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Chuong 1
SO THUC

Chuong nay s& nhic lai cde khai niém vé tép hop, 4nh Xa va gidi
thich chi tiét tap hop cac s6 thuc.

1.1 Tap hop

Tap hop 12 mot khdi niem co ban ciia toan hoc. Chiing ta da bist
tp hop céc s6 tr nhién N, tap hop cac s6 nguyén Z, tdp hop cdc s6
hitu ti Q... Ta ciing c6 thé néi tap hop céc di€m cda mot doan thing,
tap hop cdc dudng thang vusng géc véi mot dudng thing cho trudc. ..

Khi néi d&€n mot tap hop ta nghi dong thdi dén cdc phdn 11 coa tap
d6 ; dé chi a 1a phan tir ciia 1ap hop A ta viét a € A va doc [a a thuic A -
dé chi b khong 1a phén tir cia ‘dp hop A ta viét b ¢ A va doc Ia
b khong thuse A. '

Dé chimg 16 ring tap hop X (goi tit 1a tap X gém cac phin tfr
X, ¥, Z, ..., ta viét '

X:=1{x v,z ..}

va nhu thé, trong biéu thirc trén, & v€ phéi ta di liét ke danh sich cic
phén tlr cha X. Viéc liét ke d6 c6 thé 1a triét dé (liét ke hét 4t ca phén

- tir cla X) néu s& phan tir cia X khong qud I6n ; viec liét ke ciing ¢6

thé khong triet dé (khong liet ke ra hét moi phdn tir ciia X) néu s6
phén tir cua X qud 16n, hoic X cé vo s6 phan tir, khi d6 ta phai dong
ddu "..." mién 1a khong gay hi€u nhim.



Do d¢ nhitng trudng hop khong thé liet ké ra hét tat ca cdc phén ti
clia mot 1ap hop, ngudi ta ding cdch sau : Pé chi tap hop A gom tat

¢l cac phdn i 6 thudc iinh o (tinh chat dé xdc dinh mot phin '

thudc hay khong thuoc tap A) nguoi ta vidt :

= {a | ac6 thudc tinh c}.

- Tap con

Cho hai tap hop A va B ; néu mbi phén tir ciia A la phdn ti cia B
thi ta néi ring A 1a mot tdp concla BvavietlaAcC B néu A 1a tap
con clia B va tap B ¢6 it nhit mot phan tir khong la phén tr cha A thi
ta nGi ring A 12 tdp con thitc sit cha B va viétla A C B.

Cho A, B ia hai tap, n6i ring tap A hdng tap B va viét 1a A = B néu
AcBvaBg Al

Tap rong

Theo quan niém thong thuong, mot tap cin ¢6 phén tlr 1ao nén tap
dé ; tuy nhién, trong toan hoc, dé tién cho viéc lap ludn ngudi ta chap
nhan khéi niém tdp rong viét 1a ©, la t2p khong chifa phédn tir nao.
Ngudi ta quy uéc & [a tap con chia bat ki tap A nio, @ < A. Can phin
biét & = {J}.

Cac ki hiéu logic

D& dién dat thuan 1gi cac 1ap luan todn hoc ngudi ta hay sif dung
cac ki hieu 16gic, & day ching ta ciing néu mot s6 ki hiéu thuémg
diing va don gian nhat.

Néu ta khong dé y dén noi dung clia mdt ménh dé nao d6 ma chi
ché ¥ dén mai lién quan clia né voi cdc ménh dé khéc thita cd thé ki
hi¢u ménh dé dé bsi mot chil. Chang han, ki hi¢u "a = " dugc hiéu
1a "tir ménh dé o« suy ra ménh dé B", ki hiéu "a <> B" dugc hiéu 1a
"tir ménh dé o suy ra ménh dé 8 va nguoc lai, tit ménh dé B suy ra
ménh dé o hay néi khdc di "ménh dé o va ménh dé B trong duong
vOi nhau™.
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Biy giv, gia sir A 13 mot tap va t la mét tinh chdt nao do cia
nhitng phén tir clia A. Goi C(1) 13 tp tit ca nhitg phan 7 cha A c6
tinh chét t, nghia Ia

C(t) := {x € A | x ¢6 tinh chat t}.
Khi d6, néu

* C(t) = A thi moi phin tir ciia A déu 6 tinh chét t, va ta néi ring
Vi moi X € A, X ¢6 tinh chdt t” vi ta VIEL VX € A i(x) ; ki hiéu ¥
go1 12 ki hiéu phé bién (d6 Ia chir A viet ngugc, tir chir All (tiéng Anh)).

* C(1) # & thi ¢6 it nhit mot phén tlf x cha A ¢6 tinh chat t : ta ndi
ring "Tén tai mot phin tirx € A, x c6 tinh chdt " va vigt 3x € A :
t(x), ki hiéu 3 goi la ki hiéu t6n tai (d6 1a chif E vié&t nguac, tir chir
EXISTENCE (tiéng Anh)).

‘Giao ciia hai tap

Cho A, B 12 hai tap, goi giao cla A va B, vigt 13 A A B va doc 1a
"A giao B", Ia tap dinh nghia bai : '

AﬁB:={x[xeAvéxeB}.
~ Hop ciia hati tap

Goi hiop cha tap A va 1ap B, vietla A U Bvidoc Ia "A hgp B" 1a
tap dinh nghia béi :

AuB:z{xfxeAhoacxeB}.

B§ sung

Goi b4’ sung cia B trong A (B < A), viét 1a C4B 12 tp dinh nghia
b : .

CaB:={x|x e Avax¢ B}
Phép giao, hop va bé sung thoa cic tinh chat sau:

(AmB)mC:Am(BmC)



(AuByuC=AuBU(
(ANBUC=(AUCIN(BUL()
(AuB)mC=(AmC)u(BmC)

CA{BI U Bz) = CAB] - CABZ

Tich Pecac _

Cho hai tap A, B khong rong, véi mbi a € A vaméib € B, ta lap
cap (a, b) goi [a mdt cap sép thi ty (viét phdn tira € A trudc va phén tir
b e Bsau) ; tich Pécdc chia A va B, ki hieula A x B va doc 1a "A tich
Décac B", 1a tap duge dinh nghia boi A x B:= [(a,b):ae A;be B}

Tap nghiém

Mot ménh dé thuée loai ... 1a thi do nude Viét Nam” duge goi la
mot ménh dé md. Ménh dé nay khong ding ma ciing khong sai.
Trong ménh dé trén, n€u ta dién vao chd tréng cac tir "Ha Noi" thi
duoe mét ménh dé ding ; con néu dién vdo chd tréng cic tir "Hai
Phong” thi dugc mot ménh dé sai.

N6i chung, trong todn hoc, cic m¢nh dé md cb dang cdc phuong
trinh hay bat phuong trinh. Chang han, ménh dé
x+3=9
1a mot ménh dé md, duge goi 1a phuong trink, va ménh dé
' x+3<9
ciing 12 mot ménh dé m&, duge goi 1a mot bat phuong trink. Trong
mbi ménh dé trén, chir x 1a mot ki higu chi mot s6 chua dinh 6 va néu
thay X bdi mot s6 cy thé nao dé c6 thé 1am cho ménh dé diing hoic sai.
Ki hiéu x duge goi 1a mot bién (&n). Tap moi gid tr1 chia bién sao cho
khi thay céc gid tri d6 vao phuong trinh hoac bat phuong trinh thi céc
phurong trinh d6, bat phuong trinh dé 6 nghia, duge goi 1a mién clia
bien. Tdp nghiém cia mot phuong irinh hay bét phuong trinh la tap
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moi phén 1t cha mién cita bi€n khi thay vao ménh dé mé thi ménh dé
d6 dung. Ching han n&€u mién ciia bign x |3 tap cdc s6 nguyen duong
thi tap nghiém ctia phuong trinh

X+3=9
tatap {6}, con tap nghiém cua phuong trinh
XxX+3=2

la tap réng @.

Bay gid, néu 14y mién cha bién 13 tap cdc s6 nguyén thi tap {6} Ia
tap nghiém clia phuong trinh x + 3 = 9, con tap {~1} la t4p nghiém
cla phuong trinh X + 3 = 2. Nhur the tap nghiém ctia mot ménh dé mo
phu thudc vao tap mién bién va cung mét ménh dé md 6 thé c6
nhiéu mién bién khéc nhau.

Anh xa

Cho hai tap Eva F : ta g01 moét dnh xa fir E sang F va viét 13
f:E —F, 1a mor quy tdc 1am ting méi phan tik cva B v6i mot phdn ni
xdc dinh cba F, E duge goi 1a rdp géc (hodc tap ngudn) va F duge goi
ta rdp dnh (hodc tap dich) ; phan tir y € F iing v6i phan 1 x e E duge
g0i la dnlt clia x qua 4nh xa f va viét y =1(x), cling doc 1a y = f(x), va
dé chi 16 quy tic 1am tng x véi ytavigt x - f(x).

Anh xa f dugce goi 1a don dnh néu phuong trinh f(x) = y ¢6 nhidu
nhdr mot nghiém x e E, voi moiy € F.

Anh xa f duge goi 13 todn dnh néu phuong trinh f(x) = y ¢6 it nhat
mot nghiém x € E véi moi y € F.

Anh xa f duge goi 1a song dnh néu phuong trinh f(x) = y cd mgt
nghiém duy nhdt x € E vdi moi y € F, Mot song dnh 1a mot 4nh xa
vira 1a don dnh vira 13 toan 4nh.

Hai tap A va B duogc goi 1a teong duong véi nhau, viét 1a “A<B"
n€u ton tai mot song anh f: A — B.



Cho tap I := {1, 2, ..., n}, bat ki mét tap X ndo tuong duong vai 1
ciing duoc goi 1a mot tap hitu han (c6 s6 phan tir 1 hitu han va bang
n), khi dé ta viét card (X) = n. Goi N 12 tap cdc s6 ty nhién, bat ki
mot tap X nao tuong duong véi N ciing goi 12 mot tap dém dugc, ta
viét card (N) = card (X) ; (c6 thé hiéu 12 s6 cdc phin tir ciia X bing
s6 cdc phén tir cua N).

1.2. Tap céac so thuc

Ching ta dd biét tap céc s6 tu nhién N :

N:={0,1,2,..m,..}

Dé mé& rong 16p nghiefn phuong trinh x + n =0, n € N, ta dua
thém tap cic s nguyén Z :

Z:=1{0,+1,%2,..,%xn,..}
Pé md rong 16p nghiém phuong trinh mx + n=0; m, n € Z duge
dua thém tap cdc s6 hitu ti Q -

m e e N
Q:={x:x=—;n;tO;m,neZ;m.nchlcoudcchunglail}
n

va di nhién ta c6 bao ham thitc kép
NcZcQ

Tuy nhién ngudi ta cé thé chimg minh duge ting Z ~ N; Q ~ N ;
nghia la ca Z, 14n Q déu 1a nhitng tap dém duoc.

Bay gio dé chitng t6 ring tap cdc s6 hitu ti ciing con qué hep, ta
xét nghiém duong ctia phuong trinh x% = 2,vatacd x =2 ;56 2
khong phai 12 c6 mot s§ hitu t*. Ta chimg minh diéu ndy bang phin
chitng. That vay, gia st V2 12 mot s6 hitu ti ; khi d6 V2 6 dang :

I=E:m,neN:
n

véi m va n chi ¢é ude sO chung 1a 1 va —}.
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Vi cd hai v€ cha phuong trinh tren déu duong nén suy ra phuong
trinh twong duong m? = 2n_2. Do d6 m” chia héi cho 2 ; vi thé m chia
heét cho 2, va ta c6 thé viet m = 2p ; do d6 4p® = 2n°, nghia la n’ = 2p2.
Ciing lap luan nhv trén n ciing chia hét cho 2 va nhuthé m van cing
¢6 u6e s6 chung 12 2 va diéu dé mau thudn véi gi thiét, vay v2
khong thé 1a mot s6 hi ti, ta néi ring V2 1a mot s& vo ti. Hon nita,

¢6 thé ching minh dugc ring néu n la mot s6 nguyén duong, khong 1a
s6 chinh phuong, nghia la n khong 1a binh phuong clia mét s6 nguyén
k nao thi Vn ciing 12 mot s6 vo . Chang han /3,+/5,7. .. I
nhitng s6 vo ti. Tap cdc s6 hifu ti va cic s6 vo €] dugc got 1a tap céc s6
thuc va ki hiéu Ia R. |

Dé dé phan biét s6 vo ti va s6 hitu t chiing ta dua thém khdi niém
vé s6 thap phan.

1.2.1. 85 thap phan

Xét cic s hitu t] % % ; ta ¢6 thé viét cdc s6 d6 dusi dang s6
thap phan
l ={,333
3
—={,25

va ta néi ring s6 hire ti i— duge bi¢u dién du6i dang mot s thap phan

hitu han va s6 hity ti -;- dugc bidu dién dudi dang s6 thap phan

vé han tudn hodn. Noi ring i— 12 56 thap phan hitu han vi khi biéu

dién —=0,25 ta c6 thé ket thic ngay & s6 5 ; trong khi :—i’- 1a mot s6

-



thap phan v6 han tudn hoan vi khi biéu dién %= 0,333... ta c6 thé viét

thém bao nhiéu s& 3 nita vin chua biéu dién ding hin dugc s6 %

nhung néu mudn kéo dai con s6 3 dén bao nhieu cing viét duge.
Ciing nhu thé, c6 thé viét

1

==0.142857L..

(J day, sau con 58 | (s6 sau d&u phay thi 7) ta vi&t ddu "..." vi néu
muén viét thém bao nhiéu s sau ddu phdy ciing duoc, chang han c6
thé viét :

%: 0,14285714285714...

vi phu the trong biéu dién dang thap phan cia J_; cac s6 142857

dugc lap lai theo thi iy d6 bao nhiéu lan wy y... va néu ta mudn dimg
lai & s6 méy ciing duoc mién 12 da biéu dién ddy di cdc 5O 142857 vi
biét ddy di 6 con s6 nay tiic 1a bi€t quy tdc tudn hoan cla s8 thap
. 1

phan vo han tudn hoan 0,1428571...= 7

Ngudi ta ¢6 thé ching minh ring bdt ki mot 56 hitu i nao ciing cé
thé biéu dién dudi dang s6 thap phan hitu han hay vé han tudn hoan.
Vi s6 vo (i thi khong nhu thé, ngudi ta cling chimg minh duge rang

bit kI mot s& vo ti ndo ciing biéu dién dudi dang sé thap phan vé han
khéng tudn hoan. Ching han khi ta viét :

J2=141.."

thi ta khong thé tir biéu dién thap phan ndy ma c6 thé viét them céc s sau
dsu phdy mot céch ty tién vi khong c6 quy tdc tudn hoan ; néu viét :

V2=141421..
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thi ta chi c6 thé biét duge ring d6 1a bidk dién xdp xi 2 v6i 5 con
50 sau dau phdy va tir nam con s6 d¢ khong thé suy dién dé viét tiep
nhig con s6 thap phan khic vi +2 12 $& vb ti, c6 biéu dién thap
phan vo6 han khong tudn hoan. :

Ngoai ra nhu dinh nghia & tren, tap cac s6 thuc R gém cdc s6 hitu
ti va s6 vo ti, do vy ta ¢6é bao ham thic

NcZcQcR.

dé : tap cdc s6 ty nhien, tap ‘céc s nguyén va tap cdc s6 hiu t] la
nhitmg tip v6 han, dém duoe ; tap s6 thuc R khong phai 1a tdp dé€m
dugc, va ta néi ring card (R) 1a continum.

Ta ciing da biét ring céc tap Z, Q twong duong véi N va ca 3 tap

1.2.2. Truong 56 thue

Bay gi& ching ta dinh nghia tap cdc s6 thuc R nhur mot tap hgp
cac phdn tir, trong d6 xdc dinh dugc mot s phép toan va quan hé ¢6
cdc tinh chat duge mo ta trong mot s& tien dé ma ching ta thira nhan.
Cac tién dé 4y, trix tien dé can tren ding, phin 4nh nhitmg tinh chat
quen thudc clia s6 thuc ma ban doc dé biét tir trudng trung hoc.

Tién dé vé cau trie rru'dng(*)
Trong R xay dung duoc hai_ luét hop thanh trong 13 phép cong (+)
va phép nhén (.), thoi min cdc tinh chat sau :
1) Phép cong va phép nhan cé tinh giao hodn :
a+b=b+a

Y(a, b) € R’
a.b=b.a
2) Phép cong va phép nhan c6 tinh ket hop :

(@a+b)+c=a+(b+¢)

3
(a.b).c=a.(b.c) V(a,b,c) e R

(*) V& cdu tric trudng va quan he thi 1y, ban doc ¢6 thé xem them & chuong 2 va
chuong I quyén Todn hoc cao cip Tap mot.
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3) Phép nhan ¢6 tinh phan bo d6i véi phép cong:
a{b+cy=a.b+ac
(at+b).c=a.ctb.c

Y(a,b.c) € R’
4) Phép cong c6 phin v trung hoa, ki hiénla 0O
a+0=a vaeR
Phép nhan c6 phan tir trung hoa, ki hi¢u lal:
a.l=a vaeR
5) Moi phan tita € R déu c6 phan tir d6i, ki higula —a:
a+(-a)=0 va e R '
Moi phan tira € R — {0} déu c6 phén tit nghich dao, ki hiéu la a
a.al=1
Tién dé vé quan hé thit tu toan phd‘n{*)

Trong R xay dung dugc quan hé thif ty toan phan <, tuong thich
véi cau tric trudng, nghia la

x> ytuong duong viix +azy +a vaeR

. [axzaynéua>0
X 2 y tuong duong vO1 ,
ax<aynéua<0

Tién dé can trén ding (vé tinh day cia R)

Tap hop Q céc s6 hitu ti cuing thoa min tién dé vé cdu tric trudng
va tien dé vé quan hé thit ty toan phén, tic 1 Q 12 mot trudng duoc
shp thtr ty. Ta ciing biét rang gilta hai 56 hitu ti a, b, tén tai mot s6

- . a+b T N S
hitu ti thi ba, chang han , do d6 giita hai s& hitu t1 bdt ki ton tai

(*) V& cdu trdc trudng va quan hé thir tr, ban doc c6 thé xem thém & chuong 2vd
chuong 1 quyén Toan hoc cao cip Tap mot.
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v s6 s6 hifu ti khdc. Tuy nhién Q la mot trudng sap thu ty khong

day, nhu ta sé thiy & duéi. Do vay tap R cdc s6 thic con thod mih

tién de vé tinh sdp thit tr diy ciia 06, dé 1a tien dé can trén dang.
Truée hét ta dua viio mot s6 dinh nghia.

Dinh nghia 1. S§ thuc x dugce 201 12 cdn trén chia tap hop A < R
néu Va € A, a < x. Khi dé ta néi tap hop A bi chdn trén. x duoc goi
1a cdn diedi clia A néu Va € A, a > x. Khi d6 ta néi tap hop A b chén
dudi. Tap hop A duge goi la bi chdn néu né vira bj chan trén, via bi
- chan dudi, '

Dinlt nghta 2. Can trén bé nhit clia tap hop A, néu 6, duge goi 1a
can trén didng chia A, ki higu sup A. Can dudi 16n nhél clia A, néu ¢g,
duge goi 1a can dudi ding cia A. Ki hiéu inf A.

sup A va inf A c6 thé thuoc A, ciing c6 thé khong thudc A. Né&u
sup A € A, thi sup A 1a phdn it I6n nhdt cia A. Ki hiéu max A. N&u
inf A € A thiinf A 13 phdn ti bé nhét clia A, Ki hiéu min A.

Bay gio ta xét tﬁp hopA={xeQ: x? < 2}. Tap hop 4y khong
1éng, vi 1 € A, bi chan trén vi Vx e A, x < 2. Nhung tap hop A
khéng cé can tren dﬁng thude Q, dé thdy ring sup A=+2, ma
V2 2Q. Véi § nghia 4y, ta n6i rang Q la mot trudng sip thit tu
khong day.

Tién dé cdn trén ding : Moi tap hop A < R khéng réng, bi chan
trén deu 6 can trén didng thuse R. :

Tir rién dé 6, dé dang suy ra rang : Mot tap hop A < R khong
10ng, bi chan dudi déu ¢6 can dudi diing thuoc R.

1.2.3. Tri s6 tuyét déi ciia mét s& thuc

Ngudi ta goi tri s6 tuyet d6i ciia s6 thyc x 12 s& thue duge ki hiéu
|x[, xdc dinh nhir sau :

X néu x>0
(1.1) Ixi={

~-Xnéu x <0

13



Tir 46 dé dang suy ra cac tinh chat sau :

(1.2) la.b| = jal.|b]

al lal
(1.3) —|= bl vaib=0.
(1.4) la + b} < {a] + b
(1.5) la — b = {lal - [bl|

That vay, ching han ta ching minh (1.4). Ta c6
—la] € a < |4 |
—lbj < b < b

Cong hai bat dang thiic kép dy titng v€ mot, ta duge
—(la|+ b ca+b<lal+(bl

Tir d6 suy ra (1.4). D& ciing minh (1.5) ta Vi€t

|a|=1a—b+b1$!a-b]+|b|
Do dé
laj — |b] < |a - b]
Tuong tu
bl - |a| < ]b—al=|a—bj. W

1.2.4. Truc 56 thic

DE bidu dién hinh hoc tap hop cdc s6 thuc R, ta xét truc O, véi O
1a diém goc. Mbi diém M trén tryc Ox dugc fing véi 8 thue x sao cho
OM = x . Mdi s6 thuc x duge ng voi diém M trén truc Ox sao cho

OM = x . D6 12 mot song anh giita tap hop R va truc Ox. Ngudi ta goi -

tryc Ox 12 dudng thing thuc hay truc s6 thyc.

Anh ciha céc s6 -3, -2, —%, -1, 0, % % 1, 2, 3 trén Ox duge
cho & hinh 1.1.

14



I 4
2 78
-3 -2 -1 01 31 2 x
4 1
Hinh 1.1

Hinh 1.2 minh hoa c4ch sir dung dinh li Pythagore dé xdc dinh anh
ctia s8 vo £ 2 tren truc Ox.

-1 O T A X
Hinh 1.2, Didm A img v6i 5§ 2

* Ta duwa vao cic ki hiéu sau :
R+={xeR:x20}.lL={xeR:x£OJ,
R =R- (0}, R} =R, —0). RI=R_-{0}, N"=N- {0}

Vdi(a, b) e Rz, a<b,tacécic khoang sau :

(a,b):{xeR:a<x<b} {a,b]={xeR:a5xsb}
(a,b]:{xeR:a<xsb} [a,b)={xeR:a£x<b}
(—oo,a)={xeR:x<a} (—oo,a]={xeR:xsa}
(a,+oo)={xeR:x>a} [a,+oo)={xeR:x2a}

(—o, +0} =R

* Trén truc s& thuc 14y hai diém x> X3. Ngudi ta goi khoang cich
gilta hai diém 4y 1a s6, ki higu d(xy, x5) dugc xic dinh bai

(16) d(X'l, Xz) = |X] - XZI
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Nhw vay |x| chinh la khoang cich gitta x va O :
x| = d{x, 0)

" Dung cac tinh cht clia tri sd tuyét d6i cia s6 thyc, ¢6 thé suy ra .
cdc tinh chét sau day clia khodng céch :

(1) d(x, x) 20, ¥(x, x) & R?
dix,x)=0ex=x",V(x,x)e R?

2) dix, x) = d(x", X), V(x, x) e R

13) dix, x) < d(x, x”).+ d(x", x", V(x, x', x")e R’

(1.7 1

* L4y diém a trén truc s6, r a mot s& duong. Ngudi ta goi r — lan
can clia didm a 12 Khodng ki hiéu v(a, r) dugc xdc dinh béi

(1.8) via,n={xeR:|x—a|<r}
1.2.5. Nguyén li Archiméde

Dinh 1i 1.1. (Archiméde). V6i moi € > 0 cho trude, véi moi x > 0
cho trude, luon tén tai mot s nguyén duong k sao cho ke > x.

Chitng minh. Ta s& ding 1ap luan phan ching. Gia sit diéu khing
dinh ca dinh li khong ding, nghia la Vn € N*, ne < x. Khi dé tip

hopE=(ne:ne N*_} 1a mot tap hop trong R, khong rong va bi chin
trén. Theo tién dé can trén diing, tdn taib=sup E. Vib-e<b,b-¢
khong 12 can trén cia E, do d6 tdn tai ng € N" sao cho ngEe>b-¢

hay (n, + 1)¢ > b, diéu nay mau thuén véi dinh nghia can trén ding
cha b. Dinh 1i duge chimg minh. B

Hé qud. Vi moi x € R, ton tai k € L sao cho
k£x<k+1
Ban doc hiy ty chitng minh hé qua nay.

S6 k trong hé qui Ay dugc goi 1a phdn nyuyén ciia x, ki higu E(x).

16
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Dinh 1i 1.2. Gifta hai 56 thiee bdt ki lucn tén tai mér 56 hitu .

Chiing minh. Gid sit c, d 1a hai 6 thuc véi c < d. Vid - ¢ > 0 neq
theo dinhi 1 1.1, 6 tai g & N” sa0 cho 1 < (d — ¢)q hay |

(1.9) cq+ 1 <dq.

Mt khdc, theo hé qua ctia dinh 11 1.1, t6n 1ai p € Z sao cho

(1.10) Pfcq+l<p+1

Tir (1.9), (1.10) suy ra

p—1£cq<p£cq+l<dq
Tireq < p < dqg, ta duoc
P

c<—<d,£eQ. |
q q

Hé qud. Gifta hai s6 thuc bdt ki ¢é vé 56 s6 hitu 17,
1.2.6. Tap s¢ thuc md rong

Ta thém vao tap R hai phdn tir, ki higu 1a —eo, +oo, dit
R=Ru {—e0, + 0} va md rong cac luat hop thanh trong +, . vi quan
he thi ty < vio R nhu sau :

VX e R, X+ (40) = (+00) + X = 400, X + (=) = (—o0) + x =
= —0, (+00) + (+00) = +00, (~0) + (~a0) = —0

(LID VX e R:, X.(+0) = (+00).X = +o0, X.(-0) = (~m).x =~
. {
Vx e R_*_, X.(+00) = (+0),X = ~o0, X(—®)=(-)x=+m
(+0).(+w0) = (~o0).(—0) = +o0, f+00).(—w0) = (—0).{+0) = —w0
VieR, —w<x <+

R dugc goi 1a tdp s6'thiecc mo rong hay duong thdng thuee mo réng.

BDinhi Ii 1.3. Moi tdp hop A khong réng ciia R déu c6 cdn trén diing
(sup A 6 thé bing v} va cdn dudi diing (inf A c6 thé bdng ).

Z-THCC-Tap 2 17



%

1.3. Day s6 thuc
1.3.1. Cdc dinh nghia

Dinh nghia 1. Mét day s& thye (néi ngén gon 12 day s6) 1a mot dnh
xa it N vio R :

N 3n-x,€R
Ngusi ta thuong ding ki hieu {x.}, n= 1,2, ..., d€ chi mot day 6.

Thi du.
1

(@) [Xub s Xy =— Xxy=1:5 X =
n

(by [Xpbs xp=lix =1 x=15., X, =L ..

(O ixgt s xg =(=D" 1 x =1 :xp=1 .. x,=(-D", ...

2

(@) {x,) 0 x,=n": x; =1, x3=4, .., x;=0n", ..

1Y 9 1y
{e) {xpt s Xy = 1+— ;X1 =2 5 X9=—, ., Xg = 1+—1| ., ...
I 4

n
Ta hdy néu mot vai nhan xét md ddu vé céc thi du trén.

» Trong thi du (a) gid tri cbia day {x,} luon dwong va gidm dan khi
n tang din vi c¢é khuynh hudng giam vé so khong (?)

» Trong thi du (b) gia tri ca diy {x,} luon khong d6i.

= Trong thi du (c) gid tri clia {x,} chi 1ay hai gid tri —1 hodc +1
tuy theo n 1€ hay chan.

* Trong thi du (d) gid trj cla {x,} luon duong va tang din theo n.

» Trong thi du (e) gid tri cla n tang d4n theo n : x| > X,. That
vay, ding cong thac khai trién nhi thitc ¢6 :

18
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= l4p L 00D 1 nn-1n-2) |

. ——+
n 1.2 n2 1.2.3 n3

. n(n-1..(n-k+1) .L+m+n(n—1)... (n-n+1) L
1.2..k k 1.2..n

n!‘l

titc 14 :

R e
H-B0-2) (),
S

.. {n — )n va doc 1a n giai thira.
TUr hé thic trén, thay n béi (n + Itaco:

1 n+l
wn=(io7) -
-1+1+i(1— L J+i(1———l—J[l— 2 ]+..‘+
2! n+i/, 3! n+l n+l
sl ) (-5
1- +...+
n+1 n+l n+l
ey (R B I (R
-—— ... + 1- X
n+l n+l n+l/ (n+1) n+l
(-75)-)

trongdé :n!: =123,

19



So sénh X, Vi X, trong hai khai trién wén te thily rang khai trién

cda X,,; Dhiéu hon khai trién ca x, mot s6 hang, dong thoi tir 56

N |
hang thi ba tro di thi vi —> nén | ——< -
n n+l n n+1

nén cic $6 hang
cha x, bé thua s6 hang tuong dng clia xp,, dovay Xgy > Xy, Vo B

Qua nhimg thi dy trén ta nhan thdy mot ddy s6 {x,} ¢ thé cé hai
kha nang : hoac 1a céc gid tri ¢6 "khuynh hudng” tap trung gan mcjl sO o
nio dé (thi du (a) thi o = 0 ; thi du (b) : & = 1...) hodc 1a khong ¢6 mot
sG o nao d€ cdc gid tri (x,} tap trung quanh n6 (thi du (c) va (dn.

Dinh nghia 2. Diy s6 [x,) dugc goi 12 hoi tu néu ton tai a € R
. . N * . .
sao cho véi moi £ > 0, tim duge n, e N sao cho v6i mo1 n2n, 1a

cé |xn —-a|<€.

Ta ciing n6i ring diy {x,} hol tu dén a hay a la gidi han cia diy
{x,} va viét x, —a khin - o, hay lim x, =a.
n—x
Vi ‘xn ~a‘ <t tyong duong vl a—e< X, <a+g, neén fa con co
thé phdt biéu nhu sau : Day {xﬁ} hoi tu dén a néu moi € — 1an can cla

"a déu chifa moi phdn tir clla day trr mot s6 hitu han phan tir dau tién
(hinh 1.3}

 Xn Xnery X4 Xa X .
¢ + +— v : -
a—¢t atg

Hinht {3

Néu diy {x,} khong hoi tu, ta néi rang nd phdn ki.

20
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Thidu.

Tr& fai thi dy (a) & muc trén, ta thdy lim x, =0, vi chi c4n chon

n—ex
1 .
N, >—, tacé Vo2 n,
£
1 1 1
|xn—0|=r——0|=~—s———<s
_ n n n,

- Trong thi du (b), ta thiy hién nhien lim Xq =1

n—ic

Trong thi du (c), day {x,} phan ki.

Trong thi du (d), day {xq1 clng phan ki, Xy lon lén vo cung khi n
tang vo han. Ta viét x,, — + khi n — o,

Treng thi du (e), day {Xy} citng tang theo n, nhung hi¢n nay
ching ta chua di diéu kien dé ket luan. Chiing ta s& nghién cttu chi
tiét day nay sau.

1.3.2. Cdc tinh chdt ciia day s6 hoi .
Dinh Ii 1 4.(1) Néu div s¢ {Xnt héi i thi gici han ciia né 1o duy nhet.

2) Néu day sé {x,} héi tu thi né eici néi, e la ton tai mor
) n { L & ( { {

khodng (b, c) chita moi phan tir Xp-

Clutng minh. (1) Gia st lim Xp=a, hmx,=b, £ ]2 mot s6
n—rx n—x

duong bt ki. Khi d6 t6n tai ny e N” va ny e N* sa0 cho

n>n; = lx, —a[<—g—
2
nzn; = |x_n—bf,<—;'—

21



Dat n, = max(n;, nz). VOl n2n,, ca hai bat dang thic trén duoc
thoa mién. Do dé

|a—bl$1a—x“|+|xn ~—b|<-§—+%=s

Bat déng thic d6 ding véi moie>0,dodd |a~bl =0, ticlaa=b.

-3 - . . - - . *
(2) Gia st lim x, =a. Khi d6 tén tai n,eN sao cho n2n,
. N—pa

= |x, —al<l, nghialaa-1< x, <a+1.Goib,c 1an lugn 12 s6 bé
nhat va 16n nhat cia tap hite han {a — I, X}, ., X5 1, a+ 1} Hién
nhién ta c6 b<x, <c, Vn. Vay day [x,} gidl nol.

Dinh li 1.5. Cho hai ddy s6 hoi tu (x5}, (yph, lim X, =X,
n—rx

lim y, =y. Khi dé
n-3x
(1) Um (X, +¥,)=X+Y
N—»0
(2) lim(Cx,)=Cx, lIm(C+xy)=C+x, véi C la hdng s6
¥ n—a

(3) hm (X,¥a)=XY

n—o
4y lim (—l—]=l VOl ¥y #0, y=0
n—@ ¥p ¥
X

(5) tim ["—“] = véi y, 20, y#0.
n—xi ¥q Yy

Chimg minh. (1) Vi x, > X, y, Yy, nén vii e >0 cho tru6c tim
dugc njeN*, npeN* sao chon 2 n = ]xn—x]<%. nnp
= |yn -yl<%. bt ng, = max(n;, np). Khidétacé Vnz2 n,

Wxn +¥a)— (x| <X — X +]yn —¥]<e

Vay X, typ 2 x+y

22
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(2) Cach chimg minh that don gian (d€ nghj coi 1a bai tap).

{3) Cic day {Xpl. {y,} hot tu nen chiing gidi noi theo dinh i
1.4 (2). nghia 12 16n tai s6 M > 0 sao cho Jx,|< M, lyal< M, ¥n. Vi
€ > 0 cho truse, tim duge n, € N a0 cho v6t n2n, ta cé

fxn—x|<i [¥n -y <=

M 2M

Vay v6i n2n,,
Xa¥n — Xy| =)(x, = X)yp +X(y, —y)| £ %, —x”yn|+]x“y,1 -y

<——M+M—h——e
2M 2M

Do dé x,y, - xy

@ Viy, —y=0, nen |y, >|y|>0. Vay tim duoe n, € N* sao cho

nzn = ’yn|>%|y|. Vayvdi n2n,

I 1

Yo Y

_|¥n ~v} _2ly, -y|
vallyl ~ |yP

Cing vi y, —> vy nén vl € > 0, tim duge ny e N* sao cho nzn,

2
= |va —y[<8—yz——. bat n, = max(n|, ny), taduge véi n2 n,
L_i'gi__)i_:g
Yo ¥ y2 2
Vay ERN
¥n ¥y

23
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(5)lahe quacla (3)va(4). B
Dinh Ii 1.6, (1) Cho hai ddy s6 {x,} va {y,}. Néu x, 2y, vn

lim X, =a, limy,=bthia2b.
n—=x n—oow

(2) Cho ba ddy sé {x,}, {yo} va {zg}. Néu x, <y, <z, Vi,

lim x,, = lim z, =a. thi im y, =a
n—3 n—a n—»at

Chiing minh. (1) Ta ching minh bing phan chung. Gid sira < b.
Khi dé t6n tai s6 r sao cho a < r < b. VI x, —a, a <1 nén (on tai

* - .
n; € N saocho n2n; = x, <r. Tuong ty, (6n a1 ny € N * sao cho
nzn, = y, >r. Dat n, =max(n, ny). Taco véinz n,
Xp <r<¥n,
diéu nay mau thudn véi gia thiét x, 2y,.
~ -~ e - - i

(2) Vi x, —a nén véi £ > 0 cho trude, tim duge ny € N sao cho

nzn = X, —a/<e nghia d a — € < x;, <a +& Tuong w. vi

E
z, = a, néntimduge np €N saochon2n; > a-€<z,; <a+&

‘Dat n, = max(n, np). Tacd véi n2n,
A—E< X, Sy, Sz, <a+te
suy ra |y, —a|<g, nghiala y, —a M
1.3.3. Ddy don diéu

Dinh nghia. Diy {x,) dugc goi la tdng néu X, < Xpyy. Yn, la
gidm néu X, 2 X,,,, Vn. Diy tang hay ddy gidm duoc goi la day don
diéu. Day {x,} dugc goi 1a bi chdn trén néu ton tai s6 thuc ¢ sao cho

X, €¢, Vn, bi chdn dudi néu ton tai s6 thye d sao cho x, 24, vn.
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Thi du.

(a) Dy {x,} vdi x,=— Ia ddy giam, bi chian duéi bdi s6 0, bi

S |-

chan trén bdi s6 1.

(b) Day {x,} véi x, =(-1)" khong don diéu, bj chan duéi boi -1,
bi chadn trén boi 1.

(¢) Dy (x,) v6i x, =n*"1a day tang, bi chan duéi b 0, nhung
khong bi chan trén, né khong bj chan.

1y :
(d) Day {x,} véi x,, =(l +—J la day ting nhu ta di chiing minh
n

& trén. N6 bi chan dudi béi 2. Ta s& chim
That vay, & trén ta dd tinh duge

.
H-D2 (-0, )

—2+—1—+—1—+ +1
TR TR S

g minh rdng né bi chan trén.

dé thay ring x, <y,. Lai vi

—— —_— —< \
3123 22 2277 pt T on-d
ta duoc
5 1 1
Yo < +—++52—+ + e
I 1 1 . e, oL ! "
—t—+..+ 1& mot cdp s& nhan ¢6 s6 hang diula —, cong boi
2 22 2]’1—1 2
1

> t0ng clia né bé hon 1, do dé Yo <3, vay x, <3,

25



Pinh i 1.7. (1) Néu ddy s6 {}{n} tdng va bi chan trén thi nd ho ty.

(2} Néu ddy s6 {x,} gidm va bi chdn duoi thi né hoi tu.

Chiing minh. (1) Vi ddy {x,} bi chan trén, theo tién dé cin trén
dung, ton tai ! = sup{x,,neN}. V&i moi € > O cho trudc I — €
khong 1a can trén ding cua tap dy, do d6 tén tal n, € N* sao cho

Xp, > 1€

V@i moi n=n,, 1aco

[-g<x, £x,&1
Do d6 )

x5 —f|<s, ¥n2z n,
Vay x, — L '
(2) Suy tir (1) bang cach xét diy {—x,}. MW
Thi du ép dung dinl It

_ 1y :
Day {x,} véi x, = [1 + —] 1a mot day tang va bi chan trén nhu ta
n

da thdy & trén, do d6 n6 hoi w. Goi e la gidi han cua diy 4y, ta duoc

1 11
lim (1 + —] =e.
11— n .

Sau day 1a mot s6 gia tri cha day {x,} :

| ! 1 2
X =(1+T] =2, X2 =[1+E] =225,
1

1 3 100
X1 =[1+§] =2,3703..., ..., x,m=[1+ﬁ] =2,7048 .., ..

trong khi gid tri ciia s& e viét v6i 15 chir s6 cd nghia sau dau phdy 1a :
e=2,71828 18284 59054...
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n
Nhu thé day {(1 +—1—] } hoi tu vé 5§ e rdt cham. Sau nay chiing ta sé
n
ding bi€u dién khic ciia s6 e dé tinh gid trt x4p xi cha s6 e rthanh hon.
e} chuong 3, chiing ta sé chitng minh e 1a mot s6 vo ¢ (dinh If 3.3).

Binl Ii 1.8 (Cantor). Cho hai ddy 56" {ap}, {b,} sao cho

YneN,a, <b,, (ane1. bpyglc(a,, b, ]
(1.12) lim (b, —a,)=0
n—w
Khi dé ton tai mot s6 thuc duy nhat celag, by véi moi n.
Ching minh. Chon mot s nguyeén duong n ¢6 dinh bat ki. Ta ¢6
aj Saz S...ﬁak S...Sbn.
Day {ay} ting va bj chan trén nén hoi tu theo dinh If 1.7.
Gid st c= lim a,. Vi a; < by, Yk, nén c<b,. Vic = suplay |
k—w

nén a, <c. Vay a, <c<b,, Vn, tic la celay, byl Vn.

Diém c 1a duy nh4t, vi n&u d ciing la diém chung cia moi doan
[ag, b, ] thita c6

e-di< b, —a,, ¥n

Nhung lim (b, —a, ) =0, nén tir d6 suyrac=d.

n-—2o

Dinh nghia. Day cic doan {ta,. b, 1} thod min diéu kign (1.12)
duge goi 1a ddy cdc doan bao nhau.

1.3.4. Day s6 gidi noi

Xét day {x,] v6i xp =(~1)". D6 1 mot diy s6 gidi noi, n6 khong
hoi tu. DAy {xq) véin =2k 2 day {1, 1, ..., 1, ...} duge goi la mot
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ddy con cita diy {x,}. ddy con d6 hoi tu v ¢6 gi6i han bang 1. Ciing
nhu vay, day con {x,} véin=2k+11a diy {-1,-1,....-1,..}, nd
¢6 gidi han bang —1.

Thi du don giin nay dan ta dén mot dinh lf quan trong. Trude hét
ta ¢6 dinh nghia sau.

Dinh nghia. Cho ddy s6 {x,). Tirdo trichra diy xq, :

vGi cdc chi s6 13 nhitng s6 nguyén duong thoa min dicu kién
np <np <..<ny < ..

(& day vai trd thit wf trong ddy 1a k). Day {x, } duoc goi la day con

duac trich ra tir ddy {x,}.

Trong thi du md ddu, ta da trich ra hai ddy con {x, } v6i ny = 2k
va ng = 2k + 1.

Dinh Ii 1.9 (Bolzano — Weierstrass). Tit moi ddy 56 gii néi ta déu
cé thé trich ra mot ddy con hot ti.

Chitng minh. Ta dung phuong phap chia doi. Day Xy} g6l noi

a oA Dy e . ap+b
nén 4n tai hai s6 a,, b, sao cho a, <X, <b,, Vn. Diém 24—

b 4
chia doan [ay, b,] thanh hai doan {au, ao; 0], [30 2b°,b0],

mot trong hai doan d6 phai chifa v6 s6 phan tir cla {x,}, goi doan dé

b, .
[ [a).b). Ta c6 [aj, by} [ag, byl va by—a; = °2d°. Lai chia

doan [a;, b;] lam hai boi diém l;—b—l mot trong hai doan

a, +b A o 4w .
[al. i ; i:l. [al ;bl ,bl] phai chia vo s6 diém cua day {x,}. Goi
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doan d6 1 fa,, by 1 va ta 1 ti€p tuc nhu vay. Ta s& duge mot day cdc
doan thing bao nhau

[30., bO]D[aI’ bIJD[dz, bZ]DD[dk’ bk}D

lim (b, ~a, )= lim Mzo.
k—ax

k—so 2
Theo dinh 1i Cantor, t6n tai mét s6 thuc duy nhat ¢ e {ayg, b1, Vk.
Viméi doan [a, by ] déu chita vo s phin tir ciia diy {x,}, tacé thé
lay trong m.c:)i doan [ay, by ] mot diém Xp, cladidy (x,) sao cho cic
phin tr x, &x, , Xnys oo Xp,_, } Diy {xnk} la mot day con cia

day {x,}. Ta s& chimg minh ring lim x

=C.
n
kox K

That vay, hai s6 Xp, V@ c déu cling thuoc doan [a;, by ], do do

b(}_ao

2k

Ixnk —clS by —ay =
Vay khrn |xnk —cl =0. &
—0
1.3.5. Tidu chudn hoi tu Cauchy

Dinh nghia. Day so {xn} duge got 1a day Cauchy (hay ddvy co bdn)
néu véi moi € > 0 cho trude, tim duge r, € N" sao cho khi m Zn, va

nzn, tacéd |xm -xn|<a.
B& dé. Day Cauchy la mot day giéi nei.

Clutng minh. Gia sir {Xpt 1a mot ddy Cauchy. Khi d6 tén tai

¥ . ,
n, € N' sao cho khi m>n,, nzn, tacé ‘xmhxn[<l.

Dac biet, ta cé |xn —xn”|< I, Va 2n,
Nhung ’xn ~xn“|>]xn|—|xn“|, do d6 [xn]<|xnu[+l
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Pat M = max {]xll, [z - lxn” -1, |xnU|+ l}. Tacé
ko< M, V. ®

Dindi 1i 1.10 (Tiéu chudn Cauchy).
Diéu kién cdn va dii dé day s6 thuc {xq} hoi 1y ld né la mot ddy
Cauchy.

Cliing minh. Gia sit day {x,} hoi w, lim x, = I. Khi dé véi moi
n—reo

. : € Coex e
g > 0, tén ta nneN* sao cho n2n, = |xn-—e’]<-2—. Khi d6é vai

mz2n,, N0,
3
2

lxm e L) —I|+|l—xnl<%+ =g

Vay {x,} 1a day Cauchy.
Dao lai, gia sir (x,} 12 ddy Cauchy. Theo b6 dé, n6 la mot day gidi
n6i. Theo dinh 1i 1.9, ¢6 thé trich ra mot day con hoi tu {xp, }.

Gia st lim x, =1 Tasé chitng minh ring lim x, =/ That vay,
k—ow n—»0

ta cé .
]xn —Ilslxn - xnkl+‘xnk —Il

e . < *
Vi xg, —» ! nén v6i mot & > 0, tim dugc v; €N saocho ny 2v; =

|xnk —11<%. Vi {x,} 1a day Cauchy nén ton tai vy € N* saocho n2 vy,

£ P
ng 2vy = |xn —xnklé-i. Pat v, =max(vy, vp). Tacovéi n2 v,

Ixn —Il<%+%=s.

vay lim x, =/. B

n—x
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Chit thich. Qua ching minh trén 1a thdy rang moi dy hoi t déu 13
day Cauchy. Nhung dao lai moi day Cauchy trong trudng hop téng
quat chua chic da 1a day hoi w. Phan dio cia dinh If 1.10 khang dinh

rang moi day s thuc 12 day Cauchy déu hoi tu trong R. N6 ciling biéu
hién tinh day cla tap hop R.

Ngudi ta ciing c6 thé dinh nghia tap hop R 1 tap hop thod min tién
dé vé cdu tric trudng, tien dé vé quan hé thif tur toan phdn va tien dé vé
tinh day cta Cauchy. Moi day s6 thuc 1a diy Cauchy déu hoi t trén R.

1.3.6. V6 citng bé va vé cing lon
Day {x,} dugc goi 1a mot vo citng bé (viét 1at 1a VCB) néu

. - N - o f N *
lim x, =0, wic 13 néu v6i moi € > 0, tim dugc n, &N’ sao cho
N=¥00

nzn, = lxn|<a.

Néu lim x; =1 thi {x, —/} 2 mot VCB.

n—x

Day Ix,} duge goi 1a mot vo clng 16n (viét tat 1a VCL) néu véi

e . *
mo1 s6 A > 0, tim dugc n, € N sao cho n> n, = ]xnf>A.

- . e N * . .
Néu vét moi s6 A » 0, tim duoc n, € N sao cho khi n2 n, 1a cé
Xo >0, [x,[> A, 1a vigt

lim x,;, =+
n-+x

c e . * . .
Néu v6i moi s§ A > 0, tim dugc n, €N sao cho khi n> n, tacd
Xp <0, [x,|> A, ta vier
lim x, = -
—»a0
1.3.7. Chii y cuoi cing vé ddy sé thue
Trong cdc vi du trudc, diy {x,) dugc xic dinh boi cong thic

Xp =f(n)}
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D6 1a cach xac dinh hién (hay tudng minh) mot day sa. Theo cach
xdc dinh 4y, ta ¢6 thé tinh ngay x, khi biét n.

Bay gid xét day 6 {x,} dugc xdc dinh nhu sau

Xo =2
2
Xp-1—2

X, = Xqoy — —2=—,VneN
2Xp-

trong trudng hgp nay 1a khong biét duge x, néu khong biét x|, --.
Né&u mudn tinh x5, ta phai xudt phdt tit xo tinh xp, U X tinh x,,
rdi 1ir x5 tinh x3. Ngudi ta goi day la cach xdc dinh dn hay xdc dinh
theo guy ngp mot diy s6. Hay x¢t chi tiét hon day dé. Vi

Xn-1—" 2

Xn = Xn-1 ——2—— \"CIJ'I Xo =2
Xn-1
2
Xo_—2
nén Xq—Xpo) = ——;;——
n—1
xz_ +2
hoﬁc n :__[L_-—
2%

Suy ra day {x,} gidm dan va x, >0, Vn, do d6 {x,} hoi tu va hoi’
ty dén nghiém dwong cla phuong trinh bac hai x2 -2 =0, tifrc 12 hoi
tw dén ¥2 (luu ¢ ring V2 = 1,414213562 va x3 =1,41421).

Chéng ta khong ban chi tiét v& uu, nhuge diém cla céc cach xdc
dinh ddy, ciing khong ban vé sy hoi ty clia day dn ; ching ta chi luu ¥
ring tuy vé hinh thifc cich cho ddy dudi dang quy nap khong tién
tinh toan, nhung né rat thyc 1€ ; vi nhimg day 4n nay sinh tir viéc tim
diy hoi tu vé mot s6 nao d6 (thudmg la khong biét trude) ; chang han
day 4n nay sinh tir thl tuc phan doi (xem 3.7 chuong 3) va thl tuc
Newton (xem 5.2.7 chuong 3).
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TOM TAT CHUONG |
* Tap hop

Tap hop céc s6 w nhien duge ki hieu 1a N, tap hop cdc s6 nguyen
1a Z, tap hop céc s6 hitu ti 12 Q.

C6 thé mo td mot tap hop theo hai cich : hoidc liet ke 14t ca cac
phén tlr chha tap hop d6, hodc néu tinh chat dac trung chia tap hop do.

Cac ki hi¢u thudng diing :

= kéo theo hoic suy ra
< tuong duong
Vv véi moi
3 tén tai
:, | sao cho

€ thuotc
# (€) khong thuoc

- @ tap réng

Téap con, bao ham :
ACcBexe A=>xe B
Bing nhau: A = B & A tring véi B ;
A=Bo AcBvaBcA.
Hop:x e AuB@xeAhoécxe B.
Giao:xe AnBe xe Avaxe B
BS sung chia B trong A : C,B
x€ CyBoxe Avaxe B
Tich Décéc
AxB=1{(a,b)lae A,be B}
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* Anh xa
Mot 4nh xa f tir  sang F, viét 1a f : E — F 12 mot quy téc lam (g
mdi phan tir x € E v6i mot va chi mot phdn tiry € F.

f 12 don 4nh né€u phudng trinh f(x) = y c¢6 nhiéu nhdt mot nghiém
xe E,Vye F.

f 13 todn 4nh néu phuong trinh f(x) = y ¢6 it nhat mot nghiém x € E,
Vye F.

f 1a song 4nh néu phuong trinh f(x) = y ¢6 mot nghiém duy nhat
xe E;VyeF.

Hai tap A va B dugc goi la tuong duong v6i nhau né’ﬁ t6n tai mot
song dnh f : A — B. Mot tap X tuong duong vdi tap cac 6 tu nhién N
duoce goi 1a mot tap dém dugce, viét 1a card (X) = card (N).

« Tdp cde s6 thuc

S6 hifu ti duoc biéu dién dudi dang mot s thap phan hira han hay
vo han tudn hoan.

S6 vé ti duge biéu dién dudi dang mot s6 thap phan v han khong
tudn hoan. Tap s6 thuc-R Ia tap gém cac s6 hiru ti va s6 vo ti. Gita
tap cic s& ty nhién N, cdc s& nguyén Z, cdc s6 him ti Q va cic s8
thuc R ¢6 bao ham thifc :

NcZcQcR

Tap céc s6 thuc R 13 mot trudng sép thir ty ddy, nghia 1a thoi mén
céc tién dé sau : '

Tién dé vé cau tnic trudng
Tién dé vé quan hé thit ty toan phan
Tién dé can trén diing (biéu hién tinh ddy clia R).

Moi tap hop A R khong réng, bi chén trén déu c6 c4n trén ding
thude R.

Tap s6 thuc md rong duoce ki hidu R 1a 1ap R va duge bd sung
thém hai ki hiéu —o0 va +w.
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* Ddy 56 thuce _
Day s6 thyc 12 mot anh xa, 4nh xa Nsang R :
nH— x,eR.

Mot day s& thue {x,} duge goi la hoi tu dén a, hay {xg} ¢6 gidi

han 1a a va viét 1a lim Xp =a néu véi

bdt ki € > 0 cho trude, tim
TI—»c0

dugc N>0saocho  n>N= |x, ~a|<s.

Khi d$, ta ciing n6i ring day {x,} hoi tu. Néu mot day x,}
khong héi ty thi ta néi ring day {x,} phan ki.

Céc tinh chit cha diy hoi tw:

Xg —>a, ticld lim x, =a, thi a 1a duy nhst.
N-—m

'xn — a & méi lan cin cia a chita moi x,,, trir mot s6 hiu han cdc x,,.
{xy} hoi ty thi c6 mot Khoang hitu han (b, ¢) chia mol X, v néi
rang x, gidi noi.
Néu x, >x ; y, >y thi
lim(x, +y,)=x+y
n—0

lim (Cx,}=Cx,C la hing s6

h—wo

lim(C+x,)=C+x, Cla hang s¢
N =30

lim (x,y,)=xy, lim
n—rom n-—>o0

(—I—J:l vOiy, 20, y=0
Yo/ ¥

lim [-"A]:i vGiy, =0,y %0,
y

L yn

Ne’uxnzyn,anéxnaa,ynabthiazb.
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Né’uxnsynSzn,anéx“—)a,znaath‘lyn—)a.
Céc dinh li co ban vé day s6 :
| Day s6 {x,| dugc goi la tang (giam) néu X, < Xpqq (Xp 2 Xpe1)s VIL
Day s6 {x,} dugc goi 1a b1 chan trén (dudi) néu tén tai s6 c {d) sao
cho x, € ¢c{x, 2 d}, ¥n. '
» Néu déy s6 {x,} tang (giam) va bi chén trén (duéi) thi nd hoi w.
s Cho hai diy s& {a,}, [b,} sao cho

Vn € N, a, < by, [ans1. boar ]S (2, by, lim (by ~2a5)=0.
n—a

Khi d6 ton tai duy nhét ¢ € (a,, by}, V.

« Tir moi diy s& gidi noi ta déu 6 the trich ra mot day con hoi tu.

« Diéu kién cdn va di dé day s6 thuc {x,} hoi tu trong R la I1x,}
la mét day Cauchy, tic 12 vdi moi £ > 0, tim duge n, € N* sao cho
m 2 ng, 0 =0y = Xy —Xg|<E

BAI TAP
1. Diing ki hiéu tap hop, biéu dién céc tap sau :
1. Cic s6 nguyén duong bé thua 12
2. Cic 6 nguyén duong 12 boi s8 cha 4 vi bé thua 4.

3. Cdc phan s6 ¢6 tlr 5§ 12 3 vA mdu s6 1a mot 56 nguyeét luong bé
thua 9.

2.ChoF:={1,4,7, 10} vaG:={l, 4, 7}. Hdi cdc ménh de ‘u
day, ménh dé nao ding :

1.GcF;
2. Tap {1, 7} 1a tap con thyc sy cuaF;
3. Tap {1, 4, 7} 1a tap con thyc sy cha G.
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3. Liét ké moi t4p con ciia cdc tap :

1. {a, b, c} ;2.{1,2, 3,4}

4.ChoA:= {a,b,c},B:={1,2,3} ;€= {b,c,a) yDi=1{3,2,1}).
Hoi :

1.A=C?2.A=B?3.Atuorngdu0ng-B?4.B=D?

5. Xét xem cic tap cho dudi day, tdp nao vé han, tap nio hiw han :
1. Tap moi s6 nguyen duong Ién hon 100.

2. Tap moi s6 nguyén duong bé thua 1 000 000 000,

3. Tap moi diém nim tren doan thang néi lién haj diém phan biét
A, B

6.Cho A : = {gq.r,t,u},B: = {p.q,s,u} va
C:={t,u,v, w

L. TimA N BUQC vi (AnByu(An Q. Chiing ¢6 bing nhau
khong ? :

2TimAUBANQO v (AUBY N (AU Q). Chiing ¢6 bing nhau
khong ?

7. Cho A, B 12 hai tap hitu han, chitng minh rang

card(A U B) = card(A) + card(B) - card(A 1 B)

8.ChoA:= {0, 1,2} ;B={1, 3}.

l.TimAva&_BxA

2. Tinh card(A x B);card(Bx A) : card(A x A) ; card(B x B).

9.Xétdnhxaf: R - R : x s 2%

7 fc6 1a don 4nh ? toan anh 7
l+x

Tim f(R). |
10. Dung 13p luan phan chL'rng; ching minh ring /3 12 56 v o
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11. Ding phuong phap quy nap toén hoc chimg minh :

1.1+2+...+n= n(n +1)
2
2. 12+22+...+n2=n(—m—:—l)6(2—n+-2

12. Xét xem di ding tien d& ndo trong cic tién dé vé s6 thuc dé
chitng minh cdc he thic dudi day :

1.5+3=3+5; 2.9+0=9;

3.-3+0=-3; 4.[-3+D]+T=-3+@+T7);
50+0=0; ' e (-D()=-1;

7.(=3)+ [(-3)]=0; 8. 4.(%]:1.

13. Ding dinh nghia "16n hon, bé thua" va cdc tién dé tha ty,
ching minh (gia thiéta, b,c € R):

1. Néua>bvac>0thiac>bc
2.Néua>bthia+c>h+c
3.Néua>0thi-a<0

4. Néua#0thi a2 >0
5. Néua>bthi a2 >b? (véia>0,b>0).
14. Giai cac phuong trinh va bat phuong trinh :

1. lx+3|=7 ; 2. 2x-6l=14 ;
3. ]x—4|<7; 4. |5x—1|£4;
5 l4x-2|>4: 6. 15+9x| = 4.

15. ChoACR,BcR;dinh nghia :

A+B:={xeR|3JaecA IbeBx=a+b)

AB:={xe<R|JacA 3beB x=ab)
nghialhA+BlhtapcécsGthuccédanga+bvéiaeAvhbeB;
AB 12 1ap céc s6 thuc c6 dang abvSiae Avabe B.
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1. Gia sir A, B bi chén tren, ching minh ring

sup(A + B} = supA + supB
2. Gia sit A, B bi chan trén, A R, B < R, chiing minh rang :

sup(AB} = (supA)(supB)
16. Xét su hoi ty clia day Xq i =(-1)" n+l .
n
17. Ching 10 rang cdc day sau day hoi tu va tim gidi han cia
ching,n>1:

l.xn:=n+1; 2. Xp 1= z ;
n n+l
1 ' n
3. x,:= : 4. x 1= .
" n2+l " n2+l

18. Tim gi6i han cla cdc ddy sau (n&u hoi t) :
l. x, :=r1—\1'n2~n ;o : 2. Xpr=+n{n+a)-n ;
3. x“:=n+\}31—n3 ; 4. xn:=%sinn% ;

sinzn—cos3n
S xy i E——
n

19. Xét day x,:=x,_ +

véi Xy = 1.
Xn-1

1. Ching minh ring {x,} khong c6 gi6i han hiru han.

2. Ching minh rang lim x, =+,
It—+

20. Xét day x,:=—R v6i ay:=2a, 1 +3b,_;, by:=a,_ +2by; 3

bl'l
vGia, > 0, b, > 0.

1. Ching minh rang a, > 0, b, > 0.

2. Tinh xp,, theo x,,.
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3. Tinh x,,| —X, vaching td rang day {x,} don diéu, suy ra {x;}
c6 giéi han doc 1ap vdi ag, by,

21. Xét sy hoi tu va tim gidi han (néu cd) cha diy

2 ”
Xyt = +1 vix,=1.
Xn-1

22. Cho hai s6 a vi b thoa 0 < a < b, xét 2 day
1
Xn =+ Xp-1¥n-1+ ¥n- :E(Xn—l +¥Yn-1)

viix,=avay,=b.
Chitng minh rang hai ddy trén hoi tu va c¢é chung gidi han.
23. Xét sy hoi tu cna day x,:=l+X,_1, VO X, = V3.

24.Pat x, =1, x,B+x,4)+1=0 véinz1.

Chiing t& rang {x,} hoi tu va tim giéi han caa {x,}.

DAP SO VA GO Y
12. 1. Giao hoédn ; 2. Déng nhidt ; 3. Pdng nhat ; 4. Két hop ;
5. Dong nhat ; 6. Déng nhét ; 7. Nghich dio ; 8. Nghich dao.

15. 1. Chitng minh ridng sup A + sup B la mét can trén clia A + B,
181 diing dinh nghia can trén diing dé két luan ring sup A + sup B 1a
can trén ddng cia A + B.

2. Ching tO ring sup A . sup B 1a mot cén trén clia AB, r6i ding
dinh nghia can trén diing suy ra diéu cdn ching minh.

16. Phan i.
17. 1. {x,} gidm va bi s6 1 chan dudi, hoi ;2. {x,} ting vabis6 1

chan trén, hoi tu ; 3. {x,} gidm, O<x, {%’ ¥n, hdi tu ; 4. Hoi tu.
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8. L lmxa==; 2. limx, =2 .
n—x 2 n-—w 2
3. limx, =0 ; 4. Phan ki ; 5. hm x, =0.
n—oc n—owx

19. 1. Néu 7= lim x,, thi / thoa phuong trinh I=1+%, nghia la

n—x

-;—= 0, phuong trinh nay vo nghiém.

2. %521, xy21; {x,} tang va khong bi chan trén: lim Xy =+00
: n—m

20.l.ao>0,b0>0,suyraan>0,bn>0{

2X, +3

Xp+2

(3 -x)(\3+x,)
Xp +2

\E~xn, cung la ddu cla \E—xn_l-, cling la ddu cuia ﬁ—xo. Néu

sﬁ-xo >0, {x,} tang va bi V3 chin trén, lim x,,:ﬁ. Néu

n—w

ﬁ—xo<0,{xn}giémvé lim x, =+/3. Néu \/g—x(,:O, Xy =3 ;
: -0

2. Xp41 =

3. Xpy —Xq = » ddu cha x;,) -x, 12 ddu cha

lim x, =+/3.

N—ot

21.Néu lim x, =/ thi/=2vi X > 1,Vn;
n—ran

2Xp- Xpof ~2
Anel = oot +15 xpyy -2 =20l ,
Xp-1+2 Xp-1 +2
2
—Xp—1 + Xpy +2
Xn4l = Xpog =—1 - .

Xn-1 + 2
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Diu clia X, —Xn_; 12 ddu tam thifc bac hai —x%_l + Xpp +2

Suy ra néu x,_; >2 thi Xpe <Xg_p VA DR Xy y <2 thi Xpep > Xy -

22, {x,} tang va {y,} gidm: x—lz—}lz\/E>l ;
a X1 a

b— .
yy—a=b-y :Ta>0 D X <Xy <¥| <Y, ; didén

A<K] <Xy <€ oo <Xy <Y<Y < - <Y <h

L:= limx, ; I:= lim yn:L=Jﬁ va I=ﬂ-:>'L=l.
n—: 2

n—r

23. Dung quy nap chimg minh {x;} giam va bi chan duéi :
X) =143 <Xg» X2 =Jl+x| <\/l+x0 P Xo <Xp e

Xptl <Xqs Xpsd =41+ Xp >v2, vn, X, > L.
1445

Suyra /:= lim x, thi/thod /=+1+/ suyra Iz-T vix,> L

n—o
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Chuong 2
HAM SG mOT BIEN SO THYC

Chuong nay giéi thieu ham s6 mot bign s6 thyc, cic ham s§ SO cdp ca
ban, dic biét gisi thiéu mot ham sa dang da thifc goi 13 da thikc noi suy.

2.1. Dinh nghia ham sé mét bién sg thuc

ChoX, Y, XcR, YC R,anhxaf: X 5> Y duogc goi 1a mot ham
s6 mot bién s§ thuc, tap X duge goi 1d midn xdc dinh thudng ki
higu 12 Dy clia ham 56 f va tap f(X) thuong dwoge goi 1a mién gid tri, ki
hitu1a Ry clla him s6f: x Dr duge goi 1a bich dge Idp hay d6i 56,
f(x) € Ry dwoe goi 1a bién phy thugc hay ham s6 ; dé chitng té ham

s6 f lam ting méi phén tir x e D¢ v61 mét phdn tir x4c dinh f(x) € R
nguot ta thudmg viét
x> f(x) hodc y = f(x)

Thi du.
(a) X > x 12 ham s& déng nhat, thudng ki hiéu 14 id(x).
(b) X > 2x + 314 ham s6 bac nhat.

(c) x > -2x2 + 5 +1 14 ham s6 bac hai.

(d) x > E(x) 1a ham s6 phéin nguyén cha x, nghia 1a E(x) I#s6
nguyén 16n nhat khong 16n hon x ; ching han :

E(-3,2)=-4: EQ)=0;E2)=2; E(2,6)=2: ...
(e) X > ¢, c 12 hing s6, 801 1a hdam s6 hdng.
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2.2. P6 thi cda ham s6 mot bién 5o thue

Trude day chiing ta di gia thi&t c6 mot song dnh gitta tap cic s@
thuc R va dudng thing L va tir d6 di xay dyng tryc 6 va khi ta viét
(x) ta dong thai hifu d6 12 mot s6 thue x € R va s thuc x d6 c6 anh
(toa do) 1a diém (x) trén truc s6. Bay gid ching ta s& xay dung mot
song 4nh giita tap tich Pécéc R x R va mot mat phang P bang cich ve
mot truc s6 nam ngang hudng tir trdi sang phai, c6 goc 1a O, goi la
truc s6 Ox, truc s6 Oy vuong gée voi Ox, hudng tir duéi 1én trén ; cac
don vi chon trén Ox va Oy khong nhat thiét phai giéng nhau, nhung
thudng ngudi ta hay chon cdc don vi d6 giong nhau (hinh 2.1). Truc
Ox dugc goi 12 truc hoanh, Oy la truc tung. Mbi diém nim trén truc
hoanh bén phai géc O tng v6i mot s& thuc duong, mdi diém nim trén
truc hoanh bén trdi géc O tng v&i mot s6 thye am. Trén truc tung Oy,
méi diém nim trén géc O tmg véi mot s6 thye duong, mdi diém ném
dudi géc O img v6i mot s thue am ; géc O Ung véi s¢ khong trén
moi tryc. -

-
-

A

Mo &

L

—
o
-
(]
3
> ¥

Hinh 2.1

Xét mot cip s6 thyc ¢6 thif tu (a, b) € R x R, quy udc phan tir dau
tién trong cip d6 (a) 12 phén tir cha truc hoanh, va phan tir thit hai (b)
12 phin tlr cia truc tung, nhut vay c6 nghia I :

1. Toa d6 dau tién chia cap s6 thuc cé thit wy (x, y) (tic la toa dd x)
Ia khoang cdch c¢6 diu tir mot diém dén truc tung, khoang cdch c6
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ddu dé ldy ddu duong néu diém & ben phéi truc tung va 14y ddu am
néu diém dé & bén trai truc tung.

2. Toa d6 thit hai cia cdp s6 thuc cé thir tr (x, y) (tic 14 toa do y)
12 khodng céch c6 dau tir mot diém den truc hoanh, khoang cich d6
ldy ddu duong néu diém & trep truc hoanh, ddu am néu diém & dug;
truc hoanh.

Nhu vay, mot didm M b4t ki trong mat phing dugc tng véi mot ciip
sG thuc ¢6 thif ty (x, ¥} ; nguoc lai, méi capsécothitr(x,y) e R x R
duge dng v6i mot diém M cla mat phang, do vay cé thé déng nhat
mot di€ém M ciia mat phing véi mot cap so thuc ¢6 thir ty (x, y) : x
duge goi la hoanh do cia difm M va ¥ 12 tung d¢ cha diém M. Ki
higu M(x, y) dugc doc 1a diém M c6 hoanh d6 1a x va tung do 1a y.

Mit phang xic dinh bdi truc hoanh Ox va truc tung Oy duge goi 1a
mdt phdng toa dg, h¢ toa do xaydung theo kiéu trén 801 14 hé toa d¢
viong géc Décdc, chinh hé toa doé vuong gée Pécac nay di xdc dinh
song anh gita cap s6 cé thy W (x,¥) € R x R véi mot diém cia mat
phéng toa do. '

D6 thi clia ham s6 x 1— f(x) hay la y = f(x) duge dinh nghia 12 rgp
cde diém trong mat phing toa do c6 toa do (x, f(x)).

Tuy theo tinh chit cu thé cita ham s f(x), d6 thj clia f(x) c6 thé 1a
mot tap di€m rdi rac hitu han hodc v6 han ciing ¢ thé 1a tap nhiing
manh cung dut doan, va cling 6 thé 1a mot cung lién.

* Cha y. Trong thuc & nhiéu khj ngudi ta phai giai baj todn ngugc :
ngudi ta fcho"ng biét chinh xdc ham s6 f(x) ma chi biét mer tdp roi rac
hitu han ciia d6 thi clia n6 va mot vai nét rat khdi qudt vé ham s6 f(x) ;
ngudi ta mudn dyng lai ham s f(x) va di nhién khong thé nao dung
dugc ding nguyén xi ham s6 f(x) (vi ban than ham s6 f(x) lai chua
bi€t) nhung ngudi ta hi vong ring dung dugc mot ham s6 ¢6 cac tinh
chdt nhu ham s6 f(x) va di nhién dd thi clia ham s duge dyng it ra thi
cling gan trimg v6i dé thi cia f(x) tai tap cic diém roi rac di cho
tiude & trén.
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2.3. Ham s6 chan, ham s6 1¢, him s tuin hoan, ham s0
don diéu
Gi sir X 12 mét tap hop s6 thuc (X < R), X nhan gbc O lam tam
d6i ximg. Ham s6 f : X — R dugc goi 12 chdn néu
f(x) = f(—x), Vx € X,
1a I€ néu
f(x) = ~f(-x), Vx € X.

Ham s6 y =x" 12 chin néu n chin, Ia 1é n€u n ié. DS thi ctia ham

$& chin nhan truc y 1am truc doi xing. D4 thi ctia him s& 1é nhan gbc
O lam tam ddi xing.

Néu X < R ham s6 f : X —> R dugc goi 1a tudn hoan néu tén tai
hing s6 duong p sao cho

fx+p)=fx) VxeX

s¢ p nho nhdt sao cho ta c6 diing thic &y duge goi 1a chu ki cha f. Céc
ham s6 y = sinx, y = cosx 1 tuan hoan véi chu ki 2n ; cdc ham s6
y = tgx, y = cotgx 12 tuin hoan véi chu ki «.

NéuJ c Ic R, ham 6 f: I - R duge goi 1a rdng trén I néu
Xi. Xy €1, Xy <Xg = f(x) <f(x2),
tang nghiém ngdt trén J néu
X, Xz €, X <Xg = f(xy) <f(x3),
- gidm trén J néu
Xy, Xy €3, X <Xy = f(x)21(x2)
gidm nghiém ngdt irén J n€u
X[, X €1, Xp <Xg = f(x))>f(x2)
Ham s6 tang hay gidm trén duoc goi la don diéu trén L.
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2.4. Ham s6 hop

ChngR,YgR,ZgR;chohémsdg:X—)Yv?ahﬁmsﬁ
f:Y—)Z;xéthﬁmsﬁ'h:XﬁZdinhngh’iabt’Ji

hix}: = flgx)];xe X

h duoc goi 12 ham 55 hop ctia ham s6 f va ham s6 g, ngudi.ta thudng
ki hiéu ham s6 hop h

h(x) = flg(x)] hay h(x) : = (fog)(x), x € X
Thi du

(a)X=Y=Z=R,xétcécénhxa
f:XHx2+2,g:XI~—-) 3x + 1
Khi dé flatx) =[g()P +2=(3x +1)% +2
glf(x)] = 3f(x) + 1 = 3(x2 +2)+ 1
(b)X=Y=Z=R,xétcécénhxa
f:xm—2%;g:x15%2
Khi do flg(x)] = 28X) _ x>
8UE(O] = [f(x))% = (2%)% =22
2.5. Ham sé nguoc va dé thi him sé nguoc

Chohait@pX;R,YgR;chosongénhf:X—-)Y,x =y =f(x),
song anh f chinh 1a mot ham & ¢6 mién x4c dinh D; = X va mién gi4
tri 12 tap anh cha X, tic 1a f(X) :

X ={yeY|y=fx)xe X}

Khi d6 vi f 1 song 4nh nén f 1a toan 4nh, nghia 1a f(X) = Y va f
ciing Ia don 4nh, nghia 1a véi X1 # X2, X, xp € X thi f(x)) # f(x,),
f(x)), f(x5)e Y. Khi d6 mbi Phin try € Y déu 12 dnh ciia ding mot
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phdn tir x € X nén c6 thé dat (ng mot phin tir y € Y v&i mot phdn tir
x € X ; phép lam ng d6 di x4c dinh mot ham 56 dnh xa Y sang X,
ham s6 nay duge goi 1a ham s6 ngugc cha song dnh f va duoge ki higu
f!:YoX, nghiala:
1y x =1 (y)
trong d6 vy 1a bién doc lap va x 12 ham s& phu thudc.
Tir dinh nghia ham s6 nguge, ta co
y=f(x) < x=£7 ()

Do vay trong cimg mot hé toa 46, d6 thi hai ham s’y = f(x) va

« =171y} trang nhau nhung, thong thudng va dac biet khi v& dé thi

ngudi ta cd théi quen ding chif x dé chi bién doc lap, chir y d€ chi

ham s& phu thudc, véi quy udc d6 ham s6 ngugc cla f(x) dugc viét 1a
flxoy=1"'x)

Do vay, néu biéu dién ham s ngugc cha ham s6 y = f(x) dudi
dang y=f"'(x) thi néu (x, y) 1 mot diém cia dé thi ham s6 y = £(x)
thi (y, %) 12 mot diém cba d6 thi ham s6 nguoc ¥ = £~!(x). Hai diém

(x, y) va (y, X) d6i xdng nhau qua duong phan gidc thit nhat, tir dé di
dén két luan :

D6 thi cia ham 56 nguoc y = F1(x) dsi ximg véi d6 thi ctia ham

s6 y = f(x) qua dudng phan gidc thi nhat.
Thi du.

(a) Xét ham s6 h: R > R, x > x2

VoiyeRiy<0, phuong trinh (4n 12 x) x? = y vo nghiém, vay h

khong toan anh.

Véi vy € R, y > 0 phuong trinh %2 =y ¢6 hai nghiém phan biét
x =+./y , vay h khéng don anh.
Nhu thé ham h khong c6 ham ngucc.
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(b) Xéthams6 g : R, - R, x 1 x>

trongd6 R, latip: R,:={xcR | x20).

Vivéimoiy € R phuong trinh x2 = Y hodc v6 nghiem (véi y<a)
hodc ¢6 nghiém duy nhat x =J37 (v6i y > 0), do d6 ham s6 g la don
dnb nhung khéong toan 4nh, do dé g cling khong ¢6 ham s& nguoc.

(c) Xét him s§ f:R, >R, x > x2. _

Trong trudng hop nay phuong trinh x° = y luén cé nghiem duy
nhit x=\ly, do d6 f Ia song-4nh vi do d6 o ham s& nguoc
NOENY | gl |

Néu vé& d6 thj cila hai ham s§ f(x)
va £ l(x) trong cling mot he toa do

vudng géc Décdc (hinh 2.2) thi ta vé f* .
=t
dé thi hai ham s6 : y=x2 i
y=vx :xe R,. o 1 *
2.6. Cac ham s6 so cip co ban Hinh 2.2

Cdc ham s6 sau day dugc 80i 1 cdc ham s6 so cdp co bdn - ham sg
luy thira X + x*, « € R : ham s6 mii xa*, a>0,a%1;hamsg
logarit : x+>log,x,a>0,a # ; ¢&¢ ham 56 lugng gidc : x> sinx,

X > COSX, Xi>1gx ; X cotgx va cic ham lugng gidc ngugce.

Tét cd nhimg ham s6 néu tren (trir cdc ham 6 luong gidc nguge)
la nhig ham s6 di quen thudce ddi véi hoc sinh phé thong trung hoc
nén § ddy chi nhéc lai nhimg tinh chat chi yéu cia chiing ; riéng c4c
ham s6 luong gidc ngugce s& dugc trinh bay chi tiét hon.

(1) Ham 56 luy thita x 1 x® ; y=x",vdia € R.

Mién xdc dinh cha ham s6 lu§ thira phu thuoc c.

Véi o € N : mién xdc dinh 13 ca tryc s6 R.

Vé&i o nguyén am : mién x4c dinh 12 ca truc s6 trir diém géc 0.
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Véiacédango=1/pip e Zthi:

véi p chin, p € N*: mién xdc dinh 1a R ;
v6i p1é, p € N* : mién xédc dinh 1a R ;
v6i p € Z mién xédc dinh cling phy thuéc p chén hay lé.

Vi o 1a s6 vo ti thi quy u6c chi xét y=x“ taimoix 20 néua>C
va tai moi x > O néua < 0.

D6 thi cia ham s6 y=x* luon di qua diém (1, 1) va di qua gbc

(0, 0) néu « > 0 ; khong di qua géc néu a <0 (hinh 2.3).
Ya

Hinh 2.3

(2) Ham s6 mil x>a* ; y=a" ;a>0,a=1

S6 a duge goi 1a co s6 clia ham s6 mi. Ham 8 mi a* xdc dinh
vdi moi x 12 ludn ludn duong. '

e Ham s6 mil y=a" tang (nghia 12 v6i x; >X3 = a®! >a*?) khi
a>l '

» Ham 6 v =a” gidm (nghia 12 v6i x| > X3 = a® <a®?) khia<1.
« Diém (0, 1) luon ndm trén do thi cla ham a%:2° =1.
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* Dac biet a! =a.
Hinh 2.4 cho dé thi clia ham y = a*,

(3) Ham s6 logarit x> log,x s y=log,x :a>0,a=%1.

4 Y

X

Hink 2.4

S6 a duge goi 13 co 56 cla 16garit, dic biét n€u a = 10 thi logpx
thudng duge viét ngén gon 12 lgx va doc 1 logarit thap phén cita x,
Ham s6 log,x chi x4c dinh véi x > 0.

* Ham s6 log,x tang khi a > 1 va khi d6 :
F 3
v8i0<x<1thilog,x<0; Y

vl X 2 1 thi log,x > 0.

y=log,x ; a<1

* Ham s6 log,x gidm khi y=log,x ; a>1

O<a<1vakhids:

v6i0<xslthilogax20;

véi x 2 1 thi log, x < 0. o A x
* Diém (1, 0) lu6n nim wen ds
thi clia log,x, nghia 1 log,1=0.
* Dac biét log,a=1,

Hinh 2.5 cho dé thi c¢tia ham log,x. Hinh 2.5
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Vi ham s6 mii x — a* [ mot song anh trR Ién R = {x € RIx>0),
nén ham s6 nguoe ciia a* 1a ham s6 y — log,y, nghia lay = a" <
x = log,y.

Né&u diing chit x dé chi déi s8, chit y chi ham s thi trén chng mot

he toa do dé thi hai ham s& a* va log,x d6i xiing nhau qua dudng
phan glac thit nhat.

¢ Ham sé6. logax con ¢ mot 56 tmh chdt sau :
loga (AB) = logaA + logaB A >0,B>0

logﬂl [%] =log,A-log,B; A> 0,B>0

_ logaAa = (ﬁlogaA, A>0.
Véib>0;b= a0

logp A
logpa

Véib>0;b¢1;logaA= A>0

(4) Cac ham s6 luo‘ng gidc : _
X — SINX X — COSX ;X — 1gX ;X — cotgx
Cédc ham s6 nay duge goi 12 ham s6 luogng gidc vi chiing dugc xédc
dinh trén R thong qua dudng tron lugng gidc, xem hinh 2.6.

Trén hinh 2.6 ¢é :

OP : =cosx ; 0Q: = sinx ; Y 1
ﬁ:=tgx;§6:=cotg}c' - B './C=
* Cac ham s3 x — sinx; y =sinx Q
Vd X +— COSX ; ¥ = COSX €6 mién '
xdc dinh 12 toan truc s6 R vac6 - ’
mién gid tri la khodng déng [1, 1. o 6 A X
Hink 2.6
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* Ham s6 x s tgx ; y = tgx xdc dinh 1aj moi x ¢. (2k+l)—;— ke Z
va c¢é mién gid trj 1a R.
* Him s6 x — colgx ; y

= colgx x4c dinh tai moi x #kn, k < 7,
va ¢6 mién gid trj [a R.

* Hinh 2.7 cho d6 th cc ham s6 luérng gidc

kY ’ er

a) b)
Y | yT
-t Lr} n{z oo X -Rfa T T
o X 0 %
c) d)
Hinh 2.7

(a) D6 thiy = sinx : (b) DS thi y = cosx :

(c) D6 thi y = 1gx ; (d) D6 thi y = cotgx.
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(5) Cic ham s& lugng gidc nguge :
1. Ham s8 x ~— arcsinx

Xéthamsof : l:—%, -;—] — [~1, 13; x ~ sinx ; f 1a mot song dnh, do
dé c6 ham s6 nguoc f "1, ki hiéu ham sé nguoc £ y +— arcsiny
x = arcsiny ; doc 12 x bang ac—siny (x 1a "cung ¢6 sin bing v"), nghia la :

' T

SXEE <> X = arcsiny

Véi quy uéc ding chit x dé chi dGi s6 va chit y dé chi ham s& thi ham

y =sinx; —

(S

PR o : e LU L TR .
s6 nguge clia ham sé y = sInX Va1 X € [—-2—, 5] 12 ham s6 y = arcsinx.

e Ham 56 y = arcsinx c6 mién xdc dinh 12 khoang déng {1, 1] va
mién gid tri la khoang déng \:—%, g} va 1a mot ham s6 tang. D6 thi
¢6 dang nhu hinh 2.8(a).

2. Ham s0 y = arccosx

Xét song 4nh f: [0; n] - [-1, 1]5 X > cOsX; ham f cé ham s6

ngugc g1 y +— arccosy, X = arccosy, doc 12 x bang ac—cosy (x 1a
cung c6 cos 12 y), nghia la

y = cosx, 0 £ X £ T &> X = arccosy

Ham s6 nguoc cia ham s6 y = cosx voi x € [0 ; n] 14 ham s8
y = arccosx.

« Ham s y = arccosx c¢6 mién xdc dinh la khoang déng -1, 1] va

mién gi4 tri 1 khoang déng [0, =] va 1a mot ham s& giam. D6 thi cua
n6 c¢6 dang nhu hinh 2.8 (b).

- n f X
* Visinx = cos [5- x} nén cé thé suy ra

. . m
arcsinx + arccosx = E
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Hink 2.8
3. Him s6 y = arctgx
N .- n n - . .
Ham s6 y = tgx ; v6i x e [—-2—,—2-) 12 mot song 4nh ; ham s6
nguge cla nd 1 x = arctgy ; doc 1 x bing ac~tangy (X la cung cé
tang la y), nghia Ia :

=tgx;x € —E,E < X = arctgy.
¥ ) 8

Ham s§ nguoc clia ham s6 y=tgxvgix e (—% g) la y = arctgx
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« Ham s6 y = arctgx c6 mién xdc dinh 1a toan truc s6 R va mién
gid tri 1a khoang md (_5 E] va 12 ham so tang. D6 th] cia nd cb
dang hinh 2.8(c).

4. Ham so y = arccotgx

Ham s8 y = cotgx vdi x € (0, m) c6 ham s6 nguge la x = arccotgy

doc 12 x bang ac—catangy (x la cung ¢6 cotang 1a y) ; nghia la :
y = cotgx ; 0 < X < 1t & x = arccotgy

Ham s6 nguoc cla ham s6 y = cotgx v6i x € (0, n) 1a ham s6
y = arccotgx.

» Ham s6 y = arccotgx c6 mién xdc dinh 12 toan tryc s6 R va mién

gia tri 12 khodng md (0, m) va 12 ham s6 giam. Do thi clia né cé dang
hinh 2.8 (d).

(a) D6 thi y = arcsinx ; (b) D& thi y = arccosx ; (¢) D6 thi
= arcigx ; (d) P4 thi y = arccotgx.
* Cé thé chitng minh duge (coi 12 bai tap)
T
AICIEX + Arceotgx = >
* Hon nita ta con c6 cdc he thiuc

(1) ¥x =0 arctgx + arctgi—z% sgn x

{it) Va,b e R, dat: o = arctga ; B = arcigh

Khi dé :
[ a+b
— &u ab
arCth—ab’ nug <1
arctga + arctgbh = § %sgna. néu ab =1
atb
arctg1 5 T Fsena néu ab > 1
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Chitng minh.

(1) Véi x > 0, ta ¢6 %~ arcigx e [O, g—]

. ris 1

t —— = = —

vé g[Z arctgx] tg{arctgx) x
;u ra I_ arctgx = arct l
y 2 g - g X

Ciing lap luén tuong ty véi x < 0, suy ra (i).
(it) Theo gia thiét, 1a ¢6 -

- nn . 'E. .
o, f3e (——2-.5) vané’ua+B¢5 thi

_ fga+tgB  a+b
tgle+p) = I-tgatgf ~ 1—ab

Ta cé :
(o =0

r n LS
~5<u+5<5<:>4hay(a>0vé [3<E-a)

hay (a < 0 va B>—;~a)
- fa=0

©4hay(a>0vab<-1—)<:>ab<l
a

hay (a <0 v3 b>§)

*Néuab<lthia+pe (—-275,-3-] va do vay

a+ [ =arcig(tg(o + B)) = arctg la_—i-ab
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eNéuab>1vaa>Othia+fe [%n) va do vay

o+ P =arclg + .

+
1-ab
«Néuab>1lvaa<Othia+Pe [—n,—%) va do vay

a+b —x
1-ab
« Né&u ab = 1 thi chinh la trusng hop (i).
Vay, téng hop lai ta ¢6 (ii).H

o + f = arcig

2.7. Cac ham s6 so cap

Cho hai ham s6 f va g, goi tdng ciia f va g, vi€t1a f + g ; hidu, vit
f - g ; tich, viét 1a fg va thuong vi€t 1a é 12 cac ham s6 duge dinh
nghia nhu sau :

téng (f + g) (%) : = f(x) + g(x) (cOng hai ham)
higu c(f - g) (x): = f(x) - g(x) (tri hai ham)

tich : (fg)(x) @ = f(x)g(x) (nhan hai ham)
thuong [ ]( )i= ;((3 (chia hai ham)

Néu goi Dy, D, 1a mién xdc dinh chia f va g tuong tUng thi mién Xac
dinh cia tong, hleu va tich cha ching 1a Dy m Dy ; riéng mién xic

dinh cua é 12 Dy n Dy, trong dé
Dy := [x e Dg | g(x) = 0}.
Thi du. Cho f(x) = 2X° + 4x + 1,
g(x} = vx -2
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.5.2

Khi dé f + g, fg xdc dinh véi moi x > 2, riéng é xac dinh véi moi
x>2.

Ngudi ta goi ham 56 so cdp 1a nhirng ham s6 duge tao thanh boi
mot s hitu han cdc phép tosn s& hoc (cong, trir, nhan, chia), cic phép
ldy ham s6 hop d6i véi cdc ham s6 so cdp co ban va cédc hing.

Thi dy. Cdc him s& :

y=sin8x+cos[2x+g-] +3:y=2%4x%421.

y=¥x_3—1g(3x+?)+l;y= X+ V1 -x" +cosx

x-\/l—x2

déu 12 nhimg ham s& so cdp.

Trong cdc ham s& so cdp, nguwi ta dac biét chii y dén hai loai ham
S8 : cdc da thirc va cdc phan thire hitw ] hay cdc ham 56" hiu 1 vi khi
tinh gid tri cha cdc ham s& nay ngudi ta chi cdn thyc hién céc phép
todn s6 hoc ddi véi bien.

Goi da thicc bac n, n € N, viét 1a P,(x), 1a biéu thiic :
Pn(x):=a0+alx_+...+anxn;ak e R, k=0,n ;a, = 0.
Thi du. Ji+1g1?+sin-’3f-+£x+4x2 ++/5x% 12 mot da thic bac 3
dot vai x,
Goi phdn thirc hitu 17 12 ham s6 cé dang ti s& cla hai da thic

Pa(x)  _ a,+aix+..+a x"
Qm(x)” by +byx +...+b,x™

.mneN

trong d6 cic hé s¢ a;, i=0,n ; b i= 0,m la nhing s6 thuc.
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2.8. Da thuc noi suy

Bay gidf ta trg lai chil ¥ da néu trong phan chd ¥ muc 2.2 : ta mudn
phuc hdi mot ham s6 f(x) tai moi gia tri x € [a, b} nao d6 ma chi biét
mot s6 hifu han gém (n + 1) gid tri ciia ham s6 d6 tai cdc diém rdi rac
Xos Xys -0 Xy € [a, b]. Céc gia tri nay thudng dirge cung cép qua thuc
nghiém hay tinh dudi dang bang sau :

X ' Xo Xy X2 X Xn

y | Vo Y1 Y2 -+ Y v Yn

Khi d6 ta dat vin dé tim mot da thitc bdc n :

2.1) P (X) i =a,+a X+ ...+ 85X , 8, #0
Vi ag, &y, ., 8, € R, sao cho Py(x) trung véi f(x) tai cic mit x;,
i= 0,n,nghiaia

(22) P“(x-l) = f(Xi) =% .

Da thuc P,(x) tim duge d6 goi 1a da thitc néi suy. Ta chon da thiic
n6i suy ham s6 f(x) vi, nhu da néi da thic la loai him s6 don gian
nhat, dé tinh nhat.

Dink li 2.1. Néu ton tai da thitc néi suy P(x) ciia ham s6 f{x) thi
da thirc do la duy nhat.

Chitng minkh.

Thﬂ;u vay, gid sl c¢6 hai da thic P(x), Q,(x) ciing la da thitc ndi
suy c¢lia mot ham f(x). Lic d6 theo dinh nghia, c6

P.(xy) = ¥i s Qulxp) = ¥;
Vay hiéu P(x) — Qu(x) ciing 1a mot da thiic c6 bac khéng vuot qué n
v triét tiéu tai n + 1 gid i khdc nhau x;, i = 0,n (Vi Py(x) - Qq(x) =
yi = y; =0,i= 0,n). Do viy da thic hi¢u Py(x) — Qu(x) phi dong
nhat bing khong, nghia 12 P (x) = Q,(x). B
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C5 thé c6 nhiéu dang da thic noi suy nhung do tinh duy nhat, nhat
thi€t ching c6 thé quy vé nhau duge. Dusi day ching ta s& x4y dung
da thitc noi suy theo kiéu Lagrange, goi la da thic néi suy Lagrange
va ki hi¢u 1a L (x). Ta dat

X=X X=Xy )X — X MX - Xie1)--(X—Xp )
23 1 - >
( ) I(X) (Xi —xo)(xi — X )...(Ki —Xi )(Xi ~ X+t )...(Xi —Xn)

1=0,n
Hién nhién /(x) I2 da thitc bac 1 va

1khij=i

Ii(x) duge goi 1a da thite Lagrange co 58,

Bay g1& ta 1ap da thie

n
(2.5) Lo : = 3 yih(x)
) i=0 -

Hién nhién I, (x) 12 da thitc bac n thoa : Lo(x;) =y;

- Dovay L (x) 1a da thirc hOi suy bac n cia ham sé f(x). Bay gio
néo mot s§ da thic néi suy théng dung.
® Noi suy bdc nhdt (hay 14 noi suy tuyén tinh)

Truong hop nay n = | va cé bing :

ba thitc noi suy Li(x) c6 dang
(26) | L1(x) = yolo(x) + y)/y(x)
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trong d6

(%)= _f:-
(2.7) o !
[1 (X) - Xi —Xo

e Ngi suy bdc hai
Trudng hop nay ¢6 3 nit (n = 3) va cd bang

X I Xa X Xq

¥ ‘ Yo Y1 ¥2

Pa thirc noi suy Ly(x) ¢6 dang :

2.8) Ly(x) = YoloX) + ¥111(8) + Yala(X).
trong do
blx)= (:Ex :2;?;_ oy
S e
ER e e

Di nhién, khi di c6 da thiic ndi suy, ngudi ta cdn dat vin d¢ dinh

gid sai sG giifa f(x) vd L,(x) tai nhimg diém khong phai 12 diém niit.
Tuy nhién, day 1a mot bai todn t&€ nhi chung ta chua du phuong tién

dé trinh bay chi tiét & day.

TOM TAT CHUONG 2

» Dinh nghia ham s6 mot bién s6 (thuc)

Anhxaf: X > Yvii X, Y ¢ R duge goi 12 ham s6 mot bién s0
(thuc), X 12 mién xdc dinh, thudng ki higu la Dy, Y 12 mién gid tri,
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thudng ki higu 13 R¢. x € Dy duge goi 12 bién s6 doc 1ap hay d6i s6,
f(x) € Ry 1a bién s6 phu thudc hay ham $6, d€ chiing 16 ring f(x) tng
vOi x, thudng viét

X — f(x) hodc y = f(x)

D6 thi cha ham sd y = f(x) a tap hop cdc di€m trong mat phing
toa do c6 toa do (x, f(x)).

ChohamsGg: X - Y, x »—-rg(x),v?ahﬁmsb’f:Y—»Z,y — f(y),
v6i X, Y,Z < R ; khi d6 ham s& h : X — Z dugc dinh nghia bdi

x — h{x}; h(x) : = fg(x)]
dugc goi 12 ham hop ctia ham s6 f va ham sO g.

Cho song dnh f: X 5 Y, X, Y < R. Song dnh nay lam dng mbi
X € X vOi diing mét phan tiry € Y va nguoc lai méi phdntiry e Y
duge (mg v&i diing mét phén tir x € X, phép ving y v6i x duoe goi 1a

Bam s6 nguge cia ham s6 f va duge ki hieu 1a ', nghia laf ' : v - X,
—1 - . :
y— x=f (y),vadods:

y=fx)ox= f-I(y).

V6i quy ue dung chit x dé chi bien s doc l1ap, chir y &€ chi ham
s8 thi ham s& nguge clia ham s6 f(x) duoc viét 1a

f l:x — y=f_1(x)
Khi d6, n€u bidu dién trong ciing mot hé toa do thi dé thi cha ham

$6 nguge y = fhl(x) d6i xing vGi d6 thi ham s6 y = f(x) qua dudng
phén gidc tha nhat.

* Cdc ham s6 5o cdp co bdn

Céc hdm s6 so cdp co ban 13 cic him s6 :

y=xa_, a € R,
y=a" a>»0;a=l,
.y =log,x, a>0,a#1,.
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Ham s6 y = log,x 12 ham nguoc clia ham sy =a".

y = sinx,
y = arcsinx.
Ham s6 y = arcsinx 13 him nguoc clia him s6 y = sinx véi %st%. |
¥ = COSX,
¥ = AICCOSX.

Ham s6 vy = arccosX 12 ham ngugc cfia ham s6 y = cosx vei0<x <.
y = 18X,
y = arctgx.
Ham s6 y = arctgx 1a ham nguge cita hdm s6 y = tgx véi —% <x< -g-
Y = colgx,
y = arccotgx.
Ham s6 y = arccotgx 1a ham nguoc cia ham s6 y = cotgx véi 0 <x < 7.
e Ham s6 so cdp

Ham s6 so cdp la nhilg ham s6 duge tao thanh bdi mot s6 hitu
han cac phép todn 6 hoc (cong, trlr, nhan, chia), céc phép 18y ham
hop déi véi cdc ham s6 s cap co ban.

Trong céc ham s6 so cip ngudi ta dic biét chd ¥ dén da thic va
phan thite hitu ti.

M6t da thife bac n ki hiéu 1a P (x) 12 ham s so cdp c6 dang :

Pn(x)=ao+a1x+...+anxn;ai eRii= a;.an¢0.
e n L P, (x) .
Mot phén thitc hifu ti 12 mét ham so cdp 6 dang 0. (0 trong do
. m

P,(x) va Q,(x) 1a hai da thitc c6 bac 14n luot 12 n va m.
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* Ba thite noi suy Lagrange
Noi suy tuyén tinh :

La da thic bac nhat, ki hiéu 1a Ll(x) c6 d6 thi di qua 2 diém (X4, ¥,)
va (Xy, ¥1) cho trude va duge tinh theo ¢Ong thitc

CX—X X—x
Li(x) =y, ] +y . —
_ Xo —X| X| ~Xg

N&i suy bac haj :

La da thirc bac hai, Ly(x) ¢ dé th1 di qua 3 diém (Xo0 Yol (X1, ¥1)
va (X3, ¥,), dugce tinh theo cﬁng thitc

_ (X=X Xx- X3) (X=X Mx— X5) (X ~x,)(x~ Xp)
2 = Yo g Y XX =% Y20 %o og )

BAI TApP

I. Tim mién x4c dinh cfia cdc ham s6 -

Ly=(x-2) Y= ysin(vx);  3.y= +vcosx? -
A VX . 2X

LYV = . . .Y = : 6 v = :
4y lg[smx), 2y sinmx y arcsml_l_x

7.y =arccos(2sinx); 8.y= Iglcos(lgx)]; 9.y = Y1gtex .

2. Tim mién gi trj ctia cdc ham s6 :
Ly=+v2+x-x? v 2.y =lg(l - 2cosx) ;

i 4y= aresin(lgi—%) .

_ 2x
3,y = drecos — =
T+x
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3. Cho f(x) : = lgx® : tim f(-1), f(~0,001), £(100).
1+x khi-wo<x<0
4. Cho f(x): = :
2% khix>0

Tim f(-2), f(-1), £(0), f(1), f(2).

8. Che f(x) : = E{ fim £(O), f(—x), f(x + 1), f(x) + 1, f[%} va

f(x)"

6. Tim ham s6 f(x) c6 dang f(x) = ax + b, biét ring f(0) = -2 va
f(3) = 5 (ndi suy tuyén tinh).

7. Tim ham s6 f(x) c6 dang f(x) = ax" + bx + ¢ biét rhng f(-2) =0,
f(0) = 1, f(1) = 5 (ndi suy bac hai).
8. Ham s6 y = sgnx (doc Ia ddu cha x) duge dinh nghia nhu sau :
~1néux<0 '
sgnx:=10néux=0
1néux>0
V& dé thi ciia ham s6 d6 va chiing minh ring [x| = x sgnx.
9. Giia sir ham s6 f(u) xdc dinh khi0 <u < 1 ; tim mién xac dinh
cua f(sinx), f(Inx).

10. Cho f(x) : = %(ax +a %) ;a>0, chimg minh rang

fx+y)+f(x-y)= 2f(x}. f(y¥)
11. Gia sir f(x) + f(y) = f(z). Xdc dinh z néu

1. f(x) = ax ; 2. f(x) = arctgx, (X1 < 1) ;
1 1+x
3. f(x) = <" 4, f(x_) = lgT-_-—x.
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12. Tim f(f(x)), g(g(x)), f(g(x)), g(f(x)) néu

L f(x) = x% g(x) = 2% ; 2. f(x) = sgnx, g(x)=%'
Okhix<0 0 khix<0
3f(x): = ) 1 e(x) = 5
xkhix>0 ~Xx“khix>0
13. Tim f(x) néu
2 1 2 1
Lfix+1)=x -3x+2; 2. f[x+~|=x = (Ixl=22);
X %2
3 f(i]=x+\/1+x2 x>0); 4. f[ X )=x2
X X+1
14. Tim ham s& nguge cia cic ham s¢ :
Ly=2x+3;
2.y = x* a) —o<x <0, B)OSX< 400
I-
3.y= l+x (x #— l)
4y=v1-x* a_1<x=o b)O<x<1;

5.y =shx, v¢i shx : = —é-(ex - e'x), ~a¢ < X < +o0,

15. Ham s6 f(x) xdc dinh trong mot khoang dsi xitng (-1, I} duge

£0i 14 chdn néy f(x) = f(~x), 1& n&u f(x) = —f(-x). Xét tinh chin lé cdc
ham sg : .

Lf(x): =3x — %2, 2.8x) = J1-x0% + Y+ x)2

I-x
l+x °

3Mx):i=a"+a(a»0); 4. f(x) : =

5.f(x) : = In(x + \/l_-!:i-).
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16. Chiing minh ring b4t ki mot ham s6 nao xdc dinh trong mot
khoang ddi ximg (—/, 1) ciing c6 thé viét duge dudi dang tong mot
ham s6 chian va mot ham sé le.

17. Xét tinh tuan hoan va tim chu ki cdc ham s& :

1. f(x) : = Acosix + Bsinx ;

2.f(x): = sinx + % sin2x + 1 sin3x ;

3 f(x): = 2tg%— BIg% :

4. f(x): = sinzx ;

5 f(x): = sim(:Z ;

6. f(x) : = \@ :

7. f(x) * = sinxX + sin(x \E).

18. Viét cic ham s sau day dudi dang ham sG hop ¢

1
l_
Ly=@¢-7x+D'; 2y=27%:  dy=luggs

4.y=\!x+\/;; 5.y = arcsin T

19. Diing phuong phép vé timg diém, v& d6 thi cac ham 56 :

1.y=sin[x+%] ; 2.y =cos3x; 3.y=cos% ;

4, y=3", 5.y=log2%.

DAP SO VA GOI Y

1. 1. -1 <x<1l,

7 skt < x < 2k + 12nd (k=0,1,2...),
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3 Ixl< J’ va 1}—(4k~1) <lIxl < 1)—(-4k +1),

4 2k+1 <ﬁ"a‘5m<“ 2k+2(k 0. 1.2,
5.x>0,x;tn(n=l,2,...),

1 : i3
6. —-jsxsl. ?.Ix—knigg (k=0,:11, ..,

8. 10(2k_5]n <x<10[2 2)“ k=0, 21,..)

9.kn+g—£x$kn+g(k=0.il,...)

2. 1.05yg2i-. 2. —w <y <1g3,
s T
3.0<yx<n, =Ly €
O<y<n 4 5 y 3
7
6.f=_—x-2
3x
7.f=%x2+1—6—{x+1

9.2kn<x<n+2kn(k=0,il,...)-,l<x<e

- X+y

11. 1l.z= . : .
1 Z=X+y 2 .z xy’
3.z= 2 , 4. 7=2%¥
X+y I+ xy

12. 1 f(f(0) = x°, g(@(0)) = 22°, f(a(x)) = 22%, a(f(x)) = 2%
2. 1(f(x)) = sgnx, glgx)=x (x=0),
f(g(x)) = g(f(x)) =sgnx  (x » 0)
3. £(f(x)) = £(x), g(f(x)) = g(x), g(a(x)) = f(a(x)) =
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13. 1.x°-5x+6, 2.x2-2  (x122),

X X 2
— (x>0), 4. (_-—)

3, ——=
1-vx? +1 I-x
i4. 5.y =In{x + \)1+x2)

15. 1. 18, 2. chén, 3. chdn, 4. 18, 5. 1é.
16. Vi€t f(x) duéi dang

00 = 5 (10 + (=) + 2 (600 - =)

17.1. T = ?'T“ 2.T=2n,3.T=6x4.T=n,5 khong tudn hoan,

6. T = n; 7. khong tudn hoan.
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Chuong 3
G101 HAN VA SU LIEN TUC
CUA HAM SO mOT BIEN SO

Chuong nay gidi thiéu khdi niém gioi han clia ham s& mot bién s6,
cdc gidi han co ban, s6 e, cong thic tinh xdp xi 86 vo ti e v6i do
chinh xdc thy ¥ ; cach khir cdc dang vo dinh. Tir khdi ni¢m gidi han
chuyén sang khdi niém lién tuc ciia ham s§ mot bi€n s va cédc tinh
chdt co bin ciia ham s6 lién tuc va img dung dé xay dung thi tuc
phan déi, tim nghiém phuong trinh f(x) = 0,

3.1. Pinh nghia

Cho ham s6 f(x) xac dinh trong khoang (a, b) ; néi ring f(x) c6
g16i han 1a L (hitu han) khi x din dén Xo X, € [a, b) va viét 13

lim f(x)=L néu voi bat ki day {x,} trong (a, b)\ {Xo} max, — x,
XX,

tht lim f(x,)=1L.

n—roo

Theo thuat ngix cla gidi han cla day s6 thi dinh nghia trén c6 thé
dién dat thanh "ham s6 f(x) cé gidi han 1 L néu véi bdt ki ddy s6
{x,} hoi tu dén x thi diy s {f(x,)} ciing hoi tu dén L".

Dinh nghia gidi han clia ham s& f(x) khi x — X, nhu trén ¢6 thuan

loi 12 chuyén khéi niém gii han ciia him s& f(x) vé khii niém gisi
han cia day s6 (dd quen thudoc & muc trude) nhung ciing cé chd
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khong tién lgi 12 mudn ching 16 f(x) = L (x — X,) thi phéi ching t6

f(x,) — L v6i moi day {x,} — X,. Vi thé ngudi ta ding dinh nghia
tuong duong (& day ching ta khéng ching minh diéu nay) voi dinh
nghia trén.

Binh nghia.

Cho ham s6 f(x) xdc dinh trong khoang (a, b), néi r‘ing f(x) c6 gidh
han 12 L (hiru han), khi x din t6i x,(x, € [a, b]) n€u véi bat kie > 0
cho trudc tim duge § > 0 sao cho khi 0 < |x - x,| < 8 thi |f(x) - L| <.

Thi du. '

(a) Cho f(x) = C, C 1a hang sé ; ta s& chung minh rang
lim f(x)=C.

X—)Xu

That vay, cho trude € 0, vi f(x) = C, VX, do vy v6i bt kid > 0:
X — x5l <8 luoncd |f(x) -C|=|C-C|=0<e.

(b) Cho f(x) = x ; s€ chilng minh rang lim f(x)=Xx,.

XX,

That vay, cho trude € > 0, chi c4n chon 8 = € thi ludn cé{x ~ X} < 8
thi [f(x) — xg| =[x — X, < &,

(c) Cho f(x) = sinx ; s&€ ching minh
rang lim f(x)=0. Trudc hét dé y

x—0

rang ching ta xét qud trinh x —» O nén

M

¢6 thé gia thiet 1 x | < ;— . tuy nhién khi

d6 (xem hinh 3.1) : o PA
do dai AM = Ixt ; PM = Isinxt. Hink 3.1

PM < AM (vi tam gidc PAM vudng goc tai P).
Do vay Isinxl < txl. '

Nhu th€, cho trudc € > 0 ; chi cdn chon 8 = € luén ¢ kx ~ 0l < 3 thi
Isinx ~ Ol < €.
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(d) Ban doc ¢6 thé ching minh ring lim cosx = 1.
: =0

X2

(e) Cho f(x) = —; ching minh ring lim f(x) = 0. Dé y ring
Ix1 x—0
diém x = 0 khong thuéc mién xac dinh cia f(x) ; nbung v&i x # 0 thi
f(x) = Ix] ; do vay dung keét qué thi du (b) c6 thé suy ra lim f(x) = 0.
x—0
Trén day ching ta dinh nghia lim f(x) khi x —» X,» bay gid ta xét
rudng hgp x —> 40 va X — —w.
Dinh nghia. N6i ring ham s6 f(x) ¢6 gidi han 1a L khi x din t6i
duong vo cling va viét 13
lim f(x)=L
X=>400
néu véi bat ki e > 0 ; tim duge N > 0 dii 160 sao cho khi X > N thi
Ifix) - Ll < g.
N6i rang ham s& f(x) c6 gidi han 1a L khi x dén i 4m vo cling va
vidt 1a
Iim f(x)=L
X—»—0C
'néu véi bat ki € > 0, tim duge N < 0 ¢6 tri tuyét d6i da 16n sao cho
khi x < N thi If(x) - Ll < ¢.

Thi du.

(a) Ching minh ring lim 1 = 0. That vay, vdi bat ki€ > 0O ; chi

X+ X

< E.

can chon N > é ta ludén cé x > N thi l;l{——O
(b) Ban doc dé kiém tra lai ring lim (l + -}—) =1.
x—r% X

Khi f(x} > 0 (x — a), a ¢6 thé hitu han, ¢6 thé 1a vo cung thi f(x)
duge goi la mot vo cung bé trong qud trinh X —» a ; va khi X — a ma
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f(x) c6 tri tuyét dGi trd nén 1on hon bat ki s6 duong nao cho trudc thi
ta néi rang f(x) 12 mot vo cling 16n trong qué trinh x - a ; khidé ta
ciing viét

lim f(x) = +

X3

néu f(x) trd thanh duong vo cliing va

lim f(x) = —o0
X—a

néu f(x) trd thanh 4m vo ching.
Thi du.

{(a) 1imL=+oo ;viVA>0:v5=L,thilxl<6:>~l—>A.
?‘—>0X2 \/Z x?‘

(b) Cing nhu vay lim —% =0,
x=0 x

+

3.2. Cac tinh chit cua gidi han

Tir nay trd di, khi viét f(x) > L(x — a) n€u khong ndi gi thém thi
ta hiéu ring L 12 hitu han, con a ¢6 thé hitu han hodc vo ciing.

Bay gi®s ta phat bidu mot s& tinh chat don gian clia gidi han cia
ham s6.

Pinh i 3.1,

Cho lim fi(x) =L;; lim f(x) =Ly

X—a

Xx—ra
Khido :
(a) lim Cfj(x) = CLy, véi C 12 hing s6

X—>a

by lim(fi(x)+H(x)) =L + L,

X—ra

(© lim (£ (0f () =LiL,

X—a

74

K



. fl(X) Ll P .
d) lim —< =-=% v§i diéu kién L 0.
@ e T, v dtukienl,

Cach chitng minh dinh I{ nay ciing gidng cich chimg minh dinh 1i
1.2 chuong 1 chi khéc & ché thay vi néi tim duge N > 0, ta néi tim
duoc & > O (khi a 1a hitu han) dé nghi ban doc tu kiém tra lai. Ching
ta s€ néu mot s nhan xét thu vi hon.

s Nhdn xét. -

(1) Tir cdc thi du d4 néu va tir dinh 1i 3.1 ta c6 thé suy ra : néu
P,(x) 1a mot da thie bac n d6i vai X, nghia la : '
Pix):=a,+a;x+..+ ax"
thi Hm P, (x) = P (x,).

X=X,

(2) Hon nifa, ciing tir thi du trén va tir dinh Ii 3.1 suy ra : néu R(x)
la mét phan thic hitu t, nghia I3

R(x): = Qo taX+..+2,x" P
' by +byx+..+ b x™  Qup(x)

thi lim R(x)=20%o) ous 1y Qu(Xo) # 0.
XX, m{Xo)

(3) Dinh 1f 3.1 chua khing dinh duge trong cdc trudmg hop khi L,
la +eo vi L, 12 —c0, khi d6 : vé mat hinh thirc ta cé dang <« — o, dé la
mot dang vo dink ; nghia 1a chua thé khing dinh dugc trong trudng
hgp d6 lim (f(x) + g(x)) c6 hay khong.

X—ra

Trong trudmg hop (c), khi Ly =0 () va L, = c (0) thi vé mit hinh
thirc ta c6 dang 0. w, va cling 1a mot dang v6 dinh thi hai.

Cudi cuing, trong treong hop (d) ; khi Ly = 0(0) va L, = O(co) thi

vé mat hinh thiic ta ¢6 dang vo6 dinh tha ba I3 g hodc g.
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Khi gap céc dang vo dinh d6, mudn biét cy thé phii tim cdch 3& khut
dang vé dinh. C6 nhiéu cdch khac nhau dé khir dang vo dinh. Sau day
gi6i thiéu mot s& cach Khir dang vo dinh théng qua cdc thi du cy thé.

Thi du.

| -
(a) Xét lim S—

x—l x™M 1

. Trong thi du nay, khi x — 1 ; ta gap ngay

dang v6 dinh % (xem nhan xét (2) ngay trén d_ay). Tuy nhién ding
hang thiic : '

p—l) .

xp—lE(x—l)(l+x+x2+...+x
p nguyén va p > 1 ; tir d6, dé thdy rang

"1 x-D+x+..+x"h

™1 (k=D x4 +x™h

Do d6, diing nhan xét (2) 1a c6 ngay

(b) Xét lim yitx -1 : 0 day ta cling gap dang vo dinh 9 ; tuy
=0 X 0

nhién, thuc hién phép ddi bién V1+x =ythikhix -0,y > 1;dodé:

lim
x—0 X y—l y2 -1

JMrx-Y+x
X

Vitx -1 vm y-t 1 (theo thi du (a)).

(c) Tinh lim

x—0

MN+x-A1+x =(J31+x—1)+(1—J51+x)_
X X

: & day ta viét
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Tir d6, ding dinh If 3.1 va thi du (b) ta dugce

i rx-Y+x
x—0 X

(d) Tim Iim 'X+J—

D »
; dang vo dinh & da — ; dé khir dan
om \/—- g y la ” ang

1_2
5 15°

| —

v0 dinh nay ta cé thé chia n’r va miu cho vx va duge

Jx +1 J 1
l+—
X
= 14
Do do, lim —x~+—-x—= lim Jx =
X400 /X +1  x—pton l+i
X
(e) Tim Lm (\/x+\/;—-\/;),dang v0 dinh & diy I o — o0 ; va
’ X—F+m

khir dang vo dinh nay bing cich nhan vGi lwong lién hop va duge :

Jx
N o
\/X+\/;+x/_ Jx+\/;+\/—

Tir day, dong cdch 1am ciia ba; (d) c6:

lim (\/x+ —\f_)h—

X =+
3 2 , .
(f) Tim lim ( ——-—-) : d€ khir dang v6 dinh « - « nay
x—1 l-\/; l—gf;'

ta ¢6 thé thyc hi¢n phép déi bign x = y5, khi dé -
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2 3 2 +y)-2l+y+yD)

3
dx 1-Fx 1-y 1-y% (-pd+nd+y+yd)

a (1-y)(1+2y) a 1+2y
T oAy +y?) A+pdey+y)
Nhur thé
1im[ 3 ___ 2% ]'=1im vy .1
x=l\1-vx  1=3Jx) y>1a+90+y+y?) 2

Qua nhifng thi du trén goi cho ta thdy ring ding dinh Ii 3.1 6 thé
khir duge céc dang vo dinh thudc loai phan thife hitu ti (xem nhan xét (2)
muc nay). Dé khir cdc dang vo dinh khic ching ta cdn cdn mét s6 ménh
dé chi tiét hon va mot vai gidi han thudc loai dang vo dinh dién hinh.

Truéc hét ta phat biéu meénh dé twong ty ménh dé & phén gidi han
cua ddy sd.

Dinh li 3.2.

Gid sit ba ham s6 f(x), g(x) v h(x} tha bdt dang thitc

fix) < g(x) <h(x) véi x € (a, b)

Khi dé, néu lim f(x)= lim h(x)=L thi lim glx)=L
x—x, XX, x—x,
Ban doc c6 thé ding cdch chimg minh dinh 1i 1.3 chuong 1 dé
chimg minh dinh i nay. Tir dinh If nay va tir céc thi du (c) va (d) ¢6
thé suy ra gidi han rét quen thugc (da hoc & 16p trung hoc) thudc

dang vo dinh % :

3.1 lim 20X
x—»0 X

h
o

Sau day gidi thieu mot s& thi du dp dung gi6i han trén.
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(a) 1im[g—"=1im[-‘°ﬂ. 1 ):hmsmx.lim L 11=1

x>0 X x—0% X COSX x50 X x5pc0sx
2
sinx
. l—cosx 1 . > 1 1
(b) lim ———= == lim 2 =—=1=2
=0 x2 2 x50 X 2 2
: 2

. sinmx ) sinmx mx nx m .. .
(c) lim — =11m( —— J=—;V01m,r113286
x—0 Sl nx x—=0\ INX nx smmnx

n
nguyén khic khong,

@ lim COSX —cos 3x = lim {cosx-1)+( —cos3x)
x—0 x2 x—0 x2

. cosx—1 . 1l-cos3x
= lim ————— + lim —— %

=0 x2 x=0  (3x)2

=1,
)

[ ] N

=4 (xem thi du (b))

. l-cosxcos2x . (1—cosx)cos2x +1—cos2x
(e) lim ———— """ _ |im
x=»0 l—-cosx x—0 l-cosx

(dng héng thifc 1 - ab = (] — a)b + (1 - b))

. I —-cos2x
= lim | ¢os2x + —22
x—0 1-cosx

2
= lim cos2x + lim | 1-C982% , _ X
x—0 x—0 (2;;)2 I-cosx

4

=l+2

.2=5.

Bay gi%s cling nhv trong muc gigi han clia diy s6 chiing ta néu mot
ménh dé néi vé sir 16n tai gidi han cia mét ham s6 don diéu.
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Binht Ii 3.3.

Cho f la mot ham s6 xde dinh, tdng (gidm) trén R ; khi dJ, néu f bi
chan trén nghia la ton tai M sao cho f(x) SM véi moix € R (bi chdn
duci nghia la ton tai N sao cho fix) 2 N véi moi x € R) thi tén tai

lim f(x)=L

X—¥+00
{x——-m)

Chiing ta khong ching minh dinh Ii ndy ma chi luu ¥ réng néu

ham f tang ma khong bi chan trén (gidm ma khong bi chan dud) thi
khong t6n tai gidi han ciia f khi x - +00 (X ——»). '

Bay gid ta néu thi du 4p dung dinh li nay, chimg minh rang

1Y R
{(3.2) lim (14——] = lm (1++) =g
X = +00 X X —p—3 X

Chimg minh. That vay, trudc kia trong phdn néi vé ddy don di¢u
tang ta da chifng minh dugc :

(3.3) lim [l+l) =¢
n

TL—»oC

X
Bay gi¢ ta chiing minh lim (1 + i] =e.

X310
DE ¢ rang bt ki mot s6 duong X nao cling ¢6 s ty nhién n (n = 0)

sao chon € x <n + 1 nghia la

| T
<—<—, tirdd
+] x n

n X n+l
[l+ L ) £(1+l] s[l+i)
n+l X n

Chuyén qua gi6i han bat ding thic kép trén, ding két qua (3.3) va
dinh ki 3.2 suy ra

1 X
lim (l+-) =e
X420 X/
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Hon nita, bing cach ddi bién x : = —y ta ciing c6 thé ching minh ring

1 X
Iim (I+—] =z, A

X == X

Bay gid, ta dat :

._(11"\__l111 I
x“._k +; vayn._ + +E+?!-+"'+?ﬁ'

thi vi (xem thi du (e), 1.3.1 chuong 1)

1 1) 1 1 2
> el 55(1‘;]+§[“3)[“;‘)+'-'*
(o
+...+i[1-1][l—3).{1~“ I)
n! n n n

nén ta ¢§ bat dang thic kép: x, <y, <e
Nhu di biét x, — e : do dé6 ¥n — e. Hon nifa v6i bat ki n, m
nguyén duong, ¢6 :

Ynem Yo =

1 1 1 1
T (n+ l)!{1+ n+d m+2m+3y (n+2)(n+3)...(n+m)}
do vay : '

1 ! ! 1
i _ l + ... "
¥nem Yn<(n+1)!{ +.11+2+(n+2)2 +(n+2)m—l}

Biéu thitc trong déu { } 1a téng ciia mot cap s6 nhan c6 cong boi 1a
m+2)" -1
(n+ 1y +2)0t

-]]—41—_-2— » do vay biéu thiic d6 bing do d6

I n+2 1 n+2
n+1)!n+1 “!‘(n+l)2

Ynem — ¥p <
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+2 1
<

Mait khdc, vi —
(n+1) n

:nén0<e -
yl‘l n‘n

Tir bat diing thic kép trén va tir dinh nghia y, c6 thé vi€t
(3.4) e:=1+L+~}—+...+i+i

véi 0 1a mot s6 duong gém gita O va 1.

Diing biéu thic trén ta cé thé tinh s6 ¢ véi do chinh xdc tuy ¥ ;
chéng han, dimg & s6 hangn =7 thi:

0 1
atn 717 < 0.00003
Néu 1y 5 s6 1é sau ddu phdy thi :
I 1
3 = 0,50000 ; e 0,16667 ; 4— =0,04167 ; a = 0,00833 ;
! =(,00139 ; ! 0,00020 ; do d6
g1 = 0001395 77 = o

e =~ 2.71826 vdi sai s6 bé thua 0,00003.
Ngoai ra tir bidu dién (3.4) ciing c6 thé khing dinh ring sG e l1a
mot s& vo ti ; that vay, néu e 1a mot s6 hifu ti nghia lae = % véim,

n nguyén va chi ¢é udc chung 12 1, thi véi s§ e nay, ding biéu dién
(3.4)Ycd:

Do dé, n&u nhén ca hai v€ clia déng thic trén vdi n! thi s€ dugc
mot dang thirc trong d6 v€ trdi la mot s6 nguyén trong khi v& phai 13

. 0
mot s6 nguyén cong v6i mot phan s6 dang p chinh méu ¢hudn nay
ching to ring s6 e 12 mot s6 vo ti.
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Trudc khi néu mot vai thi du ching ta dé y ring néu datu= i thi
ta ¢6 mét dang khéc cha sé e :

lim (1 + u); =e
u—0

(3.5)

X |
Ca hai dang (1 +%) va (I+u)" déu c6 dang v6 dinh thuoe loai

1° va chmh cdc cong thite (3.2) va (3.5) cho moét goi v d€ khir dang
vO dinh 1*

Sau dﬁy néu mot vii thi dy :

1-/x
(2) lim [1+x) x

x>0\2+X

1I-/x 1

() lim (”") " im [”")""r = 1, & day ciing khong
X—+o\2+ X
phdi dang vé dinh.

1-x

(c) 1im (2);111) ~Jx =0 vi & day 14 gi6i han chia mot dai lugng '
X =3+00

bé thua ! Iy thira v6 cuing.

2
2_ 1Y 2
(d) Iim (x J lim [1— sz =
X—+00 X2+l X3+ 2

N

il

N3
lim (1“ 2 ) =i2
X+ X“+1 €



$INX

! L 'x
(e) lim{l+sinx)* = lim l(l +sinx)5i“?‘} =e

x—0 x—=0
_ 008 X005 2%
_17 ) _,“&2 x2 cos 2% 3
) cosX . 006 X —CO8 2X Jous : 3
0 llm[ ]x = lim [l_'-._"__"]m.x—ah X )
x>0\ 082X x—0 Q082X
.. COSX—CO82X . I (cosx — 1)+ (1 —cos2x)
(vi lim ——— = lim
x->0  x2 cos2x x—0} COS2X x2

. ) cosx~1 1-—cos2x
= lim . lim + 4 | =
x>0 COSZX x50 x2 (2x)2

1 1 3
= 1-(7*5-4)—5)

Cung v&i nhan xét (3) phan dinh 1i 3.1 ta két luan ring cdc dang

» Chu y.

. 0 o .
v dinh da gip & o0 — @, .~ va 1 : qua céc thi du dd néu cot dé
gidi thigu céc cach khir dang vo dinh ndi trén.

« S&' e va logarit tu nhién.

Ham s& logarit véi co s6 e duge goi 1a logarit uf nhién hay 16garit
népe (tén nha todn hoc ngudi Scotland la Neper) vz ki hi¢u 1a In hay
L ; nghia la '

(3.6} - Inx = log.x, x>0
- nghiala néuy = Inx thicé nghia lax = e’ tir d6 ta ciing suy ra
(3.7) x=e™;x>0

~ Tir Inx ¢6 thé chuyén dé dang sang Igx (va nguoc lai) theo cong
thitc quen thudc
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Inx = ii—z vi ]gx = -ln—x-v; voi lge =10,434294. .

In10
o =89 _ L 5 30258s..
lge  lge

nghiala: Inx = 2,3025851gx va Igx = 0,434294Inx.

Tir co 56 e, ta xay dung ham s6 mii y = ¢, 13 ham s& rat hay gap
y g

trong cic bai gidng vé sau ; tir ham s6 e* lai xdy dung céc ham s6
hypebén dinh nghia nhv sau :

Ham s6 chx doc 1a ham s6 cos hypeboén :

. X —X
(3.8) chx: = 28
2
Ham s6 shx doc 12 ham s& sin hypebén -
X _ oKX
(3.9) shx : = ;_23_

Ban doc c6 thé kiém tra lai c4c cong thic sau -
ch’x - sh’x = 1
sh2x = 2shx.chx ; ch2x = ch’x + sh’x
sh(x + y) = shx.chy + chx.shy
ch(x + y) = chxchy + shxshy

V.v...

Ngoai ra, dé ¥ ring chx 12 ham s& chin va shx Ix ham s3 1é nén
ciing dé dang suy ra cong thifc ciia sh(x — ¥) va ch(x - y), v.v... Nhu
vay cdc ham s6 hypebon ciing ¢6 nhimg céng thic wong tu déi véi
cdc ham s& vong (e 1A cdc ham s6 luong giac).

3.3. Giéi han mot phia

Bay gid ta xét lim f(x) khi x — Xo (hita han) khi x ludn thoa x < Xo

hodc khi x > x, ; khi d6 néu tén tai lim f(x) thi ta néi rang dé la cdc
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gi6i han (10t phia : gi161 han trai (X = Xg X < Xp) V2 giéi han phai
(x > Xg, X > X,) clia f(x). Khi do ta ki hiéu :
lim f(x) = f(x, — 0) ; (g161 han 1rdi)
1=x,-0

lim f(x) = f(x, + 0) ; (gidi han phai)”

x—x,+0

(3.10)

Di nhién ngay tai x = X, ¢6 thé ham f(x) khong xdc dinh va ndi
chung f(x, - 0) # f(x, + 0).
Thi du.

Cho f(x) == l—-);—l Ham s6 nay khong xdc dinh tai x =0 va vdix<0

thi f(x) = —) vd x > O thi f(x) = +1. Do vay :
lim f(x)=—-1va lim f(x) =1

x—-=0 x—+0
Qua thi du nay ta thay rang néu lim f(x) =L, ticlax =X, ca hai
: XX,
phia : cA x < X, 1an x > X, thi nhitthi¢t lim f(x)= lim f(x)=1L.
X-rx,—0 x—x,+0

Hon nifa, cling c¢6 thé chimg minh duge rang didu kién dt ¢6 va di dé

lim f(x) =L 1a f(x, - 0) =f(x, +0) =L.

X=X,

Bay gity dé k&t thic phan gi6i han ching ta xét ki thém vé hai loai
gidi han dac biét : d6 1a vo cung bé va vd cung 16n (xem muc 1.3.8
chuong 1).

3.4. Vo cung bé va vo cung ldn
* Ham s6 f(x) duge goi 1a mot vo ciing bé, vi€t tat ia VCB khi x — X,

néu: lim f(x)=0.
X=X,

{(*) Mot 58 sdch dimgx—A)xo—O.x—>x0+Oléx—) X, X X5-
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Ham s6 g(x) duge goi 1a mot vo cling 16m, viét tit 1a VCL khi x — X
néu  lim !g(x)| = 40,
XX,
Di nhién & day x,, ¢6 thé 1a hiru han hodc vo cing.
Ban doc ¢6 thé dé dang kiém tra lai ring néu f(x) 1 mot VCB khi

X —» X, thi f_(lﬁ la mot VCL khi x —» X ; nguge lai n€u g(x) 1a mot

VCL khi x — x, thi ;:'(lx_) a mot VCB khi x — x,. Hon nifa, c4c dinh

i vé tdng, tich, thuong cdc VCB ciing nhur tong, tich, thuong cic VCL
cling duge suy dién truc tiép tr dinh 1i téng, tich, thuong cdc dai
lvong c6 giGi han.

Vin dé ching ta muon xét ki hon 1a xét 1ée d6 héi tu ve s6 khong
ctia cic VCB trong cung mot qua trinh x — x,, va di nhién ¢ do tién
ra vo ciing cla cdc VCL cilng tuong tu.

Cho f(x), f5(x) 12 hat VCB khi x — Xos 1a N6t rang : f,(x) cé bac
cao hon f,(x) néu

. f](X)
lim 122 -
;(Ln:u H(x)
va viét la
(3.11) fi(x) = olfy(x)). x = x,

Khi d6 ta ciing néi ring f,(x) c6 bac thap hon f|(x) trong qua trinh

X X,

f,(x) cling bac v&i f5(x) néu

. f] (X)
lim ———=C %0
xirn:(, £ (x)
va viét 1a
(3.12) £1(x) = O(f5(x)), x - x,
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Dic biet néu lim L&

=1 thi ndi rang f,(x) tuong duong véi
x—ox, f2(x

f5(x) khi X — X, va viét 1a

(3.13) £(x) ~ £5(x), x = X,
Bay git néu ta 1ay truong hop dac biét

f5(x):=x%:0>0

thi bidu thirc f(x) = o(x®) c6 nghia 13 f(x) 1a mot VCB cé bic cao
hon a so v6i VCB x khi x = 0 va bidu thic f(x) = O(x*) c6 nghia la
f(x) 1a mot VCB ¢6 bac a so véi VCB x khi x — 0, va cudi ciing biéu
thite f(x) ~ x* cé nghia 1a f(x) twong duong véi VCB x* khix — 0.
Ban doc cé thé kiém tra lai khdi niém tuong duong & day 1a quan hé
tuong duong da hoc trong gido trinh dai s6, vi vy thudng hay dung
tinh chét bac cdu cia quan hé dé, nghia 1a, ching han :

Néu £1(x) ~ £() 1 £2(x) ~ F3(x) thi f,(x) ~ f3(x).

Thi du :

SINX ~ X ; X ~ tgX, vay sinx ~ tgx.

Pé them thuan 1gi khi khir cac dang vo dinh nguoi ta thudng dung
tinh chat sau.

Dinh 1i 3.4.

Néu fix), (), F(x), glx)la nhitng VCB khi x — x,, néit fix) ~ f(x),
g(x) ~ g(x) thi

() . T
lim = lim =
x—x, (X} x-x, g(X)

Ban doc c6 thé ty kiém tra lai k&t qua nay bing cach dung dinh
nghia khéi niem VCB tuong duong, & day ching ta chi néu mot s6 thi
du 4p dung.

38
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Thidu.
Tim lim (—L - L}
x—0\ SInx  tgx
Ta cé —_~———1-—-=l—h£(ﬂ va khi x — 0 thi | — cosx ~ i)(2;
SInX  tgx sinx 2

sinx ~ X ; (xem thi du (b), dinh 1{ 3.2 chuong nay), do dé :

1.2
lim (L-—-l—) = lim 2— = g.
104 SX ng x—=0 X

D€ keét thic myc gi6i han, ching ta lwu § ring néu lim f(x) = L
_ X=X,
thi cé thé viét
(3.14) f(x) =L + a(x)
trong dé a(x) 1a mot VCB khi x —» Xqr

That vy, néu lim f(x) = L thi véi € > 0 b4t ki tim dugc 8 > 0

X=X,
sao cho khi [x — x| < 8 thi [f(x) - L| < £ ; va bt ding thic cudi cung
dé chimg 16 rang f(x) — L 12 mot VCB khi x — x,,.
Diéu nguoc lai cling ding, nghia 12 néu c6 thé viét duge (3.14) thi
f(x) - L khi x - x,,.

3.5. Su lién tyc cia ham sé mot bién s6

Khai niém lién tuc cla hdm s8 12 mot khdi niém rit co s, déng
mat vai trd trung tam trong viéc nghién céu ham s& ca vé If thuyét lin
ing dung. Trong muc nay chiing ta s& gidi thiéu tinh litn tuc clla ham
s6 va cdc tinh chit cia mdt ham sd lién tuc ciing nhu giGi thiéu mot
vai ng dung.

Dinh nghia. .

Cho f(x) 1a mét ham s& xdc dinh trong khoing (a, b) ; néi réng
f(x) lién tuc tai di€m x, € (a, b) néu

(3.15) lim f(x) = f(x,).

X=X,
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Ban doc lyu ¥ ring diém x, nhdt thiét phai‘thuéc mién xdc dinh
cia f(x).

Ham s6 f(x) khong lien tuc tai diém x, dugc goi 1a gidn doan tai
diém 4y. Vay x, la diém gidn doan cua f(x), néu hoac x, khong thudc
mién xdc dinh cha f(x), hoac x, thuoc mién xéc dinh cua f(x) nhung
lim f(x)# f(x,) hay khong tén tai lim f(x).

x—x, X=X,
Thidu:
(a) Tir cac thi du vé gidi han cia ham s6 ta suy ra cdc ham s6 :
f(x)=x lien tuc tai moi x hiru han.
f(x) = sinx lién tuc tai x = 0 ; hon nifa v&i x, bdt ki, ¢4 :

- X X+ X
9 cos 0
2 2

: ] . X
sinx — sinx, = 2sin

X = Xg

|sinX — sinx,| < 2sin , dodd Hm sinx = sinx,

K—rX.,
Viy ham s6 f(x) = sinx lién tuc tai moi x € R,
f(x) = C lién tuc v6i moi x € R (C 12 hing s6),
f(x) = cosx lién tuc tai moi x € R,
f(x) = tgx lién tuc fai moi X thudc mién xdc dinh, v.v...
(b) Xét ham s6 f(x) = Ix| (xem hinh 3.2). VI lim(x) = Onén ham

x—0
sO nay hén tuc tai x = 0.
Ty 4y

1
P
Ol%: © x

0 X 4+
Hinh 3.2 Hinh 3.3
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(c) Ham 56 f(x) = ")(Laf gidn doan tai di€m x = a vi tai x = a ham

$0 khong xdc dinh.

d) Hi G f(x) =
(d) Ham s& f(x) ] %<xsl

0 v6i nhimg trudng hop khic
(xem hinh 3.3) gidn doan tai cic diém x =0, x = % va x = | vi ching
han, tai x = % tacé:

lim f(x)=1va lim f(x) = -1.
x—:%é{] : x—>5+0

Hai gidi han trdi va phai cta f(x) tai diém x = -;— khic nhau nén
khong ton tai gidi han lim f(x). _
x—9%

N6i rang ham s6 f(x) lién tuc trong khodng (x, b} néu f(x) lién tuc
tai moi X € (a, b).

Dung cdc dinh 1i vé gidi han cia tdng, tich, thwong va dinh nghia
hién tue cha ham s6 c6 thé suy ra :

Dinh Ii 3.5

Cho f(x}, g{x) 1a hai ham s6 lién tuc trong khodng (a, b), khi dé6 :
{a) f(x) + g(x) lién tc trong (a, b} ;

(b) f(x} g(x) lién tuc trong (a, b} ;

bac biet Cf(x) (C 1a hing s6) lién tuc trong (a, b) ;

)

£8(x)

(c) lien tyc trong (a, b} trir ra nhimg diém x 1am g(x) =0.
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Tiu dinh 1i trén suy ra :

Cic da thic 1a nhing ham s6 lién tuc ; phdn thic hitu i 13 ham 58
lién tuc tit cdc khong diém cla da thiic mau s3 ; cac ham s6 luong
gidc lién tuc trong mién xdc dinh clia né.

Trude khi xét cac tinh chat khac clia ham s6 lien wc, luu ¥ ring
mot ham s& f(x) liéa tuc tar diém X, thi

(3.16) lim f(x) = f[ lim x]

X—3X,, X—*X,

Tir (3.16) suy ra 1a mudn tim gidi han cda f(x) khi X - X, néu di

biét f(x) lién tuc tai X, thi chi viec thé mot cach may méc x bdi X,
vio biéu thic cia f(x).

Bay gidf ta phat biéu dinh Ii v& sy lién tuc cbia ham s6 hop.
Dinh li 3.6.

Gid sit ham s& g(x) xdc dinh trong khodng ¥ = (c, d) va flx) xac
dinh trong khodng X : = (a, b) va khi x bién thién trong X thi f{x) khong

Idy gid tri ngodi khodng Y. Néu fix)} lién tuc tai x, € X va g(x) fién tuc
tai diém tuong ing y, = f(x,) thi ham sé hap g(f(x)) lién tuc tai x,,.
Chitng minh.

Cho truée € > 0 1y ¥, vi g(y) Lién tuc tai y = y, nén tim dugc o> 0
(ttng v6i € da cho) sao cho khi

ly - vl < o thi |g(y) - g(yo)] <&

Mat khic vi f(x) lién tuc tai X = X, nén vdi o & trén, tim duge & > 0

sao cho khi [x — x| < & ¢
|f(x) - f(xo)] = [f(x) - Yo| < ©
Tir d6 suy ra
e (10) - 8570 = e (£00) - g(fxa))| <&

Bat ding thic cui clng ndy ching to ring khi x — X, thi
g(f(x)) - g(f(x,)), do vy, theo dinh nghiz, g(f(x)} lién tuc tai x,, |
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* Nhdn xét.

(1) Tr dinh 1 (3.5) va (3.6) c6 thé ching minh dugc cdc ham s6 so
cdp lién tyc trong mién x4c dinh cia chung.,

(2) C6 thé ding tinh lien tuc ciia ham s6 d€ tim mot s gioh han ;.
cu thé chiing ta s& ching minh cdc cong thie :

. log,(1+a) i 0
(3.17) o}l_rl'lo—a—-— =log,e ; (G
o _
(3.18) Coaim A 9
a0 o 0
(oM~ [0)

(3.19 llm —_—— y — .

) a—0 o a 0

log, (1 + )
o

That vay ; ta c6 = log, (1 + o)

I .
Vi hiam s6 logarit lién tuc va vi (1 + ®)4 —» ¢ khi o — 0 (cong
thic (3.5)) nén suy ra (3.17) ; ddc biét khi a = e thj (3.17) ¢6 dang :
In(l + o)

lim —————~ =] ha
a—0 o Y
(3.17a) In(! + a) ~a khi o¢ — 0

Muén chimg minh (3.18) ta dat a*% — 1 = B, khi dé theo tinh lién
tuc clia ham s6 mi, khi o — 0 thi  — 0 hon nita o = log, (1 +B),
do d6 ding két qua (3.17) ¢6 :

a“ -1 B 1

Iim

lim = = Ina.
a0 o —0log, (1 +[3) log,e

Nhu th€ (3.18) da dugc ching minh. Pac biét, néu ldy a = -l—;

n
(n=1,2,3..)thi:
(3.17b) lim n(¥a ~1) = Ina

A0
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Cu6i ciing ; dé chimg minh (3.19) ta dat (i + @) — I = B; vi ham
s6 iy thira lién tuc nén khi o — 0 thi B — 0 ; ldy logarit hé thic
(1 + o) =1+ taduge : uln(l +o)=1n(l +B)

Nhu thé

(l+e)* -1 B B in(l + «)

vl T W+ «

Theo (3.17a) In(1+p) ~ B ; In(1 + &) ~ ., do d6 suy ra (3.19).
(3) Trong nhiéu trudng hop ta phii tim gidi han clia biéu thic
[u(01™ khi x — x,, khi d6 gia sir:

limu(x)=a va limv(x)="b
x—0 e W

v 0 < a, b 1a hai s§ hitu han.
Muén thé ta viét u’ du6i dang : u' = eV
Ding tinh lién tuc ciia ham s6 1ogarit ; ¢6 thé viet

im v=>b; lim Inu=Ina

XK, X=X,
Do dé lim vlnu = blna
X=X,

Va vi tinh lién tyuc clia ham s6 mi, ta ¢6 :

(3.20) lim u¥ = b2 = ab
XX,

3.6. Diém gidn doan cia ham so

Gia st ham s6 £ xac dinh trén doan [2, b, X, € [0, b] 1a moOt diém

gian doan cia f. Ta n6i ring x, 1a mot diém gidn doan bo dugc néu
f(x, — 0) = f(x, + 0}
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Xo 12 mot di€m gidn doan loai mot, néu f(x,-0) e R, f(x,+0) e R
nhung

f(x, - 0) = f(x, +0),
hiéu [f(x, + 0) - f(x, - 0)] duge goi 1a bude nhdy coa f tai Xg i X, 2
diém gidn doan loai hai néu né khoéng thudce hai loai trén.
Thi du.

sinx néux=0
(a) Xét him s6 f(x) =
antux=290

Ré rang &day lim f(x) =1 va f(0) = a,
X0

Y
do d6 néu a = 1 thi f(x) khong lién tyc tai
x=0;vanéua=1thi ham s§ f(x) lién tuc 1
tai x = 0 ; trudng hop nay, ta néi ring c6
thé Iap lai su lién tuc cha ham s& f(x) bing ~To X
cdch xic dinh gid tri a thich hop (h.3.4).
Theo y dy ngudi ta goi x = 0 duge goi 1a Hink 3.4

di€m gidn doan bé duoc,
{b) Xét ham s6 cho & thi du (d) muc trén. Ta c6 f(% - 0) =1,
]. - . - .l . . - . N L -~
f 3 + 0 | = -1, nghia la khi x » 3 thi hai gi6i han trdj va phai hitu

han va khdc nhau. Vay x =—;- 12 diém gian doan loai 1. Bu6c nhdy

2a hi ix=LaelLiol (21 ).
cuahamsdfta1x—21a f[2+0J f(z. 0}»— 2.
1
(c) flx)=4e* x =0
0 x=0

Taco f(0 - 0) =0, f(O + 0) = +c0. Vay x = 0 1a diém giin doan loai 2.
Vi (0 ~ 0) = f(0), ham £ lien tuc trdi tai x = 0

95



o

1 xhiuu
Q) f(x) = { ,
0 xvo u

gi4n doan tai moi x € R. Moi diém déu 13 diém gidn doan loai 2 vi

khong tén tai lim f(x) v6i moi X, € R.
X=X,

3.7. Céc tinh chit cfia ham sé lién tuc

Sau day ching ta s& xay dyng mot s6 tinh chat co ban cia ham
lién tuc. '

Dinh Ii 3.7 (vé gié tri trung gian)

Cho fix) la mét ham s6 xdc dinh, lién tuc trong mot khodngl : = (e, ),
choa, b €l sao choa < bvafla)fib)<0..

Khi dé tén tai mot ¢ € {a, b) sao cho f(c} = 0.

F

Minh hoa hinh hoc (h.3.5). y

Dinh 1i rén ¢6 mot y nghia hinh /
hoc rat don gian va tha vi. Ta da biet, a .
46 thi cha mot ham s liéen tuc I =70 -
duomg lién (khong dit), dinh 1{ 3.7 ndi /
ring néu d6 thi nam & hai phia 61 voi
truc hoanh thi s& cét truc hoanh.

Hinh 3.5

Chitng minh dinh Ii.

Gia thiét f(a) f(b) < O suy ra f(a) trdi dau v6i f(b) vadé dinh v ; ta
gia thi€t f(a) < O (néu f(a) > O thi chi cén thay f bdi —f va vin dung
1ap luan do) va s& di tim diém: = sao cho f(c) = 0, 12 gi6i han chung
cia 2 day.

That vay, ddu tién dat ¢, =avad,=b, Kkhi d6 theo gia thiét f(c,)) <0

vaf(dy)>0;datu,:= ‘o ;d" s néuf(u))=0thic=1,; néu f(u,) < 0

thi dat ¢, : = g, d : = dg ; néu f(ug) > O hiditcy i=c,vad) = u, ]
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lai xét [c,, d|] ta lai 6 fc)f(d;) < 0, do vy t€p tuc dat

.. S tq
Ul.— 3

va qué trinh ti€p dién va néi chung, véi cdch dit nhy
trén (Gng v6i mit va gid tri ham s6 tai d6 1a am (duong) thi dat la
cpldy)) 5 cif nhu thé ta lusn cé flc,) < 0va f(d,) > 0 ; tigp tuc dat
u, = —21—((:Il +dp). Néu f(u,) = 0 thi hién nhien ¢ = u, va chinh ¢ 1a
nghiém clta phuong trinh f(x) = 0. Néu

f(uy) < Othidatc,,, = up vady, =d; ;
fu) > Othidare,,) =c,vad,,, =u,.

Bay gid ta gid st qua trinh tren khong ket thiic (néu khong thi da tim
duqc nghiém c r6i !). Khi dé, ta c6 2 diy s6 {c,} va {dy1, di nhién haj
day d6 hoi tu (xem dijnh 1f 1.4 chuong 1) va ¢6 chung giti han [a c. Vi
f(c,) < O nén theo gid thiét lién tuc clia f(x), lim f(c,)) = f(lim ¢,) =1f(c) <0,

tuong ty lim f(d,) = f(tim d,)) = f(c) = 0, do d6 f(c) = 0. W

* Thii tuc chon cic diém Uy G trén duoc goi 1a thi tuc phan doi.
Ngudi ta thudong diing thi tuc nay dé giai phuong trinh f(x) = 0 khi
bi€t khoang chita nghiem.

Thi du,

Tim mét nghiém trong khoang [1, 2] cta phuong trinh bic ba :

3
X=-x-1=0.
Ta nhan thay f(1) = -1 <0,f(2)=5>0,

3
' I+=
1+2 3 3

“°=_; "2 f(""):f(f)m;"’: 22

172) 1 (n
2 '"E’f(?)w’

7-THCC Tap 2 97

—_5‘
=2

5
f(u!) = f[z)((}, Uy =



s
4 8 21 21
f(U3)=———2""—=l—6‘;f['E]<O;

u 1 El+-1-l —4—3-f s >0
47211678 ) 32132

Nhu vdy, ching han, ta dimg thil tuc phan doi & ug thi 6 the

khing dinh ring nghiém x, clia phuong trinh bac ba $3-x-1=0
. . 21 43

nam trong khoang {'IE'T.’;Z_]

Pinh 1f trén ¢6 mot hé qué hién nhign 1a

Hé qud 3.1.

Cho f{x) la mét ham $6 xdc dinh, lién tuc trong khodng [a, b]. Khi
dé f(x) ldy it nhdt mot ldn moi gid tri ndm giita f(a) va f(b).

That vay, dé dinh ¥, gia st f(a) < f(b) va gia sir t 12 mot 56 gbém
giita f(a) va f(b) ; nghta la f(a) <t < f(b), khi d6 t6n tai diém gid tri
¢ : a <c < b sao cho f(c) = t. That vay, dat g(x) = f(x) — t; khi d6 g(a)
< 0 va g(b) > 0, do 46, theo dinh 1i (dI nhién g(x) ciing lién tuc trong
[a, b]) trén, tén tai ¢ thod man g(c) = 0, wic la f(c) — t = 0, tic Ja f(c) =t

Chinh vi noi dung clia hé qua nay ma dinh 1i trén mang tén dinh 1i
vé& cac gié tri trung gian clia ham lién tuc.

Thi du
Xét ham s& f(x) = sinx ; nhu da bi€t, ham s& sinx lién tyc, ching han

trong khoang [O,%}honnfrasmO:Ovhsm% =1;dovay, vdi0<r<l,

phuong trinh sinx = r t6n tai it nhat mot nghiém trong khoang [Og]

Dinh If 3.7 di néi vé sy ton 1ai céc gid tri trung gian cba mot ham
lien tuc trong khoang (a, b) ; mot cau hoi rat tu nhién la ngay tai cac
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mit a va b thi f(x) ¢6 ding diéu nhwr the nao ? Chéng han xét ham s&
f(x) = -}1(—, x € (0, 1], khi d6 tap cdc gia tri cda f(x) tuong tng la

[1, +o0), nhur the can trén (xem 1.3.6 chuong 1) clia f(x) 1a +oo ; bay
gid lai xét ham s6 g(x) = x, x € [0, 1) va tap céc gi4 tri clia g(x) lai 1a
khoang [0, 1) va can trén ciia g(x) 12 1 nhung khong bao gity dat duge 1 ;
néu ta xét thém ham s& h(x) =x, x € [0, 1] thi tap cdc gia tri cha h(x)
1a [0, 1], can trén dat duge chia h(x) 1a 1. :

Ta ciing luu ¥ ring cd 3 ham f(x), g(x) va h(x) lién tuc trong (0, 1),
nhu the diéu khic nhau giita ba ham s& dé la gi ? Dinh lf Weierstrass
vé can trén cita mot ham lien tuc tra 1&i cau hoi dé.

Dinh li 3.8 (Weierstrass).

Cho fix) la mgr ham 56 xéc dinh, lién tyc trén mot khodng déng
BiGi ngi fa, b}, khi dé tapJ : = {fix) jx € [a, b]} la 8idi ndi, hon nita,
100 tai hai diém ¢, d € Ja, b] sao cho f{d) = sup f(x} vad flc) = inf fix),
Vol x € [a, b].

Dinh 1i nay thudng dugc phdt bidu dudi dang ngéin gon 12 "mer
ham sé lién tuc fix) trén mot khodng déng gisi noi thi dat dwgc cgn
trén dung va cdn dudi ding cia né” va khi dé thay vi viét sup f(x) va
inf f(x) ta viét max f(x) va min f(x).

Ching minh.

Trudc hét, ta chimg minh ring J : = {f(x) | X € [a, b]) gi6i noi. That
vay, gid str J khong gi6i noi va ¢ mot can trén 1a +oo (khi ¢6 can dudi 13
—o0 thi chi cn thay f b&i —f va ding 14p ludn nhu cii), khi d6 vdi bat ki
6 nguyen duong N : tim dugc xp € [a, b] sao cho f(xn) 2 N ; xét day
{xn). Xy € [a, b] d6, ddy {xy} bi chan, do d6 theo dinh li Bolzano —
Weierstrass, tim duge mot diy con { XN, } hot tu t6i mot diém e [a, bl;
mat khéc, theo gia thiét f(x) lién tyc trong [a, b], do d6

f(liéankJ = Iiénf(xNk)
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Vi f(xn, )> Ny va diy [Ny}, 7 nhién theo dinh nghia, ddn 16i

+o va diéu nay, mau thudn véi gia thi€t f(x) xdc dinh trong (a, bl.
Vay, c6 thé biéu dién J = (m, M) véim : = inf f(x) ; M : = sup f(x).
Bay giy & hoan 14t viec chimg minh dinh Ii ta chimg minh ring t6n
tai ¢, d € [a, b] sao cho f(c) =m va f(d) = M. D1 nhién chi cén chimg
minh su t6n tai ciia mot trong hai gid tri do, ching han ta chimg minh
t6n tai d. That viy vi M = supf(x), % € {a, b] ; nén theo dinh nghia,
véi bt ki & > 0, luon tim duge u € [a, b] sao cho0<M=fu)<e
v bay gid, vdi n nguyen duong, luon t6n tai u, € [a, b} sao cho

0<M-f(u) < %; nhu thé diy {u,}, u, € [a, b} lamot day gidi' ndi,
do dé lai ciing theo dinh 1i 1.9 (Bolzano — Weierstrass) (xem 1.3.4
chuong 1), ¢6 thé trich mét day con {“nk } hoi tu va vi tinh lien tuc
ctia f(x), ¢6 : -
f(li;n unk) = lilr('n f(us,)
Xét bit dang thic kép
1

U<M -~ f(unk)z,-a

Chuyén qua gi6i han bit ding thitc kép nay, suy ra M = lim f (unk)

khin, — o vayd=limu, , do dé, tn tai d € [a, b] sao cho f(d) = M,
va dinh If duge chimg minh. I

Pé y rang bay gid ta co thé viét J = [m, M] véi, m = minf(x) ;
M = maxf(x), X € [a, b} va tap J dugc goi 1a tap anh cla tap [a, b} va
dinh If trén con ¢6 mot dang phat biéu khdc "anh cua mot khoang
dong gidi noi qua mot dnh xa lién tyc cing 12 mot khoang déng gidi

noi". Va nhur vay, mot cau hoi rdt tu nhién dat ra ia v6i mot kboang thi
20 7 Cau tra 161 hdu nhu hién nhién : Anh clia mot khoang (a, b) (acéd

thé 12 —oo v b c6 thé 14 +) qua mot anh xa 12 mot ham s6 lién tuc”

cing 13 mot khoang nao dé6.

100

PR,
d“q 'a'g'

frg.



Ty
07 8
3,. BQ’%

That vay, gia sir f(xj) < f(x’l)‘ 14 2 anh cda f(x) véi X, X"y e{a,b);

Khi d6, néu dat ¢, : = f(x,) va dy : = f(x’}) thi theo he qua trén, ham

lién tuc f(x) 18y t4t ca cdc gid tri tir ¢, dén dy va tir d6 suy ra diéu két
luan ciia ménh dé trén néu ta thira nhidn mot diéu gan nhy hién nhién
12 di€u kign 4t c6 va di dé mot tap con J < R [a mot khoang 1a véi
batkiu,v;u<vvau,veJthi kheang déng [u, v] = J.

‘Trén kia, trong cdc muc ndi vé giéi han cilia day va giéi han cha ham
s6 chiing ta d4 khai théc cdc day va cdc ham s6 don diéu va da thiét lap
dugc cdc meénh dé vé sir t6n tai gidi han cla cdc diy s6 va day ham s6
don diéu, bay giy cling tuong tu, chiing ta thir khaj thic tinh don diéu
cha mét ham s6 lién tuc dé khai théc céc ménh d¢€ chi tiét hon.

Trudc hét, nhic lai khdi niem vé 4nh xa:

. Pon anh, toan anh va song anh

- Chohaitap A, B ; cho mét 4nh xa f : A — B vi 4nh xag: B> A,
Anh xa g dugc goi 1a 4nh Xa nguoc cha 4nh xa f néu g(f(a)) = a vai
moi a € A va f(g(b)) = b v6i moi b € B.

Mot dnh xa g thoa tinh chit d6 khi va khi f la mot song 4nh, nghia
fa f(x) 12 mot don dnh (nghia 1a néu f(a,) = f(a,) thi a, = ay) va f ciing
1a mot toan dnh (nghia 1a véi bat ki b € B ; phuong trinh f(x) = b ¢6 it
nhat mot nghiém 1a phén tit cha A). N€u b € B thi g(b) 1a phan tir duy
nhét ciia A, 1a nghiém citia phuong trinh f(x) = b ; didy d4 chitng to
ring néu tén tai 4nh Xa g thod dnh xa nguoc clia 4nh xafthidnh xa g

dé 1a duy nhat va thuomg duoc ki hieu Ia f .
Bay gid ta néu dac diém cha mot don 4nh lLien tuc.
Dink I 3.9,

Cho f 1 mét ham s6 xéc dinh, lién tuc trong khodng (a, b), gid sit
fladon dénh. Khi dé -

Néwu<v;uve(a, b) sao chof(_u) <f(v) thivéi bét ki w e (u, v)

€o : flu) < fiwy < fiv).
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Chitng minh.

Chiing ta s& ding 14p luan phan ching dé chiing minh ménh dé nay.
That vay, néu f(u) < f(v) < f(w) thi gia thiét lien tyc clia f va tir dinh 1
vé cac gid tri trung gian cBia mot ham s6 lién tuc, suy ra f(v) la gid trl
trung gian coa f(u) va f(w), do d6 s& 14 anh cia mot v' € {u, w], nghia 12
f(v') = f(v) v6i v/ < w < v, do vy v' = v va diéu nay mau thuin véi gia
thi€t don 4nh cua f. Ciing 1ap luan tuong t néu f(w) < f(u) < f(v).
Nhur the ca hai trudmg hgp hodc f(u) < f(v) < f(w) hoac f(w) < f(u) < f(v)
déu khong thé xdy ra, do d6 chi ¢6 thé x4y ra f(u) < f(w) < f(v). B

Meénh dé irén cdn c6 thé phét biéu "anh clia khoang (u, v) qua ham
s6 lién tuc, don dnh f la khodng (f(u), £(v)) hay khoang (f(v), f(u)) tuy
theo f tang ngit hay gim ngat" va tir d6 goi cho chiing ta y thic vé
tinh ting ngit cia ham s6 f, cy the 1a

Hé qud 3.2.

Cho f, mot ham s6 lién tuc, don dnh, xéc dinh trén khodng (a, b} ;
choa’, b’ e{a, b)véia <b'. Khi do :

o Néu fia’) < f{b’) thi f la tdng ngdt trén [a’, b’], nghia la flu) < f{v)
néua <u<v<b.

s Néu fia’) > fib’) thi f la gidm ngdt trén [a’, b}, nghia la flu) > f(v)
néua <u<v<bd

That vay, ta hay chitng minh diéu khéing dinh thit nhat : vi f(a") < f(b’)
nén néu a' < v < b', theo dinh i trén ¢ : f(a") < f(v) < f(b") ; dic biét
f(a') < f(v) va diéu nay ciing vin ding khi v = b' ; bay gid vi f(a') < f(v),
néu a' < u < v, cing theo dinh 1f trén : f(a’) < f(u) < f(v), dac biét fiu) < {(v),
va diéu nay van ding khi u = a'. Mu6n ching minh didu khang dinh
thit hai chi cin thay f bdi —f. B

Tir hai ménh dé trén bay gi¥s c6 thé tim dugc su lién hé giifa tinh
don 1ieu ngat va tinh don dnh cua mot ham lién tyc.
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Dinh 1i 3.10.

Diéu kién dt c6 va dit d¢ mot ham s6 xde dinh, lién tuc trén mot
khodng (a, b) 1ad mét don anh 1a ham 56 fix) don diéu nggt trén
khodng dé.

Ching minh,

Neéu f don diéu ngit thi f 1a don 4nh : cho u % v khi d6, hodic u < v
hodcv<u;do vay hodc f(u) < f(v) hoac f(v) < f(u), nghia la f(u) # f(v)
va f 1a don 4nh. Néu f I don 4nh thi f don diéu ngat : cho a' < b,

a', b' € (a, b) khi dé hoiic f(a') < f(b') hoac f(a") > f(b"), do vAy ta sé&
ching minh :

hodc (i) néu f(a’) < f(b") thi f 12 tang ngat,
hodc (ii) néu f(a") > f(b') thi f 14 giam ngat.

Xét(i)chou<v,u,ve (a, b} ; dat w: = min (a, u) va z : = max(b', v),
khidé a', b, u, v e [w, z].

Theo he qua vira néu trén, f don 4nh neén f ting ngat trén {w, z] ; vi
U=V, 0, v e [w,z] nén f(u) < f(v) va u, v 12 2 diém bt ki (4 < v) trén
(a, b) nén f tang ngit ren (a, b) ; muén chitng minh phén (ii) chi can
thay f boi —f va dung lap luan cia phén ching minh (i). B

Bay gid ta xét cdc dic trung ciia mot song 4nh lien tuc va bir diy
bang viéc chimg minh bé dé

Bédé3i.
Cho f ka mot ham 56 1dng ngdt, xdc dinh, lién tuc trén | - = a, b)

va cho mot day {fu,} ldy gid tri trong 1. Khi dé hai ménh dé sau ddy
tuong duong : '

(1} ddy {u,} hoi tu va 6 861 han thuée I ;

(ii) ddy {f{u,)} hoi tu va cé 801 han thudc tdp dnk Ai).

Chiing minh.

(1) = (ii) : diéu nay chinh I tinh chat clia ham s6 lien e (dinh 1i 3.7).
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(i) = (i). Cho {u,} 1a mot day ldy gid tri trong 1 sao cho day
{f(u,)} hoi tu va c6 gidi han thuge tap anh cta f(I) ; khi d6 c6 thé
viét lim f(u,) = f(s), v6i s € I. Chiing ta s& chimg minh rang day-{u,}
hoi tu va lim u, = s. That vay, choe> Obatki,nfus=a;s=bthicéd
lhét‘lmduq06>0;6<asaocho[s—6,s+8]cIvhkhidéth‘l
f(s — 8) < f(x) < f(s + 8) (theo gia thi€t ting ngat cta f(x)) : hon nira
" f(s) = lim f(u,) nén c6 thé um duoc N sao cho khin > N thi

f(s — 8) < f(u,) < f(s + 8)

Tir 6, ciing vi tinh tang ngat clia ham s6 f(x), suy ra s - d<u,<s+d,
nghiala véin>Nthils — upf <8 <eva didu d6 chimg to rang lim u; =s.

Biy giv gia thiét s la cin trén cia khoang I ; nghia la s = b ; khi
46 c6 thé tim dugc § >0 ;3 <esaochos-d € T;viu € I nén
f(uy) < f(s) = lim f(uy) va do d6 véi N chon thich hop ; c6 n > N kéo
theo f(s — &) < f(u,) < f(s), do dés—-d<u, <s (viftang ngat), nghia
la s = lim u,.

Trudng hop s = a ciing lap luan twong tu. M

Pinh ki 3.11.

Cho f la mot ham s6 xdc dinh, lién tuc trén mot khodngl : ={(a, b);
cho J la dnh f(I) cia I. Diéu kién dt c6 va dik dé f la mot song dnh il
lén J la f don diév ngat. Khi défrir ciing Ié mot ham s6 lién tuc, tdng
ngdt (gidm ngdt) néu f tdng ngdt {gidm ngat).

Chitng minh.

Hién nhién f 12 mot toan 4nh tir [ 1én 13p anh f(1), do d6 f 12 song
&nh tir T 1&n J Khi va chi khi f 12 don anh, nghia 12 theo dinh 11 3.10
khi v chi khi f don dieu ngat. Nhu vay dé hoan tat ching minh dinh

I vita néu chi can ching minh phén con lai n61 vé anh xa ngugc £
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Xétmot ddy {w, } 14y gid tri trong j, gia st ddy {'wn} hoi tu va ¢é gidi
han trong J, ta s& ching minh ring day {ful(wn)} hoi tu va cé gidi

han trong I vi lim f_l(wn) = f__l(limwn).

That vay, theo b dé 3.1 day {u,} dinh nghia bdi u, : = £ ' (w,) ho ty
(vt {f(u,)} = {w,} hoi tu). Hon nita vi f lién tuc nén iim fu,) = f(lim u,) va
hé thitc nay 6 nghiia 1a f(lim £ (w,)) = limw, va lim £~ (wy) = (limw,)
vi do dé £~ lien tuc. Bay gi¢s gia st f tang ngit vichou < v, i, v € J,

nghalau=1(s) ; v="1(t) véis,t e . Viu=vnéns =t hoic $ < t hodc
s>t Tt < s suy ra f(t) < f(s) vd nhu th€ v > v, didu d6 mau thuin

véi gid thi€t u < v, vay chi c6 thé s < t nghia 1a f '(u) < £ (v}, diéu
d6 chimg t6 réng £ tang ngat viu, v, (u ¥ v} 1ay bét ki trén J. Tuwong
ty, ¢6 thé chl’rhg minh f | giam ngat khi f giam ngat. B

Chi v, '

Véi dinh Ii nay chiing ta ciing thay lai cdc két qua quen thuoc vé
ham s6 nguge. Chang han xét ham s6 x” (n € N) trong X : = [0, o) ;
khi d6 ton tai ham s6 Lién tuc clia can thirc bac n ;

X= QE vy e Y:=[0, »)

Bay gi& chiing ta xét d€n mot khia canh khéc cia ham s6 lién tuc,
d¢6 la tinh lién tuc déu, trudc hét 14y thi du sau :

Thi du.

Xét ham s6 f(x) = % ; X € (0, 1] : ta chia khoa’mg {0, 1] thanh c4c
khoang nho bdi hé phan diém :
X,=0:x; = 1073, Xy = 21077 .. Xggg = 999.107°; ﬁlgm = 1.
Khi d6 luén ¢6 x; - x;_, = 107>, i = 1,1000
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Xét hiéu
f(xg) ~ f(x)) = £—103 = _ﬁ
2 2
f(x5) - f(xp) = ﬁ_ﬁ _ __191
3 2 6
f(xq) - f(x5) = ﬂ—ﬁ = _E
4 3 12
f(x 10007 — f(Xg99) = l——03- = _LN _10_3
' 999 999

Lai xét ham s6 g(x) = x° ; x € [0, 1], va dimg lai h¢ phan diém
trén ta co :
—6
g(x) — g(xy) =10
=32 - 1073 -6
g(Xy) — g(x)) = (2.10 )2 = (10 ) * = 3.10
- - -
g(xy) — 2(Xp) = (310 H? = (2.107)? = 5.10
=6 —3
8(X1000) — E(Xgg9) = 1999.10°° x2.10
Ta nhan thdy ring & thi du ndy ham s6 f(x) c6 46 16n cla hi¢u

- 1
f(x;) — f(x;_|) r4t khac nhau tr =10 > dén -5103 , trong khi g(x) thi
g(x;) — g(xi—)) ¢6 do 16n gén nhau hom, tir 2.10 > dén 10" ; hai thi

du ndy chi khdc nhau & chd mién xdc dinh coa f(x) 1a (0, 1] ; con
mién xac dinh chia g(x) 13 [0, 1). Diéu d6 goi cho ta

Dinh nghia.
Ham s& f(x) xac dinh trong khoang I dugc goi 12 lién tuc déu trong

(a, b) n€u véi € > 0 bat ki, luon tim duge § > 0 sao cho véi bdtkiu, v e 1
thoa [u — v| < 8 thi |f(u) — f(v)| < €.
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Chi y ring, day 1a mot ddi hoi khit khe : vi nhu di biét, ham s&
f(x) lien tuc tai xq € (a, b), nghia 12 véi £ > 0 bat ki, tim duoc § > 0
520 cho |x — xq < 8 (dT nhien & day § phy thudc € va con phy thuode
Xq nita 1) thi [f(x) — f(xg)| < € ; nhur th& tinh lien tuc déu ddi hdi trong

V0 $6 8g (mdi By ing v6i mot x Vi c6 VO 3§ khéng dé€m duoc xy
trén (a, b)) c6 mot 8 chung nhat, di nhién § d6 13 § = infd,,.
o

Binh 1f sau day cho mét khing dinh vé tinh lien tuc déu.

Binh I 3.12. (Heine).

Cho mot ham s6 f lién tuc trén mgt khodng déng, gici noi fa, bj,
khi dé f lién tuc déu trén {a, b].

Ching minh.

Ta s€ dung 1ap luan phdn chimg : gia sir f lién tuc nhung khong
déu trén [a, b], khi dé c6 thé tim duge &€ > 0, va v6i moi n nguyén

. 1
duong hai diém u, va vy, € [a, b] sao cho up— vyl < — va
n

[f(uy; — f(v)] > . Xét 2 day {u,) va {vp}, d6 1a cdc day gisi ndi, do
d6 theo dinh 1f Bolzano — Weierstrass, tdn tai cdc day con {“nk} va

1 1 1

{vg, } hoitu, viflu, —v. |<—— hayla u ——<Vy <U, +—

ﬂk | ny I'lk, nk y ny nk ng 119 nk

va vi limng =, do d6 limu, = limvy ; mat khic wvi
k

|f(unk )= 1(vq, )‘ = & v8i moi k, nén chuyén bat ding thitc dé qua gisi

han, cé :
|fdlimu,, )~ f(lim Vo )| =[limf(uy, ) ~lim (v, k|2

va diéu d6 mau thudn v6i limu, =limv .
N ny
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TOM TAT CHUONG 3

« Dinh nghia gidi han ham sé'
Cho ham s6 f(x) xdc dinh trong (a, b), néi rfi_ng f(x) ¢6 gidi han la
L. (hiru han) khi x din dén x, € [a, b] viét 1a

11m f(x)

X=X,

néu véi bat ki ddy {x,} trong (a, b\ (X5} ma X, > X, thi:
lim f(x;) =L

n—x
hodc 12, mot phdt biéu trong duong : -

NE&u véi bt ki £ > 0 cho trude tim duge 8 > 0 sao cho
|x-x0|<8=>|f(x)-L]<a

N6i ring ham s g(x) 6 gi6i han [ L khi x ddn t&i duong (4m) vo
cling va viét ia

lim f(x)=
X =342
(X ->»—w0)

néu véi bat ki & > 0 cho trude, tim duge N > 0 sao cho khi
x> N (x| > N) thi [f(x) - L| < €
e Cédc tinh chdt don gidn ciia gidi han ham s6

Cho lim f;(x) =Ly ; Lim f(x) =L,

X—a X—ra
a ¢6 thé 1a hitu han hay vo cung.

Khi do lim Cfj(x)=CL,Cla hang s6

X—a

lim (fj (x) +H,(x) =L, + Ly

Xx—»a
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“8,

lim f;(x) f5(x) =L, L,
K."-H"l

.5 (x) L,
~ lim =, vGi L, # 0.
X—a fz(x) Lz‘ .

* Tiéu chudn cé gici ﬁgm '
Cho f(x), g(x), h(x) thoa bat ding thitc kép :

f(x) g(x) <h(x), x (a, b)
Khi d6, néu lim f(x) = lim h(x)= L thi lim g(x)=L

X—a x—a : X—a
Cho f(x) 1a mot ham s6 don digu khong giam (khong tang), nghia
& f(x)) < (2) £(x,) khi x| 2 x;. khi d6, néu £(x) bi chin trén (dudi),

nghia 1a 16n tai M (N) sao cho véi moix € R, f(x) <M (f(x) 2 N) thi
lim f=L

X400
(X — o)

Tir hai tieu chudn trén c6 thé ching minh hai cong thife gici han
c0 ban : )

sin x

lim
=0 X

. : X
lim [1+~—J =g
X—=x X

A—p-o0

C6 thé tinh gdn diing s6 ¢ theo cong thic xap xi :

' 1
exmld—t—a,
12t n!

0 .
vOi sai s6 khong vuot qui —-'n— trong dé 0, 1a mot s6 duong gém
nin S

gira 0 vy |,
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C6 thé bidu dién cong thic vé s6 e dudi mot dang twong duong
khdc
1

Hm(+w" =e
u—0

Ham s6 y = log.x dugc goi 12 ham l6garit tu nhién va thudng ki
hiéu la Inx hay Lx.
» Gigi han mgt phia

Khi x — a (hifu han) vA x < (>) a va t6n tai lim f(x) thi ta ndi
X—ra

ring f(x) ¢6 gidi han trdi (phai) khi x — a va viét

lim f(x) :=f(a— 0), (gi6i han trdi)

x-»a-0

lim f(x) := f(a + 0), (gidi han phai)

x—»a+0

lim f(x) =L < lim f(x) = lim f(x) =L

x—ra x—a-0 x—a+0
» Vo ciang bé va vd cing lon

Ham s& f(x) dugc goi 12 vo cling bé, viét tit 1a VCBkhix —a néu
f(x) — 0 khi x — a ; ham 56 g{x) dugc goi la mot vo cung 16n, viét
tat 1a VCL khi x — a néu -

lim f(x) = +o0 hay lim f(x) = -c.
Xx—a X—»a

Nghich dao cia VCB 1a VCL va nguge lai.
Cho f(x) va f(x) 1a hai VCB khi x — a, khi d6 néu

o hx)
lim

x—»a I3{X

= 0, vigt 1a f;(x) = o(f5(x))

v2 néi ring f,(x) 12 VCB c6 bac cao hon VCB f,(x).
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. . H(x)
Néu lim
x-»a f5(X)

cing bac véi VCB f;(x).

= C (= 0), viét 1a fi(x) = O(f5(x)) va néi 12 f(x)

Dac biét néu C = 1 thi vier f1(x) ~ f(x) khi X — a va n6;j 14 VCB
f1(x) twong duong v6i VCB f2(x).

Néu khi x — a, ¢6 f(x) ~ T(x), g(x) ~ 5(x) thi :
f(x)  fx)

g(x)  gx) .
f(x)g(x) ~ T(x)g(x)
* Sy lién tuc cita ham s6' mot biéh s¢'
Cho ham s6 f(x) x4c dinh trong (a, b), néi ring f(x) lién tuc tai

Xo € (a,b) néu lim f(x) = f(x,).
XX,

N6i rang f(x) xdc dinh lien tuc trong khoang (a, b) n€u f(x) lién
tuc tai moi diém x < (a, b).
Céc ham s6 so cdp lién tuc trong mién xic dinh cla ching.

Tir tinh lién tuc cla cdc ham s& so c&p c6 thé ching minh dugc
cdc cong thirc gidi han sau :

dac biet lm ——— =,
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e Diém gidn doan ciia ham s6

Ham s6 f(x) duge goi 12 gidn doan tai x, néu tai dé f(x) khong lién

tuc, nghia 1a x, 12 diém gidn doan clia f(x) néu
hoic la x, khong thudc mién xdc dinh cha f(x)

hoac 1a x, thuoc mién xéc dinh cia f(x) nhung lim f(x) # f(x4)
XX,

hoic khong tén tai lim f(x).

X=X,
Néu lim f(x) # f(x,) thi néi rang x, 12 diém gidn doan loai mot,
XX,
nhimg diém gidn doan khong phai loai mot déu goi 13 gidn doan loai hai.

o Cdc tinh chdt ciia ham s& lién tuc

Dinh vé gid tri trung gian ciia ham s& :

Cho f(x) x4c dinh lién tuc trong khoang 1 : = («, ), choa,b el
véi a < b, khi d6 néu f(a)f(b) < O thi tén tai mot di€m c € (a, b) sao
cho f(c) = 0.

Tinh chit nay thudng dugc ding dé gidi phuong trinh f(x) = 0 khi
bi€t khoang chita nghiém.

Hé qua :

N&u f(x) lién tuc trong [a, b] thi f(x) 14y it nhat mot 14n moi gia tri
nim giira f(a) va f(b).

Hon nita

Dinh li Weierstrass :

Né&u f(x) lién tuc trong khoang déng [a, b} thi f(x) dat duoc gid tri
nhd nh4t va gi tri 16n nhat trong [a, b], nghia la tén tai ¢, d € [a, b]
sao cho

m : = f(¢) = minf(x) va f(d) = maxf(x): =M
' xe[a,bl ~.xe[a,b]

Khi d6 f(x) thod m < f(x) < M, x € [a, b].
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* Su lién tuc déu

Ham s6 f(x) xdc dinh trong (a, b) duoc goi 1a lien tuc déu trong (a, b)
néu vdi € > 0 bat ki luon tim duge & > 0 sao cho véi bat ki u,vea,b)
thoa |u — v < § thi If(u) — f(v)l < &.

Binh Ii (Heine).

Ham s6 f(x) lien tuc trong khoing déng, gidgi néi [a, b] thi f(x)
lién tuc déu trong [a, b].

BAI TAP

1. Chiing minh ring day {x,}, %, : = n1" khong din 16i v6 ciing
nhung ciing khong bj chian.

_ 11 1
2.Tinh lim | —+——4 4
n—w| 12 2.3 n(n+1)

3. Tim cdc gi4i han

. (xEox_p0  X+x%+..+x"-n
I. lim ; 2. lim :
x-2(x? ~12x + 16)!° AN x—1
o x% x4 _ (x"—a"y-ma"(x-a)
3. lim ; 4, lim
=1 x%80 o541 X—a (x —a)?

4. Tim cédc gidi han

VX+Vx +Vx _ o Vx e+ ¥x

I. lim Iim

; 2.
X—>+w0 Vx+1 X4+ f2x+1]

5. Tim céc gii han

Vi+oax - Y1+ px . W+ ax¥l+px -1
m

1. lim : 2. 1
x—0 X x—=0 X
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2.

6. Tim cdc gidi han -

sinx — sina i J1+1gx — V1 +sinx
im ;
3 b

1. lim : 2.
Xx—a X-—a x—0 X
1 - cosxcos2xcos3x _ AJcosx — Yeosx
3. lim ; 4. lim ————.
x—0 1-cosx x—0 sin” X

7. Tim cdc gidi han

Jx -2
1. im ———; 2. lim (3x3+x2—1—x).
x—4x2 —5x+4 X—> 40
8. Tim céc giéi han

x?' x-1

(32 ox e )ix (2 or )t
1. lim | =—5—— ; 2. lim 3
x—>40| 2x“+ x+1 x—=o| x° +1

3. 1im ¥1-2x ; 4. lim Ycos+/x

x—0 x=—0
5. lim (sinx)'®* § 6. lim [sinn(x + 1) - sinlnx]
n X—+®0 )
X—r—
2
QO _ eB_x
7. lim ———— 8. tim n’@x -"Yx) x>0)
x—0 sinatx — sinPx n— -+

9. Cho d6 thi ciia ham s& lien tuc y = f(x), cho trudc diém cé
hoanh d6 X = a, cho trudc s6 € > 0, hdy fim s6 & > 0 sao cho khi
Ix — a < & ¢6 |f(x) - f(a)| < €.

10. Dimg dinh nghia & — 8" dé chng minh ham s6 f(x) = x” lign
tyc tai diém x = 5 va dién vio chd tréng bang dudi day -

1 | ol | 001 | 0001 |
5 |
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11. Cho ham s6 f(x) : = x + 0,001 E(x), trong d6 E(x) 14 phin
nguyén ciia x (xem thi dy (d) muc 2.1 chuong 2). Chitng minh ring
v6i méi € > 0,001, c6 thé tim duge & : = 8(g, x) > 0 sao cho kh
X' — x| < 8 cé [f(x) - fx) <evavéiO<e < 0,001 thi v&i bat ki gid
tri ndo ciling khéng tim dugc 8 thod yéu cdu trén. Ham s& f(x) khéng
lien tuc tai nhing diém nao ?

12. X¢ét su lién tyc chia cdc ham sg

1‘ f(x) = IXL
(x%-4)
——nfux 2
fx)= < x-2) .
A néux =2,

1
3.f(x) = xsin— néux =0 va f(0) = 0.
X

1
4.f(x)= ¢ X" néux=0va ) =0,
5.f(x)=2xn6u0$xsIvaf(x)=2~xné’ul<x£2.

6. f(x) = sinnx khi x hity ti, f(x) = O khi x vo ti.

X »
13. Cho f(x) = {¢ 1€ux<0
a+xnéux>0

Hay chon s6 a sao cho f(x) lién tuyc.

14. Cho f va g 12 hai ham s6 lien tuc irén [a, b] va gid sit f = g aj
moi di€m hifu ti ciia [a, b]. Hoi ¢6 thé ket luan f = g duge khong ?

15. Ding phuong phédp phan déi tim nghiém duong ciia phuong
trinh 1,3%" ~ sin10x = 0 véi sai 56 tuyst di khong vt qui 1077,

16. Xét xem Irong ba ham s6 f = \/;, g= x? va h = cosx’ ham nao
lien tyc déu wren R,
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DAP SO VA GOI Y
| 1 1

2.1 (déy:

n(n+l):n n+1

10
3 -
3. L. [5] (dé ¥ x = 2 1a khong diém cua tir va méu),

nn+1)
2 L]

1
32— iet ' P -2x +1=x'P—x-x-1D
24
x> - 1) - (x = 1), .0,
ni{n-—1
nm-D a2
>
J2
4.1.1,2. —.
2
oa [

51 —-—
m n

vigt Y+ax —41+6x = (Wi+ox —D-@1+px-1);

o . .
2. % P (ding hing ding thic ab— 1= (a— )b + (b - 1),
m n

1
6. I. cosa, 2. 2 3, 14.

(diing hang thitc 1 —abc = (1 —ajbc —c(b— 1) -(c - 1))}

1
4, _T?j (vi€t cosx — Yeosx = (Veosx — 1) - (\;‘3 cosx — 1))

1 ) . .
7. 1. 5 (nhan tir va miu véi Vx +2), 2.

| —
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&2

1
8.0,1, e_z, € 2,1,0,1,Inx.

£
10.6 = —.
10

12. 1. Lién tye, 2. lién tuc néu A = 4 va gidn doan taj x = 2 néu

A =4, 3. lién tuc, 4. lién tuc, 5. khong lién tuc, 6. gidn doan tai x = k
(k=0,+1,%£2,.)

13.a=1.

14. 1 = g. (Goi x,, 1a di€m vo t, Xo € [a, b, goi o 12 56 thap phan
(Riu ti) xdp xi dudi x,,, viét dén 107", vi f = g tai nhimng diém hifu (i :
f(a) = g(a), do d6 tén tai n, € Nsaochokhin> n,cé« € [a, bl:

f(x0) — g(x4) = f(x,) — f(a) — (g(xy) — gla)).

Vilx,— /<10 "nénve>03 ny; € Nsao cho
€ | €
n 2z = [f(x,) - fla)| < 7 VA [2(x,) — glat)] < 2

Do d6 if(x,) — g(xy)l <
Vigtuy ¥, suyra f(xo) = g(X,)).
15. 0,69999 + 0,00001

16. f lién tuc déu trén [0, ©), g khong lién toc déu trén [0, o), b
ciing khong lién tuc déu trén [0, ).

Trong ca 3 trudng hop c6 thé gia thiét 0 < y < X va xét xem khi
X — ¥y <ac kéo theo [f(x) - f(y) <& hay khong.

Véi f, c6: vx - ch_+\/_ x\—/_ név y > 0.
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Muén \/;—\/; duong va bé thua g, chi cdn x —y < ZE\E hay,
néu ldy y = y, > 0 véi y, c6 dinh, thi chi cdn x - y < 2ey/y, , dodo
o =2¢,/Y, , Vi vay co sy lién tyc déu trén (¥, +). Hon nita f lién tyc
nén lien tuc déu trén doan [0, y,}.

Véi g, cling tuong ty, xét X2 - y2 = (X - y}x +y)>2y(x —y). Ddu
1a o bé thi x — y < o khong dam bao X y?‘ < ¢, vi chiang han
o 1 2 2
X—-y==—, y>— =X -y >1.
2 a
Vay g khong lién tyc déu trén [0, +<0).

Véi h khong 1ap luan nhu trén dugce vi h khong don dién, nhung do
h ¢6 cuc dai va cuc tiéu lién ti€p nhau c6 :

cosx? = 1 véi x* = 2k ; x = 2kn =X, keN

cosxZ = -1 voi x2 = 2k + D, x = J@k+ Dr =%, k € N.

C6 thé suy ra:

Xy — Xg <

n
~» 0 (k — )
J2k=n '
va Inxy)— hix)| =2
" Piéu d6 chimg to ring h khéng lién tuc déu trén [0, +o).
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: Chuong 4
DAO HAM VA VI PHAN CUA HAM SO MOT BIEN S0

Chuong nay gi6i thieu ngén gon dao ham va vi phan cic cdp ciia
ham s& moét bién so.

4.1. Pao ham
Dinh nghta dao ham

Cho ham s6 f(x) xdc dinh trong khoang (a, b) néi ring ham s6 f(x)
khd vi tai diém c € (a, b) n&u tén tai giGi han

(4.1) lim 1 =f(0) _

X—=¢C X—-cC

s X#¢C

56 A ; gidi han cha ti s& M, X # ¢, khi x — ¢ duge goi 1a

dao ham ciia ham s¢ f(x) 1dy tai difm x = ¢ ; va ki hiéu f'(c).

Néu ham s6 f(x) khd vi tai moi diém x € (a, b) thi ta néi ring f(x)

khd vi trong khodng (a, b).

Trude khi néu céc thi du, ta neu mot vai nhan xét vé tinh kha vi
cla ham s6 f(x). :

* Nhdn xét.

(1) Néu dat x - ¢ : = Ax thi biéu thic dinh nghia try thanh

42) lim f(c+Ax)—f(c):=

f'(c
Ax—0 Ax ©
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va nhu thé dao ham tai x = ¢ ctia ham f(x) chinh la giéi han cha ti so
giita s6 gia clia ham s& tai diém x = ¢ (tie 12 hieu f(c + Ax) — f(c)) vé1
56 gia clia d6i 56 tai x = ¢ (tdc 1a hieu ¢ + Ax ~ ¢, Ax c6 thé am hodc
duong, nhung vi x # ¢ nén Ax # 0).

(2) Néu vé dé thi cha ham s6 y4
f(x) trong mot ho% toa do F)éqcati Fleran)
vuong gbéc (xem hinh 4.1) thi t1 s0

M?JQ chinh Ia hé s6 géc 7(0)
X

cua day cung CM véi Clc, f(c)) va N
M(c + Ax, f{c + Ax)), nghia 1a ti s 0O C  (c+ax) X
d6 1a tang cha géc o, gém giila

truc Ox va vecto CM. Hink 4.1

Khi cho Ax —> O thi diém M trén d8 thi tién dén diém C ; do vay,
cét tuy€n CM tién dén ti€p tuy&n CT, nhu thé, vé mat hinh hoc, dao
ham tai moi diém chinh 12 hé s6 géc cna ti€p tuyén clia d6 thi cha
f(x) tai di€m d6 ; va mot ham s6 kha vi a1 mét diém x = ¢ c¢d nghia la
tai diém x = ¢, d6 thi coa f(x) c6 mot 1i€p tuyén duy nhat khong
vudng goc véi truc Ox.

(3) Daing lién heé giiia gi6i han v vo cling bé c6 (hé bicu dién he
thitc dinh nghia kha vi (4.2) dudi dang

(4.3) f(c + Ax) - f(c) = (c)Ax + o(AX)
trong d6 nhu da bigt ofAx) 1a mot VCB bac cao hon Ax khi Ax — 0.

(4) Tir he thirc (4.3) d& dang suy ra fkha vitaic € (a, b) thi f lién
tuc tai ¢. Tuy nhién didu nguge lai khong ding. Bay gi¢ néu mot vai
thi du don gian.

Thi du.

(a)f(x)=c,xe(a,b)thif(x)=0viluOncéf(x+Ax)—f(x)=c—-c=0

b)Y fx)=x;xe(abythif(x)=1vi
f(x+Ax)—f(X)=x+Ax—x=Ax.

120



0%
Iq"%

{c) f(x) =sinx ; x € (a, b) thi £*(x) = cosx
That vay

f(x + Ax) - f(x) = sin(x + Ax) — sinx = ZSin[%Jcos[x +%]

. [ AX Ax . (Ax)
2sin| — |cos| x+— sin| —
. f(x+Ax) - f(x) ( 2 J ( 2 ] 2 [ Ax]
va = = Cos| X +—
Ax Ax (g] 2
2

Chuyén qua gi6i han ding thic trén va ding cong thic (3.1)
chuong 3 va tinh lién tyc ctia ham s& cosx, suy ra £(x) = cosx.

(d) f(x)=e", x € (a, b) thi £(x) = &,
That vy  f(x + Ax) — f(x) = e*"2X _ ¥ =¥ (eB% _yy
f{x + Ax) - f(x) _ X e -1
Ax Ax

Chuy#1 qua gidi han déng thite trén (cho Ax — 0) va diing céng
thirc (3.18) chuong 3 sé suy ra f'(x) = e”.

Dinh li 4.1.

Cho f(x) va g(x}la hai ham sé xdc dinkh trén {a, b) ; gid si fix) va g{x)
khd vitgi x € (a, b). Khi dé fix) + g(x), fix)g(x) cing khd vi tai x va

(1) (fix)+ gx)) =f(x)+ g'(x)

(i) (fxlg(x))’ = f'{x)g(x} + fix)g'(x)

(i1')  ddc biét (¢f(x))" = cf '(x)

- Chiing minh.

va

Cong thic (i) 1a hé qua cia dinh If gi6i han. Muén chiing minh (i)
chi can dé ¥ ring

f(x + Ax)g(x + Ax) - f(x)g(x) = [f(x + Ax) - f(x)]g(x + Ax) +
+ f(Olg(® + Ax) — g(x)].
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Cong thirc (i) va (ii’) cho phép néi ring phép todn 1dy dao ham la
mot phép dnh xa tuyén tinh. Wl

Dinh Ii 4.2 (Dinh 1i v€ dao ham cla ham s& hgp).

Gid sir :

1) Ham u = g(x) xdc dinh trong khodng (a, b) va &y gid tri trong
khodng (c, d), g(x) khd vi tai ¢ £{a, b).

2) Ham y = f(x) xdc dinh trong (¢, d) va khd vi tai u, = g(e).
Khi dé ham hop y : = f{g(x)] khd vi tai e va (fg(x)])" = ful80)g'(x)
trong do ki hiéu f; (g(x)) chi dao ham cita f d6i véi u va Idy tai u, = gfe).
Ching minh.
Theo cong thirc (4.3) ham f kha vi tai u,. 26
f(u, + Au) — f(u,) = f,(u,)Au +0(AX) *
Mait khac, ham g(x) kha vi tai e nén :
Au=gle+ Ax)~ g(e) = gy (e)Ax + o(Ax)
The gid tri Au vao biéu thite (*), duge :
(ug + M)~ £(ug) = £y (g (8 (€JAX -+ 0(Ax)] + 0(AU)

= £, (g(e))gy (€)AX + £, (ug)o(AX) + o(Au)

Chia ca hai v&€ cho Ax va chii ¥ o(Ax) 12 VCB béac cao hon Ax va
vi u kha vi tai e nén u lién tuc tai e (nhin xét (4) & trén) : co vay khi
Ax > Othio(Au) > 0. 1

Tir hai dinh 1i trén, cé thé bd sung thém mot s thi dy.
Thi du.

(n f(x) = cosx, f'(x) = —sinx
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Vi€t f=sinu;u=x + %, nhu th€ dinh i dao ham him s6 hgp cho

£'(x) = (sinw),.u} = cos(x + %J 1=-sinx

(2) f(x) =a"; P(x) = a"Ina
Chi cdn vigt a* = ™73 = e'iu= xlna, cé
(@a*) = (e"),.uy = 172 na — aX|pna.
Dinh 1i 4.3 (Dinh i v& dao ham ctia him s6 ngugc)
Gid sitf : [a, b] - [c, d] la mét song dnh lién tuc, -g = f_I s fe, d]
= [a, b] la ham s6 nguge cia né. Néu f c6 dao ham tqi x, € {a, b]
va f(x,) #0 thi g ¢ dao ham tai Yo = fix,) va

1

gy(yo) zm -

Chitng minh.

Névy e (c,d), y= Yo-1achd x = g(y) # g(X,). hay x # x_. Khi dé

B(y)—8(yy) __ XX _ 1
Y=Y, f(x)-f(xy) f(0)-f(x4)
‘ X—X,

Khiy -y, thi g(y) > 8(¥o), vi g lien tuc trén (c, d). Do d6 x — X

f(x)-f(x,) ,
—_ 0/ f
X—Xg = P

Tir d6 suy ra diéu cdn chimg minh. B
Sau day 1a mét s6 thi du img dung dinh li trén.

(a) y = log,x 12 ham s6 ngugc cia ham s x = a’,a>0a=1 Vi

1 1
X' (y) = aylna, nén y'(x)= =—
{y y(x) Ve i
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Pac biét, n€uy = Inx thiy’ = l
X

(b) y = arcsinx la ham s6 ngugc cla x = siny, ——th-éy<g. Vi
X'(y) = cosy, nén
_ 1 1
cosy \[1-sinZy Ji-x2
Tuong tv nhu vay, ta co

y'(x)y=

(c) y = arccosx ¢6 dao ham y' = —
1-x?

(d) y = arctgx c6 dao ham y' = >
1+x

4.2. Vi phan

Nhu di bi€t, theo dinh nghia, mét ham s& f(x) kha vi tai x, cé
{cong thiic (4.3))

f(x + Ax) — f(x) = F/(x)AX + o(AX)

Tich s6 f'(x)Ax dugc goi 12 vi phan cua f(x), 13y tai diém x, va ki
hiéu la df, n6i khéc di :

(4.4) df = f(x)Ax

Vi phan cha ham s6 f(df) bdng tich s6 cda dao ham (f(x))
nhan véi 56 gia ciia doi s6 (Ax). Pac biét, né€u xét ham s8 f(x) = x thi
dx = (1).Ax, nghia 1a Ax = dx. [0 vay cong thifc trén lai ¢6 dang :

4.5) df = f(x)dx
- df
hoac tuong duong f'(x} = d_
X

nghia 12 dao ham clia ham s& bang thuong s6 giifa vi phén clia ham s6
ddi v6i d6i s6 va vi phan clia d6i s6.
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Téng qudt hon, cho f(u) la mOt ham s6 kha vi d6i véi u, va u = g(x) lu
mot ham s6 kha vi d6i véi x, khi dé dinh 1i dao ham ham s& hop da
khing dinh f(g(x)) cling kha vi d6i véi x. Hon nita, trong truémg hop
nay ta ciing cé : '

df = f.dx

Diéu d6 c6 nghia 13, trong moi trudng hop, ddu f 14 mot ham s6
phu thude bign doc lap x hay phu thude x thong qua mot bién trung
gran u nao dé, ta ludn cé vi phan ciia ham s6 bang tich dao ham cla
ham s6 ddi véi d6i s6 va vi phan ciia d6i 56, vi thé ngudi ta néi ring
vi phdn cé tinh bat bién.

Bay gid ta ching minh didu khang dinh tren. Thar vay, vi f(u) kha

vi dot v u nén ta ¢ ;
df = f,du

Mat khéc, u = g(x) kha vi d6i véi x nén :

' du= g, dx.

Thé du vao biéu thic df ta ¢

df = ', g's dx = ', dx (theo cong thife dao ham ham s& hop). B

Béy gi® 1a 14y mot vai ap dung.

Thi du,

My=x*;peR;:x>0: v, =pxHh

That vay tiry = x*, bang céch lay 16ga ca hai v€ ¢6 : Iny = pinx.
Ldy dao ham d6i v6i x ca hai vé (ding thi du (a)) va dac ham ham
s6 hop (y 13 ham s& coa X} co:
X..:B_ isuyray' = uxp'_l
Yy X

Trudng hopy = x" v6ix <0 : bing phép d6i bign x' = —t, ciing c6
thé suy ra y' = px*! sdovayy=xH;pe RixeR;y=px#1 ~
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(2) Chimng t6 ring néu f(x), g(x) 1a hai ham s6 kha vi tai x, thi

s} cling khi vi tai x néu g(x) # 0 va

g(x)

[f(x)} _ £0g0) ~ f(x)g'()
g(x) g2 (x)

That vay, chi cin viét £=l.f va 4p dung tinh chit kha vi cia
g £

ham s& f va ham s6 g va tinh chét kha vi cba ham s6 hop, ¢6 thé suy

ra tinh kha vi ctia f/g. Hon nita :

(-1- - f) =[-l-} pelp-Ealp
g g) & £ 8
Thi du. ‘

o (sinx ) 1
(a) (13x) = [ ] =——
cosx cos” X

(b) Tir thi du (a) suyra:

1
1+x

Sau day, téng két céc thi du da néu nhimg phdn trén, ching ta c6
bang dao ham cdc ham s& so cdp co ban :

y=arctgx;—oo<x<oo,y'x= 5

c=C y' =0
y=x* peR y =
y = sinx y' = cosX
y = COSX y' = —sinx
. 1
y=1g3 y=—3-
' cos” X
, 1
y = cotgx y=-—5
‘ sin” X
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y=a ¥ = a"Ina
y = ex y. — ex
=log x y'= I
Y Ba Xlna
, 1
y =Inx y=-
X
. . 1
Y = arcsinx V= —_—
1-x?
. 1
¥ = arccosx y'= -
1-x?
, 1
¥ = arctgx y' = 3
1+x

(3) Bao ham theo tham s&

Cho x = f(t) 1a mot ham s& kha vi déivait, véit e (a, B)vay=g(t)
la mét ham kha vi d6i v6it, véit e (c, B), khi dé néu ham s§ ngugc

t=f (x) ton tai va néu f'(1) # 0 thi, theo dinh If v& tinh kha vi cha

ham s@ nguoc va tinh kha vi clia ham s6 hoP 6 thé suy ra tinh kha vi
cla ham s6 y d6i véi x. Hon nita -

@ &_gw
dx £t

That vay, do tinh b4t bién ciia vi phén, ta cé
dy = g'(t)dt va dx = f(t)dt.
Chia dy cho dx ta ¢c6 ngay két qua. l
Thi dy.
it

(a) Xét ham s6 x = acost, y = asint, f € (0, 2] .

Khi d6 &y acost
dx  -asint

127



(b) Xét ham s6 x = a(t —sint), y = a(l - cost), t € (0, 2xm).

2 sin—t- COS L
Knigs Yoot 7 2 2 o
dx a{l-—-cost) 25in2 L 2

4.3. Pao ham mét phia, dao ham vo cung

Trén kia, trong nhan xét (2) ching ta dd ndi rang, vé mdt hinh hoc,
khi ham s6 f(x) kha vi tai x thi dé thi clia né c6 mot tiép tuyén duy
nhat khong vuong géc vdi true hodnh tai diém c6 hoanh d¢ 1a x. Bay
gids ta xé& trudng hop d6 thi cta f(x) cé nhimg diém géc, tai nhing
diém goc 46, d6 thi nhan hai ti€p tuy&n, ti€p tuyén phai va tiép tuyén
trdi (hinh 4.2) va trudng hgp d6 thi ¢6 1i€p tuy€n song song voi tryc
tung (hinh 4.3). Hién nhién tai nhiing diém nhu thé, ham s& khong
kha vi nita nhung c6 thé mo rong khdi niém dao ham (nhu da lam ki
ndi vé gisi han trdi va gidi han phéi) va ta c6 cédc dinh nghia :

ylk T
b4
0| X 0 X
Hinh 4.2 Hinh 4.3

x—=c-0 X—¢C

£ (¢) dugc goi 1a dao ham tréi cha f(x) tai x = ¢ va

f,(c):= lim fo0 1)

x—»c+0 X —C

f; (¢) duge goi 1a dao ham phai cia f(x; i x =¢.
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Thi dy.
Xét f(x) = Ix| (xem hinh 4.4) ta ¢ : 1Y

£(0) =—1va £.(0) = 1.

Tat diém x = 0, d6 thi ciia ham s6 c6

hai ti€p tuyén trdi va phai. o ;
Ciing ¢6 thé suy ra f(x) kha vitai x = ¢
khi va chi khi £ (c)=f, (c). Hinh 4.4

Trudng hop khi lim f(—x)-_—f(-?l = hodc —wo .
x=0 X-~-c

thi ta néi ring tai diém x = ¢, f(x) c6 dao ham v6 ciing va tiép tuyén
cha dé thi f(x) tai x = ¢ vudng goc véi truc hoanh.

4.4. Pao ham va vi phan c4p cao

Pao ham cap cao

Cho ham s6 f(x) xdc dinh, lien tue trong khodng (a, b), gia sir f(x)
khé vi tai moi diém x € (a, b) ; khi d6, ham dao ham f'(x) ciing ¢
thé khé vi va dao ham ciia f(x) dugc goi 1a dao ham cép haj cta f(x),

2
kf hiéu f'(x) hoac E——g ¢t ti€p tuc suy dién nhu the ching ta cé thé
dx .

dinh nghia dao ham cldp n.
Dinh nghia dao ham cdp cao.

Cho ham s& f(x) xdc dinh trong khodng (a, b) ; f(x) duge goi 1a
Knd vi r 14n (trong (a, b)) néu f 12 kha vi (n — 1) ldn trong (a, b) va
dao ham cap (n — 1) cia f cing kha vi. Khi d6 dao ham c4p n cita f
durge dinh nghia bdi he thic -

Mg s = [ Dix)

9-THCC-Tap 2 129



o

A 6“95

Thi du.
(1) Ham s6 f(x) = e (k nguyén duong) ¢6 dao ham cap n, vl moi n la
£y = k(k - 1) ... (k—n+ Dx*
péu n<kva ) =k, £7(x) = 0néun >k
Dé nghi kiém tra lai cong thic trén theo phuong phdp quy nap.
(2) Ham s& f(x) = e* ¢o f(n)(x} =e” véi moi n.
(3) Ciing diing phuong phap quy nap, ¢6 the kiém tra lai rang
(a) f{x) = sinx thi f{Zk)(x) = (—l)ksinx, f(2k+l)(x) = (—l)kcosx
(b) f(x) = cosx thy f{zk)(x) = (~l)kcosx, f(2k+”(x) = (—l)kHsinx
Céc quy tdc 1dy dao ham cdp cao. |

(1) Ta c6 (Af +ug)™ = A 4 g™ véi bit o cdc ham s6 £, g, n
l4n kha vi va bat ki A, p thuc.

(2) Quy tic Leibnitz

V&i bat ki bam s6 f, g kha vin lan, ta co -

)™ = (g 1 ™ l)g'+ﬂ(n2‘1)f(n Dg o4

N n(n—l)(n—ii---(n—kﬂ)f(n—k)g(k)+'__+nf.g(n—1) +ig® =

n o B
- ZEK]f(ﬂ k)g{k)

n L]
trong d6 ki hiéu [k] 13 hé s& Newton trong khai trién Newton cua(f+g) :

(e

n!

() D (n—keDe—
va [J—k!n(n 1)...(n k+l)_(nwk)!k!
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Muén ching minh quy thc (1) chi cdn quy nap theo n va chii y dén
tinh chat tuyé&n tinh cia dao ham cap mét, tirc 13 chd ¥ ring, tinh chat
cong thirc di dugc chitng minh ding cho truong hopn = 1.

Ciing diing phuong phép quy nap theo n c6 thé ching minh duge
quy tac Leibnitz, tuy rang phép quy nap ¢ phitc tap hon. D€ thay
ngudn géc clia cdc hé s6 Newton ta cé thé X¢€t trudng hop riéng khi

fx)=¢e": g(x) = e*. Khi d¢

(fg)' = ey = 267 = (1 4 1)e2*
(fg)" = 2™y = 2% = (1 + )22
Bing cich quy nap theo n, 6

n
(fg)(n) - 2ner =(+ l)ner _ Z n]exex
. Eo\K

Truge khi néu mot vai thi du, xin Iun ¥ rang néi chung (trir mot s
truong hop did néu trong céac thf du & trén), bifu thic f(n)(x) vt f(x)
bt Ki rdt phitc tap va thudng mang tinh 1 thuyét.

* Thidy.

n!
(1 + x)n+l

@  f=-—— oy
1+x _

That vay, viét f(x) = (1 + x)_1 va dp dung cong thic & thi du tréh.
taco: )
(1 +0™ = CWET - 1) o (e o XD +x)7F P

1
=(-H"
(1+X)n+l (l+x)n+1

n!

= (=1)(2)... (-n)

Tuong tu :

f(x) =
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Trong trudng hgp nay
F ey = (1= x)H® = (=1L = DD =L —n DED _x)
= (1)(2)... (n)-

n!
(lr_x)nﬂ (l_x)n+l

I oy n| 1 (~1)"
(b) f(x) = () =— +

Trudng hop nay néu dp dung nguyén xi cich lam & hai thi du trén thi
rat dai dong vi cif mdi ldn dao ham lai kém thém mot thira s6 (-2x) (do

. . 1 I
lav dao ham ham s& hop), vi thé, ta viét = nhun
g ® T T

khbng ding quy tic Leibnitz dé 14y dao ham c&p cao ma ta phan tich
1 1 _(+x)+(1-x)
—x2 (-x)1+x) 2(1-x}1+x)

1 1 ( 1 1 ]
=— +
1—x2 2\1-x 1+x
Tir he thiic cudi ciing nay, dung két qua cia hai thi du trén, suy ra

f(“)(x) nhu da néu.

Vi phan cip cao

Pinh nghia vi phdn cdp cao.

Vi phan c4p hai ciia ham s f(x) tai mot diém nao d6 (néu cd) la vi
phan cta vi phan df (vi phan df bay gidy duge goi 1a vi phan cdp mot),

néu kf hiéu vi phan cdp hai Ia d°f, thi theo dinh nghia
d%f : = d(df)

Mat cdch quy nap, vi phan cdp n, ki hi¢u 1a d"f 1a vi phan cla vi
phancap(n—1): '

4% = dd ')
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Nhur the, vé dinh nghia, vi phan cdp cao chi 12 mot cach suy dién
dinh nghia vi phan clia vi phan cic cap thdp hon. Tuy nhién, diéu
ding lwu y & day 1a vi phan c&p cao khéng cé dang bdt bién nhu vi

phan cap mot. Lay mot thi dy, xét f(x) = x, i x 1a bien doc lap nen
| df = 2xdx va d’f = 2(dx)>
Bay gid néu dat x = t2, khi d6 f = ¢*
df = 4tdt va df = 1262 (dr)?

Mait khdc, trén kia ta c6 df =2(dx)? ; néu thé dx béi 2tdt (tir x = 12 )
vao thi d*f =2(2td)? = 8t2(de)2 = 122 (dn)2.

Thi du nay nhéc nhd khi 14y vi phan cdp cao cdn phai xét ki xem
18y vi phan d6i v6i hign nao, bien doc 1ap hay bién phy thudce (tham
bién) d€ tranh nham lan !

' TOM TAT CHUONG 4
* Dao ham .
Ham s6 f(x) xdc dinh trong (a, b) dugc goi la kha vi tai x = ¢ € (a, b)
néu ton tai gidi han
A = lim M, X#C
X—C X—-cC

S6 A duge goi 1a dao ham cia ham s& f(x) tai di€ém x = ¢ va ki
hi¢u 1a £(c).

Néu f(x) kha vi tai moi diém x e (a, b) thi néi ring f(x) kha vi
trong khoang (a, b)

Neéu f(x) kha vi tai x e (a, b) thi lién tuc tai dé.

Cho f(x), g(x) 1a hai ham s& kha vi 1ai x € (a, b).

Khi dé f(x) + g(x) va f(x).g(x) cling kha vi tai x va _ _
[£(x) + g(x)]' = £(x) + g'(x) ; [f(x).g(x)]' = f(x)g(x) + f(x)g'(x).
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"Srg,

Xét ham hop y = f[g(x)], khi dd nén g(x) kha vi va f(x) kha vi,
u = g(x) thiy kha vi (d61 véi x) va

* Vi phdn

(e = f(ex)g )

Néu mot ham s6 f(x) kha vi thi biéu thirc f'(x)dx dugc goi 1a vi
phan cta f(x), ki higu la df, nghia la : df = £(x)dx, nghia 12

df

fi(x)= —

dx

dao ham chinh 12 thuong s& gilta vi phan clia ham s6 va vi phan clia

dai 6.

» Dgo ham theo tham s&

Cho x = f(t), y = g(t) la hai ham kha vi d&i v6i t thi y kha vi d46i

dy
dx

vl X va — = g (t),

£

néu f{l) #0

s Bing dao ham cdc ham s6 so cdp c¢ bdn

y=C

y = sinx,
y = 1gx,
y=a';

y = log,x,

y = arcsinx ;

y = arctgx,
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y=0;
y'= cosX ;
|
y_coszx
y'=axlna :
‘ 1
¥ = Xina
1
N
|
y_1+J(2

y=x",peR,
y = COSX,
y = cotgx,
y=¢e",
y =1Inx ;

T ¥ = arccosx,

y' = st
y' = —sinx
e I
sin’x
+ X
y=¢
, 1
y ==
X
, 1
}!’ L —
1-x?
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* Dao ham hai phia, dao ham vo cling

VT { ' ... .
Né€u ton tai  lim (—X)—r(ﬂ thi 2161 han d6 duge goi 1a dao ham
x—c—0 X—c

trai cuia né f(x) tai x = c va ki hicu Ia f_(c), tuong tu
tim 207 HD s dao ham phéi cia f(x) tai x = c, ki hiéu 12
%=+ x—c
f(x) — f(c)

f,(c). Khi lim ———"—""2 - 1 % hodc —  thi néi ring tai X = ¢, f(x)
X—cC X—cC
¢4 dao ham vo ciing,
* Dao ham va vi phan cdp cao

Néu dao ham f'(x) 12 mot ham $0 kha vi Vi dao ham cta f'(x) dugce
d2
goi la dao ham cép hai, ki hieu 1a f'(x) hay 2f , ti€p tuc suy dién,
dx

néu dao ham cap (n - 1) cha f(x) ciing kha vi thi dao ham cha dao
ham ¢dp (n ~ 1) cia f(x) duge goi la dao ham cdp n cia f(x), ki hiéu

d -
la f(")(x) hay —::— nghia la f(n)(x) = [f(n ]}(X)]
dx

Cac quy tac 14y dao ham cép cao :

[A£00) + (0™ = 260 x) 4 g™ )
. .

[f(x)g(x)](n) ZT~—) "0 (x)g® (x)
Mot vai dao him cdp cao clia mot vai ham s6 sg cap
fy=x5 ) =k~ 1)... & -n+ DX (< k)
f(x)=¢e*, f(“)(x) =g"
f(x) = sinx, f(Zk)(x) = (-l)ksinx ; {2k + l)(x) = (—l)kcosx
f(x) = cosx, f(Zk)(x) =(- 1)kcosx ; f(zk M 1)(x) = (—l)ksinx
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% %,

fo = —— V= (=
1+x ({1

+ X)n+l

_ 1 | n} _ n! )
0= ——. ¢ (X)_—_(l—x)“+l

Néu f'(x) kh vi thi vi phan cha vi phan df dugc goi 1a vi phan cap
hai ciia f(x), ki hiéu [a d°f ;  d°f : = d(df)

Mot cdch quy nap, vi phan cdp n cia f(x) ki hiéu la d"f 1a vi phan
cha vi phan cip (n — 1) ctia f(x) : df = d(d"_lf).

BAI TAP

o

LChof(x):=(x-1){(x — 2)2()( - 3)3 ; tinh £(1), £(2), £(3).

. Cho f(x) : = x + (x - Darcsin \[ X
x+1

(A

, tinh f'(1).

3. Tinh dao ham cac ham s :

‘y=x+x/;+;‘/;, 2

[a—

1 1 1
L y=~—t—F/—+7=
TR

3. y=3x? -2 4.y =“+“Qﬁ1—x)m(1+x)“
Jx
3
5.y=31+x; . 6.y=\{x+\1x+\&
1-x
.2
sin” x 1
7. ¥ = ' 8. ¥ =
sinx> cos" x
X X 1/x
9.y = tg——cotg—, 10.y=x
y 82 v 82 ¥
1Ly =in(x + Y1+ x%), 12. y = ¢"Insinx
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13,y = lu:)g3(x:Z — sinx), 14. y = M 18% 15. y =X’
4. Viet phuong trinh tiép tuyén véi dudng cong
y= 3o X + 5 tai diém A(3, 2)

5. Ching minh ring doan tiép tuyén cia dudng hypebon xy = m
80m giia cdc truc toa d¢ bj ti€p diém chia lam hai phan bing nhau.

6. Tim dao ham va vé d6 thi ciia him s6 va ciia dao ham céc ham s6 :
. y=Jx, 2. y=x[x], 3.y =Inlx/.
7. Tim dao ham cla ham s6

1.y=l—xthi—oo<x<l,y=(l~_x)(2—x)khilgxina
Y=—-(2-x)khi2 <X < + 0. :

2. y=x2%X khi x| <1,y= é khi [x| > 1.

8. Tinh y' n&u : (véi f 1a mot ham s& kha vi)

Ly=f63, 2.y =f(sinx) + fcos?x), 3.y = fe)el®.

9. Cho f(x} = x(x — 1)(x - 2)... (x - 100), tinh £(0)

10. Vé&i diéu kién nao thi ham s6 fx):=x" sin% khix20vaf0)=0 :

1. Lién tuc tai x = 0, 2.Khavitaix =0

3. C6 dao ham lién tuc tai x = 0.

11. Ching minh ring ham s6 f(x) = |x-a|cp(x), trong do ¢(x) 1a
mot ham s6 lién tuc va g(x) # 0, khéng kha vi tai diém x = a.

12. Xét tinh kha vi cia cdc ham s6

l.y= (x—l)(x—Z)z(x—B)zi, 2.y= ,cosx]
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13. Tim dao ham trdi f_(x) v dao ham phai f' (x} cua cdc ham sd :

1. f(x) = |x] 2. f(x)= sinx%
14. Tim vi phan cdc ham sd :

1. yzi, 2. yzvl-arc:tggE {a#0),
X a a
3.y=LlnX-a ,az0, 4.y=ln|x+\l_ x2+a‘.

2a |x+ta

. X
5.y =arcsin—,a = 0.
a

15. Cho u(x), v(x) 14 hai ham s6 kha vi, chimg minh ring
1. d(Cu) = Cdu (C 12 hang s6), 2. d(u+v) =du+dv,

3. d(uv) = vdu + udv, 4 d[g) _ vdu—udv
- v V2
16. Tim 1. d(xe"), 2. d(va? +52)

3.d£ 2 ] 4. din(1 — x°).
V1-x?

: > _ax8 %2, d2 (sinx], 3 d(sinx)
d(x”) d(xHH\ X d{cos x)

18, Ding cong thic s6 gia ciia ham s6 kha vi, tim gid tri x4p xi
cia cac biéu thic :

17. Tim 1.

1. 31,02 2,sin29°, 3.1gll, 4. arctg 1,05

19. Chimg minh cdng thitc xap xi :
V'az +X = a-i-i {(a>0)
2a _
véi x| <a (he thic A < Bvéi A, B>O0kihi¢u A rit bé so véi B).
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Ding cong thiic trén tinh cdc gia tri x4p xi clia

1.5, 2. 34, 3. 4120

20. Tim y" néu

Ly=xvl+x?, 2.y =

x2

3 y=e" 4.y = Inf(x).

21. Timy' , ¥'xx ¢ia ham s6 y = f(x) cho duéi dang tham s6 :
1.x=2t—t2,y=3t—t3, 2.x=acost,y=asim,

3. x = a(t - sint), ¥ =a(l — cost).
22. Tim dao ham cip cao cic him s6 -

2
X . (8) I+x (100
[.y= s tinh ¥/, 2. y= , tinh ¥ .
I-x Vi-x
3.y= x> ezx, tinh y(20)’ 4. y= x> sin2x, tinh y(so}
23. Tinh y™ ney .
] 1
l.y= , 2. y=
x(1 - x) x? =3x+2
X ax .
3.y= , 4.y = ¢ “sin(bx + ).
\:‘3 I+x

24. Dung phuong phap quy nap chiing minh ring

) o
[x“_]e-x_] D ex

+
an

25. Cho da thic Legendre P (x):
1
2™ m!

Chang minh ring P_(x) thoa phuong trinh
(1= x)P"(%) = 2xP' . (x) + m(m + DP,(x) =0

PL(x):= [(x? —pym ](m} (m=0,1,2..)
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26. Cho da thitc Tchebychev — Hermite H (X) :
2 2
H (x):=(- D" ()™ (m=0,1,2..)
Tim biéu thitc hién ctia H, (x) va chitng minh ring
H" (x) — 2xH'y(x) + 2mH (x) = 0.
DPAP SO VA GOL Y
4.8x ~y—22=0
6. 1.sgnx(x =0), 2. 2[x|, 3.+ (x#0).
X

7.1.y =—lkhio<x<1;y =2x~3khi 1<x<2;y =1
khi 2 < X < + w0,

2.y = 2% (1- x5 Khi [x| < 1,y' =0 khi x| > 1

8. 1. 2xf(x%) , 2. sin2x[F(sin°x) — f(cos*x)],
3, " () + TN
9. 100!

10.1.n>0,2.n>1,3.n>2

11. f_(a) = — o(a), f,(a) = 9(a)
2k -1

12. 1. Khong kha vi khi x = 1, 2. Khong kha vi khi x = r, keZ.

13 1.f ()= (x)=sgnxvoix=0,f (O)=-1, f, =1

2
2. F_(x) = F,(x) = 3‘:0‘% khi ~2kn <}x| < @2k +Dm
SINX :

(k=0,1,2,.):f_(0)==1:F(0)=1; f'L(JRk+Dm)=10;
£ (2km)=+ o (k=1,2,3..).
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17. 1.1- 4x3 - 3x6 : 2. —l—z(cosx — sinx) ;
. 2x
3. —cotgx (x #kn, k € Z).
18.  1.1,007 (theo bang 1,0066) ; 2. 0,4849 (theo bang 0,4848) :

3. 1,043 (theo béng 1,041) ; 4. 0,8104 = arctg 1,05 ~ 46°26’

(theo bang arctg 1,05 ~ 46°24'
19.  1.2.25 (theo bang 2,24) ; 2. 5,833 (theo bang 5,831)
3. 10,9546 (theo bang 10,9545).

x(3+2x2) 3x
20, ] 27X —_Ix|<1 ;
(1+X2)3;2 (1“)(2)5!2' |
) " _ 2
3. 267X (2x2- 1) ; PRELYS (;‘) ey (f(x) > 0)
(%)
3 1 1
21. 1. y"—_- 2. y'=— ;3. y":_—___
41-1) asin’t dasin® L
2
8! 00y __ 19714399 - x)
22.1. y® = (x#1),2. y
(1-x)° 210 )00 /1T
3.y =22 2 (.2 L 205+ 95),

4, y(so) 2 (— X sm2x + 50xcos2x + 1225

Sin2x).

D" g . 1 ! |
23. 1. n! + ,2. (-1)"n! - ;
n I:xnﬂ (l__x)n+1:! {(X_Z)I'H‘l (1_x)n+]:[

; D™ 4. (B3n-5)3n+2x)
' 3n(l+x)n+ll3

=22, xz-1);

n

4 ™ +b2)§sin(bx +C+ng) véi sing = -4

b
Va2 +b2 $e Va? +p?

25. LAy dao ham (m + 1) ldn he thite (x” ~ ' = 2mxu véi u : = (x - )™

. _ 2
26. Dung déng thitc u' + 2xu =0, vin = e~ %

141



Chuong 5
CAC DINH Li VE GIA TRI TRUNG BiNH

Trong nhitng muc trude ching ta dé néi nhidu vé€ céc phép tinh
dao ham, vé tinh kha vi cha ham s6, bay gi¢ trong muc nay chiing ta
xét mot khia canh img dung : xét kha nang ton tai mot gia tri trung
gian cta ham s6 trong mot khodng nao dé va di dén mot sd dinh 1i
thudng cé tén goi 1a cc dinh i vé gi4 tri trung binh clia ham s6.
Diém dac biet ca dinh li nay 12 phat bidu rat ty nhién, ¥ nghia hinh
hoc cang tu nhién hon ; cich chimg minh ciing don gian, nhung pham
vi itng dung lai rdt rong rdi va da dang. Trudc hét, ta nhic lai dinh
nghia cyc tri cia ham s6. Cho ham & f(x) xac dinh trong khoang (a, b} ;
néi ring f(x) dat cyc dai (cuc ti€u) tai diém x = ¢, ¢ € (a, b), néu véi
X+ Ax € (a, bytacd:

flc + Ax) - flc) <0 (=2 0)

Diém x = ¢ thudng dudc goi 1a diém cuc tri cha ham s6 f(x).

5.1. Cac dinh Ii vé gia tri trung binh
Bé dé 5.1. (Dinh 1i Fermat)

Néu ham s6'f - (a, b) — R dat cuc tri tai ¢ € (a,bjva néu f khd vi
tai c thi f(c) =0

Chitng minh.

Gii sir ¢ 11 diém cuc dai ctia f. Theo gia thigt f kha vitai x = ¢ nén
t6n tai dao ham f'(c). Tac6 :
f(c+h)—f(c)

f'(¢)= lim
h—0
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Vi f(x) dat cuc dai tai ¢ nén f(c + h) — f(c) < 0 v6i moi h, do dé6 :

f(c+h)-f(c)

: zOkhih<0vaK‘ﬁh—;“_@50khih>o.

Nhur the, chuyén qua gi¢i han khi b — 0 ta c6 fo)<0vaf(c)>0;

mat khac vi tén taj dao ham f(c) ; nghia 1a £ (c) = f_(¢) = f(c), do
d6 £'(c) =0 ; trudng hop ¢ 1a diém cuc tiéu ciia ham s6 f(x) cling duge
chitng minh wong vy, W

Hé qud 5.2 (Dinh i Rolle).

Cho ham sé f(x) xdc dinh, lién tuc trong khodng ding {a, b] va khg
vi trong khodng mé (a, by - gid st fla) = fib) ; khi di 1o laic € (a, b)
sao cho f(c) = 0.

Minh hog hinh hoc.

Theo gia thiét, d6 thi cia ham s§ .’}
c6 dang nhu hinh v& (hinh 5.1) ; khi C
d6 dinh li Rolle khing dinh ring dé .
th cia f(x) nhan mot ti€p tuyén song A
song voi day cung AB (Vi f(c) = 0, fla)=fb) . A : ,B
tirc fa ti€p tuyé:n song song v?i truc 5 ; c b—;
hoanh nhung vi f(a) = f(b) nén day
cung AB song song véi truc hoanh)
tai diém (c, f(c)), véic e (a, b). Hink 5.4

Vi f{x) lién tuc trén [a, b] nén theo dinh 1i 3.9 f(x) dat dugc gid tri
nho nhat min f(x) va gid tri 16n nhat max f(x), x € {a, b). Khi d6 c5
- hai kha nang xay ra : hoac ca hat gi4 trj d6 déu dat tai hai niit a va b
va nhu the :

f(a) = f(b) = min f(x) =max f(x); x [a, b]

va f(x) 1a mot hing s voi moi x € [a, b}, do vay f(x) déng nhat bing
khong véi bat ki x e [a, b] - hodc c6 mot gid tri dat tai mot diém ¢
nae do, ¢ € (a, b) nhu thé theo bé dé trén f'(c) = 0. M
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* Nhdn xét.

(1) Gia thiét f(x) lién tyc trén khoang déng [a, b] la mot gia thigt
khong thé bd qua duge. Ching han xét ham s&

£x) x O<«<x=l
X)=
1 x=0

Ham s6 nay x4c dinh trong [0, 1] nhung khong li¢n tuc trong [0, 11,
~ do d6 khong thé 4p dung dinh 1i Rolle dugc (hinh 3.2).

(2) Gia thiét ham f(x) kha vi trong khodng md (a, b) clng 12 mot
gia thiét khong thé bd qua duge.

Chang han xét ham s6 f(x) = |x| (xem hinh 5.3) véix € (-1, 1]:

Hinh 5.2 Hinh 5.3

ham s6 nay lien tyc trong {— 1 ; 1} f(- 1) = f(1) = 1, nhung f(x) khong
kha vi trong (- 1, 1), do d6 cling khong dp dung dinh Ii Relle dugc.

(3) Trén kia, khi n6i vé minh hoa hinh hoc ctia dinh 1i Rolle
ching ta da néi ring, néu thoa cdc gia thiet vé lién tuc, kha vi va néu
f(a) = f(b) thi dé thi clia f(x) c6 ti€p tuyén song song v6l day cung
AB (diéu d6 13 ban chdt), hon nira vi f(a) = f(b) nén day cung AB lai
song song voi truc hoanh va do vay ti€p tuyén d6 c6 hé s6 géc bing
khong, nghia la f(c) = 0. Nhu
thé néu dung mot phép quay y

hé toa d6 mot gée O nao do6

(hinh 5.4) thi di nhién, doé thi ABUB
van ¢6 ti€p tuyén song song vl :
day cung AB nhung ti€p tuyén /\”9":
d6 khong con song song vOi. o) @ b x

truc hoanh nira vi f(a) # f{b). Hinh 5.4
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Nhan xét nay dan dén dinh Ii :
Dinh 1 5.3 vé 56 gia hitu han (Dinh i Lagrange).

Cho ham f(x), xdc dinh lién tuc trén khodng déng {a, b], khd vi
trong khodng md (a, b), khi d6 t6n tai mot diém ¢ < fa. b) sao cho :

(5.1) M:f’(c).
. b-a

Chitng minh,

Tat c& vdn dé 1a dung dugc mot ham s& thod cac gia thiét cha dinh
li Rolle ; that vay xét ham s¢&

f(b)—f(a)
b-a

g(x}: =f(a) + (x —a)

(lvu ¥ ring dé thi ciia g(x) chinh la day cung AB (hinh 5.4).

Ham s6 h = g - f lién tuc trong {a, b}, kha vi trong (a, b) va
h(a) = g(a) - f(a) = 0 ; h(b) = g(b) - f(b) = 0, do vay theo dinh If
Rolle, ton tai ¢ & (a, b) sao cho h'{c) = 0 tuy nhién :

_ f(b)—f(a)
B b-a

h'(e) —f(c). A

*Chay
(1) Cong thirc (5.1) con cé dang :
(5.2) f(b) ~ f(a) = f'(c)}(b — a).

Tuy xudt phdt tir cong thitc (5.1) nhung coéng thifc (5.2) ¢6 mot
¥ nghia dac biét, déng mot vai trd rat ¢o ban trong nhiéu ing
dung da dang trong giai tich : bién mot hiéu s& thanh mot tich s¢
{gi0ng nhu cdc hing thic dang nhd quen thude trong dai sO so cap

2" b =(a-b)a" T+a" b4 ean® 2l va thuomg duge
dung dé xét ddu ciia hieu f(b) - f(a) hay d& wse tuong |£(b)  f(a)).

W-THCC-Tap 2 145



& e
£e,

(2) Néu trong cong thite (5.2) dita: =x;b:=x+htacd:
(5.3) f(x + h) — f(x) = f{c)h
véi ¢ 1a mot s6 & giita x va x + h.
So sanh cong thic (5.3) va cong thiic biéu dién s6 gia ham s
(5.4) f(x + h) — f(x) = £(x)h + o(h}
ta thay (5.3) da dén o(h) vao gié tri dao ham taix =c.
Néu 0 13 mot s6 duong gom gitaOva 1 :0<0<1thivic & giira
Xxvia X +hnéncéthé vistx +0h=c,0<8<1.
© Nhu thé cong thie (5.3) ¢6 dang
(5.5) f(x + h) - f(x) = f'(x + Oh)h
So sinh hai biéu di&n (5.3) va (5.5) c6 thé thiy rang ndi dung chit
gia tri trung binh & day 1a gid tri trung binh clia dao ham cna f(x).
(3) Néu quan tam dén minh hea hinh hoc cia dinh 1i Lagrange thi
s& din dén mot két qua gidi tich tdng quédt hon dinh li Lagrange.
That vay, néu chuyén dudmg cong sang dang tham s6 x = g(t), y = f(1}

véit e [a, Bl va g(o) = a; g(B) = b, thi he s6 goc cua diay cung AB
(hinh 5.4) s&€ 12

{(B)—f(a)
f(3) - glo)
vi hé s6 goc cha tiép tuyén v6i d6 thi (xem muc dao ham theo tham
o )
$6) 1a- '(Y) : nghia 13 :
g’

f(B)—fle) _ F(v
g®—-gle@) g’

Chinh nhan xét ndy dan dén dinh 1i :
Dinh li 5.4 (Cauchy).

a<y<B.

Cho f(x), g(x) Ia hai ham s6 xdc dinh, lién tuc trong khodng dong
{a, b] va g(a) = g(b) ; gid s fix) va g(x) khd vi trong khodng md (a, b)
va g'(x) # 0 vdi moi x € {a, b).
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Khi dé ton tai ¢ & giita a va b sao cho
f(b)~f(a) _f'(c)

(5.6) =
g(b)—gla) g'(c)

Chiing minh
V&i nhan xét (3) vira néu & wén va tir cdch chimg minh dinh 1f
Lagrange, ta dat _
f(b)-1f(a)
h(x): =f(a) + ————[g(x) — g(a)]
. g(b)—g(a)
Hién nhién hiéu h(x) - f(x) thoi cac gia thiét cha dinh I Rolle (7,
suyratdntaic, a <c < b sao cho h'(c) = 0, nghia I3
ey SO~ f@
g(b)—g(a)
Chiing ta d¢ y réng, tndng hop ddc biét khi chon g(x) ; = x thi

gicy=0.1

cong thic (5.6) cho lai cong thic (5.1), nghia 1a dinh 1i Lagrange la

trudng hop riéng cha dinh 1i Cauchy ; mat khéc khi f(a) = f(b) thi
cong thite (5.1) cho lai cong thite f(c) = 0, nghia l1a dinh 1i R8lle 13
truong hop riéng ctia dinh I Lagrange. -
Bay gi&, ta viét cong thiic Lagrange (5.5) dugi mot dang khdc ; tir
(5.5)c6:
(5.7) f(x+h)=f(x)+f(x+ 8hh; 0<8< |

Cong thic nay cho mot cach tinh gid tri c0a f tai l4n can x khi biét
gid tri cua f(x) va dao ham f' tai lan can "rdt gan” x. Mot céch ty
nhién, ta dit van dé néu bigt théem dao ham cdc cip cao ciia f tai x

nita thi liéu ¢é thé biét chinh x4c hon gid tri cua f tai lan can x hay
khong ? Chinh céng thic Taylor da suy réng cong thuc (5.7) va cho

‘mot trd 18i vé cau hoi nay.

Céng thite Taylor,

Cho ham s6 f(x) lién tuc trong khoang déng [a, b] va kha vi d&n
(n + 1) 1an trong khodng m& (a, b) : ta dat vén dé tim mot da thirc

P,(x) cé bac khong vugt qud n sao cho v&i mot ¢ « (a, b) ta cé ;
(5:8)  f(c) = Pyie) : £(e) = Py (©) ;.5 £y = B, (e
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Ta sé tim da thic Py(x) dudi dang :

(5.9) P (x):=a,+a(x—c)+ay(x- c)2 +...o+ag(x - c)r".'

Muén thé chi cdn xdc dinh cic he s6 ag, aj,... , a, thod yéu cau
(5.8) vira dit ra & trén. That vay, thé gid tri x = ¢ vao (5.9) ¢6

(a) P,(c) = a,. Hon nira 14y dao ham P (x) ta c6

(b) P' (X} = a; + 2a5(x - ¢+ ...+na, (x— c)n -1

Lay dao ham cdp hai P {(x) ta dugc :

() P'y(x) =2ay + 3.2a3(x —¢c) + ... + n(n — Da,(x'— ot 2

Tiép tuc 18y dao ham nira ta dugc :

P“"(x)-k'ak+ z iG= 1 —k+ Dajx—c)y™
) =k+l | l<k<n

Tir cdc hé thidc (a) dé€n (d) s chox=c tasuyra:

' " {ﬂ]
a;=f(c};a; = ) : a2=f—© NN an=ule
: 2! n!

1!

Nhur vay da thirc P,(x) thoa yéu cdu (5.8) ¢6 dang cu thé

(59) P x)=f(c) + (C)( —o) + fz(f (x—c) +..+
(n) ‘
n!

Bay gi¢r ta dat
(e) R, (x) : = f(x) - P (x)
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Vi theo gia thiét, f kha vi dén (n + 1) ldn, va theo hé thitc (e) ta c6 -

() Rp(e) = Ry} = R"(c) = . =R, ™(c) = 0
Bay gi0, nén dit G(x) : = (x - )" * ' thi cting c6 -
@GO =Gy =.. =6™(e) =0va 6™ * ey = (n + 11

Gidsitx = ¢ ; x & (a, b) ; tir cdc hé thic (f) va (g) ta c6 -
CRa(x) _Ry(x)=Ry{c)
Glx)  G(x)-Gle)
Ap dung dinh If Cauchy vao 6 56 trén ta duge
EUEQ: Rp(x)-Ry(c) R (cy)

G(x) G(x) - G(c) G'(c)

v8i ¢| nam giifa x va ¢. Ciing tir cic hé thuc trén, cé :
RY%(cp) _RYy(ep)—R' (<)
G'c;}  G'(e))-Gc)
La1 4p dung dinh 1f Cauchy vao ti 5§ trén ta duge :
Rhle) _RYyep-R'1(©) _R"%(cy)
Gle1)  Glep-G'(c)  G'(cy)

V6i ¢, nam giita ¢, va c.
Nhu the, sau (n + 1) 1dn 4p dung dinh Ii Cauchy ta dugc :
Raw _Ry"(@)
G(x) G
Tir he thic dinh nghia G(x) ¢6 : G™ (x) = (n + 1)! véi moi x, do dé :
G V@) =+ 1)
va R,(x) = %l(x S
Mat khdc, tir hé thire dinh nghia R (x), suy ra :
Rﬁ““)(x) — f(n+l)(x)__Pr(’|1+l)(x) =fn+D (x)
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f(m'l)(E)
(n+ !
Tdng két cac két qua trén, ta di dén dinb 11 :
Dinh li 5.5. (M& rong dinh If Lagrange).
Néu ham f(x) xdc dinh cé dao ham dén cdp n lién tyc trong
khodng dong [a, b}, ¢6 dao hdm cdp (n + 1) ldn trong khodng mo (a, b)
thi véi bdt ki ¢ € {a, b) ludn cé

f'(c) | f"(c)

Tudé, suyra: Rp(x)= (x = c)1*!

(5.10) f(x) = f(c) + T(x Ry (x - + ...+
(n} {n+1),—
+ m(x - c)" + f__ﬁ(x _ C)n+l

n! (n+ 1!
véi T ld mot s6 ndm giita x va c. :

Ngudi ta thudng goi cong thic (5.10) la cong thic Taylor va biéu
dién mot ham 6 f(x) dudi dang (5.10) duoc goi 12 khai trién Taylor
hitw han cha ham s& f(x) tai di€m x = c.

Pic biét, khi ¢ = 0 thi (5.10) dugc goi 1a khai trién Mac Laurin
cua f(x) va khi d6 (5.10) ¢6 dang :

£ 'O,

, VO o D00 s
n! (n+ D!

véiOthoa 0 < B < 1.
s Nhdn xét.
(1) Nén dat x : = ¢ + h thi cong thic (5.10) ¢6 dang
(5.12)  f(c +h) =f(c) + iff—)h + -f-%hz +oh
RSO PR S CRd: VIR
n! (n+1)!
va dac biét, véi n = 1 thi cong thic (5.10) chinh 1a (5.7).
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P
Kois

N1 khac di, cong thitc (5.10) da tra 16t cau hoi dat ra & trén, néu bigt
thém cdc dao ham cdp cao cta f tai x = ¢ thi viéc tinh XAp xi gid tri clia f tai

lan can ¢ cang chinh xdc va chinh luong R, := ™D 4 8h)h"*!

(n+1)!
cho do chinh xdc ciia f(c + h) va khi thay f(c + h) béi :

' " {0}
fc + h) =~ fex) + LDy, 10 ©pz 0 (©) o
1! 2! n!
1
(n+1)!

mot tré ngat nita 13 rdt tiée trong biéu thic R, ching ta chua xic

thi nhan mot sai s& khong vuot qud f(“”}(c + 9h)h“+l|. codn

dinh duoc chinh xdc gid tri 8h thi chi bi&t 8 Ia moét s& duong gém
gita 0 va 1 : déu 1a ta da gia thiét f c6 dao ham dén cdp (n + 1) tai
moi di€m thudc (a, b). Tuy nhién trong rat nhiéu trudng hop, vdi cic
ham s¢ so cap co ban quen thuoc, ta ¢6 thé ude luong dugc mot can

trén cla f(“)(x} ; nghia la tim dugc mot 6 M > 0 sao cho

)< M. x € (a. b)

Khi dé, viéc xap xi gid tri f(c + h) duoc coi nhir hoan hio vi muén
tinh f(c + h) chi cdn thyc hién cdc phép tinh s6 hoc (+, -, x, :) va di
nhién biét cic dao ham £™(x).

(2) Sau day sé giGi thieu mot s6 khai trién Mac Laurin hiu han
clta mot s6 ham s6 so cdp quen thuoe. ’

(a) Khai trién f(x) = (1 +x)™ ; m nguyen duong.
Dé dang kiém tra lai ring

O =1:fO)=m; ') =mm - 1), ..., ™) =m!; f&™*0) =g,
Do d6, dung cong thitc (5.11) ta duge :

G.13) (+x™ =1 +%x+m—(n;|_—l)x2

N m(m~1)..l;('m—k+l)xk f g™
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“6ry

thay x bdi —x ta lai ¢é:

o Ll'ﬂ—_llxz + ...+

m = —_— —
Gad -x) =1 1!x+ o
+ (—l)k m(m—l)..l.((im—k+l) xK + . + (- x™.
(b) Khai trién f(x) =
1+ %

Dung lai thi du (a) muc 4.4, chuong 4, ta duge :
1 ( n n!
L= (=) ——
1+x (1+x)"H!
Tir do, cé : ’

f(0) = 1; £(0)=—1;f'(0) = (-*2! ; ...; £M(0) = (-1)"n!
Do vay, ding cong thite (5.11) ta duge

(5.15) ! =l-x+ x2 —_ (_1)“ x? + (_1)n+l 1 n+l

X
1+x (1+BX)n+l
—v—-—-—/

Thay x bGi —x vao cong thic trén ta duoc o(x™)

(5.16) 11 —l4+x+ X2 4.+ x“+__}.,_ n+l

X
-X (1 +6X)“+l
[ ———

(c) Khai trién f(x) = In(1+x). 0(x™)

Ta dé y ring f(0) = 0 va f'(x) = l—l-—,do vay :
: +X

1
FHD gy = (1) — - (dung thi du (b))
(1 +x"
Do dé -
x?_
(5.1 In{1 + x)=x — —i— + o+
] .
AT E SR B SR L
n n+1 (1+6x)"+
‘.._‘,_J
0(x")
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Dac biét néu x 13 VCB thi ihufmg ding cong thic (5.17) dudi dang
2
X 2
(5.17a) : ln(l+x)=x—7+o(x )
va thay x bdi —x, 1a ¢6 :
2
(5.17b) 1n(1~x)=vx——x2—+o(x2)
{(d) Khai trién f(x) = e*.

Vify=1;¢£0)=1, .., f'(0) = 1 nén

2 n Ox
(5.18) e=p+ Xy X, X €

2t n!  (n+1)

e ——

X"l 0<co <

0(x™)
Dac biet khi x [a VCB thi thuong ding cong thitc
2
. X XL X n
(5.18a) e —I+“+2! +0o(x ).

{e} Khai trién f(x) = sinx.
Dung thi du (a) ta dugc

k . .-
f(")(x) _ (—1)" sinx ; véi n =2k
(—l)k CoOsX;v6in=2k+1

Do dé, dung céng thie (5.1 1) ta duge

3
(5.19 sinx = x — —xi'— + ...+

x2n--l x2n
+ (=) e sinbx, 0<6< ]
Cn-1)! {2n)!
Tuong tu, ta cé : 0™
2
(5.20) cosx =1 - 7 + ..+
le‘l x2n+]
+ ()" + (=]l cosOx,0<0 <1
(2n)! (2n+1)!
———
0(x2n+l)
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Dic biet khi x la VCB, ta thudng diing céc cong thic

3
(5.19a) sinx =X — %4» o(x3)
x2 2
(5.20a) cosx =1 — -?+ o(x5)

(f) Khai trién f(x) = 1 +x)*, a € R,a#0. €3 thé ching minh
dugc rang :

(521 A+ x)* =1+oax + E(a—_llxz T

2!
N a(a~1)...(ct-k+1)xk + ot
k!
N afo—1)...(a—n+1) 4 x" o(x)
n!
Pac biét :
(5.21a) \/l+x =l+%x—%x2 +x2.o(x)
(5.21b) L oLei 2

: 2
+ x°.0(x)
JL+x 2 8

o Khai trién hitu han :

Cac cong thite (5.10) ; (5.11) va cac cong thee tir (5.13) dén (5.21)
¢6 mot dang chung : d6 1a biéu dién ham s¢ f(x) dudi dang téng mot
da thic va mot bidu thifc dan t6i khong lan can mot diém x4c dinh
‘nao dé, nghia 1a f(x) c6 dang

Cf(x) = P (x - ¢) + o{(x — &)")
rong d6 P (x —c) la mot da thic ¢6 bac khéng vugt qui n va
o((x — ¢)") 1a mot VCB bac cao hon n khi x — c.

Ta cing néi ring f(x) nhan mot khai trién hitu han cdp n lan cdn
diém x = ¢, va da thitc P (x —c) dugc goi 12 phdn chinh bdc n cla
khai trién hifu han.
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Chfmg han cdc cong thic (5.17), (5.18), ... 1a cdc khai trién hiry
han ctia cdc ham s6 In(1 £ x), ¢*, .. lan can didm x = 0,

Ngudi ta ciing ching minh dugc khai trién hitu han 6 cde tinh -
chét sau day : Cho f, g 1a hai ham s6 nhan khai trién hify han lan can
diém x = 0, khi d6 '

() Mf + g ; A € R ciing nhan khai trién hitu han lan can diém x = 0.

(1) f.g ciing nhan khai trién hiru han lan can x =0,

(1i1) N&u f(0) = 0 thi ham hop g[f(x)] ciing nhan khai trién hity han
lan can x = Q.

(iv) Néu g(0) = 0 thi f/g cling nhan khai trién hitu han lan c4n x = 0.

Dudi day s€ giGi thieu cach ding khai trién hiy han d& tim mot s§

 BiGi han.

X | aX Xy—1
(2) Tim lim 2% + 3% _ )@ +3*-2.597,
x—0

X X _gX
Goi biéu thic c4n tim gidi han 12 A, tac6 : InA = AM2_+3" -5%)
(2% +3% —2.5%)

Mat khéc, ta ¢cé :
2% L 3X g _ eXn2 + e*ln3 _ exlnSI

=1l+xIn2+1+xIn3-1 - xIn5 + o(x)

=1+ xlng— + 0(X)

Vay In(2* + 3% - 5%y . xlng VA :

2% 4 3% _ 9 5X = XIn2 + gXin3 I_2ex[n5
=1 +xIn2 + [ + xln3 - 2(1 + xIn5) + o(x)
6
= xln— + o(x).
25 (x)
Cuéi cung
6
xIn— lnéfln 6

limInA = lim—=2 vi limA=e 5 25
x—0 x-30 xln — x—0
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, bmab:O?
1-x*  1-x"}

{b) Tim lim[

x—]

Khai tridn hitu hancia 1 — x*, o #0lancanx =113

= x® = —ox - 1) - “‘“{”(anz +ol(x - 1.
Mat khic, c6
s R - _
a b al-x") mlx)=ab+mu—0%

b —x*)1-x)

Do d6 : lim| —— — b ]::a’b.
x>l f—x*  1-x° 2

5.2. Ung dung cac dinh }i vé gia tri trung binh

1-x 1-x

Trong muc nay ching ta s& néu mot s6 ing dung da dang cua tinh
chat kha vi cila mot ham s&, dic biét cac dinh li vé gid tri trung binh.

5.2.1. Kl dang vé dinh
Pinh li 5.6 (De L'Hospital).

Gid sit cic ham s6 f(x), g(x) xdc dinh, khd vi tgi lan cgn x = a {a € R),
cé thé trix tai x = a. Néu lim f(x) = lim g(x) =0, g'(x) =0 & lan can’

X—3a X—a
X =da.
Va néu lim [ = A i lim fx) = A.
X—d g'(.[) X—a g(X)

Chitng minh.

Theo gia thiét f(x), g(x) kha vi tai lan cdn x = 2 nén lién tuc 7 doé.
Néu f(x), g(x) khéng xic dinh tai X = a, ta bd sung gid tri clia ching
tai x = a bing céch dat f(a) = lim f(x) =0, gla)= lim g(x) =0. Kin do

X—a

X—a
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f(x) va g(x) lién tuc & lan c4n x = a va c3 tai

X =a. Do dinh li Cauchy
tacé

f(x)  f(x)~f(a) _f'(o)
8x) g0-g@)  g(e)
véi ¢ 1a mot diém nao d6 nam giffa X va a.
Khix — athic - a.

Vay néu lim reo = A thi lim 1) =A N
x—ag'(x) x—a g(x)
* Nhdn xét

(1) Trudng hop lim L) _ %, dinh 1 De L'Hospital vin ding :
X=>»a g'(x)
that vay, khi dé -
11m 8(x) =0
x—a f'{x)

va do dé theo dinh li trén ; ta cling ¢6 lim =22 E(X) =0, dodé

x—a f(x)

lim ()—“l f'tx)
x—a g{Xx) x-—>dg'(x)

(2) Trudng hop x — o vin c6 the ding duge dinh 17 5.6 ; that vay, khi

dé chi can thuc hién phép doi bin x = i ¢6 1t 0 (khi x — =), do vay
t
1
f(x) = f(?] =plt)

l.
g(x) = g(;} =q(t)
Hién nhién, khi d6 -

lim £&2) f(x) p(t)
X—poo g(x) t—>0 q(t)
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2 gt

Do vay, ding dinh 1{ 5.6 va nhan xét (1) ta vin ¢

i 7O i PO iy BY i HL]
x—o0 g'(x)  t—0q'(t) 20 q(t) x-owglx)

(3) Trudng hop f va g khi vi tai lan can a trir 1a @l X = a
lim f(x) = lim g(x) =+ va g(x) = 0 ta1 lan can a. Khi do néu
X—d Xx—ra
1 58 A i cling 6 lim 2 = A,

x—a g'(X) x—a g(x)

DE khoi rudm ra ching ta khong ching minh ménh dé nay va chi
néu mot s6 thi du dp dung.

o Thi du.
3 0
(a) lim — ; (dang —).
x—0 X —Sinx 0o .
I 2 2\
Tacé: lim —22 = lim £SO ¢ M
x>0 (x —sinx)*  x—0l—cosx  x—-0 {1 —cosx)’
- e = tim X6
K >05I0X  x—0(sinX)
3
vay lm X —— =6,
x—>0 X —sin X
(b) lim lﬂ}-, (o> 0); (dang 2y
x—s+oo x ¥ o0
1
tace  tim PR - pm —2—= lim 1ol loo
x40 (x3) xoH® ax® 1l xowax®  @xo® x®
Viy : lim Inx _ 0
K—r+o0 X

<) lim(x2 - 4)'tg(ﬂ} (dang 0.0)
x—>2 4
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Bua dang 0. vé dang % bing cich viet

lim(x2~4)tg[EJ = Iim 2%
x—2 4 x—>2 nX
(J
2 e
Tacé: lim —X =9 _
X2 X X—2 z[ﬂx]
cotgl — 1 SI _
[ g[ 4 H ( J( ){ 4
2x.4sin [
= liIIJ J 16
=2 T
Vay : lim(x? - 4)g [’”‘J:-—l—ﬁ-
x—2 4 T
@ lim 20X e 3)
X+ 2X

Trudng hop nay dinh 1i 5.6 bat lire, thar vay :
lim (X +sin x)

I +cosx . 72X
lim = lim cos® =
x>0 (2%) x=4m 2 X+ 2
Kht x = +o0 thj cos% khong x4c dinh, do vay, khong tén tai
lim (X +sinx) )

tuy nhién, khong phai vi thé ma két luan khong t6n
x—r+m  (2X)'

. X+sinx
lim
X =4

tai gidi han cha

vi ludn ¢6 :
2x

sinx
. [+-="
. X+sinx

lim

X 1
= lm —= = _
X+ 2X x40 2 2
Biy gitr ta xét thém mot s6 thi du
khtr dang vé dinh.

ap dung khai trién hitu han dé
() Tim lim —X =X

—

; (dang 9).
-0 (] — cosx) 0
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Ding khai trién hitu han (xem (5.19)) ¢6
sinx — X = —%x?’ + o(x3) : x(_l =~ COSX) = -12-)(3 + o(x3)

1
. - x3 + 0();3)
sinx — X . .

Dodé: lim _

—~—— " =1l
x—0 x(} —cosx) x—0 %XB. +o(x3) 3

(H) :E[;—xjtg[g— + 4] : {dang 0.«0)
4

Pat x == +h;cd
S

7 = lm -
h—=0 7 h—0 —sinh
cosL-z— +h

(@) lim [L . —-‘J) . (dang  —0)

' ~hsin E-l-h
) m i . 2 . . =hcosh
lim!| =—x |tig| —+ x| = lim =1
4 4

=1

x—0\ sINX  tgx
2 2
. —+o(x%)
Ta c6 -l b1 .cosx _2
singx  1gx sinx X +0{X)
) 2
-—+o(x )
5o d6 fim[ -t - = tim 22— =0
: x—04 SINX tgx) x—>0 X +0(X)

X

g
(h) Tim lim(2 - x) 2 ;dang 17),
x—r]

T
—cos—1

Datx=l+t;tg-g-(l+t)= , do viy

sin—t
X

" .
~cos—t fsin—t

tg—
=2-x) 2 =(1-v 2 2
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Ldy logarit ty nhién, c6 :

T
cos—{
InA = - In(l -0 = 2290 o
sin—t ~T£2+0(I)
2 2
= E(t + o(tH(l + o(t)). 1
v 1+o(t)
2 g2
Do vay limInA == vi lim A = lim (2-x) 2 <enm
t—0 pio t—0 x—]

5.2.2. Khdo sét su bién thién cia ham 56

Viéc dp dung dao ham dé khao sit sur bién thien ciia ham s6 dua
vao dinh Ii sau :

Dinh 1i 5.7.

Cho fla mét ham sé xdc dinlt, lién tuc trong mét klhodng déng hitu
han fa, b] va khd vi trong khodng méd (a, b}, khi dé -

(1) Diéu kién dt c6 va di dé fix) tang (gidm) trong fa, b] ld f(x) >0
(f(x) £0) véi moi x € (a, bj. :

(2) Néuf(x) 20 ((x) <0) véi moi x & (a, b) va né f{x) > 0 (Flx) <0y
tai it nhdt mot diém x thi fib) > fla) (fib) < fra)).

Cluing minh.

Cich chiing minh truong hop f(x) gidm tuong ty trudng hop f(x)
tang, & day ching ta chi chiing minh trudng hop f(x) ting.

(1).Gia sir f lahg, khi dé f(x + h) =2 f(x) v6i h > O vi f(x + h) < f(a)

v6i h < 0 va do dg JEFI -(x) hh) ~fx)

20, h # 0; bang cach chuyén qua
£:4i han, ¢6 f(x) = 0.
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Ngugc lai, gia st f'(x) 2 0 véi moi x € (a, b); 14y hai difmu<v
clia doan [(a, b] ; theo dinh li Lagrange ¢¢ :

f(v) — f(w) = (v —uf(wy viiu<w <V, do do:

f(v) — f(u) = 0, nghiala f(v) = f(u) ; f(x) tang.

(2) Néu f(x) = 0 vdi moi x € [a, b, theo (1) f(x) tang trén [a, b],
do d6 f(a) < f(x) < f(b) vdi moi x € [a, b]. Néu ta ¢é f(x) = f(a) thi vi
f tang nen dao ham phai triét tiéu tai moi x € (a, b), diéu niay mau
thuan véi gia thist ton tai it nhat mot x € (a, b) sao cho f(x)>0. 1

Dinh If nay ¢6 mot hé qua dung dé tim cdc ham troi trong giai tich.

Hé qud 5.8

Cho f, g la hai ham s6 xdc dinh, lién tuc trong {a, b], khd vi trong
(a, b). *

(1) Néu fla) < gla) va néu f(x) <g'(x}voi moi x € (a, b} thi f{x) <gl(x}
vot moi x € {a, b].

(2) Néu fia) < gla) va néu f(x) < g{(x) véi moi x € (q, b) f!aif(x) < g(x)
voi moi x € fa, bf.

Chitng minh.

Dath:=g—f

(1) Ham s6 h xac dinh, lién tuc trong [a, b] va c6 dao ham h'(x) 2 0

v6i moi x € (a, b), do d6 h tang trong (a, b], nghia 1a h(x) 2 h(a), theo

gia thiét h(a) = 0, 1r do h(x) = 0 hay g(x) = f(x) v6i moi x € [a, b].

(2) Cho x € (a, b). khi d6 h'(t) > 0, véi moi t € (a, x), dinh i trén
chitng 1é ring h(x) > h(a) 2 0. do dd g(x) > f(x). [

Thi du.

() V6imoix > 0,c6 L+ x < e”.

Chox>0,cachamf(t)y :=1+1;g(t):= b lién tuc, kha vi trong

[0, x]vaf(ty=1;¢gM)= e ,dodé () <g'(t) véimoit € 0, + o),
tir hé qua suy ra f(x) < g(x).
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(b) VGimoi x e {O, g] cd sinx < x.

Chi cin 4p dung he qua trén vdi f(x) = sinx vi X)) =x.

Tim cyc tri clia ham s¢

Bay gidt ta néu mot vai ménh dé giup cho viéc tim cuc tri mot ham
$6 f(x) kha vi trong khoang (a, b).

Dinh li 59,

Cho ham s6'f, xde dinh, lién tuc trong [a, bj, khd vi trong (a, b) (cé
thé trix ra mét s6 hitu han diém) ; gid sit ¢ la mét diém thod a < ¢ < b
(co thé tai x = ¢ ham f kivong kha vi).

(1) Néu khi x viegt qua ¢ ma f(c) déi ddu tir + sang —thi f(x) dat
cie dai tai x = ¢

(2) Néu khi x vuot qua ¢ ma fix) déi ddu tiv - sang + thi ji{x) dat
cie Héu tai x = ¢, ‘

(3) Néu khi x viegt qua c ma fx) khong doi dd thi fix) khéng dar
cue trf tai o,

Chitmg mink. )

Ching ta chi cdn ching minh truong hop (1) ; cdc trudng hop sau
cling lap luan tuong ty.

Gia s x 1a mot diém thuoe 1an can didm x = ¢ vi x < c. khi dé-
theo gia thiel : (1) > O vdix < t < ¢, do do6 f(x) tang trong [x, ¢] (dinh
If vé€ ham tdng). do d6 f(c) > f(x) ; &y x > ¢ thuoc lan can diém ¢ :
theo gia thi€t f(1) < O véic < t < x. do dé f(x) giam trong [c, x],
nghia la f(c) 2 f(x). Nhu thé véi moi x thugc lan can diém ¢, luon c6
f(c) > f(x), f(x) dat cuc daitaix=c. W '

Tin du
Xét ham 56 f(x) = ¥x? : him s6 ndy xdc dinh, lien tuc tai x = 0
va lan can né ; wy nhién tai x = 9 ham s6 khong kha vi (khong cé

Yao ham hitu han) ; mat khac trong lan can diém x = 0 : trir chinh
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diém x = 0 : dao ham '(x) = - f'(x) < 0 khi x < 0 va f(x) > 0 khi

x > 0, dao ham doi déu tir - sang + ; X = 0 1a diém cuc tiéu ciia ham s6.

Khi f(x) c6 cdc dao ham cdp cao, ta con co dinh i

Dinht fi 5.10.

Gid str fix) 6 dao hant lién tue dén cdp n tai lan cdn diém c,
Hgodi ra gid sir

fier=fter= = fU 0 =0 [P0 =20
Khi dé
(1) Néuw i chdn thi fix) dat cge tri tar x = ¢, cut thé :

v = ¢ la diém citc tidie néu £y > 0

x = ¢ la diém cye dai néu £™(c) < 0.

(2) Néu n 1é thi f{x) khong dat cic tri tai x = .

Chirng minh.

Ding khai trién Taylor le_ii lan can diém x = ¢ va chij y dén gia
thiét £ic) = f'(c) = ... = £ ) =05 ¢

f(x) =f(c) + - )"

(n)( )
n!
vii d 0 giia X va c.
Tir biéu dién trén, suy ra : oéu n chin @ (x *c}" >0 vi néu
M) >0 £f")(x) lién tuc tai lan can x = ¢ nén c6 mol lan cin

di1 bé ~ta ¢ sao cho M (x) » 0 vai x thudc lan can d6, do vay : trong

(n)(d) .
(% - ) > 0, nghia 12 f(x) > f(¢) véi moi X thude
n!

lan can dé :

lan can dé, do do ((x) dat cyc tiéu tai x = c¢. V&1 truong hop f(“){c) <0
ciing lap {uan trong v, di dén két luan x =c 12 diém cyc dai clia f(x).
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Bay gio néu n 1¢, khi dé (x — )" déi ddu khi VUgl qua gldtrix = ¢ ;
do vay f(x} - f(c) c6 dau thay déi khi vuot qua gid trix =c. Vayx = ¢
khong thé 1a diém cuc uri. B

Thi du.

(¢) Xét ham s6 f(x) = x> Xy = 3x2':

P =6x: 1P(x) =6 ; tai x = 0.¢6 £(0) = £'(0) = 0 va foy= 6
x = 0 khong thé la diém cuc tri.

{b) Xét ham f(x) = sinx, 0 < x < 7 ; f(X) = cosx ; £'(x) = —sinx ;
f"[i =0 f"[-’i) =—1:x= 2 1adiém cuc dai clia ham s6,
2 2 2

Thi du nay got ¥ rang khi xét dau £(x) khé khan thi ngudi ta dung
dao ham cdp cao dé tim cuc iri clia ham sd.

5.2.3. Ham s6' 16i

Dinh nghia.

Ham s6 f xdc dinh trong khoang 1 dugc goi 12 161 néu véi moia, b e |

vdimoit e [0, 1] luén ¢é
tf(a) + (1 ~ Of(b) = f(ta + (1 — t)yb),

bat dang thic nay thuemg degce goi la bdt ddng thic 16i.

Hay xét bi€u dién hinh hoc clia mot ham 6 16i trong . Trudc hét,
dé y ring néuc =1a+ (1 - )b, 0 <t < | thi nhat thiet c € [a, b},"
Ngoai ra trong mat phing toa do, diém (ta + (1 — 1)b, tf(a) + (1 — 1f(b)
ding la nhimg diém clia doan AB véi A(a, f(a)) va B(b, f(b)). Bat
dang thic 16i ching t6 ring véi
moi ¢ € [a. b}, thi diém ciia d6 r
thi cta f ¢6 hoanh do ¢ luon
nim dudi day cung n6i A v B tf(a)+(1-t)f(b)
(A, B1a hai diém cta dé thj clia
f itng vdi cic diém 6 hoanh do 5 oo
# va b) (hinh 5.5). Piéu do diing — ' [C=tar(1-hb

va1 moi khoang (a, b) c 1. Hinh 5.5,
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Ménh dé sau day cho ddu hiéu nhan dang ham s6 16i.
Méuh dé 5.11.

Cho f, mot ham 56’ xdc dinh, lién tuc trong mét khodng I ndo do,
gid sit f cé dao ham cdp hai [ > 0 trong I. Khi d6, voi bdt ki a < b,
a, b el, ham s6 floi trong [a, b}.

Chitng minh.
Pat g(t) : = tf(a) + (1 — f(b) — f(ta + (1 — )b), mudn chimg minh
f 16i trong [a, b] chi cdn ching minh f thoa bat dang thic 16i, nghia 12

chiing minh g(t) = 0 véi moi t € {0, 1]. That vay, tr biéu thitc dinh
nghia, cd :

g'(t) = f(a) - fby — (a — B)f (ta + (1 — Ob)
Theo cong thitc Lagrange,l tén tai ¢ = tga + (1 — t)b, 1, € (0, 1)
sao cho : a < ¢ < b va f(a) — f(b) = (a — b)f'(c).
Thé gia tri f(a) — f(b) vao biéu thitc cha g'(1), duge :
g'(t) = (a - B[f(1,a + (1 — 1,)b) = f{ta + (1 - b))
Mat khéc, theo gia thiét f">Onénf tang;a-b<0Ovata+(l -pb<
<tya+ (1 - t,)b khi va chi khit > t,, tacé g'(t) 2 g'(t,) =0néut <ty

g'(1) < g'(ty) néu t 2 1, Vay g(u) tang trong [0, t,) va gidm trong [t,, 1] ;
hon nita vi g(0) = g(i) = 0, do d6 g chi ¢6 thé 18y cdc gid tri duong
trong (U, 1). B

- Nguoc lai khdi niém 16i 12 khéi niém 16m, mot ham s6 f xdc dinh |

trong [a, b] duoc goi Ja Iom néu f (hod bat ding thic 16m :
tf(a) + (1 — 0ftby < f(ta + (1 — )by 5t € [0, 1].
Tuong tu trudng hop 181, ¢6 thé ching minh rang :
Néu f xdc dinh, lien tuc trong I ; ¢6 dav ham cap hai f" < O trong 1

thi f 12 ham s& 16m trong L.
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Qua minh hoa hinh hoc & trén ¢6 thé néi ring do thi cla ham s&
161 ludn ndm trén tigp tuyén va dé thi ham s6 16m luon nam dudi tiep
tuyén (hinh 5.6).

y.ll y h

0 a) X o) b) X
Hinh 5.6

Mot diém I(c, f(c)) ctia dé thi cia ham s& ¥ = f(x) duge goi 1a
diém uon clia dé thi néu dao ham £'(x) déi dau khj qua gid tri X = ¢,

Thi du

]2 {2
—-—X
Xéthz‘amséif(x)=—5—e 2 6 fx)= ~
n
f'(x)>0vdix<0;f‘(x)<0véix>0.d0déx=01§diémcucdai;
1

1
xe 2, f(0)y =0,
2n

2
-—X
hon nita £'(x) = ——e 2 (x> =1), (1) = £(~1)= 0 £'(x) > O v6i
~N2n
X<-lhoicx>1:MX)<0vdi—-1<x< 1.Dodé cacdiémx =+ 1
12 hai diém udn cba dé thi.
* Cdc bdr ddng thire 16i
(a) Bdi ddng thitc Jensen

Cho f 1a mot ham $6 161 tren 1 : = (a, b), khi d6, v6i Xps X90. Xy € 1

n
Vavei Ay, dy, .. &, € [0, 1] sao cho Z Ay =1, ludn ¢6 :
k=1

n n
f[ZlkaJS Zlk f(xk)
k=l k=1
Bat ding thitc trén chinh 1a bat déang thitc Jensen.
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eg,

Clhuing minh.

Bit ding thitc trén 13 tdm thudng khin=1;vdin=2 thi d6 chinh
12 dinh nghia tinh 161 cia f.

Bay gid ta s& quy nap theo n ; that vay, gid sir bat dang thic da
ding v6i mot s6 nguyén n > 2 nao dd, nghia la véi Mol X |, X, o Ky €1

n
va vOi moi Ay, A o Ap € [0, 1] sao cho zlk =1, tacd
k=1

n n
f[z kkxk}é Zkk f_(xk)
k=1

k=1
Ta 1Ay X{, - Xy Xgay € 1 VA Ay Ao o Ao Ay €10, 1] sao cho

n+l
3 ky =1 (d¢ tranh ki hieu rudm ra, ta ding x, % shung di nhicn, nhitmg
k=1
x. A nay khdc vdi x, % dé ding trong gid thi€t quy nap). Néu ky = Ay = ... =
A, = 0 thi bt diing thic mudn ¢6 ta hién nhién.
‘Gia sit Ay, 1= L n khong dong thai triet tiéu, dat
n IR _
c= A =1—hge >0, vz‘ax':»—Zlkxk
k=1 ' € k=1

Vi x;€l, i=1,n nénx" € 1. Ding dinh nghia ham 161, ta ¢o :

n+l
1{2 kkxk] =flex'+{(1-c)Xqy()
k=1

< of(x) + (1 — e)f(Xp4p) = €f(X") + Aoy f(Xpyy)
Mat khdc, dung gia thiét quy nap ta duge :
( 1] lk n ?\’k 1 n
fxy= £} ) Eoxg €D === 3 M fx)
Lo © k=1 ¢

k=1

ki —
(Vi —-20,i=Lnw

168



(b} Bt dang thirc vé s6 trung binh.

Choa;20;i=1,

Khi dé :

,dat:

[

1 & n n

(3 :=—Zak e = {Hak]
L k=1

ST E

tac la trung binh nhén cde sé khong am, khong vt quid trung binh

cong cia cining.

Clumg minh.

Xét ham f(x) = —Inx. X € (1, @) ; hién nhién 12 16 vi 00

1
— =20
X

T
do d6 c6 the dung bdt ding thic Jensen va duoc, véi ZAR =1

el 1= 1,

tuc la

Dic biet, ldy 4, = 4,

k=1

n n
~In (Z Apay } = Z Ay(=lnay),
k=1 k=i
n n
Zkkak = I:l::k (*)
k=i k=1

= Ay, = — suyra
n
A<l
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(¢) Cdc bar ding thite Holder va Minkowski

11
Chop>1, q>lsaoch0—-+—:1 Khldo
P 9
(1} Chox>0,y>0, dung bat dang thic (*) véi‘n:’i;a]=xp,

g, 1 L
ay=y, Ay =—, Ay =— tadugc Xy < —x"+—Yy
p q P q
Bét dang thirc nay vin ding khi x hodc y bang khong.
i= n dat
1 i

{ZP‘HPJP = (élyqu]q

(ii) Bay gio cho x;, y;< € R

x|

Véi ab # 0, ding bdt ding thitc ¢6 duge & phan (i) vdi X == — :
a
lb’_k_l va dudc :
b
%y _ x| _|Yk\ L b’ +1|Yk|q k=Tn
ab a b p a4 q pi
Suy ra
3 Bl sy Sl e Bl e+
paf qb4
P
=—+—=1.
P -q

Thay gi4 tri cfia a, b vao bat dang thic trén ta suy ra bat dang thic

Halder dudi day ‘
z Xk¥k [Zh{klp] [ib’k]qla

Dac biét, kh1 p =q = 2 thi bat dang thifc trén duge goi 12 bat dang
thicc Cauchy — schwarz.

= -
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(i) V&i cing nhimg ki hiéu nhu tren, ta ciing ¢6 -
1]

n n
Z|xk ¥k |p. RS Z]Kk”?{k * ¥k |p_l + ZJYI{”Xk - )’klp_l-
k=1 k=1 k=1

Tir 46, duing bt ding thire Holder hai Idn, c6 thé ching minh duoc
bat ding thic Minkowski dugi day :

B P <{ g (S

5.2.4. So dé khdo sdt ham s¢

= i-

Viéc khao sat ham s6 thuong theo trinh tir duéi day :

(1) Mién x4c dinh cia f.

(2) Chiéu bién thién : tim khodng ting, giam ciia ham s&.
(3) Ciuc tri (néu cé).

(4) Tinh 161, 16m (néu c4n thi&t), diém uén {(néu c6).

(5) Tiém can (néu cb).

(6) Bang bién thién.

(7) V& dé thi,

Sau day, lay mot thi du c8t dé minh hoa cdc bude khio sit -

X3

Xét ham s6 f(x) =
x—-1
. X R
(1) Ham s& chi xdc dinh khi —IZO nghia la khi ~—120, tic la
X- X-
x<0Ohofcx>1.

Mién xic dinh Dy 1a (~o0, 0] W (1, +o0).

(2) Muén xét chiéu bién thién ctia ham s6, phéi tinh f(x).

3 X
Ta ¢6 : f'(x):[x~—) -
) 2 (x-1)°
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3
f(x)=0Kkhi x =0va x =5‘

f'(x) khong xdc dinhkhi0<x < 1.
Sau day la bang dau cua dao ham (x) :

O

o p] W

Tit bang dau cia I’ suy ra :

f(x) giam khi x <O hoac 1<x <~?1

f(x) tang khi x >%‘

(3) Cuc tri
; 20 aw . 3 . 3.,
Pao ham f d6i ddu tlr - sang + khi vugt qua x =5 do dd x =-2- ia
" o 3y 3
diém cuc tieu, f[2] \/— cluu v difm x =0 khong phai 1a diém
cuc tri.
i3 X

(4) Muon xét tinh 161, 10m ; ta tinh 7 : £(x) = C=
| f(x) 4 (x-1y

" cliing dau véi

nén f* > 0 trong mién xdc dinh, do dé f{(x) la
ham s6 161

(5) x = 1 1a diém ham s6 khong xdc dinh, do d6 d6 thi cé mot tiém
can ding ¢ phuong trinh x = 1. Muén tim tiém cén xién ta viét f(x)

duGi dang :
3
1
f(R) = o= =Ixl,/ - =|x|(l+
x-1 x—1 X—
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Dung cong thitc khai trién Taylor cia (1 + )':)Ot (xem (5.21a) khai
trién Taylor) cé
!

[ 1 J; I 11 1
1+ =1+ —— et 7 - o(X)
X—1 2=1) 8 (x-1? (x-1)2

- Do dé cd thé viét :

Ixt -1 ]x k|

f(x) = |xl+ - + . o(x)
2x-1 8 (x—1n? (x-1)2

T biéu thoc trén suy ra :

X 1

X—=>+o cdf(x) ~ x+ ~-X+—
20x-1) 2

X 1
X—=> -, cdf(x) - x - ~—X 4=
2(x—-1) 2

Viy f(x) ¢ hai tiem cdn xtén :

1
y=Xx+= khix — + oo,

£

Y= ~X—— khix - — o0,

* Chir v :

Trong nhiéu truong hop dé viec khio sat dugc don gidn, nguot ta
con chil y phat hién cic dic diém cia ham s6 f, chang han phét hi¢n
tinh chu ki va tinh chén, i€ clia ham s6 f. _

Mot ham sé f(x) xic dinh trong mot khodng d6i xiing [-a, a] duoc
got 1a ham chdn néu f(x) = f(~x); x € [~a, a] ;

ham le néu f(x) = ~ (f(-x}; x € [-a, a].

Vidé th ciia ham s6 chin déi ximg qua truc tung va dé thi ctia ham
56 1€ d6i xing qua g6c toa d¢ nén khi khao sdt cdc ham s& nay chi cin
%€t hodc x 2 0, hodc x <0 16i 18y doi ximg 1a ¢6 toan bo dé thi.

173



(6) Tir nhitng két qua trén c6 bang bi€n thién sau :

. = 0 i 3 400
2
Y 0 +
it +
X +-l—
2
4 N /
2

0]
; . 1 3/2 X
Hinh 5.7
(7) Dé thi (hinh 5.7).
5.2.5. Duong cong cho dudi dang tham so
1. Phuong trinh tham so cuz dudng cong
Cho hé hai phuong trinh
x =)
{ e (o, B) (n
y = g(t)

Khi d6, v6i mdi gid tri t € (a, B) hé phuong trinh (1) cho mot cap
gia tri tuong ng ctia X va y va Xac dinh mot quan hé ham s6 giira x
va y. Trong hé toa do Décéc, n€u 1y cap s6 ¢6 thit tr (x, y) cho boi
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he (1) fam toa d¢ cia mot diém M trong mat phéng thi véi méi trj s6
clat e (o, B) ta c6 mot diém M(x, y) va khi t bién thién trong khoang
(a, B} diém M vach nén mot dudng cong ¥ nao dé trong mat phang,
vi the€ 1a goi h¢ phuong trinh (1) & hé phuong trinh tham s& cla dudmg
cong ¢ ; t 1a tham s6 va M 1a diém chay trén .

Thi du 1. Lap phuong trinh tham s6 cla dudng thing di qua hai
diém A(a, ¢} va B(b, d).

Nhu da biét, duong thing di qua hai diém A, B chinh la dudmg

thing di qua A (hoac B) va c6 vecto chi phuong 1a vects AB, do d6
phuong trinh ¢ia né 1a : -

X—-a y-c 2
b-a d-c
Xx-b y-d
hodc = (29
b-a d-c
Baygi(‘jné'utadatm‘:b—avz‘in=d—cv€tdattis6:
X—a —c
_YC, (3)

m n
thi tir phuong trinh (3) suy ra h¢ hai phuong trinh véi tham sé 1 :
(X =mt+a
i TYiteR @)
y=nt+c¢

He hai phuong trinh (4) chinh la hé phuong trinh tham s6 cia
dudng thang di qua hai diém A va B,

Ciing tuong tu, dang tham s& ing v6i phuong trinh (2 13 :

=mt+b

-{" MY leRr )
y=nt+d

Ban doc c6 thé ki€m tra lai rAng néu han ché ( chi bién thién trong

khoang déng [0, 1] (t € [0, 17) thi hé phuong trinh (4) hoac (4") chinh
la phuong trinh tham s6 cia doan thang AB.
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Né&u khir ¢ tir .phuong trinh ddu cia (4) hoac (4) ta s€ thay lai
phuong trinh quen thudc clia dudng thing di qua hai diém A va B,
viét dudi dang trong hé toa do Décdc :

n
y-c=—{x-a)
m

n
hoac y-d=—(x-b)
m

Thi du 2. Lap hé phuong trinh tham
56 cua dudng tron ¢6 1am la goc 10a y RM
do6 va bin kinh bing R. '

Trong mat phing toa do Oxy ta vé O x| x
mot dudng tron ¢ ¢4 tam 14 goc toa do
O va co ban kinh bing R (hinh 5.8) ; nhu
di biét, phuong trinh clia dudng tron &
trong hé toa d¢ Peécdc la:

Hinh 5.8
Zyyr=R? (5)

Bay gid, néu ta goi t la goc gifra truc Ox vi vectd OM, v6i M 1a
mot diém nam trén dudng tron T, nghia lat= (Ox, OM) thitacé:
X = Reost
{ e 0.2m) 6)
y = Rsmnt
Heé hai phuong trinh (6) chinh 1a hé phuong trinh tham s6 cla
dudng tron T. Ban doc ¢6 thé dé dang chuyén hé hai phuong trinh (6)
vé dang (5) va hon nita ciing ¢6 thé kiém tra lai rang h¢ hai phuong
trinh duéi day :
X = acost
j[ . te[0,2m) N
1y = bsint
12 hé phuong trinh tham s6 clia elip ¢ ¢6 hai bdn truc 1aavabcoiruc
d&i xdng triing véi cdc truc toa 46 Ox va Oy.

That vay, hé (7) cho:
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= Cost

= sint

= R

Do dé : _
2 2
E2—+12— = cos?( + sin?
a b
va phuong trinh nay chinh 1a phuong trinh cha elip & viét duci dang
chinh tac.

Thi du 3. Ducmg xicloir. Trong ki thuat co khf thudng gap bai toan
cho mot dudng tron bén kinh a, lay mot diém y y (nhung di chon
thi fuén gilr ¢5 dinh) tren dudng tron ; cho dudng tron lan nhung
khong trugt trén mot- duong thing ; tim quy dao chuyén dong cia
di€m di chon trén dudng trdn (khi dudng tron d6 1an trén mot dudng
thing). Ta s& giai bai todn trén bang cdch 1ap he phuong trinh tham
s8 chia quy dao, va dé cho tien, ta 4y diém dugc chon Ia gdc toado O
(xem hinh 5.9), :

t=1

er

X

Hinh 5.9
Cid sir M(x, y) 1a mot vi tri méi ciia didm chon, N 1 tiép diém cia
dudng tron g véi diém M, khi d6, theo cdch lan, di nhién ta c6 -

NM = ON
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Bay gid, néut = NDM , véi D 1a tam dudng ron (g véi diém M,
thitacd :

% = OF = ON — FN = NM —~ MG = at — asint
y=FM=NG=ND—GD=a—acost '
Vay, phuong trinh tham s§ cla qu¥ dao la

{x = a(t —sint)

; 0,2 8
y = a(l — cost) te [0, 2] ®)

Qu¥ dao ciia diém duge chon trén dudmg tron khi cho dudng tron
lin ma khong truot trén Ox dugc goi 12 mot nhip cua dudng xicldit.
Né&u cho t bign thién tir — « dén + © thi he phuong trinh (8) la hé
phuong trinh tham s6 cua dwong xicléit.

2. Khao sat dudng cong cho dudéi dang tham s0

Tuong tu khi khdo sat, v do thi cha ham s6 cho dudi dang y = f(x) ;
c6 thé khao sit mot dudng cong cho dudi dang tham s6 theo trinh tu
dudi day :

1) Tim mién x4¢ dinh, cdc diém gian doan cha cic ham sé x = x(t),
y = y(t), Nhan xét cdc tinh chit chin, 1€, tudn hoan (néu cd).

2) Xét chiéu bién thién cia X, y theo t bing cach xét ddu cdc dao
ham x'(0), y'(1).

3) Tim céc tiém can cha dudng cong.

Néu khi t - t, hay t — £ o ma ca x hodc y hodc ca x 14n y din t&i
vo cung thi dudng cong c6 tiém can, cu thé 1a :
Néu lim y=%00vd lim X= a (hifu han) dudng cong ¢4 ti¢m

t—t, t—t,
{t—»too) {t—1te0)

can dimg la x = a.
Néa lim x=+0 va lim y=b (hiu han) dudmg cong co
t-)t(l ) t_>l('l
{t—toc) (1—ta)

tiem can ngang lay =b.
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Néu ci x 14n y dan t6i vo cing khi t —» 1, (t - +oo) thi dudng cong
€6 thé ¢6 tiém can xién vi n&y dong thoi 6n tai cdc gisi han

k= lim s ;b= lim [y-kx]
t—t, X t—t,
{t—otwm) {1 =)

4) Cin ci vao cdc két qua trén ta c6 thé ve dudng cong dé thi cla
h¢ phuong trinh tham s&. Muon ve dudng cong dugc chinh xdc hon,
ta ciing tim cdc di€m dac biét (néu ¢6) ciia dudng cong va tiép tuyén
vOi dudng cong tai cac diém dac biet. Chy ¥ ring h¢ s6 géc cla ti€p
tuy€n tai méi diém ciia duong cong bang gid iri clia dao ham ¥y (véi
gia tri tuong Wng cia 1)

dy _yhdt_y

dx  x'pdt  x',

va dao ham c4p hai (n€u cén thiét)

d(z'_tJ |
2 t " ' ' "
d% AX' )y e Xi-yixty
dX2 dx (x I[ )3
Sau day ta néu mot vai thi du.
Thidu 1. Khao st va ve dudng cong cho bdi he phuong trinh tham s¢

{X = aC083[

ste(—w, m):as0 (9)
y = asin>t

R& rang l1a x va y duoc xdc dinh v&i moi t va x va y khéng vuot ra
ngoai khodng [-a, a], vi vay dudng cong khéng c6 tiém can, hon nita
X va y 1a ham s6 tuin hoan véi chu ki 2x, do d6 ta chi cdn khao st
dudng cong da cho trong khoang [0, 2n]. Ta ¢6

t 2 . . L 3n

X'y = —3acos tsnnt=0kh1[=0;5;n;_;2n
.2 . n In

¥’ = 3asin tcost:Okhltzo;_-z.;n;-z - 27
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Tit nhitng tinh toén trén, ta c6 bang bién thién sau : '

n . 3n
t 0 — n — 2n
2
X', l 0 - 0 - 0 + 0 + 0
X a a
-a
y.| 0 + 0 - 0 - 0 + 0
y / a\’ 0
0 0-\-’_&/ -
. tY
Hinh 5.10 cho d6 thi dudng cong a
goi 1a dudng axtrdit. Néu khéo sdt ti
mi hon, ta nhan thay rang, véi duong
cong nay ta co: y
_a 0
dy v Zasinteost X
dx X'\ -3acos’tsint
. _ —
Do dé
Hinh 5.10

dx . .
e 0 tait=0;m;2n vatai cic diém dé ti€p tuyén thang dimg.
Y
Ngoai ra, tir he phuong trinh (9) ta cing c6 thé khir t bing cich d¢
y ring
X2!’3 - a2!'3c052[ . y2i3 ~ a21'3

_ sin’t
va do dé _
XZIS + YZB = a‘2»"3 (9"
Phuong trinh (9) 12 phuong wrinh axtroit viét trong hé toa do
Décic ; ciing c¢6 thé thdy rang dudng axtroit dang (9') luon nim trong

dudmg tron tam O va bén kinh a.
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Thidy 2. Ld Décde, Khao sit va vé dudmg cong cho bdi phuong trinh
x3+y3-3axy=0;a>0 (10)

Dé thdy ring khi thay x bdi y va y boi x thi phuong trinh (10)
khong thay ddi, do d6 dé thj cia (10) d6i ximg qua dudng phan gidc

thit nhat.
Bay givtadat y = X va th€ vao (10) ta dugc
x> + X - 3ax’t=0
VA suy ra
. 3at
1+€ (an
3at?
& 1+t

Vay h¢ phuong trinh (11) 1a dang tham s6 ciia dudng cong cho boi
phuong trinh (10), '

Tir hé phuong trinh (1 1), tacéo:
1-2¢

Xy=3a.———— : x" =0 khit=
‘ a+13)2 "t

i -

2-1° - ‘
Yi=—=5-3at:y, =0khit=0;1=32
(I+1¢7)
Khi t — ~1 thica x lan y dan t6i vo cliing vi c6 ;

k= lim 2= lim t=-1,
[—=-1X t—=-1

. _ 3at? 3at
b= lim[y-kx]= lim =
t—>-1 t->—1| 1 4¢3 1+

t +t _ t(t+1)
=3a. lim 3 =
t=-11+1 =1+ D(1* -t +1)
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Vay tiém c4n xién cia dudng cong la y = —x — a. Tl cAc két qua
trén, ta ¢6 bang bién thién :
t | —w0 -1 0 ”2’5 K/ +0o0

X'y + + + a - -

</ : o

0 -
y'l — - 0 + + ] -
0 +00 3a
\ \ d7 e \
¥y /
“w 0 0
Pé vé dudmg cong dugc chinth x4c, ta khdo sdt them mot s6 dac diém :
dy _ t(2— t3)
dx  1-20°

do vay : 3—3':0 tait=0, t-=§’E
X

dy

—m tait=o, t=5=
dx 3

2
Nhu vay, d6 thi di qua goc toa
d5 hai 14n img voi hai ri s6 t=0
{ = oo va cdc tiép tuyén tai d6 lan
lugt 1a tryc OX va truc QOy. Tiém
c4n xién clia dudng cong 12 duong
thing y = —x — a (xem hinh 5.11).
D)6 thi nay duge goi 1a ld Décdc.

Hinh 5.11
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5.2.6. Khdo sdat duong cong trong hé toa dé cuc

A
Hé toa do cuc Y
Trong mit phing chon mot diém M
: . s Yhoraren

O ¢6 dinh, goi 1 cie vd mot vecto
‘don vi OP, tia mang vecto OP goi T
la truc cuc ; hé toa do xdc dinh bdi @ L,
cue va truc cyc duge goi ta hé tog do o P X X

cyc (hinh 5.12a). Hinh 5 12a

Vi trf cia méi di€m M trong mat phing duge xdc dinh bdi vecto
OM, nghia 1 x4c dinh bdi géc ¢: = (OP, OM) va r=|OM| : 0
duge goi 12 gée cuc va 1 duoe goi 1a bdn kinh cuc. Goc ¢ 1a mot géc
dinh huéng, 13y gia tri duong néu chiéu quay OP dén trung véi OM
ngugc chiéu kim déng hé va 1Ay gia tri am néu nguoc lai. Neu Q0 < ¢ < 2n
var 20 cip s6 c6 thi tu (1, ¢) duge goi 1 cc toa d6 cuc cla diém
M trong mat phing. Bing cich x4y dung nhu thé, ta di thiét lap mot
song 4nh gifra tap tich Décdc [0, 2n) x [0, o) va cic diém trong mét
phing toa d6 cuc : méi diém M trong mit phéng éng véi mot cip s&
th ty (r, ¢) ; riéng diém O thi r = 0 con ¢ c6 thé 14y ty v ; v mbi
cap s6 thi ty (1, ¢) ing v6i mdt di€ém M cioa mat phéng.

Bay gid ta tim m&i lién heé giita toa do Décac vuodng goc va toa do
cuc cua ciing mét diém M ; ta 14y truc hoanh triing véi truc cuc va -

) truc tung ung vdi tia ¢ =g~ ; 8oL (X, ¥) va(r, @) 14n lugt 12 toa do cha

clng mét diém M trong he toa do Décdc vudng géc va hé toa dé cuc
(hinh 5.12). Khi d6, theo cdc dinh 1i v& phép chiéu vudng goc ta cd .

=re
(5.22) {x PP 0<p<2mir2o0.
y =rsing
Ngugc lai, ta ¢é :
(5.23) =x%+ y2 : tgcp:l
X
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Trong cong thirc (5.23) c6 hai géc ¢ tuong ng (vi0<sp<2n)ta
s& 13y géc ¢ sao cho sing cling d&u véi y vi y = 1sing.

« Thi du.

Biéu thic qua hé toa do cyc cla diém M(=3,1). Ta ¢6

r=+3+1=2tgp=-

5n lln . in
=2 vi og=—— ; chi la =— Vi
P 6 ¢ 6 ye 6

cuc cha diém (- 3.1 [2 %)

an

Os

s1n%>0 do dé toa d¢

Chu thich. (*)

Nhiéu khi, chéing han khi vé dudng cong trong hé toa do cyc, ngudi
ta thudmg ding toa do cyc suy rong, theo dé ban kinh cyc r c6 thé 18y
gid tri am, géc cuc @ duge xdc dinh sai khdc 2kn v6i k nguyén. Trén
hinh 5.12b, cic diém (r, @) va (-1, ¢) nim trén ciing mot dudng thing,
cung cich O khoang cach "
irl. nhung & hai hudng ()
khdac nhau. Cic toa do X
(—r, ) va (r, @ + 7) bidu
dién cling mot diém. Cr. o)

. 3
%

Hinh 5.12b
= Phuong trinh duong cong trong hé toa dé cuc.

Cho ham s& r = f(¢), 46 thi ham s6& nay trong hé toa do cyc duge
goi Ia duong cong trong hé toa do cuc va phuong trinh r = f(p) dugc
goi 1a phuang trink duong cong trong hé toa d¢ cuc. '

» Thi du

(a) Phuong trinh r = a, a > 0 la
phuong trinh duong tron tam O bédn
kinh a trong heé toa dd cuc.

(b) Phuong trinh r = 2acosg, a > 0
la phuong trinh dudng tron ¢6 tam la
diém (a, 0) trong hé toa d¢ Décdc va
¢6 ban kinh bang a (hinh 5.13). Hink 5.13
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Khio sat duomg cong trong hé¢ toa do cuc

Gid sir cho ham s8 1 = f() ; mudn khio sit vi v& dd thj ham s6
ndy, ta thye hién céc budc :

(1) Tim mién x4c dinh cla f(p).

(2) Xdc dinh mot sé’ diém dac biét ciia dé thi,

(3) Lap bang bi&n thién, xét sy bi€n thién cia f(g) theo o.

Dé vé& d6 thj dugc chinh x4c hon, 4y
ta thudng xdc dinh ti€p tuyén vdi
dudng cong tai mdi diém M ¢da né.

Goi V 1a géc duong giita vecto bT\i
va vecto chi phuong ciia tiép tuyén véi v
d6 thi tai diém M (hinh 5.14) ; goi o I

. . . M
g6c duong giita tryc cyc va tiép tuyén, G a
tac6 V=o - . . 8) \ —
: .
Do dé (gV = -SE 180 Hinh 5.14

1+tgatge
Mit khéc, theo y nghia hinh hoc ctia dao ham ¢6 -
dy _r'sing+rcose

go = - -
dx r'cosQ-rsing

., dr
trong d6 r':= —
do

Thé gid tri tgo vao bidu thibc cia tgV, ta duge

(5.24) gV =—
r
* Thi du. _
(a) V& dudng xodn 8¢ 16garit ¢6 phuong trinh
r=aeb(p, a>0,b>0
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Trong truding hop nay r duce xdc dinh v6i moi @, khi ¢ tang 1
cﬁngtang,<p=0:r=a;cp—>+oo,r—++oo;(p—>—oo,r—+0vélﬂcd6
dudng cong quin vo han quanh cye O : O duge goi 1a diém tiém cdn
cha dudng cong. Theo cong thie (5.24) ¢d :

T

tgV=—=—

T

Do dé vecto chi phuong cla ti&p tuyén véi dudng cong ludn tao
véi OM mat géc khong ddi (hinh 5.15 (a)).

(b) V& dudng hoa hong ba cénh co phuong trinh

r=asin3p,a>0
ul - - A > - P ~ 2 ) 4 r -
G day r 1a mot ham s tuan hoan vor chu ki —;* vi thé chi cén
Kkhiio sit ham s6 nay trong mot khoang ¢6 do dai bing chu ki, ching

han, khoang [—%, %] - hon nifa r 12 ham 1é, do vay chi cdn khao sat

trong khoang \:0, 2]
Tacéd 1= 3acos3o -

: m
¢ = Okhi p=—
*=%

r 1
th = F = -é-th(p

Duéi day cho bang bién thien chartheo ¢ :

s Le
0 = 2
¢ 6 3
r 3a + 0 - —3a
a
! 0/ -““""“"--»0
gV 0 w _ 0
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D6 thi ing véi khodng [o, *;‘] gém mot cdnh, tng véi chu ki

]

[ 7 : . .

[-E, EL} g6m hai cdnh d6i xitng nhau, lin lugt cho dé thi quay céc
géc 232 quanh cyc s& c6 toan by dé thi (hinh 5.15 (b))

yﬂ

a) bj
Hinh 5.15

5.2.7. Gidi phuong trinh f(x} = 0 theo phuong phdp Newton

Bai todn gidi phuong trinh f(x) = 0 12 mot bai todn cé nhiéu ¥
nghia vé Ii thuyét cling nhu ing dung. Cho dén nay ching ta chi xay
dung duge cong thifc tim nghiém cia phuong trinh d6 cho trudng hop
f(x) 1a cdc da thire c6 bac 1, 2 ; trudmg hop f(x) 1 da thic ¢ bic 3, 4
tuy ¢ thé xay dung dugc cong thifc nhung viéc tinh to4n rét phitc tap,
ngudi ta di chimg minh dugce (trong gido trinh dai s6) vdi da thirc ¢6
bac cao hon bén thi khéng-c6 cong thire tim nghiém ; trudng hop f(x)
1% cac ham licong gidc co bdn (sinx, cosx, tgx) ta ciing di co cong
thite tim nghiém. Khi f(x) 1a mot ham s& khéng phai thudc loai da néi
trén thi viec gidi phuong trinh f(x) = 0 dugce thyc hign theo huéng tim
mot day s6 thyc (theo nghia 4n, xem 1.3.9 chrong 1) {x,}, n € N sao

cho {x,} hoi tu dén nghiem thuc @ clia phuong trinh f(x) = 0. Truge kia,
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khi nghién cu tinh chat cia ham s6 lién tuc ching ta da gidi thigu
mot phuong phép, goi 12 phuong phdp phan doi dé xay dung day
Ix,}, bay git ching ta s& diing tinh chdt kha vi va dac biét, cdc dinh
1i trung binh dé xay dung mot phuong phép xay dung day {x,) hoitu
dén nghiém thuc o ; d6 1a phuong phip Newron. Trude hét, ta chiing
minh ménh dé :

Ménh dé5.2.

Gid sit ham 56 f(x) xdc dinh, lién tuc trén fa, b], khd vi trén (a, b),
ngodi ra gid sit fla) fib) < 0 va f(x) khong déi ddu trén (a, b) ; khi dé,
tén tai duy nhdt mot nghiém o ciia phuong trinh fix} =0, a< a< b.

Chitng minh.

Viéc t6n tai nghiém o : f(a) =0 12 he qua 3.1 ca dinh i 3.7 va,
tinh duy nhdt clia nghiém @ 1a hé qua cla tinh don diéu (vi f'(x)
khong déi ddu) cha f(x). M

Bay gid ta xét phuong trinh f(a) =0 va gia sit ham s6 f(x) thod gid
thiét cia ménh dé trén, ngudi ra gid st f ¢6 dao ham cap hai f(x)
trong (a, b). Ta ldy mot diém x, wy ¥, X, € (a, b) ; voi gia thiét trén,
6 thé khai trién Taylor ham sé f tai x, vacd:

: 1
F(x) = f(Xo) + (% = Xo ) (Xo) + = (x = x,)2£1(c)
v6i ¢ & gilia X, va X. |
Thé f(x) vao phuong trinh f(x) = 0, duge
(5.25) f(xo)+(x—x0)f'(x0)+%(x—x0)2f"(c)=0

Nhus thé, nghiém cla phuong trinh trén ciing chinh 12 nghiém cla
phuong trinh nguyén thuy f(x) = 0. Bay gio ta xay dung thu tuc tim
day {x,} hoi tu dén nghi¢m a bing cich bo qua 56 hang binh phuong
trong phuong trinh (5.25) ta dugc :

(5.26) f(x) + (x — xx)f'(x5) =0
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Lam nhu the tdc 1a ching ta da thay phuong trinh f(x) = 0 boi

phuong trink don gian hon rét nhidu vi bao 8i0 cling c6 thé viét tudng
minh nghiém (vi la phuang trinh bac nhat) d6i véi 4n x. Goi x; la

nghiém cia (5.26) ta c6 ngay :

_ f(xg)

Xl‘—_X —
f'(xg)

Tirxy, c6 thé tim mot cach twong X2» X3,... V& mot cdch tong quat -

f(x[]—] )
f‘(xn—l)
VGi X, chon trude, X, €(a, b)

Xn = Xp-| —

(5.27

Tém lai, véi cong thic (5.27) ta di ¢6 mot day {x} vdi X, € (a, b).
Neu {x,} héi ty thi lim Xy Nhat thigt sé 1a o, 1a nghiém ciia phuong
trinh nguyén thuy. That vay, gia xir Xp = ¢, chuyén qua gi6i han he

thie (5.27) va dé ¥ lim f(x,} = f(lim Xy} (do tinh lién tyc cia f(x)),
suy ra f(c) = 0. Mat khéc phuong trinh f(x) = 0 ¢6 duy nhédt nghiem
ae(ab);dodéc=q. '

Nhan xér.

« Xét phuong trinh (2.25) ; néu chon Xq tring v6i o (nghiém cia
phuong trinh) thi (5.25) nghiem ding, do d6 X, cing gin « thi s§

hang bi bd qua : %(x —X,)*f"(c) cang bé, nghia Iz viéc x4p xi (5.25)

bdi (5.26) cang it sai. N6i khic di, x, cang gdn nghiém « thi 16 do
hoi ty clia {x,} vé o cang nhanh : viéc chon gia tri xudt phét x, ¢

anh hudng quyét dinh dép su hoi tu cua day {xp} trong thi tuc
Newton. Nguoi ta chitng minh dugc ring né&y f(x), I"(x) lién tuc va

khong ddi ddu trong (a, b) thi day {x,} hoi tu vé & va chon X, 5a0
cho f(x,) cing dau véi £'(x) : néu f'(x).f'(x) < O thi {x,] don digu
tang va név f'(x).f'(x) > 0 thi ddy {x,} don dieu giam.
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» Bay gid xét phuong trinh

f(x) = f(x,) + (x — X' (x,)
Phwong trinh nay chinh la phuong
trinh ti€p tuyén tai X, véi d6 thi cia
ham s6 f(x), do 46, vé mat hinh hoc;  4Y
x; chinh 12 hoanh do cua giao diém
ti€p tuy€n véi truc hoanh (h. 3. 16).
Nhur thé, phuong phap Newton chinh

la phu'ong phip thay viéc tim giao
diém cha cung AB clia do thi cla

f(x) v&i truc hoanh bai viéc tim mot O a'-,/ T, Xo b

b

day giao diém chia mot "diy" tiép !
tuyén clia cung AB véi truc hoanh, A7
vi thé ngudi ta cdn goi phuong phap

Newton 1a phuong phép ti€p tuyén. Hink 5.16

» Thi du.

Tim nghi¢m duong clia phuong trinh x2 — 2 = 0. Ta ¢6 f(x) = X2
f(x)=2x>0khix>0; f(x})= 2, ()= 2 — 20, f(2) ciing dau f'(x),
£(x).f'(x) > 0 khi x > 0 ; do d6 day {x,} don di¢u giam dén nghieém
a=+/2 (nhu di bigt). Chon x,, = 2 va ding cong thifc (5.27) duoc

Kl = 1,5
X'Z = 1,417
x3 = 1,41421
z
Xy =Xpoi —__—(";-1 2)
Xa-1

Nhir da bi€t 2 =1,414213562... nén ta thdy rd day xap xi nghiém
{x,} hoi tu khd nhanh d&n nghiém ﬁ .
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TOM TAT CHUONG §

* Cdc dinh 1i vé gid tri trung binh
Dinh 1i Fermat :

Cho ham s& f(x) xdc dinh lién tuc trong Khoang déng {a, b], khi dé
néu f(x) dat cuc tri tai ¢ € (a, b) va néu f(x) kha vi tat ¢ thi f'(¢) = Q.

Dinh li Rolle :

Cho ham s& f(x) xdc dinh lién tuc trong khoang déng [a, b] va kha

vi trong khodng mé (a, b) : khi 46, néu f(a) = f(b) thi tén tai ¢ e (a,b)
sao cho f(c) = 0. E

‘Dinh If Lagrange :

Cho ham s6 f(x) xdc dinh lién tuc trong khodng déng [a, b], kha vi
trong khoang mé& (a, b) ; khi d6 tén tai mot diém ¢ « (a, b) sao cho
f(b)—f(a)
b-
binh 1f Cauchy :

=f'(c) hay 14 f(b) - f(a) = f'{c)(b - a)

Cho f(x) va g(x) 12 hai ham s& thoi man gia thi€t dinh Ii Lagrange,
ngoai ra, gia sir g'(x) = 0 véi moi x (2, b), khi d6 tén1ai c & giita a
va b sao cho

f(b)—f(a) _f@©
gb)-g(a) g'c)

Coéng thitc Taylor (mé r@ng dinh Ii Lagrange) :

Néu ham s& f(x) xéc dinh lien tuc trong khoang dong [a, b], kha vi
dén (n + 1) l4n trong khodng mé& (a, b) thi v&i bt ki ¢ ¢ (a, b), cé:

f(x)=f(c) +f_'l(;(2(x —c)+ fuz(::) (x—- C)PT +..+
{n}) {n+1) =
RN PRI il o PRI
n! (n+1)!

vGi T & gilta x va c.
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Pac bietkhic=0:

' " {n) (n+1)
f(x) =1(0) O i?) X +-——lc Oy 4 FO0) ny 77 0x) yanl

2! n! _(n+1)!

v3i0<B < L.
Mot s6 cong thic thudng ding :

m ,mm=b X2 +..

(A+x)7 =1+—x+ 4
I 2!

+m(m—1)(m—k+1)xk

™ +oo+x™,
m nguyén duong.
(1-x)™ =1__n:1_x+_m_(m_-_l)xg +.+
. 1! 2!
ok Im "”“1'((1‘“ —KHD ky ™™,
m nguyén duong.
R P 1y
(1+x) (1 +ox)*H
D<b<l
2 n 1 n+l
SIHX+XT +o X X, 0<b<l
1-x a+exy"t
x? 1 x° 1 1 "
In(l 4 X) = X = —+ ... + (=) —+(=1)" ) lx“ ,
2 - n+l (1+0x)""
0<B<l
2 n
ma—x)=—x—i—ﬂm—§—— ! . I #”R 0<b<l
2 n n+l (q+8x)"!



)

&

va

2 n 0x
e -l+£+—+ +x + € n+]‘ 0<B<]
i 2 n!  (n+1)!
3 5 2n-1 2n
sinx=x -2 42 A Iy +{-1)" ——sinox,
3 st @n-1)! (2n)!
| 0<8<1
x? x4 x2n . g2n4l
COSX =1 =——+—4 4+ (-])0 *——+( - *———cos@x
21 4 (2n)! (2n+1)!
O0<8<1
(1+0% =1rox+He=D 2 a@-D).(a-k+1) .
21 k!
I C O (Iot n+1)x“+x "o(x)
o

* Ung dung cdc dinh Ii vé gig tri trung binh
Binh If De L' Hospial :
Gia str cde ham s6 f(x), £(x) kha vi tai 1an cn a (a hiru han), f(a) = g(a) =

g'(x) # O rai lan c4n a, khi dé6
Néu lim—fﬁ)—=A thi limEQ:A'.
x—a g'(X) x-=a g(x)

Khi x — oo, dinh 1i vin ding.

Khi Iu'n f(x) = tim g(x), dinh i van ding.

X=>»00
Dung dinh Ii De L' Hospital ¢6 thé khir duge céc dang vo dinh.
Khdo sdt sit bién thién cia ham 56
Dinh i :

Cho f(x) 12 mo6t ham s6 xdc dinh I:én tuc trong khoang dong [a, b].

kha vi trong khodng mé (a, b) ; khi ¢

f{x) tang (giam) trong {a, b] < f(x) > 0 (F(x) < 0), X € (a, b).
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Tim cuc tri citg ham s6':

Cho f(x), xdc dinh lién tuc trong {a, b} ; kha vi trong (a, b) (c6 thé
trir ra mot s6 hitu han diém), gia su ¢ la mot diém thod a < ¢ < b (¢6
thé tai x = ¢ ham f(x) khong khé vi). Khi d6 :

Néu khi x vugt qua ¢ ma f(x) déi dau tir duong (am), sang am
(duong) thi f(x) dat cuc tri tai X = .

Téng quét hon :
Gia sit £(x) ¢6 dao ham lién tuc dén cap n tai lan cin difmx=c;
gid sit: fey = ey = .. = £ () =03 ) =0
Khi dé, néu :
(1) n chin thi f(x) dat cuc tri tai x = c va
X = ¢ la diém cuc dai néu £™(c) <0
x = ¢ 1a diém cuc tiéu néu M) > 0
(2) n 1& thi f(x) khong dat cuc tri tai X =C.
Hamloi ;.
Ham s6 f(x) xdc dinh trong [a, b} duge goi 1a 18i trong [a, b] néu
véi moi t € [0, 1] ludn c6 bat ding thirc 16i sau :
tf(a) + (1 — Df(b) = f(ta + (1 — Ob)
Ngugc lai, mot ham s& f(x) duge goi 1a 1om trong [a, b] néu véi
moi t € {0, 1] ludn ¢d
f(a) + (1 — Hf(b) < f(ta + (1 — Yb)
Pinh 1i :

Cho ham s& f(x) x4c dinh lién tyc trong [a, b], gid sur f(x} c6 dao
ham cdp hai f'(x), x € (a, b).

Khi do:
Néu f'(x)» 0 (< 0) thi f(x) 181 (18m) trong [a, bl.

Mot diém I(c, f(c)) clia d6 thi cta ham s6 f(x) duge goi 12 diém udn
chia d6 thi néu dao ham c&p hai £'(x) d6i ddu khi qua gid trj x = ¢.
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* So dé khdo sdr ham 56’y = fix)

Thudng khao sdt ham s& theo trinh tu duai day -

— Mién x4c dinh ciia ftx) :

— Chiéu bién thien : tim khoang ting giam :

— Cuc tri (néu ¢6) ;

~ Tinh 16i I8m (néu c4n thi&t), diém ugn (néu cé) ;
— Tiém can (néu o) :

— Bang bién thién ;

— V& d6 thi.

Khdo sdt duong cong cho dusi dang tham s¢

C6 thé khio sit mot dudng cong cho duéi dang tham s6 theo trinh
tr dudi day :

~ Mién xdc dinh, cic diém gidn doan cua cac ham s6 x = x(1), ¥y = v(t).
X¢€t cdc tinh chét chén, 18, tudn hoan, chu ki (né&u ¢é)

— Xét ddu x'(t), y'(t) d€ xét chiéu bidn thién ciia x, y theo t
— Tim cdc tiém can cia dudng cong (n&u c6) :

Néu Hm y(t) = +o0 va lim X(t)=4 thicé tiem canding x = a (t, ¢

==L, =1,
thé 12 +o0).
Néu lim x(t)=+w va lim y()=b thi cé tiém can ngang vy =b.
-, t—t,,
Néu tlir? X(t) va lim y(t) cing 1 vo cing thi dudng cong ¢é thé
-, -,

€O tiém can xién, cu thé néu dong thdi du 1ai cic gisi han

k= lim £, b= Jim (y —kx) thi tiem canxién 3 y = kx + b,
t—t, X t—1

~ Tim cdc diém dic biét clia dubng cong (néu cé) va tiep tuyén
cOa dudng cong tai cic diém dac biet, hé s géc cia tigp tuyén dugce

tinh theo céng thiic dy NS AT
dx x’',
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~ Bang bién thién va do thi
Khdo sar dieomg cong trong hé toa do cuc

Cong thuc lién hé giifa toa do Décdc va toa do cuc

X =T1cos{ ¥4
. ,0<0<2n,120

y =rsing N M

1= x2+y2,lg(p:1 va chon @ r
X
sao cho sing cing dau véi @R —

: Sig cung Y ol P X X
Ciac budc khao sat ham s6 f = f(g) : Hinh 5.17

— Mién xdc dinh cua f(o) ;
_ X4c dinh mot s diém dac biét cda do thi ;
~ Bang bién thién (xét sy bi¢n thién cha (¢} theo ¢).

s Gidi pluong trinh fix) = 0 theo phiong phdp 1dp Newton
(phitong phdp tiép tuyénj . ' '

Néu ham s6 f(x) xdc dinh lién tuc trong [a, b], kha vi trong (a, b),
ngoai ra néu f(a)f(b) < 0 va f(x) khong déi dau trong (a, b), khi do
tén tai duy nhit mot nghiém x = o clia phuong trinh f(x) = 0.

Thi tuc lap dudi day (lap Newton) cho cich tim nghiém xap X1

nghitmx =a:

Chon x,, € (a, b), tinh x|, X3, ..., X;. ... theo cong thic

© N&u f(x). f'(x) lien tuc, khong déi dau trong (a, bj thi {x,,j hoi
vé o vi chon x,, sao cho f(x,) ciing dau véi f'{x) : néu fEOf(x) < 0

(> 0) thi {x,} don diéu tang (giam).
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BAI TAP
1. Xét xem dinh If Rolle c6 ap dung duge cho ham s6
f(x) = (x = I)}(x - 2)(x — 3) khong ?
2. Him so6 f(x)zl—\}3 X2 triét tiéu khi Xp=-lvax,=1, nhung |
f{x}+0v6i|x| < 1 ; didu d6 c6 mau thuin véi dinh If Rolle khong ?
3. Chimg minh riang néu moi nghiém cia da thitc
P (x) = Ao+ a)X+ ...+ anx" {(a, = 0)
véi ay € R, k =0, n) la thyc thi cic dao ham P, (x). P, ..., PO Diyy
ciing chi ¢6 nghiém thyc.
4. Tim trén dudng cong y = x> mot diém ¢6 tiép tuyen tai dé song
song voi day cung ndi haj diém A(-1, ~1) va B(2, ®).

5. Chiing minh ring trong khoang hai nghiem thuc cia phuong
trinh f(x) = 0 ¢6 it nhat mot nghiém ctta phuong trinh f(x) = 0.

6. Ching minh ring phuong wrinh x™ + px + q =0, n nguyén duong
khong thé ¢6 qud 2 nghiém thyc phan biét néu n chén, khong qui ba
nghiém thuc phan biét néu n 18.

7. Giati thich tai sao cong thitc Cauchy khéng ép dung dugce déi vai
cdc ham s6 : '

f(x) : =_x2 ;e(x): = xa, -1<x<1.
8. Chimg minh cdc bat ding thitc -
L. |sinx ~ siny] < |x -y,
2. Jaretga — arcigh| < |a b,

a-b a—b
a

3. <ln%< ;0<b<a
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9. i. Cho f, g, h 1a'ba ham s& lién tuc irén [a, b] va kha vi trén (a, b).
Vaix € [a, b]; dat:
f(x) f(a) f(b)
F(x):=lg(x) gla) gb)
h(x) h(a) h(b)
(i) Ch¥ing minh ring tén tai ¢ € (&, b) sad cho F{c) = 0.

(i1) Chiing td rang v6i cach chon g va h thich hop thi tir (i) cd thé
suy ra dinh li Lagrange.

(ii1) Chitng 10 rang vé1 cach chon h thich hop thi tir (i) ¢6 thé suy
ra dinh 1 Cauchy.

2. Cho f 12 mot ham s6 s6 lién tuc trén {a, b}, kha vi trén (a, b) v
f(a) = f(b) = 0. Chimg minh ring vdi moi o € R, t6n tai mot diém
¢ e (a, b) sao cho (¢} = af(c).

3. Cho f 4 mot ham s6 kha vi trén [a, b] va d 1a mot s0 thuc & giita
f'(a) va f'(b). Chiing minh rang t6n tai ¢ € (a, b) sao cho f'(c) = d.

10. Tim cdc gidi han

. A _juk
1. im (\,X+‘\}X+‘\/_-—‘\/;), 2. lima b

K—r+00 x—0 X
£ 1
eX —cos— 1
3. lim ——=2%, 4. lim(l+atgx)sPx az0
X 1 x>0
| g
2

11. Xdc dinh a. b sao cho biéu thifc sau day c6 gifi han hiru han
khix — 0:
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12. Cho f 1a mot ham so thue kha vi trén [a, b] va cé dao ham f'(x)
trén (a, b), chitng minh rdng VX e (a, b} ¢6 thé tim dugc it nhat mot
diém c e (a, b) sao cho

f(x)—f(a)- 1h) - f@) (x-a)= Zoa)x-b) f"(c)
b-a 2

13. Cho f(x) = xlo - 3x6 + xz + 2, tim ba s6 hang ddu tién ciia
khai trién Taylor tai x, = 1, 4p dung dé tnh f(1,03).
14. cho f(x) : = x® —2x7 +5x% —x 42 ; tim ba s& hang ddu tién

cua Khai trién Taylor tai Xo =2, 4p dung dé€ tinh xdp xi f(2 02) va
f(1,97).

15. Tim x4p xi cdc gid tri sau va dénh gia sai 56 :
1. cos10°, 2.In(1,5)

16. Khéo sat tinh don diéu cdc ham s

l.y=x3+x, 2.y =arctgx - x

17. Tim cuc tri cdc ham s6 :

2
I-y= 2X3—3X2, 2 y=3x2+4x+4’
X“+x+1
3.y=xVx2~2, 4. y=x-In(l + x),

1+3x )
V4+x?

18. Khao sét va vé d6 thi cdc ham s6 :

2
— 3f
1.),/:2 X, » 2y = x3—x2—x+l,

1+x4

5. y=
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“6p

4
3y= X +8‘ 4 y= x-2 ]
X" +1 x2 +1
32 3
1+
S‘yzl A ; : 6.y=1-x+ X
\/; X+3

19. Khao sat va v& d6 thi cdc ham s6 :
l.r=a + bcose {0<axh),

a
JJeos 3o

20. Dung phuong phdp Newton tinh gdn ding nghiém cdc phuong

2. 1=

(a>0).

trinh sau vdi sai s8 tuyét d6i khong qua 107 :

2

1. x* —sinnx =0, 2.21gx—%+l=0. 3. lgx-; L=0.

X2
DAP SO VA GOI Y
2. Tai x = 0 khong tén tai dao ham.
4. A(-1,-1),C1, 1)
9. 1. (i) Chon g(x) = x ; h(x) = 1 (iii) Chon h(x) = .
2. Xét ham s6 g(x) = e **f(x) v6i moi x € (a, b}

3. Xét ham s g(x) = d(x — a) — f(x)

1+*‘-1“:

10. 1. Yx+yx+vx —vx = i1
. \j1+‘/x+‘& o 2

X

200



2. a* =" - L xina +o(x),

a* ~b*  I+xlna~1-xInb a
~ —=In—;
X X b
1
3. el =1+—+%+0[L2J :
x 2x X

T . :
I——:l—~—+o(—-—) ;8101 han 1a oo ; 4. &%,
X

(x—a)—g_—ﬂi(—wx .

A € R. Cho Xp €(a, b), dinh nghia A sao cho 0(X,)=0, suy ra
Xy )=p(a)=w(b)=0 va suy ra @(x) thoa gia thiét dinh Ii Roile,

Suy ra ton tai c¢| e(a, Xo):19'(¢y) =0 ; tuong ty ton tai ¢y €(X,, b)
sao cho @'(cy)=0. Vi

12. Bat o(x) := f(x) - f(a) - ﬂ(b%_f(i)
—a

0'(x) =f'(x)~

f(b) - f(a) —l(x— a+b]’
2

h—a

f ¢6 dao ham " nén ¢ cing ¢6 dao ham ¢", lai d4p dung dinh Ii
Rolle cho [¢, 5], suyra 3¢ e (a, b) thoa yéu cau.

13.0,821.

14, 342,399 ; 288,873.

15.  1.0,985,8 <0,001 : 2.0,42,8<0,01.
17 L yep=y(0)=0; yor =y(h)=—1 ;

g -
- Ymax =¥(0)=4 ; Ymin =)’(—2)=5

| B

3. Khong c6 cue tri ; 4. Ymin =¥(0)=0.
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18. 1. boi xing doi v6i Oy ; y = 0 khi x =42 Yinax = Y(0}=2 3
f 5 .. .
Ymin = Y& 2"'\/5):1—'—\/2-_" diémudntai x; 5 =£0,77, yi2 =1,04 ;-
x3,4 = i2!6?y }’3_4 = _0,010 . t]_ém Ca‘n y= 0 ;

2 . .
2. yer=yW)=0 : ycp =y[—%)=§%, diém udn tai ; x = -1,

.. : 1
y=0;tiémciny =X — = ;
3
2 , ,
> Yer ZY(2)=2§’ yep =¥(-2.4)=-3,2 ; diém uwnx=0;y=8;

tiémcanx =—-1;y =X

34441

A4 yoin = y(=0,5==/5 ; diém uon x; =~ 3 .y =-2.06;

1- . ' .

x2=J4_8 3. y, =-1,46 ;tiéncany = -1 khi x = —o0; y =1 khi
X —> 400 ;

s . . 3
5. Mién xdc dinh : x > 0, ¥Ynin =y[%)=%~/§ ;Uémcan y =x+5

vax=0:
6. yop =y(0)=1 yer=y(-9=13 ; tiém can y=—2x+% va

1
y=-7.
2

19. 1. Mién x4c dinh : r 2 0, |p|Sa ; o= arccos[—%] . duding
cong kin, d6i Xdng qua tryc cue, tmy =r(0)=a+ b;
2. Mién xdc dinh |(p|<-1—t- va E<|(p|<2‘r|:, chu ki n :
6 2 6 3

Zn] ) n T 5n
. =p0)=a=r|+=—|;tiemcin ¢=*—, ¢o=I— ; p=F—
min = 1(0) ( 3 M can @=Eg. O=Fy 97

20. 1. 0.75983 : 2. 039754 ; 3. 1,89665.
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Chuong 6

NGUYEN HAM VA TiCH PHAN BAT DINH

6.1. Tich phan bit dinh. Cic thi du don gian

Trong chuong truge chiing ta da biét ring néu mot ham s6 f(x) kha
vi trong khoang (a, b) thi cé dao ham trong (a, b} va néu cho moét ham
s6 f(x) (kha vi) thi ta ¢6 thé tinh duoe dao ham f(x) cla nd. Bay gidy
ta dat bai todn nguge lai, néu cho trudc mot ham s§ £(x) xdc dinh
trong khoing (a, b), hot ring ¢6 ching mot ham sé F(x) kha vi trong
(a, b) vi ¢6 dao ham F'(x) = f(x) hay dF(x) = f(x)dx, va néu cé F(x)
thi tim no ra sao ? Chuong niy nham tra 18i céc cau hdi dé.

Binl nghta nguyén ham.

Cho ham s& f(x) xdc dinh trong khodng mé (a, b) ; néi ring ham s&
F(x) xdc dinh trong (a, b) 12 mot nguyeén ham cia f(x) néu F(x) kha vi
trong (2, b} va F'(x) = f(x) hay dF(x) = f(x)dx, v6i moi x € (a, b).

Thi du.

4 ’ 4
(a) —};— 12 nguyén ham clia x> véi moi x € R vi (—J =x3
X4 3 X4 3
b T+10 12 nguyeén ham cita x”, véimoix € R vi THO =X,

(c) é—sin 5x la nguyen ham cia cos5x vi (%sin SXJ =c0s5X.
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5{

4
(d) 3‘4—+c la nguyén ham cla x>, C 1a hing s& bat ki vi

' ;sinSx +D ]2 nguyén ham cia cos5x, D la hang s6 bat ki vi:

x* ‘ 3 1 .
T+C =X~ va [gsin5x+D = COS3X

Dinh Ii sau day téng quét hod céc thi du trudc.
Dinh li6.1.

Gid stt F(x) khd vi trong (a, b) va F(x) la nguyén ham cita fix) voi
moi x € {a, b). Khi dé :

(1) Véi moi hdng s6 C, F(x) + C ciing la nguyén ham ctta flx} voi
moi x € (a, b).

{2) Nguoc lai, moi nguyén ham cia f{x) véi mei x € (a, b) déu cé
dang Fix) + C.

Chitng minh.

(1) La hé qué tat nhien cla gia thiét F(x) 1 nguyén ham clia f(x) ;
x € (a, b).

(2) Gia sir G(x) 12 mot nguyén ham nao do cha f(x); x € (a, b).

Khi dé6 : G'(x) = f(x) va F'(x) = f(x) (gia thié)

Suy ra G'(x) — F'(x) = f{x) — f(x) = 0, tirc 1a

(G(x) —F(x))" = 0 (tinh chat tuyén tinh cla dao ham)

Suy ra G(x) -F(x)=C

aghiala G(x)=Fx)+C. B

Tir dinh 1i {rén ta thiy ring néu biét F(x) 12 mot nguyen ham cla
f(x), X € (a, b), thi biét vo s& nguyén ham khdc cna f(x) va cic
nguyén ham d6 c6 dang F(x) + C v6i C la hing s6 tuj ¥ 5 ho v6 ]
nguyén him cia f(x) d6, x € (a, b) duge goi 1a tich phdn bdr dinl cla

f(x), X € (a, b) va ki hiéu Ia If{x)dx ~F(x)+C.

204



&

Ki hieu | goi la ddu tich phdn ; X goi 12 bién ldy tich phén - f(x) 1a
ham s6'ldy rich phan ; f(x)dx 13 bidu thire dudi ddu tich phan.

Trd lai cdc thi du tren ta ¢6

4
jx3dx =X—+C
4

Icosﬁxdx = -;—sinﬁx +C

Cha y.

Trong mot s6 trudmg hop, ngUOi ta can sir dung khdi niem nguyén
ham F(x) clia ham s f(x) trén khoang déng [a, b). Khi d6 cé nghia la :

* F(x) A nguyén ham cha f(x):x e _(a, b) va
*Fa+0)=f(a); F(b— 0) = f(b)

Bay git néu mot s tinh chat don gian ciia tich phan bat dinh.
Cac tinh chat don gian nhat

(1) Néu F(x) 1a mot nguyén ham ctia f(x), x € (a, b) thi
jkf(x)dx = kjf(x)dx Vi & 12 hang s6 khic 0.

(2) Néu F(x), G(x) 1an lugt 1a nguyén ham cla f(x) va g(x), x € (a, b}
thi
J(Af(x) + Bg(x))dx = A_[f(x)dx " ng(x)dx -

= AF(x} + BG(x) + C
vOi A, B 1a hai hing s6 tuy y. _

Ching ta bo qua cdch chimg minh cdc tinh chat nay vi qua don
gidn (chi can diing dinh nghia tich phan bat dinh) vi luu ydéncdcy
nghia : tinh chat (1) néi ring c6 thé dua mot hang s6 tuy ¥ ra ngoai
ddu tich phan ; tinh chat (2) n6i rang c6 thé tich tich phan clia tong
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thanh t6ng cac tich phan. Cdc tinh chét nay duge dung thuong xuyén
cling v6i bang nguyén hiam cic ham s6 thong dung dudi day dé tinh
céc tich phan.

Bang tich phéan cac ham s6 thong dung

Tir bang dao ham cdc ham s6 thong dung ta suy ra bang tich phan,
goi 1a bang tich phan co ban

(0.dx=C

'l.dxzjdx=x+C

a+l

¢ X
x%dx =

+C, oo =-1
J a+l

-ldx = Id—x = ln\xl +C
X X .

3 d
! 2dx=J x2=arctgx+C
" l+x 1+x

[ L dx:j dx =arcsinx + C
'\Il—x2 l-xz
' X

afdx =2 +C ; le*dx=e*+C
- Ina

sinxdx = —cosx+C

cosxdx =sinx +C

12 dx:j =—cotgx+C
Y sin” X sin” X

12 dx='J dx =tgx+C
7 cos“x cos“X
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Trude khi néu cdc thi dy dp dyng bang tich phan co ban, ta phadt
biéu dinh If vé SU t0n tai nguyén ham va s& ching minh djnh 1i & phin
tich phan x4dc¢ dinh (dinh I{ 7.2 chuong 7).

Dinh li 6.2,

Moi ham s6 fix) xdc dinh lién tuc trong khodng [a, b] cé nguyén
ham trong khodng ds.

Muén tinh tich phan bat dinh clia mo6t ham s6 f(x) ta luén dgi sdnh
tich phan cdn tinh vdi cdc tich phan co bin, dé thuc hién cic phép
bi€n déi thich hop, dua tick phan c4n tinh d6 vé dang tich phan co
ban r6i 4p dung céng thitc.

Thi dy,
(a) Tinh I = J'(3- x2Y3dx. Ta c6 -
(3-x7)* =37 _33242 {3354 6
=133 ~33x2 +32x4 —x6.

Do dé 1=j(33 ~3%x2 $32x% - x6)dx =
=I33dx —j33x2dx +I32x4dx -jxﬁdx
=33_[dx—33J'x2dx+32_[x“dx;fx6dx
=27x ~-9x3 +2x5 —l_x? +C.

57 77

x+1 .
dx ;taco:
Jx

(b) Tinh I:J.
I=j(x.x_”2 +x‘_”2)dx=Ix”2dx+Jx_”2dx
2
=§x~/§+2\/§+c
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2
dx ;tacd:

(c)Tmh1=j
1+x

2_
Izjy_xz_ldx-:j(lﬂ 12]dx
1+x

1+x

d
=de—J xz =x—arctgx+C
I+x

{d) Tinh 1=j(2x—10)‘2dx - ta dé y rang %d(2x—10)=dx, do
vay, ta viét

[= j(zx-m)"-’%d(zx—lm =15-[(2x—10)'2d(2x—10)
1 13
-1 x—10)3+C
S 10

dix +a)

(e)TinhI=J—d§——;tac6:I=J’ - =Injx +al+C
X+a {x+a)
() Tinh I=J—~Clx——— tacé:
(x+2)(x=1)
I _(x+2)—(x—1)__1_[ 11 ]
(x+2)x-1) 3(x+2}x-1) 3lx-1 x+2 1
do d6 : Izj-l—\: L L ]d)(:llnx_l +C
3ILx—-1 x+2 3 jx+2
d
(g)TinhI:j X
1+cosx

. X
Tacd: 1+cosx=2c052—2-
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dx

sin x

(h) Tinh 1=J'

. . X X )
Ta ¢ sinx = 231n5005—2-. do d6:

e ) e

. X X . X 2 X X
2sin—cos—  sin—cos” — tg—
2 2 2 2
X
[ =Inftg—|+C.
g2
XZ
(i) Tinh 1= [ dx
(1-x)

Dé v rang x% =[1-(1-x)]° nén

I

112 e Ry
_ [U-(-x)] dx=Jl 2{1 - x)+(1-Xx) dx

(I—X)IOO (1-—){)100
_ | B ] N 1 .
99(1-x)"° 49(1-x*® 9701-x0)"7

C
(k) Tinh I= jsin 3xsindxdx :tacd

1
sin3xsindx = 5(c052x —cos8x%),

dodé: 1= lJ.(c:052x —cos8x)dx =lsin2x —-—lusin8x +C*
2 4 16 '

() Tinh 1= _[L :

»
eX +e7%

e*dx _J' d(e™)

facd: I=J =
e?* 41 1+(e*)?

=arctg(e®)+C

14-THCC-Tap 2
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{m) Tinh I=J2'—x— stacd:
a“ +x

=larc:£gi+C

‘__"_2 _-_'t; —é— a a
1+(£w 1+(£]
v a

dx T X 2
J—-_._——- la viel a” —x?=a? 1—(—] va di dén
\ A

. X
= | = arcsin=+C
2 a

(n) Tink 1=

2
W

d . e
{0) Tinh lzj . < =~ thue hién nong tu bai (f) di dén
a- —x°

lzji[ L }dx
Zala-x a+x

Jd(a—x) lrd(a+x) 1

6.2. Phép déi bién
Trong nhicu trudng hop, khi tinh Jf(x)dx : néu dé bién tich phan

14 x thi khong thay duge tich phan cén tinh dé gdn véi dang tich phéan
ca ban nao (3¢ ¢6 1hé ap dung duge tich phan co ban), khi dé ta tim
cdch ddi sang bién mai, dé hi vong vdi bi€n méi thi tich phan can
tinh gan vdi tich phan co ban hon. Khong ¢6 mot quy tic cu thé nao
gilip ta thyc hién vhép ddi bi€n thich hop dugc, tuy nhién ciing ¢6 thé
phdt biéu mot cich téng quit vé quy tic cla phép d6i bién, dé fa
ménh dé :
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*Ménhdé6.1.

Néu biét ring I g(t)dt = G() + C rhi

Jeovxnw xdx = Gy +

(trong dé cdc ham 56 g(t), wix), wix} déu dugc gid thiét la nhitng
ham sé'lién tuc).

Quy tic trén 1a he qua cia quy tic 18y vi phan mot ham s6 hop
(dinh 1i 4.2 chuong 4) : :

ad—G(w(x)) =G(w(x)w'(x) = glwixVWw'(x)
X
vi G'(t) = g(t)
Mat khéc, vi tinh bat bién cha vi phén (xem 4.2 chuong 4), ta ¢6
dG(r) = g(v)dt

Bay gid, gia sir cdn tinh tich phanjf(x)dx

Trong nhiéu trudng hop, dé tién g, ta thuong thue hién phép déi
bi€n t := w(x), va khi d6 biéu thite dudi ddu tich phan tré thanh

f(x)dx = g{w(x))w'(x)dx
v6i hi vong ring J.g(t)dt gén v6i tich phan co ban nio dé. Khi do,

theo ménh dé irén, thay vi tinh J-f(x)dx ta chi can tinh Jg(t)dt v co

- jg(t)dt =G(1)+C
Khi a6 tim duge nguyen ham G(t), chi cdn thay t bdi w(x) vata c6 -

Jf(x)dx = jg(t}dt = G(w(x)) +C
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Thi du.

Trong tich phan i= jsin3 xcosxdx, ta dé ¥ d(sinx) = cosxdx nén
dit t := sinx thi biéu thic dudi dau tich phéan trd thanh
3

sin’ X cos xdx = sin’ xd(snx) = d

va It3dt =%t4 +C; dovay l=Jsin3 xcos’xdx=i(sinx)4 +C

« Chii 3.

Trong mot s6 trudng hop, ta lai thyc hién phép di bign x = o(1) va
ta duge

flo(te'(tdt = g(tydt,
va khi dé biéu thirc dusi dau tich phan f(x)dx lai tré thanh g(dt.
Sau day néu thém mot so thi du:

(a) Trd lai nhimg thi du & phan trudc, ta thay trong thi du (d), ta da
thuc hién phép ddi bién t = 2x — 10 ; trong (e} lAt=x +a; trong (g) la

l:% . trong (h) 1a t=lg% ctrong () lat={1—x);trong (/) : t= et s

X
trong (m): t=—, ...
a

(b) Tinh I= _[\faz —x2dx, vi muén khir can bac hai ta thuc hién

phép ddi bién x := asint (& day ta coi X bién thién tr —a déna ; cont

e .. W . ® s X
bién thién tir Y dén 5 1 nghia la t=arcsin—) vaco:

a

\}az — x2 =acost ; dx = acost di,

do dé

Izazjcosz tdtzazj(m] dt = az[lwlsinm]{tc
L2 2 4
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B

2
Mat khac, aTsin 2t =%asint .acost =~;—x\/az —x2
2
Cudi cing : J\faz - x2dx = %xx}az —x? +a?arcsin—x—+C
a

dx |
=Inx; dt=— ¢
X

Iz‘l.-(—:izlnlth C=tlnxl+C

(d) Tinh 1=J' C"Sd;‘ ; dat t = sinx ; dt = cosxdx vi
1 +sin” x
o dt :
I=J 5 =arctgt+ C=arctg(sinx) + C
I+t
{e) Tinh I=J. 3 dx'z 3
(x° +a“°)
Thuc hi¢n phép déi bien x = atgt (t bién thién tir —g dén g— ;
nghia la t=arctgi). Khi do ;
d
\
2 B
dx = adt x2al= 32 ;
€os™ ¢t cos™t
Jdo dé : [=—1-—J'cos2 tdt =—£—(t+sintcost)+C (xem thi du (b)).
a’ 2a’

. ; . 1. P L
Muén chuyén két qua vé bign X, taluu ¥ ring : t=arctg> va biduy
a

x L X .. T
dién sint va cost qua gt =— r61 thé vio két qua clal ; dugc :
a

1= S SR B e
j 2 2.2 2 3 arctg
(x +a2 ) 2a° x“+a° 2a a
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(f) Tinh 1=J-ﬂ—, acR.
\Jx2+0t,

Ta thyc hién phép d6i bién Euler : Vx% +a =t—x ; 1dy vi phan ca
hai v€ ta dugc : '

xdx

\JIX2 +

(1+;i—}dx=dt ;
X2+U.

Vi +a+x -
: dx =dt ; nhung W ra+x=t
\Jx2+a

(do cach déi bién) nén ta co

d
el X =%

Jx? +o 4o °

=dt—dx ;

Do vay:

' I=I—qx—~:j£=ln|tl+(3=ln\x+\lx2 +a]+C
NPLET R
6.3. Phuong phap tinh tich phan timg phian
Gia sir u = f(x) va v = g{x) 12 hai ham s6 kha vi vacd daohdim u' =f'(x) ;
v' = g'(x) 12 hai ham s6 Lién tuc. Khi d6 theo quy tac 14y vi phan caa

tich ta ¢é : d(uv) = vdu + udv hay udv = d(uv} - vdu ; vi nguyén ham
clia d(uv) )2 uv nén ta suy ra:

(6.1) Judv=uv—J\‘rdu

Céng thifc (6.1) cho quy tdc 1dy tich phan timg phin, quy tic nay
chuyén viéc 14y tich phan clia biéu thitc udv = uv'dx vé tich phan cla

vdu = v.u'dx. Muéa diing quy tac 14y tich phan timg phén can cha y
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hai diém : thit nhat, trong tich phan can tinh : jf(x)dx. nén tach biéu

thire f(x)dx the néo dé f(x)dx ¢6 dang udv ; thet hai, bat k€ tach theo
ki¢u gi thi tich phan bidu thie vdu cung khong khé tim (néi chung,
phai d€ tim) hon biéu thic f(x)dx ban dau. '

Pham vi tng dung cla quy tic ldy tich phan timg phin han ché
hon quy tic d8i bién. Tuy nhién, trong nhiing trudng hop khong ¢6 co

SO dé tién dodn duge sé dung tich phan co ban nao thi ngudi ta
thuong aghi dén dung quy tic ldy tich phan ting phin. DPac biét
nhimg loai tich phan sau day thudng dung quy tic nay :
ka In™ xdx, Jxksinbxdx, J'xk cos bxdx, J.xkeaxdx, V.V
Thi duy. |

(2) Tinh I = _[ In xdx.

Dé y ring d(lnx)=idx nén ta dat u = Inx ; dv = dx, khi d6 -
X

du:ldx TV =X,
X

Izjlnx dx=xlnx—de=x(lnx—l)+C

(b) Tinh I= j.arctgxdx‘

Diatu = arctgx ; dv = dx vi ¢6 :
]

1+x

du =

dx :v=x,
sdx X

Do do :

[ = xarctgx - j xdx = xaretgx '~lln(x2 +1}+C
1+x2 2
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(c) Tinh 1= Ix cos xdx
De"_ltu:x;dv=cosxdx:cé:du:dx;v=sinxvhduqc :

[=xsinx — Jsinxdx =xsinx+cosx+C

(d) Tinh 1= J'xsin2 xdx

Ding cong thic sin” x :%(1 —¢os2x), taco

i= J%x(l —cos2x)dx =% jxdx —% Ixcostdx

= lxz —lj cven I = Ixcostdx
4 2 :
P& tinh J ; ta thuc hién phép doi bién 2x =1, x=%t . dx =%dt va
di dén
1 1. .
=— Jl costdt = —[tsint + cost] +C
4 4

{xem thi du (c)), tifc la

J= %[2xsin2x +cos2x)+C
Cudi cing :

1 :—ixz ——;;[2xsin2x +cos2x]+C-

{(e) Tinh 1= sz sinxdx, Tach:

I—Ix di—cosx}=-x cosx-—j( cosx)d(x )=

2

= —-X“cosx+2 chos xdx = —x2

cosX +2(xsinx +cosx)+C

(xem thi du (c}).
216



e

(f) Tinh [ = je“* cosbxdx va J= je*“sinbxdx. ba = 0

Trong cé hai tich phan ta dat dv =*dx thi v= 1w

a

. . be.. .
Ic“" cosbxdx = —l-e‘”‘ cosbx + — Iedx sin bxdx
a a

Ieax sinbxdx = —l~e‘”‘ sinbx — b je"”‘ cos bxdx
a a

[I—EJ =leax cosbx

tite 13 b a 31‘
—I+J="e*sinbx
a a

Coi I, J 1a 4n, tir h¢ hai phuong trinh trén suy ra

ax

= fadx __ &
I~j-e cos bxdx = 3

2’ + b2

ax

J= jeax sinbxdx = je

a'+b2

Chii y.

(bsinbx +acosbx)+ C

(asinbx —bcosbx)+C

* Trong nhi€u trudng hop cu thé, tuy chi cdn tinh [ ahung qua tich
phan timg phan & trén : lai gap J ; khi d6, lai ti€p tuc ding quy tac tich
phan timg phan dé tinh J nhung cich dat u va dv phai nhat quan véi
cdch dat ban dau, n€u khong sé roi vao vong ludn quén s& di dén he
thiic tAm thuong 0 = 0(!). Cu thé & day, dé tinh J : nhat thigt phai dat

: 1, . i .
dv=e™dx, v==¢® : viu=ginbx : du = beosbxdx va duge :

a

) | .
jc"x cosbxdx = —e™ cosbx + b

a ala
2
| b .. . b
I=—e* cosbx +—e™ sinbx — —1.
a 2 2

[l e™ sinbx — b je"" cos bxde.
a
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Chuyén v€, dugc :

2
[1 +b—2JI =le‘”‘ cosbx +%eEm sinbx
a a a

tlr 46, suy ra I nhu dd tinh & trén.

» Néu dé ¢ ring dao ham cic biéu thitc ™ cosbx hoac ™ sinbx

ciing cho lai dang ¢** (A cosbx + Bsinbx) thi ta ¢6 thé viét

Ie“x cosbxdx =™ (Acosbx + Bsinbx) + C

s

trong do-A, B 1a hai hang s s& xdc dinh ngay bay gid. That vay, ti
dinh nghia tich phan bat dinh ta ¢6 :

( Jﬁalx cos bxdx)' = (¢* (A cosbx + Bsinbx) + C)’

tic 1a : e™ cosbx =e® [(aA + bB)cosbx + (aB — bA)sin bx]

Bing céch can bang hé s& clia cosbx va sinbx O ca hai v& suy ra
aA+bB=1va-bA+aB=0

a b
Suyra: A= vi B=——
a% +b? a’ +b°

(g) Tinh 1= fx’e*dx.
Di nhién & day, c6 thé dat u=x2, dv=e>*dx dé din dén tich

phéin don gian hon Jxes"dx réi 1iép tuc tinh, nhung, ding nhan xét '

vira néu trong thi du (f) ta c6 thé viét :
1= Jx2e3"dx = e (ax? +bx +c)+C
Suyra:
x2e3* = (3 (ax? +bx +c)+CY =e>*M3av " b4 2a)x+(b+3c))
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Dung cdch can bang he s6 ca hai v&, duoc :
Ja=1; a=-1- ;3b+2a=0; bz—g— ib+3¢=0; c:=i
3 9 27
va cudi cing :

I= sze3xdx =X (lxz —Ex +—2~J C
3 9

27
(h) Tinh 1= j«/x2+[3 dx ;B e R.

[= x+|3

R Y HXaB "
=B1n|x+\/x2+[3|+ jxd( xz-?B)

{xem thi du (f) muc 6.2) va
J.Xd( 2 +B)=x x2+B—I\/x2+de+C= XK +B~1+C

Nhu vay IZBIH|X+\/X2+B‘+x\{x2+B—I+C

Ta cé :

Chuyén vé, ducc

2I=[31n[x+\/x2 +Bl+x\/x2 +B+C
Cuéi ciing

Izl[x«/xz +B+Bln|x+\/x2 +BH+C

(k) Trong thi du cu6i ciing nay chiing ta xay dung mot cong thitc
truy chiing dé tinh tich phan

j n=1,2,..

LI )“
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Ta dat u =-—2-1—2—— vaidv=dx vacod
(x“+a°)"
B 2nxdx
(x2 +a2.}l1+l

Dung cong thite (6.1) duogc :

du= V=X

2
X X
I. = +2n dx
n (XZ +a2)n I(XZ +a2 )ﬂ+l

>
:
bat J: = I——z—-z——ldx tuchd :
(x“ +a5)™*

J:

el 7 >

- +a“)—a“ dx d
( 2 av) dl dx:j 2. .2 _32.’[ 2 x2 1
(x° +a- )" (x“ +a”)" (x* +a=)""

W2
=In —a'lgy

Thé J vao biéu thic clia [, duoc :
In Z—TXT"'anIn —2a2nIn+|
(x* +a°)"

Suyra:

1 X 2n—-1 1
+ — 1y

I ['—" .
" opal (x% +a2)" 20 A’

Tir hé thite cudi cing nay ta két ludn ring mudn tinh Iy, phai

biét 1., mudn tinh 1, phdi bit [ _y, v.v... qué trinh d6 dén dén [, -

dx 1 X
I = =—arctg—+ C (thi du (m}).
' sz LAk 2 a

Chéang han, véin =2 ; ta ¢6 : (thi du (e))

I, = j dx _ ! LS l arctgx +C
7= = - .
(x2 +512)2 2a’ xz_+a2 2a% a
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6.4. Tich phan cic phan thirc hitu {j

Nhin lai qud trinh tinh tjch phan mot ham s6 (qua cic thi du da
neu) ching ta thay rang muén tinh tich phan mot ham s6 phaj dung
quy tac déi bién hoac quy tic lay tich phan timg phin dé dua tich
phan can tinh vé dang tich phan co ban dé ap dung cong thie va khi
ding cic quy tic 14y tich phan d6, nhidy hay it ching 1a da ding
nhing 'kT xao" dé dat muc dich mong muén. Bay gid, trong muc nay
chiing ta s& hoc cdch tinh tich phin clia mot 16p ham s6 dac biét : cac
phan thite hite ti ; muén tinh tich phan cdc ham s6 thuoc loai nay
khong doi hai (it ra 1a vé nguyén tac) mot ki xao nio mi chi cin fuan
theo mot s6 trinh tu, quy tic nhat dinh.

Trude khi gidi thieu cu thé cach tinh tich phan cdc him s6 dé6

ching ta [uu ¥ ring trong bai g16i thiéu cdc ham s6 so cap co ban, va
cdc ham s6 so cdp, nghia 13 cic ham s6 o6 thé biéu dién qua mat &
hiru han cdc ham 6 sg ¢dp cu bin va ching ta cing thdy rang cdc
ham s6 so cap kha vi trong mién x4c dinh cda né, hon nifa, dao ham
cua chiing cing 1a cdc ham sg cdp. Tuy nhién, nguyén ham cua mot
ham 56 so cap khong nhat thist 1a mot ham s6 so cdp, néi khéc di, c6
nhifng ham $¢ so cip ma nguyén ham cia chiing laj khong thé bidu
dién duge qua mot s6 hitu han ham sé so cap co ban. Chang han, cic
ham 6 sau day thuc su tén tai nhung nguyén ham cia chiing khong
phai 1a mot ham s6 sa cap :

I X SIN X dx
Jre *dx, I51nx2dx, Icosxzdx, I dx, {—,
X Inx

m+] m+1]

jxm(a+bxn)pdx vdi a, b & R, véi p, +p khéng
n

phdi 1a nhimg s6 nguyeén.

e” $in X cos x . .
J.;]—dx, J.—xﬁ—dx, I_xn dx v&in nguyén.
Bay gi& ching ta xét mot phan thic hifu ti nghia 1a mot ham s6
R(x) cé dang :
m
R(x) = P(x) _ b.D Fbix+.+bx
QAx)  a, +a)X+..+a x"

VOl a;, b; € Rva an, by = 0.
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Néu m < n thi R(x) dugc goi la phdn thitc thuc su.
Né&u m > n thi R(x) dugc goi 1a phan thiic khong thue su.

Né&u R(x) khong 12 phan thic thuc su thi bang cdch chia tir cho
miu bao gidy ciing c6 thé bidu dién R(x) dudi dang téng clia mot da
thitc va mot phan thic thuc si. Tinh tich phan céc da thic thi qua dé,
do vay ta chi can tim cach tinh tich phan cdc phan thic thuc sy va
trudc hét ta tinh cdc tich phan sau :

. ]'—A—dx; L j A —dx
Xx—a (x—a)
I1i. j—zm-ﬂ--.l.x; w.]' ZM“N dx
X" Hpx+y (x* +px+q"

trong d6 A, M. N, a, p,g € R:k.m nguyén duong, ngoai ra ta gid
2
e D
thiét q——>0.
1773

Trudc hét, ta thdy rang hai dang 1 va I da quen thudc :

A ;
I—:—dszJ dx =Alnlx-al+C
X -2 X—a
iy
j kdszj dxk:_ A lkl+C(k¢U
(x - a) (x—a) k-1 (x-a)""

~ Muén tich cde tich phan dang 1[I va IV, ching ta biéu dién -
<+ px +4q dudi dang

2 2
2 2. ,P p) (p]]
X“apx+q=x"+2=x+l = H14-| =
prTa 2 (2 [q 2
2 2
p p ]
=l Xx+=>=| +Hlq-—1|
[ 2] [q 7
2 2 s
Theo gia thict, q—%>0 nén ta dat a’ =q—p7, voi a = q-—p;—.
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Bay gi¥ thyc hien phép ddi bien x +§=t Ldx = dt

x2+px+q'—t2+a Mx+N= Mt+[ NZIPJ

Khr dé, tich phar, dang II1 sé la

M
J- Mx+N dx:J'MH(N_Z_?‘EJdt
a

x2+px+q

—
3%

_ M 2t +[N_M£J dt

2 42452 2 92,2

M]n(t2 + az)+ —I-(N ~M£]arctg-t-+c
2 a 2 a
R6t cude urd vé bign x 1a dugc

2Mx+N dx - —\éln(x +px + q)+2N Mpdrclg 2X+p_+C
X TPx+q : Vaq -p? 4q—p

Cung v&i phép déi bicn nhu trén, tich phan dang IV <& 1 -

Mx + N Mt+( ~M2—EJ
(x2+px+q)m = (12 +a2)m =
:_ - 2tdt ( _ME)I dt
(t> +a )m 2 7% 4 42ym

C6 thé tinh tich phan thd phit cia ve phdi bing cich ddi bien

12+a2—u : 2tdt = du va cé
2tde ['du 1 1
= = — . +C:
J-(t2+a2)m Jum T m—] g

1 1

+C
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Con tich phan thit hal thi chinb 1a thi du (k) & muc trudc. Sau khi

tinh dugc ca hai tich phan d6 theo bign t, ta chi cdn trd vé bién X bang

2X4p
2

cach the 1= vio két qua, ta s& duge két qua cudl cing,

Dinh li dai s6 sau day cho phép két luan rang viéc 1ay tich phén
mot phan thire thyc su 16t cuoc din dén vic 14y tich phan bon dang
I, {1, I, IV déd néu trén.

Pinh i 6.3 (Khong chimng minh)
Moi da thiic bdc n, voi hé s6 thuc :
O(x)=a, +ax+..+ a,x" ;ay =0
déu ¢ thé phan tich thanh tich cdc thita s6 la nhi thirc bdc nhdt va
tam thite bdc hai khong c6 nghiém thite trong dé cé thé cé nhitng
thiva s6 trang nhau :

O(x) = a,(x —a)” (x — o+ pr+ L H I sy

trong déa, b, ... € R p2—4q<0, P _ds<Ovaa+ f+ ..+
Hu+ ..+ v)=hn

Khi dé phan thiic thuc si uong ing (P)((x)) ¢6 thé phan tich thanh
X

1éng cac phan thifc 161 gian :

= + ot
Q(x) (x—a)* (x—a)m_l
' +Aa—1 B By +

+ + +...
x-a (x-bP (x-bP"
Bp-i Mx+N M x + Ny
+ ot +

(x—b) (x? +px+q x2 +px+Q*!

M, 1 x+N,_
N e A B

ot

x% +px+q

2PX+Q + P1X+Q i +".+P\,_]X+Q\._l
(x* +1x +s)Y ()¢2+1x+s)“'l (x% +1x+53)
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trong 46 A, Ay, .., Agy. B, By, ., B, ., M, N, My, Ny, ...

Ml-l_]’ Nu_l, veey P, Q, Pl’ Ql’ vaey PV—I’ Q\’—I 13 cdc hﬁng 58 du’(jC

xdc dinh theo phuong phép he s6 bat dinh ma chiing ta s& gidi thieu
qua cdc thi du dudi day.

* Thi du.
(a) Phan tich ham s&

R{x)=

L}

1
x> —x% 4243 —2x% +x 1
thanh cdc phan thic 6i gidn. Trudc hét ta o6 -

x> —x4+2x3—2x2 +x—1=(x~l)(x2 +1)2

Do dé :

1 A Mx+N Mx+N,
3 .2 = ozt T2
x> ~x4 +2x ~2x°+x=-1 X-1 (x*+1 X +1
Bay gid, d€ x4c dinh c4c he s6 A, M, N, M), N, ta ding phuong
phdp h¢ s6 bt dinh, nghia 1a ta quy d6ng miu thiic & v& phai, sip %é&p
tir thitc (di nhién 12 mét da thirc) 16i cho déng nhat cic he sé cla céc

don thifc déng dang clia tif thitc & ¢4 haj vé. Trong trudng hop cu thé
nay ta co :

I=(A+MDX* + (N - MDX3 + A+ M+ M, - N 2 4
1 1 1 1 1
+ (N—M—Ml +N1)x+(A—N—N1)

DPong nhat he s6 cic don thac d6ng dang & hai v& ta c6 he 5
phitemg trinh 5 4n ;

( A+M, =0

Ny-M, =0
J2A+M+M1—Nl=o
N-M-M,; +N; =0

A-N-N,=1
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Nghiém clia h¢ phuong trinh trén la :
4 2 4
Vay
1 1 Xx+1 Xx+1

O gt 123 2x2ax—1 Mx=1 22 +1P  4xP+D)

2
(b) Phan tich ——— 25+ thanh téng cc phan thiic 16 gian.
(x—1)(x —-2)(x - 4)

Tir dinh 1i dai s& trén ta co :

x*+2x+6 A B C
(x-Dx-2)x-4) x-1 x-2 x-4

Di nhién, ¢6 thé ding phuong phép hé s& bat dinh dé tinh cdc hé

s& A, B, C trong phan tich trén (nhu di lam trong thi du (a)) ; tuy

nhién, trong truong hop cu thé nay khi da thitc méu s6 chi ¢6 nghiém

thuc don, ching ta cé thé tinh A, B, C nhanh gon hon theo cich sau

day : Trudc hét, dé ¢ ring phan tich trén 12 déng nhit thic, nghia 12

céch phén tich d6 ding v6i moi gid tri cha X ; by gio, ching han, dé
tinh hé s& A : ta nhan ca hai vé€ véi (x — 1), vacé
x% +2x+6 B C

—_——=A+ (x-D+
(x—2x—-4) Xx-2 x—4

(x—-1.

Trong déng nhat thic trén ; tachox =1 vacé

1+2.1+6

— ————=A;nghiald A=3.
(1-2)1-4)

Tuong ty, mudn tinh B ta nhan ca hai v€ cla déng nhét lhitc ban
dau vGi (x — 2) 101 cho x = 2 ta dugc

3 .
2-12-4)

va cudi cing C = 5.
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Do do :

x2+2x+6 3 B 7 N 5
X-DX-2)(x-4) x-1 x-2 x-4

2
(c) Phan tich —>~ *1

(x-1)’(x+3)
Dung dinh If dai s6 trén ta ¢6 -

thanh t6ng cic phan thic t6i gian,

x?+1 A B B, B,
3 B * 3t 2"
-1y x+3) x+3 (k-1 -1 (x-1)

Luu ¥ rang trong thi du nay, néu ding cdch 1am cua thi dy (b) thi
chi tinh duge A = -2 va B =—l-, do vay, ta ¢ :
32 2
x?+1 5 1 B, . B,
= + T+ 5+
G-D’(x+3)  32x+3) 2x_1) (x-12  x-1

Muén tinh nét cic hé s6 By, B, ta phai diing cich 1am nhur trong

thi du (a) {nhung chi gap 2 phuong trinh, hai 4n), va ¢6 :

B=3 -5

8 32°
do dé :

x2 +1 5 1 3 5
=— + + +
x-1(x+3)  32x+3) 2Ax-17 8x-1)2 32(x-1)

(d) Phén tich 5 >—— thanh téng cédc phan thitc don gian.
(x“+3)(x“ -1 "

V& nguyen tic, ta ¢6 thé biéu didn :

1 B 1 A B Cx+D
2 2 P 2 - _1+ +1+ 2
x°+3)x° -1) (x IMx+D(x“+3) x X X“+3
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:6i dung cic céch dd gidi thi¢u trong céc thi dy trén dé tinh A, B, C,
D. Tuy nhién, vi muc dich phan tich c6t dé d& dang 14y tich phan nén
ta c6 thé viét :

1 _(x2+3)—(x2-1)_1[ 11 ]
-1 4xE+E - 4lxP-1 x+3
va nhu viy, tacéd:
1 _l[(:wl)—(x—l)_ 1 }_
- 4L2eDE-D x?43])
TR U
T8(x-1) B(x+D 4(x%+3)

Chii $.

» Qua nhimg thi du trén, ta th&y ring mudn tinh mot tich phan
dang phan thitc thuc su chi cdn phan tich phan thic d6 thanh nhitng
phan thiic tdi gian (theo dinh li dai s6) thudc cic dang I, II, 1L, IV
(muc 6.4) r6i ditng cdch tinh tich phan cdc dang do.

: Viec gidi thiéu cach tinh tich phan cdc biéu thic hit ti (d6i voi
bién 14y tich phan) di md ra mét phuong phdp rat hitu hi¢u dé 14y tich
phan céc biéu thitc khong hiru ti d&i v6i bién 14y tich phan : trong
trudng hop nay ngudi ta c6 ging dung phép d6i bién va tich phan
timg phan dé dua biéu thitc cdn 14y tich phan vé mot biéu thic mdi
d6i v6i bign 14y tich phan mai va bidu thiic mdi nay lai hiru ti d6i véi
bi€n méi. Chiing ta s& minh hoa ¥ nay trong vai trudng hop dudi day.

6.5. Tich phan céc biéu thifc lwong giic

Gié st cin tinh tich phan 1= ]'R(s'm x, cosx)dx trong dé R(u, v} 1a

mot biéu thitc hitu ti d3i v6i u va v, nghia 12 khi tinh gid tri cla R(u, v)
chi cdn thye hién cdc phép tinh cong, trir, nhan va chia d6i vi cic
bi€n u, v. Khi d6, thuc hién phép doi bi€n :

X
t:=tg5-,—,n<x<'n
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X 2 X
‘ Zth o I_Ig '2— 1—-[2
va co sinx = = 5 5 COsx = i 5
1+[g2_}.{_ 1+t l+tg25 I+t
1=arc:tgt s X =2arctgt ; dx = 2dt2
2 1+t

Do d6, ¢6 thé dua tich phan I vé dang

.2
I=_[R[ 2t 1 t]Zdt

1+t2 1412 1+¢2

va 10 ring & day biéu thic duéi ddu tich phan 13 hitu © d6i véi t.
That ra, trong nhiing thi dy vé tich phan cc bidu thic lugng gidc

da gap & cdc phdn uén ta da ding ¥ tudng hitu ti hod réi tuy ring

trong cdc truong hop cu thé d6 khong doi hdi phai hitu i theo kidy

thuc hién phép déi bién téng quat t :tg—;—.

Bay gi® ta 14y mét thi du :

2
(a) Tinh =1 [__1-2

2 "l—2acosx+a

2dx (0<a<1;—rr<x<n).

Thyc hién déi bién t - :tgg— L6

dt 14+a
1=(1-2a2) ~ arct [(-—Hm
J1-a) +( + a2 Bl

= arct; [Hat iJ+C
£ 1-a g2
(b) Tinh [ = [ 173C08X (O<a<l,-m<x<n),

- "1—2:1(;(1~sx+a2
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Tacd:

2
I=]{—1—+l l-a z}dxz-l—x+a:ctg[l~ﬁtg§—]+c
2 2 1-2acosx+a 2 1-a 2

(¢} Tinh I= Isinz xcos® xdx. Datt: =sinx ; va ¢6

3-8 - 3 .5
I=Jt2(1—-t2)dt=%_£5_+czsm3 ?(_sm5 X

+C

d di : s oa .
Vi dig0) = > va c6 thé biéu dién
sin” Xxcos“ X cos” X

d) Tinh I=I

sin® x theo tgx nén ta dat tgx = t va duge

2
I(1+t) dt = —%—L+C=tgx—i— 1

+C
t 3 tgx  3tg’x

(¢) Tinh 1= I—i—.’ra c6
sin X cos2x

I

( dx B J- sin xdx
jsin );(2::052 x=-1 sin? x(2 cos® X — D

i sin xdx
) (1- cos? x)2 cost x — ]

Vi d(cosx) = —sinxdx nén ta dat t: = cosx vAcd

2_[ dt J‘Z(l—t Y—{(1- 2t2 )
(1- t)(l 21) t)(l 2t)

YOS U PO U ') D P 1
_1[1—2[ 1-t? ]dtﬁﬁ \l—t\/_l 2 |1+tl ¢

1+«f§cosx

l—xficosx

+C

=1

+ ln\tgE
2
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6.6. Tich phan cic biéu thic dang IR(X, Va2 —x¥)dx va
IR(x, \/xz +a? ddx

Ta dé ¢ ring ham dusi ddu cdc tich phan trong ci hai tich phan
[RexVe? —x2ydx va JRx, Vx? £a2)dx khong hiu ti dsi v6i bien

X (Vi x con chifa trong d&u can thitc), nhung R(u, v) thi lai hitu ti d&i
vdi v va v, do vay mudn tinh cdc loai tich phan d6 ngudi ta tim cde
ddi bién hoic dong thoi ddi bién va tich phan ting phin véi hi vong,
voi bién méi thi biéu thic dudi ddu tich phan tr& nén hitu ti d6i véi
bién méi ; trong truong hop nay, ngudi ta tim cich khir can thie,
Chéng han : véi tich phan

IR(x, \}az +x? Jdx

ngudi ta thudng diing phép bien déi x : = atgt.
V@i tich phan _[R(x, Vol —x2 Jdx ngudi ta thuong ding phép déi
bién x : = asint, hay x : = acost. '

Véi tich phan jR(x, Vx% ~a? )dx ngudi ta thudng ding phép ddi

bién x=—>
cost
Sau day néu mot sé thi du 6t dé minh hoa phuong phép

= Thi du

{2 2
(a) Tink 1= I~a—x_x—

dx,a>0.

. T . vid T,
Thuc hién phép ddi bién x : = asint ; 3 <t< > khi dé dx = acostdt ;
2 2 _ _ 5
va© —-x ~a|cost|—acost, vicost > 0,
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Vay :

2 )
I=-|lam_S tdtza.}.l ?m tdt=ajrfh —aj'sintdlz
sint sint sint _

1 cost
— ———{+acost+C

sint  sint

+acost+C=aln

. X va? - x? .
vi sint == ; cost = ———— nén, cudi cling c6
a a

a-\iaz —Xz

X

=aln

t.—
&2

I=aln + az—x2 +C

dx

(b) Tinh I= j—-\/——z—_—_{
) xwa +X

Vé nguyen téc, c6 thé khir cin thitc bing cich ddi bién x : = atgt,

a>0.
. n s s : . .
-5 < t< > nhung véi bai nay ta d€ ¥ ring c6 thé viét :

o

2 v ... A&
1=J'L- . do d6 ta d6i bién L =1
2 X
a
. 1‘—54‘1
X

va dugc d—x=«—ldt
x2  a

I:*ljﬁ -——lnIH-'\Jt +1 |+C (thi du (f) muc 6.2)

=lln—~—-—-]5—+C=—1—ln‘t-\jt2+1l+C
3 |42 +1 a
' [2, 2
vacubicing  I=—mPPEEE ¥, c
a X

232



Bl ‘Q

(c) Tinh I=J'

dx
(x—IN1-x2

Thuyc hién déi bign x -1: = l = d_

2
Sz / 3 l+2t

I_IlmIlet

tltl

do do6

(v1pha1col~x >O<:>|x|<1:x-—l<0:>t<0nén]t|=-t).
Cusi cing

=—CIS2t+Cc=— /X 4 C

1-x

(d) Tinh 1= _[——- a0,

e 1
Ta viét 1= EJ-X.—X\/*Z—T-z—dX

\ 2xdx ‘
va ding cdch 14y tich phan timg phin : u =x va dv — ; khi

X -a
décs

I= x\/x ~a -—J\/x -a dx = X\Ix —a

= X\/x2-a2 —J
X“—a

=xx!x2—-a2—l+az'[ dx

J.\/“dx
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Chuyén v& — I sang v€ trai, dugc :
21 = xx/xz —aZ +a2J-——dx——
[2_,2

Dung thi du (f) muc 6.2, duge két qua cudi cung

=ixx)x -a +—lnlx+v‘x —-a |+C

() Tinh I—I

(1- x

L ,’ X dx , dat t=1‘—L
I-xV1-x _ 1-x
2 2

1+ +e?

Ta 6 1=I

tirc 1a X =

I= (1+[ ). dt=2
j (l+t2) '[1+t2

TOM TAT CHUONG 6

» Tich phan bdt dinh

Cho ham s6 f(x) x4c dinh trong (a, b), hdm s& F(x) x4c dinh trong
(a, b) duge goi 1a nguyén ham clia f(x) néu F(x) kha vi trong (a, b) va
F'(x) = f(x) hay dF(x) = f(x)dx, v6i moi x € (a, b).

Pinh li :
 @ia st ham s6 F(x) kha vi trong (a, b) va F(x) la nguyén ham cha
f(x), x € (a, b). Khi dé :
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1) F(x} + C ciing 1a nguyén ham cia f(x), véi C 1a mét hing s tuy
¥, va véi moi x € (a, b).

2) Nguoc lai, moi nguyén ham cua f(x), x € (a, b) déu co dang
F(x) + C.

Khi d6, ta ki hiéu moi nguyén ham ciia f(x) [ I f(x)dx va doc la
tich phéan bat dinh ciia f(x) ; nghia la :
If(x)dx =F(x)+C.

Céc tinh chat don gidn cha tich phan bit dinh :

1) Néu k 1a mot hing s6 khdc O va néu F(x) Ia mot nguyén ham
ciua f(x), cé

_[kf(x)dx - k_[f(x)dx = kF(x)+C

2) Néu F(x), G(x) 14 hat nguyén ham cua f(x), g(x) va A, B 13 hai
hang s6, ¢é :

_[[Af(x)dx + Bg(x))dx = Ajf(x)dx + ng(x)dx =
= AF(x) + BG(x) + C

* Bdng tich phdn cdc ham s6 thong dung

JO.dx~C

J-l_.dx=jdx=x+C

xa'f'l .
JXudX: +C,a -1
(ax+1)

'jldxzjix-:lnleC
X X

j Izdx=_[ dx2=arctgx+C
l1+x I+x

J‘ ! dx=J- dx =arcsinx + C
J1-%2 J1-x2
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a

afdx=——+C ; |efdx=e* +C
J Ina

sin xdx =-¢osx +C

cosxdx =sinx+C

i d
12 dx=J ); =—cotgx+C
sin” X

Y sin” X
R
——Z—dx=I =tgx+C
Y cos“ X cos” X

dx 1 X

5 =—arctg—+C,a=0
Ya+x” 2 a
r d 1 +

X ZimfERec,a=0
Ja2_x2 2a ja-x

o dx X
— e =arcsin—+C,a#0
4 a2 _ 2 a

. 2

\Ia2 -xzdx=ixxla2 -—x2 +a—arcsin-x—+C
2 2 a

r d

X x+Vxl+a)+C,acR

X2+(1

.«Ix2+de=—[xe +B+Bln|x+4x +B|+C]

Dink i :

Mot ham s6 f(x) xdc dmh lién tuc trong (a, b) thi ¢d nguyén ham
trong khoang do.
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Phép déi bién
Néu biét ring _[ 2(0dt = G(1)+ C thi :

[ ax = G +¢
trong dé g(t), o(x), @'(x) Ia nhitng him lien tuc.

Trong nhiéu trudmg hop, ta thudng thyc hién phép déi bien ( = @(x),
Khi d6 biéu thitc dudi diu tich phan trd thanh f(x)dx = gu(xX}e'(x)dx,
Néu G(t) 1a nguyen ham cia g(t) thi:

jf(x)dx - Ig(t)dt = G(a(x)) + C

Phép tinh tich phén ting phdn

Gid sir u, v 13 hai ham s6 kha vi

va ¢6 céc dao ham u', v' 14 hai
ham s& lién tuc, khi d6 :

fudv =yv —jvdu

* Tich phan cdc phan thice hiy 17

Mot phan thite hitu if 13 mot ham R(x) c6 dang

] )
R(x) = by +byx+..+b,x

ap+a X +..+a,x"

ag, by, # 0 vam <n, thi R(x) duge goi 12 phan thiie thire su.
Binh li (dai s¢) :

m
Neéu R(x)=£(_}2___bo+blx+...+bmx , m<n a, b %0
Q(x) Ao +aX +...+a, x"

Néu Q(x) ¢é dang :

Qx)=a,(x—a)*(x - b)B...(x +px+ Q. (x2 +Ix + s)”
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vidia, b, .. € R;p2—4q<0;12—4s<0v21
o+ B+ .+ 2(p+ .. tV)=0
thi ¢6 thé phan tich R(x) thanh téng cdc phan thifc t6i gian :

P(x) A Al
= + +
Qx) x-a (x—a)*!

R(x)=

Aal+ B B,

+
Xx—a  (x- b)B (x- b)B‘

+

Bp_y . Mx+N M;x+N,
+ ot +— -
x-b - x*4px+t x +px+Q)*

+...+

+

My-1% + Nyt ot 2Px+Q ,+...+———~P"“)H_Q"‘l
x2 +px+q x2 +1x+s)’ (x% +1x +8)

trong dé A, Al’_"" AUL—I’ B, Bl‘ vaay BB'I" vany M, N, Ml’ N], .

ara

Mp-1, Np-1s - P, Q, Py, Qp, ... Pv—1y Qv_1 12 cdc hing s6 duge
xdc dinh theo phuong phip hé s6 bat dinh.

Dinh 1i dai s6 trén suy ra ring viéc 1dy tich phan mot phan thic
hiru ti dan d&n cdc tich phén -

" dx

=Intx—al+C ;

Jx-a

d

xkz— ! 1k1+C,k>1;
Tx-a)f k-l (x-a)t
+ + - +
——-—;VIX N =—--ln(x +px+q)+2N Mp 2X¥P +C;
TxTApxtq J4qp \fq p°

- x 1 x -3 1
(x? +a2)" 2(11—1)21?‘.0(2+az)“_l 2n-1)"a2 "
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* Cdc tich phan khéng biéu dién duge qua céc ham sé so cdp (tuy
rang tén tai nguyén ham)

, )
Ie"‘ dx,Jsinxzdx,J.cosxzdx,jsmxdx. —di
X Inx

J‘xm(a+bx")pdx, a, b € R, p, m+l’ 241+p khong phai 14
n n
nhiing s6 nguyen,

x .
jin—dx, ISIT{ dx, J‘coix dx, n nguyén duong.
X X X
* Tich phan cac bidu thirc dang :

JR(x,\/az +x2 )dx, IR(X, Vx2 + 2 )dx

trong d6 R(u, v) 14 biéu thitc hifu ] d&i vélu vav.

Véi _[ R(x, Vo? +x)dx, ding phép d6i bien x = atgt ;
Véi jR(x, Vol —x2 Jdx, dimg phép déi bign x = asint hay x = axcost ;

Véi JR(x. Vx? — a2 )dx, dung phép d6i bien x = —a-—t
cos

BAI TAP
1. Tinh céc tich phan :

' 2.3
2 4 ) Yy ¥ ¥ )
1. Ix -x)dx : 2, I[;+—2-+—3]dx :

X X

3, J“I J[ ——%]J_—dx;

- 239



kA &

2X+1 Sx—-l

_ 3x
S.J- dx ; 6.Je de:
10% et +1

’ 2
J' H" “/"_’1 x: 8. IJl+sin2xdx (O<x<m;

9-J—£Ti? 10. .[ ;
5x -2y 2-3x?
. dx dx
11. I——-— : 12. j—"—'— ’
V2 -3x? V3x® -2
d
13, I(sinSx-‘sinSy)dx .14, X ;
2 m
n°|2x+—
(%)
15. J dx : 16. d’.{ :
1+¢cosx . 1+sinx
17. I ; 18. j—ﬂ-— ; _
Chzx (1+xx
X dx
19, I—-—-— : 20. J'___ ;
x«sz +1 (Xz +1)3!2
X
21. j 3 ; 22. j © _dx:
—1y¥/? 2+e
dx smx
23, j— ; 24, j
et +e ¥ Jeoxx
25._[ dx — 26. J"‘ lix
sin“ x+2cos” x b |

n/2
21. I—«L—dx ; 28. J——}-(di—— :
J1+xm72 i+ 2)xX +3)
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dx
29, :
J.(x +a)2(x +b)2

30. Jsinz xdx ;

31. jsinxsin(x +yidx ; 32. J.cos%cos%dx
2. Tinh céc tich phan :
1. _[arctgxdx : o, [lrcosx, .
sinx—1
d
3. —:- : 4, J\!ex ~1dx ;
tg”x :
5. J-sinéxcos4 xdx 6. J- X+2 dx ;
VX% -5x+6
7. j xdx : 8. Ixx/—x2+3x—2dx :
\}xz +Xx+2
9, J-sinzxcos:" xdx 10. J 7
(x +2x+5)
xelTetgx
11. Isin"_lxsin(n+l)xdx : 12. J- 3(,2
. (1+x ]
13, —‘”‘—3- : 14, _[ :
1+x 1+x9
15, jmax(l, x2)dx : 16, j(|l+x|—|l—x|)dx

3. Tinh céc tich phan :

LI, :I dx .n € N, tinh Los Iy, I va lap cong thic trﬁy chiing
cos" x '

dé tinh I ;

2. i, =J'x“e"dx,n eN: 3 I=I1’x+idx :
) X -

" 16-THCC-Tap 2 . L ' 241




4. je'z'“ cos3xdX : 5. sz inxdx

dx
6. | ——r
IJ§+3§
DAP SO VA GOL Y

(Khong viét hang 46 C vao dép s0)
) 20 125x4+30x5ﬂ-19x6+ix7 ;
3 7
2 3
2. '};In'.xl——y-—-——y—2 :
. X 7x
p
1 2x X X—vX -1
6, —e- —e" +X. 7. Inf——F—] *
2 x+\'x2 -1
2 X
——————5 s 15. 18—
15(5x -2)°'? | 2
X dx
17. 2th— . 18. d(\/;)=——— - Rarct I g
2 2% ¢
1+\}x2+1
19. —lal————
X
(chia tir v mau cho x*vadéy d(l )= ﬂ-—z-dx) :
X
1
20. : 2. ———
x 41 x% -1
22. In(2 +e¢ Y,
23, arctg ¢ {nhén tlf va mau véi et déy de’) = e*dx) ;
2 1 tgx)
; 25, —=arct
72 g(ﬁ

24, ——=—=
AJCOsS X
dz

(chia tlf v mau cho costx, 4 v d(igx) =—
. cos” X

)
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i

2
1 1 I
26. —arct (dé 1+— dx=d[x——]);
2 g{ X\/E J y L Xz] X

n+2
27. 2 Inj x 2 ++/| +x"*? khin#-Z,—l——lnlxlkhi.n:---Z'
n+? NE)
2. 22x+a+b L2 : x+a|;
(a-b)*(x+a)x+b) (a~b)® |x+b
30. X Lnox
2 4
31. it::osy~lsin(2x+y) : 32. 39m«—+~3-51n—§i
2 4 6 5 6
1 9. . ) X
2. 1. xarctgx—aln(Hx Y 2. Intsinx~!]-tg >
(tich thanh hai tich phan [—O +J SO
sinx—1 sinx—1

. s
SmMX=-—cos) x+=—|);
[ 2)
1

3 -

3
—Inlsinx! (viét cos”x = (1 —sin x)cosx)
2sin“x .

4. 2(Ve" -1 —arctgVe* 1) (date® = u? + 1);

L]

n
+ —
3

T vIét

5. —1~ 3x—ism2x—sin4x——l~sin6x+lsin8x-—Lsinl(}x
2 4 8 20

256
(dung cong thite sin’ x = 1z cos2x c;s2x va cos’x = 1+cos2x +c;152x

6. gln +Vx2=sx+6

[x—g—)+\"x2 -3x+6

(viét x% - 5x ;|-6 =:11~[(2x —5)2 =10 ;
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o ¥y
‘6‘£~£

(x+%)+\lx2+x+2

7. \/x2+x+2—é—ln

g L ! +§(2x-3) 2 43— 2 +—arcsin(2x - 3)
3 \E—x2+3x—2)3 16

(viét X +3x~2= %[1 —2x-3D

sin® x sins-x

(datsinx =u) ;

6
1. . n N L .
11. —sinnxsin®™ x (ding coéng thic sin{n + 1)x = sINNXCOSX +
n : '
+ n ' - ]
. s . n-1 sin" x| | sin DX
sinxcosnx ; d€ ¥ cosXxsin’ X = VA cosnx = } S
: n : n

x-1 -
BICIEX
2

12, ————
2\!1+x2 _
C1-xt+x? 1-x X

13. Viét 13:. = +—
1+x° (1+xMx°-x+1) x“—-x+1 1+Xx

| N e
14. Vit 16= ("2 +D 4(" 21)_ =
1+x° 2(x“+ D" —-x"+1)

a Ix4—'x2-+1+x2 _ x2 =1
A+t —x2 +) x*—x® 41

: 1
1——
.t . x? _ ( le
21422 10?21
)

3
15. x5, x| =1 x—+zsng:v{, x> 1.
3 3
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l6.é~[(l+x)!l+xl+(l—x)|1—x|].

o3
8273
sinx n-2

+ 1 _2(X)
(n—Deos™™1x n-1."

3. L 1x); (%) = In (%) =1gx ;

I(x)=

NV | 1 1 . -
(Viet T ET T datu = cos? "X) ;
cos" X  cos"?x cos? x

2.In=x"ex—_nl

01+
1+ X+1
3. In x_1 +Vx? -1 ;
x+1
1-
x-1
1 5 X
4, E—e" *(3sin3x -2cos3x) ; 5. ?(3lnx-1)

6. Datx=t"; 2Jx - 33X +6§x - 61n(1 + §x) + C.
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Chuong 7
TiCH PHAN XAC BINH

7.1. Pinh nghia tich phan xédc dinh

» Bai todn dién tich hinh thang cong

Cho ham s6 y = f(x), xdc dinh lién tuc trén khoang déng {a, b],
ngoai ra gid sit f(x) khong am trén [a, b). Xét hinh thang cong AabB la
hinh gi6i han boi dé thi cia ham s6 f(x) (trén [a, b]) ; cdc duong

thiing x = a ; x = b vi truc hoanh Ox (hinh 7.1) ; ta dat vén d¢ dinh
nghia dién tich S ciia hinh thang cong AabB.

YJL

O a X X X X K b x.

Hink 7.4

Ta chia doan [a, b] thinh n doan nhé bdi cic dié€m chia :
(1.1)  x,=a<x <Xp<... <X <X< ... <X =D
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Cac diém chia X (t=0, 1, ..., n) dugc chon tuy v mién 13 tuan
theo thit tr tang ddn va diém diu X, triing véi a, diém cusi cimg x,
tring véi b, ta goi cach chia d6 1a mot phan diém #.

Bay gid, tir cic diém chia xj (1= 0.n } ta dumg cdc dudng thing x = X,
nhu the ta da chia hinh thang cong AabB thanh n hinh thang cong nho

Pi_ixio %P (i=1,n) (hinh 7.1), méi hinh thang cong nhd d6 ¢ day
AX; 1= X — Xy (1= ﬁ ). Theo gid thiét, ham sa f(x) lién tuc trén [a, b)
nén cling lien tye trén [x;_r, X1, (i =1, n), do dé dat duoe gi4 tri nhé nhat

m; (m; = min  f(x)) va gid tri I&n nhat Mi(M; := max f(x)),
xe[x,_y.x] e[ _y.xi

theo dinh 1i 3.2 chuong 3
m; Sf(x}SMj. Xio| £X <X,
do dé :
(7.2) mAX; < f(x)Ax; < M Ax;,
Vé mat hinh hoc : tich s6 m;AX;,
M;Ax; chinh 12 dién tich cha hinh chix
nhit "trong"” va "ngoai” ¢6 chiéu rong 12
Ax; va chiéu dai trong ng 12 m; va M;
(hinh 7.2) : hinh thang cong nho thy i

Pi-1X;-1%{P; ludn bi cde hinh chir nhat Ll »
trong va hinh chit nhat ngoai kep.

Hinh 7.2
Goi lan lugt S. va S Ia téng cdc dién tich cha cdc hinh chiy nhat

trong va hinh chit nhat ngoai, dé€ cho gon, goi S, 1a tong trong vi s
1a téng ngoai, luon cé bat dang thirc (tu 1.2):

n
(7.3) S« <S8 ;8. :=Zmiij .8 :=ZMiAxi

i=I
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Sau day ta néu mot s6 nhan xét vé tdng trong va téng ngoai.

(1) V6i mdi n da &n dinh va v6i mdi phan diém # da chon thi S«

va S~ 1a nhimg s6 xdc dinh.
(2) V6i phan diém # da chon, néu trong doan thit i {x;-), X{] ta 14y

thém mot diém chia x'; nita, v6i x'j € (Xj-y, X;) thi s€ c6 hai hinh chir
nhat trong va hai hinh chit nhat ngoai
(hinh 7.3) va do tinh chat cia minf(x)
va maxf(x), tong dién tich cla hai
hinh chit nhat trong lén hon dién tich
cii ciia hinh chit nhat trong va tdng  mi}...f—
dién tich cta hai hinh chir nhat ngoai ~ mj}....
bé thua dién tich cta hinh chir nhat .
ngoai cil, nhung bét déng thiic 7.3 vin b e " R
ludn ding. Hinh 7.3

)

(3) Tir nhan xét (2) suy ra, néﬁ tang n thi S« tdng va S giam, do
d6, v6i bat ki phan diém 2 ; luon c6 hai day s6 {S{™} don diéu tang
(va bi an) chdn trén) véi moi n, va day s6 _{S(*n)} don diéu giam (va
bi S chan duéi) véi moi n.

Theo dinh 1i 1.4 chuong 1 vé su hoi tu ciia day don digu ta ket
luan ring khi m tang vo han va moi Ax; = 0, ¢6

(7.4) limS{™ =$ va limSgy, =S
n " n

Do gia thiét va dinh Ii 7.2 chuong ndy ta c6 S=S va ta néi ring
hinh thang cong AabB c6 dién tich va ta dinh nghia dién tich S cua
hinh thang cong chinh la gidi han chung dé :

S=S=§S.
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¥

Bay gid, tir (7.2) va (7.3) ¢6 thé viét
n n ’ n

(7.5 Y max <Y f(x;)ax; <Y Mjax;
=1 i=1 i=t

Mit khdc, néu goi A; = Ax; va X := max (AX;) thi cac hé thic (7.4)

i<i<n

c6 thé viét dudi dang :
f n _
(7.6) lm » miAx; =8 va lim Y M:Ax; =S
l—>0§]’ s ?L—){ng’ e

S=S=$ thi tir bat ding thic kép (7.5) va ti dinh i chuyén qua gi6i
han cdc bat dang thirc kép (dinh 1i 3.2 chuong 3) taciing c6:

- Do vay, néu hinh thang cong AabB c6 dién tich nghia 1a néu

n
7.7 S= li f(x,)Ax,
(7.7) JLI-II})E (x;)Ax;

Gi6i han dang (7.7) c¢6 mot vai rd cuc ki quan trong trong giai
tich va trong cic (ing dung da dang ctia gidi tich va bay gio chiing ta
s€ néu chi ti€t hon gidi han dang do.

Dé€ két thiic phan dien tich hinh thang cong ta lwu ¥ ring gid thigt -
vé tinh lién tuc cia ham s6 f(x) trén khodng déng [a, b] I gia thiét ban
chdt, con gia thiét f(x) khong am thi c6 thé bo qua vi néu f(x) am thi
luén c6 thé ddy truc hoanh xuéng d€ thoa diéu kién f(x) khong am.

* Dinh nghia tich phén xdc dinh

Cho ham 56 f(x) xéc dinh va bi chan trong khoing déng [a, b,
chia [a, b] thanh nhig khoing nhé bdi mot phan di€m # (7.1), rong

mdi khodng nho [x;-, x;] 1y mot diém &, y ¥ :
Xi-15§2x(=1,2,....n)
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va lap ©ong

n
(7.8) o= D F(EAX;
i={
v6i AX; =X~ Xj=y (i=1,m)
Di nhién téng o dinh nghia theo (7.8) 12 mot s6 xdc dinh ; s6 d6

phu thuéc s6 khoang nhoé n, phu thugc §;, chon tuy ¥ trong [X;—» X;]
va plut thude cach chon phdn diém 7.

Né&u khi n ting vo han (n — o) sao cho max A=A,k =05 v0l

igign

A := Ax; (i=1, n), o ¢6 gi6i han (hitm han) I, v gi6i han I nay khong
phu thuée cach chon diém &;, cling khong phy thudc cach chon phan
diém #:

(7.9) lmao=1

7.—30
n—ow)

thi I duoc goi 12 tich phdn xde dinh clia ham s6 f(x) 1dy trén khoing

b
déng [a, b] va ki hieu la [foxdx :
a
b
(7.10) I= [f(x)dx
a
Khi d6 ta ciing néi rang ham s6 f(x) khd tich trén [a, b], [a, b] la
khodang Idy tich phan, a 12 can dwéi, b.1a cdn trén cla tich phan, x 12
bién s& 14y tich phan, f(x) 1a ham 56’18y tich phan va f(x)dx 1a bi€u
thite dudi dau tich phan.

Véi cong thic (7.7) va vdi dinh nghia (7.9) dien tich § clia hinh
thang cong AabB la:
b
5= [lfcoldx
a
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* Chu y.

(1} Heé thitc dinh nghia (7.9) c6 thé dién dat theo "ngén ngit ¢ - &"
cia khii niém gidi han : 6 —» [ cé nghia 12 v6i moi € > 0 cho truge,
ttm duge & > 9 sao cho '

(7.11) A<Bcblo~1l<e

(2) Trong dinh nghia, ching ta di g1a thiét f(x) xac dinh va bi
chan trong [a, b]. Khi d6, gorm =inf f(x), M = sup f(x), x € [a, b] c6:

(7.12) m < f(x) <M, x € [a, b]
(3) Ki hiéu m; := inf f(x) , (m; 1a can duéi ding cia f(x) trong
xe[x ).%;]

[Xi—y. %] 3 xem 1.3.6 chuong 1) va M, := sup f(x), (M; 1a can tren
ding clia f(x) trong [Xi-1. X1, x X1, x;1).

Tacd:

mi < f(X) < Mi’ X e [xi—l’ Xi}

n n
(7.13) § = ZmiAxi ;8= ZMiji
. =1

i=l

lan lugt duge goi 1a 16ng (tich phan) dudi va téng (tich phan) trés.
(Trong bai todn dién tich & trén, vi f(x) dugc gia thiét 1a lien tuc nén

m; triing v&i min f(x) va M; triing v&i max f(x) (voix e [Xi—p. x;]) va

téng dudi chinh 13 téng trong, téng trén chinh Ia t6ng ngoai). Tit
(7.9), (7.12) va (7.13) suyra:

(7.14) $<agx8S

Hon nta, tong du6i s va tdng trén S con c6 cac tinh chat sau :

(a) Khi tang s6 diém chia trong phan diém # thi téng dudi tang va
tong trén giam. '
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(b) Néu goi s;, Sy 12 tdng dudi, téng trén ing v4i phan diém #|,
s,, S; 1a téng duéi, tong trén {mg vOi phan diém #,, c6 1 51 < 5.

Ching minh. .

(a) DE khdi rvdm ra, chi luu ¥ céch lap lugn tuong ty nhan xét (2)
va (3) trong bai todn dién tich.

(b) Goi # 13 phan diém thit ba, ¢6 duge bang céch hop tap céc
diém chia cta phan diém #, va phan diém #; va goi s, S ldn luot 1a
tdng dudi, 1éng trén ing voi phan diém #, khi d6, theo (a) :

s;€5vaS<S,

Nhung, di nhién s €S, do dé suy ras; < S, suyras; < S, 1

(4) Tit tinh cht ctia tdng dudi va téng trén suy ra ring tap cdc
t6ng dudi {s} ing véi cac phan dim-# khic nhau 1a mot t&p bi chan
trén ; cy thé 13 bi mot téng trén bit ki S chin, do d6 theo ménh dé1.2
chuong 1, tap {s} ¢6 cin trén ding I«

I := sup {s}
Tuong ty tap céc téng trén (S} bi chan duéi, do d6 c¢ can dudi
ding .
I" := inf {S}
Hién nhién, ta cé :
(7.15) s<lacsl'<8
Vi tat ca nhimg nhan xét trén, bay gids ta c6 thé tra 10i cau hoi rat
tu nhién la : dé ham s6 f(x) kha tich trén [a, bl thi f(x) phai thoa diéu
kién gi ?

7.2. Diéu kién kha tich

Pinh 1i 7.1. Vi nhitng ki hi¢u da ding 0 trén ; diéu kién dt cé va
dii € ham 55 bi chan f(x) khd tich trén [a, b] la :

(7.16) Hm(S—-sy=0
30 '

252



Chitng minh, _
"=" Gid sif t6n tai tich phan (7.10), khi d6, theo nhan xét (1) : ¢6
(7.11) nghla'la cé
I-e<o<l+se

Mat khdc theo bat dang thiic kép (7.15) va theo tinh chat cla can
trén ding va can dudi diing, suyra:

I—-e<s<8S<T+¢
Tir dé :

lims=1limS=1
A0 A0 ’

va (7.16) duge chimg minh.
"<" Bay gi® gid sl ¢6 (7.16), khi d6 tir (7.15) suy ra
s<I<S:I=liml=liml~
_ Keét hop bat dang thitc kép nay véi bat dang thiic kép (7.14) ta ¢6
* doéng thoi :
s<I<Svas<oxS§

Hon nita vi )}im (S—s)=0 (gia thiét) nén ciing suyra: lG - Ij <g
-0

* Bét dang thic cudi cing nay chifng t6 rang { kha tich weén [a, b]. B
Né&u ta ky hiéu
(1.17) ©; =M; —m;,

o; duge goi 1a dao déng cla f trong [x;_, x;] thi cé :
n n

S—s= Z(Mi —m; )AxX; =ZmiAxi
i=t i=l

V2 c6 thé viét diéu kién kha tich (7.16) du6i dang
_ : |

(7.18) lim » w;Ax; =0
h—0 =1
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Bay gi®, tir diéu kién kha tich (7.16) ta c6 thé tim cdc ddu hi¢u kha
tich clia mot ham s6 quen thuoc.

Dinh li 7.2.
Néu fix) lién ruc trong [a, b] thi f{x) khd tich rrén [a, bf.
Chitng minh. '

Vi f(x) lién tuc trong khoang déng [a, b} nén theo dinh 1i 3.12
chuong 3 ; f(x) lién tuc déu trong [a, b], do d6 véi bat ki £ > 0 ludn

fim duge & >0 sao cho |xi —xi_l‘ < & véi x~p, % € [a, b] luon ¢

|f{xi)—-f(xi_1)|4s nghia 12 o, < £ ; tir d6, ding (7.18) ¢6

1 n
ZwiAxi <'sZAxi =g(b-2a)
i=| i=1

Vi (b - a) 1 hing s6, € bé tuy ¥ nén (7.18) duoc thod, do dé f(x)
kha tich trén [a,b]. B

* Dinh i 7.3

" Néu f{x) bi chan trong [a, b] va cé mot s6 hitu han diém gidn
doan trong [a, b] _rh:‘f(x} kha tich trén {a, b].

D& d& néng né, chiing ta khong ching minh chi tiét dinh Ii nay ma

chi goi ¥ cdch ching minh. Trudc hét, dé v rang chi cdn chilng minh -

cho trudng hop khoang {a. b} chita mot diém gidn doan tai x = x' (),
sau d6, voi & > O cho trudc, chia [a, b] thanh 3 khoang [a, X' — €],
[x - €, X' +&] va [x' + &, b r6i 4p dung tinh chat lién tuc déu cia f(x)
trong cdc khoing déng [a, X' — €], [x' + €, b] dé xay dung cdc hé thic
thuoe loai (7.18) ; trong khodng [x' - €, x' + €} chi chita mot s6 hitu
han diém chia clia phan diém # nén viéc ching t6 hé thic (7.18) gan
nhu hién nhién (?).

Dinh li 7 4.
Néu f(x) bi chdn va don diéu trong fa, b} thi khd tich trong {a, b].
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Chitmg minh.
Gia str f(x) don diéu tang trong [a, b], khi dé :

=M, - m; = f(x;) - f(x;_,)

8 .
Bay gidchotrudc e > 0 dar § = —— % vi f(x) don diéu tan
ye . f(b)— @) (x) U tang
nén f(b) — f(a) > Q.

Khi d6 chi can Ax; < §;, i = n ,udn cé :

> oAy <ESZ[f(x) Fxi )1 =8lf(b) - fla)] =
i=1 .

Nhu the f(x) thoa (7.18), do dé f(x) kha tich trén [a, b]. Trudmg
hop f(x) don di¢u gidm ciing ching minh tong tr. W
* Vaij thi du
H
(a) Tinh szdx.
0

Vif(x) = x* lién e trong [0, 1] nén f(x) kha tich (dinh Ii 7.2), do d6 -
;

Ixz = lim ZF,,Ax

A O
o max Ax; —»

Theo dinh nghia kha tich ; ¢6 thé chon & e [x, Xty ¥ vad

day ta chon &= I . AX| —Jh—O: (chia [0, 1] thanh n khoang
n n
nho bfmg nhau), khi d6 maxAx; — 0 tu‘ctng duong v&in — o, do dé ;

I 2dx = lim Z(I—) -—= lim %zi

=0 n—r0

- lim _1ﬂn(n+l)(2n+l)=

1
n—w p3 6 3
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(xem bai tap s6 11, 2 chuong 1) :
1
Ixzdx = l
3
0
b
(b} Tinh {sin xdx
a
Vi f(x) = sinx lién tuc trong [a, b], nén f(x) kha tich trén [a, b], do
d6 ¢6 thé chon phan diém sao cho

Xo =4, .., X;=a+1ih, voih:= E ;i:l,_n.
n
Khi d6 maxAx; =Ax; =h.
Néu chon & :=a+(i-)h;i=1,n theo dinh nghia (7.10), ¢6 :
b n
sin Xdx = lim sin&; Yh
'[ n—>0,z( mE_,,)
a i=1 .
T
Dit 6, = Y (sin&h, c6 :
i=1
&, =[sina+sin(a + h) + sina + 2h) +... +sina + (n - Hh}h

Nhin ci hai v€ dang thic trén voi 2sin2— va diing cong thic
lugng gidc : 2sinusinv = cos(u — v) — cos{u + v), suy 1a
D ]
cos|a—— |-cosla+|n——|h
_ 2 L 2 h

?.sinE

2

o h h
COos a.—E ~COS b_i
= h.:

) (via+nh=D0b)
2sin— : '
"2
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Cuéi cing,

h
2

the gid tri o, vao biu thic cin tim gidi han, dwoc :
J-sin xdx = lim
h—0 . [h)
a sin| —
2.

o2l

J'sin xdx =cosa-cosb (H
d

* Chii v.

(1) Qua hati thi dy, ta thdy ring n&u chi dung dinh nghia dé€ tinh
tich phan thi khéi lugng tinh tosn cing nhur cdch tinh todn rat cong
kénh va da dang vi khong ¢6 mot cong thic dii téng quat dé goi y
cdch tinh cic gidi han, chinh muc 7.4 sau s& cai thién tinh hinh nay

(2) Tré lai hat thi du trén, 1a dé dang thay :

| l 1 1
--2_1\2_2_2_1
Neu [x dx = thi J di= [y dy = [u du=>
a 0 0 0
Ciing vay
b

Néu Isin Xdx =cosa —cosb thi
a

b b b
Isintdt = jsin vdv=_.= Isinydy =cosa—cosb
a a a '

b

Tir hai thi du d6 c6 thé ket luan : jf(x)dx (néu c6) thi chi phy |

thudc cdc can a, b va ham s§ lay
& tich phan :

a
tich phan f(x), khéng phu thude bién
b b b
(7.19) j'f(x)dx = _[f([)dt == J'f(u)du
a a d
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(3) Khi dinh nghia tich phan ta xét ham s6 f(x) trong khoang dong
[a, bl, tifc 13 1a dd gia thiét a < b. Bay gid néub < a ta dinh nghia

b b
(7.20) jf(x)dx - ]'f(x)dx
a a
va khi b = a ta dinh nghia :

(7.21) If(x}dx =0

a
7.3. Céc tinh chat ciia tich phéan xéc dinh

Pé khoi phai nhac lai nhiéu 1an, trong cdc ménh dé dudi day khi.

8
n6i dén tich phan jf(x)dx ching ta déu hiéu 1a f(x) duge gia thiét
{1

kha tich trén [, B].
s Tinh chdt I. (Khong ching minh).
(i) C6 thé dua thira G 12 hing s6 ra ngoai ddu tich phan :

b b
(7.22) jc.f(x)dx —C jf(x)dx

a a

. b b
(7.22") Dac biét jc.dx =C J’l dx =C(b-a)
a a
(i1) Tich phan cla tong hai ham s6 bing téng hai tich phan :

b b b
(1.23) j[f(x) +g(x)}dx = ]'f(x)dx + jg(x)dx
e« Tinh chdt 2.

Cho 3 khoang déng [a, b], [a, c] va [c, b], néu f(x) kha tich wén
khoang ¢6 d6 dai dai nht thi ciing kha tich trén hai khodng con lai va:

b [ b
(7.24) J'f(x)dx - J'f(x)dx + j f(x)dx
. a a L+
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Chirng minh.

Dau tien gid sita < ¢ < b va f(x) khd tich trén (a, b]. Xét mot phan
diém # trong d6 diém c dugc chon 1am diém chia, khi dé :

b b
ZmAx :imAx+ZmAx
a a . C

Vi@ =M-m>0;AX >0 nén néu v& tréj dang thitc trén dan 16i
khong s& kéo theo hai tdng v& phai ding thitc d6 din 16i khong, néi
khdc di, theo dinh 1{ 7.1 f(x) kha tich trén {a, b] thi ciing kha tich trén
(a, c] va trén [c, b]. Mat khdc, hién nhién cé - :

b C b
D f(E)Ax = D fE)Ax+ D fE)Ax
a i C
Chuyén qua gidi han, cho A — 0, suy ra (7.24),
By gio, gid sitb<a < ¢ va f(x) kha tich trén {b, ¢] ; khi d6 theo
phén da chitng minh f(x) kha tich trén {b, a] va trén [a,c]vaco:

}f(x)dx = i].f(x)dx + j.f(x)dx
b b a

Chuyén vé ding thic tren va dung cong thitc (7.20) suy ra (7.24). W
* Tinh chdt 3. (Trong tinh chat nay : a < b).

b
() Neu f(x) 2 0, x  [a, b] = _[f(x)dx >0

a

b b
(i) Néu f(x) < g(x), x € [a, b] = If(x)dxs Ig(x)dx

(i) Né&u f(x) kha tich trén fa, b] = If(x)l kha tich tren [a, b) va

b b
(7.25) ffeoax(< fitcojax
a a
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(ivyNeum<f(x)sM,x ¢ [a, bl=
) b
(726)  m(b—a)< J'f(x)dx <M(b-a)
a
Ching minh.

(1) Hién nhién.
(ii) Chi cdn ap dung (i} cho hiéu g(x) - f(x).
(iil) Trudc hét, ta ching minh tinh kha tich cta If(x)l ; n€u trong

khoang [x;—;, X;1, 18y 2 diém bat ki x', X", ¢6 (bat dang thitc (1.25)
chuong 1) : :

[EREES H{CWES{EY)
Do d6, néu ki hiéu m’; 1a giao donig clia ham s6 If(x)! trong khoang

[x,-;. x;], thi theo dinh nghia (7.2) ¢6 : ©; Sw;, dod6:

0£Zm?m&i sZmiAxi
Vi fx) kha tich trén [a, b] (theo gid thiét) nen Y @;Ax; — 0
(djnh 1i 7.1), kéo theo Y_a;Ax; — 0, do d6 ifl kha tich trén [a, b].

Cudi ciing, bat ding thic hién nhién (vi Ax; > 0)

3" x| < Y IfE|Ax;
kéo theo (7.25).

(iv) Chi can 4p dung (ii) cho m, f va M va 4p dung (7.22). &
s Tinh chdi 4.
(i) Dinh li trung binh thit nhdt. _
Gid sit f{x} khd tich trén [a, b], (a < b} va gid siem <flx) <M, vor
xefa bl khidétontai pu:
b
(1.27) If(x)dx=|.t(b—a), m<u<M.

a
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Dac biét néu f(x) lién tuc trong [a, b], ton tai c ; ¢ € [a, b]
b

(7.28) [fx)dx = f(c)(b -a).
a

Chiing minh.
Gia sira < b, ding bat déng thic (7.20), ¢6

1
b

m <

b
jf(x)dxs M
3 a

vadat p:=

1 b
P If(x)dx
a

: a
Néu a > b, ta xét tich phian dang If(x)dx va diung cong thic
. .
(7.20) ciing suy ra (71.27).
Bay gio gia sir f(x) lién tuc trong [a, b]’. khi dé, theo dinh 1i 3.8
chuong 3, m = min f(x) ; M = max f(x), x € [a, b], va theo hé qua 3.1
chuong 3, suy ra tén tai ¢ € [a, bl,saochof(c)=p;m<p<M. W

* Nhdn xét.

(1) Cong thiic (7.28) c6 mot § nghia hinh hoc th vi. That vay, gia
st f(x) > 0, khi d6 vé trdi (7.28) chinh la dién tich hinh thang cong
ABCD (hinh 7.4) va vé phai yA
chinh la dién tich hinh chir
nhat ¢6 chiéu rong 1a (b — a) e i _
va chiéu dai 1a f(c). N6i khdc M
di, t6n tai mot hinh chi nhat

c6 chi€u dai 1a tung do f(c) _ .
cia mot di€ém M nim trén fc)

cung DC cha dé thi f, ¢6 A L A
hoanh do ¢ & giita a va b, sao O| a c S
cho dién tich hinh chir nhat dé . Hinh 7.4
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bang dién tich hinh thang cong ABCD c¢6 chung ddy AB. Chinh vi gid
tri f(¢) trung gian dd, cong thic (7.28) mang tén dinh Ii trung binh.

(2) So sanh cong thic (7.28) va céng thic (5.2) chuong 5:
f(b) — f(a) = f'(c)}(b —a)

¢6 thé néi ring néu f(x) c6 mot nguyén ham [a F(x) (nghia 1a f(x) = F(x))
thi (7.28) ¢6 dang :

. |
If(x)dx ~F'(c)b—a)

b
Chinh hé thiic nay ggi ra Jien he giita tich phan If(x)dx va gid trj

. a
cu thé clia nguyén ham F(x), trong muc 7.4 ta s& nghién ctru quan hé do.

(ii) Dinh If trung binh thit hat.

Gid sit :

(1) fix} va tich f{x).g(x) khd tich trén [a, b].

(2)m <fix) <M. _

(3) g(x) khéng ddi ddu trong [a, b] : g(x} 2 o(g(x) <0}.
Khi dé : |

b b
(7.29) jf(x)g(x)dx - ]'g(x)dx m<u<M.

a a

Ddc biét, néu fix) lién tuc rfong [a,b],cé :

b b
(7.30) jf(x)g(x)dx =f(c) [g(x)dx, a <c <b.

Chitng minh.
Trudc hét, gid st g(x) 20 vaa<b, khi d6, tlr gia thiét (2) ¢6:
mg(x) < f(x)g(x) < Mg(x)
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Ap dung tink hdt 3 (iv) suy ra :
b b b
m Ig(x)dx < If(x)g(x)dx <M Ig(x)dx

a a a
Mat khéc, vi g(x) 2 0 (a < b) nén dung tinh chat 3(i), ¢6 :
b

I gx)dx >0,
d
Néu tich phan nay bang khong thi hién nhién ¢6 (7.29) vi khi dé
b .
jf(x)g(x)dx -0,
&

b
Néu jg(x)dx >0, suyra:

a

b.
j‘ f(x)g(x)dx

5 =W, U e [m, M]

J'g(x)dx
do d6 ¢6 (7.29).

Biy gitr, d€ ¥ ring han ch€ g(x) > 0O vaa<b la khong cédn thiét vi
khi d6i can tich phan hoac déi diu cha g(x) trong biéu thiic trén dau
bang vin khong thay déi.

Dic biet khi f(x) lién tuc trong [a, b], ciing lap luan nhu phz‘in
tuong {ng trong dinh li trung binh thit nhat, suy ra (7.30). m

7.4. Céch tinh tich phan xac dinh
Néu f(x) kha tich trén [a, b], f(x} ciing kha tich trong [a, x], x € [a, b]

(tinh chat 2 muc 7.3, néu bay gid thay can trén b bai bién x thita cé
tich phan '

X
(7.31) D(x) := If(t)dt, X € [a, b]

a
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®(x) 1a mot ham phu thudc can trén X, va d€ phan biét can va bién
s& tich phan ta viét bi€n s6 tich phan 1a t (xem nhan xét (2) myc 7.2).
Ham ®(x) ¢6 cédc tinh chit sau.

BPinh i 7.5.

(1) Néu f(t) khd tich trén {a, b] tht @x) lién tuc d6i voix € {a, b].

(2) Néu fixj lién tuc tai t = x thi @(x) cé dao ham tai x va :

(1.32) @ '(x) = f(x)

Cluing minh.

(1) Cho x mot s& gia Ax = h sao cho x + h € [a, b], khi d3, theo
dinh nghia (7.31) ¢é :
x+h X x+h
O(x +h) = j f(t)dt = If(t)dt+ J’ f(t)dt (cong thiic (7.24))
a

a X

do dé :
x+h
(7.33) ©(x+h)-P(x) = I f(t)dt = ph, (cong thirc (7.271)

X

voi p & gilfa m’ va M’ 1a hai can dudi va trén ciia f trong khoang [x, x + h]
(xem hé thitc (7.2) trong chi ¥ (2) phan dinh nghia tich phan xdc dinh).

Né&u bay git cho h — 0, hién nhién ¢6 :
®(x + h) — ®(x) — 0 hay la ®(x + h) = D(x)
va diéu dé chimng tO tinh lién tuc cia D(x).
(2) That vay, tir (7.33) suy ra :

O(x + h) - P(X)
h

=p

Mat khac (1) lién tuc tai t = x nén véi & > 0 tuy ¥ tim duge § > 0
sao cho khi |h] < & ¢6
f(x) — & < f(t) < f(x) + &, t € [X, X + h]
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Vim':=inf f(t), M":=sup f(t), t € [x, x + h] (xem menh dé 1.2
chuong 1) ¢c6:

f(x)—e<m'sM <f(x)+¢
Ngoaira, vipu thod : m' < p < M neén suy ra:
fx)—e<pu<f(x)+¢ hay la |p—f(x)[££
Do d6 :

®'(x) = lim DX -P00) L = f(x). W
h—0 h h—0
* Nhdn xét.

Két luan (2) cha dinh 1i ¢6 mot ¥ nghia quan trong vé i thuyét
ciing nhu ng dung. Néu f(x) lién tuc trong toan khoang [a, b] thi né
kha tich {dinh !f 7.2) va, hon nifa, tai bat ki x € [a, b] cong thifc
(7.32) ding : Khi dé dao ham ciia tich phdn (7.31) theo cdn trén x
luén bdng ham sé'ldy tich phan trong khodng ldy tich phdn dé.

Néi khée di, ching ta d3 chitng minh dinh 1i 6.2 chuong 6 :

Mot ham fix) lién tuc trong khodng [a, b] luén co nguyén ham
trong khodng d6 va mét trong céc nguyén ham dé dwgc biéu dién
duci dang 7.31.

Binhi 1 7.6. (Lién hé giia tich phén xdc dinh va nguyén hiam).

Néu f(x) lién tuc trong khodng déng [a, b} va néu F(x) la mét
nguyén ham cua fix) (luén tén tai nguyén ham ndy, theo nhdn xét
trén) trong khodng dé thi

b
(7.34) [fe0dx = Fb) - Fea)
a

Cong thie (7.34) dugc goi la cong thifc Newton—Leibnitz {doc la

Niuton-Lainit) va ciing thudng duge viét dudi dang :

b
Jfeodx = Feo|”
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Chitng minh.

Vi F(x) 12 mot nguyén ham cia f(x) trong [a, b] va tich phan (7. 3

ciing 1a mot nguyén ham cia f(x) trong {a, b] nén theo dinh 1i 6.1 (2)
chuong 6 ¢6 :

(7.35) d(x) = F(x) + C, x € [a, b]
véi C 12 mot hang s6 cong.
Tir ding thitc (7.35) suy ra:
®d(a) =Fa)+ C
nhung ®(a) = 0 (xem {7.21)), suy ra : F{a) = -
Bay gid trong (7.35) cho x =b s& suy ra (7341

Cong thiic Newton ~ Leibnitz cho cich tinh tich phin xdc dinh
b

].f(x)dx, khbng c4n phai tr& vé dinh nghia, mién la biét mot nguyén
a

ham F(x) ctia £(x), nhu vay, néu chiing ta di quen v&i cac ki thuat tim
tich phan bt dinh da hoc & chuong 6 thi vé nguyén tic ¢6 thé tinh
ditge cac dang khdc nhau cia tich phan xéc dinh.

* Thidu.

(a) Tr& lai hai thi du trong myc 7.3, d& dang théy :

]

szdx :“13"‘3“) =%

0

b b

Isin xdx = —cos.x‘a = cosa — cosb

a

b u+1
X b i 1
(b) Ix”dx=“+1|a=ﬁ(bp+’—au+) (-1,
{c) I——zlnx] = Inb - Ina (a>0,b>0)
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(d) Ding tich phan x4c dinh, tim gi6i han

I'—lim[n 1 n]
n—w| n? 42 n? +22 n®+n? |

. n n n
Goi I, = 5 2+—2——2—+...+ T
n-+1 n°+2 n“ +n

thi ¢6 the viét I, dudi dang :

an R n
2 2 2
— n n n
I, = 1 5+ ; 7 Het 2
1+(-—] l+[~—) 1+[—J
n n . n
1 1 1 [
=— +
I 2

Xét ham f(x) : = 5 ham s6 nay lien tuc trong {0, 1], do d6 kha

I+x

tich tren [0, 1] ; diing phan di€m déy Ax; = 1-0 -1 va

cdc diém chia :
n o

, 1=0,n ;

|
X0=0;X]=H,...,Xi=

i

n

chon di€m &; = x;, ¢6 t6ng tich phan chinh 1a 1, do d6
- 1

) dx 1 x
Iiml =I= arctgx| = —,
n—0 f 6[] + X2 & 0 4

1000

(€) Tinh I = j v1—cos2xdx
0
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Tacod 1l —cos2x = ZSinzx, do dé

1000

I= \/5 I |sinx|dx
Q

n 2n In 4n
= ﬁ{( I |sinx|dx + jlsinxldx) +( I\sin xldx + I\sinxldx) +
0 m 27 3n
99m 100n
T I Isin xldx + I lsinxldx)“l
93n 99

T 27 n i ]
= SO«B{J lsin x}dx + j |sin x\dx} = 50\5[ Isin xdx — Isin xdx] :
H 1 o T

= 50\5 [(cosQ — cosm) + (cos2m — cosn)] = 200\/2_‘
1
() Tinh (o) : = jxlx ~oldx, o la tham s6.
0

. X—onéux=a
Viijx-a|= B
oa—-xnfux<a

Do d6 I{o) phu thudc vio a < Ohoac 0 s <1 hoic o > 1.

V3ia<0 x>a,tacd:
1
(o) = jx(x—a)dx=%—2

2
0 .
VD<o, tacd
o 1
{a) = jxlx —aldx + lex—a]dx
0 o

° : I o’
= Ix(a —x)dx + Ix(x —a)dx :E—a +T'
0 o
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Véjoc>1,x<a,tacé:

1 | o
o) = J-xlx —aldx = Ix(a —x)dx :5—

0 G

(g) Tinh c4ic dao ham ;

b
aodoe
(1) EEEJ.S"‘X dx,

S

|

b
oo d e, . A d e,
(ii) a;_"smx dx vi (w)&— J.amt dt.

a

: b
. < s d
(i) Via,b1a hapg nén &_J.S

a

in xzdx ={

. b
(i1) Theo cong thifc (7.32) Edl:; sinx2dx = sinb2

a
b

a
(i) Vi fsinx?dx = - Jsinx2ax
a b
Ding cong thige (7.32)
b
EqE fsinx®dx = _sipa?
F:
u
(iv) Patu = x?; ¢y = j'sin t2dt.
! d
Do do ding (7.32) va ding dinh 11 dao ham ham so hop cé6 :
2 1]
ax Isintzdt =Hd; sint2dt =ad;¢)(u)
a

d

_d du _ . 4
~-(E-((lb(u)).dX = 2xsinx .

269



®e
“5¢,

7.5. Phép déi bién trong tich phan xac dinh

Tuong tu tich phan ot dinh, trong tich phan xédc dinh, ngudi ta
ciing diing céc phép déi bién thich hop dé tinh tich phan.

Pinh Ii 7.7 (D6i bién x : = o(1)).

b
Xeét tich phan jf(x)dx. voi fix) lién tuc trong {a, b].

o
Gid sit thuc hién phép déi bién x = @t} thod :
(1) @ft) c6 dao ham lién tuc trong (@, Bl
(2) pa)=a;:pP)="b

(3} Khi t bién thién trong [a, ] thi x bién thién nhung khong ra
ngodi khodng lién tuc ciia ham 56 f(x). Khi d6

. b B
@36 [rede= [ flewlowd
a [

Chitng minh.

Gia sir F(x) & mot nguyén ham ciba f(x) trong [:;1, bl. khi dé F(p(1))
s& 13 mot nguyén ham cua f{(p(n]e'(t) trong {o, Bl (meénh dé 6.1
chuong 6). Mat khdc theo cong thirc Newton —~ Leibnitz c6

b
j'f(x)dx = F(b) — F(a)

a

p

va If[(P(l)]CP'(t)dt =F[(P(t)]‘i = Flo(B)] - Flo(a)] = F(b) - F(a)
O .

So sanh hai ding thic trén suy ra (7.36). M

e Nhdn xét.

(1) Ca ba diéu kién ctia dinh 1i déu khong thé bd qua dugc. Diéu kién
(1) dam bao t6n tai tich phan v& phéi he thirc (7.36) ; diéu kién (3)
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dam bao ham s¢ hop fle(t)} duge xdc dinh v6i moi t € [a, B]: va
dicu kién (2) da duoc dung khi chimg minh cong thiic.

(2) Thuan lgi clia cong thitc (7.36) 1a, sau khi déi bien khong cin
phai trd vé bién cii. :

* Thi du.

: 2
(a) Tinh I:= j' 4 -x%dx
0

" . ] T T
Dat x : = 2sint ; c6 V4—x2 = 2cost, ~5£t£5 ;

4

25in0t=0:>0:=0;23inB=2:>B=g;dx=2(:ostdt.

Cdc diéu kign cua dinh 1i déu thoa, do dé :

T

T
— — T o
2 2 . -

2
0 0

2

(b)Chol,:= |cos"xdx :J. :=

0 sin” xdx, n € N. Chiing minh

et A
S g [ A

ring I, =,
i} n : . n
Thart vay, dit x = 5-[ ;cosx =sint, dX = -di, khix =0 =t = 5
khi x = 325 = t = 0. Do dé, diing (7.36) ¢ :

Lo

4 0 2

I, =_IC.°SH [%—tj dt :-Jsin“ tdt = Isin" tdt=1J,
i ' x 0
2 2

271



-(c) Chiing minh rang néu f(x) lién tuc trong [-a, a] thi:
0 néu f(x) 1é

.
7.37 f(x)dx =4 2 .
¢ ) -[ (x) 2 If(x)dx néu f(x) chan

—d
1]
Thit vay, theo cong thic (7.24) ¢é
- a 0 a
fxdx = [fCdx+ Jf(x)dx
-a —i 0
Trong tich phan thif nhat cia v& phdi déng thic trén, ta thuc hién
phép ddi bién x = — t ¢&

0 0 a a
[ fe0dx = fec-odt = et = [f-x)dx
-a a G G
a a
Dodé:  |foodx= [ [fe+f-x]dx
—a 0
Tir déng thiic cudi ciing nay ding tinh chat ham s& chén, lé va
dung tinh chat 1 (i) suy ra (7.37). '
Dinh li 7.8 (D01 bién t : = ¢(X)).
b
Xét tich phédn J_f(x)dx, vot flx} lién tuc trong [a, b].

a
Néu phép di biént - = ¢{x) thod :
(1) @(x) bién thién don diéu ngdt va cé dao ham lién tuc trén [a, b}

(2) fix)dx tro thanh g(r)dr, trong dé g(t) la mét ham 3o’ lién tuc
trong khodng dong [p(a), ¢(b)] thi :

b o(b)
(7.38) ]'f(x)dx= j g(t)dt
a pla)
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Chiing minh.
Gia sir J'g(t)dt = F(t) + C, khi d6 :
Jfoodx = et = From) +
Do do :
b L alh)
Jfoax =Flowo)]® = Flo() - Frota) = Fo oo = [aoam
a ? o(a)
*Thidu.
-z
(a) Tinh Co8X
U 1+ Sll'l X

Péi bién = sinx, ham s& t = sinx don diéu trén ':O, g]

Ding (7.38) ¢6 :
1

I= dt = arct 'tll—?t
S dpe T
0
! dx
®) Tmh 1= [ 5 O<a<n).
1 X7 —2xcosa +1
Vi0 < & < 7 nén ham s6 f(x): = -——l—-—— lién tuc trong

X -2xcosa +1
[-1, 1} ; thyc hién d8i bi€n t = X —coso; dt =dx vi

l-cosg,

dt 1 -coso 1+ oosa:'
+arct

[= 2 a2 =sina[ ! sina sina
lecose b FSID“a
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T
5‘55

R
. 2sin” - .
. b -cosit p) o 1+ cosa o
Vi - = =1 E‘v—_———ZCOIgE
. 3 4 5
s 2sin—cos — o
_ 2 2
. ) I (o © « (s
Do do: =— e
sing\ 2 2 2, 2sinu

7.6. Phép ldy tich phan timg phan
Ga s u(x) vioyx) 1a nhimg ham s6 ¢6 dao ham lién tuc trong [a, bl.
(Liddr '
d{uv) = vdu + udv
LA, tich nhan dipg thirc nay trén [a, b] dugc :

b h. h
i:?i:l\ Vo Iudv + J‘vdu
;; a ]
Vi I[d(uv) -{u.\-')._b nen
2; a
h‘ h
(7 39) Judv:(uv)l: -~ I\'du

d Fi]
Cong thite (7.39) duoe 201 le cong tkuc tich phan timg phan.
Thi du.

(a) Tinh j= jln xdx

[
Tacod: = xm\:—jdx —elne—1.Inl —(e-1)=1
) l

(b) Tinh ¥, 0= |sin" xdx, ne N.

e A

= .. n—1 . . L.oa?
- Patu =sin X va d(-cosx) = dv, c6 du=(n—1)sin” "~ acosxdx

va v = —COSX

274



Ding cong thie {7.39) duoc

n

=5

Jy = (—cosxsin"'x)

- 2
2 + I(n - 1)sin™ 2 xcos? xdx
0 0

T T E
Kl . 2 2
= (n- I)J-sin"“‘ x(1-sin? x)dx = {n—-1 jsin"_2 xdx — J.sin“ xdx
0 ! ) 0 0
hay J = =Dl _5 - (n- nJ,
Suy ra céng thic truy héi :
n—1
(7.40) Jo® Sy
T T
7 n 2
Dic biel . o I, = Il.dx=5;J|: fsinxdx =1
0 i

)
Hé thire (7.40) ching 16 ring muén tinh Jn phdi biet I, , musn
.. CUOI cling phai bigt Jo hodc J| tuy theo n

tinh J, 5 phai biet §,_,..
chdn hay I8. Ching han, véi n chin (n = 2m). cong thic (7.40) cho .

2m -1
Iom = 2m Jma

2m-3
Jam-2 = 2m—3 Jam-4
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Nhan v& voi v€ cdc dang thitc trén, suy ra

) _(2m-— D@2m-3)..3.1 ©
(7.41) Tom = 2m(2m -2)..42 2

Neéu dung ki hiéu :
1.3...2m—3)2m - 1) : = 2m - N
(doc 1a (2m — 1) giai thira céch) Vi
2.4..(2m —2)2m : = 2m)!!

(doc ta (2m) giai thita cach) thi c6 thé viét (7.41) dudi dang -

-nn
(7.42) Tom = %3%325
Tuong ty véin1é : n=2m + 1, co

(2m)!!

(743) J2m+l :m

a
Dung thi du (b) trong phdn dinh 1 7.7, ¢6 thé vi€t gon

n n — 1N
7 7 %{%% khi n chin
(7.44) Isin“ xdx = Icos“xdx = N
5 0 -DE hine
- {m)!!

7.7. Tinh gan ding tich phan xic dinh

Nhu da biét, cong thirc Newton — Leibnitz cho céch tinh tich phan
x4c dinh clia cdc ham s6 kha tich mié&n 13 biét nguyén ham cia cac
ham s6 d6. Tuy nhién, chiing ta ciing da biét cé nhiéu ham s6 so cdp
nhung khong thé biéu dién nguyén ham cda ching duéi dang céc ham
56 so cip, ngay ca khi c6 thé biéu dién dugc nguyén ham dudi dang
cdc ham s6 so cdp ngudi ta ciing tim cdch tinh gén dung tich phan
xdc dinh mién 12 dat do chinh xdc thich hop va cach tinh don gian.

Muc nay s€ gi6i thiéu hai cong thic tinh gin ding tich phan xdc
dinh : cong thitc hink thang va cong thiic Simpson.
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* Cong thitc hink thang.
Gia str cdn tinh tich phan

b
(7.45) Ii= ffx)dx
a
trong dé f(x) 1a mot ham s6 xdc dinh lién tuc trong [a, b].

Dung he phan diém déu, chia [a, b] thanh n doan con bing nhau
bdi cdc diém chia : :

Xo=4a,X;=a+h, ~»Xj=a+ih, .., x,=b; i=0n
(7.46) h:=Ax;=x%-x_ = b;a, i=ln
Tai cdc diém chia, ta tinh f(x;) va dar
(7.47) f(x):=y,.i=On
N6i khdc di, ta c6 bang gid trj twong ing (x;, y;) :
X l as=x, Xy X; X, =b
B,
Ta cé :
b X] X2 Xn
(7.48) [ f(x)ax= Jfxdx + [feodx+ ..+ | f(xyax
a Xo X Xn-1

bé tinh tich phén & v& phai ctia (7.48) ta thay ham sé& 18y tich phan
f(x) bdi ciac da thic ndl suy bac nhat Lagrange L,(x) trong cic

khoang [x,, X1, [x,; X2k .. [Xg-1. %] (di nhién trong cic khoang
khéc nhau, ¢é cdc da thie ndi suy khdc nhau).

Chéang han trong [%o, X1]. diing cong thirc (2.6) va (2.7) chuong 2
taco: :

(7.49) f(x) = Li(x) = yolo(x) + y14;(x)
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itong do

Iy {x)~ X4

(7.50)
(%) = 20
Xy —Xo

X Xy
Nhu thé, ta da xdp xi If(x}d:; bai ILl(x)dx :

X Xo

X X
(7.51) [teodx= JLiodx
X Ko

3]

trong dé L;(x), ham s0 dudi d&u tich phan & vé pha1 (7. 51} thoa cac
cong thiic (7.49) va (7.50}.

Thur. hién phép déi bieén X = X, + ht ; dx = hdt, khix=x,=t=0:
khix =x;,c6X; =X, +h=x,+ht=>1=1L

Khi do
X, +ht—x; %o +bt—%X,~h
L(x)= Q l= 0 o =—({1-1
o(X) _h = (t-1)
X—X, Xotht—X, -
X] = Xo h
L(x)= VololX) + vl (x) =yl =)+ yqt
Do 46
¥ ! otV
JLidx =b [ {yoll -0+ y i} de=h. e

X, 0

Tir (7.51) ¢6 cong thirc Xap xi
Xy

(7.52 ]'f(x)dx h.

: x(l

)’I
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Nhan thdy v€ phai cla (7.52) khong phu thuéc cdc c4n lay tich

phan x,,. x| ma chi phu thuoc t(x,) = yn. f(xy) =y, (xem (7.47)) nén,
¢4 th suy ja :

X3 '
[fodean, L2z
' 2
(7 53) ]~
.xn B . z
: j f(x)dx ~ b . 2n-1 = ¥n
| .
lxn—l
Tir cdc he thic (7.48), (7.52) v& (7.53) suy ra cong thic x4p xi
b
e 1y m 0T ¥n _
(7.54) fodxan T30,y 4y, *---+Yn-1J

il

Goi bi€u thitc & v& phai (7.54) 1a I, c6 :

(7.55) [~ 1lp= h[yogy" FY)+Ys +...+yn_]},

Cong thirc nay duge goi la 1
cong thice hinh thang, vi néu
f(x) > 0, x € [a, b] thi cdc biéu yd
.thic ¢ ve¢ phai cla (7.52) va
{7.53) chinh 1a dién tich cta
cdc hinh thang c6 chidu cao h Yo v
va cde day lan luot v, vy Ly '
(hinh 7.5, h

Yn-1 [ ¥n

Hinh 7.5
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C6 thé chiing minh dugc ring néu xdp xi I boi I theo cong thikc
(7.55) thi:

(7.56) I-If< -2 M2 hZ(b—a)

trong d6 M, : = max|[f"(x)], x € [a, b].

* Thi du. Tinh gin diing 1= I

1+x2

] .
Tadabiétl= arctgxl0 = arctgl = -g- do d6, néu da biét sd w thi ¢

I=0,78539816
Néu diing (7.55) va chia [0, 1] thanh 10 khoang bang nhau, ta ¢4 bang

X () = —
| (1+x%)

0,0 =x, 1,0000000 =y,
0,1 =%, 0,9900990 = y, .
02=x, 0,9615385 = y,
0,3 =x, 0,9174312 = v,
0,4 = X4 0,8620690 ~ y,
0.5 = Xs 0,8000000 =~ ys
0,6 = xg4 0,7352941 ~ yg-
07=x; | 06711409 =y,
0,8 = xg 0,6097561 = yg

- 0,9=x4 0,5524862 = yq
1,0 = xp9 0,5000000 = ¥y
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Dung cong thirc (7.55) ta dugc

I~ Iy = 0,7849815 véi sai s6 twong d6i 0,054%
* Cong thitc Simpson.

Khi xay dung cong thitc hinh thang chiing ta da x&p xi f(x) béi cac
da thifc ndi suy bac nhat, biy gid ta s& x4p xi f(x) bdi cic da thic noi
suy bac hai, do d6 trong méi khoang xap xi cdn dén ba ndt, vi thé
phai chia [a, b] thanh 2n khoang bing nhau béi céc diém chia

A= Xp <X} <X < .. <X{<..<Xy =b

(7.57) xi=o+ihh= 222 i- 02n
2n

Tai cdc diém chia x; ta tinh f(x;) va dat

(7.58) f(x;)=y;
Khi d6, ta co ;

: b Xz Xy X2n
(7.59) 1= jf(x)dx: J'f(x)dx+ J'f(x)dx+...+ j’ f(x)dx
a X, X2 X3n-2 '

X2
Dé tinh If(x)dx ta xdp xi f(x) bdi da thic noi suy Lagrange bac
K('I
hai L,(x) va ding cong thirc (2.8) va (2.9) chuong 2 tacé :
(7.60) La(x} = yolo(x) + y 1, (x) + yalp(x)
véi
[ (x—xl)(x—xz)
(Xo —X )(xo —X3)

lo(x) =

(X —X {x—x5)
7_ =

(7.61) s (x) (xl‘xo)(xl‘x2)
(x»—xo)(x—xl)
(X2 =% )%y — %))

L(x)=
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Taco:
XA

{7.62) jf(v.)dX* jLa{x}dx

X X

L o

trong do Lo(x) duoc tinh theo (7.60) va (7.61).
Dé tinh tich phin & v€ phai chia (7.62) 1a tiwic hién phw doi bién

X = X, + ht va ¢3 dx = hdt, ing X, lat=0,tng xzlat= 2. khido:
] .
[(x) = -2—(1 - Dt -12).
fix)=-t(1 -2

1
i .".2(?'\) = —2'[([ -1

do dé:
X2 -
ng(x)dx:th ~2°u—1,(t—2)—ylt(t—2)+ 2 i
X, 0 -
2 3y ya :
= hj ‘ ———\1 %——]t +[ 2“ +2y4 ——;—)H yuldt
v cudi cung !
.\2 h
(7.63) If(x)d,\:—{(yi, LAy, +Y)
X

.

Tuong ty, suy ra:

Xa h
If(x)dx = —3—(}'2 +dyy+yy4)

(7.64) N """
X3n
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Cuai cling, tir cic cong thirc (7.58), (7.63) va (7.64) suy ra
h
(765] Ia"‘JIS?- 3—[)'('0+Y2n)+4(y| +y'3 +.‘.+}"2n_l)+

+2Y2 + Yyt o+ y3p0)]
-a
2n
Cong thitc (7.65) dugc goi la cong thirc Simpson.
Ngudi ta cling ching minh duge rang
4

vil h =

h
(7.66) I-IJ< M4@ (b-a)
visi My:= maxif(4)(x)| 1 X € [a, b).

Thidu.

L4y lai thi du trong muc cong thite hinh thang, vdin = 10 ta tinh
duge I = I, = 0,78539815 vai sai s tuong do61 0,000002%.

* Cha y cu6i cing vé tinh gin ding tich phan. Vigc dimng cic cong
thite hinh thang va Simpson chi thie si thugn loi khi bigt duge cée
g1d tri f(x;) = ¥; (cdc hé thdc (7.47) va (7.58)) nhung rat tiéc 1a trong
thuc &, khiéng phdi lic nao ciing ¢6 thé tinh é dang va chinh xde gid
tri ham s§ f(x) tai bat ki diém x = Xis chinh d¢ khac phuc khé khan
dd, hién nay ngudi ta dang c6 géng phat hi¢n cdc phuong phip s6
hiéu qua hon. :

7.8. Mot s6 g dung hinh hoc cua tich phan xac dinh

1.8.1. Tinh dién tich hinkh phing

* Trudng hop bien cia hinh phing cho trong he toa do Décdc. Tu
bai todn dien tich hinh thang cong, ta da biét dién tich cla hinh thang
cong gidi han bdi cdc dudng thing y =0, x=2a,x = b va cung do thi
ham s6 lién tuc f(x) > 01a S -

b
S= jf(x)dx

d
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b
Néu f(x) <0, x € [a,b] thi S = — jf(x)dx
: 5 :
Do dé6, trong moi trudng hop vé6i f(x) lién tuc trong [a,b]tacé:

b
(1.67) s= [ [f(0]dx
a
Trudng hop hinh phing gi6i han bdi cic dudng thing x =a,x =b,

y = f,(x), y = f5(x) véi f}, f; la hai ham s6 lién tuc trong [a, b] (hinh 7.6)
thi dién tich S dugc tinh theo cong thirc

b
(7.68) s= [ |fi0-f(0]dx

a yh

yA d
x=¢(y)
c
9 0 X
Hinh 7.7

Tuong tu, néu phuong trinh dudng cong cho dudi dang x = o(y), o(y)
lien tuc trong [c, d] thi dién tich hinh phing gi6i han bdi cdc dudng
y=c,y=d,x=0vadé thi x = ¢(y) dugc tinh theo cong thic (hinh 7.7) :

d
(7.69) s = [ loty)ldy
! C
Trudong hop dudng cong cho duéi dang tham s6
{x = o(t)
y=w(t)
thi dién tich hinh thang cong ciing duge tinh theo cong thitc (7.67)
trong d6 y = f(x) dugc thay bdi y = w(t), dx dugc thay bai dx = o'(t)dt
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con hai céan a, b duoc thay boi hai can méi t}, tp lan luot 1a nghiem
cua céc phucmg trinh

a=0o(t)); b=0o(t,)
titc 1a
ty
(7.70) S= J' lw(e')]

b

trong do (p(t), W(t) va @'(t) 1a cdc ham lién tuc trong [ty, t,].

* Thi du.
(a) Tinh dién tfch cua elip (hinh 7.8) :
2 2
X Y
— + —_— l yl\
a’? b2

Vi 1€ d6i xing, cong thitc (7.67) CV
g :
- al bl _
S= 4 2va? —x2dx 0‘/3
0 3
| 4(;a.rcsmz+% az—xzjla

= mab (thi du (b) muc 6.2 chuong 6). Hinh 7.8

Cling c6 thé tinh S theo cich bi€u dién tham s ciia phuong trinh

= t z
elip {x *“%" 0 < t < 2n. Khi d6, ding (7.70) 6 :
y =bsint

ka
A .
s—4b2'2zdt—4b21'c°‘°’2‘dr~ ab 2 o
= 4a Ism = 4a J'—-z——— = 7a S
0 3 g
(b) Tinh dién tl’ch ctia hinh g6m giita +,‘19
hai dudng cong y = 2pX ; X = 2py, 0 2p ¥
p > 0 (hinh 7.9).
Hinh 7.9
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2
6] day : f;(x) = J2px ;5 fHh{x) = 32(—1; do dé, dung (7.68) cé

2p 2 3 32
: X 2 3 X P 4
= N, - — =] = P = =p°
> J[ 2 2p]dx [3‘@" 6P]|0 3°
{¢) Tinh dién tich hinh giéi han boi dudmg cycloide
X = a(t —sint)
y = a(l —cost)

0 <t < 21 va truc hoanh x (hiny L i0).

Hinh 7 10
Theo cong thie (7.70) ¢é @

2a
u - 2
S= jd‘(l —gosty-dt = 3'(§t --2sint +l-‘1n2t)|”Tt = 311:32

2 4

{1

e Trutmge hop bién cua hinh phang cho trong h¢ toa do cuc.

Gia sir dudng cong gidi han hinh phirg cho trong h¢ toa do cuc.
Ngudi ta goi hinh quat cong 1a mot hinh gici han bd hai tia di qua
cuc va mot dudng cong ma moi tia di qua cyc ¢it duong cong dé
khong qui mot diém. Dé tinh dién tich ctia hinh quat cong gidi han
boi hai tia ¢ = a, ¢ = B (a0 < ) va cung AB cia dutng cong r = r(@)
" trong dé r(¢) 12 mot ham s& lien tuc trong {a, B} (hinh 7.11), ta chia

géc AOB thanh n géc nho, Ki hiéu 1a Ag;, i= Ln.
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Nhu thé hinh quat d6 duoc chia
thanh n hinh quat nho c6 dién tich
AS;.i=1.n (hink 7.11),
" Gia sir OKL 13 hinh quat nh¢
thit i, dién tich cda né xap xi bing
dién tich hinh quat tron OK'L' ¢6

clng goc ¢ tam A@; va ¢6 bin kinh

lar=r(o"), P< o) <+ Ao,
nghia la

. . i
AS, = ;: (9 '1)Ao; Hinh 7.11
De» d6 dién tich hivh quat cong da cho «ap x? bing

l L]
(g i)AQ;

\4=

1)
=]

.[_ .

Xap xi cang tot néu n cang Ion. Ag; cang nho, do dé dién tich S
cta hinh quat, theo dinh nghia tich phan xac dinh la
B
+-qMl e
(1.72) S= 3 [P o)de
o Vg
o Thi du.
(a) Tinh dién tich dudng tron ¢6
ban kinh R.

Phuong tiih dudng tron ban kinh
R trong hé toa do cuc lar =R, do dé
dung (7.72) ¢6 (hinh 7.12) :

S==-4 de(]J = nR?2 Hinh 7.12

.
,

=R W ]
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(b) Tinh dién tich giéi han bdi dudng hinh tim r = a(1 + cos@), a >0
(hinh 7.13). i

Dung cong thic (7.72) ¢6 :

n
Ml e 2
S—Z.EJa (1+cos@)“do

n
= a? I(l +2cosp+ cos? @)do
0

1]

3 : :
a’ [Ecp+25mcp+%sm2cp]|g = %naz. Hinh 7.13

7.8.2. Tinh d6 dai duong cong phang

Cho ham s6 y = f(x) lién tuc va c¢6 dao ham lién tuc trong {a, b],
goi cung AB 1a d6 thi clia f(x), x € [a, b]. Ta s& dinh nghia d¢ dai s
ctia cung AB va tinh s (hinh 7.14).

Ya
Mo=A Mg _iga Mot
M, M.=B
a_ 1 b >
@) Xo X Xig - Xy Xn1 Xn X
Hinh 7.14

L4y trén cung AB nhimg diém My(x,, f(x,)), M;(x;, f(X))), --.s
M;(x;, (X)), ..y Mp(Xg, f(xp)) V6i X, =a; x; =b. Ta goi do dai s 1a
gi6i han cha do dai duong gdp khic MM,... M| M; ... M, khi s6

canh clia dudng gdp khic ting vo han sao cho do dai canh 16n nhit
ctia né dén t6i khong, nghia la :
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n

(7.73) s= lim » M,_ 1M;

A0
i=1

trong d6 A : = max M;_ M,

[£isn

M, (M 1a do dai doan M; M,
Hién nhién ta ¢6 :

(7.74) | M M = y(ax;)? + (ay;)?

Vi Ax;:=x; - Xi-p 1 Ay o= f(x;) ~ f(x;-))-
Theo cong thitc Lagrange (cong thic (5.2) chuong 5), ¢6
AY; = ) — f(xi-y) = FEYAX, x| <& < x
Theé gid tri Ay, vao (7.74) ta duge ;

M- M, = J1+f'2(§i)mi
n

Suy ra : s = }nmoz,h +£2(E)Ax,
= I=]

Vi £'(x) lién tuc nén /1 + f*2 (x) lién tuc véi x € [a, b] nén ham sO

\/I+ f'z(x) kha tich trén [a, b] (dinh Ii 7. 2), do d6 luodn t6n tai do dai
S, va, theo dinh nghla tich phan x4c dinh, c6

(7.75) s = J}/l +£2(x)dx

Trudng hop dudng cong cho dugi dang tham s3
X=x(1),y=y(),t € [&, ]

thi tir (7.75) chi cdn thay dx bai x'(t)dt, thay f(x) b Et;
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ta c6 cong thiic :

B
(7.76) s= j}/x'z(m y2 (e

Trudng hop dudmg cong cho trong hé toa dd cuc

r = (), ¢ € [, Bl
ta chi cin ding cong thic (5.22) chuong 5

X = r(¢)cosQ, y = r(@)sing
vi coi X, y duge biéu dién theo tham s& ¢ ta dugc

X'(@) = r'(p)cosp — r(p)sing
y'(¢) = '(®)sing + r(¢)cose

. . 2 2 2
Do dé : x2(@) + ¥ (@) = 1 (@) + ' (9)
Khi d6 cong thirc (7.76) tré thanh :

B
(7.77) 5= I\’rz((p)+r'2(q))d(p

c

e Cau y.

Néu s 12 do dai cung AM, 12 d thi cha ham s& f(x) lién tuc cling
v&i dao ham f'(x) ; trong d6 A(a, f(a)) la mot diém c6 dinh va M(x, f(x))

thi cong thirc (7.75) cho
) X
5= Hl +£2(ndt
a
Tur d6, theo cong thirc dao ham theo can trén (7.3 1acd

% 14 £2%)
suyra:
(7.78) ds = y/1+ £ 2(x)dx

Vif'(x)=y' = j—i nén cé thé viét (7.78) dudi dang

4

(1.79) (ds)” = (dx)” + (dy)’
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Trudng hop duong cong cho duéi dang tham s8. (7.79) 1ay dang
(7.80) (ds)” = [x%(0) + y20ary?

Hai cong thic (7.79), (7.80) thudng dugc goi la cong thite vi phdn cung.
* Thi du.

(a) Tinh d¢ dai cung parabén y = Eli;xz, p > 0 lay tr g6c toa do

dén di€ém M c6 hoanh db x.
Cong thifc (7.75) cho :

X 2
1 X
§ = EJ\#XZ +p2dx = {%x\/xz +p? +—F; In(x + y/x? +p? )]lﬂ

I
! 3

(diing cong thitc & thi du (h) muc 6.3 chuong 6).
(b) Tim do dai dudng tron ban kinh R.

Phuong trinh dudng tron tronghé toadocuclax =R, 0 < ¢ <2x
do d6 ding cong thitc (7.77) c6 -

L

4

2
s =4, de(p =2aR
0
(c) Tinh do dai dudmg cycloide
X=a(t—sint); y=a(l —cost) ; 0 <t <2n
Ming cdng thiic (7.76) ¢cé :

2n 2n
s = j a\/(l — COS t)2 +sin1 dt = 2a I sin—[wdt
0 : 0 2

{ 2%
= —4a0055,0 =8a
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Theo dinh nghia tich phan xdc dinh, gi6i han d6 chinh i
b
IS(x)dx, tich phan nay chéc chan 16n 1ai vi S(x) dugc gia thist lién
a
tuc trong fa, b]. Vay, néu goi V 1a thé tich vat thé néi trén ta duoge

b
(7.82) V= IS(x)dx
a
* Thidu.
Tinh thé tich cia elipxéit (hinh _
7.16) :

Cat elipxoit bdi mot mat phéng
vudng goc véi truc Ox tai di€m cé
hoanh d¢ x e [-a, a] s& dugc mot
thi€t dién 1a mon elip ¢6 phuong trinh

2 2 2

Yy oz X
— =] - Hink 7.16
b° 2 a?
2 2
hay Y + z =1

2 2 ~ 2 2
a a
Theo thi du (a) myc 4p dung cong thitc (7.67), dién tich elip d6 1a

2
S(x) = nbc(l —%]

a
Do d6. diing cong thiic (7.82) ta c6 thé tich V ciia hinh elipxoit Ia

V= } S(x)dx = nbcj1 [1 - E;de

a
—da —a

2mbet 4 7o 2nbc[2 x3)a_4
= a2 -([(a - X )dx—? ax——~3—l “‘3—7Tab_C

293



5 9

* Vat thé tron xoay. Ty
Gia sir phai tim thé tich cha vat
thé tron xoay tao boi hinh thang
cong AabB giéi han boi dudng
y = f(x), x € [a, b], truc Ox, cic 0o
duong thing x = a, X = b khi quay
né quanh truc Ox (hinh 7.17). - 2

Hinh 7.17

Gia sir f(x) lién tuc trong [a, b], khi d6 moi thiét dién vuéng géc voi
truc Ox déu 1a mat tron ¢ tam nam trén OX va c6 bén kinh 1a y = f(x)
nén dién tich S(x) cua thiét dién itng v6i hoanh do x la

S(x) = ny” = nf(x)
Do d6, diing cong thitc (7.82) ta suy ra cong thiic tinh thé tich clia
vat thé tron xoay :
b
(7.83) v =n [ 2 (x)dx
a
Tuong ty, néu hinh thang cong
CedD gi6i han boi dudng x = o(y),
y € [c, d], @(y) lién tuc trong [c, d],
truc Oy va cac duong thingy =c;
y = d (hinh 7.18) thi thé tich vat
thé tron xoay tao boi hinh thang
cong dé khi cho né quay quanh
truc Oy duoc tinh theo cong lhuc

ylk

(7.84) = nj(p (y)dy Hinh 7.18
! :
* Thi du.
X2 y2
Tinh thé tich ctia vat tron xoay tao bdi elip : —? == 1 khi cho
: b

elip quay quanh truc Ox.
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, b
G day fi(x) = y2 = =3 (a* ~x%) do d6, dung cong thiic (7.83) c6
’ a

a . q ) 2 a
b
Vznj—(az—xz)dx=2nE—J(az—x2)dx »
a’ a?
-a 0
b2( x3] a4,
=21r;»2—(a x—-3— |0 =§nab )

7.8.4. Tinh dién tich mdt tron xoay

Xét cung AB, do thi clia ham s6 y = f(x),

lién tuc trong [a, bl. cho cung AB
1ron xoay tao thanh (hinh 7.19).

dl

X € [a, b, v6i f(x), f'(x)
quay quanh tryc Ox va xét vat thé .

B 4

Xiq

Hink 7.19 X

Ta s& dinh nghia dien tich mat trén xoay ndy vi tinh dién tich do.

Trude hét xét truomg hop f(x) > 0 : Ly trén cung AB nhiing diém
Mo = A(a9 f(a)), Ml(x!" f(xl))s ey Ml(xl‘ f(x[))’ 1eey Mn = B(b! f(b)),
trong d6 x;, i = ﬁ tun theo tha 1 -

ASXo <X <. <Xju) <X <..<x =b
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Khi quay quanh Ox diy cung M,_M; sinh ra mot mit nén cut ¢4
dién tich xung quanh 1a
M- MlE(xj- ) + £(x)]
trong d6 (Xem (7.74))

Mo M, = 1+ 12E)AX;, & € [ximp; xil

Do d6, dién tich cha mat tron xoay sinh ra bdi dudng gdp khiic
AM,M,... B khi quay né xung quanh tryc Ox bang

(7.85) D myfl+72(8) [f(xiy) + f(x)]Ax;

Gidi han cia tdng (7.85) khi n — + sao cho maxAx; — 0 duge

goi 12 dién tich S clia mit tron xoay duoc sinh ra bdi cung AB quay
quanh truc Ox.

Luu y ring tdng (7.85) khong phdi 1a téng tich phan cha ham
2f(x)y/1+£2(x) vi trong cdc s6 hang cia téng d6 ng véi khoang

(X1, x;} hién dién ba diém x;_), &; va X; cla khoang [x;-,, x;I. Tuy
nhién, ngudi ta ciing chimg minh dugc rang g10’1 han ciia 1ong (7.85)
bing gidi han (giGi han ludn t6n tai vi theo gia thit f(x), f(x) hien tyc

trong [a, b]) ciia téng tich phan ciia ham s6 2£(x) y1 + £2(x) . Vay, tacé :

S=  lim Y gL+2E) f(xiop) + f(x))AX;

max Ax;—0 =1

t
= dim 20 fEWI+TPEDAK

max Ax; —=0 =1

hay la:

b
(7.86) S= 27cjf(x)\fl +£2(x) dx
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N&u f(x) ¢6 ddu bat ki ta dinh nghia :

b
(7.87) $ = 2n [0l + £ 2(x)dx

. a
Trudng hop dudng cong cé phuong trinh x = ¢(y), @(y) lién tuc
trong [c, d] thi dién tich mat tron xoay sinh ra b&i cung cta d6 thi
X = ¢(y) quay quanh truc Oy Ia

d
(7.88) 8= 21tj|(p(y)|\}l + (p'z(y)dy "
. . : A
. c

* Thi du. Tinh di¢n tich ciia vdng xuyén
sinh bdi dudng tron x + (y - b) = 2% (b > a)
quay quanh truc Ox (hinh 7.20).

Di¢n tich ciia vong xuy&n bing téng hai
di¢n tich sinh bdi hai nita dudng tron khi _
quay quanh Ox : nira dudng tron rén 6 ol X
phuong trinh

y=b+ ya% —x2 Hinh 7.20

va nita dudng tron dudi cé phuong trinh
y=b- va?-x?
2

X

Trong cé hai trudng hop c6 y'2 = 5
: a“ —x

Dung cong thirc (7.86) ta dugc :

d . 2 s
S=2nj(b+\fa2—x2)1ﬂl+ zx 2.dx+
a“-x
—-a
a xz ’
+2nI(b—-\ia2—x2) 1+ > de
s a“ —x

a a
dx dx . X
————=—= 87ab = 8abmarcsin —|; = 41tzab
- faz_xz . fa2 _ 42 | a
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7.8.5. Hai s0 dé ung dung tich phdn

Trong cdc tmg dung hinh hoc néu & frén, khi dinh nghia va lap cic
cong thirc ching ta di theo mot phuong phap goi la phuong phdp Idp
tong tich phan.

So d6 ding phuong phép téng tich phan nhu sau : Gia sir cén tinh
mot dai luong A(x) phu thudc mét dai lugng x khac, gia su x bién
thién tir a dén b ; ngodi ra, gia sit A(x) thoa tinh chdt céng hiéu véi
nghia : n€u chia [a, b] thanh hai khoang {a, c] va [c, b} thi dai lugng
A tng vdi [a, b] bang dai lugng A (g véi [a, c] céng voi dai lugng A
ting véi [c, b]. Vi nhitng gid thiét trén, khi can tinh A ta tién hanh
nhu sau :

» Chia [a, b] thanh n phin b&i phan diém

(7.89) X,=Ea<X)<X3<..<x;=b

« Phan tich dai lugng A thanh téng cba n s6 hang

(7.90) A= iA
i=1

trong d6 A, 1a dai lugng A tuong tng trong khoang thiri: [X;—y. X;].
* Tim mét ham s6 f(x) sao cho c6 thé bieu dién gan ding

(7.91) Ay = TEIR; = i) & € (%o, ;)

sao cho khi AX; := X; — Xj—; cang bé thi xap xi cang 16t sao cho khi
dung (7.91) pham sai s6 bé thua A;.
» Thé biéu thifc v€ phii ctia (7.90) bdi biéu thitc xdp xi
' n
(7.92) A= ) f(E)AX,
i=1

» Diing dinh nghia tich phan, viét

(7.93) A= _[f(x)dx
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Trong céc dng dung da dang clia tich phan, néu tign hanh theo
nam budc trén, méi buge ing v&i moét "nhiém vu toan hoc”, xay dumg
cdc he thac tir (7.89) dén (7.93) di nhién dua vao cic hicu bist cd ban
vé dic thil clia dai lugng A cdn tinh, so dé ing dung nay con duge goi
ngan gon la so dé tich phan.

Bay gid ta xét hé thic (7.91), c6 thé hidu bidy thitc v€ tréi clia
(1.91) 1a hiéu cha gid tri A tai x; va gid tri A 1ai x;_,, nghia I3 hiéu
A(x;) = A(x{-)) va chinh 1a dai lugng A duge gia tang thém khi x
bién thién tir Xj—1 d€n x;, vi thé ta ki hiéu bidu thic vé trdi cha (7.91)
la AA, nghia la

(?94) AA = f(E_‘]) Axi. Ei € [xi-—l" Xi]

Dat X= X-1: X+ AX = X éi = é thi AA cd dang

(7.95) AA ~ f(E)Ax

Trén kia, trong bugc thit ba, ta di yéu cdu dé chinh xéc ciia cdng thifc

xdp xi (7.91) 11 : sai s& khj ding (7.91) khéng vuot qud (Xj — %;-1) ; do
vay, thay vi bi€u dién x4p xi (7.95) cé thé viat (xem (4.3) chuong 4)

AA = f(x) Ax + o(Ax)
Do dé, thay vi ding (7.94) 1a diing

(7.96) dA = f(x)dx
Vay. né€u biét dA (vi phan cia A) thi ¢6 thé viét ngay
h
A= [fx)dx

a

ma khong cdn qua cdc budc g véi cdc cong thife tir (7.91) dén
(7.92). So dé nay thudng duge goi 13 so 26 vi phin,

* T6ém lai, c6 thé tinh A theo so dé vi phan :
* Ly x € [a, b] ; 14y x + dx. '
* Tinh gid tri A taj x va tai x + dx.
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» Tim phin chinh bac nhdt dA cia AA.

e Lay tich phan clia dA tir a dén b.

*Thidu.

Luc ddy giira hai dién tich ciing diu e, va e, dat cach nhau mot
khoang r dugce cho bdi cong thic :

€<z
=%
1'2
Gia sit dien tich e; duge dat ¢8 dinh & g6c hoanh do O, hay tinh cong
ctia lue ddy F san ra do dién tich e, di chuyén tir di€m M; 6 hoanh do

r, dén diém M; c6 hoanh d¢ r; trén truc hoanh Ox (hinh 7.21).

g X X+dx rz

XY

Hinh 7.21

Goi A(x) 12 cong cta luc day F sinh ra do e, di chuyén tir M, dén
M c6 hoanh do x ; cho x s6 gia khd bé dx ; vi dx kha bé, trong

khodng [x, x + dx] c6 thé coi lyc ddy F nhu khong déi va bing e
X

do d6 cong ciia luc ddy lam cho e, di chuyén tir x dén x + dx la vi

phan cong dA; va
-2 gx
K2

dA =

Vay cong cua lyc ddy F san ra khi e, di chuyén tr M, dén M, la

n Lo .
A= IdA: Iel—;;-dx:_elez %‘2 = e|€; [L__}._}

I

300



7.9. Tich phan suy rong

Trong phan 7.1 chuong nay chiing ta di xay dung khdi niém tich
phan xdc dinh trong truong hop cdc can 14y tich phan I hitu han va
ham s6 14y tich phan l1a b1 chan, bay giy chiing ta s& mé& rong sang
trudng hop : cén 14y tich phan 13 v6 han va trudng hop ham s6 13y
tich phan khéng bi chin vi khi d6 1a ¢6 khéi niém tich phan suy roéng.

1.9.1. Truong hop cdn Idy tich phdn 1a vé han

Gia sir hAm s6 f(x) xdc dinh trong Khodng {a, +w) (di nhién a hifu
han), nghia 13 f(x) xdc dinh v&i moi x > a va kha tich trong bit ki
A
khoang hitu han [a, A] : khi dé, nhu da bi€t tich phan jf(x)dx cd
’ " a
nghia véi bat ki A > a.
Né&u tdn tai

A—oitx

A
(797 . lim jf(x)dx

thi gigi han d6 duoc go1 la tich phdan suy rong clia ham s6 f(x) trong
khodng {a, +) va ki hién 1a

+a0
(7.98) [ feoax
a
Khi d6, ta ciing néi ring tich phéan (7.98) hoi ty va vie
+oo A
(7.99) [ f0dx = lim ffoodx
. A-—+o0 i

Né€u khong t6n tai gidi han (7.97) thi ta n6i ring tich phan (7.98)
phdn ki.

Tuong tv (7.99) ta ciing dinh nghia duge rich phdn ciia ham sé f(x)
lay tir —o dén a :

a &
(7.100) J‘ f(x)dx - = lim j‘ f(x)dx (A' < a)
> Alr—axm A

301



n
oo

va tich phan cia ham s& f(x) tir ~© dén +o0 :

O A
(7.101) _[ f(x)dx : = lim jf(x)dx
Al 7,

-0 Aot N

voi gia thiét f(x) kha tich trén bat ki khoang hitu han [A', A] va véi
nhitng khdi niém trén, cé thé viét

(7.102) jf(x)dx= j.f(x)dx+ j'f(x)dx, Va

Tich phan suy rong trong v€ trdi (7.102) hoi tu khi ci hai tich
phéan v€ phai (7.102) hoi tu.

Qua cdc dinh nghia trén ta thdy ring tich phan suy rong 1a gidi han
ciia tich phan xac dinh (hiéu theo nghia thong thudmg) khi cho can tich
phan din 161 vo cling, do vay, cing rat ty nhién, mudn tinh tich phan
suy rong nguoi ta dung cong thitc Newton — Leibnitz (cohg thiic
(7.34)) dé tinh tich phan, sau d6 cho can tich phan dén t6i vO clng.
Chéng han, dé tinh tich phan dang (7.98) ta tinh (cong thiic (7.34) :

A
jf(x)dx = F(A) - F(a)

Né&u tich phan (7.98) hoi tu, di nhién ta ¢6 : lim F(A) 12 hitu
Ayt
han va ta viét

lim F(A): = F(x)

A—+o0

va khi dé ¢ the viet

+0 o
j f(x)dx = F(+®) - F(a) = F(x)
a

a

V§i c4c tich phan dang (7.100) va (7.102) ciing duge tinh twong tu.
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* Thidy.

+
+00 T
(a) Il+x2 =arctgxl0 —arctg(+oo)—arctg0=5
(b) I dx = arct xl = —arct (—oo)—E
—~on
+00 0 +0
dx dx dx n T
(C) - + =—+—:T[
Il+x2 '[1+x:Z -[1+x2 2 2
-0 4
MJdx
()Timh  I:= Ix_a(a>0)'
a
Véia=1co
+ néua < |
a1 e [T
—_— = X =1 al-a
x* l-a a néu o > 1
d -1

+a0

= 400

+00d
Véio=1co I—X—=lnx
X a

d

Vay I hoi t khi o > 1 valphankikhia <1,

4o . +0
(&) I= Ie*a" sinbxdx (a>0),J: = I €~ cosbxdx (a > 0)
Q a
asinbx + beosbx _,. |+ b
I=-— =
a% + b2 0 a2 4 b2
-1 _ bsinbx — acosbx —ax | a
J = e l = —
al 4 b2 0 a? + b2
400 +00
{(f) Céc tich phan Isin xdx, _[cos xdx khéng héi tu vi sinx va
a a

cosx khéng xdc dinh khi x -—» +ow.
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* Sy hoi tu cua tich phan suy réng c6 cdn la vé cung.
Trucng hop flx) 20.
Gia sir f(x) > 9 va kha tich trén [a, Al, v6i a, A hitu han (a < A);
khi dé tich phén
N
(7.103) ®(A) = [f(x)dx
a

13 mot ham don diéu tang déi v6i bién A, do do theo dinh i 3.3
chuong 3 suyra :

Diéu kién it ¢6 va di dé tich phan suy rong (7.98) hoitu la tlch
phan (7.103) ludn bj chan trén khi A tang :
A

(7.104) J'f(x)dx <L (L 1a hiing s6).
-

Néu khong thoa (7.104) thi tich phan (7.103) ¢6 gid tri 1a

Tir diéu kién (7.104) va tir tinh don di¢u cua tich phan suy ra:

» Dinh li 7.9 (tiéu chudn so sdnh).

(1) Cho hai ham s6 f(x) va g(x) khd tich trén moi khodng hitu han
[a, A] (a $A)va

(7.105) 0 sfix}) Sglx),xza

Khi do

+oG PRsa] :
Néu J’ g(x)dx hoi tu thi I F(x)dx hoi 1.

i

+0 +c0
Néu If(x)dx phdn ki thi Ig(x}dx phan ki
a a
(2) Gid sit fix) va g(x) 1a hai héam s6 khd tich trén moi khodng hitu
han [a, A] (a SA). Khi dé :

Néu t6n tai gioi han

(7.106) lim L2 —k (0 <k < +a0)

x4+ gLX

304



5>

+0 ]
thi cdc tich phan suy rong Jf(.r)d.r va Ig(x)dx S€ cing tink chat,
a a

nghia la cang hoi tu hodc cang phan ki.
"Chitng minh. _
(1) D€ nghi coi 12 bai tap.

(2) That vay, theo dinh nghia gidi han (7.106) suy ra, véi moi g > 0
bé tuy v, v6i x kha 16n. 1udn c6

k—s<§§—)<k+a

hay (k - ¢) g(x) < f(x) <g(x) (k + ¢) (vi x| > 0)

Ap dung (1) vao bat dang thitc kép trén suy ra (2). W
Hé qud 7.1.

Cho fix) va g(x) la hai ham s& dwong khd tich trén fa, +=)
Khi dé - '

f( ) +c0 2 +ao
D Néi lim 222 =0 va o j g(xX)dx fii ty thi j Fx)dx héi .
i

X g(x) a
( ) +30 +00
2) Néw lim £ 2 4w va e __[ g(xX)dx phan ki thi _|' F(x)dx
x—w g(x) ; h

phan ki.

Chiing minh.
Dé ching minh phdn 1) ta dé g ring theo gia thi&t, V& > 0 cho
truGe, ¢6 thé chon ¢ > a sao cho véi x > ¢ ludn €6 f(x) < eg(x), tir do,

theo tiéu chudn so sdnh ta suy ra k€t luan cia 1). Phan 2) cing duac
chiing minh tuong ty, dé nghi ban doc coi la bai tap.
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o Thi du.
Xét su hoi tu cua céc tich phan :
+20 o 2
dx x2dx
a)J:= ; b)K:= ;
]J-\fl+xv3l+x2 f(l"'xz
oG
cyL:= Ixre‘s"dx; 0<reR,s>0
0
Vi J, dé y ring véi x > 1 luén cd :
S S
N1+ X %/1 +x2 12 1
x2 x3  x6

Ding thi dy (d) muc trudc va tiéu chudn so sdnh, suy ra J hoi .
Véi K, dé ¥ ring

2
x2

. 1
lim T =4
X

x—+w| 1+ X2

Diing (d) & thi du trudc va he¢ qua 2) suy ra tich phan K phédn ki.

Véi L, dé ¥ rang
T a—5K +2
lim [’“" }: lim >— =0

xotml X2 x—+c g™

Dang thi du (d) va hé qua 1) suyra L hoi tu.
Truémg hop fix) ¢6 ddu tuy y.

Trudng hop f(x) ¢6 ddu tuy ¥, ¢6 dinh 1i :
 Pinh 1i 7.10. (Khong ching minh). -

Néu “f(x)‘dx héi tu thi If(x)dx héi tu.

ia a
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+o0 +o0
Khi d6, ta néi rdng J‘f(x)dx héi tu tuyét doi, con néu If(x)dx
[ ia
+oo +a
héi tu nhung “f(x)|dx phdn ki thi ta néi J.f(x)a'_:: ban héi e (hoi
a a
tu khong tuyét doi).
Véi cdce tich phan dang (7.100) va (7.101) cliing c6 nhitng ménh dé
long ty. )

1.9.2. Trucng hop ham sé Idy tich phén khéng bi chan

Bay gitr xét trudmg hop ham s6 f(x) khong bi chén trong khoang
déng hitu han {a, b] ; cu thé hon gia st f(x) bi chin va kha tich trong
Khoang déng bat ki {a, b - N}véi0<n<b-a nhung khong kha tich
trong bat ki khoéng déng dang [b ~ 1, b}, f(b — 0) khong gidi noi va b
dudc goi 1a mot diém bdr thuong.

Neéu t6n tai gidi han

. b_rl
(7.107) lim j f(x)dx
© n—0 :

thi gidi han d6 duoc goi 1a rich phan suy réng clia ham f(x) lay trén
b .
(a, b] va ta néi ring tich phan J-f(x)dx hot tu va vigt
&
b-n

b
(7.108) jf(x)dx : f(x)dx
A

= lim
0
n— a

Neéu gidi han (7.107) khong t6n tai hoac bing  thi ta néi ring
b
tich phan J'f(x)dx phan ki.
a
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Tuong tu, néu f(x) bi chin va kha tich trén moi khoang hit han
{a + 1", b] nhumg f(a + 0} khéng bi chan va f(x) khong kha tich trong moi -
khoang hiu han {a,a + 1}, diémata diém bat thuémg, ta c6 dinh nghia

b b
(7.109) j'f(x)dx .= lim j f(x)dx
n'—0 .
a . a+n

Néu f(x) khong bi chintaic,a<c<b; nghia 1a f(c + 0) khong bi

: b
chin ta dinh nghia tich phan suy ong jf(x)dx bdi biéu thirc

d

b c b
(7.110) j'f(xmx = jf(x)dx + jf(x)dx

Tich phan suy rong & v€ trai dang thic (7.110) hoi tu khi va chi
khi ci hai tich phan suy rong O v€ phai hoi ta.

o Thi du.
V] 0
, , d . .

(a) I dx = hm j X = lim [—arcsin(-1 + 1"}
SVioxt o0 LN X2 n'-0

= -2’5 (diém —1 12 diém bat thudng).

T 1-n
) _[ dx lim I_Elx_., = lim aresin{l - n) = 2

(diém + 112 diém bat thudng).

1 .
dx " .
(¢} |—=—==;cdcdiem +] 1a diém bat thudng vi
_'[ V1-x2

]J dx :(i[ dx + dx o
RV /ECI NINC NS

308



T

(d) Xét su hoi tu ca tich phan suy rong :

b d .
Izj—x (a<hb,a>()
(b - x)°

O day x = b Ja mot diém bt thudng.
V3ioazl,tacsd:
b-n

lim _9x lim [ nlr (b- a)l‘“}
‘-0 ] (b-x)* n-ooLla-1 —CL+1
_ ol-a
= (b-3a) lim nl-
l-a -1 n—0
(b-ay-e¢
Do dé6 - N R khio <1
+o0 khi o > 1

Vaia=1,tacéd

lim j' 9% Jim (1 — In(b — a))] = +o
n—0 b-x n—0

Do dé I:I—u hoi tu néu o < 1, phan ki néu a 2 1.

b

(e) Tuong tu tich phan I(d—x)a (a<b,a>()hdiunéua <,
X-a
d

phankinéu o 2 1.

(f) Xét sy hoi tu cha tich phan I : fx) dx, trong dé f(x) 1a
g

m

ham s& lién tuc trén [0, 1]. Db ring I 1 mot tich phan suy réng loai
c6 diém bat thudng 1a x = 1 nhung ta ¢6 thé dua I v& mot tich phan thudng
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biang cdch déi bién. That vay, ¢6 dinh c trong (0, 1) va dat x = sind trén
[0,¢] vacd

I f(x) dx = J f(x)

\fl—x \fl—x

T[
arcsinc
= lim j f(sin9)d8 = If(smﬁ)de
c—1” 0

Vi ham hop cia f 12 ham sin 12 lién tuc, do d6 f(sin®) b1 chan trén
[o, ;} va tich phan cu6i cing 13 mot tich phan thudng (khéng con 1a

tich phan suy rong nita).

» Tuy nhién, mot cich t6ng quat ¢6 thé dua mét tich phan suy
b

rong loai J-f(x)dx v6i a (hitu han) 1a mot diém bat thudmg vé mot tich
; .

phan suy rong cé can 1y tich phan 12 v6 han. That vay, thuc hién

phép déi bién u(x) = ;{—i—a'hay x(u) = a + % Khix —>a ,u-> +om

va u(b) = 5 L " ; ngoai ra x'(u) = -——12~, do vay ta dugc
- u

1 1

b V30 o f[a . I{}

a 4o 1
b-a

> 0 va ¢ dinh ¢ > a'[, khi u bién thién trén [a'), c]

Dat a'l :bl

thix=a+ -:T bién thién trén l:a + %,b} va theo gia thiét trén khodng

f (a + )
nay f(x) bj chan va kha tich va nhu thé ———2 bj chan va khi tich
u
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40 fla+—

u

trén [a'}, c] va tich phan j

[

b-a

¢6 can vo han, va tich phan gdc ban dau hoi tu khi va chi khi tich
phan sau hoi tu,

du la mét tich phan suy rong
u

1
(8) V6i p> 0 ; tich phan |
0

{(-Ilnx)
xP

dx la tich phan suy rong vei

diém bat thudng a = 0, thuc hién phép déi bién u = X ta dirge

i (—In ) +© :
I 0 ax = Iup"z Inudu
xP
0 1
Ban doc c6 thé dung c4ch 14y tich phan timg phdn va thay ring
tich phan sau hoi tu véi 0 < p<l.

V6l nhén xét va thi du (g), ta ¢ thé phat bi€u ma khong chimg
minh cdc ménh dé vé sir hoi tu cia tich phan suy rong loai ¢6 can hifu
han [ di€m bat thudng twong ty cc ménh dé trong muc 7.9.1.

Dinh If 7.10 (tiéu chudn so sanh).

{1) Ckofvd & la hai ham 56 khong dm, khd tich trén {a. bjvéix = a
la diém bdt thuong sao cho fix} <g(x)vdi x e {a,c] ra<c<b Khids

b b
Néu fg(x)dx héituthi | f(xydx hoi tu ;
a a ’
b b
Néu f F()dx phan ki thi f g(x)dx phan k.
a . a

(2} Gid sir f va g la hai ham 56 diong khd tich trén (a, b} cing co
diém bdt thuomg x = a. Khi dé

1



‘&t
N
il

Néu ton tai gioi han

lim f—(ﬂzk. (0 < k < +0)

x—at 8X)

b b
thi tich phdan suy rong f F(x)dx héi tu ki va chi khi f gl{x)dx héitu.
a (7}
Hé qua 7.2.
Cho f va g la hai ham s6 duong, khd tich trén (a, b] cing c6 diém
bdt thicomg x = a. Khi do

b b
1y Néw tim L9220 va néu f g(x)dx hoi tu thi f Fx)dx hoi .
a : 7]

x—a* g(x)

b b
2) Néu lim fu}zoo va néu fg(x)dx phdn ki thi ff(.r)dx

x—a® g(x)
a a

phdn ki
* Thi du.
Xét sy hoi ty cia céc tich phdn

T
) dx 2
al:= ; W J:= |(1gx)Pdx;
(2) J%h_—? (b) J(g )
l a0
(YK: = Ixa“l(l— x)P-tdx ; (L= pr"e"‘dx.
0 0
V@i tich phan I ta dé ¥ ring L < ! , 0<x <1 dods,
$r-x2 Y-x

dung tieu chudn so sanh, suy ra tich phan 1 hoi tu. Khi x = 0 thi tich
phan J c6 diém bat thudng 1a x = Okhip<0Oval ¢6 di€m bit thudng

lax= % khi p > 0, tuy nhién trong ca hai trudng hop ta ludn co

1
. p. L 1_
him {(tgx) : p} . 1

x—0 X
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sin %P
va: lm | (tgx)? i —d | = [y (80X , 1
1= n X p x-—>% (COSX)p (1[_ B X)P
2 J B 2

S

= lim |(sinx)P —=%. 7 1.t

L fels ]

Do dé, dung thi du (d) va (e) & muc trén va diing phan 2) ca dinh
Ii 7.10 suy ra T hoi ty khi [p] < 1 vaJ phén ki khi jp| > 1.

Bay gidr xét tich phan K ; vdi a < 1, diém x = 0 I diém bat thudmg,
vdi b < 1 diém x = 1 la diém bat thudng. Phan tich K thanh hai tich
1
R
phan, chang han I = I + J tuong tu cédc thi du trude, tich phan tha
0 o 1

2 .
nhat chi hortukhi | -a < 1, nghia Ia khi a > 0 con tich phén thi hai
chi héi ty khi b > 0. Vay K chi hoi tu khi a > 0,b>0.

Cudi cung, xét tich phan L ; v&i p = 1 thi L chinh 1 trudmg hop
riéng cua tich phan trong thi du & muc 7.9.1, dovay L hoitukhip> 1 ;
vOip < I thi x = 0 12 di€m b4t thuong cita L. Phan tich L thanh hai tich

1 +:
phan : L = J’ + J‘ trong d6 tich phan thit nhat hoi tu khi p > 0'(vi so
0 1
voi i ) va tich phan thit hai hoi tu véi p bat ki vi véi r > 1 ta luén c6 :
M

L3

T+p-1
lim {xp“'e"‘ :L = lim 2 =0
X—1 X x—x ek

+20
dung thi du (d) va hé qua trén suy ra I hoitu véir> 1.
t

Vay, tich phan L hoi w khi p > 0.
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o Chii y cudi citng vé tich phdn suy rong.

Ciing nhu d&i v6i tich phan xdc dinh thong thudng, véi tich phan
suy rong ciing c6 thé thuc hién phép ddi bién tich phén va phép lay
tich phan timg phan. Chiing ta s€ khong di sau viio chi tiét nhilng vén
dé pay ma han ché€ trong mot s6 thi du ¢t dé hiéu y tudng cha
phuong phdp va biét thém mot s@ tich phan suy rong khac co nhiéu
tng dung thi vi.

* Thi du.
_ I dx
J(x —a)b - x)

Tich phan suy rong nay c6 hal diém bt thumg x =avax=b;
thuc hién phép déi bién

{a) Tinh

X = acos” Q+ bsin 0]
s& chuyén 1 vé tich phan thong thuong
T

2 Id(p =T
0
+o0
(b) Xét su hoi tucha 1= ]’ sin x2dx
0
Thuye hién phép d6i bién x = \/;, dx = —z—lT dt, sé& dua I vé dang
t
1
| 2 f o
dé ¥ ring c6 thé vigt
T
T sint -2:[ sint T t
dt=| —dt+ |—F—
ot 5t z 7 ¢
2

314



T
E .
Vi lim 22— i S0 nen tich phan [ hoi w2, chi
t—>0 \/_ t—0 0
can xét tich phan thit hai va c6
+o0 +0
_[ sint dt = - J- d(cost)
A
2 2
(dung phép ldy tich phan ting phén :
+x
*T d(cost) _ cost . T cost dn)
;o e Vo2 3
il 2 - t2
2 2
cost 1 e
Vi|=H <5 n en 25 Lt hoi ty (cdc dinh 11 7.9 : 7.10)
[5 15 % ti
Do dé 1 hét ty.
+-00 d
(c) Tinh tich phan I = I X
o 1+x*

Thuc hién phép déi bién x = ! ,dual vé:
1
+ao +m 5 +o 9
= Ilf;: Ilit“dtz Il-fx
0 0 0
Do dd, cé thé viét

+a0 +c0 w

=

1+x 0

_Lf P ]

2 2 1
0 . 2

4dx

l+x

jf[

X2+
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Lai thuc hién phép déi biénz: = x - -l- s€ dugc

X
I—lJT dz 1 arctg Zi+o X
2170 W R T
o 4o s
(d) Tinh tich phan I = Ie'xh dx (tich phan rdt hay gap trong li
o .

thuy&t xdc sudt).

L . P :

Dé ¢ ring voi x > 1, c6 e * <e™*, do d6 I hoi tu. Bay gio xét
ham s6 f(x) 1= (1 + t)e'I ; ding khao sdt ham s& cé thé thdy rang g(t)
dat gid tri 16n nhat kKhi t=0: g, = 2(0) =1 ; dovay véit # 0,¢6:

(1+0e ' <1

Thay 1 bdi + x2, ta duoc hai bat ding thitc

2 2
=Dt <lvad+xDe™ <1

2
Suy ra -xP<e™® < !

l+x2
Tir dé :

2
VéiO<x<lcod e ™ >(1-x3)"

Véix > 0co e_“xz <—1-~—
(1+x%)"
Do do :
l " i 2 +ag 5 +0 dx
I(l—x )“dx<Je X dx < Ie M dx < I__"ﬂ
0o . 0 0 g (1+x7)
Mat khéc

+00
, ,
je"“ dx=— 1 (d8i bien u = ¥nx)
: Jn
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KL
l

2 I
_[(1 —x2) dx = jsin2“+‘ tdr=— 20
h B (Zn+ 1)
(ddi bién x = cost va cong thiic (7.44)) va cuéi ciing
T

+0

2
dx . 202 2n-3)!t &
———=[sin”"Crdt =22 T
'}[(l+x2)" é[ (2n-2)!1 2

(dét bien x = cotgt va cong thite (7. 44}).
T cdc bat ding thic tich phan va cdc dang thitc trén Suy ra:

2n!! Zn-3)"!

V. <l<yn 22220 1

(2n+ 1N 2n-2)11' 2
Do d6 binh phuong bat ding thirc kép trén, duge :

2 2
" t
n - 2ni! —’ 1 <2 D (2n-3)! ( )(211 1)
2n+1{(2n-1!"} 2n+] 2n-1 (2n-2)!!
Bay gior ding cong thic Wallis (xem bai tap s6 10 chuong nay) :
T ontt P 1
—=lim :
2 aox (ZH*I)!! 2n+1
ta suy ra hai v€ trdi va phai cfia bat déing thic kép trén dan t6i :175 khi

n— o0, dodé-

Izzg—,vaylz ij- (Vil>0).

TOM TAT CHUGNG 7

* Dinh nghta tich phan xdc dinh

Dinh nghia

Cho ham s6 f(x) xdc dinh trong [a, b), chia [a, b] thanh n doan nhé
boi cdc diém chia :

Xo=A<XK <X <. <X .| <X{<..<x_ =b

317



Dat AXi =X Xji-1 A = max &xi.
1<ign

' n

Ly & bit Ki e [x,_;, x;}, lap f(&;), khi d6 néu lim D f(§)Ax; =1
)L—)O.=l

(hitu han), thi I dugc goi la tich phan xdc dinh ciia ham s6 f(x) 18y

b
trong [a, b], ki hieu 1a jf(x)dx :

a
n b
I=1 f(E A% = H(x)Xd
X%Z‘; (&)Ax J(X)X

Khi d6, néi rang ham f(x) kha tich trong [a, b].
bat: m; = inf f(x); M;=  sup f(x)

xe[xiy. Xl xe[x;_1, X1

n n
s=Y m;Ax;; S=) MAx; thi
i=1 i=}

Diéu kién it ¢6 va di dé f(x) kha tich trong [a, b] 1a:

lim (§8-s)=0
A—0

Tir diéu kién trén suy ra :
Néu f(x) lién tuc trong [a, b] thi f(x) kha tich trong [a, b].
Ngoaira: ’

Néu f(x) bi chin trong [a, b} vi ¢é mét s6 hitu han diém gidn doan

trong {a, b] ; hodc f(x) bi chan va don diéu trong {a, b] thi f(x) kha

tich trong [a, b]. Céc tinh chat cta tich phin xdc dinh.
Tinh chat 1. '
b b
IC.f(x)dx -C J'f(x)dx. C I hiing s6, dac biet
a

a
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b b

Jc.ax =C {l.dx =C(b-a), C 1a hing s6 ;
b b b
I[f(x) +g(x)]dx = If(x)dx + J.g(x)dx

a

Tinh char 2.

Cho 3 khoang dong [a, bl, [a, c] v [c, b] , néu f(x) kha tich trén
Khodng ¢6 d6 dai dai nhat thi cling kha tich trén hai khodng con lai va:

b [ b :
J'f(x)dx - J'f(x)dx + jf(x)dx
a a C

Tinh char 3. (Trong tinh ch4t nay a < b).

b
1) Néu f(x) 2 0, x € [a, b] = jf(x)dxzo .

a

b b
2) Neéu f(x) < g(x), x < [a, b] = jf(x)dx < Ig(x)dx ;

3} Néu f(x) kha tich trén (a, b] = |f(x)| kha tich tren [a, b] va

b
If(x)dx

b
< I|f(x)]dx ;

b
4)Néum < f(x) <M, x € [a, bl thi : m(b-a)< J'f(x)dx <M(b—a)

4

Tinh chat 4.
1) Dinh [i trung binh thit nhat :

Gia str f(x) khd tich trén [a, b], (a<b)vagidsim<fix)<M,x e [a, b],.
khi d6 ton tai ¢t : m < pt < M sao cho
b
If(x)dx —u(b-a).

a
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Dac biet, néu f(x) lién tuc trén [a, b] thi tdn tat ¢ € [a, bj sao cho
b
jf(x)dx = f(c)(b-a)
d .
2) Dinh If trung binh thif hai :
Gia st * f(x) va tich f(x) . g(x} kha tich trén [a, b]
em<f(x)<M,x € [ab]
* g(x) khong doi ddu trong [a, b].
Khi d6, tén tai u: m < p < M sao cho
b b
If(x)g(x)dx = Ig(x)dx
L da

a
Dac biet néu f(x) lién e trong (a, b] thi ton fai ¢ sao cho:
b b
JEog(xdx =) fex0dx sases<b.
a a
» Cdch tinh tich phdn xdc dinh
Dinh li :

1) N&u f(x) kha tich trén [a, b] thi D(x) lién tyc d6i vdi x € [a,b];
trong do

X
@(x) = [f(uadt
a
2) Néu f(t) lién tyc tai t = x thi &(x) ¢6 dao ham tai t = x va ¥'(x) = f(x)
3) Néu f(x) lién tyc trong (a, b] va néu F(x) 12 mot nguyén ham

cha f(x), x € [a, b] thi

b
If(x)dx =F(b)-F(a)= F(x)l:

Cong thic trén thuding goi 1a cong thic Newton—Leibnitz.
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Jq"% '

* Phép doi bién trong tich phén xdc dinh

D61 bién x = (1) :

Gia st f(x) lien tuc trong [a, b}, gia sir phép ddi bign x = @{t) thoa
man cdc diéu klén

1) ¢(t) ¢6 dao ham lien tuc, t € [a, B];
2) (o) = a; o(B) =

3) Khi 1 bién- thién trong [e, B] thi ¥ bign t

hien nhung khoéng ra '
ngoai khoang lién tuc cha ham s6 f(x). Khi dé

jf(x)dx = [f[cp(t)]cp'(t)dt
a i

P6i bign t = Q(x).

Gid sir f(x) lien tuc trong (a, b], va gia str phép déi bign t = P(x)
thoa man : _
1) @(x) bi€n thién don diéu wren [a, b

] va o(x) c6 dao ham ¢(x)
lién tue, x € [a, b] ;

2) f(x)dx tr& thanh g{t)ds, tron

2 d6 g(t) 12 mot ham lien tyc trong
[p(), p(b)].

Khi d6 thi :
p(b)
[feoax = [ et
a’ la)

* Phép ldy tich phan ting phén

Gia sl u(x), v(x) 12 hai ham s6 liep tuc va ¢6 dao ham lien .tuc
trong [a, b], khi d6 ¢

b b
_[udv = (uv),: - Ivdu
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« Mét cong thitc thudng dung

L ! =it n : .
3 7 (n-1) .—, v&in chian
. n (! 2
Ism xdx = Icos xdx =
(n-D1 .,
0 0 ,véinleé
(m)!!

» Tinh gan ding tich phdn xdc dinh
Cong thitc hinh thang :

. |
= j'f(x)dx ~ h[y" ;y“ 4y, + Y2 +'-‘+Yn-li|: I
d

trong do :

—Aa —_—

h=b vy =f(x) i xj=a+ih;i=1n

Sai s6 & = |I — I thoa bét dang thic :
My 2
St <—2 h*(b—a
T, )
v3i My = max I£(x)
xefa,b]
Céng thic Simpson :
b
[= [foodx~

a
h
= -?;[(y0 +¥2)+ 4y +y3+ ot Yo Y+2(yy+¥a+..+ Y22 = I,
trong do :
b—a
2n
sai 5§ &g =[1—1I| tho bat ding thic

h= ;y;=f(x)x;=a+ih;i=02n

8, g% h*(b—a) véi M, = max |f(4)(x)|

xefa,b]
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* Mot s6'itng dung hinh hoc cia tich phén xdc dinh

Tinh dién tich hinh phing - )’T.
Di¢n tich S ctia hinh thang cong gidi
han béi cdc dudng thing x=a,x =b,y =0 a b
va cung ctia d6 thi ham s6 lién tuc y = f(x), 0 V/// X
X € [a,"b) duge tinh theo cong thifc /A
(hinh 7.22) 7
b y=f{x}
S= I|f(x)ldx Hinh 7.22
N i B
Trudng hop hinh phing gidi han b N

cdc dubng thing x =a,x = b,y = fi(x);
y = f(x), fi(x), f5(x) 12 hai ham lién

tuc, x € [a, b] (hinh 7.23) thi dién tich
S duge tinh theo cong thitc

=¥

8]
»

b

S= I|f, (x)— £ (x)dx Hink 7.23
a ¥4

Tuong tu, néu phuong trinh dudng

cong cho duéi dang x = ¢(y), ¢(y) lién d 7/,///
tuc trong [¢, d] (hinh 7.24) thi dién tich //S x=p(y)
S dugc tinh theo cong thic 2z

d

S= Ilw(y)ldy 0 T X
c Hinn 7 .24

Trudng hop dudmg cong cho dudi dang tham s6 :
{x =o(t)

y=wy(0)
thi dién tich S dugc tinh theo cong thire

15
S= [ lvwe'w]dr

t 1 :
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trong dé ty, t; 1dn luct 12 nghiém clia cdc phuong trinh

a=@(t); b=olty).

Cudi cung, khi dudng cong cho

trong he toa do cuc r =1(@), ¢ € Ia, 61,

dién tich S gidi han bdi cdc tia ¢ = a,

¢ = B vi cung duong cong hién tuc

r = 1(@), ¢ € [o, B], thi S duge tinh
theo cong thic (hinh 7.25}

B
S= %3‘1’2 (p)deo Hinh 7.25

Tinh d¢ dai duong cong phéing

Do dai s cha cung dé thi cla ham s8 y = f(x) lien tuc va c6 dao
ham lien tuc x € [a, b] dugc tinh theo cong thic

5 = t]\f1+f'2(x)dx
a

Truong hop dudng cong cho dudi dang tham s0
x=x(),y=y(:t € ia, ]

B
thi dung coéng thitc : s= J\[x'z (t)+y'2(t) dt
' a

Trudng hop dudng cong cho trong h¢ toa doé cuc

r=r(g); ¢ € [a, B

B
s = J \{rz((p)nl—r'z((p)d(p

Tinh thé tich cia vdt thé
Gia st biét dién tich S(x) cla thi€t dién cua vit thé trén mit phang
vuong géc véi truc OX thi thé tich V ciia vat thé gi6i han bsi mot mat
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A

cong va hai mat phang x = a va x = b, a < b (hinh 7.15), dugc tinh
theo cong thite

b
V= jsmdx

a

Dac bigt, khi vat thé 1a vat thé tron xoay tao boi hinh thang cong
AabB gi6t han bai dudng y = f(x), x € [a, b] truc Ox : céc dudng
thing x = a ; x = b khi hinh thang cong nay quay quanh truc Ox thi
thé tich V clia vat thé tron xoay dugc tinh theo cong thitc

b
V= [t (x)dx
a
Tuong tu, néu hinh thang cong quay quanh truc Oy co cong thirc
d
V=1 fo?(y)dy
C

Dién tich xung quanh mdl tron xoay

Goi S la dién tich xung quanh ciia mat tron Xoay tao bdi cung dé

'thj ham s6 y = f(x), x € [a, b} khi cho cung dé quay quanh truc Ox

thi S dugc tinh theo cong thitc

b —_
S =2 [ |6x)f y1+£2(x) dx
a

Né€u quay quanh truc Oy thi

d
s=2x [ o) V1 +02(y)dy
C

* Hai so do wing dung tich phan

Trong k¥ thuat, kinh t& khi cdn tinh mot dai lugng A(x) phu thuéc
dai lugng x khéc, ngudi ta thudng diing tich phan x4c dinh dugi dang
s0 do tich phan hoac so d6 vi phan,
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So dé tich phan :

1) Chia [a, b] thanh o khoang nho :
Xp=B8<Xy<Xp<...<Xy=b

2) Phan tich A(x) thanh tdng cia n s6 hang

A-——zn:Ai
=t

A, 12 dai lugng A tuong tng khi x € [x; - . X;].
3) Tim mot ham f(x) sao cho c6 thé biéu dién gin ding

A= fEDK - %5 - s & € [x - 1 xd
1]
4) Thé Ax) bdi ) F(EAK;, Axj =X =X
: i=1
' b
5) Ding dinh nghia tich phan x4c dinh, viet A = jf(x)dx
- a
So dé vi phén :
1) Lay x € [a, b], lap x + dx.
2) Tinh gid tri A tai x va tai X + dx.
3) Tim phan chinh bac nhdt dA clia AA AA = f(X)AX + o(Ax)
4) LAy tich phan cia dA tira dénb:
' b
= [foodx
a
e Tich phan suy rong
Truong hop cin &y tich phan la vé han

Gia sir ham s6 f(x) xdc dinh véi moi x = a va kha tich trong bat ki
khoang hitu han [a, A), khi dé néu

A
lim jf(x)dx =1 (hitu han)

At
a
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thi I ducc goi 1a tich phan suy rong cia ham s6 f(x) trong khoang [a, +w0)

+ac
va ki hiéu la jf(x)dx:
a

A +a
I= lim Jf(x)dx= | f(x)dx
Amaj() aj()

—r+00

+0G

Khi d6, ciing néi ring tich phan J'f(x;dx hoi tu.
a .
Né&u khong t6n tai gi6i han hitu han I thi néi ring tich phan

o
J’ f(x)dx phan ki.

a

a a4
Twong wr If(x)dx:z lim If(_x)dx, A'<a
A'+oo
—an A
+co A
va [fodx = lim [fxax
Alm—an 7
- A+ A

Ddu hiéu hoi ty - (tigu chudn so sdnh)

Cho f(x), g(x) 14 hai ham s& duong kha tich trén [a, + w0}, khi dé
néu ton tai ¢ > a sao cho f(x)<gx);x e [c, +0) thi :

+a0 +o

(1) Néu J'g(x)dx hoi tu thi J'f(x)dx hot tu
a . a
+0 +o0

Néu _[f(x)dx phan ki thi j g(x)dx phan ki.

a ,

]

(2) Néu  lim &)—:k, 0 < k < +w thi cdc tich phan suy rong
' x>+ g(X)
+o0 +00
_[ f(x)dx va Ig(x)dx cung tinh chat.
a a
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Hé qud.
f(x) +o0 +20
Néu lim —2 =0 va néu jg(x)dx hoi ty thi If(x)dx hoi tu.
X —+m g(X) .
a d
£(x) +o0 +o0
Neéu lim ~ ==+ vanéu [ g(x)dx phankithi | fx)dx phanki.
x—=ae g8(x) ; :

Truong hop ham sé ldy tich phan khong bi chdn

Gia sit ham s6 f(x) bi chan va kha tich trong khoang déng bat ki
[a, b= n], v8i 0 < n < b — a nhung khong kha tich trong bat ki
khoang déng dang [b — 1. bl, f(b — 0) khong bi chan, va b dugc gol la
mot diém bdt thidng ctia ham s6 f(x). Khi d6. néu

b-n
lim [ fGodx =1 (htu han)
n—0
a
b
thi néi rang tich phan suy rong If(x)dx hoi ty va viét
a.
b h-n

Fx)dx = lim | f(xdx
i n—=0 a

Néu khong ton tai gisi han I thi ndi rang tich phén suy rong
b
Jf(x)dx phéan ki.
d

Tuong ti, ¢6 thé dinh nghia tich phan suy rong khi mit trdi a cia
khoang (a, b] 1a diém bat thudng, hodc khi ham s f(x} ¢6 diém bat
thuding tai x = ¢ vdi ¢ € (a, b).

» Ddu hiéu hoi tu (1iéu chudn so sanh).

(1) Cho f(x), g(x) 1a hai ham s6 khong am, kha tich trén (a, b] véi

¢ = a 12 diém bit thudng va f(x) < g(x), x e (a.cl,a<c<b.
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Khi d6
b
Néu Ig(x)dx héi ty thi

b
Néu jf(x)dx phan ki thi
a

b
j'f(x)dx hoi tu.

a

b
Jatxdx phan ki

a

(2) Néu lim 1&®

k, 0 < k < +w thi cic
x—oa® 8(X)

tich phan suy réng
b

If(x)dx va

a

b
[g(x)dx ciing tinh chat.

d

il

* Hé qud.
’ f(x) b b
Néu lim —22 =0 va néu jg(x)dx hoi tu thi jf(x)dx héi tu.
x—oat g(x) ,

d

Néu lim f(x)

b b
=2 — o vansu J'g(x)dx phan ki thi J'f(x)dx phan ki.
x—a* 8(X) a

a

BAI TAP

1. Dung dinh nghia tinh cic tich phin :
2

1. j'e"dx ;

b
2. Iidx,0<a<b;
[ x?
4

1
3, ja*dx (a>0)

0
2. Udc lugng cdc tich phan :
x
2 2 8 COSX
1. j'e“'“ *dx ; 2 dx
0

' 10\}'1+K‘1
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3. Tinh céc dao ham

‘g
¥ 2 Y 2

1.—d~ et dt ; Z.i-e‘dt: ij

dx ; dy ax 3

X 1+t

4. Dimng dinh nghia va céch tinh tich phan xédc dinh tim céc gidi han :

1. lim‘il + 1 ! +...+——l——} (x>0,p>0);

n—w n0'.+13 nc + 23 no +(n—-DB

2. lim [,/H +,‘1+—+ +,’1+—]
n—owxil

3. llm[ (2n)']
n-—oos N n!

5. Tim céc gi6i han :

SN X X
j Jgrdr | _[{aun:tgt)2 dt
1. lim =S 2. lim &—
x—+018 X—++® x2 +1

j\/ﬁdt

6. C6 thé diing cong thic Newton-Leibnitz dé tinh cic tich phan
sau day duge khong ? Tai sao ?

ldx 2

R 2.
L[5 Z.lexdx, 3,
-1

X
7. Tinh céc tich phén :

dx
2

2+ tgzx)cos X

O ey | A

2 5 .
1. }inxldx ; 2. If(x)dx néu f(x) = {X khi0=sx<l

0 2—xkhilc<x<2

[ T
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X

i 1 | _*
3. IV9—4x2 dx ; 4. j(x3-2x+5)e 2dx ;
0

0
5 ”f dx ) 6 lj- dx )
_”24)( +4%x+5 0"(1+X2)3
i) r
2 4
do
7. j 3 = ; 8. jtg48d9;
0 3cos”“ B0+ 4sin” 0 0 -
Ll r
2 . 2
9. _[ln1+smx X : 10, |eos™ xcosnxdx
o 1+cosx .

8. Chimg minh ring néu f(x) lien tuc trén [0, 1] thi ;
n T

2 2 n T
1. j' f(sinx)dx = j’ flcosx)dx ; 2. [xf(sinxjdx =§ J'f(sin X)dx
0 0 0 0

9. Thitc hién phép di bien t = x + -, tinh tich phan
X

1 x+l
I+x—--|e xdx
X

I:=

[l Ll S ¥

z
2
10. Tir cong thiic tinh Ini = J‘sin“ xdx (thi du (b) muc 6) va tir
]
bat déng thitc hién nhién (?) :

ks i n

2 2 2
Isinzn 1 xdx < [sin?" xdx < Isinzn — 1 xdx
Q 0
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chimg minh rdng :

_— mit o1
—= lim
2 n—x (2[1—-1)'.! 2n+1

(Cong thitc Wallis).

11. Chitng minh rang néu f(x) 1a mot ham s& lién tuc trén R, tudn
hoan, cé chu ki T thi vdi moi a, ludn ¢6

a+T T
j f(x)dx = jf(x)dx
a 0

12. Tinh tich phan

3] £1(x)

1+ £2(x)

(x + D2 (x - 1)

dx trong doé f(x) = 3
_ T (x—2)

-1
13. Cho £(x), g(x) 12 hai ham sG kha tich trén [a, b}, gia su £2(x),
gz(x) va f(x)g(x) ciing kha tich trén [a, b]. Ching minh bat dang thitc

(v6i a < b)
b 2 (v b
jf(x)g(x)dx] < [ Ifz(x)dx) Igz(x)dx
\a Vi a a

(B4t déng thirc Cauchy — Schwartz).

14. Diing cong thiic hinh thang va cong thic Simpson, tinh gan
diing cac tich phan sau va so sanh két qua :

1.1= J’li‘i (chia [2, 5] thanh 6 khong bing nhau),
: nx

b
3

2.1= I\fcosx dx {(chia \:0, -735} thanh 10 khoing bang nhau).
0



15. Tim dién tich hinh phing gi6i han béi

I. Dudng cong y = x° va cic dudng thing x =0,y = 4 :

2. Duong parabén y = x% + 4 va dudng thing x -y +4=0:
3. Parabon bac ba y = x° va cic duding thing y = x, y = 2x :
4. Dudng tron xz + y2 = 4x va parabon }y2 =2x:

5. Dudng hinh tim % = a2c052(p.

16. Tim thé tich clia vat thé Ia phédn chung ciia hai hinh try x>+ y2 = a?
s 2 2 2
vay +z"=a"(a>0).

17. Tim thé tich vat thé gisi han bdi mit paraboloit z < 4 - vy,
cdc mat phing toa do va mat phing x = a.

18. Tim thé tich var thé trdn xoay tao béi hinh phing gi6i han bai
cac duong : _ :

1. y2 + X — 4 = 0 khi quay quanh truc Oy ;

2.xy=4,y=0,x=1 vﬁx=4khiquayquanh0x;

3.y =x% y = 4 khi quay quanh dudng thing x = —2.

19. Tim do dai cha dudng cong :

1. 9y? = 43 - x%) g0m giita cac giao diém cia né v truc Oy ;

2.2y=x>-2 gom gifra cdc giao diém cia né v truc Ox.

20. Tinh dién tich mat tron Xoay tao bai dudng axtoroit

X = acos3t, y= asinst {(a>0).
khi quay quanh truc Oy.
21. Xét sy hoi tu va tinh (trong trudng hop hoi tu) cdc tich phan sau :
0 o
1. Ixexdx : . 2. Icosxdx ;

—n . 0
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+a0 5

dx . 2
3, _L_(Xz ek 4, J —
1 “ |

2

SJ dx _ 6 dx |
gxi-0 sx-1?
2
x1n? xdx ; 8. I 3
0 2% -

22. Xét su hoi ty clia céc tich phan sau :

| Iln(l+x)d

3 T[l-cos—z—)dx 4 T1+;2 dx,
1 1 X
l dx ‘ dx
5'6[63/;_1’ ' 6. (—!tgx—x'
_7' lj x2dx 3 ]_[ \/—dx

o Y —x2y® s -1

DAP SO VA GOI Y

Llee-1:21-1.3 a-l
a b

Ina

=411

.2
< 1e¥ *dx g — ;

(SRR

™ | A

COsX

V1 + x?

N

<107 ;chiy <1072, x € [10, 18]
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2

2 2

301X 2 oY g3 X A
\/1+x12 \/l+x8

a.1. L n 2P I dx ; Téng S, duoc viet dudi dang
B o+ Bx

11 I 1 |
Sp=—|—+ + ot
n‘:a a+B/n o+ 2B/n a+(n—l)B!n:‘

! ;zzaﬁAn
X 3

va x€t ham khé tich f(x) =

o+
' '
32 Vigty = 100 Ly
€ n n! n
u, = Qj“'” n+t2 2n _ \/ , hé thic nay goi y
In It n

Zf[EJ va din dén
n
Inu, = —Z In ( —J = —-Zf[ J voi f(x) : = In (1 + x),

limu, = Iln(l + X)dx .
0

2
511:2 &
4

6. 1. KhOng, ham s6 khong xdc dinh 1ai X =0; 2. Khong, ham so
kh0ng xdc dinh khix > 1 ; 3. Bugc.

71.2 1—&);2. El . 3, Ea.rcsing+[5— :
e 6 4 3 2
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49816 . o L.g T .g

Je T8 27 T a3

9.0; 10. (xem bai tap 2. 11 chuong 6).

nt
8. 1. Thyc hién ddi bién x = g —t - 2. Thuc hién déi bién x =x —t.

S 12
9. E62 —e? Vigl= I+ I,l:x+— tnghlchblénkhlxe [— lil
2 1 2

4
2
t dong bién khi x € [, 2].

2
| NIV
xe[l2]dx= Y 20 g

1Jt2 -4

10. Tir cong thirc tinh J | va tir bt déng thite kép suy ra
T — D N
2n!! <(2n nHt _£<(2n pAN!

Qn+ D 20 2 @n-DY
uy ta (200 P 1 = [_o2nt s
‘ {(211—1}1: 2n+l 2 [@n-DN] 2n
1 it P 1 o=
suyra < —_— =
2n+1D2n|@n-DN| 2n 2
a+T a+T

11. Viét j j J' j va v6i tich phan thi ba, thuc hién

phép bin déix =1+ T r01 dung tinh tudn hoan cta f.
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'

3
12, arctg 22 2n
27

13. V6i cac hing s6 o, B bat ki, c6

b . b b b
J'(af +Bg)dx = o2 jfzdx +2af j'fgdx + p? ngdx 20
a d a d

vi (af + Bg)2 20, a<b: Bat ding thitc duge suy tir tinh chat khong

am ctia mot tam thitc bac haji dsi vi o (hodc B} ¢6 hé s6 binh phuong
khong am.

14. 1. 2,59 ;2. 0,950

16

15.1.?,2 13,2 :4.0,95:5. 42

L
3

£l

16. 18 ;3
3

17. l—qa
3

128n

18. 1. 34—%7: ;2. 12x%; 3,

19.1.%8-;2.\@”:1(\5“/3)

20 = na

21.1.-1,2. Phan ki, 3. %.4. %@,5. %, 6. Phan ki, 7. i,s. Phan ki,

22. 1. Phan ki, 2. Hoi tu, 3. Hoi tu, 4. Phan ki, 5. Hoi u, 6. Phin
ki, 7. Phan ki, 8. Hoi tu.
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.Chmmg 8

CHUOI

8.1. Pai cuong vé chudi so
8.1.1. Dinh nghia

Cho diy s6 uy, Up, ..y Uy, -
Biéu thic
ul+U2+‘..+un+...

[+ 2]
duoc goi 1a chudi 56 va duge ki higula Y u, . CdcsSup, Uy, ..., Uy, oo

n=1

duge goi 1a cdc s6 hang clia chudi s6. u,, vai n téng quét duge goi 1a 56
hang tong qudr. Tong

1]
Sq = Zuk =Uy +Uuj +..+ Uy
k=1

dudc goi 1a tdng riéng thit n cha chudi s6. N&u S; din 18i mot gidi han

>4
hitu han S khi n — o, ta néi ring chudi s6 z u, hoi ty va cd 1ong S.
‘n=1

Hieu R, = S - S, dugc goi la phan du thi n ciia chudi s6. N&u chudi s6
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hoi tu thi Ry, — 0 khi n - oo. Néu S, khong din t6i mot i6i han hiru
han khi n — o, ta néi ring chuéi s6 phdn ki.

a0
Vi du. Xét chudi sg Z aq" ! v6ia=0 Dol mot cap sG nhan

n=1
. .. . q" -1
v0 han ¢ cong boi q. Vdiq = I,S,=a T
q-_
Né’u]q[<1thilqi"—>0khin->oo,dod6$n—-> Ta—,khinaw,
_ —q

vay chudi s§ hoi ty va c6 téng § = ] 2.
: -9

Néu [q| > 1 thi |g]" — « khi n — o, do d6 S, — @ khin — o, vay
chubi s6 phan ki.

Néug=1,S, =na, Sn — o0 khi n — o, chudi s& phan ki. Néu q=-1,

chu6i56cédanga-a+a—a+...ViSn=Okhinchfin,Sn=akhinlé,

Sp khong dan dén mot gidi han hitu han khi n — oo, chudi sa phan ki.

=43
Tom lai, chudi so Z aq" -1 hoi tu néu (q| < I, phan ki néu |q] 2 1.
n=1

8.1.2. Dieu kién dt c6 cia chudi sé hoi ty
oo
Dinh 1i 8.1. Néu chudi sé Z Wy, hoi tu thi s6 hang tong qudt ty,

n=1

cia né ddn 167 O khi n — oo,

Thatvay, S, =8, - +u,, dodéu, =S, - Sy — 1- N€u chudi s6 hoi
tu thi §; v6i S _ | ciing ddn t6i mét gidi han hiu han khi n — o, do

dé u, =S, ~ S, _ | dn t6i O khi n — oo,
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Diéu kién u, — 0 khi n —» o chi 1a diéu kién &t ¢6, chif khong 12
1

o X0
diéu kign dii dé chudi Y u, hoi t. Ching han, xét chudi s6 >
n

n=1 n=1

dugc goi 1x chudi diéu hod. S6 hang téng quit clia nd u, = 1 dint6i
n

0 khi n = oo, nhung chuéi s¢ ay phan ki. Thét vay

l 1 1 1 I n 1
Sop =S, = + it —>r—+ . Ft—=—=—
n+l n+2 2n 2n 2n 2n 2

Né&u chudi s6 hoi tu thi S, va S, cling dan & mot gidi han khin — «,

tic 1a lim (Sy, — S, ) = 0, diéu nay mau thudn v6i S;p — Sy > l
n—o 2

Tir dinh L trén suy ra ring néu u, khong déan i O khi n — co thi chudi

=] .
, . . i 3 4 +1
sO Z u, phan ki. Chang han chuoi 36 1+ " + =+ .+ n +

6 2n

n=1 _
A LA Y o ; . n+1 1 _
phan ki vi s6 hang tong quat u,, = o — == 0 khin — 0.
, n

8.1.3. Tiéu chudn Cauchy

[+ o3
Dinh i 8.2. Piéu kién dt cé va dui dé chudi 56 Z u, hoi ty la
o n=l
véi moi 56 & > 0 cho truée, fim duge s6 nguyén duong ny sao cho kiu
2

2

n=g+l|

p>4q2n,taco |Sp—Sq]= < &

That vay, chudi s6 hoi tu khi va chi khi ddy céc tng rieng S hoi
tu. Theo tieu chudn Cauchy chia diy s6 hoi tu (muc 1.3.4), di¢u nay
x4y ra khi va chi khi v6i moi s6 & > 0 cho trudc, tim dugc s6 nguyén

duong n, sao cho khi p>q > n, tacé
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‘&

Zp: u,| <. W

n=q+I

1Sp = Syl =

. o0
e X s . 1 . i .
Déi vai chudi diéu hoa, Z —. ta thay rang di€u kién cia dinh lf
n=]
Cauchy khong duge thod man vi khong thé xdy ra bt ding thic
2n
I Te aex N R
ISo, = S, = Z < €, nén chudi diéu hoa phan ki.
k=n+t}
8.1.4. Vi tinh chat don gidn ciia chudi sé hoi ru
o =.4]
a) Néu chuéi sé' Z Uy A8itu va cé téng S 1thi chuédi s¢ Z au, ,
n=1| n=1
trong dé ala mét hing s, ciing héi tu va cé tong as.
of =0
b) Néu cdc chudi sé Z Uy o Z Vy ROl tu va o6 tong theo thir te

n=1 n=I

o
14 8, 8" thi chudi sé z (U + vy) ciing héi tu va c6 t6ng S + §°.
n=1

) Tinh hoi tu hay phan ki ciia mét chudi 56 khong thay déi khi ta
bor di mét 56" hitu han s6 hang ddu tién.

: : o _
That vay, goi §, 1a ©dng rieng thit n cha caudi s6 Z u, . Khi d6 tdag
n=1
XD \ @0 n .
niéng thit n cia chudi z au, bang z o = o Z uy = as,, dng
n=1 k=1 k=1
nay dan t6i aS khi n - <,
Tinh chat a) da duge chimg minh. Ban doc ty chitng minh cic tinh
chatb)vac) B .
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8.2. Chudi s6 duong (hay chudi so c6 s6 hang duong)

N _
Gidsit Y u, lamotchudi 6 duong ViS, 1 =Sy +Uns1Uns1>0

n=1

tacé S, .1 > Sy Vay {8, 1amot day s6 ting.

Do d6 n€u diy s6 {S,} bi chan irén thi ton tai lim S, , chudi sé
n— o

hoi tu, con néu day s6 {S,} khong bi chin thi §; - «© khi n - o,
chuéi s6 phan ki.

8.2.1. Cdc dinh Ii so sdnh

oo [+
Dinh Ii 8.3. Cho hai chudi sé diong Z u, vd Z v, . Gid s
n=1 n=1
s al
Uy S vy, Y2 ng € N Khi d6 néu chudi s6 z v, hoi tu thi chuoi s6

n=1

el ox0 es]
z u, hoi tu ; néu chudi sé z u, phdn ki thi chudi sé Z vy
n=1 n=1 n=1
phén ki.
That vay, do tinh chét c) ctia chudi s6 da néu dmuyc 8.1.4,1ac6 thé xem nhu
n n
n,=1.Dat§;= Z uy S, = z vy . Viy <. vk>1nén§, <S5, Néu
: k=1 k=1

[ral
chudi s6 Y. v, hoiw v c6 téng S thi S <8, do d6 §, < 8. Vay chudi

n=1

=8} oo
Z u, hoitu vicé wng riéng S, bi chan aeén. Néu chudi s6 Z u, phanki

n=1 n=1

o -
thi lim S, =+w,dodé lim §', =+, chudi ZV“ phan ki. I
n—w n—>a "
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Chu01 5§ Z hoi tu, vi ta ¢é 3 1 s—l~,Vn>Iva
aogvn . 3 n. 3" 30

n

— (1
chuédi sé z [EJ hoi tu.

n=1

1 1 - 1
Chubi s6 Z-—phankl Vi —=>=—, Vo2 1 vachudi s Z—-
3 3 n

n=1 n n n=1

phan ki.

es] =4
Dinh 1i 8.4. Cho hai chuéi sé duong Z H, va Z V, . Néu ton
n=1 n=1
tai gidi han hitu han

(8.1)  lim 22 _gsg,
n—= Vn

thi hai chudi 56 Gy dong thoi héi tu hay phan ki.

That vay, do (8.1) bét diu tir mot $6 hang nao d6 trg di

k u, 3k
2 v, 2

3
Néu chubi Z Vo hoi tu thi vi u, < —k Vy » chudi Z u, ciing
n=1 n=|
hoi tu. Con néu chudt Z up hoi tu thi vi u, > 3 Vo chuéi Z Va
a=1 n=1

ciing hoi tu. W

o0 .
Chudi Z In[l+lJ phan ki vi ln[l+—l-J——l khin — o vi
n n

n=1 n

o
chudi Y’ 1 phan ki.
n

n=1
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&

o .
s .m .. .. m T ‘ R <.
Chudi Z sin— hoi tu vi sin ~—~-— khi n — o vi chudi
p 28 PN
n=

8.2.2. Cdc quy tdc khdo sdt tinh hot tu cua chudi s¢

e s
Quy tdc D Alembert. Cho chudi s6' duong 3" u, . Néu

n=1

u
(8.2) lim —t g

n—x Uy

thi chuéi s6 hoi tu khi I < 1, phdan ki khil > 1.

. o

That vay, giasit/< 1. Chonekhd bé dé I+e< 1. VI lim - il =1,
. ’ n—ax Uy

16n tai s nguyén duong ng dé cho véin > ng

|
LI

Ug

Ciing ¢6 thé xem nhut ng = 1. Khi d6

Uy u -1
o=t el B2 g
Up | Ug-_2 uy

Vil+ e <1, chudi c6 sd hang tdng quat (/ + )" b iy hér ty, do

2.0}
d6 theo dinh li so sdnh 1 chudi Z u, hoity. N&uf> 1, tirmdt s6
n=1 '

s oac o aoa Un+)
hang nao dé tro di ne

>1 do d6 u, , | > u,, 5O hang téng quét
Un

khong ddn dén 0 khi n -» . Chubi sG phan ki. B
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o O ()
Vi dyu. Xét chudi so Z —.,0 &€ R.Tacé

n

.n=1 N
Un+t _ [(n+1)!]a_ n" _ _(a+1y%n" - & l)a—l(H_l_J—n
Uy, (n+1)"F (anHe (n+1){(n+ )" n

—1
u
Khin — oo, [1+1] —>1,do dé -“—+‘—~l(n+1)““.Dodé
n e u, e

u
. n+
néu a > I, lm
n—awx

! =+o0, chudi s6 phin ki. Néu o < 1,
n . :

u o ] u
lim —! =0, chudi sd hoi . Néu g = 1, l
n— o lln

I .
——<] khin-» 0,
e

Ug

chudi s6 héi tu. Vay chuédi s6 hoi tu khi va chi khi o < 1.

o
Quy tdc Cauchy. Cho chudi 56 duong Z u, . Néu

n=1

(8.3) _ lim gu, =7

n—ox
thi chudi s6"hoi tu khil < I, phén ki khi 1 > |,

Ban doc ty chimg minh quy tic nay.

D AR
Vi du. Xét chubdi so Z—z—zsinznu, 0 < ac<
n=10
. 2 Zlnn
Q/q:—%—sinza, nhung n"=e n  _, I khi n - . vay

. Ta cé

| —

n"

. . L | N n S0y a
hm u, = 2sin’. Néu sin’c < 7.t 1a a < —, chudi hoi tu.
n— 2 4
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e 21 T s s 2o 1
Ncusma>5tuc laa> Z.chumphankl. Néu sin aza,tuc la

" .
o= kil , chudi trg thanh Z L né hon .
4 n2
n=1

Quy tdc so sdnh véi tich phan. Gid sit ham 56 f(x) lién tuc, duong,

gidm trén khodng (1, +®) va dan 16i 0 khi x — +. Khi dé tich phdn
oo 2 :
suy réng If(x)dx va chudi sé Z u, , trong dé u, = f(n), cung ho
|- : fi=1

tu hodc cang phan ki.

That vay, chia khodng (1, +e0) boi nhimg diém chia ¢6 hoanh d6 nguyen.
Vi f(x) gidm nén Vx € [k—1,k] ta 6 f(k) < f(x) < ftk — 1), do dd

k k k
w= | fdx< | foodx < [ foc—ndx =u -,
k-1 k-1 k-1
yt \
; f(x)
ol k1 K x
Hinh 8.1

Rit ding thirc kép d6 ding v6i moi k = 2. Cong cdc bat dang thic
képimg vdik=2,3,...n, 1 cd
0
Up+uUz+ ... +U; S If(x)dx <up+uyt ..ty -y
1
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[+ 2] n
Goi S, 1a téng rieng thirn céa chusi Y u, . Pal, = J’ f(x)dx , ta c6

' n=1 1

S"—Ul élnésn—un
e
Gia sir tich phan j' f(x)dx hoi ty, tifc 12 t6n tai giéi han hitu han
' 1

[= lim I,.KhidyI, <1, dodé Sy <1+ uy. Viday cic 1éng rieng thit

n— oo

oo ' +og
n bi chan trén nén chudi s6 Z u,  hoi te. Néu tich phan jf(x)dx

n=1 1
phan ki, tifc 12 néu I, — +oo khin —» oo ¢hi vi Sp 2 I +uy > 1, nén chudi

o
6 Z u, phanki. @

n=]

o
Xét chudi Z % a la mét hang s¢. Chudi dé duoc goi 1a chudi
n=0

o]
Riemann. Ta so sénh né vdéi tich phan I—j: Ta biét rang tich phan
X
l

&y hoi tu khi o > 1, phan ki khi ¢ < | (muc 7.9), nén chudi Riemann
hoi tu khi a > 1, phan ki khi o < 1. :
8.3. Chuoi c6 sé6 hang vei ddu bat ki

8.3.1. Hoi 1y tuyér doi. Ban hoi tu

= .
Xét chudi sg Z u, vGicéc 6 hang u, c6 diu bat ki.
n=1

: 0 w0 .
Dinh 1i 8.5. Néu chudi Z Iun| hoi tu thi chudi Z uy cing hoi .

n=1 n=1]
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w .
That vay, vi chudi Z [un] hoi tu nén theo tiéu chuin Cauchy
n=1l

(dinh 1§ 8.2), v6i moi 56 £ > O cho trude, tim dude n, € N 520 cho
khip>g=n,tacéd

i |unl<e

n=q+1
p p
Do d6 Z Uyl = Z lug| <.
n=q+1 n=qgq+1

: [+ a]
Vi vay, ciing theo dinh 1{ 8.2, chudi D u, hoitu. W

n=1

[l v o]
. N cosn . cosn lcosnl 1
Vi du. Xét chudi Z > Lap chuoi Z > - Vi—— < —
n=1 10 n=1 R n n
o 1 . .. < lcosnl
S vavichudi Y -5 (chudi Riemann, a = 2) hoi tw, chudi :
n=110 n=¢ R

hoi tu, do dé chudi dang xét hoi .

o
Chii thich 1. Pitu kien » |u,| hoi ty chi 1a di€u kién do aé

n=1

[+ 3]
chudi Y u, hoi tu, chit khong phai ia diéu kién it ¢6. Nhur s& thdy

n=1

ab an
& dudi day, ¢6 thé chudi Y 1, hoi tu ma chudi > Jug| phanki.

n=1 n=1

oo . an
Dinh nghia. Chubi s6 Z u, dugc goi & hoi e tuyét doi néu Z lun|

n=1 n=1

[= 4] o
hoi tu, 1a ban hoi tu néu Z u, hoity nh]mg z |“nl phin Ki.

n=1 n=1
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Chié thich 2. Néu ding quy tac D'Alembert hay quy tac Cauchy

o0 . .
ma biét duge chudi 3’ lu, | phan ki thi o6 thé khing dink ring chuéj

n=}
D u, phan ki. That vay, khi dy lu,| khong din t6i 0 khi n — . do
n=1
d6 u,, ciing the, vay chudi sg phan ki.

8.3.2. Chudi s6 dan déu

Theo dinh nghia, d6 1a chui s6 ¢ dang + (u; —u, + Uy =ty +...)
trong d6 uy, uy, uy ... I3 nhitng s§ duong. R6-rang ta chi cin xét chudi
56 dan d4u vdi s6 hang ddu tien duong fu; ~uy +ug —uy + ..

Dinh li 8.6 (Leibniz). Néy ddy s¢ duong Ups Uy, ol .. gldm va
dan t6i 0 khi n —» o thi chudi s6' dan dau Up =Wy + U3 ~uy .. ity
va c6 téng bé thua u,.

Cluing minh. Néu n 1a $6 chin, n = 2m, ta c6

SZm = (ul - UZ) + (US - u4) tot (UZm-'l - u2m)
Vidiy s6 {u,} giam nen Sy tang khi m tang. Mat khac
Som =) = (U~ ug) ~ = (ugpoy - Uam=-1) = Ugp,

do ds S, < uy. Viy day s6 {Sm} tang va bj chin trén, nén t6n tai

gidi han lim Sy, =S, v6i § < uy.
n—w

Néun lé, n=2m+ 1, taco SZITH-I = Szm + Yome+1- Vi Ug1 = 0
khim — w nén

lim Szm+1_= lim Szm =8
N—G =0

Vay chudi s6 dan dau hoi tu va ¢ tong bé thua u;. |
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L= 4]
- gl \ a1 ,
Vi du. Xét chudi dan dau Z (-n" I Z N6 thoa cic diéu kién cla
n

n=]

[s o]
dinh 1i Leibniz, nén né hoi ty, nhung Z

. : -
p*! —} =
. n=1 n n=]
s6 diéu hoa, nd phan ki. '

Vay chudi s6 dang xét bén hoi tu.

8.3.3. Vai tinh chdt cia chudi s6 héi ty tuyét doi

Ta biét ring tdng ciia mot s& hir han s6 hang ¢6 tinh giao hodn va tinh
ket hop : né khong thay ddi khi ta ddi thit ty clia céc s6 hang cia n hay
khi ta nhém mot s6 s6 hang lai mot cach iy ¥ trude khi cong. Nhung diéu
d6 khong con diing nita d6i v6i cac chudi s& hang ¢6 déu bat ki.

oo
. al ) .. .
Vidu 1. Xét chudi s6 Y (~1)"'—. Ta da biét chudi 6 hoi tw,
n

n=1
goi S 1a tong clia nd :
Pt 1 1 1
S=l-—4+——-—+———
3 4 5 6
. R N .S
Khi dé6 chuoi ZE(_I) — ciing hd1 tu va co lbngE:
n
n=l
s 1 1 1 1 1
e —— p——
2 2 4 6 8 10

2 1) i .38
Do d6 chudi » (=13 = 4 —(-1" ' — | ciing hoi tu vac6 thng — :
= n 2 n 2

3 11 1 1 1
et ——t =+
2 32 5 17 4
Nhung chudi & vé phai lai suy ra dugc tir chudi xuat phit biing
cdch déi thit ty cha céc s6 hang. Vay khi ta d6i this tw cdc 56 hang clia
né, téng clia né da thay déi.
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(_l)nnl
n

a0
Vidy 2. Xét chugi Y N dé 1a mot chudi dan dau ban hoi
n=]

W. Vi€t né dugi dang

R S SR

, 1 - 1
Goi vp 12 56 hang téng quat [ ]

+ - .
vap-3 Jap-1 f2p

Ta ¢6 khi p > o

o2 IIIJ
e

X0
. I . 1
Do dé6 chuéi s¢ Z vy phan ki (chuéi Riemann véi o = E).
p=1

Viy tinh hoi tu clia chudi da thay déi khi ta déi thif o cac s6 hang
. Va nhom cdc s6 hang lai.

Tuy nhién tinh giao hodn va tinh két hop van ding 46i véi cic
chudi s6 hoi tu tuyst dsj, Ngudi ta da chimg minh duoe cac tinh chat
sau day : : .

¥ a]
Tinh chat 1. Néu chudi sé Z o hGi tu tuyét doi va c6 t6ng S thi
n=I[
chudi s6 suy nir né bang cdch thay doi thir te cdc s6 hang va bdng cdch
nhom iuy y mot 5656 hang lai ciing hoi tu tuyét déi va co tongla §.

. es]
Con néu chuédi so Z Uy bdn hoi ty thi ta c6 thé thay déi thip tr
n=]
cua cdc s6 hang cita né dé chudi s thy dugc hji tu va c6 téng béing
mét 56" bat ki cho trudc hodc tré nén phan ki,
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o x)
Dinh nghia. Gia s cho hai chudi s6 hoi tu Z Uy, z v, . Nguoi

n=0 n=0
o ) oD
ta goi tich cla ching 1a chubi 56 Z w, , trong dé w, = Z Uy Vo i
n=0 k=C

0 o
Tinh chdt 2. Néu hai chudi s6 Z u, va Z vy Mol tu tuyét doi va
n=0 n=0
c6 téng S va S thi tich cia chiing ciing hoi tu tuyét doi va c6 1ong S.§".
8.4. Day ham so
8.4.1. Cdc dinh ngitia

Dinh nghia 1. Gia st fy, f5, ..., f,, ... 12 mot ddy cdc ham sO xdc
dinh trén tap hop X < R. Diém x, € X dugc goi 1a diém hgi tu cha
ddy ham s6 dy néu day s6 {f,(x,)} hoi tu. Tap hop nhing di€m hoi tu
ctia day ham s6 {f,} dugc goi 12 tdp hop ki tu clia nd.

Nhu vay, néu day ham s6 {£,} hoi tu tdi ham s6 f trén tap hop X,
thi tai méi diém x € X, véi moi s6 & > 0 cho trude, ludn tim duge mot

s6 n, € N saocho
n > n, = [f{x) - f(x)| <€

S6 n,, phy thudc € va ndi chung phu thuge x. Trong trudng hop ¢
n, chi phu thuoc € ma khong phu thuge x € X, ta néi ring day ham

s6 {f,} hoi tu déu trén X 161 ham s6 f.

Dinh nghia 2. Day ham s6 {f,} dugc goi 1a hgi tu déu trén X 16

ham s6& f néu véi moi s6 € > 0, tim dugc mot s6 n, € N sao cho
n zn, = jf(x) - f(x)| <e, vVx e X.
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3w

+

V€ mat hinh hoc, ddy {f,} hoi tu déu tren doan [a, b] t&i f néu do
thi cia cdc ham s& fo(x) v6i moi n > n, déu ndm trong "dai" ¢ bao
quanh dé thi clia ham s& f(x) trén doan {a, b} (hinh 8.2).

: yA

0 a b X
Hinh 8.2

Vi du. Xét day ham s6 (£, ), f_

:R—-)R,:{I——)){".Né’ulxl<l,

lim x™ = 0. Néu Ix) > 1, lim x" = oo, Néu x = 1, thi x" = |,
n—yc0 N=—»x

lim x" = 1. Néux = -], khong t6n tai lim x". vay tap hop hoi tu
A —»a

A—par
cha diy ham s& {fy} 1A khodng (-1, 1]. Tren khoéng 4y

lim (£ 1 — Ontu-1<x<1
nfalo{n’— I néux=|
Day ham s6 {f, } hoi t t6i O trén

khoing [0, 1), nhumg khong hoi tu
déu trén khoang 4y,

Vi v6i moi s6 n e N, lubn tim duge x € [0, 1) sao cho
1
x" 0] = x" > —.
2

Nhing day ham s6 {f,} hoi tu déu 16i O tren moi doan [0, a] véia < |,

That vay, cho trude s6 € < 0, luon tim droe s6 n, € N, sao cho a"

° < g
Khidétacs ¥x e [0, a], ¥n = n,

X"~ 0= |x{" < a" <&
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8.4.2. Tiéu chudn Cauchy vé sy hoi tu déu

Dinh li 8.7. Ddy cdc ham s6 xdc dinh trén tdp hop X {f,} hoi tu
déu trén X khi va chi khi véi moi s6 & > 0 che trude, luén tim duge 56
n, € N, sao cho '

(*ym 2 n,, n2n, = If(x) - f(x)l <e, Vx € X

Chitng minh. Gia sit day {f,} hoi tu déu tréen X 161 f. Khi d6 t6n tal

s& n, € N sao cho
€
n 2 n, = [f(x) - {{x)| < 5 ¥xe X

Do ddénéun>n, m2ny,taco
g g
I, (x) - f(x)] < > I£,,(x) — f(x)] < = vx e X

Viviytac6¥Vx € X, Vn2>n, Vm 21,
1£,(%) — Fn (0] € 000 — T30 + [f(x) — £()] <&
Pao lai, gia sir diy ham s6 {f} thod min diéu kién (*). Khi d6 véi
méi x ¢& dinh € X, day {f,(x)} 1a mot day Cauchy, do dé né hoi tu.
“Ta ki hiéu f(x) = lim f,(x). Ham s& f xdc dinh trén X.

n—w®
Trong diéu kién (*), ¢ dinh x € X van 2 n, chom — =, ta duge
[f,(x) — f(x)| <&, ¥x € X, Vnzn,.
Vay day {f,} hoitu déutdifiuren X. B
8.4.3. Cdc tinh chat cia ddy ham s6 hoi tu déu
Dinh i 8.8. Gid sit {f,} la mot day cdc ham s lién tuc trén khoang I.
Néu day {f,} hoi tu déu trén I 16i ham 56 f thi f la mot ham s6 lién tuc

trén .
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Chimg minh. Ta s& chiing minh rang v6i moi s6 ¢ > 0, tn tai mot
$6 8 > 0, sao cho véi x Lx+hel,

thl <& = |f(x + h) — f(x)] < &.
Ta ¢6

IO+ ) = F0] < [f0x + h) — €00+ B + £, (x + ) fn-(x)l + I, (x) — F(x)).

Vi ddy ham s6 {fy} hot tu déu t6i f trén I nén véi e > 0 cho trudc,
ton tai s6 n, € N sao cho n > n, kéo theo

If(x + h) — fo(x + h)| < g

>
f(x) — f(x)] < 3
Ham 56 f lién tuc trén I, nén tim dugc 56 8 > 0 sao cho
£
[hl <& = jf (x + h) - f(x) < 3

Do d§ IhisS:>|f(x+h)—f(x)|<s.l
Chui thich. Tt dinh I 1 suy ra rang né€u ddy ham s { f,} lién tuc trén
L hoi ty 161 mot ham s6 gian doan trén d6 thi sy hoi tu dé khong déu.
Tré lai vi du trong myc 38.4.1. Diy him s& {f,} xdc dinh bai
fa: 10, 11 > R, x > x", hoi w tren doan [0, 1] t5i ham s&
Onfuxe(0,
Inéux=1]
Ham sé ay gian doan, nén su hoi tu trén khong déu.

f(x)=

Dinh 1i 8.9. Gid sit cdc ham 50'f, lién tuc trén {a, b), ddy ham s¢
{ud hoi tu déu trén [a, b) 161 f. Khi dé véi x, € [a, b],

X X
Ifn(t)dt hoi tu déu trén (a, b] t6i _[f(t)dt.
X X
b b
Ddc biét lim J’fn(t)dt = If(t)dl.
I'l—-)coa a

a
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Cé'&,
8¢

Ching mink. Ham s6 gi6i han f(x) lién tyc trén [a, b] theo dinh 1i 1,
nén noé kha tich trén dé. Ta co ¥x € [a, b]

b4 X X X
—|f = —f < f ~f(tydt.
x[fn(t)dt xj (vt xj[fnm (Ode] < Jﬁf’&' 2(0) ~ ()] dt

Vi {f,} hoi tu déu trén [a, b] tGi f nén v&1 moi s6 £ > 0, ludn tim

dugce n, € N, sao cho

£
nzn,=> max [f,(0)—f()] < —
° aStSbl (0~ 1) b-a

X X
Dods  nzny= | [f(0di- [t <2, Vx e fa,b]. W

xl'l x(}

Dinh li 8.10. Gid st cdc ham s6'f,, ¢é dao ham lién tuc trén [a, b],
ddy ham sé {f,} hoi terén [a, b] 161 f, day ham s6 {f ) hoi tu déu
trén [a, b] t6i g. Khi dé f c6 dao ham trén [a, b] va f(x) = g(x)

Chimg minh. Cac ham s6 £ lién tuc trén [a, b}, ddy {f,} hoi tu déu
trén {a, b} t8i g, do d6 theo dinh 1i 8.9 ta c6 véi x € [a, b], x, € [a, b]

X X
lim | [famdt| = faod.
n—o x‘ .

Nhmg  fim | [£,0dt | = lim [f00 - faxo)] = fx) = (xo).
n—»uh n—ow

Xo )

Vay (%) - f(x,) = ]'g(t)dt

x(!I
Do d6 f(x) kha vi trén [a, b} va f'(x) = g(x). &
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8.5. Chudi ham s¢
8.5.1. Hoi 1w va héi 1y déu
Xét chudi
o
(**) Z u,
n=|
ma cdc sd hang u, 1a nhimg ham s¢ x4c dinh trén tap ho‘p X < R. Goi

Sy 12 téng riéng thir n cia nd,

Bink nghia 1. Chudi ham s6 (**) duoc goi 12 hoi tu tai diém X, € X
néu ddy ham so {Sy} hoi t tai diém Xo. dudc goi 12 héi tu trén tip
hop X néu né héi tu tai moi diém cia X. Gi6t han S ciia day {S,}

dugc goi 1a t6ng ciia chudi ham so.

Vidy I Chudiham s 1+x+x” + .. +x" + . Ia mot c4p s6 nhan
vo han c6 cong boi x, né hoi tu néu x| < 1.

Vay chubi ham s6 4y hoi w véi moi X & (=1, 1) va ¢6 t6ng §(x) =

I-x
do d6
1 2 n
— =1+X+x"+ ... +x +...,-l<x<].
I-x
sinnx
Vidu 2. Xét chudj ham s6 Z . Taco
27
In + X
fsinnx] 1
—'2—*—2—3—2—,VXER
n“ +x n

= 4]
. 1 < . Xna .
udi E - (chudi Riemann, o = 2) hoi ty, vay chudi ham s6 d3
=i

cho hoi tu ruyet dai vei moi x € R.
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c&*g'

. _
1
Vi du 3. Chudi ham s6 Z—; hoi tu khi x > 1, phan ki khi x < 1.
n=10
Vay tap hoi tu clia né la khoang (1, + ).

_ o X“
Vi du 4. Xét chudi ham s6 z_r R& rang né hoi w tai x = 0.
n!
n=1
Né&u x # 0, ta ap dung quy tic D'Alembert vao chudi ¢é cdc s6 hang
=) Kn
duong Z " ta dugc
n=1
u lxln+l n!
fim =L = jim ——— = lx| lim =0
n—ooo U, n—® (q + l)glx]“ n—o«xn+1

Vay chudi ham s& dang xét hoi tu tuyet dei ¥x  R.

Dinh nghia 2. Chudi bam s6 (**) duoc goi 14 hoi tu déu trén X n€u
diy ham s6 (S} hoi ty déu tréen X. N6i cach khdc, chudi ham s& (**)
hoi tu déu trén X va ¢6 t8ng 1a S néu v41 moi $6 € > 0, ton tai mot s6
n, € N sao cho

n > n, = |S,(x) — S(x)| <&, VX € X.
[Fu} (_ l)n'—l

Vi dy. Xét chudi ham s6 Z
n=1 X" +n

. D6 13 mot chudi dan dau

thod man cdc didu kién cla dinh 1i Leibniz, nén nd héi tu véi moi x € R.
Phan du thif n clia né ciing 12 mot chudi s6 dan dau nén co tdng vé tri
tuyét d6i bé thua tri tuyét d6i ciia s6 hang ddu tién cha né, tic 1a

1 1

2 +n+l 10+l

1
Néu <gticlandun> ——1 thi|S(x) - SX)| <&.
4

n+1l
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b

. 1 . 1
Vay c6 thé chon n, = E(—— 1], phan nguyén cha ——1, 16 rang
£ €

n, khong phu thuéc x € R. Do d6 chudi him s& dang x€t hoi tu déu trén R,
8.5.2. Tiéu chudn héi tu déu cia chudi ham s6

Tir tieu chudn Cauchy vé si hoi tu déu cia day ham s6, ta suy ra :

a0
Tiéu chudn Cauchy. Chudi ham sé' Z Uy (X} héi tu déu trén tap X khi
n=|

va chi kii voi moi 56’ €> 0, tim dugc 56 nguyén n, sao cho khi p>q>un,
ta cod

[Sp(x) = 8, (x)| <&, ¥x € X.

o0
Tiéu chudn Weierstrass. Cho chudi ham 56 Z up(xy. Néu ta co
[a]

lug(x)] s a, vit € N, Vx € X va néu chudi s Zan kot tu thi chudi
: n=i
ham 56 dd cho hoi tu tuyér doi va déu wén X

Chiing minh. Dinh li so sinh dp dung vao hai chudi ¢6 s6 hang duong
Z |u (x)| va Z a;, cho ta thay rang chudi ham s6 Z un (X} hoi w tuyet

n=1 n=1 n=]

o
doi trén X. Vichudi s6 )" a, hoi tu, theo dinh 1f Cauchy, véi moi € > 0, tim
n=]

duge n, sao chokhip > q > n, ta céd

p
Z a, <&,

n=q+!
Do dé

[Sp(x) — S,(x)| = lug e (X} + ... + u(x)] < |uq+1(x)l + o lug(x)] <

Sagep F- +a,<e.
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Vay chubi ham s& da cho hoi tu déu trén X theo tiéu chudn
Cauchy ciia chudi ham s& hoi tu déu. H

) . & cosnx _ R
Vi du 1. Chudi ham s6 ——— hoi ty tuyét d6i va déu trén R
2 2
a=p N +X
vl ta cé
|cosnx| 1
5 5 < — vn,¥Vxe R
n“ +x n

[+ 4]
. L I . I
va chudi so z —5 hoi tu (chudi Riemann, o = 2}.
n=t I

Xﬂ

o
Vi dy 2. Chubi ham s6 > hoi t tuydt d6i va déu ren [1, 1], vi
n=1

e

n
tacd

x| 1
<

nvn oo’

. A | . o 3
va chudi s& z — hoi tu (chudi Riemann, ¢ = —}.
n=1 — 2
n? &
8.5.3. Tinh chdt cia cdc chudi ham sé héi tu déu

¥n, ¥x e [-1, 1]

Tir céc tinh chat ctia ddy ham s& hoi tu déu, ta suy ra cac tinh chat
sau day cta chudi ham s6 hoi tu déu.

Ta bi€t ring téng ciia mot s6 hifu han cic ham s6 lién tuc 12 mot
ham s& lién tuc, dao ham (tich phan) cha tdng cha mét s6 hiru han
ham s6 bing t16ng dao ham (tich phan) cia médi s& hang. PJi v6i cic
chubi ham sd, cdc tinh chat 4y néi chung khong con diing nira, nhung
céc tinh chat 4y van ding d6i v6i cdc chudi ham s6 hoi tu déu.

[+ a]
Pinh li 8.11. Cho chuéi ham sé z u, . Néu cdc s6 hang u, déu
n=1
lién tuc trén khodng I, chudi ham sé hoi tu déu trén I thi t6ng cia né
cling lién tuc trén |
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Tir dinh li nay ta thay ring : Néu chubi ham s6 6 céc s¢ hang lién
tuc ma héi tu tdi mot ham s& giin doan trén X thi chudi ham s6 ay
hoi ty khong déu ren X

o a0} o0
Vi du. Xét chuéi Zx(‘l—x)" =xZ(1—x)“ . Chuéi ham Z(l~x)"
n=I n=] n=1

hQitukhill—xl<l,tl’IclhkhiO<x<2.Vé‘ix=0<:hu6ihz‘1mso'décho

3 1
hoi e va ¢6 1éng $(0) = 0. V6i 0 < x < 2. 5x) = xl—(l—-—) = 1 (cdp s¢
-(l-x

nhén). Vay chudi ham hoi ty tren khoang [0, 2) t6i mét ham gidn doan
(O khix =0
S(x):il Khi 0 < x <2
Vay chudi ham heét tu khong déu trén khoang [0, 2).

o
Dinl li 8.12. Cho chuéi ham s¢ Z uy . Néu cdc 56" hang u,, déu lién
n=]
tuc tren [a, b] va néu chudi ham sé hoi ty déu trén doan dé 167 S(x) thi

bS(x)dx = s u,(x} [dx = 3 bu“(x)dx.
ZI 2

n=1 a4
Chitmg minh. S(x) 1 tng cla mot chudi ham s6 hoi tu déu trén {a, b]
€0 cdc sd hang lién tuc trén d6, do vay S(x) lién tyc trén [a, b], nén
S(x} kba tich trén [a, b]. Xét hiéu '

b b b
Jsax - [s,(xax = [[sx)~ 8, (0)]ix .

2

Vi chubi ham s8 hai tu déu tren [2, b, nén ¥Ye > 0, tim duge s6 ng
duong sao cho khi n > n,

[Sp(x) — S(x)] < b—i;, VX € [a, b].



b b b c
Dodo | [Stxdx - [Sy(x)dx| < jb_

a a a

b b nltb
vay  [seodx = lim. [sytodx = lim 3 fuk(dx
; ,

n—x k=l
b b
= J-ul(x)dx + ...+Jun(x)dx +...01
a a

[+a]
Dinh 1i 8.13. Cho chubi ham s¢ z u, hoi tutrén (a, b) 16i S, cac
n=1
s6 hang vy lién tuc cing v6i dao ham ciia ching trén {(a, b). Khi do
an
néu chudi ham sé Z u'y hoi tu déu trén (a, b) thi tong S khd vi trén
n=1
(a, b)vdtacé

S(x) = [Z un(x)]' = Y w0
n=1 n=1

SInunx sinnx
Vi du. Xét chudi ham s6 Z . bat w(x) = . Vi
n=1 I‘l
1 1
lu, x)| < —3 ¥x ¢ R, ¥n, ma chubi s6 2— hoi tu nén chubi’
n= lrl

ham sé hot tu tuyét déi va déu tren R. Goi S(x) 1a téng clia nd. S(x)
12 mot ham s& lién tuc vi 12 téng clia mot chudi ham sé& hoi tu déu ma
céc s6 hang déu lién tyc trén R. Theo dinh 1i 8.12

14 Moo - o n 50 n
sinnx i ] 1-(-1
[seax = |3 ——dx = 3 —5 [sinnxdx = 2—4-)—
1! gn=l1 n n=11 0 n=1 n
i 1
=2y ——
—em-nt
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COsnx COsSnx

Viu' | (x) = ma chudi ham s6 Z

n=] n

hoi tu déu weén R,
n

' cosnx
nén theo dinh 1i 8.13 ta ¢6 S'(x) = Z u'h(x) = Z
: n?

n=I[

8.6. Chudi luy thira

8.6.1. Chuéi luy thira. Bdn kinh hoi tu
Ta goi chudi luy thira 1a chudi him s& c6 dang

Z agx" =a, +a;x + a2x2 +otax +
n=0
Vin d¢€ co ban dau tien khi khio sit mot chudi ham s6 1a x4c dinh
tap héi tu cia né.

ol
Dinh Ii 8.14 (Abel). Néu chusi luy thia Z a,x" héi tu tai x = x, =0
n=0
thi né hoi tu tuyét déi tai moi x voi Ixf < {x,,)-

That v;ﬁy, chudi s6 Z apxg hoi tu, nén s6 hang dng quat apXg
n=0

dan dén 0 khi n — o0, do dé a,xg bi chin, tic 1a l "l <M, ¥n, véi
mot s6 duong M nao dé. Ta c6

w ., X n
n n
anX = a.x _—
2 Sauss ()
n=0 n=0
n n
" n X
Vilapxgl— (s M

. Vn e N, 4p dung dinh I so sanh vao
o [=a] X
hai chubi c6 s6 hang duong Z |anx“|. Z Mi—

n={0 ’ n=0 0

, ta suy ra chuéi

lu¥ thira z a,x" hoi tu tuyet dsi tai moi x thoa man Jx| < [xo|. B
n=0
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Hé qud. Néu chuoi uy thia Z a X" phdn ki tai x = x; thi nc
n=0
phdn ki tai moi x théa mdn |x| > |x|.
That vay, néu nd hdi tu tai x = Xy v6i |X;| > |x;| thi theo dinh li
Abel né s& hoi tu tuyét d6i tai moi x ma x| < [x,], ddc biét né hé1 ty

1ai x = x|, di€u nay trai véi gia thiét. W

RS rang chudi lu§ thira Z agx" ludn hoi tu tai x = 0. Tir dinh 1
n=0
: Abei, suy ra ring tén tai mot s& R(0 < R < +e) sao cho chudi luy

thira hoi tu tuyét d6i trong khoang (-R, R) va phan ki trong céc
khoang (-, —R) va (R, +w). Tai X = ~R v x = R chudi luy thira c6
thé hoéi tu, c¢6 thé phan ki. S8 R d6 duge goi 1a bdn kinh hoi tu,
khoang (-R, R) dugc goi 12 khoang héi tu chia chudi luy thira.

Mudn tim tap hoi tu cfia chudi lu§ thira, ta tim ban kinh héi tu, tic
la khoang hoi ty clia nd, r6i khao sit su hdi tu cia né tai hai mat.

8.6.2. Quy tdc tim bdn kinh héi tu caa chudi luy thia

Pinh 1i 8.15. Néu lim | "+1| = p(hodc lim ,ﬂ,‘ian| = p) thi ban
on—w .

n-—=x0 |a |
o0
kinh hoi tu R ciia chudi luy thita y_ a,x" digc xdc dinh bdi
n=0
1
— néul<p<+o0
R=.P
0 néu p =+
+0 néup=0

oy
Chimg minh. Xét chudi s6 duong Z|anx“|. Ap dung quy tdc

n=0
‘a 1% “HI l k|
D’ Alembert, ta ¢6 lim =% = tim Sl g p.Ixl
n—»w lanx l [ 1= sl |a |
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[*4) . =4
Néu 0 < p < 4+, chubi Z 'anx"l héi w, tic 1a chudi Z a,x" hoi tu
n={) n=0

a x| > l chudi
P

Z 'a X | phan ki vi 6 hang t6ng quat |a X | clia né khong dén 16 O khi
n={)
oo . . 1 .
n — o, do dé chudi Z a,x" phanki. Vay trong truomg hop nay R = —.
p
n=0

'an+lxn+l! i

Néu p = +m, ¥x # 0, lim =+00. Vay chudi lu§ thira

n—co |anx"|
phdn ki taimoi x # 0, do d6 R = 0.

xn+l

Néu p =0 thi lim E&—l

=0<1, chuéi luy thita hoi tu tuyét
]

d6i tai moi x, do d6 R = +w.

Chitng minh twong tut cho trudng hop lim ",/Ian| =p. A
N =

23 0.

Vidy 1. Xét chudi lu§ thira x + i2-+5-+..‘+5—+...
n
Ta c6 11m| "HI lim =1, do d6 R = 1. Chudi da cho hoi w
n—a0 [a | n—+oon+l

trong khoang (~1, 1). Tai x = 1, ta ¢6 chuéi s6 | + %+%+...+l+... dé1a
n

chudi s¢ diéu hoa, né phan ki. Tai x = ~1, ta ¢6 chudi sO -1+ 1 1 + l

2 3 47
d6 1a chudi 58 dan dsu thoa man cdc diéu kién clia dinh Ii Leibniz, ng -

hoi ty. Do d6 tap hoi tu cia chudi luythitaddchola-1<x < |.
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2 3 n
Vi du 2. Xét chudi luy thira 1 + x + LI .S

20 3! n!
) !
Tacé lim \a l = lim ——— = lim l_=0
n—o ]an| u—)c:lo(1"1+l)1 n—woh+1

Dodo R = +oo, chudi luy thira hoi ty trén toan R.

o n
Vi du 3. Xét chudi 1u§ thira Z(ﬂ]
il n+1

Ta cdé6 lim ,[ = lim

n—a0 n—wn+1

khi |x| < 1, phan ki khi |x| > 1.

=1. Vay R = 1, chudi luy thira hdr tu

1
Khi x = 1, ta c6 chubi s6 Z[ ) . S8 hang t0ng quit

n+1

u, :—1—— — ! # 0 khi n — o, vay chudi s& phan ki.

i e
n

n
Khi x = -1, ta c6 chudi s6 Z( " [ ] , 0 hang téng qudt
ey n+l
cuia né khong ddn t6i 0 khi n — <o, chudi s6 phan ki. Tém lai chudi

ham s& da cho ¢6 tap hoi to 1a (-1, 1).

8.6.3. Tinh chdt cia chubi luy thita

= 4
Tinh chdt 1. Chudi luf thita Y a,X" hoi tu déu trén moi dogn [a. b]
n=0
ném trong khodng héi tu cua né.

That vay, 18y mot s6 duong X, < R, trong d6 R 1a ban kinh ho1 ta clia
chudi luy thira, sao cho doan [-X,, X,) chifa doan [a, bl. Vix, € (-R. R)
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nén chudi s§ i Ianxgi hoi tu. V&imei x e [a, b], ta cé ,anx“|£|a“xg,, V.
n=0

: a@x0
Theo dinh If Weierstrass, chugi lug thira Z apx" hoi tu déu trén [a, b]. W
. n={}

Tir tinh chat 1 vira chting minh va cde tinh chat cua chudi ham s6
hoi ta déu suy ra cic tinh chat sau day coa chudi lu¥ thira.

[ 4]
Tinh chat 2. Téng cia chudi luy thira Z anx" la mot ham s& lién
n=0
tuc trong khodng hoi tu ciia né.

Chui thich. N&u chudi 1u§ thira hoi tu tai ¢ mét trong hai miit ciia
khoang héi tu thi téng cia né lien tuc mot phia tai muit y.
Tinh chdt 3. C6 theé ldy tich phan tung s6 hang chudi luj thira

= o
Z a,x" trén moi doan [a, b] ndm trong khodng héi tu cia né
n=0

b ol a0 b
I{ganx"dez ZU Ianx"dx
a = n=ua

‘Dac bi¢t ta c6 Vx € (-R, R)

b
: a a
I[Z anx"}lx :a0x+—2lx2 +op =Dyl

< \noo n+l

chudi nay ciing ¢ khoang hoi t 1a (-R, R).

Tinh chdt 4. C6 thé 14y dao ham timg s6 hang chudi luy thita
o7

Z anx" tai moi diém ném trong khodng héi tu ciia né :
n=0

. :
[Z a,,x"} =a) +2ayx +3a3x% +.. + na " 4
n=0

chubi ndy ciing 1a chudi lug thira cé khodng hoi tu la (-R, R),
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Lai 4p dung tinh chit 4 vao chudi lu¥ thira nay, ta c6

{ Z agx" ] =2a, +32a3x+...+n{n— 1)anx“‘2 + ..
n=0

Ap dung tiép tuc tinh chdt 4, ta thdy ring c6 thé 14y dao ham timg
s3 hang moi chudi luy thira v6 s6 14n trong khoang hoi tu cha né.
8.6.4. Khai trién mdt ham 56 thanh chudi luy thira

o0
Dé dang thay ring chudi luy thira Z x" hoi tu tuyét déi trong
n=0

khoang (-1, 1) ; t6ng cha né 1a

— d6 12 mot ham s6 so cfp. Van
-X

dé dat ra 12 v6i diéu kién nio ham s6 f(x) c6 thé khai trién thanh mét
chudi lu¥ thira.

« Gia sir ham 6 f(x) c¢6 dao ham moi cdp trong mot lan can nao do
ctia diém x, v c6 thé biéu dién duge dudi dang tong cfia mot chudi
lu¥ thira trong lan can ay, tdc 1a

(8.4) £(X) = ag +a;(x~Xg)+ay(X~Xg)? et an(x~Xo)" +.y
trong d6 ag, aj, a3, ..., &, ... 12 nhimg hing s&. Theo tinh chdt 4 cia
chubi 1u¥ thira, ta c6
[ f'(x) = a) + 2a5(x — X)) + 3a3(x - xo)2 + ...+
+nag(x - x)" |+ ...

(8.5)¢ f'(x) =22, +3.2a3(x = XO)_+ @ = Dag(x - x)" 2+ .

Thé x = x, vao cdc déng thiic trén, ta c6

fn f(n)
a, = f(x,), 8; = '(Xg), 4y = %Q! e dp T $’
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Vay ta cé

f! "n
(8.6) f(x) = f(x,) + %(x-xo)ﬁ%(x—xu 2+
EARCH)
n!
Chudi luy thita d6 duoc goi 1a chudi Taylor cia ham s6 f(x) & lan
cin diém x,,. Néu x, = 0, 1a ¢6

(X=X )" + ...

r " {ﬂ.}
8.7 fxy=f0y+ LDy, F @ 2 Y0 o,
1! 2! !

Chudi luy thira ndy duoc goi 1 chudi Mac Laurin cia ham s f(x).

Tom Jai, n€u ham s6 f(x) cé dao ham moi cdp va c6 thé bidu dién
duge dudi dang tSng ciia mot chudi luy thira trong mot lan can nao dé
ctia di€m x,, thi chudi 1ug thira d6 phai [a chudi Taylor cia ham s6 dé
trong lan cén ay. :

* Bay gi& ta xét xem néu ham s6 f(x) c6 dao ham moi ¢4ap trong mot
ian can nao d6 ciia diém x,, thi véi diéu kién nao téng ciia chudi Taylor
cua né bang f(x). Néu chubdi Taylor clia ham s6 f(x) hot t v 6 téng
bang f(x), ta n6i rang f(x) da dugc khai trién thanh chud; Taylor. Vay ta
can tim diéu ki¢n dé c6 thé khai trién ham s6 f(x) thanh chudi Taylor.

Theo cong thitc Taylor & chuong 5, néu ham s6 f(x) c6 dao ham
dén cdp (n + 1) & 1an can diém X, thi

f(x) =P (x) + R (x),

‘ (n}
trong d6 P (x) = f(xy) + f (lx"’)(x ~Xg ) F ...+-f-4)~(x - X))
! n!
() nel
R,(x) = W(X -Xo) .,

£ 1a mot diém ndo d6 gita x, va x. N&u f(x) ¢6 dao ham moi cip &

lan can diém x,, thi cé thé 14y n trong cong thiic Taylor 16n bao nhigu
ciing dugc.
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Dindi 1§ 8.16. Gid sit trong mot lan cdn ndo dé cia diém X, ham so
cé dao ham moi cap. Néu lim R, {x)=0 trong dé
n—a
f("+l)(é}

Ra(x) ===

n+l
(Xx—=x,) 7,

Ela mét diém nao d6 giita X, va x thi cé thé khai trién ham s6 fix)
thanh chudi Tavlor trong Idn cdn ay.

That vay, vi lim R,(x)=0; nén f(x) = lim P,(x), do d%

n—x n—*a

f'(%0) - " x,)
n'!

Xo) + ot (x—x)" +...

Trong thuc hanh, khi khai trién mot s6 ham s6 sd cip ta thudng
- diing két quad sau day.

Dinh li 8.17. Néu trong mét lan cdn ndo dé ciia diém x, ham 5o’
fix) cé dao ham moi cap, tri 56 tuyét dot ciia moi dao ham dé déu bi
chdn béi ciung mét s6 trong lan cdan dy, thi ¢é thé khai trién fix) thanh
chuéi Taylor trong dé.

Thart vay, véi moi x trong lan can ay ta ¢é
lf(“)(x)| <M,V¥neN

trong dé M la mot hiing s6 duong nao dé. Do d6

lf‘"*”(&)\ M el
R, (x)|= X -
o xn . |
Nhumng vi chudi luy thira Z_r héi tu v61 moi x (xem vi du 2, tnuc

n+l

Xn . | _x |n+]

8.5.2 chuong nay), nén — — O khi n - . Vay =——2
n! {(n+1)!
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khin — o, do d6 lim R, (x)=0. Theo dinh i 8.16, f(x) ¢é thé khai

n—w0
trién dugc thanh chudi Taylor trong mot lan can cha Xg
8.6.5. Khai trién mot 56 ham 56 so cdp thanh chudi luy thita
* f(x) ="
Tai moi x € R, him 56 ¢” c6 dao ham moi c4p va cdc dao ham &y
déu bing ¥, do d6 '
(0)=£(0)=...=f Y= =1.

Vay chuéi Mac Laurin ctia ham sd f(x) = e* ¢6 dang

2 x3 xn
L+ x4+ —+— 4.+ .
21 3 n!

Gia sir A 1a mot s6 duong bat ki. Tacé ¥ne N, Vx e (A, A)
|f{"}(x)' =e* <e® =M
Do d6 theo dinh 1i 8.17 ham s6 f(x) = ¢ khai trién dugc thanh chudi
Mac Laurin trong lan can (-A, A) ciia di€m x, = 0. Nhung vi A 1a s6 bat
ki, nén ham s6 e ¢6 thé khai trién dwoc thanh chudi Mac Laurin Vx € R -

2 n
(8.8) e’ :1+_)(_+x_+m+x_+m
: - n!
* f(X} = sinx
Ta ¢6 fM(x) = sin(x+ng),do d6

|f(")(x)‘£ 1,vxe R, ¥neN
Vay ham 50 sinx ¢6 thé khai trién duge thanh chudi Mac Laurin
vi moi x. Vi f(0) = 0, '(0) = 1. £°(0) = 0, £¢0) = -1, 0y = 0,
f90) =1, ..., 1a c6 |

3 5 2n-]
(8.9) sinx = x-S X Lot X
31 51 (2n-1)!

—0 <X <+
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s f(x) = cosx
Tuong ty nhu trén, ta duge

2 4 2!1
(8.10) cosx=1— —+ 2% _ _s¢°
21 4! EIT

e f(xy=(1+ x)a, o 12 mot s0 thuc bat Ki.
Ta c6 £(0) = 1,
£(0) = ol + X% o =6

£(0) = a(ar— 1)L+ x)* 2| op =l - 1),

£M00) = o - 1Mt =2)... (@ —n+1)

Do d6 chudi Mac Laurin cba ham s6 (1 + x)" 6 dang

L+ Ex+a(a—l)x2 +m+o&(a—l)‘.. (a—n+l)x“.+m
1! 21 n!

Pé tim khoang hoi tu clia chudi 1u¥ thira d6, ta tinh
| wil gy 2@ Dte =) n! |_
n—o0 \a l n-+oo! (n+1} U.(G.-—l)...((l—n+l)l

. o= n|
= lim =
n—o| N+ l\

Vay chudi luy thira nay hoi tu khi Ixl < 1. Ngudi ta chitng minh ducc
ring rong khoang hoi dy, chudi Mac Laurin clia ham s6 (1 + x)a hoi
tu vé chinh ham s6 y. Vay '

oo -1} 2

(8.11) (1+x)* =1+ax+— o X+t

-l<x<]l.

_ _ A
N alo 1)...(:1 n+l,xn .
ik
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* f(x) = In(1 + x)

Tacé f(x) = (1 + x)_l, ta lay tich phan timg s6 hang chudi luy
thira ay tir O dén x, ta duoc

. dx X
I—-——zln(1+x)| —In(l +x) =
l+x 0

0
. X X X X
= jdx— J'xdx+ szdx+...+(—l)“ xdx +..
0 0 0 R
2 3 4 n
EIDn(l+o=x-2y XL X o oy E L 1ex<ld
2 3 4 ' n
* f(x) = arctgx
Vi (arcigx) = >=1- X2+ xt=x® e x® - (K20 4
_ I+x
ta co
35 T 20-1
x> X7 x X
8.13 arctgx =X — —+— - (D" 4
( ) 5 3 5 7 D 2n-1

Vi chudi [uy thita nay ciing héi tu tai x = +1, nén khai trién trén
ding trén doan [-1, 1).

8.6.6. Céng thurc Euler
Cong thifc (8.8) khai trién ham s6 mii-x > e* thanh chudi luy
thira cho phép ta mé& rong dinh nghia ham s6 mi vao mat phing phitc.
Chuéi ham &
2 z° z"
L+ —+—4 =+

12 n!

hoi tu tai moi z € C, tdng clia né theo dinh nghia 14 ham 6 mii z - e%.

373



it ra X
Vaiz=xe R.e"=¢
Véiz=1x.x € R, 1aco

ix ix iox2 ix inx"
e =1+ —+ + +..+ +..=
1! 2! 3 n!
2 4 2n
=1~ x_._;,_x__ +{-1 )
20 4! {(2n )'
3 5 2n+1
+ i x—x—+x——...+(—1)n + ...
3 5 o+ 1!
Vay _
(8.14) e'™ = cosx + isinx
Do do
(8.13) e ™ = cosx — isinx
Tir do
ix —ix ix i
(8.16) COSX = e re L Sinx = ¢ _e
2 2i

Cac cong thic (8.14), {8.15), (8.16) duge goi la cong thire Euler.

8.6.7. Ung dung chuéi luy thia dé tinh gan diing

o Tinh xdp xi gid tri ctia ham s6 tai mot diém

Gia sir cdn tinh gid tri ctia ham s& f(x) tai mot diém trong mot lan
can nao dé cha X, vi gia sir trong 1an can dy

(%) £ (x,)
1 n'

(x—Xg)+.-+

(8.17) f(x) = f(x,)+ (x=%)" +..
N&u ta tinh xap xi f(x) bdi tdng coa (n + 1) s6 hang ddu clia chudi
(8.17) thi sai s& pham phai la

“‘*“@

n+l
+1)! )

[Rn(x)|=

—(X X,

E nam gilfa x va x,. Cong thirc d6 cho ta cdch xé4c dinh n dé phep tinh
xap xi trén dat o chinh xac yéu cau.
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Vi du. Tinh 0 e v&i do chinh xdc 0,00001.

Tac6 e = f(1), vai f(x) = ¢". Néu ding cong thirc xdp xi
x  x? x"
et ml
o2 n!
thi sai s6 pham phai la

3 .
[Ra (D =— 5 e darag

T3 Vi 0<E< L dods R, (1)|

chinh xdc 0,00001, chi ¢dn xic dinh n sao cho > v < 0,00001 .

{(n+

Thir tryc tiép ta thdy ring, chi c4n lay n = 8. Vay

e~l+—l—+—1—+ +]_2?!82?8
1t 2! 8!

* Tinh xap xi tich phan
Néu ham s6 fix) cd thé khai trién thanh chudi lu¥ thia trén mot
khoang nao dé thi -[f(x}dx cling ¢6 thé khai trién luy thira trén

khoang ay.
2
Viduy Xéthimsof(x)=e™ . Tacé¥xe R
3 2 4 4 2n
Y . S SO S Y. . S
21 3 1
Do dé
X 3.5 LT
Ie Vdx-x-I o XX
13 215 317
0
vata co
1
J‘e""dx:l~ lq+ lq— L
2 11327 21520 31727

3
-1
h



V& phai 12 mot chudi s6 dan ddu thoa cdc diéu kién cua dinh i
Leibniz. Néu ta giir ba s6 hang ddu dé tinh xap xi thi sai s& pham phai
bé thua tri tuyat d6i clia s6 hang thit tu :

I 1

=——— < (0,001
317.27 5370

Vay

NP ML S

2 323 21528

=0,4644

S e M

vdi do chinh xac 0,001,

8.7. Chuéi Fourier
Trong co hoc, vat li, ki thuat dién, ... ta thudng gap nhimmg hién
tugng tudn hoan. Ching dugc mo6 ta bdi nhimg ham s& tuidn hoin

(xem muc 2.5 chuong 2). Nhitng ham s tuan hoan don gian nhdt la
nhitng ham s&

Agsin(not+@,).n=1,2, .,

ching bicu dién nhimg dao dong diéu hoa véi bién do A, chuki T = 2—“
neo

Néu cho mot ham s& g(t) tudn hoan véi chu ki T = 2—“ cé thé
o

khai trién né dudi dang

=4
g =A + ZAnsin(nmal“)

n=l
duge khong ? Dat ot = x, ta cd g(t) = g[i] = f(x). Khi dé f(x) 1
)

mot ham sd tudn hoan chu ki 2x, khai trién trén c6 dang

[ ]
a .
3‘3— + Z(ancosnx + b,sinnx),

n=1
trong dé 2, = 2A, a, = A sing, b, = By cosg,,.
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8.7.1. Chudi luong gidc

Ngudi ta goi chuéi luong gide 12 chudi ham sg c6 dang
20
(8.18) a5 + Z(ancosnx+bnsinnx)
n=1
trong do a,, ..., ay, b, ... ]a nhitng hang s6. S6 hang téng quat

: . R coa .21
Un(X) = aycosnx + by sinnx 1a mot him s tudn hoan chu ki —, lén
n

tuc va kha vi moi cap. Néu chudi (8.18) ho ty thi tong cla né 12 mot
ham s6 tudn hoan chu ki 2n. Ta ¢6

Jun (x)] <ag|+|bg|, Vn € N, vx € R.
Néu {a,}, {b,} 1a nhiing diy s& sao cho

[24] =0
(8.19) Cdc chudi s6 3 lap|. > |by| hoi ty thi theo dinh 1f
: n=1 n=1 .
Weierstrass chudi lugng gidc (8.18) hdi tu tuyét d6i va déu trén R.
Tuy nhién diéu kién (8.19) khong phai 1a diéu kién 4t c¢6 dé
chudi (8.18) hoi ty. C6 thé ching minh ring néu cic day s& {a,}, (b}
giam don diéu va ddn t6i O khi n — oo thi chudi (8.18) hoi ty tai

[ 5]
X # Zkm. That vay, véi x = 2kn thi D bysinnx=0. Xét x = 2k, Pat

n=1

BU)
I
=

by sinkx. Ta cé

k={

2sin=8§ ~i2b sin > sinkx =
A

é{m{k_%jx_ms(k%)x]bk

n
b, cos%—bn cos[n+—;~}g+é(bk -bk_l)cos[k—%};

fl
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Nhung <b,.mab, >0 khin - 0, con

b, cos(n +l]x
2

(bx — by )cos[k - %] X

n

2.

k=2

b
< 2. [bk = bi-i|=

k=2

n
= =3 (bx ~by_;) =b —by = b, khin > e
k=2

vi {b,} giadm don di¢u va din 16i O kKhin — . Vay

L !
D (b —by }cos[k —E]x

k=2
hoi t cé thé trir tai X = 2k

8.7.2. Chudi Fourier

* B6 dé. Vi moi p, k € Z ta ¢6 cic hé thic

"

(8.20) jsin kxdx =0
-
i
(8.21) ]'coskxdx:O'ne’uk:O
—T
T
(8.22) Jcoskx:;inpxdx =0
-
¥ Onduk#p
(8.23) [coskxcospxdx = { )
- nnéu k=p=0
T r -
(8.24) [ sinkxsinpxdx = 10 néuk=p
nnéuk=p=0

—n
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Bing cich ding cic cong thite lugng giac

coskxsinpx = %[sin(p +K)x +sin(p - k)x)

coskxcospx = -;—[cos(k + D)X +cos(p - k)x]

sinkxsinpx = -%[cos(k ~p)Xx —cos(k + p)x]
2 1

cos” kx =—2-(1 +cos2kx)

sinkx =—;—(1 —cos 2kx)
ban doc ¢6 thé ching minh dé dang céc cong thire (8.20) — (8.24),

* Gid slt ham s6 f(x) tudn hoan chu ki 2z, kha tich trén [-m, @], c6
thé khai trién duoc trén doan [—=, 7] thanh chudi lugng gidc dang
o
(8.25) f(x) = ~a-‘l+ Z(ancosnx + b, sinnx)
2
n=} :
Dé tinh a,, ta hay lay tich phén tir —n dén = cha chudi ham & vé
phai clia (8.25) va dé ¥y dén cdc heé thic (8.20), (B.21Ytacé

T big a
If(x)dx = J.—zﬁ‘-dx =Tna,
-n -

Do dé
l n
(826)  ap=— f fe0dx
-

Nhan hai v& clta (8.25) v&i coskx, k € N, r6i 18y tich phan hai v&

clia ding thic nhan duge tir —x dén 7 va dé y dén cdc cong thic
(8.22),(8.23)taco duge '

m bl
If(x)coskxdx =ay J-ccns2 kxdx = na,

- -7
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Do d6
1 T

(8.2 A =— If(x)coskxdx, k=1,2, ..
T

Dé tinh by, ta nhan hai v& clia (8.25) v6i sinkx, roi ldy tich phan

hai vé& clia ding thitc nhin duge tir -x dén m, d€ ¥ dén cdc cong thic
(8.22), (8.24), ta dugc '

T T
~ [feusinksdx = by [ sin” kxdx = by
-7 -

Do dé

by
(8.28) by = [feosinkxdx, k=1,2. ...
Fis
-1

Cic hé s6 a,, a, by, a2, by, ..., ay, by, ... duge xdc dinh theo cdc
cong thitc (8.26), (8.27), (8.28) dugc goi la cic hé 56 Fourier cla
ham s6 f(x). Chudi hrong gidc (8.25) trong d6 céc hé s6 duge xéc
dinh b&i (8.26), (8.27), (8.28) duge goi 1a chudi Fourier cha {(x).

Néu f(x) 13 mot ham s6 chin thi f(x)coskx 13 chan, con f(x)sinkx
la 1é, do do

(8.29) a =2 [fx)coskxdx, by =0, Vk € N
n
0

Cing vay, néu f(x) ta mot ham s& & thi f(x)coskx la le, con
f(x)sinkx 14 chdn, do dé

T
(830)  a =0.b = > [foosinkxdx, Vk e N
’ n
0

V&n dé con lai bay gids 1a xét xem vdi diéu kién nao chudi Fourier
ciia ham s6 f(x) hoi tu va c6 tdng bing f(x), uic 1a v6i diéu kién nao
ham s6 f(x) ¢6 thé khai trién thanh chudi Fourier.
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8.7.3. Diéw kién dii dé ham sé khai trién dugc thanh chudi Fourier

Dinh nghia. Him s6 { : [a, bl — R duoc goi 1a lién e ting kinie néu _
¢6 the chia [a, b} béi mot s6 hiru han diém a = Xo <X <X3<..<X,=b
sao cho trén méi khoang (Xj-1. X;) ham $6 f lién tuc, ¢6 2101 han phai
hitu han tai x;_; va gidi han trdi hiru han tai x;. Néu f bién thién don
di¢u trén mdi khoang (Xj—1. Xi}. 1a n6i ring f don diéu ting khitc. Nhu
vay néu f lién tuc timg khic hay néu f don diéu timg khdc va bi chan
thi n6 lién tuc tai moi diém cda {a, b], trir mot s& hitu han diém gidn
doan loai 1.

BGdé 1. Néuf:{a, b] >R la mot ham s6'lién tuc ting khic thi

b

b
lim If(x)cosaxdx =0, lim j'f(x)sinaxdx -0
LL—»oC a : u—)coa

Cluing minh. Chi c¢dn chimg minh bé dé nay trong trudng hop f lién
tuc rén [a, b]. Khi d6 f bi chan trén [a, b], tiic 1a tén tai s6 M > 0 sao
cho [f(x)] < M, Vx ¢ [a, b]. Ngoai ra, f lién tuc déu trén [a, b), tic 1a

v&i moi s6 € > 0 cho trudc tén tai s6 8 > 0, sao cho V(x', x") € (a, b]2
Ix'-x"<8 = |f(x") - f(x")| <&
Chia doan [a, b] bé&i cac diém a = Xo < Xy <.. <X, =Db, sao cho
|xi - %iq[<8,i=1. ... 0 Kl ds

b n %
I{a) = If(x)cosaxdx = Z I f(x)cosaxdx =

=1y

a X n X
= Z I[f(x)~f(xi)]cosoaxdx+Zf(xi) Icosaxdx
i=1y

i-1 1=l Xi_|
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Do do

n X n
i< Y, [ 1F00 - fexplds + 3 [
i=}

=) X

E

j cosodx| <

i1

n n A
< az(xi wxi_]}+ZM J cosaxdx
i:I l=1 xi—l
iviia >0, tacd
X4

J cosoaxdx| =

1 . . 2
—(sinotx; —sinoX_y | = —
a o
Xi-1

Do dé

11(0013M +gb-a)<e(l+ b-a)néu o> M
a &

Viy I(a) — 0 khi o — 0. He thife sau dugc chitng minh twong ty. Wl

Hé qud. Néu f : R — R {a mot ham 56 tudn hoan chu ki 27, lién
tuc ring khiic trén méi doan bi chan [a, b], a,, b, la cdc hé 36
Fourier cita né, thi

lim a, = lim b, =0
n—sat n—»x

BS dé 2. Néu f: R = R la mot ham 6 tudn hoan chu ki 27, lién

tuc timg khiic trén moi dean bi chdn, S, la téng riéng thir n ciia chuéi
Fourier cia né, thi

L " sin[n+—]u
(8.31) Sp(x)=>- | F(x + u)——22du
2n : .U
- smE

Ching minh. Ta co

i1
Sp(X)= 2o Z (a, coskx + by sinkx)
2 k=1

382



Ap dung céc cong thirc (8. 26), (8.27), (8.28) 1a duoc

n

S (x)——- J‘ f(tydt +— Z coskx J' f(l)cosktdl+sinkxj f(t)sinktdt

k 1 -1 —m
l n
—J' (W) 1+2Y cosk(x - 1) |at
2n -7 k=1
. i
n sin(n +=)a
Nhung l+22 coska = 2
k=l sin% _

. X—t
—r sin——

. B sm[n-i- J(x—t)
Dods  S,(x)==-[ v 2 dt
2n

Di t — x = u trong tich phan & vé& phdi, ta dugc

| sin(n+-'2—ju
Sa(0=5- | fexew ~=—du

—r—x sm2
) i
sm(n+—)u
Ham s6 ur f(x +u) . la tudn hoan chu ki 2n, vi vay
Slﬂ—z—

] n 51n[n+ ]
Sn(x}':—jf(x+u)————2——du. |
2n

il
- sm2
Hé qud. ta c6 Vn e N
1T sin(n +%]u
(8.32) — du=1
2n - sinE
2
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That vay, 4p dung cong thic (8.31) vao ham s6 x > f(x) = 1. Cac he
58 Fourier chanélaa, =2,a,=b, =0 Vo eN . Dodé S, x)=1.0
Dinh 1i 8.18. Néu f : R —> R la ham s& tudn hoan chu ki 27, kha vi

thi chudi Fourier ctia né héi tu va c6 téng bang f(x), vx € R
Chutng minh. Tir cic cong thite (8.31), (8.32), ta duogc

(" sin(n+l)u
Sa(x) = 100 = = [ [f(x+w)~f(w)]——=—du=
2n .u
-n SIHE

T
i 1
=— wisin(n +—)udu,
— [owsin(n+2)
-n

trong do (p(u) :M

sinE
Ham s6 u - u) lién tuc Vu # 0, ¢6 diém gidn doan bod duge ta
u=0,vi
. f —f
lim o(w) = lim S WTIW 5 _opyy

u—0 u—0 n
Do d6 né thoa min cic diéu kién chia b6 dé 1. Vi vay

lim [S, (x)-f(x)] = L lim jcp(u)sin(n + %)udu =0. 0

" n— 2M o

K&t luan cia dinh Ii 8.18 con ding v6i nhitng di€u kién rong rai
hon. Ching ta thira nhén dinh Ii sau day.

Dinh 1i 8.19. Gid sitf : R = R la mot ham s6 tudn hoan chu ki 2z,
thod mdn mot trong hai diéu kién sau trén doan {— 7, 7]

— hodc f lién tuc ting khvic va ¢d dao ham f lién tuc ting khie

~ hodc f don diéu ting khiic va bi chdn

Khi dé chudi Fourier cia f héi ru tai moi diém. Tong S(x) ciia né
béng f(x) tai nhimg diém lién tuc cia f. Tai diém gidn doan c cia f, ta c6
f(c +0)+f(c-—-0) .

S(¢c) =
(c) >
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Cdc di€u kién néu trong dinh 1i nay 1a diéu kien Dirichlet.

Vidy 1. Khai trién thanh chudi Fourier ham s6 f(x) tuin hoan chu
ki 27, bang x trén khodng ( — 7, — 7).

Ham s6 f(x) thod man céc didu kién cia dinh 1f 8.19 nén c6 thé
khai trién dugc thanh chudi Fourier. Vi f(x) 18, ta ¢6

a,=0,n=0,1,2..,

T
T rcosnx
+ J dx

A 2] x
b, =-~Ixsmnxdx= —| ——cosnx
n o 1

T n

=0 n=1,2,30

/ . A/
S

Hinh 8.3

Viy Vx=(02n+ 1) =

£(x) = 2(sinX — ~sin2x + L sindx — .. + (- P+ Emnx
2 3 n
Chu ¢ rang tai x = x, tdng cha chudi bing

%[f(n +0)+f(r-0)] =
tal X = — n cling viy

Vi du 2. Khai trién thanh chudi Fourier ham s6 f(x) tuin hoan chu
ki 27, xac dinh nhu sau :

< x<0
xnfu 0<x<xn
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D46 thi ctia him s6 dugc cho & hinh 8.4

4m X
Hinh 8.4
Ta cé
big 0 T 2
1 1 1 & n
8o =— [ f(x)dx =~ [ 0dx+ [xdx |== 2=
s A n 2 2
—m -7 0
T R i
1 1| xsinnx |® 1¢.
a, =— j xcosnxdx = — - —Ismnxdx =
T A n lo n
=M
1 n 1 2 néu n [é
cOSnx -
m |o =—(-D"-D=¢
m 0 néu n chdn
T
1 ) 1| Xcosnx|® 1
b, =— j xsinnxdx = —| — +— | cosnxdx |=
T T n lo n
-7 0
| S s
— néunlé
n n
=——xcosnx| =
n 1 . -
—— néu n chin
n

Vay Vx # (2k + D, k € Z

T 2{cosx c¢os3x cosix
f(x)=—-— + + +. |+

| 2 3

sinx  sin2x  sin3x
+ + —-...

g6

o



"8

Tai nhimg diém x = 2k + D), k e Z, tdug cha chuéi bing trung
n+0 =

2

Vidu 3. Khai trién thanh chudi Fourier him s& f(x} tudn hoan chu
ki 2=, bi€t rang f(x) = x khi 0 < x < 2.
y.il

birh cong clia giGi han phai va gidi han trai, tic la bing

2n

Hinh 8.5

Trude hét, ta nhan xét ring n&u ham s6 f(x) wan hoan chu ki 2%
thi ta ¢6

a+2n b1 o .
J’ f(x)dx = j f(x)dx, Va € R
& -

Do dé6 khi tinh hé s6 Fourier ctia mét ham s6 tudn hoin chu ki 2=,
ta c6 thé thay khoang 14y tich phan [- =, n] bing khoang [a, a + 27},
trong d6 a 1a mot s& bat ki.
Béi v&i ham s8 da cho trong vi du nay, don gidn nhat 1a ta chon
khoédng 14y tich phan [0, 2x]. Ta c6
1 2n
a, = p £ xdx =2x

2n

1 1 cosnx
a, =— I Xcosnxdx =—
T

m n
0
1% 1
b, =— j xsinnxdx = —[
LI n

2n

0

2m 2

Xcosnx
0 n

n
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Do d6, Vx # 2km, k € Z

£(x) =-ﬂ:_2(smx N sin2x + sin3x +]

1 2 3
Tai c4c diém x = 2kn, k € Z, téng clia chudi ham bang .
Vi du 4. Khai trién thanh chudi Fourier ham s¢ f(x) chin, tuan

hoan, chu ki 27, bing t —x v3i 0 < x S .
Y

om0 T 3r X
Hinh 8.6

Vif(x)chinnénb, =0,n=1,2,... 2 cé

T

n 2
2 2
%:;J(“""d":;[’“‘%h
0

m m

5 . x .
a, =zj(n—x)cosnxdx= - (n—x}smnx +J‘smnx dx |=
n - s n lo n _
0 0
) : 2 0 néu chin
= --—2cosnxl =— (1--)"=< 4 ,
n 0 n _'_2 né’u 1é
fin
Do dé vx e R
f(x)= E+i cosx+—ms§'X +...+——-—C°S(2k * 12)x +...
2 = 3 2k +1)

Chiayrangtacé6 Vx e R, Vke N

leos2k + x| <1
(2k+1)2 2k +1)?
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ma chudi s¢ Z——~ ho1 tu, nén chudi Fourier cia ham s§ f(x)
o1k +1)?2

héi tu déu trén R.
Chit thich. N&u ham s6 f(x) tudn hoan chu ki 2/, thoa cdc gia thiét

cia dinh 1i 8.19 tren doan [ - 1, 1], thi bing phép déi bicn x" =$x
ta cé f(x) = f(ix') = F(x"), F(x') 1a mot ham s6 tuin hoan chu ki
s

27, thod cdc gia thiét cha dinh If 8.19 wen doan {- =, n], nén khai
trién duge thanh chudi Fourier

f(x)=f[ix'] —°+ Z(a cosnx' + b, sinnx ")
n .

_2 n=1
a sl nnx nex
ha f(x)=-2+ a,cos——+ b, sin——
y (x)= 2[ 7t basin= ]
n=|
n !
.tron dé —lr"h' dx' —J-f
gdé  a, = J x| dx'= (x)dx
T bl
—T -
17 (1 p
a, =;J. f[;x ) cosnx'dx' = F.J‘f(x)cos—dx n=12
- -1
1% (1
b,==1]fl= mnx'dx = — f(x)sin——dx, n=1,2,...
nnI(RJSIX J‘()n!
-7

Vidu. Khmménhamm‘)f(x)tuanhoanchukﬂ f(x) = X2 V6 — l<x<].
¥ h

Hinh 8.7
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Vi f(x) Ia ham chdn, nénb, =0,n =1, 2,...

‘ 2
a, = ZIxzdx = 3

0
' 4
a, = 2-[ x2cosnrxdx = (—1)" =
0 n°n
Dodd ¥xe R
1 4 cos2nX cos3mX
f(x)==——| cosnx — + -
3 g2 22 32

Céng thite nay ding trén R.
8.7.4. Khai trién mét ham so bat ki thanh chuéi Fourier

Gia sir f(x) 12 mot ham s& thod cdc gia thiét cia dinh 1i 8.19 rén
doan [a, b). Mu6n khai trién f(x) thanh chudi Fourier, ta xay dung mét
ham s& tuin hoin g(x) c6 chu ki I6n hon hay béng (b - a) sao cho

g(x) = f(x), vx € [a, b)

Néu ham s& g(x) ¢6 thé khai trién dugc thanh chubi Fourier thi
tong cha chudi dé bang f(x) tai moi diém cia [a, b, trir tai nhing
diém gidn doan cla f(x). R3 rang ¢6é nhiéu cach xiy dyng ham s&
g(x) nhv vay. V6i mbi ham s6 g(x), c6 mot chudi Fourier tuong mg,
do d6 ¢6 nhiéu chubdi Fourier biéu dién ham sé f(x). Néu ham s& g(x)
chin, thi chudi Fourier cita né chi gém nhilng ham s8 cosin con néu
g(x) 18 thi chuéi Fourier cta né chi gdm nhing ham s6 sin.

Vi du. Khai trién ham s& f(x) = % véi 0 < x < 2 thanh chudi Fourier
theo cic ham s& cosin va thanh chudi Fourier theo cdc ham s6 sin.
Muén khai trién f(x) thanh chudi Fourier theo cic ham s& cosin, ta
xay dung ham s6 g(x) chin, tudn hoan vdi chu ki bang 4, bang f(x) = %
v6i 0 < x < 2. Vi g(x) chan (hinh 8.8), ta ¢6
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1
z
4 2 O 2 4 x
Hinh 8.8
b,=0,n=1,2,.
2 X
a, = j—dx =1
0 2
2 2
X  nxux X . nmx/2 17 . nnx
a, = J——cos~—dx =—-—sin— ——~_[sm—dx =
2 2 nn 2 0 nn 2
0 0
) 0 néun chin
== 2(t.:osn:'t-])z 4 . , n=1,2,..
n°n —— 3 Munlé
nn
1
Viy f(x)=—- %(cosﬁ + iz-cos-‘QiE + chosSﬂ + )
2 g 2 3 2.5
He¢ s6 cila s6 hang tdng quét clia chudi ham ay la ~—£—1—2 nén
2k + 1}

chudi ham hdi tu déu trén R.
Muén khai trién f(x) thanh chudi Fourier theo ho cic ham sin, ta

xay dyng ham s6 g(x) I¢, tudn hoan v6i chu ki 12 4, bing f(x)= >

v0i 0 < x < 2. Vi g(x) 18 (hinh 8.9) ta 6
Y

Hinh 8.9
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2
bn :I-Es]n-nn—xdx =—i m -+-L osﬂdx=
0 2 nx 0 nn 2
= —icosnn = (—1)™*t n=1,2,
nmn nn

Vay f(x)= 2 sinE - —:s‘.inﬂ +—sin——...
! 2 2 2
8.7.5. Pdng thirc Parseval

Giasit f : R ~» R 12 ham s§ tudn hoan chu ki 2=, thoa cic gia
thiét ctta dinh li Jordan — Dirichlet. Khi d6 ta ¢é

a7
f(x) =22 4 Z(ancosnx +bysinnx),

n=1 i
trir tai nhimg diém giin doan loai 1 ¢la f(x). Bish phuong hai v€&,"réi
14y tich phan tit - n d&€n = ding thitc thu duge. Ngudi ta chitng minh
dugc ring vdi cdc gia thist néu trén, ta ¢ thé nhan chudi Fourier clia
f(x) v&i chinh né, ¢6 thé 14y tich phan timg 56 hang chudi ham s6 &
v& phai. Pé y dén cdc cong thitc (8.22), (8.23), (8.24) ta duoc

T 2 o
[P =22 20+ 1) a3 +b2)
-1 4 n:I
hay
1 a2 1&
8.33 — [ (x)dx =22 4+ 2 2, pe
(8.33) Zn*;[ (x)dx == 25(% 2

Ding thitc d6 dugce goi ta Ddng thiic Parseval.
8.7.6. Dang phiic cia chubi Fourier
Giasu f: R = R la ham s& tudn hoan chu ki 27, thod cdc diéu

kién cba dinh li Jordan — Dirichlet. Khi d6 ta ¢6

(2]
f(x)= o, Z {ajcosnx + by,sinnx),
n=1
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trir tai nhitng di€m gidn doan loai 1 ciia f(x). Dat
U,(X) = ajcosnx + b sinnx
Ap dung cac cong thic
inx —~inx inx —inx : :
e +e e —e a,—ib, ag +ib,
un(x)=an +bn . —_n n elIIU( + n n e X
2 21 2 2

bt o, =—

catn=—:2ﬂ néun:>1

_a_p+ib_

oy = L néun<-1.
2
o _
Ta dwoc f(x)= z e
n=—a/

D6 1a dang phiic ciia chudi Fourier. Chd y rang o, =&, trong dé
@, va s& phirc lién hop ciia Oy -
Néu n nguyén duong, do cic cong thire (8.27), (8.28), ta dugc
ag—ib, 17§ T
oy =—"-2—“~=E I f(x)cosnxdx — i J- f(x)sinxdx

ki -7

1§ ,
=— | f(x)e” "™ dx
—- o
-n
Cong thiic gy ciing diing khin =0, vi o, =92£

Néu n nguyén am, ta cé

2n

=R -7

Oy =0_, =L[ j f(x)cos(—nx)dx +1i j f(x)sin(—nx)dx]

17 i
=— I f(x)e ™ dx
T

-
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Vaytacé Vne Z

T
o :—1— j f(x)e_i"xdx
“an

bt [

TOM TAT CHUONG 8
Chudi s6 hoi tu
o0
Chubdi s6 Zun dugc goi 12 hoi tu néu tong riéng thd n
n=1

n
S, = z uy dén t6i mot gidi han hiru han khi n —» «, 13 phéan ki néu
k=1
nd khong hoi tu.

oo -
Néu > u, hoi tu thi u, > 0 khi n > «. D6 1a diéu ki¢n cin clia
n=1 '

su hoi tu, nhung diéu kién gy khong do.

o
Chudiss Y aq™"! véia =0 hoi tunéu jgf<1, phan ki néu |q|21.

n=1
Chudi s6 ¢ s6 hang duong
— Cde dinh li so sdnh

. €0
Gia st 0 < u, <v, Vnzn,. Khido6 néu chudi z v, hoi tu thi chudi
n=l

[+ 4] o o
> up hoity; néuchudi )" u, phankithichudi Y v, phanki.

n=l1 n=1 n=1
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sy . . "
Gidsiru, 20,v, 20 vn, lim — =k, trong d6 0 <k < + oo,
n—»w 'V,

€ oo
Kht dé hai chuéi s8 Z u,, Zvn cung hdi tu hay citng phan ki.
n=1 n=|
— Cdc quy tic khdo sdt s hoi tu
; . +
Quy tdc D'Alembert. Néu lim o !

n—o U

tukhi / < 1, phan ki khi /> I.

[v ]
=1, thichudi s6 Y u, hoi

n=]

0
Quy tdc Cauchy. Néu lim Yu, =/ thichudi Z u, hditukhil’<1,
e n=l

phéan ki khi /> 1.

Quy tdc so sdnh vdi tich phan. Gii sit ham s f(x) lién tuc lay gid

tri duong, gidm trén khoang [1, + o) va dén t8i 0 khi Xx— + oo, Khi
+m®

o
d6 tich phan suy rong j f(x)dx va chudi s¢ 3" u, , trong d6 u, = f(n)
i n=l]

cing hoi tn hay ciing phan ki.
Chuéi 56 véi cic s6 hang c6 ddu bat ki
o w0
— Hoi tu tuyét doi. Néu chudi s6 ) |u,| hoi tu thi chudi s6 D,
n=1 n=1
a0
cling hoi ty. Ta n6i ring chudi s6 ZUH héi tu tuyét doi.
n=1
@ . a0
Néu chudi 6 D u, hoi ty nhung chudi s6 D |u,| phan ki, ta néi
n=l n=|
oD
ring chudi s Z u, bdn hoi tu.

n=]
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a4
Né&u chudi s6 Y u, hoi tu tuyét ddi va c6 tong S thi chubi s6 ma
n=1
ta dugc bing cach thay déi thif ty cdc s6 hang cla né hoac bang cach
nhém tuy ¥ mot s6 s6 hang ciia né ciing hoi ty tuyét d6i va c6 1éng S.

o
Néu chubi s6 D u, bin hoi ty, ta o thé thay doi thit ty cdc s6
n=1
hang clia né dé chudi s6 thu duge hoi ty va ¢6 téng bing mot 8 bat
ki cho trude hoac phan ki.

— Chuéi 56 dan ddu. N€u ddy s6 duong uy, uy, ...
va ddn t§i 0 khi n — oo thi chudi s6 dan diu

, Up,... glAm din

uy —us tug—uy+...
hoi tu va c6 tdng bé thua u,.
Day ham so hoi tu _
— Diy ham 6 {f,(x)} dugc goi 1a hoi tu t&i ham s6 f(x) trén tap
hop X < R néu Ve > 0, 3n, (g, x), sac cho
n 2 n, = [f,(x)-f(x)|<e.
Néu n, khong phu thude x € X, ta néi ring diy ham s6 {f,(x)}
L-oi tu déu trén X tén f(x).
— Cdc tinh chdt cia ddy ham s& héi tu déu.
Néu trén khoang 1, cdc ham s& f,(x) lien tuc va hoi tu déu t6i f(x) thi
1) f(x) lién tuc trén |
b b
2) lim [fy(x)dx = [f(x)dx, V[a, bl T
n—x a
Néu cdc ham 8 f,(x) kha vi wrén 1, day {£,(x)} hoi tu trén I ¢5i

f(x), diy {f(x)} hoi tu déu trén I tdi g(x) thi g(x) kha vitrén I va
g(x)=f(x), Vx e L.
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Chuéi ham s6 héi tu
an .
— Chuéi ham s6 Z U, (x) duge goi l2 hoi tu trén tap hop X — R

: It

néu diy ham so {8,(x)1, trong dé S n(X) = Z u(x), hoitutrén X, 13
k=1

hoi ty déu trén X néu diy ham sé& {8,(x)} hoi tu déu tren X.

- NéuVne N, vx e X, lu,(x)| < ay va n€u chudi sg Zan hoi
: n=1
[=a]
tu thi chubi ham s Zu (x) hoi tu déu trén X,

=]
— Cdc tinh chdr cua chudi ham sé "hoi tu déu,
Neéu trén khoing I, cdc ham s6 u a(X} lién tuc, chudi ham s6

Z t, (x) héi tu déu wren I thi
=l . 2. . .
i 1) Téng ciia chubi ham s6 d6 lién tuc

b a
2) [Yumdx= ¥ j (x)dx, V{a,b] <1

an=l n=1y,

Néu cdc ham s§ u,(x) kha vi trén 1, chudi Zuﬂ(x) hoi tu trén I,

. n=}

chudi Zu'n (x) hoi tu déu trén 1, thi
n=|

[Z uﬂ(x)} = Zu'n(x), Vxel
n=| n=|
Chuéi luy thira

o
—La chudi ham s6 ¢6 dang Z ax" .
n=0
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oo
S6 R 2 0 12 ban kinh hoi ty cla chudi lu§ thira ) a,x" néu chudi
n=0
4y hoi tu tuyét d6i v6i Ix! < R va phan ki v6i ixl > R. Tai x = £ R,
chudi lu¥ thira cé thé hoi tu hodc phan ki.

Néu lim La_ﬂ =p, hoac lim Yla, | =p thi R=-l~.
n—w |an] n—oo p

— Cdc tinh chdt

[+ &)
Chubi luy thira Zanx" hoi tu déu wén moi doan [a, b] nim
n=0
trong tap hgp héi tu clia nd.

o
Téng clia chudi luy thira Z a,x" 12 mot ham s6 lién tyc trong tap
n=0
hop hoi tu cia nd.

C6 thé 14y tich phan timg s6 hang mot chudi luy thita trén moi
doan ndm trong tap hop hditu cla né :

b{ w _ o b
ILZanxnldx = Z Ianx“dx
a \n=0 n=04

C6 thé 14y dao ham timg s6 hang mot chubi lu§ thiva tai moi diém
nim trong tap hgp hoi ty clia nd :

- :
[zanx“] =ay +2ayX + ... + nagx" !+ .,
=0

— Khai trién mét ham sé thanh chudi luy thira
Ta n6i ring hiam s6 f(x) khai trién dugc thanh chudi lu¥ thira trong mot

=4}
khodng [ néu tim dwgc mot chudi luy thira z a,x" hot tu trén I sao cho
n=0

a0
f(x)= D anx", Vx e L
n=0
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-8y

— Khai trién thanh chuéi luy thita mét 36 ham sé théng dung

2 n
eX=lesa X X (R =x)
2! n!
3 5 x2n+l
sinx=x - — +—=—— .+ (-1)" +... (R = 0)
3t 5! n+1}
2 4 2n
cosx=1- 2+ X D i R=w)
2! 4! {(2n)!
a+x)* =l+ax+Mx2+ + a(a—l)...(a—n+l)xn+
2! n!
(R=1)
LIS R R (-D"x" + . (R=1)
1+x :
X2 3 . X“+1
Infl +x)=x- —+— — ...+ (-1 +..(R=1
( ) 2 3 ( ) n+l ( )
3 5 ' 2n-1
X X
ArCtgX = X ~——F —— _+ (- L (R=1
g 3t -1 Py ( )
- Cong thitc Euler
el® cosx + isinx, Vx € R
1x+e—ix . E:ix —eix
COSX = —, SinxX = -
2 2i

Chudi Fourier

— Chudi lugng gidc 13 chudi ham s& cé dang

[# a]
a, .
= 5 (a,cosx + b_sinX)
; ;l n n

Néu né hoi tu, téng clia né 1a mot ham s& tudn hoan chu ki 2x.
o >3]
Néu cac chubdi sd Z|an|, Z|bn| hoi tu «hi chudi luong gidc hoi tu

n=1 n=]
déu trén R, tdng chia nd 1a mot ham s& lien tuc trén R.
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— Néu f: R — R 12 mét ham $6 tudn hoan chu ki 2x, kha tich trén
[-7, =], thi cdc 56 a,, b, cho bdi cdc cong thite sau duege goi la hé s6
Fourter ciia né6 :

r
a, = 1 If(x)cosnxdx, n=0,1,2,.
T

=T

s
by =L [ foosinaxdx, n=1,2, .
T

. a .' ) R
Chuéi ham s¢ -2 + Z(ancosnx + bysinnx}, trong d6 a,, b, la
n=I
cdc he s6 Fourier cia f duge goi 1 chudi Fourier clia f.

— Khai trién mét ham s6 thanh chudi Fourier

Néu f: R — R 12 mot ham s& tudn hoan chu ki 2m, thod mat trong
hai di€u kién sau trén doan [-n, 7] :

— hodc f lién tue timg khic va f lién tyc timg khiic,

— hodc f don diéu timg khiic va bi chan,

thi chudi Fourier ¢ia né hoi ty tai moi diém, téng S(x) cha chudi
bang f(x) tai nhimg diém lién iuc cla f, bang —;—[f(x + 0) + f(x — 0)]
tai nhing diém gidn doan cla f.

— Pdng thitc Parseval

Néu f thoa cdc diéu kién trén thi

L T a1 a2 4 b2
= -2 , 2
2n_'[f (x)dx 25 §= n +bm)

— Dang phiic cha chubi Fourier
f(x) = z o, ell = !f(x)e X 4x.
n=-ux
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BAI TAP

1. Khéo sat sy hoi tu clia cic chudi s6 ¢6 s6 hang téng quét sau day

2n? +1
D g =—5——;
n°+n+l
2_
3) u, =.arctgn2 L ;
n“+1
n+1)n+2
) uy =208
n“(n° +3)
1
7 u, =ln[l + th} ;
n
Jnn+2
2 un=—~—2( ) ;
n“ +3lnn

2. Cung cau hoéi nhu baj 1.

i
l)un=-—1-—[“—1J;
© 4/n
n
3) unzk—k(k>0);
n
1 1
5) v, =ln-—= ~ Insin— :
Y RV
1
n
N u, = -& dx ;

28-THCC-Tap 2

2) un=\fn2+n—n

2" +n

4y u, =0
" 304343

6) u, =1 —ucosL

Jn
1. =
8) u, = —sin—=
n n \/ﬁ
10) u, = 23S0 (5 0)
n
2
2 up = In2 2+JHtgwli—, nz?2
n“-n n
a'I‘I.
4y, = @a>0,b>0)
n+b"
inn
6) u, =—
1] n2
1
n+—

8) u, = f d’f -
n ng,"‘l

10 v, = na‘[a (a>0)
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3. Céc chubi s3 c6 s6 hang dng quat sau day ¢ hoi tu khong ?
Tinh tdng clia ching khi ching hoi tu.
1 1

Ny, =———«— 2)yu, =
) Yo (2n-12n+1) ) ta nZ 4+
1
3) u[l :_.%n_-.tl_z : 4) uﬂ':(_]' n+l ﬁ-:._
nZ(n +1) : n(n + 1)
1 n
5).u, =arctg—— ; Oy, =—
’ n2+n+l " n4+n2+l
. |
1 S (n+1)
Tu,=ln[l-—| n=2; 8) up =— 0
ne 1 1
COS—.CO§——
| n+l
9) u, =In 2cos&—1 ) ae[—i,zj
an 3 3
10) u, =In+aln{n + 1) + bln(n+2)
4. Cung cau hoi nhir bai 1,
1 n?
Hey=—"—-—: 2y u, =—
)t (2n - 1).22 Sy
>
- 2.46...
3 u, = 2 : 4) u, =~—~ﬂ
2" +n n"
- n 2_ n
5)nn=‘2’—,a>0; 6) u, = 2n2 !
n-+1 3n“ +2
ninn ' n
7) u, :(EJ ; 8) u, =(arctglJ
21 n
Nu GD 10) u, =tg" a+£}
@y " n?

0<a£-;«,b>0
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o
Ay

f,: R, >R, x >

n n 2
ll)un=[ n J : 12) u[1:4 (n!)

n+1 (2n)!
n n
13) uﬂ:[l_iﬂ] : 14) un:(—l)
2 nlnn
15) u, =sin(my/n’ +1) ; 16) u, =sin[l+ n}r
n
2 _(\0
17) uy = (-2 . 18) u, _ 1+ 0'n
(Inn)" 1+n
(-1)" (D"
v, =——-; W, =——
" n+ (=1 n Jn + (=)™
-l
21)u=\ﬂn+(—.1)n_\/;; 22) un=ln{l+( l)Ot J,Oﬁ>0
n

5. 1) Khéo sat sy hoi tu ciia hai day ham sd {f, }, {g,} xdc dinh bdi

nx
.8 Ry 2R x>
X+n I+ nx

a) trén doan [0, 1]

b) trén khoang [1, +wo).
2) Cho diy ham s6 {f,} x4c dinh boi

x['I

fo (0,21 2 R x b £ (x) =
: 1+x"

a) Khao sit sy hoi tu cia diy {fy}. Su héi tu &y ¢ déu khong 7

2
b) Chitng minh ring lim J'fn(x)dx =1
0

n—w
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3) Chitng minh ring diy ham s6 {f;} x4c dinh bdi

n .
X
(R, >R X 600 = (1—-{-}-) néu x & [0,n)

0 néu X >n

hoi tu téi mot ham s6 f. Sy héi tu &y c6 déu kKhong ?

’ = 4] n
6. 1) a) Chimg minh ring chubi ham s& Z ! (2x+1] hoi tu
Hatix+2

déu trén doan [-1, 1].

o
2
b) Chitng minh rdng chubi ham s& z Jnxe™ hoitudéutren RY.
n=1

3]
¢) Khao sat sur hoi tu chia chudi ham s6 Z (-D"n~*

n=1
2) Ching minh ring chudi ham s6 véi s6 hang téng quat
2
U (x) = -H" X ern hoi tu déu trén moi doan [a, b], nhung khong
n .

hoi tu tuyét d6i.

[ 4]
7. Chimg minh rang chudi ham sé ch"“x h6i tu déu trén
n=1 ’
khoang [a, +o0) v6i a > 0, nhung khong hoi tu déu trén khodng [0, +w0).
Tinh tong cia chudi ham s¢ &y véi x > 0.
8. Cho cédc hani s6
n+i :
X 5 ug(x) = X lnxnélu0<x£l
0 néux=0

[+ 2]
1) Chitng minh ring chudi ham s6 Z(—l)“un(x) hoi tu déu trén
n=0

doan [0, 1].
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o
2) Ching minh ring chudi ham s& Zun (x) hoi tu khong déu
n=0

trén doan [0,1].

9. Ching minh ring ham 6 f(x) = 3

n=I

Xéc dinh, lién tuc
nin+x

va kha vitren R, .

o
10. Cho chudi ham s6 3 —-
n=i 1+x"

Khao sdt sy hoi tu clia né. C6 thé néi gi vé su lién tuc va kha vi

cla né.

11. Tim mién hoi tu cla cic chudi luy thira c6 s6 hang t8ng quat sau :
x-4" '

.JH .

n+13Y" 2n n
Hu(x)= (x-x)"; 4) u,(x) = {nx)

1) ug(x) =(-1)“+”‘? ; 2) ug(x) =

2n+1
n
5) ug(x) = x"lnn ; 6) un(x) = (sx,)
n.
x? ax°
Duy(x)=— a>0; 8) up(x) = (-H"' =
n® ' n!

9) ug(x) =a,x", trong d6 0 < a, <§, a, =sina, |, Yn2 L.

12. Tim mién hoi ty va tinh t8ng clia cdc chudi lu§ thita cé s6

hang téng quét san :

1) up(x) = 3n+D)x>", 0 >1
2) 0, (x)=C2"+3"%", n>0

nZ+3n~1 x"

~—,n20
n+3 n!

3) up(x) =
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4) up(x) =chnax”, a>0,n>0
xn—l
Sy up(x)=(-D"'Z— n>1.
n

13. Khai trién ham s6 f(x) = 1 thanh chudi Taylor & lan c4an diém
: X
Xy = 3.

14. Khai trién thanh chubi lu§ thira & lan can di€m x, =0 cdc
ham s0 sau : '

1) f(x) = chx : 2) f(x) = x%e*

3) f(x) = sin’x ; ) f(x) = — !
X“=3x+2
X

3 fix)= ln(x2 -5x+95 ; 6) f(x) = Icos(tz)dt
0

lln}«i---)i néu x =0 -
Nfx)y=<¢x 1-x i 8) f(x) = e*cosx
' 2 néux=0 '

15. Chitng minh ring ham s¢
|

f(x) = T: X néux =0

0 ndux=0
khong thé khai trién durge thanh chudi Taylor & 1an can diém x_ =0.

16. Tim ban kinh hoi tu cta chudi luy thira c6 s6 hang tdng quat 1a
2

1 n
un(x)=(1+(rl)“—] X"
n

4] o0
17. Cho hat chudi lu¥ thira Zanx". anx" , ¢6 ban kinh hoi tu
n=l n=l1

theo thit tr 1A R, R
1) Ching minh rang né€u c6 mot s6 nguyén duong n, sao cho

|an|£1bn|, ¥Vn2 n, thi R=R"
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2) Ching minh rang néu |a,| ~ |b,| khin — « thi R = R".

3) Tinh bdn kinh hoi tu cha cdc chudj luy thira ¢6 s hang tdng
quat sau :

a) uy(x) = cl12n x" b) u,(x) =arccos[l —%Jx"
sh“n n

¢ ug(x) = (¥n+1~Yn)x" . d) ugy(x) =cos(myn’+n+1)x",
18. Tinh céc s6 sau v&i do chinh xdc 0,0001 :

) Ve ; 2) 31 : 3) In(1,04).
1
: 2
19. 1) Tim je” dx v&i do chinh xdc 0,001.
0
1
2) Tinh sh(xz)dx véi do chinh xdc 0,0001.
0

20. Tinh cos18° véi do chinh x4c 0,0001.

21. Khai trién thanh chudi fourier ham s& f(x) 1&, tudn hoan voi
chu ki 2m, bang 1 — x véi O < x < m.

22. Khai trién thanh chudi Fourier ham s& f(x) chén, tan hoan vdi chu

\ 2 . e . e, s
ki2n, b&“mgl——~i vl 0 < x <. Suy ra gid trj cia téng cha chudi s6
T

>

am @n+ 1)y
23. Khai trién thanh chudi Fourier him s6 f(x) tudn hoan 6 chu ki 2m,
5 .
bang 1 - % V8l —m < X < 7. Suy ra gi4 tri clia cdc chudi s§

T

ool ao(l)n 001
25 2

n=11 n=1 n’ n=] 0
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24. Khai tri€n thanh chudi Fourier ham s6 f(x) tudn hoan ¢6 chu ki 2,
bang sin% vii -m< x £ 7.

25. Khai trién thanh chudi Fourier ham s6 f(x) tudn hoan cé chu ki
2n, bang cosax véi —n<x <m, trong d6 0 <a< .

Suy ra déng thiic

cotgna = 1 + 2 3 !
M mAa? g2

26. Khai trién thanh chudi Fourier ham s& f(x) tuin hoan ¢é chu ki
2/, bing €* voi-1<x<1. '

27. Khai trién thanh chudi Fourier ham s6 f(x) x4c dinh trén doan
[0, i}, cho bdi :

xné’ungs—n—
2

f(x) =
kil néu z <X<T
2 2
<\ sin° nx
28. Chohams§  f(x)= 3.
- n!

1) Chitng minh ring ham s& f(x) lién tuc va kha vi lién tuc trén R.
2) Khai trién ham s6 f(x) thinh chudi Fourier. Suy ra biéu thifc cla f(x).

PARSO VA GO1 Y

1. 1) Phan ki ; 2) ph&n ki ; 3) phan ki ; 4) hoi tu ; 5) hdi ty
6) phan ki ; 7) hoi tu ; 8) hoi tu; 9) phan ki; 10) héi tu nfu a > 1,
phan ki néu « < 1.

2. 1)héim;2Yhoitw; ) hoitukhik <1, phankikhik=1:4)hoi
tukhivachikhi(a<bvé_b> IDhodic(a<1vabz1);35)phanki;
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6) hoi tu ; 7) hoi tu ; 8) hoi tu ; 9) hoi tu khi va chi khi a = 0 ; 10) hoi _
twkhiO<a<1,phankikhiaz1:11) hoi tu khi va chi khi a

L un=-1—[—1-———-—1— , S=l:
| 22n-1 2n+l 2

"2

I 1
2Yu, =—— y 8 =1
)_n n n+l
3)un:i2— 12,S=l,
n {n+1)
1 1
4) Chuéi dan ddu, v, =— + ,8=1;
n n+]
5) u, —arctgl~arctg—~— S--E
n 4’
6) Snzll- 5 ! ,Szl;
2 (m+1)* —(n+1)+1 2
7 un=ln(—n-—M,S=—lri2;
nn

1 1
8Yu, =tg——1t —,S=ll;
) Un gn gn+1 g

9 s, =1n20052a+1, =< ln20082a+l :
Zcos—ci+l 3
211

10} hot ty khi vachikhia=-2,b=1, S = ~In2.

4. 1) hoi tu ; 2) hoi ty ; 3) hoi tu ; 4) hoi tu ; 5) héitunéuacx<i,
phan ki n€ua> 1 ; 6) héitu; 7) hoi ty ; 8) hdi tu ; 9) hoi tu : 10) hoi

tunéua<— phanklné’ua>z I)hoiwn€uoa> 1, phankinfua<1;
12) phankl ; 13) hoi tw ; 14) bdn hoi tw ; 15) bdn hoi tu ; 16) ban hoi tu ;
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17) hoi tu tayét ddi ; 18) phan ki ; 19) hoi tu ; 20) phan ki ; 21) hoi tu ;
22)h(‘_}it1_1khi\r'€tchikhja>%.

5. 3) hoi tu trén (0, +0), hoi ty déu trén [a, +o0), Ya > 0.

ex

X _1}2

. .
10. Téng cta chudi ham sé lién tuc va kha vi v6 han 1dn véi [x| > 1.
11. D) -1<x<1:;2Y3<x<5:

32-2 <x<2+2 ;HR=0;

S -l<x<l;6)w<x<+o;)-l<x<Infua<l],-1<x<]1
nfua>1;8 R=w;

N-1<x<l.
12.1)--1<x<l,i‘—)-(j—r—?—(i;2)Ix|<i ! + 1 :

(1-x3) 3 1-2x  1-3x
HNx=0, xe". —%[e"(xz -2x +2)“2];

X

a 1 - xcha

4y e <x<e?, —
1+x“—-2xcha

Sy-1<x <1, 20
X
2 3 n
13. 1 1_x—3+(x—3 - x—?:} +...+(—1)“[x_3] +...
3 3 3 3 3
2 4 2n
B Dl+wl s + 2 4 Rew
20 41 2n)!
3 4 n+2
2)x2+x_+x_+m+x +.., R=w
1 2! n!
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O x— o+ X
2!5 419 2n)!(4n+1)

{ 2 4 Zn
7)21+x—+x—+... X +.. 0, Ixl <1
3 5

+..R=wm

2n+1
= (V2) n
8 s —x", R =
)nz=] " co s
16. R =1
[

17.3)a)R=e;b)R=l;c)R=1;d)R=I
18. 1) 1,6487 ; 2) 1,0192 ; 3) 0092

19.1) 0,747 ; 2) 0,3579

20.0.9519

21 2[sinx , 5in2x , ., sinnx . J_ {f(x) néu x # 2kx
- 'I - — _—a —

n O néu x = 2kn

22 8 {cosx N cos3x - cos(2n+ 1)x

—_ . +..|=f(x), ¥x e R
12 32 (2n+1)2 }

8

2n+l)2
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[
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sinna 2asinma Z( 1) cosnx

na n nla_nz
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2
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— 4n!
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bay = —— — .
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MUC LUC

Chuong 1

SO THUC
1.1. Tap hop
1.2. Tap cde 56 thuc
1.3. Day s6 thuc
Tém tat chuong 1
Bai tap

Chuong 2

HAM SO MOT BIEN SO THUC

2.1. Binh nghia ham s6 mot bién s& thire
2.2. B8 thi clia ham 88 m6t bién 6 thuc

2.3. Ham s& chan, ham s& 1&, ham sd tudn hoan,
ham s& don didu

2.4. Ham s& hop

2.5. Ham s6 nguoc va d6 thi him s6 nguge
2.6 Céc ham s8 so ¢dp co ban

2.7. Cc ham s0 so cdp

2.8. Da thifc néi suy

- T6m tat chuong 2.

Bai t4p

Chwong 3

GIO! HAN VA SU LIEN TUC CUA HAM 8O MOT BIEN SG

3.1. Dinh nghia

3.2, Cac tinh ch4t cua gidi han

3.3. Gi6i han mot phia

3.4, Vo ciing bé va v cling 1dn

3.5. St lién tuc cta ham s& mot bién s6
3.6. Diém gidn doan cla him s

3.7. Cic tinh ch4t caa him sé lién tuc

18
33
36

43
44

46
47
47
49
58
60
62
65

71
74
g5
86
89
94
96
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Tém tat chuong 3 108

Bai tap : 113
Chirong 4
BAO HAM VA VI PHAN CUA HAM SO MOT BIEN 86
4.1. Bao ham 119
4.2. Vi phan 124
4.3 Dao ham mot phia, dao ham v clng 128
4.4. Bao ham va vi phin cip cao 129
Toém tat chuong 4 133
Bai tap 136
Chwong 5
CAC BINH L[ VE GIA TR| TRUNG BINH
5.1. Cdc dinh 1i vé gid tri trung binh 142
5.2. Ung dung cédc dinh i vé& gid tri trung binh 156
Tém tat chuong 5 y 191
Bai tap 197
Chitong 6
NGUYEN HAM VA TICH PHAN BAT DINH
6.1. Tich phan bat dinh. Céc thi du don gian 203
6.2. Phép déi bien ' 210
6.3. Phuong phép tinh tich phin titg phin 214
‘6.4. Tich phén cic phan thic hitu ti 221
6.5. Tich phan cdc biéu thic hugng gic 228
6.6. Tich phan cac biéu thic dang
IR(x. a? —x?)dx va IR(x, %2 + a2 )dx 231
Tém tat chuong 6 234

Bai 14p 239
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Chitong 7
TICH PHAN XAC BINH

7.1. Dinh nghia tich phan x4c dinh
7.2. Biéu kién kha tich
7.3.Céc tinh ch4t cia tich phan xac dinh
7.4. Cdch tinh tich phan xéc dinh
7.5. Phép d6i bién trong tich phan x4c dinh
1.6. Phép 14y tich phan ting phédn
7.7. Tinh gdn ding tich phan xdc dinh
7.8. Mot s6 wing dung hinh hoc cua tich phan xdc dinh
7.9. Tich phan suy rong
Tém tit chuong 7
Bai tap

Chirong 8
CHUd
8.1. Dai cuong vé chubi sg
8.2, Chudi s6 duong
8.3. Chuobi ¢4 s6 hang vé6i dau bat ki
8.4. Day ham s
8.5. Chubi ham sa&
8.6. Chudi luy thira
8.7. Chudi Fourier
Tém tat chuong 8
Bai 14p

246
252
258
263
270
274
276
283
301
317
329

338
342
347
352
357
363
376
394
401
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Chiu trach nhiém xudt bdn :
Chi tich HPQT kiém Téng Gidm ddc NGO TRAN Al
Phé Téng Gidm déc kiem Téng bién tap NGUYEN QUY THAO

Bién tdp lan ddu :
NGUYEN TRONG BA
Bién tdp tdi bdn :
PHAM THI BACH NGOC
Trinh bay bia :
TRAN TIEU LAM
Stra ban in :
PHONG SUA BAN IN (NXB GIAO DUC)
Ché bdn :
PHONG CHE BAN (NXB GIAG DUC)
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CONG TY CO PHAN SACH DAI HOC — DAY NGHE
HEVOBCO
Y] Diachi: 25 Han Thuyén, Ha Noi
T doc
SACH THAM KHAO DAI HOC BO MON TOAN
ctia Nha xuat ban Giao duc

1. Giai tich ham Nguyén Xuan Liem
2. Bai tap giai tich ham Nguyén Xuin Liém
3. Topoé dai cuong - Dé do va tich phan Nguyén Xuan Liém
4, Giai tich (hai tap) Nguyén Xuan Liém
5, Toan hoc cao cap (ba tap) Nguyén Dinh Tri (Cha bién)
6. Bai tap toan cao cap (ba tap) Nguyén Dinh Tri {Chu bién}
7. Dai s6 dai cuong Nguyén Huu Viét Hung
8. S6 dai s0 Hoang Xuan Sinh
9. Hinh hoc vi phan Poan Quynh
10. Giai tich so Nguyén Minh Chuong (Chi bién)
11. Phuong trinh dao ham riéng Nguyén Minh Chuong
12. Co s¢ phuong trinh vi phan
va li thuyét én dinh Nguyén Theé Hoan - Pham Phu
13. M¢ déu li thuyét xac suat vaing dung  Dang Hung Thang
14. Bai tap xac suit Dang Hung Thang
15. Li thuyét xac suat Nguyén Duy Tién - Vi Vi€t Yén
16. Xac suit thong ké Nguyén Van Ho
17. Phuong phap tinh va cdc thudt toan Phan Van Hap - Lé Dinh Thinh
18. Tir dién toan hoc thong dung Ngo Thic Lanh (Chu bien)

Ban doc cé thé mua tai cdc dai [f va cde Cua hang sdch cia NXBGD :
81 Trén Humg Pao hodc 57 Gidng Vo - Ha Néi |
15 Neguyén Chi Thanh - TP Da Nang ;
231 Nguvén Van Cic - Qudan 5 - TP H6 Chi Minh.
25 Han Thuyén - Hal Ba Trimg — Ha Néi
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