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LOINOI PAU

Trong ky thudt, it khi chiing tu tim ditoc nghiém chinh xdc ciia cde bai todn
duci dang mét biéu thire gidi tich. Phuong phdp tinh (computational methods),
hay con goi ld phiwong phdp 56 (numerical method), toan hoc tinh todn
(computational mathematics) la mén hoc cho ta cdc phuong phdp tinh gdn
diing, rim nghiém ctia phitong trinh, hé phuwong trinh dai s6; phwong trinh, hé
plucong trinh vi phdn; cdch tinh gdn ding dao ham, tich phan, xdp xt ham phite
tap, hay ham cho dudi dang bdng s6 bdng cdc ham don gidn.

Phirong phdp tinh 6 lich sit phdt trién ti ldu doi, duoc phatr sinh khi gidi
quyét cdc bai todn thuc ¢ nhie tinh dwong di ctiu cdc tau budn trén bién, quy
dao sao chdl,... Cdc nha todn hoc vi dai nhu Niuton, Ole, Guoxo,... dd c6 nhiéu
cong trinh ddt nén méng cho mén hoc nay. Ngay nay, voi sy phat trién ciia tin
hoc vad sy ra doi cua cde siéu may tinh, phuong phdp tinh dd ¢é nhitg ing
dung rong rdi trong cdc nganh ky thudt, gép phdn gidi quyét nhiéu bai todn
phite tap.

Gido trinh "Phuong phdp tinh trong ki thudt” dugc bién sodn trén co o
cdc bai gidng cho cdc 16p cao hoc xdy dung ciia Truong Dai hoc Kién tric Ha
Noi trong nhitng nam gdn day. Gido trink cung cdp cho nhitng sinh vién nam
cudi, hoe vién cao hoc cde nganh kY thudt cdc phiong phdp tinh gin ding. Vi
day la cudn sdch danh cho nganh ky thudt, nén khi bién soun ching t6i khéng
di sau vé mdt Iy thuyét ma chi yéu la duu ra cde phiong phap tinh, néu cdc vi
du minh hoa, trong d6 6 nhiéu vi dy lé céc bai todn k§ thuat. Sau méi chuong
déu 6 cde bai tdp 6n luyén; déic biét la sau méi phuong phdp tinh déu 6 cac
s0 d6 khéi minh hoa cdc thugt todn, gitp ngudi doc dé dang lgp trink va thuc
hién tinh todn trén mdy vi tinh.

Do thoi gian va wrinh d6 6 han, cudn sdch nay khong thé tranh khdi thicu
36t chiing t6i mong nhdn duoc y kién nhan xét, phé binh ctia ban doc.

Chiing 16i xin chdn thanh cdm on Phong qudn 1 khou hoc, Triong Dai hoc
Kién tritc Ha Noi da giiip dé chiing t6i xudt bdn cudn séch nay.

Tac gia



Chuong 1
SO GAN PUNG VA SAI SO

1.1. KHAI NIEM VE SO GAN BUNG

1.1.1. Sai so tuyét doi

Gia sir a” 12 gid tri chinh xdc clia mét dai lugng nao d6, s a sai khéc a* khong nhiéu
dugc goi 1a s6 gin diing ciia a”, hay con dugc goi 1a x4p xi cla a”,

Dai lugng A = Ia - a’l cho ta biét sai s6 that sy ciia s6 gin diing a so v6i a". Vi gid tri
chinh x4c a” clia dai lugng chwa biét nén ta cling khong biét dugc sai s6 that su A.
Dé u6c lugng sai s6 cia a, ta chon s6 duong tho min didu kién:
la-a'l <A, (1-1)
36 A, nay dugc goi 12 sai s6 tuyét d6i clia s6 gin ding a. RS rang 1A moi s6 A'™>A_ déu

12 sai s6 tuyét d6i cita a. Trong thuc té& ta chon A, 1a s6 dwong nho nhat ¢6 thé duoc thoa
man (1-1) lam sai s6 tuyét d6i clia a.

Neéu A, 12 sai s6 tuyét d6i cia a thi theo (1-1);
a-A,<a <a+A, (1-2)

va ta quy ude viét:
a'=atA, (1-3)

Vidu:a"'=e=2718281...

Vi 2,71 <e<2,72=2,71 + 0,01 nén ta c6 thé chon A, = 0,01 1am sai s6 tuyét doi.

Mat khic, do 2,71 < e < 2,7183 = 2,71 + 0,0083 nén ta ciing c6 thé chon A, = 0,0083
1am sai s tuyét doi.

1.1.2. Sai s6 tuong doi

Sai s6 twong d6i ciia s6 gan diing a 12 dai lugng 3,

= A, (1-4)
lal




Chii y: Sai s6 tuyét d6i khéng phan 4nh ddy di do chinh x4c clia mét s6 gén ding.
Do chinh xac d6 thé hién qua sai s6 twong doi.

Vi du: Do do dai hai doan thing ta dugc a = 10m va b = 1m véi sai s6 tuyét d6i bang
nhau A, = A, = 0,01m. Khi d6 sai s6 turong d6i la:

S, = 9’91 =0,1%
10
con SbZO’Ol =1%
hay &, = 1095,

R& rang phép do a chinh x4c hon phép do b. Do chinh xdc d6 duge phan 4nh qua sai
8¢ tuong doi.
1.1.3. Chiv s6 dang tin va cdch viét s6 gan ding
Mot 6 thap phan ¢é thé ¢6 nhiéu chir s6, nhung chi cé nhitg chir s¢ ké tir chit
s khéac khong ddu tién tinh tir trdi qua phai la chir s6 c6 nghia.
Vidu: S6 3,14 va 0,0314 déu ¢6 3 chir s cd nghia la 3, 1, 4.
Moi s& thap phan déu cé thé viét duéi dang:

a=t Z(lklOk
Trong dé: o, 12 cic s6 tit 0 dén 9,
k= +1,42, ..
Vi du: S6 57,827 c6 thé dugc viét dudi dang:
57,827 =5.10' + 7.10° + 810" + 2.10% + 7.10"
Gia st A, 1a sai 56 tuyét déi cuia a. Néu A, < 0,5.10 thi ta ndi o, 12 chir s6 ddng tin.
Néu A, > 0,5.10" thi ta ndi o, 12 chit s6 déng nghi.

Vidu: a=57,8264. Néu A, = 0,0032 thi cac chif s6 5, 7, 8, 2 1a cdc chir s6 dang tin,
cdn céc chir s6 6, 4 1a ddng nghi. Néu A, = 0,0065 thi cdc chir s6 5, 7, 8 la dang tin, con
céc chit s6 2, 6, 4 12 dang nghi. '

D¢ vict s6 gan diing ta cé hai phuong phdp. Phuong phdp thi nhat 13 viét kém theo
sai s6 tuyét d6i nhu cong thitc (1-3). Phuong phdp thit hai 13 viét theo quy udc: moi chit
s6 c¢6 nghia déu dang tin. Theo phuong phdp nay thi s6 gdn ding c6 sat s6 tuyét d6i



khong 16n hon mot nira don vi & hang cudi ciing. Quy udc nay duoe ding khi lap céac
bang s6 cho san nhu bang légarit...

1.1.4. Sai s6 quy tron

Khi lam cac phép tinh d6i véi céc s6 thap phan ¢6 nhiéu chit s6 ddng nghi, ta thudng
quy tron cdc s6 bang cdch bo di mot vai chit s6 & cudi. Khi quy trdn mot s6, ta pham
phai mot sai s6 goi 13 sai s6 quy tron, 1am cho sai s6 tuyét d6i ting lén.

That vay, néu goi a 1a s quy tron cla s6 gan ding a thi sai s6 tuyét d6i clia a duoc
danh gia:

la’-al=la"-a+a-3al<la"-al+la-al=A +8,

Trong d6: 0, =1a- a |1 sai s6 quy tron.

Khi quy tron s6, ta thuc hién quy tic sau day:

- Néu chir 56 ddu tién bo di > 5 thi ta thém vao chif s6 giit lai cusi ciing mot don vi;

- Néu chir s6 déu tién bo di < 5 thi dé nguyen chir s6 giit lai cudi ciing.

Vidu: Quy tron 56 58,6473 dén chil s6 1é thap phan thit nhat duge 58,6; dén chif s6
I¢ thap phan ¢hit hai dugc 58,65.

1.2. SAT SO TINH TOAN

Khi giai cdc bai todn thyc t€ ta thudng gap phai cc sai s6 sau day:

- Sai 56 cdc 56 ligu: cée s liéu trong bai todn thu duoc bang cach do dac hay [am thuc
nghiém, do d6 mac phai sai s6. Nhiing sai s nay vira duoc nghién cifu & trén.

- Sai 56 gid thiét: mac phéi khi ta ly tudng hod, mé hinh hod bai todn. Sai s6 nay
khong thé tranh khéi khi gidi cdc bai todn.

- $ai 56 phiong phdp: ta thudmg phai diing céc phuong phép gin ding dé giai cdc bai
todn phifc tap nén k€t qua pham phai sai s6 do c4c phwong phap nay gay ra.

- Sai 56" tinh fodn: khi giai bai todn ta phai thuc hién cic phép tinh d&i véi s6 gdn
ding. Qua moi phép tinh ta lai quy tron céc két qué trung gian. Sai s6 mic phai qua tat
ca cdc qua trinh tinh todn nhu vay goi 1a sai s6 tinh todn. Dudi day ta s&€ danh gid loai
sai s§ nay.

Cho ham nhiéu bién u = f(x,, X,,..., x,) kha vi va lien tuc. Gid sirx”, u"va x, u (i= 1,
2,..., n} lan lugt 1a gia tri chinh x4c va gia tri gdn diing cta céc d6i s6 va ham s6. Ta c6:
n

-3

* * » * r
lu—u ‘=‘f(x],x2;...,xn)~f(x],xz,...,xn) f!
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- -~ . -0 . af . ~ - -
Trong d6 f] = ;—f l&y tai cac diém trung gian. Do p lién tyc va A, khd bé nén ta
X

c6 thé coi sai s6 tuyét d6i ctia ham la:

A, = 2 (%), Xty XA, (1-5)

con sai sd twong d6i theo (1-4) 1a:

u

—(mf) (1-6)
IuI .

Tir cong thitc tong qudt (1-5), (1-6) ta suy ra sai s6 clia cdc phép tinh co ban sau:

1.2.1. Sai s6 cha téng

Gia sit ta phai tinh téng:

Vi E?l =1 nén theo (1-5) ta c6:
X .

&u = ZAxi (1_7)
i=1
Vay sai s6 tuyét d&i cia mét téng bang téng céc sai s6 tuyét d6i clia cdc s6 hang.

Chit y: Xét trudng hop hiéu hai s6 gan diing u = x - y, trong d6 x, y ciing dau. Khi d6
sal s6 trong d6i cla hidu:

_A _Ax+Ay

u

u

lul  Ix- yl

Néu Ix - yl rdt nho thi saj s& tuong d6i rat 16n. Vi vay trong tinh todn nén trénh céc
cong thirc c6 hiéu ctia hai s6 gin nhau.

1.2.2. Sai s0 ciia tich va thuong

Gia sir
X XXy

XyarXp,

Khi dé;

lnu= Zlnx - Zlnx

j=k+!

Do do6, theo (1-6) ta ¢6 sai s6 tuong d6i:

5=

%
— A
ax(n")

A n
©=¥s, (1-8)
X, i=1



Vay sai 56 tuong ddi cia mot tich hoac thuong bing téng sai s& tuong déi cha céc
s6 hang.

1.2.3. Sai's0 clia phép lu§ thira, khai can, nghich dao
Cho u = x“% o 12 hing s6.
Khi dé:

8, = i(lnu) Ax =lal A, =lald, (1-9)
dx I

| x

- Néu o >1 (phép luy thira) thi 5, > 5, nén phép lily thira 1am cho sai s6 twong déi
tang lén. '

- Néu 0 < o < 1 (phép khai can) thi §, < 8, nén phép khai can lam cho sai s twong
déi giam di.

- Néu a = -1 (phép nghich déo) thi &, = §_ nén phép nghich dao khéng 1am thay déi
sai sO twong d6i.

Vi du: Tim sai s6 tuong d6i cia ham;

ab
sin’ ¢

néu biét 8, = 0,02; §, = 0,01; A, =0004; c =0,62.

Gidi:

Theo céc cong thite (1-8), (1-9) ta cé:

8,=8,+8,+8 ,

sin“c

Trong dé:
5 , =26 , =252CA —2cotgea,
sSmTC sin-c Slnc
Vay: 8, = 0,02 + 0,01 + 2.1,402.0,004 ~ 0,04
Bai tap

I- Xdc dinh sai s6 tuyét d6i clia cdc s6 gin diing sau day n€u biét sai s6 tuwong dsi
cua chiing:

a=3572; &= 1%
b=0,896; &= 10%
c=23244; 6. =1%

2- Khi do mot s8 géc ta nhén duge két qua sau:
a=45% b =75°20’44"



Hay x4c dinh sai s tuong déi cuia cde s6 gan ding d6, néu sai s6 tuyét doi cua phép
dola I”.

3- X4c dinh s6 cac chir s6 ddng tin trong céc s6 gdn ding sau khi biét sai s6 tuyét doi
cua chiing:

a=0,1132; A, =0,1.107
b =12325; A, =0,1.10"
c =293.481; A, =0,

4- Hay xdc dinh s6 cdc chit s6 ddng tin trong cdc s6 gin ding sau khi biét sai s6
tuong d6i cua chiing la:

a=072218; 8,=0,2.10"
b = 0,02425; 8,=0,5.107
¢ = 0,000135; 8. =0,15

5- Quy tron cic sd gan diing dudi day vdi ba chit s6 ¢6 nghia ddng tin va x4c dinh sai
s tuyét déi, sai s6 tuong do6i clia ching:

a) 1,255; b) -392,85;
¢)0,1545; d) 625,55

6- Puong kinh ciia mot duong tron duge do chinh xdc t6i Imm 1a d = 0,842m. Tim
dién tich hinh tron doé.

7- Tim gid tri ham u = xy’z’ néu:
x=37,1; y =9,87; 7=6,052
va A, =03; A, =0,1L; A,=0016
DPap so
1.A, =0,36; A, =09.10"; A, =0,23.10
.8,=10,62.10% 8, =0,37.10°
.a)3; b}2, 3
.a)2; by2; ol
.a) a=1,23; A, =0510% §,=041.10"
b) b=-393; A, =0,15; 3, = 0,38.10°
¢) ¢=0,155; A,=05.10% 3§, =0732.10"
d) d=626; A,=045; 8,=0,72.107
6.s=0,557Tm*; A, =0,002
T.u=8,0.10°; A,=03.10

wn N
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Chuong 11
PHEP TINH NOI SUY

2.1. BAI TOAN NOI SUY

2.1.1. Pat vin dé

Trong thuc t& ta thuong gap bai toan sau day: bang do dac hay thuc nghiém ta cé
dugc gid tri cua ham s6 y = f(x) tai cdc diém x,, x,,..., X, trén doan [a, b] 12 Yor Yirees ¥y
trong khi chua biét bi€u thue giai tich cia ham s6 d6. Yéu ciu tim gia tri cua ham tai
mot s6 diém trung gian khéc,

Dé gidi bai todn trén, ta xay dung ham F(x) ¢6 biéu thitc don gian, c6 gid tri tring
v6i gia tri cua ham f(x) tai cac diém x, x,,..., X,. Con tai cac diém khéc trén doan [a, b]
thi F(x) kha gan f(x). Bai todn xay dung ham F(x) nhu vay gol la bai todn ndi suy. Ham
F(x) goi 1a ham noi suy cta ham f(x) trén doan [a, b].

Y nghia hinh hoc cia bai todn néi suy 1a x4y dung dudng cong dai s6 y = F(x) di qua
céc diém cho truée (x,,y),i=0, 1,..., n.

Trong nhiéu truéng hop, mic di da biét biéu thitc gidi tich cha ham f(x) nhung vi né
qué phifc tap, viéc tinh todn gi4d tr1 ham tai cdc diém mat nhidu cong sic. D€ cho viée
tinh todn don gidn hon, ta ciing tinh gid tri ham & n + 1 diém thuoe doan [a, b] réi xay
dung ham noi suy c6 biéu thitc don gian hon. Viac thay th€ ham f(x) bing ham noi suy
F(x) goi la xap xi ham.

2.1.2. Pa thic noi suy

C6 the c6 nhiéu ham F(x) thod man cic diéu kién cla bai todn néi suy, nhung ngudi
ta thudng chon da thie 1am ham noi suy, vi da thic la loai ham don gian, luén cé dao
ham va nguyén ham, viéc tinh gié trj cla ching cling don gian. Mt khac, néu ta chon
ham n¢i suy la da thiic P,(x) bac khong qud n thi da thirc d6 1a duy nhat.

That vay, gia sir trén doan [a, b] ¢6 hai da thitc nodi suy bac n: P,(x), Q,(x) ciia cling
ham f(x) thoa man diéu kién:

P(x)=y:Qx)=y,;1=0, 1,.., n.

Nhur vay da thitc P,(x) - Q,(x) c6 bac khong qua n ma cé n + 1 nghiém phan biét x,

(1=0, ..., n), do d6 phai d6ng nh4t bing khong, hay P,(x) = Q,(x).

11



2.2. DA THUC NOI SUY LAGRANG (LAGRANGE) VOI NUT KHONG CACH PEU

Gia sit trén doan a < x < b cho mét luéi cac diéfm nita < x, < x; <X, < .. <X, <bva
gid tri cha ham y = f(x) tai cdc difm niit 46 1A y, = f(x;), i = 0, 1,..., n. Yéu ciu x4y dyng
moét da thide bac n:

P(x)=ax"+ax"" +-.-+a_X+a,
Sao cho P,(x) trung véi f(x) tai cdc mit x;, nghia la:
Px)=vy :1=0,1,.,n.
Lagrang da xay dung da thic ndi suy duéi dang:

P(0 = Yy ,L;(x) @-1)
Trong dé:
L (0= (X=X )X =X )X =% )X =X, Yoox—x.) (2-2)

(X =X )00y = %) (X = X K =X )X = X, )

Da thitc néi suy Lagriang (2-1) thod man céc diéu kién cta bai todn trén. That vay, vi
L;(x) la da thitc b4c n nén (2-1) la da thic bac n. Mit khac vi:

1 khi i=j
Lj(xi) = e ..
0 khi 1#]
nén Px)=y:;1i=0,1,..,n.

Khi thay th&€ ham f(x) bang da thiic ndi suy P,(x) ta da pham phai sai s6 duge xéc
dinh theo dinh ly sau:

Dinh Iy: Néu ham f(x) lién tuc trén [a, b] vi ¢ dao ham lién tuc dén cap n + 1 trong
(a, b) thi sai s6 ndi suy r(x) = f(x) - P.(x) c6 biéu thirc:
II(x)

_opin+l) -
r,(x)=f (C)i(n+l)! ; ¢ €]a, bl (2-3)

Trong dé: TT(x) = (x - X)X - X,)...(X - X))
Néu goi M = max\ £ (x) |; Vx € [a, b] thi sai s@ noi suy:

r"(x)‘s T | TT(x)| | (2-4)
Vi du: Cho bang cédc gid tri ciia ham:
1 0 1 2 3 4
X 1 2 3 4 7
Y, 17,0 17,5 76,0 2105 1970,0

12



Hay 1ap da thitc n6i suy cua ham va tinh gi4 tri ham tai x = 5.
Gidi: Da thitc ndi suy cin tim Ia:

P,(x)=17 (X =D =3 ~-4)x-T7) '17 5(x — (X -3)(x - d)x—T) N

(1-2)1-3){1-4)(1-7) ’ C-DR-3H2-HR2-7)
0 (x—ID(x=2)x—4)Xx-7) +210.5 (x=-DX-Dx-3)x-7) .
B-DE-2Y3-H3B-7) (4=1)(4-2)}4-3¥4-7)

(X = D(x = 2)(x =3)(x - 4) _ x —2x® +6x? —85x +20.5
(7— 107 =2)(7-3)(T- 4)

P,(5)=5"-25%4+6.5%~855+20,5 =503

+ 1970

Da thitc n6i suy Lagrang c6 wu diém 1a don gian, nhung néu thém nit noi suy thi
phai tinh lai toan b6, nhuoc diém nay dugce khic phuc trong cong thitc noi suy Niuton.

Trong gido trinh nay, d€ gidp hoc vién lap duge cac chuong trinh tinh todn,
chiing 61 s& dua ra cic so d6 kh6i mo ta cc thuat todn. Sau day 1a mot s6 cdc ki hiéu
thudng gap trong céc so dé khoi:

Z Input / Nhap s6 lieu

Compute Tinh todn

‘ Kiém tra diéu kien
<= 1,2,...n > Chu trinh
/ Print / In két qua

End ) Keét thiic chuong trinh

13
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So do khai tinh gia tri ham f(x) theo da thirc ndi suy Lagrang

_ / Input n, X, Xg, X505 X Yoo Yo Yo /

‘ P=0
_ k—O,I,Z,...,n>
G=1
Y
i=0,1,2..n -

NO

lYES

G =G(x - x /(X - x)

Y

¥
- P=P+y G

Y
/ Print f(x) /

X
End




2.3. DA THUC NOI SUY VOI NUT CACH BEU

2.3.1. Sai phan hiru han
Gia sirham y = f(x) c6 gid tri y, = f(x;) tai cdc nit x, cdch déu nhau véi:
Xur- X;=h=const; i=0,1,2,... n.

Ta dinh nghia sai phan hiru han cfia ham y = f(x) nhv sau:
- Sai phancap 1: Ay, =y, - v
- Sai phan cdp 2: A’y = Ay,,, - Ay, =

= Yiz - 2¥i + Y3
- Sai phan cdp 3: A'y, = A%y, - Ay, =

= Yies = 3Yi2 + 3V - Vi (2-5)

- Sai phan cdp n: A'y, = A¥(Ay) =
=A%y, - Ay,
Sai phén hitu han ctia ham s6 ¢6 céc tinh chat trong tu nhir cdc tinh chét cha vi phan.
Gia st cho hai ham f(x), g(x) va hang sé c; ta cé:
A(f + g) = Af + Ag;
A(cf) = cAf; (2-6)
AYX") = nth" va A™(x") = 0 khi m > n.
Cho da thie bac n: y = agx” + a,x"™ + --- + a,, khi dé:
A(y) = agn'h".
2.3.2. Bang sai phan hiru han

Vé sau, dé xay dung da thic noi suy ta phai [4p bang sai phan c6 dang:

x y Ay A’y A’y
Xg Yo Ay, Ay, Ay,
X Yi Ay, Ay, Ay,
X, Y2 Ay, Ay, Ay,
X3 ¥a Ay, Ny, Ay,

Cédc sai phan Ay, A’y, A'y,... duogc tinh theo cong thife(2-5).
P Y. 8y, Ay

15




2.3.3. Da thiic noi suy Niuton (Newton) tién

Trong truong hop céc mit cach déu x,= xg+ ih ;i=0, 1,..., n, Niuton di xay dung da
thic néi suy bac n:
Pn(x) =a,+ a](x - XO) + a?(x - XD)(X - xl) + -+ an(x - XO)---(X = xn—!)
Céc he s6 ay, a,,..., a, duge xdc dinh sao cho P,(x,)=y..

Cho x =xgtadugec ay= P (x,) =y,

P..(Xl)_au Y=Y, _ AYO

Cho x = x, ta duge 4,

X, — X, h h
T - _ Ay, 2-7
uong tu, cho x = x, ta dugc a, = ™ (2-7)
i!
Khi dé da thire néi suy cé6 dang:
Ay, Ay, A'y,

= S0 (x = _ _ e T X ) (% = 2-8
P{x)=y,+ h (X —X,)+ M (X —x)(x—x%x,)+ +n!h“ (X=X (x=x__,) (2-8)

. 2oy X—X, - .
Néu doi biént = — D suyraXx=Xx,+ th, tacé:

X-X;,=X~Xy-1h=(t-1)h

thay vao (2-8) duogc:

14 ﬂ

tt—D...(t—=n+1
Pn(x)zyo +t‘AY(1 + - i, ( ) ( )

Yo+t ) A’
n.

A Yo (2-9)

Cong thire (2-8), (2-9) duoc goi 1a da thite noi suy Niuton tién xuat phat tir x, véi mit
cach déu.

Da thtc nér suy Niuton tién thuong duge dung dé tinh gid tri him tai x gin x, ddu
bang sai phén.

Trudong hop can tinh gia tri ham tai x gdn x, cu6i bang sai phan, ta diing da thitc noi
suy Niuton lut duoe trinh bay dudi day.

2.3.4. Da thirc noi suy Niuton lui
Da thirc ndi suy duoge tim dudi dang:

Pn(x) =ap+ al(x - xn) + a'.’.(x - Xn)(x - xn—l) toee ot an(x - X“)...(X - xl)

Céc hé s6 ag, a,,..., a, dugc xdc dinh sao cho P,(x,) = y..
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Chox =x,tadugc ag= P, (x,) =y,

— — —_ Ay'n—l
Cho x =x,, ta dugc y, | = a, + a,(-h), suyraa, = —h
Tuong tu, dat x = x; ta duoc:

_ Aiyn—i

a, —;i=1,2,..,n. (2-10)
ith'

Thay gid tri clia a; vao da thitc trén dwoc:

— Ayn—] _ Azyn—Z _ _ .
Pn(x)—yn+Th—(x x")+W(X X XX =X, )+ +

Ay,
n'h"

+

(x«xn)(x—xn_l)...(x—x!) 2-11)

. . X—X . .
Pit bi€n méi t = - “,tacox=x“+th;x—xi=x-xn+xn-xi=th+(n-1)h=

(t + n - i)h; thay vao (2-11) duogc:

t(t+1)
2!

L LD -

Pn (X) = yn + iAYn-I +
It n!

Ay ,+ Y, (2-12)

Da thic noi suy (2-11), (2-12) duoc goi la da thic noi suy Niuton i xudt phat tir x,
vdi nidt cich déu.

Chu y:

a. Da thic noi suy Niuton tién (Ihi) chi 1a cach viét khic ciia da thic ndi suy

Lagrang. Vi vay, dé dédnh gi4 sai s6 néi suy cia céc da thifc nay ta vin ding céc cong
thite (2-3) va (2-4).

- D6i v6i da thite noi suy Niuton tién (2-9):

(n+l}
r (x)= lc—Qh“”t(t—l)...(thn); (2-13)
(n+1)!
lr“(x)f£~—r.’/l-—h“+1 lt(t —1)...(t — n)I 2-14)
(n+1)!

- D61 v6i da thidc néi suy Niuton lai (2-12):

{n+1}
rn(x):f——(—c—)h"“t(t+l)...(l+n); (2-15)
(n+1)!
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It (x)1< ™ 1t + De(t+n) (2-16)

(n+1)!

b. Ding da thic néi suy Niuton tién (1) khong phai tinh lai tir dau, né€u thém nat nd1
suy méi. Pay ciing Ia wu diém cta da thic ndi suy Niuton so véi da thic nd1 suy
Lagrang.

Vidu I: Cho bang gid tri ciia ham y = 1gx. Hiy xay dung da thitc n6i suy v bude
ndi suy h = 10, Sau dé tim gid tri cua 1gl1001.

Bang gid tri ham y = lgx

1000 1010 1020 1030 1040 1050
3,0000000. { 3,0043214 3,0086002 3,0128372 | 3,0170333 | 3,0211893
Gidi: Lap bang sai phan ctia ham y = lgx
X y Ay A’y Aly
1000 3,0000000 43214 -426 8
1010 3,0043214 42788 -418 9
1020 3,0086002 42370 - 409 8
1030 30128372 41961 -401
1040 3,0170333 41560
1050 3,0211893

Trong bang sai phan tir cot thit 3 tré di, d€ don gidn ta khong ddnh ddu phay ma chi
ghi phdn thap phan dén s6 [é thif bay sau ddu phdy.

Vi phai tinh 1g1001 ma 1000 < 1001 < 1010, nén ta ding da thiic ndi suy Niuton tién
véi xo = 1000, h = 10. Mat khéc, cdc sai phan cdp 3 thay déi khong déng ké nén ta xem
ching 12 hiang s&, khi dé da thidc noi suy ¢6 dang:

P.(x) =y, +tAy, +

e

t(c=1) Ay + !_(1__—_1_;? -2) Ay

P,(x) = 3,0000000 + 0,0043214t - 0,0000426 L‘;ﬂ +00000008 L= D(=2)

Ung véi x = 1001 c6 t = x—hxo =0,1.

Thay t = 0,1 vao vé€ phai da thirc trén dugc:
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1g(1001) = P,(1001) = 3,0004341
Sai s6 tinh theo cong thitc (2-13). G day n =3 va f(x) = lgx.

!
f(n+l)(x) - f(4) (x) = —%lge

do do

!
1000
Vaih = 10,1=0,1, theo (2-13) sai s6 noi suy la:

| f9Cc) 1 <

~lge

3! 10° -9
[r, (1001} i< lge x 0,1.09.1,9.29~0,5.10
' 1000 4!

Nhu vay gid tri nhdn dugc ciia 1g(1001) chinh x4dc dén s6 1é thit 7 sau dau phdy. N6
hoan toan ding nhu trong bang logarit vé6i 7 s6 1é thap phan.

Vidu 2: Ding bang gi4 tri cha him y = sinx tim sin54° va sin56°. P4nh g14 sai s6 két
qua nhan dugc.

Béng gié tri ham y = sinx

X 30° 35° 40° 45° 50° 55°
y 0,5000 0,5736

0,6428 0,7071 0,7660

0,8192

Gidi: Vi 54° < 55°< 56°nén d€ tinh sin54° va sin56°, ta dung da thirc Niuton ui (2-12)
véi x, =55% y, =0,8192, h=5%=0,0873.

Bang sai phan ciia ham y = sinx

X y Ay A%y Ay
'—
30° 0,5000 736 -44 -5
35° 0,5736 692 - 49 -5
a0° 0,6428 643 - 54 -3
45° 0,7071 589 - 57
50° 0,7660 332
55° 0,8192




Trong bang sai phan ta thdy sai phan c4p 3 it thay déi, ta coi 12 hang s6. Khi dé da
thitc ndi suy (2-12) ¢6 4 s6 hang:

t(t+1 e+ 1)(t+2)
Py(x)=y, +tAy,  + ( ) )AZYn—z "'“_6753)’.1—3
a. Tinh sin54°
Thay t = # =—{,2 vao vé& phai dugc:

$in534° ~ P,(54°%) =0,8192 + (- 0,2).0,0532 -

L0208 (-02)08.18

- 0,0057 - - 0,0003 = 0,80903

(4)
Sai 56 1,(x)= ¥h4t(t + 1)t +2)(t +3)

Véit=-02;:h=5=0,0873; f (c) =sinc < 1, ta cé:

I, (54°)1 <

4
Q’O%T—E’L 102.08.18.28~02.107

Nhir vay gia tri nhan duge cla sin54° chinh x4c dén s6 18 thit 4 sau dau phdy, nén ta
18y sin34° = 0,8090. Két qua nay hoan toan phit hop véi bang ham sinx.
b. Tinh sin56°

56° —55°
Thay t = ————=10,2 vao vé€ phai cua da thitc duoc:
P,(x)=08192 +0,2.0,0532 — %g - 0,0057 — % -0,0003 =082913

V6it=90,2; h=0,0873; f%c)=sinc < 1, sai s6 1a:

(0,087)*
4!

It,(56°) 1< -02.12.2,2.32%0,4.107

Vi vay ta lay sin56° = 0,8291.
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So do khéi tinh gia tri ham theo da thirc néi suy Niuton tién

/ IUPUt Xos h& Yo Yiseon ¥ /

F

t=(x-xg)/h
i=0,1, .,n-l>
Y
> D1=(Yi+I"Yi)/h

D, = (Di+ - D)/h

4
t=1(t- j+ 1)/j

Y

y =y +tD,

r Print y \

F

Y

End



2.3.5. Da thice noi suy trung tam
a) Bdng sai phdn trung tim
Trong cic da thic ndi suy Niuton tién, [l ta chi sit dung gid tri clia ham vé mot phia
cua gia tri dau hodc cudi ma ta chon. Dé c¢6 thé sir dung gid tri cia ham ca v€ hai phia
cha gid tri ddu da chon, ngudi ta dd xay dung cdc da thirc ndi suy trung tam, trong dé
gid tri dau x,, & gitta bang con:
X,=Xy +ih; y=1(x)1=0,+1,+2,..
AY = Yia - ¥i A= Ay - Ay

Bang sai phan nay goi 14 bang sai phan trung tam, cac sai phan cédc cdp di theo chiéu
miii tén goi 1a cdc sal phan trung tam. Céc da thic noi suy trung tam ding d¢€ ndi suy
gia tri cua ham s6 & gén gilta bang.

Bang sai phan trung tam

X y Ay A%y Ay Ay ANy A%y
X5 ¥
X 4 Ya BY-s Azy
3 3
A A
X3 ¥; Y Ay, ¥s Ay
Ay Ay Ay
Xa ¥a A N Ay, A N Ay, AS ?
Yo ; Y.
X ¥Ya A Ay, A3y3 Ay, AS :
X yﬂj SRR Azy_ W A ENNY A“y_," Y3 “~a
T Ay, 7| ~al Aly | . Ay ,.»
X, vy Ay, , Aly, X
Ay 3 Ay A* Ay,
X Y2 Ay A ¥ A'}y Yo Aiy
X, ¥a ’ A%y, 3 I Ay, ’
_ Ay, AZ Ay,
X4 A Ay, bE
X ¥s

b) Da thitc néi suy Gaoxo I
Da thitc noi suy ¢6 dang "2 tién 1 Idi™:
P(x) =2y + a,(X - Xg) + ay(X - X)X - X)) + a3(X - X HX - X)X - X, }+ - +
+ 8, (X - X)X -x ) (X=X (X-%x,) +

+ 2, (X = X gpy)e (X = XX - X)X - X)X - X, (X - X))

Chox = Xo suy ra a, = P(x;) = Yos
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A
Chox=x, suyra a,= =09,
1'h
Ay,
Chox=x, suyra a,= = s
2h”
Téng quit:
A T L Ay

Ay = 2 svoii=1,2,...n.

(2i-Dh* T @2y

PO X—X .
Pboibient = —hQ- ta co:

tt—-1) .,

P(x) = P(xo + th) = y, +%AYG + 3 Ny, +
. QJ’—DI_@AW_, . (t+Dt(t— 1)t -2) Ay, +
3 4!
L 2+ Dre - -2) Ay, et
b

. (t+n-D..t+Dtt-D...(t-n+1) &2"_IY_(n—1)"'
(2n-1)!

L (thn -1y (t+ Dt - 1)..(t-n) Aty (2-17)
(2n)!

Da thic nay chita cc sai phan tao béi duong gap khiic phia duéi theo miii tén trong
bang sai phan trung tam.

¢) Pa thirc néi suy Gaoxo Il

Da thirc néi suy 6 dang "1 tién 1 10i™:

P(x) = ag+ a,(X - Xp) + a,(x - X )(x - Xo} + a5(X - X HX - X)(X - X)) + -+« +
+a,(Xx - X)X - X )X - Xe)(X - X)) +
+ a,, (X - X pepydee (X = XX = X)(X - XX - X, ) +
Fa,(X - K)o (X - XX - X)X - X)X - X, )

Chox=x,;1=0,1,...nta duoc:

Ay AZY—| ‘533’ 2

o= Vo = )= T ag= o

I'h 202 77 3R
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AZi—ly ) A‘}:iy
— = a, = =il
Qi - DA T 2

Téng quat: a,, , =

Né&u déi bién t =

, thay viio v€ phai da thic dugc:

t(t+1)
2!
. (t+ Dt - 1) Ny, + (t+2)(t+De(t-1) Ay
3 41
+ (t+n-D...t+ Dt ~1)...(t—n+1)
(Zn—1)!
N (t+n)(t+n-D..t+Dtt-D..(t—-n+1) A2
(2n)!

P(x) = P(xo + th) = yo+ %Ayd. + Ay, +

L+t

AZTI-I y—n +

(2-18)

—-n

d) Pa thitc noi suy Xteclinh
LAy trung binh cong hai da thic nodi suy Gaoxe I, 11 tuong dng véi (2-17), (2-18) ta
dugc da thic nd1 suy Xteclinh:

t Ay, +Ay, +ﬁ t(t? -1y Ay, +Aly .

— — —_—— 2
P(x} =P(x, + th)y =y, + T > > Ay  + 5 5
2,7 2 2 _ A2 5 5
Lt (t I)A“y_ﬂ, +t(t DE"-27) Ay, +4Ay, .
41 - 51 2
2002 12Zype2 _ A2 212y A2 e2 e 132
N (T —17)(t _ 2 )Aﬁy_3+_”+t(t Yt —2°)..t" —(n-1) ])<
6! ) 2n-1!
AZII—I + A2n—] 22 42 ' 12
y Yo Y —tn-1y L P =1) —(n-1) ]Ahy_n (2-19)
2 (2n)!

¢) Da thitc noi suy Betxen

Lay 2n + 2 mit néi suy cach déu nhau X_, X o qpeees Xgoos Xpps Xp» Xy V2 chon gid tri
xuét phat 1a x,. Sit dung cdc nit x, (k =0, +1, +2,..., +n) thi theo da thitc néi suy Gaoxg
IT (2-18) ta duoc:

(t+1t (t+ D=1y

t
P(x) =P(x, +th)y =y, + E&y_, + —2!—A y_, + 3 —— A3y_2 +
. (t+2X(t+ Dt(t-1) A4y_2 +_”.:+‘(t+n—1)...(t—n+l)&2n_, Ly
4! (2n - D!
+(t+n)(t+n—l)...(t—n+1) A2 (2-20)

—n

(2n)!
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Néu chon gid tri xuat phdt 12 x; va sit dung céc niit x,,, (k = 0, 1, +2,..., +n), déng

thdi cha y:

=t
h h
Ap dung cong thirc (2-18) mot tan nita duge:
t(t te-Dt-2)
POO =y, + (- Dy, + 1D iy, + Ay

N (t+l)t(l~1)(t—2)A4y ey (t+n—2)...(t—n)A2n_,

4! - (2n —1)! - ¥

(t+n-bH.(t-n)
T oy V-1

(2-21)

Ldy trung binh cong hai céng thitc (2-17), (2-21), sau khi bién déi dugce da thitc noi

suy Betxen:

t-1) Ay, +Aly, .
2! 2

P(x) = P(x, + thy = 2)" (t —%)Ay0+ «

4 4
. (t—l/?t(t-—i)A‘y_I +t(t—l)(t;;l)(t—z)_A y_Z;-A y;,+

L (=172 —51')(t +1)(t=2) Ay,

Trudng hgp n =1 ta dugc da thic néi suy Betxen cip 2:

2+...

Yo t¥y 1 t(t—1) AzY—] +AZYO
P(x)= 2 2L 4 (t = DAy, + =
(x) 5 ( 2) Yo 2! [ 5 ]

_ Yoty —2(>f. ‘YU)+tAy0+t(t_ )

t(I t)

Il

Yo +1Ay, — (Ayl Ay_)

Chui y: Kinh nghiém cho thay:

- Khit < 0,25 nén ding da thitc Xteclinh;

- Khit €[0,25, 0,75] nén ding da thitic Betxen;

- Khi t ~0 (hay t ~ 1) nén dung da thitc Niuton tién (hay Ii).

(2-22)

1
(Ayy — Ay | + Ay, - Ay,) =

(2-23)
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2.4. DA THUC NOI SUY NIUTON VGI NUT KHONG CACH PEU
2.4.1. Ty sai phan
Gié sir da biét gid tri cia ham y = f(x) tat cdc mit ndi suy y, = f(x;); 1=0, 1, 2,...,n.
Ta dinh nghia:

- Ty sai phan cap 1 cla y tai x;, ;14

ylxi, X} = A
X; — X,

- Ty sai phan cdp 2 cia y tai x,, x;, X, la:
}’lxi,XjJ - y[xj!x_ls_]_

X~ X,

yixi x5, %] =

Néu y = P,(x) la da thitc bac n thi:
- Ty sai phéan cép 1 tai x, X
P (x)-P (x,)

X — X,

P.X, x,] =

1a mot da thirc bac n - 1; ty sai phan cp 2 tai x, X, X

Pn[X,XO]—Pn[XU,X]j
XX,

Pn [X$ XO! XI} =

la mét da thie bac n - 2.
Ti€p tuc qua trinh nay ta dugce ty sai phan cipn + 1:
P.[X, Xgyees X,] =0
2.4.2. Pa thirc ni suy Niuton
Tir cac dinh nghia trén ta c6:
P.(x) = P (xg) + (x - x)P,[%, xo;
P.[x, Xo] = P.[Xe X1 + (x - X)P,[X, Xq. X1
Pi[X, Xq, X1] = PilXg, X1, X5] + (X - X)P,[X, X, Xy, Xo);

P.Ix, Xgoeres X 1] = P X0y Xy5es X,] + (X = X )PL[X, Xgoeres X,]
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Vi P,[x, Xg,-.., X,] = 0 nén sau khi thay thé duoc:

Po(x) = P(Xo) + (X - Xg)P,[%g, X;] + (X - Xo)(X - X)P,[Xo, X, Xp| + - +
+ (X - XHX - X))o (X - X P [Xg 5 X, ]
Né€u P,(x) la da thic ndi suy clia him y = f(x) thi:
P(x)=f(x)=y,,i=0,1,..., n.
Do d6, c4c ty sai phan tit cdp 1 dén cdp n clia P,(x) va y(x) tai c4c niit noi suy ta bing
nhau. Thay cdc ty sai phan clia P,(x) béng c4c ty sai phan cha y ta duoc:
Po(x) = Po(x0) + (x - X)¥[Xo, X1} + (X - X)X - X,)y[X0, Xy, X;] +
+ o (X X (X - X)) (X X, )Y X X, (2-23)
Da thitc nay durge goi la da thirc Niuton tién xuat phét tir nuit x,, ctia ham y = f(x).
Tuong tu ta c6 da thirc Niuton 1di xuat phdt tir niit x, ciia ham y = f(x):
PiX) = yot (X - X)¥[X, Xt ] + (X - X)X - X0 )Y [Xns Xy Xpo ]+ - +
+ (X - XX - X ) (X = XY [Xeens Xg] (2-24)
Chu y: Neu cde nit ndi suy cdch déu x; = x, + ih thi tir cong thitc (2-23) ¢6 thé suy ra

cong thic (2-8), tir cong thic (2-24) c6 thé suy ra cong thitc (2-11). D6 1a céc da thitc
ndi suy Niuton tién va lii trong trudmg hgp cdc niit néi suy cach déu.

Bai tap
1- Cho bang gié tri hAm:

X 1,50 1,54 1,56 1,60 1,63 1,70
y 3,873 3,924 3,950 4,000 4,037 4,123

Sir dyung céng thitc noi suy Lagrang tim gi4 tri ham tai céc diém:
a) 1,52; b) 1,55; c) 1,58; d) 1,61
2- Cho bang gid tri ham:

X i0 1,1 1,2 1,3 1.4 1,5 1,6 1,7 1,8 19 20
Yy [ 05652 | 0,6375 | 0,7147 | 0,7973 | 08861 | 09817 | 1,0848 | 1,1964 | 1,3172 | 1,4482 1,506

Sir dung cong thic néi suy Niuton tién hoac lui xdc dinh gi4 tri ham tai cac diém :
a) 1,0113; b) 1,0428; c) 1.9592; d)1,9728

Pap so

1. a) 3,899, b) 3,937; ¢) 3,975; d) 4,012

2. a)0,5732; b) 0,5965; ¢)1,5313; d)1,5510
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So d6 khdi tinh gia tri ham theo da thitc néi suy Niuton tién v6i nit khong cach déu

Input n, X, Xg,-..y X,y Yoseeos ¥y

/i=0,l,...,n-1>

Y

Pi=(yi -y (X -x)
Y

l A=X-X,
Y

' y=y+A*P0

= (P POy %)

v

A= A*(X - Xj)

Y

Y

Print y

End



Chuong IT1
XAP XI HAM BANG PHUONG PHAP BiNH PHUGNG BE NHAT

3.1. MO DAU

Phiong phdp xap xi ham bang da thic néi suy duoc trinh bay & trén cé mot s6
nhuoge diém:

- Néu nhiéu nit ndi suy thi bac cla da thic noi suy rat 16n, diéu nay gay nhiéu kho
khan trong tinh toan.

- Céc gid tri y; i = 0, 1,..., n; thu dugc bing tinh toén hay do dac thuc nghiém, nén
néi chung khong chinh xdc. Vige doi hoi y, = f(x,) khi xay dung da thitc noi suy chua
that hop 1y, do dé s& dan dén sai s6 I6n khi diing phép noi suy.

- Néu ham f(x) la cédc ham tudn hoin thi xdp xi né bing céc da thic nguyén la khong
that pho hop. Trudng hop nay. nén tinh xap xi ham bing cdc da thitc luong gidc.

Phuong phap binh phuceng bé nhét khac phuc duge nhitng nhuoce diém tren. Noi dung
cia phuong phép [a chon ham xap xi P(x) thuéc mét 16p ham nao dé don gidn hon f(x).
Ham P(x) s& phu thudc vao mét sd tham s6. Cic tham s6 dé s& duge xdc dinh sao cho
sal s6 binh phuong:

S=Y[f(x,)-Px,)] (3-1)
=1
la bé nhat. G day f(x;) A cdc gid tri da biét.

3.2. LAP CONG THUC THUC NGHIEM BANG PHUONG PHAP BINH PHUGNG BE NHAT

Gia sir hai dai lugng vy, x ¢6 quan hé ham s6 vdi nhau. Bang do dac hay thuc nghiém
ta thu dugc gid fri cia chiing cho trong bang sau:

X i X, X5... X

y J ¥ Y2 ¥a
Yeéu ciu tim biéu thic cia ham y = f(x).
Can cif vao bang gi4 tri trén, ta gia thi€t him s6 cén tim thuoe mét 16p ham nao do,

sau d6 dung phuong phap binh phuong bé nhat dé xac dinh cac tham s6 ctia ham.
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3.2.1. Ham xap xi phu thuoc cdc tham s6 mot cach tuyén tinh
a) Truong hopy=ax + b
Gia st y = ax + b, khi dé thay f(x;) = y, va P(x)) = ax; + b vao (3-1) ta dugc:
S=>(y, —ax; - b)?
i=1
Trong dé: x,, y, (i= 1, 2,..., n) d biét; con S phuy thudc a, b.
DéE S bé nhat thi a, b phéi thoa man hé phuong trinh:
da ob
aY x; +bY x, =D Xy,
hay
ad x, +bn =Xy,

Tir bang trén ta tinh in, Zyi, Zx-,z, inyi thay vao hé phuong trinh trén s€ tim duoc a, b.

(3-2)

b) Truong hopy = ax’+ bx + ¢
Khi dé:
S= i(y-l —ax? - bx,; —c¢)?
il
Dé S bé nhat thi a, b, ¢ phai thod man hé phuong trinh:
8_,. 8_,

— = —=0; —=0
da Jdb oc

hay

AT X HBEX + e = Ny
ay x]+bY x7+ed)x, =dyx, (3-3)
ay x; +b>.x,+cn =)y,

Giai hé phuong trinh trén ta tim duoc a, b, c. Néu P(x) 1a da thic bic cao hon ta ciing
lam trong .

c) Truong hop v = a + bcosx + csinx

Khido §= i(yi —a—bcosx, —csinx,)’
=1
Céac tham s6 a, b, ¢ dugc xac dinh tir hé 3 phuong trinh:
S o B _o _
da b dc

7

30



hay

an + b) cosx; + ¢ sinx, =2y,
ay cosx, +bY cos’x, + ¢ sinx, cosx, = 3.y, COSX,
aY sinx, + b3 cosx, sinx, + ¢¥ sin’x, =y, sinx,

Vidu 1: Cho gi4 tri ciia hai dai lugng x, y trong bang sau:

i 1 2 3 4 5
X, 0,56 0.84 1,14 2,44 3,16
y, - 0,80 -097 -90,98 1,07 3,66

Tim ham xap xi dudi dang bac 2: y = ax*+ bx +¢

Gidgi:

Cac tham s6 a, b, ¢ duge x4c dinh tit hé phuong trinh (3-3). D4u tién ta 1ap bang tinh

céc hé s6 cua hé phuong trinh:

i X X! X? x? Yi XY .Yixiz
1 0,56 0,314 0,176 0,098 -(,80 - 0,448 - 0,251
2 0,34 0,706 0,593 0,498 - 097 -0,815 - 0,681
3 1,14 1,300 1,482 1,690 -0,98 -1,17 -1,274
4 2,44 5,954 14,528 35,450 1,07 2,611 6,371
5 3,16 9,986 31,556 99,720 3,66 11,566 36,549
> 8,14 18,260 48,335 137,456 1,98 11,797 40,710
Thay céc gid tri da tinh vao hé phuong trinh (3-3) dugc:

137,456a + 48,335b + 18,260c =40,710

48,355a +18,260b +8,14c  =11,797

18,260a+8,14b  +5¢ =198
Giditataduwoca=1;b=-2:¢c=0.
Vay ham s6 cdn tim la y = x*- 2x’
D¢ danh gi4 sai s6 cha ham x4p xi ta 1ap bang sau:

X; 0,56 0,84 1,14 2,44 3,16

y, ~(x2 =2x;) 0,01 0,00 0,00 0,00 0,01
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Cén ctf vao bang ta thay ham xap xi khd phu hop, vi gid tri ctia ham tai cdc diém x,

sai khéc rat {t so vdi gid tri y, di cho.

3.3.2. Ham xap xi phu thugc vao cac tham so mot cach phi tuyén
a) Truong hop y = ae™ , (a>0)
Ldy logarit thap phan hai vé€ ta duge: Igy = Iga + bxlge
Dat Y = Igy, A = blge, B=1lga, X = x, ta dugc:
Y=AX+B
Day la truong hop y = ax + b da xét & trén.
b) Truong hopy = ax’, (a<0)
Lay logarit thap phan hai v& ta duoc: Igy = Iga + blgx
DatY =lgy, A=b, B=lIga, X = Igx, ta dugc:
Y =AX +B
Day ciing la quan hé tuyén tinh y = ax + b nhur trén.
Sau d6 ta tién hanh tim A, B nhu muc 1, tir d6 suy ra a, b.
Bai tap
Cho bang gia tr1 ham:

X 19 n 25 28 32

y 0,66 0,367 0,223 0,14 0,084

Tim ham xap xi bing phuong phdp binh phuong bé nhat sau d6 danh gid sai s0 cla

ham xap x1 néu:

I. Quan hé gifta y va x 12 tuyén tinh:
Yy = ax + b;
2. Quan hé giita y va x 1a tam thitc bac hai:
y = ax’+ bx + ¢;
3. Quan hé giita y va x 12 ham mi:
y = ae™
Dap so
1.y=1,176 - 0,034x;
2.y =0,0032x*- 0,2076x + 3.4228;
3y =9,97¢ M



Chuong 1V
TINH GAN PUNG PAO HAM VA TiCH PHAN

4.1. TINH GAN BUNG PAO HAM

Gia sir biét gid tri cha ham y = f(x) tai mot s6 diém trén [a, b], a < Xe < Xy < ..
<X,< blay; =f(x). Yéu cdu tinh dao ham f'(x)tai m¢t di€m trung gian nao dé.

Dé tinh dao ham, ta xay dimg da thitc ndi suy P(x) va coi dao ham cita P(x) 12 dao
ham cta f(x). Doi khi da biét biéu thic giai tich clia ham, nhung vi n6 qud phitc tap nén
viéc tinh dao ham gap nhiéu khé khan, ta ciing xay dung da thic ndi suy cua ham va
tinh dao ham cia nd theo céch trén.

4.1.1, Ap dung da thuc néi suy Lagrang
Theo (2-1) da thifc ndi suy Lagring cé dang:

0 (x—xo)(x—xl),..(x—xi_,)(x—xm)...(x—xn)
P = .
o) gy' (X =X HX; = X)Xy =X UK, =Xy )en(X) — X))

Trong trudmg hop céc mit néi suy cdch déu x,=x, +ih;i=0, I,..., n.

X — X :
Datt= % suy ra x = xq + th, cdn: X - x,= (t - i)h;

Xi-Xk=(i—k)h
Ba thirc noi suy ¢6 dang:

P(x) = z":(—l) yi {t=D..({t—n)

4-1
im 11(n—i)! (t—1) (4-1)

Ta x€t mét s6 trudmg hop:
a) Khin =2 (3 nat néi suy)

Px) =~ y(t-Dit-2)-y 10 -2+ 2yt

dP_dP dt 1 dP

5; dt dxzﬁ-a
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nén dao ham cua ham y = f(x) dugc tinh gin ding theo cong thite:
\ : I 1 1
y'(x) = P,)/(x) = E[Eyo(2t —3)—y](2t—2)+§-y2(2l -] (4-2)

Dac biét, néu dao ham tai cdc moéc ndi suy:

- Tal x = xq; t=_20 "¢ _g
h
. \ , 1
nen y{xp) = }’Ox%(_3)’o+4)’1 -¥,);
—Td] X=X t= )_{'___x_o_:l
' . 1
nen YD =y = (Yo +¥,); (4-3)
2h
- Tﬂl X = X3 = X_Q:XU =7
h
' , 1
nén V(X)) = Y2z%(YQ_4y1+3y2)

Bing phuong phdp khai trién Taylor, ta nhan dugc sai s6 trong céc cong thic (4-2),
(4-3) ¢6 cdp O(h?).

b) Khi n = 3 (4 niit néi suy)

Tir cong thife (4-1), lam twong tu nhu trén ta nhan duoc cong thitc tinh dao ham tai
cac nut noi suy véi sai s6 O(h’) nhur sau:

,o1
Yo =a(—llyn +18y, -9y, +2y,);

, 1
¥y :6_h(_2Y(} _3Y1 +6}’2 -Yi)s

!

1 .
Y":a()ﬂ:_f’}” +BY2+2Y3); (4-4)

|
Y5 :a(—2y0 +9y, —18y, +11y,)

Céc cong thic (4-3), (4-4) 1a cdc cong thire tinh dao ham qua gia tri clia him tai céc
nit ndi suy trong trwong hop cdc niit néi suy cach déu,
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4.1.2. Ap dung da thirc ndi suy Niuton

D¢ tinh dao ham cla ham y = f(x), ta x4p xi ham bang da thitc ndi suy Niuton tién
véi nit cach déu (2-9):

_ Dt -
P(x) =y + tAy, + (e l) Yo+ w «-—)( 2) y0+
21 3
L D20
4
Trong dé: t = % _hxu Jh=x,-x:1=0, 1,.,n
tP-t) ., t* =307 +2t
hay P(x) =y, + tAy, + ( ) Ay, + 3!--—— Al Yo +

tt 6t +11t2 -6t
_|_
4!
dP dP dt l dP
dx  dt dx h dt
nén dao ham clia ham y = f(x) ¢6 thé tinh gan dL’lng theo cong thie:

1 21 > 6142
Ry = P(x) = ~[ay + 210 Ay 4 202 4,
y'( (x) h[yo T Ao —— yo +

Yo+

Vi

3_ 2 _
+ 200 -9t +11t 3A4y0 e (4-5)
12
Tuong i P 9P 24D At 1 d)
dx dt dx h dt

nén dao ham cép 2 cua y dugc tinh gén ding theo cong thiic:

6t° —18t+11

1
y'(x) = P'(x) = Fmzyc, + (t- DAYy, + Aty +--+] (4-6)

Tiép tuc c6 thé tinh gén ding dao ham cha y & cdp bat ky. Néu cdn tinh dao ham ciia
y tai di€m tring vdi mit noi suy di c6 trong bang, cong thic tinh s& don gian hon. Vi
méi gid tri cho trong bang déu c¢6 thé chon 1am gid tri xuft phét nén ta chon x = x,, do

dot=""To_ =0.
h
Theo (4-5), (4-6) 1a c6 cong thitc tinh gin ding dao ham:

X , 1 1 1 1
y'(Xg) = P(xp) = “ﬁ[AYo - ‘2’A2Yn + g ASYG - Z 54)/0 +e-e; (4-7)
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1 11
¥ (%) = P'(xp) = el [y, — Ay + 1—56% +0] (4-8)

Chit y:

- Trén day ta di lap cong thic tinh dao ham clia ham s6 nh& da thic ndi suy Niuton
ti€n. Cong thic nay dp dung thuan lgi vdi nhimg gid tri x & gin x,. Néu céan tinh dao
ham tai diém gén x,, ta nén sir dung da thifc ndi suy Niuton lii. Con néu x & gin giita
bang thi ding cac da thitc ndi suy trung tam.

- Néu biét dugce sai s& clla ham la:

r(x) = f(x) - P(x)
thi sai s6 cia dao ham la:
e(x) =1"(x)-P,(x) =r'(x)

Vi du: Cho gia tri cia ham y = sh2x tai mdt s6 nit véi bude ndi suy h = 0,05. Tim
dao ham cidp mot, cap hai cta ham tai x = 0,0.

Bang sai phdn ham y = sh2x

X y Ay A’y Ay Ay
0,00 0,00000 10017 100 101 3
0,05 010017 10117 201 104 3
0,10 0,20134 10318 305 107
0,15 0,30452 10623 412
0,20 0,41075 11035
0,25 0,52110

Chon x; = 0,00, theo cong thitc (4-7) va (4-8) ta ¢6:

, 1 i 1 1
Y(0.00) ~ 18y, - Eﬁyu *3 Ay, - ZA“yoJ =

=20[0,10017 - %0,00100 + %0,00101 - io,oooos =
= 20[0,10017 - 0,00050 + 0,00034 - 0,00001] = 2,00000;
. 1 11
y'(0.00) = - [A'yg — Ay +— Ayl =
h 12
= 400[0,00100 - 0,00101 + 0,00003] = 0,008
4.2, TINH GAN BUNG TICH PHAN

b
Gid sit cn tinh tich phan I = [f(x)dx .
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Néu ham f(x) lién tuc trén [a, b] va c6 nguyén ham la F(x) thi theo cong thic Niuton
- Lépnit: I = F(b) - F(a).

Trong thyc t€, viéc tim nguyén ham nhiéu khi khé khin, v4 lai ham f(x) thuong duoc
cho dudi dang bang, nén khong thé diing cong thic trén duge ma phai tinh gan ding
tich phan.

Dusi day trinh bay hai phuong phdp tinh tich phan bing so, nghra 1a tinh tich phan
xdc dinh theo cdc gid trj bing s6 clia ham duéi dau tich phan.

4.2.1. Cong thic hinh thang

Gia sir biét gid tri chia ham dudi dau tich phén tai cdc nit cdch déu nhau x, = x, + ih
X=a,x,=b,i=0,1..,nlay =f(x).

kl

Ta da biét gia trj cla tich phan xac dinh 4’
la dién tich cia hinh thang cong, nén néu .
thay dudng cong y = f(x) bing dudng gay ’____..F\H_j_%
khic thi gid tri gan ding cta tich phan 1a
téng dién tich c4c hinh thang:
¥z Yot
SoYot¥iy Yit¥a o Ve ty, g7 2
2 2 2 h h X
h a=xg X %5 ¥t X=Dh o
=5 Yo+ 2y, 42y, 442y, +y,)
2 Hinh 4.1
Vih= b-a nén cong thie tinh gan ding tich phan [a:
n
° b-a
[= [fo0dx = == (v, +2y, +2y, +-+2y,, +y,) (4-9)
; n
Cong thic (4-9) goi 12 cong thite hinh thang.
Ngudi ta chiing minh dugc sai s6 cha cong thifc nay Ia:
IR| s%hz(b—a) (4-10)

Trong d6: M = maxIf'(x)l; a < x< b.

4.2.2. Cong thire Simson

b
D¢ tinh tich phin I = I f(x)dx, ta chia doan [a, b] thanh 2n doan con bang nhau bai

cdc diém chia x;; A= Xy <X, <X;< ... <X, = by
b-a
2n

X;=a+1ih;i=0,1,.,2n;h=
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Gia st da biét y, = f(x,), khi dé:

L] 4

hjf(x)dx = [f(x)dx + xj'f(x)dx oot fo(x)dx

X Xy

D¢ tinh cdc tich phan & v€ phai, ta thay f(x) bing da thitc néi suy Niuton tién bac 2,

tix (2-9)
(-1

Py(X) =y, + tAy, + A%y,

Doi bién x = x,, + ht, ta ¢é dx = hdt, khi dé:

't 3 Ao t(t—-1) .
[f(x)dx =~ [P,(x)dx =h j[yu +1Ay, +%&“yu}dt=
X, 0

X

= h{ygt + ﬁA +l(i—i)aﬁy
Yo 5 Yo R 0

=2

1=0

1 8
=h[2y, + 2Ay, + 5(5 — 2Ny, ] =

h
= ;lYO+4YI +Y,1

X

Tjen h .
Tuong ty _[f(x)dx = 3 [Yai + 4Yain + Yaira |
Sau khi cong tit ca cac tich phan ta duogc:

b

h
If(x)dx ~ gl(YO +4YI +Y2)+(Y2 +4y3 +Y4)+"‘+

+ (yZn—2 + 4y2n—| + YZn )]

a oo P
Thay h = vao biu thirc trén ta duge:

2n

b
If(x)dx S

a

b-a

n (Yot Yo, ) +4(y, +y; + 4 ¥, )+

+ 2(y2 + y4 trt y'Zn—Z )]
Cong thic trén goi 12 cong thite Simson.
Ngudi ta chiimg minh sai s6 cha cong thitc Simson 1:

4

RI<MI(b-a)
180

Trong d6: M = maxIf*(x)l;a < x < b.
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So do khai tinh tich phan theo cong thire Simson

/ Input a, b, n /

\

h=(b-a)/6n

S=5+2f(x)

4 Continne j

Print §

End
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4.2.3. Tinh tich phan béi

Gia sit can tinh tich phan hai 16p trén mién chitnhat S:a < x <b;c <y < d.

b d

I= [dx [f(x,y)dy

Chia hinh chit nhat S thanh cic ™
hinh chir nhat con bang cdc dudng

thdng song song véi cac truc Ox, Oy ,
N —

vo1 khoang céch tuong vng:

_b—a. _d_C 7 EEp—

h k= k
2n 2m L
Ky hiéu ham dudi d4u tich phan Ia s i : : -
z = f(x, Y) Khi dé tal nut (x;, yJ) ham a=x, X, X %= b
f(x, y) c6 gid tri z; = f (x;, y)). Hinh 4.2

Pau tién ta tinh tich phan trén hinh
chirnhatcon $;: Xo< X € X,;y, £y < y;; véi Xo=a; yp=¢;

¥z K2
I = ”f(x,y)dxdy = j-dy jf(x,y)dx
5 Xq

Yo

hay I = [Qy)dy; v6i Q)= [f(x,y)dx

Xy

Ap dung cong thitc Simson cho tich phan thit nhat ta duge:
k
I, = é‘(Qa"' 4Q, + Q,)
Ap dung mét l4n nita cho tich phén thi hai ta cé:

X h
Qo= If(x»}’o )dx ““3‘(200 +4Z,5 +25);

X0

X5 h
Q= jf(x,y,)dx “5(301 +4z,, +12,);

Xy

L] h
Q,= jf(x,y, ydx mg(zm +4z,+2,)

b

Cudi cling ta c6;

hk
I, zF[(Zm t 2 T2+ 20+ M2y +2,+2,, +2,,)+162,,]
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Céc tich phan trén cic mién chir nhat con lai duge tinh tuong tr. Vay céng thitc tinh
gan diing tich phan hai 16p 1a:

m.n

=31,

i=1
Bai tap
1- Him y = Igx ¢6 gia tri tai x = 50; 55; 60; 65 1an luot 1a 1,6990; 1,7404; 1,7782;
1.8219. Tinh gid tri dao ham ciia y tai x = 50 va so sdnh véi két qua tinh truc tiép.

2- Cho ham y = f(x) dudi dang bang sau:

X 0 1 2 3 4 5 6 7 8
y 12,3 11,1 7.2 4,1 63 | 88 9,2 10,8 13,1

Tinh tich phan:

I= E].f(x)c:lx

it

theo cong thitc hinh thang va cong thirc Simson.
3- Trong k¥ thuat ta thudng gap tich phan xdc suat:

2 ]e_;dt

\;'2?{ n

Hay tinh ¢(1) theo cong thitc hinh thang néu chia khoang tich phan thanh 10 phén

p(x) =

bing nhau. Cho bang gid trj ham du6i déu tich phan y =e

X 0 0,1 0,2 a3 0,4 0,5 6,6 0,7 0,8 0,9 1

¥ 1 0.9950 [ 09802 | 0,9560 | 0,9231 | 0,8822 | 0,8353 | 0,7827 | 0,7261 | 0,6670 | 0.6065

4- Sir dung bang 2 tinh ((0,8) theo cong thitc Simson. Chia doan 1dy tich phan thanh
8 phan bang nhau.

Dap so

1. y'(50) = 0,0087 tring véi gi4 tri khi tinh truc tiép.

2. Theo céng thitc hinh thang I = 70,2; theo cong thitc Simson I = 70,0.
3. 0(1) = 0,6827

4. 0(0,8) ~ 0,57625
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Chuong V
GIAI GAN DPUNG PHUONG TRINH DAI SO VA SIEU VIET

5.1, MO DAU
Trong chuong ndy ta s& nghién cifu mét s6 phwong phép giai phuong trinh mot 4n s6: |
f(x) = 0 (5-1)
Trir mot var trudng hop déc biét, phuong trinh (5-1) ¢6 cong thiic tim nghiém chinh
xéc; con néi chung ta phai giai gin diing.
Qué trinh giai phuong trinh (5-1) thudng ¢6 hai budc:
- Budc 1: Tim x4p xi ban d4u cua nghiém;
- Budc 2: Tim nghiém véi do chinh xdc can thiét.
Trong budc mot, dé im x4p xi ban ddu chia nghiém ta c6 thé ding hai phuong phép sau:
5.1.1. Phuong phap do thi
V& dob thi ciia ham y = f(x) trén gidy ké 6 vudng.

Hoanh d¢ giao diém ctia d6 thi véi truc hoanh Ox
chinh 12 nghiém cén 6im.

Néu d6 thi clia ham y = f(x) kho V&, ta c6 thé
thay phuong trinh (5-1) bang phuong trinh tuong /

duong:
h(x) = g(x) (5-2) NS

réi vé& dé thi cla hai ham y = f(x); y = g(x). Hoanh Hinh 5.1
d6 clia giao di€m hai d6 thi 13 nghiém cia (5-1).

y =10

1.

¥
Vi du: Phuong trinh x* - 10 = 0 twong duong vdi 1\

phuong trinh lgx = 1 y = hex)
X

- V& d6 thi hat ham s6 y=lgxvay= 1 , ta thdy
- X

y = gix}

hoanh d6 a cha giao diém hai dé thi nidm trong
khoang (2, 3). o 1a x4p xi ban diu clia nghiém.

Y,

Hinh 5.2
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5.1.2. Phuong phap khao sét sy bién thién ciia ham s6 y = f(x)
Phuong phdp nay dua trén céc dinh 1y sau:
Dinh Iy 5.1: N&u ham s6 f(x) lién tuc va don di¢u

trén [a, bl, dong thoi f(a) va f(b) trdi dau, thi phuong
trinh (5-1) t6n tai mot nghiém duy nhat thuoc (a,b).

Khoang (a, b) dugc goi 1a khoang phan ly nghiém

Y

ctia phuong trinh (5-1). v
Dinh 1y nay dugc minh hoa béng dé thi (hinh 5.3) i
D6 thi clia ham s6 y = f(x) cit mot va chi mét diém : \’ °

chia truc hoanh. Vay phuong trinh (5-1) ¢6 mot va chi Hinh 5.3

mot nghiém trén (a, b).

Diéu kién ham f(x) don diéu trén [a, b] ¢6 thé thay bang diéu kién dao ham cua ham
f(x) khong ddi dau trén [a, b]. Ta cé:

Dink Iy 5.2: Néu ham s6 f(x) lién tuc va cé dao ham khong ddi dau trén [a, b], d6ng thai
f(a) va f(b) trai du, thi phuong trinh (5-1) c6 mot va chi mot nghiém thudc (a, b).

D¢ tién hanh budc 2: fim nghiém véi d6 chinh xdc cdn thiét, ta c6 thé diing cdc
phuong phép sau:

5.2. PHUONG PHAP CHIA POI

Gia st o 12 nghiém duy nhét cha phuong trinh (5-1) trén [a, b]. Trudc hét ta chia doi
[a, b] va goi [a, b;] 1a mot trong hai nita cla [a, b] thod min diéu kién f(a,).f(b)) < 0.
Khi d6 nghiém « clia (5-1) s& ndm trong [a,, b,] véi:

b|'31=%(b'a)

Tiep tyc chia déi [a,, b, thinh 2 doan. Goi [2;, b,] 14 mét trong hai doan va thoid man
diéu kién f(a,).f(b,) < 0. Khi dé o s& nim trong doan [a,, b,] véi:

1 1
b, -a,= E(bl -a,)= 2—2(b—a)
Tiép tyc qué trinh d6 dén 14n thit n ta duoc [a,, b,] thod min:

anSOtSbn ,b,,—anz '2%(13—‘1)

Vay c6 thé 1dy a, hay b, 1am gi4 trj gdn ding ciia nghiém o v6i sai s6:

[0~ 8,0 < ——(b-2);
2n
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(o - b < ;—n(b—a) (5-3)

Vikhin — « thia, —» o, b, = o, do d6 phuong phép chia déi hoi tu.

Chii y:

- Néu trong qué trinh chia d6i gap mot diém chia ma gid tri cta f tai d6 bang khong
thi nghiém diing 1a hoanh d¢ ctia diém chia;

- Uu diém cha phuong phdp chia déi la thuat todn don gian, do dé dé 1ap trinh trén
mdy tinh;

- Nhuge diém clia phuong phap nay 13 hoi tu cham.
Vi du: Sit dung phuong phdp chia doi tim nghiém cua phuong trinh:
fix)= x*+2x*-x-1=0

Gidi:

Vi f)=-1;f(1)=1 nén o €[0, 1];
f(0,5)=-1,19 nén o 10,5, 1];
£(0,75) =- 0,59 nén o € (0,75, 1;
f(0,875) =0,05 nén o (0,75, 0,875];
f(0,8125) = - 0,304 nén o <[0,8125, 0,875];
f(0,8438) =- 0,135 nén o € [0,8438, 0,875];
£(0,8594) = 0,043 nén a € [0,8594, 0,875]

Vay a ~ %[0,859+ 0,875] = 0,867



So d6 khoi gii phuong trinh f(x) = 0 bing phuong phap chia deéi

/ Inputa, b, & /

a+b
X =
2

4

Compute f(x)

/ Printa, b /

End

5.3. PHUONG PHAP LAP

Gia st phuong trinh (5-1) ¢é nghiém phan ly trong [a, b]. D€ giai phuong trinh nay ta
dua né vé dang:

X = g(x) (5-4)
Chon x, € [a, b} 1am x4p xi ddu cla nghiém roi tinh diy s6 x, theo cong thite:
X, = g(Xp)sn=1,2,.. (5-5)

Gid str khi n — o thi x, — nghiém « ctia (5-1), ta n6i phuong phap nay hoi tu va coi
X, 12 nghiém gén ding clia (5-1).

Qua trinh tim nghiém lip di lap lai nén phuong phdp nay goi 1 phuong phap 1ap. Dé
x€t xem phuong phap lip ¢6 héi tu khong ta ¢é dinh 1y:
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Dinh Iy:

Xét phuong phap lap (5-5), gia st

- [a, b] 1a khoang phan ly nghiém « cua phuong trinh (5-1);

- Moi x,, tinh theo (5-5) déu thuée (a, bl;

- Ham g(x) ¢6 dao ham thoa mén:

lg'x)€£q<l;a<x<b.

Thé thi, v6i moi x, € [a, b] phuong phép lap (5-5) héi tu:
X, > o khin > o '
lee - x| < (b - a)q"

Chitng minh:

Vi o 12 nghiém cta (5-1) nén né ciing 1a nghiém cha (5-4) va thoa min:

o = g(a)
Dem trir dng thitc nay cho (5-5) duoc:

lot - %, = Ig(00) - g(x,.,)

Theo dinh 1y Lagring:

lg(o) - g(x, N =ig'c)la-x,,;celab]
Do dé, theo (1) va (5-7) ta duogc:

loe - x| =ig'(e) la - x, P £ qlo - %,
Ap dung bét dang thitc trén lién tiép tir x, dén x, ta duroc:

ot - x| < gloc- x4l £ @l - Xl €. €q" o - Xy
Vila - xgl £b - a nén theo trén ta cé:

lee - x,! £ q°(b - a)
Theo gia thiét 0 < q < | nén khi n — o v& phai — 0.

Vi vay: lo - x, | = 0 khi n— oo, phuong phép lap héi tu.
Chu y:

(5-6)

(3-7)

(3-8)

(1)

a. N&u ham g(x) da thoa man di€u kién (5-7) thi viéc thod man diéu kién (5-6) phu
thuéc vao cach chon x,:

- Néu g'(x) > 0 ta c6 thé chon x, bt ky € [a, b];

- Néu g'(x) < 0 thi x, duge chon nhu sau:



. a+b
Xp=akhia<a< —;

b

x,=bkhi 2P

<a<b (5-9)

a+b

2

b. B¢ ddnh gid sai s6 ctia nghiém gin ding x, so véi nghiém ding o ctta phuong
trinh (5-4) ta ¢6 thé diing bat ding thitc (5-8), nhung cong thic nay thudmg cho sai s6
qud 16n so véi thue t€, nén khi u6c lugng sai s6 ta thudng diing cong thiic sau:

9

- Mudn biét o thudc khoang nio cia [a, b] ta tinh f(

} va so sdnh ddu cia né véi f(b).

le - x| < X, - %ol (5-10)
1-q

Ta chimg minh céng thiic (5-10) nhur sau:
bat h(x) = x - g(x) (a)
V& moi x € [a, b ta ¢co:

Ih'(x) I=11-g'(x}21-1g'x)I=21-q>0 (b)
Vi e 1a nghiém clia (5-4) nén h(a) = a - g(ar) = 0, do dé:

X, = Xt = 1%, - g(x,) = | h(x,) - h(aw)! ©

Vih(x) lién tuc trén [a, b] vA c6 dao ham trén (a, b) nén theo dinh ly Lagrang:
I'h(x,) - h(c)l = h'(d)| Ix, - al; d € (a, b)
Theo (b) thi [h'(d)l = 1 - g > 0, nén tir (c) va déng thitc trén ta cé:
I X, - Xl 2 (1 - @) Ix,, - il (d)
Mat khac, do
Xy - Xl = 180%01) - () = I8 ix, - X, < qIx, - x| (e)
nén tu (d) va (e) suy ra: _
(I-g)lx,-al < qlx,-x,,4
hay
q
I-q

Tuy nhién trong thuc t€ ta thudng ditng qud trinh tinh todn khi Ix, - Xl <E.

x, - al < Ix, - X,

<. Phuong phép 1ap don ¢6 nhimg wu diém sau:
~ Xép xi ddu x, khong nhét thi&t phai that gin o
- Phép lap c6 kha nang tur sira sai. Néu x4p xi thit k [a x, mic sai s6 thi ¢6 thé coi nhur

xap xi ban ddu méi;
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- C6 céac danh gid sai s6 thich hop;
- D& 14p trinh trén may tinh.
Nhugc diém cla phuong phap 1a khi hé s6 g gdn 1 thi phép 14p héi tu rat cham.
Vi du: Giai phuong trinh sau bang phép lap:
x+0.13lnx-2=0
Gidi:
Pua phuong trinh v€ dang:
x =g(x)=2-0,13Inx
Béng phuong phép do thi ta thady phuonyg trinh 6 mot nghiém duy nhat trong khoang (1,2).

Trong khoang dé6: X X,
013 ! 2
lg'(x)l = — <0,13 <1 2 1,910
o X 1,910 1916
Vay phép lap hoi tu. 1,916 1,915
Chon x; = 1, v6i phép lap x, = 2 - 0131nx 1,915 1,915

ta tinh dugc ddy nghiém gin ding cho trong bang bén. Vay x = 1,915.

So dé khoi giai phuong trinh f(x) = 0 bing phuong phap lap

/ Inputa, b, ¢ /
v

X = a+b;k___0
2
‘4
y = g(x)
NO X =y
k=k+l1
YES
/ Print y, k /
End
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5.4. PHUONG PHAP NIUTON (PHUONG PHAP TIEP TUYEN)

Gia st phurong trinh (5-1) ¢6 nghiém duy nhat trén [a, b] va f'(x), f'(x) khong d6i ddu
trén {a, b].

Nghi¢m ding o cia phuong trinh (5-1) 14 hoanh do giao di€m cua dudng cong
y = f(x) véi truc hoanh Ox.

N&i dung cta phuong phép ti€p tuyén 1a thay duomg cong y = f(x) bang tiép tuyén ké
tir A(a, f(a)) hay B(b, f(b)), coi hoanh dé giao diém cia 1i€p tuyén véi truc hoanh Ox 1a
nghiém gan diing ctia (5-1).

Dat x, = a néu ti€p tuyén ké tir A, x, = b néu tiép tuyén ké tir B; x, 1 xap xi du cla o.
Phuong trinh ti€p tuyén cla y = f(x) tai diém (x,, f(X)) ¢6 dang:

y - f(X) = f'(xp) (x - X¢)

Hoanh d6 giao di€m clia ti€p tuyén véi truc hoanh Ja x, thoa man phuong trinh trén
vy, =0:

b

- f(xg) = f(xg) (x, - Xg)
suy ra:
- (xy)
f'(x,)

Tiép tuc vé tiép tuyén cla dudng cong tai diém c6 toa do¢ (x, f(x,)), tuong tir ta ¢
Xxap x1 ti€p theo:

1 = Xp

i f(x,)
f'(x)

Xy =X,

Téng quit ta cé:

(5-11)

¥ x
Ky
x
| x
n
o

Hinh 5.4 Hinh 5.5
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Xdp xi diu x, duge chon 1a a hay b sao cho f(x,) cling ddu véi £'(x). Khi d6 x,, duge
tinh theo cong thitc (5-11) s& héi tu vé nghiém ding o khin —> co.

Sai s6 ciia phuong phdp duge danh gid nhu sau:
Giastf f(x)l>m >0 véi moi x € [a, b], ta cé:

[ (x,)} = (x,) - fla) = I X, - al 2m Ix, - al

suy ra:
%, - o < L&) (5-12)
m
Tuy nhién trong thuc t& ngudi ta thudng dimg qua trinh tinh todn khi:
IX, - Xo.4! < € (sal 56 cho phép). (5-13)

Chit v:
- Phuong phdp Niuton con duge goi 1a phuong phip tuyén tinh hod vi ta di thay
dudng cong y = f(x) béing dudng thang;

- Tir cong thirc (5-11) ta thay phuong phdp Niuton la phuong phdp lap véi g{x) =
.- f(x)
f'(x)

1a ham lap;
- Phuong phdp Niuton héi tu riat nhanh so v6i phuong phép lap don va phuong phédp
chia doi.
Vi du: Tim nghiém cta phuong trinh sau bang phuong phap Niuton:
f(x) = x*- 3x* + 75x - 10000 = 0
Gidgi: V11(-10) =-1050; f(-11)=3453; nén nghiém diing o € (~11, -10).
Ngoai ra fi(x) =4x'-6x + 75 <0, Vx € (-11,-10);
f(x)=12x"-6>0, vx e (-11, -10);
nén phuong phap Niuton hoi tu.
Vif(-11) va '(x) cing ddu nén chon x, = -11.
Ap dung cong thic (5-11) ta duoc:
X, =-10,261; f(x)=0,2>0
Tiép theo f(x; + 0,001) = £(-10,260) < 0
Vay a € (-10,261, -10,260), ta 1ay o = -10,2605
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So do khoi giai phurong trinh f(x) = 0 theo phuong phap Niuton

/ Inputa, b, € /

y=X-Z
0 =
ly-xl<g N » =Y
k=k+1
YES
/Printy,k/
¥
End

5.5. PHUONG PHAP DAY CUNG

Gia sit phuong trinh (5-1) ¢6 nghiém duy nhat trén {a, b}, cic dao ham cdp mot va
cdp hai cta f(x) khéng ddi dau trén [a, b]. Trong phuong phép ti€p tuyén ta da thay
duong cong y = f(x) bing ti€p tuyén clia duding cong, trong phuong phap day cung ta
thay bang day cung ndi hai diém A(a, f(a)), B(b,f(b)).

Coi hoanh d6 cla giao di€m giita day cung AB va truc hoanh Ox 12 nghiém gén ding
X, cua phuong trinh (5-1).
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Hinl 5.6 Hinh 5.7
Phuong trinh day cung AB c¢6 dang:

_X._f(a) _Xx-a
f(by-f(a) b-a

Tai giao diém cha day cung va truc hoanh c6 y = 0, x = x, nén:

-f(a) _X-a
f(by—f(a) b-a

suy ra:

_ (b-a)(a) _af(b) - bia)

(5-14)
f(b)—f(a)  f(b)-f(a)

Sau khi tim duge x, ta ¢6 khoang phan ly nghiém méi bé hon khoang phan ly cfi, tiép
tuc &p dung phuong phdp day cung ta tim duge x4p xi nghiém x,. C ti€p tuc qua trinh
nay ta duge diy s6 X,, X,,..., X, don diéu giam hodc don diéu tang (xem hinh 5-6, hinh
5-7) tién dan dén nghiém ding .

Sai $6 cia phuong phiap duge danh gid theo cong thie (5-12) hay (5-13).

Vi du: Tim nghiém duong cla phuong trinh sau béang phuong phédp day cung véi do
chinh xdc £ =0,02:

f(x)=x*-0,2x*-0,2x-1,2=0
Gidi:
Vif(l)=-0,6; f(1,5) = 1,425, nén nghi¢m ding o € (1; 1,5).
Do f'(x) = 3x* - 0,4x - 0,2 > 0; f'(x) = 6x - 0,4 > 0 véi moi x € (1, 1,5) nén phuong
phap hoi tu.
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So do khoi giai phuong trinh f(x) = 0 theo phuong phap day cung

/ Input a, b,e/

Y

af(b)—bf(a)
X, =

A

f(b)—f(a)

YES NO

NO

End

Chon x;, = 1 1a xap xi ban ddu, theo (5-14):

X, = 1.1,452 - 1,5(-0,6) — 11615
1,425 -(-0,6)

Ti€p tuc 4p dung cong thitc 5.14 ta tinh dugc cdc gid tri gan ding tiép theo.
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Bai tap
1- Khong giai phuong trinh:
x*+dxt +377- 4x-4=0
Hay xac dinh trong khoang nao phuong trinh ¢6 nghiém thuc duong, am?
2- Tim nghiém cua phueng trinh:
x’=¢*
v&i do chinh xdc £ = 0,01 bang phuong phép lap.

3- Tim nghiém cua phuong trinh:

1
Inx = —
X

trong khoang (1, 2) bing phuong phdp chia d6i véi dé chinh xédc € = 0,01.
4- Tim nghiém cua phuong trinh:
x'Inx =1
bang phuong phap Niuton véi dé chinh xéc € = 0,01.
Dap s6
. 0<x<5; -5< x<-05

2. x=0,70
3. x=1,76
4, x=1,53
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Chuong VI
GIAI HE PHUGNG TRINH

A. HE PHUONG TRINH PAI SO TUYEN TINH

6.1. MO DAU

6.1.1. Hé phuong trinh dai s6 tuyén tinh

Xét h¢ phuong trinh dai s6 tuyén tinh ¢6 n phuong trinh, n 4n s6:
(4, X; +aX, + - +a,,X,=Db,

X + ApX, +- + 3, X, = b,

(6-1)
<

(3 X, +a,X +-+a X =b

m™n T Mn
Trong d6 da biét céc hé 6 a, b,. Yéu cdu tim cdc 4n s6 x;; i, j

=1,2,...n
Ta ky hiéu ma tran vuéng cip n:

a, a,..4a

2 In

(6-2)

1a ma tran céc hé sd cua hé phuong trinh (6-1).
Céc vécto cOt n phin t:

1a c4c vécto vé€ phai va vécto 4n.
Khi d6 hé phuong trinh (6-1) c6 dang ma tran:

Ax=b (6-4)
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6.1.2. Giai hé phuong trinh dai s6 tuyén tinh bing quy tic Crame
'I‘;ong phan nay ta chi xét hé phuong trinh (6-4) véi ma tran A khong suy bién, c¢6 nghia
14 dinh thitc A cia ma tran A khéc 0. D€ giai phuong trinh (6-4) ta ding dinh 1y sau:

Dinh Iy Crame: Néu A ld ma trdn khéng suy bién thi hé phuong trinh (6-4) ¢é
nghiém duy nhat, cho bdi cong thiic:

X, = -1 i=1,2,.,n (6-5)

Trong dé A, la dinh thiic suy ra tir dinh thiic A bang cach thay c6t thi¥ i bang c6t v& phai.

Chii y: Quy tdc Crame tim nghiém cla hé phuong trinh (6-4) chi ¢6 ¥ nghia vé mat
ly thuyét, con trong thuc t&€ khé dp dung vi s6 phép tinh phai thyc hién qud Idn. VGi hé
phwong trinh n 4n, ta cdn (n + 1)!n phép tinh. Sau day l1a cac phuong phip tim nghiém
mdt it cong stic hon.

6.2. PHUONG PHAP GAOXG {GAUSS)
6.2.1. Noi dung cua phuong phap

Gia sir ta phai giai heé phuong trinh (6-1). D€ tranh viéc phai tinh cdc dinh thic, ta
khir din cdc 4n, dua hé vé hé tuong duong ¢ dang tam gidc trén réi giai hé nay tir dudi
lén trén.

Dé dé hiéu, ta xét he chi ¢6 3 phuong trinh 3 4n s6:

Ay X+ ap Xyt a3 Xy =4, (6-5a)
A Xy +dp Xyt anXs =dy (6-5b)
A3 Xy + A3 Xy + 833 X3 = Ay (6-5¢)

Bang phép bi¢n doi tuong duong ta dua hé vé dang tam giac trén:
X +by X +byx; =by,
Xy + by X3 =by, (6-6)
X3 = ba,
Sau d6 giai tim 4n s6 tir phuong trinh cudi nguoc én.
Qua trinh dua h¢ ur dang di cho (6-5) v& dang tam gidc (6-6) goi la qu4 trinh thuan.
Qua trinh giai hé (6-6) goi 1a qua trinh nguoc.
6.2.2. Qua trinh thuan
a. Buoe [: khir x,

Gia sir a;, # 0, chia hai v&€ cia phuong trinh dau cho a,, ta duoc:

m S, in
Xp+ a2 X, +a;sx; =ay (6-7)
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Trong dé:

a,.
al) = :j=234 (6-8)
ay
D¢ khir x, & phuong trinh (6-5b), ta nhan (6-7) véi a, (h¢ s6 ciia x, & (6-5b)) duoc:

(1}

[43]
a4 X) +aza),

Xy +aya)yX; = ayal,
roi 1dy phuong trinh (6-5b) trir di phuong trinh nay duoc:

) My _ .
AnXy taX; =ay,

(6-9)
Trong dé:

ay) =a,;—ajail;j=2,3,4 (6-10)

Twong tu, d€ khir x, & phuong trinh (6-5¢), ta nhan (6-7) véi ay, (hé s6 cla x, &
(6-5¢)) duoc:

(1)

(H
a3 x, + 3,4,

My _,
Xy taa;3X; =d;2ay
roi 14y (6-5¢) tri di phuong trinh nay duoc:
( () ()

Ay, X, +a3X, =ay, (6-11)
Trong dé:
ay) =ay-aya(l;j=2,3,4 (6-12)
Nhir vay hai phuong trinh (6-9), (6-11) khong chia x, nita:
ajX, +agix; =al)
a5X, +ajyx, =af)
Day la h¢ hai phuong trinh hai 4n. Ta lai 4p dung phuong phdp trén dé khir x,.
b. Biege 2: khir x,
Gi;’l st a) #0, chia (6-9) cho a%y ta dugc:
X, +al)x; =al? (6-13)
2
Trong dé: ag‘;) = 7"—); j=3,4 (6-14)
a3

Nhan (6-13) véi al) duoe:

m My _ (D
Ap Xy tananX, =aa;,
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Lay (6-11) trlr phuong trinh nay ta duge:

s, = ©19
Trong dé: ay) = a‘;j’ apay; ;j=3.4 (6-16)

Nhu vay phuong trinh (6-15) khéng chida x, nita.
¢. Bude 3 (bude cudi cing d6i véi hé 3 4n)
Gia sir a') # 0, chia (6-15) cho a3 duoc:

(3

X3 = as, (6-17)
Trong do: aly =ay fal) | (6-18)
Hé 3 phuong trinh (6-7), (6-13), (6-17) cé dang tam giac trén:
X, + a,X, +ayx, =all
X, + ayx, =a) (6-19)
Xy = 2y

6.2.3. Qua trinh ngugce

Giai h¢ phuong trinh (6-19) tir phuong trinh cuéi ngugce 1én ta duge:
3.

X3 = 334 >

NI
X = 324 T Ha g

— Ll (2) (2) (" (h
x; = ajy —a)y (ay —affafy) -afyaly)

Chit y.

- Trong qua trinh thuan ta da gia thiét a,, # 0, al) #0, a'’ # 0. Néu mot trong cic
hé s6 dé bang khong, ta phai hodn vi cdc phuong trinh cho nhau dé c6 duoc hé s6 méi
khac khong thi méi c6 thé tiép tuc tinh todn duge. Vi du a,, = 0, con a,; # 0 thi ta phai
heén vi hai phuong trinh thit nhat va thit hai cho nhau. Néu ca ba hé s6 a,,, a,,, a;, déu
bing khong thi hé phuong trinh 14 suy bién.

- Ta da biét sai s tinh todn cua phép chia cang bé khi s6 chia ¢6 gid tri tuyét doi
cang 16n. Vi vy, dé giam sai s6 tinh todn, & buée 1 ta nén hodn vi cdc phuong trinh sao
cho a,, 12 s6 c6 gia tri tuyét d&i 16n nhat trong céc s a,,, a,,, ay,. O cdc budce tiép theo ta
cling lam tuong tu.
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- Khéi luong tinh toan theo phuong phap Gaoxo giam rat nhiéu so véi phuong phép
giai theo quy tic Crame. Néu hé c6 n 4n thi s§ phép tinh cdn thuc hién la

4n° +9n° —7Tn

6

- Su dung phuong phip Gaoxo ¢6 thé tinh dugc dinh thitc A va ma tran nghjch ddo

cla ma tran A.

Vi du: Giai hé phuong trinh sau bang phuong phip Gaoxa:

Giai:

2,0x, +1,0x, -0,1x, +1,0x, =2,7
0,4x, +0,5x, +4,0x, -8,5x, =219
0,3x,- 1,0x, +1,0x, +5,2x, =-39
1,0x, +0,2x, +2,5x, -1,0x, =9.9

Qua4 trinh tinh todn duge ghi vao bang sau:

Bang Gaoxo
Heé s6 x, Hé 36 x, He s6 x, He sd x, V& phai
2,0 1,0 - 0,1 1,0 27
04 0,5 4,0 -8,5 21,9
0,3 -1,0 1,0 52 -39
1,0 0,2 2,5 -1,0 9.9
1 0,5 - 0,05 0,5 1,35
0,30 4,02 -8,70 21,36
-1,15 1,015 5,05 -4,035
-,30 2,55 -1,50 8,55
1 13,40 -29,00 71,20
16,425 -28,300 77,575
6,570 -10,200 29,910
1 -1,72298 4,72298
1,1198 -1,1198
1 -1,00000
1 3,00000
1 2,00000
1

1,00000

Nhur vay nghiém cua hé phuong trinh di cho la:

X =1;x=2;x;=3;%x,=-1
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So do khoi giai hé phuong trinh dai s6 tuyén tinh bang phuong phap Gaoxo

/ Inpu[ n, a-u-, bi‘!' (i.,j =] ' 2,...V

NO

'Y

IER




Qua trinh nguoc giai hé phuong trinh dai s6 tuyén tinh tam gidc trén duge thyc hién

bang so d6 khéi sau:
L Procedure sytru ]

F

/ Input n, b, (i =1,2,.,n), a, (1< str/

L

‘ S=8-ax
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Vi du:

Ma tran A Vécto b
1,000 2,000 3,000 14,000
4,000 5,000 6,000 32,000
7,000 8,000 9,000 50,000

Két qua x, = 0,000; x, = 4,000; x, = 2,000
6.3. PHUONG PHAP LAP DbON

6.3.1. Khai ni¢m vé chuin cua vécto

Cho vécto V = (V,, V,,..., V).

a) Dinh nghia

Chuan clia vécto V 12 s@ thue khéng am ky hiéu la:

IV I, =maxl V,1; l<ign (6-20)

IVIL= Y1V, | (6-21)

i=1

Il V II, duge goi 1a chuan cuc dai, Il V Il, dwoc goi 12 chudn tuyét ddi. Sau nay khi viét

Il VIl thi ¢6 thé hiéu d6 1a mot trong hai chudn trén.
b) Cdc tinh chat
Chuén cua vécto ¢b céc tinh chdt sau:
IVIiI=0khivachikhiV,=0véimeoii=1,2,.,n;
IV +UIN<IVI+IUI (6-22)
AV I =TA VI A la mot s thuc.
¢) Gidi han cua ddy vécto
Day vécto VIV = (V¥ VIV V®y k=1,2,.., n, dugc goi 1a hoi tu vé vécto V (V,,
V., V) néukhik — o0 thi ll V-V 1 > 0.
Ky hiéu: lim V' =V

Khi k — o dé cho V® — V thi didu kién can va da 1a: V¥ — V, véimeii=1,2,..,n.
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6.3.2. Khai niém vé chuin cfia ma tran
Cho ma trgn vudng C = [C,] cdp n.
a}) Dinh nghia
Chuan cia ma tran C 12 s6 thyc khéng am ky hiéu a:
NCIl, = max > | Cyls (6-23)

| j=l

HCHl, = max )| C; ! (6-24)
L

Cac chudn Il C ), II Cll, twong tmg véi cdc chudn | VI, | V I, chia vécto V. Sau nay dé
cho dom gian, ta khéng ghi chi s¢ 1, 2 ma ky hiéu chung chuén cia ma tran C 13 Il CIi.

b) Cdc tinh chadt

Chudn clia ma tran cé céc tinh chat giéng cdc tinh chat ctia chuénvécto:
I CII'=0 khi va chi khi C;; =0 véimoii, j=1,2,..,n;
HACIH=tX1ICI; A 1a mot s thuc:
I B+ Cl<IIBIl+ICli; Blama tran vudng cling cap véi C;
HCVI<UCINVH;V 1a véeto ¢6 s6 chiéu biang cdp cha C. (6-25)

6.3.3. Giai hé phuong trinh dai s6 tuyén tinh bang phuong phap lap don

Quy tic Crame va phuong phdp Gaoxo cho ta cdch tim nghiém ding clia hé phuong
trinh (6-1) n€u nhu cdc phép tinh so cdp duge lam ding hoan toan. Sau day ta s€ nghién
cttu phuong phdp lap don 14 phuong phdp ding dan tim nghiém cua hé (6-1).

a) Noi dung phuwong phdp

D¢ gidi he phwong trinh Ax = b ta bién déi n6 vé dang:

x=Cx+g (6-26)

Trong dé: C= [C;](4,j=1,2,.., n)la ma tran vuéng cdp n;

g 1a véc to cot n chiéu,
C, g duoc suy ratir A va b.

Sau d6 ta chon vécto x'” nao d6 1am nghiem gin ding d4u tién clia hé va tinh cdc
nghi¢m gén ding tiép theo x'V, x'*,.._, x*' theo cong thic lap:

X =Cx*V g g (k> 1) (6-27)
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Phuong phap tinh nghiém lap di lap lai véi cing mdt thuat toan nén dugc goi la

phuong phép lap.

b) Sw hoi tu va sai 56 ctia phuong phdp

Pinh nghia: Gia sit o = (o, Oy,..., ¢,) 1a nghiém cua hé (6-26). Néu x,

k—cw(i=1,2,.,n) thitandi phuong phap lap (6-27) hoi tu.

— o; khi

Nhu vay theo dinh nghia gioi han cua vécto, phuong phédp lap hoi tu khi va chi khi

Ifx* - ll > 0khik - oo.

Dinh 1y: Néu Il C Il < | thi phuong phdp ldp (6-27) hoi tu véi bat ky xdp xi daun x'

nao. Hon nita ta cé cac danh gia sai s6:

x99 gl s DE g _gaen .
1-1ClH
k
Ix®-qll < e x®—x1
1-1C I

Chitng minh: Vi o 12 nghiém ciia hé (6-26) nén:
a=Ca+g

Lay (6-27) trlr di hé thiic nay v& vdi v& ta duoe:
x® - g = C Y- o)

Vi vay theo tinh chat clia chuin ta c6:

Nx®-oll=I1CE*P-a)ll<HCHIx®Y -l

Ap dung lién tiép bt ding thic nay tix (k) dén (0) duge:

(6-28)

(6-29)

(1)

Ix® -l <HCHNX*Y - <HCIPNx*? - ol ... <HCU N -

VillCll<1nénkhik - o thill ClI¥— 0vadods!l x*- il — 0, hay phuong

phap lap héi .
Bay gid ta ching minh cic cong thire (6-28), (6-29).
Vi: x®=Cx*"4g;
KN =Cx* Vg
trir v€ v6i v€ hai dang thitc nay ta duoc:
x® - gk = @ (gD |y k2

Do dé: Fx® - x®U =1 O x® x &2



Theo tinh chit cha chuan:

I x® - x&D < Clr g% x&2 )

Ap dung lién tiép bat ding nay tir (k) dén (1) ta duge:

I x® - x® D1 < C Ik x M - x© ) (2)
Mat khic ta c6:

(k-1) k-1)

Ix® Yool =1 g% x®p x® o

Theo tinh chat cha chudn:
%Yol <l x® - x® D4+ x® - gl
Theo bat dang thiic (1) va bét ding thifc trén ta cé:
Ix® - < CH{X® - x& D4 ) x® - gl
suy ra:

™ - ol (1= CHy <NCHUx® - x®Dy

Vi{1- I Cll) >0 nén ta c6 ddnh gi4 sai s6:

I-1i CIf

el _
N x®- i< | x® — x kb

T (2) ta 6 dénh gi4 sai s6:

1C ik
x®_gll < S I x = x Oy
1-HC ]

c) Vidu
Gidi he phuong trinh sau bang phuong phap lap dom, ti€n hanh lap 3 1an sau d6 d4nh
gid két qua nhan duoc:
102 x, - 0,05x, -0,10x, =0,795
-0,11x, +1,03x, -0,05x, =0,849
-0,11x, -0,12x, +1,04x, =1,398
Dau tién ta dua hé v€ dang (6-26). Vi céc phan tir nim trén duong chéo chinh cia hé
gan bang 1, con céc phén tlf con lai nhd hon 1 nhiéu, nén ta viét lai he phuong trinh
dudi dang:
X, =-0,02x, +0,05x, +0,10x, +0,795
x, =0,11x, -0,03x, +0,05x, + 0,849
X, =0,11x, + 0,12 x, -0,04x, + 1,398
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Vay hé phuong trinh cé dang x =Cx + g.

Trong dé:
-002 005 0,10 0,795
C=| 011 -003 005; g=10849
011 012 -0,04 1,398

Pé kiém tra diéu kién hoéi tu, ta tinh:

)
2IC, 1=002+005+010=017 <1;
j=1
IC, 1=0,11+003+005=019<1;
j=1

3
ZIC3j l=0,11+0,12+0,04 = 0,27 <1

j=1

Nhu vy I Cll = max{0,17; 0,19; 0,27} = 0,27 < 1 nén phuong phép lap hoi tu.

Chon x4p xi ban diu la vécto gln bang vécto g:
0,80
x =[085
1,40
Sau dé tinh cdc x4p xi ti€p theo bang cong thiic lap:
XM =-0,02x*" +0,05x 5" +0,10x5" +0,795
x¥ =0,11x" - 0,03x" +0,05x§" +0,849
x$=0,11x*" +0,12x5" -0,04x5" +1,398

Két qua cho trong bang sau:

k 0 1 2 3
%, 0,80 0,962 0,978 0,980
X, 0,85 0,982 1,002 1,004
X, 1,40 1,532 1,560 1,563
Sai s6:
Hx® -l < 0,27 Mx® —x? < 0.27 0
1-027 1-0,27
hay Ix®-all<1,1.10°
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6.4. PHUONG PHAP ZAYDEN (SEIDEL)

6.4.1. Noi dung phuong phap

(ia st phai gidi hé phuong trinh Ax = b,

Trong phuong phép lap don ta da dua hé phuong trinh vé dang:
x=Cx+g

D¢ tiang nhanh t6c do hoi tu cla nghiém ta phan tich ma tran C thanh téng hai ma
trin C=C, + C,.

Trong dé:
0 0..0 Ci, Cpaee €y
C = ¢, 0..0 . C,- 0 cun..c,,
Clc ..... 0 00 ...... Cn
Khi d6 h¢ trén ¢6 dang:
- x=0x+Cx+g (6-30)
Ta tién hanh 1ap theo céng thifc:
x=Cx*+Cx*V g k2 1) (6-31)
hay dudi dang toa do:
x{* = Ecuxgk) +icuxg""” +tgisi=12,m k21) (6-32)
J=t =1

Nhu vay so v6i phuong phép lap don (6-27), phuong phédp Zayden hop 1y hon & chd
cdc thanh phan x/¥, (j=1,2,..., i - 1), vira tinh dvge da duoc sir dung ngay dé tinh thanh
phén x,*.

Chu y:

- C6 thé chimg minh dugc phép lap Zayden hoi tu néu Il Cl < 1:

- N6i chung phuong phdp Zayden héi tu nhanh hon phuong phép lip don;

- Phuong phip Zayden cho ta tiét kiém bo nhé vi cdc thanh phén vira tinh todn trudc
duge sir dung ngay dé tinh cdc thanh phin ti&p theo.

Vi du: Giai h¢ phuong trinh sau bang phép lap Zayden:
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10x, + X, + x5 =12

2x, +10x, +x5 =13

2x, +2x, +10x, =14
Ta dwa hé vé dang x = Cx + g:

X, =- 0,1x, -0,1x5 +1,2

X, =-0,2x, -0,1x; +1,3

Xy =-02%, -0,2x, +1,4

Trong dé:
0 -01 -0l 1,2
C=(-02 0 -0]1{; g=|13
-02 -02 O 1,4

Dé kiém tra diéu kién hoi tu ta tinh:

3
ZIC,j [=0+0,1+0,1=0,2;
=l

3

ICzj i=02+0+01=03;
1

=

-

YIC, 1=02+02+0=04
=l

3
Do ll Cil = max )| C; |=max{0,2; 0,3; 0,4} =0,4 < 1, nén phép lap Zayden hoi tu.
i =1

Ta ti€n hanh lap theo cong thitc sau:

%0 =-0,1x&1 - 0,1x%" 41,2
{xP =-0,2x%-0,3x¢" +1,3
xP =-02x%.02x¥ +14

Chon x@ = (1,2, 0, 0 ) ta dugc két qua & bang sau:

Kk x,® %, X,

0 1,2000 0,0000 0.0000
1 1,20000 1,0600 0,9480
2 0,9992 1,0054 0,9991
3 0,9996 1,0001 1,0001
4 1,0000 1,0000 1,0000
5 1,0000 1,0000 1,0000




Véy nghiém ding ciahe 1d x,=1, x,=1, x;= 1.

6.5. PHUONG PHAP GAOXG - ZAYDEN
Ma tran A = (a;) dugc goi Ja ma tran dudng chéo troi, néu mot trong hai didu kién

sau ddy thoa man:

Ylgl<tal: ¥Yi=1,2..,n (6-33)

i]

)

1]

a;| <lagl; Vj=1,2,..n

Khi giai phuong trinh Ax = b, néu A 12 ma tran dudng chéo tréi, ta viét phuong trinh
duéi dang:

a.x, + Zaijxj + Zaijxj =b,

J=i 12i
hay
a a..
= Ay N4 —t
X, =- Z X Z X+
jei A =i Ay ay

Vi A 1& ma tran dudng chéo tréi nén ma tran C, véi:

0  khii=j
c. = a..
"] - i khif # ]
a..

11

) n Iaij |
c6l1Cll=max Y 1C; I= max}—" <1, do d6 phép lap sau day hoi tu:

L Lojeii g
a.. a.. b.
k ij k 1] k-1 :
Xiuz_z_xg )_Z_xg 'y i=1,2,..n (6-34)
j<i @y jzi &5 ii

Phuong phdp tim nghiém cta phuong trink (6-4) biang phép lap trén goi la phuong
phdp Gaoxo - Zayden. '
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So dé khoi giai hé phuong trinh dai s6 tuyén tinh
bing phuong phap Gaoxo - Zayden

/ Inputa;;, b, X, (i, j = 1,2,....n) /

Y
E=0
Y
\ i=1,2,...,n -
L'
\ piv = a,
3
\ S=by=x

X; = S/piv -

E=E+x-y|

NO

E<«<¢g

YES

7/ Print x; /
[ End ]




B. HE PHUONG TRINH PHI TUYEN
Hé n phuong trinh phi tuyén véi n &n s6 c6 dang téng quat:
fi(x,,%X,,.,%x,)=0

£(X,,%,5,0,x,)=0

(6-35a)
£ (X, X0, ) =0
hay dusi dang vécto:
F(X) = 0 (6-35b)
Dang 16ng quét (6-35a) c6 thé dugce dua vé dang chudn:
X) =8(X,X5,...,X,)
X2=g2(x]’x2"“’xn) (6—36:1)

X :gn(xl’xzv"’xn)
Dang vécto clia (6-36a) la:
X = G(X) (6-36b)
Vi du h¢ phuong trinh phi tuyén:
2(x? +x2)-5=0
4X|X2 - 3 - 0
c6 thé duoc dua vé dang chuén:
X, =%, —k [2(x] +x3)-5]
X, =X, —k,(4x,x, -3)
Trong dé: ki, k, 12 hai hing sg.
6.6, PHUONG PHAP LAP
Néi dung cua phuong phdp nay ciing giong nhu phuong phdp lap d s dung trong
bai 5.3 khi giai phuong trinh mot &n s6. Pau tién ta dua h¢ phuang trinh vé dang chun
(6-36), chon xdp x{ ban dau:
M. {0
<
0}

(
X = X:" >

(0)

n

X
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va tinh x4p x1 thit nhat:
V=g, %L x M 1=1,2,.., 0.
hay
an} — G(X(O))
Tuong tu, xap xi thit k dugc tinh tir xdp xi thir k - 1:
X% = GXE) (6-37)
Néu nhu day X©, XV X™ ¢é gi6i han:

o =limX® (6-38)

k—re
thi gi¢i han dé chinh 14 nghiém cta hé phuong trinh (6-36).
Nhan thdy ring, dé c6 gidi han (6-38) thi diéu kién can va du la:

. 49 . -
limx;”" =a,;;i=1,2,..,n

k—w
Trong tinh todn thirc t&, qu4 trinh lap s& dimg lai nén bat dang thic sau dugc thoa mén:

max|x ¥ ~ xfk'”‘ <g : (6-39)

i

Trong dé6: € 1a sai s6 tinh toan cho trudc; x, (i = 1, 2,..., n) duoc col la nghiém géin
ding cua phuong trinh phi tuyén (6-36).

Thuat toin giai hé phuong trinh (6-36) bang phuong phdp lip dugc cho trude
dudi dang so d6 kh6i, trong d6 n 1a s6 phuong trinh; M 1a s6 lan lap; x; (i=1,2,...,n) la
x4p xi ban d4u. Néu s 1an lap da thyuc hién k = M thi nhan duge théng bao "qué trinh
khong héi tu” va chuong trinh dimg tinh todn.

Chit y:
Dé qud trinh 14p hoi tu nhanh hon, cong thic 14p (6-37) c6 thé dugc cai tién theo ¥

twdng cha phuong phép 1ap Zayden nhu khi giai hé phuong trinh dai s6 tuyén tinh
nhu sau:

x) _ (k-1 k-13 k-1)
X, =g,(x; ),x(z ,...,x& )
k) _ k) k1) (k-1)
1*2 =g, (%L x5 7, L))

(6-40)

K _ ky (k) (k-1
X2 =8, (X[ » Xy 50Xy )
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_/ Inputn, e, M, x, (i=1,2,...n) /

NO

YES

il
i

‘ k=k+1

Information

‘No converge’

YES

End

¥ NO

Print x,, k
(=1,2,.,n)

End
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6.7. PIITUCONG PHAP NIUTON

Phuong phdp Niuton giai hé phuong trinh phi tuyén ciing tuong tu nhu phuong phép
da dung dé€ giai phuong trinh maot dn s6 f(x) = O trong chuong V.

Pé gidi phuong trinh (6-35b): F(X) = 0, ta khai trién Taylor ham F(X) sau khi bo qua

vo cling bé bac cao va goi X 13 nghiém gﬁn ding, ta cé:
F(X)=F(X)+ a (X X)y=

dF
ha — (X-X)=-FX 6-41)
y dX( ) (X)

dF . - - h gl
Trong dé: - —1a ma tran cdc dao ham riéng ¢6 cac phan wr: f = p
X
1
Pé tim nghiém gin ding cia (6-35b), ta chon xdp xi ban ddu X vd xéc dinh

AX'" = X" - X tir phuong trinh (6-41):
fi7Ax) + 7 AxY +o A TVAKL = £

FI7AX" + A 4 4 FOAX D = ="
2 1 a2 2 I n 2 (6—42)

r{f}]A |IJ +f{(]}AX(|] ”'+f[0]&Xl1] _ _f{ﬂ]

anl I

Trong do: £ = f.(x,"”, x5'",.... x,/9);

f_{tllzor-,(?’(,,x2 ..... X, )

. CKhi X =X véii,j=1,2,..0
! ax
J

Nghiém gan ding dau tien X'V = X' + AX'" duge st dung dé tinh cdc nghiém géin
ding 1i¢p thco. Nhu vay, khi biét nghiém gan ding tht (k - 1) 1a X* 1a tinh duoc
nghi¢m gan ding thi k 1la X = X*" + AX™. Trong d6 AX™ duge x4c dinh tir h¢
phuong trinh:

k-1 ik k-1 k k-1 18 k-
FEDAXD 4 fEDAXD g fEDAKD = 0

FODAXE + EEAXY oot £V AXY =
\ = : (6-43)

f[l\ IJAX[}\] + f{k HAX[U ot f(k I}AX{L] —_ f]t]k—l!

nl nm

O ddy flk L) f(xl{k I} “"”,..., Xn[k-n);
Of (X, X5, X, )
Ei'xj

, kKhi X =X*" véii,j=1,2,..,n

tk-10 _
£ =
Qua trinh giai két thic khi diéu kién (6-39) duge thoid man.
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Su dd khoi giai hé phuong trinh phi tuyén bing phuong phip Niuton

/ Inputn, e, M, x. 1=1,2,...,n) /

k=0

L

Compute [, f

Compute Ax, from (6-45)

!

X, =x+Ax; (=1,2,.,n)

NO

Information
'No converge'

YES

Print x,, k
i=1,2,.,n
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Bai tap
I- Giai cac hé phuong trinh sau bang phuong phap Gaoxo:
a. 2,1x, - 4,5%, -2,0x, =19,07

3,0x, +2,5%, +4,3x, =321

-6,0x, +3,5%, +2,5x, =-18,25

b. 8,64x, +1,71x, +5,42x, =10,21
-6,39%, +4,25x, +1,84x, =3 41
4.21x, +7.92x, -3,41x,=12,29

Céc phép tinh [dy dén 5 s6 1é thap phan.
2- Giai hé¢ phuong trinh sau bang phuong phap lap don, tién hanh lip cho dén khi:

ik) _ ka-l] ||] <g

I x
1,02x, - 0,25x, - 0,30x, =0,515
-041x, +1,13x, -0,15x, =1,555

-0.25x, -0,14x, +1,21x, =2,780
véi ¢ = 107, So sdnh véi nghiém chinh xdc x, = 2,0, X, =25, %x,=3,0.

b. {8,7143(1 +2,180x, +5,684x, =49,91
{-1.351x, +10,724x, +5,224x, =50,17
12,489x, -0,459x, +6,799x, = 32,68

vai g = 107,
3- Giai h¢ phuwong trinh sau bing phuong phép Zayden, véi £ = 0,04:
2x, +6x,-x,-x, =11
S2X X, -x, + 06X, =11
dX + X, +X,+ x, =9
X, -4x,+x, =0

Dap 5o

—

a) X, =1,34; x, =-4,76; x, =2,58

b) x, = 0,58000; x, = 1,45834; x, = 0,49908
b) x, = 2,9274; x, = 3,0505; x, = 4,8286

x, =0,990; x, = 2,001; x; = 1,006 ; x, = 1,995

S

td
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Chuong VII
GIAI GAN PUNG PHUGNG TRINH VI PHAN THUGNG

7.1. MO DAU

Rt nhi€u cdc bai todn trong k¥ thuat din dén viéc phai gii céc phuong trinh vi phan
thudng. Tuy nhién, chi ¢6 mot s6 phuong trinh vi phan don gidn méi cé 1oi gidi chinh
xdc. Vi vay, cdc phuong phdp gidi gdn ding phuong trinh vi phan c6 ¥ nghia rit quan
trong khi gidi quy€t c4c bai todn thuc &

Cac bai todn vé phuong trinh vi phan thudng gap trong thuc t€ cé thé duge phan lam
hai loai: bai todn Cosi (Cauchy) va bai todn bién.

7.1.1. Bai toan Cési hay bai to4n tri ban ddu I3 bai todn dang phuong trinh vi phan
v6i dieu kién b6 sung di cho tai khong qué mét diém. Vi du bii todn Cosi d6i véi
phuong trinh vi phan c4p mot duoc phat biéu nhu sau:

Tim ham y = y(x) xdc dinh trén doan [x,, X ] vA thoa min:
Y =f(X,¥); XoSx<X (7-1)
¥(Xo) = Yo (7-2)
Trong d6: f(x, y) 1a ham s di biét; con y, 12 s6 thue cho trude.

7.1.2. Bai todn bién la bai todn dang phuong trinh vi phén, v6i diéu kién bé sung
dugc cho tai nhiéu hon mét diém. Vi du bai todn bién d6i vdéi phuong trinh vi phan
tuyén tinh cap hai c¢6 dang:

Tim ham y = y(x) trén [a, b] thod man:
Yy +pX)Y +q(x)y=f(x);a<x<b ' (7-3)
véi diéu kién:
y@@)=a; yb)=5 (7-4)
Dé giai gdn ding céc phuong trinh vi phan, ngudi ta thudng ding hai phuong phdp:
- Phuong phip gidi tich 12 phuong phap tim nghiém phuong trinh vi phan dudi dang
biéu thifc giai tich.

- Phuong phdp s6 12 phuong phdp tim nghiém duéi dang mét bang s6. Trong phuong
phép nay ta chi tim duoc nghiém cta phuong trinh vi phén tai mot s6 diém ma thoi.
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7.2. GIAI BAI TOAN COSI BANG PHUONG PHAP GIAI TICH

7.2.1. Phuong phap chudi Taylor
Gia sir tim nghiém cla phuong trinh vi phan:
y =f(x,y); Xg<x<X (7-5)
thoa man diéu kién:
¥(Xo) = ¥o (7-6)
Trong dé: f(x,y) 1a ham lién tuc va c6 dao ham riéng cdc cap lién tuc tai diém (Xg, ¥o).
Ta tim nghiém cha bai todn trén duéi dang khai trién Taylor cia ham:

Y(l D)( -X,)+ y”; )(x Xg) et

y(k](xo)
k!

y(X)=y(X ) +
(7-7)
(X=X, )<+

Dé xdc dinh y(x) ta cdn x4c dinh y(x,) va cdc dao ham y(k}(x(] ).
Theo gia thiét (7-6) y(Xg) = Yo
Theo (7-5) Y (Xg) = f(Xo, y(x0)) = {(Xg, ¥o) (7-8)
Pao ham (7-5) ta s€ duge cdc dao ham cip cao ti€p theo. Vi du:
y'=()= L @;y
ox Oy

Thay x = X, vao biéu thic trén duoc:
o of of
)’ (x0)=-é;(x0’ )’0)+‘a—y(xo,)’o)f(xmyg)

Tiép tuc ta c6 thé tim duoc cic hé s6 con lai clia chudi (7-7).

Ngudi ta dd chitng minh duge rang véi x khd gan x,, chubi (7-7) s€ hdi tu v€ nghiém
cia bai todn (7-5), (7-6) va do d6 tdng riéng thit n cia chudi 1a nghiém gén ding cia
bai toan. D chinh xdc cua nghiém cang cao néu n cang 16n.

Uu diém clia phuong phdp chudi Taylor 12 don gian nhimg tinh todn mét rat nhiéu

cong sic, hon nita bdn kinh hoi tu cia chudi (7-7) lai khé xéc dinh.
Vi du: Tim nghiém gan diing cia phuong trinh vi phan:

y'=2x-1+y* (1)
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voi diéu kién y(0) = 1.
Gidi: Ta tim nghiém duéi dang chudi Taylor (7-7).

Theo dé bai x, = 0; y, = 1; y'(0)=2.0-1+1> =0 (2)
Pao ham (1) duge:

y'=2+2yy 3)
Vay y{)=2+210=2
Pao ham (3) ta co:

y"'=2y"+2yy"
Do dé6 y'(0)=2.0+212=4

Tiép tuc ta tinh duoe: y*(0)=8;...

Thay cac két qua tinh dugc vao (7-7) ta duge nghiém gin diing cha bai toan:

2 1
Xp=1+x> + = +=x* +-
y{x) 3 3

7.2.2. Phuong phap xap xi lién ti€p Pica (Picard)

Gia sir cac diéu kién t6n tai va duy nhit nghiém cua bai toén (7-5), (7-6) dugc thod
man. Ta nhan thdy rang viéc gidi bai todn nay hoan toan tuong duong véi viéc tim
nghiém caa phuong trinh tich phan:

y(X) =y, + [f(ty)dt (7-9)

k0

No6i dung phuong phip x4p xi lién ti€p Pica 12 tim nghiém gdn ding thit n cha bai
toan (7-5), (7-6) theo cong thitc quy nap:

Y. =y, + [y, ())dt (7-10)
%0
Trong d6, d€ don gian ta chon nghiém gan ding ddu tién la:
¥(Xo) =¥
Theo 1y thuyét phuong trinh vi phan, néu ham f(x, y) x4c dinh lién tuc trong mién
G ﬂx - Xo| < a5 |y - Yo| b , d6ng thdi tho man diéu kién Lipsit theo bign y thi qua trinh

xdp xi lién ti€p (7-10) hoi tu déu vé nghiém duy nhét clia (7-9) trong doan:

79



‘x—xo\ <h; h= min[a, B]
M

Trong d6: M = max‘f(x,y)[; V(x,y) e G
Sai s6 cia nghiém gin ding thit n la:

n+l

_ (x —X,4)

= — <MN" (7-11)
&, =[y(0) - y,(x) s
Trong dé hang s6 Lipsit N thoa man:
[fCx,y,)=fxy)| <Ny, -y, (7-12)

Vi du: Tim nghiém gin ding cha phuong trinh vi phan sau theo phuong phap x4p xt
lién ti&p Pica:
y=x-y
y(0) =1
Gidi:
Chon yo(x) = y(0) = 1. Theo (7-10):

yl(x):1+j(3{—l)dx=l—x+£;

0 2

o Xz X3
ya(X)=1+Ix— l-x+— [ldx=1~x+x" - —;
) o 2 6

5 3 k! 4
y () =1+ [|x- I-x+x? - ldx = 1-x+x> - —+ 2
0 6 3

+ +oeet (D
3 34 345 345.(n+1)

Dé d4nh gi4 sai s6 ta xét mién G (0 < x < a; lyl €b}.
Chonaz1,b21.Véi(x,y)e Gtaco:

f(x,y) =lx-yl<lxl+lyl<a+b=M
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h = min a,E = min| a, b = b s (viaz 1)
M a+b a+b

Chona=1;b=2 > h=§

N = max If,'(x, y)t =1

Ap dung cong thic (7-12) cho x e [0,%]1:3 c6 sai 86

n+] n+i e+l
X g X" 2

g, SMN". =3. <
(n+1)! (n+D! 3"(n+1)!

5

Vdin=4 g, < =3.107°

tT 3t

7.3. GIAI BAI TOAN COSI BANG PHUGONG PHAP SO

7.3.1. Phuong phap Ole (Euler)

Dé tim nghiém cha bai todn Cosi (7-5), (7-6) trén doan [x,, X] ta chia doan nay

- thanh n doan con c6 d¢ dai h bing nhau: h = ~ %0 b4i chc diém chia X ! X, = Xq +.ih;

n
i=1,2,..,n

Theo cong thitc Taylor:

y"( ;)

YX)=y(X ) +y' (XK -x )+ —(x-x,)*

Trong d6:
¢, =x,+0(x-x,); 0<0 <!l

Thay x = x;,, vdo trong cong thifc trén ta dugc:

2

¥0x0) = YO0+ DG ) + -y )

Goi y; 1a gid tri gdn diing cta ham y(x) tai gid tri x,. Néu h bé thi 56 hang cudi & v&
phdi cling bé, c6 thé bd qua duoc. Khi dé trong cong thiic trén, néu thay y(x;) bang gia
tri gn duing y; ta duge:

Yim = Yi + hf(xn Y|) (7'13)
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Cong thitc nay cho phép tinh dugc gid tri gdn ding ciia ham y(x) tai x;,; khi biét gid
tri gan ding cla ham tai gid tri x,. Néu ta chon y(x,) = yg, tif cong thifc nay ta tinh duge
¥,, sau do ta tinh ti€p dugc y,, Yi,..., ¥,

Phuong phap tim nghiém gén ding cla bai toan Cési nhu trén goi 1a phuong phap
Ole. Phuong phap nay rit don gian, d6 chinh xdc khong cao nhung néu ting s6 doan
chia 1én thi nghiém tim dugc sé hdi tu dén nghiém chinh xic.

Vi du: Tim nghiém gin diing cta phuong trinh vi phan:

=Xy

732

thod min y(0) =1 trong doan [O, %jl
Gidi:
N Xy —
Theo dé bai f(x,y)z;, Xg=0,X==—,y,=1.

Chon h = 0,1; 4p dung lién tiép cong thic (7-13) ta duge két qua ghi trong bang. DE
tinh sai 86 & cdt cudi bang ta ghi gia tri cua nghiém ding:

[ =]

X

yx)=e*
Bdng 7.1
x2
i X; Yi f(xi, v hf(x, y)) yox) = cj—
0 0 1 0 0 1
1 0,1 1 0,05 0,005 1,0025
2 0.2 1,003 0,1005 0,0101 1,0100
3 0,3 1,0151 0,1523 0,0152 1,0227
4 04 1,0303 0,2067 0,0207 1,0408
5 0.5 1,0510 0,2627 0,0263 1,0645

Theo két qua trong bang ta thdy sai s6 mic phai ~ 0,01 = h’.
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So d6 khoi tim nghiém gan dung cua
phuong trinh vi phan theo phuong phap Ole

Input x4, X, 0, Y,

Yiar = ¥: + hi(x;, y)
Xy =X +h

Return

7.3.2. Phuong phap Ole cai tién

Phurong phdp Ole bén trén c6 nhugc diém 1a khi tinh y,,, theo cong thic (7-13), ta da
bo qua sy thay d6i cia y' = f(x, y) trong doan [x, x;,,], coi gia tri d6 1a hing s6 diing
béng f(x;, y,). Nhu vy, trong khoang ndo ma f(x, y) thay d6i nhiéu thi sai s6 méc phai
s€ 16n. D€ tranh nhuge di€m nay, ngudi ta thudng sit dung phuong phap Ole - Cosi hay
con duge goi 1a phuong phédp hinh thang dudi day.

Trong céng thitc (7-13) ta thay f(x,, y;) bang fc,, y(c;)]. Trong d6:

|
fle;, y(e)l = E[f(xi ’Yi)+f(x1+|’ Y1+|)J; XS G S Xy
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Nhu vay céng thic Ole s& ¢6 dang;:
h
Ya=¥i t E{f(xisYi)+f(xi+laYi+l ) 7-14)

D¢ tinh y,,, trong biéu thic f(x,,,, y.,,) ta dung cong thic Ole:
Yier = ¥, + hi(x;, y7)
Vi vay, d€ xé4c dinh nghiém clia phuong trinh (7-5), (7-6) ta ¢é thé dung cong thiic:
Y1 = ¥i + hf(x;, y) (7-15)
h .
Y =Yit+ E[f(xi,}’;)”(xi,,,,y i+1}]
Vi du: Giai bai todn Cosi sau theo phuong phédp Ole cii tién:
y=y- 2—x;05x$1
y
y(0y=1.
Gidi:

Trong bai todn ndy x,=0; X =1; yo=1; f(x,y)=y - e
Y

Chia doan [0, 1] thanh 5 doan con bang nhau, b&i cdc diém chiax, = ih;i=0, 1,..., 5;

h= l=O,2.
5

Cac cong thic tinh:

)

. 2%,
y-.+1=y-.+h(yi—i =y, +hf;
YiJ

h 2%, . 2%,
Ya=Yit+to Yi—— I+ Y — =
2 Yi Yi+l

h x
Vit 506+ )

Két qua tinh todn cho trong bang sau. D& d4nh gi4 sai s6, & cot cudi cia bang ghi két
qua nghiém chinh x4c cha bai toan:

y=2x+1
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Bdng 7-2

h . h .. h ‘ Nghiém chinh xéic
i X ¥ "2‘fi Xt Yia Efi-o-l E(fi +f.0) y = P2x+1
0 0 1 0,1 0.2 1,2 0,0867 0,1867 1,0000
1 0,2 1,1867 |0,0850| 04 1,3566 0,0767 0,1617 1,1832
2 0,4 1,3484 |0,0755| 0.6 1,4993 0,0699 0,1454 1,3416
3 0,6 1,4938 |0,0690| 0,8 1.6180 0,0651 0,1341 1,4832
4 0,8 1,6272 10,0645| 1,0 1,7569 0,0618 0,1263 1,6124
5 1,0 1,7542 1,7320

So sénh gid tri ca nghiém gén ding & cot 3 véi gid trj cla nghiém chinh xdc & cot
cudi ta thay sai s6 mac phai ¢ 0,01.

Chit y:
- D€ tinh dugc nghiém gan ding theo cong thiie (7-14) chinh x4c hon, ta c6 thé diing
phép lap don theo cong thie:

(0

Yia =Y+ hi(x;, y); (7-16)

(ky _

h _
Vil = %ot IRy )+ 80,y ")

Qua trinh 13p duge dimg lai & bude k khi:

ik (k=13

i Yoo —Yia I < g; £ la sai 6 cho trudc.
- Ngudi ta chimg minh duge ring phuong phép Ole cai tién cé d6 chinh x4c cdp hai:

ly - yx) | =om)

85



So do khéi tim nghiém phuong trinh vi phan cap mét theo
phwong phép Ole - Cosi

/ Input x,, X, Y, n /

c=Yy,+hf(x,y)

: h
Yin =Yit E[f(x“ yi)+f(x; +h, c)]

X, =X +h

Return

7.3.3. Phuong phap Runge - Kutta

Hai nha todn hoc Pitc Runge va Kutta da dé xuit mot phuong phdp dé nang cao do
chinh x4c nghiém cta bai todn phuong trinh vi phan phan cap mét (7-5), (7-6).

Y wudng clia phuong phédp nay la ting do chinh xdc cua gia tri y,,, tai diém x. + h, ta
N -2 . L3 . h
dua vao mot vai diém trung gian trong doan {x;, x; + h] (chang han diém x, + 5 ). Cac

hing s0 trong cong thitc Runge - Kutta s& dugc xac dinh sao cho gié tri y,,, c6 d6 chinh
x4c cao nhat.

Cong thitc Runge - Kutta cdp 4 nhu sau:

Vi = ¥, + é(k]+2k2+2k3+k4) (7-17)
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Trong dé:

k, = hf(x;, y;);
k, = hf(x; + 0,5h, y. + 0,5k, );
k;=hif(x; + 0,5h, y, + 0,5k,); (7-18)

k,=hi(x; + h, y; + k;)
Ngudi ta chiing minh ring cong thitc Runge - Kutta c6 d¢ chinh x4c cip 4, nghia la:
ty; - y(x) = O(h*)

D¢ 4p dung cong thiic Runge - Kutta (7-17), ta xudt phat tir y(x,) = Y, rdi tinh y, tai
di€m X, = x,+ h, tiép theo ta sir dung y, dé tinh y, tai diém x, = x, + h,..., cuéi cling ta
tinh dugce y, tai diém x, = X.

Phuong phdp Runge - Kutta ¢6 vu di€ém 13 muén tinh y,,, ta chi cn biét gid tri cta y,
ma khéng cin biét cac gid tri khdc truGe né, dong thdi bude tinh h ciing khong nhéat
thiét phai bang nhau. Phuong phap lai cé do chinh xé4c cao, don gin va d& lap trinh.

Trong trudng hop cdc diém chia doan {x,, X ] cdch déu nhau cé buéc 13 h = const, ta
c¢é thé st dung bang duéi day dé tinh:

Bdng 7-3
i X y k = hf(x, y) Ay
0 Xo Yo k:} k{l)
kU
Xot 5 yo+--2'~ K’ 2k¢
kg O i3
Yoty Yo+~ ks 2k
%o+ h Yo kg | k4
Ay,
1 X ¥

Trinh ty tinh todn dugc tién hanh nhu sau:

Dau tien ghi vio hang tha nhdt gid tri x,, y, da biét, réi tinhk®theo cong thic

(7-18), sau d6 dién vao hang thit nhat. Lan lugt tinh cdc gid tri clia hang thit hai, thi ba,
thi nur.

87



Can cit vao cot cudi tinh duge Ay, =y, - y,, tir dé suy ra y,. Qua trinh tinh todn &
budc hai dé tim gid tri y, lap lai hoan toan giéng qua trinh tinh y, & buéc 1.

Ctt tién hanh theo trinh tu nay, cu6i cing ta tim dugc gid tri y, tai X, = X.

So do khdi giai phuong trinh vi phan cip mot
bang phuong phap Runge - Kutta

/ Input x,, X, Yo, 1 /

Y

Yo=Y, h=(X-xy)/n

h k
k, = hf(x,, yo) ; k, = hf(x, +5,y0 + ?‘)

1(3=hf(xo+g,y0 +-k2—2); k, =hf(xy + h, yo + k;}

'

Yo=Yo + (k, + 2k, + 2k, + k,}/6

NO

Return

88



7.4. GIAI BAI TOAN COSI BOI VI HE PHUONG TRINH VI PHAN CAP 1
Béi v6i hé phuong trinh vi phan cap mét, bai toan Cosi dirge phat biéu nhu sau:
Cho khoang [xg, X1, tim cdc ham mét bién y,(x), ya(x), - ¥,u(x) x4c dinh trén khoang
[xo, X | va thod mén hé phuong trinh:
Yi =506y Vi ¥a)

Yy =6 Y¥a0n ¥,) (7-19)

Y:a = fn (X"YI H Y?."”’ Yn)
véi diéu kién:

Yi(Xo) = Y100 ¥2(Xo) = Y2001 YulX0) = Yo (7-20)
Trong d6: f,, f,...., f, 12 cdc ham di biét.
D¢ giai hé phuong trinh (7-19) v6i diéu kién (7-20), ta 6 thé dung tt ca cdc phuong
phdp nhu khi gidi bai todn Cosi d6i véi phuong trinh vi phan cap mot.

7.4.1. Phuong phap chudi Taylor

Nghiém gén ding ciia hé phuong trinh (7-19) véi diéu kién (7-20) theo phuong phdp
chubi Taylor c6 dang:

00 = 7150 + (- oy x + F X0
) Y2(X) = ¥y Xg) + (X - X)y'5(Xg) + 9‘(‘_;—“) ¥ Xp) + oo (7-21)
f (X - X())2 "
\‘yn(x) = YH(XO) + (X - Xﬂ)y n(x()) + _"—2— Y n(xﬂ) + o

Trong do:
Yi(Xo) = Y100 YalXo) = Vaugiees YolXo) = Y00
¥'1(Xg) = £, (X, Yi{Xo)s ¥2(Xo)s-o, Yo(Xo)) = £1(X,, Y100 Y2000 Yao)s
va(xe) =1, (x,, V1(Xo)s ¥2(Xghyeos ¥ou(Xo)) = f; (Xos Y100 Yo.sens Yook
¥'a(Xo) = £(Xq, y1(X), Y2(Xo)s-o-» ¥alXo)) = f(Xq, Y10 Ya0rees Yno)

Céc dao ham tir cap hai trd Ién tai di€m x, clia cdc ham y,(x), y,(X),..., y,(x) dugce xdc
dinh bang céch 18y dao him hé phuong trinh (7-19).
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7.4.2. Phuong phap Ole
Chia doan [x,, X ] thanh n phin bing nhau véi cdc diém chia:

) X—Xq .
X, =Xg+ih;h = 0-1=0,1,2,..,n.

n
Theo Ole, nghiém cua bai todn Cosi déi vdi hé phuong trinh vi phan cap moét cd dang:
Yiier =¥+ hE (XL Y Yaioeos Yai) (7-22)
Trong do:
Yi=Yxd)=1,2,.., 0
V1Y, Yapses Yoo 08 bi€l nén ta cé thé xdc dinh gia tri cia cdc ham y,(x), yo(X),...,

y.(x) tai cdc diém chia.

7.4.3. Phuong phap Ole cai tién

Tuong tu nhu cong thie (7-15), nghiém cua bai todn Cosi d6i véi hé phuong trinh vi
phan cdp moét cé dang:

y‘j.i+l =y, + hi(X, Y155 Yoo Yaids (7-23)
h L] *
Yin =Yut E[ fi(X0 Yiis Yaioers Yai) F 5Kt ¥ 1ietsrensY njet)]
Cho i =0 tatinh duge ¥, (j = 1, 2,..., n). Thay gid tri nay vao cong thic thit hai ta
xac dinh dugc y;, (j=1,2,..., n).
Cho i = 1, twong ty nhur trén ta s& xédc dinh dugc y, ,.

Tiép tuc qud trinh nay s& tinh duge y;s, ¥4..-., ¥;,- DO 12 cdc gid tri gin ding clia
ham y, (x) tai cdc diém chia.

Dé nang cao do chinh xdc cha nghiém khi di biét y;, ta c6 thé tinh y,,, theo phép
lap sau:

0
y(j‘iil =yt hfj(xis Yiis Yaoireosr Yoili

(k1) (k-1 (k-1)

h
Yj.i+| = yj'_i + 5[ fj(xi, Yiis Y200 Yn.i) + fj(xi"'l’ yl.i+| » ¥ )]’
voik=0,1,2,..
Qua trinh 13p s& dimg lai khi:

(k) (k-1) N i
|y_, — v |<8;8>OlasalsOChotru6'c.
I+l Y_},Hl
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7.4.4. Phuong phiap Runge - Kutta
Theo phuong phap Runge - Kutta, nghiém ctia bai todn (7-19), (7-20) 1a :

1
Yiiel = Via + < (k. + 2k, + 2 K5+ K, ) (7-24)
Trong dé:

Yoo 1= 1,2, 3,..., n da biét theo (7-20);
kj,! = hfj(x'.s Yiis Yaireos Yails (7-25)
k= h,(x, +0,5h, y; + 0,5k, y,, + 05K, 1,..., ¥,; + 0,5k, );
kjj = 1'1fj(x-l +0.5h, y, ;. +0.5k,, vy, + 0.5k, 5, vo, + 0.5k, x
k4= hfj(xi +0,5h, y;; + 0,5k, 5, y5; + 0,5k, 5., ¥, + 0,5k, 3)

7.5. GIAI BAI TOAN COSI BOI VOI PHUONG TRINH VI PHAN CAP CAO
Bai todn Cosi d6i véi phirong trinh vi phan cap cao duge phat biéu nhu sau:
Tim ham s6 y = y(x) xac dinh trén doan [X,, X | thod min phuong trinh vi phan:
YU =%, ¥, ¥, ¥ YO (7-26)
véi cdc diéu kién:
Y(X0) = Y100 Y'(X0) = Y20 ¥ (Xg) = Vi (7-27)
Bai todn nay ¢6 thé dua vé bai todn Cosi d6i v6i hé phuang trinh vi phan cdp mot véi
cach dit nhu sau:
VI=Y, Yo=Y Yy = Yy
Khi d6 ta ¢é hé phuong trinh:
(Y=Y,

Yy =V,

Y:‘l—l = Yil
Y, =%y, ¥arn¥,)

-
vai diéu kién:

Yi(X0) = Y100 ¥2(X0) = Ya00es YolXg) = Yoo

Day 1a h¢ phuong trinh vi phan c4p mot, ta ¢6 thé ding céc phuong phip trong muc
7.4 dé giai.
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Vi du: Giai phuong trinh vi phan c4p hai sau bing phuong phép Ole:
y

y'+ *-+y=0;1<x<1,5
X

vdi diéu kién:
y(1y =077, y'(1) = - 0,44; véi budec h = 0,1.
Gidi:
Dit y' = z, y" = z'; ta dua phuong trinh trén vé hé phuong trinh:

Y=z z=- 2y
X

voi dieu kién:

y(1) =- 0,77, z(1) = - 0,44

Nhu vay fixy, D=2 (X, y, 2) = — = — y
. X
Theo cong thiic (7-22) cha phuong phap Ole ta cé:
Yia =Y T h(x, v, 2); : (1)
Zi+1 = Zi + hfz(xi., y]‘, Zi) (2)

Keét qua tinh toén theo.cong thitc trén duge dua vio bang dudi day.

Bdng 7 4
Z;

i X; yi Ay, fii=z Az, fy=- x Yi

0 1,0 0,77 -0,044 -0,44 -0,033 -0,33

i 1,1 0,726 - 0,047 -0473 - 0,030 - 0,296

2 1,2 0,679 - 0,050 - 0,503 - 0,026 - 0,260

3 1.3 0,629 -0,053 -0,529 - 0,022 - 0,222

4 14 0,576 - 0,055 -0,551

5 1,5 0,321

Trinh tr tinh todn dugce tién hanh nhu sau:
Ghi vao hang thitnhat i =0; x, = 1,0; y,=0,77; z, = - 0,44
Sau d6 tinh: fi0 = £i(Xps Vo Zo) = 2o = - 0,44,
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yA
frg = fz(xos Yon 7)) = -0 Yo =-0,33
0

Theo (1), (2) ta ¢cé:
AYU = hf]f) = 031(_ 0144) =- 030445 }’1 = Y(J + Ayc, - 0,726;
Az, = hfy, = 0,1(- 0,33) = - 0,033, Z, =74+ Az, =-0,473

Cdc hang sau clia bang duge tinh twong ty nhu hang thir nhit.
7.6, GIAI BAT TOAN BIEN BANG PHUONG PHAP SAI PHAN

7.6.1. Bai toan bién tuyén tinh
Tim ham y(x) trén [a, b} thod man phuong trinh vi phan:
y'(x) + p(x)y'(x) + q(x)y(x) =f{x);a<x <b (7-28)
thoa man diéu kién bién:
koy(a) + kyy'(a) = A; (7-29)
Ly(b) +1,y'(b) = B (7-30)
Trong do:  p{(x), q(x), f(x) 14 cdc ham di biét;
ko, ki, /e, £, A, B la céc hang s6 d3 biét,
Dé giai bai todn trém, ta chia doan [a, b| thanh n phdn bang nhau béi cdc diém x. vai
b-a

Xi=Xq+ih;i=0,1,.,n;x,=a: X, =byh= —"
n

Goi tap hop cic diém {x;} [a le6i sai phén, cdc diém x; 14 cdc niit cha ludi. Goi h la
budc cua ludi, néu h = const ta ¢6 1wt déu.

Gia st y(x) la nghiém ding cia bai todn, Muc dich clia phuong phdp nay 1 tim gid
tri gan ding y; cua y(x) tai cdc niit x, clia Wuéi sai phan, nén né duge goi Ia phuong phip
sal phan,

Khai trién Taylor ctia ham y(x) tat x; £ h ¢6 dang:

2 3 El

y(Xi + h) = Y(Xi) + %}"(Ki) + l;_] y”(xi) + D] ym(xi) + };_T yM](Xi) + 0(]’14)1

3
h | h? h oL h*
y(X;-h)y=y(x) - l' y(x) + 2_| yx) - ;_I vU(x) + E y“"(X-.) + 0(h*)

Thay gid tri cia ham y(x) va cdc dao ham ciia né biang cdc gid tri gan ding vio hai
cong thiee trén ta duge:
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h2 3 h4
Yirt = x+by1 ——y,-gyﬂ+;5yﬁ+0mﬂ; (1)
h 2 h:‘ h4 4
Yor=yor DY Y Y +—y‘ +0(h*) 2)

Cho1=0,1r (1) suy ra:

y;=iﬁ?i+om)

Cho i =n, tir (2) suy ra:

y' = Lhy”-_.!. +0(h) (7-31)

Lay déng thitc (1) trlr ddng thitc (2) v€ vdi v€ ta duge:

' Yin 7Y 2
=l _Z 4 0O(h (7-32)
Yi o (h™)
Lay (1) cOng (2) 1a duge:
yT — Yi-:l _21’1);'1 +yi—l +O(h2) (7_33)

bat p(x) = p,, q(x) = q,, f(x,) = f. Thay cdc gia tri ctia ham s6 va dao ham vio ta
duge cac phuong trinh sai phan:

Yier —2¥i TYio v, Yisi 7 Yia1

b2 ; h +qy,=f;i1=1,2,...n-1 (7-34)
kww+hyl;h = A (7-35)
fuyn+fly“_;Xii =B (7-36)

Phuong trinh (7-34) ¢6 dang:
Y +my +ny, =hg:i=1,2..,n-1 (7-37)
Trong d6: m, = ECH h -2 I = 2-pib ;= 2f, (7-38)

2¢+ph ' 2+ph’ 2+ph

Nhut vay ta ¢6 n + 1 phuong trinh dai s6 tuyén tinh dé (im n + 1 4n s6 1 yy, ¥ybeees ¥,
Ap dung cdc phuong phap giai hé phuong trinh dai s& tuyén tinh trong chuong VI, ta c6
thé tim duoc cac dn 56 chinh 12 gid tri gdn ding clia ham y(x) tai cdc nit sai phan x;.
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Nguoi ta ching minh duge cong thiic danh gid sai s6 clia phuong phap sai phan hitu
han nhu sau:

)

hM4 2
v | < b—a)>? 7-39
-y < % (b—a) (7-39)

Trong dé: M, = maxly™(x)l, véi moi x € [a, b].

Dudi day gidi thiéu mot phuang phép thudng ding dé giai cdc phuong trinh sai phan
(7-35).(7-36), (7-37).

7.6.2. Phuong phap khir lap
Nt dung clia phuong phdp nay la dua he ba dudng chéo (7-35), (7-36), (7-37) vé hé

hai dudng chéo nho mot "bude thuan”. Sau d6 dua hé hai dudng chéo vé& hé dudng chéo
bang "budc nguoc”.

a) Budc thugn
Ta tim nghiém dudi dang:
yi=cild; - yi) (7-40)
hay Yii=ci,(di - y)
Thay y,, vao (7-37) ta duoc:
Yier + My + 0 (d, - y) = gh?

suy ra:

_ (gh’ -ncc.d, )~ Yia

¥i =c(d; -y, );
m, —n.c,
T day ta ¢d cong thifc truy hoi:
1 2
€ = - -3 di=gh”-nc.,d;
m, —nc._

1

Cac gid tri ban dau ¢, d, duge xdc dinh tr (7-35). That vay, vi:

= — =cy(d, -
Yo koh—k, oldg —yy)
k
nén c, =1 - d, :.Ah_
k[]h~k, k

Nhu vay ¢;, d; véimoi i =0, 1,..., n - 1 hoan toan xac dinh.
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b) Bude nguoe

Pau tién, theo (7-36), (7-40) ta co:
IDYH + "!! Y _hy(n_—l = Ba

Yo = Can (dn-] - Yn)

1 n=-1""n-I

c

Suy ra ¥u o
1

nel
Str dung cong thic (7-40) ta 1an luot tinh duge v, |, ¥,a...., Yo Nhu vay, diing phuong
phap khir lap ta x4c dinh dugce 131 ca cdc gid i cua nghiém tai cdc nit. Phuong phéip
nay rat thuan lgi cho viéc 1ap trinh trén may tinh.
Vidu I: Dung phuong phdp khu tap tim nghiém gan ding cita phwong trinh vi phan:
y' - 2xy' -2y =-4x
thoa min dicu kién:
y0) -y =0;2y(D) -y (1) = 1.
Gidi: Chia doan [0, 1] thanh 10 doan bang nhau véi h=0,1.

O day: p(x) = - 2%; q(x) =-2; f(x) = - dx;
p=-2x; g =-2; fi=-4x;voix =015
oo Aah’-2) _21+b?y  2-ph_ l+xh
' 2+ph l-xh "~ " 2+4ph  I-xh’
2f, 4x.

1

T = - =

= Tph __'l:x;t;’
ky=-1; k,=-1; I,=-1:1,=2; A=0;B=1

d. Bude thuan

k -1 h
cg=- ' --= = —0,909; dozA---:O
koh=-k, Gl+1 k,
Tinh: c, = —17; d=gh'- nc.d ;i=1,2,.,n
my =n;cy
b. Btée ngutoe
_ Bh+/c, d

Tinh:

n-1n-l ___yw=3,?3

" h+l +he,

Yi= Ci(di - y|+l) 3 i= 9s 89"'9 l’ 0.
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Sc¢ d6 khdi giai bai toan bién bang phuong phap khir lap

/ Input kg, k,, 1,1, n, A, B /

Y
h=1/n

S=2+ph;m, =2(gh® - 2)/S
n,=(2-ph)S; g =2f/S

Y

co =k /(koh - k,): d, = Ab/k,

3
i=1,2,...,n -

Y

Y

Ciadi

¢, = l/(m;-ngc, ) d; = gh’-ng,,

!

y. = (Bh+/c,d, )
{(Ibh+! +lc )

\
i=n-l,n-2,...,>

'

¥i=C{d; - yi)

Y

Print v, ;

L
End
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Két qua tinh cho trong bang. D¢ dinh gid sai sd gilta nghiém gan ding va nghiém
chinh xdc, & cot cudi ghi gid tri cua nghiém chinh xéc:

2

yoEx o+ et
| Budce thuan Buge
1 X; m, n, g ’ ngugc y(x))
C, d, ¥
0 0.0 __: _ ) - (09049 0 1,03 1,00
) 1 0,1 - 2.04() T 1020 -0,4 -{,899 - 0004 1,13 111
2 ‘i 0.2 - 5.061 1,040 -0,8 - 0,889 -0,012 1,26 1,24
3 e 0.3 - 2,083 1,362 -1,2 - 0,878 - 0,023 L4l 1,39
4 0,4 - 2,105 1,083 -1,7 - (1,868 - 0,039 1,60 1,57
5 0.5 -2.127 1.105 -2,1 - 0,856 - 0,058 1,81 [,78
6 06 | -2149 | Li2s | -25 | -os45 | -0081 | 206 | 203
7 - 07 |- 2,172 1,15] -30 - 0,833 - 0,109 2,36 2,33
8 ""('_},3 - 2,196 1,174 -35 - (0,822 -0,142 2,72 2,70
9 0,9 - 2,220 1,198 -4.0 -0,810 - (0,180 3,17 3,15
N 10 1.0 - 2,244 1,222 -4.4 - 0,797 -0,222 3,73 3,72

Vidu 2: Momen uén clia dam chiju tai trong phan b8 duge xac dinh boi phuwong trinh
vi phén:

d*M
—=q (1)
dx-
D6 vong cua dim (¢6 chiéu cao tiét dién khong d6i) théa man phuong trinh:
d’y M
== )
dx= EJ

Trong d6:
— M la momen uén, ¢ gid tri deong néu thd trén cla tiét dién chiu nén;
- q la cudng dé tai trong phan bd, ¢6 ddu duong néu hudng tir duéi lén;
- y la d6 vong cua dam, mang ddu duong khi huéng {én trén;
- E la moédun dan héi cha vat liéu;
- J la moémen quén tinh caa tiét dién ngang cta dam.
Ap dung phuong phép sai phan hitu han, hdy xdc dinh mémen uén va do vong cia

dam c6 chiéu dai / chiu tai trong phan bs tam gidc v6i q,,,, = q, nhu hinh v& 7.1.
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// 3q,04
qy2
/ .4
0 : 4

Hinh 7.1

Gidi:
D¢ tim nghiém cta (1) va (2) theo phuong phép sai phan, ta chia ddm thanh 4 doan

béng nhau véi:

h= -
4

Viét phuong trinh sai phan cia phuong trinh (1) cho 3 diém 1, 2, 3 bén trong dam
ta dugc:

3qph*
4
bicu kién bién: tai hai ddu ddm mémen udn bang khong M,= M, = 0.
Giai hé phuong trinh trén ta tim duge:
M, = 0,625qch® = 0,0391q,/%
M, = qoh’ = 0,0625q,;
M, = 0,873q,h? = 0,0547q,"

kM2-2M3+M4=_

Dé xdc dinh do vong ciia ddm, ta viét phuong trinh sai phan ctia phuong trinh (2) cho
cac diém 1, 2, 3 nhu sau:

h? ,
(Yo-2¥,+y;,= Bl (0,625q,h)
(Y1-2¥a+y;3= — (QOhZ)

h’ )
et = — , 73 b
k)’- 2y5+y, = (0,873qch")
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Cac dieu kién bién: tai hai diu ddm d6 véng bing khong y,=y, = 0.
Giai hé phuong trinh trén ta dugc:

h4 . !4

y, =-1,187 30— g 00463 do° .
EJ EJ
qoh* q,!

y, =-1,749 2% =.0,00682 *E

h* 7
y.=-1311 30 = 000513 Dol
EJ EJ

Néu giai bang phuong phép chinh xéc ta duge:
4 !4 !4
yo= 00043 4o~ 000652 WLy = L 000486 0T
Bl EJ EJ

Sai $6 16n nhat £ = 107

Vidu 3: Phuong trinh vi phan cha ddm trén nén dan héi:
4
EJ d—i =-ky+q
dx

Trong d6: y la d6 vong ciia dam;
k 14 hé s6 nén;

~ qlacudng dé tat trong phan bo.

Hay tim d¢ véng ctia ddm trén nén dan héi c¢6 do dai /, chiu tdi trong phan bé theo

quy luat tam gidc véi q,,,,, = q, nhu hinh vé 7.2.

Gidi:

Dé tim d6 vong clia dam theo phuong phép sai phan ta chia ddm thanh 4 doan bing

nhau: h = /
4
a. Sail phin hod phicong trink vi phan (3)

Tada co cong thie:  y) = Yiu — 2hyll +¥.,

T
T
_— an [

q4y2
2 -1 OQngf 1%%%% 2%?%? 3QQ?EE 4
Hinh 7.2
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i) ]

Do d6: y, =

(yi, =2yl +vyl)=

h!
1
= h_J,I(Yie =2y, ty) Ay, -2y +y )y -2y )]
1 .
hay Yim: h’I(}’i+j_4Yr+|+6Yi _4Yi-|+Yi-:) (4)

Vi vay phuong trinh sai phan ctia phuong trinh (3) la:
4

h
Yi-2_4yi-|+6y1'_4yi‘|+Y;+QIE(_ky1+qa) (3)

|
Goi B= ;v% 12 do ciing tuong d6i clia nén thi phuong trinh (3) duoe viet lai la:

B* h*
yi_:*4yi_1+[6+n—4}yi -4y ¥, =0q, (6)

Trong dé: n la s0 doan chia ciia dam;
g; 1a cudng do tai trong tai diém thit i.

Néu gia thi€t B = 4 va n = 4 thi theo (6) phuong trinh sai phan tai cic diém la:
- Tai diém 0:

Ya,—dy +7y,—4y +y,=0
- Tai diém 1:

_ he

Y, —4y,+7y, 4y, +y,= 50,25%

- Tai diém 2: |

h4
yu-4YE +7Y3 “4Y3 ty, = EU,SOqU (7)
- Tai diém 3:
h?
Y, — 4y, +TY3_4Y4+YS = _]3_‘]0’75(1”
- Tai diém 4:
h4
Y, _4Y3-+TY4'_4)’5+Y6 =E'j'q0

b. Sai phdn hod cdc diéu kién bién

Diéu kién bién tai hai dau dam (diém 0, diém 4) 1a moémen udn vi luc cit
bang khong:

101



2 3
M=E1%Y _0.0=-M_g9Y o 8)
dx? dx dx’

Truéce hét ta tinh sai phéan cdp 3 tai i

w_ . ,_YL ‘)’T_l_
vy =y 2_1’1
1
B 2h* [(yi2=2¥in Ty —(y, =2y, + Yy
" |
hay Y. = é’h‘ﬁ [¥i2 = 2¥0 T2y~ Y]
- Tai diém O:
Yo=0—>y, -2y, +y, =0y, =2y,-y;
Yo=0—>y, -2y, +2y -y, =0
—>YL.=Y, _2YI +2y_1 =¥, _4Y1 _4ny
- Tai diém 4:

Yi=0-y, -2y, +y, =0y, =2y, ~-y,;
y:=0->y, -2y, +2y,—-y, =0
Yo =25 —2Y, Ty, =4y, 4y, +y,
¢. Tim nghiém
Thay gia tri d6 vong tai cdc diém do: -2, -1, 5, 6 vao hé phuong trinh (7) ta dugc:
{3y, - 4y, + 2y, =0

4

1!
'2y{l + 6YI - 4}’2 + Y3 = E] '0’25[:]0

h
< Yo- 4y 1+ Ty;-dy;+y, = E'O,Sﬂqn

4

h
Yi- 4y, +0y;-2y, = 5'0775%

4

h
2y, -4y + 3y, = —-q,

El
Giai hé phuong trinh trén ta tim duoc:
4 4
Yoh goh
=0,0072—;y =0,24521__;
Yo EJ Yi £
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9 4
qgh” qoh* . q0h
,=049330" .y —0.75] Cy, =
Y2 By T B 7T R

Luc cat va moémen udn tai diém i dugce xdc dinh theo cong thite sau:

d’y Yie =2Yin +2¥, =Yoo
Q= EJ('dx—"] =EJ( 13 )

M Ej(d YJ —-EJ( 1u+l_2Yi+Yi—]_)
dx : h

Vi du tai diém 2:
Q.= qﬂ (1,00 - 1,502 + 0,490 - 0,007) = 0,0095q;h

M, = qnh2(0.75 I- 0,986 + 0,245) = 0,010q,h’

Vidu 4: Xdc dinh tan 6 dao dong riéng clia dim c6 tiét dién ngang khong déi, khoi
luong phan b6 déu m, moét dau ngam, mot ddu gai tua don gian.

Gidi: Phuong trinh vi phan dao dong riéng ciia ddm c6 dang:

4
{8 -

Trong d6: E [a modun dan héi cia vat ligu;

J Ia mémen qudn tinh tiét dién ngang cua dam;
® 12 14n 36 dao dong riéng clia ddm;

y la d6 vong clia ddm.

\\Y; ANNN

Hinh 7.3

2 4

bat A’ =

va ding cong thic (4) dé sai phan hod phuong trinh vi phan (9) ta
dugc phuong trinh sai phan:

Yieo =4y +(6-A)y; -4y, +¥,,,=0 (10)
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Chia dam thanh 4 doan bing nhau.
Diéu kién bién tai géi tya don: y, =0; M, =0

hay yo =0,y =0>y,-2ys+y, =0y ,=-y, (1
Diéu kién bién tai ddu ngam: y,=0; ¥y, =0 hayy,=0; ys-y;=0 > y. =y, (12)

Khi thay cdc diéu kién bién vao cdc phuong trinh sai phan (10) tai cdc diém 1,2, 3 ta
dugc hé phuong trinh:

—y +H(6-Ry —dy, +y; =0
—4y, +(6 - L)y, — 4y, =0
Yy —4y, +(6-N)y;+y;=0
Sau khi it gon ta duoc:
(53-Ny, -4y, + ¥, =0
—4y, +(6 L)y, —4y,=0
y)—4y, +(7-2)y, =0

Day la hé phuong trinh tuyén tinh thudn nhat. D€ ton tai dao dong riéng tiic Ia dé cho
cdc chuyén vi tai cdc niit khong déng thai bang khong thi dinh thitc ma tran cdc hé s6
chia hé phai bing khong:

5-% -4 1
-4 6-n -4 =0
1 -4 7-%

Day la phuong trinh bac 3 d6i véi L. Gidi phuong trinh ta tim duoc 3 nghiém &, A, A

Tén s6 dao dong rieng cta ddm dugc xéc dinh theo cong thc:

|

A, ;EJ

— = i=1,2, 3
]f\'m

W, =

1

Bai tap

[- Tim nghi¢m gin diing clia cic phuong trinh vi phan sau bang phuong phap chudi
Taylor:

R 1
a)y =x"+y,y(0)= 2
b) y' = cos(x + y), y(0) = 0;
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Oy =c¢+x%, y(1)=0
2- Tim hai xap xi lién ti€p cha nghiém phuong trinh vi phan sau:
a)y' =x" -y y(0) = 0;
by =2x-1+y.,y(0) =1
3- Dung phuong phdp Ole tim nghiém bang s6 cla céc phuong trinh vi phan trén
doan |a, b] v6i budc h =0,1:

a)y': ;X)X,}’(O):La:()jb:l;

by =x*+y, y(0=0,a=0,b=1

4- Dung phuong phdp Ole céi tién tim nghiém bing s6 clia cic phuong trinh vi
phan sau:

a)y'=x+y’, y0)=0, h=003. Tim y(0.3)?
b)y'=L+x-y% y(0)=1, h=0,02. Tim y(0,1)?

5-Ap dung phuong phdp Runge - Kutta véi buée h = 0.2 tim nghiém cua cdc phuong
trinh vi phan trén doan [a, b|:

Ay =y-x,y(0)=1,5,a=0,b=1;
by=2 -y yl)y=1,a=1,b=2
X
6- Tim nghiém gan ding ciia hé phuong (rinh sau bang phuong phap chudi Taylor:
Yy =Xy+z
Z=y-z y(0) =0; z(0) =1
7- Ap dung phuong phdp sai phan hitu han tim nghiém ciia bai todn bién sau:
a) X’y" + xy' = 1; y(1) = 0, y(1.4) = 0,0566 véi budc ludi h = 0,1:

byy" - (1+x)y=-1,y(-) = y(1)=0
Pap so

c) y=2(x—1)+2(x—l)2+§(x—l)3+%(x—l)4 o
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3 3 7
X X

a) X ==
iTg 2Ty TG

3
by, =1+x% vy, =I+x2+§x3+§--—

a)y, =1, y, = 1,005000, y, = 1,010025, y, = 1,025175,
ys = 1,045679, y, =1,07821, y, =1,103976,
ys = 1,142615, y, =1,188320, y,;=1,241794
by, =0,y,=0,001,y,=0,005,y, = 0,014002,
y, = 0,030022, y, = 0,055112, y, = 0,0914186,
yg = 0,141252, y, = 0,207247, y,, = 0,295542
a) 0,0451;

b) 1,0047
a) y(1) = 3,36;
b) y(2) =080
2 4
X 7 X
i fry -—+—‘.-._+...
Wy =x 2 3x 4

3
7=1-X+%- b L x% 4
24
a}yo=0:y,=0,0046; y,=0,0167;

y, = 0,0345; y, = 0,0566



Chuong VIII
GIAI GAN PUNG PHUOGNG TRINH PAO HAM RIENG BANG
PHUONG PHAP SAI PHAN HUU HAN

8.1. MO DAU

Khi giai cdc bai toan co hoc, ta thudng phdi tim nghiém clia cdc phuong trinh dao
ham riéng trén mién D v6i cdc diéu kién bién khac nhau. Thi du:

~2 2
%)
- Phuong trinh Laplaxo (Laplace): Au = g ]; + —L: =0
ox* oy
oD o°
- Phuong trinh truyén nhiét: A_p22l
a ox?
52 52
- Phuong trinh day rung: £ :l =a’ lj
as ox”

Ngudi ta thudng tim nghiém chinh xdc cha cde phuong trinh trén duéi dang mot tich
phin hay moét chubdi. Tuy nhién, pham vi nhing bai toan giai dugc theo cich niy rat
hep, doi hoi phdi ¢6 nhimg ki€n thiic nhat dinh vé gidi tich ham, ham phitc. D6 14 mot
kho khan do6i véi nhitg ngudi 1am cong tde ki thuat.

Phuong hudng chi y&u dé gidi cdc bai todn phuong trinh dao ham riéng la dung céc
phuong phip gin ding, trong d6 phuong phap sai phan hiru han ¢6 ng dung rit rong
rii. Phuong phdp nay ¢6 vu di€m 1a khé téng qudt, cho phép (im 1o gidi gan ding cia
mot 16p khd rong cac bai todn bién. trong cdc mién cé hinh dang wy ¥, véi cde diéu
kién bién khdc nhau.

Khi giai cic bai todn phuong trinh dao ham riéng bang phuong phéap sai phan hitu
han ta phai ti€n hanh cic budce sau:

- Bude thit nhat: r&i rac hod mién D. Thay mién D lién tuc bing mot s6 hitu han céc
diém goi [ cdc niit cta ludi sai phan. Ta s& tim nghiém ciia bai todn chi tai cdc nut nay.
Tuy ting bai todn cu thé, ta ¢6 thé chon cdc hudi sai phan khéc nhau, don gian nhat ta
ludi hinh vuong, hinh chit nhat.

- Bude hai: sai phan hod phuong trinh dao ham riéng. Thay cdc dao ham riéng ctia ham
cdn im bang cdc ty sai phan, nhu vay ta da chuyén phuong trinh dao ham riéng thanh mot
hé cdc phuong trinh dai 6, ma 4n s6 13 gi4 tri clia hiam can tim tai cdc diém nat.
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- BuGe ba: sai phan hod cdc diéu kién bién, Thay cdc diéu kién bién bang cdc phuong
trinh dai 88 cd chita gi4 tri cla ham tai cdc nidt gin bién hay ¢ ngay trén bién.
Tép hop cac phuong trinh dai $6 khi sai phian hod phuong trinh dao ham riéng va cdc

diéu kién bién dugc goi 1a mot luac d6 sai phan.

- Bude bon: giai he¢ phuong trinh dai s6 tim gid tri ca ham tai cdc diém niit. D6 Ia
nghié¢m gdn didng cua bai toan.

Tat nhién, khi ti€n hanh 4 budc trén ta phai chon ludi sai phan va xay dung luge do
sal phin sao cho:

- Hé phuong trinh dai s6 ¢6 nghiém duy nhat;

- Nghiém gan ding cua bai todn hoi tu v€ nghiém chinh x4c véi toc d¢ hoi tu cao
(khi buéc ludi ngay cang nhd), hay néi cdch khdc, luge d6 sai phan én dinh;

- Khéi lugng tinh todn la it nhat.

Sau day ta s& dp dung phuong phép sai phan hitu han dé gidi mot s6 bai todn phuong
trinh dao ham riéng thudng gap.

8.2. BAI TOAN DIRICHLE (DIRICIILET)

8.2.1. Bai toan

Tim ham u (x, y) trén mién D thod médn phuong trinh:

an=2100 oy (8-1)
ax- oy’
va thoa man diéu kién bién:
u(x, y) = o(x, y) (8-2)

véi mei (X, y) trén bién S cua mién D.

Trong doé @(x, y) la ham lién tuc trén S.

8.2.2. Giai bai toan

a) Roi rac hod mién

Trong mat phdng Oxy chita mién D, ta xay dung hai ho dudng thang song song:
X=X, +ih; 1=0, +1,+2, ..
y=yo+ j=0,+1,£2,..

Giao diém cla cdc duong thing nay 1a cac diém ludi (mit). Tap hop cic diém luéi
goi la luéi sai phan, h dugc goi 13 budc ludi theo x va 7 1a budc ludi theo y.
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Ta chia cdc digm ludi My = (x;, y,) nim trong mién D thanh hai loai:
- M;; [a "diém trong" clia D néu 4 diém lan canné: M, My, M, s M, w1 déu

nam trong D.

- M, 1a diém bién néu né khong phai 12 "diém trong” (céc diém duoe danh ddu* trén
hinh 8.1}.

b) Sai phan hod phuong trinh dao ham riéng
Tuong ty nhu khi gidi phuong trinh vi phan bang phuong phép sai phén, ta ciing thay

cac dao ham riéng bing céc ty sai phan, Ly

Neu ky hi¢u v (x;, y;) = u;; ta c6:

-—-—'—_"'_“r“‘—--..\
cu uiu!_j “ui-i.j
------ T 8-3)
(E.?x J” 2h ( N
{/ ij+1
: u o —u. .
{?u ~ "J_tl_..'.'J"_l_ (8_4) -1 i i1
2y ) 27
N ije1
SRR u. ~2u..+u_, .
(2] ot | /
X . h~ \_,___E_ |
8u -2u U "
[c‘-y“ ]i‘j 12 Hinh 8.1

Thay cdc gid tri gdn ding cla cic dao ham riéng vao (8-1) ta duge phuong trinh
sai phan:

LI 2Uij -_Fui—lj Ui "2Uij U

) ES . 5 . = f 8'?
h3 !2 1 ( )

Trong dé: £, = f(x;, y)).

¢) Xdp xt cde diéu kién bién

Néu mi¢n D la hinh vuéng hay hinh chi nhat, ta chon luéi sao cho bién S nam trén
ludi sai phan. Khi d6 gia tri clia ham tai cdc diém trén bién u, = @, di biét.

Neéu mién D 1a mién bat k¥ duge bao bdi bien S 1a dudng cong, thi gid tri clla ham

tai cdc diém bien duoc tinh qua gid tri cta ham tai cac diém trong v diéu kién bién
theo phuong phdp néi suy tuyén tinh.

8u +hu .
6+h

(8-8)
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~ S,up —hue

U,

&, —h :
Trong dé: A, ¢' 1a nhitng diém nam trén bién S;

5, =AA; 8, =CC,

usy =@A"); ue =9(C) n RO
d) Giai hé phuong trinh tim nghiém Hinh 8.2

Tap hop céc phuong trinh (8-7), (8-8) cla cdc diém ludi lap thanh moét hé phuong
trinh dai $8 tuyén tinh. Giai hé phuwong trinh nay ta s& tim dugce gid tri cua ham u(x, y)
tai cac diém ludi.

NE&u mién D la hinh chit nhat va / = h thi h¢ phuong trinh nay don gian nhat. Khi dé
(8-7) c6 dang:

Wy Hug+u

+u,, —4u =h"f. (8-9)

[}

Néu f(x, y) = O thi phuong trinh (8-1) duge goi la phuong trinh Laplaxo, phuang
trinh sai phan tuong tng ¢ dang:

W = i (Wi + Yy + U + U ) (8-10)

8.2.3. Sai so

Sai $6 khi thay thé& phuong trinh dao ham riéng bang phuong trinh sai phan dugc
danh gid nhu sau:

hz
Trong dé:
4 Il 4
M4 = max Q . fﬂ
b |lox \ayd

Chii ¥: Sai 56 cua nghiém géin ding tim duoc bang phuong phdp sai phan 1a do cdc
nguyén nhan sau gay ra:

- Thay thé phuong trinh dao ham riéng biang phuong trinh sai phan;
- X4p xi cac diéu kién bién;

- Hé phuong trinh sai phan duge giai bang céc phuong phép gan ding.
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Vidy I: Bién dang dan héi clia tdim mong hinh vuéng duéi tic dung clia tai trong
phan bé déu duge mo ta bang phuong trinh Potxéng:

u d%u
Au: ,?—'i‘—:

i‘?_
ox dy?

véi diéu kién bién u(x, y)lg = 0.

—1I

Tim nghi¢m cua bai todn bang phuong phép sai phan. Biét canh hinh vuéng béng 1

vabude lugi h =/ = 1/4.

Gidi:

Do tinh chat hoan toan déi ximg clia bai
fodn, ta chi can xdc dinh gid tri ca ham u(x, y)
tai cde didm: (1, 1), (1, 2), (2. 1), (2, 2) hadi.

Phuong trinh sai phan cho cac diém d6 la:

U + Uy, - 4uy, =~ 0,0625

Uy + 2u, - 4u,, =-0,0625
Uy + 2u,, - 4u,, = - 0,0625
2uyy + 2uy, - duy, = - 0,0625

V1 u;; = u, nén hé phuong trinh trén duoc
viét lai la:

-duy + 2u), = - 0,0625
20 - 4dus + uy, = - 0,0625
4u,, - du,, = - 0,0625

Giai h¢ trén ta duoc:

uy, =0,0429 5 uy, = u,, = 0,0547; u,. = 0,0703

1] G
1.2 2,3 33
0 0
1.2 22 3,2
0 0
11 21 3.1
0 o
!
i
L. o
] o
Hinh 8.3

Vidu 2: Tim chuyén vi va noi luc cla tdm vuong, chu vi g6i tra don, canh a, chiu taj
trong phan bo hinh thang nhu hinh 8.4. Biét chuyén vi clia tAm thod min phuong trinh:

4 4
A21I=a u+2 du

&'u 9

+ =
ox*  ax'ey? oyt D

Trong dé: q la cudng do tdi trong phan ba;
D la d cimg chéng uén cha tam;

U l& chuyén vi clia tam.

(1)
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a2 5q°!8 aqoj‘* ?qua‘a Qg
5 1 3
. -3
4 1 2 Q 2 x__
5 1 3 g
L] L
-5 -1 -3
Hinh 8.4

Gidi:
D¢ gidi bai todn bang phuong phap sai phan, ta chia 2 canh cla (dm thanh 4 doan
bing nhau h = % Vi 4 canh cia tdm déu tua don, nén chuyén vi thang va néi luc cla

cdc diém trén bien tam déu bing khong. Ta chi phai x4c dinh chuyén vi va ndi luc cua
tdm tai 9 diém trong clia tdim. Tuy nhién do tinh chat d6i x\ing cha bai todn, chi c6 6
diémdoclapl1a 0, 1, 2, 3, 4, 5 duoc danh s6 nhu trén hinh 8.4, Ngoai ra ta dua thém vao
cdc diém luéi do -1, -2, -3, -5 d6i xung vdi cdc diém i 1, 2, 3, 5 qua bién
cua tam.

- Bay gid ta sai phan hod phuong trinh (1).

Theo cong thirc (8-5) ta co:

a4u 53u " 1 L] " "
) 5] = -
ij ij

1
= F[(uiﬂ,j “2u'.+1_j + ui,j)_z(uin,j _2ui.j + ui—l,j)+(ui.j _2ui—l.j T Uiy )]
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a);d, h4 i+ i+l 1.j il
Tuong tu:
84u} 1
- | =W, ,—4u +6u . —4u  +u )
4 4 L+ i+l 1] [Nt -2
[fw g D
o*u _ i @ N a° Ui _zuij +ui-].j_ _
oxdy* , Loy ox? . oy’ h* )
1
= };T[(ui'l.jﬂ _2ui+|.j +ui+l.j—l)_2(ui.j+l _zujj +ui.j—1)+(ui—l.j+l _2uj—l,j +ui—].j—-l)]
Viy:

)+4u,

~4
d'u | [
=7 (ui+|.j+| UL T U +ui—!,j-1)"2(ui+1.j R TR L PRI o PR
iy

x 25)!_‘ h

Thay cdc bi€u thic dao ham riéng trén vao (1) ta dugc phuong trinh sai phan. Dé tién
cho vi¢c vi€t cdc phuong trinh sai phan, ta 1ap so dé biéu dién cdc todn tir. Vi cac chit
0 ¢ cdc niit 12 hé s6 cha ham tai nidt dé. Céc so dé dudi day viét cho mang luéi vuong,
bude lugi 1a h.

h*Au

hAu

Hinh 8.5 Hinh 8.6
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O day, ta da ky hiéu todn tir Laplaxo la Au:
2 2
Au= 28y a—;‘ (2)
ox* oy

va todn 1 song diéu hod 1a A*u véi:

4 4 4

d

Al = A(Au) = g+2—62-5’-.-2-+—“: 3)
ax* Ox“0y° Oy

- Sai phan hod cdc diéu kién bién.

Vi 4 canh cla tdm déu tya don, nén chuyén vi thing va mémen uén cia cdc diém
Ui Q nam trén mép tdm déu bing khong, do d6:

2 2
Mx=[5_”+ ﬂ}o )
X

Sai phén hoé phuong trinh nay theo (8-5) va hinh 8.4 dugc:
u,-20+u ,=0

Do dé u,=-u,

Tuong tr ta ¢o: U, =-U;; Uy3=-U;; Ug=-1U;

Nhu vay ta dd biéu dién dugc chuyén vi clia tat ca cdc mit 4o qua chuyén vi cha céc
nut thuc.

Vi€t phuong trinh sai phan cta phuong trinh (1) cho 6 diém déc lap ta duge 6
phuong trinh dai s6 tuyén tinh dé tim chuyén vi clia 6 diém doc lap nay.

Duéi day ta s¢ giai bai todn trén theo cdch khic.

2 2
Neéu dat p= 20, % (5)
ax
thi phuong trinh (1) duoc viét dudi dang:
°F  3°F g
AF = axz + 7 = B (6)
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Dau tién, ta tim F tir phuong trinh (6), véi didu kien F = O trén bién.

Viét phuong trinh sai phan cho 6 diém trong ctia tdém. Theo so dé & hinh 8.5 ta dugc
hé phuong trinh:

-4 2 1 0 1 0 F,\ (075
I -4 0 1 o0 I | |F 0,75
10 -4 2 0 0 F, 0875 |{ —q,h?
0 1 1 -4 o ol||r| |oss (_15)_]
10 0 -4 2 F, 0625
0 t 0o 0 1 -l F, 0,625
Nghigm cua hé:

Fy = 0,844. goh*/D; F; = 0,560. q,h*/D;

F, =0,656. q;h*/D; F,=0,653. q;h*/D;

F, =0,710. g,h*/D; F.=0,471. q;h"/D

Thay gia tri clia F vira tim duoc vao phuong trinh (5), sau khi di sai phan hod tai 6

diem trong ctia tm ta drge hé phuong trinh:

~4 2 0 0 (u, 0.844
1 -4 © 0 1| |y, 0.656
L 0 -4 0 0 u, 0,710 | [ qoh*
0 1 - 0 0 u, | 0ose0 |l D
0 0 0 -4 2| |4, 0653
0 i 0 0 { -1 liq 0,471
Giai h¢ phuong trinh trén ta tim duoc:
u, = -0.773. 4.h*/D: u, = - 0427 g,h*/D:
u, = - 0,563, q,h*/D: u,=-0,541. q,h*/D;
u, = - (1,584. q,h*/D: uy,=- 0,394, g,h*/D
D¢ fim ndi luc cha tAm tai cdc ndl, ta sai phan hod biéu thitc mémen udn:
32 20
M=D| Y,
ox° oy~
d%u %
M)‘ =Dj — , TH
ady” %~

ELS



Chéang han & niit O:

2
-2
M, = [u u:f,+u4
h

+p

= (0,421 + 0,420p)qsh>;

h?

u, —2u, +u
MyO =D [‘—héﬂ_ml
= (0,420 + 0,421 )q.h’

Luc cat Q cling duoc tim tuong tu.

8.3. PHUONG TRINH DANG PARABOLIC

u, -2u, +u
+u_"‘—_‘0¢J:

Xét bai todn bién hén hop d6i v6i phuong trinh truyén nhiét: Tim ham u(x, y) thoa

man phuong trinh:
a_o%
o ax?
va diéu kién ban diu:
ux, ) =1(x); 0<x<s

déng thoi thod min diéu kién bién:

u(0, 0 =) ; us, ) =y(); >0

Trong do: {(x), @(t), w(t) 1a cdc ham da biét,
D¢ giai bai todn trén theo phuong phép sai
phan, ta chiamién D (¢ 2 0, 0 € x < s) bing hai
ho duong thang song song:
x=1h;i=0,1,2,..
t=jhj=0,1,2,.
Kyhidu:  x;=ih: =i
u(x,, ¢} = LA
Tai mdi di€m trong (x;, t), thay thé¢ dao ham
bang ty sai phan:

¥
[a U] - Ui _2‘11.,' +ui—1,j .
i

(8-15)

ox? h* ’
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ij+1

1]

bLj i+1,]

1j-1

f

(3-12)

(8-13)

(8-14)

¥ =

h h
ST

Hinh 8.7



Bijer 7Y (8-16)

hay
(@ - u; - ui.j—l (8-17)
ot /. [
i)
Khi d6, phuong trinh sai phan cha (8-12) ¢6 dang:
U jrn — U5 _ Uiy '_zuij + ui—_li
! h*
hay Wi ~ i1 Yy —2u; 1
! h*
Dat o = i/h*, hai phuong trinh trén ¢6 dang:
Ui = (1 - 20)u; + o(u,,  +uy ) (8-18)
(8-19)

(1 +20)u; - o(uy, U ))- ., = 0.
Céan luu ¥, nén chon s6 o = //h” trong c4c phuong trinh (8-18) va (8-19) sao cho:

- Sat 86 do viéc thay phuong trinh dao ham riéng bang phuong trinh sai phan la

nhé nhat;
- Nghiém cua phuong trinh saj phan phai hoi tu vé nghiém ctia phuong trinh dao ham

riéng, néi céch khéc luge d6 sai phan phai dn dinh.

Nguoi ta dd chimg minh rang, phuong trinh (8-18) én dinh v6i 0 < ¢ < % con
phuong trinh (8-19) 6n dinh v6i moi o.
Phuong trinh (8-18) cé dang tién 1gi nhét khi ¢ = % , khi dé:
g = o (8-20)
va khi o = 1/6:
(8-21)

1
U = g(ui—l.j +4ui,j + ui+|.j)

Ngudi ta dd tim dugc cong thitc danh gid sai s6 nghiém gin ding cla céc phuong

trinh (8-20), (8-21), (8-19) Idn luot la:
117



1u-ﬁis§M1h2;osxss (8-22)

tu-ﬁlslm,h“;ogsT (8-23)
135 -
lu-ul<sT I+h—. M, (8-24)
2 12

Trong dé: u la nghiém chinh xdc cla bai todn (8-12), (8-13), (8-14);
M, = max { £ 001, Ty 1, Ty @
M, = max {I OO L by 1, Ty () l}
votmol t,xthoamin0<t<T:0 <x <s.
Vi du: Tim nghiém gén ding cia phuong trinh:
Gu_ o'
ot ox?
thoa mén cdc diéu kién:
u(x, 0y =sinmx, (0<x<1)
vau(0, ty=u(1,1)=0, (0 <1 <0) theo phuong trinh sai phan (8-20):
Gidi:

Chonh=0,l vig = : nénf = -hj

=0,005. Ta lap bang tinh gid tri ham u(x, t):

Pua vao hang thi nhat cua bang gid tri ham tai 1t = 0 theo diéu kién bién u(x, 0) =
sinx. Do tinh déi xtng, ta chi dua vdo bang cac gia tri x = 0; 0,1; 0,2; 0,3; 0.4; 0.5.
Tinh gid tri cua ham vdi j = 0 theo cong thite (8-20):

uirl.[l + ui—l.l]
U|.I = T
2
ta dugc:
1 1 .
U = (R, + U, )= ) (0,5878 +0) =0,2939;

= ; (U, +u,,)= ; (0,8090 + 0,3090) = 0,5590

Tuong t, ta tinh dugc u, | , uy, , ug. Pua céc gid tri nay vao hang thit hai clia bang.
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Ti€p theo cho j = I, thay vdo cong thic (8-20) ta tim duoc Ui s Ugsy Ugy, Ugg, Usy.
Pua cédc gid tri nay vao hang thu ba.

Ti€p tuc cho j = 2, 3, 4 ta tim dugc gi4 tri cha ham tng voi t = 0,015; 0,020; 0,025.

Hai hang cu6i cling clha bang 12 gia tri nghiém chinh xéc T (x, t) = e ™ 'sinnx va tri

tuyét déilu - @l khit=0,025.

X

i 0 0,1 0.2 0.3 04 0,5
0 0,000 0 0,3090 0,5878 0,8090 09511 1.,0000
] (0,005 0 0,2939 0,5590 0,7699 09045 (9511
2 0,010 0 0,3795 3316 07318 0,8602 0,9045
3 0,015 0 0,2658 0,5056 00,6959 0,8182 0,8602
4 0,020 0 00,2528 0.4808 0,6619 0,7780 0,8182
5 0,025 0 0,2404 0,4574 0,6294 0,7400 0. 7780
a(x, 0 0,025 0 0,2414 0,4593 0,6321] (.7431 0,7813
lu- il 0,025 0 0,0010 0,0019 0,0027 0,0031 0,0033
D¢ so sanh, ta danh gid sai s6 theo cong thite (8-22).
O day | () = n* Isinmx | € 7% @(t) = y(t) = 0.
Do d6 M,= r* theo (8-22):
0,025 . 0,02
-*h? = ---97,22 . 0,01 = 0,0081
3 3
8.4. PHUONG TRINH DANG HYPERBOLIC
Xét bai todn bien hén hop déi v6i phuong trinh day rung:
Tim ham u (x, t) thda man phuong trinh:
d%u _ @?
ci=2t (8-25)
ot ox
va diéu kién ban dau:
u(x, M =1fx); u(x,0)=gx); 0<x<s (8-26)
dong thoi thda man cdc diéu kién bién:
w(0, t) = (t); u(s, ) =y(t); 120 (8-27)

Trén mién D [t 2 0; 0 < x <5 ], xay dung hai ho dudng thing song song:
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X = ih; i=0,1,2,.,n
t=jl; j=0,1,2,...,n.
Thay thé dac ham trong phuong trinh (8-25) bing ty sai phan dugc:

Wi _2ui.j U _ Ui ~ 2ui.j U
h’ &
Pt a = //h ta duge phuong trinh sai phan:
U =20-u, + az(uiﬂ\j =20, U, (8-28)

Ngudi ta d& chitng minh rang, vdi o < 1 phuong trinh nay 6n dinh. Dac biét, néu o = 1,
phuong trinh nay cé dang don gidn nhat:

Wiy = Uiy F U - 05 (8-29)
voimoi X, tthod man 0 < x <s; 0 <t <T.

Sai s6 chia nghiém gan ding tinh theo phuong trinh (8-28) fa:
~ h* ,
I -ul< E-[(M4h+2M3)T+T'M4]

Trong dé: Wla nghiém chinh xéc;

e*ul | o*u
M. = max : (k=3 4).
) { a%t E}kx} ( )
A
/ L~
g %
ij+1 /
A
|~
/ i1, i 1 /
/1 : o
|~
A %
] i1
e
/j %
4 h h x
~ e S Pz -
Hinh 8.8

Theo cong thic (8-29), dé xdc dinh dugc gia tri clia him cédn tim, ta cin biét gi4 tri
ctia ham tai hai hang dau tién. Nhitmg gid tri nay dugce xdc dinh tlr diéu kién ban ddu
theo cic phuwong phap sau:
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a) Phuong phdap 1
Thay dao ham u'(x, 0) trong diéu ki¢n ban ddu (8-26) bang ty sai phan:

_u_i,i Ui

/ =gx)=g

Dé xdc dinh gid trj clia u(x, t) tng v6i j = 0, j = 1 ta 14y
uio =T u = w0+ /g,
Khi do, sai s0 ciia u, , duge ddnh gia:

ch
2

7N

]
W Uy

MZ

k|

ul g%
T ox?

Trong d6: M, = max{ 0

b) Phuong phdp 2

- 3 E . u, ui - ” . . . 7
Thay thé dao ham u'(x, 0) béng ty sai phan % Trong dé: u, , la ma tri cha
ham u(x, t) trén hang j = -1,

Sau d6, tir diéu kién ban dau (8-26) suy ra:

£ u,—u,._, (0
U,=1; . =g
1.0 1 2! g
Ung vé6i j =0, phuong trinh (8-28) ¢6 dang:
U =U g+ Uio- 0, (2)

Khir u, | tir cdc phuong trinh (1), (2) ta duoc:

u,o=1f; ‘-‘i,:=:12‘(fi+| +fi )+l 3)
Sai s6 ctia u; , la:
~ h h’
|ui.| 'ui.l I< EM4+—6‘*M3 (4)
k k
Trong dé: Mk=max{% ; —a—:}; k=3,4).
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¢} Phuong phap 3
Gia st ham f(x) ¢é dao ham c4p hai hitu han.
Theo cong thic khai trién Taylor:

au;.o+£azui,o

bt 1 : (5)
1= Ui a2 ol
Tir phuong trinh (8-24) va diéu kién ban ddu (8-25) ta c¢6:
ulo — fl; alli,f] — _’; a:u-;l,o — a:ulU — fiﬂ
‘ o o Ox”
Thay céc gia tr1 nay vao (5) ta dugc:
7o,
u, =f +lg, +—f (6)
2
Sai $8 cua u, | tinh theo cong thitc nay c6 cap 0(/).
Vi du: Tim nghiém cta bai todan sau bang phuong phdp sai phan:
d*u  o%u
= (7
ot X

u(x, 0) = 0.2x(1 - x) sinnx ; v/ (x,0) =0,

u(0, ) =u(l,t)=0.

Gidi: Chon luéi hinh vudng véi bude lui h =7 =0,05. X4c dinh gia tri chia hdm u(x, 1)
& hai hang dau bang phuong phap 2.

O day: g(x) = 0; f(x) = 0,2x(1 - x) sinmx
Ta co; ue=1f;1=0,1,2,..,10;
1
U, = E(fhl—'—fi 1) (8)

Ta lap bang duéi day d€ ghi gi4 tri ham can tim tai cdc diém luéi:

- Tinh gid tri v, = f(x;), v6i x; = th va dua vao hang thit nhit cla bang (ing véi t = 0).
Vi bai todn 1a doi xding nén ta chi ghi vao bang gid tri cua ham ting véi 0 < x <0,5. Gia
tr1 bién tmg véi x, = 0 duge ghi vao cdt thit nhat.

- Tim u;, theo cong thitc (8) réi ghi vao hang hai cia bang.

- Tinh gid tri u;; cua céc hang sau theo cong thic (8-29). Déi vdi j =1 ta ¢
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U, =Uy,; + Uy, -Uu,q=0,0065+0-0,0015=0,0050;
Uz =y, +1,, -u,,=0,0122 + 0,0028 - 0,0056 = 0,0094;

U]O‘z = uli,l + U{]l - u]U.O = 0,04?8 + 0,0478 = 0,0500 = 0,0456

Khi j =2, 3,..., 10 ta cling lam tuong tu.

Hang cubi cing clia bang 14 gid tri nghiém chinh x4c clia bai todn tai t = 0,5,

- 0 0,0 0,10 0,15 0,20 0.25
0,00 0 00015 | 00056 | 00116 | 00188 | 00265
0,05 0 00028 | 00065 | 00122 | 00190 | 00264
0,10 0 00050 | 00094 | 00139 | 00198 | 00260
0,15 0 00066 | 00124 | 00170 | 00209 | 00256
0,20 0 00074 | 00142 | 00194 | 00228 | 0,025
025 0 00076 | 00144 | 00200 | 00236 | 00249
0,30 0 00070 | 00134 | 00186 | 00221 0.0236
0,35 0 00058 | 00112 | 00155 | 00186 | 00199
0.40 0 00042 | 00079 | 00112 | 00133 | 00144
0,45 0 0,0021 00042 | 00057 | 00070 | 00074
0,50 0 -0,0000_ | -0,0001 | 00000 | -00002 | 0,000

fi(x,.0.,5) 0 0 0 0 0 0

) g 0,30 0,35 0.40 0.45 0,50
0,00 0.0340 0.0405 0.0457 0,0489 0,0500

0,05 0.0335 0.0398 0,0447 0.0478 0,0489
010 0,0322 0,0377 0,0419 0.0447 0,0456
0,15 0,0302 0,0343 0,0377 0,0397 0,0405
0.20 0.0277 0,0302 0,0321 0.0335 0.0338
0.25 0,0251 0,0255 0,0260 0.0262 0,0265
0.30 0.0227 0,0209 0,0196 0.0190 00186
035 0.0194 00168 0,0139 0,0120 00115
0,40 0,0140 0.0124 0,0092 0.0064 0.0054
045 0.0074 0,0064 0,0042 0,0026 0,0013
0,50 -0,0002 - 0,0001 -0,0002 -0,0002 -0,0002 |
ti(x;,0,5) 0 0 0 0 0
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Bai tap

I- Phuong trinh phan bé nhiét trén mot tdm vuong cb canh bang 1, véi diéu kién bién
trén moi canh khong déi, ¢ dang:

—-5+—~=0
ox~ Oy

Tim gia tri ham u(x, y) néu chia tdm bing ludi vuéng, bude ludih = e Picéu kién

bién cho trén hinh 8.9,

5000 10000 10000 10000 000

[
1 2 3
a 2 6 e 0 2 4 5
2 5 B
2 1 =
o 2 0 6h=a
4 5 4
v} 0
¥
0 o o lL‘. Bh=a ]
Hinh 8.9 Hinh 8.10

2- Chuyén vi ciia mang méng dugc mé ti bing phuong trinh:

o'w  O'w q

+ T
ox~ 0oy p
Trong dé: q la tai trong thang géc tac dung 1én mot don vi dién tich bé mat mang; p
1a Iuc kéo phan bo déu trén mot don vi chiéu dai clia chu tuyén mang.

Tim chuyén vi tai cdc nit clia mét mang vuéng canh a véi diéu kién chuyén vi trén

bién bang khong, mang dugc chia bing ludi ¢6 bude h = % nhu hinh 8.10.

3- Ap dung phuong phap sai phan hitu han tim nghiém cia phuong trinh:

u_o'
ot ox?
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thoa min diéu kién bién:
u(x, 0 =1,1(x* + Dsinnx; 0<x <1
u(0,)=0; u(l,)=0;0<t<0,02.
Sir dung luéi chit nhat ¢6 bude h =0,1; 7= 0,05 va cong thie sai phan (8-20).

4- Tim nghiém gin diing ctta phuong trinh dao ham riéng sau béng phuong phép sai
phan hitu han:

2

9]

o> ox

u &%u
2

thoa man di€u ki¢n bién:
u(x, 0) = f(x) ¢6 gid tri cho trong bang, a = 0,975
u(x, 0)=0; u(0,1)=0;u,(0,t) =0,

vai 0<x<1,0<t<0,5.

Suir dung 1uéi chit nhat ¢é buéc h = 0,1; / = 0,05.

X 0 0.1 02 0,3 0,4 0,5 0,6 0,7 0.8 0.9

Cf(x) 0 0,0145 | 0,0511 |0,0921a] 0,1114 |0,1825/a] 0,1902 |0,1481a| 0,1028 | 0,0502

Pap so
L. u, = 2500, u,=1875, u,=4286,
u, =714, uw;=982, u,=35268
2. wy =0,0264qa’/p,  w, =0,0402qa%/p, w, = 0,0428qa’/p,
w, = 0,0588qa’/p, w,=0,0650qa%p, w,=0,071 8qa’/p
3.
t uy Us; iy Uy
0,020 0,31065 0,60232 0,85466 1,04521
0,015 (4,31969 0,62129 0,88494 1,08803
0,010 (,32821 0,63939 0,91437 1,13049
Ii 0,005 0,33607 0,65641 0,94271 1,17234
L 0,000 0,34315 0,67213 0,96967 1,21330
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t us, Ug| Uy, Uy U
(020 0,14988 1,14460 1.01787 0,76358 0,41201
0,015 1,2054G 1,21172 1,08370 0,82401 0,44346
0,010 1, 26168 1,28049 1,16177 0,88692 0,48625
0,005 1,31826 1,35103 1,24272 0,97251 (.53111
0,000 1,37500 1,42322 1,32705 1,06222 0,61797

4,

t Uy Uy, Us; Ua, Us,;
0,5 0,08071 0,02200 0,06760 (02070 0,02950
04 0,02391 11710 0,05860 0,08210 0,03520
03 0,03640 0.06051 0,13160 007310 D,11870
0,2 0,03660 0,05090 0,07501 (16820 0,10949
0.1 0,01450 0,05110 0,08749 0,11140 0,19211
0.0 0,01450 005110 0,08749 0,11140 0,19211

t Us Uz Uz Hoy

0,5 -0,01500 0,015%0 -0,03120 0,00191

0,4 0,06610 0,02140 0,33980 0,04951

0,3 0,07160 0,09000 0,10211 0,03790

0,2 0,14260 0,15231 0,08810 0,05260

0.1 0,19020 0,14070 0,10280 0,05020

0,0 0,19020 0,14070 0,10280 0,05020
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PHUONG PHAP TINH TRONG KI THUAT

Chiu trdch nhiém xudt hdn:

BUI HUU HANH

Bién tp: DAO NGOC DUY
Ché bin: PHAM HONG LE
Sttu bedn in: DAO NGOC DUY

Trinh bay bie:  NGUYEN HOU TUNG

In 1000 cudn, kho 19 x 27cm, tai Xudng in Nha xust ban Xay dung. Gidy chap nhan ding ky k¢
hoach xudt bin 6 829/XB-QLXB-3 ngay 18-6-2001. In xong ndp luu chiéu thing 8 nim 2001.
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