(x—l) =
= d(sinz—cos£+x—-l") = 0.

X y y
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Vay phuong trinh da cho 1a phuong trinh vi phan todn phin.
Tich phan tong quat cla né 1i;

. X 1
s:n—x—cos—+x———=C,
X ¥y y

- C la hang s tuy ¥.

14. a) a(x) 1a thita s8 tich phan cda phudng trinh di cho néu

3
%{a(x)(zxwx 2y+y?)] = g-;—la(x)(xz +y2)L

Hay

a(x)(2x + x* + y?) = a(x).2x + a'(x)(x% + y2).
Hay Coa@ =a'(x).
Do dé a(x) = Ke*,

K la hing s6 tiy . Vay phuong trinh
y3
e*(2xy + x% + Y ydx + e*(x2 + yHdy =0

14 phuong trinh vi phéin toan phan. Né tuong duong vdi phuong
trinh da cho. Tich phan téng quat ctia né dude cho béi
¥ 3
Iex(x2+y2)dy = e“(x2y+y?) =C .
0
b) Phuong trinh da cho ¢6 mét nghiém la y = 0. Bay gid ta xét
y # 0. Ta cén tim ham s «(y) sao cho

d NI
g[a(y)(wxy )= 2 t-atym

Hay
oY)y + xy?) + aly)(1 + 2xy) = —ofy).
Hay '

y(1+xy)a'(y) + 2(1 + xy)a{y) =0
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1 . " , s - |
Vi y = - — khong phai 14 nghiém cta phuong trinh da cho, ta
X

cé thé gia thiét ring 1 + xy = 0. TU phuang trinh trén ta suy ra

yd—a+20t=0 hay d_a+2-d_y:0.
dy o y
Do dé6
K
y

K 1a hing s tuy y. Vay phucng trinh
1+xy

X
dx-—2dy=01
Y y

la phudng trinh vi phén toan phin. C6 thé viét né nhu sau:

_ 2
ydx-xdy ax-d X X 1o,

¥
V61 y # 0, né tuong duong vdi phudng trinh da cho. Tich phén
téng quat cta né 1a

2
+x—=C,
2

|

C la hing s6 tay 3. |

¢) Phuong trinh dd cho c¢6 nghia khi x > 0. y = 0 1la mét
nghiém cta né. Bay gig ta xét véi y # 0. Ham s& a(xy) 1a thita s6
tich phan cua phuong trinh néu

2 o(xy)y—xy” Inx)|= gi-[a(xy)x].

oy
N&u dit z = xy, ta duge:
dc:.l(z) Xy - xy2 In x) %(1 - 2xyInx)oalz)= dafz) XY + ou(xy)
z
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Do @6 véilnx = 0 ( tde la x = 1) ta duge

da de  _d
22 +2m =0 hay —+2Z =90,
dz Z
Suy ra
o = _'Ig' = K
22 2y
K 1 héng s0 tiy y. Vay phuong trinh

iy
xdytydx 1, ik =0
x2y2 X
la phuong trinh vi phén todn phén. Vi
My tydx gy gy < dCinZ)
X Xy X 2
nén cb thé viét phuong trinh &y nhu sau

d(—1—+ Ilnzx) =0.

xy 2
Véix >0, y # 0 , nd tuong duong véi phuong trinh da cho.
Tich phan tdng quat cda né rd rang la
L + 1 In% = C,
xy 2

C la héng s8 tuy .

d) Ta co thé thdy ngay ringy = —x 13 mot nghiém cia phuong
trinh da cho. Bay gié xét trudng hop y # —x . Ham s8 a(z) , trong
do z = x + y 1a thua s6 tich phan cda phuong trinh néu

d i}
@] = 1@ + )]
Hay

de da
— = 2x+y). +
xdz (2x y)dz 2a

Hay

dex
— 4+ 2a=0
Zclz “
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Suy ra

da dz
7+2?=0
. K K
Do dd a="—"="""—,
z2 (x+y)£’1

K 13 hiing s6 tiy §. VAy phuong trinh

xdx + (2x + y)dy
x +y)?

0

12 phuong trinh vi phén toan phdn. Né twong dwong véi phuong trinh
da cho néu x # —y . Ban doc hay ching minh ring tich phan téng
quat cia phuong trinh vi phan toan phén 4y la
X
In|x +y| - —— = C,
njx+y| -7 ;
C la hang s6 tiy y.

15. a) Phuong trinh da cho 14 phuong trinh Bernoully. Chia hai
vé cho y° | rdi dat y % = z, ta dugc phuong trinh tuyén tinh d6i voi z

z Z

T T
Nghiém téng quat cia phuong trinh tuyén tinh thudn nhét la
7 — K
x2

K 1a hing s6 tiuy 7. Xem K 13 ham s8 cua x, thé vao phuong
trinh khong thuéin nhit, ta duge

K=C-4x%,

C la hiing s8 tiy §. Do 46 nghiém téng quat cua phuong trinh
. khéng thudn nhat 1a

Do d6 y4 = _x
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b) Phuong trinh da cho la phuong trinh thudn nh4t.

Bt y = xu, thé vao phiong trinh, ta duge

.XSIE=—coszu hay Ei*x—z_ du

dx x cos?u

Do do
ln! %[ = —tgu = —tgﬁ
C la hang s8 tay y. Vay
X
y= —xarCtgln| C’ .
c) Phuong trinh d4 cho 14 phuong trinh thudn nhA4t.

bat y = xu, thé vao phuong trinh, ta duge

g_gl—zu%du_(l_ 1, _1-2u
x ut+u U u+l g2_y4
Do &6

ln[x| = InJu| = Infu+ 1| —In(u® ~ u + 1) +In|C] =

Lol
[ud + 1]
trong d6 C 1a hdng =8 tiy y. Suy ra

Cu
w1

X =

Thé u = X,tadugc
X

cxy = C(x3 + y3) .
d) Phuong trinh c6 nghia khi xy # 0 . Dat z = xy , ta c6
z’ = xy’ + y . Do 46 phuong trinh tré thanh

1
?
7 =
72

hay 2%’ =1.
Do @6
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T c‘{'.

3
%—x+C

Vay tich phan t8ng quat cda phuong trinh 4a cho 13
x3y3 = 3x+Cy,
C; = 3C 1a hing s6 tiy y.

e) Phuong trinh cd nghia khi xy > 0. Dt z = 111(1) , ta cd
" X
y = xe* . Thé vio phuong trinh, ta duge

1
xz' + 2z =" .
X

D6 13 mot phuong trinh tuyén tinh déi véi z. Nghiém téng quat
cua phuong trinh thudn nhét la
K

z =
X

K 14 hing s8 tiy y. Xem K la ham s8 cua x, thé vao phuong
trinh khong thudn nhit, ta duge

3

3]

K=1=K=x+C

H

C 13 hAng 6 tiy ¥. Vay nghiém tdng quat cia phuong trinh
khong thudn nhat d6i véi z 1A

Do @b

16. a) Phuong trinh cua hg dudng cong la
v =2px - C).
L4y dao ham hai vé theo x, ta dugc

Yy =p.
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b6 14 phuong trinh vi phan cha ho &y. Thay y' béi -—, ta
y

duge phuong trinh vi phan clia qu¥ dao truyce giao la

vy+py'=0 hay ﬂ-kd—x:
y P
Do dé
]nl——i,
Ki p

trong d6 K 1a hdng sd tuy ¥, hay
X

y=Ke P = y=Cer,
D6 1a phuong trinh cha quy dao tryc giao phai tim.
b} Ta co

x!-yt=C,
L&y dao ham hai v€ theo x, ta duge phuong trinh vi phan cia ho
X-yy'=0,

thay y’ bol ——, ta dude phudng trinh vi phan edia quy dao truc giao
y

X+ 1. =0 Thay 9—-)—’+d—x-=0.
Yy X
Do &6
In|y| +Inix{ =In|K|,

K 1 hing s8 tiy y. Vay phuong trinh clia quy dao truc giao la:
K

y=—.
xX

¢) Phudng trinh cta ho dudng cong 1a x® + y% = 2Cx.
L&y dao ham hai v& déi véi x, ta duge 2x + 2yy' = 2C.
, : . . x2 4 y2
Khu C gifta hai phuong trinh dy, ta duge 2x + 2yy' = = —2 |
X
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D6 1a phuong trinh vi phan clia ho dudng cong. Thay y' béi

—-1—', ta dude phuong trinh vi phéin ctia quy dao tryc giao
y

¥ X
Hay (x* - ¥y = 2xy .

D6 1a mdt phuong trinh thudn nhat. Dit y = ux, thé vao
phuong trinh Ay, ta duge:

2
dx _(1-u )duz[l_ 2u )du

X u?+u U u®+1
Do db
u
In|li=1n ‘2\ ,
K u-+1
K 1a hang s6 tuy ¥, hay

_ RKu Kxy
Xt T T e 2

u“+1 x°+y

. k] - . 1
Vay phudng trinh cta quy dao tryc giac la y = E(x2 +y2).

d) Phuong trinh ctia ho dudng cong 1a (x* + y»)? = C3(x® - y?).
L&y dao ham hai v& 461 vdi x, ta dude:
2(x* + yH(2x + 2yy') = C*(2x - 2yy').
Khu C giita hai phudng trinh trén, ta duge:
2(x? - yH(x + yy) = (x* + yO(x - yy).
D6 13 phuong trinh vi phén ctia hg dudng cong. Thay y' bdi

1 . ) .
- —, ta dugc phuong trinh vi phan cua qu¥ dao tryc giao
y

(%% - 3xydy' = y(3x - y%).
P6 1a moét phuong trinh thudn nhat. Piat y = ux, thé vao
phuong trinh 4y, ta duge:

_6’ 2
2(—135:———1 3u du=[l— du ]du.
X u(u2+1) U y?i
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Do d6
In@?) = ln—L2l— 4 Ik
(u® + 1)2
trong d6 K la hing s6 tuy ¥, suy ra
2 _ _ Ku
(u® + 1)

Thé u = * » ta dugc phuong trinh cia quy dao tryc giao la
.4
Kxy = (x2+y%2.

Chii thich: Ho dudng cong da cho 14 ho lemnixcat phu thudce tham
s6 C. Chuyén sang hé toa d6 dé cac, phuong trinh céa ho dy la

r? = C2cos2¢p . *)
L4y dao ham hai v€ d3i véi ¢ , ta duge
rr’ = -2C%in2p (**)

Khir C gilta hai phuong trinh (¥) , (* #), ta duwoc phuong trinh vi
phan cia ho lemnixcat 1a

I _ _cosZp (4%
r sinZp

Gia st hai dudng r=r(p) va r; = r(p) cht nhau tai M dusi mot
goc vudng (h.79). Goi V va V; theo thit ty 14 goc hop bai tiép tuyén
duong cla cac Gudmg r = r(p) ,

r; = ri(p) vai OM . Ta cb

Vi cac tidp tuyén cua hai duomg
trén tai M vudng goc viéi nhau nén
ta co

tgV; = ~cotgV . Hinh 79
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Do 46 : 1.,

: 'y r :
Vay phuong trinh vi phan ctia quy dao truc glao cua ho lemnixcat

duge suy ra t&r phwong trinh (***) bdng cach thay = boi - — . Ta dugc
r
r_ cosZp )
r sin2p

L4y nguyén ham hai vé, ta duge
2In | §| = Inlsin2p|

Do d6 2 = K%in2p .

Qiy dao truc giao cling 14 1 hg lemnixcat.

Cung dé dang thdy ring duomg r2 = sin2¢ duge suy ra ti duimg
r? = cos2p bang mot phép quay gbc E quanh g8c 0.

e) Phuong trinh (x — C)2 + y* = a? biéu dién ho dudmg tron cb
tam (C, O) trén truc Ox vi ban kinh béng a. Ly dao ham hai v& d6i
vai x, ta duge

x-C +ywyw =0.
Khir C giGa hai phuong trinh trén, ta duge phuong trinh vi phan

Vo2 4 y2 = a2

Do d6 phuong trinh vi phan cda quy dao tryc giao 1a

cua ho dudng trdn trén 13

%+y2 = a?
y’
Suy ra 5 )
¥

Baty=asint,—%ct<%,taduqc

24
dx = a 2= qt = -2 dt — asintdt
sint sint
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Do 4o t
° {x=al'n|tg§| + acost + C

¥ = asint

Céac dudmg cua qliy dao true giao duyc suy ti dudng

t
X = a(ln|tg§| + cost)
{ ¥ = asint

(h. 80) bang nhung phép tinh tién song song véi Ox.
-

I

\/’_-— xX

Hinh 80

17. a) Phuong trinh da cho la phuong trinh khuyét y. Pat y* = p,
ta duge

xp’ —p = x%*.

B6 14 mét phuong trinh tuyén tinh cfp mot d8i véi p. Nghié'in
téng quat cia phuong trinh thudn nhét tuong ing 13

p =Kx.
Dung phuong phap bi€n thién hing s6, ta duoc
K=¢+C,

C la hing s8 tuy y. Do d6

p=y’=(e"+C)x=xe“+Cx.
Suy ra '
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2
¥y = I xe*dx + CXE = eMx—1)+ Cix? + Cs,
C; = 22 va Cy la nhing hang s6 tuy y.

b) Phuong trinh da cho khuyét y. Dat y’ = p, ta duge
p——Fe=xx-1
x—1

D6 1a mdt phuong trinh tuyén tinh cdp mét d46i véi p. Nghiém
téng quat cta phuong trinh thudn nhét tuong ing la

p = Kx -~ 1},

K 1a héng s6 tuy . Xem K la ham s8 cua x, thé vdo phuong trinh
khong thudn nhdt, ta duge

C ia hang s6 tiy y. Do 46
2

P= (3‘-2-+c)(x—1).

Tir didu kiény"x=2=—l,tad1rch=—3.V&y

, X3 x2

=p="T"-"—"-3&+3.
Yy =2 2 9

Do d6

3 B 32

=T - T - + + .
Y=g g g v 1D
T&diéukiény|x:2 = 1, ta duge D = . Do d6 nghiém phai

tim la
y= 21—4(3x4 — 4x% — 36x% + T2x + 8) .

¢) Phuong trinh da cho khuyét x. Dat y'= p, ta co

w_dp_dpdy  dp
Y Tax dyax  Tay
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Phuong trinh da cho trd thanh
p[g}‘;+ 21-2y)] =0
Néup = 0thiy = C, C la hiing s6 tiy y, cing 13 mot nghiém cua
phuong trinh da cho, nhung né khéng théa man didu kien dat ra. Vay
ta xét phuong trinh
dp
dy
Phan li bién s8, ta duge
dp
2
Do 6 % +y-y: =0
Cy 14 hing 6 tiy j. Té didukigny| _ =0, y| _ =

+2(1-2) =0.

+ (1-2y)dy =0,

1 -
raC; = Z Do d6 t¢ phuong trinh trén, ta duge

2dx = —% o dyl .

Vay Yioy+y G-p)°
2% + Cp = _ 11
YT 2

Cg 12 hing s6 tiy y. T didu kién ylx: o= 0, ta duoe Cg = 2. Vay
nghiém riéng cda phuong trinh théa mén cac diéu kién da cho la
| y=Li__1
2 2(:x+1)
d) Phuong trinh da cho khuyét y. Pat y’ = p, ta duge

xp’ - p = xnx

D6 1a mét phuong trinh tuyén tinh cfp mot d46i voi p. Nghiém
tdng quat clia phuong trinh thudn nhAt tuong tng Ia
p=Kx,
400



Y

K 13 hing s8 tiy y. BAng phuong phap bién thién hing s8, ta duge
' K=Ix=>K-=xlnx-x+C,

C la hing s6 tuy ¥. Do d6
P=y’=x’Inx - x2 + Cx.

Té didu kigny’ | _ = -1, taduoe C = 0. Vay

3 3 3 3
< x> x x* x
| y:flenxdx—'5'=glnx————3"+01
C, 1 hiing 6 tiy . Tw dibu hény|x=1=—%,mdm01=0.

Viy nghiém riéng cia phuong trinh thoa man cac diéu kién trén la

%3

y=5nx-) -

3
e) Phuong trinh 44 cho khuyét x. Dat y’ = p, y”° = p‘gg‘ Phuong

trinh tré thanh
N
dy
Néup = 0,tadugcy = C, Cla hing s8 tiy y. Vay y = C la mdt
nghiém cua phuong trinh da cho.
Né&u p # 0, chia hai v€ caa phuong trinh trén cho p, ta duge

d
yaE+p2~p=0

y »pl-p) l1-p p
Do do
Cip
tafy| =ta| ],
Ci la hdng 6 tuy v . Vay y=~9~1L_$p=—L
p~—1 y—Cy
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Nhungngi,dodétacé Y=Cl gy« ax
h 4

Lay nguyén ham hai v&, ta duoc
y—Ciln|y| =x+Cq
f) Phuong trinh da cho khuyét ca x l1An y. Dat y’ = p, ta duge

p2epf=a = p=iPea v
Phén 1i bién s6 , ta duge —dL'=idx

vaZ - 7

Do 46 arcsin's= * (x+ Cy),

Cilahing s§tiyy. Suyrap=y = asin(x + C))

Vay y=¢acos(§+Cl)+Cg

C3 cung la hing s6 tiy y.

g) Phuong trinh da cho khuyét x. Dit y'= p, ta duge
p = 51; = 2pdp = dx

Do d6 p2 =x+C;

Cylahings8tiy ¥. Suyray =p = vx + Cp

vay y= 2@+ 0P+ Gy,

C2 14 hang s6 tuy y.

. - . d
h) Phuong trinh da cho khuyét x. Dat y'= p, ta c6 y” = p;i'E.
Phuong trinh tré thanh Y

dp

Yoo +y -p?=0
dy
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Dit p? = z, ta duge _
Y g g
D6 1a mdt phuong trinh tuyén tinh cfp mot d6i voi z. Co thé du
doan rdng phuong trinh 4y c6 modt nghiém riéng dang z = ayS. Thé
biéu thic dy vio phuong trinh ta duge a = -2. Con nghiém téng quat
caa phuong trinh thuin nhét tuong img v&i (*) 1a z = Ky?

trong d6 K 1a hing s8 tiy . VAy nghiém tdng quat cia phuong
trinh (¥) 1a z = -2y3 + Ky?

Do d6 p=y =x2ywEK-2y
Suy ra dx=-_|-—dx——

— 2
D3i bién 6 VK =0y = t, tadugc y = 2t,dodéx:¢2_f 2dtK
t —_

Co thé xay ra 3 trudmg hop.
N&uK = 0, tachx = + 2 + C, C 14 hing s6 tiy §, do 46
t

g B 2
2 x-0f

NeuK > 0,85t K=ca?2 a>0,taduge

t—o
t+ o

xmi%ln|

|+C, y=

Kh t gitra hai phuong trinh 4y, ta dugc

a?

" 1%chax - C)

y

NEuK< 0,3t K=-2a% «>0, taduge
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.9r2+t.2
2

2 t
x=xarctg +C, y=-

Khtr t giva hai phuong trinh £y, ta duge
o2
: y_—1+oosa(x—C)
i) Phuong trinh da cho 13 mét phuong trinh cdp 3 khuyét y. Bat

¥y'= p, ta duge

3pp? - (1+pDp” = 0

Dé la mét phuong trinh cdp hai 46i véi p, khuyét x. Dat p° = 2, ta

g_:‘_“ldo do

cop”’ =1z
2 2. dz _

p
Néuz = 0, tacdy” = 0, do dé

y=Cx + Cg,
C1, C2 1a hang s6 tidy y. Néu z # 0, ta duge
3pz—(1+p2):11—z=0

p
Phan 1i bién s8, ta duge

3
d_z=_3.P_d&=.z=C(1 +p2)§.
z l-i-.p2

3
Nhungz = p’ = %ﬁl)do do x = 'éf(l + p?)"2dp
D38i bién s8 p = tgp, - % < <"§, ta duge

1f _ 1

X = dp = —ging + Cy .

_ cospdy e 1 -

1 = tacody =t —1 = —1 ingd: &

vi —Xd , ta co .= . cospde sin .V
P Ly £p C C pay y

y=——écos:p+02
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Khu ¢ gitra x va y, ta duge
g 1
x=Cp*+ - Co¥=5-
18. a) Gia s1T y1 = x” 12 m6t nghiém cta phuong trinh

Z(nx-)y” -xy’ +y = 0

a—2
Tacoy =ax* L y” =ala~1x .Thé vio phuong trinh,
ta duwge d6ng nhit thic

(nx — Da(@—Dx*—ax®+x°= x*[a(@a—1)Inx -a?+11=0

Do 46
{a(a -1H=0
a?-1=0
Suy ra @ = 1, Ta thu lai d8 dang ring y = x la nghiém cta
phuong trinh.

Bay gio tim nghi¢m y, cda phuong trinh, doc lap tuyén tinh véiy,
bing cach daty, = xu
Tacoy, =xu'+u, y,, =xu’ + 20
Thé vio phuong trinh, ta dugc
x(Inx — Du” + @lnx - (W’ = 0

D4 13 mat phuong trinh cdp hai 381 véi u, khuyét u. Bat u’=p, ta

dugce
x(Inx — 1)*35 +2lnx—-3p=0

Phén li bién s8, ta duge
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dp , 2Inx -3 dx
P x(nx-~1)

Do do

=~ f 2Ilnx ~ 3 dx=—f2v_3dv

In|p
| x(Inx — 1) v—1

Véi v = Inx. Vay

In|p| = -f(2 - 1 1)dv= —-2v+injv-1| =
v - :
Inx — 1
n

%2

= -2lnx+In |lInx — 1| =

o] d4y ta chon hing 8 tiy y cua tich phan béng 0. Suy ra

p=u,:l£.__l_
x2
Do d6 *flnx_ldx—hlix;
x X
Vay ¥2 = xu = —Inx

Phuong trinh da cho ¢6 hai nghiém riéng doc 14p tuyén tinh la x
va -Inx, do d6 nghiém téng quat cia né 13

vy =Cix + Cy Inx,
Ci1, Cg la nhung hing s6 tay §.
Chui thich: Ta biét r3ng néu biét nghiém riéng y (x) cla phuong
trinh c4p hai tuyén tinh*
v’ + pxly + qx)y = 0
thi mot nghiém riéng yo(x) doc l4p tuyén tinh véi y| cia nd duge cho

bdi cong thire liouville

oS p@x gy

ya(x) =
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Trong bal todn nay, ta cd p{x} = —41=—. Do dé
_ x(Inx~1)
dx

- x)dx= | ————=Inllnx-1.

Ip( ) jx(lnx—l) \ l
Inx-1 Inx

" Suy ra ¥o(x) = xf—zd)(:x‘[—--—):—lnx.
XT X

b) Th& y = e** vao phuong trinh da cho, ta dugce:
e®[(2a? + do0x + (& - 20— 8)]1 =0,
Béng thite &y la mét déng nhat thic khi va chi khi

20 +4a =0
o’ 20-8=0.

Hé gy c6 nghién duy nhit o = -2, Vay y, = e>* 14 mdt nghiém

riéng cua phudng trinh.

Ta tim nghiém riéng y, cua phuong trinh déc lap tuyén tinh

vdl y, dudi dang

v, = e *u,
Thé vao phuong trinh, ta duge
(2x + 1)u" - (4x + 6)u' = 0.
bit u' = p, ta duge

d—p=4x+6dx= 2+ 4 dx .
P 2x+l 2x+1

Do d6 Inipl =2x+In(2x + 1)2 =In(e®™.(2x + 1)) .
Suy ra p=u'=(2x + 1)2e¥.
Dung tich phan phan doan hai 1dn lién tiép, ta duge

2
u= {@— 2x}e2x.

407



 (2x+1)2
Vay ¥y = (_xz_)_._gx_

Va nghiém téng quat ciia phuong trinh da cho 1a:

i 2
y= G s Cz{@i;_l)__zx},

Cy, C; 1a hiing s6 tuy .

c) Glasly, =x" +ax" " +a,x" 2+ .. + a,_ ;X +a, la mét
nghiém riéng clia phuong trinh
(xE-1)y" - 6y =0.
Thé y, vao phuong trinh 4y, ta duge:
[n(n - 1) - 6]x* + [(n - 1)(n ~ La, - 6a,]x" "2 + .. =0,
Do do nn-1)-6=n’-n-6=0,

Phuong trinh 4y ¢6 hai nghiém n =3 va n = -9, Bic cua da

thitc phai 14 36 nguyén dudng, nén chi ldy n = 3. Vay y, la da thie

bac 3 ¢6 dang
yi=x"+ax’+bx+e.
Thé& biéu thirc 8y vao phudng trinh di cho, ta duge
~Bax® +(2a - 6b - 6)x + (2a + 6c) = 0.
Phudng trinh ay la dc‘ing nhit thie néu

a=0
2a—6b—6=0
2a+6c =0,

suyraa=0,b=-1,¢=0. Tom lai y, = x* - x 12 mét nghiém riéng
cua phuong trinh.
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B4y gid ta tinh nghiém y, cia phuong trinh ddc lap tuyén
tinh véi y, theo cng thic Liouville. Vi p(x)} =0, ta cé

dx 3 Adx
0 = (5% %) | ———=(x" =x) :
Yol R j.(::(3-—)()2 * Ix2(x—1)2(x+1)2

. 1 A B C
Ta ca 3 5 =t o
X (x-D(x+D X X  {x~-D
+L+_.,_,E.._+_F__ (*)
x-1 (x+p? x+1

Nhién hai v& ctia (*) véi x2 rdi chox = 0, ta duge A= 1.

Nhén hai vé ciia (*) v8i (x - 1)®rdicho x = 1, ta duge C = i

Nhan hai v& eta (*) vdi (x + 1)? rdi chox = -1, ta dugec E = %

Nhan hai v& ctia (*) vdi x rdi chox —» =, taduge B+ D+ F=0.

Thé& x = 2 vao hai vé cia (*), ta dude —E—+D+§—:-%.

Thé x = -2 vae hai v& cia (*), ta dude E+2+F :1.
2 3 2
Giai hé 3 phudng trinh d&i véi B, D, F, ta duge
B:O’ D:.._ro’_, F= _Ei
4 4
Do dé
3 1 1{ 1 1) 3, |x+1
)= (X" -x)}-—-~| —+——|+—=In =
y2(x) = ( )[ x 4ix-1 x+1/) 4 |x-1
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=(x3—x) 2-3x +:’3_1n1x+1| _
ox(xZ-1) 4 [x-1|

x+1

x—1

3—
= 1F3x2+ EEI_Q]H

Nghiém téng quat cda phudng trinh da cho la:

x+1
x—1||

d) RS rang y; = e* 1 mét nghiém riéng cda phudng trinh 43
cho. Ta tim nghiém y, clia phuong trinh &y doc 1ap tuyén tinh dai
v6i y, bing cong thic Liouville, Ta ¢6

- [peax= | "22‘2 dx:j[1+ 22"*2de =

X°-2x x° -2

3—
y=C(x*-x)+ C2[1~ %x2+ M[n

=x +Inix?- 2x| = lne*|x? - 2x/.

Do.ds

2
X —2)(’ 2
yo(x) = e* f——x—dx=ex J-x—;(—z—xdx.
e e

Sai khéc du +. Bing tich phén phén doan 2 lan lién tiép, ta duge
y.(x) = e*.(-x%.e7¥) = —x% .
Vay nghiém téng quét ctia phudng trinh da cho 1a
y=Ce*+ Cyx?,
C, C,1a cac hding s6 tiy ¥. Do d6
' v =Ce*+ 2C,x .
Thé cac didu kién ylle =0, y' <=1 =1, ta duge:
{C,e +Cy=0

C]e + 2C2= 1.
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Tu d6, ta duge C, = 1, C;= ‘—1—. Vay nghiém phai tim 1a
e
y=-e "' +x%

e) D& dang thay rdng y; = 1 vd4 v, = x 12 hai nghiém cua
phuong trinh

(2x - xHy" + 2(x - 1)y’ - 2y = -2 (*)

T nguyén li chéng chat nghiém déi v8i phuong trinh tuyén
tinh, ta suy ra rdng hidu Y, = x — 1 12 mdt nghiém riéng cla
phuong trinh thuan nhat

Cx - x)y" +2x-1)y' -2y =0 **)

Ta tim mdt nghiém riéng Y, cua phuong trinh dy ddc lap
tuyén tinh d6i v4i Y, theo cong thitec Liouville.

2x-2
1 I

Y, = (x—l)j( ok o2 gy =
x—

x%-2x 1
dx =(x-1)}1- dx =
o X ={x )J[ (x—l)zJ X

=(x—l)[x+——1—-] =x*-x+1.

X—

= -1

Vay nghiém tong quat etia phuong trinh (**) 1a
y =K Ex-D+K-x+1)=

=K, - Kpx - 1) + K,x*
=C(x -1) + Cyx®,

trong dé C, = K, - K,, C, = K, la nhiing hing s§ thy y. Nghiém
tdng quat ctia phuong trinh (*} 1a

y=Cix - 1) + Cox® + 1.
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f) Vi phuong trinh thudn nhat tusng ing ¢6 mot nghiém riéng
¢é dang da thic, thé

y=x"+a;x* ' +ax" ¥+ +a, x+a,
vao phudng trinh d4, ta duge mét déng nhat thic
+x)nm-Dx* "2+, ]+ x+2nx"" ! +.]-x*- .. =0,
Hay [nn-D+n-1]x"+..=0,

Vi da thite d v€ trai ddng nhat khong, nén moi hé s8 cta né
déu'bang 0, do d¢

nn-1+n-1=n*-1=0.

Suy ra n = 1, nghiém da thic cla phudng trinh thuin nhdt 1a
da thic bac 1:

¥y=x+a.

Thé biéu thuce iy vao phudng trinh thuin nhit, ta duge a = 2.
Vay mot nghiém riéng ctia phudng trinh thudn nhitlay, = x + 2.
Ta tim nghiém riéng y, ca phuong trinh &y déc lap tuyén tinh
véi y, theo céng thite Liouville

x+2

x(x+I) .
= (x+2)j (x+2)2 dx =

x+1
= (X+2)j‘"2—(x—‘+—'2)?d

Sal khac ddu £, Ta ¢6

x+1 (x+2)2
L d =
e 2(x+2)2 I T



"‘}Oé

Il
B
———
fa
o |
|
—_
S
Il
W =
——
[y
M
R
|

x-l_-Z_‘

T 2x(x + 2)

1
V«‘?YY2=—"*

Nghigm té’n%g}:(quét cia phuong trinh thudn nhat la
y = Cyfx +2) + G ")

Cy, Co 14 cac hing s6 tuy y.

D8 tim nghiém cda phuong trinh khéng thudn nhét

" x+ 2 1 x2+1
+

»

xx+ 17 T aa+ 17T 2+ 1)

Ta ding phuong phap bién thién hang s8. Xem C;, Cg 1a nhung
ham s§ cda x. Cy, Cg thoa man hé phuong trinh

C's
Cix+2)+——2=0
X

* 2

Ta duge
2
c,=—x+1 1 __ 1
2x(x+ 12 2 (x+1)2
Cpe — EHAEH+D _ x_ 1
2x(x + 1) 2 x+1)7
Do d6
Cy =L n|x| + +K
179 +1 !

2
Cg=—§—+ 1 + Ko
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K}, Ko 1a cac hing s6 tiy y. Nghiém téng quat cda phuong trinh
khoéng thuidn nhét la

—X+21|x[+x+2 X 1
Y= g x+1 47 xx+1)

Ko
+Ki(x+2)y+— -
X
8) y1=x% la mdt nghiém riéng cla phuong trinh thuén nhat
tuong img. Thé né vio phuong trinh, ta duge déng nhét thirc
x** 1@ - 5a + 6) + 27~ L3a(a - 3) =
Do db a2 —-85a+6=0
{ afa — 3) =

Heé 4y co nghiém duy nh&t 13 « = 3. Viy mét nghiém riéng cua
phuong trinh thudn nhét 13 y; = x3

Ap dyng cdng thitc Liouville dé tim nghigm riéng yo cua phuong
trinh &y, doc 14p tuyén tinh véi vy, ta duge

2+ 6
_xs_riﬁefx(xhs)d* dx
X

Nhung
2
_4_x_..tidx: (z_'_ - )dxtlnxQ(x2+3)
x(x2+3) X x?2+3
3 X2+3 2
Do d6 ve=xf — —dx=-l+1)

X
Vay nghi¢ém téng quat ctia phuong trinh thudn nhat 13
y = Cix® + Cox? + 1).
C1, C2 12 hai hing s6 tuy y

Béy gio ta tim m{t nghiém riéng cla phuong trinh khéng thuén
nhdt c6 dang
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| y = e ¥ ax + b)
Thé vao phlrcmg-trinh dy, ta dugc déng'nhét thic
ax? + (b + 2a¥3 + (5a + 4b)x® + 9bx + 6b - 6a =
=x*+x®+ 2 _0x-12

Déng nhdt cac hé 6, ta duge a = 1, b = -1, Vay modt nghiém
riéng cua phuong trinh khoéng thudn nhit lay = e*(x - 1)
Do d6 nghiém téng quat cia phuong trinh 4y la
y=Cx® +Cox + 1) +e5x-1) .
19. a) Phuong trinh da cho 1a phuong trinh ¢4p hai tuyén tinh hé

s6 khong d6i. Phuong trinh dic trung clia phuong trinh thufin nhét
tuong Gng la k2-1=0

né c6 2 nghiém thyc k = + 1, do d6 nghiém t8ng quat cia phuong
trinh thufin nhdt 1a

y = Cie* + Coe™

Cy, Co la nhirng hing 6 tuy y. Dling phuong phap bién thién hiing
s8, ta thdy ring biéu thirc 4y 1a nghiém clia phwong trinh khong thuén
nh4t néu Cy, C3 1a nhitng ham s6 cia x théa man hé

eX

{ C1e+C%e™=0

Ce* — Coe™* =

e +1
Giai hé phuong trinh 4y, ta duge _
Cy=—1 C’2=_i
236" + 1) 2e* + 1)
Do d6 Cl=é'f;;d-f';=';—[X*ln(§x+l)+K1]

415



Aot

2%
Cqy = ° dx———;'['e"—ln(e"+l)+K2:|

1
27 e 41
Vay nghiém t8ng quat cia phuong trinh da cho 1a
y=Llex [x — In(e* + 1) + Kl] - l.c_-‘X[.c,-x — In(e* + 1) + Kg] .
2 2
b) Phuong trinh d@%c trung cta phuong trinh thudn nhét tuong
éng 1a
k2 +2k+1=0

No ¢6 1 nghigm kép k = ~1. Do d6 nghiém téng quat clia phuong
trinh thufn nh4t la

y = (C1 + Cox)e™ = Cie™™ + Coxe™

Cy, Cg la cac hiing s8 tiy §. Biu thic &y trong dé CivaCyla
nhing ham s6 14 nghiém clia phuong trinh khéng thuAn nhét néu C,,
Cgy thoa man hé phwong trinh

{ Cre™*+Coyxe*=0
—Ce ¥+ Cope™ - Coxe *=3e *vI +x
C,I + C’gx =0

d {—C’l —Cx+Co=I+x

Giai hé 4y, ta duge
Co=31+x , Cy=-3xv1 +x

Do d6

Ca=2(1 +X)3‘2+K1, Cl=2(1+x)3"2—-§(1+x)52+K2

Nghiém téng quat clia phuong trinh da cho 13
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.rcje

- 4
y=e X[Kl +K2x+~5—(1+x)5/2].
¢) Nghiém cta phudng trinh dac trung k? + 1 =01a k = +i. Do
d6 nghiém tdng quat ctia phuong trinh thuin nhat la:
y = C,cosx + Cysinx ,
trong dé6 C,, C, 1a chc hdng s8 tuy y. Biéu thic 4y, trong d6 C,, C,
1 cie ham s6 cia x, 1a nghiém cla phudng trinh di cho néu C,, C,

thod man hé phudng trinh

C') cosx+C', sinx =0
-~ €' sinx+C'5 cosx =tgx.

Nghiém ctia hé 4y 1a

C'; = sinx ,
, sin? x
Chi=- = co8Xx - )
cOsX COS X
Do d6 C,=-cosx + K, ,

C, = sinx-1In

{3
2 4

Vay nghiém téng quat cia phudng trinh d4 cho 13

X =
tgl —+—
{53

d) Nghiém ctia phudng trinh dic trung k% + 5k + 6 = 0 la
k = -2, k = -3. Do dé nghiém tng quat cia phuong trinh thudn
nhit twong ing 1a:

+K1.

y = —cosxln +K cosx+Kgsinx.
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y=Ce ¥ + Cpe™
Trong d6 C,, C, 1a cac hing s8 tiy ¥. Ding phudng phap bién
thién hing s8, ta thay ring biéu thic trén, trong d6 C,, C, 1a cac
ham s8, 1a nghiém cila phudng trinh d4 cho néu C';, C', thda man
hé phudng trinh
Cy e X 1 Cye 3% =0

. 2C|1 e—2x _30|2 e-3x =

Giai ha ay, ta duge

' __e3x L a2X
Cy= ax ’ ¢y = 2%
I+e l+e
Do d6
2%
d
C, = J'e - = Linae® ik, |
l+e“* 2
Ix
d
C;=- I < 2x = —e" tarctge® +K, ,
l+e“*

K,, K, 13 cac hing s6 tiy §. Nghiém tdng quat cha phudng
trinh 4i cho la:

= . ' _ 1 . -
y= Kje ¥ +Kqe 3% e ZX In(1+e%* )+ e~ arctgeX,

trongd6 K; =K, - 1.
e) Nghidm tdng quat cda phudng trinh thuin nhat la:
y = C,cosx + C,sinx,

C,, C, 1a cac hing s6 tuy- §. Biu thic 4y 13 nghidm cua
phuong trinh khéng thuin nhat néu C,, C, 14 hai ham s& cta x
thoa man hé phuong trinh

C'ycosx +C'; sinx =0
1

cos 2x+/cos 2x .
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Do d6

CcosX sinx
C'z = CI = -

= , C'
(cos 21()3Jr2

COSX '
SBuyra C,= dx =
* I (c::o:-*.zzuz)"f”'2 ~cos 2x

sin x CcOSX
Cl - - I -

X=-
(cos 2)()"3"2 ~eos 2x

K,, K, la nhitng hiing s8 tiy . Nghiém téng quét clia phudng
trinh 44 cho la:

+K1,

y = K,cosx + K,sinx - Jeos 2x . ‘

20. a) Phudng trinh dic trung cla phudng trinh thuin nh#t
tuong ing la k2 - 7k + 6 =0.

N6 c6é hai nghiém k = 1, k = 6. Do d6 nghiém téng quit cla
phuong trinh thuin nhit la y = Cje* + C,e®*,

V& phai cta phudng trinh d4 cho c6 dang P (x)sinBx, P,(x) la
da thite bacn. O dayn =0, f = 1. Vi £ip = +i khdng 1a nghiém ciia
phuong trinh d¥c trung, nén ta tim mot nghiém riéng ciia phudng
trinh khéng thudn nhat c6 dang

Y = Acosx + Bsinx .

Do d6 Y' = -Asinx + Beosx ,

Y" = -Acosx — Bsinx .

Thé vao phuong trinh, ta dude ddng nhat thie
(5A - TB)cosx + (5B + 7A)sinx = sinx .

{5A—7B=0
Suy ra:

7A+5B=1 "
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Nghiém cua hé dé6la: A=

Y = L {(7cosx + 5sinx).
74

Nghiém tdng quat cia phudng trinh da cho la:
L x Gx 1 :
y =Cie* + Coe™ + Ta (Teosx + Bsinx).

b) Phudng trinh dic trung cta phuong trinh thuin nhat
tudng dng la:

k*+9=0.

N6 ¢6 hai nghiém phttc lién hgp 1a k = £3i. Vay nghiém téng
quat cha phuong trinh thuin nhit la:

y = Cieos3x + Cysindx .

V& phai chia phudng trinh di cho c6 dang e*Py(x), trong dé
o = 3 khéng 1a nghiém caa phudng trinh dic trung. Vay ta tim
mdt nghiém riéng cta phudng trinh khéng thuin nhdt cé dang
Y = Ae®. Th& vao phudng trinh &y, ta duge:
a=1L
3
Vay Y = %ea“. Nghiém tong quat cta phuong trinh di cho 1a:

y = C,c083x + C,sindx + %ea‘ .

¢) Phuong trinh dic trung c¢ia phuong trinh thudn nhat tuong
ing 14 k* - 3k = 0. N6 ¢6 hai nghiém k = 0, k = 3. Do 46 nghiém
tdng quat ctia phuong trinh thudn nhat la:

y = C; + Ce®.
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V& phai cua phuong trinh da cho cé dang e®*Py (x), trong dé
a = 0 la nghiém don cla phuong trinh dic trung. Do 46 ta tim mot
nghiém riéng cta phuong trinh khéng thudn nhit cé dang

Y = x(Ax + B) = Ax% + Bx
Thé vao j)huung trinh, ta duge déng nhAt thie

9A - 3B - 6Ax = 2-6x
{2A—SB=2
—6A = —6

Do do
Vay A = 1, B = 0. Suy ra y = x2. Nghiém téng quat cia phuong
trinh da cho 1a
y = C1 + Coe®® + x2

d) bat y = e*z thé vao phuong trinh

y'- 2y + 3y = ™ cosx
Ta duge

z”’ - 42’ + 6z = cosx *)

Phuong trinh ddc trung cia phuong trinh thudn nhét twong Gng
voi (*) 14 k2 - 4k + 6 = 0. N6 c6 2 nghiém phic lien hop
k =2 * v2 i Vay nghiém téng quit cia phuong trinh thudn nh4t 1a

z = 62 (C; cosvZ x + Cg5inv2 x)

V& phdi cua (*) co dang e cosfx, trong 46 a =0, £if = +i
khdéng 14 nghiém cua phuong trinh dic. trung. Do d6 ta tim mét
nghiém riéng cia phuong trinh (*) cb dang

7 = Acosx + Bsinx

Thé vao phuong trinh (*), ta duge déng nhét thic
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(5A —~ 4B) cosx + (4A + 5B) sinx = cosx

o dc - 5A - 4B = 1
© do 4A + 5B = 0

Nghiém cua hé dy BA=-2 ,B =-— Vay

Nghiém tdng quat cGia phuong trinh (*) 1a

bcosx — 4sinx

z = e (C) cosV? x + Cosinv? x) + 1

Nghiém t6ng quat cla phuong trinh da cho 1a
y=e ¥z =e*(CycosvV2Zx + CysinvZx) + % @ﬁ—m .
e) Phuong trinh dic trung cla phuong trinh thudn nhét tuong
img la k2 + 4 = 0, n6 c6 2 nghiém phic lién hop k = = 2i, Vay
nghiém téng quét cia phuong trinh thudn nhét 1a

y = Cieos2x + Cosin2x

V& phai cta phuong trinh 44 cho c6 dang Po(x)sinfx , f=2. Vi’

*if = = 2i 1a nghiém cda phuong trinh dic trung nén ta tim mdt
nghiém riéng cia phuong trinh khong thudn nhét c6 dang

¥ = x(Acos2x + Bsin2x)

Ta ¢
Y’ = (A + 2Bx)cos2x + (B - 2Ax)sin2x

Y’ = (4B - 4Ax)cos2x — (4A + 4Bx)sin2x

Thé véo phuong trinh ta duge déng nhét thie
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- 4Beos2x — 4Asin2x = 2sin2x.

Do d6 4B=0, -4A=2.
N 1 X '
Vay B=0, A=—§. Suy ra Y=—Ecoszx.
Nghiém téng quat ctia phuong trinh da cho 1a:
y = C,co82x + Cysin2x - %coszx .

fy Phuong trinh dic trung k* + 2k + 1 = 0 ¢6 nghiém kép
k = -1. Viy nghiém téng quat cha phudng trinh thudn nhit tuong
ing la;
y = (C; + Cyx)e™.

V& phai cha phuong trinh di cho ¢ dang Py(x)e™, p = -1 1a
nghiém kép cia phuong trinh dac trung, do dé ta tim mét nghidm
riéng cia phuong trinh khéng thuan nhat c¢6 dang: Y = Ax% ™.

Ta cé
Y= Ae™X(2x - X9,
Y" =AeMx?-4x+ ).
Thé vao phuong trinh, ta duge déng nhat thie
2Ae™ = 4™,

Do d6 A = 2. Vay Y = 2x%¢™*. Nghiém téng quat cha phudng
trinh da cho la:

y=(C, + Cyx + 2xHe™.
g) Phuong trinh dic trung k% - 9k + 20 = 0 ¢6 2 nghiém k = 4,
k = 5. Vay nghiém tdng quat cha phudng trinh thuin nhit tuong
ing la:
y = Ce™ + C,e®™,
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ot

V& phai cha phuong trinh da che c¢6 dang Py(x)e", B =4 1a
nghiém cta phuong trinh dic trung, do d6 ta tim mét nghiém
riéng cua phudng trinh khéng thuin nhat ¢é dang

Y = x(Ax® + Bx + Cle*,
Ta cé Y' = e™[4Ax® + (3A + 4B)x? + (2B + 4Q)x + (],
Y" = e™[(16A%% + (24A + 16B)x? + (6A + 16B + 16C)x + (2B + 8C)1.
Thé vao phuong trinh da cho, ta duge ddng nhat thic
-3Ax* + (BA - 2B)x + 2B - C =x2,

Do do -3A=1, 6A-2B=9, 2B-C=0.

Suy ra A
Vay
Y= ~(x—3— + x? + 2x)e? .

Nghiém tdng quét clta phuong trinh da cho li:

3
y = Ce*™ + C,e® - (3{-3— + x% + 2x)et* .

h} Phuong trinh dic trung k? + 4k - 5 = 0 ¢6 hai nghiém k =1,
k = -5. Vay nghiém tdng quét clia phuong trinh thudn nhat tuong
iing la:

y=Ce*+ Cpe™™

V& phai ctia phuodng trinh da cho ¢6 dang Po(x)ef* B =11a
nghiém cta phuong trinh dic trung. Vay ta tim m{t nghiém riéng
cha phuong trinh di cho ¢é dang:
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Y = Axe®
X . 1 1
Thé vio phuong trinh, ta duge A = 5 Vay Y = gxe"
Nghiém téng quat cua phuong trinh da cho la
1
y=Cre* + Coe ™ 4 ?(e" )
i) Pat y = e*z. Thé vao phuong trinh da cho, ta duoc

z' + 4z = Zxcos2x (*)

Do la mot phuong trinh tuyén tinh cdp hai véi hé s6 khéng ddi,
nhung vé& phai don gian hon vé phai cia phuong trinh da cho

Phuong trinh dic trung cia (*) 1a k2 + 4 = 0, né cb hai nghiém
phic lién hop 14 k = + 2i. Viy nghiém téng quat cla phuong trinh
thudn nhat iing voi (*) 1a

z = Cjeos2x + CosinZ2x

V& phai cda (*) cb dang P1(x) cosfx, =i = * 2i 12 nghiém cda
phuong trinh dic trung, do 46 ta tim mot-nghiém riéng cia (*)
co dang

Z = x[(Ax + B) cos2x + (Cx + D) sin2x ]

Ta co

Z'=[2Cx® + 2(A + D)x + Blcos2x + [ ~2Ax2 + 2(C — B)x + D] sinZx
Z” =[ —4Ax? + 4(2C — B)x + 2(A + 2D) ] cos2x +
+ [—4Cx? — 4(2A + D)x + 2(C — 2B) 1sin2x
Thé vao phuong trinh (*) ta dugc déng nhat thic

8Cxcos2x ~- 8BAxsin2x + 2 (A + 2D)cos2x + 2(C — 2B) sin 2x = 2x cos2x
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Dod  8C=2A=0A+2D=0C-9B=0
1 1
Suyra C==A=0,D =0,B=—.Vay
' 4 8
x X
Z = = cos2x + =~ sin2x
8 4
Nghiém téng quat clia phuong trinh (*) 1a
X x>
z = Cj coe2x + Cysin2x + g cos2x + Isian

Nghig¢m tdng quat cta phuong trinh da cho la
. x x2
v=e Fz=¢ % ( Cicos2x + Cosin2x + g cos2x + ; sin2x) .

J) Nghi¢m cta phuong trinh déic trung k2 + 1 = 0la k = =+ §. Vay
nghiém tdng quat ctia phuong trinh thudn nh4t tuong ing la
y = Cjecosx + Cosinx

V& phai clia phuong trinh da cho 13

2 2
xZcos2y = X- 4 xTcos2x
2 2
Ap dyng nguyen 1i chdng nghiém, trudc hét ta tim nghiém riéng
caa phuong trinh

x2

EH] + =2 (*)
Y y 9

Co dang Y = Ax2 + Bx + C, vi v& phai cb dang e®™Py(x), a = 0
khong 1a nghiém cla phuong trinh dic trung. Thé Y, vao phuong
trinh (*), ta duge d8ng nhat thic

. 2
sz+Bx+2A+C=zx;

Do 46 A=
426
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2
Vay Y1=XE—1

Bay gi¢r ta tim nghiém riéng cua phuong trinh
vV +y= %co&@x (**)
Co dang
Yo = (A1x? + Bix + Cl)coszx} (Agx? + Box + Cg) sinZx
Thé vao phuong trinh I(**), ta dugc déng nhét thuc
[—3A1 %% + (8Ag — 3B)x + 2A; + 4Bs — 3C; Jeos2x +
+ [~3Ag x% — (8A; + 3Bg)x + 2A — 4B ~ 3Cy] sin2x = EECOSZX

Do do
—34A; = %
8As — 3B, =0
¢ 2A1+4By—-3C; =0
—3Ay =0
8A; + 3By =0
. 2A3—-4B;-3C2=0

4
Suy ra A1=—%,B1=0,01=E,A2=0,B2=§, Ca=0.

27
Vay '
2 4
Yo = (% - ]—(6”)(:0821( + gxsinZX .
Nghiém téng quat cda phuong trinh da cho la
2 18 x% 4
y = Cjcosx + Cosinx +XE'- 1+ (2—7—%)00521: +‘§}Esin2x .

k) Nghiém cua phuong trinh dic trung k2 — 3k = 01lak =0,k =3,
Vay nghiém téngquat cia phuong trinh thuén nhit twong ingla

y = C1 + Coe®*
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Theo nguyén 1y chng nghigm, trube hét ta tim nghiém riéng cha
phuong trinh '
y’ =8y =¥,
dudi dang Yy = Axe®® | vi v& phai ¢6 dang of* =3 1a nghiém cua
phuong trinh dic trung. Thé Y| vio phuong trinh, ta duge A = é , do

1
doYy= gxe3" .

Bay gi¢ ta tim nghiém riéng cia phuong trinh
y’' -3y =-18x

dudi dang Yg = x(Bx + C), vi v& phai c6 dang &®*Py(x), B=0 la
nghi¢m cua phuong trinh djc trung. Thé Y, vao phuong trinh ta dugce
d6ng nhét thite

~-6Bx + 2B - 3C = —18x .
Do do 6B =-18,2B-3C =0
suyyra B=3,C=2,Y,=x(3x+2).
Nghiém tdng quat cia phuong trinh da cho 1a
y = Cy + Coe® + x(8x + 2) +§e3" .
I} Nghiém tdng quat cia phuong trinh thuén nhdt twong éng 13
¥ = Ccosx + Cosinx .
Vi cosx = i"oos3x + %cosx, nén theo nguyén li chéng nghiém

trude hét ta tim nghiém riéng cia phuong trinh

Ty = lcosSx
dudi dang Y = Acos3x + Bsin3x . Th& vao phuong trinh ta dugc déng
nh4t thie
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“og

—8Acos3x — 8Bsin3x = icosSx .

Do do

Suy ra A=-L B=0,v,= -1 cos3x
3 32
Bay gid ta tim nghiém riéng cia phuong trinh
Ty _+_ - —
y'+y =, cosx

dudi dang Yy = x(Ccosx + Dsinx) , vi vé phai cua phuong trinh b
dang &®Py(x) , +if = =i la nghiém cia phuong trinh diic trung. Thé
Yy vao phuong trinh, ta duge

(2D — Cx)coax — (2C + Dx)sinx + Cxcosx + Dxsinx = %cosx .

Do do

2D=—,2C =10

3
=0,Y2-——?Xsinx.

e W | QD

3
s D=—
uy ra 8

Vay nghiém téng quat cia phuong trinh da cho 14

1 3
= + 1 _ + — : .
y = Cicosx + Cosinx 39 cosdx 3 xsinx

m) Pat y = %z . Thé vao phuong trinh

y? — 4y’ + 4y = eZcos’x .

Ta duge z” = cos®x .
Do do
z’=f%(1+cost)dx=%+%+Cl.
Viy
z=xzz—cozzx+clx+02.
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Suy'ra nghiém t6ng quat cta phuong trinh da cho la

) xZ  cos2x
y=92“(Clx+Cz+I——8—).

n) Phuong trinh dc trung k% — 2k + (1 + a®) = 0 6 2 nghiém
phuc lién hop k = 1 +ai . VAy nghiém téng quat cia phuong trinh
‘thuéin nhét tuong dng 1a

y = e*(Cjcosax + Cysinax) .

V& phai cia phuong trinh ¢6 dang Po(x)cosax , *ia khong la
nghi¢m cda phuong trinh dic trung, do 46 ta tim mét nghiém riéng
cua phuong trinh ¢6 dang

Y = Acosax + Bsinax .
Thé vao phuong trinh, ta duge ddng nhét thie
(=2Ba + A)cosax + (2Aax + B)sinax = (1 + 4a?)cosax .

Do do6
{A-2Ba=1+4o:2

2A0+B =0
Suyra A=1,B=-2a.Vay
Y = cosax — 2asinax
Nghiém téng quat ctia phuwong trinh da cho 13
¥ = &*(Cjcosax + Cosinax) + cosax — 2asinax .
Do d6
¥ = eX(Ccosax + Cosinax—C rosinax +Coacosax)
~ asinax—2a%coscx .
T cac diéu kiénylx=0= 1, ¥ x=0=0, ta dugc

Ci+1=1,C1+Cou~222=0.
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Do 36 C; = 0, Cy = 2z . Vay nghiém riéng cén tim la
y = cosax + 2a(le" — l)sinex .
o) Phuong trinh dic trung k% + 6k + 9 = 0 ¢6 nghiém kép k = -3,
Do d6 nghiém téng quat cia phuong trinh thudn nh4t tuong g la
y = (Cy + Cax)e™ %%

Bay gid ta tim mdt nghiém riéng cda phuong trinh khdng thuén
nhét. V& phai cua né la xe™ | vay cd 2 trudmg hop.

Gia su @ # ~3 . Ta tim nghiém riéng cua nd co dang
| Y = (Ax + B)e™ .
Thé véo phuong trinh ta duge
(Ac? + 6Ac + 9A)x + 2Ax + Ba® + 6Ba + 6A + 9B =x

Do do
A@®+6a+9)=1
{ZA(a+3)+B(a2+6a+9)=0

Viaz-3néna?+6a+9=(a+3)%=0.Tihé trén suy ra

Ll g 2+ _ 2
(@ + 32’ (@+3¢  (a+3)3

Vay

- Y= L (x - 2 )e"x .
) (a0 + 3)2 a+ 3
Gia su @ = —3, a la nghiém kép cua phuong trinh dic trumg. Ta
tim nghiém ridng cia phuwong trinh da cho ¢6 dang

Y = x%(Cx + D)e™ = (Cx3 + Dx2)e™
Thé vao phuong trinh, ta duge dfng nhat thixc
(@2C + 6aC + 9C)x3 + (6aC + 18C + a2D + 6aD + 9D)2 +
+ (6C +4aD + 12D)x + 2D = x .
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Do do
Cla +3)%2=0
6Ca+3)+D@+3)2=0

6C + 4D(cr + 3) = 1
2D =0

. 1 5 _.
Wa+3=0,tuhétrénsuyra0=-‘15-,D=0,Y=‘éxse e

Vay nghiém tng quat ctia phuong trinh da cho 1a

¥y = (Cix + Co)e 3 + Je* néuca# -3

(a+3)2(x_a+3
y={Cix+Cqg + éx3)e_3" nfua=-3,
p} Nghiém cua phuong trinh dac trung k2 — (m + Dk+m=01a
k =1,k = m. Viy nghiém tdng quat cda phuong trinh thudn nhdt la
y = C1e® + Coe™ néum = 1
_ ¥y=(Ci+Cox)e*néum =1
Dung phuong phap chéng nghiém, trude hét ta tim nghiém riéng
cua phuong trinh
Y = (m+ 1)y + my=e* ) (*)
Néum # 1, ta tim nghiém riéng Y; cia (*) c6 dang
Y) = Axe* |

vi v& phai cia (*) c6 dang Py(x)e®™ , 8 = 1 la nghiém don cta phueng
trinh dic trung. Thé Yy vao (*), ta duoe
1
1-m

A=
Vay
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Néu m = 1, phuong trinh dac trung c6 nghiém kep fa 1, ta tim
nghiém riéng Y, caa (*) o dang

Y, = Bx%e* .
Thé vao phuong trinh (*), ta duge B = % . Vay
Y= e
Bay gi¢ ta tim nghiém riéng cia phuong trinh
Y —-(m+ 1y +my=—-(x+1) (**)
V& phai cia (**) c6 dang Py(x)¢®™ , 8= 0. Do d6 néum = 0,

ta tim nghiém riéng cia (**) c6 dang Yo = Cx + D . Thé vao (**), ta
dugce déng nhét thic

meCx +mD-mC-C=-=x-1

Do o6
{mC=—1
mD-mC-C=-1
1+
SuyraC=—l,D=_l.:ﬁn_’Y2:_ 2m_3‘_.
m m2 m2 m

Néum = 0, ta tim nghiém riéng cta (**) c6 dang
Yy =x(Ex + F) .
Thé vao (**), ta duge déng nhét thic
9Ex +2E_F=—x-1.
Do 46
{—2E =-1
2E-F =-1
Va4 E—l F=2)Y _x_2_+2
y - 2 L] - H 2= 2 X
Tém lai nghiém téng quat clia phuong trinh &a cho la
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y=C1e"+Coe™ + —— -———— pdfum=0,m = 1

y=Cle"+C2+xe"+XE‘+2x nfum = 0

2
y=(Cl+sz)ex+§2—e"—x-3 néu m

I
—
.

21. a) Phuong trinh da cho c¢é nghia khi x > 0 . Phuong trinh
thudn nhét tuong tng la phuong trinh Euler. P4t x = ¢t , phuong
trinh da cho tré thanh

a

dt?

Do la mot phuong trinh tuyén tinh cfp hai c6 hé s8 khang ddi.

Nghiém cda phuong trinh dic trung k2 —4=0l k=+2 . Do dé
nghiém t8ng quat cia phuong trinh thudn nhét twong vimg

— 4y = te2t ™

y = Cie?t + Coe~2t

V& phai cta (*) c6 dang Py(t)e® , 8 = 2 13 nghiém cda phuong
trinh dgc trung, do d6 ta tim nghiém riéng cia (*) c6 dang

Y = t(At + B)eZt

Thé vao phuong trinh (*), ta duge déng nhét thic
BAt+ (4B + 2A) =t.

Do doé
BA=1,4B+2A=1t.
Su fﬁA ,B= L , Y= (t—z t)?‘ Va nhlémtén
y 8 16 8 16 Y 1E g
quat cua phuong trinh (*) la
t2
- o2t 4 (b 2
¥ 0162t Coe + (8 16) e
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Do dé nghiém téng quat cia phuong trinh da cho la
| Lo 1.y, G2
y=(C1+gln% - 161nx)x =

b) Phuong trinh thuén nhit
X%y — 9y = 0
1a phuong trinh Euler. Dat | x | = et . Ta duge

d d
% & _ 2y =0 *)
dt2  dt
D6 1a mot phuong trinh tuyén tinh cdp hai c6 hé s6 khéng d6i.
Phuong trinh d3c trung ciané k2 — k — 2 = 0 cb hai nghiém k = 2,

k = -1 . Vay nghiém téng quat cia (*) 1a
¥y = Clezt + Cge_t .
Do d6 nghiém téng quat clia phuong trinh thudn nhét la:
Cqg -
y=Cx+—,
x

Cy1,Co la cac hén’g. s6 tuy y. Ding phuong phap bién thién hing
50, ta thdy biéu thitc 4y la nghiém cdia phuong trinh da cho néu Cq, Ca
la hai ham s& cia x thoa man hé

C
{C’1x2+“£g=0

C,
20 x - =2 = xcosx
x2
(vi phuomg trinh da cho tuong dwong véi phwong trinh
y' - 212= XCOSX) .
X
Sy
Giai hé 4y, ta duge
' 1 1
C’y = 3 oo% C'p = —513005:: .
Do C = %Binx-'-i- K,
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C2 = '—% f x3cosxdx
Dung tich phan phan doan 3 i4n lién tiép, ta duge
3
x

Co= 5 sinx — x%cosx + 2xsinx + 2cosx + Ko

Vay nghiém t8ng quat cda pbuwong trink da cho 1a

Nli—

x3
y= (";—smx + Kl) x2 + ( ?mx xzcosx+2xsmx+2cosx+K2)

2 — x2
X

Ko
= Kjx? + — + 2sinx + cosx -
X

c) D8i bién sé t = e* . Ta b
y,zglex’ yn=ﬁ92x+glex

Thé vao phuong trinh y” — y' = eZcose®, ta duge

d*2x=cost
dt2
Do a6
dy . :
. = + Oy
dt sint 1,

C, Ia hang s8 tiy ¥. Suy ra
y = —cost + Cit + Cso ,
Cg 13 hing s8 tuy §. Vay nghiém téng quat cia phuong trinh da
cho la

y = —cose* + C1e* + Cy .

d)Délbléns&x—tgt, —<t<§ Ta cb t = arctgx, do @6

dx
Lh} . L d 1 d 2
=i(y)=_2z.___,_x___x2_2_
dx di? (1+x%2 dt (1 +x2)
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Thé vao phuwong trinh da che, ta duge
2y .
dt?
D6 1a phuong trinh tuyén tinh cfp hai hé s6 khong déi. Phuomg
trinh dic trung k? + 4 = 0 ¢6 hai nghiém phitc lién hop k = + 2i,
vay nghiém téng quat cda phuong trinh thudn nhdt 1a

+ 4y = sin2t ™

y = Cyoos2t + CosinZt

V& phai cia (*) co dang Fo(t)sinft , +fi = +2i 1a nghiém cta
phuong trinh d4c trung, nén ta tim nghiém riéng cta (*) co dang

Y = t(Acos2t + Bsin2t)
Thé€ vao phuong trinh (*), ta duge d8ng nhét thire
—4Asin2t + 4Bcos2t = sin2t
Dodd-4A=1,4B=0.SuyraA= —i,B =O,Y=—itcos2t
Nghiém t6ng quat cta phuong trinh (*) la
v = Cycos2t + Cosin2t — itcosZt
Vay nghiém téng quat cla phuong trinh da cho la

1 —x2 2x 1 1-x2

__L oy sht 1 gy
" ch?t dt2 cht ch2 dt
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Thé vao phuong trinh &4 cho, ta dugc
d%
dt?

D6 la mdt phuong trinh tuyén tinh cfip hai he sd khong ddi,

Nghiém tng quat cta né Ia

y=Ciet + Coet

Nhung t = argshx = In(x + Vx2+ 1), do 46
—t=In(VxZ+1 -x)

Viy nghiém tdng quat clia phuong trinh da cho 1a
y=Ci(V=Z + 1 4.-x)+02(\/;2+—1—x) .
f) x = 0 khéng la nghiém. x = 0, datz=i: hayy = xz , taco
y =x2 +z,y" =x2”7 + 27.

Thé vao phuong trinh, ta duge

Nghi¢m téng quat cia né la
z=Cre* + Coe™*
V4y nghiém tdng quat cia phwong trinh da cho 14
vy = x(C1e* + Coe™) ,

2 Dat_y=12,tac6u=x2y,u’=x2y’+2xy,
u’ = x%y” -f4xy’ + 2y. Thé vao phuong trinh d¢a cho, ta duge

cosx ™
D4 14 mot phuong trinh cdp hai tuyén tinh h¢ s6 khéng déi.

Nghi¢m cua phuong trinh dic trung k2+1=01a k==i . Do d6
nghi¢m téng quat cla phuong trinh thudn nhét tuong ing la

w’ +u=

y = Cjcosx + Casinx.
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C,, C, 1a cac hiing s6 tay ¢. Biéu thdc &y la nghiém cha

- phuong trinh (*) néu C,, C, 12 nhiing him s cia x théa man hé

C' cosx +C'y sinx =0

. , 1
- sinx+C'; cosx =
€OSX
Gidn hé ay, ta dude:
sin x
CI2 = 1, Cll = - .
COSX

Do d6
C,=x+K, C,=Inlcosx| +K,.
Vay nghiém téng quat cia phuong trinh (*) 1a:
u={(n| cosxi + K,)eosx + (x + K,)sinx.
Suy ra nghiém tdng quat cia phuong trinh da cho la:

1 . .
y=— (K cosx + K sinx + cosxln | cosx} + xsinx).
X

h) Dat y=L. Tacd u=y 1+x%. Dodd

1+x

u' = \f1+x2y‘+—x——y,
1+x2

2

u" = \I1+x2 " 2x X

+ '+ 1 - .
’ J1+x2 ’ \{1+x2 g \/(1+x2)3 ’
Thé vao phudng trinh 43 cho, ta duge
u' =4
Do d6 u=Cx+C,, |
C,, C, 1a cac hing s& tuy ¥. Suy ra nghiém tdng quat cta
phuong trinh da che la: '

\H1+x2

1) Gia su x = oft) 14 mdét song anh. Ta cd

Cix+C
y = L 2_
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dy_dy dt dy 1
dx dt'dx dt ¢'(t)’

--=i(éz 1} (dz 1 o"(t) dy] 1
T\ 0 0 0O o2 at) 9

Thé& vao phucng trinh da cho, ta duge

9 +1 a2y 99
(Pr2 dt (pt3 dt

Vi la hiing s6, ta cdn chon ¢ sao cho
(pz +1!

¢

I2 2 i
90 —((p3 +De” _ (*%)

N4

=a (")

a, b la cac hing s8. Tt (1) suy ra

of + 1 =ap”
¢ - 29" = be'
Chon a =1, giai (*), ta duge

9 o iar

Jo?a1

argshp = £t + C.

Thé& vao (**), ta duge:

Do d6

~(@%+1)g" dy

~a“y=0.

(***)

Chon d&u + v6i C = 0, ta dugc argshe = t hay ¢ = sht. Khi d6
phuong trinh (***) dugc thoa min véi b = Q. Tém lai néu thye

hién phép d8i bién x = e(t) =
d2
2y -a? y =0
dt

440

sht, phudng trinh di cho trd thanh

atl



)

Nghiém téng quit cia né 1a
. y = Cle(zt + C2e—at
Nhung t = argshx = In (x + V x% + 1), do d6 nghiém t8ng quat
cua phuong trinh da cho la
= C](m'+x)“+02(\/;2+—1 —:E)“ :

) Gia st t = p(x) 12 mét song anh . Ta cb

_ % _dy dt _dy ,
Y "% T d - f®

= T (Y ) - fﬁ 2 + Lo

Thé véo phuong trinh, ta duge

d d
% p’2c05x+i p” cosx + (—i{-<p’sinx—ycos3x =0

Vi 9'(x) # 0, véi x = = + ko, chia hai v§ cia phuong trinh
trén voi ¢'2 cosx, ta duge

d  dy (£ 4 tex) 0062x -0
dtz2  dt ‘p2 ¥’ o2

Ta cdn chon ¢ sao cho

°°S," = a *)
59

+2
P '

a,b la cac hing s8. Ti (*) suy ra
, COSX sinx
PX)="",px) =" +C
a a
C 12 hing s8 tuy §. Thé vao (**), ta duge

b=0,Ya€ R,vCe R
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Chona =1,C = 0, ta dugc p(x)= sinx . Phuong trinh trén tro

thanh
d%

dtQ_y=0

nghiém tdng quat cta nd 1a
y= Clet + Cge_t

Nhung t = sinx , nén nghiém téng quat cia phwong trinh da cho

la
y = Cpefitx + Coesinx
22. a) Tacd
1.125‘&“lr ,r2zx2+y2+z2
r
Do do
u _1p'-p x_rp-p
ox 2 r r3 ’
Vay
Pu_rp -y " — (rp’ —9)3® x
ax2 o rb r
_Iy —<p+ 2r4gp”—3r350’+3r2'(p
3 r1 .
2 . 52
vi vai tro d8i xding cua x,y,z,‘q?"u—(hoac a_u) duge suy ra tu 9
6‘y2 322

ax2
bing chch thay trong biéu thitc ctia né x bdi y ( hotic z ). Vay

2u  2u 9% rp’ —¢ 12 j
vv _+_=3 +_r4 ”__3 :+3‘ =
ax2  ay2 922 rd r7( 14 rp £%)
L % ,e" ¥ % ¢

2 3

r r2 ré r

Thé& vao phuong trinh da cho, ta dugce

p” —4p =0
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D6 1a mdt phuong trinh cfip hai tuyén tinh hé s8 khéng déi.
Nghiém t6ng quat clia né la

pr) = Cie? + Co™™
C, , C, la cac hang s6 tuy y.

b) Ta cb
u(x,y) = ¢(r) , © =x* + y°
Do d6
w_ o E__ ¢
ax_so(r)'r *r
Suy ra
Fu gt -g Yoy B¢
axdy G r
Thé véo phuong trinh da cho, ta duge
!:2’)_5’_l
r r®
Hay

- =r 7
D6 la mét phuong trinh cfp hai cda o(r) , khuyét ¢ .
bitp=¢’, ta dugc '
P —p=rC *)

D6 1a phuong trinh tuyén tinh cfp mot v& p. Nghiem téng quat
cua phuong trinh thudn nhét twong ing la

p=Kr,

K la hing 6 tuy y. Xem K 13 ham s6 cda r, thé bidu thic 4y vio
phuong trinh (*) , ta dugc

K:=r1—a
cd 2 trudng hgp a=2 vaa =2 . Xét truvmg hep a # 2. Ta b
443



= _ +Cl!
Cy 1a hiing &6 tiy §. Do 46
3@
p=<p’=2H + Cyr
Suy ra
i« r2

o oo +CiT+Cy néuw=4

2—a)(4 - a) 2
=] @G-

——l—-lnr+C1—r~2—+Cg néu a=4

2 2 .

Bay gio ta xét trudmg hop @ = 2. Khi d6
K=r!=2K=Inr+C;
Cj la hang s6 tay y. Do do

P=¢ =rilnr + Cir

Suy ra

<p=fr1m~dr+01§=

2 2 2

= nr ~ — + Cy

2lnr 4 12+02
Tom lai:
Sua=2,axd i Ar? + B

=+ Ar? +
Néua=2,a=4,¢(r) 2 -

Néua=4,go(r)=——;-1nr+Ar2+B

1‘2
Néua=2,(p(r)='§‘lnr+Ar2+'B .
23.B§ngcéchdat%=z,tacéy’=zy,d0d6

Y'=2Zy a2y =2y + 2% = y(z’ +29)
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Phuong trinh tro thanh
F(x,2,% + z2) = 0

b6 1a mét phuong trinh cp mét 46 véi z. Néu ta tim duge

nghiém téng quat cia né l1a
z = p(x,Cy),
thivi z= Y , ta duge
ylnlyl =fpxCihd&x =+ y=Cag(x,Cy).
a) Ro rang y = 0 l4 m6t nghiém cda phuong trinh
W -yttyy +x%i=0

Bay gid xét y = 0, chia hai v& cia phuong trinh cho y* , ta dugc

yo_ ()3)2+£+x2=0

¥ ¥y
Datz=L,mduchzz’+z2.Vayphu0ngtrinhtrérthénh
Y Y
2 +z=—x2

bé la mét phuong trinh tuyén tinh cfp mot 46i véi z. Nghiém
téng quat cda né 1i o
z=x‘= —x2+2x—2+(‘,1€_x
y

Do d6

x3

hj 2 2 -
ln| ; = +x _2x. Cie %
Suy ra

a
i _
y=029—§+x2-2x—019 .

" b) Dat y’ = zy. Thé vao phuong trinh
Py = -y
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Ta duge

1
xz + 2z2=—
X

D6 la mét phueng trinh tuyén tinh cdp mét d46i voi z. Nghiém
téng quat cda no la -

z=L= +
Y

=
Mo .2

Do d6
C
A _G -~
ln1 Czl = In|x| N =In|x|e " x
Nghiém téng quéat cia phuong trinh da cho 14
y=Cge® 7%,
c) PBat y’ = zy . Th€ vao phuong trinh, ta duge

z =0
Do 46
z=z=cl
Yy
Suy ra
A
ln| s = (Cix

Nghiém téng quat cia phuong trinh 13
y = Cgel

d) D&t y° = zy. Thé vao phuong trinh, ta dugc phuong trinh
Bernoully d6i vdi z

xz —z+2x22=0

chia hai v& cho z2, &5t Z =z~ 1, ta duge phuong trinh tuyén tinh cép
mot d8i vai Z. :

2"+ Z=2x
Nghiém téng quat cia noé la
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“Cog

o X 4Cy
x
Viay

X
xz-#C1

7= —y—:
Y

L&y nguyén ham hai vé&, ta duge

|y|_ xdx 1 9
ln|02|_ X2+Cl—§1nIx +Cll.

Do d6 nghiém tdng quat clia phueng trinh da cho 1a:
y= Cgq ]xz +C1| :

24. a) Gia st chudi liy thua
YFa, taX+axi+.. +axt+...
¢é ban kinh hgi tu R, 14 nghiém cta phuong trinh di cho .

Ta cé i

y' =a; + 2a,x+3a,x%+ ... +nax" "1+ ...

y' = 2a, + 2.3a,% + ... + (0 — Lna,x" "2+ ...
Thé vao phuang trinh, ta duge ddng nhit thic

(~a, + 2a;) + (~a, + 12a,)x + (-a, + 30ay)x® + ...

A la,  +(@n-1)2na Jx" 1+ .. =
o0

= [-ap .1 +(@n-1)2na, x®1=0.
n=1

Dodétacd vnz1

_ an_t
T (@n-1D2n’
Suy ra
al‘}
a, = —
)
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a,= ————— .
(2n—1).2n
Nhan cic ding thac &y véi nhau titng v€ mét, ta duge
a4
@)t
Vay nghiém phai tim la:

a, =

@O n

a1 X x> x™ i £00),
¥y = a, +‘2—!+?+....+(2n)!+... =aq Z (Zn)' =8, IX

a, 12 hing s6 tuy ¥ Diung quy téc D'Alembert déi véi chudi lay
o n
thita f(x) = Z x , ta thdy ngay ring ban kinh héi ty ciia né
(2n)!

1a R = «. Do d6 f(x) xac dinh trén R.
Chii thich. Ta nhan xét rang

cht = nz=:0 oy

Néux 20, dit x =t2v6it = Vx, ta duge f(x) = chx .
Néu x <0, dﬁtx=—t2vc’jit—\/~x ta dugc
2n
f(x) = Z( DY Y =cost=cosv-x.

n=0

Nhu vay
£(x) = ch«f; néux >0
COS +f— nfux<Q ,
vi f(x) 1a tong cua moét chum luy thita hoi tu trén R, nén f(x) kha

vi v6 han 14n trén R, do @6 né ciing kha vi v6 han l4n tai x = 0.
Ban doc ¢6 thé kiém tra lai didu ay.
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C6 thé tim dugce, ching han bing cdnyg thie Liouville nghiém
g(x) ddc 1ap tuyén tinh véi f(x) cha phudng trinh. Ta duge

_ jshvx néux =20
gx) = .
_ sin~/—-x néux <0 .

Nhung ham s& g(x) lai khong khai trién duge thanh chudi liy
thita, vi né khéng kha vitaix = 0.
b) Gia su
y=a,tax+ axi+ . +ax"+.., |x|<R
l& nghiém cda phuong trinh
2x(1 -x)y'+ (1 - 2x)y = 1.
Thé& biéu thite chia y vao phuong trinh, ta dude dbng nhat thic

a,+ (3a, — 2a)x + (5a, — 4a,)x* + ... +[(2n + Da, — Zna, _,Ix* + ...

=a,+ Z[(2n+1)an ~2na, x"=1.

n=]

i
o
j="
O
pa
]

o= 1

- 2n
a,=-—a_,, Vnz1.
2n+l

Suy ra a, =1

a = 24.6...(2n)  (2m! wn>1l.
1.3.5.7...2n4+1) 2o+

Nghiém phai tim 1a

1
1+ Z (2n)!! i
(2n+1)”
Ban kinh hdi tu ctia né la:
Ap
n-1|_ lim 2n+1

n—ow 2n

R= lim

n—»co

=1,

8n |
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Bay gig xét tai 2 mat x =+1. Tai x = 1, ta c6 chudi s&

[+ o]
a 246....(2n) 1
1+ a ) > = .
2 YO PN ou6 (2n+2) ni2

Vay chudi s& phan ki

- aQ
Tail x = -1, ta c6 chudi 88 dan dau 1 + Z:(—l)n a, .
n=1
N . . - . ap 2n .
Ed rang a, giam Kkhi n ting vi ¢ < —*—= <1. Ta sé

a,_1 2n+1

ching minh réing lim aj; =0. That vay
Ih —»c0

oo (303 5

Vi ln(l— 1 J..,(_ 1 ]'-[—i) ¥hi n — o, chudi
. 2n+1 2n+1 2n

Z In| 1- I phan ki. Chudi s§ &y lai ¢6 toan s& hang 4m, vay
= 2n+l :
lim Ina, =-, do dé¢ lim a, =0. Theo dinh } Leibniz chudi

n—co nn— oo

o
dan d&u 1 + Z(-l)“an héi tu. Vay nghiém khai trién duge thanh
n=1
chudi lay thita cha phudng trinh da cho héi tu véi -1 < x < 1.
Ban doc ¢6 thé kiém tra lai, ching han bang cach gidi phuong
trinh da cho bang phuong phap bign thién hing s&, ring nghiém
nhan dude 6 trén chinh la:
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arcsin\/;

M X(1-x)

argsh+/— x

Jx(x-1)

nful=sx <l

nfu—-l<x<0 .,

¢) Gia su
y=a,tax+ axi+.. +ax*+.., ix|<R
la nghiém ciia phudng trinh
(1 —x)y" -2xy' + 2y =0
théa min didu kién
y|x=0=0’ yx=0=1'
Tit cac diéu kién 4y, ta duge a, = 0, a, = 1. Th€ y vao phuong
trinh, ta duge dong nhat thie

2(a, + a,) + Bagx + 4(3a, — az)x? +...
wHm+ Dn+ a, .o+ (-nf-n+ alx* +... =0.

Do d6

a,=a;=a,=0,

_ n?+n-2 _n-1

T m+Dm+2) M helom

Yn > 1.

an+2

Nhu vay a, = 1,a, =0 Vn = 1. Do dé y, = x 1a nghiém khai
trién duge thanh chudi ldy thita ¢ha phuong trinh thoa man céc
diéu kién dé ra. D€ tim nghiém tdng quat caa phuong trinh, ta chi
vige tim nghiém y, dée 1ap tuyén tinh véi y,. Dat

¥e = x.u(x),
Thé& vao phuong trinh, ta duge
x(1 - x®Hu" + 2(1 - 2xHu' = 0.
D6 12 mét phuong trinh tuyén tinh edp 2 d6i véi u, khuyét u.
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Piat u' = p, ta duge
) x(1 —x3)p’ +2(1 -2xH)p =0
phan 1i bién s8, ta duge

P 2x2-1 x 1
— =2 2y 7 L)
p x(1-x°) 1—x X

Do d6
1n——=—1n\1—x2l—1nx2zln—-1——.
1 lel—le
Vay
K
p=u':———~—~—2 L ~
X“(1-x°)
Suy ra
1 1
u= Ky _———Kl [ +——]dx=
I x2(1-x2) I 1_32 <2
- K11n1+x K]_ +K2.
2 1-x X
Chon K, =1, K,=0,tadugc
1, [I+x] 1
u=—In——--—
2 11=x| x
Do d6
x . |1+x
xu= —Iin—]|-1.
¥z 2 Hex

Vay nghiém tdng quét ctia phudng trinh 43 cho la:

y=0x+ Cg(zln —1].

y=a, +ax+ axt .. tax' o

I+x
]__.

d) Gia sk chudi liy thita
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Cé6 ban kinh hoi tu R 14 nghiém cta phuong trinh

xy'-2xy'+y=0,

Thé bidu thic ciia y vao phudng trinh, ta duge déng nhit thic

(a, + 2a,) + [(1 — 2)a, + 2.3a5]x + [(1 - 2.2)a, + 3.4a,1x* +

..+ [(1-2n)a, + (n + 1Mn+2a,, Jx"+..=0.

3.2:__'_3.0;

vz ™ T i+ 2)

Do dé
Suy ra
1
12
ay = 3 a
{73472
By =——a
5756
4k -5

2= ok T1)2k

Ay >

a9k -2,

1

+ = ——a -1-
Ay +1 9k (2k +1) 2k -1

&3 = —— 81 ;e

23

4, , yfne N.

= _al’

23

—3an,
45 °

- —-a5’

6.7

4k -3

Nhan hai v& cac ding thie bidu difn cac hé s6 ay, a,, ..., 8y

vdi nhau, ta duge:

{4k -5) a

o "

Nhan hai v& cac ding thic bidu dién cic hé 58 a,, ag, ...y 85444

véi nhau, ta duge
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159....... (4k - 3)
Bop sy = a,.

(Zk+1)!

Do d6 nghiém khai trién dugc thanh chudi liy thita cia
phuong trinh d3a cho 1a;

— 371L..(4n-5
= ao[l— Zl (2n()ln )X2HJ+

159.....(4n-3) n+l
+
alz (2n+1)" X

Dung quy tic D'Alembert, c6 thé d& dang thay ring cac chudi
lay thita

o
3711.... 4in-5
y;(x = Z ( ) 2n

[+ a]
& 159...(4n-3) gn.1
yalx) EO @n+Dl *

déu ¢6 ban kinh hgitu R = o,

Chi thich: N&u ta doi hdi thém ridng nghiém cda phudng

trinh théa man cheu kién y| =0, y1x= =1, thi tit cac didu

kién dy suyraa,=y(0) =0, a, = y"x=0 =1. Nghiém phai tim la:

Y = ya(x).
25. a) L&y dao ham hai v& phudng trinh sau ctia hé, ta duge
"=y + 2z,
Thay y’ bdi v€ phdi clia phuong trinh diu, ta c6

Z' =4y — 2z + z'.
454

et



v

‘Nhung y = 2’ - z, ta duoc

2’ =4z -2} -2z2+ 2 = 5z’;62
Ta duge phuong trinh cdp 2 tuyén tinh hé s6 khong déi
2’ -52 +6z=0
Nghiém téng quat cua nd la
z = Cie™ + Coe™
Do a6 2 = 2C1e®* + 3Cs 3%
Vay =7 -z = C1e® + 2Cee™
b) Léy dac ham hai v& phuong trinh sau cta hg, ta duge
2’ =2 -2
Thay y’ boi vé phai cia phuong trinh d4u, ta co
2’ — 3y —22) -2 =6y -4z—2
T phuong trinh sau cua hé, talaieby = % (z' + z). Do d6
77 =3z +z)-4z-7
Hay z7-22"4+z=0
Nghiém téng quat cia né la
z = (C; + Cax)e*
Suy ra y=:];:(z’+z) = (Ci+ng)e"+'1-Cze",

2
Chi thich: Cé thé giai bai nay nhu sau: Tru hai phuong trinh cua

hé timg v& mdt, ta duge

y-z2=@-2"=y-z
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Do d6 y-2z==Ciehayy =z + C\&¥
- Thé vao phtroﬁg trinh sau cia he, ta dugc phuong trinh cfp mot
Z =z + Cie*
nghiém téng quat cla né la
z = (2C1x + Co)e*
Suy ra y=z+Cre"=(2C1x+ Co)e* + Cre*
c) Lay dao ham hai v& phuong trinh ddu cda he, ta duge
Vi=y +82 +¢&
Thay 2’ boi v€ phai cla phuong trinh sau, ta cé
Y =y +8Qy+z +e3) 4 X =y + 16y + 8z + 8 9% 4 ¥
Nhung ﬁ‘r phuong trinh dfu cia hé tacb 8z + * =y’ — y. Do do
YV =y +16y+y -y + 8

Hay ¥y’ -2y - 15y = 8 3%

Pé la mét phuong trinh cdp hai tuyén tinh ¢é hé s5 -

khéng d6i, khong thuin nh4t. Nghiém cda phuong trinh dic
trung k2 2k~ 15=0lak = 5 va k = 3. Do d6 nghiém tdng quat
cua phuong trinh thudn nhit tuong mg 1

y = Cleﬁx + C2e--.3x

Tim nghiém riéng cda phuong trinh khong thudn nhét dudi dang
Y = Axe™ Thé vao phuong trinh 4y, ta duge A = 1, Vay Y = —xe 3,
Nghiém tdng quat ciia phuong trink khéng thudn nhét 1a

y = Ce¥ + Cge 3 _ ye3x
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Do d6 y = 5C1e™ — 3Coe™™ 4 3xe ¥ _ g3

1 R
Vé.y Z=‘8_(y’hy_e’*)=
C C 1 1 1
=—2"1'e5x—?2 -3x +Exe i}._ge—Bx_gex

d) Dao ham hai v€ phueng trinh ddu cda hé, ta duge
ey te
Thay z’ bai v€ phai cda phuong trinh sau, ta cé
¥V =y -2y +32+1
Nhung t&r phuong trinh d4u cta he, tacé z = ¥ - y + 3, do d6
V' =y -2y +3GF -y+3+1
Suy ra ¥y -4y + 5y =10

Dé 1a mot phuong trinh cdp hai tuyén tinh c6 hé s6 khéng d6i.
Nghiém cla phuong trinh dac trung k%2 — 4k + 5 = 0 la hai s6 phic
lién hop k = 22 i; do d6 nghiém téng quat cda phuong trinh thudn
nhdt tuong ung la

y= e (C1 cosx + Cg sinx)

Tim nghiém riéng cia phuong trinh khéng thuin nhét dang
Y = A, th& vao phuong trinh 4y, ta duge A = 2. Vay

y = ezx(Clcosx-O- Cosinx) + 2
vi z=y -y + 3, ta duge
z = e [(C; + Cg) cosx + (Cs —Cypysinx ] +1

T diéu kién yl —0,z|x_

lxmp = _0=0,tadqucCl=—2,Cg=1
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Vay nghiém phai tim 1a
y = & (—2cosx + sing) + 2
z = e (—cosx + 3sinx) + 1 .

) Co thé viét lai hé phuong trinh &a cho nhir sau:

dy —dx = -~

dx
y— X

Nhén hai phuong trinh dy ting vé mdt, ta duge

_=O
y—X z
Do do
In{y-x| +1n |z| = In |Cy
hay y-x)z=Cy
) C, . . s
Doddz = . Thé vao phuong trinh ddu cia hé, ta duge
y—X .
dy-x &,
y—X Cy
Suy ra

X

(y —x) e = Cy
Vay nghiém téng quat cia hé da cho la
y = x+Cge—Cl ,z=—1¢5"

f) viét lai hé nhwr sau

d« dy dz
2y + 3z ¥ z
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Tu phucng trinh sau, ta durge

Inlzl =Inly| +In|C,].

Hay z=Cy *)
T hé trén suy ra
dx  2dy+3dz
2v+3z 2y+3:z
Hay dx = 2dy + 3dz .
Suy ra 2v+3z-x =C,. (**)

Thé chc diu kidn y]__, =1, 4 __, =2 vao (*) vA (**), ta duge
C,=2,C,=8. Do d6 nghiém phai tim 1a

y= 241, z=2 19,
8 4
g) Viét lai hé da cho nhu sau:
y'yz = x, z'y*=x.
Suy ra
L:z—}i hay ~y~=£
'z y z
Do do Inlz} =In{y| +In|C,| .
Hay z=Cyy.

Nhan phuong trinh dau cha hé véi 2 rdi céng véi phucng
trinh sau, ta duge: .

2yy'z + 2'y? = 3x hay (z2y%)'=3x.

Do dé zy” - E);2 =C,.

2
Vay tich phan tdng quat cia hé la:
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=C, zy” - %xQ =C,.

- | W

h) Vit lai hé da cho dudi dang
I _dy_ar
(z-y)> 2z ¥

Tw phudng trinh sau suy ra

ydy —2zdz =0
Do &6 yi-zt=C,.
Tit hé trén, ta cé

dx dy-dz

(z-y)? 2-Y
Hay
dx+{z-y)d{z-y)=0.

Do dé 2x+{(z-y)*=C,.

Vay tich phan tdng quat cita hé la:
y2-z2=C,, 2x+(z-y)¥=0C,.
1) T hé da cho,suy ra

y+z~z+x:x+y_2(x+y+z)_ z—-X y—-X

dx dy dz _dx+y+2z) d(z-x}_ d(y-x)

Tit phuong trinh cudi suy ra
Inlz-x] =ln|ly-x! +1n|C,]|.
z-X
y—X

Hay =Cy.

Tit phuong trinh

_1_d(x+y+ z)+d(y-x) -
2 (X+y+2z) ¥—X
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ta duge
y-xx+y+2)=C;.

Vay tich phan tong quat cta hé la:

Z_x=cl, (y-x)2x+y+2z)=0C,.
y—-X
26. a) Hé
y'=z-y
Z=—y-3z

1a hé phuong trinh vi phan tuyén tinh thudn nhat c6 hé s& khong
d6i. Phuong trinh déc trung cta nd la:

-1-x 1

=0 hay A*+4r+4=0.
-1 =-3-2 _

N6 ¢6 mot nghiém kép A = —2. Ta tim nghiém cla h¢ c6 dang
| y = {ax + b)e™,
z = (cx + d)e .
Thé vao hé, ta duge cic dong nhit thﬁc.

{_ 2ax+(a—2b) = (c—-a)x+d-b
—2cx+(c-2d) = - (a+3c)x — (b+3d) .

Do d6, ta duge:

—~2a=c-a
a—2b=d-b
—2c=-(a+3c)
c—2d =~ (b+3d) .
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Suyraa=-é.a=b+d.Data=Cl,b=CZ,tacéc=—Cl.

.d=C, ~ C,. Vay nghiém téng quat cha hé la:

y=(Cix+ Cpe™,
z2=(-Cix+C, - Cpe®,
b) Phueng trinh dic trung cta hé da cho 1a:

‘4—x -3

=0,
3 4-11

Hay 4-22+9=0.

N6 ¢6 hai nghiém phiic lién hgp A = 4 +3i. Ung véi A = 4 + 3i,

ta c6 hé phuong trinh &€ xac dinh vecto riéng

~3ip,— 3p,=0

Thuc chéit hé dé chi g6m mot phuong trinh la:
. 31p, +3p, =0
Taco théldy p, =1, P = ~i. Do d6 ta ¢6 nghiém
¥y = e = e¥%(0053x + isindx)
2= —je 3% = o¥¥(gingx icosS);) .
Vay nghiém téng quat ctia hé 1a

y = e*(Ccos3x + C,sin3x) ,

z = e*(C,sin3x — Cycos3x) .

c¢) Phuong trinh dic trung ctia hé di cho 1a:
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-1-x 1 1
1 -1 -2 1 |=0

Hay 1 1 -1 — A

1-x+2? =0
N6 ¢6 1 nghiém don A =1 va 1 nghiém kép & = -2.
Ta tim nghiém cia hé dudi dang
t

x = aet + (bt + ¢)e™?

i1

—2t

t
y ae + (bt + cle

t 9t
a.e* + (bat + ca)e

z 3

Ta co

x’ = ae! + (b) — 2¢; — 2bt) et

= aget + (bg — 2cg — 2bot) o 2

]
|

z’ = age® + (b3 ~ 2c3 — Zhgt) e 2
Thé vao hé phuong trinh, ta duge cac déng nhét thire
aie® + (by — 2c; — 2byt) e =
(—a; +ag + ag) et + [—c1+c2+03+(—b1+b2+b3)t] e 2,
age® + (hy — 2c9 — 2bot) e % =
= (a; ~ag +ag)et + [cy —cy + cg + (by — by + b3)t]e'2';
age! + (b3 ~ 2c3 — Zbgt) et =
= (a1 + ag—ag)et+c;tcp-c3+ (b +hg—bg)t]e 2t |
Do dé
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a; = -a; + a5 + ay

8y =ay -2 + ag
a3=a1+a2—a3
b1—2C1=-—C]+C2+C3
4 b2—2C2=Cl—02+C3
b3—203=01+02—(}3
—2b1=—b1+b2+b3
~ 2bg = by — by + by

\ —2bs = by + by — by
Hg ay tuong duong véi

[ 2a; + ay+ a3 =0 (1)
a;—2a3 +a; =0 (2)
a; + ap — 2a3 = 0 (3

{ by =cy+cs+cg (4)
bg = ¢; + c3 + c3 (5
by=c; +cy+cq (6)
b; + by + by = 0 (7

Thr cac dél;g thire (4) - (7) suy ra
cp+cat+cecg = by=hby=Dby
trtr hai déng thic (2), (1) ting v€ mot, ta duge
Ja; — 3ag = O hay a; =~ ag
Thé véo ddng thue (3), ta duge -
a) = ag = ag
‘choay =az = a3 =Cjp,cy = Cg,e3 = Cg, tacd

C,=-(C,+ C,)
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Do d6 nghiém téng quat ciia hé phuong trinh da cho la
x = Cyet — (Cp+Cyle |
y = Ciet+ Cpe ™
z=Ce' +Cre™

d) Phuong trinh dac trung ctia hé phuong trinh 44 cho 12

1-2 1 0
-1 2-3» 1 |=0
1 0 1-A

Hay
(A-2AZ -2 +2)=0

Né ¢6 mét nghiém thyc A = 2 va hai nghiém phiic lién hgp
A=1+1

Ung véi A =2, ta duge hé phudng trinh dé xac dinh vects riéng.

~p;+py =0
—p1+p; =0
P1-p3=0

Suy ra p; = p, = p3. Cé thé cho P =P =p3=C,

ing véi A = 1+ 1, ta ¢6 hé phudng trinh dé xac dinh vectd riéng

—ip; +py =0
-p +(1-1)py +p,; =0
p—ip; =0

Suy raip, =p,=-py;. Taldyp, =1, p; =1, pg=-i
Ta c¢6 nghiém

Xy = 11"Vt = e'(cost + isint)
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y, = ie(* Vi=ie*(cost + isint) = e*(~sint + icost)
z, = — eV = _je'(cost + isint) = e*(sint — icost)
Vay nghiém téng quat ctia hé da cho la
x = C,e”* + Cye'cost + Cae'sint
y = C,e” - C,e'sint + Ce'cost

z = C,e® + Cye'sint — Cye'cost
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MOT SO BAI TOAN TONG HQP
BAI TOAN 1
Cho ham s6 fix,y) xac dinh trén R, c6 cic dao ham riéng dén cdp
hai lién tyc. Thyc hién phép d6i bién s6

XEt+tay=1u
[x+by=v (1

trong d6 a, b 1a cac hing s6. Dat
fx, y) = flx (u, v}, y (0, v)) = F (u, v) .

1. Véi didu kién nao d8i vdi a, b, phép bién d8i trén 1a mot song
anh. Tinh cdc da0 ham riéng cdp 1 va cfip 2 cia f theo cic dao ham
riéng cua F. Néu ham s& f cd dao ham riéng moi cfp, cé thé mé rong
cac két qua trén nhu thé nao?

2.Néua=1,b = -1, hay tim ham s8 f (%, y) sac cho

& _ o .
axe  gy2
3. Xét phuong trinh
2 2f 2 .
Aa—f+2Ba +C§*£=0 **)

ax? ox 8y 6y2

trong 46 A, B, C la nhung hing s8. Chiing minh rdng véi mot s& diéu
kién d8i vdi A, B, C, c6 thé chon cac hing s6 a, b sao cho phép bién ddi
trén dua phuong trinh (**) vé dang

PF

ougdv
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Twr d6 suy ra nghiém cua phuong trinh (**)
BAI TOAN 2
Cho phuong trinh vi phin
¥y’ + 2y’ + 2y = ™ cos ax, a la tham s& .

1. Tim nghiém t8ng quat cta phuong trinh

2. Tim nghiém riéng y,(x, ) cia phuong trinh théa man cac
diéu kién

YO(O!Q) =1 ’ y’ﬂ(oz'a):_z
Chung minh rding hdam s « € R+ y, (x, @ ) € R 1a lién tyc.
BAI TOAN 3

GiastD={(x,t) ER*:0<x<{,0<t< T} (hinh 81)

0] L x
Hinh 81

vdn dé @it ra la tim ham s6 u (x, t) théa man phuong trinh

#u  du

ik ESp 4 ELET : : 1

pur % 0 trong mién D, (1)
thoa man cac diéu kién

of B 0, =1 % @

468

oY



."-)0‘

ul, _ =), 3

- trong d6 ¢ (x) la mét ham s8 cho trude, kha vi lién tyc trén doan

[0, ]1 va thoa man didu kién.
p(0)=p1) =0 @
1. Ching minh rdng ham s8 u (%, t) ¢6 dang
u (x, t) = X(x). T (t)

thda man phuong trinh (1) trong D va diéu kién (2) 1a nhirng ham 6
co dang
_ (ﬂ)‘).t nr
u(x,t) = o, (xt) = cpe ! sin 1% n € N*

trong d6 cp, 1a cac hing s& tuy y. ,
2. Xac dinh cic hé s6 ¢, sao cho chufi ham s6

S e b

n=1

nir
Moy o
1 sin T X

la nghiém cda phuong trinh (1) trong D, théa min céc didu kien
2), 3 - '

BAI TOAN 4
Cho tich phan suy rong
+f°° sindt’) dt
o (1 +xt)
trong dé x = 0,y > 0 13 hai tham s6
1. a) Gia st x > 0, ching minh ring tich phan hoi ty
b) Gia s x = 0, chiing minh rding tich phén hoi ty néuy > l.

2
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+o
. P t:
2. Véiy > O,xét ham s6 x > f(x) = | —2n®)_ 4
o t’(1+xt)

a) Chung minh ring f(x) lién tyc trén khodng (0, + )
b) Ching minh rdng f(x) kha vi trén khoang (0, + )
¢) Tinh dao ham cAp k cia f(x)
+o -
3.Véix =0 xét himsSy > gy = J —on®) 4
o Y ({l+=xt)

a) ching minh ring g (y) lién tyc trén khodng (0, +®) nfux > 0,

b) Chirng minh ring g(y) lién tyc trén khoang (-;* , +®)néux =10,

+a
4.Véix > 0, xét hams6x » h () = J —2E)_ 4,
. o F(1 + xt)

a) Chung minh rdng h(x) lién tyc trén khoang (0, + )
b) Chirng minh réng h(x) » 0 khi x » +

c) Xét sy hoi tu cia chudi s6 c6 s6 hang téng quat 1a

‘o, 0
Vn=f |smgt!| dat

o t°(1+nt)
BAI TOAN 5
Xét phuong trinh vi phan
%y + (a+ 1 xy +(x2+i)y=0 (1)

trongdda = 1,x € R}

1. Ching minh rdng phuong trinh (1) cé it nhdt mét nghiém cb
dang y = x* f(x), trong 46 « 1a mét hiing &, f(x) 1 téng cia mét chubi
luy thira 6 ban kinh héi tu biing e, f (0) = 0.
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2. Tim nghiém téng quat cia phudng trinh (1) khia = 2.
BAI TOAN 6

1. Tim nhiing nghiém xac dinh trén R ctia phudng trinh

x%y" -2y = 3x2. (1)
2. Cho phuong trinh vi phéin
y'lnx + 2xy? Y= O,xe R: 2)
X

a) Gidi phuong trinh (2) ;

b) Cho y, € R. Xét sy tdn tai nghidm xac dinh trén R: cia
phuong trinh (2) théa man didu kién

y()=y,.

471



LOT GIAI
BAI TOAN I:
1) Phép déi bién s6 (1) 13 mdt song anh khi va chi khi hé
phuong trinh (1) ¢6 nghiém duy nhat ¥(u, v) € R?, tic 1a khi va
chi khi dinh thc cia hé 4y khac 0,

1 a
=b-a=0.
16b

Ta ciing nh4n xét ring néu a = b thi u = v, vay hai bién s3

méi u, v khéng phai 1a bién s6 dée lap.
Ta cé
of oFdu 8Fov oF oF

8xauﬁx8v8x8u6‘v

Do dé
ax2 Ox\8x/ x\du év
a(g aF) 8[5F+8FJ
ou v ovidu ov

O°F , 0%F 8%F
= +2 + .
au2 oudv 5‘V2
% a[af] _a_[ oF baFJ
axdy  ox\dy oy

II

ox

g oF  8Fy 4 5F

—|la—+b—j+= b

ou\ du  av) ov au 8v
2 2 2

aaf=(a+b)aF+baF.

u? qudv  gv?

il
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oy ay ay du dv
a aF JF aF
= a—(a¥—+b@) +p-2 (22> +p) =
du du av dv du av :
2 2 Y
d“F o
= EE gy T 20X
u’ dudv v
Né€u ding ki hiéu tugng trung, ta cb
2
2
L (_6_ + i) F
ax du  av
2
d a i} a a
L (D) (el e
dx dy du dv du av
2 .
J°f d a2
- = (a— + b*—) F
ayz Ju av

Néu fix, y) cd dao ham riéng moi cip, c6 thé ching minh bing
quy nap rdng ta co

n a i
Figd =(i+i-) (ai+b%) r,

trong d6 « va £ 1a hai s& nguyén duong cé t6ng bing n.

2)Néua=1,b=-ltacdbu=x+y,v=x-y

2 2
Phuong trinh a—g = —a—£
ax2  ay?
tro thanh (i+—a-)2F= (1—1)23',
du av du dv
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9°F
hay — =20
dudv

Ham s& F(u, v) thoa man phuong trinh 4y la
Fluv) =@ (u) + ¢ (v),

trong 46 ¢ va y la nhing him s6 tdy y kha vi lién tuc hai l14n. Vay
ham s f(x, y) thoa man phuong trinh (*) la

fx,y) =@ x+y)+yx-y) .
3) Phép déi bién s6 (1) bién phuong trinh (¥*) thanh

a2F %F °F °F ' 9%F 8°F
Al—+2—— + —/) + 9B —+(a+b) — + b—} +
( du® du dv 6v2) (a aul (& ) Judv avz)
2F . G°F 82F
+ C{a®—, + 2ab 2 —) =0
(a du? dudv av2)
hay
2 2
(A+ZBa+Caz)ﬂ+2[A+B(a+b)+Cab] oF +
u’ dvou
2
+(A+2Bb+Cb2)Q=o
ave

Ta c6 thé chon hai 88 a, b phan biét sao cho
Ca2 +2Ba+A=0
Cb? + 2Bb 4+ A = 0

néu diéu kién B2 — AC > 0 duge théa man. Thét vay, khi d6 chi cdn
chon a, b la 2 nghiém phén biét cua phuong trinh bac hai

Ct° + 2Bt + A =0 (**¥)
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Khi 4y ta co
3°F &PF
- Q —

Judv udv
Néu nhur diéu kién sau duge thoa man: '

(**) =% k

k=A+B(a+b)+ Cab=0

Nhung ta c6: theo dinh ly Viate

2B A
+b= = = =
a+b c ab C
Do do
_m2
k=A+B (-2) +c2=20C2B) L gnqucwo
C C C
Vay néu B2 - AC > 0 va C = 0 thi
2
&“F .
- = ()
() dquav
, 2p
Ham s8 F(u,v) thoa man phuong trinh oy =01a
udv

Flu,v) = ¢ (u) + ¥(v),
do 40 ham s6 f(x,y) thoa man phuong trinh (**) la
fix,y) = ¢ (x + ay) + ¢(x +by) ,

trong d5 a, b 1a hai nghiém cua phuong trinh (***), ¢ , ¥ 14 hai ham s8
tay y kha vi lién tyc hai ln.

Néu B2 - AC > 0, C = 0, A = 0, ta chi viéc thuc hién phép a6i
bién s8

{y + ax = u

y+ B =v
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trong d6 o, § 14 hai nghiém phan biét cda phuong trinh béc hai.
At> + 2Bt =0,

2B N .
thclaa = 0, 8= —I.Tmngtruﬁnghqpnay,taco
2 E
(%) o FF _
Jugv

Do 46 ta duge

Fay=¢ &) + v + 85

Néu C = A = 0, B = 0, thi duong nhién nghi¢m cla phuong trinh
(ﬂ:) 1a '

fxy) = ¢ x) + ¥ (y)

Trong cac truimg hop khae, khéng thé gidi phuong trinh (**)
bang cdc phép déi bién s& néu trén.

BAI TOAN 2.
1. Daty = e™z, Tacd
y =e¥z _ ez
v =€72" - 2672 + ez
Thé vao phuong trinh da cho, ta duoc

' +z=cosax (*)

D6 14 mét phuong trinh vi phén cfp hai tuyén tinh véi hé s§
khéng d6i. Phuong trinh dic trung cda né la

K+1=0,

phuong trinh 4y 6 hai nghiém phic lién hop k = *i. Vay nghiém
téng quat clia phuong trinh thudn nhét tuong img la
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vy = Cy cosx +Cg sinx

Néua # *+ 1,thi vi = i« khong la nghiém cua phuong trinh dic
trung, ta tim mot nghiém riéng cda phuong trinh khéng thuan nhét
(*) c6 dang

Z = Acosax + Bsinax
Ta cd 7' = —Aasinax + Bacosax
Z” = —Aa?cosax — Ba%sinax

thé vao phuong trinh (*), ta duge déng nhat thic

(1 — a?) Acosax + (1 — &) Bsinax = cosax
Do 84

Vay

Néua = *=1 thi + ix 14 nghiém clia phuong trinh d3c trung, ta
tim mdt nghiém riéng cia phuong trinh khéng thudn nhit (*) c6 dang

Z = x(zoos_x + Esiﬁx)
Ta cd

&y
I

x (— Asinx + B cosx) + Acosx + B sinx

=

= x(~Acosx — Bsinx) — 2Asinx + 2Bcosx
Thé vao phuong trinh (*), ta duge déng nhét thic
| — 2Asinx + 2Bcosx

= COsX
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Tém lai nghiém t&ng quat clia phuong trinh da cho la

e * (Cyicosx + Cosinx +

5 Cosax) néua#= * 1

-a
- . 1 .
e *(Cycosx + Czsmx-&-axsmx) nfua= +1

2.Néua = + 1, tacé

y = e *{Cycosx + Cysinx + 5 Cosax)
-«
Do d6
¥y = e *(— Cysinx + Cycosx — sinax) -
1-a2
—e * (Cieosx + Cosinx + COSaX)
1-—a?
Thé cie didu kien y| _ = 1,y | _ = -2 véo ce bidu thikc
trén, ta duge
1
Ci + =1
1 - a2
1
Ca—-0Cy - = -2
! 1 - a2
Giai he 4y, ta duoc
2
o
C] = - y CQ = -]

1-a2

Vay
Yo {x,a) e_"( < cosx — sinx + cosax) néu a= + 1
X @) = — - *
° 1—a? 1-a?

Néua = + 1, tacd

1
¥y = e * (Cieosx + Cosinx + Exsinx)
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1 1
Do d6 ¥ =e~* (- Cysinx + Cocosx + o Xo0sX + Esinx) -
.
- e *(Ccosx + Cosinx + 2 xsinx)

Tt cac didu kién y‘x=0= 1, y’|x=0 = -2, ta duge

C]_zl -
>Cy=1,Cy=-1
Cy-Cp=-2
Vay
Yo (X, Q) = e_"(cosx—sinx-i-%xsinx) nfua = = 1

Bay gi¢ ta xét ham s6

a € Rt y(x2) =

L a® .
ex(— cosa x — sinx + cosax)néua:ﬁ +}
= 1-a 1—-a?
. 1 .
e (cosx — sinx + Exsn'lx) néua = =1

Ro rang ham s68 46 lién tuc véi mei @ = * 1. Chi con phai khao
sat tinh lién tyc cua ham s6 @6 tai = 1. Trusmg hgp @ = —1 duge
quyvé truomg hgpa = 1, vi hdm s a + y, (x,2) 14 chin. Theo quytic
L’Hospital, ta ¢

COSC!X—Cl’zCOSX

. . —xsinax — 2 acosx
lim 2 = lim =
a—+1 l-«a ‘a1 —2a
X .,
= Esmx + cosx

Do d6

lim yo(x,@) = yolx,1)

a1

Vay ham 86 a = yo(x, @) lién tyc tai moi e € R.
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Mot cach téng quat, ngudi ta ching minh dugc ring néu cic hé
s6 va v& phai clia mot phuong trinh vi phan tuyén tinh Ja nhimg ham
s8 lién tyc cua tham s& « thi nghiém riéng y, (x, @ ) cla phuong trinh
-y img véi cac didu kién ban d4u cho trude khong phy thuse vao a la
mét ham s6 lién tuc cla a.

BAI TOAN 3.

1. Duong nhién ham u (x, t) = 0 thoa man phuong trinh (1) va
diéu kién (2). Bay gio ta tim nhimg ham s§ c6 dang

ufx, t) =X &. Tk (*)

khéng ddng nhét khong, thoa man phuong trinh (1) va didu kien (2).
Thé biéu thic (*) vao phuong trinh (1), ta dwge

Xx.T@® =Xx. T ()

Hay
X'(x) _ T
X(x)  T(t)

V& trai cua déng thac 4y chi phy thugc x, v& phai chi phy thuéc t;
hai v& luén bing nhau, hai bién s6 x, t lai d6c lap v6i nhau, didu d6 xay
ra khi va chi khi hai v€ cing bing mét hing s6 A. Do @6 -

X" —AX =0 )

T — AT = 0 (++%)
Tt cic diéu kién (2), ta suy ra

X(0) =X(D) =0 ' (+x2%)

Viy ta tim nhitng ham s6 X(x) khoéng déng nhét khong, théa méan
phuong trinh (**) va diéu kién (****). Phuong trinh (**) l& phuong
480



trinh vi phdn cdp 2 tuyén tinh cé hé sé khéng d6i. Phuong trinh
dic trung caa né la

r¥-i1=0.
Gid st » > 0. Pat »

nghiém thuc phin hiét r
trinh (**) la

a?. Phuong trinh dic trung cé hai
ta. Nghiém téng quit cta phuong

X=Ce™+Ce™ .

Tir cac didu kidn (x***), ta dugc

C1+02: O
Dinh thiic cua hé phudng trinh dy la:

1 1 -
¥ --gf‘:e ”‘Iwe"i:tO‘
e e

» = 0, suy ra X(x) = 8, nghiém nay khong thich

Do d6 C, =
hap.

Gia st & = 0. Nghiém téng quat cia phudng trinh (**) 1a
X=Cx+C,.
Thé cac didu kién (****) vao, ta duge ¢, = C, = 0, suy ra
X{(x) = 0, nghiém nay ciing khéng thich hgp. Xét trusng hgp A <

0. Dit A = —a®. Phudng trinh dic trung ¢é hai nghiém phic lién
hap r = Hia, Do d6 nghiém téng quat cha phudng trink (**) la:

X = C,cosax + Cosinax

Diéu kién X(0) = 0 cho ta €, = 0, con didu kién X(Z) = 0 cho ta

sintl =0 < oal=nrnel?
31* BTTCCT3
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2
Tém lai néu 4 = A, = ~ (HTRJ , 1 € N¥ phuong trinh (*+) véi

cic diéu kign (**##) ¢6 nghiém khéng tim thudng

X0 = a, sinn—;-x .

2
Véih = —[E‘?—] . Phudng trinh vi phan tuyén tinh c&p mot

T~-AT=0
c6 nghiém téng quat 1a:
_[p_«_ft
Talt) = bye N/

Nhu vay, nhitng ham s6 ¢6 dang {(*) théa man phuong trmh
(1) va d&1éu kién (2) la:

_(21)
. N
u.(x, t) = ¢e g .sm—;t*x, neN

trong 46 C, = agk,
2) Ta 14p chudi ham sé

w o {E&ft

T
Zun(x,t)zz%e ! .sin == x (4)
n=l n=1

Gid s% chudi ham s6 & hoi tu déu trong mlen
={(x, 2 0<sx<!,0<t<T. Khi iy téng u(x, t) cha chudi iy
hén tuc trong mién D . Thé didu kién (3) vao, ta duge

_ . Nm
o(x) = ch sin=-x (5
n=j .

D6 1a cong thite khai trién Fourier ciia ham s& ¢(x) theo ho
cac ham sin. Theo gid thist, ham s& ¢(x) théa min cac didu kién
ciia djnh 1y Dirichlet, vay ta cé

{

=7l {x)sm——dx 6y
0

o]
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Ta sé chiing minh ring chudi ham s (4), trong d6 ¢, dude xac
dinh bdi cong thie (6), hét tu déu trong mién D, cé thé 14y dao
ham ti¥ng s§ hang chudi ham s6 d6 mot 14n theo t, hai lan theo x
trong mién D. _

That vay, vi ham s8 @ (x) kha vi lién tuc trén [0, 1], thod man
diéu kién ¢ (0) = ¢ (1) = 0, nén chudi Fourier ctia né héi tu tuyét
d6i va déu trén [0, 1] tdi ¢ (x).

Taco V(x,t)e D,vneN"

2
0= e{%] ' <1
Do do

0<|ec, e—(_‘-] ‘sin%qx[2|cn|

. nn
sIn—x
1

chudi ham s8 c6 s8 hang tdng quat 1a i, hét tu déu

. nm
sin-—Xx
1

trén [0,1], viy chui him s& ¢6 s& hang téng quat 1a u, (x.t) hi tu
déu trén D, do d6 téng u(x,t}cla né 1a mét ham sd'lién tuc trén D.

Dé chitng minh riing ¢6 thé 18y dao ham ting s6 hang chudi
ham s6 (4) theo t trong mién D, ta chi viéc chitng minh ring chudi
ham s§ ma s6 hang téng quat 1a

- [ET e‘[%}zt sin & x
"1 1

héi tu déu trong mién { (x,t):0<x<1,0<t, st<T },Vto >0
. (nn¥ -[Ejt s
Vi hm(T] e’/ =0, néntacovdin dalén

F nm !
LN
e [ ! ] <1
1
Véi nhitng n 4y, ta c6
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nx ¥ *[E]st nn
-, [-——] e'!’ sin—xl<|e,]
1 1

. N7
51N —x
1

@ 2

Do d6 chudi ham s6 > —c, (%J sinp’lt—x héi tu déu trong D.
n=1

Tuong tu nhu vay, ta chitng minh duge ring c6 thé 14y dao ham

titng s6 hang chudi ham sd (4) hai 14n déi véi x trong D.
Vi céc ham s6 u, (x,t}déu thod mén phuong trinh (1) va didu

kién (2), nén chudi ham sff-u(x,t):iun {x,t) cing thod min

n=1
phuong trinh (1) va diéu kién (2). N6 ciing thoi min diéu kién (3)
vi céc hé s6 ¢ duge x4c dinh bdi didu kién (6)

BAI TOAN 4.
1.a) Ta cé
"t sin(t’ ) % sin(t¥) T sin(t?)
———dt+ [——dt
g!.t (1+xt) Jt’(1+xt) * lj-t"(l+xt)

Trong cdu nay, x > 0, y > 0. Tich phan thit nhdt & v& phai héi
tu vi khi t —» 0, ham s dudi ddu tich phan dén tdi 1. Tich phan
th hai ¢ v& phai héi tu tuyét 461 vi ta c6 :

sin(t’) < 1
tY(L+xt)  xt*?

ma tich phan | %dt héi tu y + 1 >1, Vay tich phan
X

b3

T sin(t’) 4

- t hoi tu
s t(1+xt)

b) Néu x = 0, ta xét tich phén

R ¥ 1 as ¥ +o s ¥
Ism(t )dtz Ism(t )dt+ J-sm(t )dt
o t)’ 0 ¥ i t)‘
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ug

Tich phén thd nhat § v& phai hdi ty vi ham 38 dudi d&u tich
phén dén t4i 1 khi t — 0. Néu y > 1 thi tich phén th hai cia v&
phai héi tu tuyét d&i vi ta ¢
sint¥)| . 1

gy Ty

. 3 . |
Ta s chiing minh ring né ciing héi ty né&u E <y=sl.

Théat vay, ta déi bién s§ t* = u, do &6

L 1,

t=u?, dt=luy du.
y
Vay
“Tsin(t?) 1 sm(u) 1 sm(u)
— dt== U=—
0 o

trong d6 B =2—l > 0. Bing tich phan ting phén, ta duge
¥

“Tsinu Ysinu
n .
I pdu= lim 7 du =
1 11 Ut
: COS 1L cosu
‘JE{L[ —{ -GI o }

cosu
=cosl - Bf—grdu.
I‘I.l

Tich phén ¢ v& phai cia déng thite nay hdi ty vi ta eé

cosu 1 .
ES——— vl B+1>1,
uB+1 u[3+1
tY
Tém lai J‘sm( )dt hgi tl,lneuy>'l
o 2

2. V8iy > 0cd dinh, xét ham s

)'
x & R} rf(x)= J‘tflg(: ot =
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- [as e T
/] 1
a) Tich phén thit nh4t cla vé& phai 14 mdt him s8 lién tyc caa x
trén R, vi ham s& duéi d&u tich phan 13 lién tuc d8i véi (x, t) <
R’ x[0, 1]. Bay gié ta xét tich phén thit hai. Néu x, > 0, ta ¢6 VX 2 X,

| sine?) |, 1

[tV @ext)  xtV*1

-[t?f‘ héity, vi y+1>1, dodd

1

t sin(t¥)

J dt hoi ty d8u 461 vii x e [x,, +x), Vx, > 0. Vay tich
{7 +xt)

phin dé 12 mét ham s& lién tuec cta x trong khoang (0, +). Nhu
vay, ham s6 f(x) lién tuc trong khoang (0, +).

b} Ta c6
K sin(t?) __ sin(t”)
tY (1+xt) 7 (axt)?

D& ching minh ring ham s8 f(x) khé vi trong khoang (0, +x),
ta chi vide chitng minh ring tich phin suy réng

B j sin(t") *)
t¥- 1(1+xt)2
hoi tu déu ddi véi x € (0, +0). Ta cé
' - Y
lim __sint”) 0.

t—0¢Y (14 xt)2

Do d6 chi cdn xét sy héi tu cia tich phin suy rdng (¥) tai +ew.
TacoVx2x,>0
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1
thy- +1

| ____sin(¥)

| =
Y11 + xt)?

de : hai ty, vay tich phan suy rfng (*) hoi

+ %
Tich phan suy rong |
p v

ty ddu 48 v&i x € [x,, +), ¥ X, > 0. Do 46 ham s8 f(x) kha vi trén
{0, +) va
+ o
__sin(t)
f’(x)=—f sin(t 2dt
o 11+ xt)

c¢) Ap dung lap luan trong cu b) cho cic dao ham cfp cao cia
f(x). Ta cd

ﬁ ( sin{t”) ) _ (-1)1‘ 1 sin(t¥)
axt MY (1 + xt) TR (L +xtyEt!

Ta co Vx = x,

a_“( sin{t¥) ) k!
axE ‘(L +xt) | kPl

Do d6 tich phén suy rong

+fm_gk_( sin(t’) )dt

¥ (1 + xt)

hdi tu d8u d8i véi x € [x,, +%), ¥x, > 0. VAy ham s6 f(x) kha vi k 14n

va ta co

+ . k
) = [ (=1)% k! sint)
®) {( ) V(1 +apkt !

3. Véix = 0 c8 dinh, xét ham s6
487



_ o v
YER"'+'-1'*g(y)=J'——Ll—smt dt =

o V(1 +xt)
I . ¥ + oo .
_ f sin(t) dt + f sin(t¥) dt

o t¥(1+xt) 1 {1+ xt)

a) Tich phan thi nhdt cia v& phai la mot ham s6 lién tuc
cda y € R*,, vi ham 6 dudi d4u tich phan la lién tuc d&i véi
v, t) € R*, x [0,1]. Xét tich phan thi hai. Néu y = a > 0 thi
VtzltacotV = t? do b

sin(t") 1 < 1
1 +xt)| (1 +xt) xtt!

Chd y rdng trong cAu nay ta gia thi€t x > 0. Tich phan
+ +o0
. in(t¥ ; . .
! +1h61’tu,vla+1>1.Vayfjﬂ—l“dth¢itudéudﬁi
t t° 1 (1 + xt)

voiy € [a, +%), Va > 0. Tich phén 4y 13 mét ham s8 lien tyc ddi véi

y trong R*, . Tom lai ham s6 g(y) lién tyc trong khoang (0 , +w).

b) Néu x = 0, ta ¢6
+w, y 1 . v ‘o, ¥y
g(y) = f sin(t') dt = fsmgt ) dt + f sin{t’) dt
o ¥ o ¥ 1

Dé théy ring tich phan thi nhdt & vé phai la moét ham s lién tuc
cua y € R*,. Trong tich phan thi hai, ta d6i bién s8 t¥ = u nhur &
cdu 1. Ta duge
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.

*Tsin(t?) . 7 sinu sinu ¥ sinm
dt = du —j du+ |

.{ t¥ 2—1}’y 2-1fy u2 Hy
U

1 1

. N v 1 y .
Ta s& ching minh rdng néu y >§' thi véi moi e > 0 cho truée,
tdn tai mét s8 U (¢) sao cho

sinu
,[ 2-17y du
u

U

<g, YU>TU, ().

That vay, ta xac dinh dude s6 n nguyén dudng sao cho

a-Ln<U=<nn.

Ta cd
) (p+x .
T sin sinu i"’: B smu
juz Ty du= I 2wy du+ J- udvr 7y d
u P=n px

Chudi 56 & v& phai 1 chudi dan d&u, s8 hang tdng quat ela né
b gia tri tuyét d6i giam dan t6i 0, vi vay vé gia trj tuyét 48, téng
cta nd bé hon s8 hang diu tién. Do d6

sinu "t sinu 8 sinu
qu oy dui< qu-u,- duf + _[ NERT dui <
u u nn
(n+1‘_lnl . (n+lin 1
inu =.2 : ~_2
—_— ¥y
21y du< J- u? du<2rl(n-1)=x]* ,
(n-1x (n-1)x
D | ) 1 ,
vi — -2<0. Dodd Yyza>» —. Ta ¢bd
¥y 2
sinu
I 1y du|<2n[(n- 1)11]‘ <g,
sy

néu n = n &), $6 ne) chi phu thude ¢, khéng phy thuje y. Nhu
T sinu

vay mudn cho Wdu <g, chi cdn chon U > nn, (&) = U, (e). Tém

u
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sm(t ¥

lai,tich phan suy rong I ) dt 1a hgi tu déu d8i véi y € [a, +a0),

Va > % do d6 1a ham s&'lién tuc cta y € (—;—, +).,

4. Véi x> 0, xét ham s&
T sin(t*)
hix)= |-———"-dt=
X = Jt"(lﬂtt)
1 . x . x
t t
_ J' im( ) dts J‘ a:ln( )
ot (1+xt) 151 +xt)

a) Tich phan thd nhdt cha v& phai lién tuc 41 véi x e R vi
ham s8 dudi dsu tich phan lién tue d6i véi (x, t) e R+ x [0, 1). Xét
tich phén thit hai, tacé Vx 2x,> 0

| sin(t*) | 1
't (1+xt)’ Xg +x0+1

Viy tich phan thi hai héi tu d8u 46i véi x elx,, +w), vx, > 0
do d6 né lién tuc déi vdi x e (0, +o). Vay h(x) lién tyc 461 véi x
trong khoang (0, +w).

b) Ta cé
1 : x t
J-sm(t _) dt <I dt =lln(1+x) = O khi x = +e0,
5 t*(1+%t) glixt x :
< sm(t") ' .
t Q20 ‘ I _x- —0khix— +w,

Dodé h(x) > 0khix — +w.

¢) Ta cé
_7.sin{t®) ¢ sin(t?)
Vo= ﬁ[t“(1+nt) dex Jt“(1+nt)
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c9g

Vit e [0' l], nén t" e [0, 1] = [0, %] Trén doan [0, ‘g"}, ta .Cé

sina 2 — o, vay
i

b

sint* = —

H

Do d6 véin da 16n

1
v, ZEJ dt _gln(1+n)>i.
T 1+

nt =« n bid o}

+on
Viy chubi s& Zvn phan ki

n=1
BAI TOAN 5
1. Gia st phuong trinh (1) cé mét nghiém cé dang

[a]
y= x*f(x)=x“ ZCnx“ =
n={

X0 G G o bl L SR Gl S

1

Ta cé
Vimeax*  T+e(l+ax™+e {2 +a)x* 1+, +te(n+adx" 71+,
y'=calo - Dx* "2+ (o + Dax® 1+ .

+efa+n){a+n- XM+ L+

Thé vao phudng trinh (1), ta duge déng nhat thie

O0=x"lofa-1}+{a+ Lia+ i]c0 +[(x+ Dau+(a+ Dfa+ 1)+
+ %]clx + {[foe+ 2+ 1)+ (a+ Lo+ 2) + i]c2 +e x4+ .+

b {la+ W0~ 1)+ @+ Hia+n) + i]c“ oy g+ )
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Do d6

[a(cx~1)+(a+1)u+i}=0
[(a+1)a+(a+l)(u+1)+%]CFO

(o + 2)(c + 1)+<a+1)<a+2>+§1c2+c0=0

D;‘,itP(x):x(x~1)+(a+1)x+§=x2+ax+ %.Tadx{gc

P{a)e, =0 Q)
P{a + 1)c; =0 (*%)
Plw+nj)e, +¢,.,=0, ¥n>2 (%)

Gia sit hai nghiém clia tam thite bac hai P(x) 1a:

0(1=—~'E£+l az~1, Oy = _al a?-1.
2 2 2 2

Biy gic ta chon a = «,. Khi d6, ta cé:
Pla} =0,
" Pla+n) =0, ¥n € N*

T (»**) ta dude
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bt ]

To (¥*) suy ra c1=0

Do 4o
C2n+] = 0 Vn E N

Tw (¥) ta thiy réing c, co thé 1y moi gia tri. Ta chon ¢, = 1. Khi

40, ta duge
' 1
©2 P(a + 2)
Ca
“4 = Tha+4q
o = ——2n-2
20 P(a + 2n)

Nhan cac ding thic 4y véi nhau, ta duge

1

— (—_1yn =
¢ = D" 5079 P + 4) ... Pe + 2n)
n 1 .
= (=1) , Vn € N
n
I P (a + 2K)
k=1 :
Vay
- 1
y=x[1+ 3 (-p =%
n=1 P (o + 2k)
Pat k=1
fx) = 1 + >, (-1)® -n—li xR
n=1 I P(c + 2k)
Ta duge k=1
y = x*{(x) ,

trong d6 £ (0) = 1 = 0, ta cb
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|c2n+2{ Ry 1

lim m_—_—————— =
noow lcnl nowbia+2n+2)

Do d6 ban kinh héi tu ctia chubi iy thia f(x) bing . Chui lay
thua &y ho'_i tu tuydt d6i trén R.

0

2. N&u a = 2 thi hai nghiém cda tam thic béc hai

P(x) = x2+2x+i

\Xg Vlg n -
la o= -1 + g o2 -1 - PR Theo k&t qua cua céu trén,
phuong trinh (1) c6 m6t nghiém riéng 1 y; = x* f(x), fx) la téng cda

mét chudi lay thia héi ty trén R va f(0) = 1 # 0.

~ Néu tachon ¢ = ay, thi ta cing 6
P(a) = 0
Ple+n) = 0 ¥ n & N¥*

Vi higu a1 —ag = V3 & N* Bing cach x4y dyng nhu & cu 1, ta
duge mot nghiém riéng yy = x ° g(x), g(x) la téng cia mot chudi lay
thira hoi ty trén R va g(0) = 1 = 0 .

Ta chung minh rdng hai nghiém riéng y; va ys la doc l4p tus-fén
tinh. Thét vay, gia st ta ¢o

Cix"fx) + Cz x7g(x) = 0 Vx € R*,

Nhén déng thic 46 véi x* réi cho x — 07, ta duge Cg = 0, vi

ay < ay . D& dang suy ra C; = 0. Vay y; va y» 13 déc lap tuyén tinh .

Nghiém tdng quat cia phuong trinh (1) 13
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= Cp X fE) + Cox?ogx) .
BAI TOAN 6
1. Phwong trinh (1) la phuong trinh vi phan cdp 2 tuyén tinh. Ta
tim nghiém ctia phuong trinh thudn nhét tuong ung

X%y’ -2y =0 (*)

dudi dang y = x% a 12 mdt hling s6 ma ta se xac dinh. Ta co
vy =ax®* L ¥y =a(@-1)x*"2
Thé vao phuong trinh (*), ta duge @dng nhét thic
@®—-a-2)x" =0
Do d6 |

ad—a —2=20 -:‘a=2,a=—1

Vay phuong trinh () ¢6 hai nghiém rieng y = x2vay = > hai
nghiém &y ddc lap tuyén tinh véi nhau, do d6 nghiém téng qual cita
phuong trinh (*) 1a

y = 01X2 + 02 l (**)
X

Ding phuong phap bién thién hing s6, ta thdy ring biéu thidc (**)
la nghidm cda phuong trinh (1) néu Cj, Cy la cac ham s8 ctia x thoa

man hé phuong trinh.

Cp2 + Cy = =0

xh—-

€’ 2x - cgiz 3

Giai hé phuong trinh 4y, ta duge
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1 1 b
Ci=~, Cgp=—-x°
x

Do do Ci=In|x| +A

3

X
Cs= — > + B

2 3

A, B la cac haing s6 tly y. Vay nghiém t8ng quat cia phuong trinh
(1) la
1 x?
Ax? + + 2%In jx| - 3 néux € (-~ , 0)

B,
X
y= E%

. . x
Aox? + + x%nx - — néux € (0, + )

X 3

Muén cho cic bidu thic trén cé thé duge kéo dai, d& cho mét
nghiém xac dinh trén toan R, ta phai ¢6 B; = By = 0, néu khéng y
khong c6 gioi han hau han tai x = 0. Nhung sy ¢6 mit cda s6 hang
x?In |x| lam cho y” khéng thé cé giéi han hiru han tai x = 0. Vay
phuong trinh (1) khong c6 nghiém séc dinh trén todn R.

2. Phuong trinh (2) la phuong trinh Bernoully. Vi hé s6 cla y’
trong phuong trinh (2} 14 Inx, triét tiéu khi x = 1, nén ta gidi phuong
trinh (2) trén cic khoang I} = (0,1) viIs = (1, + ).

Rd rang y = 013 mdt nghiém cia phuong trinh (2). Néu y = 0,
chia hai v& cua phuong trinh (2) cho v, ta duge

-1
¥’y 4nx — L pox= 0
X

Pitz=y ! Tacoz = N Phuong trinh trén tro thanh

2lnx + z = 9% (*t*)
X

D6 1a m¢t phuong trinh tuyén tinh cfp mot ddi véi z.
Phuong trinh thuin nh4t tuong ing cta né Ia
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bt}

Z
z'lnx + — =0.°

X
Hay zZ. 1 =0
z Xxlnx
C
Do dé 111|zi=—1n|lnx|+1n|C1=1nln ;

Vay nghiém téng quat ctia phudng trinh thuin nhat la:
C

P — 1
inx

5 4 . PP oy e - C
C 1a hang s6 tuy y. Xem C 12 ham s6 clda x, thé bigu thiec z = —

nx
vao phuong trinh khéng thuan nhat (*++), ta duge:
C =2x
Do do C=x*-K,

K 12 hing s8 tuy ¥. Vay nghiém tdng quat clia phudng trinh
(k) la
2
x°-K; . :
7= ———1, néu xel,i=1,2
Inx

Do d6 nghiém téng quat ctia phuong trinh (2) 1a:

lnx .
— néuxel,
y lax .
——— néuxel,.
x"—K,

2. Mudn cho nghidm y duge xac dinh trén toan I,(I,), ta phai
¢6 K, <0 hotc K, » 1 (K, < 1).
Ngoaira, néu K, # 1 (K, # 1), ta c6 y(1) = 0, dao ham bén trai

clia y tai 1 bang (v(1) = 0, dao kam bén phai clla y tai 1

-4

bing

). Con néu K, = 1 (K, = 1) thi y(1) = l Tu nhitng
1-K» 2
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0 trén Ig.

nhan x6t trén ta suy ra ring: N&u y = 0 trén I,, thiy
-~ -~ *
Vayy=0tréntoan R_.
Inx ..
Néu y = - trén I, v6i K, # 1, thiy = 3
X —Kl X —K2

v6i K, # 1 va vi dao ham bén trai va dao ham bén phai cla y tai 1
bing nhau, ta duge K, = K,, vi vay K, = K, < 0.

trén Ig

. Inx’ .. "
Néu y = > trén I, véi K, =1, thiy = Tln~«L trén I,
X _Kl X —K2

v8i K, = 1. Trong trudng hdp nay

Inx

> néux =1
y=<X -1
% néfux=1.

C6 thé kifm tra d& dang ring y kha vi taix = 1.

Tém lai, cdc nghiém xac dinh trén toan R: la:

y =0,
_ Inx .
Y= : vii K<0,
x“-K
Inx .
> néux =1
y=<X -1
1 »
5 néux=1.

Vay néu y, € R cho trude, thi nghiém xac dinh trén toan R:
cia phudng trinh (2) thda man diéu kién y(1) = ¥, ton tai khi va

oy 1 ... s A - N
chikhiy, =0 hoacy, = 3" Néu y, = 0 thi c¢6 vb $6 nghidm, cdn néu
| "
¥, = 3 thi chi ¢6 mot nghiém,
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Chin tideh nhiém xudt ban
Chii tich HDQT kiém Téng Gidm dsc NGO TRAN Al
Phé Téng Gidm déc kiem Téng bién tip NGUYEN QUY THAO

Bién tgp lan déu va tdi ban
PHAM BAO KHUE
Bién tgp mi thudgr

TA TRONG TRi

Swta bdn in
PHAM BAO KHUE
NGUYEN MINH LY

Sép chii

PHONG CHE BAN (NXB GIAC DUC)

BAI TAP TOAN CAO CAP - TAP BA
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: CONG TY CO PHAN SACH DAI HOC - DAY NGHE
HEVOBCO
Dia chi : 25 HanThuyén, Ha Noi

- Tim doc
SACH THAM KHAO DAI HOC BO MON TOAN
cua Nha xuat ban Gido duc

1. Giai tich ham Nguyén Xuan Liém
2. Bai tap giai tich ham Nguyén Xuan Liém
3. Topé dai cuong - Do do va tich phan ~ Nguyén Xuan Liém
4. Giai tich tap 1 Nguyén Xuan Liém
5. Giai tich tap 2 Nguyén Xuan Liém
6. Dai so dai cuong Nguyén Huu Viet Hung
7. S6 dai sb Hoang Xuan Sinh
8. Hinh hoc vi phan Poan Quynh
9. Giai tich s6 Nguyén Minh Chuong (Chui bién
10. Phuong trinh dao ham riéng Nguyén Minh Chuong
11. Co s6 phuong trinh vi phian
va Ii thuyét én dinh “Nguyén Thé Hoan - Pham Phu
12. M6 dau li thuyét xac suat va ing dung  Dang Hung Thing
13. Bai tap xac suat Dang Hung Thang
14. Li thuyét xac suat Nguyén Duy Tién
Vu Viét Yén
15. Xac suat thong ké Nguyén Vian Ho
16. Phuong phap tinh va cdc thuat toan ~ Phan Vin Hap
Lé Dinh Thinh
17. Tir dién toan hoc thong dung Ngo Thiic Lanh (Chui bién)

Ban doc co thé tim mua tai cac Cong ti sdch - Thiét bi truong hoc ¢ cdc dia phuong
hodc cdac Cira hang sdch ciia Nha xudt ban Gido duc :

Tai Ha Néi : 25 Han Thuyén, 81 Tran Hung Pao, 187B Gidang Vo, 23 Trang Tién
Tai ba Nang : 15 Nguyén Chi Thanh

Tai Thanh phé H6 Chi Minh : 240 Trdn Binh Trong
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