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L3i ndi dau

Todan rdi rac 1a mét linh vire cia todn hoc nghién ciu cdc doi tugng roi rac. Ching
ta s& sir dung cong cu cia todn roi rac khi phai dém cdc d6i trgng, khi nghién céu quan
hé gifta cic tap roi rac, khi phéan tich cdc qud trinh hitu han. Mot trong nhimg nguyén
nhén chu y&u 1am nang tdm quan trong cla todn rdi rac la viéc cat giit v xit Iy théng tin
trén mdy tinh ban chat la cdc qué trinh rdi rac. Cudn sach nay nhim giéi thiéu cic kién
thifc co ban trong ba linh vire ¢6 nhiéu éng dung ca todn rdfi rac la: 1y thuyét t6 hop, 1y
thuyét d6 thi v ham dai s6 16gic. Noi dung cu6n séch duge trinh bay thanh ba phén.

Phdn I trinh bay cdc vén dé cia 1y thuyét 16 hop xoay quanh 4 bai todn co ban: Bai
todn dém, Bai todn ton tai, Bai todn liet ké va Bai todn t3i wu 6 hgp. Néi dung chia phin
1 khong nhiing gidp nang cao tu duy todn, ma cdn lam quen véi tr duy thuit todn trong
vigc giai quyé€t c4c vin dé thye t€, dong thdi cling rén luyén k¥ thuat 14p trinh gidi cdc
bai todn td hop.

Phén II dé cap dén 1y thuyé&t d6 thi - mot cau tric rdi rac tim duge nhimg Gng dung
rong réi trong nhiéu linh vue clia khoa hoc k¥ thuat va doi séng. Trong phin nay sau
phén gi6i thig¢u cdc khdi niém co ban, céc bai todn tng dung quan trong cha ly thuyét
d6 thi nhu Bai todn cay khung nhé nhét, Bai todn dudng di ngin nhat, Bai todn ludng
cyc dai trong mang... vi nhitmg thut toin dé gidi quyét ching da dugc trinh bay chi tiét
cung véi viéc phan tich va huéng dan cai dit chuong trinh trén mdy tinh.

-Phén III lién quan dé&n ly thuyét ham dai s6 16gic 1a co s& d€ ndm bét nhimg van dé
phic tap cla k¥ thuat mdy tinh. Sau phin trinh biy cdc khdi niém co ban, phdn ndy di
sau vao vin dé t6i thi€u hod cac ham dai s6 16gic va mé ta mot s6 thuat todn quan trong
dé giai quyét van dé dat ra nhu thuat toin Quine - McCluskey, Black - Poreski.

Céc vin d¢ dugc trinh bay trong cubn sdch déu dugc minh hoa trén nhidu thi duy, cdc
thuat toan dwgc mo ta trén ngon ngit PASCAL mo phdng thuan tién cho viéc cai dat cic
chuong trinh thyc hién thuat todn trén mdy tinh, trong d6 nhiéu thuat todn chon loc da
dugc cai dat trén ngon ngit PASCAL.



Cudn sdch duge bién soan dua trén Kinh nghiém giang day gide trinh co s& Todn roi
rac cla cic tc gia trong nhiéu nam tai Khoa Cong nghé Thong tin va Khoa Todn g
dung, Pai hoc Bach khoa Ha noi. Cudn sach c6 thé ding 1am tai liéu hoc tap cho sinh
vién cdc hé k¥ su tin hoc, cr nhan tin hoc, cir nhan cao ding tin hoc va ban doc quan
tdm dén cic vin dé tng dung cla todn rdi rac.

No1 dung cdc muc 3.1, 3.3, 4.2,4.3, 5.1, 5.2, 5.3, 5.4 phan I va phan II do Nguyén
Duc Nghia bién soan. Noi dung cdc muc 1.1, 1.2, 2.1, 2.3, 2.5, 3.4, 4.1 phén [ va phin
III do Nguyén To Thanh bi¢n soan. Cac muc 1.3, 1.4, 2.2, 2.4, 3.2, 4.4 phin I do haj tic
gia ciing bién soan.

Cuén sach chac chan sé khong trinh khoi nhiing sai sét. Cdc tic gia rat mong nhan
duge cdc y kién dong goép cua doc gia dé ¢b thé hoan chinh ndi dung cho nhitng 1in
XUuét ban sau.

Cubi cling cdc tic gia bay to long biét on chan thanh dén GS Nguyén Dinh Tri,
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Ha noi thang 7 nam 1997

NGUYEN BUC NGHIA - NGUYEN TO THANH
B& mon Khoa hoc May tinh,

Khoa Cong nghé Thong tin

Dai hoc Bich khoa Ha noi

Tel 8692463, 8696121

ii



L3i néi dau cho Ian tai ban thir ba

Trong lan tai ban nay, ngodi viéc stra chira mét s6 161 duge phdt hién, mdi chuong
duge b6 sung phin bai 13p gidp clng ¢6 kién thic. Chuong 2 duce bé sung muc vé
phuong phap him sinh 1a mét cong cu hitu ich giai cdc bai todn dém, chuong 3 duoc bo
sung muc vé dinh Iy Ramsey 1a moét trong nhimg dinh Iy néi ti€ng c6 dng dung khong
nhifng trong linh vyc t6 hgp ma cdn trong nhiéu [inh vuc khéc clia todn hoc.

Céc tdc gia bay 10 161 cam on dén cdc doe gia dd gui thu gdp ¢, giip hoin thién ndi
dung cudn sach. Lan tdi ban nay chic ring cing khong thé tranh khoi sai sét, cic tic
gia rit mong tiép tuc nhan duge y kién cha doc gia.

Thu tir gop ¥ ¢6 thé giri theo dia chi:

Nguyén Dic Nghia - Nguyén Té thanh

B6 mén Khoa hoc May tinh,

Khoa Cong nghé Thong tin

Dai hoc Bach khoa Ha noi

Email: nghiand@ it-hut.edu.vn hode thanhnt@it-hut edu, v

Ha not thang 5 ndm 2003
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LY THUYET TO HOP



Chuong 1. Mo dédu

Y

MG DAU

1.1. Sd lugc vé té hop

Té hop nhu 12 mot Iinh vuc clia ton hoc rdi rac, xuat hién vao du thé ky 17. Trong mdt
thdi gian dai, dudng nhu t6 hop ndm ngoai guéng mdy phat trién cia todn hoc ciing nhu
ing dung cha né. Tinh the bat ddu doi khdc khi xudt hién cdc may tinh vi clng v6i nd
ta sy phat trién cta toan hifu han. Hién nay 1y thuyét t6 hop dugc 4p dung trong nhiéu
linh vyc khéc nhau: 1y thuyét s6, hinh hoc hira han, biéu dién nhém, dai s6 khong giao
hodn, qué trinh nglu nhién, thdng ké xdc sudt, quy hoach thic nghiém, ...

1.1.1. Céc bai toan téng quat

Té hop dung cham dén nhiéu van dé khac nhau cia todn hoc, do d6 khé c6 thé dinh

nghia né moét cdch hinh thitc. Néi chung, 1y thuyét t6 hop géin lién véi viéc nghién ciu

phan b6 c4c phén tif vao cac tap hop. Thong thudmg, cac phén tr nay 13 hitu han va viéc

phan b6 chiing phdi thod man nhiing diéu kién nhat dinh nao ddy, tuy theo yéu cdu cha

bai todn cdn nghién ctfu. Mé&i céch phan bd nhu thé dugc goi 1a mot cdiu hink & hop.
Trong cdc tai liéu vé 18 hop, thudng gap cic dang bai todn dudi day:

a) Bai todn dém: day 1a c4c bai todn nhdm tra 10i cau hdi "6 bao nhiéu cau hinh
thod man diéu kién da néu ?". Phuong phdp d€m thudng dua vio mot s6 nguyen 1y co
ban va mot s6 két qua d&m cic cdu hinh don gidn, Bii todn dém duoc ap dung mot

3



Phdn 1. Ly thuyét 16 hop

cdch c6 hiéu qua vao nhimg cong viéc mang tinh chit ddnh gid nhu tinh xdc suat cia
mot su kién, tinh do phiic tap cia mot thudt todn, ...

b} Bai rodn liér ké: bai todn ndy quan tam dén tdt cd ciu hinh 6 thé cé duoc, vi thé
10i giai cla né cdn duge biu dién dudi dang thuat todn "vét can” tit ca cdc cAu hinh.
Loi gidi trong timg trudng hop cu thé s& dugc mdy tinh dién tit giai quyét theo thuat
todn dd néu. Bai todn liét ké duge 1am "nén” cho nhiéu bii todn khac. Hién nay, mot s&
bai (0dn dém, t6i wu, ton tai van chua 6 cich ndo gidi, ngoii cach giai liét ke. Néu
trude ddy, cach gidi ligt ké con mang ning tinh 1y thuyét, thi bay gid né ngay cang kha
thi nhé su phét tri€én nhanh chéng clia may tinh dién to.

c) Bai todn 167 wu: khic v6i bai bai 1odn Hiet ke, bai todn t8i uu chi quan tam dén
mot cfu hinh "t8t nhat" theo mot nghia nao ddy. Day la bai todn ¢6 nhidu @mg dung
trong thye tién va Iy thuyét t6 hop da déng gép mét phin déng ké trong viée xay dung
dugc nhimg thuat todn hitu hiéu.

d) Bai todn t6n tgi: n€u nhu trong cdc bai todn trén, viéc 16n tai cdc cau hinh la hién
nhién thi trong bal todn nay, vin dé "c6 hay khong c6” cHu hinh cdn ia diéu nghi van.
Céc bai todn loai nay thudng bi ket trong tinh hudng nan giai: khéng chi ra duoc ciu
hinh nio nhung ciing khéng khing dinh dugc [a ching khong ton tai. Lich sit todn hoc
thudng dé lai nhiing bai todn khé trong linh vye nlty vi viéc 6 géng giai quyét ching
da thiic day khong it su phdt trién clia nhiéu nganh toén hoc.

1.1.2. Vai nét vé lich sir

C6 thé néi tu duy vé t& hop ra doi tir rat sém. Vao thdi nha Chu, ngudi ta di biét dén cac
hinh v& ¢6 lién quan dén nhimg hinh vudng thin bi. Thdi ¢6 Hy lap, nha triét hoc
Kxenokrat, song & thé ky thit 4 trude céng nguyén, da biét cdch tinh s6 cac tir khac
nhau, 1ap tir mét bang chir ¢di cho trude. Nha todn hoc Pitagor va ¢ic hoc trd cia 6ng da
tim ra dugc nhiéu con 36 ¢6 cdc tinh chét dic biét, ching han s6 36 khong nhing 1a
téng ctia 4 36 chdn va 4 s6 1é ddu tién ma con 13 téng 1ap phuong chia 3 s& ty nhién ddu
tién. Mot dinh 1y ndi ti€ng cha trudng phdi nity 13 dinh 1y vé do dii cdc canh clia mot
tam gidc vuong, va tir d6 ho di tim ra cdc s6 ma binh phuong cla mot s nay bing 1dng
binh phuong cia hai 36 khic. Viéc tim ra dugc cdc s6 nhu vay, doi hoi phai c6é mot
nghé thudt 16 hop nhét dinh. Tuy nhién, ¢6 thé néi ring, 1y thuyét (8 hop duge hinh
thanh nhu mét nganh todn hoc mdi, vao quing thé ky 17 bing mét loat c4c cong trinh
nghién citu nghiém tic cla cdc nha todn hoc xuit sic nhu Pascal, Fermat, Leibnitz,
Euler, ... Méc db vay, trong suét hai thé ky rudi, vai rd quan trong trong viéc nghién
citu the gidi w nhién vin thuoc vé cde nganh todn hoc ¢ dién nhu todn giai tich, cdc
phép tinh vi tich phan, phuong trinh vi phan, phuong trinh todn ...



Chuong 1. Mo ddu

Trong th&i gian hién nay, mdi tuong quan giita todn hoc hitu han va todn hoc co
dién di ¢6 nhiéu thay ddi, dic biét tir khi may tinh dién tir ra doi va phdt trién. Nhiéu
bai todn ndi tiéng da duge gidi trén mdy tinh bing nhimg thuat todn cda todn hitu han.
Cdc linh vuce tritu twong cia todn hoc nhu dai s logic, ngon nglr hinh thac, ... dd ré
thanh khoa hoc ng dung dé xay dung cdc ngon ngit 1ap trinh cho may tinh. Trong thoi
dai phat trién cua todn hoc hitu han, vai trd cla 1y thuyét 18 hop ciing khéc xua. Tir linh
vuc nghién cu cic trd choi tiéu khién, hay phan tich gidi ma cdc bifc thur ¢d, 6 hop da
chuyén sang linh vuc todn ting dung v6i sir phit trién manh mé.

1.2. Nhic lai ly thuyét tap hgp

1.2.1. Céc khai niém vi ky hiéu

Trong gido trinh ndy, 1ap hgp duoc k¥ hiéu bing nhitng chit cai lén A, B,..., X Y, ... ¢dn
nhiing phan tir duge ky hiéu bang cic chit cdi nho a, b, ... x, y,... D& chi x 13 phin tir ca
X, ta viét x € X, trdi lai ta vi€t x ¢ X N&u mdi phén tlr cia A ciling [ nhitng phén tir clia
Bihitandi AtatapconclaBvavitAc B. NSuAcC B viBc A thi A va Bl haj tap
hop béng nhau va viét A = B.

S6 cdc phén i cia tap hop A s& duge ky hiéu 1 N(A) hodc|A|. Mot tap gém »
phan tf dugc goi la mot n-tap. Céc tap hop ¢ thé xem nhy 12 nhiing tap con clia mot tap
hop vi tru X Tap rong 1a tap hop khong ¢é phdn tir ndo, né duge xem nhu tap con clia
moi 1ap hop.

1.2.2. Cac phép toin tap hop

Cac phép todn cho trén tap hop la:
e Phin bd clia A trong X, k¥ hiéu 4 , 1a tap cdc phan tit cia Xkhong thudc vio A:
A={rxeX: xgAl _
» HopclaA va B, ky hiéu AU B, |2 tap cdc phén tir hoac thude vao A hoac thude
vao B hodc thudc vao ca hai tap A va B:
AuB ={x xe€ A hoiacxe B},
e Giao clia A va B, k¥ hiéu AN B, 14 thp cdc phin tf déng thdi thude vao cd hai
tip A va B:
AnB={x xeA vaxeB].
¢+ Hiéuctatap A va B, k¥ hidu 1a A\ B (hoac A - B):
ANB={x xeA vixeB}.



Phdn 1. Ly thuyét t6 hop

Cédc tap hgp, cling vdi cic phép todn trén nd, 1ap nén mot dai s6, goi la dai 56 tdp
hop. Dudi day 1a mot vai tinh chét cia cdc phép todn tap hop:

e kéthop
(AuBywC=Au(Bu()
(ANBYNC=An{Bn()
» giao hodn
AuB=8u4d
AnB=8BnA
¢ phan bg
AU(BACY=(AUBYN (AL
AN(BUCY=(ANBYW(ANC)
e (do6i ngiu)
AUB=ANB
ANB=AUB

1.2.3. Cac tinh chat cho trén tap hgp

Mbi tap con clia mét tap hop dugc twong ting v6i tinh chit (con dugc goi 12 ménh dé)
xdc dinh nd trén tap hop da cho. V4i tuong ing ndy, céc phép todn tap hop dugc chuyén
sang cdc phép todn ménh dé:

e phii dinh A, ky hieu A (hay NOT A) tuong dng v6i phén bd 4

» tuydn clia A va B, ky hiéu Av B (hay A or B) tuong ting véi AU B

e hoicuaAvaB kyhiéu A & B (hay A and B) tuong tng v6i AN B
Céc ménh dé, cling vdi céc phép todn trén nd, lap nén mot dai sd, goi la dai s6 ménh dé
(con goi 1a dai 56" l6gic). Nhu thé, dai s6 ménh dé va dai s6 tap hop 1 hai dai s6 ddng
c¢du v6i nhau. Tuy tinh hudng, mot bai todn cé thé phét biéu bing ngén ngit cia dai s6
tap hgp hoic bang ngoén ngir clia dai s6 ménh dé.

1.2.4. Tich Pécac cua cac tap hop

Ngoai cac phép todn cla dai s6 tap hgp, ngudi ta cdn dinh nghia moét phép todn cho
phép ghép hai tap hop dé duge mot tap hgp méi, d6 13 tich Décac

AxB = {{a, b) I ac A becBl.
Tich DBecac duge mé rong tu nhién cho trudng hop nhiéu tap hop:
A xA,x. . xA, = {{(aq,a,... a) | aeA,i=12..,k}

Ngudi ta ciing ding k¥ hiéu luy thita d€ biéu dién tich Décac ciia ciing mot tap hop:
A = AxAx..xA (k 14n}.



Chuong 1. Md ddu

Thi du:
R biéu dién céc diém trén dudng thang,
R? biéu dién céc diém trén mat phang,
R’ biéu dién c4c diém trong khong gian.

1.2.5. Quan hé tuong duong va phan hoach

Trong nhiéu vén dé, ngudi ta cin quan tam dén moét quan hé nio do6 gitta hai phén tit cha
tip hop dang xét. Mot quan hé hai ngdi R trén tap hitu han phan tir X duge dinh nghia
nhu 12 tap con R(X) cla tich Dé cdc XxX Ngudi ta quan tam dén cdc tinh chat sau day
ciia mdt quan hé trén tap X

e d6i ximg (a cdé quan hé véi b kéo theo b ¢6 quan hé vdi a),

¢ phan xa (moi phan tr ¢6 quan hé vdi chinh nd),

s truyén tng (nfu a cé quan hé vdi b va b ¢é quan hé véi ¢ thi a ¢6 quan hé vdi

).

Thi du: Xét X = {1, 2, 3, 4}. Ta xdc dinh mbi quan hé p gifta cdc phdn tor cla X nhu
sau: Gia st @, b € X, tandi a ¢é quan hé (p) i vdi b néu a chia hét cho b. Khi d6

AX)=1{(21),(3, 1), (4 1), 4, 2} cXx X

Dé thay p ¢6 tinh chét phan xa (vi r6 rang 1a « chia hét cho a), truyén ting (vi a chia hét
cho b va b chia hét cho ¢ kéo theo a chia hét cho ¢}, nhung khong ¢é tinh chat phan xa
{vi a chia hét cho b khong nhat thiét kéo theo b chia hét cho a).

C6 nhiéu kiu quan hé, nhung quan hé duoc quan tam nhiéu nhat 1a guan hé rwong
duong. M6t quan hé duge goi 13 tuong duong né€u né thod man c¢d 3 tinh chat: déi ximg,
phén xa va truyén tng. Mot quan hé tuong duong trén tap hop dang xét sé chia tap hop
dé thanh cdc 16p (goi la cédc ldp tuong duwong) sao cho hai phan tir thudce cing mot 16p
12 ¢6 quan hé vdi nhau va hai phéan tir khdc 16p 1 khong ¢6 quan hé véi nhau. Céc 16p
twong duong c6 tinh chat phi kin tdp hop da cho (tde 14 mot phan tr bat ky phai thudc
vao moét 16p nao dé) va roi nhau (timg cip giao v4i nhau bang rdng). Ngudi ta goi mot
ho cdc tap con khic rdng clia mot tip hop cé tinh chéi vita néu 1a mot phdn hoach clia
tap hop dé. Tir day suy ra mét quan hé tuong duong trén mot tip hop s& xdc dinh mot
phan hoach trén tap d6 va nguoe lai, mét phan hoach bat k¥ trén tap hop da cho sé
tuong Gng voi mot quan hé tuong duong trén no.

Thi du: Gia sit xét tap m (m > 1) 56 nguyén duong N, = (1, 2, ..., m}. Gid sir &k 4 56
nguyén duong, k& < m. Ta ndi hai s6 nguyén duong ¢, b € N, 1a ¢é quan hé vdi nhau va
k¥ hiéu l1a a <& néu nhut @ va b ¢6 cung s6 du khi chia cho & (ky hiéu 12 a = b (mod k).
Nhu vay,
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a b < a=h(mod k).

Dé dang kiém tra dugce ring mét quan hé “<” vira xdc dinh trén tap N, 1a m6i quan hé
twong duong. Goi

A=leeN_ a=i{mod b}, i=0,1, .., k1.
Khi d6 dé dang kiém tra dugc ring
£-1
ANA=0,i#j va N, =]4,.
=0

Diéu d6 c6 nghia 1a cdc tap Ny, N, ..., Ny, tao thainh mot phan hoach cha tap N, .
Truong hop rieng khi £=2, tap N, dugc phan hoach thanh hai tap: tap cic s6 chin (V)
va tap cdc s6 e (V).

1.3. Mot s nguyén ly co ban

1.3.1. Nguyén Iy cong

Néu A va B la hat tdp hop réi nhau thi
N(AUB) = N(A) + N(B),
Nguy2n 1y cong duge md rong cho nhiéu tap con roi nhau:
Neéu {A,, A, ..., A} la mét phdn hoach ciia tdp hop X thi
NX) = NAD + N(A) + ... + N(A).
Mot trudng hop riéng hay diing clia nguyén 1y céng:
Néu A la mot tinh chét cho trén tdp X thi N(A) = N(X) - N(A4).

Thi du 1. Mgt doan van dong vién gém 2 mén ban sing va boi duge cir di thi ddu &
nuée ngoai, Nam ¢d 10 ngudi. S¢ van dong vién thi ban sing (ké c4 nam va ng) 1a 14.
S6 nir van dong vién thi boi bang s6 nam van dong vién thi ban sing. Hdi toan doan c¢6
bao nhiéu ngudi? '

Giai: Chia doan thanh 2 16p: nam va nit. Lép nir lai duge chia 2: thi bin sing vA thi boi.
Thay s6 nit thi boi biang s6 nam thi bin sing (2 s& ndy bang nhau theo diu bii), ta duoe
s6 nit bang téng sd dau tha thi ban sing. Tir d6, theo nguyen 1y cong, toan doan ¢6 10 +
I4 =24 nauw.
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Chuong 1. Mo ddu

Thi du 2. Trong mot dot phé bién dé tai 16t nghiép, Ban chli nhiém Khoa cong b6 danh
sdch cdc dé tai bao gém 80 dé tai vé chu dé "xay dung hé théng tin quan 19", 10 dé tai
ve chit dé "ihiét k& phdn mém day hoc” va 10 dé tai vé chu dé "Hé chuyeén gia”. Hoi
mdt sinh vién ¢é bao nhiéu kha nang lua chon dé tai?

Giai: Sinh vién ¢6 thé lua chon dé tai theo chi dé thit nhat bdi 80 cich, theo chii dé thit
hai bdi 10 cdch, theo chil dé thit ba boi 10 cdch. Vay tat ca ¢6 100 cdch lya chon.

Thi du 3. Hoi ring gid tri cla k s& 1a bao nhiéu sau khi doan chuong trinh PASCAL sau
dugc thuc hién?

nl:=10;

n2:=20;

n3:=30;

k:=0;

for il:=1 to nl do ki=k+1;

for 12:=1 to n2 do k:=k+1;

for i3:=1 to n3 do k;=k+1;

Giai: Dau tién gid tri cha k duge gin bang 0. C6 3 vdng lap for doc lap. Sau méi 1an lap
cua mdi mot trong 3 vong for, gid tri' cua k tang 1én 1. Vong for thit nhdt lap 10 lan,
vodng for thit hai lap 20 lan, vong for thit ba lap 30 ian. Vay, két thac 3 vong lap for gia
tri cua k s 12 10+20+30= 60.

1.3.2. Nguyén IV nhan
Néu maoi thanh phdn a; ciia bé 6 thit tw k thanh phdn (a,, a,. ..., a,) ¢6 n, khd ndng chon
(i = 1,2, ..., k), thi s6'b¢ sé duge 1ao ra la tich s6 ciu cde khd ndng nay nn, ... n,.
Mot hé qua tryc ti€p cua nguyén 1y nhén:
N(A, x A, x .. x A) = N(A) N(A,) ... N(A.
val A, A,, ..., A, 12 nhimg tap hgp nao dé, noi riéng:
N(AY = N(AY.
Thi du 1. Tir HA ndi dén Hué c6 3 cdch di: mdy bay, 6 9, tau hod. Tit Hu& dén Sai gon
¢d 4 cach di: may bay, 6 t0, tau hoa, tau thuy. Hoi tir Ha ndi dén Sai gon (qua Hué) cé
bao nhiéu cach di?

Giai: Moi cdch di tir Ha noi dén Sai gon (qua Hu€) dirge xem gom 2 chang: Ha noi -
Hu€ va Hué - Sai gon. Tir 44, thco nguyén ly nhan, s cdch di tir Ha ndi dén Sai gon 1a
3 x4 =12 cich,
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Thi du 2. Hoi ring gid tri cha k s& 13 bao nhiéu sau khi doan chuong trinh PASCAL sau
dugce thuc hién?

nl:=10;
n2:=20;
n3:=30;
k:=0;
for it:=1 to nl do
for i2:=1 to n2 do
for i3:=1 to n3 do k:=k+1:

Giai: Dau tien gid tri ciia k duoc gén bang 0. C6 3 vong lap for 1éng nhau. Sau méi lin
lap ca vong for, gid tri clia k tang lén 1. Vong for thit nhat lap 10 lan, vong for thit hai
1ap 20 lan, vong for thit ba lap 30 l4n. Vay, theo nguyén 1y nhan, két thiic 3 vong lap for
16ng nhau, gid tri ctia k s8 13 10 x 20 x 30 = 6000.

Thi du 3. Cé bao nhiéu 1én bien trong PASCAL do dai 10 chi chia hai chit cdi A, B, biit
dau boi AAA hoac ABA?

Giai: Tap cdc tén bién cin dém duge phan hoach thinh hai tap: mot tap gdm cdc bicn
bat ddu boi AAA, con tap kia g0m cdc tén bién bit ddu bdi ABA. Méi tén bicn do dai 8
bat ddu boi AAA ¢6 thé xay dung nhu sau: chon ky tu thi 4, thit 5, ..., thit 10. Méi mot
trong 7 ky tur con lai nay ¢§ 2 khi niang chon (hoac chon A, hoic chon B), nén theo
nguyén ly nhan ¢é

2x2x2x2x2x2x2=2"=128

tén bién bat ddu bdi AAA. Léap luan tuong ty ta ciing dém duge 128 tén bién bit diu bai
ABA. Vi vay, theo nguyén 1y cong, ¢6 tat ca 128 + 128 = 256 ten bién d¢ dai 10 chi
chira hai chit A, B hogic bit ddu bai AAA hoac bit didu boi ABA.

Trong viée gidi cdc bai todn dém cu thé, néu nhu dém truc ti€p s ciu hinh 1a kho,
ta ¢6 thé phan hoach tdp cdc cdu hinh cin d&m ra thinh cic tap con sao cho viéc dém
cdc phin tir cla cdc 1ap con nay 12 don gian hon. Khi d6 si dung nguyén 1y cong dé
dém s6 cdu hinh dat ra.

Néu ching ta cdn dém cdc ciu hinh cé thé xay dung theo titng budc, thi khi dé cé
thé sir dung nguyén 1y nhan,

NGi chung, diéu quan trong khi gidi mét bai todn dém Ia phai xdc dinh duoc cin st
dung nguyén Iy ndo (t6ng qudt hon, 1a cong cu ndo) dé giai bai todn va diéu d6 doi hoj
tu duy cha ngudi gidi,

10
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1.4. Cac cau hinh t& hop don gian

Dudi day trinh by mot s8 c4u hinh té hgp don gian, nhitng cau hinh nay thutmg dugc
lam co s¢ cho phép dém.

1.4.1. Chinh hop lap

Binh nghia. Mor chinh hop ldp chdp k ciia n phdn ti la mét b6 6 tine e gom k thanh
phdn ldy 1t n phan nt da cho..Cdc thanh phdn ¢6 thé dugc idp lai.

Nhur th€, mét chinh hgp lap chap & cia 7 ¢6 thé xem nhu mot phan tir cia tich
Décuc A' v6i A 12 14p da cho. Theo nguyén Iy nhan, s6 tat ¢ cac chinh hop lap chap &
caa s s& 12 ',

Thidu 1. Tinh s6 ham tirmoét &-tap vio mot #-tap.

Giai: Biéu dién méi him bang mot bd k thanh phdn, trong d6 thanh phan thit i 12 anh
cla phan tir 7 (1 <7 < k). M&i thanh phin duoc 14y tir mot trong # gid tri. Tir d6 nhan
duge $6 cin tim 1A .

Thi du 2. Tinh s6 ddy nhj phan do dai n.

Giai: M&i day nhi phan d6 dai 7 la mot bo gdm 2 thanh phan, trong dé mdi thinh phén
chi nhén mot trong hai gid tri (1 hoac 0). T d6 suy ra s6 cac day nhi phan do dai n 1a
2",

Thi dy 3. Tinh s6 tap con clla mot n-tap.

Giai: Gia sir ntapdacho AX = { x,, x,,..., ¥, |. Biéu dién mdi tap con A cla tap da cho
X biing mot ddy nhi phin dé dai a:

b=(b.b,..b)

trong d6 b, = I néuphantl x, € A va b, = 0 trong trudng hop nguoc lai (i = 1, 2,...,
7). T d6 nhan dugc s6 tap con 1a 27,

1.4.2. Chinh hop khéng lap

Dinh nghia. Mot chinh hop khong lip chap k cda n phdn ti ia mét b6 c6 thir e gom k
thanh phdn ldy tiy n phdn nt da cho. Cac thanh phdn khéng duoc lap lai.

11
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D¢ xay dung mot chinh hop khong l4p, ta xiy dung din tr thanh phan ddu tién.
Thanh phan nay ¢6 » kha niing chon. Mdi thinh phin tiép theo, sd kha niang chon giam
di | so vdi thanh phan ddng trude. Tie dé, theo nguyén 1y nhan, sd chinh hgp khong lap
chap & clia n s€ 1a n{n-1)...(n-k+1). D€ t6n tai cau hinh, can phai thoa man & < a.

Thi du. Tinh s6 don dnh tir mét k-tap vao mot n-tap.

Giai: Biéu dién mdi don dnh bang bo anh cia tap ngudn nhu trong thi du 1 muc trén.
Chii ¥ ring cdc anh khong dugce 1dp lai, ta nhan duge s6 ¢an tim 1a n(n-1)..(n-k+1).

1.4.3. Hodn vi

Pinh nghia. Ta goi mét hodn vi cua n phdan it la mét cdch xép thir e cde phdn ne dé.
Mot hodn vi cia n phan tr dugc xem nhu mot truong hop riéng cuu chinh hop
khong lap khi & = n. Do dé s6 hodn vicia nphantula 1.2 ... 1 = n!

C6 thé déng nhat mot hodn vi cba n phén tir véi mot song dnh ciia mot tap # phin
tr 1én chinh né. Mot song dnh nhu vay con duge goi R mot phép thé. Cic phép thé c6
nhiéu tinh chat thi vi va viéc nghién citu né di déng gép mot phin quan trong trong
todn hoc.

Thi du 1. 6 ngudi dimg xép thanh mot hang ngang dé chup anh. Hoi ¢é thé bo tri bao
nhiéu kiéu?

Giai: Mdi kiéu anh 12 mot hodn vi clia 6 ngudi. Tir d6 nhan ducc s6 kiéu anh c6 thé bs
tri [a 6! = 720,

Thi du 2. Can bé tri viéc thuc hién n chuong trinh trén mot may vi tinh. Hdi ¢6 bao
nhiéu cach?

Gidi: Ddnh s6 cic chuong trinh béi 1, 2,..., 2. Méi cich bé tri viéc thuc hién céc chuong
trinh trén mdy c6 thé biéu dién bdi mot hodn vi ca 1, 2, ..., #. Tir d6 suy ra s6 cich bo
tri can tim 1a #!

1.4.4. TS hop
Dinh nghia. Mot 16 hop chdp k ciia n phdn tit 1a mét bo khong ké thit 1w gém k thanh

phdn khdc nhau ldy tit n phdan ni dd cho. N6i cach khdc, ta ¢ thé coi mot t6 hop chdp k
cia n phdn tie la mot 1dp con k phdn 1 cia né.

12
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Viec dém cic 16 hop ¢6 khé khan hon chit it so véi cdc cdu hinh di trinh bay, tuy
nhién cich dém dudi day cho biét cich vin dung cic nguyén ly cing vdi cic két qua
dém da bi€t trong viéc d€m mot ciu hinh méi.

Xét tap hgp tat ca cic chinh hop khéng lap chap & cia # phan tir. Chia ching thanh
nhitng 1&p sac cho hai chinh hgp thudc cing mét i6p chi khic nhau vé th nr. R& rang
cdac 16p nay 12 mot phan hoach trén tap dang xét vii mdi 16p nhu thé 1 tuong tng vai
mot 16 hop chap & cla ». SE chinh hop trong mdi 15p 1a bing nhau va bing 4! (s6 hodn
vi). S8 cdc 16p 1a bing s6 18 hgp chap & clia #. Theo nguyén 1y cong, tich cla &! vdi s&
nay la bang s6 cdc chinh hgp khong lap chip & cha n, nghia 1a bing ain-1)...(n-k+1). Tix
d6 nhan dugc s t6 hgp chap & clian 12

aln—1{n-=2)..(n—k+1) #l

k! v B t

S6 té hop nay gap khd nhiéu trong todn hoc, né thutmg duoe ky hiéu bai C, va duoc
goi [ hié 5610 hop.

Khi nhan xét riing, gid tri cta phép chia trong (1) 1A mot s& nguyén, ta nhan duge
mét két qua 1y thi trong $6 hoc: tich cua k 56"t nhién lién 1iép bao gior cing chia hét
cho k.

Thi du 1. C6 n doi bong thi ddu vong tron. Hol phai 16 chifc bao nhiéu tran dau?

Giai: Cir 2 d6i thi ¢6 mot ran. Tl d6 suy ra s0 tran ddu $& bing s6 citch chon 2 doi tie #
d61, nghia 12 bing
nln=-1)

C, = 5

Thi du 2. Hoi c6 bao nhiéu giao diém cia cdc dudng chéo ciia mot da gide 8i n (n > 4)
dinh ndm 0 trong da gidc, néu biét ring khong cé ba dudng chéo nie ddng quy tai diém
& trong da gidc?

Gidi: Cif 4 dinh cta da gidc thi ¢6 mét giao di€ém cda hai dudng chéo nim trong da
gidc. Tir d6 suy ra s giao diém cin dém la
nn—1{n~-2)n-73)

24 '

Ci =

Dudi day 13 mot vii tinh chét clia cic hé s6 t6 hop:
a) D6i xing

cyo= ot (2)

13
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b) Diéu ki¢n diu

Coo= Cno= 1 (3)
¢) Cong thie dé qui

Ct = C+Ch,, n>k>0 (4)

Céc cong thie (2), (3) dugc suy tryc 1iép tir dinh nghia 16 hop, con cong thic (4) ¢d thé
duge ching minh tr (1).

Tir (3) va (4), 1a c6 thé tinh 141 ci cdc hé 6 S hop chi bing phép cong. Cac hé sd
nay dugc tinh va viét lan lugt theo 1img dong (mdi dong dng véi mot gia tri n=0, 1, ...),
trén méi dong ching dugc tinh va viét 1an luct theo timg cot (mdi ¢ft ting véi mot gid
trik =0, 1, .., n) theo bang tam gidc dudi day:

I
[k

o C\
Ch o L cut C

Béng nay duge goi 12 ram gide Pascal.

Dudi day 1a tam gidc Pascal kich thuée 8:

1
] 1
1 2 1
1 3 3 1
i 4 6 4 1
1 5 10 10 5 l
1 6 [5 20 15 6 I
] 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1

Cdc he 56 6 hgp ¢6 lién quan chat ché véi viéc khai trién 1uy thira cia mot nhi thifc.
That vay, trong tich

(X+ )" ={x+y)(x+y).{x+)

hé s6 cia & y*

s€ la s6 cdch chon & nhan tlr (v + y) ma tr d6 ta 'Ay ra x va dong thoi
trong -4 nhin 1r con lai ta 1ay ra y, nghia [

14
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| n

(x+y)'=Cox"+Clx"' 'y +..4C" " x y"

"

k Y A

=Z Chx""y.
k=0

+Cry (5)

Cong thic (5) con dugce goi 1a khai trién nhi thitc Newton v céc hé s6 t8 hop cdn duoe
goi 1a cdc hé s6 nhi tinie.

Chang han, can ¢ vio ddng cudi clia tam gide Pascal kich thude § (dd tinh & rén}, ta
nhin dugce:

(Y + 37 = T+ 87y + 28x% + 5657 + 700 + 566 + 2825 + 8y + 3
Thong thudmg, cong thite (5) duge gap dudi dang da thite mot dn;
(x+D)'=Cox"+Cox" '+ +C ' x +C ()
Rat nhiéu dang thiic vé hé s6 18 hop dugc suy L (6). Ching har, trong (6) chon x =1 1a
dugc:
Co +Ci+ o+ C'+Ch = 27 {hH
te 1a nhan duge két qua da biét (thi du 3, muc 1.4.1): s6 cdc 1ap con cla mét #-1ap
bing 2", c¢on néu chon v = -1 ta duoe:
Co —Cot o 4(=Y'Ch =0 (8)
tiic 14 s6 cdc tap con chdn (c6 $6 phan tir 1a s6 chin) bing cdc s6 tap con 1é va bang 2™
Nhicu tinh chit clia hé sd té hop ¢6 thé thu duoc tir (6) bang cdch 1ay dao him hoic
tich phan theo x hai v& cia ding thitc ndy mét s hiru han ldn, sau d6 gin cho x nhimng

gid tri cy thé. Chang han. cong thic sau day thu duge bing cich 14y dao him hai vé
theo x vit sau dé trong ding thite thu duoe dat x = 1

n2"'=nC) +(n-NC+ .+ C

]

Con cong thitc sau day thu duge bang cdch 1y tich phan hai v& theo x va sau d6 trong
ding thitc thu duge dat.y = 1:

(n+12™ =+ DC) +nC +...+C".
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Bai tap

1. Cho biét trong cdc hé thie dudi day hé thiic nio 1a ddng hé thic no 1a sai
aA)dcAnB
byCocdnByul
AU BcANRB
HANBUA = ANB
ey {d v B4 B)=AB

2, Ky hiéu Z la tap cdc s6 nguyén, Xét hai tp con cla Z:
A=lxeZ :x=4p-1 v&Gimot p € Z nao do}
B={yeZ :y=4¢-5véimdt ¢ € Z nio db}.

Chimg minh ring A = B.

3. Xét hai tap
A =lneZ: n<0} vi A, ={neZn>0}

Hoi A, A, ¢6 tao thanh phén hoach ctia Z hay khong? Néu ding hiy giai thich cau tra
161, néu sai hdy dua ra phan hoach ding cha Z,

4.Cho A=1{0,1, 2, 3,4} vi xdc dinh quan hé R trén A boi:

R={(0,0).(2, 1), (0.3), (0, 1), (3,0% (1,4 (4, 1),(2,2),(2,4), (3, 3),
4, 4).(1,2), (4. 2) }.
Chi ra ring quan h¢ R 1a quan h¢ tuong duong hay khong? Néu chu tra 1 1a khang dinh
hiy dua ra phan hoach clha A thanh cdc 16p tuong duang theo quan hé R di cho,

5. X¢ét cac tap vai cde phin i 1 ¢ic s6 nguyén:

Ao = {..,-10,-5,0,5, 10, 15,20, 25, ..};

Ay = {..,-9,-4,1,6,11, 16,21, 26, .}
A2={ 8,-3,2,7,12,17,22,27, .}
Ay = {.. -?23813]82328 W1
Ay = o -6,-1,4,9, 14,19, 24,29, )

a) Chi ra rang céc 1ap A, A, A,, A, vi A, tao thanh phan houach ctia tip s& nguyén

b) Chi ra quan hé s tuong {ing véi phan hoach nay.
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Chutong 2. Bdi todn dém

BAI TOAN DEM

2.1. Gidi thiéu bai toan

Mot trong nhitng van dé ddu tién cha viéc nghién cifu t6 hop 1a dém xem cé bao nhiéu
cdu hinh t6 hgp ¢é thé duge tao ra véi nhitng quy tic dd néu? Nhitng bai todn nhu vay
duge goi 1a bai todn dém 16 hgp. Thong thudng, 18i gidi clia bai todn dém phu thudc vao
mot 50 gid tri tham s6 ban ddu va ngudi ta ¢6 gang bi€u dién sy phu thudc nay bing
nhitng cong thitc todn hoc. N6i chung, dé dém cdc cdu hinh di cho, ngudi ta tim cich
dua vé cdc cdu hinh quen thude bang cdch thigt 1ap mot twong quan 1-1 giita ching.
Nhiéu khi mot bai todn dém duge phan thanh nhing bai todn dém nhd hon bing cich
chia viéc d€m thanh timg 16p d€ dp dung nguyén 1y cong hodc phan tich ciu hinh cén
dém nhu la viéc ghép mot s6 ciu hinh khic dé dp dung nguyén 1y nhan. Dudi day 14
mot s6 thi dy don gian nham minh hoa mot s& k§ thuat dém.

Thi duy 1. Cé bao nhi¢u cdch xép 5 ngudi dimg thanh mot hing ngang sao cho A khong
ding canh B ?

Giai: D€ dém s6 cdch x&p nay, ta dém phdn con lai: sd cdch x&p ma A dimg canh B.
Xem A v2 B nhu mot chd, ta cd 4! = 24 cdch xé€p. S6 niy cin duoc nhan 2 vi A ¢6 thé
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dimg bén trdi cling nhu bén phai B. Nhu vay ¢6 tat cé 48 cdch »&€p A ding canh B. Toan
bo ¢6 5! = 120 cdch x€p. Tir d6 nhan dugc s6 cdch xép mit A x..06ng ding canh B 1a 120
- 48 = 72 cich.

Thi du 2. Mot dot phét hanh X6 s6 véi cdc s6 vé gém 2 phan: phin ddu gém 2 chit cdi
ldy tir A dén Z (26 phan t(r) va phan sau gém 4 chir s6 14y tir O dén 9 (10 phan tir). Hoi
xdc sudt dé tring giai doc déac 1a bao nhiéu ?

Giai: Trudc hét ta d€m s6 vé duge phit hanh. Mdi vé gém 2 phdn: phan chit vi phén
s8. Phdn chir c6 26° kha nang, phin s& ¢6 10* khi nang. Theo nguyén 1y nhan, s6 vé
duge phat hanh 1a 26° x [0* = 6 760 000. Tir d6 nhan dugc xac suat dé tring gidi doc
dic 1a

1/6760000 = 1,48 x107

Thi du 3. Che mot ludi gém cic 6 vuong. Cic nit duge dinh s tr 0 dén # theo chiéu
1l trdi sang phai va tir 0 dén m theo chiéu tir dudi ién trén (xem hinh v&). Hdi ¢é bao
nhiéu dudng di khdc nhau tit nit (0, 0} dén nit (#, m1) néu chi cho phép di trén canh céc
6 vudng theo chiéu sang phai hoac 1én trén ?

(0, n) {n, )

{0,0) (n,0)

Giai: Mot dudng di nhu thé duge xem gém n+m doan (mbi doan 12 mét canh 6 vuong).
Tai mdi doan chi dugc chon mot trong 2 gid tri: di lén (ma ta ma 12 1) hay sang phai
(mé ta mi 14 0). S6 doan di lén ding bang m va s6 doan sang phai ding bang n. Bai todn
din vé viéc tim xem ¢4 bao nhiéu diy nhi phan d¢ dai n + m trong d6 c6 ding m thanh
phdn bang 1. Day ciing chinh 1 s6 tap con m phan tif cha mot tap n + m phan tir, vi theé
6 dudng di cdn dém bang CJ.., .

Thi du 4. Thuét todn "néi bot" diing dé x&p tang dan day a, (i = 1,2...., n) dugc mo ta
bing doan chuong trinh PASCAL dudi day:

Fori:=2tondo
For j := ndownto i do
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Chuwong 2. Bai todn dém

If afj-1] > a{j] then Swap(a{j-1}, afj]};
Hiy dém xem phai lam bao nhiéu phép so sinh ?

Giai: Ta chia s& phép so sdnh thinh cdc 1dp theo vong lap i (7 di ti 2 dén »). Vi mbi i
xdc dinh, phat thuc hién n-i+1 phép so sénh. Tir d6 nhan duge, theo nguy2n 1y cong, s6
cdc phép so sdnh la;
mn-1)
2
C6 theé 1y luan gon hon: thuat todn "néi bot" viét trong doan chuong trinh di cho
phai so sdnh tat ca cdc cap phén tir khdc nhau. Tir d6 nhan duoc s6 phép so sdnh 4
n{n—1)
2
Mot dic tinh cua cdc bai todn dé€m t6 hap 12 s6 cdu hinh tang rat nhanh khi s6 gia
tri tham gia vio viéc tao nén ciu hinh d6 ting. Piéu nay thuong din dén cic con s6
khéng 16 mac du cdc con s6 tham gia ban ddu khong 1on. Hién tugng nity thudmg duge
goi 1a su bung no 16 hgp va chinh né 1a nguyén nhan lam cho cdc thuat todn dua vio
vi¢e duyét toan bd trd nén khong kha thi. Thi du dudi day cho thdy rang, dii qui cdch
tao cu hinh ¢6 vé rat han ché nhung s6 cfu hinh duge tao, hod ra lai rat 16n.

(n—D+(n-2)+...+1 =

C:

Thi du 5. Ngon ngit PASCAL chuén qui dinh dat ¢én bién khong qud 8 ky tu. Cic ky tu
trong tén bién chi duge phép la cic chiy ci (tir A dén Z) hoac cdc chit s& (tir 0 dén 9) va
phai bit ddu bang chir cdi. Hoi ¢6 thé dinh nghia bao nhiéu bién khéc nhau ?

Giai: Ta phan cdc bi€n thanh cdc 16p; 1-ky tu, 2-ky ty, ... S6 cdc bi¢n thude 1dp k-ky tu,
theo nguyén 1y nhéan, bang 26 x 36 (k = 1, 2, ..., 8). Tir d6, theo nguyen 1y cong, ta
nhin dugc s6 cdc bién khic nhau 1a:

26.(1 +36+36°+...+36") = 2095681 645 538.

2.2, Nguyén ly bu trur

Mot s6 bai todn d€m phiic tap hon, duge dya vao nguyén Iy téng quat cla nguyén ly
cong. N&u khong c6 gia thiét gi vé su r&i nhau gilta 2 tip A va B thi

N(AUB) = N(4)+ N(B)— N(ANB). (1)
Cong thie (1) duge md rdng cho trudng hgp nhiéu tap nhu sau,

Dinh Iy, Gidsw A, A,, ..., A, la cdc 1dp hitu han. Khi d6
N4 UAU..A) = Ni=Nat .o +(=10"'N, . (2)
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Phdn 1. LY thuyét 16 hop

trong dé N, la tong phdn tif ciia idt cd cdc giao cha k tdp Iy to m tdp dd cho (néi riéng
N =NA)+ .+ NA LN =NA AN L NAD D)
Ching minh. Chi ¥ ring, s6 cdc giao clia k tap lay th mtap bang C), , k= 1,2, .., m.
Pé chimg minh cong thitc (1), ta s& tinh xem méi phdn tir cla tdp A, VA, U ... UA,
duge dém bao nhiéu lan trong v&€ phai cla nd. Xét mot phdn thtuy v a e A, U A, U, .,
U A,,. Gia sir ¢ 13 phén tir cla k tap trong s6 m tp da cho. Khi dé a duge dém & v& phai
cua cong thie (1)
C,-C}+C} —..+(-D)"C}
lan. Do
C,-Cl+C}-...+(-1)"'C]
=1-{1- Ci+C}=C}+..+(-1)Cf 1=1-(1 - 1) =1,

suy ra mdi phan tr ¢ € A, U A, U ... U A, duge tinh ding | lan & v€ phai clia cong
thiéc (1), diéu dé da chitng minh tinh ding dén cba cong thde (1).

Bay gio ta dong nhat tap A, véi tinh chat 4, cho trén mot tap X nao dé va dém xem
¢6 bao nhiéu phan tir cta X khong thoa min bat cit mot tinh chit 4, nao ca,

Goi N 1256 cin dém, N la s6 phan tr cia X, ta ¢6:

N=N-NAUAU.. A)=N-N+Nsi— .+ (=1)"N, (3)

trong d6 N, I téng cdc phan tlf clia X thoa min 4 tinh chat 1ay wr m tinh chét da cho.

Cong thic (3) duge goi 1a nguyén ly bi trir. N6 cho phép tinh ‘N qua céc N, trong
trudng hgp cdc s6 nay dé tinh todn hon.

Ta sé& xét mdt s& thi du minh hoa cho viéc st dung nguyén ly bit trir dé giai cdc bii
todn dém.

Thi du 1. Héi trong tap X= {1, 2, ..., 10000} c6 bao nhiéu s6 khong chia hét cho bat ci
5@ nao trong cdc 56 3, 4, 77

Gidi. Goi
A ={xeX:xchiahétchoi},i=3,4,7.
Khi d6 A, A, A, 13 tap cdc s8 trong X chia hét cho it nhdt mot trong 3 s6 3, 4, 7,
suy ra theo cong thie (3}, s¢ lugng cac s6 cian dém s€ 1a
NX-NA VAV A)=N -N,+ N,
Tacé
N, = N(A;) + N(A) + N(4))
= [10000/3] + [10000/4] + [L0000/7]
=3333 + 2500 + 1428 =7261,
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Chiong 2. Bai todn dém

N, =NA,NA) + NA A + NALNAY)
= [10000/(3x4)] + [10000/(3x7)] + {10000/(4x7))
=833 + 476 + 357 = 1666,

Ny = NA; N AN A = [10000/(3x4xT) | = 119,

& day ky hiéu [ 7 ] dé chi sé nguyén 16n nhat khong vugt qua r.
Tir d6 56 lugng cdc s6 can dém 1a 10000 - 7261 + 1666 - 119 = 4286.

Thi du 2. C6 bao nhiéu xau nhi phan dé dai 10 hoac 1a bat ddu bai 00 hoac 14 kél thic
bai 11?

Giai. Dé thdy 12 s6 xAu nhi phan do6 dai 10 bit ddu bai 00 1a 2° = 256 va s6 xdu nhi phan
do dai 10 két thic boi 11 1a 2° = 256. Ngoai ra, s¢ x4u nhi phan d¢ dai 10 bat dau bdi
00 va két thic boi 11 12 2° = 64. Theo cong thiic (1) suy ra s6 xau nhi phan hoac bat dau
bd&i 00 hoac két thic béi 11 1a

256 + 256 - 64 = 448,

Két thiic muc niy, ta xét bl todn cd dién dudi day trong 1y thuyét xdc sudt:

Bai toan bo thu. C6 n 14 thu va n phong bi ghi sin dia chi. B6 ngdu nhién cdc 1d thu
vio cdc phong bi. Hoi xdc suat dé xdy ra khong mét 14 thu nio bd ding dia chi 1a bao
nhiéu?

Giai: C6 tit ca n! cdch bo tha. Vian dé con lai 1a dém s6 cdch bd thu sac cho khong ¢
14 thu nao ddng dia chi. Goi X 12 tap hop tat ca cic cdch bo thu va A, 14 tinh chat 14 thu
thit & bd ddng dia chi. Khi d6 theo cong thic (3) ta cé:

N=N-N+N;—.+(-1)'N,
trong d6 N 13 s6 cdn Gm, N =n!, cdon N, 1 56 tat ca cdc cich bd thu sao cho ¢6 & 14
thu diing dia chi, Nhan xét ring, N, 1a t6ng theo moi cach 14y k 14 thu tir » 14, v6i méi
cdch 14y k 14 thu, c6 (n-k)! cdch bo dé k 14 nay ddng dia chi, ta nhan dugc:
I

!
Ni = Cin=k)! = o

va

Tir 46 x4c sudt can tim 14
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Phdn . Ly thuyéi 16 hop

Mot diéu 1y thad 1a xdc sudt nay din d&n e (nghia 14 con 16n hon 1/3) khi # kha
16n. S6 N trong bai todn trén duoc goi kA s mdr rhit nr va duge k¥ hiéu la D,.. Duéi day
la mot vii gia tri cua D, cho ta thdy D, ting nhanh thé nao so véi n:

" 213(4] 5 (i} 7 3 9 10 11
D, [ 11219 44 | 265 | 1854 | 14833 | 133496 | 1334961 | 4800741

2.3. Quy vé cac bai toan don gian

Mot trong nhitng phuong phap dém la quy bai todn dang xét vé nhitng bai todn don gian
hon. Diéu nay khong phéi lic nao ciing dé vi né thudng ddi hoi mot sy phan tich sau
sac cdu hinh cdn dém. Thi dy duéi day trinh bay mot bii todn ndi tiéng cta Lucas
(1891), qua d6 ridt ra duge nhiéu diéu bé ich trong nghe thuat dém.

Bai toan xép khich caa Lucas. C6 mot ban won, xung quanh cé 2i gh€. Cin siip chd
cho # ¢ap v chong sao cho cdc 6ng ngdi xen ké cdc b v kKhong ¢6 cap vo chng nio
ngdi canh nhau. Hoi ¢6 14t cd bao nhiéu cich xép ?

Giai: Goi s6 phai tim 1a M,. X€p cho cdc bi trude (cit mot ghé xép thi mot ghé dé trong
danh cho ciic 6ng). S& cach xép cho cdc ba 1a 21!, Got 56 cdch x€p cdc ong tng vdi mot
cdch xé&p cac ba 1a U, ta duoc s6 cich x&p 1a

M, = 2t x U .
Van dé con lai la dém so U,

Danh s6 cdc ba (da x&p) tir 1 dén #, ddnh s6 cac 6ng tuong ng vai cdc ba (6ng / ta
chong ba i), sau d6 dénh s6 cdc ghé trong theo nguyén tic: gh& 6 i ndm gilta ba 7 va ba
i+1 (dé tién trinh bay, cdc phép cong chi 6 trong phén nay déu duge hidu [a thuc hién
vong tron, nghia 1a n+1 = I). M6i cdch x€p cdc 6ng duge bicu dién biing mot phép thé
@ trén @p {1, 2, ..., n} véi quy ude i) = j c6 nghia 1a gh€ / duge xép cho 6ng j. Theo
dau bai, ¢ phdi thod min _

Qi) =ivh i) =i+, {*)
Nhu vay U, 1a s6 tét ca cdc phép the ¢ thod man diéu kién (*). Trong todn hoc, U, duoc
20i 12 56 phdn b6,

Xét 1dp hop tét ca cdc phép thé ¢ ciia {1, 2, ..., n}. Trén tap nay, goi P, [a tinh chat
@iy = 7 va @, latinh chat (i) = i+1. DBat P,,, = Q, vd ta dugc, theo nguyén 1y bi trir
(twong tng vai 2x tinh chat P):

U =N = n-N + N, -

L
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Chitong 2. Bai rodn dém

trong d6 N, 12 tong s6 tat ca cdc phép thé thod man & tinh chat, 14y tir 2» tinh chét dang
XE1.

Chu ¥ rang, khong the xdy ra dong thdi thoa man P, va 0, hoic déng thdi thod mian
P.,; vd Q. do d6 trong cdc cdch 1y ra & tinh chét tir 2» tinh chat dang xé1, can thém vio
di¢u kién: cdc P, vd Q; hoac P,,, vad , khong dugc déng thdi ¢6 mat. Goi s6 cdc cich
niy 1a g(2n, k) {ndi riéng g(2n, &) = 0 khi k > »). V&i mébi cdch 1ay ra & tinh chit nhu
vay (k < i), ta cd (n-k)! phép thé thod man ching. Tir d6 nhéan duge N, = g(2n, &).(n-&)!
v

Uy=nt - egCn, DL(-11 + 220, 2).(n-2)! - o+ (-1) ¢(2n, 1) .
Bay gio con phai tinh cic hé s6 ¢(2n, k), k=1,2, ... n.

Xép 2n tinh chal dang xét trén mot vong tron theo thi tv P, @), Py, O, ..., P, Q..
ta thdy rang g(2n, k) chinh 1a s6 cdch 14y ra & phan tr trong 2» phén tlr xép thanh vong
tron sao cho khong ¢6 2 phin tir ndo ké nhau cung dugc iay ra.

Dé tinh g(2n, &) ta giai 2 bai todn con sau day:

Bai toan 1. C6 bao nhiéu cich 1ay ra & phén tir trong # phéin tit xép trén dudng thang
sao cho khong ¢6 2 phan tir ké nhau ciing dugc 1y ra ?

Giai: Khi ldy ra & phén t, ta cdn n-k phan tlr. Gilta #-& phan t nay c6é n-k+1 khoéng
trong (k€ ca 2 ddu). Mbi cdch tdy ra k khoang tlf cdc khodng nay, s& tuong (ng vai mot

cdch chon & phin 1 thoa min yéu ciu di néu. Vay s6 cich cin tim 13 CX_y, ..
Bai todn 2. Gidng nhu bai todn 1, nhung véi # phan tir x€p trén vong tron.

Giai: Co dinh phan tir ¢ trong # phén tir. Chia cdc cdch 18y thanh 2 i6p:

1. Cac cdch mi « duge chon, khi d6 2 phan tir ké a s& khong duge chon va ta phai
ldy k-1 phén t tr -3 phan tr con lai. Céc phéin tlr nity duge xem nhu trén dudng thing.
Theo bii todn 1, s6 cich thude 1ép nay 13 A4,

2. Cic cich mi ¢ khong duge chon, khi dé bo « di, ta dura vé bai todn 14y £ phén ti
tt n-/ phén tr x€p trén dudng thing. Theo bii todn 1, s& cdch thugc 16p nay 1a Ch; .

Vay, theo nguyén Iy cong, s6 cdch ¢an tim la '

Cil+ Ch = ——Chy
n—k
Tir két qua cua bai todn 2, ta nhan duoc

2n
g(zna k) = _Cﬁn—k

2n—-k
va s6 phan b6 U, dugc tinh bing
Un = L e =1)l+ 2" CE,,_Q(n-z)!-.,,+(*1)"2_”C»
2n-1 7 2n-2 n



Phdn 1. Ly thuyét 16 hop

(Touchard J. 1934 France).

Dudi day 1a mot vai gid tri ciia U,, mot 1dn nita minh hoa hién twong bing né té
hop:

n |21314] 5 6 7 8 9 10
L1011 2] 131 80 | 579 | 4738 | 43387 | 439792

2.4. Cong thire truy hoi

Thong thudng, ngudi ta quan tam dén nhitng bai todn dé€m, trong d6 két qua dém phu
thudc vao mdt tham s6 tai ddu vdo (ma ta k¥ hiéu 1a #), thidu cdcsé D, U, ... Viéc
biéu dién két qud niy, nhu mot ham cia n, bing mot s& hitu han céc phép todn, khong
phai & don gian. Ngudi ta nhan thiy ring. trong nhiéu truong hop, viéc tim kiém mot
cong thifc truc ti€p gifta k€t qua dé&m va gid tri #7 12 rat khé khin (hoac khong thé duoc),
trong khi dd. cong thite lién hé gikta k&€t qud dém ing vai n va céc két qui dém tng vdi
cdc gid tri # bé hon lai don gian va d& tim. Nh& cong thiic nay va mot vai gid tri ban
ddu, ta c6 thé tinh moi gid tri cdn lai khdc. Cong thitc dé goi 1a cong thitc truy héi hay
cong thie dé quy, Do tinh k& thira, cong thitc truy hoi rét thich hgp vdi viéc lap trinh
trén mdy tinh. N6 cho phép gidm ddng ké do phife tap ciing nhu gia tang d6 én dinh clia
qua trinh tinh todn.

2.4.1. Cac thi du minh hoa

Trude tién ching ta xét mot s6 thi du minh hoa viéc xay dung cong thic truy héi dé giai
cdc bii todn dém,

Thi du 1. Tinh s6 mat thit tu D,

Giai: Ddnh s6 thu vA phong bi tir 1 dén # (thy [ gli ding dia chi néu bd vioe phong bi 7).
Mot cédch bo thr duge dong nhit vdi hodn vi (ay, ..., a,) cta {1, 2, ..., n}. Mot mét thi tu
duge dinh nghia 1a mét hodn vi (g, ..., a,) sao cho @, #/ v& moi /. Thinh phin a, ¢é
thé nhan -1 gid tri ngodi 1. V6i mdi gid tri k (4 #1) clla @,, xét 2 tnimg hop:

1. a, = 1, khi dd cdc thanh phan cdn lai duge xdc dinh nhu mot mat thit tr cla #-2
phén 1w, tic 12 s& cic mat thd ty thude loai ndy bang D .

2. a, # 1. khi d6 céc thanh phan tir 2 dén # duogc xdc dinh nhu mot mat thi w cla
n-1 phan tr (xem gid tri 1 nhu 13 gid tri ), tde [a $6 mat thi wr thude loai ndy bang D, .

Tir d6 nhan dugce cong thic

D, =m-1)D,,+D,) nz3.
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Chuong 2. Bai todn dém

Céc gid tri ban dau dé dang duoc tim truc tiép: D, =0,D,=1.
Moi gid tri con lai dugc tim don gian nhd luat k€ thira:

D,= 3-D@O+1) = 2
D,=(4-11+2) = 9
Dy =(5-1)2+9) = 44

D, =(6-1)9+44) =, 265
Dy o= (7-1)(265+44) = 1854
Dy = (8-1)(1854+265) = 14833

Dé cong thic truy héi diing ci d6i véi n = 2, ta xem nhu D, = 1.
C6 thé nhéan duge cong thie trie tig€p qua cong thirc truy héi. That vay, ur
D, = {n-1)D ,+D, )

suy ra
D" - nD"_l = '(Dn.| - (n 'l)Du-2)'

batV,=D,-nD, ,tacé

D,-nD, =V, =V _ =. =)'V = (1)
hay
Dn Dn—l _ (—I)”
aA (-1 A
Cong cdc hé thic trén, véin = 1, 2, ..., ta duge
D, 11 (-
— = l=—+—— ..+
n! o2 - onl
e v e 11 (-1
va nhan lai cong thic dd biét: D, = n!(l~ 1 + o + —1—).
P2 Al

Thi du 2. Trén mat phang, k& » dudng thing sao cho khéng ¢6 2 dutmg nao song song
va 3 dudng nao déng quy. Hoéi mat phing dugc chia thanh may phan ?

Giai: Goi s6 phdn mat phing duge chia bdi n dudmg thang 13 S,. Gid sir da ké n-1 dudmg
thing. Bay gi& ké thém dudng thing thit » thi s6 phdn duge thém s& bing s giao diém
dugce thém cong véi 1. 56 giao diém dugc thém 1a sd giao diém ma dudng thing vira ké
cit n-1 dudng thing cii, nghia 1a bing n-1. Tix d6 nhan duoc cong thic truy héi

S,=8,. +n n21,

vdi gid tri ban ddu §, = 1. Tir cong thic nay, dé dang tinh moi gid tricta S, n=1,2, ...
S =141 =2
$,=2+2 =4

5-TRR
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Phdn 1. L§ thuyét t6 hop

S, =443 =7
S, =7+4 =11
S, =11+5 = 16
S, =16+6 = 22

$;=22+7 =29

D¢ tim cong thifc tryc tiép, ta cong cdc hé thic S, = S, , + k v6ik= 1,2, ..., n. Sau
khi khir cdc s6 hang gidng nhau & hai v€, ta nhan duoc:
nn+l)  pl+n+2

2 2

Cong ihitc truy héi duoc md rong mét cach ty nhién cho trudng hop 6 nhiéu tham
s6. Khi dé cin mot ho cdc gid tri ban ddu (mi ching thudng dugc goi 13 cde gi4 tri
bién). Viéc ti€p can cic hé s6 td hop nhu trinh bay dudi day 14 mét thi du im mot cong
thifc nhu vay.

S, = So+1+2+...+n =1+

Thi du 3. Tinh hé 56 t6 hop C* .

Giai: Chon phdn tir ¢6 dinh @ trong n phén tir dang xét. Chia s6 cdch chon tap con k
phan tir clia tap nay thanh 2 16p: chifa @ va khong chita a. Néu a duge chon thi ta phai
b8 xung -1 phan & & n-1 phin t& con lai, tir d6 16p chita @ gédm C'7} cich. Néu a
khong dugc chon thi ta phai chon & phdn tir tir n-1 phdn tir con lai, tit d6 16p khong chia
a gom C,_, cdch. Theo nguyén 1§ cong, ta dugc cong thife truy hdi:

C. = Ci+Co
v6i cdc gid tri bién duge suy true tiép tir dinh nghia;
Co=Ch= 1.
R& rang viéc 14p trinh theo cong thiic truy héi (xem tam gidc Pascal) 14 hiéu qua hon

nhi€u so véi viée 1ap trinh theo cong thite tryc tip.

Phuong phdp tim c6ng thitc tric ti€p tir cong thic truy héi trinh bay trong céc thi dl:l 1-3
dugc goi 1a phuong phdp k. Khong phai lic nao ciing dé dang khir dugc cong thitc
truy hdi dé dira duge vé cong thic tryc ti€p. Tuy nhién, trong mot s& trudng hop dic biét
ta c6 thé dura ra phuong phép téng quat dé gidi cong thite truy héi (tic 12 tim cong thie
truc ti€p cho s hang 16ng quit clia ddy s& thoa man céng thite di cho).

Thi du 4. (Bai todn thdp Ha ndi). Trd choi thdp Ha ndi duoc trinh bay nhu sau: “Cé 3
coc a, b, ¢. Trén coc a cd mdt chéng gom n cdi dia duomg kinh gidm ddn tr duci lén
trén. Cdn phdi chuyén chéng dia tx coc a sang coc ¢ tudn thi qui tde: méi ldn chi
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Chuong 2. Bai todn dém

chuyén 1 dia va chi duge xép dia cé diong kinh nhd hon 1én trén dia cé duomg kinh lon
hon. Trong qud trinh chuyén duoc phép ditng coc b lam coc trung gian”". Bai todn dat ra
la: Tim s6 14n di chuyén dia ft nhét cdn thuc hién dé thyc hién xong nhiém vu dit ra
trong trd choi thip Ha nbi.

Giai: Goi 4, 1a s& 14n di chuyén dia it nhat c4n thuc hién dé giai xong bai todn thap Ha
noi. Ta xay dung cong thitc dé qui dé tinh A,. RS rang:
h =1,
Gia sit n > 2. Viéc di chuyén dia gém céc buéc:
(i) Chuyén n-1 dia oY coc a dén coc b st dung coc ¢ 13m trung gian. Buée nay dugc
thuc hién nh¢ gia thiét quy nap.
(ii) Chuyén 1 dia (dia v6i dudng kinh 1én nhat) tit coc @ dén coc c.
(iii) Chuyén n-1 dia tit coc b dén coc ¢ (sit dung coc a 1am trung gian). Budc nay
dugc thue hién nhd gia thiét quy nap.
Budc (i) va (ii) doi héi giai bai todn thap Ha noi véi n-1 dia, vi vay s6 14n di chuyén dia
it nhat cdn thuc hién trong hai budc nay 1a 24, . Do d6 ta c6 cong thic dé qui sau;
hy=h, ,+1,n=2.
Str dung cong thitc dé qui va diéu kién ddu vira (im dugc d6i voi h, ta ¢6 thé dé dang
chimg minh bing qui nap 12

h,=2"—1,n>1.

2.4.2. Giai cong thikc truy héi tuyén tinh thuan nhat hé so hing
Xét cong thirc truy hoi tuyén tinh thudn nhat hé s& hing béc &:
an = lf"larr-l + Czan-Z +..+ Cellygs (])
trong d6 ¢, ¢,,..., ¢, 12 cdc hing s6, ¢, # 0.
Ta can tim cdng thiic trie tiép cho s6 hang q, cla diy s6 {a,} thod mén cong thiic
(1) {ddy s6 nhu vay s€ goi 1a nghiém cia cong thdc truy hoi di cho). RS rang, diy s6
{a,} thod man cong thic (1) s& duge xdc dinh duy nhit, néu nhu né phai thoad man &
diéu kién ddu sau:
ay=Cyay=C, ...,a,,=Cpy, (2)
trong d6 C,, C,, ..., C,, 14 cdc hing s6. Ta tim nghiém dudi dang
a, =r (3)
trong d6 » 12 hiing s6. Diy s6 {a,} xdc dinh theo cong thitc (3) s& thoa mén (1) néu r I3
nghiém cua phuong trinh;
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Phdn 1. Ly thuyét 16 hop

Fr=or™ 4o, 4+ o
hay 13
rk'clf.k-l'cZ’J(lz'...'Ck=0. (4)

Phuong trinh (4) duge goi 1a phuong trinh déc trung clia cong thice (1), va nghiém cha
né duge goi 1a nghiém dac tnmg. Chiing ta s& xét c4ch sit dung nghiém dic trung dé
xdy dyng cong thic nghiém dudi dang hién. Trudc hét ching ta xét trudng hop rieng,
khi & = 2. Sau dé cac ket qua s& duge phdt bi€u cho trudng hop dng quat.

binh 1y 1. Cho ¢\, ¢, la cdc hdng 56" thuc. Gid sit phuong trinh ¥ - ¢, r - ¢, = 0 ¢6 hai
nghiém phdn biét r, va r,. Khi dé ddy s6'{a, } la nghiém ciia cong thitc truy hdi

a,=¢ d,, +¢a,,
khi va chi khi

a,=anr +a,r (5

n=0,1,..trongdé a,, a, la cdc hdng 6.

Chimg minh. Tru6c hét ta ching minh rang néu r, va r, 12 hai nghiém phan biét cla
phuong trinh dédc timg, va ¢ , @, la cdc hing s6, thi day s§ {a,) x4c dinh bdi cong
thite (5) la nghiém cia cong thidc truy héi da cho. Thuyc vay, do r, va r, 1a nghiém dic
trung nén
rl=ernto, rEon+o
tlr dé suy ra
€18y + =0 (0 1" + ™) + oy 1" + ay 1))

= r"He r+ ¢ + a1 ey + )

=o' + a7}

=aqrn +ar"

=a,.
Bay gid ta s& chi ra rang nghiém {a,} cha heé thic a, = ¢, a,, + ¢, a,, lu6n ¢6 dang (5)
v0i ), @, nao d6. Thyc vay, gia sit {4,} 14 nghiém cha hé thic d4 cho véi diéu kién ddu

a,=Cy,a,=C, , (6)

ta chi ra rang c6 thé tim duge céc s6 @, , @, dé cho (5) 12 nghiém clia hé thic véi didu
kién ddu nay. Ta cé

ay=Chi=a, + ,,
a=C,=ar +ay,
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Chuong 2. Bai todn dém

Giai hé phuong trinh tuyén tinh phu thudc hai 4n @, @, thu duge, do r, # r,, ta tim
duge nghiém duy nhét

a = (C, - Cory) ry - 1), N
ay = (Cor- COHry - ry)

V&i nhimg gid tri ca @, , @, vira tim dugc, day {a,} xdc dinh theo (5) 13 nghiém cla hé
thitc da cho véi diéu kién ddu (6). Do he thitc di cho clng véi diéu kién ddu (6) xdc
dinh duy nhat mét ddy s6, nén nghiém ctia he thifc duge cho boi cong thite (5). Dinh ly
duge chimg minh.

Thi du 4. Day Fibonaci trong todn hoc duge dinh nghia bing hé thic truy héi:
F

"

Fn-l + Fﬂ-Z’nzz’
Fo=F = I

Tim c6ng thitc hién cho F,.

Giai: Giai phuong trinh dic trung:
F-r-1=0,

ta thu duge hai nghiém

145 1—\/§
> 0 T2

r,o=
va cong thitc hién c6 dang:
F, = a.(r) + op(ry)

trong d6 o, o, 13 cdc hiing s6 cdn xdc dinh tir cdc gid tri ban ddu F,, F,. Tir céng thitc
(7), ta cé:
1 1+/3 1 15

Ct| - -"_S_ 2 ,alz - 'H‘J_g 2

( N tl B n+]\
sl 15 )

Mot diéu 1y thd 1a cong thic ndy phii dung cdc phép todn vo ti dé biéu dién mot gid tri
nguyén,

va nhan dugc

Dinh 1y 1 khong ap dung dugce khi phuong trinh dac trung ¢6 nghiém kép. Trong
trudng hop d6 ta can st dung két qua cia dinh 1y sau.
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Phdn 1. Ly thuyét t6 hop

Binh 1y 2. Cho ¢,, ¢, la cde hdng 56 thic, ¢, # 0. Gid sit phuomg trinh 1* - ¢, r - ¢, = 0
co nghiém kép ry. Khi d6 ddy s6' {a, } la nghiém cia cong thirc dé qui

au = Cl a + ('.2 an-E

n-1

khi va chi khi
a,=a.r, +a,nr
n=0,1,..,rong dé e, , a, la cdc hdng s6.

Ching minh, Hoan toan tuong (¢ nhu chimg minh dinh 1y 1.

Thi du 5. Tim nghiém cho c6ng thiic truy héi
a,=6a,,-%a,,
v&i diéu kién ddu a, =1 va q, = 6.
Giai: Phuong trinh dac tnmg r* - 6 7 + 9 = 0 ¢ nghiém kép r = 3, Do d6 nghiém cia
h¢ thitc c6 dang:
a,=a,3" +a,n3".
bétim a,, a,, st dung diéu kién ddu ta cé
a,=1=a,
a=6=a,.3+a.3
Giai hé nay ta im duge a, =1 va «, = 1. Tir d6 nghiém cha hé thic d3 cho la:
a,=3+n3".

Dinh 1y 3 sau day 1a su téng qudt hod két qua cdia dinh 1y 1 cho trudmg hop hé thiic
dé qui tuyén tinh thudn nhat hé s6 hing bac k > 2.

Dinh Iy 3. Cho ¢, ¢y, ..., ¢, 1d cdc s6 thire. Gid sit phuong trinh ddc trung
4 . el A2 . =
Fao e, ™ o oo =0
€6 k nghiém phdn biét r\, ry, ..., r.. Khi dé day s6'|a,} la nghiém cia hé thirc
a,=C U, + (1d,, +..+ C a,
khi va chi khi
a=or"+an"+...+ar

vi n=0,1,2,.,trong dé a,, a,, ..., o, la cdc hdng so.

Chitng minh: Tuong tu nhu ching minh dinh 1y 1.
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Chuong 2. Bai todn dém

Thi du 6. Tim nghiém cla hé thic
a,=6a,,-11 a,,_z. +6a,,
vdi diéu Kién ddu
a4y=2, a,=5, a,=15.
Giai: Phuong trinh déc trung
r-6r+1lr-6=0
c6 3 nghiem r =1, r,=2, ry=3. Vi viy, nghiém cé dang
a,=a 1"+ «,2"+ a,3"

Stt dung cdc diéu kién ddu ta c6 hé phuong trinh sau day dé xdc dinh cdc hing s6 a,, o,
Oy

G=2=a+ o+ a

@ =5=a+ a2+ a.3

a;=15=a + a4+ 9.
Giai h¢ phuong trinh trén ta thu dugec @, = 1, & = -1 v@ @, = 2. Vay nghiém clia he
thiic dé cho la

a,=1-2"4+2.3"

Chu y: Viéc tim nghiém cia he thic (1) trong trudng hop téng quat din vé vige giai
mot phuong trinh bac :
Foc e, =0

ma viéc bi€u dién nghiém cla phuong trinh nay qua mot s6 hitu han cdc phép todn, nhu
di biét, khong phai ltc nao ciing 1am duge véi & = 5 (dinh Iy Abel).

2.5. Phudng phap ham sinh

2.5.1. Ham sinh vi bai toin dém

Giasir {4, 1n=0,1, 2, ...} 1a mot ddy s6. Ta viét ddy nay nhu 13 ddy v6 han phin ti,
tuy nhién ta coi rang né bao gém ¢4 trudng hop ddy hifu han. Néu h, h,, ..., h,, 1a dy
Lkiru han, thi ta s€ bi€n né thanh diy vo han bing cdch dat 4, =0,i>m .

Dinh nghia. Ham sinh g(x) cia ddy s6' {h, | n =0, 1,2, ....) ld chudi vé han

31



Phdn 1. Ly thuyét 16 hop

w .
Xy =ho+h x+h P w = Y hx'
i=0

Nhu vay ham g(x) sinh ra day s& da cho nhu 1a ddy cdc hé s6 clia né. Néu day 13 hitu
han thi s€ tim dugc m sao cho ;= 0, i > m. Trong trudmg hop ndy g(x) 1a mot da thic
bac m.

Thi du 1. M9t trong nhitng ngudn géc dén dén dinh nghia ham sinh chinh [a dinh 1y vé
Khai trién nhi thiic: Ham
gl = (1 + 0"
sinh ra ddy cac hé sé t6 hop
{h,=C(m, k), k=0, 1,..., m}
bai vi

(1+x)" = iC(m,k)xk.
k=0

Thi dy 2. Ham

g(x) = 1/(1-x)
sinh ra day
1,1, 1,..
D¢ dang chitng minh diéu d6 béng cdch thuc hién phép chia:

Hl-x0)=1+x+X+..

Thi du 3. V6i &> 0, haim
g =1/(1-*
sinh ra day
(C(ntk-1,n):n=0,1,2,..}. _
Nhu véay hé s6 thit » s& 12 s6 kha nang chon n vat tit & loai d6 vat. Thuc vay, ta cé
(-0 =[ Y10 = (1 +x+ X+ .05

Neéu ta khai trién bi€u thitc ndy bing cdch thyc hién nhan phd ngoac, thi s& 1an xuat hien
s6 hang X" s€ bang s6 nghiém nguyén khong 4m ciia phuong trinh

tl + Iz + ... +fi.=n,

ma ta ¢6 thé dé dang tinh duge 1a C(n+4-1, n).
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Chuong 2. Bai todn dém

Vi du nay c6 thé goi ¥ cho ta cich giai nhiéu bai todn d&m. Ching han xét ham sinh
g =(l+x+ 7+ (1 +x+H A +x+57+x° +x%.

Gid sl x*, X, ¥ tuong tmng 12 cdc s6 hang 14y tir cic thira s@ thid nhat, hai, ba cla vé& phai,

diéu d6é cé nghia la 0 < a £3,0 < b <2, 0 < ¢ <4, Khi khai trién v& phai cic thira s6 nay

s€ cho ta s6 hang /", véi n = a + b + ¢. Nhu vdy hé s6 cla X" trong g(x) s 1a s& nghiém

nguyén khong am cua phuong trinh

n=a+b+c
thod min
0<a<3,0<h<2,0<<4,
Suy ra hé s6 nity ciing cho ta s6 cdch chon n bong hoa tir 3 bong ciic, 2 bong layon va 4

bong héng.

Tat nhién viéc st dung ham sinh dé gidi bai todn dé€m s& doi hoi nhiéu tinh todn khi
thuc hién phép nhan cdc da thitc, va khong thich hgp cho viéc tinh tay. Tuy nhién, viéc
dé lai ¢4 thé thuc hién nhanh chéng trén mdy tinh, v vi thé ham sinh s& 1a mot cong cu
hitu hiéu d€ giai nhiéu bii todn dém trén mdy tinh. Hon nita him sinh s& con 13 cong cu
hitu ich d€ nghién cttu cdc bai todn d€m mét céch trini tuong.

Ta dan ra mot s6 khai trién dai s& rat hay sit dung trong viéc sit dung ham sinh:

P =XF (1 +x+2+ 3=+ + 074

(1Y) =1+ x+ 2+ .+ X

V1D =1+ +x + 2+ .

Ml-D=xl+ 2+ + %+ ) =x+ X+ +7+ ..
Thi du 4, C6 bao nhic¢u cdch chon ra 7 qua tir 4 loai qua: tdo, chudi, cam va ddo (mbi
loai déu cd s¢ luong ft ra 1 #) mi rong d6 c6 mot s6 chin qua tdo, s6 1& qua chudi,

khong qud 4 qua cam va it ra 2 gua dao?

Giai. Ham sinh d€ gidi bdi todn nay Ja
I+ ++ 8+ )W+ + 7+ ) U +x+ 2+ 0+ P+ 0+ + )

Trong cong thitc trén ¢6 4 thita s§ dé dém sé qua tdo (cic $6 mil chan), chudi (s6 mil
[}, cam (chi ¢c6 dén s6 mi 4) va dio (58 mi bat ddu tir 2). Ham sinh s 13

0O =[] [oA1-)] LU-XW(-0] [¥(1-0)]
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Phdn 1. Ly thuyét t6 hop

= -/ (1-xY].

Céu tra 131 1a: S6 céch can d€m 1a hé s& thit # trong khai trién g(x) duéi dang chudi luy
thira. Tuy 12 ching ta khong c6 cau trd 1& bang s6, nlmg ham xay dung duge chita dit
liéﬁ dé c6 thé 1ap trinh trén mdy tinh dua ra bang dip s§ cho cdc gid tri cha n mi ta
mong mudn,

Trong nhiéu trudng hop, viéc khai trién ham sinh dudi dang chudi lu§ thita ¢ thé thue
hién duge bing tay, chiing ta ¢6 thé thu dugc cong thic dém duéi dang hién.
Thi du 5. Tim ham sinh cho s& nghiém nguyén duong té clia phuong trinh
H+ L+ ..+ =n
Giai. Ham sinh cdn tim 1a
g =G+ +5+x8+ )
=1 +2+x+x5+ .0

=[x (1-H)) = o (1-D"

Thi du 6. Tim ham sinh cho %, 1a s6 cdch chon ra n qua tir 4 loai qua: tdo, chudi, cam
va dao (mdi loai déu c6 s6 luong it ra 1a #) mi trong d6 cé mot s6 chdn qua tio, s6
luong chudi chia hét cho 5, khong qud 4 qua cam va khong qua 1 qui dio?
Giai. Ham sinh ¢6 dang
) =(1++x+2+ DU+ +x"+ x4+ D +x+ 2+ +xH 0 +x)

= [1/(1-) [1/(1-5%)] [(1-2)(1-0)] (1+x)

= [1/(1-00 +x] [1/(1-x)] (1+x)

= 1/(1-x)?

Tir d6 ta 6 thé tim céng thitc hién cho 15 gidi, bdi vi

=] o o °
1(1-x) = ZC:;+2—1 xh= 3 Ch, X" = 2.1 x"
n=0 n=0 n=>0
Vay h,=n+ 1.
Thi dy 7. Tim ham sinh cho s& cdch d6i » (nghin d6ng) sir dung cic loai gidy bac ménh

gid 1 nghin déng, 5 nghin déng, 10 nghin déng, 50 nghin déng (gia thiét 14 ta ¢é mot s6
lrong khong han ch€ méi loai gidy bac).
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Chutong 2. Bdi todn dém

Giai. 56 lugng tién cdn doi ra loai gidy bac 5 nghin déng phai chia hét cho 3, s6 luong
tién cén d6i ra loai gisly bac 10 nghin déng phéi chia hét cho 10, s6 luong tién cdn déi
ra loai gidy bac 50 nghin d6ng phai chia hét che 50. Vi vay

g =(l+x+2+. )0+ +x%+ D1+ x" +x4+. )+ P+ X%+ )

= [1(1-0] [IA1-H] [1A(1-x")) (1/(1-x*)].
2.5.2. Ham sinh va cong thic dé qui

Muyc nay s& trinh bay phuong phdp ham sinh dé tim cong thitc dudi dang hién cho s6
hang t6ng quit cda day s6 xdc dinh bai cong thic dé qui. Noi dung cua phurong phap cé
thé trinh bay nhu sau. Gia sir ta c6 {h,} 1a day s6 duge xac dinh theo cong thic dé qui.
Xay dung ham sinh g(x) clia diy s& nay theo cong thic

w .
gL =ho+ Iy x+hy 4= D hyxt
i=0

Sir dung cdc tinh chét clia diy s (suy tit ¢éng thic dé qui x4c dinh né) ta ¢6 thé fim
dugce cong thidc giai tich cho ham sinh g(x). Tir cong thic tim dugc ta s khai trién ham
g(x) dudi dang chudi luy thira, va tir d6 tim duge cong thitc cho £,

Trude hét ta dua ra mét s§ phép todn déi véi him sinh. Gia st

ﬂx) = Zaixi ,'g(/\') = Zbixi
i=0 i=0

ta hai ham sinh con o 14 $6 thuc, khi dé

fx) + g =Y (a; +b)x’
i=0

[+ 3]
aflx)= Zaaixi ,
i=0
Tich Cosi ciia hai ham sinh g(x) va f(x):
o .
flogx = 3 ext,
i=0
trong do

k .
G=dyb+a b+ ta b= Zafbk—ixf .
i=0
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oo
Tir giai tich ta bi€t ring néu chudi g(x) = thx* héi ty & 1an can diém O thi téng cta né
i=0
$(x) ludn 1a ham gidi tich trong lan can nay vi

he= g0 k=0,1, ...

CD .

Khi dé6 chuéi thx‘ chinh i khai trién Macloren clia ham g(x). Nhur vay ¢S mot
i=0

twong (ng 1-1 gilta mot ham giai tich va mot chudi hdi tu trong lan can 0.

Trong viéc dp dung ham sinh ta thuong sir dung céng thic sau:
< k
Wl-mxy= 3 Ck ek
k=0

ma truomg hop riéng cla nd 1a

Hl-r)=1+m+7 2+ %+ .

Thi du 1. Giai cong thie de qui
;'E" =4 f’,‘q_z,
hy=0h =1
Giai. Goi g(x) =hy+ I, x+ h, @ + ... 12 ham sinh cia ddy s& cin tim. Ta ¢6
W) =hy+h x+hX+ . +h X+ ...
4 g(x) = -4ho? AR ¥ - LAk, X -
Do i, =4 h,,vahy=0, h, = 1, nén cong hai dang thic trén ta thu duge
800 -4 () =hy+ h, x =1,
hay
&) =x/(1- 4 = 1/(1 - 2x)(1 + 2.x).
Sir dung phép tach phan thifc, ta viét £(x) dudi dang
gy =a/(l - 2x) + b/(1 + 2x),

trong d6 « va b 13 cdc hing s6 cdn xdc dinh. D& dang tinh duge a = 1/4 va b = -1/4. Tix
dé ta ¢é
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Chuong 2. Bai todn dém

glxy= ;_II [1/(] - 2x) -1/(1 + 2x)]

I,

Sk -2kt

k=0

Vi vay

h = %[2jk - (-2)*], k=0,1, ...

Thi du 2. Day sd Fibonaci {Leonardo di Pisa hay Fibonaci (quing 1170 - 1226} 14 nha
todn hoe Y). Day s6 Fibonaci la day s6 duoc xdc dinh bdi cong thic dé qui

ﬁr :f;rvl +f;r-2! n 2 29
fo=1LAi=1

Ta & tim cong thitc che s6 hang t6ng quit clia ddy s6 nhd phuong phdp ham sinh.
Xét ham sinh

Fxy= Y fox".
n=_0

Tacéd
Fx) = anxnz p+Hfix+ anx”
n=0 n=2
=fh+fx+ Z(fn-l + fu-2)x"
n=2
. o
= fotfx+ anan + anxn+2
n=| n=0
=f,+fix +x(F(x) -1) + 2 F(x).
Vay
F(x) =f, + f,x +x(F(x) -1) + X F(x),
Suy ra
1
F(x)= .
l—x—x?
Tacé (I-x-xX)=(l-ax)(l +fx),véi a= 1_2\/5,,6’= 1+2J§.
Viét lai F(x) dudi dang
Flo= A + B ,
l—ax 1-fi
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Phdn 1. Ly thuyét 16 hop

ta tim dugc A = af(a- f), B=-fia- f). Do dé

+1 _ﬁk+l

1 o yij z gk
FX = — = —_—
) a—ﬁ{ 1‘)&"} ,Eo

k
1—ox a-p ’

f_afufl_ﬁkﬂ_L 1+\/§k+]_1_\/§k+1
Coa-p 5

Thi du 3. Sé6 Catalan (Charles Catalan (1814-1894) 1a nha toan hoc Bi)

86 Catalan 1a mot con s& quan trong trong t6 hop, 1a 19 gidi clia nhiéu bai todn dém t6
hop quan trong. Ta dan ra & day mot trong nhiing bai todn nhu vay, Xét viéc tinh tich
clia cdc ma trin:

A = AO‘AI "'Au'

Do tich ma trin c6 tinh chat két hop nén ¢6 nhiéu cdch d€ thuc hién viéc tinh tich trén,
Vi du khi 7 = 3, ta c¢6 thé thuc hién viéc tinh tich

A= AAAA;
theo 5 cdch sau
A= Ay(A,(AA,) = A((A4,A)A)
= (A4 )(AA4;) = (AfA A))A; = ((AADADA,.
Goi ¢, 12 s6 cdch thyc hién viéc tinh A. D& thay
CU = 1, C] = l.,
Néu ta dat ddu ngoac phéan tach ddu tién vao sau thita s6 A,:

A=(AA . AYAL AL, - A,

thi do ¢6 ¢, cdch thuc hién viéc tinh AA, ... A, vd ¢, cdch thue hién viéc tinh A,, A, ,,
..A, , suy racé c, ¢, cich tinh A trong truong hop nay. Do dau ngoic phan tich diu
tién c6 thé dat sau A, i = 0, 1, ..., #-1, nén ta thu dugc

-1
Cu = chcn—k—l '
k=0

aa .
Xét ham sinh cha day s6 {¢,}: Cx) = Z:.cfxJ Tacd
i=0
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Chuong 2. Bai todn dém

23]
C¥Hx) = Zc x™ D cpx Zn[ Zc Cpe m]x = Zcrﬂx
m=0 n=0 r=
Vi thé
Cx) =x C3x) +1.
(Giai phuong trinh ndy theo €(x) ta thu dugc

l++/1—4x

X

Cin) =
Ta phan tich f(x) =+/1-4x thanh chudi dua vio céng thic Taylor

© (k)
=7+ YOk

k=1
Ta cd
a* LN ok
——(1-4x)2 =—[-—1J.. (——k+l}(1——4x)2 (- 4¥
a* 242
1 1
. -—k ——k
=-213..(2k=-3)(1-4x)2 = 2(k—1)'C2k 5 (11— —4x)2
vi the
flo=1-2 Z C2k 2%
. . — 14 .
Thay vao cong thic tinh C(x), trong d6 1o rang cdn chon nghiém I=yi-dx dé phu
X

hop véi diéu kién ¢, > 0, ta thu dugc

CU—Z Oty _Zk Cpex®.

k=0
T d6 ta tim duge
1
o= —C
k1
Dé ¥ dén cong thite Stirling tinh gin ddng n!
H
nl= 6222%[2)
e
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ta ¢6 thé tinh gin diing ¢, theo cong thic:

2.6. Liét ké

Viéc tim mot cong thic cho két qui d€m, ngay cd trong trudng hop céng thic truy héi,
khong phai 1a dé thyc hién. Cho dén nay, con rit nhiéu bai todn dém chua cé I&i giai
dudi dang mot cong thite, DG véi nhitng bai todn nhu vy, ngudi ia chi con cich chi ra
mot phuong phdap liét k&, theo dé ¢6 thé di qua tit cd cdc ciu hinh cin dém. R4 rang
ban than phuong phdp liét ké kitong chi ra duge mot két qua cu thé nio, nhung qua nd,
ngudi ta ¢6 thé 1ap trinh cho mdy tinh dién tir d& nho méy tinh "dém” ho.

D¢ thi du, ta xét mot c4u hinh t6 hop ndi tiéng do hang loat nhilg cong trinh xung
quanh né vi cho dé€n nay con nhiéu van dé cdn gidi quyét, d6 ta cdc hinh ch¥ nhat la
tinh.

Gida su S 1a mét n-tap. Khong mat tinh tdng qudt, ta ¢6 thé gia thigt S la tap {1, 2,
wes 11} MOt hink chit nhat la tinh trén S 1A mot bang p dong, ¢ ¢o1, sao cho moi dong cla
nd [a mot chinh hop khong 1ap chip ¢ cia S va mdi cot clia né 14 mot chinh hop khéng
lap chap p cua S.

Theo dinh nghia, ta cé p < 1, ¢ < n. Dac biét, trong truomg hgp ¢ = n, moi dong
cua hinh chii nhit la tinh 12 mot hodn vi clia §, sao cho khong ¢6 mot cot nio dugc chia
phén tr 1ap lai. Hinh chif nhat la tinh dang nay duge goi 1a chudn néu dong ddu ciia né
lAhodnvi l, 2, ..., n.

Thi du
1234567
2345671
3456712

12 mot hinh chit nhét la tinh chuén trén tap S = {1, 2, 3, 4, 5, 6, 7}.
Goi L{p, n) la s6 hinh chit nhat la tinh pxa, cdn K(p, #) 1a s6 hinh chif nhat la tinh
chuan pxa. Ta cé
Lip,ry = n' Kp, n}

Dé dang thdy ring, s6 mét thit tw D, 13 s cdc hinh chit nhat la tinh chudn 2x n,

con s& phan bd U, 1a s6 cdc hinh chir nhét la tinh chuin 3x 1, vdi 2 dong dau 13
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Chuong 2. Bai todn dém

1 2 . An-1 n
2 3 n 1

Riordan J. (1946) da chiing minh cong thiic

H

K(3,??) = Zd'Dn—k-Dk-Un—Ek

k=0

trong d6 m=[n/2], U, = 1.

Bai todn dém s6 hinh chit nhat la tinh vdi 88 dong nhiéu hon cho dé€n nay chua dugce
gidl quyé&t. Ngudi ta méi chi dua ra duge mot vai dang tiém can cua L(p, n) (Erdos P.
(1646}, Yamamoto K. (1951)).

Néu p = g = n, thi hinh chif nhat la tinh dugc goi 14 hinh vuéng la tinh. Mt hinh
vudng la tinh ¢ap # dude goi 14 chuin néu cé dong ddu va cot ddu 1a hodan vi 1 2 ... n.
Thi du mot hinh vuéng la tinh chuan cap 7

1234567
23456171
3456712
4 5671273
5671234
67123435
7123456

Goi /, 14 6 hinh vudng ia tinh nhu thé, ta c6

Lin,ny=n!(n-1)V1 .
Viéc tim mot c6ng thic cho /, dén nay con dé ngo. Nhimg cong thiic tinh K{(p, n) cho
thay ring diéu ndy khong phai dé. Tuy nhién ta c6 thé lap mot chuong trinh cho mdy
tinh, ligt k& 14t cA céc hinh vuéng la tinh chuin cdp n. Dudi day 1a mot vai gid tri tinh
duoe:

n L{2]3] 4 5 6 7
l | 1 1| 4 56 9408 16942080
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Phdn 1. LY thuvét 16 hop

Bai tap

Nguyén 1y cong va Nguyén 1y nhan

1.Cho5kyw A, B, C, D, E.

(@) C6 bao nhiéu xau ky tu 46 dai 4 ¢6 theé lap duge tir cée k¥ tr dd cho. néu khong
cho phép lap tai ky ty?

(b) C6 bao nhiéu xau ky tu trong {a) bit ddu tir B?

(¢) C6 bao nhieu xau ky tu trong (a) khong bét ddu tir B?

2. Cho X latap n phan t. C6 bao nhiéu bo cé thi tu (A, B) thcamin A c Bc X?

3. Doan chu tich cia mdt cudc hop gbm 6 ngudi A, B, C, D, E, F cin bau ra Ban lanh
dao gém 1 chu tich, 1 phé chu tich va | thu k¥.

(a) Hoi ¢4 bao nhiéu cich khic nhau?

(b) C6 bao nhi¢u cdch mi trong dé mot trong hai ngudi A, B 14 chd tich?

(c) C6 bao nhiéu cich ma trong d6 E la thanh vién cba Ban linh dao?

{d) C6 bac nhiéu cich ma trong dé D va F 1a thanh vién cla Ban 1anh dao?

4. C6 bae nhiéu xau nhj phan do dai 10 bt dau béi hoic ka 101 hoac 1a 1112

5. C6 10 cudn sach khdc nhau, trong d6 ¢ 5 cuén sich thuoc linh vue Tin hoc, 3 cusn
sich thugc linh vire 1odn hoc va 2 cudn sach vé linh vuc nghé thuat. Hoi ¢6 bao nhiéu
cach chon ra 2 cuodn siach ¢ ndi dung thudc céc Iinh vuc khic nhau tir 10 cudn sdch ndi
trén?

6. C6 10 cuon sich khdc nhau, trong d6 ¢6 5 cuén sdch thude linh vue Tin hoce, 3 cudn
sach thudc linh vue todn hoc va 2 cuén sach vé linh vie nghé thuat.

(a) Hoi ¢6 bao nhiéu cdch xép 10 cudn sdch ndy 1én 1 gid sich?

(b) Hoi ¢6 bao nhiéu cdch x&p 10 cudn sdch ndy lén | gid sich sao cho tat ca cic
cudn sich Tin hoc duge xép & phia trdi gid sach cdn hai cuén sdch vé nghé thuat duoc
X&p bén phii? _

(c) Hoi ¢6 bao nhiéu cdch x€p 10 cudn sich ndy ¥n 1 gid sdch sao cho tit ca cdc
cudn sdch thuge cing linh vuc duge x€p canh nhau?

(d) Hoi ¢6 bao nhiéu cich x&€p 10 cudn sach niy lén ! gid sdch sao cho hai cusn
sach nghe thuat khong duge xép canh nhau?

7. Cé bao nhiéu s8 ¢d bon chif s6 ¢6 thé tao thanh tir cdc chit s6 0, 1, 2, 3, 4, 5 thoa man
(a) khong c6 chir 6 naoe dugc 1ap lai,
(b) cic chir sé duoc iap lai,
(¢) cde s0 chan trong (b).
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Chuong 2. Bai todn dém

8. Trén canh ben cla mot tam gide ta [dy # diém, trén canh bén thit hai 14y m diém. Mbi
mot trong hai dinh cua canh ddy duge néi véi céc diém duoc chon trén canh bén doi
dién béi cdc dudng thang. Hoi

(a) C6 bao nhi¢u giao diem cla cdc dudng thing nim trong da gidc?

(b) Céc dumg thing chia tam gidc ra 1am bao nhiéu phan?

9. Mot cdn bd tin hoc do dang tri nén dd quén mat khau cta phdn mém mdy tinh cda
minh, May man 1a anh ta con nhé mat khiu ¢ dang NNN-XX, trong d6 NNN 1 céc
chir 56, con XX 1 cdc chit cdi 1ay trong bang chif c4i ¢6 26 chir, Hoi trong trudng hop
xdu nhét can phi thir bao nhi¢u mat khdu dé c6 thé tim lai mat khau da dat?
10. Hoi ¢6 bao nhiéu b ¢6 thi tv gém 3 tap X,, X,, X, thod mdn

XUXuX, ={1,2,3,4,56,7.8} va XXX =0.
Vidu: Hai bo

X=11,2,3} X,={1,4,8),X,={2.5,6,7)

vi

X=1{1,4,8}), X,=1{1,2,3}, X,=1{2,5.6,7}
dugce coi 1a khic nhau.

Chinh hop, Hoan vi, T hop

11. C6 bao nhiéu hodn vi cla cde chit cdi trong xau ABCDEF ma trong dé cé chia xau
con DEF?

12. C6 bao nhiéu hodn vi clha cdc chix cdi trong xau ABCDEF ma trong d¢ c¢d chita ba
chir cai D, E, F ditng canh nhau?

13. C6 bao rhiéu cich x€p 6 ngudi vao ngdi quanh cai ban (ron (hai cich xép khong coi
1a khdc nhau néu chiing c6 1hé thu dugc tir nhau bdi phép quay ban tron)?

14. C6 bao nhiéu céch x&p 7 hoc sinh nam va 5 hoc sinh nit ra thanh mot hang ngang
sao cho khéng ¢ hai nit sinh nio ding canh nhau?

15. C6 bao nhiéu xau nhi phan do dii 32 ma trong d6 ¢ ding 650 1?

16. C6 bao nhiéu xau ky tr c6 thé tao dugc tir cdc chit cai
MISSISSIPPI

17. C6 8 cudn sich khic nhau, Hoi c6 bao nhiéu cdch phan cde cudn sich nay cho 3
hoc sinh: Mo, Mai, Man sao cho Mo nhéan dugc 4 cudn con Mai va Man méi ngudi
nhan hai cuén?
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Phdn 1. Ly thuyét 16 hop

18. Gid st X 12 tap ¢ phdn . Ta goi 16 hgp Idp chap k (i ¢ phén tit cla X 12 mot bo khong
¢6 thit tw gém & thanh phén 18y tir cac phin tr cia X
Vidu: X={a, b, ¢}, cdc t6 hop lap chip 2 tir cdc phin tr cia X1a

(a a), (ab),(ac),(bb),(bo),(cc)
Chitng minh ring s t6 hop lap chap & tir ¢ 1a:
Clk+1-1,1-1) = Clk+e-1, k).
19. C6 3 r6 dung cdc qua ciu xanh, dd, tim. Mbi gi6 chi chita céc qud cdu cling méu va
méi gio chira it ra la 8 qua cau.
(a) C4 bae nhiéu cich chon ra 8 qua ciu?

(b) C6 bao nhiéu ciach chon ra 8 qua cdu ma trong dé ¢é it nhat mét qua cau do,
mdt qua cdu xanh, 1 qua cau tim?

20. Xé&t phuong trinh:
X +x+x+x =29

(a) Hoi phuong trinh da cho ¢4 bao nhiéu nghiém nguyén ditong?
(b) Hoi phuong trinh da cho c6 bao nhiéu nghiém nguyén khong am?

Nguyén 1y bu trir
1. Héi trong doan tir 1 dén 1000 c6 bao nhiéu s6 hodc 14 38 1€ hoac 1a s6 chinh phuong
2. C4 bao nhiéu x4u nhi phan d6 dai 8 khéng chia 6 s6 0 Iién nhau?

3. C6 bao nhiéu $6 ¢6 10 chil s6 vdi cdc chit s6 chi la 1, 2, 3 ma trong d6 mbi chir s 1,
2, 3 ¢ mat it nhat 1 14n?

4. C6 bao nhiéu xau nhi phian d¢ dai 10 hodc i bit ddu bdi 3 6 1, hoidc 12 két thiic boi 4
s6 07 :

5. C6 bao nhiéu sd nguyén duong nho hon 10000 chia hét cho 7 nlumg khong chia hét
cho 5 va 27

6. Co bao nhiéu hodn vi cia cac sO ty nhién 1,2,...,10 ma trong 46 3 s6 1, 2, 3 khoéng
ding canh nhau theo thit t tang dan? -

7. Hoi phuong trinh
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Chuong 2. Bai todn dém

X+ X+ X +x, =29
cé bao nhiéu nghiém nguyén khéng am thoa man

<3, <12, x;£5,x,<10.

8. Mot lgp g6m 50 hoc sinh 1am bai kiém tra gdm 3 cau héi. Bigt ring mdi hoc sinh 1am
duge it nhat 1 cdu va s& hoc sinh tam duge cau 1 1a 40, cau 2 1a 35, cau 3 14 30. Ching
minh rang s& hoc sinh lam duge ci 3 cau khoéng vugt qua 27.

Hé thic truy hoi

1. Giai cdc hé thite truy hoi sau
@) a,=2a,,.nz1,
dy = 3.
by a,=5a,,-64
ay=1,a,=0.
(c) a,=4aqa,,-4a,,.n22,

n>2,

w2

a,=6,a,=8.

(d) a,=4a,,,n22,
a,=0,a =4.

(e) a,=a,.f4,n2z?2,
a=1a=0.

2. Lap cong thitc truy hdi cho S, 14 s6 cdch chia mot hinh chit nhat kich thuéec 2 x n ra
thanh cdc hinh chir nhat con ¢é canh song song vdi canh cia hinh chit nhat dé cho va
v&i kich thude 1a 1 x 2, 2 x 1, 2 x 2, Giai hé thirc thu ducc.

3. Lap cong thic truy hoi dé dém F, 13 s6 xau nhi phan d¢ dai n khong chita ba s6 0 lién
ti€p. Tir d6 tinh F,,,.

4. Lap cong thic truy héi dé dém @, 1a 8 chinh hop 1ap chap » tif ba chir s6 0, 1, 2

khéng chia hoac 1a hai s6 0 lién ti€p hodc 1a hai s6 1 lién tiép. Tir dé tinh Q,. Giai hé
thifc thu duge.

5. Xét ma tran vuong

a) Ching minh rang
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Plidn 1. LY thuyét 16 hop

" [)Tn—l Fn]
A" = ,
F'n ‘m—l

trong do £, 1a s6 hang thit » chia diy s¢ Fibonaci.

b) Tinh det{(A"). Tir d6 suy ra cong thic: F, | F, — (F,) = (-1)".

Ham sinh
1. Viét cong thitc dudi dang giai tich cho ham sinh ciia cdc diy s6 sau
aa,=3"n=0,1,2, ..
b) lan a), a5 dre o} =10, 1.0, 1, ...)
2, Tim cong thifc cho s& hang 16ng quét a, ca diy s {a,} ¢ ham sinh 1a
a) G = 1/(1 - 2x);
b) G(x) = 1/(1 - )%
¢) Gy = /(1 +x - 2.
3. Stt dung ham sinh d¢ tim cong thic dudi dang hién cho diy s6 cho bdi cong thic dé
gui sau day:
ada,, =a,+2,a4,=-3
b)2a,,=a,+ . ,a,=0,a,=1;

C} an+2 = 3”“4*] - 2(1” + 2(3)“‘ aU = l; al = 2'
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Chigerng 3. Bai rodn 16n tai

BAI TOAN TON TAI

3.1. Giéi thiéu bai toan

Trong muc trudc, ta di tap trung chd ¥ vio viéc dém s6 cic cau hinh 16 hop (s6 phin tr
cua cic déi tugng t6 hgp) thod min nhimng tinh chil nao dé, ching han dém 56 18 hop.
chinh hgp, hodn vi, ... Trong nhing bai todn dé sy tdn tai cha cdc ciu hinh 1a hién
nhién va cong viée chinh 1 dém s& phan tu thoa min tinh chat dat ra. Tuy nhién, trong
rit nhiéu bai todn t6 hop, viéc chi ra su 16n tai cia mot cau hinh thoa min cdc tinh chat
cho trudc [A hét sitc khé khan, Chang han, khi mot ky thi cin phai tinh todn cédc nuée di
cua minh dé giai ddp xem liéu c6 khd nang thing hay khong. hodc 1a mot ngudi gidi
mat mi ¢in tim ki€m chia khod gidi cho mét biic mat ma ma anh ta khong biét Liéu day
co dung 14 biic dién that duge ma hoi cua déi phuong hay khong, hay chi la bitc mat mi
gia cha doi phuong tung ra nhivm dam bio an toan che birc dién that ... Nhu vay, trong
13 hop xudt hién mot vin dé thit hai ral quan trong 1a: xét su tdn tai cla cdic cau hinh td
hop vaéi cdc tinh chit cho truge. Cae bild todn thude dang niy dugce goi i cic bai todn
ton tai 16 hop.
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Phan 1. Ly thuyéi 16 hop

Mot bai todn tdn tai 16 hgp xem nhu gidi xong néu hoac chi,ra mét cich xay dung
cdu hinh, hoac chitng minh rang chiing khong ¢6. Tuy nhién ca hai kha nang déu khong
phai dé. Dé thdy rd su phiic tap cha vin &, dudi day ta sé xét mot s bai todn tén 1ai to
hop c6 dién ndi tiéng. -

3.1.1. Bai todn vé 36 si quan

Bai todn nay duge Euler dé nghi, ndi dung clia né nhu sau: ¢6 mot 14n ngudi ta triéu tap
tr 6 trung doan méi trung doan 6 si quan thudc 6 cip bac khic nhau: thi€u dy, trung
uy, thugng uy, dai uy, thiéu t4, trung td vé tham gia duyét binh & su doan bo. Héi ring
c6 thé xép 36 si quan nay thanh mot doi ngii hinh vuéng sao cho trong mdi mot hang
ngang cling nhu moéi mét hing doc déu c6 dai dién cta ca 6 trung doan va cla cé 6 cip
bac.

Dé don gidn ta s& dling cdc chif cdi in hoa A, B, C, D, E, F dé€ chi cic phién hiéu
trung doan con cic chit cdi thuong a, b, ¢, d, e, f dé chi cdc cap bac. Bii todn niy cé
thé téng quét hod néu thay con s6 6 bdi n. Trong trudng hop # = 4, mot 101 gidi cla bai
todn 16 sy quan la

Ab Dd Ba Cc
Bc Ca Ad Db
Cd Bb Dc Aa
Da Ac Cb Bd

Mot 107 giai trong trudng hop n=51a

Aa Bb Cc Dd Ee
Cd De Ea Ab Bc
Eb Ac Bd Ce Da
Be Ca Db Ec Ad
Dc Ed Ae Ba Cb

Do 1oi gidi cla bai 10dn ¢6 thé biéu dién bai 2 hinh vudng véi cdc chir cdi la tinh
hoa va thudng chéng canh nhau nén bii todn tdng qudt dat ra con dirge bist dudi tén goi
bai todn vé hink vudng la tinh tryc giao. Trong hai thi du trén ta cé hinh vuéng la tinh
truc giao cap 4 va 5. "

Euler di mat rat nhiéu cong sic d€ tim (51 gidi cho bai todn 36 si quan thé nhung
ong da khong thanh cong. Vi vay ong da dé ra gia thuyét 1a cadch x&p nhu vay khong tén
tai. Gia thuy€t nay dugc nha todn hoc Phdp Tarri ching minh nim 1901 bing cédch
duyét tat cd moi kha nang xép. Euler can cif vio su khong t6n tai 101 gidi khi n=2 va
n=6 cdn dé ra mot gia thuyét téng qudt hon 1a: khéng tén tai hinh vuéng la tinh truc
giao cap n = 4k + 2, Gia thuyét nay di ton tai sudt hai thé ky, mii dén nam 1960 ba
nha todn hoc My la Boce, Parker, Srikanda méi chi ra duge mot 1i giai véi n = 10 va



Chitong 3. Bai todn t6n 1ai

sau d6 chi ra phuong phip xdy dung hinh vuéng la tinh truc giao cho moi n = 4% + 2,
vél k>,

Tudng chimg bai todn dat ra chi ¢6 ¥ nghia thuan tuy ciia mot bii todn dé hoc biia
thir trf (ué con ngudi. The nhung gan day ngudi ta da phat hién nhiing (mg dung quan
trong cua van dé rén vio quy hoach thuc nghiém, sip xép cic lich thi dau trong cdc
giai ¢ qudc t&, hinh hoc xa anh, ...

3.1.2. Bai toan 4 mau

C6 nhitng bai todn ma ndi dung cla né ¢ thé giai thich cho bt ky ai, tuy nhién 13 giai
cla nd thi ai ciing c6 thé thit Gim, nhung ma khé ¢6 thé tim duoc. Ngoii dinh Iy Fermat
thi bai 10dn 4 mau 1a mot bai tedn nhu vay. Bai todn ¢é thé phdt bicu truc quan nhur sau:
ching minh rang moi ban dé trén mat phang déu c6 thé 16 bang 4 mau sao cho khong
¢6 hai nudc lang giéng nao lai bj 16 bdi cing mdt mau. Chu ¥ ring, ta xem nhu mbi
nudc la mot vung licn thong va hai nude duge goi Ja ling giéng néu chiing ¢ chung
bién gi6i Ia mot dudng lién tuc.

Hinh 1. Ban d6 khong t6 duge béi it hon 4 mau

Con s6 4 khong phii 1a ngau nhién. Ngubi ta di chimg minh dugc ring moi ban dé
déu dugce t6 Vi s6 mau 16n hon 4, con vdi s6 miu it hon 4 thi khéng o duge, ching han
ban d6 gom 4 nude trén hinh 1 khong thé 16 duge v6éi s6 mau it hon 4.

Bai todn nay xudt hién vao khoang nhimg nam 1850-1852 tr mot nhi budn ngudi
Anh la Gazn khi 1o ban d6 hanh chinh nudc Anh di 6 géng chimg minh ring né ¢d thé
t6 bing 4 mau. Sau d6, nim 1852 6ng ta da viét thu cho De Morgan dé thong bdo vé gia
thuy¢t nay. Nam 1878, Keli trong mot bai bdo dang & Tuyén tap cdc céng trinh cia Hoi
todn hoc Anh cé hoi rang bai todn nay di dugc giai quyét hay chua? T d6 bai todn tr&
thanh noi tiéng. va trong sudt hon mot thé ky qua di ¢o rat nhidu ngudi lam todn,
nghiép du cing nhu chuyén nghiép, da ¢8 gang chiing minh gia thuyét »ay. Tuy nhién
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Phan 1. Ly thuvét 16 hop

mai dén niim 1976 hai nha todn hoc My 12 K. Appel v W.Haken mdi chirng minh dugc
gia thuyét ndy bing mdy tinh dién wr. Ta1 nhién mot chiing minh véi su giip d3 cua
mady tinh dién tir khong thue su thoa min duge nhu ciu clia cong chiing mudn kiém tra
tinh ding din clia cdch ching minh. Vi vay, chinh hai tdc gia trén vilo cuéi nhitng nam
1990 di cho cong bd mot cudn sdch trinh bay vé phuong phép ching minh ctia minh
(cudn sdch day trén 800 trang). Ciing vao nhing nam cuodi cua thé ky 20, mot nhdém cic
nha todn hoc My da dura ra mot chiing minh ¢6 thé kidm tra bdng ray' Rit 1iéc 1a chimg
minh nay ciing khong phai la don gian. Cho dén nay céc nha todn hoc vin dang nd luc
nghién citu dé tim ra mot cich chiing minh dé hiéu nhu ban than n6i dung cna bai todn.

3.1.3. Hinh luc gidc than bi

Nam 1910 Clifford Adams dé ra bai todn hinh fuc gidc than bi sau: trén 19 & luc gidc
(xem hinh v& & duéi) hiy dién vao cic so tir [ dén 19 sao cho 16ng theo 6 hudng cua luc
gidc 1a bing nhau (va déu bang 38).

Hinh 2. Hinh luc gidc than bi

Sau 47 nam trdi kién nhan cudi cing 6ng ta dd tim dugc a1 gidi. Sau do viso y
ddnh mat ban thao ong ta da t6n thém 5 nam dé khoi phuc lai. Nam 1962 Adams di
cong bo 101 giai dé (xem hinh 2).

That khong thé ngd 1a dé 11 gidi duy nhat (néu khong tinh dén cic 10i gidi sai
khéc nhau bdi phép bién hinh don gian).

3.1.4. Bai todn chon 2n diém trén luéi nxn diém
Cho mot lugi 6 vuong gém nxn di€m. Hoi ¢é thé chon trong s6 ching 22 diém. sao cho

khong c6 3 diém duoc chon nio 1a thing hang hay khong? Hién nay ngudi ta méi biét
duge rit it vé 1 giai chia bai todn trong nhitng tinh huéng khong tam thuong. Cau hoi
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Chuong 3. Bdi todn ton tai

vé s ton tai cia 10i gidi cua bai todn véi nhimg gid tri 16n cla # vin cdn dé ngd. Hinh 3
cho mot 161 gidi véin=12:

T
FHHT

Hinh 3. Mot 16 giai bai 10dn ciia bai todn véin =12

3.2. Phuong phap phan chimg

Mot trong nhitng cdch giai bii todn tén tai 1a dung 1ap luan phan ching: gia thigt didu
dinh chitng minh 1a sai, tir 46 dan dén mau thuin.

Thi du 1. Cho 7 doan thing ¢6 do dai 1én hon 10 vi nhd hon 100, Ching minh ring
luén tim duge 3 doan dé ¢o6 thé ghép thainh mot tam gidc,

Giai: Chi y rang. cdn va du d€ 3 doan c6 1hé ghép thanh mdt tam gidc 13 tdng do dai
cua 2 doan nhé phai 16n hon do dii cta doan Ién, ta sip cic doan di cho theo thit tu
tang dan cua d6 dai a,, «,, ..., ¢, vh ching minh ring trong day di xép luon tim duge 3
doan lién ti€p sao cho téng clia 2 dogn dau 16n hon doan cudi. Gia thiét diéu nay khong
Xay ra, nghia 12 déng thdi xdy ra cic bat dang thic:

a) + dy S,

[FaN

£

a, +a, = as,

[T

ad, + a; iy,

|78

Tir gidt thi€t ¢,. g, ¢6 gid tri 16n hon 10, ta nhan duge a, > 20, Tita, > 10 va a, > 20, ta
nhéan duge a, > 30, ..., it nhu vy ta nhan dugce a, > 50, ¢, > 80 va g, > 130. Bat dang
thie cudi cing mau thuan véi gia thiét cdc do dai nhd hon 100 va diéu d6 chimg minh
ké&t ludn cua bai todn,
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Phdn 1. Ly thuvét to hop

Thi du 2. Cic dinh cia mot thap gidc déu duoc dénh 6 béi cic s6 nguyén 0, 1, ..., 9
mét cdch wy y. Chimg minh ring luon tim dugce ba dinh lién 6iép ¢6 18ng c4c s6 1a 1dn
hon 13,

Giai: Goi x,, x,, . . ., x,, [2 cdc s6 gdn cho cac dinh cla 1, 2, . . ., 10 clia thap gidc. Gia
st nguge lai 1a khong tim duge ba dinh ndo thoa min khing dinh clia thi du, Khi dé ta
cé

ky=x +x+x, <13,

A=x, 40, +x, <13

[Fa

13,
13,

ky = Xg + X4 + X,

[faY

Kiy=xpn+ X +x,
Tir d6 suy ra
ki+k+ .+ K 130
Mait khdc do
kivby+ . o+ kg =300+ Xy
=30+1+2+...+9)
=135,
suy ra
135=k + & +.. .+ k, <130
Mau thudn thu duge da chidng t6 khang dinh trong vi du Ia ding.

Thi du 3. Chimg minh ring khong thé néi 31 may vi tinh thanh mot mang sac cho mdi
mdy duoc noi véi diing 5 mdy khéc.

Giai: Gia sir nguoc lai 13 tim duge cich néi 31 mdy sao cho méi mdy duge ndi véi ding
5 mdy khéc. Khi d6 s6 lugng kénh noi 1a 5x31/2 = 75,5 ?! Mau thudn thu duge di
chimg minh khéng dinh trong thf du 1a ding.

3.3. Nguyén ly Dirichlet

Trong rat nhiéu bai todn t6 hgp, d€ chitng minh sy t6n tai cha mot ¢du hinh véi nhing
tinh chat cho trude, ngudi ta sir dung nguyen 1y don gian sau, goi 1a nguyen 1§ Dirichlet:

Nguyeén Iy Dirichlet. Néu dem xép nhéu hon n déi tuong vao n cdi hop, thi tuén iim
dicoe mot cdi hép chita khdng it hon 2 doj tugng.
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Clucong 3. Bdai tadn tén tal

Chitng minh, Viéc chiing minh nguyén 1y trén chi 1a mot 1ap luan phin ching don
gian. Gid st nguge lai ta khong tim dugc cii hgp ndo chira khéng it hon 2 d6i tuong.
Diéu d6 ¢6 nghia la méi cdi hop chia khong qud mdt déi tugng. Tir d6 suy ra 1dng s6
doi tugng XEp trong a1 ¢di hop la khong vuot qud n, wdi voi gia thiét 1a ¢é nhidu hon n
doi tugng duoc x€p trong ching.

Lap luan hoan toan tuong tu, ¢6 thé ching minh Nguyén ty Dirichlet téng quat sau.

Nguyén Iy Dirichlet téng quat. Néu dem xép n doi neong vao k cdi hop, thi luon tim
diege mor cai hop chita khéng it hon nlk doi siwomg.

Nguyén 1y trén duoe nhi todn hoc néi tiéng ngudi Dite 1A Dirichlet dé xuat tir the ky 19
va ong di dp dung né dé giai nhiéu bai todn 16n tai t6 hop. Cic thi du dudi day cho ta
thily nguyén ly dugce su dung nhu the nio.

Thi du 1. Trong s6 367 ngudi bao gid ciing tim dugc hai ngudi ¢ ngdy sinh nhat giong
nhau boi vi chi ¢é tdt ca 366 ngdy sinh nhat khdc nhau.,

Thi dy 2. Trong ky thi hoc sinh gioi diém bai thi duge danh gid bdi mot sé nguyén
trong khoang tir O dén 100. Héi rang it nhat phai ¢ bao nhiéu hoc sinh du thi d¢ cho
chic chén tim duge hai hoc sinh ¢d két qua thi nhu nhau?

Giai. Theo nguyén 1y Dirichlet. s6 hoc sinh cin tim 12 102, vi ta ¢6 101 két qua diém
thi khdc nhau.

Thi du 3. Trong s6 nhimng ngudi cé mat trén trdi dat luon tim duge hai ngudi ¢ ham
rang giéng nhau, boi vi chi ¢é tat ¢i

2% = 4294967 296
ham rang khic nhau méa $6 ngudi trén hanh tinh ching ta hién nay da vugt qud 51y,

Thi du 4. Trong 100 ngudi ¢4 it nhat 9 ngudi sinh cing mot thang.

Giai: Xép nhitng ngudi cing sinh mot thang vio mot nhém., C6 12 thang 14t ci. Vay
theo nguyén 1y Dirichlet, ton tai it nhdt mét nhém ¢6 khong it hon 100/12 = 8,3... nghia
14 9 ngudi.

Thi du 5. C6 nam loai hoc bong khdc nhau. Hdi ring phai ¢é it nhat bao nhiéu sinh

vién dé chic chan ring ¢6 it ra 1a séu ngudi cling nhan hoc béng nhu nhau?
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Phdn 1. Ly thuyét 16 hop

Giai: SO sinh vién it nhat cdn ¢6 dé dim bao chic chan ¢é 6 sinh vién cling nhan hoc
béng nhur nhau 12 s6 nguyén nho nhit # sao cho #/S > 5. S6 nguyén nhéd nhat d6 i n =
3x5+1 = 26. Vay 26 1a s6 lugng sioh vién nhod nhit dam bido chic chin i ¢6 sidu sinh
vién cung huéng mot loai hoc béng.

Thi du 6. Bién s§ xe may phén khéi 16n gdm 7 k¥

NN - NNN - XX,
trong d6 hai ky tur dav 1a ma s6 dia danh. ba k¥ tu tiép theo 1a s6 hiéu xe. mdi ky tr |a
mot s6 tu 0 dén 9, hai ky tr cudi 1A ma dang ky gém hai chit cdi 1ay trong bang chir cdi
la tinh gom 26 chit ciii. Hoi rdng, dé ¢6 2 triéu bién s6 xe mdy khdc nhau thi can phai ¢6
it nhat bao nhiéu ma dia danh khac nhau?

Giai: V&i mdi mot ma dija danh ta ¢6 10°,267 = 676.10" bién s xe mdy khdc nhau. Vi
vay d€ ¢é 2 tricu bién s8 xe mdy khdc nhau. cdn cé it nhat
2.10%/(676.10%,
nghia la 3 mi dia danh khdc nhau.
Trong nhiéu ing dung thi vi cta nguyén 1y Dirichlet, khdi niém déi tugng vi cdi
hop can phai duge lua chon mot cach khon khéo hon. Tiép theo, ta s& din ra mot vai thi
du nhu vay.

Thi du 7. Trong mot phong hop bao gidr ciing tim duge hai ngudi ¢6 s6 ngudi quen
trong s nhimg ngudi du hop 14 bing nhau.

Giai: Goi s6 ngudi du hop 12 », khi d6 s6 ngudi quen clia mot ngudi nio dé trong phong
hop chi ¢6 the nhan cdc gid tri tr O dén #-1. RO riing trong phong khong thé dong thai
cd ngudi ¢6 $6 ngudi quen la O (Wie 1a khong quen ai ¢d) va ¢ ngudi ¢6 s6 ngudi quen
la #-1 (tic 1a quen tal ca). Vi vay, theo $6 lugng ngudi quen ta chi cd thé phan # ngudi
ra thanh »-1 nhom, Theo nguyén I¥ Dirichlet suy ra ¢ it nhat mot chém phai ¢é khong
it hon hai nguai, nic 13 luén tim dugc 1t ra la hai ngudi ¢6 sd ngudi quen 12 bing nhau.

Bai todn nay ¢6 thé phidt bi¢u dudi dang ngon ngi hinh hoc nhu sau: trén mit phang

cho # diém, gitra ching ¢6 mot s6 diém duge néi véi nhau bdi cic doan thing. Khi d6
bao gitr ciing tim duge hai diém ¢6 cing mat s6 canh ndi phit ra tir chiing,
Thi du 8. Trong mot thiang gom 30 ngay mot doi béng chuyén thi ddu méi ngay i nhat
mot trdn, nhumg khong choi quéd 45 tran. Hay ching minh ring phai tim duge ot giai
doan gbm mot s0 ngdy lién tuc ndo dd trong thdng sao cho trong giai doan dé doi choi
ding 14 tran.

Giai: Gid sl a; 1a tong s6 tran thi ddu cho dén hét ngay thit j cua doi. Khi d6



Chiromg 3. Bai todn ton tai

Q) dy, ., Uy
[a diy tang cdc s6 nguyén duong va dong thoi 1 < «; < 45, Suy ra day
ay+ 14 a+ 14, ., g+ 14
ciing la dity tang cdc s nguyén duong v 15 < a;+14 < 56,
Tit ca ¢d 60 $6 nguyén duong
Uy Ay oon gy, @+ 14, @y 14, L ag+ 14,
trong d6 tat ca déu nho hon hoac bang 59. Vi vay theo nguyén Iy Dirichlet, hai trong s8
cac sO nguyén nity phiai 13 bing nhau. Vi cdc s6 «, ..., ay, 1 ddi mot khic nhau va cic
s6 ¢, +14, .., a,+14 ciing 12 déi mot khdc nhau, nén suy ra phii tim dugc chi s6 ¢ va j

sao cho g, = a+14. Diéu d6 6 nghia la c6 diing 14 tran diu trong giai doan tir ngay j+1
dén ngay /.

Thi du 9. Chimg minh ring. trong s6 n+1 s nguyén duong. méi sé khong 16n hon 2n,
bao gi cling tim dugce hai s& suo cho s0 nity chia hél cho 56 kia.

Giai: Goi cic 8¢ dd cho la

U by oo d

A+l

Viét méi mot s6 «, trong 2+ 1 s6 trén dudi dang:
a;= 21(’.-(;}. , f=L2, . n+l

trong 46 4, 1a nguyen khong am, ¢, la s6 1€, Cic 50 ¢,. ¢y, ... ¢, 12 cdc SO nguyén l¢
moi s6 khong [6n hon 2x. Do trong doan tir 1 dén 2n chi co n s6 le, nén i nguyén ly
Dirichlet suy ra 1a hai trong s6 cic $6 ¢,, ¢y, ..., ¢.,; 12 bing nhau, tic la tim duge hai
chi s6 i vd j saocho ¢, = ¢; = ¢. Khi d6 &, = g, a; = 2qu. Suy ra néu &, < &; ihi g,

chia hét cho «,. con néu &, = £, thi ¢, chia hét cho a,

Thi du 10. Trong mat phing cho 6 diém dugc néi vdi nhau timg doi mot bdi cic cung
mau xanh hoidc mau do. Ching minh ring ludn tim duge 3 diém sao che cac cung ndi
chiing ¢6 ciing mdt mau (ta sé ndi [a chiing tao thianh tam gidc xanh hoac do).

Giai: Chon diém P nido dd. Tit nd ¢ 5 cung néi v6i 5 diém con lai. Theo nguyén 1y
Dirichlet, ¢ 3 trong s6 5 cung dé phdi ¢é cing mot mau, chiing han 1a mau xanh. Gia
st dé la cac cung PA, PB, PC. Néu nhu mot trong 86 3 cung AB, AC, BC ¢6 mau xanh
thi nd cung véi hai trong s& ba cung PA, PB, PC tao thainh mot tam gZidc xanh. Néu
ngugce lai thi tam gidc ABC 1 mdt tam gidc do.
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Phan 1. Ly thuyét 16 hop

Thi du I1. Trén mit phang cho 9 diém duge néi vdi nhau doi mét béi cic doan noi cé
méu xanh hodc do sao cho trong s6 3 diém bat ky bao git cling tim duge hai diém duge
noi véi nhau bdi doan ndi mau do. Ching minh ring trong s6 cdc diém di cho luon tim
duge 4 diém mi cdc doan thang ndi ching déu cd mau do.

Giai: Goi9diemdicho A A, B, C.D,E,F, G, H, I Xét 2 trucing hop:

a) Tim duge mot di€m 1a diu mat cda it nhat 4 doan ni mau xanh ching han diém
dd 1a A va cde dogn miw xanh d6 12 AB, AC, AD, AE. Theo gia thiét, trong s6 cic doan
ndi bit ky 3 diém nao ciing ¢4 it nhit mot doan miw do, suy ra cic doan BC, BE, BD,
CD, CE, ED 13 mau doé. Vay B, C, D, E 1a bén di€m cén tim.

b} M&i diém déu 1a ddu mut ctia nhiéu nhat 12 3 doan néi mau xanh. Trong trudng
hop nay, khong thé tat ca 9 diém déu 1a dau mit ciia ding 3 doan ndi mau xanh (ching
minh tuong ty nhu trong thi du 3, muc 3.2), tir d6 suy ra phai tim duoe diém (I chang
han) 14 dau madt cia nhi¢u nhét 14 2 doan noi miu xanh. Khi dé 1 1a ddu mudt coa it nhit
6 doun mau dé. ching han IA, IB, IC. ID, IE. IF. Theo két qué cta thi du 10, trong s6 6
di¢m A, B, C, D. E. F phdi c6 it nhdt 3 diém, ching han A, B. C. sao cho cdc doan n6i
ching ¢d cing mau. v tr gia thiét suy ra miu dé phai 1a miu do. Vay I, A, B, C I3 bon
diém cén tim.

3.4. Hé dai dién phan biét

Trong nhiéu tinh huéng. su 16n tai cia cau hinh 8 hgp phu thude vio mét sd didu kién
rang budc cdc tham s6 ban diu, Mot trong nhimg hudng giai quyét 1a ngudi ta ¢ géng
phat hién ra cic diéu kién d6. Bai todn ié dai dién phign bi¢t trinh bay dudi day 1A mét
minh hoa cho hudng tim kié€m nay.

Giasu S, 5, ... 5, la mot ho cic tap con cta mot tap hop S (cic S, khéng nhat thist
khdc nhav). Ta goi mot bo ¢6 thit te a,, «,, ..., @, 1A mot hé dai dién phan biét ctia ho
ndy néu ¢, € §; vd «; #q; ({ # ). Hé dai dién phan biét duge viét tit 1a TRAN
(transversal) va thanh phan ¢, cda hé duge goi la dui dién chatipcon §, (i = 1, ..., m).

Thidu. §5=1{1.2.3.4,5),5=1{2,5},5.=(2.5},5,=11,2,3.4},5,= 11, 2.5} ¢6
TRAN 14 (2, 5. 3. 1). Mot TRAN khdc cla ho nay 12 (5, 2, 4. 1).

Khong phdi hic nio ciing tim dugc TRAN. M¢ét diéu dé nhan thay 1a néu ho dang
x€t ¢6 TRAN, thi moi hop cla & 1ap bit k¥ wrong ho phai ¢é it nhat & phan t (vi luon
tim cugc & dai dién khic nhau cia & tap d6). Néi khic di. néu tim duge & tap nao d6 clia
ho, md hop cua ching ¢6 it hon & phén wr, thi chdc chin ho dang xét s& khong cé
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Chuong 3. Bar todn tén tal

TRAN. Chiing han trong thi du trén, néu thay tap S, cha ho dang xét boi tap {2, 51, thi
ho niy s& khong ton tai TRAN, vi 5, U S, U S, = {2, 5} c6 it hon 3 phén tir.

P. Hall da ching minh dugce diéu kién c4n vira néu, cling dong thoi 13 dd cho sy tén
tai TRAN, qua dinh 1y ddnh gid can dudi cta s6 TRAN duéi day:

binh Iy Hall. Gid su cdc tdp con §,, S,, ..., S, thod mdn diéu kién:
N{S,-‘uSi-ru..‘uSn) >k (1
vaimoi 1 Sk<m, 1 <i <i,<..<i <£m va mdi 4dp con ndy chua it nhdi t phan tit.
Khi do:
. néu t < mthi ho dang xér ¢é it nhdr 1 TRAN
. néu t > m thi ho dang xét cé it nhat 1'f(t-m)! TRAN.

bicu kién (1) dugc goi 14 didu kign Hall vA ta goi mot ho con cla ho §,, S,, ..., S, 13 167
han néu d61 véi né bat dang thic (1) trd thanh ding thiic,

Chirng minh. Quy nap theo m. V&i m = I, ta ¢é r = 11/(+-1)! TRAN, dinh 1y diing. Gia
str dinh 1y ding cho mei ho tap con cha S ¢6 it hon m tap, ta cin chiing minh dinh ly
ding cho ho tap con gém m tap. Chia lam 2 trudng hop:

. Khong ¢6 ho con 61 han, Chgn «, 12 modt phan t& cua S|, Loai né ra khoi S,, S,,
..t S, (n€u c6 mat) va goi ho nhan duge 12 S, S4'...., 8, . D& dang thir lai ho nay thoa
min diéu kién Hall va mdi tap thudc ho ¢6 it nhét 7 phdn tr. Theo gia thiét quy nap ho
nay c6 it nhat (-1} TRAN khi r-1 < m-1 hay £ < m va ¢6 it nhat (¢-1)1/(-m)! khi r-1 >
m-1 hay ¢ > m. Mat khic, méi TRAN cua S, S,'..... S, clung vdi a,, xdc dinh mot
TRAN cua §, §,, ... §,, (g, dai dién cho §)). Diu nay ding cho méi cich chon g,
trong s6 it nhét 7 cich chon né tir §,. T dé6 nhan dugc danh gid can chitng minh.

. C6 mét ho con téi han. Khong mat tinh tong qudt, ¢6 thé gia thi€tho d6 12 S, S,,
o 8¢ (k< mr). Tl sy tOn tai cia ho con t6i han suy ra 7 < &, vi vay theo gid thiét quy
nap, ho §,, §,, ... §; co it nhdt ¢! TRAN. Goi T'= (a,, a5, ..., @) la mot TRAN nhu thé.
B& cdc phan tir cta 77, n€u ¢6 mat, ra khdi cdc tap S,,,, ..., S,, va goi cdc tap thu dugc 1a
S S, Khidého S7,,, §’, s€ thoa min diéu kién Hall. That, vay, néu cé mot
ho con gém &’ tap cta ho dang xét, ma hop ciia chiing it hon &’ phén tit, thi ho con gém
k+k"1ap cua ho S,. §,, ..., S,,, nhan duogc bang cich ghép ho con nay véi ho S, S,, ..., S,
s& ¢ hop it hon A+4’ phdn tr va diéu nay [a mau thuan véi gia thigtcua dinhly. Nhu
vay ho §',, ..., §', c6 it nhdt mot TRAN. Lay it nhit 1! TRAN cla ho S,. S, ..., S, ghép
véi TRAN nay, ta dugc it nhat +! TRAN caa ho §), S,. ..., S, Pinh 1§ duge ching minh.

Viéc xét sy ton tai cling nhu xay dung TRAN c¢6 nhiéu fing dung trong thuc té.
Dudi day 1a mot so biti todn mi viée gidi quyét né duge dua vé viéc xay dung TRAN.
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Phdn &, LY thuyét 16 hop

Bai toAn ngui thi hanh. C6 m ngudi thi hanh va # cong vice. Gia sit véi mdi ngudi thit
i, 1a bigt duge tap S, 14 tap hop cdc cong viec ma ngudi d6 ¢ thé lam. Héi cé 1hé phan
cong moi ngudi Fun mot viée khong?

L&i gidi cua bai todn duge din vé vige xét sy t6n tai TRAN clia ho (S} vA viec xay
dung mdt TRAN chinh la xay dyng mét sy phan cong nhu the,

Bai toian chuyén mach. Xét mot hé théng chuyén mach don gian gom 2 nhém céc cuc:
ddu vao va dau ra. Tai ddu vao s& xudt hién doi hdi vé néi mach. Doi hoi nay ¢o thé
dugc thod mén bang cdch ndi né voi mot ddu ra ndo dé. Tap hop cac diu vio cd doi hdi
noi mach dugc gei 1a danh muc doi hoi. Dau vio ndi véi ddu ra qua mot mach ndi va
mach ndi ndy cian phai khong duge ban nghia 13 né chua phuc vu cho ddu vao nio. Cic
mach néi nhu vy goi 1 danh muc v do. Khong giam 16ng quadt, ta ¢é thé coi ring danh
‘muc ddi hoi gdm m déu vao diu tién va S, 1a tap cdc chi s6 cdc mach néi wf do ma theo
dé, ddi hoi tir ddu vio 7 c6 thé duge chuyén téi mot ddu ra. Néu ho S, S,, ..., S, ¢6
TRAN thi dong viio gom m doi hdi c6 thé duge phuc vu béi thiél bi chinh mach. Trong
trudng hop khéng t6n tai TRAN thi cdn phai diéu chinh lai cdc mach néi dé chon cdch
ndi khic,

Bai toan dam cudi viing qué. Tai mot lang qué no 6 »7 chang trai dén tudi lay vo. Véi
moi chang trai £, ta biét tap S, cdc ¢o gdi méa chang ta thich. Hoi ring cé thé ghép méi ¢o
cho méi chang ma chang nio ciing vira ¥ hay khong? R& ring bii todn duoe dan vé viéc
xét st tén tai TRAN ctia ho {S}. Trong tridng hgp t6n tai, mdi TRAN s& tuong dng véi
mot cdch ghép mong mudn.

Trong nhimg truong hop sy tén tai cia TRAN 14 hién nhién thi ngudi ta quan tam
dén vigc d¢m hoac liét ké ching. Dudi day th hai thi du dém TRAN mi két qua dém
dugce dan vé cdc cdu hinh da biét.

Thidu 1. Xét tap (1.2, ..., n}. D&m s§ TRAN cfia ho tap con

S =S{i)1<i<n
Giai: M6i TRAN Ja mot hodn vi (4, @y, ..., @,) ¢la {1, 2, ..., #} sao cho g, #i véi moi i,
do vay c6 thé déng nhat mbéi TRAN véi mot mat thif tu trén tap dang xét. Tir d6 nhan
dugc s6 TRAN cin dém la D, (s6 mat thif ty - xem chuong 2).

Thi du 2. Bém s6 TRAN ciia ho tap con ciatap {1, 2, ...n}: 5, = {1,2}. 5, = (1,2, 3},
$:=12,3,4}, .,S,.,=1u-2,n1,n}S, ={n1, n}

Giai: D¢ bai todn xdc dinh ca véi n = 1, 1a xem trong trudng hop niy S, = {1}. Goi F,
ia s6 TRAN can dém (ing vé&i n > 1). Chia cic TRAN nay thanh 2 loai:
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Chutong 3. Bai todn tén tai

e | la daidign cho §,. Khi d6 cic thanh phan con lai s& |2 mot hé dai dién cGa ho
{2,341 (2,3, 4}, ... {#n-1, n}. Do vy loai ndy c6 £, , TRAN.

* 2 lddaidi¢n cho §,. Khi d6 bat bude 1 phai la dai dién cho S, va cic thanh phin
con lai s 1a mot he¢ dai dién clia ho {3, 4}, {3, 4, 51, ..., {n-1, n}.Vay loai ndy
c6 F,, TRAN.

Tir d6 nhan duge heé thic F,=F,, + F,,. Cicgidtri F, = 1, F, = 2 dugc tinh truc

tiép. Day ciing {a h¢ thic truy hdi xdc dinh cic s6 Fibonaci (xem chuong 2).

3.5. Binh ly Ramsey

3.5.1. Bai toan mo dau

Trong muc 3.3 ta di xét bai todn: Trong mit phing cho 6 diém durge néi v6i nhau timg
dol mot bai cdc doan ndi mau xanh hodc mau do. Ching minh ring ludn tim duoce 3
diém sao cho ciac doan néi chiing ¢6 cling mot mau (ta s& néi la ching tao thanh tam
gidc xanh hoiic dd).

Lap luan dé giai bii todn duge dya trén nguyén 1y Dirichlet.

Mot cich phat biéu khdc clia két qua vira ching minh 13: Trong s6 6 ngudi tai mot
ban tigc ludn tim duge hoac ba ngudi doi mot quen nhau hodc ba ngudi doi mot khéng
quen nhau.

Trong muyc nity ching ta s& con khao sdt cde vin dé: Hoi it nhit phai ¢ bao nhigu
ngudi d€ chic chan tim duge hoac 4 ngudi doi mot quen nhau hodc 4 ngudi déi mot
khéng quen nhau? Héi it nhat phai cé bao nhiéu ngudi dé chéc chan tim duoc hodc 5
nguai dé1 mot quen nhau hoac 5 ngudi d6t mot khong quen nhau?

Con s6 nho nhil vira néi dén trong cdc cau hoi vira néu duge goi 1A cde s6 Ramsey,
mang tén nha todn hoc ngudi Anh di ching minh duge dinh 1§ ndi tiéng trong 1y thuyét
tap hop li su tdng qudt hod nguyén ty Dirichlet.

3.5.2, Cacsé Ramsey

D€ c6 thé phit biéu nhiing két qua t5ng quét hon chting ta cin déh mot s6 khai niem.
Pinh nghia 1. Goi K, la b¢ gém hai tdp V| E, trong dé V 14 tap gém n diém con E 1a tdp
cde doan nol giita it od cde odp diém trong E. Ta sé k3 hiéu K, = (V. E). Ta s¢ goi cdc

phdn i ciia V la cde dinh, va 'V la tdp dinh ciia K,. M3i doan néi hai dinh u, v € V sé
diege goi la mot canht cia K, va ky hidu 1o (u, v), va 1dp E duge goi la tgp canh ciia K.
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Phan 1. Ly thuyét 16 hop

Ta c6 thé phét biéu lai két qud néu trong muc trude nhu sau: Gia sit méi canh cia K,
dugc 16 boi mot trong hai mau xanh hoac dé. Khi d6 K, luén chia hoac K, v6i tit ca cic
canh dugc 16 mau xanh (goi tit 12 K, xanh) hodc K, véi tit ci cdc canh duge 16 mau do
(goi tat la K, d6). Ching ta s& néi ring s6 6 c6 tinh chat (3,3)-Ramsey. Téng quét hon
ta co dinh nghia sau.

Dinh nghia 2. Gid sit i va jla hai s6 nguyén sao cho 1> 2, j 2 2. 56 nguyén duong m ¢6
tinh chdt (i.f)-Ramsey néu K,, voi mdi canh duoe 16 bdi mot trong hai mau xanh, do
{uon cluta hodc la K, d6 hode la K, xanh,

Tirkét quit & myc trude ta thiy 6 ¢6 tinh chat (3,3)-Ramsey. Nhung liéu 6 c6 phai la s&
nho nhat c6 tinh chat nay hay khong? Gid si cac canh ciia K, dugc t6 miw nhu chi ra
trong hinh v& dudi day (dd - dam, xanh - nhat).

RS ring khong thé tim duoce K, d6 (dam) ciing nhu khong thé tim dugce K, xanh (nhat).
Nhur vay s6 5 khong c6 tinh chat (3,3)-Ramsey. D& dang thdy ring moi s6 nguyén
duong nho hon 5 ciling khéng c6 tinh chat (3,3)-Ramsey. Vay 6 la s6 nho nhét ¢é tinh
chit nay.

Dinh nghia 3. $&' Ramsey R(i j) la 56 nguyén diong nhd nhét cé tinh chat (i )-Ramsey,

Chang han, tir két qua vira trinh bay & trén, ta ¢6 R(3,3) = 6, vi 6 ¢6 tinh chat (3,3)-
Ramsey, va nhiing s6 nguyén duong nhé hon né khong c6 tinh chét nay.

Thi du 1. Tim R(2,7) - s6 nguyén duong nho nhét ¢6 tinh chat {2,7)-Ramsey.
Giai: Trude hét ta tim s6 nguyén dugng n sao cho véi moi cdch 6 cic canh clia K, bai

hai mau xanh, dé luén tim duge hoac K, d hoac K, xanh. R(2,7) 12 56 nho nhat ¢6 tinh
chat ndy. Xét mot cach 16 maw (tuy §) céc canh cia K,. Ré rang hoic la tim dugc it nhat
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Chitong 3. Bai tadn 16n tai

mot canh cua K, duge 16 mau do, hodc L tat ca cdc canh cta né déu duoc t6 bai mau
xanh. Néu ¢é canh t& mau do thi rd ring ta ¢6 K, dd. Con néu tat ¢a cic canh déu 16 bai
mau xanh thi ta ¢é K, xanh. Viy s6 7 ¢6 tinh chat (2,7)-Ramsey, v vi thé R(2,7) < 7.
Nhung R(2,7) khong thé nhd hon 7, bdi vi néu o tit cd cic canh ciia K, bdi mau
xanh ta s& khong tim duoc K, do va cling khéng tim duge K, xanh.
Vay R(2, 7y =17.

St dung fap luan trong vi du vira trinh bay ta ¢6 thé chi ra rang:
R(2.A)y =k, vdimoi k = 2,
Cic tinh chat co ban sau day cla s6 Ramsey R(f,/) ¢6 thé chitng minh béng cdc 1ap luan
tuong e nhu trong cdc vi du da trinh bay:

1. R(Gj) =Ry

2. Neéu m cé tinh chat (i /)-Ramsey, thi moi s6 »# > m cling <6 tinh chat nay;

3. Neéu m khong cé tinh chat (i,7)-Ramsey, thi moi s6 # < »i cling khéng cé tinh
chd: nay;

4. NeEui, z i, thi R(i ) 2 Rli,)).

DéE y ring khi tim s8 R(i /) ta cén xét sy t6n tai cla K, d6 hodc K; xanh: nghia 1a
mau do lién quan dén bién 7, cdn mau xanh lién quan dén bién ;. Tuong tu nhu vy, khi
tim R(j.7), mau d6 lién quan dén j con miu xanh lién quan dén i. Do R{i,j) = R(j.i} nén ta
chi can quan tdm dén hodc 1a R ¢é cdc canh dugc 16 boi cing mot mau (goi tit 1a R,
cung mau), hodc R; cing mau.

Viéc xdc dinh s6 Ramsey R(7,j) doi hoi ching ta phéi tim s6 nguyén duong nho
nhét ¢é tinh chat (7 /)-Ramsey. Mot ciu hoi dat ra 1a: Liéu s6 nay ¢6 10n tai v6i moi 7 2

2,7 > 2 hay khong? Bo dé va dinh 1y dudi day sé trd 16i cau hoi dat ra.

Bo dé 1. Néui>3vajz3thi
R(ijy SR(ij-1) + R(i-1). (N

Chirng minh. Gia st m = R(i j-1) + R(i-1,)). Ta s& chimg minh ring m cd tinh chét (7 j)-
Ramsey. Gia sir cdc canh cia K, duge t6 bdi hai mau xanh, do, va v 1a mot dinh cua X,
Ta phan tap dinh V coa K, ra 1am hai tap:

A - tap tat ca cdc dinh no6i vdi v bdi canh do;

B - 13p tat ca cdc dinh ndi v6i v boi canh xanh.

Al + 18| = [AUBl = m - 1 = R(ij-1) + R(i-1§) -1
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nén hode i 1Al = R(i-1,/) hoac Ja 1Bl 2 R(i j-1). Thuc vay. néu trdi lai ta c6 1Al < R(i-1 /)
va [Bl < R(i j-1), tir d6 suy ra diéu phi Iy sau
-1 =1AUBl < R(Ij-1)+ R{i-1j) -1 =m -1.

Xét rudng hop 1Al = R(i-1,/). Goi K, 1a bo gém tap dinh A vA tap canh 1 cdc canh
noi cac dinh trong A cta K. Ta s& chi ra ring K, hoac chita K, d6 hoac chia K, xanh.
Do 1Al 2 R(i-1,/). nén K\, hoac chita K, d6 hodc chita K xarh. Néu K, chia R, do thi
bé sung vio né dinh v va cdc canh ndi v véi cic dinh trong A ta thu dugc R do. Vay K,
va do dé K, ludn chia hodc K, do hoac K, xanh.

14l

Truomg hgp 1Bl = R(i j-1) duge xét twang .
Nhu vay m c6 tinh chit (i /}-Ramsey, tir dé suy ra bt dang thic (1) duoce ching
minh.

Tir ket qua cda bd dé sir dung phép qui nap todn hoc 1a ¢d thé chimg minh két qué sau
day:

Dinh 1y 1 (Dinh Iy Ramsey). Néu i 2 2, j 2 2 la cde s6 nguyin dicong thi luon tim dioe

SO nguyén duong Vi tinh chdt (i j)-Ramsey (1t d6 suy ra s6 R jy 1a 160 1ai).

Chitng minh. Gii st P(n) la ménh dé sau:

Py New i + j = thi luén tim dwge s6 nguyén voi tinh chat (1f)-Ramsey.
Khin=4, tacdi=j=2,trkét qua cua vi du | suy ra P(4) 1a ddng. Gid sit P(n) ding,
ta phiti ching minh P(u+1) cling ding. Gla siti + j = n+1. Suy rai + (j-1) = n va (i-1) +
j = n. Theo gid thiét qui nap, luon tim duge s6 nguyén g tinh chat (7, j-1)-Ramsey va s&
nguyén vdi tinh chat (/-1. ))-Ramsey, Tir dd suy ra cdc 86 R j-1) va R(i-1,4) 1 t6n tai,
Tir d6 va tir bat dang thite (1) suy ra s8 R(i,j) cling tn tai. Vay P(n+1) 1 duing.

Theo nguyén 1y qui nap P(n) ding v&i moi i 2 2, 7= 2. Tu d6 suy ra R({,j) luon tén
tai v moi § 22, j 2 2,

Ching ta da ¢6 cdc két qua sau:

R2E)=Rk2y=Fk
R(3,3)=6.

Khii 22,722, viéc im cdc s6 R(i j} cang khé khi 7, § cing 16n. Hién nay mdi chi biét
rit it cdc s6 Ramsey. Chiing ta s& tinh thém mot vai s6 Ramsey,

Thi du 2. Tim R(3.4).

Giai: T bo dé | ta cé
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R(34)<R(33)+R24)=6+4=10.
bé xdc dinh xem c6 phai R(3,4) < 10, ta phai xét tat ca cdc cdch t6 mau canh cua K.
Neéu K, khong chita K, do ciing nhu khong chita K, xanh véi mot cach té6 mau canh cua
n6 nao do, thi R(3.4) = 10. Con néu nhu ing v6i moi cich t6 mau, K, cé hoac K, do
hoac K, xanh thi ta lai phai xét van dé dé cho K. Viéc xét tét ca cic cdch t6 mau canh

cua K, khong phai 1a dé dang, do K, c6 36 canh nén c6 tat ca 2*° > 60x10° cich t5 mau
khdc nhau.

Rat may la ta khong can khao sit cdc cich t6 mau K, vi ¢6 thé sir dung két qua sau
day:

Néu i =3, 23 vanéu R(ij-1) va R(i-1,) 1a cdc s6 chan thi
R(ij) <R(ij-1) + R(i-1,) -1 )
Ching minh bét déng thiic (2) dua vio ching minh ctia BS dé 1.
Str dung (2), khi i = 3, j = 4, ta thu duoc
R(3,4)<R(33)+R24)-1=6+4-1=9,
vanhu vay R(3,4)<9 .
Dé chi ra 8 khong c6 tinh chat (3,4)-Ramsey, xét cich t6 mau K, mo ta trong hinh

vé 2, trong d6 cdc canh lién nét dugc t6 mau do, con cdc canh dit nét duoc t6 mau
xanh,

Hinh 2. T6 mau K,
R& rang khong thé tim duge K do ciing nhu K, xanh. Vay R(3,4) = 9.

Vidu 3. Tim R(3,5).
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Phdn 1. Ly thuyét 10 hop

Giai: T (1) tacé
RG35)=RABAH+R2Z5H=9+5=14.

Ta s& chimg minh R(3.5) = 14, bang cdch chi ra ring s6 13 khong ¢6 tinh chat
(3,5)-Ramsey. V& K, cdc dinh clia né ddnh s6 tir 1 dén 13, T6 mau do cho canh (i)
néu | i - j1=1,5, 8 hay 12. T6 mau xanh cho cdc canh con lai. C6 thé kiém tra duge
riing v6i cdch 16 mau dé K|, khong chita K, d6 ciing khong chita X, xanh.

Bang dudi day cho ta nhimg gid tri da biét cla R(i,j)

iNj |l 2| 3 4 5 6

2 12

3 3

4 |4 {9 18

S |5 |14 [25-27 |[43-52

6 6 18 | 34-43 |57-94 [102-169
7 23 | =49 > 76

8 28 | >53 > 04

9 |9 |36 =69

Cac s6 R(3.,3), R(4,3), R(5,3) v R(4,4) dugc tim thay tir nam 1955 béi AM. Gleason va
R.E Gleenwood, R{6,3} - ].G. Kalbfleisch nam 1966, R(7.3) - JL.E. Graver, J. Yuckel
nam 1968, R(8.3) - B. McKay va Z.Ke Min méi gin day, R(9,3) - C.M. Grinstead va
S.M. Robets nam 1982,

3.5.3. Téng quat hoa

Cic s6 Ramsey gidi thiéu trong muc trude chi 1d mot trong ho cdc s6 Ramsey. Trong
muc ndy ching ta s€ xét mot ho cic s6 Ramsey 10ng qudt hon.

Chang han, néu ta té mau cic canh clia K, bdi ba mau xanh, dé, tim, thi 6 n it nhat
phai [4 bao nhiéu dé chic chin tim duge hoac K, do, hoic K, xanh hoic K, tim? Sa #
nho nhat ¢6 tinh chit nhu vay ta & ky hiéu 1a R(3,3,3;2). Con 6 2 dugc viét nhu 1a mot
thanh phan cua R(3.3,3: 2) bai vi cic canh (d6i tugng dude 16 mau) dugc xdc dinh bai 2
dinh. Con 6 2 ndy ciling c6 thé thay bdi mot s6 nguyén duong bat ky. Ba sd 3 ciling ¢6
thé thay bdi cac s& nguyén duong tuy vy dé c6 thé thu dugc mot ho mdi cic s6 Ramsey.
Vidu: R(5.4.7; 2) 12 50 nguyén duong nho nhit # sao cho véi moi cdch t6 mau cdc canh
cua K, bdi 3 mau xanh, do, tim K, ludn chita hodc K do hoidc K, xanh hoac K, tim.
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Chucng 3. Bai todn tén tai

Dinh nghia 4. Gia sit i}, iy, ..., i, ld cdc s6 nguyén duong, trong dé i, 2 2, voi moi j. S6

nguyén dwong m dugc ndi la c6 tinh chdr (i, i,, ..., 1,7 2)-Ramsey néu véi moi cdch t6

mau cdc canh cia K, boi n mau 1, 2, ..., n luén im dutoc trong né K, mau i, voi it nhat
!

mdt j ndo do.

S6 nguyén duong nhd nhat vdi tinh chét (i, iy, ..., i,; 2)-Ramsey dugce goi 1a s6
Ramsey R(i|, i3, ..., i,5 2).

Chd y ring, néu n = 2, s6 Ramsey R(i,, i, ; 2) chinh la cic s6 Ramsey R(i,, i,) trong
muc trudc.

Chiing ta lai c6 thé dit ra cau héi 1a: Tén tai hay ching cdc s6 Ramsey vira dugc
dinh nghia? Cau tra 19i 12 khang dinh. D€ chiing minh sy tén tai clia cic s6 Ramsey ¢6
thé sir dung phuong phdp ching minh bing quy nap.

Chiing ta biét rat it vé cdc s6 Ramsey R(/, i, ..., i,; 2) khi n 2 3. Tuy nhién, néu i, =
2 véi moi 4, thi cé thé ching minh duge ring: R(2,...,2; 2) = 2. Khi mbi fj 2 3, cho dén
th&i diém hién tai mdi biét duy nhét mot gia i R(3,3,3; 2) = 17.

Thi du 4. (R.E. Greenwood, A.M. Gleason, 1955) Chitng minh ring R(3,3,3; 2) = 17.

Giai. Xét mot cdch t6 maw ndo dé cdc canh cla K, boi ba man xanh, do, tim. Chon v 13
mot dinh nao dé caa K ;. Trong s6 16 doan ndi v vdi cdc dinh con Jai, theo nguyén 1y
Dirichlet luén tim dugc 6 doan cé cing mot mau. Khong giam tdng qudt ¢é thé coi cédc
canh néi v véi cic dinh 1, 2, 3, 4, 5, 6 ¢6 cing mau dd6. Néu c¢6 mot trong s6 cic canh
noi gitta cac dinh 1,2, ..., 6 cé mau do thi canh nay cing vdi dinh v 1ap thanh K d6. Néu
trdi lai, 6 dinh 1, 2. ..., 6 chi n6i véi nhau boi cdc canh ¢6 hai mau xanh hoic tim, thi
theo vi du m@ dau trong s6 ching luén tim duge hoac K, xanh hoac K, tim. Vay, K|,
lu6n chira K, do, xanh hoac tim. Do d6, R(3.3,3; 2) < 17.

Pé chi ra R(3,3.3; 2) > 16 cdn xdy dung mot cich t6 mau K, sao cho khdng tim
duge K, cling mau {xem trong cudn sach ctia C. Berge). '

C6 mét cich khdc dé tiép tuc phét trién céc s6 Ramsey va tiép tuc tdng quit hod céc ¥
tuong ma ta vira xét. Xét bai todn md ddu, trong dé ta xét sy tén tai K, dd hoac xanh
trong K. Bat dau v&i K, v6i tap dinh V. Ta xét 14t ¢a cdc tip con 2 phin tir cia V (tic 1a
cdc canh ciua K} va chia c4c tap con nay ra 1am hai ho C, va C,. S8 6 ¢6 tinh chét (3,3)-
Ramsey néu va chi néu:

1) Tim duge tap con 3 phan tr cia V sao cho moi tap con 2 phén tr cda né déu
thuge vio C, hoac
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Phdn 1. Ly thuvét 16 hop

i1) Tim dugc tap con 3 phan tir cia V sao cho moi tap con 2 phdn tif cha né déu
thuée vao C,.

N&u coi €, 1a tap cdc canh duge t6 mau d6 va C, 13 tap cdc canh dugc t6 mau xanh,
thi 16 rang ta ¢6 tam gidc do khi va chi khi di¢u kién i) dugc thyc hién va cé tam gidc
xanh khi va chi khi diéu kién ii) dugc thyc hién. Tuy nhién trong cich mo ta niy chiing
ta khong cén ding dén khdi niem canh. Céc tinh chét duge phat biéu trong ngén ngir tap
hop va cdc tinh chit clia mét ho cdc tap con cta nd. Cich md td nay cho phép xét viec
phan céc tap con ¢6 kich thude r tuy y (khong phai chi ¢6 2) ra thanh mét 6 cic ho con
{(khong nhat thiét chi phan lam hai ho C,, C, nhu trong vi du vira néu). Ta di dén dinh
nghia tong quat sau clia s6 Ramsey

Dinh nghia 5. Gid st iy, iy, ..., i, r ld cdc s6 nguyén duong, trong dé n > 2, va I 2 rvoi
moi j. SO nguyén duong m duye néi la c6 tink chit (,, ..., i, s ry»-Ramsey néu nhiu ménh
dé sau day la ding:

Néu § la tdp m phdn ik va cde tap con v phin nit ciia S dugc phdn chia

vao n ho Cy, Cy, ..., C,, thi véi mot j nao dé rim duoc tdp con cria S 6

lwe lwgng I, sao cho méi tdp con r phdn i ciia né déu thusc vao C -

S6 nguyén duong nhé nhat ¢6 tinh chét (i, ..., i, ; r)-Ramsey duoc goi 1a s6 Ramsey
R\, i 1)

Dinh 1y 3 (Ramsey, 1930). Néu i,, ..., i, r la cdc 56 nguyén duong, trong dé n > 2 va
;2 ¥ vOi moi j, thi s6 Ramsey R(i, ..., i, ; ¥) ludn 1én tai.

Khir=1,s8 R(i,, ..., i, ; 1) c6 thé xdc dinh khd dé dang, bdi vi chiing ta chi phai xét céc
tap con 1 phan tir cia S. Dinh 1y dudi day cho cong thiic tinh s6 nay.

Pinh 1y 4. R(i,, ..., i, ; 1) =i, +..+i -(n-1).

Chiing minh. bat
m=i +.+1{ -(nl).

Trude het ta chi ra ring m 6 tinh chat (7, ..., i,; r)-Ramsey. Lay S 13 tap m phan & va
chia cdc tap con 1 phén tir clia né ra lam # l6p C, ..., C,. Trude hét nhan thiy ring phai
tim dugc chi s6 j0 sao cho IC,} = i, (N&u trdi lai, IC) <i;véimoi j, i IC| </, -1. Suy ra
m=1C\l+ ... HC ) S (G- +..+ (-1} = i+..+i, - n = m - 1 7). Néu ta ldy iy, phin tr cla
C;, thi ta c6 tap con cia S v6i luc lugng iy, sao cho moi tap con 1 phén tir ciia né déu
thudc Cy,. Biéu d6 ching 16 rang R(i,, ..., i, ; 1) i, +..+ i, - (n-1).

Bay gir ta s& chi ra rang m-1 = i, +..+ i, - n khéng <6 tinh chat (i, ..., i, ; r)-
Ramsey. Ly tap S gém i) + ...+ {, - n phén tir. Phan c4c tap con | phan ti clia né vao n
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Chuong 3. Bdi todn 1én tai

op Cy, ..., C, sao cho IC) = i, - 1. R& riang voi cdch phan chia niy khong thé tim duoc
tép con cla § ¢6 lyc lugng i; sao cho moi tap con | phdn tir clia né thude cling mot 16p
C,

Khii{j=.,=i{ =2,tacd

R(2,..2:1)=n+1,

Su kién ndy cho thiy dinh 1y Ramsey 1 sy téng qudt hod ctia nguyén 1y Dirichlet. Bdi
vi trong ngdn ngif cua s6 Ramsey, R(2....,2; 1) = n + 1 ¢6 nghia 12 # + 1 12 s nguyén
duong nho nhat ¢6 tinh chat sau: N&u 14p § ¢6 luc lugng 7 + 1 va néu phan cic phdn tit
clia né vao n tap C, ..., C, thi phai tim dugc tap con 2 phén tr cba S sao cho cdc phin tir
clia né thudc vao cing mot tap C; nio dé. N6i cach khac luon tim dugc chi sd j sao cho
tap C; cé itra 1a 2 phan tr. D6 chinh 14 ndi dung cGa nguyén 1y Dirichlet.
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Bai tap

1. Trén mit phang cho n > 6 diém, khodng cdch gilia cdc cip diém 12 khic nhau timg
doi. Méi diém dugc noi véi diém gan né nhat. Chimg minh ring méi diém duge néi véi
khong qud 5 diém.

2. Mot trung tdm mdy tinh ¢6 151 mdy vi tinh. Cic mdy clia trung tdm dugce dat tén boi
mot s6 nguyén duong trong khoang tir 1| dén 300 sao cho khéng c6 hai mdy nao duge
dat tén trung nhan. Ching minh rang luén tim dugc 2 mdy ¢6 tén 12 cdc s6 nguyén lién
tiép.

3. Céac hoc sinh ciia mot 18p hoc gém 45 nam va 35 nit duge xé€p ra thinh mot hang
ngang. Chiing minh rang, trong hang dé ludn tim duge hai hoc sinh nam ma & gita ho
c6 8 ngudi diing xen vao.

4. 12 cdu thl béng 16 deo 4o véi s6 tir 1 dén 12 dimg tap trung thanh mot vong tron gifta
sin. Chimg minh ring luén tim dugc 3 ngudi lién tiép ¢é téng cdc s& trén 4o 1 16n hon
ho#c bang 20

5. Ching minh ring trong s& 10 ngudi bat ky bao gity cling tim dudce hoac 14 hai ngudi
o6 téng s6 tudi 14 chia hét cho 16, hoac 14 hai ngudi ma higu s6 tudi clia ho 14 chia hét
cho 16.

6. Can c6 it nhat bao nhiéu bd ¢é thit tu gém 2 s& nguyén (a, b) sao cho chic chidn tim
dugc trong s6 d6 hai b (c, d) va (e, f) sao choc - e va d - fla cdc s6 ¢ chif 0 tan cing
bang 0?

7. 17 nha bac hoc d6i mot viét thu trao déi v&i nhau vé 3 cha dé, méi cap chi trao déi

v6i nhau vé 1 chi dé. Chimg minh rang Tudn tim duge 3 nha bac hoc doi mot viét thu
trao ddi v6i nhau vé cing mét chii dé.

8. Trong khong gian cho 9 diém ¢6 toa do nguyén. Ching minh ring trong s6 9 diém di
cho ludn tim dugc hai diém sao cho doan thing néi chiing di qua diém c6 toa do
nguyen,

9. Ching minh ring trong s6 10 ngudi bat ky luén fim dugc hoac 1a 4 ngudi déi mot

quen nhau va 3 ngudi d61 mot khong quen nhau hoac 1a 4 ngudi d6i mot khong quen
nhau vi 4 ngudi déi mét quen nhau.
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Chutomg 4. Bai todn li¢t ké

BAI TOAN LIET KE

4.1. GiGi thiéu bai toan

Néu nhu trong bii todn dém (xem chuong 2), ta chi ddi hoi dém s6 ciu hinh 6 hop 1a
bao nhiéu thi trong nhiéu tinh hudng, ta con phai cin chi ré nhitg c4u hinh 16 hop dé la
nhitng ciu hinh nao. Bai todn dua ra danh sdch tit cd cau hinh 6 hop c6 thé ¢, duge
g0i 14 bai 1odn liét ké 16 hgp. V1 thé, khdc v6i bai todn dém tim ki€m mét cong thirc cho
181 giai, bai todn liét ke lai can xde dinh mor thudt todn dé theo dé c6 thé 1an lugt xay
dung dugce tit ca cic ciu hinh dang quan tdm. RS rang ¢4 nhiéu cach liét ké, tuy nhién
chiing phdi dam bdo 2 nguyeén téc:

e khong duge iap lai mét ¢du hinh,

e khong duge bd s6t mot cdu hinh.

C6 thé néi ring phuong phdp liét ke 1a cdch cudi cling dé ¢é thé gidi dugc mot s6
bai todn t6 hop hién nay. Khé khan chinh cha phuong phdp niy 13 su "biing né té hop'.
Dé xay dung chimg 1 ty cu hinh (con s6 nay khong phai 13 16n d6i v6i céc bai todn t6
hop - xem lai cdc s0 mét thit ty D,, s6 phan bé U, s6 hinh vuéng la tinh /,
thiét ring mdi thao tdc xay dung mat khoang | gidy, ta phai bod ra quing 31 nam méi
gial xong. Tuy nhién véi su phét trién cha mdy tinh dién tlr, bing phuong phap liét ké,
nhiéu bai todn 16 hop di tim thay 131 gidi. Mat khdc, chinh sy nd lyc tim ki€m nhing
giai phip hitu hiéu cho nhitng bai toan kho thudc Iinh vuc nay, da thic diy manh mé su
phit trién cila nhiéu nganh to4n hoc. Trong chuong niy, sau phin gidi thiéu khéi niém

...} va gia
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thuat todn, ching ta s& trinh bay hai phuong phdp liét ké thudng six dung nhit, dé la
‘Thudt todn sinh va déc biét 13 thuat todn quay lui, mot thuat todn cé tinh phé dung cao.

4.2. Thuat toan va doé phiic tap tinh toan

Nhur d3 gi6i thigu & trén, ta hi€u viéc giai bai todn liét ké 1a xay dung mot thuat todn dé
theo d6 c6 thé tan luot xay dung ducc 14t ca cde cau hinh cin quan tam. Vay cdn hiéu
thudt todn 14 gi? Muc ndy dinh d€ gidi thiéu khdi niém thuat todn va mot s6 vin dé lien
quan cén thiét cho viéc trinh bdy cdc chuong sau.

4.2.1. Khai niém thuat toan

Thuat toan di dugc biét dén tir rat 1an. Ban than thuat nglt Thuat todn (Algorithm) 14
vi€t tat tén cia nha todn hoc thé ky thi IX: Abu Ja'fa Mohammed ibn Musa al-
Khowarizmi. Dau tién, thut todn dugc hiéu nhu 14 céc qui the thuc hién cic phép tinh
s6 hoc vai céc con 56 duge viét trong hé co dém thap phan. Ciang vdi sy phdt trién cla
mady tinh, khdi ni¢m thuit todn cing dugc hiéu theo nghia rong hon va chinh xac hon.
Khii niém thuit todn dugc dinh nghia mot cdch hinh thitc chinh xdc théng qua may
Turing. Tuy nhién, trong gido trinh ndy chiing ta chua can dén dinh nghia chinh xdc
nay, mi ¢ thé hiéu thuat todn mot cich truc quan hon qua dinh nghia sau.

Dinh nghia. Ta hidu thudt todn gidi b&i todn dét ra la mor thid tuc xde dinh bao gém
maor ddy hitu han cdc buoc cdn thiee hién dé thu dupe 157 gidi cia bai todn.

Thuat todn ¢é cdc dic trung sau day:

*  Ddu vdo (Inpur): Thuit todn nhan dit liéu vao tir mot tap nio da.

*  Ddu ra (Ouiput): Vi mdi tap cdc dif licu déu vio, thuat todn dua ra cac dit liéu
tuong tng véi [&i giai cua bai toan.

o Chinh xdc (Precision): Cic budc cha thuat todn duge mo ta chinh xdc.

* Hiu han (Finiteness): Thuat todn cdn phai dua dugc ddu sau mot s6 hifu han
(c6 thé rat 16n) budc véi moi ddu vao.

* Don tri (Uniqueness): Cic két qua trung gian cla ting budc thuc hién thuat
todn dugc xdc dinh mot cdch don tri va chi phu thudc vio ddu vao va cac két
qua cua céc budce trude.

» Tong qudt (Generality): Thuat todn c6 thé 4p dung dé gidi moi bii todn cé dang
did cho,

Thi du 1. Cho 3 s& nguyén g, b, c. Mo ta thuat todn tim s3 16n nhét trong ba s di cho.
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Giai. Tuy ring bai todn dat ra 1a rat don gidn nhung muc dich cla chiing ta 1a dung né
dé giai thich khdi niém thuat todn. Thuat todn gém cdc budc sau:

Bude 1. Bat x:=aq;
Bude 2, Néu h > x thi dat yvi=b;
Budc 3. N&u ¢ > x, thi dat vi=c.

Tu tudng cna thuat todn la duyét ldn lugt gid tri cla ting s6 va gir lai gid tri 1n
nhat vao bién x. Két thic thuat todn x cho s6 nguyén 1dn nhat trong 3 sd da cho.

Ky hién y := z trong mo ta thuat todn o trén ¢6 nghia 1a thay thé gid tri dang ¢6 cia
y boi gid tri ctia z. Khi phép todn y := z duoc thuc hién xong, gid tri cha z khong bi thay
d6i. Ta goi := |a todn nr gdn.

Bay gid ta sé& theo d&i qud trinh thyc hién thuat todn v6i nhitng gid tri cu thé cla a,
b, c. Trude hét gia su

a=1, b=5 ¢=3

Tai bude 1, ta dat gia tri cua x la g (1). Tai bude 2, do & > x (5 > 1), nén x dugc dat bang
b (5). Tai budc 3, do diéu kién ¢ > x (3 > 35) khong dugc thyc hién, nén ta khong phai
lam dong tac gan. Két thiic thuat todn, x ¢6 gid tri 5 13 gid tri 1én nhat trong 3 s6 «. b. ¢.
Gia sy
a=7 b=2, c¢=3L

Tai bude 1, ta dat gid tri cha x 12 a (7). Tai bude 2, do diéu kién b > x (2 > 7) khong
thoda man, nén ta khong 1am gi cd.. Tai bude 3, do ¢ > x (31 > 7), nén ta gn x bing 31.
Keét thiic thuat todn, x cé gid tri 31 12 gid tri 16n nhat trong 3 s6 «, b, c.

Biy gid ta s€ thay rang thuat todn vira mo ta ¢d céc tinh chat nén & trén.

Thuat todn nhan ddu vdoe 1a ba sd a, b, ¢ va dua két qua & ddu ra 1a x.

Céc budc clia thuat todn duge mo ta chinh xde dén mifc ta c6 thé viét chuong trinh
theo thuat todn trén ngén ngi 1ap trinh va thue hién trén mdy tinh.

Néu dau vao 12 da xidc dinh, két qua tai méi bude cha thuit todn duge xdc dinh duy
nhat. Ching han, véi diu vio

a=7, b=2 ¢=3l,

tai bude 3 cia thuat toan, x ludn duge dat bing 31, khong phu thudc vio viée thuat todn
dugc thue hién bang tay hay boi may tinh.

Thudt toan két thic sau ba budc va dua ra l&i giai cia bai todn, vi vay, thuat todn la
hitu han.

Thuat todn trinh bay trong vi du luén dua ra gid tri cla s6 16n nhét trong ba sd bdt
ky, nhu vay, thudt todn cé tinh tong quat.
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4.2.2. Mo ta thuat toan bang ngon ngir phong PASCAL

Cach mo ta thuat todn bing 18i nhu trinh bay trong thi du & muyc trén khong that thuan
tién cho viéc cai dit thuat todn trén nhiing ngén ngit lap trinh.cu thé, chang han
PASCAL, C, BASIC.... Tat nhién c6 thé mo ta thuat todn sit dung mot ngén ngir [ap
trinh nao dd. Khi d6 ta chi ¢6 thé sir dung nhimg cau triic Iénh cia ngon ngit da chon,
Biéu d6 c6 thé tam cho viéc mo ta thuat todn tr& nén phitc tap déng thoi cling rit khé
hicu. Vi thé, dé mé ta thuat todn ta sir dung ngon ngir phong PASCAL, trong d6 cho
phép vira mo ta thudt todn bing ngén ngir doi thudmg vira sir dung nhiing c4u tric lénh
tuong ty nhu clia ngon ngit lap trinh PASCAL (14t nhién, cic qui tic ci phap cla ngoén
ngit 1ap trinh PASCAL khong nhét thi€t phéi tuan th). Dudi day ta liét ké mot s6 cau
I¢nk: chinh duge s dung d€ mo ta thuit to4n.

Cdu lénh procedure(function). Mo ta thuat 1odn trong ngén ngit phong PASCAL duge
bat ddu tir cau 1énh procedure (function), trong dé ta dit tén cho thudt toin va mo ta
danh sdch bién clia thuat todn. Chiang han, cau lénh

function maximum(a,b,c);
cho biét tén thuat todn duge moé ta 1a maximum, cé 3 bign a, b, ¢;

procedure Hoanvitn);
cho biét tén thuat todn duge mo ta 1a Hoanvi véi bién 14 ».

Cac budc cla thudt todn duge md ta trong than thi e (ham) duoe bit diu bai

begin va két thic boi end.

Thi du; .
function maximumia,b.c);
begin

{Thdn ham).
end;

procedure Hoanvifn);
begin

(Thdn thi tuc),
end;

Chuit y: Khi m# ti thuat todn bit ddu bing function, khi két thdc 1am viéc, thuat todn sé
dua ra gid tri dugc ghi nhan trong tén ham. Vi vay trong than ham phai ¢6 mat cau lénh
gan gid tr1 cho ham. Trong vi du trén maximum s& ghi nhan gid tri 16n nhét trong ba
bién a, b, ¢.
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Cdu lénh gan. Cau lénh gin duge sir dung d€ gén gid tri cho cac bién. VE trdi ciia cau
Iénh 1a tén cia bi€h, con v& phai 1a biéu thic cia cdc hing, bién da gén gid tri hoic céc
him di duge dinh nghia. Ky hiéu := dugc sir dung dé biéu dién phép gan.

Thi du;
o variable ;= expression;
L] May =,

® x:=s6 Ion nhit trong cic $6 a,, d,...., a,;

Khoi cdu lénh. Cdc cau lénh c6 thé nhdém lai thanh mot khéi. D€ mé ta khai l&nh ta str
dung begin va end.
Thi du:
begin
Cdu lénh 1;
Cdu lénh 2;
Cédu lonh n;
end;

Céc cau I1¢nh trong khéi duoc thuce hién tudn o, Dudi day, thuat ngit cdu lénh duge
dung dé chi chung mot cau lénh ciing nhu mot khai cau lénh.

Chii gidi. D€ dién giai thém ndi dung cla cdc doan 1énh c6 thé sir dung cdc cau chd
gidi. Cdc dong chu gii duge dat trong dau hai ddu {} hodc (* *).

Thi du:
(* xla phan tir 16n nhat trong danh sich L *)
{ dlasd phin tlr clia danh sach L }

Cdu lénh diéu kién. Cau lénh don giin 13
if diéu kién then cdu lénh:
Khi thue hién cau 1¢nh, diéu kién s& duge kiém tra, néu né duge thoa man thi cdu
lénh s€ duge thuc hién.
Nhiéu khi ta cin phai thuc hién mot thao tic nae d6 khi diéu kién duoc thuc hién,

cOn néu nguoc lui ta lai phdi thuc hién mot thao tic khic. Khi do, ¢6 thé st dung cau
lénh phite tap hon sau day
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if di¢u kién then cdu lénh ]
else cdu iénh 2,

Cdc cdu lénh lgp. Ta sé s dung cdc cau lénh sau day

for bién := gid tri ddu to gid i cusi do Cdu iénh:
Tai ddu vong lap, bién s€ dugc gin cho gid_ tri_ ddu, néu gid tri ddu nhé hon hon hoidc
biing gid tri cudi va cdu lénh s& duge thuc hién véi gid tri nay cha biéh. Tiép dén, gid tri
cla hién s€ tang 1&n 1 va cau lénh s€ duge thuc hién voi gid tri mdi cua bién. Qud trinh
s€ dugce ti€p tuc cho dén khi bién bang gid i cudi. Sau khi thuc hién xong cdu Iénh
voi gid tri clia biéh bing gid i cudi, s& chuyén sang thuc hién cau 1énh ti€p theo.
Néu gid i dau tén hon gid i cudi thi khong cé Tau 1énh nao duge thire hién.

Cau lénh Lip thit hai duge st dung 12 cau 1énh "while” sau day
while dicu kién do cdu lénh;

Khi céu 1énh ndy duge st dung, diéu kién s& duge kiém tra, néu né 1a ding thi cdu Iénh
dugc thuc hién, diéu d6 c6 thé din 16i su thay ddi gid tri cua cac bién trong diéu kidn.
N&u diéu kién van 1a ddng sau khi thuc hién cdu iénh thi cdu lénh lai duge thuc hién.
Diéu d6 sé tiép dién cho dén khi didu kién 1a sai.

Cau Jénh lap thif ba duge sit dung la cau [énh "repeat” sau day
repeat cdu iénh until diéu kien;

Khi cau lénh niy duge sir dung, cdu iénh duge thuc hién, didu d6 ¢é thé din t6i sy thay
déi gid tri cha cdc bign trong diéu kién. Néu diéu kién vin la ding, thi cdu lfénh lai
duge thuc hign. Diéu dé sé 1iép dién cho dén khi diéu kién 13 ding.

Thi du 2. Thuat todn tim s6 1dn nhat trong 3 s6 trong thi du 1 ¢6 thé mo ta nhu sau
function maxinum(a,b,c);
begin
X=a;
if #>x thenx:=h; (¥ Néu b lon hon x thi gin lai x *)
if ¢ >x then x:=c¢; (* Néucldn hon x thi gn lai x *)
maxinm:= x;
end;
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Thi du 3. Thuat todn tim s6 16n nhat rong ddy hitu han s6.
Dau vao: Diy gémnsé a,, as, . . ., a,.
Dau ra: large - s6 |6n nhét rong day di cho.
procedure Find_Large(a, n, large);
begin
large:=a,;
for i:=2 to » do
(* Néu g, 16n hon large thi gin lai large *)
if @ > large then large:=a;
end;

Trong viéc giai cdc bai todn phiic tap, ta thudng phai phan ra né ra thinh cdc bai
todn con. Ta s& xay dung cic tha tuc dé gidi cdc bai todn con, sau d6 cédc thii tuc nay sé
dugc tap hop dé gidi bai todn dat ra. Thi du du6i day minh hoa cho tur tuéng nay.

Thi du 4. Tim s6 nguyén 6 16n hon s6 nguyén duong ».

Giai. Tru6e hét ta xay dung thit tuc kiém tra xem mét s6 nguyén duong m cé phai 1a s6
nguyén té hay khong (Thi tuc Nguyén_s6). Sir dung thi tuc nay ta xay dung thuat toan
giai bai todn dat ra. Do udc s6 nguyén t§ cia s6 nguyén duong m bao gids ciing khoéng
vuot qui m , nén m sé 1 s6 nguyén 0 néu nhu né khong c6 udc s6 nao trong céc s6
nguyén duong tir 2 dén [ Vm ]

o Thugt todn kiém tra mét s& nguyén diong c6 phdi la nguyén 16" hay khong.
Bau vao: S6 nguyén duong m.
Diura: true néu m 12 s6 nguyén tg, false néu nguge lai,
function Nguyen_to(m);
begin
i:=2;
while (i <= JE) and (mmod i = 0) de i:=i+1;
Nguyen_to :=1> m
end;

o Thudt todn tim 56 nguyén 6 Iom hon sé nguyén dicong n.
Thudt toén nay sir dung thuat todn Nguyen_to & trén nhu thit tuc con.
bPau vio: S6 nguyén duong n.
Paura : m - s6 nguyén 16 16n hon #.
procedure Lagre_Prime(n);
begin
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m:=n+1,
while not Nguyen_to(m) do m:=m+1;
end;
Do tap cdc $6 nguyén t6 1 v6 han. nén thuat todn Lagre_Prime la hitu han.

4.2.3. Do phire tap cua thuat toan.

Mot chuong trinh mdy tinh, madc dd duge cii dit theo mét thuat todn ding, c6 thé
khong cho két qua mong mudn ddi véi mot bd dir liéu ndo dd vi hodc 1a né ddi hoi qud
nhidu thdi gian, hoac 14 khong cé di bé nhd dé luu giir dir lieu va cdc bién cha chuong
trinh. Vi vdy, dé ¢é thé dinh gid kha ning (ng dung cla chuang trinh ta cdn phéi phan
tich hiéu qua cla thuat todn. Phdn tich thugt fodn 1a qué trinh tim ra nhitng ddnh gid vé
thei gian tinh cling nhu dung fwong bo nhé cin thiét dé thyc hién thuat todn. Pé phitc
tap tinh todn cha mot thuat todn 1a luong thdi gian va bo nhd cin thiét dé thyc hién
thuat todn. Trong muc ndy ta quan tam dén viéc ddnh gid thoi gian cin thiét dé thuce
hién thuat todn (ta sé goi 1a thoi gian tinh clia thuat todn).

R& rang, thdi gian tinh ciia mot thuat todn 1A ham cua d@ ligu dau vao. Thong
thudmg khé c6 thé xay dung cong thic dudi dang hién cho ham nay, vi thé ta dat van dé
don gian hon. Thay vi lam viéc v6i dir lidu dau vao, ta s& 1am viéc vdi mot dac trung
quan trong cua dit liéu diu vao, d6 |a kich thude cua nd, Ching ta s€ quan tim dén

e Thoi gian 6t thidu cin thiét dé thuc hién thuét todn voi moi bo dit liéu ddu vio
kich thudc n. Thoi gian nhu vay s& duge goi 12 thdr gian tink 16t nhdr cha thuat
todn v6i dau vao kich thudc n.

e Thoi gian nhiéu nhil cdn thigt dé thuc hién thuat todn véi moi bo dif liéu dau
vilo kich thuge n. Thoi gian nhu vay sé duge goi 1a thai gian tinht 16i nhidt cua
thuat todn véi ddu vao kich thude ».

¢ Thai gian trung binh cin thiét dé thuc hién thuat todn trén tap hitu han cdc ddu
vao kich thudc . Thoi gian nhu vay s€ duoc goi 1A thor gian tinh trung bink coa
thuat todn.

D¢ tinh todn thoi gian tinh cla thuét todn ta s€ dém 56 cdu Iénfi mi nd phai thue
hién, hodc trong mdt s6 trudng hop ¢6 thé dém cu thé s6 phép tinh s& hoc, so sdnh,
gan,.... ma thuat todn doi héi thyc hién. RS rang tlr thong sé niy ta ¢d thé tinh duge thai
gian thuc sy ma thuat todn doi hoi néu nhu né duge cai dat trén mét ngdn ngit 1ap trinh
va chay trén mot mdy tinh cu thé. Mat khdc thong s6 nay khong phu thudc vao ngudi
lap trinh v ngén ngit 1ap trinh dugc chion dé cai dat thuat todn ciing nhu may tinh ma
trén dé né duge thue hién. Vi thé né 12 tiéu chudn khach quan dé€ danh gid hiéu qua cia
thuat todn,
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Thi du 5. Xét thuat todn tim s& [6n nhat trong diy hifu han s6 & thi du 3. Trong thuat
todn ndy, sé lugng phan tir clia diy s6 # 1a dai luong hop ly nhat cé thé ding d¢ ddnh
gid kich thudc dau vio. RS rang vong lip trong thuat todn luén thuc hién didng #-1 1an
nén tat ca thoi gian tinh tt nhit, t6i nhét ciing nhu trung binh cia thuat todn déu bing
n-1.

Thong thuong, trong cic (ng dung thue 1€ thai gian chinh xdc ma thuat todn doi
hoi dé thue hién né duge quan 1am it hon so véi viée xdc dinh toc dd tang cla thong s6
nay khi tang kich thude clia dau vao. Thi du, gia sir thdi gian tinh t6i nhat cfa mot thuét
1o0dn la

(M =60n+9+9
véi ddu vao kich thude n. Khi n 16n s6 hang 60+ x&p xi bing f(n) (xem bang 1). Trong
truomg hop nity #(n) ¢6 tdc do tang gidng nhur 60#°,

n Hn)=60n*+9n+ 9 60n*
10 3099 6000
100 600900 600000
1000 60009009 60000000
10000 6000090009 6000000000

Néu nhu #n} duge tinh bing giay, thi

Tin)= 0 +0.15n + 0.15
s¢ cho ta thdi gian tinh do bang phit cia thuat todn. Ro rang su thay déi niy khéng anh
hudng dén t6c d tang cta thdi gian tinh khi kich thude dau vio » ting, ma chi thay doi
don vi tinh thai gian. Nbu viy khi mo 14 16c do ting ca thai gian tinh cda thuat todn
khi kich thudc déu vao tang, kkong nhiing ching ta chi can quan tam dén s6 hang troi
(60 #*), ma c6 thé bd qua céc hing s6. Vi gid thiét nhu vay, thoi gian tinh /(n) tang
giong nhu #* khi # tang. Ta s& néi #(n) ¢6 bac 1a #* vi viét

i(n) = O(n),

Tu tudng co ban & day 1a thay thé biéu thic (1) = 60n° + 91 + 9 béi bléu don gian hon
n* ¢6 cung 16¢ 4o tang véi /(). Ta di dén dinh nghia sau

Dinh nghia. Gid sit [ va g la cde ham dot s6 nguyén duwong. Ta viet
fin) = Olg(m)
va noi fln) 6 bdc khéng qud g(ny néu ton tai hing sé dwong C, va s& nguyeén dieemg N,
sao cho
L < C gy
voimoin 2z N,

Tea viét
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Jln) = Qg(m)
va noi f(in) ¢6 bdc it nhdt 1a g(n) néu tén tai hing s6 duong C, va sé nguyén dvong N,
sao cho
bfim) | < Cyl gl |
vt moi nz N,.
Ta viét
fn) = ©(g(n))
va néi fn) o bdc la g(n) néu fln) = O(e(m) va fin) = Qg(n)).

Dinh nghia trén c6 thé phit biéu bang 18i nhu sau; fin) = O(g(n)). néu ngoai trir
hang s& va mot sd hiru han ngoai 1¢ £ bi chian dudi boi g. fin) = Q(g(m), néu ngoai trix
hing 6 vd mot s6 hitu han ngoat 1& £ bi chan trén bai g. fin) = O(g(n)). néu ngoai trit
hang 56 v mot s& hitu han ngoai 1é / bi chan dudi va chan trén bai g,

Cic biéu thide fin) = O(g(n)), fn) = Qg(n)) va fin) = O(g(n)) thudng dugc goi i ky
hiéu 6 1dn, 6méga, téta déi véi ham /.

Thi du 5. Do

6O +9n+9<60 +9° + 1P =700 véimol n2 1§,
chon C, = 70 trong dinh nghia trén ta co

607° + 97 + 9 = O().
Do

600 +9n +9 26027 véimoi nz 1,
chon (', = 70 trong dinh nghia trén ta cé

60n° + 9n + 9 = Q (1),
Do 601 + 91 + 9 =0(n?) va 60n° +9n + 9 =0 (%) nén

6012 +9n + 9 = O,

Phuang phédp chitng minh trong thi du 5 ¢é thé st dung dé chi ra ring moi da thitc bac &
v hé s6 duong:

Pnj=a,n*+a. n"" +.. +an+a,
0 bac 1a ©('): Piin) = O(n*).

Thi du 6. Gia sir & 1a s6 nguyén duong. Ta c6

P24 o+ < i+t vt =nn=n
khin 2z 1;suyra

15+ 224+ o+ 0t =00,
Mt khic, vi

4 2% o+ 05 2 2 +. . +-1DF + 0
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>mRf+. ..+ [n2]
> (/2).(nf2) = B

1+ 254+t =00,
F+2+. .. +4 =0O(a"").

Thi du 7. Ta sé ching minh
lgn! =O(nlgm.
Ta cé
lgn! =lgn+lgn-D+...+1lg2+1gl.
Do ham lg 14 ham ting, nén
lgn+lg(n—l)'+-...+lg2+lg I<lgn+lgn+. .. +lgn=nlgn
Vi vay
lg n! = Ofdnlgm.
Bay gitr, do
lgn+lgn-D+...+lg2+lglzlgn+lgn-1)+...+1g[n/2]

z lg (a2 +1g [#/2]1 +. . +1g [#/2]
> (wf2) 1g(nf2) =2 (nlg m)/4,
suy ra
lg nl =Q(nlgn).
Vay

lg n! =6G(nlg n).

Biy gid ta ¢6 thé dinh nghia bac cha thii gian tinh 16t nhat. t61 nhal, va trung binh cua
thuait todn nhu sau

Dinh nghia. Néu thudt todn doi hoi thet gian tinh 161 nhat 1a 1(n) véi d¢ déi ddau vao n
va
1) = O(g(n)) _
thed gian tinh 161 nhdt cia thudr rodn cé bde khéng qud g(n) hay th.ai gian tinh 16t nhdt
cua thudt todn la O(g(n)).
Néu thudt todn doi hoi thot gian tinh 161 nhdt 1a ((n) voi d¢ dai déw vao n va
() = O(g(n))
thot gian tinh 161 phdt cda thudt todn 6 bdc khéng qud g(n) hay thot gian tinh 1oi nhdt
cua thudt todn fa O(g(m).
Néu thudt todn dof hoi thoi gian tindy trung binh Ié #(n) voi do dai ddau vao n va
1) = Ofg(n)}
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thol gian tindy trung binh cda thudt todn ¢6 bdc khong qud g(n) hay thot gian tinh trung
hinlt cua thudt toén la O(g(n)).

Néu thay O béi Q va "khéng qud” boi “it nhdt” trong dinh nghia trén ta thu duge dinh
nghta béc it nhét cua thai gian tinh 16t nhat, (6i nhat, trung binh cta thuat todn. Néu thoi
gian tinh 6t nhit cila thuat todn vira 14 O(g(n)) vira 1a Q(e(n)), 1a s& ndi thii gian tinh
t6t nhat cla thuat todn 1a ©(g(n)). Tuong tu nhu vay, ta cling dinh nghia thai gian tinh
t6i nhdt va trung binh cia thuat todn 13 ©(g(m).

Thi du 8. Dinh gid s6 lan thuc hi¢n cau lénh x:=v+1 trong doan chuong trinh sau nhu
14 ham cda diu vio n:

for i:=1tondo
for j:=1 toido
Xi=v+1;

Dau tien 7 dugc dat bing 1, va j s& chay (it | dén 1, lénh x:=x+1 duoc thuc hién 1 lan,
ticp dén i duge dat bing 2, va j s& chay tir | dén 2, lénh x:=x+1 duoc thuc hién 2 lan....
Do d6 tong s6 1an thuc hién cdu lénh x:=x+1 1a

L+2+...+n= B0,

Thi du 9. Dinh gid 7(s) - $6 14n thue hién cau 1énh v:=x+1 véi d6 dai diu vao 13 # trong
doan chuong trinh sau:

jo=n

while j >=1do

begin
for i:=1tojdo x:=x+1;
f=j div2;

end;

Lan thyc hi¢n ddu tién trong vong lap while cau lénh xi=x+1 dugc thuc hién n lan. Vi
vay, #(n) = ((n). Sau lan thuc hién ddu tién gid tri cia j duge thay bdi [j/2], vi the j <
nf2. Néu j 2 1, thi cau lénh x := x+1 dugc thuc hién khong qud #/2 14n trong ldn lap thit
hai,... Néu ky hiéu & la s6 I4n thuc hién cdc énh trong thin ciia ciu 1énh while, thi s&
lan thue hién cau 1énh x := c+1 12 khong qud

n+ a2+ a4, .+ nf2t = n(1-1725/1-1/2).
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Biy gia, do
) < n(l-1297(1-1/2)y=2n(1 - 112520,

nén #{n) = O(n).
Cudi ciing, do & trén ta da ¢6 1(n) = Q(n), nén Kn) = OW1).

Thi du 10. DéE giai bai todn: Tim trong diy s&
Sy 83 oo, 8

"

mot phin tir ¢ gid trj bang key cho trude, c6 thé 4p dung thuat todn sau

Padu vao: nvadaysd s, 8, ....5,
Pau ra: Vi tri phédn tir ¢6 gid tri key hosc 12 n+1 néu khéng tim thay.
function Linear_Search(s.n.key);
begin

1:=0;

repeat

=i+1:

until (i>n) or (key =s);

Linear_Search :=1I;
end;

Can danh gid thdi gian tinh t6t nhat, t6i nhat, trung binh cia thuit todn véi do dai dau
vao la n. R3 rang thai gian tinh cia thuét todn c6 thé ddnh gid bdi s6 1an thuc hién cau
lénh /:=i+1 trong vong lap repeat.

NEu s, = key thi cau 1énh i:=i+1 trong than vong lap repeat thuc hién 1 14n. Do dé
thoi gian tinh tot nhit cua thuat todn 1 @(1)..

Néu key khong ¢6 mat trong day da cho, thi ciu lénh i:= i+1 thuc hién n 1dn. Vi the
thoi gian tinh t6i nhat cia thuat todn 13 O(n).

Cusi cung, ta tinh thdi gian tinh trung binh cla thudt todn. Néu key tim thiy & vi tri
thit i cua ddy (Aey = &) thi ciu lénh / := i+1 phii thuc hién i 1an (i = 1, 2, ..., n), cbn néu
key khong cé mat trong diy di cho thi cau lénh / := i+1 phai thuc hién a 1an. Tir dé suy
ra s& lan trung binh phdi thyc hién cau lénh i := i+1 1a

[(1+2+...+m+n]/(n+]).
Taco
{1+24. . +my+nl/(nt) <7 +0) fin+l) =n.

Vay thoi gian tinh trung binh cua thuat tedn 1a O(n).
Mat khiic, do
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[(L+24. ..+ +n]/(n+D) = (14 + n) [+ 1)
= (4 + nld) fn+1) = /4,
nén théi gian tinh trung binh cha thuat todn [a Q). Vi vay, thdi gian tinh trung binh
cna thuat todn 1a O¢m).
P6i v6i thuat todn trong thi du nay, ci thoi gian tinh t8i nhat 1an thdi gian tinh
trung binh déu bang O(n).

Thi du 11. Phan tich thuat todn Euclide tim udc chung [6n nhét clia hai s& nguyén
duong «a, b trinh bay dudi day

Thudt todn Euclide,
Bau vio: a vit b 1 bai s& nguyén duong.
DPau ra: Udc chung 1én nhat ciia a va b.
function Gedia,b):
begin
(* Dabi chd néu cin dé dat dugec a > b %)
if «<b then <Déichd a vib>;
while » =0 do
begin
Lay achiwbthuduge ¢ =bg+r 0 <r<bh;
a=h;
bi=r;
end;
Ged=a;
end;

Dé ddnh gid do phic tap cla thuét todn, ta s& dém s6 phép chia phai thuc hién theo
thuat todn.
Trudce hét ta chimg minh biang qui nap ménh dé sau.

Ménh @é 1. Gid si cdp s6'a, b, a > b, doi hdi n 2 1 phép chia trong thudgt todn Euclide.
Khidéazf, . bz2f,, trongds {f, | la ddy sé Fibonaci (xdc dinh bdi céng thite truy
hoif, =t +f.n22 fi=f=1).

Ching minh, Dé dang kiém tra ménh dé ding v6i a=1. Gia sit ménh dé ding v6in > 1.
Ta ching minh khing dinh clia ménh dé ding véi n+1. Gia sircap a, b, a > b ddi hdi
n+1 phép chia. Sau khi thuc hi¢n phép chia a cho b:

a=hqg+r, O0<rah,
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thuat 1dn ti€p tuc lam viée v6i cap s6 b va r, b > r. Cap s6 nay ddi hdi n phép chia. Do
dé theo gia thiét qui nap

h 2.]‘:14-!" r Zf:r
Tir d6 suy ra

a=bg+rzb+rzf, +f=Ff.,
e lata cé

Uzﬁnz— bzﬁnl’

va theo qui nap ménh dé dugc chimg minh.

Sur dung ménh dé vira chiing minh ta ¢6 thé ddnh gid duoe s6 phép chia nhiéu nhat
cin phai thye hién trong thuat todn Euclide.

Merh dé 2. Gid sit cdc 56 nguyén ¢ ddu vao ciia thudt todn Euclide Ia khong viuor qud

mom 2 8. Khi dé thudt todn doi hoi khong qud log,,, (2mi3) phép chia.

Chirng minh. Thyc vy gid sir # 13 s6 phép chia I6n nhét can thuc hién theo thuat todn
v6i dau vio thod man diéu ki¢n dit ra trong ménh dé. Gid sit cap sé a, b, m 2 a > b dbdi
hoi n phép chia. Do m > &, nén, bang cdch thit truc tiép cdc kha nang, ¢6 thé kiém tra
dugc la n 2 4. Theo khing dinh ctia ménh dé 1, ta cé « 2f-Suvraf, < m.Don+1
2 5, nén ¢ thé chimg minh dwroc |3

372y < £,
Vi the suy ra

(312" < m,
hay 1a

n+ | <log,, m.
Suy ra

n <logy, m -1 =logy, m- log,, 3/2 = log,, (2m/3).

Ménh dé dugc chiing minh.

Neéu nhu cdc thi dy 8-10 ¢6 thé tao ra cam gidc 13 ddnh gid do phic tap clia mot
thuat todn 1a mot van dé gian don, thi thi du 11 di cho thiy van dé khong han 1a nhu
vay. Noi chung. phén tich do phifc tap tinh todn cuad mot thuat todn 13 mot vin dé phife
tap, né doi hoi tu duy sdng tao vi c6 phuong phdp va cich tiép can rieng. Mat khic
trong rdt nhiéu trudng hop, ta khong thé thu duge nhing danh gid dep d& nhu trong céc
thi du vira trinh bay & trén.
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Dang ddinh gida Tén goi
O(1) Hang so
Olg lg n) Log log
O(lg n) Logarithm
) Tuyén tinh
Onlgn nlogn
O(n?) Bac hai
O’ Bac ba
Q") Da thirc
O, m=2 Ham mi
On!) Giati thira

Bang 1. Cic ddnh gid thong dung.

Cédc hing s6 bi bd qua trong cach danh gid vira dua vao @ trén ¢6 thé c6 ¥ nghia
quan trong trong ing dung thuat toan. Chang han, gid sit v6i moi dir liéu ddu vao do dai
n, thut todn A ddi hoi thdi gian tinh 13 C, » cdn thuat 1o0dn B doi hoi C, #%. Khi d6 véi
mét s6 kich thude ddu vao nhat dinh thuat todn B ¢é thé vin 13 t6t hon. Thi du, néu C, =
300, C, = 5, thi v6i n = 5, thudt todn A doi hoi thdi gian 1500 trong khi thuat toin B doi
hoi thai gian 125. T4t nhién, khi 2 di 16n, thuat todn A 1a luén nhanh hon thuat toin B.
Mot s6 ddnh gid t6¢ do tang dac biét dude dat (én riéng nhu chi ra trong bang 1.

Trong bang 1, cac danh gid duge sip x&p theo thi ty tang din cha toc do ting
(ngoai trir truong hop G(n"
véi céc danh gid s6 budc lap khdc nhau (gia thist: méi bude 1ap ddi hdi 1 micro giay):

)). Bang 2 dudi day cho thay thoi gian tinh tang nhu the nao
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Thdi gian  tinh néu n=

binh gia 6 12 50 100

1 10 sec 10 sec 10 sec 10° sec
lg g n 10° sec 2x10%sec  2x10°sec  3x10° sec
lgn 3x10° sec  4x10%sec  6x10%sec  7x10° sec
n 6x10%sec 107 sec 5107 sec 10 sec
nlgn 2x10%sec  4x10%sec 3xI10*sec  7x10 sec
n* 4x10% sec 107 sec 3x107% sec  0.01 sec
n 2x10% sec  2x107%sec  0.13 sec 1 sec

2" 6x107 sec  4x107 sec 36 nim 4x10° nam

Bang 2, Thoi gian tinh v&i cdc danh gid khic nhau



Chuong 4. Bal todn liér ké

Néu nhu déi véi mot bai todn ta ¢b thé xay dung thuat todn véi thdi gian tinh 18
nhit 1a da thiic, (i bai todn dat ra goi 1a duoe gidi 1ot Rat tigc [ cho dén thoi diém hién
tai, chi ¢ mot s6 khong nhiéu lam bai todn 13 duge giai tot.

N#u bai todan khong ¢6 thuat todn véi thdi gian t6i nhat da thite dé giai thi né duoc
goi la khé gidi (intractable). Néu nhu ¢ thuit todn giai bai todn nhu vay, thi chic chin
né sé doi hoi rat nhiéu thoi gian,

C6 mot s6 b todn lai kho dén mic 1a ta khong thé xiy dung thuat todn dé giai nd.
Nhitng bai toan nhur vay dugc gei 1a khdng gidi dige (unsolvable problem). Mot trong
nhirg bai todn nhu vay 1a Bai todn vé tinh dimg: Cho mot chuong trinh va tap dau vao,
hoi rang chuong trinh ¢6 dimg hay khong?

Viéc nghién ciu iy thuyét vé do phic tap tinh todn cia cdc bai todn vi cdc thuat
todn 1a mot trong nhitng van dé trung tim cia khoa hoc tinh todn, ma @ gido trinh ndy ta
khéng c6 diéu ki¢n dé di sau hon nita.

4.3. Phuong phéap sinh

Phuong phdp sinh ¢6 thé dp dung d¢€ giai bai todn liét ké t6 hop dat ra néu nhu hai diéu
kién sau duge thuc hién:

1} Cé thé xde dinh duge mot thie tie trén tap cde cdu hinh 16 hop cdn liér ké. Tir dé
c6 thé xdac dinh dioe cau hinh ddu tién ve cdu hinh cuéi ciing trong tit tir da xde dinh.

2) Xav dung duce thudt todn nr cau hinh chua phdi la cudt cing dang ¢6, dua ra
cau hinh ké'tiép no.

Ta & goi thuat 104n ndi trong diéu Kién 2} 12 thuat todn sinh k€ tiép. RO rang la thi
1 trong diéu kién 1) céin dugc lua chon sao cho ©6 thé xiy dung dugc thuat toan sinh ké
ti€p. Gia thiét rang, hai diéu kién néu wén da duogc thuc hién, khi d6 thuat toan sinh dé
gidi bai todn liét ké dat ra duge mo ta nhu sau:

procedure Generate;

Begin
<Xdy dung cdu hinh ban dduw>,
Stop:=false;
while not siop do

85



Phdn 1. Ly thuyét t6 hop

begin
<Bua ra cdu hinh dang ¢6>;
Sinh_ké” tiép.
end;
End.

irong do6 Sinht_ké_tiép ta thd tuc sinh ciiu hinh k€ tiép theo thuat todn sinh k¢ tiép di xay
dyng. Néu cau hinh dang c6 d 12 cudi cling, thi tuc ndy cdn gdn cho bién Stop gid tri
trie, nguoc lai thu tyc nay sé xay dung ciu hinh k€ tiép clia cau hinh dang c6 trong thit
tu da xdc dinh.

Dudéi day ta xét mét s6 thi du minh hoa cho viéc dp dung thuat todn sinh.

Li¢t ké tat cd cdc ddy nhi phdan dé dai n.

Viét ddy nhi phan dudi dang b, b, ... b,, trong d6 b, € {0, 1}. Xem mét ddy nhi phan 5
= by b, ... b, 12 bidu dién nhi phan cla mot s6 nguyén p(h). Khi dé thit ty hién nhién
nhat cé theé xdc dinh trén tap cdc day nhi phan la thir 1 i nhién (con goi 1a tur ne ti
dién) dugc xdc dinh nhu sau.Ta néi diy nhi phén b = b, b, .. b, di trudc diy nhi phan b’
= b B ... b, trong thit tu ty nhién va ky hiéu 1a b < b’ néu p(b) < b0,

Thi du: Khi n=3, cdc diy nhi phan dé dai 3 duoc liét ke theo thit tu ty nhién nhu sau

b pib)
000 0
001 1
010 2
011 3
100 4
101 S
110 6
111 7

Nhu the day ddu tien s€ 140 0 ... 0, con ddy cuSi cing 1a 1 1 ... 1. Gia sit b, b, .. b,
la ddy dang c6. Nhan xét ring, n€u ddy ndy gém toin chit s6 | thi qud trinh liet ké ket
thic, trdi lai, ddy ké ti€p s& nhan duge bing cich cong thém 1 (theo modun 2, ¢6 nhé)
vao day hién tai. Tir d6 ta nhan dugc qui tic sinh diy k¢ tiép nhu sau:

* Tim i dautién (theo thit tui = », n-1, ..., 1) thoa min b, =0,

* Gdnlaih,=1vah =0véitatca > i. Diy méi thu dugc sé la ddy can tim.
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Thi du, X¢tdiy nhi phan do dai 100 b= 1101041111, Tacd i =5. Do d6, dat b, = 1,
vah =0, 7=6.78,9.10. ta thu duoc xiu nhi phan k& 1igp 1a 1101 100000.

Thuat todn sinh ké ti€p duge mo ta trong thi tuc sau

procedure Next Bit String:
(% Sinh xdu nii phan ké'tiép theo thit ne tiv dién tir
xdawdang cé bbb =111 # )
begin
ir=n;

while b, =1 do

hegin
b, = ()
L=i-1;
end;
b =1;

i

end;

Dudi day lic chuong trinh PASCAL thuc hién viéc liét ké cde didy nhi phan do dai n bang
phucng phip sinh. Trong chuong trinh ¢é thém mot biéh count ding dé dém s6 lugng
day nhi phan dugc sinh boi chuong trinh.

{Cltomg trindi liét ké div nhi phan)
var

niinteger!

brarrayf1.20] of 0.1,

count: wenrd,

stop: boolean;

procedure Init;
var i integer;
hegin
write('Cha biét d¢ dai ddy nhi phan: °); readin{n).
Jori:=Ttwndobii] :=0;
stop o= fulse;
count :=(};
end.

procedure Next_Bit Siring:
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var i integer;

begin
{sinh day nhi phdan ké tiép}
i=n;
while (i >= 1) and (b{i] = 1) do
hegin
hii] =0,
i=i-1;
end:

if i<l then stop := true
else bii] .= 1;
end;

Begin  {main program)}
Init;
witile not stop do
hegin
{dua ra ddv nhi phdan hién tqi}
count '= counf+1;
writefcount:5,".');
fori:=1ton dowrite(bfi]:2}; writeln;
Next Bir String
end;
write('Gd Enter aé két thite... '); readin;
End.

Liét ké cdc tap con m phdn ti cua tdp n phdn tu.
Bai todn dat ra la; Cho X= {1, 2, ..., n}. Hay liét k& cic tidp con m phidn tir ciia X. Méi
tap con m phin tr cia X cd thé bicu dién bdi bo ¢6 thi tu gdm »: thinh phin
a =(u, a5 ..., 4,
thod min
1< <g,<...<ua,<n

Trén tap cdc tap con m phdn tlr cha X ¢6 thé xdc dinh nhiéu thit ty khdc nhau. Thi
tu don gian nhat 12 riur s 1r didn duge dinh nghia nhu sau: Ta néi tap con @ = (4, ds....,
a,,) di trude tap con @’ = (a’}, ¢, ..., &’,) trong thi ty tr dién va ky hiéu la @ < &', néu
tim duge chisd k(1 €4 < m Jsao cho

a=a’ L dy=dy. ..., a. =d', a < dy.
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Thidu: X={1,2,3,4,5}, m=3. Cic tap con 3 phén tlr cla X dugc liét ké theo thit tu
tit dién nhu sau

I 2 3
1 2 4
1 2 5
1 3 4
1 3 5
1 4 5
2 3 4
2 3 5
2 4 5
3 4 5

Nhu vay, tap con ddu tién trong thi tu tir dién 1
(1,2, ....m)
va tdp con cudi cing 1a
(n-m+1, n-m+2, ..., n).
Gid sir a=(a,, a,, ... , a,) 12 tap con dang c6 chua phai cusi ciing, khi d6 c6 thé chimg

minh duge rang, tdp con k€ ti€p trong thit tw tir dién ¢6 thé x4y dung bing cich thuc
hién cédc quy tic bién d6i sau déi véi tap dang cé:

¢ Tim tir bén phai ddy a,, a,,..., @, phan tt a, #n-m+i,
¢ Thaya boia + 1;
o Thaya, boi g+ j-i, véij=i+l,i+2,..., m.

Thidy: n =06 m=4.Giasldang cé tap con (1, 2, 5, 6), cdn x4y dung tap con k€ tiép
né trong thi ty tir dién. Ta ¢6 i=2, thay a,= 3, via,= 4, a,= 5, ta duoc tap con ké tiép
(1,3,4,5).

Tir d6, thuat todn sinh k€ tiép c6 thé mo ta trong thi tuc PASCAL mo phong sau
day:

procedure Next Combination;
(* Sinh m-tdp con ké'tiép theo thir tw tw dién

ca tdp con (a,, as,...,a,) # {n-m+i,...n}*)
begin

ir=m;
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while a, = n-m+i do i:=i-1;

a=a+ 1

Jorji=itltomdoa,;=a,+j-i;
eid;

Liét ké cdc hodn vi cia tdp n phén .
Bai todn dat ra fa: Cho X= {1, 2, ..., n}. Hay lict ké cdc hodn vi 1t 2 phin tlr ctia X. Méi
hodn vi tir # phan f chia X ¢6 thé bi€u dién bdi bo c6 thit ty gdm # thianh phan «¢ = (a,,
dy, ... , @) thoa man
a,€ X, i=1,2....n,a,#a,p#q.

Trén tap cac hodn vi tlr 7 phén tir cha X c6 thé xdce dinh nhiéu thit tr khie nhau. Tha
e don gidn nht 1 #/uf ne tir dién duge dinh nghta nhu sau: Ta nét hodn vi ¢ = (4, d,....,
a,) di trude hodn vi ¢’ = (@', &', ... , @) trong thit tu tir dién va ky hiéu laa < o', néu

tim duge chi s¢ & (1 < & < n) sao cho

! —_ ’ — ’ r
ay=day=dy, L a =d,. a < d,.

Thidu: X=1{1,2, 3}. Cic hodn vj tir 3 phén tif cia X dugc liét ké theo thd y tr dién
ahu sau

L e B B — —
P — ) — W b
—_ b = L D L

Nhu vay, hodn vi ddu tién trong thit tu tir dién 1i
(1, 2,...,n0)
va hodn vi cudi cling ia
(n,n-1, ..., 1)
Gia st @ = (a,, @, ..., a,) 1a hodn vi dang c6 chua phdi cudi ciing, khi d6 ¢ thé ching
minh dugc ring, hodn vi ké ti€p trong thit ty tir dién c6 thé x4y dung bing cdch thuc
hién cdc quy tac bi€n doi sau d6i vdi hodn vi dang c6:
e Tim tr phadi qua trdi hodn vi dang c6 chi s6 j ddu tién thoa man a; < a,, (néi
cdch khdc: j 14 chi s6 16n nhit thod mén a; < a, )
* Tim ¢, 1a s6 nho nhét con {6n hon g, trong cde s6 & bén phai 4, ;
o Doiché u, véia,;
e Latngugc doantira,,, dén a, .
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Thi du: Giasudang cé hodn vi (3,6, 2, 5, 4, 1), cdn xay dung tap con k€ tiép nd trong
thit wr tir dién. Ta ¢6 chi 6 j = 3 (@, =2 < a, = 5). $6 nho nhit con 16n hon «, trong cic
s0 bén phai cda a, (& a5 = 4. D6i chd a, véi g, ta thu duoe (3, 6, 4, 5, 2, 1). va cudi
cong. lat ngugce thi tr doan a, a; ¢, ta thu dugc hodn vi k€ tiép (3,6, 4, 1,2, 5).

Tir d6, thuat todn sinh k& 1iép ¢6 thé mo (A trong thi tuc PASCAL mo phong sau
day:

procedure Next_Permutation;
(% Sinh hodn vi ké'tiép theo thit tu tie dién
cua hodnvi (ay, ds, ..oa,) #(n,n-4, .., 1) *)
begin
(* Tim jla chi s6'Ion nhdt thod a; < a,,; *)
FECTI
while a;> a ,, do j:=j-1;
(* Tim a, 1a s6 nhd nhdt con lom hon a; & bén phdi a, )
kr=n;
while a,> a, do k:=k-1;
Swap(a, u,j; (* doi ché avoia, ¥)
(* Ldt nguoe doan tra,,, dén a, *)
ri=n;
sr=j+1;
while r>y do
hegin
Swapfa,, a); (* dot ché a, véi a, *)
ro=r-f;
si=85+1;
enel;

end;

NGi chung, phuong phdp sinh khong ¢6 tinh phd dung: khéng phai ciu hinh k€ tiép
nio ciing duge sinh mot cich don gidn tir cdu hinh hién tai, mit khic ciu hinh ban ddu
khong phai dé tim vi ngay cé si ton tai mot cdu hinh nhiéu khi vin con 1a nghi van. Vi
vay, thong thudng thudt todn sinh chi ¢é the xay dung duge d6i véi nhitng bai todn liét
ké o hop don gian. D€ giai nhitng bai todn liét ké phtc tap, ngudi ta thudng ding thuat
todn duge trinh bily trong muc tiép theo, c6 tinh phé dung cao hon. 6 13 thuat todn
quay lui.
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Phan 1. Ly thuyét 16 hop

4.4. Thuat toan quay lui

Noi dung chinh ciia thuét todn nay 13 viéc xay dyng din cdc thanh phan cda c&u hinh
bang cdch thir tat ci cde kha nang. Gia thiét cdu hinh cdn fim dugc mé ta bang mot bo
gom n thanh phén x), x,, ..., x,. Gia st dd xdc dinh dugc i-1 thanh phan x,, x,, .., x., (ma
ta s& goi la 137 gidi b phdn cdp i-1), bay gid ta xdc dinh thanh phdn x, bing cich duyét
tdt ca cdc kha nang c6 thé dé clr cho né (dénh s6 cdc kha nang tir 1 dén n,). V&i mbi kha
nang j, ki€m tra xem j ¢6 chap nhan dugc khong. Xay ra 2 trudmg hop:

- n€u chap nhan j thi xdc dinh x, theo j, sau d6 néu i = » thi ta duoc mot cau hinh,
con trdi lai ta tién hanh viéc xdc dinh x,, ;.

- né€u thir 14t ¢4 cac khd nang ma khong ¢6 kha nang nio dugc chdp nhan thi quay
lai bude trude d€ x4e dinh lai x. .

Didm quan trong ctia thuat todn 13 phéi ghi nhé tai méi bude di di qua, nhimg kha
nang nao di thir dé tranh tring 1ap. R& rang nhiing thong tin nay cin dugc luu trir theo
¢o cau ngan x€p (stack - vao sau ra trude). Vi thé thuat todn ndy rat phu hop véi vie
lap trinh trén mét ngon ngit cho phép goi d¢ qui. Bude xdc dinh x, ¢é thé didn ta qua thi
tuc duge t8 chitc dé qui dudi day:

procedure Try(i: integer);
var f: integer;
begin
Jorj:=1ton do
if <chdp nhdn j> then
begin
<xdc dinh x; theo j>
if i = nthen <ghi nhgn mot cau hinh>
else Try(i+1);
end;
end;

Phén quan trong nhdt trong thi tuc trén 12 viéc dua ra duge mot danh sdch cic kha ning
dé cir va viéc xdc dinh gid tri cla biéu thic logic <chdp nhdn j>. Théng thuong gid tri
nay, ngoai viéc phu thuge j, cdn phy thude vao viéc da chon cdc kha ning tai i-1 budc
truSe. Trong nhitg truong hop nhu vdy, can ghi nhé wrang thdi méi cla qud trinh tim
kiem sau khi <xdc djnh x, theo j> va wra lai rang théi cii sau 16 goi Try(i+1). Cac
trang thdi nay dugc ghi nhidn nhd mot s6 bién téng thé (global), goi 1a cic biéh trang
thdi,
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Chuang 4. Bai todn liét ké

Sau khi xay dung thu tuc d& qui Try, doan chuong trinh chinh giai bai todn liét ke
c6 dang:

Begin

Init; Try(l);
End.

trong d6 Init 1a thu tuc khdi tao cdc gid tri ban ddu (nhap cdc gid tri tham s cha bai
todn, kh&i gin cdc bién trang thdi, bién dém, ...).

Quaé trinh tim ki€m 1&i giai theo thuét todn quay lui cd thé mo ta bai Cay tim kiém
1oi giai sau day

Géc

Kha nang chon .,

Kha nang chon x,
v@i x, da chon

Kha nang chon x,
vdi x|, x, di chon

Hinh 1. Cay li¢t ké 16i giai theo thudt toan quay lui

Duéi day 1a 3 thi du liét ké 3 cau hinh co ban: ddy nhi phan, hodn vi va t6 hop,
bang thuat todn quay lui.

Thi du 1. Li¢t ké cdc day nhi phan do dai a.
Giai: Bi¢u dién day nhi phan dudi dang b, b, ... b,, trong dé b, € {0,1} Thi we dé qui
Try(i} xdc dinh b,, trong 6 céc gid tri dé cir ba 0 va |. Cae gid tri ndy mac nhién duge

chiip nhan ma khéng phai thoa man diu kién gi (vi the bai todn khong can bién trang
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thdi). Thu tuc fair nhap gid tri » va khoi gdn bién d€m count. Thi tuc Resulr dua ra
day tim duoc.

{Chuong trinh liét ké ddy nhi phan}
var neinfeger;
brarray{1.20] of 0..1;
count: word;
procedure Init;
begin
write{'n = ') readin(n);
count = 0;

end;

procedure Result;
var i integer;
hegin
count ‘= count+1;
write(count:s, ", ’);
Jori:=1tondowrite(bii}:2);
writeln;
end;
procedure Try(i: integer);
var j:integer;
hegin
Jorj:=010 I do
hegin
hir] .=
if {=nthen Result
else Try(i+1);
end,;
end:
Begin  {main program}
Init; Try(l);
write('Ga Enter dé ket thic..."); readln:
End.

Cay li¢t ke 101 gidi theo thuat 1odn quay lui dé liet ke cac ddy nhi phan do dai 3
duge mo 1a trong hinh 2,
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0 —* T 1
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¥ » 1Y v

kY

000 001 010 01l 100 101 110 111
Hinh 2. Cay liét ké diiy nhi phan do dai 3
Thi du 2. Li¢t ké cdc hodn victia [1,2, ...n}.

Giai: Biéu dién hodn vi dusi dang p, p, ... p,. trong d6 p, nhan gid trite [ dén nvap, =
p,véi i = j. Cic gid triwr | dén - duge lan lugt dé cit cho p,, trong dé gid tri Jj duoe chap
nhan néu né chua duge ding. Vi thé ¢iin phai ghi nhé d6i véi moi gid tri j xem né da
duge diing hay chua. Diéu nay duge thue hién nhd mot diy bién 1ogic b, trong dd b,
bang true néu j chua duoce dung. Cic bién niy cian phii duge khdi gdn gia tri frize trong
thil tuc frir. Sau khi gin j cho p; cén ghi nhan fulse cho b, vit phai gdn lai rrue khi thuc
hién xong Result hay Try(i+1). Cic phin cdn lai giéng nhu bai todn trudc.

{Churong trinh liét ké cdc hodn vi}
var

nointeger;

prarvay{1.20] of integer;

b array{1..20} of boolean;

[SeHINTN ‘H'(),"d,'

procedure Init;

vari: integer;

begin
write('n = ') readin(n);
fori =1 tondobfi] :=true;
count ;= 0,

end.;

procedure Resuldt;
var i integer;
begin
count 1= count+!;

writefeonni:s, ' ')
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fori:=1Itondowrite(pfi]:3):
writeln;
end;

procedure Try(i: integer);
var j:integer;
begin
Jorj:=Iltondo
if bfj] then  {chdp nhdgn j}
begin
pli] :=j.
bl .= false; {ghi nhdn trang thdi mdéi}
if i =nthen Result else Try(i+1);
bij] := vrue; {trd lai trang thdi cii}
end:;
end;

Begin  {main program}

Init: Try(l);

write('Ga Enter dé két thiic... ’); readin;
End.

Cay li¢t ke cdc hodn vi caa 1, 2, 3 duge cho trong hinh 3. Cdc hodn vi dugce liét ké theo
thi ty tir dién tang dén.

12,3 132 21,3 231 312 32,1

Hinh 3. Cay liét ké cdc hodn victa 1, 2, 3.

Thidu 3. Ligtké cdc té hgpchapmctia {1,2, ..., n}.

Giai: Bi€u dién 18 hop duéi dang ¢, ¢, ... ¢, trong d6
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Chuong 4. Bai toan liét ké

l<c, <, <...<¢c, =n

Tur d6 suy ra cée gid tri dé cilt cho ¢, la tlr ¢, +1 dén n-m+i. D didu ndy ding cho ca
truong hop 7 = 1, cin thém vao ¢, v6i ¢, = 0. Cic gid tri dé€ cut nay méc nhién duge chap
nhan. Céc th tuc frit, Result duge xay dung gidng nhu bai todn trude.

{Clucong trinh Hér ké cde 16 hop)
var
n, m:integer;
¢ arrayf0.20] of integer;
count: word;
procedure Inir;
begin
write{'n, m = °); readinin, m};
cf0f :=0; count :=0;
end;

procedure Result;
var i integer;
begin
count = count+1; wrirefcount:s,".’);
Jori =1 tonidowrite(cfi]:3); writeln;
end.

procedire Trv(i: integer),
var j:integer;

begin
forj:=cfi-1]+1 10 n-m+i do
begin
cfif :=j;
if i =mthen Result else Try(i+1});
end;
end;

Begin  {main program}

Init;

Try(1);

write{'G3 Enter dé két thie... *); readin;
End.
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Phdn 1. Ly thuyét 168 hop

Cay liét ké cdc 16 hop chap 3 tir {1, 2, 3, 4, 5 }duge cho trong hinh 4. Dé thiy cic to
hgp dugc liét ké theo thit tu tir dién tang dan.

AWAR AN

123 124 125 134 135 145 234 235 245 345
Hinh 4, Cay li¢tké t0 hgp chap 3 tir {1, 2, 3, 4, 5}

Trong nhiéu bai todn, viéc xac dinh diéu kién <chdp nhdn j> khong phai 14 don
gidn, n6 ddi hoi phai ¢6 mot trinh do 16 chirc nhat dinh. RS rang d6 phiic tap cla bai
todn phu thudc rat nhiéu viio d9 phic tap cua diéu kién nay. Néi chung, ngudi ta ¢d
gang thu hep dién dé cir cdc kha nang j va tinh gidn t8i da viée tinh didu kién chap nhan
j- Pay cling la cdch chi yéu dé nang cao tinh kha thi cla baj todn liét ke.

Duéi day trinh bay bai todn Xép Hau, |3 mot bai todn kinh dién dé minh hoa thuat
todn quay lui.

Thi du 4. Bai todn Xép Hau. Ligt ke tat i cdc cdch x&p # quan Hau trén ban ¢d nxn sao
cho ching khong an dugc 1an nhau.

Giai: Danh s6 cot va dong cha ban ¢t tir 1 dén n. Méi dong duge xép ding mot quin
Hau. Van dé codn lai 1a xem mdi quan Hau dugc x&p vio oot ndo. Tir dé dan dén viée
biéu dién mdt cidch x€p bang bo n thanh phian x, x, ... x,. trong d6 x, = j nghia 1a quin
hau dong i duge x&p vao cot j. Cic gid tri dé circho x, la tir | d&n n. Gid trij 14 duge
chdp nhan néu 6 (i, j) chua bi cic quan Hau trude chi€u dén. DE kiém sodt duge didu
nay, ta can phai ghi nhin trang thdi cua ban cd trude cling nhu sau khi xép duge mot
quan Hau. D¢ ¥ riing, theo luat ¢, quan Hau an ngang, doc va hai-dufmg chéo,

Viéc kiém sodt theo chiéu ngang la khong cin thiét vi méi dong dugc xép ding
mot quan Hau. Viéc kiém sodt theo chiéu doc duge ghi nhan nho diy bién logic u; voi
qui udc a, bang rrue néu cot j con trong. Dol véi 2 dudng chéo ta nhan xét ring mot
dudng c6 phuong trinh i+f = const, cdn dudng kia i~f = const 2 <i+j<2n, 1-n<ij<
n-1), tir 46 dudng chéo thit nhit duge ghi nhan nho day bién logic b, (2 < j < 2m) va
dudng chéo thir hai, nhd diy bién logic ¢, (1-n £ j < n-1) v6i qui ude cdc dudng niy con
tréng néu bién tudng dng ¢ gid tri frue. Cic bi€n trang thdi a, b, ¢; can duge khéi gin
gid tr1 trire trong thu tuc frir, Nhu vay gid tri j duge chap nhan khi v chi khi ¢a 3 bién
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Chuong 4. Bai todn lidt ké

a;, by, € cing ¢4 gid tri true. Cdc bién ndy cdn gan lai false khi x&p xong quan Hau
that i vy tra lai rrue sau khi goi Result hay Try(i+1). Cac phan khéc dugc giai quyét nhu
cic thi du truge,

{Chuwong trinh giai bai todn Xép Hdu)

vl

ninteger;

X:oarrayf{..20] of integer;

a: array{1..20] of boolean;
b array{2.40} of boolean;
¢ array{-19..19] of boolean;

count; word;

procedure Init;
vari:integer;
hegin
write('n = °); readinfn);
count =0,
Jori:=1Ttwndoali] ;= true;
fori:=2102%ndo bli] ;= true:
Jori=1I-nton-Idocfi] :=true;
end;

procedure Result;

vari: integer,

begin
count := count+1;
write{count:5,’.’);
Jori =1 ondowrite(xfi]:3);
writeln;

end;

procedure Try(i: imteger);
var j: integer;
begin
forj:=1tondo
if afjl and bii+j] and cfi-j] then
begin {chdp nhan j}
xfil :=j;
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{ghi nhdn trang thdi moi}
afj} := false; bfi+j} := false; cfi-j] := false;
if i =nthen Result else Try(i+1);
{tra lai trang thai cii}
afj] = true; bii+j] := truel cfi-jl ;= true;
end;
end;

Begin  {main program}

Init;

Try(l);

write('Gé Enter dé két thuc... '); readin;
End.

Dudi day la s cich x&p Hau ung vdi mot s6 gia tri n:

H 417 8 9 10 11 12 13 14
H 2 40 | 92 | 352 | 724 | 2680 [ 14200 | 73712 | 365596

u

Nghiém ddu tién ma chuong trinh tim duge iing vdin = 8 1a
x={(1.58.6,3,7,2.4)

né twong ng véi cdich x&€p Hau cho bdi hinh 6.

b1

w

Hinh 6. Mt 16i giai cua bai todn x€p hau khin =8

Cay liet ke 101 gidi theo thuat todn quay lui d€ liét ké cdc cdch x€p hiu véi n=4
dugc mé ta trong hinh 5 (hai nhdnh con lai 13 doi xtng véi hai nhanh dau).
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_\\
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-

Cach xép (2,4, 1, 3)
Hinh 5. Cay liét ké cic cach x€p hau trén ban c& 4x4

Thi du 5. Liét ké tat cd cac cich xép & < » quan Hau trén ban c& nx# sac cho ching
khong an duge lan nhau dong 1hdi chiing khéng ché tat ca cdc 6 cua ban co.
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Phan 1. Ly thuyér 16 hop

Giai. Ta o6 the gidi bai todn dat ra bing cich lict ké t4t c cic cich chon ra k dong dé
X€p cdc con hau, ¥ng véi méi cich chon dé dp Jung phuong phdp & thi du 4 dé liét ke
¢ic cdch x¢p hau vao k dong di chon sao cho chiing khong an duge lan nhau déng thoi
khong ché tat ca cic o cha ban o, Chuong trinh gidi bai toin nay ta khong din ra &
day. Diéu ddang luu y 1a khdc véi bai todn trong thi du 4, bii todin & day trong rat nhiéu
truong hop li khong ¢6 101 giai. Trong bii todn nay, ngudi ta con quan tam dén sé &,
nho nhat thod man diéu kign dat ra. Bang dudi day cho thdy mot s6 gid tri dd bigt cla
"‘\.

it

P 14 |15 (16 {17 |18 {19 [20 [21 [22 [23% [23 |25
K | 8 9 9 |9 10| =t <t [ 1Y <3l <3| <1313

Cac 0 c6 diu bit dang thire 13 cdn chua xdc dinh dugc chinh xdc gid tri cua k,, .

Vi n=15, dé liét ké tat cil cdc 101 gidi cla bai todn khi & =9 va chimg mirh bai tean
khong ¢6 1&i giai khi k=8 chuong trinh viét trén ngén ngit C cha céc tdc gia Gibbons v
Webb da phai str dung thoi gian tuong dng 1a 58.4 va 23.5 gidy trén miy DEC ALPHA
3000/600. D€ chi ra v6i n=16. khi k=8 bai todn kheng cd 181 gidi. chuong trinh néi trén
di chay mat 113.7 gid mdy.

Hy vong ring thi du cudi ciing ndy gidp ching ta, mot mat, hinh dung duge su
phiic tap cla cdc bai todn liét ké t8 hop, mat khic, thdy ring liét ké véi sif trg gilip cia
mdy tinh la bi¢n phdp dé giai nhiéu van dé tén tai trong 1 hop.
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Bai tap

Trong cdc bai 1-5 hdy vé cdy liét ké 107 gidi theo thudt todn quay tui d¢ gidi cde bai
todn 1iét ké 16 hop ddt ra.

1. Gia sir A, B, . . ., F trén hinh 1 13 ¢dc hon ddo vi cdc doan ndi la cdc cay cau noi
ching. Mdt ngudi du lich khéi hianh tr A di tir hon ddo nay sang hon dao khic, Ngudi
du lich s€ dimg lai d€ an trua néu nhu ti€p tyc di & phii di qua cdi ciu ndo d6 hai lan.
(a) Liét ké cdc cdch ma ngudi du lich ¢6 thé di cho dén khi dimg lai an trua.
(b) Cho biét ¢ nhimg diém nao ngudi du lich ¢6 thé dimg lai an trua?
& ®

~

~.

Hinh 1.

2. Hai doi béng chuyén A, B thi diu trong mot giai vo dich quéc gia. Doi thing trong
tran dau st 1a doi gianh duogc ba hiép thang trude. Hay li¢t ké tit ci cic kha niing ¢6 thé
cua tran dau gilta hai doi.

3. Liét ké 1at ca cdc cach mat thi tu cua 4 6 tu nhién 1, 2, 3, 4,

4. Liét ké cac xau nhy phan do dai 5 khong chira hai s6 0 lién tiép.

5. Liét ké cdc chinh hop lap chap 4 tir 3 chir A, B, C khong chia hai chif A hoie hai chit
B.

Lap trinft trén PASCAL yidi cde bai todn lidt ké sau bdng thudt todn gray I

6. Li¢t ké tat ca cdc phan ur cua

2

D={x=(x,5,.,%,% Dax,=b x e{0,}}, =12, .n}

R
-l
trong d6 ¢, a,, ... . a,, b 14 cdc 6 nguyén duong.
7. Liét ké 1at ca cdc phén tir cla

D={x=(X,Xs,00,X, ) Za_:.xj =b, x,€Z,j=12,..,n}
i1

trong d6 u,, u., ..., «,, b 13 cic s6 nguyén duong, Z, 13 tap cdc s0 nguyén khong am.

8. Cho tip X = {1, 2, ..., #}. Hiy li¢t k& 141 cd cdc phan hoach tap X ra thanh & tap con
X X o X (K<),



Phan 1. Ly thuyét 16 hop

9. Cho s6 nguyén duong N. Hay liét ké tdt ca cdc cach biéu dién N duéi dang tong clia
mot s4 0 nguyén duong,

10. Hinh vuong than bi (ma phuong) bac n 12 ma tran vuéng cdp n véi cac phan tir 1a
cdc s6 w nhién tir 1 dén #” thod man tinh chat: “T'éng cdc phdn 1t trén méi dong, mébi
cgt va msi mor trong hai duong chéo déu cé cing mor gid i,

Thi dy: Dudi diay 1a mét ma phuong bac 3

8 1 6
3 5 7
4 9 2

b6t v6i ma phuong nay, ta ¢é téng cdc phén tir trén cdc dong la;
B+1+6=3+5+7=4+9+2=135;

tdng cac phén tr trén cdc cot L
8+3+4=1+5+9=6+7+2=15

téng cae phan tif trén hai dudng chéo la:

8+5+2=0+5+4=15.

Hay viét chuong trinh liét ké tat ca cdc ma phuong bac # = 3, 4 khong sai khac nhau boi
cdc phép bién hinh don gidn (quay, d6i ximg).
(Chd y: Bai todn dém s6 lugng ma phuong bac # méi chi giai duge véi n = 3,4, 5.)

11. Tam giac than bi. Cho mot ludi & vuong gém uxn O vid s6 nguyén duong 4. Tim
cdch dien cdc $6 ty nhién tir 1 dén 37-3 vao cde 6 & ¢t ddu tién, dong cudi cling va
dudmg chéo chinh sao cho tdng cic s6 dién trong cot ddu tién, dong cudi ciing va dudng
chéo chinh ctha ludi déu bang £,

Vidu: Véi n =35, k=35 ta c6 cich dién sau:

11

10 |2

9 3

1 7
4|5 J6 |3 |2

Hiy philt trién thuit todn dya trén thuat todn quay lui dé chi ra vai gia tri ciia n va k cho
trude biti todn dat ra ¢6 10i gidi hay khong? Néu cau tra 1o [d khang dinh chi cin dua ra
mot 1t giai.
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Chuong 4. Bdi todn liét ké

12. Bai toan vé 8 quan co: Cho 8 quan c&: Vua (V), Hau (H), 2 con Ngua (N), 2 con
Tugng (T) khdc mau, 2 con Xe (X). Tim cdch x€p ching 1én ban c& quéc t&€ 8x8 6 sao
cho ching khéng ché dugc nhiéu 6 ciia ban c& nhét. Luu ¥ rang: Vi tri quan cd ding
khong coi 1a bi n6 khéng ché, Cdc vi trf ndm trong kha nang khéng ch€ clia quan c&
nhung bi mot quan nao d6 chin dudng di chuyén dén dé ciing coi 1a chua bi quan ¢ dé
khéng ché.

Thi du: Cach x€p cdc quan cd trong hinh v& dudi day khéng ché duac 49 6

8 T

7 N

6 N

3 X

4 T

3 H X
2 v

1

(Cdc 0 boi den 12 chua bi khéng ché bdi cdc quan c& x€p trén ban cd).

Hiy sir dung thuat todn quay lui giai bai todn dat ra.

13. Dién s0. Viét chuong trinh gidi bai todn sau day:

Cho bang vudng gém NxN & vubng. Cdc dong ciia bang dugc dinh s6 tir 1 dén N, tir
trén xudng dudi. Cic cot clia bang duge ddnh s6 tit 1 dén N tir trdi sang phai. Bén canh
mdi cft va mdi dong clia bang déu c6 ghi mot s6 nguyén duong. Goi X, 1a 56 viét bén
canh cOt £, con ¥, 1a s6 viét bén canh dong .

Yéu cau: Cdn dién cdc s6 nguyén duong vao mot 6 6 clia bang sao cho:
e Ciéc 30 dugc dién phai khdc nhau timg doi;
e Mai ddong v mdi cot can dién ding hai s6;
* Tich cta hai s6 dién trén cot i phai bing X;
* Tich cla hai s6 dién trén dong j phai bing ¥,

Hinh dudi day cho thi dy vé 18 giai cla mot bai todn dang vira néu.
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Phdn 1. Ly thuyét 16 hop

b |3 18
9 1 9
12 111132

4 (8|32

2 5 10

5 6 12 20 88

Dir liéu: Vio tix file vin ban NUMBOARD.INP:
» Dong dau tién ghi s6 nguyén N (2 < N < 10);
e Dong thit hai ghi N s6 X,, ... X, (1 S X < 1000, i =1, ..., N);
 Dongthitbaghi Ns6Y,, .., Y, (1<Y,<1000,/=1...N).

Két qua: Ghi ra file van ban NUMBOARD.OUT: Dong thii | ghi N s6 trén dong thit 1
caa bang; Dong thi hai ghi N s& trén dong thit hai cha bang.,..., Dong thit N ghi N s6

trén dong thit N cia bang. Qui ude: Ghi s6 0 & vi trf ¢dc 6 khong dugc dién so.

Vi du: Noi dung cia cic file dir liu va két qua tuong ting ¢6 thé nhu sau

NUMBOARD.INP NUMBOARD.OUT

2 13

212 24

38

3 120

3818 506

23012 043

5 63000

54612 20 88 390100

1891323210 ¢ 012 011
60 0048
62050
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Churang 5. Bai todn 167 i 16 hop

BAI TOAN TOI UU

5.1. Phat biéu bai toan

Trong rdt nhicu van dé iing dung thuc ¢ clia 8 hgp céc cdu hinh t8 hop con duge gén
cho mo1 gid tri bing s6 ddnh gid gid trj sir dung cla cdu hinh déi v6i muc dich sir dung
cy thé nao dé. Khi d6 xuat hién bai todn: Hiy lua chon trong s6 cac cdu hinh t8 hop
chép nhan duge cau hinh ¢é gid tri sir dung t6t nhat. Cac bai todn nhu vay chiing ta s&
goi 13 bai todn 10 yu t6 hop. Dudi dang tdng quat bai todn t6i uu td hop ¢6 thé phat biéu
nhu sau:
Tim cyc tidu (hay cuc dai) clia phiém ham

Sx} = min (max),
vai diéu ki¢n

xeb,
trong dé D 1a tap hiru han phan tir,

Ham f{x) duge goi 1a him muyc tiéu cla bai todn, méi phan t& x € L dugc goi la

mot phuong dn con tap D goi 1a tip cdc phuong 4n cla bai todn.
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Phdn 1. Ly thuyét 16 hop

Thong thudng tap D duge mo ta nhu la tap cdc cdu hinh t6 hop thod min mot s6
tinh chat cho trudc nao dé.

Phuong 4n x° € D dem lai gid tri nhd nhét (16n nhat) che him muc tiéu duge goi la
phuong 4n t8iw, khidé gidtri f = f{x") dugc goi 1a gid tri i wru cla bai todn.

Du6i day chiing ta s& gidi thi¢u mot s6 mo hinh 16i vu hod t6 hgp truyén théng. Céc
mo hinh nay, mét mdt, 1a nhimg mé hinh cé rat nhiéu ing dung thuc t€, mat khac,
chiing gitt vai trd quan trong trong viéc nghién citu va phit trién 1y thuyét t6i vu hod td
hap.

Bai toan ngudi du lich,

Mot ngudi du lich muén di tham quan # thanh phd T, T, ..., T,.. Xuat phat tir mot thanh
phé nao dé ngudi du lich mudn di qua t4t ca cdc thanh phd cdn lai, méi thanh phé diing
mot 14n, réi quay trd lai thinh phé xudt phat. Biét ¢, 14 chi phi di tit thanh ph6 T, dén
thanh pho 7, (i, j = 1, 2,..., #), hiy tim hanh trinh (mot céch di thoa miin diéu kién dat
ra) v4i tdng chi phi 12 nhé nhat,

Ro ring ta cg the thiét lap wong tng 1-1 giita hanh trinh

T—’RI} "’T"‘{Z} -+ = T”{HJ — T’R])

vdi mot hodn vi = (a(1), 2(2),..., () cla n 6 ty nhién 1, 2,..., n. Dat
R = cqimy + o + Capiam + Camamny

va ky hig¢u IT Ia tap tat ca cdc hodn vi 7 = (a(1), A(2),..., m(n)) cla n s6 tw nhién 1, 2,...,

n. Khi dé bai todn ngudi du lich ¢4 thé phat biéu dudi dang bai toan t&i wu t6 hop sau:

min{ film:7ell}.

C6 thé thay ring t6ng s6 hanh trinh clia ngudi du lich 1a n!, trong d6 chi ¢6 (n-1)!
hanh trinh thuc sy khdc nhau (bdi vi ¢6 thé xudt phdt tir mot thanh phd bét kv, nén ¢
thé ¢6 dinh mot thanh phé nao d6 1a thanh phd xudt phat).

Bai todn cai fii.
M6t nha thdm hiém cin dem theo mot ci tii c6 trong Iuong khong qud b. C6 n dé vat
¢6 thé dem theo. D6 vat thit j ¢6 trong luong 12 avagiatrisudung lac, G =1,2,., n).

Héi rang nhi thim hiém cdn dem theo cdc dé vat ndo dé cho tdng gid trj sit dung cda
cdc d6 vat dem theo 1a 16n nhit?

Mot phuong dn dem d6 clia nha thim hiém c6 thé biéu dién bdi vecto nhj phan do
dai n: x = (x, x,,..., x,), trong d6 x; = 1 ¢6 nghia 1a d6 vat thit j duge dem theo va x=0
c6 nghia trdi lai. V&i phuong 4n x, gid tri d6 vat dem theo la
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Chuong 5. Bai todn 167 wu t6 hop

Fx)=Ycx,,
/=1
téng trong lugng dé vat dem theo la
g(x)= Zajxj
=

va bai todn cdi tdi c6 thé phét biéu dudi dang bai todn t8i vu 6 hop sau:
Trong s6 cac vectd nhi phan dé dai » thoda man diéu kién g(x) < b, hiy tim vecto x"
cho gid tri nhé nhit cha ham muc tidu f{x);

min { flx): gy <b ),

Bai toan cho thué may.
Mot ong chi cé mét cdi may dé cho thué. Dau thdng 6ng ta nhan duoc yéu cdu thué
mdy cua m khich hang. M6i khdch hang 7 sé cho bi€t tap N, cdc ngay trong thang cin
sit dung mdy (i = 1, 2,..., m). Ong chi chi c6 quyén hozc 12 tir ch6i yéu cdu ciia khich
hang 7, hodc {4 néu nhan thi phai bs tri may phuc vy khéch hang i ding rhiing ngay ma
khdch hang nay yéu cdu. Hoi ring 6ng chu phai ti€p nhan cic yéu ciu cia khich nhu
thé nao de cho tdng s6 ngdy sir dung mdy 13 16n nhat.

Ky hieu I = {1, 2,.., m} 1a tap chi s8 khdch hang, S |a tap hop cdic tap con cua /.
Khi dé tap hop 14t ca cdc phuong dn cho thué mdy 1a

D={JcS:NNN, = Vk=p, kpell

va voi moi phuong 4nJ € D
fU)=2IN,]|
JeJd

s& 12 tdng s6 ngay sir dung mdy theo phuong 4n d6. Baj todn dat ra c6 thé phét bidu dudi
dang bai todn t6i uu 16 hop sau:

max { fi./):Je D}

Bai toan dong thang.

Cé n d6 vat voi trong lugng 1a wy, w,, ..., w,. Cin tim cach x€p cdc d6 vat nay vao cic
cdi thung c6 ciing dung luong 1a b sao cho s6 thiing cén sit dung 13 nhd nhit ¢6 thé
durge.

Ta 6 thé gia thiét 1a

w <hi=1,2,..n
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Phdn 1. LY thuyét 16 hop

Do d6 6 thiing cdn st dung d€ chia tat ca cdc dé vat 1a khong qua #. Van dé 1a cdn 6
thung it nhat. Ta s& md san # cdi thung. Bai todn dat ra 12 hdy xdc dinh xem mdi mot
trong s6 #n d6 vat can duge xép vao cdi thing ndo trong s # cdi thiing dd md dé cho s§
thing chia d6 12 it nhat. Phan tich vira néu cho thay bai todn déng thiing ta bai toan t6i
uu 6 hop.

Bai toan phan céng.
C& n cong vige vivn tho. Bi€t ¢;; 1a chi phi cfin tra dé thg i hoan thinh cong vice j (7, j =
i, 2,..., n). Can phai thué thg sao cho cdc cong viéc déu hodn thanh vh méi thg chi thuc
hién mét cong viéc, mdi cong viée chi do mot the thyc hién, Hiy tim cdch thué sao cho
tong chi phi thué thg ta nhd nhat.

RS rang méi mot phuong dn ba tri the thuc hién cée cong viee

Cong viéc | The thue hién
1 (1)
2 (2)
1 an)

tuong Umg v&i mot hodn vi 7 = (a(1), A(2),..., a(n)) cla # s6 t¢ nhién 1, 2,..., ». Chi phi
theo phuong 4n bo tri trén 4

A =cCapy + Cang oo + Capyn -
Bai todn dat ra, duge din vé bii todn (6i vu té hop:

min { in): rell}.

Bai toan lap lich.

Moi mét chi tiét trong s6 n chi tiét D,, D,,..., D, c4n phai_dugc 14n luot gia cong tréa m
mdy M,, M,,..., M,. Thoi gian gia cong chi tiét D, trén may M, 1a t;. Hay tim lich (trinh
tr gia cdng) cdc chi tiét trén ¢dc mdy sao cho viéc hoan thanh gia cong tat ca cic chi
ti€t 13 sém nhat cé thé duge.

Ta s& xét bai todn trén vdi thém gid thiét 1a cdc chi tiét phai duge gia cong mot cich
l1én tuc, nghia la qua trinh gia cong cia mdi mot chi tiét cdn phai duge ti€n hanh mos
cach lién tyc hét mdy ndy sang mdy khéc khong cho phép cé khoang thdi gian ding khi
chuyén wr médy nay sang mdy khdc. Tinh huéng nhur vay rit hay gap trong cdc nganh
sdn xuat cong nghi¢p. Chang han, trong cong nghiép luyén thép, vat liéu cdn phai duge
gla cdbng mat cdch lién tuc vi viée gidn doan s& din dén sy gidm nhiét do clia vat lidu va
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Chitong 5. Bdi todn 161 wu t6 hop

diéu d6 can trd viéc gia cong ti€p theo. Tinh hudng twong tr ciing cé thé xdy ra trong
mot s6 nganh cua cong nghiép hod chat.

R& rang méi mot lich gia cong céc chi 1iét trén cidc mdy trong tinh hudng nhur vay
sé tuong tng véi mdt hodn vi 7= (A1), #/(2},..., #(7)} cua n 0ty nhién 1, 2,..., n. Thin
gian hoan thinh theo lich trén dugce tinh bdi ham s6

n-l ]

f(z)= Zcm_a'>,;.—(_;'+1] + ka,:rtn]
J=l k-l

trong 46 ¢; = S;- 5, S, - thdi diém bat ddu thuc hién viéc gia cong chi tiétj (i, j = 1,
2,.., n). Y nghia cla hé s& ¢, ©6 thé giai thich nhu sau: né Ia tong thoi gian gidn doan
(duge tinh tir khi bét ddu gia cong chi tiét {) gay ra boi chi tiét j khi né duge gia cong
sau chi tiét i trong lich gia cong. Vi vay, ¢, ¢é thé tinh theo cong thic:

L3 &-1
c,max | S-S | s=izen
=hEm i

Vi vay, bail toan dat ra din vé bai toan t6i uu t6 hop sau
min{ fim: re Il }.

Trong thuc t€ lich gia cong thudng cdn phai thod man thém nhicu dicu kién khic. Vi
nhiing tng dung quan trong cla vin dé niy ma trong 61 uu hed (6 hop di hinh thinh
mot linh vye 1y thuyét riéng vé cdc bai todn lap lich goi 1a ly thuyét lap lich (hay quy
hoach lich}.

5.2, Cac thuat toan duyét

5.2.1. Duyét toan bo

Mot trong nhiing phuong phdp hién nhién nhdt d€ giai bai todn t6i wu t6 hop dat ra 1a:
Trén cd sG cdc thuit todn liét ké 16 hop ta tiéh hinh duyét timg phuong 4n cla bai todn,
doi véi mdi phuong 4n ta déu tinh gid tri him muc tiéu tai nd, sau dé so sanh gia tri
him muc tiéu tai 1it ca cdc phuong 4n duge liét ké dé tim ra phuong 4n t6i uu. Phirong
phdp xay dung theo nguyén tic nhu vay c6 tén goi 1a phwong phdp duyét toan bo. Duyct
toan bo 13 khé ¢d thé thye hién duge ngay ca trén nhitng may tinh dién tir hién dai nhat.
Vi du dé liét ké hét

15! = 1 307 674 368 000
hodn vi trén may tinh dién tr v6i t6¢ do tinh todn 1 ty phép tinh mot giay, néu dé liét ke

mot hodn vi can phii lam 100 phép tinh, thi ta cin mot khoang thdi gian 1a 130767 gidy
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Phdn 1. Ly thuyér 16 hop

> 36 tiéng dong hé! Vi vay cdn phai c6 nhing bién phdp nham han ché viée tim ki€m
thi méi c6 hy vong giai durye cdce bii todn t6i vu t6 hop thuc t&. T4t nhién dé ¢ thé 4é ra
nhimng bién phap nhu vay can phai nghién cu k¥ tinh chilt cia bai todn 18i wu t6 hop cu
thé. Nh& nhiing nghién cifu nhu vay, trong mét s6 trudng hop cu thé ta cé thé x4y dung
nhitng thuat todn hiéu qua dé gidi bai todn dat ra. Tuy nhién phai nhan manh rang trong
nhiéu trudng hop (vi du trong cdc bai todn ngudi du lich, bai todn cdi tii, bai todn cho
thué¢ may néu & trén) ching ta chua thé xay dung duge phuong phap hitu hiéu nao khic
ngodl phuong phdp duyét toan bé. Khi dé, mot van dé dit ra 1a trong qud trinh fiet ké 1o
giai ta can tan dung cdc thong tin da tim duge dé loai bo nhitg phuong dn chic chin
khong phai 1a 161 vu. Trong muc tiép theo ching ta s& xét mot so d6 tim kigm nhu vay
dé giai cdc bai todn i vu t8 hop ma trong ti ligw tham khio duge biét dén véi tn goi:
thuat todn nhanh can.

5.2.1. Thuat toan nhanh can,

Ta s& mo ta tu twong chia thuat todn trén mo hinh bai todn t6i vu 16 hop téng gLt sau
min { fix); ye D},
trong dé D 1a tip hitu han phén .
Gia thiét rang tap D duge mo 1 nhu sau
D={x=(x,%,..,X) € AxAx .. x A, xthod min tinh chit P},

vOi Ay, Ay, ..., A, 14 cdc tap hitu han, con P la tinh chat cho trén tich Décac A, x A, x ... x
A,
Nhan thdy rang, cdc bai todn vira trinh bay & muc trudc déu c6 thé mé (3 dudi dang

bai todn trén. '

Vi gia thiét vé tap D néu rén, chiing ta ¢6 thé sir dung thuat todn quay lui dé€ liét
ké cdc phuong dn cua bai todn. Trong qua trinh liét ké theo thudt todn quay lui, ta s&
xay dung dan cdc thanh phdn cla phuong d4n. Mot bo gom 4 thanh phin (@, @, ..., @,)
xuéit hién trong qud trinh thuc hién thuat todn s& goi 13 phuong dn bo phan cap 4.

Thuat todn nhdnh cén ¢6 thé dp dung dé gidi bai todn dat ra néu nhu cé thé tim
dugc mdt ham g xdc dinh trén tap tdt ca cdc phuong dn b phan cia bai todn thoa man
bat dang thirc sau:

glanday, ... a) = min{fixy xeD,x,=a,,i=1,2,.,k)} (*)

vgi moi 101 giai bd phan (¢,, a,, ..., q), vavdimoi k=1, 2, ...

B dang thite (*) ¢6 nghia ld gid tri clia ham g tai phuong 4n bo phan (4,, 4y, ..., a,)
la khong vugt qud gid tri nho nhit cua ham muc tiéu cha bai todn trén tap con cic
phuong 4n
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Chucong 5. Bai todn 161 wu 18 hop

Day, ay oa)={xeD: x=a,i=1,2,..k},

hay néi mét cdch khie, gla;, a,, . . ., @) 14 can dudi cha gid tri ham muc tiéu trén tap
D(a,, ay, ..., a). Vi€ d6, ham g duoc goi 12 ham can duéi, va gid tri g(a,, a,. . . ., a,)
dugc goi la can dudi cia tap D(a,, a,, ..., a,). Do ¢6 thé déng nhit tap D(a,, a,, ..., a))
vOi phuong én bd phén (g, a,, ..., @), nén ta ciing goi gid tri gla,, a5, . . ., a,) 1a can

dudi ciia phuong 4n bo phin (a,, a,, ..., a,).

Gia sir da ¢6 ham g. Ta xét céch sit dung ham ndy dé giam b6t kh6i lugng duyet
trong qua trinh duyét tat ca cic phuong 4n theo thuat todn quay lui. Trong qud trinh liét
ke cic phuong dn ¢6 thé dd thu duge mot s6 phuong 4n ciia bai todn. Goi x 12 phuong
dn voi gid tri ham muc tiéu nho nhét trong s6 céc phuong 4n da tim duoc, ky hiéu  f=
A x) Tas€goi x la phirong 4n t6t nhat hién c6, cdn [ 1a ky luc. Gia sit da c6 f,
khi d6 néu

gla, dq, ...,a) = f_,

thi e bt dang thitc (*) suy ra
f <gla,a,...,a) <min{fix) xeD, x.=qa,,i=1,2,..,k},

Vi th€ tap con cdc phuong dn cla bai todn D{a,, a,, ..., a;) chic chén khong chita phuong
dn (6t wu. Trong trudng hop nay ta khong cdn tiép tyc phét trién phuong 4n b phan (a,,
ay, . ... a;), n6i cich khic 1a ta ¢6 thé loai bo cdc phuong an trong tap Dia, a,, ...,q,)
khot qua trinh tim kiém. ‘

Thuat todn quay lui liet ké phuong 4n can sita déi lai nhu sau

procedure Try(k);

(* Phit trién phuong dn b6 phan (a,, a,, ..., 8, ,)
theo thut todn quay lui c6 kiém tra can dudi
trude khi ti€p tuc phdt trién phuong 4n *)

begin
for a, € A, do

if <chidp nhan a,> then

begin
X, = a,;
if k=n then < Cap nhat ky luc>
else

if g(a,a, ... a) < f then Try(i+1)
end;
end;
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Phdn 1. Ly thuyét t6 hop

Khi dé, thuat toan nhdnh can duge thuc hién nhd thi tuc sau

procedure Nhanh_can;

begin
f 1= +o0;
(* Néu bigt mot phuong 4n x ndodGthic6thd dat f = f( x ) *)
Try(1);
if f < +o0 then < f 1agidtrit6iw, x 12 phuong 4n t6i vu >
else < bai toan khong cé phuong 4n >,

end;

Chd y rdng néu trong thi tuc Try ta thay cau lénh

if k=n then < Cap nhat ky luc>
else
if gla,a, ...a) < f then Try(k+1)

if k=n then < Capnhatky luc>

else Try(k+1)
thi tht tuc Try s& liét ke toan bo cdc phuong 4n clia bai todn, va ta thu dugc thuit todn
duyét toan bd.

Viéc xay dung ham g phu thudc vao timg bai todn t6i uu t6 hop cu thé. Thong thudng ta
c6 ging xay dung nd sao cho:
o Viéc tinh gid tri cta g phai don gidn hon viéc giai bai todn t6i uu té hop & v&
phai cua (*).
o Gidtricha g(a,, @y, . . ., a,) phai sit vdi gid tri clia v&€ phai cla (*).
Rat ti€c 1a hai yéu cdu nay trong thuc 1€ thudng ddi 14p nhau.

Duéi day chiing ta s& x€t mét s& thi du minh hoa cho thuat todn vira trinh bay.

a) Bdi todn cdi tii.

Ching ta s€ xét mot dang bai todn cdi tii nita rdt hay duge sir dung trong céc tng
dung thue 1& (vé nguyén tac, mo hinh & day va mé hinh d trinh by trong muc 5.1 1a ¢6
thé qui dén vé nhau). Thay vi ¢6 n dé vat nhu mo hinh trong muyc 5.1, & day ta gia thiét
ring ¢6 n loai d6 vat va s6 lugng dé vat mdi loai 13 khong han ché. Khi dé ta cé mo
hinh bai todn cdi tii bién nguyén sau day: C6 » loai d6 vat, d6 vat thi j ¢ rong luong
a; va gid tri st dung 1a ¢; (j = 1, 2,..., ). Cin chat cdc d6 vat ndy vao mot céi tii c6
trong luong 14 b sao cho tong gid tri sir dung cha cac dé vat chat trong tii 13 16n nhat.
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Chucng 5. Bai todn 167 uu 16 hap

M0 hinh todn hoc clia bai todn ¢6 dang sau: Tim
f =max { f(x)= chxj:z::jxj <b,x,eZ,j=12,..,n}, (N
IS i=1

trong dé Z, 1a tap cdc s6 nguyén khong am.
Ky hiéu D 12 tdp cic phuong dn cla bai tedn (1):
D = {ue=(x xy,..., X, ) Z ax, <b,xeZ,j=12,.n}
j=1
Khong giam téng quat ta gia thiét ring cdc dd vat duge danh s& sao cho bét ding thirc
sau dugc thod min

ola,z2clayz...2¢,/a,. (2)

Dé x4y dung ham tinh #an dudi, cling v6i bii todn cdi tdi (1) ta xét bai todn cdi tii bién
lién tyc sau: Tim

g =max { f(x)= chxj:z%xj <b,x,20,/=12,...,n}, (3)
j=! j=1

Ménh dé. Phicong dn 61 uu ciia bai todn (3) la vecto x=1( x, , X%, , .., X, } v6i cdc
thanh phdn dugc xdc dinh bdi cong thirc:
x, =bla,, X,= x;=...= x,=0.

va gid tri 16t wu la g = c b, /a,.

Chitng minh. Thyc vay, xét x = (x,, x,, ..., x,) [ mot phuong 4n tuy ¥ clia bai todn (3).
Khi dé tir bat dang thite (3) va do x;20, tasuyra

¢x 2 (c/a Ya;x, j=12,..,n

suy ra
ilcjxj < il(c, lay)ax, =(c ;’a,)ilajxj <{c/a)b = g
i= = i=
Ménh dé duge chitng minh.
Bay gi0, gia sir ta ¢6 phuong dn bo phan cap &: (u,, u,, ..., u). Khi d6 gia tri sir dung

cla cdc d6 vat dang ¢6 trong tdi 1a

Cy=Ciiy+ Cly+ ...+ Clly
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Phdn 1. Ly thuyét t6 hop

va trong luvong con lai cla cdi tii 1a
bi=b-a,u, +a,u+...+a.u,.
Ta cé

max{ Ax}:xe D, x=u,,j=1,2,..,k}

=max {g, + chxj Zax Shox,;eZ,,j=k+Lk+2,.,n}

FELED! FRlad!

<o, +max{ ) cx,: Zax b, x;20,j=k+Lk+2,.,n}
J=k+] J=k+l

(theo Ménh dé: gid tri s6 hang thit hai la c,,, b,/ a,, )

=Gy + Coy b/ gy

Vay ta c6 thé tinh can trén cho phuong dn bo phan (u,, u,, ..., #,) bdi cong thite

By Uye ooy U = O+ €y By @y

Chu

Khi tiép tuc xay dung thanh phin thi k+1 cla 10i giai, cdc gi4 tri dé cit cho x,,,
gl 1,

w16, 1 ar,, ]. Do 6 két qua ciia ménh dé, khi chon gid tri cho x,,, ta sé duyét

¥
0,
id tri de ctt theo thit ty gidm dén.

a
ic gi
Thi du. Giai bai todn céi tii sau theo thuit todn nhdnh can vira trinh bay

f)=10x, +5x,+3 x;+6 x, > max,
S5x,+35,+2x5+4x,<8,
xel  j=1,2,34

Giai.

Qud trinh giai bai todn duge mo ta trong cdy tim kiém trong hinh 1. Théng tin vé mot
phuong 4n b phan trén cay duge ghi trong céc 6 trén hinh v& tuong ung theo thit tu sau:
déu tién 1a cdc thanh phdn cla phuong 4n, ti€p dén, o 12 gid trj cha cdc d6 vat dang chat
trong tii, w - trong lugng con lai coa tii va g - can trén.

Két thiic thudt toin, ta thu dugc phuong dn 167 wu 1a x = (1, 1,0, 0), va gid trj t6i wu

A f=15.
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Chitong 5. Bai todn 167 w16 hop

Géc; f= +og
=1 x=0
(1); o=10; (0); 0=0;
w=3; g=15 w=38; p=4(/3
Xy =1 x=0

(1,1); o=15;

(1,0); o= 10;
w=0; g=15

w=3; g=14.5

"~ Loai vi can trén < ky luc

x=0

T.10)- 6=T5:
w=0; ¢=15

x, =0

v={1,1,0,0);
f=15;

Thu duge phuong an cha bii todn.
Cap nhat lai ky luc.

Hinh !, Gidi bai todn cdi tiii bing thuat todn nhanh can

Duéi day 1a chuong trinh trén PASCAL gidi bai todn cii i theo thuat todn nhdnh
cén vira trinh bay.

uses ort;

const inf = 25000

type arrn = array{1.50] of integer;
arvit = array{1..50] of real;

var
e, d carrnl;
X, xopt, ind  arrn;
n

Jinteger;

w, fopt, cost, weighi: real;
procedure Init;
var i j1grinteger;

treal;
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Phdn 1. Ly thuyét t6 hop

begin
(* Sap xep cac do vat theo thu u khong tang cua cfillafi] *)
fopt:=0; weight:=0,;
fori:=ltondoindfi]:=i;
Jori:=1ton-1do
begin
forj:=i+1tondo
if (cfillafi]< c{j}lafj}) then
begin
L=cfij; cfi]:=cfji; c{j]:=t;
t=afi]; alij:=afjl; afj]:=t;
tg:=ind{i]; ind{i]:=ind{j}. ind{j] - =tg;
end;
end,;
end;
procedure Readfile;
varj integer;
[ rtext; name ! string;
begin
write('Cho ten file du lieu: ') readin(name);
assign(f,name ) resei(f); read(f.nw);
for j:=1to ndo read{fafj});
Jorj:=1tondo read(fefjl);
close(f);
writeln{"Trong luong cai tui: 'w:1:0);
writeln(VEC TO GIA TRI DO VAT');
for j:=1to ndo write(c{j]:4:0); writein;
writeln(VEC TO TRONG LUONG DO VAT');
for j:=1 to ndo write(afj].4:0); writeln;
end,;

procedure Ghinhan_ky luc;
var i integer;

hegin
if cost > fopt then
hegin
xopt:=x; fopr;=cosi;
end;
end;

118



Chuong 5. Bai todn 16i wu 16 hop

procedure Branch_and_Bound(i:integer);
var jtinteger;
begin
t=trunc{{w-weight)lajil);
for j:=t downto 0 do
begin
xfif:=j;
weight :=weight+afif*x[i};
cost;=cost+cfif*xfi};
if i=n then Ghinhan_ky luc
else
if cost + cfi+1{¥(w-weight)lali+1] > fopt
then Branch_and Bound(i+1);
weight:=weight-afil*xfi];
cost:=cost-cfil*xfi];
end;
end;

procedure Inkg;

var jiinteger;

heygin
“,Jvfref’l(’********ﬁk*** KET QUA TINH TOAN ok e ok e e e ');
writeln( Tong gia tri cua cac do vat: " fopt:1:0);
writeln('Phuong an dem do:’);
Jor j:=1to n do writeln('So luong do vat ', indfj].’: " xopt{j]:4):
H,srf“)!n(’*******2’-***************ﬂ%********************’J’-
write{'Go Enter de tiep tuc...);readin;

end;

BEGIN
clrser;
Readfile;
Init;
Branch_and_Bound(!);
Inkq; readin;

END.
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Phdn 1. Ly thuyét 6 hop

b} Bai toin ngudi du lich,

Mo hinh clia bai todn da trinh bay trong muc trude. C8 dinh thanh phé xuat phdt 1a 7,
bili todn ngudi du lich dan vé bii toidn:

Tim cuc tiéu chia ham

S X, x) =) + clxy, vl + .+l x,] + ¢(x,. 1] = min,
vai diéu kién

(x5, Xy .., ) [Ahodn victa cdac s6 2. 3, ..., n.
Ky hi¢u
Com=min{ cli, j].4,j=1,2, ., ni=]}

la chi phi di lai nhd nhat giita cdc thanh phé.

Dé c6 duge thuat todn nhdnh can giai bai todn ngudsi du lich, trude hét can dua ra
cich dénh gid can dudi cho phuong 4n b phan. Gia si ta dang ¢ phuong 4n bo phan
{uy, uy, ..., ). Phuong 4n nay tuong dng v6i hanh trinh bo phan qua 4 thanh phé:

T =T > . . > T ) - Tu,).
V1 vay, chi phi phdi tra theo hanh trinh bo phan nay s& 1a
o =c[Lun] + cluy, ] + o+ clu,, 1.

Dé phit trién hinh trinh bo phan nay thanh hanh trinh ddy di, ta con phai di qua n-k
thanh pho con lai réi quay tra vé thanh phd T, tde 13 con phai di qua #-4+1 doan dudng
nita. Do chi phi phii 1rd cho viéc di qua mdi mot trong s6 n-4+1 doan dudng con laj déu
khong it hon c¢,,,. nén can dudi cho phuong 4n bo phan (u,, i, ..., u,) cé thé tinh theo
cong thirc

ey, iy, .. )=+ (n-k+1}c

teme

Sir dung cdch tinh can dudi vira néu ta c6 thé dp dung thuat todn nhdnh can dé giai bai
todn ngudi du lich.

Thi du. Giai bai todn ngudi du tich vdi ma tran chi phi sau

0 3 14 18 15
3 a 4 22 20
C = |17 9 0 16 4
& 2 7 0 12
9 15 11 3 0
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Clueong 5. Bai todn 161 wu t6 hop

Taco c,, =3. Qud trinh thyc hién thuat todn dugc mo td bdi cay tim kiém 11 gidi cho
trong hinh 2.

Théng tin vé mot phuong 4n bd phan trén cay duge ghi trong cic 6 trén hinh vé tuong
Ung theo th tr sau: dau tién 1a cde thanh phén clia phuong dn, tiép dén, o 1a chi phi
theo hanh trinh bd phan va g - can dudi.
Két thiic thuat todn, ta thu duge phuong dn t6i uu (1, 2, 3, 5, 4, 1) tuong ting véi
hanh trinh
T,>T, 5T, 5T, »T,»T,,
va chi nhé nhat [a 25.

(2) (3) (4) &)
c=3; o=14 c=18 og=15
g=15 £=26 g=30 g=27
(2,3) (2.4)
c=7 a=25
g=16 g=34
(2,34 (2.3.5)
a=23 a=1l Cac nhanh nay bi loai
g=29 g=17 vicé can dudig > =25
L 4 JI’
{2,345 (2,3,5,4)
oc=4I1 c=16
g= 44 2= 19
Hénh trinh (1,2,3,4,5,1) Hanh trinh (1,2,3,5,4,1) <6 chi phi 23
chi phi 53. Bat f=353 Ky luc mgi: =25

Hinh 2. Giai bai todn ngudi du lich

-Chuong trinh trén PASCAL thuc hién thuat todn ¢6 thé viét nhu sau:
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Phdn 1. Ly thuyét 16 hop

uses crt;

var
¢ carray{1.20,1..20] of integer;
a, xopt sarrayf1.20] of integer;
chuaxet rarrayf1..20] of boolean;

n, fopt, cmin, Can ; integer,

procedure Readfile;
var fiext;
name:string;
ijinteger;
begin
write("Cho ten file du lieu: ’);
readin{name);
assign(f.name);reset(f);
read(fin);
fori:=ltondo
Jorji=1tondo read(ficfij}]);
close(f);
cmin; =maxint;
fori:=ltondo
for j:=1tondo
if (i<>j}and (cmin>cfij]) then cmin:=cfij];
end;

procedure Ghinhan;

var sum:integer;

begin
sum:= Can+cfaf{nf,aft}];
if sum < fopt then

begin
xopt:=a;
Jopt:=sum;
end:
end;

procedure Try(i:integer),
var j:integer;
begin
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Chuterng 5. Bai todn 167 wu t6 hop

(* Co dinh thanh pho xuat phat la Thanh pho 1 *)
(* Duyet (n-1)! hanh trinh theo nhanh can  *)
for j:=2tondo
if chuaxet{j] then
begin
afif:=j;
chuaxet{j]:=false;
can:=can+cfafi-1}.afi}]l;
if i=n then Ghinhan
else

if Can+(n-i+1)}*cmin <fopt then Try(i+1);

can:=can-cfafi-1],afil};
chuaxet{j} - =true;
end;

end;

procedure Inkg;

var I jinteger;

begin
writeln('MA TRAN CHI PHI');
fori:=ltondo

hegin
for j:=1to ndo write(cfi j]:4),
writeln;

end;

writeln(’Hanh trinh toi uu co chi phi : " fopt);
for i:=1 1o n do write(xopt{i},’ --> '};
writeln{xopt{1]);
write{'Go Enter de tiep tuc...’);readin;

end;

procedure Inir;
var i,j - integer,;
begin
cmin:=maxint;
fori:=ltwndo
hegin
chuaxei{i].=true;
forj:=ltondo
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Phdn 1. Ly thuyét 16 hap

if fi<>f) and (cmin>c[ij]) then cmin:=c{ij];

end;
Jopt:=maxint;
Can:=0;
aflj.=1;
end,
BEGIN
Readfile; Init;
Try(2):
Inkg,
END,

Hiéu qui cha thudt todn nhanh can phu thudce rit nhiéu vao viéc xay dung ham tinh
can dudi. Viéc xay dung ham tinh can dudi lai phu thuge vao cach xay dung thu tuc
duyét cic phuong dn cua bai todn {dwgc goi 1a thd tuc phan nhdnh). Trén day chiing ta
trinh bay cich xay dung can dudi khd don gian cho hai bai todn ndi tiéng cla 161 uu td
hop. Cédc chuong trinh duge cai dit theo cdc thudt 1odn dé, tuy rang {im viéc tt hon
nhiéu so véi duyét todn bo, nhung cling chi ¢6 thé dp dung d€ giai cac bii todn véi kich
thude nho. Mudn giai duge cdc bai todn dat ra vdi kich thude 16n hon can ¢é cdch dianh
g14 can (6t hon, Mdt trong nhitng phuong phdp xdy dung trén tur tudng cia thuit todn
nhinh cin cho phép giai bai todn ngudi du lich vdi kich thude 16n hon s€ duge trinh biy
trong muc tiép theo,

5.3. Thuat toan nhanh can giai bai toan ngudi du lich

Thuat todn nhdnh cdn 1& mot trong nhitng phuong phép gidi chl y&u clia 16i mu to hop,
Nhu trong muc trude di thay, tu tudng co bian cua nd [ trong qud trinh tim kiém &1 giai
ta s& phin hoach tap cdc phuong 4n cla bai todn ra thanh hai hay nhiéu tap con duge
bi€u dién nhu 13 cdc nit cha cay fim ki€m va ¢d ging bing phép dénh gid can cho cic
nit, tim cdch loai bé nhitng nhadnh cda cay tim ki€m (nhirng tap con cdc phuong dn cua
bai todn) ma ta biét chic chén 1a khong chia phuong dn t6i wu. Mac du trong tinh
hudng toi nhat thudt todn s& trd thanh duyét toan bo, nhung trong nhiéu trudng hop cu
thé, k¥ thuat d6 cho phép rit ngin duge mot cich ding ké qua trinh tim ki€m. Muc nay
s€ trinh by mot cdch thé hién khéc nhing tu tudng cha thuat toan nhanh cén vao viée
x&y dung thudt todn giai bai todn ngudi du lich.
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Chutong 5. Bai todn 161 wu 16 hop

Xét baj todn ngudi du lich phét biéu trong muc trudc. Goi
C={c, Lj=12,..n}
t& ma tran chi phi. M6i hanh trinh c0a ngudi du lich
Tan>Try = = Try - Ty
¢6 thé viét lai dudi dang
(A1), A2)), (A2, BNy ((1-13, (), (1), A1),
trong dé médi thanh phan (a(j-1), #(f)) s& duge goi 1a mot canh ctia hanh trinh.

Trong bai todn nguoi du lich khi tién hanh tim kiém (31 gidi ching ta s€ phan tap
cdc hanh trinh ra thanh hai tip con: mot tip gém nhimg hanh trinh chita mét canh (¢, )
nao dé con tip kia gébm phitng hanh trinh khong chia canh ndy. Ta gei viéc Iam dé 1a
phdn rldinh v méi ap con ndi trén & duge goi 13 mdt nhdnh hay mot nit cia cay tim
ki¢m. Viéc phan nhinh duge minh hoa béi cay tim kiém:

Hanh trinh
khéng chira (7, /)

Viéc phan nhinh s& dugce thye hién dua trén mét quy tic oristic nao dé cho phép ta it
ngin qud trinh tim ki€m phuong 4n 181 wu. Sau khi phin nhanh ta s& tinh can dudi cta
gid tr1 hdm muyc tiéu trén moi maot trong hai tap con ndi trén. Viéc tim kiém s& duoc tiép
tuc trén tap con co gid tri cin dudi nho hon. Thi tuc nay s€ dugc tiép tuc cho dén khi
thu dugc mét hanh trinh diy du, téc la mdt phuong dn cha bai todn ngudi du lich. Khi
dé ta chi ¢an xét nhimg 14p con cde phuodng 4n nio ¢é cin dudi nho hon gid tri haim muc
lieu tal phuong dn da tim duge. Qud trinh phin nhdnh va tinh cén trén tip cic phuong
an cia bii todn thong thudmg cho phép nit ngén mot cich ddng ké qua trinh tim kiém
do ta loai duge kha nhiéu 1ap con chic chan khong chira phuong 4n t6i wu.

Mot k¥ thuat co ban nira cia thuat todn 1a tinh can dudi sé duoe xiy dung dua trén
thi tuc rit gon ma ching ta s& trinh bay duéi day. Sau dé nhiig budc chinh ciia thuat
tedn nhinh ¢an s€ duge mo ta théng qua mot vi du s6 va cudi cling ta s€ trinh bay so dé
nguyén tic cuia thuat todn.
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Phdn 1. Ly thuyét 16 hop

a) Thu tuc rit gon.

R& rang t6ng chi phi clla mot hanh trinh cla ngudi du lich s& chfa ding mot phan tir
cua méi dong va ding mot phan tir cla mdi cot trong ma tran chi phi C. Do d6, néu ta
trir b6t moi phin tlr clia mot dong (hay cot) chia ma tran € di ciing mét s6 o thi do dai
cua tdt cd cdc hanh trinh s& cing giam di «. vi thé hanh trinh t6i wu ciing s& khong thay
d6i. Vi viy néu ta ti€n hanh trir b6t cic phdn tir clia méi dong va méi cot di mot hing sa
sao cho thu dugc ma trdn gém cdc phin tir khéng 4m ma trong médi dong vi méi cot cla
né déu ¢6 it nhat mot s6 0 tht téng cdc hing s& trir d6 s& cho ta can dudi cla moi hanh
trinh. Thu tyc trl bét ndy s& duge goi [a thi tuc rdt gon, cdc hing s6 trir & mbi dong
(cot) s& duge goi la hang s& rit gon theo dong (cét), con ma tran thu duge sé goi [a ma
trén rat gon. Ham s& sau day cho phép rit gon mét ma tran A kich thudc 13 & x & déng
thai tinh téng cdc hing s6 rit gon (dé tién trinh by, cic tham s6 cé mat trong cic ham
va cdc thi tuc PASCAL dudi day duge gid thiét khai bdo sao cho phil hop):

function Reduce(A, k): real;
(***  Tha tuc rit gon ma tran ***)

begin
sum = 0;
fori:=1tokdo (*k - kich thudc cia A *)
begin

r[i]:= <phdn tr nh6 nhat trong dong i>;
if rfi] > O then
begin
<B6t méi phn tlr clia dong i di r[i)>;
I sum ;= sum + r[i];
end;
end;
forj:=1tokdo
begin
s{j] := <phdn tir nho nhat trong cot j>;
if 5[j] > O then
begin
<B&t mbi phan tir ciia cot j di s[j]>;
sum = sum + s[j];
end;
end;
Reduce := sum;
end;

Thi du. Ta ¢4 ma tran chi phi cha bai todn ngudi du lich véi # = 6 thanh phd sau
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Chutong 5. Bai tadn t61 uw t6 hop

1 2 3 4 5 6 | rli]
1] 0 3 93 13 33 9 3
2| 4 «© 77 42 21 16 4
3145 17 o 36 16 28 16
4139 90 80 oo 56 7 7
5128 46 88 33  w® 25 25
61 388 18 46 92 3
s[3] 0 0 15 8 0 O

Pau tién trir bdt moi phan tir cha cdc dong 1, 2, 3, 4, 5, 6 cho cdc hing s6 rit gon
tuong tng la 3, 4, 16, 7, 25, 3, sau dé trong ma tran thu dugc, trir bdt cac phédn tu cla
cdc cot 3 v 4 cho cdc hing s6 rit gon tuong dng 13 15 va 8§, ta thu dugc ma tran rit gon
sau

1 2 3 4 5 6
0o 0O 75 2 34 6
0 e« 58 30 17 12
29 1 ow 12 0 12
32 83 58 o 49 0

3 21 48 0 oG Y

0 85 0 35 8% o

(oA TN V) N <O OV B

Tong cdc hing s6 riit gon 1 81, vi vay can duéi cho tAt ca cic hanh trinh 4 81 (nghia la
khong thé tim dugc hanh trinh c6 téng chi phi nhd hon 81).

Bay gid, ta xét cdch phan tap cdc phuong 4n ra thanh hai tap. Gid st 1a ta chon canh
(6, 3) d¢ phan nhanh. Khi d6 tap cdc hanh trinh s& duge phan thanh hai tap con, mot tap
1a c4c hanh trinh chia canh (6, 3), con tap kia la cdc hanh trinh khéng chia canh (6, 3).
Vi bi€t canh (6, 3) 1a khong dugc tham gia vao hanh trinh, nén ta c6 thé cim viéc di
theo canh nay béng cdch dat ¢; = «. Ma tran thu duge s& ¢6 thé riit gon bing cich bét
moi phan tir clia cot 3 di 48 va khong bét gl cdc phén tir clia dong 6. Nhu vay ta thu
duge can dudi cho cic hanh trinh khéng chita canh (6, 3) 14 81 + 48 = 129. Con doi vai
tap céc hanh trinh chia canh (6, 3) ta phai loai dong 6 va cot 3 khol ma tran tuong ng
véi nd, boi vi da di theo canh (6, 3) thi khéng thé di tir 6 sang bat cif noi ndo khdc va
ciing khong ducc phép di tir bat cir dau vao 3. Két qua ta thu dugc ma tran vdi bac gidm
di 1. Ngoai ra, do di di theo canh (6, 3) nén khéng duogc phép di tir 3 dén 6 nita, vi vay
ta cdn cdm di theo canh (3, 6) bing cdch dat ¢, = co. Ciy (im kiém cho dén bude nay,
¢6 dang cho trong hinh 1 sau day:
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Phdn 1. Ly thuyét t6 hop

Can dudgi
=81
1 2 4 5 8
o 0 2 30 6

0 e« 30 17 12
2% 112 0 o
32 83 =x 49 0

321 0 = 0

m s N

Canh (6. 3) duge chon d¢ phan nhdnh vi phan nhanh theo né ta thu duoc cin dudi cla
nhdnh bén phdi 1a I6n nhat so véi viée phan nhdnh theo céc canh khdc. Quy tdc niy sé
dugc sir dung dé phan nhanh & méi dinh cla cay tim kiém. Trong qud trinh tim kiém
chiing ta [u6n di theo nhdnh bén trdi trude. Nhdnh bén trdi s& ¢6 ma tran rit gon vdi bic
giam di mot. Trong ma tran cla nhdnh bén phai ta thay mot s6 bdi e, vi ¢6 thé rdt gon
thém dugc ma tran nay khi tinh lai cdc hing 6 rit gon theo dodng va cot twong ng véi

Tiép tat ca cdc hanh trinh
Hanh trinh
khong chita (6,3)

1 2 3 4

LRI ) B S SV (SIS

Cau dudi = 81

Can du6i
=129

S
w 027 2 30 6
0 o 10 30 17 12

29 1 w12 0 12

32 83 10 o« 49 QO
321 0 0 w« Q
0 85 o 35 89 =

Hinh 1.

canh phan nhanh, nhimg kich thuée cua ma trin vin giir nguyén.

Do canh cdn chon d€ phan nhdnh phai 13 canh 1am tang can dudi cha nhanh bén
phii lén nhi¢u nhdt, nén d¢€ tim né ta s& chon s6 khéng nio trong ma tran ma khi thay
nd boi oc s& cho ta 0ng hing s6 rt gon theo dong vi cot chida nd 13 16n nhit, Ta c6 thi

tuc sau diy d¢€ chon canh phan nhanh (r,c):

b) Thu tuc chon canh phan nhanh (r,c)

Ddu vao: Ma tran rdt gon A kich thudce & x k.

Bdu ra : Canh phan nhénh (r, ¢) vi tdng hing s& it gon theo dong r

cot ¢ 14 beta.

procedure BestEdge(A k,r,c,beta);

(* Thu tuc phdan nhanh *)
begin
beta := -o0;
fori:=1tokdo
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Chuong 5. Bai 1odn 167 wu 10 hop

forj:=1tokdo
if a[i,j] = 0 then
begin
minr := <phdn tit nho nhat trén dong i khac véi afi,j]>;
minc := <phan tr nho nhat trén cot j khac vdi ali,j]>;
total := minr + minc;
if total > beta then
begin
beta ;= total;
r:=i; (* chi s6 dong ca canh t6t nhat *)
¢ := j; (* chi s6 c6t cla canh t6t nhat *)
end;
end;
-end;

Trong ma trdn rit gon 5 x 5 cba nhdnh bén trdi & hinh 1, s& khong & vi tri (4, 6) s& cho
téng hang so rit gon 1a 32 (theo dong 4 1 32, cot 6 12 0). Day 1a gid tri 16n nhat d6i v6i
cdc 56 khong ciia ma trdn ndy. Vi vay, viéc phan nhédnh ti€p theo s& dua vao canh (4, 6).
Khi d6 cén dudi cua nhdnh bén phai tuong iing véi tip cdc hanh trinh di qua canh (6,3)
nhing khong di qua (4,6) s€ 1a 81 + 32 = [13. Con nhdnh bén trdi sé tuong ng vl ma
tran 4 x 4, vi rang ta phai loai bd dong 4 va cot 6. Tinh huéng phan nhdnh nay dugc mo

td trong hinh 2.

Tép cdc hanh trinh
qua canh (6, 3)

Can dudi
= 81

Hanh trinh chia

(6,3),(4,6) khong chita (4, 6)

Hanh trinh chira (6, 3)

Can dudi Cén dudi

= 81 =113

1 2 4 5 1 2 4 5

1 w0 2 30 1 ow 0 2 30
2 0 = 30 17 2 0 e 30 17
4 25 1 o0 0 3 29 1 12 0
3 3 21 0 %0 4 0 51 o 17
S 3 21 0 o0
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Phdn 1. Ly thuyét 16 hop

Nhéan thdy rang vi canh (4, 6) va (6. 3) dd nam trong hanh trinh nén canh (3, 4) khong
thé duge di qua nita (néu khéng ta s& cé mot hanh trinh con tir nhitng thanh phé nay).
D¢ ngan ngira viée tao thanh hanh trinh con 1a s8 gdn cho phan 1 & vi tri (3, 4) gid irj 0.
Ngdn cam tao thanh hanh trinh con.
Téng quét hon, khi phan nhdnh dua vao canh (i, j,) ta phdi thém canh nay vio danh
sdch cdc cunh cla nit trdi. Néu 7, 1a dinh cu6i cla mot dudng di (i), iy...., i,) va 7. ladinh
dédu ctia dudng di (J,, /,..... j,) thi dé ngan nglra khi nang tao thanh hanh trinh con ta phii
cam canh (j,, 7).

DE tim 7, ta ¢6 thé di ngugc tir 7, con dé tim j, ta c6 thé di xuoi tir j, theo danh sach
cde canh da duge két nap vao hanh trinh.

Téap 14t ca cdc Hanh trinh

hanh trinh *  khong chia
_%'{m dui (6.3) Cién dudi
= 8l =129
Tap cm Tap céc hinh
trinh chiva trinh khong chita
(6, 3) Can dudi (4, 6) Can dudi
=8] =113
Tap cdc hanh Téap cac hanh
trinh chira #| trinh khong chia
(4. 6) Can dusi (2, 1} Can dudi
=81 = 101
Tép céc han Tap cdc hanh
trinh chira trinh khong chua
(2, 1) Can duoi (1,4 Can dudi
=84 =112

Tap cic hanh
trinh chia
(1.4)

Can dudi = 84

Hanh trinh (1, 4, 6, 3, 5, 2, 1). Po dai hanh trinh: 104.
Hinh 3.
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Tiép tuc, ta lai phin nhédnh tir dinh bén trdi bang cich sit dung canh (2, 1), vi 58
khong & vi tri ndy c6 téng cde hing s it gon 12 17 + 3 = 20 (theo dong 2 1a 17, theo
cot t 1a 3). Sau khi phan nhdnh theo canh (2, 1) ma trin cua nhédnh trai co kich thudc 1a

3 x 3. Vida di qua (2, 1) nén ta cAm canh (1, 2) bing cdch dat c,, = oc, ta thu dugc ma
tran sau

2 4 5

1 w2 30
1 = 0

21 0 o0

Ma tran ndy c6 thé rit gon duge bing cich bét 1 tr cot 2 va bét di 2 & dong 1. Piéu dé
dén dén ma tran

2 4 5
1 o 0 28
3 0 = 0
S 20 D o

Ta c6 can dudi cia nhdnh tuong tng 12 81 + 1 + 2 = 84. Cay tim kiém cho dén
budc nay dugc thé hién trong hinh 3.

Chi ¥ rang sau khi di chdp nhan n-2 canh viio hanh trinh thi ma tran con lai sé 6
kich thude 1a 2 x 2. Hai canh con lai cia hanh trinh sé khoéng phai chon lua nita, ma
duge két nap ngay vao chu trinh. Trong vi du chia ching ta & day, sau khi dd ¢é cdc canh
{6.3),(4,6).(2. 1) va (i, 4) ma tran cta nhdnh trdi ¢é dang

2 5
3 o« 0
5 0 =

vi vy ta k€t nap nét hai canh (3, 5) va (5, 2) vao va thu duge hanh trinh 1, 4, 6. 3, 5, 2,
1 vdi chi phi la 104,
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Phan 1. Ly thuyét 1 hop

Chii y. Trong qud trinh tim ki€m méi mot nit cha ciy tim ki€m s& tuong tng véi mot
ma tran chi phi A, ¢ budc diu tién ma tran chi phi tuong tng v6i géc chinh 13 ma ran
C. Khi chuyén déng tir g&c theo nhinh bén trdi xudng phia dudi kich thude cla cdc ma
tran chi phi A s& giam ddn. Cu6i cling khi ma tran A c6 kich thudc 2x2 thi ta cham dirt
viéc phan nhédnh va két nap 2 canh con lai dé thu dugc hanh trihnh ciia ngudi du lich.
Dé thdy rang ma tran rit gon cudi cung nay chi ¢6 thé c6 mot trong hai dang sau;

WX WX
0 o™ . u 0
v o 0 v 0 o

trong dé u, v, w, x c6 thé 1a 4 dinh khdc nhau hosc chi ¢6 3 dinh khic nhau. Trong moi
truding hop d€ xdc dinh xem hai canh nio cén phai két nap n6t 1a chi can xét mot phén
tlr cia ma tran A;

if A[1,1}]= =0 then
Két nap canh (u,x} va (v,w)
else
Két nap canh {u,w) va (v,x):

Bay gio tét ca cdc nit cla cay ¢ can dudi 16n hon 104 ¢6 thé loai bd vi ching khong
chia hanh trinh ré hon. Trén hinh 3 ta thdy chi con nit ¢6 can dudi 101 la cin phai xét
tiép. Nt nay twong ng v6i tap nhitng hanh trinh chia cde canh (6, 3), (4, 6) vi khéng
chita canh (2, 1). Ma tran chi phi twong tng véi dinh nay c6 dang

1 2
1 ®» 0 2 30
2 w w13
3 26 1 o 0
5 0 21 O o0

Viéc phéan nhdnh s& dua vao canh (5, 1) v6i tdng hing s rit gon 1a 26. Viéc € nhidnh
ti€p theo tir niit niy dugc cho trong hinh 4.
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Tap cédc hanh trinh chita
(6, 3). (4, 6) khong qua (2.1} Can dudi

=101

Téap cdc hanh chaa
trinh chua {(5,1)

Tap cic hanh trinh
khong chira (5,1)

Can duéi

-

Hanh trinh chia
(L4

Hanh trinh khon
chita (1.4)

Can duéi = 14

Hanh trinh 1,4,6,3,2, 5, 1
Do dai : 104

Hinh 4.

Nhu vay ching ta thu dugce hai hanh teinh t81 wu véi chi phi 1a 104, Thi du trén cho thiy
ring bl todn ngudi du lich ¢é thé ¢é nhiéu phuong dn 81 vu. Trong thi du nity hianh
trinh daw tién tim duge da ta 161 uu, til nhién diéu d6 khong thé trong doi trong trudmg
hop tong quét. D6i vdi thi dy trén ta chi phai xét 13 ndt, trong khi téng $6 hinh trinh
clia ngudi du lich 1a 120,

¢) Thuat todn nhanh can giai bai toan nguoi du lich.

Bay gid ta ¢6 thé md ta cic budc chinh clia thuat todn nhanh can giii baj toin ngudi du
lich trong thi tuc dé quy TSP sau day. Tho tuc TSP xét hanh trinh bo phin vdi Edges
canh di dugc chon va tién hanh fim kiém ti€p theo. Ta su dung cdc bién:

Edges - 6 canh trong hianb trinh bd phan;

A - ma trin chi phi tuong ¥ng véi kich thude
(n-edges) x {n-cdges};
cost - chi phi cua hanh trinh bé phan:

MinCost - chi phi cua hanh trinh 1ot nhat da tim duge.
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Phdn 1. Ly thuyét 155 hop

Trong thu tyc sir dung haim Reduce(A, k) vi thi tuc BestEdge(A, k. r, ¢, beta) di mo ta
& trén.

procedure TSP(edges, cost, A);
begin
cost:= cost + Reduce(A, n-edges);
if cost < MinCost then
if edges = n-2 then
begin
<B8 sung nét hai canh con lai>;
MinCost := Cost;
<Ghi nhén hanh trinh t6t nhat>;
end
else
begin
BestEdge(A n-edges,r,c,beta);
LowerBound:= cost + beta;
<Ngan cdm tao thanh hanh trinh con>:
NewA := <A loai bd dong r cot ¢>
TSP(edges+1,cost,NewA); (* di theo nhanh trdi *)
<Khéi phyc A bang cdch b6 sung lai dong r cot k>:
if LowerBound < MinCost then
begin (* di theo nhanh phai *)
Alrcl:= o0
TSP(edges, cost, A);
Afr.c]:=0;
end;
end;
<Khéi phuc ma tran A> ; (* thém lai cdc hang s6 rit gon
vao cdc dong va cOt tuong ting *)
end; (* of TSP *)
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Chucong 5. Bai todn 161 wu t6 hop

5.4 Bai toan lap lich gia cong trén hai may.
Thuat toan Jonhson

"Trong muc niy ta s€ thily vi¢c nghién citu k¥ cdc tinh chét cua bai todn 161 wu 8 hop
din dén vige xiy dung duge thuat todn rat hiéu qua dé giai né.

Xét bai todn l1ap lich gia cong trén 2 mdy, la trudng hop riéng cia bai todn lap lich
néu trong muc 5.1: Moi mot chi tiet trong s0 » chi tiét D, D,,..., D, can phai duoc 1dn
lugt gia cong trén 2 mily A, B. Thoi gian gia cong chi 1€t D, rén mdy A l1a «,, trén mdy
Blioh (i=1,2..,m. Hiy tim lich (trinh w gia céng) cdc chi tigt trén hai mdy sao cho
viéc hoan thanh gia cong tt ca cile chi tiét 1a sém nhat ¢6 thé duoc.

Gid thiét rang, trinh ty gia cong cdc chi tiét trén hai mdy 1a nhu nhau. Khi d6 méi
lich gia cong s€ tuong ing v&i mot hoin vi

= {m(1), m(2)..... i)
cha i sd tunhién 1, 2,..., n.

Ky higu s, 1, L thai diém bit diu va két thiic viéc gia cong chi tiét j trén mdy X,
J=1 2.0 X=A.B. Gia sttt la mt lich gia cong. Theo diéu kién clia bai todn, mdy
A ¢4 the bat ddu thue hién cong viée (1) vio thoi diém s,,, = 0 va cong viec (k) sau
khi thuc hién xong cong vice z(k-1), tic 1a

Stian 2 fmein. k=230 (1)
Miy B ¢6 thé bit ddu thuc hién cong viée (1) ngay sau khi mdy A ket thdc viéc gia
cong nd nic 1a vio thai diém

Smng 2 Tma - (2)
Miy B c6 thé bat ddu viéc gia cong chi tiét x(k) (k = 2, 3,..., n) sau khi cong viéc nay
duge thuc hi¢n xong trén mdy A va déng thoi né phai hoan thanh viée gia cong chi tist
n(Ak-1), tie 1a;

Sqor 2 MAX (g > foap) £=2,3,., 0 (3)

Thot gian d¢ hoan thanh viéc gia cong 4t ca cde chi tiét trén hai may [A T(n) = gy

R0 rang, vdi w ¢6 dinh, T(x) dat gid tri nhé nhat khi tat ¢ cdc ddu bat ding thite &
(1), (2), (3) duge thay boi dau ding thic, tic 12

S = O
Spam = Irpoias K =20 3., 1,
Snoe = Tmuas (4)

Iy = MAX (rl't[n,\ 4 tJT[,t.[JH)! k= 2-, 3,..., H.
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Phdn 1. Ly thuyét t6 hop

nghia la cic mdy s€ thuc hién ngay cdc cong viéc mot khi diéu kién cho phép.

Thi du 1. Xét bai todn khi n = 5. Thai gian gia cong céc chi tiét trén cic mdy duoc cho
trong bang sau:

e
N p, | b, | D, | D, | D,
May

A 3 4 6 5 6
B 3 3 2 7 3

Gia sir thuc hién viéc gia cong cac chi tiét theo lich mt = (1, 2, 3, 4, 5). Khi dé, theo cic
cong thic (4) ta tinh duogc

sSa=0; ta= 3;
Sy= 3 y= T,
Suw= T, h,=13;
sga=13; 1,,=18;
550 = 18; 15, =24;

(98]

ly= 6;
Sap =10
Sy =137 133 =15;
sy =18; 1, =25;
Ssp=25; 15, =28.

Sip=

~]

Dé biéu dién lich gia cong ngudi ta thudng sir dung so dé Gantt, trong d6 cic mdy dugc
bi€u thi theo truc tung, cdn truc hoanh dé biéu dién thoi gian. So dé Gantt, theo lich gia
cong thu dugc trong thi du da cho, ¢é dang trong hinh 1:

May
B Dl D2 3 D4 D5
Al DI| D2 D3 D4 D5
t
11 11 | I I | 1 1 1 1 | P . Ll F.l

Hinh 1.
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Thoi gian hoan thanh viéc gia cong tat ca cdc chi tiét theo lich thu duoc 1A T(n) = £, =
28. Tir hinh 5 nhan thdy ring trong cdch bg tri may B thuc hién viéc gia cong cac chi
tiét theo lich gia céng m c6 nhiéu khodng thoi gian mdy chét (trén hinh v& ddnh ddu
bang cich t& mau sdm). RO rang ta ludn co thé b uri lai viéc gia cong cha mdy B sao
cho khéng c6 cac khoang thoi gian chét nay bing cdch dén ching vao doan diu dé sau
dé may B hoat dong lién tuc va viéc nay khong lam tang thdi gian hoan thanh viéc gia
cong (gid tri fx,,,5). Chang han, dé thodt khoi cdc khoang thoi gian chét ciia may B trong
thi du, ta c6 thé bt ddu gia cong trén mdy B vao thdi diém d, = 10 (tc [ bing téng céc
khodng thdi gian chét trong hinh 5, cong véi fy,,). So d6 Gantt clia cdch b tri ndy cho
trong hinh 2:

May
B D1 D2 D3 D4 D5
A D1 D2 D3 D4 D5
t
1 1 L1 1 J T T | 1 1 1 1 [ T T | I I N |

Hinh 2.

Vi vy luon ¢é thé gia thiét ring, hai mdy sé thuc hién viec gia cong mét cich lién tuc,
M4y A bit ddu thuc hién viéc gia céng vao thdi diém d, = 0. Goi dj, 13 thdi diém may B
bt ddu thue hién viée gia cong cdc chi tiét. RS rang ta ¢é
H
T(m) = dgmy+ 2 b,

J=1
trong dé 6 hang thi hai 14 khong phy thude vao lich gia cong n. Ta cdn tim cong thic
tinh dg(n). DE thdy 1a dy(n) 1a bang tdng cda £y, va cdc khodng thi gian chét cha mdy
B kh. ta b6 trf mdy B thuc hién viéc gia cong cdc chi tiét theo cong thidc (4). Vi thé, ta
c6 cong thic sau diy, dé tinh dy(n): -

dg(m) = max AJ(m)
Ifu<n
trong dé
Al(ﬂ) =ty
i -1
A"(n) = z aﬂU’ = bnu}, 0= 2, ery n.
j=1 i=1
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Trong thi du 1, ta ¢6

Afm) =3,

Afmy=3+4-3=4;
Ay=3+4+6)-3+3)=7;
Ar)=C3+4+6+5-(3+3+2)=10;
AfR)=(3+4+6+5+6)-(3+3+2+7)=9;

Vay dy(r) = 10.
Nhu vay bai todn dat ra dan vé bai todn t&i uu té hop sau
min { dy(r) . m e P}.

trong do P la tap cic hodnvicua 1, 2, ..., n.

Bé dé 1. Gid sit = (rn(1),..., ©(k-1), n(k), n(k+1)...., n(n)) la mot lich gia céng con ww
la lich gia conyg thu dugce iy 1t bdng cdch hodn vi hai phdn ur n(k) va n(k+1):
it = (n(1),..., n(k-1), n{k+1), n(k),..., n(m)).
Khi dé néu
min (s bl’t(}'.-q)) < min (bl"t(,hs anu—ny) (5)
thi
dy(m) < dy(n'). (6}
Chimg minh. Do r, n' chi khdc nhau & vi trf thir & va k+1 nén ta ¢6
Almy=An) voi u=1,.. k1,k+2,... 5
Tir d6 d€ ching minh (6) ta chi cdn ching td
_ max (A,(m), 4., (M) < max (A7), A, (7)) (7
That vay, bat ding thic (7) tuong duong véi
max (A (%) - &, A, (1) - 8) < max (A(') - 8, A, (1) - §) (8)

véi moi gid tri 5. Chon
kit k-

|
8=~ b,
=1 )
va dé ¥ rang
k k-1
Afn) = 2 Argy - > bl‘t{j) s
= <1

ta nhan dugc (8) dudi dang
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Chuong 5. Bai todn t61 wu t6 hop

mMax (-dxy,p -Pryy) € Max (-anyy -brga,)
— 'min (aﬂ“.*_”, })Hl“) S “mln (ar((“, bl'f(kq-[])

< min (@ryys bn(kn)) < min (br:u.-)s Aripar))

nghia la (7) tuong duong véi (5). BS dé duoc chimg minh.

BO dé 2. Néu i, j, k la ba chi 56 thod madn

min {a;, b,) < min (@, b) 9
min (a;, b,) < min (g, b)) (10

trong do c6 it nhdt mot trong hai bdt ddng thitc trén I bat déng thite chet, thi
min (a,, b,) £ min (a,, b,) (11)

Chimg minh. Gié sir trong (9) ta cé a; < b, va a, < b, con trong (10) ta c6 a<bvaa <
b, Khi d6 tr (9) suy ra g, < a;, con tir (10) suy ra a<a.Tuclatacba, < b, a,< b vaa,
<a, trdésuyracé(11).

Chimg minh tuong tu cho 15 trudng hgp con lai, ta thu duge bd dé.

Binh Iy Johnson (1954). T(x) dat gid tri nhd nhdt khi lich gia cong = (1), AD),...,
nY) thod mdn

Min (g, Brgary) < MIN By, drmgy 1) (12)
véimoik=1,2,., n-1. '

Chirng minh. Thuc vay gia si
T = (n'(1), T'(2),..., ®'(n))

1a lich gia cong t6i wu. Néu 7' khong thod mén (12), thi theo b6 dé 1, khi thay déi vi tr{
cua hai phan 6 lién nhau twong ting trong né, ta thu duoce lich gia cong moi  véi dy(n)
khong 10n hon dy(n"). Qud trinh nay duge 13p lai d6i vdi n cho dén khi thu duge lich
thoa mén (12). BS dé 2 dim bao dugc rang viée lap nhu thé 12 két thic. Dinh 1y duoc
ching minh. ’

Dinh 1y vira chimg minh chi cho ching ta co s& xay dung thuat todn giai bai todn
dat ra. Gia su
x= min {(a,b).
1€i<n
Xét hai truomg hop:
1) Néu x = a, véi mot & nao dé thi ta cé min (a,, b) <min (b, @) véi moi j k. Vi
the chi tiét D, phai duge gia cong diu tién trong lich t&i uu,
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Phdn 1. Ly thuyét td hop

2) Néu x = b, v6i mot p ndo d6 thi ta cé min (a,, b,) > min (b, «) véi moi j #p. Vi
the chi ti€t D, phai dugc gia cong cudi cling trong lich t6i uu.
Tir d6 nhan duge thuat todn sau day

Thuat toan JOHNSON

1. Chia céc chi tiét thanh 2 nhém: nhém N, gbm cdc chi tiét D, thoa man a, < b,
tirc 1 min (a,, b,) dat dugc tai a,, vi nhdm N, gém céc chi tiét D, thoa mén a, >
b, titc 12 min (g, b;} dat dugc tai b, Cic chi tiét D, thoa min a4, = b, xép vao
nhom nio cing dugce.

2. Sap xép céc chi tiét trong N, theo chiéu ting cla cdc a, vi sip x&p cdc chi tiét
trong N, theo chiéu gidm cla cac b,

3. Noi N, vao duéi N,. Diy thu duge (doc tir trai sang phai) s€ 1a lich gia cong t6i
.

Quay trd lai giai bai todn trong thi dul theo thuat todn Johnson: Cac két qua duroc tinh
trong timg budc nhu sau:
1. Chianhém: N,={D,D,}; N,= {D,. D,, D}

2. Sap xé€p N, theo chiéu ting cha cdc a; va sip x&p N, theo chiéu gidm cla céc b;:
N, =D, Dy); Ny =(D,, Ds, D3)

3. N&i N, vao dudi cua N, ta duge lich gia cong t6i uu:
n=(D, D, D, D, D,).

So 46 Gantt cia lich nay duge cho bdi hinh 3 vé6i thdi gian hoan thanh viéc gia cong 1a
T{m) = 26;

May
B D1 D4 D2] D5 3
Al D1| D4 D2 D5 D3
t
[N TN A N I S N N N N N T N A S T N N T O I |
Hinh 3.

R4 rang c6 nhiéu lich t6i wu, ching c6 thé khdc nhau vé thdi diém bit ddu cha mdy B
nhung déu chung nhau mot théi diém két thic. Ching han mot lich t6i vu khéac cna thi
duwénlan' =(D, D, D, D,, D,) v6i so dé Gantt cho bai hinh 4:
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Chucng 5. Bai todn 167 wu t6 hop

May
B D4 D1 D5 D2 3
A D4 D1 D35 D2 D3
t
I [ 1 1 1 1 1 1 1 1 L1 1 11 L 1 1 1 1
Hinh 4.
Chu y.

1) C6 thé chimg minh duge ring viéc tim lich gia cong dudi dang méi may mot
trinh tr gia cong riéng khong dan tdi viéc hoan thanh gia cong cac chi ti€t sdm hon. Vi
vay, thuit todn Johnson van cho két qua diing ca bai todn ma khong c4n cé gia thiét
rang trinh ty gia cong trén hai mdy phai nhu nhau.

2) K§ thuét ching minh dinh 1y Johnson dua trén b dé 1 12 mot k¥ thuat co bin
trong 1y thuyét 1ap lich, né duge biét dudi tén goi: Thii thudt hodn vi.

3} Khong thé thu duge dinh 1y tuong ty nhu dinh 1y Johnson cho trudng hop bai
todn 3 mdy hoac nhi¢u hon. Trong truémng hgp téng quét, hién nay chira ¢é phirong phap
hiru hiéu nao dé gidi ching ngodi viéc st dung phuong phdp nhdnh can.

Mot sé trudmg hop riéng c6 thé dan vé bai toan 2 may.
Xét bai todn gia cong # chi tiét trén 3 mdy theo thi tr A, B, C véi bang thdi gian a,, b,
¢, =1, 2,.., n, thod man:

maxb, < ming, hoic maxb, < ming,
1 i -

i ! i

tic 1a thoi gian gia cong clia mdy B kha nho so vdi A hoic C.

Khi dd, lich gia cong 161 uu trén 3 mdy s& triing v6i lich gia cong 161 vu trén 2 mdy:
mdy thd nhat véi thoi gian ¢, + b, v mdy thit hai vdi thoi gian b, + ¢, (dé ¥ rng chi ¢6
lich t0i uu ciia ching 14 triing nhau con thdi gian gia cong eha ching 12 khac nhau).

Thi du 2. Thi gian gia cong 5 chi tiét trén cdc mdy A, B, C cho bdi bing sau:

Chi tiét D, D, D, D, D,
May ‘

A 7 11

B 6 5 3 5 3

C 4 12 7 8 3
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Phan I. Ly thuyét 16 hop

Thi lai max b; =6 < min g, = 6, do d6 bai todn duge din vé viec tim lich gia cong t6i
uu trén 2 may A', B":

Chi tiét D, p, | b, | b, | D,
May

A 13 16 11 12 9

B 10 17 10 13 6

Lich gia cong t6i wu tim duoc 1a n = (D, D,, D, D,, D,) v6i thi gian hoan thanh T(x) =
49 va so d6 Gantt cho béi hinh 5:

My
C 4 2 [ 1] 3 ]5
B 4 2 W B E
Al 4 2 1 3 5
t

Hinh 5.
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Chuong 5. Bai todn 161 ww 16 hop

Bai tap

1. Ap dung thuat todn nhénh can giai bai todn ngudi du lich vé&i ma tran chi phi sau

a)

A B C D E
A 0 8 5 22 11
B 4 0 9 17 27
C 15 7 0 12 35
D 5 27170 29
E 23 21197 0
b)
A B C D E
A 0 5 37 21 29
B 42 0 31 7 33
C 31 27 0 318
D 49 33 14 0 39
E 6 41 32 38 0
<)
A B C D E
A 0 8 5 2211
B 4 0 9 17 27
C 15 7 0 12 35
D 5 2717 0 29
E 23 21197 O

Thanh ph6 xuat phdt 13 A. Qu4 trinh giai theo thudt tcdn trinh bay trén cay 11 giai.

2. Giai cdc bai todn cdi tii sau day bang thuat todn nhénh can

a)
17,4+ 8Bx,+6x;+3x, > max
Tx,+ 60,+4x,+2x, <19
x;20,nguyén, j=1,2, 3,4,
b)
16 x,+ 9x,+7x,+5x, > max
6+ 5x%+3x+2x, <17
x20,nguyén,j=1,2,3,4.
c)

16 v, + 8x,+ 6 x,+x, > max
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Phdn 1. Ly thuyét t& hop

Tx +6x,+4x,+ x, <26
x;z0,nguyén, j=1,2,3,4,
Qud trinh thyc hig¢n thudt todn mé ta trén cay tim ki€m 1oi giai.

3. Mo ta thuat todn quay lui dé giai bai todn sau:

Cho n s6 nguyén duong «,, 4,, ..., 4,. Timcac sé s, € {-1, 1},i=1,2, ..., n sao cho

L
| Za,.s!. [
P

14 nhd nhat.

4. Bit dang thitc sau day c6 tén I bat ding thitc hodn vi dugc st dung trong viée phat
trién thuit todn giai nhiéu bai todn 1ap lich: Cho hai diy sd thuc a,, Gys s @, VA b, by,
v By trong A6 by 2 b, > ... 2 b, Gid st (o(1), 6(2), ..., (1)) va (y(1), ¥(2), ..., y(m)) 1A
cdc hodn vi cua cdc 86 1, 2, ..., # thoa man

a,28,,2..24

Khi d6 bat dang thic

I L N
Zaa(i)bi < Zaxu)b: < zal’{f}bi »
i=1 i=t 1=I

duogce thuc hién véi moi hodn vi (n(1), n(2), ..., i{n) cuacacsd 1, 2, ..., a.

Ay S,y S...5a

vin)? a{n)*

Nhu 14 vi du dng dung, xét bai todn lap lich sau day: C6 n khdch hang dén thue
thie hién chuong trinh trén mdy tinh song song tai trung tAim mdy tinh hiéu nang cao.
Biét rang thoi gian can thiét dé chay xong chuong trinh clia khdch hang i la ¢, i =1, 2,
.., 1. Gia thiét 13 thdi gian d€ mdy chuyén tir viée thire hién chuong trinh nay sang thuc
hién chuong trinh khéc 1a bing 0, hiy tim trinh tu thuc hién cdc chuong trinh sao cho
téng thdi gian chd doi clia tat ca # khéch hang 12 nho nhat.

Sir dung bat dang thiic hodn vi dé chi ra ring trinh tu cin tim 12 trinh tu khdng giam
cua thoi gian thuc hién cdc chuong trinh.
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Phdn 2, Ly thuyét dé thi

cdc mdy tinh va c4c kénh dién thoai (goi tt la kénh thoai) néi cdc mdy tinh nay. Chiing
ta c6 thé biéu dién cdc vi tri dat mdy tinh bdi cac diém va céc keénh thoai ndi chiing bdi
cdc doan nédi, xem hinh 1.

Ha 1ay Baéng nai Hué An Giang

o Khinh hod

Quang ngii Dédng thiap Long An

Hinh 1. So d6 mang mdy tinh

Nhan thay rang trong mang & hinh 1, gitta hai mdy bat ky chi ¢6 nhiéu nhat 13 mat kénh
thoai ndi ching, kénh thoai nay cho phép lién lac cd hai chiéu va khong ¢6 may tinh
nao lai duge n6i vdi chinh né. So d6 mang mdy tinh cho trong hinh 1 dugc goi 1a don dé
thi vé huong. Ta di dén dinh nghia sau

binh nghia 1. Don dé thi vé huing G = (V.E) bao gom V 1a tdp cdc dinh, va E la tdp
cdc cdp khong ¢o thir tw gém hai phdn it khdc nhau cua V goi la cdc canh.

Trong truomg hop giira hai mdy tinh nao d6 thudng xuyén phdi truyén tai nhiéu thong
tin ngudi ta phai ndi hai mdy nay béi nhiéu kénh thoal. Mang véi da kénh thoai gilta cic
mdy dugc cho trong hinh 2.

Ha 1ay ' Déng nai Hué An Giang

¥ Khénh hod

Quing ngéi

Hinh 2. So d6 mang may tinh vdi da kénh thoai

bPinh nghia 2. Da d6 thi vé huwing G = (V.E) bao gom V a tdp cdc dinh, va E Id ho cde
cdp khong co thit 1y gom hai phdn tit khdc nhau ciia V goi la cde canh. Hai canh e, va
e, duge goi la canh Idp néu chung ciing tiwong ting véi mét cdp dinh.
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Chuong 1. Cde khai niém co bdn cia Iy thuyét dé thi

Ha tay Péng nai Hug An Giang

Quing ngai Déng thip

Hinh 3. So d6 mang mdy tinh véi kénh théng bio

R4 rang moi don dé thi déu 1a da dé thi, nhung khong phéi da d6 thi nao ciing 13
don d6 thi, vi trong da d6 thi ¢6 thé ¢6 hai (hoac nhiéu hon) canh néi mot cap dinh nao
ds.

Trong mang mdy tinh ¢6 thé ¢é nhimg kénh thoai néi mét may nao dé véi chinh né
(chéng han v6i muyc dich thong bdo). Mang nhu viy duge cho trong lnh 3. Khi d6 da
d6 thi khong thé m6 ta duge mang nhu vay, bdi vi ¢6 nhiing khuyén (canh néi mét dinh
vdi chinh né). Trong trudng hop nay chiing ta cin str dung dén khai niém gid dé thi vo
huong, duge dinh nghia nhu sau

Dinh nghia 3. Gid do thi vo huong G = (V,E) bao gém V 1a tdp cdc dinh, va E lé ho
cde cdp khong o6 thir e gdm hai phdn i (khdng nhdt thiét phdi khdc nhau) ciiaV goi la
cde canh. Canh e duoc goi la khuyén néu né c6 dang e=(u,u).

Cic kénh thoai trong mang mdy tinh ¢6 thé chi cho phép truyén tin theo mot chiéu,
Chéng han, trong hinh 4 mdy chi & Ha néi chi c6 thé nhan tin tir cic mdy & dia phuong,
c6 mot s6 mdy chi cé thé gii tin di, cdn cdc kénh thoai cho phép truyén tin theo ca hai
chiéu dugc thay thé bdi hai canh ¢ hudng nguge chiéu nhau.

An giang

Khanh hoa

Quing ngdi Béng thap

Hinh 4. Mang mdy vdi cdc kénh thoai mot chiéu
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Phdn 2. Ly thuyét do thi

Thi du 3. Xét dd thi cho trong hinh 2. Ta ¢é
deg(A) =2,deg(B) =3,deg(C) =1, deg(D) = 2, deg(E) = 2.
deg™(A) = 3,deg"(B) =2, deg"(C) = 2, deg"(D) = 2, deg*(E) = 1.

Do méi cung (u,v) s& dugc tinh mot 14n trong bdn bac vio cta dinh v va moét ldn
trong ban bic ra cua dinh u nén ta cé:

Dinh Iy 2. Gia s G=(V E) la dé thi ¢6 huong. Khi dé

Ydegt(v)= Tdeg” (v)=|E|
vel vel

Rét nhiéu tinh chit cla d6 thi ¢6 hudng khong phu thudc vao hudng trén cdc cung cla
nd. Vi vay, trong nhié¢u truong hgp sé thuan tién hon néu ta bo qua hudng trén cdc cung
ctia d6 thi. D3 thi vo hudng thu duge bang cach bo qua huéng trén cic cung duge goi la
do thi vé hudmg tuong img véi d6 thi ¢6 huéng da cho.

1.3. Budng di, Chu trinh. D3 thi lién thong

binh nghia 1. Puong di dj dai n tie dinh u dén dinh v, trong dé n 1d s6 nguyén duong,
trén dé thi vé hueng G=(V.E) la ddy

gy Xps o ooy Xppa X,
trongdéu=x, v=x, (x,x,)cE i=0,1,2,..,nl.
Buomg di néi trén con cé thé bidu dién dudi dang day cic canh:

(Xp, X)), (0, %5), -0, (g, X,
BDinh u goi la dinh ddu, con dinh v goi la dinh cudi cia duimg di. Duong di 6 dink ddu
triing vai dinh cudi (tic Ia u = v) dwoc goi la chu trinh. Duong di hay chu trinh dugc
goi & don néu nhi khéng cé canh nao bi ldp lai.

Thi du 1. Xét d6 thi vo hudng cho trong hinh 1:

a b c a b ¢
\\\\ \
~, \\
d € f

Hinh 1. Budng di trén d6 thi



21-TRR

Chuong {. Cdc khdi niém co bdn cda 15 thuyét d6 rhi

Ta co: a, d, ¢, f, e 1a dudng di don do dai 4. Cdn d, e, ¢, a khéng 1a dudng di, do (e, ¢)
khong phai 1a canh chia d6 thi. Day b, ¢, f, e, b 12 chu trinh do dai 4. Pudng di a, b, ¢, 4.
a, b ¢¢ 40 dai 1a 5 khong phai la dudng di don, do canh (@, #) c6 mit trong né hai l4n.

Khéi niém duong di va chu trinh trén d6 thi ¢6 hudng duge dinh nghia hodn toan
tuong ty nhu truomg hop d6 thi vo hudng, chi khic 1a ta ¢6 chii ¥ dén hudng trén cdc
cung.

Pinh nghia 2. Pudng di d6 dai n tix dinh u dén dinh v, trong dé n la sé nguyén duong,
trén do thi c6 huing G=(V A} la ddy

Xov Xpo o ooy X)) X,
trongdo u=x, v=x, (x,x,)€A, i=0,1,2, ..., n-l.
Dudng di néi rén con ¢é thé biéu dién dudi dang ddy cdc cung:

X X))y X, x), .. (X, X)),
Dinh u goi la dinh déau, con dinh v goi 1a dinh cuéi ciia duimg di. Puong di cé dinh ddu
trung vai dinh cudi (tic la u = v) duoc goi la chu trinh. Dudmg di hay chu trinh dwoc
goi la don néu nhu khong o6 cung nao bi lap lai.

Thi du 2. Trén d6 thi cé hudng cho trong hinh 1: g, d, ¢, f, e 13 dudng di don do dai 4.
Con d, e, ¢, a khong 1a dudng di, do (e,c) khong phai 1a cung ctia d6 thi. Day b, ¢, f, ¢, b
1a chu trinh d¢ dai 4. Budng di a, b, ¢, d, a, b ¢6 do dai 1a § khéng phai 1a dudng di don,
do cung {a.b) ¢6 mat trong né hai lin.

Xét mot mang mdy tinh. Mot cau héi dat ra 12 hai mdy tinh bét ky trong mang niy
c6 thé trao déi thong tin dugc véi nhau hodc 1a truc tiép qua kénh néi chiing hoac théng
qua mdt hodc vai mdy tinh trung gian trong mang? Néu sir dung d6 thj dé biéu dién
mang mdy tinh nay (trong d6 cdc dinh chia d6 thi tuong dng vdi cdc may tinh, con cic
canh tuong g véi cic kénh néi) cAu hoi d6 duge phdt biéu trong ngén ngit d6 thi nhu
sau: Ton tai hay chiang dudng di gitta moi cap dinh clia d6 thi?

Dinh nghia 3. D6 thi vo huong G= (V,E) dugc goi la lién thong néu lion tim duoc
duong di gita hai dinh bét ky ciia né.

Nhu vay hat mdy tinh bit ky trong mang ¢é thé trao déi théng tin dugc v6i nhau khi va
chi khi d6 thi tong tng véi mang nay 1a dé thi lién thong.

Thi du 3. Trong hinh 2: B8 thi G 1a lién thong, con dé thi H 14 khong lién thong,
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Plian 2. Ly thuyét do thi

a h
— -
c H,
S T N
H, H,
g f

H

G
Hinh 2. D6 thi lién thong G va dé thi H gém 3
thanh phan lién thong H,, H,, H,.
Dinh nghia 4. Ta goi db thi con ciia d6 thi G = (V.E) la dé thi H = (W, F), rong dé
Wc Vv Fg E.
Trong trudng hop d6 thi 14 khong lién thong, né s& rd ra thanh mot sd dé thi con lién

thong doi mét khong ¢é dinh chung. Nhing d6 thi con lién thong nhu vay ta sé £oi la
cdc thanh phdn lién théng ciia dé6 thi.

Thi du 4. Do thj A trong hinh 2 gdm 3 thanh phan lien théng A, H,, H.,.

Trong mang mdy tinh ¢6 thé ¢6 nhimg mdy (nhiing kénh n6i) ma sy héng héc cla
né s€ anh hudng dén viéc trao déi thong tin trong mang. Cac khai niém tuong ting véi
tinh hudng nay duge dua ra trong dinh nghia sau.

binh nghia 5. Dinh v dugc goi 1a dink ré nhdnh néu viéc loai bd v cing véi cdc canh
lién thugc véi nd khi do thi lam tdng 5o’ thanh phdn lien thong ciia do thi. Canh e ditoc
01 1a cdu néu viéc loai b6 né khoi do thi lam tang sé thanh phdn lién théng cuia dé rhi.

Thi du 5. Trong dé thi G & hinh 2, dinh d v ¢ 1A dinh r& nhdnh, con cdc canh (d,g) va
(e ) la cdu.

Doi véi do thi c6 hudng cé hai khdi niém lién thong phu thudc vao viec ta cé xét
dén hudng trén cdc cung hay khéng.

Pinh nghia 6. D3 thi c6 huong G= (V.A} duoc goi la lién thong manh néu luon tim
duge duong di gidta hai dinh bat ky ctia né.

Dinh nghia 7. D6 thi ¢6 hong G= (V.A) duoc goi 1a lién thong véu néu do thi vé huimg
tong ung voi nd la do thi vé huong lién thong.

R6 rang néu d thi 1a lién thong manh thi né ciing 13 lién thong yéu, nhung diéu nguoc
lai 1a khong iu6n ding, nhu chi ra trong thi du dudi day.
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Chuong 1. Cdc khdi niém co bdn ciba 1y thuyét do thi

Thi du 6. Trong hinh 3 d6 thi G 1a lién thong manh, con H 12 lién théng yéu nhung
khong 1a lién thong manh,

Hinh 3. Do thi lién thong manh G va d6 thi lién thong yéu H

Mot cau hoi dat ra Ia khi ndo ¢6 thé dinh hudng cdc canh clia moét dé thi vo huéng
lien thong d€ c6 thé thu duge d6 thi c6 hudng lién thong manh? Ta sé goi do thi nhu vay
1a d6 thi dinh hudng duge. Dinh 1y dudi day cho ta tiéu chufin nhan biét mot do thi ¢ Ja
dinh hudng duge hay khong.

Binh 1y 1. Do thi vé hudng lién thong la dinh hntong duoc khi va chi khi méi canh ciia
no ndnt trén it nhdt met chu trinh.

Ching minh. Diéu kién cdn. Gia sl (1,v) 1a mot canh clia d6 thi. Tir sir tén taj dudng
di ¢6 hudng tir « dén v va nguge lai suy ra (#,v) phai ndm trén it nhat mot chu trinh,

Diéu kién dii. Thi tuc sau day cho phép dinh huéng cic canh ciia dé thi d€ thu duoc dé
thi ¢6 hudng lien thong manh, Gid sir C 1a mot chu trinh nao dé trong d6 thi. Pinh
huéng cdc canh trén chu trinh nay theo mot hudng di vong theo nd. Néu tat ¢ cic canh
cua do thi 1 dii duge dinh hudng thi két thic thd tuc. Nguoe lai, chon e 1a mot canh
chua dinh huéng c6 chung dinh véi it nhat mét trong s6 cic canh da dinh huéng. Theo
gid thiét fim dugc chu trinh C* chifa canh e. Dinh huéng cdc canh chua duoe dinh
hudng cua C* theo mot huéng doc theo chu trinh nay (khong dinh hudng lai cic canh da
c6 hudng). Thi tyuc trén s& duge 1dp [ai cho dén khi tat ci cdc canh cta d6 thi duge dinh
hudng. Khi do ta thu duge d6 thi ¢6 huéng lién thong manh.

1.4. Mot s6 dang db thj dac biét

Trong muc nay ta xét mét s6 dang don do thj vo huéng dac biét xuat hién trong nhiéu
vin dé Gng dung thuc t&,

Do thi day dh. Do thi ddy di » dinh, ky hiéu bdi K, 13 don dé thi vo hudng ma gita
hai dinh bat k¥ cta né ludén cé canh néi.



Phdn 2, Ly thuyét do thi

Céc d6 thi K, K, K cho trong hinh 1 duéi day.

K, X, K,
Hinh 1. P& thj diy du
Dé thi day du K, ¢6 tat ci n(n-1)/2 canh, né 13 don dé thi ¢é nhiéu canh nh4t.

Do thi vong. DS thivong C,, n 23, gdm ndinh v, v,, .. ., v, va cdc canh
(Vl! v2)! (VZ’ V}), ey (vn-i’ V“), (V”, vl)'

b6 thi vong C;, C,, C;, C, cho trong hinh 2.

A )

Hinh 2. D6 thi vong C,, C, , Cs, C,

Do thi banh xe. D6 thi W, thu duge tir C, bing cich bd sung vio mot dinh mdi néi

véi tdt ca cac dinh cta C, (xem hinh 3).
W, W, Wy W

Hinh 3. D6 thi binh xe W,, W,, W,, W,

Do thi lap phuong. D4 thi lap phuong n dinh @, 14 d6 thi v6i cde dinh biéu dién 2"
xau nhi phan d¢ dai #. Hai dinh clia n6 1a ké nhau néu nhu hai x4u nhi phan tuong img
chi khic nhau 1 bit, Hinh 4 cho thdy @, véin =0,1,2, 3, 4.
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Chuong 1. Cdc khdi ni¢m co ban cda Iy thuyét dé thi

Hn=

Hinh 4. D6 thi 1ap phuong Q,

D6 thi hai phia. Pon dé thi G = (V,E) duge goi 1 hai phia néu nhu tap dinh V cla né
c6 thé phan hoach thanh hai tap X v Y sao cho méi canh cia d6 thj chi néi mot dinh
nao dé trong X v6i mot dinh nao dé trong Y. Khi d6 ta s€ sit dung ky hiéu G=(X\ Y, E)
d€ chi dé thi hai phia v&i tap dinh XUY.

Binh 1y sau day cho phép nhan biét mot don dé thi c6 phai 13 hai phia hay khong.

binh 1y 1. Don do thi la do thi hai phia khi va chi khi né khéng chita chu trinh do dai
té.

D¢ kiém tra xem mot d6 thi lien thong c6 phai 13 hai phia hay khong c6 thé dp
dung thi tyc sau. Chon v 13 mét dinh bat ky cua dé thi. Dat X = {v}, cdn Y Ia tap cdc
dinh k& ctia v. Khi d6 cdc dinh ké clia cdc dinh trong Y phii thuoe vao X. Ky hiéu tap
cdc dinh nhu vay 12 T. Vi thé néu phét hign TnY # & thi d6 thj khong phai 1a hai phia,
ket thic. Nguge lai, dat X=X T. Tiép tuc xét nhu vay d6i véi T’ a tap cdc dinh ké
cuaT,...

D6 thi hai phia G=(XUY, E) véi | X|=m,|Y|=n duogc goi la dé thi hai phia
ddy di va ky hiéu 1a K,,, néu méi dinh trong tap X duoc néi véi mdi dinh trong Y. Cic
dd thi K,,, K;,, K, , dugc cho trong hinh 5.
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Phan 2. Ly thuyét do thi

Hinh 5. D6 thi hai phia

Do thi phang. D6 thi duge goi 13 dé ihi phing néu ta c6 thé vé né rén mat phing sao
cho cic canh cua nd khong cit nhau ngodi & dinh. Cich v& nhu vay s& duge 2ol a biéu
dién phing clia d6 thi.

Thi dy dé thi K, 12 phéng, vi c6 thé v& né trén mat phing sao cho cic canh cla né
khong cit nhau ngodi & dinh (xem hinh 6).

Hinh 6. D6 thi X, 13 dé thi phing

Mot diem ding luu ¥ 1a néu d6 thi [a phing thi luén ¢ thé vé né trén mat phang
V61 cde canh néi 13 céc doan thing khong cit nhau ngoai & dinh (vi du xem cach vé K,
trong hinh 3).

D¢ nhan biét xem mot d6 thi c6 phai 1a dé thj phing 6 thé sir dung dinh ly
Kuratovski, md dé phdt biéu né ta cin mot s khdi niém sau: Ta goi mot phép chia
canh (1,v) cla d6 thi 1a viéc loai bé canh nay khoi dé thi v thém vao dé thi mot dinh
moi w cung v6i hai canh (u,w), (w.u), Hai dé thy G=(V, Eyva lf = (W, Fy duge goi 1a
dong cdu néu ching ¢6 thé thu dugc tir ciing mét dé thi nio dé nhd céc phép chia canh.

Binh Iy 2 (Kuratovski). D6 thi I phing khi va chi khi né khong chita do thi con dong
cdu vai K, hode K.

Trong trudng hop ri¢ng, d6 thi K, va K, khong phai 12 dé thi phing. Bai todn vé
tinh phing clia d6 thi K, , 1 bai todn d6 ni tiéng vé ba cdn hi6 va ba hé thong cung cdp
nang ligng cho chiing: Can xay dung hé théng dudng cung cap dién, hoi dét va nudce
cho ba cin ho, n6i mdi mot trong ba nguén cung cip nang luong véi mbi mot cin ho
61 trén sao cho chiing khong cit nhau,
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Churong 1. Cdc khdi niém co bdn cua IV thuyét do thi

D6 thi phang con tim duge nhiing tng dung quan trong trong cong nghé ché tao mach
in. Bi€u dién phang cta dé thi s& chia mat phing ra thanh cic mién, trong dé ¢6 thé ¢6
ca mién khong bi chan. Thi du, biéu dién phing cta dé 1hi cho trong hinh 7 chia mat
phing ra thinh 6 mién R, R,, ..., R,.

Hinh 7. Cic mién wong ting vdi biéu dién phang cla dé thi

Euler di ching minh dugc ring cdc cdch biéu dién phang khdc nhau cia mot dd thi
déu chia mat phing ra thinh cing mot s¢ mién. P& ching minh diéu d6, Euler di tim
dugc moi lién hé gilta s6 mién, s6 dinh cda dd thi viusé canh cba dé thi phing sau day.

Binh Iy 3 (Cong thie Euler). Gia sir G la d6 thi phing lién thong véi # dinh, m canh.
Goi r 12 6 mién cla mat phéng bi chia bdi biéu dién phing cta G. Khi d6

r=mi-n+ 2.

C6 the chimg minh dinh 1y bing qui nap. Xét thi du minh hoa cho dp dung cong
thire Euler.

Thi du. Cho G 1a d4 thi phang lién thong véi 20 dinh, méi dinh déu ¢6 bac 1a 3. Hoi
mat phing bi chia lam bao nhiéu phin boi biéu dién phing clia d6 thi G?
Giai. Do mdi dinh cia dé thi déu c6 bac 13 3, nén tdng bac cha cac dinh 1 3x 20 = 60.
Tt do suy ra s6 canh cla dé thi m = 60/2 = 30, Vi vay, theo cong thitrc Euler. s6 mién
cdn tim I3

r=30-20+2=12,



Phan 2. Ly thuyét d6 thi

Bai tap

1. X4c dinh bac clia cic dinh trong d6 thi G,. Xdc dinh ban bac ra va ban bac vao cla
cdc dinh clia d6 thi Gy,

2. V& d6 thi vo huéng G = (V,E) cho boi:
V={A,B,C,DE F}
E={(EG), BF).(D.C),(D.F),(FB), (CF),(AF),(ED))
3. V&i méi d6 thi trong cdc d6 thi sau day hiy cho biét né ¢6 1a dé thi hai phia hay

khéng? Né€u cau tra 10i 12 khing dinh, hiy chi 6 cdch phén hoach tap dinh thanh hai tap
dinh sao cho canh ndi chi ¢6 giifa hai dinh thudc hai tap khdc nhau.

a. b.
T e
d. f 2 [\ 1 5
3 .
5 —* 2 6
3 4 k4 o 7
4 =]
f. g. 1
2
3 s
4 6

3. Cho don d6 thi vo hudng lién thong G = (V, E) véi n dinh.
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Chuomg I. Cdce khdi niém co bdn ciia 1y thuyét do thi

a) Ching minh ring luon tén tai dudng di don n6i hai dinh «, v bat k¥ ciia do thi.

(Gor y: Pudmg di cdn tim 1a dwdng di ngdn nhdr theo s6 canh)

b) Chimg minh ring ludn t6n tai dudng di qua khong qud » dinh ndi hai dinh «, v
bat k¥ cta dé thi.

(Goi y: Duong di can tim la dudng di ngdn nhdt theo s6 canh).
4. Cho G ta don dd thi v hudng véi n dinh, m canh, & thanh phén lién thong. Ching
minh rang;

n-k < (k) (n-k+ 1)/ 2.

Tir d6 suy ra d6 thi n dinh véi s& canh 16n hon (n-1)(n-2)/2 12 lién thong.

(Goi ¥: Chimg minh bang qui nap theo sé canh ciia dé thi).

5. Ching minh riing trong don dd thj v&i n > 1 dinh luén tim duoc hai dinh khong la
dinh ré nhdnh.

6. Ching minh ring dinh « trong don dé thi lién thong G 13 dinh r& nhdnh khi va chi
kni tim dugc hai dinh v v w (v,w # ) sao cho moi dudng di néi v va w déu di qua dinh
i,

7. Ching minh rang canh e trong don dé thi G 1a c4u khi va chi khi né khong thudc bét
¢1r chu trinh nao trong G.

8. Cho G 14 d6 thi hai phia véi n dinh va m canh. Chimg minh riing m < #’/4.

9. Cho G 1a d6 thi hai phia v6i n dinh va m canh. Goi K vi & 1 bac 16n nhat va nho nhat
cua céc dinh cha G. Chiéng minh ring
m <2min <M.

10. D6 thi vo hudng duge goi la chinh qui bic k néu tat ¢i cic dinh clia né déu o6 bac
la k. Véi gid tri ndo clia # d6 thi sau la chinh qui?

a) K,
b)C,
AW,

d) Q,

11. Ta goi d6 thi G’ 14 do thi bir clia don d6 thi G néu céc dinh cha né 12 dinh cta dé
th1 G vi hai dinh chia G*1a ké nhau khi va chi khi ching 12 khong ké nhau trén G. Hiy
v€ cicdé thibicia kK, K, ,,C,, O,
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Phan 2. Ly thuyét dé thi

12. Hai don d6 thi v6 huéng G, = (V, E)) va G, = (V,, E,) duoc goi 1a ddng cdu néu tén
tai mot song dnh f: V, — V, sao cho (u,v) e E, khi va chi khi (f(u), f)) € E,. Thi du,
hai d6 thi G, va G, cho trong hinh duéi day 1 ding cdu

G,
Song dnh f duoc xdc dinh nhu sau: fiA)=1, AB)=2, fC)=3; AD)=4, AE)=5, f(F)=6.
Hoi hai d6 thi sau day c6 dang cau hay khong?

b)
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Chicong 1. Cdc khdi niém co bdn ciia 1y thuyét do thi

13. V6i méi do thi trong cdc dd thi sau day hay cho biét né c6 13 do thi phing hay
khong. Néu cau tra 15 1a khang dinh hay trinh bay cdch v& dé thi sao cho cic canh

khéng cét nhau ngoai & dinh:

a) b)
) d)
) f)

14. Hdi rang d6 thi O, ¢6 phai la phing khong? Trong trudng hgp cau tra 1i la khang
dinh hily v& né trén mit phang sao cho khong cé canh nio cit nhau.

15. Cho G [a don d6 thi phing lién thong véi 20 dinh va méi dinh cGa né déu 6 bac la
3. Héi rang khi v& G trén mit phing thi mat phang bi chia lim bao nhiéu phén ?

16. Bai todn t6 mau do thi: Cho don dé thi v6 huéng G = (V,E). Hay tim cdch gén cho
méi dinh cia dé thi mét miu sao cho hai dinh ké nhau khong bi t6 bdi cling mét mau.
Mot phép gdn mau cho cdc dich nhu vay duoc goi l& mot phép 16 mau dé thj. Bai todn
t6 mau doi hoi tim phép t6 mau vdi s6 mau phai sir dung I {t nhit.

Ta goi siic s6 cta dd thi G, ky hiéu 12 y(G), 14 s6 mau {t nhat cin ding dé€ t6 mau dé
thi. Dudi day 12 mot s6 két qua lién quan dén 16 mau d6 thi

a) Dinh ly 4 miu: “Moi dé thi phing déu cé thé to bét 4 mau”.

b) Don d6 thi G 12 hai phia khi va chi khi %(G) = 2.
Hay ching minh ménh dé b).
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Phan 2. Ly thuyét do thi

17. Hay tinh sic sq cha cdc d6 thi cho trong c4c hinh v& sau

a) D6 thi Petersen

b) D6 thi lap phuong

¢) D6 thi Herschel
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Chutong 2. Bidu dién dé thi trén mdy tinh

BIEU DIEN DO THI
TREN MAY TINH

D¢ luu trit dd thi vi thue hién cdc thuat todn khdc nhau véi do thi trén mdy tinh
¢n phéi tim nhitmg c4u tric diF liéu thich hop dé mé 14 dé thi. Viéc chon ciu trac di
liéu nao d€ bicu dién da thi c6 tic dong rit 16n dén hiéu qua cha thuat toan. Vi vay, viéc
chon lya cau tric dit liéu dé biéu dién dé thi phu thudc vio timg tinh hudng cu thé (bai
todn va thuat todn cu thé). Trong muc ndy ching ta s& xét mot $6 phuong phip co ban
dugce sit dung dé bi€u dién dd thi trén mdy tinh, déng thai ciing phan tich mot cach ngén
gon nhimg uu diém ciing nhu nhiing nhuge diém cha chiing,

2.1. Ma tran ké. Ma tran trong s

Xét don d6 thi vo hudng G = (V, E), véitap dinh V = {1, 2...., n}, tap canh E={e,, ¢,....,
¢,.}. Ta goi ma tran ké cla d6 1hi G 14 (0,1)-ma tran

A={ay:ij=1,2..,n)
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Phan 2. Ly thuyét do thi

v6i cdc phan tr duge x4c dinh theo quy tic sau day:

a, = 0, néu (ij)e £ va a, =1, néu{ij)ekE,

Li=1.2.., 5

Thidy 1. Ma tran ké cua do thj vo huéng G cho trong hinh | 14

[ ST TN S TR NS
[ I o S T B
S O RE O N
[T T o S S A
L= = =
O e O = o
I e S e R =)

Hinh 1. D6 thj vo hudng G va D6 thi ¢6 huéng G,

Cac tinh chat cia ma tran ké:
1) R& ring ma tran ké ctia 46 thi vo huéng 1a ma tran déi xdng, tic 1
alijl=alj, i, ij=1,2...n

Nguoge lai, moi (0,1)-ma tran déi xing cdp n s& tuong tng, chinh xdc dén cdch ddnh s6
dinh (con néi 1a: chinh xdc dén ding ciu) , véi mot don dé thi vo hudng n dinh.

2} Toéng cdc phan tir trén dong 7 (cot j) clia ma tran ké chinh bang béc cia dinh i
(dinh ),
3) Néu ky hicu
l{?

ap L j=1 2, n

la cdc phan tir clla ma tran tich
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Chuong 2. Biéu dién do thi trén mdy tinh

AP =4.4... A
\_v_v'
f.’
Khi do
al i,j=1,2,...n

ot

cho ta s6 dudng di khic nbau tir dinh / dén dinh j qua p-1 dinh trung gian,

Ma tran k€ cha dé thi ¢6 hudng duge dinh nghia mot cich hoan todn tuong .

Thi du 2. D6 thi ¢é hudng G, cho trong hinh 1 ¢ ma tran ké ia ma 1ran sau

1 2 3 4 5 ¢
lr-ad 1 1 0 0 0+
2 o 0o 0 0 g 4
3 c 1 0o 1 0 0
4 6 0o 0 0o 0 ¢
3 c 0o 0 1 0 1
6 6o 0o 0 0 1 ¢

Luu ¥ rang ma triin ké ca do thi ¢6 hudng khong phai 13 ma tran doi xdng,

Cha y: Trén day chiing ta chi xét don dé thi. Ma tran ké ctia da d6 thi c6 thé xay dung
hoan toan tuong ty. chi khéc [ thay vi ghi 1 vao vi trf a[i,j] néu (4, ) 1A canh clia d6 thi,
chiing ta s& ghi 4 |4 s canh nai hai dinh 7 va /.

Trong rat nhiéu vin dé dng dung cta 1y thuyél do6 thi, méi canh ¢ = (i1, v) cla d6 thi
dugc gdn vai mot con s6 ce) (con viet 1a ¢(u,v) ) goi la trong sG cha canh ¢. D6 thi
trong truomg hop nhu vay duge goi 1a do thi ¢6 trong s, Trong trudmg hop do thi ¢d
trong s6, thay vi ma wran ké, dé biéu dién dé thi ta sit dung ma tran trong s6
C=c¢li,jl. f,j=1,2,....n,

vai

cli, j] = (i, ), _né’u (iLphekE
vl

cli, jl1 =9, néu (i, ) & E,
trong d6 s O, tuy timg trudng hop cu thé, ¢6 thé duge dat bing mot trong céc gid tri
sau: 0, +oc, -o0,

Uu diém 16n nhat cta phuong phap biéu dién dé thi bing ma tran ké (hoac ma tran

trong $G) 14 d€ trd 101 cau hoi: Hai dinh #, v ¢6 ké nhau trén dé thi hay khong, ching ta
chi phai thuc hién mét phép so sanh. Nhuge diém I16n nhat cla phuong phdp nay [
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Phan 2. Ly thuyét do thi

khéng phu thuée vdo s6 canh cla d6 thi, ta Juon phai sit dung n* don vi bo nhd dé luu
trir ma tran ké cna no.

2.2. Ma tran lién thudc dinh-canh

XétG=(V,E) (V=112 ..n},E= (e, 5 ..., c,}), |2 don d6 thi c6 huong. Xay dung
matranA=(a;:i=1,2...,n/j=1,2, .., m), trong d6
|, n€udinhiladinh ddu cla cung ¢
a. ={—1, néudinhladinh cudiclacung e,
if b
0, néu dinh / khong 14 ddu mt clha cung e,

Ma tran A xiy dyng theo qui tic vira néu dugc goi 13 ma tran lien thudce dinh-canh.

Vi du. Xét do thi cho trén hinh 3

(1,2} (1,3) (2,3) (2.4) (3,5} (4.5) (4.6) (5,2) (5.6)

I 1 1.0 0 0 0 0 0 0
2 /-1 01 1 0 0 0 -1 0
31 0-1-1 0 1 0 0 0 ©
A=
4 1000-1 01 1 00O
3 0 00 0-1 0 0 1 1
61000 00 0 -1 0-1]

Hinh 2. D6 thi ¢6 huéng v ma tran lién thude dinh canh
Ma tran lién thudc dinh-canh 1a mét trong nhimg cach biéu dién 4t hay duoc sir dung

trong céc bai todn lién quan dén d6 thi ¢6 huéng ma trong d6 phai xi 1§ cic cung clia
dé thi.
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Chitomg 2. Biéu dién dé thi trén mdy tinh

2.3. Danh sach canh {cung)

Trong trudng hop dé thi thua (dé thi cé s6 canh m thod min bat dang thic: m < 6n)
ngudi ta thuong dung cich biéu dién d6 thi du6i dang danh sdch canh.

Trong céch biu dién dé thi bdi danh sich canh (cung) chidng ta s& luu trit danh
sdch tat cd cdce canh (cung) cha d¢ thi vo hudng (c6 huéng). Mdi canh (cung) e =(x, y)
cuia d6 thi s& tuong dng vdi hai bién Daule], Cuoi(e]. Nhu vay, dé luu trit &6 thi ta cdn
str dung 2m don vi bd nhd. Nhuge diém cia cdch biéu dién nay 13 d€ xdc dinh nhimg
dinh ndo cua dé thi 14 ké véi mot dinh cho trude chdng ta phai 1Am c& m phép so sdnh
(khi duyét qua danh sdch tat ca cdc canh cla d6 thi).

CEit y: Trong trudng hop do6 thi ¢6 trong s6 ta can thém m don vi bo nhd dé luu trir
5

trong 0 cia cac canh.

Thi du 3. Danh sich canh (cung) ctia d6 thi G (G,) cho trong hinh 1 1a:

Dau Cuoi Dau Cuoi
1 2 1 2
i 3 1 3
I 5 3 2
2 3 3 4
2 5 5 4
3 4 5 6
4 5 6 5
4 5
5 6

Danh sdch canh cua G Danh sach cung cia G,

2.4. Danh sach ké

Trong rdt nhi¢u van dé dng dung cta 1y thuyét dé thi, cdch biéu dién d6 thi dudi dang
danh sdch ké 1a cach biéu dién thich hop nhét dugc sir dung.
Trong cdch bidn dién nay, véi méi dinh v clla dé thi chiing ta uu trit danh sich cac
dinh ké v§i né, ma 1a s& ky hiéu 13 Kefv), tic 1a
Kefv)= fucV:(vu) eE },
Khi dé vong lap thue hién v6i méi mot phén t&r trong danh sdch nay theo thi tu cdc
phiin wr duoc xip x€p trong né s& duge viét nhu sau:

for u e Ke(v) do...
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Plan 2. Ly thuyét do thi

Ching han, trén PASCAL c6 thé mo 14 danh sach ndy nhu sau (Goi |a cdu tric
Forward Star):

Const
m = 1000; ( m - s8 canh}
n= i00: { n-s6dinh)
var
Ke : array[]..m] of integer;
Tro: array[l..n+1] of integer:

trong d6 Tro[i] ghi nhan vi tri bat ddu clu danh sdch ké cla dinh 1, i=1.2.....n, Tro[n+1]
=2m+!.
Khi dé dong 1énh qui udc
for ue Ke(v) do
begin
end;
c6 thé thay thé bdi cdu trie 1énh cu thé rén PASCAL sau

for 1:= Tro[v] to Tro[v+1l]-1 do
begin
u:=Kel[i];

end;

Trong rat nhieu thuat todn lam viec véi d6 thi ching ta thudng xuyén phai thuc
hién cac thao tac: Thém hoac bdt mot s6 canh. Trong triong hop nity ciu trdc dit ligu
dung & trén {2 khong thuan tién. Khi dd nén chuyén sang sit dung danh sdch ké lién ket
(Linked Adjancency List) nhu mo ta trong chuong trinh nhiap danh sdch ké clia dé thi
tir ban phim va dua danh sdch d6 ra man hinh sau day:

program AdjList;
const
maxV = 10f):;
type
tink = ™ode;
node = record
v indeger,
next s link
end;
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Chirong 2. Bidu dién do thi trén mdy tinh

var
X oy, o on u, v integer;
{ ik
Ke sarray{l.maxV] of link;
BEGIN
write( 'Cho sé canht va dinh ctia d6 thi: ); readin{ ni,n);
(* Khoitao *}
for j:=1to ndo Kefjl:=nil;
Jorj:=Itomdo
bhegin
write('Cho dinh ddu va cudi cia canh 'j, *: );
readin{xy);
new(t); hve=x; thnext:=Kefy]; Kely]:=t;
Cnew(t); A=y thnext:=Ke[x}; Ke{x]:=t;
end:
writeln(’Danh sdch ké cua cde dinh cia do thi: ),
forj:=Itomdo
hegin
writeln( ' Danh sdch cde dinh ké cibha dinh 7§, *: );
1:=Kelj]:
while thnext < > ail do
begin
write(t™v:4);
t:=tNnext;
end:
end;
reading
END.

Thi du 4. Danh sdch ké cla cdc dé thi trong hinh 1 dugc moé ta trong hinh sau:

Pinh diu

bl 2 [ F-{3 T -5 Tuir ]

2 L 31 ] 3 5 |nil

3 [ F—1 T G-z ] 4 Inil

¢ L 1 F—5 1 3-[6 [ui |

s CF—{ T L FF 1 FFh]
s T F—{5 Jui ]

Dinh ddu

o
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Phan 2. Ly thuyét dé thi

1 4 2 +—f3 [nil]
e N Sy
: m]——»| 4| ] 6 [nil ]
6 | 5 [nil

Hinh 2. Danh sich ké cia d6 thi vo huéng G
va c¢6 huéng G, cho trong hinh 1.

D€ ¥ ring trong cdch bi€u dién nay chiing ta cdn phéi sit dung c& m+n don vi bd
nhdg.

Trong cdc thudt t0dn mé ta d cdc phin tiép theo hai ciu tric danh sich ké va ma
tran trong s6 duge sit dung thudng xuyén,
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Chutong 2. Biéu dién dé thi trén mady tinh

Bai tap

1. Lap trinh nhap dé6 thi véi cdc cau tric dir liéu da mo ta.

2. Lap trinh cho phép chuyén déi tir cau triic dit liéu biéu dién dé thi duéi dang ma tran
ké sang danh séch ké va nguoc lai.

3. Hay x4y dung ma tran ké, danh sach ké cua cac dé thi cho trong cdc hinh vé sau day

a)

Ga Gn
Y N N —
{a} {b} al (b}
N ST At T
A \-'.'. — — / \ S,_ !f‘l
“\ (e »—f;c\} / % (e r—n-{\d\ /
\ N A \Wane 7\
\/ NS Y, Y /
.'K y "\ a"\ I.-'r\ "*._. "('\
/¥~ N /¥~ AT
/1) \ /(e —={F) \
! p i \ ‘g__ ~— '\
/ '3 RS
(g} b) (g} = b)

b)

4. Hay xdy dung ma tran lién thudc dinh canh cta cdc d6 thi cho trong céc hinh vé sau
a) b)
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Phan 2. Ly thuyét dé thi

5. Hay xay dung ma tran trong s6 clia cdc dé thi cho trong cic hinh vé sau

a) b)

6. Ma tran lién thuoc dinh canh ¢6 mot tinh chat rat dac biét hay duoc sir dung trong
viéc phat trién thuat todn t6i uu trén dé thi. D& phat bidu tinh chat nay ta cin khai niém
sau.

Dinh nghia. Ma tran A dugc goi 1a ma tran hoan toan don mo dun, néu moi dinh thic
con khdc khong clia n6 déu ¢ trj tuyét doi la bing 1.

Chiing minh ring ma tran lién thudc dinh canh ctia don dé thi c6 erc’mg la hoan toan
don mo6 dun.
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Chiurang 3. Tim kidht trén dé thi va g dung

CAC THUAT TOAN TiM KIEM
TREN PO THI VA UNG DUNG

Rt nhiéu thuat todn (rén dé thi duge xay dung dua trén cof s duyét 14t ca cic dinh
clia d6 thi sao cho méi dinh cila né duge vieng thim ding mot lin. Vi viy, vide xdy
dung nhitng thuit todn cho phép duyét mot cach hé thong 14t ¢ cic dinh coa d6 thi 1a
mot viln d¢ quan trong thu hit su quan 1dm nghién cdu cta nhidu tic gid. Nhimg thuat
todn nhu vy ching ta s&€ goi 12 thudt 1odn tim ki¢m trén dé thi. Céc thuat todn nay giir
mot vai trd quan trong trong vice thiét k& cdc thuat todn trén dé thi. Trong muc nay
ching ta s€ gidi thicu hai thudt todn tim kiém co bin trén d6 thi: Thudt todn tim kiém
theo chiéu sau (Depth First Scarch) viu Thudt todn fim kiém theo chiéu rong (Breadth
First Scarch) vi g dung cUa ching vio viéc giai mot s6 bai todn trén dé thi.

Trong myc nay chiing ta s& xé1 do thi vo hudng G = (V, E), véi n dinh va i canh.
Ching ta s&€ guan tam dén vi¢e ddnh gid hi¢u qud cla cic thuat todn rén dé thi, ma mot
trong nhitng dic trung quan trong nhat 1a dé phure tap tinh toén, tic 1 §¢ phép todn nia
thutdt todn cdn phdi tiee hién trong tinh huéng xdu nhdr duoe bidu dién nhu 13 ham cria
kich thutde dédu vao cta bii todn. Trong cie thuat todn 1én dé thi, diu vio 13 d6 thi G =
(V. E). vi vay. kich thude cua bii todn 1a $6 dinh 1 viv 88 canh m cla dé thi. Khi d6 do
phifc tap tinh todn cda thuit todn s& duge bidu dién nhu 13 ham cda hai bién SO g da
50 phép witil nhigu nhiit cdn phdi thye hien theo thudt todn déi véi moi dé thi vét 1 dinh
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vit m canh, Khi so sdnh (6c d¢ ting ciia hai hAm nhan gid i khong am fin) va gin)
ching ta s sir dung ky hiéu sau:
Jtn)=0Olgln)
<> tim duge ciic hiing $6 C, N > 0 sao cho
fin) £Cgin) v&imoi n 2N,
Tuong w nhu vay nCu fin,, n,...., aJ, g(n,, 1.0, 12 cdic ham nhiéu bién, ta viét
Sy maon b = Ofging, ny,...n,))
< tim duge cde hang s¢ €, N > 0 sao cho
fingo e} 5 C ging, nyem) vOmoi ny, ny,..n, =N,
Ne¢u do phdec tap tinh todn cGa thuat todn 12 O(gr#)) thi ta s& cdn ndi 11 nd doi hdi thoi
gian tinh ¢ O{g(n)).

3.1. Tim kiém theo chiéu siu trén dé thi

Y tudng chinh cia thuat todn ¢6 thé trinh bay nhu sau. Ta s& biit ddu tim kiém tir mot
dinh v, ndo d6 clia do thi. Sau do chon « 1A mot dinh iy ¥ ké véi v, va lap lai qud trinh
doi véi u. & bude tong qudt, gid sit ta dang xét dinh v. Néu nhu trong s& cic dinh ké véi
v tim dugc dinh w 13 chua duge xét thi ta s& xét dinh niy (a6 s¢ tr& thanh di xét) va bit
déu tir né 1a s& ti€p tuc qué trinh tim ki€m. Con néu nhur khéng cdn dinh nio ké véi v 12
chua xét thi ta s& néi ring dinh niy 13 d3 duyét xong va quay tré lai ti€p luc tim kiém tir
dinh ma trude dé ta dén duge dinh v (néu v = v, thi két thiic fim ki€m). C4 thé néi nom
na 13 tim kiém theo chiéu siu bt ddu tir dinh v duge thuc hién trén co s tim kiém theo
chigu sdu tir tit ¢ cde dinh chua xét ké vai v. Qud trinh ny ¢é thé mo ta bai thi tuc dé
qui sau day.
procedure DFS(v);
(* Tintkiém theo chidu sdu bdt ddu v dinh v;
Cdc hién Chuaxet, Ke la bién toan cuc %)
hegin
Tham _dinh(v);
Chuaxet{v]:=fualse;
Jor u e Ke(v) do
it Chuaxerful then DFS(u);
end; (* dinh v {q dd duvét xong *)
Khi ¢6, Tim ki¢m theo chiéu siu trén d6 1hi duge thuc hién nhd thuit todn sau:
BEGIN
(¥ Imitialization *)
Jor v eV do Chuaxer{v]:=true;
for v eV do
if Chuaxerfv}] then DFS(v);
END.
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Chuomg 3. Thm kiem trén d0 thi va ring dung

R6 ring l¢nh goi DFS(v) sé cho phép dén tham tat ca céc dinh thude cing thanh phén
lién thong v&i dinh v, bai vi sau khi tham dinh 14 1énh goi dén thi tuc DFS déi vdi tat ca
cdc dinh ké véi a6, Mat khic, do mdi khi tham dinh v xong, bién Chuaxet[v] dugce dat
lai gid tri fulse nén mdi dinh s& duge tham ding mét lan, Thuft 1odn 1dn lugt s@ tién
hanh tim kiém 1 cic dinh chua duge tham, vi vy, nd s& X6t qua 141 ¢d cic dinh coa d6
thi (khong onhit thigt phai 12 lién thong).

D¢ dinh gia do phic tap tinh todn ciia tha tuc, trude hét nhan thdy ring s6 phép
todn cin thue hién trong hai chu trinh coa thudt todn (hai vong for & chuong trinh chinh)
12 ¢@ n. Thi tyc DFS phai thyc hién khong qud # lin. Téng s6 phép todn cin phai thyc
hién trong cdc thil tue ndy 13 Oln+m), do trong cic thh tuc nay ta phil xét qua tal cd cic
canh va ciic dinh coa do thi. Vay d¢ phic tap tinh todn ca thuat todn 1 O(n+m).

Thi du 1. Xét d6 thi cho trong hinh 1. Cic dinh cta né duge dinh s6 lai theo thit ty
ching duge tham theo th tue tim kiém theo chidu siau mé td & rén, Gia thict rang cic
dinh trong danh sich ké cta dinh v (Ke(v)) duge sap x€p theo thi ty tang din cha chi
s0.

RIg)]

4737
12(11) 9T}

1% 10)

\11{13)
10(12)

Hinh 1. Chi 56 mdi (rrong ngodc) cha ¢ée dinh duge ddnh lai theo thir tu
chdng dugce tham trong thudt 1odn tim ki€m theo chiéu sau

Thudt tedn tim ki€m theo chidu siu trén d6 thi vo hudng trinh bay & trén dé dang c6
thé mé 14 lai cho d6 thi ¢6 huéng. Trong trudng hop dd thi c¢é hudng, thit tuc DFS(v) s&

cho phép tham tit cd cic dinh « nio ma tir v cé dudng di dén . PO phifc tap tinh todn
cua thudt todn 14 O(n+as).

3.2. Tim kiém theo chiéu rdng trén do thi

D¢ ¥ ring trong thudt todn tim ki€m theo chiéu sau dinh dugce thim ving mudn s& cing
sGm ted thinh dd duyét xong. Diéu dé 13 hé qua tit y&u cha viée ¢cic ¢ nh duge thim sé
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dugc két nap vao trong ngan x€p (STACK). Tim ki€m theo chiéu rong trén do thi, néu
néi mot cach ngan gon, duoc xay dyng dua trén co s& thay the ngan x&p (STACK) bai
hang dot (QUEUE). Vi su cdi bién nhu vay, dinh dugc tham cing s&m s& cang sdm tr&
thinh da duyét xong (tic 1a cang s6m ddfi khoi hang doi). Mot dinh sé tror thanh dd
duyét xong ngay sau khi ta xét xong tdt cd cic dinh ké (chua duge tham) véi né. Tha
tuc ¢6 thé mo ta nhu sau:

procedure BFS(v);
(* Tim kiém theo chiéu réng bét ddu tr dink v;
Cdc bién Chuaxet, Ke la biéh toan cuc *)
begin
QUEUE:=Z:
QUEUE <«=v; (* Két nap v véo QUEUE *)
Chuaxet{v|:=false;
while QUEUE = &7 do
begin
p < QUEUE, (* Ldy p tit QUEUE *)
Thim_ dinh(p);
for u e Ke(p) do
if Chuaxetfu] then
begin
QUEUE < u; Chuaxet{u]:=false;
end;
end,;
end;

Khi d6, Tim ki€m theo chiéu rong trén d6 thi duge thue hién nhd thuat todn sau:

BEGIN
{* Initialization *)
for v eV do Chuaxet{v]:=true;
JorveVdo
if Chuaxet{v] then BFS{v);
END,

Lap luan wong w nhu trong thit tuc tim ki€m theo chiéu sau, c6 thé chi ra dugc
ring lénh goi BFS(v) s& cho phép dén tham tit ¢4 cdc dinh thudc ciing thanh phén lén
thong véi dinh v, vi méi dinh cla dé th sé duge tham ding mot (4n. Do phiic tap tinh
todn cha thuat todn 1a O(n+m).

Thi du 2. Xét d6 thi trong hinh 2. Thif ty thim dinh cha dé thi niy theo thudt todn tim
ki€m theo chidu rong duge ghi trong ngoic.
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3(12)

8(13)
N

10(7) * -

Hinh 2. Chi 6 méi (trong ngoac) clia céc dinh duoc ddnh lai theo thy tu
chiing durgc tham trong thuat todn tim ki&m theo chidu sau

3.3. Tim duéng di va kiém tra tinh lién théng

Trong muc nay ta xét ting dung cdc thudt todn tim kiém mé 2 trong cic muc trudc vao
viéc gidi hai bai toan co bin trén dé thi: bai todn tim dudng di va bai todn vé x4c dinh
cic thanh phan lién thong clia dé thi.

a) Bai todn tim dudng di giira hai dinh: Gid sit 5 va t la hai dinh ndo dé cia dé thi.
Hay tim dudng di tic s dén t.

Nhu trén da phan tich, thd tuc DFS(s) (BFS(s)) s& cho phép tham tat ci cic dinh
thugc cling mot thanh phan lién thong véi s. Vi vay, sau khi thuc hién xong thi tuc, nén
Chuaxet[r]=true, thi diéu d6 cé nghia 1a khéng cé dutmg di tir s dén r, con néu Chua
xet{r]=false thi  thuoc cling thanh phén lién théng véi s, hay néi mot cich khdc: t6n tai
dudng di tir v dén ¢. Trong truomg hop tdn tai dutmg di, d¢ ghi nhan dudmg di, ta ding
thém bién Truoc[v] dé ghi nhan dinh di trude dinh v trong dudmg di tim ki€m tir s dén v.
Khi d6, déi véi thi tuc DES(v) cdn sira sira d6i cau Iénh if trong nd nhu sau:

if Chuaxet{u] then
begin
Truocfu] :=v;
DFS(u);
end;
Cdn doi vdi th tuc BFS(V) cdn sira stra déi cau lénh if trong né nhu sau:
if Chuaxetfu] then

begin
QUEUE & u; Chuaxet{u]:=false;
Truocful:=p;

end;
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Phn 2. Ly thuyér dé thi

Budmy di cin tim s€ duge khoi phuc theo quy tic sau:

t « pl:=Truocft] « p2:=Truocipl] «— ... ¢s.

Chn y: Dudng di tim dugce theo thuit todn tim ki€m theo chiéu rong 1A dwong di ngdn
nhdt (theo $6 canh ) tir dinh s dén dinh +. Diéu ndy suy truc tiép tir thir tu tham dinh theo
thuat todn tim ki€ém theo chiéu rong.

b) Tim cac thanh phin lién thong coa do thi: Hdy cho biét do thi gom bao nhiéu
thanh phdn lién thong va tieng thanh phdn lién thong ciia né la gom nhitmyg dink néo.

Do thu tuc DFS(s) (BFS(s)) cho phép thiam tat ci cic dinh thude cing mot thinh
phin lién thong vai s, nén 6 thanh phin lién théng clia d6 thi chinh bing s& lan goi dén
thit tuc nay. Vin d¢ con lai t cich ghi nhan cdc dinh trong timg thanh phan lién thong.
Ta dung thém bién /ndex{v] d¢ ghi nhan chi s6 cha thanh phin lién théng chita dinh v,
virdiing thém bién /nconnect 9é d€m s6 thanh phin lién thong (bién ndy cin duge khai
tao gid tri 14 0). Tha tue Tham_dinh(v) trong cic thi tuec DFS(v) vii BES(v) ¢6 nhiém vu
gin: Index{v| = Inconnect, con ciu lénh if treng cic chuong trinh chinh goi dén cic
thi tuc nay can duge sira lai nhu sau

fnconnect:=0;
if Chuaxetfv}] then
begin
Inconnect:=Inconnect+1,;
DFS(v); (* BFS(v) *)
end;

Két thiic vong lap thit hai trong chuong trinh chinh, Inconect cho s8 thanh phin lién
théng cla dé thi. con bién ming Index[v], v e V cho phép liét ké cdc dinh thuode cing
mot thanh phan lién thong.

Chuong trinh trén PASCAL gidi hai bii todn néi trén ¢6 thé vist nhu sau.

{ CHUONG TRINH TIM DUONG DI VA KIEM TRA TINH LIEN THONG
THEO CAC THUAT TOAN TIM KIEM TREN DO THI '

= H

uses crt;

var
a - s array[1..20,1..20] of byte;
QUEUE, Chuaxet, Truoc : array[1..20] of byte;
i,j,n,Solt,k,s,t  : integer;
stop : boolean;
ch : char;

180



Chueng 3. Tim kid rén de thi va img dung

pre_edure Nhapsolicu:
begin
write{'Cho so dinh cua do thi:');readin{n);
writeln("Nhap so lieu ma tran ke:');
for i==1 ton do
begin
for j:=i+1 ton do
begin
write(" a[".i,",'j."1="): readiali,j)): alj.i):=alij];
end;
ali,1]=0; writeln;
end;
end;

procedure ReadFile;

var fiext; thistring;

begin
write('Cho ten file du liew:");readin(fn);
assign(t,fn):reset(f); readln(f,n);
writeln("Nhap so lieu ma tran ke:');
fori:=1tondo

for j:=1 to n do read(f,a[1.,j]):

close(f);

end;

procedure nsolicu;
begin
writeln("Ma tran ke:');
fori:=1tondo
begin
for j:=1 to n do write(a[i,j]:3); writeln;
end;
end;

procedure Ketguaficnthong:
begin
Insolieu;
if Solt=1 then writeln('Do thi la lien thong')
else
begin
writeln('So thanh phan lien thong cua do thi la: ',Solt);
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Phdn 2. LY thuvér do thi

for i:=1 to Solt do
begin
writeIn('Thanh phan lien thong thu i, ' gom cac dinh:");
for j:=1 to n do if Chuaxet[j]=i then write(j:3); writeln:
end;
end;
write('Go Enter de tiep tuc..'#7);readln;
end;

procedure BFS(iinteger),
(* Tim kiém theo chiéu réng bdt ddu tic dinh i %)
var u, dauQ, cuoi}: integer;
begin
dauQ:=1; cuoiQ:=1;
QUEUE[cuo0iQ]:=i; Chuaxet[i]:=Solt;
while dauQ <= cuoiQ do
begin
w=QUEUE[dauQ]; dauQ:=dau)+1;
for j:=1 to n do
if (a[u,j}=1)and(Chuaxet[j]=0) then
begin
cuoiQ:=cuoiQ+1; QUEUE[cuoiQ]:=j;
Chuaxet{j]:=Solt; Truoc[j]:=u;
end;
end;
end; { of procedure BFS }

procedure DFStv:integer);
(* Tim kiém theo chiéu sdau bdrt ddu tir dinh v * 3}
var uinteger;
begin
Chuaxet[v]:=Solt;
for u:=1tondo
if {(a[v,u]=1)and(Chuaxet[u]=0) then
begin
Truoc[u}:=v; DFS{u);
end;
end;

procedure Lienthong;
begin
{ Khoi tao so lieu }
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for j==1 to o do Chuaxet[j]:=0; Solt:=0;
fori:=11ondo
if Chuaxet[i]=0 then
begin
Solt:=Sol1+1:
{ BFS(i):} DFS(i);
end;
Ketqualienthong;
end;

procedure Ketquaduongdi;
begin
if Truoc[t]=0 then writeln('Khong co duong di tu',s,’ den',t)
else
begin
writeln('Duong di tu ‘s, den "t,’ la:");
j=t
write{t," <=="});
while Truoc[j]<>s do
begin
write(Truoc[j],’ <==";
j=Troc[j};
end;
writeln(s);
end:
write('Go Enter de tiep tuc...'"¥ 7);readln;

end;

procedure Duongdi:

begin
Insolien;
write(' Tim duong di tu dinh: "); readln(s);
write(" den dinh: "); readIn(t);
forji:=1tondo { Khoitao so lieu }
begin

Truoc[j|:=0; Chuaxet[j]:=0;

end;
Solt:=1; BFS(s); { DFS({s); !
Ketquaduongdi;

end;
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procedure Meni:

begin
clrser;
writeln(' TiM DUONG DI VA KIEM TRA TINH LIEN THONG';
writeln(" CUA DO THI THEO THUAT TOAN TIM KIEM TREN 2O THI'Y;
writeln(' = - == - =);

writeln(" 1. Nhap so lieu tu ban phim.");
writeln(" 2. Nhap so lieu tu file.);
writeln(" 3. Kiem tra tinh lien thong.");
writeln{("  "4. Tim duong di giua hai dinh.");
writeln(" 5, Thoat.");

writeln('------- ",
write (" FHay go phim so de chon chuc nang..'#7):
ch:=readkey;writeln{ch);

end;

i Main program |
BEGIN
repeal
Menu;
case v of
1" : Nhapsolicu;
2" ReadFile;
‘3" : Lienthong;
‘4" : Duongdi;
end;
until {ch='5") or (upcase(ch}='Q";
END.
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Chuong 3. Tim kiém trén d6 thi va 1ing dung

Bai tap

1. Gia sir dd thi G = (V,E) dugc cho bdi danh sdch ké, Hay viét thit tuc loai bd canh
(2,v}, thém canh {x,y) vio d6 thi.

2. Tha tyc sau day cho phép duyét qua il ca cc dinh clia d6 thi duge cho bdi danh sach
ké: '
procedure Find(x);
begin
Thamdinh({x}; Chuatham[x]:= Bd thdm;
while (Trong V con dinh dd tham) do
begin
vi= dinh dd tham nde d6;
if (Tim dwoe dinh chica thdm u € Ke(v) ) then
begin
w:= dinh chua tham dau tién trong Ke(v);
Thamdinh{u); Chuatham[u]:= P4d tham;
end
else Chuatham{v] := Dd duyét xong,
end;
end;

BEGIN
for v € V do Chuatham[v]:=Chua thim;
for ve Vdo
if (Chuatham([v]= Chitg thdm) then Find(v);
END.

Hay chi ra ring ca hai thi tuc tim ki¢m theo chiéu siu va tim kiém theo chiéu rong
déu cé th€ xem nhu trudmg hgp riéng cla thl tuc ndy. Viét chiong trinh trén PASCAL
thuc hién thuat todn mo ta & trén.

3. Ap dung thd tuc tim kiém theo chiéu sau fim tdt ci céc cdu trén d6 thi vo huéng.
(C4u [a canh ma viéc loai bo nd 1am tang s& thanh phén lién thong cha d6 thi).

4. Ap dung thi tyc fim ki€m theo chiéu sau kiém tra xem dé thi c6 hudng G = (V. A) c6
chita chu trinh hay khong?

5. Cho mot bang 6 vudng gébm i x n 6, O ndm trén dong i cotj goilao (i), i=1,2..,
m,j=1,2,.,n Trong mbi 6 (i, /) cia né ta viet mot s6 a[i,j] €{0,1}. Tir mot & nae dé
ta chi cé thé di chuyén sang 6 chia s6 1 ¢6 chung canh v6i né . Gid sir cho 6 (p, §) 12 6

185



Phdn 2. Ly thuyét dé thi

xudt phdt, hdy viét chuong trinh tim xem ¢6 cich dj chuyén tir 6 nay ra mot 6 & mép cita
bang hay khong? (O (u, v) £0i 12 6 & mép bang néu hodc la u =1, hodc Ia 1 = m, hoac
lAv=1 hoaclav =),

6. Cho mét bing 6 vuéng gém m x n 6, 6 nim trén dongicotjgoilad (i), i=1,2..,
m, f=1,2,., n Trong mbi 6 (i, /) clia né ta viét mot sé ali,jj e{0,1}. Hay viét chuong
trinh d€m s6 mién con todn ¢ cha bang. Vidu s6 mién con toan 0 cha bang kich thuéc
5x5 duge chi ra trong hinh sau day

1 [0] 1
1 l
IO 0
1
1

0
1
|
| [
1 ]

=T o T e
oo 0 o

7. C4 N ngudi khich (N < 100) mang 54 hiéu tir | dén N, duge mai dén du tigc. Giira
ho ¢6 mét s6 ngudi quen biét nhau. Diy liéu vé mdi quan hé quen biét nay duge cho
trong mot file van ban c6 tén la KHACH.DAT c6 ciu triic nhur sau: Dong d4u tién clia
né chiia s6 lugng khich mét N. Méi dong thit i trong s6 N dong tiép theo chia s6 hiéu
cia cic ngudi quen cia khich i, cic 5§ hiéu dugc ghi cich nhau bdi it nhit mot diu
cich.

Nguti ta muén xép cic khich nay vao cic phong tiéc, sao cho hai khach & trong cling
mot phong hoic 13 quen biét nhau hoiic Ia c6 thé lam quen nhau thoéng qua nhimg ngudi
quen bi€t trung gian cia ho.

Viet chuong trinh nhap da li¢u vao tir file, sau dé tim cich phén khich vao cic
phong tiéc sao cho s6 phong phai sit dung [a it nhit. Két qua phan cong dua ra mot file
van bdn, dong ddu tién chia s6 phong ti¢c cin sir dung K, méi dong thif i trong s6 K
dong ti€p theo ghi s& hiéu clia khich XEp vio phong tigc i.

8. Ban dé giao théng duge cho b&i n mii gtao théng dinh s6 13 1, 2,..., n va he¢ thang
gom m doan duomg E,, E,..... E,, mdi doan néi 2 trong s6 n niit giao thong nai trén. Ban
d6 giao thong dugc goi 13 lien thong don néu giita hai niit giao théng bit ky chi c6 ding
mét dudng di néi ching. Dir liéu cho trong file van ban ¢6 ten GT.DAT, dong dau tien
chia cde s6 n, m, hai $6 ghi cdch nhau bdi d4u cich. Méi dong i trong 56 m dong ti¢p
theo chita s& hiéu hai nit giao théng dugce néi boi doan dudomg E..

Vi€t chrong trinh nhap dit lieu vao tr file sau dé théng bdo xem ban d6 c6 phai la
lién thong don hay khong. Trong trudng hop ban dé 13 khong lién théng don hay tim
cdch xay dung b8 sung vi loai bd mot s6 doan dudmg dé cho ban d6 13 lien thong don va
520 cho s6 doan dudng phdi xay dung b6 sung 13 it nhat, Cic két qua dua ra man hinh.
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Chuong 4. D6 thi Euler va do thi Hamilton

4

DO THI EULER
VA
D0 THI HAMILTON

Trong chuong nay ching ta s&€ nghién ciu hai dang d6 thi dac biét 1a d6 thi Euler va
do thi Hamilton. Dudi day, n€u khong ¢6 giai thich bd sung, thuat ngit d6 thi duoc ding
dé chi chung da d6 thi v hudng va c6 hudng, va thuat ngit canh s& ding dé chi chung
canh clia d6 thi vo hudng cling nhu cung ctia d6 thi cé huéng.

4.1. DS thi Euler

Dinh nghia 1. Chu trinh don trong G di qua moi canh cia né mét ldn dicge goi la chu
trinh Euler. Dudng di don trong G di qua mdi canh cia né mot ldn duge goi la diong
di Euler. D6 thi duoc goi la do thi Euler néu né c6 chu trink Euler, va goi la do thi
nita Euler néu né c6 duong di Euler.

RO rang moi d6 thi Euler ludn 1a nra Euler, nhung diéu ngugc lai khong luén ding.
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Phdn 2, Ly thuvét do thi

Thi du 1. D4 thj G, trong hinh 1 1a d6 thi Euler vi n6 ¢6 chu trinh Euler a, ¢, ¢, d, ¢, b,
a. D6 thi G, khong ¢6 chu trinh Euler nhung né 6 dudng di Euler a, ¢, d, e, b, 4, a, b,
vi th€ G, 14 d6 thi nita Euler. D6 thi G, khong ¢6 chu trinh ciing nhu dudng di Euler.

a b a b a b

d c d c c d e
G, G, G,
Hinh 1. B6thi G|, G,. G,

Thi du 2. D6 thi H, wrong hinh 2 14 d6 thi Euler vi né ¢6 chu trinh Euler a, b, ¢, d, e, a.
D6 thi H, khong c6 chu trinh Euler nhung né ¢6 dudng di Euler ¢, a, b, ¢, d, b vi thé H,
13 d6 thi nira Euler. P8 thi H, khong c¢6 chu trinh ciing nhu dudng di Euler.

a b a b ¢ a
L

a b e d d b
H, H, H,
Hinh 2. D6 thi H,, H,, H,

bicu kién cdn va dd dé mot dé thi 14 mot d6 thi Euler duoc Euler tim ra vao nam 1736
khi 6ng gidi quyét bai toin héc bia ndi tiéng thdi d6 vé bay cdi ciu & thanh phd
Konigsberg, va day 1a dinh 1y ddu tién cta ly thuyét dé thi.

Dinh Iy 1 (Euler). D6 thi vé huomg lién théng G la dé thi Euler khi va chi khi moi
dinh cia G déu cé bdc chdn.

D¢ chimg minh dinh 1y trudc hét ta chtimg minh bd dé:
Bo dé. Néu bdc ciia méi dinh ciia dé thi G khong nhd hon 2 thi G chita chu trinh.
Chitng minh. N&u G ¢6 canh lp thi khéng dinh cia b6 dé 13 hién nhién. Vi vay gia st

G 1a dom d6 thi. Goi v 1a mot dinh ndo d6 cia G. Ta s& x4y dung theo quy nap dudng di
e
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trong d6 v, 1a dinh ké v6i v, con v6i i 2 | chon v, 1aké véi v, vav,,, # v, (c6 thé chon
v.,, nhu vay 12 vi deg(v)) > 2). Do tap dinh cha G la hitu han, nén sau mét s3 hitu han
budc ta phai quay lai mot dinh da xuat hién trude dd. Goi dinh dau tién nhu thé 1a v,
Khi dd, doan cla dudmg di xay dyng nim giita hai dinh v, I3 1 chu trinh cédn tim.

Chung minh dinh ly.

Can. Gia sit G 1a d6 thi Euler tic 14 tdn tai chu trinh Euler P trong G. Khi d6 ¢t mdi
lan chu trinh P di qua 1 dinh ndo dé cha G thi bac cua dinh d6 tang 1én 2. Mat khéac
médi canh cua d6 thi xuat hién trong P ding 1 1an, suy ra moi dinh cda do thi déu c6 bac
chan.

Pu. Quy nap theo s6 canh clla G. Do G lién thong va deg(v) lia s6 chin nén bac cia
moi dinh cha né khong nhd hon 2. Tir d6 theo bd dé G phai chita chu trinh €, Néu C di
qua tat ca cdc canh cua G thi né chinh i chu trinh Euler. Gia st C khong di qua tat ca
cdc canh cua G. Khi d6 loal bo khoi G tat ca cic canh thudc C ta thu duge 1 d6 thi mdéi
H (khong nhat thiét 12 lién thong). SO canh trong H nho hon trong G va rd rang mbi
dinh cia H van c6 bac ia chian. Theo gia thiét quy nap trong mdi thanh phan lién théng
cua H déu tim dugc chu trinh Euler. Do G 14 lién théng nén mdi thanh phan trong H ¢6
it nhat 1 dinh chung véi chu trinh C. Vi viy. ta ¢6 thé xay dung chu trinh Euler trong G
nhu sau: Bét dau tir mot dinh ndo dé cha chu trinh €, di theo cédc canh cta chu trinh C
chimg nio chua gdp phai dinh khong ¢6 1ap cia H. Néu gap phai dinh nhu vy thi ta di
theo chu trinh Euler cda thinh phén lién thong cua H chia dinh d6. Sau d6 lai tiép tuc
di theo canh cta C cho d€n khi gap phai dinh khéng ¢6 1ap clia A thi lai theo chu trinh
Euler ctia thanh phan lién thong tuong tng trong H v.v... (xem hinh 3). Qua trinh s& két
thiic khi ta trd vé dinh xuat phdr, tie 1 thu duge chu trinh di qua méi canh cta dé thi
ding mét lan.

Hinh 3. Minh hoa cho chiing minh dinh 1y 1
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Hé qua 2. D6 thi vo huong lién thong G la nita Euler khi vé chi khi né c6 khdng qud 2
dinh bdc 1é.

Chirng minh. Thuce vay néu G ¢é khéng qud 2 dinh bac 18 thi s6 dinh béc [é cia né chi
c6 thé [ 0 hodc 2. Néu G khong c6 dinh bac 12 thi theo dinh 1y 1 né la dé thi Euler. Gia
sir G ¢6 hai dinh bac Ié 1a # va v. Goi H Ia dé thi thu duge tir G bing c4ch thém vao G
mot dinh méi w va hai canh (w,u) v (w,v). Khi d6 tat ca cic dinh coa H déu c6 bac [a
chdn, vi thé theo dinh 1y 1 né ¢6 chu trinh Euler C. Xo4 bé khdi chu trinh nay dinh w va
hai canh k€ né ta thu dugc dudng di Euler trong dé thi G.

Gia sl G 1a d6 thi Euler, & chitng minh dinh ly ta ¢6 thd tuc sau dé tim chu trinh
Euler trong G.

procedure Euler_Cycle;
begin
STACK =& ; CE:=T;
Chon u la mét dinh ndo dé cia d6 thi;
STACK <= u;
while STACK # & do
begin
x:= top(STACKY); (* x/a phdn tw J ddu STACK *)
if Ke(x)# & then

begin
y:= dinh ddu tién trong danh sdch Ke(x);
STACK <« v,

(* Loai bo canh (x,y) khoi dé thi *)
Ke(x) ;= Ke(x)\ {y}; Ke(y) :== Ke(y)\ {x};
end else
begin x < STACK; CE < x; end;
end;
end;

Gia sit G 14 d6 thi Euler, thuat toan don gian sau day cho phép xéc dinh chu trinh Euler
khi 1am bang tay.

Thuat toin Flor

Xuat phdt tir | dinh # ndo d6 ctia G ta di theo c4c canh cfia né 1 céch tuy ¢ chi cdn tuan
thl 2 quy téc sau:
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Chuong 4. DO thi Euler va dé thi Hamilton

{) Xod bo canh dd di qua va dong théi xod cd nhitng dinh c6 lip tao thanh.

ii) & méi bude ta chi di qua cdu khi khéng con cdch lya chon nao khdc.

Chirng minh tinh diing ddn cda thuat todn. Trudc tién ta chi ra ring thii tuc trén ¢6
thé thyc hién duge & mdi budc. Gii st ta di d6n mot dinh v nao d6, khi dé néu v = y thi
dé thi con con lai / 1a lién thong va chita diing hai dinh béac 18 1a v va u. Theo hé qua
trong H cé dudmg di Euler P tlt v dén u. Do viéc xod bod canh ddu tién clia dudng di P
khong lam mat tinh lién thong cla H, tir d6 suy ra thi tyc ¢6 thé thuc hién & méi bude.
Néu v = i thi lap luan & trén s& vin ding chimg ndo vin con canh ké véi u.

Nhu vay chi ¢on phdi chi ra 12 thi tuc trén diin dén dudng di Euler. Thyc vay trong
G khong thé con canh chua di qua khi ma ta s& dung canh cusi cing ké v6i (trong
truong hop ngugc lai, viéc toai bo 1 canh ndo dé k€ vdi 1 trong s8 nhiing canh con lai
chua di qua s& dan dén mot d6 thi khong lién thong, va diéu dé 12 mau thufn véi gia
thiét 11) ).

Chimg minh tuong (¢ nhu trong dinh 1y 1 ta thu duge két qua sau day cho d6 thi ¢
hudng,
Dinh 1y 2. D6 thi ¢6 huong lién théng manh la dé thi Euler khi va chi khi
deg’(v)=deg (v}, YveV.

4.2. Db thi Hamilton

Trong muyc nay chung ta xét bai todn tuong tu nhu trong muc trudc chi khdc 13 ta quan
tam dén dudmg di qua tat ci cic dinh clia dd thi, m6i dinh ding mot 14n. Su thay déi
twdng chimg nhu 1a khéng déng ké nay trén thuc t€ da dan dén su phic tap hod vin dé
cin giai quyét.

Binh nghia 2. Dudng di qua 14t cd cdc dinh cia d6 thi méi dinh diing mét ldn duge goi
la duong di Hamilton. Chu trinh bat ddu tie mor dinh v ndo dé qua tdt od cde dinh con
lai moi dinh ding mort Idn roi quay tré vé v duoc goi 1o chu trinh Hamilton, D6 thi G
duge goi la d6 thi Hamilton néu nd chita chu trink Hamilton, va goi 1o mita Hamilton
néu né chita ducng di Hamilron.

R& rang d6 thi Hamilton 12 nlta Hamilton, nhimg diéu nguoc lai khong ludn dang.
Thi dy 3. Trong hinh 3: G, 13 Hamilten, G, 13 nira Hamilton con G, khong 13 nira

Hamilton.
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Phan 2. Ly thuyét do thi

G, G, G,
Hinh 3. Bé thi Hamilton G,, nira Hamilton G, , va G,

Cho dén nay viéc tim mot tiéu chudn nhan biét do thi Hamilton van con 14 mé&, mac
du day la mot vin dé trung tam cla 1§ thuyét do thi. Hon thé nifa, cho dén hién nay
cing chua c6 thuat todn higu qua d€ kiém tra mot d6 thi ¢6 1a Hamilton hay khong.
Cic ket qua thu duge phén 16n 1a cic diéu kién dii dé mot d6 thi 13 d6 thi Hamilton.
Phin 16n ching déu ¢6 dang “néi G cd s6 canh dii Ion thi G la Hamilton”. Mot két qua
nhu vay dugc phdt bi€u trong dinh 1y sau day:

Dinh 1y 3 (Dirak 1952). Don d6 thi vé hudng G vdi n >2 dinh, méi dinh ¢6 bdc khong
nho hon ni2 1a dé thi Hamilton.

Chiang minh. Thém vio d6 thi G & dinh méi va ndi ching vdi tat ca cdc dinh cia G.
Gia si & 1a s6 nho nhét cic dinh cdn thém vao dé cho dé thi thu duge G' 14 d6 thi
Hamilton. Ta s& chi ra ring k = 0. Thuc vay, gid st ngugc lai [ &> 0. Ky hiéu
v, p,ow, .0

t& chu trinh Hamilton trong G, trong d6 v, w la dinh clia G con p 13 mot trong s6 cdc
dinh mdi. Khi d6 w khong ké v6i v vi néu ngugc lai, ta khong cdn st dung p va diéu dé
la mau thuan v8i gid thi€t & nho nhat. Hon thé nia dinh  (w'chang han) ké v6i w khong
thé di lién sau dinh v’ (ké v&i v) vi rang khi d6 c6 thé thay

Voapoaw—a L v oW oLy
b&i

v v oL oaowoaw . Sy _
bang cdch dao nguge doan cha chu trinh nam giita w va v'. Tir d6 suy ra 13 s6 dinh cla
do thi G' khong ké v6i w [a khong nhé hon s6 dinh ké vdi né (tic 13 it nhat ciing 13 bing
ni2 + k), dong thdi s6 dinh cha G' ké véi w ciing it ra 12 phai bang n/2 + k. Do khong c6
dinh ndo cha G vita khong ké, lai vira ké véi w, cho nén téng s dinh cda dé thi G (G
c6 n + k dinh) khong {t hon n + 2k. Mau thuén thu dugc da ching minh dinh 1y,

Dinh 1y sau Ja téng quit hoa cta dinh Iy Dirak cho d6 thi ¢é hudng:
Dinh 1y 4. Gid s G 14 do thi ¢6 huong lién thong manh véi n dinh. Néu
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Chiong 4. Dd thi Euler va dé thi Hamilton

deg*(v)2n/2, deg (v}zn/2, Vv

thi G la Hamilton.

C6 mot s6 dang dé thi ma ta cé thé biét khi nao né 1a 46 thi Hamilton. Mot vi du
nhur vay 1a d6 thi ddu loai. P4 thi ddu logi 1a d6 thi c6 hudng ma trong d6 2 diph bat ky
clia n6é dugce néi v6i nhau bdi diing mot cung. Tén goi ddu loai xudt hién vi dé thi nhu
vily ¢6 thé diing dé biéu dién k&t qua thi ddu béng chuyén, béng ban hay bat cit mot trd
chot ndo ma khong cho phép hoa. Ta cé dinh 1y sau.

Dinh Iy 5. i) Moi dé thi ddu loai l¢ nita Hamilton:;

i) Moi dé thi dau loai lién thong manh la Hamilton.
Thidu 4. D6 thi diu toai Ds, D, duoce cho trong hinh 4.

o

Dy D,

X>

Hinh 4. D6 thi dau loai D, dau loai lién thong manh D,

Thudt todn liét ké tdt cd cde chu trinh Hamilton cia dé thi.

Thuat todn sau day ducc x4y dung dua trén co s& thuat todn quay lui cho phép liét ké t4t
¢éd cdc chu trinh Hamilton ctia d6 thi.

procedure Hamilton(k);
(* Liét ké cdc chu trinh Hamilton thu duoc bang viéc
phdr trién day dinh (X[1}, . . ., X[k-1])

cua dé thi G=(V, E) cho bdi danh sdch ké: Ke(v),ve V
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Phdn 2, Ly thuyét do thi

begin
for v € Ke(X[k-1])do :
if (k=n+1) and (y=v0)then Ghinhan(X[1],...,.X[n],v0)

else
if Chuaxet[y] then
begin
X[k]:=y;
Chuaxetfy] := false;
Hamilton(k+1);
Chuaxet[y] = true;
end;

end;

(* Main Program *)
BEGIN
for v e V do Chuaxet[v] := true;
X[1]:=v0; (* vO la mor dinh nao d6 cvia d6 thi  *)
Chuaxet[v0] := false :
Hamilton(2}; '
END.

Vidu 5. Hinh 5 duéi ddy mo ta cay tim ki€m theo thuat todn vira mé ta.
2 1

Hinh 5. D4 thi va ciy liét ke chu trinh Hamilton
cua né theo thuat todn quay lui

Trong truong hgp d6 thi cé khong qud nhiéu canh thuat todn trén c6 thé sit dung dé
kiém tra xem dé thi c6 phai 13 Hamilton hay khong.
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Churemyg 4. Dd thi Esder va do thi Humilton

Bai tap

1. Chimg minh ring da dé thi cé hudng ¢6 dudng di Euler khi va chi khi nd 13 lién
thong yéu vit bin bac v vi bin bac ra cua tit ca cic dinh 1a bing nhau, ngoai trir hai
dinh diic bigt «, v ta ¢d

deg () = deg (1)+1, deg (v) =deg™(vi+]

2, a} V4inhiing gii trf nao cua s v i dd thi hai phia day du K, 1a do thi Euler, dé thi

T

nua Euler?

by Chiing minh riing dé thi @, luon ¢6 chu trinh Hamilton.

3. Vi moi dé thi sau st dyng thudt todn Fleury dé dua ra chu trinh Euler cha d6 thi
hoae chi ra ring d6 thi khong phai 1a d6 thi Euler:

L} ) N
a. A b PR N
™ & ™,
+ ¢ y « — .
N, \‘\ _.f; J [ 7 Y . N
. RN LN *, . ,
- v - N . o -
— - ~ -
¢)
' ?
. - - s
. Ny \/ : e
iy RS AT . -

4. Viét chuong trinh kiém tra xem mot dé thi ¢é 1a dé thy Euler, dé thi nira Euler. v
trong trudmg hop cau trd 150 13 khang dinh. hily tim chu trinh Euler hode duong di Euler
trong 4o thi theo thuat todn mé ta trong 4.1

5. Viet chuong trinh kiem tra xem mét d6 thi cé phai 13 d6 thi Hamilton. do thi nia
Hamilton hay khong? (St dung thuit todn mo ti trong 4.2)

6. Irong giai vo dich bong chuyén cé n doi ddnh s& tir 1 dén n thi ddu vdng tron mot
lugt. Két qua thi diiu duge cho boi mot bang sé(alijl,i.j=1,2. ... n). trong dd ali. ji=1
néu doi 1 thang trong rran gap doi j va a[i,j]=0, trong trudng hop doi i thua trong tran
gap doi j. DT li¢u vio duge cho trong mdt file van ban ¢é tén 12 KQTD.INP, dong diu
nén chia o n, cdc dong 1i€p theo chita cac s¢ afij], i, ) =1, 2,.... n. cic $6 cich nhau
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Phan 2. Ly thuyét do thi

bl ddu cdch hoac diu xudng dong. Két thiic giai, ban 6 chic mudn moi cac doi truéng
chia doi béng ra xé€p thanh mot hang ngang dé chup anh. Hay fim cich x&p cdc doi
truong thanh mot hang ngang sao ngoai trir hai ngudi ding & hai mép clia hing méi
ngudi trong hang déu dimg canh moét doi trudng cia doi thang, mot doi trudng cna doi
thua d¢i minh & iran ddu cla gidi. Ké qua dua ra man hinh: thi ty ding céc d6i trudng
cla cdc doi trong hang ngang tim duge.

7. Tim cdch vi€t 9 s6 1, 9 36 2, 9 6 3 thanh day
Ay yeeny iy,

sa0 cho 27 s6 ¢4 3 chif s8

G605, Q0,0 e Qs Oog G sl oyl A

14 d6i mgt khic nhau.

8. Cho n xau ky tu S, S,,..., S,, mdi xau cé do dai khong qud 80 k¥ tu. Cdc xau nay
dugc ghi trong mot file van ban ¢ tén 1a XAU.INP, mdi dong cla n6 chita mot xau ky
ty noi trén. Gia sit P va Q 14 hai xau ndo d6 trong ¢dc xau di cho. Ta néi P ¢6 thé néi
dugc v&i Q néu k¥ tur dau tién cha P la triing véi ky tu cudi cling ¢lia Q. Lap trinh kiém
tra xem ¢6 thé ndi n xau da cho thanh mét xau theo quy tic néu trén hay khong.

9. Mot mang mdy tinh gém n mdy tinh danh sd tir | dén n, trong d6 c6 mot mdy goi Ia
mdy chil dugc ddnh s6 1a 1. Hai mdy trong mang ¢6 thé dugc ndi véi nhau bdi nhidu
hon mot kénh truyén tin. T4t ¢ c¢é m kénh truyén tin gilta cdc mdy dugc danh s6 tir 1,
2,..., m, Dit li¢u ndi mang dugc cho trong mot file vin ban ¢é tén 1a NET.INP, mdi dong
cua né chia thong tin vé mot kénh truyén tin trong mang gém hai s6 d,, ¢, ta chi s6 cla
hai may dugce ndi bdi kénh truyeén tin thi { trong mang (i = 1, 2,..., m). D€ kiém tra cic
kénh truyén tin, ngudi ta glri mot thong diép tir mdy chi trong mang, thong diép nay
cin phai ldn lugt thdng qua cdc mdy trong mang truyén di qua tdt ca cac kénh truyén tin
trong mang mdi kénh ding mot 14n réi lai quay & vé may chil. Hay lap trinh nhap di
lidu vao tir file, sau dé cho biét cé cdch truyén tin nhu vira mo6 ta & trén hay khong,
Trong trudng hop ciu tra 19 12 khing dinh hiy dua ra man hinh trinh tu cdc kénh troug
mang ma thong diép can lan lugt dugc truyén qua.

10. C6 17 ngudi ban gap nhau & mét I6p bdi dudng nang cao trinh d6. Trong sust thdi
gian ctia dot hoc tap ho cling nhau &n 16i & mot nha hang c¢6 nhiéu mén an hop khau vi
v6i ho. Bi€t rang trong tat ¢a cdc bia in t6i d6, ho déu ngdi quanh mot cdi ban tron va
mdi cap chi ng6i canh nhau ding mét 14n, Héi ring dot hoc tap d6 kéo dai nhidu nhat
bao nhi¢u ngay? Hay lap trinh dua ra cich x&p chd ngdi clia ho trong nhitmg ngay dé.
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Chirong 5. Cdy va Cay khung ciia doé thi

CAY VA CAY KHUNG
cUA 0 TH|

D6 thi vo hudng lién thong khong ¢6 chu trinh duoe goi 1a cay. Khdi niém cay lan
dédu tién duge Cayley dua ra vio nim 1857, khi dng sir dung ching dé dém mot s& dang
cdu tric phan tir clla cdc hop chat hod hoc trong hod hoc hitu co. Cay con duge sit dung
rong rai trong rét nhiéu linh vic khic nhau, dac biét trong tin hoc, cay dugc sir dung dé
xay dyng cdc thuat todn 16 chiic cac thu muc, cac thuat todn cit gifl, truyén dit liéu va
tim kiém ...

5.1. Cay va cac tinh chat co ban cua cay

Pinh nghia 1. Ta goi cdy la dé thi vé hudng lién théng khéng ¢é chu trinh. D6 thi
khong ¢o chu trinh duge goi la ring.

Nhur vy, rimg [a dé thi ma méi thanth phan lién thong cua nd 1a mot cay.
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Plicin 2. L3V thuyét dé thi

Thi du L. Trong hinh 1T {a mot rimg gém 3cay 7. T.. T ..

Hinh L. Rung gém bacay 7, 7>, T,

Co the n6i cay 12 dd thi vo hudng don gian nhat. Binh 1y sau day cho ta mot 56 tinh
chilt el cay.

Binh 1y 1. Gid sii T=(0CEY i do thi v6 hueong n dinh. Kii dé cde ment dé sanr dav la
fifom g dion g

{H) T fa cdy:

(20 7 Lhdng chiia cha rinfi va e6 n-1 canh;

(34 T lien thong va c6 n-1 canh:

() T licn thong va vidi canh ciiu no dew 1a cdu:

(30 Hai dinh bat &y cida T diroe noi vai nhan bot diing mér dirdng di dem:

(0) T kidng chite chu trinhy nlumg hé o thém vao né mar canh wa e diion
g wicr ol trindt,

Chung minh, Ta s ching minh dinh 1y theo so dé sau:
(=2 =>3 >dH=E> G =(1).

(1) = {2) Theo dinh nghia T khéng chda chu trinh. Ta s& ching minh bing quy nap
theo 56 dinh # khang dinh: S6 canh ciia cay véi 2 dinh (3 7-1. RS ring khing dinh ding
vai = L Giasa 2> L Trude hét nhin thiy ring trong moi cay T ¢d n dinh déu tim
dugic it nhat mot dinh 1 dinh treo (tite L dinh €6 bac (4 1), Thue vay, goi v, 1. v |2
duong di diu nhit (theo s6 canh) trong T. Khi d6 10 ring v, viv v, L cide dinh treo, vi tiry,
() khong ¢6 canh noi 161 bt ¢ dinh ndo trong $6 cice dinh vy, vy 0 (do d6 thi khong
chuaa chu rinh), cing nhu 16t bat it dinh nio khice cba dé thi (do dutmg di dung xét 1a
dai nhér). Loai bo v, vivcanh (v, v,) khoi T ta thu duge cay T, v6i a-1 dinh, mi theo eid
thict qui nap <6 -2 canh. Vay cay 7' ¢ n-2+1 = n-1 canh,
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Chuong 5. Cdy va Cdy khung cda dé thi

(2) = (3) Ta chiing minh bing phan ching. Gia st T khéng lién thong. Khi d6 T phan
rd thanh & 2 2 thanh phan lién thong T, T,.....T,. Do T khéng chita chu trinh nén méi T,
(i = 1, 2,..., &) cing khong chita chu trinh, vi th€ méi 7, 1a cay. Do dé néu goi n(T,) vd
e(T,) theo thi tr 14 s6 dinh vi canh ca T, ta cé

eT) = nm(TH-1, i=1,2,.. 4k

suy ta
n-1

eM=eT)+...+e(T)
nT)+ ...+n(T) -k
n-k<n-17
Mau thuan thu duge ching 16 7 1a lién thong.

(3} = (4) Viéc loai bd mét canh bat ky khoi T dan dén d6 thi v6i n dinh va n-2 canh 6
rang 1a d6 thi khéng lién thong. Vay moi canh trong T déu [a cdu.

(4) = (5) Do T Ia lién thong nén hai dinh bét k¥ cha né dugc ndi v6i nhau bdi mot
dudng di don. Néu c6 cap dinh nio cia T ¢6 hai dudng di don khédc nhau néi chiing, thi
tlr d6 suy ra do thi chita chu trinh, va vi thé cdc canh trén chu trinh nay khéng phai 13
ciu !

(5} = (6) T khong chifa chu trinh, boi vi néu ¢6 chu trinh thi hod ra tim duoc cap dinh
cta T dugc ndi v6i nhau boi hai dudng di don. Bay gid, néu thém vio T mot canh e noi
hai dinh 4 va v nao d6 cta 7. Khi d6 canh nay ciing véi dudng di don ndi u véi v $8 tao
thanh chu trinh trong 7. Chu trinh thu dugc nay 1 duy nhét, vi néu thu duoc nhiéu hon
mot chu trinh thi suy ra trong T trude d6 phai ¢6 sin chu trinh.

(6) = (1) Gid sit T khong lien théng. Khi d6 né gém it ra la 2 thanh phén lién thong.

Vi vy, n€u thém vao T mot canh néi hai dinh thu6c hai thanh phén lién thong khic

nhau ta khong thu dugce thém mét chu trinh nao cd. Diéu d6 mau thun véi gia thiét (6),
Pinh 1y duge chimg minh. )

5.2. Cay khung cua d8 thj

Dinh nghia 2. Gid su G=(V E) la dé thi v6 huong lién thong, Cay T=(V.F)vii Fc E
dwece goi la cdy khung cia dé thi G.

Thidu 2. Da thi G va ciy khung cha né duge cho trong hinh 2

199



Phan 2. Ly thuyét do thi

e e e
Hinh 2. Dé thi va cdc cay khung cta né

Binh Iy sau day cho bi€t s6 lugng cay khung ctia dé thi diy da K

n-2
Dinh ly 2 (Cayley). $6'cdy khung cia déthi K, la 1

bDinh 1y 2 cho thay so lugng cay khung cia mot 46 thi 1a mot s6 rat 16n. Bay gidr ta xét
dp dung cua thudt todn tim kiém theo chiéu sau vi theo chiéu rong trén d6 thi dé xay
dung cay khung cuia dé thj v6 hudng lién thong. Trong ca hai trudng hop mdi khi ta dén
dugc dinh mdi i (tic Chuaxet[u] = true) tir dinh v thi canh (v, u) s& dugc két nap vao
cdy khung. Hai thuat todn tuong Gng duge trinh bay trong hai thu tuc sau day.

procedure STREE DFS(v);
(* Tim kiém theo chiéu sdu ép dung vdo tim tdp canh cda cdy khung T
cua do thi vé huong lién thong G cho bdi danh sdch ké.
Cdc bién Chuaxet, Ke, T la toan cuc *)
begin
Chuaxet[v] ;= false ;
for u e Ke{v) do
if Chuaxet[u] then
begin
T:i=Tw (vu);
STREE_DF5S(u);
end;
end;
(* Main Program *)
BEGIN
(* Inittaliation *)
for uweV do Chuaxet{u]:=true:
T:= (* T la tdp canh cia cdy khung *)
STREE_DFS(root); (* root la dinh ndo dé cia dé thi  *)
END.
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Cluong 5. Cdy va Cdy khung ciia do thi

procedure STRE BFS(r);
(* Tim kiém theo chiéu rong dp dung tim 1dp canh ctia cay khung T
cra do thi v huong lién thong G cho bdi danh sdch Ke *)
begin
QUEUE = ;
QUEUE «r;
Chuaxet{r}:=false;
while QUEUE = & do
begin
v < QUEUE;
for u € Ke(v) do
if Chuaxet[u] then

begin
QUEUE <= u; Chuaxetfu]:=false;
T:=Tw (v,u);

end;

end;
end;

(* Main Program *)
BEGIN
for ueV do Chuaxet[u]:=true:
T:=; (* Tladp canh cua cdy khung *)
STREE_BFS (root); (* root la mor dink tuy v cua do thi *)
END.

Chu y:
I. Lap luén twong ty nhu trong phén trude ¢6 thé chi ra duge ring céc thuat toan
mo ta ¢ trén ¢ do phic tap tinh todn O(n+m).
2. Cay khung tim duge theo thi tuc STREE_BFS(r) la cay dudng di ngdn nhat tir
goc r dén tdt ca cdc dinh con lai ca dé thi.

5.3. Xay dung tap cac chu trinh ¢d ban cda do thj

Bai todn xay dung cay khung cila dé thi lién quan chat ché véi mot bai todn ng dung
khdc cta ly thuyét do thi: Bai todn xay dung tap cdc chu trinh co ban clia d6 thi ma ta s&
x€t trong muc nay.
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Phan 2. Ly thuyét do thi

Gia su G =(V, E) la don d6 thi vo hudng lién thong, H=(V.T) 14 cay khung cia né.
Céc canh cia d6 thi thudc cay khung ta s& goi ki cdc canh trong, con cdc canh con lai s&
goi la canh ngoai.

Dinh nghia 3. Néu thém mér canh ngodai e € ENT vao cay khung H ching ta sé thu

duwge ding mot chu trinh trong H, k3 hiéu chu wrinh nay la C, . Tdp cdc chu trinh
2={C, :ec F\T}

duge goi la tdp cdc chu irink co bdn cia do thi G.

Gia sir A va B 1a hai tap hop, ta dua vao phép todn sau
AD B = {(AUBNANB).

Tap A ® B duge goi 1 hiéu doi xitng cua hai tap hop A va B.
Tén goi chu trinh co bin gan lién vdi sy kién 1a mbi chu trinh cla d6 thi déu c6 thé
thu dugc tir cdc chu trinh co ban nhu chi ra trong dinh Y sau day:

Dinh Iy 3. Gid 5it G=(V ,E) la do thi vo huong lién thong, H=(V,T) la cdv khung ciia né.
Khi d6 moi chu trinh ciia dé thi G déu 6 thé bidu dién niur I hiéu doi xing ciia mot 56
cde chu trinh co ban.

Vigc tim 14p cdc chu trinh co ban gir mot vai trd quan trong trong vin dé giai tich
mang dién. Cu thé hon, theo mdi chu trinh co ban clia dé thi tuong tng véi mang dién
cin phan tich ta s& thiét 1ap dugc mot phuong trinh tuyén tinh theo dinh tuat Kirchoff:
Tong hiéu dién the doc theo m¢t mach vong ld bdng khong. Heé thong phuong trinh
tuyén tinh thu duogc cho phép tinh todn hiéu dién the rén moi doan dudng day cla ludi
dién.

Ta s& mo ta thuat todn x4y dung tap cdc chu trinh co ban dua trén thi tuc tim kiém
theo chiéu sau trén d6 thi. Thuat todn c6 céu trdc tuong tw nhy thuat todn xay dung cay
khung theo thi tuc tim ki€m theo chiéu sau md ta trong muc trudc.

Thudt todn xdy dung tdp cdc chu trinh co ban. :
Gia thi€t ring d6 thi G = (V, E) dugc mé ta bing danh sdch ké Ke(v). v e V.

procedure Cycle(v);
(* Tim tdp cde chu trinh co bdn cdaa thanh phan lién thong chita dinh v;
Cdc bién d, num, STACK, Index la toan cuc = *)
begin
d:i=d+1;
STACKI([d] :=v;
num := num+!;
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Index[v] := num;
for ue Ke(v) do
if Index[u]=0 then Cycle(u)
else
if (v 2 STACKI[d-1]) and (Index[v} > Index[u]} then
< Ghi nhdn chu trinh voi cdc dinh:
STACK/{d], STACK{d-1], ..., STACK/[c], véi STACK[c]=u >;
d:=d-1;
end;

(* Main Program *)
BEGIN
for ve V do Index[v]:=0;
num =0 d:=0: STACK[0] :=0;
for veV do
if Index{v] =0 then Cycle(v);
END.

Chii y: Bé phifc tap tinh todn cua thuat todn viea mo tala O( | E ||V |).

5.4. Bai toan cay khung nho nhat

Bai todn cay khuiig 1iho nhat clia d6 thi 1a mét trong s6 nhimg bai todn 161 wu trén d6 thj
tim duge ing dung trong nhiéu linh vire khde nhau ctGa doi séng. Trong muc nay chiing
ta s& trinh bay nhitng thuat todn co ban dé gidi bii todn nay. Trude hét ching ta phét
biéu néi dung clia bai todn,

Cho G = (V, E) 1a d6 thi v6 hudng lién thong véi tap dinh V = {1, 2,..., n} va tap
canh £ gém m canh. M&i canh e ctia d6 thi G dugc gidn v6i mot s8 thue c(e), goi la do
dai cua né. Gia sut H = (V.T) 1a cly khung cla d6 thi G. Ta goi do dai c(H) cla cay
khung #/ 1a tdng do dai cla cic canh clia né:

c(H) = Z c(e).
ecT

Bai todn dat ra 1a trong s tat ca cdc cly khung cha d6 thi G hdy tim cay khung véi do
dai nho nhat, Cay khung nhur vay duge goi 1a cay khung nho nhat chia d6 thi va bai todn
dat ra duoc goi 1a bai todn cay khung nho nhat.
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Thi du 3. Hinh 3 cho mot thi du vé dé thi ¢4 trong s6 trén canh va cdy khung nho nhat
cha do thi dugc chi ra bdi cdc canh t6 dam.

Hinh 3. Cay khung nhd nhat cla dé thi

D¢ minh hoa cho nhimg tng dung clia bai todn cay Khung nhd nhit, dudi day, ta
phit biéu hai mé hinh thye t& tiéu biéu cda ng.

Bai todn xdy dung hé thong duwdng sdt. Gia sir ta mudn xay dyng mot hé thong dudmg
sat ndi n thanh phé sao cho hinh khich ¢6 thé di tir bat ci mét thanh phé nao dén bat
ky mot trong s6 cdc thanh phd cdn lai. Mat khac trén quan diém kinh t& doi hoi 1 chi
phi vé xay dung h¢ théng dudng phai 13 nhd nhat. RS rang 1a d6 thi md dinh 1A cic
thanh ph6 con cdc canh la céc tuyén dudng sat néi cdc thanh phd trong ing véi phuong
dn xay dung t6i wu phai 1a cay. Vi viy, bai todn dat ra din v& bai todn tim cay khung
nho6 nhét trén d6 thi ddy di # dinh, mdi dinh tuong dng v&i mot thanh phs, véi do dai
trén cdc canh chinh la chi phi xay dyng dudng ray néi hai thinh phé tuong dng (chi y 1a
trong bai todn nay ta gia thi€t 1a khong dugc xay dung tuyén dudng sit c6 cic nha ga
phan tuy&n nim ngodi cic thanh phé).

Bdi todn néi mang mdy tink. Can n6i mang mot hé théng gdm n may vi tinh dénh s tir
1 dén n. Biét chi phi ndi mdy i v6i mdy jlac[i,j],i, j=1,2...n (thong thudng chi phi
nay phu thudc vao d¢ dai cdp nét cdn sir dung). Hay tim cdch néi mang sao cho téng chi
phi ndi mang la nho nhét.

D€ gidi bai todn cdy khung nhé nhat, tat nhién c6 thé list ke tt ca cdc cay khung
clia d6 thi va chon trong s6 ching cay khung nhé nhat. Phuong phdp nhu vay, trong
trudng hop do thi ddy di, s& doi hoi thoi gian ¢& 2", va 15 rang khong thé thuc hién
dugc ngay cd v6i nhimg d6 thi véi s6 dinh c& hang chuc. R4t may 13 d6i véi bai toan
cay khung nho nhét chiing ta da ¢ nhiing thuat todn rit hiéu qua dé gidi ching, Chiing
ta s€ xét hai trong s6 nhitmg thuét todn nhu vAy: Thuat todn Kruskal va Thuat toén Prim.
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5.4.1. Thuat toan Kruskal

Thuat todn s€ xdy dung tap canh T cua cay khung nhd nhit H = (V,T) theo timg budc.
Trudc hét xap x€p cde canh cha dd thi G theo thit ty khong giam ciia do dai. Bit ddu tir
tap T = &, 0 mbi budc ta s& 1dn lugt duyét trong danh sdch canh di xip xép, tir canh ¢
d6 dai nho dén canh c6 do dai 16n hon, dé tim ra canh ma viéc bé sung né vao tap T
khong tao thanh chu trinh trong tap nay. Thuat todn s& két thic khi ta thu duoc tap T
g6m n-1 canh. Cu thé, thuat todn ¢6 thé mo ta nhu sau:

procedure Kruskal;
begin
T:=
while [Tl<(n-)and (E# & )do
begin
Chon ¢ la canh ¢6 d6 dai nhd nhdr trong E;
E = ENlel;
it (Twle} khong chita clu trinh ) then T:=Twule):
end;
if (1Tl<n-1}) then Do thi khong lién thong;
end;

Thi du 4. Tim cay khung nhd nhét cia dé thi cho trong hinh 4.
Buoc khdi tao. Dt T = . Sap x€p cdc canh ca dé thi theo thir tu khong giam cta do
dai ta c6 day:
(3,5), (4.6}, (4.,5), (5,6), (3.4), (1.3}, (2,3), (2.4), (1.2)
day d¢ dai tuong Ung cia chiing
4, g, 9 14, 16, 17, 18, 20, 23.

& ba lan lap ddu tién ta 14n luot bd sung vio tip T céc canh (3,5). (4,6), (4.5). RS rang
néu thém canh (5,6} vio T thi né s€ tao thanh vdi 2 canh (4,5), (4,6) da c6 trong T chu
trinh. Tinh hudng tuong ty ciing xay ra d6i véi canh (3,4) 1a canh ti€p theo trong diy,
Tiép theo ta bd sung canh (1,3), (2,3) vao T v thu duoc tap T gém 5 canh:

T'=1(.5), (4,6).(4,5),(1.3), (2,3)}

chinh la tap canh cua cay khung nho nhat can tim.
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33 8

16
17 14

Hinh 4. D6 thi c6 trong so

Thi du 5. Hinh 5 minh hoa qud trinh tim cay khung nhd nhét clia dé thi cho trong hinh
3: Cdc canh dam 1 cdc canh duge chon vao cAy khung, cdc canh dift nét 1a cdc canh
dugc bd qua trong qud trinh duyét qua cdc canh.

Hinh 5. Tim ciy khung nhd nhit theo thuit todn Kruscal

Chitng minh tinh ding ddn cia thuat toan.

R3 riing dé thi thu dugc theo thuét todn ¢6 n-1 canh va khong c6 chu trinh, vi vay theo
dinh 1y 1 n6 la cay khung cua d6 thi G. Nhu vy, chi cdn phéi chi ra ring T ¢6 d6 dai
te1¢ nhat, Gia su ton tai cay S cuu d6 thi G ma «(S) < o(T). K¥ hiéu ¢, 14 canh dau tién
tzong diy cdc canh ctia T xay dung theo thuat todn vita mé ta khong thuoc S. Khi dé dé
th; con cua G sinh bai cay S dige bd sung canh ¢, s chira t chu trinh duy nhat € di qua
¢;» Do chu trinh C phai chita canh e thudc S nhung khong thuoc T nén dé thi con thu
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duge tir S bang cdch thay canh e cha né bdi e, ( ky hiéu dé thi nay 1a S s& 1a cay
khung. Theo cdch xay dung c(e) < c(e) do d6 ¢(S) < ¢(§), déng thdi s6 canh chung
cla §* va T da tang thém moét so v4i s8¢ canh chung cia S va T. Lip lai qud trinh trén
timg budc mét ta ¢ thé bién ddi § thanh T vi trong mdi bude téng do dai khong tang,
tic 1a () £ ¢(S). Mau thudn thu duge ching t6 T 14 cay khung nhd nhat.

Vé viéc lap trinh thuc hién thuat todn.

Khéi lugng tinh todn nhiéu nhat clia thuat todn chinh 12 & budc sdp xép cic canh cla dé
thi theo thit ty khong gidm cta do dai dé lya chon canh bé sung. Doi véi dé thi ¢é m
canh cin phéi thuc hién ¢d m log m phép todn dé sidp x€p cdc canh cua dé thi thanh
diy khong giam theo do dii. Tuy nhién, dé€ xay dung ciy khung nhé nhit véi #-1 canh,
néi chung, ta khong cdn phai sip th tv todn b cdc canh mi chi cdn xét phén trén cla
ddy d6 chia » < m canh. Dé lam viée d6 ta ¢6 thé sit dung cdc thi tuc sdp x&p dang
Vun dong (Heap Sort). Trong tha tuc nay, d€ tao déng diu tién ta mat ¢d O(m) phép
todn, moi phan tlr I6n 1iép theo rong déng cd thé tim sau thoi gian O(log m). Vi vay.
v cai tién nay thuat todn s& mat thdi gian ¢& O(m+p log m) cho viéc sap xép cic canh.
Trong thuc t€ tinh todn s& p nhé hon rit nhiéu so véi m.

Viin dé thi hai trong viée thé hign thuat toan Kruskal 14 viéc lya chon canh dé b
sung doi hoi phai ¢6 mot th tuc hiéu qua ki€m tra tdp canh Tw{e} ¢6 chifa chu trinh
hay khong. B¢ y rang, cic canh trong 7 & cdc bude lap trung gian s& tao thinh mét
rimg. Canh ¢ cin khdo sdt s¢€ tao thanh chu trinh véi cdc canh trong T khi va chi khi ca
hai dinh ddu ciia né thude vilo cling mot ciy cen cia ritng ndi trén. Do d6. néu canh ¢
khong tao thanh chu trinh véi cdc canh trong T, thi né phai néi hai cay khdc nhau trong
T. Vi thé, dé kiém tra xem c6 thé bé sung canh ¢ vio T ta chi cin kiém tra xem né ¢6
noi hai cay khac nhau trong T hay khéng. Mot trong cdc phuong phip hiéu qua dé thuc
hién viéc kiém tra nay [ ta s€ phan hoach tap cic dinh cla dé thi ra thanh céc tap con
khong giao nhau, mdi tap xac dinh b&d mot cay con trong 7' (duge hinh thanh & céc
budc do viéc bo sung canh vao T). Chang han, d6i véi dd thi trong vi du 3, ddu tién ta cé
sdu tap con 1 phan ti:{ 1}, {2}, {3}, {4}. {5}, {6]). Sau khi b6 sung canh (3, 5), ta cé
cac tap con {11}, {2}, {3, 5}. {4}. {6}. Ti¢p theo, sau khi canh (4.,6) duoc chon, ta cé
cac tap con {1), {2}, {3, 5}, {4, 6}. & budc thit 3, ta chon canh (4,5), khi d6 hai tap con
duce néi lai va danh sich cdc tap con [a {1}, {21, {3, 4, 5, 6}. Canh ¢6 do dai ti€p theo
la (4. 6), do hai dav cua nd thudc vio cliing mot tap con {3, 4, 5, 6}, nén nd s& tao thanh
chu trinh trong tp nay. Vi vay canh nay khéng duge chon. Va thuat todn sé tiép tuc
chon canh tiép theo dé khao st ...

Nhu vay, dé gidi quyét vin dé th hai ndy ta phai xiy dung hai thi tuc: Kiém tra
xem hai diu &, v cla canh e=(u, v) ¢6 thudc vao hai tap con khac nhau hay khong, va
trong trudng hop ciu tra 181 a khing dinh, néi hai tap con tuong @mg thinh mot tap.
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Chi ¥ rang méi tap con trong phan hoach ¢6 thé luu trit nhu 13 mot ¢y ¢é gdc, va khi
d6 méi gbc s& dugc sit dung lam nhan nhan biét tap con twong dng.

Chuong trinh trén Pascal thuc hién thuat toan Kruskal vé6i nhitng nhan xét vira néu
c6 thé viét nhu sau:

(* Tim cay khung nho nhit theo thuat todn Kruskal
cia do thi cho bdi danh sich canh *)
uses crt;
type
arrn = array[1..50] of integer;
arrm = array[1..5000] of integer;

var
n, m, MinL : integer;
Dau, Cuoi, W :arrm,
DauT, CuotT, Father: arm:;
Connect : boolean;

procedure Nhapdl;
var  1:integer;
fname: string;
f :lext;
begin
write('Cho Tén file dit liéu: ); readln(fname);
assign{f, fname);
reset(f);
readln{f,n,m);
for i := 1 to m do readln( f, Dau{i], Cuoi[i], W[i] ):
close(f);
end,;

procedure Indulieu;
var i integer;
begin
writeIn('S6 dinh: ',n,". S8 canh: ,m);
writeln(' Pinh ddu Dinh cusi Do dar’):
for iz=1to m do
writeln{ Dau[i]:4, Cuoi[i]:10, W[i}:12);
end;
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procedure Heap(First, Last:integer);
var j, k, tl, €2, t3: integer;

begin
j = first;
while (j <= trunc(last/2) ) do
begin
if (2% < last) and (W[2*j+1] < W[2%]]) then
k 1= 2%j+1
else
k = 2%j;
if W[k] < W[j] then
begin
tl := Dau[j]; 12 := Cuoi[jl; 13 :=W[};
Dau[j] := Dau[k]; Cuoilj] := Cuoifk]; W[j] := WI[k];
Dau(k] :=t1; Cuoi[k] :=12; WI[k]:=13;
j=k;
end

else j ;= Last;
end;
end;

function Find(i: integer) : integer;
var Tro: integer;
begin
Tro :=1;
while Father[Tro] > 0 do
Tro:= Father[Tro];
Find:=Tro;
end:

procedure Union(i,j : integer);
var X: integer:
begin
x := Father(i] + Father[j];
if Father[i]> Father(j] then
begin
Father[i] := j;
Father[j] := x;
end
else
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begin
Father[j] :=i;
Father(i] := x;
end;
end;

procedure Kruskal;
var i, Last, u, v, r1, r2, Ncanh, Ndinh : integer;
begin
(* Khoi tao mang Father ddnh dau cay con
va khoi tao Heap *)
for i:=1 to n do Father[i]:=-1:
for 1= trunc(m/2) downto 1 do Heap(i,m):
last:=m; Ncanh := 0; Ndinh := 0;
MinL :=0;
Connect := true:
while (Ndinh < n-1) and (Ncanh < m) do
begin
Necanh := Ncanh+1;
u = Dau[l]; v := Cuoi[1]:
(* Kiém tra u va v c6 thugc cling mot cay con? *)
rl := Find{u);
r2 ;= Find(v);
if 1] <>r2then
begin
{(* Kétnap canh (u,v) vao ciy khung  *)
Ndinh:=Ndinh+1; Union(rl,r2);
DauT{Ndinh]:=u;
CuoiT[Ndinh]:=v;
MinL:=MinL+W/[1];;
end;
(* T8 chic lai Heap *)
Dau[1] := DaufLast];
Cuoi[1] := Cuoi[Last];
WI[1] .= W[Last];

Last := Last-1;
Heap(1,Last);
end;

if Ndinh <> n-1 then Connect ;= false:
end;
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procedure Inketqua;

var

i: integer;

begin

writeln('**************************************');
writeln{ ¥** Két qua tinh todn R N
wri[eln('**************************************');
writeln('D¢ dai cha cAy khung nhd nhit: ' MinL);
writeln('Cdc canh cua cdy khung nho nhat:"),

for i:=1 to n-1 do

writeln('(,DauT[i}:2,’, ,CuoiT[i]:2,) );

Wl-iteln('**************************************');

end;

BEGIN

clrscr,
Nhapdl;
Indulieu;
Kruskal;
if Connect then Inketgua
else
writeln("D6 thi khong lién théng');
readln;

END.

File dir liéu cla bai todn trong thi du 4 ¢6 dang sau:

o B o B U 0 F N OV N BV

) e O Lh N LD
—_ s o0 u
S0

3 18

4 20
2 23

Két qua tim dugc: D6 dai cha cy khung nho nhit vA tap canh cla cay khung nhé
nhét duge dua ra man hinh
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5.4.2. Thuit toan Prim

Thuét todn Kruskal 1am viéc kém higu qua déi v6i nhitng dé thi day (43 thi véi s6 canh
m = 1(n-1)/2). Trong trudng hop d6 thudt todn Prim 16 ra hiéu qua hon. Thuét todn Prim
con dugc goi la phuong phép lan can gin nhat. Trong phuong phap nay, bat ddu tir mot
dinh tuy ¥ ctia dé thi s, ddu tién ta ndi s v&i dinh lan c4n gan né nhat, ching han la dinh
y. Nghia la trong s6 cdc canh ké cia dinh s, canh (5, y) ¢6 do dai nhé nhit, Tiép theo,
trong s8 cdc canh ké véi hai dinh s hoac y ta tim canh ¢6 do dai nho nhdt, canh nay dén
dén dinh thit ba z, va ta thu duge cay bo phan gdm ba dinh va hai canh. Qud trinh nay sé
dugc ti€p tuc cho dén khi ta thu duge cay gém # dinh va n-1 canh s€ chinh la cay khung
nho nhat cin tim.

Gid sir d6 thi cho boi ma tran trong s6 C = {c[ijl. i, j= 1, 2,..., n}. Trong qud trinh
thuc hién thuat todn, & méi budc d€ ¢6 thé nhanh chéng chon dinh va canh cin bé sung
vao cay khung, cdc dinh cta dé thi s& duge gdn cho cdc nhin. Nhiin clia mot dinh v sé
g6m hai phan va c¢6 dang [ d[v], near[v] 1, trong d6 d[v] diing d¢ ghi nhan do dai cha
canh ¢6 do dai nho nhat trong s6 cic canh ndi dinh v vdi cdc dinh cla cay khung dang
xdy dyng (ta s€ goi 1a khoang cdch tir dinh v dén tap dinh clia c4y khung), néi mot céch
chinh xdc

div] =min{ c[v,w]: w € Vy } (=clv, z]),
con near[v] ghi nhan dinh cta ciy khung gan v nhat (near[v] = z).

Thuét todn Prim dugc mo ta diy di trong thi tuc sau:

procedure Prim;
begin
(*  Budc khdi tao *)
Chon s la mot dinh ndo dé cia dé thi ;
Ve ={s}; T:=;
d[s] := 0; near[s] :=s.
for ve VA Vr do
begin
d(v} :=¢[s,v];
near[v] := s;
end;
(¥ Budre lip *)
Stop := false;
while not Stop do
begin
Tim uweV\VH rthodmdn: dlu]l = min{d[vl:ue V\ VH |;
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Va = Vowilu}; T:=Tww{(unearfu]}};
if IVel=n then

begin
H=(Vu .T) lacdy khung nho nhdt cia dé thi ;
Stop = true;

end

else

for ve VN Vu do

if  d[v]>c[uv] then

begin
d[v] := cluv];
near[v] := u;

end;

end;
end;

Thi du 6. Tim cay khung nh¢ nhat cho d6 thi xét trong thi du 4 theo thuat todn Prim.
Ma tran trong s& cua do thi cd dang

I 2 3 4 5 6
1[0 3 17 = o o
2 33 0 18 20 o0 o0
C = 3 17 18 0 16 4 o0
4 o 20 16 0 9 3
5 o oW 4 9 0 14
6 L o o0 & 14 0 _]

Béng dudi day ghi nhin cta cdc dinh trong cdc bude lap cua thudt todn, dinh ddnh
ddu * 1a dinh duoc chen dé bo sung vao ciay khung (khi d6 nhdn cha né khong con bi
bién déi trong cdc budc 1ap tiép theo, vi vay ta ddnh ddu - dé ghi nhan diéu d6) :

Budc -
lap Pinh 1| Dinh 2 | Dinh 3 | Dinh 4 { Dinh 5 | Dinh 6 VH T
Khéi tao | (0,17 (33 1] |17, 11*| (oo, 1] | [0 1) | (= 1] 1 7z
1 TTO8.31 | - [(16,31] 4 31% | (= 1] 1,3 3.1
2 [18, 3] - [9,5)* - (14, 3] 1,3.5 (3.1),(5.3)
3 (18, 3] - - - |8, 4]* 1,3,5.4 (3.1),(5.3), (4.5)
4 - (18, 3)* - - - - 1.3,5, 4,6 |(3,1),(5.3),(4,3),(6,4)
5 - - - - - 1,3,5,4,6,21 {3.1),(5.3),(4.5),
(6.4),(2.3)
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Thi du 6. Hinh 6 minh hoa qud trinh tim cay khung nhé nhat cta dé thi cho trong hinh
3: Céc canh dam Ia cdc canh duge chon vao cay khung, Miii tén chi huéng cion dinh
ti€p theo, Canh dit nét khong cin phai xét trong cic budc tiép theo.

Hinh 6. Tim cdy khung theo thuat todn Prim

5.4.3. Mot s6 bai toan dan vé bai toan cay khung nho nhit

Trong muc nay ta néu hai bai todn c6 thé din vé bai todn cay khung nhé nhat, va vi the
c6 thé gidi duge nhd cdc thuat todn mo ta trong muc trude

a) Bai todn cdy khung Ion nhdt. D dang nhan thdy ring trong cdc thuat todn trén ta
khong cdn st dung dén doi hoi vé ddu ciia do dai. Vi vay c6 thé 4p dung ching d6i véi
d6 thi c6 cic canh véi do dai c6 ddu tuy ¥. Vi vay, gid si ta phai im cay I6n nhit (hic
la c6 d¢ dai c(H) 1én nhat) thi chi can d6i ddu 14t cd cdc do do va dp dung mot trong
hai thuit todn vira mo ta.

b) Bai todn tim mang dién vdi do tin cdy lon nhdt. Cho i dién 6 # nit. Dudng
day n6i niit i véinit jc6 do tincay 1 > p[i, j1> 0,4, j=1,2,..,n Goi G = (V, E) 1a dé
thi twong vng véi ludi dién nay. Hiy tim cdy khung H ciia dé thi G v6i do tin cay

G

ecH
Iém nhat.
Bai todn nay dan vé bai todn tim cay khung véi tdng do dii nhd nhat trén dé thi G
véi do dai clia méi canh e € E la - log p(e). Thuc vay, gia st H la cay khung nho
nhdt trén dd thi vdi dg dai - log n(e), ta c6
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Chuong 5. Cdy va Cdy khung cia da th

—[J logptey < -]] logple)

ceH eEfl’

vdi moi cdy khung H’ cia @6 thi G. Tir d6 suy ra

> logple) = D logp(e)

eeHf eeH’

do doé

v

log[ ] pe) log [T ple)

cel ecH!'

hay 14

[[re =z I] ple

ceH ecH’

voi mei cay khung H'. Vay H 1a cay khung ¢ dé tin cay 16n nhat.
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Phan 2. Ly thuyét do thi

Bai tap

1. Hay vi€t cdc chuong trinh trén Pascal thye hién cdc thuat todn:
a) Xay dung cay khung cua dé thi;
b) X4y dung tap cdc chu trinh co ban clia dé thi;
¢) Xay dung cay khung nho nhat theo thuét todn Prim.

2. Ap dung thuat todn Kruscal tim cay khung ngén nhét cho dé thi sau day

73 11 2
5 3 18
9
3 13 1
p 12
5

3. Ap dung thuat todn Prim tim cay khung ngin nhdt cho 46 thi sau day, 1dy dinh xudt phat 12
dinh 1

4. Tim cay khung ngan nhit cho d6 thi c6 trong s6 cho trong hinh vé& dudi day theo
thudt todn Kruscal va thuat todn Prim
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Chiteong 5. Cdy va Cdy khung caa dé thi

8 12 e 2
!
2 5 6
z 5
a) 9 4 b} & 6 )
4 6
2
1 3 5
3 5 1 4
6
7 1
1 3 1 z
] 7 7
8l s b g Fo |2 |2 . .
5
> T, E . 5 03 |11 4 |2 d)
6 6
8 2 z
s b s B 7 | e 2
2 1 > s 3
A B ¢
9 5
3
9':258?
D E F C H
7 7 =] 4
4844 & 4 =]
L 7
e) J K L

8. Xét do6 thi gém 6 dinh A, B, C, D, E, F cho bdi ma trin trong s8

A B C D E F

0 33 17 B5 85 &5
330 18 20 85 85
17 18 0 16 4 85
8 20 i6 0 9 8
8> 8 4 9 0 14
85 8 85 8 14 0

Mmoo 0w

Tim cay khung ngan nhdt theo thuat todn Prim. Yéu cAu viét 16 két qua trung gian
trong timg budc. Két qua cudi ciing: Tap canh cua cay khung nhd nhat va d6 dai cla né.

6. Mot cong ty lap mot du dn mac dién thoai cho # (#<100) nhan vién ciia minh bang
mot ludi cac doan ndi tr mdy cta mdt ngudi dén midy cia mdt s6 ngudi khic (khong
phai hai ngudi ndo cling duge ndi véi nhau). Dy dn phai dim bao yéu cdu sau (goi 1
yéu ciiu vé tinh théng suét cla mang): Trén luci dién thoai dé méi nhdn vién ciia
Cong ty déu cé thé nhdn tin cho bdl cir mét nhdn vién khdc hodc truc tiép hodc
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Phan 2. Ly thuyét do thi

thong qua mot s6 nhén vién trung gian. Dit liéu vé dv 4n duge ghi trong file van ban
c6 tén NETW.INP ¢6 cu tric nhit sau:

- Dong ddu tién chita s6 n;

- Dong tiép theo chira s6 dudng ndi;

- Trong cac dong tiep theo chifa cic dudmng ndi cla dy dn: méi dong gém 3 s6
nguyen theo thit t 1a chi s6 cua hai may dugc n6i va chi phi n6i hai may nay.

Hay lap trinh nhap dit liéu vao ti file, sau dé:

a) Kiém tra xem du 4n 6 ddp tng yéu ciu vé tinh théng subt hay khéng?

b} Trong trudng hop dy 4n ddp ing yéu cdu thong sust, hiy tim cich loai bd mot s6
dudng ndi sao cho mang vén 1a thong suét dong thoi gidm dén muikc t6i thiéu chi phf noj
mang.

7. Ngudi ta dinh t6 chite mot mang may tinh gém mxn mdy dugc bs tri theo mot mang
0 vudng gém mxn nit. Nit clia lut & hang 7 cot j goi 1a nit (i,), i=1,2,...m; j=12,...n.
Méi mdy s& duge dat & mot niit va céc méy duge noi v&i nhau theo canh cla cic 0
vuong (goi la cdc dudmg néi cha mang). Trong khi mang con dang trong qud trinh xay
dung (mdi chi ¢é mot s6 dudng ndi nao dé duge xay dung xong), vi phii dua mang vio
phuc vu kip thoi ky thi Olimpic Tin hoc Quéc t€, ngudi ta mudn kiém tra xem tat ci cic
mdy da trao ddi thong tin dugc véi nhau hay chua (hai mdy bat k¥ trong mang goi 1a
trao doi thong tin dugc véi nhau néu nhu chiing ¢6 thé trao déi thong tin duoc véi nhau
hoac la tryc ti€p, hodc thong qua cic mdy trung gian). Trong trudong hop cau trd 15i 14
phu dinh, can xdc dinh s6 dudng néi it nhat cin phai gap rit xay dung trudc sao cho tit
cd cdc mdy déu trao déi thong tin duge v6i nhau, nham phuc vu kip thei nhiém vy dot
xudt néi trén. Dit liéu vé cdc dudmg néi di xay dung xong duge cho trong mot file vian
bin ¢6 tén COMNET.INP c6 c4u triic nhu sau

- Dong dau tién chifa hai s6 m, n:

- Trong cdc dong ti€p theo, méi dong chifa théng tin vé mot dudng néi da xay dung
xong trong thoi diém hién tai gém 4 s nguyén duong xdc dinh toa do cia hai mdy dugc
ndi v6i nhau béi dudng néi nay.

Hay lap trinh nhap di ligu vao tir file, sau dé thyc hién cdc yéu cdu néi wen.
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Chuong 6. Bai todn dudng di ngdn nhdt

BAl TOAN DUGNG DI NGAN NHAT

Trong cdc ung dung thyc t&, Bai todn tim dudng di ngin nhat giita hai dinh cia mot
d6 thi lién théng ¢6 mot ¥ nghia to 16n. C6 thé dan vé bai toan nhu vay nhiéu bai todn
thyc € quan trong. Vi du, Bai todn chon mot hanh trinh tiét kiém nhat (theo tiéu chudn
khodng cdch hodc thdi gian hogc chi phi) trén mot mang giao thong dudmg b6, duong
thuy hodc dudng khong: Bai toan chon mot phuong phap tiét kiém nhat dé dua mot he
dong luc luc tr trang thdi xudt phdt dén mot trang thdi dich, Bai todn lap lich thi cong
cdc cong doan trong mét cong trinh thi cong 16n, Bai todn iva chon dudng truyén tin véi
chi phi nhd nhét trong mang thong tin, v..v... Hién nay ¢4 rat nhiéu pﬁucmg phap dé giai
cac bai todn nhu vay. Thé€ nhung, thong thuong, cic thut todn duge xay dung dua trén
cd s0 1y thuyét dé thi t6 ra 1a cdc thuat todn c6 hiéu qua cao nhét. Trong chuong niy

ching ta s& xét mot & thuat todn nhr vay.
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Phdn 2. Ly thuyér dé thi

6.1. Cac khai niém md dau

Trong chuong nay ching ta chi xét d6 thi ¢6 hudng G = (V, E), Vl=n, |El=m vé&i cde
cung duge gan trong s8, nghia la, moi cung (1, v) € E cha né duge dit tong tng véi
mot s6 thuc a(u,v) goi la trong s6 cia né. Chiing ta s& dit a(u, v) = o, néu (i, v) ¢ E.
Neu diy

Vo, Vieooy Wy,

la mot duong di trén G, thi do dai cua né duge dinh nghia 13 tdng sau

ra

Z alv,_,v,).

i=1
tic 13, do dai cha dutmg di chinh 1a ©ng cdc trong sé trén cdc cung clia né. (Chi y ring
néu chiing ta gdn trong $6 cho tit ci cic cung déu bing I, thi ta thu durge dinh nghia do
dai cta dudng di nhu la s6 cung cha dudng di giong nhir trong cde chuwong trude da xét).

Bai todn tim duong di ngan nhét trén d6 thi dudi dang t6ng quiit ¢é thé phét biéu
nhy sau: Tim dudng di cé d¢ dai nho nhdt tir mot dinh xudt phit s € V dén dinh cudi
(dich) ¢ € V. Dulng di nhir vay ta s€ goi (& dudng di ngdn nhdt tir s dén t codn do dai
cua né ta s¢ ky hiéu 1a d(s,r) va con goi 1a khodng cdch tir s dén t (khoang cdch dinh
nghia nhu vy ¢6 the 13 s6 am). Néu nhu khong 6n tai dudng di tir s dén ¢ thi ta € dat
d(s,t) = oo. RS rang, né€u nhu méi chu wrinh trong d6 thi déu ¢6 do dai duong. thi trong
dudng di ngan nhat khong cé dinh nao bi lap lai (dudng di khong ¢d dinh 1ap lai sé duoc
gol la duong di co ban). Mit khac, néu rong dé thi ¢é chu trinh véi d¢ dai am (chu
trinh nhu vy, dé ngén gon, ta s€ goi 1a ¢/ trinkh am) thi khoing cich giita mot s6 cap
dinh nio d6 cla d6 thi ¢6 thé la khong xdc dinh, bdi vi, bing cich di vong theo chu
trinh ndy mot s6 da 16n ldn, ta ¢6 thé chi ra dudng di gifta cdc dinh nay ¢d d¢ dii nho
hon bét cif 56 thuc cho trude nio. Trong nhitng trudng hep nhu vay, cd thé dat van dé
tim dudmg di co ban ngan nhét, tuy nhién bai todn dat ra s& ré nén phic tap hon rét
nhiéu, bdi vi n6 chita bai todn xét sy 16n tai dudng di Hamilton trong dé thi nhu 1a mot
trudng hgp riéng. Mot tinh chat cua dudng di ngiin nhat nita c6 thé phat bidu mot cich
khong hinh thitc nhu sau: Moi doan dudng con ciia dudng di ngén nhét ciing 1a duong di
ngan nhét. Tinh chat wy rat hién nhién niy nhung lai him chita mot néi dung rét sau
sac, va ngudi ta thudng goi nd 1a nguyeén 1y t6i wu. Viec ching minh tinh ding dén cia
hau hét cdc thuft todn tim dudmg di ngdn nhét déu duge xay dung dua viio nguyén 1y
nay.

Trude hét can chid ¥ rang néu biét khodng céch tr s dén ¢, thi dudng di ngin nhat tiy
s dén 1, rong trudmg hop trong s6 khong am, <6 thé tim duge mot cich dé dang. Dé tim
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Clucong 6. Bai todn dicomg di ngdn nhet

dutrnig di, chi ciin dé y 1a d6i v6i cap dinh s, t € V tuy ¢ (s # 1) ludn tim duoc dinh v sao
ch-

dis.6y = d{s) + a(v.2).

Thuc vay. dinh v nhu vay chinh (& dinh di trude dinh ¢ trong dudng di ngén nhat tir
dén +. Tiép theo ta lai ¢6 thé tim dugc dinh u sao cho d(s,v) = d(s,u) + a(u,v), ... T gid
thi€t v¢ tinh khong am cla cic trong s6 dé dang suy ra ring diy 1, v, u, ... khong chita
dinh lap lai va két thic & dinh s, RS ring diy thu duge xéc dinh {néu lat nguoe thit tu
cdc dinh trong né) dudng di ngan nhit tir s d€n 2. Tir d6 ta ¢6 thut todn sau diy dé tim
dudmg di ngan nhat tir s dén r khi biét do dai cla no.

procedure Find Path;

(*
Pau vao:
dlv] - khodng cdich tir dinh s dén tat ci cic dinh con lai v e V;
t - dinh dich;
alu,v], u, v e V - ma tran trong s6 trén cic cung.
Pau ra:
Mang STACK chifa diy dinh xdc dinh dudng di ngin nhat tir s dén 1
*}
begin
STACK:= &; STACK <1; v:i=t;
while v=sdo
begin
u:= dinh thea man d[v] =d[u] + alu.v] ;
STACK <= u;
vi=u;
end;
end;

Chii ¥ rang d¢ phic tap tinh todn cud thuat todn (A O(#?), do dé tim dinh « ta phai
X€t qua tat ca cic dinh cua dé thi. TAt nhién, ta cling ¢é thé st dt_mg k§ thuat ghi nhan
dudmg di di trinh bay trong chuong 3: ding bién mang Truoc[v], v € V, d¢ ghi nhé dinh
di trude v trong dudng di tim kiém.

Ciing cén luu y thém la trong trudng hop trong s& trén cde canh 1a Khéng am, bai
todn tim duong di ngin nhit wrén dé thi v hudng c6 thé din vé bai toan trén dé thi c6
hudng. bang cdch thay méi canh clia nd bdi hai cung ¢é hudmg nguge chiéu nhau véi
cung trong s6 la trong $6 cha canh twong Ung. Tuy nhién, trong trudmg hgp ¢é trong s6
am, viéc thay nhu vay ¢é thé din dén chu trinh am.
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Phan 2. Ly thuyét d6 thi

6.2. budng di ngan nhat xuat phat tir mét dinh

Phan 16n cic thuat todn tim khodng cich giita hai dinh s va 1 duoc xay dung nhd k§
thuit tinh todn mi ta ¢ thé mo ta dai thé nhy sau: tir ma tran trong s6 aluy], u, v € V,

ta tinh cdn trén dfv] coa khoang cach tir s d&n 14t ca cdc dinh v € V. Mbi khi phét hién
dlu] + alu.v] < d[v] (H
can trén d[v] s€ duge 1a tot lén: d(v] := d[u] + alu.v].

Qua trinh d6 s& keét thiic khi nao ching ta khong lam t6t thém duoc bat cif can trén
nao. Khi d6, rd rang gid tri cia méi d[v] s& cho ta khoang cdch tir dinh s dén dinh v.
Khi thé hién k¥ thuat tinh todn niy trén mdy tinh, can trén d[v] sé dugc goi la nhiln clia
dinh v, con viéc tinh lai cdc cin trén nay s& goi la phép 24dn nhin cho do thi va toan bo
thu tue thudng goi 14 thi tuc gén nhin. Nhan thdy ring dé tinh khoang céch tir s dén ¢, &
day, ta phai tinh khodng cdch tir s dén tét ca cdc dinh con lai clia d6 thi. Hién nay van
chua biét thuat todn nao cho phép tim duting di ngan nhat giita hai dinh 1am viéc thuc sy
hiéu qua hon nhimng thuat todn tim dudng di ngdn nhét tit mot dinh dén tat ca céc dinh
con lai,

Sa d6 tinh todn ma ta vira mo 14 con chua 13 xéc dinh, bdi vi con phéi chi ra thit tur
chon cdc dinh & vi v dé kiém tra diéu kién (1). Thif ty chon nay cé anh hudng rat 16n
dén hi¢u qua cta thuat 104n.

Bay gid ta s& mo ta thuat todn Ford - Bellman tim dudng di ngén nhat tir dinh s dén

tat ca cdc dinh cdn lai clia d6 thi. Thudt todn 1am viéc trong trudng hop trong s6 cla cac
cung la tuy ¥, nhung gia thiét rang trong d6 thi khong cé chu trinh am.

procedure Ford_Bellman;

(*

Pau vao: Dé thi ¢6 hudng G=(V .EY vdi n dinh,
s e V la dinh xudt phdt,

aluv], uy €V, ma trdn trong sé:

Daura:  Khodng cdach tr dinh s dén Gt cd cdc dinh con lai div], v e V.
Truoclvl, v e V, ghi nhdn dinh di truce v trong duong di ngdn
nhat o s dén v

Gia thiet: Do thi khong co chu trinh dam.
*)

begin
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Chuong 6. Bai todn duong di ngdn nhat

(* Khéitao *)
for veV do
begin
div] ;= als,v];
Truoc|v):=s;
end;
d[s]:=0;
for k:=1 to n-2 do
for ve VN\{s} do
for ue Vdo
if div]>d[u] + afu,v] then
begin
d[v] := d{u] + a[u,v] ;
Truoc[v] :=u;
end;
end;

Tink ding dan cba thuat todn ¢é thé chimg minh trén co s& nguyén 1y 161 wu cla
quy hoach ddng. RO rang la d¢ phiic tap tinh 10dn cha thuat todan 1a O(»").

Luu ¥ ring ching ta ¢6 thé cham dut vong lap theo & khi phét hién trong qué trinh
thtsc hién hai vong lap trong khéng ¢6 bién d[v] ndo bi déi gid tri. Viéc nay cé thé xay
ra d6i v6i k& < n-2, vi diéu d6 1am tang hiéu qua cla thuat todn trong viec gidi cac bai
todn thyc t€. Tuy nhién, cai tién d6 khong thuc sy cai thién duge dinh gia do phirc tap
cta ban than thuat todn.

Dai voi do thi thua 16t hon 12 sir dung danh sich ké Ke(v), v € V, d€ bidu dién dé
thi, khi d6 vong lap theo 1 can viét lai dudi dang

for ue Ke(v) do
il dfv] >d[u] + a[u,v] then
begin
d[v] :=d[u] + a[u,v] ;
Truoc[v] :i=u;
end;

Trong truong hop nay ta thu duge thudt todn véi do phic tap O(n.m).

Thi du 1. Xét d6 thi cho treng hinh 1. Cic két qua tinh todn theo thuat todn duge moé (4
trong bang dudi day
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Phan 2, Ly thuyét do thi

2 (3 3 _
0w 1 o w 3
() (3) w oo 3 3 B
s=1 (8)Y (I A= ® o« o ] -5
9 oo 2w 0
(3) o o ow 4 o
5 (4) 4 B
Hinh 1. Minh hoa cho thuat todn Ford - Bellman
k dfil], d[2], d[3], d[4], d[5].
Truoc{1] { Truoc|2} | Truoc[3] | Truoc[4] | Truoc[5]
0,1 1,1 w0, 1 o, | 3,1
0,1 1,1 4,2 4,2 -1,3
2 0,1 1.1 4,2 3.5 -1,3
3 G, 1 1,1 4,2 3,5 -1,3

Bang k&t qua tinh todn theo thuat todn Ford - Bellman

Trong cic muc ti€p theo ching ta s& xét mot s trudng hgp riéng cla bii 10dn tim
dudng di ngan nhédt ma dé giai ching c6 thé xay dung nhimg thuat todn hiéu qua hon
thuat todn Ford - Bellman. 6 1a khi trong sd clia tat ca cdc cung 1a cic s6 khong am
hodc 1a khi dé thi khong ¢6 chu trinh.

6.3. Trudng hgp ma tran trong s6 khéng am.
Thuat toan Dijkstra

Trong trudng hop trong s6 trén cdc cung 12 khéng am thuat todn do Dijkstra dé nghi dé
gidi bai todn tim dudng di ngan nhat tit dinh s dén cdc dinh con lai cia dé thi lam viée
hitu hiéu hon rat nhiéu so véi thuét todn trinh bay trong muc trude. Thuat todn duge xay
dung dua trén co sd gdn cho cdc dinh cdc nhin tam thoi. Nhian coa méi dinh cho biét
can trén cua d6 daj duong di ngén nhit (i s dén nd. Cdc nhin nay sé& duge bién déi theo
mot thl tuc 1ap, mad & méi mot bude 1ap ¢6 mot nhin tam thoi trd thanh nhin ¢ dinh.
Né&u nhin cua mot dinh ndo d6 tré thinh cd dinh thi né s& cho ta khong phai ia can trén
ma la d¢ dai cua dudng di ngin ohat tr dinh s dén nd. Thuit toin duge mo 14 cu thé nhu
sau.
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Chuong 6. Bai todn dwong di ngdn nhdt

procedure Dijkstra;
(* Pau vao: D6 thi cé hudng G=(V,E) véi n dinh,
s € V la dinh xudr phdr, aluyv], u,v €'V, ma trdn trong sé;
Gia thiét: aluy]z 0, u,veV.
Dau ra: Khodng cdch tir dinh s dén tdt cd cdce dink con lai d[v], ve V.
Truocv], ve V, ghi nhdn dinh di triéc v trong duomg di ngdn nhdt t s dén v.

*)
begin
(* Khéitao *)
for veV do
begin
d[v] ;= a[s.v] ;
Truoc[v]:=s;
end;
dls] :=0; T:=V\{s}; (* TIatapcéc dinh c6 nhintam thoi *)
(* Bu6clip *)
while T = & do
begin
Tim dinh v € Tthod man diu] =min{ d[z]: z € T};
T:= T\{u}; (* C8dinh nhin cha dinh u *)
for ve T do (* Gin nhin lai cho cic dinh trong T *)
if d[v] > d[u] + a[u,v] then
begin
d[v] :=d[u] + a[u,v] ;
Truoe[v] :=u;
end;
end;
end;

Dinh 1§ 1. Thudt todn Dijkstra tim dige ducmg di ngdn nhdt trén dé thi sau théi gian &
o).

Ching minh. Trude hét ta chimg minh 1a thuét todn tim duge dudng di ngin nhat 1
dinh s dén cdc dinh con lai cha dé thi. Gia st ring & mot budc 1dp nao dé céc nhin co
dinh cho ta d¢ dai cac dudmg di ngén nhdt tir s dén cdc dinh c¢6 nhin cé dinh, ta s&
chiing minh ring & 1an lap ti€p theo néu dinh «* thu dugc nhin cé dinh thi dfu*] chinh
la d6 dai dudmg di ngén nht tir s dén u*.
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Phdn 2. Ly thuyét dé thi

Ky hiéu §, 1a tap cdc dinh c6 nhin ¢ dinh cdn S, 1a tip cd¢ dinh ¢ nhan tam thai &
budce lap dang xét. K€t thiuc méi bude 1ap nhan tam thai d[v] cho ta d6 dai cla dudng di
ng.m nhat tlr s dén v chi qua nhimg dinh nam hoan toan trong tap S,. Gia sit ring dudng
di ngdn nhat tir s dén u* khong nam tron trong tap S,, tic 1a né di qua it nhat mot dinh
cua tdp S,. Goi z € S, 1a dinh ddu tién nhu vay trén dudng di nay. Do trong s6 trén cdc
cung la khdng am, nén doan dudng tir z dén u* c6 do dai L >0 va

diz] < du*} - L < dlu*].

Bat diing thifc nay 1d mau thuin véi cich x4c dinh dinh #* 13 dinh c6 nhén tam thdi nhd
nhit. Vay dudng di ngan nhét tir s dén «* phai ndm tron trong S, va vi the d[u*] 1a do
dii ctia né. Do & 14n lap ddu tién S, = {s} v sau mdi lan lap ta chi thém vao S, mot dinh
u* nén gid thi€t 1a ¢[v] cho d% dai dudng di ngdn nhét tr s dén v véi moi ve S, 1a diing
vdi bude 1ap dau tién. Theo qui nap suy ra thuit todn cho ta dudng di ngan nhat tir s dén
moi dinh cla dé thi.

Bay gits s& ddnh gid s6 phép todn cdn thyc hién theo thuat todn. G mbi budc lap dé
tim ra dinh # can phai thuc hién O(n) phép todn, vd dé gan nhin lai ciing cin phai thuc
hién mot s6 lugng phép toan cling 1a O(x). Thuat todn phii thuc hién -1 budc lap, vay
thoi gian tinh todn cla thuat todn 13 c& O(n%).

Binh 1y duge chimg minh.

Khi di tim duge do dai cha dudng di ngén nhét d[v] thi dudng di ndy cé thé tim dua
vao nhén Truoc[v], v € V, theo qui tac giéng nhu chiing ta di xét trong chuong 3.

Thi du 2. Tim dudng di ngén nhét tir dinh 1 dén cdc dinh cdn lai cha d6 thi & hinh 2.

(7)
//‘3—’\\\
2 . . 6
™,
B (1)
AN (1)

0% SNE) NUR Yo N
N @)

(3)
Hinh 2. Minh hoa thuat todn Dijkstra

Két qua tinh todn theo thuat todn dugc trinh bay trong bang duéi day. Qui ude viét
hai thanh phin cua nhén theo thi tu: d[v}, Truoc[v]. Pinh duge ddnh dau ** 1a dinh
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Chuong 6. Bai todn duomg di ngdn nhdt

dugc chon d€ ¢6 dinh nhin & budc lip dang xét, nhan clia né khong bién d6i & cic budce
tiep theo, vi thé¢ ta ddnh dau -.

Budc lap | Dinh | | Dinh2 | Dinh 3 | Dinh 4 | Dinh 5 | Dinh 6
Khditao | 0,1 | L,1* [0 1 |1 |ool ool
1 - - 6.2 3.2 (w1 |82
2 - N e - 7.4 [8.2
3 - - - 7.4 |53+
4 - - - - |6 6% -
5

Bang két qua tinh todn theo thuat todn Dijkstra
Chu ¥:

1) Néu chi cén tim dudng di ngén nhat tir s dén mat dinh 7 nao dé thi cé thé két
thic thudt todn khi dinh r tr¢ thanh ¢é nhéin ¢é dinh.

2) Tuong tu nhu trong muc 6.2, dé dang mo té lai thuat todn cho trudmg hop d6 thi
cho bai danh sich ké. D€ c6 thé gidm bat khéi lugng tinh todn trong viée x4c dinh dinh
u & mdi budc lap, c6 thé sir dung thuat todn Heapsort (tuong tu nhu trong chiong 5 khi
thé hién thuat todn Kruskal). Khi d6 c6 thé thu dugc thuat todn véi do phite tap tinh todn
1a O(m log n).

6.4. Puong di trong dd thi khdéng ¢é chu trinh

Bay gidr ta xét trudng hop riéng thit hai cia bai todn dudng di ngén nhdt, ma dé gidi né
¢6 thé xay dyng thuat todn v6i do phitc tap tinh todn O(n*), d6 1a khi dé thi khong c6
chu trinh (con trong s& trén cac cung 6 thé 13 cdc & thue tuy ¥). Trude hét ta ching
minh dinh by sau,

Pinh 1y 2. Gid su G la do thi khong cé chu trinh. Khi dé cde dinh cia né c6 thé danh sé
sao cho mdi cung cua dé thi chi hubng tix dink cé chi s6'nhd hon dén dinh c6 chi s6 lon
hon, nghia la méi cung ciia né cd thé biéu dién duci dang (v[i), v[j1), trong dé i < j .

Dé chitng minh dinh 1y ta mo ta thuat todn sau day, cho phép tim ra cdch danh s6
thod mén diép kién dinh 19.

procedure Numbering;

(* Dau vac: DO thi ¢d hudng G=(V E) vdi n dinh khong chita chu trinh
duoc cho bdi danh sdch ké Ke(v), v e V.
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Phdn 2. Ly thuyét do thi

Paura: Vdiméi dinhv € V chi 56 NR [v] thod mdn:
Vo&i moi cung (u,v) cia do thi ta déu cé6 NR[u] < NR[v]. *)

begin
for ve V do Vaol[v]:=0;
(* Tinh Vao[v] = deg-(v) *)
for ue V do
for v e Ke(u) do Vao[v] :=Vao[v]+1;

QUEUE =& ;
for ve V do
if Vao[v] =0 then QUEUE < v;
num :=(;
while QUEUE = do
begin
u < QUEUE;

num :=num + 1 ; NR[u] :=num ;
for v e Ke(u) do
begin
Vao[v] ;= Vao[v] - | ;
if Vao{v]=0 then QUEUE < v;
end;
end;
end;

Thuét todn duge xay dung dua trén ¥ tudng rat don gidn sau: RO rang trong do thi
khong ¢6 chu trinh bao gid cling tim duge dinh ¢6 ban béc vao bing 0 (khong cé cung
di vao). Thuc vay, bit d4u tit dinh v néu ¢ cung di vao né tir v, thi ta lai chuyén sang
xét dinh v,. Néu ¢6 cung tr v, di vdo v,, thi ta lai chuyén sang xét v, ... Do dé thi 1a
khong ¢6 chu trinh nén sau moét s6 himu han 1dn chuyén nhu vay ta phai di dén dinh
khéng ¢6 cung di vao. Thoat tién, tim cdc dinh nhu vay cla d6 thi. R6 rang ta c6 thé
dénh s6 ching theo mot thi tir tuy ¥ bét dau tir 1. Tiép theo, loai bd khoi dé thj nhimg
dinh di dugc ddnh s cling cdc cung di ra khéi chiing, ta thu dugc d6 thi méi’ ciing
khong c6 chu trinh, va thi tuc dugc lap lai voi dé thi méi nay. Qud trinh dé s& duoc tiép
tuc cho dén khi tat ¢4 cac dinh cla dé thi dugc ddnh s6.

Chu y:

1) RO rang trong bude khdi tao ta phai duyét qua tat ca cdc cung clia d6 thi khi tinh
bén bac vao clia ¢dc dinh, vi vy & d6 ta tén c& O(m) phép todn, trong d6 m la s6 cung
clia d6 thj. Ti€p theo, mbi ldn ddnh s6 mot dinh, dé thuc hién viéc loai bd dinh d3 dénh
s6 cing vdi cdc cung di ra khoi né, ching ta lai duyét qua tat ca cic cung nay. Suy ra dé
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Chuong 6. Bai todn duomg di ngdn nhdt

danh s6 1t ca cdc dinh cta d6 thi chiing ta s& phai duyeét qua tit ca cdc cung cia dé thi
mot 14n nita. Vay d6 phirc tap clia thuét todn 12 O(m).

2) Thuat todn ¢6 the dp dung dé kiém tra xem dé thi ¢6 chita chu trinh hay khéng?
Thuc vay, néu két thiic thuat todn vin con ¢d dinh chira duge ddnh s6 (rum < n) thi diéu
d6 ¢6 nghia la d6 thi chita chu trinh.

Thi du 3. D6 thi trong hinh 3 ¢é cic dinh dugc ddnh s6 thod min diéu kién néu trong

dinh 1y.
7 3) 8
Sy —————@o— (5) 1=9
I :
~7 @ 4 (5) (1) @,
\——h—.———*——k—"} 6 6, |/
s=1 \.\f\ (72'/ 75 e ’(/
(1~ - OB €Y'
e » ._/ e
—
2 ) 3 —

Hinh 3. D6 thi khéng ¢ chu trinh

Do c6 thudt todn ddnh s& trén, nén khi xét d6 thi khong ¢6 chu trinh ta c6 thé gia
thi€t 1a cac dinh clia né duge ddnh s6 sao cho méi cung chi di tlr dinh c6 chi s6 nho dén
dinh ¢6 chi s6 16n hon. Thuat todn tim dudng di ngdn nhat trén d6 thi khong ¢é chu
trinh duge mo ta trong so d6 sau day.

procedure Critical Path;
(* Tim duing di ngdn nhdt tic dinh nguén dén tdt cd
cic dinh con lai tréndd thi khéng c6 chu trinh
Pau vao: Do thi G = (V,E), trongdé V ={ v[1],v[2],..., v[#] }.
BDéi vdi mot cung (V[i], vj]) € E tacé [ <j.
D4 thi dwpe cho bdi danh sdch ké Ke(v), ve V.

Dau ra : Khodng cdch tie v[1] dén tat ¢d cdc dinh con lai
duoc ghi trong mang d(v[i]], i=2,3, ... n *)
begin
dlv[1]] == 0;
for ;=2 to ndo
dlvy)] :=alv[1], v[j]]:
for :=2 to n do
for v € Ke[v(j]] do
d[v] == min ( d[v], div[j]]+ alv[j], v]);

end;
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Phdn 2. Ly thuyét do thi

D¢ phite tap tinh todn cia thuat todn 13 O(m), do méi cung ciia d6 thi phai xét qua
dding mot tan,

Céc thuit todn mo ta ¢ trén thudng duoc tng dung vao viéc xdy dung nhimg
phuong phdp gidi bai todn diéu khién viéc thyc hién nhitng du 4n 16n, goi tit 1A PERT
(Project Evaluation and Review Technique) hay CDM (Critical path Method). Mot thi
du don gian cho tng dung nay dugc mé ta trong thi du dudi day.

Thidy 4. Viéc thi cong mét cong trinh I6n duge chia ra 1am # cong doan, ddnh s8 (i |
dén n. C6 mdt s¢ cong doan ma viée thyc hién né chi duge tién hanh sau khi mot 56
cong doan nao dé di hoan thanh. DJi véi mdi cong doan i bigt #[i] fa thoi gian cdn thiét
dé hoan thanh nd (i = 1, 2...., n). Céc dit liéu véi n = 8 durge cho trong bang sau day

Coéng Cac cong doan phai
doan i) dugc hoan thanh trude nd
1 [5 khong cé

2 30 1

3 80 khong cé

4 45 2,3

3 124 4

6 15 2,3

7 15 5,6

8 19 5

Gid sir thoi diém bat ddu tién hanh thi cong cong trinh 13 0. Hay tim tién do thi
cong cong trinh (chi 16 méi cong doan phai duge bat diu thuc hién vio thdi diém nao)
dé cho cong trinh duoc hoan thinh xong trong thai diém sém nhat ¢6 thé ducc,

Ta c6 thé xay dung d6 thi ~6 hudng » dinh bidu dién han ché vé trinh ty thuc hiec
cdc cong vige nhu sau: Méi dinh clia d6 thi tuong ting v6i mot cong viéc, néu cong viéc
{ phai duge thure hién trude cong doan j thi trén d6 thi ¢ cung {i,/), trong s6 trén cung
ndy dugc gin bang t[7], xem hinh 4 duéi day.

Hinh 4. D6 thi minh hoa PERT
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Chutong 6. Bai todn duong di ngdn nhdt

Thém vao d6 thi 2 dinh 0 va #+1] tuong tng véi hai sy kién dac biét: dinh s6 0 tuong
ung véi cong doan Lé khdi cong, né phai duge thyc hién truée it ¢d cic cong doan
khdc, vi dinh #+1 tuong ung v6i cong doan Cdr bdng khdnh thanh céng trinh, né phai
thue hién sauv tat ¢a cdc cong doan, véi [0) = [n+1] = O (trén thuc t€ chi cdn n&i dinh O
vdi tit ca cic dinh c6 bin bac vao bing 0 va ndi tat ¢a cdc dinh ¢6 ban bac ra bing 0 véi
dinh #+1). Goi d6 thj thu duge 12 G. RS rang bai todn dat ra din vé bai todn tim dutmg
di dai nhit tir dinh 0 dén tat ca cdc dinh cdn fai trén d6 thi G. Do d6 thi G rd rang 13
khong chira chu trinh, nén d€ giai bai todn dat ra ¢6 thé 4p dung céc thuat todn mo ta &
trén, chi cdn ddi ddu tdt ca cdc trong s6 trén cdc cung thanh dau nguoc lai, hoac don
gian hon chi cdn d6i todn t&¢ min trong thuét toan Critical_Path thanh todn tir max. Két
thiic thuat todn, ching ta thu duge d{v] 1a d6 dai dudng di dai nhat tir dinh 0 dén dinh v.
Khi d6 d[v] cho ta thdi di€m sém nhét c6 thé bt ddu thyc hién céng doan v, néi riéng
d[#+1] [ thdi diém sém nhat c¢é thé cit bang khinh thanh, the 13 thdd diém sém nhat ¢6
thé hodn thanh toin b cang trinh.

Cay dudmg di dai nhét ctia bai todn trong thi du 4 tim dugc theo thuat todn durge chi
ra trong hinh 4.

6.5. Pudng di ngan nhat giira tat ca cac cip dinh

RG rang ta ¢6 the giai bai todn tim dudng di ngan nhat giita tat ca cdc cip dinh cia dd
thi bang cdch sir dung # 14n thuét todn m6 14 § muc trude, trong d6 ta s& chon s lan luot
la cdc dinh cha dé thi. R rang, khi d6 ta thu duge thuat todn véi do phirc tap 1a Q')
(néu st dung thuat toin Ford - Bellman) hoidc O(#") déi véi trudng hop trong s6 khong
4m hoac d6 thi khong <6 chu trinh. Trong trudmg hop téng qudt, sir dung thuat todn Ford
- Bellman # 14an khong phai [a cdch lam 16t nhdt. & day ta s& mo td mot thuat todn gidi
bai todn trén véi dg phitc tap tinh wodn O(#"): Thudt todn Floyd. Thuat todn duge mé ta
trong thu tuc dudi day.
procedure Floyd;
(* Tim duong di ngdn nhdt giita tdt cd cdc cdp dinh _
o Pau vao: DS thi cho béi ma trdn trong sé alij). i,j = 1,2,“.,31..
o Paura :
Ma irdn duong di ngdn nhdt giita cdc cdp dinh
dlijl,i,j=12,...n
trong dé d[i j1 cho d¢ dai duimg di ngdn nhdt t i dén j.
Ma tran ghi nhdn duong di
plidl i j=12,...n,
trong dé pli,f] ghi nhdn dinh di trudc dinh j trong duong di ngdn nhat tixi dén j.
%)
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begin
(* Khoitao *)
fori:==1 to n do
for j:=1 to n do

begin
dli,j} = ali,j];
plij] =1;
end;

(* Budc lap *)
for ki=1 te n do
fori:=1 to n do
for j:=1 to n do
if d[i,j] > d[i,k] + d[(k,j] then

begin
dlij] := d[ik] + dlk,];
plijl = plk,jl;

end;

end;
R& rang do phiic tap tinh todn cia thuat toan 12 O(#).

Két thic chuong nay chiing ta trinh bay mot cdch thé hién thuat todn Dijkstra trén
ngoén ngit PASCAL.:

(* Chuong trinh tim dudng di ngén nht tir dinh s dép dinh 7 theo thuat todn Dijkstra *)

uses cri;
const
max = 50;
var
n, s, t: integer;
chon : char;
Truoc : array [1..max] of byte;
d :array [1.max] of integer;
a :array [1..max,I..max] of integer;

final : array [1..max] of boolean;

procedure NhapSoLieu;
var

f : text;

fname : string;
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ij  :integer;
begin
write ("Vao ten file du lieu can doc: )
readln(fname);
assign(f,fname),
resct(f);
readIn(f,n);
for 1=]1tondo
for ji=1 to n do read(f.a[i.j]);
close(f);
end;

procedure InSolL.ieu;
var
i, ] integer;
begin
writeln(’ So dinh cua do thi: ",n);
writeln(' Ma tran khoang cach:");
fori:=1 10 n do
begin
for ;=1 to n do write(a[i,j]:3, ")
writeln;
end;
end;

procedure InKetQua;
var
1, ] integer;
begin
writeln (" DUONG DI NGAN NHAT TU ‘;s,' DEN .1);
write{t, <=");
i:=Truoc[1];
while i<>s do
begin
write(i,' <= "):
1;=Truoc[i];
end;
writeln(s);
writeIn('Do dai cua duong di la: "d[t]);
end;
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pracedure Dijkstra;
var v, u, minp : integer;

begin
write("Tim duong di tu s =),
readln(s);
write(' dent=");
readn(t);

for vi=1 to n do
begin (* Khditao nhin *)
d{vl:=a[s,v];
Truoc{v]:=s;
final[v]:=false;
end;
Truoc[s]:=0;
d[s]:=0;
final[s]:=true;
while not final[t] do (***** Budgclap **#*%)
begin
{ Tim u i dinh cé nhan tam thdi nho nhat |
minp:= maxint;
for vi=1 to n do
if (not final[v]) and (minp > d[v]) then
begin
w=v;
minp:= d[v];
end;
final[u]:= true;
if not final[t] then
for vi=1 to n do
tf (not final{v] ) and ( d[u] + a[u,v] < d[v] ) then
begin
d[v]:=d{u] + a[u,v];
Truoc[v]:= u;
end;
end;
end;
end;
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procedure Menu;

begin
clrser:
writeIn(" CHUONG TRINH TIM DUONG DI NGAN NHATTU s DENt '):
writeln(' THEO THUAT TOAN DIJKSTRA");
Wri[e]n(' ******************************');
writeln(’ 1. Nhap so lieu tu file.");
writeln(’ 2. Giai bai toan.";
writein(' 3. Ket thuc.");
writeln(’ SRR -—-Y%
write(’ Hay chon chuc nang: '#7);

end;

BEGIN (* Chuong trinh chinh  *)
repeat
Menu; chon:=readkey; writeln(chon);
case chon of
‘1': NhapSoLieu;
2" begin
InSoLieu; Dijkstra; InKetQua;
end;
‘3" Exif;
end;
until false;
END.
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Bai tap

1. Lap trinh thuc hién cdc thuat todn mo ta trong chuong 6:
a) Thuat todn Ford - Bellman;
b) Thuat todn Dijkstra;
¢) Thuat toan Floyd;
d) Thuét todn tim duong di dai nhat trén dé thi khéng c6 chu trinh (PERT).

2. Trong truong hop d6 thi thua, cic thuat toan Ford - Bellman, Dijkstra, Floyd sé lam
viéc hiéu qua hon néu ta sir dung danh sdch ké dé biéu dién dé thi. Hiy moé ta lai cic
thuét toan trén cho trudng hgp nay, va danh gia do phic tap tinh todn cta ching.

3. Tim duong di ngédn nhat theo thuét todn Dijkstra tir dinh A dén tit ca cac dinh con lai
trén d6 thi cho trong cédc hinh vé dudi day:

a)
A B c
9 -]
9 3
& 2 5 g 7
D E F G H
7 7 - 4
4 8 4 4 t 4 a8
1 7
J K L
b)
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4. Ap dung thuat todn ddnh s6 dinh dé kiém tra dé thi sau day co chira chu trinh hay khong

@
,/ \. //

o- 0 -0

NN

5. Xét do thi gom 7 dinh A, B, C, D, E, F, G cho bdi ma tran trong s6

A B C D E F G

0 i k1 65017065165 65
05..0:1 12651651016
65 65 0 I3 14 65 19
65 65 65 0 65 65 18
65 65 65 65 0 65 15
65 13 18 65 65 0 10
65 65 65 65 65 65 0

OmMmgonNw@ e

Tim duong di ngan nhat tir dinh A dén dinh G theo thuat todn Dijkstra. Yéu ciu viét 1o
két qua trung gian trong timg budc. Két qua cudi cung: Dudng di ngan nhat tir A dén G
va do dai cua no.

6. Cho mot bang gom mxn 6. Néu mot 6 nam & hang 7 cOt j cta bang thi ta s& néi 6 nay
co toa do (i) (i=1.2,...,m: j=1,2,....n). Trong mdi 6 Vi€t mot s6 nguyén (goi la gid tri cla
0). T mot 6 bat ky cua bang chi ¢6 thé di chuyén dén nhimg 6 & bén phai c6 chung
cang hoac dinh véi né. Dt liéu vé bang néi trén duge cho trong mét file van ban cé tén
DATA3.INP, dong dau tién cua nd chita hai s6 m, n duge ghi ciach nhau b(')’ird‘{{u cach.
Moi dong thi i trong s6 m dong ti€p theo chita n s6 ghi trong n 6 cta dong thi i cia
bang, cic s6 dugc ghi cich nhau bdi ddu cach (i=1,2,...,m). Hay lap trinh nhap dit liéu
vao tir file, sau d6 tim day cdc di chuyén tir mép trdi cua bang sang mép phii clia bang
sao cho tong s6 cic gid tri cla cdc 6 di qua la nho nhét. Yéu cau két qua dua ra dudi
dang day toa do cha cdc 6 can di chuyén qua bat ddu tr mot 6 xuat phit & mép trai va
k€t thic 6 mot 6 nao do & mép phai, va tdng s6 cdc gid tri cla cdc 6 nay.
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7. Cho ddy »# so nguven a1 x| 2] x|al. rong d6 1<n< 1000 v b[4]<200. 7 = 1.
2o Dy 5o dd cho duee ghi rong mét file vin ban co 8n 13 DATALINP, ¢ic 50
dugie ghi ciich nhau bai it nhat mot dau cich hode div xuong dong. Nhap di lieu vio (i
file, sau dé tim cdch xoid bo it nhdt mat <o cde phan wr eoa diy da cho sao cho cie phin
e con dan teid nguyen tha wr cua ching trong diy ban dau) o thinl mot day con
kKhong gram. Dua ra nidn hinh 10ng so cie phan 1o cdn xod vt chi s6 cta chiang trong
day dd cho.

8. Day so nguyén al Tl a[2]. .o L ajm] duge got 1 day con cua diy con cua diy o
nguyen biIL Di2Z]L.obin] tm <y néu am duoe day cie ¢hr <o | 1], §12].jlm] sao cho
P jilj< g2« <jlml=n
vil
alil = bl =12, m. 1)
Cho hat ddy <o nguyeén
el el2]. ... .¢fp]. (2)
dIT]dl2] L digl (3

Dir licu v¢ hai diy s6 duoe ghi trong [ile viin hin ¢6 en 1 DATASINP, dong diu tién
chia han 0 p. g dude ghi cich nhau bai diu cich. Trong cach dong tiép theo ghi lan
lugt cide phin wr caa ddy (2) roi tép den cae phin o cua ddy (3). cic so ehi ehch nhau
hat it nhat mot dan cich hode diau xuong dong. Hay 1ap uinh nhap div Liéu vao i file.
suu do tim day con chung ¢d 56 phan w13 ldm nhilt coa hai ddy di cho, K&t quat dia s
tile ¢ 1en KQUASOUT: dong diu ticn chaa <6 phan cua diy con chung tim duoe,
trong viac dong tep theo lan Tuot ghi cic phan o cta hai dy chi sé tuong tng chi 1o vi
Ui el diy con nay trong hai day ban daw (cde s6 ghi cdich nhan bai it nhat mot dau
ciich hode dau xuong dong.

Y. Cho bim ¢ quoc 1¢ 0om ne O (0 < 50). Trong mon o (£./) cua no @ didh moL o
neuyen duong ol g <100, 7, f = 1.2 0 Tormot 6 bat ky (77 cia bang ta co the di
chuyén sang 0 ¢6 clmg mau voi 16 néu nhu i 7] 13 sa chin. va sang 6 khide mau vdi no
neu «[47) 12 56 18 D lieu duoe cho trong mot file vin ban ¢o @n L DATAGINP. dong

daw tign ¢hita 0 2. Trong ede dong UEp theo chia cac phan wea 11, o] 1210 o] D).

ol alnl2 ] oalna]. cie SO duge 1an lugt ghi theo tud tu vita néu vit ciach nlau

bai it nhat mot diu cich hoie dau xudng dong.

Yéu can: Tum mot cich di chuyén mot 6 ndo dé & ¢ot thir nhat sang mot o nio dé 6 et
thit » cua ban ¢ suo cho tong cie s¢ ghi trong cdc o di chuyén qua ld nho rhit, Pua ra
man hinh két gqua dudt dang ba so nguyen v v, £, trong d6 v 1 toa dé domg coa 6 xudt

shidl, v - toa do dinge cua o Két thic, L - tone ¢ic sa ghi trong cde o can di chuyén gua.
] ) 1 e R £ i &
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Chueng 7. Bai todn tuong cue dai trong mung

BAI TOAN LUONG CUC DAl
TRONG MANG

Bai todn ludng cue dai trong mang 13 mot trong s6 nhing bai todn t6i vu trén do thi
tim duge nhimg tng dung réng rii trong thirc 1€ cling nhu nhitng tng dung thd vi trong
1y thuyét 16 hop. Bai todn duge dé xuit vao ddu nhiing nam 1950, va gén 1ién vdi tén
tudi clia hai nha todn hoc M¥ 1a Ford va Fulkerson. Trong chuong nay chiing ta s& trinh
bay thuat todn ca Ford va Fulkerson dé gidi bii todn dat ra va néu mot s6 (ing dung ciia
bai todn.

7.1. Mang. Luéng trong mang. Bai toan luéng cuc dai

binh nghia 1. Ta goi mang Id dé thi ¢6 huwéng G = (V, E), trong do ¢6 duv nhat mét
dinh s khong 6 cung di vao goi la diém phat, duy nhdt mot dinh t khéng ¢é cung di ra
gol la diém thu va méi cung ¢ = (v.w) € E dugc gan véi mét s6 khong dm cle) = c(v,w)

gol la khd ndng thong qua clia cung e.

239



Phdn 2. Ly thuyét do thi

Pé thuén tién cho viéc trinh bay ta s& qui udc rang néu khong c6 cung (v,w) thi kha
nang thong qua c¢(v,w) duge gdn bing 0.

Dinh nghia 2. Gid sir cho mang G =(V, E). Ta goi ludng f trong mang G = (V, E) la
dnh xg f: E— R, gdn cho méi cung e = (v,w) € E mgt s6 thuc khong am fle) = flv.w),
goi la lucnyg trén cung e, thod mdn cde diéu kién sau:

1) Luong trén moi cung ¢ € £ khong vuot qud khd néng thong qua cia né:
0< fle) < c(e),

2) Dicu kien cdn bang ludng trén méi dinh cia mang: Téng ludng trén cdc cung di

vao dinh v bang t0ng ludng trén cdc cung di ra khoi dinh v, néuv =5, t

Div,(v)= Y flww) = D flv,w).

wel ™ {vh wel "{v]

trong d6 ["(v) - tap cdc dinh clia mang ma tit d6 ¢6 cung dén v, T*(v) - tap cac dinh cha
mang ma tir v ¢6 cung dén né:

Myy={weV: w,v)eE}, T"={weV: (r,wye E}.
3)Ta goi gid tri ciia ludng f la sé

val(f)= 2 flswh= 2 fw.r).
wel " (s wel™ {1)
Chi ¥ )& dang thic th hai trong dinh nghia gid tri ludng 13 hé qua ciia diéu kién can
bing ludng.

Bai todn ludng cuc dai trong mang: Cho mang G= (V, E). Hay tim ludng f* trong
mang vOi gid trj luong va/(f*) 1a lén nhit. Ludng nhur vay ta s& goi 13 ludng cuc dai
trong mang.

Bii todn nhu vay c6 thé xudt hién trong rat nhiéu tmg dung thyc t&. Chang han khi
cin xdc dinh cudng do 16n nhat cla dong van tai giita 2 nit cliia mot ban dé giao thong.
Trong vi du nay 10t giai cla bai todn ludng cuc dai s& chi cho ta cde doan dudng déng
xe nhdt vi ching tao thanh "ché hep” tuong ing v6i dong giso thong xét theo 2 mit
dugc chon. Mét vi du khéc 14 néu xét dé thi tuong dng véi mot hé thong dudng 6ng din
dau. Trong dé cdc 6ng tuong ing véi cae cung, diém phdt c6 thé coi 13 thn chd déu,
diém thu 12 bé chia, con nhitng diém ndi gilta cic ong la cdc ndt cta dé thi. Kha nang
thong qua cta cdc cung tuong tng vdi tiét dién cic dng. Cin phai tim luéng diu 16n
nhét ¢6 thé bom tir tau chd dau vao bé chia.
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7.2. Lat cat. Pudng ting luéng. Pinh ly Ford - Fulkerson

Dinh nghia 3. Ta goi ldr cdt (X, X) la mét cdch phan hoach tdp dinh 'V ciia mang ra
thanh hai tdp Xva X = VX trong dé s € Xvat € X. Khd ndng thong qua cua Idi cdt
X, X) g s¢

(X, X" )= D clv,w).

velX
wex'

Lat cdt vaoi khd ndng thong qua nho nhdr duoc goi 1a ldt cdt hep nhdt.

Bo dé 1. Gid tri cia moi luéng f trong mang luén nhé hon hodc bdng khd ndng théng
qua cita ldt cdt (X, X) bdt ky trong né: val(f) <c(X X).

Chimg minh. Cong cic diéu kién can bang luong Div,(v) = 0 véi moi v € X. Khi d6 ta
co

DD fwyy - > fvw) = —val(f)

voeX _ +
w e (v) w el (v)

téng nay s&€ gébm cdc s& hang dang f{u,v) v6i ddu cong hoidc ddu trir ma trong do co it
nhit mot trong hai dinh 1, v phéi thuoc tap X Né&u ca hai dinh u, v déu trong tap X, thi
Au,v) xudt hién v6i dau cong trong Div,(v) va voi ddu trir trong Div;(u), vi thé, ching
triét tiéu lan nhau. Do dd, sau khi gian udc cdc s6 hang nhu vay & vé trdi, ta thu duoc

= 2 Swwy+ Y f(vw) = —val(f),

velX ek’
we X welX
hay la
val(f)= Y fmw)— 3 flv,w).
velX ve X
we k' we

Mait khdc, tr diéu kién 1 rd rang ta

D frwrs D e(v,w),

ved vel
welX' we X
con
=Y fv,w)<0.
veX’
we X

suy ra val(f) € c(X, X'). B8 dé dugc ching minh.
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Tt b6 dé 1 suy ra

He¢ qua 1. Gid tri ludng cuc dai trong mang khéng vior qud khd ndng théng qua cia ldt
cdt hep nhdt trong mang.

Ford va Fulkerson da ching minh rang gia tri luéng cue dai trong mang ddng bing
kha nang thong qua clia ldt cit hep nhdt. D€ ¢d thé phat biéu va ching minh két qua nay
ching ta s& can thém mot s khdi niém. .

Gia st f 1a mot ludng trong mang G = (V, E). Timang G = (V, F) ta xay dung d6
thi c6 trong s6 trén cung G, = (V, E}}, v6i tap cung E, va trong s trén cic cung duge xic
dinh theo quy tic sau:

1} Néue=(vw) e Evéi fiv,w)=0, thi (v,w) € E, vdi trong s6 c(v,w);

2) Néue = (v,w) € Ev6iflvw) = c(v,w), thi (w,v} € E, Vi trong s flv,w);

3) Néue=ivw) € Evii0 < flvw) <clv,w), thi (v,w) e E, v6i trong s6 c(v,w) -

flvw) va (wv) € E, vdi trong s6 f{v,w).

Céc cung cua G; dong thdi ciing 12 cung cia G dugce goi 12 cung thudn, cic cung con lai
dugc goi 1a cung nghich. D6 thi G, duoc goi 12 o thi ting ludng.

Thi du: Céc s6 vi€t canh cdc cung clia G @ hinh 1 theo thi ty 12 khi nang théng qua va
luéng trén cung.

3,3 4,1
b c
3.2 30
d e
t t
G G,

Hinh 1. Mang G va lu6ng f. D6 thi ¢6 trong s6 G, tuong ting.
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Giast P=(s=v,v,Vv,..., =1 1amdtdudng di tr s dén ¢ trén d4 thi tang
ludng G,. Goi & 1a gid tri nhd nhat cua cdc trong s cla cdc cung trén duomg di P. Xay
dung ludng £’ trén mang G theo quy tic sau:

flu,vy+ 368, néu{uy) e P lacung thudn,
SfHuy) = f(u,v)=95, néuuy) e Placung nghich,
fu,v), néu (uy) e P.

Dé dang kiém tra dugc rang f* dugc xay dung nhu trén 13 luéng trong mang va val(f ") =
val(f) + &. Ta s& goi thi tuc bi€n déi ludng vira néu la tdng ludng doc theo duong P.

Dinh nghia 4. Ta goi diong tang luéng f la moi duomg di tir s dén t trén do thi wing
fuong G(f).
Binh Iy dudi day cho méi lién hé gitra ludng cyc dai, dudng ting ludng va lat cat.
Binh iy 1. Cdc ménh dé dusi day 1a niong dwong:
(Y f la tudng cuc dai trong mang;

(i) Khéng tim duge duomg tang luéng f:
(@) val(f) = XXy véi mot ldt cdr (X, X') nao dé.

Chitng minh,

(1) = (i9). Gia sir ngugc lai, tim duge dudng tang luéng P. Khi dé ta c6 thé tang gid
tri ludng bang cich tang ludng doc theo dudmg P. Piéu d6 mau thufin véi tinh cuc dai
cua luéng f.

(i) = (iii). Gia skt khong tim duge dudng tang ludng. Ky hiéu X I3 tap tt ca cac
dinh c6 thé dén dugc tir dinh s trong d6 thi G, va dat X' = V \ X, Khi d6 (X, X) [ Lt cét
va flyw)=0vdimoive X, we X nén

val(f)= D frwy= 3 fv,w)= D f(v,w)

ve X veX' vel
\I'EX‘ we X n'EX‘

*

Véi ve X, we X,do (v,w) g G, nénflv, w) = c{v, w). Vay

val(f)= D fnw)= D c(v,w)=c(X,X").

velX velY
weX we X'

(iti) = (£). Theo Ba dé },val(f) < c(X, X) v6i moi ludng f va vdi moi 14t cét (X, X).
Vi vay, tir ding thiic vai(f) = (X, X') suy ra ludng f 12 luéng cuc dai trong mang.

Dinh 1y duge chimg minh.
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7.3. Thuét toan tim ludng cuc dai trong mang

Binh Iy 1 1a co s& d€ xay dung thuat todn lap sau day dé tim ludng cuc dai trong mang:
Bit ddu tir lung v6i luéng trén tat c cdc cung bang 0 (ta s& goi lubng nhu vay la ludng
khong), va lap lai bubc lap sau day cho dén khi thu duge luéng ma déi véi né khéng con
dudng tang:

Bude ldp tdng luéng (Ford - Fulkerson): Tim dudng tang P déi véi luéng hién cd. Ting
ludéng doc theo dudmg P,

Khi da c6 ludng cyc dai, lat ct hep nhdt c6 thé tim theo thi tuc m6 ta trong chiing minh
dinh ly 1. So dé cia thuét toan Ford - Fulkerson ¢6 thé mo ta trong thu tuc sau day:

procedure Max_Flow;
(* Thudt todn Ford - Fulkerson *)
begin
(* Khdi tao: Bat ddu tir ludng véi gia tri 0 *)
forue Vdo
for v e Vdo f(u,v)=0:
Stop:=false;
while not Stop do
if <Tim dugc dudng tdng ludng P> then <Tdng ludng doc theo P>
else Stop:=true:
end;

D¢ tim dudng ting luéng trong G, ¢6 thé sit dung thujt todn tim kiém theo chiéu
rong (hay tim kiém theo chiéu sau) bit ddu tit dinh s, trong d6 khong cin xay dung
tudng minh d6 thi G, Ford - Fulkerson dé nghi thuat todn gdn nhan chi tiét sau day dé
gidi bai todn ludng cyc dai trong mang. Thuét todn bat ddu tir ludéng chap nhan duogc nao
d6 trong mang (cé thé bt ddu it ludng khong), sau d6 ta & tang ludng béng cdch tim
cdc dudng tang ludng. D€ tim dudng tang ludng ta sé 4p dung phuong phédp gdn nhan
cho céc dinh. Mdi dinh trong qud trinh thuc hién thut todn s& & mét trong 3 trang thdi:
chua c6 nhin, ¢6 nhan chua xét, ¢6 nhan da xét. Nhan cha mot dinh v gom 2 phan va cé
mot trong 2 dang sau: [+p(v),&(v)] hodc [-p(v),&(v)]. Phan thi nhit +p(v) (hoac -p(v))
chi ra ta cdn tang (hoac giam) luéng theo cung (p(v), v) (cung (v, p(v)) con phan thif hai
&(v) chi ra luong 16n nhit ¢6 thé ting hoac gidm luéng theo cung nay. Dau tién chi ¢6
dinh s duge khdi tao nhin va nhin coa né 1a chua xét, con tdt ca cic dinh con lai déu
chura ¢6 nhan. Tir s ta gan nhiin cho 41 ¢ céc dinh ké véi né va nhin cia dinh s & 1o
thanh da xét. Tiép theo, tr méi dinh v ¢6 nhan chua xét ta lai gdn nhén cho tit ¢i cac
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dinh chua c6 nhan ké véi né va nhén cba dinh v trd thanh da xét. Qué trinh sé duge Jap
la1 cho dén khi hoac 14 dinh r trd thanh ¢é nhdn hodc 14 nhin cha tat ca cdc dinh ¢6 nhin
déu la da xét nhung dinh ¢ vin khong ¢6 nhan. Trong trudng hop thit nhat ta tim duge
dudng ting ludng, con trong trudng hop thit hai d6i vdi luéng dang xét khong tén tai
dutmg téng ludng (tife 1 ludng da [a cuc dai). Méi khi tim duge dudng tang tudng, ta ai
tang luong theo duding tim dugc, sau d6 xo4 14t ca cdc nhiin va déi véi luéng mdi thu
dugc lai s dung phép gdn nhan cdc dinh dé tim dudmg tang ludng. Thuat todn s& két
thic khi nao doi véi ludng dang ¢6 trong mang khong tim duge dudg tang ludng.

Hai tha tuc Tim dudng tang ludng va Ting ludng ¢é thé mo ta nhu sau.

procedure Find_Path;

(* Thu tuc gan nhin tim dudng tang ludng
plv]. €fv] 1a nhén cta dinh v;
V. - danh siach cdc dinh ¢6 nhan nhung chua xét;
c{u,v] - kha nang thong qua cia cung {u, v). u, v € V;
flu,v] - ludng trén cung (v, v), (U, ve V) *)

begin
pls] =s;
g[s]:= +oo;
V=WV (s}

PathFound:=true;

while V2O do

begin
ue Ve (% Lay u th Vo ¥)
for ve VWV, do

begin

if (c[u, v] >0} and (f{u, v] < c[u,v]) then

begin
plvl:=u;
g[v]:= min { ¢[u], c[u,v] - flu,v|; _
Vo=V, w{v}: (¥ Nap v viio danh sdch dinh ¢é nhin *)
if v=tthen exit;

end:

if (c[v.u] > 0)and {{[v, ul = 0) then

begin

plvl:=-u;
g[v]:= min { ¢[u], flv,u]}:

Vi =V U {v}; (* Nap v vao danh sach dinh ¢é nhin *)
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if v=tthen exit;
end;
end:
PathFound:=false;
end:

procedure Inc_Flow;
(* Tang ludng theo dudmg tang *)
begin
v = pt]; w:=t; tang:= g[t];
while n #sdo

begin
if v > 0 then f[v, u} := fv, u] + tang
esle
begin
vi= -
flu.v]:= f{u,v] - tang;
end;
u:=v: vi=p[u];
end:
end;

Thuat toan Ford - Fulkerson dugce thuc hién nha thu tuc:

procedure Max_Flow;
(* Thugt todn Ford - Fulkerson *)
begin
(* Khai tao: Bit diu tir ludéng véi gid trj 0 *)
foru e Vdo
for v e Vdo flu,v]:=0;
Stop:=tulse;
while not Stop do
begin
Find_Path;
if PathFound then Inc Flow
clse  Stop:=true;
end:
< Luong cuc dai trong mang la fluv], u,v eV >
< Ldt cat hep nhdt la (V,, VWV ;) >
end:
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Gia s ta kha nang thong qua coa tat ca cic cung cua dé thi 1 cic s6 nauyen. Khi do
sau mol 1an ting ludng, gid tr1 ludng s€ ang lén it nhit 12 1. Tie d6 suy ra thudt todn
Ford - Fulkerson s¢ dimg sau khong qua va/(f) lan tang ludng vi cho ta ludng cuce da
trong mang. Dong thei, 1o rang £ v) s¢ 1 s nguyen doi véi mdi cung (1, vy ¢ £, Tl
dé ta c6 cie két qud sau:

Dinh Iy 2 (Pinh Iy vé luong cuc dai trong mang va lat cat hep nhat). Luong cuc dul

trong mang bang khd ndng thong gua cua lan car hep nhdr,

Dinh Iy 3. (Dinh Iy vé tinh nguven). New 1it cd cdc khd nang thong qua 1d cde sé

nguven thi lnon tim duoe luong cire dai var luong teén cde cung la cde sé nguvén.

Ha dinh Iy via néu duge su dung trong viee ang dung ludng cue dai vio vige gral quyet
nhiéu bai todn trong (6 hop.

Tuy nhién, néu cic khi nang thong qua la cdc s6 rdt lon thi gid tri cda ludng cuc
diai cling ¢ theé 1a rat 1dn va khi do thuat todn mo ta & wrén s& doi hoi thuc hién rat nhidu
budic ting luong. Thi du trong hinh 2 <& minh hoa che diéu nity. Hinh 2(a) mo 1 mang
can XE voi cic Kha ndng théng qua tren cde cung. Hinh 2(b) mo i ludng trén cic cung
(s 1ht hat bén canh cung) sau khi thue hién tang luong doc theo duong tang ludng (s,
a. by Hinh 2(¢) mo d ludng orén cice cung sau khi thye hién ting ludng doe theo
duomg 1ang luéng (s, b, @, 1), Ra ring. sau 2.10" l4n tang ludng theo dudng (v, . b, 1) v
(5. b, a. 1) mot cich luan phién ta thu duge ludng cire dai.

5 5

t i !
(a) (b (c)

Hinh 2. Vidy t6i 1e dai véi thuit win Ford - Fulkerson.
Hom the nda. néu cic khi nang thong qua la cic s6 va ty, ngudi ta con xay dung

duge vi du dé cho thuat todn khong diung, vi t¢ hon I1a néu day cic gid trj ludng xiy

dung theo thuit todn héi tu thi né con khong hoi tu dén gid tri ludng cue dui. Nhr vy,
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muon thudt todn lam viée hieu qua. viee lua chon duimg tang luéng cin duge tién hinh
hét sie cin than,

Edmonds viv Karp chi ra rang néu dudng ting ludng duge chen [ duding ngan nhat
s dén 7 wen do thi G, . Dicu dé ¢6 thé thue hi¢n, néu trong tht tye tim dudng tang
Find_Path mo 6 ¢ trén, danh sdch V, duge 16 chie dudi dang QUEUE (nghia 12 ta thuc
hien tim duong tang bot tha tue tim kiém theo chidu réng) thi thuat todn s& két thic sau
khong qud min/2 lan su dung duding tang ludng. Néu dé y rang. tim kiem theo chiéu
rong trén do thi doi hoi thost gian Or+ar. thi thugt todn thu duge 8 ¢6 do phiie tap tinh
tadn 1 Oy,

Nho cieh 1o ehiie tim dedng tang khido Ko hon, ngudi ta da xay dung duge thudt
todn voi do phuac tap tinh todn ot hon nhu: O(ra (Dinic, 1970, Oty (Karzanoy,
1974), QUrm'™ (Cherkasky, 1977), Ot Iog 1) (Sleator -Tarjan, 1980).

Ta ket thic myc niy boi vi du minh hoa cho thudt todn Ford - Fulkerson sau day.
Hinh 3 &) cho mang G eling véi khi ning thong qua cta cde cung vy ludng gid tri 10
trong nd. Hag O viet bén canh moi cung 13 khid nang thong qua cua cung (6 trong
ngoic) vit luong trén cung, Peong tang luong ¢6 dang (s, v, va, vo v, t-. t). Ta tinh
duge (7)) = 1. giid i luong tang tir 10 kén |1 Hinh 3 (b) cho ludng thu duge sau khi tiang
ludng theo duong ting tim duoc.

Luong trong hinh 3 (b) dit Id cue dai. Lit cit hep nhat

X={lsvaovaviL X ={v v 0 ).

Gid i luong cue dai i1

fa)

4y 7
-
L
e 2 : va
Ay N 5
[ ) > ' > &>

ve o 1O(10 we 4id) ¥q
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b) 5 ()

v, 10(10) vy 4@ vy

Hinh 3. Tang ludng doc theo dudng tang

7.4. M6t s& bai toan ludng tdng quat

Trong phan nay ta néu ra mot s§ dang bai todn vé ludng téng quat ma viéc gidi ching
c6 thé din vé bai (odn ludng cyc dai trinh bay & trén.

a) Mang v6i nhiéu diém phait va diém thu.

Xét mang G vdi p di€m phét s, 5,,..., s, vd ¢ diém thu 1, t,,..., ¢,. Gid skt ring ludng c6
thé di tir mot diém phat bat ky dén tat ca cdc diém thu. Bai toan tim ludng cuc dai tir cdc
diém phdt dén céc diém thu c6 thé dua vé bai todn véi mot diém phit va mot diém thu
bang cdch dua vio mot diém phat gid s va mot diém thu gid r va cdc canh ndi s véi tat ca
céc diém phat va cic canh néi céc diém thu véi ¢

Hinh 4 minh hoa cho cich dua mang véi nhiéu diém phdt va nhiéu diém thu vé
mang chi ¢6 mot diém phdt va mot diém thu, Kha nang thong qua cla cung néi s véi
di¢m phit s, sé bing + néu khong 6 han ch& vé lugng phdt cha di€m phit s,, va néu
lugng phat cua s, bi han ché& boi b, thi cung (s, 5,) ¢6 kha nang thong qua 13 b,. Ciing
nhu vay, déi véi cic cung ndi ¢, vdi diém thu ¢, gid tri kha nang théng qua clia (¢,, 1) s&
1a gi6i han hodc khong gidi han tuy theo luong thu cla diém thu ndy ¢6 bi gidi han hay
khong.
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Diém phat gia Diém thu gia

\. Sp r:;

Cdc diém phat Cic diém thu

Hinh 4. Mang vdi nhiéu diém phdt va thu

Trudng hop mot s6 diém thu chi nhan "hang" tir mét s6 di€m phat ta ¢6 bai todn nhiéu
Tuong 13 mot bai todn phdc tap hon rit nhiéu so v&i bai todn judng cuc dai gilta diém
phat s va diém thu 1.

b) Bai toan vd6i kha niang thong qua cua cac cung va cic dinh,

Gia st trong d6 thi G, ngodi kha ning thoéng qua clia cdc cung c(u, v). & mdi dinh v e V
con ¢6 kha nang thong qua cua dinh 1a d(v), vi ddi héi tong lubng di vio dinh v khéng
dugce vugt quéa d(v), tic 1a

2 fwy) € dv).
we V
Can phai tim ludng cuc dai giita s va r trong mang nhu vay.
Xay dung mot mang G’ sao cho: mdi dinh v cha G tuong ing véi 2 dinh v*, v trong
G, mdi cung (u, v) trong G Gng v6i cung (u, v*) trong G', mbi cung (v,w) trong G ng
v cung (v, w') trong G'. Ngoai ra, moi cung (v*, v) trong G’ ¢6 kha ning théng qua la
d(v), tiic 1 bang kha ning théng qua cia dinh v trong G.

ud,
5 4
5 ¥l t d
d, 2 3
vod

Hinh 5a. Mang G véi kha nang thong qua & cung va dinh.
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ut d o

u

Hinh 5.b. Mang G tuong (ng chi ¢6 kha nang théng qua trén cac cung.
Hinh 5. Mang v6i kha ning thong qua trén cdc dinh va cic cung.
Do luéng di vio dinh v* phai di qua cung (v*, v) v&i kha nang thong qua d(v), nén

luong cuc dai trong G” s& bing luéng cuc dai trong G v6i kha nang théng qua coa céc
cung vit cdc dinh.

¢) Mang trong d6 kha nang thong qua cia méi cung bi chan hai phia.

Xt mang G ma wrong d6 mdi cung («, v) ¢6 kha nang thong qua (can trén cla luéng
trén cung) «{w, v) va cln dudi cua ludng 1a d(u, v). Bai todn dat ra 1a lieu ¢6 16n tai
luéng tuong thich tr s dén ¢, tic 1a ludng {fix, v): 1, veV} thod man thém rang budc

dla, vy £ flu ) < e(u vy, Ve, v) e E,
hay khong?

Dua vio mang G dinh phit gid s, va dinh thu gia 7, vd xay dung mang G, theo qui téc:
MS6i cung (i, v) ma d(u, v) # 0 s& tuong dng véi 2 cung (8, v) va (u, 1,) voi kha nang
thong qua la diur, v). Gidam c(u, v) di d(u, v) tifc 13 thay kha nang thong qua cia cung {u,
v) bOi (i, v) - d(u, v) cdn can dudi cud né dat bing 0. Ngoai ra thém vao cung (1, §) voi
o(t, §) = o0,

Hinh 6a cho vi du mang G véi kha nang théng qua cla cdc cung bi chin ca hai
phia. D6 thi G, tuong tng duge cho trong Hinh 6(b).

i

O.c(s,)

r{u,t), c(u,f)

risv),c(s ) O, c(v,0)

Hinh 6a
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dis
clu,-d(u,t)

1 d(s,v) s,

Hinh 6b
Hinh 6. Mang véi kha nang théng qua bi chan hai phia.

Ky hiéu
d = Zd(u,v).
d{p vzl

Ta c6 két qua sau day.

Dinh 1y 4. 1) Néu tudng Ion nhdt trong mang G, tir s, dén t, bing d thi t6n tai luéng
twomg thich trong G.

2) Néu luong Ion nhdt trong mang G, tt s, dén t,1a khde d thi khéng ton tai ludng
tuong thich trong G.

7.5. Mot sé img dung trong t6 hdp

Bii todn ludng cuc dai c6 rat nhiéu ing dung trong viée gidi nhidu b todn 16 hgp. Khé
khan chinh & day la phai xay dung mang twong tng sao cho viéc tim luéng cuc dai trong
né s€ tuong duong véi viéc gidi bai todn t6 hop dat ra. Muc ndy s& gidi thiéu mot s6 bai
todn nhu vay.

a) Bai todn ddm cuoi vieng qué. C6 m chang trai 8 mot lang qué no. Poi vdi moéi chang

trai ta biét cdc c6 gdi ma anh ta vira y. Hoi khi ndo thi ¢6 thé 16 chife cdc ddm cudi trong
dé chang trai nao cling sdnh duyén véi ¢6 gdi ma minh vira y.
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Chuong 7. Bai todn luéng cic dai trong mang

Ta c6 thé xay dung dé thi v&i cdc dinh biéu thi cdc chang trai va cdc co gdi, con
cdc cung biéu thi su vira ¥ clia cdc chang trai d6i véi cdc o gdi. Khi d6 ta thu duoc mot
d6 thi hai phia.

Thi du. C6 4 chang trai (T,,7,, T, T, } va 5 c6 gdi {G,, G,, Gy, G,, G,}. Su vira y cho
trong bang sau

Chang trai | Cdc cé gdi ma chang trai ung ¥
T G,. Gy, Gs
T, G,
Ty Gy, G, Gy
T4 G?_! G4

D6 thi tuong ting duge cho trong hinh 7.

Hinh 7. Mang tuong ung vdi Bai todn dam cudi vang qué

Dua vio diém phdt s va diém thu +. N6i s vdi tat ca cée dinh biéu thi cdc chang trai,
va néi 7 véi tit ca cic dinh biéu thi cdc co gii. TAt ca cdc cung cta d6 thi déu cé kha
ning thong qua bing 1. Bit ddu tir luong 0, ta tim ludng cuc dai trong mang xay dung
dugce theo thuat todn Ford - Fulkerson. Tir dinh 1y v& tinh nguyén, ludug trén cic cung
1a cac s6 0 hodc 1. R4 ring 1a néu ludng cyc dai trong d6 thi ¢6 gid tri V,,,, = m, thi bai
todn c6 1di gidi, vi cdc cung v&i hudng bing 1 sé chi ra c4ch t6 chitc ddm cudi thoa man
diéu kién dat ra. Nguoc lai, néu bai todn ¢6 101 gidi thi V,,, = m. Bai todn vé cdc ddm
cudi ving qué 13 mot trudng hop riéng cia bai todn vé cap ghép trén do thi hai phia ma
dé giii nd cé thé xay dung thuit todn hiéu qua hon.

b) Bai toan vé hé théng dai dién chung.

Cho tap m phan tit X= {z,, z,,..., z,,). Gid slt <A,, A,,..., A > va <B,, B,...., B,> la hai diy
¢dc tap con cna tap X. Day gém # phén tir khdc nhau cua X: <a,, a,,..., ¢,> dugc goi 1a hé
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Phan 2. Ly thuyéi do thi

thdng cdc dai dién chung cha hai diy da cho néu nhu tim duge mét hodn vi o cua tap( t,
2...., n} sao cho <ay, a,,..., a,> 14 h¢ théng cdc dai dién phan biét clia hai diy <4, A,....,
A> v <Boyy, Bagypes Bay,y>, tiie 13 diéu kién sau duge thod mén: g, € AN Ba,,i=1,
2,..., n. Xay dung mang G = (V, E) véi tap dinh
V={stlulx,x. S X g, uy, u, )
L Vo v FO YL Yo 2L

trong d6 dinh x, tuong ng véi tap A, dinh y, twong ling v6i tap B, cdc phan tir H, v
tuong tng vdi phin tlr z. Tap cdc cung clia mang G dugc xdc dinh nhu sau

E={(sx)e1<i<n}u {upvdiz,e A, 1<isn 1 <jsmiu
W {(u, vhlgij<mlu
vy vz e B, 1<i<n, | Ljsmpo{(y, 0: 1 <i<n),

Kha nang thong qua cla tat ca cdc cung duge dat bing 1. Dé dang thay rang hé thong
dai dién chung cia hai ddy <A,, A,,..., A,> va <B,, B,..., B> t6n tai khi va chi khi
frong mang G = (V, E) tim dugc ludng vii gid tri n, DE xét su tén tai cla luéng nhu vay
¢4 the sir dung thuat todn tim ludng cyc dai tlr s dén ¢ trong mang G =(V, E),

¢} Vé mét bai todn téi vu roi rac.

Trong muc ndy ta s& trinh bay thuat todn duge xay dyng dua trén thudt todn tim luéng
cuc dai dé gidi mot bai todn t6i uu roi rac la mo hinh todn hoc cho mét s6 bai todn 16i
uu t6 hop.

Xét bai 1odn 01 vy rdi rac:

H

J(x, X0 x,,)—{nax X, — min {1
= J=l
véi diéu kién
Zajjxg =p, i=12,.,m, (2)
j=1
x;=0hoac 1, j=1,2,..n (3)

trongd6 a; € {0,1},i=1,2, ..., m;j=1,2,...n, p,-nguyénduong, i=1,2, .., m

Bai todn (1)-(3) 1a mé hinh todn hoc cho nhiéu bai todn t6i uu 8 hogp thue €. Dudi
day ta dan ra mot vai vi du dién hinh.
Bai todan phdn nhém sinh hoat. Cé m sinh vién va # nhém sinh hoat chuyén dé. Vgi
moi sinh vién i, bigt

a; =1, néu sinh vién i c6 nguyén vong tham gia vao nhém J»
a;= 0, néu nguoc lai,
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Chiong 7. Bai todn luéng cuc dai trong mang

va p; 1a sé ivong nhém chuyén d€ ma sinh vién i phai tham du, i = 1,2, ... m j=1, 2,
ween 1.

Trong s6 cdc cdch phan cic sinh vién vao cdc nhém chuyén dé ma ho ¢6 nguyén
vong tham gia va dim bdo méi sinh vién 7 phai tham gia ddng p, nhém, hdy tim cich
phén phoi v6i s6 ngudi trong nhém c6 nhiéu sinh vién tham gia nhat 13 nhé nhét c6 thé
duoe,

Pua vio bién sé

x; = 1, n€u sinh vién / tham gta vao nhém j,

x;= 0, néu nguge lai,
i=1,2,...,m j=1,2, .., n khi dé dé thdly mo hinh todn hoc cho bai todn dit ra chinh
la bai todn (1) - (3).

Bai todn ldp lich cho héi nghi. Mot hoi nghi ¢6 m tiéu ban, mdi tiéu ban cdn sinh hoat
trong mot ngay tai phong hop phit hop véi né. Cé n phong hop danh cho viéc sinh hoat
cua cdc ti€u ban. Biét

a, = 1, néu phong hop i 12 thich hgp véi tiéu ban j,

a;= 0, néu nguoc lai,
P=1,2,....mj=1,2, .. n Hay b6 tri cdc phong hop cho cdc tiéu ban sao cho hoi nghi
két thic sau it ngay lam viéc nhat.

Dua vao bién s6

x; = 1, néu bé tri tiéu ban / fam viéce & phong J,

x,;= 0. néu nguoc iai,
i=1,2,.,mj=12, .. n khidé dé thiy md hinh todn hoc cho bai todn dat ra chinh

labaitodn (1) - (3),trongddé p, =1, i=1,2,....,m.

Bo dé 2. Bai todn (1)-(3) c6 phuong dn 167 uu khi va chi khi

Da;zp, i=12..m, 4

i=1
Chitng minh. Biéuo kién cdn cta bd dé 1a hién nhién vi tir sy tén tai phuﬁng an cla bai
todn suy ra cdc bét dang thiic trong (4) dugc thuc hién it nhit dudi dang dau ding thirc.
Dé ching minh diéu kién di, chi cin chi ra ring néu diéu kién (4) duoc thuc hién thi bai

todn ludn cd phuong 4dn. Thuc vay, gid sir diéu kién (4) dugc thuc hién. Khi dé néu ky
hiéu

li={1%j<n:ia,=1),

thi [I;l 2 p;,i=1,2,.., m Dodénéugoi
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Ll ILl=p,,i=1.,2, .., m
thi X" = (x*,),x, v6i cdc thanh phan duge xic dinh theo céng thiic
¥ =1 jell o =0,jel,i=1,2,..,m (5)
1a phuong 4n cla bai todn (1) - (3). B8 dé duoc chimg minh.
Do (4) 1a diéu kién can dé€ bai todn (1)-(3) ¢6 phuong dn. nén trong trong phan tiép
theo ta s€ luon gid thiét ring diéu kién nay duge thuc hién.
Bay gi ta s€ chi ra rang viéc giai bai todn (1)-(3) c6 thé din vé viéc gidi mot s6

hitu han bai todn lu6ng cuc dai trong mang. Trudc hét, véi mdi s6 nguyén duong k, xay
dung mang G(k) = (V.E) v6i tap dinh

V= {slu{ul.:iz1,2,”.,m}u{wj:j=I,2,‘..,n}u{r},

trong d6 s Ja diém phat, 7 1a diém thu, vi tap cung
={(su):i=1,2,...,mlu {w)y =12, ,m j=1,2,..,n}
Uiwu =120}

Méi cung ¢ € E duge gin v6i kha nang thong qua ¢(e) theo qui tic sau:

glsu)=p;. i=1,2..

gluw)=a,,i=1, 2 m,‘j: 1,2,..,n
Hinh 8 chi ra cich xay dung mang G(k).

gw, )=k j=12..n
\ \ r wj

Hinh 8. Mz_mg Gk).

Ky higu: o= Z D

i=|
BG dé sau day cho thay m&i lién hé gilta luéng cuc dai trong mang G(k) va phuong 4n
cua bai toan (1)-{3).
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Chuong 7. Bai todn ludng cie dail trong mang

Bo dé 3. Gid su doi véi s6 nguyén duong k ndo d6, ludng cuc dai nguyén £ trong mang
Giky ¢6 gid tri la 0. Khi dé X = (%) e YOI cdc thanh phdn duge xdc dinh theo cong
Hic

x‘,-j- = §"‘(u,-,wj) d=12,,m =12, .n,
la phuong dn cua bai todn (1)-(3).
Chirng minh. Thuc vay, do ludng cuc dai trong mang ¢é gia tri 1a o va la ludng
nguyén nén

E'su)=p,,i=12..m,
d_f‘(u,-,wj) ef{0,1Li=1,2...m; j=12..n

tir d6 suy ra

Doxy =2 E vy =E(su)=p,i=12,.,m
F=1 J=1
Vay X' 14 phuong dn cha bai todn (1)-(3). B dé duoc chitng minh.

Bo dé 4. Gia st X = (x",) 10 phuong dn 161 wu va k' 1 gid tri 167 wu ciia bai todn (1)-(3).

Khi dé luong cue dai trong mang Gk ¢6 gid tri la &.

Chirng minh. Do gid tri clia ludng cyc dai trong mang G(") khéng vugt qui o, nén dé
chiing minh b6 dé ta chi cdn chi ra luéng véi gid ri o trong mang G(k"). Xay dung
lubng & theo cong thirc sau:

é‘{s"!‘f.) =P é-(ur’h’,_;) = x*rj L]
Ew,ny =2 xi=12.m, j=12..n
i=l

Dé dang kiém tra duge riing & 12 ludng trong mang G(m) c6 gid i o. BS dé duge
chiing minh.
Bo dé 5. Néu k = m thi ludng cute dai trong mang Gm) ¢6 gid tri la o .

Chung minh, Lip luan tuong tu nhu trong B dé 4, ta chi c¢in chi ra ludng véi gid tri o
trong mang G(m). Thyc vay, gid st X = (x*) ., 14 phuong dn cha bai todn (1)-(3) xay
dung theo cong thitc (5). Xay dung luéng & theo cong thitc gidng nhu trong chimg
minh bo dé 4, ta c6 ludng véi gia tri 5. B8 dé duoc chiing minh.
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Phdn 2. L thuyét d6 thi

Tir b6 dé 3 va 4 suy ra viéc giai bai todn (1) - (3) din vé viéc tim gi4 tri &* nguyén
duong nhé nhdt sao cho ludng cue dai trong mang G(4') ¢6 gi4 tri 6. B6 dé 5 cho thay
gid tri &" e [1, m]. Vi vay d€ gidi bai todn (1) - (3) ta ¢é thé 4p dung phuong phdp tim
ki€m nhi ph4n trén doan [1, m] dé tim gid tri &', trong d6 & mdi budc cdn gidi mot bai
todn ludng cuc dai. D€ giai bai todn tim luéng cyc dai trong mang c6 thé sir dung cdc
thuat todn da thic nhu da ndi & trén, Tit dé suy ra két qua sau

Dinh Iy 5. Bai todn (1)-(3) giai dugc nho thudt todn da thitc vdi thoi gian tinh la log, m

x Oy . trong d6 Oy, 14 thoi gian tinkh cia thudt todn gidi bai todn tim ludng cuc dai
trong mang G(k).
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Chuong 7. Bai todn ludng cuc dai trong mang

Bai tap

1. Xét mang cho trong hinh v& sau, cdc s6 bén canh cdc cung 1 khi niing théng qua cha né

Thyc hién thuat todn Ford-Fulkerson tim luéng cyc dai trén mang di cho bét ddu tir ludng 0.
Trinh bay cdc két qua tinh todn trong mdi budc lip bao gém:
¢ Do thi tang ludng,
* Budng tang luéng im duge theo tim ki€m theo chiéu rong va kha nang thong qua cia
né (Gid thiét khi duyét cic dinh ké cita mét dinh ta duyét theo thit tu tang dén cla chi
sd),

¢ Mang ciing luéng thu dugce sau khi tang ludng.
Keét qua cu6i cling: Cin dua ra gid tri cla ludng cyc dai va 14t cit hep nhat

2. Cho G = (V, E} d6 thi c6 hudng trong dé khong 6 cung (s, 1). Ching minh rang s6
dudng di co ban ndi hai dinh s va ¢ 12 bing s6 it nhat cdc dinh ciia d6 thi cdn loai b dé
trong d6 thi khong con dudmg di ndi s véi ».

3. Xay dung thuat todn tim tap E, tdt ci cdc cung cia d6 thi ma viéc ting kha ning
thong qua cla bat ky cung nao trong £ déu din dén tang gié tri clia lubng cuc dai trong
mang.

4. Cho hai day s6 nguyén duong {p, i=1, 2,..., m} va {g, /=1, 2,..., n}. Hay xay dung
ma trin A = {a; - i=1, 2,..., m; j=1, 2,..., n} v6i céc phdn tir a,; €{0, 1} ¢6 tdng cdc phan
tir trén dong / 1a p, téng cdc phan tir trén ot j 12 g;.

5. C6 m chang trai, n c6 gdi va k ba moi. Mbi ba m6i p (p = 1, 2...., k) ¢6 mot danh sich
L, mot s6 chang trai va co gdi trong s§ cdc ching trai va cd géi néi teén 13 khdch hang
cia b ta. Ba m&i p c6 thé se duyén cho bat cif cap trai-gdi nio 1a khich hang cia ba ta,
nhung khong du sic t6 chiic qua d, dam cudi. Hay xay dung thuat todn can cit vio danh
sach L, b,, p = 1, 2,..., k, dua ra cich t6 chitc nhiéu nhdt cic d&m cudi gitra m chang trai
vitn cO gdi v6i sur gitip dd clia cdc ba méi.
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Phdn 2. Ly thuvét do thi

6. Bai toan phu dinh nhd nhat: Cho d6 thi v6 hudng G = (V, E) v6i trong s6 trén cic
dinh ¢(v), v € V. Mot tap con cdc dinh cha d6 thi S duge goi 1a phii dinh néu nhu méi
canh clia d4 thi ¢6 it nhdt mot ddu mit rong S. Trong lugng clia phi dinh S 14 téng céc
trong s6 cua céc dinh trong nd. Bai todn dat ra 1a tim phl dinh c6 trong luong nho nhat
(mi ta s€ goi la phi dinh nho nh4t). Hay chi ra cich qui ddn bai todn tim phil dinh nhé
nhét trén do thi hai phia vé bai todn ludng cuc dai.

7. Cho don d6 thi vo huéng G = (V, E). Gia sir s, 1 1 hai dinh cla dé thi. Sit dung 1y
thuy€t ludng cuc dai trong mang chimg minh khéng dinh sau: “Sé" fwong lon nhdt cdc
duong di doi mot khdng 6 canh chung ndi hai dinh s va t Ia bang s& canh it nhdt cdn
logi b6 khéi do thi G dé khéng con duomg di néi s va 1.

8. Bai todn ghép cap trén dé thi hai phia: Cho d6 thi hai phia G = (XUY, E). M6t tap con
cdc canh cla d6 thi duge goi 13 mot cap ghép néu nhu hai canh bt ky trong né khong
c6 dinh chung. Bai todn dat ra 1a tim cip ghép ¢6 luc lugng 16n nhét cia G. Hiy chi ra
cdch qui din bai todn dit ra vé bai todn ludng cuc dai trong mang.

9. Xay dyng hinh chir nhat latinh. Hay chi ra cich xay dung hinh chit nhat la tinh cap
mx#i (m < n) nhd st dung thudt todn tim cip ghép 1én nhat trén do6 thi hai phia,
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HAM PAI SO LOGIC



Chuong 1. Mo ddu

1.1. M6 hinh x{r li théng tin va ham dai s& I16gic

Trong nhiéu van dé, ta thudng gap mot mo hinh xi Iy théng tin dang don gian, gém mot
dau vao vd mot ddu ra:

Vao Ra
Xu li théng tin —,
X Y

Ddu vao va dau ra 14y gid tri tit nhiing t4p hitu han Xva Y. Ta xem mo hinh hoat dong
trén mot tryc thdi gian duge phan chia thanh nhimg thoi diém rdi rac. Tai thoi diém ¢,
tin hi¢u vao 1a.x, € X va tin hiéu ra la y, € Y. Gia thiét ring mo hinh hoat déng khéong
nhG, tic 12 tin hiéu ra tai thoi diém 7 chi phu thude vio tin hiéu vao tai thdi diém dé.
Nhu vay, c6 thé m6 ta sy hoat dong clia md hinh bing mot ham f: X — Y, trong d6 y =
Sfix) 1a tin hiéu ra twong dng v4i tin hiéu vio x.

Trong k¥ thuat diéu khién 1y dong, céc tin hiéu thudng duoc truyén di va ché bién
dudi dang chi ¢6 2 gid tri, ma ta s& ky hiéu 12 O va 1. Vi vay c6 thé xem X nhu tap hop
E" va Y nhu tap hop E”, trong d6 E = {0, 1} (véi n vd m dugc chon thich hop). Mbi

263



Phdn 3. Ham dai s6' 16gic

phintrx € X cé dang x = (x|, x;, ..., x,) vi mdi phdn tlr ye ¥ ¢S dang y = (y,, Vuorr ¥,)
trong dé x, v, € E,

M@t‘hémf: X — Y dugce phan tich thanh mot hé m him

yl :_fj(xp -‘fz, vaas ,\‘“)
-}!2 = .fQ(xpI in vy x“)

Yo =.fm(-r| A RN Xn)

Méi ham y, = f{x,, x,, ..., x,) ¢6 cdc ddi s6 nhan gid tri 0, 1 va him cing nhan cdc gid 1ri
0,1. Mot ham nhu thé duge goi 1a mot ham dai s6 1ogic.

Dinh nghia. Mgt hdni dai s6'légic cita n doi s6'1a mér dah xa B — E.

Mot ham dai s6 logic thudng duge xdc dinh bang bang gid tri cla né, nghia la trong
dé ligt ke tat ca cdc anh cla cdc bo d6i s6 ¢b thé ¢6. Thi du bing dudi day xic dinh mot
hiim dai s6 logic 3 dai s6:

A X, Ay Jx,.50,1,)
0 0 0 0
0 0 1 0
0 1 0 l
O 1 1 1
] 0 0 1
1 0 1 1
1 1 0 0
1 1 ] 1
Hinh 1

Vi |E"1=2" vi | El=2 nén s6 cdc him dai s6 1ogic cha 7 d6i s6 13 2", chéng han
v n = 3, con sd nay 1a 2% = 256.

Mgt ham dai $6 1ogic y = flx,,..., x,) duoc goi 1a phu thude thue sy vio déi s6 x; néu
cd 2 bd gid tri cla doi s6 chi khiic nhau mét thank phan tha / ma gid tri coa ham tai 2 bo
nay 1a khac nhau.

Khéng phai moi ham dai 8 16gic cia n d6i s6 déu phu thude thue su vao ca # déi 6
coia né. Chéng han cdc ham hing vy = 0 hay v = 7 khong phu thudc thuc s vio d6i sé
nao ci, Goi A, 13 sd tdt ca cac ham dai s6 16gic phu thudc thuc su vao n daéi s6. Khi do
dé ding tinh dugc A, theo he thic truy héi dudi day:
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Chuong 1. Mo ddu

Ay=2,
A= 28 -C A

\ ~-CL A -A,.

Thong thudng, viéc mé hod nhi phén tap X bj du thira, nghia 12 ¢6 mot s6 phdn i clia
X 1ai d6 ham f khong xdc dinh (ching han néu X ¢6 6 phdn t&r thi khi ma hod né bing
tap £, ta thita 2 phan thr). Mot ham f: M 5 E, v6i M 1a mot tip con thuc sy cua E*
duge goi 1a mot ham dai s6 logic khéng ddy di va tap con M duge goi I3 mién xdc dinh
cha né. RS rang tai nhimg noi ma £ khong xdc dinh, ta c6 thé cho né mot gié tr1 (0 hoac
1) ty ¥ dé duge mot ham dai s6 16gic ddy di. Néi cdch khie, véi moi ham dai s6 logic
khong didy di1 f c6 mién xdc dinh M, luon xay dung duge mot ham dai s6 logic ddy di £
dé Flx,,...x,) = flx,,...x,) v6i moi (x,,...x,) € M. Him F nhv vay duge goi 1a ham p
ctta ham f. Dé thdy rang, s6 lugng cdc ham phd f bang 2% trong d6 k=2" -1 M .

-l

1.2. Cac ham dai sé l6gic so cap

Du6i day ta s& xét cu thé cdc ham dai s6 ogic phu thudc thuc sy vao » d6i s6 véi n < 2.
Céce ham nay duge goi 1a cde ham so cép.

a) n =0:c62 ham |a ham hing O vd ham hang 1.

b) 7 =1:c6 2 hdm cho bdi bang

X fi b
0 0 |
1 l 0

Ham f,(x) duge goi la phit dinh cia x va duoc ky hiéu a Tx hay x
c) n=2:c6 10 ham cho bdi bang

XN Y& | 8| & 8 [ & |8 |8 |8 )| &) &
grojojo|lofLyrJ11f{vio] o
Ojl1|jo(1|1|L]OojOo|lL]|O|1]| O]
Ljofoj1rj1]ofojol11lo] 1
Ly1ftrjejol1f{trjojol1|{o| 0

trong d6 ¢6 mot sé ham thong dung nhu sau:

ham g(x, y) dugc goi 1a hoi (hay tich) chax va y, ky hiula x & y hay Xy, Xy
ham g,(x, y) dugc goi 13 tuyén cha v vi y, k¥ hiéu x v y

ham g,(x, y) duge goi 1a téng (theo modun 2) céa x va y, ky hieu la x + ¥
ham g,(x, y} dugc goi 1a ham kéo theo, ky hiéu x - y
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Phén 3. Ham dai sé legic

*  ham g.(x, ¥) dugc goi la ham twong duong, ky hiéu x <> y
» ham g(x, ¥) duoe goi la hamVebb, ky hi¢u xo y
e ham g (x, v) dugc goi la ham Sheffer, k¥ hiéu x |y
Quan trong nhét la cdc hiim tuyén, hoi vd pha dinh. Chiing tuong tng véi cic phép
todn "hoac”, "vd", "khong" trong dai s6 ménh dé, trong d6 gid tri 1 imng vdi "dung” va
gid tri O (mg vdi "sai”. D& thdy rang cdc tinh chét dudi diy cta cdc ham tuyén, hoi phit
dinh dugc suy tir cde tinh chit quen thudc cha dai s6 ménh dé (hoic cling ¢6 thé suy
tir bang gia tri):
o Kéthop
xviyvzl=lxvy)vz=xvyve,
x&{v&d=x&y&z=x&y&:
o Giao hodn
XvVy=yvuy,
x&y=y&x
o Phan bd
sviy& Dy =(rvy)&(xvz),
x&{yvy=x&y)vix &z

s Dol ngdu

Trong ky thuat, cic ham tuyén, hdi, phit dinh duge thuc hién nhd nhiing linh ki¢n
don gian. Muc trinh bay dudi day khang dinh ring, moi ham dai s6 logic déu cé thé
duge xdy dung tir nhitng linh kién don gian nay.

.a? - = - ~ v AT A .
1.3. Biéu dién cac ham dai so logic
- A" - - ot L]
qua hé tuyén, hdi va phu dinh
Dé tiér trinh bay, ta dua vio quy udc sau day: gid sit x 13 mot bién va o € |0, 1}. Khi
dé

- x, nfuo=1,
X =

x, néu o=10.

Tir dinh nghia trén dé thay
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=1 & x=0o

Gia st {f, - { € I} 1a mot ho cdc ham dai s6 16gic. Ta s& ding k¥ hiéu

Vof vi & f
iel iel
dé chi tuyén vi hoi cha tat ca cdc ham nay, néi riéng néu 7 = {7, 2..... m}, thi ta s& ding
céc ky higu
nt 11l
vV f va & f
f=1 i=1
dé thay thé. Ta ciing quy e ring néu / 13 tap réng thi
Vo fi=0 va & f =1
iel il
V&i moi ham fix,,..., x,), ky hiéu T, 1atap
Ty = { (0o X) € B2 flxyn 3,3 = 1

va goi no 14 14p dic trung cua f. D& ding ching minh twong ting giita ham dai s6 [6gic
vOi tap dac trung cla né 1 tuong tng 1-1 va ¢é cdc tinh chit:

Ij= T, T;, = T, VT, Ty =T, T,
Diéu nay cho phép chuyén cdc ching minh trén dai 56 16gic sang cde chilng minh tuong
g trén dai sO tap hop.

Dinh ly. Moi ham dai s6'l6gic fix,,...x,) déu 6 thé dupe biéu dién dudi dang:
o, O o,
fveanx) = vV X x L J{0,00, 0% s X,

(c,...c)eE

trong dé i la sé nenhiénbarky, 1< i € n.

Chiing minh. Gid st (x,....x,} € T,, Khi d6 s6 hang tdng v6i bo gid tri 6, = x,, ..., 6 =

1

x; trong tuyén v€ phai

o xT O, T X e X))
s& bang 1, diéu nay kéo theo toan bo vé& phai s& bing 1. Nguoc lai, néu v& phai bing 1,
thi phii xdy ra bang 1 tai m6t s6 hang ndo d6, chiing han tai s6 hang ving véi bé gid tri
(0),...,0). Khidd x, =0, ...,.x,= ¢ vi(x,..x)e T;. Binh ly dugc chitng minh.

Cho i = 1 trong dinh 1§ va nhan x€t rang vai trd cla cdc bién x, 12 nhu nhau, ta duoc:
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Phdn 3. Ham dai 56 logic

Heé qua 1. Ham dai s6'l6gic f(x,,....x,) ¢0 thé dugc khai trién theo mot doi s6'x,;
ﬂxl!""'xn) = xl'ﬂxl""' xr’-ll O’ il xu) v xiﬂxl!”" xr-l’ 1’ xi'H""’ xu)
Cho i = n trong dinh 1y vi bo di cdc nhan tir bing 1 trong mét tich, ta duoc:

Hé qua 2. Ham dai s6'logic flx,,...,.x,) co thé duogc khai trién dudi dang.

a.

a i
flx,..x) = \V4 XX,
(o,...q, ). T;

Cong thitc khai trién ndy cdn duge goi ta dang tuyén chudn tic hoan toin cia f va
mdi s6 hang cha né duge goi 12 mot cdu tao don vi clia f.

Thi du. Dang tuyén chudn téc hoan toan cfia ham f cho bdi bang & hinh 1 12
JrL X )= X% BV XG5V X XV XX VX X, X

Tir hé qua 2, ta nhan duoc khing dinh sau day: Moi ham dai 56 l6gic déu c6 thé xdy
dung tix cde bién nho cdc ham tuyén, hoi va phit dinkh,

Bing luat d6i ngiu, ta c6 thé chimg minh mot két qué tuong (v bang cdch thay phép
tuyén bing phép hoi va nguoc lai, tir 46 din dén vige bidu dién £ qua mot hoi cdc tuyén.
Bi¢u dién niy dugc goi 1a dang hdi chudn tic hoan toan ctia f. Chéng han, trong thi du
vira néu, dang hoi chudn tic hodn toan ciia f 13

Fxp X, ) =@V o v )& (gviny ) &( XV X VX )

Ngoai hé tuyén, hoi va phu dinh, t6n tai nhiéu hé khdc ciing ¢6 tinh chit moi ham
dai s6 1ogic déu dugc bidu dién qua cdc thanh vién cla hé. Mot hé ham nhu vay duoc
goi 1a mot he ddy di. Ching han c6 thé ching minh céc hé

{0, Lx+y,x &yl {x,xvyl {x, x&y}, {x1y}, {xoy}
déu 13 nhitg hé ham ddy du.

Viéc nghién ciu tinh day dii clia mét hé ham ¢6 mot y nghia thyc tién quan trong, né
trd 10i cau hdi ¢6 thé xay dung moi ham logic tir mét s6 ham don gian chon truée hay
khong? Vé vin dé nay, Post da thyc hién mot cdch hé thdng tir nam 1921, ban doc c6é
thé tim hifu mot céch chi tiét qua cudn sach ti€ng Nga "Ham dai s6 logic va cic 1op
Post” xudt ban nam 1966 chia céc tdc gid S.B.Iablonski, G.P. Gavrilov, V.B.Kudriavcev.
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Chuong 1. M ddu

1.4. Biéu dién tdi thiéu cGa ham dai sé 16gic

Bidu difn mot him dai s6 logic f qua mot hé ham ddy dd H 1a khong duy nhat, Thi

du hiun Sheffer, khi biéu dién qua hé tuyén, hoi va phu dinh, c6 thé ¢6 cédc cach
Xly = _x_y_v x‘yvx y_ =XV y_.

M&i mot bicu dién f tuong tng véi mot cdch "ghép” cic thanh vién clia H (ma ta goi 1a
céic yéu t6 co ban) dé thu dugc f. Hién nhién, mot van dé c6 ¥ nghia thuc € quan trong
I3, cAn tim mot biéu dién sao cho viéc ghép nhu the 1a ton it yéu 16 co ban nhat. Theo
mot nghia ndo d6, didu ndy dan vé vigc tim mot cong thic trén hé H bi¢u dién ham f
véi s6 ky hiéu cdc y&u t6 nay 12 it nhdt. Mot cong thic nhu vay, duge goi la mot bicu
dién tSi thiéu cia ham f trong hé H.

V& nguyén tic, s6 cong thic biéu dién £ 12 hiru han, nén biing céch duyét tat ca céc
kh# nang. ta luon fim dugc biéu dién t6i thiéu clia £, Tuy nhién, s6 kha ning nay la rét
16n va viéc duyét né doi hoi mét khdi lugng tinh toan khdng 18, do d6 trén thyc t€ kho
ma thue hién dugc dit ring ngay ca véi nhiing si¢u may tinh.

Viec xay dung nhimg thut todn hiru hiéu tim bicu dicn 161 thiéu clia cdc ham dai s6
logic, vi thé cang trd nén cap bich nhung ddng thoi né cing la bai todn rat khé. Cho
dén nay, bai todn nay vin chua dugc giai quyét thoa déng ngay cd trong mot 0 trudng
hop don gian va con dang duge ti€p tuc nghién ciu.

Mot he ddy dii duge nghién ciu nhiéu nhat la he tuyén, hoi va phi dinh. Baj todn tim
biu dién 16i thidu cia cic ham dai s6 16gic trong hé ndy di dugc nghién cu nhitu
trong vai chuc nam gdn day. Tuy nhién, cic két qua dat duge thudng mdi chi dé cap
dén mot dang biéu dién riéng biét trong he, d6 12 dang tuyén chudn tic cla cdc ham dai
s6 16gic ma ta s& xét k¥ trong chuong sau.
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Phdn 3. Ham dai 56 16gic

Bai tap

1. Xét cic ham dai s6 logic 3 d6i s6 fix, y, z). Cho tap dac trung T, . Xdc dinh dang
tuyén chudn tic hodn toan cia f;

a)T,;=1{(0,1,1),(1,0,0), (1, 1,03}

b T,=1{(0,0,1),(0, 1, D, (1.0,0), (1,0, 1), (1, 1, 1)}

)T, = {(0,0,0), (1, I, 1), (0, 1, 1), (1.0, 0}

2. C6 bao nhiéu ham dai s6 logic 3 d6i s6 ma tap dac tnmg T, cha nd ¢6 5 phén tir? Khdi
qudt hod: ¢& bao nhiéu ham dai s6 logic n d6i s6 mé tap dic trung T, clia né ¢6 & (k <2")
phén tr?

3. Tim dang tayén chudn tic hodn todn cha cdc ham dudi day:
a) fix, y) = x + y (ham céng modun 2)
b) fix, ¥) = x o y (ham Vebb)
c) fx, y)=x1!y (ham Sheffer)
dHfix,y, ) =xvy& z
eYflx, v, 2)=xvyvz
D,y oy =x&y)vix&)v{y&z)
gflx,y z)=(xly)oz

4. Ham dai s6 16gic f(x, y, z) nhan gid tri 0 tai (0, 0, 0). Néu thay déi gid tri bat ci déi s6
nao ctia nd thi gid tri cha ham ciling thay déi (so vdi gid tri trudc ddy). Tim dang tuyén
chudn tic hoan todn cha £,

5. Xét xem cdc ham f, g dudi day khdc nhau hay bang nhau:
) fr,y, =&V 2
gx, vy, 2)=( ;vyv E)&(xv ;v ;)& (xvywv .;)
byflc, y.)=(xly)oz
gy )=x&(y+2)

6. Chitng minh cdc hé ham sau day 13 he diy du:
(0, Lx+yx&yl | xxvyh{ xx&y) (xIy}, {xoy
7. Biéun dién ham f(x, y) =x v y qua céc hé ham:
Al v x&y)

b) {x1y}
¢) {xoyl
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Chiong 2. Dang tuyén chudn tdc ciia ham dai o' l6gic

DANG TUYEN CHUAN TAC
cUA HAM DAl $O LOGIC

2.1. Cac khai niém c¢o ban

Gia st cho n bign xy, x,, ..., x,. MOt biéu thic dang

e

1502 T

X,
i 2

X
1

trong d6 oy.., ge {0, 1}, 1 €4, .., i;< n va i #i néut s duge goi 13 mot hoi so
cdpcoan bién x,, .., x,.

S6 cdc bién xuit hién trong mot hoi s¢ cdp dugc goi 1a hang cua hoi so cap dé.
Ching han, hdi so cdp ¥, x,.x, ¢6 hang 3, hoi so cip x, x; x; X, 6 hang 4.

Gia s f(x,,.... x,} |12 mot hdm dai s6 logic. Mot cong thifc biéu dién f dudi dang
tuyén cia mot s6 hoi so clp khdc nhau cla céc bién x,, ..., x, duge goi 1a mot dang

tuyén chuén tic cia ham dé.
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Phan 3. Ham dai s¢6'16gic

Thi du L.
xy v x y lamotdang tuyén chusn tic ctia ham x + y.

xv y_ vd X ¥y v x_y v X _\,-'_ la cdc dang tuyén chudn tac cia ham Sheffer x1y.

D¢ thay rang, dang tuyén chufin tic hoan todn cdaf [ dang chudn tic duy nhét clia
J matrong do moi hoi so clp déu cd hang a. Méi hoi so cdp (hang #) trong dang tuyén
chuan tic hoan ton cla f dugc goi 1a mét ciu tao don vi cha f,

Ta goi do phifc tap cia mét dang chudn tac 1a s& cdc ky hiéu bién xudt hién trong
dang chuén tic dé.

Thi du 2.

X y_v xﬁy v X y_ ¢6 d& phite tap 1a 6,

Y, y— co do phirc tap 1a 2.

Dang tuyén chudn tic cla f::é do phic tap bé nhit dugc goi 1a dang tuyén chuin
tic t6i thi€u clia f. Dang tuyén chudn tic 6 thidu, theo mét nghia nao d6, twong dng véi
mot so d6 161 thiéu (thudc mot loai nhét dinh) thuc hién £, Nhimng phén tiép theo cha
chuong nay, gidi thiéu mot s6 phuong phdp tim dang tuyén chuan tic t6i thiéu cia mot
ham dai & logic. "

Ta dua thém mot khdi niém quan trong sau day.

Gia sir f{x,,..., x,) 1a mot ham dai s8 logic. Mot ham g(x,,..., x,) durge goi [ mot
nguyén nhén (implicant) cvaf néu T, 1a tip con cia T, néi cich Khéc, néu (g —» /) = |
(vi thé c6 tén goi 1a nguyén nhéan).

Dé dang thdy rang méi hoi so cip trong mdt dang tuyén chuén tic cta f 1a mot
nguyén nhén cla f. ’

Xét mot hoi so cdp A, Viéc xod b6t mot bién trong né lam tap déc trung T, clia né
"ng” ra. Pi¢u d6 khién cho, néu trude d6 A 1a mot nguyén nhan cla £, thi sau khi xod
mot bién, A co thé khong phai 1a nguyén nhén clia f nita. Mot hoi so cip 4 duoc goi la
mdt nguyén nhan nguyén td cla f, néu A 1a mo6t nguyén nhan clia f, sao cho khong thé
x0d di bt ci bién nao trong né (cung vdi ddu pha dinh néu c6) dé A vin con 1a nguyén
nhan cia f. '

Thi du 3.
Xy vd x y iacdcnguyén nhin nguyén té ciia ham x + y.

x va y lacdc nguyén nhan nguyén (& cia ham x 1y nhung cdc hdi x y, x v,

x y khong phai ta cdc nguyén nhan nguyén to cla nd,
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Chitong 2. Dang tuyén chudn tdc cia ham dai 56 logic

2.2. Dang tuyén chuin tic thu gon

Dinh 1y 1. Tuyén cia mot s6" bdt ky cde nguyén nhdn ciia ham f ciing la mot nguyén
nhan cia ham do.

Chimg minh. T4p dac trumg clia tuyén niy 13 hap clia cde tap dac trung clia cdc nguyén
nhan dang xét, vi th€ no cling la tAp con clia tap dic trung clia ham f.
Binh ly duge ching minh.

Gia st S 1a mot hé cdc nguyén nhan cta f. Ta ndi ring he¢ § 1a ddy dd néu véi moi
gid tri o € T, luon tim dugc mot nguyén nhan g thudché dé oeT,.

Dinh 1y 2. Gid sit S la mot hé day du cdc nguyén nhan cia ham f. Khi dé tuyén cia tdl
cd cdc nguyén nhdn trong S sé€ tring voi [ (ta ciing néi tuyén nay thite hién f),

Chirng minh. Tir dinh nghia cda né ddy du, ta nhan duge
L Tg - Tf
ged
nhung vé trdi cha ding thife trén chinh 13 tap dac trung cha tuyén Jang xét. Tir d6 nhan
duge dinh 1y.

Pinh 1§ 3. Tuyén cia tdt cd cdc nguyén nhdn nguyén 16 cia ham f 1a thuc hién f. N6i
khdc di, hé cdc nguyén nhdn nguyén t6 cua f la mot hé day di.

Chitng minh. D€ ching minh dinh 1y, ta s& chitng minh ring
T =T
ges
trong d6 S 1a hé cdc nguyén nhan nguyén t6 cia f.

Vi § gdm cdc nguyén nhan cla f nén vé trai ctia déng thitc trén 1a tap con clia vé&
phai. Ta chi cdn chimg 16 diéu nguge lai. That vay, goi S 12 hé cdc cu tao don vi cha f,
ta ¢6 (dang tuyén chudn tic hoan toan cha f): ,

v T, =1T;
ges’

Xét g € §, néu g’ khong phai 1a nguyén nhén nguyén td cna f, thi bing cdch xod
bt mt s8 bién (cling vdi dau phd dinh néu cé) trong g’, ta thu dugc mot nguyén nhan
nguyén t6 cia f. Goi nguyén nhan ndy la g (g € §). Rorang T, 1a tap con cia T,. Tir d6
nhan dugc

v T, =T c u T

& &
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ges
hay
I, v T,
ge S
va dinh 1¥ dugc chitng minh.

Tuyén chia tat ca cdc nguyén nhan nguyén td cia f dugc goi la dang tuyén chudn tic
thu gon cla f. Vi tdp hop cic nguyén nhan nguyén 16 cha f 12 hoan toan xdc dinh, nén
dang tuyén chudn tic thu gon clia né 1a duy nhat.

Chd ¥ ring, dang tuyén chudn tic thu gon cha mét ham dai s6 16gic, néi chung con
khdc xa véi dang tuyén chudn téc t6i thiéu clia ham d6. Chéng han, ham (x + y) v z (x
v ¥} ¢6 dang tuyén chuan tic thu gon 13

XyVXyVvVXIVYy?
nhung mot dang chudn tac 61 thiéu clia né 12
Xy vV xyvxz

Mac dit dang tuyén chuidn tic thu gon chua phai 12 t6i thiéu, nhung viéc tim nd,
nhu trong nhitng phuong phap trinh bay dudi day, ta mo6t budc trung gian quan trong
trong qud trinh tim dang tuyén chuin tic t6i thiéu.

2.3. Dang tuyén chuén tic nghén
va dang tuyén chuén tic t8i thiéu

Mot h¢é nguyén nhan nguyén t6 cia ham f duge goi 1A mot hé nghén, néu né ddy da va
khong mét hé con thuc sy nao cla né la ddy di. Néu § 13 mot hé nghén cla £ (hi tuyén
cua cdc thanh vién trong S s& thuc hién f. Tuyén nay dugc goi 1a dang tuyén chuin tic
nghén cua f. N6i khdc di dang tuyén chudn tic nghén cia f 12 mét dang tuyén chudn tac
g6m cdc nguyén nhan nguyén t6 cla f, thuc hién f ma khéng thé bé bét di mot s6 hang
nio dé van thie hién duogc £,

Chi ¥ rang, dang tuyén chudn tic nghén cha mot ham dai s 16gic 13 khong duy
nhit, chang han ham

fx,y.2) = XyvXxyvarzvyz
¢6 hai dang tuyén chudn tac nghén 1a

XYV XYV XZI Vi x_yvxy_vyz.
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Chicong 2. Dang tuyén chudn tdc ciia ham dai s6' l6gic

Dinh Iy 4. Moi dang tuyén chudn tdc 65 thiéu cita mét ham dai 56 logic f déu 1o mor
dang tuyén chudn tdc nghén criia ham do.

Chiing minh. D€ ching minh dinh 1¢, ta chi cén chimg to ring néu p 12 mot hoi so cap
clia mot dang tuyén chudn tic t6i thiéu cha f, thi p phai 13 mot nguyén nhan nguyén 6
cia f.

Gia st p khong phai 13 nguyén nhan nguyén 6 cGa f. Khi d6, bing cich bo di mot
s0 bién (clng véi ddu phu dinh néu ¢6), ta ludn tim duge mot phin con thuc su ¢ cha
p, d€ ¢ 1a mot nguyén nhan nguyén 6 cia f. Goi p v P 13 dang tuyén chudn tic t6i thidu
clia f (P 1a mot tuyén cha mot s6 hoi so cdp nao dé). Thay p bdi ¢ trong tuyén nay, ta
nhén dugc ¢ v P ciling 14 mot dang tuyén chudn tic cha £, Diéu nay mau thudn véi tinh
t6i thiéu cha p v P, va dinh 1y duge chitng minh.

Chd y rang, diu nguoe lai cia dinh 1y 4 14 khong ding: ¢é nhiing dang tuyén
chun tic nghén ma khong phai i dang tuyén chudn tic t6i thiéu, thi du ham
fxy o =x+y)vx+z)
¢6 mot dang chudn tic nghén 13
XZIVXYVXyVXz,
nhung d6 khong phai 1a t6i thiéu, mot dang nhu the cha f 1a
XzZVvXyvyz
Binh 1y 4 cho thdy ring, dé tim dang tuyén chudn tic 3i thidu, ta chi can xét cic
dang tuy€n chudn tic nghén. Ma dé tim cic dang tuyén chudn tic nghén thi cdn bist

dang tuyén chudn tic thu gon. Dé ciing 14 co s& cho cich tim dang tuyén chudn tic t6i
thiéu trinh bay trong chuong sau.
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Bai tap

1. Cho ham dai s6 logic f{x, v, z) xac dinh béi bang:

' y 2 flx,y. 2)
0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 I
1 0 0 |
1 0 I 0
1 1 0 0
] 1 1 0

a) Liét ké (it cd cdc nguyén nhan cia f, trong dé mdi nguyén nhan dugc viét
dudi dang tuyén ctia mot s6 hoi so cép. S6 lugng clia ching 12 bao nhiéu (ké ca tuyén
rong va tuyén chuén tic hoan toan)?

b) Xdac dinh cdc nguyén nhin nguyén t6 trong cac nguyén nhan da tim.

2. Cho ham dai s& logic # d6i s6. Biét dang tuyén chuan tic hoan todn cla né gém k hoi
sg cdp. Pém tat ca cdc nguyén nhan ctia ham da cho.
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Clueong 3. Thudt todn tim dang tuvén chudn tdc 161 thidu

THUAT TOAN TiM DANG TUYEN
CHUAN TAC TOI THIEU

3.1. Chi y mé dau

Tu nhitng co s& ly thuyét da trinh biy trong chuong 2, ta c6 thé chia qud trinh tim
dang tuyén chuin tic t6i thiu ciia mot ham dai s6 logic A,, ..., x,) thanh 2 giai doan:

a) Xuit phdt tir dang tuyén chudn tic hoan todn cla f, tim dang tuyén chudn tic thu
gon cia f.

b} Xuat phat tir dang tuyén chudn tic thu gon clia £, tim cdc dang tuyén chuan tic
ngheén cda f va lya chon tir cic dang nay dé duoge cic dang tuyén chufn téc 61 thiéu cia

f
Vi dang tuyén chudn tic thu gon ciia f 1a duy nhat, nén giai doan a) hoan toan xdc
dinh. Trdi lai, giai doan b) can phai xdy dung c4c dang nghén tir dang rit gon, sau d6

lua chon trong ching d€ duge dang t6i thiéu. S§ cic dang nghén cia mot ham dai so
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Phdn 3. Ham dai s6' logic

logic ¢d thé rat 16n, diéu nay lam cho viéc lua chon trd nén khé khan, nhiéu khi khong
khidc mdy so véi viéc "lua chon toan bd". Iablonski dd xay dung duge nhitng ham dai s6
16gic fix,,..., x,) mi $6 cdc nguyén nhan nguyén t6 ciia né 16n gap 2" 14n s6 cdc hoi so
c4p trong dang tuyén chudn tic hoan toan cia f. Glagolev chimg minh rang, déi véi hiu
hé&t cac ham dai s6 logic fcta n d6i s6, s6 cdc dang tuyén chudn tic nghén cia f 1a
) 2n(1 —e) . _ ) . cn
virgt qud 2 , trong d6 e — 0 khi #n — o, Juravliev dua ra mét thi du don gian
sau day: khi n 2 3, ham

ﬂxl""' xn) = [(xl + x.’_) v (XZ + x])] (xl + ...+ ‘XJ;)

an—4 . .y
dang tuyén chuin tac nghén.

c6 S

Nhu vy, v& nguyén tic, viéc tim dang tuyén chufin tic t6i thi€u tr dang tuyén
chuan tic thu gon doi hdi phai ti€n hanh nhimg su lya chon phic tap. Tuy nhién, cdc
phuong phdp dugc trinh bay duéi day, miac di néi chung, ching khong trinh duoc
nhitng khé khin va phifc tap néi trén, trong nhiéu trudng hop cy thé, ching cing t6 ra
¢é higéu qua,

Dudi day 12 mot s6 phép todn ma ta sé ding nhiéu 1an trong qud trinh bién déi
(1) phép nudt so cdp

ABv A=A

(ii) phép dan
AxvAx=A

(ifi) phép ddn khong day du
AxvAx=AvAxvA x

(iv) phép ddn mo rong
ACVvBC=ACvBCvAB

Trong cé4c phép todn d6 A, B va C i cdc biéu thitc bt k¥, x 12 bign.

3.2. Tim dang tuyén chuin tic thu gon

M6i hoi so cip hang k
T x% x?j
R i
duge goi 1a mét nguyén nhan hang & ctia ham f, néu né 1a mét nguyén nhan cla f. Mot
cu tao don vi cta f 1a moOt nguyén nhan hang » cla né.
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Pinh 1y 1.

a) Mér nguyén nhdn hang k cua ham f (k < n) la két qud cua phép dén hal nguyén
nhdn hang k+1 cia ham f do.

b) Mot nguyén nhdn hang k cia ham f (k <n) la nguyén nhdn nguvén 6 cuia f néu
khong thé ddn duvce véi bat ky mot nguyén nhdn hang k nao cia f.

Chirng minh.

a) Gia st A 13 mét nguyén nhan hang & (k < n) cia f. Tim duge bién x khong cé
mat trong A. Khi d6 cic hot A ¥ vA A x s& 1a cdc nguyén nhan hang k+1 cha f, v A
nhan dugce tir phép dan hai nguyén nhén nay.

b) Gia sir A 12 mdt nguyén nhan hang & (4 < n) cia f. Néu A khong phai 12 nguyén
nhin nguyén 16 thi luon tim dugc mot bién x trong A d€ sau khi xod né (cung véi diu
phu dinh néu ¢6) khoi A, ta duge phén con B 132 mét nguyén nhan cha £ C6 thé gid thiét
A=Bx. Khidé A'= B x cling 12 mot nguyén nhan hang & ca f v A ¢6 thé ddn véi
A

Tir dinh 1y 1, ta ¢6 thuat todn Quine sau diy dé tim dang tuyén chudn tac thu gon
cua ham dai s6 logic flx,..., x,):

Bude 1. Tim dang tuyén chuén tic hoin toan cha £, ky hiéu f,.

Buoc 2. Tt f; xay dung f,, bing cach trong £, thuc hién tit cd cdc phép ddn khong
day du doi vdi cdc hoi so cap hang n-i, sau d6 xod bo tit ci cdc hoi so clp hang n-i
c6 thé duge bing phép nuét so cap.

Budc 3. Lap lai bude 2 cho dén khi thu duge f,,, = f,. Khi d6 £, s& 13 dang tuyén
chuén tic thu gon cha f.

Tit cach xay dung f, c6 thé chiing minh quy nap diéu khang dinh: trongmdi f, , c6
mat tit cd cdc nguyén nhan nguyén to hang khéng nhoé hon n-k+1 va tit ca cic nguyén
nhan hang n-k cuaf, va chi ¢6 ching.

Néu f,., = f; thi theo phin b) cla dinh Iy 1, moi nguyén nhéan hang n-k cla ftrong
fi déu 1 nguyén t6 va nhu vay f; chda tat ca cac nguyén nhan nguyén 8 cuia f, do dé né
14 dang tuyén chudn tic thu gon cla f.

Thi du 1. Tim dang tuyén chuén tic thu gon chia ham

f=Xyzv Xyzvxyzviyzvaxyoz
Ta c6 f, = £ Ding cdc phép ddn khong ddy di doi vdi cic hoi so cdp hang 3, ta duge

YV IZIVIYVIVIVIYVIVIYIVIVIVIYIYIZ.
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Phdn 3. Hdam dai 56 l6gic

Sau d6 diing cic phép nudt sg cap ta duge
fi=yzvxzvaxyv ;;;

bén day cdc hoi so cdp hang 2 khong ddn dugc v6i nhau, tite 12 f, = f, va f, 1a dang
tuyén chuan tac thu gon cha £,

Thuat todn Quine khong chi & viéc tim cho hét cdc phép dan cé thé c6. Vi the
McCluskey dé nghi b6 sung thuat todn Quine mot thi e hinh thitc nhur trinh bay dudi
day.

Gia sit f 1a ham coa n bién x,,..., x,. Mdi hoi so cdp cla 7 bién dé duge biéu dién
bang mot day # ky hiéu trong bang {0, [, -} theo quy u6c: ky tu thit i 1a 1 hay 0 néu
x; ¢6 mat trong hoi 1a binh thudng hay véi diau phu dinh, ¢don néu x, khéng ¢é mat thi
ky ty ndy la -, Ching han hoi so cip clia 5 bién x,..... ;' x, x; x5 dugc biéu dién béi
1-0-1. Hai hoi so cip dugc goi la 1an can nhau, néu cic biéu dién néi trén cha ching chi
khdc nhau & mot vi tri. R6 rang cdc hoi so cdp chi ¢6 thé din duge véi nhau néu chiing
1 lan can nhau,

Thudt todn Quire - McCluskey.

Thuat todn Quine, theo thi tuc McCluskey, duge ti€n hanh nhu sau: Lap mot bing
gom nhiéu cot dé ghi két qua cdc phép dan. Sau d6 14n lugt thuc hién céc budc:

Bude 1. Viét vao oot thif nhat, cdc biéu dién clia cdc nguyén nhan hang » (tiic 13 cic
cdu tzo don vi} cla ham f. Cdc biéu dién dugc chia thanh timg nhém, cic biéu dién
trong mdi nhém c¢6 sd cdc ky hiéu 1 bing nhau va cdc nhém x&p theo thi tu s6 cic
k¥ hiéu 1 tang din (cac nhém duge ddnh s tir 1),

Budgc 2. Lan lugt thye hién tdt ca cdc phép ddn cdc biéu dién trong nhém 7 véi cic
biéu dién trong nhém i+1 (i = 1, 2, ...). Biéu dién ndo tham gia it nhat mot phép ddn
s€ dugc ghi nhan mot ddu * bén canh. K&t qud dan duge ghi vao cot tiép theo.

Buoc 3. Lap lai bude 2 cho cot ké tiép cho dén khi khéng thu thém duge cét nao méi
(nic 1a tai cot hién hanh, khong thuc hién duge mot phép ddn nag ca). Khi d6. tat ca
cic biéu dién khong ¢6 dau * s& cho ta tat ca cic nguyén nhan nguyén t& ca /.

Thi du 2. Tim dang tuyén chudn tic thu gon cla ham

W]

VXY IUNV XYIUV XY ZIU

f=xyzu
VX YIUNXYZUNV XYZU

Thi tuc McCluskey dugc tién hanh boi bang sau day
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Chuong 3. Thugt todn tim dang tuyén chudn tdc 161 thiéu

0001 * 0-01 * 0--1
101 * 00-1 * -0-1
0011 * -001 * -11
1001 * -011 *
1011 * 10-1*
0111 #* 01-1*
1111 % 0-11%

1-11 *

-111 #

Dang tuyén chudn tic thu gon ctia ham f 1a

fz}uv_;uvzu.

Thi du 3. Tim dang tuyén chuén tic thu gon cia ham

=X 00V X 5050V X LG5V X% X X,

VXX, N X VX G K X VX XXX,

Thu tuc McCluskey dugce ti€n hanh bdi bang sau day.

0010 * 001- 11--
0011 * -011
1100 * 110- *
1011 * 11-0*
1101 * 1-11
1110 * 11-1 *
1111 * 111-*

Dang tuyén chuan tic thu gon cta him f 1a
f=xx v }I .;2 Xy v }2 X0 VX XG0,
Thuat todn Quine cling véi sy cai tién cia McCluskey goi chung 1a thuat todn

Quine -McCluskey. Thuat todn nay cho phép tim dang tuyén chudn tic thu gon tir dang
tuyén chudn tic hoan toan,

Du6i day trinh bay thém phuong phdp Blake - Poreski, cho phép tim dang tuyén
chudn tic thu gon tir mét dang tuyén chudn tic tuy ¥. Co s& cia phuong phap nay la
dinh Iy sau day:
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Phdn 3. Ham dai s6 logic

Dinh 1y 2. Néu rong mét dang tuyén chudn tdc tuy y cda ham dai sé6' logic flx,, ..., x,)
ta lién tiép thuc hién tdt cd cdc phép ddan ma rong cé thé cé duge roi sau do thuc hién
tdt cd cdc phép nudt so cdp, thi sé thu dugc dang tuyén chudn idc thu gon cia ham f.

C6 the chimg minh dinh 1y nay bing quy nap theo s6 cdc doi s6 cla ham £ Tuy
nhién ching toéi khong trinh bay chi tiét g day.
Thi du 4. Tim dang tuyén chuin tic thu gon clia ham
f=xyzvizIxv xy
Thuc hién lién tiép cdc phép ddn md réng va cdc phép nudt so cap ta dugc

f=xy

:xy

VZX WV XY

k| k|

VIXV XYVIYVYZIVYZ

SXI VXYV XYV YIVYIVY

Xz vy

Vay xz v y ladang tuyén chuin tic thu gon cia ham f.

Thi du 5. Tim dang tuyén chuin tic thu gon cha ham

f=x+y)vy+2).
Tacéd

Xy Vv XyvyIvy

Sy
1l

[

=;yvx}vyzvyzv;zv.rz

P6 1a dang tuyén chuan tic thu gon clia ham f. Thi du 5 chimg t6 ring, dang tuyén

wen

chudn tic thu gon cla mot ham f ¢é thé "dai" hon dang nguyén thuy cla nd.

3.3. Tim dang tuyén chuin tic t3i thiéu

Sau khi tim dugc dang tuyén chudn tic thu gon cla f, nghia 13 tim dugc t4t ca cic
nguyén nhin nguyén (6 cha nd, ta ti€p tuc phuong phdp Quine tim dang tuyén chuin tic
t&i thiéu cha f nhu sau: Lip mdt bang chit nhat, mdi cot ing véi mét cau tao don vi clia
f va mbi dong ding v6i moOt nguyén nhan nguyén 6 cua f. Tai 6 (i, j), ta dinh ddu + néu
nguyén nhan nguyén td & dong / 1a mot phin con cla cau tao don vi & cot j. Ta cling ndi
rang khi d6, nguyén nhan nguyén t6 { 14 phit c4u tao don vi j, Mot hé § cdc nguyén nhan
nguyén t§ cia f duge goi la phi ham f, néu moi ciu tao don vi cia f déu duge phu it



Chrong 3. Thudt todn tim dang tuyén chudn tdc i thiéu

nhat bdi mot thanh vién thuge he. DE thiy réng, néu hé¢ § 1a phi ham £ thi né la day
dd, nghia la tuyén ca cdc thanh vién trong S i thuc hién £,

Mot nguyén nhan nguyén toé dugc goi 1a ¢t y&u, néu thi€u né thi mot hé céc
nguyén nhan nguyén t& khéng thé phi ham f. Cdc nguyén nhan nguyén t6 ¢t yéu duoc
tim nhu sau: ai nhimg cot chi c¢é duy nhat mot ddu +, xemn ddu + d6 thuoc dong nao thi
dong dé img véi mot nguyén nhan nguyén té cot yéu,

Vige lya chon  cdc nguyén nhan nguyén t6 trén bang di danh dau, dé duoc mot
dang tuyén chuan téc 61 thiéu, c6 thé tién hanh theo cic budc sau day:

Buge 1. Phat hién tat ca cidc nguyén nhin nguyén to cot yéu,

Buoe 2. Xod tdt ca cdc cdt duge phi boi cdc nguyén nhan nguyén té cdt yéu, tic la
tdt ca cdc cot 6 it nhat mot dau + tai nhiing dong ting v&i cdc nguyén nhan nguyén
t6 cdt yéu.

Bute 3. Trong bang cdn lai, xod nét nhimg dong khong con dau + vi sau 46 néu cé
hai c6t giong nhau thi xod bét mot cot.

Buge 4. Sau cdc bude trén, tim mdt hé S cdc nguyén nhan nguyén t6 véi s6 bién it
nhat phl tat ca cdc cot con lai.

Tuyén chia cdc nguyén nhin nguyén t6 o6t y&u va cic nguyén nhan trong hé S s& 12
dang tuyén chudn tac 16i thiéu cia ham f.

Céc bude 1, 2, 3 ¢6 téc dung rit gon bang trude khi lya chon. D¢ phie tap chii yéu
nam ¢ buéc 4. Tinh huéng t6t nhat 12 moi nguyén nhan nguyén t6 déu 13 ¢t yéu.
Trudng hop nay khong phai Iya chon gi va ham f cé duy nhét mot dang tuyén chuin
tic 16i thi€u cling chinh 1a dang tuyén chudn tic thu gon. Tinh hudng xau nhat la khong
c6 nguyén nhan nguyén t6 nio la ¢t y&€u. Trudng hgp nay ta phai lua chon toan bo
bang. Cac thi du sau day minh hoa cdc tinh huéng c6 thé xay ra. '

Thi du 1. Tim dang tuyén chuén téc t6i thiéu cla him fcho trong thi du I, muc 2. Bing
sau khi di ddnh dau + c6 dang

|
ra
-
S
(]
-
bt |
L ]

xyz xyz x

[ S
+
+

T | = | =
(5]
+
+
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Trong trudng hop nay moi nguyén nhan nguyén td déu 1a c6t yéu. Him f ¢6 mot dar,
tuyén chudn tic 18i thiéu, dong thoi cling 1a dang tuyén chudn tic thu gon:

f=xyvxzvyzv xyz.

Thi du 2. Tim dang tuyén chudn tic 161 thiéu clia ham £ cho trong thi du 3, muc 2. Sau
khi ddnh dau + , bang c6 dang

6 g0 x| 45 X x5 X X, X, X,
- Xy X, Xy X, Xy Xy | x| X ox, | Xk
.Ya .X4 ) ) ) -
X 4G + + + +
X A, + +
Xy X3 X, + +
1Ay + +

C6 hat nguyén nhan nguyen t6 ¢6t yéu ndm & dong 1 va 2. Sau khi it gon, bang
con hai dong 3, 4 va moét cot 3. Viee chon S khi don gidn: c6 thé chon mat trong hai
nguyén nhan nguyén t6 con lai. Vi vay ta dugc hai dang tuyén chudn tic t6i thidu 1a

f=xx v ;J )_rz.\r3 % }2x-_,x4,

f=xx v }, }2x3 VX, Xy X
Thi du 3. Tiép tuc thi du 5, muc 2. Dang tuyén chudn tic hoan ton cia ham £ 1a

= ;;zv.;ygv;yzvx_;zvxizvxy_;

Ta lap bang
xyz| xyz| xyz lxyz |xyz (xyz
Xy + +
Xy + +
vz + +
¥z + +
Xz + +
Xz + +
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Chuong 3. Thudt todn tim dang tuyén chudn tdc 161 thiéu

Khéng ¢6 nguyén nhan ndo 1 nguyén nhan nguyén t§ cot yéu. Trudng hep nay phai lya
chon toan bg. C6 hai hé phit ham f v6i s€ bién it nhat, ching twong ing véi hai dang
tuyén chudn tic t6i thiéu:

f=xyvyzvzxz,

f=xyvyzvuxz.

He ( xy,xy yz, yz } phit f khong thira, nd cho ta mot dang tuyén chudn tic
nghén

f= xyvxyv yzvyz

nhung khong phai 1 t6i thiéu.

3.4. So da i thiéu

Dang tuyén chuin tic cia mot ham dai s& logic 12 mot loai biéu dién don gian, né tuong

ing véi mot loai so dé nao dé thue hién ham di cho. Trong tng dung k¥ thuat, van dé 1a

véi mot ham dai s8 16gic cho trude, 1am thé nio dé xay dung mot so dé thuc hién duoc

ham dé, véi it yéu t6 co ban nhit. So d6 nhur vay duoc goi ta so d6 t8i thiu cla ham

dang xét. Néi chung, so d6 tng v&i dang tuyén chudn tic t6i thiéu ma ta tim trong muc

trudc, chua phai di 1 so dé 16i thiéu.

Thi du. So dé thuc hién ham f theo dang tuyén chuén tic t6i thidu
f=xyvxivyzvxyz

cAn diing 8 yéu t6 & (hoi) v v (tuyén), trong khi d6 so dé theo biéu dién

f=xGvayvyzvzxy:z

tontatcala 7 yéutd & va v.

Vin dé tim so d6 161 thiéu (khong nhat thi€t 1 dang tyén chudn tac) cita mot ham
dai s& logic {trong hé¢ v, &, -) la mat van dé phiic tap. Hién nay chua ¢6 mot thuat todn
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hitu hieu nao dé gidi quyét van dé ndy. Thong thudng, ngudi ia tim dang tuyén chuin
tic t61 thifu, réi sau d6 diing cdc luat phan bd dé it bt s§ céc chir bién. Lam nhur vay,
tuy chua hin dat dugc mot biéu dién t6i thiéu, nhung ndi chung, cling thu duge mot
biéu dién cho phép xay dung mot so dd twong d6i ti€t kiém.

RS rang 14 van dé con tré nén phidc tap hon nhiéu, néu xét vige biéu dién trén mot
hé ddy di bat ky. Ngoai ra, trén thyc (€, ta thudng gap viéc xay dung mot so dé thue
hién déng thdi mot hé ham dai s6 16gic. C6 thé xay dung riéng 1€ so dé 161 thiéu cho
timg ham, réi ghép chiing lai, v6i chd ¥ 1a c6 thé loi dung nhing phan chung trong
chiing. Tuy nhién, cin xét van dé nay mot cich can ban va c6 hé thong hon.

Mot van dé nita 13, trén thyc t€, ta lai hay gap nhimg ham dai s6 16gic xdc dinh
khong ddy dl (do viéc mi hod nhi phéan cdc tin hi¢u rdi rac). Viéc chon nhitng gid tr
cho ham tai nhiing noi khong xdc dinh, cang 1am tang thém cic khi ning duge xét.

Tom lai, d6i v6i viec tdng hop cdc so dd thye hién cdc ham dai s6 logic con rdt
nhidu bai todn khé khan va 1y thi. Gido trinh nay chi dé cip dé€n mot vai khia canh co
ban nhat. Ban doc nio quan tdm, cdn tham khdo thém céc tai li¢u khéc.
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Chucng 3. Thudt todn tim dang tuyén chudn tdc 161 thiéu

Bai tap

1. Tim tat ca cdc nguyén nhin nguyén 6 cla cdc ham duéi day theo thuat todn Quine -
McCluskey:
a)fix.y,z)= xy zvox yzv xXyz v }§E
z Xy

b) flx, vy, z} = x ;z v ,r;

dfix,y.)=xIylz
e} fle,y, )=x!(y+z)
Bftx,y.)=xo(yiz)
Dxy =xoy)iz
R,y z2)=x+y oz

2. Tim dang tuyén chudn tic thu gon cta cdc ham cho trong bai 1.

3. Vi€t chuong trinh tim dang tuyén chuén tic thu gon clia mot ham dai s& logic n do6i
s6 dua trén dang tuyén chudn tic hoan toan cla né.
Dit liéu vao la file van ban c6 dang:

e dong ddu ghi gia tri n (la s6 d6i s6 clha ham)

* dong sau ghi gia tri k (12 s6 hoi so cdp trong dang twyén chuin tic hoan toan cla
ham)

* & dong ti€p, mbi dong ghi mot hoi so cap nrong tmg dudi dang mot day »n ky tu
viét lién nhau, trong d6 ky tu thit / mé ta trang théi cha d6i thit i theo quy ude: 0
néu dé&i ¢é ddu phi dinh, 1 néu d6i khong 6 d&u phil dinh.

Két qua ghi ra file van ban c¢6 dang (néu ¢6 nhiéu dang t5i thiu thi chi ghi mot):

» dong dau ghi gid tri m (12 s6 hoi so cdp trong dang tuyén chudn tic t6i thidu cha
ham)

* mdong sau, méi dong ghi mét hoi so cip twong tng dudi dang mot diy n ky tu
vi€t lién nhau, trong d6 ky tu thif i mo 14 trang thai clia ddi thit i theo quy udc; -
né€u do6i khéng c6 mat, 0 néu ddi ¢S ddu phi dinh, 1 néu d6i khong c6 ddu phtt
dinh.

Thi dy: File dit liéu vao cho ham (thi du 3, muc 3)
fix, v, z) = ;_;Z v;y;v}yz vx}gvx;z VXY z.
va file két qua tuong ving v6i dang tuyén chudn tic tGi thi€u xy v yz v x z ¢6 noi

dung:
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Phdn 3. Ham dai 56'l6gic

File dit liéu vao File két qua

001 -01
010 1-0
011
100
101
110

4. Hé thong cdnh bdo tu déong.

Ngudi ta cin thiét k& mdt mach logic diéu khién hé théng cinh bdo tr dong trong mot
ngoi nha. Trong hé théng canh bdo nay ngudi ta sir dung hai dang bd cam bién (sensor):
tich cuc va thu dong. Bd cam bién tich cuc s€ phat tin hiéu [ khi moi viéc déu binh
thudng va tin hiéu 0 néu phdt hién c6 sy ¢6 (clra ra vao hodc cla 58 bi md). B6 cdm bién
thy dong s& phat tin hiéu 0 n€u moi viéc binh thuong va tin hiéu 1 néu phét hién sy c6
(lam chuyén dong hoac va dap vao n6). Ngdi nha cé 4 phong R,, R,. R,, R,. Trong méi
phong R; ¢6 mét bo cam bién tich cyc phdt tin hiéu x; vd mot bo cam bién thu dong phat
tin hiéu y,. So d6 clia ngdi nha duge md ta trong hinh 1 (cdc doan dit 14 cdc clra thong
phdng hodc ra vao).

Hinh 1

Mach logic diéu khién phai phét ra tin hiéu O khi khong ¢é s ¢6 nao xay ra vi phit tin
hiéu 1 dé kich cdi bdo dong. Ta cdn kich cdi bdo ddng néu xdy ra it nhit mot trong cic
tinh huéng sau day:

¢ Trong phong R, ¢6 it nhat mot trong hai bd cdm bién x, hodc y, phdt hién su ¢d;

e Trong bat ctt phong R,, i >1, ca hai bd cam bién x, va y, déu phat hién sir ¢6;

¢ Trong hai phong ¢6 ctra thong nhau ¢6 hai b cam bién phdt hién su cé.

a) Hay xay dung bi€u thirc cho ham bién bun f{x,.x,.%5,%,.,5),V2¥+y,) nhan gia tri 1
khi va chi khi cin kich ¢oi bdo dong.

b) Tim dang tuyén chuén tic hoin toan clia f;

c) Ap dung thuat todn Quine-McCluskey tim dang tuyén chudn tic thu gon cla f.
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