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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

CHUONG I
VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG
MAT MA

MG PAU

S6 nguyén t6 dang p=2q+1 véi q cling nguyén to, tu né trong 1y thuyét
s ciing 1a mot van dé duoc nhiéu nha toan hoc 16n quan tam, nhung tir khi
mot s6 hé mat khoa cong khai ra doi thi mot trong nhitng 16p hé mat doé cé
cac hé mat ma do an toan cua noé dua trén tich khé giai ctia bai toan logarit roi
rac trén truong GF(p) thi van dé st dung cdc sO nguyén t6 nay cang trd nén
cap thiét. Trong chuwong nay chung toi chi diém lai cdc két qua da duogc
nghién cttu vé van dé trén dé cudi ciing khang dinh su dinh huéng trong dé tai
ctia chiing toi 1a can thiét. Su can thiét nay khong gi khac 1a tao ra cho ching
ta mot "may" sinh ra duoc cic san phiam tot nhat phuc vu cho cdc hé mat néi
trén, d6 la cac s6 nguyén t6 manh.

Két cau clia chuong bao gobm 2 phan chinh, mot 1a gidi thiéu bai todn
logarit roi rac trén truong GF(p) cung véi cac ting dung trong mat ma ctia né
va hai la cdc thuat toan giai bai toan logarit v6i muc dich nhu 1la mot minh
chitng cho viéc khing dinh s6 nguyén té dang p=2q+1 véi q cling nguyén to

la loai tham s6 tot nhat dung cho cac hé mat néu trén.

1.1 BAl TOAN LOGARIT RGI RAC VA CAC UNG DUNG TRONG
MAT MA
1.1.1 Bai toan logarit roi rac trén truong GF(p)

Cho p 1a s6 nguyén to 1€, theo ly thuyét so ta c6 GF(p)={a:0<a<p} véi
hai phép toan cong va nhan cic s6 theo modulo p la mot truong, khi nay
GF(p)*=GF(p)\{0} 1a m6t nhém nhan cyclic.
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Gia st € 1a phan ti sinh cia nhém nhan trén (hay con goi la phan tar
nguyén thuy cia GF(p)) khi d6 ta c6 VaeGF(p)* luon 3 be GF(p)* sao cho
e"=a (mod p). Gi4 tri b néi trén duoc goi 1 logarit theo co s6 ¢ clia gid tri a
trén truong GF(p) va ky hiéu la b=log.a (mod p).

Mot van dé dat ra la:

Cho trudc p va a eGF(p)* hdy tim b=log.a (mod p-1).

Véan dé trén chinh 1a ndi dung cta bai toan tim logarit roi rac trén
truong GF(p). Trong 1y thuyét thuat toan thi bai toan trén dugc coi 1a mot bai
toan kho theo nghia cho dén nay van chua ton tai mot thuat toan thoi gian da
thitc hodc gan da thic dé giai nd va ciing chinh vi vay nhiéu ting dung trong

mat ma duoc ra doi v6i do an toan dua vao tinh khé cua bai toan ndi trén.

1.1.2 Hé mat Elgamal

Ung dung truc tiép 1a xay dung dugc mot hé mat c6 do an toan tinh toin
d6 1a hé mat khod cong khai néi tiéng mang tén Elgamal. Hé mat nay dugc
mo ta nhu sau.

Trong hé thong lién lac mat, moi ngudi dung chung cac tham s6 bao
gom p la s6 nguyén t6 va € l1a phan tir nguyén thuy cta truong GF(p).

Mobi nguoi A trong hé thong tu chon mot tham s6 mat s(A) cho riéng
minh réi tinh va cong khai tham s6 b(A)=¢"* (mod p) cho moi ngudi.

Mot nguoi nao d6 muon gui cho A thong bao M (gia thi€t MeGF(p)*)

thi lam nhu sau:

Qua trinh md hoa M

Chon ngau nhién khod keZ _,, tinh va glri cho A cap C(M)=(x,y) nhu

p-1°
sau.

x=¢" (mod p) va

y=Mb(A)* (mod p).

Khi nhan dugc C(M)=(x,y) thi A tim lai dugc M nhu sau.
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Qud trinh gidi ma C(M)
M=y(x**)" (mod p).

Hé¢ mat néu trén goi 1a hé mat Elgamal.

Do b(A) la cong khai nén néu nhu bai toan logarit la giai duoc thi cé
thé tinh duoc s(A)=log, b(A) (mod p-1) va do d6 hé mat Elgamal ciing bi ph4.
Nguoc lai ciing chua ¢6 mot két qua nao néi rang viéc giai duoc moi ban ma
theo hé Elgamal thi s€ tim dugc logarit cho nén chinh xdc ma néi thi do an
toan cta hé mat nay 1a chua bang tinh khé cla bai todn logarit song cting
chua c6 mot khing dinh nio néi ring van dé trén thuc su 12 dé hon cho nén
trén thuc t€ nguoi ta van coi hé Elgamal la c6 do mat tuong duong véi tinh
kho cua bai toan logarit.

1.1.3 Chir ky so Elgamal

Ung dung ti€p sau la thi€t 1ap mot so d6 chit ky so cling mang tén
Elgamal. So d6 nay duoc gidi thiéu dau tién trong mot bai bao nam 1985 va
ban cai tién cta né dugc Vién Tiéu chuin va Cong nghé Qudc gia My chap
nhan 1am chuén chit ky so6.

Trong hé thong can xac thuc chl quyén trén cic van ban thong qua chi
ky dién tlr, moi nguoi ding chung cac tham s6 bao gom p la s6 nguyén t6 va €
la phan tir nguyén thuy cua truong GF(p).

Mobi nguoi trong hé thong A tu chon mot tham s6 mat s(A) cho riéng
minh 16i tinh va cong khai tham s6 b(A)=¢"* (mod p) cho moi nguoi.

A muon ky trén mdt thong bao M (gia thi€t Me GF(p)*) thi lam nhu sau:

Qua trinh ky trén M

Chon ngau nhién gia tri keZ_,, tinh cap S(M)=(x,y) nhu sau.

p-1>
x=¢" (mod p) va
y=(M-s(A)x)k™! (mod p).
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Cap gia tri (x,y) trén goi la chit ky cua A trén M va ky hiéu la S,(M).

Khi c6 thong bao M c6 kém theo chit ky S,(M)=(x,y) thi mot nguoi bat
ky c6 thé kiém tra tinh ding dan ring S,(M) c6 phai 1a 1a chit ky ciia A trén
M hay khong nhu sau.

Qud trinh kiém tra chit ky S(M)

Tinh ding dan dugc cia chit ky thong qua tinh ding din cla dang thiic
sau:

eM=b(A)*x’ (mod p).

So d6 chit ky néu trén goi la so do chit ky Elgamal.

Do b(A) 1a cong khai nén néu nhu ai dé giai duoc bai toan logarit thi rd
rang ngudi do s€ tinh duoc s(A)=log, b(A) (mod p-1) va do d6 luon gia mao
dugc chit ky cia A hay n6i mot cach khac la so d6 chit ky da bi pha. Ngugc
lai, viéc gia mao duoc chit ky ciia mot ngudi nao dé trén mot van ban cu thé
nao dé tuy chua c6 16i gidi cu thé nhung dudng nhu né ciing chua gin duogc
vGi mot bai todn da dugc nghién ctu k§ nao nén van con cé kha nang thuc
hién duoc ma khong can dén viéc tinh logarit. Hién thoi chua ai tim dugc

cach gidi xong cling chua ai khing dinh ring né c6 thé giai dugc.

1.1.4 So do phan phéi khoa Diffie-Hellman

Mot trong nhitng van dé can phai thuc hién dau tién trong mot mang
lien lac mat do6 12 cic bén trao doi thong tin mat cin phai c6 mot su thoa
thuan véi nhau vé khod duoc dung. Viéc lam nay duoc goi 1a qua trinh phan
phoi khod va ting dung ti€p sau ctia bai todn logarit 1a thiét 1ap dugc mot so do
phan phdi khod tu dong mot cach cong khai, d6 1a so d6 phan phoi khoa
Diffie-Hellman va duoc mo ta nhu sau.

Trong hé thong lién lac mat, moi nguoi dung chung cac tham s6 bao
gom p 1a s6 nguyeén t6 va € 1a phan t nguyén thuy cua truong GF(p).

Hai ngudi A va B muén thoa thuan véi nhau vé mot khod s€ duoc dung

trong mot phién lién lac mat nao do, ho l1am nhu sau:
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Truéc hét, mobi nguoi tu chon mot tham s6 mat s(A) va s(B) cho riéng
minh, tinh réi cong bo cho nhau tham s6 b(A)=¢** (mod p) va b(B)=¢*®
(mod p).

Khi ndy ca hai A va B déu c6 thé tinh dugc mot tham s6 chung dé 1a
k=e"*® (mod p). Cu thé:

D6i v6i A thi tinh k=[b(B)]*® (mod p).

D6i v6i B thi tinh k=[b(A)]*® (mod p).

Tham s0 k néi trén goi 1a khod chung cua A va B.

Bai toan "Cho biét p, €, b(A) va b(B). Hay tinh k" dugc goi la bai toan
Diffie-Hellman. Hién nhién né€u giai dugc bai todn logarit thi ta luon tim dugc
k. Diéu nguoc lai cho rang néu c6 thuat todn giai duoc bai todn Diffie-
Hellman thi s& giai dugc bai toan logarit dén nay van chua c6 mot chiing
minh, tuy nhién nguoi ta van coi la hai bai toan nay la tuong duong va do dé
do an toan cta viéc phan phoi khod theo so d6 Diffie-Hellman van dugc quy
ve tinh kho giai ctia bai toan logarit.

1.2 CAC THUAT TOAN TiM LOGARIT ROI RAC
1.2.1 Thuat toan Shanks

Mot c6 gang diu tién trong viéc giai bai todn logarit trén truong hitu
han 12 thuat toan ctia Danied Shanks. Y tudng c6 thé trinh bay nhu sau :

Ky hiéu: q= {1,

Gia str x=logea (mod p) chiing ta sé tim dugc gia tri nay dudi dang q
phan x=x,+x,q+...

Trudc hét ta thiy rang do 0<x<p-1 nén x,=0 v6i moi i>1 do dé :

X=Xy+X,(.

Bay gio tir dang thitc a=¢* (mod p) ta c6 :

ac™ =& (mod p).
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Viéc tim b, thuc chat 1a tim cap x, va x,, dugc ti€n hanh bang cach vét
can cdc cap i,j v6i 0<i,j<q-1cho dén khi tim duoc i,j sao cho ag’=¢ (mod p).
Khi dé r0 rang x =i va x,=j va ta dugc x=log.a=i+jq.

Nhu vay bing thuat todn nay cé thé tim dugc logarit roi rac véi thoi
gian tinh c¢& O(q) va khong gian nhé ¢ O(q) ( bo qua céc thira s6 logarit).

Két qua 1.2. Thoi gian tinh tiém cdn cua thudt todn Shanks dé tim duoc
logarit trén truong GF(p) la:

L(p)=exp{ 5 np). (1-1)©

1.2.2 Thuat toan Pohlig - Hellman
Thuat todn thit hai ching t6i muén dé cap dén la thuat todn Pohlig -
Hellman. Co s& toan hoc cua thuat toan Pohlig - Hellman la dinh 1y phan du

Trung hoa sau day.

Dinh Iy phan du Trung hoa. Gid sit m,;, m,,....m, la cdc s6 nguyén duong
nguyén té cung nhau ting doi mot va cho x,, x,,..., x, la cdc so nguyén.

Khi dé tir hé r dong du thiic x=x; (mod m;) (i=1-r) sé c6 mot nghiém
duy nhdt theo modulo M= m,.m,...m, duoc cho theo cong thiic :

r
x=2. a,M,y, (mod M)

i=1

Trong do M=M/m; va y= M;"' (mod m;) voi (i=1=r). O

Tu dinh 1y trén, néu p-1 = f[qf‘" thi 16 rang dé tinh x=log.a (mod p-1)
i=1

ching ta c¢6 thé thong qua viéc tinh r gia tri x=log,a (mod m,) v6i m=¢%
(i=1+r). Chi tiét cta thuat todn c6é thé xem trong [Stinson], mot diéu déng
phan tich & day la néu p-1 chi toan nhitng udc nguyén té nho thi viéc tim

x=log.a (mod p) rat 1a dé dang va nhu vay di€u kién can thiét d6i v6i tham sd
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

p 12 n6 phai khong c6 tinh chét trén. Dén day ta ¢ thé thu dugc két luan sau

vé thoi gian tinh cua thuat todn Pohlig - Hellman.

Két qua 1.3. Thoi gian tinh tiém cdn ciia thudt todn Pohlig - Hellman dé tim
duoc logarit trén truong GF(p) la:
L(p)=exp{Ing} vdi q la uoc lon nhdt ciia p-1. (1-2) 0

V6i két qua trén cta thuat todn Pohlig-Hellman ching ta thdy rang
tinh khé ctia viéc giai bai toan logarit roi rac trén GF(p) ¢ thé quy vé tinh
kho cua viéc tim gia tri nay theo modulo q véi q 1a uéc 16n nhit cta p-1 (tic
la tim x,=x (mod q)), chinh vi 1y do nay ma tir nay vé sau khi trinh bay céc

thuat todn khac chiing toi chi tap trung vao viéc tim gia tri x, ndi trén ma thoi.

1.2.3 Thuat toan sang bac q
Dé tim X, VOi x=logca (mod p) va q la udc cua p-1, thuat todn sang béac

q dua vao co sd sau.

Két qud 1.4. Néu tim duoc cdp s,t sao cho ged(t,q)=I va &a' la mot thang du
bdc q trong GF(p) tiic la FweGF(p)* sao cho &a'=w?! (mod p) thi xq=—st'1
(mod q).
Chitng minh.

Twr dinh nghia x=log.a (mod p) ta c6 a=¢* (mod p) (1-3).

Tu gia thiét ’a'=w" (mod p), thay vao (/.3) ta duoc

e’(e")'= wi (mod p). (1-4).

Do ¢ 1a phan tir nguyén thuy cua GF(p) nén ludn ton tai r sao cho w=¢'
(mod p) va nhu vay tu (/.4) ta co.

e’(€")'=(e"? (mod p), suy ra

s+xt=rq (mod p-1) hay

s+xt=0 (mod q) (1-5).
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

Tu gia thi€t ged(t,q)=1 nén ton tai t' (mod q) va do do6 tir (1-5) ta c6

ngay x=-st"' (mod q) va day la diéu can ching minh. [

K§ thuat dé tim cép s,t néu trong két qua 1.4 dugc thuc hién nhu sau.
Chon B 1a mot s6 nguyén nao dé goi 1a ngudng ctia co s& phan tich,
gia st m la s6 cac s6 nguyén t6 khong qua B, sau do6 ti€n hanh cac budc sau:

Budce 1.Tim m+1 cap s0 s,t; (i=1+m+1) thoa man dicu kién:
g"a"(mod p)=v?] [ p (v6i 0<a;;<q) (1-6).
j=1

Ky hiéu véc to B=(a; |, 0;5,..., Qi) VO1 i=1+m+1, r0 rang hé m+1 véc
to trong khong gian m chi€u nén phai phu thuoc tuyén tinh tdc 1a ton tai bo
m+1 s6 (k. k,,....k,,,) khong dong thoi bang 0 vé6i 0<k.<q sao cho.

k,B+ k,B,+...+ k11 B 1 =0=(0,0,...,0). (1-7).
Buoce 2. Tim bo (k,.k,.....k.,,) noi trén.

Lay s= k;s8,;+ kys,+...+ k,;S,..; va t= k,t,+ kt,+..+ k.t _.,, dé dang kiém tra
duoc s,t thoa man di€u kién £%a'=w? (mod p).

Chu ¥ ring, buéc 1 duoc thuc hién theo cdch Lay-Kiém tra cho dén
khi tim dugc day du s6 cap theo yéu cdu, con viéc lam cua budc 2 chinh la
giai mot hé phuong trinh dai s6 tuyén tinh hé s6 trén GF(q) ma hé nay luén c6
nghiém. Tém lai ta luon tim duoc cap s,t theo mong mudn, tuy nhién dé c6
thé dua ra mot dan giai tudng minh vé thoi gian tinh cla thuat todn nay 1a mot
diéu khong don gian. Ching ta bang long vdi két qua da dugc cong bo vé thoi
gian tinh ciia phuong phap sang bac q nhu sau (xem [Stinson]).

Két qud 1.5. Thoi gian tinh tiém cdn cua thudt todn sang bdc q dé tim duoc
logarit trén truong GF(p) la

1 1

L(p)=exp{(1+0O(1))In? g.Inln? ¢} (1-8).
J trén q la woc nguyén t6 lon nhdt cua p-1, con O(1) la mot vé cing bé khi

q —>co. U
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CHUONG I. VAI TRO CUA SO NGUYEN TO DANG p=2q+1 TRONG MAT MA.

1.2.4 Thuat toan sang truong so

Giong nhu y tudng cta thuat thoan sang bac g, phuong phap sang
trudng s6 ciing thuc hién theo kiéu tim cap s,t sao cho £'a'=w? (mod p), su
khac biét co ban la thay vi viéc tim cdc cap s,t trén truc ti€p trén GF(p) cua
sang bac q thi sang truong so lai di tim ching trong truong md rong K nao do.
Tinh hiéu qua cta thuat todn sang trudng s6 12 & chd ¢ thé khéo 1éo lua chon
dugc truong K thich hop dé viéc tim cip s,t duoc dé dang hon. D€ c6 thé trinh
bay can k& cac budc thuc hién cua phuong phap nay ching ta can phai c6 mot
loat kién thitc b6 trg vé dai s6 cao cap (xem chi tiét trong [P. M. Hoa]), muc
dich cta dé tai nay khong phai 1a 1ap lai mot viéc 1lam nhu vay ma & day
ching t6i chi muon dan ra két qua cudi cung vé thoi gian tinh cua thuat todn
do la.

Két qud 1.6. Thoi gian tinh tiém cdn ciia thudt todn sang truong so dé tim

duoc logarit trén truong GF(p) la

1 2

L(p)=exp{(C+O(1))In’ g.Inln? ¢} (1-9).
d trén q la udc nguyén t6 lon nhdt cua p-1, C=~1.9229 con O(1) la mot vo
cung bé khi g—»co. O
Két ludn

Dé ciac hé mat ma do mat dua trén co s& tinh khé giai ciia bai todn
logarit trén truong GF(p) c6 do an toan cao thi:
1.D6 dai nhi phan cua s6 nguyén t6 p phai 16n. Theo cic danh gia thi
logp>500.
2. p-1 phai c6 uéc nguyén to 16n, tot nhat 1a cac s6 nguyén t6 manh.

V6i cdc két luan trén rd rang viéc sinh cdc s6 nguyén t6 manh dé st
dung trong Nganh 12 mot diéu tat yéu va vo ciing can thiét trong giai doan

N

nay.
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TAI LIEU DAN

[P. M. Hoa] Pham Thi Minh Hoa, Nghién citu phuong phap sang truong so,
tinh logarit roi rac trén truwong hiru han. Dé tii cdp co sd, Hoc vién
KTMM, Ha ngi 2000.

[Stinson] Douglas Robert Stinson, Mat ma Ly thuyét va Thuc hanh. Bdn
dich tiéng Viet Ha noi 1995.
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CHUONG II
SINH SO NGUYEN TO LON BANG PHUONG PHAP
TANG DAN PO DAI

MG PAU

Mot thuat toan sinh cac s6 nguyén t6 thong thuong dugc coi 1a mot hé
qua cta mot thuat todn kiém tra tinh nguyén t6 nao dé theo phuong thitc
"Chon ngiu nhién s6 tu nhién x do dai n, sau d6 14y va kiém tra céc so trong
day x+k (v6i k=0,1,2,...) cho dén khi duogc s6 nguyén t6". Nhu vay tu nhién
ma néi thi thuat toan sinh bao gid ciing "lau" hon thuat todn kiém tra ma né
dua vao. Cho dén bay gid, chua ton tai mot thuat todn kiém tra tat dinh tinh
nguyén to trong thoi gian da thiic do vdy moi thuat todn sinh theo céch ¢
truyén trén khong thé thuc hién duoc trong thoi gian da thitc. D6i véi thuat
todn x4c suat thi voi phuong phap kiém tra tinh x4c sudt ciia Rabin-Miller hay
cua Salovay-Strassen ching ta c6 ngay dugc mot thuat toan sinh véi thoi gian
tinh ¢ O(n°) va trong trudng hop gia thuyét Riemann md rong 1a ding dén
thi n6 cling 1a mot thuat toan tat dinh.

Trong chuong nay chung t6i dua ra mot phuong thiic mdéi dé xay dung
thuat toan sinh va véi phuong thic nay ching toi thu duge mot két qua kha
thd vi d6 1a thuat todn x4c sudt dugc thuc hién trong thoi gian O(n®). Diém
khac biét co ban giita thuat toan ma chung to6i dua ra véi thuat todn xac suat
cta Rabin-Miller hay ctia Salovay-Strassen la ngay ca trong truong hop gia
thuyét Riemann m& rong chua dugc chiing minh thi cac s6 thu dugc tai dau ra
cua thuat toan nay luon la nguyén t6 trong khi dé cta thuat toan sau la chua
chac. Két qua thu duoc cua ching toi chi 12 mot dong gép khiém ton trong
Iinh vuc 1y thuyét s6 va thuat toan badi vi né méi chi la mot vi du chiing to su
"Khong phai 12 hé qua cua thuat todn sinh d6i v6i thuat todn kiém tra" ma von
da 1a nhu vay thi tinh da thitc ctia thuat todn sinh ciing chua chac da déng gép
duogc gi cho kha ning tao duoc thuat todn kiém tra ma theo chung toi thi su
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thiét k& duoc thuat toan kiém tra nhanh méi 1a déng gép 16n. Mot dic diém
trong viéc xay dung thuat toan sinh ctia ching t6i 1a cdc cong cu dugc su
dung rit don gian tham chi 12 rit "cii k§" khong doi hoi mot bo tro cap cao
nao cho nén viéc 1ap trinh thuc hién né c¢6 thé phd ciap dén moi doi tuong.
Pon gian nhung hiéu qua cé 1€ 1a déng gép cao nhat clia ching toi trong cong
bo thuat toan & chuong nay.

Két qua dat dugc chinh trong chuong ctia ching t6i c6 thé néu nhu sau:
Thir nhdt. T nhitng phan tich vé sai 1dm loai 1 cua thuat todn kiém tra tinh
nguyén td cdc s6 trong 16p LF chiing ta ¢6 duoc thoi gian thuc hién cua thuat
todn Pock_test, ding dé kiém tra tinh nguyén t6 ciia mot so tu nhién do dai n
12 Tpy o (M<Con’Inn véi C, 12 mot hing s6 tinh dugc theo x4c suat sai 1am
loai 1 cta thuat toan la a.
Thit hai. Tt dinh ly 2.6 vé sy ton tai s6 nguyén t6 trong doan
[yF+1;(y+A)F+1] v6i A<InF(InlnF+6) chiing ta c6 dugc dinh ly 2.7 vé thoi
gian t6i da cta thuat toan sinh POCK-GEN . ky hiéu 12 Tpocx.gen(m)<Cyn®.
Cudi cang. Bang viéc ching minh dugc thoi gian sinh mot s6 nguyén t6 do
dai n bang thuat todn sinh céc s6 nguyén t6 do dai <n (dinh 1y 2.11) ching ta
c6 duoc két luan quan trong nhét cta chuong d6 1a thoi gian tinh cua thuat

todn sinh s6 clia ching ta xay dung la O(n’).

2.1 MOT SO KET QUA TRONG LY THUYET SO

Mot s6 két qua trong 1y thuyét s6 dugc trich dan dudi day (xem
[Ribenboim], [L. D. Tan]...) s& duoc sit dung dé xay dung thuat todn sinh s6
nguyén td va quan trong hon ca la ching minh tinh da thic cua thuét toan

sinh nay.

Dinh ly Pocklington. Cho x=RF+1, trong dé gcd(R,F)=1. Khi dé néu moi
uoc nguyén to q cua F ton tai gid tri a sao cho:

(a). a'=1 (mod x). (2-1)
(b). (a1 x)=1. (2-2)
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Thi moi udc nguyén to p cua x déu cé dang p=tF+1.[]

Khdi niém thdng du bdc q. Ta néi a la thdang du bdc g modulo x néu ton tai b

sao cho a=b? (mod x).[’]

Dinh ly vé thding du bdc q. Cho p la s6 nguyén t6'lé sao cho q la uoc cua p-1.
Khi dé:
(a). Diéu kién can va du dé gid tri m eGF(p)* la thang du bdc q la

m? =] (mod p) (2-3).
(b). S¢ cdc thdng du bdc q trong GF(p)* diing bang (p-1)/q. (2-4).L]

Mot vai diéu kién du vé tinh nguyén to.

Mot diéu kién du vé tinh nguyén to. Cho x=RF+1 thod man diéu kién ciia
dinh ly Pocklington. Khi do

(a). Néu R<F thi x la so nguyén to.

(b). Néu F<R<F? va B*-4A la so khong chinh phuong thi x la so nguyén to.
Trong (b) thi A=R (div F) va B=R (mod F).]

Dinh ly Dirichlet
S6 cdc s6 nguyén to c6 dang Ak+B voi ged(A,B)=1 khong vuot qud x ky

X
—— khi x—oo tiic la
@(A) Inx

hiéu la , z(x) la vo cung lon tuong duong voi

1 X

i (2-5).

Tty p(X) ~
dddy ¢(A) la s6 cdc so khong qud A va nguyén to'voi Al
Cha thich.

Dinh 1y dau tién do Dirichlet dua ra va ching minh vao nam 1837 méi

ding & két luan 1a ¢6 vo sO s6 nguyén t6 dang Ak+B, sau nay Valée Poussin
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b6 xung thém cong thitc vé mat do. Ngoai ra nhiéu tic gia da chi ra su khong
nhu nhau clia cdc gid tri . »(x) vOi cing mot gid tri A con 1<B<A, ching han
vao nam 1853 Tschebycheff chi ra 7, ,(x)<m;,(x) con m, (X)<m,;(x) v6i mot
sO gia tri X nho; vao nam 1957 Leech da tinh duoc vé6i s6 x=26861 la so
nguyén t6 nhé nhat dé m, ,(x)>m,5(x) va tuong tu Bays & Hudson (1978) tim
dugc x=608981813029 la s6 nguyén t6 nho nhét dé 7, ,(x)>m;,(x) viéc chi ra
ndy Hudson & Brauer di phai bd ra vai nam dé€ nghién ctu (xem
[Ribenboim] trang 148-150).

2.2 THUAT TOAN POCKLINGTON

2.2.1 Thuat toan kiém tra tinh nguyén t6 Pocklington trén 16p L*

Vi co s6 1a cdc két qua da néu trong muc 0, ching ta c6 thé xay dung
dugc thuat toan xac sudt dinh huéng chip nhan dé kiém tra tinh nguyén to clia
céc so6 nguyén thuoc 16p L™ nhu sau.

Gia st F=] [ p* , v6i mbi i=1-+r ta 14y s6 tu nhién M, goi 12 cdc tham s6

i=1

cua thuat toan. Cac tham so nay s€ dugc phan tich sau.

Thudt toan 2.1. Thuat todn Pocklington.ky hiéu 1a Pock-test,.
Pdu vao xeL’.
Bude 1. Ldy i=1;
Budc 2. p=p,; M=M,;; m=1;
Buidc 3. Ldy a=random(x).
Buéc 4. Kiém tra dong du thitc a""'=I (mod x).
Néu diing, sang budc 5.
Nguoc lai, Pock-test,(x)=0, thudt toan dung. (*1).
Budc 5. Kiém tra diéu kién a™"""=I (mod x)
Néu diing, sang budc 6.
Nguoc lai, sang budc 7.
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Budc 6. Kiém tra diéu kién m<M.
Néu ding, m=m+1, quay vé budc 3.
Nguoc lai, Pock-testy(x)=0, thudt toan dung. (*2).
Budc 7. Kiém tra diéu kién ged(a™"'"-1,x)=1.
Néu diing, sang budc 8.
Nguoc lai, Pock-test,(x)=0, thudt toan dung. (*3).
Budc 8. Kiém tra diéu kién i<r.
Néu dung, i=i+1, quay vé budc 2.
Nguoc lai, sang buoc 9.
Buéc 9. Kiém tra diéu kién R<F.
Néu diing, Pock-test,(x)=1, thudt todn ding.
Nguoc lai, sang buoc 10.
Bude 10. Kiém tra diéu kién (R mod F-4(R div F)=0".
Néu diing, Pock-test,(x)=0, thudt todn ding. (*4).
Nguoc lai, Pock-test,(x)=1, thudt todn dung.|’|

2.2.2 Panh gia xac suat sai lam cta thuat toan Pock-test,.

Theo thuat toan trinh bay & phan trude thi Pock-test,(x)=0 xay ra tai 1
trong 4 trudong hop sau.
(*1). a*'#1 (mod x). (buéc 4)
(*2). a*Y"=1 (mod x) trong cad M l4n 14y ngau nhién a. (budc 6)
(*¥3). a*P£1 (mod x) va ged(a®"P-1,x)>1. (budc 7)
(*4). (R mod F)~4(R div F)=Q. (budc 10)

Hién nhién céc trudong hop (*1), (¥3) va (*4) két luan la ding, vay két
luan sai chi ¢6 thé xay & diéu kién (*2). Diéu xay ra (*2) tuong duong vdi su
kién trong ca M 1an chon ngiu nhién a ching déu thoid man diéu kién a*"r=]

(mod x). Theo dinh 1y vé thang du bac p, thi a 1a p-thang du modulo x va xac

1w . x . o 1 ,
suat lay duoc mot p-thang du trong mot lan chon ngau nhién chi la —, do d6
p
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su kién trong M lan déu ldy duoc p-thing du chi xay ra v6i xdc suét

1 .1 ~ 1.2 . . ,
Prob:p—M. Toém lai ching ta da chitng minh dugc két qua sau.

Bo dé 2.2. Xdc sudt sai ldm loai 1 cia thudt todn Pock-test, trén lop L' voi

. 1 1
F=p{..p theo bo tham so M,,.... M, la P, ., <——+.+— (2-6).]
p 1 r

errorl—
1 r

Bo dé 2.3. Cho trudc gid tri >0, luén ton tai hang sé C tinh duoc theo a va
xdy dung duoc thudt todn Pock-test, voi bo tham s6 M,,..., M, sao cho cé xdc

sudt sai lam loai 1 khong vuot qud o va ZM <n(Inn+C) (2-7).

i=1
Chitng minh.
Dé c6 duoc x4c sudt sai 1am cua thuat todn Pocklington khong vuot qué

mot gid tri o>0 cho trude, theo bd dé 2.2, mot cach don gian chiing ta chi can

y e aeA1en r

chon bo tham s6 M, thoa man di€u kién MiZ|_ log, ~.
a

N 1 1 A A A 1

Do r<Logx=n va log, —<Log— cho nén né€u ta 1y M;> LogLogN + Log—

a (94 o

N ~ N [N * A r 2 ~ ’.° 7 P A P

thi r0 rang diéu kién MiZLlogp,—J dugc thoa man. V6i cach 1ay trén ta co

a

C 1 1
ZM <r(LogLogN + Log—)<n(Inn+ Log—).
a a

i=1

. | . A A . -
Lay C=L0g; ching ta c6 ngay diéu can chitng minh. [

T nay vé sau, khong giam tong quét, ta luon coi o 1a mot gid tri co
dinh cho trudc va do d6 C luon 1a mot hing s6 va dé tién loi trong trinh bay
ching ta dung ky hiéu Pock-test, dé chi thuat todn kiém tra tinh nguyén to
céc s6 tu nhién trong 16p L¥ v6i mic dinh 1a by tham s6 M, duoc 14y nhu trong
b6 d@é 2.3 va nhu vay mot két qua tu nhién ma chiing ta c6 thé thu duoc & day

N

la.
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Dinh 1y 2.4. Thoi gian thuc hién viéc kiém tra tinh nguyén té cua so tu nhién
x do dai n bit trong l6p LF ky hiéu 1a T, . (n)<C n'Inn. (2-8)!]

2.2.3 Thuat to4n sinh s6 nguyén té trén 16p L*
2.2.3.1 Mo ddu

Nhu phan trudc ching ta da xay dung duoc mot thuat toan kiém tra
nhanh tinh nguyén t6 clia cdc so trén 16p L¥, d6 1a thuat toan Pock-test,. Tai
phan nay ching ta tién hanh viéc sinh c4c s6 nguyén t6 trong 16p LF dua vao
thuat todn kiém tra pocklington da néu. Tir dic thu cha 16p LF 13 chua chic
vGi moi n 1a do dai clia cac s6 thudc 16p nay da ton tai s6 nguyén t6 cé do dai
tuong tng trong 16p d6 do vay viéc sinh cac s6 nguyén to cé do dai cho trude
la khong luon luon duoc do vay thuat toan sinh cta ching ta xay dung & day
chi can dat duoc chi tiéu sau:

Néu ddau vao la do dai s6 nguyén t6 can sinh n thi dau ra phdi la mot
sO nguyén to cé6 do dai khong nho hon n.[]

Thuat todn sinh s6 nguyén t6 trén L* ky hiéu 1a POCK-GEN, duoc
thuc hién nhu sau.

Thudt toan 2.5
Ddu vao n (length(F)<n<2length(F)) la do dai t6i thiéu ciia s6 nguyén to cdn
sinh.
Budc 1. Xdc dinh R, la s6' nho nhdt va R, la sé'lon nhdt dé RF+1 ¢6 do dai n
Budc 2. Ldy ngau nhién so y=random[R,,;R,, ] ;tinh x=yF+1.
Buoc 3. Xét Pock-test,(x)=1.
Néu diing. Ddu ra ciia thudt todn la x. Thudt todn ding.
Ngutoc lai. Chuyén sang 4.
Budc 4. y=y+1; x=yF+1,; Chuyén vé 3.
Khi nay ta ky hiéu x=POCK-GEN (n).[]
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2.2.3.2 Mot 50 phdn tich vé khd ndang ton tai s6 nguyén té do dai n trong
lop so' LF
DPinh Iy 2.6. Ky hiéu m=InF thi véi m du lon ta cé voi moi y>1 thi trongA sé

nguyén lién tiép cua day aF+1 bdt dau tiw yF+1 luén ton tai it nhdt mot sé

nguyén to. voi A= m(lnm+6) (2-9)
Chitng minh.
Xét gid tri x=yF+1 va x'=(y+A)F+1 v6i 1<y<y+A<F? (2-10),

dé dam bdao x va x' thuoc L". Theo dinh 1y Dirichlet ta ¢ s6 cdc s6 nguyén to

c6 dang aF+1 nam trong khoang [x;x'] 1a

n =(x)-m(x)
5 F ( y+A B yvF j
e(F)\In((y + A)F)  In(yF)

>( y+A vF j

In((y+A)F) In(yF)

_AIn(F) - ylIn((y + A)F) — In(yF)]
In(yF)In((y + A)F)

A
Aln(yF)—yIln(1+—)
y

— (2-11).
In(yF)In((y+A)F)

A 1A N A(m)
Néu lay y=y(m) va A=A(m) sao cho
y y=y(m) (m) )

l1a vo cung bé khi m—o0 (2-12)
7z A z,° A BN
ta co In(1 +;) tuong duong véi ; Thay vao (2.11) ta dugc

A
Aln(yF) - y; A(ln(yF)-1)

™ tuong duong vGi V) In((y+ AVF) In(yF)In((y+ A)F) (2-13)

Tir diéu kién (2.10) 12 y+A<F® nén In((y+A)F)<3m (2-14)

thém vao nita ta c6 limw= (2-15).
W In(yF)
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Thay (2-14) va (2-15) vao v€ phai cua (2-13) thi tit (2-11) ta ¢6 7 tuong
duong v6i mot dai lugng >3A. Bay gio chi can 1dy A(m)=6m con
m

y(m)>mlInm, hién nhién diéu kién (2.12) dugc thdéa man va do dé n twong
duong v6i mot dai luong >2 khi m—co.

Nhu vay v6i m du 16n thi ©>1, tic la trong khoang [x;x'] néu
y>y,=mlnm luon ton tai s6 nguyén t6 dang aF+1, néu y<mlnm. thi do khoang
[X:Xo'] VOI X)=y,F+1 c6 it nhat mot s6 nguyén t6 nén trong khoang [x;x,']
ciing ton tai s6 nguyén td. RS rang chiing ta da chiing minh dugc rang véi moi
x=yF+1€L" luon ton tai s6 nguyén t6 dang aF+1 vdi a-y<m(Inm+6) va day Ia

di€u can chiing minh.[]

Twr dinh 1y trén ching ta thu dugc dinh ly quan trong sau.
Dinh ly 2.7. Vi m=InF du lon thi:
(1). Thudt todn sinh sé nguyén t6 POCK-GEN,. trén I6p L" luén sinh duoc s¢
nguyén t6'do dai n bit trong thoi gian ky hiéu 1o T pppg.cen(1)<Cyn° (2-16).
(2). Thém nita, néu ddu vao cua thudt todn la n thi s6 nguyén to sinh duoc tai
ddu ra cé do dai la | khong qud n+% (2-17).
Ching minh.

Ta biét, theo cong thic (2-8) (dinh 1y 2.4) thi dé kiém tra tinh nguyén
t0 clia sO tu nhién do dai n bit bing thuat toan Pock-test 1a T, (n)<C,n‘Inn.
Lai tir cong thitc (2-9) (dinh 1y 2.6) thi s6 1an 1y va ki€m tra trong thuat todn
POCK-GEN 1a khong qua A=m(Inm+6)<n(Inn+6) nhu vay ta c6 ngay thoi

gian thuc hién thuat todn nay la

Trock.cen(M< Con'lnn n(lnn+6) (2-18).
Do In’n 1a vo cling 16n bac thap hon n nén véi n dl 16n, ton tai hang so
C, sao cho Cyln’*#<C,n (2-19).

Thay (2-18) vao (2-19) ta c6 ngay Tpocx.aen(m)<Cyn® va cong thitc (2-
16) cua dinh 1y da dugc ching minh.
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Gia st y 1a gia tri dau tién duoc chon trong thuat toan véi dau vao l1a n
thi r6 rang do dai cta y la ken-m (do s6 dugc thir dau tién la x=yF+1 c6 do
dai n) nhu vay s6 nguyén t6 tim duoc trong thuat toan gia su 1a p=y'F+1 thi
theo cong thic (2-9) (dinh ly 2.6) ta c6 y'<y+A=y+m(lnm+6). RO rang
y < y+m(lnm+ 6)
y

<m(lnm+ 6)+1 nén d6 dai cua p la
I<n+log(m(Inm+6)+1) (2-20).
Trong cong thic (2-20), v6i m du 16n ta s€ c6 10g(m(lnm+6)+1)£% va cong

thuc (2-17) da duoc chiing minh.[]

2.3 THUAT TOAN SINH CAC SO NGUYEN TO >N BIT TU THUAT

TOAN SINH CAC SO NGUYEN TO <N BIT
2.3.1 M6 dau

Trong muc nay chiing t6i giai quyét van de sau:

Biét thudt todn sinh toan bé cdc sé nguyén to do dai khong dén n.
Hady xdy dung thudt todn sinh cdc so nguyén té do dai khong dudi n sao
cho cé thé sinh toan bé cdc so nguyén té dé dai n.

Y tudng chu dao dé giai quyét van dé trén clia ching toi 12 tir kha ning
c6 thé sinh duoc toan bo cdc s6 nguyén t6 do dai khong dén n cua thuat todn
da c6 ching toi sinh ngau nhién céc s6 F thoa man hai diéu kién sau:

(F1). n>length(F)2’—;.

(F2). Biét dugc phan tich cta F ra thira s6 nguyén t6.

Tiép dén str dung thuat todn sinh Pocklington d€ sinh céc s6 nguyén to
do dai khong duéi n trong 16p LF.

Viéc giai quyét van dé duoc thé hién qua so d6 & trang sau:

2.3.2 Thuat toan
So do thudt todn 2.8.
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m=n/3; r=1; F=1

v

n,=random[2;n)

v

p=¢.,(n,); F=F*p

length(p)>n
F

n,=random[2;m)

v

F=F*¢_,(n,)

p=POCK-GENg(n) [<¢—

Comotn D
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2.3.3 Phan tich kha nang sinh cac sé nguyén to do dai n cua thuat toan

Chiing ta biét rang né€u p 12 mot s6 nguyén t6 ¢6 do dai n bit, khong
gidm tong quat ta gia stt n>2 do d6 né 1a s6 1é nén c6 dang p=2x+1 trong do x
la s6 c6 do dai <n, do d6 moi uGc nguyén t6 cua x déu cé do dai khong qué n-
1 bit. N6i mot cdch khdc 1a x s€ 1a boi ctia F nao do cé thé dugc tao tir thuat
to4dn va do d6 p s& thudc 16p LF hay p c6 thé dugc sinh tir thuat todn. Tém lai
ching ta da thu dugc két qua sau.

Dinh Iy 2.9. Moi s6 nguyén té' do dai n bit déu cé thé dugc sinh tir thudt todn
& xdy dung o trén.]

Chd y: Thuat todn &, c6 mot s dic di€ém sau.

Thi nhét: Pau ra cla thuat toan chi 1a nhitng s6 nguyén t6 thoa man diéu kién
c6 do dai khong dudi n bit.

Thit hai: Hop toan bo cdc 16p LF thu dugc béi toan bo cdc s6 F ¢ thé xay
dung dugc trong thuét toan khong phu toan bo cac s6 tu nhién cé do dai n bit
d6 1a cdc s6 ¢6 dang x=2q véi q cling 1a nguyén t6. Tuy nhién may man 1a céc
s6 nay déu 1a hop s6 do d6 chiing ta khong can quan tam dén.

Thit ba: Viéc danh gia kha nang sinh dugc cac s6 nguyén t6 do dai n cua thuat
todn 1a mot diéu cuc ky khé khian, né doi hoi viéc phai danh gid dugc kha
nang xay dung cac s0 F khac nhau va thém nita phai danh gia duoc s6 cac 16p
LF khic nhau cling chita mot s6 nguyén td p do dai n bit, tuy nhién ching ta
c6 thé hinh dung dugc mot diéu 1a xdc sudt sinh dugc cdc s6 nguyén t6 khic

nhau cung do dai n 1a khong nhu nhau.

2.3.4 Phan tich thoi gian thuc hién viéc sinh mot s6 nguyén t6 do dai n

Theo so d6 thuc hién thuat todn thi dé sinh mot s6 nguyén t6 do dai
khong dudi n bit ta phai thuc hién viéc tao F va sau d6 1a sinh s6 nguyén to p
theo thuat toan POCK-GENG.
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Thir nhdt. Hién nhién néu s6 nguyén t6 p thu duoc tai dau ra cta thuat todn
c6 do dai la n thi riéng cong doan thuc hién thuat toAn POCK-GENg, theo
cong thic (2-16) (dinh 1y 2.7), chiing ta cdn dén mot thoi gian tinh 13 Cyn®.
Tiép dén. Dé thuc hién viéc xay dung F trong thuat todn ching ta can st dung
thuat to4n sinh dé sinh céc uéc nguyén t6 cuia F. Theo nhu thuat toan da chi ra
thi s6 luong cdc udc nguyén t6 dé tao nén F chinh 14 s6 r thu duoc khi thuc
hién xong cong doan nay.

RO rang néu r=1 thi thoi gian dé thuc hién budc nay chinh 1a thoi gian
dé thuc hién thuat todn sinh &__ v6i dau vao n,.

Nguoc lai, ching ta can ti€n hanh st dung r lan thuat toan sinh &_, véi
dau vao n,,...,n, véi chd y sau:

(a).2<n,<m v6i moi i=1+r.

(b).Tich cta r-1 s6 nguyén t6 sinh dugc trong r-1 1an sinh dau c6 do dai
<m bit.
Ta biét rang.

length(x)+length(y)-1<length(x*y)<length(x)+length(y) nén tir diéu
kién (b) ta c6 rzll:ni -(r-1)<length(F)<m (2-21).
Tt (a) thi 2<n, nén thay vao (2.2/) ta c¢6 2(r-1)-(r-1)<m hay r-1<m nhu
vay rz_;ni <2m (2-22).

Tém lai ching ta can phai sinh duoc r-1 s6 nguyén t6 véi tong do dai
<2m bit.

Bay gid xét dén s6 nguyén t6 cudi cling (s6 thit r). D€ c6 dugc so nay
ching ta sir dung thuét toan &_, v6i dau vao 1a n<m. Theo cong thic (2-17)
(dinh 1y 2.6) thi s6 nguyén t6 thu duogc tai dau ra s€ c6 do dai la 1 thoa man

n <l<2m (2-23).
B0 dé 2.10. Vi moi d>1 va véi moi n>0 ta cé (n-1)"+n™! <n? (2-24).
Ching minh.
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n-(n-1)*  =(n-(n-1))(n*'4+n*"*(n-1)+...+(n-1)*")
>n®! hay
n’-(n-1)*>n"" nén ta c6 ngay diéu can ching minh. [J
Dén day ching ta chiing minh mot két qua sau day vé thoi gian thuc

hién thuat toan.

Dinh 1y 2.11. Néu thoi gian dé sinh mot s6 nguyén to do dai I<n ciia thudt

toan &, la T()<Cl* véi C>C,va d>6 (2-25).

Thi thoi gian sinh mot s6 nguyén t6 do dai 1>n cua thudt todn &_, la
T()=Cl (2-26).
Chirng minh.

V6i r=1 thi thoi gian thuc hién viéc xay dung F s& 1a T,<Cn,<C(n-1)".
Trong khi d6 trong trudng hop r>1 thi thoi gian tinh s€ la:
T, <(Cn+.+Cn_%+Cnt
=C(n,* +...+ n,_,%)+ Cn,*

<C(n+...+n, )+ Cn ¢

<2C(2m)".
=2C(2n/3)".
Do A= 355 <1 v6i d>6 nén véi n di 16n ta c6 2C(2n/3)*.<C(n-1)". Trong
moi truong hop ta déu thu duoc:
T, <C(-1)..

Thoi gian thuc hién thuat todin POCK-GEN; dé sinh dugc mot so
nguyén t6 do dai 1 bit trong 16p L" theo cong thitc (2-16) (dinh 1y 2.7) 1a
T,<C,l° do d6 tong thdi gian thuc hién thuat todn 1a

T =T+T,

<C(n-1)! +C,I°. (2-27).

Do 1>n va d>6 tic 1a d-126, thay vao (2.27) ta c6

T < C(I-1)* +C1*!
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—C(1-1)*41%]. (2-28).
Ap dung cong thitc (2.24) (b6 dé 1.10) ta c6 ngay diéu can ching

minh.[ |

2.3.5 Su ton tai thuat toan nhanh sinh duoc toan bé cac s6 nguyén to
2.3.5.1 Thudt toan

Qua cic két qua thu dugc trude do, gia st N 1 s6 sao cho céc phat biéu
néu trong dinh ly 2.6 va dinh 1y 2.7 1a ding v6i moi n>N. Khi nay thuat todn
sinh cac s6 nguyén t6 dugc xay dung nhu sau:

(a). V6i dau vao n<N ta dung phuong ph4p ching han nhu sang Eratosthenes.
R& rang thoi gian tinh cta thuét toan trong trudng hgp nay luon gidi han boi
hing s6 C*=2". Do d6 ta c6 thé gia dinh ring thuat todn &_y nay c6 thoi gian
sinh dugc mot s6 nguyén t6 do dai I<N 1a khong qua CI” véi C=C, trong d6 C,
12 hing s6 néu trong két qua 2.4.

(b). V6i dau vao n>N, dung phuong phdp truy hoi theo do dai s6 nguyén to
cn sinh thuc hién bang cach sir dung thuat toan &, nhu da trinh bay.

Bing phuong phap quy nap dé dang ching ta thdy rang thut todn trén
sinh dugc toan bo céc s6 nguyén t6 va thoi gian dé sinh mot s6 nguyén t6 do
dai n 1a khong qua Cn’,

K&t qua cudi cung ma ching ta thu dugc & day Ia.

Dinh 1y 2.12. Thudt todn sinh duoc xdy dung ¢ trén cé thé sinh toan bo so

nguyén t6' voi thoi gian sinh duoc méi s6 nguyén t6’dé dai n la O(n”) (2-29).0)

2.3.5.2 Két ludn

Thuat todn trinh bay & trén néi chung cé y nghia rat 16n vé mat 1y
thuyét vé6i su khang dinh tinh da thitc ctia né. Tuy nhién trén géc do thuc hanh
thi tir nguyén nhan 1a gid tri N ton tai néu trong thuat toén c6 thé 1a rét 16n
trong khi dé ching ta chi can sinh nhiing s6 nguyén t6 véi do dai trong mot
pham vi vira phai nao d6 ma thoi hon nita gi4 tri nay ciling chua chi ra cu thé
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nén ro rang ta chua thé lap trinh thuc hién né. Theo quan diém cua chiing toi
viéc st dung ¥ tudng trong xay dung thuat todn dé ti€n hanh thi€t lap mot
thuat toan c¢6 y nghia thuc hanh s& thiét thuc hon nhiéu. Chiing ta c6 thé lay
N=32 va ct tién hanh sinh cac s6 nguyén t6 16n theo phuong phéap da chi ra &
trén, tat nhién c6 thé s& gip phai nhiing ngoai 1¢ nao d6 ma ching ta c6 thé
khong thanh cong trong mot vai lan thuc hién nhung bu lai thuét toan sinh
nay lai 1a thuat todn nhanh va viéc 1ap trinh thuc hién ching lai dé dang. Do
su ¢ thé khdc nhau giita gid tri N;=32 so véi gia tri s&€ ton tai néu trong phin
ching minh ly thuyét la N chiing ta s€ gap mot s6 ngoai 1€ khi tié€n hanh sinh
cdc s6 nguyén t6 cé do dai bit nam trong khoang tir N, dén N, ngoai 1é ddng
ké nhat d6 1a su khong thoda man cac tinh chit dugc phét biéu trong dinh 1y
2.6, nhung di€u nay khong c¢6 nghia 1a tinh da thic vé thoi gian tinh cta thuat
toan bi sai va nhu vay thuét toan du xuat phat tir N,>1 nao ciing van la thuat
toan thoi gian da thiic boi vi moi ngoai 1é trong mot khoang hitu han N, dén N
sé duoc bu thém bang mot hing s6 cong vé thoi gian tinh. Cudi cing, trén
quan diém kinh t€, s& thiét thuc hon nhiéu néu chiing ta c6 dugc s6 liu vé
thoi gian sinh trung binh cta thuat todn trong mot vai do dai sé can sinh cu
thé nao dé dé doi véi thoi gian sinh cia mot so thuat toan sinh khdc ma co s
dua vao ctia chiing 12 cdc thuat todn kiém tra tat dinh tat nhién c6 thé 1a khong
da thuec.

TAI LIEU DAN

[L. . Tan], Léu Pic Tan. Mét sé thudt todn kiém tra nhanh tinh nguyén
10 cua cdc 50 trén mot so' lop so. Ludn dn phd tién st Ha noi 1993.
[Ribenboim], Paulo Ribenboim. The Little Book of Big Primes. Springe-
Verlag 1991.

DE TAI: SINH 6HAM SO CHO HE MAT ELGAMAL. 33



CHUONG Ill. CHUONG TRINH SINH S6 NGUYEN TG MANH CHO HE MAT ELGAMAL..

CHUONG 111
CHUONG TRINH SINH SO NGUYEN TO MANH CHO HE
MAT ELGAMAL

MG PAU

Trong chuong II ching ta da bi€t d€n mot thuat todn nhanh ma bat ca
mot s6 nguyén t6 ndo ciing cé thé duoc sinh tir né, tuy duoc ddnh gid 1a thoi
gian da thic nhung bac kha cao (bac 7) nén néu ching ta ti€n hanh viéc sinh
cac s6 nguyén to 16n (do dai tir 500 dén 1500 bit) thi thoi gian chi phi cho
viéc sinh s€ rat 16n trong khi d6 dé€ c6 thé tim duoc mot s6 nguyén t6 manh thi
theo cac danh gia 1y thuyét néu trong muc 2 ctia chuong I va danh gia thuc
hanh néu trong phu luc...thi ré rang chi phi nay s€ khé long chiap nhan dugc.
Chinh vi 1y do trén, thém vao nita tir danh gia ctia chuong I thi do an toan cta
hé mat dua vao bai todn logarit trén trudng GF(p) c6 thé néi chi yéu dua vao
tinh manh ctia tham s6 p, nén dé c6 thé tim nhanh va do dé s& dugc nhiéu so
nguyén t6 manh dé diing chiing t6i quyét dinh chi tim cac s6 nguyén t6 16n va
do d6 cac s6 nguyén t6 manh chi trén nhitng 16p s6 tim nhanh nhat. Lép s6
nguyén t6 16n ma chiing t6i lap trinh dé€ tim 1a cdc s6 dang q=R,q,+1 v6i do
dai ctia q, va R, xap xi nhau va q, 1a s6 nguyén t6 dang q,=R,2"+1 vé6i do dai
R, xap xi k. S6 luogng cdc s6 nguyén t6 do dai n bit ma ching ta ¢6 thé tim
duoc trong phan mém cla ching t6i da duoc danh gid boi cong thic 2-7 1a

23(m-1)
N - v6i m=n div 4.

Bén canh cac trinh bay mo ta thuat toan can xay dung, ching to6i con
dua ra mot s6 két qua da cé ve 1y thuyét lién quan dén viéc danh gia s6 cac s
nguyén t0 manh (dudi tén cac s6 Sophie theo cach goi trong ly thuyét so).
Viéc danh gia mat do that cua cac s6 nguyén t6 manh va gan manh trong 16p
s0 sinh duoc boi thuat toan clia ching toi s€ duoc giai quyét trong chuong I1I.

Muc 3 ctia chuong néu nhitng cai ti€én nho nho trong mot s6 phép tinh
s0 hoc co ban da dugc gai dat trong chuong trinh sinh sé nguyén to.
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T6ém lai toan bd cdc van dé trinh bay trong chuong 1a nhitng minh
chiing cho viéc nhém dé tai quyét dinh tim nhitng s6 nguyén t6 manh do dai
16n trong 16p cac s6 nguyén to Pocklington tic 1a cac s6 c6 dang q=Rq,+1 véi
R 1&, q, 12 s6 nguyén t6 dang q,=r2*+1 vdi r 16 ma chiing to6i goi 1a cdc s
nguyén t6 Pepin va lap trinh dé thuc hién viéc sinh céc s6 nguyén t6 manh
dang nay. Dé 14y 1am vi du cho viéc khong khé tim 1dm ctia cdc s6 nguyén to
manh trong 16p trén, tai cudi ctia ban bdo cdo nhém dé tai trinh bay trong phu
luc I toan bo céc s6 nguyén t6 manh khong qua 2*° vdi nhan 1a 31 s6 nguyén

t0 Pepin ddu tién cua day r2'°+1.

3.1 LOP Lp VA SO LUONG SO NGUYEN TO TRONG LGP Lp

3.1.1 Lép Lp(k)

Dinh nghia 3.1. Lp(k)={x=yp"+1: véi p la mot s6 nguyén t6'va 1<y<p**}.[]
Lép Lp(k) theo dinh nghia trén thuc chat 12 16p LT v6i F=p* nhu vay

viéc sinh cdc s6 nguyén t6 trén I6p ndy ching ta cé thé dung thuat todn

POCK-GEN/, da dugc trinh bay trong chuong trudce.

3.1.2 So cac s6 nguyeén té d¢ dai n=| 3klogp | bit c6 trong 16p Lp(k)
Binh 1y 3.2. S6 cdc s6 nguyén 16 do dai n=/3klogp_/bit c6 trong 16p Lp(k) la

23

ﬂ-(p)k’n)~7 (3_1)°
Ching minh.

Ta biét céc s6 x c¢6 do dai n bit 1a cic s6 thod man bat dang thitc 2™
'<x<2", do d6 theo dinh 1y Dirichlet vé s cdc s6 nguyén t6 c6 trong diy At+B
v6i ged(A,B)=1 thi néu ky hiéu A=p* thi (A)=(p-1)p*" va ta cé.

rpkn) =Ty (27)-my (2™

2n 2n—l

p(A)In2"  @p(A)In2""
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2t (21 j

“(p-Dpm2\n (-1
~ (n—2)2""
T a(n-1)(p-1)p* ' 1n2

2n
3

2 . x .
Do n=| 3klogp ta c6 2"~p™ nén n(p.k,n) ~~— va day 1a diéu can ching
n

minh.[ |

Tir két qua trén thi luc lugng cic s6 nguyén t6 trong moi 16p dic biét
(16p Lp(k)) 1a rat 16n va du cho ching ta sur dung.

3.1.3 Thuat toan sinh so6 nguyén to n bit trén cac l6p Lp(k) véi p nho
Trudc hét khai niém p nho ma ching té6i muon dé cap ¢ day la nhiing
s0 ¢6 do dai khong qua 32 bit. Nhu trén da n6i dén la viéc sinh cac s6 nguyén
t6 ching ta dung thuat toin POCK-GEN,, nhung do F chi c¢6 dang dac biét
(F=p") nén thoi gian thuc hién thuat todn s& dugc giam bét véi nguyén nhan
sau day.
Thir nhdt. F chi c6 duy nhit uéc nguyén td (d6 1a p) nén bo tham s6 M, cla
thuat toan Pock-test, vGi xac suat sai lam loai 1 khong qua o chi 1a mot tham
sO M=|Llogp éJ (3-2).
Do d6 thoi kiém tra mot so tu nhién do dai n bit 1a Ty (n)<Mn’, tuong
ting, thoi gian dé sinh mot s6 nguyén t6 do dai n bit cta thuat toan sinh
POCK-GEN, 1a T, (n)<Mn’m(Inm+6) vi n=3m nén T, (n)<2Mn*Inn.
Thir hai. Viéc xay dung F 14 rat don gian vi F=p* ma nhiing s6 nguyén t6 nho
1a rat dé tim bang phuong phdp don gian 1a sang Eratosthenes véi khong qua
6514 phép chia cho cac s6 nguyén t6 nho hon 17 bit, con gia tri k ciing tim

duogc vé6i khong qua kﬁg phép nhan véi mot s6 nho (nhan véi p). Nhu vay thoi
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gian sinh dugc mot s6 nguyén t6 n bit ¢6 thé coi chinh 1a T (n) nhu da néi &

trén.

3.1.4 Truong hgp p=2

Nhu tdc gia trong [L. D. Tan] da xem xét dén, truong hop p=2 dugc ho
trg boi mot két qua khd don gian d6 1a dinh 1y Pepin ma chiing ta c6 thé trinh
bay lai & day nhu sau:

Dinh ly Pepin. Cho p=r2*+1 véi k>1 va r<2* (3-3).
Khi doé p la nguyén t6 khi va chi khi ton tai gid tri a<p thod man diéu kién sau

a??=-] (mod p) (3-4).
Ching minh.

Diéu kién can 12 hién nhién.

Nguoc lai, tir (3-4) ta ¢6 ngay a®"?21 (mod p) va a*'=1 (mod p) dong
thoi a®Y2-1=-2 (mod p) nén hién nhién gcd(a®"*-1,p)=gcd(-2,p)=1 nén theo
dinh 1y Pocklington ta c6 moi uéc nguyén t6 q cua p déu c6 dang q=s2"+1. Do

diéu kién (3-3) 1a r<2* nén p chi c6 1 udc khdc 1 hay né 1a s6 nguyén t6. [

Chu y 3.3. Gid tri a néu trong dinh ly Pepin chinh la gid tri thod man diéu

kién.

J(alp)=-1 (véi J(alp) la ky hiéu Jacobi) (3-5).
Chitng minh.

Néu p la nguyén t6 thi ky hiéu Jacobi trung véi ky hiéu Legangdre tic
12 J(a/p)=L(a/b)=a®"" (mod p). 0

V6i chid y trén thi thay vi cho viéc thir ¢6 thé dén M 14an dé€ tim mot
khong thang du bac hai bang cich xét diéu kién (3-4) 12 a*"2#1 (mod x) chi
bang xét diéu kién (3-5) 1a J(a/n)=-1 (mod x) ma thoi. Néu nhu viéc tinh mot
lu§ thira modulo cin dén n® phép tinh trén bit thi viéc tinh J(a/n) theo dinh 1y
binh phuong tuong hd chi cdn dén n® phép todn. Nhu vay trong trudng hop
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p=2 thi ching ta chi cin thuc hién cing 1am M I4n tinh J(a/n) va chi c4n ding
mot 14n tinh a2 (mod x). N6i tém lai, néu nhu theo thuat toan thong thudng
ching ta cAn dén Mn® phép todn dé kiém tra mot s6 n bit thi bing cdch sir

dung két qua trén ching ta chi can dén n*+Mn” phép todn ma thoi. Pay 1a mot
) e ) : capd 1
su rat gon dang ké boi vi theo cong thic (3-2) khi p=2 thi M=Llog— | khong
o
phai 1a nho néu a rat nho. Trong chuong trinh sinh s6 nguyén t6 manh, chiing
t0i s€ st dung thuat todn tim cdc s6 nguyén t6 I16n trén 16p LT v6i F=2* véi

nhitng ly do da néu trén.

So do thudt todn 2.3. (sinh s6 nguyén t6 dang x=R2"*+1 gai dat trong chuong
trinh).
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k=n div 2

|

R=random[2%";2"]; R 1&

.

X:R2k+1 <

R=R+2

— | a=random(X)

3.2 VIEC SINH CAC SO NGUYEN TO MANH VA GAN MANH
3.2.1 Khai niém s6 nguyén t6 manh va gan manh

Muc dich cua dé tai l1a tim nhitng s6 nguyén t6 dang p=2q+1 véi q cling
la s6 nguyén td, nhitng s6 nguyén t6 nay véi tu cach la tham s6 modulo cho
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cac hé mat ma do mat dua vao tinh kho giai ctia bai toan logarit trén truong
GF(p) s€ lam cho hé mat dat dugc tinh an toan cao nhat va ciing chinh vi vay
ma ching duoc goi la cac so6 nguyén t6 manh. Ciing dat dugc tinh nang khong
thua kém may vé do an toan 1a cdc s6 dang p=Rq+1 v6i R<<p cu thé & day
R<logp, cu thé 12 néu nhu bai todn logarit chi dé 16 duy nhat 1 bit ¢6 y nghia
thap nhat néu dung cdc s6 nguyén t6 manh thi né ciing s& chi dé 10 logR bit
thap nhat néu dung cac s6 dang p=Rq+1, cho nén viéc str dung cac s6 nguyén
t0 dang nay ciing c6 thé duoc chdp nhan trong cidc hé mat néi trén. Dinh
nghia dudi day 1a mot su thong nhat truéc vé mat khai niém cdc doi tuong

chiing ta quan tam trong dé tai nay.

Dinh nghia 3.4. S6 nguyén t6’ p=Rq+1 vdi q ciing la nguyén t6 duoc goi la sé
nguyén té gan manh néu R<loggq, truong hop R=2 thi p duoc goi la s6 nguyén
t6 manh.

SO nguyén t6 q néu trong trén duoc goi la nhdn nguyén to cua s6
nguyén to p. N

Viéc kiém tra tinh gdn manh ctia mot s6 duoc dua vao két qua sau day.

DPinh ly 3.5. Cho p=Rq+1 vdi g nguyén t6' va R<log g (3-6).
Khi dé p la nguyén 16 khi va chi khi thod man cdc diéu kién sau
(a). 2"'=1 (mod p) (3-7).
(b). gcd(2%-1p)=1 (3-8).
Chitng minh.

Piéu kién can 12 hién nhién.

Nguoc lai tir diéu kién (3-6) 1a R<log q ta c6 2®P4=2R<p vi vay hién
nhién 27421 (mod p), cung véi diéu kién (3-8) thi gid tri 2 chinh 1a bang
ching dé p thoa man di€u kién cta dinh 1y Pocklington do d6 p 1a s6 nguyén

to va theo dinh nghia 3.4 n6 1a s6 nguyén t6 gan manh. O
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3.2.2 So6 nguyén to Sophie

Trong 1y thuyét s6 mot khai niém dugc Sophie Germain dua ra vao nam
1825 ¢6 lién quan dén cac s6 nguyén t6 can tim cla ching ta, d6 1a cac so
nguyén t6 Sophie Germain va dugc dinh nghia nhu sau.

Dinh nghia s6 nguyén to Sophie
S6 nguyén té g duoc goi la s6 nguyén té Sophie khi p=2qg+1 ciing la s6

nguyén to. O

Ba da ching minh dugc mot dinh 1y do la.
Dinh ly Sophie. Néu q la s6 nguyén to Sophie thi hodc khong ton tai hodc ton
tai cdc s6 nguyén x, y, z khdc 0 va khong la boi cua g sao cho xI+yi=z4, [

Dinh 1y trén vé mit ly thuyét 12 mot khang dinh tinh ding dan cho
truong hop dau tién cua dinh 1y cudi cung cia Fermat, tuy nhién cdi ma chiing
ta quan tam hon la két qua sau, do Powell ching minh nam 1980, vé s6 cac s0
nguyén t6 q<x thoa man Aq+B ciing nguyén t6 vGi AB chan va gcd(A,B)=1,
ky hiéu la S, /(x) nhu sau.

Cx

Dinh ly Powell. S(AYB)(x)<m voi C la mot hang so. Hon nita ta co
lim S(A,B) (x) :0 D
ow 7(X)

Truong hop riéng v4i A=2 va B=1, thi ta ¢4 s0 cic s6 nguyén to Sophie,
ky hiéu 1a S(x). Cong viéc ma dé tai ndy huéng t6i c6 thé hiéu khong gi khac
la di tim bang thuc hanh cdc s6 nguyén t6 Sophie. Qua gidi han néu trong
dinh 1y Powell thi cong viéc cua chiing ta s€ cuc ky khé khan bai vi khong
nhiing baéi viéc tim nhitng s6 nguyén té cang 16n thi cang khoé do thua hon ma
trong nhitng s6 nguyén t6 16n nay thi s6 cac so Sophie ciing cang thua hon.

3.2.3 Thuat toan sinh s6 nguyén t6 gan manh
3.2.3.1 Thudt todan
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Theo nhu dinh nghia 3.4. vé€ cdc s6 nguyén t6 gdn manh thi viéc tim

cac so loai nay s€ gdm hai budc.
Buoc 1. Tim nhan nguyén to q.
Buorc 2. Tim s6 nguyén td gan manh ¢6 nhan la q (néu co).

RO rang dé tim duoc s6 nguyén t6 manh do dai n bit thi trong budc 1
chiing ta c4n tim cdc nhan nguyén té n-1 bit, van dé nay da duogc giai quyét &
muc trén. Cong viéc & budc hai chi la tim s6 nguyén t6 dau tién (néu c6) trong
doan day 2q+1, 4q+1,....,2kq+1 v&i k=n div 2 va thuat todn dung dé kiém tra
tinh nguyén t6 cac so trong doan day trén khong gi khac 1a thuat toan Pock-
test, v6i F=q. Tom lai thuét todn trén ¢ thé mo ta theo so do sau.

So do thudt todn 3.6. (sinh s6 nguyén t6 gin manh)

k=n div 2

v

Sinh nhan q d¢ dai n-1 |«

p=Rq+1 |« R=R+2
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3.2.4 Thuat toan sinh nhanh cac nhan nguyén té 16n duoc gai dat

Trong thuat toan sinh cac s6 nguyén t6 manh va gan manh tai muc
truGe thi cdc ham va tha tuc déu 1a truc ti€p trir ra tha tuc sinh nhan nguyén to
16n, tai muc nay ching toi s& trinh bay chi tiét thi tuc nay. Dé sinh nhanh cic
s6 nguyén t6 16n (do dai tir 500 dén 1500 bit) sé duoc ding dé tao nhan cla
cac sO nguyén t6 manh va gan manh ching t6i st dung hai phuong phap

chinh nhu sau:

3.2.4.1 Phuong phdp sinh nhanh tir s6 nguyén té nho
Phuong phép sinh nhanh tir s6 nguyén té nho ma ching toi s€ thuc hién
viéc lap trinh thuc chét 1a mot thu hep cua thuat toan da duogc trinh bay trong
muc 3.1.3. Phuong phdp nay dung dé sinh cdc s6 nguyén t6 c6 do dai bang
ntra d6 dai ciia nhan nguyén t6 q. Su khac biét doi chit so vé6i thuat toan da
trinh bay truéc d6 la tham s6 k dugc 1ay & day sé la s6 dau tién sao cho
m

log(p*)=> 5 (v6i m la do dai bit cua s6 nguyén to cin sinh) chit khong phai la

>—. Viéc lay nay khong phai xuat phat tir 1y do giam b6t duge thu tuc xac

w3

dinh tinh chinh phuong cta biét thitc B>-4A ma & chdé dam bao cho céc so
nguyén to & cac 16p ung véi p khac nhau 1a hoan toan khac nhau do d6 chiing
ta s& thuan 1oi hon nhiéu khi cin tinh dén luc luong cua cdc s6 nguyén to c6
thé sinh dugc.

Bing cach lap lai cdc 1ap luan da thuc hién trong chiing minh dinh Iy
3.3 chiing ta thu dugc s6 cdc s6 nguyén t6 do dai m bit trong mdi 16p L, vao

m

) 22 s s . ) x PRI T
khoang —. Trong khi d6 ching ta c¢6 khoang m(2**)~2*" s6 nguyén t6 nho va
m
nhu vay s6 cac s6 nguyén td khac nhau do dai m bit dugc sinh tit phuong phap
nay s€ la
Tuy nhién trong chuong trinh thuc chiing t6i chi gai dat véi p=2 va nhu
vy s0 cdc s6 nguyén t6 2m bit ¢6 thé sinh dugc trong phan nay chi la
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Cong thiic 3.7. SO cdc s6 nguyén t6 do dai 2m bit dang R2"+1 sinh duoc
trong phan mém la

2m—1
=

_— (3-9). []
3.2.4.2 Phuong phdp gdp doi do dai tir s6 nguyén to lon

Noi dung ctia phuong phdp nay la xuét phat tr mot s6 nguyén t6 F do
dai 2m sinh duogc tir muc 4.1, ching ta tim cac s6 nguyén to q do dai 4m duéi
dang q=RF+1 v6i do dai ctia R ciing 12 m. Thuat toan dung d€ sinh ciing van
la thuat POCK-GEN/, va ciing van dung 1ap luan & trén thi ing v6i moi s

} .. . ) / R 22m 22m—2
nguyén t6 F do dai 2m bit khéc nhau ta c6 khoang o
m

sO nguyén to do

dai 4m bit khac nhau. K&t hop véi cong thiic 3.7 ching ta thu dugc.

Cong thiic 3.8. SO cdc nhdn nguyén té do dai 4m bit sinh duoc la
230m-1)

TGEN=" 5 (3-10).]

Mot thuc t€ thudong xay ra la do dai cta s6 nguyén t6 manh can sinh
khong phai luon luon c¢6 dang n=4m+1 va vi vay s6 nhan nguyén t6 q khong
phai ldc nao ciing c6 do dai chia hét cho 4 nén chiing ta can c6 mot su diéu
chinh thich hop. Cu thé trong chuong trinh clia ching to6i néu n la do dai bit
ctia s6 nguyén t6 manh can duoc sinh thi do dai cua s6 nguyén t6 dang R2™+1
can sinh theo phuong phap sinh nhanh tir s6 nguyén té nho s€ 1a n,=n div 2 va

gia tri m=n, div 2.

3.3 TINH TOAN TREN CAC SO LON

Nhu da dang ky trong d€ tai, trong phan nay ching toi chi y dic biét
dén mot s6 phép toan co ban quyét dinh dén téc do tinh toan clia chuong trinh
d6 1a gom cac phép todn nhan, chia va luy thira s6 16n. Viéc trinh bay cta
ching toi trong phan nay khong di vao viét lai nhitng thuat toan da c6 &

nhiing tai liéu ma ching t6i tham khao ma chu yéu la dua ra va phan tich cac
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cai tién cua chiing toi theo hai nghia: mot 1a dé thuc hién 1ap trinh dugc thuat

todn sin co va hai la cai thién dugc doi chit vé thoi gian tinh.

3.3.1 Phép nhan sé I6n
Ching ta déu biét co s& dé xay dung phép todn nhan trén cac so 16n 1a

cong thic nhan sau.

Cong thic 3.9.

Cho X=x,+X,q+...4+X,4" va Y=yy+y,q+...+y,q" ta c6 XY=, le.yjqk (3-11).10

k=0i+j=k

Theo cong thic nhan (3-11) trén thi dé thuc hién mot phép nhan hai so
16n c6 do dai q phan la n, ching ta cin t6i thiéu n? phép todn nhan hai s
trong pham vi q. Trong [Rieshel] tac gia c6 trinh bay trong phan phu luc mot
thuat todn nhan c6 thoi gian tinh chi 14 O(n'~), cu thé nhu sau.

Pau tién ching ta xét truong hop tich cua hai s6 c¢6 do dai 2 trong hé Q
phan nao dé. Gia st X=x,+x,Q va Y=y,+y,Q, dé dang kiém tra dugc dang
thirc sau.

Cong thire 3.10.
XY:XO)’O"'[X()}’O"‘(xo‘xz)(YFyO)+X1Y1]Q+XJYJQ2
=XYo(1+Q)+(xg-X, )(y,-y0)Q+x,y, (0+0°) (3-12). ]

Nhu vay dé thuc hién tinh todn theo cong thic (3-12) ching ta chi cin
tinh 3 phép nhan cac so trong pham vi Q. Bay gi®, néu ching ta xét Q=q2 ' thi
bang cdch truy hoi theo cong thiic (3-12) k bude thi téng s6 phép nhan hai so
trong pham vi q phuc vu thuat todn nay chi 1a n=3*. R6 rang 2*'<n<2" véin la
do6 dai q phan cta cac thira s6 nhan cho nén néu theo cong thiic (3-11) ta phai
can dén n*>2**Y=4*" phép nhan. Tém lai thoi gian tinh toan clia phép nhan
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hai s6 16n do dai khai trién q phan la n theo cdch trén s& chi Ia
O(n>#)=0(n'?).

Trong mot s6 chuong trinh nguon tinh toan trén cac s6 16n nhu [N. V.
Khéan], [V. V. Xung], [Kapp],... ma chiing to6i c6 trong tay thi chua c6 chuong
trinh nay thuc hién phép nhan theo cong thiic (3-11). D€ thuc hién thuat toan
theo cong thic (3-12) vira trinh bay can dén k¥ thuat 1ap trinh cao vi ban chat
cua thuat toan la dé quy nén rat khé thuc hién. Chiing toi tranh viéc phai thuc
hién dé quy bang chia thuat toan nhan ra cdc thuat todn nhan con véi so thuat
todn con bing s6 k néu & trén, cu thé v6i q=2'° do dai t6i da can tinh todn
n=2’ (theo dang ky 1a 1500 bit) . Rat ti€c do trinh do 1ap trinh clia minh con
thap nén trong gai dat thuc nghiém chiing to6i chua thdy uu di€ém rd rét cua
thuat todn nay. Chid y rang phan mém trinh bay trong [V. V. Xiing], céc tc
gia da thanh 1ap riéng thuit toan binh phuong hai s6 16n, thuat toan binh
phuong nay c6 thoi gian tinh nhanh gap doéi so véi thuat toan nhan hai s6 cung
do dai theo cong thic (3-11) cho nén viéc phat hién tinh nhanh hon cta thuat

todn mai cang kho.

3.3.2 Phép chia hai s6 16n

Cac thuat toan chia hai s6 16n duoc cac tac gia cla cac tai liéu [N. V.
Khén], [Khan-Tan] trinh bay kha k§ ludng, cho nén chung t61 khong trinh
bay lai & day ma chi gi6i thiéu va phan tich cu thé thuat todn duoc cai dat
trong phan mém sinh s6 nguyén t6 manh.

Co s& cta thuat toan dua vao két qua doan thuong nhanh sau.

Cong thirc 3.11.
Gid s X<QY va do dai Q phdn ciia Y la n>1, ky hiéu x=x, ,+x,0+x,,,0° va
Y= Yuat Y0

Khi dé néu x div y=a thi Xdiv Y=a hodc a-1 (3-13).1
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Chiing t6i quan tam dén mot truong hop dac biét ciia mau s6 dé la y, =1
va y, =0. Trong truong hop nay ching ta c6 ngay gia tri thuong ma khong
can tinh x, y va viéc chia x cho y bdi hé qua sau.

Cong thire 3.12.
Néu x,,,=1 thi Xdiv Y=0-1. (3-14).
Nguoc lai Xdiv Y=x, hodc x,-1 (3-15). 1]

Dua vao mot so dic diém sau cuia chuong trinh can xay dung la.
(i).Chuong trinh thuc hién thuat toan kiém tra tinh nguyén t6 ma thoi gian
tinh toan cua né chu yéu la phuc vu viéc tinh phép luy thira modulo cac s6
16n.

(ii). Trong phép todn nay phép chia duoc thuc hién rat nhiéu lan (trung binh la
1.5LogN phép chia) v6i diac diém 1a méu s6 (ky hiéu 12 M) khong doi.
(ii1).Phép chia luon dugc thuc hién véi do dai tlr s6 dugce gidi han bai ding 2
lan d6 dai mau so.

Chinh tir nhitng diac diém trén ching ta c6 thuc hién dugc mot s6 van
dé nhu sau.

(i). Tao tru6c Log n gia tri M, (& day n 1a do dai theo co s6 q=2'® clia gid tri
modulo) méi khi thuc hién phép luy thira cdc mau s6 trung gian. M, 1a cic s6
thoa man diéu kién sau.

M, 12 boi ctia s6 modulo M va c6 dang q'"+R, v6i R.<N, t(i)=n+2".

(i1). Thuat todn tim N mod M duogc thuc hién theo cong thiic sau

N mod M=((...(N mod M,) mod M, ,)...) mod M).

Nhan xét rang tai buéc truy hoi thit i, néu xét co s6 khai trién 12 Q=q"“™"
thi tr s va mau s6 cua phép chia thoa man gia thié€t cua cong thic 3.12 cho
nén ching ta dé dang dodn dugc thuong ding theo cong thic nay véi chd y
ring do dai q phan cla thuong 1a t(i)-n=2". Phép tinh clia ching t6i vita néu
tuy khong giam duoc vé bac so vé6i thuat todn chia dung truc ti€p cong thic
(3-11) nhung trong gai dat thuc t€ né c6 thoi gian tinh nhanh hon mot chat
(khoang tir 15+20%).
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3.3.3 Phép luy thira modulo cac so 16n
3.3.3.1 Cong thirc luy thiva theo khai trién nhi phdn ctia s6 mii
Cho B=b,+2b,+...+2"b,, chiing ta c6 céc cong thic tinh lu§ thita mot s6

16n dua trén khai trién nhi phan ctia s6 mii nhu sau.

Cong thirc 3.13. (cong thic luy thira xuoi)
k
X=xbo ()01 . (X2 )b (3-16).

Cong thirc 3.14. (cong thic luy thura nguoc)

K hiéu X=Xx, va véi i<k thi X_,=XP'X? ta c6 X*=X, (3-17).

Trong ca hai cong thic trén ta thay ring, dé thuc hién viéc tinh toan luy
thira mot s6 16n chiing ta can dén k phép binh phuong va mot s6 phép nhan
bang s6 bit 1 ¢ trong khai trién nhi phan ctia s6 mil B (trong s6 ctia B). N6i
chung viéc giai dat phép luy thira theo mot trong hai cong thuc trén 1a tuong
duong vé thoi gian tinh tuy nhién néu dung cong thic luy thira ngugc thi trong
truong hop X 1a s6 nho thi viéc tinh toan sé nhanh hon mot chuit.

3.3.3.2 Cong thiic luy thira theo khai trién a phdn ciia s6 mii

Ching ta khong ban dén lgi thé trong linh vuc nay cta phép luy thira
ngugc ma khai thic vu diém cuia né trong kha niang thay doi co s6 biéu dién
ctia s6 mil.

Gia st biéu dién ctia B theo co s6 a nao d6 1a B=c,+ac,+...+a"c,. Khi d6
céc cong thuc tinh luy thura tuong (ing s€ la.

Cong thiic 3.13". XP=X 0 (X*) 1. (X* )% (3-18).

Cong thitc 3.14'. Ky hiéu X,=X, va vdi i<h thi X, ;=X X ta c6 X°=X,.(3-19).

Ching ta xét truong hop a=2". Trong truong hop nay, néu nhu su dung
cong thiic 3-13" thi viéc tinh todn van nhu hét nhu khi str dung cong thiic 3-13
cén dén (vi viéc tinh méi thira s6 (X4 )%, ta sit dung két quéa da duge tinh cla
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budc truée do la XaH, luy thira a gia tri nay roi ti€p dén luy thira c, két qua

thu duoc), thi doi véi cong thic 3.14' xuat hién su khac biét ma ching ta cé

thé 1oi dung duoc d6 1a ching ta c6 thé tinh sin céc gia tri X' v6i j=2+(a-1).
Ching ta dimmg mot chiit dé phan tich cai tién dau tién nay.

Ta dé y ring, trong s trung binh clia s6 mii 1a x4p xi % do dai cua n6
do vay khi dp dung cong thic khai trién nhi phan ctia s6 mii ching ta can dén
trung binh la g phép nhan.

Trong phan mém cua Kapp, tic gia sit dung cong thitc khai trién ti
phan (a=4 hay t=2) va khi nay trung binh gi4 tri t& phan khac 0 cua s6 mi xap
xi %, do X? va X? di duoc tinh sdn nén thuat toan chi cin trung binh 13 phép

3n n
nhan —<—.
8 2
Bay gi0, néu ta sir dung khai trién a=2' phan, theo lap luan trén ching

2'—-ln n ., . NPT
7 <7phep nhan. Ty nhién ma noi, néu chon t

ta chi can trung binh la 5
cang 16n thi s6 phép todn phai thuc hién cang giam di, tuy nhién van dé khong
don gian nhu vay. D€ gai dat dugc thuat todn véi t 16n thi chiing ta phai tinh
san va khé khan hon nita la phai luu trit cac gia tri tinh san d6. Trong tinh
todn thuc hanh chiing toi rit ra rang viéc chon t=5 (a=32) 1a thich hop nhat.

3.3.3.3 Phuong phdp khai trién s6 mii theo co sé thay doi (co sé dong)
Gia st B=d,+d,201+..+d 2" véi 2'<d,<2™! véi moi i=1-+s, riéng d, c6
thé nhod hon 2". Khi nay ta s& c6 XP=X, trong d6 X=X% va X, ;= X¥'X, 2 "
Nhu vay chi can tinh sdn 2" gia tri X¢ v6i d=2"+(2"'-1) ta c6 thé tinh
dugc cdc gid tri X, v6i moi i=1+s ma trong d6 cin dén t, phép binh phuong dé
tinh X, 2" va mot phép nhan véi s6 d tinh san 1a X% rieng X, trong trudng
hgp d,<2" thi ta can phai tinh X% theo cdch thong thuong.

Chii y rang.
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(i). Téng s6 phép binh phuong phai thuc hién trong s+1 buéc tinh todn trén
cling chinh bang do dai nhi phan cta B.
(ii).Do diéu kién 2'<d.<2™' nén ta luon c6 t-t_>r do d6 gid tri s & day luon
khong qud gid tri h twong ting trong khai trién a=2""' phan ctia B, cho nén so
phép nhan cua thuat todn nay s&€ duoc giam di va dac biét l1a s6 luong cac s6
can phai tinh san dugc giam di mot nua.

Tém lai d€ tinh duoc luy thira X® chiing ta cAn dén LogB+s phép nhan
hodc binh phuong.

Phuong phap vira trinh bay trén con dugc goi la phuong phap truot clra

wn
O

Trén day ching toi da giGi thiéu mot vai cai tién nho nho trong thuat
todn tinh Iuy thira, tit nhién cdc cai ti€n nay khong mang tinh dot bién vé bac
tinh todn ma chi 12 su thay d6i doi chit vé hé s6 cua bac cao nhit. Hy vong
rang v6i nhitng su gop gié trén vé ba thuat todn co ban d6 1a nhan, chia va luy
thira ching ta c6 thé cai thién doi chit vé tdc do tinh todn clia cdc phan mém
stt dung cac hé mat khoa cong khai cling nhu cdc phan mém lién quan dén

tinh toan trén cac so6 16n néi chung.
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PHU LUC 1. CAC KET QUA THU NGHIEM

1.1. Gi6i thiéu vé phan mém
Chuong trinh duoc viét bang ngon ngit C véi hai tham s6 dau vao 1a s6
luong va do dai bit ctia cac s6 nguyén t6 manh can sinh (hai tham s6 trén

duogc nhap tlr ban phim) va dau ra la cac s6 nguyén t6 manh sinh dugc.

1.1.1. Vé luu trii cdac s6 nguyén t6 manh sinh duoc

Cac s0 nguyén t6 manh sinh dugc bdi chuong trinh s€ dugc ghi vao tép
vGi tén tuong tng 1a "prim_M.str" (M 1a s6 ghi do dai bit ctia s6 dugc sinh) va
dé trong cac thu muc "store_st".

Doi v6i s6 nguyén t6 manh M bit duge luu trit dudi dang mot day q
phan véi q=2"° v6i do dai N duoc tinh bing cong thitc N=(M div 16)+A trong
dé A=1 néu (M mod 16)>0 va A=0 trong trudng hop nguoc lai.

1.1.2. Vdn dé ghi lai bang chitng vé tinh nguyén té va tinh nguyén to manh
cua cdc so sinh duoc

Trong chuong trinh sinh s6 nguyén t6 manh chiing t6i cé luu lai trong
tép "ho_so.txt" cdc tham s6 co ban nhu do dai bit, thoi diém sinh, s6 lugng s
nguyén, s6 luong s6 nguyén to cua qua trinh sinh ra mdt s6 nguyén td manh.
Ngoai cac tham s6 co ban trén ching toéi con luu thém mot s6 tham sé phuc
vu cho viéc tham dinh lai tinh nguyén t6 va tinh manh clia s6 duoc sinh.

Ta biét ring s6 nguyén t6 manh dugc sinh trong chuong trinh 13 s6 p ¢6
dang p=2q+1 vdi q=rq,+1 va q, 1a s6 nguyén t6 Pepin tic 1a q,=r,2"+1, trong
dé r<q va r,<2*. Viéc khang dinh tinh nguyén t6 manh cla p chinh la ching
minh q,, q va p nguyén to.

(1). D€ chiing t6 q, 12 s6 nguyén t6, theo dinh 1y Pepin, ching ta can chi ra s6
a,<2" thoa man diéu kién:

(1.a). alqlT_l =-1 (modgq,).
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(2). Bé chiing minh q 1a s6 nguyén t6, theo dinh 1y Pocklington, chiing ta cin
chi ra duoc s6 a<q thoa man cdc diéu kién:
(2.a). a¥'=1 (mod q).

q-1

2b).a" =a’ =1 (modg).

(2.c). ged(a™-1,g9)=1.

(3). Dé chitng minh p 1a nguyén 6, theo dinh Iy 3.5 , chiing ta can chi ra ring:

(3.a). 2"'=1 (mod p).

(3.b). gcd(2® VA1 ,p)=gcd(2>-1,p)=gcd(3,p)=1 (hay 3 khong 1a uéc cla
p)-

Nhu vay, bang chiing dé chiing minh tinh nguyén t6 manh ctia s6 p bao
gbm céc tham sd6: q, 1, a, q;, a, va k. Va viéc chiing minh tinh nguyén t6 manh
clia p chinh la viéc thuc hién cdc ding thic néu trén. Bo tham s6 (q,r,a,q,,a,,k)
cho mbi s6 nguyén t6 manh duoc ghi trong tép “ho_so.txt” dudi dang text.

1.2. Kha nang sinh s6 nguyén t6 manh cua chuong trinh
1.2.1. S6 nguyén t6 manh lon nhdt sinh duoc

Chung t6i da sinh dugc mot s6 nguyén té manh do dai 2200 bit do la:
S6 nguyén té manh 2200 bit ( 663 chit s6 thdp phdn)=
13029880933166159052460356645890919205571234163893283843604009
37741039798406401668670474461762768627498797800710282781995460
09947417605805623246511881926585257240101827756958788061959102
32174765220852129764236162594620228976247260517269875893298300
95135216037678404705350683885082585173921201045884708613765036
21558372649516323599487686863735005478486545734278623229344601
62139601026088936282606628665300440034027712787193090241381777
95033415450736910419602261065613457232835874992626306569974318
50389945390920529207222456780118132256569591262578903345016728
11668055054864231730751837367527937333764755902324344673115533
5208580995352971458840830128747123433814303.

HOo so vé viéc sinh ra s6 nguyén t6 2200 bit néu trén nhu sau:
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So nguyen to manh 2200 bits sinh luc Thu Mar 28 10:46:13 2002
P=2(R*PEPIN+1)+1=391f d358 d8ea 3586 840e¢ b2bl €9d4 7cc2 57b5 a4l
eea8 cl61 efdb 74cc ¢c5d9 dd7 bOad 552b a860 49e¢6 1053 b  28b9 721c
a8e3 2921 6505 328e 95fb 7780 7880 90d3 240 793b 3a31 3d3d 5669 eddc
€93e 235a 48be fa84 bada c74d 55d8 7dc9 6193 95cd 639 9311 9bd8 3bc4
901 fcel eOcf 653 f7b0 Sca6 57e 7a9b {849 ebf8 3cd0 e80f f7b6 9db3 39a9
9bb7 2e86 a578 3e2 540b 7e3a 7a86 dd46 df05 a3a7 902b 16ed eOb5 7570
6692 eecb 72a7 1dlc 6fe5 3cab c¢7b8 b922 a998 3db6 8382 50ef 82a2 9530
7860 f5c4 2e63 c38b 817d a903 47fc bf53 ac51 bc33 bObS c147 2716 2ff3
9b9d 401f e3e6 db3c 5315 flc4 63ba Seda co6ff 81d3 aff5 782b c344 ae05
ad67 8910 7ddc edOe 45c7 4884 tb5c 1c86 b4d9 477a a61b 5¢8b 97e4 cbe5
b4

R=1c8e 69ac 6¢75 1ac3 c207 5958 74ea be61 abda 520 754 e0Ob0 77a5 bab6
e2ec 86eb d856 2a95 5430 a4f3 8829 8005 145¢ b90e d471 9490 3282 9947
4afd 3bc0 bc40 4869 8120 bc9d 9d18 6ad4 556 651c 9463 69c6 618f 382
55ef a721 4el3 c672 bd31 602 f908 1b7e 351c dd5 6f9c d4d3 2499 cced
2bcb 526b 90a0 fcb3 bfc6 ee6 daed 3104 9df8 aSb 9354 ce6f

Bang chung de R*PEPIN+1 nguyen to theo Pocklington la

a=b35b e7bl f85b 4393 650a 2829 7d13 2b38 e3b5 f5d 8da3 330f 4982
5282 af15 ec97 e83 1c8f 70a6 58bf S57ee c8f9 3ccd b2eb 6ee5 bb07 6¢bl
S5c8a 4fe7 65ca Sebf €688 Sfel 53b7 c130 3c05 3dda 71d7 f3b4 eff8 b645
62a6 858c a24c d9ec fa83 ded1 94ac 2684 decc feOd 4be7 e8d8 3893 65d2
Sef7 9199 98f4 cbb 63a9 9bct eb0f 947f f7e3 aceS 979b 7f3b e88e 259 ba2l
9bf3 8617 d50e 7dd0 7fb0 79e¢ 1535 96f7 243 17b4 ffe2 el17 e59d 7fca
bc37 1a9f ead6 334 cb35 b643 alc3 fddO 8b2b eSed a73f 64d f7c3 ab5c
1701 8215 71b2 454 eb21 3bcf bdOb 727b 8035 bc8b b26 48cc 3ale dd86
3337 57ae 481a 6d8f 276 adad 8164 fal5 aef3 67d2 702d c4c6 6b05 b695
6131 bedc 1d56 079 ef85 c202 2991 d041 d814 d7d7 6bb9

Pepnp=1 0 0 0 0 0 0 0O O O O O O OO O O O O
0O 0OOO 0O 0 0 O O0OO0OO0OO0OO0O O0O O 0 alobd1deé8eds
2a71 9a6c beeb aaba 312d 843b 88dc 94ff 27ae 647 Seda 6412 1f48 3f19
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bee2 fe2d 1c75 7668 890 513d 3bb5 edc6 ba99 bd5d 16 d2ee c872 9416
c15f 55b5 1a35 70

MU_k=560; JACOBI=7

Phai kiem tra 47380 so nguyen, co 61 so nguyen to

1.2.2. Mot 56 két ludn thong ké thu duoc

Bdng 1. (thoi gian sinh trung binh s6 nguyén té va s6 nguyén t6 manh M bit.)

M ®it) | TigngeongM) | Nigo(M) tisn(M) Ningon(M) Lnann (M)

512 1348 gio 351123 | 0.23 phat 1330 1.01 gio

1024 1431 gio 56321 | 1.52 phat 134 | 10.68 gio

1500 785 gio 8630 5.5 phut 10| 78.50 gio

Bdng 2. (mat d¢ thyc nghiém). p,,,,;,(M)= N,,,,n(M)/N,(M).

M Nin(M) Niygnn (M) Prngnn(M)

128 33310 499 0.0150

256 66011 531 0.0080

336 175383 1000 0.0057

512 351123 1330 0.0038

660 246526 683 0.0028

1024 56321 134 0.0024

Chu thich: Cac ky hiéu dugc ghi trong cac bang trén nhu sau:

tin(M) va t..,(M) 1a thoi gian sinh trung binh mot s6 nguyén t6 16n va twong
tu mot s6 nguyén t6 manh do dai M bit

Tong cong(M) 12 tONg s6 thoi gian dé thuc hién viéc sinh céc s6 nguyén t6 manh
do dai M bit.
Nis(M) va N
t6 manh do dai M da sinh duoc.

(M) 1a s6 cac s6 nguyén t6 16n va tuong tu l1a s6 cac nguyén

manh
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PHU LUC 2. Vi DU VE SO CAC SO PEPIN, POCKLINGTON VA
SOPHIE

Trong phan nay ching to6i dua ra cho ban doc moét vi du nho vé cac s6
Pepin, Pocklington va Sophie dé c6 thé hinh dung ra duoc su phong phii cua
cac s6 nguyén t6 manh trong 16p cac s6 ma chuong trinh ctia ching ta s€ tim
ki€m, tat nhién v6i do dai bit 16n hon nhiéu.

1. Bang so luong cac so Pepin =r2'%+1 véi r 1é va khong qua 32 bit

b N(b) b N(b) b N(b) b N(b)
17 1 21 2 25 15 29 206
18 0 22 3 26 25 30 389
19 0 23 3 27 58 31 766
20 0 24 7 28 105 32 1480

Chii thich: b 1a so bit; N(b) 1a so cac Pepin b bit.

2. Bang s6 luong cac s6 Pocklington q=R(2'°+1)+1 va s6 Sophie khong
qua 32 bit

b [No [N| b [N, [N b [N, [ Ng| b | Np | Ng
170 | 0 |21 2 0 |25 |12 1 |29 |231] 15
1810 0 22 210 26|32 ] 3|30 |471] 20
19 0 | 0 | 23] 5 [ 0 |27 55| 4 | 31 |742] 46
20 1 | 0 | 24| 7 | 0 |28 [110| 8 | 32 |1541| 89

Chi thich: b 1a so bit; Ny 1a s6 cac Pocklington; Ny 1a s6 cac s6 Sophie.

3. Bang tat ca cac so Sophie dang q=R(2'°+1)+1 va khong qua 32 bit
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3.1 Bang tdt cd cdc so Sophie dang q=R(2'°+1)+1 (tiw 25 dén 31 bit)

b Tat ca cac so Sophie tir 25 dén 31 bit (viét duGi dang thap phan)

25 | 29229503;

26 | 346138049; 48104159; 56755043;

27 | 83494139; 89785691; 91751801; 122816339;

28 | 153094433; 156240209; 166070759; 200281073; 221515061;
223481171; 231738833; 249433823;

29 1296227241;304484903;339088439;343413881;355603763;
403970069;425990501;430315943;489299243;512892563;
518004449;526262111;530194331;530587553;534519773;

30 | 541597769;552214763;571089419;584852189;612377729;
659957591;697706903;728378219;823537943;854602481;
936785879;958806311;978074189;978467411;997735289;
998128511;1003633619;1035484601;1064583029;1066942361;

31 | 1096434011;1126318883;1182942851;1196705621;1204176839;
1267485581;1283214461;1305234893;1324895993;1332760433;
1360285973;1365791081;1389384401;1401574283;1402753949;
1421235383;1482184793;1503812003;1560042749;1568300411;
1611948053;1623351491;1631215931;1653236363;1654809251;
1697670449;1718117993;1743677423;1745643533;1757440193;
1774741961;1784179289;1809738719;1812491273;1819962491;
1825860821;1839230369;1991407283;1994553059;2005170053;
2014214159;2026404041;2063760131;2072017793;2093645003;
2148696083;

3.2 Bang tdt cd cdc so Sophie dang q=R(2'°+1)+1 (32 bit)
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Tat ca cac so Sophie 32 bit (viét dudi dang thap phan)

32

2148696083;2151841859;2164031741;2173469069;2203353941;
2236777811;2286323783;2297333999;2299300109;2307164549;
2329578203;2339015531;2347273193;2415300599;2439680363;
2470351679;2513606099;2535626531;2549389301;25548944009;
2563152071;2635504919;2665389791;2668928789;2677579673;
2726732423;2777851283;2791614053;2863966901;2864360123;
2891885663;2896997549;2911546763;2932780751;2956767293;
2971709729;2976428393;2998055603;3029120141;3068049119;
3075913559;3094394993;3103439099;3164781731;3186802163;
3192307271;3292578881;3331901081;3375155501;3407006483;
3522613751;3530871413;3532051079;3544634183;3620526029;
3620919251;3623278583;3626424359;3642546461;3738492629;
3742424849;3746750291;3753041843;3813598031;3817137029;
3841516793;3890276321;3912296753;3916228973;3937462961;
3942968069;3959483393;3970886831;3976785161;3978358049;
4003917479;4031836241;4045599011;4066832999;4089246653;
4115985749;4141938401;4157667281;4178901269;4222942133;
4234738793;4254399893;4275633881;4287823763;

Bang s6 lugng so nguyén t6 Pocklington va s6 nguyén té Sophie v6i nhan la

30 s6 nguyén t6 Pepin lién ti€p dau tién dang r2'®+1 vé6i r>1 18 (céc so tir 21

dén 26 bit).

pepin\bit | 23 [ 24 [ 25 | 26 | 27 | 28 | 29 | 30 | 31 | 32
1376257 1/0 5/0 | 10/0 | 16/1 | 34/1 | 60/2
1769473 | 1/0 1/0 | 2/0 8/0 | 4/0 | 16/0 | 28/1 | 49/4
2424833 1/0 10 | 1/0 | 2/0 | 7/0 | 8/0 | 21/2 | 43/4
3604481 1/0 | 1/0 1/1 | 4/1 | 8/2 | 14/2 | 26/1

pepin\bit | 23 | 24 | 25 | 26 | 27 | 28 29 30 31 32
3735553 1/0 | 1/0 | 2/1 | 2/0 | 6/0 | 7/0 | 16/0 | 25/3
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5308417 1/0 | 2/0 | 2/0 | 6/0 | 16/1 | 19/2
6750209 1/1 1/0 | 1/0 | 2/0 | 4/0 | 11/2 | 18/0
7667713 1/0 | 1/0 | 2/0 9/0 | 14/0
8716289 1/0 | 2/0 | 1/0 | 4/0 | 8/0
9502721 /0 1/0 | 1/0 | 1/0 | 1/0 | 2/0 | 7/0 | 11/2
10027009 1/0 4/0 | 3/1 | 7/0
11468801 1/0 | 2/0 | 6/0 | 13/0
11599873 2/0 | 2/1 | 1/0 | 2/0 | 3/0 | 10/0
13565953 1/0 | 1/0 | 1/0 | 5/0 | 10/0
16580609 4/0 | 3/0 | 6/0
17367041 2/0 | 3/0 | 5/0 | 5/0
19070977 2/0 5/0
20119553 1/0 | 1/0 2/0
20512769 3/0 | 2/0 | 3/0 | 6/0
23789569 1/0 1/0 3/0 | 6/0
24576001 3/1 4/0
25231361 1/0 | 1/0 | 3/0 | 2/0
26017793 1/0 2/0 | 2/0 | 2/0
26411009 1/1 2/0 | 4/0
27328513 1/0 | 1/0 | 1/0
27590657 1/0 | 1/0 | 1/0
29294593 1/0 4/0 | 3/0
29687809 1/0 | 1/0 | 4/0
31916033 1/0 4/0
32440321 1/0 | 2/0 | 2/0
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Bang céc s6 Sophie da duoc liét ké trong bang trén

Pepin bit Cac so0 Sophie
1376257 | 30 |922092191;
31 | 1904739689;
32 | 3118598363; 4258139159;
1769473 | 31 | 1344799481,
32 | 2353399091; 2406483281; 3139045103; 4211345741,
2424833 | 31 |1125122513; 1998062393;
32 | 3525707183; 3758491151; 3962177123; 4194961091,
3604481 | 28 |223477823;
29 | 504627341,
30 | 720896201; 764149973;
31 | 1369702781; 2083390019;
32 | 2559181511;
3735553 | 27 | 127008803;
32 |2502820511; 2614887101; 38700329009;
5308417 | 31 |2091516299;
32 | 2441871821; 3110732363;
6750209 | 24 | 13500419;
31 | 1552548071; 2038563119;
9502721 | 32 |3325952351; 3725066633;
10027009 | 31 | 1784807603;
11599873 | 28 | 1855979609;
24576001 | 30 | 688128029;
26411009 | 30 | 845152289;
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