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LGOI NOI PAU

Chuong trinh mén toén & trudng phé thong di c6 nhidu thay déi tir
khi B¢ Gido duc va Do tao ban hinh chuong trinh cii csch gido dyc, Bo
gido trink Todn hoc cao cip ding cho cdc trudng dai hoc ki thuat nay
dugc viét vira nham thich tmg véi sut thay déi d6 & trudng phé theng, vira
nhim néng cao chét lugng giang day todn & trudmg dai hoc.

Toan hoc cao ¢dp 14 mét mén hoc khé ma sinh vién cic truong dai
hoc ki thuat phdi hoc trong ba hoc ki ddu, bao gém nhitng vin dé co
ban clia dai s6 va giai tich toan hoc, déng vai trd then chét trong viée
rén luyén tr duy khoa hgc, cung cdp céng cu toan hoc dé€ sinh vien
hoc cdc mon hoc khic & bac dai hoc va xay dung tiém luc dé ti€p tuc
tr hoc sau nay.

Khi vi€t bo sich nay ching téi rit chi y dén méi quan hé giira
li thuyét va bai tap. D6i voi ngudi hoc todn, hidu sau sic i thuyet
phai van dung dugc thanh thao céc phuong phdp co ban, céc két qua
¢0 ban coa If thuyét trong giai todn, 1am bai tap va trong qud trinh
lam bai tdp'ngudi hoc hiéu 1f thuyéi sau sic hon. Céc khdi niém co
ban cla dai s6 va giai tich todn hoc duge trinh bay mot cich chinh
x4c v6i nhiéu vi du minh hoa. Phan Ién cdc dinh If duge chimg minh
ddy du. Cén bo gidng day, twy theo quy thoi gian clia minh, c6 thé
huéng dan cho sinh vien tr doc mot s§ phdn, mot s6 chiing minh.
CuGi mbi chuong déu c6 phan 16m (it vé6i cac dinh nghia chinh, céc
dinh 1f va céc cong thic chi y&u va phédn bai tap 4 dugc chon loc ki,
keém theo ddp s6 va goi y. :

B0 sach dugc viét thanh 3 tap :

- Tap 1 : Dai s6 va hinh hoe giai tich.

- Tap 2 : Phép tinh gidi tich mdt bién sa.

- Tap 3 : Phép tinh gidi tich nhiéu bién s6.



Bo sich la cong trinh t4p thé clia nhém tdc gid gdm ba ngudi:
Nguyén Dinh Tri (chii bién), Ta Vian Binh vi Nguyén Hé Quynh. Ong
Ta Van Dinh phu trich viét tap 1. Ong Nguyén H6 Quynh phy trich
viét 7 chuong ddu cha tap 2. Ong Nguyén Dinh Tri phy trdch vié
chuong 8 cia tap 2 va toan bo tap 3. Ciing v6i bo gido trinh nay ching
tof ciing viét 3 tap Bi tap Todn cao cdp nhim hé trg cdc ban doc can
1 gidi chi tiét cha nhiing bai tap da ra trong bo gido trinh nay.

Vi€t bo gido trinh nay, ching t6i da tham khao kinh nghigm cla
nhiéu déng nghiép di giang day mén Todn hoc cao cdp nhiéu nam &
nhiéu trudng dai hoc. Ching 161 xin chan thanh cam on céc nha gido,
cic nha khoa hoc di doc ban thdo va déng gép nhiéu ¥ kién xac ding.

Chiing toi ciing xin chan thanh cam on Ban Gidm déc Nha xudt ban
Gido duc vé viéc xuat ban bo gido trinh nay, cam on cac bién tap vién
Nguyén Trong B4, Pham Bao Khué, Pham Phu, Nguyén Van Thudng
ciia Nha xust ban Gido duc da lam viéc tan tinh va khén truong.

Chiing t6i rat mong nhan duge nhimg ¥ ki€n nhan xét cua ban doc
d6i véi b gido trinh.nay.

Cic tic gia
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Chuong 1
TAP HOP VA ANH XA

1.0. MG PAU

1.0.1. Khai niém vé ménh dé toan hoc
Ta hi€u ménh dé todn hoc nhu 12 mot kkdng dink todn hoc chi c6
thé' dung hodc sai, khong thé nhap nhing, nghia Ia khong thé vira
dung vira sai, cling khong thé vira khong diing vira khong sai.
Thidul0.].

2 < 3 1a m6t ménh dé todn hoc diing
3 > 4 1a mot ménh dé todn hoc sai

1.0.2. Ki hi¢u =

Khi v6i gid thiét ménh dé A diing ta ching minh duge meénh dé B ciing
ding thi ta n6i 6 ménh dé A suy ra ménh dé B, hay ménh dé A kéo theo
ménh dé B. D¢ dién dat ¥ d6 ta viét gon 1

A=B
Doi khi ta con vist B A
Thidul02. (a<by=(a+c<b+rc)

1.0.3 Ki hién <
Khi A = B dong thoi B => A, thi ta n6i ménh dé A twong duong
ménh dé¢ B. D¢ dién dat ¥ d6 ta vi&t gon Ia
- AeB
Thidu 103, (a<b) < (b>a)
(lal<b)ye (-b<ax<b)
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1.0.4. Piéu kién dua, diéu kién can, diéu kién cin va du
Khi A = B tanéi A 1a diéu kién dii déc6 B
B 12 diéu kién cdn déc6 A

KhiA < Btic A = BvaB = A, tandi A 1a diéu kién can vad‘udécoB
Lic d6 B ciing 13 diéu kién cin va di dé c6 A.

Thidu 1.0.4. R0 rang
(al < b) = (b > 0), nhmyg tir b > 0 khong suy ra dugc lal < b.

Vay lal < b 12 diéu kién di dé c6 b > 0,
b > 012 diéu kién cin d€ c6 lal < b,
lal < b khong phai 1a diéu kién cén va di dé c6 b > 0.

1.0.5. Ki hiéu :=

Ki hi¢u ndy ding dé€ dua vdo mdt dinh nghia, né thay cho cum tir
“dinh nghia bai”,

Thi du 1.0.5. Dumg trom := Qu¥ tich cla cdc diém trong mat
phing cich déu mét diém xdc dinh. -

1.0.6. Ki hiéu ¥
Ki hiéu nay thay cho cum tit “véi moi” hay “v6i bat ki”.
Thidy 1.0.6.¥xthuctacé xZ —x +1> 0. |
1.0.7. Ki hiéu 3
Ki hiéu nay thay cho cum tir “t6n tai” hay la “c6”.

Thidu 107 3cdé x? —3x+2=0, d6lax=1vax=2.

BAITAP: 1.1.

1.1. TAP HOP VA PHAN TU

1.1.1. Khaii niém vé tap hop va phan tir

Khai niém tap hop va phdn tir khong thé dinh nghia bing nhimg
khai niém 44 biét. Ta coi tap hop la khdi mém nguyén sa, khﬁng dinh
nghia. Tuy nhién ta ¢6 thé néi nhir sau :
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Tat ca nhlmg ddi tugng xdc dinh nae dé hop lai tao thanh mot
1dp hop, mdi d6i twong cdu thanh tap hgp 12 mot phdn 1 cha tap hop.

Thidy 1.1.1. T4t ca nhimg ngudi Viet Nam trén the £i6i tao thanh
tap hop ngudi Viét Nam. Mbi ngudi Viet Nam 13 mot phén tir ctia
tap hop dé.

Thidyu 1.1.2. Tat ca cdc di€m trong khong gian tao thanh tap hop
diém trong khoéng gian. Mdi diém 12 mét phén tir cha tap hop d6.

Thidy 1.1.3. T4t cd cdc dudng thing trong khong gian tao thahh
tap hop cdc dudng thing trong khong gian. Méi duomg thing 1a mot
phén tir cha tap hop d6.

1.1.2. Kh4i niém thugc va ki hiéu ¢
Néu a 1 phdn tlr cha t4p hop E ta néi “a thude E” va viét
| ackE
Néu a khong 1a phén tir cia £ ta néi “g khong thugc E” va viét
agEhay a€ E.

Thidu 1.14. 4 € wap hgp céc s6 chin,
3 & tap hgp cic 56 chin.

1.1.3. Cach mé ta mot tap hop

Mudn m6 ta mét tap hop ta phai 1am di 5 dé khi cho mot phan tir ta
bi€t duge né ¢6 thude tap hgp ciia ta hay khong. Thudng c6 hai cich :

1) Liét ké ra tat c& c4c phan tir cha tap hop.

Thidul.l5. A=1ixy2z1)}

Tap hop ndy chic6 4 phdn tirla x, y, 2, 1.

Vay XEAYEA zEA 1CA,
nhung | uZA veA.



2) Néu ra tinh chdt dac trung cua cdc phén tir tao thanh tap hop.
Thidu I.1.6. P:={cic s@ chin}.
Nhur vdy ta cé ngay 4 € P nhung 3€P.

1.1.4. Ki hiéu |
Tap hop céc 56 chin cdn cd thé mo ta nhu sau :
P.={m | m = 2n, n nguyén)

Cich viét nay doc 13 : P 12 tap hop cic phdn tir m trong d6 (hay
sao cho) m = 2n v6i n 12 s6 nguyén. R& ring d6 chi 1a cdch dién dat
khéc cia tap cdc s6 chidn.

Ki higu | dat trude phédn gidi thich tinh chét dac trung cta phia tir m.
Chu y 1.1.1. Sau niy dé€ cho gon, d6i khi ta chi ding tir "tap" thay

s 11

cho cum tir "tap hop".

1.1.5. Mot so tap hop s6 thutmg gap
Tap céc s6 tu nhién
N:=1{0,1,2, ..}
N :={1,2,..} =N - {0}.
Tép céc s6 nguyén
Z = {0, +1, -1, +2, -2, ...}
- Tap cdc s6 hitu ti

Q:= {£|q¢o,pez,qez}.
q

Tap cic s6 thuc
R := {cdc 56 thuc}.

1.1.6. Tap réng

Theo cdch néi & muc 1.1.1 thi mot tap hgp phai ¢é {t nhdt mét
phdn tit méi c6 nghia. Tuy nhién dé cho tién vé sau, ta dua thém vio
kh4i niém tap réng theo quy udc :
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Binh nghia 1.1.1. Tdp rong la tdp hop khong c6 phdn tit néo.
Kf hiéu cha tap réng 13 & (chir O véi mot gach chéo).
Thidy 1.1.7. Tap nghiém thyc cha phuong trinh

x=3x+2=0 1 {1, 2}, nhumg tap nghiém thuc cla phuo‘ng_tr‘mh
x> +x+1=0 1a @ vi phuong trinh nay khong ¢6 nghiém thuc.
L.1.7. Su biing nhau cta hai tap

Binh nghia 1.1.2. Ta néi tdp A bing tdp B néu A va B trang nhau,
nghia 12 moi phén tir cia A ciing 12 phdn tr cha B va nguoe lai moi
phén tr ctia B ciing 12 phén t& cha A.

- Khi A bing B ta viét A = B.
Thi du 1.1.8. Cho

A={x1,] A}, B:={1,[1 x A)
thicé6 A=B.

1.1.8. Sy bao ham — Tap con _
Bink nghia 1.1.3. Néu moi phin tif cha A ciing 13 phdn tr ciia B

. thi ta néi

A bao ham trong B

B bao ham A

A la tdp con cla B,
Dé dién dat ¥ d6 ta viét

A C Bhay BDA.
Chu y 1.1.2. Ngudi ta coi tdp 2 la 1dp con cita moi tdp A.
ThidulI1I9NCZCQCR.
Chiiy 1.1.3. R& rang cé
- {A=B)< (A CBvaB CA).



1.1.9. Biéu dién hinh hoc - Biéu d6 Ven

D€ d& hinh dung mét s¢ quan
hé giita cdc tap hop ngudi 1a dang
cach biéu dién hinh hoc goi 1a
biéu d6 Ven : xem mdi tap hop 12
tap diém trong mot vong phang,
mdi diém trong vong 12 mét phan
tir ciia tap hop (hink 1). Khi d6

quan hé A C B biéu dién trén

Hinh 1 Hinh 2 hinh 2 bing cich v& vdng A nam
trong vong B

BAITAP:1.2,1.3, 1.4.

1.2. CAC PHEP TOAN VE TAP HOP

1.2.1. Phép hop

Pinh nghia 1.2.1. Hgp cua hai tdp A va B la 1dp hop tao béi 1t
cd cdc phdn ti thuée A hodc thudc B.

Ki hiéu hgpd6la A U Btacéd
(xeAUBY (xeAhodicx e B)

Hgp A U B biéu dién bang bidu d6 Ven & hinh 3,

10
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1.22. Phép giao

Dinh nghia 1.2.2. Giao cia hai tdp A va B Ia 1dp hop tao bdi tat
cd cde phdn ti vita thudc A vira thudc B.

Ki hiéu giac d6 1A A N B tacé
C(xEANB)e(xeAvaxeB)

Giao A " B biéu dién bing bidu dé Ven & hinh 4.

Dinh nghia 1.2.3. Khi A VB = & ta néi A va B réi nhau.

1.2.3. Tinh chat
Céc tinh chét sau suy tir dinh nghia :
AUB=BUA,
ANB=BnNA,
AUA=A,
ANA=A,
fAUBYUC=AU(BUCQO),
(ANBINC=ANENC),
AUBNO=AUBNAUQD,
ANBUO=ANBUMANC).
Ta chimg minh tinh chét ddu tién. Ta cé
xeAUB=>(xEAhoz'_ichB)=>(x€Bhoé_icx€A)=>x€BUA,

x€BUA=(xcBholicxeA)=> (x€AhoicxeB)=>x€c AUB.
Vay

AUB=BUA

'1.2.4. Hiéu cia hai tap

Dinh nghia 1.2.4. Hiéu cia tap A va tdp B 1g tdp tao bdi tdt cd
cdc phdn i thuge A ma khong thuéc B.

1



Ki hiéu hicudo la A — Bhay ANBtacd

(x € A-~-Bj(hay A\B) & (x € Ava
x € B). Hiéu clia hai tap bicu dién bang
bi€u dd Ven & hinh 3.

1.2.5. Tap bu (con goi 12 tap bé sung)
Dinh nghia 1.2.5. Xét tap E va A la tap
concla E, nghlala A C E. Lic d6 E — A goi la tdp b ciia A trong E.

_ % /
Ve:%ph;)nuh; bi€u dién bing biu dé ////%E

R& rang

Ki hieu tap b d6 12 4 ta c6

- = — Hinh 6
ACE, A=FE—-A=A

1.2.6. Dinh luat De Morgan
VéimoiACE BCEtwach
AUB=ANB, ANB=AUB
Ta chimg minh ding thitc ddu. Xét x € E.Taco
x€AUB =>x€AUB=>(x€Avhx¢B)=>(xezvé xEE)
= xEZﬂE:

x€EANB = (x€A va xeB) = (x€AVAX¢EZB =>x¢dAUB

= x€EAUB
Vay AUB=ANB

Thi du 1.2.1. Goi A 1a tap nghiem ctia phuong trinh x> ~3x+2=0.
B 13 tp nghiém cia phuong trinh x® —4x+3=0. Tacé
12 | |
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A=1{1,2}, B=1{1, 3}
AUB={(1,2, 3}
ANB={1}
A~B=1{2}.
Tap nghi¢m cia phuong trinh
(xF =3x+2)(x2 —4x+3)=0
laAUB=1{1,23}
Tap nghiém cua hé phuong trinh
2 —3x4+2=0
x2 —4x+4+3=0

lWANB={l1}.

1.2.7. Suy rong _
Gia st/ lamot tdp concia N, J ¢ N va (ADjcr 12 moét ho nhimg
tip con cla tap E.
Ta dinh nghia hop
A= UADbd (xe UA; el xe Al
el fef

va giao

B=nNnAbS xe NA ©Viel:xcA)
el el .

Dinh tuat De Morgan suy rong cho ho nhimg tap con cia E s& cé dang

(UAY=nN A
icl it
(NA)=U 4
=3 ief

13



1.2.8. Khai niém phu va phan hoach
Gid sir / C N vad S ={(A;);;] 12 mot ho nhiing tap con cla tap E.

Néu U A; =F thitandi§1a mot phui clia E.
el

Néungodira, Vi €1, A, =0 vd A N Aj =0, i=j, thindihoS1a
mot phdn hoach cia E. _
Thi du 1.2.2. Xét E 1a mat phang Oxy thi tap 14t ci céc dudng

thing vuong géc v4i Ox, x=1x;, x; € R tao thanh mét phan hoach
cua E.

. BAITAP:15,1.6,1.7.

1.3. TiCH PE CAC

1.3.1. Tich dé cic cua hai tap

Dinh nghia 1.3.1. Tich dé cdc cia hai tdp A va B la 1dp tdt cd cdc
cdp (a, b), a tricc b sau, dugc tgo nén do ldy a € A, b € B m¢t cdch
bdt ki.

Ki hiéu tich d6 14 A x B, tacé

AxBi=1{ab|acabeB)
Thidu 1.3.1. Cho
A=1{1,3},B=1{2, x}
thi '
AxB:=1{(1,2),(,x),(3,2),3, 0}

AxA=1{(1,1),(1,3),(3, 1), 3,3}
Chii ¥ 1.3.1. Chd ¥ ring (1, 3) va (3, 1) Ia hai cap khdc nhau.
14
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1.3.2. Tich dé cac ciia ba tap

Dinh nghia 1.3.2. Tich dé cdc cia ba tép A, B, C la tdp 14t cd cdc
bo ba (a, b, c} theo thit tw a réi b réi c, ditgc tao thanh do Idy a € A,
réi b € B, réi ¢ € C mot cdch bdr ki.

Kihiéu tichd6 12 A x B x Ctacé
A ><B><C:={(a,b,c)|aEA,bEB,cECl
Thi dy 132 NuA=1{1,3},B={2,x},C={A) thi
AXBXC={(1,2,A),(1,x,A), (3,2,A), 3, x, A)}
vi AXA xA={(1,1,1),(1,1,3),(1,3,1),(, 3, 3),
(3,1, 1),(3,1,3), (3,3, 1), 3, 3, 3)}.

1.3.3. Tich dé cac cia n tap

Dinh nghia 1.3.3. Tich dé cdc cita n tép Ay, Ag, ..., A, ld tdp tat
cd cdc b6 n phdn 6t (a), ay, ..., a,) theo thir tw a, ré: a, ..., roi
ap dugce tao thanh do ldy a; € Ay, réi a3 € Ay, .., réi a, € A,
mot cach bdt ki.

K{ hieu tich d6 12 A; x Ay x...x A, , ta c6 -
Al XAy X XAy =gy, a, ..., a,,l)fa,-_eA,-,i=l,_n}
Tich dé cic A X A x ... X A (n l4n) viét gonla A" :
A" ={(a, ay, v a)a; €A i=1, n)

BAITAP: 1.8, 1.9

1.4. QUAN HE TUGNG PUONG VA QUAN HE THU Ty

1.4.1. Khai niém vé quan hé hai ngoi _

Dinh nghia 1.4.1. Cho tdp E va tinh chdt # lién quan dén hai phdin nr
cua E. Néu a va b Ia hai phén 1t ciia E thod mdn tinh chat R thi ta néi a cé
quan hé R véi b va viét a R b.

15



Quan hé nay goi [a quan hé hai ngdi trén E.
Xét mot s6 thi du : '

Thi du 1.4.1. Tren tap cic dudng thing trong Khong gian, “dudng
thing D vuong géc véi duimg thing D' ” 1a mot quan hé hai ngoi.

Thi du 1.4.2. Trén tap céc s6 t nhien N, "a nguyén (6 v6i b" 12

mot quan hé hai ngoi. _

Thi dy 1.4.3. Trén tap s6 thyc R, "a = b" 1a mot guan hé hai ngoi ;
"a < b" cling 12 mot quan hé hai ngoi.
1.4.2. Do thij cia quan hé hai ngoi

Khi @ 4 b ta ciing néi cap (a, b) thod man quan hé .#. Cap (a, b) 1a
phén tir chia tich E x E. Tachi y dén tap G t4i i cic cip (@, b)) € E x E
thod mén .. Ta goi G 1a do thi coa quan hé 4. Vay cé

Dinh nghia 1.4.2. D6 thi cita quan hé R 1a 1dp 1dt cd cdc cdp
(a, b) cia E x E thod mdn quan hé R.

Thi du 1.44. D6 thi cha quan hé "g = b" trén R 1a dudng phan gidc
clia cic g6c vudng ! va I trong mat phing toa d¢ Oab (hinh 7).

Thi du 1.4.5. D6 thi cha quan hé "a < b" trén R 1 nita mat phing &
trén dudmg phan gidc cia cic gée vuong 1 va III (hinh 8).

b b

a=b

o
Hinh 7 Hinh 8
1.4.3. M6t s tinh chdt caa quan hé hai ngéi

Tuy theo dinh nghia, mot quan hé hai ngoi & trén £ c6 thé c6 mot
56 tinh ch4t sau day : o

16



1) Tink phdn ,fg : Quan hé 4 ¢6 tinh phan xa néu
CaR a VacE

Thi du 1.4.6. Quan hé "a = b" trén R c6 tinh phén xa vi a = g,
nhung quan hé "a < " khéng ¢6 tinh phén xa vi khong c6 g < a.

2) Tinh doi xing : Quan hé .4 c6 tinh d6i ximg néu

aRb=bAa
Thidy 1.4.7. Quan hé "a = b" trén R c6 tinh d6i xingvia=»b =
b=a. .
Quan hé¢ "a < b” trén R khéng c6 tinh d6i xding vi tlir @ < b khong
suyra b < q.

3) Tinh bdc cdu : Quan hé 2 ¢6 tinh bic ciu néy
(aRbvabARc)=>aAc.
Thi dy 1.4.8. Quan h¢ "a = b" trén R c6 tinh bic ciu vi (@ = b va
b=c)=a=c.
Quan heé "a < b" cling c6 tinh bic cdu vi(a<hvib<c) = a < c.
4) Tinh phdn d6i xitng : Quan he &4 c6 tinh phan d6i xiing n&u
(aRbvabRa)=>a=b.
Thi dy 14.9. Quan hé "a < b" trén R ¢6 tinh phan d6i xtng vi
fa<bvab<a)=a=sb.

1.4.4. Quan hé tvong duong

Dinh nghia 1.4.3. Quan hé hai ngoi R trén tdp E goi la mét quan
h¢ twong duong néu né cd ba tink chdt phdn xq, d6i ximg va bdc cdu.

Khi 4 1a mét quan h¢ twong duong va a & b ta vi€t
_ a~b (R
va doc : "a tuong duong b theo quan hé "
Ban doc c6 thé kiém tra lai cdc khing dinh trong cac thi du sau.

GTOAN HOC CAC CAZ T 17



Thi du 1.4.10. Trong N, Z, Q, R quan h¢ "a = b" 1a mQt quan hé
tuong duong (xem céc thi du 1.4.6, 1.4.7, 1.4.8).

Thidu I.4.11 Trong Z quan hé¢ "a ~ b 1a boi cia mot s6 nguyén p
khdc O cho trudc” 13 mot quan hé tuong duong. Lic d6 ta viét
a=b(p)hay a = b (mod p)
va doc : “"a déng du b modulo pt.

Thi du 1.4.12. Trong tap cac dudng thdng trong khong gian quan
hé "dudng thing D déng phuong véi dudng thing D' " 1a mot quan hé
trong duong.

Thi du 1.4.13. Trong tap céc vecto 413 do trong khong gian quan hé
“vecto # bang vecto v" 1a mot quan hé tuong duong.

1.4.5. L6p tuong duong
Xét tap E trong d6 ¢6 mot quan hé tuong duong 4 ; goi a la mot
phin tlr xdc dinh cua E. Khi d6 tat ca cdc phdn tr b € E tuong duong

v6i g 1ap thanh mot tap goi 1a I6p twong duong cia a theo quan hé %,
Ki hiéu 16p d6 1a €(a, #) 1a c6

@a, R =1b | beE b~a@m)
C6 thé xem a 13 phdn tir dai dién cho 16p €(a, #)

Thi du 1.4.14. Trong tap céc dudmg thang trong Khong gian, tdt ca
cac dudng thing déng phuong véi mot dudmg thing A cho trude tao
thanh 16p tuong duong cla A theo quan hé "déng phwong” ma phan tir
dai dién 12 A. Cé thé néi mbi 16p tuong duong dé xdc dinh mot
phuong trong khéng gian.

Thidul 4.15. Trong tap tat ca cic vecto ty do trong khong gian, tat
c& cdc vectd bing mot vecto OA gbc O cho trude tao thainh mot 16p
tong duong theo quan hé "bang nhau" ma phén tr dai dién la OA.

Thi du 1.4.16. Trong R 16p tuong duong clia mot s4 xic dinh a
theo quan hé "a = b" chi ¢6 mét phdn tir 12 a.

Chit y 1.4.1 : Tap 14t ca cic I0p wwong duong #(a, /&) tao thanh
mot phan hoach trén E.
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1.4.6. Quan hé thir ty

Dinh nghia 1.4.4. Quan hé hai ngoi R trén tdp E goi la mér quan _
hé thit tie néu 16 cé ba tinh chdt : phdn xa, phdn déi xitng vé béic cdu.

Ban doc ¢6 thé kiém tra lai cdc khéng dinh trong céc thi du cau :
Thidyl14.17 TrongN,Z,Q,Rquanhé "a < b" I moét quan hé thit ty.

Thidy 1.4.18. Trong N quan hé "g chia hét cho b" Ia mot quan hé
thir ty.

Thi du 1.4.19. Trong tap céc tap con cﬁa moét tép E cho trudge,
quan h¢ A C B 12 mot quan hé thit tu.

1.4.7. Quan hé thé t toan phan

Binh nghia 1.4.5. Mot quan hé thir tu R trén tdp E goi 1a quan hé
thit 116 toan phdn néu Va, b € E, ta déu cé hodc a R b hodc b R a.

Thidul420 TrenN,Z,Q, R, quan hé "a < b" 12 mét quan heé thiy
W toan phén vi Va, b € N hay Z hay Q hay R ta déu c6 hoic a < b
hoic b < a.

Thidu 1.4.21. Tren 14p céc tap con clia mot tap cho trude E, quan
h¢ "c" Ia mot quan hé thit 1y khong toan phin vi néu A va B rdi nhau
chang han thi khong c6 A C B ciing khong ¢6 B C A.

1.4.8. Tap c6 the tu

Dinh nghia 1.4.6. Xéttap E trong dé c6 mot quan hé thit ty . Cho
hai'phan tlr bit ki a va b clia E. Néu a # b ta néi a cé thé so sdnh duwoc
véi b. Cdc phan i so sdnh duge véi nhau sdp x&p theo mot thi ny xde
dinh theo quan hé %,

Dinh nghia 1.4.7. Néu # 12 mot quan hé thi tr toan phédn thi tat
ca cdc phan tir cia E déu duge sip thi tr theo quan hé 2. Ta néi E
dugc sdp thit ty toan phdn bdi quan hé #.
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Néu .7 12 mot quan hé thit tw khéng toan phdn thi chi c6 mot s6

phin tir cha E duoc sip x&p theo quan hé 4. Ta néi E 13 tdp 6 thit 1w
b6 phdn hay E dugc sdap thit ty bé phan,

Thidy 1.4.22. Cactap N, Z, Q, R 12 nhitng tap c6 thit tr toan phin

theo quan heé thit ty "a < b".

co

Thi du 1.4.23. Tap céc t4p con clia mot t4p E cho truée 1a mot tap
thir ty bd phén theo quan hé "C".

‘BAITAP:1.10, 1.11, 1.12, 1.13, 1.14, 1.15.

1.5. ANH XA

1.5.1. M¢ dau

Cho hai tap E vd F va mot quy luat f lién hé céc phén tir clia E

v&i mot 56 phidn tircia F.

20

Thidul51. E=F=R
x€Rliégnhe véiy € Rbai y = x°.
Thidul52.E=F=R
~ x € Rlien he véi y € R béi quy luat y = x2,
Thidul 53.E=R,F=1Z
x € Rlién he vdi y € Z boi quy luat y = [x],
[} ki hiéu phin nguyén cha x.
Thidul54 E=[xlxeR, -1 <x<1}
F=R
x € E lién hé vdi y € R bdi quy Juat

¥ = cung c6 sin 1A x.



xéc dinh .

Thi dy 1.5.5. E 1a tap cdc diém
trong khéng gian ki hiéu la.%, F 1a
tap cdc diém trong mot mat phing

biém M € . lién hé véi diém
P € m bdl quy luat : “P 13 hinh
chi€u vudng goc cla diém M lén
m{it phéng n"' Hinh 9

Néu quy luat £ c6 dic diém sao cho né tao ra tir méi phén tir coa £
mot va chi mét phdn 1 chia F (hink 9) thi ta noi f1a mot anh xa tir E
t6i F. Vay c6 dinh nghia dnh xa nhir sau :

1.5.2. Dinh nghia dnh xa

Dinh nghia 1.5.1. Anh xq tit 1dp E 164 tGp F 1a mot quy lugt f lién he
gida E va F sao cho khi né tdéc déng vio mot phan tr x bdt ki ciia E sé
tao ra mot va chi mot phan ti y cia F.

Thidy 1.5.6. Xét cdc quy luat da néu & cic thi duls5l1-155:

1) Quy luat & thi du 1.5.1 Ia mot dnh xa tir R 16 R vi mdi x € R
tao ra mot va chi mot y € R xdc dinh b&i y = x°.

2) Quy luat & thi du 1.5.2 11 mot 4nh xa tir R t¢i R vi maj x €R
tao ra mot va chi mét y € R xdc dinh bsi y = x2.

3) Quy luat & thi du 1.5.3 12 m6t 4nh ARG ZvimdirecR
tao ra mot va chi mot y € Z xdc dinh bai y=[x].

4) Quy luat & thi du 1.5.4 khong phai 12 mot 4nh xa tir £ 16i R vi
méi x € E tao 1a v6 56 y € R xéc dinh bdi y bing cung ¢6 sin 1a x,

chang han vé6i x=% € E thi cdc cung -;—:+2kn va S‘Tn+2kn,k eZ,

déu cd sin la l
2
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5) Quy luat & thi du 1.5.5 1a mot anh xa tir 4 tdi 1 vi mdi diém
M € .% chi€u vudng géc 1én mat phing T cho mot va chi mot diém

Pemn

1.5.3. Ki hiéu anh xa
D€ dién 14 £ 12 4nh xa tir tap E t6i tap F ta viét
fiE>Fhay E~{F
va goi E 1a tdp ngudn, F 12 tdp dich.

Phin 1t y € F duge tao ra tir phin tit x € E bai quy luat f goi la
dnh cha x vd x goi 12 nghich dnh (hay tgo dnh) cha y. Ta vi€t

y=flx)
bay x— y=flx)
. hay Xty

fix) doc 1a "f chia x" hay "f tai x".
Chi y 1.5.1. Chi ¥ ring mbi phén tir cia E ¢6 mot va chi. mot anh,
nhimg mdi y € F chua chic di c6 nghich anh.
Dinh nghia 1.5.2. Tdp tago bJi cdc dnh cia 1dt cd cdc phdn it
x € E goi la dnh ciia E (qua f), viét la (E) :
AE) =ty | y=fix). x € E)
hay - .
AE) =ty | Ix € E, y=fix))
Ta luon cé
f(E)yCF
Dinh nghia 1.5.3. Néu A la mét tdp con cita E : A C E, thi tdp
fia) =1y 1 y=flx), x € A)
goi la dnh cia A (qua f).

22
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‘NéuBC Fthitap f7'(B) = x|x €E fix) =y ¢ B) goi Ia
nghich dnh cla B trong dnh xa f.
1.54. Pon anh

Xétf:-E—F.

N6i chung méi phdn tir y thudc tap dich F c6 thé la anh ciia mot
hay nhiéu phdn tir khic nhau & tap nguén E. Néu n6 chi ¢6 thé 14 anh cia
mot phan tir thi ta néi £ 14 don 4nh. Vay cé

Dinh nghia 1.5.4. Anh xa £ : E — F goi 1d mot don dnh néu
fO)=fa)=x =x, (1.1.1)

Mudn chiing minh 4nh xa f : E — F 1a mot don 4nh ta phai kiém
tra lai diéu kién (1.1.1).
Ta ciing c6 thé xét “phuong trinh"
fx)=y,yeF

Néu "phuong trinh” v&i dn x nay khong thé c6 qua mot nghiem vdi
moi y cta F thi f 1 don 4nh. :

Thidu 1.5.7. Ta duyét lai céc dnh xa & muc [.5.1va1.5.2
1) Xét dnh xa & thi du 1.5.1 : Phuong trinh

= ¥.yER
c6 nghi¢m duy nhat x=3y € R. Vay 4nh xa ndy 12 don 4nh.
2) Xét dnh xa & thi du 1.5.2 : phuong trinh

x2 =y, yeR

¢6 hai nghiém khédc nhau n€u y > 0. Vay 4nh xa ndy khong phii 1a
don dnh. '

3) Xévdnh xa & thi dy 1.5.3 : phuong trinh -
[x]=y,y€N

¢6 vo s6 nghiem, ching han véi y = 1 thi x= 1,1 hay 1,3... déu ¢6 phan
nguyén la 1. Vay 4nh xa niy khong 12 don anh.
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4) Quy luat & thi du 1.5.4 khong phai 1a mét dnh xa, nén duong
nhién né khoéng phai 14 don anh.

5) Xét 4nh xa & thi du 1.5.5 ta kiém tra diéu kién (1.1.1). Mot
diém P € 1 c6 vo s6 diém M € . chiéu vudng géc lén 7 thanh P, d6
12 tit ca cdc dim M nam trén dudng thing vuéng géc v6i mat phang
7 tai P. Vay dnh xa nay khong phai 12 don anh.

1.5.5. Toan dnh

Xétanhxaf:E— F.

No6i chung f(E) la mot tap con ¢ha F : f{E) C F. Néu c6 iE) =F
thi f dwoce goi la mot toan dnki : Vay c6

Pinh nghia 1.5.5. Anh xa f: E — F goi la mét toan dnh néu

RE)=F. (1.1.2)

Khi f 1a mét toan dnh ta cling néi f1a drh xa tw E lén F.

Ménh dé (1.1.2) ¢6 nghia 12 méi y € F déu la anh cta it nhdt mot

x € E. Muén chitng minh d4nh xa f: £ — F 1a mot toan dnh ta phai
ki€m tra lai diéu kién (1.1.2).
Ta ciing c¢6 thé xét "phuong trinh”

fx)=y,yeF _
Néu "phuong trinh” nay ¢ nghiém vl moi y € F thi f1a mot twoan anh.

Thi du 1.5.8. Taduyét lai cic thidu 6muc 1.5.1 va 1.5.2.
1) Xét anh xa & thi du 1.5.1 : phuong trinh

x=y,y€R
ludn ¢6 nghiém Vy € R. Vay dnh xa nay 1a mot toan dnh.
2) Xét 4nh xa & thi dy 1.5.2 : Phuong trinh
x*=y,yeR
chi ¢6 nghiém khi y > 0. Vay inh xa nay khong 1a toan dnh.
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Cht ¥ rang ciing c6 thé xét f(R) :
fR)y={y | y=x2,xERI =R" = [y | y 2 0} = R nén ciing
két luan duoc rang dnh xa nay khong 14 toan 4nh.
3) X€t énh xa & thi du 1.5.3 : Phuong trinh :
(x}=y,yeN
bao gid cling c6 nghiém Vy € N. Vay 4nh xa nay la toan anh.

4) Quy lvat & thi du 1.5.4 khong phai 12 4nh xa, nén ducng nhién
khéng phdi 1a toan dnh.

5) Xét 4nh xa & thi du 1.5.5 ta ki€m tra diéu kién (1.1.2).

R& rang AHK)y=m

Vay 4nh xa nay 12 toan anh.

1.5.6. Song anh
Dinh nghia 1.5.6. Anh xaf: E — F goi la mot song dnh néu né
vida la don dnh vita Ia toan anh.

Thi du 1.5.9. Ta duyet lai céc 4nh xa & muc 1.5.1 va 1.5.2. Theo
céc k&t qua & hai muc trén ta cé :

1) Anh xa & thi du 1.5.1 1a song 4nh

2) Anh xa & thi dy 1.5.2 khong 13 song 4nh

3) Anh xa & thi dy 1.5.3 khong I song dnh

4) Quy luat & thi dy 1.5.4 khéng phdi 12 4nh xa
5) Anh xa & thi dy 1.5.5 khong phai 1 song 4nh.

1.5.7. Anh xa ngugc cba mot song dnh — Tuong tng 1-1

Xét hai tap E va F va f1a mot song dnh tir £ t6i F. Khi d6 (xem
hinh 10) :
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Ung véi mdi y € F ¢6 mot
va chi mot x € E dé y = f{x) (c6
mot vi £1a toan anh tir E 1én F
va chi ¢6 mot vi f 1a don anh tir
E 16t F). Vay c6

Binh & va dinh nghiz 1.5.7.
Song dnh f : E — F tao ra mét

Hinh 10

dnh xg n(F 16i E. Anh xa nay goi 1a dnh xa ngugc cia ank xa f va ki
hi¢u 1a f

fYVFSE
vdi dic didm :
néu fixy=ythi fly)=x x€E yeF),
néu f_l(y)-——x thifix)=y(ye€ F,x€ E).

R& rang 7! ciing 12 mét song 4nh.

Pong thoi véi song &nh f : £ — F ta ¢6 mot tuong Ung 1 — 1 hai
chiéu giita E va F, chiéu tir E 16i F thyc hién bdi 4nh xaf con chiéu
tir F téi E thue hién boi dnh xa f~ I

Thidy 1.5.10. Song anh ftir R 16i R xdc dinh bai
xeR- y=x3 €R

cé 4nh xa nguoc ! tir R 6

R xdc dinh bdi 2 12
_ _ P
yeR— x=3y eR £ et|ter R
f
Song 4nh niy tao ra mot fl
tuong img 1 — 1 giita R va R 0 1 8
(xem hinh 11). Hinh 11
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1.5.8. Hop (tich) cua hai 4nh xa
Cho ba tap hop E, F, G va hai dnh xa

fE—=Fg:FoG
Nhu vay mdi x € E tao ra bdi fmot va chimot y € F :
A=y

vamdiy € Ftaorabdi gmot vaichimotz € G

gy)=z
Do d6 mbi x € E tao ra (qua trung gian y) mot va chi mét z € G
xdc dinh bai g/fix)] =z.
Vay c¢6 mot 4nh xa tir £ t4i G xdc dinh nhy sau :
x€E— z=g[flx)] €G

Dinh nghia 1.5.8. Anh xa nay goi ld hop cua fva g (hay tich cia f
va g), ki hiéula go f .

gof E—-G
xdc dinh nhu sau : '
XC€Em- (go f)x)=g[fix)] €G
Thidul1511.ChoE=F=G=R.
x€Rn—+y=_f(x)=x2 €R
yER—z=g(y)=y-5€R
thi 4nh xa hop gof : R ->Rxéc dinh nhu sau
xER o (g D) = glfix)] =X =5 R
Chiy1.52

Hop ctia hai don dnh 12 m6t don &nh.
Hop ciia hai toan 4nh 1a mot toan 4nh.
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Hop cla hai song anh 12 mot song dnh.
Pé nghi ban doc kiém tra lai.

Chit y 1.5.3. Cho hai tap E va F va a song idphf: E — F. Theo muc
1.5.7 thi ton tai 4nh X2 nguogc

f_ F— FE
Ta cé
x€Em (f o)) =f ) =f o) =x
YEF— (fofT0 =ff 'O =fx) =y
nghia 13 cé
flYof=lp, fof =
trong dd
I 12 4nh xa déng nhét trong E
I¢1a anh xa déng nhdt trong ¥
nghia la _
Yxe E Ip(x)=x
VyeF Ip()=y

BAITAP : 1.16, 1.17, 1.18, 1.19, 1.20, 1.21, 1.22, 1.23, 1.24.

1.6. TAP HOU HAN - TAP PEM DUOC -
TAP KHONG PEM DUGC

1.6.1. Mot s6 thi du m& dén
Xét
A ={a, b, c}cé3phinur

B = {x[,x, X3} ¢6 3 phan tir
28
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M ={1,2, ..., n) c6 n phan tir

D =1{x, x5, ..., X,) ¢6 n phdn ti:.
Nhimmg tap nay chi ¢6 mot s6 hitu han phén tir.
Bay gi& xé1

N* ={1,2, ..., n,..}

X={xy, x5, Xp...-)

R = {86 thuc}

Y=1{y|lyeR 0<y<i}
Céc tap nay c6 vo s6 phan tir.

1.6.2. Luc luong cia tap hop

Dinh nghia 1.6.1. Néi hai tép E va F ¢é cang lic lugng néu tén
tai mét tuong itng 1 — 1 giita chiing.

Muén cho E va F ¢é ciing luc luong, di€u kieén cdn va di 1a giia
chiing t6n tai mot song dnh.

Trd lai cdc thi du & muc 1.6.1.
Giita A va B ¢6 tuong ting 1-1.
aHIl,bHXZ,CHI3 _

Diéu dé bi€u hién & ché chiing ciing c6 3 phén tir. Tz n6i 3 Ia
fc lugng cha A va B.

Gifta M va D ¢c6 tuong tng 1~1
o x,i=1,2,...,n

bigu d6 bi€u hién & chd chiing ciing c6 » phén tlr. Ta néi : #1a luc
luong coa M va D.

Giita N” va X ¢6 tuong tng 1-1
P x,i=1,2, ..
Tanéi N’ va X6 eing Iuc luong.
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Giita R va Y ¢6 tuong img 1-1
1 1
x€R o y=—arcigx + —
| 2
Ta néi R va ¥ cd cung luc lugng.

1.6.3. Tap hitu han.— Tap dém dugc va tap khong dém durge

Tap M va cdc-tap 6 ciing luc lugng véi n6 goi la cac tdp hitu han
{c6 n phan ).

* -
Tap N va céc tap ¢6 cung luc luong véi nd goi la cdc tdp dém duoc.

Téap R va cic tdp ¢é cung luc luong v&i né goi 1a nhitng tdp khong
dém dugce (c6 vo 56 phdn tir khong dém duge).

BAI TAP : 1.25, 1.26.

1.7. PAI SO TO HOP

1.7.1. Hoan vi
Xé1t tap hira han E ¢6 n phén tir :
E={x, x93, ..o Xp |

Dinh nghia 1.7.1. Mot hodn vi ciia E la tdp gom tét cd cdc phdn tir cua
E xép theo mét thit ty xdc dinh.

Béan than E ciing 12 mot hodn vi cla E, goi 1a hodn vi déng nhdt.
MB&i hodn vi ctia E {mg v&i mot song anh tir E 1én E va ngugc lai.
Thidu1.7.1. E = {x;, x5}

thi cdc hodn vi cua E 1a {x), x5} va {x3, x;}.

E= le,xz, 13}
thi cic hodn viciha E 12

{x; xpx3}, {xpx3 ), {3y 2]
(3 xp 0} o Axp g xpb s {ag xq x3)

30



g
‘5

Ta thay : 86 cdc hodn vi clia mot tap c6 2 phén tir Ia 2 = 2! ; $6
cdc hodn vi cha mot tap cé 3 phén ur 12 6 = 31.

Ngudi ta chimg minh duge rang s6 cdc hodn vi (khéc nhau) clia
tap £ cé » phdn tiria

P.=un!

Thidul72. Ply=101=1.2.3.4.5.6.7.8.9. 10.

Chuy 1.7.1. Vay s6 song 4nh cla tap £ ¢6 n phdn tir 1en chinh né
hay s5 cdc song 4nh giita hai tap cing c6 n phan tir1a P,

1.7.2. Chinh hop lap
X E = {x), x5, ..., x;} va tap B g6m p phén tir

8= {ylsyz, ey yp}.
Dinh nghia 1.7.2. Mot chinh hop ldp chdp p ciia E 1a mot bo phan
g6m p phdn ti khéng bdt buéc phdi khac nhau Idy tit n phdn i ciia E
réi xép theo moét thit tu xdc dinh.

. MBbi chinh lap chap p cia E tng v&i mot dnh xa tir B dén E va
ngugc lai.

Thidu 1.7.3. E = {x,, x5} thi c4c chinh hop lap chap 3 cia cic
phin tircha E 1a

b xpa b, Axpxy x), (g xgx), (o)
(x50, {x xp 31, {x, xpXab, {xy xp x )
Tht ca c6 8 = 2°.
Ngudi ta chitng minh dugce ring s6 chinh hop lap chép p cia mot
tap ¢4 n phan tir 13 #°.
Véin=2,p=31ac62’ =38
Cha y 1.7.2. Vay s6 dnh xa tir tdp B c6 p phin tr dén tap E ¢6
n phén tir 1a »’,
1.7.3. Chinh hop
Bay gi& xét cdc bo phan gém p phin tir khac nhau it ra tir E, diéu
dé bude p < n.
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Dinh nghia 1.7.3. M6t bé phé;fr goém p phdn it (p < n} khdc nhau

Idy tir n phdn tit ctia E rdi xép theo mét thir ty xdc dinh la mét chinh
hop (khéng ldp) chap p cua n phdn tr cua E.

Mdi chinh hop (khong lap) chap p clia n phin ta cla E ing vé6i
moét don 4anh tir tip B ¢6 p phin tir tdi E va nguoc lai.

Thidu 1.7.4. Cho E = {x|, x5, x3}, p=2, (n =3) thi cdc chinh hgp
chap 2 cta 3 phén tit clia £ 1a
{Xl le . {12 11} . {11 X3} s {-’f3 11} ’ {12 13} s {x3 X’)_}
Cé 6 tat ca.
Ngudi ta ching minh duge ring s8 céc chinh hop chap p (p < »)
clia mét tap hop cé n phdn ur la

!
P n.
n

= ! —_—H(H.—l) wlr—p+1)

A _ 2
Véin=3,p=2tacd A3 =6.
Chii ¥ 1.7.3. Vay s6 don anh tir mot tap ¢é p (p < n) phén tir 161

mot 1ap ¢6 nphdntirla AL,

1.7.4. Té hop
Xéttap E={x;. X0, ... . X}, pS .

Dinh nghia 1.7.4. Mét bo phdn gém p phdn tit (p < n) khdc nhau

Idy ¥ cde phdn ti ctia E (khong k€ thit ty) goi la mét 16 hgp chédp p
cua n phan tit cua E.

Thidu 1.7.5. Cho E = {x, x5, x3}, p= 2, (n = 3) thi cac & hop
chdp 2 cia 3 phdn titcha E 12

{xl x2} . {1], 13} » {x9 x3}
Co6 3 14t ca.
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Goi s6 céc 6 hop (khac nhau) chap p ciia mot tap ¢é » phin tir
(P < n) la C}. RO rang theo dinh nghia cia t6 hop va hodn vi ta c6
- CR=A}/P,.
Do d6

CP - nl _ n(n— D..(n—-p+1)

" pin-p)! p!
Chi ¥ rang O ! = I theo quy uéc.

Véin=3,p=2tacé CP =3,

Chii $ 1.74. Tir biéu thitc clia CP va véi quy ude C° =1 ta suy ra
(ban doc kiém tra lai) :

CaP=cf

p p+l _ ~ptl
Ch+CL = Crtl

1.7.5. Nhi thic Newton

Xét O+ D=+ D+ 1) . (x+ 1)
. ' # thira 56
RS rang

(x+1)" =" I e |

He s6 ciia x° bing s6 cich chon p ldn x trong » thira s6 (méi thira
56 1a x + 1), s6 d6 chinh 12 6 t8 hop chap p clia » phén tir, tdc 1a bing
Cf. vay

(x+ D" =x"+CR x4 ety 4
Thay x =§ va chi ¥ dén C2P =P 1a c6

(@+b)" =a"+Cya" b+ ..+ CR" PP ¢ OO lgp 4
6 1a cong thiec nhi thitc Newton.
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. V&1 n =2, 3 ta thiy lai cic cong thitc da bi€t :
r:=2 (a+b)2=az+2a‘b+b2
n=73 (a+b)3=a3+ 3.:1'2b+3|:1i3'2+b3
Chii y 1.7.5. V& tam gidc Pascal

Cic hé s6 cua cong thiic nhi thizc Newton viét dugc duéi dang tam
giac, goi la ram gidc Pascal :

n=1 1 1

n=2 1 2

n=73 1 3 1

n=4 1 4 4 1

n=>35 1 5 10 10 5 1
n=6 1 6 15 20 15 6 1

S6 hang & hang duéi bing s6 hang cling cOt & hang trén cong Vi
- $0 hang cling hang trén & cOt bén trii. '

BAI TAP : 1.27, 1.28, 1.29, 1.30, 1.31, 1.32, 1.33.

TOM TAT CHUONG I

Ki hiéu
= kéo theo
<> tuong duong
¥ véi moi |
3 t6n tai
:= dinh nghia bdi
| sao cho
Tap hop va phin tir
Kihiéu €,doc lathudc : a € A
Tap réng ¢
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Tap béng nhau : A =B nfu A va B tring nhau
Bao ham, tap con

ACB@((.XEA);?(XGB))
((ACB)yva(BCA) = A=B
Hop x€AUB & ((x € A) hodc (x € B))
Giao XEANB ((x € A)va(x €B))
Hiéu XEA-BS(r€A)va(x € B))
B ACEthi A=F-4A
Tich dé cac
AxB={(a.b)|acAbeB
AxBxC={(abc)|acAbes cec)
Mot quan hé hai ngoi # trén E goi la

phan xa néu x#x ,Vx € E
d6i xitng néu XKy = yRKx
bic cdu néu (xRy va yH#2) = xHt

phin d6i x{ing nfu  (xdy va yo) = x = y

Quan he 2 trén E goi 12 quan hé tuong duong néu né phan xa, d61

xitng va bic cdw, ki hiéu 1a ~

Tap tst cd cdc y € E ma ~ x goi 12 16p twong duong cta x.

Quan hé # trén E 201 12 quan hé thit ty néu né phan xa, phan d6i

xiing va bic cdu, thudmg ki hiéu la <.

Hai phén tir a va b cia E goi 12 so s4nh duge néu
a b hay b a
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# 1a quan hé th wr todn phin néu moi cip a va b clia E déu so
sanh duoc ; 4 12 quan hé th ty b phan néu chi cé mét sécapava b
cua E 1a so sdnh dugc.

Anh xa tir tap E téi tap F

D6 1a mot quy luat f lién he gitta £ va F sao cho tng méi x € E c6
motvachimotye Fovigtf: E— F.

y goi 1a dnh cua x, cdn x goi la nghich dnh ciia y ; vi€t y = f(x) hay
Jfix}) =y hay x — y.

Pon dnh : f1a don anh néu

f=fxYy=x=x

Toan dnh . f1a toan danh néu fiE} =F.

Song dank : f1a song dnh né&u f vira 12 don 4nh vira 14 toan dnh.

Néu £ 1a song 4nh tit E t6i F, n6 tao ra 4nh xa nguoc £ tit F 16
E. Mot song dnh tir E t6i F tao ra mot tuong ing 1 — 1 gita Eva F.

Lirc hrong cua tap hop

Hai tap hgp goi 12 c6 cung lyc lugng néu giita ching ¢6 mdt twong

img 1-1. Tap {1, 2,..., n} va céc tap ciing luc lugng v6i n6 13 céc tap

hifu han ; ching cing cé »n phin ti.

Tap {1, 2, ..., n,...} va cdc tp cing luc luong v6i né la cic tap
dém dugc.

Tap s6 thuc R va cdc tap hop cling lye luong v6i né 12 vo han
khong dém duge.

Pai sé té hop

S6 cdc d4nh xa tir mot tap gém.p phan tir t6i mot tap gém » phén tlr
bling 56 cac chinh hop ldp chép p cia n phén tir. $6 d6 1a n”.
36
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S céc don dnh tir mot tap hgp gém p phin tir t6i mét tap gbm
phan tlt bang s& cdc chinlt hop chap p clia n phén tlr. S6 dé6 1a

- Ag=n(n—-l)...(n—p+l)

86 céc song dnh tr mot tap gém # phdn tir 1én chinh né bang s6
cac frodn vi cha n phin tir. S6 d6 1a

P, =n!

Mot bd phan gém p (p < ) phdn tir 14y tir » phén tir (khong ké thir
tw) goi 12 mot 16 hop chap p clia n phén tir... S5 t8 hop d6 la

szég_z__L_

" pl pin-p)
Ta co

Ch=Ch?

- Pl p
Ch=ChT) +CP_ L

Nhi thic Newton

(a+b)' =
—a" + na"_lb+... + nn=1..(n—p+1) " PEP 4+ bt
p!
BAI TAP CHUOGNG I

L.1. Dung cdc ki hiéu da hoc & tiét 1.0 hay viét cic ménh dé sau :

Dinh nghia — Tam gidc ABC goi la tam gidc can néu noé ¢6 hai géc
bang nhau.

Dinh 1i — Né&u tam gidc ABC c6 hai canh bing nhau thi né Ia tam
gidc can.
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Pinh If — Diéu kién cdn va di dé tam gidc ABC can 12 né c6 hai
canh bing nhau.

1.2. Tim tap céc nghiém cia phuong trinh hay bét phuong trinh
dudi day va biéu dién chiing trén truc s6 :

a) x>~ 4x+3=0

b) x> —4x+3>0

Ox—4x+3<0

Hx—x+1=0

e)x —x+1>0

flx"—x+1<0

[ o]

1.3. Tim tap c4c nghiém cita hé phuong trinh hay bat phuong trinh
dudi day va biéu dién chiing trén miit phing toa do :
3x+2y=8
4x—-y=17
3x—y=2
vy {7
—6x+2y=—4

c)3x—-y=0

d)3x—-y>0

e)dx—y<0O

1.4. Trong céc trudng hop sau hdi cé A =B khong ?

a) A 1a tép cdc 56 thire Khong am, B 14 tdp moi s6 thuc khéng nho
hon tri tuyét d6i cha chinh né ;

b) A 12 tap cac s5 thyc khong am, B Ia t&p moi s6 thuc khbng 16n
hon tri tuyét d6i cla chinh né ;

c) A 1a tap moi s& nguyén khong am va khéng 1én hon 100 ¢6 tam
thira 1a mot s6 1€ khong chia hét cho 3, B 1a tap cac s6 nguyén khong
am va khong 16n hon 100 c¢é binh phuong trir 1 chia hét cho 24.

1.5. 4, B, C la tap con ciia E. Chiing minh ring néu AU C CAUB
" VAANCCANBthiC CB.
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1.6. A 1a 1dp con cua E. Hiy xdc dinh cic tap sau E ; ANA,
AUA, 3, E.

1.7. A, B 1a cdc tép con cla E. Ching minh

a) NéuA C Bthi BC A

b) Néu A va B rbi nhau thi moi phén tl cia E s& thuoc A hoac
thuoc B.

C)ACBSAUB=B& AUB=E

HACBSANB=ASANB =0

¢) AUB=(ANB)

fy ANB=(AUB)

1.8.Cho A={1,2,3},B=1{2,3,4)}.

Hay viét ra tit ca cdc phdn tit clla A X B va biéu dién ching thanh
cdc diém trén mat phang toa do.

1.9.ChoA=[1,2]:= {x | 1< x<2)
=12,3]:= (x| 25 x<3)
Hay biéu dién hinh hoc tap tich A x B trén mat phing toa do.
1.10. Trong R, quan hé a # b x4c dinh bdi
'@ b =a-b"

c6 phai la quan hé trong duong khong ? Tim 16p twong duong €(a, ).

1.11. Trong tap cic s6 tu nhién, cic quan hé sau c6 phai 1a quan he
tuong duong khong ?

a) a chia hét cho b

b) a khéng nguyén t6 véi b.

1.12. a) Trong khong gian hinh hoc thong thudng duoc coi nhv
tap cic diém M, M',..., chimg minh ring quan hé "M vi M’ & trén mot
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dudng thang ciing phuong véi dudng thing D cho trudc” la mot guan hc
tuong duong. Néu dac diém clia céc 16p tiong duong.

b) Cing cau hoi d6 trong mat phang vdi quan hé "M’ ia dnh cia M
trong mot phép quay quanh tam O cho trudc”,

1.13. Trong tap cdc dudng thang trong khong gian quan hé D 1D
€6 phai 14 quan hé tuong duong khong ?

1.14. Trong Rz, hidy chiing minh quan he
)<Y Sx<ay<y

la quan hé thit tr. N6 ¢6 phai quan hé thit tr toan phan khong ?
Né€u khéong, hay xac dinh hai cip (x, y) va («', ¥') cu thé khong thoa

man ¢a (x, y) < (x', ¥) lan (x', y') < (x, y).

1.15. Mot ki thi ¢6 hai mén thi, diém cho tir O dén 20. Mai thi sinh
¢6 hai diém, x 12 diém cla mén thi thit nhat, y 13 diém cha mon thi
thit hai. Trong tap céc thi sinh, ngudi ta xét tap cdc cap diém s6 (x, y)
va xdc dinh quan hé hai ng6i 4 nhur sau

‘ hodc x; < xy
(. n) A (x, y2) & { ) N
hodc x) = xy vay; <y

Chilng minh ring 4 12 mét quan hé thif ty toan phdn trén tap céc

thi sinh.

1.16. Cdc 4nh xa f: A — B sau 1a don 4nh, toan anh, song 4nh ? )
Xéc dinh anh xa nguoc néu ¢é :

DA=R.B=R,fix)=x+17;
2)A=R,B=R, fix) =x*+2x -3 ;
3)A=[4,9], B=[21, 96], fix) =x>+ 2x - 3
4YA=R,B=R, fix)=3x-2]x]| ;
5)A=R, B=(0, +), fix) =e**!

6) A=N,B=N, fix) =x(x + 1).

1.17. Céc 4nh xa sau day 1a loai 4nh xa gi? Xdc dinh 4nh xa
ngugc néu cb
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1} D61 xing doi véi mot diém O :

2) Tinh ti&n theo vecto G :

3) Quay quanh tam O mot géc 9 trong mat phéng ;
4) Vi tu tam O véi ti 56 & = 0.

1.18. a) Cho 4nh xa f: R — R xic dinh b&i

2x

) 1+ x
NG c6 1a don dnh ? 14 toan d4nh ?
Tim anh f{R).

fx)=

P

b) Chodnh xag: R — R, R =R - (0} xdc dinh boi x o L.

X

Timanh f-g.

1.19. Xét hai 4nh xa
f: R — R xdc dinh b&i fix) = | x|
2:R, >R, R,:={x | xe R, x>0 xdc dinh bdi x — 5
Sosdnh fogva go f.
1.20. Cho 4 tap hop A, B, C, D va ba 4nh Xxa
J:A—-B;, g:B=C: h:C—D.

Chimg minh ring

ho(ge f)=C(hog)- f.
1.21.l)Ch02t&pEvéFvﬁénhng:E—»F.
A va B 13 hai tap con clia E. Chitng minh
aA)AC Be ffA) C fiB);

bYRANB) C flA} N f(B);

¢)AA U By =f(A) U f(B).
2) Chimg minh ring n€u £ 13 don 4nh thi

fANB)=flA) N fiB).
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1.22.Cho 2 tap Eva Fvadnh xaf: E — F.
A va B 12 2 tap con clia F, chitng minh
DACB= fFlac B
b/ AanB=wn ).
1.2).Chof:E—F,g: F -G
Chiing minh rang :
1) Néu f va g la toan dnh thi g« f 12 toan 4nh ;
Néu fva g 1a don 4nh thi go f la don 4nh ;
N&u fva g la song dnh thi g - f 12 song dnh.
2) Néu g = f 1a song 4nh va f 12 todn 4nh thi f va g Ia song dnh.
1.24. V&i mbi bd 4 s6 nguyéna, b, ¢, d sao cho ad — bc = 1, 1a cho
4nh xa f: Z2 — Z? xéc dinh bdi |
fri(x y)— (ax + by, ex + dy)
va goi F 1a tp cdc 4nh xa nhu the.
a) Chimg minh ring f12 song 4nh va f~! € F.
b) Chimg minh ring néufvage Fthi fog € F.
1.25. 1) Chimg minh ring hop cta hai tap hini han 12 mét tép hitu han.
2) Chimg minh ring hop clia mot s6 dém duge céc tap hiru han la
mot tap d&€m duoc.
1.26. Cho tap E, goi #(E) 1a tap t4t ca cic tap con cta E. Ching
minh rang #(F) khong clung luc lugng véi E.

1.27. Cho A = {a, b}. C6 thé lap dugc bao nhiéu bang khdc nhau
cé dang

a b
a a B
b Y é

trong d6 o, B, ¥, 6 €A?
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1.28. a) C6 bao nhiéu s6 ¢6 5 chit 56 7
b} C6 bao nhiéu 36 ¢6 5 chit s8 ma céc chif s6 déu khic nhau ?

1.29. Tim s6 tt ca cdc tap con clia mot tap gdm » phin tir, k€ ca
1ap rong.

1.30. Cho céc hodn vi Pva Q clia {123 4} :
P=1{3412) € =1{241 3} mataki hiéu nhy sau :

12 3 4 1 23 4
P=| ., 0=
[3412] [2413]

Tim P-Q, Qo P, P 'vagQ "

1.31. Cho # diém khic nhau trong mat phang sao cho ba di€m b4t ki
khong thang hing. Xét céc doan théng néi timg cap hai diém khic nhau.
a) Tinh s6 cdc doan thing dé.
b) Tinh s6 cc tam gidc duge tao nén.
c) U’ng dung cho cic trudng hgp rieng :
n=3n=4,n=35.
1.32. Chitng minh

a) 1-CL+C2 - +(-1yPCP =(-HPcP_
"o

b) Y Ch=2"
=)

f’ . .
o) Y (-1ch =0.

i=0
1.33. Tim s6 hang 1dn nhat trong khai trién cfia nhi thic
(37 +19°L,
DAP SO

1.1. Tam gidc can := tam gidc c6 hai géc bing nhau
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Tam gidc ¢d hai canh bang nhau = tam gidc can

Tam gidc ¢6 hai canh bing nhau < tam gidc cin
1.2.2) {1,3}:b) (==, DU (3,409 1 ) {1, 3] 1 d) @ ; €) (o0, +e0) s ) .

13.2) {2, D} b {(x, ) | xtiy ¥, y = 3x — 2} dudng thing
y=3x—-2 :

c) {(x, ) | xtuy v, y=3x}.

dudng thing y = 3x.
d) (x| xwy g, y< 35,

Céc diém (x, y) nim dudi duong thing y = 3x.
e) {(x, ) |x£u§! v, y>3x). |

Céc diém (x, y) nim trén dudng thing y = 3x
1.4. a) Ca; b) Khong ; ¢) Co.
16. (&) =AsANA=@;AUA=E

@ =E, E=@

18, {(1,2),2,2). 3, 2), (1, 3), (2, 3) (2, 4. (1. 4), 3, 3), 3, A)}..
Céc diém c6 toa d6 nhy trén.

1.9. Hinh chit nhat c¢6 4 dinh 12 (1, 2), (1, 3), (2, 2), (2, 3).
1.10. C6.

|a! <2/ \Evh a=1/ V3 thi ¥(a,#) = {a va hai nghiém cua
phuong trinh x2 + dax + a2 -1 =0} .

lal =2/ \/E,W(a, #)={ava nghiém kép clia phuong trinh trén}.

lal >2/ 3, €a A =ta).

lal=1/ 3, €@ # ={a, -2a).
1.11. a) Khong (vi khéng d6i ximmg).
b) Khong (vi khong bac cdu).
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1.12. a) L6p tuong duong g6m tat ca cdc duong thing ciing phuung
b) Mbi 16p tuong dwong 12 mot du’cmg tron tam O.
1.13. Khéng (vi khong phan xa va khong bic cdu).
1.14. Khong phdi quan hé thii tir toan phén, ching han (1, 2) va (2, 1)

khong so sdnh duoc.

1.16. 1) Pon 4nh, toan 4nh, song anh, fl(y)=y—7.

2) Khong don 4nh, khong toan 4nh, khong ¢ 4nh Xa nguoc.
3) Don é4nh, toan 4nh, song dnh Flfyy=—1+Jay y.

%, y20
4) Don dnh, toan 4nh, song 4nh, f~!(y)=1;
=y, y<0

5
5) Don anh, toan dnh, song énh F~!(y)=Iny—1

6) Don dnh ; khong toan dnh ; khéng song 4nh ; khong ¢6 dnh xa ngugce.
1.17. T4t ca déu Ia song 4nh.

1) Anh xa nguge triung vaéi nd.
2) Anh xa nguge 1 tinh tién theo vects —a.

3) Anh xa nguge 1a quay quanh tam O mét géc —8.
4) Anh xa nguogc 12 vi tu tam O v6i 1] s6 ?1(-

1.18. a) fkhong phii don dnh hay toan dnh, RR) = [-1, 1] ;
b) fog=f

119, fog=zgof.

1.27. D6 12 56 cdc 4nh xa tir A% 16i A, tdc 1a 2% = 16,
1.28.2) 9 x 10% 56 ¢6 5 chit s6.

5)9 x 9 x 8 x 7=4536 56 c6 5 chit s6 khic nhau.

1.29. 2",
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1.30.%9:[2 2 3 4],QoP=[l 2 3 4]

2 31 1 3 2 4
1 2 3 4 1 2 3 4
p = O
341 2 31 4 2
1.31. a) d:f‘(li‘_ll

b t= %u(n —1)n—-2)

Vel n=3 d=3 =1
n=4 d=6 t=14
n=5 d=10 =10

1.33. ¢}937%' 19'0.
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CAU TRUC PAI S6 - SO PHUC -
DA THUC VA PHAN THUC HOU Ti

2.1. LUAT HOP THANH TRONG TREN MOT TAP

2.1.1. Khai niém vé luat hop thanh trong

Dinh nghia 2.1.1. Ludt hop thanh trong trén 1dp E, hay phép todn
trén E, la mét quy ludt khi tdc dong 1én hai phén tir a va b ciia E sé
tao ra mgt va chi mot phdn ik ciing ciia E.

N6i cdch khéc, luat hop thanh trong trén tap £ 132 mot 4nh xa tir
E X Et6iE.

Ki hiéu luat hop thanh trong trén tdp E' 13 * ta cd

(a,b)c ExXE—aq*bcE
hay .
abeE—a*beE

Thidu 2.1.1. Phép cong (+) 1a mot luat hop thanh trong trén cic
tap N, Z, Q, R :

fa,b))eN—ag+beN
fa,b)eZ—a+bel
fa,b)eQ—a+beQ
(a, bjeR—a+becR

Thi dy 2.1.2. Phép nhan (.) 1a mot luit hop thanh trong trén céc
tipN, Z, Q, R :
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{fa,b)e N—abcN
(@ b)eL—abel
(g, bjeQ—abecQ
{a, b))e R—abeR

2.1.2. Tinh chit cua mét luat hop thanh trong
Mot luat hgp thanh trong (*) trén tap E ¢6 thé c6 mot so tinh chét sau :

1) Tinh két hop. Ta néi lugt hop thanh trong (*) trén tdp E 6 tinh két
hop néu '

Ya,bccEtacoa*(b*¥c)=(a*bh)*¢c

Thi du 2.1.3. Phép cong (+) va phép nhan () wéncidc tap N, Z, Q,
R ¢6 tinh két hop vi

a+(b+c)=(a+b)+c
a.{b.c)={a.b).c

2) Tinh giao hodn. Ta néi ludt hop thanh trong * trén tdp E ¢é
tinh giao hodn néu

Va,beEtacoa*b=b*a

Thi du 2.1.4. Phép cong (+) va phép nhin (.) trén cic tip N, Z, Q,
R c¢6 tinh giaoc hodn vi

a+b=b+a
a.b=b.a

3) Phdn tir trung hoa. Ta néi ludt hop thanh trong (*) trén tdp E
cd phdn tit trung hod 1é e néu e € E va

VacEtacoa*e=e*a=a

Thi du 2.1.5. Phép cOng (+) trén cic tap N, Z, Q, R ¢6 phian
trung hoa la O vi ta ludén cé

a+0=0+a=a
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Thi dy 2.1.6. Phép nhan (.) trén cdc tap N, N*, Z, Q, R c6 phén tir
trung hoa 1a 1 vi ta ludn cé

al=1la=a
4) Phdn ti d6i (hay doi ximg). Xét tap E wrén d6 ¢6 luat hop thanh
trong (*) vdi phan tir trung hod e. Xétphdntta € E. Phdntra’ € E
goi 1a phan ti déi cia a néu
a*a=a*a=e
Thi du 2.1.7. D6i v6i phép cong (+) trén céc tap Z, Q, R moi phin
tlr ¢ déu c6 phan tir déi 1a —a vi

at+(-a)=(-a)+a=0

Riéng trén tap N, thi —n € N, cho nén moi phdn tir = 0 cia N
khong c6 phan tir d6i d6i v6i phép cong.
Thidy 2.1.8. DB6i v6i phép nhan (.) trén cic tap Q, R, moi phén
=1 .

tr a = 0 déu cé phdn tr d6i 1a l,cbn vigtlaa ", vi a.i=l.a=1.
a a a

Riéng trén Z moi phén tlr @ = 0 v2 a = 1 déu khéng cé phén tir
doi vi

ac€Z, (a=0, a::l){hl QZ

Khi phep todn duoc dit tén 1a phep nhan thi phén tir d6i duqc g0i
12 phdn ti nghich ddo.

2.1.3. Khéi niém vé cdv tric dai s6

M@t tap c6 trang bi mot hay nhiéu luat hgp thanh trong vdi nhlmg
tinh chdt xdc dinh tao thanh mét trong nhitng d6i tuong todn hoc goi
12 cdue triic dai s6.

Sau day ta s€ nghién ctu céc cdu tric nhém, vanh va trudng va dic
biét 1a truong s6 phirc.

D6 1a cdc cau tric dai 6 thong dung nh4t.
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2.2. CAU TRUC NHOM

2.2.1. Pinh nghia nhém

Binh nghia 2.2.1. Tap G khong réng cé trang bi mor lugt hop
thanh trong (*) ki hiéu la (G, *) Cdp (G, *) dugc goi la mét nhdém
néu thod mdn ba tinh chdt sau .

G1: Ludt (*) ¢é tinh két hop.

G2 : Ludt (*) cé phdn tit trung hoa e.

G3 : Moi phan vt cia G déu cé phdn tir déi.

Ba tinh chat G1, G2, G3 con goi la cdc tién dé ciia nhém.
Né&u c6 thém tinh chat thi tr :

G4 : Ludt (*) ¢6 tinh giao hodn thi nhém (G, *) goi 1a nhém giao
hodn hay nhém Abel.

Chi y 2.2.1. Khi c@p (G, *) Ia m¢t nhém, néu khong sg 14m 14n ta
ciing néi gon : G 1a mot nhém.

Thidu 22.1. Can cd cic két qua & muc 2.1.2 thi (Z, +), (Q, +)
(R, +) 12 nhifng nhém giao hoén.

2.2.2. Mt s6 tinh chat céa nhém
Dua vio dinh nghia 2.2.1 ¢6 thé chimg minh dugc céc tinh chat sau :
1) Phén tir trung hoa e 13 duy nhat. |
2) Phdn tir d6i @’ cha a 12 duy nhit.
3) C6 quy téc gian udc :
a¥*x=a*y=>x=y.
Ap dung : Tren Z, Q, R ¢ quy tic gian udc
a+x=a+y=>x=y
4) Trén G phuong trinh
a*x=b5H
¢6 nghiém duy nhdt

x=a*h
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Ap-dung : Tren Z, Q, R phuong trinh
a+x=1"5
c6 nghiém duy nhat
x={-a)+b=>b-aq,

Ta thir chimg minh céc két luan trén.
1} Gia sir ¢6 hai phén tif trung hoa e v e, nghia ta

VaeG a*e=e*qg=aq,
a*¥e'=e¢'*a=aq
Xéttich ¢ * ¢’. Vi e va ¢’ déu 12 phan tit trung hoa nén ta ¢6
=g *e=eg. '
Tasuyrae =e¢".
2) Cho a € G, gia sit c6 hat phén tif d6i @’ va a” nghia 12 c6

d¥a=a*d=c¢,a*a=a*a" =e.

Thé thi cé
fa’*a)*a” =e*aqa”" =a”
a¥la*a”y =a'*e=a’
va suy ra ' a =a".

3)Giasirdi co

Ta suy ra
a'*{a*x) =a'*(a*y)
(@*a)*x =(@*a)* y,
vay X =Y
4} Gia sir
a*x=>b
Ta suy ra
a*la*x) =a*b
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(" *a)*x =a *b
x =a*bh.

Nguoc lai dé thdy rang x = a’ * b thod min phuong trinh di cho.

BAITAP:2.1,22,2.3.

2.3. CAU TRUC VANH

2.3.1. Pinh nghia vanh

Dinh nghia 2.3.1. Tdap A khéng réng cé trang bi ha: lugt hop
thanh trong, ludt thir nhdt goi la ludt cong, viét la +, ludt thir hai goi
Ia lugt nhan, viét la ., ki hiéu la (A, +, .). B6 ba (A, +, .) duoc goi la mét vanh
néu thod man cdc tinh chdi sau :

Al : Cap (A, +) la mo6t nhém giao hodn (phin tu trung hoa thudng
duge ki hiéu 1a 0).

A2 : Luat nhan (.) ¢6 tinh k&t hop.
A3 : Luat nhan (.) ¢6 tinh phéan ph6i hai phia d6i v&6i luat cong (+),
nghia 1a Va, b, c € Atacé '
a.(b+ ¢) = a.b + a.c (phan phdi trdi)
(b + ¢).a = b.a + c.a (phan phoi phai)

Khi (A, ‘+, .) 13 mot vanh va khéng sg¢ 1an thi ta ciing ndi A 13
mot vanh.

Vanh (A, +, .) goi 12 vanh giao hodn néu cé thém tinh chét th tu :
Ad : Luat () ¢6 tinh giao hoin.

Thi du 2.3.1. Cac bd ba (Z, +, ), (Q, +, .), (R, +, ) 14 cdc vanh
giao hodn.

Ngoai ra néu
Luat nhan (.) c6 phin tF trung hoa, ki hiéu 14 1, thi vanh (4, +, .)
goi 1a vanh ¢é don vi.

Thrdu232 Cic vanh (Z, +, )(Q+ J, (R, +, )lacécvanhco
don vi, don vi d6 lhl
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2.3.2. Vanh nguyén

Dinh nghia 2.3.2. Vanh nguyén la mét vanh (A, +, .) trong dé c6
tinh chdi

ab=0=a=0hodch=20. (2.3.1)
Thidy23.3 Cicvanh(Z,+,.),(Q,+,.). (R, +, ) 1a cic vanh nguyen.
Trong mot vanh bat ki ta c6
: al=0a=0
' Trong vanh nguyén ta con ¢6 (2.3.1).

Vay trong vanh nguyén ta cé

Diéu kién can va dit dé mot tich bing khong 1o mot trong hai nhan tit
bang khéng.

BAI TAP : 2.4.

2.4. CAU TRUC TRUONG

2.4.1. Pinh nghia truomg

Binh nghia 2.4.1. Goi K la mét tdp khong réng c6 trang bi hai ludt hop
thanh irong : ludt cong (+} va lugt nhén (). Ta néi (K, +, ) hay K I¢ mor
truong néu thod mdn cdc tinh chdt sau :

K1 : (X, +, .} 1a mot vanh giao hodn ¢6 don vi.
K2 : V&i moi a € K, g = 0 (phédn ur trung hoa cia luat +), thi tén
tai phan tir d6i @’ ctia @ d6i v&i ludt nhan () nghia 1a
aa' =a.a=1(a=0).

a’ goi 12 nghich ddo cha a, ki hieu 1a @' hay .
a

Thidu24.1 R vaQ véiluat cong (+) va nhén () théng thuomg 12
mot trudng.

2.4.2. Mot sé tinh chat
1) Trudng 13 mot vanh nguyén.
2) K la mét trudng thi X\ {0} 12 mot nhém d6i vai phép nhan.
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Hé qud. Trong mét truong cé quy tdc gidn wdc :
(ab=ac,a=0)=b=—c
3) Trong mot trudng phuong trinh

ax=b,a=0
¢6 nghiém duy nhat

BAITAP: 2.5, 2.6, 2.7.

2.5. SO PHOC

2.5.1. M& dau
Tap cdc 53 thuc R da rat phong phi. Tuy nhién néu chi biét cdc s6
thuc thi mét phuong trinh don gian nhu
x>+ 1=0hayx*=-1 2.5.1)

s& khong ¢d nghiém vi khong cé s6 thuc nao binh phuong lén lai
bang —1.

Vi vdy ta phai x4y dung thém nhimg s6 méi goi 1a 56 phic. Cac 56
phitc phai phong phii hon céc s6 thuc dé phuong trinh (2.5.1) ¢6 nghiém
déng thoi c6 thé xem s6 thyc la trudng hop riéng cia s& phiic.

2.5.2. Dinh nghia sé phic
Pinh nghia 2.5.1. Khii niém s6 phitc mo td bing ba phét biéu sau :
Phat biéu 1. S6 phic 14 mot cap s6 thuc (a, b) :
a € R la thanh phé4n thit nhdt cia s6 phic ;
b € R 13 thanh phén thit hai cia s phdc ;
Tap tdt ca cic s8 phiic ki hiéu la C.
Phdt biéu 2 (vé phép céng va phép nhan s¢ phiic) :

Trong 14p C c6 hai luit hgp thanh trong : luat cOng (+) va ludt
nhén (.) xdc dinh nhir san :
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Y(a, by € C,¥(a’, b") € C ta c6 -
(a. b) + fa', b') -':(a + a’, b + b’).

(a, bj(a’, b') :={aa’ - bb’, ab’' + ba’).
Phat biéu 3 (vé sy bing nhau hai s¢ phic) :
V(a,b)e C,V¥(a,b)eC

ta c6 (a, b} =(a’, b')khivachikhiag =a’ b = b
Thidu2.5.1.
(2, 3) 1a mot s6 phitc
(4, 5) 1a mot s6 phiic khic
(2,3)+ (4, 5) = (2+4,3+5) = (6, 8).
(2.3).04,5) = (2.4~ 3.5,2.5 + 3.4) = (-7, 22)

2.5.3. Tap C 1a mét truomg

Binh li 2.5.1. V6i hai ludt cong va nhén via dinh nghia, tdp C cdc
56 phitc la mét truong.

Dinh 1f nay c6 thé chimg minh bing cdch kiém tra lai dinh nghia
cia trudng can cif vo cdc dinh nghia hai luat cong (+) va nhan () s8
phifc & trén ; viéc nay khd dai dong, ta bo qua.

Vi Cla mot trudng nén khi tinh toin vé cdc s6 phiic ta ¢6 thé &p dung
c4c tinh chat clia trudng nhu tinh giao hodn, tinh két hop cla luat cOong
va luat nhan, tinh phan phéi ciia ludt nhan d6i véi luat cong.

Sau day [& mot s6 nhan xét thém :

1) Phan tif trung hoa ctia luat cong (+) la s6 phtic (0, 0) vi -
(0,5)+(0,0)=(@+0,b+0)=(a, b)
(0.0)+(a,b)=(0+a,0+b)=(a,b)

2) Phén tir d6i clia s6 phitc (a, b} d6i voi luat cong 1a (—a, —b) vi
(a,b)+(-a, -b) =(a-a,b-b)=(0,0)

(—a, b))+ (a,b) =(-a+a, b+ b)=(0,0)
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Ta s€ ki hiéu {—a, —b)la—(a, b) nghia la
—f{a, b):={—a, —b)
va goi n6 12 s& phitc d6i cla s6 phie (a, b).
3) Phén tir trung hoa cla luét nhin (.) 1a s8 phite (1, 0) vi
(a, b).(1,0) = (a.1 -b5.0,a.0 + b.1) = (a, b)
(1,0 .(a, bj=(1.a-0b,1.6+0.a)=(a, b)

4) Phan tir d6i chia s& phifc (a, b} = (0, 0) dGi v6i luat nhan (1) 1a

v
a? + 02 2P 4P

vi D(a,b)=(0,0) =>a’+b>=0

a -5
2) (a, b). \ =(1,0)
[az + b ot + bz_ ]
a b (@b =00

a® + b2 &+ b
Ta s& goi phan t

Z7 77
a® + 6% a* 1 b?
la nghich dao cia (a, b) va ki hitu la (a, b)_l'

2.5.4. Vé ki hiéu z = (a, b)

Tir nay méi s6 phic (a, b) ¢6 thé ki hiéu bing mot chif thoi, chir z
chang han, nghia 12 thay cho cip (a, b) ta ¢6 thé chi viét chir z :
- z:={a,b)

Ngodi ra, luat nhan s6 phic hay thue ciing ¢6 thé vi€t khong cdn
ddu chdm "." nita, nghia 12 thay cho 2.z’ ta cé thé vi&t zz* va thay cho
a.a’1a vi€t aa’ 1a di.
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2.5.5. Mat phing phite
Vi mbi s6 phifc z a mot cap 56 thue (a, b) nén ta ¢6 thé bidu dién
né bang mot diém M trong mat phing toa do Oxy (hinh 12} sac cho
M c6 toa d6 1a @ va b. Vdi cich d6 ta c6 mot tuong wng 1 - 1 gitta tap
s6 phitc C va tap cdc diém clia mat phang Oxy. Do dé mat phéng Oxy
dugc goi la mdr phdng phite.
Piém M 6 toa d6 12 (a, b) goi 12 dnh ciia s6 phitc z = (a, b).
S6 phitc z goi 12 toa vi cia diém M. :
Trong mat phng phitc s6 phic (0, 0) ¢6 anh 1a g6c toa do O, s6
phte (1, 0) va (0, 1) ¢6 nhitng vi tri dac biét (hinh 13).
¥ y

P Mz) (0.7)

o a x 0 (100 x

Hinh 12 Hinh 13

2.5.6. 56 thuc 1a trudmg hop riéng ciia sé phirc — Pon vi thue

M&i 58 thuc a ta biéu dién bang mot diém trén truc Ox' nhén a lam
hoanh do. Bay gid ta xét cic s6 phiic ¢ dang (g, 0), tiic 1a cic s6 phiic ¢6
thanh phén thi hai bing khong. Ta nhan thay (hink /4) :

a) Anh cia méi s& phitc (a, 0) 1a mot diém & trén Ox.

b) Anh clia 56 phiic (a, 0) tring véi diém y

biéu dién s6 thwe a. _

c) Anh cha tdng hai s& phitc dang
{(a, 0):

(@,0)+(a’.0)=(a +a’,0) ;
L a

tring vdi diém biéu dién tdng cia hai s6 — y +
thuc a + a'. o 10 (ag X

d) Anh cla tich hai s6 phic dang
(a, 0) Hinh 14
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(a.0).(¢", 0) = {aa’, 0}
tring v&i diém biéu dién tich clia hai s6 thuc aa”.
¢) Nghich dao cia s6 phiic dang (a, 0) = (0, 0) 1a (a_l, 0}, nghich
ddo ciha sGthuc a = 0 la o . Vay anh ciia nghich dao cia s6 phiic
{a, 0) = (0, 0) tring v&i diém bi€u dién nghich dao clia s6 thuc a = 0.

Vi nhiing 1€ trén ta dong nhit s§ phic (a, 0) v6i s6 thie a, nghia 1a
xem s& phitc (a, 0) 1 s6 thuc a va viét

(¢,0)=aqa,a€R
V61 nghia d6 ta néi : s6 thuc la truong hop riéng ciia 6 phic.
Sau dé
1} 56 phitc (I, 0) déng nhét v6i 1 nén duge goi 1a don vi thuce, ta
ciing ¢6 (1, 0)(1, 0) = (1, Oy nhur 1.1 = 1.
2) Ta c6 thé nhan s6 thuc A véi s& phite (g, b) nhu sau :
AMa, b) = (X, 0)a, b) = (Aa, Ab)

nghia 14 Ma, b) = (ha, Ab), L€ R

2.5.7. S6 ao thuan tuy - Pon vj do
Bay gio xét cdc s phitc ¢é dang (0, b), y
anh cta ching nam trén truc Oy cha mat
phang phitc (hinh 15). Ta nhan thiy
(0, BXO, b) = (-b%, 0) = -b°
Vay sé phiic (0, b) ¢6 binh phuong luon
la mét s6 am (n€u b = 0). Ta goi ching 1a
$6 do thudn tuy.

bil(ob)

)

{0.1)

Dac biét s6 i = (0, 1) c6 binh phuong Hinh 15
i = (0, 150, 1) = (-1,0) = -1
tirc 14 =1
nén duge goi 1a don vi do.
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Truc Oy ding d€ biéu dién céc s6 o thudn tiy (0, b) nen goi 1a
truc do. Con truc Ox diing d€ biéu dién cdc s6 (a, 0) = a thuc nén goi
13 truc thue.

2.5.8. Dang chinh tdc ciia s6 phic
Xétsdphitc  z =(a, b). Ta cé
z ={(a,b)=1(a,0)+(0, b)
=a(l,0}+ b(0, 1) = a + bi.

z =fa, b} =a+ bi.
Dang  (a + bi) goi 12 dang chinh tdc cha s6 phic
a goi la phin thuyc, ta viét a = Re(z)
b goi 1a phan a0, ta viét b = Im(z).
V6i dang chinh tic, cdc phép tinh dugc thyc hien bing cich sir

dung tinh chat "C 1a mot trudng” va hé thitc i = —1 nghia Ta nhu
trong cdc s6 thie véi chd ¥ 12 % = 1.
Thidu2.5.2.

(2 + 3i)(4 - 5i) =
~2.4-2.51+3i4-3i5i
=8—10i+ 12i + 15 = 23 + 2i
Véi it = —1tasuyra
P=fi=gf =@ = - = 1.
- Mot cdch t6ng quiét ta cé

.4 . .o A
iP= l,f4p+l=1,:4p+2=-1,: P _

2.5.9. Dang lugng giic ciia s6 phire

Trong mit phang phc, 56 phitc z =(a, b) =a + bi c6 4nh 1a diém
M (hinh 16).
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y _ Gia sir z = (0, 0). Khi d6 diém M = gbc
O. Ta dat . :
D M(z)
% OM =p,
P ; L
] ; va 8=(0x, OM),
o X

p la mot so thuc duong, ta goi né la
Hinli 16 TZ

modun cha z va ki hieu Id [z]. Géc 8 duoc
x4c dinh sai khdc 2km, k € Z, got 1a agirmen clia z va ki hiéu 1a Arg(z).
_ Chiéu vudng goéc vectd OM lén hai truc Ox va Oy ta duge
a = pcosB, b = psinf.
Dodo =z =a+ bi = pcosB + ipsind.
Vaycé z = p(cosO + isinB)
goi 1a dang lugng gidc cua s6 phic.
Khiz = (0,0) thi M = O, ta ¢6 p = 0, agumen bat ki.
Tasuyra:
1) Diéu kién bdang nhau cua hai 56 phirc & dang lugng gidc :
Mudn cho hai s0 phic sau day
z = p(cosB + isinO) vi 2’ = p'(cosH’ + isinB')
bang nhau, diéu kién can va di la
p'=pvaB =0+ 2n
2) Tich cua hai s6 phitc ¢ dang lugng gidc :
Gia sir
z = p(cosB + isind), 2z = p'(cosH’ + isind')
Ta co

zz' = pp'[cosBeosd’ — sinBsin®’ + i(cosBsin®’ + sinbcos’)]
= pp'[cos(0 + B + isin(0 + 6')].
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Vay
zz" ¢6 modun 1a pp' nghia la.lzz'| = lz| |z|
c6 agumen la 6 + 8 nghia 1a

Arg(zz’) = Arg(z) + Arg(z)

Do d6 22 = p? (cos20 + isin26)
Mot cdch téng quit ta c6

" = p"(cosmB+ isinm®), me N (2.5.2)
Ta ciing ¢6 '

i' = I—p:l[cos(ﬂ — 0"y + isin(@ — 9')]
z o]

Vay

Z

[

2

= ~|§|—, Arg [i] = Arg(z)— Arg(z")
|z'| z'

2.5.10. Modun ciia téng
Trong mat phdng phitc (hink 17 :
s6 phiic z =a + bi ¢6 anh 14 diém M(a, b)
s6 phiic 2’ = a’ + b’ ¢6 anh 12 diém
M'{a’, b’)
sO phifc z + 2’ ¢6 dang

z+Z=(a+ad)+(b+b)i

nén ¢ inh la diém M"(a + 4', b + b').
Do dé

Hinh 17

OM" = OM + OM’
Trong tam gidc OMM" ta c6
oM = |z, MM = 2], oM" = |z 4 7|
déng thoi OM" < OM + MM"
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Do doé

|z+z'| < |z| + |z|

2.5.11. S phic lién hop

Xét s& phitc z = a + bi. S6 phlic a — bi goi 1a 56 lién hop cha

z=a+bivakihiénla 7 :

7 =a-bi

Trong mat phang phitc, dnh cia 7 1a d6i xumg cla anh cila z d6i

véi truc thue Ox (hinh 18).
R rang

il

=12z

z+7=2a (€R)

T=a’+b* (€R)
7z =l
1_z_z
z T |z|2’
Izl =1zl.

Déng thai

tn=3+n

217 =77

al_a
n} 7

Thidu2 53(1+{(1-i)=2
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2.5.12. Cong thitc Moivre
Xét s6 phitc z = cos8 + isin®, tic 1a |z = 1.
Ap dung cong thiic (2.5.2) ta c6
(cos@+ isin®" = cosnd + isinn @
neEN,n>0
Cong thic nay goi la cong thite Moivre.
Thidul 54 18y n=3tacé
(cosO + isin9)3 = c0s30 + 7sin30

Khai trién vé trdi theo cong thitc nhi thie ta duge

cos’ 8 + 3icos? 0sin0 + 3cos 0i° sinZ @ +3sind 0= ¢0s30 4 /sin 36
hay
cos? @ — 3cosOsin & + :’(3(:052 Osind — sin° 8) = cos30 + isin36

Hai s6 phic bing nhau khi vi ch} khi phén thuc bing nhau va
-phan 4o bing nhau. Ta suy ra

c0s30 = cos” §— 3cosBsin? 0
5in 30 = 3cos? Bsin®—sin’ 9 -
Ta ti€p tuc suy ra
. 3
1g30= sin30 - 3tg6—1g”0
cos30  1_3¢e%9

Chit 3 2.5.1. Cong thitc Moivre ding cd khi # nguyén bing khong va
am, nghia 1a né diing véi moi » € Z.. (Dé nghi ban doc kiém tra lai).
2.5.13. Can bac n (n nguyén duong)

Haly tinh cdc can bic n clia z. Ta xét phuong tinh 2" = 4,
Gia sir
a = r(cosQ + isina)

zZ = p(cosB + isin@)

63



oY
N % e

M 1] n "
Viz = anénco

n - e ..
p"(cosn® + isinn@) = r(cosc + isin)

Do dé
p" =r, n@ =0+ 2kn
Vay
o=t 0=24 28
H H
k=0,1,2,...,n-1
Tasuyra:

C6 n can bac n khdc nhaucia g # 0 1a

z =%r [cos[5+ -2"—“] + :‘sin[3+ @3]] k=0,n—1 (2.5.3)
n n n n '

Chc anh clia z; 12 cdc dinh cia mot da gidc déu n canh ndi ti€p
trong dudng tron tim O ban kinh ¥r.

Thi du 2.5.5. Tinh can bac 2 cba a. D6
4 1a (xem 2.5.3) :

ZO
o R
\fr_ ZO =‘\/;{COS—2—+IS].H*'2-].

B IR e

z; 2

Hinh I9 = _J;:_[cos%+isin%] =—2Z,.

Anh clia z, va z; 12 hai diém d6i nhau uén didmg tron tam O ban
kinh \r , r = la| (hink 19).
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Thi du 2.5.6. Tinh c4c cin bac ba cha 1.

Vi1 = cos0 + isin0 nén cdc can bac ba khdc nhau cia 1 13

z —cos[9+gﬂ]+isin[2+2k—n]
k 3 3 3

3
_ k=10,1,2.
Vay c6 ba can bic ba khdc nhau clia 1 12
zo=1

7 :cosy—t+fsin2—n=—"l+i£
3 3 2

4n . 47 1 3
I =C0S—+isiN—=———j—
3 2
Ta chi ¥ rang ta c6
_2 . _ 2 y
=17, ] =7,

Zy

7otz +25 =0,

i+7 42 =0,

0 Z, X
142, + 23 =0.
T 22
Anh cla z,, z|, 7, 12 cdc dinh cha mot

tam gidc déu trén dudng tron tam O ban Hinh 20
kinh 1 (hinh 20}. .

2.5.14. Giai phuong trinh bac hai
Xét phuong trinh

ax2 +bx+c=0,
a b, cecR
Ta da biét ring néu A = b° ~ 4ac > 0O thi phuong trinh c6 2

nghi¢m thuc khdc nhau hay I nghiém kép. Bay git ta xét trudng hop
A<Q,
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Phuong trinh da cho viét duge & dang

[ b ]2 b — 4ac
x4+~ ————=0
2a 4a*
2 2
hay [x+—!3—] =i=f‘( A),—A>0.
2a 4a* 4a* '
Ta suy ra
R P .}
2a 2a
Vay khi A < O phuong trinh béc hai ¢6 hai nghiém phiic lién hop
b+ -4 —b —iv-A
Il =, x2 = ———
. 2a 2a
Thi du 2.5.7. Phuong trinh
< +x4+1=0
cé hai nghiém
—1+iV3. ~1-i3
X =—, = —,
2 2

Dac biét, phuong trinh x2 + 1 = 0 c6 hai nghiém 12 i va —i.

BAI TAP : 2.8 — 2.33,

2.6. PA THUC

2.6.1. Dinh nghia da thic
Dinh nghia 2.6.1. Cho s nguyén n > 1.
.Da thitc 16 ham s6 ¢6 dang
px)=a, +ax+ azx2 + .. +‘a,,.x"

trong dé a; la céc hé s8 noi chung € C.
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Néu biét a,, = 0 ta néi p(xj c6 béc n.
N&i chung, ta néi da thitc ¢6 bac < n.
Néu gy =ay =..=a, =0, a, =0, thita s& néi rang da thic
plx} c6 bac 1a 0 (p(x) = ay (a, = 0)). Néu a, = 0 nifa, ta quy uéc
néi da thitc c¢6 bic —oo,

Thidy2.61. x° ~2x*+ 3x + 1 1a mot da thic bac 3.

£ = x* — 4x 12 mot da thikc bac 5,
Da thite 12 mot dang haen don gian vi :
1) Viéc tinh gid trj ciia da thic tai x = & cy thé chi cin thue hién
bing cdc phép tinh nhan vi cong :

p@) = a, + a0t + &% + ..+ a ",

2) Da thitc luén ¢6 dao ham :
P'(X)=ay + 2ayx + ...+ na, "1

3) Pa thic luén c6 nguyén ham :

¥

x2 xn—i-.l
Plx) = c+a0x+a1?+...+a,,

n+1

2.6.2. Chia da thitc theo liy thira giam
Thi du 2.6.2. Ta muén chia da thic

plx): = —_6+J|r—7,:r3+J|c5
cho da thic glx}):=-1-x+ 2 + x3.
Ta sap x€&p lai cde da thiic theo lu§ thira giam
px)=x +0* 72 102 4 x—6
q(x)=x3 +x2—x-l

roi ti€n hanh chia

67



x5+0x4—7x3+012+ x—6 | x3+x2—x—1

5 4 3 2
X+ x - x =X I xz—x—S

- x4—6x3+ x2+ x -6

4 3
—x—x+x2+x

— 50 -6
—5x3—-5x2+5x+5
5x° —5r—11

Pén day ta nhan thay da thic chia g{x} ¢é bac 3 ma da thic du

5¢% — 5x~ 11 ¢6 bac 2, 2 < 3, nén khong ti€p tuc chia nira, ta dimg
lai va viét két qua

-1 +x—6= ()c3 +x2 —Jr—l)(.wr2 —,\'—5)+5,\r2 —5x =11
(giGng nhu khi chia 13 cho 4 ta dugc 13 = 4.3 + 1), '
N6i chung khi chia mét da thic p bac # cho mét da thic ¢ bac m
(m < n) theo luy thira gidm, ta duge mot da thirc b ¢6 bac bing n —m
va c6 phin du 1a mét da thic r cé bac <m::
p=qgb+ r,baccﬁér<baccﬁaq
Khi r = 0 thi ta néi p chia hét cho q.

2.6.3. Nghiém cua da thitc — Phén tich da thuc thanh tich
Pinh nghia 2.6.2. 56 o goi la nghiém cua da thite p(x) néu
ply=0
Dinh li 2.6.1. Gid sit p(x) c6 bac n > 1. Diéu kién cdn va dit dé no
cé nghiém o la nd chia hét cho x — o« :
p(xj = (x — a)p(x) (2.6.1)

trong do6 p,(x) la da thirc ¢ bac # — 1.
Chitng minh : Diéu kién dii. N&€u p(x) ¢6 dang (2.6.1) thi 10 rang
plo) = 0, do d6 nd ¢ nghiém a. '
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Diéu kién cdn. N&u p(x) c6 nghiém a, ta chia p(x) cho x — o thi duge
plx} = —-opx) + k

trong d6 p;(x) 1a da thic cé bac n ~ 1, con £ 1a da thie bac < 1, tirc 1a
k = hang.

Thay x = & vao hai v& ta duge k = p(a) = 0.

Vay p(x) chia hét cho x — c.

Néu p(x) = (x — o)p,(x), pr{) = 0, thi o duge goi 14 mot
nghiém don cua p(x).

New p(a) = (v — )" py(x), p{ety = 0, m nguyén duong 1én hon
1, thi & goi 1a mot nghiem boi m chia p(x).

BDinh li 2.6.2. (D "Alembert). Moi da thite p(x) ma bic n > I déu co it
nhdt mét nghiém (thuc hay phiic).

Pay 12 mot dinh i co ban cia Dai s6 hoc. Ta thira nhan né ma
khong chitng minh.

Hé qua quan trong cua né la

Dinh li 2.6.3. Moi da thitc bécn > 1 cé n nghiém thic hodc phitc,

dan hodc boi, méi nghiém boi m tinh m ldn, déng thoi da thicc cé
phan tich thanh tich cdc thira 56 bdc nhdt

P = a,(x —q ¥x —p)..(x —a,), ay, o,... o, € C (2.6.2)

Chung minh : Theo dinh 1i 2.6.2 (D’ Alembert) thi p(x) c6 it nhat
moét nghiém o thue hodc phic. Do d6 né ¢6 dang (2.6.1) :

p(x) = (x — aq)py(x)
trorfg dé pi(x)cébaclan— 1.
Néu béc cta p;(x) > 1 thi cfing 14p luan nhu trén ta lai cé
p1(x) = (x — az)py(x)

trong dé py(x) cébacla(n~1)—1=n -2, v.v.
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Cudi ciing ta duge p(x) = (x — 0 )(x — ) ... (x — @)k trong dé
k 1a da thitc bac < 1, nghia 1a & = hang.

So sdnh hé sd cia x" & hai v& ta duge & = a,.
Mot hé qua cia dinh 1 2.6.3 1a

Dinh lf 2.6.4. Moi da tiuic bdc klidng lon hon n (n > 1) khéng thé
c6 qud n nghiém (thuc hodc phitc ).

2.6.4. Truong hop da thirc ¢6 hé so thuce
Xét da thuc _
Px)=a, +ax+..+a,x", ¢, €R,a, =0
Thay x bang z va 7 tacé
Px)=a, + @z + ...+ a,z"
P(Z)=a, + q7 + ...+ a,(7)".

Vi i+z=24+7%"
' =77
nén P(z) = P(z).

Néu P(o) = 0 thi P(a) = 0 = 0. Do dé P(@) = 9, nghia 12 néu o
la nghiém clia P(x) thi & ciing la nghiém cha P(x).

Gia sir P(x) c6 cdc nghiém thuc 13 ¢|, ¢y, ..., ¢, va cdc nghiém

phic khong thuc la oy, &, 0, & ... o, 0.
Khi d6 P(x) co dang

P(xX) = a(x = ) o (X — ¢, )x — 0 )X — @) oo (x — O )x = &),

Xét 56 hang (x — oy W x — @) tacd
_ — 2
(x —a)x — &) = x> — (oq +&)x + |ey|”
bé 1a mot tam terc bac hai ¢é hé s6 thuc (vi oy + & =

2Re{ey) € R va |a,| € R) nhung khong cé nghiém thuc (vi nd di

¢6 hai nghiém phic 12 o va @ ). Vay n6 c6 dang
X2+ px + q voi p12 —4q, < 0.
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Tém lai ta ¢é

Dinh Ii 2.6.5. Da thitc P(x} bdac n (n > 1) véi hé s6 thuc c6
phdn tich thanh tich cdc thita s6'bdc nhdt thuc va bdc hai thuc :

PO =ay(x — ) . (x — ¢, )Jx" 4+ pix +q1) . (5% +pox +4,) (2.6.3)

trong dé cy, ..., ¢; 13 cdc nghiém thuc cla P(x) con céc thira s6 bac
hai khong ¢é nghiém thuc :

PP —4q <0, k=1,2, ...
Déng thoi, vi theo dinh 11 2.6.3, 56 nghiem 14 n, nén
r+2s=n

Chi y 2.6.1. Dang (2.6.2) goi 1a dang nhdn i hod cia da thiic
P(x) néi chung.

Dang (2.6.3) goi la dang nhdn i hod clia da thiic P(x) vGi he s8 thuc.
Thi du 2.6.3. Hiy nhan tit hod da thitc

P(x)=x"-3c + 3 ~3x + 2
Loi giai : Tacé
Px) =x*+3F+ 2=+ 1) =
= (¢ + D +2) - 362 + 1)
P(x) =X+ D +2-30
= (x= D - 2063 + 1)
2.6.5. Pa thitc dong nhit khéng
BDinh nghia 2.6.3. Da thitc p{x) c6 bac <n
Cpxy=a, +ax+ aziz + ..+ ax"
goi la da thitc déng nhat khéng.né'u pix) =0, Vx.

Dé biéu thi diéu d6 ta viét p(x) = 0.
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Pinh l{ 2.6.6. p(x) =0 & a; =0, Vi

Chitng minh : Phin & : Gi sit ¢; = 0, Vi. Khi d6 p{x) viét
plx) =0+ 0x + 0x% 4 ... + Ox"

Viay px)=0, Vx

Bay gi¥ ching minh phin = : Gié sl p(x} = 0. Gia sir bac cla
p(x)1am, m < n. Néum > 1 thi theo dinh 1{ 2.6.4, p(x} ¢ khong qud
m nghiem. Nhung & day né lai c6 vo s6 nghiém. Vay bac m clia p(x)
phéi nho hon 1, nghia 1 p(x) c6 dang p(x) = a,, cic g; khic déu = 0.
Hé s6 a, cling phai = 0 vi p(x) =0, Vx. Do dé

a; =10, Vi
Pa thitc déng nhat O 1a da thirc khéng.
2.6.6. Cic da thie dong nhat
Dinh nghia 2.6.4. Hai da thitc ¢6 bdc khong Ién hon n
p{x)=a, +ajx + a2x2 + ot ayx”
G(x) = b, + byx + byx® + ..+ byx"
gol la dong nhdt néu p(x} = q(x), Vx.
Pé biéu thi diéu dé ta viét p(x} = ¢(x).
Pinh li 2.6.7. p(x) = q(x) & a; = b;, Vi
Chiing minh : Trudc hét ta ¢
p(x) — q(x) = a, — by +{a; — b)x + ..+ (@, —by)x"
Bay gigtaco -
p(x)=q(x) & plx)—q(x} =0
< a; — b; = 0, Vi (theo dinh 1 2.6.6)
& a =b, Vi

BAI TAP : 2.34, 2.35, 2.36, 2.37.
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2.7. PHAN THUC HOU T

2.7.1. Pinh nghia phan thitc hiru ti

binh nghia 2.7.1. Phdn thic hitu H la 61 56 cia hai da thic
P(x)

gy
Chii ¥ 2.7.1. Ta chi xét trudng hop céc hé 56 1a thyc.

, Ofx) khdc da thite 0.

2.7.2. Phan thic thire sy va phan thirc khong thuc sy

Dinh nghia 2.7.2. Néu bdc cua tit nhé hon bac cua mau thi
phdn thie goi la phdn thirc thuce su.

- Néu bac ciia tir khong nho hon bac ctia méu thi phan thiic goi 1a
phan thie khéng thuc su. Trong trudng hop phan thitc 13 khong thuc
su bao gid ta cling ¢6 thé chia tir cho miu theo luy thira giam dé duoc

PO _ gy 4 S0
Q(x) Ox)

trong d6 E(x) 1a mot da thitc ¢6 bac bang bac clia P trir bac cha Q
S(x)
O(x)
bdc ciia tir § nhd hon bac cha miu Q, nghia 13 S/Q 12 moét phan thic
thuc su.

Thidu27.1. (xem thi du 2.6.2 & muc 2.6.2).

(goi la phdn nguyén cha phan thitc), con 1a mot phan thifc ma

xs—'?.r3+x—6 2 55% —Sx~11
3 > =x"—x-5+ 3 3 .
M 4+xt—x-1 X +x—x-1

2.7.3. Céc phan thide (thie su) don gian
Cic phén thiic ¢6 dang

A m=1,2..,aeR
(x_a)m

gol 1a cac phdn thirc don gian loai mét.
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Céc phan thdc c6 dang
Mx+ N

2 -
(x2 +px+q)m’p —4q<0,m=12,..

goi 1a cdc phan thicc don gidn loai hai.

Chu vy rang (x - a)™ 6 nghiém thwc don hoac boi m 1a a con
(x> + px + )" khong ¢6 nghiém thuc vi p° — g < 0.

Ngoai ra cdc phan thitc don gian déu 13 cdc phan thifc thuc su.
2.7.4. Phan tich mot phan thic thue sy thanh tdng cla cac phan
thirc dom gian

Gia s phan thitc thue sy ¢ dang

P(x) P(x)
O(x) (x —a) (x% + px+g)

Khi d6 ta ¢6 cong thie phan tich
F A Ay N A

= + + . —
Q x-a (- a)2 {(x —a)

MII+N1 + M2X+N2. T M51+N5

+ 2 ' 2 2 2 s
4+ px+q &+ px+g) (x" + px+4q)

trong d6 Ay, Ay, ..., A M N, .. M N 14 cdc hang 5o thue, ¢6 thé
xdc dinh duge bang cach quy dong mau so réi déng nhat hat ve.
Néu phan thidc thyc sy c6 dang t0ng qudt
P ()
0 (x —al)a‘ e (X — az,r)a"(x2 +px +qy)

’6 | )»6\

(x2 + pox + 4
thi ta c6 cong thic phan tich téng quat trong d6 méi thira s¢ loai mot
(x — g™, ... i’mg v3i mot tdng cac phan thac don gidn loai mot va
mdi thira s6 loai hai (x* + px+ qi )’6‘. .., Umg v&1 moét 106ng cac
phan thuac don gian loai hai nh trong cong thic phan tich O trén.
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Thi dy 2.7.2. Hay phan tich

P xty2

0 21y

thanh téng cdc phan thic don gian.
Lot giai. Trudc hét ta nhan xét bac cla P = 4 nho hon bac cha @=>5.
Vay P/Q da 1a phan thifc thuc su.
Ve Qtaco
O =x(x> -1 = xtx - D+ 1)°

Do d6 P/Q c6 dang phan tich thanh téng

P 4 A B C D E

L x2+2 ==+ + 5+ + 3

0 x(x—D*x+D X o ox=1 (x—p x+1 (x+D
(2.7.1)

bé tinh A, B, C, D, E c6 hai céch (néi chung).

Céch thit nhat 1a cach c6 dién : ta quy déng méu s6, bd miu s6
chung réi dong nhat hai v€ tic 12 can bing hé s6 ciia cing lily thira
cla x & hai v€. Ta s& dugc mot hé phuong trinh tuyén tinh d6i vai A,
B,C,D E;gidihé¢ détaduoc A, B, C, D, E.

Quy dong miu s6 va bd méu s6 chung ta duge

A=A - D2 P B - D+ 1)2 4

+ Cx(x + D + Dxfx + D(x — 1)* + Extx = 1)

Thue hién phép nhan & v& phai va rit gon bing cich dat cdc luy
thira clia x thanh thira s6 chung ta duoc

x4+2=A(x4—2x2+ 1)—|—B(x4+x3—x2—x) -
+ O + 240+ DG T P - 04

Y EGC -2+ %)
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Ar2=A 4+ BEDY+ S CHBHE-D) +
4+ xX-2A+2C-B-2E-D) +
+xC-B+E+D)+4

Hai da thifc & hai v€ bang nhau véi moi x. Do d6 ta can bing céc
hé s cua cing lu¥ thira cia x & hai v€ (liiy thira 4, 3, 2, 1, 0) ta dugc
cdc phuong trinh d6i véi cdc 4n A, B, C, D, E :

A+B+D =1
C+B+E~-D =0
—2A+2C-B-2E-D=0
C-B+E+D =0
A =12
Giai hé nay ta dugc :
Phuong trinh cudicho A =2
Hai phuong trinh thé hai va thi b&n cho
B=DvaC=-E
Tir d6 phuong trinh thit nhéit cho
B=D= —%
Sau d6 phuong trinh thit ba cho C' = %

Ti€p theo 1a £ = —%.

Tém lai ta thu duge phan tich :

A2 2 3 1.3
W12 o 2Ax-D 4—1? 26+ D 4 +1)?
Cich thit hai : sir dung mot s6 nhan xét (meo).

Pé tinh A ta nhan hai v&€ cia (2.7.1) v&i x r6i cho x — O ta duge

A=2,
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Bay gi& ta nhan xét ring P/Q 12 ham 12, ta suy ra

A B C D E

—— —_— + —
D a2 x-l (ropp
A B C D E

x (X"l)_(x_.l)z _(x+1)_(x+1)2

Do dé
D=B, E=-C
D€ tinh C ta nhan hai v& ciha (2.7.1) v6i (x - 1)% 16i cho x — |
ta duge )
- 3
3=4CtUClaC= Z

Dé tinh B ta nhan hai v& ciia (2.7.1) véi x 16i cho x — +oo ta duge

1=2+42B,toclaB=~1/2

Tém lai, cic két qua thu duge vin nhu trude.
Thi du 2.7.3 Hiy phan tich

P x5 +2
Q 2+ 102x—1)
thanh téng céc phan thic 16i gian.

Loi gidi : Trubc hét, vi bic cla tir 13 6, bac ciia miu 13 5 nén P/Q
1a phén thitc khong thuc sur. Ta chia tit cho miu theo lay thira giam :

xﬁ +2 x4 — x2 -3
2 7 —x+l- 2 2
(x—=D{x“ +1) {(r—D{x"+1)
Phén thite & v€ phai 12 thuc su. Ta phan tich n6 :
-3 A Mx+N Bx+C

D22 =D 241 (2412
DE tinh A ta nhan hai v& véi x — 1 16i chox — | ta dugec A = -3/4.
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Sau do ta co

Mx+ N Bx+C A oxt o3 A

§= Tt e 7, 2
(x*+1)y &+ (x—Dx“+1) x—1
7 Tk 4 9x 49

Ax* +1)?

vi A = -3/4. _
Chia tir s6 cho (x2 + 1) theo.1u§ thira giam cua x ta dugc
P T+ 9= (P4 1) T+ 1)+ 2+ 1)
Chia hat vé clia ding thiic nay cho 4(;(2 + 1)2' ta dugc

7 x+1 2 x+4+1
T 42 taTa
4+ 4+

Tém lai
6
2 7 1
x -I; 2=x+l+ 3 7x2+ _ x2+ .
(x —D(x* + 1) Ax -1 Ax“ 41 2x°+1)

Dé nghi ban doc giai bai tap & thi du 2.7.3 bing phuong phép c6
dién, nghla 12 quy déng méiu 56, bd miu sd chung, can bang hai v&
roi giai hé phuong trinh dai s8 tuyén tinh d6i v6i A, B, C, D, E.

BAI TAP : 2.38.

TOM TAT CHUONG I1
Luat hop thﬁnh'trong, hay con goi 12 phép toan, trén tap F 1a
moét dnh xa tr £ x E 161 E. Ki higu né 1a (¥)1a ¢d
(g, b)c EXEwa*beE.

Tap G c¢6 mot phép todn (*) goi 1a mot nhiém néu thoa man céc
tinh chat sau
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(G1) Phép todn (*) c6 tinh két hap

(G2) Tén tai phdn tit trung hoa déi véi phép (*)
(G3) Ton tai phdn tir d6i clia moi phan tir thude G
Néu thém tinh chat

(G4) Phép todn (*) cé tinh giao hodn thi nhém G goi 12 nhém
giao hodn hay nhém Abel. '

Phan tir trung hoa va phan tir d6i 1a duy nhdr.
Néux*y=x*zthiy=1z

Tap A v6i hai phép todn goi 13 mot vanh néu A véi phép todn tha
nhét tao thanh mot nhém giao hoén, déng thdi phép toin thi hai c6
tinh k€t hgp va tinh phan phéi déi vai phép todn thit nh4t.

Néu phép todn thii hai cé tinh giao hodn nifa thi vanh A goi la
vanh giao hodn

Néu phép todn thit hai ¢6 phan tir trung hoa nita thi vanh A goi 1a
vanh c6 don vi

Tap K v6i hai phép toan goi 1a mot rrudng néu né 1a mot vanh giao
hodn ¢6 don vi, d6ng thi moi phan tir khic phén t&r trung hoi cia
phép todn thif nhat déu 6 phan tir d6i d6i v6i phép todn thit hai.

56 phite

Méi s6 phitc z xdc dinh bdi mot capsOthucava b :

z=(ab)

Trong mat phéng phiic s6 phic z biéu dién bing mot diém M c6
toa d¢ 1a (a, b). Dang chinh tic ca s6 phiic :

z=a+ bi
a go1 1a phan thuc cta z : @ = Re(z)
b goi la phdn do cta z : b = Im(z)
i = (0, 1) Ia mot s6 a0 thudn tuy cé dac diém
i% = —1 tic 12 7 12 mot cin bAc hai chia —1.
Ngudi ta got i 1a don vi do.
S6 phitc lien hgpcliaz1a 7 = a — bi
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Dang lugng gidc cla s phic
z = p{cos@ + isind)

p=0M= \}02 + b? goi 14 modun cia z, viét [z|

6 = géc (Ox, OM)goi la agumen cita z, viét Arg(z)
Tich cha hai s6 phiic -

zy = pylcosf) +isindy), z; = pylcost, + isinb,)

21,2y = PyP;y(cos(B) + 6,) + isin(@) + 6,))
Cong thitc Moivre
(cosB + isin®)" = cosnf + isinnd

Cdn bdc ncua a = r(cosct + fsino) 1a

a+ 2kn . o+ 2km
= 4r cos-—L—+ ism—+g-—-
n n

k=0,1,2,..,n-1.
Da thire
Pa thiic ¢6 dang
p(x) = a, + ayx + ayx® + ...+ ayx”

o 12 nghiém cia p{x) néu p(o) = 0.

Pinh Ii D'Alembert. Moi da thic c6 bac n > 1 sé ¢6 it nhat mot

nghiém o € C.

SO

80

Hé qud. Moi da thitc ¢6 bac n > 1 s& ¢é di n nghiém

Qy, (g, ..., &, trong dé nghiém bdi m tinh m lan.

Dédng thdi da thic ¢ bac # > 1 thi c6 thé phan tich thanh » thira

bac nhat

p(x) = a,(x —ay)x — ) ... (x — &)
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M&i da thitc bac n > 1, ¢6 he s6 thuc, c6 thé phan tich thanh tich
céc thira s6 bac nhdt thyc va cdc thira s6 bac hai thuc khong cé
nghiém thyc, tic 1a ;

x2+px+q,p,qthuc,p2—4q<0.

Da thiic khong 1a da thife bing 0 tai moi x. N6 ¢6 dang 0 + Qx + ... + O

Ta con viét p(x) = 0. Ta ¢6

’ pix}=0& a4, =0, Vi

Hai da thirc dong nhdt. Hai da thic

p(x) = a +ax+ ..+ a,x" va
q(x) = by + byx + byx? + . 4 b x"
g01 12 hai da thitc d6ng nhat néu p(x) = ¢(x), Vx.
Ta con viét p(x) = g(x). Ta cé
plx) =q(x) < a; = b, Vi.

Phan thiic hiru ti

Phan thiic hiru ti 1a ti s6 cha hai da thic.

Phan thic goi 1a thue sy néu bac cia tir nhd hon bac cta miu

Néu P(x)/Qfx) 12 mot phan thirc khong thyc sy thi bing cich chia
tr cho miu theo liiy thira gidm cta x ta ¢6

P(x) R(x)
~—= = Ex)+
Q(x) O(x)
trong d6 Efx) 1a mét da thitc con R(x) / Q(x) 12 mot phan thitc thuc su.

Mot phan thic thuc sy ¢ thé phan tich thanh t6ng ciia cdc phén
thirc don gian loaj mot '

—, A aeRmeZm21"
(x — a}

va cdc phén thitc don gian loai hai
Bx+C
(% + pr + "

.B,C,p,qER,p2—4q2<0,mE Z m21.
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BAI TAP CHUONG H

21.Cho E = {1,2, 3}, P}, P5, Py, P4, P5, Pglacichodn vicua E.

1) Ching minh ring véi luat hop thanh 14 tich cdc hodn vj thi tap hop
cdc hodn vi néi trén tao thanh mét nhdém, ki hiéu 1a 53,

2) Hoi nhém d6 ¢6 giao hodn khong ?

2.2.Goi R* : = R - {0}. Xétcac dnh xa f; : R* — R* nﬁu sau

Hx)=x, folx) = 1/x
f(x)=—x, falx) = -1/x
Vi luat hop thanh * xdc dinh boi
K f=5-]

hdy chimg minh ring cdc 4nh xa trén tao thanh mot nhém. Nhém dé
c6 giao hodn khong ? :

2.3. Cing cau hoi nhu & bai tap 2.2 v6i R™ = R - {0, 1} va
fi:R"— R" nhusau: '

[ =x H=——, A)=
1—x

falxy=—, fs(x)=1-x, fg(x)= T

2.4. Hoi mébi tap_sﬁ sau day vdi phép cong 56 va phép nhan s6 ¢é
phai 13 mot vanh khéng 7 '

1) Tap cdc s6 nguyén;

2) Tap cdc s6 nguyén chin ;

3) Céc s6 hitu ti ;

4) Cic s6 thuc ;

5) Céc s6 phic ;

6) Cic s6 cd dang @ + b2, avab nguyén ;

7) Céac s08 c6 dang a+ b3, avabhiut;
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8) Cdc s6 phifc ¢6 dang @ + bi, a va b nguyeén ;
9) Céc 56 phiic ¢6 dang a + bi, a va b hitu . .
2.5. Héi mdi tap s6 & bai tap 2.4 trén ¢6 phai 1a mot trudmg khong ?
2.6. Chimg minh ring phuong trinh e + x — 1 = 0 khéng ¢6
nghi¢m hitu 11
2.7.Cho a, b, ¢, d 1a céc 56 hitu ti, A 12 mot 56 vo ti, ching minh ring :
(@a+Ab=c+Ady S (a=cvab=d

Ung dung : Vit s6 V192 + 9673 & dang

x + y3 véi x, y hirw ti.
2.8. Chitng minh ring
2= 422 ~-3H12 + H3 ~2)
la mét s6 thuc.
2.9. Tim x va y thuc théa méin
(14+20x+QB~5)y=1-3i
2.10. Chaa, b € R,'hﬁy xac dinh x, y € R sao cho

x+aiYb+yi)=4 + 3i
Bi¢n luan theo @ va b. _
2.11. Hay thyc hién cdc phép tinh sau
a)1+t.tga; b)a+b{;
1 —irgex a—bi
(14202 — (1 -
c)

B+2)P -2+

s 9
d) u(l_‘)s___l : &) (1 —H)-;
A+ +1 (1~
2.12. Hay tinh
2 3
a) [—-1—+il/—§~] ; b) [——l-+i£] ;
2 2 2 2
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2.13. Hdy tinh cdc can bac hai clia cdc s8 phifc :

a)3-—-4i; by -15+ 8i;
c)-3—4i; dy -8 + 6i.

2.14. Giai phuong trinh

a)x’ +6x° +9¢ +100=0

by xt 4 2x° - 24x + 72 =0 |

2.15. Viét cac s8 phic sau & dang lugng giac

a)l; b1 )i d) —i;

eyl +i; fy—-1+1¢; g -1-1; Wl-i4;

84

D1+i3: p-1+iB: R -1-if3

D1-iv3; m) 27 ; n) -3;

o) V3—i P 2+3+i

2.16. Tim dang lugng gidc cla
1

S

_+_

!

+i

LI =

b

. 100
Tinh z .

2.17. Cho a = cos0 + isin®. Tinh } —4

theo 9.
+a

2.18. Xét haj s6 phitc z; Vi z,. Tim diéu kién vé z; vd. z, dé
a) z,/z5 1a thuc ; b) z;/z 1a ao thudn tiy.
2.19. Hay tim biéu dién hinh hoc cha cdc s6 phic z thoa mén

ay |z| <2 by lz-1] <1;

o) lz-1-il <1

2.20. Giai phuong trinh _
a)lzi—z=1+2£; b)|zi+z=2+i.
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2.21. Chig minh hing ding thitc
lx+y1% + lx =y 1% =2(]x]% 4 ly[?
va cho bi€t ¥ nghia hinh hoc cia né.

2.22, Tinh
20
a) (1 + 2, b) [-1 +"_/§] ;
1-1
24
) [1 - —\E:i] ;
2
o CL+ W3 (C1-if3)s
) — — 20 T 820
(1-14) a+5
2.23. Tinh (1 + cosat + isinc)”

2.24. Ching minh ring néu z + 1 = 2c0s0, (z € C), thi
. 2z

m g —l— = 2cosmb
ZFH

2.25. Chitng minh

1+ itgar )" _ 1 +igna
o U-aga) 11— iga
2.26. Tinh c4c can :

bic 6 cla

144 \ i—1
; bac 8 clia ; bac 6 cla .
J_+s 3—i 1+iV3

2.27. Hay biéu dién theo cosx va sinx :

a) cosdx b) cos8x ; ¢) sinbux ; d) sin7x.

2.28. Hay biéu dién tg6@ theo tgg.
2.29. Chitng minh

nr
14+ )" =2"‘(2[cos + isin22%
(1474) P 2
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N Sp xS s i s p . -
2.30. Hay biéu dién cos™8 va sin” 6 theo cos va sin clia ¢dc goc bol

clia 0.
2.31. Viét nghiém cta phuong trinh
X+ X\E +1=0
d dang lugng giac
2.32. Giai phuong trinh
2 -(+iBz-1+i3=0
2.33. Giai phuong trinh
L-70-8=0
2.34. Hay chia _
a) 25 —3x° + 4x* — 5x + 6 cho x* — 3x + 1 .
b)x3—3x2—x— 1 cho3x2—2x+ 1
c)x4+ix3—ix2+x+Ichoxz—ix+1
2.35. Tim diéu kien aé 5 + px + g chia hét cho Z+mx—1.
2.36. Tim diéu kién dé x* + px? + ¢ chia hét cho x* + mx -+ 1.
2.37. Hiy phan tich thanh tich c4c thira s6 bac nhat

a)x4—2xzcoscp—1; b)x3—6x2'+11x—6;
oxt+4; &) x* - 1047 + 1
2.38. Hay phan tich cdc phan thic sau thanh 1dng cdc phan thic
don gian : '
—-1P 2
2) (Jc2 1) : b) 21(2x +21) .
x°—4 (x* =1
' 2
&) ——— ; §
x(x —1}) (x*=D(x"+x+1)
4
x +4 1
e} — ; N — ;
x —4 x +1

1
) .
G +122 +x+ D)
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2.1. 1) Hay lap bang nhan va suy ra két qua.
2) Nhém khong giao hodn.

DAP SO

2.2. Hay 1ap bang nhan va suy ra két qua. Nhém giao hodn.
2.3. Hay lap bang nhan va suy ra két qua. Nhém khéng giao hodn.

24.1) Vﬁnh; 2) Vanh; 3) Vanh ; 4) Vanh : 5) Vanh ; 6) Vanh :
7) Vanh ; 8) Vanh ; 9) Vanh.

2.5. 1) Khong ; 2) Khéng : 3) Tnrmg ;

7) Trudng ; 8) Khong ; 9) Trudng.

4) Tromg ; 5) Truong ; 6) Khong ;

2.6.x=~%(lis/§);er:»JEEQ:VGH.

27.a-c=Md=b)d-b=0=reQ:volf

2 2 _
Ung dung : (x + yJ3)? = 192 4 9643 & |X T3¥" =192

x=12,y=4
2.8. z = 65,
4 5
29, x=——; y=—,
T T
2.10. -1 <ab < 4:2 nghitm

2.11.

2.12,

ab = -1hay ab = 4 : 1 nghiem
ab < -1 hay ab > 4 : vé6 nghiem

2xy =96

2abi

a® — b2
a) cos20, + isin2a ; b) 3 5
a +b
0)4_4_5‘; d)1—321:
318 25
a)Hl_fiE; b) 1.
2 2

at +p2’

e) 2.
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213 aY+(2 - D) b) £(1 + 4i) ;

c) £(1 — 20); d) +(1 + 3i).
214, a) 1 +2i; -4 £+ 2i;

b) 2+iV2 ; -2+ 22,
2.15. a) cos0 + isin0 ; b) cosi + isinm ;

T ..=r 3 .. 3x

c) cos— 4+ isin— ; d) cos— + isin— ;
2 2 2 2

e) Ji[cosg—-i—isin%] ;D \E

g ‘/_[COS“+‘SIHS—”] ; h) \/_[cos—+zsm—%r] ;

3z .. 3m
cos— +ismm—1| ;
4 4]

1) 2[0051;-4— isin%] ; i) 2[0052%: +1sm2T7r] :

k) 2[0084—4-15111"4—{] M Z[COSS—ﬂ+ isins—”] :
3 3 3 _ 3

m) 2[005% + ising] : n) 3{cosm + isinm) ;

0) 2[005116*‘ + ‘Sin“T] p) (V2 + \/—)[005—2 + fsmi]

12

2.16. z = cos%-i—fsinE :

2100 = coslogn + :'sinloo,r = _ﬁ +1_

0
2.17. —itg—.
!g2

2.18. GOI Ml va M2 l1a anh clia Z) vi Z3 thi

a) M| va M, thing hang v6i g6c O ; by M,0M, = .’2£



2.19. a) Phén trong ciia dudng tron tam O bén kinh 2.

~ b) Phan trong va phén trén clia dudng tron tam (0, 1) bén
Kinh 1.

¢} Phén trong ctia dudng tron tam (1, 1) ban kinh 1.

2.20.a)z=i—2f; b)z=2+i.
2 4

2.21. ¥ nghia hinh hoc : Téng céc binh phuong coa hai dudng
chéo cha mét hinh binh hanh bing t6ng cdc binh phuong cha cic
canh ctta hinh binh hanh dé.

2.22. 2)2"%(1 + iy b) 2°01— iV3) ;
0) 2-+3)7; d) ~64,
2.23. 2% cos” | cos "% 4 :'sinﬂ)
2 2 '
2.24. Ching tb rang z = cos@ + isin® ; L cosB F #sin0 réi ding

z
cong thic Moivre,

2.26.2) I [cos 2419 isinwn]
122\ 72
k=10, 1,2,3,4,5.
b) 1 [COS 24k + 5. ©isin 24k + sn]
16/ 96
k=0,1,2,3,4,5,6,7.
- 1 [COS 24k +5 4 isin 24k + 5::]
120 72

5 3 . .
2.27. a) cos5x = cos x — 10cos x51n2x + 5005xsm4x
2 .2 4 .. i ) . 8
b)cos x— 280056x51n x + T0cos vsin x 28coszxsm x+sin"x
. .3 .
c) 6cossxsm.r - 200053xsm X+ 6cosxs1n5x

. 4 . . 5 .7
d) ?cosﬁxsxm — 35¢co0s xsm3x + 21c052151n X —sin x
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2.28

2.29.

2.30.

2.31.

232, :

2.33,

2.34,

2.36.

2(3tg — 10tgp + 31g7p)
1 —15tg2¢ + 15tg%0 — 185

Hiy biéu dién 1 + i & dang lugng gidc.

cos’ @ = %(00558 + 5c0838 + 10cos8)
2

sin° 6 = %(sinﬁﬁ — 5sin38 + 10sin8)
2

—f3 4+ Sm .. Sm
o = ————— = 0§ — - I51IN—
2 6 6

—\/?: - 5m Sm
2

& = = ¢O§— — {sin—
6

2 T2 2 T2

2 cos%—kismg]g— k=012

S R ) B o SR S ]

n+2kn .. T+ 2kn
Cos +1is1n

,k=0,1,2.

25x—5
2341
3x —7 26x —2

9 93x% —2x + 1)

a) 2x° +3x + 11+

b)

Q) a2 4$2x -3 B DXHAF!

xz—-ix+1
235.p=—¢*-l,m=gq
Dg=p-1.m=0
Dg=1,m=x2-p.



7 Cog
‘og,

2.37.a) [x — cos2 — ising][x + ccasg + ising] X
2 2 2 2/

P

x[x—cosg-l-isin— d
2 2

X+ cos—(f1 - :'sin—]
2 2

b) (x — D(x = 2}x - 3) ;
- 1-Hx=1+Hx+1-Dx+1+1);

d) (x = V3 = V2)x = V3 + V2)x + 3 = V2)(x + 43 ++2).

2.38.a) x—-3+ ! + 27 ;
4x—-2) Hx+2)

1 i 1 1
=+ — -+ ;
(x=17 *—1 (@x+1p° x+1
11 1 ]
(-1 (a-p? x-1 x
1 1 2x +1
- + ; ;
x+1 3x-1 3x+x+1)
S S I
WN2—2 xf2+2 2+2
1 x\/g+2 _ —x\/g+2
5 o2 t ;
AP+ 6 +xV34D 62 —xd3 4 1)

X X x-—1

b)

c)

e) 1+

g) - - .
2 4x+1 G+ £ 41
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Chuong I11

MA TRAN - BINH THUC -
HE PHUONG TRINH TUYEN TiNH

3.1. MA TRAN

3.1.1. Khii niém ma tran

- Khi ta ¢6 m X n s6 ta ¢6 thé x&p thanh mot bang chir nhat chia m
hang n cot. M6t bang s6 nhu thé goi 12 mot ma trdn.

Dinh nghia 3.1.1. Mgt bang s6 chit nhdt ¢6 m hang n cét

4 aqz - gy

a a e a
A= 21 22 2n

Dl G2 - Gy

goi 1a mét ma trdn cé m x n.

a; la phdn ti cia ma tran A nam & giao diém cia hang i cot j. Dé

ki hi¢u ma tran ngudi ta ding hai ddu ngodc vuong nhu & trén hay hai
ddv ngoac tron.

Dé néi A 12 ma trin ¢& m x # c¢6 phin ti nim & hang i ¢6t j la
a;; ta vi€l
A= [axj]m xn
Khi m = n, bang s6 thanh vuong, ta ¢6 ma trén vuéng véi n hang
n cOt, ta goi nd 1a ma trdn cdp n :
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q1 %2 - 4,
a1 ap - ayy
Q) Gy - Gy

Céc phan i «;), ay,....ay, goila cdc phdn tir chéo. Pudng thing
Xuyén qua cdc phan tir chéo goi 1a dudng chéo chinh.
Ma tran A cip n

" A2 - ay an. a2 - qp
0 a . a . a @
22 2n con viét 22 2n .
0 o .. Uy pn

trong d6 a;; = O né€ui > j, goi 1a ma tran tam gidc trén,

Ma tran cip n :

a4 0 0 . 0”
Gy a _lay a
21 22 con vigt 21 22
Apl Az - Gy Q1 Gp2 - Gy

trong d6 a;; = 0 néu i < j, goi 12 ma tran tam gidc dudi.

Ma tran clp n :

ap] 0 0 ay]
0 a w0 . a
2 con viét 2
0 0 .. ay Qnn

trong d6 a;; = 0 néu /= j goi 12 ma tran chéo.

Thidy 3.1.1. Bang s6
1 2 3
A= :
4 5 6
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13 mot ma tran ¢f 2 x 3 vdi céc phan
ay =Lap=2,a43=3
ay) =4,a33 = 5,ay3 = 6.
Bang s6

1
B=1|2
3

13 ma tran c& 3 x 1 v&i cdc phin tr
by =Lby=2by =3
Bang s6
C=1[456]
ta ma tran ¢& 1 x 3 vdi cac phin it
€11~ 4, Cla = 5, 13 = 6.
Chit ¥ 3.1.1. Sau day chi xét chi y€u cdc ma tran thuc, tic la cac
ma tran voi q; € R.

3.1.2. Ma tran khong

DPinh nghia 3.1.2. Ma trdn khong ld ma trgn ma tdt cd cdc phdn
tir déu bdang khong.

Ma tran khong ki hiéu la O.

Thidu3.1.2.
0000
0000

12 ma tran khong ¢ 2 x 4.

3.1.3. Ma tran bang nhau

DPinh nghia 3.1.3. Hai ma trdn A va B goi la bdng nhau néu ching
€6 cing cf va cdc phdn ti ciing vi tri bang nhau, titc 1a
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1) A= [aaj]mxn' B = [b:j]mxu
2) ay = b,j V&1 moi § va moi §

Khi A bing B ta viét A = B.

Thidu3.l3
1 2] [a b
3 4| ¢ 4

conghialag=1,b=2,c=3,d=-4.

3.1.4. Cong ma tran
1) Dinh nghta 3.1.4. Cho hai ma tran cling cd m x n :

A= [a;j]mxn . B= [bjj]mxn
Tong A + B la matrdn c6m x n xdc dinh béi
A+ B = [ay; + bylyxn
tuc la
(A+B); =a; + by
Nhu vy muén cong hai ma tran ciing ¢ ta cong céc phan tir cling

vi tri.
Thidu3.l4

2 3+5 7 1 2+5 3+?_?10
-1 4| |2 3| |[-1+2 4-3| 11 1
2) Tinh chdt. Dé thdy ring
A+B=B+A
A+0=0+A4=A

Néu goi
~A = [_aij]an

thi con ¢
A+ (FA)=(-A)+A=0
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N£u ¢6 thém ma tran C vdi
C = [¢;jlmxn
thi
(A+B+C=A+B+0)

Chi ¥ 3.1.2. Goi -#,, la tip cdc ma tradn c¢@ m x n. Khi do
(- #xn. +) 12 mot nhém giao hodn.

3.1.5. Nhan ma tran véi mot s¢
1) Dinh nghia 3.1.5. Cho

A= [aij]mxn +keR

thi tich kA 1 ma trdn ¢& m x n xdc dinh bot kA = [ka )y, -

Nhu vay, muén nhan mot ma trdn véi mét s6 ta nhan tit ca cdc
phén tir clia ma tran véi s6 dé.

Thidu3.15.

J3 47_[23 24 6 8
7 <2727 21 |14 4
2) Tinh chdt. Dé thdy riang

k(A+B) =kA+ kB
(k+hjA =FkA+hA

k{hA} = (kh)A
1.LA =A
0.4 =0

3.1.6. Phép nhan ma tran véi ma tran
Bink nghia 3.1.6. Xét hai ma trin

A= [aij]mxp , B= [bi'j ].px.n
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trong dé s6 cft cua ma trdn A bdng sé hang cia ma tran B. Ngudi ta
goi tich AB la ma tran C = [¢ijdinxn €6 m hdng n cot ma phén 1 oF

dugc tinh béi cong thite

Cj = anbyj +apby; +.. + aipbp; = f“ikbkj (3.1.1)
k=1
Céch tinh ¢;; c6 thé hinh dung bing so dé
b
/ byj
a; Gy ... ap :

v ¢6 thé néi tit ;
c;; bang hang i clia A nhan véi ¢t j cia B. _

Thi du 3.1.6.

3 31 34 3 12
2 [ 4]1><2=21 241 . |2 s
_ 2%1 . TTA2w2 2%2

3
[1 411)(2 [2] =[13+ 4'2]1Xl = [1 1]])(1
2x]

1
[1 2 3J 3 _[1.1+2.3+3.1 1.2+2.2+3.4]2
41 22><3 i 2

Tl41+13+21 42+12+24

B [10 18]
9 18], ,

TTOMN HOC CAO CAP T 97

£ SN AV I oS ]
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Chi ¥ 3.1.3. Muén nhan AB (A bén trdi, B bén phai) phai c6 di€u
kién : s cot cua A bing sG hang cla B. Mudn nhan BA (B bén u4i,
A bén phai) phai ¢é diéu kién : s6 cot clia B bing s6 hang cla A. Do do6
khi nhan AB duoc chua chic da nhan BA duge. Trudmg hop dac biét khi
A va B 12 hai ma trdn vuong cling c4p thi nhan AB va BA déu dugc.

- Cha ¥ 3.1.4. Khi nhan AB va BA duge, chua chic dd c6 AB = BA.
Thidy 3.1.7. Cho

-1 0 1 2
A= . B= .
2 3 30
-1 =2 3 6
AR = BA =
i1 4 -3 0

O day AB # BA.

thi

Chit y 3.1.5. C6 nhimg ma trdin A 2 0, B # 0 ma AB = 0 nhu

1 2 2 -6
A= N B =
[2 4] . [-1 3}
0 0
AB =
oo
3.1.7. Mot s tinh chét

C6 thé chitng minh v6i gia thiét cdc phép tinh vi€t & dudi thyc hién
duoc, taco :

Dinh li3.1.1.

thi

A(B+ C)=AB+ AC
(B+CJA=BA+CA
A(BC)=(AB)C

k(BC) = (kB)C = B(kC)

98



e

Chu y 3.1.6. V&i céc phép tinh cong ma tran vi nhan ma tran vadi
ma iran ta ¢6 thé thdy ring tap cic ma tran vudng cting cip vdi hai
phép todn dé tao thanh mot vanh khong giao hodn.

3.1.8. Ma tran chuyén vi

Binh nghia 3.1.7. Xt ma trgn A = [ayj)pixn - POT hang thanh cét,
cét thanh hang ta dugc ma trdn mai goi la ma trdn chuyén vi ciia A,
ky hiéu la A"

Vay ¢6 Al = [aji]nxm'

Ta thay ring néu A c6 m hang n cot thi A’ ¢6 »n hang m cét.

Thi du 3.1.8,
-4 1
o, 432
A=13 0 thi A =
1 0 7
2 7
3.1.9. Chuyén vi cua tich hai ma tran
Giasit A= gyl B= (b;1pxn
Khi dé nhan AB dugc va AB c6 ¢& m x n. Qua phép chuyén vi
ta co
AI = [aﬂ]pxm’ Bt = [bﬂ]llxp

Ta thay ring s6 cot cia B' bing s6 hang cha A'. Vay nhan B'A’
dugc va tich d6 c6 c& n x m.
Binh li 3.1.2.
(ABY = B'A’
Xem ching minh trong phdn phy luc cu6i chuong, muc 3.6.1.

Thi du 3.1.9.
-1 2 2 -1
A= s =
el
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Ta co

Vay trong thi du nay ding 13

BAI TAP: 3.1 —3.11

3.2. PINH THUC

3.2.1. Dinh thiéc cda ma trin vuong
Xétmatrancdpn :

all (112 alj T
@y 42 - @By - By
A=
a4 42 - e Gy
(%l G2 - Byj - Gpp |

Ta chd ¥ dén phin tir a;;, bd di hang i va cot j ta thu dugc ma trin
chi con n — 1 hang n — 1 cOt, tifc 12 ma tran cdp n — 1. Ta ki hi¢u né

12 M;; va goin6 1a ma trén con img phén tir a;; .
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Chéang han, vdi
diy 4y 43
A=|ay ay ay
4a3) a3y 433

ta co
a azsﬂ a2 ax3 N _021 ‘?22-|
M, = v M =[ , Mz =
[ 933 433 a3 33 (431 ad3) |
_alz 013- a1 43 a4 012—
My = . My = v My =
| 437 daj | 31 da33 | 23] d37 |
[ 1 : r 7
a3 a3 a1 43 a1 - 42
M3 = v My = , Mi3 =
| 422 23 | @y a3 | 421 4722 |

Binh nghia 3.2.1. Dinh thitc cia ma trdn A, ki hiéu 1a det {A), dwoc
dinh nghia dan ddn nhu sau ©

Alamatrgncdp 1 :

A= [a“] thi dct(A) =4ap

A ld ma trgn cdp hai :

a a
A= |: 11 ]2:|
B an
thi det{A) =dy det (M“) —dys det (Mlz) = dy 1G9 — a)ady

(Chi ¥ rang a;; va gy 1a cdc phdn tir nim cing & hang 1 ciia ma
tran A), van van, va mét cich t8ng quat, -
A 1a ma tran cip n thi

dot(A) = ay) det(M) ) — a3 det(M)) + ... + (-1) "y, det(M;,) (3.2.1)

(Chi § rang ay |, ay,, ..., ay,, 12 cdc phdn tir cing ndm & hang 1
cUa ma trdn A).
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Dé ki hié¢u dinh thitc, ngudi ta dung hai gach ddng dat & hai bén :
a1 42 43
azl 422 43
a1 a3 di3

a1 a3

71 4ap

Dinh thitc clia ma tran cap » goi ta dinh thic cdp n.
Thidu32.1.
1 2
=14-23=-2
4

3
i 2 3
5 6 -4 6 -4 5
-4 5 gl=1 -2 +3 =
-8 9 7 9 7 -8
7 -8 9

= 1(45 + 48) - 2(-36 — 42) + 3(32 - 35) = 240

3.2.2. Tinh chat cua dinh thirc

Tinh chadt 1. dei(A") = det(A).

Huong chitng minh. Trude hét ngudi ta chimg minh mét cong
thirc phu : '

det(A) = ay det(My,) - ay; det(My) + ... + (=1}, det(M, )

(3.2.2)

Sau d6 4p dung phuong phdp quy nap toan hoc (xem chimg minh
chi ti€t trong phan phu luc cudi chuong, muc 3.6.2).

Thidu3.22. .
1 2 1 3
3 4

2 4
Hé qud 3.2.1. Mot tinh chdt dd diing khi phat biéu vé hang cia
dinh thitc thi né vdn con ding khi trong phdt biéu ta thay hang
bdng cét.

1=1.4—3.2=—2
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Tinh chdt 2. Doi ché hai hang (hay hai cét) cia mét dinh thiic ta
duce mét dinh thicc méi bang dinh thite cii 461 déu.

Xem ching minh trong phén phy luc cuéi chuong, muc 3.6.3.

Thidy 3.2.3. Tacé

1 2
=14-23=-2
3 4
D61 ché hat hang lien 1i€p ta duge
3 4
=32-41=2=-(-2)
1 2

Tinh chat 3. Mot dinh tiuic c6 hai hang (hay hai cft) nhu nhau thi
bang khéng.

Chitng minh. Goi dinh thitc ¢6 hai hang nhu nhau 13 A. Déi chd
hai hang dé ta dugc '

A=-A
Vay ¢6 24 =0, do d6 A = 0.

Tinh chdt 4. Dya vao dinh nghia (3.2.1) va 4p dung tinh chit 2 ta
suy ra

det(A) = (=1 [a;; det(M;)) — aip det(Mip) + ... + ay, det(M,,)]
(3.2.3)
Chi ¥ ring cdc phdn t&r gy, a;, ..., a;, déu ndm & hang i clia dinh

thitc, nén cong thitc (3.2.3) c6 thé goi 1a khai trién cia dinh thicc theo
hang i.

Dua vao cong thitc (3.2.2) va tinh chat 2 ta suy ra
det(A) = (=1)'*/[a; det(M} ;) - ay; det(My ;) + ...  a, j det(M,,)]
(3.2.4)

Chi ¥ ring cdc phdn tir ajj, azj, .., a,j déu nam & ct j cia dinh
thic, nén cong thic (3.2.4) ¢6 thé goi 12 khai trién cita dink thire theo
cét §.
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Thidu3.24. Xét

1 2 3
A=[4 5
7 -8 9

O thi du 3.2.1, ta dwa vio dinh nghia va d4 tim dugc A = 240.
Bay gi% 4p dung khai tri€n dinh thifc theo hang 3 (3.2.3) ta ¢6

A =(-1)3+‘{ 2 > _14 2”

— (-8
5 6| ( )—4 6
= 7(12-15) + 8(6 + 12) + 9(5 + 8) = 240

+9

Ap dung khai trién dinh thic theo c'ﬁt 2 (3.2.4) wa cong ¢6
-4 6
A= (-n*? {2 }

7 9
=-2(-36-42)+5(9-21)+8(6 + 12) = 240

Tinh chdt 5. Mér dinh thirc c6 mét hang (hay mét cét) toan I 56
khong thi bdng khéng.

D6 1a he qué ciia cdc cong thite (3.2.3) va (3.2.4).

|
79

-5 +(-8)

L

Tinh chdt 6. Khi nhan cdc phdn tit ciia mét hdng (hay mét cét)
vai cang mot 38 k thi duge mor dinh thicc méi bang dinh thic ci
nhdn vai k. _

Do 13 he qua cha cic cong thitc (3.2.3) va (3.2.4).

Hé qud 3.2.2. Tir tinh chat 6 ta suy ra nhan xét sau : Khi cde phdn
1 cua mot hang (hay mét cét) cé mot thira s6 chung, ta cé thé dua
thita 56" chung dé ra ngoai ddu dinh thirc.

‘Thidu 3.2.5.
2 3 {2 3 2 3
= =4 =4(4-3)=4
4 8 @41 420" )1 2
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Tinh chdt 7. M(if dinh thitc c6 hai hang (hay hai cot) ti 1é thi
bang khong.

That vay, dua he s6 ti 1¢ ra ngoai dau dinh thizc thi duoc mot dinh
thifc c6 hai hang (hay hai ¢6t) nhu nhau nén né bang khong.

Tinh chdt 8. Khi tdt cd cdc phdn tik ciia mot hang (hay mét cot) c6
dang 16ng cia hai s& hang thi dinh thic cé thé phdn tich thanh téng
ctia hai dinh thicc, chdng han nhu

i Ay tap| ey a| gy ap
@1 G tayp| |ay an| o ap
aytag aztap|_|a ap L[4 a2

@1 az a1 dn| 4 ax

b6 1a hé qua cha cic cong thic (3.2.3) va (3.2.4).

Tinh chdt 9. Néu mét dinh thic cé mor hang (hay mot cot) la 16
hop tuyén tinh cia cdc hang khéc (hay cita cde cft khdc) thi dinh
thitc &y bang khong.

D6 1a hé qua cha tinh chat 8 va 7.

Tinh chdt 10. Khi 1a céng béi k ciia mét hang vao mot hang khde
(hay boi k cia mot ¢t vao mét cot khdc) thi duoe mot dinh thitc moi
bang dinh thitc ci,

Thidu 3.2.6.
4 5 T =4+(-2)2 5+(=2)1 7+(-2)3
6 15 6 ! )
21 3
=lo 3 1
6 1 5

Chia y 3.2.1. Lam nhu trong thi du trf-n ta dugc mét dinh thitc méi
bang dinh thiic cii, nhung lai c6 phén tlr & hang 2 cot 1 bing khong.
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Ta ciing c6 thé lam nhu thé v6i hang thit ba dé bién phén tr & hang 3

cot 1 thanh s6 khong -

o]

1 3
1031
6 1 5

2 1 3
0 3 1
6+(-32 1+(-3)1 5+(=3)3

21 3
0 3 1
0 -2 -4

Ta thay dinh thic s& don gian di.
Tinh chdt 11 (VE cic dinh thitc ¢6 dang tam gidc). Cic dinh thikc
cia ma tran tam giic bang tich cdc phin tir chéo :

a
0

4
2]

ayl

a2 - dpy
az - Q2n| _ :
= 411622 - Gy _
o .. Ay
0 .. O] _
ay .. O1=a1an . ay
Ay e Ay

Cich chimg minh dua vao khai trién (3.2.3) va (3.2.4).

Ching han, xét dinh thifc cép ba

a)) 42 A3
A=10 ap ap
0 0 (1’33

Khai trién theo c6t 1 ta duge
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Sau d6 tinh dinh thic cap hai bang khai trién theo cot 1 ciia né
ta dugc

A= a) ay ay3

Thi du 3.2.7.
M2 3
0 7 —6/=1711=77
0 0 11

3.2.3. Cach tinh dinh thirc bing bién déi so cap

DE tinh mot dinh thic, ¢6 thé ding dinh nghia hodc khai trién
(3.2.3), (3.2.4), ciing c6 thé 4p dung céc tinh chit cla dinh thic ma
tim cich bién ddi dé dwa né vé céc dang don gidn. Cich dimg céc
bi€n déi so cap 1a mot trong nhitng cach nhu thé,

Cdc bién doi so cdp vé hang mi ta sé ding dugc liet ké & bang
dudi day |

Bién déi so cap Téc dung Lido

(1) Nhéan mét hang | Dinh thitc nhan véi k| Tinh chét 6
vé mot s& k=0

(2) D6i ché 2 hang | Dinh thic déi diu Tinh chit 2

(3) Cong k lan hang | Dinh thirc khong déi | Tinh chat 10
r vao hang s

Chid ¥ rang :

(1) N6i nhan mot hang v&i mot s6 k c6 nghia 13 nhan tat ca céc
phdn tif cha hang d6 véi £.

(2) N6i cong k lan hang r vao hang s nghia 13 cong # 14n méi phédn
1 & hang r vdi phén tir cling cot v6i né & hang s va dit vao hang s.

Bay gidr d€ tinh mot dinh thitc ta 1am nhu sau :

Busc 1. Ap dung cdc phép bién déi so cdp vé hang tim cdch dua
din dinh thiic di cho vé dang tam gi4c, nhé ghi lai tic dung cta timg
phép bién déi s cap duge sit dung. -
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" Buéc 2. Tinh gid tri clia dinh thic dang tam gidc thu duge dya vao
tinh ch4t 11 va ké dén téc dung t6ng hop clia cdc phép bién ddi sa cap

dé str dung.

Thi.dy 3.2.8. Hay tinh

Gidi. Ta c6

= =3|0
0

-2
1
10

-2
1
0

[
[H
[T =]

1 35
-6 9
6 1

9
5|  d8i chd hai hang 1 va 2
1

3
5/ dua thira s6 3 0 hang | ra ngoai
1

3

5| co6ng -2 lan hang ! véi hang 3
-5 '

3

5 | cong —10 14n hang 2 vdi hang 3
=55

==-3.1.1.(-35)=165
Chit y 3.2.2. Ciing ¢6 thé xét cdc bi€n d6i so cap vé cot va dp dung

ching dé€ tinh dinh thirc.

BAI TAP : 3.12 - 3.22.
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3.3. MA TRAN NGHICH DPAO

3.3.1. Ma tran don vi

Goi «#, 1a tap cdc ma tran vubng capn:

a1 42 - 4

PO /1
'.1/4: = {A}, A= a2 4ay 2n

Q) Ay . Ay,
Dinh nghia 3.3.1. Ma trgn
1 0 0
= 0 1 0
0 0 .. 1

trong d6 cdc phdn tir chéo bdng 1, cdc phdn ti khdc bdng khong, goi
1a ma trdn don vi cdp n.

Ddc diém ciia ma tran don vi I 13 ;
Al=IA=A, VYAe .4
Thidu3.3.1

1 2011 0O 1t 2 1 O (1 2 |12
3 4[(0 1] |3 4] o 1||3 al7]l3 4
3.3.2. Ma tran khéa dio va ma tran nghich dao
Dinh nghia 3.32. Xt Ae ., . NéuténtagimatrgnBe M, sao cho

AB=BA=]
thi néi A khd ddo va goi B la ma trén nghich ddo ciia A.

Khi A ¢6 nghich do ta néi A khéng suy bién.
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Ngudi ta ki hiéu ma tran nghich ddo cia A1la A ', nghia 1 c6

aa7l = ala=1
Thidu3.3.2.

AT
W { Hm —11/2}:[; (1)]
[3;2 —1/2} [; ﬂz[; ﬂ

3.3.3. Su duy nhdt cua ma tran nghich dao

Dinh Ii 3.3.1. Ma tran nghich ddo A '

cua A € M, néu cé thi
chi c6 mot ma thoi.

Chimng minh. Gia st B va C déu 14 ma tran nghich ddo clia A € .47,
nghia la cé

"AB=BA=1, AC=CA=1
Tir AB=/7tasuyra
C(AB) =CI
{CA)B=C
IB=C
B=C

3.3.4. Sur ton taj clia ma tran nghich do v biéu thirc cia né
Xét ma tran

a1 432 - A

a [4] ee {2
A= 21 22 240

&Gy dy2 - Gyy
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O muc 3.2.1 ta di goi ma tran M;; suy tir A bang céch bo di hang
€6t j 1a ma tran con dng phan tir @ -
Bay gi& ta goi
Dy = det(M,;) (3.3.1)

la dinh thifc con img phdn tIr ¢, va
Cl.}' = (—1)“+JIDI‘]‘
la phu dai s§ clia phén tir ajj .

Vi cdc ki hi¢u d6 cong thic (3.2.3) k&t hop véi tinh chat 3 cia
dinh thic cho

det{A) néu k = §
0 néu k # i
Két hop cong thite (3.2.4) véi tinh chat 3 ta ¢

det(A) néu k = §

alkclj + a2kC2j +..+ a,,kC',U- = {0 néuk j (333) )

(3.3.2)

a1 Ciy + appCip + ..+ ay, Gy, = {

Ta cd

Binh Ii 3.3.2. Néu det(A) =0 thi ma trdn A c6 nghich ddo A~ tinh
bdi céng thirc sau :

€y Gy .. C

nl

Al = 1 c!t 1 C2 Cn . Cz

" det(4) de(A)
Cln C2n C:m

Chimg minh. Nhan AC' va p dung cong thic (3.3.2) ta duoc

det(d) 0 .. 0
AC'=| 0 dewd) .. o0
0 0 .. deA)

Nhin C'A va dp dung cong thiic (3.3.3) ta ciing duoe nh the
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Vay cé

[

L At = ;C’A = i =]
det(A4) det(A) '

va dinh 1i duge chimg minh
Chit y 3.3.1. Khi det{A) # O thi A c6 nghich dao, nén A 12 ma tran
khong suy bién.

3.3.5. Cach tinh ma tran nghich dio bang phu dai s6
Ap dung dinh 1{ 3.3.2 :
Thi du 3.3.3. Cho

1 2 3
A=|2 5 3
1 0 8
Ta cé
det{A)=-120
Cll=40 C12=—“13 Cl32—5
C21=“16 C22=5 Cz3=2
C31=‘—9 C32=3 C33=
Do dé
40 -13 -5 40 -16 -9
C=:-16 5 2 cf={-13 5 3
-9 3 1 -5 2 1
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Vay

40 16 9
A“:%C‘: 13 -5 -3
5 2 -1

Thi du 3.3.4. Xét ma tran c&p hai
A=
c d
V&i det(A) =ad — be # 0 thi
d -b
e —
ad —bcl-c a
C C d -
Vi c=|™ 12| _ 4
C21 C22 —b [4)
va do do
. [ d ~b]
' =
- a

3.3.6. Ma tran nghich dao caa tich hai ma tran

Dinh i 3.3.3. Gid sit A va B e .7, la hai ma trdn khd ddo. Khi d6
AB ciing kha ddo va
(Agyt = g7l
Chitng minh. Ta c6

'=aBB Ha=alA " =a47 =

(AB)B 'A”
B'aluBy =84 "AB=8Y4p=58"B=1

Vay ABkha daova B 'A ' 1a ma tran nghich dio ciia AB.

Ngoai ra ta con ¢o
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Dinh li 3.3.4. Néu A € ./, khd ddo va cé nghich ddo A i
@) A~ cang khd ddova (A 1) = A,
(b) A™ ciing khd ddo va
(Am)_I = (A_])m, m nguyén > 0,
(c) Yk # 0 ta c6 kA cing khd ddo rd
1

kA) = —ATT
(kA) kA

3.3.7. Pinh thirc caa tich hai ma tran
Dinh Ii 3.3.5. Néu A va B la hai ma trdn vudng cung cép thi c6
det(AB) = det(A)det(B)
Xem chimg minh trong phan phu luc cuéi chuong, muc 3.6.4.
Thidu 3.3.5. Cho

U P

2 17
AB =
3 14
Déng théi

det(A) =1,  det(B)=-23, det(AB) = -23
Vay diing 1a

Khi dé

det(AB) = det(A)det(B).
. 3.38.Dinh li 3.3.6. Néu A € ., khd ddo ticc la cé nghich ddo
A" thi det(A) =0,
Chirng minh. Tt AA™]
ta 4p dung dinh 1i 3.3.2 thi suy ra
det(AA ") = det())
det(4) det(4 ') = 1
Vay phai c6 det(4) # 0. Ciing 6 det(4 ') # 0.

i14
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3.39. Dinh i 3.3.7. 1) Néu B la ma n dn vuong cing cdp vai A
sao cho BA = [ thi A khd ddova B=A °
2} Néu B la ma trgn vuong ciing cdp vdi A sao cho AB = [ thi A
khd ddova B = A" .
Chirng minh phdn 1). Vi BA = I nén
det(BA) = det())
det(B) det(A) =1

Do d6 det(A) # 0. Vay A kha dao va c6 nghich dao 1a A"! Nhan
déng thic BA = / ben phai véi A~ ta c6
i

(BAYA ' =IA
Baa Yy =4""
B =4

Phan 2) Chimg minh tuong tyr.
BAITAP:3.23-3.28. -

3.4. HE PHUONG TRINH TUYEN TINH

3.4.1. Dang téng quat ciia mot hé phuong trinh tuyén tinh
D6 1a mot hé m phuong trinh dai s6 bac nhat d6i véi » 4n s6
a1 X +apxy + ..+ Xy = b|
ay X + aypxy +.. +ay,x, =
21X + G0 2n%n = by (3.4.1)

A x| t Gypx .t ay,x, = b,

trong d6 x4, xy, ..., x, 12 cic 4n s6
a;; 1a he s6 & phuong trinh thit / cha 4n xj
b; 1a v€ phai cha phuong trinh thy i
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Khi m = n ta ¢6 mot hé vudng véi n phuong trinh » dn.
Khi céc b, = 0, Vi ta c6 mot he thudn nhat.
Thi du 3.4.1

' 2)‘.‘] —3X2 +4X3 =5
311 +212 —?I3 =0

Ia mot hé 2 phuong trinh 3 4n ;

2xp—=3xp =5

3 +2xy =6
14 mét hé hai phuong trinh 2 4n ;

2X] - 5)\’2 =0

4x, +6xp =0

12 mot hé thudn nhat.

3.4.2. Dang ma tran cia hé phuong trinh tuyén tinh
Xét he (3.4.1). Ma tran

Ay iz e Ay
A= 41 a4y - Wy
. G2 - Oy J

goi 1a ma trgn hé s6 cha hé ; ma tran
b,

b= bz = [by by ... byl
bﬂl
g0i 14 ma trgn vé phdi (hay c6t v€ phai) cla h¢ ; ma trén
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gol 12 ma trdn dn cla hé.

V&1 phép nhan ma tran v8i ma tran, hé (3.4.1) viét

Ax=b (3.4.3)
D6 1a dang ma tran cua he (3.4.1).

3.4.3. Hé Cramer

Bay git xét hé n phuong trinh » 4n :

a X tapx o ta,x, =b

ayx) +axxy +..+tay,x, = b (3.4.4)

ay Xy + @y +.. +a,,x, = b,
véi ma tran hé sé

a 4ap - dy
a a e @
A= 21 22 2n (3.4.5)
L4m ay2 - dyy

1a moOt ma tran vudng cap n.

Dang ma tran cla hé vin 14 (3.4.3), chi khdc & chd A c6 dang
(3.4.5) va

b=[b; by..bJ
He¢ (3.4.3) & day viét lai 1a '

Ax=b (3.4.6)

Dinh nghia 3.4.1. Hé (3.4.4) tic 1d (3.4.6) goi la hé Cramer néu .
det (A) # 0.
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Dinh If 3.4.1. (Dinh li Cramer). Hé Cramer ¢é nghiém duy nhdt
tinh bang céng thirc x = A i ia
det(A;)

= _ 347
%] det(A) ( )

trong dé A la ma trgn (3.4.5), A la ma trdn suy tie A bang cdch thay
cot thir j boi cot vé phdi b.
Ching minh. Vi det (A) # 0 nén theo dinh li 3.3.5, A cé
nghich dao : '
-1 _ 1 .
det(A)

Thay trong (3.4.6) xbdi A 'b ta ¢6
AA7 By =aA Db = b
Vay x = A b 1a nghiém cuia hé.
Sir dung biéu thic ciia A~ ' & dinh 1f 3.3.5 ta suy ra
G G o Cy | | B
-1, ] Ciz2 Cn - Cp||b
det(A) R I B
Cln C2n Cm: b

7]

nghia 14 ¢é
G+ Gyt 4 b, det(A))
) det(A) det(A)
Dé chitng minh su duy nhét clia nghiém ta gia sit hé (3.4.6) ¢6 hai
nghiém la x va y :

Ax=b Ay=b
Béng phép trir v& véi vé ta duoe '
Ax—-Ay=0
hay Alx—y)=0
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L3 X
g, 1

Nhén hai vé véi A~ ta c6
Alax-y=alo=0
(x-y»=0
nghia 1 ¢6 x = y. Vay heé chi c6 mot nghiém.
Thi du 3.4.2. Giai he |
(X, + 2x3 =6
1734 +4x3 + 6x3 =30
— X —2xy +3x3 =8

Gidi. Ta cé
[1 0 2 6
A= (-3 4 6|, b=|30
-1 -2 3 8
Vay
6 0 2 1 6 2
A =130 4 6|, A =|-3 30 6/,
8§ -2 3 ~1 8 3
1 0 6
Ay=|-3 4 30
-1 -2 8
Ta tinh duge det (A) =44 %0

det (A;) = 40, det (A3) = 72, det (A4) = 152
Ta suy ra cdc nghiém ciia hé¢ dd cho : :
0__10 o m_ 12 %

X = ——= s Xy = —

= R X3 = = .
44 11 7 44 11 44 11
3.4.4. Giai h¢ phuong trinh tuyén tinh bing bién déi so cdp

Xét he phuong trinh wyén tinh & dang phuong trinh (3.4.4) vd &
dang ma tran (3.4.6) trong dé A 1a ma tran (3.4.5).
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a) Hé tam gidc trén. D6 1a he
anxg + Xy + ..+ iy Xy = bl
apiy + ..+ ayx, = b

Ay Xy = by

vOi ma trdn hé s6 12 mot ma tran tam giic trén

ar] 412 - 4y

a2 .. Gy

Inn
V6i gia thiét a;; = 0, viéc giai n6 tir dudi len r&t don gian : phuong

trinh cuéi cho ngay x,, phuong trinh lién trén cho x van van,

n=1»

phuong trinh dau cho x,.

b) Ta vi€t ma tran A va canh né |3 vecto b, ta dugc ma tran chir
nhat [A, b]. Ta 4p dung cdc bién déi so cip vé hang (xem 3.3.9) vao
ma tran [A, b} dé dua dédn ma tran A vé dang tam gidc. Ta nhéan thay :

Phép bi€n dbi so cap nhan mot hang véi maot s6 khac khong ung
v&1 phép nhan mot phuong trinh cia hé vdi mot s§ khic khong, né
khong lam thay déi nghiém cua hé.

Phép d6i chd hai hang ng véi phép ddi vi tri clia hai phuong trinh
khong 1am thay d6i nghi¢m clia he.

Cu6i cing, phép cong boi k clia mot hang vao mot hang khic img
v6i phép cong bdi k clia mot phuong trinh vao mot phuong trinh khdc
cting khong lam thay déi nghiém cia heé,

Viay hé¢ tam giac cudi cung thu duge tuong duong vdi hé da cho.
Giai h¢ nay — diéu nav khéng khé — tir dudi lén ta thu dugc nghiém
cia h¢ da cho.
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Thidy 3.4.3. Xéthé
2+ 4x3 +3x3 =4
3+ xp —2x3=-2
4xy +1luy +7x3 =7

Ta suy ra
2 4 3 4
A=3 1 -2|, b=[-=2
4 11 7 7

Ap dung cic phép bién déi so cip vé hang dé dua ma tran A vé
dang tam gidc ta c6

2 4 3 4
3 1 -2 -2
4 17 7
2 4 3 4
-5 —65 -8

3 1 -1

2 4 3 4
-5 —65 -8

2,9 |-58

Vay he di cho twong duong véi hé tam gidc trén
2x) +4x+3x3 =4
—3x3—6,5x; =-8
-29x3 =-58
Giai he tam gidc trén nay tir dusi 1én ta thu duge
x3=2,xy=-1,x =1
b6 ciing 14 nghiém cia hé di cho.
Phuong phép vira trinh bay con c6 tén 1a phuong phdp Gauss.
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3.4.5. Phuong phap Gauss — Jordan

Sau khi dua ma tran vé& ma tran tam gidc trén ta ti€p tuc 4p dung
céc bién d6i so cdp d€ dura ma tran tam gidc trén vé ma tran don vi.
Tré lai thi du 3.4.3 & trén, ta cé

2 4 3 4
-5 —6,3 -8

-2.9 -5,8

1 2 1.5 2
3 1,3 1,6

1 2

1 0 -1
1 0 -1

1 2

1 ¢ 0 1
1 0 -1

1 2

K&t qué ta duge hé chéo :
xl = ].

Xg =-1

Do d6 c6 ngay két qua
I]=1, x2=—l,x3=2
3.4.6. Ap dung phuong phap Gauss — Jordan tinh ma tran
nghich dao '

Mudn tinh ma tran nghich ddo ca ma trdn vudng A = [g;], theo
dinh 1i 3.3.6 ta chi can tim ma trdn B = (by;] sao cho AB =1, khi d6
B=a"
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Dé cho don gian cdch viét ta xét trudng hop ma tran cép ba :

a) 4 a3
A=|amy @y ap
a3 433 diyz

Ta phai tim ma tran

b by b3
B=1by by by
by by bsy
sao cho AB=1:
A Bl B, B L L I
N o T e Ty

a app a3 bl 1 b b3 1 0 0
@21 @ ay|.|by by byl=|0 1 O
a3 a3y a3 by by by 0 0 1

Nhur vay cdc cot By, B;, By thda min
AB] = II’ABZ = 12,AB3 = 13
D6 12 ba hé dai s6 tuyén tinh c6 chung ma trdn hé s 1a A. Ta sé

giai chiing bing phuong phdp Gauss — Jordan trong ciing mot bang.

Quy tdc thiuc hanh : Muén tinh ma tran nghich dio A cla ma
trdn A bang cic phép bi€n déi so cap vé hang ta 1am nhu sau :

1) Vi€t ma tran don vi 7 bén canh ma trin A.

2) Ap dung cic phép bién ddi so cap vé hang dé dwa din ma tran A

vé ma tran don vj /, tac dong dong thoi phép bign déi so cap vao cit
ma trdn /.

3) Khi A da dugc bién d8i thanh I thi { tr& thanh ma tran nghich
dao A
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Thi du 3.4.4. Xét ma tran

A=

p— b} =
[T VR

3
3
8

Toan bo qué trinh tinh todn c6 thé ghi tém tit thanh mot bang
nhu sau :

1 2 3 1 0 0 L
2 5 3 0 1 0 L,
1 0 8 0 0 1 L
1 2 3 1 0 0
0 1 3| -2 1 0| 2L+~ L,
0o -2 51 -1 0 L1 AL +13 o Ly
1 2 3 1 0 0
0 1 -3 | -2 1 0 | :
0 0 -5 2 i 2, + 13 > L
1 2 3 1 0 0
0 1 . 1 0
0 0 1 5 2 -l —1l > Iy
1 2 01 -14 6 3 Bl + L - Ly
0 1 0 13 -5 =31 3a+hholh
0 0 1 5 -2 -1
1 0 0 | -40 16 9 | 2y +L - L
1 0 13 -5 - -3
! 5 -2 -1
Vay
-40 16 9
Al=|l13 -5 =3
5 -2 -1
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3.4.7. H¢ thuan nhét (n phuong trinh n 4n)
Xét hé thuan nhat
A +appx + L+ A Xy = 0
as1x + typXxy +... + dy X, = 0

(3.4.8)
GutX) T dpaxy +.+ Ay, X, =0
Ma trén hé s vin la (3.4.5)
Hé ¢6 dang ma tran _
Ax=0 (3.4.9

V€ phai 1a ma tran khong, ¢& n x 1.
H¢ thudn nh4t (3.4.8) tiic 1a (3.4.9) luén ¢6 nghiém khong :
0

0 t
x=|.|=[00..0]
0

vi khi thay x; = 0, x; = 0, ..., x;, = 0 vio v& tr4j ca (3.4.8) thi cdc
phuong trinh d6 thoa min.

Nghiém khong clia hé thudn nhat goi 1a nghiém tdm thitgng clia no.

Mot cau hoi dat ra 13 : Khi nao hé thudn nhét (3.4.8) ¢6 nghiém
khong tdm thudng. Ta cé

Dink li 3.4.2. Hé thudn nhdt (3.4.8) ¢é nghiém khéng tam thuong
khi va chi khi det (A) = 0.

Chiing minh. N€u det (A) # 0 thi theo dinh 1i 3.4.1 n6 ¢6 nghiém
duy nhét, nén chi ¢6 nghiém tdm thudng.

Néu det (A) = O thi bing bién ddi so cip vé hang va bang céach
dénh s6 lai cdc an tic 1a d6i chd cdc cot ta ¢6 thé dua ma tran A vé
dang tam gidc trén
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ay dap o 4y dypgp e alln-‘
a3 e @ gy e Ay
'y @rpp] e gy
0 w 0
L O P

tfong dé a’; #0,i=1,2,..,r.Néur =nthi det(4)= * a'“ a'rm #0.
Diéu nay trai gid thidt det (A) = 0. Vay r < n. V& phai vin toan 12 s8
khong. Vay hé tam gidc trén thuan nhat, twong duong véi hé di cho,
s€ ¢4 56 phuong trinh it hon s6 4n, nén né ¢6 vo s6 nghiém. Cho nén
ngoai nghiém tdm thudng ra né phai c¢6 nghiém khong tdm thudng.

Thi du 3.4.5. He

2.‘(1 +3I2 = 0
3.‘{1 +412 = 0

c6 dinh thitc

2 3
3 4

‘=—l¢0

nén chi c6 nghiém tam thudng x; =0, xp = 0.

2.[] + 3x2 =0
He
411 + 6X2 =0

c6 dinh thic

2 3
4 6

’zo

nén ¢ nghi¢ém khong tim thudng ching han x; =3, xp = —2. That ra hai

phuong trinh d6 chi 1a mét. Cho xy = 3 ta tim ra x, = -2.
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Két qua tém tie

Trong trugmg hop m = n, ta c6 két qud tém tit sau :
Cdc ménh dé sau tuong duong :

(a) det (4) = O,

(b) A kha dao.

(c) Hé Ax = b c6 nghiem duy nhat véi moi b.

(d) Hé Ax = 0 chi ¢6 nghiém tdm thudmg.

BAITAP :3.29 - 3.41.

3.5. HANG CUA MA TRAN - HE PHUONG TRINH
TUYEN TINH TONG QUAT

3.5.1. Hang ciia ma tran

Xét ma tran c& m x n

ar 4z .. a4y
A= 922 - ay,
Dl Gz o @y,

Goi p 1a mot s6 nguyén duong khoéng 16n hon min {m, n}.

Dinh nghia 3.5.1. Ma trdn vuéng cdp p suy tir A bang cdch bé di
m ~p hang va n —p eét goi ld ma tran con ¢dp p cia A.

Dinl thite cia ma trgn con dé goi la dinh thirc con cdp p ciia A,

Thidy3.5.1. Xét ma tran c& 3 x 4

1 -3 4 2
A=12 1 1 4
-1 -2 1 =2
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Tacd min {3,4} =3,dodép=1,2,3.

Céac dinh thiic con cdp ba clia A a

1 -3 4 1 4 2

2 1 1{=0 2 1 4[=0
-1 =2 1 11 -2
3 4 2 1 -3 2

1 1 4l=0 2 1 4|=0
2 1 =2 )

1 -3
-1 -2

l =-5 V.V

Pinh nghia 3.5.2. Hang ciia ma trdn A 1d cdp cao nhdt cua cdc
dinhi thitc con khac khéng cia A.

Ta ki hiéu hang clia ma trin A 1a p(A).

Thi du 3.5.2. Xét ma tran A & thi du 3.5.1. Céc dinh thic con cap
ba déu bang khong, nhung cé dinh thitc con cdp hai khac khong. Viy
p(A) =2. '

Vi vét moi ma tran vudéng B ta cé det(B‘) = det(B) nén cb
Chiiy3.5.1. p(Al) = p(A).
3.5.2. Cach tinh hang ctia ma tran bang bién doi so cip vé hang

a) Ma tran bac thang : D6 1a nhiing ma tran ¢6 2 tinh chat

1) Céc hang khdc khéng (tdc 12 c6 phin tir # 0) ludn & trén cdc
hang khéng (uic 12 ¢6 it ca cdc phin tir = 0).
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2) Trén hai hang khic khong thi phdn tir khdc khong ddu tien &
hang dudi bao gids ciing & ben phai cot chita phén tir khic khéng ddu
tién & hang trén. Chang han, cic ma trdn sau c6 dang bac thang :

1 -3 0 4] [1 -3 0 4
A=10 0 1 2|, B=|o 0 1 2
0 0 0 5] 0 0 00
[1 2 3]
C=10 4 3
[0 0 6]

Ta thdy rdng & ma tran A, dinh thifc con khdc khéng cip cao nhat
1a 3, vay p(A) = 3, n6 bing s6 hang khéc khong ciia A, con & ma tran
B, dinh thitc con khic khong cdp cao nhat 12 2, vay p(B) 2, né bing
86 hang khic khong cia B.

Néi chung ta ¢6 nhan xét sau :

Chi ¥ 3.5.2. Hang ciia mét ma 1rén cé dang bdc thang bang 56
hang khac khéng ciia né.

b) Bay gid vi céc phép bién ddi so cip vé hang (xem 3.3.2, 3.3.9)
khong lam thay déi tinh khic khong hay bang khong clia céc dinh
thiic con ctta mot ma tran, nén khong thay déi hang cia ma trin. Vi
vay ta c6 th€ dp dung ching dé dua mot ma tran vé dang bac thang
réi 4p dyng chd ¥ 3.5.2 ma suy ra hang clia ma tran da cho.

Thi du 3.5.3. Xét ma tran
1 -3 4 2
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Cic bién d6i 5o cdp vé hang cho

1 -3 4 2
2 1 1 4
-1 -2 1 -2
1 -3 4 2
0 7 -7 0
0 -5 5 0
| -3 4 2
0 7 -7 0
0 0 -0 0

Bang s6 cudi cing 1 mdt ma tran & dang bac thang c¢é hai hang
khac khong. Vay p(A) = 2.

3.5.3. Hé phurong trinh tuyén tinh téng quat

Bay gitr xét hé phwong trinh tuyén tinh 16ng qudt (3.4.1). Ma tran
he s6 cla né 13 ma tran A & (3.4.2). Xét ma tran bd sung tic 12 ma
trin A thém cot b : :

ay ap .. @ b
_ a ap .. @, b
A=[Ab] =

L dnl Cm2 - Gy bm_

Pinh If 3.5.1. (Dinh I Kronecker — Capelli). Hé (3.4.1), titcc la hé
Ax = b, cd nghiém khi va chi khi

P(A) = p(A)
Chitng minh. Bing cic bién déi so cip vé hang va bing cdch danh s6

lai cdc 4n tirc 1a di chd céc cot ta dua ma tran A vé dang béc thang :
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@y @iy @ @y e d g b

a3 @y 2’y by
(3.5.1)

Ay @y e 'y b
0 .0 by
0 v,
trong dé » < min {m, n}. Tir d6 ta suy ra dinh 1i 3.5.1.
Chi y 3.5.3. Tiudinh 1{ 3.5.1 tasuyra :
P(A) # p(A) thi he vo nghiem
P(A) = p(A) = n thi hé c6 nghiém duy nhat
p(Z) = p(A) < n thi hé ¢6 vo s8 nghié}m;

Gid sir p(A) = p(A) = r. Ta gidi he (3.4.1) nhu sau -

Vi p(A) = p(A) = r nén 6n tai mét dinh thite con khdc O cdp r
cua A, ta goi nd la dinh thic con chinh. Cic phén tir clia dinh thic
con chinh nadm & r phuong trinh, goi 14 cdc phuong trinkh chinh, va 1a
hé s6 clia r 4n, goi 1a r d@n chinh. Céc 4n con lai goi 1a dn phu. Ca he
tuong duong v6i hé méi gom r phuong trinh chinh, goi la hé con
chinh. Trong heé con chinh ta chuyén cac 4n phu sang v& phai, ta duge
mot h¢ con c6 r phuong trinh d6i véi r 4n chinh. Giai hé con d6 dGi
V6i cdc 4n chinh ta duge nghiém cia hé phy thuge vé phai va céc 4n
phu. Khi r = n thi khéng ¢6 4n phu.

Néu da dua duge ma tran A vé dang bac thang (3.5.1) thi nén 13y
dinh thic con chinh 12

any ap . dy,
az .. ay,
a',
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Khi dé hé con chinh la mot hé tam gidc trén, dé giai.
Thi du 3.5.4. Xét h¢ phuong trinh
xp+2x;+axz=3
3x = Xy —axy3=2 (3.5.2)
le + X2+3X3=b‘
1) Hay xdc dinh a va b d€ h¢ c6 nghiém duy nhat.
2) X4c dinh a va b dé hé c6 vo s6 nghiém.
3) X4c dinh @ va b dé h¢ vo nghiém.

Gidi. Xét cidc ma tran

1 2 a 1 2 a 3
A=1i3 -1 -a A=l3 -1 -a 2
2 1 3 2 1 3 b
1 2 a
Ta ¢6 det(A)=[3 -1 —-g|=2a-21
2 1 3

1) Diéu kién cdn va dii dé hé da cho (3.5.2) ¢6 nghiém duy nhat Ia
det (A) = 0. Vay dap s6 clia cau hoi 1) 12 @ = 21/2, con b bat ki.

2) Tir két luan trén ta suy ra: mudn cho hé (3.5.2) c6 vo s6 ‘

nghiém, trudc hét phai cé a = 21/2.
Khi dé det{A) = O nén p{A) < 3. Vi A 6 dinh thitc con
i 2
=-1-6=-7T=0
3 -1

la dinh thiic cap 2 nén p{A) = 2 khi ¢ = 21/2. Theo dinh i 3.5.1
(Kronecker — Capelli), muén cho hé cé nghiem <dn va du la
P(A) = p(A) =2. Ta hdy tinh p(Z) khi a = 21/2 bang bién déi sg
cdp. Tacd
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1 2 2172 3 2 4 216

- 2L, > 3L+, —
A=[3 -1 =21/2 2 21,,{ _ff 6 -2 21 4 —lflﬂgz—e[:z
21 3 21 3 bl 7
2 4 21 6 1 [2 4 21 6
-—L -
0 —14 -84 -14 142 [27\ 0 1 6 1
0 -3 -18 b-6 10 =3 -18 b-6
- [2 4 21 6
_)
DHL2h o 1 6
0 0 0 5-3

Qua bing cudi cling nay ta thdy ring s6 hang khéic khong ciia A
12 2, phit hop véi két qua p(A) = 2 khia = 21/2. S6 hang khic khong
cua A phu thudc b. N6 122 nfub =3 va la 3 néu b = 3. Vay ¢6

P(A) = p(A) =2 khia=21/2, b=3
P(A) % p(A)  khia=21/2, b=3

Khi p(A) = p(A) =2 < 3 thi hé di cho tuong duong véi mot he 2
phuong trinh 3 4n.

X +212 +%X3 =3

1
S T

nén no ¢é vo s& nghiém.
Tom lai (xem thém chii ¥ 3.5.3) :

a=21/2 thi hé ¢6 nghiém duy nhat

a=21/2,b=3 thihevo nghiém

a=21/2,b=3  thihe c6 v6 s6 nghiem
BAITAP : 3.42 - 3.45
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3.6. PHU LUC

3.6.1. Chimg minh dinh 1i 3.1.2 : Cho hai ma trdn A va B sao cho
cé thé nhan AB. Khi dé 1a cé

(AB)' = B'A’ (3.6.1)
Ching minh. Xét
A = [aglxns B = Wijluxp
thi ¢6 thé nhan AB va

n
AB = C =[¢luxp trong d6 ¢;; = Ea,-kbkj
k=1
Khidétacéd .
Al = [afj]nxm trong d6 a; = a;
B' =[bjjl,x, trongdé bj; =bj
"
C' = [cjlpxm trongdé cfj =cj = Y ajpby
k=1
Do d6 c6 thé nhan B'A’ :
n
B'A" = D = [djlyx, tongdé dj = Y bhal;
k=t
Ta nhan thdy
i N
dy = O byay = X apby = cji = ¢
k=1 k=1
Vay co
B Al = ___(AB)I

tire la (3.6.1).
134



is,

™ o
%3 5y

»

‘0g,

' 3.6.2. Chimg minh tinh chat 1 céia dinh thic :

det(A") = det(A) (3.6.2)

Trude hét ta ching minh mot b6 dé, b8 dé 3.6.1 dudi day, d6
chinh 1a cong thirc (3.2.2) & muc 3.2.2.

Bédé 3.6.1 ;
det(A) = a)) det(M))) ~ ay; deq(Myy) + .. + ()" g, det(M,)
(3.6.3)

Day 1a cong thic khai trién dinh thifc det (A) theo c6t mot.

Chitng minh

M;; ky hiew ma tran suy tir A bing céch b di hang /, cotj; M}
k¢ hiéu ma tran suy tir A béng cdch bo di hang /, hang k, cot j, cot I ;

A= de(A); Ay = det(My) ; AF = dermt)

Ta ching minh céng thitc (3.6.3) bing phuong phdp quy nap
todn hoc.

RO rang no ding véi dinh thic cdp 1 va cdp 2. Bay gidy gia su
(3.6.3) ding vdéi dinh thitc cdp n — 1, n> 2. Theo (3.2.h)taco

‘1
A=ay A+ Z(—l)”»’aUAU
j=2
Ap dung (3.6.3) vao cic dinh thic A4, j cdp n — 1 ta duge

H n
8 =abyp+ D" a (Y -1FH gy Al
=2 k=2

[ n

k+f kl

= A= ay IAII + 2 2(—1) "aljak]AU
i=2k=2
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= A= (J“;’}“ + z(—1)k+lak1(2(~l)l+"a|jAﬂ-)
k=2 j=2

" H .
= A=aphy + 3 D, Y Ay = (3.6.3)
k=2 j=2

Bay gid ta ching minh cong thitc (3.6.2).
R6 rang né ding v6i ma tran cép 1. Biy gidy gia sit nd con ding dén
ma tran cap # — 1, n >1. Xét A la ma tran cap n. Theo (3.2.1) ta ¢cd
det(A) = ay| det(M,}) — ayy det(My3) + ... + (~1)' " det(M,,)
Vay theo gia thiét quy nap thi
det(A) = ay det(M{}) — ayy det(Mip) + ... + (=)' dew(M],)
V¢ phai cha déng thitc trén chinh 1a khai trién cha det (4) theo
cot 1. Vay dp dung bd dé 3.6.1 ta suy ra (3.6.2).
3.6.3. Chitng minh tinh chat 2 cita dinh thiic :

Déi ché hai hang (hay hai cét) cia mot dinh thitc ta dwgc mot
dinh thitc méi bdng dinh tiure cii d6i ddu.

B8 dé 3.6.2. D3 ché hai hang lién tiép thi dinh thirc ddi ddu.

Chitng minh. R6 rang bd dé diing véi dinh thic cap 2. Bay gio gia
s&r n6 con diing véi dinh thic cdpnr— 1, n> 2. .

Goi A ={ay] lama trancdp n, Ay = det(My;);
Goi A' ={a';] 1a ma tran suy tir A sau khi d6i chd hai hang lién
tlép k, k+ 1, &'fj = del(M',}) y
Khai trién det(A") theo cot mot ta ¢d
i
d(A) = Y (- ay Ay
i=1
trong dé A',vl la cdc dinh thiic c&p n — 1, ddng thdi
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khi i = k thi @ry = Gy = A = =By
khl i = k + l th‘i a'(k+l)l = akl = A'(k-l-l)l = _Akl
khi ¢ v"'-‘k, k + 1 thi al“. =4 = AI“] = —A”

@Gl = sy = Al = ~Agiy
Do dé

" . o .
det(A) = Y (-1)*ay Ay = -2 D aa = -A
i=]

i=]
nghia 12 bd dé 3.6.2 duge chiing minh.

Bay gi&y mudn di chd hai hang bat ki s v r (r > 5 + 1) trude hat
ta dua hang r dén hang s bang 7 — s ldn d&i ché hai hang lien ti&p.
Khi d6 hang s cii chi€m vi tri hang s + I, ta dura né dén vi tri hang r
cdl bang r — s ~ 1 l4n d6i chd hai hang lién ti€p. Vay mudn déi chd
hai hang bat ki s va r, (r>s + 1) ta phai thuc hién 2(+ - 5) — 1 14n déi
ché hai hang lién ti€p. Do d6 theo bd dé 3.6.2, dinh thic ddi ddu
2(r —s) — 1 lan, tic 1a mot 6 1€ 14n. Vay dinh thie méi bing dinh
thirc cii d6i ddu,

3.6.4. Ching minh dinh i 3.3.5 :
A va B la hai ma trdan vudng cing cdp. Khi dé
det(AB) = det(A)det(B) (3.6.4)

Ching minh nay chia lam nhiéu budéc :

(i) Ma trdn so cdp va phép bién doi so cdp vé hang ciia ma trn.

C6 ba phép bién d6i so cip vé hang clia ma tran A va ba ma tran
s ¢dp thuc hién chiing :

1. Phép nhan (cdc phdn 1ir clia) hang r v6i s6 A = 0, thuc hién béi
phép nhén bén trdi ma tran A véi ma tran
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F(r,A)= A hang r

)

Ma tran nay suy tit ma tran don vi biang cdch nhan phdn tit chéo
a, =1 voiA.

Ma tran F(r, A) goi 1a ma tran so cép loai 1.
Thidu3.6.1.
1 1 11 1 1 1
A 42 2 2(=|24 24 24
1{]13 3 3 3 3 3

Ta nh4n thay
det(F(r.A ) =A 2 0.
Do d6 F(r, r) kha nghich va ma tran nghich dao

1
A7t = F(r =
(FrAn™ = F(r. 2)

thudce cing loai véi F(r,A).

Hon nifa, phép nhan bén phai A vdi F(r,/'i.) thuc hién phép nhan
cdt rclia A véi A,

2. Phép d6i chd hai hang r va s, thuc hién bdi phép nhan bén tri
ma tran A v@&i ma trin
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0 1 hang r

Pir,s) =

1 0 hang s

1

Ma tran nay suy tir ma tran don vi bing cdch déi chd hai hang r va s.

Ma tran P(r, s} goi 12 ma trin so cdp loai 2.

Thi du 3.6.2.
01 0]t 1 1] 222
10 0[.|2 2 2[=|1 1 1
00 1|33 3] [333

Ta nhén thay
det(P(r, 5)) = -1
Do dé P(r, s} kha nghich va ma tran nghich dao
(P(r.s)™ = P@r, )
thuéc cling loai véi P(r, s).

Hon nita, phép nhan bén phéi A vé6i P(r, 5) thuc hién phép d8i chd
hai ¢6t r va s clia A,
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3. Cong A lan hang r véi hang s, thuc hién béi phép nhan ben trai
ma tran A véi ma tran

g -

1 hang r
Qr, A, 5) =

A 1 hang s

|

Ma tran nay suy tir ma tran don vi bang cich thay a;, = 0 bdisd A,

Ma tran Q(r, A, 5) goi 12 ma tran so cé.'p loai 3.

Thidu 3.6.3.
1 0 O a b c a b c
0 1 0|l.|la & c'|= a’ b' ¢’

A O 1| |a" b " Aa+a” Ab+b" Ac+c"
Ta nhan thay .
det(Q(r, A, 5)) =1
Do d6 Xr, A, s) kha nghich va ma tran nghich dao
QA s = Q= 4,5)
thudc cung loai v6i Q(r, A, 5).

Hon nira, phép nhan bén phai A v6i Q(r, 4,s) thuc hién phép
cong A lan cOt r vOi cfL s clia A.

(ii) BS d¢ 3.6.3. Néu A la mot ma trgn vuong thi ton tai mét s6
hitu han ma trgn secap F;, i=1,2, .., kdé
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A=RF..RU, (3.6.5)
trong dé U la mot ma trdn tam gidc trén vi
My * 0,1<i <k k<n (3.6.6)

Chitng minh. Bing mot s6 hitu han phép bién déi so cdp vé hang ta
dua ma trin A vé ma trdn tam gidc trén U théa man (3.6.6), nghia 1a
ton tai mot s6 hiru han ma tran so cdp E,, E>....,E,, d€

EpE, . EA=U.
Do d6 4p dung dinh 11 3.3.3 ta suy ra
A=E'E'E'U.
Dat £7! = F thi F; 12 ma tran so cép ciing loai véi E; va
A=RF..F,U.

Vay ta duge két luan ciia b6 dé.
Thi dy 3.6.4. Cho ma tran

12 3]
A=|2 5 3|1,
1 0 8L,

Ta thuc hién cic phép bi€n d6i so cdp vé hang nhu sau -

L =1L 1 2 3 1 00
L==2li+l = |0 1 -3[=|-2 1 0|A=EA-=4
Ly =1, 10 8] |0 01
SR B -
L=1 1 2 3 1 00
L=l =0 1 =3|=|0 | 0|4 =E4 =4
Ly=-1L,+L; |0 =2 5| |-1 ¢ 1
S P
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3
L =L 12 31ftoo
Ly=L, =[0 1 3|=[0 1 0|4 =Ea =4
“ily=L; |00 1] |00 -l
E4

trong d6é E|, E,, £5, E4 12 cdc ma trdn so cap.

bat
1 2 3
Uv=(01 -3
O 0 1
ta coH

U = Ay = EgAy = E4E3Ay = E4E3EpA| = EqF3ExF\ A.
Do dé

A=E'E'EE]U.
Vay

A=FRBRBRU, F =E"

(iii) Bd dé 3.6.4. Néu A la ma trdn vuéng, E 1d ma trén so cdp
cung cdp thi

det(EA) = det(E)det(A). (3.6.7)

Chimg minh. E = F(r, A) thi

_ det(FA) = Adet(A), va det(E) = A

nén (3.6.7) diing.
E = P(r, s) thi
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det( EA) = —det(A), va det(E) = -1
nén (3.6.7) diing, '
E=0(A,5 thi
det(EA) = det(A), va det(E) =1
nén (3.6.7) ding.
(iv) B dé 3.6.5. Néu A la ma trgn vuéng, U ld ma trdn tam gidc trén
cting cdp voi A ma cdc phdn tit chéo up; 20 kil <i<k k<nth
det(UA) = det(U)det(A). (3.6.8)
Chitng minh. N€u k < n thl u,, = 0. Khi d6 thi U va UA cé céc
phén 1 & hang cudi ciing toan 1a s6 khong. Do dé

det(U) = 0, det(UA) = 0 = de(lUA) = det(I/)det(A)

Néuk=nthi u; #0,1<i<n Khidétadua U vé ma tran don

vi ] bang cdc phép bién déi so cip vé hang, thi du nhu

12 3L
U=|0 1 -3| L,
00 1] 14
Ta cé
L =L 1 2 3 1 00
Ly=33+1; = |0 1 0|=(0 1 3|U=U,
Ly =1, 0 01 0 0 1
L é, ]
Ly =313+ L 1 2 0 1 0 -3
Iy =L, =01 0y=[0 1 0|U =U,
Iy =1, 0 01 00 1
SR . /
)
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Ly =21, + L 1 0 0] [1 -2 0]
=L, =01 0l={0 1 0|Uy=1I,
Ly =Ly 00 1] |00 1J

T 0

trohg dé Q). @y, Q3 12 cdc ma tran so cdp. Vay co
I = Q3Up = Q3(QUy) = B (QU) = BAHAU.
Mot cdch téng quét, ton tai cic ma tran so cip Q; dé
OOy . QU =1
= U=07'0" .00 = PPy .. P,

trong d6 P, = Q,-_l 12 ma tran so cdp cing loai vdi ;. Do d6
U=PP .. P.
Vay 4p dung bb dé 3.6.4 ta dugc
det(U) = det(P)det(P,)...det(F)
det(UB) = det(P))det(P,)...det( £ ) det(B) = det({/ )det(B).
Vay ¢4 (3.6.8).
(v) Chitng minh (3.6.4)

Ap dung bd dé 3.6.3 ta thiy A c6 biéu dién (3.6.5) trong dé U thoa
man (3.6.6). Do dé '

AB = FFy..FUB.
Ap dung b dé 3.6.4 va 3.6.5 ta suy ra
det(A) = det(F,)det(F)...det(F,, ) det(U/)
det(AB) = det(F)det(Fy)...det(F,, )det(U)det(B).
Vay cd
det(AB) = det(A)det(B) = (3.6.4).
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3.6.5. Phan tich A= LU

V6i khdi niém ma tran so cdp ta di ching minh duge bo dé 3.6.3
va tir d6 suy ra dinh If 3.3.5.' Mot he qué nita cia bd dé 3.6.3 I3 phdn
tichA=LU :

Gid st A ld ma trdn vuong cdp n. Néu c6 thé dua A vé U thoa man
(3.6.5) chi bang cdc phép bién ddi so cdp loai mot va logi ba thi tén
tai ma trdn tam gide dudi L va ma trdn tam gidc trén U dé

A=LU.
Chitng minh. Theo bd dé 3.6.3 thi t6n tai cdc ma tran so cdp F; dé
FeFeoy-RA=U,
trong 46 U 1a ma tran tam gic trén. Dong thai vi ta chi dp dung céc
phép bién ddi so cap loai mot va ba nén F; va (F,-)_I 13 cdc ma trin
tam gidc dudi. Do dé
A=F) N EYyLEm) U

Vi tich cila hai ma tran tam gidc dudi 1a mot ma tran tam giac
dudi nén

FE'EYT R =L
12 mot ma trin tam gidc dudi vatacé A = LU

Chii y3.6.1. Néu khi dua A vé U ta phai diing dén mot s6 bién déi
so cdp loai hai thi cu6i cling ta thu duge phan tich ma tran A sau khi
da ddi ché cdc hang cdn thiét thanh tich LI/,

TOM TAT CHUGNG III

1. Mairan
Ma tran ¢8 m x n 1a bang s& chit nhat

Q1 43 - oay
A=|91 @2 - a
Amt Gy - Gy,

at-j €R
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et

viét tit la
A= [afj]mxn
Khi m = n ta c6 ma tran vudng cap n.

Tap cdc ma tran ¢& m x n ki hiéu 1a .4,

mxn
Tap céc ma tran vudng cép n ki hiéu. la .#,
Ma trian khong
O = {0l,,x,, {cdc phén tir déu bang 0)
Ma tran bﬁng-nhau
la; hnxn =0ijlmxn & ajj=by Vi j
Cong hai ma tran
(23 dmcn + (D Tmxn. = (@i + Bijlinxn
Nhéan ma tran véi mot s6
kg mxn = k@i mxn
Nhan ma tran v4i ma tran
A = [aylpxps B = 1bylpxn
thitichAB=ClamatrtincGmxn:
C= [ij]mx,,.

trong do
H
cj = D au by
k=1
Ma trgn chuyén vi
A= [aaj]mxn = A= [aj:‘]nxm .
NEu A € My, BE Mpyy, thi (AB) = B'A".
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2. Dinh thitc cia ma trdn vuéng
Cho ma tran vuodng cép »

an &3 o ay
A= dyy 4 - az,
Ay Gy o Gy,

B0 di hang i cot j thi con lai ma tran clp i —~ 1 goi 12 ma trgn con
ing phdn tr ajj, ki hiéu ma trgn dé la M;;.
Pinh thic cba ma tran vuong A, ki hi¢u 13 det(A) dugc dinh nghia
dan ddn nhu sau :
| A = [ay;] thi det(A) = ay,
Sau d6, dinh thic cia ma tran vuéng A cdp n 1

det(A) = ayy det(M))) ~ ajp det(M)) + ... + (=1)! " qy,, det(M ).

Dinh nghia d6 ciing cho ludn cdch tinh dinh thic cla ma tran c&p
bat ki. Dinh thic ciia ma tran cdp n goi 12 dink thitc cdp n.

Pinh thite cha ma tran cdp » ¢6 mot s6 tinh chat qﬁan trong :
1) det(A’) = det(A).
2) D6i chd hai hang thi dinh thic déi diu.

Tir dinh nghia va hai tinh chat dé ta suy ra cdc tinh chat khdc cia
dinh thiic

N&u A va B e .4, thi det(AB) = det(A). det(B).
3. Ma trén nghich ddo
Ma tran don vi cip » 12 ma tran vuong cdp n ¢6 dang

— -

1
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N6 c6 dic diém Al =[A=A VA e .#,.
Ma tran A e .4, goi la khd ddo néu 16n tai ma trdn B € .4, sao
cho AB = BA = I. Khi dé, B goi 12 ma tran nghich ddo cla A.
Ki hiéu ma tran nghich ddo cia A la Al
Adl =AM A= L

Cach tinh ma tran nghich dao :

Goi Dy =dewMy) la dinh thtc con ng véi a; va goi
Cyj = -1y D;; 1a phu dai s6 cha g ,taco:

Néu det(4) # 0 thi A kha ddo véi

a1
det(A)

', € =1y

va nguoc lai, néu A kha dio thi det(A) # 0.
Néu A va B € .4, vi khda dao thi AB kha dao va

(aB)! = B71Aa7
4. Hé phuong trinh tuyén tinh
Dang ma tran cha hé phuong trinh tuyén tinh :
a1 + apxy Ay = by
@y X + apxy ot Gty = B )

A X+ apaXxy t o G Xy = -

Xét cic ma tran

qp @ 0 Gp A b
a a @ X '

Ac| o2 | 2 b=_b2
Gnl An2 7 9 X by
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Khi d6 hé (*) ¢6 dang ma tran
Ax=b (¥*)
H¢ Cramer 1a he vudng (m = n) véi det(A) = 0.
Dinh li Cramer. Hé Cramer cé nghiém duy nhdt
xj = dct(Aj-)/de[(A), J=12,....n,
trong dé A; suy tit A bang cdch thay cét thir j boi cét vé phdi b.
Trudng hop m = nta concé :

He¢ thuan nhit Ax = 0 c¢6 nghiém khong tdm thudmg khi va chi khi
det(A) = 0, va cdc meénh dé sau tvong duong :

(a) det{A) # 0.
(b} A kha dao.
(c) Hé Ax = b c6 nghiém duy nh4t,
(d) H¢ Ax = 0 chi ¢6 nghiém tdm thudmg.
Dinh li Kronecker - Capelli. Diéu ki¢n cdn va dii dé hé (*) vic la
(¥*) cé nghiém la
hang clta A = hang clia A (= [A4, b))
A 13 ma tran A bd sung thém cot b § bén phai.

BAI TAP CHUONG ITI
3.1. Cho
1 3 0 1 2 -3
A=(-1 2]:; B=| 3 2|; ¢c=|1 2
3 4 2 3 4 -1
Tinh
DA+B+C; 2DA+(B+C): 3) 3A.

4) Tim A', B, C'.
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3.2. Hay nhén cac ma trdn :

A

[2
a)

c)

)

]

i
1 2].
3

gt 2 3]

-1 )
1 B

1 1 -1
2 -1 1]
I o0 1

e fu b

3.3. Hay thue hién cdc phép tinh sau

a)|3

d)

ay A=

b) A=
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M =

b)

e)

| sing

d)

2 1T
1 3} °

[cosp —sin (OT

cos ¢

3
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3.5. Ching minh rdng néu AB = BA thi
a) (A+ B = A2 + 2AB + B2

b) A2 - B = (A + BXA - B)

3.6. Hay tim t4t ca cidc ma tran giao hodn v6i ma tran A duéi day :

. (1 2 11
a) A= : b) A=
-1 —1] [0 1]
[1 0 0O
A=[0 10
131 2

3.7. Hay tim f(A) véi

2 -1
() =x®—5c+3[ va A=
-3 3

3.8. Hay tim tt ¢4 cdc ma tran cip hai cé binh phuong bang ma

tran khong.
3.9. Hay tim tat ¢4 cdc ma tran cdp hai ¢ binh phuong bing ma
trdn don vi.
3.10. Cho
-1 1 2 2 2 .
A=| 2 0 3|, Bjl 2|, C=[]
2 -1 1 30 -l

Hay kiém tra lai tinh két hop
(AB)C = A(BC)
ctiia phép nhan ma tran.
3.11. Cho

151



Hiy tinh
1) A 2) B 3) A'B";
5 (ABY ;5 6)(BA I T (A+B).
3.12. Tinh cdc dinh thic cdp hai
2 3 2 1
2 1 4| ®) ‘—1 2} '
d) a c+di : g -1
c—di b 1 tga
3.13. Tinh cdc dinh thiic cip ba
1 11 0 1
a[-1 0 1 b)|l O
-1 -1 0 1 1
1 1 1 1
cy|t 2 3 dy| —i
1 3 6 1-1
3.14. Cho
a b ¢
a b =4
wopr o
Héi cdc dinh thitc sau
a' b a
a) [a" b" " b) |a’
a b ¢ a
bang bao nhiéu ?
3.15. Cho
| a b ¢ d
a b ¢ d|_
a® b" " 4|
a”™ b ¢" 4"

4) B'A.
1 singx cosQ

¢) .
|—cosx  smo

1

1

0

P I )

1 0

0 1

b "

b ¢

b ¢
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Hoti cdc dinh thie sau blfmg bao nhiéu :

b ¢ d a d ¢ b
b ¢ d o d ¢ b
a) , b)
b" ¢ 4" g" d" ¢" b"
b" " d"m g™ am " p"
3.16. Gidj phuong trinh
1 «x x2 o
1 2 4 8 =0
1 3 9 27
1 4 16 64
3.17. Biét riing céc s6 204, 527, 255 chia hét cho 17. Hay ching minh
2 0 4
52 7
2 55
chia hé&t cho 17.
3.18. Chitng minh
b+c¢ c¢+a a+bd a b ¢
b'+e¢' e+a' a+b|=2la b ¢
b"+c¢" "+ a" a"+b" a’ b ¢
3.19. Tinh dinh thirc
1 0 -1 -1
0 -1 -1 1
a b ¢ 4
-1 -1 1 o

bang cdch khai trién n6 theo cdc phén tir cia hang ba.
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3.20. Tinh dinh thtc

2 1 1 x
1 21 vy
1 1 2 ¢z
1 1 1 ¢

bing cdch khai trién né theo cdc phén tir chia cOt bon.
3.21. Tinh cdc dinh thic sau

13547 13647 : 246 427 327
1) 28423 28523 ; 2) 11014 543 443
~342 721 621
31 11 11 1 1
3)'1 31 1 ; " 12 3 4
11 3 1 1 3 6 10
1 113 i 4 10 20
1 2 3 4 11 11
2 3 41 1 2 3 4
5) ; 6)
34 1 2 1 4 9 16
4 1 2 3 1 8 27 64
0 1 1 1 X s xty
I} L 0ab ; 9l ¥y x+y «x
1 a O ¢
1 bcO xryoox 7
3.22, Chilng minh
1 i 1
X) X2 v X
D, =1 x x% xﬁ =
x{t—l xil—l x::#l
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05:{0 d
g,

= (X3 —x Hxy —x) (X, —xp) %

X(x3 = x9) .. (x, —x3) X

i>j
3.23. Cho ma tran chéo
a, 0 0 - 0
0 0 - 0
A= a3
0 0 0 - a,

trong d6 a;,azy ... a,, # 0. Chung minh ring A kha do vi tim A~ |
3.24. Ching minh ring nfu A 1d ma tran vudng thoid man
2-3A+I=0thi A" =3/-4

3.25. Cho hai ma tran vuong A v B sao cho AB = 0. Ching minh
rang A khong thé kha dio trir khi B = 0.

3.26. Chimg minh ring n€u A khd ddo va AB=AC thi B=C.
3.27. A 1a mot ma trin vudng cip n.

1) Cho det(A) = 3, hiy tinh det(A%) va det(4>).
2) Cho biét A kha dao va det(4) = 4, tinh det(A ).
3) Cho det(A4) = 5 va B’ = A, tinh det(B).

4) Cho det(A) = 10, tinh det(A'A).

3.28. Hoi cdc ma trdn sau ¢6 kha dio khOng, néu ¢6, hdy tim ma
trdn nghich dao bing phu dai s6 :
-1 2
2)
3 -6

2 -1
1 |
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[2 1 -1 1 -1 2
3101 3 410 1 2
21 1 0 0 1
1 4 2
5|11 0 1
L2 2 3
329.Giat phuong trinh AX = B d6i v&i 4n 12 ma tran X vai
1 -1 1 1 1 1 ~1
A=|-1 2 1}; B=i1 0 2 2
-2 31 1 -2 2 0
3.30. Ap dung dinh li Cramer gii cac he sau
2x+5y =1 2 x+2y=4
4x + 5y =5 2x+y=3
[2x -2y —z =1 (x-y+z=1
3) 3 y+z=1 H2x+y+z=2
—x+ y+z=~1 3x+y+2z=0

2% —xp —x3 =4
5) 93x; +4xy —2x3 =11
(351 — 2x7 +4x3 =11

(x] +2x3 +3x3 23, =6
7 21’1 —12—213—314 = §
3x; +2xy —x3 +2x4 = 4

211 — 3X2 +ZX3 + x4 = -8

'3x1 +212 +_x3 =5
6) 12x; +3xy +x3 =1
2xy +x3 +3x3 =11

Xy —3x3 +4dx4 =5
Xy —2x3 +3x, =4
3X1 +2X2 —514 =12
L4II + 3X2 - SX3 =5

8) |

3.31. Hoi cdc ménh dé sau [a didng hay sai
1) Theo dinh lf Cramer, néu det(A) = 0 thi hé Ax = b v6 nghiém.
2) Theo dinh li Cramer, n€u Ax = 0 ¢6 nghiém khong tdm thudng

thi det(A) = C. .

156



Sl @
R
S

30

3.32. Tim ma tran X thod man phuong trinh

12 5 14 -6
a) X =
1 3)7 T2
1 1 -1 1
by X|2 1 0{={4 3
I -1 1 1 =2 5

3.33. Héy giai cdc hé sau bang cdch tinh ma tran nghich dao

l){3x+4y=2; 2){—3x+2y=l ;
4x+5y =3 2x +4y = 6
3 {3x+4y=3; 4 {-—3x+2y=—6.
4x +5y =2 2x+4y =1
3.34. Giai
2x;p +xy —4xy +2x4 =2
1y {2x+3y=4 2) 3xg+x34+x4=6
2y=4 2x3 +3x4 = ~1

Xg = -1
3.35. Ap dung phuong phap Gauss gidi cdc hé sau :

1.2x— 0.8y= 2,0
—1,5x + 0,25y = —4,0

(x+y+z=1
2)3x+2y+3z=-1
(x+4y+9z=-9

FII - X+ Xy = X4—_—2
X - x3+2x4 =0
3) { | 3 4

—I1+2I2—2X3 +TX4 =7

2x|-x2—x3 =3
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xp— Xy +2x3+2x4+ x5 =3
2x) + X3 +5x3+2x4 +2x5 =6
4 - xy +4x —6x4+ x5=-3
2x; —4x; —4x3 — x4+ x5 =-3

2x) +4xy +4x3 +Tx4— x5=9

3.36. Dung phuong phép Gauss - Jordan tinh ma trin nghich dao
cua ¢cdc ma tran sau

o 1 2 -3
12]

a) A= IJ; pmA=|0 1 21;
- » 0 1
[1 3 -5 7
01 2 -3

c) A= .

00 1 2
00 0 1

3.37. Dung phuong phdp Gauss - Jordan tinh ma tran nghich dao
cua cdc ma tran sau néu cé

1 -1 2
2 -1
l)A:[ ]; DA=|-1 2 1];
_ 31
2 -3 2
11 2
1 2
NA=(2 3 2; 4)A={ }
2 4
|1 3 -1
2 3 M -3
5 A= : 6) A= 2 ;
1 4 -6 9
1 -1 -1 2 1 1
A= 1 -1{; $HAa=|1 2 1];
12 2 O 1 1 2
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2 1 -1
3 2 0 :
-1 4 2
»a=|2 1 3|; 10) A = ;
0 1 3
4 2 -1
2 6 0
2 -1 0 3
112 -1
1) A= :
) -1 2 3 1
0 12 1

3.38. V&i céc gid tri nao cla a thi hé sau day khong c6 nghiém duy nhét

Cme x—y+2z=3
1){})‘r +23"_51 2) 2x+ay+3z=1
xTay= Ax+3y+z=4

3.39. Tim nhitng gid tri cla a dé hai h¢ sau tuong duong

x+2y=1 x+ay=4
2x+5y=1 -x+2y=-5

3.40. Viét nghiém cta cdc hé sau theo a, b, ¢

43y = xX+y-z=a
1) {; +;“‘_"b 2){x+2y-2z=b
xtey= 2x-y+2z=c

3.41. X4c dinh a dé hé sau c¢6 nghiém khéng tim thudng
axr—3y+z=10 ‘
N42x+y+2z=0

2’) {(l—a)x+2y=0
3x+2y—-2z=0

2x+ @ ~-ay=0

3.42. Trong cédc h¢ sau day, hé nao c6 nghiém khong tim thudmeg,

hé nao khéng c6 :

[X1+312+SX3+I4 =0 [Il+2X2+3X3=0
1) {4x; —Txy =3x3—x4 = 0 2) Xy +4x3 =0
3.[1 +2X2 +?X3 +814 =0 5x3 =0
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3.43. Tim hang cla cdc ma trin sau :
: 2 -1 3 =2 4
ayA=14 -2 5 1 7T
2 -1 1 8 2

1 3 5 -1
2 -1 -3 4
b) A=
5 -1 7
7 7 9
(4 3 -5 2 3]
8§ 6 -7 4 2
c)A=14 3 -8 2 1
4 3 1 2 -5
8 6 -1 4 —6]
3.44. X4c dinh hang cha cdc ma tran sau tuy theo A (A thuc) :
3 A 1 2
2) A = 1 4 7 2
1 10 17 4
(4 1 3 3
-1 2 1 -1 1
b) A = A -1 1 -1 -1
I A 0 1 1
1 22 -1 1

3.45. Gial cdc hé sau va bién ludn theo cdc tham 56 :

Ax+y+z=1
Dix+Ay+z=4

x+y+Az =A%
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_&*.L.
L)
‘og.

Jx+ay+a Z2=4a
2)

2 3

x+by+b22=b3

x+cy+czz=c3
(x+y+z=1
Nax+by+ecz=d
azx+b2y+czz=d2
PAP SO
31 3 9
3L 1va2)l3 6| ; 3|3 6
56 9 12
-1 3 0 3 =
4) A = bl B = 2
3 2 4 12 3
cro[21 4
=3 2 -1
3 -1 -9 13
3.2.a) : b)
[5 -1 15 4
[6 2 -1
9 3
c)yl6 1 1i; d)
10 3
8 -1 4
10 2 4 6
) 8]: Hlrt 2 3
- 3 69
g) (13}

11 TOAN HOC CAQ CAP T
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7 4 4
15 20 3
33. a9 4 31; b) : c)
20 35 4 8
13 3 4
9 1 n] ; ) -c?sr:qo —sinu(p]_
[0 1 | sinn@  cosh@
4 0 -1 [0 0 O
34. a)| 6 -2 4 B)|0 0 O
7 9 = 0 0 0

3.5. (A+B)2=A2+AB+BAT+BZ=A2+2AB+82
(A+B)A-B)=A’-AB+BA-B =4 - B

[ 2
36. a)| ¥ ]

|-y x-2y
by |~ y}

0 x

[ x .y 0
c) u v 0

\_3:—3x—u t—3y-v 1

00
3.7.
oo

b
3.8. [a ] véi be+at=0
Cc —4a

1 0 a b| ..
3.9, + véi a +bc=1
0 1 c —-a

g
3.10. Ca hai v& déu bing |9
0
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6 o5
‘og}

3.12.

3.13.
3.14.
3.15.

-3 =2
3) ;
0 10}

[1 4}
£} )

a)s;

e) 1/cos’cr.
a)l;

a) A ;

a) -4,

b)5;

b)2;

b) ~A.

b) A.

-1 1]
2)

-3 —2]
4)

6 4 14];

o 1: d) ab-c? -2 -

c)l; ¢é) 2.

3.16. Phuong trinh c6 ba nghiém : 2, 3, 4.

3.17. Cong vao cot cubi cot the nhat nhan véi 100 va cot thit hai
nhin véi 10.

319. 3¢ - b+ 2c + 4.

3.20.

3.21.

Y—-—x-y-2z
1) —1487600 ;
3)48;
5) 160 ;

2) =29400000 :
4)1;
6) 12,

7 a? +b2+c‘2—2(bc+ca+ab);

8) —2(x° +y3).

163



_ 1 -
— 0 0
ap]

0 1 0
-1 -

3.23. A .= Iy
0 0 L
L py

3.27.

3.28.

3.29.

3.30.

3.31.

164

1) det(A%) = 9, det(A”) = 27
2) det(A ') = 1/4

3) det(B) = £+/5

4) det(A'A) = 100

0 /3 1/9
-1/3 2/9.
—1/2 -1/2 1

Hl3/2 1 -3/2
-1/2 0 12

[~1/7 —-4/7 277
5)|5/14 -1/14 -3/14
-1/7  3/7 277

0 51 9
0o 3 1 7
1 -1 1 -3
1) (-3, 7/5)
3)(2,4,-3);
G LD;
7(1,2,-1,-2);
1) Khong ding ;

2) Khong kha dao

1 1 4
410 1 -2
0 0 1

2) (213, 5/3)
4y (7, -3, -9
6) (2, -2, 3)
8(1,2,1,-1)
2) Ping



3.32.

3.34.
3.35.

3.36.

3.37.

2 =23
a)

o]
D(-1,2);
133, 2);
3)2,1,0,-1);
a)'1 =21

0 1]

[1 -3 11 -38

0 1 2 7
c)

0 0 1 =2

0 0 0 1

1 1/5 1/5
=3/5 2/5

3)

5)

7)

9}

[9 7 —4
4 -3 2
13 -2 1
[ 45 -3/5
[ -1/5 2/5}
[ 1/4 -17/4 1/4
-1/4 1/4 1/4
-1/2 -1/2 ©

| -8/43

[ 5/43  2/43 /43
14/43 —3/43 —9/43
14/43  —1/43

-3 2 0

by|4 5 -2
-5 3 0

2)(3,2,1,-1)

2)(1,2,-2)

4)(-3,0,2,1,0
1 =2 7

by|lo 1 =2
0 0 1

7 -4 -5
214 -2 3
-1 1 1

4) Khong cé nghich dao

6) Khong ¢6 nghich dao

3/4 -1/4 -1/4
8)|-1/4 3/4 -1/4
~-1/4 ~1/4 3/4
172 12 372 12
33/4 13/4 -7/4  3/4
52 12 -12 1R
=132 -52 32 -172
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1 1 2 -4

5 2 7 2502
=32 -1 4 152
12 ¢ 1 =32

1)

3.38. 1)-6; | -2

3.39. -1
3.40. 1) ((3b - 2a)/4, (2a — b)/4)
2Yy(2a—b,—6a+4db+c¢,—5a+3b+¢)
341. 1)-5
2)0va s
342, 1) Co; 2) Khong
343. a) p(A)Y=2
b) pA) = 3
cyplA)=2
344. 1) A=0thip(Ad) =2
A+ 0 thi p(A) = 3
b) A =1 thi p(4) = 3
A#1thip(A)=4
3.45. 1) Néu A # 1 va A = -2 thi hé ¢6 nghiém duy nhat :
A+1 1 (A +1)?
2+2 P T A+ TTTAE2
Néu A = 1 thi hé c6 v6 s nghiém phu thugc hai tham s6
Néu A = -2 thi hé khong ¢6 nghiém
2) Néu a # b # ¢ thi hé cé nghiém duy nhat

x=abc, y=-—(ab+ ac+ bc), z=a+b+c
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Néu trong s8 a, b, ¢ ¢6 hai s8 bing nhau thi hé c6 v6 s& nghiém
phu thuéc mét tham sé.

Néu a = b = ¢ thi hé ¢6 vo s6 nghiém phu thudc hai tham s6.
3) Néu a # b # ¢ thi h¢ ¢ nghiém duy nhat
(b —d)(c - d) (a -~ d}(c — d) (a —d)(b—-d)
Te-at-a) T@-be-b " @-ob-0
Néva=b5b, a#c, d=ahayd=c thi he ¢c6 vo s6 nghiém phu
thudc mot tham s6.

Néub=c,a# b, d=ahayd=>bthihé¢ cung c6 vo s6 nghi¢ém
phu thudc mot tham s6.

Néua=c, a# b, d =ahayd=>bthihé ciing ¢6 vo s6 nghi¢m
phu thudc mot tham s6.

Né&u a = b = ¢ = d thi hé c6 v6 sé nghiém phu thuoc hai tham sé.
Trong tat ca cdc trudng hgp con lai, hé vo nghiém.
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Chuong IV

HINH HOC GIAI TiCH
(On tap : Dudng bac hai va mit bac hai)

4.1. MO PAU

Cé thé néi hinh hoc giai tich la ‘mon hinh hoc 14y dai s6 lam
phuong tién chi yéu.

Muén thé truée hét ngudi ta biu dién mdi diém trong mat phing
bing mot cip s6 toa d9, mbi di€m trong khong gian bang mot bo ba
s6 toa d9, méi dudng trong mat phang bing mét phuong trinh d6i véi
cap s6 toa do, méi mat trong khong gian bang mot phuong trinh déi
v3i bo ba s6 toa do. Sau d6 ngudi ta 4p dung céc phuong phdp dai s6
dé giai quyét cdc van dé hinh hoc.

Noi dung mo6n hoc nay da dugce trinh bay & sach gido khoa bac hoc
phd théng. Chuong nay chi on tap khéi niém dudng bic hai va mat
bac hai, cdn biét khi hoc mén gidi tich todn hoc, dic biét l1a phdn
phép tinh tich phan ciia ham nhiéu bién s6.

4.2. PUONG BAC HAI TRONG MAT PHANG

4.2.1. Phuong trinh bac hai tdng quat

G trudng trung hoc ta di thiy cic dudmg trdn, elip, hypebon,
parabon déu c6 phuong trinh 12 phuong trinh bac hai d6i véi x va y.
Nay ta xét hai todn nguoc lai, tirc 1a tim bi€u dién hinh hoc clia mot
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phuong trinh bac hai d6i v6i x, y. Dang téng quat ciia mot phuong
trinh nhu thé 13 '

Ax? +2Bry + Cy? + 2Dx + 2Ey +F =0 (4.2.1)
dal + 18l +lcl = 0)

ma biéu dién hinh hoc ciia n6 1a dudng bac hai.
Trudc hét ta xét mot s6 trudng tiop rieng théng qua cac thi du.

4.2.2. Phuong trinh véng s6 hang chéo xy va cé cic hé sé cua x?
va yz bing nhau

Thi dy 4.2.1. Xét phuong trinh

x2+y2~2x+4y—4=0 (4.2.2)
N6 tuong duong vdi
(-2 +(y+2?% =9

Ta nhan thay phuong trinh (4.2.2) biéu dién trong mat phing Oxy
dudng tron tam I(1, ~2) bén kinh R = 3.
4.2.3. Phuong trinh ving s6 hang chéo xy va céc s6 hang bac nhat

Thi du 4.2.2. Xét phuong trinh

4x* +9y? —36 =0 (4.2.3)
N6 twong duong véi
2 2
9. 4

Ta nhan thdy phuong trich (4.2.3) 1a
phuong trinh cta mot elip ¢é bén truc
1én @ = 3 ndm trén Ox va bén tryc nhd

b =2 ndm trén Oy (hinh 21). Q

8 X

"\
|/

Hinh 21
169



Thi du 4.2.3. Xé1 phuang trinh

4x2 —_ 9))2 = 36 (4.2.4)
N6 tuong duong véi

2 2
1 —- 2=

9 4
Ta nhan thdy (4.2.4) 14 phuong
trinh chia mot hypebdon cd ban truc
thuc @ = 3 ndm trén Ox va ban truc
4o b = 2 nam trén Oy va c6 hai tiém

Hinh 22 cin y = i%x (hinh 22).
Thi du 4.2.4. Xét phuong trinh

x2+2y2 =0 (4.2.5)

Phuong trinh nay thoa man khi va chi khi x =0, y = 0. Vay biéu
dién hinh hoc cia né 12 mot diém c6 1oa do (0, 0), d6 1a gbc toa do.

Thi du 4.2.5. Xét phuong trinh

4 -y =0 (4.2.6)
Phuong trinh nay tuong duong véi
C2x=-(2x+y)=0 (4.2.7)
Cap s6 (x, y) thod man (4.2.7) khi va
chi khi né thoda min mot trong hai y
phuong trinh y=2x.
2x -y =0,
7 (4.2.8)
2x+y=0

Vay biéu dién hinh hoc cia (4.2.6) la
biéu dién hinh hoc cia hai phuong trinh
(4.2.8), d6 13 hai dudng thing di qua géc y=-2x
toa do (hinh 23). Hinh 23
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Thi du4.2.6. Xét phuong trinh
| Zeyi1=0 (4.2.9)

N6 trong duong vai

Pyt | (4.2.10)

Khong c6 cip s6 thuc (x, y) nio thod mdn phuong trinh
(4.2.10). Nhung nhitng cip s6 nhu (4, 0}, (i, 0), (0, i), {0, i) thoa
man né. N6i chung ta ¢ thé vi€t (4.2.9) thanh

2 2

x°+ y2 =i
va Xem né la mot dudng tron ao tam tai O(0, 0) véi ban kinh 40 R = i.
4.2.4. Phuong trinh ving s6 hang chéo va ving mot s6 hang |
binh phuong
Thi du 4.2.7. Xét cdc phuong trinh
y2 =2x, y =-2,
x2= 2y, P =2y.
Ta thdy ching c6 biéu dién hinh hoc Ia cic dudng parabon & hinh 24.
=24y

Qo x

Hinh 24
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4.2.5. Cong thive ddi truc

Toa d6 (x, y) clia mot diém M phu thuéc hé tryc toa do ma ta
chon. Phuong trinh bac hai t6ng quét d6i v6i x, y c6 dang (4.2.1)
trong hé truc Oxy. Néu ta chon mot he truc khac thi phuong trinh dy
s& thay déi va c6 thé don gidn di r4t nhiéu. Vi vay mudn xét bidu dién

hinh hoc clia phuong trinh téng quat (4.2.1) trude hél ta xét cac cong
thirc déi truc.

Cé hai cdch d8i truc ur hé cli Oxy sang heé mdi O'x’y’, d6 la phép
tinh tién va phép quay.

a) Cong thirc tinh tién truc

Tinh ti€n hé truc Oxy thanh hé
Y y truc O'x'y’ néu O'x" [ Oxva Oy’ /f Oy
(hinh 25). Phép tinh tién truc duge
hoan toan xdc dinh khi cho toa do
(a, b) clia O’ d6i véi he Oxy.

Xét mét diém M trong mat phing.
Lien hé giita cdc toa do (x, y) cia M
trong hé Oxy véi céc toa dd (x, ¥’}
ciing clia M trong hé O'x’y’ 1a

x=a+x'
{ . (4.2.11a)
y=b+y '

b
1
i
1
1
|
;
1
I
1
1
|
1
|
1

=

Mp-m—mfmm———

Hinh 25

D6 1a cdc cong thifc tinh t1ién truc (tir Oxy sang O'x’y’).

X'=-—a+x
y=-b+ty

Day ciing c6 thé xem la cong thiic tinh ti€n tryc tir O'x’y" sang Oxy.

Tir d6 1a suy ra

b) Céng thic quay truc

Khi ta quay hé cii Oxy modt géc o xung .quanh g6c O ta duge mot
hé méi Ox’y". Phép quay truc duge xdc dinh hoan toan bai géc «
(hinh 26}.
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Xét mot diém M trong mit i
phang. N6 c6 toa do (x, y) d6i
vii he cfi va toa do (', y) d6i Y Y[ e
vOi hé méi. Ta cé -

OM =OP +P'M ¥

Chi€u dang thic hinh hoc nay a
lén hai truc Ox vad Oy ta dugc. 0
lién he giita (x, y) va (x, ¥ : Hinh 26

= x'costy — y'siner
{X X eosa—ysm (4.2.11b)

¥y = x'sin + y'cosa
Cic cong thic nay goi 12 cdc cong thiic quay truc (tir Oxy sang Ox'y").

Bing cdch thay o bdi -« ta suy ra cdc cong thiic quay truc tir
Ox"y' sang Ouxy :

x'= xcos + ysinQ
¥ = —xsina + ycosex

4.2.6. Mot sd ap dung don gian
Thi du 4.2.8. Xét phuong trinh :
y=x —2x+2 (4.2.12)

3 phd thong ta goi d6 thi clia ham 56 y nay 1a mot parabon. Bay
£i0 ta gidi thich tai sao ¢6 thé goi nhur vay. Ta viét (4.2.12) thanh

y=x2—2x+2=
= =24 l4l=(x-1)P+1
Va suy ra
y-l=@-1?
bat y-1=y",x-1=x"
‘Vay néu tinh tién truc theo cong thitc

x=1+x
y=1+y
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y ty (trong d6 @ = 1, b = 1), thi phuong trinh
\ . da cho viét
yv = x-2’ :
=10 x b6 1a phuong trinh cha mot parabdén
o 1 X doi vai he mdi (hinh 27).
Hinh 27 Thi du 4.2.9. Xét phuong trinh :
xy = K (k 12 hiing 56 khac 0) (4.2.13)

& phd thong ta di goi d6 thi clia né 12 mot hypebon can. Bay gidy
ta giai thich tai sao goi thé.

Ta quay truc di mét géc o= 45° vic 12 theo cong thic :

x = x'cos45° — y'sind5°® = w_}_E(XI“ ¥

' 1
y = x'sin45° + y'c0s45° = —=(x'+ y")
2

Thay vao (4.2.13) ta cé

| 1 2
— =)=+ y) =k
BTRTT
2_ 02
Ty o K, hoac
2
2 2

X Y _
(2k? (2K

D6 la phuong trinh cia mét
hypebén doi véi hé truc méi (hinh 28)
voi hai tiémcan y' =+ x'.

1

Hypeboén nay goi la can theo
nghia né ¢6 ban truc thyc va ban

truc 4o bang nhau (cling bing 2k ). Hinh 28
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4.2.7. Truesng hop téng quat
Trd lai phuong trinh 6ng quat (4.2.1). Gia sit B # 0.
Trude hét bing mot phép quay truc thich hop
x = x'cos@ — y'sine
{y = x'sin + y'cosa
ta dua phuong trinh (4.2.1) vé mot phuong trinh bac hai déi véi x°, y
Ax e 2B Xy Cy 24 2D x4 2E'y'+ F = 0 (4.2.14)

trong dé

A'= %(A - C)cos2a + Bsin2¢a + %(A + )
C' = %(C — A)cos2a — Bsin2a + %(A +C)

B = %(C — A)sin2a + Beos2a

Chon e thod mén diéu kién B' = 0, tirc 1a

2B
g2 = —— 4.2.15
8 Y ( )

Khi do6, phurong trinh (4.2.14) chi con
A'x?+Cy2 42D+ 2E'Y+F =0 (4.2.16)

trong dé

A= i%\/(/’. -0 +4p? + %(A +0)

C' = ¢%J(A -C)? +4B% + %(A +0)

Néu B = 0 thi phuong irinh (4.2.1) di c6 dang (4.2.16) réi.

Sau khi d4 c6 (4.2.16) ta diing mot phép tinh tién truc thich hgp ta
c6 thé dua phuong trinh (4.2.16) vé mot trong nhiing dang don gian
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dd xét & cac muc trén va do dé 6 thé tim ra biéu dién hinh hoc clia
phuong trinh da cho.

Xét dai lugng :
§:= A'C' = AC - B? (4.2.17)
K&t qua téng quét 1a : _
1) Néu & = AC — B > 0 thi (4.2.1) xdc dinh mot elip, hoac thu
vé moét diém, hoidc mot elip ao.
2) Néu & = AC — B < 0 thi (4.2.1) x4c dinh mot hypebon, hoac
* hai dudng thang giao nhau.

3) Néu 8 = AC — B = 0 thi (4.2.1) x4c dinh mot parabon, hodc
mot cap dudng thing song song, hoic mot cap dudng thing triing
nhau, hoac mét cap dudng thing do song song.

Thi dy 4.2.10. V& dudmg biéu dién phuong trinh
Sx2 +4xy +2y% —24x— 12y +18 = 0 (4.2.18)

Tac6A=5B=2C=28=AC~B =10-4=6>0, vay dudng bidu
dién 1a mot elip.

Trudc hét ta quay hé truc toa do mot géc «, duge tinh bdi cong
thirc (4.2.15)

4 4 -3+5
g =——=—=1gU = .
5-2 3 4
1 1 .
Vay tga = Evé tgex=-2. Tachon tgo = 5 do d6
cosa=i~—-!——=ii,
1+1g%x 3
sma=i~1—.
5
Ta s& 14y cosa—i sinoc—L
BN N
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g,

I -]
&V

2x'-y'
V5

x'+ 2y
g

Thé vao phuong trinh trén ta duoc

Vay: x = x'cosar ~ y'sin@ =

¥y = x'sin + y'cosx =

6x24 y2- 6—0_x'+ 18=0

5

Phuong trinh d6 cé thé viét :
6(x'- 5 30+ y2+18 =0,
hay 6(x'=/5)2 +y2-12 = 0,

D6i t0a d6 x'~+/5 = X, y' = ¥, tic 12 tinh ti€n hé truc Ox’, Oy’
sa0 cho gc t6i diém / c6 toa do d6i v6i he Ox’, Oy’ Ia (5, 0).
Ta dugc :
6X°+ ¥ - 12=0
hay, chia hai v& cho 12, ta dugc J”f

x? y?
2 N\
2 12 y

Vay dudng bidu dién cha (4.2.18) 1a
mot elip nhan IX, IY 1am truc déi Ximg,
¢6 truc 16n nam trén 7Y, bén truc 1én 1a 7

243, truc nhd nam trén /X, ban truc nhé

0 X
bing +2 (hinh 29).

Vay Ia bing cdc cong thic d6i truc Hinh 29
12 ¢6 thé dira mot phuong trinh bic hai
tong quat doi véi x, y vé mot trong cic dang gon nhat. Viéc 1am dé
801 la rit gon phuong trinh bdc hai t6ng qudt. Bai todn nay sé giai
quyé€t ddy di va gon hon & cusi chuong 8.

Chi y 4.2.1. Xem thém chuong 8, muc 8.6.1.

BAITAP: 4.1 - 4.4.
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4.3. MAT BAC HAI

Bay gids ta s& nghién ctfu nhitng mat ma phuong trinh cita ching la
bac hai d6i véi x, y, z. Nhitng mit d6 duoc goi 1a nhig mdt bdc hai.

4.3.1. Mit cauv

3 trudng phé thong trung hoc ta di thdy ring phuong trinh cla
mit cdu tam I{(a, b, ¢) bin kinh R 1a
G-+ -br+r -t =R 4.3.1)
hay

xz+y2+22—2ax—2by—2cz+a2+b2+r:2—R2=0

‘D6 1a mot phuong trinh bac hai d6i véi x, y, 2, trong d6 céc hé s6

cla xz, yz, 7 béng nhau, khong c6 cdc 58 hang chéo xy, yz, xz. Nguge
lai, moi phuong trinh bac hai d6i véi x, y, z, trong d6 céc hé 56 cha

2, yz, 2 bang nhau, khong c6 cic s6 hang chéo, xy, yz, zx déu biéu
dién mot mat cdu nao d6, vi c¢é thé dé dang dua phuong trinh £y vé
dang (4.3.1), mit cdu d6 c6 thé thu v& mot di€ém hay 1a do.

Thi du 4.3.1. Phuong trinh
x2+y2+22—21+4y—-62—2=0
¢6 thé viét nhu sau :
o241 +y2+4y+4+z2+6z+9— 1-4-9-2=1,

hay x=1)2+(+2%+ (-3 -16=0.

D6 1a phuong trinh clia mat cdu tam (1, -2, 3) bin kinh 1a 4.
4.3.2. Mat elipxoit

Trong khong gian, phuong trinh

=1 (4.3.2)
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‘9g,

%

trong d6 a, b, ¢ 1a nhimg hing
- 56 duong, xdc dinh mit ma fa
go1 1a mdt elipxéir (hinh 30). Vi
phuong trinh (4.3.2) chi chifa
- binh phuong cia x, y, z nén mit
elipx6it nhan cdc mat phing 1oa
do lam mit phing d6i ximg,
nhan géc O 1am tam déi xing.

Cér mit elipxoit boi cdc mat Hink 30
phing toa do xOy, y0z, z0x,
giao tuyé&n theo thd ty 1a nhimg elip (hinh 30).

2 2
S+l =1:=0
a b
2 2
y—+£—=l,x=0
B2 2
_2 2
z X
—+t—==1Ly=0
C2 I52

Cit mat elipxoit bdi mat phing z = h song song véi mat phing
xQOy, giao tuyén ¢4 phuong trinh

2 2 2
2R R, a5
a b c
Né&u |A] < c, phuong trinh (4.3.3) ¢6 thé viét
12 y2

+ =1, z=~h
2 2
I FE ] P
C C

D6 1a phuong trinh clia mot elip ¢6 cdc ban truc la

-5 2]
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Khi k& tang tir 0 dén ¢ céc ban truc d6 nhd dan. Néu A= 0 giao
tuyén 12 elip c6 cdc béan truc a, b. Néu = ¢, giao tuyén thu lai diém
(0, 0, ¢). Khi & bién thién tir —c d&n +c, giao tuyén di chuyén va sinh
ra mat elipxoit. a, b, ¢ dugc goi 1a céc bdn truc cla elipxoit.

Néu a = b, giao tuyén cha elipxoit v6i cdc mat phéng z = /i 12
nhifng dudng tron

2 2
C6 thé xem elipxoit dé 1a mat sinh ra do quay elip % + 2—2 =1
¢
quanh truc Oz. Ta goi d6 12 mét elipxéit tron xoay. Ciing vay, néu

a = ¢ hay b = c¢ ta ¢6 nhiing elipx0it tron xoay.

Néua = b = c, phuong trinh (4.3.2) trds thanh 5% + 3% + 2 = a°, d6
12 phuong trinh cta mat cau.

4.3.3. Mat hypebolait mot tang

2

Phuong trinh % + bl

22
2——;:1, (4.3.4)

o

trong do6 a, b, ¢ 1a nhitg hing s6 ducng. 1a phuong trinh clia m§t mét
ma ta goi la mdt hypebo6lsit mor tang (hinh 31). Mit d6 nhan cac mat
phing toa do lam mat doi ximg, nhan géc
toa do 1am tAm doi ximg.

-.  Cét mat (4.3.4) boi mat phing xOy,
2 2

F4

giao tuyén la elip x_+y_2 =1,z =0.
a b

0 ¥ Cit né bdi cdc mat phing yOz, zOx, giao
tuyén theo thd ty 1i cdc hypebdn
)’2 z2 x2 22
f—e—=1 x =0 ; ——-—7=1,
b2 62 . aZ 62

Hinh 31 y =0 (hinh 31).
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5

Cit mat (4.3.4) bdsi mat phing z = song song vdi mat phing xOy,
giao tuyén c6 phuong trinh

+ =1 +L z=h. (4.3.5)

D6 1a phuong trinh ciia mot elip ¢6 cdc bén truc 1a

2
a 1+£—, b1+£2—
C

Néu i = 0 giao tuyén }a elip c6 cdc ban truc a, b. Khi h ting dan
va lon lén vo cling, cdc bén truc cha giao tuyén ciing tang din va 16n
lén vo ciing. Khi /£-bi€n thién tit —o dén +==, giao tuyén di chuyén va
sinh ra hypeboloit mét ting. a, b, ¢ duge goi 12 cde bdn truc clia maLt.
Néu a = b, giao tuyén (4.3.5) }a nhimg dudng tron :

Jr2+y2 2[1+£2-] z=h.

[

Lic d6 ta c6 mat hypeboldit mot tdng tron xoay, sinh ra do
2 2

hypebon %—52—=1 quay quanh truc Oz la truc khong cit
a ¢

hypebon.

4.3.4. Mat hypebdloit hai tang
Phuong trinh
2 2 2

N z
c2

x
a2

=-1, (4.3.6)

U“Ml\e

trong d6 a, b, ¢ 13 nhitng hing s duong, 1a phuong trinh ciia mot
mat ma ta got 12 mdt hypebolsit hai tdng (hinh 32). Mat d6 nhan céc

mat phang toa d6 1am mat phéng déi x(ng, nhin g6c toa d6 lam tam
déi xing.

Mat phéng xOy khong cét mat d6. Cdc mat phang xOz, y0Oz theo
thif tir cit né theo cic dudng
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2 2
X Zz
-———:—1’y=0’
(12 C2
2 2
z
2= =L x=0;
b c

d6 1a nhilng hypebon cit truc Oz (hinh 32).

Cit mat (4.3.6) bdi mit phing z = A
song song v&i mit phdng x0z, giao tuyén
¢ phuong trinh

2 2 2
"—ZH—2 - h—z— Lz=h (43.7)
a b c
Néu | > ¢, d6 1a phuong trinh cha

maot elip ¢ cdc bén truc 1a

2 2
a {h—z—l} b (h—z— ]
Hinh 32 C c

Néu & = + ¢, giao tuyén thu vé mot diém. Néu 4| ting din va

16n 1én v6 ciing, cdc ban truc cia elip (4.3.7) ciing ting d4n va 1dn 1én
vO cung.

Khi |4l ting tir ¢ d&n +oo, giao tuyé'n di chuyén va sinh ra
hypeboloit hai tang. Mat d6 cd hai tang riéng biét.

a, b, ¢ dugc goi La cac bdn truc clia mat. N&u a = b, giao tuyén la
nhimg dudng tron :

2,2 _ 2
x“+y° =a —2—1 yz=h

C

Lic d6 ta c6 mat hypeboloit hai tdng trdon xoay, sinh ra do
2 2

hypebon —- - z_2 = —1 quay quanh truc Oz 1 truc cit hypebon.
a c :
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4.3.5. Mat paraboéléit eliptic
Phuong trinh

2
X y2 2z

— e =

P q
trong d6 p, ¢ ta nhitg hing s6 duong, xdc dinh mot mat ma ta goi 1a
mat paraboloit elipric (hinh 33). Vi céc bién x, y ¢6 mat trong
phuong trinh (4.3.8) v6i s6 mii chin nén mat cong nhan cdc mat
phing yOz, zOx 1am mat phing d6i ximg.

(4.3.8)

Mit phéng xOy cit mit cong tai
diém (0, 0, 0). Cdc mat phing x0y,
yOz theo thit tir cat né theo cdc dudmg

x? =2pz, y=0

y2 =2qz, x=0;
dd 1a nhimg parabon nhan Oz lam truc
(hinh 33).
Cét mit cong b&i mat phing z = h
song song v4i mat phing xOy, giao
tuyén cé phuong trinh Hinh 33

2 2
vl cop =4 (4.3.9)

p q
Néu h > 0, d6 1a phuong trinh clia mot elip ¢6 céc ban truc la
V2ph, \2qh . Néu h = 0, giao tuyén thu vé mot diém ; khi h tang
din va 16n 1én vo cling, cdc ban truc clia giao tuyén ciing ting din va
16n len v6 cling. Khi /& tang tir O d€n +eo, giao tuyén di chuyén va sinh
ra mat paraboloit eliptic.

p, q duge goi 1a nhitng tham s¢'cha mat. Néu p = g, giao tuyén
(4.3.9) 1a nhitng dudng tron
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Lic d6, mat paraboloit eliptic 1a mét tron xoay do parabén
X% = 2pz quay quanh truc Oz sinh ra..

4.3.6. Mat parabé6ldit hypebélic
Phuong trinh

2 .2
X Y o, (4.3.10)

P q
trong d6 p, ¢ 1a nhimg héng s& duong, 12 phuong trinh ciia mot mat
ma ta goi 1a mdr parabéléit hypebdlic (hinh 34). Mat dé nhan céc
mat phing yOz, zOx lam mat phing d6i xing.

" Hinh 34

Mat phang z0x cat mit cong theo dudng :

x2=2ps, y=0 (4.3.11)

D6 1a mot parabon nhan Oz lam truc. Cit mat cong bdi nhitng mat
phang x = / song song véi mit yOz, giao tuyén c6 phuong trinh

2 8
. ¥ =-2qlz-2|, x=h (4.3.12)
‘ . 2p

D6 1a phuong trinh cdia nhitng parabon c6 tham s6 g, ¢ truc song
song v&i Oz, quay bé 16m vé phia z < 0 ; ¢c6 dinh nim trén parabdn
(4.3.11). Khi 4 bién thién tir —ee dén +eo, cdc parabon (4.3.12) di
chuyén va sinh ra mit paraboloit hypebalic (hinh 34)
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Cat mat cong boi nhitng mat phing z = & song song v6i mit phing
xQOy, phuong trinh cla giao tuyén la
2 2

XY o= (4.3.13)

P 9
Néu h > 0, d6 1a phuong trinh cla nhimg hypebon ¢é truc thue
nam trong mat phing zOx va song song v&i Ox, ¢6 bén truc thuc bang
V2ph , ¢6 bén truc 4o bang y2gk . Néu ki < 0, d6 12 phuong trinh ciia
nhiing hypebon ¢6 truc thyc nam trong mit phang yOz vi song song
v8i Oy, ¢6 bén truc thuc bing J—Z_qh c6 bén truc 4o bing m
Né€u / = 0, phuong trinh (4.3.13) ¢6 thé viét

[L _ J_N J 0 2=
W )\

D6 12 phuong trinh clta mot cip dufmg thing trong mat phing xOy
di qua géc O.

4.3.7. Mat tru béac hai

Mat tru 1a mat dugc sinh ra bdi mot dudmg thing D di chuyén luon
ludn song song v&i mot phuong cho trude va dua vao mot duong L
cho truGc. Duong L duge goi 1a duong chudn, dudng thing D 1a
dudng sinh chia mat try.

Xét mat S xdc dinh boi phuong trinh f{x, y) = 0. Phuong trinh &y
khong chita z. Gia sir M, (x,,y,,2,) 12 mot di€m trén mit S, toa do
clha nd thod man phuong trinh clia mat, tite 13 f(x,,y,) = 0. Moi

diém M nim trén dudng thing di qua M, song song véi Oz déu ¢ toa
do (x,, ¥,,2), trong d6 z 12 mét s& nao d6. Cic toa do d6 ciing thoa
man phuong trinh clia mit § vi phuong trinh 4y khong chia z. Vay
néu M, nam trén mit S thi dudng thang di qua M, song song vdi truc
Oz cling nim trén mit $. Mat khéc trong mat phing xOy phuong trinh
- f(x, y) = 0 xdc dinh mét dudng L nao d6. Di nhién dudng L nim trén
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miat S. Vay c¢6 thé xem mat S
duoc sinh ra bdi mot dudng thing
di chuyén luén ludn song song
véi truc Oz va dua vao dutmg L,
d6 134 mat tru ¢6 dudng sinh song
song véi truc Oz va nhan L lam
dudng chuin (hinh 35).

Tuong 1, phuong trinh

//L_/ g(y, z) = 0 khéng chifa x, xdc

X Hinh 35 dinh mot mit tru c6 dudmg sinh

song song véi Ox ; phuong trinh

h{x, z) = 0 khéng chita y, xdc dinh mét mat try c6 dudng sinh song
song vdi Oy.

Nhitng mit tru ma phuong trinh 1a bac hai d6i véi toa d chay
dugc goi 1a nhitng mdt tru bdc hai.

Thi du 4.3.2. Phuong trinh

2 2
x_+_)_.’_=l

02 b2
x4c dinh mat tru c6 dudmg sinh song song vi Oz va c6 dudng chuin
13 mot elip nim trong mat phang xOy (hinh 36).

( N

e

b5

Hinh 36 Hinh 37
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Néu a = b, phuong trinh 4y xdc dinh m6t mét tru tron xoay.
Thi du 4.3.3. Phuong trinh

x2 y2
_____2=1
a b

xdc dinh mat try ¢ dudng sinh song song v&i Oz va ¢ dudng chudn
1a mot hypebodn ndm trong mit phing xOy (hinh 37).
Thi du 4.3.4. Phuong trinh
¥ =2px .
xdc dinh mat tru c6 dudng sinh ciing phuong

V61 Oz va ¢6 dudng chudn 13 mot parabon nidm
trong mat phang xOy (hinh 38).

4.3.8. Mat nén bac hai

Mat nén 1a mit dugc sinh ra bdi mot duemg
théng D di chuyén luén luén di qua mot di€m
6 dinh I va dua vao mét dudng L cho truée. Hinh 38
budng L duge goi 1a duong chudn, dudng
thing D 1a duong sinh, diém I 1a dink cia mat non.

Xét mét xdc dinh bdi phuong trinh

L _Z o (4.3.14)
(,‘2

Mat d6 cat mat phing xOy tai g6c toa do. Giao tuyén ciia mat d6
v&i mat phing yOz ¢6 phuong trinh

2 2
L0 x=0
b c
hoac 2L [24E)=0, x=0.
b ¢ b ¢

D6 1a phuong trinh clia mot cap dudng thing giao nhau trong mit _
phing yOz. Mét phing xOz cit mat cong theo hai dudng thing giao nhau

[i_i] [£+i]=0! y:O
a (s a C
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Cit mat cong bdi mat phing z = & song song v6i mat phang xOy,
giao tuy€n c6 phuong trinh

=1 z=h (4.3.15)

b6 13 phuong trinh ctia elip ¢6 céc
ban truc la 2;—‘, -l:ﬁ Khi 4 bién thién tir
—oo dén +oo, giao tuy€n dé s& di chuyén
va sinh ra mat (4.3.14) ¢hinh 39).

Ta sé ching minh rang néu diém
M, (x,, ¥o+2,) nam trén mat (4.3.14) thi
dudng thing OM, cing ndm trén mat
(4.3.14). Qua vay, diém M, nim trén mat
(43.14), do d6 t0a dO (x,, ,,2,) ciia n6
thoa man phtrong trinh (4.3.14). Moi diém
trén dudmg thing OM, déu cd toa do
(Ax,, Ay,, Az,), rong d6 A 1a mét s& nao
d6. do d6 chiing déu n3m trén mit (4.3.14)
vi toa d6 clia chiing thoa man phuong trinh

Hinh 39

22 2.2
AcxS N Acy;

2 2 2
a b c

2.2 2 2 2
AZO_AZ xo+)’o_zo -0
- 2 2 210

a b ¢

Vay mat (4.3.14) sinh ra bdi mot dudmg thing di chuyén luon luon
di qua géc toa do va dua vio mot elip cho boi phuong trinh (4.3.15)
véi mot tri h xdc dinh nao d6. D6 12 mot mét nén ¢é dinh tai goc toa
d6. Néu a = b, ta ¢6 mOt mat noén tron xoay.

Chi ¥ ring phuong trinh (4.3.14) 14 thudn nh#t bac hai d6t véi
X, y, z, tifc 12 moi s6 hang cha né déu la bac hai d6i véi x, y, z. Moi
miat ma phuong trinh 12 thuéin nhét d6i véi x, y, z déu c6 tinh chat vira
chimg minh trén, tic déu 1a mat nén dinh . Moi mit ma phuong
trinh 13 thudn nhat d6i véi x ~ x,,y — ¥,,2 — 2, déu 12 mat nén dinh
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(X0 Yo+ 2,) - Nhimg mit nén ma phuong trinh 12 bac hai d6i v&i . v,z
1a nhitng mdt nén béc hai.

Chit y 4.3.1. V& mat bac hai téng quat xem chuong 8, muc 8.6.2.
BAI TAP : 4.5 - 4.11.

BAI TAP CHUONG IV

4.1. V& cac dudng biéu dién cia
a) y=2x>-4x+8; b) y> +8y —2x +12 = 0.

. Tim phép tinh ti€n hé truc toa do

4.2. Cho phuong trinh y = 23
x+4
sao cho trong hé mdi phuong trinh khéng chia cdc s6 hang bac nhit.

4.3. Cho phuong trinh 2x% — Sxy + 2y2 + 3x — 4 = 0. Phai quay
hé truc toa d¢ mot g6c bing bao nhiéu dé cho phuong trinh trong hé
mdi khong ¢6 s& hang chéo.

4.4. Dua cac phuong trinh sau vé dang chinh tic va v& dudng biéu
dién ctia chiing :

a) 3x% + 10xy +3y2 - 2x — 14y - 13 =0 ;
b) 25x% — 14xy +25y% + 64x ~ 64y =224 = 0 ;
) Tx2 +6xy—y2 +28x +12y +28 = 0 :

d) 9x% - 24xy + 16y® — 20x + 110y — 50 = 0.
4.5. Tim ¥ nghia hinh hgc cia cdc phuong trinh sau :
ayy+2=0;

b) x> +y? 422 =25 ;

2 2 2 _ .
D=2+ +3)" 4+ -5 =49 ;
& x+2y2 +3:2 =0 ;
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e) x> +2y° +322 +5=0;

glx—y=0;

hYyx+z=0;

)xyz=0;

k) x> —4x=0;

1) yz +z° =0.

4.6. Xac dinh tam va ban kinh ciia cdc mit cdu sau :
a) X2 +y> +22 —6x+8y +22+10=0;

b) 2 +y> +22 —6x+10=0;

&) x2 +y2 +22 —dx +12y -2z +41 = 0.
4.7. Tim tam va bén kinh cua dudng tron

(x—42 +(y=Tr +(z+1)? =36
Ix+y-2z-9=0

4.8. Ching 16 ring cdc mat phdng x -2 =0,y =3,z =1 cit
mait elipxoit

x2 )’2 22
16 12 4
theo céc elip. Tinh cdc bdn truc va xac dinh cdc dinh cia chiing. V&
cdc giao tuyén dy.
4.9. Tim giao tuy&n ctia mit hypeboloit mot ting
2.y 2,
36 16 4
v8i cdc mit phing toa do, véi cdc matphangz=1,z=2,x=1,x=2,
y=1y=2.
4.10. Tim giao tuy&n cha mit
2 2
2 _Y -6z
5 4
v6i cic mat phing toa d¢. Chimg to ring mat phing y + 6 = 0 cit mat
dé theo mot parabon ; tim tham s6 va dinh cia né.
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© 4.11. Tim giao tuyén cta mit

yi4z22=x

v6i cdc mit phang toa do. Tim phuoﬁg trinh cla l_iinh chiéu trén mat
phing xOy clia giao tuyén cha mét dé véi mat phing x + 2y —z =0,
PAP SO
2_Y
4.1.a) X =E’ voiX=x-1,Y=y-6;

b) ¥2 = 2X ,véiX=x+2,¥ = y+4.
4.2. Tinh ti€n sao cho géc¢ dén diém (—4, 2).

43. %
4
2 y? x'-y' x'+y
44.a) X" - —=1 viix = , ¥ = .
4 2 V2
X=X+ y'—Y--3—
2 2
2 2 "
I SRRV b
16 9 2
x'+y'
= ,x'—X,y'—Y+\/5
Nz
. X'+ 3y’
¢) X2 ~4¥2 =0, véi x = .
J10
_S3x+y 2 ,

6
X=X, ¥y =Y - —.
V10 10 Y 10
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d) Y2 = 2X vix= Zf”TH-y—

= -4y A =X-3,y=Y+2

4.5. a) Mat phing song song v&i mat phing toa do xOz, céch né
mot khodng d = 2, vé phia y < 0;
b) Mat ciu tam tai g&c toa do, cO ban kinh R=35 ;
¢) Mat cdu tam tai (2, -3, 5), c6 bdn kinh R =7 ;
d) Diém gdc toa do ;
¢) Phuong trinh khong ¢é ¥ nghia hinh hoc ;
g} Mat p_héng di qua truc Oz va dudng thing x = y trong mit
phang xOy ;
h) Mat phing di qua tryc Qy va dudng thing x = —z trong mat
phéang zOx ;
i) Ba mat phéng toa do ;
k) Mat phing yOz v mat phing song song véi n6, cdch né
mot khoang d = 4 vé phiax >0 ;
1) Mit phing xOy va mat phang di qua truc Ox va dudng
thing y + z = 0 trong mat phing yOz.
4.6. a) Tam (3, -4, —1), bin kinh bing 4 ; b) Mat cdu a0 ;
¢) Tam (2, -6, 1), ban kinh bang 0. '
4.7. Tam (1, 6, 0), ban kinh bédng 5.
48.3, V3.(2.3.0),(2,-3,0. (2,0, V3), 2,0, 3); 2, 1,

(2, 3, 0), (=2, 3, 0), (0, 3, 1, (0, 3, =1): 243, 3, (243,0, 1),
(-243.,0, 1), (0, 3, ), (0, -3, 1).

2 2 2 2

4.9. x—+y—=1,z=0', y——£+=1,x=0,
36 16 16 4
2 2 2 2
X__E_=1’y=0;x_+y_=1’z=1‘
36 4 45 20

192



-y

i

2 2 2 2
P 2,_2 = -L—z—-z =
?2+32 132 2-,14;0_ ':E l,.rl
9 9

2 2
L _Z o x=2.

128 32

9 9

2 2

X Z
E_S——E l,y-l,

4 4

2 2
X Z
= - y=2

27 3 Y

4.10. 2 +24z =0, x = O: xz = 30z, =0: x 7 =0,
¥y ¥ JS_ 5
=

by L, s .
+% =0,z =0, y = -6, parabon cé tham s& bin 15, dinh
JE 5 ¥ p g

o)

4.11.(0,0,0); % =x,y=0;y’ =x,2=0

L3

x2+4xy+5y2-x=0,z=0.
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Chuong V
KHONG GIAN VECTO - KHONG GIAN EUCLID

5.1. KHONG GIAN VECTO - PINH NGHIA VA THi DU

5.1.1. Nhan xét mé dau

C6 nhiéu tap hop ma céc phén tir ¢6 thé "cong” vi nhau va "nhan"
vOi mot s6. Sau day 1a mot s6 thidu :

Tap cédc vecta hinh hoc
Tap cdc ham s6 lién tuc
Tap céc da thic

Tap cdc ma tran ciing cd.

Dé nghién ctru chiing theo mot quan diém thong nhat ngudi ta xay
dung kh4i niém khéng gian vecto 16ng quit. Sau d6 mdi tap trén chi
12 mot truong hop cu thé, né s& c6 14t ca nhimg tinh chat cla khong.
gian vectd téng quat.

5.1.2. Khai niém khong gian vecto

Dinh nghia 5.1.1. Xét tap V khidc rdng ma mdi phén tir ta quy ude
goi 1a mot vecto va trudng s6 thuc R. Gia sk trong V ta dinh nghia
duge hai phép todn : phép cong hai vecto va phép nhian mét vecto voi
mot s6 thuc.

Phép céng hai vecto 1a mot luat hop thanh trong trén V cho phép tao

ra tir mot cap vecto x, y € V modt vecto duy nhdt goi 1a téng cha
chiing, ki hi¢u la x + y.
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Phép nhan mét vecto véi mot 56, con goi l1a phép nhan véi vo
huong, 1a mot ludt hop thanh ngoai trén V cho phép tao ra tir mot
vecto x € V va mot s6 thue &k € R mot vecto duy nhat goi 1a tich clia -
chiing, ki hiéu 1a kx. )

Né€u 10 yeu cdu sau duge thod man vdi moi x, y, z € V va moi
k, 1€ R thitap V duge goi 1a mot khong gian vecto trén truong R

()Néuxviye Vihix+ye V

(Dx+y=y+x, Vs, yeV

B)x+(y+2)=(x+y)+z, Vx,y,zeV

(4) Tén 1ai vecto ¢ V sao cho
G+x=x+0=x,VxeV

Phin tir 6 goi 1a phdn tit trung hoa cia phép + (hay ciia V).

(5) Vi mbi x € V tén tai vecto — x € V sao cho
X+(—x)=(—-0)+x=8

Phén tr ~x goi 1a phdn ti d6t ximg (ha.y phdn ti dé7) cla x.

(6)Néwke Rvaixe Vthikve V

(D k(x+y)=kx + ky

B k+Dx=kx+ Ix

(9) k(Ix) = (kDx

(1) Ix=x

Chi y 5.1.1. Yéu cdn (1) néi lén tinh déng kin cia V d6i véi phép
cong vecto, cling ndi tit 12 1inh déng kin cia phép cong vecto.

Yeu cdu (6) néi len tinh déng kin ciia V doi véi phép nhan véi vo
hudng, ciing n6i tit 14 tinh d6ng kin cla phép nhan véi vo hudng.

Yeu cdu (2) néi len tinh giao hodn cia phép cOng vecto.
Yéu cdu (3) néi 1én tinh k& hop ciia phép cdng vecto.
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Chi y 5.1.2. Muoi yéu cdu (1) — (10) goi la mudi tién dé cua
khong gian vecto.

C6 tai liéu ngudi ta chi néu 8 tién dé (2) (3) (4 (5) (7} (B) (9},
(10), xem cdc tién dé (1) va (6) di bao ham trong cdc dinh nghia cla
hai phép tinh cong hai vecto va nhan mot vecto v6i mot s6.

"Cha y 5.1.3. Néu thay R bing trudng s& phitc C thi ta ¢& khong
gian vecta trén fruong sé phirc. O gido trinh niy ta chi quan tam dén
cdc khong gian vecto trén trudng sé thuc.

5.1.3. Thi du

Thidu5.1.1.

Goi R, (R, chit khong phai R) I3 1ap céc vecto hinh hoc trong mat
phing c6 chung géc hay la tap cdc vecto hinh hoc ty do trong mat
phéng trong d6 ta déng nhit céc vectd bang nhau (tic 1a cac vecty
ciing phuong, cing hudng, cling do dai xem 1a mot). Trong R; ta xét
phép cong vecto theo quy tic tam gidc va phép nhin vecto véi mot s6
thuc thong thudng.

Ca 10 tién dé (1) — (10) déu thoa mian — phén tir trung hoa la vecto
khéng O, phén tir d6i ciia vecto & la —a.

Vay R, 1a mét khéng gian vecto.

Mot cich tuong tu 1dp R, cdc vecto hinh hoc trong khong gian c6
chung goc hay cdc vecto hinh hoc tr do trong khong gian (trong d6 ta
dbng nhat cdc vectd bing nhau) vdi phép cong vecto va phép nhan vecto
vOi mot s thue 1a mot khong gian vecto.

Thi du 5.1.2. Xét R™ 12 tap ma mbi phdn tir 1a mot b # s6 thuc c6

thif tr (xq, Xy, ..., X,), €dn goi 1a mot vectd n thanh phan. Xét

xX= (xb xz, -t In) va y= ()’1, )’2, srny yn)
Phép cong vecto va phép nhan vdi v huéng dinh nghia nhu sau

X+ Y= (x] ¥, X+ Yo ees Xy + Yp) (5.1.1)
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0(9. v F

ke = (kxy, kxy, ... kx), ke R (5.1.2)

Ngoaira x = y khi va chi khi x; = y; , Vi
Ta kiém tra lai céc tién dé.
Cong thic (5.1.1) ching td x + y € R", d6 12 tién dé (1).
Tir(5.1.1) ta suy ra

Y+ x={yp+x,y;+ x5, -+ ¥n +x,)
Vay y + x = x + y, dé la tién dé (2).
Mot cach tuong tw, ta suy ra tien dé (3) thod min.
Tién dé (4) thoa man véi phan tir trung hda 1a

0=(0,0,..,0)
Tién dé (5) thod man v4i phdn tir d6i cha x € R" Ja
—X = (_Xl, —12, - —Xn)
Cong thitc (5.1.2) ching td kx € V, d6 14 tien dé (6),
D¢ ki€m tra tién dé (7) ta sir dung (5.1.1) va (5.1.2)
kx4 3) = (k(xy + yp), kg + y2), o k(g + y,)) =

= (kx| + kyy, kxy + kyy, ..., kx, + ky,)

= (kxy, kg, ..., kxp) + (kyy, kyg, ..., kyp)

=kx + ky

M&ot cach tuong ty ta suy ra cac tién dé (8), (9) thoa man. Ddi véi
tién dé (10) ta viét theo (5.1.2)

lx = (IX], 112, very lxn) = (xl,.l'z, . xn) =1x.

Tom lai, ca 10 tién dé (1) — (10) déu thod man. Vay R" 1a mot
khéng gian vecto.

Chiiy5.14.

1) M&i cap s6 (a,, ay) € R” ¢6 hai ¥ nghia hinh hoc : C6 thé biéu
dién né bing mot diém M trong mat phéng toa do ma @, 13 hoanh do
va a, 12 tung d6 (hinh 40).
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Hinh 40 Hinh 41
Ciing ¢6 thé bifu dién nd nhu 12 mot vects ma a; la thanh phan
thit nhat va a, 13 thanh phén thi hai (hinh 41).

Véi cach biéu dién thi nhdt ta ¢6 mot tuong wng 1-1 gilta R va
tap céc diém cia mat phing toa do.

V6i cdch biéu dién thi hai ta c6 mot tuong ung 1-1 gita R va R,
{(xem thi du 5.1.1).

2) M&i b ba 6 (a;, @y, a3) € R* c6 hai ¥ nghia hinh hoc. C6 thé
biéu dién n6 bing mot diém M trong khong gian toa do ma a; Ia hoanh
d0. ay 12 tung d0 va as 1a cao d (hinh 42). Ciing c6 thé biéu dién né nhu
]2 mot vecto @ ma a 1a thanh phdn thif nh4t, g, 12 thanh phén thit hai
va ay 1a thanh phdn thit ba (hinh 43). Vi céch biéu dién thit nhét ta
¢6 mot twong vng 1-1 gifta R’ va tap c4c diém cua khong gian toa
do. V6i céch biéu dién thi hai ta cling c6 mot tuong tng 1-1 gidia R
va R3 (xem thidu 5.1.1).

z z

a3p.. .
T M a(anaxaz)
i

o) 92 -~

\“‘h : l”’ O y

8 -~ " e y /
x x
Hinh 42 Hinh 43



%, on;
og,

3) M6i phin tit (g, a5, ..., a,) € Rn_cﬁng c6 thé xem 14 mot diém »
toa dd hay mot vecto » thanh phan. '

Thidu 5.1.3.Goi Cla, b]latapcichamsGlientuctréna <t < b,
a va b cho trudc. Xét

f€ Cla, bl va g € Cla, b]
Ta néi f = g néu f(1) = g(t), Vi € [a, b]

Trén Cla, b] ta dinh nghia phép cong f + g va phép nhan &f, k € R
nhur sau :

(f+ gt =f{t) + g(t), Vte [a, b]

(ki) = kf(e), Vi e [a, b}
Thé thi ¢co

f+ge Cla, bl, kfe Cla, b]

b6 1a céac tien dé (1) va (6). Cic tién dé con lai ciling thod man
(ban doc kiém tra). Phdn tir trung hoa 12 ham s6 déng nhat khong, tic
la bang O, Yt € [a, b]. Phin tir d6i xiing cita ham f1a —f :

=Ny =-f0, Vte [a, bl
Viay Cla, b] 12 mot khong gian vecto.

Chit y 5.1.5. C6 thé xét 1ap C(—e, +0) gém cédc ham s6 lién 1uc
trén (—eeo, +o0), N6 ciing 12 mét khong gian vecto.

Thi du 5.1.4. Xét.W c Cla, b] gém nhilng ham s6 c6 gid tri tai
t =01a 1 v6i hai phép tinh cOng vects va nhan vdi vé hudng da dinh
nghia trong C[a, b]. Lay

f)=t+leW, g)=r+1leW
thi Frei)=t+1+ +1=r+1+2
nén (f+ gh0)y=2
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Do d6 f + g € W. Tién dé (1) khong thod min. Vay W khong phai
1a mot khong gian vectao.

Thi du 5.1.5. Goi P, 1a tap cdc da thic ¢6 bac < n, n 1a mot s6
nguyén duong xédc dinh :
' Pn={plp:=a0+a1r+a2r2+...+ant"}
Vi da thite ciing 12 mdt ham sé lien tuc nén trong P, ta dinh nghia

phép cong da thic vi nhan da thic véi mét s thuc nhu phép cong
ham s& va nhan ham 56 véi mét s6 thuc trong Cla, b] & thi du 5.1.3.

Tirdétasuyra: Néu ke Rva
p=aj+tat+ay’+..+ay"e P,
q=b0+b1r+b2r2+...+bnr“e P,

thi
p+q=(a0+b0)+(al+b1)t+-..+(an+bn)tne Py

kp = kay + (ka)t + ... + (ka)t" € P,
Do d6 céc tién dé (1) va (6) thoa min.
C6 thé chimg minh duge ring 8 tién dé con lai ciing thod min véi
phdn 1 trung hoa 1a da thitc khong :
0+0r+07 +... +0"
va phan tir d6i ximg clia

n

p=agtay+ .. +ay

la
n
—p = —a,—ayt~...—ayt
Vay P, 12 mét khong gian vecto.
Chit y 5.1.6. Xem thém ciac muc 2.6.5 vi 2.6.6 vé da thic dong
nhat khong va cdc da thific dong nhat.
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Thidy 5.1.6. Theo két qua & thi du 5.1.5 thi tap P, cdc da thirc bac
nhé hon hay bang 2 [a mot khong gian vecto. Bay gi&s xét P; cac

dathic c6 bac bing 2: Py = {p | p'=a, +ajt + ay’, a, # 0}. Ta

thr lay
p=l+2t+ie B
q*=2-3t—tzeP;
thi thay .
* * *
p+q =3-1¢ P

Nhu vay tién dé (1) khong thoa min, do dé P; khong phai 13 mot
khéng gian vecto. ;

Thidu 5.1.7. Goi .4/, x , 12 18p cdc ma tran c& m X n v6i hai phép

tinh cong ma tran va nhan ma tran vdi mot s6 thuc da dinh nghia &
3.1.4va3.1.5.

Dé thdy rdng ca 10 tien dé (1)~(10) déu thoa méan (ban doc kiém
tra lai). .

Vay . #,, x , 12 mot khong gian vecto.

5.1.4. Mét sé tinh chat ddu tién ciia Khong gian vecto
Bat ki khong gian vecto nao cing ¢6 tinh chét sau :
Dinh li 5.1.1. (a) Phdn ti trung hoa 6 la duy nhdt.
(b) Phdn twr d6i xitng cua bdt ki x ndo thuéc V ciing la duy nhat.
(c)Vxe ViadéucsdOx=8
(dy Vx e V ta déu c6 —x = (~1)x.
e) Vke Rrtadéucé k= 8.

DvoixeV vike Rtacd:
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Néu kx = @thi hodc k =0 hodc x = 6.

Chm:g minh : Hai tinh chat (a) va (b) suy tit khang dinh & chid y
- 5.1.4 néiring (V, +) 12 mot nhém.

Dé ching minh (c) 1a viét
6+ 0x = Ox = (0 + O)x
=0x +0x
161 gidn ude & =0x |
Pé chimg minh (d) ta viét
x+{(-lx=1lx+{-1x=[1+ (—-1)]x =0x=46
va -lx+x =8
Suy ra (—1)x 12 vectg doi cta x, tifc 1a —x.
Dé chitng minh (e) ta viét
0g =46
Suy ra kéd=k(08)
= (k.0)&
=0¢é
= 6.
Pé chimg minh (f) ta gid strkx = 8.
Néu &k = 0 thi Ox = @theo (¢)

Néu k # 0 thi 16n tai k |. Do d6 ¢6

Kl )=k 6
* 'ox =0
X =_9

Vay néu kx = dthi hoac k=0 hoacx = 6.
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Chi y 5.1.7. Bay gid ta c6 thé dinh nghia phép trir :

x=yi=x+ ()
Khi dé6 ta cé
X=ySx-y=0
Cii y 5.1.8. Céc tinh chét (a) — (f) & dink 1i 5.1.1 ding trong moi
khong gian vecto cu thé, ta c6 két ludn 4y ma khong cin phai kiém
tra lai trén timg khong gian cu thé vi ta da chitng minh dinh I{ 5.1.1

v6i gia thi€t V 1a mot khong gian vecto bat Xi (thoa man 10 tien dé
clia khong gian vecto). Dé i 1oi ich cia quan diém tién dé.

BAITAP : 5.1.

5.2. KHONG GIAN CON VA HE SINH

5.2.1. Dinh nghia khong gian con

Dink nghia 5.2.1. V la mot khéng gian vecto véi hai phép tinh :
cong vecto va nhdn vecto véi mét sé, W la mét tdp con cia V. Néu
voi hai phép tinh trén, W ciing la mgt khéng gian vecto thi W duoc
goi la mot khéng gian con cia V. '

Nhur vay muén ching t6 W c V 12 mot khong gian con ctia V ta phai
chimg minh ring ban than W v4i hai phép tinh : céng vecto va nhan
vecto vdi mot s6 da dinh nghia trong V, ciing thod mén 10 tién dé clia
khéng gian vecto. Dinh Ii sau gidp cho viéc ching minh W < V 12 mot
khéng gian con cia V don gian hon.

5.2.2. Pi¢u kién dé W c V 13 khéng gian con

Binh lf 5.2.1.V lad mét khong gian vecto, W ¢V, W « &. Mudn
cho W la khdng gian con cua V diéu kién cdn va di 1¢ hai tinh chdi
sau dugc thod mdn -
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(a) Newuvave Within+ve W(are la W déng kin déi vai phép
cong vecta).

(b) Néu ke R, u € W thi kue W (tic la W dong kin déi véi phép
nhan vecta véi mot sé thuc).

Chitng minh : 1) N€u W 12 khong gian con clla V' thi ban than né 12
mét khong gian vecto, nén thoa min ca 10 tién dé trong dé tién dé (1)
va (6) chinh 1a (a) va (b). :

2) Nguoc lai, gia sir (a) va (b) thod man thi d6 la cac uén dé (1) va
(6). Trong céc tién dé con lai cdc tién dé (2), (3), (7). (8), (9),(10) da
thoA min trong V nén ciing thoa min trong W. Do d6 dé hoan thanh
ta chi con phii chitng minh ring cdc tién dé (4) va (5) ciling thod man
trong W.

Gia sit u € W. Theo gia thiét (b), ku € W voimois6 ke R. V6ik=0
tac6Ou=0¢ W. VGi k=—1taco (~1)u=—u € W (theo dinh i 5.1.1).
Sau d6 trong W ta cé

H+ F=0+u=u
) ru=u+{-u)=(1+(-1)u=0u=46
vi Oy = @theo dinh 1 5.1.1.
Vay W 1a mot khong gian vecto.

5.2.3. Thi du

Thi du 5.2.1. V 1a mot khong gian vecto thi ban than V ¢6 thé xem
12 mot khong gian con cha V.

Tap chi gdm mot phin tir trung hoa 6, { 8} thoa man
G+ 6=06k6=6 ma fe {6}
Vay tap {8} ciing 1a mot khong gian con cua V.

Thi du 5.2.2. M&i phin tir ciia R 12 mot cip s6 = (x;, y;) biéu dién
bing mot diém trong mat phang toa d6 Oxy (hinh 44) (Xem chud y 5.1.4).
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Xét W la 1ap diém thuoc dudng thing di qua goc toa do, c6
phuong trinh .

Axy+ By, =0

A va B khong dong thoi = 0.

Gia sttu = (x|, y)) va v = (xy, y,) déu € W va k € R thi 6
Ax; +By; =0, Axy + By, = 0. Do d6

A(x) + x5) + B(yl +y) =0, A(kx)) + Blky) = 0

Vay u + ve W, ku € W. Theo dinh I 5.2.1, W 1a khong gian con
ciia R%.

Thi du 523 Theo thi du

5.1.7, t8p ¥ x 5 cic ma tran Y2
vudng cdp 2 12 mot khong gian

ot L 2 R 5
vectd. Bay gior xét W 1a tap cac vy :
ma tran cip 2 ¢6 dang i E
0 a . o Xx; X X
[b 0]’“"5“"5 R Hinh 44

Dé thdy ring W d6ng kin d6i v6i phép cong ma tran va nhan ma
tran v81 mot 6 thuc (ban doc kiém tra lai). Vay W 1a mot khong gian

con clia Ay x 5.

Thi dy 5.2.4. Xét hé phuong trinh tuyén tinh thuin nhét m phuong
trinh # 4n & dang ma tran Ax = 0. Goi Wla tap nghiém cua hé. Méi
nghiém la mot bo » s6 thuc

x=(p o x) € R. Vay W R". Gid s x va y € W thi
Alx +y)=Ax + Ay =0, Afex) = cAx =0, (c € R).

Vay W déng kin d6i véi phép cong va nhan véi mot s6 thuc.
Do dé W 1a mot khong gian con cia R”.
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5.2.4. To hop tuyén tinh ciia mot ho vecto

Pinh nghia 5.2.2. V & mét khong gian vecto, S la mot ho vecto
ctiaV :

S = {x), X2, e Xp}.
Biéu thiic
C1Xq + 62X2'+ e Cn¥nr
¢, =const € R

la mét vecto thudc V va dugce goi la mét 16 hop tuyén tinh cia cdc
vecto cita ho S, hay ciing c6 thé néi gon 1d 16 hop tuyén tinh cia ho S.

Thidu 5.2.5. Vecto (x, y} € R’ 1a mot té hop tuyén tinh cila céc
vectd i =(1,0)vaj=(0, D+l

xi +yj=x(1,0)+ (0, 1} = (x, y).
Trong R? vecto (7, ~1) 12 mot t& hop tuyén tinh cla céc vecto
x;=(2, Dvaxy=(l,-1)vi
20, + 35 =22, )+ 3(1, 1) = (4,2) + (3, -3) = (7, -1).

Thi du 5.2.6. Vecto (x, y, z) € R 12 mot t6 hop tuyén tinh ciia cc
veetw i=(1,0,0),/=(0,1,0), k=(0,0, 1) vi

xi+yj+zk=x(1,0,0)+»0,1,0)+2(0,0, 1) =(x, 5 2).

Thi du 5.2.7. Hay biéu dién vecto (7, =3) € R” thanh 18 hop tuyén
tinh cia x; = (1, 1) va x, = (1, -1).

Gidi. Ta di tim c4c hang s6 ¢ v ¢, dé
)Xy +c3x =(7,-3)
nghia la (7, =3y = c1(1, 1) + c5(1, -1)
= (cy, 1) + (€3, —C3)
=(c;+c3,01—C3)
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Ta thu duge c) =2, ¢, = 5. Vay .
(7,=-3)=2(1, 1) + 51, ~1).

5.2.5. Khéng gian con sinh bdi mot ho vecto
D_inh nghia 5.2.3.V 1a mot khéng gian vecto,

= {xy, Xg, ooy Xy} ld mot ho vecto cia V. Ta goi 14p tdt cd nhiing

to ho;o tuyén tinh cda cdc vecto cia S la bao tuyén tinh cia S, ki hiéy
la span(S).

Dinh I{ 5.2.2. W = span(5) la mét khong gian con cia V.
Chitng minh : Vi x| = 1x, nén xpe W, dodo W=,
Béy giv gia st
x=cx+ .+ e, e W, y=dix +..+dx, €W,
keR .
khi dé ta c6
x+y={c| +dl)x1 ot (e tdyx, e W

kx = (ke)x| + ... + (key)x, € W.

Vay W déng kin d6i v6i hai phép tinh trong V. Theo dinh If 5.2.1,
W 12 mot khéng gian con cha V.

Trudng hop W tring véi V din dén khdi niém he sinh ctia khong
gian vecta nhu dudi day.

5.2.6. Dinh nghia h¢ sinh cia khong gian vecto

Dinh nghia 5.2.4.V la m¢t khong gian vecto, S = {xXp, 0 x,} €V
Néu span(8S) = V, tiec 1a néu moi x € V déu cé biéu dién

X=C1X) + .+ Xy,

thi néi ho 8 sinh raV hay ho S la mét hé sinh ciia V.
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Thi di 5.2.8. Trong R® xét i = (1,0) va j = (0, 1). Moi x € R’ ¢6

dang x = (xy, x) nén viét dugc nhu sau

x=(X|,x2)=Il(l,0)_+x2 (0, 1)=x1:'+x2j,

nghia 12 x 12 mot 16 hop tuyén tinh cla i va j.
Vay ho {7, j} sinh ra R% hay ho {7, j} Ja mot hé sinh ctia R”.

Thi du 5.2.9. Bay gid xét x = (1, 2) € R°. Moi t6 hop tuyén tinh
clia x ¢6 dang cx, ¢ € R. Vay néuy = (¥, y7) € span{x) = fex) thicéd
(y1. y2) = (1, 2).

Ta suy ra
1 y o
- S y2 =2y

P6 1a mot dudng thang di qua goc toa

do (hinh 45).

Vay span(1, 2) chi 12 mot dudng thing
di qua g6c toa do. Vecto x = (1, 2) chi
sinh ra mot dudng thing di qua goc toa

o 7 .
Hink 45 ) 2
do ma khong sinh raca R™,

Thi du 5.2.10. Bay gid xét
x=(1,2)
va y={(1,1)
A : .
cna R™. f
Ta thit xét xem ho {x, y} ¢6 sinh B J
ra R® khong. Mudn thé ta xéi
2 = (zy, z7) bt ki cia R” va di tim a 1l
" va b thusc R dé c6 z = ax + by,
nghia la
(zy,zp) = a(1,2) + b(1, 1) 12
=(a+b,2a+b) Hink 46

e
e

-
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Ta suy ra

a+b=z,
2a+b=12

Hé nay ¢é dinh thirc

11
=11-12=~1=%0
21

nen luon 6 nghiem. Vay ho {x, y} 12 mot hé sinh cita R (hinh 46).

BAITAP : 5.2 - 5.12.

5.3. HQ VECTO POC LAP TUYEN TiNH
VA PHU THUOC TUYEN TINH
5.3.1. Khdi niém doc 1ap tuyén tinh va phu thooe tuyén tinh

Dinh ngh'ia 5.3.1.V la mét khong gian vecto, § = {x, ..., x,}cV.
Xét diéu kién

axy + .. +opx, =8 (5.3.1)

Néu diéu kién (5.3.1) chi xdy ra khi €1 =0, .., c,=01thi ta néi ho
S déce ldp tuyén tinh. '

Néu ton tgi cac s6 thuc c|, ..., ¢, khéng déng thoi bing 0 dé
(5.3,1) thod mdn thi ta néi ho S phu thudc tuyén tinh.

5.3.2. Thi du

Thi du 5.3.1. Xét xem ho {7, j}, i = (1, 0), j = (0, 1), trong R? Ia
doc lap tuyén tinh hay phu thuéc tuyén tinh.

Gidi. Diéu kién (5.3.1) viét ¢;(1. 0) + (0, 1) = (0, 0).
N6 twong duong véi (¢, ¢3)= (0, 0).
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Vay diéu kién (5.3.1) chi xay ra khi ¢ =0, ¢ = 0. Do dé6 ho
{i, j} 1a doc lap tuyén tinh trong R”.

Thidu5.3.2.Chox=(1,2),y=(l, 1) trong R%. Hdi ho {x, ¥} ¢6
doc 1ap tuyén tinh khong ?

Gidi : Diéu kién (5.3.1) viét

c1(1, 2) 4+ ¢5(1, 1) = (0, 0).
N6 tuong duong vai
(€] + €3, 2¢ + €3) = (0,0)
Vay diéu kién (5.3.1) chi xay ra khi
aq+tec; =0
{2(‘] +c, =0

He nay ¢6 dinh thiic bing —1 # O nén chi c¢6 nghiém tim thudng
c;=¢3=0.Vay cix + ¢y = 0 chixdyra khi‘cl = ¢y =0. Do dé ho
{x, ¥} doc lap tuyén tinh trong RZ. _

Thi du 5.3.3. Cho ho S = {(3, —6), (-2, 4)}. Hdi né c6 doc lap
tuyén tinh trong R’ khong ?

Gidi - Diéu kién (5.3.1) viét

c1(3,-6) + c5(-2,4) = (0, 0)
Phuong trinh nay tuong duong véi
(Bey - 2c5, —6c, + 4cy) = (0, 0).
N6 tvong duong vai
3c) —2¢p =0
{—6{:1 +4cy; =0

Heé nay c6 nghiém khong tim thudng ching han ¢; =2, ¢; = 3.

Do d6 ho S da cho phu thudc tuyén tinh. |

Thi du 5.3.4. Trong khong gian Ry &thidu 5.1.1 thi:

Hai vecto déng phuong 1a phu thudc tuyén tinh.
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Hai vecto khong déng phuong 1a doc 14p tuyén tinh.
Ba vecto dong phang la phu thudc tuyén tinh.

Ba vecto khong dong phang 1a doc 14p tuyén tinh.
Bén vecto bat ki 14 phu thutc tuyén tinh.

Chu y 5.3.1. Moi ho vecto S chita vecto khong 13 phu thudc
tuyén tinh.

Chit y 5.3.2. Gia st ho § phu thudc tuyén tinh va gia sir diéu kién
(5.3.1) dugc thod man véi ¢, # 0, nghia Ia
Xy + ot xy + o Fopxy, =6,
Ta suy ra
X = 0%+ Xk H gy ¥ar + o X ) ey
Vay n€u ho S phu thuéc tuyén tinh thi trong ho S c6 it nhit mot

vecto biéu dién duge thanh mot t8 hop tuyén tinh ciia cic vecto con
lai (gid sur § c6 s6 vecto 10n hon hoac bing 2).

BAI TAP : 5.13 - 5.18.

5.4. KHONG GIAN HUU HAN CHIEU
VA CO SO CUA NO

5.4.1. Khai niém vé khong gian n chiéu

Dinh nghia 54.1. Khong gian vecto V dugc goi la khong gian
n chiéu (1 < n nguyén) néu trong V tdn tai n vecto doe. Idp tuyén tinh
va khong ton tai qud n vecto déc Idp tuyén tinh.

Khi d6 ta n6i 56 chiéu ciia khong gian V Ia n va ki hiéu né 1a dim (V).

Tap {6} chi g6m mot phén tir B ctia mot khong gian vecto bét ki theo
thi dy 5.2.1 cling 1a m6t khong gian vecto, ta néi cé s6 chiéu bing O :
dim ({8}) = 0.

Cac khong gian » chiéu, n 2 0, goi 1a khong gian hitu han chiéu.

Néu trong V c6 thé tim duge mot sd bt ki cac vecto doc lap tuyén
tinh thi ta néi V 1a khéng gian vé han chiéu.

Trong tai liéu nay ta chi xét cdc khong gian hifu han chiéu.
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Thi du 5.4.1. Xét khong gian Rz céc vectd hinh hoc goc tai diem
xé&c dinh O néi ¢ thi du 5.1.1. :

Qua thi du 5.3.4 (hai diém cudi) ta thay 3 vecta khong dong phing
thi doc 1ap tuyén tinh va 4 vecto bat ki thi phu thuoc tuyén tinh.

Vay Ry 12 khong gian 3 chiéu, dim (R3)=3.

5.4.2. Co s cia khong gian n chiéu

Trong khong gian n chiéu, s6 vecto doc 1ap tuyén tinh ¢6 thé ¢6 -

khong vuot qud a. Tir d6 ta di dén dinh nghia sau :

Pinh nghia 5.4.2. Trong khéng gian n chiéuV moi ho gém nvecto
déc lap tuyén tinh goi la mgt co sd cua V.

Thi du 5.4.2. Trong khong gian R; o thi du 5.4.1 moi hg gébm ba
vectd khong déng phang 1a mot co s& clia nd.

5.4.3. Nhitng tinh chit vé co so va s6 chicu

1. Trudc hét ta xét mot bd dé.

Bé dé 5.4.1. Gid stV la mot khéng gian vecto, T = {yy, ... yy} #d
mét ho gém n vecto doc 1dp tuyén tinh cia 'V, S = {xy, ..., Xy} la mét
ho gém m vecto ciiaV va sinh ra V. Théthi n <m.

Ching minh : Vi§ sinh ra V nén

¥ = @)Xy et ap Xy
¥y = X} + e+ @y
Yo = QX + o+ GppXm

Xét he phuong trinh tuyén tinh ma &n a ¢;:

ac) + .+ apcy =0
ay1€) + ..+ agpcy =0

(@m1€y + -+ Gman =0
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Néu » > m thi hé thudn nhat ndy ¢6 s6 phuong trinh it hon s& 4n,
do d6 né c6 nghiém 'khong tdm thudng, nghia la ton tai » s6 thue
khong dong thai bing 0 thod min m dang thitc trén. Nhan dang thiic
thit nhat vdi x;, ding thitc thit hai véi x,..., ding thitc thit m véi Xy 161
céng lai ta dugc

(@160 + .o+ aymem )X + oo+ (@cp + ...+ AnCa Xy =0
hay la

alayx) + . tagxp)+...+ cplax + . +apex,) =0
nghia la ¢é
YL+t Cpyy =0,
vOi cic c; khong d6ng thdi bang khong. Diéu nay trdi gia thiét néi
rang ho T doc lap tuyén tinh. Vay n < m.

2. By gid ta phat bi€u va chitng minh mot s6 tinh chat quan trong
v€ co s§ va s6 chiéu caa khong gian vecto.

a)Pink li 5.4.1. Gid st V la mot khéng gian vecto, S = {fis o fi)
Ia mot ho gom k vecto cita V.

Néu S sinh ra 'V va doc ldp tuyén tinh ihi V la khéng gian k chiéu
va § la mét co sd cua V.

Chitng minh : Gid su T = {e, ... » €p} 1a mot ho gom p vecto doc
1ap tuy€n tinh cia V. Theo b6 dé 5.4.1 th1 p =k Do dé k1a sé16i da
céc vecto doc 1ap tuyén tinh cia V. Vay theo dinh nghia 5.4.1, k 1a s&
chifu clia V. Sau dé thi S ¢6 £ vecto doc 1ap tuyén tinh nén theo dinh
nghia 5.4.2 thi § 1a mot co sé cla V.,

Thi du 5.4.3. Xét céc vecto i = (1,0) va j = (0, 1) cha RZ.

Ho {i, j} sinh ra R’ theo thi du 5.2.8. N6 doc lap tuyén tinh theo
thi du 5.3.1.

Vay R” ¢6 56 chiéu 12 2 va ho {i, j} 12 mot co s&,
Thi dy 5.4.4. Xét céc vecto x = (1, 2) v y = (1, 1) ciia RZ.

Ho {x, y} sinhra R’ theo thi du 5.2.10. N6 doc lap tuyén tinh theo
thi du 5.3.2.

Vay R’ ¢6 56 chiéu 12 2 va {x, v} 12 mét co 8.
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Thi du 5.4.5. Trong R" xét ho vecto
B= e, e5, ... 4}
e;=(0,..,0,1,0,...,0)
i
Ho B sinh ra R” vi moi x = (x,, ..., x,) € R" ¢6 thé viét
x=xye+ ... +xpe;
Ho B.doc 1ap tuyén tinh vi diéu kién (5.3.1) viét
ey + ... +cpey =(0,0,...,0)
tirc 1a €1 =0,c3=0,..,¢,=0
Vay dim(R") = n va B 1a mot ¢o sd.
b) Dinh nghia 5.4.3. Co s& trong thi du 5.4.5 goi la co so chinh
tdc cia R".
Thi du 5.4.6. Trong khong gian P, cdc da thic cé bac nho hon
hay bang n, xét ho
B={L1¢ . 1"}

Ho nay sinh ra P, vi moi da théc p c6 bac khong 16n hon » déu
viét & dang

p=a, +at +at® +..+ay". g€ R
Ho B nay doc 1ap tuyén tinh vi diéu kién
co 1+t + . +cpt" =0,V1
chitng 16 phuong trinh nay c6 vo s6 nghiém, diéu dé chi c6 thé xay ra
khi ¢, =0,¢c; =0, ..., ¢ = 0 (vi mdt phuong trinh bac nhd hon hay

bdng » véi it nhdt mot he s6 khiac 0-cé nhiéu nhét 1a # nghi¢m) (xem
thém 2.6.5 va 2.6.6).

Vaydim(P)=n+1vaBlaméitcosdcna P,
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Co s& nay goi |a co 56 chinh tée ca P,
Cda s cia mot khong gian vecto con ¢6 dic diém quan trong sau :
V la mét khong gian vecto
S=1{f], ... fy} la mjt ho gém n vecto cia V.
c)Pinh li 5.4.2. '

NéuV la khéng gian n chiéu va § la mot co 56 thi moi x € V ¢é
biéu dién duy nhdt :

X = lel + ...+ cl’lfl'l (541)
d)Binh li 5.4.3.

Néu moi x € V ¢6 biéu dién duy nhdt (5.4.1) thi V Ia khong gian
n chiéu va S ld mét co so.

Chimg minh dinh Ii 54.2 : Gia sit V 1a khong gian n chiéu va S [a
mot ¢0 sO cua V. Liic d6 ho S doc 1ap tuyén tinh va moi ho gém » + 1

vecto cua V 12 phu thude tuyén tinh. Xét x b4t ki clia V. Ho {xf1s o Sy}

gém n + 1 vectd nén phu thudc tuyén tinh. Do d6 tén tai cdc 6 c;
- khong ddng thési bang 0 dé

Coxtoyfi+...+epyfy =0

¢, # 0 vi néu ¢, = 0, thi t6n tai cic s6 ¢; khong déng thisi bing
khong dé '

afitategfy =9
diéu nay trdi v6i tinh chét S 1a d6c 1ap tuyén tinh. Do d6

‘= (_] P +(_] £
Co Co

Vay moi x € V ¢6 biéu dién (5.4.1). Ta chimg minh biéu dién dé
1a duy nhat. Gia sir ¢6 hai bi€u dién cho x :

x=efi+..+cpf;q
x=cifit..tephy
thi cd . (c; - Cll)fl + ...+ (g ~""n)fn =0.
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Vi ho § doc 1ap tuyén tinh nén déng thitc nay chi xay ra khi
| -ci =0, ..., ¢4 —6;1 =0
titc 1a € = Cpren €y = Cy.
Vay biéu dién (5.4.1) ciia x I duy nhat.
Chitng minh dinh Ii 5.4.3.

Bay gi¥ gia sir moi x € V ¢6 biéu dién duy nhit (5.4.1). Do do §
sinh ra V. Ta ching minh thém ring § doc lap tuyén tinh. Xét biéu
dién (5.4.1) clia phin 1 khong cta V :

0fi +...+0f, =8
Biéu dién ndy 12 duy nbét. Do d6 diéu kién (5.3.1) viét
lel + ...+ Cﬂ‘fl‘l =f

chi xayrakhic; =0, ..., ¢, =0. Vay ho S doc lap tuyén tinh. Tém lai
S sinh ra V va § doc 1ap tuyén tinh, nén theo dinh 1i 5.4.1,V la khong
gian # chiéu va Slamoét cosdcha V.

d) V 12 mét khong gian n chiéu
S={u, g,y cV (5.4.2)

Ta hiy tim diéu kién dé S doc 14ap tuyén tinh tic 1a diéu kién dé S
la mot casdcha V.

Gia st B = {vg, V{, ..., Vo } 12 MmOt ¢ 58 ndo d6 cla V va u,,
0 1 n 0 J

j=1,2, ... ncé phan tich :
Hj = uljvl + sz\?z + ..+ u"jvn (5.4.3)

Diéu kién dé ho S doc lap tuyén tinh 1

oyt + cpity 4+, =0 (5.4.4)
chi xdy ra khi ¢, = ¢; = ... = ¢, = 0. Vi u; c6 phan tich (5.4.3) nén
diéu kien (5.4.4) c6 nghia 1 he

Ac=0
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Hyy #y - Uy [Cl
If: " A 7§ C

A= 21 422 2n c= 2 (5.4.5)
Uyl #y2 .- Uy, Lﬁ

chi ¢6 nghiém tdm thudng. Vay cé

Dinh Ii 5.44. Diéu kién cdn va dit dé' S déc ldp tuyén tinh la
det (A) #0.

Ta suy ra hé qua sau :

Dinh li 5.4.5.V la khong gian n chiéu. Mudén cho ho S 6 (5.4.2) la
c0 56 cua V diéu kién cdn va dii 1a det (A) #0, A xdc dinh béi (54.5).

Thi du 5.4.7. Xét ba vecto thuoc R

up=(L2, 1), uy=(2,1,4), u3=(3,2, 1).
Ta lap ma tran A :

1
A=1}2
1

o ]

3
2
1

Ta c6 det(A) = 14 #0. Vay ho {u, uy, 13} doc lap tuyén tinh.
Ngoai ra ta xét thém mét tinh chat nita :
Gia sir V 1a mot khong gian # chidu. Xét
S={v.vy,uv} CV
la mot ho vecto doc lap tuyén tinh.
N€u r = n thi theo dinh nghia 5.4.2, § 12 mot co s& ciia V.

Néu r < n thi ta c6 thé mé réng S thanh mét co sd cho V, cu thé 1a
ta co dinh li sau :

Binh I 5.4.6.V 1d mét khong gian n chiéu ; néu S = {vl....,v,} cV
la mot ho déc dp tuyén tinh va r < n thi cé thé tim duoc n — r vecto

VpglsnsVy $G0 cho ho {vy...., v,, VyplseaVy | IG mot cosd cia V.
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K&t qua nay c6 thé chimg minh bing phuong phdp quy nap todn
hoc. Sau day 1a mot thi du minh hoa. '

Thi du 5.4.8. Trong khong gian Ry & thi du 5.4.1, 5.4.2, ¢0 s0

chiéu n = 3, hai vectd khong déng phuong 13 doc lap tuyén tinh. Néu
ta thém vao hai vecto dé vecto thit ba khong déng phéng v6i ching
thi duge mot co sé cua Rj.

5.4.4. Lai néi vé hé phuong trinh tuyén tinh téng quit
Xét he phuong trinh tuyén tinh gém m phuong trinh » 4n :
ay Xy +apxy +otayxy = b

ay Xy + apXy t..tayx, = b (5.4.6)

a1 Xy t QX t o T @, = b

Ma tran hé s6 cua hé 1a

ayy) 412 -- Gy

ayy dyy .. &
A= 2] 922 2n =[A‘,A2,..., A”]

dyl Fm2 - Gy

(Ki hiéu tugng trung A; chi vecto ¢t thi j cha ma tran A).
Ma tran bd sung ciia hé 1a

A =[A;, Ay oy Ay, b)

vai
aU b]
aj b,
Aj =. , b= :
iy b

He (5.4.6) c6 thé viét & dang vecto
XA +xA; ..+ x,A, =b
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Vay:

N¢€u he c6 nghiém thi b € span {AI, s A,,}

Ngugce lai, n€w b€ span {AI, .. Ay} tht hé c6 nghiem.

Do déco: :

Dinh li 5.4.7. Diéu kién cdn va dii dé hé (5.4.6) c6 nghiém la
b € span {AI- ey Ay

BAI TAP : 5.19 ~ 5.23.

5.5. S0 CHIEU VA CUO SO CUA KHONG GIAN CON
SINH BOI MOT HO VECTO

5.5.1 Mé dau
Gia sir V 1a mot khong gian vecto va

§ = {u,, , ...,up}c |4

Theo dinh 1i 5.2.2 thi S sinh ra mot khong gian con W cia V. Bay
£10 ta tim s6 chiéu vi co sd clia W.

5.5.2. Hang cia mét ho vecto

Dinh nghia 5.5.1. X%t ho § = {u] - up} C V. 86161 da céc vecto déc
Idp tuyén tinh c6 thé riit ra tix S goi la hang ciia ho § va ki hiéu la r(S).
5.5.3. Cich tinh hang ciia mot ho vecto bang bién déi so cip

Ta trinh bay phuong phap nay thong qua mot thi du.

Thidu 5.5.1. Trong R> xét ho

§={u. .m0} c R
véi w=(1,3,0), uy=(0,2,4)
uy=(1,5,4), ug=(1, 1, -4),
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Ta lap ma tran A c6 4 hang .lﬁ 4 vecio trén :

1 3 0

.10 2 4
A=

1 5 4

1 1 -4

161 ding céc bién déi so cdp vé hang d€ dua A vé dang bac thang
(xem 3.5.2) :

13 0 1 3 0 1 30
02 4 0 2 4 01 2
A= - — =i
1 5 4 0 2 4 00 0
11 4| |lo =2 = looo

Nhdn xét 1. Mi phép bién déi so cdp vé hang khong thay déi span
clia cdc vecto hang cua ma tran A.

Chitng minh : Gia slt phép bi€n ddi so cap bi€n ma trdn A c6 cdc
hiang 13 u,u,u3, 44 thanh ma tran A" ¢b cic hang la
'y, 'y, '3, 'y, NEu phép bién ddi so cdp 1a phép nhan mot hang
véi mot s6 khic khong hay phép cong mot hang véi boi cua mot hang
khéc thi u'y, u'y, u's, u'412 cdc 6 hop tuyén tinh cia uy, up, u3, ug.
Mat khic méi phép bién ddi so cdp déu cé phép bién d6i ngugc cling
]a bién d6i so cdp bién u'y, u'y, u'3, u'y trd lai thanh uy, uy, u3, ug.
nghia 1a u, 1y, u3, u4 ciing 12 cic t6 hop tuyén tinh cla u'y, #'y,
u'y, 'y Vay |

span{ui, ty, 3, Hy) = span{u'l, W, u'y, u'g)

Nhdn xét 2. Trong dang béc thang U cic vecto hang khéc khong 12
doc 1ap tuyén tinh.

Chitng minh. Xét thi du 5.5.1. Ta thdy trong ma trdn U ¢6 hai
vecto hang khéc khong la
uy=(1,3,0) vauy = (0, 1,2)
DE chitng minh ching doc 14p tuyén tinh ta xét diéu kién
cpuy + cuy =0
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Diéu kién nay tuong duong véi

1('] +0(‘2 =0
3C| +1(‘2 =0
O'Cl +2C2 =0

tic 1a ¢;= 0, ¢ = 0. Vay u; va u; doc lap tuyén tinh. Trudng hop
téng quat, cich ching minh 13 wong tu.

Viy cd

Chit y 5.5.1. Hang ciia ho vecto S C 'V = R" béng s6 vecto hang
khdc khéng cia ma trdn bdc thang U suy 1 ma trdn A bdng cdc biéhn
déi so cdp vé hang.

Trong thi dy 5.5.1 ho S ¢6 hang béng 2.

Tit céc chi y 3.5.1,3.5.2 v2 5.5.1 ta suy ra

Cini y 5.5.2. Hang cita ho vecto S C V = R" bdng hang ciia ma

trdn A thanh Idp tit tog d6 cda cdc vecto ciia ho S xem la cdc hang
cta A hodc xem la cdc cét ctia A.

5.5.4. 86 chiéu va co s ciia khong gian con sinh béi mot he vecto

1. V156 18i da cdc vecto doc 1ap tuyén tinh ciia ho S bing hang r
clia né nén ta ¢6 thé suy ra

Dinh i 5.5.1.V la méi khong gian vecto
S={u,. iy} CV

Thé'thi W = span(S) la mot khong gian con ciia V ¢6 56 chiéu béng
hang r ciia S va moi ho r vecto déc ldp tuyén tinh rut tie S 1a mot co
sdcida W.

Ching minh : Gia sit §' = {u'y, 'y, '} gbm r vecta doc lap _
tuy€n tinh rit tir S (vi bao gid ta ciing c6 thé dénh s lai cdc vecto clia
S @¢ c6 r vecto ddu 12 doc 1ap tuyén tinh) lic dé

span(S’) = span(S) = W,
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Vi S’ doc 1ap tuyén tinh va sinh ra W nen theo dinh ki 5.4.2, W c6
s3 chiéu 1a r. Sau dé moi ho gom r vecto doc lap tuyén tinh rit tr S la
mot co s clia W theo dinh nghia 5.4.2.

Thi du 5.5.2. Xét ho {uy, uy, u3, 44} € R & thi du 5.5.1. Theo ket

qua di thu duge & d6 thi ho nay sinh ra mot khong gian con cla R’
¢6 56 chiéu bang 2 va {u), 13} 12 mot co sd.

2. Bay gi®s gia sir V 1a mot khong gian n chiéuva S= {v....v,} c V.
Néu S doc lap tuyén tinh thi S 12 mot co s& cua V theo dinh nghia

5.4.2. clia cd s3. Ta ¢6 them : Néu § sinh ra V thi S ciing 12 mét ¢o 56
cua V, nghia la ta c6

Pinh li 5.5.2.V la khéng gian n chiéu va
S=1{v,.uvy} © V. Néu SsinhraV thi Sla mot co sé ciaV.

Ching minh. Ta c6 span(S) = V. Gia sir hang cta § la r. Theo dinh
1i 5.5.1 thi r 13 s& chiéu clia span (§) tic 1a cua V. Vay r = n. Do d6
hé S doc 1ap tuyén tinh va vi vay né lacosécia V.

BAI TAP : 5.24 - 5.30.

5.6. TEICH vO HUGNG VA KHONG GIAN
cO TICH vO HUGNG

5.6.1. Mo dau

Tir trudmg pho thong ta di hoc khdi niém d¢ dai cia mot vectd
hinh hoc va sy vuéng géc cla hai vecto hinh hoc. D6 1a nhing kbii
niém r4t quan trong. Nay ta tim cdch suy rong cdc khdi niém do6 cho
nhifng vecto cua mot khong gian vecto.

Ta bat ddu tir khdi niém tich vo hudng.
5.6.2. Nhéc lai tich vé huéng cia hai vecto hinh hoc (xem 4.6).
Tich v6 hudng cta hai vecto hinh hoc a va b 12 mot s6 thuc, ki
hieu 1a <d, b>, xdc dinh bdi
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<5,!;>=[Ei|.|5| CosQ

trong dé
|| 1a a6 dai cia & b
|5] 12 do dai cta 5 o<j<
o 12 gée giita @ va b (hinh 47) _ Hink 47

Dua vao dinh nghia dé ngudi ta da chiing minh duge cic tinh chat
sau cuia tich vo huéng

(1) <a, b> Ia mot s6 xdc dinh ddi véi moi vecto d, b

(2) <3, b>=< b, &>

(3) <d+b,e>=<a,i>+<b, &>

(4) <kd, b> = k <@, b>

(3 <a;a> z0va<a,a> =0 4=0.

Tir dinh nghia ciia tich vo huéng cia 2 vecto ta ciing suy ra
LN

Dua vao cdc tinh chét d6 ngudi ta chimg minh duoc cdc bifu thic
toa do cta tich v6 hudng :

Trong R?, néu @ = (a, ay), b = (by, by) thi
<d,b> = aiby + arbs
va trong R>: |
Néu a = (ay, ay, a3), b = (by,by, by) thi

<@, b>= ayby + arby + ayby

5.6.3. Tich vo huéng trong khéng gian vecto va khéng gian cé
tich v6 huing

N6 la suy rong cia khdi niém tich vo hudng cia hai vecto hinh
hoc, can cit vao nhitng tinh chét (1) = (5) & 5.6.2.

223



Pinh nghia 5.6.1. V la mot khéng gian vecto, u va v la hat vecto
ciia V. Tich vo huong cia u va v la mét 56 thuc, ki hiéu la <it, v>,
thod mdn cdc tink chdt sau goi la cdc tién dé cua tich vé huong :

TVH!  <u, v> xdc dinh d6i véi moicapu, v e V
TVH2 <u, v =<v, u>

TVH3 <u+ v, w> = <u, w> + <V, Ww>

TVH4 <ku, v> =k <u, v>

TVHS <, u>20vi<u,u>=0&u=0

Khong gian vects V cé trang bi mgt tich vo hudng gol la khéng
gian c6 tich vé hwong. Khong gian # chiéu c6 tich vO hudng goi la
khong gian Euclid.

Thi du 5.6.1. Trong R" véi u= (u;, Yy, s u,,)

V= (Vl sy V2 oo v")
thi biéu thic tuong tu biéu thirc toa do clia tich vo hudng trong R2 va
3 N .
R sau day
Hv + i) + ...+ H,V,
thoa man tit ci cdc tinh chat TVHL — TVHS, cho nén né 1a mot tich
v6 huéng ciia R" :
<, v = Uyt gy o T Uy, (5.6.1)

Dinh nghia 5.6.2. Tich vé huéng (5.6.1) goi lg tich vo huodng
Euclid trong R".

Thi du 5.6.2. Trong khong gian vecto cic ham s8 lién tyc trén
fa, b], tic 1a C {a, b] (xem thi du 4.1.3), thi tich v6 hudng cua hai
ham fva g c6 thé dinh nghia bdi

b .
<f.g>: = | fogndx

Céc tien dé TVH1-TVHS déu thoa man.
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Chiy5.6.1.

Tir cdc tién dé TVHL — TVHS ta suy ra thém céc tinh chat sau :
<@, v>=<y, 8> =0
<U,V + W>x=<u, v+ <l w

<u, kv> = k<, v>

5.6.4. o dai cha vecto
Ta di biét :

Trong R’, @ = (a], a3, a3) thi do dai cia 4 la

[al a +a +a2—<a,;>”2
1 2 3

Suy rong ¥ d6 ta cé khdi niém do dai cua vectd trong khong gian
vecto ¢o tich vo hudng.

1. Dinh nghia 5.6.3. V 1a mét khong gian c6 tich vé hudng viu e V
thi s6 (khong am) full xdc dinh bai

bl := <, e 172

goi la d¢ dai ciia vecto u.
Chi y 5.6.2. D¢ dai cia u ciing goi 1a chudn cha u.
Thidy5.6.3 Trong R, u = (uy, uy, ..., u,) ta cé

1/2
bl = {u? + o + ..+ a?)
goi 12 dé dai Fuclid cia u € R".
2. Bdt ddng thirc Cauchy - Schwarz (C-S)

Néu « va v 1a hai vecto trong mot khong gian c6 tich vo huéng thi
c6 bat ding thic Cauchy - Schwarz

[<at, v>] <l (C.5)
Chitng minh. Trudng hop cé6 mot vecto = 6, gia sir u = 6 thi
<u, v> =0, ful =

nén bat dang rthic trén thoa min.
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Truimg hop u # 8 va v # Othi theo tien dé TVHS ta.cd

<tu+v,tutv>20,vVee R
Do d6

<y, w>t +2<u, vt +<v,v>20,¥re R

hay ﬂuﬂz £+ 2<u, vou+ Mz 20,vre R.
V& trai 1a mot tam thifc bac hai d6i vdi ¢ c6 biét s6 1a
<u, v>2 = [lulf WP
Viy phai c6é
<u, v>2 - Ilnt"2 Hvuz <0
Tix d6 suy ra bat ding thic (C-S)
Thi du 5.6.4. Ap dung bdt ding (C-S) vao

u=(uy,ty,...uy) vav= (v,vy,...,v,) trong R v6i tich vo hudng
Euclid ta duge

(syvy + spvy +...+'u:,,v,,)2 < (u;2 + 1 +...+uﬁ)(vf‘ +vE 4o+ vﬁ)

3. Tink chdt cia dé dai. DO dai cha vecto ¢6 céc tinh chét sau :
L, =0

L, Ml=0ecu=06

Ly biod = il

Ly et ol < Bl + A,

Cic tinh chét L;, Ly, Ly dé théy tir céc tien dé cla tich v hudng
va dinh nghia ctla 46 dai. Ta chitng minh tinh chat L,.
Theo dinh nghia
||ur+'|;\|2 =<+ Vv, i+ v>
= <u, >+ 2<u, vo> + <y, v>

< <, u>+ 2|<u, v>| +<y, v>
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Theo b4t dang thirc C - S thi
< u, v > <l o
Do dé |
lee + vlz < Bqu + 2]l + Ilv|I2
2
< (el + 101

T dosuyral,.

3.6.5. Khai niém khoang cach

Néu ta xem méi phan tir ciia khong gian vecto [a mot diém (xem chii

¥ 5.1.4) thi ta c6 thé dira vao khdi niém khodng cich (xem hinh 48) giira
hai diém y, v :

d(u,v): = - v|
Khoang cich d(u, v} c¢6 cic tinh chat B
D, duv)z0

=t

D, duvi=0cu=yv

Dy du, v) = d(v, u) o7 A
Dy d(u, v) £du, w) + d(w, v) Hinh 48

Bat déng thic D, thudng goi 13 bat ddng thic tam gidc.
Céc tinh chat Dy, Dy, Dy suy tir Ly, Ly, Ly,
Dé ¢6 D, ta viet
H=v=u—-—w+w-—vy
Nho L, ta suy ra
B — v < bt =l + o — il
D6 chinh 1 D,
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5.6.6. Sy vuong gdc cua hai vecto
Trong R tacod <d, b> = |a Hbl cOS(X.

Do dé khi <d, b> = 0 ma || # 0, |b}+ 0 thi cosar = 0 nghia 12
o vuong, 4 4 b. Trong trudng hop tong qudt ta c6 khdi niém vuéng
goc nhu sau :

1. Pink nghia 5.6.4. Trong mét khéng gian cé tich vé huéng hat
vecto u va v goi la tricc giao néu <u, v> = 0.

Hon nita, n€u « truc giao véi moi vecto clla mét ho W nao 46 thi
néi u trie giao v61 W.

Chu ¥ réing sy tryc giao cua hai vecto dinh nghia nhu vay s€ phu
thuoc dinh nghia cia tich vo huéng. Hai vecto cho trudc c6 thé
tryc giao theo tich vo hudng ndy ma khong truc giao theo tich v0
huéng khac. '

2. Thi du 5.6.5. Trong P, xéttich vo hudng

1
<p, g> = I p(x)g(x)dx.
-1

Xét p=xq= x?
\ -1/2
thi cé Hp“ = <p, p>”2 = j'xxdx = %—
~1
1 1/2
' /2 2 2 2
= N = . dx = —
¢l = <4. 4> Jx X :

-1

<p, ¢>= j.xxzdx = jx3dx=0.
-1 -1

Vayvectop=xvag= 2 cia P, 1a hai vectd tric giao theo tich vo
huéng dinh nghia & trén.
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5.6.7. Ho vecto truc giao
1. Dinh nghia 5.6.5. Mot ho vecto trong khéng gian cé tich vé

hutong goi la mét ho tric giao néu bat ki hai vecto khdc nhau néo ciia

ho ciing truc giao.

Mot ho vecto trire giao trong d6 moi vecto déu ¢6 chudn 1 1 goi 1a
mot ho fruc chudn.

Thi du 5.6.6. Xét cdc vecto trong R’

i 1 1 1 1
0,1,0; = —'-‘0’—-—’ Ta = —,0‘-_._.
W00 v =[5 7 oeE )
Ho § = {v], va, V3} trong R3 vd1 tich vo hudng Euclid 14 mot ho
truc chudn vi
<V, 1> = 0, <Vg, V3> = 0, <V3, V> = 0
il =1 Jall= 1 s =1

2. Chudn hod mét vecto. Néu v 1a mot vecto khic khong trong
khong gian c6 tich v& huéng thi

1 v ¢6 chudn 13 1.
fivll

That vay

1 I
=vl=r =1
" (I
5.6.8. Qui trinh truc giao hod cha Gram-Smidt

Dinh Ui 56.1. V Ia mot khéng gian c6 tich vé huong,
S= {ul, w, ..., um} Ia mot ho vecto déc Iap tuyén tinh cia V. Ta cé

" thé thay S bdng ho tric chudn

S'= {vl, LY vm}
sao cho khi ki hiéu 5 = {uy,... 4}, §' = {v, ., 1, } thi
span§; =spanS';, k=1,2, ....m
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Ching minh

Budc 1. Truéc héi ta dat v, = u /.

Nhu vay “'*’IH =1 va span§; =spans’;.

Buée 2. Tim v, sao cho ho {v|, v} truc chudn. Mu6n the ta dat

va chon f 520 cho
<'I-'2. v > = 0, tirc 1a <uy +Wl, Vl> =0

<y, > HI<y, > = 0.

Vay [ = —<uy, v1>/||v1 "2 = —<iiy, V| >.
Do dé | V, = Uy <ity, Vi > vy,
Sau dé dat

1 u2-—<u2, L >V

F_

27
Duong nhién wuy—<uy, vi> v £ 6 Vi p8u wp—<up, v > vy =8
thi '
L V>
iy = <y, V>V = iul'"Vl— U]
bl
nghia 12 u, vA u; khong doc lap tuyén tinh, diéu ndy trdi v6i gia
thiét. Vay {v, v, } = §'y trie chuéin va spanS'; = span ;.
" Bude 3. Gia sir dd xay dyng dugc ho tryc chudn
S'k-1 = {vs V20 e Vet -
ma span S; =spanS, 1</<k-1.
Ta xay dung ti€p v; dé cho ho
Slk = {'&’1, v2, ey vk-'l' Vk}
12 ho truc chudn va span S'; = spanS;. Mudn th€ ta dit

Vi = Uy + vy vy + i Ve
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va chon cac j»j=1, .., k-1, sa0cho
<V v =0,7=1,2,.. k-1
Diéu kién ndy viét
<uk,vj>+<rjv-. v}->=0
J=1,2, . k-1
Ta suy ra

Ij' = =<y, Vj>,j= 1,2, ...,k— H
Do d6 v, dugc xéc dinh
V=M — <, B> vy — = Sl V1> V.

Sau d6, cling nhu & bude 2, v, khong thé bing . Dat

_ - '(!lk, iy — .- <ty Vp_ 1> Vi_q

Tiép tuc qué trinh d6 cho t6i khi k = m ta duoc ho
| S'={vl,vz....,vm}
gém m vecto tryc chudn, span §; =span$§',k=1,2, ..., m.
Ta n6i §* ¢6 duge tir S bing tryc chudn hod Gram-Smidt.
Thi dy 5.6.7. Cho trong khong gian Euclid R>
§ = {uy. 1w, w3}
uy=(1,1,1), 4y =0, 1, 1), a3 = (0, 0, 1.
Hay tryc chuin hod Gram-Smidt ho vecto {u, 1y, 13 }.
Léi gidi :
Buoc I : Dt
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Buée 2

Uy — <y, V>0

- ||u2 U v1>V1 H

V2

1 1 1
My —<u2,v1>v1 =(0, 1, 1)_ i("""" r "'_]

[t}

|
m'[ D
w't b
W=
S’

va by (210§ 2 1 1
RAERCINN - SRS bl VAN A 4
Budc 3

_ iy - <Uy, V| > V] — <iliy, B> 1)
"H3 — <u3, V> ¥V} — <3, V2> Vzu

V3

= Uy — <y, 'lrl’l>‘ V] — <y, V> vy =

Il
.
=)
o
v
St

|
-
—_
i~
&~
&~
N’
i
cnl"‘
|
ol”
cn|"‘
ox|"‘
e’

tao nén ho §' truc chudn trong khong gian R’ v6i tich vO huémg
Euclid va span 8§’y =span S (k= 1, 2, 3).
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5.6.9. Tinh déc lap tuyén tinh ciia mot ho vecte true giao

Binh If 56.2. Néu § = {"1» Ve, ey vm,} la moér ho truc giao i

vecta khdc khong trong mot khong gtan ¢6 tich vé Jutong thi S Ia doéc
Idp tuyén tinh.

Chimg minh : Gia si
v vy + L+, = 6.

Mudn ching minh S 12 doc 12p tuyén tinh ta phai ching minh ring
tir dang thic réntasuyra ¢; =¢; =... = ¢, = 0.

Nhan v6 hudng hai vé ctia ding thire véi v; ta duoc

Ci <V, > = )

Vi <v,v;>=0khij#i Tasuyra ¢;=0véimoii=l1, 2, ...mvi

<v, vi> = |l #0. Vay ho s doc 1ap tuyén tinh.

Ta c6 h¢ qué cla dinh 1i 5.6.2 va dinh nghia 5.4.2 nhv sau :

Dinh I 5.6.3. Trong mor khong gian Euclid n chiéu mot ho
S = {Vl vy v”} gom it vecta khdc khong ma tryc giao déu la mét co sé
cia khong gian dé.

Dinh nghia 5.6.6. Co s& d6 goi 1a co 56 truc giao cia khong gian
Euclid. Néu d6ng thai do dai ciia mdi vecto v; bing 1 nita thi né 1a
mot co 56 truc chudn clha khong gian Euclid.

Thi du 5.6.8. Ho ba vecto & thi du 4.7.6 12 mot ¢o s& trirc chudn
cua khong gian Euclid R’

5.6.10. Sy ton tai co s trye chedn trong khéng gian Euclid » chiéu

1. Binh I 5.6.4. Trong moi khéng gian Euclid n chiéu khdc |8}
déu 1én 1ai it nhdt mot co s truc chudn.

Chitng minh : Gia st V 1a mot khong gian Euclid » chidu khic
réng va § = {u,. u, ..., u,,} 12 mot co sé bit ki cha V. Ap dung qui

trinh tryc giao hod clia Gram-Smidt (xem 5.6.8, dinh 1i 5.6.1) ta sé

duge ho truc chudn gém » vecio
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v

by

= {vl, Va, s v,,}.

Theo dinh i 5.6.3, §' 12 mot co 50 cia V. Viy t0n tai mot co s&
truc chudn clia V.

2. Dinh I 5.6.5. Néu ' = {v, vy, ... v, }la mpt co s truc chudn
cia mét khong gian Euclid V u chiéu thi véi moi u € V ta ¢6
U= vp> v U vyt U, V>,
Chitng minh : V1S lamOtcosdcuaV nénu c¢é dang
# = Oy vy Y,
Nhan vo hudng hai v€ vai v;, i = 1,2, ..., n, ta duogc
<u, v;i>= <Cav| totoy, > =
= £y <, 1> b HC, Y, VD
Vi § trie chudn nén
Vi, V> = 0 j#i
<, vi> =1.
Do d6 phuong trinh trén don gian di cdn
<, V> = ;.
Vay u c6 dang cAn ching minh.
3. Thidu56.9. Cho

4 3 3 4
1’1 = (Oo lt 0); vz = (—-5'-, 01 ‘5-]9 V3 = (gs 01 _5—]-

Dé thdy ring S = {v, v, v3} 12 mot ho tryc chudn trong R? véi

tich vé huéng Euclid. Do d6 nd 1a mot ¢o s¢f tric chudn cia R’ Hay
biéu dién u = (1, 1, 1) thinh mot 18 hop tuy&n tinh cla céc vecto cla
ho §. -

Gidgi : Tacb: <u, vi> =1, <u, v2>=--§-, <u, v3>=%
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Vay, theo dinh 1i 5.6.5. thi

7 -
U=y —%vz +§v3, nghia 1a

1({ 4 3 7(3 4
LLD=1,0~--|-=0>]|+=|2,02]
¢ )=( ) 5( 5 5] 5[5 5]

5.6.11. Hinh chiéu ciia mét vecto lén mot khong gian con
1. Tru6c hét ta chimg minh mot dinh 1i xem phu mot b dé.
Pinh li 5.6.6. Gid sit V la mot khong gian c6 tich v6 hucng,
§ = {1] ¥, } la mot ho truc chudn cdc vecto trong V, W la
khéng gian con smh bdi S.
Xét u la mét vecto bdt ki cuaV.
Ta ddt |
LW =L > Yy <UL VD> Yy <l V> Y,
Wy =u—wy.
Taco
u=w| +wy,
trong do
(i) wy € W = span {S}
(i) wy tricc giao vai W, nghia la truc giao véi moi vecto ciia W.

Chitg minh (i) hién nhién do biéu thic ciia w,. D& ching minh

- (i) tanhdn vO huong <wy, v;>, i=1,...,m

Taco <wy,v>=<u~w,v>=<u,v>—<w,v>=
=<U V> -, > = 0.
Nhu vay, wy truc giao véi moi v;, i = 1, ..., m, nén dé thdy né
truc giao véi span {5} =
2. Dinh nghia hinh chiéu truc giao -
BDinh nghia 5.6.7. Ta goi w| la hinh chifu tryc giao cila u len W
ki hiéu la kch,, u :
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wy = hchy,u,
cdn wy = u — hch,u goi l1a thanh phan cha u tryc giao véi W.

Thi du 5.6.10. Xét khong gian R> (v6i tich vo huéng Euclid) va W
1a khong gian con sinh bdi nhitng vecto tryc giao

4 3
vi ={(0,1,0), vy =|~-—,0,— |
1 =010 [ 5 5}
Hinh chiéu truc giaoctau = (1, 1, 1) ién W la
hichu = <u, vy> v] + <ut, vp> vy

= 10,1,0) + —%[—i 0, 5‘5)

5 5
-(f-2
25 25

u
Thanh phin cia u truc giao vdi W la
4 3
u—hchu=(1,1,1)~ | —,1,——
wit = ) [25 25) :
= E. 0, E] | w
25 25

(Xem hinh 49). Hinh 49

BAI TAP 5.31 - 5.50.

5.7. TOA PO TRONG KHONG GIAN n CHIEU

5.7.1. Kh4i niém toa do trong khong gian n chiéu
Dinh nghia 5.7.1. Gz st § = {v,....v,,} 12 mt co s& cila khong
gian # chiéu V. Liic d6 theo dinh li 5.4.3, moi v € V ¢6 biéu dién duy nhat

v=epvy Fevp + .oy, ¢ € R
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3+ i
a&. 35
og.

Cdc 56" ¢],¢5, ..., ¢, goi ld cdc toa do cia v déi véi co 56 S.
Vecto
(s ={cp. €34 s Cpp)
la mot vecto trong R” va duoc goi 1a vecto toa do cha v d6i véi
co 50 S. Vectd (v)g viét § dang cot din dén ma tran

)

@
s =1

Cn |
1a mot ma tran ¢o n x 1 va duge £01 12 ma trgn tog dé cla v d6i véi
cdsa S, '

Thi du 5.7.1. (a) Ching minh ring ho § = {v, vy, v;} v6i
vl = (1! 29 1)1 vz = (2, 9. 0), V3 - (3, 3, 4)

tao thanh mét co s& trong R’
(b) Hiy tim vecto toa d¢ va ma tran toa dé cha v = (5, —1, 9) déi
vai S.
(c) Hiy tim vecto w € R cO vectd toa do d6i véi S 1A
(wls =(-1,3,2).
Gidi : (a) Dé nghi ban doc tr lam.
(b) Ta phai tim cic 56 ¢ |, ¢5, €3 sao cho
V=0v) +0avy +o3vs
tic la (5, -1,9) = ¢ (1,2, 1) + 5 (2,9, 0) + ¢4 (3, 3, 4).
Can bang cdc thanh phéan & hai v€ ta duge
€ +2c +3c3 =5
2cp +9¢5 + 33 =-1
o +4c3 =9
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Giai hé nay, ta duge
ag=lo=-Ley=2

Do dé .
WMs=1,-12)
1
[vls =} -1}
2

(c} Dung dinh nghia cla vecta toa Ao (w)g ta co
w = (=1)v; +3vy +2v3 =(11,31,7)

Chi y 5.7.1. Céc vecto toa dd va ma tran toa dé phu thuge vao thi
I cha cdc vectid co s4.

Trong mot khong gian hitu han chiéu, khi co s& da dn dinh thi giga
céc vecto ciia khong gian va cdc vectd toa do (hay ma tran toa do) cd
tuong tng 1-1. ' '

Thi du 5.7.2. Xét co s S = {1, x, x2} cila Py.

Xét p=a, +tax+ azxz € P
thi (p)s =(a,, @, ay)
. .
[pls =}a |
@

Thi du 5.7.3. Xét khong gian véi hé truc vuong géc Oxyz va xét co
s& chinh tac S = {4, j, k} trong d6

i=(1,0,0,j=(,1,0L,4k=(0,0, 1)
Khi d6 néu v = (a, b, ¢) 1a mot vecto bt ki thuoe R? thi
v=(a,b,c) =a(1,0,0)+b(0,1,0)+c(0,0,1)
= ai + b}+c§
Diéu 46 cé nghia la
v={(a, b;c}=(v)g
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Néi cich khéc, cdc thanh phdn ciia mot vecto v d6i véi mat hé truc
vudng géc Oxyz cing la nhiing toa do cha v d6i véi co s& chinh tac
{i,J. k}.

...5.7.2. Toa do trong khéng gian Euclid (xem dinh nghia 5.7.1)

Néu § = {v,....v,} 12 mot co s& tryc chudn trong khong gian
Euclid » chiéu V, thi theo dinh 1i 5.6.5 biéu thitc cha vecto u € V d6i
véicosa Sla

U=<WV>V) +<u,V>vy +..+< Vv, >V,

Vay (s = (<u, vp>, <, vy>, ., <, v,>)
[<u, vy>]
<u, Vz)
va luls =|.-
<u, v, >

Thi du 5.7.4. Néu

4 3 3 4
= Otlsoa = __sou_ N = "—"903_
V1 =0.1,0. v [5 5) " (5 SJ

thi nhu di nhan xét & thi du 5.6.9, S={v, vy, v3} 1a 1 co s& tryc

chuin cia khéng gian R véi tich vo hudng Euclid.
Vaiu=(2,-1,4)tacé

4 p)
(u, vl) =—1, (u,v2)=g, (u, V3)=*-5—.
4 22
Do dé6 S Al
© Ws [ 5 5)
)
4
{u]s-- "5- .
2
| 5 ]
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5.7.3. Biéu thiic cha tich vé huéng trong co s& tryc chuan cua
khong gian Euclid

Ciéc cd s6 truc chudn d6i v6i khong gian Euclid rat tién lgi nhu s€
thay dudi day.

Giasr § = {e,, €2, -ms e,,} 1a mot co s& truc chudn trong khong

gian Euclid # chiéu E :
<e;, e;> = {:) 2_ ;j
Xét hai vecto x va y thudc E. Taco : '
X=x8 4t X8, YEYIE o+ Ve,
nghia 1a (x)g = (X[, X9, o X)) (Mg = (V15 Y25 000 Yau) -
Khi dé

<X, y> = (,rlel + .t x,e,.ye v F J’uen)

<X, yE =Xyt XY, =[x]fg [y]S = [y]rS dxls 571

D6 1a bidu thic toa do cha tich vo hudng <x, y> trong ¢o s& truc
chudn S clia khong gian Euclid E.

5.7.4. Do dai va khoang cich trong co sé truc chuan cba khong
gian Euclid

Tukelqua(S? 1)65.7.3tasuyra
] = J<x, 1> = af + 53 + ot 5
d(x. y) = \/tx] - yl )2 + ...+ (x" - y” )2 .

'5.7.5. Pic diém ciia ma tran doéi ximg xem 12 mot toan tir tuyén
tinh trong khong gian Euclid n chiéu

Bay giv gia sit § 13 mot co s& truc chudn trong khong gian Euclid
n chiéu va A 1a mot ma tran vuodng cdp n ddi xiing :

240

A



"152 P
10\{-

A=(ay) .+ i =a
va ()5 =(x), x5, ..., Xy
(Vs = (.Vlv Y2r yn)
Dé cho gon ta s& vi€t x 1 = [x]gva y: = [¥]s.
Dinh li 5.7.1.
A=A & <Ax, y> =<x, Ay>, Vx, y€ E.

Chitng minh.
1. Theo (5.7.1) ta cé

<Ax, y> = (Ax)'y = XAy
<X, Ay> = x’Ay

Vay néu A'=Ath <Ax, y> = <x, Ay>, Vx, y € E.
2. Bay gid gia sit <Ax, y> = <x, Ay>, Vx. y € E. Ta ¢6

<Aej, ep> = <g;, Aep> Vi, j
Nhung

<Ae,,ej> = <e;, Agi> = a;;, <€, Ae>*' a;;

Vay a;; = a;;. Do d6 A= A

BAI TAP 5.51 - 5.56.

5.8. BAI TOAN pOI CO SO

5.8.1. Dat bai toan
Trong khong gian vectd n chiéu V, gia sif c6 hai co s&
B= (e,e5....y) va B'=(e'|, €',...,€",)

Ta s& quy udc goi B 12 co sd cii va B’ 1a co s& méi.
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Xétv € V. D6t v8i cosd Blacod

v=vie] tveer +. Ve, (5.8.1)
nghia la (vlg = (v}, vp, ..., vy)
]
V2
g =|-
-V"-
Péi véi co sé B’ 1a cd
v=vihey +viae'y +.+v e, (3.8.2)
nghiala (V)p =(v'j, v's, V')
o
V2
[V]B' =-
_V",,_

Hay tim lién hé gifta (v)g va (v)p, tifc 12 gilta [vlg va [v]p:.
5.8.2. Ma tran chuyén
Dinh nghia 5.8.1. Ma trdn P thod mdn
[vlg = Plvlp (5.8.3)
goi la ma trdn chuyén co sd tir B sang B,
Dé c6 P, trude hét ta viét cac bidu dién cha e'; trong co sd B.
€'t = puier + paez ot pures

8'2 = pz€1 + pPpyey + ..+ pioe, {5.8.4)

&'y = P1u€L + Paney + -t Pupy
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nghia la
—P[I 1 -pIZ- PPIH-
1293 P Py
le'lg =], | le2dp=|. {....le',lp=].
| Pul | | P2 | | Pon |

Thay (5.8.4) vao (5.8.2) ta duge
v=v'1(p1e] + pries +.. + Pul€y) +
+ vo(pize) + ppey + ..+ Pua€p) + ...+
+ V', (Prgey + Prper o+ Pun€n) =
=V Py + et prvi e +
Py + Py et PapV'nley + ... +

+F(pav t Py + + Pun¥'n)en
D1 chiéu véi (5.8.1) tasuy ra

v =ppvitpva et pt,

vy = p21v'1 + pzzv‘z +..+ pz,,v',, (5.8.5)

Vo = Puv' + Piavy + .t pugv 'n
Cong thic (5.8.5) goira y dat

Pri2 - P

p= P21 P22 - Py (5.8.6)

Pul Pn2 - Pun

= [e'|1gle's )5 ey lp
V61t ma tran P d6, cong thiic (5.8.5) ¢6 dang (5.8.3).
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Vdy P xdc dinh bdi (5.8.6) la ma trdn chuyén co so tit B sang B

Ma tran chuyén co s& P c6 tinh chdt sau :

Dinh li 5.8.1. Néu P la ma tran chuyén €O 56 tit ¢0 s0 B sang co
so B’ thi

{a) P kha ddo (titc Ia P khong suy bién, det (P) = 0))

(h) P_'r la ma trdén chuyén co s tie B sang B :

Mg =P ' Ivig (5.8.7)
Chitng minh : (a) Ma tran P khong suy bi&n theo dinh 1i 5.4.4.
(b) Vi P khong suy bién nén tdn tal Pl Do ds (5.8.3) cho

(5.8.7). Va (5.8.7) chiing 6 ring Pl 1ama tran chuyén co s& tlr B
sang B. .

Chi ¥ 5.8.1. Cong thiic (5.8.3) biéu dién toa do cii cha vectg v
theo toa d6 méi cha vecto v.

Cong thirc (5.8.7) bidu dién toa do mdi cha vectd v theo toa do ci
clia vectd v.

Khi c6 mét biéu thife ciia toa do cfi thi céng thirc (5.8.3) cho phép '
chuyén biéu thiic d6 thanh biéu thifc theo toa d6 mdi.

Thidu 5.8.1. Cho cdc ¢co sb trong R’
B= {6’1. 82} va B'= {8'], €I2}.
Cic vecto vi€t & dang cot :

o o i [

(a) Tim ma trin chuyén co sO tir Bsang B'
7
(b) Tim [v]g: néu v= [2}

Gidi : (a) Trudc hét ta bidu didn e’} =¢] + ¢,
8‘2 =2e] + €y

I{ 2
[6"1]3 = [1:\ [8'213 = [1]

Do dé
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Vay ma tran chuyén co s& tir B sang B' 1a

2
P = i
] 1}

(b) Do dé ma trian chuyén co sd tir B sang B 1a

_]_F_l 2
S R |

Chi ¥ ring ma tran ndy ciing ¢6 thé tim duge bang cdch biéu dién
el va ey theo e'| va ¢'5.

Vi ?—?1 20—7 2 ¢ |7
i 5= 0+ b e + eznen[v]B—z.

Do doé
vB_—P vlg = 1-1 = 5 .

Sau day 1a mot k&t qua nira

5.8.3. Dinh 1 5.8.2

Néu P la mét ma trdn chuyén co sé tiv mét co sé tric chudn sang
mot co s truc chudn khdc trong mét khéng gian Euclid n chiéu thi P
la ma tran tryc giao, tryc giao theo nghia :

PP=1
Do dé
pl=pt,

Chirng minh. Gid sit tich vo hudng trong khong gian Euclid ki hiéu
la <...>>. Khi dé

indui=j . | 1néui=j
<€!',€j>= . _,<€J.-,€j>= . .
Onéuizj Onéui#j
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Theo (5.8.4) ta cd

M ] i H
<ep e >=< Y puer, Y opye >= 3. O Pupy < e ¢ >
k=1 1=1 k=ti=l

H
= <ene;>= 3 pupy
k=1

n - .
Inéui=j
Do dé iPri =
gp"“p"f {0 néu i # j
Piéu d6 chimg 16 P'P =1
Thi dy 5.8.2. Ap dung vao phép quay truc vudng géc trong mat
phang, ta xét he truc toa do vuéng géc Oxy. Quay nd di mot gdc a
(hinh 50). Mot diém Q cha mat phang cé toa do (x, y) d6i v6i hé cii
Oxy s€ ¢6 toa do mdi la (x”, y) d6i v6i hé méi Ox'y".
Hiy tim lién hé gira (x, vy va (1", ¥".
Gidai : Cic vecto viét & dang cOt

B ={e), &7} y
-l:| i:o}
el = . 32 =
0 1
- Yo .Q
B'={e’}, e'p} N A
i y L.
, COS(X : L e X
ey =1 . X
_sma] = )
. X
. -sina o x
eq = Hink 50
costt

Do d¢6 ma tran chuyén co sé tir B sang B' 13

| cosax — sincx
P=]
Sinac COsS 0¥

X _p x| jeos —sino |fx')-
y - y' " sine  cosa y'

Vay co
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Ta suy ra

X =Xx'cosexr— y'singx
y=x'sina+ y'cosax

CoSO Sino ]

Mat khac, ta tinh duoc
Pl 7
—-sine  coso

pi = pt

Ré rang
nhu dinh I{ 5.8.2 di khéng dinh.
Vay thi du 5.8.2 ¢ thé xem la mot minh hoa cho dinh 1i 5.8.2.

BAI TAP : 5.57 ~ 5.66.
TOM TAT CHUONG V
Khong gian vecto trén truimg s6 thuc R 12 mot tap V (ma mbi

phan tir quy udc goi 1a mot vecto) véi hai phép todn cong vecto va
nhan vecto véi mot s6 thuc R, thoda min 10 tinh chat (goi 1a 10 tien

dé cha khong gian vecto) :
Dx,yeV=ax+yeV

(Dx+y=y+x
B)x+F+)=(x+y) +z
()3 6 Vsaocho B+x=x+ §=x
6 goi 1a phdn 1 trung hoa cia phép +

X+ (~x)=(-x)+x=8

(5) V&i mbi x € V tén tai ~x e V sao cho
—x 801 la phdn tit d6i xing cla x

6)xe V. ke Rthikxe V
(MNkx+y)=kx+ky, ke R
@) h+hx=kx+ix, kleR .
(9) k(Ix) = (kD)x
(1) lx=x
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Tir 10 tién dé wrén ta suy ra
{a) Phan tir trung hoa @ 1a duy nhat
(b) Phdn wr d6i xitng cha bat ki x nao thuoc V 12 duy nhat
(c)Vxe Vtadéucé0x =9
() Vxe Viadéucd (-1)x=—x
(e) Vke Riadéucok@=6
(f)xe V,ke Rthi
kx=8=k=0 hoac‘x = 6.

Khéng gian con : W cV goi la khéng gian con cua V néu véi hai
phép todn trong V', W la mot khong gian vecto,

Diéu kién cdn va di dé W < V 1i khong gian con ciia V 1a né khic
rong va déng kin d6i vdi hai phép todn clia V.

V 1a mot khong gian vecto

S= {x1. x3,.... x,} €V 1amot ho vectoctaV.
Biéu thic
C1x) + X+t eyx,, ¢; € RO

1a mot veets € V va duge goi 1a mér 16 hop tuyén tink cia ho S.

Tap tat ci céc t6 hop tuyén tinh cla ho § goi 12 bao tuyén tinh clia
S, ki hiéu 14 span (S).
Span(S) 1a mot khong gian concia V.
Néu span(S) = V thi n6i S sinh ra V hay § 1a mot hé sinh cha V.
Ho § goi 1a dgc ldp ruyén tinh néu diéu kién
axp teoxy 4 +c,x, =0

Hxll

chi xayrakhi ¢; =0, ¢ =0, ..., ¢, =0.
Néu tréi lai, t6n tai cdc s6 |, ¢a, ..., ¢, khong dong thdi bang 0 dé

¢ diéu kién trén thi ho S goi 12 phu thudc tuyén tinkh.
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Khéng gian hiru han chiéu

Khéng glan vecio V goi 1a khong gian » chiéu, n = 1 néu trong V
ton €zl n vecto doc 1ap tuyén tich v khong thé tén tai qua n vecto doc
lap tuyén tinh.

Tap chi gdm mot phdn tif trung hoa @ cla mot khong gian vecto
nao dé ciing 1a mot khong gian vecto. D6 1a nhisng khong gian
khong chiéu.

Cac khong gian n chiéu, »# 2 0, goi 1a khéng gian hitu han chiéu.
S6 chiéu clia ching ki hiéu 13 dim.

Né&u trong V tén tai mot sé bat ki cdc vecto doc 1ap tuyén tinh thi
V goi la khong gian v6 sé chiéu.

Trong mot khong gian n chiéu, # = 1, mdi ho gém n vecto déc lap
tuy€n tinh goi 12 mét co 56 ciia khong gian.

V 1a mot khong gian vecto
S={xy, x;, ., x,lcV

Néu § doc 1ap tuyén tinh va sinh ra V thi V 1a khéng gian n chiéu
va § 1a mot co sd.
Néu V' 1a khéng gian # chiéu va § 12 mot co s& thi moi x € V ¢6
biéu dién duy nhat
X=cp %) togxy + i+

Py

Va nguoc lai, néu moi x € V ¢6 biéu dién duy nhat nhu trén thi V 13
khong gian » chiéu va § 12 mot co sd.

Néu V 1a khong gian # chiéu va S = {x, .., x,} cV 1a mot ho
vecto doc fap tuy€n tinh va née r < n thi cé thé bé sung thém »# — r
vecto X,,q, ..., X, nifa dé ho

B ST NS ST |

lamét cosGcna V.
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S$6 chiéu va cu s0 cva khong gian con sinh bgi mot ho vecto
V 1a mot khong gian vecto
S={x, x3, o xyfcVv

Hang cia he S 1a s vecto doc tap tuyén tinh t6i da ¢6 thé rit ra tir
he $. Ki hiéu hang cia he S ta r(S).

Hang cia ho S ¢6 thé tinh bang bién ddi so cap.
dim(span($)) = r(3).
Khi V 1a mot khong gian n chiéu ¢6 co s¢ B thi trong B mdi vects
cia ho S © V ¢6 n toa d6. Hang ciia ho § bang hang c¢lia ma trin ¢6

cdc hang 1a toa do cua cdc vecto clia § viét thanh hang hoac hang ciia
ma trin co cdc ¢ot 1a toa do clia cac vecto S viét thanh cét.

V 1a khong gian n chiéu, S ={x;,..., x,} < V. Néu SsinhraV thi§
ld motcosGcnaV,
Tich v6 hudng
V la mot khong gian vecto
uw,ve V

Tich vé hucmg clia u v v 1a mot s6 thyc ki hiéu 1a <w, v>, phu thudc u
va v, thod min 5 tinh chét dudi diy goi 1a 5 tién dé cda tich vo hudng

(1) <u, v> xdc dinh v4i moi cap u, vciza V
(2) <u, v> = <v, u>

(3 <u+ v, w>=<u, w>+ (v, w>

(4) <ku, v> = k<u, v>

Sy <u,v>z0va<u,u>=0u=10

Khong gian vecto V trong dé tén tai mot tich vo huéng goi la
khong gian c6 tich vé hudng.

Khong gian V' # chiéu c6 tich vo hudng goi l1a khdng gian Euclid.
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NéuvV=R" x= (X, xy) €V, y= (vi, ... v,y € Vthi
(xr, ¥)=xy + ...+ Xty

1a mot tich vo hudng. Ta goi nd 14 tich vé hudng Euclid cia R”

D¢ dai. V 1a khong gian c6 tich vo huéng, v € V thi

Ml = f< o, v >

Vecta v ¢d vl =1 goi 1a vecte da chudn hos.

Su tryc giao. V 12 khong gian c6 tich vo hudng
w,ve V.

NOi1 u# va v truc giao néu <u, v> = 0.

Ho vecto §$ = {v),..., v, } €V goi 12 ho truc giao néu
<y >=01=)

Ho S goi Ja truec chudn néu

< Vi;, vj > =

0 i#
1 i=j

Co sd tric giao trong khong gian Euclid 1a mot co s& gém cac
vectd tryc giao.

Co 0 tryc chudn trong khong gian Euclid 13 mot co s§ gém céc
vecto trire chudn.

Trong khong gian Euclid bao gid ciing 16n tai it nhdt mot co s&
truc chuin.

Bdt dang thite Cauchy - Schwarz

I<ae, v>1 < llall . Iy,
Toa do trong khéng gian n chiéu
V 1a khéng gian # chiéu.

S={v), vy, vyl cV1amét cosa
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Khi d6é moi v € V ¢6 biéu dién duy nhat
U TRTIE SR S o9 L
Cac s6 ¢, ¢, -, ¢ 20 1a céc t9a dg clia v 461 vii co 5O S.
(V)5 = (Cys €2, s ) € R” g0i 12 vecto tog dé chia v d6i v6i co 53 S.
G

C r - - a - At - kd
[viy =1|. 2 € ., g0112 ma trdn toa do cua v d01 vO1 cG sG §

CH

Né&u V 1 khong gian Euclid va § 12 co s& truc chudn thi

V= <P, 1Y 4 <Y, VDl L+ <V, VY,

nén (V); =(< v, ¥ >, <V, vy >, <V Y, )
<wv,m >
: <V, ¥y >
vls =|.
<y, >

V 1a khong gian Euclid, S 1a co s¢ trye chuédn
()g = (a1.a2, - ay), (V)5 =(by, by, ... by)
thi < vE=ab +ayhy +...+aub,.
Bai toan ddi co so
Via khéng gian a chiéu
B={ey, .., e,} 1a modt cosd
B’={e’}, ..., e’} 1a mot co s& khéc
ve Vthi
(Mg =0, vy, V) Mg =0, v, e, Vi)
Tén tai ma tran P khong suy bién dé

g =PWg. g =P g
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theo nghta

[v]B = P[V]B' , [V]B' = P*][P]B'

Ma tran P goi 1a ma tran chuyén co sétix B sang B’, con goi tat 1a
ma iran chuyén. N6 viét

P = {[3‘1]3[6"2]8 --[¢'y 18]
Né&u V 1a khong gian Euclid # chiéu va

B va B’ 1a cdc co sd true chudn thi

PP=Inghialap ' =p"

BAI TAP CHUGNG V

5.1. Trong céc bai tap duéi day ngudi ta cho mot tap cic phan tir
g0l 1a vecto, hai phép tinh cong vecto vi nhan vectd vdi mot s6. Hay
xdc dinh tap nao 1a khong gian vecto va néu c6 tap nao khong phai la
khong gian vecto thi chi ra cdc tién dé ma 14p d6 khong thod main.

1) Tap tt ca cdc bo ba s6 thuc (x, y, z) véi cdc phép tinh
6Ly 2)+ (¥, 2)=(x+x’, y+ y,z+2)
k(x, y,2) 1= (kx, y, 2)
2) Tap céc bo ba s6 thie (x, y, 2) v6i cdc phép tinh
Ly, )+, y,z)i=(r+x,y+ y,z+2')
kix, y,2) :=(0,0,0)
3) Tap cic cap s6 thyc (x, y) véi cdc phép tinh
Y+ y)=G+x,y+7y)
k(x, y) := (2kx, 2ky)
4) Tap cdc s6 thue x v6i cdc phép tinh cong va nhan théng thuting.
5) Tap céc cap s6 thuc ¢6 dang (x, y) trong d6 x 2 O vdi céc phép
tinh thong thudng trong R
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6) Tap cic cap 6 thuc (x, y) véi cdac phép tinh
L+, yry=x+x'+ 1L y+ry +1)
k(x, y) 1= (kx, ky)
5.2, Hoi méi tap dudi day 12 khong gian con cita R* hay khong :
(a) Cac vecto ¢6 dang (4, 0, 0) ?
(b) Cdc vecto cd dang (4, 1, 1D ?
(c) Cac vectg cé dang (a, b, c) véib=a + ¢?
(d) Cac vectocé dang (a, b, cyvlib=a+c+ 17
5.3. Goi . #, 1a tap cdc ma tran vuong cap hai véi phép cong ma
tran va nhan ma tran vdi mot s6 thue thong thudng. Ching minh rang
4> 12 mot khong gian vecto. Hoi méi tap dusi day c6 la khong gian

2]
]

{c) Cic ma tran cép hai sao cho A = A7

con cla .4 khong :

(a) Cdc ma tran co dang

trong d6 a, b, ¢ la nguyén ?
{b) Cdc ma tran cé dang

trongdéa+d=07?

{d) Cdc ma tran cap hai sao chodet (A) =07
5.4. Hoi méi tap dudi day c6 1a khong gian con ca C[0, 1] khong :
(a) Cac fe C10,1]sa0cho fix)£0, Vxe [0,1]7
{b) Cac fe C (0, 1] saocho {0} =07
(c) Céc fe C[0,1])sao cho(0) =27
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(d) Cdc f1a hang ?
(e) Cac fe C0, 1] c6 dang &y + k, sinx, trong dé k| vi ky 1a cdce s§ thuc.
3.5. Hoi méi tap dudi day c6 phai 1a khéng gian con ciia P3 khong :
(a) Céc da thiic ag+ ayx +a2x2 +a3x3 trong d6 ap =07
(b) Céc da thiic ag + ajx + azxz + a3x3 trong dé

ag +aytay+a; =07

(c) Cic da thitc ag + ajx + a2x2 + a3x3 trong d6 ag, a,, a3 12 céc

sO nguyén.

Py

5.6. Hiy biéu dién vecto x thanh 16 hop tuyén tinh ctia u, v, w -

a)x=(7,-2,15);4u=(2,3,5),v=(3,7, 8, w=(1, -6, 1)

b) x=(0,0,0); &, v, w nhu & a).

Ax=(L4,-7,7N;u=(4,1,3,-2),v=(1,2,-3,2),
w=(16,9,1,-3)

d)x=(0,0,0,0):u,v, w.nhlr G o).

5.7. Hay xéc dinh A sao cho x 1a t8 hop tuy&n tinh clia u, v, w

aAyu=(2,3,5,v=03,7,8),w=(1,-6,1) ; x=(7, -2, 1)

Du=(4,4,3),v=(7.2,),w=(4,1,6);x=(59,A)

u=(3,4,2),v=(6,8,7):x=(9,12,2)

dyu=(3,2,5,v=2,47w=(56,1);x=(1,3,5)

5.8. Hiy bi€u dién cdc da thiic sau thanh t hop tuyén tinh coa

=2+x+4.r2,p2= 1 ~x—3xz,p3=3+2x+5x2

(a) 5+ 9x +5x°

(b) 2 + 6x°

(c)O

(d) 2 + 2x + 36
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5.9. Ma tran nao duéi day 12 16 hop tuyén tinh cla

[12] [0 1]_ [4 -2}
A= , B= , C= ;
-13 24 0 -2
6 3 -17
2 - 7
(3)[0 8]' | (b){ 51]'
© 0 0], @ 6 -1],
00| -8 —8|°

5.10. Moi ho vecto duéi day cd sinh ra R’ khong

@y =1 1, 1), v3=(2,2,0), v3= (3,0,0) ?
(byv;=(2,-1,3),v,=(4,1,2), v3=(8,-1,8) ?

©) vy =G, 1.4), vy =(2,-3,5), v3=(5,-2, 9, vy = (1, 4,-1) ?

(d)v;=(1,3,3),vy=(1,3,4),v3=(1,4,3),v4=(6,2, 1) ?
5.11. Hbi ham nao dudi day thudc khong gian sinh boi

f= cos’x va 2= sin“x
@ cos2c?  (b)3+x?
(c)17? {(d) sinx ?
5.12. Hoi cdc da thic dudi day c6 sinh ra P4 khong
p1=1+2x—x2, p2=3+xz,
py=S+ax—x2, py=-242-24"7
5.13. Cic tap sau day la doc 1ap tuyén tinh hay phu thudc tuyén tinh :
(a) u; = (1, 2) va up = (-3, — 6) trong R2 ?
(b) ) = (2, 3). u = (=5, 8), u3 = (6, 1) trong R* ?

('3).!1’1=2+3x--.:|r2 v:‘ap2=6+9x—3.t2 trong P, ?

@a=! 3lvas=|"" | trong .4 2
"2 0 12 0 g2
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5.14. Cic tap dudi day la doc 1ap tuyén tinh hay phu thudc tuyén tinh :
a)(1,2,3),(3,6,7) trong R 7

b) (4, -2, 6), (6, ~3, 9) trong R> ?

©) (2,3, 1), (3, -1, 5, (1. -4, 3) trong R ?
d)(5.4,3),(3,3,2). (8, 1, 3) trong R ?

5.15. Cdc tap dudi day [a doc 1ap tuyén tinh hay phu thuéc tuyén tinh :
a) (4,-5,2,6),(2,-2, 1, 3), (6, -3, 3,9), (4, ~1, 5, 6) trong R* ?

by (1,0,0,2,5),(0,1,0,3,4),(0,0, 1, 4, 7), (2,-3,4, 11,12
trong R® 7

3.16. Tap nao wrong P, dudi day 1a phu thudc tuyén tinh :

()2 ~x+4x%, 3+ 63+ 2% 1+ 10x - 47 2

(b 3+x+x°2—x+5:% 4329

(c} 6 ~x2, L +x+4x ?

(@) 1430+ 37 x4 45 5+ 604 365, T+ 2 — 222

5.17. Tap ndo trong C (—oo, +oo) dudi day la phu thudc tuyén tinh :

(a) 2, 4sin2x, coszx (b) x, cosx ?
(c) 1, sinx, sin2x | (d) cos2x, sinzx, cos>x
© U +x0° 5" +2x,3 ) 0, x, 2

5.18. Tim A thuc lam cho cdc vecto sau day phu thudc tuyén tinh
trong R’:

I 1 1 1 I 1
1 = ;{s__a““ L] - -_‘_vj"_'_- L] T = ‘_‘_9__’2'
“[22] V"[z 2] ‘3(22]

3.19. Hay gidi thich tai sao cde tap sau khong phai 1a co 56 clia
khong gian tuong ing :

@) uy = (1,2), uy = (0, 3), us = (2, 7) d6i véi R%.
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by uy=(-1,3,2), uy=(6, 1, 1) d6i v6i R".

(C)P1=1+x+'x2,p2=x-—1d6iv6iP2. .

[1 1} ' [6 01 [3 0]
(d) A = ,B= L C = ,
2 3 -1 4 1 7

5 7 '
D= ! L E= ! d6i v6i 4 .
4 2 29

5.20. Ho nao dudi day Ja co sd trong R
(2) (2, 1),(3,0) (b) (4, 1), (-7, -8)
(c)(0,0), (1, 3) (D) (3,9, (-4, -12)

5.21. Ho nao dudi day 1a co s& trong R’
(a)(1,0,0,(2,2,0),(3,3,3)

(b) (3, 1,-4),(2,5,6),(1,4,8)
©)(2,-3,1),4, 1, 1),(0,-7. 1)
(d(1,6,4),(2,4,-1),(-1,2,3)

5.22. Ho nao dudi day 1a co s trong P,
(a) 1= 3x+ 26 1+ x+4x°, 1 - 7x
(b)d+6x+x7 —1+4x+2,5+2x—x°
(c)1 +,\r+J|r2,x+,wcz,Jr2

(d) —4 + x + 352 6 + 5x + 245, 8 + dx + x°

5.23. Chirng minh ring ho sau day 1a co sd trong .47
3 6170 110 -8|[1 O
(a) L] | L)
3 6|1-1 0|[|-12 -4} [-1 2
1 6|0 1]]0 O[!O0 O
(b) . , .
0 0(j0 0|1 O]|0 1
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5.24. X4c dinh s& chiéu va mot co s& cia khong gian nghiém clila
cac hé sau

25+ x3+3x3=0
1) X1+2X2 =0
xy + x3=0.
2) 3X]+X2+I3+X4=0
Sy —xg+az3—xy =0
r3x1+ 12+2X3 =0
3)44)‘]‘{‘ 5X3 =0
x]—3x2+4x3=0

[ - 3x + x3=0
4) <2Il ""'612 +2x3 =0
(3x1 —9x3 +3x3, =0

rle —4x2 + a3+ xy =0_

X) ~5xy + 2xy =0
5) | —2xy =2x3—x4 =0
x| + 3xy +x4 =0

L X1~ 2x - x3+x4 =0

[ x+ y+z=0
3x4+2y- z=0
6) {2x —4y+ z=0
4x+8y—-3z=0
[2x+ y-2z=0

5.25. Xdc dinh co s& cila cdc khong gian con clia R -
(a) Mat phang 3x ~ 2y + 52 =0
(b) Mat phdng x -y =0
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x =2t
(c) Dudng thang {y =, —oo <{ < +oo
z =4t

(d) Cic vecto cé dang (a, b, ¢), trong d6 b=a + c.

5.26. Xac dinh s6 chiéu cla cdc khong gian con cuia R*

(a). Cac vectg ¢o dang (a, b, ¢, 0).

(b) Cic vecto c6 dang (a, b, c, d)trongdéd =a+bvic=a -b.

{c) Cic vectoco dang (a, b, ¢, ) rong dba=b=c=d.

5.27. X4c dinh s6 chiéu cla khéng gian con ciia P4 gom cdc da thiic
a, +apx + az;c2 + a3x3 véia,=0

5.28. Tim mot co s& va s6 chiéu clia khong gian con cla R’ sinh

béi cdc vecto sau

ay(1,-1,2),(2,1,3%(-1,5,0)

b) (2,4, 1), (3, 6, -2), (1,2, —%)

5.29. Ttm mot co sO va s& chiéu clia khéng gian con cua R? sinh boi
CAC vecto sau

2) (1,1, -4, -3), (2,0,2,-2), 2.1, 3,2)
b)(-1,1,-2,0),(3,3,6,0),(9.0,0,3)
¢)(1,1,0,0),(0,0.1,1),(-2,0,2,2),(0,-3,0,3)
d$)(1,0,1,-2),(1,1,3,-2),2,1,5,-1),(1,-1, 1, 4)
5.30. a) Chitng minh rang tap cdc ham kha vi trén [, b] va thoa man
Freaf=0
tao thanh mét khong gian con cia C [a, b).

b) Tim s6 chiéu va mot co sO cha né.
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5.31. 1) Tinh tich v6 hu6ng Euclid trong R ciia
Au=(2,-1),v=(-1,3)

b)u=(0,0),v=(7,2)

2) Tinh d¢ dai Euclid cda u va v va kiém tra lai bit dang thie C - §.
5.32. 1) V6i hai ma tran trong ..z4

o oW
= s v =
H3 H4 V3 V4
Hay chimg minh ring biéu thitc
<, V> .= vy + vy + HyVy + Havy

12 mét tich vo hudng.
. 2) Ap dung dé tinh tich v6 huéng cta

o PR

3) Kiém tra lai bat ding thic C ~ §.
5.33. Véipvage P,:
P =ay+apx + ayx? q = by + byx + byx?

1) Chiing rainh ring

<P, 4> 1= aghy + ayb) + ayb,

1a mot tich vo hudng trong Ps.

2) Ap dung dé tinh tich vo huéng cia

p=-1 +2x+x2,q=2—4.r2.
3) Kiém tra lai bt ding thic C - §. |
4) Chimg minh ring

1\ (1 '
<p, 4> = p(0)g(0) + p(g)q[g) + p(Hg(l)
ciing 1a mot tich vo huéng trong Ps.
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5) Lam lai phén 2) vdi tich v6 huéng mdi.
6) Lam lai phan 3) véi tich vé huéng mdi.

5.34. Xél = (ul. uz, u3)s V= (vls v2$ v3) € R3

Hoi bidu thic nao duéi day c6 thé Ia mot tich vo huéng trong R,
néu khong duge thi néulido:

a) <u, v> 1= u v+ Yy

b} <u, v>:= ulzvil + u%v% + u%v% ;-
C) <u, v>:= 2wy + vy + 4duzvy ;
d) <u, vr: = HV — Havy T U3Vy.

5.35. Trong R’ ta xét tich v6 huong Euclid. Hay dp dung bét ding
thitc C — S dé chimg minh

 acosO + bsin@ | £ Ja? + b?

5.36. V6if=fix), g = g(x) € P5. Ching minh ring

1
<f, &> = If(x)g(x)dx
-1

la mot tich vo hudng.
Hay tinh tich vo huéng cua

a)f=l-x+x2+5x3,g=x—3x?';
b) f=x— 5, g =2 + 8x°.

5.37. V@i tich v6 huéng Euclid trong R3, hdy xdc dinh k dé u va v
truc giao

Au=(21,3),v=(,7,K);

b) u=(k, k, 1), v=(k, 5, 6).
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5.38. V6i tich vo hudng trong P, & bai tap 5.33.1 chimg minh rang
r=1 —x+2xzvﬁq=lr+x2

trire giao.

2
5.39. Choma tran A = I: |

1 .
3} € % . Vi tich v0 hudng & bai tap

5.32, hdi trong cdc ma tran dudi day ma tran nio truc giao vdi A ;
-3 0 1 1
a) ? b) ?
0 2 0 -1
0 0 : 2 1
c) ? d) ?
00 _ 5 2

3.40. Vdi tich vé hudng Euclid trong R4, hay tim hai vecto co
chudn bang 1 va truc giao véi cic vecto sau

u=(2,1,-4,0),v=(-1,-1,2,2), w= (3, 2, 5, 4)
5.41.V la khong gian c6 tich vo huéng. Chimg minh

D it o + e =off = 2Juf +2Jpf?
<u v = Lo = Lo of?
4 4

doi véimoiu, ve V,

5.42. Xét khong gian C [0, 7] véi tich vé hudng
I
<f &> = If(x)g(x)dx
0

va xét cdc ham 86 fo(x) = cosnx, n =0, 1, 2, ...
Chiing minh rdng f; va f; tric giao n€u k # /.

5.43.Chox = (—-l—- -

N I/?] y[:/%\/_i—o*)
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Chitng minh rang x va y truc chuan trong R? theo tich vo huéng

<u, v> 1= 3u;v; , 2uyvy nhung khong tryc chudn theo tich vo
hudng Euchd

<, V> = vy o+ UV

5.44. Chitng minh rang

uy =(1,0,0, 1), uy=(-1,0,2, 1),

uy=1(2,3,2, =2), ug=(~1,2,-1, 1.
la mét ho truc giao trong R* d6i véi tich vo hudng Euclid. |

5.45. Trong R? ¢6 tich vo huéng Euclid. Hay ap dung qué trinh
Gram — Smidt dé bign ca s8 {u, u,} dudi day thanh co s& tryc chuin

(a) ) = (1, -3), uy =(2.2),

(b) 4y =(1,0), uy = (3, -5).

.5.46. Trong R’ xét tich vo huéng Euclid. Hay dp dung quéd winh
Gram — Smidt dé bién co s& {uy, uy, u3} dudi day thanh co s truc chuin

(@ my=1,L1), up=(-110), u3=(1,2,1);

)y =(1,0,0), up=(3,7,-2),  u3=(0,4 1.

5.47. Trong R” xét tich vé huéng Euclid. Hiy tim mét ¢ s6 e
chun trong khiong gian con sinh béi cac vecta (0, 1,2) va (=1, 0, 1).

5.48. Trong R xét tich v6 hudng <u, v> = uyvy + 2ugvy + 3uzvsy.
Hiy 4p dung qué trinh Gram — Smidt dé bién

u=(L 1, Dy =(1,10), u3= (1,0, 0)
thanh mot ¢d s@ tryc chudn.
y , o 4
5.49. Khong gian con cua R’ sinh bai Hy = (g 0, - %) va
iy = (0, 1, 0) 12 mot mat phéng di qua géc. Hay biéu diénw =(1,2,3)
thanh w = w; + w, trong dé w nam trong mat phéng cdn w, tryc giao
v6i mat phang.
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5.50. Trong P, xét tich vo hudng

1
<p, q> = fp(X)q(x)dx
=t

Hay dp dung qud trinh Gram — Smidt d€ bién co s& chuan tac
{1, x, x 2} thanh mét co s& truc chuin.

5.51. Hiy tim ma tran toa d6 va vecto toa do clia w d6i vl co s&
S={u, uy} trong dé

(Qu =(L,0), wuy=(0,1), w=(3,-7);

(byu;=(2,—4), uy=(3,8), w=(1,1);

(©uy=(1, 1), uy;=(0,2), w=(a,b).

5.52. Hay tim ma tran toa do va vecto toa do clia w ddi véi co 36
S = {uy, uy, u3} trong do

(@yw=(2,-1,3), u;=(1,0,0),u;=(2,2,0),u3=(3,3,3);

(by w=1(5,-12,3), u;=(1,2,3), up =(—4,5,6), u3 = (7, -8,9) ;

5.53. Hay tim vecto toa ¢0 va ma tran toa do clia A d6i véi co sd

B{A|, Ay, Ay, Ayl trong d6
A = 1 1
> lo o)

2 0 -1 1
A= . A] = *
-1 3 0 0

A - 0 0 A 00

Pl o) "7 lo

5.54. Hay tim vecto toa d va ma tran toa do cia da thie p doi véi
co s8¢ B = {py, py. p3l trong d6

p=4—3x+x2, =1L pr=ux p3=x2.

5.55. Trong R? va R® xét tich vo huéng Euclid va mdt co sd truc
chudn. Hiy tim vecta toa do va ma tran toa do cia w
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(a)w=(3,?),u1=[

Nl"‘
|
m""
L
=
(]

1]
e
0
Ml""
R

2 21
b =_l,0,2, il e S S
(b) w={( ) i (3 3 3)

“ _(31_2} u _(132]
2 3"3’ 3 » 3 3,3,3.

5.56. Trong R® xét tich vo huéng Euclid. Xét S = {wy, wy} v6i

3 4 4 3
wi= = ~=|, wp=|—=,-|
5 5 55

(a) Chilng minh S 12 mot co s& tryc chudn cla R,

(b) Cho u va v e R véi (), = (1, 1}, (") = (-1, 4).

Hay tinh ||« , d(u, v) va <u, v>.

(c) Tim u va v rdi tinh jJul| , d(u, v) va <u, v> mot cach truc ti€p.

5.57. Xét cic co 56 B = {uy, up} va B’ = {v}, v} clia R? trong d6

SR

(a) Hay tim ma tran chuyén co s& tir B sang B’.
(b) Hay tinh ma trén toa do [w]g trong dé w = (3, —5) va tinh [wlg-.

(c) Tinh [w]g- tryc ti€p va kiém tra lai két qua trén
(d) Tim ma tran chuyén co s& tit B’ sang B. -
5.58. Lam lai bai tap 5.57 véi

 =(2,2) a=(4,-1),v; =(1, 3), v =(-1, -1).

5.59. Xét trong R hai co s& B = {uy, uy, u3}, B” = {vy, vy, v}
trong dé -

= (_3a 0! _3)’ Uy = (_39 2: 1)1 Uy = (1’ 6$ _1) 5
v) = (=6, -6, 0), vy = (=2, -6, 4), v = (-2, =3, 7).
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(a) Hay tim ma tran chuyén co sd tir B” sang B.
(b) Tinh ma trén toa do [w]g cha w = (-5, 8, —-5) va tinh (wlg -
(c) Tinh tryc ti€p [wlg. va kiém tra lai két qua tren.
5.60, Lam lai bai tap 5.59 vdi
=2, L, Dyup=(2,-1, D, uz3=(1,2, 1)
vi=3,1,-5),vy=(1,1,-3), vy = (-1, 0, 2).
5.61. Trong P xétcic cosd B={p|, p,},. B'=lq|. g;} vdip; =6+ 3x,
py =10+ 2x
qy=2.9;=3+2x
(a) Tim ma tran chuyén co sd tir B sang B.
(b) Tinh ma tran toa d¢ [plg vdi p = -4 + x 1di suy ra [Pl
(c) Tinh tryc ti€p [plg- va kiém tra lai két qua trén.
(d) Tim ma tran chuyén co s& tir B sang B'.
- 3.62. Goi V 1a khéng gian sinh béi f] = sinx va f, = cosx,

(a) Chimg minh ring g; = 2sinx + cosx va g, = 3cosx tao thanh
mot co s clia V.

(b} Tim ma tran chuyén co sé tir B = {g,, g;) sang B={f|. f»].

(c) Tinh ma tran toa do [k]p v6i h = 2sinx — Scosx va suy ra [Alp.

(d) Tinh tryc ti€p [k]p va kiém tra lai két qua wén.

(e) Tim ma tran chuyén co s& tir B sang B,

5.63. Trong mat phiing xét hé truc vuong gdéc Oxy, vi quay né di
mot gbc 6= 37/4 quanh gdc ta duge hé truc vudng géc Ox'y’.

(a) Tim toa dd trong hé méi ctia didm (-2, 6) trong hé cd.

(b) Tim toa d¢ trong hé cii clia diém (5, 2) trong hé méi.

5.64. Hoi trong cdc ma tran dudi ddy ma tran nao la truc giao ?

1 1
10 N1
(a) [0 1]. . (b) . e

2 2
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<,

- - 1 1 1
1 — =
01 —
: P
1 0 0], : d 0 -_— —=
0 0 L 1 1 1
L a 7 % G

Tinh ma tran nghich dao cia cdc ma tran tryc giao dé.
5.65. Chiing minh rdng hai ma tran duéi day 1a truc giao véi moi
gid tri cua 0 :

) cos@ —smmf O
cosf —sin@ ]
a) | | . b) [sin@ cosf® O
sinf  cos@
0 0 1

Tinh nghich dao cia chiing.
5.66. Xét bién déi toa do trong mat phing

23 4
x1 1 5 5]«
[3’}_ 4 3 [J’]
5 5

1) Chitng minh rdng no la truc giao.
2) Tim (x', y') chia nhitng diém ma (x, y) 1a
a)(2,-1); b) (4,2} c) (=7, -8); d) (0, O)
5.67. Giai he
Sx;+7x) +2x3 =3x4 =1
2x; + 305 +4x3 —6x4 =2
) —11lx; = 15xy +2x3 =304 =1
5.68. Giai he
3x;p = Sxy +2x3 + 4xy =2
Tx; —4xy +x3+3x4 =5
Sx; +7xy —4xq —6x4 =3
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5.69. Giai he
2x; +5x) -8x3 = 8
4% +3x - 9x3 =9
2xp +3xy = 5x3 =7
x| +8x; —7x3 =12

DAP SO

5.5 1} Khong - Tién dé 8 khong thod min
2) Khong - Tién dé 10 khong thod min
3) Khong — Tién dé 9 va 10 khong thoa man
4y Co
5) Khong. Tién dé 5 va 6 khong thoa min
6) Khong. Tién dé 7 va 8 khong thoa min
5.2.a) ¢4 ; b) khong ; ¢) c6 ; d) khong
5.3.a) khong ; b)c6;¢) co; d) khong
5.4. a) khong ; b) ¢ ; ¢) khong ; d)cé ; e) co
5.5.a)¢cé;b)co; khong
56.2)(7,-2,15)=(11 - 5t)u - (5 -3ty + 1w, t bat ki
b) (0, 0, 0) = ((=5u + 3v + w), ¢ bat ki
) (14, -7 D =3u+5v—w
d)(0,0,0,0) = 0u + Ov + Ow {duy nhat)
5.7.3)}\=15;b)}\.bél'tki;C)?Lbé'[ki;d)}\;tlZ
5.8.2) 5+ 9x + 5x% = ~12p| - p, + 10p;
b) 2+ 61> =4dp, —2p;
c}0=0p; +0p, +0p,
i1 1 13

2
A2+ 2x+3x = ——p ——py +=p
) g P gt
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5.9.a)cd; b)khong;c)cod;d)cod
5.10. a) ¢6 ; b) khong ; c) khong ; d) co
511.a)vac)

5.12. khong _
5.13.a) uy = 3u b) phu thudc tuyén tinh
c)py=3p;; d)B=-A

5.14. a) doc lap ; b) phu thudce ; ¢) doc lap ; d) phu thude.
5.15. a) phu thudc ; b) déc 1ap.

5.16. a) doc 1ap ; b) doc lap ; ¢) doc lap ; d) phu thude
5.17. a) phu thudc ; b) doc lap ; ¢) doc lap ; d) phu thude
¢) phu thude ; f) phu thute ’

518. A= —L A=1
2

5.19. a) Mot co sO trong R ¢6 hai vecto
b) Mot co s& trong R? ¢6 ba vecto

¢) Mot co sd trong P, ¢6 ba vecta

d) Mot co sé trong ..# cé bon vecio
5.20.a) va b)

5.21.a)vab)

5.22.¢cyvad)

5.24. 1) Khong cd co sd, dim = 0.

2) Cosdla (-i, %, 1, 0), (0,-1,0, 1); dim=2

3) Khong ¢6 co 58, dim = 0.
4)Cost1a(3,1,0),(-1,0,1); dim =2
5) Khong cé co sd, dim =0 '
6) Khong ¢é ¢o 83, dim = 0
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5.25. a) (5, 1, 0} (—5 0, 1) 1 b) (1, 1,0y, (0, 0, 1)

€)(2,+1,4);d)(1,1,0),(0, 1, 1)

526.a)3:b)2:c)1

5.27.3

5.28. a) va b) S6 chiéu bing 3 va mot ¢o s& 12 ba vecto di cho.

3.29. a) S8 chi¢u bang 3 va (1, 1, -4, -3), (0, 1, -5, -2), (0, 0, 1, —%)

1a mét co sd.

b) S6 chiéu bang 3 va (1, -1, 2, 0, (0, 1, 0, 0), (0. 0, 1, —é) 1a mot
ca sd. '

¢) S8 chiu bang 4 va (1, 1,0,0),(0, 1, 1, 1), (0, 0, 1, D, 0,00 1)
la mot co 6.

d) 56 chiéu bang 3va (1,0,1,-2),(0, 1,2, 0), (0, 0, 1, 3) 13 mot co 6.
53l.D)a)-5:m0
5.32.20

5.34. a) Khong, tién dé 5 khong thoa man.
b) Khéng, tién dé 3 khong thod min.
c) C6.
d) Khong, tién dé 5 khéng thoa man,
5.36. a) —28/15; b) —%
537T.a)k=-3;bYk=-2,k=-3.
5.39.a) b)

1

5.40. =
V3249

(-34, 44, -6, 11}
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11925
5.47. [ois %] (j__g_%—;_o}
o rw i Eww) (%

5.51.2) (W), = (3,-T) 5 [w], = [37] -

b) (w)g = (5/28, 3/14) ; [w], = [5/28
3/14 ]
-

C) (W)S= [a’ b;a] N {w],f =|:b_a
_ =

3

5.52.a) (W), =(3,-2,1); [w]; =] =2
' 1

by (w), =(-2,0,1); [w], =0
|
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fog,

-1
5.53.(A)g= (-1, 1,-1,3); [Alp = J
3

. 4
5.54. (p)g=(4,-3, 1); [plg = [—3].
1

5.55. a) {H')s = (—ZJZ—’ 5\/5), [W]S = [-i\[g

4
_ 0

b) (w), = (0, -2, 1),-Iw]; =12
- 1

5.56.b) llull = V2, d(u,v) = V13 , <ut, v> = 3

2 -3 3 | -3/11
5.57. a) L 4 ] b) [wlg = [_SJ, [wlg: =[ }

~13/11
4 3
a) i{ ]
11 -1 2

13/10 -172 =17/5 —4
S.Ss.a){ / !], b) WIB:[B; / ],[W13'=[ ]

=275 0 5 Sy
d) 0 +5/2
-2 -13/2
3/4 1/12

3
5.59.a) -3/4 —:?3— -17/12

| 0 1 2/3
31/21 19/12
b) [wlg =[4/7 |, [Wlg =|~43/12
8/7 4/3
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3 2 572 9 —?/2]
560.2) | -2 =3 -1/2 b) [wlg = |-9|. [wlg = 23/2J.

5 1 6 -5 6
s6 )'3/4 7/2 by (ol = | ] T e L
R LY R | =P8 12
d){—Z;’Q ?;"9]

1/3 =176
se2.0y| 2 Y yug =| 2| '
. . C = . 1 =

“1/6 1/3 R BT

5.63. a) (4J§.—2J5), b) (=3,5v2, 1,5v2)
1 0] b)[wﬁ UJE]

5.64. a) Tryc giaova 4™l = 4 = [

0 1] T |-1/2 U2

N2 0 12
d) Tryc giao va Al=al = 1/d6  =2/46 176
V3 U3 143
5.66. a) (-2, -1), b) (=475, —22/5) ;
c) (—11/5, 52/5) ; d) (0, 0)
5.67.x; =22x3 — 33x5 - 11
Xy = ~16x3 + 24x4 + 8
5.68. Heé khong tuong thich (v nghiém).
5.69. Hé c6 nghiém duy nhat
X1 =3, x=2,x3=1.
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Chuong VI
ANH XA TUYEN TiNH

6.1. KHAI NIEM ANH XA TUYEN TiNH

6.1.1. Mo dau

V va W 1a hai khéng gian vecto.

Trong s6 céc 4nh xa tir V t6i W c6 mét 16p rit quan trong 12 16p
CAC dnh xqa tuyén tinl mi ta sé irinh bay dut: day.
6.1.2. Dinh nghia anh xa tuyén_tinh

Dinh nghia 6.1.1. AnhxaT 'V > Wty khéng gian vecto V t6i khong
gian vecto W goi la dnh xa tuyén tinh néu né cé hai tinh chét sau

()T(u+v)=T(u)+T(v),Yu,ve V
(1) T(ku) = kT(u) Vke R,VueV.

Trong truong hgp W triing vdi V thi anh Xatoyén tinh7T:V > V
801 1a rodn tit tuyén tinh (trén V).

6.1.3. Thi du

Thidy6.1.1. Xétanh xa T : R? - R? xéc dinh bsi
Tx,y)=(x,x+y,x-y)

Néu = (x;, y1),v="_(x3, ) thi |

u+v=_(x +xy, ¥ +¥2)
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nén

T +v) = ((x] + xp) (x] +x2) +(yp +y2) () +x2) — () +y2 1)
= (xp, X + ¥y, Xp — 01) + (xg, X ¥, 82 = ¥2)
= T(u) + T(v).
Néu k € R thi ku = (kxj, ky|) nén
TChuy = (kxy, kxp+ ky.kep —kyq)
= k(). Xy + y. Xy — ) = kT(u).
Vay anh xa T da cho 1a tuyén tinh.
Chit v 6.1.1. NéuT : V — W 1a mot dnh xa tuyén tinh thi
Tk + kyvy) = Thyv)) + Tlkgvo) = kT o)) +koT ()
' Yv,vp e V.,V ki, ky € R.
Mot cich trong tu
T(hkyvy + kavy + oot Kygvy) = KT ) + oo 4k, (00)
YV v, V9V € VOV kL kg, ky € R
Chii y 6.1.2. V& cach nhan ma tran véi vecto {n chiéu)
Xétmatrin A € ¥,

mxn -
a)y &z - By
a a . a
A= 21 22 2n
Ayl 92 - Gmn

vi vecto x = (X, X3, ... X, ) € R". Ta mudn tim mét cach nhan A véi
x. Mudn the ta viét x & dang vectd c4t

A
X2

[x] =

xﬂ'

Nhu vay [x] lamétma tran c n X 1, [x} € 4 -

276



R& rang ¢6 lién hé qua lai

xe R" o [xle .4y, ©(6.1.1)
Ta c6 : [x+y]=[x] + [y]
Lkx] = k[x]

i vdi [x] € . #, tac6 thé nhan

ap qz - ay | ]X a1 Xy T apXy ot ax,
) a7 ayy ... daz, b ) X +apxy +..+ a3 ,X,
Alx] = =
Gl mz -~ Oy Xy Ap1 Xy T Xy + o+ ay, X,

vaco Alx] € 4 -

Do d6 ta c¢6 chi y sau

Khi A € . #,y, va x € R" ta hiéu ngdm x := [x] va Ax Id A nhan
Va1 x & dang ¢l tie 1a

Ax = Alx] - (6.1.2)
"
tic la . (Ax), = Za‘-jxj
: o

Chéng han vdi

A b2 F7A (1,2) R2
= € . x=(1,2e€
3 4 2x2

aeap< | b 2] ee22] T
A= 42Tl 42T )

Bay gids ta xét ti€p moét s6 thi du vé dnh xa tuyén tinh.
Thidu6.12. Gidsit A€ My, TaxétquyluatT

x € R" — T(x) sao cho [T(x)] = Alx]. (6.1.3)
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Trude hét, theo (6.1.1)
xe R = [x)e . #y = Alx]l € .4, . Do dé theo (6.1.3)
[T € My -

Vay theo (6.1.1), T(x) e R™.

Vay (6.1.3) ching t3 T 1a mot dnh xa tir R” 161 R™. |

Bay gio ta chitng minh dnh xa T la tuyén tinh.

Giastxvaye R tacéx+ye R kxe R". Do dé

[T¢x + )] = Alx + y] = A(lx] + [yD = Alx] + Aly] = [T()] + [T(y)]

[T(kx)] = Alkx] = Ak[x]) = kA[x] = k[T (x)].

Vay T la 4nh xa tuyén tinh tr R” t6i R". N6 thuc hién theo (6.1.3)
nhu sau

X = (X[, Xz, s ) R o T =(3]» Y20 - ¥) € R" thong qua

X anxy +appxy teotax, Xl

X ty1X] + dyr X +.+ dyx y
[x} = 2 > Alx] = 2141 2242 2ntn - 2

Xn A1 X] T AyaXxa ot 4y, X, y_m

Anh xa tuyén tinh & thi du nay goi 1a dnh xg rhdn vét ma trén hay
danh xa ma trdn.

Theo (6.1.2) 4nh xa 4y ciing c6 thé viét 1a Ax.
Thi du 6.1.3. Xét mot trudng hop riéng cla thi du trén. Goi o 1a
mot goc xac dinh va T . R_2 - R2 14 4nh xa nhan véi ma trin

A= cose& —sing
" | sin coso
Néu v = (x, y) € R titc 1a
X
[vi=
¥
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thi phép nhan v6i ma tran A tao ra 4nh xa tuyén tinh xdc dinh bdi

Jeosa —sina| [x XCOSQ  —ysind
[TO)] = Alv] = = :

sine  cosa | |y YSin@  +ycos«
Vé& mat hinh hoc (hinh 51) ta sé r
chitmg minh rang vecto v’ 13 két qua
cla phép quay v mot géc o quanh géc
toa do, s€ tring vai T(v). That vay,
gia st ¢ 1a gbéc gilta v va truc x

duong va gia st v’ =(x",y") tic Ia v
' ‘rl L
(v] =[ :[ ¢ v
¥
Goi r 12 do dai clla v va cdia v, Hink 51
Ta cé

X = rcosd, y = rsind
x ' =rcos(0 + ), y' = rsin{a + ),
Do daé
] = fix} _ [rcos(a + qﬁ)} ~ [rcosacosrp - rsinasinqb}

y' rsin{a + ¢) rsinecosg + rcosasing

XCOSO — ySIng
. = [T(v).
xsine + ycosq
Vayv' =T(v). _
Anh xa tuyén tinh @& thi du nay la phép quay trong R’ mat gée .

Thi dy 6.1.4. Gia st V va W 12 hai khong gian vecto. Anh xa
T :V — W xdc dinh bai

I(v)=96, VveV
1a mot 4nh xa tuyén tinh.
- That vay, Vu,ve V, Yk e R, ta ¢
Tw)=0,T(v)=0,T(u+v)=0 T (k) =0
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Do dé Tw+v)=Tw) +T)
T(ku)y = kT (w).
Ta goi 4nh xa & thi du nay 1a dnh xa khéng.
Thi du 6.1.5. V 1a mot khong gian vecto. Anh xaT : V — V x4c dinh béi
T(vy=v, VveV
12 mot 4nh xa tuyén tinh (ban doc kKiém tra).
Ta goi 4anh xa nay 12 dnh xa dong nhdt.
Thi du 6.1.6. V 1a mot khong gian vecto vik € R Anhxa7:V >V
xac dinh bai.
Tivi=kv, k>0, Vve V
13 mot todn tr tuyén tinh trén V (ban doc kiém tra).
N&u k> 1, T 1a mot phép dan ; né€u 0 < k < 1,7 1a mot phép co.

Thi dy 6.1.7. Gia st ¥ 1a mot khong gian ¢6 tich vo hudng, W la
mot khong gian con hitu han chiéu

. / cha V, W ¢é co sé& truc chudn 1a
i B = (w, wy, .., w,. )
Ttv) Gia st T:V — W la dnh xa chiéu

méi vects v € V thanh hinh chiéu

Hinh 52 truc giao cva néd 1én W, nghia 1a

T =<vyw >wi+ <y, wy >wy +..+ <y W, >w,

Anh xa T goi 1 phép chiéu truc giao ciia V lén W (hinh 52). N6 1a mot
dnh xa tuyén tinh vi

T(u+v)=<u+v,wdwy + ...+ <u+ v, w.>w,
= <y, wizwy o+ <uowpsw +
+ <y, wy Wy L+ <y W W,
=T(u) +T(v).
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T (ki) = <ku, WiEW + .+ <ki, wow,
= k<, widw + o+ k<, w,ow,
= R(<u, wiswy + <, w, o, )
KT (w)
Thi du 6 1.8. Mot truong hop riéng cia thi du trén 1a trucmg hop
sau : V = R’ véi tich vo huéng Buclid. Nhimg vecto wy = (1, 0, 0) va

wo = (0, 1, 0) tao thanh mot cg s& Z
tryc giao cba mat phing Oxy
(ban doc ki€m tra lai). Vay néu _ (x.y.z)
v = (x, y, 2) € R” thi hinh chiéu e
Iryc g1ao cua v 1én mat phang Oxy ) !
cho boi 0 T
. ! Y
T =<y wy >wi+ < v, wp > w, m
=x(1,0,0)+y(0, 1, 0) ' fry.0)
=(x, 0 ("
{(xem hinh 53). Hinh 53

Thi dy 6.1.9. Gid sir V 1a khéng gian vecto n chiéu, va
S={wpwy, ., w,t 1amot co s ctia V. The thi méi v € V ¢ bidy
dién duy nhat

SO fewy + L tow "o
nghia 14 ¢é
(), = (q €2, ¢y) € R™.
Xétdnh xaT : V — R" xdc dinh boi
T(v) = (v),
Ta s& chitng minh T 1a dnh xa tuyén tinh.
That vay, véi u € V nita ta ¢é

u=bw +bwy) +..+bw

Hone
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nghia la ¢o _
(s = (by, by, ... by) € R
Do doé
(+vig=(h +c. by T, by T op)
= (b, by, o by) +(cp 025 n Cy)
= (u)lg + (Vg ;
(ki)g = (kby, kby, ..., kb))
= k(b by, ..., by)
= k(u)s.
Mot cach twong ty, 4nh xa T : V — .4, xdc dinh bdi
[T(»)] = {vls
ciing 12 mot 4nh xa tuyén tinh.
Thi du 6.1.10. V 13 mot khong gian ¢6 tich vo hudng va v, 1a mot
vécto ¢o dinh ciia V. Gia stt T : V — R 1a mot dnh xa xdc dinh b6i
T =<u v, >.
Theo tinh chit cta tich vo hudng ta ¢
Tu+v)=<u+v,v, >=<u,v, >+ <v,v, >
=T +T();
T) =< ku,v, >=k <u,v, >
= kT (u).
Vay T 12 mot dnh xa tuyén tinh.

Thi du 6.1.11. Gia stV = C[0, 1] va W 12 khong gian con cha C{0, 1]
26m tdt ca nhimg ham s6 ¢6 dao ham lien tycrén B=r< 1.

Gia sa D : W — V 1a 4nh xa xdc dinh béi
D(fy=f
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Theo tinh chét cha dao ham ta cé

Dif+vgy=(f+g' =f+¢

= D(f)+ D(g)
D) = (ifY = kf
= kD(f).

Vay D 1a mét 4nh xa tuyén tinh.

Thidy6.1.12. GiasuV =C[0,1]vaJ:V — R 1a 4nh xa xdc dinh

1
boi J(f) = j Ftydt.
0
Dé thay, theo tinh chat ciia tich phan :

| i 1
T +8) = [+ goldr = [ e + [ g
0 0 . 0
=)+ (g

1 |
Jkf) = ka(r)dr =_k_[f(r)dr..
0 0

Vay J 1a mét dnh xa tuyén tinh.

6.1.4. Cic phép toan ve anh xa tuyén tinh
1) Gid sir V va W ]a hai khong gian vecto va
f:V-aW wva g:V-o-Ww
12 hai 4nh xa tuyé€n tinh tir V (61 W.

Ta dinh nghia t6ng f + g clia hai 4nh xa tuyén tinh va tich &f cia
mot dnh xa tuy&n tinh vdi mot s& thuc & nhu sau :

Vue V, (f + glu) = Flu) + g(u) e W
VueV, (fu) = kf(we W.
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Dé thay ring f + g vA kf cling 12 nhimg 4nh xa tuyén tinh WV 161
W (ban doc kiém tra lai). ' '

Bay giv, goi #(V, W) la tap tit ci nhimg dnh xa tuyén tinh
V6l W 4V, Wy = {f 1 f: V > W, fluyén tinh}.

Vi hai phép todn cong dnh xa tuyén tinh va nhan dnh xa tuyén
tinh v&i mot s6 thuc vita dinh nghia, c6 thé chitng minh duge rang
(v, W) la mot khong gian vecto trén trudng so thuc.

2) Bay gidy gia sk V', W, U 1a ba khong gian vecto va
f:'r’—-)W,g:W—->U
la hai anh xa tuyén tinh.
Khi dé anh xa hop g= f (xem 1.5.8) xdc dinh bdi Vv € V
(g f)v) = g(f(3)) € Ulamotdnh xa tuyén tinh tr V t6i U.

6.1.5. Sur dang ciu cna khong gian n chiéu véi R"

Pinh nghia 6.1.2. Hai khéng gian vecto V va'V'’ goi la ding cdu
néu gifta cdc vecta x € V va cdc vecto x” € V' ¢6 mot twong img 1-1

x> x’
_sao cho, néux o x’vay ey thi
ity X +y’
kxo k', ke R,
Hai khong gian ding cdu c6 nhimg tinh chat giéng nhau.
Dua vao cac két qua & thi du 6.1.9 ta suy ra dinh li sau :
Dink li 6.1.1. Moi khong gian n chiéu V déu ddng cdu voi R".
-Chitng minh : Xét anhxaT : V — R" xéc dinh boi
ve V— T(v}=(v)5 € R",

trong d6 S 1a mat cosdcha V.
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Theo thi du 6.1.9 thi 4nh xa T 1a tuyén tinh va tao ra mot tuong
tmg 1-1 gilta V va R" nghia 1a
xe Ve (x)g e R
Déng thai vai
xeVe (e R"

ye Ve (y)g € R
tacd .
X+ye Vo (x+y) ={(x)s +(y)s € R"
kxe V& (ko)g = k(x)s € R".
Vay V déng cau véi R".
Chi y 6.1.3. Khai niém ding cdu cha hai khong gian hiwu han
chiéu néi trén 6 thé suy cho c4 cdc khong gian vecto bat ki, Cu thé

hon, ta xét hai khong gian vecto V va W va gia sir t6n tai mot 4nh xa
tuyén tinh T tir V sang W

T:Vow,

Khi d6 ta n6i T 12 mot phép déng cdu ctia V trén W, Néu ngoai ra
W lai tring v6i V thi ta néi T 12 mot phép ruw dong edu cha V.,

Néu 7 14 mot song 4nh tir V lén W thi ta n6i T 1a mét phép ddng
cdu cia V tren W. Néu ngoat ra W lai trilng véi V thita néi T 1a mt
phép 1w ddng cdu cia V.

Khi t6n tai mot phép ding cau ctia V 1én W ta néi V dang cdu voi
W, Wding cauvéi vV, Vva W ding cdu véi nhau.

Ngudi ta thudng déng nhét hai khong gian ding cfu véi nhau, tic
la xem hai khong gian d6 nhu 4 mét.

BAITAP: 6.1 - 6.9,
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6.2. CAC TINH CHAT CUA ANH XA TUYEN TiNH -
HAT NHAN VA ANH

6.2.1. Tinh chat dau tién

Pink li 6.2.1.V va W Id hai khéng gian vecto.

NéuT : V — W ld mét anh xa tuyén tinh thi

(a)T(B)=86

M T(—)=-T(v), VreV

) T(v —w)=T(v)-T(w), Vv,we V

Cluing minh : (a) Gia sttv e V. ViOv = 6 (xem dinh 11 5.1.1 phan
(c)), nén T(0) = T(Ov) =0T (v) = 0.

(b) Bay gidy, vi —v = (~1)v (xem dinh }i 5.1.1 phéan (d)), nén

T(-v) = T((-v) = (DT () = -TO).

(I Viv—w=v+(~w)(xemchiy51.8)nénv-—w=v+ (- w,
do dé

T —~w) =T +(-Dw) = T+ TE-1w) =T) - T(w).

6.2.2. Khai niém hat nhan va anh coa dnh xa tuyén tinh
Dinh nghia 6.2.1. Gid su'V va W la hai khong gian vectd vd
T :V 5 W la mgt dnh xa tuyén tinh.

Khi dé tdp tdt cd cdc phdn tit cia V ¢6 dnh la 0 € W goi la hat
nhan cia T, ki hidu la Ker(T) :

Ke(T) = {xlxe V,T(x) = 8}
Tap tat ca cdc phan tf cia W 1a anh cia it nhat mot phin tircta V
goi 12 dnhicia T, ki hiéu [a Im(T) :
Im(T):={y|lye W,3xe V,T(x) =y}
Nhur vay
1(T) = T(V).
Ban doc ¢6 thé tham khao dinh nghia 1.5.2.
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Thidy6.2.1.Gid st T : V — W 12 4nh xa khong.
Khi d6 (xem thf du 6.1.4) ta c6 '
Yve V,T(v)=0e W, Vay

Ker(T)=V.
Vi 0 la anh duy nhat cla moi v € V nén
Im(T) = {8}.
Thi dy 6.2.2. Gia st T: R" — R™ 1a 4nh xa nhan v6i ma tran
IhUC}C - ”;nxn:
a4z - 4y
A= i G .. Gy |
Dyl G2 - Gy

Nhan clia 7' gom tat ca céc vecto x = (x|, x5, ..., x,} € R" sao cho ma
.Y|
ran [x) = | "2 | 1a nghiém cia h¢ thun nhat A[x] = .

Xy

AnhciaT goém nhimng vecto y = (y;, ¥, ..., ¥,,) € R" sao cho he

by

Al = [yh [y] = | 72

Ym
tuong thich (nghia 1a ¢6 nghiém).
6.2.3. Tinh chat cia nhan va anh
Dinh i6.2.2. NéuT :V - W la mot dnh xa tuyén tinh thi

(a) Ker(T} la m¢r khéng gian con cua V.

(b) Im{T} la mdt khéng gian con ciia W.
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Chitng minh : (a) Dé chimg minh Ker(T) 1a m¢t khéng gian con
cua ¥ ta phai chiing minh né déng kin doi v6i phép cong vecto v
phép nhan vecto véi mot sd trong V (dinh 1i 5.2.1).

Giasir v, v, € Ker(T) vaike R. Taco
T +v) =T +T(n) =0+ 0=10
Vay v + vy € Ker(T).
Bay gi&
TUov)) =kTv) = k8 =0,

Vay kv, € Ker(T). Xong phén (a).

(b) Gia sit w| va w5 € Im(T) ta phai ching minh w; + w, € Im(T)

va kw) € Im(T) véi moi k € R. Muén thé ta phai tim dwocavabe V
sao cho

T(a) = wy +wy va T(b) = kwy.
\ﬁwl-vﬁwze'hn('[)néntﬁntainhfmgveadal\%aze V sao cho
T(a)) = wy vaT(ay) = w,. Dita=a;+ayvab=kaythi
T(a)=T(a + ay) =T(a)) + T(az) = w| + wy
T(b) = T(kay) = kT (a)) = kw).
Vay xong phin (b). |
Thidu623.GiasaT:R" - R"1a 4nh xa nhan véi ma tran cd

m X n. Vi Ker(T) gébm nhitng nghiém ciia phuong trinh Ax = 0 nén
Ker(T) 12 khong gian nghiém ciia h¢ dé.

Mait khdc Im(T) gém nhiing vecto b sao cho ton tai x dé Ax = b
thod man. Vay Im(T) la khong gian cot cia ma trgn A (tic la khong
gian sinh bdi cdc vecto cdt clia A).

6.2.4. Hang ciia anh xa tuyén tinh — Dinh 1i vé s chiéu

1. Pinh nghia 6.2.2. NéuT : V — W la mot dnh xa tuyén tinh thi
s6 chiéu ciia In(T) goi 1a hang cia T, ki hiéu 1a rank(T) :
rank(T) := dim{Im(T))
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Thi du 6.2.4. Gid st T : R” — R” la phép quay cia R% mot géc
7f4. V& mat hinh hoc ta thay ngay ring
Im (T) = R* va Ker (T) = { ).
Vay dim{Ker(T)) = 0 va |
rank(T) = (dim(Im(T)) = 2
Thidy 6.2.5. Gid sit T : R" — R™ 1a 4nh xa nhan véi ma tran
8 m x n. G thi du 6.2.3 ta d3 thdy ring Im(T) bing khong gian cot

clia A, vay hang clia T biing s& chiéu ciia khong gian cot cba A, tifc
chinh 1a hang ctla A (chii ¥ 5.5.2).

Tém lai
rank(T) = {A)
@ thi du 6.2.3 ta ciing thay rang Ker(T) 12 khong gian nghiém cﬁé
phuong trinh Ax = 6 Vay
dim(Ker(T)) = dim (khong gian nghiém ctia Ax = ).

2. Dinh 1i sau day cho biét lien he gitta rank(7") tirc 1 dim(Im(7))
vii dim(Ker(T)) :

Dinh li 6.2.3. (dinh li vé s§ chiéu). Néu T : V — W la mét énh xa
tuyén tinh tix khéng gian vecto n chiéu V t6i khéng gian vecto W thi cé
dim(Im(T}) + dim(Ker(T)) = n

tice la
rank(T} + dim(Ker(T)) = n.
Ching minh : Xét trudng hop
1 < dim(Ker(T)) < n,
con céc trudng hop Ker(T) ¢6 s6 chiéu 1a 0 hay # xem 13 bai tap.
Gia st dim(Ker(T)) =r,0<r<nva

Sp=1{vp e, v, T(v)) =0,i =1, ..., 1.
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12 mot co s& ciia Ker(T). Vi Sy doc 1ap tuyén tinh nén theo dinh 1i 5.4.5

c6 thé thém vao dé n —r vectd v .y, ..., v, nita dé

So = Ve e Vi Vs oo v,}
tao thanh mot co s& trong V.
Pé tinh dim(Im(7)) ta xét ho

S3 = {T(Vr+1)9 wres T(V“)}
gbm nr - r vecto € Im(T).
Ta s& chimg minh S5 sinh ra Im(7) va doc 1ap tuyén tinh.

Pé chimg minh S5 sinh ra Im(7), ta xét v bét ki thuéc V va tinh
T(v). Vi §, 1a co so trong V nén

V= Clvl + ..+ OV, + (‘H_lle + ..+ C"v”.
Do d6

T(v)=c;T(vi)+ .. + ¢, T(v )+ ¢, TV ) + o+, T (vy)
Tov)=cpp T (Ve ) + o+ c,T(v,)
vivy, ..., v, € Ker(T). Vay S sinh ra Im(T).
Pé chitng minh $3 doc 1ap tuyén tinh ta xét diéu ki¢n (5.3.1)
Cpp TV )+ .+, T(v,) =8 (6.2.1)
N6 tuong duong véi
T(C,yVpe1 + -+ V) =8
nghia 1
CrpfVrsp + oo + vy, € Ker(T).
Do dé, vi §; laco :56 cua Ker(T)
CraVin] T o F CVa =€V + o+ 6,0,
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Ta suy ra
CVEY OV =€ Vg~ — v, = 8
Nhung S iai la co so clia V nén diéu kién nay cho
c;=0,Vi
Vay diéu kién (6.2.1) suy ra
Cp1=0,..,¢,=0,
nghia la S5 doc 1ap tuyén tinh.
Tir hai k€t qua (rén, dp dung dinh 1f 5.4.2 ta suy ra Im(7) 1a khong
gian n —r chiéu.
Viy cé
dim(Im(7)} + dim(Ker(T)) = (n — N+r=un
Xong chiing minh dinh li.
3. Trudng hop ddc bietkhi V=R" , W=R™ va7T:R" — R™ 1a
dnh xa nhan véi ma tran A ¢ m x n thi dinh 1i 6.2.3 v& s6 chiéu cho
dim(Ker(T)) = # — rank(T)
=50 ¢t clia A — hang ciia A.
Viy cé
BDinh li 6.2.4. Néu A 1a mot ma trgn c6 m x n thi sé chidu cia
khong gian nghiém cia phwong trinh Alx] = @bang n trix hang ciia A.
' Thidu 6.2.6. Ban doc ¢6 thé chitng minh rang hé thuin nhat
2x +2x — x5 +x5=0
—Xp = X3 +2x3-3x4+x5=0
X+ Xy —2x —x5=0
3+ x4+x5=0

6 khong gian nghiém 1a khong gian mét chiéu.
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Vima tran hé so

Lo
|
_— 2
|
b=
|
W O
f— —

6 5 ¢Ot, nén theo dinh 1 6.2.4 hang clia ma tran A, ®(A) thoa min
1=5— p(A)

Do d6 K(A) = 4.

BAI TAP : 6.10 - 6.21.

6.3. MA TRAN CUA ANH XA TUYEN TiNH

6.3.1. Mg dau
3 thi du 6.1.2 ta di thdy rang mbi ma trdn ¢ m X 7 tao ra mot

4nh xa tuyén tinh tir R" t6i R™. Nay ta s& chiing minh ring moi 4nh
xa tuyén tinh trén cic khong gian hitu han chiéu ¢ thé thuc hién
bang mot phép nhan ma tran.

6.3.2. Khii niém ma tran ciia anh xa tuyén tinh

Xét hai khong gian hitu han chiéu : V ¢6 n chiéu va W ¢6 m chiu.
Gia sir B 1a mot co s& trong V, B' 1a mot co so trong W :

B={uy, uy .., u}, B ={vy,va .., vyl
Cho 4nh xa tuyén tinh T : V — W. Khi d6
xeV > Tix) eW

x=xpup 4 XU, TXY=ypvp + o+ YV
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Chuyén qua toa do ta c6

(g = (xp, x5, ..., x,) € R", (T(x))- = 1 ¥20 s Yy €R™

nghia la
—x] ] [ B4 ]
A2 y2
[g=] . | € Ay TWlg=| . | € My
_XH_ _ym_

Ta muén tim ma trdn A € /”mxu lién he [x}5 v6i [T(x)]g- sao cho

Alx]g = [T(x)]g: YxeV (6.3.1)
dé cho T(x) ¢6 thé thuc hi¢n duge bing mot phép nhan ma tran.
Dinh nghia 6.3.1. Ma trégn A cém x n théa man (6.3.1) néu cé,

sé dugc goi la ma trgn cia dnh xa tuyén tinh T : V — W déi véi co 56
BtrongV va B’ trong W.
Dé€ ching té ma tran A 16n tai, bay gid ta tim cdch xay dung né.
Trude hét ta co mot nhan xét.

Chit y 6.3.1. Moi 4nh xa tuy€n tinh - V — W duoge xédc dinh hoan

toan boi flu u),j=1, .., n(d6 la gid trj ctia f tai ;).

That vay, véi x = Xpup + ..+ xu, €V thi
Ax) =flcpuy + .+ x ) = xiflug)) + .+ x,flu,).

Bay gi®, vi phép nhan véi ma tran 1a mot 4nh xa tuyén tinh nén dua
vao chi ¥ 6.3.1, ta xay dung ma 1ran A bing cich xdc dinh Afu /i1 bOI

Alulg = [Tw)lp j=1, (632)
ViT(u;) € W nén né c6 phan tich trong co s3 B’
T(Hj) = fU‘V! + Iva2 + ...+ Imjvm (633)
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nghia la [T(u)lp =

Ltrnj i

Mat khdc, vi u; 1a vecto thif j clia co s& B trong V nén Alu;)p bang cot
thi j chia A. (Ban doc ¢6 thé kiém tra lai bang céch thuc hién phép nhan).
Vay diéu kién (6.3.2) c6 nghia la

hy.
fzj
coOt thif jcua A la [T(uj)]B' = (6.3.4)
_rmj‘
Do as A= [[T(H})]B', [T(HZ)]B’O (] [T(u")]B’]v
fn h2 - ha
=|f21 t2 - fa (6.3.5)
byt Iz Lnn

V&i ma tran A dé ta kiém tra lai diéu ki¢n (6.3.1). Ta ¢cé :
=Xy + .+ X4,
T(x)=T(xpuy + o+ xu)) =T+ o+ x,T(u,)

Do dé  [T(x)lg> = x;1T(uplp-+ ... +x,[T(u,)lp-

m Hn
) 12y

=l . +...+ x,
,!ml | _tmn_
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V& phai diing bing A[x]g. Vay ma tran A xay dung bdi (6.3.5) 1a
ma trén thod man (6.3.1).

Tém lai, ta cé

Dinh li 6.3.1. Cho dnh xq tuyén tinh T : V — W tir kiéng gian n

chiéu 'V 161 khéng gian m chiéu W thi ma tran cuta né déi véi co s6 B
trong V va co s B’ trong W la ma trdn (6.3.5).

Chi y 6.3.2. V& cich tinh 4nh T(x) ctia géc x.

Ta cé s0 dd
| x tich tryc ti€p_ T(x)
(1} ' (3}
Tinh gidn ti€p .
Xp nhan Alx]g [rix)lg
@) .

Theo so d6 nay, khi dd ¢6 x € V mudhn tinh T(x) ¢6 hai céch : cich
thit nhat 12 tinh truc ti€p, cach th hai Ia tinh gian ti€p qua ba budc :

(1) Tinh ma tran toa do [x]p cha x
(2) Nhan Alx]g d€ dugce [T(x)]g-

(3) Téi tao T(x) tir ma tran toa dg [T(x)}]g

C6 hai Ii do cho thdy tdm quan trong ciia céch tinh gian ti€p. Thi
nhat, n6 cung c4p mot phuong tién c6 hiéu qua d€ ti€n hanh nhifng
dnh xa tuyén tinh trén méy tinh dién tir. Li do thit hai c6 tinh Ii
thuyét, nhung cé nhiing hé qua quan trong trong thuc tién.

Ma tran A phu thudc nhimng co s B va B Thong thuding ta chon B
va B’ sao cho vi¢c tinh cdc ma tran toa do cang don gian cang t6t. Ta
ciing ¢6 thé chon B va B’ 1am cho ma trdn A don gidn, chang han sao
c¢ho ma trén A 1a ma tran thua. Néu c6 thé lam dugc diéu d6 thi A 6
thé cung cap nhing thong tin quan trong vé tinh tuyén tinh cia 7.
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6.3.3. Truong hgp riéng
1V =R", W=R" Xét
T:R" > R"
Gia sit B va B’ 1a céc co s chinh tic trong V va W :
B={e; ..e.h, B =fp i ful

trong dé cic vectd e; va f; vi€t 0 dang cot :

01 0]
0 0
e;=11 hang i fi=11 hang j
0
LO_;lx] LO-J‘HXI
Khi d6 néu ta viét x va T(x) 0 dang cot thi cd
x | (T(x)
x=1.|=klp . T(x) = . =[T(x)]g
X, (T (xNm

Ma tran A tuong tng cé dang
A=[T(ey) ... T(ey}]

trong d6 T(e;) vi€t & dang cot.

i)_ink nghia 6.3.2. Ma trgn A ndy goi la ma trdn chinh tdc cuaT.

Vi co s chinh téc 13 duy nhat nén ma tran chinh thc ctia T 1a duy nhat.

2)V = W. Ta thudmg chon B’ = B. Ma tran A tuong Gng goi la ma
tran cha T d6i véi B. Lic d6 (6.3.1) viét

A[x]B = [T(x)]B
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6.3.4. Thi du

Thi du 6.3.1. Tim ma tran chinh tic cha dnh xa T : R® - R? xic
dinh bdi (cdc vectd viét & dang cot)

i +2
T{["’l Jz[xl Xz]
2 ] I )
Gidi - Taco

o s - )

1 2
Viy A=[ }

T(f"}) T(é’z)
C6 thé kiém tra lai :

LR N e

Thi du 6.3.2. Tim ma tran chinh tic cia 4nh xa T : R® — R* x4c
dinh bdi (céc vecto viét & dang cot)

x|+x2
X
X — X
Tl 5 ||= 1~ X
X3
X3
Ay
Gidi : Tacé
1 1
! 1 ~[]° 1
Tep=T||0||=] |, Ten=1|1|l=|" |,
(ep) 0 (e3) 0
0 0
1 0

297



0
0
0
T(€3)= 0:1
|
0
1 1 0
1 -1 0
Viy A=
0O 0 1
1 0 0O

Thi du 6.3.3. Gia sit T : R* — R” 12 4nh xa tuyén tinh bién méi
vectd (x, y) € R thanh anh d6i xing cla nd d6i vai truc tung (hinh
54). Hay tim ma tran chinh tic cha T (cdc vecto viét & dang cot).

1 [-1
Loigidi :Tacé  Teep=T}| ||=

e

y
(—X,y) ------------------ (Xy)
T{v) v
o x
: Hinh 54
-1 01
Va A=
. 4]

et LT

Thidu6.34.GiasuT: P; — P,ladnh xa tuyén tinh xdc dinh bdi
T(p(x)) = xp(x).
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Hay tim ma tran cda T d6i vdi cic co sd
B={u, uyvaB ={u'y, u'y, u'sl
trongdéu; =l uy=x;u’ ;= 1,u'2=.x,u’3=x2.
Gidi : Tu cong thic vé T ta cd
T(up)y =T(1) = (x}(1) = x
T(uy) = T(x) = (A)(0) = 1.

Bing cdch kiém tra lai ta ¢6

0 0
[T(uplg = |1, [Tuxdlg =|01.
0 ‘ 1
Vay matran cia T d6i voi Bva B’ la
0 0
A=[[TlgTudlpl=11 0.
01

Thi du6.3.5. GiastT : P; — Py, Bva B nhu & thi du trén, va gia sit

T(x)=1-2x.

Hay ding ma tran A thu dugc & thi du trén dé tinh T(x) mot céch
gidn ti€p va so sanh vdi cach tinh tryc ti€p.

Gidi : Bang cdch tinh gidn tiép ta ¢é

|
]

0 0 i 0
Do dé [T(x))g = Alxlg=|1 O [ 21\= 1
01 -2

Vay  T(x) = 0wy + lu'y ~ 20’3 = 0(1) + 1(x) - 2(x)
=x - 2x2
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Tinh truc tiép ta cé
T(x) =T(1 - 2x) = x(1 - 2x) = x - 2x°.
Thidu 6.3.6. Gid st B = {uy, us, ..., u,} 1a mot co s& trong khéng
gian vecto hitu han chiéu V va 7 : V —V 12 todn tir déng nhat trén V.
Khi d6

[(uj') = Hl, 1'(”2) = HZ’ s [(u") - u”

o]
1
1 0
0 0
Vay (up)lg= 0 SHulg= . L L Hu)lg =
0 .
' 1
-0— B N
1 0 .. 0]
o1 .. 0
Do dé (Mg = .
00 .. 1]

e

Vay ma trin cia todn tir dong nhat d6i v6i bat ki co sé naociing 1a .

ma tran don vi cap #.
Thidy63.7 GiasuT: R? - R? ]a dnh xa tuyé€n tinh xdc dinh bdi
(cdc vecto viét & dang cot)

R

Hay tim ma tran clia T ddi v6i co s& B = {uy, uy) véi

oe[oef]
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Gidi : Tir dinh nghia cha T ta ¢6

2 3
T(u]) = [2] = 2“1 va T(Mz) = [6] = 3u2
2 0
Vay [T(up)lg = {O], [T(us)]g = [3]

2 0
Do dé matran clia T d6i véi Bla A = [0 3:’.

Chii y 6.3.2. C6 thé chimg minh dugc diéu ngude lai cua dinh i
6.3.1, cu thé I3 :

Che ma tran
a9z - @y,
a a e @
A= %1 2.2 2.u '
Tnl G2 - Gy

bao gi¥ cling tén tai 4nh xa tuyén tinh 7 - V — W xéc dinh bai

[T(uj)]B, bang cot thit jctia A = Alujlg
nhan A lam ma tran d6i vdi cos& Bva 8"
Trudng hop riéng :
V=R, W=R"
B va B’ 1a cdc co s& chinh tic.
D6 1a thi dy 6.1.2,

6.3.5. Ma tran cia toan tir tuyén tinh trong khéng gian Enclid
Gia st V 1a khong gian Euclid n chiéu vé6i tich vo hudng <.,.>,

B={e; ) ... €,) 1a mot co s& tryc chudn cha V va T 13 mot todn tir
tuy€n tinh trong V. Khi d6 céng thite (6.3.3) cho

T(ej)=r1'€l+f2

; €+ .+t

g e
301



Do do
<Tle), e;>=<tpe; +iyer+ . +i,e,e>=1;
Vay theo (6.3.4), (6.3.5) todn tu tuyén tinh T ¢6 ma trdn frong co
sa B la

A= [fu] vl In'l_.l'l =< T(FJ), € >=< fi.', T(e),) >, (6.36)

BAI TAP : 6.22 — 6.33.

6.4. SUDONG DANG

6.4.1. Ma tran dong dang

Pinh nghia 6.4.1, Gid sit A va B la hai ma trdn vudng cing cdp n.
Ta néi B dong dang véi A, ki hiéu B A, néu ton tai mét ma trdn
khong suy bién (tiec la khd ddo) P cdp n sao cho

B=P'ar.
Chut y 6.4.1. Dlng thitc B = P AP c6 thé vi€t
A=pep = Yy 'BP"!
DitP ' = Qtacé
A= Q_IBQ, Q khong suy bién.
Vay néu B déng dang v4&i A thi A dong dang véi B.
6.4.2. Ma tran chia danh xa tuyén tinh thong qua phép déi co s&

Pinh Ii 6.4.1. Gid s T : V. — V la mot todn ti tuyén tinh trong
khéng gian n chiéu V. Néu A la ma trgn cia T doi vm casdBvaA’
la ma tran cia T doi véi co sé B, thi

A'=P AP,
trong dé P la ma trén chuyén co sd tiv B sang B’.
Vay A’ dong dang vdi A.

302

R



i

Cluing minh ; Theo gia thi€t cladinh litacé, Vx € V -

Alxlp = [T(0)]lg . A'lxlg = [T()]p

- N N 2 PO y -1 .
Vi P la ma tran chuyén co sd tir B sang B' nén P 1a ma tran
chuyén co s tir B' sang B va cé

Plxlg = [x)g. P~ [T()]g = [(T(W)]g.

Dods  A'lxlg = [Tl = P [T(x)]g

=P 'Alxlg= P APl

ticla  ATxlg =P 'APlxly Vx eV,
VaycdA' = P AP
Thidu6.4.1. Gia st T : R® — R? xéc dinh boi
(o Ha ]
X —2x] + 4x;

Haiy tim ma tran chinh tic ciia 7, tiic 14 ma tran ciia T déi véi co
s@ chinh tic B = {27, €5} :

[}

roi dung dinh 1i 6.4.1 d€ bién ma tran d6 thanh ma tran ciia T d6i voi

cosd B’ = {uy, uy) :
1 1
H; = , s =
S P A b}

Gidi : T cong thitc vé T ta ¢6

oo}
o IH;
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Do d6 ma tran chinh tac cia T 12

1 1
A=
2 4
Bay gi%s ta 1ap ma tran chuyén co s& P tir B sang B'. Ta thay

i, =€1+€2,H2=€1+2€2.

Do dé [HI]B— [} qu]B [ }
‘Vay P = [ ]

-1
Ta suyra P! -]
-1 1}

Do d6 theo dinh 1i 6.4.1, ma tran cla T d6i vdi cosd B’ la

wera=[ S ek )

Chit y 6.4.2. Ma tran A’ ¢6 dang chéo, né don gidn hon A, va ¢o
nhiéu tinh chat ding chi ¥ nhu

R [2 0}[2 0] 22 0
(AY =A'A'= = .
O 3|10 3! 0 32

Chii y 6.4.3. Tix chii ¥ 6.4.2 ta ¢6 thé dit vén dé sau : Cho ma tran
A vudng bat ki. Hoi ¢6 thé tim duge ma trén P vuéng cing cip dé ma
trdin A’ = P lapco dang don gian hon A, chang han nhu ma tran A’
cé dang chéo, dugc khoéng ? D6 12 van dé€ nit gon ma tran ma ta s&

gidi quyét mot phdn O chuong sau théng qua céc tri riéng va vecto
riéng cua ma tran.

BAI TAP : 6.34, 6.35
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TOM TAT CHUGNG VI

Anh xa tuyén tinh

V' va W i hai khong gian vecto (trén truong R)
| T:V -w.

NGi T ]a dnh xa tuyén tinh néu

T+ v)=Tw) + T(v) Yu, vev

T(hu)y=kT () Yu eV, vk ¢ R.
Tir dinh nghia d6 suy ra

(a)T(6 =6

{b) T{—) = =T(v)

(©) T{u ~v) =T(u) — T(v)
Hat nhan va anh

Ker(T) := {v e VIT(v) = 8)

IM(T):={weWlIveV,T() =w)
=T(V).
Ker(7) 12 mét khong gian con cla V.
Im(T) 1a m¢t khong gian con cia W.
. Hang cha dnh xa tuyén tinh
rank(T) : = dim(T(V)) = dim(Im(T))
Néu V 1a khéng gian # chiéu thi '
rank(7) + dim(Ker(T)) = n
Anh xa tuyén tinh va ma tran
V' 1a khong gian n chiéu ¢é co s 1a B
W la khong gian m chiéu cé cosd1a B
Cho ma trdn A cd m x n thi phép nhan A véi vecto x € V tao ra
mot dnh xa tuyén tinh I V t61 W,
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Nguoc lai, cho mot dnh xa tuyén tinh T : V' — W thi 60 tai ma
tran A ¢& m x n dé anh xa T ¢6 thé thuc hién thong qua phép nhan véi
ma trin A :

A[.l']B = [T(X)]B' xeV

Ma tran A goi 1a ma trén cia dnh xa T 461 v6i cic cd 56 B trong V
va B’ trong W.

Ma tran A xac dinh bai :
cot thitjcha A la [T(uplg ., j= 1.2, ... #
u; 1a vecto thi j cla co 5O B.
Su dong dang clia 2 ma tran vudng thude . #,.
Noi A dong dang véi B, ki hiéu A ©> B, n€u t6n tai ma tran khong
suy bién P € .4, dé c6 A = P 'BP.
Néu A« B thi Bvy A.
Ma tran cia anh xa tuyén tinh qua bién doi co s¢
V 1a khong gian vecto » chiéu
T :V =V 1a mot todn tir tuyén tinh trén V
Poivdicosd BeuaV, T cé matran A,
Paivéicosag B cnaV, T comatrdn A',
P 12 ma tran chuyén co s& tir B sang B,
Khidécé  A'=P ‘AP,
nghia I Ao Al

BAI TAP CHUONG VI

6.1. Anh xa f = R> — R® dudi day cé phai la tuy&n tinh khong :

DAx, »)=02x, ¥ D flx, = (xz- y)
3) fix, y) = (¥, x) 4)f(x, » =00,y

306

oot



¥ {ﬂ_ .

5) 6, ¥) = (x, v +1) 6) X, )= (2x+ 3, x—v)
DAx Y = (v y) 8) fix, v = Vx, 3.

6.2. Anh xa f: R’ - R’ du6i day c6 phai la tuyén tinh khong :
DAy o) =(x, x+vy+2) 2) flx, v, 2) = (0, )

DALY, D=, D) ) fix, v, 2)=2x + ¥ 3y —4x)
6.3. Anh xaf:. 7, — R dudi day ¢ phai 1a tuyén tinh khong :

{ a b 3 d 5 a b —dtab
'/ ¢ d Tax )/ cdl] ¢ cd
3) f([f jD =2a+3b+c—d z;)jﬂ;J jD =a’+b°

6.4. Anh xa £ : P, — P, dusi diy c6 phai 12 tuy€n tinh khong :
D flag+ax + azxz) =@y +{a) +ax)x+ (2a, - 3a])x2

2} flag + ajx + az._rz) =qgta(x+ 1) + ay(x + 1)2 ‘

3) flay + ayx + ap) = 0

4) flag + apx + azxz) ={ag+ ) +apx + a2x2.

6.5. Cho £ : R® - R® Iz 4nh xa bien méi diém cila mat phing
thanh diém d6i xing clia né dsi véi tryc y. Hay tim cong thifc cho f
va chiing t6 rang né 1a mot todn tir tuyén tinh trong RZ,

6.6. Goi .7, » n 12 18p cdc ma tran ¢d@ m x n. Cho B 1a mot
ma trdn ¢& 2 X 3 hoan toan xdc dinh, Chung minh ring 4nh xa

T .. 4% — /)5 x 4 dinh nghia bdi T(A} = AB 1a 4nh xa tuyén tinh.

" 6.7.ChoT:R’ = R’ I3 mot 4nh Xa ma tran vi gia sir
1 0 0
1 3 4
0 o 1y, -
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(a) Tim ma tran cta T.

(b) Tim T

x]
(c)TimT

[

6.8. Chodnh xa T : RS Wi mot phép chiéu truc giao cdc diém
cia R’ len mat phang xO:z.

{a) Tim c¢ong thic cia T.

(b) Tim 72, 7, —1).

6.2. § 12 mot co s& trong khong gian » chiéu V.

a) Chéng minh ring néu v, v,,..., v, 12 mét ho doc Iap tuyén tinh
trong V thi cdc veetd toa do (v)),, (v9)g -.-» () cling tao thanh mot
ho déc lap tuyén tinh t‘rong R" va nguoc lai.

b) Néu {v, ..., v;) sinh ra V th {(v}), .--, (v,)} cing sinh ra R” va
ngude lai.

6.10. Cho 7 : R? — R’ 12 4nh xa nhan v6i ma tran

]

1) Hoi vecto nao dudi day thuoe Im(T') ?

(a) (1, —4), (b) (5,0}, | (c) (-3, 12).
2) Vecto nae duéi day thude Ker(T) ?
{a) (5, 10), (b) (3, 2), (c) (1, 1).

6.11. 1) Cho &nh xa tuyén tinh T = P, — P3 xdc dinh bai
T(p(x)) = xp(x). Hoi phén t0 nao dudi day thuodc Ker(7) :

(a) x> 2 () 0? (€)1 +x?
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* 2) Hoi phin tlr nao dudi day thuée Im(7) -
(@) x + x° 7 by 1 +x? (©)3—x27

6.12. V' la mot khong gian vecto, cho T :V > V xic dinh boi
T(vy=3

{a) Tim Ker(T).

(b) Tim Im(T). |

6.13. Tim s6 chiéu cha Ker(T) va Im(T) voi

(a) T cho & bai tap 6.10.

{b) T cho & bai tap 6.11.

6.14. V 1a khong gian » chi¢u. Tim hang ctia 4nh xa tuyén tinh T :
V" — ¥ xdc dinh bdi

(a) T(x) = _ (b)T(x)=0; (c) T(x) = 3x.
6.15. Xét co 50 S = {v, vy, v3} trong R’ trong do
vi=(1.2,3), v =(2,5, 3). vy =(1, 0, 10).

Tim biéu dién 4nh xa tuyén tinh : 7 : R° — R” x4c dink bai
Tiv) =(1,0), T{vsy) = (1, 0}, T{v3)=1(0, 1). Tinh T(1, 1, 1), trong cic
co s& chinh tac ciia R, RZ.

6.16. T“lm dnh xa tuyén tinh 7 : P2 — P5 xdc dinh bm T{h)=1+ux,

Tix)=3- e T(r )—4+2x—3x Tinh T(2 - 2x+3x ).
6.17. Tinh dim(Ker(T'}) trong dé

()T : R’ > R’ ¢6 hang 3
(b)T:Pq— PycShang 1
(©ImciaT-R® 5> R IR
(T :. # — . # c6hang 3
6.18. A 1a ma tran ¢ 5 x 7 ¢6 hang bing 4.
(a) Hay tim s6 chiéu clia khc‘mg gian nghiém cla Ax = 6.
(b) Hoi Ax = b ¢6 twong thich v&i moi b € R’ khong 7 Li do.
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6.19. T 1a mot anh xa ma tran x4c dinh nhur dudi day.
Hay tim : (a) mdt co s& cho Im{T} |

(b) mét co s& cho Ker(T)

(c) 8 chiéu cha Im(T) vi Ker({T}.

1 -1 3 2 0 -1
s 6 4 24 0 2
7 4 2] oo o
| 1 4 50 9
4152 3-2 10 -1
3} 4)
1230 -1 0 -10 -1
203 51 8

6.20. Goi D ; Py — P, la anh xa dao ham D{p) p’. Hay mo ta
Ker(D).

6.21. Goi J : P, — R 13 dnh xa tich phéan

J(p) = J'p(x)dx.
-1
Hay mo ta Ker(J).

6.22. Hay tim ma iran chinh tic (xem dinh nghia 6.3. 2) clia mdi
todn tir tuyén tinh sau :

(a) T(xy, xp) = (2xy — Xp, Xy + X3)

(b) T(xy, x2) = {xy, x3)

(€} T(xy, X9, x3) = (X) + 2x3 + x3, 0} + 3xp, x3)

(d) T(xy, X9, X3) = (dx(, Txp. —8x3)

6.23. Tim ma tran chinh tac cha méi dnh xa tuyén iinh sau
(a) T(x, x5} = (X3, = X, X + 3x9, X| — X3)

(b)Y T(xy, xp, X3, X4) = (Tx) =205 = x93+ Xy, Xp + X3, = x)
(c) T{xy, x5, x3) =(0,0,0,0, 0)

(d) (x], %9, X3, Xg) = (X4, X|, X3, X, X7 = X3)
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6.24. Tim ma tran chinh téc cda todn tir tuyén tinh T : R® — R>
bi¢n v = (., y) thanh d6i xing clia né d6i véi
(a) Truc x.
(b) Budng phan gidc y = x.
(c) Goc toa do..
Hiy tinh 7(2, 1) trong mdi truong hop
6.25. Tim ma tran cba dnh xa tuyén tinh 7 - P5 — P xdc dinh bai .
Tla, + al.r + uzxz) =(a, +ay) — 2a; + 3ay)x
d6i vi cdc cg sd chinh tac trong P, va P;.
6.26. Cho T : R* — R xac dinh bdi
T(.\'l, Xz} = (,Y] + 2X2, _xl, 0)
(a) Tim ma tran cva 7 d6i vdi cdc co s B = {u,, iy} trong R2 va
. 3
B = {v|, vy, v3} rong R™:
uy =(1,3), 15 =(-2,4)
vp= (1,1, 1),v, =(2,2,0), vy = (3, 0,0)
(b) Diing ma tran thu dugce & (a) dé tinh 7(8, 3).
6.27. Cho T : R® - R xac dinh béi
T(Xl,,rz, X3) = (Xl - X9, Xz —xi,xl —13)
(a) Tim ma tran cta 7 d6i v6i co sé B = {v, 1y, v
vp= (1,0, 1),v5 =0, 1, 1), vy = (1. 1, 0)
(b) Diing ma tran thu duge & (a) dé tinh 7(2, 0, 0).
6.28. Cho T : P, — P4 1a anh xa tuyén tinh xdc dinh bdi
2
Tip)x)) =x"p(x).
(a) Tim ma tran ctia T d6i v6i cic co s B = {p|, py. p3} trong P,
va ¢o s¢ chinh tac B' trong Py :
m=1 +x2,p2= 1 +2Jr+3.1r2,p3=4+5.1c+.:r2
(b) Diing ma tran thu dwoc & (a) hay tinh T(~3 + 5x — 2x°).
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6.29. Cho v) = (1, 3), vy = (-1, HvaiA= [ Sil 134 ma trin cla

inh xa T : R = R d6i v6i co s6 B = {v}, v;}.
(@) Tim [T(v))1g va [T('2)).

(b) Tim T(v,) va Tivy).
{c) Tim T(1,1).

3-210
630.ChoA=| 1 621
-3 071

. W e 4 3o L. ,
]2 ma tran cla 4anh xa 7 : R* — R™ d6i voi cac cO 80 B = {v), vo. V3.

va} trong R4 va B'= {w, wy, wy) trong R3 .
=0, 1L 1 Dovy = (2, L =1, —1). vy = (1,4, -1,2), v, = (6,9, 4,2)
wy = (0, 8, 8),wy = (7, 8, 1), wy = (-6,9.1).
() Tim [T(v(]g. (TO)]ps T(v3)]p, [T(v4)lp-

(b) Tim T(v;), T(vy), T(va), T(vs).
(c) Tim T(2, 2, G, 0).

1 3-1
6.31.ChoA=1]2 0 5 lamatranciaanh xa
6 -2 4

T+ Py — Py d6i vii co 53 B = (v, v, v3} v6i vy = 3x + 347,
vy=—1+3xc+ 2x2. v3=3+Tx+ 257

(a) Tim [T(v]g, (T(v2)]g. (T(v3)]g

(b) Tim T{vy), T{v,), T(v3).

© Tim T(1 + x°).

6.32. Cho D : P, — P, 1a todn tir dao ham D(p) = p".

Tim ma tran ctia D 46 v6i mbi co 8 B = {py. p2. p3} dudi day :
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2
(R)Pi = l,pz—_—,\'_pB:x B
(b)Y py=2.py=2~3x,p3=2 - 3x + 8",

(c) Ding ma tran thu dudc & (a) dé tinh D(6 — 6x + 24x2),

(d) L.am lai phan (¢) d6i v6i ma tran & (b).

6.33. Trong cdc bai tap dudi diay hay fim ma tran cGa T d6i véi co
s¢ B roi suy ra ma tran cha T doi véi co sd B

1)T : R? > R xéc dinh boi
' T(x), x3) = (x) — 2x5, =x3)

B={uy, uy}, B" = {v|, vy}

ty = (1,0), 1, = (0, 1), vi=2,1),v,=(-3,4)
2) T : R* = R? xic dinh bai

Tix) . xp) = (x; + 7xp, 3x) —4x5)

B={u, i3}, B = {v, vy}

up =(2,3), 45 = (4, -1), v =(1,3). v = (-1, -1)
3)T: R* - R? xdc dinh bdi

T(xy, x5, 03) = (x) + 2x9 — x5, =X, X1 + Tx3)
B 1a co $& chuan tac trong R3, B = {v, vy, w3l

vi=(1.0,0), v, =(1,1,0), v.=(1,1. 1)

1T = R’ SR phép chi€u tryc giao 1én mat phiang xOy, B va
B’ cho & bai tap 3).

5)T : R* — R’ xdc dinh béi T(x) = 5x, B vi B cho & bai 1ap 2).
6)T : Py — P, xdc dinh boi

Tlag +ayxy=a, + aiix + 1)

B=Ap.r}t. B ={q. ¢}

P1=6+3x,py=10+2x

q1=2.9,=3+2x
6.34. Ching minh ring néu A va B déng dang thi Atva B dong dang.
6.35. Ching minh rang hai ma tran déng dang c6 ciing hang.
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PAP SO
6.1. 1) co; 2) khong ; RIS I 4 ¢d
5)khong ;.  6)cd: Ty co 8) khong.
6.2.1)co; 2)ch 3) khong : 43 ¢6.
6.3.1)co; 2) khong ; 3 cé; 4) khong.
6.4.1)co; 2)cd; - 3o, 4} khéng.
6.5. flx, y) = (-x, y).
6.7. 1) [1 3 4} : b) [ 42} : o [.r+3y+ 4:]_
1 0-7 =55 x—17z
68. A)T(x,y.2)=(x, . 0) by (2, 7.0,
6.10. I)a)c)
2)a).
6.11. 1) by ;
2) a).

6.12. a) Ken(T) = {0} ; b) Im(T) = V.
6.13. a) dim(Ker(T)) =1 ; dim{(Im(T)) =1 ;
_ b) dim(Ker{fM =0 ; dim{Im(T)) = 3.
6.14. a) dim(Ker{(T)) = 0 ; dim{Ilm(T)) = » ;
by dim(Ker{(TH = » ; dim(Im(T)) =0 ;
c)dim{Ker(7)) = 0 ; dim(Im(T)) = .
6.15.T(x, y, z) = (30x — 10y = 3z, 9x + 3y + z),
T(1, 1, 1) =(17,-5).
6.16.T(2 — 2x + 3x°) = 8 + 8x — Tx".
6.17. a) dim{Ker(T}) =2 ; by dim(Ker(f)}) =4,
¢) dim(Ker(7)) =3 ; d) dim(Ker(T)) = L.
6.18. ) 56 chiéu = dim(Ker(7)) = 3 ; '

b) Khong. Mudn cho Ax = b twong thich b € R’, phai c6 Im(T) = R’,

nhung vi rank(T) = 4 nén dim(Im(T)) = 4 # 5 nén Im(T) # R
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6.19.

6.20.
6.21.

6.22.

6.23.

i

¢) rank(T) = 2, di.m(Ker(T)) =]

i
2)ay|2
0

¢) rank(T) = 1, dim(Ker(T)) = 2

D Nm

c)rank(T) =2, dim(Kcr(_?'}) =2

F 0 0
3 I 0
4) ay . ,
-1 =277 |o
2] [5n4] [1]

-14/11
by [ 19/11

b)

byt 1,1 0

1

b) Ol }1

¢) rank(T) = 3, dim(Ker(T)) = 2

Ker(D) gém cdc da thifc hing.

Ker(J) gém cac da thitc ¢6 dang kx.

a) 2- '} b)
11
121

a)lts50 d)
001
o 1
-1 0

a) - - b)
L1 -1

107,
01
40 0

07 0
100 -8

[ 72-11
01 10

-10 00
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00 0] 0 0 0 1
000 10 00
c)|000 Hlo o 10
000 . 01 00
000] 1 0 -1 0
(1 0] : (0 1
6.24. ) b)
‘j) -] R 0}
1o T((2.1) = (2,-1)
c) [ 0 '—1} dy T(2,1)) = (1.2

T(2,1)) = (=2.-1).

1 1 0
6.25.
g -2 -3
0

[ o 14
6.26.2) | -1/2 1 b) | -8
[ 8/3 4/3 0]
T =32 172] 21
627.2) -1 1/2  1/2 by | =2
0o 1/2 -1/2 5
0 0 0
00 0
6.28.a) 1 1 4 b} —3x2 + 5x° — 2x%
02 5
1031

1 3
6.29. a) (70l ={ } (T(vy)lp =[ il
-2 5
by Ty =| 2 Top =|
) Vi) = -5 Val) = 29
[ 19!7}
) .
—-83/7
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3 -2
6.30. a) {T(v)g =| 1 AT =| 6
-3 0
1] 0
[(TO3)g =2 1Tyl =|1
7] |
11 —42
b} T(yvp) =| 5|.T(rv)=| 32
22| -10
-56 -13
TGy =| 87 .T(vy) = 17
17 2
=31
c) 371.
12
1 3
6.31. a) [TOlg =12|, [Tl = O
6 -2
-1
[TOy)lg = 5
4

b) T(v) = 16 + Skx + 1942
T(v)=-6-5x+ 5x%
T(v3) = 7 + 40x + 15x2

) Tl + x2) = 22 + 56x + 14x2
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R

010 0 -3/2 2376
6.32.2) |0 0 2 by|0 0 -16/3
000 0 0 0
c)—6 + 48x d) —6 + 48x.
) | ~3/11 =56/11
6.33. 1) [Tl = , Tl =
) Tl {0 -1} Ule [—2;11 3;11}
A L) R |
B 481 —arg B 021-75 25
o2 4 1 4 3
H[Tlg=|0 -1 0Ol [Tlg=|-1 -2 -9
10 7 1 1 8
‘100 10 0
HTg=0 1 0|, [M=[(01 1]
000 0 0 0
5 I[Tlg = >0 (7] ‘—5 0
B7lo s B0 s
' - [273 =279 11
6) [Tl = . [Ty =
M =1, 4;3} Hlg 0 1]
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Chuong VI

TRI RIENG VA VECTO RIENG
CUA TOAN TU TUYEN TiNH

7.1. TRI RIENG VA VECTO RIENG CUA MA TRAN

7.1.1. Mé diu

Trong nhiéy bai toan, khi cho todn tir tuyén tinh T : V — V thi ¢6
mot vin dé quan trong 1a xdc dinh duoe nhimg s6 A sao cho T(x) = Ax,
tic 12 T(x) ti 1é v6i x, x # 0. Ta s& nghién citu vén dé nay va néu lén

mét vai img dung.

7.1.2. Khai niém tri riéng va vecto riéng ctia ma tran

Dink nghia 7.1.1. Gid si A 1¢ ma trén vuéng cdp n. 86 A goi la trj

riéng cia A néu phuong trinh
Ar=Aqxe R"
co nghiém x = (x|, xy, ..., 2= 0,0, .., 0).
Vecto x # 6 nay goi la vecto riéng iing tri riéng A.

—1

R R BR MR

Vay vlix = (1, 2)tacd

. 30
Thidy71.1 Cho A= 2

Ax = 3x

nghia la 3 1a tri riéng clia A véi vecto rieng k (1,2) e R
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Chit y 7.1.1. Néu x la vecto riéng clia A {ng trj rieng A 1hi cx,
trong d6 ¢ 13 mot hing s& khdc khong tuy y, ciing 12 vectd riéng cila
A Ung lri riéng A.

Thit vay, ta co

A(cx) = cAx = cAx = A(cx).

Vi vay sau khi co x ta co thc chon ¢ dé dugc vecto riéng co do dai

bang 1. nghia la
hexll =1 = ¢ = 1/ llxll.
Vecto rieng ¢6 do dai bing 1 goi la vecto rieng da chudn hod.

7.1.3. Phuong trinh dac trung
DE tim céc tri riéng cla ma tran vuong A cdp n, ta Vi€l Av = Ax
thanh Ax = Alx, x € R", trong dé / 12 ma lran don vi cdp n. Do dé ¢6
(A—ADx =
Pay 1a mot hé wyén tinh thuan nhdl Muon cho A 1a tri riéng cia
A, diéu kién la hé trén c6 nghiém x # ¢ va mudn thé diéu kién can va
du la
detyA - Al)=0. (7.1.1)
D6 1a phuong trinh d€ xac dinh céc tri riéng cia A, ta di dén dinh
nghia sau
Pinh nghia 7.1.2. Phiong trinh (7.1.1) goi la phuong trinh dic
trung chia ma trdn vuong A, con da thicc det(A — Al) got la da thirc
ddc trung cua A.
Thi du 7.1.2. Hiy iim c4c tri riéng cla ma tran

3 2]
A=
[-l 0_

DTN I Y RO T E A
-1 0 0 1] -1 -4

Vay phuong trinh dac trung cua A 12
-A 2

3
det(A — Al) = =A% -34+2=0.

Tasuyra A=1vaAd=21lacic tri riéng cia A.
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Thidu7.1.3. Tim cdc trj riéng clia ma tran

-2 -1
A=
5 2
Gidi : Phuong trinh dac trung cha A viét
-2-1 -
5 2-4
Phuong trinh nay khong c6 nghiém thuc, chi c6 hai nghiém phiic
la i va —. Vay ma tran A khéng ¢6 tri riéng thue, nhung ¢6 hai trj
riéng phirc 1a / va —.
Chi y 7.1.2. Phuong trinh dac trumg (7.1.1) ciia ma tran A cipn la
phuong trinh bac # d6i véi A. Theo dai s§ hoc (dinh 1f 2.6.3) n6 ¢6 n

det(A — Alj = =A2+1=0

_ nghiém thuc hoac phitc, don hoac bgi. Vay mot ma tran cdp n cé n tri

riéng, thuc hoac phiic, don hoiac boi.
Chi y 7.1.3. 86 boi ca nghiém A clia phuong trinh dac trung
(7.1.1) goi 1a 56 boi dai s6 chia A.

7.1.4. Tri riéng cta ma tran dong dang
BDinh li 7.1.1. Hai ma trén ddng dang cé cing mét da thitc ddc
trung, nghia la cé cdc tri riéng nhu nhau.
Chitng minh : Gia sit A va B1a hai ma trin déng dang, nghia 1a t6n
tai ma tran P khong suy bién : det(P) 20, dé c6 B = P AP,
Xét phuong trinh dic tring cla B :
det(B — Al) = det(P 'AP — AP"'1P)
= det(P™' (A - AI)P)
= det(P"") det(A — AI) det(P)
= det(A — Al) det(P ') det(P)
= det(A ~ Alj deu(P_'P)
= det(A — AI) det(D
= det(A - AD) |
vi theo dinh Ii 3.3.5 det(P) de[(P_l) = det(PP_l) =det(l) = 1.
Do d6 tri riéng ciia B triing v6i trj rieng cia A.
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7.1.5. Tim vecto riéng ctta ma tran
Vectd riéng clia ma tran A ng tri rieng A 1a nghi¢m khic khong
clia phuong trinh Ax = Ar. :

D6 1a nhitng vecto khdc khong trong _khOng gian nghiém cla
phuong trinh

(A-ADx=0 (7.1.2)
Dinh nghia 7.1.3. Ta goi khéng gian nghiém cia (7.1.2) la khéng
gian riéng cia A ing tri riéng A.
Chit y 7.1.4. S6 chiéu chia khong gian riéng clla A Gng tri riéng A
goi 12 s6 bodi hinh hoc ciia A.
Thi du 7.1.4. Hiy tim cdc co s& cia khong gian riéng cla

3 20
A=|-2 3 0
0 0 5
Gidi : Phuong trinh dic trung cha A 12
3-4 2 0
2 3-A4 0 |=-(A-1DA-5"=0
0 0 5-4

nén cic tririeng cla A 1a A= 1vad A =5 (b6i 2).
Theo dinh nghia, vecto
X1
X = .1'2
X3

12 vecto riéng clia A tng tri riéng A khi va chi khi x Ia nghiém khong
tam thudng clia

(A-Ahx=0
3-24 =2 0 \[x] o
nghia 1a -2 3-A 0 |[xi=]|0].
0 0 5-A]x 0
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Vdi A=5tacd
-2 2 0flx 0
2 -2 0|xi=|0}
0 0 0fixs] LO

Giai he nay ta dugc x; = -5, x, =5, x3 =1

Vay nhitng vecto rieng ciia A éng tri riéng A = 5 12 nhiing vecto
khic khong co dang :

-8 -5 0 -1 0
x=| s|=| s|+i0|=s| 1[+eO0OL
t| | O] |t 0 1
-1 0
Vi hai vecto | 1| va {0 [ 1a doc lap tuyén tinh, ching tao thanh
0 1
mot ¢d s& cho khong gian riéng dng tri rieng A = 5.
VaiA=1:
2 =2 0Yx] JO
2 -2 0lx|=|0
0 0 4(x] O

Giai hé nay tadugc x| =1, 3 =1,X3= 0.
Viy céc vecto riéng Ung tri riéng A =1 1A cdc vecto khac khéng ¢6 dang

t [1
x=it |=t]|1

o] |o]
1

chonén |1
0

1a co s& ciia khong gian riéng Gng tri riéng A = L.
BAITAP: 7.1 -7.3.
323



7.1.6. Tri riéng coa ma tran déi ximg
Dinh li 7.1.2. Ma trdn doi xing A chi c6 tri riéng thic.
Chimng minh.
Cho A= [a:'j Lixns X =[xikwa
— Nhé ring néu @ € C thi « ki higu s6 phic lien hep clia o Bay
gi¢ ta dinh nghia
A= [Efj]nxm X=X Dy -
Khi dé rd rang
Axr=AF = AX.
Gia sir A 1a tri riéng cha A va x # 812 vecto riéng tuong tmg. Khi
détacé X' x>0 va
A x =F (Ax) =T (Ax) =(A) T =x'A’% =
=x'Ax = x’(E) = x'Ax =Ax'x =A% x
= (A-D)x'x —0=A-A=0=>A=A=Ac R
Do d6 vecto riéng tuong tng la v = (v, vg, ..., v,) € R".

Dinh Ii 7.1.3. Néu ma trdn A cdp n d6i ximg thi né cé n tri riéng
thitc va n vecta riéng tric chudn tuong ing.

Xem chiing minh trong phdn phu luc cudi chuong, muc 7.5.1.

7.2. TRI RIENG VA VECTO RIENG CUA TOAN TU
TUYEN TINH TRONG KHONG GIAN HUU HAN CHIEU

7.2.1. Dat bai toan

& tren ta di dinh nghia tri riéng va vectd riéng cho mét ma tran. Ta
ciing c6 thé dinh nghia tri riéng vA vecto riéng cho todn tr tuyén tinh.

Pinh nghia 7.2.1. Gid sit V la mot khong gian vecta. S6 A goi la
tri viéng ciia todn i tuyén tinh T : V =V néu ton tai vecto x # 0 sao
choT(x}) = Ax
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Vecta x dugc goi 1a vecto riéng iing tri riéng A.

Nhu vay nhimg vectd rieng ciia T ing trj riéng A 1a nhitlng vecto
khic khong cda Ker(T — AJ). Hat nhan nay dugc goi Ia khong gian
riéng cua T ung tri riéng A.

7.2.2. Cach giai trong khéng gian hiru han chiéu

Dinh li 7.2.1. Gid st T la mot todn tik tuyén tinh trong khong gian
vecto hitu han chiéu'V va A ld ma trén cia T déi véi mét co sé nao
dé B cua V. Thé thi

1) Nhitng tri riéng cia T la nhitng tri riéng ciia A.
2) Vecto x la vecto riéng cia T ting tri riéng A khi va chi khi ma
trdn toa do [x]p tic la vecto cét [x] g 1a vecto riéng cia A iing tri
riéng A. ’
Chumg minh : Phuong trinh T(x) = Ax tuong duong véi
[T(x)]g = Alx]g

Nhung theo dinh nghia 6.3.1 va ¢6ng thitc (6.3.1) thi
[T(x)]g = Alx]g

Vay phuong trinh T(x} = Ax twong duong vdi
Alx]g = Alx]g

Chi 3 7.2.1. N&u d6i cd s& thi theo dinh 1§ 6.4.1, ma tran A’ cta T
d6i véi co s& méi déng dang voi ma tran A va do dé theo dinh Ii
7.1.1, A’ ¢6 cing tri riéng nhu A.

Thidu7.2.1. Hay tim cdc tri riéng va cd s& trong khong gian riéng

- clia todn tlf tuyén tinh T : P, — P, x4c dinh bdi

Ta+ bx+ cxz) =(3a-2b) + (—2a + 3b)x + (5c)x2.
Gidi : Ma tran ctia T d6i vdi co s&

B={1,x,'x2}

3 20

la A=(-2 3 0
0 0
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Céc tri rieng cia T 12 céc tririéng clia A : d6 13 A= 1 vd A =5 (Thi
du 7.1.4). Cing & thi du 7.1.4 ta 43 tim ra khong gian riéng cta A (ng

v6i A =5 ¢6 co sd {uy, 4y}, con khong gian riéng ing A = 1 ¢6 co s
{uz}, trong dé

-1 0 1
W= 1 y W2 = 0 s Hy = 1
0 1 0

P6 13 nhitng ma tran toa do d6i véi B coa
2
pr==l+x,pp=x",p3=1l+x

Viy {-1 + x, xz} 1A mot cd 58 trong khong gian riéng cla T {ing
A=35,va {1 +x) 12 mot co sd cho khong gian riéng Wng A = 1.

7.3. VAN DE CHEO HOA MA TRAN

7.3.1. Dat bai toan

Bai toén la. Cho V 1a mot khéng gian vecto hitu han chiéu,
T : V — V 1a mot toan tr tuyén tinh trong V. Ta da bit (xem dinh
nghia 6.3.1) rdng ma tran cta T phu thudc co s& chon trong V. Ta
mong muén ¢é mot co s3 sao cho ma tran clia T ¢6 dang don gian
nhur dang chéo ching han. Hoi c¢6 hay khéng mot co s¢ trong V sao
cho ma tran c¢ia T d6i véi co s0 d6 1a ma trédn chéo ?

Bai todn 2a. Cho V 1a mét khong gian vecto hitu han chi€u ¢6 tich
v huéng, T : V — V 1a mot todn tir tuyén tinh trong V. Hoéi ¢6 hay
khong moét co s& tryc giao trong V sao cho ma tran cla T d6i véi co
s& dé 1a ma tran chéo ?

7.3.2. Cach giai

Gia sir A 12 ma trdn clia T d6i v6i mot co s& x4c dinh nao d6 trong
V. Ta xét mot phép d6i co s&. Theo dinh Ii 6.4.1 thi ma tran méi coa

T s& 1a P AP trong d6 P 12 ma tran déi co 58
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Vay bai todn 1a twong duong vdi bai todn : Hoi ¢é t8n tai mét phép
ddi co s& dé cho ma tran méi ciia T d6i véi co 56 mdi 1a ma tran chéo ?

Néu V 1a mot khong gian ¢6 tich vo huéng va nhimg co s& 1a truc
chudn thi theo dinh 1{ 5.8.2, P s& 12 truc giao. '

Vay ta da dua hai bai todn 1a va 2a vé nhimng bai todn dang ma tran :

Bai todn 1b (dang ma tr4n). Cho mot ma trin vuong A. Hoi ¢6 t6n tai
hay khong mot ma tran P kha ddo sao cho P AP 1a ma trdn chéo ?

Bai 1odn 2b (dang ma tran). Cho ma tran vuodng A. Hoi ¢6 tén tai

hay khéng ma tran truc giao P sao cho P lap 14 ma tran chéo ? (ma
tran vuong A goi Ia ma tran truc giao néu A'A = D.

7.3.3. Ma tran chéo hod dirge
Dinh nghia 7.3.1. Cho ma trdn vuong A. Néu 1on tai mét ma trén

khd ddo P sao cho P AP 1d ma trdn chéo thi néi ma trgn A chéo hod
dugc va néi ma trgn P lam chéo hod ma trdn A,
Nhur vay A chéo hod duge néu né déng dang véi mot ma trdn chéo.
Ta phdi trd 13 hai cau héi : 1) ma trin ¢6 didu kién gi thi chéo hoa
dugc va 2) ma tr4n P lam chéo hod ma tran dy xdc dinh nhy th€ nao ?

7.3.4. Giai bai toan chéo hos ma tran
Dinh li 7.3.1. Gid sit A 1d ma tran vuéng cdp n. Piéu kién cdn va
di dé A chéo hod dugc 1a né cé n vecto riéng dgc Igp tuyén tinh.
Chiing minh : a) Gia sir A chéo hod dugc, nghia 1a t6n tai mot ma
trin kha dao P :

Pi1 P12 - P
P= P21 P22 v Pay |
P P2 - Pum
sao cho P~ lAP = D, rong dé
A4
D= /12
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Ta suy 1a AP =FD
Goi py, Py, --» Py 12 cdc vecto cOt cha P, ta thdy cdc cot lién tiép
cha AP 1a Ap|, Aps, ..., Ap,. Déng thi

PPz~ P || A Mpn P2 o Agpin
pp | P21 P22 P ] 2 _| AP Aap2 o Aup2a
Pul Pu2 - Pan ’ln ’llpnl ’12[);12 ’lnpnm

Vay phuong trinh AP = PD & trén cho
Apy = Mp1, Apy = APz, - APy = APy
Vi P kha dio nén nhiimg vecto cot p; # 6, do d6 4, Ay,..., Ay lacdce
tri riéng cua A va py, ps. -.., Py 12 c4c vectd riéng tuong ing.

Vi P kha dio nén det(P) # O v cdc vecto py, pa, ---» Py la dOc lap
tuyén tinh.
Vay khi A chéo hod duge thi n6 cé n vecta riéng doc 1ap tuyén tinh.

Ching minh (b). Gia sit A ¢6 n vecto riéng doc 1ap tuyén tinh py,
Pa» s Py VOI cdc tri Tiéng tuong Ung Ay, Ay, ..., A, va gid sir
Pi1 P12 - Pin

p= P21 PR '_"pZH

Pul Pu2 - Pun
12 ma tran ma cic cot 1a py, py, ... Pp-
Ciéc cot cha tich AP 1a Ap|, Ap2, -, Apy
Nhung Ap; = A1py, APy = ApPosens APy = AnPis

Api APz - APin P P2 -~ Pin A
Apy Fopr o AuPa | (P PR - P | M PD

nénAPJr

l]'lﬂ:l AQPHZ ’lnpfm Pul Pp2 ~ Pun A,,
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trong d6 D 12 ma tran chéo ¢6 nhimg trj riéng trén dudng chéo chinh.
Vi nhitng vecto c6t cla P 1a doc 1ap tuyén tinh, nén P kha dao. Vay
phuong trinh AP = PD & trén viét thanh

P lar=p.
Vay khi A c6 n vecto rieng doc 1ap tuyén tinh thi A chéo hoa dugc.
Tir chitng minh cta dinh i trén ta di dé&n :

7.3.5. Quy trinh chéo hos mét ma tran
Budc 1. Tim n vecto riéng ddc 1ap tuyén tinh clla 4 -
P1>P2s s Pp-
Buoc 2. Lap ma tran P ¢6 py, p,, ..., p, 12 cdc cot.
Buge 3. Ma tran P_]AP s€ 1a ma trén chéo v6i A, Ay, ..., 4, 1& cdc

phén tit chéo lién ti€p, trong d6 A, M tri rieng dng p,, i = 1,2, ., n.
Thidu 7.3.1. Tim ma trgn P 1am chéo ho4 ma tran

3 2 0
A=(-2 3 0
¢ 0 5

Gidi : Tuthidu 7.1.4 cdctririengcladAla A=5va A =1 déng
thot cdc vecto riéng

-1 0
p1=| 1| vap;=|0]tac nénco sd cho khong gian riéng tmg tri
0 1
riéng A =35, con
1
p3=|1
0

1a co s& cho khong gian riéng g trj riéng A = 1. D& kiém tra dé thiy
{P1, P2, P3} d0c 14p tuyén tinh, do d6

-1 01
P=1 0 1
010
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lam chéo hod A :

-1/2 1/2 0} 3 =2 of-1 0 1] [5
Plap=l o o0 1[=2 3 0 101=[5
1/2 172 off 0 0 sllo 1 of 1
Thi du 7.3.2. Xét ma trin
Az[—z, 2|
-2 1]
Phuong trinh dic trung cita A 1a
-3-A 2 2
det(A — Al) = 2 1A =(A+1)" =0

Vay A = -1 12 tr] riéng duy nhét cha A. Vecto riéng ng tri riéng
A =-11a nghiém cla (A + I)x =0 nghia la
2)(1 —2X2 =0
{Zx} —2xy=0

Nhiftng nghiém ctia hé nay la x| = ¢, x5 = £. Do d6 khong gian riéng

gom céc vecto
t |
=t |

Vi khong gian nay 12 mot chiéu, nén A khéng cé hai vecto riéng
doc 1ap tuyén tinh, do d6 khong chéo hod dugce.

Thidy7.3.3.ChoT : R® — R’ 12 mot todn tir tuyén tinh x4c dinh

xl 311 —212
boi T| | xy [ 1=]—2x +3xp
A3 5X3

Hay tim mot co sd trong R’ trong d6 ma trin cia T 12 ma trdn chéo.
Gidi : Néu B = {e,, €5, €3} 1a co sd chinh tic trong R3 thi

1 3 0 -2 0 0
T(e)) =T} |0{i=| 2| T(ep)=T||1 {i=| 3|, T(e5)=T}|0O{]=|0
0 0| 0 0 1 5
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& Sy

nén ma tran chinh tic cha 7 1a

320
A=|2 3 0
0 05

Bay gi¢ ta muon thay ddi co s& 1ir co s& chinh tic B sang co s&
méi B’ = {uy, uy, u3} dé dugc mot ma tran chéo A’ cho 7.
Né&u goi P 12 ma trin chuyén co s& tif ¢d 50 B sang co s& chura biét
B’ thi theo dinh li 6.4.1, A va A" c6 lién hé
A'=P AP,
N6i cdch khdc : Ma tran chuyén co s& P lam chéo hod A. Ta da
timra Pothidu7.3.1.: '

-1 0 1 500
P=1 0 1(vaA’=|(0 570
010 0 0 1

Vi P 1a ma trin chuyén co sd tit B = {e), ey, e3} sang B'= {u, uy, u3)
nén cc cdt cta P 1a [u)]g, [u;]g, [43]p . cho nén

=13 0 1
[ilg=| 1} Uplg=10| bulp=[1]|
0 1 0
-1
Vay up=(-lje; +(ey + (O)ey = [ 1
0

_0_

Uy = (0)81 + (0)82 + (1)83 =10
-1—
_1_.
1

ity = (1)6’1 + (1)82 + (0)83 =

0

1a nhilng vecto co s& tao nén ma tran chéo A’ cua 7.

331



7.3.6. Chéo hoa ma tran co6 n tri riéng khac nhau

Pinh Ii 7.3.2. Néu ma trdgn A cdp n cé n tri riéng khdc nhau thi A
chéo hod duwoc.

Chitng minh : Dua vao dinh If 7.3.1, ta chi cn chimg minh rang ma
trin A c6 n vecto riéng ddc 1ap tuyén tinh. Gia sir cdc tri riéng va vectd

riéng tuong img cla A A A, va uy, i = 1,2, .., n. Dat 5= {uy, uy, ..., u,}
va goi r 12 hang clia S. Ta dénh s6 lai cdc vecto riéng va tri riéng néu cn dé
¢6 r vecto riéng ddu 1a doc 1ap tuyén tinh. Néu r < n thi {u, ..., u, #,) 12
. phu thudc tuyén tinh :
Uy =4y + Cqiy + ...+ Coi,
Nhén hai v&€ v6i A va chii ¥ ring Au, = Aju; ta cd
Acsthes) = 1Ay + codty + o+ CrAgity
Tasuyra
CI(A.H_I - }L])ul -+ Cz(/lH_l - A/Z)Hz + ...+ Cr(lr+l - A[)HI. =0,
Viuy, uy, ..., 4, doc lap tuyén tinh va vi
.)"H—l _2’1 ?‘-'O, Al’+l _)Q #0, wary )'r+l —Ario

néncy=0,¢c,=0, ..., ¢, =0.Vay u,, = 8, di€u d6 trdi gia thift u,,
14 vecto rieng. Do dé r khong thé nhd hon n, nghia 1a ¢6 r = n. N6i

cdch khic ma tran A ¢6 n vecto riéng doc lap tuyén tinh.
Thidy7.3.4. Ma tran

210
A=1320
004
c6 ba tri riéng khic nhau
M=4A=2+3,43=2-3
(ban doc c6 thé kiém tra lai).
Do dé tén tai ma tran kha dao P dé

4 0 0
PlAP={0 2443 0
0 0 2-3
BAI TAP 7.4 - 7.10.

332



@ Ty,

7.4. VAN DE CHEO HOA TRUC GIAO

7.4.1. M& dau

Trong phin nay ta sé& tim 151 giﬁli dap cho bai todn 2b dé ra & 7.3.1
va 7.3.2. Cau tra 15i lién quan dén mot 16p ma tran rat quan trong la
ma trdn déi xitng.

Trudce hét ta nhic lai khii niém ma trén fric giao. Ma tran vudng

A go1 12 ma trén tryc giao néu AlA=T1

7.4.2. Khdi niém chéo hoa truc giao

Dinh nghia 7.4.1. Cho ma trdn vuéng A. Néu tén tai ma trdn tric
giao P sao cho P~ ‘ap & ma trén chéo thi néi A Ia chéo hod truc giao
dugc va P la ma trgn lam chéo hod truc giao ma trdn A.

Ta phai trd 15i hai cau héi : 1) Nhimg ma tran thé nao thi chéo
hod truc giao duge ? 2) Ma tran P thue hién gud trinh chéo hod truc
giao d6 12 ma tran nao ?

7.4.3. Giai bai toan chéo hoa trirc giao

Dinh li 74.1. Gid sit A la ma trin vudng cdp n. Diéu kién cdn va
di dé A chéo hod tric giao duge 1d A c6 n vecto riéng trice chuan

Chitng minh : a) Gid slt A chéo ho4 tryc giao duge. Khi d6 c¢6 mot
ma trn truc giao P sao cho P'AP 1a ma trén chéo. Nhir trong chiing
minh dinh If 7.3.1 d3 chi 18, # vecto cot clla P 14 cédc vectg riéng clia

A. V1 P tryc giao, nén ¢6 thé xem céc vecto d6 1a truc chudn, do d6 A
€d n vectd riéng truc chudn.

b) Gid sit A ¢6 n vectd riéng truc chudn

{Pl 1 Pz;---,Pn }

Nhu trong ching minh dinh 1i 7.3.1 d4 chi 13, ma trdn P nhén cic
vecto rieng d6 1am cdc cot s& chéo hod ma tran A. Vi nhimg vecto riéng
nay 1 truc chuin nén P la truc giao. Vay P chéo hoa truc giao A.
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7.4.4. Chéo hoa truc giao cac ma tran ddi ximg

Dinh Ii 7.4.2. Xét ma trdn vuong A cdp n. Diéu kién cdn va di dé

ma trdn A chéo hod truc giao dugc la A déi xting.

Chitng minh : Ching minh dinh i 7.4.1 chiing 16 ring mot ma tran
cip n chéo hod truc giao duge sé chéo hod tryc giao dugc béi mot ma
trdn P cdp n ma cdc cOt dugc tao nén bdi ho truc chudn cic vecto
riéng coa A. Goi D 12 ma trin

pD=plar
thi A=PDP !
Nhung vi P 1a tryc giao nén
' A= PDP'.

Do dé

A’ = (PDP') = (P)D'P' = PD'P' = PDP' = 4
Viy A= A, nghia 12 A 12 ma tran doi ximg.
Phén nguge lai suy tir dinh 1 7.1.3 va 7.3.1.

7.4.5. Thém mot sé tinh chat cda tri riéng ciia ma tran ddi xing

Vima tran d8i ximg A chéo hod truc giao duge nén t6n tai ma tran
truc giao P dé

P'AP =D
trong d6 D 12 ma tran chéo cédc tri riéng cha A. Vay A va D ¢é cédctri

riéng trung nhau véi cung mdt s§ vectd riéng dﬁc lap tuyén tinh \ing
méi tri riéng. Do d6 cd két qua :

Dink Ui 7.4.3. Néu ma trdn vuéng A doi ximng thi cdc vecto riéng
thugc nhitng khong gian riéng khdc nhau sé truc giao theo tich vé

hitong Euclid trong R".

Ching minh : Gia s A va u 14 hai tri riéng khéc nhau cia A, déng
thoi v thuge khong gian riéng wng A va w thudc khong gian riéng ting
M. Taco

Av=Av, Aw=puw, A # l

V= (v, ¥y, ..., V) € R", W = (W), Wy,..., W) € R".
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Theo dinh nghia 5.7.2 vé tich v huéng Euclid trong R"
SV, WIS VW vawy L+ v ey, = [v]t[w].
Ta phai chimg minh <v, w> = 0. Ta c6
A<y, w> = <Ay, w> = <Ay, w> = [Av])' [w]
= (ADD'TW = )'A'Tw] = [v]'A[w]
=<V, AWS = <y, Uw> = U<y, w.
Do dé :
(A —p)<v,w>=0 |

Nhumg theo gia thiet 4 = u nén déng thic nay bude <w, v> = 0
nghia la v vd w truc giao theo tich vo hudéng Euclid.

Ngoai ra ta con c6

i

Dinh li 7.4.4. Néu ma trgn A d6i ximg thi 56 boi hinh hoc cia méi
tri riéng bdng sé boi dai s6 cia né,

nghia 1a : néu 1ri rieng A la nghiém boi m cia phuong trinh dédc
trung cua A thi ing voi A cé dit m vecto riéng doc Idp tuyén tinh,

noi cdch khdc : khong gian riéng ing A cé s6 chiéu ding bdng m.

Ta suy ra

7.4.6. Quy trinh chéo hea truc giao cic ma tran déi xing

Buoc 1. Tim mot co s& cho méi khong gian riéng clla ma tran déi
xing A.

Buéc 2. Ap dung qud trinh truc giao hod chia Gram — Smidt vao
mobi co s& d6 dé duge mot co s& true chudn cho mai khong gian riéng.

Buéc 3. Lap ma trén P ma cic cot 1a cdc vectd co s& x4y dung &
bu6c. 2. Ma tran P nay sé lam chéo ho4 truc giao ma tran A.

Thidy7.4.1. Hay tim ma tran tryc giao P lam chéo hod ma tran
4 2 2

A=|2 4 2

2 2 4
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Gidi : Trudc hét ta nhan xét ngay ring ma trin A ndy ddi xing.
Phuong trinh dac trung cia A 1la
4-1 2 2 _
det(A-AD=| 2 4-4 2 |=(A-2*8-4=0
2 2 4-A
Ding phuong phép & thi du 7.1.4 ta tim duge co s& cla khong gian
riéng tng A=21a

-1 -1
= 1 \«'i‘lH2= 0
0 1

Ap dung qué trinh tryc giao hod Gram — Smidt vao {u, uz} ta
duge nhitng vecto riéng truc chuan mg A=2

1 1
2 Js
v = L vy, = -L
% %
0 2
J6
Khong gian riéng tng A= 8 la
11
uy = 1
1
- Chuén hod né ta dugc
1
NG
i
V3
1
NG
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Cubi cing ta 18y v, v,, v3 lam cdc cot cho P ta dugc
[
1 1

S
* & &

- &l &~

1
V2
0

V6 A
Ma tran P nay sé lam chéo hod ma trin A.

BAITAP: 7.11,7.12.

7.5. PHU LUC

7.5.1. Chimg minh dinh 1i 7.1.3

Todn ti tu lién hop

Sau day khi T 12 mot todn tir tuyén tinh thi viét T(x) hay Tx ta hiéu
la cling mot nghia.

Dinh nghia 7.5.1. Todn tit tuyén tinh T trong khéng gian Euclid
thuc n chiéu V| goi la ty lién hop néu

<Ix,y>=<x,Ty> Vrx ye Vv,
Gia st B = le|, e,..., e,} 12 mot co s& true chudn cda vV, va
X=X+ x9ep +.. + Xp€ s Y=g v per + .+ ye.
Goi A = [a;;] 1a ma tran ca T trong co s¢ B.
Dinh 1{ 7.5.1.
<Txy>=<x,Ty>o A =4
Chitng minh.
Néu T tu lién hop thi

<T€i, ej > = <ei, TEJ > Vl, j
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Nhung theo cong thic (6.3.6) thi
<Te;, e;> = <g; ,Tei>= ay;, <¢ Tej> = ;.
Vay A’ = A,

Ngugc lai gia su Al=A nghia la a;; = a; Vi, j. Tacé

Zx,el],ZyjeJ = Z xiyj<lej,e;> =

ij=1

<Tx, y>-<T

H
= nyj<e Je> = inyjaji

ij=1 i.j=1

H
Zyle ] >= Z x;‘yj<-‘3i.T8j> =

Oj:l

<x,Ty> =< Ex e, T

n
P

ij=1
Vay <Tx,y> = <x, Ty> Vx,ye V=T wlien hop.
Pinh Ii 7.5.2. Néu T la toan ti ty lién hop trén khong gian Euclid
m chiéu Vo (m 2 1) thi T 6 it nhdt mot tri riéng thuc, nghia la 16n
taide RvaweV, ,wz 8 déTw = Aw.

Ching minh.

Gia sit B = {y), Y30 Y} 12 mOt cO 83 tryc chudn coa V,,
C = [c] = [<y; Ty;>] lamatran cta T trong co 53 B.

Theo dinh Ii 2.6.2 C ¢6 it nhét mot tri riéng. Vi T wr lién hop
nén theo dinh 1i 7.5.1 ma tran C d6i xing. Do 46, két hgp v6i
dinh 1i 7.1.2 ta suy ra C c6 tri riéng thuc 4 € R va vecto riéng thuc

v = (Vg Vo, V) € R"

338



.'(Oé

Khi d6

Tw= 2w, v6iw= v,y + vaya oty €V,

Binh Ii 7.5.3. Néu'T la todn ti tu lién hop trén khong gian Euclid n
chieuV, (n2 1)thiT ¢é n tri riéng thuc va n vecto riéng truc chudn.

Chitng minh.

ViT ty lién hop trén V,, nén theo dinh 1i 7.5.2 tén tai 4, € Rva
1’1 € 1f}l (iég

TVI = /111"], ”91” =1.
Dat
M =Span{v|},N;={v[ve V,,<v,v>=0}

thi N\ 1a phin bi tryc giao ctia M. N6 1a mot khong gian concia Vv,
Tacé difn(Ml) =1,dim(N)) =n-1.

Néun=1thidim(N)=0;V, =V, ; {v} lamét cosochaM, =V,
va do d¢ dinh 1i dugc chitng minh.

Xét trudmg hop n > 1. Khi d6 dim(N,) = 0. Néu y N thi
<vy,y > =0vatheodinh 1{ 7.5.1 ta ¢é

<TIy.w>=<yTvi> =<y, Av> =2, <y, v>=0 =Tye N|.

Vay N, la khéng gian con clia V,, va T 1a todn tir tu lién hgp trén
Ni.Dodéontaidye Rva vy e Ny CV, dé

Tvy = Ay, ||v2|| =1, <y,v> =0

Toan bo 1ap luan trén ¢6 thé 1am lai cho M, = Span{v;,v,} thay

cho My va Ny = {v|<y,v> = 0, <vy,v> = 0} thay cho Ni, vv. Vi

dim(N,) = dim(N)-1=(m-1)~1=n- 2, v.v., nén dén Hn thit »

thi dim(N,) = # — »n = 0 1a dimg lai va dugc » vecto riéng truc chuin
cia T.
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Bink 1 7.1.3. Méi ma trdn A d6i xing cdp n cd n tri riéng thuc va
n vecto riéng truc chudn trong R

Chitng minh. Goi T 1a todn tif tuyén tinh trén khong gian Euclid
v, = R" xéc dinh bdi ma trin A. Vi A d6i ximg nén theo dinh if 7.5.1
T tu lién hop. Do d6 theo dinh 1i 7.5.3 T ¢6 » tri riéng thue Aivan

vecto riéng v; trye chudn trong V,, = R":
TV{ = )"l'vi

Ta suy ra : A ¢6 n trj riéng thuc va n vecto riéng tryc chuén trong R".

TOM TAT CHUONG VII

Tri riéng va vecto riéng ctia ma trin
Cho ma tran vuéng A cidp n
S8 A goi 12 tri riéng cua A n&u phuong trinh
X Axr=Ax, xe R"
c6 nghiém khong tdm thudng ; vecto nghiém khdc & nay goi la
vecto riéng ung tri riéng A.
Pé tim céc tri riéng cia A ta c6 phuong trinh
det(A-ADH =0
goi 1a phuong trinh ddc trung cha A.
Khi dd tim ra tri riéng A thi vecto riéng tuong ing 13 nghiém
khong tdm thudng ciia hé thu:u nhét
A-Ahx=0.
Tri riéng va vecto riéng clia todn tir tuyén tinh
V 1a mot khong gian vects
T :V —V 12 mot todn tir tuyén tinh trén V
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S8 A goi 12 tri riéng clia T néu phuong trinh
Tv=Av,ve V
¢6 nghiém v # 8 ; nghiém v # 8 goi 1d vectd riéng Ung tri rieng A.
Muén tim tri riéng va vecto riéng clia T, ta chon trong V mot co 5&
xdc dinh B, x4y dung ma tran A clia T d6i v6i co s& B d6, tim tri riéng

cua ma tran A, d6 chinh 1a tri riéng cha 7. Con biéu thic clia vecto
riéng thi phu thudc co'sd B da chon.

Chii ¥ rang khi d6i co s& tir B thanh B’ thi ma trin cVa d4nh xa T
d6i v6i co s6 mGi B' s€ thanh A" va A"+ A, nhung vi A’ dong dang véi
A nén tri riéng khong thay déi.

Chéo hoa ma trian

Cho ma tran vudéng A cép #. Néu tén tai ma tran P kha dio cdp n

sao cho P! AP = D 1A ma tran chéo thi n6i ma tran A chéo hod duoc
va P lam chéo hod A.

Diéu kién cin va di d€ A chéo hod duge A c6 n vecto rieng
doc lap tuyén tinh.

Diéu kien di dé A chéo hoda dugc la Acén trl riéng khac nhau.

Cho ma tran vudng A cip n. Né&u t6n tal ma tran truc giao PP =1

sa0 cho P YAP = D lama tran chéo thi n6i A chéo hod truc giao
duwogc va P 1am chéo hod tryc giao A.

Piéu kién cdn va di d€ A chéo hod truc giao duge 1a A ¢6 n vecto
rieng truc chudn.

Pi€u kién cdn va dii dé A chéo hod trirc giao duge 1a A 1a ma tran
ddi xing.

BAI TAP CHUONG VII

7.1. Tim céc tri riéng va co s& cia khong gian rieng clia cdc ma

tran sau :
2 llo —9} 3 [0 3]

1)30
4 -2 4 0

g —1
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-2 -7 00 1 0]
I 1 B

2 -1 2 010 4 -5 2
Hls -3 3 8) -4 4 0 »ls -7 3
10 -2 -2 12 6 —9 4

{1 -3 3 1 -3 4 {7 -12 6
10) [-2 -6 13 1yle -7 8 12) {10 ~19 10

-1 -4 8 6 -7 7 12 —24 13

$ s 0000 0000
3y 49 Ml 000 iooo

-4 0 3 it 001 0 0 0 1

3 -1 0 0

1 0 0
10 |3 5 -3

4 -1 3 —1

7.2.ChoT : P, — P, xdc dinh bi

T(a, + qyx + azxz) =
(5a, + 6ay + 2a;3) — (a) + 8ax)x + (a, — 2a3 yx2
(a) Tim céc tri riegng cua 7.
(b) Tim co s& clia khong gian riéng cia T.

7.3. Ching minh rang A = 0 1a tri ri¢éng cha ma trdn A khi va chi
khi A suy bién.

7.4. Chimg minh ring cic ma tran sau khong chéo hod duge.

300 1 0 1

0 2 -3
1)(2 } 2){ ] Hlo 2 0f #|-1 3 o0
12 1 - 01 2 —4 13 -1

342

B
U



7 T,
‘og,

v

7.5. Tim ma tran P 1am chéo hod A va xdc dinh P~1AP

1)A=_14 12 yaoll ©
20 17 6 —!
1 00 2 0 -2
HA=0 1 1 HA=0 3 0
01 1 - 00 3

7.6. Hoi ma tran A du6i day c6 chéo ho4 duge khong. Néu duge
thi tim ma tran P 1am chéo hod A va xdc dinh P 1AP.

19 -9 —6 1 4 -2
DA=25 —11 -9 2A=|-3 4 0
17 -9 —4 -3 1 3
50 0 000
3)A=1 5 0 HAa=0 0 0
015 ' 3 0 1

2 00 0 2 00 0

Az 0 200 6ac| © 25 -5

0 3 0 0O 03 0

0.0 13 0 00 3

7.7.Cho T : R? — R? I todn tix tuyén tinh
T(xp,xp) = (3x; + 4x_2 » 2x1 + x9).
Hiy tim mt co sd cha R® trong d6 ma tran clia T ¢ dang chéo,
7.8.ChoT : R* — R> 12 todn tir tuyén tinh
T(x),x3,x3) = (2x) — X3 — X3, %] —x3,—X; + x5 + 2x3).

Hay tim mét co sG cha R trong dé ma tran cia T c¢6 dang chéo.

1 o
-1 2

7.9.Cho A =

Hay tinh A!C.
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7.10.Cho A =l
c d

Chimg minh :
(a) A chéo hod dugc néu (a — d)> + 4be > 0.
(b) A khong chéo hod duoc néu (a — d)* + 4bc < 0.

7.11. Tim ma trén P 1am chéo hod tryc giao A va xac dinh P AP -

3 1 s 33
1 3] 33 -1
. _— 2 0 -3
$A=;4?] HA=]0 -3 0
|-36 0 -23
110 2 -1 -1
554=1]1 1 0 6) A=|—1 2 -1
0 0 0 -1 -1 2
3100 5 -2 0 0
1 300 -2 2 0 0
7) A= 8) A=
0000 0 0 5 -2
0000 0 0 -2 2
7.12. Tim ma tran 1am chéo hoa trire giao
a b
A= { R b= 0.
b a
PAP SO

71.1)A=3,(1/2,1); A=-1,(0, 1)
2)A=4,(32,1)

344



'vm
‘og,

R

3 A= V2, BINIZ, 1) A= A2, (-3/412, 1)

4) Khong c6 tri rieng thuc. Khong 6 khong gian riéng.

5)4=0,(1,0)va (0, 1)
6) A=1,(1,0)va(0, 1)

D A=-1,(0,1,-D

A=A =4=2
(1,2,0), (0,0, 1)
N A4 =14, 1L0.
Ay =23 = 0,12,3)
0) 4 =A=Ak=10G11
1) A4 =3,(,2,2)
Ay =23 =-1(,2,1)
12) 4 =4 =1,(2,1,0),(-1,0,1)
A3 =-1,(3,5,6)
13) 4 =1,(1,2, 1)
Ay =2+3i,(3-3i,5-3i,4)
Ay =2 -3, (3+3i,5+ 3, 4)
14) A = Ay =1,(0,0,0, 1)
Ay =2A4=0,(0,1,0,0), (0,0 1,0)
15) 4 =4 =1(1,0,1,0),(,0,0, 1)
A3 =24 =0,(0,1,0,0),(0,0, 1, 0)
16) A=2,(1,1,-1,0), (1, 1,0, 1).
7.2.2)A=—-4,4=3

1::')2,=—4:—2+%Jnr—kx2

A=3:5~2x+ x5 -
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7.5.

7.6.

4/5 3/4
) p= / /
1 i
1/3 ©
2) P = / ]
1 1
0 10
3 P=|1 0O 1
-1 0 1
-2 0
4y P=|0 1
P 0
I} Khong
1 21
2y P=( 3 3
_ 1 3 4
- 3) Khong
-1/3 0
4y P=; 0 1
1 0
5) Khong
1 00
011
6) P=
0 01
0 00

7.7.(2, 1), (1,-1)
. 7'8‘ (1» 11 - l)’ (1! 09 1)3 (13 19 0)

7.9.
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711.1) P =

1/v2 -1/
12 12

32 —-172
1/2 312

3/5 —4/5
4/5 3/5

)P =

3) P=

—4/5 0 3/5]°
4y P=| 0 1 0
3/5 0 4/5

/2 12 o

syh/v2 1142 o
0 0 1

1/\3 Ve
6) 11/d3 —2/J6 0
1743 176

172 12

112 —1/42
0 0
0 0

1J5 o
245 0 1445

0 1Js5 o0
0 2/5 o

D

o e DO
[ = T v B e

8)

142

~1/2

215

piap |t Ol
0 2
8
P lap = 0]
-4
plap=|> ©
0 —25
25 0 0
P'AP=|0 -3 0
0 0 —50
.
0
~2/5
/5
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Chuong VIII
DANG TOAN PHUONG

8.1. DANG TUYEN TINH TREN KHONG GIAN VECTO V

V 12 mot khong gian vecto, R 1a trudng cic s6 thuc.

Dinh nghia 8.1.1. Mot anh xa f: V — R goi 1a mot dang tuyén tinh
trén 'V néun

flax+ B =afxy+Pf») xyeV afeR
Ta ciing né f{x) tuyén tinh déi véix eV,
Thidu8.1.1.
Tich phéan
b .
J(u) = f u(hdr, u € Cla,b]
o .
12 moét dang tuyén tinh trén V = Cla, b].
v = ax, a = const 1a mot dang tuyén tinh trén V = R ;

«w:=ax + b,a= const, b= const khic 0 khOng phai 12 mot dang
tuyén tinh trén V = R.
Dé nghi ban doc kiém tra lai.

8.2. DANG SONG TUYEN TREN KHONG GIAN VECTO V

8.2.1. Dang song tuyén

Dinh nghia 8.2.1. Anh xa ¢ :V xV —R goi 1a mot dang song

tuyén trén V néu né tuyén tinh déi v6i x khi y ¢6 dinh va wyén tmh
d&i véi y khi x ¢6 dinh, tic 1a
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@lkx + hx',y) = k@(x,y) + he(x', ), Vx,x' € V.yeV.vk,h ¢ R
Q(x.ky + hy’) = ko(x,y) + hp(x,y'), x € V.Vy. v e V.VEheR
Thidu 8.2.1. Tich phan

b
O, v) = f w(tw()dt, - u, v € Cla, b] (8.2.1)

1a mét dang song tuyén trén V = Cla, b].
Thidy 8.2.2. Cho x = (x1, 1)) € R%, y = (v, y,) € R%. Ham
W(x,y) = x1y; + xy; + x2y) + x4y, (8.2.2)
12 mot dang song tuyén trén V= R x R = R>.
Dé nghi ban doc kiém tra lai.

8.2.2. Dang song tuyén déi ximg
Dinh nghia 8.2.2. Dang song tuyén ¢(x,y) trén V goi la dang song
tuyén doéi xing néu
Ay, )= lx,y) Vx,yeV.

Thi dy 8.2.3. Cic dang song tuyén (8.2.1) va (8.2.2) 1a céc dang
song tuyén d6i xing.

Tich v6 hudng cia hai vects trong mot khong gian vecto 1a mot
dang song tuyén d6i ximg,.

Dé nghi ban doc kiém tra lai.

8.3. DANG TOAN PHUONG TREN KHONG GIAN VECTO V

8.3.1. Pinh nghia

Dinh nghials..?.]. Khi dang song tuyén «(x, y} doi xing thi biéu
thirc thu duge bing cach thay y béi x

Ax, x) = x, y)

y=x
£01 1a mot dang toan phuong trén V.
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Liic d6 ta néi dang song Luyén (x, y) Ia dang song tuyén goc sinh
ra dang toan phuong (x, x).
Thi du 8.3.1. Tit thi du 8.2.3 ta suy ra : Him
b
oy = [ wwdt, ue Clab]
a
Ia mot dang toan phuong trén V = C[a, b] sinh bdi dang song tuyén
o(u, v) §(8.2.1).
Phi€m ham
W{x,x) = x12 + 2xpx3 + x%, (x1.x0) € R?

13 mot dang toan phuong trén V = R? siph bdi dang song tuyén
Y(x, y) 0 (8.2.2). '

8.3.2. Phan loai cac dang toan phuong

Ta néi dang toan phﬁcng ¥x, x)

(i) x4c dinh duong néu
dix, xp >0 YxeV,x=0;

(ii) mira xdc dinh duong (hay xdc dinh khong 4m) néu
W, x)> 0 VaeV,x=0;

(ii1) xac dinh am néu
Wx, x) <0 YxeV,x=0;

(iv) nira x4c dinh am (hay x4c dinh khong duong) néu
Yx, )< 0 VxeV,x=0;

(v) ddu khong xdc dinh néu nd c6 thé duong cling nhu am.
Thi du 8.3.2.

b
Dang toan phuong f W2(1)dt trén Cla, b] 1a dang toan phuong
a
x4c dinh duong ; '
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Dang toan phuong x,z + Zx% tréen R% 1a dang toan phuong xic
dinh duong ;

Dang toan phuong x,z + 2.r§ trén R> 1a dang toan phuong nira xic
dinh duong ;

- Dang toan phuong 'xlz - 2x% tren R? 1a dang toan phuong diu
khéng xdc dinh.
D& nghj ban doc kiém tra lai.

8.4. DANG SONG TUYEN VA DANG TOAN PHUONG
TREN KHONG GIAN » CHIEU
8.4.1. Dang song tuyén trén khong gian n chiéu
V =V, lamét khong gian » chiéu ;
Gia st ¢ (x, y) 1a mdt dang song tuyén trén V.
Trong V,, ta chon mot co s& xdc dinh :
S={ej. e, ..., €,)

Khi d6 x, y € V,, c6 biéu dién

.M N
i=1 j=l

{(xy, X3, ..., x,,) 12 toa do clia x con (Y15 ¥25 o ¥p) 12 toa d6 cia y trong
cosg S,

Do dé

Yix, y)= ¢

N H N
zz] S et e .
i=] =1

i, j=1
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Vay % (x, y) c6 biéu thirc |

Yix, y}= 2 X,y (8.4.1)

i j=\
trong dé a;; = (e e)) g01 1a biéu thiic toa do ciia Yirong co so'S
Ma trin
= [ayl = [¥(e;, €] (8.4.2)
goi 13 ma trdn cita dang song tuyén 1 trong co sé §.
Chi y 8.4.1. Dang ma trin cia 3.
Theo chi ¥ 6.1.2 chuong 6 1a ¢6
X

1
(el =2

xﬂ

Vayco

W, ) = E a;xy; & ¥xy) =[xl Al = DI A, (8.4.3)
i j=l
trong d6 ma tran A xdc dinh boi (8.4.2).
Ta goi (8.4.3) 14 bidu thitc ma trdn hay dang ma trgn cia ¢
trong co sG S.
Bay gio cho n? s6 bl.}. bat ki tidc 14 cho ma tran B = [bU] cdp n bat
ki va xét phiém ham
. n ’
Ple )= Y by, =(aly Blylg =Dl Blxlg  (8.44)
i j=1
Ham nay tuyén tinh d6i véi x khi gitt y ¢6 dinh va tuyén tinh d6i vdi y
khi giit x c6 dinh nén né la mot dang song tuyén nhan B lam ma tran.
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8.4.2. Dang toan phuong trén khong gian n chién
X¢ét dang song tuyén # (x, y) c6 dang (8.4.4) x4c dinh b&i ma tran -

B = [bj]. Khi b; = by, titc 1a khi ma tran B d6i xing thi theo dinh
nghia 8.3.1
H .
@ (x, x) = [x]§ Blx]s = Z b.x.x.

yorg
ij=1

12 mot dang toan phuong trong co s& S ciia khong gian v,

Lic nay ma tran d6i xing B cia dang song tuyén trd thanh ma
tran cua dang todan phuong trong co sé S.

Nhu vay, moi dang toan phuong déu 12 mot ham bac hai ding cdp
ddi véi céc bi€n x|, x,, ..., x,, v6i ma trin d6i xtng.

Bay gid xét ham bac hai dng cdp d&i véi x|, x5, ..., x, bat ki ;

H
@{x, x) = .Zl b,}x,.xj
ij=

Khi dé

e = D by, =ixlg Bl B=ib;]

ij=1
1a mot dang song tuyén.
Né&u B khong d6i ximg thi ¢ (x, y) khong d6i xing, cho nén @ (x, x)
da cho khong phai 1a mot dang toan phuong xac dinh bdi ma trin B.

Nhung vi 18 rang X;X; = X;x; néntacé thé vigt lai ¢ (x, x) :

n
1
o= .ZIE (B + b))%
Lj=
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Do 46 néu dat
1 .
C=lel= [5 (b + bﬁ)]

thi ¢ (x, x) ¢6 thé viét

@ (x, x) = Z XX = [x]5 Clx)g

i j=1
d6ng thoi, ma tran C d6i xing. Vay ¢ (x, y) = [x); Cly] 1a dang song
tuyén d6i xing xdc dinh béi ma tran € va do d6 ¢ (x, x) = Ixl5 Clxlg
12 mot dang toan phuong xic dinh bdi ma tran C.

Nhu viy moi ham bdc hai ddng cdp ddi véi x,, X, ..., X, bao gid
ciing c6 thé viét thanh mét dang toan phuong déi véi cdc bién dé
trong co 50 S.

8.4.3. Truong hop riéng : V,, =R".
Bay gid X6t x = (X, X,, .. %,) € R" thi
x=x i txfy +ot xf, ;=001 0,...0)
R | ‘n-i

Do d6 Xy, Xy, s X, la toa do cha x trong co sd chinh tic

F=1{f;, fyr [} claR".

Vdy moi ham bdc hai ddng cdp d6i vdi cdc tog dé
(x)5 Xys e x,)=x¢€ R".

"
Z b:jxi x J

ij=1

voi ma trdn hé s6 B = [b;] Id'mét dang toan phuong véi ma tran
C = [b;j + by} / 2] trong co s& chinh thc cla R".
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Chi ¥ ring co s§ F 1a mot ¢o s truc chudn theo tich vo huéng
Euclid cha R". '

8.5. RUT GON DANG TOAN PHUGNG

8.5.1. Dang chinh t#c ciia dang toan phuong trén khong gian r chiéu

Bi€u thic clia dang toan phuong trén V, phy thudc co s& S
Thudng né chira ca s6 hang binh phuong xf ¢a s6 hang chéo XX

Dinh nghia 8.5.1. Biéu thitc ciia dang todn phuong trong co s §
chi chita cdc 56 hang binh phuong
) :

o x;{

2 2
1 4—aéx2-+”.+~a'x

nooH
goi la dang chinh tdc cia né trong co s S.

Ma tran cba dang chinh tic nay 12 ma trdn chéo -

n
Mot dang toan phuong & dang chinh tic ¢ thé phan loai dé dang,
ching han nhu né x4c dinh duong néu (it ca céc he¢ s o > 0.
8.5.2. Riit gon dang toan phuong
Gid st V,, 1a mot khong gian » chiéu va S 1a mét co sd clla nd. Xét

trong co s§ S dang toan phuong

n

_ _ .t

O, x)= 3 a;xx; = x'Ax, (8.5.1)
i, j=1

trong d6 ma tran A = la;]1 12 ma tran d6i xing. Rt gon dang toan

phuong 1a dua dang todn phuong vé dang chinh tic béng nhitng
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~ phép ddi bién tuyén tinh thich hop ; diéu do tuong duong voi viée
tim mot co s& méi trong d6 dang toan phuong chi chifa cic s6 hang
binh phuong. '

8.5.3. Phuong phap déi bién truc giao (hay phuong phédp chéo hoa
truc giao)

Gia skt V,, 1a mot khong gian ¢6 tich vo hudng va S 1a mot co sO
truc chudn ciia né. Xét trong co s& § dang toan phuong (8.5.1).

Muén rit gon dang toan phuong (8.5.1) ngudi ta d6i sang mot co
s& tryc chudn méi §” = le';, €'y, .., ¢', | thich hop.

Vi ma trén A d&i xtng nén theo dinh i 7.1.3 n6 c6 » vecto riéng
truc chudn :

fi fyron £,
ng vdi n tri riéng

Ay e A

Chon co s& mdi 1a _
S =f e £
va goi P 1a ma tran chuyén co s tir $ sang §” :
fx]g = Plxlg.. (8.5.2)
Trong S dang toan phuong (8.5.1) trd thanh
(Plxls) APLx]g) = (Ix]g)' P* APLx]g = (g A'lx)g..

Vi § va §’ ciing tryc chudn nén theo dinh 1i 5.8.21a¢6

A

Pr=Pl=A=PAP=PAP=D= h

n

Vay bing phép déi bién (8.5.2) dang toan phuong (8.5.1) di cho
trong S s& cd trong §” dang sau :
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A+ 40007 + L A e P (8.5.3)
D6 1a dang chinh téc trong ¢o s¢ §* clia dang toan phuong di cho.

Phép déi bi€n (8.5.2) cé ma trin chuyén co s& P 13 ma tran truc
giao, cho nén phuong phdp nay goi 1a phuong phédp ddi bién truc giao.

N6 dya vao quy trinh chéo ho4 triuc giao ma tran d6i xiing A nén
nguoi ta ciing goi nd l1a phuong phdp chéo hoa truc giao ma tran.
Vay co ’

Dinh If 8.5.1. Moi dang todn phuong cho trong mét co sé tric
chudn c6 thé dua vé dang chinh tdc bing mot phép ddi bién truc giao.

- Thi du 8.5.1. Xét dang toan phuong trén R? xdc dinh béi
Q (x, x) := 5x] — 4x,x, +8x3 . (8.5.4)
trong ¢o s& chinh tic
{81962}! el=(l! 0)! 82=(09 1)
N6 c¢6 ma tran d6i xvng
[5-2
128

Ma tran déi xing nay cé hai tri rléng A =4, /'LZ 9 ing vdi hai
vectd riéng truc chuin

1 (2 1 |-l
v=—=l |, V=—
1 Jg 1 2 Jg y)
tao thanh ¢o s& tryc chuin mdi trong dé dang toan phuong di che c6

dang chinh tic d6i véi bién mdéi (&, &) :

Q=4 +9£2. - (85.5)
Cong thirc ¢6i bién 1a

x 1 [2-111¢
alElE] e
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Sau day 1a mot hé qué cua (8.5.3) :
Dinh li 8.5.2. O(x, x) la m¢t dang toan phuong trong co 5o tric

chudn ciia khéng gian Euclid n chiéu véi ma trdn doi xiing A. Goi A;, ,

i=1,2,.. nlacdctririéng ciia A. Khi d6 dang toan phitong sé

(i) xdc dinh duong khi va chi khi A; > 0véi 1l <i <n:

(if) mita xdc dinh dwong khi va chi khi A, > 0véi 1 <i <n;

(iii) xdc dinh dm khi va chi khi 4; < Ovéi 1 <i <n; _

(iv) nita xdc dinh dm khi va chi khi 4, <0véil <i <n

(v) ddu khéng xdc dinh khi va chi khi vita cé tri riéng duong vita
cd tri riéng dm. .
8.5.4. Phuong phép ddi bién tam gidc hay phwong phap Jacobi

Xét dang toan phuong Q(x, x) trén khong gian n chiéu V,,. Trong
cosocliS={e,e,,.., e,} n6co biéu thiic

- x, x)= 2 a.fjxij s {8.5.1

i j=1
trong dé
al-j =Q(e,'!.ej) =Q(ej9 e"):aﬂ'- (8.5.8) ‘
Giastr
all alz e alk

A = 1% N Lo k=120 (859)

%1 G2 o Ok
D¢ tim mot co s& mbi §” = {f, f,,... f,) trong d6 dang toan
phuong khong cé s6 hang chéo ta tim céc f; sao cho
QU f)=0 i=k k=12, .,n (8.5.10)
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Mu6n thé ta dat
h=9,¢
h=0y e taye,
(8.5.11)

f;1=anl l+0.'2€2+ +ama n

v xdc dinh cidc a; sao cho (8.5.10) thoa man.
Tir (8.5.11) tasuyra :
Ofre) =0,i=1,2, .. k-1 _:"Q(fk,f,') =0, i=1,2, .., k-1
Do d6 dé ¢6 (8.5.10) ta chi cén thod min diéu kién
Ofye)=0,i=1,2,.. k-1, k=1,2,.,n (8512)

Vi v€ phai cia (8.5.12) bing khong nén cdc diéu kién (8.5.12)
xdc dinh f; sai khic mot heé s6 nhan. D€ an dinh hé s6 d6 ta dat
thém diéu ki¢n

Of . e)=1, k=1,2, ... 0 (8.5.13)
Véi mdi k xdc dinh, diéu kién (8.5.12) va (8.5.13) viét
h1% Y90, tetapoy =0
G % *tap %,  tetayd, =0
(8.5.14)
G-t %1 ¥ G-ty B F ot g Y =0
ay, oy + dp, 0, ot a, q = 1.

Dinh thitc cha hé (8.5.14) chinh 1a 4, ma 0 (8.5.9) 1a d4 gia thi&t
khic 0. Vay f; duge xdc dinh véi moi k. Ta suy ra

A _
LS (8.5.15)

a,, =2
Kk
A
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Bay gid trong co s méi 8" = {f}. f, .. £} thoa min (8.5.12) va
(8.5.13) dang toan phuong O c6 biéu thic

Q= z bué,’éj v

hj=1
trong d6 & = (§}.&,. . 5,) 1a bi€n méiva b, =Q(f, f)).

Theo (8.5.i0) thi b!'j =0 khi{ = j. Chonén .

Q=Y bt (8.5.16)
i=1

Pé tinh b, tacé
by = QU f)=0QUp & g t &y e + . + O ¢).
Do d6 theo (8.5.12) tasuyra
by =0y Qfiie) + &y Of;s ) + o + 0 Ofh ) = @
Chi y dén (8.5.15) ta cé

b. =0, =—=L (8.5.17)

Vay cd

Dinh li 8.5.3. Dang toan phuong Q(x, x) da cho cé dang chinh tdc

trong co 508’ :

1 A
Q=—~§f+i§§+...+z—“aj§. (8.5.18)
Al AZ n
Can ct vao (8.5.11) ma tran chuyén co s& 12 ma trin tam giac trén :
R P IR
P 0 a, o,

0 ) amr

cho nén phuong phip Jacobi cdn goi Id phuong phdp d6i bién tam gidc.
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Thi du 8.5.2. Xét dang toan phuong (8.5.4) & thi du 8.5.1. N6 c6
ma trin
[5-2
|2 3

5-2

4 =5>0, 4, =[-_2 8}=36_>0‘

Vay dang toan phuong (8.5.4) ¢6 dang chinh tic

Do dé

Ll A 1o 5,
Q—A1§I+A2€2—5§1+36§2. (8.5.19)

Muén tim cong thitc ddi bién ta phii x4c dinh cdc vecto co s&
mdi fl‘ f5 - Ta dua vio (8.5.11), (8.5.12), (8.5.13). Ta c6

fl =G.'“ el ll‘ 0)
L= e taye, = GRS
Dé xdc dinh ¢, ta viét theo (8.5.10), (8.5.11) khi k = 1
] 1 1

bé xdc dinh Q,| VA @,, ta vi€t theo (8.5.10), (8.5.11) khi k=2
Q(fz» 81) =0, Q(fz' 32) =1

tirc 1a apy O + alz Oy, =0
| ay) Oy + Gy Oy =1

Do dé
30,y =20y, =0

—Zazl +-8«:::22 =1
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Ta suy ra 0y = 1/18 va a,, =5/36. Vay
1 5
f = (18' 36)
Vay cong thitc déi bién 1a
x 1/5 118] [¢
! =[/ / ] ! (8.5.20)
x,| Lo 53]\ _
Mot he qua clia dinh 1i 8.5.3 12 phdn ddu cla dinh li sau :

Pinh Ui 8.5.4. Dang toan phuong (8.5.7) xdc dinh dwong khi va
chi khi .

A>0,1<i<n (8.5.21)

Chitng minh. Diéu kién (8.5.21) 1a diéu kién du vi d6 la he qua
cia dang chinh tac (8.5.18).

Muén chimg minh (8.5.21) 12 diéu kién cin trudc hét ta chimg
minh A # 0 Yi. Gia sir

Qley, ¢;) Ole). e) ... Qleys €)
A Q(e . €,) Qley, &) ... Qle,, €;)

 : =0
Ole;, e,) Qle;, e,y) ... Qlegu €))
Lic dé t6n tai / hing 6 ¢; khong déng thdi bing khong dé
¢ Qe €)+ ¢, Q(ez,'e_‘.) +..t+c Ol e) = 0
= Qfc; ¢, €) + Q(cy, €5, €3 + .t Qc; e;,¢) = 0
= Qe gty +.t e, g)=0
= Q(cl e tey e+t e,0e Feye +...+c;.el.)=0
=gty et.te =0 _
Diéu d6 mau thuln vdi tinh doc 14p tuyén tinh cia {e;, e,, ... ¢;}.
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Bay gi&r néu ¢6 mot s§ A; <0 thi trong cic hé s6 cha dang chinh
tic (8.5.18) vira ¢6 hé s6 am vira cé hé s6 duong. Do dé néu chon g
nhw sau :

T

{O khi hé 58 coa £, duong
1 khi hé s6 cia & am

Vai §=(§1,§2,..., ¢§,) chon nhu vay ta s& thay 0.5 <0.
Diéu nay mau thudn véi Q(x, x) x4c dinh duong.

Vay khéng thé ¢6 4. <0, cho nén (8.5.21) ciing 1a diéu kién cén
dé O(x, x) x4c dinh duong.

Thi du 8.5.3. Dang toan phuong (8.5.4) & thi du 8.5.1 o6
4,=5>0, 4, =36 >0 nén la dang toan phuong xdc dinh duong.

8.5.5. Phuong phap Lagrange

Trong co s& § clia khong gian hitu han chiéu V,, xét dang toan phucng

(xx)—Za X X,

gty G T Gy
iLJj=1
Gid sir a| # 0. Ta'nh6m céc s6 hang chia X
O=a X2 +2a.x x, + +2a,xx, +..+a x?
=T 127172 e In1 mn
Do d6
Q" ("11 X Fapx, +ta,x )’ +Ql‘
trong doé ¢, khong chita X, nifa. Dat

»=apx ta,x, -i-...-!-aln,vc‘,l sV =X =2,3,..n

thi c6 Q=— y,+Q1,
- 41
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trong d6 Q; khong chita y, :

M
Q = Z b:'jyt'yj'
i, j=2

Sau d6 ngudi ta 1am vigc v6i @, chi con chifa cdc y,, yy, .., ¥,

nhu véi @ trude. Ci the, cho t6i khi thu duge biéu thitc khong chia
cdc s6 hang chéo nira.

Néu a;, =0 ta di tim trong s6 cdc ay,,.... 4, c6 s6 nao khic 0,

Hh
ching han a,, # O thi ta d6i vai rd a,, thay cho q;,.

Néu tdt cd cic ¢ = 0 thi tén tai {t nhdt mot s6 hang 201} X X, voi
a; # 0. Luc do6 ta dat

X TV Y Xy =Y T X =Ykt
thi co
a2 2
2a; x; x; = 2a;; (y; .yj).

nghia Ia trong biéu thic cha dang toan phuong da xudt hién cic sé
hang binh phuong. Ta ti€p tuc lam lai tir ddu.
Bay gid ta xét mot thi du.
 Thi du 8.5.4. Xét dang toan phuong (8.5.4).
Ta viét

4
O(x, x) = 5[112 e xz] +8x3 =

ta duoc Q(x, x) = Sy? + Ea y2 (8.5.22)
Pé 1a dang chinh tic cén tim.
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Thidu 8.5.5. Xét dang toan phuong

Olx, x) = 2x1 X, + 4x1 X3 = 122 - 8x§

Ta viét lai
Qx, x) = —x% +2x) %, + dx x5 — Sx?:f

va dat x =8, 5 =&, xy =&,
thi duoc Qx, x) = —EF + 28 &, + 4&, &, - 8E2

Ta viét lai

Oxx) = —(§ —&,)* +EF +4L,E, — 882
va dat =68 =5 y»n=§
thi duge
O(x, x) = —y] +¥3 +4yzy3 — 8y3.

Ta viét lai

Q(x,x)=— yf +(y, + 2y,) —4y32 -8y =— yf +(y, +2y;)° —12y§
va dat =Y Th=yyt2y;. =Y,
thi duge O(x, x) =—n? + n2 — 1212

vdi cdc cong thiic dbi bién
Mm=yn=5-&=x-x
N, =y, +2y, =§2 +2<‘§3 =x, +2x,

M =y3=8=x,

hay
X =1, =21,
Xy =1+, — 2 (8.5.23)
Xy =T;.

Hé¢ qud. Cho trong co 56 S cia khéng gian V., dang toan phicong

Q. Ton tai it nhdt mot co 56 8" trong dé Q cé dang chinh tdc.
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~ 8.5.6. Dinh luat quan tinh

Mot dang toan phuong c6 thé cé nhiéu dang chinh tac khic nhau
(trong nhilmg co s& maGi khdc nhan). Vi du dang toan phuong (8.5.4)
c6 it ra 12 ba dang chinh tic khac nhau : (8.5.5), (8.5.19), (8.5.22). S&
di vay 1a vi ta di sir dung ba phép ddi bién khdc nhau, dé 1a (8.5.6),
(8.5.20) va (8.5.23).

Khi mot dang toan phuong duge dua vé dang chinh tdc bing hai
cdch khdc nhau (tite 1a trong hai co sé mét khdc nhau) thi 56 cdc hé
s6 duong bdng nhau va sé cdc hé s6 am bang nhau.

Pé 12 ndi dung cia dinh luét quéan tinh.

Tir phat biéu trén ta suy ra: sé cdc hé s6 bdng khéng ciing
bang nhau.

8.6. AP DUNG

8.6.1. Ap dung 1 : Nhan dang dudng bac hai
Xét phuong trinh bac hai t6ng quédt d6i vG6i cap toa do dé cic

(x;, x,) cha diém x € R?
ax? +2bx x, +_cx§ +2gx, +2hx, +d =0, (8.6.1)

trong d6 a, b, ¢, g, h, d 1a nhitng s& thuc cho trudc. Ta mudn biét
dudmg bac hai nay 1a dudng gi ? dudng tron hay dudng elip 7 v.v.

V& trii cha (8.6.1) 1a t6ng cia hai ham : mot ham bac ha1 g va mot
ham bac nhit p véi

g = axl +2bxyx, + cx%. p =12gx +2hx, +d.

Ta nhan thiy ¢ 12 mot dang todn phuong trong cosd S= {i = (1, 0),
J=(0,1)} cla R v6i ma tran déi xing :

_|e? (8.6.2
b e 6.2)
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Phuong trinh dic trung clia A 1
a-A b

2 2
= _ A -b° =0.
. =A°-(a+ A +ac =0

N6 ¢6 hai nghiém thuc A va 4, thod man diéu kién

ll.)?=ac—-b2, )1+/'|2=a+c.

D6 1a hai tri rieng thyc clia A. Hai vecto riéng tryc chudn tuong
iing ¢ dang

fu] [ﬁzJ
fi = N .
‘[51 27 | fa

Bang phép déi bién sang co sd méi §' = {f» 5}

X i fl2:| Fl }
= . (8.6.3)
LJ [le ] %

X P &
ta dua dang toan phuong ¢ vé dang chinh tic trong co s& mdéi :
4= he + 2t}

Do d6 phuong trinh (8.6.1) ¢6 dang
MEL + AE2 + 290, +2hx, +d = 0
Hay
hay : |
31512 + 32522 +2g'8 +2h°, +d =0, (8.6.4)
trong dé
g' = gh tify. B =gf, +hf),
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I. Trudng hop A va A, khac 0 va cung dau, tuc 1a khi
ac-b?>0.
Ta vi€t lai phuong trinh (8.6.4) :

og] sl we

trong do

oA ] e

Ap dung cong thiic tinh tién truc (xem muc 4.2.5) :

4 L
X’—§1+Z, X2_§2+Az
ta dua (8.6.5) vé dang :
I XL+ MXT =d' (8.6.6)
1. Gid sit d’ # 0 va cang ddu vdi A, A’Z Ta chia hai v€ clia (8.6.6)
chod’: '
2 2
X .5
(d'/A) (d'i4)
Day 14 mot elip thue véi cic bin truc | fd'f).l vi ,/d'/}T
Dic biét n€u A, = A, nifa thi elip thyc trd thanh mot dudng tron
thuc véi ban kinh /d'/ )‘l .

(8.6.7)

2. Néu d' # 0 va khdc ddu cita A, A, thi (8.6.7) viét
2 2
X . X5 -1
2 . 2 '
if=d'IA) i(=d'IA)
va ta cd mot elip véi cac ban truc ao i, ’—a"/ﬁ1 va i, /—d '/22. Ta goi

nd la moét elip ao.
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3. Néu d’ = 0 thi (8.6.6) cho

2 2 _
AIXI +/'l]X2 =0.

Cé dudng bac hai thu vé mot diém (X, =0,X, = 0.

. Trwdng hodp 4 va A, khac 0 va khac diu tic 1& Kkhi
ac-b? <0,
Gia sl }‘l >0, 4, <0.
- Gidng nhu & 1. ta ¢6 (8.6.6).
1. Néu d’ = O thi tir (8.6.6) ta suy ra (8.6.7) va (8.6.7) cho :
i R TI
Bay gio di dau cia 4’ thé nao ta cing ¢6 mot hypebon.
2. Néu d’ =0 thi (8.6.6) viét

AXE - (2,50 =0

My Tyl

Do dé cd

Pay 1a hai dudng thing cit nhau.

. Truong hop cé mdt tri rieng bing 0 tic la khi
ac-b%>=0va a+cz0.
Gia sur )’l # 0, /'Lz =0, phuong trinh (8.6.4) viét

AL 288 1208 v d =0, (8.6.8)
1. Néuh’ = 0tacd
1 2 :
§2 = __-(A'lgl +2g é] +d)
2h
Day 1a mot parabon ¢6 truc song song véi truc «’,’2.
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2. Néu h’ = 0 thi (8.6.8) viét

N2 e
[él + —i—] + % =0 (8.6.9)
trong dé |
d"=d %
a) Néu d” = 0 va khdc ddu cia }‘1 thi (8.6.9) chq
S S B
SR

D6 1a hai dudng thing thuc song song.
b) Néu d” = 0 va cing ddu véi ’11 thi (8.6.9) cho

_ &
K

D6 1a hai dudmg thang do song song.
¢) Néu d’’ =0 thi (8.6.9) chi con

oot 0=(e )

Pé 1a hai dudng thing thyc triing nhau.

IV. Trudng hop A4 = Ay = 0 tirc 1a khi ac-b?=0 va
atc=0.

ac-b*=0,a+c=0=a" +c>+20* =0 a=b=c=0

Viy phuong trinh bac kai (8.6.1) chi con s& hang béc nhét

2gx) +2hxy +d =0 ‘

D6 1a mét dudng thing.
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Tém lai :

Khi & = 5> — ac <0 thi dudng bac hai di cho Ia mot elip thuc
hodc ao ; .

Khi § = b* - ac >0 thi dudng bac hai da cho la mot hypebon
hoic hai dudng thang cit nhau. _

Ngudi ta xem hai duong thang cit nhau 1a mot hypebon suy bién.

Néu § =b% —ac=0 va a + c = 0 thi duong bac hai di cho Ia

mot parabén, hay hai dudng thing thirc song song hay hai dudng
thing 4o song song hay hai dudmg thing thuc tring nhau,

Ngudi ta xem hai dudng thang thuc song song hay hai dudmg
thang 4o song song hay hai dudng thing thuc tring nhau 1a mot
parabon suy bién.

Dac bietkhi b* ~ac =0 vaa+c=0Otic lakhia=b = c = O thi
dudng bic hai thu vé dudng bac nhat tic 12 mot dudng thang.

Du6i day khi trinh bay cdc thi du néi chung ta khong st dung
céc cong thic phién phic & trén mi chi 4p dung cach lam twong ty
vao nhitg phuong trinh bac hai cu thé. :

Thi du 8.6.1. Hay nhan dang dudng cong phiing cho bdi phuong trinh
Sxf —dxx, +8x2 =36 (8.6.10)
Gidi : D6 1a phuong trinh

2 2 _
a X+ 2a12x1x2 + ) = 36

vt 01125, 012=—2, 022=8
a sy |- 5 -2
V@y A= 11 12 - j‘
Ay -2 8
Ma tran déi xiing A c6 hai tri riéng

va hat vecto riéng tnyc chudn V], Vo tao thanh co s§1 truc chudn B ;
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2 1
NI
B={]:vl]E.[v2]E}= ~1_ ’ 2
sl L Vs
Ma trin chuyén co s& it co s& chinh tic sang B 12
2 b
NEEIN
P=
1 2
55

A s 1a < . . e 2
Ma tran nay sé& lam chéo hod truc.giao ma trin A. Véimoix € R

o A x|
ta ki hiéu [x]E = Pt [x]B = o b
2 2

Vico
{xlg = Plxlg va [x]y = P'[x]g
nén ta suy ra

[z Alx]g = [xIp(P'AP)x]g = [x]p Dixly,

D=P‘Ai>=[':]‘ 2}:[: g].

4 o]«
)3 D(x] 5 =[x'lx'2][0 9][ l]:4x'f_+ 9x3.

trong do

Do dé

Xy
Vay phuong trinh (8.6.10) trong toa d¢ cii (xy, xy) ird thanh
phuong trinh trong toa doé mdi (x';, x’5) :
2 2 _
4x'y+9x%; =36,
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2 2
. X X,
thla la —9—+T =1.

D6 1a phuong trinh chia dudng elip trong hé truc méi x* 1,X2 €6 bdn truc
16n 14 3 va ban truc nhd 13 2.

Cong thic déi bign

[X]E=P[x]3

2 _1
viet [le: NN {le
X2 12 |,

5

= —x'

1, 1 .2,
AL, Xy = —=x =X,
TETTE R T EN R

b6 1a cong thic quay truc mot géc 8 sao cho

vacho x

2
cos@ = —: smG =—:
5 7

diing la
y
Y
00529+sin26‘=i+l=-5—=1 "
| 55 5
. )
Vayttrhé;u-uccﬁtacémédmghetmc >
mdi, sau d6 dung dumg elip.(hinh 55). /@
Thi dy 8.6.2. Hiy nhan dang dudng '
cong phing Hinh 55
20
Sx{ - 4xx, +8x2 + J‘ J‘ n+4=0  (86.11)
Giai : Vai
5 2 20 —80]
A= va K =
. 2 e [E %
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Phuong trinh (8.6.11) viét

[x]i Alx] + K[x]g +4 = 0. (8.6.12)
Nhu & thi du trén da rd
| 2 1
R R
1 2
55
lam chéo hod truc giao ma tran A. Thay [x]; = P[x]B vao (8.6.12)
ta dugc _
(PLx1g) A(Plxlg) + K(P[x]g) +4 =0
hay

[x]‘B(P‘AP)[x] g +{(KP)xlg +4=0. (8.6.13)

. , _[4 0]
Vi P AP =
0 9
2

1
va KP=[-"E ﬂ] BB g
o1 2
N
nén (8.6.13) trd thanh
4x+9x3- 8y = 36x",+4 = 0. (8.6.14)

Ta viét (8.6.14) thanh
Hx2—- 20 # 1)+ Hx- dx'y+ 4) = —4 + 4436

tirc 1a a(x' = 1* +9(x',- 2)* = 36. " (8.6.15)
X, = x| -1

Dat . (8.6.16)
X, =x,-2
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thire (8.6.16) (hinh 56). 0

ta thu dugc tir (8.6.15) y\ y
2 2
. E(I— + ﬁ" =1. y
9 4 '
Vay dudng cong phdi tim 13 mot
dudng elip, thu dugc bing tinh tign
dubng elip & thi du trén theo cong

8.6.2. Ap dung 2 : Nhan dang mat '
bac hai X
Céch giai tuong tu cach lam déi — \
vd1 dudng bac hai.
Xét phuong trinh bac hai téng Hinh 56
quat doi véi bo ba toa do dé cdc (x), Xy, X3) clia diém x € R>

axlz + bx22 + cxg + 2rx1x2 + 2le Xy + 2rx2x3 +
Zexl + 2gx2 + 2hx3 +d =0, (8.6.17)
trongdoda, b, c,r, 5,1, e, g, h, d1a nhimg s6 thuc cho trude.

VE trdi cla (8.6.17) 12 t6ng cia hai hAm : mot ham bac hai g va
mot ham bac nhat p véi
q:= mfl2 + bx% + cxg + 2:‘x1x2 + 2.\'xlx3 + 2tx2x3,
p=2ex; + 2gx, + 2hxy +d = 0.

Ta nhan thdy ¢ 14 mot dang toan phuong trong co sG¢ S = {i = (1,0,0),
j=1(0,1,0), k= (0,0,1)} cia R® v6i ma tran d6i xing :
a r s
A=ir b r].
5t ¢

Phuong trinh dic trung cla A 12

a-A r s
r b-A t =0
5 ¢ c—A
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N6 c6 ba nghiém thyc 4, A, va 4;. D6 1 ba tri riéng thuc clia
A. Ba vecto riéng trizc chudn tuong tng cé dang

M ha hs
h=lfa| HL={lal =1
f3 f f3

Bang phép doi bién sang co sdméi ' = {f}, £, £}

X h fiz hs él‘
5=\ fa hHil-|&

L*3] by S fys) f_;_‘
x ;’ &

ta dva dang toan phuong ¢ \_fé dang chinh tic trong co s mdi :
0= &2+ I} ]

Do d6 (8.6.17) cé dang _

AEZ + M,E2 + ET +2ex) +28x, +2hu; +d =0 (8.6.18)
hay

MED +Aly + M8 +2e(fy & + fidy + haby) +

2881 + by + Ha83) + 2hfy by + fipby + f1383) +d = 0
hay '

M2+ 02 + AT +2e'E, +2g'E, +2h'Ey +d = 0, (3.6.19)
trong dé

e =ef teh thf &=y ey Yy
h' = efyy + 8fyy + Hfs3.

Sau d6 4p dung nhimg phép tinh ti€n truc thich hop ta c6 thé
dua cdc phuong trinh trén vé cdc dang don gian va tir dé suy ra dang
cua mat bac hai. Sau ddy 12 moét s trudong hop hay gap.
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I. Trudng hop 4, Az va A3 khac 0 (khi det(A) = 0) va
ciling dau
Ta viét 1ai (8.6.19) :

1y2 (32 12
o sl £ afort) -
= a s E @) )

AR L

Ap dung cong thic tinh tién truc :

]

e g A
ta dugc
AXE+AX2 4 A XE = a 6
1+ XS + X =d (8.6.21)
1. Néu d’= 0 va ciang ddu véi cac tri riéng thi (8.6.21) viét
ﬁxf +*;'lX§ +ﬁx§ =1
d' d' d'

D6 1a mot ma elipxoit thue.

Pac biét khi A =4, = A, thi mat elipx6it thyc tr& thanh
moOt mat ciu bdn kinh d'/4,.

2. Néu d' =0 va khdc dd ciia cde tri riéng thi (8.6.21) viét
A &) A
1 2 2 2 _ .2
EXI +?X2 +}-X3 =1
b6 1a moét mat elipxoit do.
3. Néud' = 0 thi (8.6.21) vit

2 2 2 _
A X +AX) +AXT = 0.
Vay ca mit bac hai thu vé moét diém X;=0. X, =0, X; =0).
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II.-Tru‘i‘:lng hop ba tri ridng khac 0 trong dé co hai tri
riéng ciing dau va mét trj riéng khac dau

Gia s /11 >0, 'lz > 0,4, <0. Gidng nhu & I. ta c6 (8.6.21).
1. Néud > 0thi(8.6.21) cho
Mozl [Ch)ye
—X| +?X2 -[—FJXP) =1
D6 1a mot mit hypeboloit mot ting.
2. Néu d’ < 0 thi (8.6.21) cho
_d? _d‘ dl
Pé 1a mot mat hypebolodit hai tang.
lil. Trudng hgp c6 mét tri rieng béing 0, con hai trj riéng
kia cung dau
Giasit 4, =0, 4 >0, A, > 0. Phuong trinh (8.6.19) viét

AT+ AR 4208 +28°8, +2hE +d =0

Ap dung cong thic tinh tién truc

1 1

£, +%=X1, £, +gg=x2, £ =X,  (8622)
ta dugc
AXZ+ALX2+2mXy =4, (8.6.23)
trong dé

l2 12
d'=—d+ﬂ+-(§)—.
Yo A

1. Néu k' = 0O thi (8.6.23) 14 mot mit paraboloit eliptic (mat
paraboloit loai elip). -
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2. N&u /" = 0 thi (8.6.23) viét

2 2 __ g
AX[+ X =4
bay 13 mot mat try ¢6 dudng sinh song song véi phuong X5

IV. Trudng hgp cé mét tri rigng biing 0, con hai trj riéng
kia khac dau
Gia sir 2.3 =0, ’11 >0, 22 < 0. Giéng nhu & I1. ta c6 (8.6.23).

1. Néu &’ = 0 thi (8.6.23) 12 mét mit paraboloit hypebolsit (mat

paraboloit loai hypebon).
2. Néu /4" =0(R.6.23) cho

2 2 . g
AX[ + LK =d
Day 1a mot mat try c6 dudng sinh song song v6i phuong X5

V. Trudng hgp co hai tri riéng biing 0

Gia sur 33 = 22 =0, /1] # 0. Phuong trinh (8.6.19) viét
W& +20E + 288, + M E +d =0

Ap dung céng thitc tinh tién truc

]

e

S+rT=X, & =X, &=X, (8.6.24)

4

ta duge
v2 . . '
MXp +2¢'X, +2h X;=d
()’

. Néug'=0, h" = 0. Ta c6 mOt mat tru parabon cé dudng sinh

d'=-d+

song song vdi phuong &;.

2. Néu g’ = 0, 1" = 0. Ta ¢6 moOL mat try parabén c6 dud~  sinh
song song vdi phuong &, .
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3. Néu g’ = 0, b’ = 0. Ta ¢6 mot mat try parabén cé dudng sinh
song song v6i phuong vuong géc voi dudng thang g'&, + 'E; = 0.

V1. Truding hop ¢a ba tri riéng déu bing 0

Khi d6 phuong trinh bac hai (8.6.19) chi con
e'f +g'é, + hé, +d=0

D6 1a mot mat phing.

Sau day ta xét mot vai thi dy dé minh hoa.

Thi du 8.6.3. Hiy nhan dang mat bac hai

2x‘2 + 2x§ + 3x§ - 2x1x3 - 2x2.r3 = 16,

Gidi : Tacé
2 0 -1
A= 0 2 -1
-1 -1 3

Ma tran d6i xing A ¢6 ba tri riéng
A=l Ay=2, A3=4
va 3 vecto riéng tao thanh co s& true chudn
U [udz | | ue
B = {v)g ). Il } = | 1B | [ 142 || 1746
1/43 0 -2/4J6
Goi P 1a ma tran chuyén co s& tif co s& chinh tac sang B
13 142 146
P=\UN3 -1N2 16
13 0 2/
thi c6 cong thirc ddi toa do
(xlg = Plxlg,  [xlp'= P'Ixlg.
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Do d6 [x)Jz Alx]p = (P(x]p) A(PLxlp)
= [x) (P AP)[x],
= [xIy Dixl,,
A (1 0 0
trong d6 D=PAP = A =10 2 0.
Al 100 4
Cho nén
1 |—x'I
[x]:gD[.r]B = [x'lx'z.r'_,’] 2 x'2 .
4 I X'y

Vay phuong trinh di cho trong toa do cii (x{, X3, x3) tr& thanh
phuong trinh trong toa d6 mdi (x 1 Xy, X3)

2 2 2
xl+2x2+4x3 =16

2 2 2
X X

hay _1-+_2+__3=1
16 8 4

D6 1a phurong trinh ciia mat elipxéit ¢6 cdc ban truc Ia 4, V8 va 2.

8.6.3. Ap dung 3 : Mot bai toan cuce tri ¢é diéu kién
V,, 1a mot khong gian c6 tich vé huéng. § = {el, €y nes eﬂ} 12 mot

cd sO tric chudn cia V. Xét trong co s& S dang toan phuong

H
Q=D axx, a;=a. (8.6.25)
i, j=1
Hay tim cyc tri clia @ v4i diéu kien
dx=ad e 42 =1 (8.6.26)
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DE gidi ta dat A = [a;] thi A" = A va (8.6.25) viét @ = x'Ax.
Vi A d6i xtimg nén né c6 # trj rieng A, i = 1,2, ..., n ling vOi
n vecto rieng f, i = 1, 2, ..., n tao thanh mot co s& truc chuin méi
S ={f f f,}. Bing phép déi bién truc giao x = PE tir S sang
S’ ta dua Q vé dang chinh tac :
Q= ALl + LEr+ 4 AL (8.6.27)
Gia sir
/11 = /12 <..= An' (8.6.28)
Khi doé

AEE=nIES0S AT =ALE (6629
i=1 i=1

x=PE = x'x = (PEY(PE) = &'P'PE = &8
nén (8.6.29) va (8.6.26) cho
AMEOLA. - (8.6.30)
Can cit vio (8.6.30) va (8.6.27) ta suy ra két qua :
Q dat gi4 tri 16n nhat B A, tai M =1, 0, ., 0) tic 1a
tai A = ple — pre®) 3 gat gid i bé nhdt 2 A tai
£ Z (0, .., 0, 1) tirc la tai U = pIEM = plEtm,

Thi du 8.6.4. Xét dang toan phuong (8.5.4) trong R® & thi du
8.5.1. Bang phép déi bién trye giao (8.5.6) ta da dua nd vé dang chinh
thc (8.5.5). Viy né dat gid tri 1on nhat 1a 9 tai M = (1, 0), tic 12 tai
x(_M} = (1/+/3) (2, 1) vA gié tri bé nhdt 12 4 1ai £ = (0, 1), tic 1a
tai 2 = (1/~/5) (-1.2)
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BAI TAP CHUGNG VIII
8.1. Tim dang chinh tic clia méi dang toan phuong sau ;
D) xf + x5 4353 +4xx, +2xx, + 26,1,
2) xf‘— 2x§ + xg + 2x1x2 +dx o, + 2x2x3
3) x12 - 3x§ - 2x[x2 + 2x1x3 —6x2x3

8.2. Tim phép bién dbi tuyén tinh dé dura méi dang toan phuong

dudi diy vé dang chinh tic va cho biét dang chinh tic dé :

i3] xf +5x§ - 4x32, + 211x2 —4xlx3

2) 4112 + x% + xg‘ - 4xlx2 +4xx5 - 3x2x3

3) Xy + g +oxyxy

4) 2112 + 1813 + 8,\'32 —12x X, I+ SJrl X3 = 27x2x3
5) —12x] - 3.3 - 122} +12xx, — 24x,x, + 8x,%,
8.3. Nhan dang va v& cdc dudng bac hai sau :

a) 2x2 —4xy—yr +8=0

b) x2+2xy+y2+8x+y=0

¢) 5x% +dxy +5y% = 9

d) 1x® +24xy +4y% 15 =0

e) 2x +4x,x, + 5x% = 24

f) xlz + XX,y +x§ =18

g) x12 - 8x1x2 + ?x% = 36

h) 5):12 ~ 4x1x2'+ 8x§ =136
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8.4. Nhan dang va v€ cdc mit b4c hai sau :

a) 2x12 - 2xx;, + 2x§ —2x,x3 + 3x§ =16

b) 2xy+2xz+2yz—-6x~6y—-4z=0

) Tx? + 7y +102% — 2xy ~ dxz + dyz — 12x + 12y + 60 =24
d) 2xy—-6x+10y+2z-31=0

) 2x2 +2y% + 52 —dxy —2xz +2yz + 10x =26y ~22 =0

PAP SO

2 _ 2 222
8-1.1)y12+y2—y3; 2)}’1—)’2_—)’3
2
3) ¥ - ¥

2
8.2.1) 2 + % - ¥3
1. 50 11 1
NEN TNt B E5N T Ve 3T
2 2 1
2) )’12*')’2_)’3’ nEINn T Xy =Yy ¥y X3 = 7Yy s
2 2 2 _
DY Y [ EY YT Y =)t Yy TN X3 T s

1 5 1
4) y12 +y% —y%, X = -2—\}2)’1 - g\/gyz +§\[§)‘3,
LW NI SN MU
R A A

3 2 92 3 1 1
)Wty Y X =N TR +g\f3y3l
_ 1 1 211
2RI TP BTN
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8.3.

. 8.4,

a) Hypebol 2x?—3y'2 = 8

b) Parabol 242x2— 7x' + 9y' = 0

¢) Elip 7x?+4 3y = 9

d) Hypebol 4x?—y? =3

e) Elip

f) Elip

8) Hypebol

h) Elip 4x'7+ 9x'2 = 36

a) Elipxoit x'7+2x2+ 4x2 = 16

b) Hypeboloit 2 ting x'2+ y2-2z2 = _10
c) Elipxoit x'2+ y?+ 22 =4

d) Paraboloit hypebolic x'2— y'2+ z'=0

e) Paraboloit eliptic 6x2+ 3y 2— 822" = 0
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MUC LUC

Trang

Léi nol ddu : 3.
Chutang I. TAP HOP VA ANH XA 5
1.0. Mé& dau 5
1.1. Tap hop va phin tiy 6
1.2. Céac phép todn vé tap hop 10
1.3. Tich dé cac 14
1.4. Quan hé twong dvong va quan hé thit tr 15
£.5. Auh xa 20
1.6. Tap hitu han - Tap d€m duge - Tap khong dém ducc 28
1.7. Pai 56 16 hop ' 30
TFém it chuyong I 34
Bai tap chuong | _ 37
Diap so 43

Chutong 1. CAU TRUC DAI SG - 86 PHUC -

DA THUC VA PHAN THUC HOU Ti 47
2.1. Luat hop thanh trong trén mot tap 47
2.2, Cdu tric nhém 50
2.3. Cdu tnic vanh 52
2.4. Cau triic trwding . . 33
2.5. 86 phitc : 54
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2.6. Pa thiic

2.7. Phan thiic hitu ti
Tom tit chuong 11
Bat tap chuong 11
Pap sd

Chiong Hi. MA TRAN - DINH THUC - HE PHUONG TRINH TUYEN TINH

3.1. Ma tran
3.2. Binh thic
3.3. Ma tran nghjch dao
3.4. Hé phuong trinh tuyén tinh
3.3, Hang cta ma tran - H¢ phuong trinh tuyén tinh t8ng quit
3.6. Phu luc '
Tém 1t chuong 111
Bii t4p chuong 111
Dip s6

Chutang IV. HINH HOC G1AI TICH
{(On tap : Dudng bac hai va mit bac hai)
4.1. Mo ddu
4.2. Puong bac hai trong mit phing
4.3. Mat bac hai
Bii tap chuong IV
Didp sd

Chuong V. KHONG GIAN VECTO - KHONG GIAN EUCLID
5.1. Khong gian vecto - Dinh nghia va thi du
5.2. Khong gian con va hé sinh
5.3. Ho vecto doc 1ap tuyén tinh va phy thudce twyén tinh

5.4. Khéng gian hifu han chiéu va co sd cla né
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92
100
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134
145
149
161

168
168
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5.5. 88 chifue va co s& clia khéng gian con sinh béi mot ho vecta

5.6. Tich v6 huéng va khong gian c6 tich vo6 huéng
5.7. Toa do trong khong gian n chiéu
5.8. Bai todn ddi co sér

Tom tit chuong v

Bai tap chuong V

bap so

Chuang VI. ANH XA TUYEN TINH

6.1. Khdi ni¢m dnh xa tuyén tinh
6.2. Céc tinh chit cia dnh xa tuy&n tinh - Hat nhan va anh
6.3. Ma tran ca dnh xa tuyén tinh
6.4. Su déng dang
Tém tat chueng VI
Bai tip chuong Vi
Diép sd

Chirong VII. TRI RIENG VA VECTO RIENG CUA TOAN TUTUYEN TINH

7-1. Tri rigng va vecto rigng cla ma tran

7.2. Tri riéng va vecto riéng clia toan tir tuy€n tinh trong
khong gian hitu han chiéy

7.3. Vin dé chéo hod ma tran
1.4. Vin d¢é chéo hoa truc giao
7.5. Phu luc

T6m tat chuong VII

Bai 1ap chuong VII

Dap s6

Chuang VIii. DANG TOAN PHUGNG

g1 Da‘ng tuyén tinh trén khong gian vecta V
8.2. Dang song tuyén trén khong gian vecto V

219
222
236
24t
247
253
269

275
275
286
292
302
305
306
314

319
3te

324
326
333
337
340
341
344

348
348
348
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8.3. Dang woan phuong trén khong gian vecto V
8.4. Dang song tuy&n va dang toin phuang rén khong gian n chiéu
8.5. Riit gon dang toan phuong

8.6. Ap dung
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Chiu trdach nhiém xudt bdn :
Chu tich HDQT ki¢m Téng Gidm déc NGO TRAN Al
Phé Téng Gidm déc kiem Téng bién tap NGUYEN QUY THAO

Bién tdp tdn ddu :
NGUYEN VAN THUONG
Bién 1gp tai bdn -
NGUYEN TRONG HAI
Bién tgp ki thudt :
BUI CHI HIEU
Sita bdn in :
PHONG SUA BAN IN (NXB GIAODUC)
Ché' bdn :
PHONG CHE BAN (NXB GIAO DUC)
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BH CONG TY CO PHAN SACH DAI HOC - DAY NGHE

HEVOBCO

[BY\] Dia chi : 25 Han Thuyén, Ha Noi

SACH THAM KHAO DPAI HOC BO MON TOAN
cua Nha xudt ban Gido duc

1. Giai tich ham
2. Bai tap giai tich ham

3. Topé daicuong - Do do va tich phan

4, Giai tich tap 1

5. Giai tich tip 2

6. Dai so dai cuong
7.86 dai s6 '
8. Hinh hoc vi phin
9. Giai tich s0

10.
11.

12.
13.
14.
15
16.
17.
18.
19,

Phuong trinh dao ham riéng
Co s6 phuong trinh vi phéan
va li thuyét on dinh

Mé dau li thuy€t xac xudt va ing dung

Bai tdp xac suat
Li thuyét xac sudt
Xac suit thong ké

Phuong phap tinh va cic thuat toan

Tir dién toan hoc thong dung
Toan hoc cao cép (tip 1, 2, 3)

Bai tap Toan hoc cao cdp (tip 1, 2, 3)

Nguyén Xuin Lieém

Nguyén Xuan Li¢m

Nguyén Xuan Liem

Nguyén Xuan Liem

Nguyén Xuan Lieém

Nguyén Him Viét Hung

Hoang Xuan Sinh

Poan Quynh

Nguyén Minh Chuong (Chu bie
Nguyén Minh Chuong

Nguyén Thé Hoan - Pham Phu
Ding Hung Thang

Dang Hung Thang

Nguyén Duy Tién - Vi Viét Yer
Nguyén Van Ho

Phan Van Hap - L& Dinh Thinh
Ngo Thuc Lanh (Chu bien)
Nguyén Dinh Tri (Chu bién)
Nguyén Dinh Tri (Chi bien)

B doc co it i tai cde Cong 1 Sacle = Thiet b ronyg hoc o cde Jia ity

hege cde Creehany sdel ciia Nhd st ban Gido die:

Tui Hea Noi - 25 Han Thuyén, 81 Tran Hung Dao, 1878 Giang V6, 23 Trang Tién

Tari £ Nane - 15 Nguyén Chi Thanh

Tei Thenh pho Ho Chi Mindy - 104 Mai Thi Lueu, Quan 1

A

Gia: 20.600d
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