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THAY LOI NOI DAU

Nam 1996 Nha xudl bin Gijdo dyc da xuil ban quyén Toin hoc cac cip tip L
Dai 56 va Hinh hoe giai tich. t& nay sé viét 1t 1a Thee/i- Quyén Bai tap Toan hoe
cao cdp 1ap 1 nay. vi€ Uit 13 BTThee/1 la 1i€p néi quyén Thee/l, nhim trinh bay
phan bii gidi va hudng din cach gidi cic bai tap da ra & quyén Thoee/1. Rigng chucng
1V chi 13 6n 14p cic ki€n thic di hoc & trudng phé thong, nan khong trinh bay o
quydn nay, doc gid co thé xem cic dap s O guydn Thee!l.

Ching 10i mudn 1w ¥ doc gid vé cich dinh s6 cic titu dé& & tien viec tra ciu,

O guyén Thee/l chusng danh s& bing mét s, thi du chuong 11 13 chuong thil
hai. tidt dianh s& bing hai s&, thi dy it 3.2 12 tif 2 & chudng 3. d¢c gid tim né
& chuong 3 1ié thil 2, myc danh s6 bing 3 s8, thi dy myc 3.2.1 1d myc 1 & 1ér 2 .
clia chuong 3, ddc gid tim nod & chuong 3 1é 2 myc 1. Cic dinh nghia, dinh li. thi
du va chi ¥ cing danh s8 biing ba s6 nhu vly. Riéng cic hinh v& chi 6 mot sd.

o] quyén BTThee/l cich danh s6 Jam tuong ty. Chudng cd mdt 6. tiél ¢b hai
$0. Rigng bai tdp cé hai s&. s8 ddu chi chudng. s thi hai chi s8 thi 1 cias bai
14p trang chuong. chiing han bai tap 4.3 13 bai 14p thd 3 d chdeng IV. doc gid tim’
né ¢ chudng 4 bai 1p thi 3. Hinh vé& dinh s6 bing mdt sd.

Vi thi ligu nay viét 1dn diu nén khong tranh khoi thidu S, chunb tdi mong
nhin duic cic y kién cia ddc gia. chung 10 rét cam dn.

Ha Ngi, thang 5/1997
Tic gia
TA VAN DINH



Chuong 1
TAP HOP VA ANH XA

A. DE BAI

1.0. MO DAU
1.1. Dung cédc ki, hidu da hoc & tiét 1.0 hay viét cdc ménh
dé sau :

-Dinh nghia - Tam gidc ABC goi 14 tam gidc cdn néu né cd
hai géc bang nhau.

Dinh Ii - N&u tam gidc ABC cd hai canh bing nhau thi nd
la tam gidc can.

Dinh Ii - Digu kién cén va du dé tam gide ABC cén 12 nd
¢d hai canh bing nhau.

1.1. TAP HQP VA PHAN TU
1.2. Tim tép cdc nghiém cia phuong trinh hay bit phuong
trinh dudi day va bi€u dién ching trén truc s :
a)xt-4x+3 =10 byx?-4x+3 >0
Oxl-4x+3<0 dxl-x+1=0
epaxt-x+1>0 Nx2-x+1<0



1.3. Tim tap cac nghiém cua hé phuong trinh hay bat phudng
trinh dudi day va bi€u dién chung trén mit phang toa do :

)3x+2y=8 c}éx—y=0
a 4 —y = 7

d)3x -y >0
b I -y = 2
) 6x+2y=—4 &8 -y<0

1.4. Trong cédc trudng hgp sau hdi c¢d A = B khéng ?

a) A la tap cdc s6 thue = 0, B 1a tap moi s6 thue = tri
tuyét dd8i ctia chinh nd ;

b) A la tap cdc s6 thyc = 0, B la tap_moi sd thyc < tri
tuyét d8i cita chinh no ; ‘

c) A 1a tap moi 6 nguyén khong am va < 100 c¢d tam thita
la mét s6 lé khéng chia hét cho 3, B & tap cidc sd nguyén
khéng am v& < 100 c¢d binh phuong trit 1 chia hét cho 24.

1.2. CAC PHEP TOAN VE TAP HOP.

1.5. A, B, C la tap con cia E. Ching minh ring né&u
AuCcAquaAnCc:AnBth‘iCc:B

1.6. A la t4p con cia E. Hay xdac dinh céc tap sau @A),
ANA AUA 3 E

1.7. A, B la cac tap con cia E: Ching minh
a) Néu A C B thi B C A.
b} Néu A va B rdi nhau thi mogi phén tit cta E sé thudc

HhoécthuocB
) ACB<AUB=BAURB-=E
AACB=ANB=A«ANB-=y

&) AUB=AnNB
NANB=AURB



1.3. TiCH DI CAC

1.8. Cho A = {1, 2, 8}, B = {2, 3, 4}.

Hay vi6t ra tdt ci cac phdn tit cia A x B va biéu dién
chiing thanh cdc diém trén mat phing toa do.

19. Cho A =[1, 2] == a1 < x € 2}
=[2,3]:={x] 2 €x=< 3}
Hay bi€u dién hinh hoc tap tich A x B trén mat phing toa d¢.

1.4. QUAN HE TUONG DUONG VA QUAN HE THU TU

1.10. Trong R, quan hé o R b x4c dinh bdi
3.} =a-b
cd phai 12 quan hé tuong duong khéng ? Tim lép tuong duong
€la, R).

1.11. Trong tap cac s6 tu nh1én ¢4c quan hé sav cd phél 1a
quan- hé tuong duong khong ?

a) a chia hé&t cho b ;
b) a khong nguyén té vai b.

1.12. a) Trong khdng gian hinh hoc théng thudng duge coi
nhu tap cac diém M, M’, .., ching minh rang quan hé "M va M
& trén mdt dudng thé.ng cung phuong v8i dudng thdng D cho
truéc® 1a mot quan hé tuong duong. Néu dac diém cia cée lép
tuong duong.

b) Cung cau hdi d6 trong mat phang véi quan hé "M’ la anh
cia M trong mot phép quay quanh t&m O cho trugce”

1.13. Trong tap cac dudng thing trong khong gian quan hé
D L D’ ¢6 phai &4 quan hé tuong duong khéng ?

1.14. Trong R?, hay ching minh quan hé
o, y) < &, y)=>x<x,y <

1a quan hé thd tu. N6 ¢6 phai quan hé thi ty toan phdn khﬁng ?
Néu khong, hay xac dinh hai cap (x, ¥} va (x’, ¥} cu thé khong
thoa man ca (x, y) < (x, y) l&n &, ¥) < (x, ¥).



+ 1.16. M6t ki thi ¢ hai mén thi, di€m cho ti 0 dén 20.
Mé&i thi sinh <6 hai diém, x 13 di€m clia moén thi thua nhit, y
la difm ctia mon thi thd hai. Trong tap cac thi sinh, ngusi ta
xét tdp cdc cap diém s8 (x, y) va xdc dinh quan hé hai ngoi
R nhu sau '
® hodic x; < x,

(x, ) Rix,, 5,) = N
1Y 2 Y2 hoacxl=xzuayl€y2
Chitng minh rAng R 12 mét quan hé thd ty toan phdn trén
tap cdc thi sinh.

1.5. ANH XA

1.16, Cac anh xa f : A — B sau 13 don anh, toan Anh, song -

&nh ? Xac dinh 4nh xa ngudc né&u cg :
1)A=R,B=R, fa) =x+7;
2)A=R,B=R, flx) = x>+ 2x - 3 ;

3) A'=[4, 9], B = [21, 96], flx) = 2% + 22 - 3 ;
YA =R, B =R, fx) = 3 - 2|z| ;

5) A = R, B = (0, +x), flx) = &1 ;

6) A =N,B =N, flx) = x(x + 1).

1.17. Cde 4nh xa sau ddy 1a loai d4nh xa gi ? X4c dinh &nh
X34 ngudgc néu cd ;" :

1} D6i xing déi voi mot di€ém O ;

2) Tinh tién theo vecto ‘?." _

3) Quay quanh tAm O mét gdc 8 trong mat phang ;
4) Vi tu tdm O véi ti s6 & = 0.

1.18. a) Cho 4nh xa f : R — R xdc dinh béi

) =

1 +x2
NG cd 14 don 4anh ? 1a toan anh ?
Tim anh f(R).

o8
Q{?&‘-?

&
3
mo sy



b) Cho anh xa g : R® - R, R® = R - {0}
x4ac dinh bdi x l Tim anh fog.

1.19. Xét hai anh xa

f R — R xdc dinh bdi fix) = |x|

g: R, R R, : = {x]| x €R, x > 0} xdc dinh bdi
x — Vx. So sanh fog va gof.

1.20. Cho 4 tap hop A, B, C, D va ba anh xa

f:A—>B;g:B—-C;h:C—D.
Ching minh rang
holgeP) = (hogdof

1.21. 1) Cho 2 tap E va Fva dnh xa f : E — F.

A va B la hai tap con cta E. Ching minh

a) A C B &= flA) C fAB) ;

b) ffA N B) C f(A) N f(B) ;

c) flA U B) = f(A} U f(B).

2) Chitng minh rs‘n;.g' néu f'lé don 4nh thi

flA N B) = flA) N f(B).

1.22. Cho 2 tap E va F va snh xa f : E — F.

A va B la 2 tap con cta F, ching minh

a) ACB=flacrm;

by A n B = 771 n B

123. Chof: E -F; g: F —~G

Ching minh rang :

1) Néu f-va g 14 toan anh thl gof 1a toan anh

" Néu f va g 13 don 4nh thi gof 14 don anh ;

Né&u f va g 1a song anh thi gof la song anh.
2) N&u gof la song 4nh va fla toan anh thi f vA g 14 song dnh.

9



1.24. Voi mdi bo4sﬁnguyena b, o dsaochoad—bc =1
ta cho anh xa f : Z° — Z? xac dinh béi

~f:fx, y)—{ax + by, cx + dy)

b

va goi F 12 tip cdc anh xa nhu thé.
a) Ching minh ring f 14 song dnh va fler
b) Ching minh ring néu f va g € F thl fog € F.

1.6. TAP HUU HAN - TAP DEM DUOC -
TAP KHONG DEM DUQC

1.25. 1) Ching minh ring hop cta hai tap hiru han la mot
tdp hiu han.

2) Chiing minh réng hgp cla mot s§ d€m duge cac tiap hitu
han 12 mét tap dém duge.

1.26. Cho tap E, goi P(E) la tap tdt ca céc tap con cia E.
Ching minh rdng P(E) khéng cing lyc lugng véi E.
1.7. DAI 86 TG HOP

1.27. Cho A = {a, b}. Cé thé lap duge bao nhiéu bing khée
nhau c¢d dang -

a b
@ B
b y ]

trong dé «, 8, y, d € A ?
1.28. a} Cd bao nhiéu s6 ¢é 5 chit s6 ?
b} Co bao nhiéu s6 cd 5 chit 6 ma cic qhﬁ s0 déu khac nhau ?

1.29. Tim s§ tdt ca cac tap con cia mdt t4p gém n phan
ta, k€ cd tap rdng.

1.30. Cho cdc hodn vi P vd @ ciaa {1 2 3 4} :
= {3412}, @ ={241 3} ma ta ki hiéu nhu sau :

10



9 0,
g,

1234 1234
P*[3412)’ Q=(2413)
Tim Po@, QoP, P! va @ .

1.31. Cho n diém khac nhau trong mat phAng sao cho ba
diém bat ki khong thdng hang. Xét cdc doan thdng ndi ting
cap hai di€m khac nhau. '

a) Tinh s6 cdc doan thing dd.
~b) Tinh s8 cdc tam gidc duge tao nén.
¢) Ung dung cho cac tru&ng hgp riéng .
"n=38n=4n =5

1.32. Chdng minh

: 2 = (-
a) 1~ C +C ~ ..+ (=HhPC = (-1yCP_,

b > Cin'= 2"
Ci=0

e > (-1yCl = 0.

i=0
1.33. Tim s6 hang 16n nhét trong khai trién cda nhi thic
(37 + 193

B. BAI GIAI VA HUONG DAN

1.1. Tam giac can .= tam giac ¢d hai gdc bang nhau.
Tam gidc cd hai canh bing nhau = tam gidc can.
Tam gidc co hai canh bang nhau estam giac can.

1.2. Bang cach gidi cac phuong trinh va bat phuong trinh
ta thu duge : a) {1, 3} ; b} (-», 1) U (3, +=)} ; &) [1, 3] ;
d) @ ; e) (=, +) ; f} @

11
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1.3. Bang céch giai cac hé phuong trinh va bat phuong trinh
suy ra :

a) {(2, 1)} ;
b) {{x, ) | x tuy ¥, y = 38x - 2} dudng thing y = 3x - 2.

¢) {(x,; ) | x thy ¥, y = 3x} duung thing y = 3x.
&) {@ y) | x thy y, y < 3x).

Céc difm (x, y) ndm dudi dudng thing y = 3r.
e) {{x, y»| = tuy ¥, y > 3x}.

Cac diém (x, y) ndm trén dudng thing y
1.4. a) Ta nhéin thay
Dx€A=>x20=>x=|x] >x€Bnghlalaxec A=

3x.

x € B, vy A C B.

A,

2)x € B=x = |x| zO:xEA,_nghialéxEB:xE
viy B C A. ' :

Do déd A = B..
b) Xét x < 0. Khi d6 vi x < 0 nén x & A. Nhung cling vi

x < 0 nén x < {x|, do dd x € B. Vay A = B.

c} Gia st n € N. Chia n cho 12 ta duge n = 12p + r
pEN resS:=1{0,12 384,586,789, 10, 11}.
Do dd _
n3 = (12p)° + 3(12p)r + 3(12p)r* + r3 = 12k + 13, k € N.
Vi 12% 14 mot s6 nguyén chidn va chia hé&t cho 3 nén
‘ n E A=re A,

Nhung bing cdch thd truc ti€p vai moi » € S ta thdy

rEAereT:={l5 17 11},
Viyc6n € Aesr e T '
‘Mat khac n? = (12p)* + 2(02p)r +r2 = 24h + 12 h € N.
Vi 24k chia hét cho 24 nén

' n € Be=re B.

12



%0,

[
? 490
& 4

Nhung bang cich thi tryc tiép voi moi r € S ta thay
rEBesreT

Vaycd n € Be=r e T

Tom lai n €E Aesr € Ten € B, tiicla n € A+n € B,
nén A =

Chii y. Theo cach giai trén thi khéng cén han ché n < 100.
Nhung néu han ch& n < 100 thi ¢d thé giai bai toin bang céach
liét k& cdc phdn td cua hai t4p A va B. Tuy nhién cich lam
nay dai. :

15, xr e C=>2xc€c AUCCAUB=>xgAUB

=x € Ahayx € B.

NeuxEAthleAﬂCCAﬂB=?IEB

Vay co

x e C=x € B, nghialACCB

1.6. Dang biéu dé Ven (hinh 1),
ta thiy ngay _

_(I)_ = A ;AN A=0,

AUA-=E.

Ngoai ra

5-EF=0 Hinh 1

1.7. a)xE§=x'EZvi'n§uxeZtﬁcléxGA do d¢
theo gia thi€t A C B ta ¢ x € B, didu nay trdi véi gia thiét
r € B. VﬁydunglaxEB='-xEA nghia 12 B C A.

b)XethE‘KhldoxEAhoachA(viAUA E).
Néux € Athlx @ B(viANB = @)tdclaxEBVay

xEE=xcAhoacx € BkhiANB = 2.

¢) D& giai bai todn nay ta ching minh ba ménh dé sau :
BWACB=>AuUB=2E8
) AUB=B=AUB=E

B

13
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o [2Y

i) AUB =E=ACB |
Két qua (1) r6 rang nho biu d6 Ven.

D€ ching minh két luan cua (i), trude hét ta chd ¥ rang
viA CE, B CE nén

AUBCE

Sau d6, xét x € K thi x € B hoac x E_§ : nfu x E_§ thi
xéB=AU_Bnénx&AT‘DoddeA.VayECAUB
va tit dd suy ra két qua (ii).

D& ching minh két luan caa (iii), ta xét x € A.
*x€ E =AU B Nhung vi x € A nén x ¢ A. Vay «
nghia Ia : x € A= x € B. Do dd A C B.

d) D€ giai bai todn nay ta ching minh ba ménh dé sau :
(J)ACB=ANB=A
MANB=A=ANB=g
i) ANB=g=A=B8B

Két qua (i) r6 rang nhd so dé Ven.

B

3

Ta cd
€

D& ching minh két luan cua (if), trudc hét ta xét xr € A,
Ta co

*r€EA=ANB=>xEB=>x¢ B
Vaiy ANB =@,

Bé ching minh’ ké&t luan cta (jii) ta xét x € A. Khi d6 wi
Ar‘lB=®nénxQEB.DoddeB.V&y:xEA:xEB,
nghia 1A A C B.

e)xE'ZUE:xEEhoachE.
Néux € Athix ¢ A=x¢& A N B.
B

Néu x € thix @ B=x¢& AN B.
Vay

xEZU-B;,:x'EAﬂwaE‘T_ﬁHE
Nguge lai '

xEAﬂﬁ:xﬁéAnB

14
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Neux e Athix g B>=x € B=x€
Né’uxEBthixéA::xEE#xE

Néeux £ Avax ¢ Bthix€c Avaxe€e B=>x € AUB

Vay:xEEﬂBﬁxEZUB.
Tém lai : -

AUB=ANRB

&l

f)xEEﬂE:‘xEZvéxE
xEA=>x & A
x€EB=x¢B.
Vayx ¢ AU B Dodéx € A U B,
| ANBCcAUB
Nguge lai

xCAUB=>x¢AUB=x&Avax & B.

xQEA:xEE

xEB:xEE.
Vay

xEEU§=xEZvéxE§

nghia 14 x € A N B. Do d¢

AUBCANRB
Vay c6 két ludn caa f).

A
A

u
u

W oW

1.8. {(1, 2), (2, 2), (3, 2), (1, 3), (2, 3), (2, 4), (3, 2), 3, 3),

3, 1}.

Cac digm cd toa d6 nhu trén.

1.9. Hinh chit nhat cd 4 dinh la (1, 2), (1, 3), (2, 2), (2, 3).
1.10. Theo ddu bai, véi a € R, ¥ € R ta ¢d quan hé

aRb=a>-b6>=a-b

(1.1)

15



Quan hé nay c¢6 tinh phan xa ¢ Ra vi ta luén o6

al 3

-a*=a-a
Quan hé nay ¢é tinh d&i xding vl tit a be tic 1a
ad-pd=a-b
ta suy ra 63—03 =b-a ticlad Ra.
Quan hé nay cd tinh béc céiu vi tir
a Rbticla a® - b* = q - b,
bRetaclabd -3 =b -
ta suy ra

3 3 _

_ Ad-cd=a-cticlaa Re.
Vay quan h¢ (1.1) la quan hé tudng duong.

Bay gio xét 16p tuong duong €(a, . N6 gém nhing b € R
sao cho b R e, tic 13

b3 -al=b-a
hay
6-a)b?+ab+a?-1] =0
Vay lap tuong duong €(a, R) truéc hét gém phin ti b = g,
sau dd la cac phdn tli & sao cho
b2 +ab+a2-1=0.
Do la mot phUUng trinh bac hai d6i véi &.

‘Do dd quan hé cho ¢ ddu bai 1a quan hé tuong duong va
16p tuong dudng €(a, R) xdc dinh bai :

Néu ja| < 2N3 va |a] = 1IN3 thi €, R) = {a va hai
nghiém ciéa phuong trinh x* + ax + ¢® - 1 = 0}.

Néu |e| = 2W3 thi €@, R) = {a va nghiém kép caa phuong
trinh trén}. .
. Néu [a| > 243 thi B(e, R) {a}.

Né&u |a| = IN3 thl €, R) = {a, -2a}.

L.11. a) Quan hé nay khong déi xdng vi khi a chia hét cho

b thi ndi chung & khéng chia hét cho «, vAy quan hé nay khéng
phai la quan hé tuong duong.

16
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b) Quan hé nay khong bac cau vi khi ¢ khong nguyén té véi
b, b khéng nguyén t6 vGi ¢ thi chua hin 1a ¢ khéng nguyén té
v6i ¢. Thi du :

a =5 b=15¢=3
Vay quan hé nay khong phai 14 quan hé tuong duong.

1.12. a) Quan hé¢ nay ré rang cé tinh phan xa, d6i xing va
bac ciu, cho nén né la mét quan hé tuong duong. Méi 16p tuong
duong la mot dudng thidng cung phuong véi D. Tap cac lép
tuong duong goém tdt cA cdc dudng thing ciing phuong véi D.

b) Quan hé nay ré rang cé tinh phan xa, d&i xing va bac
cdu, cho nén nd 14 mit quan hé tuong duong. Méi 16p tuong
duong 4 mot dudng tron tam O. Tap cdc lép tuong ducng la
tdt cd cédc duong tron tAm O.

1.18. Quan hé nay khong phan xa vi D khéng L D, khéng
bac cdu vi D + D', D’ 1 D” thi chua chdc D 1 D’'. Vay quan
hé nay khéng phai 14 quan hé tuogng duong.

1.14. Xét cic cap (x, ), (x, ¥), (", y*) cia R.
Vix =2x y = y nén
&, y) = (x, ¥}
nghia 12 quan hé ¢ tinh phan xa.

Néu (x, y) € («, y)tdclax s 2,y € y
@,y)s @x y)ticlax' s x, y' <y
thi x = x y =y tic la
x, ¥) = @’ ¥)
nghia 14 quan hé ecd tinh phan d6i xing.
Néu (x, y) < (x', y) tdec la x < x°, y <€

y;
(x’, y,) < (I”, yn) tac léxl < I”, yi < yn

thi

rr

x=sx",y

e

Y

M

tie 1a :
x, y) = @, ¥
nghia 1a quan hé ¢d tinh bic cfu.

2-BT.YCCT1 . 17



Vay quan hé dang x&t 1a mét quan hé thd tu.

Nhung né khéng phai 13 quan hé thit ty toan phén trén R?
vi ching han hai cip (1, 2) va (2, 1) khéng so sanh duge :
khong 6 (1, 2) < (2, 1) cing khéng ¢ (2, 1) < (1, 2).

1.15. Xét ba thi sinh cd ba cap diém (x, y,), (x,, ¥;), (x5, ¥3).

Vix, =x,y =y nén (x, y,) Rx,, ) Vay quan h¢ R
ed ti'_nh phan xa.

Bay giv d€ chung minh tinh phan d8i xing ta gia st :
(x, ¥ R (x,, y3) va (x5 y) R (x, ¥,

. (x;, ¥} R (x,, ¥,) «=>hotic x; < x,, hojc x, = Xy ¥ € Y,
(x5, ) R (il, ¥ <> hosc x, < 'xl., hodc X, =X, ¥ S Y
Nhu vay, x;, € x, vA x, € x|, do d6 x; = x,.

Khi d6 lai cd ¥, € y, vad y, € Y1 do dd y, = y,

Vay tit (x;, y,) R @y 3} V& (x5 ¥;) R &), ¥)), ta suy ra
(x;, ;) = (x5, y;). DS 1a tinh phan d&i xing cta R.

Bay gis dén tinh bic cdu.
Gia st (x;, y) R (x,, y,) va (2, y,) R (x3, y5).

Cx, ¥y R (), y,) cd nghia 1a x; < x, va néu x; = x, thi
Y € ¥ . . .
(x;, ;) @'(xgl, ¥3) ¢ nghia 12 x, <€ x,, vd néu x, = x; thi

Y2 € Y3 .
Nhu vay, tit (x;, yp) R (x;, ) va (x,, y,) R(x3, y;) tasuy ra:

X € Xy Xy € Xy DX, S Xy
va nfu x, = x, thi x, = x, = x; nén ta vita ¢6 y, < y, vua
€6 y, S ¥, vay ¢ (x;, y,) R (x5, y5). Do dd
() R (xp yy) va (0, y)) R (xy, y3) = (x, ) Rixy 3q)
Dd 1a tinh bdc cdu cia R.

Vay R la mé6t quan hé thid tu trong tap cic thi sinh.
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Bay gio mudn biét nd cd phai lA mot quan hé thu tu toan
phan hay khdng ta xét hai thi sinh bdt ki véi cdc cap dié€m
(X,, Y)) va (X, Y,). |

Trugc hét ta so sanh X, va X,

Néu X, < X, thi (X, Y R{X,, Y,)

Néu X, > X, thi (X,, Y,) R(X, Y)

Néu X, = X, thi ta so sdnh tiép ¥, véi Y,
Néu Y, < Y, thi (X, ¥) R(X,, Y,

Néu Y, > Y, thi (X, ¥, R (X, ¥)

[ ¥]

Vay hai thi sinh bat ki bao gid cing so sanh duge. Do dd
quan hé thd ty dang %6t 14 modt quan hé thd tu toan phén.

1.16. 1) Xét phuong trinh flxj = y € B tdc l1a
x+T=y, xeA

Vdi y € B cho trudc né cé khong quia mét nghiém, vay £ la
dun 4anh.

Vdai moi y € B nd ludn cé nghiém, viay f la tean anh.

Do d¢ f la song anh.

Anh xa ngudge la x = f'lfy) =y - T

2} Xét phuong trinh filx) = y € B tuc la
x2+2t -3 =y, x€EA

Day la moé6t phuong trinh bac hai d6&i véi x

“+2c-(3+y) =0

Cd hiét s6 .

AN=1+3+y)=4+y

Néu 4 + y > O tic la néu y > -4 thi phudng trinh cd hai
nghiém khédec nhau. Vay f khong phai don anh.

Néu 4 +y < 0 tdc la ndu y < —4 thi phuong trinh khéng
c¢d nghiém thuc. Vay f khéng phai toan anh.

Do dd f khong phai song dnh, khong ¢d anh xa nguoc.
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3) Xét ham s6y = fixs = a~ + 2x - 3. N6 c6 bang bién thien

X - -1 4 9 +o

¥ -.0 + + +

Y 4o 96 I
. 4 21 -

Khi x tang tit 4 dén 9 thi y tang lién tuc tir 21 dén 96. Vay
phuung tsinh
x*+2x-3=y€[21,96) =B
cd mot va chi mdt nghiem

Do dd dnh xa vifa 12 todn anh, vita 1a don énh, nén la song
anh vaA c¢d anh xa nguge la

Flor = -1 +¥8 55
4) Xét ham s6y = ffx) = 3x — 2|x|. NG c6 thé bidu dién bai

_[B8x —2c=x khix 2
Y T 18 + 2r = 5¢ khix <

va co bang bién thién

0
0

x = 0 4o
Y —co ) T e
| ¥y = bx y=x
Khi x tang tlif —o dén + thi y ting lién tuc tif —co dé&n +eo.
Vay phudng trinh

. fixj =y € {-w, +) = B

¢6 mdt va chi mot nghiém x € (-w, t») = A.

Do do f vita 1a toan anh, viia 1& dan 4nh nén la song anh
va od 4nh xa ngugc '
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5) Xét ham s6 y = flxr = ¢ 71 = ee”.
NG c¢6 bang bién thién

x ~o0 o

¥ | » t=

] N

Khi x ting 1lf ~« d&n +w thi y tang lién tuc ti 0° dén +oo.
Vay phuong trinh
flx) =y € {0, +=) = B
cd mot va chi mot nghiém x € (-w, +») = A,
Do dé f viua la toan dnh, viia la don anh, nén 1a song anh
vd ¢d d4nh xa ngugc thu duge bang cach giai phuong trinh .
Y=y
tdc la
fly) = Iny - 1.
8) Phuong trinh fixj = y viét
xx+1)=y&€ B =N.

Xem x la mot dn s6 thuc'thi khi A = 1 + 4y = 0 phuong
trinh ¢d nghiém thuc

x =

-1+V1 +4y
9 )

Khi 1 + 4y la mot binh phuong cia mét s6 nguyén lé nhu
khi y = 6, 12, viv... thl chi ¢ mot gia tri x = (-1 +
+ ¥1 + 4y)/2 la s8 nguyén = 0. Khi 1 + 4y khong phai 1a binh
phuong cda mét s6 nguyén ié nhu khi y = 3, 5 vv. . thi x
khong phai 12 s8 nguyén = 0.

Vay f 1a don 4anh, khéng phai la toan anh nén khéng phai
14 song anh, khong ed 4nh xa ngugc.

1.17. Tat c4 déu la song anh.
1) Anh xa ngude triung véi no.
2) Anh xa nguge 13 tinh tién theo vecto ~-a
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Anh xa nguge la quay quanh tam O mot gde -6,

3
4) Anh xa ngude 1la vi ty tam O vai ti s6 e
18, a)» X6t ham =0 -
y = fiy) = =
) ) 1 +x
cd dao ham
R 2(1 - x= }
(1 +x-}*
vt ¢0 bang bién thidn
x —w -1 +1 +o0
v’ - 0 + 0 -
0 1
3 .
-1 0

Dya vao bang bién thién ta thay phudng trinh

o) = y e Ta —2 e R
X =y tie la —— =y
) 1 +x°

vo tadl hai nghiém khie nhau khi -1 < y < 1 va khong co

nghiém nao khi ¥ < -1 hay y > 1.
Vay f khong phai don anh, khong phai toan anh, déng thai

FR) = [-1, 1].
by Tacdx € R" = lix € R va
1 2x
(fog)xr = flgo] = f () = TT(m):
2x
- 1 +x° =1t
Vay fog =f
1.19. Néu x € R, thi
tfogix) = flgto] = fyx) = | Vx| :
goPHia) = glfta)] = gtlx|) = V¥ix] = Vx

I
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nghia 1a khi x € R,
(fog)(x) = (gof)(x)
Nhung khi x < O thi

- (gopx) = V[af
cdon (fog) khéng xac dinh.
Vay fog # gof.
1.20. Xét x € A ta cd
[hogof](x) = hl(goN(x)] = Rlglf(x)]

hlglfl}

[(hog)of1@) = (hog)[fx)]

Vay holgof) = (hog)of.
1.21. 1) a} Ta phai ching minh
1) A C B = flA} C fi(B),
2) ffA) C fiB) = A C B.
Chitng minh 1) : y € f(A) thi ton tai x € A d€ fx) = y ;
x EA=>x € B(vi ACB), viy ton tai x € B d€ flx) = y;
do dé y € f(B). Vay flA) C f(B) ' :
Chitng minh 2) : Xét x € A thi flx) = y € fl{A) ; nhung
ffA) C f(B) nén f(x) = y € f(B), tasuy rax € B. Vay A = B.
b) Giasi y € flA N B) thi Ix € A N B d€ fix) =

‘Khi d¢ :
vi x € A nén flx) = y € ffA)
dong thoi
vix € Bnén f(x) =y € f(B)..
Do dgé
-~ fix) =y € ffA) N f(B).
Vay

flA N B) C flA) N f(B).
¢) Xét y € flA U B) khldonEAUBdéf(x)
Khi d6, néu x € A thi fix) = y € f(A) ;
néu x € B thi ffx) =y € fiB);
23



nghia 13 ta ludn cg
fix} = y € flA} U f(B).
Vay
flLA U B) C fflA) U frB).
Nguge lai, xét y € ffA) U fiB). Khi dg
néuy € ffA) thi 3x € A dé€ fix) = y ;
néuy € fiB)jthi3x € Bdé fix) = y ;
nghia 1a ta ludn co
Sx €EAUBAE fix) = y.

Vay
fix) = y € f(A U B).
Do d¢ _
flA) U fiB) C flA U B).
Kst qua la

flA U B) = flA) U fiB)
2) O cfu 1. b) ta d& ching minh
f(A N B) C flA) N f(B).
Bay gio gia st £ 13 don énh.
Xét y € flA) N AB). Khi do
y € flA) téc la 3, € A d6 fix)) =y,
dong thai
y € fiB) tic 13 3x, € B d¢ fix,) = y.
Vi f 12 don 4nh nén ta suy ra x = iz.
Vay_Elx:xl=xzeAﬁBdé’ﬂx)=y.
Do dé y € ffA N B), nghia la
flA)y N f(B) C flA N B)..
Két qua la : khi f don anh ta c6 |
flA N B) = flA) N f(B).
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1.22. a) Xét x € f~1(A). Khi dé x € E va fixy = y € A,
nhung A C B, do d6 fix; = y € B = x € f NB), vay c6
£ 14) © FUB) va céu a) duge chdng minh. :

by Xétx € fHUANB) tdclax € Evaflxy =y € AN B,
Khi do .

fry =y A=>x e fla),

déng thai
flx) =y € B=>x € f {(B).
Vay
Cx e f A n B,
tic la

FUA N B) C FIA) N FUB)
" Nguge lai, xét x € f~14) N F~4B) nghia 12
x € fHA) = flx) =y € A,

déng thoi
x € fi(B)=>fix) =y € B.
Vay : '
fxi=y€ANBSKB
Do dd '
x € f"{A N B).
Vay

iy n By c A N B).
Két qua la cau b) duge ching minh.
1.23. 1) Gia thiét £ va g 1a toan dnh :
AE) = F, g(F) = G.
Ta suy ra
(g (E) = glAE)] = g(F) = G.
Vay gof 13 ican dnh. o
Bay giv gia thiét £ va g 1a don 4nh. Xét x, va x, € E. Tacd
x, EE fx) =y, €Fgly) =2 €G |
x, EE, flx)) =y, € F, gy, =2, € G
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va goflx)) = giftx)] = gly) = 2, ;
(g‘ﬂ(xz) = g[f(xz)] = guz} = Zz.
Gia sU zZ; = 2,

Vi g la don anh nén Yy = ¥ Ti dd, vi f ]a don &nh nén
X, = x, Vay tit (gof)ix)) = gofY(x;) ta suy ra x, = x,. Do do
gof la don 4nh.

Tu-hai k&t qua trén ta suy ra :
Néu f va g la song anh thi gof ciing 1a song Anh.
2) Ching minh f la don anh.

Gid sd f khong phai don 4nh ; tde 12 tén tai x, va x, € E
sao cho x; # x,, déng thai flx)) = flx,) Ta suy ra

@oN(x) = glfx )l = glfix)] = (goPix,),

Vi (gof) theo gia thiét 1a don anh nén tix dang thuc trén ta .
thu duge x, = x, ; diéu nay trdi v6i gia dinh X, * x5 0-trén. Vay
[ 14 don 4nh.

Theo gia thist f da la toan anh, vay f la sdng anh.
Ching minh g 1a toan 4nh. '

Vi f la toan anh nén f(Ej = F.

Vi gof 1a toan dnh nén (goHE) = G.

Ta suy ra ‘

tic la

G = (@ofHE) = glf(E)] = g(F),
nghia la gF) = G.
Vay g 1a toan anh.
Ching minh g 1a-don anh. :
Gid st g khong phai don anh, tde 1a tén tai y, vd y, € F
sao cho y, = y,, gly) = gly,).
Vi f la toan anh nén
Iz, € E d€ flx) = ¥
dx, € E d€ fx,} = y,.
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Ta co .
gy, = glfix)}] = -{g{.fb(xll :
gy, = glfix )] = (goftay). '
Vi gv)) = 8v,) nen
gefia )y = tgofilxs).
Vi gof 12 don anh nén tit dang thic trén. ta thu duge x, = x,.
Nhung
x, = x, = flx)) = flx,),
tite la y, = y,, diéu nay trai gia dinh ¥, = y, g trén. Vay g
la don anh.
Ta da ching minh duge g la toan anh. Do d6 g la song anh.
1.24. Anh xa f c6 thé md ta nhu sau :
fl, yH = X, V)
vOi . _ .
+ = .
ol Z if} (1.2)

Vi

a b

c -d
) Vi A = 1 # 0, nén khi X vd Y xem la da bhiét thi hé

(1.2 luon cd mb6t va chi mot nghiém (x, y). Do dd [ vua la

toan anh (vi hé (1.2) luén cé nghiém) viia la don anh (vi hé

{1.2) c6 khong qua mot nghiém). Vay f la mot song Anh.

Muén c6 £~ ta giai he (1.2) d6i véi x, y
lxb
|y d
= dX - bY ;

i

fTHUX, YY) = (x v

A= |=ad—bc:1.
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- hil
RS

v
dX - bY =z
<X +aY =y
va
a =5 =ad —bc =1
- a
Do do ' f'erF

b) Bay gid gida st fva g € F :
flx, ¥)) = {ax + by, cx + dy), ad — be = 1 ;
gllx, ¥} = (ax + By, yx + 8y), ad - By = 1.
Ta phii chiing minh fog € F. Ta c6
{(fog)(ix, y)) = flglix, y»).
Do dg
(fog)((x, y)) = fllax + By, yx + dy)) =
(alax + By) + b(yx + dy)), clax +ﬁy) + diyx + &y))
(laa + by))x + (aff + bd)y, (ca + dy)x + (¢f + dS)y)
(x’, ¥

I

vai - .
= (aa + by)x + (@B + bd)y ;
= {ca + dy)x + (cf + dd)y.
Xét dinh thic '

aa + by af + b5

D= ca +dy ¢f +d8

D = [aa + byMcp + dS) - (aB + bS)ca + dv)
= aacf + aadd + bycf + byds - afica - afidd - bdea ~ bddy
= aadd - afidd + bycf - bdca
= ad(ad - By) + be(yf - ad)
- ad — be = 1.
Vay fog € F.
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1.25. 1) Gia sit A cd » phén ti, B ¢cd m phén tu
A= {x, x5 ., xﬂ}
B = {y[! y:‘ 9 y;n}

Khi d6 A U B c¢d nhiéu nhat n + m phén td#, nén nd la mot
tap hiu han. I

2) Gia su

\ ALA, LA,
la céc tap hiéu han, A, cd n; phan tlr
A= Axgp 2 ""'xlnl}
Ay = {xg) Xyps oo X
Am = {Iml’ me‘ * Inm }

Xét tap B nhu sau

B ={z, 2z, ..., '2”1’ z”1+l’ z”1+2, vrs 2"1+”1’ ey 2, bt ..}

. . 2 t
Khi do gitta hgp cta céc A,
AUA,U..UA U ..
va B cd moér tuong dng mot ddi mot.
Vay hgp clha cdc A, cling luc lugng véi B.
Nhung B cung luc lugng vai N.

Vay hgp cia mot s6 dém dugce cdac tdp hdu han la mdt tap
dém dugc. '

1.26. Gia si p 1a mot anh xa niao d6 tu E toi PXE). Khi do
x € E thi px) la tap anh cia x nén ¢x) € PE) ;

x ¢¢ thé thude ¢ix), cd thé khong. Ta xét

A=1{x€E, x & pix)} :

' Nhu vay A € PE). Hoi ¢ tén tai @ € E dé A = pla)
khong ? Gia sit ¢c6 mot phdn td a nhu thé Khi do
Néu a € plat thia € A = pla) = mau thu&n.

Néu a & ¢pla) thia € A

¢la) = mau thuln.
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Vay khong co phdn t& a nao cia E dé A = pia). Do d6 anh
xa ¢ khong phai toAn anh, nén khéng phai song anh. Vi p la
bat ki nén ta suy ra : khong thé t6n tai mot song anh gita E
va P(E). Vay E va JXE) khong cung ldc luong.

[.27. M6i bang thanh lap tit mét by (afyd). Mbi bo (afyd)
12 mot chinh hop lap chap 4 cta cic phéin ti cha A = {a, b}
gém 2 phan ti. Vay s6 bang thanh lap duge bing s6 chinh hgp
lap chap 4 cia 2 phdn t&, nghia la bang 2* = 16,

Do cung [a s6 anh xa tir A% toi A.

1.28. a) Méi s6 cd 5 chit s6 ¢d thé tach thanh 2 phan : phédn
ddu .]a 1 chi s6 khic khong ldy tu {1, 2, 3, 4, 5, 6, 7, 8, 9}
phén sau gébm 4 chir s6 bat ki, c6 thé tring nhau, ldy tit 10 chi
s6 {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} Vay s§ cdc 56 cd 5 chit s6 bang
9 lan s6 cac chinh hop lap chap 4 caa 10 phéan td. S6 d6 1a

~9.10* = 90000

b) Méi s6 cd 5 chit 6 khdac nhau cd hai phdn : phén ddu la
mot chi s6 khdac khong l&y tir {1, 2, 3, 4, 5, 6, 7, 8, 9}, phédn
sau 14 4 chit s6 b4t ki khac nhau ldy tir 9 chii s5 con lai cta
{0, 1, 2, 3, 4,5 6, 7, 8 9}. Vay s6 cac s6 co 5 chit 86 khac nhau
bang 9 lan s6 chinh hop khong lap chap 4 cua 9 phdn t&. 56 d¢ 1a

9.9.8.7 = 27216.

1.29. Goi E Ia tap cd n phén ti. Nhing tap con cua E 13 :

- Nhiing t:ip' con chiia O 'ph:in tit, dé l1a tap réng ; o G = 1 tap.

~ Nhilng tap con chda 1 phdn t, ¢d téng s6 C} tap.

- = Nhiing tap con chia p phan tit (p <n), cd (P tap.
~ Nhiing tap con chda » phédn ti, d6 1a E, c6 Ch =1 tap.
Vay téng sé cac tap con cla E la

G+ C +C+ .+ O+ +C=0+D" =2
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1.30. Ta da bié’t ixem dinh nghia 1.7.1, Thee/l) mét hodn vi
cia tap A = {e, ¢, .. a;} 12 anh cia modt song dnh tu A lén
‘A Mot ki hiéu song dnh d¢ bing chit P thi anh dd6 1a

{Pa)) Play) . Play))

N6 la mot hoan vi cla A ; ngudi ta cing goi hodn vi nay la
hoan vi P. B8 cho dé thidy ngudi ta cdn viét hodn vi d6 nhu sau :

a, a, .. g
b= [P(a]) P@,) ... P(an)]
trong dé hang trén la cdc phdn tif @ cia A, hang dudi la cdc
anh Ple,) tuong lng.
Nhu vay, hodn vi {3 4 1 2} cua tap {1 2 3 4} cd thé viét
(1 2 3 4)
341 2
Xét thém hoan vi @ cua A :
a9 a .. W
Q= [Q(a,) Q) .. Q@)

Khi d6 tich Po@ la tich ctia hai anh xa P va @, nd tao ra
hodn vi tich : '

a, a; o 2,
Po@ = [(PoQ)(al) (PoQ)(a,) .. (P-oQ)(an)]
xac dinh bai | |
(Po@)(a) = PIQla)).
Vai P va @ cho & ddu bai : :

1 2 3 4
P=(3412]
1 2 3 4
Q‘(2413)

ta co
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vi (Po@)(1) = P[R(1)] = P(2) = 4
(Po@)2) = PIQ(2)} = P(4) = 2
(Po@¥3) = P[Q(3)] = P(1) = 3
(Po@)(4) = P[@(4)] = P(3) = 1

M6t cdch tuong tu ta co

1 2 3 4
Q"P=(1324]

vi (QuP)(1) = QLP(1)] = Q(3)
(QoP)2) = QIP(2)] = Q1)
(@aP)3) = QIP(3)] = Q1)
(QuP)(4) = Q[P(4)] = Q(2)

Bay gis xét P! va @' Ta c6

nn
L N I o R

1 2 3 4

P Py P2y P3) P4

1 2 3 4
3 4 1 2

ot o[ 1 2 3 4
O RTIY @72 @73 @l

1 2 3 4
3 1 4 2

1.31. a) Cu hai di€m cho mét doan thidng. Viy d bang sé
cdc t6 hgp cia n difm chap 2, do d¢
n(n —1)
2 _
b) Cit ba diém cho mét tam gidc. Vay ¢ bang s6 cac t8 hop
cia n difm chap 3. Do d¢
a(n - n - 2)
b=

d =
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cJ Véi o on

n

=3tacd d
4 ta co d

n=>5tacd d
1.32. a) Trudc hét ta

That vay, ta c6

(n-1).n-l-p+l)  (-D.(r-1-(-1)+1]) _

.4

n-1

fl

3,t=1
6,t=4
10, ¢ = 10

ki€m tra lai 'céng thiic

+

=

n—| n

_ (n—1).. (n —p) + n—-1..(n—-p+1)

p!

-1

p!

_(n “De(n-p+1)

p!

((n

_n(n=1).(n—p+1) _

Sau dé, thay trong

-1 - 2
‘S-l C}]+C"+...

p!

p!

—p) tp)=

104

n

C7 béi. cong thic trén ta duge

S

p=

+ (-1 rQ,

1-(C9_, + C};—D + (Cj},_l + Cg_l) + ..
=0T+

by SO =1 +1y =2
=10

n—1

Q) > (-1YC, =1 -1=0

F=10

g =

1.33. Dat s6 hang thi p + 1 trong khai trién (37 + 19)°!

3-BT.TCC.TIT

14

p

5

, 3719
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" Ta co
Yp 31 p-LY32-p) 19 19 32-p
2y ~ pl(3l -p)t 31! "37 37 P
Yp 817 (p + 1180 —p)! 37
Uiy T pi3l-p) 3 719
Y 37 p+tl
%41 19 31 —p-
Ta suy ra
u, _ S
> 1 <608 > 56p <>p < 10, p nguyén ;
-1 . _
up ’
> 1 <50p > 570 <p > 10, p nguyén.
Uy _
" Vay co6

.34

-uo<u1<.‘.<u9<um>u“>...:-u3l

Do dd u,, la s6 hang 16n nhét :
— (1097211gl0
uy, = Ci372119
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Chuong 11

CAU TRUC DAl SO - SO PHUC -
DA THUC VA PHAN THUC HUU Ti

2.1. LUAT HOP THANH TRONG TREN MOT TAP.

2.2. CAU TRUC NHOM
2.1. Cho E = {1, 2, 3}-,P,P,P,P,P,P & cac hodn
vi cia E.

1) Ching minh rdng vdi luat hgp thanh la tich cdc hodn vi
thi tap hop cdc hodn vi néi trén tao thanh mét nhdm, ki higu
la 8, _

~ 2) Héi nhdm dé o6 giao hodn khéng™?
2.2. Goi R* := R - {0}. Xét cac anh xa fi : R* = R* nhu sau

fix) =x, .. flx) =1k

flx) = —=x, fi&x) = -lx
Vdi luat hgp thanh * x4c dinh bdi
G = e

hay chdng minh radng cdc 4nh xa trén fao thanh modt nhdém.
Nhom dé cd giao hoan khong ?
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2.3, Cing cau hoi nhu & bai tap 2.2 vai R** = R - {0, 1}
va f; : R = R" nhu sau :

1 -1
DA =

H

file) = x, Fr{x)

1—-x X
x
x—-1"

i1
l

1
fylx) = prl fséx) = 1 - x, fo(x)

2.3. CAU TRUC VANH

2.4. Héi mbi tap s6 sau day vdi phép cong s6 va phép nhan
86 cd phai la mdt vanh khong ?

1) Tap cdc s6 nguyén ;

2) Tap cdc s6 nguyén chin ;

3) Cac s8 hitu ti ;

4) Céc sé thue ;

5) Cac sd phuc ;

6) Cac s6 ¢d dang e + bY2, a va b nguyén ;

7) Céc s6 ¢6 dang a + V3, a va b hitu i ;

8) Céac s phic cd dang a + bi, a vA b nguyén ;

9) Cac s6 phic co dang ¢ + bi, a va & hiu t}

2.4. CAU TRUC TRUGNG

2.5. Hoi mdi thp 6 & bai tap 2.4 trén cd phai la mét trudng:
khéng ? '

2.6. Ching minh ring phuong trinh x> + x -~ 1 = 0 khéng
c6 nghiém hitu ti,

2.7. Cho q, b, ¢, d 12 cac s6 hiru ti, 1 1a mot s6 vo ti, ching
minh rang :

(a+Ab =c+Ad)e={a =cva b = o)
Ung dung : Viét s5 V192 + YER: dang
x + y¥3 vaéi x, y hiu ti.

36



2.5. 80 PHUC -
2.8. Chung minh réng
z = (1 +20)(2-3)(2+DH(3 - 20)
méot s6 thue.
2.9. Tim x va y thuc théa man
(1+2x+{3-56)y =1-3i

2.10. Cho e, b € R, hay xac dinh x, ¥y € R sao cho

(x +ai)b +yi) = 4 + 3§
Bién luan theo a va b.
2.11. Hay thuc hién cdc phép tinh sau
1 +itga a+bi

D {itga ) e

o (1 +2i)? — (1 —i)3
(8 +2i)3 - (2 +i)?

(1-i)° -1 (1 +i)°

(L+i)p +1° ¥ a sy
2.12. Hay tinh
A PRENTC S S
2.13. Hay tinh cdc can bac hai cla cdc sd phuc :
a) 3 - 4i ; b) -15 + 8i ;
) -3 - 4i ; d) -8 + 6i. .

2.14. Giai phuong trinh

a}_x4+613+9x2+100 =0

by x* +2x%2 - 24x + 72 = 0

2.15. Viét cac s6 phic sau ¢ dang lugng giac

a) 1; b) -1 ; ci; . d) -i;
e) 1+

; i -1+i; g -1-i; k)1 -i;
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1 +3 ;. j)~i+N§; k) -1 - V3,
bh1-i3,; m) 2i; ‘n) -3;
o) V3 -1 ; P2+ V3 +i.
2.16. Tim dang lugng giac cia
z = l+1ﬁ .
V3 +i

2.17. Cho e = ;:osﬂ + isin8. Tinh -}—-_%-g theo 4. -

2.18. Xét hai s8 phic z; va z,. Tim diéu kién vé z, va z, dé
a) z,/z, 12 thuc ;
b) 2,/z, 14 4o thuén tiy. _
2.19. Hay tim bigu dién hinh hoc cha cdc sd phic z théa man
a)lzl «2; blz-1] 1 .
elz-1-i| < 1.
2.20. Giai phuong trinh
a) lz| —z =1+ 2 ;
b Jz| +z =2 +i.
2.21. Ching minh hing ding thic
lx + 12+ 1z - yi2 = 22|+ [¥]D)
cho biét ¥ nghia hinh hoe cia nd. |

2.22. Tinh

L1 1+Iﬁ 20

05 . . .
a) (1 + )25 ; b (=)
o (1 N ﬁ-f)u‘ " (-1 + /31" e -Hs
. 2 J ? {1 _,;)20 {1',.;_5)2(! :
2.23. Tinh

(1 + cosa + isine)™
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Y

= Zecoasd, (z°€ C), thi

by | =

2.24, Ching minh rdng néu z +

1
2" + — = Z2eosmb
z).’!

. 2.26. Ching minh

1 +itge\n _ 1+itgna

( 1 —itga) Tl —itgna
2.26. Tinh cdc can :

1-i 1+ i—1
a) bac 6 cua -3 b) bac 8 cha — ; ©) bac 6 cha .
o V3 +i V3 —i 1+iV3

2.27. Hay bi€u dién theo cosx va sinx : :
a} cosbx ; b) cos8r ; ¢} sinéx ; d) sin7x.

2.28. Hay bi€u dién tgéx theo tgr
2.29. Ching minh
+ i n =' 12 n_.'ﬂ'_ y cxd E
(L+Ht =2 (cos4 +zsm4)

2.30. Hay biéu dién cos’9 va sin’@ theo cos va sin cla cac
goc boi cia 0.

2.31. Viét nghiém cia phuong trinh
_ 2+xy3 +1 =0
¢ dang lugng giac - '
2.32. Giai phuong trinh
Z2-(14+i3)-1+i3 =0
2.33. Giai phuong trinh
-7t -8=10

2.6. DA THUC

2.34. Hay chia
al 22 - 3x) 4+ 4x* - Bx + 6 cho x* - 3x + 1 ;
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by x> - 8x% - x - 1 cho 3x% - 2x + 1 ;
c)x4+£x3-—£x2+x+1choxz—ix+1. .
2.35. Tim didu kién d€ 2> + px + g chia hét cho 2 + mx-1.
2.36. Tim di6u kién d& x* + px® + g chia hét cho x2 + mx + 1.
2.37. Hay phan tich thanh tich cic thita s6 bac nhat

a) x* - 2x2cosp + 1 ; b) x3 -~ 622 + 11z - 6 ;

e)xt+4,; ' d) x* — 1022 + 1.

2.7. PHAN THUC HUU Ti

2.38. Hay phan tich cdc phan thdc sau thanh tdng cdc phan
thic don gian : '

— 133 2 4
g &0 py ZEHD)
xt -4 (x? — 1)?
Z+
&) _“i___; d x 1 ,
x(x — 1)3 x* -1t +x +1)
x4 +4 1
e) ; ;
xt—¢ % +1

1
¥ @ D

B. BAI GIAI VA HUONG DAN

2.1. Ta s& dung cach ki hiéu cia hoan vi va tich csc hosn
vi & bai gidi cla bai tap 1.30.
Tap E = {1, 2, 3} cd ba phén ti nén ¢ 3 ! = 6 hodan vi.

D6 13
123 - 123
Pl=(123) Pz:(zal)
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1) Goi Pla tap cac hodn vi cla E :

(J')= {PlrpzaP31P41P5?P()}

vdi luat tich cdc hodn vi.

Lo =
b o
= OO

Ta ¢, ching han

123 123 (123
P2°P4=(231]°(132)=(213]=Po
123 123 123
P2°P3={231)°(3.12]=(123)=P1

V.V... )

Ta thu duge bang nhan sau

p P, P, P, P5 P
plp | P, | Py | P | Py | P
P, | P, | Py | P | P, | P, | P
p, Py | P | P, | P | P | P,
P, | P, | P | P, | P | Py | Py
P, | P | P, | P, | Py | P | P
p, | P, | P, | P | P, | Py | P

1) Dya vao bang trén ta thay P = O va
PoP€P Vij=12 .,6

Vay luat nhan ki hidu bdi o la mot luat hgp thanh trong
trén P ' ‘

Cd thé ki€m tra lai dé thdy ring ludt o cd ba tinh chét :
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a) Tinh két hop, ching han o
P,o(P,oPy) =P,0P, =P
(P20P4) [H] P].Z P{,’OP:; = PS
nghia 1a
PZ 4] (P4 4] P3) - (PZ 0 P4) 4] P3
b) Tén tai phén td trung hoa la P :
P oP =P oP = P, Vi
c) Moi P, déu ¢¢ phan tu d8i, chdng han
| PyoP,=P,P,0oP, =P,
nén P, c phén ti d6i 1a P, va P, ¢6 phan ti déi 1a P,
Vay tap P véi luat o 12 mot nhém.
2) Nhung nhdém nay khéng giao hoin vi cd
P40P3 = Pﬁ * P30P4 =P5.
2.2. Ta lam tuong tu bai tap trén, chdng han :

1 1
@ = o) = il = £ (1) = 5 = £L®

tie 1 H*h=10;
' 1
(fy * (@) = [l = ft0) = — = fx)
tuc 1a .fz*f3=f4; _

v.v. Ta thu dugc bang

h o h
T O R R )
fz 1 fi 14 f3
A A A A
7 N A A

Goi Fla tdp cdc anh xa
. F= {f]: fz’ f3’ f4]’
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Gidng nhu trén ta nhan thdy F = @ va luat * 1a luat hop
thanh trong trén F, déng thdi nd cd ba tinh chit :

a) tinh k&t hop ;
b) tén tai phén tu ‘trut_lg hoa 1a f, ;
c) moi f, déu cd phan ti déi.
" Do d6 tap F voi lugt * la mét nhém.
Day la mot nhdm giao hoédn vi ¢co
R
2.3. Cach lam gidng nhu & hai bai tdp trén.
Bang ﬁha‘m thu duge nhu sau :
i o o s
bl | | | s | T
b | B h | 6| |5
Al h | 6 | |
fa f4 fs fo fi fa fi
fs fs fo f4 13 fy fa
fe fo 4 s | F f3 fi

Ddp 86 : Tap {f, fo fa foo [s f,} v6i luat nhan * la mot
nhém khéng giao hodn.

2.4. 1) Xét tap Z céc s6 nguyén voi phép cong (+) s6 nguyén
va phép nhan () s§ nguyén thong thudng. Trude hét Z = &
wa luit cong ciung vai luat nhan Ia hai luat hop thanh trong
cua Z. That vay, '

Va, b € Z, a + b hoan toan xéc dinh va a + b e Z
Ya, b € Z, a.b hoan toan xic dinh va b € Y/

Bay git ta phai ki€m tra lai cac tién dé tir Al dén Ad vé
vanh (xem 2.3.1 trong Thcc}l)

a) Vé tién dé Al. Ta phe‘u xem (Z, +) cd phai la mot nhom
giao hodin khéng. Ta duyét lai cée tién dé vé nhom (xem 2.2.1
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trong Thee/l). Ta thay Z = @ va phép cdng () 14 mot Juat
hop thanh trong cia Z voi cac tinh chit sau :

a) Phép cong cé tinh két hgp vi
a+(b+c)=@+b)+ec VabceZ
$) Phép cbng cd phén ti trung hoa la 0
. a+0=a,0+a=a,VaEZ..
7) Moi @ € Z déu o phin t¥ déi la -2 € Z,
a+{-a) =20 {(-a) +a = 0.

Viay (Z, +) théa man ba tién dé G1, G2, G3 cda nhdm, nén
(Z, +) la mot nhém.

Ngoai ra _
atb=5b+a VWa becZ

Cho nén (Z, +) 1a mot nhom giao hoan. Do d6 tién dé Al
théa man. '

b) V& tien dé A2 Ta c6
' afb.c) = {ab)e, Va, b, ¢ € Z
nghia 14 phép nhan ¢d tinh k&t hop. Do d¢ tién dé A2 théa man.
c) V& tién d8 A3. Ta o6, Ya, b, c € T
ab+e) =ab+ac
(b +¢)a =ba+ca
Do dd tién dé A3 théa man.
Vay, (Z, +, ) 1a mat vanh.
Hon nia |
ab = ba
Cho nén vanh (Z, + ) la mdt vanh giao hoén..
Ngoai ra ta con cd |
| el =a,la=a )
nghia la phép nhan c¢6 phén ta trung hoa la 1. Vay vanh (Z, +, )
la mét vanh giao hoan c6 don vi (1a 1).
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Mot cach tuong ty, vGi cac ciu hdi sau ta chdng minh duge :

2) Tap cde s6 nguyén chdn vdi phép cong s0 nguyén va phép
nhan s8 nguyén thong thudsng la m6t vanh giac hoan, phén tu
trung hoa ctia phép coéng la sé khong.

Phén tit d6i cta e 14 -a. Vanh nay cd don vi la 1.

3) Tap cac s6 hitu ti @ vdi phép cong s6 hiu ti va phép
nhan s§ hitu ti théng thudng 12 mdt vanh giao hoan, phan tu
trung hoa ctia phép cong la s6 khong. Phén ti déi cia ¢ € Q
la -a € Q. Vanh nay cd don vi 1a 1.

4) Tap cac 36 thuc R v&i phép cong s6 thuc va phép nhan
s6 thuc thong thuong la mot vanh giao hodn, phan td trung
hda cha phép cong la s6 khong. Phan td dbi cha ¢ € R 1a
- € R. Vanh nay cé don vi lad 1. ;

5) Tap cac sé phuc C c¢d dang (a, ) d 2.5.2 Thee/l vai phép
cong s6 phic va phép nhin s6 phuc dinh nghia ¢ 2.5.2 1a moét
vanh giao hodn, phan tir trung hoa cua phép cong la (0, 0).
Phén ti d6i cua (e, b) € C l1a (-a, -b) € C. Vanh nay cd don
vi la (1, 0).

6) Tap cic s6 c6 dang ¢ + 52, a, b € Z. Vi phép cong sé
va nhan s6 thong thudng 14 mét vanh giao hoan, phén td trung
hoa cua phép cong la 0 + O2 = 0. Phén th d&i cia
a +b6¥2,a,b € Z la —a —by2. Vanh nay cd don vi la
1+ W2 = 1

7) Tap céc s6 ¢d dang a + V3, @, b € Q vdi phép cong s6
va nhan sé théng thubng la moét vanh giao hodn. Phan ti trung
hoa cua phép céng la 0 + O3 = 0. Phdn ti déi cha a + b¥3,
a, b € Qla ~ag —- bHV3. Vanh nay cd don vi la 1 + W3 = 1.

8) Tap cédc 6 phic c¢d dang a + bi, o, b € Z v&i phép cong
va nhan s6 phiic théng thudng la mot vanh giac hoan, phin tu
trung hoa cua phép cong la 0 + 0i = 0, phén ti dbi cia a +6i,
a, b e Z1a -a - bi. Vanh nay ¢é don vi la 1 + 0i = 1.

9) Tap cdc s6 phitc ¢d dang a + bi, ¢, b € Q véi phép cong
va nhéan st phde thong thudong 13 mét vanh giao hodn, phén t@
trung hda ciia phép cong 1a 0 + 01 = 0, phin tu d6i cha a + bi,
a, b € Q la -a - bi. Vanh nay ed don vi la 1 + 0i = 1.
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2.5. Mudn ching minh cdc tip 56 da cho & ddu bai ¢d phai
la mét trudng hay khéng, ta phai ki€m tra lai hai tién dé K1
va K2 cia trudng. Cic tap s da cho & bai tip 2.4, nhu ta da
thidy, déu la nhitng vanh giao hoan cd don vi, nghia la déi voi
moi tdp s6 d6 tien dé K1 duge thdéa man réi. ’

Bay gio xét tien dé K2 d6i véi tap sé nguyén Z & cau 1).
Don vi cha tap dd 1a 1. Phan tu trung hoa cda phép cong 1a 0.
Mudn ching minh tién dé K2 théa man ta phai chiéng minh
rang moi 86 a nguyén = 0 (@ € Z, a # 0) déu cd nghich dao

. nguyén (tic 1a € Z). Nhung é khong nguyén khi ¢ # 1. Vay
tap s6 nguyén & cau 1) khong phai }a mot trudng.

Mot cach tﬁong ty, ta sé thdy

2) Tdp s nguyén chin & cau 2) khong phai la mét trudng
vl v6i ¢ = 2 la mét s6 nguyén chéin ta thay é = % khong phai
la mét s6 nguyén chén.

3) Tap cdac s8 hiru t: Q 1a mét trudng vi véi moi sd. a € Q,
a#Otadéuco’éEQ.

4) Tap céc s6 thuc R la mét trudng vi véi moi s6 ¢ € R,

1
a#Otadéqu;ER.

5) Tap cdc s6 phic C véi phép céng va phép nhan dinh
nghia d 2.5.2 Thee/1 1a mot trudng vi khi d6 : ta da bist phan
tit trung hda cla phép cong la (0, 0), phdn td trung hoa cua
phép nhan la (1, 0}, (d6 1a don vi cia vanh) cho nén v6i moi
s8 phic (@, &) € C, (@, b) # {0, 0) tacd a° + &° # 0 va nghich
dao cia (a, &) la

a —b
(a2+b2, a.3+b2) €c

6) Tap cac s6 cd dang a + 6¥2, a, b € Z khong phai la mot.

truésng vi véi @ + &¥2 = 0. Tuy cé
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le 70
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vz,

1 _a-oNZ _ a o -b
a+tV2 ~ a2-9p0 @2 -200 ot~ 27
) —b
nhung . v -————= chua chéc da thuée Z,

af -2 ac —2-
Chéng han khi ¢ = 1, 6 = 2 thi

i1 _ i
ol -2 1-8

I

IEZ

7) Tap. cac 56 c6 dang a + bV3, a, b € Q la mot trugng vi
voi moi a + 6¥3 # 0, a4, b € Q ta cd

1 -6y3 . ~b
_a b\r: - a + V3,
a+0V3  g2—3pC gl—3p2 gl-3p2
a —b
—— Y, —_ €
a2 — 32 Q a2 — 3b? Q

nghia la a + 5¥3 = 0 6 nghich ddo thugc tép s0 da cho.

8) Tap cac s6 phic cd dang a + bi, a, b € Z khong phai la

mot trudng vi vai a + bi = 0 + O,
1 a —bi

tuy rang

= at+bd 20

a +bi a2+b2,

a

nhung

hl 2

s 5 va
ah+bg ah+bg

—~ chua chic da thuoc Z.

9) Tap cac s6 phuc ¢d dang a + bi, o, b € Q 12 mot truong

vi véi moi s6 phdc a + 61 = 0 + O ta cd a’ + 6% = 0 va

€Q -
=

1 a —bi a

a+bi  g24p2 G2 452

2.6, Giai phuong trinh
t+x-1=

trong trudng s thuc ta dugc

-6
+5°

0

e Q.
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Néu x & Q thi V6 € Q, diéu nay vo li. Thue vay, néu nhu
V5 € Q thi <6

ﬁZE,pEN’qEN:q;tO'

Bang cach gidn udc néu cin, ta ¢d thé xem p va ¢ la nguyén
'8 cung nhau. Ta cg

V5 = %=, p? = 5g?
tic la p? chia hét cho 5, ta suy ra p chia hé&t cho 5, ta dat
p = 5p, p € N. Tit dd.
(5p:)2 - 5-q2 = q2 = 5p’2 .
titc la g% chia hé&t cho 5, ta suy ra g chia hét cho 5, ta dat
g = b¢’, g € N.
Vay tu gia thist V5 € Q, V5 = ‘g trong dd p va ¢ nguyén

ts cung nhau ta suy ra p va g ciung chia hét cho 5. Mau thudn
dd chdng té V56 khong phai la mét s6 hiu ti. Do dg phuong
trinh da cho khéng ¢6 nghiém hiru ti.

2.7. Ta cd
a+ib =c+ilde=(a-c)=1d-b)
Néud - b = 0 thi

a-c
=T
12 mét s6 hiru ti : vé H. Vay phai co
d-b=0ticlad = d.
Ta suy ra
a-c=0tdclaa =c.

Nguge lai, néu a = ¢, b = 4 thi ro rang
. a+ib =c¢ +id.
Ap durg. Dat
V192 + 96V3 = x + W3,

vi x va y hitu ti.
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'Binh phuong 2 v& khi v& phai x + W3 >0
192 + 96¥3 = x° + 3y2 + 2eW3.
Vi V3 1a mot s6 vo ti nén ap dung két qua trén ta suy ra
2+ 3yt = 192
2xy = 96.
Hé nay c6 hai nghiém
_ x= 12,y =4vax = -12, y = -4.
Nghi-ém thd hai cho
x+W3 = -12 -43 <0 :
khong thich hgp. Chi cd nghiém thi nh&t 1a thich hop vl lic do
x+yW8 = 12 + 43 > 0

Két qua V192 + 96V3 = 12 + 4v3.
2.8. Thuc hién cac phép nhan véi chi ¥ ring iZ = -1, i* = -i,

i = 1 ta duge z = 65

2.9. Phuong trinh cho & ddu bai viét thanh
x+8y +i@x-5y) =1 - 3i.

Hai s6 phyc bang nhau khi phdan thue cua ching bang nhau
va phén do cta ching bing nhau. Ta suy ra

x+ 3y =1
2x — by = —-3.
Gidi hé nay ta dudc
4
=Y S I

2.10. Phuong trinh cho & dau bai vist thanh
bx — ay +ifab +xy) = 4 + 3i.
Do dd x va y la nghiém cia hé
4 '
3. _ 2.0
Trudng hgpae = 0, & = 0 : v6 nghiém.
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o

e

' 3b
'I‘ruﬁng_hl_Jpa=0,b==0:x 1

4

» ¥ = -

rI‘r\it‘:lﬂgh(;lp.:t;'e0,n!:={):a:=— p

- g

Trudng hgp ab = 0, khit y thi hé (2.1) con
bx? -~ 4x +a?h - 3¢ = 0.
Ta cd :
. A = -a%b? + 3ab + 4

A’ = 0 khi ab = -1 hay 4 |

A > 0khi-1 <ab<d,ab=0

A’ < 0 khi ab < -1 hay ab > 4
Vay khi ab < -1 hay ab > 4 thi vo6 nghidém.
Khi ab = -1 hay ab = 4 thi cd mot nghiém

.2 -2
x=3, Y=g

Khi -1 < ab < 4 thi cd hai nghiém

2+ VA&’
x =
b
bx — 4
y=—a"

1 +itgx cosx +isina
a : = s
1 —itge - cosaz —isin

2.11.
_cosx + isinx
= cosa +isin(—)

cos2a + isin2a.

b) atbi (o + bi)(a + bi)

a—bi (a—bie +bi)
_ a2 —b2+2abi
B al +b2 '

= cos{a — (—a)) + isin(a — (a)




*
&0
‘g

,
&,

o4 +2i)2 —(1 -3

(3 +2i)® — (2 +i)?
(1—4+4i)-(1 -8 +32-i%

= 27+ 54 + 862 +83) — (4 — 1 +4i)
_ -3+4i-(1-8i-3+iQ)
T 27454 ~36-8 —(3+4)
o146 (16012 - 420)
T Ci2+420 T (~12 +420)(-12 - 42)
_ 264-30i 44 -5

1908 ~ 318
d) Xét
s=w
(1+i)° +1
Ta ¢ _
(A+i) =-4-4i
1~ =-4+4
Do dd

(A-i—1  ~5+4i 5-4i
(L+i+1 —8-4  3+4

_ (5-4)(3-4i) -1-32

T (83+4i)3-4i) 26
1+, 1+4i7 ]
Ya-y (1) a+o
Ta cd
140 (L+pd+) 25
1~ Q-+ 2 °°F
(1 +i)? = 2i.
Vay
U+ 7o = o8 = 2
(1 -7 ' '
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g v ) 2
*3(-3) ((F)+ (1%)
Cha’t thich. C6 th€ chu ¥ ring
—%+i§= T

2.13. a) Dat . .
\‘3_—-5=x+yi,x,yER.
Binh phuong hai v& ta dugc

3-4i =x%-y2+ 2yi

Do ds
2 -y =3
2ty = ~4
V6i diédu kién x = 0 ta oo
__2
y_ xs
4
2
x*—-——= =3
e

b
|
K,
1
-
Il
=]

Pat X = x2 2 0
X2 -3x-4
Phuong trinh nay ¢ hai nghiém

n
(=]

= -1 < 0 = loai

X=4=2x=4=2x=42 %0



Khi x =2 y'=—§=-1

-2
x=—2,y—~_-2—=+1
Vay \
V3 —4i = £ (2 - i)
b) Dat

V-156+8 =x+yi;x,yER
Binh phuong hai v& ta dugc ' .
-15 + 8i = 2% - y2 + 2xyi

Do dd
x2 —y? = —15
2xy = 8
Vai diéu kign x = 0 ta cd
_4
Y=y
x2—%=—15
X

x+15x2 - 16 = 0

Dat X = 2 =0
X2+ 15X - 16
Phuong trinh nay cd hai nghiem
X = -16 < 0 = loai
X=1l=x2=z1l=2x=x1#0

4
x=:tl==-y=+—1=i4.

Il
(=4

Vay _
V=15 + 8 = £ (1 + 4i).
Bay gis, bang cach lam tuong tu trén ta thu duge
OV=38 & = £ (1 - 20)
d) V-8 + 6 = x (1 + 3i)
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2.14. a) Phuong trinh
_ x4+ 623 + 9% + 100 = 0
vi#t thanh

(x? + &) - (10i) = 0
hay '

(x2 + 3x - 10i)(x? + 3x + 10i) = 0.

Ta suy ra hai phuong trinh : phuong trinh thd nhdt

224+ 3x - 10i = ©

cé bigt s6 A = 9 + 40i.

Ap dung phuong phdp & bai 2.13, ta thu dugc

YA = (5 + 4i)
Do dé phuong trinh (2.2) cd 2 nghitm

-3+ (5+4) (1 +2
F= g =

T -4 - 2
Phuong trinh thd hai

2 +3x+10i =0
cé bigt s8 A

=9 - 40i.

Ap dung phuong phép & bai 2.13, ta thu duge
' VA = % (5 - 4)

Do d¢ phuong trink (2.3) cd hai nghiém

_ "8+ (5-4i) (1 -2
= 2 Sl-a+ 2

(2.2)

(2.3)

Vay phuong trinh da cho ¢ 4 nghiém phie lién hop ting cap :

1 + 2i via -4 + 2;,
b) Phucong trinh

- 2+ 22 - 24x + 72 = 0
‘vist thanh

¥ +2x-6)2=9

- (VZijdx - 62 = 0
[x? + ¥2ix — 6)][x2 — VZi(x — 6)] = 0

R

B e



g,

bing O va modun bing 1 (hink 2). -1+ i 1+
Do do :

1 va agumen bing x (hink 2). Do d6 - ]

¢) 86 phic i ¢c6 mo6 dun bing 1
va agumen bing % (hink 2). Do dé = -4 -i 1+

Do d6 c¢d hai phuong trinh
x2 +Y2i(x —6) =0 (2.4)
-~ ¥2i(x ~6) = 0 , (2.5)
Phuong trinh (2.4) cd bist s8
A= -2 + 24¥2i
Ap dung phuong phap ¢ bai 2.13 ta thu duge
VA = + (4 + 3V2i)
Do dé phuong trinh (2.4) c6 2 nghiém
—\[—::t(4+3r:) 2 + V2i
2 { 2 - 22i
Phuong trinh (2.5) cd biét s6 '
A =~2 - 24y2i.
Ap dung phuong phép & bai 2.13, ta thu duge
VA = +(4 — 3V2i)
Do d¢6 phuong trinh (2.5) ¢ hai nghi¢m
' V2i+ (4 -2 _ [2—&;‘

x =

2 -2 + 202i

Vay phuong trinh da cho cd 4 nghiém phitc lign hop tung cap :
2 + V2i va -2 + 22

2.15. a) S8 phic 1 cd agumen ]

1 = cos0 + isin
b) S6 phic -1 ¢ mé dun bang

-1 = cosn + isinx.

ST SN
1 = COSE + 131:1—2—. Hinh 2
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A

s

2B

T .
d) 56 phic ~i ¢c6 mé dun bing 1 va agumen bing 5 (hinh 2).
- Do do

‘...'_3£.+"_3_Jt_
I--COSz lSlnz.

e) 86 phitc 1 +i ¢S m6 dun bing VIZ + 1Z = V3 va agumen
b&ng (hinh 2). Do d¢

1+£=\[§(cos4 +zsm4)
f) 86 phitc -1 + i c6 mé dun bing V(- -1y? + 12 = V2 va

agumen bang ﬂ (hinh 2). Do dg

-1+ =. V2 (cos%n— + isin%)

g) 86 phitc -1 - i ¢6 mé dun bing \' (-1)* + (-1

b
agumen béng — (hinh 2). Do d¢

Y2 va

-1 -i =42 (cos% + isin%’i)

h) S8 phli'c 1 - i c6 mo dun bing V1° + (12 = V2 va
agumen béng = (hink 2). Do d¢
r N
1—; =\r2-(cos-z-+tsm4)

i) 88 phftc 1 + i¥3 ¢6 mé dun bing V12 + (V3 = 2 va
agumen béng (hink 3). Do dg

1+iy3 = 2 (cos% + ising)

J) 86 phic -1 + V3 ¢6 mé dun bang V(-1)¥ + (V3) =
va agumen bing %32 {(hinh 3) do do
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. V)
-1+V3 VAl V3

3 -1 T2
V3 14V3
Hinh 3 )

. 2 L. 2a

-1+i3 = Z(Los—g + isin = )
k) 86 phic -1 - i3 26 md dun bang V(-1)° + (-V3)? =
. 4 X
2 v agumen bing == (hink 3). Do d

. 4r ., 4dn

-1- g\fg = 2‘(.305? + .sln-3-—).

) §6 phuic 1 - i¥3 cd mé dun bang ViI2 + (-V3)2 = 2 va
6% .
agumen bing -31 (hinh 3). Do dg

) b5r ¥ 5
1 ~-iN3 = 2(003? + zgln?)-

m) S& phiic 2i ¢ mé dun bang 2 va agumen bang ‘% {hinh 3. -

Do dd
_ R |
2% =2 (cos—z— + asngz).
n) Sé phic -3 ¢ mé dun bang 3 va agumen bang 1 (hinh 3).
Do dd -

-3 = 3icosx + isinn).

57



o) 56 phic ¥3 ~ i cd md dun bing Y(¥3)2 + (1) = 2 va
1z,
agumen bing —Ef- (hinh 3). Do dg

1 11
V3 - i =2 (cosls—x + isginTn).

p) 56 phic 2 + ¥3 + i ¢ m6 dun p bing

P=V2 +V3)2 + 17 = V8 + &/3 = VZ + V6

vd agumen 8 xdc dinh bdai

1
tgd = ,0 €8 < 21,
8 2+V3
Ta suy ra
g0 1
t —_ —_—
826 1-t20 V3
Do dg¢
X
26—§+-kzz
. x
8—ﬁ+k§

Ta chon k = 0,8 = ﬁ d€ sind = sm—l-é cing d&u véi phan

40 cua s6 phic 2 + V3 + i, Vay
2+\r3—+i=(\r—+\(_)(cos +zsm12)

2.16. Nhan t& v miu véi s6 phic lién hdp cia miuy, ta duge
_A+i3)3 - 1

\,_-H)(\(_—;j 2(r +£)
S8 phic %(ﬁ+i) cé mé dun bing V (—-‘[2—5)2+ (%)2 =1

vad agumen bang %, do dd

zZ = cosn + isin %
6 6’



Ta suy ra
100x 1007
100 _ il fal
2% = cos —¢ + isin 3
— _+" ——
—-COSG zsms
2 1. yF
—COS-—3-+I$ln"3"——*—2'+I—2—~.

2.17. Nhan t va miu vdi s6 phic lién hgp cia miu
1-a 1 — coaf —isinf

z = T+a ~ 1 +cosd +isind

_ (1 — cos —isin)(1 + cosd — isind)
~ (1 +cosf +isinf)(1 + cosd ~ igind)

_ —2isind _ —2isin#
(1 +cosf)? +5in%  2(1 +cosd)

2.18. Viét z; va z, & dang lugng giéc :
z; = py(cosd, + isinf,)
z, = pPy(cosfl, + isind,)

thi

5 A .
2—2‘ = P-z- (008(91 nd 92) + zsm(ﬂl - 6'2))
Vay :

z

a) Mubn 2_1 14 s6 thyc thi diu kién 1a
2

sin(6, - 6,) = 0
tdc 1a 8, - 8, = kx, & € N, nghia la phai cé Anh cia z, va
z, thing hang véi géc O.
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-4 4
b) Muén z—' la s6 4o thun tiy thi diéu kien la
cos(f| - #,) = 0,
tic 1a 6, - 4, = (2k + 1) % k € N, nghia la phai ¢6 : anh
cua z; VA z, tao v4i géc O mét gdc vudng.
2.19. a) Anh cda cdc s6 phic 2z théa man [z| < 2 nim &
trong hinh tron tam tai géc O va ban kinh bang 2.

b) Anh cla cic s6 phic z théa man |2 - 1] < 1 nAm &
trong va trén chu vi ctia hinh tron cd tam tai 4nh coa z = 1
va cd bin kinh bang 1, tuc 1a phén trong va trén ducng tron
tam (1, 0) ban kinh 1.

c¢) Anh cia cic s6 phic z théa man |z - 1 —i| < 1 ndm
¢ trong hinh tron ¢d tAm tai 4nh cia 2 = 1 + i va ¢S bdn kinh
bang 1, tic 1a phdn trong cda hinh tron tam (1, 1) ban kinh 1,

2.20. a) Ta tim z & dang z = x + iy thi c0
Vel + 32 —x —iy = 1 + 2i.

Ta suy ra _
m—x=l
-y =2
Lo 3 3 .
Dodocoy=2,x=§vacoz=§—2t.

b) Ta tim z & dang z = x + iy thi cd

Vel +y7 +x +iy = 2 + i

Ta suy ra
Vil 37 + 4 =2
IR
Do d6 co
3
y=1,I=Z
va
z=§+z
4
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2.21. Ta co
x4yl =@ +NEFy) = x +NE +Y)
—E G ARy = Ry T+ 2
lx-yl2= @ -NE -3 = @ -NE -
=2 —xy —yx +3¥ = lx[?-xy —yx + HiZ
Do do
Jx +yl2+ |x - yi2 = 2(x[? + ]y1?) |
Y nghia hinh hoc : T8ng cidc binh phuong ctia hai dudng
chéo ctia mét hinh binh hanh bang hai l8n t8ng cdc binh phudng
cla cdc canh cia hinh binh hanh dd.

2.22. a) Trudc hét ta viet 1 + i & dang lugng gidc

1+i=1v2 (cms'E + isinE).

4 4
Tu do '
25m 25n
)25 = 25 - igin ——
(1+i)% = ({¥2) (cos y + isin i )
= 25 T 4 isinZ
= (V2) (cos4 + 151n4)

22(1 + ).
b) Trudc h&t ta vist tit v mlu & dang lugng gidc

i.+ i\’g_ =2 (cos% + isin%)

1-i= ﬁ(coa(—ﬁ-) + isin(—%) ).

Do do

1 +iV3 _ 2 (cos g +ising)

T=T TG (s (%) isin (-3))
- (e (54 T) viem (34 E))
=V2 (cos% + isin%) .
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va .
1+4i¥3
( 1-;-;"

)20 = (¥2)20 (cos léllgsr- + isin%)
= 21 (cos (—-%) + iéiﬁ (—%

))

2 (om (-5) + i (-5) )

= 2%(1 - ¥3i).

V3 -i
2

c) Trufc hét ta dvua s6 1 -
nhu & bai 2.15, p, ta thu duge

1 - V3 - = W (cosf— + isin%) |

vé dang lugng gidc. Lam

2 12
Do dd
(t- ‘rsgz—"')“""1 = (2 - V3)12 (cos% + isin?%')
=@ - V52
d) Dat
, o L +N‘3’)15.
-(1 __l-)ZO .
vA s8 cAn tinh 12 A, ta c6
A=2z+2
Do dd
A =2 Re (2},
déng thoi '

. o . 2w,
(-1 +i¥d) = 2 (cos? + ;sm?)

1-i=v2 (c(:-s'%r + isin?Tx).
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Ta suy ra

: 30z 30n
15 2 b igin —
(1 +i\"—3_)15 B 2 (cos 3 + isin 3 )

Q _.;')20 - 10 140r . 140m
2 (cos 2 +:§1n—*_4 )

5 (o810 +isinlOr) _
= “ (cos86a +isindbm)
Do dd

— 95,

A = 2Re(2) = -2.25.= -2¢ = -64.
2.23. T cd

(1 + cosr + ising) = 2008 5 + i2sinGoosy

= 2608% [cos% + isin%].

Vay

- na
(1 + cosa + isina)" = 2"(:::;3"_E [ms_ng + isin—].

2 2 2

2.24. Tit z + - = 2cosh, ta suy ra

N | -

z2 - 2cos8z+1 =0, 2 = 0.
Do d¢ '
z = cosf + ising

= cos(—8) % isin(—8)

coam® t isinmb

0

cos(—mﬂ) + isin(—m#b).

NﬂIH '\s ™| -
il

Ta suy ra

1

Z* + — = 2cozmb.
P
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1 +itga, n cosr + ising | , coma + isinna
2.25. ( 1 —itga) . (cosa — isina ) "~ cowta — isima
_ l+itgna
T 1l-itgna v
. : T B 4
226.a)1 -i = {2 (cus—iﬂ + IslnT)

V3 +i = 2(cos% +isin %)

1-—i V2 o, T N
e B (E o (S -8
1 1 19a
= ﬁ(cos 12 + isin 12 )
Do dd
6 19 + 24k . 194248

16_ ( g7 +‘;sm——;12—)
R=19,1,23 4,5
b} Ta nhan théy

1+ _
u=ﬁ_—zi=z(xemcaua))
Do ddg
1 190:'_19;:_1_ 5 . Sm.
T( isin 12)—ﬁ(c0512 1sn12),
va .
1 5+24k . 5+24k
¥z = lﬁ'f (cos g6 % +isin 56 Jl')
o k=0,1,2 .,7
c) Ta ed _
;—1_—1+;_\l§(cos~4—+:smT),
T Ry s R
1+l\f§-—2(c033+;sm3).



Do ds
L
o I"‘l _ ECOS4 L31n4
T 1+iy3 T 2 ., . A
Cé33+351n3
1 3 T L 3 7
= vz (oo (4 5) *isin (3 -3))_

ﬁ( sﬂﬂm‘;”;)

ﬂ_ (003—5—%2-?;:: +isin5-;§4k:¢),
A=20,1,2 .,05
2.27. a) Ta c6 theo céng thdc Moivre
{(cosx + isinx)® = cosbx + isinbx.
Mat khéc theo cong thic nhi thic Newton thi
(cosx + isinx)’ = cos’x + Cleosx isinx + C%t:t)s:":i:(isinlst)2 +

+ Cleosx(isimx)® + Clcosx(isinx)* + (isimx).
Vay v6i chi § rang i = -1, 3 = i, i* = 1,5 = i, ta c6
cosbSx + isinbx = cos’x + i5costxsinx - 10cos3xsinZx

- i.10cos?xsinx + Scosxsin‘x + isin’x =

= cos’x ~ 10cos3xsin2x + Scosxsin'x +

+ i(5costrsing — 10cosZsin’t + sin’x).
‘Hei s8 phic bAng nhau khi ching cd phﬁn thuc bang nhau

va phdn 4o bing nhau. Ta suy ra

- cosbx = cos’x - 10cos’xsin?x + Seosrsin’r.
Né&u musn ta ciang cd _

sinbx = 5cos*xrsinx ~ 10cosZxsin3x + sin’x.
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St

b) Mot cdch tuong tu, ta cd
(cosx + isinx)® = cos8r + isin8x.

{cosx + isinx)® = cosfx + Cleos’x(isinx) +
+ CZeosPx(isinx)?> + Ceos’x(isinx)® +
+ Cleos?x(isinx)* + ClcosPx(isinx)® +
g 8
+ Clcos?x(isinx)® + Cleosx(isinx)? + (isinx),
6ii2 = -1, =i, =1, =4, i = ~1,i’ = -, tasuyra
cos8x = cosBx — 28cosbrsin?xy + TOcos*xsinx -

8

- 28cos2xsin®x + sin®x.

c) Mot cach tuong tu, ti
(cosx + isinx)® = cosbx + isin6x

(cosx + isinx)® = cos® + CleosSx(isinx) +
+ Cleos'x(isinx)? + Cleos’x(isinx)® +
+ Cleosix(isinx)* + Cleosx(isinx)® + (isinx),
ta suy ra
sinéx = Bcos’xsinx — 20cos’xsin®x + Geosasindx.

d) Mét cach tuong tu, tu
- (cosx + isinx)’ = cosTx + isin7x.

{cosx + isinx)? = cos’x + CleosSx(isinx) +
+ CZeos’x(isinx)? + Cleos*x(isinx)® +
+ Cleosiz(isinx)? + Ccosix(isinx)® +
+ CScose(isinx)® + (isinx)’
ta suy ra

sinTx = Tcos®xsinx - 3B5cos*xsinx + 21cosxsin’x - sin’x.
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2.28. Ta cd theo bai 2.27, c :
(cosx + isinx)® = cos6x + isinéx
cosBx + isinbx = cos®c — 15cos*xsinx
+ 15cos%xsinr ~ sin®x +
+ i{6cosSxsinx - 20cosxsinx + 6cosxsin’x].

T& d6 ta suy ra bidu thdc ciia cosbx va sinbx theo cosx va
-sinx. Sau dé

sinGx Beosixsiny — 20cosPxsindx + Beosrsindx
cosbx  cosfx — 15costxsini + 15cos?rsiny — sinfx

Chia t& vA méu cho cos’x :

(3tgx — 10tz + 3tgx)

tgbx =

T 1 —15tg2x + 15tgr —tghr
2.29. Ta cd
. i ., . T
1 +§ = \rf (cosz + :smz).
Do dé

o nr
; — {2 plid fai Ty ——
1+t =20 (cos4 +;sm4 )

1 + cos28

2.30. cos’8 = cosf(cos?d) = cosf (T)z

088
= %[1 + 2cos28 + cos226]

= ? [1+ 2co26 +{—1—————+;°S46]
3

1 1
= —cosfd + —2~CO,£C0829 + gcosﬂcos«w

8
3 cosd + 1 [cosd0 + cosd] +  [cos5h + cosdA] ;
3¢ .Z[c.o .co 16 L°© cos3dd] ;
1

5 5
50 = —
cos’f = 16cos58 +—1—6cos39 + Scosﬂ.
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. 1 — cos26
sin’g = sind(sin®d) = sind (—2—)2

ind
= %[1 — 2c0820 + cos?26]
sind 1 +cosdd
= T[l — 2cos28 + T]
sild 1 1
= 3T - —2—31119(:0329 + gsmﬂr:osll&

3 . 1 . . 1. )
= gsmﬁ - Z[smBB — sinf] + e [sinbg .51!1’36‘]

L]

058w L g _ 5 5.
sin’f = 16311159 1651n33 + 831119

2.31. Biét s6 cua phuong trinh da cho la
A=38-4=-1=i2
Do dé

-¥3 +i
=

~V3 —i
2 * 2773

Vay

= + i .' —_—

Il = CO0B 8 isln 6
= + igi 3__ = —_— — igin —
Xy = CO8 6 isin 6 = cos 6 81n 6

2.32. Biét s8 cuia phuong trilnh di che la
A =(1+i¥3)2 - 4(~1 + i¥3)

= 21 — i¥F) = 22 (cos% + ism%”—)

YA =2(cos~é—+1sm?) = -V¥3 +i.

Do dd

Z

_(1+if§)—\[§+i_1—i§+‘{§+1_
= 2 =72 Py
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(4B +¥T - 1+\J§‘+'_,,r§'_1.
%2 = 2 =2 Ty

2.33. 'Xélt phuong trinh
-7 -8=0

bat v = z, ta cd
2 -Tz-8=0
Du do

Ta suy ra cdc nghiém

E = V8 =2 ((:1::5—2—%‘.E + isin—-zgﬂ—-), k=201,2

+ +
E =. %J—l = cos;lI Zkn + :isinJr 2k

3 3
k=012
2.6. DA THUC
234 2) 204 - 33+ ? -5+ 6 | 22 -3+
2¢¢ - 6x3 + 2x2 | 222+ 3 + 11
33 + 22 — 6z + 6 '
3 - 02 43
11x2 — 82 + 6
11x2 — 33z .+ 11
25x - b
Vay .
20 - 33 +4x? - 50 + 6 | 25x -5

=22 + 3% +11 + —"r
x2—3x +1 22 -3 +1




&2 -2x + 1

by xX3-3?2-x-1 I
2 1 \ 1 7
3 _ =2 i L — .
rogr tga r 3*"§
4
—§x2+-3—x-1
_124_12 _»1
3 g* 79
2 2
“9* "3
Vay
P-P-x+l 1 7T %42
a?-2+1 3 9 g@l-sin)
) x*+ixd —ixZ4x+1 ’Jz—ix+‘1
xt - ix3 + 52 x2 + 2ix ~ (3 +1i)
2ix3 - (i + D2 +x +1
2ix3 + 2x2 + 2ix
-B+ix?-(1-2)x+1
~B+Dx2+(8 - x - 3 +1)
(-5i+2x+4 4+
Vay

4 bixd — _ —5iyx +4 +i
Cxt i ;x2+x+1=x2+2£1q3_£+(2 5;);F 4+i
22 —ix+1 2—ix+1

2.35. Trude hét ta lam phép chia
x3+px+gq 2 +mx -1
X3 v mal-x xT-m
-mx24+(p+ x+q
-mxl-mZx +m

@+i+mix +q - m




" ‘9-‘5

Do do
;1;3+px+q = {x? + mx - 1}(x—m)+(p+1+mz)x+q—m.
Vay mudn cho x> + px + g chia hét cho x2 + mx - 1, didu
kién can va du la ] ‘
g-m = 0,p+1+m?=0
2.36.  x'+px?+gq a2 +mx+1

¥ + mad +x? : xz—m.t+p—1+m2

*m,x3+(p - 1)x2+q
- nu3'— mx? - mx

(p—l_+m_2)x +mx+q
(p—1+m2}:rz+m(p—l+m2)x+p—1+m

o —m(p-—2+m2)x+q ptl-m
Vay muén cho x* + px*> + g chia hét cho 22 + mx + 1 didu
kién cin va da la sé du bang 0, nghia la
Hm=0g¢g-p+t1=20 '
2ym = V2 —p,q = 1.
2.37. a) Xét phuong trinh

- 2x%cosp +1 =0

Pat x2 = z
- 2zcosp + 1 =
A" = cos?p — 1 = i%(1 - cosp) = i%sin’p
Do do
z, = cosp + ising
z, = cosp - ising
va
= P 4+ isinl e —posl — iginL
Xy = cosy + isin 2> x, cos o isin o
= L —isin? = — i in £
Xy = COS g sin g X, cos 9 + isln 5
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Vay
- szcogrp +1 = (x*-cosg—ising) (x +cos£—+isin§)\
»(x~cos§+isin§) (x +cos§—isin~§)
b) Ta c6
—6xl+1lx-6 =x3-1-68x2-1)+1lx-1) =
=& -Dl+x+1-6(x+1)+11) =
= (x - Dx? - 5x + 6).
Nén
| ~ 622+ 11x ~ 6 = (x - 1)(x - 2)(x - 3).
c) Ta cd
x*+4 = (Y2 - 1222 = (22 - 22 + 20) _
= (x - ﬁ‘ﬁ\!’x + \F‘»E)(x - ﬁuF)(x_ + ¥2iyil.
vi Vi = cos‘z + zsm r r
nén

x4+4==(x-1—ii(x+1+i)(x+l—'i)(x—1+i).

d) Xét phuong trinh
' 4-1022+1 = 0.

Xem x2 = 2z ta cg

22—102+1=0_
A'=25-1 =24
Do ddg
. zI=5+m>0
_ 22=5~m>0
Ta viat

\ET\FST_\Ff\I_+\l_
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Binh phuong 2 v& ta dugc
' 5+V24 =a +b + 2ab

Do do
a+b =25 ab =6
1')=E a+E=5
a a
al-5+6=20
a =2 b 3
a =3 b 2
Vay

x, = tVz) = £ (V2 +¥3)
Mot cédch tuong ty

X34 =% ‘E;

Il

t

+ (V2 — V3).
Ta suy ra .
- 102 +1 = (- x))x - x)x - adlxk - x) =

= (x~VZ —V3)(x +VZ +V3)(x - V2 +V¥3)x +V2 —-V¥3).

2.7. PHAN THUC HUU Ti
2.38. a) Xét phan thiuc hiu ti
I s s
x2 -4 : x2 -4

Bsie cia tit lo6n hon bac cia mAu. Phan thic nay chua phai
phan thic thuc sy. Ta lam phép chia tit cho miu.

R

Tx —13
R=x-3+
x2 -4
Sau dd . ,
Tx —13 Tx — 13 A B

2.4 " @-2E+2) ~z-2 Tz¥z
Quy d6ng miu s§ va bd méu s6 chung
Tx - 13 = A(x + 2) + B(x - 2).

13
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Thay x = 2 ta dugc
1
Thay x = -2 ta duge

27
-27 = -4B=> B = —— .
4

Vay cd

x-1P : 1 27

24 T3z Yy
b) Xét phan thdc hiu ti

' R o BEE+Y) |
@2 -1y

Bac cia ti 12 3, bé thua bic cta miu la 4. Phan thic nay
la phéan thitc thue su. Do dd

2x(x? + 1)
@ —12 +12
A B ¢ + D
=1 @-12 &+  x+1)?
Quy déng méu s6 va bdé miu s6 chung
2x(x2 +1) = Alx - I¥x + 12+ B(x + 1)2 +
+ Clx + 1)x - D2 + D(x - 1)2.
Thay x = 1 - .
21 1) = B(1+1)=>8=1.

Thay x = -1

20+ =D(-1-12=>D = 1.
Thay x = i
0 = AG - )G + D? + BG + )2+ CG + 1) - 12 + DG ~ 1)2
AG? - DG + 1) + B(2) + €@ - DG - 1) + D)-2i)
ACEDE + 1) + B(2D) + C-2X - 1) + DX}-20)
~24 + 2C + i(-24 + 2B - 2C - 2D).

i

0
0
0
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S5 .phic bang 0 khi phin thdc béng 0, phin 4o bang 0. Ta

‘suy 'ra
24 +2C =0, -2A+2B-2C-2D =0
Do do '
A=C=1
Vay
2x(x?+1) 1 1 11

+ + - :
-1PE+1? x-l @2 2tl x4y
¢) Xét phan thic:

B 1
x(x —1)3
la mét phan thic hi ti thuc su.
Ta vi&t
R = 4 B_,_¢ b
x @) @-12 @-1

Quy déng méiu s6 vi bé méu sé chung
1 =A(x -1 +Bx(x - 1) +Cx(x - 1)+ Dx

Thay x = 0
1=-A=A=-1
Thay x = 1 .
1=D=b’D_=1‘
Thay x = i ~ '

1=AG - D3 +BiG-1?+Cili - 1)+ Di
1 = 24 + 2B.— C +i(24 - C + D).

Ta suy ra _ :

9A ~-C+D =0=>C=2A+D=-2+1
.+J_

2a+2B-C =1-B=2"C"20
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Puthatl

Vay
1 _ 1 11 L1
x(x — 1)3 rox-l o2 @1y
d) Xét phan thuc

2 +1
(x? - 1)x? +x + 1)

12 phén thic hiu ti thue sy,

Ta co
x+ 1 x4+ 1
@ =D +x+1) N (xr— D +1)x? +x +1)
A B Cx+D

= +
x—1 {x+1) x+x +1
Quy déng miu sd va bd miu s6 chung

x2+1 =Ax+ D@2 +x+ D +Bax - D2 +x+ 1) +
+ (Cx + D)x - 1)(x + 1).
Thay x = 1
2 = A(2)(5) =>A-_—%.
Thay x = ~1
2 = B(-2) => B = -1,
Do do '
x2 +1 A B

@ -Del+x+l) -1 T+l

_ 2+l ~A@+ 1) +x +1) —B(x — D@Ed+x+1y
- (x2 = )(x? +x + 1) o

C2c+1
32 +x +1)
Tam thic 2% + x + 1 khong cd nghiém thyc, Vay cd

2 +1 B 1 1 20 +1
(-DE+x+1) 3x-1) -x+1 3x? +x+1)
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‘@) X6t phan thic khong thuc su (x* + 4)/(x? - 4), Ta 6

*+4  x*—-4+8 8
= =1+ :
-4 -4 24 —4
Tacés -
8 8 _
Cxt-4 T @ -2al+2) |
20 +2) - (x2 - 2)] _or. bt __1
T EE-@E+2 [12—2 _x2+2]'
Ta c6 ‘
1 1 1l @)~ —¥2)
AT GVE D T NEL G-VDE VD) ]
1 11
B 2v¥2 [x—{2— x+ﬁ].
Vay
a2 1 1. .
A_a Wz‘[x— z_m']“ x2 +2

1 1 2
=t eV VEE+V2) a2

f) Xét phan thue

+1

Ta co )
26+ 1 @B+ 1= @2+ Dt -2+ 1)
xt-x2+1 = @2+ 1)2 - 82 = o

= (x2 - ¥3x + D@ + ¥3x + 1).

Do dé -
1 1
¥+1 @ +1)x2-V¥3x + D2 +V3x +1)
_Ax+B Cx+D Mx+N

T ox2+1  x2-yS8x+1 2+¥3x+1’



&
T
T

2

Quy déng mAu s6 va bd miu s6 chung ‘

1 = Ax+B)(x? -~ V¥3x + )(x? + ¥3x + 1) +
+(Cx + DYx® + 1)@ +¥3x + 1) + (Mx + N)(x? + 1)(x2 - V3z + 1)

Thay x = i 12 nghiém cda x* + 1 = 0 :

1 = (Ai + B) = 3B + 34i

= A =0, 3B=1==-B=%
1o
Thay x = f(ﬁ + i) 1a nghiém cta x

- ¥8x + 1, ta duge’

L= (5 e n) () ey o (T

| 2 )
Can bang phin thuc va phin 40 & hai v& :
1 V3
D=3, .C=-%
—-V¥3 +:
Thay x- = _\%_z l1a nghiém cda x* + ¥3x + 1 ta dugc
—V3 +i -V3 +i \f‘+;
L= (M—5—+¥)((—7 )"+ ) (-2 —5—).

Can bang phdn thuc va ph&n &0 & hai v& ta duq::

1
N=§:_ M:L‘?—.
Vay |
1 i N —38x +2 V3x +2
2+1  3@2+1)  6(x2-V3x+1) . 6EZ+V¥3x+1)
g) Ta co _
' 1 _Ax+B+ Cx+D Mx+N

= + .

@ +1E+x+1) 2+l @412 Ztxtl
Quy déng mau s6 va bd miu sé chung _

1 = [(Ax + B)(x® + 1) + (Cx + D)1(x® +x + 1) + (Mx + N)E2 + 1)2.

18



Thay x = i 12 nghiém cia x> + 1 = 0 :
1 = (Ci + D)i = -C + Di,
l1=-C=C=-1;D=0
Thay x = ~_1—;{3-—1 la nghiém cua 2 +x+1=0:
L= (T ) (P )
Caén bang ph4n thuc va phin 4o & hai vé&
' M=1, N=0.
Thay x = 0
_ l1=B+D+N=B=B-=1
Thay x = 1

1=[A+B2+({C+D3+M+N)¥4=>A=-1
Vay cd
1 ~x+1 x x

= —_ r .
@+t +x+1)  @ER+1) @2 +1)E 2 +a+l
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Chuong IIT

DINH THUC - MA TRAN -
HE PHUONG TRINH TUYEN TiNH

A. DE BAI
3.1. MA TRAN
3.1. Cho
1 38 0 1 2 -3
A=1-1 2l:;B=] 3 2/.c=|1 2
, 3 4 -2 3 4 -1
Tinh

DDA+B+C 2A+(B+C); 3 3A.
4) Tim A!, B, C".

3.2. PINH THUC
3.2. Tink cdc dinh thic cdp hai

2 3l I | sinae cosa
a) 1 4| »o b I—l 2] c) ‘—-oosa sina
a c +dij tge —1
D ¢ - g | 911 tga
3.3. Tinh cdc dinh thidc cdp ba
: 1 1 1 o 1 1
a) [—~1 0 1 by{l 0 1
-1 -1 0 1 1 0
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g

1 1 1 1 i 1 +1:
¢) {1 2 3 d) - 1
1 3 6 1-4¢i 0 1
3.4. Cho
a & ¢
a’ bl\ c) = A
a?’ bll C”
Hoi cac dinh thdc sau .
a! b, c, . . a” 'b!, c”
) a) all b!l C” b) a) bl c!
a b ¢ a b ¢
bang bao nhigu ?
3.5. Cho
a a c d
a b ¢ o
a” bl’_ cl’ dl) - A
a’!’ b”! cl!! d’!l

Héi cac dinh thic sau bang bao nhiéu :

b ¢ d a d ¢ b a
b ¢ & a d ¢ & @&
a) b)’ c” d’) al} 3. . b) d!! c!l bl, al!
b”, c”l d’)l .all’ N d'!’ c!!'.l bl)l a?l)
3.6. Giai phuong trinh
1 ox x2 43
1 2 4 8 0
1 3 9 27
1 _4 16 64
3.7. Biét rdng cdc s6 204, 527, 255 chia hé&t cho 17.
ching minh - 8 .
' 2 0 4
5 2 17
2 5 b

chia h&t cho 17.

6-BT.TCC.TH



3.8. Ching minh

b + ¢

b‘ + c’
b,, + c”
3.9. Tinh dinh thic

¢ +a
¢ +a
c?’ + a”

a +6b
al + ba
a,, + b”

0
-1
b
-1

-1
-1
c
1

2%
Ao

a b ¢
= 2 a) b! c’
a!! b” 3

bdng cach khai trién nd theo cde phén t& clia hang ba.

3.10. Tinh dinh thic :

= s DD

[ R I -

1
1
2
1

[ -]

" bang cach khai trién né theo cdc phén t¥ cia cét bdn. *

3.11. Tinh cdc dinh thide sau

Y

3)

5)

D

- 82

13547 13647|
28423 28523|

bt S

e (D = Lo N =

[N

T h O~

= b G0

1
1
3
1

o~ A e

O OR =

COND = D LD e

o0 O e

4)

6

8)

246 427 327
1014 543 443

- 342 721 621

1 1 1 1

1 2 38 4

1 3 6 10

1 4 10 20

1 1 1 1

1 2 3 4

1 4 9 16

1 8 27 64

X ¥y x +y

Y x +y x

x +y x Yy
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3.12. Ching minh

1 1 oo 1
X ‘x2 Xy
2 2 .
A” = Il x2 N x” =
xu—] Sl xn—]
1 2 s (2]

= G -y xy) Gy — ) (g - oxp) L (e - ap).

................. (xn - xl"l'—l) =

3.3. PHEP NHAN MA TRAN VOI MA TRAN ~
MA TRAN NGHICH DAO

3.13. Hay nhan cdc ma tran :

Bl epg

2

2] _
f 1] .1123; 9123 |4
3 1

3.14. Hay thuc hién cic phép tinh sau

2 1 1 ' 3 5
- 2 1 3 2
ay |3 1 0Ol ; h) [1 3] ;) [_4 _2]
0 1 2 . '
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n - n

d) [(1) i] ; &) [cf’gp 'S“’""]
- | singp cosp
3.15. Hay tinh AB - BA né&u

(1 -2 -1 [ 4 1 1
aA=[2 1 2f. B=|-4 2 0

1 2 3 1 2 1

[ 2 1 0 [ 8 1 -2
hA=| 11 2. B=| 3 -2 4

-1 2 1] - -3 5. -1

3.16. Ching minh ring néu AB = BA thi

a) (A + By = A% + 2AB + B?

b) A2 - B = (A + B)}A - B) .

3.17. Hay tim tdt cA cdc ma trdn B giao hoan véi ma trén
A, nghia 14 AB = BA, dudi day :

F 1 2 |
A=) _l]; b)A:[O_l]
1 0 0
A=1[01 0
3 1 2

3.18. Hay tim frA) vai
1 -1
= 72 — A = :
flx) = x 5x+3vaA—[_3 3]

3.19. Hay tim tft cA cic ma tran cdp hai cd binh phuong
bang ma tran khéng.

3.20. Hay tim t4t cd cdc ma trén cdp hai cd binh phuong
bing ma tran don vi.

3.21. Cho
-1 1 2 2 2 . 1
A= 2 0 3|, B=|1 -2 , C= [“_ I:I
-2 -1 1 3 0 .
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&

Hay ki€m tra lai tinh két hgp
(AB)YC = A(BC)
cia phép nhan ma tran.
3.22. Cho

B e[

Hay tinh '

A2 B 3) AB ;4 BA

5) (ABY ; 6) (BAY ; ) (A + B).

3.23. Giai phuong trinh AX = B déi véi 4n 12 ma tran X, véi

1 -1 1 1 1 1 -1
A=|-1 2 1/; B=[1 0 2 2
-2 3 1 1 -2 2 0

3.24. Dung phuong phdp Gauss - Jordan tinh ma tran nghich
ddo clla cdéc ma trén sau

o L 2 -3
a)A=01]; ma=|0 1 2|
i 6 0 1
1 38 -5 7
0 1 2 -3
dAd=15 o 1 2|
0 0 o0 1

3.25. Dung phuong phsdp Gauss — Jordan tinh ma trén nghich
- ddo chia cdc ma tran sau :

- : 1 -1 2
1)A=§ i} NA=|-1 2 1|,
A 2 -3 2
1 1 2 gy
Ha=|2 3 2|; 4)A=éi]
1 3 -1 |
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2 3 -3
5)A = |] 4]; G)Az[_ 9];
1 -1 -1 2 11
A= |—-1 1 -1f; 8)A=11 2 1i;
2 2 0 1 1 2
I I E
NA=1[2 1 3, 1094 :
4 -2 —1 2 0 1 3
L -2 6 .0 5
2 -1 90 3
I 1 2 -1
Wa=1_1 2 3
0 1 2 1
3.26. Cho ma tran chéo
a, 0 0 0
a 0
A= 0 22 0 - e
0o o O Cpn
trong dé a,, @5, ... ¢,, # 0. Chiing minh rang A kha dao va -
tim A™L.
3.27. Ching minh ring néu A la ma trdn vuéng théa méan
A2 -3A+1 =01t A = 31~ A
3.28. Cho hai ma trn vudng A va B sao cho AB = 0. Chung

minh ring A khong thé kha dao trir khi B

B

0.

3.29. Chuing minh ridng néu A kha dao va AB
= C.

3.30. A 12 mét ma trdn vudbng cép n.
1) Cho det{A) = 3, hay tinh det(A?) va det(ad).’
2) Cho biét A kha dao va det(4) = 4, tinh det(A™1).

= AC thi

3) Cho det(A)
4) Cho det(A)
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3.31. Héi cde ma tran sau cd khd dio khéng, néu co, hay
tim ma tran nghich dao bang phu dai s6 :

2 —1] . -1 2
Dla 3]; 2) 3—6]’

2 1. -1 1 -1 2
»H|0 1 . Ty lo 1 2],

2 1 1 0 0 1
1 4 2
5 (-1 0 1

2 2 3

3.4. HE PHUONG TRINH TUYEN TINH
3.32. Ap dung dinh li Cramer gidi cic hé sau

1)2x+5y:1 2)x+2‘y=4
4 + 5y = -5 2% +y =3
2x -2y —2z = —1 x—~y+ez=1
3 y+z = 1 DN42x +y +2 =2
1—x+y+z=—l I +y+22=0
2 —x, —xy = 4 e, t 2, txy =5
5y 13x, + 4x, — 22y = 11 6) {2¢, + 3x, + x5 =1
Bv, ~ 2, + dx; = 11 2x, + x, + 3y = 11
x, +2x, 4+ 3y — 2, = 6 x, — 8ty +dx, = —5
A2 TAp 2y 3xy = 8 Xy o= 2y o+ 3wy = —4
Dyay, + 20, —xy +2¢, =4 O Jay + %, - 5x, = 12
2, — 3, + 2, +x, = —8 A, + 3x, — Bx, =

3.33. Hoi cac ménh dé sau 12 ding hay sai

1) Theo dinh 1i Cramer, néu det(4) 0 thi hé¢ AX = B vo
nghiém.
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2) Theo dinh li Cramer, néu AX = 0 o6 nghiém khéng tim’

thudmg thi det (4) = ¢.

88

3.34. Tim ma tran X théa mian phuong trinh
2 5 - )
a) [1 ] X = [4 6

3 2 1
1 I -1 1 -1 3
by X |2 1 0] = |4 3 2
1 -1 1 1 -2 5
3.35. Hay giai cdc hé sau bang cach tinh ma t¥an nghich dao
1) Sr +4y =2 9 —3x +2% = 1
dx + 5y = 3 "\ 2 +4y = —>
plEroy=3 &ty =-6
4 + 5y = 2 2x — 4y = 1.

. 2 + 3y = 4
3.36.2 Giai 1) {Zy = 4

2 3x2+x3+x4 = 6
2 + 3, = -1
x, = -1

3.37. Ap dung phuong phdp Gauss giai cdc hé sau :

B 1,2x - 08y = 20
-1,6x + 0,25y = —-40
x+ y+ z= 1
2Y4x + 2y + 3y = —1
x +4y + 92 = -9
X, T x +x3—x4= 2
X T tay = 0
3)‘~xl+zx2—2x3+7x4=—'7
2x - x, - X3 = 3.




4) |

x14x2+_2x3+2x4+x5m3
20 +x, + By ¥ 2, + 2, =6
—x1+4x2—6x4+x5=—3
—2x1—4x2—4x3—x4+x5=—3
2x1+4x2+4x3+714—x5=9

3.38. Vai cac gid tri ndo cla a thi hé sau day khéng c6
nghiém duy nhat®

3.39.

3.40.

3.41.

3.5. HANG CUA MA TRAN -

HE PHUONG TRINH TUYEN TINH TONG QUAT

3.42. Trong cdc hé sau day, hé nao cé nghiém khdng tdm
thudng, hé nao khéng cd : '

1) J4x — Ty — 8y — x4 =

x1+3x2+5a:3+ x, = 0

|
-

3, + 20, + Txy + 8, = 0

: x— y+2 =3
x -2y =25
1){ _ 2) 42x +ay +32 =1
& tay =1 I +3qy+ z=14
Tim nhitng gi4 tri cia a d€ hai hé sau tuong duong
x+2y=1 xtay= 4
2x+5y=1 —x+2y=—5
Vi€t nghiém cia cac hé sau theo a, b, ¢
x+ y—- z=2¢a
: + =
1){2;;+3y_: 9 tx+2 —2 =06
v = - 2% - y+ 22 =c¢
Xic dinh @ d€ hé sau cd nghiém kh6ng tdm thudng
ax — 3y + z =0 - o _
Dizx+ y+ 2=0 2)g+“ix_+f§:g
+%y—2=0 ( =
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3.43.

3.44.

3.45.

T + 2, + 8, = 0
2) %, + 4z = 0
Sr, =0

Tim hang cia cdc ma tran sau :

: {2 -1 3 -2 4
a)A =14 -2 5 1 7
2 -1 1 8 2
1 8 5 -1
12 -1 -3 4
A=, 1 -1 7
7 7 9 1
(4 3 -5 2 '3
8 6 -7 4 2
DA =14 38 -8 2 7
4 3 1 2 -5
8 6 -1 4 -—¢g

Xdc dinh hang ctia cdc ma tran-sau tuy theo 4 (4 thue) :

3 21 1 2
1 4 7 2
VA= 10 17. 4
4 1 3 3
F1 2 1 -1 1
: A -1 1 -1 -1
PA=1 7 3 0 1
1 2 2 -1 1
Gidi cdc hé sau va bién luan theo ecdc tham s§ -

Ax+y+z;1
D{x+ly + =z
x+ y +iz =22

Il
b



8 5.

x.+ay+azz=g,
2) {x + by + by =
x tey ¢z =c¢

|
<,

x+y+tz=1
3 lax + by + ez =d
a’x + b%y + ¢’z = d?,

B. BAI GIAI VA HUONG DAN

3.1. MA TRAN
3.1. 1)
1 3 0 1 140 3+1 1 4
A+B=|-1 2} + 3 2|=|-1+3 2+2| =12 4
4 -2 3 3-2 4+3 1 7
‘1 4] 2 -31 [r+2 4-3] [3 1
A+B)+C =12 4|+ |1 2] =12+1 4+2 3 6
1 7 4 -1 1+4 7-1 5 6]
2) : .
0 1 2 —3 [ 0+2 1-3 2 -9
B+C=1| 3 2|+ 2 - 3412+2: 4 4
-2 3 4 - |-2+4 2 2
: 1 3 2 -9 1+2 3-2 3 1
A+ (B+C=|-1 2/+]4 4| =|-1+4 2+4|=(3 6
3 4 2 2 3+2 4+2 5 6

Ta suy ra .
' (A+B)+C=A+(B+C).
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3.2.

3.3.

a)

b)

c)

d)

e)

‘&)

b)

3(1) 33 3 9
3(-1) 32| =|-8 6
3(3) 3(4) 9 12

bW
Il

3.2. DINH THUC

3
1 4:l=2.4—3.1=8—3=5

21
-1 2

sine  coso
—cosa  sina

a c + di
e — di b

’:2.2—1.(~1)=4+1=5

= sina.sine + cosc.cose = 1

= ab - (¢ + diXc - di)

= ab - ¢? - d?

I

fge 11 g +1

1 iga

~1
-1 0 -1 0| ¥

|

i
— O
o = =

=1‘ 0 .1‘ _llﬂl 1

=1-1+1=1.

=0 +1

|—-_|—lc>
el ]
o T )

o 1 |11
10 10

1 0
11

=0+1+1=2

-1 =

0
1

~F

M
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SERPRENE
1 3 & 3 6 1 6 1 3
=(12-9-6-3)+B3-2) =L
1 @ i+l ) P |
. 10 i 0 —i 1
- 1 0 =1‘ l—i‘ +(£+1)" . ‘
i 0 1 01} "H1-i 1 1-i 0
=1-i-D+E+DE -1
=1-1+i-1=-2
a b a b o a b ¢
a? b M’ =—ja b c¢|'=|a b | =A
a b ¢ a’® b’ o a® b e
a” b " a b ¢
a’ bl cl —_ = a’ bl ] = _A
a b e a’ b” 3
b ¢ d a b ¢ a d
B e d a’ B b’ & a d'
bn C” dn a" - b” cn a!! d!!
B & d ot PG L
b a ¢ d a b ¢ d
b’ a' o' d _ a b’ e d - A
bn a" cn dn - an bn cn dn - -
B g o 4 AL SLLIP L
d ¢ b a a ¢ b d
d ¢ b o} _  _|e & ¥ o4
d”. C" bn an - an C" b_u dn -
P AL LI L UL L a”’ oeoro oyt am
a b ¢ d
a 6 o d
a” b pal dv = A
PACENN SLLERPALLIN L
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1 x. 32 43
1 2 4 8

3.6. 189 277 0
1 4 16 64

la mot phuong trinh bac ba d&i véi &n x. Thay x = 2, v& trai
la mét dinh thitc ¢ hai hang giéng nhau, nén bang khéng. Do
dé x = 2 la m6t nghiém céa phuong trinh trén. M6t céch tudng

tu ta thdy x = 3 vA x = 4 ciing la nghiém. Vay phuong trinh -

da cho c6 ba nghiém : 2, 8, 4. Vi né la mot phuong trinh bac
ba, nén khéng thé cd qud ba nghiém. Viy dd la t4t cA cde
nghiém cua phuong trinh. '

bs : 2 3, 4.

4 + 10(0) + 100(2)
7 + 10(2) + 100(5)
5 + 10(5) + 100(2)

204
527
256

Mo RO
b o o e R ]

Cdc phén t & cot 3 chia hét cho 17, vay dinh thuc chia hét
cho 17

hb+e c+a ‘a+d
38. |8+ " +a’ a'+b | =
b)l +c)! cl! +a7! a,! +b!l

b c+a a+b ¢ c+a  a+é
= (6 ¢+a a4+ |+ ¢ +a a+b | =
b” c,’ +a), a’, +b’, c" C,’ +a,| a)’ +b,"
b ¢ a+b b ¢  a+b ¢ a a+b
= |8 ¢ ad+8 | +[d @ a+b |+ & o+
b” C’, a,’ +b?! b!! a’, a,, +b’) c,l a’, a’l +b,,
b a ¢ a b
= & c’ al + | ' b’ =
b,, c,’ a’! c,' a') b’,
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@
&, P

& a ¢ a ¢ b
=~ & | — 1@ & b =
b’! 13 M a!) c!! b”
a b ¢ a b ¢ a b
=la & |+ B ) =2a ¥
a!! b!! c!! a)) b’! LR} a” bl}
o 1 a1 0 -1 -
3.9. = (-3l (-1 -1 1
|l e b c 'd _1 1 0
-1 -1 1 0
1 -1 -1 10
+(=1® | 0 -1 1| + (=1P3| 0 -1
-1 1 0 -1 -1
' 1 0 -1 .
(1P| 0 -1 -1 =3 ~b + 2 +d.
-1 -1 1
| f ; i x 12 1
3.10. Y= (-4 1 1 2| +
1 1 2 =z 111
1 1 1 ¢
: 11 2 11
L (-1)2My (1 2 + (1P (1 2 1| +
1 1 1 11
2 11
+ (¥ (1 2 1| = —x -y -z + 4t
1 1 2
311_‘13547 13647‘ _ l'13547 13547 + 100

28423 28523

_ |13547 100
= |28423 100

= -1487600.

28423 28423 + 100

= 100(13547 — 28423)



b

246 427 327
2) | 1014 543 443| =
—342 721 621

246 427 327 - 427
= | 1014 543 443 -543| =
—342 721 621-721

246 427 -100
= | 1014 543 ~100| =
—342 721 ~100

246 427 1
= —100}| 1014 543 1| =
-342 721 1
246 . 427 1

—100 | 1014—-246 543-427 0
—342-246 721427 0

768 116

= 100 | _5gg 294'
768 116
= —100.294‘._2 1‘

it

- 29400(768 + 232) = - 29400000

311 1 4 40 4
311 _ 1311
1131 ={11 31
1113 111 3
1101 1101
1381 1 0210
=411 13 1/=%0 0 3 o0
111 3 001 2
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m

8)

= = O

i

TR O
L2 T o YN = TR Y
O D O
Ll = e o

a—c

1 0
a-~-c+b

a—b ~c—a+b

a—-c+b 2b
—~<~—-a t+tb& e¢-—-a

1 1
—b a-—c
a—b —

o T

G
2b
c—a+b

+51

a? + 0% + 2 — 2(ab + be + ca)

x y x+y

y x+y x =
x+y x y

2 +y) 2x+y)
¥ x+y
*+y x

1
2(x + y) ¥ x +
x

2 + )| ¥ x

2(x + y).

2(x +y)
x
Y

1



1 1 1
X ) n
2 2 2
3.12. X x3 X = A,
41 1] B {iad|
Xy xJE x;:

Xem A la mot da thdic bac n ~ 1 d6i véi x,, ta thdy nd cd

n'~ 1 nghiém x|, x,, .., x__,. Vay

A =kix - xn_l)(xn X 5) . (xn - xz)(xn - x)). So sanh hé s6 -
cia x"7' 0 v€ phai vai hé s6 cua x071 ¢ dinh thic A, ta suy ra
k=A_

Ta suy ra _ _
An = An-l(xn - xn—l)(‘rn - xn—z) {xn{- xl)
Apoy = A ey | - xn-Z)(xn—l Xy g e b - ‘xl)
B3 = Ajlay = xp)lay - x))
1 1
A, = x, x| T Th
Vay

An = H x; xj.).

f>]

3.3. PHEP NHAN MA TRAN VOI MA TRAN -
MA TRAN NGHICH DAO

3.13. a) Ma tran ¢8 2 x 2 nhan v&4i ma tran c¢d@ 2 X 2 cho
ma trdn ed 2 x 2 :

2 17 [1 -1] _ 21+ 11 2-1) +11] [3 -1
3 20 (1 1| T [31+21 3-1)+21 7[5 -1

b3 5] [2 1] _ [32+5(-8) 31+52 _
"6 1| |-3 2] T {62 - 1(=8) 61-12|

|9 13
15 4
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c) Ma tran c8 3 x
trém ¢ 3 x 3 :
[ 1
2
1
31+1.2+1.1

= [21+12+21
L1.1 +2.2+31

6 2 -1
=16 LI "1
8 -1 4

d) Ma tran c& 2 x
trén ed 2 x 2 :

2*1]1;;'
30 1] |3

e

e} Ma: tran ed 2 x
trn ¢c& 2 x 1 :

3 21
01 2

[ ]

f) Ma trdn cd 3 X
tram cd 3 x 3 :
2
11 [1 2 31
3

g) Ma tran cé 1

3 nhan voi ma tran ¢ 3 X 3 cho ma

1 -1
1 1y =
0 1

31+1(-1)+1.0
2.1+1(-1)+2.0
1.1+2(-1) +3.0

3(-+1.1+1.1
2(-1)+1.1+21
1(-1)+2.1+3.1

3 nhan v4i ma trdn ¢ 3 X 2 cho ma

21+11+1.00 _
33+02+1.1 31+01+1.0] —

o 5

3 nhéan v8i ma trin ca

_ [2.3+ 12+1.1

3 x 1 cho ma

14

1 nh&n véi ma trin cd

_[31+22+13
= o1 +12+23

1 x 3 cho ma

21 22 23] [2 4 6
= (11 12 13/ =1 2 3

31 82 33| |3 6 9
3

X 1 ¢ho ma

%X 3 nhan v4i ma tran cd
trdn ¢ 1 x 1 : '
2

4 =[12+24 +31] =
1

{1 2 3]

100
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AN
& Thy
"o,

g

1 2

2 1 (2 1 1f |2 1
31 0 =131 0 |3 1
0 1 2 0 1 2 01 2

1

22+13+10 2.1+1.1+1.1 ZP+1.0+1.2
32+13+400 31+1.1+01 31+10+02| =
024+13+20 0.1+1.1421 01+1.0+22

o @3 "

_[22+11 21+13] 5 &
= l12+31 1.1+33| = |5 10
2 11> [6 5] [2 1
1 3] T |5 10] |1 3

52+51 51+53]  [15 20]
52+10.1 51+103] ~ {20 35

o[- -ZT L
ERCEICE

3+2(-4) 82+2-2)] [ 1 2
83-2(—4) -42-2(-2)| T|-4 -

N BN

|
o T e
»::-w
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-7 -6l [ 3 2] [8 -
112 8| {-4 -2/ T |4 8
3 2]° [3 -
~4 -2| T |4 8
1" C
d) Muén tinh o 1 truée hét ta tinh tha
1 1P [t )t o2
o1/ o 1o 1| T |o 1
1 1) [P 2]ty _[1os
o 1} = lo 1} o 1| =|o 1] [0 1| T o 1

Ti dd ta dy dodn quy luéat _
1 1]” 1 n
Pab] e

Ta chﬁng. minh c¢6ng ;;hﬁc nay bing phuong phdp quy nap
toan hoc.

Gia st nd dung v3i n = m tic la

1 117 1 om
0 1 T (o 1

ta sé& ching minh né van con ding véi n = m + 1. That vay,
1 ™™ "o
01 - 10 1 0 1

1 m 1 1] [l m+1

o 1ifo 1Tl 1

Vi 16 rang cong thic (3.1) ding v6i n = 1

-0 ]

]
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u.')o;,
g A
‘g

L)

mén nd sé dang vai

n=1+1_=
n=2+1=
v.V..

naghia 14 cong thie (3.1) s& ding v6i n (nguyén dudng) bit ki.
e) Ta lam tuong ty trén. Ta tinh Ithft_
cosgp —sing 2 _ icosp —sinpl [cosp -—sinp| _
sinp cosp|  |sing cosp| [sing cosp|

cos?p —sindp  —2sinpcosp
Osingcosp  costp — sin‘p

_ [cos2p —sin2ep
T isin2p  co
Do d¢ ta dy dodn quy luat
cosp ~sing 4 _ |cosnp —sinng (3.2)
sinp cosp| ~ [sinnp  cosnp ' . )

Ta ching minh c6ng thdic nay bing quy nap. Gid si nd da
dumg v6i n = m tic la
cosp —sinp . _ |cosme —sinme
sinp  cosp| = lisinmp  cosme
ta s& ching minh nd vln con ding v6i n = m + 1. That vy, ta ¢
. nt+l . m .
cosp —sing _ |cosp —sing cosp —sing
L.imp cosgo] - [sinp cosga] [singo ODS(p]
-cosmgo —sinmp| |cosp —sing
sinmg  cosme| |sing  cosp

-cdsm_(pcosp —sinmpsing  —cosmpsing — sinmpcosp
sinmpcosp +cosmesing  —sinmepsing + cosmpcosp

fcos(m + l)p —gin(m + l)p
sin(m + Ly cos(m + Lye|’

103



Ta da biét cong thuc (3.2) ding véi n = 1

cosp —sinp ! _ |cosp -—sinp
sing  cosp| ~ [sinp  cosp
nén nd sé dang vdi
n=1+1=2
n=2+1=3
v.V...

nghia la cong thic (3.2) ding véi n (nguyén duong) bat ki,
3.15.

[1 -2 -1 4 1 1] 11 -5 0
a) AB=12 1 2| |-4 2 0l =186 8 4
1 2 3 1 21 -1 11 4
[ 41 1]t -2 =11 [7 -5 1
BA= |-4 2 o]l I2 1 =0 10 8
1 2 1f 1 2 3 6 2 6
Vay
4 0 -1
AB-BA=1| 6 -2 —4
-7 9 -3
[ 2 1 0 3 1 -2] [ 9 0 0]
MAB =] 1 1 2 3 -2 4/ =10 9 o
-1 2 1| [-3 5 -1 -4 0 9
'3 1 -2 2 1 0] [ 9 0 0]
BA=| 3 -2 4 11 2f=1] 0 9 o
-3 5 -1 |[-1 2 1 -4 0 9
Vay i ) - )
“fo 0 o
AB-BA = [0 0 0]
000
3.16.a) (A+B)? = (A+B)A+ B)

(A+B)A+(A+ BB
AA +BA + AB + BB
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Vi AB = BA nén
(A + B)? = A2 + 2AB + B?

b) (A + BYA - B) = (A + B)A + (A + B)-B)
= AA + BA - AB - BB

Vi AB = BA nén
(A +B)A - B) = A2 - B2,
3.17. a) GiA sd ma tran phai tim cd dang

x
Ta dua vao didu kién AX = XA d€ tim x, ¥, 2, ¢
Ta cd '

1 2! [x =z x+2y z+2¢

R | R R

Diéu kién AX = XA tuong dudong vdi
x+T2Y =x — 2z
z + 2 =2x — 2
- —y=y -1
-z -t =2y -t
Phuong trinh ddu va phuong trinh cuéi trung nhau, ta cd
td phuong trinh thd 1 va thd ba :

z = -2y
t=x+2y

Thay z va ¢ nay vao phuong trinh thd hai thi nd théa man.
Vay, xem x va y tuy ¥ thi z = -2y, £ = x + 2Zy. Két qua la

A
X = [y x+2y]‘

x=[ 3

b} Cang dat
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ta co

1

LG
A

0

]
i

1

.%NB\
A

ty
Y

5

x'x+z
Yy ¥y +t¢

biéu kién AX = XA tuong duong voi

Do dd

x +y

= X

z+t=x+z
Yy =y

t =y

+ ¢

y:O,x.=t,zti1yy

e |x
X:[Ox

c) Dat

ta co
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gt
‘g

Didu kien AX = XA tucng dudng vdi

(x = x + 3z

y =y tz

z = 2=

u =u + 3w

v =v + w

w = 2w

3 tu+2m =m + 3
Iy +tv+2n=n+t
3z +w + 2t = 2

Phuong trinh thd ba ching t6 z = 0.
Tit dé phuong trinh tht 1 va 2 ching t6 x va y tuy ¥.

Phudng trinh thi 6 ching to6 w = 0. Td dé phuong trinh
thd 4 va 5 ching té « va v tuy ¥

Ty z = 0, w = O, phuong trinh thd 9 ching té ¢ tuy y.

Sau d6 phuong trinh thd 7 va 8 cho phép bi€u dién m va
n theo x, ¥, u, v :

m=38t-3x-u
n==¢t-3 -v

\Jay
x ¥ 0
X = L v 0
3t —3x—-u (-3y-v ¢
3.18. Vai flx) = x% - 5x + 3 thi

f(A) = A2 - BA + 3!
trong dé I 12 ma tran don vi cing cdp voi ma trén A G day

3
o
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Vay
7 - 10 5 3 0 0 0
fla) = [—15 12} + [ 15 —15] + [0 3] = [0 0}

3.19. Dat '
' a b
A= [c d:l N

Ta phai tim cdc s6 a, b, ¢, d d&
A2 = a b a b _ 0 0
¢c d c d C 0
a b [a 6] a2 + b ab + bd
c d ¢ d|l 7 lac + ed be + d2
nén didu kién c4n va dt dé A2 = 0 1a

a2 + be
ab + bd =
ac + cd =

be + d2 =

viét lai la

(@ + dyp
{(a + d)

o
L=
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T hai phuong trinh dfu suy ra a? = d2
Do d¢ ¢6 hai trudng hap d = a vA d = -a.

Néu d = a # 0 thi hai phuong trinh cudi ching té b =
¢ = 0, tii d6 hai phuong trinh dau lai ching td ¢ = 0, d = 0.
Vay khong ¢é kha nang d = a = 0

Né&u ¢ = -e thi phuong trinh thd 3 va 4 ching t6 6 va ¢
tuy y. Mudn cho phuong trinh thd 1 va 2 thda mén cén thém
diéu kién

a2 +bc =0
Vay A cdé dang
A=[a b},a2+bc=0.
¢ —a
3.20. Nhu & bai tap 3.19 ta phai tim a, b, ¢, d d€

1 0
2 _
A‘01]

Diéu kién cdn va di 48 AZ = [ 1a

a2 +be =1

@ +dp =0
(@ +dy =0
d* +bc =1
Hai phuong trinh 1 va 4 ching t6 a2 = dZ.
Néu d = a # 0 thi hai phuong trinh 2 va 3 ehing t6 &6 = 0
va ¢ = 0. Sau d6 hai phuong trinh 1 v& 4 chidng td d . = a =1

hay d = a = ~1. Vay :

1 0 -1 0
A=[O 1}hayA=|:0 #1:\

Néu ¢ = -a thi hai phuong trinh tht 2 va 3 chdng té b va
¢ tay ¥. Sau dé mudn cho phuong trinh 1 va 4 théa man cén
thém diéu kién a® + be = 1. Vay cd

A= [“ b], o +be = 1.
[id —I
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-1 -1 21 [2 2 5 -
3.21. AB =12 03 |[1 -2l =18 4
-2 -1 1/ (|3 o -2 -
[ 5 —4 ) 9
(AB)C = |13 4 [—1] = (9
-2 -2 0]
2 2 1 0
BC =1 -2 [_1] = |3
3 0 3
-1 1 2] Jo 9
ABC) =2 o 3| (3]l =9
' -2 -1 1| |3 0
Vay )
(AB)C = A(BC) -
| 2 -] 2 3
| S —_
P

-1 2l -1 1
2)BI=[1 4} =[2 4}
2 3} -1 1]

o[ 2]

-1 1
3 —
4) B'A' = [ 9 4J

2 -1] [-1 2] -3 0
5)""3:[3 1][14=[—2 10]

.
|
CI
—
G

L.

|

— D b

—Cl

I |
|

oW

=

[=20 -\

I
|
oW
—
oo
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.i'g.

4 14
(BA)' = {3. 3]

' 2 1 12 11
7)A+B=[3 1]+[1 4:[4 5]
(A+B)f=B ;]

3.23. Xét phuong trinh ma trdn AX = B v6i A 14 ma tran
vubng. Néu A ¢d ma tran nghich ddo A"l thi

A l(AX) = A1B
(A"'A)X = A™'B
X=A'B T
Dé x6t su tén tai cia A”! ta tinh dinh thdc cdia ma trén A
da cho : "
1 -1 1
det(d) = [-1 2 1l =130
-2 3 1
Viy A c6 nghich dao :
, |-t 4 -3
Al=——_|-1 38 -2
det(4) 1 —1 1
Do do
: -1 4 =-3][t 1 1 -1
X=AB =|-1 38 =-2[{[1 o 2 2
1 -1 1|1t -2 2 o
[0 5 1 9
=10 31 17
1 -1 1 -3
3.24. a) 3 2 1 0 hang 1 (hi)
0 1 | O 1 hang 2 (h2)
T
1 0 1 -2 hl ~ 2h2 —» hl

1 + 0 1  h2-h2
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LA

3N

— N [~ e m
= d3 o g
£ O O ¢ — ;o
: o d g
zazl3gzase
< 888 &
+ 1 [ _
Lo = | ]
o o <
= =
= _ (=R
! SO~ [P~ ?m/.l L I
—_o _ co—~o
| I— | .
= — oo
I DD OO | — oc~oo
- Il
< ~Q 0o |moo oo hn oo
<
PN oo~ |00 ~ A
NN~ O
[ TR S I N [ 1
o M- 9
> o - oo
> 5 & o)

h4 — h4
hl + 5h2 — h1
h3 — h3
hd — h4
hl - 3h2 — hil
h2 — h2
h3 — h3
h4_ - h4

hl - 7hd — hl
h2 + 3h4 — h2
h3 - 2h4 -» h3
h2 - 2h2 — h2

-7
3
-2
5 -17
7
-38

0
-2
-3 11

1
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1 -3 11 -38
0 1 -2 7
-1 =
Vay AM=1p o 1 -2
0 0 0 1
3.25. 1
2 -1 1 0 hil
3 1 0 1 h2
1 -05 0,5 0. . h1/2 — hl
3 1 0 1 h2 — h2
1 -05 0,5 0 hl — hl
25 -1,5 1 h2 - 8hl —» h2
1 -05 0,5 0 hi — hl
. 1 -0,6 04 h2/2,5 ~ h2
1 0 0,2 02 hl + 0,5h2 — hl
1 -0,6 04 h2 — h2 -
02 072
. -1 __ ' 1
Do do Al = [_ 0,6 0’4]
2) '
1 -1 2 1 0 0 ki
-1 2 1. 0 1 0 h2
2 -3 2 0 0 1 b3
1 -1 2 1 0 0 hi — hl
0 1 3 1 1 0 h2 + hi — h2
0 -1 -2 -2 0 1 h3 -~ 2hl — h3
1 -1 2 1 0 0 . hl — hi
1 3 11 0 . h2 — h2
1 -1 1 1 h3 + h2 — h3
1 -1 0 3 -2 -2 hl - 2h3 -+ hl
1 0 4 -2 -3 h2 - 3h3 —
1 -t 1 1 hl — hl
1 0 0 7 -4 -5 hl + h2 — hl
1 0 4 -2 -3 " h2 — h2
1 -1 1 i

8-B8T.TCC.TH

h3 — h8



2%
ot

5
&%

Do do
7 -4 -5
A = 4 -2 -3
-1 1 1
3) h
11 2 1 0 .0 hl
2 3 2 0 1 0 h2
3 -1 0 0 1 h3
1.1 2 1 o0 o0 hl — hi
0 1 -2 -2 1 0 h2 - 2hl — h2
0 2 -3 -1 0 1 h3 — h1 — h3
1 1 2 1 0 hl — hl
1 -2 -2 1 h2 — h2

e R e

h3 - 2h2 — h3

1 1 0 -5 4 -2 hl ~ 2h3 — hi
' 4 -3 2 h2 + 2h3 — h2

1 83 -2 1  h3 - h3
1 0 0 -9 7 o | ht - h2 — hil
1 0 4 -3 h2 — h2
1 3 -2 1 k3 — h3
Do do
-9 7 -4
A_] = 4 =3 2 .
3 -2 1

.4) A= [2 ]

"det(A) = 0, A khong cd nghich dao.
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'5;&'
#

5)
2 3 1 0 hl
1 4 0 1 h2
1 3/2 1/2 0 h1/2 — hl
1 4 _ 0 1 h2 — h2
1 3/2 1/2 0 hl - hl
0 62 -1/2 1 h2 - hl — h2
1 3/2 1/2 0 hl - hl
1 -1/6 2/5 h2/(5/2) — h2
1 0 4/5 -3/6 h1 - 3/2h2 —hl
1 -1/6 2/6 h2 — h2
Do dé
4/5 -3/5
-1 _
AT = [-»1;5 2;5]
2 —_
6)- : A= [—6 9]
_ Ta cd
2 -3
det(A) = I_{5 gl =0
. Do dd ma tran A khong cd nghich dio
g _
1 -1 -1 1 0 0 hl
-1 +1 -1 0 1 0 h2
2 2 0 0 o0 1 h3
1 -1 -1 1 0 0 hl — hl
0 0 -2 1 1 0 . h2 + hl — h2
0 4 2 -2 0 1 h3 -~ 2hl — h3
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A
2
o

P,
4

| 1 0 0 hl — hl
4 2 -2 0 1 h3 — h2
-2 1 1 0  h2 —h3
1 -1 -1 1.0 0 hl — hi
1 05 -05 O 0,25  h2/4 — h2
1 -05 -0,5 0 h3/(-2) — h3
1 ~ 0 05 -05 0 hl + h3 — h3
0 -025 025 0,25 h2 - 0,5h1 — h2
1 05 -05 0 h3 — h3
1 0 ¢ 025 -025 0,25 hl + h2 - hl
I 0 -025 025 025 h2 — h2
1 -05 -0,5 0O h3 — h3
14 ~14 1/4
Do dd Al=[-1/4 14  1/4
-1/2 ~-1/2 0
8
2 1 1 1 0 0 hl
1 2 1 0 1 0 h2
I 1 2 0 0 1 h3
1 V2. w2 y2 0 0 h1/2 — hl
1 2 1 0 1 0. h2 —h2
| 1 2 0 0 1 h3 — h3
1 vz 12 12 0 0 hl -» h1
0 32 12 -2z 1 0 h2 - hl — h2"
12 32 -1y2 0 1 h3 - hl — h3
1 /2 12 12 o0 0 hl — hi
1 1/3 -1/3 2/3 0 h2/(3/2) — h2
1 3 -1 0 2 h3/(1/2) — h3
1 /2 12 12 o0 0 hl — hl
1 /3 -13 2/8 0 h2 — h2
83 -2/3 28 2 h3 - h2 — h3
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1 /2 12 172 0 0 hl — hi
1 /3 -1/3 213 o0 h2 — h2
1 -1/4 -1/4 3/4 h3/(8/3) — h3
1 1/2 0 5/8 1/8 -3/8 hil - 0,5h3 — hl
1 0 -~1/4 34 -1/4 - h2 - 1/3h3 — h2
1 -1/4 -1/4 3/4 h3 — h3
1 0 0 3/4 -1/4 -1/4 hl - 1/2h2 - hl
1 0 -1/4 3/4 -1/4 h2 — h2
1 -14 -1/4 34 h3 — h3
Do dé _
314 —-1/4 -1/4
Al=|-14 34 -14
-1/4 -1/4 34
9)
3 2. 0 1 0 0 hl
2 1 3 0 1 0 h2
4 -2 -1 0 ) 1 h3
1 2/3 0 1/3 0 0 h1/3 — hl
2 1 3 0 1 0 h2 -» h2
4 -2 -1 0 0 1 h3 — h3
1 2/3 0 v/ 0 0 hi — hl
0 -1/3 3 -2/3 1 0 h2 - 2h1 — h2
0 -14/3 -1 -4/3 0 1 h3 - 4h1 — h3
1 2/3 ) 1/3 0 0 hl — ht
1 -9 2 -3 0 h2(-3) —» h2
6 129/14 -12/7 3 -3/14  h3 - 14h2 — h3
1 2/3 0 1/3 0 0 hl — hl
1 -9 2 3 0 h2 - h2
"~ h3 14 h3
1 -843 14/43 -1/43 (128) ~
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hl — hi

1 2/3 0 1/3 0 0
1 0 14/43 -8/43 -9/43  h2 - 9h3 — h3
' 1 -8/43 14/43 -1/43 h3 — h3
1 0 0 5/43 2/43 6/43  hl-2/3h2 — hl
1 0 14/43 -3/43 -9/43 h2 — h2
1 -8/43 14/43 -1/43  h3 — h3’
5/43  2/43  6/43
Do do A1 = [14/43 -3/43 -9/43
—B/43 14/43 -1/43
10)
1 -2 1 -1 1 0. 0 0 h1
-1 4 -2 3 o0 1 0 0 h2
2 0 1 3 0 0 1 0 h3
-2 6 0 5 0 0 0 1 h4
1 -2 1 -] 1 0 0 0 hl — hl
0 2 -1 2 1 1.0 o h2 + hl — h2
.0 4 -1 5 -2 0 1 0 h3 - 2ht — h3
0 2 2 .3 2 0 0 1 h4 + 2h1 — h4’
I -2 1 -1 1 0 0 0 hl — hl
1 -1/2 1 12 172 0 o h2/2 — h2
4 -1 5 -2 0 1 0 h3 ~ h3
2 2 3 2 9 0 1 h4 ~ hd
1 -2 1 ~1 1 0 0 0 hl — hl
I -1/2 1 12 112 0 o h2 —» h2 .
0 1 I -4 -2 1 0 h3 - 4h2 — h3
0 3 1 1 -1 0 1 h4 - 2h2 -» h4
1 -2 1 -1 1 0 0 0 hl — ht
I -1/2 1 12 12 0 0 "h2 — h2
1 1 -4 -2 1 0 h3 — h3
0 -2 13 5 -3 1 h4 - 3h3 — h4-
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G X

1 0 0 0 hl — hl

12 12 0 0 h2 — h2
-4 A 1 0 h3 = h3
-13/2 -~5/2 3/2 -1/2 h4/(-2) — hd

-11/2 -5/2 3/2 -1/2 hl + h4 — hl
7 3 =32 '1/2 h2 - h4 - h2

+5/2 12 -1/2 1/2 h3 - h4 ~ h3

-13/2 -5/2 3/2 -1/2 h4 — h4

-8 -3 2 -1 hl - h2 — hl
33/4 13/4 -7/4 3/4 h2+1/2h3-> h2
52 12 -1/2 1/2 h3 - h3
-13/2 =5/2 3/2 ~1/2 h4 — h4

[
'b—‘__

17/2  7/2 -3/2 1/2 hl+2h2 - hl
33/4 13/4 -7/4 3/4 h2 — h2

52 1/2 -1/2 12 h3 —-h3
-18/2 -5/2 3/2--1/2 h4 - h4

—
R

172 T2 =312 172
3314 13/4 -T14  3/4|

52 122 =12 172

-13/2 -52 372 -1722

hl
h2
h3
h4

B | et DO
SN W NN D

h2 — hl
h3 — h2
h4 — h3
hi — h4

COO0OR OO0 =O

G e OO —
I .
[ e L ]

hl — hl

h2 + hl —» h2
h3 — h3

h4 - 2hl — h4

oo ~mooo|locoo o
co~o|loo—~o|lo~oo0
OO O DD Q| =00 o

[ =T o
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1 1 2 -1 o 1 0 0 hl -» hl
1 5683 0 0 13 13 0 h2/3 — h2
1 2- 1 o 0 - 0 1 h3 — h3
-3 -4 5 1 -2 ¢ 0 h4 — h4
1 1 2 -1 o0 1 0 0 hl — hl
1 583 0 0 13 13 o h2 — h2
¢ 18 1 0 -1/3 -1/3 1 h3 - h2 — h2
0 1 5 1 -1 1 0 h4 + 3h2 — h4
1 1 2 -1 o0 1 0 0 il — hl
1 583 0 o 18 13 o h2 — h2
1 8 0 -1 -1 3 3h3 - h3
1 5 1 -1 1 0 h4 — h4
11 2 -1 9 1 0 0 hl — hl
1 58 6 0 13 13 0 h2 — h2
1 3 0 -1 -1 3 h3 ~» h3
0o 2 1 0 2 -3 h4 - h3 — h4
1 1 2 -1 o0 1 0 0 hl — hi
1.6 0 0 113 13 0o h2 — h2
1 383 0 -1 -1 3 h3 — h3
1 12 0 1 -32 h4/2 — h4
1 1 2 0 12 1 1 -32 hl-+h4 —ht
1 58 0 o /3 13 0 h2 — h2
1.0 =32 -1 -4 152 h3 - 3h4 — h3
_ 1 12 o 1 -3/2 h4—» hd
1 1 0 o 72 3 9 -33/2 hl- 2h3 - hl
1 0 o0 52 2 7 -25/2 h2-5/3h3-> h2
I 0 -82 -1 -4 152 h3—h3
1 12 0 1 -32 h4->h4
1 0 0 o 1 1 2 -4 hl - h2 — hi
1 0 -0 52 2 7 -25/2 h2 — h2
1 0 -32 -1 -4 152 h3— h3
1 2 0 1 -3/2 h4 — h4
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_ Do do

1 1 2 —4
52 2 7T -252
-32 -1 -4 1572
172 0 1 -32

Al =

3._26. Vi @y py - G * O nén a; = 0 vi

nn

Ma trén
1y
Q.. —
B= |1 ay 1
aﬂﬂ
cd déac tinh : BA=I1AB =1
Vay B = AL

327. Tt A2 - 3A+ 11 = 0 ta suy ra .
I=384A-A%=A@BI-A) = (3 - AA

Vay 31 -4 = AL _ '

3.28. Ta phai ching minh rdng néu B = 0 thi A khong thé

kha dao. That vay, gid st B # O ma tén tai A Nhan A°}
v4i 2 v& cua AB = 0 ta suy ra

A l(AB) = A" 40
(A"14)B = 0
B=0
Diéu nay trai giad thist B = 0.
3.29. Nhan A! vgi 2 v& cia ding thic AB = AC
A Y(AB) = A"V (AC)

(A"'A)B = (A"1A)C
B=C
3.30. 1) det(A?) = det(AA) = det(A)det(4d) = =9 ;
det(43) = det(A24) = det(AZ)det(A) = = 27
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2) . AAY =]
' det(AA™ 1) = det()) = 1
det(A)det(A™)) = 1
_ 1 - 1
-1y - - =
det(A™ ") = det{A) =1
3) det(B2) = det(A) '

det(BB) = det{A)

det(B)det(B) = det{A)
det(B) = * VYdet(A) = + V5, .
det(B) = V5 hay— V5

det{A'lA) = det{A')Ydet(A)
det(4)det(4) = 102 = 100.

tde la

4)

2 -1
3.31. 1) A = [3 3]

det(A) = ‘g ';’ =6+3=9=0

Vay A kha dao :
1 3 1
-1 _ 2
A ‘9[~3 2]
-1 2
0 a1

-1 2

det(A)=’ s 6 =0

Ma trdn A khéng cé nghich dao.
21 -1

A=1|01 3

21

3)
1

122



- 9; ;1

det{A) = 4 = 0. Ma tran A cd nghich dao

1 -2 -2 4
A—l = Z 6 4 “_6
-2 ¢ 2
1 -1 2
4) A= 1[0 1 2
_ 0O 01
det{A) = 1 = 0. Ma trin A cd nghich déo
11 —4
A'l = [0 1 =2].
00 1
1 4 2
)] A=1[-1 0 1
2 2 3

det{(4) = 14 # 0.
Ma tran A cé nghich dio

L2 -8 4
-2 6 4

3.4. HE PHUONG TRINH TUYEN TINH

3.32.
2 b
1)A=|4 5‘ =2.5—4.5:—10¢0
= hé ¢d nghiém duy nhét :
1 5
_|=5 5] _5+25 _
¥ETTATTT T T T
2 1
4 -5 -10-4
y="—& =71 -
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1
2

2

= -3 =0

=» hé cd nghiém duy nhit :

X =

y=

2 -2 -
3) A = 0 1
-1 1

y:

z =

1 -1 1

4) A = |2 11
3 1 2

= hé c¢d nghiém duy nhit :

124

4 2
31 -9
14
23 -5
_—A_=__§_=5’I{3'
=120
-1 -2 -]
1 1 1
-1 1 1 9
A =71=2
1
2 -1 -1
0 1 1
-1 -1 1 4
'& =—=4
1
2 -2 -1
0 1 1
-1 1 -1 -3
A z—i—r:.
=1=0
i-11
2 11
0 12 7
T3 =7=1
1

.Q.\‘;. £



._01;

111
221
302 =3
Y = - A —=-1—=—3
1 -11
2 12
3 10 —q
Z=——"—'E*—=""1—:—9,
2 -1 -1
5 A= |3 4 -2 =60=10
3 -2 4
= hé ed nghiém duy nhat :
4 -1 -1
11 4 -2
11 -2 4 180
x =T % g <O
2 4 -1
3 11 -2
3 1 4 60
Y ="——A =(_-)6.=1
2 -1 4
3 4 11
3 -2 11 60
3 21
6)A =12 3 1| =12 =0
21 3
= hé cd nghiém duy nhét :
5§21
131
1113 24
x=—-—-—A——=— 2

12 =
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0 1 -5 4
1 0 -2 3
8 A = 3 9 0 5l = 24 = 0
4 3 -5 0
= hé ed nghiém duy nhat :
-5 1 -3 4
-4 0 =2 3
12 2 0 -5
5 3 -5 0 24
’Il = A = ﬂ =1
0 5 ~3 4
1 —4 -2 3
3 12 0 -5
4 5 -5 0 48
IZ=“ A :z-iz=2
0 1 =5 4
1 0 -4 3
3 2 12 -5
4 3 5 0 24
Xy = A =37 = I
0 1 -3 -5
1 0 -2 ~4
3 2 0 12
4 3 -5 o5 - 24
= X = o1 = -1

3.33. 1) Khong ding vi dinh i Cramer chi khing dinh rang
néu det(A) # 0 thi hé Ax = 6 ¢d nghiém duy nhat, khéng ndi
dén truang hgp dettA) = 0. Mat khic hé

[2v -3y =8

1

. | 4x - Gy = 16
cd dinh thuc



B
- ey

nhung lai cd vo s6 nghiém :
y tuy y
x = (8 + 3y)y2.

2) Ding vi néu det(A) = O thi theo dinh li Cramer hé AX = 0
cd nghiém duy nhédt ; nd da cd nghiém tdm thudng nén khoéng
thé cd nghiém khong t&m thudng. Do d6 det(A) phai bing khong.

3.34. a) Dat

thi he

tach thanh 2 he

cé chung ma tran hé sé

[

Ta c6 thé &p dung phuong phap Gauss d€ gidi hai he do
ddng thoi

2 5 4 -6
1 3 2 1
1 5/2 2 -3
1 3 2 1
1 5/2 2 -3
0 1/2 0 4
1 5/2 2 -3
1 0 8
1 0 2 -23
1 0 8 -
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Do dd

nghia la
_ —23
b) Tim X d&
-1 -1
0] = 3
1 -2
tiic la XA =B
Tha cd (XA) = B
\ AXt = Bt
Dat X' = Y ta cd A'Y = B, tic la ‘
2 1 4 1
1 ~1ly= (-1 3 -2
-1 0 1 3 2 5
Ap dung cach lam @ bai a) ta duge
1 2 1 1 4 1
1 1 -1 -1 8 -2
~1 0 1 3 2 b
1 2 1 1 4 1
0 1 -2 -2 -1 -3
0 2 2 4 6 6
1 2 1 1 4 1
1 2 2 1 3
1 1 2 3. 3
1 2 1 1 4 1
1 2 2 1 3
-1 o -2 0

9-BT.TCC.T1
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QB =] OB
|

-t —
O Q| = O O N e

Vay

Do dé

BB 98-
- i] = det(4) = {"2 "
|3
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3)

4)

- 3.36.

L _ 1[5 4] _[5 4
AV=77l4 3/ |4 -3

b -l - [0 0 -1

r= 3@ -%) =546 = 1
2):::4-—1

2(1-3::4)-——(1-1-3)—1
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1. 1
x2=§(6—x3-x4)=§.6=2

1
ﬂ:%@~¢2+h3—hﬂ=§@—2+4+2)=3
3.37. 1)
1,2 -0,8 2 hl
-1,5 0,25 | -4 h2
1,2 -08 | ¢ hl -» hl
-0,75 | 1,5 h2 + 1,5hl — h2

Do dé hé da cho tuong. dugng véi
{ 12x ~08y= 2

~ 0,75 = -1,5
Ta suy ra '
-1,5
¥y = —75 =2
=112 + 08
T EI2 %
i s 3,6
=1—,2[2 + 0,82 = r-—3
x=3 y=2
2) .
1 1 i 1 hl
1 2. 3 | -1 h2
1 4 9 -9 k3
1 1 1 1 hl - h]
1 2 {-2 ° h2-hl —>h2
3 8 -10 h3 -~ hl — h3.
1 1 1 1 hl — hl
1 2 -2 h2 — h2
2 | -4 h3 - 3h2 — h3

132



v og
6’;9

Vay hé da cho tuong duong véi

x+y+z =
y+2z = -2
2z = -4
Ta suy ra
z=-—;-=—2
y=-2-2z2=-2+4=2
x=l-y-z2=1-2+2=1
Vay x=1ly=22z=-2
3)
1 1 1 -1 2 hl
1 0 -1 2 0o . h2
-1 2 -2 7 -7 h3
2 -1 -1 0 3 h4
1 ~1 1 -1 2 hl — hl
0 1 -2 3 -2 h2 - hl — h2
0 1 -1 6 -5 h3 + k1l — h3
0 1 -3 2 -1 h4 - 2hl — h4
1 -1 1 -1 2 hl — hl
1 ~2 3 -2 h2 — h2
0 1 3 -3 h3 - h2 — h3
0 -1 -1 1 h4 - h2 — h4
1 -1 1 -1 2 hl — hl
' 1 -2 3 -2 h2 - h2
1 3 -3 h3 — h3
0 2 -2 h4 + h3 — h4

Heé da clfb tuong duong véi

X, - 2tz -x, = 2
xy - 2xy + 3x, = 2

xy +3x, = ~3

2x -2

4 =
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Ta suy ra

x2=—2+2'x3-3tx4=1
Xy =2+x2—-x3+x4=2

4)
1 -1 2 2 1 3 hl
2 1 5 2 2 6 h2
-1 4 0 -6 1 -3 h3
-2 -4 -4 -1 1 -3 h4
2 4 4 7 ~1 9 h5
1 -1 2 2 1 3 hl ~ hl
0 3 1 -2 0 | 0 h2 - 2h1 — h2
0 3 2 -4 2 0 hd + hl — h3 -
0 -6 0 3 3 3 h4 + 2h1 — h4 -
0 6 0 3 -3 3 h5 - 2kl — k5
1 -1 2 2 1 3 hl — hl '
3 1 -2 0 0 h2 — h2
0 1 -2 2 0 b3 - h2 — h3
0 2 -1 3 | 8 h4 + 2h2 — h4
0 -2 7 -3 3 h5 - 2h2 — h5
1 -1 2 2 1| 8 hl — hl
3 1 -2 0 ¢ h2 — h2
1 -2 2 0 h3 — h3
0 3 -1 3 h4 - 2h3 — h4
0 3 1 3 h5 + 2h3 — h5
1 -1 2 2 1 3 hl — hil
3 1 -2 0 0 h2 ~» h2
1 -2 2 0 h3 — h3
- 3 -1 3 h4 — h4
2 0 h5 - h4 — h5

134



P
"
"#

Vay he da cho tuong duong voi

X, - %, + 2%y +2x, tx5 =3
3x, + x3—2x4 =0
3x, x5 =3
_ 2xg 0
Ta suy ra
X 0
x4=1
EN 2
xz=0
x1=—3
. 1 -
3.38. 1) A= [3 a]
det(A) = l; _i =g+ 6.

Hé khong o6 nghiém duy nhdt khi
det(d) = @ + 6 = 0,
tdc 1a khi a = —6
2) Heé khong cé nghiém duy nh&t khi

1 -1 2
2 a 3 =0
3 31

téc 1a khi ¢ = —4/5.
3.39. Hai hé tuong duong khi nghiém cia ching trung nhau.
Ta gidi hé thd nhét : né cdé nghiém duy nhit :

15 3
=T~ L= %
25
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A e w
Nghiém nay théa man phuong trinh thd hai cia hé thy haij :
-3+ 2(-1) = -5

Muén cho hai hé tuang duong ta cho nghiém trén thda man
phuong trinh thd nhit cia hé thd hai d€ tim g -

3+a(-1) =4

Ta suy ra a = -1

1 3!
3.40. 1) A = 12 2[ =-420

= hé cd nghiém duy nh&t phu thubc a va b -

a 3
b 2 2a -3 1 3
x=-A-= 3 ="‘*2-a+zb;
. la
: 25 b-22 1 1
Y = A = =Ea—zb.
1 1 -1 .
2) A = |1 2 -2 =1 % 0
2 -1 2
= hé& c¢6 nghiém duy nhat phy thuSc e, b va ¢ :
a 1 -1
b 2 -2
c ~1 2
x = - A = 2a — b
la -1
16 -2
2¢ 2
'y=‘_ A =—60+4b+l‘.‘
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1 1ea
1 268
2 -1¢ ) '
z= g = =5 +3 te
a -3 1
3.41. 1) A=12 1 1| = -4a - 20
3 2 2

Diéu kiér cdm va dd dé h¢ thuln nhit dd cho cd nghifm
khong tdm thutng la A = 0, tdec 1A '

~4a ~20=0=qa = -5

2) A

#

l ~a 2
2 4 —a

(1 ~a)4 -~ a) - 4 = a% - 5q.

Difu kién c&n va di dé hé& thufin nh8t 4% cho ¢ nghiédm
khéng tdm thudng la A = 0, tde la

a2 - 50 =0

[

haya = 0vaa = 5.

3.5. HANG CUA MA TRAN -
HE TUYEN TINH TONG QUAT

3.42. 1) Hé da cho 12 m$t hé thudn nhdt co s6 4n (4) nhisu
hon s8 phuong trinh (3) nén cé vb s6 nghiém va do dd cd
nghiém khéng tdm thudng.

2) He¢ da cho la mét hé thudn nh&t ¢6 ba phuong trinh ba
in vai dinh thic ‘ ' _ :
1 2

1

A= =5=0

ol L2

Do ddé nd chi cé nghiém tdm thudng.

3.43. D€ tim hang clia ma tran ta 4p dung cdc phép bién
ddi so cdp vé hang
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hl

2 -1 8 -2 4

4 -2 5 1 7 k2

2 -1 1 8 2 h3

2 -1 3 -2 4 nl = nl

0 0 -1 5 -1 h2-2h —h2

0 0 -2 10 -2 h3 - hl »h3
"2 -1 3 -2 4  hl-»hi

1 5 -1 h2—h2

0 0 0o h3 - 2h2 ~» h3

Dang béc thang may cd hai hang khéc khong, ta suy ra
’ PA) =2
b)

3 5 -1 hl
-1 -3 4 h2
1 -1 b3
7 8 1 14

3 5 -1 hl — hl

-7 -13 6 h2 - 2hl = h2
-14 -26 12 h3 - 5h1 — h3
-14 -2 8 h4 - 7Thl — h4

1 3 5. -1 hl — hl
-7  -13 6 h2 — h2

0 0 0 h3 - 2h2 — h3

0 0 -4 h4 - 2h2 — h4

-]

P=oa] QDD e

1 3 5 -1
-7 -13 6
0 0 -4
0 0 0

Dang bac thang ndy <6 ba hang khac khong.
Ta suy ra p(A) = 3.
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c)

4 3 2 3 h1

8 6 -7 4 2 h2

4 3 -8 2 7 h3

4 3 1 2 -5 h4

g8 6 -1 4 -6 h5

4 8 -5 2 3 hi - hl

0 0 3 0 -4 h2 - 2kl — h2
0 0 -3 0 4 -h3-hl-—»h3
0 0 6 0 -8 h4: - hl — h4
0O 0 9 0 -12 b5 - 2hl - h5
4 3 -5 2 3 hl — hl

60 0 38 0 -4 h2 — h2

0o 0 0 O ] h3 + h2 — h3
0 0 0 0O 0 h4 - 2h2 — h4
oc 6 0 ©

0 h5 - 3h2 — hd

Dang bac thang nay cd hai hang khic khéng. Do dd
' P = 2.

3.44. Ta vin 4p dung cdc phép bién dbi su cdp. Nhung truée
hét ta d6i chd cot 2 voi cot 4, r8i hang 1v6i hang 4 d€ dua .
i dén vi tri hang 4 cot 4, diéu d6 khong dnh hudng dén hang
cia ma trn, vi né khong thay ddi tinh khdc khong hay bing
khéng cia céc dinh thdc con cia ma trin.

Ta duge

A—-B=

[—
et 02 =] =]

4
10

1|

A

W b
hww o

Bay giv ta 4p dung céc bién d8i so cAp v& hang cia B.
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1 7 2 4 ht
1 17 4 10 h2
4 3 3 1 h3
3 1 2 2 h4
1 7 2 4 hi -= hi .
0 10 2 6 h2 - hl — h2
0 -25 -5 -15 h3 - 4hl — h3
0 -20 -4 A1 -12 h4 - 3hl1 — hd
1 7 2 4 hl - hl
10, 2 6 h2 — h2
0 0 0 h3 + 2,542 — h3
0 0 p: h4 + 2h2 — h4
1 7 2 4 hl —» hl
10 2 6 h2 - h2
0 0 A h4 — h3
0 0 0 h3 — h4

Vay néul = 0 thl p(B) = 2 do d6 p(A) = p(B) = 2
néu A = 0 thi A(B) = 3 do dd p(A) = p(B) = 3.

b) Truéc hét ta d8i chd hang hay cot d€ dua tham s6 1 vao
géc thdp bén phai

-1 2 1 -1 1
_ i -1 1 -1 -1
A=l1 21 0 1 1
1 2 2 -1 1
(.1 2 1 -1 1]
1 2 2 -1
a1 1 -1 -1
I 2 0 1 1
(—1 I 1 -1 9]
-1 1. 2 1 2| _
Tl-1 1 1 a4 ™B
1 1 o0 1 2
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Bay git ta 4p dung cdc bi€n d6i so cdp vé hang cua B.

-1 1 1 -1 2 hl
-1 1 2 1 2 h2
-1 -1 1 2 -1 ‘h3
1 1 ) 1 i h4
-1 1 1 -1 2 hl — h1l
0 0. 1 2 0 h2 - hl —» k2
0 -2 0 1+1 -3 h3 - hl — k3
0 2 1 0 i+2 h4d+hl —>hd
-1 1 1 -1 2 hl — hl
0 0 1 2 ] h2 — h2
0 -2 0 i1+1 -3 h3 -» h3
0 1 A+12-1 h4d+h3—>hd
-1 1 1 -1 2 hi — hl
-2 0 i1+1 -3 h3 — h2
1 2 0 h2 — h3
1 A+132-1 h4-—h4
-1 1 1 -1 2 hl — hl
-2 0 1+1 -3 h2 — h2
1 2 0 h3 — h3
0 2-14A-1 h4-h3 > hd

Vay néu A = 1 thi P(A) = 3 ; néu A

3.45.

Axx +y +z =
1) x +dy +2 -
x +ty +Az =

(|
::,h-b-

Dinh thic clia hé la

A=

1 1
1 4 1
1 1 3

# 1 thi pA) = 4.

=Q-DXH+2)
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Néud # 1 va # -2 tht A = 0 va hé cé nghiém duy nhit :

111
Al
;= ZLlal  —a-12a+n A+l
TA T a—2p+2 A+2
Al '
14
122} (A -1y 1
YT TR T usii+ey  A+2
A1l
124
P ol A e V L L R Y
A T a-na+z 0 A+2
Néu 1 = 1 thi c6 hé '
' x+y+tz=1
x+yt+tz=1
x+y+z=1

Hé nay ecd vé6 s6 nghiém phu thuéc hai tham s§ :

y va z tuy ¥

x=1-y—z
Név 4 = -2 thi ed he-

2x +y+2=1

*r—2y +z = -2

x+y —2z2=4.

Coéng 3 phuong' trinh lai ta dugc

Ox +0y +0z =3
Ox +y +2) = 3.

Vay hé vd nghiém.
2) ' x+ay +a%z = &
x + by +b% = b
x +cy.+czz =3
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Dinh thiie cia hé la

1 a a?
1 & b2
1 ¢ ¢

A =

= b - a)e — a)¥c ~ b).

Néua » b # ¢ thi A # 0 va hé ¢5 nghiem duy nhat :

ad a a?
b3 P bZ
¢ e ¢?

x = A =
1 a® a?
153 52
1.3 02

-A.(ab +bc +ca)

y = X =

—
L %R

_ A +bte)

A

a+b +ec

g =

pf}q"a

A

Néu trong ba s6 a, b, ¢ cd hai s6 bing nhau ching han
a = b # ¢ thi ba phuong trinh ciia hé chi cdn hai

x +ay +a% = a3
x tcy +cz =

tdc la

—az + a3
—~% + ¢3

x + ay
x +cy

" Dinh thdc ctia hé nay la :

1 a

A=|1 c

=e¢ —a = 0.
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Vay hé ¢6 vb6 s8 nghiém phu thudc 1 tham s6

z tuy ¥
—a22+a3 a
%z +3 ¢
x = - =ec(z —c —@a) ;
c—a
1 —o%+ad?
1 —-cZz+¢e3
yEomm " =20? - +a® +ac +oc

Néu @ = b = ¢ thi ba phuong trinh ciia hé chi con mét
x tay+ a2z = g3

V8y hé c6 vé s8 nghiém phu thudc 2 tham s :
Y 2 tiay ¥
x = -ay — ¢’z + a3

x+y+z=1
3) axr + by vez =d
6% + by + 22 = gt

Dinh thdc cia he la

: i 1 1 '
A=la b ¢} = & — a)c - a)c = b).
a2 p? ¢2 '

Néu o, b, ¢ khdc nhau thi A # 0 va he cd nghiém duy nh#t

1 1 1
d b ¢
L o e-de-ae-b)
o= A T G-afc-a)c-b)
_@-de-d)
T G-ok-a
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1 1 1

a d ¢
@ e @eaye-ae-d) _
y = T (b-a)c—a)c-b)

(a —d)(c —d)
(@ ~b)c—b)
1 11
a b d
e p-ayd-ayd-b) _
2 = A = G -a)c-a)c-b)
_ (a —d){b ~d)
T (@-ob-o
Néua =56 a # ¢, d =a hay d = ¢ thi h¢ ¢ v0 s6 nghiém
phu thudc mot tham s8.

Néub =¢,a b d=a hay d = b thi hé cing cd vd s6
nghiém phu thuéc moét tham sé.

Néua =c¢,a# b, d=a hay d
nghiém phu thufc:mét tham sé.

Néuag = b = ¢ = d thl hé cd v8 s6 nghiém phu. thudc hai
~ tham sé. :

Trong t4t ca cdc trudng hop con lai, hé v6 nghiém.

b thi hé cling ¢6 v6 s6
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Chudng V

KHONG GIAN VECTO -
KHONG GIAN EUCLID

A. DE BAI

5.1. KHONG GIAN VECTO - DINH NGHIA VA THf DU

6.1. Trong cdc bai tap du6i day ngudi ta cho moét tAp cdce
‘phan td goi la vects, hai phép tinh céng vects vad nhan vects
véi mot s6. Hay xic dinh t4p nao 1a khong gian vecto va néu
¢ tdp nao khéng phai 1a khéng gian vecta thi chl ra cdc tian
dé ma t4p d5 khong thda mén.

1) Tap tat ci cic bd ba s6 thuc (x, y, 2 véi céc phép tinh
(&, Yo+, y, 2=+t y+y, z+2)
k(x, y, z) := (kx, y, 2).
2) Tap céc bd ba s6 thue (x, y, 2z} véi cdc phép tinh
o, y, 20+, y,2)=(x+x’, y+y, 2+2" |
R(x, ¥, 2) := (0, 0, Q).
3) Tap céc cdp s8 thuc (x, y) véi cdc phép tinh
x,y)+&,y):=(x+x,y+y)
k(x, y) : = (2kx, 2ky).
4) Tap cdc 58 thycx véi cac phép tinh cong va nhan thong thuong.

3) T4p cdc cip s6 thuc cd dang (x y) trong dé x = 0 véi
cdc phép tinh théng thudng ‘trong RZ. '
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6) Tap cac cap s8 thue (x, y) véi cdc phsp tinh
x, yy+x,y):=(x+x"+1 y+y +1)
kx, y) : = (kx, ky).

5.2. KHONG GIAN CON VA HE SINH
5.2. Hoi mbi tap dudi day 1a khéng gian con cia R3 hi?.y khéng :
(a}) Cac vectd c6 dang (a, 0, 0) ? '
{b) Cédc vectd cd dang (a, I ; 1) ?
(e) Cédc vecto cd dang (a,b, ¢) v8i b =a +c¢ ?
(d} Céc vectd cd dang (@, b, ¢) v@ib =a +c+1 ?

5.3. Goi M, 1a tap cdc ma tran vudng cfp hai véi phép cong
ma trin vi nhan ma tran v&8i moét s§ thuc théng thuing. Ching
minh ring M, 14 mot khong gian vects. Hdi méi tap dudi day
cé 1a khéng gian con cia M, khong :

- (a) Cdc ma tran cd dang
[a b] ,
e d
trong dd ¢, b, ¢, d la nguyén ?
(b) C4c ma trén cd dang
ci
. ¢ d
trong dé a + d = 0 ?
(¢} Cdc ma tran cfp hai sao cho A = A' ?

{(d) Cac ma trén cdp hai sao cho det{A) = 0 ?

5.4. Hbi mébi tap dudi day cd 1a khéng gian con cua C[0, 1]
khong : - :

{a) Cac f € C[0, 1] sao cho fix) < 0, ¥x € [0, 1] ?
(b) Cac f € C[0, 1] sao cho f{0} = ¢ *? ' '

, () Cac f € C[0, 1] sao cho f(0} = 2 ?
(d) Céc f 1a hing ?
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(e) Cdc f € C [0,1] c6 dang k + k, sinx, trong d¢ k, va k
cdc s6 thuc.

5.5. Héi méi tap dusi day ed phai 1a khong gian con cha P,

khéng (xem thi du 5. 1. 5 trong Thee/l) :

(a) Céac da thic a, + ax + O.ZJ:Z + (,;3}:3 trong dd a, = 0?7
(b) Céc da thic e, + ax + ax? + a3x3 trong dg
a, +a; +a, ta; =07

(c) Céc da thic a, + ax + ax? + axd trong dé a, a, a,

12 céc s6 nguyén?

u,

5.8. Hay bi€u dién vecto x thanh t8 hop tuyén tinh cha u, v, w:’

a)x=(7,-215) ;u=(2,85,v=(3178;w=(,-6 1)
b)x = (0,0 00; u v, w nhu & a)

cdx=(1L,4,-7,7);u =1(4,1,3, -2),v =(l,2 -3 2),
= (16: 9; }-’ - 3)

d)x = (0, 0, 0, 0) ; 4, v, w nhu & c).

5.7. Hay xic dinh A sao cho x 1a t§ hgp tuy&n tinh cia
U, W .

@u=(285),0 =(3,7,8), w=(1,-61);x = (7-2 1)
blu = (4,4, 3),v=(7,2,D, w= (416 ;x = (5 9, 1)
u=1(342,0=21(68T7; x =I(9, 12, 1)

Dp=(205,v=(24T,w=(50641;x=I(,3 5

5.8. Hay bi€u dién cdc da thic sau thanh t8 hop tuyén

tinh cia :

=-2-1-;t:+éL't:2;pz=_1---Jc—30:2;}73=3-!-2x+5;c2

(a) 5 + 9x + 522
(b).2 + 627
(c) 0

(@ 2 + 2x + 32
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5.9, Ma tran nao dudi day la t8 hop tuyén tinh cua

ma tran
1 2] o 1 4 -2
e e

6 3 -1 7
(a) [O 8] (b) [ 5 1]
o 0 6 -1
(c) [0 0] (d) [_8 _ ]

5.10. Méi ho vectc dudi day c6 sinh ra R khong ?

(a) —(111}02-(220) vy = (3,0, 0)
(b) ul=(2 1,3 ,v,=(4,1,2),v,=1(8-18)
© v, =13 1,4, = (2 -8, 5), vy = (5, - 2,9,
v, = (1,4, -1)
@ v, =(1,83,0,=(,34,0=(,43),
v, = (6,2, 1)

5.11. Hdi ham nao dudi day thu(’:c khfmg gian sinh bdi

f = coslx va g = sin’x :

(a) cos2x ? (b) 3+ux??

17 (d) sinx ?

5.12. Hoi cac da thde dudi day cd sinh ra P, khong
p]=1+2x—xz; p2=3+x2'; ‘
'p3=5+4_::t—x2; p4=—2+2x-2x2?

5.3. HO VECTO DOC LAP TUYEN TINH
VA PHU THUOC TUYEN TINH

ba

5.13. Cac tip sau day la doc lap tuyén tinh hay phu thudce

tuyén tinh :
(@) u, = (1, 2) v u, = (-3, - 6) trong R* ?
b u, = (2, 3, u, = (-5, 8 ; uy = (6, 1) trong R? ?

{c) p, =

2+31-x2v€1p2

=6+9x—3x2trongP2?
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) A = [é g] vaB = [:; "g] trong %6, ? .

5.14. Cac tap dudi day Ia doc 14p tuyén tinh hay phu thuée
tuyén tinh :

a) (1, 2, 8), (3, 6, 7) trong R3 ?

b) (4, -2, 6), (6, - 3, 9) trong R® 7

€} (2, - 3, 1), (3, -1 5), (1, - 4, 3 trong R? ?

d) (5, 4, 3), (3, 3, 2), (8, 1, 3) trong R3 ?

5.15. Céac tap dudi day la dée lap tuyén tinh hay phu thuéc
tuyén tinh : ‘

a) (4, -5, 2, 6), (2, - 2, 1, 8), (6,- 3, 3, 9, 4, -1, 5, 6)
trong R* ? '

b) (1, 0,0, 2, 5), (0, 1, 0, 3, 4), (0, 0, 1, 4, 7), (2,-3,4, 11, 12)
trong RS ?

5.16. T4p nao trong P, dugi day la phu thudc tuyén tinh :
(8) 2 - x +4x% 3 +6x+2x2, 1 + 10x - 4x2 ?

(b) 3+x+a% 2 -x+5x%,4 ~ 329

(€) 6 - x%, 1 +x + 42227

() 1 +3+8?,x+4x®,5+6+8x% 742 —227
5.17. T4p nao trong C(-w, =) dudi day 1a phyu thudc tuyén tinh ; -
(2) 2,4 sinx, cos?x ; (b) x, cosx ?

(e) 1, sinx, sin2x ; (d) cos2x , sin’x, cos?x

&) 1 +22%, x2+2x,3; () 0, x, x%?

5.18. Tim 2 thuc lam cho cde vecto sau day phu thuéc tuyén
tinh trong R3.

1 1 1
w= (b o mg) ms (e h-3)
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5.4. KHONG GIAN HUU HAN CHIEU
VA ¢d s CUA NO _
“5.19. Hay giai thich tai sao cdc tap sau khong pbai la co sd
cia khéng gian tudng dng : :
(@ u, = (1, 2), u, = (0, 8), uz = (2, D d6i voi R2
) u, = (- 1, 3, 2), u, = 6 1, 1) déi véi R’
(c)p]__=1+x+x y P x -1 déi véi P,.

R ENERR [
pofo eep e

5.20. Ho nao dudi day 1a cd sé trong R? :

(@12, D,360; (b1 7 -8
(© 0, 0), (1,3);  (d) (3, 9), (-4,-12).

5.21. Ho nao dudi day la co s& trong R?

(a) (1, 0, 0), (2, 2, 0}, (3, 3, B ;

(b 3,1, - 4, (2 5, 6), (1, 4, 8 ;

(e) (2, - 3, 1, 4, 1, ), (0, -7, 1} ;

) (1, 6, 4), (2, 4, - 1), (-1, 2, &) ;

5.22. Ho nao dudi day la co sé trong P, -
(a) 1 -8 + 20, 1 +x+4x, 1 -7

(b) 4 + 6x + 2%, - 1 + dx + 24%, 5 + 2 -
() 1+ x + %, x +x%, x*

(d) = 4 +x + 325 6+ 5x + 225 8+ dxr + 2%
5.23. Ching minh ring ho sau day la co sd trong .‘Mz‘

NENEEAEENIE
ol baf o[

d A

il

151



5.5. 36 CHIEU VA CO 53 CUA KHONG GIAN CON
SINH BOI MOT HQ VECTG

5.24. X4c dinh s6 chiéu v3 mét co sd cta khoéng gian nghiém
clia cac hé sau.

2c  + x; + 3k =0
1) :cl+2:lc2
'12+ =0

I
[l

1+x2+x3+x
ﬁxl—x2+x3—x4=0

'3x1+- Xy + 20, = 0
- 3)'44‘1:1 +5x3=0
xl-—3x2+4:x3=0
(%, ~ 85, + x, =0
4)‘2x1_—6x2+2x3=0
3’1._9“2"'3"'3""'0
2xl—-4752+ Xy tx, =0
xl-ﬁz:2+2x3 0
5) —2;:2--2.13—::4 0
x; + 3x, +x, =0
xl—-2x2-— x3 tx, =0
[ x+y+z2=0
3 +2y —2z2=0
6){ 2x —4y +2z =0
4x+8y-32=0
2x+y—-23=0

5.25. X4c dinh co s cta cac khOng g1an con cia R
{a) Mat phéng 3x - 2y +5z=0
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(b) Mat phdng x -y = 0

. x = 2¢
{c) Dudng thing |y =¢t, —» < < +o
z = 4t

{d) Cac vecto cé dang (a, b, ¢). trong 46 b = a + c.
5.26. X4c dinh s6 chifu cia céc khong gian con cia R :
{a) Cac vects cd dang (a, & ¢, 0) ;

(b) Céc vects cd dang (@, b, ¢, @) trong dd d = a + b va.
¢c =a- b, i

{(c) Céc vecto c6 dang (a, b, ¢, d) trong d6 @ = b =¢ = d.

5.27. Xac dinh s8 chiéu cia khéng gian con cia P, gbém céc
da thdc.

a, +alx+azx2+a31:3u6i a, = 0

5.28. Tim m6t co 86 va s8 chiéu cla khong gian con cua R?
sinh bdi cdc vectd sau. ' .

a) (1, -1,2),(, 1,3 ,-1,5 0) .
by (2, 4, 1),(3,6,-2)(-1,2,_%)_

5.29. Tim médt co sd va s§ chifu cla khdng gian con cia R*

~ sinh bdi cde vecto sau.

a) (1,1, -4, -93),(2,0 2 -2),(2,-1,3,2)

b (-1, 1~ 2, 0) , (3, 3, 6, 0), (8, 0, 0, 3)

& (1, 1,0 0,00 11,20 2 2) 0-3 0,3
OO0 L -2 138 -2 (@15 -0, - 11 4.

5.30. a) Ching minh ring tdp cdc ham kha vi trén [e, b]
va thdéa mén

fr+4f =0
tao thanh mo6t khong gian con cda C [a, &].

b) Tim s6 chidu va mdt co &d cia nd.
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5.6. TICH v HUONG VA KHONG GIAN
€O TiCcH vO HUGNG

5.31. 1) Tinh tich vd huéng Euclid trong R? ciia

au =2, -1, v=1(~1,3)

b)u =1(0,0 ,v =(7 2 .

2) Tinh chuéin Euclid cta u va o va ki€m tre lai b4t ding C- 8.
5.32. 1) Véi hai ma tran trong IHGZ ‘ .

r
iy “2] b1 4
u o= , U = e
u3 u4 .U3 U4

Hay chiing minh ridng bi€u thdc

v oSy, v > = uv, +u2 u2+u3v3+u4u
m$t tich vé6 hudng '
2) Ap dung d€ tinh tich v huéng cia

e [h e

3) Kiém tra lai bét dhng thic C - S.
5.33. Véip vi ¢ € P, :

4

p=a,+tax +aeplq=25, +bl:c‘+fsv2::2
1) Ching minh rdng
<p, qg>:= ab, +ab + asb,
mét tich vé6 hudng trong Pz
2) Ap dung d§ tinh tich v6 huéng cia
p=-1+2c+2% g =2-4x2
3) Ki€m tra lai b4t dAng thic C - §.

4) Ching minh ring

<p. g> : = p(0)q(0) +p(%)q(%) + phe(l)

cing 13 mot tich vé6 huéng trong P,.
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5) Lam lai phdn 2) v8i tich v6 hudng mdi.
6) Lam lai phan 3) v6i tich v6 huéng mdi.
534. Xét u = (u, uy, u3 ), v = (v, vy, v; ) € R?

Hoéi biéu thic ndo dudi day cd th€ 13 mot tich vé6 hudng
trong R>, néu khéng duoc thi néu i do :

a) <u, v> : = vy t o,

b) <u, v> : = ufuf + u%u% + ugug ;

c) <u, v> : = 2uw, + uyu, + 4ugu, ; .
d) <u, v> = ww, - uu, tougy,

5.35. Trong R? ta xét tich vé6 hudng Euclid. Hay ap dung
b4t ding thdic C - S d€ chung minh

|acos® + bsinB| < Yat + &

5.36. Véi f = fix), g = gfx) € P;. Ching minh rang

1
<f, 8> : = | flx)gx)dx
ot |

1a mé6t tich vé huéng.
Hay tinh tich vé hudng ciha
a)f=1-z+22+53 g = x- &,
b) f =x -5x% g = 2 + 8% .

5.37. Véi tich vo huéng Euclid trong R?, hay xac dinh % d€
u va v trgc giao.

ayu = (2,1, 3),v=1(1, 7, B ;
b)u = (& &k 1), v = (&, 5, 6).

5.38. Véi tich vé hudng trong P, & bai tap 5.33.1 ching
minh ring

p=1-x+2xtvag=2x+x*
truc giao.
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5.39. Cho ma tran A = 1 ,13 € M, Véi tich vé huéng

4 bai tap 532, hoi trong cdc ma tran dudi diay ma tran nao
truc giao vai A

-3 0 11
"”[o 2}; b)[o —1]?_
0 0 1

°) [0 OJ; @ [5 2]9

9.40. V6i tich v6 huéng Euclid trong R*, hay tim hai vecto
¢6 chuén bing 1 v tryc giao véi cdc vecto sau
=1(2,1,-4.0,v = (-1, ~1,2,2), w= (3, 2 5, 4)
5.41. V-la khong gian cd tich vo hudng. Ching minh

D e + oll* + lle - ol = 2|ful? + 2{|]?
1 1
- = 2 _ _ 2
<y, u> —4||u + vl 4||m vl

d6i v4i moi u, v € V.

5.42. Xét thong gian C [0, n ] véi tich vo6 husng
T
<f, g>: = [ flx)gx)dx
{

vi xét cdec ham sé fx) = 'cosnx, n = 0,1, 2,
Ching minh rang £ va f trv._fc giao néu & = [
1 1 L 2 3
(B ~w) 2= (G )
Ching minh rdng x va y truc chuan ‘trong R? theo tich vo‘

huéng <u, v > : = 3uw, + 2up, nhung khéng true chudn theo
tich v6 hudng Eucllcl trong dd :

5.43. Cho x =

u = (u,, uz), v o= (v, Uz] :
5.44. Ching minh rang
U.I = (1, 0, 0_- 1), uz = (_ls Oy 2; l}!
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uy = (2,82 -2, u,=(-1,2-1,1.
1a mot ho truc giao trong R d6i v6i tich vo hudng Euclid.

5.45. Trong R? ¢ tich v6 hudng Euclid. Hay ap dung qué
tinh Gram - Smidt d& bién co sd {u, u,} dudi day thanh co
sd truc chudn. y

(@) uy = (1, -8), u, =(2,2),
®) u, = (1, 0), u, = (3, -5).

' 5.46. Trong R?® xét tich vé6 huéng Euclid. Hay 4p dung qua
trinh Gram-Smidt d€ bi€n co sé { u,, u,, u, } dusi day thanh
co sd truc chufn. '

@u, =(,1,1), a,=(-1,10), uy=1(1,2 1);
®u; =1(1,0,0), u,=(3,7-2), uy=1(04,1.
5.47. Trong R® xét tich v6 huéng Euclid. Hay tim mot co

s¢ truc chudn trong khéng gian con sinh bdi cac vecig (0, 1, 2)
va (-1, 0, 1).

5.48, Trong R? xét tich v6 huéng <u, v > : = uwy + 2uu, +
+ 3u,u,. Hay 4p dung qué trinh Gram - Smidt d€ bi&n

u = (1, 1, 1), u, = (1, 1, 0) ,uy = (1, 0, 0)
thanh mét co sd true chudn.

il

4 3
5.49. Khog gian con cia R’ sinh bdi u, = (g: 0, - 5) va

= (0, 1, 0) la modt mat phidng di qua g6c. Hay bi€u dién
w = (1, 2, 3) thanh w = w, + w, trong d6 w; nAm trong mit
phdng con w, tryc giao v6i mat phéng.

5.50. Trong P, xét tich v6 hudng
1
<p, q> : = [ pay(xdz
-1

Hay 4p dung qué trinh Gram - Smidt d€ bién co s& chudn
tac {1, x, x°} thanh mét co s truc chuédn.
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5.7. TOA BO TRONG KHONG GIAN n CHIREU
5.51. Hay tim ma tran toa d6 va vectd toa d6 ciua w d6i vdi

cd 83 S = {u,, u,} cia R?, trong do
(@) u, = (1, 0), .uz =01, w=(3-70;
b)u, = (2, -4), =(3,8), w=(Q,1);

()u, =(1, 1), u—(02) w = {a, b} .
1 2

5.52. Hay tim ma trin toa dd va vecto toa dd cha w d6i vdi
cog sé¢ S = {ul, u,, ug} cia R® trong dé.

@ w=1(2-1,3,us =(Q100), “ =20,
uy = (3,8, 3 ;

® w=1(5-128),u; = (1,2 3), 4, = (-4, 5, 6),
uy = (7, -8, 9).

5.53. Hay tim vecto toa d6 vd ma trAn toa do cta A d6i vai
cd s B = {A, A,, A;, A,} cia JK, trong dé

A=[-? g] A1=[“<1) (1)] _"‘2"‘[(1) (11]
U I R

5.54. Hay tim vecto toa d6 va ma tran toa d6 cia da thdc
p d6i véi co 86 B = {p,, p,, p;} cia P, trong d¢
P = 4—3I+I2,pl = la.pz =X, pq = z%

5.55. Trong R? va R® xét tich v&6 huéng Euclid va mot co
sd truc chuidn . Hidy tim vecto toa d0 vA ma trin toa dé cia w

{1 -1 1 1
@ w=07 w-(g-ph w- (G

_ (21 _2 _ {12 2
“2 133 "3 YT |33 3l
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5.56. Trong R? xét tich v6 hudng Euclid . Xét 8 = {w), w,}

s 3 4 4 3
V01w1$ g,—g,w2= g,g

(a) Ching minh 8 la mét co sd truc chudn cia RZ.

(b) Cho u va v € RZ véi (), = (1, 1), (), = ( - 1, 4).
Hay tinh u , d(u, v) va <u, v >. '

(c) Tim u va v r6i tinh u , dfu, v} va <u, v > mot cich
true tiép.

5.8. BAI TOAN DOI €O SO

5.57. Xét cdc co s B = {u,, u,} va B' = {v, v} cia R?
trong do

o] wf] a-f] =[]

(a) Hay tim ma trin chuyén co sd tit B sang B’ .

(b) Hay tinh ma tran toa d6 [w]y trong dd w = (3, -5) va
tinh [w]g. -

(¢) Tinh [w]y, truc ti€p va ki€m tra lai két qua trén
(d) Tim ma tran chuyén cd sé tit B’ sang B.

5.58. Lam lai bai tap 5.57 véi

w, = (2, 2), uy = (4 -1), v, = (1, 3), v, = (- 1, -1).
5.59, Xét trong R? ha.i ca sé¢ B = {u, 4y, u, }

B’ = {v, vy, v,}, trong do

(-3, 0, - 3) , up = (-3, 2, 1), uy = (1, 6 -1 ;
b, = (-6, - 6, 0), v, = (-2, -6, 4, v, = (-2, -3, .
(a) Hay tim ma tran chuyén co s tit B’ sang B,

(b) Tinh ma tran toa d6 [w]y cia w = (-5, 8, -3) va tinh [wlg,
(c) Tinh true tiép [wlg. va ki€m tra lai két qua trén.
5.60. Lam lai bai tap 5.59 vai

uy = (2,1, 1), uy =2 -1, 1 u =(1,2 1)

v, =@, 1, -5 ,v, = (1,1, -3) , v, = (=10, 2).

0

iy
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5.61. Trong P| xét cdic ¢d sd B

voi p) = 6 + 3x, p, =

10 + 2z, q,

{p‘p Pz}s B' = {ql; Q2} )
2,q, = 3+ 2

(a) Tim ma tran chuyén co s& tit B’ sang B.

(b) Tinh ma tran toa dé [ply véip = -4 + x r6i suy ra rlg.
(¢} Tinh tryuc ti€p [ply. va kim tra lai két qua trén.

(d) Tim ma tradn chuyén co sé tit B sang B’

5.62. Goi V 1a khong gian sinh bdi f; = sinx va f, = cosx.

(a) Ching minh rdng g, = 2sinx + cosx va g; = 3dcosx tao

thanh mét co sd cda V.

~ (b) Tim ma trdn chuyén co sd tit B’ = {8, 8,} sang B = {fi: 1}

(c)- Tinh ma tran toa do [kl véi A = 2sinx ~ Scosx va suy ra [l .

() Tinh tryc tidp [kl; va ki€m tra lai ket qua trén.
(e) Tim ma tran chuyén co sd tit B’ sang B.

9.63. Trong mat phdng xét hé truc vudng géc xy, va quay nd
di mot géc & = 3n/4 quanh g6c ta duge hé truc vudng gdec x’y’

(a) Tim toa d¢ trong hé mdi cla di€m (-2, 6) trong hé ci.
(b) Tim toa d¢ trong hé ca cia diém (5, 2) trong hé mdi.
8.64. Hdi trong cdc ma tran dudi diy ma trén nao la truc giao ?

oy
] 1
Y2
|l o0 o7,
1

] V2

(b)

-5~

Sl o -

1

ﬁ)

Vz
11
V6 V3
2 1|
% W

Tinh ma tran nghich dao cia cde ma tran truc giao dé¢.
5.65. Ching minh ring hai ma tran dudi day 13 truc giao

voi moi gia tri cia 9 :
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cos)  —sind cos#  -sind O
a) [si 6 co 56‘] b) [sind cosB 0
0 0 1
Tinh nghich dao cia ching. ‘
5.66. Xét bign d8i toa do trong mat phang.
R
x| _ 5 5] |x
yi 1 4 _3l
. 5 5
1) Ching minh rdng nd la truc giao.

2) Tim (x’,.y") c@ia nhilng diém ma (x, y) la
a) (2, - 1) ; b) 4, 2); ¢} (-7, -8) ; d) (0, 0)

5.67. Giai hé .
B, + 712+2x3—3x4=1
2x, + 3x2+4x3—6x4=2
—llxl—l&2+2x3—3x4=1.
5.68. Giai hé
311—5x2+2x3+4x4=2
Tx, — 4x, + x, +3x, =5
5x1+7x2—4x3—6x4=3‘
5.69. Giai hé _
le+5x2—8x3=8
4x1+3x2-9x3=9
2x1+3x2.—5x3=7
xl+80:2—7x3= 12.

B. BAI GIAI VA HUONG DAN

Muén ching minh t4p vecto V trong dé cd dinh nghia phép.
céng vectd va phép nhan vecto vai mot s6 thuc (trong tai liéu
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nay chi xét khong gian vecto trén truong s6 thuc) la mét
khong gian vectd ta phai ki€m tra lai 10 tién dé cda khéng gian®.
vecto (xem dinh nghia 5. 1.1, Thee/1}, trong dd-cdch dinh nghia
phép cong hai vects clia V va phép nhan mét vecto cia V véi
mot $6 cd thuc sy ding didn khong.

5.1. 1) Khéng, vi tién dé 8 khong thoa maén.
‘That vay, theo ddu bai ta cd .
ki(x,y 2= (hx, 5, 2) ; x, y, z) := (I, y, 2)

fk + Lx, ¥, z) =0k +Dx, y 2).
Do dd -

kx, y, 2) +lx, y, 2) = (kx, y, 2) + (Ix, 3, 2)
=(hx+Ilx, y+y z+2)
= ((k + Dx, 2y, 22)
#(k+Ux, y, 2} =(k+1(x, 5, 2)
khi ¥ hoic z = 0. Vé.y ndi chung
kix, y, z) + Uz, y, é) # (& + i (x, ¥, 2),
nghia la tién dé 8 khong théa man.
2) Khong, vi tién dé 10 khong théa man.
That vay, ta cd theo ddu bai
Ifx, y, 2} := (0,0, 0) = (x, y, 2)
trd khi (x; y, 2} = (0, 0, 0), nghia 1a tién dé 10 khong théa man.

3) Khoéng, vi tién dé 9 va tién dé& 10 khéng théa mén. That
vay, theo dau baj thi

k (x, y) 1= (2kx, 2ky)

iftx, y) = (2ix, 21y}
Do dé
k (fx, y)) = k (2Ix, 2ly) = (4kix, 4kly)

(k1) (x, y) = (2kix, 2RIy).
Véy,neu(x y)y = (0,0 vak = 0, [ = 0 thi
kil(x, y)) = (kD) ix, y),
nghia 1a tién dé 9 khong théa man.

il

H
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o lrx, vy = (2x, 2y} = (x, yJ, {(x, y) = (0, 0).
nghia 13 tién ¢& 10 khong théa man.
4) Tap cée s6 thuc voi phép tinh c¢éng va nhan thong thﬁﬁng, ki
higu 1a R, 12 mét khong gian vectd vi ca 10 tién dé déu thoa min
Y,y ER=>x+y€R
2)x+y=y+x,x,yER
Nax+{y+zi=(x+y+z2,xy,2€R
4) Phéan ti trung hoa la s§ khéng :
. O+x=x2x+0=x VzieR
5) Phdn til d&i cia x € R 1a -x vi
() +x=x+(2) =0

6)xeR, ke Rthi kx e R
MNkix+y) =kx+ky, RkER, x,y ER
8 (k+lx=kx+ix, 2, IR, xER
9) k(lx) = (kx, ki, LE R, x € R
IMlx=x,x€ R

5) Khéng, vi tién 46 5 va tién dé 6 khong théa man. That vay.
Phédn t¢ trung hoa la (0, 0) vi
x, vy} + (0, 0) = (x, y)
_ ©, 0 +x,y) =(x,y
Khi (x, y) € R? thi (-x, -y) € R? va
(x, y) +(-x, =y) = (-x, -y} + (x, 3 = 0.

Nhung néu x > 0 thi (x, y) thudc tap da cho con (-x, -y)
khéng thudc tap d& cho. Cho nén tién dé 5 khéng thdéa man.

Hon nita, (x, y) thudc tap did cho, 2 € R, ¥ < 0O thi
k(x, y) = (kx, ky) cd kx < O nén k(x, y) khéng thudc tap da
cho, nghia la tién dé 6 khong thoéa man.

6) Khéng, vi tién dé 7 va tién dé 8 khong théa man. That
vay, ta ¢cd ' _

kix, y) = (kx, ky)
kx’, y') = (kx’, ky’)
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kix, y) + kfx', y")
kitx, y) + (x°, ¥°))

(ex +hx'+ 1, ky +ky' + 1)
kx+x'+ 1, y+y +1)
(Rix +x' + 1), kly +y' + 1))

nghia 1a
- k((x, y) +(x’, y')) = kix, y) + kix', ¥
‘khi & »# 1. Do d6 tién d& 7 khéng théa man.

Hon nita
' (k+0 (x, y) = (kR + Dx, (k + Dy)
kx, y) + ix, y) = (kx, ky) + (Ix, ly)
= (hx i+l ky+ily + 1),
nghia 1a:

(R +1) (x, y) = kix, y) + iz, y).
Do dd tién dé 8 khéng thoa min.

Mudn ching minh mot tap con W cua khong gian vects V
la mét khéng gian con ciia V ta phai chdéng minh W khép kin
d&i v6i phép cdng vects va nhan vects vdi mdt s§ da dinh nghia
trong V. : '

5.2. a) Goi W 1a t&p cdc vectd cia R3 cod dang {(a, 0, 0),
a € R Tathdy (@, 0, 0) € W, (@’, 0, 0) € W =

@00+@,0,0 =(@+a’,0,0) e W
kia, 0, 0) = (ka, 0, 0) € W
Viy W la khéng gian con ctia R>.

b) Goi W la tap con cia R* gém cdc vectd cd dang (a, 1, 1).
Ta thdy : (e, 1, 1) va (a’, 1, 1) thudc W thi

@, 1, )+, 1,1) =(a+a’, 2, 2 & W.

Vay W khéng la khong gian con cta R3. _

¢) Goi W 1a tép céc vecta (a, b, ¢) v6i & = @ + ¢. Ta thiy
(2, 6, c) e W thi b=a+c¢
(e, b, ¢c)Y)EW thi b'=a +c¢’
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(a, b, ¢} + _(@‘, b, e =tla+a,b+b, cte)
b+d = (a+a)+ct+e)
nén {a, b, ¢) + (@, b, ¢ € W,
kg, b, ¢) = (ka, kb, ke) -
kb = ka + ke

kia, b, ¢) € W.
Vay W la khong gian con ciia R>.
d) Goi W la tap cdc vectd cla R3 ¢¢ dang
(a, b, c) vdib=a+c+1.
Giast (¢, b, ¢) eWnghlalab=a+c+1;
fa’, b, ¢) €E Wnghlalab’ =a’ +¢” + 1.
Khi dd T
@b o)+ (@, b, c)=(@a+a,b+b,c+c)
b+b' ={a+a)+(e+eh+2,
nén {(a, b, ¢) + (@, b’, ¢’) € W.
Vay W khong phai la khéng gian con cia R>.

5.3. Truéc hé&t ta ching minh A4, la mét khong gian vectd.
Muén thé& ta phai kiém tra lai 10 tién dé.

Gia su

a b as b) an b“_
{c d:\ € M [c‘ d’] € M, [c” d”] € M.
1) Ta phai chdng minh
Ex: _ a b
G d} ) [C* a| €M
Diéu d6 rdo rang vi v& trai bang

(@ +a’ b + 5"
i +c d+d efMZ‘
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2) Ta phai ching minh
ab a’ b’ a & la b
Diéu d6 r6 rang vi v& trai bang :

(a +a’ b+b
c+d d+d

Con v& phai biang

(o’ +a b +_b]
¢ +c¢ d+d
va trong tédp cdc s6 thue R co
ata =a +a, b+b'=b"+b
ct+e =c¢ +e, d+d =d +d.
3) Ta phai chitng minh

a b a b (@ @ ab a b e’ b”
[c d] + ([c a| T e d”])_= ([c d] + [c' d’J) + [c” d”}
Diéu nay ré rang vi - -

[a B . (@’ +a” ¥ +b”]- _

v& trai

c! +c!’ d’ +d’l

_jet(@ +ta”) b+® +b7) |
T let (e +e) d+@d +d"

. b +b: an b” —

v8 phél = [C +¢ d +d’J + [C” d”J =
_ |e+a)y+a” (b +8)+8”
T ety +e” (d+d)+a”

va trong tap R ta cd
J+(a,+a”)= (a+a’)+a”,b+(b’+b”)= (b+b’)+b”
ct(e’+ce) =(c+ce)+e, d+ (@ +d’) =(d+d)+d"
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4) Phép td trung hda (d8i véi phép +) la [0 :l

vi
ab + 00 J|ae+0
c d 00 |[e+0
_' 0+a
T 10+e

5) Phén tu ddi cta .-[“ b] 1a [_“
_ ¢cc —-c

o [ p
I O o R s

b+0
d-i_-(_) -
0+6| _
0+di
—b]
b-b| _ |00
d—-d| ~ |00]"

~6+6}1 _[o o
—d+d| = lo of

|
oS R
j=T =
—_

ab ka kb
6) k [c d:l = [kc kd] EMZ,kER.

abl- a b a+a b+b]
Dk ([c d] + [c’ d’]] =k [c ¥ d+d’]
_ (k@ +a) k@Y
T k(e +e) kR +d)

PRI B ka kb)  [ka k0]
¢ d ¢ d’'| T |ke kd ke kd’y

_ [ka + ko’ kb + kY

ke + ke

kd + kd’] ‘
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ab] [k+Da (& +0p
&+ [c cg] = [(k e (k +l)d]

_[ka+la kb +ib
T |ke+ile Rd+1Id

e b ab]  [ka kb la b
k[cd}+l[ch:[kckd] +[lc£d]
_Jratia kb +m
= |retie  rd+id|

Vay
(k + 1) [:3] =k [:f;] +1 [‘:;]
ably, ., fa®n] [kt k@b
k(I [c d]) =k [Ic Id] = [k(lc) k(ld)]

ab (kDa (k)b
(&0) [c d] = [(kl)c (kl)d]'

Trong R

k(la) = (Rl)a ; k(lb) = (RUb ;

k(le) = (Rl)c ; k(ld) = (ki)d.
Vay

v e
10)
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Bay git ta xét xem cdc tap con cta M, cho & a), b), ¢}, d)
c6 phai 1a khong gian con cha M, khong. Ta phai kiém tra lai
tinh khép kin cda cac tadp con dd d8i vdi phép céng ma trin
va nhan ma trin véi mdt s6. .

a) Goi W la tap cdc ma tran

ab
[c d]’ a, b, ¢, d nguyén.

ab ka kb
_k[cd] = [kckd] €W
néu k.khfmg nguyén. Vay W khong phai la khong gian con cia A,
b) Gei W la tdp cdc ma tran

ab :
[c d],a+d=0.
ab| a b
[c d] ew [c’ d’] ew
a+d=0,a +d =0
Khi dd
-'ab-'_l__a’b’ﬁ _a+a’b+b’
e d et d& T le+e d+d
la+a)+{d+d) {a+d)-_|-(a’+d’)=0.

) ab] + (@’ b
c d o d

Ta thiy

Gia su

nghia la

e W

5 a 6] _ [ka &b
c d| T |ke kd
ka + kd = kfa +d) = 0.

a b
k Cd]EW‘

Do dé W Ia khong gian con cia M,.
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¢) Gid sit W la tap cac ma tran cdp hai A sao cho A = A
(cac ma tran cdp hai d6i xdng).

Gia s¥
AEWBEW
nghia la '
, A=AB = B.
" Khi d¢
A+B=A +B = (A + BY,
nén- A+Bew
Hon nita

kA = RA' = (RAY
nén RA E W
Viy W ]a mét khéng gian con cia M,.

d) Goi W la tap cac ma tran cdp hai A ¢6 dinh thiec det{(4) = 0.
Gia su

AEW, Be W
nghia la
det(A) = 0, det(B) = 0
Khi dg
det(kA) = k? det(A) = 0
nén RA € W, -
Nhung det(4 + B) c¢d thé khdc 0, ching }.u';m vai

12 62 74
SRR N T

det(A) = 0, det(B) = 0, det{4 + B) = 0.
Do d6 . A+Bew
Vay W khong phai Ja 1 khong gian con cia I,

ta thay
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5.4. a) Goi W 1a tap cdc £ € C [0, 1] sao cho flx) < O tai
x € [0, 1] Gia st g € C [0, 1] véi g(x) < 0 tai x € [0, 1].
Khi déd g € W, nhung kg € W néu 2 < 0. Vay W khdng phai
14 khoéng gian con cua C [0, 1]

b) Goi W 1a tap cdc ham f € C [0, 1] sao cho f(0) = 0. Gia
st fva g € W, nghia 1a fl0) = 0, g(0) = 0.

‘Khi do (f+8)0) = fl0)+g0) =0+0=0;

f+geClo,ll

nén f+gew
Hon nita
 ((O) = Rf(0) = kO = 0
Rf € C [0, 1],
nén Rfe W.

Vay W la khéng gian con cua C [0, 1].

¢ Goi W = {f | feCIo 1] flO) .= 2}

Khi do

kf € C10, 115
nhung
(Bf)(0) = Rf(0) = k2 # 2.

néu BE= 1

Vay W khéng phai Ia khong gian con cua C [0, 1].

d) Goi W = {f | f = hang}.

Khi d6 f € C [0, 1]

Gia st f va g € W. Khi dd

f+g = hing
nén f+tgeWw
Hon nita '
kf = hang
nén ' kf € W.

Vay W la khong gian con caa C [0, 1]
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e) Goi
W ={f|re cIo 11, f = &k, + k, simx},

k[ va kz € R.
Giad st f va g € W. Khi dé

f="%k +k,sint, b, k, € R.

g = ky + & sing, ky, k, R
Do dd

f+eg=(k +k)+ (R, + k) sin,
ky +k, ER ky+k, € Rinénf+ge W
Hon nita |
.kfz kk, + kk, sim,

kk € R, kk, € R, nén kf € W.

Vay W la khéng gian con cua C [0, 1].

5.5. a) Goi W 12 tap cdc da thic ndi trong dau bai.

GiAstpvagqe W nghia la
P =ax +ax? +and
g =bx + b2x2 + bsrs.
Khi dé
P ta = (a +b)x + (ay +bya? + (a + b,
nénp +qg € W,
Hon nita
kp = kapx + .kazx2 + ka3x3,
nén kp € W. .
Vay W 1a khong gian con caa Py,
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b) Gui W la tap cdc da thdc ndi trong diu bai. Gid sl
p, ¢ € W, nghia 13

p=a, tax +ax? +ax3 e, +a ta, +a, =0

q
Khi dd

b, + byx + bt + b3 b, +b +b, +by =0

p+q=(, ¥) +(a +bx+(,+ byt + (ay + by)x
=(a, +by) +(a, +56) + (e +b) + (a; +by) =
=(ag + @ +a;+a) + (b, +b +b, +by) =
=0+0=0,
nénp +qg € W.
Hon nita

kp = ka, + kax + kazxz + ka3x3
ka, + ka; + ka, + kay = k(@, t a; + e, +a5) = 0,
nén kp € W. ‘
Vay W 1a khéng gian con cua P,

¢) Goi W la tap cac da thic ndi trong ddu bai. Giad sd
p, ¢ € W nghia la -

p = a, +ax +ax? + ax’ g nguyén

q=0b, +bx + bzafzz-+ b3, b, nguyén
Khi dd
p+qg=1(a, +6)+ (@ +b) + (g + b + (a5 + b3
= ¢, +ex +ep? + e’
¢, = a; + b, nguyén
nénp+g € W
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kp = ka, + kax + kaztz + ka3x3
ka; chi nguyén khi k& nguyén, nén kp & W.
Vay W khong phai 1a khéng gian con cia Py,
5.6. a) Ta phai tim ¢, b, ¢ d€ cd

x = au +bv + cw,

tic la co

{7, -2, 18) = a(2, 3, 5) + &(3, 7, 8 + ¢ll, -6, 1)

(7, -2, 15) = (2a, 3a, 5a) + (3b, 7b, 8b) + (¢, -6¢, )
(7, -2, 15) = (2a + 3b + ¢, 3a + 76 - 6¢, 50 + 86 + ¢)
Vay a, b, ¢ théa man hé phuong trinh tuyén tinh

2a +3b + ¢ =17
3a +7b — 6c = -2
ba + 8 + ¢ = 15

Gidi hé nay d6i véi cac &n a, b, ¢ ta dugc

¢ =1t tay y
b=3t—5_
a = 11 - bt.

Vay

x={7,-2,10)=(11-5)u+ (3t -5)v+tw,ttuyy

b} Ta phai xde dinh @, b, ¢ d€ cg
0,0, 0)=ea1(2 3 5)+b3,7 8 +c(l-86 1

40,0, 0) = (22 + 3b +c¢, Ba +.7 - 6, ba + 85 + o)

174

Vay a, b, ¢ 12 nghiém cia hé.

=

2¢ + 3 + ¢ =
3¢ + 7 —6¢c =0
S5a + 8 + ¢ =0
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Gidi hé nay nhu & bai a) b duge
c =t¢tuyy
b = 3t
a = - 5t
Do dg¢ :
(0, 0, 0) = ¢ (~5u + 3v + w), ¢ tay ¥.

Chi y - Bai b) ¢d thé suy ti bai a) bang cdach thay cac
thanh phan cia x trude 14 7, -2, 15 béi 0, 0, 0.

¢) Ta phai tim @, b, ¢ d& c6
x = au + bv + cw,
tic 1a
(1,4,-7, D =a (4, 1,3, -2)+b6 (1,2, -3,2)+c (16,9, 1,-3)
(1,4, -7, 7V =(da+b+16c, a+2b+ 9, 3a-3b+¢, 2a+2b - 3o),
Viy a, b, ¢ la nghiém cta hé

da + b+ 16¢ =

@+ 26 + 9 = 4
3a-3b+c =-7
-2a + 2b - 3¢ = 7

Day 1a mot hé tuyén tinh 4 phuong trinh 3. an.
Ta giai nd bang bién dbi so cdp dugc
ce=-1, b =5 a= 3.
Do do
(1, 4,-7,7) = 3u + 5v - w,
d) Ta luén cd
(0, 0, 0, 0} = Ou + Ov + Ow,

5.7. Ta phai xdc dinh tham s6 4 d€ cho x c6 thé bifu dién
thanh t8 hgp tuyén tinh

x = au + bv + cw
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ay (7, -2, )

il

@e(2,3,5)+6(3,7,8+c(l, -6 1)

(7, -2, 1) = (2¢ + 3b + ¢, 3a +76 —6c, Ba+8b+¢)
20 + 3 + e = 7
3a + 7 — 6c = —2 i
da + 8 + ¢ = A
Ap dung céc.'.phép bién d8i sg cdp ta thu duqc‘
2 3 1 7
3 7 -6 -2
5 8 1 i
2 3 1 7
0  5/2  -152 -252
0 1/2 . -8/2 A - 35/2
2 3 1 7
5/2 -15/2 -25/2
0 0 A-15

20 +3b+¢ = 17
5b - 15¢ = -25
Oc =41-15
Viy néu A = 15 thi hé v6 nghiém
néu A = 15 thi hé ¢6 v6 s6 nghiém

b) Ta muén cd
(5, 9, 1) = a4, 4, 3) + b(7, 2, 1) +c(4, 1, 6)
(5, 9, 1) = (da + Th + 4, 4a + 2b + ¢, 3z + b + Be)
Ta suy ra

4a + Tb + 4c

40 + 2 + ¢
3z + b + 6¢

0w
o
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Ta co

4 7 4
A=14 2 1} =-111=0
3 1 6

Do dé hé cd nghiém duy nhé&t véi A bét ki
¢) Ta mudn cd
(9,12,1) =2 (3,4,2)+b6(6,8 7
Ta suy ra
3 +6b =9
4a + 86 = 12
20 + 70 =1

Giai hé nay bing bi&n d8i so cép
9
12

1-6
9
A-6
Hé trén tuong duong v6i he
3a + 6b
_ 8
nén cé nghiém véi 1 bat K.
d) Ta muén cd '
(1,3,5)=a (3,2,5)+6 (2, 4D +c (56 1)
Ta suy ra ‘

w|lo o w| w &~ oo
G| W © | =1 0 O

w

3z + 2 + 5¢
2¢ + 4b + G¢
5¢ + b + A

1
3
5
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Giai hé nay bang bién d6i so cdp ta thu duge

3 2 5 1
2 4 6 3
5 7 y| 5
2 4 6 3
3 2 5 1
5 7 A 5
2 4 ] 3
0 -4 -4 =7/2
0 -3 A-15 -5/2
2 4 6 3
1 1 7/8
0 A-12 1/8
Hé da cho tuong duong vai
20 +4b + 6c = 3
b+ ¢ = 78
(A — 12c = 1/8

Vay néu A = 12 thi hé v6 nghiém ;
A = 12 thi hé o6 nghitm duy nhét.
5.8. Ta mubn cd
a) 5 + % + 5a? = ap, +bb2 + cp,
5+9%+58c2 =a(2+x+4x?) +b(l-x-%D)+
+¢ (3 +2x + 5x?)
. Ta suy ra
5+9x+5822 =2a+b+3+a-b+2)x+
+ (4a - 3b + 5¢) x%
Vay a, b, ¢ théa méan he

f
UI .

%2 + b+ 3%
a~b+2%=9
4a —~3b +5 =5
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Giadi hé nay bdng bién d6i s¢ cdp ta duge

2 1 3 5
1 -1 2 9
4 -3 5 5
1 1 2 9
4 -3 5 5
2 1 3 5
1 -1 2 9
0 1 -3 -3
0 3 -1 -13
1 -1 2 9
1 -3 -31
0 8 80
Vay hé da cho tuong duong véi
a—b+ 2 = 9
b — 3 = -31
8 = 80
Ta suy ra _ .
c=10, b=-1, a = -12,
Do dg¢ '

5'+9x+5x2=—12p1—p2_+_10p3
b) Ta muén cd
2+6x? =ap, +bp, +cp,
24612 =a@+x+4x2)+b (1 -x-32)+
 +e (342 +52Y)

‘Vay @, b, ¢ théa man hé

2¢ +b + 3 =2
a-b+2 =0
4a — 36 + 5c = 6
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q-ﬁb

Giai hé nay bang bién déi so cdp ta duge

2 1 3 2
1 -1 2 0
4 -3 5 6
e w
4 -3 5 6
2 1 3 2
1 -1 2 0
0 1 -3 6
0 -1 2
1 -1 2 0
1 -3 6
0 8 -16
Hé d4 cho tucﬁé_gudﬁé_{réi o
a—b+ 2 = 0
b — 3 = 6
8 = ~186
Ta suy ra
; c=-2, b=0, a=4
Do dé

2 + 62 = dp, - %,
¢) Bao giv ta cing cd '
0=0p, +0p, +0p,,
nghia la da thdc 0 12 t6 hop tuyén tinh cta p|, p,, p,.
d} Ta mudn cd '

2+2x+3x?'=ap1+bpi+ép3.

"

Tuong ty bai a) va b) ta c6

2a + b + 3 = 2
a— b4+ 2 =2
da — 36 + be = 3
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 Giai he ndy bing bién d8i so cip ta dugc.

2 1 3 2
1 -1 2 2
4 -3 5 3
1 -1 2 2
4 -3 5 3
2 1 3 2
1 -1 2 2
1 -3 -5
3 -1 - -2
i -1 2 2
' 1 -3 -5
8 13 _
¢ =138, b=-1/8 a=-11/8
Do d¢ ' '
5 11 1 13
2+2:|:+3x=—-8—pl—-§p2+§p3

.5.9. a) Ta muén cd
[g g]=aA+bB+cé=
:a[_; 'g] +'b[g ;] +c[;; ;]=
g B PR i
x[a-&-flc 2 + b—ZC] |

—a+2b 3Ba+4b -2
Viay a, b, ¢ théa man hé

a -+ 4¢ = 6
2¢a + b -2 =3
-2 - +2 =0
3z + 46 — 2c = 8
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Giai hé nay bing bign d6i so cfp ta duge

1 -0 4 6
2 1 -2 3
-1 2 0 0
3 4 -2 8
1 0 4 6
0 1 -10 -9
0 2 4 6
0 4 -14 -10
1 0 4 6
) 1 -10 - -9
0 - 24 24
0 26 26
1 0 4 - 6
1 -10 -9
24 24
0 0

a + 4 = 6

b — 10 = -9

) c = 1

Ta suy ra
. e=1 b=1 a=2
Do dd

6 3
[0 8:|=2A+B+C.

Vay ma tran da cho 13 t3 hgp tuyén tinh cia A, B, C .
b) Ta mudn cd

5 1
Tuong tu bai a) ta cd

[_1 7] = gA + bB + ¢C

— T ) =

a + 4c
20 + b — 2¢
—a +.2b
3a + 46 — 2¢

ol
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Bién déi so cép cho

1 0 4 -1
2 1 -2 7
-1 2 0 5
3 4 -2 1
1 o0 a4 -1

0 1 -10 9
-0 2 4 4
0 4 -14 4
1 0 4 -1

1 -10 9
0 24 -14
0 . 28 -32

Vay hé trén tuong duong voi hé

' a0 +4 = -1
P le-10c= 9

24 = ~14
’ 260 = *32 .

Hai phuong trinh cudi khéng tuong thich, hé vé6 nghiém va
ma tran da cho khong la t6 hop tuyén tinh cta A, B, C.

¢) Bao gid cing cd

0 0 |
[O 0] =04 + 0B + 0C
Vay ma tran "khong" la t8 hgp tuyén tinh cia A, B, C.

d) Ta muén cd

[_.g :1] = aA + 6B +cC.

Tuong tu bai a) ta ed

a+4 = 6
2 +b — 2 = —1
-0 +2b = -8
3a + 46 — 2¢c = - 8.
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Bién ddi so cdp cho

1 0 4 6
2 1 -2 -1
-1 2 0 -8
3 4 -2 -8
1 0 4 6
-1 -10 ~13
2 4 -2
4 -14 -26
1 0 4 6
1 -10 -13
24 24
_ 26 26
Vay hé trén tuong duong véi
a + de = 6
b — 10c = —-13
24c = 24,
Hé nay c6 nghifm ¢ = 1, 6 = - 3, o = 2.

Do d¢ ' .
_[_g :1] =24 - 3B +C.

Vay ma tran di cho la t§ hdp tuyé&n tinh cta A, B, C

5.10. Mudn ching minh mét hg vectg S cua khéng gian vecto
V nao dd sinh ra ca khéng gian V ta phdi ching minh : moi
vectd cia V déu la t6 hop tuyén tinh cia cic vecto thusc §.

a) Ta.phdi ching minh : phuong trinh. vecto
av, +bv, +cvy = x,, Xy Xg)

ludén ¢d nghiém @, b, ¢ véi bat ki (x,, x,, x) € R3. Phudng trinh
vecto trén vigt lai la.

a(l,, ) +5(2,2,0+¢(3,0 0 = (xl, xy, x3)
hay
(a + 26 -FSC, at+26,a) = (x), x5 x3)
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Ta suy ra ' .

a+ 26+ 3 =x
e+ 2 =x,
a = x
Hé nay c6 dinh thic
1 2 3
1

nén ludn cé nghiém véi bat ki (x), x,, 7, ) € R
Vay ho {v, vy, vq } sinh ra R3,
b) Tuong ty trén ta mubn cd
a(2,-1,8) +b(4,1,2) +c (8 -1, 8) = (x;, x5, 7).
Ta suy ra --
2a + 45 + 8¢
-+ b — ¢
30 +2b + 8 = x4

Il
Ry

Il
H
Y

Hé nay cd dinh thie

2 4 8
-1 1 -1 =20
3 2 8

‘nén khong co nghiém vai bat ki (z, , x,, x;) €R%

Vay ho {v, , vy, vy } khOng sinh ra. R>.

¢} Tuong ty trén ta muén cd '

av, +bu, +cvy +dv, = (&), x5, x5)
hay _ .
a3, 1,4). +b5(2 -3,58) +e(5 -2, 9+
+d (1,4, -1} = (x;, x5, x4

hay ;
(Ba +2b + 5¢ +d, a- 3b ~ 2 + 4d, 4a + 5b + 9¢ —d) = (x, x,, x,).

185



Ta suy ra
3a + 26 + 5¢ + d = x,
a —3 ~2 +4d = x,
4a + 5b + 9¢ — d = x,

bat

A=1[1 -3 -2 4«

Bién d6i so cfip cho

3 2 5 1
1 -3 -2 4
4 5 9 -1
1 -3 -2 4
3 2 5 1
4 5 9 -1
1 -3 -2 4
11 11 -11
17 17 -17
1 -3 -2 4
11 11 -11
0 0 0
Vay
P(A) =2

trong khi P(A) c6 thé bang 3, khi d6 hé vb nghiém.
Do d6 ho {v|, v, vy, v, } khéng sinh ra R’
d) Tuong tu bai ¢) ta mudn cé
av, + bu, +cv, +dv, = (x, Xy Xg )
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hay .
a(l,3,3)+6(1,38,4)+c(1,4,3)+d (6,2 1) = (x;, x5, X3 )
Ta suy ra .
a+b+c+6d =
3a+3b+4c+2d=12
3a+4b+3c+d=x3

{
=

Dat
1 1 1 6
A= (3 3 4 2,
3 4 3 1}
1 1 1 6 =x
3 4 3 1 =x
Béng bién ddi so cép ta cd
)1 1 1 6
3 3 4 2
3 4 3 1
1 1 1 6
0 0 1 -16
0 1 0 -17
1 1 1 6
1 0 -17
1 -16
Do dé p(A) = 3
PA) =3
Vay hé ludn c¢d nghiém,
‘Va ho {v, v, v,y v,} sinh ra R3.
5.11. a) Ta co
cos2x = cos?x - sin’x.

187



-
1

L

Vay cos2x thu¢c khong gian sinh bdi {cos?x, sin’x }.
b) Giid su
3+x? = acos?x+b sin%
tai moi x. Khi d§ : I

thay x = 0 ta duge a = 3 ;

thay x = 7 taduge 3+n? = a; _
tic 12 72 = 0 vi @ = 3. Diéu dg khong chép nhén duge. Vay
3 + x? khong thude khong gian sinh bdi cos?r va sin’s
¢) Ta cd
1 = cos?x + s.inzx‘
Va)‘; 1 thudéc khéng gian sinh bdi cos?x va sin’x.
d) Gia si taj moi x cé.

ginx = a cos®x + b sinx.

Thay x = F, ta duge

paie

1=0+b=b=1
Thay x = 3n/2, ta duge o
1 =0+b=b=-1
Khong thé c6 b vita = 1 vita = - 1.
Vay sinx khong thu6e khong gian sinh bdi cos’x va sin’x.
5.12. Xét p = o, +ax + apx’ € P,
Gia s
p = op + fp, +yp; + dp,
nghia la
@, +ax +ax’ = a(l + Zr —x?) + B3 + x2)
(5 + dx 2% + 8 -2 + 2 -~ %Y
=a + 36 +0y —20 + (2a +4y + 25 + -
+(=a +8 -y ~ 25)x?
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Nhu vay o, 8, y, ¢ phai 1a nghiém cda hé

a+38 +5 -2 =g,
2a 4 + 4y + 20 = qa
~a+f -y -2 =a,

Hé nay cd ma tran hé s6 la
1 3 5 =2|
A= 2 0 4 2
: -1 1t -1 -2
vaA ma tran bd sung la '
) 1 3 5 -2 aq,
A-] 2 0 -4 2 g

-1 1 -1 -2 aq

Diéu kién cdn va dd dé hé cd nghi'ém la hang cua A bang

hang cua A.

Ta tinh hang cia A va A bang bign d6i so cép.

2 1
0 0 0 e:12+§al—-3:a;u
Ta suy ra pPA) = 2
'3néuaz'+

PA) =

wibhy Wik

2 néu g, +

1 3 5 -2  a, : h
2 0 4 2 a, - h
-1 1 -1 -2 a, h
L ETE T 5 ;0 e —
0 -6 -6 6 a - 2a, h, - 2h; = h,
0 4 4 —4 a, t+a, hy +hy —=h,
1 3 5 -2 a, " h,—h;
-6 -6 6  a;— 2a " hy,—h,

Vay cdc da thdc p,, p,, Py, p, da cho khoéng sinh ra P,
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5.13. Ho vecto {v), vy, .y v} cia khong gian vects V la
doc lap tuyén tinh néu phuong trinh
€y, + eu, + L+ ety = 7] 3.2)
d6i véi cac &n ¢, chi cd nghiém tdm thudng ¢, = 0.

Ho trén la phu thudc tuyén tinh néu phuong trinh (3.2) c6

nghiém khéng tAm thudng, tdc la nghiém (c;, ¢y, ..., ¢ ) v6i it
nhit mét e; # 0.
a) Xét
'aul + Puy, = (0, 0),
tie la )
a(l,2) +8 (-3, -86) = (0, 0)
" hay

(a - 38, 2a - 68) = (0, 0).
Do d6 a va 8 1a nghiém cia hé
a~-33=0
2aa — 68 = 0 .
Hé nay la mét hé thudn nhdt oo nghiém khéng tdm thudng
e =3, 8 =1 Vay ho {4, u; } dd cho |a phu thude tuyén tinh.
b) Xét : '
au, + fu, + yu,  = (0, 0)
tdc la '
: a(23)+B8 (-5, 8 +y(6, 1) = (0,0
hay :
(2a ~ 53 + 6y, 3a + 88 +y) = (0, 0),
Do d6 «, § 1a nghiém cua hé

20 ~ 58 + 6y
3a+8ﬂ+ Y

0
0.

Day la mot hé thuin nhét cé s6 phuong trinh it hon s6 &n
nén c¢d vo s6 nghiém ching han xem y la tuy ¥ ta tinh duge
a va f§ theo y. Do d6 né c6 nghiém khéng tdm thudng.

Vay ho {u, u,, u;} di cho 1a phu thuéc tuy&n tinh.

It

i
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¢) Xeét
| ep, + Pp, = 0 + 0x + 022 € P,
tdic la _
a2 + 38 —xP + 56 +9x ~ 3D =0 + 0x + 02
hay o
(2a +68) + 3a + P) x + (—a — 3 a2 = 0 + 0x + M.
Do d6 o va _ﬁ 12 nghiém cha hé

2 + 6 = 0
3 + 98 = 0
—a—-38=0.
Ba phuang trinh trén tuong duong v6i mét phuong trinh cudi
a+ 38 =0
N6 ¢d nghiém khéng tdm thutng f = 1, ¢ = - 3.
Vay ho {p,, p,} 12 phu thu¢c tuyén tinh °
d) Xét -
ad + B = (g g]
Tiic 1a
1 3 -1 -3 0.0
“(2 0]‘ +ﬁ{—2 0) = (‘0 o)
hay

a-8 B8x-3) (0 0
{za_—zﬁ 0a —- 0 ‘(o o)

Do d6 «, § la nghiém cda h

o

a —

gy
ERE =
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Bén phudng trinh nay tuong duong véi mot phuong trinh ddu
a-f8=0

N6 c6 nghiém khong tdm thuong o = 1, 8 =

Vay ho {A, B } d4 cho la phu thuéc tuyén tinh.

5.14. a) Xét

a (1, 2, 3)+8 (3, 6, 7)_= 0, 0, 0)

tic la . o

(e + 3B, 2a + 68, 3« + ) = (0, 0, 0).

Do d6 a va § 1a nghiém caa hé

a +38 =0
200 + 68 = 0
B3a +78 = 0
Hé nay tuong duong véi hé hai phuong trinh cudi
lom 4 6 -
3a + 8 =
Hé nay o6 dinh thic
' 2 6 :
A = ’3 7| =14 -18= -4 =0,

nén chi ¢é nghiém tdm thudng a = 0, § = 0. _
Vay ho vecto {(1, 2, 3), (3, 6, T)} 12 déc lap tuyén tinh trong R>.
b) Xet -
a{4, - 2,6)+5(6,-3,9=(0,0,0 € R
‘tic la .
(4a + 68, - 2a - 88, 6a + 98) = (0, 0, 0)
Do d6 a, 8 1a nghiém cia hé ' '
da + 68 =0
—2a — 38 = 0
6a + 98 = 0
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Ba phuong trinh nay tuong duong voi mét phuong trinh
2¢ + 38 = 0.
NG c6 nghism khéng tim thudng o = 3, § = -2.
Vay ho {{4, -2, 6), (6, - 3,,9)} 1a phu thudc tuyé&n tinh.
e) Xét |
a (2, -3, 1) + B3, -1, 5) + p(1, -4, 3) = (0, 0, 0),
tice 1a
(2a+38+y,-3a-f -4y, a+B56+3) =(0,0,0),
Do d6 «a, #, y 1A nghiém cua hé

% + 38 +y =0
—8a - -4y =0
a+ 58 +3y =0,
Hé nay cd dinh thic
2 3 1 :
A={-3 -1 —4|=35=0,
1 5 3 '

nén chi cd nghiém tam thudnga = =y = 0,
Vay ho vecto di cho la ddc 1ap tuyén tinh.
d) Xét

e (5, 4, 3) + 83, 3, 2) +y(8, 1, 3) = (0, 0, ),
b la -
Ba +38+8y,4a+368+y, 3a+28+3y) = (0,0, 0),
Do d¢ aq, B, v 1a nghiém cta hé

Ba + 38 + 8 =0
40 + 38+ y =10
3a + 28 +3 =0,
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Day 1a mét hé thusin nhét c6 3 phuong trinh 3 &n véi dinh thic
| 5 8 8] .
3 2 3
nén hé cd nghiém khéng tdm thuﬁng
Vay ho vectos di cho phy thudc tuyé’n tinh.
5.15. a) Xét
a4, - 5, 2: 6) + ﬁ(za -2,1,3) + ?(61 -3, 3, 9) + I
+4(4,-1,5 6 =1(0,0,0 0
tic 13
(40:"'25'{'6}1'}'_45, _50-26_3?_6! .
2a+f+ 3y +53, 6a+38+9 +6J)
= (0 N 0, 0! 0)
Do d6 «, B, v, 4 1A nghiém cta hé

da + 28 + 6y + 45 =0
—Ba —28-3 — =0
2a + B +3 +5 =0
6 + 3B+ +65 =0
Hé nay cd dinh thdc
‘ -4 2 6 4
- -2 -3 -~
b _ 1 -0

2 1 3 5
6 3 9 6

nén cd nghiém khong tdm thudng.
Vay ho vecto da cho la phu thude tuyén tinh
b) Xeét | |
a(1, 0,0, 2, 5) +5(0, 1, 0, 3, 4) +'y\(0, 01,4 7T+

+6(2 -3,4,11,12) = (0,0, 0, 0, O
tic la
{a + 268, f -39, y + 45, 2a+3ﬁ+4y+115 5a\4ﬁ+7y+125)

=(0,0,0 0,0).
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Do dé a, B, vy, 4 1a nghiém cda hé

([ + 234 =

g - 35=

y + 44 =

2 + 38 +4y + 118 =

| Ba +48 + Ty + 125 =
Nbhan phuong trinh tha 1 véi -2
2 vai -3
3 vai -4

rdi cong cac phuong trinh thu duge véi phﬁong trinh thid 4 ta
duge 0 = 0. :

Nhan phucng trinh thi 1 véi -5.

o o o o o

2 vai -4
" 3 vai -7
réi cong chc phudng trinh thu dugc vdi phuong trinh thd 5 ta
duge 146 = 0.
Vay hé trén tuong duong véi hé
a + 256=0
B - 3 =0
y + 46 =0

145 = 0
Do d6 né ¢6 nghiém duy nhét |
§=0, y=0, =0 a=0
12 nghiém tdm thudng. Vay ho vecto da cho la d6c lap tuyén tinh.
5.16. a) Xét
a (2—x+4t2)+ﬁ(3+6x+2x2)+y(1 + 10x - 4x2)
=0+0x+0? €P,,
tidc la :

b
ES

2a+3ﬁ+y+(-a+6,8+15y)x+(4a+25—4y)12=
= 0 + Ox + Ox?
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Do d6 a, 8, y 14 nghiém ctia hé
2a + 35 + -}'=0
-a+63+10py =0
da +28 - 49y =0

Hé nay cd dinh thidc

‘ 2 3 1

-1 6 10| =-6=210
4 2 -4

nén chi ¢d nghiém tdm thudnga =g =y = 0.

Vay ho vecto da cho déc lap tﬁyé’n' tinh.

b) Xét

a@+x+22) + B2 -x+522) +y(4 ~ 3x2) = 0+ 0x + 0z
tae la . '
Bc+ 28 +4y +(a - Bx +(a+58 - 3)x? = 0 + Ox + 0z
Do dd «, 8, y la ﬁghiém ciia hé

3a+28+4y =0
a~ f =9
a + 5ﬁ - 3’}1 = 0 .
Hé nay cd ba phuong trinh ba 4n, thudn nh#dt véi dinh thdc
3 2 4 '
1 -1 0| =39=0
1 5 -3

nén chi cé nghiém tdm thudnga = 8 =y = 0.
Vay ho vecto da cho 1a doc lap tuyén tinh.
¢} Xét ‘ '

a6 ~x2) +8 (1 +x +4x) = 0+ O0x + 0x2, °
tuc la

6a +f + Bx + (-a + 4B8)x* = 0 + 0x + Ox?

196



Do d6 «, 8 la nghiém chta hé

6z+ B =0
B =0
—a+48 =0
- Hé nay chi c¢6 nghiém tim thudng
' B=0 a=0
- Vay ho vecto di cho 1a déc lap tuyé&n tinh.

d) Xét
a(l +3x + 322) + 8 (x +4x2) + y(5 + 6x + 3x2) +

+ 8T+ 2x - x%) = 0+ Ox + 0x?,
 tdc la

a+by + T8+ @Ba+f+6y+ 280+
+@Ba+48 +3y - Ox? = 0+ 0x + 2.
Do d6 a, B, y, & 1&a nghiém cha hé
o +5+75 =10
Sa+ B+6y+25 0
e +48 + 3y -6 0

Diy 1a mét hé thudn nhdt ma s6 phuong trinh it hon sd &n,

nén cdé nghiém khong tim thudng. Vay ho vectos dd cho la phu
thuée tuyén tinh. '

5.17.a) Vil = sin?x + cos’x

f

1
nén co 2 = §(4sin2x) + 2cos%x

1
hay 2 -3 (4sin’x) — 2cos?x = 0.

Vay ho {2, 4 sin’x, cos’x } 1a phu thuéc tuyén tinh.
b) Xét

ax + B cosx = 0
Thay x = 0 ta duge § = O

Thay-x_=i21—ta ducjca£2r—=05a = 0.
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Véy ho {x , cosx} la doc lap tuyén tinh.

c) Xét _ .
a + f sinx +y sin2x = 0
Thay x = 0 ta duge ¢ = 0
Thayx=%taduqcﬁ=0
x
Thay x = 1 ta duge y = 0.

Vay ho {1, sinx, sin2x} déc 1ap tuy&n tinh.
d) Xét acos2x + Bsinx + ycosx = 0
tic la a(cos?x — sinx) + Bsinc + yeosZx = 0
(a +y) cos?x + (B - a) sin%x = 0
Thay x = 0 ta dugec « +y = 0.
7

Thayx:ztaduqcﬁ—a=(_).

Ta suy ra chdng han @ = 1,y = -1, # = 1 théa min.
Vay c¢6 nghiém khong tdm thudnga = 1,8 = 1, y = -1
Do dé ho {cos2x, sinzx, cos®x} la phy thubc tuyén tinh. '
e) Xét a(l +1)2+B(x2+2x) +y.3 = 0
tie 1a all + 2+ + 822 +x) + 3y =0
hay a+3y+2a+28)x+(a+pPr = 0+0x + 0x2.
Do ddé a, 8, y 14 nghiém cta hé
a+3y =0
20 +28=0
a+f =0
Hé nay tuong ducng véi
a+8 =0
{ a+3r =0
¢6 nghiém khong tAm thudngy = 1,8 =3, o = -3
Vay ho {(1 + x)?, ? + 2¢), 3} la phu thudc tuyén tinh.
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) Ta thdy
1.0+ 0x +0x2 =0

Vay ho {0, x, x?} 1a phu thudc tuyén tinh.

5.18 Xt

RN

av, + v, +yvy = (0, 0, 0)
tic 1a

t 1., 1. 1 1 1

a(h-mpog) *E(Sphg) tr (Cpph) S @00

hay

CEF RS SF AL 38 B AURLLYL

Do d6 «, B, vy la nghiém cha hé

1 1
Acx'—i —§y=0

1 1
<-—§a+ﬂ_ﬂ—§y=0

1 1

._Ea_§ﬁ+'1? 0

Heé nay 13 mot hé thuin nhét cd ba phuong trinh ba &n va
phu thudc tham s6 A.

Dinh thdc céa hé la

=23 -

LR
iR
I

e | -

Ta théy

1
=74 - DEL~+ 1)2
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Vay :

1 ' : .
Néu A = 1 va » — 3 thi A = 0, hé chi ¢d nghiém tam -

]

thudng, do d6 he {v,, Uy, U5} la doc l4p tuyén tinh.

1 .
Néud =1hayad = ~3 thi A = 0, hé ¢6 nghiém khong tdm
thudng, do dd ho {v;, vy, vt 12 phu thude tuyén tinh.

5.19. Muén cho mét ho vecto 1a cao sé cho mot khong gian hiu
han chiéu thi mét diéu kién cin 1a s6 vectd cha ho phai bang sé
chiéu cia khéng gian. Do d6 néu mot ho vectd cé s§ vectd khdc
s0 chiéu cia khong gian thi no khéng th€ 1a mét co sd duoe.

a) 86 vecto ctia ho {eey, u,, u4} 12 3 trong khi s§ chiéu cua
khéng gian R? 1a 2 (= 3).

b} 86 vecto ciia ho {uy, u,} 1a 2 trong khi sé chidu cia
khéng gian R> 1a 3 (= 2).

; c) 86 vectd ctha ho vectd {py, p,} 12 2 trong khi 86 chiéu
+ cta khong gian P, 12 3 (= 2).

d) 86 vects cua ho {A, B, C, D, E} 1a 5 trong khi s6 chidu
cia khong gian M, 1a 4 (= 5).

5.20. Mudn cho mét ho gém n vects cia khéng gian R" 1a
mét cd s cia R, diéu kién cdn va du la né doc lap tuyén
tinh. Mudn cho mét ho gém n vects cia R" la doc lap tuyén
tinh, diéu kién cén va da la dinh thic cia ma tran cd cdc hang
(hay cdt) tao bdi céc vectd ctia ho vist thanh hang (hay cot)
phai khée 0.

a) g (ljl = —3 = 0

Vay ho {(2, 1), (3, 0)} la mét co sd cua R2.

b) _é “é’ =-32+7=-25 %0

Vay ho {(4, 1), (-7, -8)} 1a mot co s& cia RZ.
0 0

c) 1 3 I =

Vay ho {(0, 0), (1, 3)} khéng phai la cu s& cia RZ.
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4 -12
Vay ho {3, 9), (-4, - 12)} khong phai la co s& cia R2,
5.21.

PR

=6 = 0

[T e
w oo

1
a) 12
3

Vay ho {(1 0, 0), (2, 2, 0), (3, 3, 3)} 1a co sd chia khéng
gian R3.

3° 1 -4

b) |2 5 6[=26=0
1 4 8

Vay ho {(3, 1, -4), (2, 5, 6), (1, 4, 8)} 1a mét co s& cha R
2 -3 1

e) |14 1 1 =_ 0
0o -7 1

Vay ho {(2, -3, 1), (4, 1, 1), (0, -7, 1)} khéng phai 1a co
a6 cua R

1 6 4
ol 2 4 -1]l=0
-1 2 5

Vay ho {(L, 6, 4), (2, 4, -1), (-1, 2, 5)} khong phai la co
s6 cia khéng gian _R3. *
5.22. P, l1a khong gian ba chiéu. Mufn cho 3 vecto
p = a,+ax +axt '
g = b, +byx +byx?
r=c,+cx +ex?

tao thanh mét co s& cho Pz,'diéu kién cén va da 1a ching déc
lap tuyén tinh, tdc 14 phuong trinh

ap + g + yr =0
chi ¢é nghiém tdm thutnga =g =y = 0.
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Phuong trinh trén vist o
ale, +ax +ax?) +Bb, +bx +ba?) +

+yle, +ex +ex%) = 0+ 0x + 0x2,
hay .
e +b 8 +c0y+(a1a+blﬁ+c1y)x+

+(aa + 5,8 +ep)x? = 0+ 0x + 0x2,
Do d6 «, B, y 1a nghiém cua hé

aa+bB+ey=20

aat+tbf+ey=0

aya+b,8+e,y =0

Day 12 moét hée thuin nhét ba phuong trinh ba #n a, B, v

Dinh thdc clia hé la

Né&u A # 0 thi hé chi ¢d nghiém tdm-thutng o = 8 = y = 0.
Néu A = 0 thi hé cd nghiém khong tim thudng.

Vay muén cho ho {p, ¢, r} la mét co s& cla P, diéu kién
cn va da-la A = Q ;

A = 0 thi ho {p, ¢, r} 12 mot co so ;

¥

A = 0 thi ho {p, ¢, »} khéng phai la mét cu s& cho P,

1 1 1
a) |-3 1 —-7| =0
2 4 0.

Vay ho {1 - 3x + 2z% 1 + x + 4x% 1 ~ 7x} khong phai 1a
mdt co s& cia P,

4 -1 5
by |6 4 2] =0
1 2 -1

Vay ho {4 + 6x + x% - 1 + 4x + 22%, 5 + 2x - x?} khong
phéi 14 mot co sd caa P,
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1 ¢ 0
ajl 1 o0} =1=%0
1 1 1
Vay ho {1 + x + x%, x + x2, x?} 1a modt co s cua p,.
-4 6 8
|l 1 5 47 =-26%0
-3 2 1

. Vay ho {4 - x + 3x% 6 + 5x + 2x%, 8 + 4x + x7} 1& mét co
sé cia P, ' .

5.23. M, la khong gian 4 chiéu.

Mot ho 4 ma tran cdp hai {A, B, C, D} la co s6 cia M
néu {A, B, C, D} doc lap tuyén tinh tic la n&u phuong trinh

«A + BB +yC + 8D = 0 ‘ (3.3)
chi ¢6 nghiém tédm thungae = =y =4 = 0.
a) Phudng trinh (3.3) viét thanh

3 6 0 -1 0 —8 10 00
“ls —6] +ﬁ[—1 0] +7’[—12 —4] +‘5[—_1 2] = [0 0]’
tie la
. 3a +3 6a— B—8 0 0
[3a.—ﬁ—12y—5 —60:—4y+-25] =[0 0]'
Vay a, B, v, & la nghiém cia hé
3a+d8=0"
6a - -8 =0
8¢ -f-12%-d=0
-6 — 4y +25 = 0.
Hé nay cd dinh thue

3 .0 0 1
6 -1 -8

A= lg -y 19 -1 = —48 = 0.
6 0 -4 2

203



Do dé hé chi c¢6 nghiém tdm thusng :
a=8=y=4d=10.
Vay ho {A, B, C, D} da cho la m6t co s6 cla M,.
. b) Phuong trinh (3.3) viét

1 0 0 1 o o] _[o o 0 0
“[0 0] +‘6[0 0] +”[1 0] *‘5_0 1] = [0 0]

te 1a
& ﬁ _ 0 0-
_ [y 5]‘[0 0
‘Ta suy ra
a=0=0y=06=20
Vay ho

s o) 5 o 5] o )
O of”fo of* 1 O] |0 1
12 mot co sé cia M,.

5.24. Xét hé thudn nhit c6 n 4n s6 Ax = 0.

Nghiém cia hé 13 mot bé n sd

’ x = {x), x,, .. x,) € R

Goi W la tap cac nghiém cda he.

Néu x vay € W thi Ax = 0 va Ay = 0.

Do do : - '

il

Ax+y) =Ax+Ay = 0+ 0 = 0

. Alkx) = hRAx =k 0 = 0.

Vay x+tyeWvakrie W,
nghia 1a W khép kin d6i v6i phép cong vects va phép nhan vects
voi mot s6 cia R”. Do d6 W 1a mét khong gian con ciia R™

Muén tim s6 chiu va co s& cia W ta tim s6 vecto dae lap
tuyén tinh sinh ra W. D€ lam viéc d6 ta phai tim nghiém cia
hé thuin nhit di cho. '
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1) Xét hé
2x, + x5 + 3x,4 =0

x, + 2x, =0
2+ x5 =0
Hé nay cé 3 phuong trinh 3 4n v6i dinh thidc
2 1 3
A=|1 2 0 =6=20
0 1 1

Vay hé da cho chi cd nghiém tdm thudng (0, 0, O
| W = (0, 0, 0)}
De dd dim{(W) = 0 vé w khﬁng co co sd.
2) Ta c6 he .
{3:51 txy,txy+x, =0
Sy —xy +az —x, =0
Xét dinh thic cia ma trdn cac hé s6 cia x,, x; :
3 1 \

A= = —-8=10

b -1

Do dé ta xem x, va x, 12 cdc &n ty do cd thé 18y gia tri
thy y va giai hé trén d6i v6i cdc 4n chinh x|, x, : ta dugc

Xyp= gy =T g%,

Vay nghiém cda hé cé dang

1
x o= (2, 0y X3, %) = (g %y ~g Ty T Ty A3 %) =

1 1
= (_Z Tp —4 "3»"3=0) + (0, - x4, 0,x,) =

-5 (—%,—%, 1,0) +z, (0, -1, 0, 1)
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Vay hai vecta
- (-1 1 1,0 = (0, -1, 0, 1)
U = ( 4 4 ¥ > ), vo== H H H
sinh ra W (t4p cdc nghiém ctta hé thusn nh4t d4 cho). Hon
nita chiing lai déc lap tuyén tinh vi tu

1 1
au + fv = a(— " 1,0) + 500, -1, 0, 1) =

(0, 0, 0, 0)

suy ra

. 1 1
—_Zcx=0,—za-—-ﬁ=0,a=0,ﬁ20,

tdc 1a diéu kién au + fv = (0, 0, 0, 0) chi théa man khi
a=§8=0 ;

Vay W cd s6 'chiéu bang 2 va nhan {x, v} lam mét co sd.
3) Xét he ' '

3x, + x, + 2¢, = 0

4x, + 52, = 0

X) = gxy, +4x3 = 0
Day Ia mot hé thuidn nh4t ba phuong trinh Ha &n, cd dinh thie

3 i 2
A= |4 0 5| =10 = 0.
1 -3 4
Do d¢ hé chi cd nghiém tAm thudng (0, 0, 0) :
w = {(0, 0, 0)}

Vay khong gian cde nghiém cta hé da cho ¢6 s6 chibu bing
¢ va khong cd cd sé. '

4) Xét ha
x - 3, + 5‘3 =0
2, - 6x, + 2, = 0
3x, ~ 9, + 3x,
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Ba phuong trinh nay tudng duong voi 1 phuogng trinh ddu-
- 3, txy = 0“

Vay nghiém cia hé cé dang

' x, v x4 tuy ¥, x; = 3x, - x3.

Do dd

W= {x = (x}, 3y 23} = (B, =~ x5, X, X3), X, x5 tAY ¥}

Ta nhan thiy

(3352 — X -7\'72} x3) = (3-752’ Loy 0+ (_ X3, 0, x3) =

1,(3, 1, 0) +x, (-1, 0, 1).
 Vay hai vecto x = (3, 1, 0) va v = (-1, 0, 1) sinh ra W.
Chung lai déc 1ap tuyén tinh vi tit

au+ By = a (3, 1,00 +p(-1, 0, 1) = (0, 0, 0)

- tasuy ra .
3a-f=0,aa=08=
nghia 1a tit au +fv = (0, 0, Q) suy raa = § = 0.

Vi {u, v} sinh ra W va déc lap tuyén tinh nén W 14 khéng
gian hai chidu va {x, v} 1a mét co sd. :

5) Xét hé
% - dx, vz, +x, =0
x, — Sx, + 2x,4 =0
4 m 2y - 2xy -xy =0
x, + 3x, +x, =0
0.

X -2, -x3 txy =

Day 12 mo6t hé thudn nhédt cé 5 phuang trinh 4 &n. Ta giai
nd bing bign d61 50 cap.
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2 -4 1 1 0 b
1 -5 2 0 6 h,
0 -2 -2 -1 0 h,
1 3 0 0 h,
1 ~2 -1 1’ 0
1 -5 2 0 h,—h
-2 -2 -1 0 hy—h,
1 3 0 0 h,—h,
1 -2 -1 1 0  hs—h,
2 -4 1 0 h —h
1 -5 2 0 0 h —h
~2 -2 -1 0 h,—h, :
8 -2 1 0 hy-h —h,
3 -3 1 0 h,-h —h,
~ 6 -3 1 ¢ hg - 2h —hs
1 -5 2 0 0 h; —h
-2 -2 -1 0 h,—h,
-0 -3 0 hy+ ghz — hy
-6 -1/2 0 hy+5h, >k,
-9 -2 0  hs+3h, >h
1 -5 2 0 0
-2 -2 -1 0
-10 -3 0
- 13 3
10 0 h, - 5 hy —=h,
7 ' 9
) 'i'a 0 h5 — *fa h3 — h5

Vay -hé chi cé nghiém tdm thudng
Xy =02, =02, = O,x; = 0.
Do dé
' . W= {(D, 0,0, 0)}
Vay dim (W) = 0, W khong. ¢ co sd.
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6) Xét he

X, * Xyt xy =
3x1+2x2— x, =
{20, —dxy + xy =
dx, + 8x, - x5 =
20, + x5 - 235 =

Day la mo6t hé thudn nh&t ¢é 5 phuong trinh ba &n. Ta giai
né bing bién ddi so cdp :

o o o o ©

1 1 1 0 h
3 2 -1 0 h,
2 -4 1 0 h
4 8 -3 0 h,
2 1 -2 0 &
1 1 1 0 h—h
-1 -4 0 h,-3h —h,
-6 -1 0 hy—2h —h,
4 -7 0 h, —4h —h,
1 -4 0 hy-2h —h
1 1 1 0 h—h
-1 -4 0 h,—h,
23 0  h,-6h,—>h,
-23 0  h,+4h, —h,

Vay hé chi ¢d nghiém tdm thudong
Xy =0,%,=0,x, =0

Do dg

W = {0, 0, 0)}

dim (W) = 0

W khoéng o6 ¢d s8.
5.25. a) Xét phuong trinh :

A -2y +52=10
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Xem y va z tay ¥ ta cd

1
x = 3@ — 5.

Ta cd

(B -3en.0) = (o) + (G0
= (p o) te(m 50
Viay hai vecto
u = (%, 1,_0) va v = (—g,ﬂ, 1)

sinh ra W. Ching doc 13p tuyén tinh vi ti
au +fv =a (2,1,0) +ﬁ(—-§—,0,1) = (0,0,0

ta suy ra
%a ;gﬁ=o,a=0,ﬁ=o.
tic lati au + fv = (0,0,0)chisuyraa =8 =0
Vay dim W= 2 va {z, v} 1a mét co sd.
b) Xét phuong trinh x -y =0
Ta cdé tap '

-

W={@, 5 29lx-y=0ztyy}
Vay (x, 3, 2) € Wes(x, ¥, 2) = (y, y, 2), y va 2z tiy ¥.
Nhung
@32 =02 =02y0+(®0 -2
= y(1, 1, 0) + 2(0, 0, 1).

-
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Vay hai vecto o
v = (1,1, 0 vao = (0,0 1)
ginh ra W. Hon nita tit
au +fv = a(l, 1, 0) + (0, 0, 1) = (0, 0, 0)
tasuyraa =0,8 = 0, nén {u, v} doc lap tuyén tinh.
Vay W la khong gian 2 chiéu nhén {z, v} lam mébt co sd.
¢) Ta thay '
W = {{x, y, 2} = (2, ¢, 42), t tuy ¥}.
Nhung
. ' (2t, t, 40 = 8(2, 1, 4}.
Vay W la khong gian mét chiéu nhan & = (2, 1, 4) 1am co 8.
d) Xét tép ) ‘
"W =1{(a b c)€R},b=0a+c}
Nhu vay
(@, b, 0) € We=la, b, ¢) = (a, a +¢-0)

Nhung
{a, a +c¢ )

(a, a, 0) + (0, ¢, ¢}
_ a(l1,1,0) +¢(0, 1, 1).
Vay hai vects u = (1, 1, 0) va v = (0, 1, 1) sinh ra W.
Chung déc 1ap tuyén tinh vl tit
au + fv = a(l, 1, 0)+ B0, 1, 1) = (0, 0, 0)

ta suy ra
[
[#3
B

tic la tit au +fv = Ochisuyraa = = 0.
Vay dim (W) = 2 va {&, v} 12 mot co sd.
5.28. a) Xét tap '

W= {{a,b,c,0) € RY

= 0

o+ 1
o™ e
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Ta cd

(@, b, ¢, 0) = a(l, 0,0, 0) + 50, 1, 0, 0) + (0, 0, 1, 0).

Vay 3 vecto .
©=1(1,000,v=1(0,100),w=1(0,01 0
sinh ra W, Ching d6c lip tuy&n tinh vi ti
au +Pv +yw =a(l,0,0,0)+50, 1,00 +
+¢(0,0,1,0 = (0,0, 0, 0
ta suy ra
a=0 =0 y=0
Vay dim (W) = 38 va {u, v, w} 12 moét co 3§ cla nd.
b) Xét tap '
W={@becdecR,d=a+b c=a-b}
nghia la
W= {{ag b ¢, d) =(a b a-b a+b)}.
Ta nhan thiy
(@ b,a~b a+b)

(a, 0, a, a) + (0, _b, ~b, b) =
e(l, 0,1, 1) + 6(0, 1, -1, 1).

Vay hai vecto
x=1(1,0,1,1), v=2{(01,-~11
sinh ra W. Ching d¢c lap tuyén tinh vi ti _
au +Pv = a(l, 0, 1,-1) + (0, 1, -1, 1) = (0, 0, 0, 0)

ta suy ra

a =0
g=0
a—-B=0
a+pf =0

tic 1a au + Bv chl bing 0 khi @ = § = 0.
Vay dim(W) = 2 va {u, v} 1a mét cd sd cda nd.
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c) Xét tap
W = {(g, ¢, a, a) € RY}

Vi (e a a @) = a(l, 1, 1, 1) nén vecto « = (1, 1, 1, 1)
sinh ra W va déc lap tuyén tinh. Vay W la khéng gian 1 chiéu
vau = (1, 1, 1, 1) 1a co sd.

5.27. Xét tap
W= {plp=0 +ax +ax? +ax® € P}
W sinh bdi ba vecto

p, = x P2=x2; P3=x3-

Ba vecto nay doc lap tuyé'n tinh vi :
Gia thiét _
ap, +fp, typy =0 -
tiic 1a
ax + Bxt +yx® = 0 ;
khi thay x = 1 ta duge
at+tB+y =0,
khi thay x = -1 ta duogc |
‘ a+f-y=20;
tasuyraff = 0.
Bay gi(‘j' thay x = 2 ta dudge
2a + 8 =0
két hgp vdi « -'|-}, = 0 khix =1 tasuyra
a =y =0
Vay tu ap, + p, +yp; = Otasuyraa = f§ =y = 0.

Do dd {p,, p,, Py} = lx, x%, 23} 1a ba vecto doc lap tuyén
tinh eda P,. Ching tac nén mot khong gian con cla P, cd s6
chiéu bang 3 va nhan {x, 2%, 23} lam 1 co sb.
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5.28. a) Ta tinh hang cta ho ba vectd da cho. Ta c6 dinh thic

1 -1 2] .
2 1 38/ =10=0,
-1 5.0

nén hang cia ching bing 3, ba vects dé d6c 1ap tuyé&n tinh.
Vay ching sinh ra ci khéng gian R> va chung tac thanh mot
co sd cia R

b) Ta tinh hang cha ba vecto da cho. Ta c¢6 dinh thic

2 4 1
3 6 -2 =28 = 0
-1 2 -172

Vay hang cua ching bing 3. Ba vecto d¢ doc lap tuyén tinh.
Do d6 ching sinh ra cd R> va tao thanh mot co s& cia R3,

5.29. a) Xét hang cta 4 vecto da cho. Ta ¢6

1 1 ~4 -3
2 0 2 -2
2 -1 3 2
1 1 -4 -3
-2 10 4

-3 11 8

1 1 -4 -3
-2 10 4

-4 2

Vay hang cia chung bing 3. Ba vecto dd doc lap tuyén tinh.
Ching sinh ra khdéng gian con cta R*. Khong gian con d¢ cd
s6 chiéu bing 3 va nh4n ba vectos da cho lam mét co sd.

b} Xét hang ctha ba vectd da cho.
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Ta ¢

Nl 1 -9 0  hi
3 3 6 0  h2
9 0 0 3 h3
1 -1 2 0 (-1)hl —=hl
6 0 0  h2+3hl —>h2
9 -18 3  h3+9hl —h3
1 -1 2 0  hl-—>hi o
6 0 0 h2 —>h2
18 3 h3-(1,5h2 —>h3

Vay hang cla chﬁng_béng. 3. Ba vecto nay doc lap tuyén tinh,
ching sinh ra mot khong gian con cia R*. Khong gian con nay
¢6 s6 chidu bang 3 va nhan ba vecto d& cho lam mot cd sd.

¢) Xét hang cla 4 vectg da cho. Ta c6

1 1 0 0 hi
0 0 i 1 he2
-2 0 o 2 h3
0 -3 0 3  hd
1 1 0 0 hl—hl
0 0 1 1  h2 ->h2
2 2 2  h3+2hl —h3
-3 0 3  h4 —>h4
1 1 0 0 hT —hl
0 2 2 2 h3 — h2
0 0 1 1 h2 —h3
0 0 3 6  h4+15h3 >hd
Vay |
1 1 0 0
o o 1 1 11 -
2 0 2 2 :2‘3 6‘-=-,6_¢0'
0 -3 0 3
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Do d6 hang ctia ho 4 vectd da cho bing 4 = s§ chiéu cia R+
Vay 4 vecto dd doc lap tuyén tinh, ching sinh ra ca R* va lap
nén mdt co sd eua R,

d) Xét hang cia 4 vecto da cho. Ta cd

1 0 1 -2 hi
1 1 3 -2 h2
2 1 5 -1 b3
1 -1 1 4 h4
1 0 1 -2  hl —hi
1 2 0 h2-hl-+h2
1 3 3 h3 - 2hl ->h3
-1 ¢ 6 h4-hl —>h4
1 0 1 -2 hl —ht
1 2 0 h2-—-sh2
1 3 h3-h2-h3
2 6 h4 +h2 —>h4
1 0 1 -2 hl —hl
1 C 2 0 h2—>h2
: S | 3 h3-—>h3.
_ 0 0 h4-2h3—>h4

Bng s6 cui cing ndy 6 ba hang khic khong,

Vay hang cta 4 vectd da cho bé‘xﬁg 3. Bén vecto nay sinh ra
mot khong gian con ciia R* ¢6 s8 chidu bing 3 va nhéan ba vectg
(1,0, 1,-2), (0,1,2,0, (0,01, 3

lam co sd. '

6.30. Goi W la tap cdc ham f € Cla, b] kha vi trén [e, b]
va théa man phudng trinh vi phan

frH4f =0
R6 rang W C Cle,b] : gia st
fFEWgew

tic la
fi+4f =0, g’+4g = 0.
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Khi d¢
F+gy +4f+8) =f +4f +g +4g=0+0=0
Gy + AR = k(f + 4f) = kO = O .
Vay '
f+geW,rewW.
" Do d6 W la khéng gian con cta Cla,b].
Nghiém t8ng quat cia phuong trinh vi phan f* + 4f = 0 la
| f = ce ¥, ¢ = hing tuy ¥.
nghia 13
W= {f| f=ce®, ¢ tuyy)
Vay u = ¢ ¥ sinh ra W va doéc 1ap tuyén tinh. Cho nén

khong gian con W ¢d 6 chidu bang 1 va nhén u = ¢ % lam
cd sd.

9.31. Néu & = (», u,, .., u,) € R"

2 y
v = (U, Uyys ) € R?
thi tich v& huong Euclid cia u, v trong R” la

<u,U> = uu

1YL + U, + .. + u U,

va chuin Euclid cta « Ia
lfull 1= V<u, u> = (u% + u% + .+ a2
Vay . | |
1) a) <u, v> = 2(-1) + (-1}.3 = -2 -3 = -5
b) <uv>=07+02 =0
2)a) llull =V2Z + (-1 = V{5

lell .= V(=1 + 3% = V10
Ta suy ra -

el llell = V5 . V10 = V50

| <uui = [-5] < V50
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Vay dung la
| <wv=>t < [lafl lvll.
b) Hu” =\102 + 07 =10
foll = V77 ¥22 = {53 .
Do dg
NMalldlvll =0
l<u,u>| = 0-

Vay ding la
: [ <uv>| < ||l llv]l.

5.32. 1) Ta phai kiém tra 5 tién dé cda tich v6 huéng.

Xét cac phdn td bit ki cua M, :

Uy ou, Uy Uy W, w,
u = v = L wo=

?

Uy u, Uy Uy
(i) <u,u>:i= ww; tou, + Uquy + uu,

la mét s6 hoan toan xéac dinh ;

(i) <wv > = <p,u>
vi

<pu> = v + Ui, + vyleq + Ugity ;
(iii) <u +tww> =-<u,v>+ <w,o> .
vi
<utwe> = (u +w)u + (u, + wy) v, +
Fluy Fwyuy ey +wyy,
= @uy tupy, tuwy tuy) +
.t oww, + Wby +ww,)
(iv) <hku,v> = k<upv> ke R
vi ' '

<huv> = kulvl + kup, + ku303' + ku4u4

= Rlup, + uw, + up, + AN
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(v) <wuu> =0
vi
— 42 2 2 2
<uu> = uf + uy +ouj +ug = 0.

oy

<uu> = 02+ 02+ 02+ 0% =0

Hon nita néu

thi

Nguge lai, néu <u,u> = 0 titc la néun

u2+u2+u2-|;u§=0

I 2 k}
thi
2 2 — 2 — =
ul—O, uz—O, u3—0, u4—-0,
tic la
u, =0 u, =0, u3"—0, u, = 0
va

o o
“»=lo o
Vay <u,u> 1= up, +uu, +ouguy Ty la mot tich vé huéng
trong M,

2)- Ap dung
<y, v> = (-1)1 +2(0) + 63+ 13 =20

3) Kiém tra lai bdt ding thic C-S
Nu|l = V(—1)Z + 22 + 62 + 12 = V42
loli = V12 + 02 + 3 + 3% = V19.

Ta suy ra
)l Hvll = V42 Y19 = V790 > 28
| <uv>| = 20 < 28.
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Vay dung la
| <uu>] < Ilull floll. |
9.33. 1) Ta phai kiém tra 5 tiénh dé céa tich v6 huéng.
Xét cac phdn th bat ki cuia P,
p=a, tax+ aztz,
q=15b, +bx +b,x%
r=c, +ecx tex?
() <pg> :=eap, + ab; + ayb,
14 mét s6 hoan toan xac dinh.
(i) <q, p> = b2, + ba, + by, .
Do dd
<pg> = <qp>
(iif)
<ptrg>=(ay tcb, +(a +c)b +(a, + cy) by =

_=' {ab, + ab, + ap,) + (b, + cb, + eby) =

<p,g> + <rg>.
(iv) <kp,g> = kab, + kab, + kazbz =
= kg, + @b, + ap) =
=k, q).
(v) <pp> = a2 +a} +d} .
Do dd <p,p> = 0
<pp> =0=qa, =a =a, =0
Vay <p,g> = ab, +. ab, + a,b, 14 mdt tich v6 hudng trong P,
2) Ap dung
o <pg> = (-1).2+20) +1.(-4) = -6,
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3) Ki€m tra lai bat ding thudc C-§ :
lpll = V(-1)2 + 22 + 12 = {6
flqll = ¥22 + 02 + (—4)Z = Y20
llpll.Ilgli = V6 V20 = Vi20
| <p, g>| = |-6| = 6 < V120

Ding la |
l<p.g>1 < llpll Hall.

DO <pa>=p0 a0 +p (5)a(z) +rWa)

la mét 8 hoan toan x4c dinh

. )
i) <gp> =q(0) p(0) +q (-;—) p(3) +aep) =

p(0) q(0) + P(%) g(

<p,qG>

(
1
3) *PMa() =

(iif)
2rna> =@ 000 0+ (3)a(3) *
+ + 1MW

- P4 +p(5)a(z) +pMad) +

Il

1 1
+r0q©) +r(5)q(35) +r)e) =
= <p,g> + <rg>. | |
(iv)

_ 1
<kp,q> = kp(0)¢(0) + kp(

)a(5) + m)awm)

et bo |

= k@(O)q(O) +p(—2-) q(%) *p)e())

=k<p,g>
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=1

@ <pp> = GOF + (p(3))" + GO

nen
<pp> = 0.

] :
<pp> = 0 «=p(0) = 0, p(g) =0, plH=0
p0) = 0 e=a, +2,.0 +a,02 =0

1 | 1 1.2
p(i) —Oﬁa0+a.l.—2—+a2(§) = {
p(l) =0esqa, +a,.1+a,. 12 =0
Vay

e + a =10
=g, =0,a, =0,0a, =0s=p =0
Ta thdy ca 5 tién dé cia tich vé6 hudng déu théa man, Do dé
1 1
<p,g> = p0)q©) +p(5) q(5) *+rMal)

ciing la mdt tich v6 hudng trong P,.
5) Ap dung : v&6i p va ¢ cho & ddu bai ta cd

1
pl0) = -1 p(i) 2'4- p(l)y =2
1
g0y = 2 q(-2~) =1 g(l) = -2
Do dd
1 23
<p,q>:(—1),2+z.1+2(—2)=—"4—‘
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6 llpll = \[(—1)2 £ ()2 =

W | D

Nell.dlqgll. =

| <p,g>| =

Vay ding la

5.34. a)

lgll = VEZF TTH (=27 = 3

9 27
4 =7
@
T

t<p, g>| < llplllqll
<u, v 1= Uy + Uqliy

khong th€ 1a mét tich v6 huéng trong R? vi ching han, tién
dé (5) khOng thdéa man. Thuc vay,

nhung néu

thi chi suy ra u;

b)

1

<uu> =u2 +ul =0

2 2 _
uf +ug =0
=0,u, =0, con u, thy y.

= 122 2.2 2.2
<u,v> = uh? + ulvd + ufg

khong thé 1a mét tich v6 huéng trong R3 vl chdng han, tién
dé (4) khong théa man. Thuc vay

c)

<ku, v>

= (ku )2 v? + (ku, vi + (kug)? vl

= k2 (v} + uivd + uivd)

= k2 <u ,u>.

<uu> = 2uw, +ouy, .t 4uqpq

cé th€ 1a mot tich vé huéng trong R* vi nd théa man 5 tién

dé cta tich v6 huéng (dé nghi ban doc ki€m tra lai).

d)

<UU> 1= WUy T Ugly + nqU,
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khong thé 1a mot tich v6 hudng trong R*® vi chang han, tién
dé (5) khong théa man. That vay,

— 2 _ 2 2
<w,u> = uy us +ug < 0

né’u'. g, =0,u, = -1, u, =-0.
5.35. Xét | )
o u = {a,b}, v = {cosd, sinf}
khi do : |
<u,v> = acosd + bsing
| <u,u>| = |acost + bsing|
lzl] = ya? + b2

lvll = Yeos?® + sind = 1.

Vay bdt dang thic C-8
| <uv>| < |lull llvli

cho .

| acos® + bsind| < Va? + b2.

5.36. Xét '

f=fx) €EPy, g =gkx) € Py, h=hx)eP,
Ta nhan thdy ’

' 1 .
n <f, g> = [ flx) g(x) dx
. -1

1a mét s8 hoan toan xdc dinh.

1 |
[ &tx) foy dx

-1
1

[ fx) gx) dx = <f,g>.

(2) <&f>

It
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vig

1
(3) <f+h g> =] (flx) + hix)g) dx =
-1

i ) 7 1

| o) g(x) dx + [ hx) g(x) dx =
. 2

= <f,g> + <h,g>.

: 1
(4) <kf g> = [ Rkfix) g(x) dx =
-1
1
k[ fix) gixy dx = k <f,g>.
-1

fi

1
(5) Ta cd <ff > = | R dax
-t

Vay

. _
1) FolR = 0= [ [fx))2 de = 0.
-1

Do dd lué_n cd <fif> = 0.
2) flxy = 0 + 0x + 0x2 + 023 € Py

thi [fe)} = 0 tai moi x
==-j' (fx)1? dx = 0=¥<f, f>=0.
b -
3) Neu <ff> = 0, tic Ia
[ vz = o
-1

thi vi fix) 12 mét da thdéc nén nd lién tuc trén [-1,1], do do
tich phan trén bang 0 bude fix) = 0 tai moi x € [-1,1], tde la
f(x) phai cé dang fix) = 0 + Ox + 0x2 + Ox?,
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Nhu vay la tiégn dé 5 cGng thdéa man.
Ca 5 tién dé vé tich v6 hudng déu théa man. Vay

1
<fg> = [ flx) gx) dx
|

la mét tich vé6 hudng trong P, .
Ap dung :

1
- 8
a) <f,g> = f (I -x+x*+5%)(x — 3)dx = —% .
-1

b) <f,g> = _lf (x ~ 5x%) (2 + 8%)ydx = —% .
. -1
5.37. a) Ta muén cd _
<p,v> =2.1+1.7+3. k=0
Vay k = -3,
b) Ta muén cd
<u,v> = kk+k5H+ 16

Il
=4

tuc la :
k2 + 5k +6 =0,
Vay £ = -2 va k = -3
5.38. Ta cg
<p,g>=10-12+21=0.

Vay p va g tru-'.: giao theo tich vo hlwng trong P, da dinh
nghia & bai tap 5.33.1.

5.39.

-3 0 2 1
a) <_[0 2],[_1 3]>=—l’:3+0—0+6=0.
Vay [_3 g:l truc giao v8i A.
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.é.{s

: 1 1 -2 1
b}{[o _1],[_1 3]>=2+1+0‘—3_=0.

1 1
Vay [0 _ 1:1 truc giao véi A.

0 0] 2 1
c) ‘([0 0 [_1 3}>=0+0+0+0=0,

Vay ma tran “khong" truc giao véi A

2 1] 2 1 ' L
) <.[5 2,[_1 3]>=4+1—5+6—6¢0.

: 2 ] ' :
Vay ma trédn [5 2} khong truc giao voi A,

5.40. Ta phai tim vecto x = (x, x,, %, x,) cia R* théa

man cac diéu kién sau :

lxll = Va2 + x3 + 2§ + 23 = 1

<xu> =2 +x, —4xy +0.x, =0

<x,u» = —x —x, +2x, +2x, =0
<x,w>:3xl+2x2+5x3+4x4=0..

Trudc hét ta giai hé thudn nhidt gém ba phuong trinh cudi :

2 1 -4 0 0 h1
-1 -1 2 2 0 h2
3 2 5 4 0 h3
| 1 -2 -2 0 -h2—>hl
0 -1 0 4 0 hl + 2h2 — h2
0 -1 11 10 0 h3 + 3h2 — h3
- e T
-1 0 4 0 :
11 6 0 h3 - h2 — h3
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Xem x, la tham s6 ta cd

6
I3 = —“ﬁ.‘t4
Xy = 4z,
34
X, = —x%y +2x, +2x, = 1%
Do dd didu kién chufn hda ||x|] = 1 viét
' 34,2 6.2 .
2 2 2 = - = 2 - — 2] 42
al +x3 +a} +a} = [( )t (- ) +_1:|x4
= 3249x% = 1
yéu céu
1 1

x, = * =+t —.
4 V3249 57
Vay hai vectd phai tim 12

. 17137_ (-34, 44, 6, 11)

541. Jlu+u|l? = <u+v, u+uv>
o= tul|? + 2<up> + || v]] 2
la - vl2 = <u-v,u-uv>
= Null? - 2<uv> + |jv]]?
Do d6

!

2(/ull? +1ul|®

d<py,v>

lla + o2 + {lu - ol| 2
lla + ]l - flu - o]t?

Do dé
<up> = L flu+ol2 = Lju -
’ 4 4
5.42,. Xét £ = I. Ta cd

. S
<f fi> = f coskx coslxdx =
]
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LT
o,
9!8

1
3 [cos(kR + Hx + cos(hk — Hx]dx =

sin(k+Dx
k+1

s
[¢]

i
[N = |

T 1 sin{k —l)x
o V3 TR
Vay néu k& = [ thi f, truc giao véi f;, theo tich vé hudng
dinh nghia bang tich phan & trén.
5.43. Theo tich v6 hutng

= 0.

<uu> = 3”1”1 + 2up,

ta ¢6

1 2
<xy>» =837= 57—+ 2 (- = 0.
i Vs V30 T2 ("5 W0)
Con theo tich vo hufjng Euclid thi

‘H"rf‘r”ﬁ‘“ﬁ*“
Vay hai vectd x va y € R? da cho truc giao theo tich vd hudng,
mdi dinh nghia ma khong triyc giao theo tich v6 hudng Euclid.
5.44. Két luan & ddu bai suy tif cac két qua sau
<u;,uy> = LD +00+02+11=0,

<up,uy> = 12+03+02+ 1(-2) = 0,
<u,u> = =) +02+0.6-1) +11 =
<uy,uy> = ~1.2+03+22+1.(-2) = 0,
<uy,ug> = (D1 + 0.2+ 21 +11 =0,
<uy,ug> = 2(-1) + 32 +2(-1) + (-2).1 = 0.

5.45. a) Cho trong R?
= (1, -3), u, = (2, 2).
Ta thay :

1 -3
2 2

|_=87=0
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Vay {u), u,} déc lap tuyén tinh, do dd 1a mét co so cua R?,

Ap dung qua trinh tryc chufn hda G-S d€ duge mot co sd
tryc chudn cua R% Ta c6

|| = VI8 = VIo.
Dat ‘
-1 1
v, = Wul = W(l,‘ -8 = |yl =1
Tiép tuc dat
R .

av, +u,,a €R.
va xdc dinh a dé <w, v;> = 0 .
<w,uny> = <aqu tu,,u> =

<av,u> F <u,, v>
a + <Uy,U>
Vay didu kién <w, v;> = 0 théa man khi

a = —~<uiy v;>

1 -3 4
[24k5 + 2 ] - 7
Do dd '

V10
S
w _Vl—dvl uz
4 1
= Vio Vo (1, 3) + (2, 2).
24 8

=(10'T6) =0 @V =

| e

3, .

8

0

4 4

lboll = SVFT = VIO



Dat .
5 4

= = LR S
"= Twl™ w5 @V Ty G Y
thi v, tric giao véi v; va cé chudn Il v =1

Ho { v, ”2} 1a 1 co s& truc chudn cia RZ

Chii y. Néu diu bai khong yéu cAu 4p dung qua trinh
Gram-Smidt thi ti &, = (1, —3) ta thdy ngay z = (3, 1) truc

giao voi u, vi
<u,, u> = 1.3 — 31 = 0.
Sau dd6, chufin héa u, va u
“y u

U, = 5, Uy = T
V7 e f? 72 7 el

ta duge ngay
1 1.
Ul = m (1, _3) va Uz = m (3, ].)

Chiing truc giao vi

<u,, u>
DR ™ I
va chudn hda vi '
Il | ull
= 7= 1, = == 1
{ Ulu T |l l 02“ [zl

Hai vecto »; va v, doc lap tuyén tinh vi ching truc giao,
nén ching tao nén mét co s§ tryc chudn trong R
b) Cho u, = (1, 0), u, = (3, -5) € R%
Ta thdy dinh thic :
|1 0
3 -5
Vay { U, :_;,2} doc 1ap tuyén tinh va do dé 1a mot co s cia R2.

= —5H = 0
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Ap dung qua trinh trde chuin héa G-S d€ dugc mot co sd
- tric chuéin cda R?2. Ta c6

lull =VIZ+07 = 1,
Vay u, da chufn hoa. Ta dat vy = uy. Sau do dat
W= U, + v,
va tim ¢ d€ w tryc giao v6i v,. Ta co

0 = <w, v;> = <uy, v,> + <, v,>

1
= LUy, U + t<vl, vy >
= <it,, Uy> + L

Diéu kién <uw, v;> = 0 yéu céiu

t = —<u, v,>=-[81-50] = -~
Do dg '
w = u, — 3,

w
Bay gio
| wl = V02 + (=5)? = 5 ta dat

(3! _5) - 3(1’ 0} = (0} _5)

w 1
Uz = '"—w”= g (0, —5)= (0, —1)
Vay hai vecto
vy = (1,0} v, =(0, -1
la 2 vecto tryc giao va chufn hda, chung tao thanh mét co sé
trac chuén cua R?.

Chi. y. Néu ddu bai khéng yéu céu 4p dung qué trinh
Gram-Smidt thi tit u, = (1, 0) ta thdy ngay u = (0, 1) la vecto
thd hai tryc giao véi u, va da chufin héa réi. Vi u; va u tryc

giao nén déc iﬁp tuyén tinh va ching tao nén mét co s& truc
chudn caa RZ.
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o Shy
rg.

Nhu vay co 8¢ { v, v,} va co s§ { u,, ©} hoi khac nhau
mét chit § ché u = —v

-
5.48. a) Ta co
Il el = V17 + 12 + 12 = 3.
Ta dat '
L |
TRl R AR
Ta lai cd

1
<y v> = = (LED +11+10) =0,

tic 12 u, da truc giao vé6i v) r6i. Ta dat

U 1
= T (-1,1,0
“2 = Tl = Ve o b Y
1
=73 -1, 1, 0

Nhu v4y ta da cé v, v v, truc giao va chufn hda. Bay giv
ta tim vecto thd ba tryc giao véi v), v, v& chuiin hoa. Ta dat
w=u,; +tv tsv, fseR

4 xdc dinh ¢ va s. Tu
0 = <w, v;> = <U,y, v;> + E<Yy, V> + 8 <Yy, v>
= <hq, Uy> t+ 2,

ta suy ra

t = - <uy, vp> = - %
Tit

0 = <w, v,> = <u,, v,>» +E<p, V> + 8 <, V>

= <u,, > t o8,
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ta suy ra

=(1,2,1) - %(—\%)(1, 1,1 - vlf(v%)(—l, 1, 0) =

S
Ta c6
1 1
f wi = g\flz + 14 + (-2)¢ = 76
Ta dat

1
vy = Tw—i= V6.5 (1, 1, -2)

= W (1, 1, -1

Cu8i ciing ta duge ba veci:a
1
Ul ] ﬁ (1, 1, 1),
1
Uz = ﬁ (_1, 1, 0),
1
03 = vg (1, 1, 2)

truc giao va chudn hda, tao thanh mot cd s& tryc chufn cua R3.

b) Ta ¢6 u, = (1, 0, 0) da chufn héa vi
IF el = VIZ+ 02 + 02 =1

Ta dat v, = u, = (1, 0, 0).
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gy

Sau dd ta lai nhan thay
<u, Uy> =10+04+01 =0

tic 1a u, da trye giao véi v), nén ta dat luon

= "3 = “3 _L(O,; 1)
27 Nugl™ yoZ+aZe1z = V17 7 7 7

Bay gid ta tim vecto thd ba truc giao véi v, va v,

v

Ta dat
w=u, +tv, +sv, tsER
T )
0 = <w, v,> = <u, + v, + sv, v>
= <U, U + t<u1, v > + 8 <Uy, U >
= <u, vy> +¢
ta suy ra
t = —<uy v> = -3
T
0 = <w, vy> = <uy + ) +osuy v
= <y, Up> + KU, V> T8 <uy, Uy
= {uz, U2> + 3
ta suy ra
8 = — U, U, = 26 .
U2 T ‘“7
Vay
w o= u, + v+ su,
26 1

{3: 7; _2) = 3(1, 0) 0) - m ﬁ—f (0, 4: 1)

I

1
77 (0, 15, -60).
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wE
Be

Vi
1 3825
ol = - V57 + 607 = Y3828
nén ta dat
w 17
= 0, 15, -60
3T Twll © V3825 17( )
1
0, 15, 60‘
4382 ¢ )
Cudi cung ta dugc ba vectd b
Ul = (1) 0’ 0))
! 0, 4, 1)
Uy = —= s 1y ¥
2 = 17
1
= 0, 15, -60
Y3 = Jyasas O 1 )

truc giao va chuin hda, tao thanh mot co sd truc chudn cia R3. .
Chi y. Né&u st dung tuédn tu u, i u, réi moi dén u, trong.

. qua trinh true giao hda Gram-Smidt thi sé duge ba vecto trye
chuin khong nhidt thigt tring v6i ba vecto trén. D6 1a

72 0 30 105
* ¥53° m)( ’\f11925’\*11925)‘
5.47 Dat u = (0, 1, 2), u, = (-1, 0, 1),

Ta phai xay dung hai vecto triuc chuidn la t6 hgp tuyén tint
cla u, va Uy

(1, 0, 0), (0

Ta co

lall =V F T+ = V5 .
Ta dat
4y 1
Y= T Ty © L)
Bay giv ta tim t d& '

w = u, +tv1.
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Tt
‘g

-

tritc giao vai v,. Tiu

0 =<u, v>=<u, +tv, v,>
= <uy, vy> +i<y,, u> = <u,, vt
ta suy ra
2.
t = —quz, U]> = _-J:5:
Do da
2
w=u2-vgul
2 1
=(-1,0,1) - =—=1(0,1, 2
( ) ﬁﬁ( )
= 1( 5, -2,1
_ﬁ ’ L] )¢
Vi
1 1
nén ta dat
w 5 1 )
2T Tl Tyee s 0 TR DS
-1 (-5, -2, 1, '
V30 o

Tém lai hai vectd

i X 1
v =F @ L vav, = ==(-5, -2, 1

tao thanh mét ce s truc chudn cia khéng gian con cia R3

sinh béi hai vecto u| va u,. .

5.48. Ta cd theo tich v6 hudng dinh nghia & d4u bai
I ulﬂ = d{ul’ U=

'=\f1.1+2‘(1,1)+3(1-1) = V6.

237



Ta dat
u i

1
T T e 8D

Bay giy tim
' w=u, +tv,, t R

truc giao véi ;- Tu

0 = <w,ul> = <u2 +tul’ Ul>

= <u,, UI)_+ t<v, vy>

= <uy, > + ¢

ta suy ra
t = —<u2,vl‘;- = -v%(l.l +2.1.1+3.0.1) = _Tg
va cd
vi
[twl| = %\’1.1 +2.1.1+3(-1)(-0) = %m
nén ta dat '
V2 = ﬂ%"= %%(1_.1, -1 = %(1, 1, -1

Bay gid tim v,. Ta dat
w=u; +tv, +tsv, tseER

v& xéc dinh £ va s d€ w tryc giao vai v, va v,.

Tu

0 = <w, v;> = <uy + v, +sv, v,>
<ug, 0> + t<ul, V> + s <uy U>

<uq, U> + ¢,
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“'ta sﬁy ra
t = —<ug, U;> = — q% [1.1+20.1+30.(-1]
__ L |
Ve
T
0 = <w, v,> = <uy +w + su, Uy>
=--cu3, vy> + £ <u, 0> + 8 <y, Uy
= <Uy Uy> t s
ta suy ra
1
§ = KUy, Uy = T—g
Vay
w = u, + iy + su,
1 1 1 1
= (1, 0, 0)—v€ﬁ(1, 1, 1)—?5‘{?(1, 1, -1)
= 114, 2,0 = %(2, -1, 0.
Vi
= —# Z 1) = ——
nén ta dit
w 31

1
S bg = ” w“— {E 3 (2, _1, 0= W (2’ _11 0).
Cudi cung, ta dugc ba vecto

1

Ul = vg (1, 1, 1),
1

Uy = ﬁ (1, 1, -1,

1
vs = 1§ (2, -1, 0),
tao thanh mdt co sd tryc chudn cia R3.
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5.49. Ta chi y ring vai tich vo huéng Euclid trong R> ta

cd <u,, u,> = 0, nghia la u, va u, tryc giao.

Theo dinh li 5.6.6 trong Thec/l ta co

w=w +w,
trong dd
W = <w, uy>u, + <w, Uy>u,
w, = w — w,.
Vi
<w, uy> = -1, <w, u,> = 2
nén
4 3
w, = —u +2u2 = (—g, 2,3)
9 12
w, = w —uy = (3,0,?)
5.50. Dat |
u =1 u, =z, u3=x2
Ta cd .
. ’ L
| u1|| = 12dx = V2
. -1 ¢
nén dat
_h_ 1
“WSNE TN
Ta lai ed '

1
1
<y, Uy> = l]'lqﬂz-acat!:n: = Q.

tie 14 u, trdc giao véi v,. Ta tinh

1‘ 2
”uz ” = f v2dx = §
-1
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.Q;o
]

va dat

42-1,§
T alT V2 T

Ta di dugc hai vecto v, v& v, tryc giao v2 chudn hoa. Bay
gid ta tim vectg thd ba. Ta xdc dinh ¢, 8 € R sao cho
w = u3+tvl +su2
true giao v8i v, va v, Tix
| 0 = <w, v,> = <w,, ;> + E<y), v;> + 5 <Y, V>
= <ltg, U> + ¢

ta suy ra

1 : .
1 -2
t = —<uy v,> = —._r xz‘ﬁ dx = ﬁ
Tt

0 = <w, vy> = <Uy, V> T <Y, U,> + 8 <0, Uy

ta suy ra
p ’3
s=—<u3,u2>=—fx2 Exdx=0
-1
Vay
, 2 1 5 1
w=u3+tul=x—ﬁ.ﬁ=x—§-
Vi

| 1 81 y81
'WW=V£PL%V“=V53=F§
.ﬁéntadat

_w _3‘13 2 _ 1
b= Tl Ve (7T 3)
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Vay tit co s3 { 1, x, x?} cta P,, ap dung qui trinh truc giao
hoa Gram-Smidt ta da suy ra 1 cd sd tryc chuan cuia P, la

[ V5= 5% = -l

5.51. (a) (3, -T) = (3, 0) + (0, =T) = 3(1, 0) + (-7) (0, 1)

= Bu, — Tu,
Vay

W)y = G, =D, [l = [_?]
(b) Ta vigt |
| - w = au; + fu,
(1, 1) = a(2, -4) + (3, 8)

= (2a + 38, ~4a + 80).

Do ds RN 443
Ta suy ra a = %, = % .

Do dd

., 5 3 ' 5/28|.
(c) (@, &) = afll, 1) + 50, 2)

= (a, a +2p).
- a=ua
Do dg .
a=uqaf=({-a)2
Vay cd

w)s = (a (¢ ~ a)2), Wwly = [(b —aa)fz]‘
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o

a(l, 0, 0) + B(2, 2, 0) + (3, 3, 3)
(a + 28 + 3y, 28 + 3y, 3p).

5.52. a) (2, -1, 3)

Do dd .
2ﬁ+3y=«-]_
3 = 3.

Vay cd
},=1!ﬂ.=_23a=3

Cho nén cd
w=3u1 —2u2+u3.
3

(w)s = (3, -2, 1), [w]S = |—2].
1

b) (5, -12, 3) = (1, 2, 3) + B(~4, 5, 6) + (7, -8, 9)
= (@ - 48+ Ty, 2a + 53 - 8y, 3a + 66 + 9y)

Do dé
‘a—4ﬁ+7y; 5
2a+5ﬁ—8y=—12
3a + 68 + 9 = 3
Ta suy ra :
a=-2 p=0 y=1,
nghia 12
w = —2u, +u,
Vay cd )
. -2
(w)S = (_2! 0! 1); [w]S = 0]
' 1
b5.53. _ )
2 0 -11 |11 [0 0 00
{—13]““[ 00]*5[00]“’ 10]“5{01]
- —a+ﬁ a+ﬁ
}’ .
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n
.%h

Ta suy ra
a+ g = 0
y =71
d = 35
Do dd
d=3,y=-1,=1a=-1
Vay co
-1
1
(A= (-1, 1, -1, 3), [Aly = 1l
_ 3
5.54. _
4 -8 +a’=4p ~3p, +1Ip,
Vay cé '
4
(p')B = (4’ _3$ 1): [p]B = [—3].
- . . 1
5.50. (a) Ta ¢d : u; VA u, tryc giao vd di chuin hda, vi
3 7 4
<w,ul>=T_§—ﬁ=——{~2==—2ﬂ
3 7 10
<w,u2>=~—‘}—-2=+ﬁ=—‘r§'=5ﬁ-

Theo dinh i 5.6.5 trong Thee/l ta c6 :
-2y2 |
véi § = {u,, u,}.

(b) Ba vectd u,, u,, u, cho & ddu bai truc giao va chufin héa va

<w, uy> = 0
<w, uy> = —2
<w, uz> =1
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08,
Pigq

Vay theo dinh li 5.6.5 trong Thee/l ta cd

w o= <w, 4> U + -:'w, Uy> Uy + <w, Ug> Uny
w = —2u2 + u,
Vay cd
L. 0
(w)S = (0, '"27 1)-,- [w]s = |—2
1

5.56.

|

|

o] ¢
]
<

{a) .<wl, wy> = g
VE ()7
V3 (37 -

Vay § = { w,, w,} 12 mét co sd tryc chudn cda R2.

[l

Il w,l

(b) Do d6 (u); = (1, 1) va (@) = (-1, 4) cd nghia la

u=w tw, v=-w +4w,
Ta suy ra
2 = llwll?2 + lwll? =1+1=2
|l ull =2

u—v = (w +w) - (~w +4w2)=2w1 —3w2;
e —ulf2 = 4llw,ll? + 9l w,ll2 = 13;

dwv)=llu—-vll =V13;

<u, v > = <w tw, —w + 4w,>

= —<w,, W

P 1

<u, v> = 3

> + 3<w, w,> +4 <W,, W,
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@u=w tu= (5. -5) * (5. 3)

7 1
=(5 " 3)
3 4 16 12
v tan = (55) (50 5)
13 16
(5 3)
el = (£)7 + () =5 = 23
full =
7 1 13 16 6 17
“wv=(5"35) (5 3%)=("5"%)
lu = ollZ= (3)2 + ()7 = 18;
d @ o) =llu~vl =Vi3;
7 13 1 16
<mu>=g5.5-§5F =3

5.07. Xem Thec/]l trang 280 - 281.
a) O day B 1a co sd chinh tic. Do d6 ma tran chuyén co 56

tt B sang B’ la
2 -3l
e

~ ) 3
b) [w]B = [_ 5]'
Mat khée |
) [w]B = p! [w]B
Vi det{P) = 11 nén

' 1 [ 43
..1___"_-
Py [—1 2]
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@ ey
Lo M.
&,

‘do dg

( 1 [ 4 3 3] _[- 3811
wp =17 [-1 2| |-5| = |-13m1

(¢) Tich [w], trdc tiép

3] 2 -3
] =[]+ [
Do d6 a va B la nghiém cia hé

2c —~ 3B
| a + 4f
Giai hé ndy ta duge a = -3/11, 8 = -13/11.

Vay co
- 311
@l = 11311
(d) & cau (b) ta da tim ra ma trin chuy€n cg sd tit B sahg
"B D la ' ' .
1 4 3
__.1 o
P = 11 l:-l 2]

Ta c6 thé tinh truc tiép ma tran chuyén co sd d¢ bing céch
bi€u din u, va u, theo cd 86 B’ = {v, v}

3
-5

Ta cd

. ) |
Giai hé nay ta duge @ = 77,8 = -

: 411
[ul]B’ = [_ 1“.1]

Vay

247



#B

_%\ v
% o.bga'

Mat khac

20 - 38 =0
a +48 =1
—2!11.Va§.y

_ [am
[dp = 911

Do d6 ma tran chuyén co s§ tit B’ sang B la
_ | 411 311
€= 11 2m1
tring véi Pl

5.58. Xem Thec/l trang 280 - 281.

o< [ ] o[

Giai hé nay ta dugec o = 3/11,

™
|

Do dg
2a_ + 4}6 = ]
12 - B =8
Giai hé nay ta duge
_ 13 - _2
T 5
Vay
. 13/10
loilp = [ 2;5]
Ta lai viét
-1 2 4
R EERY RV
Do dd
20 + 48 = —1
2 - f .= -1
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._ﬂ-gsl

Giai hé nay ta duogc

a=-1/2,8=0

Vay

[UZ]B = ]: 0
Ta thu duge .

—2/5

2l

1310 -1/
P- 5 7

(b) Bay gid ta tinh [w), va [w],. Ta cd

Do d6

20 + 48
2a - 8

Gidi hé nay ta duge

3

-5

NEREE

a=-1710, B =285

Viy co
_|—1710
Mat khic
[w]B’ = P_l [w]B;
Ta thdy
det(P) = — % # 0,
ta suy ra
- 0 1/2
1 - _
=5 [2;5_ 13/1
Do dg
' _ 0 12
[wlp = Pl lwly = =5 [2;5 13;10][

]

- 17;10]

8/5

|

=3
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(e} Tinh [wl, truc ti€p

—4]
- [
(d) O cau (b) ta da tim ra ma trin chuyén co sd tu B’ sang

B. D6 1a P7L. Ban doc c6 thé tinh tryc tiép ma trén chuyén
cd 88 dé nhu ¢ cau (d) bai tap 5.57.

8.59. Xem Thee/1 trang 280 - 281

(a) Tim ma trén chuyén co sé P tit B’ sang B. Ta cd nhan
xét chung sau :

P = [[HI]B' [H'Z]B’ [“318']

Dat
ay B _ "
[u)pg = |22, [lp = B2, ylp = |72
g kY IO 73
thi c6 )

_ a; [v,] + a, [Uz] + [v3] = [uI]
3.4 (Bilv] * Bl + Byl = (1))
Y] F vl + vy lug] = [u)]
O day ki hiéu [w] chi ma tran c6t cia w € R3, ching han
nhu néu w = (3, -1, 2) thi

3
[] = [—1
2
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Hé (3.4) c6 thé viét
ay b1
(3.4 )] [o,] [ (92 B2 72| = [lw)] [y [u,]]
ay By 13
Nhu vay (a;, @), @), B}, By B3): () ¥y 73) 12 nhitng nghiém
cia ba hé tuyé&n tinh cd cing ma trén hé s6 la
{lv,] [v,] ;501
voi ba v€ phai la [u,], [”2] va [us]..
Ta ¢ thé gidiba hé dé bing phuong phap Gauss cing mot
lic trong cing mét bang.

Ta ciing ¢6 thé xem hé (3.4) ddang (3.4°) la phuong trinh
ma tran '

(lv]] )] [0l P = [Mu] [;)] [x5])
G’ai phuong trinh ma trdn nay ta duge ma tridn P.
Bay git ta 4p dung vao bai tap 5.59. a).
Ta phai giai he

-6 -2 -2 -3 -3 1
-6 -6 -3lp=| 0 2 &6
0 4 7 -3 1 -1

Ta gidi bing phuong phdp Gauss-Jordan. D& trdnh nhiéu

ddu -, ta d8i ddu hai vé&
{

6 2 2 3 3 -1 hl
6 6 3 o -2 -6 h2
0 -4 =7 3 -1 1 h3
6 2 2 3 38 - hl — hl
4 11-3 -6 -5 h2 - hl — h2
-4 -7 3 -1 1 h3 — h3
6 2 2 3 3 -1. hl — hl
4 11 -3 -5 -5 h2 — h2
-6 0 -6 -4 h3 + h2 — h3
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6 2 0 3 1 -7/3 hl + 1/3h3 — hl
4 0 -3 -6 -17/3 h2 + 1/6h3 — h2
-6 0 -6 -4 h3 — h3
6 0 - 0 | 92 4 1/2 hl - 1/2h2 — hl
4 0 | -3 -6 -17/3 h2 — h2
' -6 0 -6 -4 h3 — h3
1 0 0 314 2/3 1/12 - 1/6h1 — h1
1 0 -3/4 -3/2 -17/1 1/4h2 — h2
1 0 "1 2/3 -1/6h3 — h3
Ta thu duge
34 23 1/12
P=1-34 -32 -1712|.

0 1 2/3
(b) Ta viét '

w = 61”1 + ‘52"“2 + 53u3

thi sy, 5, d4 14 nghiém cda hé

(-3 ~3 11[%] [-5
0 -2 6|15 =| 8
-3 1 -1{]|s, -5

Gidi hé nay ta duoge
6, = 31/21, 62 = 4/7, _63 = 8/7.

Vay
31/21
8/7
Tu dg
[W]B' =-P[w]B =
3/4 2/3 1/12(31/21 19/12
= 1—-3/4 -=-32 -1712|| 477 = | —43/12]|.
o 1 23 || 87 43
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(c) Tinh tryc ti€p (w]g. Ta viét
w = ¢y + coU, + CaUs

thi ¢/, ¢,, ¢; 1& nghiém ctia hé

-6 -2 -2]|% -5
-6 -6 -3[|5] = | &
0 4 Ti|e, -5

Giai hé nay ta duge
¢y = 19/12, ¢, = - 43/12, ¢, =4/3 -
Véay cd

19/12
[wlg = |- 43/12
4/3

tring véi két qua trén. _
5.80. (a) Ap dung cach lam & bai 5.59.
Ta phai giai he

3 1 —1]l® A o7 9
TL 1 ofley By | =1 -1 2
=523 " 2fla, B, 1 1 1 1

Khi gidi mot he ta cd th& thay ddi vi tri cia hai phuong trinh

3 1 -1 2 2 1 k&l
1 1 o0 1 -1 2 h2
-5 -3 2 1 1 h3
3 1 -1 32 2 1 - hl>hl .
- 1
2 1 1 -5 5 3, —3h)—>h2
-4 1 13 13 8 - 3 +-g-h1)—-h3
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R

3 1 -1 2 2 1 hl — hl
1 1 -5 5 h2 —+h2

1 5 . 1 6 %(hS + 2h2) - h3

3 1 0 7 3 7 hl +h3 —hl
-4 -6 -1 h2-hl —=h2
1 5 1 6 h3—h3

3 0 0 9 6 152 hl - %h2—~h1
2 0 -4 -6 ~1 h2 ->h2
1 5 1 6 h3—h3
1 0 0 3 2 52 hl/3-—hl
1 0 -2 -3 -1/2 h22->h2
1 5 1 6 h3 —h3
Vay
3 2 52]
P=|-2 -3 -12
5 1 6

{b) Tinh [w]B. Ta vist
' w = 61”1 + 62u2 + 63u3.
thl &,, 4,, &, 1a nghiém cia

2 2 1] [%] [-5
1 -1 2| {5 = 8
1 1 1] |4 -5

Vay

p——
&
[+~
"
|
=]
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-r,
E;E

v,

T do
' 3 2 52l 9 —7/2
], = Plwl, ={-2 —3 -12/|-9] = | 232
- 5 1 6[1-5 6

(¢) Tinh true tiép [w]B.. Ta viét

w o= o + o125 + Caly

thi ¢,, ¢,, ¢4 & nghiém cla hé

3 1 ~1] | -5
1 1 ol | = 8l
-5 -3 2| |, -5
Giai hé nay ta dudc
¢, = -T2 ¢ =232, c3=6.
Vay
—-7/2
(wls = 2372
. 6

© triang véi két qua trén.

5.61. Trong co sd chinh tdc § = {1, x} cia P, ta c¢

-l w3

12 3
lq,] = [0] lg,) = [2] '

(a) Ap dung nhan xét & bai tap 5.59 (a).

i

Ta phai giai he
2 3] {1 Ay _ [ 10].
2 |3 2

a, B

Giai hé nay bang bién ddi so cdp ta dugc
a By [3;*4 712]

P=la, 8| = j32 1
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(b} Trong co sd chinh td¢ 8§ = {1, x} da thic p = -4 + z
cd ma tran toa dd
—4
bl = [ ]

Trong cd sé B né viét p = ap, + fp, thi @ va 8 12 nghiém

cia hé
s 5 - [
3 2| (B 1
Gidi hé nay ta dugc a = +1, 8 = -1
Vay

[p]B = [_1 .
Trong co s6 B" ta ¢6 )

34 72] [+1 -11/4
bly = Plplp = [3;2 1] —1] = [+ 1f2]

(c) Tinh tryc tiép [pl,. Ta vist

P = q + €9,
thi ¢, va ¢, 1& nghiém cia hé :
[201 +3c, = —4

2, = 1
Ta suy ra
c, = % ¢, = —1V/4
Vay
bl = [—153]

trung vai két qua trén.
(d) Ma trn chuyén co s& @ tit B sang B’ 1a
Q=p!
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-

: 3/4 772 9
det(P) = ~3;2 1‘ = -5 *0
nén
pt . 2 1 =72 _ [-20 9
9 -8%2 34| | 13 -18

5.62. Xét khong gian sinh béi fi = sinx va f, = cosx :
V = {flf = asim + bcosxr, Ya € R, Vb € R}

Tt of, + pf, = asinx + Peosx = 0, Vx, ta rit ra @ = O khi
thay x = #/2 va = 0 khi thay x = 0. Vay B = {f, £} via
sinh ra V, vita dgc 1ap tuyén tinh nén B la mot co s ciua V.

Trong ec0 s6 B 4y . cac ham sé fi = sinx, f, = cosx,

g, = 2sinx + cosx va &, = 3cosx cd ma tran toa dd

' 1] 0 2 - 0
- v o - )

(a) Ta ching minh g, va g, cling sinh ra V va doc 14p tuyén
tinh. :

Vifev =Ifly, = [:] nén g, va g, sinh ra V néu hé

ag, +ﬁgz =f

SRR

c6 nghiém Ve, vb. Hé nay viét

tie la

2a - = a
a+ 33 =5
lubn c¢d nghiém (vi cd dinh thie = 6 = 0). vay

B = {g,, g,} sinh ra V.
\
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Bay gid xét he ag, + fg, = 0 tic 1a

2
{a+3,8

Hé nay chi ¢6 nghiém o = 0, § = 0. Do dé g, va g, déc
lap tuyén tinh.

i

0
0

Vay B’ = {g,, g,} cing la mdt co s6 cia V.
(b} Ap dung nhan xét & bai tap 5.59 (a) ta xét hé

[2 0] a B [1 0]
1 3| |e, B 01
Giai ra ta duge -

\ a B 12 0
P = [az ﬁl} = [— 1/6 1;3]

la ma tran chuyén co sd ti B’ sang B.
(¢} Ta thay ngay

e
Do dd

- v o[ 2] [ 1
thlp = Plhlp = [— 1/6 1;3] [—5] = [—2]

(d) Tinh tryc ti€p [klg. Viét

[hlp = ¢ + 8,
thi ¢, va ¢, 12 nghiém cia hé

ol - 2

Giai ra ta duge ¢, =1 ¢ = -2

Vay
o -]
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trung vdi két qua trén.

(e) Ma tran chuyén co sé ti B' sang B la
Q@ = P

Vi det/P) = 1/6 = 0 nén

1/3 0 2 0
=1 - —
P = 6[1;6 1;2] = [1 3]‘
5.63. Goi (x, y) 14 toa d6 cia mot difm M cta mat phéng‘

trong hé truc xy va (x’, y') la toa dd cing cia M trong hé truc
x'y’. Cong thic ddi truc (xem Thee/l, 4.14.5) ]a

x = x' cosf - y sin@

y = x’ sinf + y’ cosf

va
x’ = x cosfl + y sinB
¥’ = —x sinfl + y cost.
Po dd, ¢ day 6 = 3xn/4, ta co
(a) (x, y) = (-2, 6) =
3n 3r :
X = —2c08— + Bsin— = 4y2
4 4
3 3n
y = 2sin— + ycos— = —2¥2
4 4 _
{(b) - (x,y)=1(52)=
an 3
x = 5cosT - 2sin—41 = -3,5V2

3r
y = 5sinT + 2(:05% = 1,52

5.64. Ma tran vudéng A goi la truc giao néu
AA = AN =T
I 1a ma tran don vi cing clp v6i A.

Né&u ma tran A truc giao thi A' = A™L.
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(a) Xét ma tran don vi cdp hai

s

_ I'=I1 rI=1"=1
Véay ma tran I truec giao va
r‘t=pr=r
(b) Xét ma tran cap hai

Ta cd

J

r

1 i
V2 V2
Ta cd
- 1]
| V2 V2
Ta suy ra
A'A =1 AA' = I
Vay A trye giso va A™! = A" '
(c) Xét ma trin
1
V2
A=1J1 0 0
1
0 0 ol
Ta cd
o 1 0
e ' e
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a8
.:’9'

Do do

_ N
0 1 —|Jo 1 o
AA‘—lO%ElOO
- 1 1
1 0 -

0 0 ——
_ iz °

3 0 1

2 2

=0 0 0| &IF
1 1
2 0 2

Viy ma tran A nair khoéng truc giao.
(d) Xét ma trian cdp ba

s
3= o 8-
-3~
1-31-31-

Ta cd

L}

-1 -5~
S-ale
Ca e e

Li
L

Do do
AA' = I, A'A = I
Ma tran A nay truc giao va A7l = A,
Chiz ¥. Chi cdn kiém tra mét didu kién
. AA' = Thoac A'A = L
That vay, gid si
AAY = T
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Ta suy ra

det (AA"Y) = det (I} =

det (A) det (A" = 1
Do dé det (A) # 0 va t6n tai ma tran nghich dao A~
Nhan 2 v& caa AA' = I v6i A™! ta dugc

Al (AAY) = AL T = 472

(A_]'A) Al = A-l

Al = A7
Sau dd, vl A”'A = I nén thay A™! = A", ta thdy
_ AA =T
Tom lai, tit AA' = J ta suy ra A'A = 1.
Bay gity gia st A'A = ]
Ta cﬁng'lap luan nhu trén va suy ra
AA' =T
5.65. (a) Xét
4= [co9  — sind] R
_sinﬂ cos9J
Ta cé
a | co  sind]
—sinf cosd
Do ds ) )
AA! = [c-osé' —sine][ cf:»sﬂ sinﬂ:l
sinf) codd | | —sinf cosf
_ l cos20 + sin0 cosfisind —sirﬂcos?jl
" |sinfcost — coIsing sin%@ + cos%9
Vay

1 0
i —_
[
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Theo chl ¥ & trén A la ma trén tryc giao

21 oar cosd  gind
va AT =4 = [—sinﬁ cosﬁ]
(b) Xeét _
' co) —sind O
A = |sing cod 0
_ 0 0o 1
Ta co
‘ cof# sind O
A = |—sing- cosf O
0 0 1
Do dd
[cos# —sind O cosd sind O
AA' = |sind cosf O|{—singd cosf O
0 0 1 0 0 1
[ cos) +sin% cosbsind —sinfcod 0
= [sinficosd — cosdsind sin?® + cos?d 0
0 0 1
]
1 0 0
=10 1 0| =1I
o 0 1

Theo chi ¥ & trén A 14 ma tran truc giao

cod? sind O
va Al = A = |—sif cosf O
0 0 1|

5.66. (1) Phép bién d&i toa d6 dd cho cd ma trén -

- . —_

A=

Ol e ol g
ice ol
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la phép bign d8i tryc giao vi ma tran A 13 ma tran truc giao.
Thue vay, ta cd '

_3 4
a=|p
“5 "5
va do dd
(3 _4|[_3 4]
5 159 51 5 1 0
| S —_
M=1 e sl| 4 3 ‘[0 1]
5 5175 5
3 4[_8 4]
5 5 5 5 1 0
4 —_— —_
A4=1 4 sl 4 3 ‘[0 1]
5 5J 5 5J
2) Ta co '
_3 4
5 5
-1 _ r
A = A" = ‘_4. §
b 5
va
x’ —A_lx
y -y
Do do
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Vay cac di€m c6 toa d¢ (x, y) 1a (2, -1), (4, 2), (-7, -8), (0, 0)
4 22
g g), (— 11/5, 52/5), (0, 0).

5.67. Phép bién d8i so cdp cho

sé ¢6 toa d6 (', ¥) 1a (-2, -1), (

5 17 2 -3 1 hl
2 3 4 -8 2 h2
11 -15 2 -3 1  h3
5 7 2 -3 1 hi _
. 2
1 16 -24 8 5(112——5-111) ~» h2
2 32 -48 16 -5(h3+£h1) —h3
. 5
5 7 2 -3 1 hl
1 -16 -24 8 h2
0 0 0 0 h3 - 2h2 —h3

Vay hé da cho tuong duong véi hé
S, + Tx, + 2‘.\:‘3— 3, =1
x, + 16w, — 24x, = 8
Xem x; va x, la tiuy y ta cd
Sc, =1 - Tx; - 2¢; + 3x,
=1-T(8 - 16x; + 24x,) - 2x, + 3x,
-55 + 110x, - 165x,
-11 + 22x, - 33x,
Vay cd v6 s8 nghiém :
x, = -11+ 22x; - 33x
x, = 8 - 16xy + 24x,

Xy Xy LUy ¥,

X

4 . -
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5.68. Phép bién ddi so cdp cho

3 -5 4 2 hl
7 -4 1 3 5 h2
5 7 -4 -6 3 h3
3 -5 2 4 2 hi
7
23 -11 -19 1 3(h2—§hl) — h2
_ 5 .
46 -22  -38 -1 3 (h3- §h 1) ~» h3
3 -5 2 4 2 hl
23 -11 -19 1 h2
-0 0 0 -3 k3 - 2h2 — h3.
Vay hé da cho tuong duong véi
8, — 6x, + 2, + 4, = 2
23, ~ 1lx; — 19, = 1
Ox -3

4 =

Hé nay khong tuong thich tdc 14 vé nghiém. Do d6 hé da
cho cting v6 nghiém.

5.69. Xét he
%, + bx, — 8x, = 8
dr) + 8, — 9, = 9
2o, + 3w, — By = 7

L F 8, - T, = 12

x 3 =

Hé nay cé 4 phuong trinh 3 &n. Ta gidi né bang bi&n
déi so cdp. '

2. 5 -8 8 hl

4 3 -9 9 h2

2 3 -5 7 h3
1 8

!
-]
-
b

h4
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2 5 -8 8 hl
-7 7 -7 (hz —~2h12l—rh2
-2 3 -1 h3 -hl—>h3
11 -6 16 2h4~ hl) - h4
2 5 -8 8 hi
1 -1 1 h2/(-7) - h2
-2 3 -1 h3
I -6 16 h4
2 -8 8 hl
1 -1 1 h2
1 1  h3+2h2 —h3
5 5 h4 - 11h2 - h4
2 5 -8 8 hi
-1 1 h2
1 1 k3 .
0 0 h4-5h3 —>hd

Vay hé di cho tuong duong véi

2r, +5x;, = 8x; = 8
Xy — Xy =1
x, =1,

Hé .néy cé nghiém duy nhit

:c3=1

)

xy

x3+1 =2

1
(8 - &, + &y

3

16 — 10

3 = 3

Viay hé di cho ¢6 nghiém duy nhit
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Chuong VI
ANH XA TUYEN TiNH

A - DE BAI
6.1. KHAT NIEM ANH XA TUYEN TINH
6.1. Anh xa f = R* = R? dusi day c6 phai 1a tuyén tinh khéng :

1} ftx, vi} = (2x, y) 2) fltx, y)} = (x%, y)

3 filx, y)} = {y, x) 4) flix, y)) = (0, y)

8) fifx, y) = (x, y + 1) 6) filx, ) = 2x +y, x — y))
N filx, v = 0y, y) 8 fix, y) = (¥, ).

6.2. Anh xa f : R® — R? dusi day c6 phai la tuyén tinh khong
Iy fitx, y, 2} = (x, x +y + 2} 2y fitx, y, 2)) = (0, 0)

3) fitx, y, 7)) = (1, 1) 4) fltx, y, 2)) = (2x +y, 3y —~ 42).

6.3. Anh xa f: M, — R dudi day cd phai la tuyén tinh khéng :
ab [a 5]) a b

1 f(|:c d:|) =a + d 2)}"[[C d]) det‘:C d:|

a’? + b2,

N f([f 2]] et re—d 4)f[[3 3]]

6.4. Anh xa f; P, — P, dudi day cd phai la tuyén tinh khéng :

ft

1) fla, +ax +ayx) =a, + (a, +apx + (20, — 3a,)x?
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2} fla, + ax + azxz) =a, + al(x + 1) + a,(x + 1)2

3) fla, +ax + axh) = 0

4) fla, + ax + az:rE) =(a, +1) +ax + azrz. |
6.5. Cho f : R? — R? la anh xa bi€n méi diém cia mat
phang thanh diém d&i xidng cta nd d6i vdi truc y. Hay tim

cong thic cho f va ching té rdng nd la mot toan td tuyén
tinh trong RZ.

6.6. Goi M, , , 12 tap cac ma trdn c¥ m X n. Cho B la

mét ma trdn cd 2 x 3 hoan toan xdc dinh. Ching minh f'?ing
anh xa T : M, , , = M, . ; dinh nghia bsi. T(A) = AB la anh

xa tuyén tinh,

6.7. Cho T : R®> - R? 1a mdt anh xa nhén véi ma trin va

gid su
1 0 0
IR R A H R
¢ ) 1
{(a) Tim ma trgn cua T
1
(b) Tim 7|3
8
(x
(¢} Tim T |1y
2

6.8. Cho anh xa T : R® — W la mot phép chigu true giao
cdc diém cia R? lén mat phang xy.

(a) Tim cdng thic caa T.
(b) Tim T2, 7, -1}.
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6.9. S 1a moét co s6 trong khéng gian n chiéu V.

a) Ching minh rang néu v, Uy -y U, 2 moét ho doc lap
tuyén tinh trong V thi cdc vectd tpa do (whe W), oy 0
ciing tao thanh mdt ho doc lap tuyén tinh trong R" va nguge lai.

b} Néu {vl, s Ur} sinh ra V thi {v))

s?
ra R" va nguge lai.

vy (ur}s} cing sinh

6.2. CAC TINH CHAT CUA ANH XA TUYEN TINH -
: HAT NHAN VA ANH

6.10. Cho T : R?> — R? la 4anh xa nhan véi ma tran

S
-8 4
1) Héi vecto nao dudi day € Im(T) ?
(a) (1, -4), (b) (5, 0), (c) (-3, 12).
2) Vects nao dudi day € Ker(T) ?
(a) (5, 10), b 3, 2), (e) (1, 1).

6.11. 1) Cho anh xa tuyén tinh T = P2 — P, xdc dinh béi
Tip(x)) = xp(x) . Héi phan t& nao dusi day thudc Ker(T) :

(a) x2 ; (b) 0, re) ]l +x?
2) Hoi phan td nao dudi diay thude Im(T) :
(@x+x2; M1+x, (c) 3 -x27

6.12. V 1a m¢t khang gian vectd, cho T : V — V xac dinh
bai Tfv) = 3v.

(a) Tim Ker(7T).

() Tim Im(T).

6.13. Tim s6 chiéu cta Ker/T) va Im(T) vdi
(a) T cho & bai tap 6.10.

(b) T cho & bai tap 6.11.
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" 6.14. V la khong gian n chiéu. Tim hang cia anh xa tuyén
tinh T : V — V xic dinh bdi
@ T =x; ®Tx)=0,; () T= 23

6.15. Xét co 56 S = {v,, v,, vy} trong R? trong dd

b, =(1,2,3), uv,=1253), v;=1(1010.
Tim eéng thdc bi€u dién anh xa tuyén tinh : T : R? - R

xde dinh bai Tw)) = (1, 0), Trvy) = (1, 0), Tfwy = (0, 1). Tinh

T((1, 1, -1), trong cdc co sd chinh tac cla R‘?, R’

6.16. Tim Anh xa tuyén tinh T : P, — P, xdc dinh bdi
Ty = 1 +x, T(x) = 3 - x%, T(x?) = 4 + 2x - 3x*. Tinh
T2 - 2x + 3x%).

6.17. Tinh dim(Ker(T)} trong dd

(@ T : R®> - R’ ¢6 hang 3

T : P, » P, cd hang 1

(¢) Im cia T : R® — R? 1a R™.

(d) T : M, —= M, cd hang 3.

6.18. A 1a ma tran <8 5 X 7 c6 hang béng 4.

(a) Hay tim s6 chiéu ctia khong gian nghiém ctia Ax = 6.
(b) Héi Ax = b cd tuong thich vdi moi b € R’ khéng ? Li do.
6.19. T 132 mot anh xa ma tran xac dinh nhu dusi day.
Hay tim {a} mét cg sd cho Im(T) ;

(b) mot cg sd cho KertT) ;

(c) 88 chidu ciua Im(T) vid Ker(T}

1 -4 38 2 0 -1
nils 6 -4 214 0 -2
7 4 2 0 0 0O
| F 1 4 0 9
4 1 5 2 3 -2 0 -1
3){1230J VIt 0 -1 0 -1
12 8 5 1 8
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6.20. Goi D - P 3 = P , 12 4nh xa dao ham Dp} = p’. Hay
ma td KerrD).

6.21. Goi J :P| — R la anh xa tich phan

1
J(p) = [ p@ydx.
-1

Hay mé ta Ker(J).

6.3. MA TRAN CUA ANH XA TUYEN TINH
6.22. Hay tim ma tran chinh tic (xem dinh nghia 6.3.2) clia
mdi todn ti¥ tuyén tinh sau :
(a) T(x,, x)) = (2x, —x,, x + x,)
(b} T((xi ’ xz)) = (x1 ’ xz)

© T((xy, x,, x3)) = (o + 20, + x5, x + Sy 5 X5)

1
@ T(@,, x,, %)) = (4v,, T, 4813)

- 6.23. Tim ma tran chinh tic cta méi anh xa tuyén tinh sau
@ T(ey, 1)) = (x;, TEL X R 8, a4 - x)
(b T((x, x,, Xy, X,)) = (Til -2, —x, + Xy, X, +:E3, —x,)
© T((x,, z,, 1)) = (0, 0, 0, 0, 0).

D Ty xy X)) = (x4, X, Xy, %) - X,

6.24. Tim ma tran chinh tic ctta todn ti tuy&n tinh T -
R® — R? bién v = (x, y) thanh d6i xing ctia né d6i véi

{a) Truc x. '

(b) Dutng phan gidge y = x.

{c) Géc toa dé. '

Hay tinh T((2, 1)) trong méi trudng hap.
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6.25. Tim ma tr‘an cia alnh xa It.uyé’n tinh T : P, — P, xé4c
dinh bdi '
T(a, + ex +ayx?) = (g, + a;) — (2a; + 3a,xx
d6i v6i cac ca s& chinh tic trong P, va P,|.
6.26. Cho 7' : R? - R® zic dinh bai
T((xy, x)) = (x; + 2x,, —x,, 0)
2(a) Tim ma tran cta T d&i vc';i cidc co sé._B = {ul, u,} trong
R va B = {v, v,, v;} trong R :
u, = (1, 3), u, = (-2, 4)
vy=(1L, L1, uv,=(220, uv=(300.
(b} Dung ma tran thu dugc & (a) d& tinh T8, 3)).
6.27. Cho T : R’ — R’ xéc dinh bai
T(xg, 2y, x43)) = (x; — Xyy Xy — Xy, X T X)
{a) Tim ma tran cia T d6i voi co ¢ B = {v, v,, v,}
b= (L, 0,1, wv,=(01,1), uv,=(Q,10.
(b) Diung ma tran thu duge & (z) d&€ tinh T2, 0, 0)).
6.28. Cho T : P, — P, ia 4nh xa tuyén tinh xac dinh bdi
Tpx) = x° plx).
(a) Tim ma trin cia T d6i véi cic co 88 B = {p,, p,, ps}
trong P, va co sd chinh tic B’ trong P, :

pp=1+x*p,=1+2 + % p, =4 +56x +a?

(b) Ding ma tran thu dugc & (a) hay tinh 7(—3 + &x ~ 2x%),
1 3],

—9 5| lama
tran cla anh xa T : R* — R? d6i véi co sd B = {v,, v}

6.29. Cho v, = (1, D, v, = (-1, 4) va A =

{a) Tim [Ttv)lg va [T(v,)],.
(k) Tim T(v ) va Tiv,).
(c} Tim Ti(1, 1N.
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8.30. Cho A = 1 6 2 1
-3 o 7 1

'la ma tran cha dnh xa T : R* —» R3 ddi véi cic co so
B = {v, v, v, v,} trong R*vaB ={ w,, w,, W} trong R3:

v, =40, 1, 1, 1), vy = (2,1, -1, -1),
vy = (1, 4, -1, 2), v, = (6, 9, 4, 2).
w, = (0, 8, 8), wy, = (-7, 8, 1), wy = (-6, 9, 1).

(@ Tim [Ty, [T)lg [Twyly, (T,
() Tim T(w)), T((v,), T((wy), T((w,)).
(c) Tim T((2, 2, 0, 0)).

. 1 3 -1 _
8.31. Cho A = |2 0 5{ 14 ma tr4n cha &4nh xa
6 -2 4

T:P,—= P, dsi voi co s§ B = {v,, v,, vy} véi
=3 + &%, v, = -1 +8 + %, v, = 3+ Tx +A?

(&) Tim [T )lg, [Ty, [Tlsly;

(b) Tim T(v)), T(v,), T(v).

(c) Tim T(1 + z2).

6.32. Cho D : P2 — Pz la tedn td dac ham Dfp) =

Tim ma trén cta D d6i v6i mbi co 86 B = {p,, p,, ps}
dusi day :

"

(@) p; = 1, p, =%, py = 2

(b) py = 2, p, = 2 - 8x, p; = 2 - 3x + &2

(c}) Ding ma tran thu duge & (a) d€ tinh D(6 - 6x + 24x%).

(d) Lam lai phin (c) d8i v6i ma tran & (b).

6.33. Trong cdc bai tdp dudi day hiy tim ma tran cia T d61
vii co s B rfi suy ra ma trdn ctia T d6i vdi co sd B’ B
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1) T : R? — R? xdc dinh bai
T((I:l y X)) = (x| ~ 24, — Xy)
B ={u,u},B ={v, v,
up = (L 0} uy, =(0, D), v, =2, D, = (-3, 4).
2) T : R? — R? x4c dinh bai
T(xy, x))) = (x; + T, 3, — 4x,)
B = {u, u}, B = {v,, v,}
up = 2,3), u,=(4,-1,
Cuy = (1, 3), vy, = (-1, -1).
3) T : R* = R? xdc dinh bdi
Ty, 2, x3)) = (3] + 2x; — x4, X, X, + Txy)
B la co s¢ chuin tic trong R?, B’ = {vl, Uy s v3]
~ vy = (1L 0,0} v, = (1, 1, 0), vy = (1, 1, 1)

4)T:R¥->R?)I1a phép chlé'u truc giao lén mat phang xy,
B va B’ cho ¢ bai tap 3).

5) T : R° — R? xdc dinh béi Tx) = 5z, B va B’ cho & bai
tap 2).

6) T: P — P xdc dinh bdi
T, tax) =a, +a/(x + 1)

0
B = {P],Pz],B, = {ql:‘?z}
6 +3x, p, = 10 + 2¢

Py
g, = 2,9, = 3 + 2.

6.4. SU DONG DANG

6.34 Ching minh ring néu A va B déng dang thi A® va
B? dong dang. -
6.35. Chuing minh ring hai ma tran déng dang cd cung hang.
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B. BAI GIAI VA HUONG DAN
6.1. 1) Theo dau bai )
flx.y)) = (2x, y)
Viay _
M,y + &, 90 =filx+x, y+y)
' Qx+x), vy +y))
(2x, y) + (2x°, ¥7)
= fllxy)) + flex’, y')) ;
fk (x, y))) = fltkx, ky))
= (2kx, ky) = k (2x, y)
= kf (x, y)).
Cho nén dnh xa da cho 12 tuyén tinh.
2) Theo d&du bai

flx, y)) := (a2 y).
Do d¢ :
fte, y)+ x, y)) = fllx +x, y +y))

' =(x+x)% y+y)
= @2, y) + (2, ) =
= fltx, y) + fitx’, y°))

Vay dnh xa da cho khong phai la tﬁyén tinh.
3) Theo ddu bhai

fltx, y) := (y, 2)
Do dé

fllx, )+, ) =fllx+x",y+y)

' =+y,x+x)
=+, x)
= fltx, y)) + flx’, y°)).
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flk (x, y))

[ ((kx, ky))

(ky, kx) = kfy, x)
= kf ((x, ¥)).

Vay anh xa da cho 1a tuyén, tinh.’

4} Theo ddu bai

o flx, y) = (0, y)

Do do : _
fllx, )+ (2, y')) = fllx +x’, y +y'))
=0,y +y)
= (0, y) + (0, ¥)
= fllx, y)) + fl(x’, ¥°))
[tk (x, y)i = fltkx, ky)
= (0, ky) = k0, y)
kfttx, y))
Viy 4anh xa da cho la tuyén tinh.
5) Theo ddu bai

fltx, y) := (x, y + 1.
Do dd _
fllx, y) + (', y7)) = fllx +x', y +y')).
={x+x,y+y +1) :
2@, y+D+E,y+1)
=fl(x, y)) + f((x’, y’))
Vay dnh xa di cho khong phai 1a tuyé&n tinh.
6) Theo dau bai
fifx, y)) := (2x + 3, x - y).
Do dé
fllx, y) +(x’, 7)) = filx +x", y + y7))
R +x)+y+y)x+x - (y+y'h
=2 +y,x~y+2xX+y,x -y)
= fllx, y)} + fitx’, ¥'))

L]
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R (x, ¥) ftlhx, ky))
(2kx + By, kx - ky)
(R(2x + y), klx ~ yJ

= k(2c+y x - yj = kf ((x, y).
Vay anh xa da cho la tuyén tinh.
7) Theo ddu bai

[

fix, y)) := (v, y)
Do dg

flix, y) +(x', ) = fllx + 2", y +y'))
=@+ty,y+y)
=&y +0,y)
= filx, y) + flx’, y°)) ;
flk(x, y)) = fltkx, ky)) = (ky, ky)
= k(y, y) = kf ((x, y)).
Vay danh xa di cho la tuyé&n tinh. '
8) Theo d8u bai

fitx, vy o= (¥=, ).
Do do
flk(x, y)) = flkx, ky)
= (Y&, Y&y)
= k(Vx, V) = ki, n),
trlt khi 2@ = = 1.
Viy anh xa d4 cho khoéng tuyé&n tinh.
6.2. 1) Theo diu bai
fllx, y, 2)) ;= (x, x+y + 2)
Po do _
flox, y, 2) + (x', ¥, 2) =flx+x", y+y,z+2))
=fx+tx, x+x)+y+yl+(z+2)
fr, x+y+z)+x,x"+y +2°)
fltx, y, 2) + flix’, y', 2°)) ;

i
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frkix, y, 25 = fltkx, ky, kz))

= fkx, kx + ky + kz}
tkx, kix +y + zJ)
kfx, x +y +2z) .
= kffix, ¥, z)J.

I

Vay anh xa da cho la tuyé&n tinh.
2) Theo ddu bai
fitx, y, 2)) := (0, 0).
Do dgé
Ax,y,z2) ¥z, y,27) =fllx+x,y+y, z+2)
={0,0 = (0,0 + (0, 0
= filx, y, 2)) +flx’, ¥, 2}
flkx, ky, kz) = (0, 0) =
kf((x, ¥, 2)). '
Vay anh xa da cho la tuyén tinh.
3) Theo dau bai

flkix, ¥, z}}

fltx, v, 2)) = (1, 1).
Do dé -
flklx, y, 2)}

fiikx, ky, kz))
(1, 1) =kfitx, y, 2))

tri khik = % 1. ‘
Vay 4nh xa da cho 12 khéng tuyén tinh.
4) Theo ddu bai '
flx, y, 2)) : = (20 +y, 3y - 42).
Do do
fitx, y, 2} +ix’, ¥, 270

i1

flx+x, y+y,z+27))
(2ix+xy+ey+y), 3y +y)r-4z+2
(2x +y, 3y ~ 42) + (21" +y’, 3y’ - 42)
fllx, y, 2) + fitx’, ¥', 2)).
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flkix, y, 2)) = fltkx, ky, kz))
' = (2(kx) + ky, 3ky - 4kz)
= (k(2x + y), k(3y - 42))
=k (2x +y, 3y - 42)
= kft(x, v, z)).
Viy dnh xa da cho 132 tuyén tinh.
6.3. 1) Theo d4u bai

{3
Do do '

ab a b a+a b+b']
f([c d} " [c’ d’]] = f([c+c’ d+d’]) =
=f(a+a)t+(d+d) =fa+d +{a +d)
ab a b
Al d) o= a])
f(* [: z]) = f([:j :3}) = ka + kd
= kia + d) = kf([: 3]).

Viy anh xa dd cho 12 tuy&n tinh.
2) Theo dfu bai

ab ab ab
Aled]) = aalf2]) < o
Dodd_'
ab {|ka kb |ka kb
f(k[c d]) =f([kc kd]) = ke kd’
ab ab ab
=R al kg =kf([cdD’_
trad khi 2 = 1.

Vay dnh xa d3 cho khéng tuyén tinh.
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3) Theo dau bai

f[{jz]] =2 +3 +¢ ~d

A2+ ) oAl )

=2a +a)+8G +b)+(c+c)—(d +d)

=(2a +3 +c¢c—d)+ 2 +3 + —-d)

A9 A )

ka kb
f([kc kd]) = 2ka + 3kb + ke - kd

G

k(2a + 30 + ¢ - d). = kf([f 3]]‘

Vay anh xa di cho lA tuyén tinh.

4) Theo ddu bai
b — 2 2
f([c d]] = a“ + b
Do d¢ '

e af) =i ) - o o

= kHa? + %) = k@? + b%) = kxﬂf 3]]

I~

tra khi & = 1.
Vay 4dnh xa da cho khong tuyén tinh.
6.4.
(1) Theo diu bai

fla, +ax + azxz) =a, + (@, +ta)x+t (Ze, - 301}13,
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Do dd
flle, + ax +ay® + (b, +bax + ba?)) =
= fla, +b,) + (a, +bx + (a + byp?) =
=a, +b, + ((a, +b) + (a, + by)yx
+(2(a, +b,) — 3(a; + b’ =
=a, + (a; +ax + (22, ~ 3a,)}x?
+b, + (b +b)x + (2, — 3 =
= fla, +ax +ayx?) +fb, +bx + bx?);
flk(a, + apx +ax?) = flka, + kax + kopx?) =
= kay + (ka) + kay)x + (Zka, — 3ka,)x?
= k(a, + (@ + ay))x + (20, - 3a,)x?)
= kfla, + ax + azxz).
Vay anh xa da cho la tuy&n tinh.
2) Theo ddu bai
fle, +ax +ax?) :=q, +a(x + 1) + ay(x + 1)?
Do dg '
flka, + ax + ax?) = flka, + kax + kata?)
= ko, + kaj(x + 1) + kaylx + 1)
= kg, * a;(x + 1) + ayx + 1)?
= kfla, + ax + ax?);
flla, +ax +axl + (b, +bx + bx?)
= fle, + b)) + (& +by)x + (a, + byad)
=a, +b, + (g, + b)) + 1) + (a, + by)x + 1)?
=@, +a@x + 1) +a,x +1)72+
+b, +b(x + 1) +b(x + 1)? =
= fla, + ax + azxz) +fb, +ox + bzxz)
Vay 4dnh xa da cho la tuyé&n tinh.
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3) Theo ddu bai -
fla, + ax + azxz) = 0,
Do do
flk(a, + ax + ax?) = flka, + kax + kax?) = 0
= k0 = kfla, + ax + apx?);
flla, + ax +ax?) + (b, +bx + b)) =
= flla, +b,) +{a, +b)x + (a, + b,n?) =0
=0+0=fla, +ax +ayxd) +fb, +bx + byx?).
Viy anh xa da cho la danh xa tuyén tinh.
4) Theo dau hai _
fle, + ax +apx?d) = (g, + 1) +ax + ax?
Do do _ )
fle(a, + ax + ax?) = flha, + kax + kayx?)
= (ka, + 1) + kax + kapx?
# k((a, + 1) + ax + ax?)
= kfla, + ax + ax?),
trd khi 2 = * 1.
Viy dnh xa da cho khéng tuyén tinh.

6.5. Néu (x, y) € R? thi diém. d6i xding cta ndé dol Vi truc
y la f-x, yi. Do dd cé anh xa
. f((x, ¥)) = (-x, y),
Do do |
fix, y+iox', v’y = fitx+x', y+y'))
(—x+x) (y+y))

1l

(—x, yy +(-x', ¥
flix, y» + ftx’, N
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fikix, y)) fithx, ky)) = (-kx, ky) N
= ki-x, y) = kf ((x, y)). '

Vay 4anh xa di cho 1a tuyén tinh.

6.6. Gia st

AE.‘M2><2(:6062><2
BEM2X3C€5062)<3,

Vay A nhan v6i B duge va AB 6 c& 2 x 3. Anh xa T(A) = AB
la mot énh xa tit B, , , t6i M, , .

Theo tinh chét cia phép nhan ma trin va phép nhan ma
trin vdi mét s6, ta cd
ALA EM, ,>TA+4) = (@A +A)B
= AB + A’B = T(4) + T(A)
A€M, ,kecR=TkA) = (RA)B
' = k(AB) = kT(A).

Vay anh xa da cho 13 tuyén tinh.
6.7. a) Cac vecto

1 0 0
0 1 0
0 0 1

l& cdc vecto co sd cta co sé chinh tic E cta R3. Vay theo dinh
li 6.3.1 Thee/l, ta ¢6 ma tran cia snh xa T la

1 3 4],
A:{l 0—7]

M 1 49
w3l =43 =[_55]
8 8
'-I x X
1 3 4 Xyt 4
o Tlly ‘AyJ [10—]3‘{_1—72}
Z Z Z
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Ta cd thé viét
T(x,y,2) = +3y + 42, x — Tz).
6.8. (a) Néu (x, y, z) 1a toa d6 cia mot difm cua khong gian
xyz thuéc hinh chi€u cha nd lén mat phdng xy sé cé toa dd
(x, ¥, 0). Vay co

T((x, y, 2)) i= (x, y, Q)
(b) Ap dung cong thic d¢ ta c6
T2, 7, -1)) = (2,7, 0).
6.9. Theo ddu bai ta xét hai tdp.
E={v,v,,..,v,}] v, €V
_ F = {(Ul)s, (”2)5:_---:(”;)3} » (v)s € RT
Ta phai ching minh :

1) Néu E doc lap tuyén tinh trong V thi F d6c lap tuyé&n
tinh trong R", va nguge lai :

2y Néu F déc lap tuyén tinh trong R" thi E d6c lap tuyén
tinh trong V.

Trudc hé&t ta néu hai nhédn xét
w=20¢€ Vm(w)s = (0, 0,.. 0) € R (6.1)
ewds .. +efv)s = (e, tev)s, by, EV (6.2)

D& ching minh phén 1) ta gia st E doc 1ap tuyén tinh trong
V va xét

¢ w)s + ... +cv) = (0,0,., 0) (6.3)
Tu d6 voi nhin xét (6.2) ta suy ra
(o, + .. +ou)s=100,0,..,0) {6.4)
Vai nhan xét (6.1) thi (6.4) cho
e tep, + o tey =0EV (6.5)

Nhung ta da gii sit E doc lap tuyén tinh trong V nén phuong
trlnh (6.5). budc

t:l =¢y = .. =¢c =0 ' (6.6)
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Vay (6:3) = (6.6). Diéu dé chitng té6 F doc lap tuyen tink
va phdn 1) chiing minh xong.

D& chitng minh phén 2, ta gia si F déc lap tuyé’n tinh trong
R" va xét :

¢y + Uy, + .oty =808V (6.7)
Theo nhan xét (6.1) ta co

e +epu, + 0+ ep)g = s = (0, 0,.., 0).
Ap dung nhin xét (6.2) ta duge

e(v))g + L) + . + eu) = (0, 0,..., 0).

Nhtmg ta da gid st F dbc lap tuyén tinh trong R". Cho nén
ding thuc trén bude cd (6.6).

Vay (6.7) = (6.6) nghia 1a E déc lap tuyén tinh trong V, va
phén 2) chding minh xong..

LR

c6 nghiém (z, y) thi (a, b) 1a anh cia (z, ) va do d6 (a, b) € Im(T) ;
néu h¢ trén vo nghiém thl (a, b) khong phéu la anh cda (x, y)
nao, nénfe, &) ¢ Im(T). O day

R R

¢6 nghiém : y tay ¥, x = (1 + y)/2, nén (1, ~4) € Im (7.

TR R

khong c¢é nghiém nén (5, 0) ¢ Im(T)

{c) He
2 -1 (x -3
-8 4|yl T |12
cd nghiém : y thy ¥, x = (-3 + y)/2 nén (-3, 12) € Im (T)
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21 Né’u_

2 -1 |« _ |0
-8 4|1 1o
thi (a, #) cd anh la (0, O), nén (a, f) € Ker(T) ; n&u khong

cé dang thic trén thi («, 8) ¢d 4nh = (0, 0) nén («, B) & Ker(T)
O day

‘ [ 2 -11[5] _[o

(2) -8 4{|10] = lo
nén (5, '10) € Ker(T).

[ 2 -1][3] [ 4 0

(b) 8 4 [2 = —16] * [0]

nén (3, 2) & Ker/T)

[ 2 -1 [ 1 01
) -8 41“—_*‘0J

nén (1, 1) & Ker (T ]
6.11. 1) Ker (T} = {p € P,, T(p) = 0 € Py}
O day T(p) ;= xp. Vay néu xp = 0 thi p € Ker(T}

néu xp = 0 thi p & Ker (T). Vay c6

(@) p = xf = ap = 2> = 0 = x% ¢ Ker(T/ ;
) p=0=axp =x0=0=0& KerrT) ;
ecyp=1+x=2ap =x(1 +x) 20=1+x & Ker(T).
2) Im(T) = {g € Pysaocho 3 p € P, dé Tip; = ¢}

Vi T(p) : = xp cho nén : néu phudng trinh xp = ¢ cd nghiém
p € P, thi ¢ € Im(T}, néu phuong trinh néy v6 nghiém thi
q & Im(T) Vay cd

(a) xq = x + x% cé nghiem ¢ = 1 + x EPz, nén
x +x* € Im (T,

(b) xq 1 + x khong cd nghiém g € P, nén

.{1 +x) & Im (T) ;
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{c) xg = 3 — x? khong ¢6 nghiém g € P, nén
| 3-x22¢ Im (T)

6.12. Ta c6 T(v) = 3v

(a)Ker (T) = {v € V Tv) =8 € V}

' v eV 3 =0cV).

I

Phuong trinh 3v = 6 chi cd nghiem 6. Vay Ker (T) = {8},

(b) Im (T ={weVIveVds T = u}
={weV,IveVdsd v = u}

Phuong trinh 3 v = # bao gid cling ¢dé nghiém v

Vay Im(T) = V.

6.13. (a) D& xét dim (Ker(T)) ta giai he

2 —-1i|x|[-_ |0
-8 4| [¥1 — [0
Hé nay tuong duong v6i moét phuong trinh
Zx-y=20

‘nén nd ¢é nghiém phu thuge 1 tham sé :

Xty y, y = 2x

tic la

co
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dim(Ker (T)} =1,
Do d6 (xem dinh li 6.2.3 trong Thee/l)
dim{(Im(T)) = dim(R?) - dim(Ker (79)
=2-1=1.
{b) Phuong trinh Ttp) = 0 EP3 viét

Vay

w=0€P,
nghiém duy nhit la p = 0 € P,. Vay
dim(Ker/TH) = 0.

u/3 ev

®
AW



73

Zpoes,
0{5

L

bo do
_ dim (Im(7)) = dim (Py) - dim (Ker (7))
, - =3-0=3.
6.14. Hang cda dnh xa tuyén tinh dugc x4c dinh bdi
| . rank (T) = dim (Im(T)) |
Vay, vi V la khong gian n chiéu nén
(a) Tfx) = x thi rank(T) = n ;
(b) T(x) = 6 thi rank(T)} = 0 ;
(¢} Tx) = 3x thi rank(T) = n.
6.15. Tru6e hét ta tim bi€u dién éﬁa(x, y, 22 € R? trong co

86 8§ :

(x,¥,2) = ¢, + e, + Cqly
| =c,(1, 2, 3) +¢x(2, 5, 3) + ¢y(1, 0, 10)
Nhu vay €15 €y, €y 12 nghiém cia hé
| e 2+ oy =2x
2e, + 5, =y
8¢y + 8¢, + 10c,

Il

Z
Liy phuong trinh cubi trit 10 ldn phudng trinh dfu ta duge
=T, —il7c2 =z - 10x
Véy h¢ trén thu vé .
_ 2, + B¢, =y .
-Te. — 17c, = z — 10x
Tu dd ta tinh duoc

¢

50z — 17y ~ 5z

€= 20 + Ty + 22

Sau do

c3=—&t+3y+2
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Bay gid, vi (x, y, 2) = cp, + cp, +cu, nén

T(x, ¥, 2)) = clT(vl) + czT(uz) + CsT(”s)
= ¢,(1,0) + ._92(1,0) + ¢,(0,1).

1

Nh& cdc bi€u thde v €4y €5, € d& tim ra ta ;:d
T((I,y, Z)) = (3& - lw —33, -0y + 3y +Z).

Ap dung ' _ :

T(1, 1, 1)

I

(30.1 -~ 10.1 - 3.1, -9.1 +3.1+1)
= (17, -5).
6.18.
PEPy=p =a, +az + ax?
T@) = a,T(1) + a,Tx) + a,T(x?)
=a,(1 +2) +¢,(3 — %) +a,(4 + 2 = &X?)
Do dé

TP) = (o, + 3a, + 4a)) + (&, + 2ax — (a; + Sa ).

Ap dung

T2 ~ 22 + 8% = 2+ 3(-2) +43) + (2 +2%x - (-2 +
3.3)x?

= 8 + 8 - Tx%

6.17. V va W 12 2 khong gian hitu han chiéu

T:V - Wla mdt 4nh xa tuyé&n tinh

thi rank(T) = dim(Im(T)) va

dim (Ker(T)} + dim(Im(T)) = dim(V).

Vay(cd
' dim(Xer(T)} = dim(V) ~ rank(T).
Do d¢ '
(a) dim(Ken(T)) =5 -3 = 2;
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(h) dim{(KerT)) = 5 - 1 = 4 ;
(¢) dim(Ker(T)) =3;
(d) dimiKer/T)) = 4 ~ 8 = 1.

6.18. (a} 56 chiéu cia khong gian nghiém cia Ax = 9 la
7 -4 = 3 (xem dinh li 624 Thee/1}.

(b) Khéng. Mubn cho Ax = b tuong thich V b € RS, phai
¢6 Im(T) = RS, nhung vi rank(T) = 4 nén dim(Im(T)) = 4 =5,
nén Im(T)} # R5 _

6.19. Cha ¥ rang (xem Thee/l, 6.2.3 trang 326) :

Im(T) = khong gian sinh bdi cdc vectd ¢6t ctia ma tran A
cia T.

I
=N
|
]

_ 1 -1 3
n A=1[5 6 —4
: 7 4 2

cé cip 3. Bién d8i so cfp theo co6t ta dugc

"

Ta théy chi c6 2 cot déc lap tuyén tinh. Vay
dim(Im (T)) = 2.
dim(Ker (T) = 3 -2 = 1.
Mét co s6 cia Im(7) 1a hai vecto
1] fo

s, 11f- <
7 1

D€ tim co sd cho Ker(T) ta xét hé thudn nh4t :
Ax = 6.

Ta giAi né bing bién d6i so cdp
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1 -1 3 0
5 6 -4 0
7 4 2 .0
1 -1 3 )
11 -19 0
i1 -19 0

1 -1 3 0
11 -19 0
0 0 0

Hé c¢d nghigm :

e . _ 19 .
x3 tuy y, x, = 1% %1 = ~ 17

Vay

: 14 19
Ker(T) = {(x;, 3, 3} = 13(— i1’ 11 1)

cho nén mét ¢o 58 chia Ker(T) la
{(-14, 19, 11)}.

‘ 2 0 -1
2) CA=1[40 -2
| 00 ol

Ma trén nay chi cé mot cot doc 1ap tuyén tinh la cot thit
nhét ching han, hai cot kia ti 16 vé6i nd. Vay

Aim(Im(T)) = 1 _
dim(Ker(T)) = 3 -1 =2
Mot vecto co s& cua Im(T) la (1, 2, 0).
D€ tim co s& cho Ker(7) ta xé6t hé thuAn nhat
Ax = 8.
Ta gidi nd bang bién dbi so clp
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2 0 -1 0
4 0 -2 0
0 0 o o0
2 0 -1 0
0 0 0 0
0 0 0 0

. Hé ¢d nghidm
x, tuy ¥, x tuy.y, x3 = 2x,
Vay
Ker(T) = { (x|, x,, 1) = (x> T, 2x))}
(x> %, 20) = (=, 0, 2¢)) + (0, x5, 0)
=1x,(1,0,2) +x, (0, 1, 0).

D& th4y hai vects (1, 0, 2) = u va (0, 1, 0) = v 1a doc lap
tuyé&n tinh. :

Vi § trén ta da bigt dim(Ker(T)) = 2 nén hai vects doc lap
tuyén tinh ndy la mot co 36 cia Ker(T).

415 2
2 A=[1230]

thuc hign mot anh xa tuyén tinh ti¥ R* — R2.
' Hang ciia cdc vecto cft cia A = hang cha A.

Dinh thie
| 4 1
[1 2] =T7=0

nén hang cia A = 2 Vay
dim(Im(T)) = 2
dim(Ke(T)) = 4-2 = 2.
Hai c6t diu clia ma tran A doc lap tuyén tinh (vi dinh thde
4 1
1 2

# 0). Vay mét co sd cda Im(T) 13 {(4, D, 1, 2)}.
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D€ tm ¢o 86 cho Ker (7) ta xét hé thuén nhat

Ax =0
va gidi né bing bién d8i so cdp
4 1 5 2 ]
1 2 3 0 0.
4 1 5 2 0
7 7 -2 0

Hé ¢d nghiém
Xy tuy ¥ ; x, thy ¥ ;

X, = ~x3 + TX45
4

Il = —‘x3 - 71’4.

Vay
4 2
Ker(T) = { (%, Xy Xg, ) = ( mXy —HEy, X3t %, Iy x4)}
4 2
(—13 - ~,fx4, —xg + 7?-1:4, x;, 14) =

' 4 2
= (—13, TXy3, X4, 0) + (— ?x4’ ?I“: 0; I4) =

ey 1 .
=x2,(—1, =1, 1,0} + sx,(—4, 2,0, 7.
3 ) 74 )

Dé thily 2 vects (-1, ~1, 1, 0) va (-4, 2, 0, 7) Ia doc lap
tuyén tinh trong R* Vay ching tac thanh mét co s cho Ker(7Y.

1 4 5 0 9
3 -2 1 0 -1
-1 0 -1 0 -1
2 3 5 1 8

4) A=

thuc hidn mot 4nh xa tuyén tinh : R — R4,

Céc cot d0c 18p tuyén tinh cla A 1A cdc hang doc lap tuyén

tinh cia A" Th 4p dung cdc phép bién d8i so cfp vé hang coa
ma tran Al
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g

1 3 -1 2
4 -2 0 3
5 1 -1 5
0 0 0 1
g -1 -1 . 8
1 3 -1 2
0 -14 4 -5
0 -~14 4 -5
0 0 0 1
0 -28° 8 -10
1 3 -1 2
0 -14 4 -5
0 0 0 1
0 0 0 0
0 0 0 0

hl
h2
h3
b4
h5

hl
h2 - 4hl —~h2
h3 - 5hl — h3
h4
h5 - 9hl —h5

hl

h2

h4 -+ h3

h3 - h2 -+ h4
h5 - 2h2 — hb

Vay s6 bt déc p tuy&n tinh 1a 3. Ta cd
dim(Im(T)) = 3
dim(Ker(T)) = dim (R%) -8 = 5 - 8 = 2.

Mot co s6 cia Im(7T) 1a

1
3

-1/

2

0
- 14

-5

4 3

0
0
0
1

DE tim mot cd 58 cho Ker(T), ta xét hé thudn nhit

Ax = 8

va giai né bang bién d6i so cdp :

0

0
0
1

cooco
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1 4 5 0 9 0
-14 -14 0 -28 0
4 4 0 8 0
-& -5 1 -10 4]
1 4 5 0 9 0
-14 -14 0 -28 0
0 0 0 0
0 1 0 0
Hé cé nghiém
x, = 0, x5 ty ¥, x, tuy y.
:ré = —x3 ~ 245, x, = —x; — x5
Do dg
Ker(T) = {(x), xp %3, %4 %) = (— x5 -1, —x3 — 225, %3, 0, x.)}

(—%3 — x5, —x3 — 205, 23, 0, 25) =
= (—X3 —X4 X3, 0, 0) + (—x5 —2x;5 0, 0, x5)
= x5(-1, -1, 1, 0, 0) +z(~1, -2, 0, 0, 1) |
Dé& th8y hai vecta :
¥ ={(-1-1,1,00 vav = (-1, =2, 0, 0, 1)

déc lap tuyé&n tinh trong R3, cho nén ching tao thanh 1 co sd
cia Ker(T).

6.20 Phuong trinh D(p) = 0, p € P, vist p’ = 0, p € P,
Do d6 p = ¢ = hing s8. Vay Ker(D) = {c}, ¢ = da thic hing.
6.21. Phuong trinh J{(p) = 0, p € P, vist

1

f pax =0
-1

Vip € P, nén p cd dang p = a, + a,x nén phai co

1
) (@, + ax)dx = 0
-1
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Tich phan bén trai bang
1 ’ 12 .
__fl(a.o t+axydx = (e x + a5) |_1 = 2a,
'khbng phu thudc a
J(p) = 0. Do do

1

Ker(J) = {agx]
‘ax 13 da thdc bic 1 khuy#t s8 hang hing.
6.22. Nhan xét md ddu (xem Thee/l, 6.3)
- T 1a mdt 4nh xa tuy&n tinh R" - R™
B = {e, ey .., e} la co 88 chinh tic cia R”

e =1(0,.,1,.,0) €R"

i

-
B =1{¢, €, .., ¢, ] la ca 55 chinh thc cia R™
¢ =@,.,1,..,0) R
A
e
Ma trdn ciia 4nh xa T xéc dinh bdi
A = [(Tepdy (Te)lg .. [T(e)lg)
Véi ma tran d6 ta cd N
Alxlp = [T(x)]g, x € R™
Ap dung nhan xét trén ta cd : _
(a) Theo ddu bai T : R? -» R? xac djnh béi
T((x), %)) = (2, — x,, %, + x)).
Do d5 T(L 0) = (2, 1)
T {0, 1) = (-1, 1).

, vdy chi cln diéu kitn ¢, = 0 13 oo
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Vay ma trén cua dnh xa nay la
2 -1
A= [1 | 1]-
Chi y @ d6 chinh ]2 ma tran hé sd cia hé

22, - x, = ¥
X tx, =y,

{¢) Theo d&u bai T : R2 — R? xac dinh bdi

T((xls 12)) = (xp Iz)"
Do dg
(1, 0)) .= (1, 0)

70, 1)) = (0, 1}

'Vajy ma tridn cua anh xa nay la

A=[(1) (1)]

Chd y @ d6 la ma tran don vi vA 12 ma trin hé sd cia hé.
Il = yl »
X, = ¥q- .

(c)A =

o
(= I
—_ 0

(d) Theo ddu bai T : R* — R? xic dinh béi
T((x), x5 x3)) = (4x), Tx,, —8x,).
Do do T1,0 00 =1(400
T ((0,1,0)) = (0, 7, 0)
T((0, 0, 1)) = (0, 0, -8).
Viy ma trén cia 4nh xa nay la '

4
A = 7
-8

298



gy

-3

" o
e,al

Chit y. D6 chinh & ma tran hé s8 cta

4x, =%
73:2 =¥,
83 = ¥,
6.23. Ap dung nhan xét & bai tap 6.22, ta cd
(a) Theo dfu bai 7 : R? — R* xdc dinh bdi
T((x), 25)) 1= (X =%, % + 3::2, T —x)
Do dg
CT((L, 00 =0, -1, 1, 1)
T((0, 1)y = (1, 0, 3, ~1)
Vay ma tran clla 4nh xa nay la

0 1
el
1 -1
Chu y. DS chinh 12 ma tr4n hé s6 cda hé :
| =N
™ =2
x, 3, =y,

X7 X3 = ¥4
(b) Theo dfu bai T : R* — R> xéc dinh béi

T((xy, Xy Xy %)) = (Tx; — 21, — 2, + X, %, + X3, X))

Do d¢
T((1, 0, 0, 0)) = (7, 0, -1} ;
T((0, 1,0, 0)) = (-2, 1, 0) ;
T((0, 0, 1, 0)) = (=1, 1, 0) ;
T{(0, 0, 0, 1)) = (1, 0, 0).
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Vay ma trin cta anh xa nay la

7 -2 -1 1
A= 0 1 1 0
-1 0 0 o

Chi y. D6 chinh 134 ma tran hé s§ ctia hé

) — 22y —x3 +x, =y,
Xy + Xy =Yz
| =Y

(&) Theoddu bai T : R? — RS xéc dinh boi
T((x],! Iz, x})) = (0: 0! 0: 0, 0)

Do do
7((1, 0, 0) = (0, 0, 0, 0, 0)
(0, 1,00 =(0,00, 0, 0
T((0, 0, 1)) = (0, 0, 0, 0, 0)
Vay ma trin cla 4nh xa nay ]a ma tran khong :

0 0 o

c 0 o ’
A=|0 0 0

0 0 0

0O 0 0

(d) Theo dfiu bai T : R* — R’ xdc dinh béi
I(x,, Xy, X3, X)) 1= (X Xy, Xy Xy X - Xy)
Do d6 '
T((1,0,0,0) = {0,1,0,0, 1) ;
T((0,1,0,0)) =(0,0,0, 1, 0) ;
T((0, 0,1, 00) = (0,0, 1,0, -1) ;
T((0, 0, 0, 1)) = (1, 0, 0, 0, 0).
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Viy ma trari cua dnh xa nay [a

0 0 0 1

1 Lt} 0 0

A= |0 0 1 0

0 1 0 0

1 0 -1 o

Chii y. Dd chinh 12 ma trin hé s8 cia hé

| Xy =5

xl = y‘z »
+ ;£3 = y3
X2 T X
| =3 =JYs

6.24. Ap dung nhan xét & bai tap 6.22 ta cd :
(a) Theo d8u bai

T((‘I’ J’)) = (I, _J’)

T((1, 0 = (1, O)
(0, 1)) = (0, -1)
Vay ma tran cia 4nh xa nay la

-5
s <aff - o - [

Nghia la

Do dé

Do do

T2, 1)) = (2, -1)
ding nhu theo dinh nghia cia T.
{b) Theo diu bai ta cd

(@ = 0, %)
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Do dé
T{(1, ) = (0, 1) ;
(0, 1) = (1,/0) ;
Viy anh xa nay cd ma trdn

[0 1
A4=1 0]
Do dd
2] [o 1]f2 1
=i £ 30
nghia la '

T2, 1) =(Q, 2
ding nhu thec dinh nghia cda T.

(c) Theo ddu bai ta ¢6 )
T{x, ¥)) = {(=x, -y}
Do d¢ '

({1, 0) = (-1, 0),
70, 1)) = (0, -1).
Vay ma tran clia 4nh xa nay la

-1 0
A= )
De ds

e ome—af] -3 -3

nghia la
T{2, 1)) = (-2, -1}
ding nhu theo dinh nghia ctia T. :
8.25. Theo d4u bai T : P, — P, xdc dinh bdi

T(e, + ax + ax?) := (8, + a,) — (22, + 3a,x
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Co sd chinh tic ctia P, 1a 1, x, «?
cia Pjla: 1, x

Do do
)y =1
Tx) =1-2x
T(x?) = -3x

Vay ma trén cta dnh xa T 1A

eelp o ]
6.26. Theo ddu bai T : R? — R? xéc dinh béi
Ty, 3y) = @ + 2 -3y, 0)
a) Do d¢ '
T(uy) = T(3, 3)) = (1+23,-1,0 = (7, -1, 0
T(u,) = T((-2,8) = (-2+24,2,0)= (6,20
Ta tinh [T(x)] va [T(u,)lg
D6i voi [T(u,)), ta phdi cé
(7, -1, 0) = cv; + cu, + cyu,
Nhu vay, ¢, ¢,, ¢; 12 nghi¢m cia h¢
¢ t2, +3;, =17
¢ + 2, = -1
¢ = 0
Ta suy ra

1
e, =0,¢ = —E,c3_=

3 oo

B6i voi [T(u,)]y ta phai cé
' [6, 2, 0] = by, + bz”z. + by,
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Nhu vay b, b,, b, la nghiém cia hé.
by +2b, + 3, =6

, b, + 2, =2
b, =0
Ta suy ra
' 4
by =0,b, = 1,5, = 3
Vay cd
0 0
-1 1
[T(ul)]B. = 21, [T(uz)]B. = |4
8 il
3 3

Do d¢ ma trin cia 4anh xa 7 d6i véi co s3 B trong R? va
B’ trong R? l1a

.
]
Wik = O

b) Véi ma tran do ta c6
[T((8, 3 = ALBS, 3)]y
D& tinh {(8, 3)); ta vigt
@, 3) = au; + fu,
nghia l1a
(8, 3) = all, 3) + (-2, 4).
Nhu vAy a va 8 1a nghiém cia hé
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/6;4, e

‘&

Ta suy ra

19 21
“=%: F="1
Do d6
o[ B[
. - = 1 5 —4
[T((Ss 3))]5» = 2 21 = 99
8 41— — -
3 3 10 3
Ta suy ra -

T8, 3) =0y = do, + o,

=001, 1, 1) =42, 2 0) + % (3, 0, 0)

= {14, -8, 0).

Chii y. Tinh truc ti€p theo dinh nghia thi
T((8, 8)) = (8 + 2.3, -8, 0) = (14, -8, 0).
6.27. Cho T : R® — R3 xéc dinh bdi
T(x), 2 X3)) = (%] — X %) — Xy, Xy — Z3).

a) Ma tran cta 4nh xa T trong co sd B = {"1' vy, 03} trong

R3 1a

Ta cd

A = [Ty [Tl [TE],]

Tw) = T({1, 0, 1)) = (1, -1, 0).
T(u,) = TWO, 1, 1)) = (-1, 1, -1)
T(vy) = T, 1, 0) = (0, 0, )

Bay gid ta bi€u dién T(v,) trong co s6 B. Mubn thé ta viét

20-BT.TCC.T1

T(Ul) = aw, +ap, + a,

305



tic la
(1, -1, 0) = a,(1, 0, 1) + a,(0, 1, 1) + a4(1, 1, 0).
Do d6 «a, 'az, az 14 nghiém cha hé

1 0 1]{* 1
0 1 1f|e] = |-1
1 1 0f|e 0.

Mgt cdach tuong tu ta viét
T(ey) = By + By, + Byvy
T(ug) = vvy + vty + 7¥303
thi (B,, B, By) V& (v), ¥» 73) 12 nghiém ciéa hai hé

1 0 1114 -11 1 o 11" 0
01 1|{f| =1 1,071 1]|r2| = |0
11 0||8 -1 |1 1 of]|r 1

Ba hé nay c¢d ciing ma trAn hé s6 ta giai ching bing cédc
phép bién ddi so cfp viét trong cung mot b;’mg

1 o0 1] 1 -1 0
6 1 1{-1 1 0
1 1 0|0 -1 1
1 0 1|1 -1 0
1 1]-1 1 o

1 -1{-1 o 1

1 0 1] 1 -1 o0
1 1{-1 1 o
20 -1 1

1 0. 0| 1-32 12
1 0 -1 12 12
110 12 -12
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Ta suy ra

A = [[(TE)lg [TEy)lg [T(i’s)]sl

a By oy 1 -32 @ 12
=laa By vl = |-1 1/2 1/2
ay By vy 0 12 -1/2

Sau dd ta b

[Tw)ly = Alwly, w € R3,

b) Nhut vay muén tinh T((2, 0, 0)), trudc hét ta phai tinh
[(2, 0, 0)),. Ta cd

(2,0,0) = cyv; + cyuy + cquy

(2,0,0) = ¢y(1, 0, 1) +¢y(0, 1, 1) + (1, 1, 0)
vi ¢}, ¢,, ¢; 12 nghiém cia hé. '

1 o 1]} 2
0 1 1ffez| =10
11 0|l 0

Giai hé nay ta duge

e, =1 ¢ = -1, eg = 1.~
Ta suy ra
1 3
(r(@, 0,0)ip = A —i = :i

Cbé la [T\2, 0, 0))]B (trong co s& B). Mubn c6 T((2, 0, 0))
trong co s& chinh tic ta phai viét

-3 17 o 1 3 -1 2
—1| =3 (o] - [1] - 1] = |{-1- -1] = |-2
1 1 1 0 3 -1 2

nghia la .
72, 0,00 = (2, -2, 2)
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Tinh true ti€p ta duge :
T2, 0,0) =(2-0,0-22-0) = (2, -2, 2
trung vdi két qua trén.
6.28 Cho T : P, — P, xac dinh b
T(p(x)) = xp(x).
(a) Ta c6
T, = T(1 + x%) - xH1 + x2) = x2 + 1
T, = T + 2 + 3x%) = 241 + 2x + &3
=a? + 20 + 3t
Tp;) = T(4 + 5 + 2%) = 224 + & + x?)
=422 + 53 + 2t
Do d6 anh xa T c¢d ma tran

A = (ITE )y TPy TEyly] =

2l =T e .
[ B -
L -

va sau do
[(T(®)lg = Alplg.p € P, _

(b) Mu6n tinh T(—8 + 5x — 2x%) nh¥ cong thitc t‘.rén trudc hét

ta phai bigu dién da théc —3 + 5 — 2 trong cd s& B cia P,.

Ta c6 '

-8 + 5x — 22

ap; + Bp, + ¥p4
a(l +x%) + B(1 +2x + 3?) + y(4 +5x +x%)
Do d6, «, B, v 14 nghiém cuaa hé -
a+pf +4 =-3
{28 +57=5
a+38+y = -2
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Giai hé nay ta dugce

25 5 1
a = _T)ﬁ:Z:y=E'
- Ta suy ra
- 25/4
[~3 + 50 — 2%, = | 54
1/2
Vay
0
[—25/4 0
[T(-3 + 52 — )], = A| 54| = -3
1/2 5
-2

Vi B’ 1a co s chinh tic cia P, nén ta suy ra :

T(-3 + 5v — 222 = -2 + 5 — 4
Tinh truc tiép ta duge '

T(-3 + 6c — 2¢2) = x%(-8 + 5x — 29

tt

22 + 5xd — 2%,

trung véi két qua trén.
6.29. Ki hiéu B = {vl, 02}. Ta cd

{(a)

(b}

[UI]B =

[T( )

[Tl

Tw) =

g
98-
|

KL, H-2-1,4)=(1+2,3-8)
(33 _5)
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T(v,) = 8(1, 3) + 5(-1, 4)

=(3-59+20) = (-2, 29)

(c) Bay giv tinh 7(1, 1).

Trude hé&t ta tinh [(1, D] Ta viét

(1, 1) = a(l, 3) +B(-1, 4) =

Do d6 @ va § 1a nghiém ctia hé

(a - 8, 3a +48)

&7
21

1 3
[—z 5][(1, Dy =

[+ 44 - [

[a-B=1
{3a ~- 48 =
Ta suy ra
o = %’ ﬁ =
Vay
Do dd
[T, DIy =
Ta suy ra
1
T(I’ 1) == 7(1:

6.30. (a) Ta co

[UI]B =

(=20~
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! -2
foal; = | [TE)ly = Alv,lp = | ©
; o
g
wslg = |4 (7)) = Alogly = |2
0 _7_
o 0
0
CAT Tl = Alvdg = i
1 L

(b) Tw) = 30,8 8 +(-7,8,1)-3-69 1

= (11, 5, 22)
T, = -2(0, 8, 8) +6(-7, 8, 1) = (-42, 82, -10)
T, = (0,8 8 +2(-7,8 1)+ 7(-6,9, 1)
= (-56, 87, 17)
Tw,) = (-7,8 1)+(-69, 1) = (-18,17, 2)

(c) D& tinh T(2, 2, 0, 0)), trudc het ta phai bi€u dién
(2, 2, 0, 0) trong co sd B cia R* :

(2,2,0,0) =cpy + vy tegug oy '
=¢(0,1,1,D+e,(2, 1, -1, -+
+ey(1,4,-1,2) +¢, (6,9 4, 2)

Do dd ¢, ¢, ¢4, ¢4 la nghiém cda hé
2(22 + cy + 6(:4 = 2
¢y +c2 +4c3 +904= .

2
0

: cl—c2+2c3+2c4
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Giai hé nay ta dugc

¢ = 1,62 =1, C3=0,C4=0‘

Cho nén
1
1
[(2: 2$ 0_1 O)]B = 0
0
Do do 4
1
(T2, 2,0, 0]y = Al2, 20,01, = | 7|
-3
Ta suy ra

T(2,2,0,00 = (0,8, 8) +7(-17, 8, 1) - 3(~6, 9, 1)
' = (-81, 37, 12)
6.31. (a) Ta c6

1 1
1z = [0f, (Tl = Alv,l; = (2].
0 _ 6
> - g
lv,lg = {1 [Tl = Alvylg = | 0
0 _2J
[o] [- 1]
[vadg = |O [Tvy)lg = Alvslg = | 6
1 4J

(b) T() = v, + 2v, + 6u,
= (3 +32%) + 2(—1+3x +2?) + 6(3 +Tx +2?)

= 16 + 5lx + 1%2 ;
T(uy) = 3v) + Ov, — 204

= 3(& + A2 - 23 + Tx + 2?)
= —6—51‘4‘5:2;
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T(v,) —u; + du, + 4u,
= — (3 +3x2) + 5(—1+43c+ %) + 43+ Tx +2x?)
=7 + 40x + 152,
(c) Truéc héi ta bi€u didn p = 1 + x? trong co s6 B. Ta viét
1 +x2 = e vy t ey, oyl |
= ¢(3x + 3x?) + cy(—1 + 8¢ + 2% +
+cy(3 + Tx + 22
= (¢, + 3¢g) + (B¢, + By + Tegkx
+ (8¢, + 2, t+ 2cy)a?
Do d6 ¢, ¢,, ¢; 1a nghiém coa hé
-, + 3¢, =1
3¢, + 3, +Tcy =0
3¢y + 2, + 2, =1

Giai hé nay ta duge

e =1¢c,=-l¢ =0
Vay ed
1
(1 + xz)]B = [—-1
0
Do dd
. : : -9
[T +x)lp = AIL +2))g = | 2
: : 8
Ta suy ra
T(l +x%) = —2v, + 2v, + 8y,

il

-2(8 + 32} + 2(-1 + 3 + 222
83 + Tx + ?)
22 + 56x + 14xZ.

+

t
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6.32. (a) Ta ¢6
Dip)) = D(1).
Dip)) =D(x) =« = 1=1+0x + 0a?

’=0=10 + Ox + Ox?

Dp;) = D(x?) = (%)’ = 2x = 0 + 2x + Ox2

Ta suy ra, vi B 1a co 56 chinh tic cua P, :

01 0
A=10 0o 2|
0 0 0
) DE,) =D@) =2 =0=0p +0p, +0p,;
. 3
Dipy) =D@2-3)=@2-%) =-3=-5.2

3
= ”.fpl + Opz + 01-?3?
D(p3)=D(2—-3x+8x2)= 2—- 3+ 8@2)’=_—3+ 16x

0 -3/2
[D(p])]g = (0 ’ [D(pz)]B = 0
. 0 0

D& tinh [D(p,;)]l; ta viét
-3 + 16x = ap, +ﬁp2 + ypy =
= a.2+B2 - 3) +p2 - 3x + &9
thi thdy a, 8, v la nghiém cia he

20 + 20 + 2y - -3
-3 - 3 = 16
8y= 0'.

Giai hé nay ta duge
y=0,8=-16/3, a = 23/6.
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Do daé

| - 23/6
D], = H = |-163
y 0

Ta suy ra

0 -32 23/6
A =10 0 -16/3
0 0 0

{c) Vi trong ciu (a), B 1a co s& chinh téc cia P2 nén

01 0][ s -6
[DE — 6x + 24xD)], = [0 O 2[{-6] = | 48
0 0 0|24 0

Do d6 :
D6 ~ 6x + 242%) = —6.1 + 48x + a2 = —6 + 48
trung voi két qua tinh true tigp :
D(6 — 6x + 2427 = (8 — 6x + 24x?) = —6 + 4&
{d) Trong céu (b) B khﬁn.g phai co sd chinh tdc cla pz cho nén

trudc hét ta phai biu didn p = 6 — 6 + 24x? trong co s& B.
Ta cd

6. — 6x + 24x2

ap; + fpy * vp;
= a(2) + B2 — ) + (2 — 3 + &)

= (a + 28 + %) ~ (3 + 3 + 2
Vay «, 8, v la nghiém cia hé

Giai hé nay ta duge
y=38=-1,a=1
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Do dé ]
1
[(6 — 6x + 24x%)], = |~1],
3
Cho nén )
. 0 -32 236|] 1 13
[D(6 — 6x + 24x%)], = |0 0 -1683]|-1] = [-186].
' 0 0 0|l 3 0
Ta suy ra :

D(6 - 6x + 24x%) = 13p - 16p, + Op, _
132 - 16(2 — 3x) = —6 + 48,
cing trung v4i két qua tinh dao ham trye tiép.

It

6.33. 1) Cha y ridng B la co sd chinh tde. Do dé anh xa cla
T trong co sd B cé ma tran :

= 7]

Ma tran chuyén co sd tit B sang B’ :

K/

Ta suy ra

B E
[ .

_ 1 -3 -56

T -2 3
2) Bay gig co sd B khéng phai chinh téc nita.
Ta co

Tu ) = THZ,38) = (2+73,32-43) = (28, -6) -
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T(uy) = T4, ~1) = (4 + 7(-1), 834 - &-1) = (-3, 16).
Ta viét bi€u dién cia T(u,) vd T(x,) trong co sé B :
T(u;) = (23, -6) = cju, + cu,
= ¢,(2, 3) + ¢,(4, -1}
.= {2e) *+ 4cy, 3c) —¢y)
T(u,) = (—3, 16)= bu, + byu,
= )(2, 3) + b,(4, 1)
= (2b, + 4b,, 3b, — b))
Nhu vay, (¢, ¢;) va (b, b,) 12 nghiém cda hai };é

2¢, + 4c, = 23 2, + 4b, = — 3
3, —¢; = -8 3, - b, = 16

1
Giai hai hé nay ta dugc

¢, = —1/14 ¢, = 81/14 b, = 61/14 b, = —41/14.
Vay

- 1/14 61/14
(T(u)lp = [81;’14}’ [Pl = [»—41;‘14]

Do 46 ma tran cda dnh xa T trong cd s¢ B 1a

A = -1/14 6114 1 [-1 61
T | 81/14 —-41/14| T 14| 81 -—41[

Bay gid ta tim ma tran chuy®n co sd tit B sang B’ :

P = llv,lg bl
Ul = alui + a2u2
(1,3) = a2, 3) + a,(4, -1).

a; va a, 14 nghiém cua hé
20 + 4ay =1
3(1]_ —-a, = 3
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Uy = Byuy + Py
| -1, -1) = B2, 3) + B,(4, —1).
B, va& B, 1a nghi¢m cta hé
2By + 48 = -1
‘351 - ﬂz = -1
Giai hai hé nay (cd chung ma tran hé s8) ta dugc
- ay = 13/14, a, = -3/14, §, = -5/14, 8, = -1/14.
Do do _ -
_— 'all- . _[13;-14] ol = [ﬁl} _ [-5;14]
BB T |a, -34|" YzB "~ |B,; -1/14

va ¢d
p _[1814 -514] 1138 -35]
T [-3%14 -114] T 14 |-3 -1|°
1[-1 5
-1 - —
P= o= 2[ 3 13]'
' 1 |- 5] 1 [-1 611 1 [-5
¥ _ —1 - - = 2 E
A =P AP = 2[ 13] 14[81 —41]1 [—1]

1
3
_ 129 -19] 1 (13 -
- 2 (75 —-25/ 14a]-3 -1
__1|81 -9 1|-31 9
T 2|75 -25] T 2{-75 25|
la ma tran cia dnh xa T trong co sd B’.

Chi y. Lam tryc ti€p, ta cd
T, = T, 8) = (1 + 7.3 3 -43) = (22, -9) ;

T(vy) = T((—1, -1)) = (-1 + T(-1), 3(-1) - 4(-1)) = (-8, 1).

T(vl) ay, + aw, ;

Il
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Ty = by, + by, ;
@2, -9) = a1, 3 + a(-1, -1) ;
(-8, 1) = b(1, 3) + by(~1, -1) ;
thi (a,, az.), (6, b,) 12 nghiém cia hai h¢ cing ma trin hé sd

e —a, = 22
da; —a, = 9
bl bz——8

Gial hai hé nay ta dugc
a, = =312, a, = —75/2, bl. = 9/2, b, = 25/2.

Do d¢
—31/2] 9/2
7))y = [_ 7572+ Pl = [25f2]
Ta suy ra ma trdn cda &nh xa T d6i véi co sd B’ la

, 1[-31 o9
A =3 |-75 25]
trung vai két qua trén.

3) Vi B 1a co sd chinh tdc trong R® n&n ma tron cia anh
xa T trong cd s3 B 1a :

1 2 -1
A=10 -1 0].
1 0 7
Ma tran chuyén co sd t¥ B sang B’ la
- 1 1 1
=10 1 1].
0 0 1
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Ma tran nghich dac etia P la

1 -1 0
pl=10 1 -1].
0 0 1
Do d6 ma tran cta anh xa T trong cd sd B’ la
. . 1 4 3
A’ =PlaAP = |-1 -2 -9
1 1 8

4) Mot di€m o6 toa d& (x, y, 2} trong khéng gian xyz chiéu
truc giao lén mat phang xy thanh diém (x, y, 0). Vay c¢é cong
thic xac dinh 4nh xa T :

T((x, 3, 2) = (x, 5, 0),
hay déi ki hiéu

T((x), xp %)) = (x), x,, 0).
Vdi chd § B 1a co sd chinh téc cua R3

Do d6 ma trdn cia 4nh xa T trong co s¢ B 1A :

1
A= 1 .
0
Ma tran chuyén co sd tit B sang B’ la
1 1 1
P=1|0 1 1],
0 ¢ 1
Do dg
1 -1 0
Pl = 10 1 -1
0 0 1
Vay ma tran cda dnh xa T trong cd sd B' la
1 0 0
A =pPlap =0 1 1]
1o 0 0
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5) Theo d4du bai
T(u)) = bu; = buy + Ou,;
T(uy) = Su, = Ou; + 5u,.

Vay ma tran ctua T trong co s B la

5 0
A = [T ), [Tl = [0 5]

Ma tran chuy€n co sd tit B sang B’ theo cAu 2 bai nay la

113 -5]
P=ﬁ[~3 —1]

1i-1 ' 5
-1 _ =
P = 2[ 3 13]'
Do d6 ma tran :
' 5 0
v — p-1 _
A= PlAP = [0 5:|.

Chi y. Tinh tryc ti€p (khéng qua co sd B) ta cing duge két
qud nhu viy.

6) Theo ddu bai .
T(p) = T(6 +8x) = 6 + 3 +1) = 9 + & ;
Ty
Ta bi€u dién T(p,) va T(p,) trong co s& B. V6i T(p,) ta cd

T(10 + 2r) = 10 + 2(x + 1) = 12 + 2«

9+ 3% =ap +8p,=al6 + ) +H(10 + 2x).
Do d6 « va 8 la nghiém cda

6ac + 108 = 9
30 +26 =23
Ta suy ra
2 1
“=3F=3
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Bay gio voi T(p,).
12 + 2x = yp, + dp, = (6 +:3x) + 5(10 + 2v).

Do dé y va 8 1a nghiém cia

6y + 105 = 12
I+ 20 =2

Ta suy ra
: y = ~2/0, & = 4/3,
Vay ma tran cdia dnh xa T trong co s6 B la

2/3 —-2/9
A = ([TEplg (TE)E = [1i2 4i3]’

Bay gib ta tim ma trén chuyén co s¢ ti B sang B’ :
P = [lg,]p [g,],]
Ta vict -
g, = ap, + pp,

2 = a6 + 3x) + F(10 + 2x).

Do dé avag la hghiém cua

6a + 108 = 2
3a + 28 =0
Ta suy ra
| | a=-298=13
Ta lai viét " |

9, = yp; + dp,
3+ 2x = y(6 + 3x) +5(10 + 2v).
Do dd6 y va 5 1a nghiém cua hé

6y + 106 = 3
3y +28 = 2

Ta suy ra

1
y &= 179, ﬁz"_d-
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~2/9 719
gy = [ 113} L9, = [— 1!6}

Do do ma tran chuyén co so tu B sang B’ 14
P = —2/9 791 |1-4 14
- 13 ~1/6] 181 6 -
P_1=—§ -3 -14 =l 3 U4
72 1—-6. - 416 4|
Do d6 ma tran cta T déi vdi co sd B’ 1a

A = PlLAP = [1 1].

nén cd

0o 1

Chu y. Néu tinh tryc ti€p A’ khong qua trung gian la co sd
B thi cling duge két qua nhu vay.

6.34. Giad st ma tran B déng dang v&i ma tréan A. Khi dd
ton tai ma tran P khong suy bién ciung cdp véi A va B d€ cd

B = PVAP.
Ta suy ra
Bl = (PT1AP)?
(PTLAP) (P71 AP)
P 'A(PP ) AP
.= PT1AAP = P71 A?P.

Do do¢ B? déng dang véi A%

6.35. Gia st A va B la hai ma tran cip n déng dang. Khi
do ton tai ma tran P cdp n khong suy bién dé

B = PlAP.
Ta suy ra

AP = PB. (6.8)
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Trude h&t ta x8t mot ménb dé ma ta goi 12 mét bd dé.
B d& Gid st P khéng suy bién. Khi dé
) Neu E = {u,, u,, .., us}, u; € Rn'lc‘z doéc lap tuyén tink tﬁi
F = {Pul; Pu,, .., Pu}
cing déc lap tuyén tinh. '
2) Néu F doc lap tuyén tinh thi E cang déc lap tuyén tinh.
Chitng minh. 1) Gid sy E doc lap tuyén tinh. Xét didu kién
¢,Pu, + c,Puy + ... +cPu =6 (89
Ta suy ra
Pleu, +cu, + .. +ecu) =6
Vi P khong suy bién nén t6n tai P! va
cpy *oeuy + .+ eu, = Pl = 6,

s

cy F g, + o teou =8 . - {6.10)

tic la ed

Nhung ta da gid st E doc lap tuyén tinh.
Cho nén tir (6.9) ta c6

g =c=..=¢ =0 (6.11)

Nhu vay la tit (6.9) ta suy ra (6.11).
Do d6 F doc lap tuyén tinh.
Bay gits giad sd F doc lap tuyén tinh.
Xét didu kién (6.10). Ta suy ra

Pleu, *euy, + .. +eu) = PO =06

hay

) °1P”1 + t:-zPu2 + ... + csPus.= 6.

Ti dd suy ra (6.9).
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Nhung ta da gid st F doc lap tuyén tinh.
Cho nén tit do ta co (6.11).
Nhur vay la tir (6.10) ta suy ra (6.11)
Do dé E doc lap tuyén tinh. -
B6 dé¢ ching minh xong.
Bay. giv gid sd A vi B 132 hai ma tran cdp n déng dang,
nghia la tén tai ma tran P cdp n khéng suy bién dé€ cé
] B = pTlap
Ta suy ra
PB = AP (6.12)

Goi' v,i=1n la cdc veetds edt chta. B. Khi do

. Pu,t = 1, n la cdc vectd cOt cia PB. Ta cd
P(B) = r{v}), PB) = r({Pv})
Vi P khong suy bién nén theo b3 dé trén
| r{o}) = rd Pu})
Do d¢
P(B) = P(PB)
Nhung theo (6.12), PB = AP nén cg
P(B) = PAP) = P((APY) = p(P'AY
Vi P khong suy bién nén P cing khOng suy bién,
Do 46 theo b8 dé trén

| PIPAY = pAY = pA).
Tom lai, ta ¢6

PB) = PA).
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Chuong VII

TRl RIENG VA VECTO RIENG -
'DANG TOAN PHUONG

A. PR BAI

7.1. TRI RIENG VA VECTO RIENG CUA MA TRAN

7.1. Tim cdc tri riéng vA co s& cia khéng gian riéng cia
cdc ma tran sau :

3 0 10 -9 0 3
ol et o]

[—2 — [0 © 1 0
4) ’ 2] 5) 0 0] 6) [0 1]
2 -1 2 01 0 4 -5 2
7 5 -3 3/ 81l=4 4 0 915 -7 3
-1 0 -2 -2 1 2 6 -9 4
[ 1 -3 3 [1 -3 4 7 -12 6]
100 |-2 -6 13 11) [4 -7 8| 12) |10 —-19 10
-1 -4 8 6 -7 17 12 -2413J
(1 0 0 © 1 0 0 0]
(4—57
0 0 0 0 0 0 0 0
13)“411‘32 9000600 100 a
i 1 0 0 1 0 0 0 1
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7.2. TRI RIENG VA VECTO RIENG CUA TOAN TU TUYEN
TINH TRONG KHONG GIAN HUU HAN CHIEU
7.2. Cho T : P, — P, x4c dinh bai'T(ao +ax +axh) =
(5a, + 62, + 2a,) — (g, + 8a)x + (a, — 2a,)1?
(a} Tim céc tri riéng cia T.

(b) Tim cg s& cua khong gian riéng cia T.

7.3. Chiing minh rdng 2 = 0 A tri riéng cla ma trdn A khi
va chi khi A suy bié&n.

7.3. VAN DE CHEO HOA MA TRAN
7.4. Ching minh rang cdac ma tran sau khéng chéo hda duge

[2 0 2 -
Dy 2]’ 2 |4 —1]
[3 0 © -1 0 1
3)i0 2 0 4 |-1 3 o
01 2 -4 13 ~1

7.5. Tim ma tran P lam chéo héa A va xdc dinh P 1AP

[—14 12 1 o] -
DA=1_5 17 D4 =g ml]
1 00 (2 0 -2
A =0 11 HAaA=103 o
0 11 00 3
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7.6. Hoéi ma tran A dudi day cd chéo hda duge khéng. Né&u
duge thi tim ma tran P lam chéo hda A va xdc dinh P AP,

(19 -9 -6 -1 4 -2
DA= |25 -11 -9 2 [-3 4 o
17 -9 —4 -3 1 3
5 0 0 [0 0 0
HA=11 50 HAa=10 00
01 5 3 01
L R " oo d
-2 0 0 0 (-2 00 o
0 -2 0 0 0 -2 5 -5
DA=196% 0 3 o0 Aa=1,9 03 o
0 01 3 0 00 3

7.7. Cho T : R? - R? |a toan tu tuyén tinh
Tlx, x) = (3x; + 4x,, 2x; + x,)
Hay tim n;t_it co 6 cua R? trong d6 ma tr4n ciia T cd dang chéo.
7.8. Cho T : R® - R? 1a to4n ti tuyén tinh
T(xp, x5 x3) = (24 — Xy — Xy Xy — Xy X b X, + 2x3)

Hay tim mét co s3 ciia R® trong d6 ma trén cia T c6 dang chéo.

1 0
7.9. Cho A = [~1 2}

Hay tinh AlI°

7.10. Cho A = [“ b]
¢ d

Ching minh : Y

(a) A chéo héa duge néu (@ — d)? + 4bc > 0.

b) A khong chéo héa duge néu (@ — d)2 + 4be < 0.

328



7.4. VAN DE CHEO HOA TRUC GJAO

7.11. Tim ma tran P lam chéo hda truc giao A va xac dinh

PTVAP . -
3 1 ) [ 5 33

DA =] 3] DA = |gm _1}
- [ -2 0 -3¢
-7 24

DA = |y 7] 4) A = 0 -3 0
I -36 0 -—-23
11 0] [ 2 -1 -1

YA =111 0 A= |-1 2 -1
0 0 0 -1 -1 2
3 1 0 0 [ 5 -2 0 0
1 3 0 0 -2 2 0 0.

NA=14 00 0 BA=143 o 5 -2
0 0 0 0 0 0 -2 2

7.12. Tim ma tran lam chéo hda truc giao

a b
A=[b a] b:s.O,

7.5. DANG TOAN PHUUNG
7.13. Nhan dang va vé cac dugng -bac hai sau :

a) 20" — 4y — 3> + 8 = 0.

by x* + 20v + 3% + 80 +y = 0.
e Bt + 4y + 57 =9
1T+ 24wy + 4y - 15 = 0

e) 27 + dey + By = 24,

£) x"+ xy + 37 = 18
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gl axm = &v + Ty = 36

hy 5x% — 4xy + 8" = 36,

7.14. Nhan dang vA vé cic mat biac hai sau -

a) Zx‘; - 2rx, 4+ Zti - 2vx, + 3.1_‘2 = ]6.

b) 2xy + 2Zxz + 2vz —6x — Gy — 42. =0

e) Tx* + 73;3_+ 1027 — 2vy — ez +4yz — 12¢ + 12y + 60z = 24,
d) Zxy — 6x + 10y + 2 - 31 = 0.

e} 2 + 2}:2 +52° — 4y —.2rz +2vz + 1 —26v—22 = 0

B - BAI GIAI VA HUONG DAN

7.1. 1) Cho ma trian cap hai

s

Phuang trinh dac trung cta A :

3 -4 0 .
[8 _I_A]=O@(3—AH—1—A}=O
A cd 2 gid tri rieng - 4, = 3, 4, = -1
Vécto riéng dng tri rieng 1 la v = (x,, x,) théa man
(8 - iy, =0

e, — (1 + A,

[}
=)

Trutng hgp 1 = AI = 3 ta cd hé
[ O‘RI =0

l'S.rl -4y, =0,
- Ta suy ra

Y tuy you, = 2y
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s 3.~9,

X 1 = 1
x = , = 2, =xl, hay x, (1, 2).

Vay Ung tri riéng A, = 3 cd modt véctd riéng ddc lap tuyén
tinh 1a (1, 2). Khéng gian riéng tuong dng ld khéng gian con
ctita R? cé s6 chidu bang 1 va nhan vécts (1, 2} lam co sd

Truong hgp A = 4, = -1 ta cd hé

4, =90
{ 8c, +0x;, =0
Ta suy ra -
' x =0, x, tuy ¥
| x 0 0
x = |:x;l = [le = xz[l] hay x, (0, 1).
Vay idng tri riéng 12 = -1 ¢6 1 véctdg riéng déc lap tuyén

tinh 1a (0, 1). Khong gian riéng 1a khéng gian con cia R? ¢4
s6 chiéu bang 1 va ¢6 co sd la (0, 1).

2) Cho ma tran cdp hai
10 -
Phuong trinh dac trung cha A

.10“/1 -9

— _ 2
4 _9_1 = 0«={l -4 =0

A co tri riéng : A, = A, = 4 la tri riéng bdi 2.
Véctg riéng idng tri riéng 4 la x = (x, x,) théa mén

(10 — 4)x, — 9%, = 0
A + (-2 — 4, = 0

hay

6x, — 9x, = O
4, — 6x, = 0
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: 3
Ta suy ra x, tuy ¥, x, = 5%
3 3
xr = “ = Exz =X, 21.
X, %, 1

. Vay tng tri riéng béi hai Ay = Ay = 4 cd mét véctd ridng
doc lap tuyén tinh 1a (3/2,1). Khéng gian riéng la khéng gian con
cia R? c6 s6 chisu bang 1 va nhan vécto (3/2, 1) 1am co sd.

0 3
3) - ‘ A =. [ 4 0].
la ma tran cdp hai c6 phuong trinh dac trung
- 3 >

A c6 hai tri riéng : Tri riéng tht nhdt 1, = VI2 c6 mét

vécta rieng doc lap tuyén tinh 13 (3W12, 1) ; khong gian riéng
tuong dng la khéng gian con cia R? cé s chibu bang 1 va
nhan véets (3N12, 1) 1am .co sd. Tri riéng thd hai
A, = —V12 c6 1 vécts riéng doc lap tuyén tinh la (-3WN12, 1);

khong gian riéng tuong dng la khéng gian con ciia R? ¢d s6
chidu bdng 1 vaA nhan vécto (-3W12, 1) lam co s3.

4) Xét ma tran cdp hai

_2 —_
Phuong trinh dic trung ctia A :

’—2—3 -7

= 32 =
1 2__2]—2 +3=0

khéng 6 nghiém thljc. Do dd A khéng cd tri riéng thuc. Néu
xét cdc tri riéng phdc thi A ¢d hai tri riéng

A = V3, 4, = —iV3.
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Véctu riéng tuong ung :
Trudng hep A = A, = iV3 ta cd
(-2 - if3)x, - Tx, = 0

l x, + (@2 -3, = 0
Ta suy ra : .
x, ty ¥, x;, = —(2 — iV3)x,
B X, _ _-(2 — iﬁ)xz B _.(2 _ lﬁ)
x = xnl Xy =% 1 '

Vay dng tri riéng 1, = iV3 cd mét vécto rieng doc lap tuyén
tinh 1la (-2 + i¥3, 1) ; khéng gian riéng tuodng ung la khong
gian con cua C? c¢6 s6 chidu bang 1 va nhdn vécto
(=2 + i¥3, 1) Iam co sd.

Trudng hop 4 = 4, = -i¥3 ta cing lam nhu trén sé ducc
mét vécto riéng doc lap tuyén tinh la (-2 — i¥3, 1) ; khéng
gian riéng tudng ung 1a khéng gian con cia €C° cd sé chiéu
bang 1 va nhan véctd (-2 — i¥3, 1) 1am co sd.

5) Xét ma tran cip hai

' 0 0
A= [0 0]'
Phuong trinh dic trung clia A

- 0
— 12 —

A ¢6 tri riéng boi hai A, = 4, = 0,

Véctd riéng tuong dng 14 x = (x;, x,) théa man
0x, + Ox,
Ox, + Ox,

0
0
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Do dé x, tay ¥, x, thy ¥ :

_ xl _ I] 4 0 _ i + 0
x = ol = o =% o % |
Hai vects (1, 0).va (0, 1) 1a déc lap tuyén tinh vi

1 0 a+ 0 =20
ticlaa = 8 = 0. N
Vay tng tri rieng 4, = 1, = 0 c6 hai vécto riéng dac lap
tuyén tinh 12 (1, 0) va (0, 1) khong gian riéng la khong gian
con cia R? cd s8 chiéu = 2 tdc la triang véi R? nhan (1, 0)
va (0, 1) lam co sd.

6) Cho ma trdn cdp hai

B

Phuong trinh dic trung cia A -
| ’1 -1 0
| O 1-1
Do d6 A c6 mot tri rieng boi 2 1a 4, = 4, = 1. -
Hé phuong trinh xédc dinh vécto riéng x : (x, x,) tuong ing la

=1 -2 =0

Ox, + 0Gx, = 0
Ox, + 0x, = 0
Hé nay tring v6i hé & cau 5). Do dd ta cing cd két qua
nhu & cau 5) '

) Ung tri riéng 4 =1, =1cd hai véctd riéng déc lap tuyén
tinh la (1, 0) va (0, 1).

: Khong gian riéng 1a khéng gian con ctia R? 6 56 chiéu bang
2 tdc 1a trung véi R? va nhén (1, 0) va (0, 1) lam co sd.

334

¢
\
n‘ﬁﬂ



¥

7} Cho ma tran cdp ba

2 -1 2
A = 5 -3 3
-1 0 -2

Phuong trinh dic trung cia A

2-2 -1 2
5 -3-1 3 =-A+1Y =0
-1 .0 -2-i

Do dd A cd mdt tri riéng boi ba 2 = -1

Vécta riéng tudng dng x = (x;, X, x;) thda man

@ - (-Dy, ~x, + 2, = 0

Sx) + (=3 - (-Dp; +3x =0
% + (2 - (x, =0
Hé nay cé nghiém
x, =0 x3'= —x,, X, tuy ¥.
Do dd
xl 0 0
x = xz = x2 = 12 1
x3 _Iz . '_1
Vay ing tri riéng boi ba 4 = -1 cd mét vécto riéng doc lap

tuyén tinh la (0, 1, -1).

Khong gian riéng 1a khong gian con cia R®, ¢6 s6 chiéu bing
1 va nhén vécto (0, 1, -1) lam co sd.

8} Cho ma tran cdp ba

¢ 1 0
A=1]-4 4 0
-2 1 2
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Phu'dng trinh dac trung cta A la

-1 1 0
-4 4-2 0 | =-@d-2%=0
-2 1 2-1

Do dé A cd mot tri riéng béi ba 4 = 2.

Vécto riéng tuong dng x = {(x, x5, x;) théa man

-2 + x, =0
—4x, + 2¢, = 0

—2::1 + X, 0

Hé nay cé nghiém

x, va x; tuy ¥, x, = 2¢ ;

1 kS 0 1] . fo
x = |%| = |2¢| = 20 [ + (0] = x, |2| +x, |Of.
Xy xy | 0 X3 0 1

Hai vécta (1, 2, 0) va (0, 0, 1) déc lap tuyén tinh (ban doc
tu ki€m tra). Vay dng tri riéng boi ba 4 = 2 ¢6 hai vécto riéng
doc ldp tuyén tinh (1, 2, 0) va (0, 0, 1).

Khoéng gian riéng [a khéng gian con cia R, ¢S 56 chidu b&ng
2 va nhan 2 vécto (1, 2, 0) va (0, 0, 1) lam co sd.

9) Cho ma tran cdp ba

14 -5 2
6 -9 4
Phuong trinh dac trung cia A la
4-4 -5 2
5 -7-1 3

=21+ =0
6 -9 4-3 :

cd hai tri rieng 4, = 1, = 0 béi hai va Ay = 1 don. Vécto riéng
tuong ing tri rieng 4 1a x = {xy» %5 x;} nhu sau :
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Trudng hop a, = 12 = 0 nd théa man
4e, — Sx, + 20, =0
50:1 —7x2_+3x3=0
6x, — 9x, +4x; =0

Hé thufin nhfit nay cd nghiém khong t&m thudng :
x toy §, x, = 2x, x, = 3x,.
Do d6 '
x = (1, 3, %) = (x, 2, &) = z(l, 2 9
Vay dng tri riéng bdi hai 1 = A, =4, = 0 c6 mot vécto
rieng doc 1ap tuyén tinh 1a (i, 2, 3) ; khong gian riéng tuong

ing la khong gian con ctia R? c¢6 s6 chidu bing 1 va nha
vécto (1, 2, 3)_lam co sd, '

'I‘rubnghc_3p1=l3=1tac6
511—8:2+313—
&1—9::2+3:r3"

i
[—T ]

Hé thuAn nh4t ndy cd nghidm
- Xy thy ¥, x, = Xy X = Xy
Vay ung tri rieng 4, = 1 ¢ 1 vécto riéng doc 14p tuysn tinh

la (1, 1, 1). Khong gian riéng tuong dng la khéng gian con cta
R? cd s6 chidu bAng 1 vA nhan vécto (1, 1, 1) Jam co sd.

10) Cho
1 -3 3
A=1|~-2 -6 13
-1 —4 8
1a ma trdn cfp ba ¢6 phuong trinh dac trung
1-3 -3 3
-2 -6-12 13| =@1-1=0
-1 —4 8-1 '
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Vay A c6 mét tri rieng boi ba 1 = 1.
Véﬁto riéng tudng dng x = (x;, x,, x;) théa man
(1 - Ix, — 8z, + 8, = 0
—2¢, + (=6 - 1)x, + 13, = 0
—x, —4x, + (8 - I)x; = 0.

I1¢ thufin nhait nay cd nghiém
x4ty ¥, x, = X3 X = 3x,.
Do dd .
x = (x, %, x3) = 24503, 1, 1).
Vay dng trj riéng bdi ba A = 1 cd 1 vécto rieng déc lap
tuyén tinh 1a (3, 1, 1). Khéng gian riéng tuong ing la khong

gian con cia R® ¢6 s6 chiéu bing 1 va nh&n vécto (3, 1, 1)
lam co sd.

11) Cho
1 -3 4
_ 6 -7 7
12 ma trdn cdp ba cd phuong trinh dac trung
1-4 -3 4
4 -7-1 8 | =-@A+12Q -3 =
6 -7 T~ _
Vay A cd hal tri riéng khic nhau : 4| = 3, 4, = 1; = -1.

Vécto riéng tuong dng tri riéng 1 1a x = (x;, x,, x;) nhu sau :

Trudng hgp A = A = 3 ¢d 1 vécto riéng doc lap tuyén tinh
la (1, 2, 2).
Trudng hop A = '12 = A3 = -1. Ta c6
(1 +1)x; ~ 38, +4x;, =0
A, + (=T + 1, + &, =
6x, — Tr, + (T + Ljx,

it
e e
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Hé nay cd nghiém : x, tuy ¥, x, = 213, x, = 2. Dods

x = (x5 2x5 x;) = x4(1, 2, 1), nén chi c6 mot vécto rieng doc lap
tuyé&n tinh la (1; 2, 1), Vay khong gian riéng ng 4, = 4, =-lia
khong gian con cia R? c6 s6 chidu bing 1 va nhan vécto 1,2, 1)

lam co 86. Con khdng gian riéng dng 4 = 1, = 3 1a khong gian
con cia R3 cd s6 chidu bing 1 va nhan vécta (1, 2, 2) lam co sd.

12) Cho

7 -12 6
A=|10 -19 10
_ 12 -24 13
la ma tran cdp ba c6 phuong trinh dic trung
7-1 -12 6
10 -19-1 10 | =-@-12@+D) =0
12 —24 13 -1

Vay A c6 hai tri riéng khdc nhau 1, = 4, = 1 boi hai va
A, = -1 don.

Vécto riéng dng 4, = A, = 1 Ja x = (x}, 1), x,) théa man
(T - x, — 12¢, + 6x, =0

10x, — 20x, + 10x,

12¢, — 24x, + 121,

I
[~~~

Hé nay o6 nghidm
Xy Xty ¥ x; = 20, — x,

X 2x, —xy 2x, -3
x = |¥| = X3 =jx|+]| 0=
x, X 0 X3
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Hai vécta (2, 1, 0) va (-1, 0, 1) déc 14p tuyén tinh (ban doc
tu ki€m tra). Vay dng tri riéng b6i hai Ay =2, = 1 ¢6 2 vécto
riegng doc lap tuy&n tinh (2, 1, 0) va (-1, 0, 1). Khong gian
riéng la khong gian con ctta R? ¢6 s chigu bang 2 va nhan
(2, 1, 0) va (<1, 0, 1) lam co sd, : '

Vécto riéng ving Ay = -llax = (x;, 1, x;) théa main
(7T + 1p) - 120, + 6, = 0

10, ~ (19 — Dx, + 10z, =0

12, — 24x, + (13 + Dx, = 0.

Hé niy c6 nghiem

Vay tng tri rieng don A, = -1 cd mét vécto riéng doc lap
tuyén tinh 1a (3, 5, 6). Vay

Khéng gian riéng 1a khéng gian con cia R3 o6 s§ chisu
bang 1 va nhan vécta (3, 5, 6) lam co sa. |

13) Cho
4 -57
TA = 1-409
-4 065

12 ma tran cdp ba, cd phuong trinh dac trung

4 -1 -5 7 | _
1 -4-1 9 =1 -HRA* -4 +13) =0
-4 0 5 -1z

Do d6 A ¢ mét tri riéng thyec 4, = 1 va hai trj riéng phic
A, =2+ 3ival; =2- 3 .
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Vécto riét';lg' tuong Ung x = (x, x,, x,) trong trudng hop
A =4, = 1 théa man
(4 - Lz, - 5z, + Try = 0
x, + (-4 - 1gx, +9%, =
—4x + (5 — 1)x,

o
<o D

Hé nay cd nghiém

xy thy ¥, x, = 204 2 = x4

Xy X3 1
Do dd x = %] = {25] = X,
k! X3 1
Vay ng tri riéng thuc 4, = 1 cd mét vécta riéng déc

lap tuy&n tinh la (1, 2, 1). Khéng gian riéng tuong dng 14 khéng

- gian con cla C? ¢6 s6 chidu bing 1 va nhan véetg (1, 2, 1)
lam co sd.

Trong trudng hop 2 = 1, = 2 + 3i ta co
(2 — iy, — 5z, +7x; =0
x, (=6 — Bip, + 9, =0
—4xr, + (3 — 3i)x,

t
=

Hé nay cd nghiém.

. 1 ) 1 .
x, thy ¥, x, = I (6 ~30)xy x, = 1 (3 — 3,

Do dg
13—3' |
il | ‘1‘( )3y x, g_gl C | |
o xi T8 TP T (3 —3i,5-3i,4).
*3
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‘Vay dng tri riéng 1 = Ay = 2 + 3i cd mét vécta riéng doc
lap tuy&n tinh l1a (3 - 3i, 5 - 3i, 4). Khong gian tiéng tuong
tng la khéng gian con cta C> cd s6 chiéu bing 1 va nhan vécto
(3 - 3i, 5 - 3i, 4) lam co sd.

Trudng hop 4 = A; = 2 - 3i, ta lam nhu trén sé dugc mot
véctd riéng doc lap tuyé&n tinh la (3 + 3¢, 5 + 3i, 4).

Khong gian riéng tugng dng la khong gian con cua C? 6
s chifu bing 1 va nhan vécta (3 + 3¢, 5 + 3i, 4) lam co sd.

14) Cho

A=

D D
oo Q
oo
-0 0O

1a ma trin cip 4 ¢d phuong trinh dac trung

1-4 0 0 0
0 - 0 0
0 0 -1 0
0 0 0 1-i
Do d6 A c¢ hai tri ridéng khac nhau
A, =4, =0hb%i 2,
Ay = A, = 1 bbi 2.
Vécto riéng x = (x;, x,, %3, x,) Ung tri ritng 4, = 4, = 0
thdéa mén

=221 -2 =0

x, =0
0

1 o
0

x, +x, =

Hé¢ e¢6 nghiém
x, =0, x, tuy ¥, xy tuy ¥, x, = 0.
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Do dd _
x, 0 0 0 0 0
z, x, x, 0 1 0
=l = ) T o] e TR fof TR
| |0 ol |o 0 0

Hai véctos (0, 1, 0, 0) va (0, 0, 1, 0) doc lap tuyén tinh (ban
doc tu kiém tra). Vay dng tri riéng boi hai /1 =1, =0cd 2
vécto riéng déc lap tuyén tinh 12

0,1,0,0va{,0,1,0

Khong gian riéng 12 khéng gian con cta R*, ¢6 =6 chléu bing
2 va nhan hai vécto trén lam co sd.

Vécto riéng tung tri rieng 4; = 4, = 1 1a x=(x, xi,x.:;,xf*)

théa mén
(1 — Lx, =0
- x, =0
- Xy =0
| %1 : T+ (1 -1, =0

Hé nay cd nghiém
x, = 0,x, = 0,x, =0 x,thy ¥

Do do
e 0 0
NEN 0 0
X = x3 = 0 = x4 0 .
I4 x 1

4

Vay tng tri riéng boi hai 1, = 4, = 1 cd mot vécto rieng
14 doc 14p tuyén tinh ia (0, 0, 0, 1).

KhOng gian riéng tuong dng 14 khéng gian con cha R“
s6 chidu bing 1 va c6 co'sd 1a (0, 0, 0, 1)
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158) Cho

A=

S e D
cooco
cooo
~o OO

12 ma tran cép 4 cd phuong trinh dac trung
1-1 0 0 0

0 -2 .0 o) o
1 0 -1 o |=@-ma=o
6 0 0 1-2

= c6 2 tri riéng 4| = A, = 0 bdi hai vi A3 = 4, = 1 bbi hai.
Vécto riéng ing 4, = A, = 0lazx = (x5 x5 %4 x,) théa man
[ x, =0

Ox, -0

x; + 0::3

it

0
0
0

Xy

Hé nay co nghiém
x = 0, x, tuy ¥, x, tiy ¥, x, =0

Do dg
x 0 0 0 ] 0
x, x, Xy 0 1 0
x = %, = z, = 1o -+ z = x, 0 + X, 1
x4 0 0 0 0 0

Hai vécto (0, 1, 0, 0) va (0, 0, 1, 0) dbc lap tuy&n tinh (ban
doc tu ki€m tra). Vay dng tri rieng 4, = 4, = 0 ¢6 hai vécto
riéng doc 14p tuy&n tinh 1a (0, 1, 0, 0) va (0, 0, 1, 0).

Khéng gian riéng tuong ing la khéng gian con cia R* cg
86 chiu bling 2 va nh&n hai véctg (0, 1, 0, 0) va (0, 0, 1, 0)
1am co sd.

*
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Véctg rieng x = (x), x,, X, X;) Ung tri riéng 1, = 4, = 1
théa main :
1 - 1), =

0

0
X -z, =0
| | (1-1gx, =0
Heé nay cd nghiém '

x, tuy ¥, x, = 0, x5 = x, x, tuy y.

Do dg¢
x, EA 0 1| 0
0 0 0 4 0
x = Il = Il o+ 0 = xl 1 + 14 0 .
x ¢ x ] 1

Hai véeto (1, 0, 1, 0} va (0, 0, 0, 1) doc lap tuyén tinh (ban
doc ty ki€m tra). V4y dng tri riéng 4, = A, = 1 cd hai vécto
riéng doc lap tuy&n tinh la (1, 0, 1, 0) va (0, 0, 0, 1).

Khéng gian riéng tuong Ung la khong gian con cia R4, cd
s6 chiéu bang 2 va phan 2 vécto (1, 0, 1, 0) va (0, 0, 0, 1)
lam co sé.

16) Cho ma tran cip 4

3 -1 0 0
i 1 0 o
A=13 o 5 -3
4 -1 3 -1
Phuong trinh dac trung la
3-14 -1 0 0
1 1-2 0 0 )
3 0 5-2 -3 |-@-2 =0
4 -1 3 -1-2
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Do dd A ¢S mot tri rieng boi 4 : A = 2. _
Vécto rieng x = (x,, X, %5, z,) € R* ing tri rieng 1 = 2
thdéa man :

B -2z -x ' . =0
x, + (1 - 2)x, =0
8x, +6-2xy-3x, =0
4x, - x, +3x;+(-1 -2, =0

Hé nay c¢6 nghiém
Totuy ¥, xy thy ¥, %y = =x3 + x5 % = a5 + 1,

Do do

x, [-x3 +x, —x x, ' +1 1

z, —xy +x, — x4 x, +1 1
x = = = + ol = —x, -1 + x4 ol

Xy 1 = Xy (

x, x, 0 x, 0 1

Hai véeto (1, 1, -1, 0) va (1, 1, 0, 1) doc 18p tuyén tinh
(ban doc ki€m tra lai). Vay dng tri riéng bdi 4 : 1 = 2 cd hai
vécto rieng doc lap tuyén tinh 1a (1, 1, -1, 0) v& (1, 1, 0, 1).

Khéng gian riéng tuong dng la khong gian con cia R4, ¢o
s6 chiéu bing 2 va4 nhan hai vécto (1, 1, ~1, 0} va (1, 1, O, 1)
lam cd sd. '

7.2. Muén tim tri riéng cia 4nh xa T, tru6c hét ta tim ma
trAn cia dnh xa T, r8i tim tri riéng cda ma trén dd, d6 la tri
riéng cha T. :

Co sd & day lfa..co sd chinh téc trong P, : B = {1, x, xz].
Ta c¢
T(1) =5 +x2=5+ 0x + 22
Tx) =6 —x=6 —x + 0a?
TE?) =2 — & -~ 22
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Cog:
19(9

e E g
&

Vay ma trén cia anh xa T la

5 6 2
A= |0 -1 -8
1 0 -2

Phuogng trinh dac trung la

5—4 6 2 _
0 -1-12 -8 | =@ -3)(-2-1+12)
1 0 -2 -4

=@ -3°@A +4) =0
do d6 ¢d hai tri rieng A, = -4 (don) va A, = 3 (bdi hai).
D€ tim cac vécto riéng cia anh xa T, ta chd ¥ mét vai diéu.
Ta da biét phuong trinh xdc dinh tri riéng cia ma tran Ala
Ax = Ax.

Phuong trinh xac dinh tri riéng'. cta toan td tuyén tinh
T:P, » P, 1a (xem dinh nghia 7.2.1, Thce/l) -

T(p) = Ap, p € P,
Nhung sau khi xay dung dudc ma tran cia T thi c6 :
(7)), = Al ).
do d6 phuong trinh T(p) = Ap viét
| [T(p)l, = Alply
tic la '
Alply = Alplg,

d6 lai 12 phuong trinh x4dc dinh tri riéng clia ma tran A. Chinh
vi thé ta da lay tri riéng cia ma trian A lam tri riéng cia toan
td T nhu & trén.

Vay vécto riéng cha T sé la vécto [p],'; théa man

(A ~AD) [pl, = 0.



" Tim p € P, a dang_p =a, tax + a:_,rz ta sé cd -

1

Pl = 7
a,

va do d6 phuong trinh xic dinh vécte riéng sé la

a{) 0-
(A~ [%y] = {0
o] [0
tic la N ' )
5—4 6 2 4, 0
0 -1-1 -8 ||e;| = |o]-
1 0 -2-1 e, 0
Véi 2 = ~4 ta cd

%2, + 6a; + 2a, =0

3a, -8 =0
a, + 22, =0.
Hé nay cdé nghiém khac khéng
8
a, = —2, a, = 3 a, = 1.
‘Vay dng tri riéng 4, = -4 c6 mdt vécto riéng ddc lap tuyén tinh
—-2
pl, = (88| = —2 + 83 + «2
: i

Khong gian riéng tuong ung la khong gian con cia P, co sb
chiéu bang I va nhén vécta -2 + (8/3)x + x% lam co sé.
V6i 2 = 3 ta cd hé

5-3 6 2 a,
0 -1-3 -8 ||e
1 0 -2-3|14

1]
o oo
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Hé¢ nay c¢d nghiém khdc khéng

a =1la = -2, ¢a, = 5.
Vay dng tri riéng boi hai A, = 3 cd mét vécto riéng déc lap
tuyén tinh
5
Pl = |—2| = 5 — 2x + 12
1

Khong gian riéng tuong dng la khong gian con cua P, co sd

chiéu bang 1 va nhan vécts 5 — 2x + 22 lam co sd.

7.3. Gid st 4 = 0 ]a trj riéng cia ma tran A ; ldc d6 phudng
trinh dac trung

det{A — A} =
det(A) .=

cd nghiém A = Q. Do dé

Viy A suy bién.
Nguec lai, gid sd ma tran A suy bi€n thl c¢d
det{A) =
Vay 0 la nghiém cua phudng trinh dac trung
det{d — A} =
Do dé A = 0 1a tri riéng cha ma tran A. .

- 7.4, Diéu kién cin va di d€ ma tran vudng A cip n chéo

héa duge 1a nd cé n vécto néng déc 14p tuyén tinh (xem dinh
i 7.3.1, Thee/l).

Nhu viy néu ma tran A cép n khong cd di n vécto riéng
d6c lap tuy&n tinh thi né khéng chéo héa duge.

1) Cho ma tran cdp 2
2 0
=

=2~ =21= 2, boi 2.

Tri riéng :
2= 0
1 2~
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Vécto riéng :
(2 -2x, + 0x, =0
% =0,x thy ¥
(x;, x) = (0, x)) = x,(0, 1).

Vay chl c¢6 mot vécto riéng doc lap tuy&n tinh cho nén A
khdng chéo héa duge

2) Cho ma tran cdp 2.
2 —_
At
Tri riéng :

Iz—z -3

= 12 -
. _1_1]_,1 1+1=0

= Khéng c¢ tri rigng thuc. Cho nén ma tran A nay khéng
chéo hda duge trong trudng s8 thue.

3) Cho ma tran cdp ba

3 00
A=10 2 0
_ 0 1 2
Tri riéng :
3-12 0 0
0 2-4 0 | =@-)2-AR=0
0 1 2-1

= c¢6 hai trj rieng 1, = 3, 4, = 2 bbi 2. Vecto riéng :
A, = 3 c6 mot véetd ridng tuong dng 1a (1, 0, 0) ;
A, = 2 c6 moét vécto riéng tuong dng la (0, O, 1).

Hai vectd riéng nay doc i4p tuyén tinh. Nhung A 1a ma trén
céip 3 ma chi c6 2 vécto riéng doc lap tuyén tinh nén A khong
chéo hda duage.
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-1 0 1
A=|-1 3 0
-1 13 -1
Tri riéng
~-1-1 0 1
-1 3-a 0 = - -2@F +1+1) =0,
-1 13 -1-1

26 mot tri riéng thl_ft: A = 2 va hai tri riéng phic (lién hop)
12 nghiém cia '
2+r+1=0

Vecto rieng : Ung méi tri riéng phic ta sé cd vects riéng phic.
Con dng vai tri riéng thue 4 = 2 thi vecto riéng x = (x,, x5, x3)
thoa min

-3x + x, =0
- x +x, =0
- x + 13x, - 3x;, = 0.
Hé nay chi cd nghiém (0, 0, 1,), 1, thy .

Viy ma trdn A cip 3 chl ¢6 mot vecto riéng thuc doc lap
tuyén tinh, nén A khong chéo hda duge trong trudng sé thuc.

7.5. 1)
-14 12
A= [_20 17].
Tri riéng :
l_ ~20 IT—AI =A-#+2=0
Cd hai tri ritng 4, = 1 va A, = 2.
Vecto riéng :

-15%, + 12x, = 0

‘U“g'h‘l:. |—20x1'+'16x2=0.
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Ta suy ra mot vecto riéng (445, 1) =
—16x; + 12x, =
---20x1 + 15x, = 0

I
[ 4

—I:Tngflz=2: l

Ta suy ra modt vecto riéng (3/4, 1) = v,. Hai vects v, v,
doc 14p tuyén tinh (ban doc ty kifm tra). Vay ma tran P lam
chéo hda A 1a

4/5 3/4)
_ P = [ 1 1]’
Déng thai
| 1 o
~1 =
Pl AP = [0 2]
‘ 1 0
2) A= [6 ._1]
Tri riéng : '
1-2 0
C6 hai tri rieng A, = 1, 4, = -1.
Vecto riéng : '
- Ung A; = 1 cd mot vecto riéng o, = (13 ;1 ;.

- Ung A, = -1 c6 modt vecto rigng v, = (0, 1).
Hai vecto v, v, ddc lap tuyé'n'tinh (ban doc ty kifm tra)
Vay ma trin P lam chéo hda A 13

173 0O

Déng thdi
' 1 0
-1 —
Pl AP = [0 __1]
1 0 O
3) A=101 1
' . 0 11
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Tri riéng -
1-4 0 0
0 1-24 1 =2 (1 -ADA-2)=0
0 1 1-4
Cd 3 tri riéng khdc nhau
, =0 4, =1  A;3=2
Vecta riéng :

P
I

1 =0 v, = (0, 1, -1)
A, =1 vy, = (1,0, 0)
.13 =2 vy, =(0, 1, 1)
Viy ma trdn P lam chéo hda A la

0 1 0]
P=|1 0 1
-1 0 1
déng thai ) ’
‘ 0 0 0]
P lAP=1010
002
4) i
20 -2
A=103 0
00 3
Tri riéng : _
2-1 0 -2 :
0 34 0 [=2-HB3-12=0
0 0 3-1
C6 hai trj riéng 1, = 2, A, = 3 (boi hai)
Vecto riéng : _
Ay =2 v, = (1, 0, 0)
Ay=38 v, = (0, 1,0) vavy = (-2, 0, 1).
23-BT.TCC.Tt ‘
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Vay ¢6 di 3 vecto riéng, ching déc lp tuyén tinh vi

1 0 -2
0 1 0l =120
0 O 1

Vay A chéo hoa dudc va ma trin P lam chéo héa A 1a

1 0 -2
P=j0 1 0
0 0 1
Déng thdi
2 00
PlAP=1{0 3 0
- 0 0 3
7.6. 1)
19 -9 -6
A= (25 —-11 -9
17 -9 -4
Tri riéng :
29 -4 -9 -6
25 -11-2 -9 |[=@QA-12-)=0
17 -9 ~4 -2 '

C6 hai tri rieng 4, = 1 (bdi 2) va 4, = 2.
Vectd riéng :

A =1 o =4/321

L, =2 v, = (34,34 1)

Vay ma tran A khoéng chéo héa duge vi khéng c6 du 3 vecto
rieng d6c lap tuyén tinh.

2)
-1 4 -2
A= |-3 4 0
-3 1 3
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Tri riéng-:
-1 =1 4 -2 .
-3 4-1 0 =A-1)A-2)A-3 =0
-3 i 3-i

' C6 ba tri riéng khéc nhau
C oA =1 A,=2  A.=3
Vecto riéng :
A, =1 v, =(, 1,0
A, =2 v, = (2, 8, 3)
Ay =3 vy = (1, 3, 4)
Vay A chéo hda dude vaA ma tran P lam chéo hda A la

1 21
P=1]1 3 3
1 3 4
déng thai
1
Plap=| 2 |.
3
1% 0 0
3). A=11 5 0
0 1 5
Tri riéng :
5-1 0 0
1 5-14 0 [ =(5B-1)*=0
0 1 5-1
Cé mét tri riéng boi ba 4 = 5.
Vectg riéng :

A = 8 chl c6 mét vects riéng ddc lap tuyén tinh 1a (0, 0, 1)

V4y ma trén A khong ¢S di ba vecto riéng déc lap tuyén
rinh nén khéng chéo hda duge.
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0 0 0
4) A=|0 0 O
3 01
- Tri riégng - _
—-A 0 0 .
0 | 0 = 231 - A =0

3 0 1-1
C6 hai tri riéng 4, = 0 boi 2 va 4, = 1
Vectd riéng :

=0 v, =(-13001,0,=(,1,0;

Ap=1 v3=100,0,1).

Ba vecto {v,, v,, vy} déc lap tuyén tinh vi c¢d dinh thic

-13 0 0
0 1 0| =-1/3=0.
1 0 1

Vay ma trén A ¢d du ba vecto riéng doc lap tuyén tinh, nén

nd chéo hda duge vA ma tran P lam chédo hda A la

-1/3 0o ol
1 0 1
déng thoi )
_ . ]
P11 AP = o |
1
5)
-2 0 0 0
0 -2 0 0
4=19 o 3 ol
0. 0 1 3|
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&t
2,
&y

TS
ry
-

ar

. Tri riéng :
-2-4 0 0 )
0 o 35 o | =@+HH3-H2=0
- 0 0 0 3-41
Co hai tri riéng 4, = -2 (bdi 2), 1, = 3 (bdi 2).
Vecto riéng : '
A, = -2 vl =1{1, 0, 0, 0), v, = (0,1, 0, 0}
). =3 =(0,0, 0 1)

Ma trdn A khéng cd di 4 vectd riéng déc lip tuy&n tinh,

nén ndé khéng chéo hda duge

-2 0 0 0
0 -2 5 -5
6) A=1l0o o 3 o0
o o0 o0 3
Tri riéng :
-2-1 0 0 0
0 0 3_1 0 =2 +1)XB -2 =0
0 0 0 3-4
C6 hai tri riéng - )'1 = -2 (b6i 2) va ;12 = 3.(bgi 2).
Vecto riéng : '
Ay = -2 v, =(1,0,0,0, v,=1(0100)
i1=3 v, =(0,1,1,0), wv,=1(0,-10,1)
Bén vecto v, v,, v, v, dic lap tuyé’n tinh vi
1 0 0 0
0o 1 1 -1
o o 1 o =1%0
0O 0 0 1
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Vay ma tran A cd di 4 vecto riéng ddc 1ap tuy&n tinh nén
noé chéo hda duge va ma tran P lam chéo hda A la

1 0 0 0

0 1 1 -1

P=1o o 1 o

0 0 0 1

Déng thoi
—2
—2
—1 —
Pl AP = 5

3

7.7. Ma tran clha 4nh xa tuyén tinh T cho trong ddu bai d6i
véi co s& chinh tic B cla R? la

ol

‘3—1 4

Tri riéng :

- 12 — — =
s gl =R-41-5=0

Cé 2 tri riéng khiac nhau
A, =5, A, = -L

Vecto riéng :

L=5 v =21

-1 v, = (1, -1)

Hai vectd v, va v, ddc lap tuyén tinh (ban doc tu kifm tra).

Do dé néu dit .
2 1
P= [1 —1]

thi P! AP Ia ma tréan chéo.

Bay gi3 ta xét co sd méi B’ = {v,, v,}. Ma trdn chuyén co
s tit B sang B’ 1a '

fn
(3= )
]

[l ]z [v,)g] trung véi P.
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Ma trén a anh xa T d6i véi co sd méi B’ la A’ = P AP
Theo 7.3, Thee/l thi PTIAP 12 ma tran chéo. Vay B’ chinh la

co 56 méi rong dé ma tran cla dnh xa T cd dang chéo. Lic
doé ta néi I' cd dang chéo.

7.8, Ma trdn cida dnh xa tuyén tinh T cho trong dfu bai d6i
v6i co s6 chinh téc B cia R’ la

2 -1 -1
A= 1 0 -1
: -1 1 2
Tri riéng :
2-1 -1 -1
1 A —1]l =@ -G - 1)?
-1 1 2-2
Co hai tri rieng A, = 2, 4, = 1.
. Vecto riéng :
A, =2 v, = {1, 1, -1} _
=1 vy = (1, 0, 1), vy = (1,1, 0)

Ba vecta v, v, va vy doc l4p tuyén tinh (ban doc ty kifm
tra). Do do véi : ’

1 11
P = 1 01
-1 10
thi P71 AP 1a ma trén chéo.
Xét co s6 moi B’ = {v,, v, vz} Ma trdn chuyér_l co sd L

B sang B’ l1a
trung v6i P. Ma tran cua todn ti& T d6i véi co s& méi B’ la

A’ = PTIAP. Theo 7.3 Thee/1 thi PIAP 1a ma tran chéo. Vay B’
chinh 14 co s¢ méi trong dé ma tran cda todn t& T' cd dang chéo.

1 0
7.9. Cho A = [_1 2]
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Muén tinh A!Y, truéc hét ta dua A vé dang chéo.
Tri riéng cha A : .

i-4 0 ]
~1 . 2-2
CS hai tri rieng. 4, = 1, 4, = 2

=(1-AE-H=0

Vectd riéng
A =1 v, =(1, 1);
A, =2 vy = (0, ).

Hai vects v,, v, doc lap tuyén tinh (han doc ty ki€m tra),

Do do6 vé&i
1 0

ta co
1 0
-1 _ =
Pl AP = [0 2] =D
Ta suy ra
. A = PDP71,
D& thay

A™ = PD"P 1 m nguyén duong

That vay, cong thic ndy da ding v8i m = 1. Gia st né da
ding v4i m ta ching minh nd cdn dung véi m + 1 :

AmHl = Am A = (PDTPTY(PDPTY
PD"(PTP\DP™L = ppmtip-l

Do dd céng thiuc ding véi m nguyén duong bgt ki.
Thay m = 10 ta cd

AIO - PDIOP—I

_ |1 0 -1 _ 1 0
P—[l 1] népP —[_1 1].

Vi
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T g
o

. &Ig_

Vi

10 ite 0 10

D = [0 2] nén D10 = [0 210} = [0 gl0|-
Do dg
_ 1 0
A0 = ppl0p-1 — [1 _210 210:\
1 0
10 —

AT = [— 1023 1024]'

7.10. Cho

a b
Ta tim cdc tri riéng cda A :

a-—-21 d

¢ d -1 ziz—-(a+d),1.+ad—bc=0

Biét s8 cha phuong trinh bac hai nay la
A =(a + d)? — 4(ad — be)
= (@ — d)? + 4bc.
Viay -

(a) N&u (¢ — d)* + 4bc > O thi ma tran A cd hai tri riéng
thuc khdc nhau nén né chéo hda dugc.

(b) N&u (@ — d)* + 4bc < O thi ma tran A khong c6 tri riéng
thuc nén nd khéng chéo hda duge trong trudng s thuc. Nhung -
néu xét trong trudng s phic C thi A cé hai tri riéng phic
khic nhau, nén A chéo hda duge trong C.

7.11. Céc ma tran trong cdc ciu héi 1) - 8) 12 cdc ma trén
déi xing nén theo 7.4, Thce/l thi ching chéo hda truc giao
dugc. Ma tréin P lam chéc héa truc giao mbi ma tran ddi xdng

" A la ma tran cd cic ci)t 13 cdc vectc riéng ctia A dia tryuc giao

hda va chuédn héa.
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| 3 1
1 A=[1 3]

Tri riéng :

3-1 1
i 3 —4

Cd hai tri riéng 4, =4,1, =2

|=('3-,1)2—1=0

Vectd riéng :
4, =4 w; = (1, 1)
A, =2 w, = (-1, 1).
Vecto riéng da truc chufn héa la

Wy

w2 .

Vay
p_ |INZ -1INZ
T {INZ INZ

la ma trdn lam chéo hda truc giao ma trin A va

4 0
—1 =
P AP = [0 2:’

[ 5 3y3

Tri rigng :

5-1 N3 | _ o,
W —1-2| = -4 -82=0

A ¢6 hai tri riéng Ay = 8,4, = -4,

Vecto riéng da truc chufn hda la
A =8 v, = (V3/2, 1/2);
=4 v, = (-2, ¥372).
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Vay
p_ VB2 12
T 12 V372
la ma tran lam chéo hda truc giao ma trén A, va

8 0
—1 =
PIAP = [0 _.4]

-7 24
3) A= [24 7]
Tri riéng :

T4 24| _ o

cd hai tri riéng Jll = 25, 4, = -25.

Vecta riéng d& truc chudn hda la

A =25 v, = (35, 4/5) ;
1,=-25 v, = (-4/5, 35).
Viy :
3/8 —4/5
P= [435 3;5]

12 ma trdn lam chéo hda truc giao A va

Pl AP = [25 0]

0 -25|
-2 0 -~36
4) A= 0 -3 0
-3 0 -23
Tri riéng :
-2-1 0 -36
0 -3-1 0 = —(8 + )(A* + 251 — 1250) = 0.
- 36 0 —-23-1 _
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Co ba tri riéng
A, =25 A, =-3, A, = -50.

Vecto riéng da truc chuin hoa la -

i, =25 vy = (-4/5, 0, 3/5) ;
A, =-3 vy, = (0, 1, 0) ;
Ay = =50 vy = (3/5, 0, 4/5).
Vay
-4/5 0 3/5
P = 0 1 0
3/6 0 4/5 |
1a ma trén lam chéo hda trye giao A va
Pl AP = [ .
_ 1 10
5) A=|1 190
. 0 0 0f

Tri riéng :
1-2 1 0
1 -4 0|=2@2g-p=0
0 .0 -1

| Vecto riéng da truc chufn héa la
Ay =2 v, = (INZ, INZ, 0);
=0  v,=(NZ, ~1NZ, 0);
Ay=0 v, =1(0,0,1).

That vay hai vecto Uy U, Ung cung tri riéng 0 da tryc giao vi

1 1
— . + - . . —
gy Ug> E o ( VE) 0+ 0 1

364



Vay ma tran

1N2 IN2 0
P=|IN2 -1IN2Z 0
0 0 1
12 ma tr4dn Iam chéo héa true giao ma trin A
2
PlAP = 0
0
2 -1 -1
6) A= -1 2 -1|
' -1 -1 21
Tri riéng :
2-1 -1 -1
-1 2-1 -1{=-14 - 3)?
-1 -1 2-1

¢6 cac tri rieng 4, = 0, 4, = 4, = 3 ; cdc vecto riéng la

A, =0 w; =(1,1, 1);
;=8 w, = (1, 0, -1).

Hai vecto w, va w, chua tryc giao vi
<w,, wy> = L1+ (-1).0 +0.(-1) = 1.
Ta truc giao héa hai vecto dé bidng cdch giit w; va tim t dé
' w = w,+tw,
truc giao véi w,, tic 1a

<w, wy> = <w, ttwg, wy> =0

= <Wy, Wy> +E<W,y, wWy> = 0

1+2t=0=1¢t= --—;-.
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Ta thu duoe

g
il
g
b
|
i
&
™
Il
r—
et
|
[—y
L=
o
|
[
o~
f—y
<
|
ik
S

tryc giao voi wy.
Bay gia ta diat
Ly 1 1 1

0 Tl = (3 @ W)

Wy 1

_ _ 2 1
b= Ty = (V5

V6 Vo)
1 1
=T = (35 % 7 y)

Dé 1a ba vecto riéng d& truc chufn hda tuong dng voi céc
tri riéng 4,, 1,, 1, '

Vay
-_l_ ) .
V3 V6 V3
P = i - 2 0
V3 V6
i T 1
T W Vi
12 ma trgn lam chéo hda tryc giao ma trgn A va
: o
Pl AP = 3
3
3 1 0o o
1 3 0 ¢
7 A=10 0 0 o
6 0 0 o
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Tri riéng :

31 1 0 0
0 0 -2 0_"1[(3_}‘)_1]__0
0 0 0 -

co cac tri riéng A, = 4, = 0, 4; = 4, 4, = 2.

Céac vecto riéng da truc chudn hda la :
A =4,=0  v;=(0,010;
v, = ©, 0,0, 1),

A, =4 v, =(INZ, INZ, 0, 0);
A, =2 v, = (IN2, -1IN2, 0, 0).
Vay :
0 0 INZ IN2
p_ |0 0 INZ —INZ
I R ] 0
6 1 0 0
la ma trian lam chéo hda truc giao ma tran A va
0
0
-1 =
P~ AP = 4
2
5 -2 0 0
-2 2 0 0
8 A=l o o 5 -2
0 0 2 2
Tri riéng : _
5-1 -2 0 0
0 0 5_1 —9 = (A T4 + 6) = 0,

0 0 -2 2-1
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K-
&,Qp &

C6 cdc tri riéng
A=A =1, A '=,-14__=
Cac vectd riéng da truc chufn hda la
4 =4,=1 v = (N5, 2#5, 0, 0);
v, = (0,0, ING, 245) ;
Ay =1,=6 vy=(-2N5, IN5, 0, 0) ;

vy = (0, 0, —245, INB).

That vay, hai vecto riéng v, v, Ung ciung tri riéng i=1
da truc giao vi

1. 1
<UI,U2}=T5.0+425 0+'0

2
T
Hai vecto riéng vy U, Ung cung tri riéng 1 = 6 cing da
tryc giao vi _
. 5 } .
<U3, U4>' = _E.O + %.0 + 0‘(_'72=5=) + 07—5— =
Vay
INS 0 - 205 0
2N5 0 IN5. 0

0 ING 0 - 2N5
0 ING 0 ING

P=
12 ma trdn !1am chéo hda trye giao ma trdn A va

Pl AP =

7.12. Cho

a b
_A=[b a];b¢0
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‘P

e
o
®

+4
‘g

“Phudng trinh didc trung cda A

5 a—il =@ - -p2=0.

a-1 b |

A cd tri riéng
Ay=a +b,i,=a-b.

Céc vecto riéng da truc chuéin hdéa 1a

1 1
,‘[I=a+b Ul:(—E'TE
. 1 1
).2=a-b vy = (——'*2—,—2—)
Vay
1 _1
+_...
vz V2
la ma tran lam chéo hda tryc giao A :
-1 _ a+b ]
P~ AP = [ 0 a—b]

7.13. Nhén xét md déu
Xét phuong trinh bac hai t8ng qudt d&i véi x, y :
ax? + 2bxy + ¢y +dx +ey = f (7.1)

D& nhan dang dudng cong bi€u dién bdi phuong nay ta tim
cdch déi bién d€ dua phudng trinh vé& dang don gian hon. Cach
[am xem & Thec/l, 7.8. '

Trudc hét ta nhan dinh rdng vé& trai cta (7.1) gém hai bé
phan : bd phan bac hai

Qx, y) = ax? + 2bxy + cy?
12 m6t dang toan phuong xac dinh bdi ma tran ddi xdng

' a b
] A= [b c] ‘ (7.2}
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2

va b) phan tuyén tinh dx + ey xdc dinh bdi ma trén
IEN

= [d e]. (7.3)
Phuq"ng trinh (7.1) ¢6 dang ma tran
x x| o
+ K. = 7.4
x y1 A [y] K [y] f - (7.4)

Sau dd ta lam nhu & Theef/l, 7.3.

1) Tim cée tri riéng A, va 1, va cdc vectd riéng truc chuén
tuong dng v, va v, cia ma trdn A. Vi A d6i xing nén néu i,
= 1, thi duong nhién v, truc giao véi v,, con néu i; = 4, thi
Ung véi nd sé cd hai vecto riéng déc lap tuyén tinh u, va u,,
bing bién phap truc chufn hda Gram-Smidt ching han, ta sé
dugc hai vecto riéng truc chuén v,, v, dng 4, = A

2) Dat B = {v,, v,} va ldy B lam co s& m6i cia R?. Ma
trén chuy€n co sd tit co sd cii sang co 83 mdi B va cdong thic
dgi bién la

P = [Iv,] [uzn, fu] = Pluly a5

3) Ki hiéu toa d6 trong co s3 mdi B la (x’, y) thi phuong
trinh (7.1) trd thanh

I’ y’][ ! ,12] [;] + KP[;,] =f (7.6)

Alx’z + lzy’z +dx +ey =f Id, ] = KP.

hay

4) Ta viét lai phuong trinh nay & dang

d: 2 es 5 d:z e’z
Al — 5V A,y — 57y =F+ 5 + 5 (7.7
(7w )
bat '
L .._.’_ = - e—! = |
x ml - X: b 4 212 Y: (78)
d? o2 ' .
frog o =F - a9
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Phuong trinh (7.7) vigt .
AX: + 1,¥ =F . C {710y
Tay theo ddu ciua Ap 4, va F ta sé& suy tit (7.10) ra dang

cla dudng bac hai (7. 1) Né’u mudn, dua vao cdc cdng thdc dbi
bién (7.5) va (7.8) ta cd thE vé duge dutng cong (7.10).

Chiu y : Néu trong phuong trinh (7.1) khong c6 b phan bic
nhat tic la d = 0, e = 0, thi ma trgn K & (7.8) la ma tran
khéng nén ma tran KP & (7.6) cing 12 ma tran khéng va do
dd phuong trinh (7.7) s& don gidn la

Ax? + iyt =f _ (7.11)
cd dang tring véi (7.10), vay khong c4n phép d8i bién (7.8) nita.
Bay gid ta 4p dung nhan xét trén.
a} Xét phuong trinh
222 — 4xy ~ ¥ + 8 = 0.

Ta suy ra ma trdn cia bo phan toan phuong la

9 _

A= 0

NG déi xing va cd phuong trinh dic trung

2-1 -2
—2  _—1-3

’=22—2—6=&

Do d6 A ¢d hai tri riéng A, = -2, Ay = 3 la hai trj riéng
khac nhau v6i hai vecto riéng truc chugn '

i 1
UI=T5(1,2), Uz=v=5=(—2,+1)

Lay B = {v,, v,} lam co s& m6i va ki hidu toa d6 trong co
86 méi la (x’, 7, thi ma tran chuy&n co sd t¥ cd sd cii sang

¢d sd mdi B la
1 -2
“ V52 +1
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vi phuong trinh caa dudng cong damg xét trong toa do méi la
—2()? + 3()* + 8 = g,

tic Ia
2’y - 3p))? = 8
hay :
oY e
22 (§/3)?

Bo 1a mot duong hypebol ¢6 ban truc thuc 1a 2 nam trén
Ox’, ban truc do la V83 nim trén Oy’. Mu6n vé nd, trudc hat
ta dung cic vectg Uy, Uy, tU dd6 suy ra hé truc mdi Ox’y’, réi
vé dudng cong dua vao phuong trinh eua né trong hé truc mai
(hinh 4).

jly
e
v\\. 2
s 2z -
2 -1~/ .
X
2

Hinh ¢
b) Cho phuong trinh

x2-+_2xy+y2+8::+y=0.
Ta suy ra '
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A d8i xding va cd phuong trinh dic trung

1-4 1| _ ”
’ 1 .'1~—A|_(1_’1) -1
FAA - 2) =
Do dé A cd hai tri riéng
' Ay =2, i, =0,

v4i hai vecto riéng truc chufin
1 1
ul=v§(1,+1), u2=v§(—1,+1).
Lay B’ = {ul, .Uz} lam co s0 mdi va ki hidu toa do trong
co s& mdi ]1a (x’, y’) thi ma trén chuyén co sd sang co sd mdi 12

1 [1 -1]
P = V2 [1 +1]
va phuong trinh da cho tré thanh
A Y +A,6)P° +I811P [;] =0
“tde la |
1
202 + O -7 =0
hay' ' | |
2\!_

+2 +_
— X 7x

Do 14 mot dudng parabol co truc song song véi Oy (hinh 5). .

y = ——(2\[‘(:;)2 + 9;:) =+
¢) Cho phuong trinh

5x2 +4xy + 52 = 9
Ta suy ra : "
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ool

Hinh 5
A d6i xing va ¢ phuong trinh dic trung
5-24 2 2 _
‘2 5_1_(5—1) -4=0.

Do d6 A c6 hai tri rieng 4, = 7, 1, = 3 véi hai vecto riéng
trye chudn '

. 1 ' 1
Ul=ﬁ(l’1)’ UZ:E(*I,'-FI)
Lay B = {v,, v,} lam co s3 méi va ki higu toa do mdi la
(', ¥') thi ma trén chuyén co sé tit co sé cl sang co s6 méi B la

1§11 -1
P = ﬁ[l : +1]
va phuong trinh dd cho trd thanh

w2 + 32 =9,
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hay

GO )
(BNT?  (¥3)

. D6 1a mét dudng elip ! o
cé ban truc nhé trén Ox’ Vi 7
bang 3/V7 va ban truc 14n
trén Oy bang V3 (hink 6),

d) Cho phuong trinh

11x% + 24xy + 492 = 24 .
Ta suy ra _
11 12
A = [12 4] Hinh 6
A d6i xiing vA cd phuong trinh dic trung

11 -2 12
12 4 -1

Do d6 A c¢d hal tri riéng
Ay =20, A, = -5,
vii hai vecto riéng truc chu#n

=412 - 18 - 100 = 0.

1 1
Ul = vg(4,3), UZ = vg(3, —4) .

Liy B = {v,, v,} 1am co s mdi va ki hiéu toa d6 méi la

(x', »') thi ma tran chuyén co sd tlf co sd ci sang co s méi B la
1|4 3
P = vg[s i 4]
va phuang trinh di cho trd thanh
20’2 — 5y? = 15
tie 1a '

4x)2 _y’z = 3
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hay
T2 y!Z
(B2 (BF
Dé la mét hypebol ¢ ban truc thuc bing \rﬁ! dat trén truc
Ox’ va bdn truc 4o bing V3 dat trén truc Oy’

e) Cho phuong trinh ,
22 + 4xy + 5y2 = 24 .

Ta suy ra
' . 2 2
e[
A d6i xing va c6 phuong trinh dic trung
’2 syl =R - +6=

Do dé A ¢6 hai tri rieng
4, = 1., A, = 6,
vdi hai vecto riéng truc chu#n

1 1
Ul=vg(2,_1), Uz‘—'vg(l,z).
Ly B = {v,, v} -1am co s3 mdi va ki hitu toa dé mai la
(", ') thi ma trén chuyén cd sd tit co s& ci sang co s& méi B la

1 2 1
D= ?3[—1 2]
va phuong trinh da cho trd thanh
¢+ 6y2 = 24,
hay .
32 2
x LY
(‘I_)Z 92
Dé 1a moét elip cd ban truc 16n bing V24 dit trén truc Ox
vd ban tryc nhé bing 2 dat trén truc Oy’
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f) Cho phuong trinh

2 +xy +y* = 18
. 1 1/2
A= [1;2- 1]
A d6i xiing va cd phuong trinh dic trung

i
=1 - -7

Ta suy ra

1/2 1-

1-2 1/2
rl

-
-

Do dd A co hai tri riéng
A =712, 4, = 812,
Va hai vecto riéng tmtc chudn

1 1
U1=v§('l,_1), Uzﬂﬁ-(l,l).
Liay B = {ul , ”2] lam co s6 md&i va ki hidu toa d6 mdi la
(x’, ¥’) thi ma tran chuyén co s& tif co sd e sang co s& méi Bla

1] 1 1
D‘Tg’[—l 1]

vd phuong trinh da cho-tré thanh

L o 3.2 _
X + 3 Y = 18,
hay
2 - 2
N A
, 62 (6N3)?
- D6 14 mot elip c6 ban tn_ic lén bang 6 dat trén tryc Ox’ va
ban truc nhé bing 6//3 dat trén truc Oy’
g) Cho phuong trinh

x2 — 8y + Ty? = 36.

[

Ta suy ra
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A d6i xung cd phuong trinh dac trumg

-4 -4

= 312 _— — =
4 g4l =A-m-9=0.

Do d6 A ¢ hai tri riéng
A, =9, A, = -1,

v0i hai vecto riéng truc chusn

1 g
ul=vg(l,—2), UZ=-._VE(2’1)
Lay B = {v,, v,} lam co sd méi va ki hiéu toa do mai la

x’, ¥') thi ma tran chuy&n c¢d'sd tit co sd cd sang cd s6 mdi la
¥ ¥ 4

1 1 2
£ W;[—z 1]'
vd phuong trinh di cho tréd thanh
%2 — 32 = 36,
hay
2
oYy
) 22 6°
Do 1a mot hypebol c6 ban truc thue bing 2 dat trén truc
Ox’ va ban truc 4o bing 6 dat trén truc Oy’

h) Cho phuong trinh
522 — 4xy + 82 = 86,

=[]

A d6i xdng va cd phuong trinh dac trung
5-1 -2
-2 8-
Do dd A ¢d hai tri riéng

Ay =4, "1, =9

‘Ta suy ra

=22 -131+36 =0.
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vdl hai vecto riéng truc chudn

-1 1
"_)_\ Ulzﬁ(z,_l), Uzzﬁ(l,.?)

Liy B = {v, ”2} lam co sd moi va ki hi§u toa d6 méi la
(x’, ¥’) thi ma tran chuy€n co 88 tir co sG cl sang co s6 méi B la
1 2 1
T W51 2
va phuong trinh d4 chdtré thanh

4t + 9’2 = 36,

P

tic la

EI

Do 1A mét elip cd ban truc 16n bing 3 dat trén truc Ox’ va
ban truc nhé bing 2 dat trén tryc Oy’. .

7.14. Cach lam ging nhu ciach giai bai tap 7.13, chi khac
6 ché ta lam vigc trong R® cé 3 toa d6, ma tran A cua dang
toan phudng sé la ma tran cdp 3.

(a) Xét phuong trinh

2 _ 2 _ 2 —
2x1 2xlrx3 + 2x5 — 2x,x, + 3xf = 16.

V& trdi 1a mot dang todn phuong trén R>® ¢6 ma tran

2 0 -1
A= 0 2 -1
3 -1 -1 3
A déi xing va cd phudr-lg trinh dic trung
2-1 0 -1
0 2-4 -1 =@2-H@AR-51+4 =0.
-1 -1 3-1

‘Do d6 A cd ba tri riéng khdc nhau
Ay =1, A4, =2, A;=4,
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vdi ba vectd riéng true chuan

1 1
“E(lllsl)e b:_ﬁ.(lr_le-o,]:.
1
U;;vg(l,l,”z).

Liy B = {v, v,, vy} lam co s mai va ki hiéu toa d6 mdi

o
l

la (v,, ¥;, ¥y thi ma tran chuyén co sd tU co s¢ cii sang cd
s¢ méi B la '
IN3  IN2  ING

P = {IN3 —1NZ 1N6
ING 0 - 2N6

va phudng trinh da cho tré thanh
_yl + 2y5_ + 4y3 = 16,

tde la

-

L, BN
42 (zr)‘ 22
Do 1a mot mat elipxoit ed 3 ban truc la 4 2{_ 2. dat lan
lugt trén cac truc Oyl, Oy,, Oy -

Chu ¥. Vi ¢ day phuong trinh da cho khéng chda s6 hang
bic nhdt nén néu chi nhan dang mat-bac hai, khong cdn hé
truc mdi- va céng thitc déi bién thi chi cén tinh cac tri riéng
clla ma tran A 13 cd thé viét duge phuong trinh cia mat bac
hai trong toa do mdi va tit dd ma nhdn ra dang ctta mat bac
hai di cho.

b) Xét phuong trinh , )

2y + 2xz + 2yz — 6x — By 4z = 0.

Bo phan toan phuong 2xy + 2xz 4 2yz ¢f ma tran

0 1 1
A= |1 0 1}
110
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Ma tran nay déi xding cé phuong trinh dac trung

-4 1 1 -
1 -4 Il =-Q+1)2@A~-2)=20.
1 1 -a :

Do d6 A ¢d moét tri riéng béi hai 4, = 4, = -1 v& mot tri
riéng don 4, = 2 v6i ciac vectd riéng

w, = (1,1, 0) vA wy, =-(-1, 0, 1) dng tri riégng -1 ;
wy = (1,1, 1) dng tri riéng 2.
Hai vectd w, vd w, chua truc giao vi

<w,;, wy,> = L1 +0.(-1) +(-1).0 = 1 = 0.

Ta thay hai vecto d6 bdi hai vecto tryc chudn bing cdch 4p
dung qud trinh Gram-Smidt vao hai vegto {w,, w,} .

Trude hét, vi |fw,|l = V(-1)* + 12 + ¢ = V2 nén ta dat
v, = w /|l w]ll d€ cd [lv,ll = L.

Bau dd ta dat w = w, + fv, va xéc dinh ¢ € R d€ w truc

2
giao véi v;. Ta 6

<w, v>» = <w, +ttv,v>=<w,, v,> +§¢,
1 2 1 1 2 1

Mugn cho w truc giao véi v, ta phai cd <w, vy> = 0 tic la

1 I 1
t = —<w,, v> = —[(—1). (—Tz*) 0.T2+1.0:| =V
Do dd
1 1 1 1 1
v LoD Bt (3l
Ta cé '
L1 5
ol =y 5+5+1 =%
Ta dat
1 1 2
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thi duge v,, v, 12 hai vects tryc giao va chufin hda va la cac

vecto riéng ung tri riéng b6i hai 1, = 1,, nghia l1a co
lley It =1, flo,ll = 1, <v,, Uz> =0
AU—AUI,AUQ—AUZ, = A,

(ban doc c6 thé ki€m tra lai. Tuy nhién viéc ki€m tra &y khong
cdn thi€t vi dé l1A nhilng k&t luan tu nhién do céch lam cta
ta, xem Thce/l, chuong 7, 7.3, 7.4 va 7.5),

Vecto riéng w, = (1, 1, 1) dng tri riéng 43 = 2 chudn hda
thanh v, = w,/ /1w wyll = (113, INS. IN3) . Vi ma trén A d6i

xding nén B’ = {v, vy, vy} tao thanh mét co sd tryc chudn

cia R® Ki hidu toa do trong co s6 B’ la (x’, y', ¥’) thi ma
trdn chuyén co sd ti co sd cii sang co sé B’ la

-1N2. -1N6 IN3
P=|-INZ -1N6 IN3
0 26 IN3
va phuong trinh da cho trd thanh
: x|
—x2 -y?2 + 22 +[-6 -6 -4 Ply| =0
) o

hay
4 16
2 L 2 + 22:2 + v s
¥y 6r "EF 0
hay
2 .2 4 .2
—_ 2 _ L + T —— =
-y ) r2(P o) =0
Dat
3 X 1 2 + Y 3 +Z
— — ,z —
YXY - Bre
ta duge

-X2 - Y2 + 222 =10, ’

D¢ 14 phuong trinh cia mét hypebﬁlmt 2 ting trong hé truc
mdi XYZ.

¢) Xét phuong trinh
T2 + Ty2 + 1022 — 2xy — 4xz + 4yz =12 + 12y + 60z = 24 .
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7T -1 =2
Ta suy ra A = |—1 T2
-2 2 10
A d6i xing va ¢d phuong trinh dic trung
7-1 -1 -2
-1 7-12 2 | =-23 + 2422 - 1802 + 432 =
-2 2 10-21
“ =-( -6 @1 —-12) =0

A cd cac tri riéng 4, = A, = 6 va 1, = 12
Ung tri riéng A; = 4, = 6 cd hai vecto riéng dgc lap tuyén tinh
u,=1(1,1,0), u, = (2,0, 1).
Hai vecto nay chua tryc giao. Ap dung qu4 trinh truc chuin hda
1 1
Gram-5Smit ta duqc:ul=‘!—§—(1,l,0), ”2=ﬁ{1’_1’1)'

La hai vectd riéng Ung tri riéng 4, = 1, = 6 da trdc chuédn,
Ung tri riéng Ay = 12 c6 vecto riéng chudn hda
: 1
v = g5 (-1,1,2)
Vi A déi xing nén B = {u1 , uz,_v3] tao thanh mat co & truc

chudn cia R Ma tran chuyén co s3 t¥ cd s8 ci sang cd 8§ B la

IN2 IN3  —1IN6
P=1Ivlll [b] = {INZ —1N3 ING
0 IN3 246
Ta ¢d : Pl =p,
Ki hiéu toa d6 trong cd sé B la (x’, y’, 2’) thi phuong trinh
da cho trd thanh

¥

X
6% + 6y + 1222 + [-12 12 6] P|y’| = 24
. z,
. , 36 144
hay :  6x7 + 6y + 1227 + —y + =2 = 24
y el NEMT

g .
hay : 27 +yT 4+ 220 4 2y = = 4
ay x ¥ 33’ 63

383



)
e

2 j'- X 6 7
: + et + T+ =" =
hay ( r) 2(2 {g) 19
Dat : x' = X, 3 +Y,2 6 +Z
at : - == z - 7=
meE 3~ % T e
ta duge : X+ Y+ 22F = 21

D¢ 1a phuong trinh ctia mat elipxéit trong hé true mdai XYZ.
d) Xét phuong trinh : 2xy - 6x + 10y + z — 31 = 0.

0O 1 0
Tasuyra:A = (1 O o)
0 ¢ O
A déi xing va co phuong trinh dac trung
-3 1 0
1 -4 0 = - +1=0
0 o -2 '
Do dé A e¢d ba tri riéng khéc nhau : AT =1L4,=-1L4i; =0
véi ba vectd riéng truc chuén
1 1 1 1
v, = (.5’ Nk 0), v, = (“ﬁ i 0), vy = (0,0,1).
Lay B' = {v, v,, vy} 1am co sd méi va ki hiéu toa do méi

la (x",%",2") thi ma tran chuyén co sd til cd sd cif sang co s
Y B

mai B’ la
IN2 IN2 0
P=|IN2Z -INZ 0
0 0 1
va phuong trinh da.cho trd thanh

x .
Ay x? +Ay? + 4,27 + [~6 10 1]P y: -3l =0
z
52 »2 4 ’ - *
hay : ~ ¥ + ry +2 -31=20.

Phuong trinh nay cd thé vist
@ +V3)Y2 —2 —( + 422 £32+2 ~31 =0
Dat 2 +V2 = X;y +42 =Y ,72 -1=2%,
tacd: X2 -Y2+Z=0" | |
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D6 la phuong trinh cia mat paraboldpit hypebalic trong h
true mdi XYZ.

e) Xét phuang trinh
20° + 2% 4 B2¢ — dxy — 20z + 29z + 10x — 26y - 22 = O

- 2 -2 -1
Ta suy ra A = |—2 2 1]

-1 1 5
A d6i xiing va cd phuong trinh dac trung -

2-1 -2 -1
-2 2-1 1 | = -a2 - 91 18 =
-1 1 ‘5-4
Ma trdn A cd ba tri riéng khdc nhau : A, =61, = i3=0,
di ba vecto riéng truc chuf s 1 L
v . 1
a ve g truc chudn : v, = (\J_ V6’ \(—)
1 1 1 -
v = (ﬁ' V3’ ﬁ) » vy = (INZ, INZ, 0).

Liy B = {Ul, Uy, 03} lam co s& mdi va ki hidu tod do mdi la
(x’,¥",2") thi ma tran chuyén cd sd. t cg sd ci sang cd s8¢ B 1a
IN6 N3 INZ

P=|-1N6 —1IN3 1IN2Z
206 1IN3 0

va phuong trinh da cho trd thanh o

At 40,97 + 2,272 + [10 ~26 —2] P yi=0
hay:ﬁx’2+3y’2+i9—x +33y—%z’=02’
hay : 6(x+£\’-%)2+3(y’+:—3%7_§)2.— 82z = 0 -
N Daﬁ;' x"+%—X,y’+3—b%=Y,hz'=Z,
ta o6 : 6X° + 3Y° - 8V2Z = '

D6 14 phugng trinh ctia mat pdrabélmt ellptlc trong hé truc
mon XYZ.
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MUC LUC

Thay i nai diu

Chreeng LOTAP NOP VA ANH XA

Clueeng

Cheerny
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Chuong IV, DAL $6 VECTO VA HINH HOC GIAI TiCH
(ON TAP VA BO SUNG)
Ban doc td gidi.

Chuong V. KHONG GIAN VECTO - KHONG GIAN EUCLID 146
A. D& bai ' 146
5.1. Khong gian vectd ~ Dinh nghia va thi du 146
5.2. Khodng gian con va i& sinh o147
5.3. Ho vecta doc 12p myéﬁ tinh va phy thud¢ myén tinh 149
5.4. Khong gian hita han chiu va co s¢ clia né 151
5.5. S6 chiéu va cd s3 clia khong gian con sinh bdi md1 ho vecto 152
5.6. Tich vo hudng va khéng gian 6 tich v6 hudng 154
5.7. Tga d6 trong khdng gian n chidu 138
58, Bai toan dbi co sd 159
B. Bal gidi va Hudng din : 161
Chuong VI ANH XA TUYEN TINH ) 268
A. D& baj 268
6.1. Khai ni€m 4nh xa wyén tinh 268
6.2. Chc tinh chit cba anh xa tuyén tinh — Hat nhan va inh 270
6.3. Ma tran ciia 4nh xa luyén tinh ) 272
6.4. Sy dng dang 275
B. Bai gidi va Hudng din 276
Chuong VIIL TR] RIENG VA VECTO RIENG - 326
A. Dé bai : 126
7.1. Tri ri¢ng va vectd riéng clia ma trin 326
" 7.2. Tri riéng va vecld riéng cha toan i tuyén iinh
trong Khéng gian hitu han chidu 327
7.3. Vén dé chéo haa ma tHn . 327
7.4. Vidn dé chéo hoa truc giao 329
7.5. Dang toan phudng | 329
B. Bai giai va Hudng din 330
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