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LGOI NOI DAU

Cudn BAI TAP HINH HOC CAO CAP nay dugc bién soan
cdng voi gido trinh HINH HOC CAO CAP (d3 dugc xust ban)
nham muc dich phuc vu che viée hoc tap cda sinh vién nganh
Toan hé chinh quy, hé tai chic va céc hé dao lao khac cla
Truong Bai hoc Su pham thanh phé H6 Chi Minh. Tai ligu nay
cén ¢d the ding fam tai iéu tham khdo cho sinh vién Todn &
cac truong Cao ddng Su pham va gido vién Todn cdc trudng
ph& théng trong viéc tim hiéu va nghién cdu hinh hoc.

N6i dung cudn bai tap nay gém co bén chuong :
Chuong 1 : Bai tap vé khong gian afin va hinh hoc afin;
Chudng 2 : Bai tap vé khéng gian Cclit va hinh hgc Gelit:
Chudng 3 : Bai tap vé khdng gian xa anh va hinh hoc
Xa anh.
Chudng 4 - On tap
O ddu mdi chuong co phan t6m 14t I thuyét dé& giup cho
ban doc co i lidu nghién cttu khi cdn thist. Cac dé ra dugc
sdp xép, lya chon dua theo yéu cdu cla mén hoc. Riéng céc

bai t4p quan trong duoc irinh bay kha chi tiét giip ban doc
nam duge nhiing kién thic va ki ndng cc ban.

C6 mét s6 bai tdp dugc trinh bay bdng cdc cdch gidi khic
nhau, dong thai c6 kem theo nhiing diéy luu ¥ hodc nhdn xét
cdn thiét, gidp ban doc hiu séu hon vé ngi dung chi yéu cda
mén hoc. D6i véi cac bai tap c6 tinh chat rén luyén ki nang va
On tap thi i6i gidi dugc trinh bay ngén gon co tinh chat hudng



dan hodc chi cho bidt két qua. D6 véi chuong “CAC BAI TOAN
ON TAP" c6 phdn hé théng lai cac kién thie co bén cda mén
hoc duoc Irinh bay 6 ddu chudng va sau do la cdc dé todn co
tinh chit 6n tdp chung dong théi kem theo phdn hudng dén,
hodc trinh bay céch gidi tém i4t, hodc cho dap s6.

Tai liéu nay da dugc chink ii va bd sung W cdc bai gidng
ma lac gid da thuc hién trong nhiéu nam, nhung chic rdng van
con nhiing sai s61. Chung 16i rdt mong nhdn dugc nhiéu y kién
gop v cita ban doc d€ 6 thé fam cho chat lugng cudn sach
dugc 15t hon trong cdc 1n tai ban sép 16i.

Ching 16i xin chan thanh cam on cdc dong chi can bg
chuyén mén va cac dong chi can b lanh dao Nha xuél ban
Gido duc da tao didu kién thudn Igi cho cudn sach duge ra mét
ban doc.

Thanh phé H6 Chi Minh thdng 6 ndm 2001
TAC GIA



CHUONG |

BAI TAP VE KHONG GIAN AFIN
VA HINH HOC AFIN

A. TOM TAT Li THUYET

- §1. KHONG GIAN AFIN

L.Dinh nghia
Cho tdp hgp A khdc réng ma cdc phan tir cGa né goi 1a diém,
cho V la mét khong gian vectd trén tridng K va cho 4nh xa :
f: A x A » V duge ki hiéu la M, N) = MN véi cde diém M,
N thude A va vectd MN thude V.
Bb ba (A, f, V) goi 1a khéng gian afin néu hai tién dé sau day
~duge thoa man:
i) Vai moi diém M thudc A vd moi vects U thudc V ¢6 duy
nhat diém N thude A sao cho MN = u.
1i) Véi moi ba diém M, N, P thudc A ta ludn c6:
MN + NP = MP.
Khi d6 ta néi rang khong gian afin (A, f, V) lién k&t vdi khong
gan vecto V trén truong K va duge goi tit 1a khéng gian afin A
trén truong K. Khong gian vecto lién két V con duge ki hidu 1a A,

dude goi la nén cha khong gian afin A.

N&u V 1a khdng gian vecto thue nghia la K = R ta néi ring



A la mét Ehdng gran afin thye, Néu VA khéng gian veeto phiie
nghia 1a K = C ta néi ving A it mét khong gian afin phiic.

Khéng gian afin A goi la n ¢hiéu néu dim V = n va duoe ki
higu dim A = n hay A" ( lién két vdi khong gian V')

2. Mot s6 tinh chal ddn gian cta khéng gian afin A
a) Véi moi diém M € A thit MM =0.

¢ ) V6i moi cap diém M, N « A thi MN = -NM.
d}VGi A, B, C,De Atacé: AB=CD «<>AC=8BD.
e) Vdibadiémbatki O, A Be Atacé AB=0OB-0A.
3. Hé diém doc lap _
a) Binh nghia. Hé m+1 diém A,, A, ..., A, (m > 1) clia khong
gian afin A goi la déc ldp néu m vecte AoA'l, A0A2, AOI&]" cua

khéng gian vects A 1a hé vecto doc lap tuyén tinh. Hé gém mot
diém A, bat ki {tic truong hop m = 0) ludén ludn duge xem la déce
lap.

b) Chu y. Trong dinh nghia néu trén, didm A, c6 vai trd binh
déng nhu cdc diém A; khdc.

¢) Binh Ili. Trong khong gian n chiéu A" luén luén ¢é nhimg hé
m diém ddc l4p vdi 0 < m < n+1. Moi hé diém nhidu hon n+1 diém
déu khéng dac lap.

§2. MUC TIEU AFIN VA TQOA PO AFIN

1. Muc tiéu afin

Trong khong gian afin n chiéu A", mét tap hgp ¢é thi ty gobm
n+1 diém doc lap {E,, E;, ..., E,} cia A" tao nén mdt muc tiéu
afin cia A" Diém E, goi 14 géc ciia mue tidu va cac diém con lai
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Ei goi 1a cde dinh tha i caa muc tiéu.

Ta ki hiéu muc tiéu qﬁn néitrénla (K. Elvdii=1,2 . o

CIHG Y. Cac vecto ¢ = E K v8ii=1, 2, .. nla mot ¢o sd clia

khéing gian vecto nén V" cia A" Ta cé ung vdi mét muc tiéu afin
chi ¢6 mot co s6 nén duy nhit, nhung nguye lai véi mét co sé

{e-l o1 =1, 2, . neciia V°e6 the dat tuong wng vdi nhiéu muc
tiéu khic nhau trong A" Ta ¢6 thé ki hicu muc tiéu afin dng vdi co

s¢ {e; ! la {Eo,e } hono dé K, 1& gbe cta muc tiéu afin.
2. Toa 49 afin ciia mot diém
Trong khéng gian afin n chidu A" cho mue tiéu afin {O; e; }.

Véi moi diém X thuoe khong gian afin A" ta c6 vects OX

thuocA“ va do d6 ¢6 duy nhdt n phan tiy X1, Xz, ..., X cla trudng
K sao ¢ho:

OX =x1e, +x.€5 +... + Xy e,

Bé n phan t (x;, x,, ..., x,) ¢6 tha tu d6 duge goi 1a toa dé
afin cia diém X déi véi muc tiéu da chon va ki hiéu :

X( X1, Xp, ..., X,) hay X = (xq, x,, ..., X} hodc ngdn gon hon

X(x;) hay X = (x,).
Chd ¥ ring néu X = ( x,, x,, o X)) VAY ={yy, ya ..., v thi
vectd XY c¢6 toa dd la (y, - x,, Y2 = X3, .., ¥n - Xg) d6i vdi co s

£=l(e,e,, ..,€,) ciia khéng gian vects A"
3. D&i mue tiédu afin

Trong khéng gian afin A" cho hai muc tiéu afin {E,,, E;} va

{E'y; EY} ldn lugt ing véi hai cd 58 nén 1a le ! va {e. Fvéii=1
]

’

2, ... n. Gia st cde diém E’, c6 toa do déi vai mue tidu {E,; E;} la:

Ei=(a;,a,,. Ay

Y ovdii=0, 1, 2, . n.



Ta ¢6 ma tran chuyén C tif ca s¢ {E'O'E-i} sang ¢o s6 {E_E; }

1

la:
ay; — 8y &y —Apy - Ay ~8py
a9y 89y Ayy —Agz .. Azy ~ 80
C =
Ay — &gy A,z —8gg ... 8yy ~Hgp

Ma tran C cing dugc goi la ma trégn chuyén tit muc Liéu
{E.; E;] sang muc tiéu {E',; E;}. Ta ¢6 det C = 0 va C Ja khong
suy bién,

Gia st X 14 mét diém tuy ¥ cba khéng gian afin A" va lan luot
¢6 toa dd déi véi mue tidu {E,; E;} va {E';; E} 1a {2y, Xg, ..., X} v
(X}, Xy, .., X,) thi khi d6 cong thie biéu thi sy lién hé toa dé cia

cung mdt didm X ddi vdi hai muc tiéu néi trén la cbng thic doi
muc tiéu sau day:

%] = CIx1 + [a,)

trong dé [x], [x’]1 14 ma tran cdt toa dd cia diém X d8i v6i myc
tiéu afin {E.; E;} va {E'; E';}, C* 1a ma trdn chuyén vi cia ma trn
chuyén C, con (a. 12 ma tran cot toa d6 cha diém E! déi véi muc
tidu {E,; E;}.

§3. CAC PHANG TRONG KHONG GIAN AFIN

1. Binh nghia

Cho khéng gian afin A lién két véi khong gian vects A . Goi
I la m6t diém cia A va o la mét khong gian con ctaA. Khi dé
tap hop nhimg diém M cta A sao cho M thube & duge goi la cdi
phing afin o di qua diém I va ¢6 phuong .



Né&u o c6 s§ chidu bing m thi o goi 1a cdi phdng m-chiéu,
duge goi tdt 1 m- phdng.

Nhu vy 0- phdng la diém, 1- phing 1a duong thdng, 2- phing
1a mat phdng va (n-1) - phing goi 1a siéu phdng.

2. Pinh li 1

Néu o 14 m-phdng clia khang gian afin A va c6 phuong a thi

a 12 mét khéng gian afin m- chidu lién két v6i khong gian vects |
o.

Do d¢ ta thuong ki hiéu m- phing afin 12 A™.
3. Dinh 1i 2
Qua m+1 diém de lap cla A" ¢6 mdt va chi mot  m-phéng.
4. Phudng trinh tham s& ctia m - phing
Trong A" che m - phing A™ xdc dinh bdi m +1 diém doc lap:
Ay AL Ay, L AL

Gid sit d6i véi muc tidu {E,; E;} cho trude, cac diém A; ¢ toa _
4o la:

Aiz(ail,aiz,...,ain) vgii=0,1,2, ., n

X(x1, Xg, ..., Xp) € AT > A X € V™.
L=1 KOX = t.1 AUA], + tz ADAZ + . +tm Ao_f%,n

Ta eé phuong trinh tham s6 cia m- phdng A™ du6i dang ma
trdn la:

[x] = [ao] + ti[a1] - {a,]) + to([az] = []) + .+ twl{am} — [2,])

N&u vist dusi dang toa d9 ta c¢6 n phuong trinh sau:

Xi = 8y + tilay; —a, )+ tay; —a, )+ .+ tufay,, —a,;)

vdii=1, 2, ., n




5. Phuong trinh ting qudil cia A™

Mbéi m- phang treng khéng gian afin A" duge bifu thi bing
mét hé p'hucug trinl tuyén tinh c6 hang bing n- m. Nguyc lai
trong A", mgt hé phuong trinh tuyén tinh bing n-m deu bitu thi
cho mét m-phiing hean tean xde dinh. Phuong trinh téng quait. cua
mdt m- phang cé dang:

]
Zaijxj +h, =0 vt i=1,2, ..., nm
j=1

Trong phuong trinh trén ma trin [a;) luén ludn c6 hang biing
n - 1m.

6. Vi tri tuong déi ctia cic phéng afin trong A”

Trong A" gia sir cho p-phdng A" ¢6 phugng V¥ va g -phing A"
cé phugng V¥ Gia sd p < q. D& xét vi tri tuong d6i coa hai cai
phéng néi trén ta can xét hai yéu t&:

» Phuang chung: V¢ » V!
¢ Diégm chung : A® ~ A%

Ta ¢6 bang tém tit sau day:

hudng chung
VPAVE=V, (r>0) VAV =10}

Diém chung

r<p<q A" m A9 1A cdi
AP NAY % O phéang ¢6 phuong V' A’ ~ A' = 1 di€m
r:qu:Ap CAQ

r=psq A¥ /A"
A'A'= @ r=p=aq AF /7 A" AY va A" chéo
r<p<q A va Al chéo nhau (hoan toan)

nhau khéng hoan toan

iy




7. Téng va giao cita hai cai phiang

a) Pinh nghia. Téng cua hai cai phang A" va A" dudge ki higu 14
AY + A' i cdi phang ed s& chidu bé nhat ey dong thai ca A" va
A"

Giao cua hai cdi phang A" va A" duge ki hidu 1a A" ~ AY 1A cdi
phéng ¢6 sd chiéu 16n nhat chi trong A" va A

cor Y. C6 thé dinh nghis téng AY + A" 1h giao cua tat ca cac
phiang chia A" va A% Can luu ¥ rdng khai niém téng coa hai cdi
phang khiic vdi khai niém t6nyg theo nghia tap higp. Thi du téng
clia hai duéng thang cit nhau la mat phdng chiia hai dudng thing
dd con tong cua hai dudng thing theo nghia tap hop chi gém ¢
tip hop tit cd ede diém thude hai duong thang dé ma théi.

b) Cac dinh Ii

Dinh )i 1. Giao ctia hai cai phdng « va f hoac 1a tap réng,
hoac la mat cdi phing cé phuong o+ B

Dinh 1i 2 Hai cdi phing « va p cdt nhau khi va chi khi véi
moi diém A thudc « va moi dicm B thude B ta c6 AB thude « +p.

c) Dinh 1i vé 56 chiéu cua téng va giao clia hai cai phang

Trong khéng gian afin A" chol hai cdi phang o va 3 1an luot ¢é
phuong la o VA f’]

e Néu u va P ciit nhau (a3 = @) thi:

dimfa + ) = dimu + dimp - dinfa [

¢ N&u « va B khong cit nhau (o = @) thi:
dimia + ) = dime + dimp - dimia 3 + 1

d) Giao clia mét siéu phdang A" 'va mgt m -phdng A™
(1 <m £ n-1j

Dinh 1i: ¢ hodc A" cung phuong vgi A” !

» hojc A™ 1 A" P = AR

L]



§4.TAM Ti CU CUA MOT HE DPIEM
1. Pinh I
Cho hé k diém Py, Py, ..., P ciia khang gian afin A va k phan
N .
tlt Ay, Ao, -.., Ak thude trudng K sao cho Zki # 0. Khi dé ¢ mét va

iz1
chi mét diém G thude A sao cho:

k —_— -
> %GPi=0
i=1

CHU ¥: Lay mot diém O thy ¥ cia khong gian afin A thi diém
G xdc dinh béi biéu thie:

2. Pinh nghia .

Pi€m G néi trong dinh Y trén 1& tém ti cu cia hé diém P; gdn
vdi ho hé s6 A,

e Trudng hgp dic biét néu cic A; bing nhaw, didm G goi la
trong tdm cia hé diém Py, Py, ..., P,. N&u 1dy cde A, = 1, khi d6 ta
¢6 trong tam G cla hé k diém P; duge x4c dinh bdi hé thic:

— 1 & —
0G=—ZOP1
ki

e« Khi k = 2 trong tdm G ctia hai diém P, vd P, cdn goi la
trung diém cha cip diém (P,, Ps).

3. Dinh li

Tap hgp tdt cd cdc tdm ti cu cia hé diém P,, Pi. ..., P, v6i ho hé
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s0 khdc nhau 12 cdi phing c6 s8 chidu bé nhit chia cdc diém P, 4y.
4. Dinh 1i

Cho m-phéng o di qua m+1 diém doc lap P,, P, ..., P,, va mét
diém O thy y. Pidu kién cdn va dd d€ didm M thubc « 1a:

OM = ZO?L .OP, trongdé ZU:JL =1.
1= i

§5.TAP LOI TRONG KHONG GIAN AFIN THUC

1. Poan thing

Cho hai diém P va Q phan biét cia khéng gian afin thue A.
Piém M thujc dudng thing d di qua P va Q khi va chi khi véi
diém O tuy ¥ thi:

OM =A0P +p0Q v6i A +p=1.
hayla OM =a0P +(1-100Q@ v6ir e R.
Binh nghia. Trong khéng gian afin thuc A, cho hai diém P, Q

phén biét, tdp hop nhitng diém M sao cho véi mét diém O tay ¥
ta ¢ ;

OM =20P +(1-2)0Q v6i 0 < & < 1 duge goi 1a dogn thdng

PQ. Khi A = 1ta c6 diém P, khi A = 0 ta ¢6 difém Q, con nhu‘ng
diém khéc cla doan thdng PQing véi 0 <A < 1.

Hai diém P, Q goi la hai mut cia doan thidng PQ. Nhing
diém khdc cda doan thdng PQ goi 1a 4 gizta P va Q.
2. Ti s6 don ctia hé ba diém thing hang

Binh nghia. Cho hai di€ém P va Q phéan biét ctta khéng gian
afin thye A. Diém M thujc dudng thing d di qua P va Q ddng thai
M = Q khi va chi khic6 s8 k ¢ R - {1} dé&:

MP = kMG



Khi 46 k goi la ti s6 don cda hé ba diém M, P, Q thing hang
ldy theo thi ty dé va dugce ki hiéu k = (MPQ).

Trung diém M cia doan thing PQ xde dinh bdi ti s6 den
(MPQ) = - 1. '

Tht ty céc diém trong cach viét ti s6 don. Néu thay dai thi tu
cdc diém trong cdch viét ti s& dan thi gid tri cda ti s6 don dé thay
déi. Ta cé:

(MPQ) = — (MPQ )

—, (PMQ) = — -1
(MQP)( Q (MPQ ) -1

(QPM) = 1 - (MPQ)

Trudng hgp hai diém trong ba diém M, P, Q trung nhau ta
quy udc:

(MMQ) = 0, (MPM) ==, (MPP)=1.
3. Tap 18i

Binh nghia. Mét tap X trong

khéng gian afin thue A goi la

mét tadp 1461 nédu véi mai diém P,

Tap khéng I ~ap 161 Q\ thupe X thi doan thang PQ
n#dm hoan toan trong X.

4. Pon hinh m chiéu

a) Binh nghia. Trong khong gian afin n chidu A" cho m+1 diém
doc lap A,, Ay, ..., A, (0 £m < n) ¢6 toa dd dbi véi mdt mue tidu
afin cho trude la:

Ai = (a“‘ A, oy ai,,) vili = 0, 1, 2, oy 1

Tap hgp cdc didm X clia A" ¢6 toa 49 (x1, Xz, ..., X,) thoa man
hé phuong trinh sau:

Xi=t,8,; +tag+teay +. + tham
véii=1, 2, .., nvadidukiént, +t; +tg+...+t, =1
trong dé cde tjz0v6ij=0,1,2,.., m

duge goi 14 don hinh m chiéu hode m-don hinh. Cdc diém A, A,
.oy Am g0l 12 cde dint céa don hinh dé6.
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b) Binh li. Bon hinh m chiéu 1a mot tap 13i.
5. Hinh hop m chiéu
a) binh nghia. Cho m+1 diém doc lap P,, Py, ., Py, ctta khong

gian afin thue A". Tap hap nhiang diém M trong A” sao cho:

PM = 3" 3PP, vdi 0 < %, < 1 dugc goi la hinh hép m chiéu hay
in1
goi tit 1a m- hop. Cac diém P, goi la dinh cia m - hép.
b} Binh Ii. Hinh hép m chiéu la mét tap 14i.

§6. ANH XA AFIN CUA CAC KHONG GIAN AFIN
VA PHEP BIEN P01 CUA KHONG GIAN AFIN

I. Pinh nghia

Cho A va A’ 1a hai khéng gian afin trén truomg K lién két vdi
hai khéng gian vects V va V'. Anh xa [l A - A’ duge goi la dnh xq
afin néu c¢é dnh xa tuyén tinh ¢: V o> V' sao cho moi cip diém
M,NeAvaanh M = fiM), N = fiN) ta c6 M'N = o(MN)

Anh Xxa tuyén tinh ¢: V —» V dudc goi la dnh xg tuyén tinh
lién k&t vdi 4nh xa afin f.

2. Tinh chait ciia 4nh xa afin

a) Mdi dnh xa afin f* A —» A’ chi c6 mét dnh xa tuyén tinh
lién két duy nhat ¢: V - V.

b} V6i méi 4nh xa tuyén tinh ¢: V o V' va véi cap diém Ie A
va I'e A', xdc dinh duy nhat mot dnh xa afin f: A »> A’ nhan ¢ 1a
dnh xa tuyén tinh lién k&t va c6 f(I) = I'.

¢) Tich cla hai dnh xa afin £ A — A" va g A — A" la mot
anh xa afin va duge ki hiéu 1a gof, Anh xa lién k&t cta tich gof nay

1a tich cda hai 4nh xa lién k&t cia hai 4nh xa fvag
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d) Cho n+1 diém déc lap M,, M,, ..., M, trong khong gian afin
n chiéu A" va cho n+l diém tuy y M, M', ..., M, trong khong
gian afin A’ Khi dé ¢6 mdt va chi mét 4nh xa afin duy nhat
A" > A'saocho f (M) =M, vé1i=0,1, ., n

e) Anh xa afin f: A > A’ bi&€n mjt m - phing cGa A thanh mét
! - phdng cha A’ véil s m.

3. Ping cdu afin

Néu anh xa afin f: A —» A' 12 mdt song anh thi khi dé f la
phép ddng cdu afin cia khong gian afin A 1én khong gian afin A"
Khi d6 ¢(A) =A" 12 phép ding cdu tuyén tinh giita hai khong
gian ¢6 cing s& chifu la A va A’ .

Hé qua. Trong A" va A'® 1an lugt cho hai muc tiéu {E,; E;} va
{E',; Ey} véii=1,2,.,n tht c6 duy nhat mét phép dlng cau afin
A" > A™ saocho flE;)=E|v6ii=0,1, 2, .., n
4. Phép bién d6i afin

a) Dinh nghia. Phép ding cdu afin f: A —» A clia khdng gian
afin A 1én chinh né duge goi 12 phép bién déi afin f cia khong
gian afin A va dugce goi tit 1a phép afin.

Khi d6 4nh xa tuyén tinh lién k&t ¢: A-> A 1a mét phép tu
déng cdu tuyén tinh va con duge goi 14 phép bi€n dbi tuyén tinh.

b) Pinh li 1. Trong khéng gian afin A" cho hai hé diém doc lap
la A, Ay, ..., Ayva A',, Ay, ..., A, Khi d6 ¢6 mdt phép bién ddi
afin duy nhat f: A" > A" sao cho f{lA;) = A vdii=0,1,2, .., n

¢} Binh Ii 2. Tich cia hai phép bién déi afin 14 mdt phép bién
d6i afin cé phép bién d8i tuyén tinh lién ké&t 1a tich cdc phép bién
d8i tuyén tinh lién k&t ciia hai phép bién d4i afin da cho.

Péo nguoe ciia mdt phép bién ddi afin 14 mét phép bién déi
afin ¢6 phép bién ddi tuyé&n tinh lién két 1a ddo nguge cia phép
bi&n ddi tuyén tinh lién két véi phép bién déi afin di cho.
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d} Binh Ii 3. Phép bién d4i afin bign mét m - phing thanh mot
m - phing.

H¢ qua. Phép bién déi afin bién mét dudng thing thanh mét
dudng thing.

e) Binh li 4. Phép bién déi afin f: A — A blo tén ti s6 don cia
h¢ ba di€m thing hang,

- 5. Phuong trinh ctia phép bi€n d6i afin

a} Trong A" cho mdt muc tiéu afin {E,; Ei} va £ A™ 5 A" 13
mét phép bién ddi afin. Sy lién hé giita toa d¢ (x;, Xy, ..., X,) clia
mit didm X € A" va toa d§ (x;, X'y, ..., x',) cda difm X' = fX) d4i
v6i muc tidu cho tride duge bidu thi bing phuong trinh sau day:

x1 = C'[x] + [b]

trong dé (x'], [x], [b] 14n lugt 1a ma tran cbt toa d§ cia cde difm
X'=fX), X, E, = f(E,) ddi véi muc tidu cho trude.

Ma tran C* khéng suy bién duge goi 1a ma trdn cia phép bién
d6i afin f va ma trdn C* nay chinh 1a ma trdn cda phép bién déi
tuyén tinh ¢ lién két cta f d6i véi oo 3 nén (BE}G=12 ., 0

tuong \ing. Ta ¢6 o(E,E,;)= EOE:'. va {p(ﬁjﬁ) =EX .

b} Nguge lai, troﬁg A" véi muc tidu {E,; E da chon méi
phuong trinh c6 dang :
[x] = Blx]+[b]

trong d6 B 12 mft ma tran vuéng cip n khéng suy bign déu la
phuong trinh ctia mot phép bign déi afin nao d6.

6. M6i quan hé gitta phudng trinh cia mét phép bién déi afin
ddi v6i hai muc tidu afin khée nhau

- Trong A", gia sit d6i véi muc tiéu afin {E;; E;} phép afin f c6
phuong trinh 13 ;

BTHINH HOC CG - 2 17



[x'] = Blx] + [b]
Bay git d61 v6i muc tiéu afin khdc ]a {E';; K phép afin f dé
¢6 phuong trinh la:

[(x') = Bix! + [b].

Khi d6 ta c¢6 hé thie lién hé giva hai ma tran B va B’ nhu sau :

B =(C)'B.C

Trong d6 C la ma tran chuyén ti c¢o s6 {E E;} sang co s6

{E,E.} va C’ 12 ma tran chuyén vi cia C.

7. Anh ciia don hinh m chiéu va ctia hinh hgp m chiéu qua
phép bién dédi afin f
a) Binh Ii : Qua phép bién ddi afin, mdt don hinh m chiéu bién
thanh mét don hinh m chiéu.

b) Binh Ii. Qua phép bién d8i afin, moét m - hdp bién thanh mét
m- hdp.

§7. NHOM CAC PHEP BIEN BOI AFIN CUA
KHONG GIAN AFIN VA HINH HOC AFIN

1. Cae dinh nghia

a)} Khong gian hink hoc la mot tap hgp M # @ va méi phén ti
ciia né duge goi la diém. Mot tap hop con H cia M goi la mot
hinh. Mot song danh £ M —» M cua M lén chinh né 14 mdt phép
bién déi. Tap hop cac phép bign ddi cia M lam thanh mét nhém
d6i véi phép todan 1ay tich cdc song dnh.

b) Mot tap hgp F khong réng gém nhimng phép bién déi f nao
a6 cha khéng gian M duge goi 1a mot nhém cdc phép bien doi vdi
phép todn la tich ciia hai phép bién déi néu théa man hai diéu
kién sau day :
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- Néu f va g Ja hai phép bicn déi bat ki thuac tap hop F thi
tich gof ciing 14 mot phép bign déi cua F.

- Néu f 1a phép bign déi thude F thi phép dio nguge f ! cing
thude F.

Nhir vay F la mot nhém con cia nhém cdc phép bién ddi coa
khéng gian M.

¢) Goi F la mét nhém cdc phép bién déi nao d6 coa khéng
gian M. Gia st H, va H, 12 hai hinh nao d6 cua khong gian M.
Khi dé néu c6 mot phép bien déi f € F bién hinh H, thanh H,, ta
néi ring hinh H, tuong duong vsi hinh H, déi véi nhom F .

Taki hitgu  fiH,) = H, hay H, (F) g,

2. Cdc bAt bién d6i vdi nhém cac phép bién dsi afin
a) Binh nghia. Mét tinh chat cda hinh H s& goi 1a bdt bidn déi

vot nhiom F néu moi hinh H, tuong duong véi H déi vdéi nhém F
déu c6 tinh chat dé.

Cdc tinh chat bat bién déi voi nhém cde phép bign déi afin
trong khéng gian afin A duge goi 14 cdc tinh chdt afin hay cdc bat
bién afin.

b) Cac bat bién afin va cac khai niém afin
— Cdc bat bién afin nhu tinh chat dac lap hay khong déc lap

cia mot hé diém. Tinh chat song song, c#t nhau hay chéo nhau
cda hai c4i phang ciing 1a nhimg bat bién afin.

— Cac khai niém duge xay dung tir cic bat bign afin duge goi
la cdc khdi niém afin. Thi du hinh tam gide, dudng trung tuyén
cda mdt tam gidc, hinh binh haunh, m- phing, ti s& don cha ba
diéin thdng hang . 1a nhiing kh4i nigm afin. (Cde khai niém nhu
hinh vudng, hinh tam gisc déu, hinh lap phuong, hinh tron khong
phai 14 nhing khéi niém afin vi chung thay déi tinh chit qua cdc
phép bién dai afin).



3. Hinh hoc afin

a) Nhém cac phép bién adi afin . TAp hgp cdc phép bién ddi afin
trong khéng gian afin lap thanh nhém cdc phép bién doi afin hay
goi tat la nhom afin .

b) Hinh hoc afin. Mén hec nghién cdu cde bit bién cia nhém
afin goi 1a hinh hoc afin. N6i cdch khéc tdp hop cdc bat bién cda
nhém afin tac nén moén hinh hece afin cita khéng gian afin.

§8. CAC SIEU MAT BAC HAI
TRONG KHONG GIAN AFIN

1. Dinh nghia

Trong khéng gian afin A", mot siéu mat bac hai (S) 1a tip
hgp tat ca nhing diém X cé toa dd (x1, X2, ..., X,) d6i v6i mdt mue
tiéu afin {E ;E,}da chon théa man mét phuong trinh bic hai d6i
vdi cac x; 6 dang :

Zaux X; +2Za X, t+ta, = (1)

1,j=1

trong d6 cac hé s a;, a, a déu la cdc s6 thue, cdc a; khéng
déng thdi bang 0 va a;; = aj;.

2. Dang ma tran cua phudng trinh siédu mit bac hai

Phugng trinh clia siéu mét bac hai (S)  trén c6 thé viét dudi
dang ma trin nhu sau:

(x1"Alx] + 2[al[x} + a, = 0

trong dé A = [a;] ]a ma tran d&i xing, vudng, cAp nnén A= A"

3. Pinh li

Qua médt phép bién d6i afin, mot sidu mat bic hai bién thanh
mbt siéu mat béc hai.
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4. Giao cua siéu miit bic hai véi dudng thing
Trong A" cho siéu mat bac hai (S) va dudng thing (d) :
() IxJ*Alx] + 2[al*[x] + a, = ©

(d): [x] =[b] +[c]t

Céc giao diém (S) ~ (d) ¢6 toa dd thoa man phuong trinh sau :

[c]*Alc].t® +2 Pt + Q=0

trong d6 P = [b]*Alc] + [a]*[c]
Q = [bJ*Alb) + 2[al*[b] + a,

* Néu [c]*Alc] # 0: durng thing (d) cit sidu mit bac hai (8) tai
hai diém phan biét, hoic tigp xic hosc khéong cit (S).

* Néu [c]*Ale] = 0 v P » 0 dudng thing (d) cit (S) tai mot

diém.
* Néu [c]*Alc] =0, P = 0, Q = 0 duong thng (d) khéng cit (S).
* Néu [c]*Aflc] =0, P=0, Q = 0, toan bé (d) < (8).

5. Tdm ecnha siéu mit bac hai

a) Binh nghia. TAm cia sidu mat bac hai (S) 12 mét diém ma
khi ta chon diém d6 lam gdc mue tiéu thi phuong trinh cGa (S) ¢6
dang :

Zaijxi'xj +a,=0
1.j=1 ’
- [X]*A[xj + 4, = 0 vl A= [aij]

b) Binh Ii. -Trong khéng gian afin A™ véi myc tiéu da chon, cho
siéu mit bac hai (8) c6 phuong trinh :

[(x7*Alx] + 2[a]*[x] + a, = 0

Biéu kién cidn va di dé (S) 6 tam 13 det A# 0. Néudet A=0
thi (S) khong ¢6 tam hode ¢6 vé s6 tam.
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e Toa dé tdm cua siéu mat bac hai (8) la nghiém cia hé
phuong trinh 18ng qudt gom n phuong trinh ¢é dang :

"TAlx}+[al=0

vGi A = [ay ) va [a) ]a ma trdn cdt toa dd co trong phuong trinh cia
(S)

6. Diém ki di cua siéu mit bac hai

a) Binh nghia. Mot diém I la diém ki di cha siéu mat bac hai
(S) néu I thudce (S) va I déng thai la tAm cia (S).

b) Céach tim . Biém ki di cda (S) ¢6 toa do thod man hé phuong
trinh:

d*Alx] + 2(al*(x] +a, =0
Alx1 + [al =0
7.Phuong tiém cdn va dudng {iém cin clia siéu mit bac hai

a) Binh nghia. Cho siéu mét bac hai (5) ¢6 phuong trinh :

[xI"Alx] + 2[al'[x] + a,= 0

Khi dé vects ¢ = 0 c¢b toa d§¢ ¢ = (¢;, cu ..., cy) goi la
phuong tiém cdn cda siéu mit bac hai (S} néu

[e]*Ale]l = 0 = ia--c-c- =0

Yt
Lj-l
Ngudi ta cdn gei phueng tiém cin cia siéu méat bdc hai la
phuong vd tan cha siéu mit bac hai d6. Puong thing d di qua tdm
cha (3) goi la dudng tiém cgn cla (S) néu phuang cia né 1a phuong
tiém can va né khoéng cat (S).

b) Sidu phing kinh lién hgp véi phuong ¢
Dinh li. Che hai didm M,, M, thay déi cia mét siéu mit bac
hai (S) sao cho dudng thang M;M, c¢6 phuong khéng d8i é = 0



ma khong phai la phuong tiém can. Khi dé tap hgp trung diém cac
doan thing M,M, nim trén mét siéu phéng. Siéu phing dé goi la
sieu phdng kinh cia (S) lién hop véi phuong ¢ .

Nguge lai phuong ¢ cing duge goi la phuong lien hap  vii
siéu phing kinh dé.

8.Dang chuin tic cia siéu mit bdc hai trong A"

Binh li. Bing cdch chon muc tiéu toa d9 thich hogp, moi siéu
mat bac hai (8) trong khéng gian afin A" déu ¢ phueng trinh
thuge mot trong ba dang sau day :

(I) 3Z€iX12=1 , §=21, 1<r<n
i=1

(II):Zeinz(} . Eg=*1, 1<r<n
i=1

(I : > e X? =2X,, , g=%1 lsr<n-1
i=1

Ba dang trén goi 1a phuwong trinh chudn tde cta siéu mit bac
hai trong khéng gian afin A"

9. Su phan loai afin cdc siéu mit bac hai

a) Binh nghia. Hai siéu mat bac hai trong A" goi 1a cung loai
néu phuong trinh chuin tic cia ching ¢é cing mot dang, cing véi
mot gid tri k va r nhu nhau.

b) Binh li. Hai siéu mét bac hai goi 1a tugng duong afin khi va
chi khi ching thude cang mét loai,

Sy phdn loai d6 goi 13 su phan loai afin.

¢) Thi du. -

* Trong mit phing afin A% dya vao phuong trinh chuin tic
cua cdc dudng béc hai, tacé 9 loai duting béc hai khde nhau.

* Trong khéng gian afin A® dua vao phuong trinh ch. S tic
cua cdc mit bac hai, tacé 17 loai mat bac hai kh4c nhau.



B. DE BAI TAP

§1, §2

1.1.Ching minh rdng trong khong gian afin A” mdt hé m+1 diém

1.2.

1.3.

1.4,

1.5,

1.6

1.7.

24

A, Ay, ..., A, 12 ddc 14ap khi va chi khi véi moi digm O bt ki,
tit ding thic

nm — _ (]

> 3,04 =0 va D=0

i=0 i=0
tasuyra i, =A; =..= A, =0.

Trong khéng gian afin A® cho mgt hinh hép ABCDA'B'C'D' ¢6
AAY// BB// CC// DD Ta chon muyc tidu afin {E,; E;, Ep, E3} nhu
sau: E,= A, E, = A, E; =B, E;=D. Hay tim toa d afin cia
cac dinh con lai va toa d§ tAm cla cde miat bén cda hinh hép.
Tim céng thie déi muc tidu tu (E,; E;} sang {E',; Ei} kki biét
toa do clia diém E', d6i v6i muc tieu {E,; E;} 1a (ay, ag, ..., a,).
Trong mit phing afin A’ cho hinh binh hanh ABCD ¢6 cdc
dudng chéo cit nhau tai O. Tim cong thuc d8i muc tiéu khi
chon muc tiéu cii }a{A; B, D}va muc tiéu méi la {O; B, C}.
Trong mat phing afin cho tam gide ABC ¢6 trong tam G. Tim
cédng thic ddi muc tiéu khi chon mue tidu cii 12 {A; B, C} va
muc tiéu méi la {G; B, C}. Ap dung céng thic déi muc tiéu
héy tim toa d§ méi cia trung diém cdc canh BC, CA, AB cha
tam gidc ABC.

Chiing minh riing diéu kién cin va di dé bon diém A, A, As,
A, thude mdt mat phidng afin 12 véi mot diém P tuy y ta cé:

vail o + oy + oy + oy = 0 trong dé it ra ¢6 mot oy = G

Trong mit phing afin cho muyc tidu R = {Q; 9_1. , ;; }. Déi véi
muc tiéu nay cho cae di€m O'(2, - 3), A(1,1), B(3, -6),M(5, -1).



Hay tim toa d6 cha M d6i véi muc tiéu afin {O'; A, B).

1.8. Cho hinh binh hanh ABCD trong mat phéng vdi mue tiéu
afin {A; B, D}. D8i véi muyc tidu nay gid sff cho didm M c6 toa
d6 1a (o, B). Hay tinh toa dé cia didm M d&i vdi cde muc tiéu
sau : .
a) {C;B, D}, b} (B;C, A}, o {D;C, A}

| §3

L.9. Ching minh ring c6 mot va chi mét (m+1)-phing di qua mdt
di€m cho trude va qua mot m-phéng cho trude va khéng chaa
diém d6. _ :

1.10. Viét phuong trinh tham s§ va phuong trinh téng quat cia
m-phdng P di qua céc diém E,, E,, -» B (M < n) cila muc tidu
{Eo; Ei} va cha phing Q xdc dinh bdi céc phing cdn lai cta
muc tidu Xét trudmg hop khi m = n.

L11. Cho myc tidu {Eq; E;} va goi {ko, ki, ..., kp) 12 mot tap hop
con cda {0, 1,2, .., n} (m< n),

Viét phuong trinh tham s va phugng trinh téng quat cia
m-phing di qua cdc didm | DAY T o N

1.12. Trong A* vigt phuong trinh téng quat cia m-phing c6 s6
chiéu bé nhat chita diém M(-1, 0, 2, 2) va c6 phuong chita cac
vecto a(2,1,4,4), b(0,0,7,7).

1.13. Trong A* viét phuong trinh téng qudt cia c4i phidng c6 s&
chiéu bé nhat chia cde difm M1, 1, -3, -2), Mi(-2, 0, 0, O),
My(1, 2, 0, -1), va c6 phuong chua céc phuong a3, 3, 1, 0),
b(1, 1,1, 0). '

1.14. Trong A5 vigt phuong trinh tham s6 va phuong trinh téng

© quat cia mit phing P di qua ba diém (2,-1,3,4,0), (-1, 1,0,1,5),
(1, 2,7,6,1) va viét phuong trinh tdng quét cha mat phing P
song song véi P dong thdi di qua diém M(o, 0, 1, 2, 3). '

L.15. Vi&t phuong trinh tham s6 cta c4j phing cho béi phuong trinh
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téng quéat sau diy trong A

5%, + 6Xo— 2x3+ TXe+ 4% -3 =0

2%, + 3x2— Xg+ 4x4+ 2x5-6 =0
1.16. Cho hai dudng thing d;, d; trong khdng glan af'm At I-)u'cng
thang d;, di qua A(l, 0, -2, 1) ¢6 phuong a(l, 2, -1, -3) va

duing thing d, di qua B(O, 1, 1, -1) ¢6 phuongb (2, 3; -2, -4) .
- Vi€t phuong trinh cia c4i phang c6 s8 chiéu bé nhét chia hai
duting thing d6.
1.17. Trong khéng gian A*:
a) Viét phudng trinh tham s¢ va phuong trinh tng quat cia

cdi phing c6 s chiéu bé nhit chuia hai dudng thang d,, d2 cho
béi phuong trinh eda ching sau day :

X =
Xo =2+t
dy: 472 ds: ~X, +1=0
’ ! X3=3+'t 2 *2 33_‘0
X4:4+t -

b} Cho hai diém A(1, 3, -1, 2), B(-1, -2, 1, 8). Hay tim. toa
d6 giao diém cila dudng thing AB véi cdc siéu phéng toa do

1.18. Trong A® xét vi tri tuong dsi coa hai cdi phéng P va @ cho
béi phuong trinh cda ching sau day :

_ 3x; - 5%y -~ 2x3 +2x, -7=0
4%, +Txy +4%xg +4x,-10=0
Q- 4%, - 9%y -3y +Tx, +14 =0
’ 2x1—6X2“3X3+2X4+10=0

1.19. Trong A% xét vi tri tuong d8i cla hai cdi phing P va Q sau

day:
P:rxs=Xy=%5=0
% =0
Q: <Xy =0
X3 =1
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1.20. Cho tap M ={A,, A}, .., Ap} gom m+1 diém djc 1ap cia khéng
gian afin A" Goi N va N' 12 hai tdp con khong réng va khong -
giao nhau ciia M. Chitng minh réng ¢6 hai cdi phang Ava A
chéo nhau I4n lugt chita N va N".

1.21. Chitng minh ring néu hai cai phing A® va A% song song véi
phéng A thi giao AP~ A® néu c6 12 cdi phing song song vdi A"

1.22. Cho hai siéu phing A va A’ ¢4t nhau. N&u A n A’ song song
v6i sidu phing o thi a m A va a » A’ (néu ¢6) s& song song véi
nhau. :

1.23. Cho hai cdi phing A° va A% (p < q) cda khong gian afin A" c6
phuong trinh téng quat 1a :

Zauxj+b =0 v§ii=1,2,..,n-p

Zc x.+d, =0 v6ii=1,2,..,n-g

il

Ching minh ring AP ciing phuong v6i A% khi va chi khi hg
phudng trinh :

n
Zcijxj =0 vdiil= 1, 2’ T e
ol
14 hé qua cha hé phuong trinh :
Zaijxj =0 vdii=1,2,..,n—-p
j=1

1.24. Trong khéng gian afin A*, vdi muc tidu afin cho trude, hay
tim giao diém ctia duong thing AB vdi cde sidu phidng toa dé,
bi&t ring :

a) A(4, 3, -1, 2}, B(-1,2,1, 5)
b) A(ly -'1, 2’ '_‘2) ¥ B(3) 23’ _3; 1)
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1.25. Trong khéng gian afin A" véi muc tiéu afin da chon hiay ‘xét
vi tri tuong d6i cia hai dudng thing AB va CD cho biét :
a) A4, 0, -1, 2}, B(0, 3, 2, 1), €(1, -1, -1, 0), D(2, -1, -4, -5)
by A(-2, 2, -2, 2), B(7, -1,7, -1), C(-1, 2, 3, -4), D(5,-1,-3, 11)
1.26. Trong khong gian afin A" cho m-phing A™ va mét diém B
khong thuge m-phdng d6. Ching minh riing tén tai duy nhat
mot m-phéng chia diém B va song song vdi m-phing A™ da
cho. )

§4, §5
1.27. Cho k di€ém M,, M,, ..., My cha khéng gian afin A® va m,,
me, ..., my 1a k 56 thude truong K théa min dide kién m, +

+mg+ . +my =0

V6i mdt diém S tiy y cla A" ta xdc dinh duge mot didm G duy
nhit goi 1a tam ti cy cia hé diém M,, M,, ..., M, dng véi ho hé
$0 m;, mg, ..., my sao cho :

Tl m; SMi + mySMz + ... + m, SMy

w

m; + Iy + .. +my

Chung minh riing khi d6 ta c6 hé thic :

miGM; + MzGMs + ...+ MyGMy = 0
1.28. Trong A" vdi myc tidu afin da chon, gid st k diém M;, Ma, ..,
» My e toadd 1a :
M= (X, X3, ooy Xy)  VOii=1,2, .,k
va tdm ti e G cé toa dd (X, X;, .., X,,) thda man hé thic

m GM; + MGM; + ... + MeGMj = 0
véi m; + mp + .. + my # 0. Chitng minh ring:

1 2 k
m;Xj +MoX] +...+ M X]

Xj:
m; T Mg + ...+ Iy
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1.29. Cho m-phing o x4c dinh b&i m+1 diém déc lap P,, Py, ..., P

Ching minh réng « 1a tdp hgp cdce tAm ti ey cda hé diém dé
gén v6i ho cdc hé s6 khéc nhau .

1.30. Trong A" gia si hé p diém M;, My, .., M, ¢6 G 1 tam t{ cu

ung vdi ho cde hé s6 my, my, ..., m; v6i my + mp+ ..+ my =0
va H la tdm ti ey cia hé diém M, My, .., My vdi k < p, 1a hé
con clia hé diém da cho, tng véi cdc he s6 my, m,, .., m, véi

m;+ Mg +. +my 0.

Ching minh ring tam ti ey G néi trén trung véi tam ti ey C

ctia hé diém (H, My,;, My,o, ... M,) dng véi cdc hé so

k
(ZmJ,mk+l,mk+2, »Tng ) v6i Zm + Mg, + Mg + .+ my, # 0.
J 1 J=]_

1.31. Trong A" cho G la tam ti cu cdc hé diém (P, P,, .., Py) .gén
vdi ho cdc hé s8 Ay, Ao, ..., A.

a) Ching minh rdng néu thay tat c4 céc hé s6 A bing k\; véi
k # 0 thi tAm ti ey G néi trén khong déi.

b} Trudng hop cdc he s6 A = Ay = .. = A diém G goi la trong
tdm cGa hé diém P, P,, .., P,. Hiy tim trong tAm cia doan
thdng AB va cla tam gidc ABC

1.32. Ching minh ring v6i hai diém P va Q phén biét tap hop
nhing di€m M sao cho MP = k MQ v6i k < 0 1a mot tap 14 .

1.33. Cho mjt hinh 16i F chita ba diém A, B, C khéng thing hang.
Chiing minh rdng tam gisge ABC thuje F .

1.34. Cho ti s8 don (ABC) = A nghia la AB= AAC . Hay chiing

minh :

- 1 (ABC)
ABC)= — - b) (BAC) = 288
2) (ABC) acp’ P (BAC) (ABC) -

¢) (CBA) =1 - (ABC).

1.35. Cho ba m-phing P, Q, R song song ciia A" lan luot cft hai
du‘Emg thﬁng d; va d, tai Py, @4, R,va P, Q:, Ro.
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Chitng minh ring :
a) (PyQR)) = (P2Q:Ry)
b) QQ,=(1-p)P,P, + pR,R, trong dé (P,QR) = p
1.36. Cho ba siéu phlng P, Q, R cia A" cing di qua mét
(n-2)-phéng. Ching minh ring néu P, Q, R cung cit hai

dutrng thing song song d, va dy 1dn lugt tai Py, Q,, R, va P;,
Q2 Ro thi (PiQuR) = (PyQ:R,) .

1.37. Trong A" cho hai siéu phing o va o ¢6 phuong trinh ldn luot
la:

iaixi +b =0 va icixi +d=0
~ =

a) Tim diéu kié¢n dé « va o cit nhau, song song, triung nhau .
b} Chidng minh ring phuong trinh tdng qudt cia céc siéu

phéng di qua giao « N « (néu ¢6) hodic song song véi o va o
(néu o M a' = &) cé thé viét dudi dang :

n n
l(Zaixi +b) + z:cixi +d)=0
i=1 i=1

vdi' A vd u khéng déng th¥i bing 0. Nguti ta goi d6 Ia
phuong trinh cha chum siéu phing xdc dinh bdi hai siéu
phing o va o'

§6

1.38. Chitng minh ring trong A3 cho siéu phéng « phep chiéu song

song theo phuong vecto m khong thuge phuang o 12 moét 4nh
xa afin. :

1.39. Cho khéng gian afin A" véi mue tiéu afin {O; e;, e;, ..,
e, }. Vi mbi didm X = (xy, Xg, ..., X,) ta dat tuong ing diém
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X' =(0, X3, %3, ..., X,) ta dugc 4nh xa £ A" - A" ma fiX) =
Chitng minh riing f 1a d4nh xa afin , né lién k&t véi énh xa
tuyén tinh nac ? Anh KA") la tdp nao ?
Hay minh hoa phép chiu song song nay treng khéng gian
afin ba chiéu .

1 40. Che hai khéng gian afin A va A'. Cé phai mgi d4nh xa
f: A —» A déu la 4nh xa afin hay khéng ? Néu khong, hay dat
diéu kién d€ 4nh xa f trd thanh 4nh xa afin.

1.41. Trong khong gian A" cho m-phdng P c¢é phuong V™ va
' (n-m) - phdng Q c6 phuong V" ™ sao cho VP~ V> ™ ={ 0 I3
a) Chiing minh P va Q chi ¢6 mjt diém chung duy nhit .
b) Goi M 12 mdt di€m b4t ki ciia A", goi P’ 1a m-phing di qua
M va song song véi P. Goi Q 1a (n-m) - phing di qua M va
song song véi Q . Chiing minh rdng P' va Q chi ¢4t nhau tai 1

diém ; Q' va P ciing c4t nhau tai 1 di€m va ki hidu cde diém
d6 14n lugt 1a M, va M,

¢) Xét dnh xa p: A" - P sao cho p(M) = M, va anh xa
q: A" > Q sao cho q(M) = M, . Céc 4nh xa d6 1an lugt c6
tén 1a phép chiéu lén P theo phuong V' ™ va phép chiéu lén

Q theo phuong V™ . Chiing minh ring p va q la nhimg anh xa
afin thdéa min cdc tinh chat sau day :

P=p; =q; pg= qp-1trongdélk1hleuchoénhxa
hing .

d} Ching minh réing néu c6 mot di€m A thude P va diém B
thude Q thi luén ludn c6 mdt difm X duy nhit cia A" sao cho
pX)=A, X =

1.42. Trong mit phing afin A? cho phép afin f bidn d8i cde didm
nhu sau: A(1, 1) = A, D
B(2, 0) — B2, 0)
C(1,0) — €22
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Viét phuong trinh phép afin dé dbi vdi muc tiéu di chon va
dé1 v61 muc tidu {A; B, C ) . :
1.43. Trong khéng gian afin A® véi muc tiéu dd chon cho cac diém:
A, =(1, 1, 1); A =(20,0; A, =(1,0,00; Ay =(1,1,0)
Ay=(0,0,00,A7=(00,1,00;A5=(2,0,1); A%=(1,0,1)
a) Ching minh bén diém A,, Ai, As, A; va bon didm A',, A'),
A'y, A'y déu doc lap . _
b) Lap phuong trinh phép bién d8i afin f: A* > A® sao che :
flA) = A, 1=0, 1,2, 3 461 v6i muc tidu di chon .
¢) Tim céc diém kép va phuong bat bién cia phép afin dé .
d) Viét phuong trinh phép afin f d6 d6i v6i muc tidu
{Ag Ay, Ay, Ag}.
1.44.Trong khéng gian afin A® cho mét tif dién ABCD. Lap phuong
trinh phép bién ddi afin f d6i véi mue tidéu {A; B, C, D} sao
cho
f(A) = , iB)=A, f(C) Cc, f(D)=

1 45. Trong mit phﬁng afin A° cho phep bién d&i afin f d6i vdi
muyc tidu di chon :

£ Xy =2x; —3xy -7
" {x} = 38x, -5%, ~9
Hay tim phép afin .
1.46. Trong A? cho phép bién ddi afin f d61 vdi muc tidu da chon:
. X =3x; +2x5 -2
D xs = 2% +2x, -1
a) Tim-dnh va tao Anh clia didm M(1, 2) .

b) Tim anh vA tac 4nh clia dudng thdng c6 phuong trinh
3%, + 2%, -6=0 .
¢} Tim diém kép ( diém bat déng ) cha phép afin f.

1.47. Trong khéng gian afin A" cho céng thic ddi mue tiéu :
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Xi=¥V1+ye+¥3+ ... +y, +1

Xy = Yo+ ¥s+ ... +y, +2
Xy = Ya+...4+¥, +3
X, = Yo 41
trong do (x), X, ..., x,) 14 toa d6 clia mot didm X thude A" 451

v6i muc tiéu thi nhat va (v, ya, ..., ya) 12 toa o clia didm X d¢
ddi v6i muc tiéu thi hai. Lap phuong trinh phép bién déi afin
d6i vdi mue tiéu thit nhit va bién muc tiéu thit nhat thanh
muc tiéu thi hai.Tim toa do cie dinh eGa muc tidu tht hai d6i
v@i muc tidu thi nhat. '

1.48. Ching minh ring trong A" néu mat phép afin feé n +1 diém
kép doc ldp thi fla phép déng nhat .

1.49. Trong khéng gian afin A" phép afin f: A® > A" 13 mét phép
thdu xg afin néu ¢6 mdt siéu phing A" sao cho moi diém M
cua sieu phlng dé déu la diém kép. Sisu phing A™* duge goi
1a nén thdu xa . Hiy chon mat muc tiéu afin thich hop va
viét phuong trinh cda phép th&u xa afin d6 . Sau 46 ching
minh ring néu phép thiu xa afin khong phai l1a phép déng
nhat thi cdc dung thing néi mot didm véi anh phén biét cha
nd hodc song song vdi nhau hodc tring nhau.

§7
1.50.Ching minh ring tap hgp cdc phép tinh tién trong khéng
gian A" lam thanh mot nhém .

1.51. Trong khéng gian afin A" cho tam gidc ABC va cdc diém P,
Q, R lan lugt nim trén cdc duong thdng BC, CA, AB. Ching
minh diéu kién cdn va au dé ba diém P, Q. R thing hang 14 :

(PBC)(QCA).(RAB) = 1 (dinh li Ménélaus).

1.52.Trong khéng gian afin A" cho tam gidc ABC va cdc didm A,
B, C'lan lugs thuge cdc canh BC, CA, AB. Chitng minh ring
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didukién cAn va da dé ba ditang thing AA', BB', CC' déng quy
Tas
(A'BC L(B'CA).LCAB) =-1 (dinhli Céva)

1.53.Cho don hinh m-chiéu A,A,.. A, . Diém G goi 1a trong tam

c(a don hinh 46 néu: ZGA; =0
. i=0

a) Ching té trong tam cia don hinh 14 mét khdi niém afin .

b) Chuing minh réing didu kién cin va dd dé cho G la trong
tdm ciia don hinh A A, ... A, 12 vdi moi didm O ta déu c6 :

_ 1om
0G = OA;
m+1 ;

¢) Ching minh ring trong mét don hinh cdc dudng thing néi
hai trong tim cia hai m#t bén d6i dién ludn luén di qua mot
diém. Ph4t biu két qua d6i véi truang hgp don hinh hai chiéu
va ba chiéu .

1.54. Chitng minh ring dnh cia mot tap 16i qua dnh xa afin la mét

tap 16i .

1.55. Nhom bién déi 16n nhat cia khong gian afin A 14 nhém nao

? Hinh hoc cia nhém dé nghién ctu nhing tinh chat gi cla
khéng gian afin A .

1.56. Hai hinh binh hanh bat ki ¢6 tuong duong afin hay khéng ?

Vi sac?

1.57.Tim diéu kién d€ hai hinh thang tuong duong afin.

1.58. Mat phlng Oclit 1a mat phing afin. Trong nhitng dinh Ii sau
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day dinh 1i nao thude hinh hoc afin

a) Trong mot tam gidc ba dudng trung tuyén dong quy

b) Trong mét tam giac ba dudng phan giie trong déng quy

¢) Trong mot hinh binh hanh, hai duting chéo cit nhau tai
trung diém cha méi dudng .



d) Hai du¥ng chéo clia mét hinh thoi vudbng gée vdi nhau lai
trung diém cia mbi dudng .

§8

1.59. Trong khong gian afin A* | véi muc tigu afin cho trudc , hay
%€t vi tri tuong doi cla dutmg thing (d) di qua hai didm A(0, 0,
3, -3), B(O, 0, 11, -11) va siéu mit bac hai (S) ¢6 phuong
trinh :
x‘;"' + xg — 2% X — 3y Xa + 4XoXy + X3 + Xy = 0
1.60. Trong A® v4i muc tiéu da chon
phuong trinh :

, tho dudng bac hai cé

xf —3x1xz+2x§ -0% + 2%, -3=0

a) Tim phuong tiém cdn cGa dudng bac hai da cho .

b) Tim tam ciia dudng bac hai d . |
1.61.Tim giao cia mot siéu mat bac hai véi mdt m-phing trong A"
1.62. Trong A” v4i muyc tiéu da chon, cho dudng bac hai c6 phuong

trinh :

252 +2x% + 13x3 - 18x, — 18%, - 27 = 0

Tim tdm va dudng kinh lién hep vdi phuong ¢ (1, 1),

1.83. Mot siéu mat bdce hai (8) ciia khong gian afin A" goi la mét

siéu ndn bdc hai néu c6 thé tim duge mét myc titu {E,; E;} sao
cho ddi v6i né (S) ¢6 phuong trinh -

[x]*Alx] = O trong d6 hangcliaAlar>0.
Hang clia A ciing goi 14 hang cda siéu nén (S) .
a) Chiing 16 ring siéu nén hang r 1a mét kh4i nidm afin.

b} Ching minh ring n&u diém X thube (S) thi dudng thédng
E.;X ndm hoan toan trén (S) . Buing thing d6 goi 1a dutmg
sinh eda sidu nén (8).
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¢) Chuing minh ring vé moi siéu nén (8) luén Judn cé6 mot
m-phing P v6i 0 < m < n - 1, nim trén (S) sac cho néu M
thude (S) thi phing di qua P va M ciing nam trén (8). Ta goi
m-phing P 1a dinl cua sidu nén (S) .

1.64. Mot siéu mat bac hai (8} cla khong gian afin A" go1 la mét

siéu mdt tru néu ¢6 thé chon mét muc tidu {E,; E;} sao cho doi
vGi né phuong trinh cia {S) cé dang :

f(x), Xz ..., %) =0, m<n (1)

trong dé f1a mot da thide bac hai d6i véi x4, Xz, ..., Xm

a) Chiing t6 riing siéu mat tru 1a mdt khdi niém afin.

b) Trong m-phing &i qua cdc diém E,, E;, ..., Ey ta chon muc
tidu toa do 1a {E,; Ei, ..., Eg}. Chiing 16 réng giac cGa (S) vdi
m-phing néi trén 14 moét siéu mat bac hai cua khéng gian afin
m chiéu A™ ma phuong trinh cda siéu mat bac hai dé chinh la
phuong trinh. (1) . Siéu mit dé goi l1a ddy cia sidu mit try (S)
ta ki hiéu né la (8').

¢) Gai V™™ la khong gian vecto vdi co s 1a {E E; }, 1 = m+1,
., 1n. Ching minh ring néu diém Me (8) thi moi
(n-m)- phing di qua M ¢6 phuong V'™ déu nim trén (8). Ta
goi (n-m)-phing d6 1a phéng sinh cbha mat tru.

d) Ching minh rdng néu p : A" » A™ la phép chiéu léen A"
theo phuong V™™ thi f5) = (8.

1.65.Trong A® tim phuong trinh chuén tdc cih mdt sidu mit bac

hai (S) ¢6 phuong trinh 461 v6i mdt hé toa do afin da cho la:

xf + 5,x§ + xg + 2%Xs + BXoXg + 2%X3%; — 2%, + 6%z + 2X3 =0

1.66.Trong A®, tim dudng sinh thing ciia cdc mat bac hai :
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x2 yz - '
a) (Sy): e z% = 1 di qua diém M(3, 2, 1)

x? y? .
b} (S2) : T 2z di qua diem N(3, -4, 0)



C. HUGNG DAN VA GiAl

§1, §2

1.1. Gia su trong khong gian afin A" ta c6 mét hé m+1 didm A,
Ay, .oy Ay ddc lap .V6i moi di€ém O bat ki, tir ddng thite

Zl OA; =0va Z}
1=d}

ta can ching minh A,=A;= ... = 4,,= 0 .

Ta ¢6 - ZA OA; ZA(OAO+A0A)~

=0
=2 108 + 2 1A
=0 i=0
:il]O{gﬂ‘ + lDAUAO + illela:’ = 0
i=0 i=1

m .

Vi Y 2,04, = Gva AyAgA, = 0 nén ZLAA-O

i=0 i=1
Do hé diém A, Ay, ..., A, d6c 1ap nén ta c6 A, = he =..=Ag, = 0.
Hon nita vi ', =0 nén ta suy ra A, = 0 . Vay ta da ching
i=0

minh duge A, = A;= ... =1,=0.

Nguge lai tit hai ding thic ZliOTKi= 0va le = 0ta suy ra

i=h i=0
Ao= X =..=2,=0, cdn chitng minh riing hé m+1 diém A, A, L,
A, 1a doc lap
Tacod D> 20A =0 o D a(0A, +AA)=0
=0 i-0

& YAORy + SMAA] = 6

i=0 i=0
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Vi Zx =0 va Ay = Xy -...= Ay = 0 nén vdi déng thUch 0A; =0

i=0) i=l

ta suy ra hé m vecig {AOAi}‘vdi i=1, 2,.., mla djc lap tuyén
tinh. Do d6 hé m+1 diém A, A, Ay, ..., Ay 14 déc lap.

1.2. Ta biét réng toa df ciia mét di€m X trong khong gian afin A®
d6i v6i muc tidu afin {E,; E,, E;, E;} chinh la toa d¢ cla vecto
E,X d6i véi co s& tuong dng ctia myc tidu d6 la{EOEI,EOE.Z ,EOES}

Viy ta cé :
B =(1,1,0)
C=(0,1,1)
o D=(1,0,1)
C=(,1,1
Goi M, N, P, Q, R, S theo
thif tir 14 tdm cla cdc mit bén
ABB’A’, ABCD, ADD’A’,
BCC'B’, AB'C’DY, DCC’D’. Ta

- . il . .
B{0,1.) C c6 AM = EAB . Do dé ta tinh

AT(1,0.0) D’

duge tdm M cia mat bén ABB’A’ ¢6 toa db la (—;—,%,0 ). Tuong tu ta

suy ra:
Tam N cia mit bén ABCD c6 toa do la (0,%,%)
Tam P chGa mat bén ADID’A’ ¢6 toa do 1a (%, ,%
Tam Q cba méat bén BCC'B’ ¢6 toa dd la (%, ,%)
Tam R clia mat bén A'B’C’DY ¢6 toa dd 1a (1 ,l,l}
2°2
Tam S cia mat bén DCCTY ¢6 toa do Ia (% %,1)
1.3. Trong khéng gian afin A" ta cé cong thite d8i muec tidu la:
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(x] = A*[x’] + [a]
trong dé {x], [x’] l4an lugt la ma tran cot toa db cda diém X 48i
v6i mue tiéu {E;E,}va muc tiéu {E';;E.}, cdn [a] 13 ma tran toa

dd cla diém E’, déi véi muc tidu {E,;E;}. D& lap cong thdc déi
muc tidu ta can tim ma trdn chuyén A tit myc tiéu {E,;E,} sang
muc tidu {E';;E,} va sau d6 ta tim A* . Ta c6 :

EVE, =Q —8;,-8g,...,~8,)

E_FOET; = (_al:l -4y, ""_an)

E'O El; = (—31 » "Bg, vul- au)

Do d6 ta tim duge ma tran chuyén A 1a

l-a; -a, .. -a,
-a, -8y .. l-a,

Ta dé dang tim dugc A* va lap dugce cong thife déi muc tiéu la:

Xy 1-a; -a; .. -a |[x] a,
Xs _ —dg 1- ag ... —do xtz . ag
X, —a; -a, l-a, ||x', a,

1.4. Truge hé€t ta cAn tim ma tran chuyén A tir muc tiéu cii 1a
{A; B, D} sang muc tiéu mdi la {O; B, C}

Déi véi muc tidu {A; B,
D} ta dé dang tim duge .
toa dj cdc diém sau day :

A=(0,0),B=(1,0),

D=0, 1,C=0, 1),

11

B (1.0) C (1,1

A (0,0) D01
T d6 ta tinh duge toa
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—— 1 1 1 1
OB =(1-~,0-2)=(=,—
( 5 2) (2 2)
1 1 11
OC =(1-=,1-—)=(=,=
( 2 2) (2 2)
Do dé ta c6 ma tran chuyén A la:
1 1] 11
A= 2 2 = A¥ = 2
11 11
2 2 2 2

Vay ta ¢6 cong thite d6i muyc tiéu ¢an tim la :

11 1
|_l2 2)x],|2
x] {1 1jixp) |1
2 2 2
X —1x'+1x’ +1
1 =X X+
hay 21 2 21
xz-—5x1+—xé+§
B I ¢ Cach khéc . Dya vao

' tinh chit hinh hoc cia
/\M hinh binh hanh ta ¢6
G 5 1 thé& biéu thi cdc vectd
%\/ O—B vA 66 qua A_B va

A 5 > + AD bing c4ch vé qua
’ O céc doan EF// AB va

Tacé: OB = —F+6G=—;-KE—%A—D
e i 11—
OC = OF+OH=§AB+5AD
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Do d6 ta c¢d ma tran chuyén A :

A=

b= B |~
—

sau dé ta ti€p tue nhu di lam § phén trén.

1.5. Trong mat phdng afin chia tam gide ABC , d6i véi miuc tiéu
{A; B, C} ta tiin duge toa do afin cda cdc didm sau day :

A=(0,0), B=(1,0), C=(0, 1), G:(%,%}

Mudn tim céng thic ddi muc tidu khi chon mue tiéu ca la {A;
B, C} va muc tiéu mdi la {G; B, C} ta cdn tim ma trén chuyén A
tir mue tiéu {A; B, C} sang muc tiéu {G; B, C} . Tacé:

—Bz(z,_l) 2 1
3 3 B 3 _A*
12 1 2
GC=[-12 = 2
[ 3’3] 3 3
Véy ta ¢6 cong thie d6i mue tidu cin tim 1a

2 1 1

<115 3] |3
Xy 1 X,
3

[FCR I ]

D& v6i muc tidu {A; B, C}
trung diém cia cdc canh BC, CA,

AB 1an lugt c6 toa dé 1a (%,%J,

1 1
0, = —, 0
(,2), (2,0)

Ap dung cong thitc déi muc
tiéu ¢ trén ta tinh duge toa dd
(X1, X'2) cha cde trung diém néi
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trén d&i véi muc tidu mdi{G; B, C} 14n lugt 1a (%, %), (w-% , 0,

i
0, -=).
(,2)

Céch khéc ; Qua trong tAm G cla tam giac ABC ta vé GM // AB va
GN // AC (xem hinh v&). Ap dung tinh chat hinh hoc ciia trong
tam G, tacH:

1o 2= 2

GB-=GN+NB=-LZ6+2AB - 2AB - LAC
3 3 3 3

Al
15z 2 270
3

G—C=w+ﬁ(f:—§AB+gA_C=—%A—B AC
2 1
Ta ¢6 ma tran chuyén A = 31 23 = A*
'3 3

va tiép tuc nhu da lum § phén trén .

1.6. Gia st trong 4 diém da cho c¢6 it ra 1a ba diém A;, A;, A
khéng thing hang nghia 12 hai vectd AA, va A A, khong cung
phuong . Khi d6 néu 4 diém Ay, Ag, A, A, thude mot mit phing
thi ta co :

AA, =2A A, +uA A,

hay PA, -PA, = MPA, -PA, ) +n(PA; -PA])

oG +u-1PA -1PA, -pPA;+PA, =0
Détal'=l+u—1, Qg =~A, g=—U, o4y = 1tacd:
oy +0g+ 03+ =A+pu—-1-%-p+1=0trongdbcé a0

Nguge lai gid sif ta cd :
o, PA, +a,PA, + a3 PA; +a,PA, =0

. vi O + o 4 Oy + g =0 v oy # 0.
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Khi d6: ~LPA; + 22 BA, + S pA; + PA, = 6
Oy Oy Oy

hay PA, -PA| = ~—LPA, - 22 A, - %3 pa PA;

. — a [ —— 0‘_ [ C( + a ——————
AjAy =——2PA, - APA, -1 T4 Pa;
%y B Gy

al +0[2 +(13 +Cf-4 PK"
- 1

Qg

ma o) + otz + Q3 + oy = 0 nén :

A= 2AE DR
o

4 4
CL. o

bat -—2=x, —-2=ptacs
a, o,

AA; =AAA; +uA A,
Ta suy ra 4 di€m A,, Ay, A;, A, thuge cing mot mat phing
1.7.Tacé OA =(-1,4) = o]
OB =(1,-3)= ¢}

{O; ef , e} }, ta cé:

-1 4 -1 1
C= = C¥ =
1 -3 4 -3
Ap dyng cong thie di muc tiéu [x) =C* [x'] + la,), dédi véi difm
M(5, -1} ta cé (X;, Xz) =(5, -1) . Do dé :
Xy =X +X3+2=5
Xp =4x; -3x;, -3=-1
Gidi hé phuong trinh nay ta tim duge toa do (¥, X'y) clia diém
M d6i véi myc tiéu {0 A, B) 1a M =(x"), X3) = {11, 14)
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1.8. a) Theo gia thiét ta ¢6 AM = qA_ﬁ +BAD.
Tacé CM = CA + AM (theo hé thite Chasles)
Vi CA = CB + CD ( theo qui tdc hinh binh hanh )

(vi AB = -CD va A = -CB)

Do dé .
CM = CA + AM = CB + CD - «CD - pCB
s . hay
« C CM=(1-BCB+QA-a)XCD.
. Vay diém M c6 toa do
ddi véi muc tidu afin {C; B,
N D} ta
A 1
M = (1-, 1-a)

b) Tuwwng tu ta tinh duge M = (B,1-a) d&i véi muc tidu {B; C, A}
¢) Tuong ta ta tinh duge M = (x,1-B) @61 véi mue tiéu {D; C, A}.

§3
1.9. Trong m-phang P cho trude ta ¢6 thé chon duge m+1 diém doc
lap A,, Ay, ..., A, .Goi B la mdt diém cho trude khong thudc m-

phang P. Ta ching minh hé diém :
{ALALA, AL BY

la mét hé gom m+2 diém doc lap .

Thue vay néu gia st hé diém d6 12 mot hé diém khéng dac lap
thi diem B lai thudc phing P 1a diéu trai véi gid thiét vi m-phing
P dugc xdc dinh bai m+1 diém déc 1ap A, AL, ..., An . Vay cd

(m+1)-phang Q duy nhit xde dinh béi m+2 diém doc lap
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A, A, Ay, ., A, B. Ta can ching t6 rdng phing Q nay chua tat
cd cdc diém cda phing P va phing Q nay la duy nhat. Ta c6 :
Xe Qs BX = t,AA + vt AA +t AB.

V61 cde tham s§ ty, ty, ..., tme trong d6 gid tri tham sé ¢,,,; = 0
ta ¢6 phuong trinh tham s6 cia phing P. Vay phéng Q chua tat ca
cdc diém cha phdng P. N&u ¢6 mét cdi phidng Q' khic cing 1a m+1
phing di qua diém B va chua phing P thi Q ciing chita cde diém
Ao, Ay, ., An, B 12 mot hé m+2 didm dc lap.Vay Q eiing duoe xdc
dinh bdi m+2 diém doc lap chita trong Q nén Q’ trang voi Q .

Cach khéc . Goi T la phdng tdng ctia 0-phing B (13 1 didm ) va
m-phéng P cho truéec . Ta c6 T = B + P, Phdng téng nay duge xdc
dinh duy nhat va ta chi cin ching minh ring phang téng T nay cé
$0 chiéu bing m+1 .

Vi di€ém B khong thudc phing P nghia la B va P khéng cé
diém chung, 4p dung céng thic tinh s& chidu cla phing téng ta c6:

dim (B+P) =dim B + dim P -~ dim(0 A V™) + 1 .

. =ma+1 '

Vay c6 mot (m+1)-phdng T duy nh4t di gua dim B cho trude
va qua m-phéng P cho trude khong chia diém dé |
1.10. Ta l4p phuong trinh tham s§ cia m-phing P xdc dinh bai
m+1 diém déc lap By, E,, Es, ..., Em (m < n) cha myc tiéu {Eg; E;}
nhu sau :

m+]

Xe P o EX =\ EE, +t,EE, +...+t_E,E

m *

XePs ix, =t

m m
Xmy =0
x]l = 0
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~ Mugn lap phuong trinh tong quat cia P 1a céi phéng m chiéu ,
ta khit cdc tham 86 t,, ts, ..., ty tif phuong trinh tham sé & trén ta
dugc phuong trinh téng quat gébm n —m phuong trinh sau day:

Xmel = 0

X, =0

Phuong trinh tham s& cia phéng Q xac dinh bdi cdc dinh cdn
lai Enuis Brszy - 2 By cia muce tidu {Ey; Ea

Xe Q < Er;ul—'x = tm+2 E_m:-; Em+2 ot tn Em*lE

n’t

rxl—-—U
XZZO
X, =0
XeQ o ™
. Xm+1 letm+2_t’m+3““_tn
Xm+2:tm+2
X, =t

Muén lap phuong trinh téng quat cia phing Q la c4i phing
n— m —1 chidu; ta khif cdc tham s6 ty.2, tmea, ---» tn U phuong trinh

trén day etia Q va duge phuong trinh téng quit gém m phuong
trinh sau day :

Xl = 0
XQ = 0
Xll'l = O

=1

Xim+i + Xpag T b Xy

Chi y ring phidng Q la c4 phing duge xac dinh "bdi
n+l-(m+1) diém doe tap nén Q la cai phdng n-m-1 chiéu va duoe
biéu thi bang hé phuong trinh gém m+1 phuong trinh néu trén .
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Khi m=n, ta ¢6 phing P chia n+1 dinh Eo, Ey, ..., E. ciia muc
tiéu {E,; E;} nén P la toan bé khong gian afin A® Ta suy ra khi dé
s& khong ¢6 phing Q nia.

L.11. Goi P la m-phéing x4c dinh bdi cdc didm E,, N N E, coa

muc tiéu {Ey; E;}. Pay la mét hé gém m+1 diém doc lap . Cdc dinh
con lai cGa mue tiéu Ia E, JE . Ey . Tuong tu nhu d6i véi

m-Y

bai 1.10 ta ¢6 phuong trinh tham s& ciia m-phdng P 13 :

XePo E, X =1, B E,, + LB E, +.. by E E, .

[xl =t
Xg =ty
Jxm tm
Xma =0
X, =0

Ta suy ra phuong trinh téng quét cta P 13 :

Xm.t = 0

1.12. Ta nhan thay {5, 5} la mét hé vects doc lap tuy&n tinh nén
ching c6 thé dung lam co s& cho phuong clia cdi phdng c6 s& chidu
bé nhat théa min cdc didu kién clia bai todn .

XeA" o MX =tja+t,b .

x,+17  [2 0
X; -0 1 0
< t +i,
X3 —2 4| |7
Xy -2 4 7
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=X = 2% -1
Xp =1y

}:}(3 =X4

Ta ¢6 phuong trinh téng quat ctia m-phéng cdn tim 1a :
X —2x5 +1 =0
X3 - X4 = O
CHU Y. Do cach khit tham s6 khdc nhau ta cé thé biéu thi

phuong trinh téng quat cGa m-phing cAn tim bing cdc hé hai
phuang trinh khdc nhau .

1.13. Ta co6

MM, =(-3,-1,3,2)
M,M; =(0,1,3,1)
a=(3,3,1,0)
b=(LLL0)
Xét dinh thitc toa do ciia 4 vecto nay ta thay ring :
¢t (2) — bt (1) = ¢t {4)
Vay 4 vectd M;M,,M;Mj;,a,b 1a mdt hé phu thudc tuyn tinh.
D& dang thdy ring ba vectos M,M,,a, bla doc lap tuyén tinh

vi ma trin toa dé cla chiing ¢6 mdt dinh thiic cp ba khic khéng.
D6 1a dinh thiic :

Ta lap phuong trinh cdi phing di qua diém M, va c6 phuong
xdc dinh bdi ba vectg dbe lap tuyén tinh la MIMS,Q,B . Bé6 chinh

12 c4i phing cd s6 chidu bé nhat can tim . Ta ¢6 :
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MX = t,M,M; + t,a + t,b

x, -1 0 3 1
x, -1 ¢ 1 ¢ 3 ¢ 1

= + + t,
X, +3] '[3] l1| 1
X, +2 1 0 0
X =1+3t, +t, (1

X, =1+t +3t, +t, (2
“3+3t, +t,+t, (3)
X, = -2+t (4)

i

Hé ba phuong trinh d4u dae lap. Lay (2) — (1) ta c6 :
Xo — X, = tl
Thay gid tri cia t, vao (4) ta c6

Xg==-2+ X3 — %3

hay xl—xz+x4+2=0]

Ta tim duge phuang trinh cha cdi phing cin tim 1a phuong
trinh clia m¢t siéu phing vi né duge bidu thi bang mét phuong
trinh . Ta nhan xét va thdy ring siéu phéng nay khong di qua gbe
toa dé E; (vi toa do cia E, khong théa min phuong trinh siéu
phing). Mat khéc duting thing E E; song song véi siéu phing nay
(vi trong phucng trinh cia siéu phdng khong chda thanh phéin x,
nghia 12 phuong trinh siéu phing théa man véi moi xs).

1.14. Goi A, B, C la ba diém da cho c6é toa d§ sau day :
A=(2,-1,3 4 0)
B=(1,1,0, 1, 5
C=(1,2,7,86,1)
Tacé AB = (-3,2,-3,-3,5)

AC =(-1,3,4,2,1)
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Hai vects AB, AC & mdt hé déc lap tuyén tinh vi ma trdn
toa d9 cha ching ¢6 dinh thie cap hai khdc khong — Mat phing P
di qua ba diém A, B, C djc lap nhan _!5?3, AClam cip vecto chi
phuong

X, 2 -3 -1
%, +1 2 3
o x, -3 =t |-31+¢,| 4
x, —4 -3 2
_xﬁ_o_ |.5_ Ll_

Ta ¢6 phuong trinh tham s& cia mit phdng P 1a
x, =2 -3t - t, (1)

x, =-1+2t +3t, (2)

< 4x, =3-3t, +4t, (3)

x, =4-3t, +2t, (4)

..x5= 5t1+ t2 (5)
a X, +X; -2
Ldy (1) + (5) ta c6: x1+x5=2+2t1:>t1=_2____
5(x, +x; ~ 2
W(S)tac6:t2=x5_5t1=x5*L_2§_5*_l
-bx, -3 1
Do d6 : t, = —2 2x5+ 0

Thay céc gid tri t;, ty vira tim duge vao (2), (3}, (4)tacé:

X2 =—1+X1 +X5 —2+%(‘5X1 _3X5 +10)
Xg = 3—%(){1 + X5 - 2)-10x; - 6x5 + 20

X4 =4—-%(xl +Xg —2) - 5%y —-3x5 +10 .

50



Rat gon ta c6.phuong trinh téng quét clia mat phing P la :
6,5%, + X, +3,5%, —12 = 0
11,5%, +x, +7,5%x, - 26 = 0
6,5x, +x, +4,6x; ~17=0

CHU Y : Do viée khir tham 56 tif cdc phuong trinh khdce nhau nén ta
sé ¢6 thé cé cac két qua khac nhau .

1.15. Dya vao hang clia phuong trinh téng quét cia c4i phing da
cho, ta biét dé 1a cdi phéng ba chidu (vi 5 — 2 = 3) va do d6
phuong trinh tham s& clia né cé ba tham s6 .

Ta c6 thé dat -

Xz =t
X4 =ty

va thay vao phuong trinh téng quat ta c6 -
| {5:;l +6x, -2t +Tt, +4t, -3=0 (1)
2%y + 3%, ~t; +4t, +2t, -6=0 (2
Nhén phuong trinh (2) véi 2 va trir di phuong trinh (1) ta ¢6
X+t -9=0=2%;=-0 + tg
Thay gid tri cla x; vao phuong trinh (2) ta cé
“18 4+ 2t + 3%t + 4ty + 23— 6=0
& 3x; =24 + 1) - 6t — 2tg

1 2
= Xo =8+ gt;—2t2 —§t3

Vay ta cé phuong trinh tham s6 ciia cai phding da cho 1a :
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X = -9 +1,

X, = 84—t - 2t, —-§t3
X3 = iy

Xg = |2

X5 = ty

NHAN XET : Do ¢6 céc cdch chon tham sé khdc nhau nén phuong
trinh tham sd cia cdi phing dd cho cé thé c6 cde cdch biéu thi
khée nhau .

1.16. Ta ¢6 AB = (-1,1,3,-2)
a=(,2-1,-3)
b=1(23-2-4)

Ta nhédn thdy 3 vecto Kﬁ, 5,5 la mét hé ba vectg dbc lap
tuyén tinh vi ¢ dinh thde :

-1 1 3
1 2 -1j=-2=0
2 3 2

Ta lap phudng trinh cia cdi phing di qua diém A va c6
phuong 14 mét khéng gian vectd V° nhén ba vects {E, 5,5} lam
cd s&. D6 1a cai phing c6 s6 chidu bé nhat chia hai dudng thing
d, va d; di cho . Ta cé :

ﬁ:tlﬁ‘itza"'tag .

x, -1 -1 1 2

x, -0 1 2 3
=t, +t, +1,

X, +2 3 -1 -2

x, -1 -2 -3 -4

Ta c¢6 phifang trinh tham s& clia c¢4i phéng cdn tim la :
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Xy =1-1, +t, +2t4 1)
X2 = t‘l + 2t2 + 3t3 (2}
Xy =1-2t) -3ty -4ty (4)
Tir (1) va (3) ta ¢b -
XI+X;;=—1+2t1=>t1= %(X] + X3 + 1)
Tir (1) va (4) ta ¢é: 2X) + X4 =3~ 4t; — tg
Thay t, =% (%) +x3 +1) vao hé thic trén ta cd:
2X1+X4=3—(2X1+2X3+2J—t2
= te = —4%; — 2%y — x4 +1

Thay céc gia tri tim duge clia t), te vao (4) ta co:

t; = %[1—(x1+x3+1)—3{—'4x1—2X3—x4+1)]

= i—[llxl + 5X3 +2X4 -3 ]

Thay céc gia tri tim duge cia ti, tu, t; vao (2) ta ¢o:
X :%(xl + X3+ 1) + 2(~4x; — 2%, - x4 +1) +%(11x1 + 5X3 +2x, — 3)

< 4%z = 2% + 2x3 + 2 - 32x, - 16x3 - 8x4 + 8 + 33x; + 15%4 +
+ 6}(4 -9

& 3X; — 4% + X3 - 2%, - 1=0

Nhu véy ta duge phuang trinh téng quét cda cdi phing chia d;
va dp 12 mét siéu phiing . Pay chinh 1a phing téng cta d, va d..

CHU ¥: Trén day ta da lap phuang trinh tham s6 va phuong trinh
téng quét cda cai phing c6 s§ chidu bé nhat chia hai dudng thing
dy va d; .N&u dé todn chi yéu cdu viét phuong trinh cfia cdi phing
nao dé thi ta chi cdn lap hoic la phuong trinh tham sé hodc la
phuong trinh tdng quat cia c4i phing d6 1a da .
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1.17 a) Dua vao phuong trinh tham s6 cia dudng thing d, ta dé
dang thay ring dudng thing nay di qua diém A(l, 2, 3, 4) va cb
vectd chi phuong a=(1, 1, 1, 1) . Con d6i vdi dudng thing dy ta c6
thé bign d8i phuong trinh téng qudt cia né thanh phuong trinh
tham s& bang cdch dit x3 = t va ta cé:

x, =0
X, =t-1
X, =t
X, =3

Nhu vay dudng thdng d; c6 vecto chi phuong b=(0, 1, 1, 0) .
Bay gi¢s trén dudng thing d; ta 1dy thém di€m A’ sao cho AA'=a.
Con trén dudng thing d, ta c6 diém B(0, -1, 0, 3) va 1dy thém
diém B’ sao cho BB’ =b. Ta dua bai todn did cho vé dang lap
phuong trinh edi phing cé s& chiéu bé nh4t chia bon diém A, A,
B, B.

Tacé: AA =a=(1,1,1,1)

BE'=b=1(0,1,1,0) .
AB =c¢=(-1,-3,-3,-1)

Ta nhan thdy c¢=-2b-ava nhr vidy hé ba vecta {a, b, ¢}
phu thuge tuyén tinh, trong dé {a, b} la hd vects doc 1ap tuyén
tinh . Ta lap phuong trinh cdi phdng ¢6 s§ chiéu bé nhat chita d,,
d, di qua diém A va c6 phuong xac dinh bdi hai vects a, b déc lap
tuyén tinh .

AX =t,a+tyb .

[}:l -1 1 0 X =1+1 (1)
Xy — 2 1 1 Xo =2+t +t 2
2 =1 +1t,y = 2 Thtty (2
X3 -3 1 1 Xz =3+t +ty (3)

Ta khit cdc tham s& bing cdch 18y (1) — (4) va 18y (2) — (3) ta
6 phuong trinh t8ng qudt cia cdi phing cin tim la:
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X, -X, +3=0
X —X3+1=0

b) Ta c6 AB =(-2,-5,2,1)
Butrng thing AB ¢6 phuong trinh tham sé 1a:
Xe dutng thdng AB < AX = tAB

X, =1-2¢t

X, =3 -5t
=3

X, = -1+ 2t

X, =2+¢

V6i siéu phlng x, = 0 ta ¢6: x; = 1—2t=0:>t=%

Thay gi4 tri cia t vao phuong trinh tham s§ ciia dudng thing

ta tinh duge toa do giao diém véi siéu phing x, = 0:

1 5
’ H * = 0’ ] 0!_
(X1, Xz, X3, X4) = ( 3 2)

Tuong tu ta tinh dugc:
* Toa dd cha giao di€m d&i voi siéu phéng %, = 0 1a:

1 1 13
A
( 5 5 b )
* Toa do cia giao diém déi véi siéu phing x; = 0 1a:
1 5
0! ] 0’ -
{ 5 3 )

* Toa d¢ cia giao diém d6i véi siéu phdng x, = 0 Ia:
(5, 13, -5, 0)

1.18. Ta tim nghigm cGa hé phuong trinh gdm cée phuong trinh
cla hai cdi phing P va Q sau day
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_{3x1—5x2—2x3+2x4+7:0

Tl-4x, + TN, +4%, +4x, —10=0
i 2 3 4 PAQ

'Q_{4x1—9x2~3x3 +7x, +14=0

2X; ~6xy —8%3 +2x4 +10=0

Giai hé 4 phuong trinh 4 4n nay ta duge nghiém la:
(X1, Xs, X3, X = (1, 2, 0, 0)

CHU ¥ —Trong khéng gian A* hai mit phdng ¢6 thé chi c6 mét
diém chung duy nhat . Diéu nay khéng xay ra déi véi khong gian
A3 vi trong A® néu hai mit phéing d4 ¢6 mot di€m chung thi ching
sé ¢6 mdt dudng thing chung di qua diém chung &y.
1.19. Cdc hé phuong trinh tim di€ém chung va tim phuong chung
cta hai cai phing P va Q déu v6 nghiém. Do dé hai c4i phéng P
vad Q chéo nhau vi ching khéng c¢6 diém chung va khéng cé
phuang chung.
1.20. Gig st N = {A,, Aq, ., Ay} gdm k+1 diém ddc lap cla tap M
da cho va:

N’ = {Aw,1, Awe, - Am) gdm m-k diém ddc 1ap con lai
cita tap M d6 .

Goi A 1a k-phfing xdc dinh bdi k+1 didm dée lap A,, Al ., Ax
va A’ 1a {m-k-1)-phing xdc dinh bdi m-k diém déc lap Ay, Awe,
A,

Phing A cé phuong la V¥ va phing A’ ¢6 phuong V** ' . Ta
hay xét difm chung v phuong chung cia hai cdi phéng A va A’
Trude hét ta nhan thdy riing A va A’ khéng c6 diém chung tic 1a
A A =0 Thuc viy gid st A n A’ # I, khi d6 ta cé:

dim (A+A") =dim A + dimA’ — dim(A n A’)

m=k+m-k-1-dim(A A’
=m— 1 — dim(A ~ A’)
Ta suy ra dim(A ~ A’) = -1 12 v6 li. Do dé A n A’ = &. Néu
A N A = & thi cong thitc vé s8 chidu cia phing tdng sé duge
nghiém ddng . '
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CHU Y: Néu N ¢6 s6 diém déc 1ap it hon k+1 va N’ ¢6 5§ diém doc
14p it hon m — k thi ta vin c6 thé 14y phing A va A’ nhu trén .
Bay git ta cdn chiing minh V* ~V ™% 1 g
Gid st VX "V ™ ! 20, Khi d6 ¢6 vects x 2 0 vax e VK AV ™+,
— - k ——
Véi x e V¥, gid st x = Dt ALA,
i=1
- - 11 —_——— .
Voi x e V™ gid st x= Y t;A A,
j=k+2

k n
Tacs X-%=0= ) tAsA - 3 t,ArnA

i=1 j=k+2

L]
i
M=
.__t"‘
e
o

s

|

[

=
+
.
[N
s
¥
[y-]
>
o=
¥
N
K
A
e
-
[
ol
[#]

]
s
o

T
T

Jek+2

Bit 3 t; = —ty. ta c6 thé viét:

J=k+2

k .
o-Fuaa- S
Vi hé didm A, A, ., Ay, ., A, dbc 14p nén ta suy ra
ti=ty=.=tisty=.=t, =0
Tasuyra x=0.Vay V- ~V™-k-1 _§

va do d6 A va A’ la hai cai phadng chéo nhau .
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NHAN XET . Tir bai todn nay ta nit ra mét hé qua true tiép la coé
thé xdc dinh duoc hai cdi phang chéo nhau tir mét hé diém déc lap
ctia khong gian afin A",

Lién hé trong A* bon diém doc lap trong A® tao thanh mét td
dién . Khi d6 cdc cap dudng thing qua hai hé diém phan biét 1a
chéo nhau .

1.21. A” song song véi A" nghiala A" n A" =@ va V' c V"

Al song song v6i A" nghiala Am A" =@ vaVvVicV,

Ta biét ring phéng giao A'~ AS ¢é phuong VP~ V¢

ViVPeVivaVicVinén VPnVicV

AP AT =0

Vi [

}::»(A" mAq)r\A’ =
ATnA =0

Vay phing giao A’ A% néu ¢6 la cdi phing song song véi A7
vi (AP NAY) AT =@ va VAV C V.

1.22. Goi phuong cia cdc siéu phang A, A’, o lan lugt 1a V, V' va
V. Ta bist ring giao cha hai siéu phiing néu cé la mét (n-2)-
phéng. Ta cé:
A A = A" % ¢6 phuong 1a V™ 2
‘Ana=A"?cé phuong 1a V" °
A'mn o= A"" % c6 phuong la V™ *
Theo gia thiét A m A’ song song vdi « nén
VAV cv
Dod6 VAV n Vi V'Y
= VnVevViny
= V' io yn?
Hai khong gian cé cing s6 chiéu la n - 2 nén ATERCI fAl
Tucng tu ta chimg minh dugc: iz oyt
Vay AACREAE VAL
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Mat khdc ta ching minh duge A" A A™ = &

Thuc viay gié.sfj c6 mot didm M e A™ %~ A™ ? thi ta suy ra
MeAvaMeA néin M e A~ A, dong thai M e «. Vay

M e AN Ao la didu trai véi gia thist. Vay A" "n A" = O
va hai cdi phing d6 song song vdi nhau.
1.23. Ta goi V®, V*° lan lugt 12 phitang cia hai c4i phing AP va A"
Dua vac phuong trinh téng quat cho truéec clia AP va AY trong

khéng gian afin A" ta suy ra phuong V¥ va V' lan lugt duge xdc
dinh bdi cdc hé phuong trinh sau day:

n
VP Y agx;=0,i=1,2 ., n-p.(D)
j=1

Ve > eyx;=0,i=1,2, ., n—q.(2)

Theo gid thiét, (2) la hé qua ciia (1) nghia l1a néu x ¢V’ thi
x € V', Diéu d6 ¢6 nghia la V' — V9 tite 14 A® cung phuong vdi A" .
Ngugce lai néu AP cing phuang véi AY tite 1a VP < V9, khi dé6 ta
¢é hé phuong trinh (2) 1a hé qua eta hé phuong trinh (1).
1.24. Ta viét phuong trinh tham s8 cha dudng thing AB réi tim
giao diém cua dung thang AB dé vdi céc siéu phéng toa d6 .
a)Tacé A4, 3, -1,2), B(-1,2,1,5)
Dudng thing AB ¢6 vects chi phuong AB = (-5,-1,2,3)
Do dé ta c6 phucng trinh tham s& cia duing thing AB la:

X, =4 -5t
X, =3-1
X =-1+2t
X, = 2+3t.
« V§i siéu phéng x, = 0 ta c6 toa dd giao diém la:
11 3 17
(xq, x5, x4, x4) = (0, ?,-5‘—.—5—)
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» Véi siéu phing x, = 0 ta ¢6 toa do giao diém la:
(%, X2, X3, X4) = (-11,0,5,11)
« V6i siéu phing x, = 0 ta cé toa d6 giao diém la;

35 7
{ [ ,x;,x):(-—,—,O,-—
X1, Xg, X3, X4 53 2)
*» Véi siéu phéng x, = 0 ta c6 toa db giao diém la:
22 11 7
(X1, Xa, X3, X4} = (—,—,-=,0)
1 X2, X3, X4 (3 33
b} Twong tu nhu cau a) ta ¢6: AB = (2,3, -5, 3)

Butng thdng AB c6 phuong trinh tham s8 la:

X, =1+2¢
X, =—-1+3t
X, =25t
X, =-2+3t

Céc giao diém cia dudng thing AB véi cdc siéu phing toa do
tan ot 1a: 0, -2.2, %) (B0l 1) (3 Lo %) (T %0
2°2° 2 3 '3 55 5 3 3
1.25. a) Ta ¢6 AB = (-4,3,3,-1)
CD =(1,0,-3,-5)
Ta nhén thay hai dudng thﬁng AB va CD khéng cang phuong vi
| {(—4:3:3:-1) = (1:0:-3:-5 )

Bay gid ta lap phuong trinh tham sé cia hai dudng thiéng AB
va CD . Pung thing AB ¢6 phueng trinh tham s6 1a:

X, =4- 4t
AB: X, = 3t
X, =-1+3t
X, =2- t
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Putng thing CD c¢6 phuong trinh tham s la:

X = 1+ u
X, = -1

X, =-1-3u
x,= —bu

Toa d§ giao diém cia AB va CD néu cé sé théa man hé
phuong trinh sau:

4-4t= 1+ u

AB ~CD:- 8t = -1 2)
~1+3t=-1-3u (3
2 —t= -5u  (4)

Tir {(2) ta tinh duoe t =-%. Thay gid tri nay cha t vao (3) ta

tinh duge u =%A Thay cdc gid tri nay ciia t va u vao (1) va (4) ta

thdy hai vé khéng bing nhau. Vay hai dudng thing AB va CD
khéng cé diém chung. Mat khac chiing khéng cung phuang nén AB
va CD 1a hai dudng thdng chéo nhau .

b) Ta c¢6 AB =(9,-3,9,-3)
CD = (6,-3,-6,15)
Ta nhan thay hai dudng thdng AB va CD khéng ciing phuong .

Lap phuong trinh tham s§ cia dutng thing AB va duting
thing CD, rdi tim toa db giao diém ciia AB va CD ta c¢6 hé
phuong trinh:

~2+9t=-1+6u
2-3t=2-3u

-2+9t =3-6u
2-3t=-4+15u
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. N . 1 . 1
Gidi hé phuong trinh nay, ta tim duge t = 3 va u =5 T dé

ta tinh dugc toa dd eiia giao diém [ 1a (1, 1, 1, 1) . Vay hai dudng
thdng AB va CD cit nhau tai I(1, 1, 1, 1).

1.26. Gid si m-phang cho trude A™ ¢6 phuong V™. Goi A™ 1a m-
phéng di qua diém B va nhan V™ lam phuong. Nhu vay phing A™
duge xde dinh duy nhat. Ta ¢dn ching minh A™ song song véi A™ .

Gia s hai cdi phdng A™ va A'™ khéng song song va cdé mbt
difm M € A"~ A™ . Nhu vay c4i phdng A™ di qua diém M ¢ A"
va ¢ phuong V" nén A™ trung véi A" .

Do d6 A™ khéng chia diém B 13 didu trai vdi gia thidt . Ta
suy ra A’™ song song vdi A" .
Céch khdc: Gid s A™ va A’™ cit nhau .Theo dinh li vé tong s6
chidu cla tdng va giao ciia hai cdi phéng trong trudng hop cé diém
chung ta cé: \ ’

dim (A™ + A™) = dim A™ + dim A™ — dim (A"~ A™)

Ta ¢é dim (A®~ A™) = dim (V" V") =dim V" = m

Dodétasuyradim (A" + A™)=m+m-m=m

Vay A™ + A™ = A™ hay A’ triing vdi A™ nghia 1a A™ khong
chia diém B ( khéng thude A™) la diéu trai véi gid thiét . Nhu vay
12 A™ va A™ khoéng cdt nhau va cé chung phuong V™ nén A'™ song
song vdi A™ .

m,SM, +...+m, SM,

1.27. Theo gia thiét ta c6: 8G =
: m, +..+m,

o mSM, +...+m,SM, = (m; + .. + my) SG

< m,GM, +...+m, GM, =0 la dpem.

1.28. Véi O la goe toa dd va G 1a tam ti cuf cua diém M,;, My, ., My
ta co:
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06 - ™OM, +m,0M; + ...+ m, OM,

m, +m, +..+m,

1 2 k
My X + m,Xp +o 4+ m, X,

Do dé ta suy ra: X; =

vidtj=1,2, ., n
m, +m, +..+m,

la dpem

1.29. Goi G la tam ti cu cia hé diém P,, Py, ., P, gdn véi ho hé sé
AorAis- Ay, ta cd:

i=0
< Zli(GE+PORJzﬁ.

i=Q

Ll

>APP

1 o

Dods: PG=il_

- .Vay G e .
PR
i=0

Bay gis ta lay diém G bat ki thuge m- phing o ta cé:

BG=t,PP +.+t PP

m o om

[ R— m —— —_—
< P,G=3"t(GP, -GF,)
i=1

n m N
& (1- Y t)GP, + > t,GP;, = 0 (1)
i=1 i=1

Ding thuc (1) & trén ching t6 rang G 1a tam ti cu cda hé didm
Po, Pi, ., Pmgdn véi ho cac hé sé:

m
1-3"4, ty, ty, ., to
i=1

to: tl» t2, ey tn1
trongdéto+ 4+t + .+t =1
Vay a la tip hop cde tam ti eu ciia hé didm Po, P1, ., P g&n
v6i ho cdc hé sd khde nhau.
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1.30.Vi G la tam ti cu cia hé diém M,, Ms, .., M, dng vdi ho cdc he
$6 my, my, ., m, v4i my + my + .+ m, # 0 nén ta co:

3" m, GM; = 0
i=1

P . _ .
< Y m(GC+CM;) =0 (1)
i=1
véi C 1a tam ti euf cia hé diém (H, My,;, Miyz, ..., M) trong dé H 12
tam ti cy cta hé diém (M;, My, ..., My) v6i k < p. Ta 6 thé vidt

déng thic (1) & trén dudi dang:

P - -
(e > mGC+ Y m(CH+HM;) =0

1=1 1=1

p T T - . p .
@Zmi C+Z:miHl\fI-1 +ZmiCH+ Z mHM, =0 (2)

i=1 i=1 i=1 i=k+1

Theo gia thiét H la tam ti ey cda hé di€m {M;, Mg, ..., My}
(k < p) dng vdi cdc hé s8 m;, my, .., My véim; + mp +...+ me# 0
k I
nén ta cé : Zmi HM, =0 (3}
i=1
Mat khéce ta ¢6 C 1a tam ti ey cia hé diém (HMy,1, M.z, My}

3
ing vGi cdc hé s Zm,. , Mi,y, Mg, ..., Mp vdi

i=1i

k
Zmi + My, + My + ...+ My # 0 nén ta cé:
i=l

k e 14 -
S mCH+ ) mCM; =0 (4)
i=1 j=k+1

P I -
Thay cdc gid tri cla (3) va (4) vao (2) ta c6: > mGC=0.Ta

i=}
suy ra tam ti cy G cda hé diém {M,, Ms, ..., M} tring véi tdm ti
cu C cia hé diém (H, My, Mi,z, .., M} vi s
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m,GC =0 ma IZm.. #Onén GC = 0 hay G=C.

i=1

P
=1

1.31.2) Vi G la tdm ti cu ciia hé diém [Py, P, .., Py gén véi ho
cdc hé sd &y, g, ..., Ay nén ta cé déng thic:
A GP +2,GP, + ...+, GP, =0
thay &, = ki, v6ii=1, 2, ..., k ta van cé:
ki, GP; + ki, GP;, + ...+ ki, GP, =0
Do d6 ta c6 G 1a tam ti e cGa hg diém P,, P,, ..., Py gén vdi
h() cic hé’sé’ k?\.l, k?\.z, b..., k}uk
b) Truing hop A= Ao = ..= A, ta chon cdc ; = 1, khi dé ta c6:
GP, +GP, +...+GP, =0.
Biém G goi 1a trong tam cta hé diém P;, P,, ..., P, .
+ DGi véi doan thing AB ta cé:
GA+GB=0
& GA =-GB o G l1a trung diém ciia doan AB.
« D6 v6i tam gidc ABC ta cé:
GA+GB+GC=0
Got A, 12 trong tam ciia
canh BC ta ¢é6 A, la trung
diém clia doan BC. Theo két
qGa cia bai 1.30 ta suy ra
trong tdm cia hé diém (A, B,
B, C} trang véi trong tam
cda h¢ di€m {A, A} trong dé
A; 1A trong tdm cia hé diém
{B, C}. Do dé trong tam G g #

B .
clia tam gidc ABC la tam ti ' Ay (
cu cia A, A, nén thude trung tuyén AA; cua tam gide ABC.
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Li ludn tuong tuy ta ¢é G thudc trung tuyén BB, (B, 1a trung
diém cta doan AC). Viy trong tdm G cla tam gide ABC la giao
diém ctia hai dudng trung tuyén AA,, BB, ciia tam gide dé.

1.32.V6i hai diém P, Q phéan biét, tap
hop nhimg diém M sao cho MP =kMQ
vdi k < 0 1a tdp hgp nhing diém thude M?
duong thing PQ va & giia hai diém P va M

Q. B6 chinh 12 nhimg diém trong cia P

doan thing PQ. Do d6 néu ta liay hai
diém M, M bat ki thude doan PQ thi
doan thing MM n3m hoan toan trong

i

k < 0 1a mot tap 141,

1.33. Gia sit A, B, C la ba diém khéng thing hang thuge hinh 18i
F. Vi Fla tap 16i nén véi A € F, B € F ta c6 doan thing AB nim
hoan toan trong F. Li ludn
tuong tu, ta c6 cdc doan thing
BC, CA ciing n3m hoan toan
trong F.

Goi M la mét diém bit ki
thude mién trong cia tam gidc
ABC.

Goi N = AM n BC. Ta ¢6
Ne F nén doan AN thuge F va
do d6 M e F. Vay tdt ¢ad cic
diém cha tam gidc ABC déu thuéc F.

NHAN XET. C6 thé xem tam gidc ABC 14 giao cia ba nita mat
phéng déng giéi han bdi cac dutmg thing AB, BC, CA theo thy
tuy chita C, A, B. Giao nay la mdt bé phén 161 cia F. Ta dé dang
ching minh duge giao ciia hai tam gide néu cé cling 14 mét tap 16i.
Cén chi ¥ rdng hop cha hai tam gide ¢6 thé khang phai 1a mot tap
161.
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— - P . -
Y mGC=0 ma 3 m, »0nén GG hay G =C.
il

i-I

1.31.a) Vi G la tam ti cu cda hé diém {P;, P,, ..., Py) gén véi ho
cdc hg s0 Ly, Ay, ..., A, nén ta cé ding thic:
;\.1(}—1:’1-+}.26p_2'+...+lk@1: :a
thay A, = kA, véii=1, 2, ..., kta vin cé:
kx; GP; + k3, GP, +...+ ki, GP, =0

Do dé ta c6 G la tam ti cy cia he diém P, P,, ..., Py, gén vdi
ho cdc hé s6 ki), ks, ..., ki

b) Trudng _hqp A=Az =...= A ta chon cdc &; = 1, khi dé ta cé:

GP, +GP, +...+GP, =0.
Diém G goi 1a trong tam ciia hé diém P;, P, ey Py
« D81 véi doan thing AB ta c6:
GA+GB=0
& GA = -GB < G la trung diém cia doan AB.
» D61 vdi tam gide ABC ta cé:
GA+GB+GC=0
Goi A) 1a trong tam cia
canh BC ta ¢6 A; 12 trung
diém cia doan BC. Theo két
qta cia bai 1.30 ta suy ra
trong tdm clia hé diém IA, i,
B, C} tring véi trong tam
cda hé di€ém {A, A} trong d6
A; 1A trong tAm cfia hé diém
{B, C). Do dé trong tam G i ,’ ; .
cia tam gidc ABC la tam ti Ay (
cu cia A, A, nén thude trung tuyén AA,; cua tam gide ABC.
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Giao cda hai tam gidc ABC Hegp cda hai tam gidc ABC va ABC

va ABC 1a mét tap 15 khéng phai 1a mjt tap 15
1.34. a) Gia sit (ABC) = A = AB = AAC & AC - %AT;‘
Vay ta c6 (ACB) = ~ = 1
'y »_ (ABC)

b) Gid st (ABC) = k < AB = kaC
< AB+BC = kAC + BG
< AC=kAC +BC
< (1 -k)AC =BG

Ta suy ra CB = (1-k)CA

hay (CBA)=1-k =1 - {(ABC).
c) Gid s (ABC) = t < AB =tAC
< BA = tCA < BA = «BA - BO)

o BA - -_BC - 1a50)

BC < (BAC) = —ter =
= Ba) = = ABo) -1

.
t-1
1.35. a) Trong khéng gian afin A" d3i vdi muc tiéu d4 chon, gia su

ba m- phing P, Q, R song song véi nhau lan lugt c6 phugng trinh
la:
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P): Zaﬁxj +p, =0
j=1

. 1n
((Q). Zaijx-.i+qi :OL i= 1, 2, ey I — ML .
i=1

(R): Zaijxj +1r, =0
j=i

Céc phing P, Q, R c6 clng s8 chiéu va song song véi nhau nén
phuong trinh cGa ching ¢6 dang nhu trén, trong dé cdc s8 p;, 4,
1, d6i mdt khdc nhau véi chi s8 i nao dé {va ciing ¢6 thé vdi moi 1).

Goi d; 12 dudng thing di qua diém A(a) va cé phuong b (by).
Khi d6 dudng thing d; ¢é phuong trinh tham sd la:

XNj=4a;+ bjt V(ffl_] = 1, 2, veny 1L

Puong thing d, cit c4c m- phing P, Q, R 1an lugt tai P, Q,,
R;. Gia sk cac giao diém Py, Q;, R, lan lugt dng v6i cdc gid tri t,
tq, tr cia tham s6 t. THay
x; = a; + bt vao phuong
trinh cia m phing P ta

co:
> a,a, + bt)+p, =0
i=1
Ya.a +p

1
Zaijbj
j=1

vdimoii=1, 2, ..., n—m,

Tuong tu ta cé:
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1
Z a8, +q;
)
n
Z a,b,
=1

viimeii=1, 2, ..., n—m

tq:

(I}
D aia;
=1 e
tp= & véimeii=1,2,...,n~-m

1§
2. ab;
i1

Céc gid tri tp, t,, t; khong thay d6i véimoii=1,2, .., n—m.
Ta gid sit (P;Q:Ry) = k, khi dé P,Q, =kPR, .

t, -t Y
Ta ¢d (PIQIRIJ =2 P ZS-L—P-I—.
t -t L-p

rT

Nhut vAy gid tri ti s6 don (P,Q,R,) nay khéng phu thuse vao vi
tri cia dudng thing d, nghia la ta 6 (P,QR,) = (P,Q.R,) véi Py,
Qz, Ry 12 cdc giao diém tuong ng cGa dudng thing d, véi cac mat
phdng P, Q, R. Piéu nay tat nhién vin ding khi d, va d, song
song vdi nhau,

b} Theo két qiia cdu a) ta c6 (P;QR;) = (P,Q.R,). Theo gia
thiét ta ¢6 (P;Q,Ry) = p nén (P,Q:R.) = p.

Do dé¢: P1_Q1 =phR, = p(PF, +I_)2R1) = pTP; "‘plTR; .

= P,Q, -PQ, =pRR, - pPP, .
Mait khéc P,Q, = PP, + P,Q, nén:

P,Q, - Pl_q = Pzﬁ + E-Q; -PQ, =pR,R, - pPP,
—_— e ——

QQ; =-PP -pPP; +pR R,
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by Q- QPR R,

1.36. Hai dudmg thing d,, d; song song véi nhau xdc dinh mdt mat
phing. Cdc diém Py, Q;, R,
phan biét va P;, @;, R, phan
biét chiing té rdng cdc dudng
thing d,, d, khéng cdt (n-2)-
phang giao ciia ba siéu phéing
da cho. Mat phing (d,, dv)
cit cdc sidu phdng P, Q, R
theo cic dudng thing PP,
@192, RiRs. (vi giao ctia siéu
phing v6i mdt m-phing 12
mdt (m-1)-phing).

Ta xét hai truong hgp
Sau;

a) Gia si dudng thing PP, cdt dudng thing Q,Q; tai M thi
tdt nhidn M thudc (m-2)-phéng giao. Do dé M thudc siéu phéng R.
Mit khde M thude mit phéng (d,, d2) ndn M € R n (d;, do). Vay M
" thude dudng thldng R R, nghia la trong mit phing (d,, dy) ta ¢6 3
duyng thing PPy, Q,Q:, RIR, déng quy tai M. Véi phép chidu song
song trong mit phing (d,, dg) theo phuong chidu song song vdi d,
(tdt nhién ciing song song véi d,) ta cé:

{MP,P;} = (MQ,Qz) = (MR;Ry) = k.
Do d6 MP, = kMP,
MQ, = kMQ,
MR, = kMR,
Gia s ta ¢6 (PyQR)) =t, PQ, =tPR,
Ta suy ra MQl - Mfﬂ- = t(M]:'rl - E;-IPI‘)
k(MQ, - MP,) = kt(MR, ~ MP,)
kP,Q, = ktP,R,
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Vay (P1QiRy) = (P2QsRy).

b) Gid sit dudng thing P\P.// Q,Q. nghia 13 hai duong thing
nay khong ¢6 diém chung. Do d6 mdi duong thing P\P, va Q:Q:
déu khéng ¢ diém nao thuse (n-2)- phing giao cid. Ta suy ra
dudng thing R,R; phai song song véi hai dudng thidng PP, va
QiQ2.Vi néu R,R, cdt mét trong hai dudng thing nay thi diém
chung dé phdi thude (n-2)-phing giao la vé li. Vay ba dudng thing
PP, QiQ: RiR; ndm trong mit phing (d,, d,) va song song véi
nhau. Ap dung két qua ciia bai 1.35 ta c6 (P,QiR)) = (P2Q.R,).

1.37. a) Trong A" cho hai siéu phing o va « ldn lugt ¢6 phucong
trinh 1a: Y a;x, +b=0va dex, +d=0,
i=1 i-1

Siéu phdng o va siéu phing o lin lugt c6 cdc vecto phdp

tuyén laza= (ay, a,, ..., a,) .
c= {1, €, ..., &)

* Diéu kién dé « va o cdt nhav la ava c khéng cong phuong
nghiala a= ke < a; # ke, véii= 1, 2, ...,nvak=z0.

*» Diéu kién dé « va o song song vdi nhau la ava ¢ cung
phuong nghia 14 a; = ke; véi i = 1, 2,.,nvab=kdvét k 0.

» Diéu kién dé « va « tring nhau la ava ¢ ciing phuong nghia
laaj= ke voii=1, 2, onvab=kdvéik =0,

Tom 1ai ta o6 :

a,  a,

avia cdtnhau o L 22, %
c] c2 C“
. a a a b
o/l a o =2 S R
c, ¢ c, d
a a a b
=0 = 1__2_ _2.:_
¢, Cy c, d
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b} Ta chiing minh ring phuong trinh cla chim sidu phéng xde
dinh béi hai sidu phing o va o ¢6 dang :

A a,x, +b)+p(Zc x, +d) = 0

i=1
trong dé A va j 12 céc hé s6 khéng dong thoi bang 0.

e N&u o 13 mot siéu phéng thudc chim siéu phéng néi trén va
gia st «” ¢6 phuong trinh 1a :

ieixi +f=0

Khi d6 ht:fj ba phuong trinh :

Tax +b=0 (D

i=1l

1_'jzlcixi +d=0 (2

Vex +£=0 @)

i=1

phai tuong duong véi hé hai phuong trinh sau déy :

iaix.I +b=0
i=l

Licixi +d = 0

il

Mudn viy ta phai c6 didu kién la phuong trinh (3) phéi 12 hé
qiia cda hai phuong trinh (1) va (2), nghiala :
e =Aa+ugvoii=1, 2, ., n

va f=23ab + pd véi A va u la cip hé s6 khong dong thoi
biing 0. Do dé phuong trinh cta o c¢6 dang :

Z(lai +ue)x, +Ab+pd =0

il

o ?L(iaixi +h)+ p(icixi +d)=0
izl i=1
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*Ngugce lai néu mdt sidu phdng bat ki c6 phuong trinh dang
Ze].:l(i +f=0 (3)
ir1

trong dé e, = ha; + g

va f=Ab + pd v6i A, g la cap hé s6 khang déong thoi bing
0 thi siéu phdng d6 cé phuong trinh 13 hé qda cia hai phuong
trinh bigu thi cho siéu phing o va siéu phing «. Nhu vay siéu
phing > ex +f =0 voi didu kién nhu trén la siéu phéng thudc

i=1
chiim siéu phéng xdc dinh béi hai siéu phdng o va o da cho néi
trén . '
CHU Y. Mutn x4c dinh mdt sidu phing cta chim théa man mét
diéu kién nao dé, ta cén dua vao didu kién nay dé tim ra cdc hé
s6 A, p xdc dinh sai khdc mét hé s6 ti 1&¢ khdc 0. Sau khi tim duge
cdc gid tri cha A, u ta thay cac gid tri nay vao phuong trinh cia
chum sigu phing, ta s& 1ap duge phuong trinh cia siéu phéng cdn
tim. Vdi gid tri (4, p) = (1, 0) ta tim dudc phuong trinh cia siéu
phing o; véi gid tri (&, w) = {0, 1) ta tim dugc phuong trinh ciia
siéu phing o. Chd ¥ ring hai siéu phing a va o x4c dinh nén
chum siéu phdng ¢6 thé cit nhau hosic song song véi nhau, Khi dé
siéu phing cia chim s& di qua giao o M o (néu c6) hogc song song
vli o va o (ndua o = B)

§6

1.38.Trong khéng gian afin A%, cho siéu phing « va mét duting
théng d ¢6 phueng m khong thugc phuong a. Phép chidu song
song tir khéng gian afin A’ 12n miat phing o theo phuong ciia
dudmg thing d duge thue hidn nhy sau:
A% 5 q:
V6i mdi diém M ¢ A’ ta c6 AM) = M € a bling cdch qua M
dung dudng thing song song vdi d. Pudng thing nay cit mit
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phing « tai M. Ta goi
M M 1a hinh chiéu song
song cia diém M trén
mit phédng o Theo

d \
_ . tinh chat cta phép
M’ chiéu song song néu cé
mot difm M e A3 thi
o

ta tim duge diém M
duy nhit thujec o.Viy
fiM) = M 12 mét anh xa.

Goi V%, V? 14n luot 1a cdc khong gian vecto lién két véi cde
khong gian afin A® va «. Goi ¢: V¥ > V? 14 4nh xa nén cta f. Cé
thé coi V° = V® + V' trong dé V? 1a phuong clia mat phing o va V!
la phuong cta dutmg thing d. Cin chitng minh ¢ 14 4nh xa tuy&n
tinh nghia 1a ¢ ¢6 tinh chét :

plax +by) =ae(x) + bo(y).
Ly vectd x € VP tacéd x= x| +X, trong d6 x, € V! va x, ¢ V&,
vavectd ye Vitacs y=y, +y, trongdé y, € Vi va y, € V2,
Ta xét tinh ch4t cia d4nh xa nén o :
@9(X) = X, v0i x =X, +X,:ta ldy vecto x, thudc V?
oly)=y, véi y=y, +y, : taldy vecto y, thudc V*
@lax + by) = ax, +ax, + by, + by,
='ag+by—14+a§;+b£
eV eV eV?

Ta c6 ¢lax +by) = a£+byj

olax + by) = ap(x) + bo(y)

Viy 4nh xa nén ¢ 13 4nh xa tuyén tinh, do dé6 4nh xa f 14 4nh
xa afin.
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1.39. Theo gid thiét ta c6 fiX) = X véi X = (x, Xs, ..., X,) va
X = (0, x5 X4, .., Xn). Goi V® la khong gian vectd lién két voi
khéng gian afin An va V™' la khéong gian vects nhén cdce vecto
{e;,8,,..,e, } 1am co 4. Goi ¢ : V" > V"' 1a 4nh xa nén ciia 4nh

xa f: A“ - A" ma fX) = X. Goi V' 1a khéng gian con mét chiéu
cia V", duge sinh ra béi vecto (e }.

Tacé V=V !,V
trong do v*! la phuong cia siéu phing toa dé cé muc tiéu afin
{O; ez,es, e } va V! la phuong cda dutng thing d nhan 91 lam
vectd chi phuong. '

Lay vects x e V' tacé Xx=x, +x trong d6 %, e V! va x' eV
Ta ¢6: 9 : V' - V"~ ! 13 4nh xa lién két véi f sao cho ox) = x'.
Tuong ty 1dy vects y € VP tacé y =y, +y' trong dé
¥y, € Viva y' e V™! Ta ¢6: @ : V' 5 V" !3sa0 cho ¢ly) =y'. Lay
vects ax +by € V*. Khi dé : g(ax + by) = ax, +ax +by, + by’

=ax, + by, +ax’ + by’
T v
Ta suy ra p(ax +by) = ax’ + by’

= agp(x) + b(p{)}

Nhu vay anh xa ¢ cé tinh chit tuyén tinh. Ta suy ra &nh xa f
la dnh xa afin lién k&t véi d4nh xa tuyén tinh ¢ : V" > V*'!

Anh f'(A”) la siéu phing chifa diém gde O c6 phuong la V’” vdi
le,e.,... ,e, ) 1a ca 6 cia phuang do.

Vay phép anh xa afin f la phép chiéu song song theo phuong
cua dudmg thing d (nhan e, lam vects chi phuang) chigu lén siéu
phéng toa d 10; e,,e,,..e .

Trong khong gian afin ba chiéuy, phep chidu song song nay
duoc mmh hoa trong bai tap 1.38 & trén.
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1.40. Cho hai khéng gian afin A va A. Mudn 4nh xa afin f: A - A
la 4anh xa afin thi 4nh xa nén ¢ ctGa f phai 14 anh xa tuyén tinh.
Néu 4nh xa nén ¢ cta f khéng phéi 1a 4nh xa tuy&n tinh thi
khong ph4di 14 4nh xa afin.

» Thi du ta xét 4nh xa f: A > A sau day;

Goi O 1a mot diém cia khong gian afin A va O 1a mdt diém
cia khéng gian afin A. Gia s& flO) = 0. Goi M la mét diém khéc
véi O c¢ha khéng gian afin A. V&1 moi diém M # O cla khéng gian
afin A gid sif ta déu cé fiM) = M. Khi d6 ta cé dnh xa nén cia f Ia
e(OM) = O'M’ .

Ta c6 @(kOM) = O'M’ = ¢(OM). Nhu vay snh xa nén cia f1a ¢
khéng phai 14 4nh xa tuyén tinh va do d6 f khong phai 14 4nh xa
afin. _

e (i3 s @ va o la hai mat phing afin. Goi d la mét dudng

thdng cit o va o lan lugt tai M
d va M. Ta goi f: a - o 12 phép
chi&u song song theo phuong cia
dudng thing d bién o thanh o.
V6i hai diém M, N cla mit
phing o ta ¢6 fiM) = M va
f{N) = N’ ciia mat phing «. Goi
oMN)=M'N’ 12 dnh xa nén
cia £ Ta d& dang ching minh
duge ¢ 14 4nh xa tuyén tinh va
khi d6 4nh xa f lién két véi ¢
nhén ¢ lam nén 13 4nh xa afin.

1.41. Trong khéng gian afin A", gid sit m- phing P c6 phuong
trinh téng quat 1a :

Yax +p, =0, i=12,..,0-m

i

va (n-m)- phing Q ¢6 phuang trinh téng quAt la:

76



Zbijxj +q,=0,1=1,2 ... m

i

a) Ta biét ring tap hop céc nghiém cia hé phuong trinh tuyén

u=y

tinh thudn nhit Za.x. =0,1=1,2, .., n-m tao thanh khéng
i :

gian vecto V™ (gbm céc vectg cé toa dd x; théa man hé phuong
trinh trén). Khéng gian V™ nay la phuong ctia m- phing P cho
trude. '

Tuong tu ta ¢é t4p hop cdc vecto c6 toa dd x; théa man he
phuong trinh

n

zbijxj =0, i=1,2, .., n-m
j=1

tao nén khoéng gian vects V"™ la phuong ctia {n-m)- phing Q da
cho. Theo gia thiét V® ~ V*™= (0} nghia la hé phuong trinh

Dax; =0, i=12.,n-m
i '

Zb,-jxj =0, i=12..m

31

¢ nghiém tam thudng va diy la hé phuong trinh tuyén tinh thuin
nhat c6 hang biing n (cdc hé s& a; va by tao nén ma tran vudng
cap n khong suy bién).

Bay git mudn tim giao P n Q ta cdn giai hé phuong trinh sau :

28X, +p, =0, i=12.,n-m
j=1

2.bx +q, =0, i=1,2,..m
i1

Déy 1a mét hé phuong trinh bac nhat ¢6 n 4n (khéng thuin
nhét) va cé hang cing bing n nén ching ¢6 nghiém duy nhat la
diém chung c¢Gia P va Q (nghiém cia hé Cramer)

b) Goi P 1a m- phing di qua mot diém M bat ki coa A" va
song song véi P nén P ¢é phuong trinh 1a -
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n
Zaijxj +p; =0, i= 1,2, .., n-m.
Py

Li ludn tuong ty nhu trén ta suy ra P ~ Q la mét diém duy
nhdt. Tugng tif ta ¢6 phuong trinh cia phing Q la (n-m)- phing di
qua M va song song véi @ nhu sau :

Zbijxj'i'qil:O’ i=1, 2, ..., m.
=1

Ta ciing ching minh duge P n Q 14 mét diém duy nhat.
Ta ki hiu P' n Q = M,
va. Pn@=M,
c) Goi O = P n Q. V6i mot didm M bat ki cia A” ta ¢6 :
OM =x, +x, trong dé6 x, € V®, x, e V"™,

Anh xa p : A" - P theo phuang V*™ nén c¢6 4nh xa nén P ciia
p ¢6 tinh chat : P(OM) = x, .

Anh xa q : A® > Q theo phuong V™ nén ¢6 4nh xa nén Q ciia
q ¢6 tinh chit : QUOM) = x, .

Céc 4anh xé_\ P, Q cla p va q ¢6 tinh chat tuyén tinh (ching

minh tuong ty nhu ¢ bai 1.38 va 1.39 vé phép chiéu song song)
nén p va q la nhitng 4nh xa afin.

Anh xa afin p : A® - P sao cho p(M) = M, theo phuong V™™ ¢é

dnh xa nédn P(x, +X, ) = X,
OM = x, +OM, véi x, = OM,

Tiép tuc ta lai 6 POM, ) = P X, )= X,

Do dé p*M) = p{p(M)} = M, = p(M)

vay p’=p.

Tuong tu ta chitng minh duge ¢* = q

Ta ¢6 p.g(M) = p.M, = O (diém 0)
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q.p(M) = q.M, = O (diém O).

Ta c6 anh ciia M qua tich cdc dnh xa néu trén déu 1a diém O.

Viy p.q = q.p = 1 14 4nh xa hiing,

d) Theo gid thiét diém X dé chinh 1a giao diém ciia m-phing
song song vé1 P di qua B va (n-m)-phang song song vai Q di qua
A. Ta 6 p(X) = A va q(X) = B.

Hai c4i phdng nay c6 phuong V™ va V™™ Theo c4u a) ta ching
minh dugce chiing ¢6 mot diém chung duy nhat 1a X.

NHAN XET. Ta c¢6 thé giai cdu a) theo mét cdch khde nhu sau -

Gia 50 P ~ Q = &. Theo cong thie s§ chidu cia phing téng ta
co:

dim(P + Q) = dimP + dimQ + 1 - dim(V™® ~ V°™)

=m+n-—m+1l=n+1

VaydimP +Q)=n+ 11adiduvé i, Dod6 P~ Q = &.

Theo gia thiét ta ¢6 VP n V"™ = (0] nén P va Q chi ¢6 mot
diém chung duy nh&t vi P ~ Q 1a cai phing ¢ phuong

V' AV = (0}
1.42. a) cdch 1: Trong mat phéng afin A%, phép bin i afin c6
phuong trinh téng qudt la :

a4, a,

0
b, b,|”

X, =a,X, +a,X, +¢
f:{1 T T trong dé

X, = b x; +byx, +¢,

Qua phép bién ddi afin nay mot diém X(x,, x») €A? bi€n thanh
diém f(X) = X(x],x)) € A%

Ta cdn tim cdc sé a,, ay, by, by, ¢4, ¢ trong phuong trinh ciia
phép afin f nhu sau :

1 = a, + a, + ¢
1, 1) (1, 1); ! z !
( )= ) {1 = b, + b, + ¢
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2 = 2a, + ¢

(2, 0)—> (2, 0): ! :
J ) {0 = 2b, + ¢

= a, + ¢

2
(1, 0) > (2, 2):
-2 2 {2:}:;1 _—

Gidi hé 6 phuong trinh 6 4n trén ta c6 két qia :
a, a, ¢) (0 -1 2
b, b, ¢,} \-2 -1 4
Ta ¢6 phuong trinh cia phép afin f d3i véi muc tiéu da chon
la:
X; = - x, + 2
x, = —2x, - %, + 4 _
Céch 2. Goi o 12 phép bi€én ddi tuyén tinh nén sinh ra phép bién
ddi afin f, ta cé :
o(AC) = A'C
Tacs AB =(1, -1), AB =, -D
ACG=(0, -1, AC =(1, D
Ta cAn tim ma tran cia phép bi&n ddi tuyén tinh ¢ vi d6 ciing
la ma tran cla phép bién déi afin f tuong ding sinh ra bdi phép
bién ddi tuyén tinh ¢ dé.
Taco o(AB)=ogle, —e,)=¢, -e; = AB = e, —¢,

tp(AC)=(|J(—92) = —e"2 =A'C’ =€, t+e,
Ta cé :
. _ - _ — - — =
R A -
-~ e = € + & e = —e - &,
e = —2e,
Do do {] . 7
¥
ez = —e - e,
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Ta tim duge ma trin chuyén A tir co s6 {e,,e, ) sang co s&

x
-2 . o -
A = 0 = A =
-1 -1 -2 -
Do d6 phuong trinh cia phép bisn d8i afin f nhin ¢ la phép
bién ddi tuyén tinh lién két c6 dang :

X, 0 -1]x, c, X,
= + =

X, -2 -1ix, C, X,

Theo gid thi€t ta c6 : {A) = A = (1, 1) nén ta c6:

1 = -1 + ¢ ¢, = 2
=
1 = -2 - 1 + C, Cz = 4

i
(el el }: %

- X + ¢

il

-2x, - x, +og

Vﬁy phuong trinh cda phép bign déi afin fla -

S 2T
x| -2 -1]|x,| |4
NHAN XET. Ta ¢6 thé tinh ¢;, ¢, béing cdch thay toa dé cia cdc
diém B va B  hosc ciia C va C vao phuong trinh trén va thyc hién
vige tinh todn nhu dd 1am véi cdc didm A va A’ Mat khéc ta ciing
cdn tu ¥ riing (¢;, cz) chinh 1a toa dé ciia diém E = fE,). Goi ¢ 12
phép bign déi tuyén tinh sinh ra phép bi&n d8i afin f, ta c¢
o(E,A) =E/A".

Dua vao phuong trinh cia ¢ (12 phuong trinh cGa f sau khi bd
¢6t 56 hang tu do) ta tinh duge toa d cia vecty E!A"= (-1, -3) ma
diém A = f{A) ¢6 toa

dd (1, 1) nén ta cé . f . ¢
N {A; B, C} {A'; B, C'}
E. = fE,) = (2, 4).

& y
Mat khde, ta c¢6

thé gidi bai todn trén : {Ey 5 By, By
theo so d6 sau day:
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Goi g 12 phép bién déi afin bidn muc tiéu afin (E; E,, Ea
thanh {A; B, C) va h }a phép bién doi afin bién muc tiéu afin
|E,: E,, Es} thanh {A; B, C}. Khi d6 ta ¢6 :

f = hog™'

b) Bay giv ta viét phuong trinh ciia phép bién déi afin f déi
véi muc tiéu mdi ta {A; B, C) trong dé A(1, 1), B(2, 0), C(1, 0}.

Ta bidt ring phuong trinh cha phép bign déi afin ddi véi muc
tidu mdi ¢ dang :

[x] = B[x] + [b] trong d6 B = C™'BC’ v6i C 12 ma tran chuyén
tif muc tiéu cho trudc sang muc tiéu (A; B, Cl va B 1a ma trdn cua
phép bién déi afin f d6i véi mue tidu cho trude (14 muc tidu cd).

Ta cb : ‘

B =(1,-1)

' - 1 1
= ma trin chuyén C = [ ]
A'C'=(0,-1) _ 0 -1

. [1 o .. [1 o
-y Sf=ee (3 4]
1)

{(chi ¥ ring |C"} = -

O A T R R

{b] 12 toa d& cha diém fA) 461 vdi muc tiéu (A; B, C}. Theo gid
thiét ta c6 fIA) = A nén f(A) = (0, 0). Do d6 ta ¢6 phuong trinh cia
phép bién d6i afin f d6i véi muc tidu {A; B, Cl 14 :

X, = %X, + X
X, = - 2x,
NHAN XET THEM

1) P6i véi muc tidu [A; B, Cl. phép bién ddi afin da bién muc tiéu

q
tit muc tidu {A; B, Ci sang muyc tidgu {A; B, Cl nghia la :

' ' . : L jm n . a
nay thanh muc tiéu {A; B, C1. Gia su [ :1 14 ma tridn chuyén
P .
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{A”’B‘ = mAB +nAC

— .. = matrinchuyén T = {m n]
AC' = pAB +gAC

P q
trong dé AB =1(1,-1), AB'=(1, -1}
AC=(0, -1, AC'=(1, 1)

AR .
b

Vay 461 vdi muc tiéu mdi 14 |A; B, C} phép afin f ¢6 ma trdn la:

BoT = i1
0 -2

2) Ta ¢6 thé ding cong thitc 461 muc tiéu dé tim toa d§ méi cha
cédc didm da cho d8i v4i mue tidu [A; B, C). Sau d6 ta sé thue hién
vige tinh todn déi vdi cde toa dé nay ddi vdi muc tidu {A; B, C) nhu
déi véi phdn trén. Thi du d6i v6i muc tidu mdi ta cé ngay toa dd
méi cha céde diém sau day:

A0, 0) > A0, O)

B(1, 0) > B, 0

C(0, 1) = Cley, cy)

Ta cdn tim toa dé mdi cda diém C d8i vdi muc tidu {A; B, C.

Ta da tinh duge ma trdn chuyén C tir muc tiéu cho trude sang muc
tidu {A; B, Cl la :

1 -1 . 1 0
C = = C =
¢ -1 _ -1 -1
Ap dung cong thie d6i muyc tidy, ta tim toa d6 mdi cia diém

- C(2, 2) nht sau :
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el
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il

Déi v6i mue tiéu (A; B, C} ta thyc hién phép bi&n déi afin f
duge xdc dinh sau day :

A©,0) - A%0,0)

f: {B(1,0) - B(,0)

C(o,1) —» C'(1,-2)
Dai v6i myc tidu {A; B, C) ta 6 -
A'B'=(1,0)

1
— = ma trdn chuyén T = [ 0 ]
AT =(1,-2) 1

-2

Do dé ta c6 phuong trinh cla phép bign déi afin f d6i véi muc
tiéu {A; B, CHla : [x] = T [x] + (b]

o T
X, 0 -2 x, 0 X, = - 2Zx,
Ta dugc két qua gidng nhy d4 tim duge & phén trén.
1.43.a) Ta ¢6 :
AR =0-1-D 1 1 -
AA, =0-1,-1)> [0 -1 -1 =0
AA; =(0,0,-1) ¢ 0 -1
Hé ba vects { A A,A A,,A A, } doc lap tuyén tinh nén hé 4
diém (A,, A,, A, A, dbc lap.
Tuong tu

AA=0L0) o1 0
AlA;=(20) => {2 0 1|20
KEA§=(1,0,1) 1 0 1
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Hé ba vects { AJA[,AJA},A/AL } doc lap tuyén tinh nén hé 4
diém {A],A],A;,A}} doc lap.

b) Cédch 1.Trong khong gian afin A’ phuong trinh téng quat cia
phép bién déi afin f ¢6 dang :

X = oax o+ oaX, + agx, + d
%2 = byx; + byx, + byx, + d,
X; = X, + X, + CX, + d

ALLL > A](0,0,0):

(0 = a, + a, + a, + d,
<0 b, + b, + b, + d,
0 = ¢

ot e+ ey 4+ d,

A(2,0,0) > A!(0,1,0):

-

= 2a, + d,
i1 = 2b, + d,
= 2¢ + d,

A,(1,0,00 o A(2,0,1):

§] = a, + d,
= b + d,
c, + d,

AL,L,0) - AL(Q,01):

=
I

(1 = a, + a, + d,
s0 = b, + b, + 4,
1l =9¢ + ¢ + d,

Giai hé 12 phuong trinh trén ta duge két qua sau day :

a a, a, d, -2 -1 -1 4
b, b, b, d;|=|1 0 0 -1
¢ ¢ ¢ d, -1 0 -1 2
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Ta cé phuong trinh phép bign déi afin f d6i vdi muc tidu da
chon :

X, = -2x, -x, -x, +4
X, = X -1
X; = X, -x, +2

Cach 2. Goi ¢ 1a phép bién d6i tuyén tinh lién két vdi phép
bién d6i afin f, ta cé :
oBA) = KIA]
oA A = KA
Ta tinh duge toa 49 cdc vecto sau day :
AA =@1-1,-1) —% 5 ATAT=(0,1,0)
AA =0-1,-1) —2 5 A’A7=(2,0D
A A, =00-1) —2, AAI=(01
OA,A) = ole, —e, ~e;)=¢] —e; —e; =AlA] = e,
WAA,) = p(-e;, - ;) = —e] —ej = AJA] = 2e, +e,
(A, A) = pl-e) = 6] = A[A] =e +e;.
Ta tim ma trin chuyén A tir .ccl sG {e,,e,,e, ) sang co sG

{e],e;,e] } bling cach biéu thi {e],e],e] } qua {e,,e,, e, }:

—2e, +e, —e,

I
|
|
| n

e;=_eq'2ei_e3=a+g_2g‘6;=‘a

G=a-e

el =-2¢ +e, —g 2 1 -1
Vay e; = —e => A=|-1 0 0

el = e, by -1 0 -1
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Tac6 A'=|1 0 0
. -1 ¢ -1
Phuong trinh phép bién d6i afin f ¢6 dang [x] = A'[x] + {bl.
Muén tim [b) ta thay toa d¢ cua Af1, 1, 1) va A (0, 0, O) vao
phuong trinh cia f ta ¢6 :
0] [-2 -1 -1]f1] [b,] [b
O(=11 O O |1]|+]|b,[=[b,|=]-1
ol |-t o —1fj1| [b,| b

Vay phép afin f ¢6 phuong trinh li :

X = -2x, -X, -x; +4
X, = X -1
X, = —X%, -X; +2

c) Diém kép clia phép afin f 12 diém bién thanh chinh né.

Né&u Mix;, xp, x3) la mdt diém kép thi iM) = M. Do d6 ta c6
phuong trinh tim diém kép cha f 1a :

X, = —2x, -%X, -X, +4
1Xy, = X, -1
X, = -X, ~Xg +2
{ 8
X ==
-3x, -x, =-x, = -4 Z
S X X, = 1 <:><x2=?
= 2%, = -2 3
Xy ==
T
| NS 813
Vay phép afin f ¢6 mot di€m kép M = (—,?,?)

Ta biét ring mjt phép bién dbi afin f ma ¢6 mot dudng thing
! sao cho moi dtrimg thdng song song vdi I (eung vects chi phuong
v6i 1) déu bign thanh chinh né thi { goi la phuong bdt bién cia
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phép afin f. Néu f(A) = A, f(B) = B tacé ¢o(AB)= AB" ma AB va
AB’ ciing phuong nghia 12 AB = kAB’ véi k = 0. Do d6 tu
phuong trinh cGa phép bién déi afin f ta cé thé suy ra phuong
trinh cda phép bién déi tuyén tinh ¢ lién k&t sinh ra phép bién
ddi afin f d6. Theo c4u b) ta c¢6 phuong trinh cia phép afin f va
phuong trinh cha phép bién d6i tuyén tinh nén o la:

X, = -2x, —x, -X; +4 X;.=-2%, - X, — X,
f:ix, = =x -1 = 9:ix, =x,
Xz = -X, -X; +2 X; = —X, - X
Tacé o(x) =kx = (kx;, kx;, kxg) = (x],x},x3). Do dé :
kx, = -2x, —~X, — X, (-2-k)x, -x,-x;, =0
kx, = x, = x, ~kx, +0=0
kx, = —x, - x4 —x, +0-(1+K)x, =0

Hé phuong trinh tuyén tinh thudn nhét trén phai c6 nghiém
kh4c nghiém tidm thudng nghia la :
2-k -1 -1
1 -k 0 =0 -1-k-(1+kK2+k)+1]}=
~1 0 -1-k
S-1+kX1+2k+k + D=
Sl+k2+2k+kH=0
Phuong trinh (1 + k)k® + 2k + 2) = 0 ¢6 mdt nghiém thuc
k = -1 va hai nghiém phic. Trong khong gian afin thiutc ta chi 1ay
nghiém thuc k = -1, khi d6 ta ¢6 phép bién dﬁl tuyén tinh ¢ Ung
véi gid tri riéng k = 1 ¢6 phuo'ng trinh Ia :
3x, -%x, %, =0
X, +x, =0
X, =0
Hé nay c6 nghiém téng quat 1a x3 = -x%;, Xo = 4x;, v X, tuy ¥
thuge R. Do dé (o, 40,—-0) vdi o € R\ {0} 14 t4p hop cde vecto riéng
cda ¢ Ung vdi gid tri riéng k = -1, Mdt hé nghidm co ban 14 vecto
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m = (1, 4, -1). Cdc dudng thdng nhan m lam vecto chi phuong
déu bién thanh chinh né. Tacé m = (1, 4, -1) 1a phuong bat bién
clia phép afin.

d) Ta da lap duge phuong trinh cia phép bién déi afin f déi
véi muc tieu {E,; E,, Es, E5} d& chon la :

r
X, =-2X, -X, - X, +4
r
X, = X, ~1
L
X3 = -X, - X5 +2

Bay gi¥ ta lap phuong trinh cita phép afin f dé ddi véi muc
tiéu mdi la {A,; A), A, Aj):

Truéc hét ta cdn tim ma tran chuyén C tu muc tiéu da chon
sang muc tidu {A,; A, A, Asl:

Ta ¢é :
AA =(1,-1,-1) 1 -1 -1
AA, =(0,-1,-1) =C=|0 -1 -1
A A =(0,0,-1) 0 0 -1
1 0 0 1 0 0
=C=}-1 -1 0] > C'=l_1 -1 o
-1 -1 -1 0 1 -1

Goi B’ 1a ma tran cha phép bign déi afin f ddi véi muc tidu
méi 1a {Ag; Ay, Az, Agl tac6 B = C"'BC” trong d6 B 1a ma tran cia
phép bién d4i afin f d6i véi mue tidu cfi .

1 0 07(-2 -1 <1771 o0 o 0 2 1
B=|-1-1 0.1 0 ol -1 -1 0]=]|-1 -2 1
0 1 -1||-1 0 -1{|-1 -1 -1 1 -1 -1

Goi [x]'= Bx] + [b] Ia phu‘dng trinh ciia phép afin f d6i vai
muc tiéu méi, trong dé [b] 1a et toa do cua diém f(A,) = A, d6i
v6l muc tiéu méi (A,; A), A, Ajl. Ap dung céng thic déi muc tidu
[x] = C'Ix] + [c] trong dé [c] 1a cot toa d6 cha diém A, déi vdi muce
titu {E,; E|, E,, Ej). Ta cé :
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0=x +1 x| = -1
O0=-x{-x%x;+1 = Al 1%, =2
O=-x —-x;,-x;+1 X, =0
Ta ¢6 phuong trinh cia phép bién déi afin f déi v6i muc tiéu
méi {A,; A, Ay, Agllac:
X; = 2%, + %53 -1

Xy = Xy ~ Xy - Xg

Cach khdc, Ta dat

e, =A A =(,-1,-1) el =A’A’ =(0,1,0)
e, =A A, =(0,-1,-1) va:ie, =A’A] =(2,0,1)
e, = A A, =(0,0,-1 e, =A'Al = (1,0,

Ta tim ma trin clia phép bidn d8i tuyén tinh ¢ bién cd 56
{e ithanh co s¢ {e } v6ii=1, 2, 3. Trudc hét ta tim ma trén

chuyén tir co s6 {e, } sang c¢ s6 e }. Gid sif ta ¢6 :

e, =a,e, +a,e, +a,e,
e, = b,e, +b,e, +b,e,
€, =€ e +C,e, + 0,8,
Thay toa dd cha {e,e), e, } va cia {e,,e,,e, } vao hé phuong
trinh trén ta tinh duge ma trin chuyén A :

a, a, a, 0 -1 1 0o 2 1
A=tb, b, byl{=12 -2 -1|> A'=]-1 -2 -1
¢, ¢, ¢4 1 -1 -1 1 -1 -1

Phép bién ddi tuyén tinh o lién k&t vai phép afin f ¢6 ma tran
la A" Do d6 A" cling 12 ma tran cia phép bién ddi afin f va ta c6
phuang trinh ciia f ¢6 dang : {x] = A'[x] + [b). Mudn tim cdt toa dé
(b], ta cdn tim toa d6 diém A, d6i vdi muc tiéu {A.; Ay, Ag, Aj).
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Tacs: AA=(-1,-1,-1)

[

Mat khde A A’ =a,e, +a,e, +a,e, nén:

-1|=a,|-1|+a,|-1|+a,]| 0
~1! -1 -1 -1

Ta tinh duge (a,, a, a3) = (-1, 2, 0). Vay A, = (-1, 2, 0}. Do d6
phuong trinh coa phép bién déi afin dai v6i mue tiéu méi {A,; A;,
A?s Ai} la :

X, 0 2 1x -1
Xy {=]-1 -2 -1{{x,|+]| 2
X, 1 -1 -1]x, 0

Ta tim lai duge két qua dd néu & phan trén.
1.44.Ta tim ma trdn chuyén C tir ¢d s¢ { AB,AC,AD ) sang ¢o sé
{BA,BC,BD ;. Tacé : '
lBA - -AB

-1 0 0 -1 -1 1
Dodé matranchuyén C=|-1 1 0| => C'={0 1 0
-1 01 0 0 1

Phuong trinh cda phép afin f d61 véi mue tidu {A; B, C, D} ¢6
dang:
[x] = C'(x] + [b}
Ta ¢6 flA} = B = (1, 0, 0) = (by,by,b;). Do dé ta lap duge phuong
trinh cha phép afin f d6i véi mue tiéu {A; B, C, D} la :
X, -1 -1 -1]ix, 1
X, 1=t0 1 0flx,|+i0
X, 0 0 1{x, 0
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1.45.Ta ¢é phép afin f bién diém (x,, x2) thanh diém (x),x}).
X, = 2%, -3x, -7
x; =3x, ~-5%, -9

Phép afin ! s& bién diém (x;,x,) thanh diém (x,, x).
Ta tim edch biéu thi (x;, xp) qua (x],x;} va dugc két qua 1a :

x, =5x, —-3x; +8
X, =3x; —2x; + 3

Bay chinh la phuong trinh cha phép afin f~! ¢dn tim.
CHU Y. Ta ¢6 thé gidi bai todn trén bing cdch khdc nhu sau :

Phép afin f ¢6 phuong trinh [x] = B[x] + [b]

Dodé B~'fx]=[x]+ B'[b]

Vay [x] = B[x] ~ B-'[b] 1a phuong trinh cia phép afin f .
Trong truirng hgp cu thé nay ta cé -

£ Xy =2 -3 x1+—7
" x; 3 -5 x%,; -9
TacéB:2 -3 = B'l= 5 -3
3 -b 3 -2
b -3|{-7 a5 27 8
_B_]' = = . = =
= (bl [3 -2] [ug] [21 —~18] M
_ ‘ 8
Vay ta ¢6 phuong trinh cia £ 1a: | ' | = o 8. +
X, 3 -Z)ix; 3
1.46.a) Tacé KM) =(5, 5}
3
fHM) = (0, =
(M) =( 2)

b) Goi A la duong thdng cé phuong trinh 3x; + 2x, — 6 = 0.
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Lay M(0, 3), N(2, 0) 14 hai diém trén A (c6 toa do thda min
phuong trinh cda A). Ta ¢6 fiM) = M4, 3) va fiN) = N4, 1). Ta c6
phuong trinh cGa dudng thing MN = flA)la :x, - 4=0

Goi d 12 dudng thing ¢6 phuong trinh 3x] +2x, -6=0. Ta ¢6
fld) = d. Can tim phuong trinh ciia dudng thing d.

Tacd 303%) + 2%, — 2) + 2(2%, + 2%, - 1) =6 =0

S0 +6X-6+4x, +4%, -2 -6=0

<> 13%; + 10X, — 14 = 0 14 phuong trinh cta dutng thing d
ma fld)=d. '

¢) Piém kép cia phép afin f ¢6 toa dé thdéa man hé. phuong
trinh :

{xl =3x, +2x, -2 - {2){1 +2%, =2 - {xl =0

x, =2x, +2x, -1 2%, +x, =1

= Diém kép chGa f c6 toa @6 la (x;, x,) = (0, 1)

1.47. Ta da bi&t céng thic d8i
mue tiéu [x] = C'[x] + [a,] trong .
dé [x]), [x] theo thy ty 1a toa dd ‘
cda diém X d6i vdi muc tidu {E,; _ .
E;} va d6i véi muyc tiéu {E/;E!}. /
Con C la ma trdn chuyén ti [x] _,’I
muc tiéu {E;E, } sang muc tidu -’
{E.;E{}. Theo gid thiét cia dé .’

toin ta suy ra phuong trinh s
phép bién d46i afin d6i véi mue [, E} —r
tiéu tht nhat {E;E,} va bién ¢
muyc tiéu thit nhdt thanh muc tiéu thi hai {E;E;} 14 :

<

— e e i a m ————

[
3.7
I

[x] = C'x] + [a,].
Cu thé ta c6 phuong trinh phép afin d6 nhu sau :
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X; 111 , 1]

X, 11 X, 2

X, 1 <, 3
= +

L. |’1_ [ 1~|_ o | _‘nd

Do dé ta tinh duge toa dé cde dinh eGa myc tiéu thi hai d6i
v6i muc tiéu thi nhat. Thi du déi vai didm E ta ¢6 .

X, 1 1 1 1/|1 1 2

X, 11 140 2 2

X 1 10 3 3
= + -

Lx:l_ L 1]{6] [n] {n}]

Do d6 tea dé cdc dinh clia mue tidu thi hai a :

E =(1,234,.,n-1n)
E! =(2,2,3,4,..,n~1,n)
E, =(2,3,3,4,..,n~1n)

E:l-l = (2!3’4,5,.‘.,1'1,1'1)
E:l = (2, 3; 4; 5,---, n,n+ 1J

1.48.Ta biét rng trong khong gian afin A", mot phép afin f duge
xdc dinh duy nhat bdi hai hé n + 1 diém djc lap. Gia sir hai hé
n + 1 diém déc lap dé la :

{Aw A, Ay, oy An) —— {ALLALAL,.., AL} va ta c6
flAy= A v611=0,1,2, ..., n.

Lay mét diém X bat ki thude A" ta ¢6 -
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Qua phép afin fta ¢é fiX) = X va :
AX =Y x ATA
i-]

Néu cdc diém A, v6ii=0,1,2, .., i déula diém kép cda f, ta
¢6 X =X v6i moi X € A", Do dé phép afin f 14 phép dong nhat.
1.49. Ta chen trong siéu phing A" da cho n diém déc lap E,, E,,
<.o» By, cdn diém E, khong thude A™'. Ta ¢6 fE)=E vdii=0,1,
2, ..,n-1va flE,) = E’.
Gia sit difm E, c6 toa do d6i véi muc tiéu da chon 14 :
E; = (31, dg, ..., a,,).

Vi flE,) = E, nén phuong trinh phép thdu xa afin f ¢6 dang :
[x]=A'lx]
Ta cdn tim ma tran chuyén A. Ta ¢6 :

EE =EE
EE, =EE,

le_;n -1 = E.;.E‘n-l

EE = a,I_E:‘E-+a2E_;EZA+.‘.+a EE,.

Do dé ta tim duge ma trdn chuyén A nhu sau :

1 0 0 .. 0o 0] 100 .. 0 a I
0 1 0 .. 0 0 010 . 0 a,
A= L > A= L
0 0 0 .. 1 o 000 ...1a,,
la, a, a; .. a,, a /| (0 0 0 .. 0 & |

Tur d6 ta suy ra phuong trinh cita phép th&u xa afin & ;
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X =Xy +aX,
X5 = Xo + 85X,

Xg-1 T X1 851X,

X

= anxn
Ta ldy hai didm M(x;), N(y;) bat ki khong thudc siéu phing
nén A" va goi M(x!), N(y/) la anh cda ching qua phép thau xa

afin f. Cdn chdng minh hai dudng thing MM va NN song song vdi
nhau ho#c tring nhau.

Vecto MM' ¢6 toa 46 :

(x; - Xl,xé -X,,.., X, =X )=(a,x_,8,X,,...,8,,%X,,(a, —1)x,}
Vectd NN’ ¢6 toa do -
(¥1 = ¥1,¥2 = ¥2,- ¥ ~ ¥n) = (@1¥0,82¥ 0581 Vol = 1Ys)
Ta ¢6 :

r ’ ’
X1 =% _Xp—Xp Xy oKXy X

Yi-Y¥1 Y5-Y¥Y2  Yn~Y¥a VYa

Do 'd6 hai vecto MM’ va NN’ cing phuong (hay cbng tuyén)
nghia la cic dudng thing MM va NN song song v6i nhau hoac
triing nhau.
1.50.Ta bidt ring phép tinh ti€n 14 mot phép afin. Do dé6 tap hop
cdc phép tinh tién 1a mot tap hop con ciia tdp hgp cdc phép bién
ddi afin. Goi V™ 1a khéng gian vecto lién két cla A"

Vi vectd a e V™ ta c6 phép tinh tién t, va ung vdi vectds
b e V" ta c6 phép tinh tién tB‘ Gia st 14y diém M e A" ta ¢6:

O =M e MM =4
t; (M) =t t- (M) =M" oMM =b

Tacé: MM =MM' + MM* =a+b=c
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Vay-tieh clia hai phép tinh tién t; t; 14 mot phép tinh tién t;
trong d6 vectc MM* =c=a+b .

Bay gi¥ ta cdn chiing minh phép tinh tién t, c6 nghich ddo.

Taco t;(M)=Me> MM'=a e MM=-a

Nhu vay t;l{M’) =Me MM=-a.

Vay t;' cing la mot phép tinh tién va ta ki hidu t o=t

Két lugn
~ Trong khong gian afin A" tdp hgp cdc phép tinh tién lam
thanh mét nhém.
1.51.Gid su ba diém P,
Q, R phén biét, thing
hang va 14n lugt nim
trén cdc dudng thing
BC, CA, AB clia tam
gidc ABC. Trong mit
phing chda tam gide
vée BD// PQ cdt AC tai
D. Do d6 :
Ta c6 (PBC).(QCA).(RAB) = (QDC).(QCA).(QAD}.
Gia st (QDC) = a & QD = aQC
(QCA)=b < QC = bQA
(QAD) = c < QA = cQD
Do dé QD =aQC = abQA = abeQD
Tasuyraabe=1vi QD=0
Vay (PBCL(IQCA)(RAB) = 1.

Nguoc lai, gid s ta ¢6 hé thde (PBC).{QCA).(RAB) = 1 véi P,
Q, R la 3 diém lan lugt n¥m trén cdc dudng thing BC, CA, AB
chida cdc canh cla tam gide ABC, ta cdn ching minh ba diém P, Q,

P B «
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R thing hang.
Gia sit dudng thing PQ cit dudng thdng AB tai R. Vi ba diém
P, Q, R thing hang nén theo két qua vira tim duge ta c6 :
(PBC).(QCA)(R'AB) =1
(PBC).(QCA).(RAB) =1 (gt)
Vay R = R va ta ching minh duge ba diém P, Q, R thing
hang.
1.52. Gia sif ta c6 cac dudng thing AA’, BB, CC déng quy tai O va
ta ¢6 (ABC) = a, (BCA) = b. Cén
tinh (CAB) = ?
o Xét tam gide BBC va dusng
thdng AQA ta cé :
(ABCXACBYOBB)=1 (1)

e Xét tam gisac BBA va duong
thdng COC, ta ¢6 :

(CBAXCABYXOBB)=1 (2)

} = (RAB) = (R'AB)

A

Chia (1) cho (2) ta c6 :

(ABCXACBXOB'B) (A'BCXACB) _ 1

= = (3)
(C’'BAXCABXOB'B} (C'BAXCAB")

Vi(ABC)=ava (BCA) =bnén{(ACB)=1-b

(ACB)  _ 1-b =1—b
(ACBY-1 {(1-b)-1. -b

Mt khac (CAB) =

Thay gid tri cla (CAB) vao (3) ta c6 :
(ABCXACB) _ a(l-b}

= — =1
(C'BAXCAB" (C'BA) 1:bb
: a(l-b} ary . L
= (CBA) = 1D =-ab = (CAB) = e
b
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Do d6: (ABCXBCANCAB) = a.b.—lg -1
—a

¢ Ngugce lai gid s ta c6 hé thie :
(ABC).(BCA).(CAB) = ~1. Ta cidn chng minh céc dlr(mg thing

AA| BB, CC dong qui. Goi O = BB '~ CC va AO n BC = A", Theo
gid thiét ta cé :

(ABC)(B'CA).(CAB) = -1 (1) A

Theo két qud tim duge cia
phén trén ta c6 :

(A'BC).(BCA).CAB) = -1 (2)
T (D va(2) taco:
(ABC) = (A'BC)

DodétasuyraA = A’ B A’ ¢

CHU ¥. Két qua trén vin ding khi .

AA’, BB, CC song song vdi nhau. Trong trudng hgp niy ta xem
diém O ¢ xa vb tan.

1.53.a) Got G 1a trong tim cla don hinh A,A,.. A,. Qua phép afin f
lién k&t v8i phép bign déi tuyén tinh ¢ ta ¢6 RQ) = G, f{A) = A

véii=0,1, ., m Tacin ching minh G 1a trong tdm cia don
hinh AjA[...A; nghia la phai ching minh -

S AT =0

i=0

Theo gid thiét vi G 14 trong tdm cta don hinh AJA,.. A, nén

i=0

T

cp(i"Ti) > 0GA i i=0vi =0
i= i=0 "

i=0 =0

m LR a— — . £l
Tacé Y G'A] =0 va khi d6 G 12 trong tam clia he diém A va
)
nhu vay G trong tdm ciia don hinh 1a mét khai niém afin .
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313

i-u

D> GA; =(GO+0A)+(GO+0A)+..+ (GO+0A)=0
i=0

= 0G-——_30A

m+11=g

10

> 0A, véi moi diém O ta cin ching
m + 1 i-0

minh G 1a trong tAm cia don hinh AyA,...

Ngucc lai néu OG =

Thue vay do OG =

EOA nén ta ¢é :
m+14<

(m + 1)OG = 3 OA,
i=0

<

hay (m+ 1)GO + Z:O—A1 =
i=0

= Z‘f}x =0. Vay Gla trong tAm cua daon hinh.
i=0

¢} Cho don hinh AjA,.. AjA,,...An va trong tam G clia né. Goi
AjAq. Ay v Ay Ag 12 2 mat bén d6i dién cia don hinh. Hai mat
bén d6i dién dé 1a don hinh p chidu va don hinh (m —p -1) chiéu.
Goi A va B lan lugt 1a cdc trong tdm cia hai don hinh d6.Vi G 1a
trong tam eia don hinh A@Al...A nén theo cdu b) ta cé :
1ZE ZAA + > AA)

%
i=0 m+1 i={) J=p+l

3

AG =1
m +

+(E+ij+l)+...+(m+ﬁm))

m+1 i-0
o

2 AA
-0

Vi A va B la cdc trong tdm cia hai mit bén 451 dién nén :

ZBA

m+1 Jpq
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AB ta suy ra ba diém A, G, B thdng hang.
m+1

Véay dutng thdng néi trong tam clia hai mit bén d6i dién ludn
ludn di qua trong tam cha don hinh. Bay gi& ta can ching minh
trong tdm G cia don hinh 12 mjt diém duy nhdt. Gid si ngoai
trong tam G, don hinh AjA;...A con cé trong tam tha hai 1a G.
Liy diém G déng vai trd diém O trong cau b), ta 6 :

GG =

ZGA va ta cé ZGA =0viGla trong tadm clia

m+ 1! i

don hinh .

VayGG' =0 nén G=G.

Phét biéu két qua déi v6i cac trivng hop :

* Truting hgp don hinh hai chiéu ta c6 két qua :

Trong mét tam gidc, ba dubng trung tuyén déng quy tai trong
tam cGa tam gide d6.

e Truong hap don hinh ba chiéu ta ¢é két qua :

Trong mét tit dién, 7 dudng thdng sau day déng quy tai trong
tam cha tif dién 46 :

- ba dudng thdng néi trung diém ba cap canh d6i dién

- bén dudng thing néi cac dinh véi trong tdm cdc mat dsi
dién.

1.54.Ta biét trong khéng gian afin mat tap

F goi 12 16i n&u véi moi di€ém P, Q thude F

thi doan thing PQ ndm hoan toan trong F.

Cho 4nh xa afin f: A - A’ lién két véi 4nh

xa tuyén tinh ¢ : V 5 V va gid sq M 1a mot ‘
di€m bat ki 14y trén doan thing PQ  F x4e ¥
dinh béi hé thic :
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OM = LOP +(1-20Q

v6i O 1a mot diém tuy ¥ va 0 < A € 1. Qua 4nh xa afin f ta ¢
f0)= O, f(iP) = P, f{Q) = Q va f{iM) = M. Khi 46 ta c6 :

@(OM) = 2p(OP) + (1 - Mep(0Q)

OM =A0P +(1-00Q vsi0<i<1 (1)

Hé thie (1) ching t& diém M thude doan thing PQ < F. Vay
F la mot tap 18i . '
1.55 Nhém bién ddi 16n nhat cha khéng gian afin 13 nhém cdc
phép bign ddi afin. Tap hgp cdc phép bién ddi afin cia khong gian
afin lam thanh mdt nhém goi la nhém afin. Hinh hoc cia nhém
dé nghién citu nhifng bat bign, 1a nhiing tinh chéit khéng thay déi
qua phép bién d&i afin. D6 1a cde tinh chat vi du nhu :

- Tinh chét déc lap hay khéng ddc lip cia mdt hé diém

— Ti s6 don clta ba diém thing hang
- Tinh chit song song, cit nhau hay chéo nhau ciia hai cdi
phing '

— DPon hinh m chiéu, trong tdm cia don hinh m chiéu

- Cde khdi niém duge xAy dung tir cdc bat bién afin duge goi
la cdc khdi niém afin. Thi du : hinh tam gidc, trong tdm cda tam
gidc, hinh binh hanh, m- phing, hinh t¢ dién, hinh hép vv... 12
nhitng khdi niém afin.
1.56.Trong mit phing afin cho hai hinh binh hanh ABCD va
ABCD. Goi f1a phép afin sao cho flA) = A, fiB) = B, fC) = C.
Phép afin f trong A? dugc xde dinh bdi hai bo ba diém doc lap
{A, B, C)] va (A, B, C}. Khi- d6 ta suy ra fiD} = D do
B'D' =B'A’'+ B'C’. Nhu vy trong mit phdng hai hinh binh hanh
bat ki ABCD va ABCD véi A) = A, f(B) = B, IC) = C xdc dinh
mét phép bién déi afin duy nhat trong mit phéng.
1.57. Trong mat phang afin cho hai hinh thang ABCD (c6 AB/ CD)
va ABCD (¢6 AB/ C'D). Bidu kién dé hai hinh thang dé tuong
dueng afin 14 :
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AB_ AT
chD <D
1.58.Trong mat phéng Cclit nhing dinh }f sau day 13 cia hinh hoc
afin.
a) Trong mot tam gidce ba dudng trung tuyén déng quy .
¢) Trong mét hinh binh hanh hai dudng chéo cdt nhau tai
trung diém cda mdi dudng .
Céc dinh li b) va d) khéng phai 12 dinh i efia hinh hoc afin.

§8

1.59. Dudng thing (d) c6 vectd chi phuong AB = (0, 0, 8,-8). Ta ¢6
thé 18y vects v = (0,0,1,-1) 1am vecto chi phuong clia dudng thing
(d). Do dé dudmg théng (d) ¢6 phuong trinh tham sé la

X, 0 0 x, =0
0 =

Xz | _ +t 0 - X,

X, 3 1 X, =3+t

i.‘xdjl |_"3J L_IJ Xy = -3t

Mudn tim giao diém (d) n (S) ta gidi phuong trinh sau day
bing cdch thay cdc gid tri cda %y, xp, x3, x; VAo phuong trinh cia
8):

B+t)+(-3-t)=0= nghiém vd&i moi t.
Viy dubng thing (d) c siu mat bac hai (S).
1.80.Trong A? cho du¥ng bac hai cé phuong trinh ;
X; - 8%, %, + 2% — 5%, +2x, -3=0
a)Phuong tiém c4n 1a phuong cta vecty o (e1, c9) 6 toa dd
théa man phuong trinh :
¢f -3¢, +2¢2 =0

2
- (3_] _3(21_J+2=o (gia sit ¢, # 0)

C,
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Giai ra ta cé &2 1va S = 2.

c, c,
Ta c6 hai phuong tiém eanla : ¢ =(1,1)va ¢ = (2, 1).
b) Tam cua dudng bac hai la nghiém cda phuong trinh :

Alx] + [a] £ 0 véi didu kién det A = 0.

1 ——3- 5
2% ~-= ¢
g |t¥2d |1
3 5
X, x,——=0 -
- 2 9 - X, 14
x, =—11

3
—Exl +2x, +1=0

1.61.Ta chon mdt mue tiéu afin thich hgp sao cho m-phdng da cho
12 m phing toa db xdc dinh bdi m + 1 dinh Eo, Ey, Ey, ..., By cia
muc tiéu afin (Eq: E}. Khi d6 ta ¢6 phueng trinh tong quat cia
m-phing A™ d4 cho la :

Xmit = Xme2z = - = %0 = 0.

Giao cia m-phing A™ va siéu mat bac hai (3) duge x4c dinh
bdl hé phuong trinh :

pii} T
D agxx; + 2> ax, +a=0

(*) i,3=1 il

X =Kpag ==X, =0

a) Néu céc a; (i, j = 1, 2, ..., m) khong ddng thoi bing 0 thi hé
phuong trinh (*) ¢ trén l1a phuong trinh clia mét siéu méit bac hai
trong A™ (14 khong gian afin m chiéu).

b) Néu cde a; (i, j = 1, 2, ..., m) bing 0 tat cd va

e cdca (i=1,2 .., m) khong dong thoi bing 0 thi (*) trg
thanh :
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2Zax +a=0

X

(gébm n — m phuong trinh)
= xm-Z == xn = 0

m+l

b6 la phuong trinh cda mdt (m-1)- phing vi hé nay c¢6 hang
bing n-m+1.

e N&u cde a; = 0 véi moi i va a = 0 ta ¢6 (*) bidu thi mot
m-phdng A™ va m-phéng nay thude siéu mat bac hai.

Néu cdc a; = 0 véi moi i ma a = O thi hé (*) vé6 nghiém, khi
dé (S) va A™ khéng cit nhau.

1.62.Trong A? cho dung bic hai cé phuong trinh:
25%7 +2x,X, + 13x% - 18x, - 18x, - 27 =0

* Mudn tim tam ctia dudng bac hai d6 ta gidi phuong trinh sau

T

: 1

25%, + X, +9=0 1773
=

X +13x, +9=0 2

: 3

, =
A - N . . . 1 2
Vay tam cha duding béc hai ¢6 toa d la (-— , -—)

* Dung kinh lién hop véi phuong ¢ = (1 -1) cia dutrng béc hai
¢dé phugng trinh:

o B HHEH
=]y Jrove

= 2)(1—-)(2:0
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NHAN XET. Pudng kinh lién hgp v6i phuong ¢ = (1, -1) di qua tam
cua duong béc hai da cho.

1.63. Siéu mat béc hai (S) c6 phuong trinh [x]'A[x] = O trong dé
hang clia ma tran A bang r > 0 1a mdt siéu nén bae hai.

a) Goi {E,; Eil 1a mue tiéu afin ma siéu nén (S) ¢6 phuong
trinh (x]'Alx] = 0 va gia st f 1a mot phép bién ddi afin bat ki doi
v6i mye tiéu {E,; Ej} cho'trisge. Goi E; = RE) v6ii =1, 2, ..., n. Khi
dé néu mot diém M cé toa dé (x;) ddi véi muc tidu {E,; Ej) thi diém
M = fIM) cong ¢6 toa dd (x;) d6i véi muc tidu (E,; Ei}. Do d6
phuong trinh ciia § = f(8) ddi véi muc tiéu (E,; Eil hoan toan
giong nhu phuong trinh cda (8) ddi véi muc tidu {E,; E;}. Vay tén
tai mét mue tiéu {E,; E;| d&€ phuong trinh coa (8) 1a :

[(xTAlx1=0

Vay (5) 1a mét siéu nén va cing ¢6 hang bing r. Do dé siéu
nén hang r 14 mt khai niém afin.

b) Gid st mot diém X thude (8) va X = (xj,x},...,x"). Khi dé
E X = (x!,x],..,x°) v6i moi diém Y thudc duong thing EX, ta cé
EY =k, EX = (kx} kx},.. kx ).

Vay diém Y co6 toa do la Y = ( kx?,kx],...,kx" ). Thay toa dd cua
Y viao phuong trinh cua siéu nén (S} ta co :

tkx°TAlkx"] = K [x"]'Alx*] = 0

{(vi di€m X thuoe (S) nén {x°TAlx°| = O).

Do d6 diém Y thude (S) véi moi Y thude duding thang E X.

Vay duting thing E,X nim hoan toan trén (S) va duge goi la
dugng sinh cua siéu ndn (S .

¢) V@i sidu nén (S) ¢6 phuong trinh {x]'Alx] = 0 vdi A 1a ma
tran hang r v6i r » 0. Ta nhin xét ring siéu nén nay ludon ludn
chita m phing P ¢6 phuong trinh :
Alx]1=0
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~ Vi hang clia ma tran A bing r nén Alx] = 0 1a mbt (n-r)-phing.
0 day ta c6 m = n-r.

Bay gid ta lay mot diém M tuy ¥ thue (S). NSu M thude (n-r)
phang P n6i trén thi ta c6 ngay diéu phai ching minh.

Bay gid ta gid sit diém M khéng thube phing P, goi Q = P + M
la (n-r+1)- phdng duy nhit chta P va M. Ta cin ching minh
Q < (8). Got {A,, Ay, ..., A} 14 he n-r+1 diém dge lap trong P, khi
dé {M, Ay, Ay, ..., Ay} 14 hé n-r+2 diém doc lap trong Q. Véi moi
diém N thuéc Q ta cé :

MN = Z A MA;
i0

Goi [ai], [x°], (¥°] 14n lugt 12 ma trin ¢ot toa dé cda cdc diém
A, M N, tacé:

[T - [x) = 3 A (la,1-[x° )

= _nir)ti{xo ] + ]Eli[ai]
.oi=0 i=0

Bat b=1- >4 tacé:
in

[yl = bIx) + 3 A, [a,]

=g

= Aly*) = bALX] + 3 A,Ala,]
=0
= bA[x°| (vi cdc diém A, € P nén Alg;] = 0)
Thay toa 46 ciia N vao phuong trinh clia siéu ndn (S) ta ¢6 :
VAT = 0T + 3 a,la, 1 AGR] + 5200, 1)
(R3] i=0
= b TA] + 3 A [a, ) AIX°)).

i

Vi M € (S)nén [x'I'A[x"] = 0 va A, € P nén Alaj] = 0 va [a,TA =0.
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Do d6 [y°TAly°] = 0 véi moi N € Q. Vay Q < (S).
1.65.Trong A”, siéu mat bac hai (S) ¢6 phuong trinh :
X! +5X) + %2 + 2X1Xg + 6XpXg + 2X3%) — 2X) + 6Xp + 2x3 = 0 (1)
V& trai phuong trinh cia (8) c¢6 thé viét :
o+ 2 X+ Xy — D+ (Xp+x3- 17— (X +x3—- 1)* +
+ 5% + X5 + 6XsXg + 6% + 2x3 = 0
Vi-(p+ Xg— 1P = ~(x2 + %2 + 1 + 23X — 2Xp — 2Xs)
nén (1) o X + (x3 + X3 — DI + 4x2 + 4x5%3 + 8x0 + 8x3~ 1 = 0,

Thuc hién phép bign déi toa 44 (ciing 14 mét phép bign déi
afin)

X, =% +X, +%x, -1 x, =X, -X,-X,; +1
X2: XZ o) x2= Xz
X, = Xa X; = X,

1 -1 -1

1

= xi=AlX]+[alv6iA=(0 1 O|valal=|0

0 0 1 0

Qua phép bién déi toa dd nay ta c6 v& tri cda (S) la:

VT = X2 +4X2 + 4X,X; + 8%y + 8%5 - 1

= X] + (2K0)" + 202X)(X; + 2) + (g + 20 - (X5 + 2)" - 4%y - 1

=X +[2X + X+ 2P -X2 -5

(vi —(Xz + 2% = - X! - 4%, — 4).

Thue hién ti€p phép bién déi toa dd 14n thit hai :

Y1=X1 XIZYI .
Y, =2X, +X, +2 < {X, =%Y2 -5 % -1
Y3=~X3 X.3=Y3
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1

0 ) 0
& [X) = BIY] + [b} v6i B ={0 % -5 vab=
00 1 0

Ta duge phuong trinh cia (S) 1a :
Y +YI-Yi-5=0

Cuéi cung thue hién phép bién d8i toa db :

rZ—Yl
=L
Y1='ng1 \ég
Y, = /52, <:::><22=T;
Y3=\/3Z3 Y
Z =
- .
— 0 0
/5 0
Hay [Z]1= C[Y) + [c] véi C = | 0 _J% 0 |valel=lo
. 0
1
0 0 —
L J5 |

Cudi ciing ta duge phuong trinh chufn tic cha (S) 14 :
Z +Z5 -Z2 =1 (hypeboloit 1 tng)

1.66.a) Trong A°® tim dudng sinh thing clia mat bac hai (S,) :

x oy, . o
?+?—z =1 di qua diém M(3, 2, 1)
bay 1a phuong trinh cta mat hypeboloit 1 tadng. Cé thé viat
phuong trinh trén dudi dang :

2 2
f__zﬁzl_l_

9 4
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= %+m%—m=u+§u—§
Ta ¢6 phuong trinh hai ho dutng sinh thing cia (S;) la :
X Yy WX : Y
(—+2z)=qll+=) (—+2z)=q(1-=)
P r®=9 7y A R

Hol: ho I
X Y X . y
(—-zy=pl1l-= (——z)=p(l+=)
q 3 zZ}=p 2} q 3 z)=p 7

NHAN XET. Néu nhan v& vdi vé cua ting phuong trinh trén ta co
lai phuong trinh da cho.

Muén tim p, q, p, q ta thay toa do diém M(3, 2, 1) vao trong
phuang trinh xac dinh ho ! hay ho {.
Déi vai ho I ta ¢6 :
2p =2
P q.—.:xch@np:ltacéq=1.
0qg=0p
Vay he i ¢6 phuong trinh:

y
—+z=1+=
3 2 2x—3y+6 -6=0
c}{ - z

X .Y 2x+3y-62-6=0
3 2
D81 véi ho [ ta c6 -
'2=qg'0 . :
{p, q, =chengq=1tacép =0
q.0=p2

Vay ho [ ¢6 phuong trinh:

v .
1-Y -0
-
2 :{y 0

X_,.0 x-3z=0
3
b) Trong A® tim dudmg sinh thing cla mat bac hai (8,):
2 2
Xy s e
— -~ = 2z di qua diém N(3, -4, 0).
9 16 '

110



Bay la phuong trinh cia mat yén ngua va phuang trinh trén

¢6 thé viét dudi dang :

)L } = 2z.

G| e
+
|
Lo | w
|

Ta ¢é phuong trinh hai ho dutmg sinh thdng cia (S,) 14 -

p(g- + %) = 2q ‘ p'(g + -i-{) =q'z

hot - he !:
’ x r
q(z{——-}i):p.z q(——%)=2p

3 4 3

Thay toa dé cﬁ-a N(3, -4, 0) vao phuong trinh ho [ ta ¢6 :

= chop=1taceoq=0.

p.0=2q
q2=p0

Vav ho { ¢6 phuang trinh :

-’5+ =0 4x+3y =0
3 (=1
2 z=0 ’

S |

Thay toa d9 ciia N{3, -4 , 0) vao phuong trinh he [tacs:

"0=q".0 ' '
{p q = chop=1tacéq = 1.

q'.2=2p

Vay ho [ ¢6 phuong trinh :

-+

% (4x+8y-122=0
=
9 4x-3y-24=0

ol |
W [t e e
1
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CHUONG 1l

BAI TAP VE KHONG GIAN OCLIT
VA HIiNH HQC OCLIT

A. TOM TAT Li THUYET

§1. BO SUNG CAC PHEP TOAN
TREN KHONG GIAN VECTO

1. Tich vé6 hudng cua hai vecto

Cho V la khéng gian vecta trén trudng so thue. Tich vé hudng
ctia hai vecto a,b ki Fiédu la ab hay ab la mft phép todn f sao
cho véi mébi caﬁ vectd c6 thi ty abta dit tuong Ung vdi mdt s8
thue xdc¢ dinh, thda man 4 diéu kién sau :

1) ab = b.a (tinh chat giac hodn)

2) a{b + ¢)= a.b + a.c véi a,b,c eV (tinh chdt phan
phéi dé1 véi phép cong vecta)

3)(Aa).b =Aa.b)véir R

4) a. a >0, ddu “=" x4y ra khi va chi khi a = 0

N&u mot khéng gian vecto duge trang bi thém tich vé hudng
d6i véi moi hai vectd bat ki clia né thi né s& trd thanh mot khdng

gian vecto Oclit duge ki hiéu la Vg hozc E" .

2. Cic dinh nghia c¢é lién quan dén tich vé huéng cua hati
vectd

«a.b =|alib|cos(a,b)
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3. Tich ¢6 hudng cia hai vects trong V2

a) Binh nghia. Trong V& tich ¢6 hwdng cia hai vects a va b
12 mot vectg ¢ thda min céc didu kién sau :

e lavaelhb

ii) |cj = | al/blsin(a,b) = dt hinh binh hanh dung trén cac
vecto 5,5 .
iii) Tam dién tao béi ba vecto a, s

b, ¢ 1a tam dién thuin (néu vin mét

niat chai theo chidu tir a dén b thi -~
niit chai chuyén dgng theo hudng cha

vects ¢ ).

b} Tinh chat
1)a A b =-b aa (tinh chét
phéan giao hodn )
2)p(5AB)=p5 Ab=a ApB véipe R
3J(a+b)ac=anc+bac

an(b+cl=aanb+anc.

4. Tich hén hgp cia ba vects trong V3
a) Binh nghia. Tich hén hop ctia ba vecto a,b,e trong Vg la
~ mdt s6 bdng cdch nhan c6 huéng hai vects a,b ta duge anb réi

nhan vects ay vdi c¢. Ta ki hidu tich hén hogp ciia ba veeto a, b,c
nhir sau :

(é,b,a)‘——(é A B)E
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b) ¥ nghia hinh hoc
Tich hén hgp cia ba vectd a,b,c khong déng phing la mdt s&
cd tri s& tuyét déi bing thé tich hinh hop dung trén ba vecto
a,b,c.

Hé qua : Diéu kién cdn va di dé ba vects déng phing (phu
thudc tuyén tinh) la tich hén hop cha ching bing 0.

§2. KHONG GIAN OCLIT

1.Dinh nghia

Khéng gian Oclit 1a mot loai khéng gian afin lién k&t vdi
khong gian vectd Jelit hitu han chiéu duge ki hidu la E.

N&u dim V2 = n thi s chidu cla khéng gian Oclit lién két vdi
né bing n. Ta c6 : dim E" = n.

CHU Y. Trong khéng gian Uclit vAn ¢6 cdc khéi niém va tinh
chit cta khéng gian afin. Mat khac trong khéng gian Oclit con cé
thém cdc khdi niém va tinh chat méi nhu sy vubng géc cla cdc
phéng, 4o dai cdc doan thing, dd 16n cia géc v.v.. 1a nhitng khai
niém va tinh chat khéng cé trong khéng gian afin.

§3. MUC TIEU TRUC CHUAN - TQA PO TRUC CHUAN

1. Muc tiéu truc chuin
Mét muc tidu afin {O; e,,e,..,e,} cia khong gian Oclit n
chidu duge goi 1a mue tiéu truyc chudn néu cd s6 {e_;,gz',...,e_,:} clia
khang gian lién k&t Vi v6i né 14 co 5§ tryc chudn nghia la :
—— 0 khiizj . .
;.e; = 5ij ={1 khii=j viii, j=1,2,..,0

2, Toa dd truc chuin
Toa d6 clia mét diém X thujc khong gian Uclit E" d6i véi mot
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muyc tiéu tric chuan goi 1a toa dé truc chudn cta didm d6 déi voi
muc tiéu dé. Ngudi ta con goi toa dd truc chudn clia mdt diém la
toa 46 Dé - cdc vubng gbc caa diém d6.

3. Pdi muc tiéu truc chuin

Cho hai mue tidu tryc chudn {O;e;,e,,...,e, } va 107¢; ,e) 00y

e}, } cta khong gian Uclit n chiéu E". Goi C 14 ma tran chuyén tir

—_— — J——

cO 56 {ej,e,,..,e, | sang co s& {e) e} .., e, }. Cdc co s d6 déu la

cg 56 truc chudn nén C 1a ma tran true giao. Khi dé ta ¢6 céng
thic d6i muc tiéu 1a ;

[x] = C*(x] + [b]

trong dé C* la ma trin chuyén vi ciia C, [b] la ma trian cbt toa do
cia diém géc O d6i véi myc tiéu {0, el, e '}, eon [x] va [x] la

hai ma trdn cdt toa dd cha cing mdt difm lin lugt d&i véi muc
tieu { Oje; } va (O] e }.
4. Khoang cach giiwa hai diém

Cho hai diém M, N cia khéng gian Oclit E". Khodng cdch
gita hai diém d6 ki hidu 1a d(M, N) va duge dinh nghia la:

dM, N) = | MN | =yMN

Tinh chat

- a)d(M, N) = d(N, M)
b}dM,N}>20vadM,N)=0 > M=N _
) d(M, N) + d(N, P) > d(M, P) véi moi ba diém b4t ki M, N, P.

d) Néu M, N, P la ba diém phan biét thi diém N thube doan
thing MP khi va chi khi d(M, N) + d(N, P) = d(M, P).

e} Cho bigt toa do tryuc chudn cia M = (xy, X, ..., X} va
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N = (Yh ¥2 -, yl'l) thi :

d(M, N) = ’Z{y, -x;)?
i=1

5. Riéu thitc toa d§ cia tich vé hudng ciia hai vectd trong
Vg
Trong E* v5i muc tiéu truc chudn gia su :
a= (ay, ag, ..., a,)

b = (bls b?! nevy bn)

Tacé: | ab= E a;b;
i=1
- n
Hé qué |a| = Za?

Zab

Hlb\ J;JZT

6. Bi€u thuc toa dé cia tich c6 huéng trong V3
a) Trong V¢ v6i hé toa db Dé-cdc vuéng géc Oxyz cho hai

cos( 5,5} =

vectd ; a = (ay, ay, as)
b = (b,, b, bs).
- = = Ay ag| |ag a4 |3, Qg
= b= ) 3
e=an [bz byl'ibg by{’lb, bz]

b) Hé qua e Néucp:(ﬁ)thi:
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2 2 2

32 a3 a; a; a; a,
|E1 N b‘ by by by by ¥ b, b,
}ar ‘bl \/31 +aj +aj} \/b2+b2 +b?

sing = +

* Goi S la dién tich hinh binh hanh dung trén cdc vecta a, b:

=|5AB|=_J

7. Biu thitc toa d§ cita tich hén hgp trong V3

2 2

2
a; a,

g Aag +
by b,

4y 8y

+
b by

Trong hé toa do Dé-cdc vudng géc Oxyz cho ba vects khéng
dbng phing :a=(a;, ag, a3), b = (by, by, by), ¢ = ( ¢y, 3, Cy).
Goi V 12 thé tich hinh hop dung trén ba vects da cho thi

+V=(a,b,c)
a, ap; ajg
hay +V=|b; by, by
€ € C3

§4. CAC PHANG TRONG KHONG GIAN GCLIT

1. Vi tri twong d6i cia cic phing trong E®

Ngoai nhitng vén dé vé vi tri tuong d6i cla cac phéng da duge
xét nhu trong khéng gian afin, d&i v6i cdc phing ciia khong gian
Jelit cdn 6 thém cde quan hé mdi vé vi tri tudng déi.

a) Hai phang vuéng gé¢ véi nhau. Trong E" cho phing « c6
phuong o va phing f ¢6 phuong f:

» Hai phing « va p gcu la vudng géc vei nhau, ki hidu o L p
néu hai khéng gian vecto ava B true giao vdi nhau ngh1a 1a mei
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vecto thude o déu truc giao v6i moi vectd thude B. Ta ciing ki hiéu
alf.

b} Hai phdng bii vudng goc vai nhau. Hai cdi phédng « va B goi
1a bz vudng goéc voi nhau néu o vap bl tryc giao vdi I!hau trong
E" nghia la :

a®p = E® hay. dima + dimp = n.
c) Binh li. Trong E®, hai phing vuéng géc véi nhau cé khong

qui mdt di€m chung, hai phing bl vadng géc vdi nhau c6 mot
diém chung duy nhét.

Hé qua ¢ Trong E" néu o va § b1 vudng géc vdi nhau thi téng
cua ching 1a E™.

¢ Trong E" qua mot di€m da cho c¢6 mdt va chi mét phing bu
vudng géc véi phing da cho.

d) Binh li. Trong E" cho mot didém A va mét phing B khong
chita A. Khi dé trong B ¢c6 mdt diém A' duy nhét sao cho:
d(A, A< d(A, M) véimoi M e B.

S6 d(A, A) goi 1a khodng cdch tir diém A tdi phdng § va duge
ki hieu: d(A, A} = d(A, B).

e) Pinh li. Néu phing o vuéng géc v6i phadng p va phéng v bu
vuéng goéc véi phing B thi o cing phuong véi y.

2. Khoang cach gii¥a hai cdi phing

a) Dinh nghia. Trong E" khodng cdch gitta hai cdi phdng o va B
lasginfdM,N)v6iM e avaN e p.

dic, f)=infdM, N)v6iMecavaNep

b) Budng vudng géc chung cha hai cai phing. Pudong thing A goi
1a dutng vudng géc chung cia hai cdi phdng o va B néu A vudng
g6c véi cad a va B, déng thoi A cit cd a va .
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¢) Binh li. Goi A 1a dudng vudng gée chung ciia hai cdi phing «
va B. NéuAcdt o vaBlanluot tail vaJ thi -

da,p) = d(I,J).

d) Binh li. Néu hai cdi phdng o va p chéo nhau ( nghia la
khong c¢é di€m chung va phuong chung ) thi ching cé dutng vuong
goc chung duy nhat.

3. Khoang cdch tit mjt di€ém dén mét siéu phing
a) Vectd phap tuyén cia siéu phing. Trohg E" vdi muc tidu tryc
chudn, cho siéu phing o c6 phuong trinh :
ax; +aXe + ... +8 X+ 8 =0

Khi d6 vecto n= (ay, ay, ..., a,) goi 1a vecto phdp tuyén cla siéu
phdngavin Ll a.

b) Khodng céach tif mét diém d&n mot siéu phing

Trong E" véi muc tiéu tryc chudn cho trude, cho diém
I(x7,%;,...,%; ) va sidéu phidng o cé phuong trinh

Zax +a,

Khi d6 khoang cdch tir I dén « duge tinh theo céng thiie :

n
> aixy +a,

&, o).= A=t

n
2.af

i=1

§5. GOC TRONG E*

1. Gée giita hai vectd.
Trong E cho hai vecto u,v déu khdc 0. Ta goi goc giiza hai

vecto u,v d6 12 s8 ¢ ma :
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O<opsm va cosgp=

4l

Dbéi voi ba diém A, B, C bat ki ta ¢ céng thate:

BC®* = AB? + AC? — 2AB.ACcos A

-trong dé A l1a géc giifa hai vecto AB va AC.
2. Géc gilta hai duong thing
Trong E" cho hai dutmg thing A va A’ lan gt ¢6 phuong a4

Vva V'. Goi a,b la cdc vecto khde vects O lin lugt 14y trén V
va V'. Ta goi géc ¢ gita hai duong thdng néi trén 13 s6 @ ma :

s ab
VA COSQ =

O<g=x —
-1

n
2

3. Géc giita hai siéu phing
Trong E" cho hai siéu phéng o va B. Goi a, b lan lugt 13 céc
dudng thing truc giao véi « va B.

Khi d6 gée giita hai duing thing a, b goi la goc gifta hai siéu
phdng ava B.

4. Géc giwa dudng thing va siéu phing
Trong E® cho dusng thng a va siéu phing p.
» Néu a 1 B ta néi réing géc

o a gilta a-va § la goc vubng.
ﬂ‘T / » N&u a khong vudbng gée
T véi B ta ldy a' L B va goi ¢
/AW la géc giita a va a'. Khi dé
goc gilta a va siéu phing p la

g6c O ma >0 va e:-;——q;.
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Néu goi u la vecta chi phuoing eta dudng thing a va n la
vecto phdp tuyén cla siéu phing p ta cé:

u.n

Sing = sin(% ~Q)=cosg=

Do dé cosf =+v1-sin® @ =

§6. ANH XA PANG CU VA PHEP BIEN POI PANG CU
1. Anh xa ding cv

a) Binh nghfa. Goi E va E’ 1a cée khéng gian Oclit. Anh xa
f: E - E' goi 1a dnh x¢ déng cu néu f 1a mdt dnh xa afin ma dnh
xa tuy&n tinh lién két ¢ : E - Ela moét dnh xa tuyén tinh trye
giao cia hai khéng gian vects E va B .

b) Binh li : Moi 4nh xa f: E — E’ giifa cde khong gian Uelit cé
tinh chat bio ton khoang cdch giira hai diém bat ki tie 13 véi moi
M,N € E ta ¢ d(fiM),fiN)} = d(M,N) 14 mét anh xa ddng cu.

Hé qua : Anh xa déng cu bio tdn s§ chidu cia cdc phing, bdo
téon tinh vudng géc cha cdc phang, bao ton khoang cdch va géc
gitta cac phing.

2. Bién 46i ding cu

a) Dinh nghia. Anh xa £ E — E tir khong gian Oclit E vao
chinh né la mét phép bién déi ddng cu hay la mét phép doi hinh
clia khéng gian Qclit E. Khi dé dnh xa tuyén tinh ¢ lién két véi f
la m{t phép bién dbi tuy€n tinh truc giao ciia khéng gian vects B,
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b) Nhan xét. Tap hop cdc phép bién ddi ding cu (hay tdp hgp
cdc phép doi hinh) ctia khéng gian Jclit E® lam thanh mét nhém
con cGa nhém cdc phép bién ddi afin cha E™

Cidc phép tinh tién 13 ede phép déng ey, ching lam thanh mét
nhém con ctia nhém cdc phép bién ddi ding cu.

3. Phép d#i hinh va phuong trinh cia phép ddi hinh

a) Binh Ii. Trong E", d6i vdi mdt myc tiéu tryc chudn cho trude,
phuong trinh eta phép déi hinh ¢6 dang :

[x'] = Alx] + {b]

trong 46 A 1a ma trén tryc giao cdp n.

Ngudc lai - Trong E® mdi phuong trinh cé dang:

' [x] = Alx] + [b}

trong d6 A 13 ma tran tryc giao cAp n déu la phuong trinh cia mt
phép doi hinh d6i véi mot muc tidu tryc chudn da chon.

b) Cha y. Vi A 12 ma tran truc giao nén det A=+ 1 (Vi A'A =1
la ma trdan don vi). '

N&u A 1a ma trdn truc giao va :

e det A = 1 ta ¢6 phép dd¥i hinh loai 1 hay phép doi hinh
thuin

e det A =1 ta ¢6 phép d¢i hinh loai 2 hay phép déi hinh
nghich.

Tap hop cdc phép doi hinh trong khong gian Oclit E lam thanh
mot nhém goi la nhém dat hinh.
§7. HINH HQC OCLIT

1. Binh nghia
Hinh hoc cia nhém cdc phép ddi hinh @7 cha khoéng gian
Oclit n chidu E® goi 1a hink hoc Oclit n chiéu.
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Hai hinh Gng véi nhau qua tich mét s6 phép doi hinh goi 13
hiai hinh bing nhau .

Hinh hoc Oclit n chiéu nghién ciu nhimg tinh chdt khang
thay d6i qua cdc phép déi hinh cia nhém 9",

2. Méi quan hé gi®a hinh hoc afin va hinh hoc Gclit trong E®

Trong khéng gian Uclit E® ¢6 nhém afin «#°, do d6 ta ¢6 hinh
hoc afin trén E". Vi nhém doi hinh 9" 14 nhém con cia nhém afin
oA" nén hinh hoc afin 14 mdt bé phén cda hinh hoc Oclit. Pidu dé
¢6 nghia la nhitng tinh chit khong thay ddi qua phép bién ddi afin
cing la nhitng tinh chit duge nghién citu trong hinh hoc Oeclit (ta
¢6 thé xem phép doi hinh 14 mét phép afin dac bidt). Nguge lai
nhimg tinh chit khéng thay d8i qua nhém d&i hinh %" chua hin
la nhitng bat bién afin thi du nhu d3 dai c4c doan thing, sy vuéng
géc cla cdc phéng. Vi vy hinh hoc Celit trén E® phong phii hon vi'’
né vira nghién edu cdc bat bi€n cia nhém afin ddng thoi véi cde
bat bi&n cia nhém d&i hinh.

Hinh hoe
Uelit

Nluim afin

3. Phudng phap dung hinh twong duong afin dé gidi todn

Gia st ta cdn chitng minh mét hinh H nao d6 ¢6 tinh chit o
ma o la mgt tinh chdt afin. Ta thue hién cac budc sau day:

a) Ta chon trong tdp hop cdc hinh tuong duong afin v6i hinh H
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mdt hinh H' ma trén d6 tinh chat afin o d& ching minh hon. C6
thé xem H' 1a dnh cia H qua moét phép afin f ndo d6. Ta cé
f(H) = H

b} Ta chdng minh tinh chat « trén hinh H’'. Trong qud trinh
ching minh ¢6 thé s dung thém cdc cong cu ciia hinh hoc Tclit va
nhu vdy viéc chiing minh s& duge thye hién médt cach dé dang,
nhanh chéng.

c) Sau khi ching minh dugc tinh chit afin o trén hinh H’' ta
thyc hién phép afin f ! bign hinh H’ thanh hinh H va tat nhién
ta di chdng minh duge tinh chat afin ¢ trén hinh H.

§8. HINH HOC PONG DANG
1. Anh xa tuyé&n tinh déng dang

a) binh nghla: Anh xa tuy&n tinh o: E o Ecﬁa cdac khong

gian vecto Oclit ¥ va E goi 12 mat dnh xa tuyén tinh déng dang
néu c6 mot s8 thiyc k = 0 dé :
) o(y) =kxy véimoix,yekE.
b) Tinh chét
e S6thuck >0vivdi x=y 20 tacé [o(x)]* =

e Moi d4nh xa tuyén tinh tryc giao déu la d4nh xa tuyén tinh
déng dang (véik = 1) .

» Tich nhiing anh xa tuyén tinh dong dang la mét anh xa
tuyén tinh déng dang .

c) Binh ii. Mjt dnh xa ¢ : E - E cla khong gian Jelit E vao
chinh né 14 mdt phép bién déi tuyén tinh néu cé mét s& thue k = 0
sao cho véi moi %, ¥ cGa E ta c6

o{X).p(y) = kx.y
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Phép bién d6i tuyén tinh nay bién mét co sd trye chudn thanh
mét co s¢ tryc giao.

2. Phép dong dang

a) Binh nghia. Phép bién déi f: E® —» E" goi la phép déng dang
néu véi moi hai di€m bat ki M,N cia E" va anh caa chiing la
M' = fiM), N' = fiN) ta ludn ¢6

dM',N")=k . d(M,N)
trong d6 k la mét s6 duong ¢§ dinh duge goi 1a ti s6 déng dang
cia phép déng dang f .
* Véi k = 1, ta duge phép déng dang f1a phép dai hinh.
*» Phép vi tu ti s& k 1a phép déng dang ti s6 k.
b) Binh Ii. Phép dong dang 14 mot phép afin.

c) Binh 1i.T4p hop cdc phép bién ddi déng dang ciia khéng gian
Uclit E° 1am thanh mot nhém goi 13 nhém déng dang duge ki hiéu
& %". N6 1a nhém con clia nhém afin va chda nhém doi hinh .Ta
o : '

©w - Y c A"

d) Hinh hoc déng dang. Hinh hoc cia nhém déng dang goi 1a
hinh hoc déng dgng. Hinh hoc déng dang nghién cdu nhitng bat
bién clia nhém déng dang tic la nhing tinh chat khéong thay d6i
qua phép déng dang. Ta ¢6 :

Hinh hoc afin la mét bé phan cia hinh hoc déng dang va
hinh hoc déng dang la mot bé phan cia hinh hoe Oclit. Nhu vay
trong hinh hoc déng dang ¢6 moi khdi niém va tinh ch&t afin.
Trong hinh hoc cGa nhém doi hinh 13 hinh hoc Celit c6 nhirng
khai niém va tinh chdt cda hinh hoc déng dang. Thi dy nhu hinh
vubng, hinh tam gidc déu, dudng tron, mit ciu vv ... déu 1a nhiing
khdi niém cta hinh hoe déng dang. Mat 56 dinh li nhy e4e dinh Ii
néi vé cdc hé thic lugng trong tam gide, trong dudng trom vv ..
déu 1a nhimg dinh I{ cda hinh hoc déng dang.
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§9. SIEU MAT BAC HAI TRONG E"

1. Dang chinh tic ctia phuong trinh siéu mit bac hai trong E®

Dinh Ii. P31 vdi moi siéu mit bac hai (S) trong E" ta ludn luén
tim duge mdt muc tiéu triec chudn sao cho phuong trinh cia (S) déi
v4i muyc tiéu dé e6 mdt trong ba dang chinh tic sau day.

Dang1l :Zkg{f:l véils<r<n
i=1

DangIT: 3 xxf =0 véil<r<n
i=1

Dang III: Zbix? +2mx,,; =0 véil<r<n
i=1
2. Phuong chinh cia sidu mit béc hai trong E°

a) Dinh nghia. Trong E® v6i muc tiéu true chudn cho truge , cho
siéu mat béac hai (S) ¢6 phuong trinh :
[xI*Alx] + 2[al*[x] + a, = 0

Veceta ¢ = (c1,cp, ..., Cn) # O goi 1a phuong chinh ciia (S) néu:

Afcl = A [el tiie la > aye; =hevdii=12, ., n.

i=1

N6i cdch khde vecto ¢ (¢;) 1a phuong chinh cia (S) néu ¢ la
vectd riéng caa ma trdn A .

b} Tinh chat

¢ Phudng chinh khéng phai 14 phuong tiém cdn khi va chi khi
gid tri riéng tuogng img » = 0.

» Siéu phéng kinh lién hop véi phuong chinh ¢ thi ¢6 phuong
vudng goc vdi c.
¢) Pinh Ii. Trong E" d6i véi mdt hé toa 48 truc chuidn {O;

e ,ey ,...,e, } néu phuong trinh clia sidu mit bac hai (3) ¢6 dang :

126



ib +2Zax +a, =
i1

thi cdc vectd e, ,e, ,..., e, déula nhimng phuong chinh cda (S).

§10. SIEU CAU TRONG E"

1. Dinh nghia

Trong khéng gian E" cho mot diém I ¢ dinh, tip hgp tat ci
nhimg difm M thude E" sao cho d(I,M) = r vdi s6 thue r > 0 cho
trude goi la siéu cdu (thuc ) tam I, ban kinh r.

Ta ki higu S (I,r) = (M € E" | d(ILM) = r}.
2. Phudng trinh cia siéu cdu thuc

Gia st diém I c6 toa d¢ tryuc chudn 1A (a,,a,,...,a,), khi d6 siéu
ciu thie tam I bén kinh r ¢6 phuong trinh :

T

>ix; —a)? =r?

i=l

3. Siéu cau tdng quat

Trong E" v6i muc tidu truc chudn cho trude, mdt sidu mit bac
hai (8) 14 mdt siéu cdu néu phuong trinh clia né c6 dang :

I n
2
in +2Zaixi +a, =
i=1 i=1
. n 2 n 2
~ hay Z:(xi +a;) :Zai -
i=1 i=1

i}
a) Néu Za? —a, > 0 ta c6 siéu cau thuc tam I(-a,, -a,,..., -a,),
i=1
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ban kinh r = ,z a? -a,
i=1

n
b) N&u > af —a, = 0 ta c6 siéu cau diém tam I, ban kinh r =0
i=1

1]
c)Néu > af -a, < 0 ta c6 siéu cdu 4o tam L
im1
4. Mién trong va mién ngoai cla siéu cdu thyc

Cho siéu edu thue S(I,r) trong E". Mién trong cla siéu cdu dé
12 tap hop cde didm T thude E" ma d(I,T) < r, cdn mién ngodi cia
siéu cdu dé la tap hop cdc difm N thude E" ma d(I,N) > r. Mién
trong cla siéu cdu 1a mét tdp 18i. Poan thdng ndi mét diém thudc
mién trong véi mot diém thudc mién ngoai cdt mat cdu S(Lr) tai
mpt diém .

5. Phuong chinh va siéu phdng kinh chinh ciia siéu cdu

o DGi v6i siéu cu téng quat, moi vects ¢ # 0 (thufe) déu khéng
phai 14 phudng tiém cdn va ludn ludén 13 phuong chinh.

¢ Moi sidu phidng di qua tam I(— a;, — as , ..., - &;) cila siéu
cdu tdng quat déu cé phuong trinh dang:

iai(xi +a;) =0
i=1

D6 1a sidu phdng kinh chinh vi lién hop vdi phuong chinh
a = (o, g, ..., Gy)

e Siéu phing di qua diém M, thudc sidu cdu S(I,r) va vudng goe
véi dubng thing IM, goi la siéu tiép dién cia sidu cdu d6 tai didm
M,. Putng thing di qua tam I cha siéu cdu dugce goi 1a duong kinh
clia siéu cdu. :
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6. Phuong tich cia mot diém déi vdi siéu ciu

a) binh nghia. Trong E" véi muc tiéu truc chuin, cho siéu ciu
{(S) ¢6 phuong trinh :

-
[ n .
f(x),%0, .. ,x, ) = Zx? + 22 ajx; +a, =0
i=1 i1
V6i méi diém M, thuge E" ¢6 toa do truc chufn 1a
(x{,X3,..., X5 ) thi khi d6 gid tri :

ﬁxg,kg,...,xﬁ) = zx?z +2Zaixf +4,
i=1 i=1
duge goi la phuong tich cda diém M, déi véi sieu cdu (S) va ki
higu 1a (M, ) (S) .
Ta c6 M,V (S) = f(x9,x3,...,x°)

b} Binh I : Trong E”, cho siéu cdu (S) tam I ban kinh r va mét
duding thing A di qua diém M, cit siéu cdu (S) tai hai diém M,, M,
thi khi d6

P (MY (8) = M,M, .MM,
7. Siéu phing ding phuong

a) Binh li. Trong E cho hai siéu ciu (S,) va (8z) ¢6 tam khong
trung nhau. Khi d6 t4p hgp nhing didm M c6 cing phuong tich déi
véi (Sy) va (Sp) s& ndim trén mot siéu phing. Sidu phing nay vudng
g6c vdi dudng thing néi hai tam ciia hai siéu ciu d3 cho.

b) Binh nghia. Trong E” tap hop cdc diém c6 cung phuong tich
déi v6i hai siéu cdu (S)) va (Sy) khdng déng tam 1a mét siéu
phdng. Siéu phing nay goi la sisu phing ddng phuong cua hai
siéu cau da cho. Siéu phing ding phifong ludn ludn vuéng gée vdi
dudng thing ndi hai tdm cia hai siéu cdu cho trude.
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B. DE BAI TAP
§1, §2, §3

2.1. Trong khéng gian vecto Oclit Vg ta thanh 1ap ma tran Gram

tir hé vecto {a,,a,, ...,é,'l } nhy sau ;
a; a,.a, . . . a,a,

2 _

ag.ay
_— —2
an .al an -32 - e . a,

a) Ching minh hé vecto dd cho déc lap tuyén tinh khi va chi
khi det G > 0.
b) Hay tinh det G trong V2 véi tich vé6 huéng duge dinh

nghia theo cdch hiéu théng thudng :
a,.a,= |a, |.|a, |.cos(a; ,a,)
2.2. Trong Vé ddi vdi cg s& truc chudn cho trudc cho céde vecto a,
b c6 toa do la
a =(1,1,1,2
b =(1,2,3,-3)
a) Ching minh al b
b) Hay bé sung vao {a, b } hai vecto nita d€ duge mét co sé

trfe giao.
2.3. Tinh dién tich hinh binh hanh dung trén hai vecto a= (8,4,1),
b =(2, — 3, 1) d&i vdi mdt c¢ s§ truc chudn .

2.4.D01 véi mdt cd £§ tryc chuén cho ba vectd
a=1{312),b=(2174), ¢ =(1,2, 1). Tinh tich hén hop
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(a,b,¢)=(anb).c.
2.5. Tinh khodng cdch tit mdt diém M, d&€n dudng théng d cho biét
cde toa dd trye chudn cla difm M, 14 (%1, xg, Xg), ciia diém M,
thude d 1a (x7, x5, x5 ) va duong th%ng‘ d ¢6 phusng a= (a,, ay, as)

2.6. Véi hé toa do true chudn- {O; él-,eg,e_a'}. cho hai diém
. 5
A2, -1, 3) va B(1, 1, 5). Hinh vuéng ABCD va diém M(,(a,—B, 0)

thude mit phing (ABC), Hay tim toa d6 difm Cva D .

2.7. Ching minh ring :

(anbf+(a.bl=a .5

2.8. Trong khong gian vecto Oclit Vi d6i véi co s& truc chudn cho
trude cho ba vectd a, b, ¢ ¢6 toadd lan lugtla a =(1, 1, 1, 2),
b= (1, 2, 3, -3), ¢= (-7, 5, 0, 1). Ching minh alb, ble,
¢ Lla va hiay bS sung vao hé {a,b, ¢} mot vects nita dé duge
mt co sd truc giao.

29. Cho an ¢ =b A c véi ¢ # 0. C6 thé suy ra a =b hay
khéng?

2.10. Véi hé toa d tryc chuin trong E® | cho ba diém A(3, 4, -1),
B(2, 0, 3), C(- 3, 5, 4) . Hay chung t ba diém dé khéng thing
hang va hiy tinh dién tich ctia tam gidc ABC d6 .

2.11. Trong E’ véi muc ticu trire chudn cho cdc vecto :
a=(,0-1,b=(24D3)
¢ =(-1,32),d=(20,1
Hay tinh (aab)ac va(anc)(bad). ,
2.12.Trong khéng gian vects Oclit n chidu V? cho mét hé vects
déc lap tuyén tinh (a, ,a,, .. ,a_ }. Ching minh ring tén tai
mbt hé vecto duy nhat {b_{ , b—g, b_r; } sao cho :

a;.bj=8; v6ii,j=1,2 .,n
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Chiing minh ring néu vects x ¢6 toa 4o (x, Xo, ., X,) @bi v6i
c¢ s& {5}- tebn vectd }7 c6 toa dd (v,,¥2,..¥s) d0i vdi co 56 {5:}
thi ;

X.¥ =X1¥] + Xa¥2 + . + Xa¥a
2.13. Gia s trong V¢ da chon mot co s¢ {e; }. P8i v6i mbi vects
don vi e ta dat o; = ple, eT ). Chiing minh ring :
e?i‘coso;i va i cos’ a; = 1
izl i1
2.14. Cho hai doan thing AB va CD c6 d6 dai khéng déi lan lugt
ndm trén hai dudng thing chéo nhau d; va d, trong khong
gian E®.Ching minh ring thé tich cia td dién ABCD khéng
phu thuéc vao vi tri cGa cde doan thing AB va CD trén d, va
ds .
2.15. Trong khéng gian Oclit E* cho bon diém AB,C,D tuy y .
Ching minh rang :
ABCD + ACDB + ADBC = 0.
Tir dang thdc trén hiy suy ra mot vai ménh dé quen biét trong
hinh hoc .
2.16.Ching minh rang vdi bén diém bat ki A,B,C,D cGa khong
gian Jclit E” ta déu c6 :
d(A, B) + d(C, D) + d(A, C) + d(B, D) 2 d(A, D) + d(B, C)

=

e =

"

§4, §5
2.17. Trong khdng gian Uclit E® v4i mue tidu trye chuén cho trude,
cho siéu phing P c6 phuong trinh :
X, + AsXeg + ..+ AKX, + b =0
a) Chitng minh rang vecto a = (a;, ag, ... , 8p) vudng gée vdi
phuong cia P. Vecto a d6 duge goi 12 vecto phdp tuyén cta
siéu phdng P.
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b} Viét phuong trinh tham =6 va téng quédt cia dutng thing d
di qua diém M, (x}, x3, ..., x° ) va vudng géc véi sidu phéng P.

2.18. Trong E" v6i muye tiéu truc chudn cho trude cho m-phdng P c6
phuang trinh :

11
ZauXJ+b1=0 ,]’.=1,2,...,n—'m.
=1
a) Ching td riing n—m vectg E{: (a5, &g, ., ap) V611 =1,2, ..,
n—m ddc ldp va tao nén cd sd clia phuong b vubng gée véi
phuong cha phing P.
b) Viét phuong trinh tham s caa c4i phing Q di qua diém
Cley, €2, ..., ca) v bt vudng géc v6i m- phéng P da cho .
2.19. Trong E® v6i muc tidu true chudn cho trude :

a) L&p phuong trinh téng quat cha phing P c¢6 s§ chidu bé.
nhit chia cdc difm A(1,3,-1,4,5), B(2,3,~1,4,5) va chifa phuong
p (0,1,0,0,0) .

b) Lap phuong trinh t8ng quat cda phing Q di qua diém A da
cho va bu vubng géc véi phing P.
2.20. Trong E* v6i muc tidu tryc chudn da cho , xét vi tri tuong ddi
cia hai c4i phdng P va Q l4n lugt cho bai phuang trinh
tham s8 cha ching nhu sau :

X;=2+v =2t

p- Xo =1+ 4v 4+ 3u Q: Xz2=3
X3 = 3v+u ' x3=-1+3t
X% =5+ 11v + 3u X, =2-t

2.21. Trong E* véi muc tiéu truc chudn cho trude xét vi tri tuong
d6i cia hai cdi phdng R va S ldn lugt cho béi phuong trinh téng
quédt cda ching nhi sau; :

Rixi—-x+3%3+x,-3=0
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X1 + X =3
S 4% + X3 ~X3=3
2%+ X — X4 =0
2.22. Trong E? viét phuong trinh mat phing chia duong thing d
¢é phugng trinh :
X—X, ¥Y-¥, Z-%

a b c

va vudng géc véi mit phdng Ax + By +Cz + D =0

2.23. Hay tim cbng thdc tinh khodng c4ch giita hai siéu phing
song song trong E" sau d6 hay ap dung céng thic vira tim dugc
dé tinh khodng cach giita hai mat phéng song song vdi nhau
trong E* va 1dn lugt 6 phudng trinh .

P:2% - X +2x3+2=0
P':4x1—2x;¢+4x3—21=0.

2.24. Trong E® tim diém d6i xing clia diém (1,2,3) d6i véi :

a) mat phing 2x; — 2%, + 5x; — 68 = 0
Xy —

b} dudng thdng x, - 8 = 3 1 =—X3+ 4,

2.25. Trong E* cho mét tt dién ABCD. Cdc dinh ¢6 toa d6 true
chuin 1a :

A=(002),B=(3,056),C=(1,1,00, D = (4,1,2).
Tinh chiéu cao cha ti dién ha tit dinh D t6i mat ABC.

2.26. Trong E? tim khodng cdch tir diém (1,3,5) t6i dudng thing c6
phuong trinh

2% + % +x3-1=0
3x, + X2 +2x3—-3=0

2.27. Trong E® tim khoang cach giita c4c cip dudng thing lan lugt
¢ phuong trinh :
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X; =3+t X =-u
a) di {x;=1-t wva d, X9 =2+ 3u

X; =2-32t X3 = 3u

Xy +2%X5 —-xX, +1 =0 X +X,+X, =9=0
b} my: {! z 3 VA my ; L 2 3

2%, 3%, +x3-4=0 2% — Xy ~Xg =

2.28. Trong E* véi muyc tiéu tryc chudn da cho ,¢ho mit phing P di
qua ba diém : A(1,1,1,1), B(2,2,0,0) C(1,2,0,1) va dudng thing
d di qua hai diém D(1,1,1,2) , E(1,1,2,1).

a) Ching minh P va d chéo nhau.

b) Viét phuong trinh dutng vudng géc chung va tinh 44 dai
doan vuéng géc chung .

2.29. Trong E" hiy tim quy tich : :
a) nhitng diém cdch déu hai diém A, B phan biét cho trudge
b) nhitng diém cdch déu ba diém A, B, C doc lap cho trude.

2.30. Hay tinh d¢ dai dudng chéo cia hinh “lap phuong n chiéu”
canh a trong khéng gian E".

2.31. Trong E" cho siéu phing di qua cdc didm :

A] = (al,O, ,0)
Az = (0,3;, .. ,0)
A, =(0,0, .. a,)

Hay tinh khodng c4ch tir goc toa do t6i sidu phéng dé . )

2.32. Trong E” cho hai muc tidu trire chudn {EGE;} va {E;E;]).
Ching minh ring dusng thing E, E, vudng gée v6i siéu phéng
chia don hinh (E,,E,,... | E,) tai trong tdm efia don hinh va tinh
toa d4 di€m E| déi véi muc tisy {EE:}.

2.33. Trong E” cho muyc tiéu truc chuidn{E, E;}, i =1,2, .. n. Trén

cde dudng thing E.E; ta 14y cdc diém A; khong triung véi gée
muc tiéu E, .
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a) Ching minh hé n didm A, A,,... A, doc lap va lap phuong
trinh siéu phing P x4c dinh béi n diédm A déc lap d6.
b) Goi h 14 khodng cdch tir E, tdi siéu phing P va goi a; 1a céc
khoang cdch d(EO, Aj),1=1,2, . n.Ching minh hé thie :
1
h2 g —.2
2.34, Viét phuong trinh dudng vudng goéc chung cia dudng thing
AB va mat phdng PQR cho truéc trong E* bigt ring toa d6 cdc
diém dé 14n lugt 1a : A(1,1,1,1) , B{-2, -1,1,3) va P(2,1,-1,0)
] Q_(a,l,o, "'1) ;R(O:O! _1:1) .
2.35. Trong E" cho dutng thing d vudng géc véi siéu phdng o va
cit sidu phing d6 tai difm M .Goi A 13 mot diém tay ¥ thude
d vd B la mét diém tity ¥ trén o .Ching minh :

d(M, A + d(M, B)® = d(A, B)® (dinh 1i Pitago).

2.36. Trong E" cho m- phing o va k-phdng p vudng géc v6i nhau.
Chitng minh réng o« va p bd vudng géc v6i nhau khi va chi
khin=m + k.

2.37. Trong E" cho hai c4i phéng « va p . Ching minh ring :

a) N&u a song song v6i B va dima < dimp thi véi moi didm A
thudc o ta déu cé d(A,B) = d(e,p) .

b) Néu « va B chéo nhau hean toan (anpB=0) thi cé6 mot
diém duy nhdt A € o va mjt diém duy nhdt B € B sao cho
dutng thing AB vira vubng géc véi o vira vudng géc véi § va
d(A,B) = d(a,B).

2.38. Trong E* cho mét diém I vd m— phing o khéng chia I véi
m < n di qua difm S c¢6 phuong o nhan m vecto
{G,@,...,g} lam co s& . Goi J 14 hinh chigu vudng géc cha I
Xudng o

Chitng minh :
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dz(I a) = ﬁz — |G{u1’u2"--1 um,SI)’

Gt i )
2.39. Trong E" (n >1) cho hai c4i phdng « va B chéo nhau (« ~P= ¢
va anf=0).Goi {é;, é;,...,é;} la co s cua khong gian vecty
a+f va ldy diém A €a, di€ém B € B. Ching minh riing:

gy - OBB L)

lG(é;, é;,...,é;}'

2.40. Trong E” tim t4p hop cdc diém M cdch ddu mét siu phing a
cho trude mot khodng cdch h cho trude . '

2.41. Cho khéng gian afin thuc n chidu A" véin > 1 va mét hé toa
dé afin {O; e, ga} ctia A" Ching t3 ring c6 thé bidn A"

trg thanh mot khéng gian Oclit 1 chidu ma hé toa d6 da cho
trd thanh hé toa d6 truc chudn cia khong gian Oclit .

§6, §7, §8

2.42. Trong khong gian Oclit E? xét tinh chit cla phép bién ddi c¢
phuong trinh sau day d6i vei mét muc tiéu truc chuin :

1= ——‘Ex +——2 +1
Tt x [xi=-x -6
a) b) )
] V2 (x3 = X2

2.43. Trong E" cho hai muc tiéu tric chudn {E,; E;} va {E,; E;} .
Lap phuong trinh phép déng cu (phép doi hinh) f 467 véi muc
tiéu {E;; E;}, bi€n muc tigu {Es; E;) thanh mue tigu {E,: E)
sao cho IE,) = E, va filE;)) = E; v6i i = 1,2, .., n
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2.44. Trong E" véi hé muc tiéu true chudn cho vectd v = (vi,vs, ...,
v,). Hiy viét phuong trinh phép tinh tién theo vects v da cho
va tim anh cia diém M c6 toa d6 1a (1,2,3,.. ,n) qua phép tinh
tién dé. Chung té phép tinh ti€n 1 phép doi hinh loai mét .

2.45. Trong E® , d6i véi mot muc tidu trye chufin da chon , cho
phép bién déi f ¢é phuong trinh nhu sau :

{ x‘l

X,z

X'm

'

\ Xn

3
X'm41=

=X

Xa
= ’xm

—= Xm41

_xn

a) Chitng té ring f 12 mét phép ddng ey (phép ddi hinh}
b) Vi nhiing diéu kién nao cha m va cGa n thi phép bién déi f
1a phép dai hinh loai mot hodc loai hai.

¢) Hay mb ta phép déng cy d6 clng véi nhimg tinh chat cia né
ndfum=mn— 1.

2.46. Trong E” véi muc tidu trye chufn da chon, cho siéu phng o
¢é phuong trinh :

1

Tl

n 2

A;X; + 8pXp + ... +8ApXa + 8, = 0 VAL Y &)
i=1

Hay viét bidu thie toa do cla phép ddi xing qua siéu phéng
d6 va qua dé chimng té ring siéu phing o chifa toan diém kép.

2.47. Trong E? v6i he toa dd trye chudn cho elip cé phuong trinh

2
X
a-2

X3

7 =1

viia#b.
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Viét phuong trinh cdc phép ddng cu (phép dai hinh) cda E?
bién elip thanh chinh né .

2.48. Trén E" ching minh ring méi dinh 1i c¢da hinh hoc afin
(thue) 14 mét dinh 1i clia hinh hoc déng dang va cing 12 mét
dinh Ii cia hinh hoc Jclit, nhung nguge lai ¢é thé khéng ding.

2.49. Trong E” chitng minh riing khai niém da gidc 16i déu n canh -
12 mét khdi niém déng dang. Hay phan loai déng dang tip
hop cdc da gide 16i déu dé.

2.50.. Trong E? chimg minh ring du¥ng trung tuyén, dudng cao,
dudng phan gide , dudng trung truc cia mét tam gidce 13 cdce
khdi niém dong dang. Trong cdc khai niém néu trén, khdi
niém nao l1a khai niém afin ? Vi sac ?

2.51. Trong cdc khai niém liét ké sau day, cdc khdi niém nao la
cia hinh hoc afin, hinh hoe déng dang, hinh hoe Gelit : dudng
tron, dudng elip, dudng hypebol, dutrng parabol, dudng thing,

sy chéo nhau cGa hai dudng thing , khodng cich cia hai
dudng thdng chéo nhau, hinh vuéng, hinh binh hanh, trong
tdm cGa mot tam gide, khoi tit dién déu.

2,52. Cho mft tam gidac ABC. Mdi canh cia né dugc chia lam

ba phan bing nhau. N&i cdc diém chia v6i dinh déi dién cha
canh dé ta s& duge sau dudng thing tac nén mdt hinh luc gide
(khéng déu). Ching minh c4c dutng chéo cha hinh lye gige dé
déng quy tai mét diém.

2.53. Cho hinh binh hanh c¢6 cdc dinh ndim trén mdt elip. Chiing
minh tdm cla hinh binh hanh tring véi tAm ciia hinh elip con
cdc canh cha hinh binh hanh thi song song véi hai dudng kinh
lién hop cda elip.

2.54. Cho hinh binh hanh c6 cdc canh tifp xic véi mét elip
Ching minh cac dudng chéo ciia hinh binh hanh 1a nhimg
du¥rng kinh lién hop cia elip.
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2.55. Goi AB, CD 132 mat cip dudng kinh lién hgp bat ki cta mot
elip cho trude. Cdc ti€p tuyén clia elip tai A va C cét nhau tai
M. Tim quy tich cdc diém M khi AB va CD thay déi trén elip.

2.56. Cho elip c6 dudng kinh AB . Trén mét nda cung elip ta ldy
hai diém M,N .. Goi C = AM ~ BN , D = AN n BM. Ching
minh phudng cia dudng thing CD 1a phuong lién hop voi
phuong ciia dudng kinh AB .

2.57. Ching t6 réng phép déng dang f ciia E" bdo toan géc giita
hai dudng thing, géc giita hai siéu phiing , géc giita dudng
thdng va sidu phing, va bién hai cdi phdng vudng géc vdi
nhau thanh hai c4i phing ciing vuéng géc v6i nhau .

2.58. Trong Vi v6i mot cg s& trye chudn cho cde vecto
a=10-20, b=@31,0, =31,

a' =(-2,-4,0), b =(-620 , = (-6, 2, 2)
a) Xdc dinh phép bién déi tuyén tinh ¢ sao cho

Cc
c!

pla)=a',¢(b)= b, plc)=c .
b) Gia st ¢ lién két voi phép afin £ . Ching t6 f 1a phép
déng dang va hay xdc dinh ti s§ déng dang cia f.
2.59. Ching té riing phép vi tur tam S ti s6 k cia E™ 13 mdt phép
déng dang ciia E® vdi ti s8 k.
2.60. Viét phuong trinh cia phép ddng dang ti s8 k trong E? bién

’

muc tidu trye chudn {E, ; e, , e, } thanh muc tiéu {E;; a, g 5

biét o = (E-:—l,a) va toa 49 tryc chudn cda E = = (Xos Yo déi vdi
muc tigu {E; ; e_ll ,e_é ).

2.61. Chitng minh ring bat ki mdt phép ddng dang nao trong mit
phing ma khéng phdi la phép ding cu ddu c6 mot diém kép .

2.62. Trong E* véi myc tiéu truc chudn cho trude , hay xét tinh
chat ciia phép bién d8i f cho bdi phuong trinh sau day :
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X', = 8y —x;+ 1
Xp= x; +8x,
§9, §10

2.63. Ching minh rdng n + 1 diém déc lap trong E” luon ludn
thude mét sidu cau .

2.64. Trong E® hay xdc dinh téam va ban kinh cia cde mit cdu sau
day -

a) X; + Xo + X3 —12x, + 4%, — 6x3 =0
b) X; + X5 + X5 — 6x3— 7 =0

2.65. Trong E’v6i muc tidu truc chudn cho trude, vist phuong trinh
mat cdu di qua bdn difm A(a,, a,, a3), B(by, by, bs), Cleq, ¢, ¢3),
D(d,, ds, d3)} khang cing nim trén mdt mat phing .

2.66. Trong E" véi muc tiéu truc chudn , hay xét vi tri tuong do6i
cha sidu phdng va siéu cdu cho bdi phuong trinh sau day :
siéu phdng : x, =0

Il
situcdu : Y (x;-a,)>  -RZ=0
i-1

2.67. Trong E" cho ba diém A, B, C phan biét. Tim quy tich nhimg
diém M sao cho :

d* (M, A) + d*M, B) = d*(M, C) .

2.68.Trong E" v6i muc tiéu truc chudn {E; E;} cho n diém A,, Ao,
---» Aq 18n lugt c6 toa 4o 1a -

A =(0,..,0,a,0,..,0véiag20vadedtthtii=12 .., n
Hay xé4c dinh tAm va bdn kinh siéu cdu di qua cac diém E,,
Al!A29 '"}A!‘I M
2.69. Ching minh réng n&u mot phép afin f : E” —» E" cia khéng
gian E” bi€n mft siéu cau tdm O ban kinh R thanh sidu ciu
tdm O ban kinh R’ thi £ 12 mét phép déng dang. Xdc dinh i s§
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déng dang clia .
2.70. Trong E® v6i muyc tiéu true chudn cho trude, cho phuong trinh
siéu mét bac hai (S) :
Xz + XXy + XiXo +p(Xy + X, +X3) + q=0vdipg e R.

Hay viét phuong trinh chinh tic ca (S).
C. HUGNG DAN VA GIAI

§1, §2, §3

2.1. Trong khong gian Vg, gid s d6i véi mot co sé trye chudn
{a; {dd chon, cdc vecto a; c6 toa do truc chudn la:

a; = (aj, aj, ..., 8,0 véii=1,2, ., n

Gia st hé vectd {a,,ay,...,a, } doc !dp tuyén tinh. Ta cé:

&7 A - A,
Ay, Ags ... A

|A| - |32 29 o
anl anQ s By

<> hé {a,a,,..,a, } doc lap tuyén tinh.
Il
Ta biét ring a, a; = Z i a5 , thay vao ma tran Gram ta c6 ;
k=1

Za?i Zﬂuazi Zaliani
G = Zaziali Za%i Zaziam

Zaniah ZaniElZi es zaﬂm

Vi a;a; = ) aj.ay = lallaj] nén ta cé thé phan tich :
k=1

n
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4, a4, ... a, A 8y .. Ay
Qo |f2 B o Ay, Ao By . Q| AA
anl a|1:2 T a]m alu aZn T ann

Do dé |Gi= JAA|=ALIAT= AP >0 vi |A| = 0.

Vay didu kién can va di dé€ hé vecto {zq,rg,...,é:} déc lap
tuyén tinh la det G > 0.

b) Trong V& ta c6 :

=[af Jaol ~Jaf Jas[" cos? @y, ap)

'2_1:’2 .|a—2’2 A1 - cos® (E:,_;;))

2 ——— —

=[a,| |a| -sin*(;,a,). Dat (aa—)

1l
E=)

Ta biét rdng :

‘éw‘|z_1_2‘|.sin(a—l,£) la dién tich

cua hinh binh hanh ¢6 canh |g‘,|a2

va ¢6 gbéc gilta cdc canh dé la
¢ =a,,a,)

Vay det G = {]a;[.ja;'}.sin(p ) = binh phuong dién tich hinh
binh hanh c¢6 canh la Ilel va |:¥’ va ¢6 gbc gilta cde canh dé6 1a o.
Day 1a ¥ nghia hinh hoc cta dinh thic Gram trong V2.

22 a)Tac6 albvi ab=1+2+3-6=0.
b) Ta b6 sung thém hai vects ¢ va d dé duge mot ¢o 54 truc
giao {é,l—),é,&}.
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Goi ¢ = (¢4, €, €y, ¢4) 6 tinh chit ¢a=0va c.b= 0 nén:

cas=c, +¢, +c, +2¢, =0 :>{c1=c3—7o::¢l
eb=c¢, +2, +3c, -3¢, =0 ¢, = —2¢; +5¢,
Cho ¢y =0, c3 =1 ta tinh dugc ¢y = -2, ¢, = 1.

Vay ¢=(1, -2, 1, 0).

Goi d = (d,, dy, dg, dy) ¢6 tinh chat da =0, db=0, de=0

neén:
da=d, +d,+d; +2d, =0
db=d, +2d,+3d,-3d, =0
a.ézdl -2d,+d, =0
Cho d4= 1 ta tinh dlch dg: -g ,dg =% ,dl = ——2T65

- 25 2 17
Vayd=(-2 <2114
i ( 6 3 6 :

Ta c6 thé thay vectd d bing vecto d’ cing phudng véi d nhu
sau :

d'=1(-25, -4, 17, 6)

Ta dugc mét co s6 truc giao gdm bén vecto {a, b,e,d’ } trong dé
c6 hai vecto ¢ vad’ vira duge bé sung thém.

2.3.Ta biét rdng dién tich hinh binh hanh dung trén hai vecto a,
b la bing |c¢|trong d6 ¢= aAb.

N P
S”=]c|=\A-3 1

= 72 +(-6) +(-32) = V1109 dvdt.

2.4.Ta bi&t tich hén hgp cla ba vecto a,b,c dugc tinh theo cong
thite : (a,b,c)=(aAb)c.

]
+

2 2

18
1 2

8 4
-+
2 -3
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Tacé anb = ﬂl

313
2’12
{anb)c=(-10)1+ (-8).2 + 19.1 = —17.

CHU Y. Ta c6 thé tinh tich hn hop theo cong thie -

312 1 2 2 3 31
(5,5,6}: 2 7 4| = 1+ 24
4 2 2 7
1 21

! =(-10, -8, 19)
7‘—_1_>

[‘1 =-17.

2.5.Ta ¢6 MM, = (x, - X[, X; ~X;,%, — X3)

Goi MyH 1a khodng cdch tu
diém M, dén dudng thing d. Ta
¢b cong thiie ;

d

‘MBM1 Aa‘
Viy :
[ 1] L] 2 [+] o 2
Xy =Xy Xy —X3| (X5 ~X§ X, - X SR E %X
a, a, a a a a
MIH = 3 1 1 2
Jal +al +a’
- 2.6. Ta ¢ :

BA =(1, -2, -2)

e 3

BM =(Z -4 -
(2, , =B)

H{l 1.5}

A("‘ 1.3}

_ 5 9 -2 1] |1 —'2
-4 -5’|-5 E,i -4 ( B
2| |2
—(2123_1)
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Vectd m nay ciing vudng géc véi mit phlng (ABC) chia hinh
vudng ABCD. Gia sir BC = (ke,, keo, keg) v6i k = 0.
k. BCL m =2 + 23 -¢c3=0(vi BC.m =0)

Chon ¢; = 1 ta tinh duge ¢; = 1, ¢3 = —%. Viay (¢, ¢g, ¢3) = (1,

—l, 1). Ta chon vectsc kBC = (2, -1, 2) cing phuong vdi vecto

BC. Cédn xdc dinh hé s§ k. Hinh vuong ABCD c6 do dai mdi canh

bing :
IBA|=V1+4+4 = J9=3
Dodé kBC|= J4+1+4 =V9=3 = k= 1. Vay BC =(2,-1, 2.
Vi toa 44 cia B la (1, 1, 5) nén ta tinh duge toa 4§ dinh C 1a
3,2,7).Tacé: BD = BA + BC=(3,-3,0).
Do d6 ta tinh duogc toa do diém D 1a (4, 2, 5)

2.7. Trong Vg tacé: _
(@rb) + @by = |an Br - [lé[.ﬂ.cos(ﬁhr

(4] [fsin@ B + [l pleosta B

::12 .52 [.sin2 (;,-E) + cosz{ﬁ))}

Vay | (anB) +(aB) =2" B’
Péng thde trén cé tén goi 1a hdng ddng thic Lagrange.

28 Tac6 a.b=1+2+3-6=0=alb
b.c =-7+10+0-3=0=blec
c.Aa=-T+5+0+2=0=>cl a.

Goi d =(d,, dy, dj, ds) ¢6 tinh chét :

d.a =0,H.B =O,H.E=0nén:

146



a=d; +dy+dg +2d,= 0
b =d, +2d, + 3d, -3d, = 0
c=-7d, +5d; + d, =0
Chon d; = -1 ta c6 hé phuong trinh :
d,+d, +2d, = 1 ()
d, +3d,-3d, = 2 (2

=TT + Y = 7|

“7d1+d4 = 5 (3
Tir (1) va (2) ta suy ra:2d, +9d;=1 (4)
4
T {(3) Va(4)tasuyra:~65d1=44:>dl=_6_:.
308 17
Tu(dtacédg=5+7d,=5- 2= _2*
(9 ta 6 dy =5+ 7d, 65 65
44 34 75
Tor(l}tacd:ds=1-d,-2d, =1+ —2_=2%_1°
(tacs: dy Lo 65 65 65
3 75 17
Va dzd’d'!dvd .’__' _1_
ay (di, dg, dg, dg} = ( o5 o5 65)

Ta ¢c6 t.hé’ thay vectd d béi vectd d’ =65d nhu sau :
= (—44, -65, 75, 17)

Vay trong Vi ta c6 mdt ha co sé true giaola {a,b,ec, d'y.
NHAN XET. Tl bai tap s6 2.2 va bai tap 50 2.8 ta rdit ra nhin xét
sau day :

a) Trong khong gian Vi néu cho trudc hai vecto a,b déu khéc
vectd 0 va a Lb. Khi d6 ta c6 thé b6 sung vao ha nay hai vecto
c,d dé tao thanh mot hé co sd truc giao. Két qua 12 ta 6 thé chon
cdc cip vecto {c,d }khdc nhau sao cho {a,b,c ,d} 1a mat hé truc
giao.

b) Néu trong Vi cho truée hé ba vects {a,b,c} déu khac 0 va

dd1 mot vudng goéc véi nhau thi khi dé ta c6 thé bd sung vao hé
nay mét vects d sao cho hé {a,b,c,d} 12 mét co s& trye giao. Chi
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¥ riing phuong clia vectd d duge xsc dinh duy nh&t. Vi day chinh
12 vects sinh ra khong gian con 1 chidu bi tre giao v6i khong
gian V? dugc x4c dinh bdi hé 3 vects {a, b, ¢ icho truéde.
2.9.Theo gid thiét ta ¢ anc=bnac véi ¢c#0. Ta khéng thé suy
ra a=b duge. Didu nay dugc giai thich théng qua thi du sau day:
Gid si ta 6 hinh binh hanh ABCD vé6i AB=a va AD=c.
Khi d6 vectds aanc ¢6 mé dun bing dién tich hinh binh hanh
ABCD va cé hudng vudng goc vi mat phéng chita hinh binh hanh
dién thuén.

Ta hay tao nén mét

14 > ‘hinh binh hanh méi la

—_
il

\ trung véi B, C,
dién tich vi c6 chung canh diy AD va c¢6 chung chiéu cao. Do d6 ta

e ABCD sac cho cde dinh B
i
\\_\\" Bit AB =b. Tacé -
bac=AB A AD
suyra anc=bac nhung ava b Ia hai vects khdc nhau. Nhu vay
ta ¢6 thé 1ay vé 56 difm B khéc nhau trén dudng thing BC dé tao

D C ddu ni¥m trén dudng

" \\\Y\\\\\\\\\\\m\\ thing BC va B, C khéng
AN

Hai hinh binh hanh-

ABCD va ABCD c6 ciung

nén nhitng vects b khac nhau va déu khdc véi vectd a théa man

hé thitc arc=bac

2.10.Ta c6 AB = (-1, 4, 4)
AC’=(-6,1, 5)
Ba diém A, B, C khong thidng hang vi hai vectd AB va AC
khéng cing phuong. Ta ¢6 :
-1 -4 4

= Ts > 3 didm A, B, C khéng thing hang.
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Goi S 1a dién tich tam gide ABC. Ta ¢6 - § =-;- |AB A AC|

A8 A A6 [ 4,4 —1’-1 -4
1 5’5 -6'|-6 1

= (-24, _19, -95)
jAB A AC| 2 J247 1197 1 252 2% 1562

Vay dién tich tam gide ABC 14 : § = % V1562
-~ flo -1 ]-1 0
2.11.arb = 0 , 3,3 = (4, -11, 12)
4 30’3 2'|l2 4
= o~ f]-11 12l 12 4 ~11
(anb)a c:ﬂ ! ’ H D:(—58,-—20,1)

3 2
Goi m =(anb)a ¢ tacs m = (- 58, —20, 1).

Didt n = anc tacé:

0 -1 '_1 3”3 0

2 1|1 3” =759

bat ﬁ:EAat_ach:‘
- 3 2 4
o[t 38 35 e

1 22 o
(a nc).(bad)= np = 3.4 + (-5).4 + 9.( -8)

4 3
0 1

=12 - 20 - 72 =-80.

2.12.Trong Vg gid si d6i véi mot co s truc chudn da chon, cde
vecto a, c6 toa do 1a :

a, = (ay, aig, ..., @) V6ii=1,2, .., n
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Theo gia thit hé vects {a,,a,,..,a, }déc lap tuyén tinh nén
ta cé :

a5 a3 - Ay,
azl 322 e a

Al = Il 0
apy dpg - 8pp

Gid sit d6i véi co s& trye chudn cho trude cdc vects b, cé toa
do la :
bJ = (bj, bja, .., b v6ij=1,2, .., n
Goi B 12 ma trén toa dd cia n veeto b, , ta c6 :

bll b12 bln

bnl bn2 bnn

e 0 khii=#j
Tacé a.b, = {1 Khii=j° do dé :
ay A1 ..o Ay b“_ b21 s 'bnl 1 0 ... 0
dy Qg9 ... gy b12 bzg v bnz - o1 .. 0
any Apg - App bln b2n bnn 00 .. 1

hayla AB =1 (I1a ma tran don vi).

Dodé B'=A"

Vi A = 0 nén tén tai A™ = B". Cde cot toa d6 cia ma trin B’
chinh Ia toa d% true chudn cdn tim cia cdc vecto b; véij = 1, 2,
.., 0. Ta suy ra hé vects {b,,b,,...,b, } d6c 14p tuyén tinh vi |A|= 0
nén ta cé |B| # 0 va ma tridn B duge x4c dinh duy nhat.

Nhu vay tén tai mét hé vecto duy nhat :
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{b,, Bz',...,b: ! sao cho E,bJ =8, v6ii,j=1,2, .., n
Néu vectd x c6 toa db (X1, Xg, ..., X,) 461 vi co s {a, }va
vectd y cb toa dd (¥, ys, ..., ¥,} dGi véi ed sd {b—j 1thi :

[

X=X,a, +X,8, +...+X 2 =D x3,

n n

.. - n —_— I .——u
Khidé x.y = [inaiJ[Zyjb-]
hay x.y =xy, + Xo¥2 + ..o + X¥n VI E;bj =8,

NHAN XET. Bai todn trén diy c6 thé thyc hién theo cich khde nhy
sau :

Vi hé vecto {a,, aTg,...,-S':} doc 1ap tuyén tinh nén c6 thé dung
hé dé lam co s va ta ¢6 :

by =bja, +bya, +..+b, a

n*n "
Theo gia thiét ta ¢s a,.b, = 5, nén :
Ead e R— | —_— —
al.bj = al b_]l + al azbjz + ...+a]_anbjn = 51]

— e —2 _
Jaz.bj =azarb; +a, bia +o.+agas by =8y

a_n-E = E:a_{bjl + ;n-‘E;bJ? Fot a_r;zlu‘)_fn =8y

Hé phuong trinh trén goém ¢6 n phuong trinh va n &n bi1,bj2,
- bjn. Ta c6 dinh thife c4c hé s6 1a dinh thic Gram |G|, Vi hé {a, )
doc lap tuyén tinh nén theo két qua bai 2.1 ta c6 |G| > 0 nghia 1a
|G| ¢ 0. Vay hé phuong trinh ¢6 nghiém duy nhét va d6 1 cdc toa
dd chia vecto b, . Li luan tuong tu déi véi céc vects b, cdn lai ta

xéc dinh duge hé vecto { 17,,52_,...,1_): } sao cho a—ll-): =d,.
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Né&u goi ma tran toa dé c(a hé vecto é? ddl véi mét co sd true
chuin 1a A va goi ma trin toa dé cla hé vecto b—J ciing déi vdi co
s& trye chudn d6 14 B thi ta ¢6 - |

AB =1=>B =A".

Vi Al # 0 nén JAY # 0 va B = 0. Do dé hé vecto
{b,,b,,...,b, } déc lap tuyén tinh va phan ti€p theo lam theo cdch
da duge trinh bay & phén trén,
2.13.P81 véi cd s truc chudn {e } trong V5, mdi vectd don vi e
duge biéu thi nhu sau -

£8=X18 + X2€, + ... +Xp€, .

Vile|=1nén Y xi =1.

i=1

Ta c6 ee, =|elle, |.cosoy (1)
mat khic ee, = Y xe)e =x (2) (Vi ee;=0vdii=j)
i=1

T (1) va (2) ta suy ra X; = cosq;
Vay e=) x,e = Y cosa,e, .
i=l izl
Vi ixf =1 nén i:cosz a, =1.
i=1 i=1
2.14,Gid st hai doan thing AB va CD c¢6 d¢ dai khéng déi lan lugt
nidm trén hai dudng thidng chéo nhau d, va d; trong khéng gian
E°. .
Dung AE =CD va CF = AB. Ta c6 hai hinh binh hanh bing
nhau ABME va CFND.
Dién tich hinh binh hanh ABME bing :
|ABAAE|=|ABACD|=|CF ACD|.
Goi V 1a thé tich hinh hdp ABMECFND va AH la chiéu cao
ctia hinh hdp dé. Ta cé :
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V = |AB A CD{.AH
Mat khéc ta ¢6 :V = (AB A AE)AC = (AB A CD).AC

Goi g =ABAAE ta cé |g| = dién tich hinh binh hanh ABME.

gita ACva g. Khi doan CD di déng trén dudng thdng d, ta luén
ludn ¢6 AH = ACcoso trong d6 AC va ¢ thay déi cdn AH chinh la
khoang cich gitta hai duong thdng chéo nhau d, va d;. Khoang
- cdch nay la mét s¢ khong ddi. Do dé khi AB va CD di dong trén d,
va dy thi hinh hop ABMECFND c6 thé tich khéng déi. Ta bist
ring thé tich caa
td dién ABCD

bang Eli' thé tich

hinh  hép néi
trén. Vi hinh hép
¢6 thé tich khong
ddi, ta suy ra thé
tich cta td dién
ABCD khéng phu
thudée vao vi tri
cia doan thing
AB va CD trén d,
va d.

2.15.V6i bon diém A, B, C, D tuy y trong E® ta luén lubn ¢6
AB.CD + ACDB + ADBC =
= AB.(AD - AC)+ AC.(AB — AD) + AD.(AC - AB)
Vay ABCD + ACDE + ADBCG = 0
Tur k&t qua trén ta suy ra néu 4 didm A, B, C, D phan biést
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dé ta suy ra : : .
a) Cho tam gidc ABC. Né&u hai dudng ¢ao xudt phat tit B va C
¢4t nhau tai D thi dudng cao xu4t phat tit A cing di qua D,
b) Néu médt td dién ABCD cé hai ciip canh déi dién la
AB 1 CD va AC 1 DB thi ta c6 ciap canh déi digén con lai AD 1 BC.
2.16.Ta ¢6 d(AD) < d(AB) + d(BD)

d(AD) < d(AC) + d{CD)

d(BC) < d(BA) + d¢{AC})

d(BC) < d(BD) + d(DC)
2[d(AD) + d(BC)] < 2{d(AB}) + d(CD) + d(AC) + d(BD)]
Do dé d(AD) + d(BC) < d(AB) + d(CD} + d(AC) + d(BD).

§4, §5

2.17.a)Siéu phing P trong khéng gian Oclit E” ¢ phuong trinh:
iaixi +b=0 (1)
i-1
L&y mét diém M(m,, m,, ... , m,) thudc sidu phing P ta c6 :
Sam, +b=0 2
i=1

Tir (1) va (2) ta suy ra 3 a,(x, —m,) = 0 @)

i-1
Véi X 12 mdt didm bat ki cha siéu phéng P ¢6 toa do (xy, Xz, ...,
X,) va khdc v6i M, ta cd MX = (%; — m,, X3 — Mg, ..., Xy — My}
Nhu vay vecto MX thudc phuang cda siéu phing P.
Déng thic (3) & trén ching to ring a.MX = 0.
Vay vecto a = (a,, a, ..., a,) luém ludn vudng géc vdi moi vecta
MX cia 'phLIdng. sidu phing. Nhu viy n&u biét phuong trinh cia

siéu phdng 1a Zaixi +b =0 thi ta d& dang suy ra vectd phdp tuyén
i=1
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a ciia siéu phing dé c6 toa dd 1a (a;, a,, ..., a,).

b) Dudng thing d di qua diém M( X;,X3,...,X° ) vA vudng gdc vi
siéu phang P s& nhan vecto phdp tuyén a cha siéu phing lam
vectd chi phuong. Do d6 :

XePeo MX=ta
Ta ¢ phuong trinh tham s§ clia dusng thing d la:
xi=ta + x{ vdii=1,2, .., n

Ta suy ra phuong trinh t8ng qudt bing cdch khd tham s6 t

trong phuoung trinh trén ta ¢é :

[+] 3]
X, -X) X, X, X, -X

a a, a

PBéay 14 mot hé gébm n — 1 phuong trinh bidu thi cho phuong
trinh t8ng quat eda dudng thing d. Hé¢ phuong trinh trén c6 thé
viét nhu sau:

2.18.Gia s m-phﬁﬂr’lg P ¢6 phuong trinh t8ng quat d6i véi mét mue
tiéu true chudn cho trude 1a :

Za.u.xj +b, =0,i=1,2,..,n-m (1)
=1

a) Gid st M, = (x},x3,...,x°} 1a mét diém & dinh nio dé caa
m-phdng P. Vi M, € P nén ta c6 :

Daxi+b =0,i=1,2 .., n-m (2)
il
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Né&u goi M la mét diém bat ki chia m-phing P véi M = M, va
gid sit M cé toa d§ la (x;, X, ..., X,) thi toa d6 cia M s& théa man
phuong trinh clia m-phing P nghia la thda man phuong trinh (1),
Tir (1) va (2) ta suy ra :

Za'u'(xi -x7)=0,i=12,., n-m - (3)

i
Hé phuong trinh (3) chimg té ring n-m vecto:

4, = (ai], &2, ..., Ain), 1 = 1, 2, ..y I-IM

12 hé n-m vecto doc 13y tuyén tinh va mdi vects a, déu vudng géc
v6i vecto MM = (x, —x°,%X, - X3,...,X, - x:) thujc phuong V" cia
m-phing P. Viy n-m vecto déc lap {a,,a,,...,a,__}la co s& cha
phuong bt vudng géc vdi phuong V™ clia phing P.

b) chi Q 12 cdi phang di qua diém C(c, ¢z, ...,c,) va bl vuéng
géc voi m-phdng P da cho. Phing Q nay nhan n—m vecto a, lam
¢d sd nén c6 phuong trinh tham sé 1a : |

X(x) e Q> CX=t,a +t,a, +...+t, 2, _
X6 ap Ay Ay ma
o X =G| _ t, A, +t, A9y bt Az
X, —-c, a, a,, E: I
hay:

[x1 =¢, +t,a;, +t,a, +...+t __a

n-m - n-m,l

[Xg =€, + 1,8, +1,8,, +...+t,__a

n-m-n-m2

x'u = cn + tlah: + t"ZaZn +..+t &

2.19.a) Tac6 AB = (1,0,0,0,0)
p =(0,1,08,0
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la hai vecte doc 14p tuyén tinh (vi ma tran toa dd c6 hang bing 2}
tao nén phuong cia phéng P cé s chidu bé nhat chia A, B va
chda phudng p. Ta ¢6 phuong trinh tham s& cha P 13 :

XePo AX =t AB+t,p

x, ~1] 1 0 X, =t, +1
X, —3 0 1 X, =%, +3
Xy +1)]=1, |0]+t,{0f & {x,=-1
X, -4 0 0 X, =

| X5 — 5 10 | 0] X, =5

Ti phuong trinh tham s§ cia P ta suy ra phuong trinh téng
qudt cua P la :

X, =-1
X, =4
X5 =5

b) Dua vao phuong trinh téng quat cha P ta tim duge phuong
cda phéng Q b vuéng gic véi P. Phuong ciia phing Q nay duge
xdc dinh bdi cde vecto de 14p tuyén tinh sau day (theo k&t qua cha
bai 2.18) :

a, =(0,0,1,0,0)
a, =(0,0,0,1,0)
a, =(0,0,0,0,1)

Ta ¢6 phuong trinh tham s8 cla Q di qua diém A va bu vuéng
goc véi P

XeQe A_X:t]§+tzé;+t3é3'
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x, =1 0 0 0 X, =
X, -3 0 0 0 X, =3

@ X+ 1=t 1|+t |0+t |0 & %, =¢t, -1
X, —4 0 1 0 X, =t, +4
X, -6 0 0 1 X; =t;+5

Do d6 ta suy ra phuong trinh téng quéat cia Q di qua diém A
va bl vudng géc vdi P la .

x =1
X, = 3.

2.20.Got V¥ va V" lan lugt 14 phuong cia P va Q. Dua vao phudng
trinh tham s8 ca chung ta tim cac vecto cg & cha VP va V9. Ta ¢
thé viét phuong trinh tham s& clia P nhu sau :

X, -2 1 0
X, -1 4 3
=v +u
x, -0 3 1
X, -5 11 3

Goi a=(1,4,3,11)va b ={0,3,1,3)
Ciac vects a,b 1a mét hé doc lap tuyén tinh va ta 6 :
xe VPo xa+x,b.

M3t khéc, phuong trinh tham s& clia Q cé thé viét :

x, -0 2
X, — 3 0
X; +1 B
X, -2 -1

Goi ¢ = (2,0,3, —1) 14 vectd co s& cha V¥ va ta ¢6
yeVieoy =y c.
Ta cdn xét tich x.y véi xe VPva ye V°

xy =(x,a+x,blyc.
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= X1¥1 ac + Xo¥1 b.e

Tacé ac =2+0+9-11=0

be =0+0+3-3=0.

Viy xy =0,dedé VP L VL.
Bay gi¥ ta cdn tim giao P n Q. Cdc diém chung néu c6 13 cdc

diém M c6 toa dd (%,,%2,%3,X¢) Ung véi cac gis tri tuong ing cta cde
tham 56 u, v, t trong hé phuong trinh sau :

2+v =2t 2t-v-2 =0
l+4v+3u=3 Ju+dv-2 =0
3v+u  =-143t  |8t-u-8v-1 =0
5+11v+3u=2-1t t+3u+11lv+3=0

Hé phuong trinh nay gém c6 4 phuong trinh déc lap va chi ¢6
3 &n nén v6 nghiém. Viy hai phdng P va Q khéng c6 diém chung
nghia la P n Q = &. Can cf vao viée xét phuong chung va diém
chung cia hai phing P, Q ta k&t luan hai cdi phing dé chéo nhau
va vudng géc véi nhau.
2.21.Goi V' va V° ldn lugt 1a phuong cia R va S. Ta c6
a= (1, -1,3,1) 1a vectg phdp tuyén cia siéu phidng R. Do dé moi
vectd x ma x.a =0 déu thudc V.

Tir phmmg trinh tdng qudt clia S ta c6 hé vects:

=(1,1,0,0)
c= 4,1,-1,0)
d=(2,10,-1)

tao nén mgt hé vecto ddc lap tuyén tinh lam co 58 cta phuang bi
vudng goéc vdi V*. Ta hay xét :

8a=1-1+0+0=0=bla
a=4-1-3+0=0=c¢la
a=2-140-1=0=4d.la.

[ FIRE ¢ I v of |
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Vay cac vectd b,c,d déu vubng géc véi vects phéap tuyén a clia
siéu phéng R nén b,c,d € V' véi dimV" = 3. Do dé V" bu vudng géc
véi V', Nhu vy R va S 12 hai cdi phdng bu vudng géc véi nhau
nén ching c¢é6 mdt diém chung duy nhat M. Ta hay tim toa d¢
diém chung M d6 bing cach gidi hé phuong trinh sau:

X, + X, =3 (L

4%, +X, — %, =3 (2}
2%, + %, — X, =0 (3)
X, —X, +3x, +x, =3 (4)

3 4 3 3x, =3
{(3+{4) = X, +aX, }34)(3:3:)(3:%\(3)(1:

1
(2)-(1) = 3x, -x, =0 4

Thay x, =i— vao (1) ta ¢b x; = %

1 11 13
Thay x; = — vaxs= — vao(3)tachd: xy =— .
¥ Xy 1 ) 3 4 4

VayR~S§=mL 2 313,

4°474° 4

2.22. Goi o la mat phing can tim. Theo gia thlet ta cé6 ngay hai
vects chi phuong cha duting thang 1a :

v =(ab,c)va n =(AB,0).
Do d6 mat phéng « cdn tim cé phuong trinh 1a :

X—-X, ¥Y-¥, Z2-Z
a b c (=0
A B C

2.23. Trong khong gian E" cho hai siéu phing P va P song song
v4i nhau va lan lugt ¢6 phuong trinh 1a :

zn:ai X; + b =0
i=1
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(P' Zax+b' 0 véibzh),

i=1
Lay mdt di€ém M e P va gid sit M ¢6 toa do 1a :
M= (ml’sz"-:mn)‘

Ta c6 khodng cdch tir M tdi siéu phing P 14 ;

n
,/Zaf
i=1

ViMe P' nén Zaim, +b'=0 nén Zaimi =—-b'.

iz] i=1

dM,P) =

Thay gia tri nay vao cong thic trén ta c6 -

dMp) = 2P _ 4 p

i=1

Biéu thie tinh khodng c4ch giva P va P nay chitng té khodng
cdch d(P, P) khéng phu thude vao vi tri di€m M 14y trén P

Ap dung vao E® v6i hai mat phing P va P’ song song véi
nhau:

P c6 phuong trinh : 2%, — %, + 2x3 + 2 = 0

P c6 phuong trinh : 4x; — 2x, + 4x5 - 21 = 0.

Phuong trinh cia P c6 thé vist du6i dang :
4%) — 2% + x5 + 4 = 0.

Ap dung céng thite trén ta c6 :
AP, P) < [+21 + 4 _ @

G e 6
2.24.a) Goi P 13 mit phing cho trude c6 phuong trinh

2% - 2%, + 5x3 - 68 =0
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Ta lap phuong trinh duéng
M(1.2,3)  thing d di qua diém M(1,2,3)
va vudng gbée véi P :
X, =1+2t

(d):<x, =2-2t
il X, =3 +5t
P
Goi H 1a giao diém cda d
va mat phing P.

M Muén tim toa d6 cia H ta
gidi phuong trinh :

201 +20)-2(2-2t) + 53+ 5t) - 68 =0
<:>33t—55=0¢>t=%
TasuyratoaddciaH=d ~Pla:
1
H(_E,_i'3_4)
3 3 3
Goi (x;,x;,x;) 12 toa d6 clia diém M d&i xing véi M qua P va

vi H 12 trung diém cla doan MM nén ta c6 :

x;+1 13 , 23
=—:>x1=_
2 3 3
42 4. 1
2 33
x,+3 34 . 79
:—:>x3:.__
2 3
23 14 79
Vay M(—,-—,—).
MG g3
b) Goi A 1a duong thing di cho c6 phuong trinh :
goge X1l %, -4
3 -1
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Buéng thdng nay ¢6 vecta chi phuong a = (1,3, -1).
Mat phidng R di ciua M(1,2,3) va vubng géc véi dudng thing A
nén cé phuong trinh dang :
X1 +3x:—-%3+b =0,
ViM(123)eRnéntacé: 1 +6-3+b=0=b=-4
Vay mit phing R ¢6 phuong trinh 12 @ %, + 3x, — x3 — 4 = 0.
Buting thing A ¢6 phuong trinh tham s& 12 -

X, =8+t A
X, =11+3t
Xy =4 -t M(1.2.3)

Goi K 1a giac diém cla
mit phing R véi dudng
thidng A. Mudn tim giao diém
K ta gidi phuong trinh sau:

B+t)+3(11+3t)-4-t)-4=0
< 11t +33=0<t=-3.

Ta suy ra toa d¢ cla giao difm K=R A la:

K(5,2,7) :

Diém M d&i xdng ctia M déi véi diém K chinh la diém déi
xtng can tim déi véi dudng thing A. Goi (x7,%;,%;) 12 toa 46 cla
diém M’ dsi xing cia M dbi véi dung thdng A. Vi K 12 trung diém
cta doan MM nén ta c6 :

x1-'-1=5::»xf=9
)
X e xi =2
T+ 3
x32 —7 =] =11

Vay diém M’ d6i xing véi M qua A c6 toa do 1a : M'(9,2,11)
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2.25.Chiéu cao cta ti dién ha tif dinh D t6i mat phéng ABC chinh
la khodng cach tir di€m D t6i mit phdng ABC.

Véi toa do trye chudn cda cdc di€m A,B,C di cho ta lap duge
phuong trinh mat phdng (ABC) 1a :

—3x3—%3+2=0
-3~ 2+2| 1 \111
14941 \/_ )

Viy ta dién ABCD c¢6 chiéu cao DH ha tir dinh D téi mat
phing ABC la :

Ta ¢6 d(DLABC)) = |

pr = Y1
11 -
NHAN XET. Ta ¢6 thé tinh chiéu cao DH bang céng thic :
|(1H3 A A_é}.}ﬂj‘
DH = I ——
[ABAAC|

2 2x, + ~-1=0
2.26.Dugng thiang d : X, tX;, +X,
3%, +%, +2x, -3=0

nhan vecte chi phuong v c6 Itoa djla:

‘ U I (R

: Goi P 12 mit phing di qua
_..  diém M(1,3,5) cho trude va nhan
v lam vecto phap tuyén. Ta lap

L/M[‘I 3.3) dugce phuong trinh cia P 1a :
X]—Xe—-X3+7=0

Goi H 1a giao diém cGa P va
duyng thing d. Toa do giao
diém H = P ~ d théa man hé phuong trinh sau day :
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X, ~X; —X; +7 = 0 [x,=-2
2% + %, +X3 -1 = 0<%, =1 = H{-2,1,4)
3, +%x,+2x, -3 = 0 X, =4

Khodng cdch tir diém M(1,3,5) t6i dusng thing d béing |HM |.
Tacé HM =(3,2,1) = |HM|= V8+4+1 =+14.

NHAN XET. Ta ¢ thé 1ay mot didm K
thudc dudng thlng d, toa dd cia didm
K théa mén phuung trinh cia d, thi
71 du K(0,-1,2) € d vA c6 thé tinh

khodng ciach MH tit diém M téi dudng
M(1.3.5) thing d theo cong thic :

2.27. a) Pudng thidng d;, di qua dim A(3,1,2) va nhan vectd

a = (1,-1,-2) lam vects chj phuong. Duting thﬁng d; di qua diém
B(0,2,0) va nhén vecto

b = (- 1,3,3) lam vecto chi
phu’dng .
Goi p 12 m#t phing chia
d; v& song song v6i d,. Mat
phéng B di qua diém B(0,2,0)
va nhin e¢ip wvecty chi
phuong (a,b) ¢6 toa do:
a=(1,-1,-2)
b =(-1,3,3)
Goi n la vecto phédp
tuyen cia mit phing B, ta
c6: n=aab.

= (1 g2 1 1
A e
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Tir d6 ta 1ap duge phuong trinh cia mat phing B 1a :

3x1—x-2+'2x'3+2=0‘

, 33-1+22+9|
Ta ¢é d(d;,d»} = d(A, ) = =414
b g Jo+1+4

NHAN XET. Ta c6 thé tinh khodng cdch giita d; va d; dua vao céng
thie :
(@, b, AB)
d(d15d2) = /s =
ia A b|

b)Pudng thing m, di qua diém P(1,0,2) (vi ta c6 thé chon P ¢6
toa d¢ thoa min phuong trinh dudng thdng m;) va nhan p lam
vects chi phuong. Ta ¢6 :

- f12 -1
p - _3 1 ]
Ta ldy p' = —p lam vecto chi phuong cda dudng thing m; va ta

¢6 p = (1,3,7). Dudng thing m, di qua diém R(3,6,0) va nhén
vectd r lam vecta chi phuong. Ta cé :

. 1 1]l1 1y 1
r= »
T -1 -'f-1 2’12 -1

= (0,3, -3).

-1 1‘ ’1 2

1 o _3U ={-1, -3, —7)‘

",

P(1.,0.2) Ta 14y vects r = (0,1,-1)
lam vecte chi phuong cflia
dudng thdng my Goi o la
m, mét phﬁ_ngﬂdi qua diém R va
\ nhidn (p',r') lam cdp vecty
R(3.6.0) chi phuong. Ta lap duge
phuong trinh mit phing a
la:
10X1—X2—X3—24=0

"=
YAy
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) [10-0-2-24] 1g
Ta ¢6 dim,,my} = d(P, o) = : =

~100+1+1 V102

NHAN XET. Ta c6 thé tinh khodng cdch giita m; va my bing céng
thie :

(o', ", PR)|
dm; mg} = —
IpfArF
2.28.a) Ta ¢6 :
AB =(1,1,-1,-1) 11 -1
AC=(0,1,-1,0) ¢ |0 1 -1=1=0
DE =(0,0,1,-1) 00 1

Ba vects AB,AC,DE doc lap tuyén tinh nén mat phing P di
qua ba diém A, B, C va dudng thdng d di qua hai diém D, E khong
cé phuong chung. Ta ¢6 phuong trinh tham s& clia mat phing P la:

X P o AR = t, AB +t, AC

x -1 1 0 X, =1+t
X, —1 1 1 X, =1+t +t
2 =t, +t, < F ! z
Xy -1 -1 -1 X; =1-t, -t,
x, -1 -1 0 X, =1-1,

Mit khdc ta ¢6 phuong trinh tham s6 cia duong thdng DE Ia :
Xede DX =uDE

x, -1 0 x =1
X, -1 u 0 - x, =1
X3 —1 1 X, =1l+u
X, -2 -1 X, =2-u

Giao diém ciia mat phdng P va dudng thing d néu cé sé théa
mén hé phuong trinh sau :

167



1+t, = 1 t, =0
1+t +t, = 1 t, +t, =0
=
1-t —t, = t+u |-t —t, =u
1-t, = 2-u —t,=1-u

Hé phuong trinh v6 nghiém vi néu cfng timg vé tacé 0 = 112
vo 1i. Vay dudng thing d va mit phdng P khéng ¢6 diém chung va
khong ¢é phuong chung, nén chiing chéo nhau.

NHAN XET. Sau khi khif cdc tham s§ & phuong trinh tham s& cia P
ta duge phuong trinh tdng quat cia P la :
() {xl +x, =2

X, +X, =2

Tuomg i, ta khi¥ cdc tham s§ & phuong trinh tham s8 cla d, ta
duge phuong trinh t8ng qudt cia d 12 :

X, =1
(2) {x, =1
X; +%X, =3

Sau dé ta lap hé phuong trinh gém (1) va (2) dé tim diém
chung va thdy ring hé phuong tring nay v6 nghiém nghia la
Prnd=@. :

b) Muén lap phuong trinh dudng vudng géc chung IJ trong d6
I € dvad e P tahay tim phuong cia dudng thing IJ. Goi Q la
siéu phing chia dudng thdng d vA c¢6 phuong chita phuong cia mit
phing P.
Xe Qe DX :tlD_E+t2E+t3}TC
X, =1+ t;
X, =1+ t, +t,
X, =14t —t, —t,
X, =2-t, —t,
Khitr cdc tham s§, ta duge phuong trinh téng qudt cua sidu
phéng Q la:
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(Q):X1+X2+X3+X4‘—5=0. ]

Siéu phing Q c¢é vects phap tuyén la n = (1,1,1,1). Vects n
nay chinh la vecto chi phuong cia duing vuéng géc chung IJ va ta
c6ld LPvalJ 1d. :

Bay git ta lap phuong trinh siéu phing R chia P va bt vudng
goc véi d. Nhu vay R c6 phuong chia phuong cda 1J. Ta bist riing
d va R b vudng géc sé c¢6 mét diém chung duy nhdt 12 I.

XeR o AX=tn+t,AB+t,AC
X =1+t +t,
X, =14+t +t, +t,
X, =1+t -t, —-t,
x, =1+t —-t, _

Khi cdc tham s8 ta duge phmmg trinh tdng qu4t cda siéu

phing R:
{R):X]_—Xz'*X3+X4=0
Muén tim toa do giao di€m I = d ~ R ta gidi hé phuong trinh :
X, ~X X, +x, =0 (R)

x =1
x, =1 {d)
X; +x, =3
3 3, . . ]
Gidi ra ta cé 1(1’1’5’5}' Dugng vudng géc chung IJ di qua

diém I va nhan n =(1,1,1,1) 1am vects chi phuong nén c6 phuong
trinh tham sé 1a :

X, =1+t
X, =1+t

D) fx, = Zat

3
Xy :§+t
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Goid = P~ 1J ta cé:

1+t+§+t=2
2

1+t+§+t:2
2

Vay diém J c6 toa d6 la: (—%,E,E, )
4 44

|

Ta c6 sz(—%,—l ~1 "1y va do 46 ta tinh duge do dai

4" 4" 4
dutrng vudng géc chung 1a :

d(P,d) = [TJ] = Ji+i+i+i -1
_ 16 16 16 16 2
CHU Y. Ta ¢6 thé tim vects chi phuong n caa duting vudbng géc
chung b3ng cach budc n phai thda méan cac diéu kién sau day :
n.AB =0
nAC =0
nDE =0
2.29.a) Gia s 447 v6i mdt muc tidu tryec chuln d4 chon trong E°
ta cé : '
A= (aly ag, oy an)
B = (bl: bz, cany bn)
Quy tich hay tap hop nhimg diém X(xy, x;, ..., X,) ¢6 tinh chat
cach déu hai diém A, B phan biét théa man didu kién :
d(AX) = d(BX) < |AX| = |BX|

o Jg(xi -a) = \/i(xi -b,)

i=1

Binh phuong hai v& va rit gon ta cé phuong trinh :

4] n
> Aa; —by)x; + 3 (af ~b) =0
i=1 i=1
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bay la phuong trinh cda mdt siéu phdng o6 dang
2ax, +B=0 trong dé edc o; khéng déng thyi bing 0 vi A # B.
iz]
Siéu phdng nay vudng gée véi dudng thing AB tai trung diém cda
doan AB vi c6 vecto phdp tuyé&n 13 vecte BA va toa dd trung diém

cda doan AB la 2 ;_b‘ véi i = 1,2, .., n théa man phuong trinh

cla sidu phéng d6. Ta goi tap hop nay la sidu phing trung truc
cia doan AB.

b) Trong E" gid sit ba diém A, B, C djc lap c6 toa do true
chudn la:
A =(ay, a, ..., a,)
B = (b, by, ..., b,)
C= (cy, Cq, ..., €p)

Ap dung két qua ciu a cla baj 2.29 ta ¢6 phuong trinh siéu
phing trung tryc cia doan AB la :

n n
Zz(ai -b)x; + E(ai2 -b%)=0
i=1 i=1

Tuong ty, ta c6 phuong trinh siéu phing trung tryc ctia doan
ACla:

i‘lz(ai — ¢, )X, + i(a? -¢)=0
i=1 i=1

Véy quy tich nhimg diém cdch déu ba diém A, B, C doc lap
cho truée 1a mét (n-2)- phdng c6 phuong trinh sau day :

Zu:2(ai —-bx +i(a? -b{)=0
i=1

icl
[ 2(a, ~c,)x, +d (@l -c)=0
i=1 i=1
NHAN XET THEM : (n~2)- phdng nay b vudng géc véi mit phing

xdc dinh bdi ba diém A, B, C dgc lap va c6 giao diém duy nhat véi
mat phing (ABC) tai tAm dutng trdn ngoai tiép tam gidc ABC.
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2.30. Ap dung dinh li Pitago ta tinh duge 48 dai d ca dudng chéo
la :

d=avn

2.31. Ta lap duge phuong trinh cia sidu phing P di qua cdc diém
Al: Ag, . An da cho la :

X, X X
S+ 2+ 2 =1
¢ ' 4, 4a, a,
1 1
hay —x +—x,+..+—x -1=0
a, 4, 4,

Do d6 ta tinh duge khodng céch tif gbc toa d¢ téi siéu phing P
la :

2.32. Tru6e hét ta lap phuong trinh sidu phing P chda don hinh-
{Ely E'Z! EERE) En) .

Tit 46 ta c6 phuong trinh téng quit cia siéu phing P 1a :
X1 +X+ ... +X, =1

Goi G = (g, g2, ..., € 12 trong tdm cta don hinh (E,, E,, ..,
E,). Theo dinh nghia trong tAm ciia don hinh ta cé :

YGE =0 v6ii=1,2 .., n
i=1

hay 1a GE, +GE, +...+GE_ =0. Do dé :

1_g1 -8 B 0
-8 + l-g, .+ B2 | _ 0
_gn _gn 1 _gn 0
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( 1

& ==

1=ng, n
l1=n -1
=1ng, C:ng -~
1=ng, "1
gl'l=_

| n

Ta tinh duge toa d§ trong tdm G cGa don hinh (B, Es, ..., E,)

1a:

Vay dubng thidng E,G vubng géc véi sidu phing ZXi =1 tai
i=1

G. Vi dudng thing cé phuong la phuong ciia vects phdp tuyén cla
siéu phing. Bay gid ta cdn ching minh dung thing E.G di qua
diém E;. Pudng thdng E,G ¢6 phuong trinh tdng quat la:

X) =Xz =..=X,.
Gia st diém E; c6 toa d@ d6i véi muc tidu {E,; E;} la:
E:;: (aly az, ..., an}

Ta cdn ching minh a; = a, = ... = a, tic 1a diém E; thuge
dudng thing E,G. Ta ¢6 :
EE| = 0-a)+al+s .. +at-=1
E;E2r2= al+(-a,%+ .. +a’=1 *
EE[ = al+al+ .. +(l-af-=1

Tir hé phucng trinh trén ta suy ra :
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o
Z a’ = 2a,
i=t

n
) Za? = 232

i . D a;=a= .. = a,la dpem.

S
a? -2a,

Vay diém E! thugc dudng thing E,G hay dutng thing E,E; di
qua trong tdm G cta don hinh (Ey, E,, ..., Ep).
Theo két qua & phén trén ta ¢6 :

Zaf = 2a; = 2a; = ... = 2a, hay na’ = 2a; v6i moi i.
i=1
- 2
Vaya,=as=..=g8,= —. Dodétacd:
n
2 2 2
E{: =(_!_r" _}
non n

NHAN XET. Ta c6 thé tim toa d6 difm E. nhu trén rdi viét phuong
trinh dudng thing E,E! nhu sau :
EX =tEE
Cin x4c dinh gi4 tri cla tham s8 t dng v6i giao diém cGa

duding thing E.E, v6i siéu phlng ) x, =1. Tasuy ra:
i=1

2t
X1=-X%z=...=Xp = —
n .
Thay cdc gid tri ndy vao phuong trinh X; + xp + ... + X, = 1 ta
ch:t= }-
2

Néu goi G 1a giao diém chia dudng thdng E,E! véi siéu phing

ixi =1tacd:
i=1
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Muén chimg minh G 14 trong tdm cia don hinh (E,,E,, ..., E.)
ta xét ddng thuec :

- GE, +GE, +..+GE_ =0
Ta nhén thiy toa dd eclia G théa mén phuang trinh trén.
Vay G 1a trong tam ciia don hinh (E,, E,, e By
Mit khdc d€ ching té ring a; = 2 véi moi i ta c6 thé sit dung
n
EE, EE =1
hé thae ;¢ _* ° ° ° . c. .
EEEE =0 v6imoii #j
aj +a;+..+(1-a,)% +..+a’ =1 1)
a] +a3 +..+(-a, X1-a)+..+(-a)l-a,)+..+a> =0 (2)

Lay (D) - (2 tac6: (1-a) +al-a)+ a® +a(l-a)=1
<l-a+a=1c ai=ajw.nfrim(_)ij:.«»1:h:alyw!u:-(1)1'.a<:<5ai=E
n

2.33. a)Gia sit d6i v6i mue tidu truc chudn {E,; E;} cdc diém A, véi
1=1,2,..,1nc¢6 toa do trite chudn 1a
Ai=1(0,..,0,a,0,.,0) a =0 véi moi 1.
Cén cit vao toa d9 cla n diém A, ta dé dang thiy ring hé
diém (A, Ay, ..., A,} doc lap.
Ta c6 phuong trinh ciia siéu phing P xdc dinh béi n diém A; la:

n

3120

i=1 &4
b) Ap dung cong thic tinh khodng cdch & bai 2.31 ta c6 :

h= 1
1
a?

hay h® = -
= 1
iaa? ix1a
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N s arn, 1 = 1
Tu 46 ta suy ra hé thic h—2=Z—~

i=1 ai2
2.34. Ta ¢6 AB =(-3,-2,0,2)
A A PQ =(1,0,1, -1}
\ | PR = (-2, -1,0,1)
H — .
\ Ba vectd AB,PQ,PR
la 3 vecto doc lap tuyén
T, B tinh vi ma trin toa dé caa
2 ching c6 chifa dinh thie:
Q -3 -2 0
V R 1 0 1] =0
p -2 -1 0

Gid st a = (aj,azasa,)
14 vecto chi phuong cia dudng vudng géc chung cin tim. Ta c6 :

AB.a=0<« -3a; -2a, +2a, =0
PQa=0oa, +a;-a, =0
PR.a=0¢ -2a, —a, +a, =0

Gidi hé phuong trinh trén ta tinh duge a=(0,1,1,1).

Goi o la siéu phfng chia mit phing (PQR) va chia dudng
vudng géc chung A. Ta c6 « la cdi phing 3 chidu vi c6 phudng
trinh tham s6 13 :

XE > P—X=tlm+t2P_R:+t35.

x, —2 1 -2 0
Xy -1 0 -1 1
x5 +1 1 0 1
X, -0 -1 1 1
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X, =244 -2, (1)
Xo =1ty +1t3 (2}
Xg =-1+t; +t5 (3)
Xy =t +ty +15(4)

(3 +(4d) = x5+ x4 =-1+t, +2t,
(2)3 XQ=1‘“‘t2+t3

= X2+X3+X4=3t3:>t3=%(X2+X3+X4)
(2) = x, =1—t2+§(x2+x;,~+x4)

1 .
Sth=—Xp+ 1+ g(x2+x3+x.,)

%(—3xz+3+xz+x;;+x4)

—:1;(—2x2+x3+x4+3)

(4):>t1=t2+t3—x4=%(—2x2+x;;+x4+3+xz+x3+x4)—x4.
1
=§(—x2+2x3+2x4+3)—x4

=%(-x2+ 2x3 - x4 + 3)
Thay cdc gia tri cla t; va t; vao (1) ta ¢6 .
=2+ —;—(—x2+2x3—x4+3)— %(—2x2+x3+x4+3)

S X — X+ Xe-1=0 ()
Ta 14p phuong trinh tham s& cia dudng thing AB :
X € AB & AX =tAB
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X -1 3 x, =1-3t
-1 _ =1 -
X9 ¢ 2 - X, =1-2t
Goi H la giao diém cGa dudng thdng AB vdi siéu phing «. Toa
dd cta H théa man phuong trinh sau :
(1-3)-(1-20)+(1+20)-1=0 <©t=0
Ta tinh duge toa d§ giao di€m H ing véi gid tri t = 01 :
(Xl’ Xog, Xa, X&) = (lrlsl’l)

Putng vuéng géc chung A di qua diém H(1,1,1,1) nhén
a=(0,1,1,1) lam vecto chi phuong nén cé phuong trinh tham s6 la:

X, =1+t
(a): <2

X3=1+t

Xy =1+t

Ta nhéin thdy diém H chinh 13 diém A cho truée.
2.35. Dudng thing d vudng géc véi sidu phing « trong E™ nén d va

d a 12 hai cdi phing b truc giao
v6i nhau. Do 46 d va o cé mdt .

A giao diém chung duy nhit 1a M.

/ Goi A 1a mét didm thy ¥ trén d

va B la mét diédm tuy ¥ trén o
M ta cb :
A 13

d(ABY =| AB 2= | AM+MB |?
=| AM | + | MB |* + 2AMMB

Vi AMed va MBeo nén AMMEB = 0 vi dva o la hai
khéng gian vecto b truc giao v6i nhau. Viy :

&(A,B)? = d(M,A)® + d(M,B)>. (dinh li Pitago).
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2.36. N&u m-phéng « va k-phing 8 bi vudng gée véi nhau thi theo
dinh nghia ta c6 a®f = E" Ap dyng dinh i vé s& chidu véi téng
cdc khong gian vecto con o,ftac6m+k=n

Nguge lai néu n = m + k thi cing do dinh li v& s6 chiéu d6, ta
suyradim(a+B)=m+ k = n vi anp=0.Dodé o vaB bi true
giao titc 14 hai cdi phing « va p bu vudng géc véi nhau.

Chii thich : a®f=E" la ki higu ching t5 ring khong gian
vecto Jclit E" o6 téng truc tiép 1A hai khéng gian vects Jclit con
a vap.

2.37. a) Vi « song song véi f va dima < dimp nén ta ¢6 o cP va
@ N P = Trong khéng gian vects o +3 ldy khong gian con d bix
truc giao véi B.

Buong thlng d di qua didm A © A

bat ki thubec a va cé phuong d bi

vuong géc véi phing B trong d.
khéng gian o + B nén c6 giao vai

B tai mot di€ém H duy nh4t. Ta ¢ M R
d(A’H} = d(asﬁ)' I{ "

Thuc vay néu M la mét diém
thy ¥ cda B thi
HAM)* = (AH + HM)® = d(A, H)? + d(H,M).
Do dé d(AH) = min d(A,M).
Miit khdc vi o song song véi P nén du@mg thing d eciing tryc
giao véi o va ta cing c6 d(H, a) = min d(H,A’) véi moi A # A,
Li lugn trén day cing ding véi moi difm A € « va ta o6 :
d(a,p) = d(AH) = d(A, B) v6i moi A € q.
b)Néu o va B chéo nhau hoan toin nghia la a N p = @ va
anP=0 thi khi dé c6 mot dudng vudbng géc chung AB duy nhat
viiAeavaBe B va ta c6 d(AB)= die,B).

o>
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2.38, Ta biét riing m-phing o« ¢6 phuong 13 o nhin m vecto
{uy,uy,...,Uy, } 1am co s& va J 1a hinh chigu vudng géc cha I xudng

o. Xét ma trdn Gram duge 14p
! tir hé vecto :{uy,uy,..., Uy, ,SI}

Do SI=SJ+J1 va &J 1a mét
td hop tuyen tinh cha cdc vectd
{ul,uz, Uy § ma SJea nén

\ |G(u1,u2,...,um,SJ)! = 0 (vi hé

1 s vecto {Q!Qlyﬂ, g} Phu
« thude tuyén tinh) va tir ding
thue :

|G(uy,uy,...,u,,SD| = |G(ay,u,,...,u,,83 +ID)|
ta suy ra:
|G(uy,uy,...,u,,81)| =0+ |Gy, u,,...u,,,J1)]
= 1|6y, ug, ... iy )]
vidllu véii=12 .., m
Do dé ta ¢d cong thie :
|Gy, uz,..., 0, ST
|G(u1,u2,...,um)l

a1, o) = Ji- =

2.39. Vi o va B 12 hai cdi phidng chéo nhau trong E" nén ta ¢6 MN
la dudng vudng géc chung véi M c o va N € B.

Khi d6 d(M,N) = d(a,p).
Ta c6 |G(MN, &;,&;,... )| azM, N).G(el,ez, ,e_')|

vi MN.e;, =0 v6ii=1,2,.,m.
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' (G(E .

Do dé d*(o,p) = d3(M,N) = —
|G(e1,...,em}

2.40. Gid s( siéu phing « cho trude ¢6 phuong trinh téng quat 1a
UiX) + UpXg + oo UpXy, + U, = 0

va M la m{t diém thudc tdp hop cdc diém cdch déu o cho trude
mdt khodng cdch h cho trude. Gid si M c6 toa 49 1a (x;,Xs,...,%,).
Ehi dé ta cé :

2
| WX) + UpXy + ...+ u,,x,,+uoI =h,‘/uf+u§+...+u11 =p

hay UrX) + UgXg + .+ UpX, 2 p = 0.

Vay tép hop dé la hai siéu phing song song véi siéu phéng o
di cho.

2.41. Trong khéng gian afin thuc n chidu A” véi n > 1 cho hé toa
dé afin {O;e,,e,,...,e, } ciia A". Ta c6 th& bién khéng gian A" tré

thanh m¢t khéng gian Oclit n chiéu ma hé toa do da cho trd
thanh hé toa d§ tryc chudn cia khéng gian Oclit bing céch sau
day :

V6i hai vecto bat ki x,y thudc A" ¢6 cic toa do déi vdi co sd

{9_1-, g,---,a} la x= (X3,X2,...,Xn) VA §= (Y1:¥25--5¥n)

thi dit i.; = X1¥1 + X2¥3 + ...+ Xp¥a.

Khi d6 khéng gian vecto A" trd thanh khong gian vecto Cclit
n chiéu va co sd {a,é;,...,a} la co s& truc chudn. Nhu véy ta da
bi€n khéng gian afin A" thanh khéng gian Uclit E".
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§6, §7, §8

2.42. a)Ta xét ma tran A cia phép bién déi :

2 2
{2 T2
IA|'_—J§£
2 2

Day 14 phép dui hinh loai 1 vi detA = 1. Trong E? phép dui
hinh loai 1 chi c6 thé 1a phép tinh tién hosic phép quay. Néu d6 la
phép quay thi phép d¥i hinh d6 s& c6 mét diém kép duy nhat, con
né&u 1a phép tinh ti€n véi vects v =0 thi khong ¢6 diém kép. Ta
lip phuong trinh tim diém kép:

V2 2

X = —X; + x2 +1

Phép doi hinh nay c6 mét diém kép duy nhdt. Vay d6 1a phép
-1-42
g

Ta nhan thay ring day l1a phép quay vdi gée quay ¢ = 45° vi ta

quay.Tam quay O(x;, x2) v6i x, =-% va Xy =

cé g = sin45® = cosd5°.
b) Xét ma tran A cGa phép bisn d8i :
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-1 0
0 1

|A|=’ -1

béy la phép dsi hinh loai 2. Trong E? d6 1a phép dsi xing
truc. '
Ta thuc hién phép déi mue tidu :
X! = r —
1% +3 va Xy =%, +3
Xy =% Xy =%
r6i thay vao phuong trinh phép dai hinh ta e6 ;
X;-3=-X,+3-6  (X]=--X,
=
Xp=Xp X=X,
Day 1a phép dsi xing qua true X, = 0 tdc 1 dudng thing
X +3=0.
2.43. Ap dung két qua cta bai 2.32 ta tim duge toa db cia difm
E{ 451 v6i mue tiéu {E,; E;} 1a : :
, 2
E= (2,22
nn n

Ta c¢6 ma tran chuyén C cia phép doi hinh ein tim chinh la
ma trdn chuyén cia phép bign déi truc giao nén cia phép dai hinh

dé. Taes :

2 2 2

EE =(1-=,-2 . =21

o1 ( n’ n nJ

EE, =[-—2-,1-3,...,--2-]

n’ n n

== 2 2 2

EE =[-2_-2 .2

e ( n n n)

Trong trutng hgp nay ta ¢6 C = C". Ta suy ra phuong trinh
phép déng cyv (phép dvi hinh) f c4n tim 1a -
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.2 .2 2] 2]
xfl n 11 Il xl n
X __g'. 1_3 _.g X __2_
2|_ n 2l n
Wl 2 2 2|2
L 1 Il L 11 ]

2.44. Goi t 1a phép tinh tién theo vecto v=(vy, V3, ..., V) cia E",
V6i AB la hai difm thy y cia E” ta ¢6 A = t(A), B’ = t(B). Theo
dinh nghiatacé AA'=v,BB'=v.Dodétasuyra:

AB=AA +AB +BB=v+AB -v=AB"

Vay d(A,B) = d(A’,B) va t 1a phép ding cy vi c6 tinh chét bio

tén khodng cdch cia hai diém bat ki trong E®. Phép tuyén tinh t
lién k&t véi phép tinh tién t 1a phép déng nhat cia E® vi véi moi
vectd AB ta c6 t(AB)=1t(A).t(B)= A'B’ = AB. Gia st diém M c6
toa do la (1,2,3,..., n) va gid st M = t(M) = (x{,%3,....X; ) , ta c6
phuong trinh clia phép tinh tién la :

X =xi+vivdii=1,2 .., 0

Nhu viy ma trin cia phép tinh tign t 12 ma trdn don vi, tit d6
ta suy ra phép tinh ti€n 1a phép doi hinh loai mét.

2.45.3) Theo gid thiét ma trin cia phép bién ddi f 12 ma trdn A c6
dang chéo c6 n—m s8 ~1, s cdn lai 1a 1. Vi vay
det A = (-1)"™ = 1. "

Didu nay chung té riing { 12 mot phép ddng cu (phép dui hinh)

b) Néu n-m 13 mdt s& chén tuc 14 n va m cing 1é hodc cing
ch&n thi phép bién d8i f 1a phép dai hinh loai 1. N&u n-m la mét
55 18 thi f 12 phép dvi hinh loai 2.

¢) Néu m = n-1 thi ta ¢6 mdt (n-1)-phbAng (siéu phing) hoan
toan bdt déng d8i véi f. Siéu phlng nay chia hé toa db
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{O; a,e_z-,...,a_l} cdn vecto e, wvudng géc véi phuong cha sidu.
phing. Khi dé phép bi&n déi f nay la phép déi xding qua mjt siéu
phéng.

2.46. Trong E” v6i hé toa do tryc chuidn da chon theo giad thiét
siéu phdng o c6 phuong trinh :

n
WiX) + 8Ky + . + AaXn + B, = 0 V6D Y af =1
i=1
V6i m¢t di€m M bat ki cia E® va gid st M c¢6 toa dé truc
chudn 1a :
M = (x4, X, ..., X,)
C6 dnh qua phép d8i xUng qua siéu phéng o 12 M ¢6 toa dd
tryc chuin
M = (x],x},...,x,)
Lap phuong trinh ciia phép dai xdng néi trén 13 tim bidu thic
lién hé gitra cdc toa dé (x, X, ..., X,) V2 (X1,X5,...,x; ycua M va M.

Goi d la dudng thing MM. Pudng thing nay nhan a = ( a,,
8z, ..., 4.) 14 vecto phdp tuyén cia siéu phing o lam vecto chi
phuong.

Goi Q la giao diém cha d M
v6i siéu phdng o va gid si toa
dd cha Q 1a (x3,x3,...,x°2)

Tacé MQ=ta S Q ;

=X -X =tayv6ii=12 ., n.

< x{ =x; +ta; véii=12,..,n M’

Toa dy cia diém Q phai _
théa mén phuong trinh ciia siéu phing o nén ta cé:

a(x) + tay) + ax(xs + tag) + ...+ an(x, + ta,) + a, = 0

S aXy +agXe + ...+ anXy +(af +al +.+alt ra,=0
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21Xy + 85Xy +...+8, X, +a,
<> tQ = - 3 5
aj +a2 +..+a,

Nhu vay diém Q e« ung vdi gid tri tham s
tg =~ {ayX1 + 83Xs + ... + A%, + a,)
n
vi theo gid thist > a? =
i=1
Theo dinh nghia cGa phép d8i xing qua sidu phing a ta suy
ra: MM’ = 2MG _
Ta c6 MQ = thx = —(a;X; + 25Xy +...+ 2, X, +a,)a.
Do d6 ta ¢6 biéu thite toa do clia phép ddi xing qua sidu phing
ala:

X - Xi=-2a(a¥ +aXs+ ... +8:X,+8,),i=1,2,..,n

n
hay | x{ = x; - 2ai{Zai:l{-1 +a,)| véli=1,2,..,n
i=1

Chu ¥ riing khi viét cong thie trén ta coi diém M khong thube
siéu phing a. N&éu diém M thudc siéu phéng « thi céng thic trén
van ding vi khi d6 a;x, + 8:%; + ... + 8,%, + 8, = O.

Cong thite trén ¢6 thé viét gon dudi dang sau :

- 0
X{ =D ¢x;+a| véii=1,2,..,n

Trong d6 ¢; = -2aa; , ¢ = 1 — 2a?
a; = —2a3,
Nhu vay ma tran A = [¢;] cha phép déi ximg qua siéu phing o
1a mdt ma tran d6i xding.
2 2

2.47. Elip ¢6 phuong trinh —+z—2 =1 vdi a # b ¢ hai truc dsi
a

xung la Ox, va Ox,. Do d6 ta suy ra cé hai phép ding cu bién elip
thanh chinh né :

1) Phugng trinh ctia phép d&i ximg qua truc Ox, :
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{xi =X, : Xy

Xg =Xy

2) Phuong trinh cha phép
déi xing qua truc Ox; :

X) =-X; 0
Xg = Xy

Cde phép doi hinh nay déu
la cdc phép doi hinh loai 2.

2.48. Trong khéng gian Uclit E" ta biét ring
nhém d&i hinh © nhém déng dang < nhém afin.

Do d6 : hinh hoe Celit S hinh hoe déng dang S hinh hoc afin.
Vi vay mdi dinh lf eGa hinh hoe afin cing l4 mét dinh li eda hinh
hoc déng dang va ciing 1a mét dinh 1i eia hinh hoc Oelit nhung
diéu ngugce lai c6 thé khong ding. Hinh hgc afin nghién cdu nhiing
bat bién qua nhém cac phép bién ddi afin. N&u mot khai niém bat
bi€n qua phép bién déi afin thi ciing bat bién qua phép déng dang
vi phép bign d6i déng dang ciing 1a mot phép bién d8i afin. Thi du
gid su c6 hai dudng thing song song a va b va qua phép afin f ta
¢6a =fla), b = f(b}, thi khi d6 ta ¢6 a song song véi b. Néu gol g
la phép dong dang, ta c6 a’ = gla), b” = g(b) thi khi dé ta vin c6
a// b Nguge lai qua phép déng dang g mdi tam gidc ddu ABC bién
thanh tam gisc déu AB'C' nhung dsi véi phép afin f thi méi tam
gidc déu ABC c6 thé bign thanh tam gide ABC c6 thé khong déu.
Lap ludn tuong ty d6i vdi méi quan hé gita hinh hoc déng dang va
hinh hoe Gelit,

" 2.49. Vi phép bién ddi déng dang 14 phép bién ddi afin bdo toan
géc nén mdi phép bién ddi déng dang bisn mét da gide 18i déu n
canh thanh mét da gidc 181 déu n canh.

Phén loai déng dang hé hinh céc da gise 161 déu : madi loai
gbm cdc da gidc déu 181 o6 cing sé canh, cdc canh tuong ing ti s,
cde géc tuong ung bing nhau.
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2.50. Trong E? 461 v6i mot tam gidc :

~dudrng trung tuyén la khdi niém déng dang vi phép déng
dang bién dudng thing thanh dudng thidng va bdo toan trung
diém ciia mot doan thing .

—-dudng cao 14 mdt khdi niém dong dang vi phép déng dang
bdo toan dudng thing va bdo toan géc.

—dudng phan gidc 14 mét khai niém ddéng dang vi phép déng
dang bio toan dudng thing va bao toan géc.

- dudng trung tryc 13 mdt kh4i niém déng dang vi phép déng
dang bdo toan géc va bdo toan trung diém clia mdt doan thing.

Trong cdc khdi niém trén chi c¢é kh4i niém dudng trung tuyén
12 kh4i niém afin vi phép afin bdo toan du¥ng thing va bio toan

trung di€m cda mdt doan thdng (bdo toan ti 58 don cla ba diém
thdng hang).

2.51. Theo gid thiét ta sidp x&p cdc khdi niém nhu sau:

‘a) Cédc khii niém cia hinh hoc afin: dudng elip, dudng
hypebol, dutmg parabol, dudng thing, su chéo nhau cia hai dutng
théng, hinh binh hanh, trong tim clia mét tam gise.

b) Cdc khdi nidm ctia hinh hoc ddng dang :dudng trdn, dudng
elip, dudng hypebol, dutrng parabol, dutrng thing, sy chéo nhau cda
hai dudng thing, hinh vuéng, hinh binh hanh, trong tam cha mdt
tam gidc, khéi td dién déu.

c¢) Cac khai niém cta hinh hoe Oclit :dudng tron, dudng elip,

dung hypebol, dudng parabol, dudng thing, sy chéo nhau clia hai
duong thing, khodng cdch cia hai dudng thdng chéo nhau, hinh
vudng, hinh binh hanh, trong tdm cia mdt tam gidc, khéi tif dién
déu.
2.52. Pay la mdt bai todn cla hinh hoc afin, do d6 ta c6 thé chon
tam gide ddu ABC lam hinh tuong duong afin véi tam gide ABC
da cho. Theo gia thiét trén cdc canh B'C, CA, AB ta ldn luot c6
cdce diém chia la A, A, ; B, B, ; C,, C; sa0 cho -

B'Al = AlAz = Azc, = C,Bl = B_;Bz_: BzA, - A'Cl - 0102 = CgB‘.
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Ta ¢6 luc gisc DEFGHI (xem hinh v&). Cdn chitng minh cdc
: didm D, G ndm trén dudng
trung truc cia doan BC va tat
nhién dudng trung truc nay di
qua dinh A
Hai tam gidc BCC, va CBB,
bdng nhau vi ¢6 BC chung,
B' = C' = 60° va BC,=C'B, (c.g,0).
Do d6 B,B'C'=C,CB'. Ta
suy ra tam giac GBC cin tar G
nén dinh G thude dudng trung

tryc cha doan BC.
Hai tam gide BCB, va CBC, bling nhau vi c6 BC chung,
B' = =60°va BC, = CB; (c,g,c).Ta suy ra tam gidc DB'C can tai
D vi B,B'C'=C,C'B’. Vay diém D thudc dudng trung trirc cia
doan B'C. '

Tuong tuta chitng minh duge hai dinh E, H thuéc dudng trung
trye cda doan AC va hai dinh F, I thudc dudng trung truc cia
doan AB'. Trong tam gidc déu ABC cdc dudng trung trye nay déng
quy, do d6 céc dudng chéo cha hinh lue gisde DEFGHI déng quy tai
mdt di€ém. Tinh chdt déng quy nay vin ding trén tam gidc ABC
b4t ki tuong duong afin vai tam gidc déu ABC.

2.53. Ta chon mét hinh trdn lam hinh twong duong afin véi elip.
Khi d6 ta cin ching minh ring hinh binh hanh ngi tiép dutng
trdn 14 m@t hinh chit nhat. Thuc vay gid

sif ta ¢6 hinh binh hanh ABCD ndi tiép /‘
trong dudng tron td&m O (xem hinh ve). A - B
Ta ¢6 :
- 0
A+C=180°
vi hai géc ndi ti€p nay chin toan bd D a ‘-
dudng tron. Mit khéc A =C vi d6 12 hai \
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gée ddi dién ctia mot hinh binh hanh. Vay A =C = 90° va ABCD
la mdt hinh chi nhét. Khi dé cdc dudng chéo AC, BD cia hinh chix
nhat 14 cde dudng kinh cda dubng tron. Vay tdm cda hinh chiv
nhat tring véi tdm cioa dubng tron. Biy git qua tAm dudng tron ta
vé cdc dudng kinh lan lugt song song véi cde canh clia hinh chit
nhit thi cdc dudng kinh nay vudéng géc véi nhau. B6 1a cde duding
kinh lién hgp cia dudng tron (vi dudng kinh nay la tap hop trung
diém cac day cung song song véi duiing kinh kia).

Néu ta dung phép afin thich hgp bién dudng tron thanh elip
da cho thi hinh chit nhét ndi ti&€p dudng trdn sé& bién thanh hinh
binh hanh néi ti€p elip. Khi dé tdm cia hinh binh hanh tring véi
tidm cia elip, cdbn céc canh cia hinh binh hianh thi song song véi
hai dutng kinh lién hgp cia elip.

2.54. Ta chon mét dudng tron lam hinh tuong duang afin véi elip.
Khi d6 ta chitng minh duge hinh binh hanh cé cdc canh tiép xic
véi dudng tron la mdt hinh thei (ding tinh chat bing nhau cia hai
tiép tuyén ké ti mot diém & ngoai téi dudng tron (*)). Hinh thoi
nay cé tAm trang vdi tdm cta duting tron. Cdc dudng chéo ciia
hinh thoei chinh la hai dutng kinh vuéng gée ciua dudng tron. Do
dé khi ta thuc hién phép afin bién dudng trén thanh elip thi hinh
thoi bi€n thanh hinh binh hanh cé canh ti&p xic véi elip. Khi dé
hai dudng chéo cta hinh binh hinh bién thanh hai du¥ng kinh
lién hgp caa elip. :
{*)Chu thich: Gid s hinh binh hanh ABCD ¢é cac¢ canh AB, BC, GD, DA tiép xic vdi
duding tron tai E, F, G, H (xem hinh v&).
Taco AE=AH=a, BE=BF=h,
CF=CG=c,DH=DG =d.
AB=CD—>a+b=c+d
AD:BC:)a+d:b+c}

=>2a+b+d=2c+b+d

a=¢c

:b:d}:AB=BC=CD=DA.
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2.55. Ta chon dudng tron tdm Q lam hinh tuong dugng afin vdi
elip. Khi d6 c#p dudng kinh lién hgp AB, CD cia elip tré thanh

A'

M

M

cdp duing kinh AB, CD vudng gée
clia dudng tron tdm O (xem hinh
vé). Ta dé dang ching minh duge
giao di€ém M cia hai tiép tuyén tai
A" va C luén luén céch déu tdm O
cia dudng tron. Khi AB va CD
thay déi trén elip thi AB va CD
thay ddi trén dudng tron. Ta ching
minh duge quy tich cic didm M la
dudng tron tim O c¢6 bdn kinh
OM = OA'V2. Goi M, 1 giao

diém cia OM véi dudng tron taim O. Ta cé :
(OMM) = V2 < OM' =V2O'M,

Vay khi ta thire hién phép afin bién duéng tron thanh elip da
cho thi dutng tron tdm O’ bén kinh OM’ s& bién thanh elip vi tu
v0i elip da cho trong phép vi tu tam O vdi i s§ vitek = V2(vi
phép afin bédo tén ti 56 don cta ba didm thing hang).

- 2.56.Ta chon dudng tron dudng kinh AB lam hinh tuong ducng
afin v6i elip cho trude. Trén mot nia cung tron ta 13y hai didm M,

N.Goi C' = AM A~ BN, D = AN~ BM.
Xét tam gidc ABC ta c6 AN va BM’
la hai dutng cao va D' 1a trye tam cda
tam gidc ABC. Vay CD la duong cao
xudt phat tit dinh C va vudng goéc vt
AB. Vay CD 1a phuong cda durng
thing lién hgp véi phuong cta dutng
kinh AB.

Vay khi ta thuc hién phép afin
bi€n duvng trdn dudng kinh AB
thanh elip ¢6 dudng kinh AB, cdc
diém M, N lin lugt bién thanh cdc

h
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diém M, N trén nita cung elip. Khi d6 cdc diém C, D lan lugt bién
thanh C va D. Ta suy ra phuong cia duyng thdng CD la phuong
lién hgp v6i phuong ciia dudng kinh AB.

2.57.Gia st £ 1a mot phép déng dang cia E" thi khi dé f ciing la
mot phép bién d8i afin c6 4nh xa tuyén tinh lién két véi né 1a
phép bign d8i tuyén tinh ¢ cia khong gian vecto Celit E" .

Gia sk (x,y) la géc gitta hai dudng thing va ta cé anh cda géc

d6 qua phép bién di tuyén tinh 9 12 (@(x),¢(y)). Ta cé

cos(otD) o5y = IR0y) _ Kixy
oG] Jov)| ke[| k]

= =3~ cos(x,y)
x|

Tu d6 ta suy ra phép déng dang f bdo toan goc :

— gilta hai siéu phing (xét goc giira hai vects phdp tuyén)

- giita dudbng thing va siéu phing (xét géc gilfa vectd chi
phuong cia dung thing va vects phép tuyén ciia siéu phing).

Né&u hai c4i phing vuéng géc véi nhau thi moi vecto thuge
phuong cda cdi phdng nay sé vubng géc v6i moi vecto thube
phuong ciia cdi phing kia. Vi phép déng dang bdo toan géc cia hai
vecto nén béo toan sy vudng géc cia hai cdi phlng bat ki.
2.58.Ta cin ching minh ring hai h¢ vects {a,b,c} va {a’,b',c'} 1a
doc lap tuyén tinh. Ta hay xét cdc dinh thic :

1 20 -2 -4 0
3 1 0 =T7=0 6 2 0 =-86=0
3 11 -5 2 2

Vay mdi hé {a,b,c} va {a’,b’,c’ } 1a mdt co s§ cha V§. Hai co
s§ nay xdc dinh mét phép bién dbi tuyén tinh ¢ sao cho
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oa) =a’, o(b) = b o) =¢c . Gia sk {(e_l_,te_é',é; } 1a co s& true chudn
da cho ciia Vi. Goi ofe;) = 6! véii=123.
Theo gia thiét :
a=e -2, = ola) = gle;) - 20(8;) = -6, — 4a,
b =3e; +e; = o(b) = 3¢(e;) + vle;) = ~6e, + 2¢,
¢ =8¢ +&; +e; = o(C) = 3o(e;) +gley) + ple;)
= -sé{+2e_;+2§3_
Ta ¢é hé phuong trinh :
the‘g - -25, - 4e;
3e; +e; = ~6e, + 2e,
3e] +ej +e; = —66, +2e; + 2e;
Giai ra ta dugce :

ef = -2,

-2 00
<e_§-=2e_2- = matrgnC=|0 2 0 .
ey = 2, 0 0 2

Vay phép bi€n ddi tuyén tinh ¢ c6 phuong trinh 1a :

X; -2 0 0fx -1 0 of[x
X1=10 2 0i/x3(=2|0 1 0ffx,
Xg 0 0 2] x4 0 0 1| x,

Nhu vay ta c6 thé phan tich phép bisn déi tuy&n tinh ¢ thanh
tich g.h trong d6 g la phép vi tr ti s6 k = 2 va h 1a phép bién déi
tuyén tinh tryc giao (la phép déi ximg qua siéu phing x, = 0). Vay
d6i v6i co s§ {e,,e,,e; } phép bi&n ddi tuyén tinh ¢ cé dang :

(x] = kAlx]

trong d6 A 12 ma tran truc giao dang chinh tic.
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Vay phép bién déi déng dang ¢ sinh ra phép afin lién két

tuong ng 14 phép bién doi dong dang ti s6 la 2 doi véi co sé truc
chuan di cho.
2.59. Trong E", phép vi tu tdm S ti s6 k 12 mot phép bién hinh
bién mbdi difm M e E" thanh diém M saoc cho SM'=kSM. Véi
k > 0 ta c6 phép vi tu thuin, v6i k < 0 ta ¢6 phép vi tu nghich. Gia
s ta ¢6 mot diém N € E" qua phép vi tu tdm S ti s8 k néi trén
bi€n thanh diém N. Ta ¢6 SN’ =kSN.

Tir d6 ta suy ra [IM'N' | =k ||MN |.

Vay phép vi tir tAm S i s§ k 1a mdt phép déng dang cila E"
voi ti 8 k|
2.60.Phép déng dang f ti s& k trong E° bién ml}{“,‘ tiéu truc chuin
{E,;e,,e, } thanh muc tiéu truc giao {E};e],e; } v6i a =(e,,e]) ¢b
tinh chat: |a1 =]gl =kva e Lej.

Theo gia thiét o =(e,,e]} ta cb:

o = k(e cosa + &, sini
o =klejcosa ey sine) 1 hotce=-1
ep = ke(-e; sina + e;cosa)
Ta ¢6 ma tran cia phép dong dang cin tim 1a A :
A { keosa ~kesina

) véie =1 hoice = -1.
ksina kecosa

Gia st (x,,y,) 12 toa dd cha diém E; d&i véi muc tidu {E; e,,e, }
ta ¢6 phuong trinh cla phép déng dang fla :
{xi = keosax, —kesinax, +x,

. i v@i e =1 hofic g = ~1.
x; = ksinox, +kecosax, +y, _

2.61. Dya vao két qua cta bai 2.60 ta lap phuong trinh tim diém
kép cia phép déng dang f ma khéng phai la phép ding ey :

X, = kedsox, - kesinox, +X ] _
{1 ! 277 y6ie=1hodice = -1.

x, = ksinax, +kecosaxy +y,
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{1~ keosa}x; +(ek sinalx, = x,
—(ksina)x; + (1 -ekeosa)x, = ¥,

Goi D = 1 —k:l:osa eksina
—ksina 1-cgkeosy

=1+ek?-(1+ g)kcosce.

Theo gia thi€t phép déng dang f d3 cho khéng phai 1a phép
ddng ey tick # 1 tasuyra D # 0, Thute vay :
k2

2k

GiAstD=0vae=1tacs cosa = <1e(1-kP<0

=k = 11a trdi vdi gid thiét.

Vay D # 0 nén phuong trinh trén c6 nghiém duy nhat va dé la
diém kép ciia phép déng dang.

Neue=-1=D=1-k«0vi0<kel

Vay phuong trinh trén ciing cho ta nghiém duy ﬁhé‘t.

K&t lugn lai, trong ca hai trudng hgp vita xét, néu mét phép
dong dang ma khéng phai la phép ding cy déu c6 mot didm kép
duy nh4t.

2.62.Ta hiy xét dinh thic cda ma tran phép bién d4di f da cho :
8 -1
8

Ta cé: =656 = +1.

Vay f 1a mot phép afin nhung khong phai 12 mot phép dei
hinh (phép ding cyw). Ta hay xét xem f ¢6 phai 1a phép déng dang
hay khéng. Ap dung két qui § bai 2.60 ta ¢6 :

kCOSG. =8 COS = _8..
-kesing = -1 f '
= £=
ksina =1 1
kecos = Bing = —
£CO5QL 8 K
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2
Do d6 cos’c + sin%o = 8—+~1~~~65 =1=k= ﬁ

KK K
Vay f la phép déng dang cé t st k = 65 .

§9, §10

2.63. a) Cdch thit 1:

Gid st trong E" n + 1 diém A,, A, Ay, ..., A, dbc 14p ¢6 toa dd
trivc chudn la © A = (ay, ap, ..., ap) v611=0,1,2, ..., n.

Ta biét tam cla sidu cdu [a mot diem X(x, Xz, ..., X} MAa :

d(A, X) = R khéng déi véii=0, 1,2, .., n.

hay 14 d(A,, X) = d(A,, X) = ... = d(A,, X).

Ta c6 hé n phuong trinh :

[ I n
\jz(xi — 8y ? = Jz(xi —ali)2
i i=1

J (x; —a,)* Jz(xi —ay )
i=1 i=1

Ji (x; - ag)? \ri(xi ~ag)?
L ¥ i=1 i=1

Ta suy ra :

i 2ay —a,)x; + i agi - ia‘i}i =0
i=1 i=1

i=1

4] n 2 n 2
Zz(azi —a,)x; + Zaoi - zaﬂi =0
i-1 i=1 i=1

n n n
2 2 _
z Aay; - a,)x; + Z Boi — Z ag =0
i=1 i=1 i=1

196



Diéu kién can va di dé hé n phuong trinh trén cé nghiém duy
nhdt 1a :

4y —dp; BA3p 89z ... &y —Apg
a -a a -a L. a -4a

21 01 22 02 2n On * 0
Apy — gy Apz — gy - dgn —8pp

Day la dinh thitc toa dé clia n vecto A A, A A,,.,A A . Wi
n vectd dé doc lap tuyén tinh nén dinh thde trén tudn luén khic 0.
Do d6 hé phuong trinh trén luén ludn cé mét nghiém duy nh4t la
toa d9 elia tdm siéu ciu.

b) Cdch thit 2;

Ta ¢6 thé xem tam X(x;, xz, ..., X,) ciia siéu cdu thude cdc siéu
phing trung truc cla cdc doan thing AA;, A, ..., AA, va 4p
dyng két qua bai 2.29 a) ta lap duge hé n phuong trinh sau day :

Z(au —ag)%X; +b; =0
i=1
D lag —ag)x; +by =0
i=1

S ay ~ag)x; +b, =0
1=1

Ta ciing 1i luan tueng tu nhu & phan trén va tim duge tam cia
siéu cau.

2.64. Trong E° chuyén phuong trinh mit cdu vé dang téng quat, ta
dé dang tim duge tam va bdn kinh mit ciu :
(x —a)’ + (y - by’ + (z - ¢/ = R? > Tam I(a,b,c), ban kinh R.
Didpsé.a)TamI =(6,-23),R=17
b) Tam I = (0,0,3), R = 4.
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2.65. Ta lap dugc phuong trinh mit cdu di qua bdén diém
Alay,a0,a3), B(by,by,bs), Cle1,¢2,¢5), D(d;,ds,d3) khéng ddng phing 1a :

x?+x2+x5 X, X Xg 1

a?+al+ad a, a, a4
2 .32 . w2

bi +bs +b; by b,
Zreiict ¢ o g

aZ+di+d2 &, d, dy

o
[+
[T =
1}
=

2.66.Ta xét hé phudng trinh

x, =0

>ix;-a)” -R*=0
i=1

Sidu cdu va siéu phdng cé giao théa man phuong trinh :

Six -a)f +a% -R* =0
i=1
o Y x-a) -(R*-al)=0
i1
P4y 1a siéu cdu cia khéng gian Oclit n—1 chiéu. Sidu cau nay
nidm trong siéu phiang x, = 0 da cho. Siéu cdu nay cé tdm O = (a,,

as, ..., ;1) va ¢6 ban kinh r = \/Rz —aZ .

N&u a, < R : siéu phing cit siéu ciu d4 cho.
a, = R : sidu phdng ti€p xic véi siéu cdu da cho.
a, > R : siéu phdng khong cét siéu cdu da cho.
CHU ¥ . Ta ¢6 thé nhan xét a, chinh 14 khodng cdch ti tam siéu
ciu di cho t6i siéu phdng da cho.

2.67. Gid st d6i vdi muc tidu true chuidn cho truge trong E", cdc
didm A,B,C ldn lugt c6 toa do 1a (ay), (by), (c;). Goi M 1a diém c6 toa
d6 (x;) thoa min diéu kién :

d%M,A) + d*(M,B) = dXM,C).
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Ta suy ra :

n

i(xi —31}2 +i:(:«:i —bi)2 "Z(Xi —t:i)2 =0
i=1 i-1 i=1

n n n

= Zx? —22(5\i +b; +¢)x +Z(ai2 +b? +c?}= 0

i=1 i=l i=1

Ta c6 thé nhan xét day 1 phuong trinh ciia siéu cdu trong E
vi trong phuong trinh d6 cé cac dic diém :

-Hé s8 cta cdc s6 hang chia x? déu biing nhau va khée 0.
~Ving mit cde s hang chit nhat (chda X;X; V61 1 # j).

Mat khdc ta c6 thé bién ddi phuong trinh trén dé xdc dinh
tim va bdn kinh cda siéu cdu. Ta cé :
I

D0, = (@, +by e + 3 a2 +b? - e2) -3 (a; + by o) = 0.

i-1 i=1 i=1
Siéu cAu nay c6 tAm O = (a, + by~ e} vdii = 1, 2, .., 0
va bdn kinh R duge xdc dinh béi hé the :

111 1
R*= > (a; +b; —¢;)? - @ +b?-ch)
i=1 i=1 '

In
= 22(012 +aibi - a;¢ — bici)

i=1

s .
=23 ((a; - )b, —c,)] ‘
i=1 - QP
=2CACB.
Bign lugn. Goi ¢ = (C_'A,-CT?) ta cb : B
CACB A
CosP = ————
el fos
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~ Né&u cosg > 0, tide 1la ¢ <% ta cé sidu cdu thyc bin kinh

R= V2CACB.
~ N&ucosp =0 titc 1a ¢ = % {khi d6 ba difm A B,C thing hang)

ta ¢é siéu cdu diém.

- Néu cosp < 0 tic la ¢ > ta c6 siéu cAu 4o bdn kinh

i,/lzc_&ﬁ}i\.
2.68. Ha n+1 diém (E,, A, A,, ..., A} doc lap vi n vects (E A, },
i=1,2, .. ndoclap tuyén tinh. Viy c6 mot sidu cdu duy nhat (S)

di qua cdc diém dé theo bai 2.63. Phuong trinh téng quit cla siéu
cau nay c6 dang :

)4} I
> xf +2> mix; +n=0.
i=t i-1

Diém E,(0,0,...,0) thude (8) nén ta suy ran = 0.
Cédc diém A(0,0,..., aj, ..., 0) thudc (S) nén ta cd:

ai2 + 2ma; = 0
a, .. .
Do dém,; = ~—2L véii=12..,n

Véy siéu cdu (S) c6 phuong trinh :
n n
ZX? - Zaixi =0
i=1 i=1

n n .2

hay Z(xi —%)2 = Z%‘-

i=1 i=1
g

Vay siéu cdu (S) c6 tam O = (%-,*2*

_l/“ 2
R_2 ga,.

%ﬂ) va ¢6 bén kinh
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2.69. Goi f 1a phép afin bién siéu cdu (S) tam O ban kinh R thanh
siéu cdu (S) tam O ban kinh R. Véi moi diém M, N ciaa E" ta cé
M = fiM), N = fiN).

Theo tién dé th¢ nhat i) cda khong gian afin véi vects MN
cho trude ta ¢6 mot diém C thude E" sao cho OC = MN . Goi ¢ la
dnh xa nén cia fta co :

¢(MN) = o(0C) = O'C’ v6i O = f(O) va C = f(C).

Goi A la giao diém cua dudng thing OC véi (S) va gia sif
OC =h.OA. Vi phép afin bdo tdn ti s6 don cia ba diém thiang
hang nén ta c6 O'C' =hOA". Vi A ¢ {S) nén A € flA) e (8). Vay
R={OA"| vadodé: |OC' | =hR. Ta c6 :

dM,N) =| o(MN) | =|O'C’ | =hR
dMN)= |[MN | =}0OC| =hR

Ta suy ra d(M, N) = RE d(M, N).

L3

Vay fla phép déng dang ti s6 k = %

2.70. Trong E?® ma tran A caa mit béc hai (8) d8i véi muc tiéu da
cho & :

o 11
2 2
A= 1 0 1
2 2
11
2 2|
Da thife diic trung cda né la:
5 11
2 2
1 1 1,
- =k == -1 +=
2 2 (=1 +2)
11,
2
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Ta tim dugc hai gid tri riéngla A, =1, Ay = —%.

Ung véi gid tri riéng A, =1, toa db cda vecto riéng théa man

hé phuong trinh :

1 1
_xl +—2—x<2 +§X3:0 . . u
— vecto riéng u; =(1,1,1) = i} = —-

i
%xl—x2 +%x3:0 |u—1‘

~ — 1 1 1
Goi i, la vecto riéng don vi ta ¢ i =[—.-~.'——
' ' NERNERNE

Ung vdi gig tri riéng A, = —%, toa 46 clha vecto riéng thoa
man phuong trinh ;
X + Xy + X3 =0.
Ta ldy hai vects riéng truc giao v6i nhau la u, va ug véi:
u, = (1,-1,0) va ug :'(1,1, -2).
Chu#n héa ching thanh hai vectd don vi i, va iy véi

Vay ma tran chuyén cd 59 la ma trdn C:

(11 1]
B B I
co| Ll 1 1
NN RN
1, 2
|3 J6 |
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Ta dung phép bi&n ddi muc tidu truc chuin vdi phuong trinh :

1, 1, 1,
X =—=X] +—=X5 +—=X
1 JE 1 \[§ 2 Jg 3
3(2——1—}91’1—-l—x'2+ixfa

3 2 [

1, 2 .,
Xq =—‘J‘§—X1 ——\/—'E;X:;

Ba&i v6i muc tiéu méi mit béc hai {S) cé phuong trinh :
3 f

2 _lx.zz &lxéz L 5P%

2 2 3

* Néu p = q = 0 thi phuong trinh trén trd nén :

2 1,2 1 .0
X -_—X - x =
i 2 2 2 3

+q=0

khi dé (8) 12 méit nén tran xoay.

¢ Néup =0, q= O thi phuong trinh cha (S) 1a :
I'2 f2 I'2
S WS S
qQ 29 2q

Pay la mit hypeboloit trdon xoay mét tAng hay hai tdng thy
theo q > 0 hay q < 0.

» Néup = 0tadit:

L [ ‘J§
Xy =X +p—
L] ’
Xg = Xy
"
X3 = X3

Khi dé (S) c6 phuong trinh trong mue tiéu trye chudn méi la :
a2
w2 1X52_1x52+4q 3p =
2 2 4
ta dugc (S) la mat nén, hosic hypeboloit mét ting, hodc hypeboloit
hai tdng.

0
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CHUONG il

KHONG GIAN XA ANH
VA HINH HOC XA ANH

A. TOM TAT Li THUYET

§1. KHONG GIAN XA ANH
1. Binh nghia

Gia sit V"' 12 khong gian vectd n+1 chidu (n > 0) trén trudng
K va X 1a mdt tap hgp khong rdng tuy ¥. Ta ki hisu P(V™) 1a tap
hop tit ca cdc khéng gian con mét chidu cia V™! nghia la méi
phén tit cda P(V™') 1a mot khong gian con V' cha V™. Né&u c6
song dnh

POV 5 X ‘
thi bé ba (X, n, V') duge goi 1a mot khéng gian xg dnh n chiéu
lién kit vei khéng gian vecto V' trén trutng K va duge ki hiéu 1a
P" .

Ta cé6 P" = (X, nr, V**1)

Tay theo V™' 1a khéng gian vects thuec hay phic, ta duge
khéng gian xa anh P® thyc hay phize. Trong gido trinh nay cha
y&u duge trinh bay vé khéng gian xa dnh thue.

2. Cac mé hinh cia khéng gian xa anh

a) M5 hinh vects. Ta 14y X la chinh t4p hop P(V**!) va song
dnh = 1a phép ddéng nhat: a: P(V**) - P(V™)

Diém clia khéng gian xa anh [P(V™), n, V™1 = X 1a cdc
khéng gian vectd con mét chidu cia V™. Tap hop cde khéng gian
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con mdt chiéu thujpc mét khong gian con m+1 chiéu nao dé 1a mot
m-phéng cia khéng gian xa dnh nay.

b) M& hinh s8 hoc. Ta hiy xét mgt by s§ thuc eé thi tw gébm
n+1 88 (Xq, Xg, -, X)) trong dé cé it nhat 1a mot s§ khdc 0. Hai bé
86 thue (X, Xo, ... X,.) va (¥1. ¥z - ¥ns1) nhu vay 58 goi la tuong
duong khi va chi khi ¢6 mét s8 thue A = 0 sao cho Xi = Ay vdi
1=1,2,.,n+1. Tdp hop cdc b $6 thye néi trén sé duge phéan thanh
cde I6p tuong duong. Ta goi K la tap hop tdt cd cdc ldp tuong
duong d6. Bay gig goi V'*' 13 mot khéng gian vectd nao d6 va trén
d6 da c6 mot co sd duge chon. Ta hiy xét song d4nh n nhu sau:

n: POV 5 K .

Gid st V' 12 mot khong gian con mdt chidu cha V**!. Ta chon
trén V! mot vecto x % 0 V& goi (Xy, Xa, ..., Xny1) 12 toa dd cia vectg
X d6i v6i cu s& di chon. Qua song anh n, méi khéng gian con V'
ta dat tuong dng véi mot 16p tuong duong cdc bd s¢ thuc ma phén
tir dai dign 1a (x;, X3, ., Xay1). Nhu vay (K, 7, V™) 1a mot mé hinh
cia khéng gian xa 4nh n chiéu va dugc goi 14 mé hinh s& hoc ciia
P",

€) M6 hinh bé. Trong khéng gian afin
A™ x4y dung trén khéng gian vectos V**! ta
18y mét diém O tay y. Goi X la tap hop tat
ca cdc dudng thing cha A™' cing di qua
diém O, va mét tap hop X nhu vay duge goi
1a b6 dudng thdng tdm O. Néu V' 1a khong
gian con mjt chidu thuge V** thi ta c6 n(VY)
la dusng th&ng c6 phuong V*.

Ta ¢6 song dnh n:
T=PV"*H 5 X

Do dé: (X, n, V™) 1a mot md hinh cta khéng gian xa 4nh n
chiéu. Méi dudng thing ciia bé biu thi mdt “diém xe énh”. Hai
dutng thdng phan biét cia bé tao nén mjt mit phéng afin di qua
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O biéu thi cho mét “dudng thdng xq dnh”.

d) M6 hinh afin sau khi bé sung céc phan tif vo tén. Goi A 13
mét khong gian afin n+l chidu lién k&t véi khong gian vects V™'
va A" 12 mot siéu phing ciia A™' c6 phuong la khéng gian vecto
con V* < V™

Ta hay xét tap hgp:

A"=A" L P(VY)
va xay dung song dnh n : P(V™') - A" nhu sau:
Ldy mét diém 8 dinh O cia A™' khong ndm trén A". Gia si
V! 1a khong gian con
mot chidu clia V>*',
/ M., -N&u V'z V” thi trén
Y A" c6 mot didm M duy
nhat sao cho OM eV

/ Trong trudng hop nay
M

¥

ta dat n (V') = M.

- Néu V! ¢ V" thi dat
r (V1) =M,,. C6 thé hiéu
ring didm =~V la
diém gip nhau cha
nhimg dudng thing
song song vdéi mnhau
trong A" ¢6 ciing phuong V' va ta thudng goi d6 1a diém vé ¢dn cia.
cdc dutng théng song song d6.

Ta d& dang ching minh duge n 1a mét song dnh vi méi dudng
thdng cta bé tAm O trong khéng gian afin A™ ¢6 tuong ung 1-1
véi mét diém cia A°. Nhu viy ta ¢6 mdt khong gian xa dnh n
chidu (A",n, V**!) va goi d6 1a mé hinh afin ¢6 b6 sung thém cdc
phdn i vé tdn.
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§2. TQA PO XA ANH VA MUC TIEU XA ANH
1. Vectd dai dién cho mét di€m

Goi P" la khong gian xa anh lién két v6i khéng gian vecto
V™! qua song dnh 7. Trong V™! méi vecto & # 0 s& sinh ra mdt
khong gian con mdt chidu va qua song 4nh n khong gian nay s@
ing vdi mét di€m A duy nhat cda P". Ta néi riing vecto d dai dién
cho diém A. Ta suy ra hai vects a va b cung dai dién cho mét
diém A khi va chi khi & = kb véi k la mét s§ thue khéc 0. Nhu
viy 4, b 1a hai vects cdng tuyén cda V**! s& cing dai dién cho
mdt diém cta P".

2. Hé diém déc lap

Ta goi mft hé gém r diém M,, My,., M, ciia P” 13 déc ldp néu
trong khéng gian vectd V**! lidn két véi P” ta cé r vectd dai dién
cho r diém 4y doc l4p tuyén tinh. Ta nhdn thay r3ng néu ¢6 r
diém ddc 14p thi bat cd hé r vecto nao dai dién cho chiing ciing doc
lap tuyén tinh va do d6 r diém M,, M;, ., M, xdc dinh mbt (r -1}
phéng xa dnh. Nhv viy mudn xdc dinh mdt m-phing xa inh ta
phai bigt m+1 diém doc lap thude phéng dé. Trong P* mudn cé r

diém déc 1ap thi r < n+1 va do dé moi hé di€m nhidu hon n+1
dieém déu khéng doe lap.

3. Toa 4§ xa anh ctia mét diém

Cho khéng gian xa é4nh P” lién két véi khéng gian vecta V™!,
Ta chon trong V™*! mét co sd ¢ = {€1,85,...,8,,1 ). Goi X 1a mot
diém thy ¥ cha P" va trong V™! ta ¢6 % la vecto dai dién cho
diém X. Néu (%1, X2, ., Xna1) 12 toa 48 cla vecto % d5i véi co s& &
trong V**! thi ta ciing goi d6 la toa d xa 4nh cta diém X cda P°
ing vdi co s& & trong V™*'. Khi do6 ta ki hiéu:

X = (x3, Xz, .., Xn41) hofic X (x,, Xg, s Xnet}

Do cach xdy dyng nhu trén nén cdc toa dé xa 3nh cta céc
diém thudc P* ¢6 céc tinh chit sau day:
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a) N&u (xy, X4, .., Xna1) 12 toa dd xa dnh cha mdt diém thi cdc x;
khéng déng th&i bing 0 vecto dai dién cho mdt di€ém phdai luén
lubn 1a vectg khac vectd 0.

b) Mot bd s6 ¢6 tha tu gdm n+1 s8 (X5, Xy, -, Xpe1) trong dé it
nhédt ¢ mét sé khac 0 xdc dinh mot diém X duy nhat cia P™
Diém X nay nhéan bd sé thuc dé lam toa dé xa dnh dng v6i cd s6
da cho.

¢) N&u (xq, Xs, .., Xn,1) 12 toa d xa dnh cia mot didm X thl moi
bd 58 ¢6 dang (kx,, kxu, .., kxn.) v6i k # 0 déu 12 toa do cia diém X
do.

4. Muc tiéu xa anh

Gia st khéng gian xa dnh P" lién két véi khong gian vects
V! Goi £= {8,,6,,.-.8,,1} 14 mdt co s& cho trude cia V™. Khi
dé trong P" toa dé xa anh cGa mdi diém déu duoce xdc dinh d8i véi
cd sd £ d6. Bay gis trong P" ta goi A; 1A c4c diém nhén cdc vecto
é,v4ii=12,., n+l lam cdc vecto dai dién. Ta duge toa do xa anh
cia cdc diém A, d6 1a:

A, (1,0,0,..,0,0)
As {0,1,0,.,0,0}

I}

A, = (0,0,0,.,1,0)
Anag = {0,0,0,.,0,1)

Goi E Ia diém c6 vecto dai dién 1a vects é, trong dé:

€= € +€y+...+8,

Nhu vy diém E c6 toa dé xa dnh la:

E=(,1,.,1)

a) Dinh nghia: Mot tap hop gébm n+2 diém duge xdy dyng nhu
trén: {A;,A,, ., AL E A mdt muc tidu xg dnh cia khéng gian
xa inh n chidu P® ing v6i co s¢ & trong V™', Ta ki hiéu muc tiéu
xa anh dé la {A;; E) vdii = 1,2, ., n+1.Cac diém A, la cdc dinh cda
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muc tidu va diém E la diém don vi.

Néu mét diem X thude P° c6 toa d6 (xq, xa, ..., X,,;) d6i vdi cg
5¢ €, vd muc tiéu xa anh {A;; E} duge xay dung cing dng véi co 56
e @6 thi ta néi rdng (x,, xa, ..., X,.;) 12 toa dp xa anh cia didm X
d8i v6i muc tiéu xa 4nh (A;; E} véii = 1,2,..., n+l.

CHU Y: Trong n+2 di€m {A;, Ay, ..., Ay ; B clia mot muc tigu
xa anh trong P" bit e n+1 di€ém nao cing dgc lap.
5. Mdi lién hé gi¥a muc tiéu xa anh cda P" va cd sé tuong
Wng ¢ trong V™!

Binh li: Goi P" 1a khong gian xa anh lién két véi khong gian
V>, khi do:
a) Trong V™! cdc co s¢ vi ti v6i nhau xde dinh mdt va chi mét
muc tiéu xa dnh tuong ing trong P
b) Trong P® v4i m{t muc tiéu xa dnh (A ; E}, i = 1,2,..., n+l
cho trude, (hodc n+2 diém A,, Ay, ..., A, E sao cho bat ki n+1
diém nao trong ching déu déc lap) ta c6 thé tim duge trong V™!
mdt 16p duy nhat cdc co s§ vi ty véi nhau nhan
{Ai; E} lam muc tidu xa dnh tuong ing.
6. Cdac m-phing toa dé
a) Binh nghia. Qua m+1 dinh A; ctta muc tiéu xa anh (A; E} véi
0 < m < n ta ¢6 mdt m-phing xa dnh va dude goi la m-phdng toa
dé. _ .
b) Phuang trinh. Ta hiy viét phuong trinh eda m-phéng toa d¢
P™ di qua m+1 dinh sau day:
An--m+1; An—m+2s LR An ,Anu
L ——
A

Diém X e P™ khi va chi khi vects % dai dién cho né thuge
khong gian vecto V™*! ¢6 co s§ 1a m+1 vecto sau day:

:en—mﬂ * en~m+2!"" s en+1 }

XeP™ o xeV™!
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o X = Oél +... + Oén—m + xn_m+1én-m+1 ...t Xn+lén+l
ViyX e P" e x=0
véii=12, .,0-m {4)

Ta ¢6 phuang trinh téng quit cia m-phing toa dé6 P™ 12 mot
hé gém c6 n—m phuong trinh c6 dang (4) § trén.

7. Cong thite d6i muc tiéu xa anh

Trong khong gian xa dnh P" cho hai muc tiéu xa d&nh
{A; E} va {A%; E'} lan lugt ng v6i hai co s6 & = {§;} va ¢ = {&}}
cia V**L,

Gid s (Xy, Xa,.. , Xna1) VA (X1, X2, .., X'ne) 140 lugt 12 toa do cla
mot diém X nao dé cha P d6i véi muc tidu (A;; E} va muc tiéu (A’;
E’}. D& tim sy lién hé giita cdc toa dd cia difm X d6, ta can tim sy
lién hé giia toa dd (X1, Xy, .. , Xpe1) VA (X'}, X'a,., X'np) cla vects X
dai dién cho diém X d6i véi co s& € va . Trong khéng gian vecto
V! ta cé:

[x] = C'[x1hay [x¥1=C""'[x]
trong d6 C 1a ma tran chuydn tif c¢ s& & sang co 56 ¢, C" la ma
trdn chuyén vi clia C, cdon {x] va [x’] l4n lugt la ma trdn cdt toa dd
cia diém X d6i véi mue tidu thi nh&t va muc tiéu thit hai.

Ma tran C trong céng thic trén ciing duge goi 14 ma trén
chuyén tir mue tidu {A;; E} sang muc tidu {A%; E'l. Nhu vdy khi
chuyén tif muc tidu nay sang muc tiéu khac, cac toa dé cli vi mdi
duge lién hé véi nhau bing mot phép bién ddi tuyén tinh thudn
nhdt ¢6 ma trén vudng cip n+1 khéng suy bién.

CHU ¥: Ma tran C trong cong thdc d6i muc tiéu xa anh khong
duge xde dinh mét cdch duy nhét, ma duge xdc dinh sai khdc mot
hé s& ti 1& khde 0 vi néu C 1a ma tran chuyén ciia hai muc tiéu xa
anh thi kC véi k # 0 cing la ma tran chuyén caa hai muc tidu dé.
N&u ta bist toa dd cde dinh A’ va toa 46 diém E’ cha muyc tiéu xa
anh (A’; B} 81 v6i muc tidu (A;; El thi ma tran chuyén C néi trén
s& duge xde dinh. Nguge lai néu cho C 1a mt ma trén vubng cap n+1
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khong suy bi€n thi ta ¢6 thé xdc dinh dugc muc tiéu xa Anh
{A%; B’} sao cho ma tran chuyén tir muc tiéu {A; E} sang mue tiéu
{A’; E’} chinh la ma tran C néi trén.

§3. PHUONG TRINH CUA m-PHANG TRONG P*

Ta biét ring m-phing trong P* dugc x4c dinh bdi m+1 diém
ddc 1ap nghia la trong khéng gian V**' lién k&t véi P* d6, m+1
vectd dai dién clia m+1 di€ém da cho, tao nén mot hé m+1 vecto
dbc 14p tuyén tinh.

1. Phuong trinh tham s8 ctia m-phing xa anh

Gia s trong P, m-phing P™ x4c dinh béi m+1 diém A,, A,, ..,
An.i ddc 14p va gid s v6i muc tidu xa anh cho trudc cde diém A,
néi trén ¢6 toa dé la:

A =(ap, 2, .., 8pa) VO i =1, 2, ., m+1

Goi a;la cdc vecto trong V™' theo thd tu dai dién cho cac
di€m A; v6i i = 1,2,., m+1. Vi m+1 diém A; ddc 1ap nén m+1 vectg
a; dgc 14p tuy€n tinh tao nén mot co s§ cia khong gian vects V™.
Ta c6: X(x,, X9, .., X)) € P = % e V!

~ m+l
< X= 2ta;
i=1
Vigt dudi dang toa dé ta c6:
X = bap + thay o+ tgaag,,
Xp = bag + thag +.+ thg8nag

{1
Xps1 = t’lal,n+1 +t2a2,n+l +a. +tm+lam+1,n+1

Vi m+1 vectd &; doc 1ap tuyén tinh nén ma trin [a;] trong hé
phuong trinh (1) ¢ hang bing m+1.

Hé phuong trinh (1) ciing c6 thé duge vidt dusi dang ma tran
nhu sau:
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[x] = ti[a4] + telae] + .. + tmer[Bmal (1}
trong 46 [x], [a;] ldn lugt 13 ma tran cdt toa do cha diém X va cla
chc diém A;. V61 mot bd m+1 gid tri clia cde tham s8 ty, ty, ., tpa
khéng déng thdi bing 0 sé xdc dinh cho ta mét diém X thube m-
phdng P™ va ngugc lai. C4n chii ¥ ring mdt b m+1 cha tham s&
dé6 nhan véi mot he s6 ti 18 k = 0 cé tuang Ung 1-1 véi mot diém X
thude P™. .

Phuong trinh (1) va (1°) duge goi 12 phuong trinh tham s6 cia
m-phdng xg dnh P™ xic dinh béi m+1 diém A, A, ., An, doc
lap.

Nguge lai moi phuong trinh tham s§ ¢é dang (1) hofic (17)
trong dé ma tran {a;] c6 hang m+1 déu la phuong trinh tham s&
clia mot m-phing trong P™

2. Phuong trinh tdng quit cia m-phing xa ianh

Pinh 1i: Trong khong gian xa dnh P"

a) Mot m—phing xa 4nh P™ (0 € m < n) duge bifu thi bing
mat hé phuong trinh tuyén tinh thudn nhat c¢6 hang béng n ~ m
va dé la phuong trinh tdng quat cia mot m—phdng d8i véi mot
muc tiéu xa anh cho trudc.

b) Nguoe lai véi mdt muc tidu xa 4nh da chon, bat ki mot hé
phuong trinh tuyén tinh thuin nh&t ¢6 hang bang n-m{0 < m < n)
déu 14 phuong trinh ciia myt m-phdng xdc dinh.

3.Phuong trinh tdng quat cia siéu phdng trong P"

a) Phudng trinh t8ng quat.Véi m = n — 1, phuong trinh téng
quat cGa siéu phing gém ¢6 n - m = n — (n — 1) = 1 phuong trinh
va ¢6 dang: '

. n+l
UiX; + UgXa + .. + UneXger =0 | hay | Tux; =0 (3)
!

trong d6 cdc hé s8 u, khéng déng thii bing 0 (vi phuong trinh cé
ma tran hang 1).
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Nguge lai mdi phuong trinh cé dang (3) nhu trén déu la
phuong trinh cha mt siéu phdng xdc dinh.

b} Toa dé cha siéu phding xa dnh

Cho siéu phdng uyx; + usXa + ... + Ups1Xna = O trong P™

Bo s6 [u, ug, .., in.a] goi 12 toa dé cia siéu phdng c6 phuong
trinh d4 cho va duge ki higdu nhu trén dé phan biét vdi toa do cua
difm. Nhu vAy néu bift toa 46 cha sidu phing thi siéu phing dé
hoan toan xdc dinh vi ta dé dang viét duge phuong trinh cia siéu
phing d6 va ngugc lai. Toa d9 cia siéu phéng ciing c6 nhitng tinh
chat giong nhu toa dé xa dnh cia mdt diém nghia la:

e Cac u; khong déng thii bing 0.

s M&i b8 (uy, us, .., tpa] x4c dinh mot sidu phdng duy nhat.

e Hai bd s6 [ uy, ug, .., Ul va [vy, va, .., vp.] xdc dinh mot
siéu phéng khi va chi khi c6 mét s6 k # 0 sao cho u; = kv vdi moi
i=12,., n+l.

5. Vi tri tuong d6i clia cac phdng trong P”

Trong khéng gian xa anh, mudn xét vi tri tuong 46i cha cdce
phéng ta chi cdn xét su cdt nhau hodic chéo nhau cda cdc phdng d6
ma thoi.

a) Su cat nhau va chéo nhau ciia cdc phang xa anh

» Hai cdi phdng xa dnh cta P" dugc goi 1a edt nhau néu chiing
¢6 diém chung nghia la chung ¢6 giao khdc réng. Ta dé dang suy
ra ring giao cia hai edi phéng 14 mot cai phing ¢6 s6 chidu 16n
nh4t thude cdc phing cho trude.

s Hai cai phdng xa 4nh ctia P" duge goi 12 chéo nhau néu
ching khéng ¢6 diém chung.

b) Céng thdc s& chiéu clia téng va giao cac phing xa anh.Ta goi
téng cda hai cdi phing 1a giao ciia t4t cd cdi phing chita déng thoi
cd hai phdng dé. Ta suy ra tdng cGa hai cdi phdng 12 cdi phéng c6
sd chiéu bé nhat chda cdc phdng cho trude. Chad ¥ ring khai niém
téng cha hai cdi phdng khde véi khai niém téng hidu theo nghia
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téng hop. Thi du cho hai dudng thing xa dnh phan biét cit nhau
thi tng clda chiing 14 mat phing chia hai dudng thing ay. Néu
hai dudng thdng xa 4nh chéo nhau (tidc 14 khéng cdt nhau) thi
téng cda hai cai phang dé la khéng gian xa anh P? chua hai dudng
thing dy.

Dé xét vi tri tuong ddi cha hai cdi phdng xa anh ta cdn dua
vao cdc khong gian vects con lién két véi hai phing d6 va ta ¢
cdc cdng thite vé s§ chiéu cia téng va giao clda cdc phing nhu sau:

» Néu hai c4i phing xa dnh P va Q cit nhau ta c6:

dim(P + @) = dimP + dimQ - dim{(P ~ Q)

e Néu hai c4i Iﬁhéng xa dnh P va Q chéo nhau ta c6:
dim(P + Q) = dimP + dimQ + 1

CHU Y: Tl dinh nghia v& téng va giao cla hai c4i phidng xa anh,
bing phuong phdp quy nap ta suy ra duge dinh nghia cia téng va
giao mt s6 hitu han cdc phéng trong P".

¢) Hé siéu phing déc 1ap
Trong P° v6i muc tidu xa dnh da chon cho m sidu phdng cé
toa 4 la:
(W1, Wiz, oo, U, peg] V6ii=1,2,, mva 0 <m < n+l
m siéu phing dé goi 1a déc ldp néu toa d6 cda ching lam thanh
ma tran [u;] ¢ hang bding mvéii=1,2,., mvaj=12,.,n+l.

d} Pinh li. Giao ca m siéu phéng doc lap (0 < m < n) la mot
n — m phing

Hé qua: Ta cé thé xem phucng trinh ciia mdt m-phéng trong
P" ¢6 dang:

n+l
zla iX; =0;i=12,.,n-m
j=

D6 la giao clia n — m sigu phing doc lap. Tir 46 ta suy ra giao
cla n siéu phing ddc lap 12 mat di€m. Do 46 4p dung vao mit
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phéng xa dnh P” ta thay ring hai dudng thing phan biét luén cit
nhau. :

e) Pinh Ii. Giao cla mdt siéu phing P™' va mot m—phing P™
khéng ndm trong siéu phing dé 1a mot (m—1)-phéng.

Hé qud ¢ Hai siéu phéng phan biét cha khong gian xa anh P"
ludn ludn edt nhau theo mot (n—2)-phéng.

o Mot siéu phdng va mét duding thing khéng thude siéu phéng
dé ludn luén cidt nhau tai mot didm.

§4. ANH XA XA ANH VA BIEN BOI XA ANH

1. Anh xa xa anh

a) Binh nghia.Cho hai khong gian xa anh cé cung s& chiéu la
P" va P™ ldn lugt lien k&t v6i hai khéng gian vecta V™! va vV,
Mot dnh xa f: P* - P™ dugc goi 12 dnh xa x¢ dnh néu ¢6 mot
phép ding cau tuy&n tinh ¢: V™' - V™! a0 cho néu a la vecto
dai dién cha diém A eha P" thi ¢(d) la vects dai dién cia diém
fltA) thude P™.

Ta noi rdng 4nh xa xa anh f duge ciAm sinh bdi phép déng cdu
tuyén tinh ¢.

b) Tinh chéat

o} Tu dinh nghia trén ta suy ra 4nh xa xa 4nh 13 mét song
dnh va do dé ngudi ta con goi 4nh xa xa anh 1a phép ddng cdu xa
anh. Né&u f: P* —» P™ la 4nh xa xa anh cidm sinh bdi phép déng
cdu tuyén tinh ¢: V*! - V°*! thi f 1 P™ — P" |a 4nh xa xa anh
cam sinh bdi ¢ ™1 V™ o YO

B) Mot 16p cdc phép dlng cdu tuy&n tinh vi ty v6i nhau bién
khong gian vecto V**! thanh khong gian vectd V™! ciing cam sinh
ra mjt 4nh xa xa anh £ P* — P™ va nguge lai mdi phép 4nh xa xa
anh f: P* —» P déu dugc cdm sinh bdi mét 16p cdc phép ding cdu
tuyén tinh vi tu véi nhau bi€n V**! thanh V",
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¥) Qua dnh xa xa dnh f: P" 5P" mo6t hé diém ddc lap cia P°
bi€n thanh mot hé difm dde l4p clia P va bién mét hé diém
khéng doc 1ap cha P" thanh mdt hé diém khong doc 1ap cia P

A} Neu £ P" 5 P" va g P® P 13 hai 4nh xa xa anh lan
lugt duge cam sinh bdi @: V™' - V! va y: V™1 o V™ thi tich
g . fla dnh xa xa dnh dugc cAm sinh béi tich w . ¢

c) Binh li. Cho n+2 diém A,, Ay, .., A,,: thude P" trong dé bat
ki hé n+1 diém nao ciing ddc lap va cho hé n+1 diém A’}, A%, ..,
A’q,2 thude P ciing ¢6 tinh chat nhu vay. Khi d6 ¢6 mét 4nh xa xa
anh duy nhat f: P" 5> P " saocho flA) = A, véi1=12,..,n

d} Binh Ii : Qua dnh xa xa anh f: P" - P™ mot m—phing cia P°
bién thanh mét m-phéng cia P™

CHU ¥: Vi 4nh xa xa anh bién dudng thing thanh dudng thing
nén ngudi ta néi ring 4nh xa xa anh c6 tinh chat edng tuyén.
2. Bién 46i xa anh _

a) Binh nghia. Mot phép anh xa xa anh f: P" — P" bién khéong
gian xa dnh thanh chinh né duge goi la phép bién déi xa dnh.
Phép bién d3i xa anh nay duge cdm sinh béi phép bién déi tuyén
tinh @: V™' —» V™1,

b) Tinh chat. Tir cdc tinh chit clia 4nh xa xa anh ta suy ra:

a) Trong khong gian xa dnh P", mt phép bién d8i xa anh f
duge xdc dinh bdi:

— ho#c 1a hai mue tleu xa dnh {A;; E} va (A B’} v6il f(A) = A,
i=12,. ,n+lvaf(E) =

- hoac 14 hai bd n+2 diém AL Ag o AL va AL Ay L, A
trong mdi bd bat cf n+l diém nao ciing déc lap véi A=A’ ;
i=1,2,., n+2.

B) Trong khéng gian xa anh P", phép bién d8i xa dnh bién
mdt m-phing thanh mét m-phing. Vi phép bién déi xa 4nh bién
dudng thing thanh duding thing nén ngudi ta cdon goi no la phép
céng tuyén.
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c) Phuang trinh clia phép bi&n d3i xa &nh

a) Lip phuong trinh. Goi f: P* — P" ]a phép bién ddi xa &nh
cdm sinh b&i phép bién ddi tuy&n tinh ¢: V**' = V', Trong P" ta
chon mét myc tidu xa dnh {A; E} va trong V™! ta c6 co 5§ tuong
dng 12 {8,}. Qua phép bien déi xa anh f, d6i véi muc tidu xa anh
cho trude, mdt diém X c6 toa 48 (x;,X,, .. ,Xna) bi€n thanh diém X’
cé toa d§ (x', X'y, .. ,¥'n,1). Ta hdy tim su lién hé gita toa 46 (x,, X,
. Xn.1) cia difm X va' toa do (X, X5, ... ,X'g.) cia diém X = fiX).

Khi dé trong V™ la khéng gian vecto lién két vdi khong gian
xa dnh P", vects X ¢6 toa dd (xy, Xz, .. ,Xne1) dai dién cho diém X
va vectd x'c6 toa dé (x'), X', .. ,X'n.1) dai dién cho diém X' = fiX).
Ta c6 vectd ¢ X} cing dai dién cho diém X' = fiX) nén ¥ = ke(X)
vat k # 0. :

Do d6 néu goi B la ma tran cia phép bién ddi tuyén tinh ¢ dai
vdi cg sd {éi}thi ta ¢6 phuong trinh cia phép bién déi xa anh f déi
v4i mue tiéu {A;; E} tuang dng 13:

Xi=kBx]vidik=0

trong d6 B la ma tran vudng cdp n+1 khong suy bién. -

N&u goi {&/}={p(8;)} v6i C 1a ma tran.chuyén tir co s& {§,}
sang co s¢ {&} thi ta ¢6 thé€ viét phuong trinh ciia phép bisn ddi
xa anh f néi trén nhu sau:

X]=kC [x]vdik =0

Ngugc lai trong khéng gian xa 4nh P" v6i muc tiéu xa dnh cho
truée, mdi phuong trinh cé dang [x’] = B[x] trong d6 B 1a ma tran
vudng cap n+1 khéng suy bién Ia phlrdng trinh cda mét phép bi&n
déi xa anh x4c dinh.

d) Nhém cac phép bién d8i xa anh va hinh hoc xa anh

«) Pinh 1i. Tap hop cdc phép bién d8i xa dnh cia khéng gian
xa dnh P" l4p thanh mét nhém véi phép tosn 14y tich cde phép
bién 48i.
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B) Hinh hoc xa anh: Hinh hoc xg drh n chiéu nghién ctu
nhing tinh chat bat bién qua nhém cdc phép bién d6i xa dnh 4",
Nhitng tinh chdt duge nghién cdu trong hinh hoc xa dnh duge goi
la nhitng tink chdt xg dnh. Thi dy phép bign d6i xa anh f bién mot
m-phéng thanh mét m-phing. Viy m-phéng 14 mét khéi niém xa
anh. Ngoai ra ta con c6é cde tinh chit xa dnh khdc nhy tinh chat
thdng hang ciia ba diém, tinh chat ddng quy cia céc dudng thing.
Sau nay trong cdc phin tiép theo cha gido trinh ching ta sé& duge
biét thém cdc khai niém xa anh khéc.

e) Diém kép hay diém bat dong ciia phép bién adi xa anh

a)Pinh nghia: Diém M thujc P" 1a diém kép hay diém bét
dong cia phép bién déi xa anh f néu M = fiM).

f) Tim diém kép ciia phép bign d8i xa dnh

Cho phép bién déi xa &nh f cia P". Gid st M = f{M) va goi ¢
1a phép bién déi tuyén tinh cdm sinh ra phép bi&n d6i xa anh f da
cho. Khi d6 néu vecto x dai dién cho diém M thi ta ¢6 ¢(X) =X'=
= kX (k = 0) ciing dai dién cho diém M. Nhu vﬁy X la vecto riéng
va k 1a gié tri riéng cia ¢.

Gia sit phép bié€n ddi xa anh f ¢6 phuong trinh:

k '] = B [x]
Khi dé phuong trinh tim diém kép cda f 1a:
k [x) = B [x] < (B - kDix] =
vGi I 1a ma tran don vi.

Piy 12 mdt hé phuong trinh tuyén tinh thuin nhit gom c6
n+1 phuong trinh véi n+1 4n. Mudn cho hé phusng trinh nay c6
nghiém khéng phai 14 nghiém tdm thuong (l1& toa 44 cta cdc di€m
kép) diéu kién edn va da la:

B-kI =0

Véi mdi nghiém k = k; clia hé phuong trinh 'lB - kI] =0 ta cé
tap hop cdc diém kép cha f \ing véi gid tri riéng k; c6 toa do thda
min hé phuong trinh sau day:

218



B-kD[x]=0

Néu hang cia ma trdn (B - k) biing m (0 < m < n) nghia la
¢6 m phuong trinh dde lap thi phuong trinh (B - Kkl) [x] = 0 x4c
dinh mdt (n-m)-phing gém toan diém kép dng véi gid tri riéng k;
ds.

f) Cac phép thau xa.Cdc phép thau xa la cde phép bién ddi xa
anh dic biét. Trong trudng hop tdp hop cdc diém kép coa mot
phép bién d6i xa 4nh f 12 mét m phiing P va mét (n—-m-1)- phing
Q chéo nhau thi ta goi phép bié€n d6i xa anh f 14 mot phép théu xe
m-cdp. Nhu véy trong trudng hop nay, néu c¢6 diém M thudc P va
diém N thude Q thi dudng thing MN luén luén bign thanh chinh
né vi M va N déu 1a edc di€ém kép cia phép bign ddi xa 4nh dé.

Dic biét néu m = 0 thi phang P luc d6 1a mdt diém duge goi 1a
tim thdu xa con @ 12 mot sidu phing duve goi la nén théu xa.
Phép thdu xa nay la phép thdu xa O—cdp hay la phép thdu xa tam.
Trong trudng h¢p nady moi dudng thing di qua tam thiu xa déu
bién thanh chinh né vi dudng thang d6 c6 hai diém kép phan bist.

Trong truting hop cdc didm kép cha f 1a mét siéu phing thi ta
goi dé 1a phép thdu xg ddge biét vi lic d6 tam thiu xa thube nén
théu xa.

Phép déng nhit cia P" ciing duge xem 14 mot phép thau xa va
lic 46 moi diém cha P" déu 1A diém kép. Phép thdu xa nay la
phép thdu xg tdm thuong.

3. Phép chi€u xuyén tim

a} Binh nghia: Trong khéng gian xa énh P" (n > 2) cho hai siéu
phdng phén biét P va P’ va mot diém O n¥m ngoai hai siéu phing
dé.

V6i méi diém M e P ta tim duge diém M’ = OMA~P’ duy nhat.
Phép dnh xa f: P —» P’ sao cho M’ = fiM) dugc goi la phép chiéu
xuyén tém tir P 1én P’ bdi tam chigu O.

b) Binh li. Phép chi€u xuyén tam f tir sidu phing P’ 1én siéu
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phing P 1a mét 4nh xa xa anh (12 phép ding cau xa anh).

¢} Dinh li: Cho hai siéu phéng phan biet P™} va P! cia
khéong gian xa dnh P" (n 2 2). M6t 4nh xa xa anh f: P™1 o P! ]a
phép chiu xuyén tam khi va chi khi fiM) = M vdi moi difm M
thuge P*!' ~ Pl

§5. Ti SO KEP

1. Ti s6 kép ciia 4 diém thing hang

a) Binh nghia.Trong khéng gian xa dnh P", véi muc tidu xa dnh
cho truée, trén mot dudng thing xdc dinh bdi hai diém A, B phan
biét, ta 18y cdc diém C va D sao cho khéng trung véi A hodc B.
Goi 4,b,é,d 1a cdc vects lan lugt dai dién cho cdc diém A, B, C,
D, ta cé:

H

Ad + b [C] = A[A)+p(BI]

R ~  hay

au o
1}

Khi d6 ti s5: 2L -:—2 dugce goi la i 56 kép cia 4 diém A,B,C.D
1 2
ldy theo thit tu d6 va ki hidu:

(ABCD) = HL.H2
A‘1 A‘2

Bén di€m A, B, C, D ciung thujc mét dudng thdng nhi trén
dugc goi la mét hang diém va dubng thing dé goi 1a gid cha hang
diém.

Chi ¥ rling cdc s8 Ay va p, ¢6 thé thay thé& bing cdc s8 ki,
kp; v61 k # 0 va cdc 50 Ay, po ciing thé.

NHAN XET. Khdi nidm ti s6 kép trong dinh nghia néi trén
khéng phu thujc vao viéc chon muc tiéu toa dé.

b) Céc tinh chat cla ti s& kép

a) Do gia tri cua ti s6 kép khéng & thude vao viée chon mue
tidu toa d ta suy ra ring qua mot phép bién d8i xa anh, ti s3 kép
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cda bdn diém thing hang khéng thay d8i. Gia s qua phép bién
ddi xa 4nh f cdc diém A, B, C, D thing hang l4n lugt bién thanh
A, B, C, IV ciing thing hang va ta ¢
(ABCD) = (A'B'C’'D")
Ta néi rang ti s kép 1a mst bat bidn xa anh.
B) Dya vao dinh nghia ta chitng minh duge céc tinh chit sau
déy cta ti sé kép:
» (ABCD) = (BADC) = (CDAB) = (DCBA)
1 1
(ABCD) = Bach) - (ABDC)
* (ABCD) = 1 - (ACBD) = 1 - (DBCA)
) Cdc trudng hop dic biét (md rong dinh nghia) cha ti s§ kép:
*{ABCC)=1 (trudng hop D = C)
« (AACD) = 1 (trudmg hop A = B)
* (ABAD) = (ABCB) = 0 (trung hop C = A hosc D = B)
* (ABBD) = (ABCA) = o (trudng hgp C = B hosic D = A)
c) Hang diém diéu hoa _
Néu ti s6 kép (ABCD) = -1 ta néi ring cap diém C,D chia didu
hda cap diém AB. Vi (ABCD) = (CDAB) nén khi d6 ta cé
(CDAB) = -1 va nhu v4y cap diém AB cing chia diéu hoa cip
diém C,D. Ta goi cip di€m AB va cip diém CD lign higp diéu
héa véi nhau hay bén diém AB,C,D lam thanh mét hang didm
diéu hoa
d) Hinh b&n canh toan phin
a) Pinh nghia. Trong mit phing xa dnh P? mdt tap hop gém
4 duyng théng, trong d6 khéng ¢6 3 dubng nao déng quy duge goi
1a mét hinh b6n canh toan phdn. Méi dudng thing dé 1a mdt canh
(4 canh). Méi giao difm cta hai canh 14 mét dink (6 dinh). Hai
dinh khéng thudc cing mot canh goi 1a hai dink déi dién (3 cip
dinh d5i dién). Mdi dudng thing néi hai dinh d5i dién 1a mit
duong chéo (3 dung chéo). Mbi giao diém ciia hai dudng chéo la
mét diém chéo (3 didm chéo)
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B} Pinh li. Trong mdt hinh bén canh toan phén, trén méi
dudng chéo hai dinh d8i dién va hai diém chéo lién hiép diéu hoa
vl nhau.

2. Ti s6 kép ctia bén siéu phing thuée mét chum

a) Binh nghia chim siéu phing.Trong khéng gian xa dnh P tap
hop céc siéu phing cing di qua mdt (n-2)-phing duge goi 12 mét
chim siéu phdng va (n-2)-phing d6 la gid cia chum. Mot chiam
siéu phidng duge xdc dinh badi hai siéu phing phén biét cta chim.

Goi P va Q la hai siéu phiing phén biét n2o d6 cia chum va c¢é
toa dé d6i v6i mot muc tidu xa anh cho trude lan lugt la:

P = [pl, p2) =y pn+1]

Q = [‘:ll, qa, - qn+1]
Khi dé gi4d cda chiun ¢6 phuong trinh la:

{plxl +PpXp + .+ Ppy¥py = 0
quX; +QeXg +.+ QuaXpy = 0

Né&u ¢ mdt siéu phng R cha chim c¢6 phuong trinh la:
I1X) + Y9Xg + ... + TpyiXner = 0
thi vi R di qua P ~ Q nén ta cé6:

ri=Ap;+ ug véii=1,2, ., n+l va (&, w) =0, 0)

Nhu vay véi mbi cap s6 (&, ) = (0, 0) & xdc dinh cho ta mét
siéu phéng cita chiim va tat nhién cip s& (A, p) va ciip 6 (ki, ky)
v6i k # 0 cing x4c dinh cho ta mét siéu phing cia chim. Ta
thutrng ki higu [P, [Q), [R] 14n lugt 14 ma tran cdt toa dd cda cac
sidu phéng P, Q, R va ta c6: '

[R} = K[P] + p.[Q]
b} Ti s kép ciia chum bén siéu phang.Trong khéng gian xa dnh
P° v6i muc tiéu toa 4o cho truée, cho mét chim sidu phlng xdc
dinh bdi hai siéu phdng phin biét P va Q cho trugec. Gid s R va 8
13 hai sidu phing ctia chiim v& dugce xdc dinh bdi cdc hé thie:
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[R]l = x[P]+ Q)
[8] = La[P] + pa[ Q]
Khi 46 ti 56 "1 : B2 1a 17 56 kép cia 4 siéu phdng P, Q, R, S
1 2
cia chum iy theo thit tu d6 va ki higu:

Ky | K2
PQRS)= —=:1%
( Q 7L1 x‘2

CHU Y. a) Ti s8 kép cia 4 siéu phing thupe mét chim c6 cde tinh
chat giéng nhu cdc tinh chat cda ti s6 kép ctia bén diém thing
hang.

B) N&u (PQRS) = -1 thi ta néi riing bén siéu phéng P,Q R, S
lam thanh mét chum diéu hoa.

¢) Binh ii. Trong P” cho mdt chum bén siéu phing P, Q, R, S va

mot duung thdng d khong cdt gid cta cham. Néu A, B, C, D lin
lugt 14 giao di€m cia d véi P, Q, R, S thi:

(PQRS)=(ABCD)|

Ung dung.Trong P? vdi phuong phdp cdt va chifu ta c6 thé.
chuyén ti s6 kép cia mdt chim bdn dudng thdng sang mét cham
bon dudng thing khdc, hosie chuyén ti s§ kép ciia mot hang bén
diém sang mot hang bdn diém kh4e.

O (9N

A B 9 B
AN
- 4 b K 0O
(abed) = (ABUD) = (a'b'¢’d') (ABCD) = (abed) = (A'B’C'D")
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3. Toa 4% xa anh khéng thuan nhat

a) Trén dudng thang xa anh

«) Dinh nghia.Trén duding thing xa &nh P! v6i muc tiéu xa
anh {A,, As; E} da chon, mét di€m X # A, c6 toa dé xa anh la

- X . :
(x,;, X3). Khi d6 t§ s6 =X duge goi 12 toe dé xg dnh khong thudn
Xy

nhdt cia diém X d6i vdi mue tidu xa dnh cho trude.

P X(X[.Xs)
ALY A (0D F(LY)

) Tinh chit.Toa do xa dnh khéng thudn nhit cla mét di€m X
trén dudng xa dnh ddi véi muc tiéu xa dnh (A, Ag; E} bél_gg ti 58
kép (A, A:EX). B

NHAN XET. Trén dudng thing xa dnh néu cho biét toa dd xa anh
caa mot diém X 1a (xy, X») v6i1 X # 0 thi ta d& dang tinh dugc toa
X1 Nguge lai néu bidt toa
Xy
46 khong thuin nhit cia mot diém 1a m thi ta suy ra toa do xa
énh cha diém d6 1a (m, 1).

Dac bidt véi toa dd xa anh la cip sé (x;, 0) thi ta quy udc lay
toa do khong thudn nhat cia diém d6 1a « (v6 tan) va ngugc lai.

dd khong thuin nhat cta diém dé 1a

b) Trong khéng gian xa anh P”

@) Pinh nghia.Trong khéng gian xa anh P", v61 muc tiéu xa
anh {A;; E} cho trude, cho mot didm X ¢6 toa df xa anh 1a  (xy, X,
vey Xny1) trong d6 Xq, = O thi khi dé bd n s6 thyc ¢6 tha ty (X, X,

oy Xy) trong dé X =

véii=1, 2, . ,n duge goi 13 toa dé xa
X

n+l
ianh khéng thuan nhat cia diém X 461 véi muc tidu xa dnh da cho.
f) Tinh chat. Trong khang gian xa dnh P" cho muyc tidu xa dnh
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{A;; E}l. Ta hay xét dudng thdng AA,,, va chum siéu phdng P, Q,
R, S ¢6 gi4 1a (n-2)- phing xdc dinh bdi n-1 dinh con lai clia muc
tiéu va 1an lugt di qua cdc diém A;, A,,,, E, X. Goi E, va X lan lugt
13 giao diém cia dudng thidng AA,,; v6i cdc sidu phdng R va S
Khi dé ta cé:

(AiA 1 EX) = Xi

n+l1

§6. MO HINH XA ANH CUA KHONG GIAN AFIN

1. Xay dyng mé hinh cia A™ tu P*

Xuit phat tir khong gian afin A" ta dd bist cdch xdy dung md
hinh eta khéng gian xa dnh P" bing cdch thém viao A" nhing
di€m v6 tan. Bay gi¥ ngudc lai, tir khong gian xa dnh P" ta hay bd
bdt di mot -s6 diém niao d6 d8 xdy dung mé hinh cia khéng gian
afin. '

Ta hdy chon trong P* mét siéu phing P nao dé va goi la
A" = P"\P"! 12 tip hop nhing diém cta P" ma khong thuje P*L.
Ta s& chitng minh A" 14 mgt khéng gian afin n chidu.

Ta chon muc tidu xa anh {A;; E} cha P" sao cho cdc dinh
Ay, Ay, ., A, thudc P™! va do d6 dinh A,,; khong thudéc P™. Déi
v6i muc tidu dd chon sidu phing P™' c¢6 phuong trinh
Xo41 = 0. Bdi vy moi diém X thujc A" s& c6 toa d¢ xa anh 1a (x,,
X2, . » Xns1) trong d6 x,,; # O va c6 toa dd xa dnh khéng thudn nh4t

x.
1a (X;, Xy, .., X,) trong d6 X; = ——. Nhu vay c6 tuong img 1 — 1

n+l
giita tap hgp cdce diém cda A" va tdp hgp cdc bé n sd thuc cé the
tu (X, X3, .., Xu). Bay gi& vdi hai di€ém X, Y clta A" ma toa dd xa
dnh khdng thuin nhat 1a (X, Xz, .., Xu) va (Y, Ys, ., Y.) ta cho
Ung vdi mt vects cia khodng gian vecta V" ma toa dd cta né la:

(Y1 - Xy, Yo - Xy, ., Yo - Xp)
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Ta dé dang thdy sy tuong dng nay théa man hai tién dé cia
khong gian afin. Vay A” 1a m¢t khong gian afin n chiéu.
2. Mt s6 thé hién trén mé hinh

a} Toa 4¢ afin va myc tiéu afin

Ta xét myc tiéu xa dnh {A; Ej cia khéng gian xa anh P”. Goi
E; 14 giao di€m ctia dudng thing AA,., v6i sidu phing chita céc
dinh A; cdn lai clia myce tiéu va di€ém E, cdn X; 1a giao diém cda
dudng thing d6 véi situ phing chua cdc diém A, con lai va diém
X. Ta ¢6 céc ti s6 kép :

(AiAn+1EiXi) = ‘—XI_
X

n+}
va (AALLEE) =1

Do 46 cdc di€m E; c6 toa do
xa anh la:

E; =(0,.,0,1,0,.,0, 1)
(con 58 1 thit nhat ¢ ¢6t thit 1)
Do d6 ta tinh duge toa dd xa

anh cla cdc diém E,, E,, .., E, la:
E;=(1,0,..,0,1)
E;=(0,1,0,..,0, 1)
E.=(0,.,1, 1)
Ta suy ra toa d) xa &nh khong thuidn nhat cla cse didm dé 1a:
E;=(,0, ..,0
Ex=(0,1,0,..,0)

E, = (0, 0,1

Diém A,.,1(0, 0, ..., 0, 1) c6 toa 4 xa anh khong thudn nhat la:
Ap = (0,0, ., 0) .

Do c4dch dit tuong dng khi xay dung mé hinh ta cé:
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Ta nhén thay cde vecto A, ,,E, chinh l1a cdc vectd co s& —e*i
trong khéng gian vects V°. Do d6 ta c6 thé ding bo di€m
{Aaq 5 Ey, Ey, .., Ei} 1am muc tiéu afin cia khoéng gian afin
A" = P"\P*, Muyc tiéu afin nay duge sinh ra bdi mue tiéu xa anh
{A; ; E} da cho.

Néu mét diém X e A" = P\P*! ¢é toa do xa anh khong
thudn nhit la (X;, X,, ..., X,) thi vecto m ¢6 toa dd la:

AaX =(%-0,%X2-0,...,%X.-0)

An+1X = {Xl ] X2, roe oy Xn)

Diéu d6 chimg té ring (X;, X,, . . ., X) 14 toa dé afin clia diém
X d6i v6i muc tigu afin {A,,; ; E),i=1, 2, .., n. Vay:

Két iugn: Toa dd xa dnh khéng thuin nh4t cla mt didm X
thuge A" 481 v6i muc tiéu xa dnh {A; ; E} chinh 12 toa dé afin cia
di€m X d6 d8i véi muc tidu afin {A,,, ; E}, i=1,2, .., 0, cdn muc
tidu afin {A,,; ; E;} goi la duge sinh ra bi muc tidu xa anh {4, ; E)
cho truge.

b) Cdc m-phdng afin. Ta hiy x6t mot m-phing P™ nao d6 cia P"
ma khéng ndm trong siéu phing P™. Gij
st d6i v6i muc tidu xa 4nh da chon sao cho
P ¢6 phuong trinh x,,; = 0, khi d6 P c6
phuong trinh;
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trong d6 ma tran [a;] c6 hang bing n— m.

Goi A™ 1a tdp hgp nhitng diém X thuse P™ ma khéng thude
P"! c6 nghia la:

A" =P™ A" véi A" = P"\PY,
Khi dé mdi diém X cia A™ ¢6 toa d9 xa dnh khéng thuin nhit
13 (X, Xg, X,) véi X = i

xn+1

n+l
X(x), X2, .. , Xp) € A" & z a;x; =0vlixy, =0
=1

Chia hai v€ cia phuong trinh m-phing cho x,,; ta c6:

n
zainj +aj_n+1=0, i=1) 2:"'!n—m
1

Ta thdy ma trin a; cla hé phuong trinh nay ciing c6 hang
bing n - m.

Viy mdi m-phing afin A™ chinh 14 mét m-phéng xa anh P
(khéng phu thuée P"') sau khi bé di nhimg di€ém nim trén siéu
phing P™1.

c) Sy ciung phuong cia cdc phing afin. Trong P" cho hai cdi
phdng P' va P* phan biét (r > s) déu khéng thude P"! nhung c6
giao 14 mét cdi phdng s-1 chidu thujpc P 1. '

Bay gi néu goi A" vd A® l1a hai c4i phdng afin duge sinh ra
bdi hai c4i phdng xa dnh P* va P* thi khi 46 phuong trinh cda
ching déi v6i muc tiéu afin ldn hugt 1a;

(A%): Zaﬁxj + Qna =0 i=1,2, .. ,n0-r

i=1

n
(A% 3 byXj +binn=0  i=1,2,.,n0=s
=l

Vi méi hé s§ a; trong mi v& trai cia n-r phuong trinh diu
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duge bidu thi tuyén tinh qua cdc hé s& cda n-s phuong trinh sau
nghia la:
ajj = kl]b;_] + k,zbg_] + ..+ ki.n—sbn-ssj
i=1,2,. -r
1i=12, .,

Do dé A® cing phuong v6i A" (ngh’ia la V¥ < V') va vi chiing 1
céc phing phén biét nén A® song song véi A”.

CHU Y: Ta thudng goi cdc difm ciia sidu phing P" 1 cdc didm
v6 tdn. Do dé néu hai cdi phdng P’ va P® c6 giao 1 phing Q chita
toan diém v6 tin nghia 12 Q < P*! thi ta néi ring A® song song
vdi A,

d) Phép bién a3 afin

Trong t4p hgp tit ca nhimg phép bién déi xa dnh cia P" ta
hay xét nhimg phép bi&n déi siéu phing P™* thaxh chinh né.

M&i phép bign d8i nhu vay bién mdi difm cé toa d6 xa anh
(X1, Xz, .., Xn,1) thanh diém c6 toa d¢ xa dnh (X'}, ¥y, .. , X',,1) 530
cho néu Xn,; = 0 thi X', = 0 vA néu x,,; # 0 thi ¥',; # 0.

Mudn vay trong phuong trinh cda phép bién ddi xa anh cdn

¢6 phuong trinh x’,,; = X,,1. Do dé phuong trinh cia phép bign déi
xa dnh c6 dang:

®
[
o
R
M
It
o
L
B

t

=1
Xl = X

Trong dé ma tran A ciia phép bjén déi xa dnh 13 mét ma tran
vudng c&p n+1 khéng suy bién va c6 dang:

a; 3y .. Bygpy

893 Bps ... Bgny
A=

ap 8,2 a O+l

| 0 0 1
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Khi d6 phép bién d8i xa anh ndi trén cda P* s& sinh ra trén
khéng gian afin A" mét phép bign d6i afin.

Két ludn: M5i phép bién ddi xa anh cha P va bign P! thanh
chinh né s& sinh ra trén A" mdt phép bi&n 46i afin.

Nguoc lai mbi phép bién d8i afin cla khong gian afin A" déu
¢6 thé xem nhu duge sinh ra bdi mot phép bién ddi xa inh cta P"
bign siéu phdng P*! thanh chinh né.

e) Ti s6 kép

o) Gid st A, B, C, D 13 bén di€ém phén biét ndm trén mjt
dutng théng xa anh ! cia P" nhung khéng ¢6 diém nao trong bén
diém thudc siéu phing P

Ta chon muc tiéu xa dnh

{A; ; El sao cho A,,, = A,
Ay =1 ~n P Khi d6 cdc
diém B, C, D ¢6 toa dd
biéu thi tuyén tinh qua
toa dj cda A, va A;.

Ta cé
A=(0,0,..0, 1)
=(h,0.,01)
C=(c0,.,0,1)
=(,0,.,0,1)

Thay toa dt;) cha cdc diém A, B, C, D vao cong thuie dinh nghia
cda ti s& kép ta cé:

¢c d
b-¢c b-d

N&u chuyén toa do xa anh cia cdc diém A, B, C, D sang toa d9
afin ta c6:

(ABCD) =

¢ va(DAB)=_—3_

Do d6 (CAB) = -
0 d6 {CAB) = -3 b-d
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(CAB)
(DAB)
Nhu viy ti s8 kép (ABCD) ciia bén diém A, B, C, D bing ti s6
cla hai ti s§ don (CAB, DAB).
B) Néu c6 mét trong bén didm A, B, C, D 1a di€m vé tan, thi
du di€ém D thuéc siéu phdng P™ thi khi d6 D=A,; va ta cé:
[D} = -[A] + [B]
c
b-¢
Vay {ABCD,,) = (CAB)

Dic biét néu (ABCD) = -1 va D 1a diém v6 tin thi khi 46 C la
trung diém eda doan AB.

(ABCD,) = (CAB) - -17
3. Vai ap dung citia mé hinh

a) Dung hinh hgc afin d& nghién edu hinh hoc xa &nh. Ta cé thé
ching minh mét s& diah 1i cda hinh hoc xa dnh ho#ic gidi mét s§
bai todn cda hinh hoc xa anh bing cdch dya vao nhimg két qua da
biét cia hinh hoc afin. Sau khi chon siéu phing vé tan P™' mst
cdch khon khéo ta c6 th& chuyén mot bai todn xa 4nh thanh mst
bai todn afin ma edch giai dé thuc hign hon.

b} Diing hinh hoc xa anh d€ nghién cdu hinh hoc afin

Ta c6 th& ching minh mét s dinh M cda hinh hoc afin hotic
gidi mot s8 bai todn cia hinh hoc afin bing cdch dva vao nhing
két qua da biét cGia hinh hoe xa dnh.

Sau khi b8 sung cdc diém vo tin vao khéng gian afin ma tap
hop céc didm vé t4n nay déu thude mét sidu phéng, ta duge khéng
gian xa dnh. Ta c6 thé giai bai todn xa dnh nay bing céc cong cy
cda hinh hoc xa 4nh.

¢) Sang tao cac bai todn mdi .

@} T¥ mét bai tosn xa anh trong khéng gian xa anh, bing
cdch chon cdc sidu phidng khdc nhau déng vai trd siéu phéng vo

nén: | (ABCD) =

c

nén (ABCD) =
b-c

= (CAB)

- 1 —_—
-1
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tan ta ¢6 thé cé nhiéu bai todn afin khéc nhau ma cédc két qua ta
c6 thé suy ra tir nhitng két qua da bigt trong khong gian xa anh.

B) Tu mot bai todn afin ta cé thé suy ra mot bai todn xa anh
biing cdch bé sung thém vao khéng gian afin nay nhing diém vo
tan thudc mdt siéu phéng vé tan. Khi dé ta 6 mot bai todn cia
khong gian xa dnh ma cdc két qua c6 thé suy ra tir bai todn afin
cho trude.

y) Tt mot bai todn afin ta cé thé suy ra nhidu bai todn afin
khic bing cach k&t hgp cd hai cdch lam trén day.

§7. NGUYEN TAC PO1 NGAU TRONG P

1. Khii niém d56i ngau cd ban

Piém & siéu phéng

Piém thudc siéu phing < siéu phding thugc diém.
2. Pinh li

Trong P" d5i ngiu cia mét m-phing 1a mdt (n-m-1)- phéng.
3. Pinh li '

Trong P cho P* va P® 1a hai c4i phing thugc nhau thi khi dé
hai c4i phing d6i ngiu cia ching ciing thuge nhau.

Hé qui. Néu P’ ¢ P* thi ta c6 cdc phing d6i ngiu cla ching
Ja: Pl o P
4. Nguyén tic ddi ngau

a) Binh nghfa.Gi4 sk A 1a mdt ménh dé néi vé nhitng cai phing
ctia P° vA vé quan hé lién thudc giita nhitng cdi phing dé. Néu
trong A ta thay cdc tit “m-phing” bing cdc tif “n-m-1)-phéng”

con tat cd cdc tit khde gitf nguyén thi khi d6 ta duge ménh dé A*
1a ménh dé déi ngdu cia ménh dé A.

N&u A* 1a ménh dé d8i ngiu cia A thi nguge lai A 1A ménh dé
d6i ngéu cia A*. Do d6 A va A* duce goi 14 hai ménh dé déi ngdu
ctia nhau.
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b) Nguyén tic déi ngdu. Trong khong gian xa 4nh P" néu A la
mdt ménh dé ding thi ménh dé déi ngdu A* ciing diing.

Do d6 trong P° 4p dung nguyén tdc déi ngiu ta c6 thé thay
viéc ching minh mét dinh 1i bing cdch ching minh dinh 1i dsi
ngdu v6i dinh li d6 va c6 thé gidi mdt bai todn bing cich gidi bai
toan déi ngu cta bai todn da cho.

5. Cac thi du

» Trong P%
diém < dudng thing
hinh ba dinh <« hinh ba canh
hang diém o chim dudng thing
hinh bén canh toan phan < hinh bén dinh toan phan
» Trong P*;
diém < mit phing
duwdng thdng < dubng thing
. hang diém <« chim myt phing
* Trong P™
diém ¢ siéu phing
duvng thdng < (n-2)-phing
hang diém < cham siéu phing
m-phing < (n-m-1)-phing

§8. SIEU MAT BAC HAI TRONG P"
1. Dinh nghia

Trong khéng gian xa dnh P" vdi mot muc tiéu xa anh da chon,
tdp hgp tdt cd nhimg diém X ma toa d6 (x,, X3, .. , Xge1) cla chiing
théa mian mét phuong trinh béc hai c6 dang:

' n+1

Bx, %2, o, Xond = ) ayxx; = 0 (1)

i,j=1
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vdi cdc hé s8 a;; = a; va cdc ay; khong dong thoi bang 0 1a mét siéu
mét bédc hail caa P

N&u ki hiéu v& phai cia (1) 13 mét dang toan phuong véi ma
tran A = [ayl:

ay a1 8141
a3, a9 Ao n4y

A= '
Ap, 1,1 an+1,2 an+1,n+l

thi phuong trinh trén cé thé viét dudi dang ma tran nhu sau:
[xI* Alx}=0 2)

Trong dé [x] 12 ma trdn cdt toa dd cha diém X va [x]* 1a ma
tran chuyén vi cia [x]. Ta goi ma trdn A 1A ma tran cda siéu mit
bac hai 44 cho, ta ¢6 A = A* va hang c(a ma tran A ldn hon hay
biing 1. Néu hang clia ma tran A bing n+1 nghia la detA = 0 ta
néi ring siéu mit bic hai dé khéng suy bién, néu ma trin A cb
hang bé hon n+1 nghia 14 detA = 0, ta néi ring siéu mit béc hai
khi dé suy bién.

Siéu mit bac hai cia P? goi 1a duong bdc hai va siéu mit bac
hai cha P? goi 1a mat bdc hai.
2.Phvong irinh chuin tic cfia mét siéu mit bic hai

Binh li: V&i mot stéu mit bac hai (S) cda P°, ta luén luén c¢é
thé tim dugc mdt muyc tidu toa dd xa Anh, sao cho déi v6i muc tiéu
dé phuong trinh (8) cé dang:

xf+x§+...+xi—xﬁ+l—~....—x2 =0 (3)
trongdér<n+lvak:= %

3. Su phan loai xa anh cie siéu mit bac hai

~ a)Pinh nghia. Hai sidu mat bac hai goi 13 cang thude mot loai
néu chiing ¢6 phuang trinh chudn tic giéng nhau, nghia 14 cip s&
(k, r) ¢ia cdc phuong trinh chuin tdc cia hai siéu mat béc hai d6
trung nhau.
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b} Binh Ii. Diéu kién c¢4n va dii dé hai siéu mét bac hai (S)) va
(8p) tuong duong xa 4dnh véi nhau la ching thute cing mot loai.

¢) Phén logi. Dya vao phuong trinh chudn tdc cia siéu mat bac
hai ta ¢6 thé phén loai t4p hgp tat ci cdc siéu mit bac hai (8)
trong (P") theo cap s (k, r). Méi loai duge diic trung bing cap s&
{(k, r) nén ta goi ching la leai (k, ).

4. Siéu mit bac hai trong khong gian afin A" =P"\P"!

Méi siéu mgt bac hai ciia khéng gian afin A" chinh la mét siéu
mdt bdc hai trong khéng gian xg dnh P" sau khi b6 di nhitng diém
thubc. siéu phing P™' (néu cb)

Vay phztong. trinh tiém cdn cia siéu mdt bge hai trong A"
chinh ld giao diém cda siéu mat bdc hai trong P" vdi siéu phdng
vé tdn P! _

Trong md hinh A = P\ P! ;

-N&u conic cit P! tai hai diém : ta c6 dudng hypebol.

—Néu conic khang ¢4t P': ta ¢6 dudng elip.

~Neéu conic tiép xic v6i P’ : ta 6 duding parabol.

§ 9. CUC VA SIEU PHANG pdI CUC
P01 V61 MOT SIEU PHANG BAC HAI

1. Pinh nghia -
Trong P" véi muc tidu xa 4nh cho trude, cho siéu mit bac hai
(8) ¢6 phuong trinh:
' n+l
xI"Alx] = 3} agx;x; =0 (1)
i, j=1
va mdt di€m U ¢6 toa @4 (uy, ug, .., Up,;). Ta hdy xét phuong trinh:

n+l
(W' Alx] = 3 aux; =0 - (2)

1,j=1
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n+l
néu n+1 hé s§ Zauui v6i j = 1,2,., n+1 khéng ddng théi bing 0
i=1
n+l
thi phuong trinh Zaijuixj =0
ij=1
Ia phugng trinh cia mét siéu phing P. Khi siéu phing P goi la
siéu phdng déi cuc cha diém U déi véi sidu mit bac hai (S), con
diém U got a diém cuc hay cuc dtém cia siéu phing P d6i vdi sidu
mat béac hai (S)
n+l
CHU ¥ Néun+1 hé s§ Z‘aijui vdi j = 1,2,., n+1 déu bling 0 thi
i=l
diém U duge goi 12 didm dic biét cha siéu mit bac hai (S). Nhu
vy sé khong c6 siéu phing déi cuc véi diém dic biét clia (8) vi
khong tdn tai phuong trinh cia siéu phing d6.
2. Tinh chat
a) Néu U = (uy, ug, ., ug,;) la diém dac bidt cda (S) thi (S) suy
bién va diém U € (8)

3. Dinh Ii
Né&u (S) 14 mot sidu mit bac hai khéng suy bién thi bat ky
siéu ph&ng ndo ciia P® ciing c6 mot diém cye duy nhat déi véi (S).
4. Dinh I
Cde khai niém “diém cyc”, “siéu phing déi cuc” trong dinh
nghia néu & trén déu la cdc khai niém xa anh.
5. Giao di€m cda mét sidu mit bac hai vdi mét dudng thing
Trong P" (n > 1) v6i muc tiéu xa anh cho trudc, cho sidu mit
bac hai (8) ¢6 phuong trinh:

n+l

[x]" Alx] = Za--x-x- =0

™%
ij=1

va dudng thing xdc dinh bdi hai diém Uu;) va V(v;) phan biét ¢5
phudng trinh:
X = AU +opvy, i=12., n+l
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P& tim giao didm cha dudng thang va siéu mit bac hai ta cdn
gidi phuong trinh
n+l
2 a0 + v YA, + v,y = 0 (5)
ij=1

= PA* + 2Qip + Ru? = 0 (5}

n+l
trong d6 P = [ulAlu] = Zaijuiuj
Lj=1
. n+l
Q= llAlv] = ) azuv,
i, j=1
n+l

= VAl = 3 ayvy;

i,j=1

Mdi cap s6 (A, w khéng déng thoi bing 0 nghiém phtrdng
trinh (5°) sé cho ta mdt giao diém cin tim.
6. Dinh M

Né&u mot difm U khéng thude sidu mét bic hai (S) va mot
duting thdng di qua U c4t siéu phing d6i cve tai V déng thai cét
(8) tai hai di€ém phan biét (thuc hogc do lién hgp) thi (UVMN) =-
7. Dinh nghia

Hai diém U, V ma théa man diéu kién (UVMN) = -1 nhu &
dinh 1y 6 goi 1a lién hop véi nhau d6i véi siéu miét bac hat (5).

Do d6 ta c6 thé néi ring:

Siéu phing déi cuc cla mot diém U dbi véi siéu miét bac hai

(S) (U khéng thudc (8)) 1a tap hop tdt ¢4 nhimg difm V lién hgp
cua U déi véi (8)

Ta suy ra hai dlem U,V lién hop véi nhau déi véi (S) khi va
chi khi [ul’A [v] =

8. Pinh li

Néu diém V ndm trén siéu phing dsi cue clia diém U dai véi
siéu mat béc hai (S) thi diém U n¥m trén siéu phing d6i cuc cia
diém V d5i vé6i S.
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Ap dung: Ngudi ta dp dung dinh ly nay trong P* dé ching
minh ba diém A, B, C thdng hang khi biét ba dutng déi cuc cda
ching (d61 vdi mot dudng bac hai) déng qui va nguge lai.

9. Siéu phdng tiép xitic, r - phing tiép xic

Neéu didm U ndm trén siéu mit bic hai (S) nhung khéng phai
la di€m dic biét cia (S) thi sidu phdng d6i cuc clia diém U la siéu
phéng tiép xdc ca (S) tai U. That vay vi siéu phdng d6i cuc cia
diém U d6i v6i (S) c6 phuong trinh [u] A[x] = 0 nén néu U thude
(S) thi [ul'A[u] = 0. Piéu dé ching té U phai thudc siéu phing d&i
cue cia né.

Moi r-phéng (1 < r < n-1) di qua U va nm trong siéu phing
tiép xic duge goi 1a r-phing tidp xiic cha (8) tai U. Puting thing
ti€p xdc véi (S) tai U goi 14 tiép tuyén cla (S) tai U.

CHU Y: Cdc diém dic biét cfia siéu méit bac hai (S) khéng c6
cdc r- phdng tidp xdc.

10. Siéu mit 16p hai

a) bBinh nghia: Trong P" vdi muc tidu xa Anh da chon, tép cac
situ phéng tao nén m@t sidy mdt lop haei nédu toa 48
fuy, ug, .., Uy} cia chiing théa mén phuong trinh:

[u]’ Alu] = 0 hoae D ajuu; =0

trong d6 a; = a; va cdc ay khong déng thoyi bing 0. Néu ma tran
A = [a;] khong suy bién ta c6 siéu mat lop hai khiong suy bién va
ngudc lai n€u A suy bién ta cé siéu mdt lop hai suy bién

CHU ¥: Siéu mat 16p hai 13 khéi niém d&i ngiu cha siéu mit
béc hai.

b) Binh ly: Tap hop t4t ci cdc siéu phing tiép xdc véi sidu mit
bac hai khong suy bign[x]’ Alx] = 0 13 mdt siéu mat ldp hai c6
phuong trinh [u)” A'[u] = 0
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§10. MOT s6 PINH LY QUAN TRONG TRONG P2

1. Anh Xa xa a&nh

a) Anh xa xa &nh gitta hai hang diém va hai cham duding thing.
Anh xa f bién méi didm cia dudng thing m thanh mét didm clia
dudng thing m’ hodic bién méi dudng thing cfia chiom tam S thanh
mbt dutng thing cia chim tam S la dnh xg xa 4nh n&u né bdo
ton ti s6 kép 4 diém clia hang hodc bio tén ti s6 kép 4 dutng
thing cia chim.

Khi dé ta néi riing cé6 mét lién heé C
xg dnhk gita hai hang diém hojc giira
hai chum dudng thdng. Ta ki higu sy
lién hé xa anh gita hai hang diém m ,
va m’ nhu sau: U ¢

{A, B, C, .} AlA, B,

ho#c im! A {m}

Tuong ty ta ciing ki hidu sy lién hé xa anh gitra hai chiim tdm
S va tdm § nhu sau:

{a,b,c,...}T\{a’,b’,c’,,_ }  hoic
IS} A (S)

CHU ¥: Anh xa xa anh &
ddy chinh la phép ding cdu
xa anh gifta hai hang diém
hogc giita hai chum dudng
théng.

b) Sy xdc dinh dnh xa xa énh trong P?

Dinh li. Néu cho ba diém A, B, C phan biét thusc dudng thing
m va ba di€ém A’, B’, C’" phan biét thude duing thing m’ thi khi dé
c6 mét phép é.nh xa xa dnh duy nhit f:(m} —{m’} sao cho f{A) = A’,
fiB)=PB, fIC) =

Dinh 1{ d8i ngau. Cho ba duting thing phan biét a, b, ¢ thuje
chim tdm S va ba dudng thing phan biét thude chiim tim ' thi
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khi d6 ¢6 mdt phép ddng cAu xa anh duy nhat f: (S} — {8’} sao cho
flay=a’;fib)=b"; flc) = ¢,
2. Phép phéi canh

a) Binh nghia » Mt anh xa xa anh giita hai hang diém goi l1a
phép phéi cdnh (hay phép chifu xuyén t4m) néu dudng thing ndi
cdc diém tuong dng luén ludn di qua mdt dié€m O cf dinh. Ta goi O
1a tam phéi cdnh.

» Mot 4nh xa xa anh gifa hai chiim dudng thﬁng goi la phép
phéi cdnh néu giao diém cua cdc cip dung thing tuong iing luén
luén ndm trén mét dusng thdng t ¢ dinh. Ta goi t 12 truc phéi
canh.

Ta ki higu su lidn hé phdi cdnh giita hai hang dlgm hodc gida
hai chitm nhu sau:

{A, B, C,.,..} ~ A, B, T ) fa, b, ¢, .} : {a’, b, ¢, .
Hoac {m} A {m’} (8~ 1S

i

0
b)Binh li. Diéu kién cdn va dd dé phép dnh xa xa &nh
f: {m} — {m’} gitta hai diém trd thanh phép phdi cdnh 1a giao diém
O cta hai gid tu ng nghia la f(O) =
g ¢} Dinh li 48 ngau. Diéu
kién cdn va di d€ d4nh xa
xa anh f gitta hai chum
dudng théng trd thanh
phép phéi cdnh la dudng
thing néi hai tAm tu Ung
f: {8} - (81 la phdi
canh <« f(S8) =88
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3.Dinh 1j Steiner

a) Binh Ii thudn: N&u d4nh xa xa &4nh £ {A}} -5 (A} gita hai
chim tdm A, va A, khéng phai 1a mot phép phai canh thi-giao
diém cla cdc dubng thdng tiwong ing n¥m trén mot dudng conic.

b) Dinh Ii ddo. Néu A,, A, la hai diém c§ dinh cla mét dudng
conic (S) vd M la mét diém thay d8i trén (S) thi 4nh xa
f: {A;} > {Ay) giita hai chim sao cho (A/M} = A,M 12 mét dnh xa
xa anh nhung khéng phai 1a phéi canh,

Dinh lf thuin d6i ngdu. N&u f: {m,} - (my} 14 4nh xa xa 4nh
-gilta hai hang di€m c6 gia 12 cdc dudng thing m;, m, nhung khéng
phdi la phdi cnh thi cde dudng thing néi céc cap diém tuong (ng
s& ti€p xdc v6i mdt dudng conic. '

Dinh 1i ddo d6i ngdu. N&u m; va m; la hai ti€p tuyén khac
nhau cda mét dudng conic va m 1a mot ti€p tuyén thay d8i ctia né
thi phép dnh xa f: {m;} — {m,} sac cho giao difm ciia m; va m bién
thanh giao di€ém cha m; va m thi f 1a mét 4nh xa xa dnh nhung
khéng phai 1a phéi canh.

4. Vén dé xdc dinh mét conic

a) Binh Ii. Cho 5 diém A, B, C, D, E trong dé khong c6 ba diém
nao thing hang, bao giv ciing ¢6 mot dutng conic duy nhat di qua
5 diém d6. '

b) Binh li d8i ngau. Cho 5 dudng thing a, b, ¢, d, e trong d6
khéng cé ba dudng nao ddng quy, bao gi¥ cliing ¢6 mot dudng conic
duy nhAt ti&p xic véi 5 dudng théng dé.

¢) Cac truong hgp dac biét

Néu ta thay diéu kién dudng conic di qua mst diém bing diéu
kién conic d6 ti€p xic v6i mot dudng thing ta cé cde trusng hgp
dac biét sau day:

~* Cho 4 diém A, B, C, D trong d6 khong c6 ba diém nao thing
hang va mdt dudng thidng a di qua di€m A nhung khéng di qua cdc
di€ém cdn lai. Khi d6 ¢6 mét conic duy nhat di qua A, B, C, D va
ti€p xic vdi a tai A. :
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* Cho 4 dudng thdng a, b, ¢, d trong dé khong ¢6 ba duding nao
déng quy va mét diém A thudc a nhung khéng thudc cdc dudng
thdng cdn lai. Khi dé ¢6 mét conic duy nhat tigp xic v6i a, b, ¢, d
va di qua A,

* Cho ba diém A, B, C khéng thing hang, dudng thing a di
qua A nhung khéng di qua B va C, dudng thing b di qua B nhung
khong di qua A va C. Khi dé c6 mdt conic duy nhét di qua C tiép
xlc vdi a tai A va tiép xdc véi b tai B.

* Cho ba dudng théng a, b, ¢ khong déng quy, difm A thude
dudng thdng a nhung khong thudc b va ¢, difm B thudc dudng
thing b nhung khong thudc a va c. Khi d6 cé6 mdt dudng conie duy
nhat tifp xdc vdi c, ti€p xic vdi a tai A va ti&p xic vdi b tai B.

5. Dinh li Pascal (Paxcan)

a) Binh nghia. Trong mat phdng xa dnh P? t4p hop 6 diém va 6
dudng thing sao cho mdi difm la giao ca hai dudng thing, mdi
dudng thing di qua hai va chi hai diém, goi 1a mgt hink luc gide.

Céc diém da
cho goi la dinh
va cdc dubng
théng da cho goi
la cgnh cla hinh
luc gidc.

Xét hinh luc
giac cé cdc dinh
va cdce canh theo thi tur la A ,a,, Ayas,A5,83,A,,84, As, 25,058 (Xem
hinh vé)

Khi d6 cdc cap dinh A, va A,, A, va A;, A; va Ag goi 12 cde cdp
dinh déi dién, cdc cap canh a, va a,, ay va a5, a3 va ag goi la cde
cdp canh déi dién.

b) Binh li Pascal )
Diéu kién cn va di dé mat luc gidc ndi tiép trong modt conic
(cde dinh cia né thude conic) 1a giao diém caa céc cap canh déi
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dién n¥m trén mét dudng thing (dudng thing nay goi la dudng
thing Pascal)

¢} Cac trudng hgp dic biét cha dinh li Pascal

Ta c¢6 thé xem ngi gide, tif gidc, tam gidc ndi tidp mot conic la
cac truong hgp déc biét cia lue gide khi mot cap dinh, hai cip-
dinh hay ba cép dinh tring nhau. Khi dé ta xem canh caa luc gidce
chiya céip dinh tring nhau la tiép tuyé&n cla conic tai diém dé.
Ngudi ta chimg minh duge dinh li Pascal vin ddang trong céc
truong hgp dac bigt d6. Cdc trudng hop suy bién clia luc gidec minh
hoa bing cdc hinh vé sau diay (Hinh a, b, ¢):

6. Dinh li Brianchon (Briing-séng)

a}) Dinh Ji. Diéu kién
cén va dG dé mét luc gide
ngoai tifp mét dudng
conic (¢ canh ti&p xiic véi
conic) la cde dudng thing
ndi cdc dinh 446i dién déng
quy tai moét difm (goi la
diém Brianchon)

CHU ¥: Dinh U
Brianchon 12 dinh li déi
ngiu cta dinh li Pascal trong P?

b} Céac truing hgp dic biét clia dinh |i Brianchon

Tuong ty nhy d6i véi dinh I Pascal, ta c6 thé xem ngii gide, tif
gide, tam gidc ngoai ti€p conic la nhitg trudng hgp dic biét cia
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lue gidc khi €6 mgt ciip canh, hai cdp canh hay ba ciip canh tring
nhau. Khi dé ta xem dinh cia cap canh tring nhau la ti€p diém
cua conic véi cdp canh d6.Cdc trudng hgp suy bién cia luc gidc
ngoai tiép conic duge minh hoa bing cdc hinh vé sau day (Hinh a,
b,¢)

a)

CHU ¥: Binh i Pascal va dinh li Brianchon cé thé duge dp
dung d6i v6i cdc dudng bac hai trong mit phing afin (nhu elip,
hypebol, parabol) va trong mit phing Jclit (nhy dudng tron).

§11. MO HINH XA ANH cUA KHONG GIAN GCLIT

1. Xay dung mé hinh

N&u ta chon trong khéng gian xa dnh n chiéu mét sidu phing
P! lam sidu phing vé tan, ta duge mot khong gian afin n chidu
A" = P\P™.

Bay gits ta dinh nghia tich v6 hudéng cho hai vects bat ki trong
khéng gian vecto lién két v6i khéng gian afin A®, ta sé lam cho A"
trd thanh khéong gian Oclit n chiéu E". Mé hinh d6 duge goi 1a mé
hinh xg dnh cia khéng gian Oclit.

Ta hay chon trong khdng gian E® d6 mét muc tiéu truc chudn
(AL, Ei tae 1a:

A, E K E- {‘1] S.‘ 2 vsiij=12,,n
ii=]
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Ta hay goi (A; E} la muc tiéu xa anh sinh ra muc tidu trgc .
chudn {A,,;; E;. Didu dé c6 nghia la: A; 1a giao difm cda duvng
thing A, E; v6i siéu phéng P™' v6ii = 12,1 cdn E la diém cia
E" c6 toa d¢ tryc chudn la (1,1,.1).

Khidétaco= A, E=> A E

i=1

Ta cha ¥ ring néu mét diém X € E® ¢6 toa d§ d6i vai muc tiéy
truc chudn {A,,;; Ei} 1a (X,, X,, ., X,) thi né sé o6 toa dd doi véi
muc tidu xa anh {A;; E} 1 (xy, X9, .., Xo.) V6 Xnsp & 0 VA

X;=—4, i=12..n
X

n+l
Déi v6i-muc tidu true chudn da chon hai veetg @ = (uy, uy, .., u,)
VA V= (vy, Va, .., Vn,) 88 ¢6 tich vo hudng la:

09 = v, = [l Tv]
i=1

2. C4i tuyét doi ctia khéng gian xa anh P®

Trong P" v6i muc tidu xa anh {A; Ej ta chon sidu phing P™' ¢
phuong trinh x,,, = 0. Trong siéu phéng P™ ta lay muc tidu (A;, Ao,
- Aq 3 E'} trong d6 E’ 1a giao cha dutmg thdng A, ,E véi sidu phing
P*!. Ta hiy xét mdt sidu mit tréi xoan khéng T ¢6 phuong trinh dsi
v6i mue tieu (A, Ay, ., A E) 1a:

xI'x]= > %2 =0
in1

Sieu mat trdi xoan khéng T goi 14 cdi fuygt doi cha khong gian xa
Anh P
3.Vai khdi ni¢ém cd ban ctia hinh hoc Jclit thé hién trén
mé hinh

a) Su vudng géc clia hai dudng thing

Dinh li. Diéu kién cdn va dd dé€ hai dueng thing d va d’ vuéng

géc v6i nhau 1a hai diém vé tan cia ching lién hgp v6i nhau d6i
vdi cdi tuyét dei T.
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b} Siéu cdu _

Dinh li : M3i siéu mat bac hai trong khong gian CUclit E® 12
mot siéu cdu khi va chi khi né cit sidu phing vé tdn theo cdi tuyét
doi T.

c) Phép déng dang.Pinh li sau diy s& néu lén ¥ nghia xa dnh
cia phép doéng dang: '

Pinh li. Mi phép bign ddi afin cita khong gian Oclit E” 14 mét
phép déng dang khi va chi khi né duge sinh ra bdi mot phép bién
ddi cia P" sao cho cdi tuyét doi T duge giit nguyén.

4. Ciac nhém con ctia nhém cdc phép bién déi xa anh

Goi X" 12 nhém cdc phép bié€n déi xa 4nh clia P" va khi dé6
hinh hoc xa anh la hinh hoc cia nhém F°. Né&u trong P ta chon
mét sidu phéng P"! 1am siéu phing v6 tan thi cde phép bign ddi
xa 4nh gii nguyén P*! lam thanh mét nhém con cia nhém X"
Nhém con nay ding cdu véi nhém cac phép bién déi afin o cila
khong gian afin A" = P*\ P™,

N&u bay gir xét tAp hop cdc phép bién 48i xa dnh giw ng‘uyén
P™! va giit nguyén cdi tuyét d6i T thi tap hgp dé lam thanh mdt
nhém con ddng cdu véi nhém cdc phép déng dang cia E". Tém lai
ta cé:

nhém xa dnh = nhém afin - nhém déng dang > nhém dai

hinh hoc xa dnh < hinh hoe afin ¢ hinh hoc déng dang < hinh
hoe Jelit.

5. Mé hinh xa anh ctia mit
phéng Oclit

Ta chon trong mat phing
xa anh P mot dudng thing A
lam dudng théng vé tan. Chon
muc tiéu xa &nh sao cho A cd
phuong trinh x3 = 0. Duiing
thing A nhu vdy sé di qua A,
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Ay clia muc tidu.
Cai tuyét déi T trén A 13 hai cidp diém do I, J lién hop théa
mén hé phuong trinh:
x?+ X3 + xg 0
X4 = 0
Ta ¢6 I(1,1,0) , J(1,-,0) l1a hai diém cyelic (hay 14 hai vién
diém) cGa mé hinh.

B. BE BAI TAP
§1, §2, §3

3.1.Trong khdng gian Euclide n chidu di cho mt muc tiéu true
chuén, cho mét sidu cdu S ¢6 phuong trinh:

xf+x§+x§+...+xﬁ=1

Goi 8’ 1a tap hop cdc cip diém Xuyén tdm déi cda 8. Hay xay
dung 8’ trd thanh mgt khéng gian xa anh n—1 chiéu,
3.2.Go1 8 va 8 1a cde tap hop nhu & bai 3.1, cdon B la tdp hop cdc
di€m nim trong siéu cdu S
B= {(xl,xz,...,xn) € Enle + X2+ .. +%2 < 1}
Hay xay dung B’ = BUS’ tré thanh mot khéng gian xa anh
n chiéu.

3.3. Chiing minh ring tap hop sidu phing cung di qua mot diém o8
dinh cia khéng gian afin A® ¢6 thé duge x4y dung thanh mat
khéng gian xa anh n chiéu.

3.4. Chitng minh ring néu cé mét m — phdng xa dnh di qua m+1
diém djc 14p cia mot p - phdng (m < p) thi né nim trén
p - phing dé.

3.5. Trong khdng gian xa d4nh P" cho hai c4i phing P* va P*. Téng
cua hai c4i phing nay 1a mot cdi phing cé s& chidu bé nhat
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chia ¢a P™ va P°. Giao ca hai cdi phdng nay 1a mdt cdi phéng
¢6 s6 chidu I6n nhit chda trong P* va P*. Ching minh ring
néu p va q la s& chiéu clia tdng va giao thi:
a)r+s=p+ qnéu P"va P® ¢6 difm chung
b)r +s=p+ q-1 néu P* va P° chéo nhau.

3.6. Tim diéu kién cdn va di d€ hai cai phang P" va P° cia khong
gian P" chéo nhau.

3.77. Cho hai c4i phing P" va P° cila khéng gian P". Chitng minh
ring tap hop tat ca cdc diém nim trén tat cd cdc dudng thing
MN v6i M € P, N € P* la téng cha P" va P".

3.8. Trong khong gian xa dnh P? cho muc tiéu xa anh (A;,A;,A3E)
va ede diém A =(0,1,1), A’»=(2,0,1), A’y=(1,1,0), E’=(1,1,1)

a) Chitng té ¢6 th& chon hé diém {A’;, A%, A’s, E'} lam muc tidu
xa anh cia P*.

b) Lap céng thic di muc tidu tu (A,AzA5E) sang {A', A,
Ay, E'L

3.9. Trong P? v6i muc tiéu xa anh (A;; E} cho cde diém A’(0,1,1),
A'2,0,1), A’x(1,1,0), E(1,1,1).
a) Tim ma trdn chuyén muc tiéu tir mue tiéu {(A;E} sang muc
tidu {AE) :
b) Tim toa dd cha diém M(1,2,3) d6i v6i mue tiéu (A% E’}

3.10. Trong P? v6i muc tiéu xa anh (A;; E} cho cac diém A’ (1,1,0),
A,Q(O,l," 2), A’S(lsl’]-), E’(2$3, _5)
a) Tim ma tran chuyén muc tiéu tit muc tiéu {A;; E} sang muc
tieu {A’EY.
b) Tim toa dé cfia diém N(0,1,1) d8i v6i muc tidu (AE’).

3.11. Trong A? véi muc tidu afin {As; E,;, Ey) cho diém E(1,1). T
mot diém O ndm ngoai mit phing afin ds, ta goi

&, = OA, = A,E, , &, = OA, = AE, ,é, = 0A;,é = OE.
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Ta ¢ e,e,,e. fia mdt co sd cia V°. Bay giv ta bd sung cdc
phan tit vo tan vao mit phing afin da cho dé ¢6 mat phing xa
dnh P2 Goi (A, A, As; Ej 1a muc tiéu xa anh (ng véi co s§
ndi trén.

a) Néu mot di€m X ciia mit phéng afin ¢6 toa d6 12 (x,, x,) thi
diém dé ¢6 toa dé xa &nh 12 bao nhidu?

b) Céc di€m vb tan duge bd sung vao mit phing afin c6 toa db
xa dnh 1a bao nhidu?

3.12. Mat phéng afin A’ duwoc bé sung cdc dim v t4n dé trd
thanh m$t mit phdng xa dnh P2 Trong A? ta chon mét muyc
tiéu afin va xét cdc diém cé toa do di v6i muc tidu dé nhu
saw: A = (1,0), Ay = (0,1), A3 = (0,0) va E(1,1). Xem
{A1L,A2,A5El 12 mue tiéu xa &nh clia P%. N&u mot didm M c6é
toa d§ afin 1a (x,, Xo) thi toa dé xa dnh cua né biing bao nhidu?
Diém vé tén cda mbi dudmg thing afin A s& c¢6 toa dd xa anh
12 bao nhiéu néu biét phuong trinh cla dudng thing A d8i véi
muc tiéu afin da cho?

3.13. Trong P® v6i muc tiéu {A; E} cho trude:

a) Lap phuong trinh tham bign va phuong trinh tdng quat cia
m-phing di qua m+1 dinh d4u tién va muc tidu.

b) Lap phuong trinh tham bign va phugng trinh téng quét clia
m-phing di qua m+1 dinh cuéi cdia myc tisu.

¢) Lap phuong trinh téng quat cla sidu phing di qua tat ci cdc
dinh ctia muc tiéu trir dinh thi k.

3.14. Trong mit phing xa anh P? v6i muc tidu (A,,A;AsE} cho
truge. Goi (i, j, k} 1a mdt hodn vi ciia tap hop (1, 2, 3} va

Ei = AE n AjAk, E: = AE n EjEk
a) Tim toa d9 cla cdc duding thing AE (i = 1,2, 3)
b) Tim toa d¢ cta cdc diém E;, B{ (i=1, 2, 3)
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¢) Chitng minh ring ba diém E{,E},E; thdng hang. Viét
phuong trinh dung thing di qua ba diém d¢.

3.16. Trong P? cho hai diém Aay,as,a3), B(by,bg,bs) phén biat.
Chiing t6 rdng hai dudng thdng cdt nhau tai mét difm va toa
d6 giao didm la:

dp ay ]

b, by

Az 2
b, b,

a, 2,
b, b,

¥ >

3.16. Trong P? cho hai duéng thdng a va b khdc nhau ¢6 toa dp 1a
(aj,ag,ag) va {by,bs,bs). Ching té ring hai dudng thing cit nhau
tai mot diém va toa 44 giao diém la:

| )

3.17. Trong P® cho ba diém A(a,asa;), B(bybybs), Cley,esecs).
Ching minh diéu kién cAn va 40 d€ ba diém d6 thing hang la:

ag 8
b3 b].

A3 A,

b, by

a; 4y
b, b,

¥ ¥

a; 4z dj
¢ €y G
3.18. Trong P? cho ba dudng thing ab,c 14n lugt c6 toa dd
(a;,az,a3), {by,ba,bs) va (e1,ca,c5). Chimg minh diéu kién cidn va
dii d&€ ba dudng théng a,b,c d6ng quy la:
a; dp dj
€& Ca G
3.19. Chang minh dinh li Pappus: Trong mat phing xa dnh P? cho
ba didm A, B, C nim trén dudng thing d va ba diém A’, B, C’

nim trén dudng thing d’. Ching minh ring c4c diém sau day
thing hang:

AB'AB, AC'xAC va BOUXB'C
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(ki hiéu AB 1a dudng thdng di qua hai difm A va B, con
BC'xB’C 1a giao diém ciia hai dutng thing BC' va B'C).

3.20. Trong P? cho tam gidc A;A,Ag va hai dudng thing p va q
phan bigt khéng di qua cdc dinh cha tam gide d6. Cdc dudng
thdng p va q cit cdc canh A ldn luot tai Py, va Q (& day
{i,J,k} 1a mft hodn vi cda tap hop {1,2,3}).

Goi M, = PaQsnQaPs, My = PiQunQiP;, M; = PiQunQ,P,.
Ching minh ring M,, M,, M; thing hang.

3.21. Chiing minh dinh 1i Desargues trong mit phing ‘xa anh PZ.
Cho hai tam gidc ABC va A'B’'C’. Ching minh ring dudng
thdng néi ba dinh AA’, BB’, CC déng quy khi va chi khi cdc
giao diém ABxA’B’, BCxB'C’, ACXA'C’ thing hang.

3.22. Trong P* cho mdt tam gigc ABC va mét didm S. Goi A”, B’, O’
lan lugt 1a giao diém cila cdc cip dudng thdng AS va BC, BS
va CA, C8 vi AB. Ching minh ring cdc diém ABxA'B
BCxB'C’, ACxA’C’ thdng hang.

3.23. Trong P" v6i muc tiéu xa 4nh {A; El cho P la m—phdng di
qua m+1 dinh ddu tién cla myc tidu va Q 1a cdi phing di qua
cae dinh con lai.

a) Lap phuong trinh téng quat cia P va Q.
b) Xét vi tri twong d6i clia P va Q.
c¢) Tim s& chiéu chia phdng téng P + Q.

3.24. Trong P” v6i myc tidu xa dnh |A; E} cho P 1a siéu phing di
qua n dinh ddu tién cia muc tiéu va goi B’ 1a giao difm cia
dudng thdng A,,E véi siéu phéng P.

a) Chung minh ring (A;; E'} 1a muc tiéu xa 4nh trong P.

b) Ching minh rang néu diém X thuge P c6 toa dé (x,, x,, ..,
Xn, 0) d8i vdi muc tidu {A;; E) thi didm d6 6 toa do d&i vei
muc tiéu {A;E} 12 (xg, xg, .., X,).
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3.25. Trong P? cho tam gide A;A;A3 va mot dudng thing e khéng
di qua cdc dinh cia tam gide d6. Chimg minh réng ludn ludn
ton tai mét di€m E sao cho déi véi muc tiu {A;,A,, A5 El dubng
thing e ¢6 phuong trinh x,+x,+x; = 0 (Budng thing e nay duge
goi la dudng thdng don vi).

3.26. Trong P? vidt phuong trinh cla mot dudng thing di qua mot
diém M da cho va cit hai dudng thing chéo nhau d,, d; cho
trude khong chita M.

3.27. Trong P® cho hai dudng thing ¢6 phuong trinh:

{alx1 + 85Xy + 83X +84X, = 0
bix; + byx, + byxz +byx, = 0
C1X) +CoXg +CyXg +C4X, = 0
][dlx1 +dox, +dgx; +dgx, = 0

Tim diéu kién cin va da d€ hai dudng théng dé chéo nhau,

§4

3.28. Tim phuong trinh cia phép bi&n déi xa 4nh f cia P" bién cdc
dinh A; ctia muc tiéu (A;; E} thanh chinh né, nghia 1a f4A,)= A,
i=12,., n+l.

3.29. Tim phuong trinh chia phép bién ddi xa 4nh clia P" bién cée
dinh A; cda muc tiéu (A;; E) thanh chinh né va bign cde diém
cia siéu phdng x,,; = 0 thanh chinh né.

Ching minh ring mdi phép bién ddi xa anh nhu thé bign cdc
duing thing di qua diém A,,; thanh chinh né.

3.30. Trong P? cho phép bién ddi xa anh f ¢6 phuong trinh:

’

kxi = x,+%4
r

kx, = x;+x,
’

kx; = x +x

Hay tim cdc diém kép cda phép bién déi xa anh dé.
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3.31. Trong P? cho phép bién ddi xa anh f ¢6 phuong trinh;

kxi = 4%, - x,

kxy = 6x,-3x,
’

kxs = Xl — X2 - X3

Hay tim cdc di€m kép va cdc dubng thing bat bign qua phép
bién déi xa anh f.

3.32. Trong P* cho phép bién ddi xa anh f ¢6 phuong trinh:

k.xi = Xa +Xg
kx,g = Xl + X3
kxy = x, +x,

Ching minh ring f 13 mét phép thiu xa. X4c dinh tadm va nén
cita phép thau xa.

3.33. Trong P cho phép bién ddi xa anh f c6 phuong trinh:

kx;_ = X2 - X3
kx, = x;+x
kxy = 2%, -2x, +3x,

Ching minh ridng f1& mét phép thau xa. Xdc dinh tam va nén
cia phép thiu xa.

3.34. Tim di&€m kép cha phép bign déi xa nh sau day:

[
X = ax; +agx,,
r
X2 = aX2 + agxn+1
' -
Xna - ax, g+t an+1xn+1

3.35. Trong P? v6i muc tiéu {A; E} cho phép bién déi xa anh f xdc
dinh béi

(A1) = Ag; flAg) = Aj; flA) = E; RE) = A,

a) Viét phuong trinh cda f d6i v6i muc tidu da chon
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b) Tim cdc diém kép cda f.

¢) Cho mét diém M tuy y trong P?, goi N la dnh cia M. Ching
minh ring M la anh cia N.

3.36. Ching minh riéng trong P” néu mét phép bién d6i xa anh f
¢6 3 didm kép thdng hang thi né la phép thiu xa.

3.37. Mot phép bién d8i xa anh £ P" — P” goi la mét phép thiu
xa m — cip néu tén tai hai cdi phdng P™(m < n) va P"™’
khong cdt nhau va chita toan nhiing diém kép (goi 12 co s&
thau xa)

a) Biing cdach chon mét muyc tiéu thich hgp, hay viét phuong
trinh clia phép thiu xa m — eip.
b) Chuing minh ring néu M va M’ 13 mét cip di€m tuong ng
nao dé cia f thi dwyng théng MM’ cit P* va P*™' tai hai
diém U, V sao cho (MM'UV) 12 mét hing s6 k.

* Néu k = 0 ta c6 phép thdu xa 0 — cap (d6 la mjt phép
thau xa ma tam thau xa khéng nim trén nén thiu xa).

» N&u k = -1 ta c6 phép th&u xa d6i hgp.

3.38. Chirng minh ring tap hgp tat ca cdc phép thiu xa ¢é chung
mdt nén 1ap thanh mét nhém con clia nhém céc phép bign ddi
xa anh cia P".

3.39. Chimg minh ri#ng tdp hop tdt cd cdc phép thau xa
m — cip c6 cung co s& thiu xa lap thanh mét nhém con cha
nhém cdc phép bién ddi xa énh cia P, nhém nay ding cdu
v6i nhém nhén cdc 86 khdce 0 caa truyng K.

3.40. Trong P" v6i muc tidu xa anh da chon {A;; E} cho phép bién
ddi xa dnh f c6 phuong trinh [x’] = Blx] va mot siéu phdng c6
phuong trinh ux; + WXz + .. + UpaXeq = 0. HAy tim dnh cia
siéu phdng qua phép bién ddi xa 4nh di cho.

3.41. Trong P" goi f 1a phép bién ddi xa dnh x4c dinh béi hai muc
tieu {A;; E) va {A; E} sao cho fla) = A, 1 = 1,2,., n+l va
f(E) = E'. Ching minh ring néu mot diém X e P" c6 toa d§ d46i
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véi muc tidu {A; Ej thi didm X = fX) cing c6 toa do
(x4, X2, .., Xas1) @61 v6i muc tidu (A’:;E%}

§5
842 Trong P? v6i muc tiéu xa &nh cho trude, cho ba diém
A(1,2,0), B(2,1,1), C(5,4,2)
a) Tinh ti s6 kép (ABCD) bi&t ring diém D c6 toa do 1a (4,5,1)
b) Tim toa d¢ diém M sao cho (ABCM) = -1

3.43. Trong P? cho ba diém A,B,C phan biét cang thuéc mét dudng
thdng. Bing cdch dung csc duting thdng hiay dung diém D sao

cho:
a) (ABCD) = -1
b) (ABDC) = -1

3.44. Cho bén di€m A,B,C,D thudc mét durng thidng xa énh. Cho
biét (ABCD) = A hay tim ra tat ca cde ti s§ kép ¢6 gid tri khic
nhau ¢6 thé thanh lap tir he bén diém dé.

3.45. Cho 5 di€m A,B,C,D.E phan biét thuge dudng thing xa 4nh.
Chitng minh ring:

{ABCD) . (ABDE) . (ABEC) = 1

3.46. Trong P? cho hai duong thing a,b phan biét cdt nhau tai O
va mot diém M khéng thude hai duing thing d6. Mot dubng
thdng d di qua M lan lugt cit ab tai U va V. Trén d ta ldy
mdt diém N khéng tring v6i MUV va gid s ta c6
(MNUV) = k. Tim qui tich nhing diém N khi d thay déi nhumg
ludn luén di qua diém M cho trude.

3.47. Trong P* cho hai dudng thing phan biét a,b cdt nhau tai O
va mét di€m M khéng thuge hai dudng thing d6. Qua M c¢6 hai
dutmg thdng m, m’ thay déi. Puong thing m cdt a, b ldn lugt
tai A va B con duyng thing m’ ¢4t a, b ldn lugt tai A" va B,
Tim quy tich diém N = AB’ ~ A’B.
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3.48. Trong mit phdng xa dnh cho tam gide A AzA; vA mdt dudng
thdng d khéng di qua cdc dinh eGa tam gide dé. Goi K, K;, K
lan lugt la giao diém cha d doi véi cidc dudng thing A-A,,
AsA;, AjA,. Gid st Ly, Ly, Ls 12 ba diém 1an lugt ni3m trén ba
dudng thing AjA;, AgA,, AjA,. Ching minh ring:

a) Ba diém L, Lo, L thing hang khi va chi khi
(A2AsK) L) . €A3A KoLy) . (A1 AKsLp) = 1

b) Ba dudng thing A;L,, AsLy, AzL; déng qui khi va chi khi:
(A AGK L) . (AgA KoL) . (A ALK Lg) = -

3.49. Trén dudng thdng xa dnh cho mét muc tidu xa dnh va bén
diém A,B,C,D ¢6 toa dd xa anh khoéng thudn nh4t ldn lugt la
a, b, ¢, d. Chiing minh ring:

c-a d-a

c-b ' d-b

§6

3.50. Chiing minh dinh li Pappus bing cdch ding m6 hinh xa dnh
* ¢ia khoéng gian afin.

(ABCD) =

3.5L Chung minh dinh li Desargues biing c4ch diing mé hinh xa
anh clia khong gian afin. :

3.52. Trong mat phing afin cho ba diém L, Ly, L3 l4n lugt trén ba
Canh A2A3,A3A1,A1A2 cla mot tam gléc A1A2A3 cho trudec.
Ching minh ring didu kién cdn va dt dé L,;,L;,L; thing hang
la:

(L1AzAz) (L2AsA).(L3A1Az) = 1

3.53. Trong mat phing afin cho ba diém L,, Ly, Ls 14n lugt trén ba
canh AsAjAzALAJA; clia mdt tam gide AAxA; cho trudc.
Chitng minh ring didu kién cdn va dd dé A,L,, AsLy, AsLg
ddéng qui la:

(L1AzAz). (LaAgA;).(LisA  Ag) = ~
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8.54. Trong mat phing afin cho hai dutng thing a va b song song
vdi nhau. Ta 14y hai diém A va B trén dudng thing a va mdt
diém P khéng thude a.

a) Bang céch chi dung thude, hiy dung trung diém I cla doan
AB.

b) Cang chi diung thude, hiy dung mot durng thing qua P va
song song vdi a.

3.55. Trong mit phdng xa d&nh cho bén diém A, B, C, D trong 46
khéng c¢6 ba diém nao thing hiang va mot dudng thing d
khéng di qua cdc diém d6. Goi By = d n AA; vdi
ij=1234vai=j.GoiCyla diém lien hiep didu hda véi By
d6i v6i A, va A,

a) Chitng minh réng C,;, Cy, By thing hang. Bing cach
ching minh tuong ty, hay chi ra cdc b ba diém thing hang
khic.

b) Chiing minh ba dudng thidng C5Cs,, C13Ca4, C14Co3 déng qui.

3.56. Trong mit phing afin cho hinh binh hanh ABCD. Tir mét
di€ém M thy ¥ trén canh AB ta dung dudng thing a cit canh
BC tai N va tir mot diém Q tuy y trén canh AD ta dung dudng
thdng b song song véi a cdt CD tai P. Cdc dudng thing MP,
NQ clia hinh thang MNPQ cdt nhau tai O. Ching minh ring
ba di€m O, B, D thidng hang.

3.57. Trong mat phang afin cho tam gide A;AzA;. Mét dudng thing
d khong di qua cde dinh cda tam gidc d6 cit cdc dudng théng
AsAs, AsAy, AjA; 1dn lugt tai Py, Py, Py Ta goi By 13 diém déi
xing cha A, qua trung diém clia doan P.P; B, la diém dai
xing cia A, qua trung di€m cia doan P3P, va B; 12 diém 451
xing cia A; qua trung diém cda doan P,P,;. Chdng minh ring
ba diém B;, By, B; thing hang.

3.58. Trong mét phang afin cho hinh thang A A,B,B; vdi hai ddy
12 A)A; va B B,. Qua cdc dinh A; va B, ta vé cdc dudng thing
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song song a; va b;, qua cdc dinh A; va By ta vé cdc dudng
thdng song song a, va b, sao cho a; va a; khong song song.
Ching minh ring ba diém A1B1nAsBy, a1ma; va binb, thing
hang.

§7
3.59. Trong P“'héy tim cdc khdi niém d6i ngiu clia céc khai niém
sau day: :
a) m — phdng thugc k — phing (m < k)
b) Siéu phing chita m — phéng
c) Bon diém thing hang
d) Ti 56 kép cia bdn diém thing hang.

3.60. Tim khdi niém d6i nglu cia kh4i niém hinh ba canh (tam
gidc)

a) Trong P*
b) Trong P°

3.61. Phat biéu dinh li déi ngdu ciia dinh 1i Desargues trong P?
va P2,

3.62. Phat biéu dinh li d6i ngiu cda dinh li Pappus trong P

§8, §9

3.63. X4c dinh loai ciia cdc dudng béc hai sau diy trong mit phing
xa anh:

a) 4x; +X; + 5x; +4%,%x, - 12x,x, - 6x,%, = 0

b) 2x] + X5 — X3 + 3X,X, - X, X4 + 2x,%; = 0

c) X2 + 4x3 + x§ —4%Xg + 2XX5 - 4%Xy%5 = 0
o

d) 5x¥ +xZ +x% + 2%,X, —4x,X; =0

€) 2x} — X3 + 2X3 + X; X, + 5X X, — XXz =0
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3.64. Tim giao diém clia duisng bac hai:
2%} + X5 - X2 + 3X,X, — X;Xq + 2X,X5 = 0
vdi cde dudng thing sau day:

a}X1“2X2+X3=0

X; = 5bm-n
b)sx, = -3m
X3 = -2m+n

3.65. Trong mat phing xa dnh cho dudng béc hai (S) ¢6 phuong
trinh:
2x2 + X2 — 2x3 - 6X,X, + 4%,x, =0
a) Viét, phuong trinh dudng dsi cuc d6i véi (S) cia cde difm
sau day:
A(1,0,0), Ax(0,1,0), A5(0,0,1), E(1,1,1), M(2, -1,5)

b} Tim toa 4% éuc diém cha dudng thing 7x, + 4x; — 10x; = 0 déi
vdi (S).

3.66. Trong mit phing xa 4nh hay lap phuong trinh cac ti&p
tuyén di qua diém M(1, -7,4) véi dudng béc hai (S) ¢6 phuong
trinh:

3x% - x2 - 5x2 + 2xX,%,y + 2% X5 — 4X,%, = 0

3.67. Cho dudng béc hai (S) ¢6 phuong trinh:

4x2 +x2 + 5x3 + 4%Xy - 12X,X5 — 6%,%; = 0

cho hai diém A(1,1,1), B(1,2,0). Hay viét phuong trinh dutmg
ddi cuc cha A va B d6i véi (S). Hai diém A va B ¢6 lién hgp
véi nhau d8i v6i (S) khong?

3.68. Trong P° cho mit béc hai (S) ¢6 phuong trinh:

x? +x2+ X3 + X2 — 2%%, — 2%,X, + 4X,%5 = 0

va hai diém A(1,1,0,0), B(1,1,1,1).
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a) Ching té diém A thujc (S) va viét phuong trinh clia mit
phing ti&p xic clia (S) tai A.
b) Ching minh réng dudng thing AB la tiép tuyén cda (S) va
hay vi€t phuong trinh t8ng qudt ciia dudng thdng AB.

3.69. Chifng té rdng néu 4 dinh clia mét hinh bén dinh toan phan

ném trén mét dudng cong béc hai (S) thi ba didm chéo cha né
tao thanh mgt tam gidc tu d8i cye dai vai (S).

3.70. Trong P? cho mét dudng cong bac hai (S) va mt tam gide
ABC tu d6i cuc d6i véi (S). Mot dutmg thing m cdt cdc canh
BC, CA, AB l4n luot tai P, Q, R. Goi P’, @, R’ theo th ty 1A
cdc diém thude cde dudng thing BC, CA, AB va lan lugt lién
hep véi P, Q, R d6i vdi (8). Chiing minh ring ba du¥ng thing
AP, BQ', CR’ déng quy.

3.71. Chiing minh ring néu mst phép thiu xa tdm O bién mot
sidu méit bac hai thanh chinh né thi d6 Ia phép thiu xa 461

“hgp va nén cda né 1a siéu phing d&i cuc cia O ddi vdi siéu
mét bac hai (S).

3.72. Trong P” vdi muc tiéu xa anh (A;; E) cho trude, tim giao cla
mdt sidu mit bic hai (S) véi siéu phing R di qua n dinh A,,
Agp, ..., A, cda muc tidu da cho.

3.73. Trong P? v6i muc tidu xa anh cho trude, cho dudng bac hai
(S) ¢6 phuong trinh:

X1Xo + XpX3 + X3X3 = 0

a) Chiing to cdc dinh A,, A;, A; cla muc tiéu ndm trén duting
béc hai (S).

b} Viét phuong trinh tiép tuyén clia (S) tai che dinh A, Ay, As.
¢} Tim cyc diém cda cdc dudng thing A A, AyAy, AsA;.

3.74. Trong P? cho hinh bdn canh toan phdn abed ngoai tiép mét
dudng bac hai (S) lan lugt tai cdc difm A, B, C, D tuong dng.

GoiP=anb Q=bnrne,L=cnd, M=dna.
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Chdng minh ring :

a) Cdc diém chéo cha abed lam thanh mét tam gide ma mé:
dinh 14 diém cuc ciia canh 461 dién dsi véi (S).

b) Cdc dutng thing AC, BD, PL, MQ déng qui.

§10

3.75. Trong P® mot tam gidc ABC c6 hai diém A va B chay trén
hai dutng thing a, b ¢& dinh va ba canh BC, CA, AB lin lugt
di qua ba diém ¢6 dinh «, B, v. Tim tap hop diém C. Xét
trudng hop dac bigt khi o, 8, y thing hang.

3.76. Trong P? cho conic (S), hai diém A, B thudc (S) va mot didm
P khéng thuge (8). V& qua P mot dudng thing d thay déi cit
(8) tai M va N. Tim tdp hop giao diém clia cdc cip dudng
thdng AM va BN, AN va BM.

3.77. Trong P* cho conic (8) va mot dudng thing d khéng cé diém
chung véi (S). Trén (8) ta 14y hai diém ¢d dinh A, B. Goi X 1a
mdt di€m bién thién trén dudng thing d. Goi M va N lén lugt
la giao di€m thi hai clia cdc dudng thing AX va BX véi (S).
Tim t4p hop giao diém I cia AN va BM,

3.78. Ching minh rdng néu hai hinh bén dinh toan phéan c6 chung
ba diém chéo thi tdm dinh cia ching ndm trén mot dudng
cong béc hai.

3.79. Ching minh ring n€u hai tam gidc cing ndi ti€p mét conic
thi ching ciing ngoai ti€p mét conic nao dé.

8.80. Trong P? cho hinh luc gidc AjA;A3A.AsAq noi ti€p mdt conic
(3). Goi B la giao diém cta hai ti€p tuyén cta (S) tai
A; va A ( xem A; = A)). Nhu viy ta duge hinh lue gidc
B,B,B;B,B;sB; ngoai tiép (8). Ching minh ring dudng thing
Pascal cia luc gide thi nhat 12 dudng d6i cue cha diém
Brianchon cia luc gidc thit hai.
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3.81. Trong mat phing xa anh cho bén diém A, B, C, D trong dé
khéng c6 ba diém nao thing hang. (S) 1a mét conic bién thién
di qua bdn diém dé. Tié€p tuyén (S) tai B va C lan lugt cit AC
va BD tai B' va C'. Goi M la giao diém cia BB’ va CC’. Chiing
minh ring dudng thing B’C’ luén luén di qua mdt diém o
dinh va diém M chay trén mét dudng thing cd dinh.

3.82. Trong mit phdng xa anh cho tam gide ABC va conic (S) ti€p
xtc v6i BC, CA, AB lan lugt tai A’, B’, C’. Chilng minh riing
chc giao diém P = BCnB'C’, @ = CANC'A’, R = ABnA'B’ thing
hang.

3.83. Trong mit phing xa anh cho ba diém A, B, C n3m trén conic
(8) va K 1a didm khdng thude (S). Céc dudng thing KA, KB,
KC cdt (S) tai A’, B’, C. Goi P 14 mét didm bién thién trén (S).
Céc dudng thidng PA, PB, PC lian lugt cit B'C, C'A’, A’B’ tai
A”, B”, C”. Chimg minh ring ba diém A”, B”, C” ciing nim
trén mdt dudng thdng cé dinh va dudng thing nay luén luén
di qua mdt diém c& dinh.

3.84. Trong P? cho mot td gisdc ABCD va mét conic (S) thay ddi
nhung ludn ludn ti€p xic v6i cdc canh AB, BC, CD, DA cia tit
gidc 14n lugt tai P, Q, R, S.

" a) Ching minh cdc dudrng thing PR va QS ciing di qua mdt
di€m ¢é dinh.
b) Tim tép hgp giao diém ciia AQ va BS.

3.85. Trong P? cho mét conic (S) di qua ba diém A,, Ag, A; cla muc
tidu xa 4nh (A, Ay, Agl. Cdc dudng thing AE lai cidt (S) tai
Ai( = 1,2,3). Céc ti€p tuyén cha (S) tai A}, Ay, A, cit céc
dudng thing A.A,, AsA;, AiA, l4n luot tai o, B, y. Ching minh
ring «, B, y thing hang.

3.86. Cho mét conic (S) x4c dinh bdi 5 diém trong dé khong cé ba
di¥ n nao thing hang.

a) Hay dyng ti€p tuyén ciia conic tai diém A
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b) Che d l& dung thing di qua A. Hay dung giao diém cdn lai
- clda d vdi (8)

3.87. Trong P? cho mgt conic (S) va sdu diém A, B, C, D, E, F
thugc (S). Chimg minh ring ba dung thing Pascal cda ba
hinh luc gide ABCDEF, ADCFEB, AFCBED dong quy tai mt
diém.

3.88. Trong mat phﬁng afin cho tam gide ABC ¢6 dinh. Mot
parabol bién thién tiép xdc véi BC, CA, AB theo thit tu tai A,
B’, C'. Chimg minh riing mdi mét trong ba duong thing B'C’,
CA’, A’B’ déu di qua mot didm o6 dinh.

3.89. Trong mit phéng afin cho hinh binh hanh ABCD c6 céc canh
song song vdi cdc dudmg tiém can clia mét hypebol cho trude va
cé hai dinh d6i dién A, C n3im trén hypebol. Chiing minh ring
hai dinh con lai ¢Ga hinh binh hanh thing hang véi tam O cla
hypebol.

3.90. Trong mat phdng afin, modt ti&p tuyén bat ki tip xde v6i mét
hypebol cho truéc tai di€m C va cdt hai dudng tiém cén tai A
va B. Ching minh C la trung diém cia doan AB.

3.91. Trong mit phéng afin cho mot hypebol (8) ¢6 tim O va hai
dudng tiém cdn 13 a vd b. Goi M va N 13 hai diém bat ki trén
(8). Tiép tuyén cha (S) tai M va N 14n lugt cit a va b tai cée
cﬁp diém A; B va C; D. Ching minh AD // BC.

§11

3.92. Ching minh réng trong mit phdng Jeclit hai dudng phan gidc
cda géc hop thanh béi hai dudng thing a, b cung v6i a, b lam
thanh mét chiim diédu hoa.

3.93. Hay dién ta cdc khdi niém sau day trong md hinh xa &nh cda
mét phang Oclit:
a} Hinh chii nhat.
b) Hinh vubéng

263 -



¢) Hinh tam gidc cdn
d) Puding tron cung véi dudng kinh v tam ciia dudbng tron dé.
8) Bubng elip cung v4i tiAm va hai true caa elip dé.

C. HUGNG DAN VA GIAI

§1, §2, §3

3.1. Geoi O la tam cha siéu cdu (8). Xét bé dudng thidng tam O
trong E". Mdi duong thing cla bé tim O cdt siéu cdu (S) tai hai
diém xuyén tam d4i. Goi {S} 1a tip hop cde cip diém xuyén tam
ddi cha (S). Goi {B} 1a tap hgp cdc dudng thdng ciia b6 tam O. Rd
rang ta ¢ song 4nh a : {B} - {S}. Vi {B} 12 mdét md hinh cia
khéng gian xa dnh n-1 chidu nén sy tén tai ciia song 4nh o« ching
td {S} cing lap thanh mét md hinh cia khéng gian xa dnh n-1
chiéu. Trong mé hinh nay méi cip diém xuyén tam d6i (A, A) cia
{S} 12 mdt didm xa dnh va tap hop cdc cap diém xuyén tdm doi
cita {8} cling thude mdt (m + 1)- phing Jelit di qua tdm O tao nén
mét m-phéing xa anh. Khi dé :

Néu mpt diém Aay,ay, ..., a,) thude sidu cdu (S) thi diém xuyén
tam déi cla A 13 A s& c6 toa dd 1a (-a,, ~ay, ..., —a,) vdi didu kién
1a

a?+aZ+..+a%=1.
3.2. Goi S 1a tap hop céc cip diém xuyén tAm d&i cda sidu cdu S
trong khong gian E". Goi S™*' 13 siéu cdu trong E™! 5 E". §"*! ¢6
phueng trinh 1 :

X2+ X+ +XE %2, =

1.
Trong E™' siéu cdu S° 13 giao cia siéu cdu S™*' véi siéu phing
Xas1 = 0. Do d6 S" ¢6 phuong trinh 14 :

X HRE 4. +x2 =1
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Ta hdy xét tdp hop cdc dusng thdng cda bé tAm O trong E™':
Diém O 1a tdm cba siéu cdu S" va ddng thai ciing 1a tAm cla sidu
-chu 8™, Ta c6 thé dat tuong ung 1-1
gitta mdi dudng théng ciia b6 tim O
nidm trong mit phdng x,., = 0 véi
mét cip diém xuyén tdm d6i ciia sidu
cdu S". Céc cip difm nay c6 toa do
13 (x1, X3, ..., Xn, ) VA (=%1, —Xp, ...,
—Xp, 0). COn mdi dudng thdng thude
bé td&m O trong E™' nhung khong
thube siéu phidng x,.; = 0 ¢t siéu cdu
8™ tai cdc cip di€m xuyén tam ddi
‘M va M (xem hinh v&). Cic cdp .
diém nay c6 toa dd 1a (xy, Xy, ..., Xa, Xne1) VA (-Xy1, =Xy, ..., ~Xp, —Xpe1)

Vol X3 +XE 4.+ %2 +x2, =1va 1l > x4 > 0.

Hinh chiéu vuéng géc clia céc cip diém nay trén siéu phing
Xpet = 0 la :

M,(X]_, X3, oy Xns 0) va F(_x.l, —X2y very ~Xn, 0}
VOl X} + X5 +..+x2 <1,

Tap hop cdc hinh chiéu nay tao nén tap hgp cdc diém thuoc B
nidm trong siéu cdu S". Ta bi&t ring tap hop cdc dudng thing cda
b6 tam O trong E™' 13 mdt mé hinh cda khong gian xa anh n
chiéu. Nhu vay ta da lap duge mot song anh giita tdp hop cdc
duémg thing cda bé tdm O trong E™ vdi t4p hgp B = B U S, gdm
tdp hgp B cdc diém trong cGa siéu cdu S" va tap hop S gbm cdc
cip diém xuyén tadm d&i cda S".

Vay tap hop B'= B 1 S’ 1a m¢t md hinh cia khong gian xa
dnh n chiéu.

3.3. Trong khéng gian afin A" vdi hé toa d9 afin cho trude, mdi
siéu phidng c6 phuong trinh dang :

aX; + AgXg + ... + AX, + 8y =0
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trong d6 cde hé s6 a; khong ddng thoi bAng 0 véii = 1,2,...,n. Nhu
vidy mdi by gdm n + 1 88 c6 thit tu (a;,as,..., 84,80, xdc dinh mot
siéu phing. Hai bd s6 (a),az,...,a0,1) va (by,bs,...ba.) goi la thude
cing m{t 1dp tuong duong néu b; = ka; véi moi i va k # 0. Mdi 16p
tuong duong nay xdc dinh mot siéu phdng afin.

Bay gig ta hdy xét tdp hop céde siéu phdng afin cla A" cing di
qua mjt diém K (x7,%3,...,x° ) ¢6 dinh ma mdi l6p tuong dueng néi
trén dng véi mot sidu phing. Ta suy ra tip hyp céc sidu phing
afin trong A" cung di qua mét di€ém cd dinh c6 tuong ng 1-1 véi
t4p hop cdc didm trong md hinh s& hoc cia khdng gian xa dnh n
chiéu. Trong mé hinh nay, mdi siéu phéng afin 13 mét diém xa
anh duge xdc dinh bdi mot 16p gom n+1 s§ thuc ¢é thi tu c¢6 phan
ti dai dién 1A (a,,a,,...,8,,8,,1). Tl by s6 nay ta dé dang xdc dinh
duge phuong trinh cha sidu phing afin d6 nhu sau :

a)X; + AgXs + ... + 8%, + 85, = O,
3.4. Goi o 12 mét p-phidng chita m+1 diém déc lap (m < p) AyA,,
BAn v2 B 1a mdt m-phing di qua m+l difm doc 14p d6. Can
ching minh B < a.

Ta biét ring phing p dugc hoan toan xdc dinh bdi m+1 diém
déc lap cho truée A, A, ..., A,. Vi m < p nén ngoai m+1 diém doc
lip nay p-phing a con chia thém mét s6 diém déc lap khdc nita.
Dodétasuyra:anfp=0nénfp ce.

3.5. Goi PP =P" + P® la tdng cha hai cdi phdng P" va P° va
P? = P* ~ P° |a giao cda hai c4i phdng P* va P

Goi cdc khong gian vectd V™!, V** VPl v+l |45 lugt sinh ra
cdac phidng P, P%, P?, PO,

Vi t8éng cha hai cdi phing la cdi phlng cé s6 chiéu bé nhat
chita hai cdi phdng 46 nén V™! 14 khéng gian vecto c6 s6 chidu bé
nhit chia V' va V' Do dé: V1 = V™1 . v (1)

Mit khdc giao cda hai cdi phdng 12 cdi phdng 16n nhdt thudc
¢ hai cdi phdng dé nén V**! 12 khéng gian vecto c6 s6 chiéu lén
nhat thuge V'*' va V**L Do d6 V¥*! = V1 ~ V=1 (2)

-

266



Tir (1} va (2) dya vao céng thic vé s6 chiéu cia khéng gian
vecty ta c6 :

r+1)+(s+D=(p++{g+1)

a)N&éu P* va P* c6 diém chung nghia 1a P* ~ P° # & thi vo*!
khéng chi gém ¢6 vects 0 nghiala q+ 1 =0 v& tacé :

r+s5=p+q '

b) Néu P’ va P* chéo nhau nghia 1a P* ~ P* = & thi V®*! chi
gom c6 vects 0 nghiala g+ 1=0. Tasuyra:
' r+L+{(s+1)=p+1

hay r+s=p- 1.

3.6. Ding lai cdc ki hiéu nhu & bai 3.5 va cdc két qua cda bai dé
ta ¢o :

Né&u P"va P chéonhauthir+s=p-1 (1)

Nguoce lai gid sir + s = p — 1, ta cdn ching minh P" va P*
chéo nhau. Goi V™!, V! vP+1 vl 1y c4c khong gian vectd 14n lugt
sinh ra c4dc phing P, P%, PP P9 ta c6 -

r+1+{s+)=(p+ 1}+{qg+1) (2)

Tir (1) va (2) ta suy ra q + 1 = O nghia 1a V¥ ¢chi la vecto 0.
Do d6: P? = & nghia 1a P" va P* chéo nhau.

8.7. Goi P™ = P' + P* va goi V™", V**!, V**! 13 c4c khong gian con
cda V**! 1an lugt sinh ra cdc phing P™, P', P°. _

V6i M € PP va N e P* ta suy ra M, N ¢ P™ Do dé6 dutng
thdng MN thudc phing tdng P™ = P* + P*. Ngudc lai gid s X 1a
mot diém thude phdng téng P™ Cin chding minh X thudc mot
dwng thing nao d6 cit ca P’ 1an P*.

XeP o xe VOl oyt L vl

Vecto x dai dién cho diém X duge phén tich thanh hai vecta
trong d6 mot vectd thuse V™! va mét vecto thude VoI,

Mudn chimg minh r¥ng t4p hgp cdc diém X ciia dudng thing
MN v6i moi M € P" va moi N € P* 1a t4p hon diém cia phing
téng P™ = P" + P* ta phai chitng minh ring : I
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Xe MNMeP,NecP)e JacV™ 3pevs!
saocho a+b=x e V™ = Y+t | yol

Goi x1a vecto dai dién cho diém X ¢ MN thi cin va dii 1a
vectd X thuoc khéng gian vecto 2 chiéu sinh ra duong thing MN.
Goi m va n lan lugt 1a cdc vecto dai dién cho M,N dac lap (vi

M = N). Do dé6 : .
x € V2 (sinh ra dudng thing MN) <> x = pm + qn
Hai vecto {m,n} duge ding lam
co s§ clia V2. Mat khicvi M ¢ P,
I NePnén me V"', ne V*!. Do
d6 pme V™, gne V! vy6i

(p,@) # (0,0).Vay
/g /N / X =pm+qne V™ = v+l 4yl

/ Ta suy ra diém X thudc phing
téng P™ = P* + P*.

CHU ¥ : Phing téng (P* + P*) = P™ ¢6 thé 1a mét cdi phang ¢
sOchitum=r+s+1khi P nP*=,
3.8. a}) Mudn ching té ring ¢ thé chon hé difm {ALA,ALE)
lam mét myec tidu xa anh, ta chiing minh rang bat ¢t ba diém nao
trong bdn di€ém da cho déu doc 14p, bing cdch 14p dinh thie toa do
cia cdc bd 3 diém d6 va ching t6 edc dinh thic 46 déu khdc 0.

b) Goi e},e}, e}, e’ la cde vecto ldn lugt dai dién cho cdc diém
A;,A'z,Aé,E'cﬁa muc tiéu xa anh { A}, A}, AL E'} Tacé :

'i‘+éz+e3,dodo
1 1 1=2B+y
li=a 1+B0+71 S dl=a+y
1 0 l=a+p

+

Giai hé phuong trinh nay ta tinh duge o = %,B = El): = 1
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. ) 2 2]
f_ - = 0 — —_
@ =033 3 3
”§=(§,0,§) = ma trén chuyén C = % 0 %
- 11 1 1
= (=,=,0 = 209
=330 3 3 ]

02 2 0 2 1
=38C=(2 0 1|=>@EC)=|2 ¢ 1

110 21 0

Do d6 ap dung cong thie d§i muc tiéu tit {A;,AyA,; E) sang
{A1, A, Ay E') 12 [x] =(3C)[x] ta duge két qua -
kx; = 2x5 + xj
kx, =2x{ +x} véik e R.
kx; =2x] +x} .
3.9. a) Xem 13i giai cau b) bai 3.8.
b) Goi (%y,x4,%s) va (x1,%3,%3) theo thit tu 12 toa d8 cia difm
M d6i véi muc tidu thi nhat va muc tiéu thi hai. Ap dyng céng
thie d8i myc tiéu ta ¢6
1=2x5 +x;
2=2x] +x)
3=2x] +3x;

Gidi hé phuong trinh nay ta tinh duge (x],x),x} ) = (%,%,—% )

Vi toa d6 xa anh c6 tinh chit d4ng cdp nén ta cé thé 18y toa 4o
cia diém M d8i véi mue tiéu xa anh {A},A) ALE'} la
M=(74, -2)

3.10. a) Ap dung cach gidl tuong ty nhu d6i vdi bai 3.8 va 3.9 ta
tim duge ma tran chuyén C tir muc tiéu {A; E} sang muc tidu
(A E}la:
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5 5 0
C=|10 1 -2
|-3 -3 -3
b) Toa d6 xa &nh cha diém N(0,1,1} déi vdi muc tidu
{A]ALAGE YA

N = (_%,1, 1) = (-3,5, -5)

3.11.V6i mdi diém X cia mit phing afin ta dat tuong dng 1-1 véi
dudng thing OX cia b6 duyng thdng tdm O trong khéng gian afin
3 chidu chita khong gian afin A’ di cho. Céc diém vd t4n cla mat
phing afin dng véi cdc dudng thing di qua O va song song véi mat
phéng afin A? d6. Ta suy ra toa d% xa dnh cia mot di€m X thude
mat phing afin chinh la toa dp caa vecto OX déi véi co s6
{g{, Q, é; }. Vecto OX chinh la vectd dai dién cho diém X. Do dé6 :

a) Mot diém X c6 toa dd (x;,X,) d6i v6i muc tiéu afin {Ag; Ei,Eo}
nghia 1a A,X = x, A;E) + %, AzE, = X, e + Xye, . Khi d6 trong Ve
ta c6 : OX = OA, + AgX = x;e; +X,6 +1e; véi OA; =¢; .

Vay diém X ¢6 toa 4§ xa anh la (x;, xg, 1}

b) Céc didm vo tan cha mat phing afin nhén cdc vecto dai
dién 1a cdc vecto thude phuong ciia mit phéng afin. Do d6 cédc
diém vb tin cia mat phing afin c6 toa d9 xa dnh dang (x1,%,0).
Cac dudng thdng nhin vecto A,X lam vectd chi phuong (véi X #
Ay déu chita diém v6 tan nay. Cde di€m A;,A; cda muyc tidu xa anh
nhan cdec vectd e,,e, lam vects dai dién nén cé toa d9 xa anh 1a
A, =(1,0,0), Az = (0,1,0).

Duéng thing xdc dinh béi hai diém vo tdn Ay, Ap chinh la
dudng thing v tin cla miat phing afin. Pudng thing nay c6
phuong trinh xg = 0 d6i v6i muc tiéu xa dnh {Ay, A; Ag; E} va
chda tat ca cdc diém vé tdn cha mit phéng afin.

3.12. Ap dung k&t qua cda bai 3.11, ta 14y mdt diém O nim ngoai
mat phing afin va suy ra néu mdt diém M cé toa do afin 1a (xy,%)
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thi toa d6 xa dnh ctané 1a M = (x1,%2,1) vi OM = X e +X, e, +1e;

Ia vects chi phuong cha duting
thdng OM. Gia st d&i vei muc
tiéu afin da chon, cho duong
théng afin A ¢6 phuong trinh
ax; + bxy + ¢ = 0. Pudng thing
A nay nhén vectd v= (b,a)
lam vecto chi phuong. Do d6
dusng thing di qua O nhan v
lam vects chi phuong (song
song véi A) dat tuong ung vdi
diém vé t4n cha A, c6 toa do l1a
(b, -a,0).

My ,x5)
A 2 :
N L —— = E(l,1)
(Ovl) Il f
! !
? i
i '
A i .
Ay ) L%
(0,0 ! A1)

0

CHU Y. Trong khéng gian xa anh, diém afin théng thutng va
diém v6 tdn ddu c6 vai trd binh ddng va ¢6 tén chung la diém xa
anh. Déi v6i muc tiéu xa dnh {A;,Aq A E} thi dudng thing x, = 0
di qua Ay,A; déng vai trd dudng thing vé tan.

3.13. a) Phuong trinh tham s cia m-phing x4c dinh béi m+1 dinh
ddu tién A, A,, .., A, cda muc tiéu 3 :

r _ .
X =t
Xz =ty

J Xmel = tm+1
x1‘1:H—2 = 0

\xn*_l =0

Phuong trinh téng quat ciia phing d6 1a :

Xmig = 0

Xne1 = 0
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b) Phuong trinh tham s& ciia m-phing x4e¢ dinh bdi m+1 dinh

cudi cta muc tidu A, e, Anmezr o Anmems Anal 180

X1=0

Xp-m = 0

Xn-me1 = Y

X541 = bl
Phuong trinh téng quét clia phing dé 1a :
Xy = 0

Xp-m =0

¢) Phuong trinh téng qudt ca siéu phlng di qua tdt cid cédc
dinh cla muc tidu trir dinh tha k la : x, = 0.

3.14.Goi
E, = A,EnA,A, E; = A,ENE,E,
E, =A,EnAA,  va |E) = AJE N EgE,
E; = A;EnA A, E} = A,ENEE,

Ta c6 A; = (1,0,0), Ag = (0,1,0), A; = (0,0,1), E =(1,1,1). ’
8) Ta tinh dugc toa dd cdc dung thing A E, AE, AR :
AE =[0, -1,1], A;E ={-1,0,1], A;E =[-1,1,0]
b) Toa d6 cdc difm E; va E; vdii=1,231a:
E,=(0,1,1),E.=(1,0,1),E;=(1,1,0)
E;=(0,-1, 1),E;=(-1,0,1),E3=(-1,1,0)
¢) Muén ching minh ba difm E,, E,, Es thing hang ta tinh
dinh thic toa dé ciia chiing va thay ring dinh thic nay bang 0. Cé
thé lap phuong trinh cha dudng thidng di qua hai trong ba diém
E\, E2 E; réi ching té6 ring didm cdn lai ¢6 toa d6 thdéa min
phuong trinh dudng thing vira tim duoe.
Ta tinh dugc toa d§ cia dudng thing qua E,E,, E; 1a: (1,1,1]
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‘Chd thich : Ngubi ta goi tén duomg thing ¢6 toa ds [1, 1, 1] 1a

dudong thdng don vi. Trong viéc chon mue tiéu xa anh {A,, Ay, Ay
E} ta c6 thé chon dudng thing don vi thay che viée chon diém don
Vi, :
3.15. a) Gia s X 12 mgt diém thude duding thing AB va X = (x,, Xz,
X3). Ta ¢6 diéu kién cdn va di d€ ba diém A, B, X thdng hang la
cdc vectd dai dién cho ba difm 4y lam thanh mot hé vecto phu
thuge tuyén tinh nghia 13 : ’

X; Xp X3
a, a; ag! =0

Bé chinh 12 phuong trinh cla dutng thing AB. Néu goi
[, vz, ug) Ia toa dd cha dudng thing AB ta c6 :

Cédch khéc : Dutng thing AB trong P ¢6 phuong trinh dang :

b, b,

a; 8
by b

4 ag

3 ¥

[uy, uy, ug] = l:

UjX) + UpXy + UgXz = 0
Vi dudng thing nay di qua diém A va didm B nén :
{ula1 +Upay + Uzag = 0
by +upby +uzbhy =0
'Giai hé hai phuong trinh nay véi 4n 1a [uy, up, us] ta tim duge
két qua nhut & phin trén.
3.16. Theo gia thiét dudong thing a cé phuong trinh ;
a:X) + AgXg + a3xz = 0
va dudng thang b c6 phueng trinh :
bixX; + baxy + baxs = 0

Giao diém cta hai dudng thing a va b c6 toa dd théa man hé
phuong trinh ;
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blxl + b-zx-z + bsXa =0
Giai hé phuong trinh nay ta ¢6 ;

dy ag
by by

az 2,
b; by

¥ L

aﬁb=(X],X2,X3)=(

|

3.17. Trong P? vdi muc tidu xa anh da chon, dudng thing d c6
phuong trinh dang u;x; + usxs + ugxy = 0.
Vi duting thing nay di qua ba diém A, B, C nén ta c6 :
U;8; +Ugdy +Usay =0
u; by +uyb, +uzby =0
U;Cy +UgCy +UzCy =0
Diéu kién cdn va di dé hé phuong trinh tuyén tinh thuin

nhit nay ¢6 nghiém [u,, uy, us] khong phai 12 nghiém tdm thudng
1a :

4; 4 ag
bl b2 b3 = 0
€, C &3

Céach khéc. Goi a,b,c 12 3 vecto ldn lugt dai dién cho ba diém
A, B, C. Ta c6 didu kién cin va dd d€ 3 diém A, B, C thdng hang
trong P? 1a hé ba vecto {a, b, ¢} phu thudc tuy&n tinh. Tt d6 ta suy
ra dinh thitc cap ba trén phai bing 0.

3.18. Gia st M(x;, xs, x3) 12 giao diém chung clia ba dudng thing
nghia 13 M(x,, x, Xa) thudc mbi dudng thing. Do 46 ta cé :

£1X; + CoXg +C3Xg =0
Diéu kién cdn va di dé hé phuong trinh tuy&n tinh thuin

nhét nay cé nghiém (x,, x5, X3) khong phdi 12 nghiém tAm thudng
(1a toa dd giao di€m ) 1a :
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lay a; a4
©1 C ¢

NHAN XET : Hé ba phuong trinh trén tuong duong véi hai
phuong trinh nghia la ma tran cde hé s6 ¢6 hang bdng hai. Tir d6
ta ¢6 thé suy ra didu cdn ching minh |

3.19. Goi I la giao diém
cia hai dudng thing d va
d vi hai dutng thing
phian biét trong mat
phing xa anh P? lusn
ludn c4t nhau, Ta ki hiéu :

R(0,0.1)

P = AR ~ AB,
Q = AC ~ ATC,
R =BC ~ BC.

Chon bon diém (A, A, R; 1} 1am mue tidy xa dnh vi bt e ba
diém nio trong bon di€m nay ciing khong thdng hang.

Ta c6 toa d5 céc diém sau day:
A=(1,0,0,A=(0,1,0,R=(0,0,1}E=(1, 1, 1).
Diém B thudc dudng thing IA nén: [B] = m(I] + n[A)

by 1 1 b; =m+n
by |[=m|1l[+n{0| = b, =m
b3 1 0 ba_—"m

Do d6 diém B ¢6 toa do biéu thi biing dang tham sé sau day:
B=(b, 1, 1)

Tuong ty diém B’ thupe dutmg thing TA' va ta 6 B = (1, b, 1).

Tacd C=IANRE:
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1A [i (1)]:[0,1,—1]

. N > C=(1b,b)
RB': [ J = [—b’, 1, 0]

C=IANRB:
010
TA": -
L 1 1]:[1’0’ o
o o0 1 =C=(b,1,b)
RB_:[b X Ja[—l,b,o]

Ta tinh toa d6 cla giao diém Q = AC n AC

(1 0 0

AC'; -

iy 1 b}:[o’ b1l Q = (b, b, bb)
- = = ] *
01 0

A'C: "0, —
-1 b br:I:[b’O’ 1]

Bay giv ta cdn tim toa d§ ciia diém P = AB' ~ AB

1 0 ©

AB': -1 b’
1 b 1}:’[0’ b1 .
:0 10 = P=(bb,l)

AB: -

_ b 1 1J::»[l,l’), b]
Xét dinh thie cia ba diédm P, Q, R ta c6 :

b b 1

b b bb! =bb —bb=0.

0 0 1

Vay ba diém P, Q, R théng hang (Bai tap nay 13 ndi dung ciia
dinh li Pappus trong mit phing xa anh).

3.20. Trén dudng thidng p ta cé ba diém Py, P,, P; va trén dutmng
thing q ta c6 ba diém Q,, Q,, Qs (xem hinh vé).
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Ap dyng dinh li Pappus
(bat 3.19) ddi véi hai bd
ba diém thing hang P,,
Py, P; va Q), Qa, Q5 ta cé :

P1Q: nPyQ; = M3
P1Qs nP3Q;, = M,
P:Qs n PsQo = M,

Véy ba dlé,m Ml} Mz,
M; thing hang.

3.21.Goi S 1a diém déng quy cia cdc dutmg thing AA, BB, CC. Ta
ki higu : '
D = BC ~n B(C
E=CAnCA
F=ABn AB
Chon muc tiéu xa

dnh {A, B, C; 8).
Ta cé :

A=(1,00)
B=(0,1,0)
C=(0,0,1)
S=(01,1,1)
Cic diém A, B, C
lan lsgt n3m trén cac

dung thing SA, SB,
SC nén tacé :

A=(a11),B=(,b1),C=(11,¢.
Ta cdn tinh toa d3 xa anh ciia cdc didm D, E, F véi
D =BC~B(C :
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C :[0,1,0]
=(0,b-1,1-0¢)
B'C':[be-1,1-¢1-b]|
E=CAn CA :
:10,1,0]
= E =(a-1, 0, ¢c-1)
C'A’":[c-1,1-aca-1]
F=ABNAB
:10,0,1]

= F =(1-a, 1-b, 0)
AB':[1-b,1-a,ab-1]
Xét dinh thite toa d6 cia ba diém D, E, F :
¢] b-1 1-c¢ 0 b-1 1-¢
a-1 0 e-1l=0 1-b c-1=0
1-a 1-b 0 l1-a 1-b O
Vi dinh thitc toa d6 clia ba diém D, E, F bing 0 nén ba diém
D, E, F théng hang.
Ngugce lai néu ba giao diém D = BC n BC, E = CA n CA,
F = AB n AB' théng hang, ta cAn chitng minh ba dudng thing AA,
BB, CC déng quy. Xét hai tam gidc AAE va BBD cé dudng thing
ndi cdc dinh tuong ung la AB, DE, AB déng quy tai F nén theo
ching minh & phén thuin & trén ba giao diém cia cdc canh tuong
tng 124 AA' ~ BB = 8, AE ~n BD = C, AE n BD = C thing hang.
Do 46 ta suy ra AA, BB, CC déng quy tai S.
(Bai tdp nay 14 ngi dung ciia dinh If Desargues trong mat phdng xa nh ).
8.22. Goi P =BCnBC
Q=CAnCA
R=AB N AB
Hai tam gisc ABC va ABC ¢6 cdc dudng thing ndi céc dinh
tuong tng la AA, BB, CC déng quy tai S nén theo dinh i

Desargues, ba giao diém cla ba cip canh tuong u'ng la P QR
thing héng
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P B A «
3.23. a) Theo két qud & bai 3.13 ta ¢6 phuong trinh tdng quét cla
m-phing P x4c dinh b&i m+1 dinh diu tién 1a :

Xms2 = 0

Xpe1 = 0

Goi Q 1 cdi phing di qua cde dinh cdn lai Amue, Amss, -, Anuy

cia muc tidu (gém c6 n-m diém déc lap ) nén cé phuong trinh
tham s& 1a :

L Xn+s1 = tn+l

Do d6 ta suy ra phuong trinh tdng quit cda phing Q la hé
phuong trinh béc nh4t c6 hang bing m+1 sau day :

Xm+1 =0.
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b) Mudn xét vi tri tuong déi cia P va Q ta xét phuong trinh
tim giao P Q :

Xl = 0
m+l = 0
l]xm+2 0
X1 =0

Hé nay cé nghiém tdm thudng (khéng phai 1a diém xa anh)
nén P~ Q = @. Nhu vay P va Q 1a hai c4i phing chéo nhau.

¢) Phing P dugc sinh ra. tit khéng gian vectd m+1 chidu V™!
cdn phing Q duge sinh ra tit khong gian vecto n-m chidu V™.

Ta c6 dim P = m va dim @ = n-m-1.

Vi P va Q chéo nhau nén ta cd :
dim(P+Q =dimP+dim@Q+1
=m+ (n-m-1) +1 = n.

Vay phing téng (P + Q) ¢6 s6 chidu bing n nghia la chiém
toan b khong gian.
3.24. a) Mudn chimg minh {A; E} vdii =1, 2, .., n 12 mue tidu xa
4nh trong siéu phing P ta chi cdn ching minh bat cf bd n diém
nao trong sd n+1 didm A, A, .., A, E déu la hé diém doc lap. Ma
tran toa d§ cia cdc diédm A, A, ., A, 12 mét ma tran c¢6 hang
bing n nén A,, A,, .., A, 1a mét hé n diém doc lap. Goi E 1a giao
cia dutdng thing E.,E vdi siéu phing P. Ta d& dang tinh duge toa
d6 didm B la (1, 1, ., 1,0) gdm n s6 1. Bay gid néu trong ma tran
trén ta thay toa dé cta diém A; (1 <i < n) bdi toa do didm E thi ta
thdy ring ma tran nay vin c6 hang bing n. Vay hé diém {A,, ..,
ALE, A, o, A,}) 12 mét hé n didm déc lap. Do dé {A;, As, ., Ag;
E'} 1a mdt myc tiéu xa &nh trong sidu phing P. _

b) V61 muc tiéu xa dnh {A; E} trong P°, siéu phdng P c6
phuong trinh x,,; = 0 nén moi diém X thudc P déu c6 toa dé thit
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n+1 biing 0. Gid st ta lay mét diém X thude P c6 toa d9 ddi véi
muc tidu {A;; E} 1a

X = {X1,Xg, .., X, 0)
Goi {a, g,...,aﬂ} 1a ¢o s cda V™! tuong dng véi muc tidu
{A;; E} trong P" va goi V" la khéng gian vecto sinh ra sigu phing P.
Khi d6 co sé {E;,%,...,E;} cha V* dng véi muc tiéu {A;, A,,
Ay E)L
Goi x1a vecto dai. dién cho diém X thudc P. Khi d6 vecta x c6
toa dj d6i v6i co sd {e,, é-;,...,e_n-,ézu } eling 1& (x4, Xg, ..., X,, 0).

Tacé: x=xe +..+x.e, +0e,,,

hayla x=xe +..+x e,

H¢ thic nay ching t6 dsi v6i co sé {e;,e,,...,e, } vecto x dai
dién cho diém X ¢6 toa dé 1a (x;, %2, .., x,). Do d6 didm X c6 toa 46
ddi v6i muc tidu {A;, A,, ., A E} Ia (%1, Xg, ., X,).

3.25. Trong P? tam gidc A;AzA; va mdt diém E ¢6 thé tao nén mét
muc tiéu xa dnh {A,, A, Ag; E'} khi bat o ba diém nao trong bon
diém dé khéng thing hang. Mot dudng thing e khong di qua cdc -
dinh A,, Ay, Ag ¢6 phuong trinh 13 : |

WX, + UpXs + UgXz = 0.

Tacé uy =0, uz # 0, uz = 0 vi dudng thing e nay khéng di qua
cdc diém Aj, Ay, As. Thuc hién phép bién déi muc tidu bdng céng
thite ;

r

X; = 1x
1 =%
u
. 1
1%2 = — X,
us
X, 1x
3 = —
ugy 3
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thi muc tiéu {A;, A;, Ay; E'} 58 bién thanh muc tidu {A;, Ay, Ag; E}.
Khi d6 d6i v6i muc tiéu {A;, A,, Ay; E} dudng théng e ¢6 phuong
trinh :

X1+ X2 +X3=0

Nhu vay ta tim duge diém don vi E.

NHAN XET. D& lam mot bai todn xa 4nh trong P?, khi lua chon
muc tiéu xa dnh {A;, A,, As; E} ta c6 thé thay viée chon diém don
vi E béing cdch chon mdt dudng thing bat ki khéng di qua cde
dinh cia myc tidu lam dutng thdng dom vie = [1, 1, 11.

3.26. Gia sif dudng thing d; trong P ¢6 phuong trinh :
@y :{alxl + 89Xy + 83Xy + 4%y =0 (o)
bix; + boxy + byxy +byx, =0 ()

Cé6 thé xem d, 12 giao tuyén cia hai mat phéng (o) va (B). Goi
R la mdt mit phdng chita (d,) = a ~ B va gid st R ¢6 phuong trinh:

NX) + X + IsXg + X, =0 (R) (1)
khi d6 hé hail phuong trinh x4c dinh giao tuyén (d,) tuong duong
vdi hé ba phuong trinh sau day:
ax; +a3%y +a3X3 +a,%x;, =0
b;x; + byxy + byxg + byx, =0
NX; +ToXg + X3 +x%, =0
Didu d6 c6 nghia la 1; = pa; + gby (2)
voi(p, )= (0,0)vai=1,2 3 4.
. Do d6 mit phing (R) chita d, ¢6 phuong trinh sau day :
{pay + gby)x; + (pas + gbg)xs + (pag + qbs)xs + (pay + qby)xs = 0 (3)
< plaiX; + asXs + a3Xs + a4%g) + q(biX; + byXe + beXy + byxy) = 0.
Gid st diém M cho trudc c6 toa 4 1a (m;,mg, ms, my) va vi
M e (Rynén: :
playm,; + asm, + asm; + agmy) + q(bym; + bemy + bsms + byny) = 0.
Ta c¢é thé chon p = bym; + bym, + bym, + bym,
q = ~(a;m; + azmgy + azmg + amy).
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Thay céc gid tri cita p va q vao phuong trinh (3) ta ¢6 phuong
trinh mit phing R di qua M va chda d,.
Gia st dudng thdng d, trong P* chéo véi d,, ¢6 phueng trinh :
€)X + CyXp + C3X5 + C,Xy =0
Tuong ty nhy phan trén ta l4p phuong trinh mat phdng (S) di
qua M va chida dudng thdng d,. Phuong trinh biéu thi giao ciia hai
m3t phdng (R) va (S) chinh 13 phuong trinh cia dudng thing di
qua diém M v cit hai duding thing d, va d; chéo nhau.
3.27. Diéu kién cin va dd d€ cho hai dudng thing chéo nhau la
dinh thific ma trdn cdc hé s cla hé bdn phuong trinh di cho khdc
khong, nghia la :
a4 a; a; ay
by by by b,
€1 C &3 ¢4
d; dp d; d,
Khi d6 hé phuong trinh gém bén phuong trinh di cho c6

nghiém tadm thudng tdc 1a hai dudng thing di cho chéo nhau vi
ngudc lai.

=0

§4
3.28. Goi ¢ la phép bi&n ddi tuyén tinh sinh ra phép bién déi xa
anh f.
ViflA)=A;v6ii=1,2, ., n+lnén:
¢le;) =k,e; v6ii=1,2, ., n+l v6i moi k = 0.
Do d6 ta c6 phuong trinh cia phép bign d6i xa dnh f1a :
xi = k1x1
X'2 = kzXz

f a
Xnet = l':-::l-e-1xn+1
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Véi mbi bd s8 (k, ky, .., kge)) trong d6 moi k; ddu khdc 0 xdc
dinh mdt phép bién ddi xa dnh c6 tinh ch4t bi&n cdc dinh cda muc
tiéu {A;; E} thanh chinh né.

3.29. Dya vao két qud cia bai 3.28, ta c6 phép bién ddi xa anh f
bién cac difm M cé toa dd (x4, Xg, .., X,.;) thanh cac didm M = RM) ¢
toa Ao (kixi, keXy, .., knyiXae1) vOi moi k; # 0. Mat khac theo gia thist
phép bién d6i xa &nh f con bién c4de didm cha siéu phdng x,,, = 0
thanh chinh né tuc 1 bi€n cdc didm M c6 toa d (x;, Xq, .., X5, 0)
thanh cde di€m fIM) c6 toa 4o (kx, kxs, ... kx,, 0) v&i k # 0. Phai
hgp hai diéu kién trén ta 14p duge phugng trinh cia phép bign ddi
f nhu sau :

x; = kx,
L

xy = kx,
x; = kx,

x;1+1 = kn+].x:1+l .

NHAN XET : V6i mdi bé hai s8 (k, ka.1) = (0, 0) ta ¢6 mt phép
bi€n d6i xa dnh f théa man cdc didu kién cla bai todn. Né&u
k = kg, ta c6 phép ddng nhat .

Phép bién d6i xa dnh f néi trén bién cc duong thdng d di qua
diém A,.; thanh chinh né. That vay goi N la giao diém cia d véi
siéu phing x,,; = 0. Theo gia thiét cdc diém A,,, vA4 N déu la cdc
diém kép cia f. M#&t khdc ta biét riing qua phép bién d8i xa anh
mot dudng théng c6 dnh 1a2 mot duwong thing, do d6 dudng thing
anh di qua A,,; va N nghia la f(d) = d.

CHU Y. Ta c¢6 thé€ diing phuong phdp toa d6 d€ chimg minh
tinh chit f{d) = d nhy sau :

X e dutng thing ¢ < [X] = a[A.,1] + bIN].
Viy mébi di€m X thuge du¥ng théng d eé toa do dang :
d 3 X = (bny, bny, ., bn,, a) vé¢i N = (n,, na, ..,n,, O
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Qua phép bién d8i xa Anh f néi trén mot diém X thude dutng
thdng d bién thanh mét difm X = fIX) c6 dang toa dd nhu trén
nghia la :

X = alAq.l + bIN]
trong d6 a = k,navab =kb. Vay difm X thudc dudng thing d.

3.30. Lap phuong trinh tim di€m kép ciia phép bién d4i xa anh f,
tacd:
~kxy +x, +%53 =0
Xl - kX2 + X3 = 0
Xl + x2 - kX3 = 0
Mudn cho f ¢6 diém kép thi he phuong trinh trén phai c6

nghiém khéng phéi la nghiém tdm thuimg, nghia 12 phai théa
maén diéu kién :

-k 1 1
1 -k 1/=0 ok+1%2-k)=0
1 1 -k

= k1,2 =-1, k3 = 2.
-Vdi k = -1 ta c6 phuong trinh tim diém kép cha f1a :
Xl + X2 + Xa = 0
x1 + X2 + Xa : 0
Hé¢ phuong trinh nay c6 hang bing 1 va tuong duong véi
phuong trinh sau day :
X1+ X+ X3=0

Vay tap hop cdc diém kép thuse dudng thing ¢6 phuong trinh
X1 + Xz + X3 = 0, duding thing nay chwa tat ci cde didm kép cda f.

-Véi k = 2 ta e6 phuong trinh tim diém kép cda fla :

285



2% + X5 +X3=0
X, +Xy —2x3 =0

Hé phuong trinh nay cé hang bing 2 va tuong duong véi hé
hai phuomg trinh sau :

X9 = X3
X, = X3
-Ta ¢6 diém kép 1a (x;, xz,x3) = (1, 1, 1)

Vay phép bign d6i xa dnh f ¢6 mot di€m kép va c6 mot dudng
théng chia toan diém kép.

3.31.Ta ¢6 phuong trinh tim diém kép ctia phép bién ddi xa 4nh
fla:

k.x.2 = 6)(1 - 3X2 <~ le - (k -+ 3})(2 = 0
kX3 =X1—‘X2—X3 X -Xz (k+1)x3—0

Mudn cho f c¢6 diém kép thi hé phuong trinh trén phdi cé

nghiém khéng phai la nghiém t4m thudng nghla 14 phdi théa min
diéu kién :

4-k -1 0
k-3 0 |{=0o-k¥+7k+6=0
1 -1 k-1

Sk+IX-K+k+6)=0
Ta c6 ba nghigm k; = -1, k; = 3, k3 = -2.
» Véi k; = -1 ta ¢6 phuong trinh tim di€m kép cia f1a :
5%y -%, =0
6x, - 2x, =0 = didm kép P = (0, 0, 1)

X —Xo “‘0X3 =0

s Véi k, = 3 ta c¢6 phuong trinh :
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Xl - XZ = 0
X1 =X
le _6X2 = 0 p=—4 {
X~ Xy +4%3 =0
X; ~ Xy +4%43 =0
- = difm kép qQ = (1,1,0).
® Véi ks = -2 ta ¢6 phuong trinh :

6x) -x5 =0
f=2

6xy ~x, =0
1 2 XI—X2+X3=0

X)Xy +X%3 =0

= diém kép R = (1,8,5).

Phép bién d6i xa dnh ¢6 tinh chat bao tdn dutng thing va cé
ba diém kép 1A P, Q, R. Ba diém nay doc ldp vi cé dinh thic toa
dd cla ching khéc 0. Do d6 ta c6 ba dudmg thdng bt bign qua f 1a
cdc dubng thdng PQ, PR, QR.

o

0 1 '
PQ ¢6 toa do 1a [u,, u,, ug] = ,:1 0] =[-1,1,0]=11, -1, 0]

& O -

0
PR c6 toa d 12 [uy, uy, us] = [1 5

1] =[-6, 1, 01 = [8, -1, 0]

=2 ]

1
QR c6 toa d§ 1a [uy, uy, ug] = ,:1 5

O] =[5, -5, 5] =1, -1, 1)
Vay cdc dt.rdng théng bt bién qua phép bi€n d6i xa anh f c6
phuong trinh 13 :
PQ:x;~x=0
PR:6x;~x,=0
QR:x —x, +x3= 0.

3.32. Mudn ching minh f 1a mat phép thau xa c6 tdm va nén, ta
ching minh phép f nay c6 mot didm kép 14 tdm thau xa va c6 mot
dudng thing kép la nén thiu xa. Ta lip phuong trinh tim didm
kép ctia phép bign ddi xa anh f -
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kx, =%, + X, —kX, + X3 +%3 =0
kx; =x; + x5 X, +Xy ~kx; =0

Ta cé phuong trinh dic trung cla f:

k 1 1
1 -k 1i=0 o k+1*2-k)=0
1 1 -k

= k]‘z = —1, k3 =2
Theo két qué tim diém kép & bai 3.30 ta ¢6 :

Véi k =-1 ta c6 dudng thing kép chéa toan difm kép c6

phuong trinh
X+ Xe+X3=0

V6ik = 2 ta cé toa dd ciadiém kép laT=(1, 1, 1).

Vay phép bién ddi xa 4nh f la phép thfu xa tam I = (1, 1, 1)
va c6 nén la dudng thing d c6 phuong trinh x, + x; + x3 = 0. Trong
trudng hop nay moi dudng thing di qua tdm thau xa I déu bi€n
thanh chinh né vi cdc dudng thing dé di qua tdm I khéng thuje d
va mdt diém kép thude d. Phép thdu xa nay 12 phép thdu xa m-cap
v6i m = 0 va duge goi 1a phép thdu xg tém.

3.33. Muén ching minh f I2 mot phép thiu xa ta cdn tim cdc diém
kép cta f . Phuong trinh tim diém kép ctta f1a :

kx, =xg — X4 ~kx; +Xp - %3 =0

kx, = x; + X3 &% —kxy +x3=0

kxy = 2x%; - 2x, + 3%, 2x;, —2x, +(3-k)x;3 =0

Cén va da dé f c6 diém kép la :

-k 1 -1
1 k 1 |=0e-k+3k*-3k+1=0
2 -2 3-k

o> &k-1-k*+2k+1)=0.
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Phuong trinh diic trung chi ¢6 mét nghidm k = 1,
V6i k = 1 ta ¢6 phuong trinh tim diém kép cita £ 14 -
~X) +X3-%X3 =0
X) - Xg +%X3 =0 X —Xo+ X3 =0,
2%, - 2%y +2x5 = 0
Nhu vay ta tim duge mot dudng thdng ma moi diém cta né la

diém kép va khéng c6 didm kép ndo ndm ngoai dudng thing do.
Véy phép thdu xa nay la phép thau xa dic biét ¢6 tAm thudc nén
thau xa.

Muén tim tdm thiu xa O ta chi cin 18y mjt cdp diém tuong
dng M, M = fiM) va tim giao diém cda dutmg thing MM véi nén
thau xa. '

Gid st M = (1 1 1). Dua vae phuong trinh cia f ta tinh duge

toa df cia f(M) = M = (0, 2, 3). Vay dudng thdng MM ¢6 toa do la:
0 11 11
= = -3
[U]_, Ug, U3] -2 3 s‘3 0 s 0 2” [1’ * 2]

Giao diém cia MM véi nén thiy xa :

-3
(X], Xz, XE) = -1 1I ‘

 Braa

Véay tdm thdu xa f 13 difm O = (- 1, 1, 2) va nén thau xa la
dutng thing ¢ phuong trinh x;, — x; + x5 = 0.

2.34. Trudc hét ta nhan xét riing néu moia; =0wiii=1,2 ..
n+l ta c¢6 f 1a phép déng nhat. Khi dé moi diém cia P* déu la

di€m kép. Bay gid ta gia s moi & khéng déng thii bing 0 va ta
c6 phuong trinh tim diém kép cia fla -

(a-k)x; +a;x,,; =0
(a~-kxy +agx,,, =0

(a_k)xnﬂ + 85,1 XK. =0
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D& tim duge toa d6 cic diém kép, phuong trinh trén buje phdi
khéng ¢6 nghidm tdm thudng. Do dé ta phai c6 :
{a-kKa-k+a,)=0
e V6i k = a thay vao phuong trinh tim diém kép ta ¢6 hé
phuong trinh :

alxn+1 =0
ApXp, = 0
a‘n+1xn+1 =0

Vi it ra c6 mdt a; # O nén ta suy ra X,,; = 0 13 sidu phing chl.’{a
toan diém kép. '

* V6i k = a + a,,, thay vao phuong trinh tim diém kép, ta tim
duge mot di€m kép c6 toa do 1a (ay, ag, ..., Ans1).

Né&u a,,; = 0 thi siéu phdng 46 thudc siéu phing x,,, = 0.

Vay ta ¢é cac két qua sau déy :

a) Néumoi a; # 0 vdii = 1, 2, .., n+1 ta c6 f la phép déng nhat.

b) N&u cé mét a; # 0 va a,,; = 0 ta c6 sidu phing x,,; = 0 chda
toan diém kép.

" ¢) Néu a,,, # 0 ta c6 siéu phing X, = 0 chia toan didm kép
dong thoi lai con cé thém mot didm kép c6 toa dd (a,, as, ., 8n41)
khong thude siéu phing x,,; = 0.

CHU Y. Néu phép bién di xa anh f khong phai 12 phép déng nhat
thi f 1a phép thau xa m-cip v6i m = 0, ¢6 nén la siéu phing
Zn,1 = 0 vA ¢6 tAm thdu xa 12 didm kép c6 toa 4% (ay, ag, .., 8ns1).
Né&u 8, = 0 tdm thfu xa khi d6 thuge nén thiu xa, con néu
3., # 0 thi tAm thiu xa s& khéng thudc nén thau xa. Day 1a phép
thau xa tam trong P".
3.35. a)Ta c6 theo gia thiét :
A=(1,0,0->4=0(0,0,1)
Ay=(0,1,00>E=(1,1,1)
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A3 =1(0,0,1) > A, =(1, 0, 0)
E=(1,1,1) > A, = (0, 1, 0)

Gol ¢ la phép bién d3i tuy&n tinh cdm sinh ra phép bién ddi
xa dnh f va goi ej,e),e}, e’ 1a cdc vectd lin lugt dai dién cho cdc
diém A3, E ,Al, Ag. Ta cé :

P
= —ei+ez+ea

0 0 1 1 O=B+y
l|=af{0|+Bj1{+y{0]| & 1=p
0 1 1 ¢ O=a+p

Giai hé phuong trinh nay ta tinh duge o = -1,8 = Ly=-1

Do d4
e] =(0,0,-1) 0 0 -1
e; =(1,1,1) >matrinchuydnC=|1 1 1
e, =(-1,0,0) -1 0 0
0 1 1
>C'={0 1 0
-11 0

Ta tim dugc ma tran cta phép bién déi tuyén tinh o Ia C". Ma
tran C' nay cing 1a ma trdn cia phép bi€n déi xa inh f duge cam
sinh béi phép bién ddi tuyén tinh .

Do d6 ta c6 phuong trinh ciia phép bign d6i xa anh d&i vai
muc tiéu di chon 1a k[x] = C'[x]

X] 0 1 -11x, kx) =x, - x4
Hay: kixj|=10 1 0{x| o {kx}=x,
X3 -1 1 0]|xg kxy = -x; +x,

b)Phuong trinh tim di€m kép ciia phép bign ddi xa anh f:
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(- kx, =0
-X; + Xy —“kxy =0

Mudn c¢6 diém kép clia f thi hé phuong trinh trén phai 6
nghiém khéng phai 14 nghiém tdm thutng. Pidu kién d6 12 :

-k 1 -1
0 1-k 0|=0<k1-K-(1-K=0
-1 1 -k '

S (1-kE-1)=0

Ta ¢6 cdc nghiém k, = 1, k, = -1.
¢ Vi k; = 1 ta c¢6 phuong trinh tim diém kép ciia f :

~X; +Xp -X; =0

0%, =0 ©ox3-X+x3=0

-X, +X5 —-X3 =0

Tép hgyp cdc diém kép cia f la dudng thing d ¢6 phuong trinh
X —Xp+X3=0

» Vdi k; = -1 ta ¢6 phuong trinh tim di€m kép cia f :

X+ X3 —X3=0
Xy =0
2x, =0@{2

X11X
—X) +Xp +X3 =0 3

Ta c6 diém kép cia fla dim I <6 toa dd (1, 0, 1).

C6 th€ nhén xét thém ring qua phép bi€n d8i xa anh f dudng
thdng A,A; bién thanh chinh né va dudng thing A.E ciing bién
thanh chinh né. Do d6 giao di€m I = A;A; N~ AGE 12 mét diém kép
ciia f. Tadé dangsuyral=(1, 0, 1).

¢c) Goi B l& ma trdn cia phép bién d6i xa &nh f, ta co
[x] = Blx]. Goi [x] 14 ma tran cdt toa dd cia mot didm M tiy y
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trong P [x] la ma tran cét toa d¢ cia diém N = fiM) va [x'] 12 ma
tran cdt toa do coa didm f(N). Khi d6 ta ¢6 [x ] = Blx] = B.B[x] =
= [x] vt B.B = 12 ma trdn don vi. That vay :

0 1 -17f0 1 -1 1 0 0]
BB=[0 1 0/|lo 1 ol|=101 0
11 0|l-11 0l |0 01

Do d6 fiN) = M nghia la M la anh caa N qua f. Ta néi rang f
c6 tinh chit dai hop.
3.36.Gid siif f 1a phép bién ddi xa anh cda P2 Néu f ¢6 3 diém kép
thdng hang trén mot dudng thing d thi do tinh chat bao toan ti s§
kép cla f ta suy ra moi diém ciia d déu 1a kép. Do d6 f ¢6 mét
dutng thdng chita toan difm kép. Putng thng nay déng vai tro
sidu phing cia P2

Néu ngoai d ra khéng con c6 mot didm kép nao khéc thi f 1a
phép thiu xa dic bidt (cé tAm thugc nén thiu xa). Néu ngoai d con
c6 mét di€ém bat dong hay la di€m kép duy nh4t nia thi f la. phép
thau xa O-cip hay phép thau xa tam. N&u ngoai d cdn cé qud mét
diém kép thi f 1a phép déng nhét va phép nay cé thé coi la mdt
trudng hgp dic biét cia phép thdu xa.
3.37. a) Gid s{ f 12 mdt phép thdu xa m-cip trong P”. Khi dé tén
tai hai cai phng P™ (m < n) va P"™! khéng cft nhau va chua
todn nhitng di€m kép cha f. Vi dim P™ = m nén c6 thé chon trén
phéng dé m+1 diém dac lap la: A Ay, ..., AL Vi dim P"™ ! = n-m-1
nén c6 thé chon trén phing dé n — m diém doc lap Anny, Ameg, ..,
Aq. Chon thém mét diém E khong niim trén P™ va PP (33 ching
la hai cdi phdng chéo nhau) ta duge mt myc tiéu xa anh trong P*
lA {A; E} v6ii=0,1, .., o

D61 v6i muyc tidu d6, m-phéng P* ¢6 phuong trinh

Xmil = Xmaz = oo = X = )
con (n-m-1)-phdng P*™! ¢6 phuong trinh :

x°=x1=__,:xm:0
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Qua phép thiu xa, cdc didm cia P™ va P"™! déu kép nén ta
suy ra biéu thic toa dd cia f d6i v6i muc tiéu da chon cé dang :
kx; = px; v6ip #0vai=1,2,...,m
{kx’j =qx; vdig=0vaj=m+l; m+2, .., n
Ma tran A cla f ¢6 m+1 s& p vd ¢6 n- m s8 q trén dubng chéo

chinh, cdc 56 con lai déu bing 0 nghiala :

p

L q

Khi d6 phép thau xa f cé6 phuong trinh la k[x] = Alx].

Néu p = q thi f 13 phép déng nhéat.

b)N&u M va M la mét cip diém tuong ung nio dé cha f (tat
nhién M khéng phai 1a diém kép). Gid st M = (%o, .., X, Xeaels --.s
Xn). Vi M khong nidm trén P™ va P*™! nén trong cdc s8 X, ..., Xm
phdi ¢é it nhat mot s& khéc 0 va trong cAc 86 Xmai, ..., Xo cing phai
6 it nhat mét s6 khdc 0. Ta ¢6 M = (pXo,..., PXms QXmels -orr QXn):

Gia st dudng thing noéi M va M cdt P™ va P*™! l4n lugt tai
hai diém U va V. Diém U thude duomg thing MM nén U c6 toa 46
la :

[U] = o[M] + B[M]}
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Mat khée diém U e P™ nén toa do cha n6 phai thda man
phuong trinh cia P™. Do d6 véi U = (u,, uy, ..., Up, Up,q, ..., 1,) thi
Upel = -0 = Uy = 0.

Tacé:u =axj+ Bax; =0 véij= m+1,., n.

Vi it nh&t ¢6 mdt x; # 0 nén o + fq = 0. Ta lay B = 1va a=—q.
Viy dudng thdng MM cdt P™ tai diém U ma :

[U) = —q(M] + (M]

Twong tu dudng thing MM cit

P*™ tai Vma :

(V] = —-p(M] + [M]
Tir 46 ta suy ra

MMUV)="2 = Py 13 hg 56 thau xa.
-q q

Nhu vdy ti s§ kép (MMUV) khéng
phu thude vao didm M.

* Néu k = 0 ta ¢6 (MMUV) = 0, do
d6 U=Mhofie V=M. Khi M= U, vi
U la diém kép nén'M = U. Lic d6 P™ trd thanh mdt didm la
O-phdng va P"™! 13 mdt sidu phdng. Trudng hop V = M ta c6
P™™ Ja mét di€m va P™ 13 mét sidu phéng.

* Néu k = -1 ta ¢6 (MM'UV) = -1. Khi d6 (MMUV) = -1, ta c6
fM) = M va fiM) = M hay f* 1a phép déng nhat. Vay f 1a phép
thau xa d6i hgp.

3.38.Ta biét tap hop cdc phép bién déi xa anh cia P° lap thanh
mdt nhém va tip hgp cdc phép thdu xa la mot tdp hgp con cha
nhém d6. Do d6 ta chi cdn ching minh hai tinh chét :

1) Tich cia hai phép th4u xa ¢6 chung mjt siéu phéng P lam
nén 1a mot phép thau xa nhan siéu phing dé 1am nén.

2) Pdo ngugce ciia mdt phép thau xa c6 nén 1a siéu phing P [a
mot phép thau xa nhan P lam nén.
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Goi g va f 1a hai phép thiu xa nhan siéu phing P ]1am nén
nghia la tat cd moi difm cha P déu l1a diém kép cda g va £ Do dé
f(P) = P va g[fiP)] = g(P) = P.

Mat khdce fP) = P nén ta ¢6 £ (P) = P.

Viay tap hop tat cd cdc phép thiu xa c6 chung nén P lap thanh
mot nhém con cia nhém cdc phép bign d8i xa dnh cia P".

3.39. Gia st (2) la tap hop tat ¢d cdc phép thiu xa m-cip cia P"
¢6 cing co s¢ (a,p) véi « 12 m-phing, p la (n-m-1)-phéng va
a n 3 = & Theo bai 3.37, véi muc tiéu xa anh thich hgp ta ¢é
phuong trinh cia phép thiu xa fla:
[x] = Alx] trong d6 ma tran A c6 dang :
o ;
p

L q

Ma trin A ciia f ¢6 m+1 s8 p va ¢6 n—m s8 q trén dudng chéo
chinh, cdc s6 cdn lai déu biing 0. Gid sit M va M 1a mdt cap didm
tuong ing cha f v goi U, V 12 giao diém cta dudng thing MM lin
lugt vai o va B.

Ta c6 (MMUV) =2 -k goi 1a hé s6 th&u xa cia £, hé s8 nay
q

khéong phu thudc vao vi tri diém M e P".
Dé& dang ching minh dugc tip hgp cdc phép thiu xa cé co sd
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(e,8) 12 nhém con clia nhém cdc phép bién d8i xa anh cita P
DPing cdu gita nhém cdc phép thiu Xa ¢6 cing co s8 (o,p) voi
nhém nhéan cdc s khéc O cia trudng K dugc cho boi quy tée f - k
vdi k 1a hé s6 thau xa clia f.
3.40. Goi P la siéu phing ¢ phuong trinh uyx; + ... + Uy, Xa = 0.
Ta c6 thé viét phuong trinh cia siéu phing P dudi dang ma tran :
(ul'x] =
Vi phép bién déi xa dnh f ¢6 phuong trinh [x1 = B(x] nén ta cé:
(x] = B'[x] '
Do d6 [ul'fx} = [ul'B'[x1 (1)
Ta bi€t ring qua phép bién di xa anh f mot siéu phing P sé
bién thanh mét siéu phing P ¢6 dang :
] x1=0 (2)
So sdnh (1) va (2) ta ¢6 :
[ul" = [uI'B!
hay  [u] = (B*)"u}
Dua vao hé thic trén ta tim dude toa 46 [u] eia siéu phing
P = f(P) va viét dugc phuong trinh cfia sidu phing P’ = f(P}.

3.41. Gia sd f 1a phép bi&n ddi xa 4nh duge cam sinh bdi phép
bién ddi tuyén tinh ¢ : V™' - V™ Goi {e; } 1a co s& cda V™*! ing
vOi myc tiéu xa dnh {A; E} va {e] } 1a co sé trong V"*! tng véi
muc tiéu xa dnh {A;; E}. Tacé ¢ole;) =e' véii=1,2, .., n+l,

Gié st X e P vd X = (Xy, Xy, ..., Xp,;) d0i vdi muc tidu {4;; E}.
Goi x la vecto dai dién cho diém X Ta suy ra :

n+]

x=xlel+X292+ +xn+1en*l=zxiei
i=1

n+l n+l

(x)~2xq)(e)—2xe 1)

Theo dinh nghia cia 4nh xa xa 4nh thl ¢(X) 12 vecto dai dién
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cho diém X = f{X). Hé thic (1) ching té ring diém X c6 toa 48 dai
voi mue tidu {A; E) 12 (X, Xg, .y Xnet) v6i {A E'} 12 muc tidu dng
véico 86 {e }.

§5
3.42. a) Tinh (ABCD) :

Tatinhdugca=1,b=2

& o )
([Cl=alAl +b[B]l = |4|=2a|2]|+Db 1}
[Dl =cfA]l + d[B] = |5{=¢c|2]+d 1j|

Ta tinh dugecc=2,d = 1.
b

Theo dinh nghia ta 6 (ABCD) = 2:3-2.2 _ 4
, a ¢ 1 2
b) Tim toa 4 diém M sao cho (ABCM) = -1.
Tu [C] = afAl + b[Bltatinh dugca= 1, b= 2
' X, 1 2
[M]=clAl +d[Bl = |x, [=¢]|2]|+d]|1
X3 0 1
Ta ¢6 hé phugng trinh véi M = (x,, xo, x;,} :
x, =c+2d
Xy =2¢+d
Xy = d
Theo gid thiét (ABCM) = -1 nén % =% =-1=>d=-2¢

C6 thé& chon ¢ = 1 ta ¢6 d = ~2. Thay céc gid tri ndy cdac va d
vao phueng trinh trén ta tinh duge toa dd cda di€m M:
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X, =-3, % =0, x3=-2,
Vay M = (-3, 0, -2) = (3, 0, 2).
3.43. Ta biét rdng trén mdi dudng chéo cfta hinh b&n canh toan

phin, hai dinh d6i dién va hal diém chéo lam thanh mot hang
diém diéu hoa.

a) Ta hiay tao nén
mdt hinh bén canh toan
phian nhan A, B la hai
dinh déi dién va C 1a mot
diém chéo. Khi d6 ta dé
dang xde dinh duge dim-
chéo con lai 1a D (xem
hinh va).

b) Ta hay tao nén mét hinh bdn canh toan phan nhan A, B la
hai dinh d6i dién v& D 14 mét diém chéo. Khi d6 ta dd dang tim

N : 1
duge diém C. Ta chid ¥ r3 i (ABDC) =
gc diem a chd ¥ rdng vi ( ) (ABCD)

cba C va D 1a binh ddng trong hé thde da cho.
3.44.Cho {ABCD) = A. Tir hé b&n diém d6 ta c6 ti s6 kép sau day :
a} (ABCD) = (BADC) = (CDAB) = (DCBA) =
1 .1
(ABCD) &
¢) (ACBD) = (DBCA)=1-(ABCD)=1-x .
3.45. Gid s ta ¢6 : ‘
[C] = a[A] + b[B}
[D] = c[A] + d[B]
[E] = e[A] + fIB]
Ap dung dinh nghia cia ti s6 kép ta ¢6 :

(ABCD)(ABDE}(ABEC)—(-lz i) (E £} (E E) 1.

C ¢ e e a

=-1 nén vai trd

b) (BACD) = (ABDC) =
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Vay vdi 5 diém A, B, C, D, E thupc mét dudng thing xa dnh,

ta cé :

(ABCD).(ABDE)(ABEC) = 1.
3.46. Gid st N la diém trén dudng thidng d di qua M sao cho

O

1
1
1
1
|
:
|N!
1
1

X

(MNUV) = k v6i U, V lan lugt
la giao diém cia dudng thing
MN vgia vab. Khi d6 tacé :
(MNUV) =(OM,ON,0U,0V) = k.

Vay didm N luén ludn
thudc dudng thing Ox sao cho :

{OM, Ox, a, by = k.

Nguge lai véi mdi diém N
trén dudng thing Ox, goi U, V
l4n lugt 1a giao diém ciia dudng
thdng NM v6i a va b, Ta ¢6é
(MNUV) = k.

Vay quy tich nhiing diém N

khi d thay d6i nhung luén ludn di
qua M 14 dudng thdng Ox sao cho

(OM, Ox, a, b} = k.

3.47. Xét hinh bdén canh toan
phan AABB ta ¢6 O, M, N 13 ba
diém chéo.
Ta chitng minh duge quy tich
cia N 12 dung thdng Ox sao cho:
(a, b, OM, Ox} = -1.

3.48. Chon Ay, A, A; 1am dinh cla muc tiéu toa d9, con diém don
vi E cGa mue tiéu d6 thi chon sao cho dudng thing d cho trude cé
phuong trinh 1a x; + x5 + X3 = 0 nghia la d 1a dudng thing don vi
va d = [1, 1, 1] (theo két qui cda bai 3.25). Ta suy ra K; = (0,1, 1),

K2 = (_1: 0) 1)’ K3 = (_1! 1! O)‘
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Vi Ly, L, Lg 12 cde di€m 14n lugt thude cde dudng thing AyAs,
AsAy, AjAr nén toa d9 clia cdc diém L, Ly, Ly nay c¢6 dang sau day:

Ly={0,x,1), La=(y,0,1), Ly = (2, 1, 0).
Dya vie dinh nghia ti s§ kép ta tinh duge:

(AEA-'SK].LI} = -X, (AaA]Kng) = _—;“ ' (A1A2&L3) = —Z.

XZ

Vay (AzAsK L1).(AsA KoL) (A 1A K Lg) = -

0 x 1
a) Ly, Ly, Lythdng hang = |y 0 1/=0
z 1 0
> xzZ2+y=0& y=-xz

Do d6 :

{(AgAsK(L1).(AsA Ko Ly) (A1A2KsLs) = 1 & Ly, Ly, Ly théng hang
b) Ta tinh duge toa do cdc dudng thing:

ALy = {0, -1, x], AyLp = [-1, 0, y), AgLs = [-1, z, 0]

0 -1 x
ALy, Aslp, Al déngquy < -1 0 yl=0
-1 z 0

Sy-x2:0o y=xz
Ta suy ra:
{(AzA3K L1 ). (AgA KoL) (A1AsKsLy) =—1 <> A Ly, ALy, AyLs ddng quy
NHAN XET. C6 thé dua
vao tinh chat cia phép
chidu xuyén tim va cdc
tinh chat cda ti 56 kép ta
ching minh cidu a) bai
todn trén nhu sau :

» V@i tam chidu L, goi




L, = KiLs n AlAg _
Ta ¢6 Ly, Ly, La thing hang < (AAK Ly) = (A;AsL5Ls)
Mait khdc ta c6 :
(AsA KoL) = (AzA KoL X AgALyLs).
Vay (AsAsKiL1).(A:A,KoLy) = (AA KoL)

vi (A A3L.Ly) = m
e V@i tAm chidu K, ta lai ¢6 :

(AsAKolip) = (AzfﬁlKaLa}'-
Do 46 (A ALK LD {AA KoLy = (AA KsLs)

1
Vi (A,AK3ls) = ———————— nén:
ST (AAKLy)

(AzAgK]LI)(A3A1K2L2}(A1A2K3L3) =1.
3.49. Trén dudng thdng xa dnh cho mdt muc tidu xa dnh, gia si ta

¢6 toa 49 xa anh cia cdc diém A,B,C,D nhu sau :

A=l B=ib,1),C=(,1),D=(d,1)
c| la b ¢c=pa+qgb
NS R
[d} {a] [b} {d =ra +sb

=r +3 &
1 1 1 l=r+s

V(jip:l—qtatinhduch=F~:>p=1—q= b-
—a

[}

o

[«

r‘-CIU' c-

Vdir=1- s ta tinh duge s = d-
b-a

=r=1-s=
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Vay (ABCD) = 4.8 _¢-a b-a d-a b-a
pr b-a b-¢ b-a b-d
_¢c-a d-a _c-a d-a
" b-c b-d c-b d-b
§6

3.50. Trong mit phing xa &nh P? cho ba diém A,B,C nim trén
dudng thing d vi ba di€ém A ,B,C nim trén dudng thing d. Theo
dinh 1i Pappus ta ¢6 ba diém AB ~ AB, AC ~ AC, BC ~ BC
thdng hang. Biy gi¥ ta dung mé hinh xa dnh cia khdng gian afin
dé ching minh dinh If dé.

Goi A? = P% \ dung thing QR.

Trong mit phdng afin A% nay ta ¢6 AB/AB va AC/AC. Cin
chiing minh BC/ BC. Ta xét hai trudng hgp sau day:

a) Néu I = d ~ d khéng thude duing thdng vé6 tin QR thi khi
dé ta e6 :

-

So sdnh (1) va (D taco :
T& = alB = biC = 1B = 21
a

A-lw-ligs b
a b a
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Ta suy ra (IBC) = (ICB) hay
BC/ CB

b) Néu I = d n d thude
dudng thing vé tan QR nghia 13
d/d, khi d6 ta c6 ABAB va
ACA'C 12 cdc hinh binh hanh. -

Do d6

AB=BA' va AC=CA".

Do dé

AC-AB=CA'-B'A'=AB -AC
hay BC=CB’

Vay BC// CB'.

3.51.Gia st hai tam gidc ABC va ABC cé cdc duing thing AA,
BB, CC ddng quy tai O ta cdn ching minh ba diém
P=BCABC, Q=CAnCA,R=ABn AB thing hang.
Ding md hinh A’=P?\ dutng thing PQ.
- Ta xét hai trudng hop :
a) Néu diém O khong thuoc dudng thing vo tan PQ thi khi d6

«
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ta c6 BC/BC va CA/ CA. Theo
dinh li Thales ta suy ra AB/ AB. A B3

b) Néu difm O thuse duirng
thdng v6 tan PQ thi khi d6 ¢
AAY BB // CC. Vi BC/ BC va
CA// C'A nén ta c6 AB/ AB'.

3.52. Theo két qua clia bai s6 3.48
¢ muc a) ta ¢6 két qua 1a :

L], Lg, L3 th’flng hélng =1 (A2A3K1Ll}{AgAIKQLQ)(AIAQI{;;L:;) =1

Theo tinh chat cda ti s6 kép ta ¢6 :

1
(AxAsLK,) = R
T AL ALK, L)
1
(AsALKpy = — 1
P T ALALK, L)
1
(A1AzL3K;) =

(AjA,K,L,)
Bo dé :
Ly, Ly, L thdng hang < {(A2AsLi K HAA Lo KA ALK, = 1,
Chon mat phéng afin A2 = PA\ dudng thing d. Khi dé cac
diém K, K, K; trén d tré thanh cac diém vb tdn va ta cé -
(AzAsLiK)) = (L;AyAq)
(AsA L2Ky) = (LoAzA))
(A1AzL;K;) = (LA A,)
Do d6 trong mat phing afin A% = P2\ d ta ¢ diduy kién cin va
dd dé Ly, L., L, thing hang la (I.,AA,) (LoAsA X LA AL = 1.
3.53. Theo két qua ¢ muc b) bai 3.48 ta c6 két qua la :
ALy, Azl AsL; déng quy < (AgAgKlL])(A;;AIKQLE)(AlAQKaLg) =-1.
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Ap dung c4ch lam nhu & bai 3.52, trong mit pbdng afin
A? = P2\ d v6i K;, Ky, K3 1a cdc giao diém cta d 14n lugt véi cdc
canh AzAg, A3A.1, A1A2 cia tam gléc A1A2A3 tach:

ALy, AgLy, AsLs ddng quy < (L1AsAs) (LyAsA N LaAsAg) = -1,

3.54. a) Ta biét ring trung diém C cha doan thdng AB va diém D
v6 t4n chia didu hoa hai diém A, B. Khi d6 ta c6 :

(CAB) = (ABCD) = -1.

Ta dyng mdt hinh bén canh toan phdn nhén A, B lam hai
dinh d6i dién, bang cach tit mét diém O khong thujc a va b ta ndi
OA, OB lan lugt ¢t b tai A" va B. Goi I = AB' n AB. Pudng thing
OI cét a tai diém C. Ta c6 {CAB) = (ABCD,) = ~1 nén C 1a trung

diém cia doan AB.
()

a A c/ B P M
H
b l b AI B ’
A B 7/g \ 3
a
A ¢ B

O

b) Trén dudng thing AP ta lay mdt diém O khde véi A va P.
cac duyng thdng OA, OB l4n lugt cdt b tai A va B. Theo céu a) ta
tim duge diém C 12 trung diém cia doan AB. Goi H = PB » OC va
M = AH ~ OB. Duong thing PM 1a dudng thdng cin dung. Ta dé
dang ching minh duge PM / a.

CHU ¥. C6 th€ md rong bai todn dé€ doan AB thanh 4 phdn
bing nhau biing cdch tiép tuc chia d6i doan AC va doan CB. N&u
ti&p tuc ta con ¢d thé chia doan AB ra 2° phdn bing nhau.
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3.55.Xét mit phidng afin A% = P2 \ d. Khi d6 cde didm B; la cdc
di€m v6 tan va cde dim Cj trd thanh trung diém cda céc doan
AA VeI ij=1,2 34,
a) Trong mit A,

phing afin
A’ = P2\ d ta ¢6
Ci4Cia// AsAs ma By,
Ia diém vé tan trén
dudng thing A,A,.

Vay Cy3, Ciq, By
thdng hang. Téng
quat ta c6 thé tim
cic bd ba diém
thdng hang sau day:

Bij, Cin, Cia v6in = i, j.
Nhu vy cé tat cd 12 bd ba difm thing hang sau day :
B12013C'23 B14CI2C42 324021041
B12CI4C24 B14CI3C43 B24C23c43
B13C12Bs2 B23C2 Cs, B34C4,Cyy
BI3CI4B34 B23024C34 B84CS2C42-
b) Xeét cdc hinh binh hanh CuCuCauCieCisCisCuiCas CrCaCuCra

Cdc dudng chéo ciia cae hinh binh hanh nay cdt nhau tai trung diém
ctia mi dudng . Do 46 C1,Csy, C15Ca4, C14Cas déng quy.

CHU Y. Ta ¢6 thé dung dinh li Desargues déi v6i hai tam gide
¢6 canh song song vdi nhau la C;,C3Cy, va C34C2(Cys. Hal tam gidc
nay ¢é giao diém céc canh tuong ung thdng hang (thude dudrng
thdng vé t4n) nén ba dudng thdng néi cdc cap dinh tuomg ung
déng quy.

3.56. Ta bs sung vio mat phéng afin ndy mot dudmg thang vé tan
d. Céc dudng thing AB va DC song song véi nhau nén cit nhau
tai mdt diém E e d. Hai dudng thing AD va BC ‘song song véi
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nhau nén c#t nhau tai mét diém
F e d. Khi d6 hai dudng thang
MN, PQ ciing ¢6 giao diém trén d.
Ap dung dinh i Desargues doi vdi
hai tam gide BMN va DPQ. Hai
tam giic nay ¢6 cde canh tugng
iing song song nghia 1a giao diém
cia cdc cap canh tucng dng déu
thude dudng thing d.Vay cdc dudng
thdng néi cdc diém tuong ung phai déng quy nghia la ba diém O,
B, D thang hang.

3.57. Goi E, F, G la cdc diém vb tan ldn luot cha cdc duting thing
AAL, AsA, AA,. Ca ba diém nay déu nam trén dudng thdng vé
tan A. Goi mat phing xa dnh P? = A% + {A}. Ta c6 cdc hinh binh
hanh A P.BP;, APB.P,, APR:P, vi B, d6i xing vdi A; qua
trung diém cda PyP3,B, doi ximg vdi A, qua trung diém ctia PuP,
B; d6i xing véi As qua trung diém cta P,P,. Ta ¢6 ba diém P,, Py,
P, thing hang va ba diém E, F, G ciing thdng hang.
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Ap dung dinh li Pappus cua hinh hoe xa &nh ta c6 B =P,GnP4F,
By = P4E ~ P1G, Bg = P;F ~ P.E 14 ba diém thing hang.

358. Go1 C=a;, nap, D = by v bs T = AB, AsB.. Xét hai tam
gidc A A,C va ByBR.D.
Hai tam gidc nay cd A;A// BB,
A CH/ BD
CAy/ DB,

Bé sung vio miat phing afin chda hinh thang m¢t dutng
thdng d vé tan chia ba diém vé tan cia ba cap duiing thing song

song ndi trén. Theo dinh 1i Desargues trong mat phing
P?=A%+ {d}, hai tain gidc A1A,C va B ByD c6 giao diém cde canh
tuong dng thdng hang (cing thude dudng thidng vo tan d) nén cé
ba dutng thdng A,B,, A;B,, CD néi csc cap diém tuong ing déng
quy nghia la ba diém C, I, I} thing hang.

§7

3.59. Trong P" ta ¢6 c4c khdi niém dsi ngiu sau day :
a) (n-m-1)-phing thuge (n-k-1)-phing.
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b) Piém thude (n-m-1)-phéng.

¢) Bén sidu phing thudc mét (n-2)-phéng (hay bén siéu phing
thudée mot chim).

d) Ti s6 kép cha bén sidu phing thude mdt chim.

3.60. a) Trong P? d6i nglu cha mét hinh ba canh (ba canh nay
khong cung thudc mdt diém) la mdt hinh ba diém (ba diém nay
khong thing hang). '

b) Trong P? 46 nglu cia mjt tam
gidc 14 mat tam gide (vi ddi ngéu cla d&
dutrng théng la duomg thing).
3.61.-Trong P? dinh }i Desargues
(thuan va dao) c6 tinh chat tu dsi 7/
ngau.

~Trong P? dinh 1i 48i nglu cha
dinh i Desargues thuin duge phat ‘W
biéu :

“Trong P? cho hai hinh ba mit afy vd aBy. N&u cdc dudng
thinga=zana,b=p P,
¢ =7y cung thudc mét mat
phing thi c4c mit phdng xde
dinh b&i o n B va o B, Boy
va By, ynavay N o clng
thudc mot dudng thing”.

" Phin dinh li ddo, ban
doc ty lam .

3.62. Trong P? ta c6 dinh li
dSi ngau cia dinh-li Pappus
nhu sau : '

“Trong P? cho ba dutng
thing a, b, ¢ thudc mdt diém
D va ba dudng thdng a, b, ¢
thugc mot diém D. Khi d6 ba
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dudng thdng sau day déng quy tai mot didm: dutrng thdng néi
di€ém a N b vdi diém a' ~ b, dudng thing ndi diém a ~ ¢ véi didm
a ¢, dudng thing ndi diém ¢ ~ b véi didm ¢ A b.

§8, §9

3.63 a) Dua dang toan phueng & v€ tréi v& dang chinh tic va tiép
tuc dua né vé dang chudn tic, ta s& két luin duge vé Toai cda
dudng bac hai da cho. Cu thé ta lam nhu sau :

P(x) = 4 xf + x% + 5x§ + 43X — 12%,%3 — 6XzXy.

2x

= 4(x? +2x1.w—2i-&—3}+ X3 +5x2 — 6x,x,

X, - 3x
= 4(x, + —-‘3—-2—_3)2 ~ (X3 - 6X5%;5 + 9x3) + xZ + 5x2 — 6x,x,

Xp —3x; 2 2
=4|x) +—=——=1| —4x3
2

bat
X =X +lx2 —§x3
2 2
Xp = X2
X3 = X3

Ta ¢6 P(x) = 4x;% - 4x}?
Do dé v6i mdt mye tiéu xa 4nh thich hop, duong bac hai ¢6
phuong trinh 13 :
X¢-XZ-9 |
Nhu vay dudng bac hai nay 1a mét cap duong thidng thuc cit
nhau. .

Béng phuong phdp tuong tu ta c6 cdc két qud :
b} Butng conic.

¢) C4p duyng thing trung nhau.
d) Cap dudng thdng 4o lién hop cit nhau tai diém thuc (1,-1,2).
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e) Cap duting thing thue et nhau.
3.64. Ta tim dugc giac diém ctia dudng bac hai véi cac dudng
thdng va duve cdc két qué sau day :

a) Hai giao diém la (1, -1, -3) va (1, -2, -5).

b) Mot giao diém kép la (1, -2, 0L

3.65. a) Ta tim ma tran A cua siéu mét bac hai {S) va thay ring
(S) khong suy bigmn,

;’2 -3 0
A=1-3 1 2
PR

Lap phuong trinh dudng déi euc déi vdi (S) cha cac didm U
dudi dang :
2 3 0|x
[WFAX] =0 e [u; u, ug}-3 1 2{lxy|=0
P02 213
ta duge cdc két qua sau day : _
— Pudng déi eye eta diém A, cé phuong trinh 2x, - 3x, =0
— Pudng déi cuc cia didm A, ¢6 phuong trinh 3x, — %, — 2x3 = 0
— Puong d8i cuc cia difém Ay ¢6 phuong trinh x; — x5 = 0
~ Duting d6i cyc cia di€m E ¢6 phuong trinh x; = 0
- Puing d4i cyc cia diém M ¢6 phuong trinh 7x; +3x; —12x5 = 0
b) Theo gid thiét ta ¢6 U = {(u,, uy, ug) 1a cuc difm cia dudng
thing 7x, + 4x, — 10x; = 0.

2u1 - 3].12 = 7
Do dé: ¢-3u; +uy +2u; =4
2uy —2uz =-10

Gidi hé phuong trinh trén ta tim duge toa d6 cha cuc diém U
cha dudng thang da cho déi vai (S):
U =(uy, uy, uy) = (-1, -3, 2) = (1,3, -2).
3.66. Ta tim dugc phuong trinh dudng dsi cuc cia diém M(1, -7, 4)
déi véi duyng bac hai da cho 1a : x5 = 0.
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Cdc giao diém A, B clia dwtng d6i cuc véi dudng béc hai chinh
12 cde tiep diém cla cdc ti€p tuyén can tim. Toa d§ cdc giao diém
théa man hé phueng trinh :

3x] - x5 - 5x3 2 =0

Giai h¢ phuong trinh nay ta c6 cdc giao didm 1a A = (-1, 0, 1),
B = (1, 3, 0).Tir 46 ta suy ra cic tiép tuyén MA va MB lan lugt cé
phuong trinh 14 : :
2% + 2% + 3x3 = 0
va 6x; — 2x, — bxy = 0,

3.67. Dutng d6i cue clia cde di€m A va B d6i v6i dudng béc hai (S)
lan lugt ¢6 phuong trinh 1a x3=0va 2% + x5 — 3x4 = 0.

Vi toa d diém B théa man phuong trinh dutmg déi cuc cda
di€ém A nghia 13 B thusc dudng doi cue cia A thi ta suy ra A ciing
ndm trén dudng dsi cuc caa B d5i véi (5). M#t khdc ta cfing thay
ring toa d¢ diém A ciing thda min phuong trinh dudng d6i cue cia
di€m B. Do d6 ta goi A va B 1a hai didm lién hgp v6i nhau dsi
véi (S),

NHAN XET. Gid si duong thing AB cit dudng bic hai (S) tai
hai diém M, N. Ta tinh duge toa db cde didm M, N (c¢6 thé 30 lién
hop) va tit d6 ta eé thé tinh duge ti s kép (ABMN) va nhan thiy
ring (ABMN) =-1.

Do dé6 6 thé€ két luan A, B lién hgp véi nhau d6i v6i dudng
bac hai (S). .

3.68. a) Ta c6 ma trdn M cda mét bae hai (S) 1a :

1 10 -1

.11 2 0

o 2 1
-1 0 0 1

Dé dang thdy ring diém A(1,1,0,0) thuge (S) va mat bic hai
(S) khdng suy bign vi |[M| = 0. Viat phuong trinh mit phing dsi
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cuc clia difm A d8i véi (S) ta duge phiuong trinh cda mat phing
ti€p xic v6i () tai Ala x3 - x, = 0.

b) Dé dang nhén thdy diém B cé toa dd thdéa méan phuong
trinh ca mit phéng ti€p xuc néi trén. Ta suy ra dudng thing AB
la tiép tuyén cia (S) va ¢6 phuong trinh téng qudt 1a ;

Xa - X4 =
3.69. T4 biét ring hinh b&n dinh toan phin gém c¢ 4 dinh, & canh
va ¢ ba di€m chéo. Gid s ta ¢6 hinh bon dinh toan phén cé bon
dinh A, B, C, D pim trén
A dutng cong bdc hai (8). Goi cdc
diém chéo 13 : E = AC ~ BD,
F=ADnBC,G=AB~CD.

Ta c¢é6 (GB,GC,GE,GF) =-1

va (FC,FD,FEFG) =-1

Do d6 EG la dudng d6i cuc
cia didm F dai véi (S),

EF 1a duyng d6i cye cda
diém G d6i vdéi (8),

FG 1a dudng 48i cue cda
di€m E déi véi (S).

Viy tam gide EFG la tam
gidc ty 461 eue ddi vdi (8).

N e

G

3.70. Goi p,q,r ldn lugt 13 cde dudng d8i cyc cha cde diém P, Q, R
doi v6i dudng cong bac hai (S). Do dé :

p di qua P’ va di qua A vi A lién hap v6i P
q di qua @ va di qua B vi B lién hop véi Q
r di qua R’ va di qua C vi C lién hgp véi R

Vi P, Q, R thing hang nén p,q,r déng quy tai mot diém M.
Piém M nay la cue diém cia dudng thdng m déi véi (8).
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Vay AP, BQ, CR' déng quy tai M.

3.71. Goi f1a phép thau xa tAm O bign siéu mit bac hai (S) thanh
chinh né.

Goi P la nén cia phép
thdu xa f Ta bift ring
qua f moi dudng thing di
qua O dé&u bidn thanh ¢
chinh né vi dudng thing
d6 cé hai diém kép. Gia
st d 1a mdt dugng thing
di qua tdm O cdt (S) tai
hai diém M va Mva cit
siéu phéng d6i cuc cla O
d6i v6i (S) tai V.

Ta ¢6 (OVMM) =-1

Vi fi8) = (8) va f(iP) = P nén fiM) = M va fiM) = M. Phép thau
xa nay duge xdc dinh bdi ti s thau xa (OVMM) = -1. Do d6 phép
théu xa c6 tinh chat dsi hgp nghia 14 ff 1a phép déng nhat. Phép
thdu xa nay c6 nén la siéu phing d6i cuc P clia O d6i vé6i siéu mat

bac hai (8).
3.72. Gia sir d6i v6i muc tidu da chon {A; E} cla khéng gian xa
dnh P", siéu mat bac hai (S) ¢6 phuang trinh 13 :

n+l

z a;x;x; - 0

1,j=1

Siéu phing R di qua n dinh A;, A,, .. , A, cta myc tiéu cé

phuong trinh 1a x,,, = 0. Khi d¢ giao (8) N R duge xdc dinh bdi he
phuong trinh :

n+l

a;;X;X; =0
28

ij= 1
x11+1 =0
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Goi E 1a giao diém ciia dudng thing A, E v6i siéu phing R
va khi dé trong R 14 mdt khéng gian xa dnh n-1 chidu ta c6 mét
muc tiéu xa anh 13 : '

{A], Ay, .., Ay B} (theo bai tap 3.24)

Do dé trong R, giao (8) » R d6i v6i muc tiéu xa anh {A;, A,,
<oy Ap; B} ¢6 phuong trinh la

i,j=1 _
Ta xét hai truéng hop :
a) Né&u cdc a5 = 0 v6i moi i, j = 1,2,...,n thi hé thie (1) théa
min toa d cia moi diém thudc R, nghia la :
S)~nR=R

b) Néu cdc ay nay khéng déng thui bing 0 thi (S) n R la mdt
siéu mit bde hai trong khéng gian xa 4nh n-1 chidu R.

3.73. a) Cdc dinh A, = (1,0,0), A; = (0,1,0), A; = (0,0,1) cia muc
tiéu ndm trén dudng béc hai (S) vi toa 46 t&t cd cdc difm d6 théa
min phudng trinh cia (S).

b) Tié€p tuyén cia (8} tai cdc dinh A;, A,, A; 1a cdc dudng d&i
cyc cua cac diém dé d6i vdi (S) e6 phuong trinh :

X2+X3=0,X1+X3=0,X1+X2=O.

¢) Cédc dudng thing AA,, ArAs, AsA, ldn lugt cé phuong trinh
la

¥3=0,x=0,x =0

Ta ¢6 cyc didm cia cdc dudng thidng A As, AsAs, AgA; ldn luot
la :

-1, 1,1),(1, -1, 1), (1, 1, -1).

NHAN XET : Mufn tim cuc diém cGa dudng thing A A, ta cé
thé ¢6 hai cdch :

Céch 1. So sanh phuong trinh dutng déi cuc cia didm
U = (uy, ug, uz) ¢6 dang :
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[u)"Alx] = 0 véi phuong trinh dudng thing A,A; 14 x; = 0:

01 1] [o Uy +ug = 0
[u1 U2 U3.] 1 0 1|=]0 L] u1+U.3 =0
110 1 up +uy =1

Giai hg phuong trinh trén ta tinh duge (u,, ug, us) = (1, 1, -1).
Cdch 2. Tim giao di€m hai tiép tuy&n tai A, va A, (dva vao két

qui & ciu b))
= = , ,
X, +X5 = 0 101 o 1’1 1P’l1 o
Cyc diém cda dudng thidng AjA, : (x;, Xg, x3) = (1, 1, ~1).

Biing phuong phdp tuong ty ta tim duge toa do cue di€m ciia
cdc dubmg thdng A,A;, AsAr

3.74. a) Goi
Izane
H=bnd
E=PL QM
R=PL~IH
F=QM ~IH .

Theo tinh chat
cia hinh ben U
canh todn phén
abed ta ¢6 E, F,R
la ba diém chéo.
Do dé '

(FEM@) =-1
(PLER) =1
(FRIH) =-1.

Ta suy ra tam gidc EFR c6 mdi dinh 13 diém cuc cia canh dé6i
dién di véi (S). Vi ba dudng thing a, ¢, FR déng quy tai I nén ba
cye didm cha ba dudng thing nay la A, C, B théng hang. Tuong tu
ba dudng thing b, d, HE déng quy tai H nén ba cwe diém clia
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ching 12 B, D, E théng hang. Do d6 4 dutyng thing AC, BD, PL,
MQ déng quy.

§10

3.75. Ta xét chim tdm B va chum t4m y. Hai chim nay ¢6 giao
di€m A chay trén dudng thing a nén ta c6 lién hé phdi canh gia
hai chum tAm p va tdm y :

A (8, BA} A {1, YA}
b Tuong tu hai chum tim y
{ vi tdm o c6 giao diém B
o B . chay trén dudng thing b nén

ta c6 lién hé phdi canh giira
hai chum tim o va tdm vy :

{o, aB} A {y, B}
i f Ta suy ra c6 lién hé xa anh
giita hai chiim tdm o« va tam p.

{a, aC} A {B, BC}

Ta xét hai truing hgp :

¢ a) Néu a, B, y khéng thdng hang, khi dé dutmg thing «p néi
hai tdm khéng ty dng thi theo dinh 1i Steiner thuan ta cé quy tich
cia C la mdt dudng conic. Conic nay di qua o, B va di qua giao
diém I=anb(khidél=A=B =C va tam gidc ABC trd thanh
mét diém ) va diém I nay khéng thudc quy tich. _

e b) Néu «, B, y thing hang, khi d6 dudng thing op tu dng,
lién hé xa anh gita hai chiim t4m {a}va tdm {B} tré thanh lién hé
phéi cinh, ta c6 quy tich C la dudng béc hai suy bién thanh dudng
thing IC va dudng thing op vdi IC 1a truc phdi canh, sau khi loai
b6 di€m I Vi giao diém cda IC v6i dudng thing op. (K]’ll d6 tam
gidc ABC b1 suy bién).

CHU Y. Néu ta lay thém mat vi tri cia tam gidc ABC la ABC
thi thay ring dutng thing CC phai di qua I vi hai tam giac ABC
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va ABC ¢6 giao didm cdc canh tuong tng 1a o, B, v thing hang
nén dudng thing néi cdc dinh tuong tng déng quy (theo dinh 1
Desargues ).
3.76. a) Gid s ba diém P, A, B khong thing hang va goi

A =PA ~ (8).

Ta c6 K= AM n AN va I = AN ~ AM. Dé thay ring duting
thing IK 1a dudng ddi cue cha didm P d6i véi (8) va do,ds IK la
dutng thing ¢6 dinh. Ta c6 chim tam A lién hé phéi ¢anh véi
chim t4m A’ vi chiing c6 giao diém K ndm trén dutng d6i cye cia
diém P.

{A, AM) A {A], AN}

Mat khdc theo dinh li
Steiner ddo ta ¢é chiim t4m
A lién hé xa dnh v6i chum
tdm B vi ¢6 giao di€m N luén
ludn thudce conic (S) :

{A, AN}~ {B, BN}

Ta suy ra chim tdm A P
Lén hé xa 4dnh véi chum
tAm B -

{A, AM} A {B, BN}

Trong trudng hop nay duong thidng AB néi hai tam khéng tu
ung nén theo dinh 1i Steiner quy tich € = AM n BN la mét duting
conic di qua A va B.

Dai véi di€m D = AN ~ BM duge xét tuong tu.

b) Gid skt P, A, B thing hang, khi d6 dudng thing AB tir ing,
liéen hé xa 4nh trén tré thanh lién hé phéi cdnh, quy tich
AM ~ BN gdm tryc phdi canh (1a dutng ddi cue ciia P d&i vdi (S))
va dudng thing PAB,

3.77. Vi diém X thuée dudng thdng d nén ta 6 lién hé phdi ednh
gita hai cham {A, AX} va {B, BX}. '
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(A, AM!= {A,AX} A {B, BX}= {B, BN}

Mat khde vi M, N thuge conic (S) nén theo dinh 1i Steiner dao,
ta ¢6 lién hé xa dnh gitta hai chim tim A va tdm B.

{A, AN} % {B, BN} va {A, AM} A {B, BM)

Ta suy ra c¢6 lién hé xa dnh gida hai chum {A, AN} va {B, BM}.

Goi P 1a giao di€m ctia hai tiép tuyén vdi conic (S) tai A va B.
Ta xét hai trutrng hop :

a) N&u P khdng thudc d thi lién hé xa &nh:
{A, AN}~ {B, BM}

khéng phai la lién hé phdi cinh. Khi d6 theo dinh Ii Steiner, quy
tich giao diém AN ~ BM 14 m{t conic di qua A va B.

b) N&u diém P thude d thi lidn hé xa dnh néi trén tré thanh
lidn hé phéi cdnh vi lic d6 dudng théng. AB néi hai tdm tu dng.
Lic nay quy tich giao diém AN ~ BM la hai dudng thdng gém truc
phdi ¢dnh va dung thdng AB. , :
3.78. Goi () 12 dudng cong bac hai xdc dinh bdi 5 diém P, Q, R, S,
P. Ta c6 3 diém chéo ctia hinh 4 dinh toan phdn PQRS la:

A; = PQ ~ RS, A, = PR ~ QS, As = PS n QR.

Goi

['=PQ ~ A,
Pusng d8i ecuc
vgi (8) la duimg
thdng AsA;. Theo
tinh . chdt cua
hinh 4 dinh toan

phén ta cé:
(AJPQ) = -1
Mat -khac T

thujc duong déi
cyc  AgAz. cia
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diém A, nén A, lién hgp v6i I' déi véi (S). Vi P thude (S) nén ta
suy ra Q thudc (S).

Tuong tu ta ching minh duge R va S ciing thudc conie (8).

NHAN XET.  day ta ¢6 phép thau xa d&i hop f tam 1a A,, nén
la dudng thing AA; (1a phép thau xa didu hda) o6 fP) = Q,
f8) =R, fiP) = Q, fiS) = R. _
3.79. Gid st hai tam gide ABC va KLM cung nji tiép contc (8). Khi
dé ta c6 hinh luc gide ABCMLK noi tiép conic (8). Theo dinh li
Pascal thi ba diém P = AB n ML, Q = BC ~ LK, R = CM ~ KA
thdng hang.

Bay gid xét luc gidc
PACQKM ¢6 ba duong
thdng ndi ba ciip dinh dai
di¢n la PQ, AK, CM ddng
quy tai R nén theo dinh li
Brianchon d4de, hinh lyc
gide nay ni ti€p mét
conic nao dé. Pidu dé c6
nghia 14 tam gidc ABC va
tam gide KLM cimng ngoai ti€p conic dé.

3.80. Goi P = AiAs m Ads, Q = Ay  AsAg, R = Ajh, ~ AdA,.

Butng dsi cuc cha B, 1a A Ay, dudng déi cue cia B, 1a A A; Do
dé P = AjA; n AuA5 1a diém cue clia duwng thing BB, déi vdi (S).
Tuang tu ta ching minh duge Q la diém cyc cia dudng thing B,B;
doi vdi (S) va R 12 diém cuc cla B3Be d6i vai (8). Vi B,B,, B,B;,
B;Bs déng quy tai diém Brianchon B nén cdc didm cuc P, Q, R cta
cde dugng thing dé thing hang va duong thdng PQR nay chinh la
duyng thing Pascal ciia luc gidc AL A AAAA .

3.81. Ap dung dinh li Pascal cho luc gisc ADBBCC ndi ti€p conic
ta suy ra dutng thing BC luén luén di qua diém I = AD ~ BC véi
I la mét di€m 6 dinh vi AD va BC 13 hai dudng thing cho trude.
Goi K= AC n BD va H = AB ~ CD. Hai tam gidc ADK va BCM cé
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giao diém cac canh tuong dng la I, B, C thdng hang nén ta suy ra
ba du¥ng thing néi cdc dinh tuong ing 1a AB, KM, DC déng quy.
Do d6 diém M ludn luén thude dudng thdng KH cd dinb.

CHU Y. C6 thé dung dinh i Pascal dé chitng minh ba diém K,
M, H thing hang. Mit khéc ciing ¢6 thé thay ring IH, BC, KI lan
lugt 12 cde dudng déi cye cla cde diém K, M, H. Cdc dudng nay
déng quy tai I nén K, M, H thing hang va thudc dudng ddi cye cia
I dai vdi conic.
3.82. Ap dung dinh 1i Brianchon cho lue gide AB'CABC ngoai ti€p
conic (S) ta ¢6 AA", BB, CC déng quy. Hai tam gidec ABC va ABC
¢6 cac dudng thing néi cdc dinh tuong ing déng quy nén theo dinh
1i Desargues ta suy ra P, @, R thing hang.

3.83.Ap dung dinh 1i Pascal cho luc gidc PBBCA'A ndi tiép conic
ta ching minh duge ba didm K, A", B théng hang. Lai 4p dung
dinh 1i Pascal cho luc gidc PCCABB ndi tiép conic ta suy ra ba
diém K, B, C" thing hang. Nhu vy ba diém A’, B, € nim trén
mot dudng thing ludn luén di qua mét diém K ¢d dinh cho trude.
3.84. Goi I = AC ~ BD. Ap dung dinh 1i Brianchon cho luc gidce
APBCRD ngoai ti€p conic (S) ta ¢6 AC, PR, BD déng quy tai I. Lai
ap dung dinh li Brianchon cho luc gisc ABQCDS ngoai ti€p conic
(8) ta ¢6 AC, BD, QS déng quy ciing tai I. Vay PR va QS luén lubn
di qua diém I ¢& dinh.

Vi Q thude BC nén ta c¢6 lién hé phdi cinh giita chum tam A
va chiom tam I:

(A, AQ} A {1, AQ}

Miit khéc vi diém S thudc AD nén ta cé 1ién hé phdi cinh gida
chiim tadm I va chiim tim B:

{1, IS} A {B, BS}

Ta suy ra cé lién hé xa dnh giita chiun tdm A va chiim tadm B -
{A, AQ} ~ {B, BS}
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Vi duong thdng AB néi hai tam khéng tu ung, nghia 1a néu ta
goi f 14 lién hé xa dnh d6 ta c6 KAB) = BD va f(BA) = AC, dodé6 f
khong phai Ta ién hé phéi ednh. Viy theo dinh li Steiner quy tich
giao diém AQ n BS = M la conic di qua A, B va nhan BD, AC lam
céc ti€p tuyén. Conic nay di qua diém E = AD ~ BC vi fIAE) = BE.
3.85. a) Céch thi nhat. Chon {A,, Ay, As; E} 1am muc tidu xa anh, ta
¢6 phuong trinh cia (S) cé dang :
aXgXs + bxaX, + X%y = 0
Ta suy ra toa d¢ di€m A; la -
Al=(ab+c,b+e)

Vi A] thugc (8) nén dudng déi cuc cla A] chinh la dung
thing a Aj. Do d6 ta ¢6 phuong trinh cla e A] la :

0 ¢ bx
[-a b+c b+c]le 0 ajjx,[=0
b a 0] x,

hay (b + ¢)%x, + abx, + acx; = 0
Ta c6 o = A2A; m o A] nén ta tim duge toa dd diém « :
o =(0, ¢, -b)
Tudng tu ta tinh duge B = (—c¢, 0, a)
va y= (b, -a, 0).
Xét dinh thic toa df cda ba diém o, B, y ta ¢6 :

0 e -b
- 0 a[=0
b -a 0

Diéu d6 ching t6 ba didm q, f, y thude mdt dung thing .
b) €dch thit hai
Goi By = AIENAjAL , B, = AE nAJA[, B, = AERAAL.
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Ap dung dinh Ii Pascal vao luc gide A,ALA " AA A, ndi tidp conic
{8) va dudng thidng A,A, ta cé ba diém B,, Bs, « thing hang.

Tuong tu ta ching minh duge By, B, B thdng hang va B, By, ¥

thdng hang. Ap dung dinh li Desargues vao hai tam gidc B.B,B, va
AAyA;. Hai tam gidc nay 6 ba dusng thing ndi cdc dinh tuong dng
dong quy tai E nén cdc giao didm cia ba cap canh tuong tng 1a «, B, y
thing hang.
3.86. a) Ap dung dinh 1i Pascal cho luc gidc AABCDE néi tiép conic ta
c¢é6 P = AB n ED, @ = AE n BC, ta ¢6 dudng thing PQ la dudng thing
Pascal eda lue gide néi trén. Goi R = PQ ~ DC. N&i RA ta duge tisp
tuyén can dyng vdi conic tai didém A va d& dang ching minh duge didu
nay. :

b) Goi F la giao diém cén tim cia d va (8). Goi I = AB ~ DE,
J = CD N d, ta ¢6 1J 13 dudng thing Pascal cGa luc gidc ABCDEF noi
ti&€p conic. Goi K = IJ n BC ta ¢6 giao didm F = EK ~ AJ. Vi ba diém
L, J, K thing hang nén theo dinh li Pascal ddo hinh luc gide ABCDEF
ndi tiép conic va ta cd F = d ~ (S).

3.87. Tagoi M = AB~ DE, M =CD ~ AF
P=CFnBA, P =CDn BE
N =CF n DE, N = AF n BE
H=PM~PM,1=NP~NF
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K=MN~MN.

M’

Cdc hinh luc gide ABCDEF, ADCFEB, AFCBED 6 cac dutsng
thdng Pascal theo thif tit 12 MM, PP, NN. Muén ching minh ba
dudng thing nay ddng quy ta phai ching minh ba diém H, I K thang
hang. Xét luc gisc AFCDEB ta thdy dudng thing Pascal cda hinh nay
chinh 14 dudng thing di qua ba diém H, I, K. Ap dung dinh li
Desargues cho hai tam gidae MNP va MNP ta thdy cdc giac diém cla
ba cdp canh tuong ing la H, I, K thing hang nén cdc dudng thang
MM, PP, NN ndi cdc dinh tuong dng phdi déng quy.

3.88. Trén mé hinh xa dnh cta mat phing afin ta biét ring duing
parabol la duting conic ti€p xdc vdi dutrng thing vo tan. Do d6 ta co
thé dua bai todn alin da cho vé bai todn xa &nh sau day:

“Trong P? cho tam gidc ABC va mot duting thing d khong di qua
dinh nao cha tam gidc d6. Mot conic (S) bi&n thién ludn luén tiép xuc
v6i cdc dubng thing BC, CA, AB, d 14n lugt tai A, B, C, D. Ching
minh rdng dudng thdng B'C ludn lusn di qua mét diém co dinh. Cédc
dugng thing CA, AB ciing déu di qua mot didm ¢ dinh”
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Ta gidi bai todn xa anh néi trén nhu sau :

Goi E =d n AC, F = d n AB. Ap dung dinh li Brlanchon cho luc
gidc BCBEFC ngoai tiép conic (S) ta ¢c6 BE, CF, BC dbéng quy. Vay
BC luén ludn di qua diém c8 dinh I = BE n CF.

Goi G = d n BC. Ap dung dinh 1i Brianchon cho luc gidc
ACA'GFC ngoai ti&p eonic (S) ta ¢6 AG, CF, AC d6ng quy. Vay AC
ludn ludn di qua diém cd dinh H = CF n AG.

Tiép tuc dp dung dinh li Brianchon cho luc gidc ABAGEB ngoai
ti€p conic (S) ta ¢6 AG, BE, AB ddng quy. Vay AB ludn luon di qua
diém cd dinh K = AG n BE.

3.89. Trén mé hinh xa dnh ciia mit phing afin ta xem dudng hypebol
la dudng conic cit dudng thing vo tin tai hai diém I, J. Tiép tuyén
ctia conic tai hai didm vé tan I, J chinh la cdc dudng tiém cén cua
hypebol. Giao diém O ciia hai ti€p tuyén chinh 1a tAm cda hypebol. Do
dé ta c6 thé chuydn bai todn afin 43 cho sang bai toan xa dnh sau
day: '

_ “Trong P? cho mot conic (S) va mdt dudng thing d cit () tai
hai diém I, J. Trén conic (S} ta 14y 2 diém A, C va ggi B = AC n CJ,
D = AJ ~ CL Cic tiép tuyén clia conic tai I va J c¢it nhau tai O.
Ching minh 3 diém B, D, O thuéc mdt dudng thing”.

Ap dung dinh 1i Pascal cho lue gide IICJJA ndi ti€p conic ta

chdng minh duge 3 difm B, D, O thing hang vi ching thudc dudng
thing Pascal.
3.90. Trén md hinh xa dnh ciia mit phdng afin ta bigt ring néu ta c6
(ABCD) = -1 trong d6 D la diém vé tan thi C la trung diém cia doan
AB. Do d6 ta ¢6 thé chuy&n bai todn afin di cho vé& bai todn xa dnh
sau day:

“Trong P? cho mot conic (S) va modt dudng thing d cit (S) tai hai
diém I va J. Hai ti€p tuyén cla conic tai [ va J cit nhau tai O. Mot
tiép tuyén bat ki ti€p xic vdi conic tai C, cit hai tiép tuyén tai hai
diém A, B va cit dudng thidng IJ tai D. Ching minh ring
(ABCD) = -1".

Ap dung dinh li Brianchon vao luc gidc OIACBJ ngoai ti€p conic
ta ¢6 cdc dudng thing OC, IB, AJ déng quy tai E. Dya vao tinh chat
ciia hinh 4 canh toan phin OABELJ ta cé (ABCD) = -1.
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3.91. Ta chuyén bai todn afin d4 cho thanh bai todn xa anh sau day :
“Trong P? cho conic (S) va dudng thdng d cdt (8) tai hai diém I, J.Céc
ti€p tuyén cla (S) tai I va J 14 a va b cdt nhau tai O. Goi M, N 1a hai
di€ém bat ki trén (8) khéc véi cac diém 1, J. Tiép tuyén tai M cit a, b
lan lugt tai A, B. Tigp tuyén tai N4t a, b 1dn lugt tai C, D. Chitng
minh ring giao diém AD ~ BC thuje 1J”

Ap dung dinh 1i Brianchon vao lue gidc ABJDCI ngoai ti€p conic
ta cé cde dutng thdng AD, BC, JI dong quy. Didu d6 chiing té giao
diém AD ~ BC thubce LJ.

§11

3.92. Goi phéan gidc trong va phén gide ngoai clia gbée (ﬁ)) lacvad.
Trong mat phdng Oclit ta ¢6 ¢ L d. Dung mot dudng thdng A% d cit
a, b, ¢ lan lugt tai A, B, C. Ta c6 C la trung diém coa doan AB va
(CAB) = (ABCD,) = ~1. Mat khdc ta ¢6 (ABCD) = {abed) va do dé6
(abcd) = ~1. Vay a, b, ¢, d 13 mdt chim didu hoa.

3.93.Goi A 12 dudng thdng vb tén, 1, J 12 hai diém cyelic trén A.

a) Néu ABCD la mét hinh chi nhit thi AB / CD, BC # AD va
AB 1 BC. Khi d6 trén mé hinh ta phdi ¢6 AB n CD = E thujge A,
BC n AD = F thudc A va (EFLY) = —1.

b) Hinh vuéng la hinh chif nhat c¢6 hai dudng chéo vubng gée véi
nhau. Do d6 d5i vdi hinh vudng ngoai nhimg didu kign néi trong céu
a) con phdi thém didu kién AC L BD, Do d6 ndu AC A A = M,
BD n A =N thi (MNID = -1,

¢} Ta biét réng hinh thoi 14 mét hinh binh hanh ¢6 hai dutng
chéo vudng géc va hinh tam gidc cén la m{t nifa cia hinh thoi ¢

canh ddy 1a dudng chéo cia hinh thoi. Sir dung hai tinh chdt nay ta s&
dién t4 duge khdi niém hinh tam giAc cAn.

d) Duéng tron la dung conic di qua hai didm cyclic IJ. Ldy mét
diém M khdc vdi I va J trén dudng thdng v6 tan A, vé hai tiép tuyén
MA, MB v6i conic. Khi d6 AB la dudng kinh cda dudng tron. Goi O 1a
cuc diém cda dudng thdng vo tan A. Céc tip tuyén vdi conic tai I va J
cdt nhau tai O, ta ¢6 O 13 tdm cla duong tron. Khi dé tat nhién dudng
kinh AB néi trén phdi di qua tdm O cia dudng tron.
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CHUCNG IV
ON TAP
A. CAC DANG BAI TAP

Truge khi di sdu nghién ciu cic dang bai tdp ching ta cdn luu
v tdi mdt s8 van dé sau day trong khi lam todn:

1.-Cén doc ki dé ra dé hiéu duoc cdc kh4i niém néu ra trong
bai tdp va cdc yéu cdu clia timg bai. Can cha ¥ khai thdc cdc gia
thi&t va két luan.

2, X4c dinh hudng di cia tiung bai todn va cdc budc can phai
thue hién trude khi di vao gidi bai todn dé.

8. Sau khi giai xong cdn c6 théi quen ki€m tra lai cdc k& qud
clia titng phén dé tranh kéo dai cic sai s6t ddng tiée.

Sau diy chdng ta di sdu phan tich cdch gidi cdc loai todn chad
yéu thubng gip. )

I. LAP PHUONG TRINH CAC PHANG VA XET VI TRI
TUGNG POI CUA CHUNG

1. Cac phéng afin

Moi bai todn vé& lap phuong trinh cta mdt m-phing afin déu
quy vé lap phuong trinh cia mét m- phing di qua mét diém cho
trude va c6 mat phuong xde dink bdi cde vecto co sd cia né. Vi du
lap phuong trinh ciia m-phing P di qua diém A va c6 phuong V™

v6i cdc vecto co sé 14 a,,a,,..,a, . Ta lap phuong trinh nhu sau:
XePo AX =t a, +t,a, +...+tm:¥

Day 1a phuong trinh tham s8 cla m-phdng P dudi dang vecto.
Né&u thay toa d6 vao ta ¢é phuang trinh tham s6 dugi dang toa dd.
Né&u khi cac tham s6 ti, tg, ..., tn, ta duge phuong trinh téng quat
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cia P, 12 mét hé gém n-m phuong trinh tuyén tinh doc lap. Khi
khir tham s§ cin chon céc phuong trinh thich hgp nhim lam cho
viéc khir duge thue higén nhanh gon nhat.

Do viéc chon diém di qua khdc nhau va cdc hé co s& khic
nhau déng thoi do edch khir tham s6 khéc nhau nén c6 thé chiing
ta s& duge nhing két qua khong giéng nhau. Néu gip bai todn ma
dé ra yéu cAu cdn viét phuong trinh ¢6 cdi phing c¢6 s§ chidu bé
nhét thi ching ta cdn chi y tim hé vects dac lap tuyén tinh cure
dai nim trong hé vects dugc suy ra tir gia thiét clia bai todn.

D& xét vi tri tuong d6i caa hai cai phéng, ching ta cdn xét
diém chung va phuong chung cila hai céi phing dé, rbi can ot vao
dinh nghia ma k&t ludn. Cé truong hop khi tim diém chung, véi
h¢ phuong trinh tim giao ta c6 mot didm chung duy nhat thi
khéng can thiét phai tim phuong chung cba ching nita. Néu
phuong trinh tim giao gém ¢6 m phuong trinh dgc lap (ma trdn hé
88 cha ching ¢6 hang bing m) thi ta két ludn dé la phugng trinh
cia mdt (n-m)-phlng. Chii ¥ réing ngudi ta cé thé tim giao ctia hai
c4i phang hosc biing cdc phuong trinh tham sd cida ching, hoic
diung mét phuong trinh téng quat véi mat phuong trinh tham s&
cha cdc phing cho truge. Vide lya chon cdch gidi phu thude vao céce
bai todn cu thé.

Néu phdi 14p phuong trinh cia phéng tdng cla hai cdi phéng
P va Q cho trudc, ta chon trong P mét hé gom p + 1 di€m dac lap
16n nhét va trong Q mot hé gém q + 1 diém déc lap 16n nhat. Sau
dé ta lap phuong trinh eda cdi phdng c6 s6 chidu bé nhat chia
dong thei ca hai hé diém dac lap néi trén (phéng téng ¢6 s§ chiéu
nhé hon hode bing p+q). -
2. Cédc phing Oelit

D&i véi cdc bai todn vé cdc phdng cha khong gian Oclit ching
ta cling s& gép cdc vdn dé tuong tu nhu da xét déi véi cde phing
cda khéng gian afin. Sau day ta chi néi thém cdc van dé cla riéng
khéng gian Celit nhu phuong trinh ciia phing bu vudng géc vdi
médt phlng cho trude, tinh khodng cach tit m¢t didm t6i mot cai
rhing, tinh gée ciia hai duing thing vv ...
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Chiing ta cdn chi ¥ ring d6i v6i mot mue tidu truc chudn cho
trudc mét sidu phing cia E” ¢6 phudng trinh :

aXy + agXas +..+ X, +b=0

nhin vectd a= (ay, ap, ..., a,) lam phdp vecto. N&€u mot m-phing P
c6 phuong trinh d&i véi mét muc tidu true chudn la:

a, X, +a,X, + .. +a,Xx, +h =0

8, X, +8y,X, + e tay %, t+h, =0

a, .. X +a

nem,l

X, + ... +a x, +b =0

n-m,2 n-m,n“*n n-m

thi ta ¢6 th€ xem m-phing nay la giao cia (n-m) siéu phéng déc
lap. Mdi sidu phing sé c6 mot phdp vectd va hé n-m vecta nay tao
nén c¢ sd ciia phuong cai phing b vuéng géc véi m-phéng P cho
trude, Can of vao phuong trinh cia P ta c6 cdc phap vecto
a,,a,,..,a, . c6 toa dd nhu sau :

ey

a, =(a;,,a;,,..,a,,)

a, = (85,85, azn)

a,, =(a a a )

n-m,l*a-m, 2 Y n-men

Né&u gap bai todn lap phuong trinh cia phing Q di qua diém
M (tat nhién cé toa d cho trude) va bu vuéng géc véi phing P cho

truGe ta tim phuong ciia Q nhu trén va viét phuong trinh cia Q
nhu sau: '

XeQeo MX =tya, +t,a, +..+t, .8,

n—m n-m

sau d6 ta thay toa d& va khi cdc tham sd ta sé tim duge phuong
trinh téng quat cda Q di qua M va bu vudng géc véi P cho trude.

Mudn tinh khodng cdch tir mat diém M tdi mot m-phing P thi
ta lap phuong trinh phing Q di qua M va bu vudng géc véi P nhu
trén. Sau d6 tim giao difm H = P ~ Q va ta ¢6 khodng céch :
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d(M,P) = MH |

dMP) = Jm? +mZ + ..+ m’

8.Cic phiing xa &nh

M6t m-phdng xa dnh duge xdc dinh béi m+1 diém doc lap va
hé cdc vecto dai dién cho m+1 diém ddc lap nay la c¢é co sé cha
khéng gian vects V™! sinh ra m-phing xa anh dé. Vi vay mudn
viét phuong trinh ctia m-phing xa anh chiing ta c¢idn x4c dinh duge
hé vectd co s& nay (khdc vdi vects trong phing afin). Gid st phing
P xdc dinh béi m+1 di€m A,, A, ..., Agp. ddc lap va goi
a,,4,,..,a,,, 12 cdc vects 14n luot dai dién cho cdc diém dé.
Phuong trinh cia m-phdng xa 4nh P ¢6 dang :

XeP o x=ta, +t,a, +..+t_, &

m sl
< [x] = tyfai] + tafag] + ... + tmafamaal

trong d6 ix] va [a;] 12 ma tran cot toa d6 cia diém X va cde diém
A;. Chi ¥ rang phuong trinh tham s8 cita m-phéng xa anh c¢6 m+1
tham s6 (khdc véi m-phéng afin chi ¢6 m tham s8) va sau khi khi
m+1 tham s8, ta dugc phuong trinh téng qudt cha P la mot he
phuong trinh tuyén tinh thuin nhat (hay ding cap) c6 hang biing
n-m.

Mudn xét vi tri tuong déi cda hai cai phing xa anh ta chi cdn
lap phuong trinh tim giac diém. Né&u phuong trinh nay c¢6 hang
bing k thi giao di€m cda hai cdi phiing d6 12 mdt (n—k)-phéng, con
néu hé phuong trinh tim giao ¢6 nghiém tdm thudmg ta két lusn
hai phdng d6 chéo nhau vi diém (0, 0, ..., 0) khong phai la diém xa
anh. Vdi hai siéu phing phan biét ta ¢6 giao 1a mot (n~-2)-phéng.

Chum siéu phdng la tap hgp cdc sizu phdng cing thude mot
(n-2)-phing. D€ xdc dinh mét chum siéu phing ta cin biét toa db
cda hai siéu ph&ng phéan biét cia chum. Cdc siéu phing khéc cla
chim duge bidu thi tuy&n tinh qua hai siéu phing dé. Pudng thing
la siéu phing trong P? do d6 cén chi ¥ lam thanh thao cdc ki
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n#ng vé viét phuong trinh clia dudng thdng qua hai diém va cdch
tim toa d9 giao diém clia hai dudng thing cho triuée trong P2

II. LAP PHUONG TRINH CAC PHEP BIEN DPOI

Qua phép bign d8i f mdt diém X bién thanh mot didm
X = fiX). L4ap phuong trinh cia phép bign ddi f tidc 14 tim duge sy
lien hé vé toa dd chia mot dim X va didm X = fX) d6i véi muc
tidu toa dé cho trudc. _ '

1. Phudng trinh phép bién déi afin

C6 hai phuong phdp l4p phuong trinh phép bign déi afin
trong A" '

a) Dua vao phuong trinh clia phép bign d6i tuyén tinh ¢ (sinh
ra phép afin f): Ta biét ring phép bién déi tuyén tinh ¢ ¢6 phuong
trinh [x] = A'[x] s& sinh ra phép bién ddi afin f c¢6 phuong trinh
[x] = A'[x] + [b] trong d6 A 1a ma tran chuyén tif co sé& {e } sang
co s {e } = ¢le,). Vi vy mudn l4p phuong trinh phép afin f ta
cAn tim ma tran A® va ma tran [b]. Mudn tim A" ta phai tim A tic
1a tim cdch biéu thi cde vecto cia co s& {e] } qua cde vectd cia cg
sd {e, }. Con ma tran [b] chinh la ma trdn cdt toa 49 cia diém
f(E,) d6i vdi mue tidu {E,; E;}. C6 thé sau khi tim dugc ma tran A’
ta thay toa d6 chia mdt cip diém tuong dng nao d6 vao phuong
trinh [x] = A'[x] + [b] ta sé& tim duge [b]. .

b) Dua vao dang téng quit cia phuong trinh phép bign déi
afin. Ta bi&t phuong trinh téng qudt ciia mdt phép bién déi afin
trong A" ¢6 dang :

[x] = B[x] + [b]

trong dé B 12 ma tran vudng cdp n khéng suy bién. Vi hai hé n+l
diém doc lap cho trude, ta lan lugt thay toa do cde cip di€m tuong
ing vao phuong trinh téng qudt néi trén va mdi cip diém ta duve
‘mdt hé n phuong trinh. Sau khi thay ta duge mot hé gém c6
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n{n+1) phuong trinh va n® + n 4n. Gidi hé nay ta tim duge ma
tran B va [b].

) Ta c6 thé gap cdc bai todn vé tim dnh hoic tao anh cia 1
diém ho#c cia mot dudng thing qua mdt phép bién d8i afin, hoic
tim diém kép ctia mot phép bién ddi afin. Ta sé d& dang lam duge
cac bai todn nay néu hifu rd dinh nghia cda cdc khai niém &nh
tao &nh, di€m kép cla mét phép bign d8i afin. Muén tim anh coa
mét m-phdng (c6 thé 13 dudng thing, mat phing ..) ta 1y m+l
diém doc l4p trong cdc phing dé (biing cdch 14y toa do sao cho
théa mén phuong trinh cia phing da cho) rdi tim inh cha chiing
qua phép bi€n doi afin. Sau d6 ta viét phuong trinh cia m-phéng
anh x4c dinh bdi m+1 di€m 4nh via tim duge.

2. Phuong trinh phép doi _

Vi phép ddi cling la mot phép afin nén cich l4p phuong trinh
phép ddi ciing tuong tu nhy d8i vdi phép afin. C4n chd ¥ ring ma
trgn cia phép doi d6i véi mdt muc tidu trye chudn bao gid¥ cing la
ma trgn tric gigo va dinh thic cha ma trian d6 c6 gid tri bang 1
hoge -1, con nguge lai dinh thie det A = +1 thi A chua chdc 1a ma
tran trge giao. Mudn xét mét phép afin nao dé viet ddi véi mot
muyc tiéu true chufin ¢6 phai 14 phép doi hay khang ta chi cin xét
xem ma trdn cha phép afin d6 trige giao hay khéng.

3) Phuong trinh phép bié€n déi xa anh

C6 hai phuong phap l4p phuong trinh phép bién d8i xa 4nh :

a) Dua vao phuong trinh ciia phép bign ddi tuyén tinh ¢ trong
khong gian vecto V™' : N&u ¢ ¢6 phuong trinh 13 [x] = B[x} thi
phuong trinh cia phép bi&n ddi xa anh tuong vng 1a k[x] = Bx].
Mat khdc ta lai biét ring phuong trinh phép bign ddi tuyén tinh ¢
cé dang [x] = A'[x] trong d6 A la ma tran chuyén tif co s& {e }
sang cd s¢ {e } v6i el = ole};i=12,.., n+l. Vi vay néu trong gia
thi€t cda bai todn, phép bién d8i xa anh f duge cho bdi hai muc
tiéu xa anh {A; E} va {A;E’} thi ta ¢6 hé thic sau day :
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[El=k[A]+kofA)] + ... + ko[ A

n+l

trong d6 [E], [Al] 14 cAc ma tran cbt toa dd cha diém f(E) va cia

cac diém f{A;). Gidi hé n+1 phuong trinh nay ta tim duge cdc 4n 1a

cdc gia tri cia ki, ky, ..., kn,.. Sau dé ta 14y toa do cdc didmA!

nhdn vgi cdc hé sé k; vira tim duge ta tim duge toa d§ cde vecto
el =¢le,) v6ii=1,2, .., n+l va dé dang lap dugc ma trén chuyén

A tif co s& {e, } sang co s§ {e] }. Do d6 ta c6 phuong trinh ciia
phép bign déi xa dnh fla :

k(x] = A'[x]

b) Dua vac phuong trinh tdng quit cha phép bién ddi xa anh
trong P° ; Ta biét ring phuong trinh téng qudt cGa phép bién déi
xa anh f ¢6 dang :

ki{x] = B[x}

trong dé B la ma trdn vuéng cdp n+1 khéng suy bién. Gid st cdn
viét phuong trinh cia phép bién déi xa anh f x4c dinh bdi hai b
n+2 diém My, M;, .., My va N, Ny, ..., N, nghia 1a fiM;) = N;
v6ii =1, 2, .., n+2. Sau khi thay toa dé clia mét cip didm M;, N;
vao phuong trinh téng quit ta duge mot hé gdm n+1 phuong trinh
c6 dang :

ki[N:} = B[M]

trong dé k; 14 mdt hé sé ti ké khae 0. V6i n+2 cap diém M;, N;
thay vac phuong trinh téng qudt ta duge mét hé gom (n+1)n+2) =
= n® + 3n + 2 phuong trinh trong d6 céc £n 1a (n+1)* phén ti cla
ma trdn B v n + 2 cdc hé s8 k; nghia 12 ¢6 (n+1)*> + n + 2 =n® +
+ 3n + 3 4n. Cac 4n nay ¢6 thé xdc dinh sai khdc nhau mat hé so
ti 1& nén n® + 3n + 3 &n nay tuong duong v6i n® + 3n + 2 4n. Cde
an k; chi déng vai tro trung gian trong khi gidi va cudi ciing ta tim
duge ma trdn B. Véi n = 2 nghia ]1a trong mat phing xa dnh, hé
phuong trinh nay gém cé 12 phuong trinh va 13 4n trong dé c¢6 9
&n thujdc ma tran B con 4 dn 1a cdc hé sé i 18.
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¢} Tim &nh va tim diém kép

Vi phép bién doi xa &4nh k[x] = B[x] ta ¢6 [x], [x] l4n luot ia
ma tran cgt toa dg cua dnh va tao 4nh. N&u biét [x] ta s& tim duge
[x] va ngudc lai,

Mudn tim di€ém kép clia phép bién d6i xa anh f c6 phuang
trinh -

k[x] = B[x]

ta can tim cdc diém sac cho iM) = M nghia la cdc diém M ¢6 toa
d% (xy, Xa, ..., Xn,1) thanh chinh né nghia la thanh diém 6 toa do
{kxl, sz, ey kxn+1) vl k = 0.

Ta c6 phuwtang trinh tim diém kép cia f1a :
k[x] = B{x] hay (B - kI)[x] =
Véi I 1a ma tréan don vi.

Muén c¢6 diém kép thi hé phuong trinh trén phai cé nghiém
khdc nghiém tdm thuong c6 nghia la B - kI} = 0. Ta dugc mot
phuong trinh bic n+1 d&i véi k. Véi mdi nghiém k = k; thue (ta
han ché véi khéng gian xa anh thue) thay vao phuong trinh tim
diém kép néi trén ta duge tap hop cac diém kép ing véi gid tri
riéng k = k; théa méin hé phuong trinh :

(B-kIx] =0

Néu hang cfia h¢ phuong trinh nay bing m (nghia la trong dé
¢6 m phuong trinh dge 14p) thi phuong trinh d6 xdc dinh mot
(n-m)-phéng chia toan diém kép tng véi gid tri ridng k = k,. Lan
lugt v6i cdc nghiém k = k; kh4c ta ciing lam tuong tu va sé duge
tat ca cdc diém kép ciia f.

Néu phép bign ddi xa &nh f ¢6 tap hop cic diém kép théa min
phuong trinh cia mét siéu phdng thi khi d6 phép bign déi xa anh
nay la phép thdu xa xa dnh. Siéu phing kép goi 1a nén thdu x@ va

diém kép con lai la tém thdu xg. Tam thau xa c6 thé thubc hay
khéng thude nén thau xa.
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- IIL DUNG CONG CU TQA b0 DE CHUNG MINH CAC TINH
CHAT HINH HOC

1. Y nghia: Dung céng cu toa do dé ching minh mét tinh chat
hinh hgc nao d6 ¢6 nghia 1a tim c4dch sit dung “ngdn ngi dai s6”
thay cho “ngdén ngit hinh hoc”, trong vide ching minh dé. Vi du
nhu ta ¢6 thé thay diém bing mdt bs sé thuc cé thit tu, thay cdc
dudng cdc mat, bing phuong trinh cia ching. D& tim mé&i quan hé
cdt nhau, chéo nhau, vuéng géc vdi nhau clia cdc phing ta cé thé
dua vao cdc phép tinh dinh thie, tinh hang efia ma tran, tim
nghiém clia mdt hé phuong trinh v.v ... d€ k&t ludn vé& cac tinh
chét hinh hoc dng vé6i cdc tinh chat dai s6 vira tim duge.

2. Chon hé muc tiéu toa d§ thich hgp

Ta biét ring trong viéc tim toa dé mot s§ di€m, viét phuong
trinh mot s6 dubng, mdt s6 mit, néu ching ta khéo léo chon duge
mit mue tiéu toa d¢ thich hgp thi viéc lam néi trén sé nhe nhang,
nhanh gon va viéc tinh to4n s& don gidn, dé& thuc hién. Mit khéc
viéc chon muc tidu toa d¢ lal phu thugc vao tinh chat cia bai todn
vi bai todn cfia thi hinh hoc nao thi ¢6 muc tiéu toa do dung cho
thd hinh hoc d6. Vi du trong khong gian Gclit néu ta giip bai todn
can ching minh su thing hang ciia ba diém nao d6 hoac cdn
ching minh hai dutng thdng nao d6 song song véi nhau thi ta chi
c4n dung muc tiéu afin 14 di. T4t nhién néu ta dung muc tidu tryc
chuin va toa db truc chudn ciing duge (vi muc tiéu truc chuin ciing
la mét loai muc tiéu afin) nhung lam nhu vay ta di tu han ché
diéu kién lua chon muc tiéu va viéc tinh todn sé phién phic 16i
théi hon nhiéu. Con néu trong khéng gian Oclit ma ta gip cdc bai
todn vé tinh khoang c4ch, tinh 49 dai, tinh géc v.v ... ho#ic chimg
minh hai c4i phdng nao dé vuéng géc voi nhau thi bdt bue ching
ta phai dung muc tiéu va toa 46 truc chuén.

3. Vii tinh chat hinh hoc thudng gip ein chitng minh
a) Ching minh ba diém A, B, C thédng hang
- Trong khéng gian afin va Uelit, khi biét toa d6 cha cde didm
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A, B, C mudn xét xem ba diém d6 c6 thing hang hay khong ta c6
thé xét sy cdng tuyén cha hai vecto AB va AC, hoidc xét hang ma
trdn toa 46 ciia hai vecto nay, hodc xét xem cdc thanh phin tuong
ling cua toa dd hai vecto nay cé ti 1& véi nhau hay khéng.

— Trong khong gian xa 4nh muén chimg minh ba diém A, B, C
thdng hang ta chi cdn chitng minh hé vects a,b,¢ dai dién cho ba
diém A, B, C 12 hé vecto phu thudc tuyén tinh, théng qua toa dd
cua ching. :

~ Mit khic d€ chang minh ba di€m A, B, C th&ng hang, ta c6
thé 1ap phuong trinh dudng théng di qua hai diém rdi chitng minh
di€m thd ba cé toa d¢ théa min phuong trinh dudng thing néi
trén.

b) Chitng minh ba dudng théng a, b, ¢ ddng quy

~ Giita bai todn ching minh sy déng quy cua ba dudng thing
va sy thing hang cia ba diém c6 sy 1ién quan rat mat thi&t. Néu
ta 1y trén dudng thing a hai diém M, N phan biét va goi P la
giao diém cla hai dudng thidng b va ¢ thi khi d6 ta ¢6 thé thay
viéc ching minh ba dutrng thdng a, b, ¢ ddng quy bing viée ching
minh ba diém M, N, P thing hang. Nguoc lai ta cing ¢ thé thay
viée ching minh ba diém M, N, P thing hang bing viéc ching
minh ba duéng thing a, b, ¢ déng quy.

~ P& ching minh ba dudng thdng a, b, ¢ déng quy trong mit
phing ta ¢6 thé lap phuong trinh cha ba dudng nay rdi ching
minh ring hé ba phuong trinh nay c¢6 hang bing hai nghia 1a ba
phueng trinh nay tuong duong vdi hai phuong trinh déc 14p. Mt
khic ta cing c¢6 thé tim giao diém cia hai dudng va ching té ring
toa 49 diém d6 théa méan phuang trinh cia duyng thdng con lai.

~ Trong m#t phdng xa &nh chiing ta ¢6 thé xét dinh thic toa
d} cda ba dudng thing a, b, ¢ nay, néu dinh thic nay bing 0 thi
ba dudng thidng da cho déng quy tai mdt diém.

- Chiing ta c6 thé 4p dung phuong phdp chum dudng théng
trong mit phing d€ ching té ring trong ba dudng 86 ¢6 mdt dudng
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thude chim dudng thing xsc dinh bédi hai dudng con lai.

¢) Ching minh hai cdi phlng c6 cing s8 chidu song song véi
nhau trong A". Néu hai c4i phlng cho bdi phuong trinh téng quét
ma c6 phin xdc dinh phuong gidng nhau va c6 s5 hang ty do khéc
nhau thi hai c4i phing dé song song v6i nhau.

d) Ching minh hai c4i phng bl vuéng géc v6i nhau trong
khong gian E” ta cdn ching minh ring hai cdi phing d6 c6 téng
sé chiéu bing n va hai cdi phing d6 ¢6 cdc phuong vudng gée véi
nhau.

IV. AP DUNG CAC DINH Lf cUA HINH HOC XA ANH DF
GIAI CAC BAI TOAN

Muén 4p dung mét dinh li nao d6 ching ta cdn phai n&m that
vitng dinh li d6 nghia 12 cdn phai hidu that r5 gid thist va két
ludn cha dinh 1i. Vi du khi dge t6i dinh li Pappus ta cin chi ¥ t6i
tinh chat thing hang ciia ba diém A, B, C va sy thing hang clia
ba di€m A, B, C chi khéng cdn quan tim téi thd ty cia chiing.
Ngoai ra khi doc xong mét dinh 1i ching ta cin suy nghi xem khi
néo thi ding duge dinh 1i 46 va muc dich ciia dinh 1i d6 la gi ? Sau
day ching t6i xin luu ¥ téi viée ding mét s6 dinh 1i quen thudc cia
hinh hoc xa anh.

1. Dinh li Desargues (P&-dde). Pinh 1i nady cho bi&t méi quan
hé gitta hai tam gi4c va diing dé ching minh sy thing hang cda ba
diém ho#ic sy ddng quy cda ba dudng thing. Mudn ap dung dinh li
nay dé ching minh ba dim nao dé6 thing hang, ta cAn xem d6 c6
phdi 1a giao di€m cda cdc cip canh tuong dng clia mdt cip tam
gidc nao d6 khong va xét xem dutmg thing néi cdce dinh tuong tng
cia hai tam gidc nay ¢6 ddng quy khéng. Nguge lai mudn chiing
minh ba dubng thdng ndo d6 ddng quy ta cdn xem cdc dudng
thing nay ¢6 di qua céc cip dinh cda hai tam gidc nao dé khéng
va xét xem hai tam gidc nay ¢6 giao di€m cdc cip canh tuong Ung
c6 thupe mdt dudng thing nao 46 hay khong.
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2. Pinh 1i Pascal (Paxcan). Mudn ding dugc dinh li nay cin
hi€u ro khdi niém vé cde canh doi dién clia mdt luc gide ndi tidp
conic nhat 1a ddi véi cde trudng hop luc gidc suy bién thanh ngi
gidc, i gide, tam gidc. Vi du ta cdn ching minh ba diém nao dé
thdng hang, ta cAn xem ba di€m d6 c6 thé la giac diém ciia ba
canh ddi dién cha mét luc gide nao d6 ndi ti€p conic hay khong,
Néu bai todn khong ¢6 conic va sy ndi tiép cia luc gide (c6 thé suy
bién thanh ngi gide, td gide, tam gidce) thi ta nén nghi tdi cdc dinh
li khde. Mat khdc mudn chitng minh mdt luc gidc nao d6 ndi tiép
duge trong mot conic ta can nghi t6i dinh li Pascal ddo. C6 thé
van dung dinh i nay nhiéu l4n d€ chiing minh 4 diém, 5 diém nao
dé thdng hang, hode dung ti€p tuyén véi conic hoic dung canh con
thi€u clia lye gidc ndi tiép conic. Chi ¥ riing ngudi ta cang c6 thé
ding dinh 1i Pascal d& ching minh sy ddng quy clia ba dudng thing.

3. Dinh 1i Brianchon (Bridngséng)

Mudn st dung dinh 1i n3y, ching ta cdn bi&t rd kh4i niém hai
dinh ddi dign cha mot luc gide ngoai ti€p conic va dac bist d6i véi
cdc trudng hop khi luc gide suy bién thanh ngi gide, ti gidc, tam
gide. Vi du néu cin ching minh ba dugng thing nao dé déng quy
ta cdn tim ra mot luc gidc Bridngsdéng (¢6 thé ngi gidc, td gidc,
tam gidce) thich hgp ndo dé ngoai ti€p conic. Con muén chimg
minh mot luc gidc nao dé ngoai tiép duge moét conic thi chiing ta
cin chdng t6 réing dé la mét luc gidc Briingsdng gin lidn véi ba
dutng thing néi cdc canh d6i dién déng quy, cé trudng hop cdn
phai ching minh 4 hosc 5 duong thdng nao d6 déng quy thi ta cin
phdi vidn dung dinh li Briangséng nhiéu 1dn hojc chimg minh mét
dutng théng thay déi nao d6 luon luén di qua mdt diém c8 dinh
thi c6 thé chitng minh diém 5 dinh 4y 13 mot diém Brisngséng.
Ngudi ta cdn c6 thé ding dinh li Briingséng dé chding minh sy
théng hang cia ba diém.

4. Dinh li vé cyc va siéu phing déi cwe d6i véi mot siéu
miit bac hai

Ta can chii ¥ t6i hai dinh 1i quan trong sau day:
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a) N&u mdt dudng thdng di qua mdt diém U khéng. thude
dubmng bae hai (S), cit (S) tai hai diém phan bigt M, N va cit
dudmg déi cye cia U tai V thi (UVMN) = -1,

b) N&u di€m V ndm trén dudng d8i cuc cha diém U 4681 véi
dudng bic hai (S) thi diém U nim trén dudng doi cuc cia didm V
dai véi (S).

Céc diém U, V, M, N lam thanh mgt hang diém diéu hda &
day thudng c¢é quan hé véi tinh chdt (UVMN) = -1 ddi vdi mot
hinh bén canh toan phan hoic nguge lai. C6 thé si dung tinh chit
dé6 d& dung dudrng d6i cuc clia mot diém doi vdi mdt dudbng bac hai
cho trude hozc tim cuc diém cha mot duding thdng cho trude déi v6i
mot dudng bac hai cho tru6e. Pinh li thd hai eda phin nay thudng
dugc dung d& ching minh sy thng hang cda ba diém hoic sy déng
quy cla ba dudng théng.

5. Dinh li vé sy lién hé xa anh va phéi canh trong P?

Cén ném vimg dinh nghia 4oh xa xa 4nh (hay lién hé xa anh)
giita hai hang diém va giita hai chitm dudng thing, déng th&i ndm
duge didu kién cdn va 40 d€ mét 4nh xa xa dnh giita hai hang
diém (ho#ic giita hai chiim dudng théng) trd thanh phéi cdnh.

Phép phéi cdnh (hay phép chi€u xuyén t&m) giip ching ta
chitng minh hai ti s§ kép nao d6 biing nhau théng qua mdt sé hiu
han cac phép cidt va chidu. Khi gép cdc bai todn vé chimg minh
cdc ding thic vé ti s§ kép hodc tinh cdc ti s6 kép, nhiéu trudng
hgp chiing ta cdn phé: dung dinh li Steiner ddo ho#ic cdc dinh li ¢6
lidn quan t4i hang diém didu hda va chum diéu hda clng cdc céng
thitc bign ddi ti s6 kép.

Chiing ta cdn c¢6 thé gip lién hé xa dnh hoic phdi cidnh trong
cdc bai todn vé tim quy tich giao difm clia cdc cip dudng thing
tuong Ung véi nhau qua mét lién hé xa dnh hodc phdi canh nao d6,
va qu¥ tich nay c6 thé€ 13 mét dudng conic hodic mjt ciip dudng
thdng cdt nhau, lién hé phdi cinh con duge ding trong viéc chimg
minh tép hgp cdc dudng thdng naoc dé thudc hai chim cé giao
diém ludén ludn thujc mot dudng thédng cf dinh (12 truc phdi cdnh)
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hoic cAn ching minh tap hop cdc dudng thing di qua hai diém
tuong Ung cia hai hang diém phdi canh ludn ludén di qua mét di€m
cd dinh.

V. HINH HQC XA ANH VA CAC HINH HOC CO LIEN QUAN
1. Van dung cac dinh li ¢ciia hinh hoc xa anh

Céc dinh I cia hinh hoc xa dnh nhv dinh 1f Desargues, dinh li
Pappus, dinh li Pascal, dinh i Bri#ingséng ... déu c6 thé van dung
trong hinh hoc afin va hinh hoc Uclit. Vi du dinh li Desargues
ngodi viée dp dung hoan toan giéng nhu trong khéng gian xa anh,
ta con xét thém trudmg hop khi dudng thing néi cdc dinh tuong
Ung song song véi nhau (xem cdc dudng ndy ddng quy tai dif€m vé

tdn) hodc trutmg hgp cdc canh tuong dng cda hai tam gidc song
" song v6i nhau (xem ba giao diém nay déu thudc dudng thing vo
tan). Mat khic ddi v6i cdc dinh 1i Pascal, Briingsdng hofc mdi
quan hé cuc va ddi cuc ta cé thé 4p dung cho trudng hgp conie 1a
dudng tron, dudng elip, dudng parabol, dudmg hypebol.

2. Sy lién quan gi¥a hinh he¢c¢ xa anh va hinh hoc afin

a) Trong mit phing xa dnh néu chon mét dutng théng nao dé
lam dutmg thdng v6 tan thi ta duge phdn cdn lai 13 mit phing
afin :

A’=PA\P'

Khi dé néu ta ¢6 hai dutng thing xa dnh nao dé cit nhau trén -
dudng thing v6 tan P' thi trong A’ d6 1a hai duimg thing song
song. Nguge lai hai duting thidng song song v6i nhau trong A® cé
thé bidu thi bing hai dudng thing xa dnh cit nhau tai m¢t didm
thudc dudrng thing vé tan P

b} Giiia ti s§ don va ti s8 kép ta c6 cong thifc :

(CAB)

AB = .
{ABCD) (DAB)

Néu D 12 mét dim thube dudng thing vé tan P thi ta cb:
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(ABCD.)) = (CAB)
Pac biét néu D 1a diém v4 t4n va (ABCD) = -1 thi khi 46
trong mat phéng afin C la trung diém ciia doan AB.
(ABCD,} = (CAB) = -1

c¢) Mét conic trong P? s& thé hién thanh elip, parabol, hypebol
trong mét phing afin A® thy theo dudng thing vé t4n khéng cdt
conic, tiép xde véi conic hogc cit conic tai hai diém thue.

d) Tfong trudng hop conic thé hién thanh hypebol, khi d6 hai
ti&p tuyén véi conic 12 haj dudng tiém cin ciia hypebol. Cdc dutng
tiém can nay cdt nhau tai tdm cia hypebol.

¢) Trong trutng hgp conic thé hién thanh hypebol hodc elip (1a
nhitng dudng bic hai ¢é tdm) thi dudng thdng vé tan la dudng dsi
cuc cia tAm dudng bic hai va diy cung di qua tAm goi la dudng
kinh cia dudng béc hai d6.

f) Hinh binh hanh trong mit phing afin 12 mét hinh bon canh

todn phéan trong mat phﬁng xa dnh ¢6 hal dinh d61 dién thudce
dudng thing v tén.

3. Dung hinh hgc afin d€ gidi cic bai todn xa anh

Néu ta ¢6 mét bai todn xa dnh phing ma mudn chuyén vé mét
bai todn afin thi ta chon mét dudng thidng nio d6 déng vai trd
dudng thing v6 t4n va khi d6 mat phdng xa 4nh P? tré thanh mit
phng afin A®. Tiy theo yéu cdu cia bai todn, ta cdn khén khéo
chon dudng thdng vé6 tan saoc cho bai todn xa dnh trd thanh mot
bai todn afin ma cdch gidi d& thuc hién bing cdc céng cu cia hinh
hoc afin. Nhu vdy cé nhiédu cdch bién mét bai todn xa dnh thanh
mot bai todn afin va su hfa chon nay mudn dat dugce hidu qua thi
ngudi lam todn cin phai c6 mot s6 hifu bigt va mot s& kinh
nghiém cy thé dsi vdi timg loai to4n.
4. Dung hinh hoc xa anh d€ giai cdc bai todan afin

Trude hdt mudn gidi mt bai todn afin bling céng cu xa anh,
chiing ta cdn bd sung vao mat phing afin cdc diém vo tdn. M5i
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dutng thdng afin déu dugc thdm vao mot didm vo tdn va trd
thanh mot du¥ng thadng xa anh. Tap hgp cdc diém vo tdn nay cla
mit phéng déu n¥m trén mot dutmg thdng v6 tan. Thong thudng
nguoi ta hay bd sung cdc difm vé tén biing cdch xem cdc duong
thdng song song véi nhau thi déu gap nhau tai mét diém vé tan
ndim trén dudng thdng vo tan. Céc dudng elip, parabol, hypebol trd
thanh cdc dudng conic theo thit ty khéng cit, tidp xic hay cdt
dutng thadng vé tin tai hai diém. Sau khi chuyén bai to4n afin tré
thanh bai todn xa dnh, ta c6 thé ding cdc tinh chat, cdc dinh 1i
eda hinh hoc xa 4nh d€ gidi bai toan ds.

5. Siang tao cac bii toan mdi

a) Xuat phdt tit mdt bai todn xa anh, do cdch chon cdc dudng
thing khic nhau déng vai trd dutng thdng vé tdn, ta s& duge céc
bai todn afin khdc nhau ma k&t qua cta bai todn nay ta cé thé suy
ra tit két qua di bist trong bai todn xa anh (con cdch giai thi con
phai tiép tuc nghién ciu !)

b) T mét bai todn afin ¢6 thé suy ra mot bai todn xa 4nh
bing cdch thém vao mit phing afin nay nhimg diém v6 tan va cdc
di€m vé tin nay nim trén mdt duyng thing vé tan. Tir ket qud
cla bai todn afin cho trudc ta c6 thé d& dang suy ra cdc két qua
ctia bai todn xa &nh vira tim duge cdn cdch gidi thi tdt nhién
ching ta phai suy nghi tim hifu thém.

6. Ding hinh hoc Uclit d€ gidi cde bai to4n afin trong khong gian
Oclit. Gid s ta edn chitng minh mét hinh H nao d6 of tinh chat « .
trong dé « la@ mét tink chdt afin. Khi d6 trong tdp hgp tat ca cac
hinh tuong duong afin véi hinh H, ta khéo léo chon mét hinh H’
ma trén dé tinh chit a dé ching minh hon. Trén hinh H c6 thé
bing cdc céng cu cfia hinh hoe Oclit 1am trung gian, ngudi ta tim
cdch ching minh tinh ch&t o trén hinh H. Sau dé ta thuc hién
mdt phép afin bign H thanh H thi hinh H ciing ¢é tinh chat a.
CHU THICH. day ta chua xét téi sy lien quan gida hinh hoc Celit
va hinh hoc xa dnh. M6 hinh xa anh cia khoéng gian Oclit s& giip
ching ta hiéu r6 van dé nay.
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KET LUAN

Trén diy chding tdi chi néu 1&8n mét s§ diém quan trong chi
y&u nhat vé li thuyét va bai tap clia mén hinh hoc cao cdp. Mudn
hoc t8t mén hoc nay anh chi em sinh vién cAn n&m th4t vitng cdc
khdi niém co bdn, ndm vimg cdch giadi cdc loai todn déng thai bit
tay vio 1am mot s bai todn co bdn d€ rén luyén ki ning suy luin,
tu duy va tinh todn. Cdc bai tip miu sau day c6 tinh chit téng
hgp, gitip anh chi em hiu rd mdc d§ cda mét bai thi, mat khéc
cing giip cho anh chi em nédm chic cdc khdi niém co ban va cdc
ki ning co ban ciia mén hoc.

B. 8 DE TOAN ON TAP

LDE BAI
Pé sd 1
Cau 1: a) Pinh nghia khong gian xa dnh n chiéu P". _

b} Hay trinh bay vé mé hinh afin ¢6 b§ sung cdc phin t& vo
tan cia khéng gian xa anh P? va dung mé hinh nay d€ ching
minh ring trong mit phing xa dnh P? hai dudng thdng xa dnh
phan biét luén luén cidt nhau.

Cau 2: Trong khong gian afin 3 chiéu A® v6i muc tiéu afin cho
trude, cho cdc didm:
B1(1,1,0), B»(0,1,1), B3(1,0,1), B4(0,0,0) va cdc diém
B{(3,4,9), B;(2,8,8), B;(4,6,4), B{(1,2,3).

a) Ching minh ring c6 mot phép afin duy nhdt f bién khéng
gian afin A3 thanh chinh né va bié€n cdc diém B; thanh Bvéi
1=1234.

b) Lap phuong trinh phép afin f d8i v6i muc tiéu afin cho
trude.

¢) Qua f hiy tim &nh cia dudng thing d ¢6 phuong trinh :
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X, = X,
@: {xz =0
d) Tim ma trdn cda phép afin f d6i véi muc tidu:
{B1; By, Bs, By}
Cau 3: Trong khong gian Oclit n chidu E" véi hé muc tidu truc
chuén cho trude cho céc didm :
A =(a,0,..,0)
Ay =(0,a,0,..,0)

Ay, =(0,..,0,a,) véimoia =0

a) Ching minh rdng hé m diém A,, A,, .., Apvéim <nla
mot hé m di€m déc 14p. Hay lap phuong trinh tham s6 va phuong
trinh téng qudt cla phéng P x4c dinh bdi m diédm A,, A,, ..., A,
ddc 1ap néi trén.

b) Lap phuong trinh tdng qu4t cia siéu phing R xé4c dinh bdi
n diém Ay, A,, ..., A, di cho. '

¢) Lap phuong trinh tdng quat caa phidng Q di qua difm
M(1,2,...,n) va b vudng géc v6i phing P néi trén.

Céu 4 : Trong miit phing xa d4nh P? cho ba difm A, B, C nim trén
conic (S). T mét didm D khéng thudc conic (S) ta ké cdc dudng
thing DA, DB, DC l4n lugt cét conic tai A, B, C. Tit M 12 mét
diém bat ki trén (S) ta ké cdc dubng thdng MA, MB, MC 14n luot
cdt cdc dudng thdng B'C, CA, AB tai A,, B,, C,. Chung minh ring
4 di€m A,, By, €, D thuse cung mit dudng thing .

Pésd2

Cau 1: a) Trong khéng gian afin n chidu A" hay chimg minh ring
phuang trinh téng quit cia mot m-phing afin (0 < m < n) xdc dih
béi m + 1 diém dgc 14p 12 mot hé phuong trinh tuyén tinh c6 hang
bing n-m.

b) Ching minh riing trong khéng gian A" mét siéu phéng va
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mot m-phiing khéng thudc sidu phing dé cé giao 12 mét (m-1)-
phéng.

Céau 2: Trong mit phing Cclit E? v6i muc tiéu tryc chudn, cho
phép bign déi f cé phuong trinh :

., 1. 3

Xl=EX1 —‘~'2-“X2+1
X, —ﬁx —lx +2
2 g "1 g%

a) Chimg minh f 12 mét phép afin. Xét xem f cé phai la mot
phép dai khéng ? '

b) Tim diém kép cha f.

x, =t-1
X, =2t -2
Hay tim anh d = fid) va tinh géc giita d va d.

¢) Cho duong thing d ¢6 phuong trinh {

Cau 3: Trong khang gian Jelit E” cho muc tidu tryc chuin {E,; E;}.
Trén méi dudng thing EE; ta 1dy mét difm B; # E, sao cho
(EoBiEi) =bj cho truge.

a) Chitng minh ring n diém B,,B,,..., B, djc lap va l4p phuong
trinh siéu phdng P x4c dinh bdi n diém B; doc 14p néi trén.

b) Lap phuong trinh tham sd va tdng qudt cia dudng théng d
di qua diém M(1,2,...,n) va vudng géc vdi siéu phéng P.

¢) Lap phuong trinh siéu cdu c6 tdm la géc toa dé va ti€p xic
vdi siéu phing P. :

d)Lap phuong trinh siéu cdu di qua diém E, va n diém B,, B,
..., By n6i trén.

Céu 4: Trong mat phing xa 4nh P? cho conic (S) va 4 diém A, B,
C, D thudc conic. Tip tuyén tai A v B ciia conic cit nhau tai K.
Goil = AC~BD, H=AD ~ BC.

a) Ching minh ba diém I, H, K thing hang.
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b) Néu chon AB lam dudng thing vd tan héay phat bidu k&t
qua cuia bai todn trén d8i vdi tif gisc CHDI trong mat phéng afin:

A? = P2\ dudng thing AB.
¢) Goi M, N 1a cdc giao diém cha duong thing AB l4n lugt véi
céc dutng thing IK va CD. Hay tinh ti s6 kép (ABMN).
Pésd3

Céu 1. Trong mit phdng xa 4nh P2 cho duong thdng d. Gei
A% = P2\ d 1a mot tap hop nhiing diém eda P? nhung khéng thuje
d. Hay chung minh ring A® 12 mét khéng gian afin 2 chiéu.

Trong mé hinh 46 hay xét vi tri tuong d6i cda hai dudng
thing afin duge sinh ra béi hai dung thing xa 4nh phan biét a, b
¢6 phuong trinh sau diy :

(a) ayxy + AgXg + 83Xz = 0
(b) b1X1 + b2X2 + baXa =0

Cau 2 : Trong khéng gian Jclit E* vdi muc tidu trye chudn cho
trude cho cdc diédm A(1,0,1,1), B(0,1,0,2), C(0,0, -1,0), IX1,0,0,0)

a) Lap phuong trinh tham s§ va téng quat cia phing P c¢6 s6
chidu bé nhét chia cde diém A, B, C, D.

b) Lap phuong trinh tham s6 cia phing Q di qua diém
M(1,2,3,4) va bu vudng géc véi P.

¢) Tinh khodng cdch tit M tdi phing P.

d) Lap phuong trinh phdng P di qua diém M, ¢6 cing s8 chiéu
véi P va song song véi P. _
Ciu 3 : Trong mat phdng xa anh P? cho muc tiéu xa &nh
{A,, Az, As; E}. Goi E;, E;, E; la giao difm cla cdc dudng thing
A:E, AJE, AGE 14n lugt véi cde duting thdng AjAs, AzA,, A A..

a) Tinh toa d9 cdc diém E,, E;, Es.

b) Lap phuong trinh phép bién ddi xa 4nh f sao cho flA) = E
vé6ii=1,2,3vaflE)=E

¢) Tim diém kép cida f.
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d) Tim &nh cta dudng thdng d ¢6 phuong trinh 2x; — x, ~ %, = 0
qua phép bién ddi xa dnh f néi trén.

Cau 4: Trong mit phing xa dnh P? cho mét conic (S) va mot
duong thing d cdt (S) tai hai diém A, B. Cdc tiép tuy&n cia (S) tai
A va B cét nhau tai P. Qua P c6 mdt cdt tuy&n bt ki cit d tai B
va cdt (8) tai hai diém M va M. Tir mdt di€m O trén conic ta ké
cdc dusng thing OM va OM 14n lugt cit d tai N va N

a) Ching minh riang di€m I = AM'nOB thudc dudng théng PN.
b) Chiing minh 4 diém A, B, N, N Jam thanh mgt hang diém
didu hoa.
bé sd 4
Cau 1 : Dinh nghia m-phing xa 4nh P™. Trong P* hay l4p phuong
trinh tham s8 va t8ng quit cia mét m-phéng xa &nh xdc dinh béi
m+1 diém A;, Ay, .., An. doc lap voi A = (2,8, ,.,a, ) va
i=12,..,m+l d8i v6i mét muc tiéu xa anh cho trude.

Céu 2 : Trong khong gian afin A* v6i muye tidu {E,; E;} da chon,
che bon diém A(1,1,1,1) , B(2,1,1,2), C(1,2,2 1), D(2,3,3,2)

a) Lap phuong trinh tdng quét cta phing P c6 86 chidu bé
nhit chita céc di€m A, B, C, D.

b) Goi Q 1a cdi phéng di qua diém M(2, 1 +2,2) va ¢6 phuong xdc
dinh béi hai vecte a =(-21,1,2), b = (1, -1, -1,1). Ching minh
ring Q song song véi P.

¢} Lap phuong trinh tdng quét cha phing téng P + Q.

Céu 3: Trong mit phing xa dnh P? v6i myc tidu xa 4nh d4 chon :

a) Hay lap phu’dng trinh phép bién ddi xa dnh f bi&n cdec diém
A(0,0,1), B(1,2,0), C(1,0,1), D(0,1,0) 14n lugt thanh csc diém
A(1,2,0), B(1,0, -1), C(0,1,0), D(0,0,1).

b) Tim diém kép cia f.
¢) Tim &nh cla dudng thing d ¢6 phuong trinh :

X1+ X +X3=0
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Céu 4: Trong mat phing xa dnh P? cho muc tiéu xa 4nh {A,, A,
As; E}. Goi Ey, Ey, E; 1an lugt 1a giao diém cia cdc dudng thing
AE, AJE, AGE véi cdc dudng thing AjA;, AsA,, AA,. Duong thing
E.E; cdt duting thing A,A; tai P. Mot dudng thing d di qua P cit
AgE va AE 1an lugt tai C va D.

a) Chitng minh ba dudng thdng A,E;, CE;, DE, déng quy.

b) Goi M, 1a diém bién thién trén A,A;, M, 1a diém bi€n thién
trén AsA; sao cho (A;AE:M)) = (A;AE;M,). Hay 14p phuong trinh
quy tich efia difm M = A]M] f‘\AgMg.

Pésds

Cau 1 : Dinh nghia ti s§ kép cta 4 diém A, B, C, D théng hang va
chdng minh ring ti s§ kép 12 mgt bt bién xa dnh. Trong md hinh
xa dnh cla khéng gian afin A? hay xét sy thé hién cia mdt hinh
binh hanh va trinh bay su lién hé giita t 36 kép va ti s6 don.

Cau 2 : Trong khéng gian afin A% v6i hé muc tiéu dd chon, cho cdc
diém A(1,1,1), B(2,0,0), C(1,0,0), D(1,1,0), E(0,0,0), F(2,0,1},
G(1,0,1). .

a) Chimg minh ring c6 thé diung c4c he diém {A; B,C,D} va
{E; D,F,C} 1am nhiing mue tiéu afin.

b) Tim céc cong thifc d8i muyc tiéu tir myc tidu da chon sang
myc tiéu {A; B,C,D} vi tr myc tidu {A; B,C,D} sang muc tiéu
{E; D,F,G}.

¢) Lap phuong trinh phép bi€n ddi afin f d8i véi muc tiéu da
chon sao cho flA) = E, iB) =D, fIC) = F, fiD) = G.

Cai 8 : Trong khong gian Oclit E* vdi muc tidu truc chudn {E,; E,,
Eg, E3, E} ¢

a) Lap phuong trinh téng qudt cia phing P c6 s& chidu bé
nhét chita ba diém E,, E,, E,.

b) Lap phuong trinh t6ng qudt cia phing Q ba vudng gée vei
P va di qua diém M(1,2,3,4).

¢) Tinh khodng cdch tir M t&i phdng P.
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d) Lap phuong trinh phép afin f sao cho f(E,) = E,;, f(E,)) = E,,
f(Ez) = E,, f(Ey) = E, va xét xem f c¢6 phai la phép doi khéng ?
Cau 4 : Trong mit phing xa anh cho 5 diém A, B, C, D, E ¢6 dinh
trén mét conic (8). Trén (S) ta ¢6 mdt diém M di dong va goi
N = AD nMC, P = BMn AE.

a) Ching minh r3ng duyng thing NP luén ludn di qua mot
diém cé dinh.

b) Chitng minh 3 giao diém X = BE n CD, Y = BPn AN,
Z = AP~ CN cing thudc mét dudng thing .

Pésd6
Céu 1 : Dinh nghia m-phing trong A”. Chilmg minh ring m-phing
afin 12 m6t khéng gian afin m chiéu. Hay cho mdt vi du vé phuong
trinh tdng qudt cia mét c4i phdng 2 chidu trong khéng gian afin
A®.
Cau 2 : Trong khéng gian Oclit E*, v6i muc tiéu tryc chudn da
chon, cho cde diém A(1,2,0,1), B(2,2,1,1), C(3,3,0,2), D(1,1,2,0).

a) Viét phuong trinh téng quit cia phing P c6 s§ chidu bé
nhat chifa cdc diém A, B, C, D.

b) Goi Q 1a c4i phdng di qua diém M{O,I,O_,Z) va ¢6 hai vecto
chi phuong 13 a= (0,1,2,1),b = (3,1,1,1). Hay xét vi tri tuong d5i
ctia P va Q.

¢) Tinh khodng céch tir diém M tdi P.

Ciu 3 : Trong mit phing xa anh P? cho muc tiéu xa anh
{D; A,B,C}.

a) Lap phuong trinh phép bién ddi xa anh f sao cho flA) = B,
fiB)= A, f{iC)=D, D) = C.

b) Tim di&m kép cda f.

¢) Lap phuong trinh ciia phép bién ddi xa anh f* va hiy xét
tinh chéat caa £ nay.
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Chu 4 : Trong P? cho mdt conic (S). Cdc tiép tuyén tiép xdc véi
conic tai hai di€ém P va Q cho trudc cit nhau tai B. Trén dudng
thdng PQ ta ldy hai diém A, C sao cho (PQAC) = —1. Goi d 12 mét
dudng thdng bat ki di qua didm A va cit conic (S) tai M va N.

a) Chung minh ring khi d thay d8i nhung luén luén di qua A
thi ewe di€m cla dusng thing MN d8i véi conic (S) ludn ludn thude
mit dudng thing cd dinh.

b) Gei I = PMn NQ, O = PNn QM. Ching minh 4 diém B, C,
I, O eting thujc mot dutsng thing .

¢) Ching minh ring khi d thay d8i, giao di€m R chia hai
dung thing NC va BM vén luén luén thude conic (S).

Pésé7 .
Cau 1: Phat biéu dinh nghia phép doi trong E™.

Cho 4nh xa f : E" - E” bién khéng gian Cclit E® thanh chinh
nd, ¢ tinh chat khéng lam thay ddi khoang cdch giita hai diém
bat ki cha E*. Chéng minh f 1a m¢t phép dai.

Hay k& tén cdc phép dsi quen biét trong khéng gian Oelit EZ.

Cau 2 : Trong khéng gian xa dnh P? véi muc tiéu xa anh cho
truée, cho diém M(1,0,2, ~1) va hai mat phing

P =1[0,0,1,0], Q = [1,2,0,2).

a) Lap phuong trinh méat phing R &i qua difm A va thuje
chim mat phéng xdc dinh béi hai mat phdng P va Q da cho.

b) Tim mét phing S sao cho (PQRS) = -1.

¢} Tim giao diém ciia dusng théng di qua hai dinh A,, A cia
muyc tiéu xa dnh va cdc mit phing P,Q,R,S. Hiay nhan xét vé tinh
chit cdc giao didm.
Céu 3 : Trong khong gian xa 4nh P® v6i muc tiéu xa anh
{E; A Ag,A3,A4) cho trude, cho diém E = (1,1, -1, -1).

a) Lap phuong trinh phép bi€n d6i xa 4nh f sao cho flA) = A;
véii=1,234vaflE)=E.
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b) Tim cdc di€m kép cha f va ching minh ring tdp hgp cdc
diém kép cha f thude hai dudng thing d va d chéo nhau.

¢) Ly mét diém M khong thude d va d. Ching minh ring
M = iM) = M. Dudng thing MM cdt d tai diém U va cit d tai
diém V. Hiy tinh ti s6 kép (MMUW).

d) Chitng minh riing fof 14 phép ddong nhat.
Ciu 4: trong mit phing afin cho mét hypebol (8). Ching minh
riang:

a) Mot ti€p tuyén ti€p xdc véi hypebol tai C va ct hai dudng
tiém c4n tai A va B thi C la trung diém clia doan AB.

b) Mot d4y cung MN elia hypebol cit hai dudng tiém cdn tai P
va Q thi hai doan MN va PQ c6 cling trung diém.

Ppésa g

Cau 1 : Dinh nghia toa 46 xa dnh cia mét diém X va dinh nghia
muc tiéu xa adnh trong P". Goi P** 1a siéu phing xdc dinh bdi cac
didm Ay,A,,...,A, cia myc tiéu va E 1a giao diém cia dudng thing
ApuE véi sieu phdng P™!. Hiy ching t6 ring cé thé dung
{E; AAp,... Ay} 1am mdt muc tiéu xa anh cha P,

Céiu 2 : Trong khing gian afin A" v4i muc tidu {E,E;} cho cdc
diém B,(b,,0,...,0), By(0,b;,0,...,0), ..., B.(0,...,0,b,) v6i moi b; = 0.

a) Viét phuong trinh sidu phing P qua cdc di€ém B; dé cho.

b) Qua mdt diém M thude sidu phing P ta dung siéu phing P,
song song vdi siéu phing ¢6 phuong trinh x; = 0. Goi M; la giao
diém clia P; v6i dudng théng EE; véi i = 1, 2, ..., r. Ching minh
riing téng :

Z(Eo M,B,) = k khéng phu thujc vao vi tri cda diém M trén P.

i=1
Hay xdc dinh gid tri cia téng dé.

¢) Chding minh ri3ng khi cdec diém B; thay ddi sao cho
231— =n+1 thi siéu phidng P xdc dinh b&i cdc di€ém B; luén ludn
i=1

i

di qua mét diém c6 dinh. X4c dinh toa d6 diém 46.
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Céu 8 : Mot phép bién ddi xa dnh f cia P® duge goi 1a phép thiu
xa néu cé mdt siéu phldng P*' sae cho mei diém M cila né ta déu
cé f(M) =

a) Hay chon mdt muc tidu xa dnh thich hgp va lip phuong
trinh ctia phép thiu xa f déi vdi muc tidu dé.

b) Tim diém kép chia f.

C4u 4 : Trong mit phng afin cho mot tam gide ABC. Mot parabol
bién thién ti€p xdc vdi cdc dudng thdng BC, CA, AB theo thtt tu
tai A,B,C. Ti tam gise ABC, ta dung hinh binh hanh CABH c6
dung chéo CB, hinh binh hanh BCAK c¢é dudng chéo BA va hinh
binh hanh ABCI c¢6 dudng chéo AC.

a) Ching minh cdc dudmg thing AA, BB, CC déng quy.

b) Chung minh cdc diém H,[ K theo thia tlr thude cdc dubng
thing BC, CA,AB.

ILHUGNG DAN VA GIAI

Pésd 1 )
Céu 1 a) Xem gido trinh li thuyét.

b) Trinh bay mé hinh afin c6 bd sung cdc phdn td vd tén cla
P" véi n = 2. Trong md hinh nay hai dutng thing afin phin biét
chi ¢6 2 trudng hgp :cdt nhau hofic song song véi nhau va néu
ching song song véi nhau ta xem nhu ching cft nhau tai mét
diém v6 tdn. Do d6 hai dudng thing afin trong c4 hai trudng hop
déu c6 thé hién bing hai dudng thdng xa anh cdt nhau.

Céu 2: a) Ching minh hai hé diém {B,,B,,B,,B,} va {B],B!,B;,B.}
13 hai hé diém doc 1ap. Ta bist ring hai by 4 diém doe lap trong

khéng gian afin A* xdc dinh mot phép bién ddi afin duy nhét f va
tacé f(B) = Blvéii= 1234, -

b) Phuong trinh ciia phép afin £
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X, = 2%, +x,+1
Xy = 2%, + 4%, + 2
X, =X, +5%x, +3
c) P& tim anh cta dudng thing d, ta cé thé chuyén ‘phuong

trinh cla dudng thing d vé dang tham s8 va tim duoge phuong
trinh cta f{d) la :

X, =3t+1
x, =4t +2
1)(3 =t+3
d) Ma trdn B cda phép afin f d6i vdi muc tiéu {B;B,,B2,B,) la:
2 -2 -3
B=|-3 -3 —3}
-1 1 5|

Chg y : Ma tran B cda f d6i véi muc tidu méi c6 thé suy ra tir
ma trdn B cia f d3i véi muc tidu cd hodc ¢6 thé tinh true tiép bing
cdch tim ma tran chuyén A tir muc tidu {B;;B;,B;B,! sang muc
tiéu {B};B;,B,,B; } vatac6 B = A",

Cau 8: a) Chiing minh bd m-1 vects A /A, A A,,., A A doclap
tuyén tinh bing edch ching minh ma tran toa dé cia hé vects nay
¢6 hang bang m-1.

Phuong trinh tham sé ciia phing P:

XePo AX=t,AA, +t,AA +. .+t AA
X, =a, -ta -ta -..-t ,q
X, =t,a,
Xll! t’||| la‘m
xmv] = 0
X, =90
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Phuong trinh tédng qudt cia P:

X X X
e I L LN |
a'1 aZ am
xnnl =0

xI\ =0

b) Phuong trinh téng qudt cia siéu phing R:

X X, X
_1+_‘!+_"+_"._.—_.1
a, a, a

n

c¢) Phuong trinh t8ng qudt cia phing Q :

X, = 1+~1—(xm —-ma_
4,

X, =2 +i(>d:,,l -m)a
a,

m

X,,=m-1+

n

(x, —ma_

L m-1

Rit gon ta c6 két qua :
X, —-a,x, —-a +ma_=0
a,x, —a,x, ~2a, +ma_=90

Ay Xy, -8, X, ~(m-1a__, +ma, =0

Céu 4 : Ap dung dinh li Pascal vao lue gisc ABBCCA'A ndi tisp
conic ta ¢é Ay, B;,D thing hang. Lai 4p dung dinh }i Pascal vao lue
gidc MCCABB ni tiép conic ta c6 By, C;, D thing hang. Phéi hop
hai két qua trén ta suy ra 4 diém A1,B;,C;, D thuje cing mét
dutng thing .

Pé sé2
Cau 1:a) va b) xem gido trinh 1i thuyé&t.
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Cau?2:a) G01 A 12 ma tran cia phép bién d8i f. Ta ¢ det A = 0.
Viy f 13 mot phép afin trong mat phing E*

Hon nita ta ¢6 A.A' = L. Vay A 1a ma tran tryc giao va do dé
f 14 mét phép doi.

b) Piém kép :

1
X, =——+3
12
V3
X, =1+—

2
L
¢) Anh ciia dudng thing d la d' = f{d) c6 phuong trinh :

X, =(%—J§)t+%+\/§
B, . B

X, =(1+?3)t+1——§-

Gée gitta d va d 1a géc giita hai vecto chi phuong a,a’ cGa hai
dudng thdng d6. Tacé a =(1,2)va a'=(1- 23 ,2++/3 ).

Ta tinh duge : (4, d) = .g.

Céu 3: a) Ta cé : By = (b,0,...,0)
B; = (0,b;,0,...,0)

B, = (9,...,0,b,)
Ta chdng minh hé vects {B,B,,B,B,,..,B,B, } dbc lap tuyén

tinh va suy ra hé n diém {B,B,,....B.} ddc ldp. Phuong trinh cia
siéu phing P:

1
b,

1 1
X +—X +..+—x, =1
b2 bn

b) Phuong trinh tham s& va phuong trinh téng qudt cia dudng
thing d. ' :
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1
XI=E‘-t+1
X ;it+2

1% 7, va (%1 - Dby = (x5 — 2)by = ... = (x, — n)b,
X, = L t+n

. bﬂ

c) Siéu cdu tam E, tiép xic véi P ¢6 phuong trinh :

2":,{3 -1
i=1
b;
d) Siéu ciu qua E,, By, ..., B, ¢6 phuong trinh :
> x! - Zn:bixi =0
i=1 i=1
Cau 4: a) Ap dung dinh If Pascal cho lye gidc AACBBD ndi tiép

conic ta c6 I, H, K thdng hang.

b) Trong m#at phing afin ti gidc CHDI 1a mét hinh binh hanh.
Hinh binh hanh nay c6 hai dinh dsi dién C, D, thugec mét hypebol
va ¢6 c4dc canh song song véi céc dudng tiém c4n cda hypebol thi
hai dinh cdn lai cia hinh binh hanh va t&m ctia hypebol cing niim
trén 1 dutng thing .

c) Xét hinh 4 canh toan phdn ABCDHI ta cé (ABMN) = -1.

bés6 3

Céu 1: Xem gido trinh li thuyét v& phidn mé hinh xa 4nh cda
khéng gian afin va van dung v6in = 2.

Muén xét vi trf tusng d8i ciia hai dutng thdng afin ta c6 thé

- ho#ic chuyén vé toa do afin (la toa do xa dnh khéng thuin
nhét) v xét vi tri tuong d6i cia hai dudng thing afin dé.

— hodic xét giao di€m cha hai dudng thing xa anh réi cin cif
vao toa do cla giao di€m d€ xem giao diém dé c6 thuée dung

=

[

n
i=1
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thdng vé t4dn d hay khong d&€ c6 k&t ludn vé vi tri tuong d6i cia
hai dudng thing afin.

Ca hai cédch lam trén day déu dan dén két luan:

Néu 21 Zz # 0 ta ¢6 hai dudng thing afin cdt nhau.
1 2
Lo 1B A ' .
Néu o bl = 0 ta ¢6 hai duong thing afin song song vdi
1 2

nhau.

Cau 2: a) Xét cde vectas AB,AC,AD ta thdy 4 didm A,B,C,D doc lap.
Phuong trinh téng quat cta P :
X, =1-t, —t,
X; =t
X, =1-t, —2t, —t,
X =1+t —t, - t,
Phuong trinh téng qu4t cia P :
X~ Xp—X3+Xe~1=0
b) Phuang trinh tham s& cia phing @ :

x, =1+t

X, =2t

X, =3-¢t

X, =4+¢
c)GgiH:PﬁQt.atinhduqu=(§,z,E,£)
44 4 4

Khoang céch tit M téi phing P la | MH |:
1
dMP) = =
®) 3

d) Phéing P’ ¢6 phuong trinh :

X|—Xg—Xg+ X4 =0
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Céu 3: a) Toa db cdc diém : E| = (0,1,1), E, = (1,1,0), B3 = (1,1,0).
b) Phuong trinh phép bién d6i xa anh f :
kx; = x, +x,
kx; =x, +x,
kx, =x +x,
¢} Tim di€m kép : (k + 1)%2 - k) = 0

V6i k = -1 ta cé tap hop cde didm kép théa mén phuong trinh
dutng thang

Xi+ X +X3= 0
Vi k = 2 ta ¢6 di€m kép la diém c6 toa dé (1,1,1).
d) Pudng thing d qua f bign thanh chinh né.

Céu 4: a) Xét luc gisc ABBOMM nsi ti€p conic, 4p dung dinh li
Pascal ta ching minh duge 3 diém 1PN théng hang,

b) Vi d 1a duding 46i cue cita P déi véi (S) nén
(PEMM) = -1, do dé (BP, BA, BM, BM) = -1
Mat khdc theo dinh li Steiner ddo ta c6:
(OB,0A,0M,0M) = (BB,BA,BM,BM)
Do dé (OB,0A,0M,0M) = (BP,BA BM.BM) = -1
C&t chum (OB,0A,0M,OM) béi d ta dugc hang diém B,A,N,N'.
Do d6 ta suy ra (BANN) = —1.
Péso 4
Céu 1: Xem gido trinh li thuyét,
Cau 2: a) Ta ¢6 -
AB =(1,0,0,1)
AC =(0,1,1,0)
AD=(1,2,2,1)
Ta nhan thdy AD = AB +2AC ma {AB,AC} 12 hé vecta déc
lap tuyén tinh nén ta lap duge phuong trinh tham s& ciia P:
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X, =1+t
X, =1+t,
X, =14+t,
X, =1+t

Ta c6 phuong trinh téng quédt cia P :
X, -X; =0
X, -%X, =0
b) Ta nhén thiy a = —9AB + AC va b=AB-AC.
Vay a va b déu thuje phuong cia phéng P nghia la Q cing

phuong véi P. Mt khde diém M khong thudc P vi toa df cla M
khéng thdéa min phuong trinh cia P nén ta suy ra Q song song

véi P.
¢) Vi Q song song véi P nén Q va P khong c6 diém chung. Cac
veeto 2, b déu thuje phuong cia P, do d6 phlng tdng cb céc
vecto chi phuong 1a AB,AC,AM (3 vecto nay doc 1ap tuyén tinh).
X cP+ Qe AX =t AB+t,AC+t,AM véi AM =(1,0,1,1)
Ta c6 phuong trinh tham s cGa phing téng P + Q :
X, =1+t +t,
X, =1+1%,
X, =1+t +1,
X, =1+t +1t,
Khit cdc tham s ta duge phuong trinh téng quét cia phéng
tng P+ Qla:x; ~x =0
Cau 3: a) Phuong trinh phép bién ddi xa 4nh f:

kx| =2x, - 2x,
kx, = dx,
kx; = X%,
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b) Tim di€m kép : ta 6 (k - 2)(k? - 4) = 0
Vi k = 2 ta ¢ dim kép : (1,0,0)
V6i k = -2 ta c6 diém kép : (1,4,2).
¢) Anh cia dung thing d 1a d ¢6 phuong trinh :
Xi—Xpg—2X3 =0
Cau 4: a) Hai tam gidec A;EE; va ECD c6 giao diém cia 3 cAp
canh tuong (ng 12 A, A3P thing hang nén theo dinh li Desargues
AE,E4C,E,D déng quy, trong d6 AE chinh 1a AB;.
Chii y : - C6 thé dung phuong phép toa do dé ching minh,
- — Cé thé ding mé hinh xa dnh cGa m#t phdng afin d& gidi bai
todn nay.
" b)GiAsi M = (x1,X2,%3) v6i M = A\M, AsM,. Ta tinh duge toa
43 di€m M; = (0,x,,x3) va M, = (%,0,x5). Ta ¢6 :
(AzASE M) = x5 x, '
(AaA1EoMs) = x4 1 xy
Theo gi4 thiét ta c6 : x, : X3 =X3:%X;
hay x] - x,x?= 0 12 phuong trinh cita quy tich. Qu¥ tich nay 1a mjt
dutng conic.

Chu y : C6 thé sp dung cdng thitc (AA,LEX) = — d& tim
x1'11-1

cdc ti 86 néi trén.
Pé s 5 .
Cau I: Xem gido trinh li thuy&t trong mé hinh A2 = pP2\p! nay

hinh binh hauh 13 hinh 4 canh toan phén ¢6 hai dinh 45i dién
thugc duong thing va tin P,

Su lién hé giita ti s6 don va ti s§ kép : chitng minh cdc hé thie:
(ABCD) = (CAB) : (DAR)
(ABCD) = (CAB) né&u D thujc dudng thdng vo tan.
Dgc bigt néu (ABCD) = -1 va D 1a didm vé tén thi C 1a trung
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diém clia doan AB.
Cau 2: a) Chiing minh cdc hé vectd {E,A_C, ADY, {Eﬁ, ﬁ,ﬁé}
doc lap tuyén tinh va suy ra {A,B,C,D} va {E,D,F,G} 1a cdc bo 4
diém doc lap.
b) Goi (x),%2,Xy) 14 toa dd cla diém X d6i véi muc tiéu dé chon.
Goi (x/,x,x;) 1a tpa do cia difm X d6i véi muyc tiéu
{A;B,C,D}.
Goi (x/,x5,x]) 1a toa dd cha diém X d6i véi mue tiéu
{E:D,F,G}.
Ta c6é cong thic d8i muc tiéu tit muc tiéu da chon sang muc
tiéu {A;B,C,D} 1a :
X, =%; +1
X, = -X; — X, +1
X, =-X] —-X; — Xy +1
Sau khi tim cong thie ddi muc tidu di chon sang muc tiéu
(E;D,F,G} va dua vio cong thic ddi myc tiéu tit myc tiéu d chon
sang muc tiéu {A;B,C,D} ta tim duge cong thic ddi muyc tiéu tir
muc tidu {4;B,C,D} sang muc tidu {E;D,F,G}
X, =X +2x; +x3 ~1
X; = —2x] - 2x; —x; +2
Xy = X; —X; —Xj
Chu y : Cé thé gia su
ED = a,AB +a,AC + a,AD
EF = b,AB+b,AC +b,AD
EG = ¢,AB +¢,AC + ¢, AD
rdi tim ma tran chuyén A bing cdch thay toa df cdc vectd vao hé
thitc trén va gidi hé phuong trinh d€ tim a,85,83,b1,be,bs, 01,0005
Sau d6 ta cé cong thiic '

x1=Ax1+ [b]
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irong d6 (b] 1a toa d§ cia diém E d6i véi muc tidu {A;B,C.D)
¢) Ta cé phuong trinh cta phép afin f d6i véi muc tiéu da chon:
X; ==X, X, —X; +3
X; =%, —1
Xy =X, ~X; +2
Céu 3 : a) Phuong trinh téng quit cia phéng P :
X, +X, +x; ~1=0
x, =0
b) Phuong trinh téng qudt cia phing Q :

Xl-—1=X3—2=X3—3

¢) Ta tinh duge giao difm H=P ~ Q = (_g,%,%,o)
khodng cdch d(M,P) = | M | = ___“’2319

d) Phuong trinh phép afin f -

%] -1 -1 -1 afx] [1

X, 1 ¢ 0 0flx, 0

x| |0 1 0 o 0

x,] (0 0 1 o

f khéng phéi 1a phép dui vi f khéng bao tén khodng céch .
Ta cé ; d(Eo,ElJ * d(El,Ez)

Chi y : Goi A 1a ma trgn cia f va thdy riing A.A" = I (ma tran don
v1) nghia la A 14 ma tran khéng tryc giao nén f khéng phii 1a
phép dui. :

Cau4:a)Tac6 I =BD n EC 1a mét didm c5 dinh.

Ap dung dmnh 1i Pascal cho luc gidc ADBMCE ndi tiép conic ta
c6 ba diém P,N,I thdng hang hay dutng thdng NP luén luén di qua
diém I ¢& dinh.
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b) Ap dung dinh li Pascal cho luc gide AEBMCD ndi ti€p conic
ta ¢6 ba diém X,Y,Z thuje mot dudng thing.

Pésd b

Céu 1: Xem gido trinh 1i thuy&t va cho thi du bing mdt hé phuong
trinh tuyén tinh c6 hang bing 3.

Cau 2: a) Ta ¢6 2AB - AC = AD nén 4 diém A, B, C, D khéng doc
lap. Ta lap phuong trinh téng quédt cia phing P di qua A nhén
AB,AC 12 hai vecto djc lap tuyén tinh lam cdc vects chi phuong.

p. X, -x;-2x, +1=0
S x,-x%,-1=0

b) Ta nhan thdy ava b thudc phuong cha phing P (toa dd céc
vectd nady nghiém phuong trinh xdc dinh phuong cia P). Mit khéc
diém M(0,1,0,2) thusc Q, nhung khéng thudc P. Ta suy ra Q song
song vdi P va c¢6 cung sd chiéu véi P.

¢) Ta lap phuong trinh phing R di qua M va b vudng géc véi
P. R c6 phuong trinh tham s& :

x, =t
X, =1+t
x; =%,

X, =2-2t, —-t,

Goi H 14 giao diém cia R v6i P ta tinh duge H = ( *},—i, )

| e

1

4!
— 3

dM,P) = iMHI=§

Khoing cdch nay déng thoi ciing 1a khodng c4ch cia hai cdi
phing Q va P song song vé6i nhau.

Cén 3: a) Phuong trinh phép bién ddi xa anh £
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kx| = x, - x,
kx; =x, - x,/
kxy = -x5 .
b) Pi€mkép : (k- 1))k + 1) = 0
Véi k = 1 ta 6 didm kép : (1,1,0)
Véi k =-1, tdp hop cdc diém kép théa midn phuong trinh
dudng thing :
X1+X—X3=0
¢) Phép f ' ¢6 phuong trinh :
gX; =X, — X,
gX, =X; — X,
BX; = —Xj
Nhgn xét : Ma trdn cla £ gidng nhu ma tran cta f va do dé
f~! c6 cdc tinh chat giéng nhu f.

Céu 4: a) Theo gid thiét vi (PQAC) = -1 nén ta suy ra BCIa du¥ng
d6i cuc cha difm A d8i véi (S) v ABC 1a tam gidc ty d6i cue. Vi
dudng thing MN lusn ludn di qua diém A nén cue didm cta MN
luén luén thuje dudng thing PC cf dinh. _ .

b) Xét hinh 4 canh toan phén c6 cdc cip dinh d6i dién 14 (A,I):
(QM); (P,M) va céc dinh M,N,P,Q nim trén (S) ta suy ra IO la
dubng d6i cye cha didm A d6i véi (S). Vay 4 diém B,C,1,0 déu
thude dudng d6i cyc cia diém A nén ching thdng hang.

¢) Xét luc gidc PPNBMQ c6 giao di€m cia cde cdp cahh déi
dié¢n ndm trén mot dudng thing nén luc gise d6 noi tiép mot conic
nghia 1a di€ém R = NC ~ BM thuc conic xdc dinh bdi 4 didm

MN,P,Q va ti€p xic véi dudng thing BP tai P va d6 chinh 1a
conic (S).

Péso7

Cau 1 : xem gido trinh If thuyét .

Csc phép doi trong E* phép tinh tién, phép quay, phép dsi
xting truc, phép déi xing t4m, phép déng dang va phép vi tu véi ti
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sb bing 1.

Cau 2 :a) Ta cé : [R] = a{P] + b{Q]
Thay toa db cia P va Q vao phuong trinh trén ta thdy phuong
trinh cia R ¢6 dang bx, + 2bxs + ax; + 2bx, = 0
Vi R di qua diém M(1,0,2, -1) nén ta cé :
b+21-2b=0hay2a-b=20
Chon a = 1 ta tinh duge b = 2. Do d6 phuong trinh cia R 14 :
2%, + 4% + X3 + 4x, = 0
b) Ta cé :
[R]=a[P]+b[Q] < (PQRS) = E:
[S]=c[P]+d[Q] a
Ta ¢6 R = [2,4,1,4], ta tinh duge a = 1, b = 2. Theo gid thiét
b d

(PQRS) =—1 nén ta ¢6 —: — =—1. Chon ¢ =-1 ta tinh duge d = 2.
a <

Giasit S = [111,112,113,114]
Ta tinh duge [uy,us,u3,ud = (2,4, -1,2]).
Vay 8 ¢6 phuong trinh 2x; + 4% — x3 + 2%, =0
¢} Pudng théng AA, ¢6 phuong trinh : x;, = x, = 0.
Goi AB,C,D lin lugt la giao diém cha duong thing véi
P,Q,R,S .
A =(1,0,6,0)
B =(0,0,1,0)
C =(1,0, -2,0)
D = (1,0,2,0)
Ta c6 (ABCD) = (PQRS) = -1 nén ta suy ra AB,C,D 1a mét
hang didm diéu hoa.
Cau 3: a} Phuong trinh phép bién ddi xa 4nh f:

kx, = x;
kx, = x,
kx; = —x,
kx] =-x,
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b) Tim diém kép : Ta c6 (k — 1)%k + 1)* = 0

Véi k = 1 ta ¢6 tdp hop cdc diém kép la duing théng d c6
phuong trinh x; = x, = 0,

V6i k = -1 ta c6 tap hgp cdc diém kép 1a dudng thing d c6
phuong trinh x; = x, = 0.

Ta dé dang thiy ring hai dutng thing nay chéo nhau vi hé
phuong trinh tim giao di€m ¢6 nghidm tdm thudng (0,0,0,0).

¢) Ldy mot diém M khong thude d va d. Gid s&t M = (p,q,r,s)
trong dé cdc 58 p,q,r,5s déu khac 0 (dé M khéng thude d va d). Ta
c6 fiM) = (p,q, -r, —5) va nhu vay f(M) = M.

Dudng thdng MM ¢6 phuong trinh A[M] + u[M] = 0.

Ta cé :

p p Ap+up
hq +

3 9 i q)\_(rM+Hg

r -r AT — ur

s -5 As-us

Dodé U=MM nd=(x+p, (A +p)g, 0, 0) = (p, q, 0, 0)
' V =MM nd =(0,0, (A -pr, (A-ps) =0, 0, r, s)
Gi st [U) = L,[M] + py[M]]
(V] = Ao{M] + po[M]
Thay toa d6 cia U va V vao hé thifc trén ta tinh duge :
. 1 1
MMUV) = = : 1= -1
d) Goi A’ 12 ma tran cia f ta ¢6 :
AA =1 (ma tran don vi)
. Dodé fof 1a phép déng nhat.
Ciu 4: Ta chuyén bai todn afin da cho vé bai todn xa anh trong
P? Cho conic (S) va mét dudng thing cit (S) tai 2 diém 1,J (duting
thdng 1J nay déng vai trd dudng thing v6 tan). Hai tiép tuyén ciia
conic tai I va J cdt nhau tai O (hai ti€p tuyén nay déng vai trd hai
dutng tiém can).
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a) Mot tigp tuyén bat ki ti€p xic v6i conic tai C cdt hai tidp
tuyén tai hai dlem A, B va ciit dudng thing 1J tai D. Ching minh
ring (ABCD) =-

b) Mat duéfng thdng chita diy cung MN cta conic cit hai ti€p
tuyén tai hai diém P,Q va cit duong thing 1J tai K Né&u goi H la
diém ma (MNHK) =-1 thi khi d6 (PQHK) =-1. Ta gidi bai todn xa
Anh trén ddy nhu sau :

@) Ap dung dinh 1i Brianchon vao luc gide OIACBJ ta c¢6 céc
dutng thdng OC,IB,AJ déng quy tai E. Dua vao tinh ch&t ciia hinh
4 canh toan phén ta cé (ABCD) =-1

B) Goi 8 = PJ n IQ va R = OS n IJ. Theo tinh ch&t cia hinh 4
canh toan phan OSPQLJ ta ¢6 (IJRK) =-1 va do d6 R thude dudng
déi cye cia di€m K. Mit khdc dudng d8i cuc cda O 1a IJ di qua K
nén dudng déi cye cia K phéi di qua O. Vay OR la dudng d6i cue
cia K nén OR phai di qua H 12 didm ma (MNHK) =-1. Mat khéc
do tinh chdt cia hinh 4 canh todn phdn néi trén ta lai c6
(PQHK) =-1. Trd vé bai todn afin ta c¢6 diém K v6 tan cing véi
trung di€m cia mdt doan thing chia diéu hda hai ddu mat caa

doan thing dé. Vay trung difm oia doan MN va doan PQ tring
nhau.

Pés3s
Céu 1: Xem gido trinh i thuyét.

Tinh duge toa d diém E = (1,..,1,0) va ch} cdn chimg minh
rdng mbi by n diém trong n+l difm {A,A,,... A, E} 1a mot he
di€m doc lap bling cdch xét hang ma tran toa d6 cilia ching .

Céu 2 : a) Cdc diém B; doc lap, ta c6 phucng trinh t8ng quét cia
siéu phdng P :

IR
i=l bi
b) Theo ¥ nghia hinh hoe cia ti s6 don ta c6 :

x = (EME), b= (EBE}v6ii=1,2 ., n
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Vay (E.MB) = EME) _x

(E,BE) b,
Do ds Y (E,M,B,)= Z% _k
i=1 i=1 M4

Vi diém M thujc siéu phing P nén toa 46 cha M phéi théa
man phuong trinh clia P. Viy k = 1 va nhu vay k khéng phu thujc
véo vi tri cda diém M trén P va ta c6 :

S (E.MB,) -1
i=1

c) Ta ¢6 phuong trinh cla siéu phing P la:

5 0% X,
Hi%, Xy a
b, b, "t )

trong d6 cdc b; (v6i i = 1,2,...,n) theo gia thi&t phii théa man didu
kién Zbl= n-+1 hayla:

i=1 M5

1 + 1 + .+ 1 =1 (2)
(n+Db, (n+1)h, (n+1)b,
Ly (1) trir di (2) ta ¢6 ;
LA 1
- =0 3
;—Bi—(x n+1) (3)

Khi cdc di€m B; thay d6i hé thie (3) vin ding khi va chi khi
1 ; véii=12,.,nVay sidu phdng P di qua di€m c& dinh C

X; = -

1 1 1
n+1’'n+1"""n+1"

cb toa do (

Céu 8: a) Chon muc tiéu xa dnh {A;: E_}.sao cho cdc dinh A,A,, ...,

A, thude siéu phdng P™' . Khi d6 P™ ¢6 phuong trinh Xne = O.
Gid stt phép thdu xa f duge cdm sinh béi phép bidn déi tuy€n tinh
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@ : V™ 5 V™! Goi e,,..e,, lacdc vecto dai dién cho ciac diém

Ay,..., Ay cha muc tiéu xa anh. Vi A, A,, ..,A, la cdc diém kép (vi
thudc P™!) nén ta c6

e =k,e
e, =k,e,
en :knen
e,., =be +be,+...+b e

Trong P! ta 1§y mét diém E = (1,1,..,1,0). Vi E thuge P**
nén f{E) = E . (Pidm E déng vai trd didm don vi d&i vdi muc tiéu
{E; Ay, Ag,..., Ay} cia P™),

Tacé:é:ié: va (p(é)z(p(iE):ikie_; (1)
i=1 i=1 i=1
mit khac ¢(@) = a6 = a(> ;) = 3 ae, (2)

So sdnh (1) va (2)tacs: » ke ~ > ae, =0
i=1

i-1l

hay Z(ki—a)e—j=ﬁ = k=zavdii=1,2,..,n

izl

bat by=avé1=1,2, ..., nva by =ag,; +atacoématran
chuyén A :
[a 0 0 [a 0 a
0 8] 0 0 a 0 a,
A= - :bA*Z . “
G 0 .. a 0 00 ... a a,
la, a, .. a, ata,, 10 0 0 a+a,,

phudang trinh cia f ¢é dang k[x] = A'[x]
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b) Tim diém kép (xem bai tap 3.35 cha phidn khéng gian xa
dnh)

-N&u moi a; = 0 ta 6 f 1a phép déng nhdt .

-N&u ¢6 mdt a; = 0 va a,,; = 0 ta cé sidu phéng X, = 0 chia
toan diém kép.

-Né&u a,,; # 0 siéu phéng x,,; = O chia toan diém kép déng
thoi lai c6 thém 1 diém kép c6 toa dp (ay, ag, ..., a4.1) khéng thude
siéu phing dé.

Cau 4 : Ta biét ring dudng parabol trong mé hinh xa anh cfia mét
phing afin 14 dudmg conic ti€p xdc véi dudng thing vé t4n d. Ta
chuyén bai todn da cho vé bai todn xa dnh sau day :

Mgt conic (S) bién thién luén tiép xie v6i cde canh BC,CA,AB
cia tam gide ABC cho trude l4n lugt tai A\B,C va ti€p xde véi
dudng théng d tai D (dudng thing d nay khéng di qua cdc dinh
A,B,C cia tam gidc). Goi E,F,G ldn lugt 1a giao diém cia d véi
BC,CA,AB. Goi H = BF ~ CG, I = AE ~ CG, K = AE  BF.

a) Ching minh cdc dudng thdng AA, BB, CC déng quy.

b) Ching minh cdc diém H,LK theo thu ty thufe cdc dudng
thing BC, CA, AB.

Ta gidi bai todn xa dnh trén day nhu sau :

a) Ap dung dinh 1f Brianchon vio luc gisde CBACB' ngoai tiép
conic ta cé6 AA, BB, CC ddng quy.

b) Ap dung dinh li Brianchon vao :

- luc gidc BCBFGC ngoai ti€p conic ta ¢6 BC, BF, CG déng
quy tai H. '

~ lyc gide ACAEGC ngoai ti€p conic ta ¢6 AC, AE, CG déng
quy tai L.

~ luc gide ABAEFB' ngoai tiép conic ta c6 AB, AE, BF déng
quy tai K.
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