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LOI MO PAU

Sdch gidi thiéu mdt s6'khdi niém co bdn vé phuong phdp déng luc hoc, dp dung cho
cdc két cdu, tic logi don gidn nhdt mét bdc tw do dén logi phite tap nhiéu bac tu do
nhu nha nhiéu tang, dém, gian, khung. N§i dung trinh bay dudi dang ma tran dé
dige ngan gon va tién cho viée lgp trinh. Bink ludt Newton, nguyén Iy Hamilton,
nguyén ly cong do va cde thanh tuu todn hoc duge vin dung dé suy ra cdc cong thite
cd ban. Bai todn déng lue hoe khd phitc tap so vdi cde bai todn trong link vue tinh luc
hoc, né doi hoi nhiéu thoi gian tinh todn, do d6 tde gid da bién soan mét s6 chuong
tinh theo ngon ngtt Turbo Pascal 7.0.

Sdch gom cde chiuong:

Chuong mot: Hé mét bdc tu do khéng cb luc cdn.

Chuong hai: Hé mét bdc tu do ¢ luc can.

Chuong ba: Hé mét bdc tw do dudi tde dung cta tdi trong diéu hoa.

Chutong bon: Hé chiu tac dung ctia ti trong khdi qudt.

Chuong nam: Chudi Fourier dp dung vao viéc tink cde tdi trong chu ky.

Chutong sdu: Céc toq di khdi quét va phuong php Rayleigh.

Chuong bay : Nha chiu cit nhidu ting.

Chuong tdm: Dao déng tu do ctia nha chiu cdt.

Chuong chin: Dao déng cudng biic ciia nha chiu cdt.

Chuong muédi: Dao déng cia dém.

Chuong muoi mét: Dao dong ciia khung phing.

Chuong mudi hai: Dao dong ctia hé ddm true giao.

Chuong mudi ba: Dao déng ciia khung khong gian.

Chuong muoi bon: Dao déng cia gian.

Do cdc nguyén nhan chu quan va khdch quan, khong thé tranh khoi cde thiéu sét,
mong ban doc phé binh va gip y.

Cudi ciing, tdc gid chdn thanh cdm on Trudng ban Bién tap Tran Cudong da hét
long gitp dé va 6 vii dé hoan thanh 6t viéc bién soan sdch.

Ha Ngi, ngay 30 thang 5 ndm 2006

Tac gia



Chuong 1
HE MOT BAC TU DO KHONG CO LUC CAN

§1.1. Khai ni¢m vé dong luc hoc

Déng luc hoc nghién citu su lam viéc cla ket cau dudi tic dung cia tdi trong dong.
Khdc véi tai trong tinh, tai trong dong c6 gid tri, phuong huéng vi tic dung thay déi
theo thot gian hoac t6¢ d¢ gia tai qud nhanh dén mirc san sinh luc quén tinh, gay ra dao
dong. Trong thyc t€, chi y&u ¢ cdc loai tai trong dong sau day:

I. Tai trong di€u hoa, thay ddi theo quy ludt hinh sin hoic hinh cosin (hinh 1.1a)
chang han nhu i trong mdy dang hoat dong.

2. Tai trong chu ky, cit sau mot chu ky, lap lai hinh dang ban ddu (hinh 1.1.b), ching
han nhu tai trofig bia dap 1én dinh coc.

Pt}
i P{t)

b)
a} Hinh 1.1

3. Tai trong xung kich, tdic dung trong thdi gian rat ngén, tai trong tang lén vi gidm
xudng cyc nhanh nhu trong trudng hop né min. Ngodi ra, ¢é nhiing tai trong dong khac
bién déi theo quy luat khong nhit dinh ching han nhv luc dong dat, luc gid, luc séng.

Néu dat i trong lén két cdu réi sau d6 cdt di moét cdch dot ngot thi két cau tiép tuc
dao dong, ta goi la dao dong ti do. Néu két cau dao dong dudi téc dung clia tai trong
dong, ta got 1a dao dong cudng birc.

Méi trudmg xung quanh c6 thé dnh hudng dén trang thdi dao dong cla két cdu, dé 1a
lyc can gay ra bdi ma sét trong cdc niit, trong cdc vét nit, sy ma st bén trong vat liéu,
mo1 truong nhét nhu khong khi, nuée, dau... Khi ¢é lue can 6 thé bd qua, ta goi 1a dao
dong khong c6 luc can.



Viéc tinh todn két ddu dudi tic dung cha tai trong dong la mot van dé rat phic tap vi
trong thuc t&, két cu gém cac vat ran lién ket lai nén ¢6 vé s6 bac ty do. Tuy nhién, trén
cor s cdc gia thi€t va mé hinh todn hoc hop 1y dong thai sir dung cic thanh tu hien dai
trong Tinh vic 1odn hoc, co hoc, tin hoc, ta c6 thé ¢6 nhing 161 gidi gan ding trong bai
todn dong luc hoc.

§1.2. Khai niém vé bac tu do (BTD)
Ta dinh nghia bic tu do 1a cdc toa d6 doc lap Fi) —>

cin thi€t dé bi€u thi hinh dang hoic vi trf cha
két cAu tai mot thoi diém nao dé. No6i chung,

Y(t)

mot két cdu lién tue cb vo s6 bac tr do. Tuy
nhién, nho sir dung mo6 hinh todn hoc hop ly, ta
c6 thé dwa né vé mot hé cé it bac tu do, tham
chi chi ¢ mot béc tu do.

Chéng han khung trén hinh (1.2) duge dua vé
hé chi cé mot thanh phin chuyén vi, nghia 1a cacc 777777
chi ¢6 mot bac tr do. M6 hinh todn hoc cha hé

mot bac tu do biéu thi trong trudng hop tdng
quat nhu trén hinh 1.3, trong dé c6 cdc phin %—P y
k

san day:

1. Khoi luong (m) tuong trung cho cic dac /
trung quan tinh.

C m —> F(t)
t_—

Pl i

2. Lo xo k tuong trung cho luc khoi phuc dan
héi va thé nang cua két ciu.

3. Phan ur ¢ twong trung cho luc can va su

o e Hinh 1.3
mal mat nang luong cua Kkét cdu.

4. Luc kich thich F(t) 12 ngoai tuc tdc dung ién két cdu, né 1a ham cha thoi gian. Méi
mot phan (it trén déu c6 nhimg chic nang riéng biét. M6 hinh todn hoc khong ton tai
trong thé gidi vat 1y, né chi cé tinh chét don gian hod va Iy tudng hod két cau thyc ¢,
cung cip cho ta nhimg théng lin gan ding nhung khé ddy di va khd an toan v& trang thdi
lam viéc cua két ciu.

§1.3. H¢ khong ¢6 hre can

Ta bit diu nghién citu mot he don gian, khong ¢6 luc can va khong ¢ luc kich thich.
Trong nhimg diéu kién nay, sy dao dong ciia he bi khdng ché béi cdc diéu kién ban déu,
titc 12 chuyén vi v van t6c ban dau & thoi diém t = 0. Mo hinh todn hoc cua h¢ ¢6 Juc
can biéu thi trén hinh 1.4.



Khéi lugng m khéng ché boi 10 xo k va dao dong bi han ché i ,
trén phuong truc toa d9. O day, ta chi nghién cttu loai 1o xo

tuy€n tinh nghia la luc tdc dung 1&n 10 xo ty 1é véi chuyén vi

clia no. ‘
m
Nai cach khdc, ta ¢6 mdi quan hé:
F=Kk.y (1.1) 77T I
Trong do: Hinh 1.4

F, - luc tdc dung 1én 16 xo;
k - hing s6 10 xo;
y - chuyén vi ctia 16 xo.
So di trong tinh todn déng hue hoc ta ding 15 xo tuyén tinh vi né don gian trong viéc
phén tich vé mat todn hoc, hon nita chuyén vi cBa két cau thuc 1€ thuong rat bé, diéu nay
cho phép ta xem chiing lam viéc & trang théi tuyén tinh.

§1.4. Lo xo néi song song hoac noi tiép

Bai khi, can xdc dinh hing s6 10 so twong duong trong trudng hop hé c6 nhiing 10 xo
noi song song (hinh I.5a) hodc nhitg 1& xo néi tiép ¢hinh 1.5b).

Hinh 1.5
Trong truong hop hai 16 xo noi song song, téng luc cdn dé san sinh chuyén vi tuong
d6i bang don vi tai cdc ddu mdit cha chiing bang téng cdc hing s6 10 xo.
Theo dinh nghia, téng lyc nay 13 hing s6 16 xo tuong duong k. dugc biéu thi bing
cong thitc sau day:
k. =k, +k, (1.2)
Trong truong hop téng quat, néu cé n 16 xo néi song song, ta cé cong thifc:

k. =k, (1.3)
i=}

Trong trudng hop hai 160 xo mac néi tiép (hinh 1.5b) luc P san sinh ra cdc chuyén vi
tuong doi trong cac 10 xo nhur sau:



P
Ay, =—
Y1 K,
P
A =
¥a K

Viy tdng chuyén vi y tai dau tu do cia cédc 10 xo ndi ti€p bang: y = Ay, + Ay,. Thay
Cac gid tn trén vao, ta cd:
yemt L
k;  ky
Tém lai, luc cén thiét d€ san sinh ra chuyén vi bang don vi (tic 1a hang s 10 xo tuong
duong) bang:

(1.4)

Thay y tir hé thdc trén vio (1.4), ta ¢6 gid tri nghich dao cua hang s6 10 xo tuong
duong:

1 | |
—_— = (1.5)
K. k, ki
Trong trudng hop téng quat, néu ¢é n 10 xo néi tiép, ta co:
1 X1
—_— =) — (1.6)
kc l—;1 ki
§1.5. Pinh luat Newton vé chuyén dong
Theo dinh luat thit hai clia Newton vé chuyén dong, ta c6 hé thitc:
F=m.a (1.7)

Trong do:

F 1a luc téc dung trén mét phan tir ¢6 khéi luong m va a la gia toe. Cin hicu rang (1.7)
biéu thi m&i quan hé vecto giita luc va gia t6¢, ching dugce biéu thi trén céc truc toa do
X, ¥, Z nhu sau:

> F =ma, (1.8a)
ZFy =ma, (1.8b)
>FE =ma, ‘ (1.8¢c)

Trong dé: F_- hinh chiéu ctia luc F trén truc x;
F, - hinh chi€u cta luc F trén truc y;
F, - hinh chiéu cia luc F trén truc z;

a,.a,, a,- l4n luot 12 hinh chiéu cha gia t6¢ a trén cic truc x, y, Z.

%7y



Dai véi chuyén dong phéng cia mét vat rin d6i xing v6i mat phing chuyén dong tham
chi€u (mit phang x-y) dinh luat Newton vé chuyén dong cho ta cdc phuong trinh sau:

S F, =m.ag), (1.9a)
> F, =m.(ag), (1.9b)
SF; =1Ig0 (1.9¢)

Trong do: (aG )x ,(aG )y la céc thanh phén gia tac doc theo truc x va truc y cha trung

tam khoi luong G cua vat ran, o 12 gia t6¢c géc, IG 13 mé men quén tinh khéi lugng cua
vart ran déi véi mot truc di qua G, trung tam khéi lvong ; MG 1a tdng mé men cia toan
bo cic luc tac dung len vat ran d6i voi mot truc di qua G, vuong gée véi mit phang x- y.
Chuyén dong téng quat cia mot vat rin dugc moé ta bing hai phuong trinh vectg, mot
phuong trinh biéu thi méi quan hé giita luc va gia téc clla trung tdm khoi lugng, con
phuong trinh kia thi bi¢u thi méi lién hé gitra cdc mo men ciia céc Tuc va chuyén dong xoay
cla Vit thé.

§1.6. So do vat tu do

Trong bai todn dong luc hoc, cong vide dau tién va quan trong 1A thigt lap so dé vat tu
do. So dé nay c6 duge bang cdch tich mot vat ra khoi cac vit khéc va biéu thi cdc luc tic
dung 1én né (hinh1.6).

Vi du trén hinh 1.6b, c6 khéi lugng m, luc 16 xo Ky, trong lugng mg va phan luc N.
Vat dao dong trén phuong y nén céc luc thing ding khong tham gia vao phuong trinh
chuyén déng. Trén hinh 1.6¢, ta ¢6 luc 16 xo ky va lyc quédn tinh my . Tir di€u kién can
bang trén phuong y, ta cé:

-ky =my (1.10)
Trong dé: luc 16 xo mang ddu am vi tac dung trén chiéu am.
mg mg
il |
) ' --
k m ky«——- - m ky*— ¥ - my
T T
N N
@ (b) (c)
Hinh 1.6

a) Hé mot bac ty do; b) Cde ngogi lyc tde dung Ién vit tw do; ¢) Cdc ngout lwe va fuc qudn 1inh



§1.7. Nguyén ly Alenbert

Pé c6-duoe phuong trinh (1.10) ta cé thé diing nguyén 1y D’Alenbert, nguyén 1y nay
duoc phdt biéu nhir sau: DE hé & trang thai can bing dong luc hoc, ta cdn thém vao céc
ngoat luc do goi 12 luc quan tinh. Trén hinh 1.6¢, luc quan tinh dugc biéu thi bing m¥y,
luc ndy bang khdi lugng nhan véi gia t6¢ va luon cé chiéu nguoc lai vdi chiéu toa do.
Nguyén ty D’ Alenbert cho phép ta dung phuong trinh can bang dé thiét lap phuong trinh
chuyén dong. Chang han, trén hinh 1.6c 16ng cée luc trén phuong y cho ta:

my +ky =0 (1.11)

Phuong trinh trén tuong duong véi phuong trinh (1.10)

Cin chi y nguyén 1§ D’Alenbert chi 4p dung cho cdc truong hop don gian. Nhu sau
nay 1a s& thdy, nguyén ly cong do s& la mot cong cu ¢6 hiéu luc dé gidi nhimg bai toan
phuic tap hon.

§1.8. Loi giai cia phuong trinh vi phan chuyén dong

Budc ti€p theo 1a tim 181 giai caa phuong trinh vi phéan (1.1).

Trude hét, cin phan loai phuong trinh vi phan nay. Vi bién phu thugc y va dao ham
¢dp 2 clia n6 ¥ déu & bac nhat trong (1.11), phuong trinh nay dugc xép vao loai tuyén
tinh bac 2. Dong thdi, cdc hé s6 cha y vd ¥ 12 nhilng hang s6 va v€ phai cua phuong
trinh 12 s6 0 nén ta x&p vio loai phuong trinh thudn nht véi céc hé s6 khong doi.

Can cif vao su phan tich trén, 101 giai cta (1.11) la:

Y = Acoswmt (1.12)

Hoic

y = Bsinot (1.13)

Trong doé:

A, B 1a cdc hing s6, phu thudc vao cac diéu kién ban ddu cia chuyén dong, w 12 mot dai
lirong biéu thi dic trung vat Iy cha hé (s€ dinh nghia sau). Thay (1.12) vao (1.11) ta cé:

(-mo’ +k)Acosmt =0 (1.14)

Néu phuong trinh trén duge thod min ¢ bat ky thoi diém nao, dai luong trong ddu

ngodc phai triét tiéu, nghia I ©° = k (1.15)
1171

Nghiém cuia phuong trinh (1.15):

m=\[g— (1.16)
m

goi 1a tdn s6 vong tu nhién cua hé
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Vi (1.12) va (1.13) déu 1a 1oi giai ciia (1.11) hon nita phuong trinh vi phan ¢é tinh chal
tuyén tinh nén sw cong tic dung clia hai 131 gidi néi trén ciing 1a 1oi gidi tong quat cla
phuong trinh vi phan bac 2.

y = A cosot + B sinpt (1.17)

DE tinh van téc y, ta 18y dao ham (1.17):

y = - Awsinot + B o cosmt (1.18)
Céc ham s6 A va B xdc dinh tir cdc didu kién ban du tic 13 céic gia tri chuyén vi va
van t6c & thoi diém bat ddu dao dong.
Tha y =y, {chuyén vi ban ddu) vd y = v, (van t6c ban déu) tai thosi diém t = 0 vao
(1.17) va (1.18), ta dugc:
yo=A (1.19a)
v, = Bo (1.19b)
Cuoi cung, thay A va B tir (1.19) vio (1.17) ta duoc 19i giai cudi ciing ciia phuong
trinh vi phan

Y=Y, coswt+ﬁsinmt (1.20)
)

§1.9. Tan s6 va chu ky

Phuong trinh (1.20) cho ta thdy chuyén dong duoc mé ta bing mot phuong trinh cé
tinh chdt diéu hod do d6 cé tinh chat chu ky nghia I dugc bi€u thi bing ham sin hoic
ham cosin v6i cling mot tdn s6 . Vi cdc ham sin va cosin déu ¢6 chu ky bing 2n nén
chu ky T dugc x4c dinh bing hé thic ;

oT=2n

Do dé: T = 2~ (1.21)

®

Chu ky duge tinh bing gidy/chu ky hoac bing gidy nhung phai hidu rang d6 1a giay
trén chu ky. Nghich déo ctia chu k¥ 12 tan s6 tu nhién f. Theo (1.21).

N
T 2
Chu trinh t nhién f thudng duoc tinh bang Hertz hoic chu trinh trén gidy (cps). Vidai

(1.22)

luong o chi khdc v6i tin s6 ur nhién f & hé s6 khong déi 27 nén doi khi ta cling got o a
tan 56 tu nhién. DE phan biét hai dai luong f va o ta goi © 1a tan s¢ vong tu nhién hoic
tin 6 gdc tu nhién, T biéu thi bing cps nhur trong phan trén di trinh bay con o duge bidu
thi bing radian/gidy (rad/sec).

11



Vidul.l.

N 30cm
Maét dam congxon chiu tic dung clia mot trong luong W= J* >
230N tai ddu muit (hinh 1.7). Mat cat ddm c¢é kich thudc \
2,5cm x 0,6cm. Chiéu dai cha dam bing 30cm. Tinh tdn Hinh 1.7 Lw |

s6 tu nhién cha he. E = 21 x 10°kN/m’.
Gidi:
Chuyén vi cia didm tai ddu muit dudi tdc dung cla tai trong w bang.
w.L
" 3EL

Do d6, hing s6 10 so:

Trong dé: 1= l%x 2,5x0,6% =0,045cm*

 3x21x10° % 0,045

Vay: k
Y 30°

=105 N/em

W NP \
m =— ; g la gia tdc trong truong

g
T (1.16) (0=JE= IOSXE{@=21,152 rad/sec
m Y 230

Tir(1.22); F=-2 = 2b192 3 3600

27 2x 7

§1.10. Bién do dao dong

Su bién ddi lugng gidc don gian d6i véi phuong trinh (1.20) cho phép ta viét phuong

trinh d6 dudi dang tuong duong.
y = Csin(ot + o)
Hoac
y = Ceosin (ot - B)
Trong d6:

12
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(1.26)



tanﬁz-g— (1.27)

Céch don gian d€ dugc phuong trinh (1.23) hoac (1.24) 1a nhan va chia phuong trinh
(1.20) cho hé s6 C (phwong trinh 1.25) va xdc dinh o hodc B theo (1.26) hoac (1.27). Vay:

VO
y=C Y0 cos ot + -2 sin ot (1.28)
C C

Qua hinh (1.8), ta thay ring:

sing =22 (1.29)
C
Yo Hinh 1.8
cosc = % (1.30)
Thay (1.29) va (1.30) vao (1.28), ta dugc:
y = C(sinacoswt + cosasin wt) (1.31)

Bicu thifc trong dau ngoic ctia (1.31) chinh I sin(a)t + 0'.) trong phuong trinh (1.23)

Gid tri C trong (1.23) hodc (1.24) goi 1a bién do dao dong va o hoac B goi 14 géc pha.
Loi giai cia bai todn d6i véi hé dao dong tu do mot bac tr do khdng c6 luc can biéu (hi
trén hinh (1.9).

Vidu 1.2:

Mot ot trén hinh (1.10a). N6 1am bing ‘l— ; ; CI
thép cling, trén dinh ¢6 mot wrong luong t .
W = 22.500N. Yéu cdu xdc dinh tin s6 i \/ !
(u nhién. Khéi luong clia cot bo qua. Cot - —  e— ’n \/

c6 mdé men qudn tinh I = 6864cm®. a —T=
5 Fr — 6 2 L]
Modun dan héi E = 21 x 10° Nfem?. Hinh 1.9
g— y
/W =22500N 3——» y
/7 L — Fiy k
5 A M
Tj Pl Frrr iy r O
(b)

TP IITTITIIITTTT
(@) Hinh 110

13



Gidi:
Ta dua cot vé moé hinh don gidn nhu tén (1.10b). Trong d6, m 1a khoi luong téc dung
& dinh cot va k 12 hing s6 18 xo, y 14 chuyén vi ciia dinh cot. Theo ca hoc két cu:

_pU
Y T2
Do dé:
6
k=P _12EL_12x 2110 xO80% _14981,93 Njem
y I (450)°

Theo (1.16) va (1.22), ta co:

VW 27

1 Jkg LJ13981,93><98024,5?6CPS

B 22500

14



Chuong 2
HE MOT BAC TU DO CO LUC CAN

Nhur trong chuong 1 da trinh bay, ta thay ring hé mot béc tur do khong 6 lyc can, mot
khi co6 hyc kich thich tdc dung, dao dong khong ngimg véi bién dé khéng déi. Kinh
nghiém cho thdy mot hé nhu vay khong tén tai trong thye (& vi bao gidy cling xuat hién
luc can trong qud trinh dao dong, né tao thanh moét co cdu lam cho co nang, dong niang
va the niang cla hé bién thanh cdc dang nang lugng khic chang han nhu nhiét. Su thay
d6i ning heong hoiic bién mit nang luong do luc cin gay ra rat phiic tap va cho dén nay
ta vdn chua tim hiéu duoc hét. Do dé, cin néu lén mot 5O gia thiét vé luc can trén co s&
thi nghiém.

§2.1. Luc can nhot

Trong qua trinh phén tich dong Iic hoc két cau, ta thudng gia thiét ring luc can ty 18
V01 gid tri van téc va nguoc chiéu véi phuong chuyén dong. Ta goi lyc can nay I luc cin
nhét bao quanh. Gia thiét nay duge diing rong rai vi nd lam cho viée phan tich to4n hoc
tuong déi don gian.

§2.2. Phuong trinh chuyén dong

Ta dua hé mot bac ty do ¢6 luc can v& mo hinh don
gian nhu trén hinh (2.1). Trong d6, m 1a khéi luong, k y
la hing s6 10 xo, ¢ 12 hé s6 can nhét. Giéng nhu trong o K
A A 2 LA N . ‘\\—-_./\/\/__
chuong mét, ta lap so d6 vat te do va ing dung dinh luat @ C m
Newton dé thiét 1ap phuong trinh vi phan vé chuyén dong. J—+F —
Trén hinh (2.16), bi¢u thj luc quan tinh m¥ , luc khoi s

phuc dan hoi ky va luc can cy. Ap dung nguyen Iy

D'Alembert, ta thiét 1ap diéu kién can bfmg trén phuong o) ky -
y d€ dugc phuong trinh vi phan vé chuyén dong. oy -—F *° -
m'}?+cy+ky:0 2.1
Hinh 2.1

Loi gidi clra (2.1) 12 ham s8 mi y = Ce™. Thay né vio
(2.1), ta duoc:

mCpe +cCpe™ + kCe™ =0
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Sau khi bo thira s6 chung, ta cé phuong trinh dac trung

mp”~ +cp+k=0 (2.2)
Nghiém ca phuong trinh bac hai trén la:
7k
P__ [L) K 23)
P 2m 2m m

L&i giai tdng quat cta (2.1) 1a sy cong tic dung cta hai 161 giai
y(t)=C,ef + C,e? (2.4)
Trong d6 C, va C, 1a cdc hang s& tich phan, duge xdc dinh tir cac diéu kién ban dau.
Dang cudi ciing ctia (2.4) phy thudc vao déu trude ddu can trong (2.3). Ba truong hop
riéng bict c6 thé xay ra: dai luong dudi dau can co thé triét tiéu, dwong hoac am. Trudng
hop triéx tieu s& duoc gidi quyét trude, ta goi 1a lyc can t6i han.

§2.3. Hé ©6 Iue can téi han

D6i véi hé o6 luc can téi han, dai lugng dudi déu can trong (2.3} triét tiéu nghia la:

C 7k
e =0 2.5
EZmJ (2-3)

Hay ¢y, =2vkm (2.6)

Trong do c,, 1a hé s6 can t6i han. Vi tan 56 vong tu nhién trong truong hop hé khong
1 S k - k) e . 3 . . s
cé lie can 13 @ =, |— , hé s6 can t&i han trong (2.6) c6 the bieu thi bang:
m

2k
Cyp = 2MO = —— (2.7)
m
Trong hé ¢6 lirc can t6i han, theo (2.3), nghiém cda phuong trinh déc trung:
C
pi=py=— (2.8)
2m
Vi 2 nghiém bing nhau, 15 giai téng quét cha (2.4) chi c6 mot hing s6 tich phan doc
lap, nic 1a mot 161 gidl doc lap

_[g:ct. ]l
y, () =Ce 2" 2.9)
Mot 137 giai doc lap khac c6 thé xédc dinh tir ham
e
¥, () =C, +y,(t)=C,tee - (2.10)
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Phuong trinh trén ciing thod min phuong trinh vi phan (2.1). Lai gidi tong quat trong
truomg hop he ¢d luc can téi han 1a su cong tic dung cia hai 15i giai noi trén, ke 1a:

_[&Jl
y(1) =(C +Cy)e V2™ (2.11)

§2.4. He c6 luc can I6n hon luc can t6i han

B6i v6i hé ¢6 lue can 16n hon luc can t6i
han, hé s6 can 1én hon hé s& can t6i han
ufrc la:

C>C, (2.12) ¥y

Nhu vay biéu thic du6i ddu can (rong |
(2.3) la duong tic 1a 2 nghiém cha phuong i
trinh dac trung déu 1a s6 thue va khéc nhau,
do dé 16i gidi duoc biéu thi truc ti€p bing
phuong trinh (2.4).Can chi ¥ ring trong Hinh 2.2
truong hop hé ¢6 luc can 16n hon luc can t6i han, chuyén dong clia he khong con tinh
chat dao dong nita ma mic d6 dao dong suy giam ddn theo thoi gian cho dén khi triét
tieu. Hinh (2.2) bi€u thi trudng hop dao dong c6 luc can téi han. Trudmg hop dao dong
¢6 luc can 16n hon luc can t6i han ciing twong ty nhu viy.

¥

§2.5. Hé c6 luc can bé hon luc can t6i han

Trong trudng hop hé 6 luc can bé hon luc can t6i han, bidu thite dudi dan can mang
dau am, nghiém clia phwong trinh diac trung (2.3) 1a nhiing s6 phitc lién hop nghia [a:

Pr__ < ik EJ 2.13)
Ps 2m m \2m

Trong dé: i=+/~1 ladon vi 4o
Trong truong hop ndy, ta ding phuong trinh Euler biéu thi méi lién hé giita ham mii
va ham lugng gidc
e”“ =cosX +isinx 2.14)
e ¥ =cosx—isinx
Thay cic nghiém p, p, tir (2.13) vA (2.4) va can cif vio (2.14) ta ducc 101 giai tng
qudt trong trudng hop luc cén bé hon luc can téi han.
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- = .
y(ty=¢ \Emj (A costt+BSin(1)Dt) (2.15)
Trong d6 A vi B 1a cdc hing s6 tich phan trong trudng hop cé luc can va
g g P 24 op

2
@, = l‘——[L] (2.16)

m 2m

Hoac

wp = 0y 1-&° (2.17)
Ta dugc (2.17) bing céch thay vio phuong trinh (2.16) bi€u thiic tdn s6 vong ty nhién

trong trudng hop khong ¢d luc can:
»=, IE (2.18)
m

Ta dinh nghia ty s6 can cua hé la: £ = = (2.19)
Cin
Trong d6 c,, tinh theo (2.6)
Cuéi ciing, sau khi dua vio cédc diéu kién ban ddu y, (chuyén vi) va v, (gia téc) tai thoi
diém t = 0, ta tinh dugc c4c hiing s& tich phan do do6 16 giai ¢6 dang.

y(t)=e 5 (yo cospt + YTY0S0 iy ch} (2.20)
©p
Bi€u thitc trén cé thé viét:
y(t0 = Ce 5" cos(wpt —at) (2.21)
Trong do:
) + :
Cc- \/ya Lotyebe) (2.22)
®p
2
. _ (Vo + Yoim)
va fang = R
Op
Hinh (2.3) biéu thi biu dé dao | Yo
dong ctia hé ¢6 luc can bé hon luc ce'™

can téi han véi chuyén vi ban dau y, T
- . . . ¥,
va van té¢ ban dau bang 0. Ta thay i

327,
rang chuyén dong c6 tinh chét dao \TD;’=22/ 7 - ’2_T__‘;~.._z1' -
doéng nhung khong cé tinh chat ’
chu ky.
Hinh 2.3



Bién d¢ dao dong khong con la hang s6, sau cic chu ky lién ti€p né giam dan. Tuy
nhién, dac dong xuat hién trong timg quing thdi gian bang nhau. Ta goi quing thoi gian
d6 la chu ky dao dong ¢6 luc can, biéu thitc cia né nhu sau:

T, :2_n=_2_7t_ (2.24)

®p  yf1-&2
Gid trl h¢ s6 can d6i vdi két cau trong thuc t€ bé hon nhiéu hé s6 can téi han va
thudng duoc x€p trong pham vi giita 2% dén 10% gid tri hé s6 can t5i han. Thay gid trt
£ =0,10 vao (2.17), ta duoc:

wp = 0,9950 (2.25)

Tir biéu thifc trén ta thdy ring d6i véi he c6 hé s6 can bing 10% hé s6 can t6i han, tan

56 dao dong hau nhu bang tin s6 vong ty nhién clia hé khong cé luc can. Do vay, trong

thuc t€ tan s¢ vong tu nhién d6i v6i heé c6 lyc can 6 thé 1dy bing tén s6 vong tu nhién
cta hé khong ¢6 luc can.

§2.6. Do giam Logarit

Mot phuong phdp thuc 1€ dé xdc dinh
bang thi nghiém he s6 can cha he 1 thuc
hién dao dong tu do d€ ghi lai biéu dé dao
dong nhu trén hinh (2.4) va do téc do giam
st ctia bién do dao dong.

Su giam sdt ndy ¢6 thé biéu thi bing do

giam logarit &, duge xdc dinh bang logarit

ty nhién cua ty s6 giita hai bién d6 & hai
dinh lién tiép (hinh 2.4), tirc 1a:

§=In2L (2.26)
¥

Trén bicu dé dao dong c6 luc can trén hinh (2.4), theo (2.21), ta c6 phuong trinh:
y(t)=Ce > cos(wpt - o)

Ta nhan thdy rang khi hé s6 cosin bang don vi, chuyén vi nim trén cic diém cia
dudng cong y(t)=Ce ' (hinh 2.4). Tuy nhién, cic diém nay nam gan chif khong nim
trén vi tif bién do cyc dai. Cic diém trén dudng cong dé nim gin bén phai cdc diém co
bién do cuc dai. Trong céc bai todn thyc t€, ta ¢6 thé bé qua su khac biét dé va duong cong
chuyén vi ¢6 thé gia thiét triing véi bién do & dinh ciia dudmg cong y(t)= Ce ™", Do dé, tai
hai dinh lién tiép, bién bo y, tai thoi diém ¢ va y, tai thoi didm t + t, c6 thé viet:
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y, () =Ce 1
y:)(t) — Ce—gtn(t,HD}

Chia bién d6 y, cho bién d¢ y, va 14y logarit tu nhién, ta ducc:

§=InYL =0T, 2.27)
¥a
Thay chu k¥ cha T, tir (2.24) vao (2.27) ta dugc:
5= 2% (2.28)

N-¢

Nhu vay 13 ty s6 can duge tinh theo (2.28) sau khi xdc dinh bang phuong phap thuc

nghiém bién d6 & hai dinh lién tiép (hinh 2.24) trong hé dao dong tr do. Dai v6i gid tri
bé chia ty s6 can (2.28) c6 thé tinh gin diing nhu sau:

5 =2nt (2.29)

Vi du 2.1: Mot hé véi trong luong W = 44,5N va hang s6 16 xo 1a k = 3.500N/m c6

e cén nhét,  s6 gifta hai bien do lien tiép 12 22 . Xic dinh:

a. Tan s6 vong tu nhién cia hé khong c6 luc can;

b. D6 giam logarit;

c. Ty so can;

d. Hé s6 can;

e. Tan 6 vong tr nhién trong trudng hop ¢6 luc can.
Gidi:

a) Tan s6 vong tu nhién ciia h¢ khong cd luc can tinh theo cong thuc:

W= \/-]-T— =, [3500x 9,80 = 27,76 rad/fsec
m 44,5

Tan s6 dao dong:

_L 276 4,42 cps
2n 2n
b) Do sut giam logarit xdc dinh theo (2.26)
5=t =1a 2% 0 163
¥s 0,85
¢) Theo (2.29) ty s6 can duge xdc dinh gdn ding bang:
£ =5 _016s =0,026
2n 2n
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d) Hé s6 can xdc dinh tir (2.6) va (2.19)

¢ =Ec, =2x 0,026 {44,5x 200 _ 6 56 N—sec
" 9,80 —

e} Tan 6 vong ty nhién clia hé ¢6 luc can tinh theo (2.17)

©p = oy 1-E% 227,76 /1 —(0,026)* = 27,75 rad /sec

Vi du 2.2: Mot bé c6 trong lugng W = 17792N d& 4 c¢6t nhu nhau chén vao mong.
Bang phuong phip thi nghiém, ngudi ta dat mot tdi trong tinh F = 4448N tic dung lén

phuong nim ngang vao bé va do duoc chuyén vi bang A = 0,254cm. Hé s6 can vio
khoang 5% hé s6 can (6i han. Xdc dinh

a) Tan s6 vong tu nhién trong trudng hop khong ¢6 luc can

b) Hé s6 can tuyét déi

¢) Do giam logarit

'd) S6 chu trinh va thdi gian can thict dé bien do dao dong giam tir gid tri ban diu
0.254cm dén 0,00254cm.

Giai:

a) Hang s6 10 xo bing:

P BB 511,81 N em
A 0,254
Tén $6 vong tu nhién khong cé luc can 1a:
oo |K =\f”5”’81)<980:31,06radlscc
W/g 17792

He s6 can t6i han:

J
b) C,, =2k = 2\/175”’2;; 17792 _ 4505 N5
cm

Hé s6 can tuyét déi: C=E£C, = 0,05 x 4805 = 240,25

N.sec

cn
¢) Do gidm logarit tinh gdn diing bang:

§= in[y—“]zzrng:zn x 0,05 = 0,314
¥

d)Ty s6 giita bién do thif nhét y, va bién dé y, sau n chu trinh ¢6 thé xic dinh nhu sau;

Yo_Yo Y1 Yo
Ye Y1 Y2 ¥

Lay logarit ty nhién, ta ducc: nY0 = 5+0+...+3=nd
Yn
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0
Vay In .| =0,314n ;nzln(m):?,33m8 chu trinh
0l 0,314

¥ ¥

Tin s6 vong tu nhién ¢6 luc can:

0, = oy 1~E2 =31,06y/1-0,05% = 31,02 rad/sec

Chu k¥ ¢6 luc can: Tp, = 2 2 _ ,2025 sec
o, 31,02

Thoi gian cho 8 chu trinh la:
t (chu trinh) =8x T, =8 x 0,2025=1,62 sec



Trong chuong nay, ta s& nghién citu dao dong cla hé mot bac tu do, chin tic dung cta
tai trong diu hod 1a tai trong bién déi theo quy luat ham sin hoac cosin theo thei gian.
Loai tai tong nay thuong xdy ra trong dao dong co hoc, né do su xoay cta khéi lugng

léch (4m cia mdy san sinh ra.

Chuong 3
HE MOT BAC TU DO DUGI TAC DUNG
CUA TAI TRONG PIEU HOA

§3.1. Hé mot bac tu do khong ¢6 luc can dudi tac dung cia tai trong diéu hoa

Mo hinh cua hé mot bac tu do

khong ¢6 luc cin chiu tdc dung J «
cua tai trong diéu hod nhu trén §—_’V\"— m >y sint
hinh (3.12). Lyc kich thichcédang W~ 0
Fsingt trong dé F, 14 bién do 1én
nhit vi © la tdn s6 cia lyc tinh
bang radia/s. So dé vat tr do biéu thi W o— Lomi [ Fy sinéot
trén hinh (3.1b). Thiét 1ap diéu kién (b}
can bang trén phuong vy, ta dugc
phuong trinh vi phan: Hinh 3.1
my + Ky = F, sin ot (3.1)
Lai giai cta (3.1) cé dang: y(=y_+ yp(t) (3.2)

Trong d6: y (1) 1a 16i giai bd thoa man phuong trinh vi phan thuan nhat (vé phai bing
0), y, 1alai giai rieng thoa man phueng trinh vi phan khong thudn nhat (vé& phai khac 0).

Theo (1.17)

Y.(t) = Acosot + Bsinwt (3.3)

Trong d6: o= k
m

Loi giai riéng ¢6 dang:
yp(t) =Ysinot
Trong d6 Y la gid tri 16n nhat cla 11 giai riéng. Thay (3.4) vio (3.1) ta dugc:
~mp Y +KY =F, (3.4)
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B

Do do: Y=o F"rz - K (3.5)
— m@ —T

Trong dé: r biéu thi ty s& giita tin s6 cta luc tic dung va tan s6 vong tu nhién cua hé:

®

r=— (3.6)
0]
Can cir vao (3.2), (3.3) va (3.5), taco:
Ky
y(t) = Acosot+ Bsinot + k —sinmt 3.7

—r"
Tir (3.7), néu cac diéu kién bién y = y, vd v = v, = 0 & thoi diém t = 0, ta xdc dinh
duge cdc hang s6 tich phan.
Fy

r P
A=0; B=—FX
I-r
Thay cdc biéu thic trén vio (3.7), ta duge:
K
¥ = K_(sin@t - rsinot) (3.8)
—_ r"‘

Phuong trinh trén cho ta thiy 15i gidi tdng quat la su cong tdc dung cla hai s6 hang
diéu hoa c6 tdn s& khde nhau, do d6 chuyén dong khong con tinh chat diéu hoa. Tuy
nhién, trong thuc t&, sy xudt hién cta luc cin 1am cho s6 hang thu hai trong diu ngodc
cha (3.8) bién mat, do d6 ta goi nd 1a s6 hang nhat thoi, 181 giai con lai la:

o
k
I-r

Ta goi 161 giai trén 13 1&i giai & trang thai on dinh. Trong trudng hop hé khong ¢6 luc
can, s& hang thit hai trong (3.8) van tén tai do d6 16i giai van 1a (3.8).

y(t) = sin ot (3.9

2

Tir (3.8) hoac (3.9) ta thdy rang néu tan s6 tuc téc dung ® bang tin sé vong ur nhién
o cha hé (tic 1a r = 1) thi bién do dao dong vo cing 16n. Ta goi hién twgng nay 1a hién
tuong cong huong. Tuy nhién vat liéu duge sir dung trong thuc t€ ¢6 nhiing han ché vé
do6 bén, do do su ph4 hoai cla két cdu thudng xay ra sém trude khi bién do dao dong tro
thanh vo6 han.

§3.2. Heé ¢6 luc can dudi tac dung cuia tai trong di¢u hoa
Bay gid ta hily xét trudng hop hé mot bac ty do ¢6 luc can dudi tic dung cla tai trong
diéu hoa. M6 hinh todn hoc biéu thj trén hinh (3.2a) va so dé vat tu do biéu thi trén hinh

(3.2b). Lap phuong trinh can biing trén phuong chuyén dong, ta dugc
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my + ¢y =k, sinot ] y
(3.10) - o K \
] A
Loi giai cua phuong trinh trén gém 151 giai b @ M e sinat
yA(1) va I gidi riéng y (). Lai giai bil trong trudng L ¢

Q) @)
hop h¢ s6 can bé hon hé s6 can t6i han (¢ < ¢,) IETIIIIII 77T

dugc xdc dinh tix cic phuong trinh (2.15) va (2.19): o) Ky N -

¥, () S (Acostt+Bsiant) (3.11) of w— 777 ’
Loi giai riéng ¢ dang: Hinh 3.2

¥p{t) =C, sint + C, cos &t (3.12)
Ap dung hé thitc Euler:

e = cos @t +isin ot
(3.10) ¢4 thé viét

my +cy +ky = B¢ (3.13)
Lai giai riéng cna (3.13) ¢ thé viét

y, =Ce™ (3.14)

Thay (3.14) vao (3.13), ta dugc
-m&°C +ioC+kC=F,
F
Do do: C= ——%—-—
k —md* +ic®
F,ei®
Ypm ==
k —m&~ +ick
Dudi dang toa do cuc, miu sé phifc trong (3.15), ¢6 thé vist:

o
yi = A (3.16)
JK-m5°)? +(co) e
i(@t-0)
Hoac: Foe -
\/(k —ma- )- +(cc‘5)2
Trong dé: tan Q= —2 (3.17)
k -mo~
Thanh phin 4o ctia F,e' bay gits 12 thanh phén do ciia (3.16)
y = E, sin{® - 0) (3.18)

’ \/(k —mo ) +(co)
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Hoac Y, = Y sin(®t - 0) (3.19)
_ Fy

Jk-md?)? +(ca”)

Trong d6 Y 1a bién do dao dong & trang thii 6n dinh. Cic phuong trinh (3.18) va
(3.17) ¢ thé viét dudi dang ty s6 khong c6 thir nguyén.

Y

y = ¥ +sin{®—0) (2.20)

=y ey

"
-

tan@ =

(3.21)
1-7

F 3 PR q ~
Trong d6 y,, = fduqc xem nhu chuyén vi tinh ctia 16 xo dat i F ¢

C x 7 - - B ] ~ " P n L b o - - = - - o
£=—— laty s6 can vd r=— laty s6 tdn s6. Loi giai tong quat by giv la tong cua

. iV

th

6 gidi ba (nhat thaf), tir (3.11) VA 18 ]
gidi o trang thadi on dinh tir (3.20). T

y() =¢ "' (Acoswpt+Bsinopt) }{ \
— ! _
. Yo (smnl 8),‘ (3.22) 3 A '
\/(1 —r) = (2mE) \

Cén chi y rang cdc hang s6 tich phan

A va B trong (3.22) khong ducc tinh tix // \
cic diéu ki¢n ban ddu va ciing khong 2 / - T —
dugce tinh tir thanh phdn nhat thai trong o VAV
(3.11). Khi khao sat thanh phan nhat thoi, £
. > - o ~ —Eut P . ‘a [ \
ta thdy rang (hia 56 mii e chinh la g NN
nguyén nhan lam cho né bién mat do dé6 2 1\\“‘ 7 ININ
chi con lai dao dong & trang thdi én dinh £ NNACIE SR NS -k —
bid ]‘b‘“ h . h.32 ' "3 \lz“m TN TS
i¢u thi boi phuong trink (3.20). @ RN SENANN
Ty s6 giita bién do & trang thdi 6n 0 [ T ~‘:r:2——=‘:‘“=:- ]
o - 1
~dinh trong y (t) va chuyén vi tinh y,
dugc goi lcl h¢ s6 p.b:éng Fo déng llfc TysStinss _®
hoc. D, né duge biéu thi trong cac ©
phuong trinh (3.19) va (3.20) Hinh 3.3
D= - : (3.23)

ey ey




Tirhinh (3.3), ta thdy rang he s§ phéng to dong Iuc hoc thay déi theo t3 56 tdn s6 1 va
ty $0 cdn &.

Tir hinh (3.4), ta thdy ring géc pha 0 rong (3.21) ciing bién déi theo cac dai lugng wén.

Tur hinh (3.3), ta chi ¥ ring déi véi hé c6 luc can bé, bién do6 cuc dai xuit hién ing véi
ty s6 tin s6 gdn bing don vi c6 nghia 13 hé s6 phong to dong luc hoc ¢6 gid tri cuc dai
khi xay ra hién tvong cong huong (r =1 ). .

Tir phuong trinh (3.23), ta ciling thdy rang khi x4y ra hi¢n tugng cong hudng, hé s6
phténg to dong fue hoe nghich ddo véi ty s6 cén nghia 1

Dﬁﬂké- (3.24)

Mac dau hé s6 phéng to dong luc hoc hdu nhu dat dén gia tri cuc dai khi xay ra hién
twong cong hudng, gid tri d6 khong phdi 1a chinh xdc déi véi hé 6 lue can. Tuy nhién,
trong vigc ude tinh mét cich hop 1y Tuc can, ngudi ta thay ring su khic biét giita gi4 tri
gdn ding trong (3.24) va gid tri cyc dai chinh x4c ¢6 thé bd qua.

Vidu 3.1:

Mot dam don gidn d& mot mdy c6 trong luong 71,168N & trung tdm. Dam c6 nhip
L = 365,8cm va mo men qudn tinh I = 5344,41cm*. Dong co quay 300 vong/phiit, 16 to
ctua né mat can bing & mie do W’= 177,92N img v6i ban kinh 1, = 2,54cm. Hoi bién do
¢ trang thdi 6n dinh 12 bao nhiéu néu he s6 can tuong duong cha hé bang 10% hé s6 cin
t61 han. Dau dé bai todn biéu thi trén hinh (3.5). M6 hinh tosn hoc vi so db vat tu do
bi€u thj trén hinh (3.6). E = 21x10° N/em?.

1809

g0 [ 1]
04 -] [ |
/ n.7] 1]
e
° / 04 / ]

/ L

/i LT

JAA A

9ot

Foua, | L]

‘.,
]
\D-
Iy
Sl

e [
n

Hinh 3.4
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Gidi: y

Heé c6 luc can va khoi lugng phan bo cua $ O
dam c6 thé bb qua so véi khéi luong 16n cia i
may. Luc & trung tam coa ddm don gidn cin [ - |
thiét dé cho diém dé chuyén vi bang don vi > S
(tdc 1a he s6 do cimg) duge xdc dinh bing  |f— L o
cong thirc. Hinh 3.5

_48E _ 48x21.10°x5344,41
L' (365,8)’
Tan s6 vong tu nhién cta hé:

mz\/E: 110059,92x 980 _ 30 03 2ascec
m 71168

k

=110059,92N/m

Téin 58 cua may:
&= 200X 2T _ 31 41 radjsec
60

Ty 56 tdn s6: 1= 2 =221 _g 807
® 38,93
Tir hinh (3.6) gia s& m 13 toan b khéi luong cia dong co va m’” 1a khéi luong xoay

khong can bang.

€, “;I’Ia T

(l y =y, +¢, sinit
Y y
I

¥
l WL
l ¥
Y
7 ky CS"

@ (b)
Hinh 3.6

Vay néu y 1a chuyén vi thang ding cia khdi luong khong xoay (m - m'’) thi chuyén vi
y, cla khéi lugng m’ la (xem hinh 3.6)

Y=Y +ey sin ot (a)
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Phuong trinh chuyén dong dugc xdc dinh bing c4ch cong tat ca céc luc trén phuong
thang dimg trén so dé vat ty do (hinh 3.6b) trong dé c6 lyc quén tink clia khéi luong
khong xoay (m-m’)§ va luc quidn tinh cita khéi lugng khong can bing m'¥, :

(m—m')y+m"}?l+Cy+ky=0 (b)

Thay y, tir phuong trinh (a) vao phuong trinh trén

(m—m')y+m'§ - e,® sindt)+ Cy +ky =0
Sau khi xép dit 1ai céc s6 hang, ta duoc:
my +Cy +ky =m'f:{@2 sin &t (c)

Phuong trinh trén ¢6 dang nhu phuong trinh (3.10) dugc ding cho hé ¢6 luc can va
chiu tdc dung ctia tai trong diéu hoa c6 bién do:

F, =m'e @ (d)

Thay cdc gid trj twong tng vio (d) ta duoc:

2

3
E, =177,92 x 25,4 x L4 =4549,55 N/em
980
Tir (3.19) bien b6 & trang théi én dinh bing
4549,55
v_ 11005992 4 08em
J(1-0,8072) + (2x0,807x0,1)°
Vi du 3.2. Mot khung § y
thép d& 1 dong co quay tic W =66720N
dong vao ddm mét luc nim "W —~pEmEEZ y—
- ¥ Kk \
IS]g;ngDsiF(t) '_t 889,1605m § € m Fit
L M co trong luong L= 57, 2cm ““"
W = 66720 N. Mdi cot c6 S 5
mdé men  quan  tinh
I = 2880,32cm®. Chiéu dai r;» '
cua cot bang 4572 cm. (a) (b)

Gia sit hé s6 cdn cha he
bang 5% hé s6 t6i han, hdi
bién do dao déng & trang théi n dinh 14 bao nhiéu ? E = 21 x 10° N/em?

Gidi:

M¢ hinh tedn hoc ctia hé nhu trén hinh (3.7b)

Hinh 3.7

Chuyén vi ndm ngang & céc dinh cot béng:

3
A= P.L ,do dé heé s6 do cimg (hing s3 10 xo0).
3Ex2]
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P 3Ex21 3x21x10%x2880,32

k="-= ;= 3 == =3797,45N /cm
A L (457,2)
£=0,05
v :i 889,60 _ ) 5340m
3797,45
\/7 [3797,45%980 _7.47 rad/sec
66729
2053 =0,71
® 7, 47
Cin ¢ vao (3.19) va (3.20) bién do 6 trang thai 6n dinh
vo ys: _ 20,234
\/(l—rz)_(2r§)2 \](1—0,712) +{2x0,71x0,05)"
Y=0,467cm

§3.3. Anh huéng ciia dao dong nén méng dén két cau

C6 nhiéu trudng hop nén méng hodc g6i tua cha két cdu dao dong theo thoi gian.
Trong muc nay, ta s&€ nghién cifu két cau chiu tic dung ctia lyc dong dat, luc xung kich

nhu né min hoic e mdy moc.

Ta hiy nghién ciru gdi tya cha két cdu §—.y>(t)=y" sin ot § .y
chiu tic dung cia mot tai trong diéu hoa
{(hinh 3.8a) k
Y = Yo sin@t (325)  (a) ¢ _ "
k_'_
Trong do y, 1a bién do cuc dai va © 1a ' 7R
tan s6 vong dao dong & gdi tua.
Su dé vat tu do cda hé bi€u thi trén hinh ”
(3.8b). Sau khi thiét 1ap diéu kién can bing s e IFS
clia céc lue trén phuong chuyén dong ta duge b c(§-3.) —
hutong teinh vi phén
phuong trinh vi p Hink 3.8
my +C(y-9,)+k(y-y,)=0 (3.26)
Thay (3.25) vao (3.26), ta c6
my +cy + ky = ky, sin@t + Coy, cosot (3.27)




Hai tdn s6 vong ® trong vé phi ciia phuong trinh trén ¢6 thé ket hop véi nhau dé cho
ta phuong trinh.

my +Cy +ky = F, sin (&t + ) (3.28)
Trong dé:

By = yoyk* +(cB)’ = yokyl 4(21t)’ (3.29)"
Va tanﬁz%zhé (3.30)

Nhu vay phuong trinh (3.28) 1a phuong trinh vi phan trong truong hop hé chiu luc diéu
hoa F, sin(&t +B), né giong nhu phuong trinh (3.10).

Loi giai ¢ trang thdi 6n dinh clia phuong trinh (3.28) duge xdc dinh nhu phuong trinh
(3.20) chi khéc Ia cong thém géc B trong ham sin

-F—Dsin(cTJt+[3—9)
y(t)=—K 331

\/(I —r? )2 +(2ré;)2

Thay F, tlr (3.29) vao phuong trinh trén.
y __ y1+(2E)
Yo \f(l -1 )2 +(2re)’

Phuong trinh (3.32) bi€u thi su truyén tuong di tir dao dong clia g6i tya dén dao dong
cua he. Pay 1a vin dé quan trong lién quan dén viéc cdch ly dao dong nghia 12 bdo vé
ket cau d€ trdnh cic dao dong ¢ hai clia nén méng. Miic dé cich ly tirong déi goi la ty
s truyén tic 13 ty 56 giita bién do dao déng Y ca he va bién d6 dao dong y, clia nén
mong. T phuong trinh (3.32) he s6 truyén c6 thé viet:

Y I+(2r?§)2

sin(@t+p-0) (3.32)

(3.33)

" Yo \j(l—rg)z +(2r§)2

Ty 56 truyén Tr

Tysdtanss 8
[0]

Hinh 3.9
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Ty s6 truyén phu thude vio ty s tin s6 r=— va ty s6 can, né duoc bicu thi bang cdc

glel

dudng cong trén hinh (3.9).

Tél ca céc dudng cong hdu nhu di qua diém tai d6 ty s6 tin s6 1 = J2

Tir hinh (3.9) ta cé thé thiy ring luc can ¢6 xu huéng gidm ty s truyén doéi véi cic ty
56 tAn 56 r>~/2 .

Phuong trinh (3.32) cho ta 1&i giai doi véi he chiu tic dung clia luc dieu hoa & nén
méng. Ta ¢6 thé gidi phuong trinh vi phan (3.26) theo céc s6 hang biéu thi chuyén dong
tuong déi giita khéi lugng m va nén mong:

u=y=y, (3.34)

Thay phuong trinh trén vao (3.26), ta dugc:

mii +cu + ku =F_(t) (3.35)

Trong d6 E (1) = -my. dugc xem nhu tai trong ¢6 hiéu luc tic dung vao khaoi lueng
m ciia hé, chuyén vi ctia nd duge biéu thi bang toa do u. '

Thay ¥ tlr (3.25) vao (3.35), ta dugc:

mii + ¢ + ku = my, & sin &t (3.36)

(3.36) tuong ty nhu phuong trinh (3.10) véi F = myO(T)2 . Tix (3.20) 1&i giai ¢ trang thai
6n dinh duge xdc dinh nhir sau:

2

__mye®”
ksin{ot -8

U(t) = ——m (7 ) (337)

\j(l Y s (2ney
Thay

—2 =2

—U-J— = ——= = [’2

L

m

vio phuong trinh trén, ta duoc:
Uity t* sin (&t - 0) (3.38)

Yo \j(l g2 )2 +(2r§)2

Trong dé: 8 dugc xdc dinh bang phuong trinh (3.21)

Vi du 3.3: Cho moét khung nhu trong vi du (3.2) (hinh 3.7). Gia su nén mong cua
khung chiu Iuc hinh sin y,(t) = 889,6 sin 5,3t. Xéc dinh ty s6 truyén dao déng len dam.
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Giai:

Trong vi du (3.2) ta da tinh duge k = 3797,45N/m : £E=005;y,=0,234cm ;0w =747
rad/sec ; ® = 5,3 radfsec ; r =0,71.

Ty s6 truyén xdc dinh tir (3.33):

1+(28)" 1+(2x0,05%0,71)’
(I—r2)2+(2r§)2 (1—0,712)2+(2><O,05x0,71)2
T,=2,0

T =

T

§3.4. Anh huéng ca dao dong két cdn dén nén méng

Trong muc nay s€ nghién ci dnh hudng clia dao dong két cau dén nén moéng. Van dé
12 két cdu chiu tic dung cta tai trong diéu hod F(t) = F, sinot trong trudmg hop cé luc

can (xem hinh 3.2), ta hdy tim xem lyc truyén xuéng nén méng 13 bao nhiéu ? Phuong trinh
chuyén dong c6 dang:

my +cy +ky = F, sin &t
Theo (3.20) 15i giai & trang th4i 8n dinh 1a:
y = Ysin (6t - B)

Trong dé:
K

Y= 12< (3.39)
\/(l—rz) +(2r<'§_,)’3 '

2&r

1-%

Lyc truyén xudng nén mong qua 16 xo 12 ky va qua phén tlr can 1a ¥ (hinh 3.2). Vay

tanQ =

toan b luc truyén xudng F, bang:
Fr = ky +cy (3.40)
Lay dao ham (3.19) va thay vao (3.40), ta duoc:
F = Y[k sin (@t -0} + ct cos @t —G)J
Hay

Fr = YVk® + c*” sin (&t - 6+ p) (3.41)
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Fr = YVK* + % sin (&t - @) (3.42)

Trong do:
cl
tanp=—=72E&r
b= =% (3.44)
O=06-
Tir (3.39) va (3.42), luc cuc dai A, truyén xudéng nén mong L
L+{2rE)
Ar =F, (2t) (3.45)

(1-r" )2 +(2r8)

Trong trudng hop nay, ty s truyén T, ciing duge dinh nghia la ty s6 giita bién do cua
lue truyén xuéng nén mong trén bién dé cua luc tdc dung.

2
p oA | 1+(2) (3.46)

r 2
Foo y(1-r) +(28r)

Cin chi y ring ty s6& truyén tt nén mong dén két cau va ty s0 truyén tir ket cau xudng
nén méng déu duoc xdc dinh bang cdc ham holn toan nhu nhau (3.33) va (3.46). Viy cic
dudng cong trén hinh (3.9) déu c6 thé biéu thi bat cti ty s6 truyén ndo néi trén. Téng géc O
trong (3.42) ¢6 thé xac dinh bing cdch 18y ham ti€p tuy€n d6i véi hai v€ chia (3.41)

tan @ —tan
tanP = ———B
1+tan @ tan

Thay tan vi tan [ tir (3.21) va (3.43) viro phuong trinh trén, ta cé:

3
lzlllE}:—?é—r-T (3.47
l—r~+4E&7r~
Vidu 3.4:
Mot dong co ¢O  trong I, sinat
luong W = 17169,28N duoc
dat trén mot dam don gian
nhu trén hinh (3.10a). Déng " m HTA
co san sinh lyc diéu hoa cé do

16n 31136N v ¢6 tin s6 vong é

o = 60rad/sec.
M6 men quan tinh cua dam 305 ¢m

[ = 4995w’ ; E = 21 x 10° @ &

N/em®. Bo qua trong luong clia

dam va gia thiét ty s6 can 10%.

Xic dinh:

- —

77

|
NP7 FP7T7 77777

-

Hinh 3.10
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a. Bién do chuyén dong clia mdy
b. Luc truyén xuéng géi tua.

¢. Goc pha tuong ting

Giai:

Mo hinh todn hoc biéu thi trén hinh (3.10b). Di tinh duge cic tri s6 sau:

= 48EI =175100N /cm

b

k

(,0=£~= 100 rad /scc
m

é:

j=

1

r=—=0,6

e el

i=0,18<:rn
k

it

yst
Theo (3.19) bién d¢ dao dong béng:

Y = 2t = 0,27 cm
\j(l —r )H +(2r§)2

Theo (3.21) géc pha duge x4c dinh nhu sau:

=
than_l—z-r%='10,6u
l—r-

b. Tir (3.46) hé s6 truyén:

Ar 1+(2r8)°
' F, (l—rE)ZnL(ZrE_)2

Do d6, bien do cia luc truyén xudng nén méng la:
Ar=F, T, =48,158N
¢. Theo (3.47) gdc pha tuong (ng

3
S R

1-¢2 +(2r3’;)'

B =tan"
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Chirong 4
HE CHIU TAC DUNG CUA TAI TRONG PONG KHAI QUAT

Trong chuong trude, ta dd nghién ciiu dao dong cua hé mot bac tu do chiu tic dung
cua tai trong di€u hod. Mic ddu téi trong d6 ¢6 tinh chit quan trong nhung trong thuc t€,
k&t céu con chiu tic dung cla cdc tai trong khdc khéng mang tinh chat diéu hoa. Trong
chuong nay, ta sé nghién citu dao dong clia hé mot bac tu do chiu tdc dung cha luc khdi
qudt. Ta s& thdy rang 11 gidi c6 thé x4dc dinh dudi dang tich phan tinh dugc bing phuong
phap giai tich trong mot s6 trudng hop don gidn. Tuy nhién, trong trudng hop téng quat,
ta ¢ thé diing phuong phap tich phéan bing s6.

§4.1. Tai trong xung kich va tich phan Duhamel
F(t)

Tai trong xung Kich Ia tai trong tac A
dung trong mot thoi gian rat ngin. Ta
dinh nghia xung lyc 1a tich cna tai
trong dd nhan vl thoi glan tac dung
cta né. Chang han xung luc cla luc
F(t) trén hinh (4.1) tic dung trong
quing thoi gian dt 12 tich F(t)dt biéu
thi bang hinh gach chéo Hinh 4.1

T T+d; t

Xung luc nay tic dung Ién vat thé ¢é khéi lugng m, san sinh ra sy bién déi van toc
duge xdc dinh bang dinh luat vé chuyén dong.

mdv
=F(t
T (t)
Hay
dv < Fdr (4.1)
m

Trong dé F(t)dt 14 xung luc va dv 14 s6 gia cla van t6c. S6 gia van t6c ¢6 thé xem nhu
van téc ban ddu cta khéi luong & thoi diém 1. Bay gid ta hdy xét xung luc F(t) drt tic
dung lén két ciu 1a hé khong c6 luc can. O thoi diém 1 hé chiu sy bién ddi véan t6c duge
x4c dinh theo cong thiic (4.1). Néu dua sy bién d6i van téc nay vao phuong trinh (1.20),
né duge xem nhu van t6c ban diu v, Két hop véi chuyén vi ban ddu y, = 0 & thoi diém
T, mét chuyén vi duge san sinh & thdi diém t nhu sau:

F(t)dt
mae

dy(t) =

sinw(t—1) (4.2)
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Ham tai trong ¢6 th€ xem nhu mot loat cdc xung luc ngén tng véi cic s6 gia lién tiép
cua thoi gian dt, méi s6 gia thdi gian san sinh chuyén vi & thoi gian t dudi dang phuong
trinh (4.2). Vay ta c6 thé két luan ring tdng chuyén vi & thoi diém t do tac dung lién tuc
cua lue F(t) gay ra duge xdc dinh bing tdng tich phan chia cic vi chuyén vi dy(t) tir thoi
gian t = 0 dén thoi gian t, nghia la:

Yty = J'F(r)sin ot —1)dt (4.3)
ma 0

Tich phan trong phuong trinh trén goi 1a tich phan Duhamel. Phuong trinh (4.3) biéu
thi tdng chuyén vi do lyc kich thich F(t) gay ra trong mot he khong ¢6 luc c¢dn, né bao
goém thanh phén 0 trang thdi 6n dinh va thanh phén nhat thai trong qua trinh dao dong c6
cac diéu kién ban ddu triét tieu y, = 0 va v, = 0. Néu ham F(1) khéng thé tinh duoc bang
phuong phdp giai tich, tich phan trong phuong trinh (4.3) bao gio ciing c6 thé xdc dinh gin
ding bang phuong phap s& hop ly. Dé xét dén anh hudng clia chuyén vi ban dau y, vi van
toc ban dau v,, & thdi diém t = 0, ta cin cong vio phuong trinh (4.3) 1&i giai cho bdi phwong
trinh (1.20). Vay téng chuyén vi clia hé mot bic tu do khong ¢6 lyc can chiu tdc dung cia
mat tai {rong bat ky, dugc biéu thi bing phuong trinh:

t

1
y() =y, cosmt+ﬁsinmt+— J.F(‘c)sin m(t—'r)d‘r (4.4)
w me
Du6i day s€ trinh bay mét vai trudng hop don gian, trong d6 c6 thé tinh tich phan truc
ti€p trong phuong trinh (4.4)
§4.2. Luc khong déi

Ta hiy xét truong hop

. Fit
mot luc khong doi ¢6 do - i(h)
. = - A 14 k
lon F, dat dot ngot 1én he § mo L Fw F,
khong cé luc can & thoi § 5
diém t = 0 biéu thi nhur trén 777777777777 % -
hinh (4.2). @ (b)

i . a
Néu ca chuyén vi ban
Hinh 4.2

ddu va vin t8c ban diu déu
triét ticu, 4p dung phuong trinh (4.4), ta duoc:

y(t) = L JF(-:) sino(t-1)dt
mao o

Sau khi tinh tich phan, ta dugc:

1
0

y(t) =

0 lcosw(t -—'r)|
me”
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Hay y(t)zF—lf(l —cosmt)zysl(l —cosa)t) (4.5)

%
3
Dao dong cia hé mot bac tr do  y(t)
khong ¢6 luc can, chiu tdc dung
cua mot luc khéng dd&i dat dot
ngot, biéu thi trén hinh (4.3). L e 2 Uil Nl
Ta thdy rang dao dong ndy
giéng v6i dao dong tr do cua hé
khong c6 luc can. Diéu khédc biét
co ban 13 truc toa 46 doi mot H——=T+—
khoang bang y,. Hon nifa, chuyén Hinh 4.3
vi cuc dai y,, ding 12 gfp doi chuyén vi y, do téi trong tinh F, dat Ién két ciu mét cich
tir va cham rdi. Nhu vay, ta nit ra mot két luan quan trong 1a n€u hé dan héi tuyén tinh
chiu tdc dung cla mét luc dat dot ngot thi chuyén vi cuc dai ca né gdp doi chuyén vi
gay ra boi luc d6 khi né dat 1én tr tir va cham rdi. Két ludn nay ciing ding véi noi luc va
{ng suat trong két cau.

Trong d6: y, =

§4.3. Tai trong hinh chit nhat

Bay gid ta hdy xét %0

truong hop tai trong khong

doi F, dat dot ngot 1én két 16
cdu trong mot thoi gian rat
ngan 1, (hinh 4.4). Cho dén
thoi diém t,, phuong trinh

1,2

(4.5) van ap dung dugc va
08

& thoi diém d6, chuyén vi

By

S O S N e hE St SET T O

va van tdc dugc biéu thi ’

bang cdc phuong trinh sau: 04 b4

F, 7
yd:—(l—cos(otd) 1
k Ty 02 05 10 20 5 10
vy = %U)sin Wty ‘%
Hinh 4.4
Sau thoi diém t,, ta 4p dung phuong trinh (1.20) (dao dong tu do), 1dy céc diéu kién
ban dau 14 chuyén vi va van t6c & thai diém t,. Sau khi thay t = t- t,, y, va v, bang y, va
vy, ta dudc:
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y(t) =—I;“—(1 —cosmtd)cosm(t—td)+%sinmtd simo(t—ty)
Sau khi don gidn hoa:
y(t)=%cosa)(t—td)—cosmt (4.6)
Néu he¢ s6 tai trong dong (HTD) dugc dinh nghia 13 ty s6 giffa chuyén vi & bt cit thoi
diém t ndo trén chuyén vi finh Y :El:— thi ta ¢6 thé viét phuong trinh (4.5) va (4.6)
nhur san:
HTD = 1—0032n€% t<t,

HTD =cosm(t—td)—cosmt t>1 (4.7)

Thong thudng, ngudi ba bi€u thi thdi gian bing mét tham s& khong thit nguyén bang
cdch dung chu ky tr nhién thay cho tan s6 vong tu nhién (o = 2r/T), do dé (4.7) cb
thé viét:

HTD = 1—cos2n-% L<ty

t
HTD =cos® AR —cosZJ'tL t>ty 4.8)
T T T

Hé 56 tai trong dong 16n nhét (HTD),,, ¢6 dugc bing cich cuc dai hod phuong trinh
(4.8) n6 duoc biéu thi trén hinh (4.4). Ta nh4n thay ring hé s& tai trong dong cyc dai d6i

Vol cdc tal trong tac dung trong thoi gian ?‘i > 0,5hé4u nhu giéng nhau nhu khi tai trong

tic dung trong thoi gian v6 han. D thi trén hinh (4.4) rat ¢6 ich cho viéc thiét ké, nd
thuong dp dung cho céc tdi trong xung kich tic dung trong thdi gian ngan d6i véi he khong
¢6 lyc can. D6i véi cde tai trong téc dung trong théi gian ngén, luc c4n khong cé anh hudng
dang ké dén hé. He sé i trong dong cuc dai thuong ng véi gia tri cyc dai dau tién va ngudi
ta thdy rang tong luc can trong két cdu chua dé dé 1am gidm gid tri dé.

§4.4. Tai trong tam giac

Day la trudng hop hé khéng c6 luc can, ban diu & trang thdi finh, sau dé chiu tic dung
cua mot luc F(t) ¢6 gid tri ban dau 1a F, réi gidm ddn tuyén tinh xuéng gia tri O & thoi
diém t, (hinh 4.5). Lai giai ¢6 thé tinh bang phuong trinh (4.4) qua hai giai doan. Trong giai
doan ddu 1 < t,, luc durge xdc dinh bang phuong trinh:

Hﬂzm@—ll
td
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2,0

_‘
=]

—_
]

=
[= ]

Hé s6 tai trong dong HTD

o
.

=

=

’ 0,05 01 0,2 05 1,0 20 5 10
Hinh 4.5

Diéu kién ban diu tuong tng la: y,=0; v,=0

Thay cdc gid tri trén vao (4.4) va tich phan, ta duoc:

E
y =%{1 —cosot +—°[S‘“““ —tﬂ 4.9)

Heé s6 tai trong dong véi cic tham s6 khong thit nguyén

. [ 2mt
27 iy T t
HTD=L=1—005[~—)+—-——-— (4.10)

YSI T [211[{]_] td

T

Heé s6 trén ting vé6i thoi gian trude thdi diém t,. Trong giai doan 2 (t > t,) tir (4.9), ta c6
chuyén vi va van téc & thoi diém t,,

Fy [ sinoty
Ya=—" —cosmty
k oty _

F st

v, =—2| osinot +cosu)d_L (4.11)
4k 4 t t
d d

Cic gid tri trén duoc xem nhu cdc diéu kién ban dau & thoi diém t = t, trong giai doan 2.
Thay t = t,, y,= y, VA V,= v, vao (1.20) va chu y rang F ., = 0 trong giai doan nay, ta dugc:

Fy
kot,

y= (sincot—sinm(t—td))—l—:(o—cosmt

Chia phuong trinh trén cho y = I::, ta dugc :
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HTD = —I—(sinmt—sinm(t—td))—cosmt (4.12)
wt,

Dung tham 56 th&i gian khong thit nguyén, phuong trinh trén cé thé viét

HTD = — Jsin 2™ _ginonl Lot U _conn b (4.13)
5k T T T T
T

L op- 2 . ‘o < s . e - PR § .
Do thi cdc dudng cong bicu thi he s6 tai trong dong 14 ham ciia thai gian ty doi 7;— doi
vo1 hé khong c6 luc can, chiing duge biéu thi trén hinh (4.5). Tir dé thi nay, ta nhan thay
; c . . P . ey .k .y
rang gid tri cuc dai cia hé s6 tai trong dong x4p xi bing 2 khi ?" rat 1ém.

Trong phén trén, ta di nghién citu dao dong chia hé khong ¢6 e can trong 2 trudng
hop don gian: tai trong chit nhat va tii trong tam gidc. Trong cic truong hop nay, @ ¢
thé thire hién tich phan truc tiep.

Trong phén sau, ta s& nghién citu cdc ham luc khong cho phép tinh tryc tiép tich phan
Duhamel. Trong cdc trudng hop nay, ta phai ding phuong phép tich phan bang s¢.

§4.5. Phuong phap s6 ap dung cho tich phan Duhamel doi véi hé khong ¢6 luc cin

Trong nhiéu trudng hop thuc t€, ham tai trong chi duge biét qua cic 56 licun thuc
nghiém, chang han nhu lue dong dat, do do lai giai phai dugc xdc dinh bing
phuong phap s6. Trong phuong phdp ndy, ta thay hing ding thitc luong gidc
sIno(t - 1) = sinwtcoswT - coswtsinwt vio tich phan Duhamel.

Gia sur cdc diéu kign ban ddu triét tiéu, ta cé tich phan Duhamel trong phuong (rinh
(4.4) nhu sau;

1 ]
y(t) = sin mt—l- _[F(t)cos m‘rdr-costh J‘F(’r)sin mtdt
me

mo - ;
Hay
A(t)sin ot — B(t)cos ot
y(h)= ( ) (4.14)
mao
Trong dé:
|
A = J’F(r)cosmdr
0 (4.15)

I
B(t) = IF(I)sin wtdt
0
Viéc tinh tich phan Duamel yéu cdu phai tinh dugc bang s6 cdc tich phan A(t) va B(1).
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C6 nhiéu k¥ thuat tinh tich phan bing s6 dé giai quyét van dé trén.

Chéing han cdc tich plian duge thay bing téng clia cic ham dudi dau tich phan va tinh
cho n s& gia théi gian bing nhau At. Phuong phap phé bién nhat 12 4p dung quy tac hinh
thang hoac quy tic Simpson. Gid sit cé tich phan clia mot ham khdi quat.

t

A(t) = IF(t)d‘r (4.15)
0
Theo quy tac hinh thang:
A(t) = Ar-;—(lu +21, + 2L +..+ 2], +1) (4.16)

Theo quy tac Simpson

A(t)zAr%(IO+4ll+2IZ+,..+4ID_1+In) 4.17)

t L) by - - -t .= = .
Trong do n= ~ phai 14 moét s8 chan déi véi quy tac Simpson.
r

Cic quy tic trén c6 tinh chat gin ding vi chiing duge thuc hién bang cach thay ham
F(1) bing ham tuyén tinh gém céc doan thing d6i véi quy tac hinh thang hoac thay bang
ham Parabon trong timg doan d6i v6i quy tac Simpson. Mot phuong phip khdc dua trén
co s& chia ham tai trong thanh mot loat cic doan thing lién ti€p.

Theo phuong phdp niy, ham F(t) dugc thay gén ding bang ham tuyén tinh gom cdc
doan thing nhu trén hinh (4.6). Ta biéu thi tich phan trong phuong trinh (4.15) dudi
dang t6ng hai s6 hang:

A(li):A(ti_l)+
N
| 4.18) Fit,,
JF(T)COSUJTd‘l: (4.18) Fll.)
- Fit)
Fit. )

t
B(t;)=B(t, )+ | F(Dsinotdt  (4.19)
t-1 .
Trong dé A(() va B(t) biéu thi cdc gid
tri cua céac tich phan trong phuong trinh
(4.15) & thoi diém t, Tir hinh (4.16), ta

- ¢6 thé viét:

AF, .
F(T)=F(ti_.)+6—F'("c—ti_l) t,<T< (4.20)
L

AF, =F(t)-F(t, ;)

Trong do:
At =1 -t
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Thay (4.20) vao (4.18) ta duoc:

A(t) = A(ti_l)+(Fli_1 +1;_ %?—](sin ot -sinot; )/

1

(4.21)
AF, . .
+—— {cos,ooti —cosot;_; +o(t; sinot, —t,_, —sin ot,_, )}
o~ At,
Tuong tu, tlr (4.19)
AE
B(t,) =B(t,_,) +[Fl_ R Z-'—J(coswti_l ~cosot, ) /o
i- t.
' (4.22)

AF, .
+ {sm wt; —sinol;_ +OJ(ti cosot;, —1,_, —cosmti_l)}
o~ AL,

Céc phuong trinh (4.21) va (4.22) 14 nhitng cong thitc truy héi dé xdc dinh tich phan
trong (4.15) & thoi diém t = t,

Vidy 4.1: Mot két cau mét bac ty do chiu tic dung cia tii trong xung kich niwr trén hinh
(4.7). He s6 do cimg (hang s6 10 xo) k = 200kN/cm, khoi lugng m = 0,2 kNsec¥/cm.
Tai trong déng bi¢n déi nhu trén hinh (4.7). Gia slt c6 6 quing thoi gian véi s6 gia thdi gian
At=0,02 giay. Tinh chuyén vi theo cdc thoi diém quy dinh trén.

+  PN)
500kN
250kN 250kN
0 + y =  lsec
0,02 0,04 0,06 0,08 1.0 1,2
Hinh 4.7
Gidi:

Theo cong thikc (1.16), tinh t4n s6 vong:

0)=\/E= 202 =+/1000 =31,62rad/sec
m 0,02

Theo (4.21), (4.22) ta tinh cac dai lugng A(t), B(t) va theo (4.14), tinh chuyén vi y(t).
Céc dai luong nay thong ké trong bang (4.1).

Can chi y ring vu nd két thic & thai diém t = 0,08 giay va bat dau tir thoi diém do,
¢dc dai lugng A va B c6 gid tri khong déi. Vay theo (4.14), phuong trinh chuyén dong
nhu sau;

y(t) = (5,26 sin 31,62t - 16,26 cos 31,621)/6,324

Hay y(0) = 0,83 sin31,62t - 2,63 cos31,62t
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Bang 4.1

TTZiif)m S AW B C:;))!i;l
0,00 0 0 0 O
0,02 250 2,26 1,01 0,08
0,04 500 6,34 7.16 0,62
0,06 250 6,53 14,54 1,71
0,08 0 5,26 16,66 2,63
0,10 0 5,26 16,66 2,62
0,12 0 526 16,66 1,59

§4.6. Phuong phap sé ap dung che tich phan Dubamel d6i v6i hé ¢6 luc cin

Céach tinh tich phan Duhamel bang phuong phip s6 trong truong hop hé s8 luc can
tuong tu nhu di trinh bay trong muc trudc. Tuy nhién, phdi thay van tc ban dau
_ F(t)dt

m

dv

vao phuong trinh dao dong c6 luc can. Pat y, = 0, v, = F(1)dt/m va thay t

bing t - T vio phuong trinh (2.20) dao dong tr do c6 luc can, ta ¢ phuong trinh vi phan
& thai diém t.

—Zw(t-1) F(t)dt N

dy(t)=¢ inoy(t—1) (4.23)
Wp
Lay tich phan biéu thifc trén:
. o)
dy(t)= J'F(r)e—iﬂ“ Y sinwp(t —1)dt (4.24)

mo,, -

Trén day 12 131 giai 4p dung cho tich phan Duhamel d6i véi hé ¢d luc can.

Ta tién hanh phuong phap tich phan bing s6 nhu trong truong hop he khong ¢6 lyc can.
Can ctt vao phuong trinh (4.24), ta c6:

—Ewmt
y(t)={AD(l)siant—BD(t)costl} (4.25)
me,
Trong dé:
li
Apyy = Ap (ti )+ J' F(1e*" coswpdt (4.26)
ti—
b |
BD(ti} =B, (ti_)+ I F(T)eim sinadt (4.27)

i
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Trong trudmg hop ham tai trong duoc thay bang cic doan thing, ta thay F(t) tir (4.20)
vao cic phuong trinh (4.26) va (4.27). Do d6 cén tinh cic tich phéan sau:

N
4 Ewt !
I, = I e coswptdr = ez ; (gmcoswot+mo sin u)D'c) (4.28)
-1 (@o)) +op ti-]
i Emt g
I, = | ¢* sinoytdt = Ewsino,T—o;, cosw,T (4.29)
2 D T D D D
to (éﬂ)) T, ti_q
L Eid K
I = jreém sino,tdt=| T 62 - I+ 0;'3 > I, (4.30)
i) (£0) +of, (o) +op .
1 t
I, = J. " coswptdr =] T %(D 5 JI] ~ a;D n I, 4.31)
N (Zo) +o3 (o) +op

ti-1
Trong d6 I, ; T, la céc tich phan trong (4.28) va (4.29) trude khi tinh theo céc can.
Sau khi thay (4.20) vao (4.26) va (4.27), ta duoc:

AE ) AF
AD(ti):AD(ti_l)-f-(F(ti_l)—ti_] EJII+EI4 (4.32)
AF. AFE
By(t.)=B,(t._)+| F(t. )=t , —L [, +i¢ 4.33
p{ti}=Bp{t;_)) ( (i) -t AtJ 2+Ati 3 (4.33)

Cudti ciing, thay (4.32) va (4.33) vio (4.25), ta duge chuyén vi & thoi diédm t:

—éﬂ)ll

Y(ti)z
mo

{Ap(t)sinopt; - By, cospt, | (4.34)
b

§4.7 Loi gidi bang phuong phép tich phan truc tiép

Chuyén dong d6i véi he mot bac ty do ¢6 lue ) § Y

can bi€u thi trén hinh (4.8). M6 hinh todn hoc —n— -
P I —

nhu trén hinh (4.8a), so dé vat tu do nhir trén @ I—7
hinh (4.8b), A

Phuong trinh vi phan ¢6 dang: (b) ky —1" 0y | . Fy

my +cy + ky = F(t) (4.35) oy -— T
Trong d6é ham F (1) 12 luc tdc dung 1én khéi luong m Hinh 4.8
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Khi két cdu chiu téc dung ctia mot lye kich thich & gdi tya nhu trén hinh (4.9) tir so
d6 vat tu do trén hinh (4.9b), ta c6 phuong trinh chuyén dong:

my +c(y -y, +k(y-y,)=0 (4.36)

Trong trudng hop nay, ta biéu thi § 0] y
chuyén vi tuong déi gifta chuyén vi cha

kh&i luong voi chuyén vi clia goi tua y.:

k
u=y-y, 4.37) P
| m
Thay u v dao ham cia né tr (4.37) 2 (i
viio (4.36), ta duoc:  ikcsclca

f—1 ¥
mii + ¢t + ku = —my(t) (4.38)
¥

So sdnh (4.35) va (4.38) , ta thay rang K-y
cdc v& phai clha ching tuong duong vé b} " _s) AL
mat todn hoc néu vé€ phai ciua (4.38) v

duoc thay bang:

Hinh 4.9
F o (t)=-—m¥ (1) (4.39)
Phuong trinh (4.38) bay gid c6 thé viét:
mii + ¢t + ku = F (1) (4.40)

$4.8. Loi giai clia phuong trinh chuy¢n déng

L& gidi ctia phuong trinh vi phan chuyén dong 1a chinh xdc néu lyc kich thich duge biéu
thi bing cic doan thang. Qud trinh gidi yéu cau tinh lyc kich thich tai nhitng quing thoi
gian bang nhau At. Két qua duoc thuc hi¢n bing cdch ndi suy tuyén tinh giita cdc diém
biéu thi luc kich thich. Nhu vay quing thoi gian kich thich (bao gbm thoi gian kéo dai
them sau ngudng kich thich) duge chia cho N quing thai gian bang nhau At. Trong maéi
quing At, ta xét dén cic diéu kién ban ddu ing véi quang thoi gian d6 va su kich thich
tuyén tinh trong quing thoi gian d6. Cic diéu kién ban déu la chuyén vi va van téc @
diém cudi cha quing thai gian trude. Gia sit ham kich thich F(t) duge biéu thi gin ding
bing cic doan thing nhu trén hinh (4.6), ham F(t) c6 the viét:

Fty=| 1-1=5 FH—(I—_[—i]FI_ fetet,, 4.41)
At At -l

Trong dé: 1, = iAt d6i véi cdc quing thoi gian bing nhau Atvai=1,2,3..n
Phuong trinh vi phan (4.35) biy gio la:

t—t.
v+cy+ky=f{1-—"|FE +| —L |F, | ti<tst, 4.42
my y y ( At } i [ At ] 1+l Mzt E N ( )

46



.....

Lai giai clia (4.42) 12 tdng cuia 104 gidi bh Y. (v€ phai triét tieu) va 10i giai rieng y,, tic La:
Y=Y, 1Y,
Trong quing théi gian t, ot .t + At, 15i giai bl duoe xac dinh bing phuong trinh (2.15).
y. = e-iﬂ‘“*‘i)[ci cos @y (—1;)+ Dy sinwp(t—t,, | (4.44)
Mat khic, 13i gidi riéng cilia (4.42), c6 dang: '
Yo =B+ A(t-1) {4.45)
Thay né vio (4.42), ta c6:
I—t. t—t.
CA;+k| B +A,(t-t.)|={1-—L |[F +| L |E
i [I |( |)][ AIJI[AtJHI
Trong d6: A; B, 12 cdc hing s& trong quing thoi gian € <t <t + At va F, = F(1) ;
F.,, = F(t+At). Gidi cdc phuong trinh trén, ta duoc:

A. = Fi+I _'Fi
. k-A:\ (4.46)
B. = i —EA
k

Thay 161 giai bl tr (4.44) vio (4.43) va I giat riéng Y, tr (4.45) ta 6 Wi gia tong

(UAL:
Ve =e W [C coswp (t-1,)+ D, sinop(t—t)]+ B, + A, (t-1,) (4.47)

Ldy dao ham phuong trinh trén, ta dugc van téc:

y = g S0t [mDi —EoC, ]cost(t - ti)—[(z)DCi +§mDi]sin op(t-t,)+ A, (4.48)

Céc hing s6 tich phan C, va D, duoc xdc dinh tir cac phuong trinh (4.47), {4.48), déng
thoi dua vao cdc diéu ki¢n ban ddu 1a chuyén vi y, va van t6c y; & khoi diém cua quing
thot gian At tiic 1a thoi diém t. Nhu vay, sau khi dua vao (4.47) va (4.48) cac didu kién
ban dau va gidi cic hé thic trén, ta duge:

C=y -B,
D =7 —A; —&oC (4.49)
1 (OD

Viée tinh cic phuong trinh (4.47) , (4.48) & thoi diém t+ At cho ta chuyén vi y,,, va
van toc y;,, tai thai diém t .
Yo =€ [C; coswpAt + D, sin ®pAt]+B; + A At (4.50)

V., = e o [Dio}, coswpAt - Ewsin wpAt) -

(4.51)
Ci (EwcosopAt + o), Sin mDAt] +A,
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Cuéi cling, gia t6c & thoi diém t,,, = t,+ At duoc x4c dinh tryc ti€p sau khi thay y,,, va
§._, tir (4.50) va (4.51) vio (4.35) va dat t = 1+ AL

: 1 .
Yin :_[Fi+l —C¥in —k)’m]
m

(4.52)

Vi du 4.2:Mot két ciu mot bac tr do 6 luc can chiu tic dungcia tai trong xung kich
nhur trén hinh (4.7). Hé s6 do cing (hang s6 16 xo) k = 200kN/cm, khoi lugng m = 0,2
kN sec’/cm, ty 86 can £ = 0,20. C6 6 quang thdi gian véi s6 gia thoi gian At = 0,02 gidy.

Tinh:

1. Cic dai lwong A, B, C, D;

2. Chuyén vi, van téc, gia toc tai cdc thoi diém quy dinh trén.

Gidi:
Bang 4.2
Thoi gian | Tai trong | Chuyén | Van téc Gia 16¢
' ; y C Dit
t (gidy) P (kN) vi (cm) | (cm/sec) | (cm/sec’) Al B © ®
0,00 0 0 0 0 6,25 -0,79 0,79 - 18
0,02 250 0,46 442 2314 6,25 0,46 -4.53 0,59
0,04 500 1,71 62,5 96 %10 -6,25 3,29 -1,58 4.30
0,06 250 2,04 -2539 -462 9 -6,25 2,04 0 1,18
0,08 0,79 62,5 | -187x10° 0 0 0,79 | -2,1%
0,10 0 0 -18.3 2314 0 0 0 -0,59
0,12 0 0 0 0 0 0 0 |
Theo (1.16), tinh:
k

Tan s6 vong: @ =

Theo{2.17) tinh:

Tan s6 cin: ©p = oy 1-E2 =31,62.41-0,2 =30,98rad / sec
Heé s& can ¢ = ¢ = 2vkm.§ =2J200x 0,02 x 0,2

c=2,53

m

— = %23— =+/1000 =31,62rad /sec

Cudi ciing tinh céc dai lugng A(t), B(t), C(t), D(t) theo cic cong thitc (4.46) va (4.49),

tinh chuyén vi, van toc, gia téc theo cdc cong thite (4.50), (4.51), (4.52).

Két qua théng ké trong bang 4.2.
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Chuong 5
CHUOI FOURIER AP DUNG VAO VIEC TINH
CAC TAI TRONG CHU KY

Trong chuong trinh, ta s& 4p dung chudi Fourier dé tim 1&i giai cho hé chiu tai trong
chu ky.

§5.1. Su khai trién chuéi Fourier

Chuéi Fourier c6 nhiéu fing dung trong F)
nhiéu linh vuc khoa hoc va todn hoc. Trude

hét ta hdy nghién ciu mét hé mot bac tu do /\
chiu tic dung cla tai trong chu ky. Tai I‘y f\u W, -

trong chu ky la tai trong ci sau mot chu ky T—a—T —ia— T
lap lai hinh dang ban diu. Mot ham chu ky

nhu viy c6 thé biéu thi bing téng cua vo s6 Hinh 5.1

s hang sin va cosin goi 14 chudi Fourier.

Dai véi ham chu ky nhu trén hinh (5.1), chudi Fourier ¢6 thé viét:

F(t)=ay +a, cos®t+a, cos2®t +a, cos 3Bt +...+a_ cosndt +...
he 6.1
+b) sinwt +b, sin 201+ b, sin 3Bt +...+a_sinndt +...

Hoac: F(t)=a, = Y {a, cosn@dt+ bn'sin nat} (5.2)
n=|
2 & - > ~ - - -
Trong do: @ = —%[ 1a tén s6 vong va T 12 chu k¥ clia ham s6. Céc hé s6 a, &, b, doi
v61 ham da cho F(t) duge xdc dinh béng cic biéu thiic nhu sau:
n+T
2= [ F(oat

4

y+T
a, =—T- jF(t)cosnwtdt (5.3)
1
3 t+T
b, =¥ I F(t)sin naotde

f
Trong dé6, can du6i t, chia tich phan ¢ thé 14y bat cit gid tri thoi gian nao, nhung
thudng ta ldy bang - T/2 hogc bing 0. Hang sé a, bidu thi gid tri trung binh c¢lia ham chu
ky F(t).
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$5.2. Loi giai trong trudong hop tai trong dugc biéu thi bang chudi Fourier

Trong trudng hop hé mot bac tu do chiu tai trong chu ky, 101 giai bi¢u thi bang chudi
Fourier 1 su cong tdc dung cic thanh phén trong chuéi. Khi bd qua 161 gidi nhét thai, 16
giai chia hé khong co luc can ng véi mot s6 hang sin bt ky nao cha chudi duge xdc
dinh bing phuong trinh (3.9).

ba
ya 0=t K sinndt (5.4)
-1

n
Trong d6 r, =— va o= ,/—. Mét cich tuong ty 10i giai d6i véi s6 hang cosin bat
® m

a

il

SRAGEE K_cosndt 5.5

Loi gidi chia hé mot bac tu do khong ¢ luc can duge biéu thi bang su cong tic
dungctia todn bo cide 58 hang trong chudi bao gém 181 giai 6n dinh ayk.

Vay tacéd:

0 . b
Y(t):%}+zl L 5 [%cosn@tﬁtfsin n(TJt] (5.6)
n _rn

Khi xét dén luc can, 151 gidi & trang thii 6n dinh ing vdi s6 hang sin tong quét cla
chuéi dugc xic dinh bang phuong trinh (3.20)

ﬂ- sin (nﬁt - 9)

yall) = -
\j(l -]+ (2r8)

(3.7)

Hay:

b, sinn®tcosO—cosnwtsind
Yalt) =~

k \/(1 —r? )2 +(2r,8)
Thay sind va cos0 tir (3.21)

2% . — —_
b {1-r; |sinn®t - 2r & cosnit
Yalt)= T( ) 5 (5.8)

(1-52) +(2r8)

Tuong tu, ta ¢6 s6 hang cosin cia chudi

(1 - rn2 ) cos ndt + 2r,& sinnot

(_1 —i2 )2 w(2re)

a
=n 5.9
Yo (D) " (5.9)
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Cudi ciing, 18 giai tng qudt duge xdc dinh bing su cong tic dung cic s6 hang biéu
thi boi (5.8) va (5.9), ciing véi s6 hang hing s6 chia chubi.
Vay ta c6 16i giai tdng qudt cira hé mot bac tr do khéng cé lue can nhit sau:

2,2r,5+b, (1 _r“z)sinno—awa" (1-57}-b,25,¢

(r-v )2 +(2r2) (117 )2 +(2r,g)’

Vidu 5.1: Mot hé mot bac tu do ¢6 luc c¢in nhu trén hinh (5.2a). Luc tac dung c¢6 tinh
chit chu ky biéu thi trén hinh (5.2b).

Khai trién luc chu k¥ thinh chudi Fourier va viét 13 giai ctia phuong trinh vi phan.

cos not (5.10)

Fit} Fin= et

-

k
}M m e F(
e e

Hinh 5.2
Gidi:
Budc dau tién la khai trién Jam F(t) thanh chuéi Fourier. C4c hé s6 tuong img duoc
xac dinh theo {5.3) nhu sau;

TF, F
a, _ L [Ledt=-2 (5.4)
TyT 2
TF
a, = 2 J-Ltcosndtdt =0 (5.5)
T, T
T
by = = 20 tsinnidtdt = 10 (5.6)
Ty T nm
Lan giai cta hé khong c6 lue can duge xdc dinh theo (5.6):
F, & F,sinnot
yy=-2-% 0" (5.7)
2k oo mrk(l—rn')
hoiic & dang khai trién:
F, F,sin &t F, sin 2wt E, sin 3ot
y(ty= b —RPmS COPRI odB (5.8)
nk(t-r') 2mk(1-417) 3nk (1-917 )

. ® k _ 2
Trong dé: 1 =§ (5.9} ; mz\/% ;m:?n (5.10)
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§5.3. Cac hé s6 Fourier dudi dang cic ham tuyén tinh gém cdc doan thang

Gidng nhu khi tinh tich phan Duhamel ta
biéu thi ham luc dudi dang ham tuyén tinh
gom cic doan thang nhu trén hinh (5.3).

Trong cdc hé s§ Fourier tinh & (5.3) ta
tinh téng c4c tich phan cho mdi doan thang
cta ham lirc:

:izF(t)dt (5.11)
TS
_ < ‘NG 5.
Z;‘II F(t)cosnodtdt  (5.12) ik 5.3
! 1-1
2 n li
by =22 | Feosinn@tdt (5.13)

=y
Trong d6 N 12 56 doan cta ham lyc tuyén tinh hod. Ham luc trong bét ky quing thoi
gian nao t,, <t < t; duge xdc dinh bang phuong trinh (4.20).

AE
F(t)zF(li_])+—A~t—'(t—ti_,) (5.14)
Trong d6: AF, = F(t,)~F(t, |} va At, = t; - t,,. Céc tich phan trong cdc biéu thic cla
ava b, di duge xiac dinh tlir cdc phuong trinh (4.21), (4.22) va duge dat tén 1a A(t) va
B(1) trong cdc biéu thirc truy hoi (4.18) va (4.19).
Ap dung céc phuong trinh (4.18) - (4.22), ta xéc dinh duge cdc hé 58 a, va b, nhur sau:

- Z{ {F(tI -t ] sinnpat, —sinnat,_, )
)
)

+iji—(co‘;nml —cosnidt, (5.15)

-0 At
+ (1, sinndt, —t;_ sinndt;_

AF _ _
= Z{ [F( )t —A—L](cosnmti_l —cosnot; )
(;
AF,

+ ——-—(sinndt; —sinndt;_ ) (5.16)

n - At;

— na (1, cosndt, —t;_; cosndt; )}
Tich phan xuét hién trong hé s6 a, cia phuong trinh (5.3) duoc xdc dinh bang céich
thay F(t) tir (5.14) vao (5.11):

a, :%%{m*w} (5.17)

2
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Chuong 6
CAC TOA PO KHAI QUAT VA PHUONG PHAP RAYLEIGH

Trong céc chuong trude, ta di nghién cou dao dong clia hé moét bac tu do ¢6 luc can
hoac khong ¢6 luc can. Trong thuc &, két cdu gom nhi€u vat rin lien két véi nhau, tao
thanh hé ¢6 kh6i lugng phan bd va ¢6 vo s6 bac tr do. Trong chuong nay, ta s& 4p dung
nguyén 1y cong do dé dua mot hé phitc tap vé hée mot bac 1ty do. Trude hét, ta hay tim
hiéu nguyén Iy cong ao.

§6.1. Nguyén ly cong ao

Nguyen ly cong ao dic biét ¢é ich cho mot h¢ két cu tuong déi phitc tap gém nhiéu
bo phén lien két véi nhaw. Truéc hét, nguyeén 1y cong ao duoc 4p dung cho mot hé can
bang. Tuy nhién, nguyén 1y nay ciing c6 thé 4p dung cho mot he dong luc hoc khi ding
nguyén 1y D’ Alenbert dé€ thiét 1ap su can bing.

Nguyén 1y cong do phat biéu nhur sau: D61 véi mot hé can bing, cong lam bdi tdan bo
cdc luc trén cic chuyén vi 4o bing khéng, cdc chuyén vi 40 nay twong thich véi cde rang
budc cha hé. Néi chung, cdc phuong trinh chuyén dong dugc x4c dinh bang cich dua
vao céc chuyén vi do tuong g véi méi bac ty do, sau dé triét tieu toan bo cong da dugc

thirc hién.
k

Dé thuyét minh nguyén 1y ndy, ta N
= . N - > N m Fit
hay xét mé hinh clia hé mot bac tw do (3} 3 ¢ _ L F(t
trén hinh (6.1a), so dé vat w do bidu NS G
Ih! trén h'inh (6.1b). ol R T o
Vi lyc quén tinh duoc dua vao cling bl
v6i cac ngoai luc khdc, he & trang thai
can bing dong luc hoc, do d6 cé thé y
dp dung nguyén 1y cong d0. Gid st c6 () my | F1)
mot chuyén vi 4o 8y (hinh 6.1a) o +— * m
| Téng ?,Gn%]am bdi cic luc trén chuyén Hinh 6.1 N
vi a0 phai triét tiéu:
myody + cydy + kydy — F(1)8y = 0
Hay
{ my +cy +ky ~F(t)} 8y =0 (6.1)
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Vi 8y c6 gid tri bt ky khac khong, biéu thic trong diu ngoac phai bang 0 nghia la:
my +cy + ky ~F(t) = 0 62)
Phuong trinh (6.2) chinh 1 phuong trinh vi phan d6i véi h¢ mét bac tr do ¢6 luc can.

§6.2. Vit ran dua vé hé khai quat cé6 mot bac tu do

Mot hé dong luc hoc thudng dugc biéu thi bang cac toa do chi vi tri tuy€n tinh hoac vi
tri géc c@ia phdn tir tao thanh hé. Tuy nhién, cdc toa d6 nay khong nhdt thi€t tmg véi cde
chuyén vi, ching 12 nhimg dai lugng doc 14p vé s6 lugng dé bi¢u thi vi i clia 10an bo
céc thanh phin cla hé. Nhig toa do nay thudong dugc goi la toa do khai qudt va s6
luong cha ching 1a s6 lugng cdc béc ty do cila hé. Muc dich cha chiing ta 12 dua mot he
phitc tap trong thuc t& v& hé mot bac ty do c6 cdc tham s6 tuong duong.

Cho mot hé nhu trén hinh (6.2). Thanh trén dugc lién két véi thanh dudi bing mot 16
x0, thanh duéi duoc lién két véi mat dat bing mot 10 xo va mot vat can.

F(t) = Fysinawt
$ Thanh cimg
A, I= 22 " / B,
@7 % Thanh cimg

/ (khéi lugng m)

TETES

Hinh 6.2

So dé vat tu do clia hé biéu thi trén hinh (6.3), trong do6 c6 toan bo cic luc bao gom
luc qudn tinh v md men quén tinh

F,sindt

54



Toa d¢ khdi quat 1a Y(t) va chuyén vi tai mot diém bt ky trong hé déu duoc biéu thi
qua chuyén vi d6. Tuy nhién, dé thuan tién cho viéc tinh toan, ta chon thém mét toa do
phu Y () biéu thi trén hinh (6.3).

Téng clia cic momen ddi véi diém A, cfia toan bo cac luc tac dung trén thanh A - B, 1x:

kIGY—Yl]aa:zaFosinan 6.1)
Téng clia cdc momen déi véi diém B, clia toan bo céc lyc tic dung trén thanh A,-B, la
bho. 3 6.2 (2
— Y+—maY¥+—cY+k,| -Y-Y, [2a+3ak,Y=0 (6.2)
3a 4 3 3

Thay Y, tir phuong trinh (6.1) vio phuong trinh (6.2), ta duge phuong trinh vi phan
chuyén dong cha hé, biéu thi qua toa dé khai quat Y(t) nhu sau:
MY +C YO +K Y1) =F (1)
Trong d6 céc dai lugng khai quat:

3a® 4
c'=<

3
k" =3k,

x 4 . _
F ()= _EFO sin @t

Trong d6: M, C*, k", F 14n luot 1a khéi luong khéi quét, hé s& can khai qudt, hé s6 do
cimg khdi quat, luc tdc dung khdi quét ing véi mot he twong duong cé mot bac tu do.

§6.3. Hé ¢6 khdi lugng phan bé dua vé mot hé khai quit c6 mot bac tu do

Trong muc trudc, ta da dua mét hé phic tap (hinh 6.2) vé mét hé khéi quat cé mdt bac
tu do vi mgt trong hai thanh khong c¢6 trong lugng, do d6 cé thé dung mot toa do khai
qudt dé bi€u thi phuong trinh vi phan chuyén dong cta hé. Trong thuc (&, cic thanh
khong cimg ma cé thé bi ubn, do d6 hé c6 vé s6 bac tir do. Tuy nhién, ta ciing ¢6 thé dua
mot hé nhu vay vé h¢ khai quat c6 mot bac ty do bang céch diing chuyén vi tai mot diém
dé xdc dinh chuyén vi cha toan bo két cau. '

Dé minh hoa van dé nay, ta hiy nghién ciu mot ddm céngxon biéu thi trén hinh (6.4).

Céc dac trung var 1y cha ddm 12 d6 cing chéng uén EI(t) va khéi luong ciia né trén
don vi dai m(x).

Luc phan bo trén dam 1a mot ham p(x,t) va lyc nén doc truc N. D€ dua vé hé c6 mot
toa do khéi quit, ta gia thiét rang trong qud trinh dao dong hé c6 mot hinh dang cho trudc.
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§_. Yt
P(x. 1) x

§Hllllllllll}llllllillu_ . § ¥ m L FW
mix), B dy |_dLY(x'j(_t1
F R — |+ 51t &)

Y
(a)

Hinh 6.4

Gia sir ®(x) 12 ham mo ta hinh dang dé va Y(t) 1a ham biéu thi toa do khéi qudt tai ddu ty do
chia ddm. Chuyén vi tai mét di€m bat k¥ x doc theo ddm duge xac dinh bang cong thitc:
y(x,t) =D(x) Y1) (6.3)

Trong dé: O(L) =1

H¢ tuong duong mét bac tu do trén hinh (6.4b) dugc xem nhu mot hé trong dé dong
nang, thé ning (tic la ning luong bién dang) va cong clia ngoai luc bit cit lic nao ciing
¢é gid tri nhu nhau déi véi ca hai hé.

Can cdf vao (6.3), dong ning T cia ddm trén hinh (6.4a) bang:

L L
1 2 1l RY:
T- IEm(x)V(t) =I~£m(x){(b(x)‘{(t)} dx (6.4)
0 0

Can bing dong nang ctua dim T véi dong nang cta hé wong duong mot bac wr do

%M*\"(t)2 sau khi don gian héa, ta dugc khéi lugng tuong duong

L
M = Jm(x)ﬁbz (x)dx (6.5)
1]

Theo cdc cong thiic quen thudc cia mot sitic bén vat ligu, ddi véi ddm chiu udn, ta cé
cac cong thic sau day:

dh_{':@: M(x) (6.6)
dx- dx EI
Hay
o = M&) 4 6.7)
Trong d6: v 12 chuyén vi, 8 12 géc xoay, M(x) 12 mo men udn.
Vi d—y =0 rat bé nén nang luong bién dang cha dam cd the viét:
X
N
V= [=M(x)do (6.8)
52
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Thay (6.6), (6.7) vio (6.8), ta dugc:

1 dy Y’
V= [SEIx)| Y| dx (6.9)
82 dx?
Cubi cung, can cit vao (6.3), can bing nang luong bién dang trong (6.9) véi ning
luong bign dang ciia hé tuong duong, ta duoc:
1

L
® 2 1 . 2
SKY)? = JEEI(X){(D(X)Y(t)} dx

L
K" = OEEI(x){c’b(x)}zdx (6.10)

2

Trong dé: &(x) = d—g ;

dx
K'- h¢ s6 d¢ ciing (hing s6 16 x0) clia hé twong duong.

Luc khai quat F'(t) ¢6 thé xdc dinh tir chuyén vi a0 SY(t) cia toa d6 khdi quét Y(t) sau
d6 can bang cong cia cdc ngoai luc trén chuyén vi 4o dé trong két ciu véi cong cha luc
khdi qudt trong h¢ twong duong mot bac ty do. Cong cia luc phan b6 trén chuyén vi 4o
bang: :

L .
W= jp(x,t)ﬁydx
0

L
Tl (6.3), 12.¢6 8y = D(x) 8Y va w = [p(x, )d(x)8ydx (6.11)
0

Cong thuc hién boi luc khai qut F'(t) trong he twong duong trén chuyén vi a0 8Y cua
toa do khai quit bang:
W=F (1) 8Y (6.12)
Can bang (6.12) va (6.11) va don gian héa, ta duoc:

L
F'(0) = [p(x, )®(x)dx (6.13)
0

Mot cdch tuong tu, d€ xdc dinh hé s6 can khéi qudt, ta cAn bang cong cla cac luc can
trong ket cau va céng cha luc can trong hé trong duong moét bac tu do.
L
CTY3Y = [e(x)ydydx
0

Trong d6 ¢(x) 1a h¢ ¢§ can phan b6 trén don vi dai ctia dim. Thay oy = @©(x) 8Y va
L

§=0x)Y tir (6.3), taduoe: C* = [c(x)[@(x)] dx (6.14)
O
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Trén day 1a biéu thifc ciia hé s6 can khdi quat.

Dé tinh thé ning cta e doc N, luc nay khong thay déi trong qua trinh dao dong cua
dam, ta cdn tinh thanh phan nim ngang cta chuyén dong 3(t) tai ddu muit ty do cua dém
(hinh 6.4a). Mu6n vay, ta xét moét phén tir vi phan c6 chiéu dai dL doc theo dim trén
hinh (6.4a). Chiéu dai cita phén tir ndy la:

B3| —

dL =[dx? + dyz_
Hay i :
- "l
22
dL = 1+[d—y) dx (6.15)
dx

Bay gi& tich phan trén hinh chi€u nim ngang cla chiéu dai ddm (L) va khai trién nhi
thirc, ta duogc:

: 2 4
_ 1+l[d_>’] _l[d_Y] +_Ldx
) 20dx 8\l dx

Giit lai hai s6 hang ddu tién cia chudi, ta dugc:

L=L'+ Lj'l[fll]z dx (6.16)
2l dx )
Hay
L 2
1{ dy
dty=L-L'= —[—-) dx (6.17)
6[2 dx

Trén day 12 mot cich tinh gin ding vi can trén cta tich phan trong (6.16) lay bang L
chit khong phai bang L'

Bay gi ta dinh nghia mot he s6 46 ciing méi goi 1a d6 cing hinh hoc khéi quat K’kG , do
cing nay dugc xem nhu d6 ciing cla hé tuong duong. Can bang thé ning cua hé tuong
duong va thé ning cua dam, ta duge:

%Kgm) = N3(1)
Thay &(t) tir (6.17) va dao ham gi tir (6.3) vio biéu thic trén, ta dugc:
X

L 2
1 v o 1 do
SKEY() = =N R Y()— ! dx
2 YV 2 Uj{()dx}
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Hay

L 2
Kg = Nf[dib) dx (6.18)

de

Céic phuong trinh (6.5), (6.10), (6.13), (6.14) va (6.18) lan hot 1a céc bidu thitc khai
qudt cha khéi huong, do cing, luc, he s6 cin va do cing hinh hoc trong mot hé tuong
duong mot bac tu do v6i ddm c6 khéi lugng phan bé.

Trong trudng hep luc doc trong dam 12 luc nén, the nang trong dim giam 1am giam d6
cling cia dam. Thong thudng, do cing hinh hoc duge xic dinh trong trudng hop cé luc
nén, do dé do cimg khdi quét cia hé twong duong bing:

Ke =K' —Kj (6.19)
Cudi ciing, phuong trinh vi phan viét cho h¢ wrong duong nhu sau:
MY () +C Y () + KLY () = F (1) (6.20)

Lyc t6i han N,, xay ra khi d6 cing trong he twvong duong triét tiéu nghia [a:
Kc =K -K =0
Thay K” va G" tir (6.10) va (6.18) vio biéu thitc trén, ta cé:

2 2 2
jEI(d ?J dx - N, jEI[dﬂ) =0
dx~ dx
L 2
IEI(d—?J dx
Do d6: N, =L &
th 1, 2
J[dgj dx
: dx .
Vidu 6.1: Mot thap nuéc nhu trén hinh (6.5) ¢6 khéi luong phin $ Yit)
b6 déu m va do ciing EI doc theo chiéu dai, trén dinh thdp c6 mot M
tai trong tap trung M =mL . Thip chiu déng dat & nén méng véi T

gia t6c a () va chiu lyc nén doc do trong lugng cua khéi lugng phan ‘
b va khéi luong tap trung & dinh thép. B6 qua luc can va gia thiét
thap c6 dang.

X
®(x)=1-cos— 6.22
(x) cos (6.22)

Yéu cdu bi€u thi khéi lugng, do cing va luc tic dung trong hé
tuong duong,

Gidi:

Ta chon chuyén vi ngang Y(t) & dinh thdp lam toa d6 khdi quat nhu trén hinh (6.5).
Chuyén vi tai mot diém bat ky duge xdc dinh nhu sau:
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y(x,0) = Y(ODX) = Y(t)[1—cos%J (6.23)

Khéi luong khai quat va do cing khdi quit cia thip duge xdc dinh theo cic phuong
trinh (6.5) va (6.10).

L 2
M" = mL+m 1—cosﬁJ dx (6.24)
2L
¢l
#* mL
M =——(5n-8
5 (57-8)
L s 1
K" = IEI [—)cos2 —xdx
L 2L
4
K=" Ei (6.25)
321

Luc doc do trong luong ctia thdp nam trén ti€t dién dang xét bao gém trong luong tap
trung & dinh, tinh nhu sau:

N(x) = rﬁLg[z - %J (6.26)

Trong d6 g 1a gia t6c trong trudng. Vi luc doc trong trudng hop nay 1a mot ham cia x
nén khi ding phuong trinh (6.18) can dwa N(x) vao trong diu tich phin. Hé s6 do cling
hinh hoc K bay gid la:

L 2
. _ xVf n . 3 TIX
K = Jng[2——][—J sin® T2 dx
; L \2L oL

Sau khi tinh tich phén, ta duoc:

« Mgl 2
Ko = (3n” -4) 6.27)
Do d6, can cit vao (6.25) va (6.27) do ciimg khdi quét cia hé tuong duong la:
4 _
* * * n EI mg 2
K=K -Kg=—7F—-—(3r" -4 6.28
¢ ¢ 3212 16 ( ) (28

Sau khi triét tiéu K', ta dugc:

nEl -@(37:2 -4)=0
3213 16
Do dé, luc tdi han

(6.29)
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Phuong trinh chuyén dong tinh theo chuyén vi tuong ddi v = y(1) - ¥.{t) dugc xdc dinh
bang phuong trinh (3.38) d6i véi hé khong ¢6 luc can:

M*ii +KCu = Feﬂ(r) (6.30)
Trong do:
M’ duge xdc dinh bang phuong trinh (6.24), KE bing phuong trinh (6.28), luc F:,-f(t)

dugc xdc dinh bing phuong trinh (6.13) d6i véi lyc phan b6 c¢6 hieu lyc va bing
mLa, (t} d6i vdi luc tdp trung c6 hiéu lye & dinh thép. Vay:

L
Fiy = [~a, (00(0dx - MLa, (1)
0

Thay ®(x) tir phuong trinh (6.22) vao phuong trinh trén, ta dugc:

. 2fa, (1L
F& =—nii(—)_(n—1) 6.31)

§6.4. Phuong phap Rayleigh

Trong cdc muc trudc, ta di dp dung nguyén ly cong ao dé nghién ciu sy cin bing
dong luc hoc. Tuy nhién, ta cling c6 thé dp dung nguyén ly bao toan nang lugng dé
nghién ciu mot h¢ dao dong tu do khong ¢6 luc can. Nguyén 1y nay phat biéu nhu sau:
Néu khong ¢6 ngoai luc tac dung 1én hé va néu khong c6 sy tiéu tan nang lugng do luc
cdn thi toan b nang lugng ciia hé phai 1a moét hing s6 trong suét qud trinh dao dong, do
d6 dao ham cua né d6i véi thoi gian phaj triét tidu.

D¢ minh hoa nguyén 1y nay, ta hdy xét mot hé cé §_'y
khai lugng lién két vdi 10 xo nhu trén hinh (6.6). Toan
bo nang luong bae gom tong dong nang cua khéi lugng m
vii the nang clia 10 xo. Dong nang T ¢é thé viét:

T= olmyg (6.32)

IPPIPTIPr P77 7777

Hink 6.6

Trong do: y 1a van t6c tide thai ctia khéi luong.

Khi 15 xo chuyén vi y don vi tit vj tri can biing, luc trong 16 xo bang ky va cong lam
bai lyc dé (rén mot chuyén vi phu gia dy 1 -kydy.

Cong mang dau am vi lyc téc dung lén khéi lugng nguge chiéu véi s6 gia chuyén vi dy
co chiéu duong. Vay 16ng thé ning V trong 10 xo (ing véi chuyén vi cuéi ciing y bang:

V= J‘kydy = % ky? (6.33)

61



Cong phuong trinh (6.32) véi phuong trinh (6.33) va cho téng niy bing mot hang so,
ta co:
T s liy?=c (6.34)
5 2 y 0 .
L4y dao ham phuong trinh trén déi véi thoi gian, ta ¢6:
myy +kyy =0
Vi ¥ khong thé triét tieu doi voi moi gid tri coa thoi gian t nén:
my +ky=0 (6.35)
Phuong trinh trén gidng véi phuong trinh (1.11) & chuong mét, ta c6 phuong trinh nay
khi 4p dung dinh luit Newton vé chuyén déng. Bay gi¥ ta lai tiép tuc xét hinh (6.6) va
gia st chuyén dong cé tinh chat diéu hoa. Gid thiét nay dua dén phuong trinh chuyén
dong:
y =Csin{ot+a) (6.36)
Vavan tée: y=wC COS(OJI +c1) (6.37)
Trong do:
C 1a chuyén vi cuc dai va ©C 12 van t6c cuc dai. Liic bdy gid & vi tri trung hoa (y = 0)
khong ¢6 tuc trong 16 xo va thé nang triét tiéu. Do d6, toan bo nang luong bang dong
nang va

T, =%m(mC)2 (6.38)

Khi chuyén vi dat gia tri cuc dai, vin tdc cua khoi lugng triét tiéu va toan bd nang
lugng biing thé nang va toan bo ning lugng bang thé nang.

T = %kc2 (6.39)

Ning lugng clia hé thay déi trong khodng mét phén tir chu k¥, tir dong nang thuan tiy
xdc dinh it phuong trinh (6.38) dén th€ nang thuén tiy xdc dinh tir phuong trinh (6.39).
Néu khéng cé nang luong duge cong thém hodc khong ¢6 ning lugng bi mat di trong
quang mot phan tw chu k¥ thi hai loai nang lugng trén phai bing nhau, tic la:

1 1

—mw?C? = —kC* (6.40)
2 2
Tur phuong trinh trén ta rat ra:
o= X (6.41)
m

Trong dé, o la tdn s6 vong tu nhién ta d4 suy ra tir trude. Phuong phip trong dé tan s6
vong tu nhién duoc suy ra bing cich can bang dong nang cuc dai, véi the nang cuc dai
goi la phuong phip Rayleigh.
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Vidu 6.2. Trong céc phan truéc ta da gia
thi€t rang khéi luong cia 16 xo rat bé nén
anh hudng ctia né dén tin s& vong v nhién
c6 thé bd qua. Gia tri thyc cia khéi luong 16
x0 c6 thé tinh gin ding bing phuong phip

[ 7-]
—
JILJL
e

V211 1087194111007)
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FE TR Pr T T 7777777777 L

Rayleigh. Hinh 6.7

D¢ xac dinh khoi lugng phan bs cta 1o xo, ta gia thiet chuyén vi cta 1o xo doc theo
chiéu dai cia né ¢6 tinh chat tuyén tinh, Ta haly xét 10 xo trén hinh (6.7), n6 ¢6 chiéu dai
bang L va khéi luong bing m. Hay dung phuong phip Rayleigh xdc dinh phan khéi
luong 16 xo duge cong thém vao khéi lugng dao dong.

Gidi:

Chuyén vi tai mot tiét dién bt kY cia 16 Xo cdch géi tua khoang cich s bang u = %
Gid str chuyén dong ciia khéi lugng m c6 tinh chat diéu hoa, tir {6.36) ta duoc:
s s

u=Iy=ICsin(mt+a) (6.42)

Thé ning cta 16 xo dén dén duge xdc dinh bang (6.33), gid tri cuc dai clia n6 bing:

\Y =—;—kC2 : (6.43)

max

D61 vai phan tlr cira 16 x0 ¢6 chiéu dai d, va cé khai lwong bang md /L, van téc¢ cuc

- C » . X
dain, =oU = msf - Viy tong dong nang cuc dai trong he la:

L 2
T, = jlﬁds[micj + L me?e? (6.44)
;2 L L 2
Sau khi tinh tich phan (6.44) va can bang né véi (6.43), ta duoc:
Lee? o lorct e s (6.45)
2 2 3

Ttr (6.45) rdt ra tdn s& vong tu nhién

(6.46)

(6.47)
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Phuong phip Rayleigh ciing ¢6 thé dp dung dé tinh tdn s6 vong tu nhién cua h¢ lién
tuc véi diéu kién cho trude so dé bién dang clia né trong qud trinh dao dong. So dé bién
dang d6 c6 thé gia thiét mot cach tiry . Tuy nhién khi so dé d6 cang gdn véi so do thuc
t& thi két qué tinh toan cang chinh xéc. Sau khi xdc dinh duge so do6 bién dang, ta tinh
dong nang cuc dai va thé nang cuc dai theo phuong trinh (6.4) va (6.9). Néu so do bién
dang duoc xdc dinh bang cdch dat céc 1ai trong tinh thi viéc tinh céng cua cic ngoal luc
don gian hon. Trong truong hop ndy, cin bing dong ndng cuc dai véi cong cla cdc (ai
trong finh. Ta s& diing vi du sau day d€ minh hoa vén d¢ phan tich & trén.

Vi du 6.3. Mot ddm congxon nhu trén hinh (6.8). Ddm cé mot khéi luong tap trung m
& dau tx do vi kKhéi lugng phan bo.

F
El . Elm
Z mh |—m_‘ 7 ‘Z ; 3 —— {
» L N u Ty
Ik

Hinh 6.8

Tdng khéi lugng clia ddm la my, chiéu dai ctia né 12 L, dé cimg chéng udn 1a EL Yéu
cdu x4c dinh tin 6 vong tu nhién.

Gidi:
Trude hét, ta xéc dinh so d8 bi€n dang clia ddm bang cich dat tai trong tinh F & dau ty
do cha né (hinh 6.8b). Dudi téc dung clia tai trong finh do, do vong cla dam cdch gbi

tua khoang cdch x 1a:

3y Lx? x?

U= —-— 6.48

L’ ( 2 6 (6.45)

Trong d6 y 12 do vong & ddu tr do clia ddm. Sau khi thay y = Csin(wt + o) vao (6.48),
ta dugc:

C3x°L-x’

u
21

Csin{ot+a) (6.49)

Thé ning bing cong cia luc F tang ddn tir O dén gid tri F. Cong nay bang %F.y do dé

thé nang cuc dai bang:
1 3EI

V. ==FC=—=C? (6.50)
2 2L
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Theo cong thie clia sitc bén vat liéu, d6 véng cuc dai do luc F giy ra la:

FLS

Ymax =C= 35 (6.51)

Dong nang do khdi lugng phan b6 ciia ddm gay ra la:
“1(m
T= I_ b de {(6.52)
20 L
0
Can ¢t vao (6.49) tong dong ning cuc dai la:

L
_my 3x°L - x*

2
N 1 oC | dx+—0’C? (6.53)
2L 4 2r 2

Sau khi tinh tich phan (6.53) va can bang né véi (6.50), ta duoc:

3
E’E—jcz ~ Lo m +——3—mb (6.54)
2L 2 140
Do d6, tan sé tr nhién:
o 1 | 3EI

(6.55)

Tir phuong trinh trén, ta thay ring 13436 ctia khdi Ivong ddm duoc thém vio khéi lugng
tap trung & ddu dim, két qua nay chinh xdc hon so véi khi bé qua khéi heong cia dam.
Trong thyc t€, ta c6 thé ldy tron phan s6 5% thanh -zlf’ do d6 tan s§ tu nhién clia dam

congxon la:

1 3EI

f= 3 | (6.56)
Tl (m +-—m, ] y
4 F
Vidu 6.4:
Mot dam mang cdc khéi luong tap ™ m i m
trung bicu thi trén hinh (6.9). B qua = IT‘ L[] I;] — -
khoi lugng coa dim. Hay tinh t4n s6 ‘“‘{-Hﬁ__“_ "_J!_____-—" ‘ 7%
vong wr nhién bing phuong phép ¥, Y2 Y Y,
Rayleigh.

Hinh 6.9
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Giai:

Dé 4p dung phuong phap Rayleigh, cén phai chon truéc so d6 bién dang cua dam
trong qué trinh dao dong. TGt nhat 1a chon hinh dang do cdc luc dudi day gay ra:
W, =m,g, W, = m,g ... Wy = m,g, trong d6 g la gia t6c trong trudng. Do vong tinh
duéi tac dung cic trong lugng nay 12 y,, y,, ....yn. ThE nang bay gid 1a cong cha cic luc
ndi trén trong qua trinh gia tai trong:

1 1
Vimax =5 Wil +5Wgy2 +...+ WyYN (6.57)

Doi v6i chuyén dong diéu hoa trong dao dong tu do, van téc cuc dai dudi céc trong
luong néi trén 1a wy,, ®Y,...0yy. Vay dong nang cuc dai la:
1 W, 2 1 W 2 1 W, 2
T, .. =———(0y,) +=—2(0y,) +..+——(o (6.58)
max — g ( YI) 2 g ( y2) ) g ( yN)

Can bang thé nang cuc dai trong (6.57) va dong ning cuc dai trong (6.58), ta dugc tan
s6 vong tu nhién:

Wy, + Wy, +...+ W,
w:\jé( Ll - nYx) (6.59)
Wiyi + Woys +...+ Wy
Hay:
§6.5. Tuong chiu cat
Cic luc nam ngang chang han nhu
luc dong dat, luc gi6 thudng do tudng ’ﬂ
nha chong d& goi la tudng chiu cat.
Loai két cdu nay thuong lam bing bé i A Ao
tong cot thép va duge c6 dinh vao nén A //A Khotlugng san
moéng. Mot tuong chiu cat kiéu congxon 1 ] Y
c6 thé xem nhu mot cdu kién chiu uén % W/ %
néu chiéu cao trén chiéu rong > 2. Dai —1— r— —
v6i nhiing tuong ngén hon (chiéu cao trén Y % /% T KnGi luong sén
chiéu dai < 2) luc cit chiém wu tién va ca

bién dang uén va bién dang cat déu duoc { D |
xét dén trong qua trinh tinh todn.

Hinh 6.9
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Khi hé¢ san cha nha nhiéu ting tuyét déi cing, trong luong két ciu hodc khoi luong
moi san duge xem nhu tip trung nhu trén hinh (6.9). Loi giai 1a mot ham ctia cic khéi
luong d6 va cua do cimg cla tudng chiu cét.

Trong thuc t€, khéi lugng ciing nhu d¢ cing clia két cau duge phoi hgp & méi sin. Tan
50 co ban (tan s6 ty ohién thap nhat) c6 thé tinh bing phuong phap Rayleigh nhu s&
duoc trinh bay trong vi du duéi day:

Vi du 6.5. Mot nha 3 tang nhu trén hinh (6.9). T4t ca cdc sin déu c6 trong luong nhu
nhau W.B6 qua khdi luong ca tuong va chi xét dén bign dang uén (chicu cao trén chiéu
rong > 2). Xdc dinh tan s6 vong ty nhién theo phuong phédp Rayleigh.

Gidi:

Tan s6 vong tu nhién tinh theo cong W W W

thiic (6.59) A% .P N
i

Y2

N

Gia thiét phuong trinh cia so dé bién
dang la dudng cong cha dim céng xon do Hinh 6.10
ba lirc tap trung W san sinh nhu trén hinh (6.10)

.l
"l

Theo cdc cong thitc cla stc bén vat liéu, cic chuyén viy,, y., y, do tai trong tinh gay
ra tinh nhir sau:

3 3
¥ =£WL ={),0926 WL
162 EI El
3 3
¥a :“4_9'WL =0,3025 WL
- 162 EI EI
W 3 3

=2 WE 6 5679 WE 0)
162 El El

Tén s& vong ty nhién tinh theo 6.59

(0.0926 +0,3025+0,5679)  EI
o= .
(0, 09262 +0,30252 +0,5679° ) WL

=29,06 W rad /sec
f:2=4,72 EI,{ cps
27 WL
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Vi du 6.6. Nha 3 tdng biéu thi nhur trén hinh (6.9). Xdc dinh 1dng chuyén vi ngang clia
méi san bing cach xét ca bién dang uén va bi€n dang cit.

Giadi:

Néu chi xét bién dang cit clia mot doan ddm c6 chiéu dai Ax, chuyén vi ngang Ay,
tinh theo cong thirc:

V.AX
Ay, = (a)
4 aAG
Trong do:
V- luc cat;
A - dién tich tiét dién;
a - hing s6 hinh dang (o0 = 1,2 d6i véi ti€t dién hinh chit nhat);
G - moédun dan héi cét.
Otdng 1, V = 3W. Theo (a)
W)
= — b
YITTLAG | AG )

O t4ng hai, bi€n dang cét bang bién dang cit ¢ tdng mot cong vdi bién dang ty doi
giita hai san:

wl L
. ( 3] | SWL ©
Ya=YaTTIAG  3uAG
W(%J 6WL
G ting ba: =y, + = d
g ba YSS YS_. (IAG I AG ( )

Téng bién dang duge x4c dinh bang cdch cong thém vao cic gid tri trén (bi€n dang
cét) cdc bign dang uén di duge xdc dinh trong vi du (6.5)

15 wi WL
Yi= +
162 El aAG
49 WL}  sSwL
Y2 = +
> 162 El 3aAG
_ 92 WP 8WL

= +
Y37162 Bl 30AG ©

Pat cdc s6 hang dau tién trong (c) 1am thira s8 chung, ta s& thdy tinh chat quan trong
cha bién dang cat:
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ol g
y, =2 WL 875 P—)
162 EI L

3 2
¥, :ig_ﬁl‘_ 1_,_0,957(2]
162 EI L

3 2
y, =2 WL o6l 9]
© 162 EI L
D3&i véi tuemg 6 mat cat hinh chi nhat véi D 1a bé réng, t 13 bé day,taco: A=Dxt;

tD?
12

=25 1= ya=1,2.

E
G
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Chwuong 7
NHA CHIU CAT NHIEU TANG

Trong phin trudc, ta di nghién citu cdc két cu duge mé hinh hod thanh hé mét bac
do. Trong thuc t&€, khong phai ltc nio ciing ¢6 thé mo hinh hod két cau thanh hé mot bac
tv do chang han nhu nhimg k&t cau ¢6 tinh chit lién tuc va cé vo s6 bac tu do. Trong
chuong ndy, ta s& nghién ciiu mot trong nhitng loai két ciu ¢ nhiéu bac ty do, d6 14 nha
chiu cit nhiéu tang.

§7.1 Cac phuong trinh do citng cta nha chiu cit nhiéu tang

Nha chiu cit duge dinh fighia 13 mot két cau trong d6 khong ¢6 goc xoay tai tict dién
ngang ¢ mic cdc san. Vi vay, nha bién dang nhu mét dam congxon bi€n dang chi do lyc
cit. V6i nha chiu cit, ta cé cac gia thiét sau day:

[. Téng khoi Iuong cic két can tap trung & mitc cc san.

2. Cdc dAm trén san tuyét déi cling so véi coL.

3. Bién dang cua két cdu khéng phu iiju{}c VA0 Iyc doc trong cac cot.

Vi cic gia thiét trén, néu két ciu cb bao flh:ié,_ll khai lugng tap trung ¢ mic cdc san thi
s& ¢6 bay nhiéu béc tr do trong bai todn dong luc hoc. Ching han, nha 3 ting trén hinh
{7.1a) ¢6 3 bic tu do nghia la ¢6 3 chuyén vi ngang & muc cdi san

V6i giai thigt thi el
hai, goc xoay & cdc mit  Fi{t) |' m, 't F.b) -— My
lién ket cot véi sin R A v / * K-y =
‘. ‘. e in . f k .._..{ !
triét tiéu. Vai jgld thiét !,f 3 ‘,: K, (¥, - y,)
thit ba, cdc ddm cing  Fll)—{ | m, 4 Rt —+ -~ MY,
- . !
vin nam ngang trong WYI / e K-y
]
qud trinh dao dong. / i ] O (7R 1) p—
- P z N Ftt ' m, _— —-— i
Can chid ¥y rang nha W ;\///' i Fi(t) - My,
c6 thé cé nhiéu nhip K, / W
nhumg dé tién cho viéc s s
phan tich ta chi nghién a) b
ctiiu nha mot nhip. Hinh 7.1
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Bay gid ta ¢6 thé moé hinh hod nhi
chiu cat thanh mét ¢t ¢6 khéi lugng

{--)"3--]

RO — ] 7]

Fit) ? My}

tip trung & mifc cdc san (hinh 7.2a). ]'
!
Mot phuong dn khéc 12 moé hinh cic v | s s ya)
2
khoi luong lién két véi cdc 10 xo nhu i
e re—] ] 1] 20 my,
trén hinh (7.3). '—T—
a ,o - - ~ ~ s !
D01 v6i bat ky mot mé hinh nao i Kel¥s - ¥}
trén 3 mo hinh trén, cic he s6 do6 R
cing hoac hang s6 16 xo k; nam giita Flt) ] ir_r_i Fd”é;‘ iy}
2 khoi luong lién ti€p 13 luc cdn dé / y
a . ] . . i 111
san sinh mot chuyén vi don vi tuong / b
doi gilta 2 mifc san ké& nhau. a
Hinh 7.2
3
§ §—>Y1 §*PYZ §~+y3
a) 3 '
g R0 — Pl —[ ) — }
‘Q: 1 2 3
S—Jv\,— ——AN—]
, ky K,
—>| Lt — ¥ —wl Y2 — 4& -‘
b) Fl) —= F) —el Fs(t) -t
kiy, == Ma¥s = Kolyy -y e Y2 [ kalYs - ¥z} Ms¥s

Déi véi mot cot dong déu ¢é 2 dau khong xoay,

cong thic:
k

D&t v6i et 1 ddu ¢é dinh, moét dau

Hinh 7.3

12 EI
Khép:

Trong d6: E - mo6 dun dan héi clia vt lieu;

héng 53 10 xo dugc xdc dinh bing

(7.1a)

(7.1b)

I - m6 men quédn tinh clia mat cit ngang;

L - chiéu dai cla cot.

R0 ring 13 3 m6 hinh trinh bay trén cdc hinh (7.1), (7.2), (7.3) déu twong duong véi
nhau. Vi vy, cé thé can cit vio bit cif mé hinh nao trong 3 m6 hinh trén dé suy ra cic

71



phuong trinh chuyén dong ctia nha chiu cit 3 ting. Lap diéu kién can bang céc luc trén
so A6 vat tu do, ta ¢6:
m, ¥, 4Ky, =k (v, -y} -F{t)=0
ma§, +Ky(y2 ~y1) - ks (Y3 -y2)-F (t)=0
m;¥; —Kks(ys —y,)-F(t)=0 (7.2)
Heé céc phuong trinh trén tao thanh biéu thic d6 cing cua cdc phuong trinh chuyén
dong d6i v6i nha chiu cit 3 ting. Dudi dang ma tran, cdc phuong trinh trén ¢6 thé viét:

[M]{9} +[K]{y} =[F] (7.3)
Trong d6: [M] va [K] ldn luot 1a cdc ma tran khéi luogng va ma trdn do cing:
mg 0 O
M]=| 0 m, O (7.4)
0 0 my
k,+k, -k, O
[K]=| -k, ky+ks -k, (7.5)
0 ~k; ki

Va iy, {y} , [F] 14n ot 14 vecto chuyén vi , vecto gia téc va vectd luc:

Y ¥ Fl(t)
iy} =1y, ¥} =492 (- {F} = {B:(0) (7.6)
Y3 ¥s Fy(t)

Can chi y ring ma tran khéi lugng trong phuong trinh (7.4) 12 ma tran chéo. Cdc phdn
(i trong ma tran do cing (7.5) goi 12 cdc i¢ 56 d¢ ciing. N6i chung, hé s6 do cing k;
duoc dinh nghia 1a e tai toa do i can thiet dé san sinh mot chuyén vi bang don vi tai toa
do j trong khi cdc toa do khéc duge giit ¢d dinh. Chang han hé s6 & hang thd 2 va cot thi
2 trong (7.5) ky, = K, + ks 12 luc & san thit 2 cdn thiét dé san sinh mot chuyén vi bang don
vi tai san do. '

§7.2. Phuong trinh do mém déi véi nha chiu cat

Mot phuong phép khéc ding bidu thic d6 mém dé biéu thi cdc phuong trinh chuyén
dong d6i vdi nha chiu cat. Trong phuong phép niy, ta ding cdc hé s6 do mém duge dinh
nghia la chuyén vi san sinh bdi mot tai trong bang don vi dat tai mot trong cac toa do.
Chéng han h¢ s6 d6 mém f; duge dinh nghia la chuyén vi tai toa do i san sinh boi mot
lyc tinh bang don vi dat tai toa d6 j. Hinh (7.4) biéu thi céc hé s6 do mém, ung véi luc
bang don vi dat tai mot trong cde mifc san cla nha chiu cat. Dung cdc hé s do va dp
dung nguyén 1y cong tic dung, chuyén vi tai bat ky mét toa do no ciing ¢6 thé tinh
bang téng clia cdc tich hé s6 do mém tai toa do dang xét nhan véi cdc luc tuong ng.
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Céc lyc tdc dung trén nha chiu cit 3 tdng (bao gém luc quan tinh) biéu thi trén hinh
(7.5). Chuyén vi d6i véi nha 3 tang c6 thé biéu thi bing cdc hé s6 d6 mém nhu sau:

vy =(F (t)-mj,)f, +(B (t)-m,¥, )i, +{F (1) - m,¥; ),
(FI (t)-m,y, )f21 "‘(Fz (t)‘mzyz)fzz +(F3 (t)—m3y3)f23

Y2 =
Y3 :(Fl (t)-my, )f31 +(F2 (t)_mzyz)fsz +(F3 (t)—m3'}?3)f33
Xép dat lai cdc s6 hang trong cdc ¢ f
. . gs s fy » B 1
phuong trinh trén va ding ky hiéu ma 1 .
tran ta duge: . f, i 1 W/
= i
=t o [ [T
11 2! !
Trong d6 [M] la ma tran kheéi ] ; [ ]
f
luong [f] 12 ma tran d6 mém nhu sau: / !," !:" ;’I
H
f,, f, f, A A R o
1 RS % a) b} 0
[fi=|f fn £ (7.8)
Hinh 7.4

f3, fi f3
{yh, { ¥} va {F] 1an luot 12 cde vecta chuyén vi, vecto gia t6c va vecto luc trong (7.6).

§7.3. Méi lién hé giira ma tran d¢ ciing va ma tran do mém

Nhimg dinh nghia v& h¢ s§ do cting va d6 mém dua trén
MY,

¢o 86 inh hoe nghia 13 chuyén vi duge san sinh béi cic luc
-—
Faft) —m|

tinh. D¢ c6 méi quan hé giita luc tinh va chuyén vi, ta triét
tiéu vecto gia toc { ¥ } trong (7.3) hoac (7.7):

[K]{y} = {F} (7.9) g
[f) {F} = {y} (7.10) e
Tl céc hé thic trén, ta thdy rang ma tran dé cing [K] va FA) —
ma trdn ¢ meém [F] nghich dio nhau nghia la:
[KI=[f]" _ ”"'IL
(7.11) R ==

hodc [f] = (K]"
Vay 1a ma tran d6 mém [f] d&i vai nha chiu cit ¢ thé xéc

dinh bang nghich dio cia ma tran dé cimg heac tinh truc
tiép tir cac hé s6 dé mém. Néu dung céch thir 2, d6i v6i nha
b

chiu cat 3 tdng trén hinh (7.4a), ta cé:
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1

f, =0, =0 =—

K,
Mot cach tuong ty tir hinh {7.4b) va (7.4¢), ta co:
1
f =15 ZL"'L- fio=—
k; k, k,
1 1
Va fnz"—"'L'i‘—l.-; '23=L+—.—;
h k' k2 k3 k[ k2

vi d6i v6i céc 10 xo ndi ti€p, cdc hé s6 do mém duge xdc dinh bang téng cha cic gid tri

nghich ddo ctia hing s6 10 xo.

Pua céc biéu thifc trén vao ma tran do mém (7.8), ta c6:

[T
k, K K,
[f]= L SR N S
k, k, k, kK
| 1 1 1 1
—_— — R —_—

(7.12)

Tix (7.12), ta thdy rang ma tran 40 mém c6 thé md rong cho nha chiu cat nhiéu tang.

Vi du 7.1: Mot khung chiu cit 4 tdng cung céc

m
dac trung co hec va hinh hoc biéu thi nhu trén 7 T T, 'y
hinh (7.6). E i
- " I
Diac trung hinh hoc va co hoc cho tdt ca -
cdc tang. m X
. T A
Toéng m6é men qudan tinh: E.l T
1=33x10*m* Ji
Mo dun dan héi E = 13,8 x 10°kN/m? " 1
] T LT 7T,
Khéi lirgng m = 0,175 kN sec”/m E 1l
Chiéu cao L = 4,5m -
Lap ma tran d¢ cimg va ma tran khéi lugng cha m R
. b TR T,
toan bd khung
Gidi: _
Hé s6 do ciing cho méi tang tinh theo cong thiie:
AT —
k = I2E, I; Hinh 7.6
1 L3

]
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12x13,8x 10°x33x 10°°

Tang 1: k, = > =59,97kN/m
(4.5)
Tang 2: k, = 59,97 kN/m
Tang 3: k;= 59,97 kN/m
Tang 4: k,= 59,97 kN/m
Lap ma tran do ciing theo (7.4):
119,941 -59,970 0
S 119,941 -59,97
- 119,941
déi xiing
Lap ma tran khdi lugng theo (7.5):
0,175 0
0,175
m =
0 0,175

0,175

0
0
~-539,97
59,97
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Chuong 8
DAO PONG TU DO CUA NHA CHIU CAT

Ta goi 14 dao dong tu do khi trong qué trinh chuyén déng ciia két cdu, khong c6 luc
kich thich bén ngoai téc dung. Chuyén dong clia két cau do céc diéu kién ban ddu khong
ché. Trwong hop két cau dao dong tu do hi€m ¢, nhung viéc tinh todn ket cdu & trang
thai dao dong tr do cung cap cho ta nhimg tinh chat dong luc hoc rat quan trong, ching
han nhu tdn s6 tw nhién va cdc dang mo do. Ta sé bat dau nghién ciu céac phuong trinh
chuyén déng, d6 la cac phuong trinh do cing, phuong trinh d6 mém.

§8.1. Tan s6 vong tu nhién va cac mé do chuin

Trong bai todn dao dong tir do, ta cén triét tiéu véc to luc {F} trong céc phuong trinh d6
cung (7.3) hodc phuong trinh d6 mém (7.7) Phuong trinh dé aing v6i {F} =0¢o thé viét:

MI{§}+ (K] (y}=1{0} (8.1)
D3 véi két cau dao dong tu do khéng ¢6 Iuc can, 10i giai cha (8.1)  ¢6 dang:

y, =a;sin(fot—a) 1=12,..,n
Hoac dudi dang ma tran

ly} = {a}sin(ot-o) (8.2)
Trong d6 a, 1a bién do dao dong & toa do thit i va n 1a sé bac tu do.
Thay (8.2) vio (8.1), ta cd:

—w? [M] {a}sin(ot—a)+ [k] {a}sin(ot-—a)=0

Sau khi sip dat lai cdc s6 hang, biéu thic trén ¢ dang:

k] [M]}{s} - 0} 53

Trén day 1a phuong trinh vi phan thudn nhét véi n chuyén vi a; chua biét va mét tham

s6 chua bigt 13 ®”. Biéu thiic (8.3) 12 mot bai todn quan trong trong todn hoc goi 1a bai

todn gid 1ri riéng. DE trdnh &1 gidi tim thudong nghia 14 161 giai trong d6 toan bo a, = 0,
dinh thic clia ma tran céc thira s6 ciia {a} phai bang khong tifc la:

(K] - o [M]| = 0 (8.4)

(8.4) 12 mot phuong trinh da thitc bac n, duge thod man véi n gid tri cha w®. Ta goi da
thifc trén 12 da thitc ddc trimg cha he. Ung v6i méi gid tri clia o? (hod mén phuong trinh
dac trung, ta cé thé giai phuong trinh (8.3) dé duge cc gid tri chuyén via,, a, ...... a,.

76



Mot cich tuong tr déi véi bidu thic dé mém, tir (7.7) véi {F} = 0, ta c6:

ty} +f][M] (¥ } = {0) (8.5)
Gia str chuyén dong ciing c6 tinh chat diéu hoa nhur trong (8.2). Thay (8.2) va (8.5), ta duoc.

{a} = o* [f] [M] {a} (8.6)

hay l/o® {a} = [D]{a}

Trong d6 [D] got 1a ma trén déng hue hoc, né ¢é dang

[D] = [f] [M] (8.8)
Phuong trinh (8.7) cé thé viét:

{[D] - V/o’(1]} {a} =0 (8.9)

Trong d6 [I] la ma tran don vi. D€ trénh 161 gidi tAm thuong, dinh thic cia ma tran céc
thira s6 clia {a} phai triét tiéu nghia 1a:

[D]—é[[]’ =0 (8.10)

(8.10) 13 mot da thic bac n cha 1/w°. Day 1a phuong trinh dac trung cda hé khi tinh
theo bi€u thic do mém. Ung véi 104 gidi 1/o® trong phuong trinh (8.10), tir phuong trinh
(8.9), ta ¢4 thé x4c dinh duoc gid try cdc bien d6 a, (i =1,2, ....n).

Vi du: 8.1: Mot nha bing khung ciing bng thép nhu trén — v,
hinh (8.9). Trong lugng cba san va tudng: dugc biéu thi trén W,
hinh (8.1). K,
Tdng 1: W, = 233520N . —
Tang 2: W, = 113424N K,
Hé s6 do cing (x4c dinh tir didu kién: k = 12ECD) ) 77 “

L Hinh 8.1
Tang 1: K, =57755,70N/cm -

Ting 2: K, = 7756,93N/cm

Xdc dinh cdc tan s6 vong tu nhién va cdc bién d9 tuong ing.

Gidgi:

M6 hinh khung bi¢u thi trén hinh (8.2), cdc khoi luong tinh nhu sau:

W N
m, :9—81—]-=238,29N—secz/cm § v v
m, =115,74N —sec>/cm @) § k, k;
3 . v N |—an— m
Tir hinh (8.2b), sau khi xét diéu 3 ~—5 5
kién Can bf\ng’ [3 C(’) phumg tr]nh ROl T o P g Pl P 7 i e
chuyén dong cla hé nhu sau: ®)
k‘ 1 “1 = Ril¥a~ ¥ 1”—;
My Ry, —ky(y; ~y ) =0 i iann i 21
my¥, +ky(y, —y)=0 Hinh 8.2
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Vi dao dong tu do ¢6 tinh chat diéu hoa, ta cé:
| Y, =alsi-n(cot—a) @.11)
¥, = a, Sin{fowt—o)
Do d6, gia t8¢c c6 dang:
¥, = —a,0" sin{ot - o)
¥, = —a,0° sin(ot —o)
Duéi dang ma trén, ta co:

k, +k,-mo* —~k, [al}m .12
_k2 kz_m2m2 a2 0

D& trinh 15 giai tdm thudng, dinh thiic ciia ma trin cdc thira s6 phai triét tidu nghia la:

2

=0 (8.13)
_kz ) kg_mz(ﬂ“ e

Khai trién dinh thic trén, ta duge phuong trinh bac 4 véi bién 1a w*:
mm,a? ~((k, +k,)m, +m k,)o” +kk, =0 (8.14)
Thay céc gia tri bang s6 vao phuong trinh trén, ta ¢6:
27578,980" - 8967778, 110 +416979202 =0 (8.15)

Nghiém cta da thitc trén la:
®,” = 140
©," = 1082
Vi vay, tan s6 vong tu nhién cia két cdu 1a:
o, = 11,83 rad/sec
®, = 32,89 rad/sec
Tén s6 tu nhién bang chu trinh/giay la:
f=w,/2n=1,88 cps
f,= 0,/2n = 5,24 cps
Chu ky tu nhién tuong img la:
T, =1/f,=0,532 sec
T, = 1/f, = 0,199 sec
Pé xéc dinh céc bién do a, va a,, ta giai phuong trinh (8.12), nhumg cin chd ¢ rang khi
triét tiéu dinh thic trong (8.13), trong 2 phuog trinh chi con lai 1 phuong trinh doc lap.
Xét phuong trinh diu tién trong (8.12) va thay tdn s6 vong tu nhién ddu tién ©, = 11,8
rad/sec vao phuong trinh dé, ta duge:
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55960 a,, - 44300 a,, = 0 (8.16)

Trong (8.16), bién do c6 2 chi 6 ij, chi s& i bidu thi s6 thi tr cdc bac ty do, chi s6 |

bi€u thi s§ thit tr cla tin s6 vong tu nhién. Vi ¢ 2 bién va 1 phuong trinh, dé giai

(8.16), ta ding gid tri twong d6i gitia a,, va a,,. Gid tri tuong déi nay goi 1a mé do chudn
hodc duang mo dorting véi tan s6 dau tien. Vay tir (8.16), ta cé:

21 21263
ay

Dé ¢6 diwge mo do chudn, ta thudng gan gid tri don vi cho mot trong cac bién d6. Vay

d6i véi mo do déu tién, ta gdn cho a,, gid tri don vi, do d6:
a,, = 1,000
a, = 1,263 (8.17)

Mot cach trong fu, thay tin s6 vong ty phién thi 2 ®, = 32,9 rad/sec vdo (8.12) ta

duge modo chudn thit 2;
a,, = 1,000
a,, = -1,629 (8.18)

Can chi ¥ rang tuy cdc bién do duoe tinh bing ty s6 nhung chiing vin c6 thé x4c dinh
dugc bang cdc diéu kién ban dau.

Tir e, ta thdy rang cdc khéi hegng chuyén dong & pha ciing tan so w, hoic w,. Mot
chuyén dong nhu vay coa hé khong 6 luc can goi 1a médy dao dong i nhién hoac mé do
dao dong chudn. Cic ty 56 ay /a,, hodc a,/a,, goi 1a cdc dang modo chudn hodc dang modo
ling v6i cdc tan s6 vong ty nhién o, holdc ;. Ca 2 médo duge tinh bay (rén hinh (8.3).

Théng thuong, ta ding modo tha nhat s, = 1263 8, % 1629
hay modo co ban dé chi médo img véi tin
$6 vong thap nhat. Cic modo khic déi khi

duge goi la mé do diéu hoa hoic modo
diéu hoa cao hon.

R& rang la cic mo do dao dong, méi mé 0.2 11 83rad Jsec
do ¢6 tn s6 riéng thé hién hé mot bac w
do. Chuyén déng téng thé clia hé hay néi

w,= 32 B9rad/sec

cach khic 18i giai tong thé cha phuong
trinh chuyén déng (8.1) dugc xic dinh
bang cich cong tic dung cdc dao dong Hinh 8.3
diéu hoa médo:

{a) {b)

Yo (1) = C']a2I sin(mlt—0¢|)+C':,‘a22 si{w,t —a,)
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Trong d6 C', va C, ciing nhu ¢, va of; 12 4 hang s6 tich phén cén dugc xdc dinh tir cic
diéu kién ban ddu va van téc ban ddu cho mdi khdi luong cha he. D6i véi he¢ 2 bac tu do,
cic diéu kién ban diu d6 la:

1O =Yo 5 V10 =Yg
Y20 =Y, 5 Y20 =Yp (8.20)
Muc dich tinh toén, ta khif cdc géc o, va o, trong phuong trinh (8.19). Khai trién cdc
ham lugng gidc va d6i tén cdc hang s6, ta dugc:
y, (1) = C,a,, sinw,t+C,a, coswt+C,a,, sin,t +C,a,,c050,t
| Frer 2 (821)
¥, (1) =C a,, sino,1+ Cya, cosm i+ C,a,, sinm,t + C,a,,cosm,t

Trong d6 C,, C,, C;, C, 12 cdc hing s§ tich phan méi. Tir 2 dicu kién ban dau trong

(8.20), ta c6 2 phuong trinh:
Yo = Gay + Gy,
Yoo = Gty + Gy, (8.22)

Vi céc moé do doc 1ap nhau, bao gid cling tinh duge C, va C, tir céc phuong trinh teén.
Mot cich tuong tu, thay céc gid tri van t6c & thdi diém t = 0 vao phuong trinh (8.20),
ta dugc:

%’01 = 0,3y + 03C33); (8.23)
Yoz = 01C8y) + @3C325
Vay 13 2 hé phuong trinh trén cho phép ta biéu thi chuyén dong clia hé qua 2 dao dong
mo6 do, mbi dao dong cb tdn s6 rieng, dao dong niy doc l1ap véi dao dong kia, cic bién
do va pha dugc xac dinh bing cdc diéu kién ban dau.

§8.2. Tinh chit truc giao ctia cic mé do chuan

Duéi day, s& gidi thieu mot tinh chat quan trong cia cic modo chuin, d6 12 tinh chdt
trite giao. Tinh chat nay tao thanh co s& cia mot trong nhimg phuong phédp hap dan nhit
dé giai cdc bai toan dong luc hoc ddi véi he cé nhiéu bac tr do. Bay gid ta nhic lai phu-
ong trinh dao déng tu do trong (8.3).

[K] {a} = o [M] {a} (8.24)

Pai vai hé 2 bac ty do, tir (8.12), ta ¢ob:

(k, + k))a, —k,a, = m,0’a,
k.a, + k,a,= m,0’a, (8.25)

Céc phuong trinh trén gidng nhu phuong trinh (8.12) nhung duge viét dudi dang cic
phuong trinh finh hoc. Trong dé, cdc luc c6 do 16n m w’a, vA m,o’a, tic dung trén céc
khéi fuong m, va m, Céc dang modo bay gid cé thé xem nhu 12 céc chuyén vi finh hoc
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do cdc luc & vé& phai ctia (8.25) gy ra. Bai todn tinh hoc niy cho phép ta diing céc két
qua cua ly thuyét tinh hoc ddi véi két cdu tuyén tinh. Dic biét, ta cé thé dung dinh ly
Betti dugc phat bi€u nhu sau: D6i v6i mot két cdu trong d6 c6 2 hé tii trong vi chuyén vi
tuong (g, cong ctia hé tai trong thi nhét trén nhing chuyén vi cha he thi 2 bing cong
ctia h¢ i trong thi 2 trén nhiing chuyén vi clia he thit nhat. 2 hé tai trong va chuyén vi
tuong dng nhu sau:
He I
Luc: ®,’a;m,, ®a,m,

Chuyén vi tuong ting: a,,, a,,

Lirc: ®,’a,m,, ®,%a,,m,
Chuyén vi tuong tng: a,,, a,,
Ap dung dinh luat Betti, ta co:
2 . 2 _ 2 2
M3, 8, + 0 My, 85, = 0, M,a),4,, + 0, M,a,a,,
hay (- 0,2} (m,a, a, +mya,a,) =0 (8.26)
Néu céc tdn s6 vong tr nhién khéc nhau {0, ¥ w,), tir (8.26) ta phai c6:
mya;a,; + mya; a,, =0
H¢ thuc trén goi 1a hé thitc truc giao giita cdc dang modo clia hé ¢6 2 bac ty do. Déi
vdi hé ¢6 n bac ty do trong dé ma tran khéi lugng 12 ma tran chéo, diéu kién truc giao
gita 2 mo6 do bét ky i va j c6 thé biéu thi nhu sau:

maga, =0 i#j (8.27)
k=]

Mot cich tng quit, d6i v6i hé c6 n bac tu do, dudi dang ma tran, ta ¢o:
{2} M) {a} =0i#j (8.28)
Trong dé {a,}va {a;} 1a 2 vecto modo bat ky va [M] 1a ma trdn khdi lugng. Bién do
dao dong trong mét modo chudn duge biéu thi bang cdc gid tri ty d6i, chiing duoc chuédn
hoa nhu sau:

a.
;= = U (8.29)
Viar) M1
Dd6i voi hé ¢6 ma tran khéi lugng chéo, hé thitc trén cé thé viét:
> mkaij
k=1
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Pdi véi cac vecto riéng duge chuén hoa, diéu kién truc giao dugc biéu thi nhu sau:

(0} [M]{}, =0 i

(8.31)
=1 i=j
Ta c6 mot diéu kién truc giao khic néu viét (8.24) duéi dang
[K{®}, =’ [M{@}, (8.32)

Nhan bén trdi biéu thic (8.32) véi {®} , ta c6 diéu kién trye giao gitia céc vecto rieng.

(@} [K](@},=0 ]

2
=Wy 1=])

(8.33)

Vi du 8.2: Déi véi cac khung chiu cit ¢6 hai bac tu do trong vi du (8.1), xdc dinh cdc
dang moé do chudn va kiém tra diéu kién truc giao gilta cic moé do.

Gidi:

Thay (8.17) va (8.18) ciing v6i céc gid tri cia khoi luong trong vi du (8.1) vao h¢ s6
chudn ho4 trong (8.30), ta ducc:

\/(136)(1,00)2+( (1,263)° = 241,31

\/(136)(1 00)” +(66)(~1,629)° =./311,08

Do dé, cac mo do chudn hoa bang:

1,00 1,00
O, =—— =0,06437, @, =——=0,0567
" 241,31 311,08
- 6287
0, =2 00813 @, LOBT _ 0,0924

Joarzr T T /3IL08

Cdc mo do chudn hod c6 thé x&p dat theo timg c¢dt trong ma trdn sau goi la ma trdn
mé do chia hé, D6i véi hé cé n bic tu do, ma tran mé do ¢6 dang.

D, P Dy
[D]=1®, Dy Do (8.34)
CIJrll (DI‘LE “'(Dnn

Diéu kién truc giao ¢6 thé biéu thi dudi dang téng qudt bang hé thic:
[®]" [M] [®] = 1}
Trong d6 [®]" 1a chuyén vi cha ma tran [®] va [M] la ma trén khéi luong cua he. O
day, hé ¢ 2 bac tu do, ma tran modo ¢6 dang:
0,06437 0,0567
o ]

(8.36)
0,0813 -0,0924
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D¢ kiém tra diéu kién truc giao, ta thay cic mo do chudn tir (8.36) vao (8.35):
0,06437 0,0813 || 136 0 |[0,06437 0,0567 |t o
{0,056? —0,0924}{ 0 66][ 0,0813 -0,0924} *[0 1]

Trong d6: ma tran & v€ phai 1a ma tran don vj. Vay diéu kién tryc giao di duoc
thuc hién.

Trong phan trén, ta da xac dinh dugc tin s6 vong tu nhién va cic médo chudn trong
qua trinh dao déng ciia mot hé ket cAu. Péng thai, ta di giai bai todn vecto riéng va gid
tri riéng. Phuong phép truc ti€p dua trén co so khai trién dinh thic va gidi phuong trinh
dac trung chi han ché€ cho nhiing hé cé it bac tr do. Dsi véi hé ¢é nhiéu bac tr do, ta
khong thé dung phuong phip tnre ti€p. Da c6 nhiéu phuong phdp s6 ding dé€ giai bai
todn vecto riéng va gid tri riéng, trong dé phuong phép Jacobi da t6 ra ¢6 hiéu luc.
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Chuong 9
DAO PONG CUGNG BUC CUA NHA CHIU CAT

Trong chuong trudc, ta da thay ring dao dong ty do ciia mot he ¢6 thé bi€u thi qua céc
mo do dao dong chuan. Trong chiong nay, ta s& ching minh rang dao déng cudng biic
clia mot hé nhu vay ciing ¢6 thé biéu thi qua c4c mo do dao dong chudn, ring cdc mo do
chudn cé thé ding dé bién déi hé céc phuong trinh vi phan phu thudc thanh hé phuong
trinh vi phan déc 1ap, trong d6 méi phuong trinh chi chia mot bién.

Phuong phép nay dua bai todn tim 151 giai ciia hé nhiéu bac tu do vé bai todn xdc dinh
101 gidi cua hé mot bac tu do.

§9.1. Phuong phap cong tac dung mo do

Ta di thay ring dao dong tu do cuia bt ky mot hé nhiéu bac tu do nao ciing cé the
hiéu thi qua cdc moé do dao dong chuén. Ta s& ching minh rang dao dong cudng bic
ciing c¢6 thé biéu thi qua cdc modo dao dong chudn. Ta quay vé phuong trinh (7.3) 4p
dung cho truong hop nha chiu cat hai bac tu do:

m, ¥, +(k, +k; )y, —k.y, =F (1)
m,¥, — Koy +kyy, =K (1)
Ta tim cdch bi&n hé phuong trinh phu thugc trén thanh mét hé phuong trinh doc lap,

trong d6 méi phuong trinh chi chita mot ham thdi gian chura biét. Trude hét, can bidu thi
16 giai qua cdc modeo chuédn, sau dé nhan chiing v6i mot s6 hé s6 nao doé. Trong trudmg

(9.1)

hop dao dong tu do, cdc hé s d6 1a ham sin cha thoi gian. Trong trudng hop dao dong
cudng biic, cdc he s6 d6 1a mot ham thoi gian ndo dé ma ta goi la z(t). Nhu vay 10 giai
cuia (9.1) ¢6 dang:
i () =2a,2,(D+apz,(1)
Ys (t)zamz}(t)+a2222(t) 9.2)
Thay c¢dc hé thic trén vao (9.1), ta duoc:
ma; 7, +(k, +ky)ayz) — ka2 +myanZ; +(k; +k; )z, —Kpanz, =F (1)

Dé xdc dinh cac hé s& z,(t) va z,(t), cdn sir dung cdc heé thic tryc giao d€ tich roi cac
médo. Ta loi dung cic hé thifc truc giao ndy bing cich nhan phuong trinh thi nhat trong
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(9.3) v6i a,; va nhan phuong trinh thit hai trong (9.3) véi a,,. Cin ¢ vio céc phuong -
trinh (8.25), (8.27),sau khi thuc hién phép nhan va céng hai phuong trinh trong (9.3),
ta duoc:

2 2. 2 2 2
(m,af, +m,a}, )2, + o} (myaf, + mja3, )z, =y F (1) + 2, Fy (1) (9.4a)

Mot cach trong tu, sau khi thuc hién phép nhan phuong trinh thit nhét trong (9.3) véi
a,, va nhan phuong trinh thit hai véi a,, 161 cong hai phuong trinh lai, ta dugc:

(mad, + maad, )2, + 03 (ma, + myad, )2, = a,,F, (1) + 2y, Fy (1) (9.4b)

Vé mat todn hoc, ta da thuc hién viéc tich roi he phuong trinh vi phan géc bang cé4ch
thay déi bién s6. Nhu vay, mot trong cic phwong trinh (9.4a) hodc (9.4b) tuong ting véi
hé mot bac tu do, trong d6 cic phuong trinh vi phan c6 thé viét:

M Z +kz, =P/(t)

. (9.5)

Trong dé: M, = m13121 +mza§] va M, =mpaj, +m?_a%2, k; = m]ZM,, k, =@3M,. Ta
g01 M, M, 1a cdc khoi liuong mé do, ky, K, 1a céc hing s6 10 xo mé do ; P,(t) = a,F (1) +
ayFo(t) va P, (1) = a,F (1) + a,,F,(t). Ta goi: P,(t) va P,(t) 1a céc luc mo do.

Neéu sir dung (8.29) hoac (8.30) cdc phuong trinh trén ¢6 thé viét:

Z,+oiZ, =P/t

) (9.6)
Z,+0iZ, = Py(1)

Trong dé: P,va P, ¢6 dang nhu sau:
P, = @, F,(t) + O, F,(1)
P, = ®,F, (1) + ©,F,(t) (9.7)
Ta ¢6 thé xdc dinh 1di gidi ciia cdc phuong trinh vi phan doc 14p (9.5) hoac (9.6) theo
cdc phuong phdp da duoc trinh bay trong céc chuong truée. Dic biét, tich phan Duhamel
cho ta 1i gii tong qudt d6i véi phirong trinh d6, di cho ham mé ta lue tic dung lén két
cau nhu the nao. Cic gid tri cuc dai ung v6i méi phuong trinh moé do ciing cé thé xéc
dinh bang céch sir dung cdc dé thi ¢é san. Tuy nhién, su céng tac dung cic cuc dai modo
Ia mot van dé nan gidi. Sy thyc 1a cdc gi4 tri cuc dai modo d6, néi chung khong xuat
hi¢én dong thoi. DE giai quyét khé khan nay, cdn ding phuong phdp gan diing. Phuong
phdp thit nhat la tinh cdc chuyén vi cuc dai theo céng thitc sau:
ylmax =|(D“Z ‘+|(Dl222max|
YZmax = |¢)2121max ‘ + |q)2222maxl
Két qua tinh theo (9.8) cho nhiing gi4 trj cuc dai cao. Phuong phép thit hai duoc chap

nhdn rong rdi hon va cho nhiing gid tri cyc dai hop 1y. Theo phuong phap nay, céc
chuyén vi cuc dai duogc tinh theo cong thitc sau: ; :

I max

(9.9)
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YImax = J((Dllzlmax )2 +((D12Z2max )2

Yomax = \/((DZIZI max )2 + (Q)ZZZZmax )2
Su bién ddi tir hé hai phuong trinh vi phan phu thuoc 1an nhau (9.1) sang hé hai
phuong trinh vi phan doc 1ap (9.6), ¢ thé md réng cho hé ¢é N bac ty do. Dudi dang ma
tran, phuong trinh chuyén dong cia hé tuyén tinh c¢é N bic tr do nhu sau:
[M]{¥} =[K]{y} = {Fw} 9.10)
Trong d6: [M] va [K] l4n lugt 1a ma tran khdi lugng va ma tran do cing cia hé, {F(t)}
1a véc to ngoai luc, {y} 14 véc to chuyén vi chua biét:
{yl = [D®1{z} (9.11)
Trong d6: @ 14 ma train mo do cua hé.
Tiép tuc thay (9.11) vio (9.10), ta dugc:

9.9)

[M][e}ia+[K][]iz) - (Fo} ©.12)
Nhén bén trdi phuong trinh (9.12) véi chuyén vi ctia véc to mé do thit i {(I)};r, ta dugc:
(o} ][]} + ()] [K][0){z) = (o] {Fe0) ©.13)

Do céc diéu kién truc giao gilta cic mod do chudn thé hién trong cic phuong trinh
(8.31) va (8.33), ta ¢d:

(0} [M]{o} =1 .14

{@) [M]{®} =0} (9.15)
Do d6, phuong trinh (9.13) c6 thé viét:

Z; +0)?Zl =P(t) (1=123.) (9.16)
Trong d6, huc mo dg P,(t) duoc xdc dinh béng céng thic:
P.(1) =@ F () + O, E () +...+ D F (1) (9.17)

Phuong trinh (9.16) tao thanh N phuong trinh chuyén déng doc 1ap, chiing duge biéu
thi qua cic toa d0 mod do Z,. Cic phuong trinh déc 1ap nay duge biéu thi qua cdc tin s6
vong tu nhién o, va véc to mo do {®};, nhiing dai lvgng nay dé€ duge xdc dinh trong bai
todn gid tri riéng d chuong 8.

§9.2. Nha chiu tac dung cua tai trong dong 6 nén méng

Khung hai tdng trén hinh (9.1a), dugc mo hinh hod trén hinh (9.1b) va dua v€ so dé
vat ty do nhu trén hinh (9.1c). Chuyén vi ¢ mic san thit nhat 13 y,, & mic san thit hai 1a
Y2, 0 nén moéng 13 y,. Lap phuong trinh c4n bing trén so dé vat tr do, ta duoc:
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m, ¥, +k; (Y| hYs)_kZ (Yz _Y1)=0

' (9.18)
myy, +k2(Y2—Y1)=O

S“"—D Ys §_’Y‘I §——b¥2
m, — ¥z 3
— n 0 . o o
k: §_—_'V\/— N ——
NIRE Q Q Q Q
my — Y, %(——,l
""-\_\\_\/
k, —“'l ¥ |‘— -—+| ¥s I-—
c) kil ¥ —] M, I, kiny) | =—
y Moy,
T T
— Y —
a}
Hinh 9.1

Biéu thi chuyén vi ctia san qua chuyén vi twong déi gifta san va nén méng, ta ¢é:

u] = Y] - YS
uL=Y,-Y, 9.19)
Sau khi 1y dao ham, ta duoc:
yl =i'i]+ys (9 20)
y2 = ij2 + ys
Thay (9.19) vao (9.20), ta duoc:
mu, +(k,; +k, Ju, ~k,u, = —m,V_(t

Ta chi § rang v& phdi cha hé phuong trinh (9.21) ty 1& v6i ham s§ cha théi gian ¥ _(t).

Diéu nay don gidn hon so véi phuong trinh (9.6), trong d6 V€ phai 1a nhilng ham thdi
gian khac nhau. Trong trudng hop nha chiju cét chiu tic dung cta tai trong dong & nén
moéng, phuong trinh (9.4) 6 thé viét:
m,a;; +myay 9.22)
mya,; +myaz,
.. 2 ..
Z +oZ, =Ty (t

e 1951 (9.23)
2+ 032, =T,§ (1)

Trong d6: T, va I, 1a cdc hé s6 tham gia, chiing cé dang:
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_ mya,; +myay,

2

Fl = N 2
ma;; +ms,a;,

(9.24)
[ = _Map +Myap
2 2 2
map, +Myay,
Tir (9.2) méi lién hé giita céc chuyén vi mé do Z, , Z, va cdc chuyén vi tuong déi u, va
u, nhu sau:
w=a,7Z +a,7,
w=a, 72 +ayd, (9.25)
Ta dua vao sy bién déi bién s6 trong phuong trinh (9.23) sao cho cic v€ thi 2 trong
cdc phuong trinh dé bang ¥_(t) . Muén vay, ta dat:

Z, =T
1 lg] (926)
Z,=T,g,
Thay céc hé thitc trén vao (9.23), ta co:
.. 2 .
+o7g, =¥,
gl lg] ys( ) (927)

£y + 038, =¥ (1)

Cudi cing, gidi g(t) va g,(t) tr cdc phuong trinh ddc 1ap (9.27) va thay chiing vao
(9.25) va (9.26), ta duoc:

u(t)y=Ia,;8,(t)+Ha,8,(t)
u,(ty=T"a,,8,(0)+1;a,g,(1)

Khi da xdc dinh duge cdc moé do cuc dai g, Zama O 4O thi dudng cong, ta tinh gid
tri cuc daiu, ,, vau,,,, tr phuong trinh (9.9):

ulmax = \j(rlallglmax )2 + (rlal2g2max)

2 2
Yo max = \/(F]a:!]gl max) +(F2322g2max)
D3i vai nha chiu cit N tang chiu tdc dung cia tai trong dong & nén mong, ta lap
phuong trinh ¢an bang trén so d6 vat tr do trén hinh (9.3b) nhu sau:
m, ¥, +k, (Y} —Ys)‘kz(Y2")’1)=0
My, +Ky (Y2 —¥i)—ks(y3~y,)=0
My Yot K (yN-I _yN—Z)_kN (YN ~¥N-1 ) =0
myyy +ky (YN ~¥no1)=0
Dua hé thie sau vao (9.30)
u=y-y, (1=1,2,..N) (9.31)

(9.28)

2
(9.29)

(9.30)

Ta dugc:
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myil; +kpuy =k (uy —u ) =—m,y,
myify +Kyuy — Ky (U3 —uy )= —m,,

Myl +ky (“N—] - uN—2)_kN (“N —Uyn ) =—My_ ¥,

. . (9.32)
myliy +ky (uy —uy_ ) =—my,
Yu
 — [E— - —
m _"YN
- KN (Yn'Yn-1) -
/I/kM y I ' A
e "
My T Yy
‘_"Km(YN-\ 'YN-E) o
- 4 - .,
¥ Ks (Ya ‘Y2]
m, ———>Y, N >
M h Yo
— 1A « K(feY)
m, -, Y, P
A/' — K {1,-Y) —»
1L
mong Y, I-n—» mong |

N

Hinh 9.2
Trong dé, ¥, =¥,(t) 1a ham gia téc kich thich & nén méng.
Phuong trinh (9.32) c6 thé viét duéi dang ma tran.
[MKi} +[K]{u} =-[M]{1} 3.0 (9:33)

Trong dé: [M] 1a ma tran khoi lrgng (ma tran chéo) ; [K] 12 ma tran dé cimg dd6i
xing, {I} la véc to cot vdi toan bo cic phan tir bang don vi, ¥, =y (t) 12 gia t6c 4p dit tai
nén moéng cha nha, {u} va {u} 1an lugt 13 véc to chuyén vi va véc to gia t6c tuong doi
gilra san va nén moéng.

Nhur dd chiing minh trong phan truée, hé phuong trinh (9.33) c6 thé tr& thinh hé doc
1ap qua sy bi¢n d8i thé hién trong phuong trinh (9.11).

iuf =[o]{z} (9.34)
Trong d6: [®] 1a ma tran mé do duge x4c dinh tir 13 giai cua bai todn gid tri riéng
[[K]—m2 [M]]{Cp} ={0} . Sau khi thay (9.34) vao (9.33) sau d6 nhan ben tréi hai vé cia

N o P . .. T
phuong trinh véi chuyén vi clia véc to riéng thu i {fb}i , ta dugce:
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(o} [M][@], {#} +{®}] [K][®],{z} =—{o}; M]{1}.0  ©35)
Lgi dung tinh truc giao ciia ciac véc to riéng chudn, cac phuong trinh (9.14), (9.15) trd
thanh cdc phuong trinh mo do:

f+0Z =T H,0  (i=12...N)

(9.36)
Trong d6 hé s6 tham gia I c6 dang;:
N
Z m;D;
r;=2— (9.37)
> mj(D?i
i=1
Vi cdc mod do duoc chudn hod, mau thifc trong (9.37) bang 1 nén:
N
rl =_J§ mJQJl (l=112)33"'5 N) (9-38)
Gia tri cuc dai ctia chuyén vi va gia toc tinh theo cic cong thic sau:
N 2
Wimax = Z(riq)jiSDj) (9.39)
j=1
N 2
U max = Z(riq’jisf\j) (9.40)

j=1

Trong d6:

Sp; va S, lan luot la chuyén vi va gia téc (ing vi mé do thit j. Cac hé s6 tham gia I
trong phuong trinh (9.37) va (9.38) 14 c4c hé s6 ctia ham kich thich ¥ (t) trong phuong
trinh (9.36).

Vi du 9.1: Mot khung chiu cit 2 ting chiu téc dung cha gia t6c khong ddi & nén
méng. Cho biét cdc dic trung sau day & trang thai dao dong tu do.

Gia tdc gt = 2,7m/sec’

Tan s6 vong: ©, = 11,83rad/sec o, = 32,89 rad/sec
Véc to réng:
a,,= 1,000 a, = 1,000
a, = 1,263 a,, = -1,629
Khoi luong:
m, = 24 kNsec’/m m, = 12kNsec’/m

Gia sir chia thanh 10 quing thoi gian véi s6 gia thai gian At = 0,01 gidy. Yéu cau xdc
dinh cdc chuyén vi tuong d6i giita san va mong tai cc thoi diém quy dinh trén.

90



Gidi:

0 12
{1,000 1,000}
a=

. 24 0
Ma tran khéi lugng dang: m =

1,263 -1,629

5 =ylay) [m]fa;}

(3] 1a véc to rieng & cot thit j cha ma tran a. Sau khi thye hién cdc phép nhan ma tran,

ta dugc:
f,,=6,568
f,=7473

Theo (8.29), chudn ho4 cdc phén tir clia ma tran a. C4c phén tir clia ma tran mo do tinh

nhu sau:

L N S WP

“DTR, 6,568
An
P =22 =222 _ 199
" 76,568 6,568
)
Py =202 == 0,134
? 7,473 7,473
a —
Diyny = @) - 1’629=—U,218
271,473 7,473

Vay ma tran mo do c6 dang:

o_|0152 0134
0,192 —0,218

Tir (9.27), ta tinh duoc:

810 =1 (1-cos0,1) = 0,0193(1 - cos(1 1,831))
0}

£2(0 = EL-(1-cos 1) = 0,0025(1 - cos(32,891))
®)
‘Fir (9.38), tinh duoc:

2
[ ==Y m®, =-24x0,152 —12x 0,192 = 5,952
=1

[ =-2m®;, =-24x0,134 -12 x (-0,218) = -0,600
Tir (9.25) va (9.26), tinh chuyén vi tuong déi:
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2
j=1
2
uy(t) = 2 Ty;.8;(t)
= -
Do do:
u, (1) = 5,592 x 0,152 x 0,0193(1 —cos(1 1,83t)} - 0,60 x 0,0025(1 - cos(32,891))
U, (1) = =5,592 x 0,192 x 0,0193(1 —cos(1 1,83t)) ~ 0,60 x(—0,218} x 0,0025(1 — cos(32,891))
Sau khi thire hién cdc phép tinh, ta duoge:

u; (1) = —0,0142 (1 - cos(31,891))
u, (t) = —0,022(1 - cos(11,83t)} + 0,00033(1 ~ cos(32,891))

Chuyén vi twong d6i (ing véi cac thoi diém quy dinh & trén théng ke trong bang (9.1):

Bang 9.1
Théi gian Chuyén vi Chuyén vi
t (gidy) u;(m) u,(m)

0,01 0 0
0,02 -1,06 x 107 1,73 x 107
0,03 -4,15 % 10° 6,76 x 10°
0,04 -8.93 x 10° 0,0001
0,05 -0,0001 0,0002
0,06 -0,0002 0,0003
0,07 -0,0003 0,0004
0,08 -0,00033 0,0005
0,09 -0,0004 0,0006
0,10 -0,00042 0,00064
0,11

§9.3. Nha chiu cat chiu tic dung cua tai trong diéu hoa

Khi nha chiu cat chiu tdc dung cha tai f(t)=Fsint —»

— Y2

. trong diéu hoa (iic ham sin hodc cosin) viéc
phan tich s& don gian hon nhiéu.

— Y12

Ta hdy xét nha chiu cat 2 tdng chiu tic
dung cia luc diéu hod F(t) = F sinot dat tai
mirc san tha hai.

Trong truomg hop nay, phuong trinh (9.1)
véi F, () =0vaF, (1) = F;sin®t tr¢ thanh:

92

Hinh 9.4




my, (kl +k2)Y1 —k,y, =0

mZYQ _kgy;q '—kgy] +k25}2 = FO sin ot

Loi gidi & trang thdi on dinh ciia he phuong trinh trén c6 dang;

Y. =Y, sinot

Sau khi thay (9.42) vao (9.41) va don gian hod, ta dirgc:

(K, +ky—m3° )Y, ~k,Y, =0

-k, Y, (k2 —r11252)Y2 =F,

9.41)

(9.42)

(9.43)

Hé phuong trinh trén ¢6 hai an Y,,Y,. He nay bao giv ciing c6 1di giai duy nhat, trix
khi dinh thic clia cic hé 56 cta céc 4n 6 triét tieu tic 1 tan s6 cia lyc kich thich @
bang mot trong cdc tin s6 vong tu nhién (tic 14 xay ra hién tvong cong huéng).

Vi du 9.2: Mot khung chiu cét 4 tdng cung véi

céc dac trung hinh hoc va co hoc biéu thi nhu trén m ]
. o T T T 2
hinh (9.4). Khung chiu tic dung ca cdc tai trong E |
diéu hoa nhr trén hinh ve, -
Déi véi toan bo cdc tang m 1
.. T T T |
M6 dun dan héi E = 13,8 x 10% kN/m? E |
Téng moé men quéan tinh I =33 x 10°m* '
. 2 m
Khoi lugng m = 0,175 kN sec’/m A §
Chiéucao L =4,5m E.|
Tai trong diéu hoa
. m
F, = 3sin30t (tang 2) T -
F, = 1sin30t (ting 4) ~
Yeéu cdu xdc dinh cdc bién do dao doéng va :
h L 2 - AT AT 1
phuong trinh chuyén dong cia khung. i
Hinh 9.4

Gidi:

Hé 56 do cing:

Tang 1: k, =

C12x13,8x10° x 33x107¢

’ = 59,97kN /m
(4.5)

Tang 2: k,= 59,97 kN/m
Tang 3: k,= 59,97 kN/m
Tang 4: k,= 59,97 kN/m
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Lap ma tran d6 ciing cua todn bd khung theo (7.4):

119,94 —59,97 0 0
S 119,94 -59,97 0
119,94 -59,97
do6i xing 59,97
Lap ma tran khéi lugng cua toan b khung theo (7.5):
0,175 0
0,175
"o 0,175
0,175
Theo (9.43), 1ap ma tran a dé giai hé phuong trinh tuyén tinh:
-37,56 -59,97 0 0
-37,56 -59,97 0
0" 37,56 —59,97
di xiing —97.53

Néu bién do dao dong & cac tdng 1a Y,, Y, Y., Y,, cin cif vao cdc tai trong diéu hoa,
theo (9.43), ta c6 hé phuong trinh tuyén tinh:

Y, 0
Y, 3
[l |=
Y; 0
Y, 1
Giai hé phuong trinh trén, ta duoc:
Y, =-0,017m
Y,=0011lm
Y, =-0,04m
Y,=0,014m

Vay phuong trinh chuyén dong clia khung nhu sau:
y, = -0,017sin30t
y, = 0,011s1n30t
y, = -0,040sin30t
y, = 0,014sin30¢
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Chuong 10
DAO PONG CUA DAM

Trong chuong nay, ta s& nghién citu dao dong cua dim 1a loai két cdu chii yéu chiju téc
dung cua tai trong vuéng géc véi truc dim. Nhimg tai trong nay san sinh ting sust uén
va chuyén vi ngang. Ta bét ddu nghién ctru cic tinh chét tinh hoc ciia mot doan dam, sau
do gidi thigu cdc tic dong dong hoc do luc quan tinh gay ra. Hai phuong phdp g4n ding
s¢ dugc trinh bay:

I. Phuong phép khéi luong tap trung,trong dé khéi lugng phan bé duoc gia thiét tap
trung tai timg diém;

2. Phuong phép khéi luong ¢6 xét dén anh hudng qudn tinh clia su xoay.

Phuong phdp thi hai phit hop véi cac chuyén vi dan héi tinh hoc cha dim

§10.1 Céc tinh chat tinh hoc clia mét doan dam

Ta hay xét mot doan ddm c6 mat cit y

R 2. N N 5P
khong doi nhu trén hinh (10.1). rL E, ity

Dam ¢6 mo men quén tinh cdia tiét dien %P2 § 1 S
la I, ¢6 chiéu dai 12 L va ¢é mé men din 5,P, 5,P,
hor cta vat lieu 14 E. Ta sé thiét lap moi Hinh 10.1

quan hé giita cdc luc finh hoc, mé men
tinh hoc P\, P,, Py, P, vi cdc chuyén vi thing, chuyén vi xoay tuong tng 8, &,, 8,, 8,. T4t
ca cdc dai luong ndy biéu thi & cdc ddu ddm nhy trén hinh {10.1). M6i quan hé trén s&
duoc trinh bay dudi dang ma tran, ta g0i n6 1a ma tran do cing chia mot doan dam. Cic
luc P, va chuyén vi 8 tuong (ing dat tai céc toa do nuit.

Theo cdc cong thic stc bén vat lieu, khi chuyén vi ngang ctia dim khd bé, ta ¢6
phuong trinh vi phan nhu sau:

,
1Y _M(x) (10.1)

dx~

Trong d6: M(x) - mé men uén tai tiét dién dam va y la chuyén vi ngang.

EIl

Phuong trinh vi phan (10.1) d6i v6i mot doan dam c¢ tiét dign khong d6i, tuong duong
voi cdc he thiie sau:

B p(x) (10.2)
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dM(x)

Vi - V() (10.3)
dx

Nén AV < px)
dx

Trong d6: p(x) - 12 tai trong phan bg trén don vi dai cta dim va V(x) 1a luc cat.

Bay gid ta hay dinh nghia the nao 1a hé s6 do citng k. N6 la luc tai toa do nit i do
chuyén vi bang don vi tai toa 4o nit j gay ra trong khi chuyén vi tai toan bo cac toa do
nit khdc bang khong.

Faal

21
k
R W e ¥4 ey
3 - i e
Kiy (a) Ky ki (o) Ky
8;
Kz *Palx) Kz ka8 Ku
T T —_— X — X
Kz ks, L ¥ 821

Hinh 10.2

Hinh (10.2) biéu thj cdc dudng cong chuyén vi tuong ting voi cic chuyén vi bang don
vi tai mot trong 4 toa do nit, déng thdi ciing bi€u thi cdc hé s6 d6 cing k;;. Pé xdc dinh
bidu thiic cila céc hé s6 d6 cing, ta s& tim phuong trinh clia cdc dudng cong chuyén vi
trén hinh (10.2).

Truée hét, ta xét doan dim khéng cé tai trong trén hinh (10.1). Vi p(x) = 0 nén
phuong trinh (10.2) ¢6 dang:

—=0 (10.4)

d3

o C

S -y (105)
=

%z}_clxz +Cox+ G,
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1 2
y=éC1x3+5C3x“+C3x+C4 (10.6)

Trong d6: C,, C,, C,, C, - cdc hing 6 tich phan, chiing dugc xdc dinh tir céc diéu Kién
bién. Chang han, dé xdc dinh ham ¥, (x) d6i véi duong cong trén hinh
(10.2a), ta dung cic diéu kién bién sau:

Tai x = 0 y(0) = HO (10.7)
dx

Taix=L;y@)=0va YL _g (10.8)
dx

Bua cdc diéu kién bién trén vio cdc phuong trinh (10.5) va (10.6), ta dugc he 4
phuong trinh dai s6 d¢ xdc dinh cdc hing s6 C,, C,, C, . C,.

Thay cdc hang s6 trén vao phuong trinh (10.6), ta dugc phuong trinh cia dudng cong
chuyén vi trén hinh (10. 2a) nhur sau:

2 3
11;](;():1—3(%) +2[EJ (10.9a)

O weén ta da dung W (x) dé thay cho y(x) tmg véi diéu kién chuyén vi dugc 4p dit

8, = 1. Mot céch tuong 1, ta ¢6 phuong trinh cua céc dudng cong chuyén vi khdc nhu sau:
<\

LPH()():X[I——] (10.9b)

- L

x Y xY

Ya(x)=3| -1 -2| — 10.9¢
=32 [z s

x?( x
Yxy=—1 —-1 10.9d
4 L(L ] ( )

V1'¥,(x) la do véng ting v6i chuyén vi bing don vi 8,, d6 vong do chuyén vi bat ky 8,
1A ‘l‘,(x) 6. Mot cdch wong tw, d6 véng do cdc chuyén vi bit ky 8., 8, 8, lan luot W,(x)
3 Wax) 855 W x) 8,. Vay tdng do vong y(x) tai toa do x do cdc chuyén vj bat ky tai
cac toa do nidt cda ddm 1:

y(x) =Y (x)3; + ¥, (x)8, +¥,;(x)3; + . 4(x)8, (10.10)
Céc phuong trinh do véng trong (10.9) g véi cic chuyén vi biing don vi tai toa do
niit, c6 the ding dé xdc dinh cdc bidu thire hé s6 do cimg. Chéng han xét ddm trén hinh
(9.2b) & the can bing cung voi céc lyc san sinh ra chuyén vi §, = 1,0. D6i véi doan dam
nor trén, ta gia thict mot chuycn Vi 4o img véi dudng cong do véng trén hinh (9. 2a). Ta
dp dung nguyén 1y cong 4o nhu sau: doi véi h¢ dan hoi ¢ the can bing, cong do cia cic
ngoai luc bang cong 4o cha cic noi luc. D€ 4p dung nguyén 1y nay, ta chi y rdng cong

cua ngoai luc W, . biang tich cia luc k,, nhan véi chuyén vi §,= 1, tirc 1a:
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W =k;20, (10.11)
Cong cua ndi luc la:

L
W, = [M(x)do (10.12)
0

Trong dé: M(x) 12 mé men uén tai tiét dién x va d0 1a chuyén vi xoay tuong doéi cia
i€t dién do.

D6i véi chuyén vi do dang xét, dé véng clia dim thé hién béi phuong trinh (10.9b)
lien quan dén mo men uén trong phuong trinh (10.1). Thay dac ham thi hai ‘P;(x) cla
phuong trinh (10.9b) vao (9.1), ta cé:

EIV, (x) = M(x) (10.13)

Géc xoay dO san sinh trong qud trinh chuyén vi a0 lién quan dén d6 véng clia dim
¥,(x), do do:
do &, (x)

dx dx’
Vay do=Y"" (x)dx (10.14)

Sau khi thay M(x) va d& tir phuong trinh (10.13), (10.14) vao (10.12) sau d06 can bing
ngoai luc véi ndi lue, ta duge két qua:

=¥, (x)

L
k= [ERPTGOWS (%) (10.15)
0

Mot cich tdng quit, hé s6 do cling bét ky c6 thé biéu thi bing cong thiic:
L
k= [EIW] ()% dx (10.16)
0

T cong thic trén, c6 thé (hdy ring k; = k; vi ching qua la sy thay ddi ché giita
LP‘-Il(x) va ‘P;(x) . Déng thitc k; = k; 1a truong hop dac biét cha dinh 1y Betti, ta goi nd la
dinh Iy nghich Maxwell.

Can nhan manh rang tuy cdc ham chuyén vi trong cdc phuong trinh (10.9) dd duge dp
dung cho dim c6 mat cat khong déi, nhung ching ciing ¢6 thé ding d¢ x4c dinh cac he
0 do cing cho dam coé mat cét thay déi.

Bay gidr xét dam cé mit cat khong déi véi chiéu dai L v mo men qudn tinh tict dién
bing 1. Tir cdc phuong trinh (10.16) va (10.9), ta ¢6 thé tinh bt ky mot hé s6 do cing
nao. Ching han, déi véi hé s§ do cing k;,, ta tinh nhu sau. Tir phuong trinh (10.9a),
ta dugc:

6 12x

lPI].(X) =“—2+F
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Tir (10.9b) ‘P;(x)=—-%+é§

Thay céc biéu thiic trén vao (10.15), ta duge:

L
-6 12 6
k,, = EI J'[—?Jrl—f)(%ﬁL—f]dx
A2 L L

Sau khi tinh tich phan, ta duoc:
6EI
[2
Vi hé s6 cimg k) 12 lyc tai toa do niit 1 do chuyén vi bang don vi tai toa do niit j gay
ra, cdc luc tai toa do 1 do cdc chuyén vi §,, 8,, 8,, 5, tai 4 toa do ndt géy ra lan luot bing

kj, =

k18, kiady, ki385, k48, Do d6, téng luc P, tai toa do niit 1 do cée chuyén vi tai cdc nat
trén gay ra bing:
By =k 8, +k 38, +k;38; +k 3,
Mot cich tuong tu, ©ng hue tai cdc toa do ndt khéc béang:

Py =k318) + kpy0, +kyy8, + K464

P, =k3,5-1+k3282+k3363+1-(34(‘34 (10.17
Dugi dang ma tran, cdc phuong trinh trén cé thé viét:
P =) kg ki ki3 kig ||
2 1=Ky kon kar ks || S
P2 2] 2 23 24 2 (10.18)
P3 = K3 Ky ki ks, 95
Ps = kg kys kyy Ky S,
He thic ma tran trén c6 thé viét dudi dang
{p} =[k]{s} (10.19)

Trong dé:
{plva {8} 1an luot la vec to lie va véc to chuyén vi tai céc toa d6 nit cha ddm va [k)
12 ma tran d¢ cing cia dam.

Tir phuong trinh (10.16), ta c6 thé xdc dinh duge toan bo céc hé so do cimg cho mot
doan dam ¢é mat cit khéng d8i nhu sau:

12

6L |

P, 6L 12 8,
. 6L 417 -6L 21%|!s
P2y _EI 2 (10.20)
Pa 6L 217 6L 4L* | (3,
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Dudéi dang viét gon:

ip} =[k]{3} (10.21)

§10.2 Ma tran do citng téng the

Trong phén trén, ta di thanh lapma 7
tran do cing [k| cho mot doan dam, ta *3 ! : 3 .
goi 1a ma frgn d¢ cimg cuc bg. Thuc N 214\ A 43l At A .
ra, ddim gdém nhiéu doan nén ta can % R \ & | @
phai xdc dinh ma tran dé cing toan he, | I . |
ta goi 12 ma trdn do citng 16ng thé. Hinh 10.3

Pé lam duoc viéc nay, ta thue hién cic bude sau:

1. Chia toan bé dam thanh nhiéu doan va ddnh s6 cdc doan chia.

Chang han dim trén hinh (10.3) dugc chia thanh 3 doan,dugc ddnh s6 12 1, 2, 3.

2. Pinh s8 cac toa do niit. Tai méi mit, ¢6 hai bac ty do 1a chuyén vi thing vi géc
xoay. Trude hét, danh s6 cdc bac tr do c6 chuyén vi thing, cic bac tu do ing véi chuyén
vi xoay danh s& sau. Chang han trén hinh (10.3), ¢6 6 bac tu do ¢6 chuyén vi, ta danh s6
12 1,2, 3, 4,5, 6, 2 bac tu do khéng c¢6 chuyén vi ddnh s61a 7, 8.

3. Ghép cdc ma tran do cung cuc bo thanh ma tran do cing tdng thé. Mot h¢ s6 do
ciing bat ky k;; cha toan hé ¢6 thé xac dinh bing cdch cong lai cac h¢ s6 do ciing cung co
cac chi s6 nhu nhau. Chéng han, di véi hé s6 do cing k., ta cong lai cic hé s6 nay ¢
doan dam 2\ va Afmg véi nut th 3. Vay kqy =k +KkSY. Chi s6 trén biéu thj s6
thit (¢ chia doan chia, c4c chi s6 dudi bi€u thi céc chi s6 cla hé s6 do cling trong ma tran
do cing téng theé.

Péi vdi dam trén hinh (10.3), can cd vao phuong trinh (10.20), ta ¢6 ma tran do cing
cua doan & nhu sau:

{1 2 3 4
12 6 -12 6|l
[k ]-10 6 4 6 22 (10.22)
-12 -6 12 -6|3
6 2 -6 44

Dai voi doan ddm nay s& thit tu bic ty do ghi & trén va bén phai ma wran 1a 1, 2, 3, 4.
D6i v6i doan ddm thi nhat, s6 thit tw bac twdo 12 7, 8, 1, 2 ; d6i véi doan dam thit 3 a 3,
4,5, 6 (hinh 10.3). C4c ma tran do ciing cia cac doan ddm 1 va 3 v6i s6 thi tu céc bac tu
do tuong vng (ghi & trén va bén phai) nhu sau:
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7 8 1 2
12 6 -12 6|7
[k 6 4 -6 28
~12 -6 12 6|1
6 2 -6 42

(10.23)

3 4 5 6

12 6 -12 63
6 4 -6 2|4
(KO =107 (10.24)
=12 -6 12 -6|5
6 2 -6 416
D¢ ghép cdc ma tran do cling cuc bé (10.22), (10.23), (10.24), ta cong vai nhau céc hé s6
do cling cling c6 chi s8 nhu nhau trong ma tran d6 cimg 1éng thé. Ching han hé s6 do cling;
kys =k§ + kG =—6x10" +6x107 =0k, = k§Y + k5P =12x107 +12x107 = 24 %107,
Céc s6 thit tu bac tu do khéng ¢ chuyén vi dénh s6 7, 8 khong can xét dén vi ching lién quan

dén nhiing chuyén vi khong can phai tim. Bing c4ch 1am trén, ta 6 ma trin d¢ ciing tong thé
nhu sau:

1 2 3 4 5 6
(24 0 ~12 6 0 0]
0O 8 —6 2 0 0
-12 6 24 0 -12 6

k]|=107 10.25
[¥] 6 2 0 8 -6 ( )

0 0 -12 6 12 -6
L0 0 6 2 -6 416

Ma tran (10.25) bac 6 x 6 1a ma tran biéu thi méi quan h¢ gifta cdc thanh phén luc va
cdc thanh phan chuyén vi tai céc toa d¢ nit trén dam coéngxon & hinh (10.3).

L I S S N

§10.3 Céc dic trung quan tinh - Khoj lugng tap trung

Khi x¢ét dén cic dac trung quén tinh cia mot he déng lye hoc, phuong phap don gian
nhat 1a gia thiét khdi luong tap trung tai cdc toa do6 nit, tai d6 c6 cdc chuyén vi thing.
Phuong phdp nay goi la phuong phdp khéi lugng tap trung tai timg diém. Sy phan bg
khoi luong duge xéc dinh theo phuong phép tinh hoc.

Hinh (10.4) bi€u thj cdc cong thic khéi luong tap trung & hai ddn ddm trong truong
hop ddm c6 chiéu dai L, khéi luong phan bé trén don vi dai theo cdc quy luat phan bg
déu, phan bg theo hinh tam gidc va phan b6 theo quy luat bt ky.
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m
Al 1B mL
T ™
Phan b& déu o L
Fo2
. L
e
m _mL
B BT T
Ald— }(—b-' 3
}-1 ----- — L4-|
Tam giac
;(X) _[(L—x);(x)dx
"
A B Ma = L
—_ X Lo
| — jx mix)dx
L — mB = ] L
Quy luat chung
Hinh 16.4

Ma tran khéi lugng déi véi toan b két cdu duge xdc dinh bang cdch dua cic khéi
luong tap trung vao céc toa do nuit tai d6 c6 chuyén vi thang.

Trong phuong phédp ndy, ta khéng xét dén anh hudng qudn tinh cua cdc chuyén vi
xoay. Néu xét dén anh hudng quan tinh clia géc xoay, ching han d6i véi ddm c6 mit cat
khong déi, ta tinh mé men quén tinh cba khéi lugng trén nira ddm tai mdi niit nhu sau:

1(mLY(LY
L-l=3( 53

Trong d6, m 12 khdi lugng trén don vi dai cua ddm. P6i v6i dam céngxon trén hinh
(10.3), khi chi xét dén anh hudng quan tinh clia cdc chuyén vi thing, ma tran khéi lwong
cua toan hé 1a mot ma tran chéo, né ¢6 dang nhu sau:

1 2 3 4 5 6

m,

(10.26)

p—
=,
Il
o

o B W
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Trong doé:

mL mL,
) 2
m, = m;z " m;i
L,

5= 5 -

Néu ding ky hiéu dac biét D dé chi ma tran chéo, (10.26) ¢6 thé viét nhy sau:
M]='m; 0 my 0 m, 0| (10.27)

§10.4: Cic dac trung quan tinh. Khéi lugng tap trung
¢o xét dén anh hwéng quan tinh cia goc xoay

Céc he s6 khai lugng ing v6i toa do niit clia ddm c6 thé xdc dinh tuong tu nhu khi
tinh cic h¢ s6 do cing. Trudc hét ta dinh nghia hé s6 khéi lugng m;; 1a lyc tai toa do nuit

i do gia (&c bing don vi tai toa do nit j gay ta, trong khi gia t6c tai cic toa d6 nat khac
déu bang kheng.

Hinh 10.5

Xét doan dam trén hinh (10.5) véi tai trong phan bé El(x)trén don vi dai. Trong
phuong phdp nay, ta vin gid thiét cdc dudmg cong chuyén vi duge biéu thj bang céc ham
W, (X), WalX), Wi(x), Wu(x), cdc ham nay di duogc suy ra bang phuong phép tinh hoc.

Gia sir ¢6 mét gia t6c bang don vi san sinh tai mét trong cdc toa d niit, chiang han
6,. =1, gia t6c nam ngang tng véi chuyén v ngang phét trién doc theo chiéu dai cia

dam la dao ham bac hai d6i véi thoi gian ciia phuong trinh (10.10).
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Trong trudng hop nay, véi 81 = 52 = 83 =0, ta cé:
§2(0) ="¥;(x)5, (10.28)
Luc quén tinh f, (x) trén don vi dai clia ddm do gia tSc trén gy ra bang:
£, (t) = m(x)¥(x)
Thay (10.28) vao phuong trinh trén:
f,(t) = M(x)¥,(x)d,
vi -82 =1,nén:
f,{(x)=m(x)¥,(x) (10.29)
DE xdc dinh hé s6 kh6i luong m,,, ta tao ra mot chuyén vi do tng véi chuyén vi 8, = 1
(hinh 10.5b) va 4p dung nguyén 1y cong 4o. Cong chia ngoai luc trén chuyén vi do bang:
an=m|25]=m|2 (10.30)
Céng cha noi luc trén chuyén vi do bang:
Sw, =1, (x)¥; (x)
Tixr (10.29, ta cé:

D61 vai toan bo dam, ta ¢d:

2
wi= [R (W, (x) ¥ (x)dx (10.31)

Can bing cong chia ngoai luc vé6i cong cua noi luc, tir cdc phuong trinh (10.30) va

(10.31), tacé:
2
m,; = [ W(x¥, (x) ¥ (x)dx (10.32)

Mot cdch t8ng quat, khi xét dén anh hudng quén tinh clia goc xoay, hé s6 khéi lugng
tinh thco céng thic:

m, = [ (x) ¥, (x) ¥, {x)dx (10.33)

T cong thitc trén, ta thdy ring m; = m; vi chang qua la sy thay do6i ché giiia
Y. (x) valt, (x) .

Trong thuc t&, cdc phuong trinh bac 3(10.9) ¢4 thi ding dé tinh hé s6 khéi luong cia
bat k¥ mot ddm thing ndo. Trong trudng hop dic biét, ddm c6 khéi lwgng phan phéi déu,
phuong trinh (10.33) cho ta he thic giifa céc luc quén tinh va cdc gia téc tai cdc toa do
niit nhu saw:
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P, 156 2L 54 -13L](5,
p»| L] 22L 4% 13L  -31% ||},
pr[ 420 54 3L 156 -2oL |3,
P4 -13L 317 221 4r® (3,

Ma trén khéi lugng trong (10.34) chi dp dung cho mot doan ddm. Mudn ¢é ma tran

khoi lugng cta toan bo ddm, ta phai ghép ching lai nhu di 1am doi véi cde ma tran
do cing.

(10.34)

Phuong phip khéi lugng tap trung khong xét dén anh huéng quan tinh ciia goc xoay
don gian hon nhiéu so véi khi xét dén anh hudng qudn tinh clia goc xoay vi cac ly do sau
day: Trong phuong phdp thd nhét, ma tran khai luong 12 ma tran chéo hon nita trén
dudng chéo chinh, c¢é nhiing phin tir triét tiéu do khong xét dén anh hudng quén tinh cla
goc xoay; Trong phuong phép thit hai, ma tran khai luong khong phai 1a ma tran chéo vi
¢6 nhi€u phén tir khong triét tieu. Tuy nhién, phuong phidp thit hai cho nhiing két qua
chinh xac hon.

Vi du 10.1: Cho mét ddm nhu trén hinh (10.6). Yéu ciu lap ma trdn do cling va ma
tran khoi lugng cia todn bé dam:

7

6 ¢1 TS T ;
4
3 § ? E 4
y ® ® ® \
[ i . . e .
100 em 200 cm 100 cm
Hinh 10.6

Cic dac trimg co hoc nhur sau:

M6 men dan héi E = 2000 kN/cm?

M6 men quén tinh 1 =2,3 x 10° cmm®

Dién tich A = 1350 cm®

Khoi lugng phan bs = 0,00785 kN sec¥cm

Giai:

Trudc heét, can phai x&p s6 thit ty cho cic bac tr do. C6 tit ca 8 bac 1 do trong d6 cé 4
bac tr do c6 chuyén vi va 4 bic ty do khong ¢6 chuyén vi. Xép trude s6 thi wr cho cac
bac ty do ¢d chuyén vi 1, 2, 3, 4 va x&p sau s6 thit tu cho cic bac ty do khong cé chuyén
vila5, 6,7, 8 (xem hinh 10.6).

G phia trén va bén phai cdc ma tran d¢ ciing va ma tran khéi lugng, 6 cic chi s& tha
tu cdc bac r do dng vdi timg doan ddm.
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Theo (8.20), ta ¢6 cdc ma tran d§ cling cho timg doan dam nhur sau:

5 6 1 2
(5520 276000 -5520 276000 |5
184 x 10° -276000 92x10° |6
Poan I: [51]=
5520  —276000 |1
ddi xing 184 x 10° |2
1 2 3 4
690 69000 690 69000 |j
92x10° —69000 46x10° |2
Poan 2: [Sz] = * *
690  -69000 |3
déi xiing 92 x 10° |4
3 4 7 8
5520 276000  -5520 276000 |3
184x10° 276000 92x10° |4
Poan 3: [S;] =
' 5520 276000 |7
déi1 xing 07 x 105_| 8

Theo céc nguyén tac da trinh bay trong phan trude, ghép cdc ma tran trén dé duoc ma
tran d¢ cing 13ng thé.

1 2 3 4
6210 207000 -690 69000 |y
Is]- 276 x10°  —69000 .445><105 2
6210 207000 |3
déi xiing 276 x 10° 4

Theo (10.34), lap ma tran khéi luong cho timg doan dam nhu sau:

5 6 1 2
393,62 5551,07 136,25 -3280,18 |5
Doan 1 - [m|]= 5551,07 100928,57 3280,18 -756946,4316
' 393,62 5551,07 |1
doi ximg 5551,07 100928,37 |2
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1 2 3 4
787,24 22204,29 272,51 -13120,7 |1
807428,57 13120,71 -6065571,43 (2

Poan2: (m,[=
. [ 2] | 787,24 22204,29 |3
d6i ximg 80742857 |4
3 4 7 8

393,62 5551,07 136,25 —3280,18 13
100928,57 3280,19 -75696,43 |4

Doan3: [m,|=
: [ 3] 939,62 5551,07 {7

déi ximg 100928,57 |8
Ghép cic ma tran trén d€ dugc ma tran khéi lugng tong thé:
1 2 3 4
1180,86 2775536 272,51  —1320.71 11
908357,14 13120,71 —605571,43 |2
[m]= 1180,86 2775536 |3
doi xung 908357,14 |4

§10.5 Cac dic trung vé luce can

Ta dinh nghia hé s6 cin ¢; 1a lyc tai toa do nit i do van td¢ bang don vl tai niit j gay
ra. Néu cé thé xdc dinh dugc céc luc can phan b trén ket cdu, cdc hé s6 can trong cic
bd phan khac nhau ciia két cdu s& duge ding dé tinh he s& can ttng v6i he. Chéng han, hé
$6 can c; d6i v6i mot phdn tlr cha he, cé dang:

L
cy = Je(x) ¥, (x) ¥, (x)dx (9.35)
0

Trong dé ¢(x) [a hé s& can phan b6 trén don vi dai . Néu c6 thé tinh duec ma tran can
cua mot doan dim, ta ghép ching lai dé dwoc ma trdn can tong thé nhu di 1am d6i véi
ma tran d¢ cing téng thé. Trong thyc t€, khong thé wéc tinh duge hé s6 can phan bg
c(x). Vily do dé, luc cin thudng duge bidu thi bing ty s6 can xdc dinh bing thi nghiém
chit khéng dung cong thiic (9.35) dé x4c dinh ma tran can. Céc i s6 can dugc ude tinh
d6i v6i méi mo do dao déng tu nhién.

§. 10.6. Ngoai Iuc

Khi cdc tai trong dong tdc dung 1en két cau bao gém céc lyc tap trung va mo6 men dat
fai cac toa do nuit, ta cd thé Vi€t tryc ti€p vecto tai trong.
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Tuy nhién, n6i chung, tai y
trong co thé dat tai nhiing )
diém khic vé6i toa do nut.
Hon nita, ngoai luc cé thé

bao gém luc phan bé. Trong 1 . ___ N 1 e
trudng hop nay, vecto tai _]_ ;

trong tng véi cic toa do nut
bao gém cdc lwc wong - p— ——— ———— = -

duong. O day, ta vAn gi4 thiét — L —4
cdc ham dé véng biéu thi nhu Py
trong cac phuong trinh (10.9) P, Hinh 10.7

vi ap dung nguyén ly cong ao.

Xét doan ddm trén hinh (10.7), chiu tic dung ctia mét luc phan b6 p(x.t), lyc nay la
mét ham cla vi trf,déng thdi 12 mot ham cha thoi gian. Ta tao ra chuyén vi do Ung véi
chuyén vi bing don vi §, = 1 (hinh 10.7).

Ta tim lyc tuong duong P, bang cich cin bing cong cila ngoai luc va cong clia néi luc
trén chuyén vi do. Cong 4o clia ngoai luc bang:

W_=P3,=P, (10.36)

Cong 4o cha ndi luc trén don vi dai cua dam la p(x,t) v, (x), vay 16ng cong noi lue la:

L
W, = [0y, 0y (0dx (10.37)
0
Sau khi can bang cong 4o clia ngoai luc véi cong do clia ndi lye, ta duge:
L
P,(t) = Ip(x,t)wl(x)dx (10.38)
0

Mot cdch tdng quat, lyc tuong duong tz;‘i toa do nlt 1 ¢6 dang:

L
P(t) = Jp(x,t)tpi(x)dx (10.39)
Vi du 10.2: Mot doan dam nhu t:én Py.y = 200 s5in10t Nim
hinh (10.8). Ddm chiu lyc phan b déu. gttt i4 4y
P, ., =200sin 10t (N/m) - e —1
Yéu cau xdc dinh cdc luc tuong P.{t) P,(t)
duong tai cac toa do nat. Hinh 10.8

Gidi:
Dura vio cdc gid tri bang s6 vao cdc ham chuyén vi (10.9), sau d6 thay vao (10.39),
ta dugc:
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P, (t) =200 [{1-3x? +2x* Jdxsin10t =100sin 10t

it

i
P, (1) =200 [x(1-x)" dxsin10t =16,67sin 10t
U

1
Py (1) =200 [{3x - 2% Jdx sin10t = 100sin 101
]

|
P, (t) =200 [x? (x~1)dx sin10t = ~16,67sin 10t
0

Khi mét doan ddm chiu téc dung
cua lue doc ngoai luc uén, cic hé s6
do ciing s& thay d6i do sy xuat hién
cla lye doc. Ta dinh nghia dé cimg

hinh hoc kg;la lyc tai toa do nit i

do chuyén vi bang don vi tai nit j
gy ra, chuyén vi nay do cdc luc doc
trong két ciu san sinh. Hé s8 hinh
hoc ¢6 thé xdc dinh tir nguyén ly
cong ao. Xét mot doan dam chiu tic
dung cta luc doc phan b6 trén don vi

dai N/(x} nhu trén hinh (10.9a).

N
8,

§.10.7. D¢ citng hinh hoc

N{x)
i

il

00 l6n cla lyc doc N{x}

L
»

a)
b8, (%) =y, ()8,
T el kc,
L T O el :
4 «— N
: y ol ‘
k':-;.: b) k“"
Hinh §0.9

Trén hinh (10.9b), dim xoay mot géc 8, =1 & miit bén trdi. Theo dinh nghia, cdc luc

do chuyén vi bing don vi d6 gay ra 12 cdc he s6 do cing hinh hoc, chang han nhu hre
thang diing ke, tai ndt bén trdi. Gia sir chuyén vi do duoe bicu thi boi dudng cong ng

v6i 8, =1 (hinh 10.9b) .

Téng cua ngoai luc trén chuyén vi do la:

Vig, =1

vvng::kGIESI
\Nnm:: kGIE

Dé (inh cong do cha noi lue, ta xét mot doan dam cé chiéu dii dx, né duoc phéng to
trén hinh (10.10). Cong cha noi luc trén chuyén vi ao bing:

dw = N(x)8,

(10.41)
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Trong dé 3, la chuyéy vi tuong doi 8. [—
. N(x}
do lyc doc N(x) gay ra trén doan ddm |
dx. Do tinh chit déng dang coa 2 tam dwilx)
gidc I va II trén hinh (10.10): e
E'c dWQ (X)
= N(X)
dy, (x) dx T
d d /() [
5, = L2 dx | dyylx)
dx dx l Il ! {
. : f '
8 =y (x)ya(x) Wolx)
Trong d6 ¥, (x)vd W,(x)1a cdc 5 ™ 5
dao ham d6i véi x ciua ciac ham Hink 10.10
chuyén vi (10.9). i 25
Thay 8, vao (10.41), ta dugc:
dw, = N(x)¥, (x)¥, (x)dx (10.42)

Sau khi tinh tich phan (10.42) va can bang c6ng 4o ctia nodi luc véi cong 4o clia ngoai
luc, ta co:

1
Kaio = [N(x) %) (x) W) (x)dx (10.43)
0
Trong trudng hop tdng quat, hé s& do cing hinh hoc tinh theo cong thic:

1
kg = IN(x)W] (x) @ {x)dx (10.44)
]

Khi luc doc 1a mét hing s6 doc theo chiéu dai caa ddm, tix cdc phuong trinh (10.44) va
(10.9), ta c6 phuong trinh d¢ cing hinh hoc nhu sau:

Py 36 3L -3 3L (5,
) 3L 417 3L -1 |8,
P2l N 2 (10.45)
py| 30L|-36 3L 36 3L |8, _
P4 3L -1F -3L 417 {18

Ma tran trong (10.45) goi 12 ma tran dé citmg hinh hoc. Cich ghép ching thanh ma
tran do ciing hinh hoc téng thé hoan toin giong nhu da lam d6i v6i ma tran do cing.
Thong thudng, ta xdc dinh ma tran do cling hinh hoc véi gia thiét luc doc 1a luc nén.
Piéu nay lam giam do ciing cua toan hé, su giam ndy thé hién & cong thiic sau day:

[Ke]=[K]-[Kq] (10.46)
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Trong do:

[K] - ma tran dé ciing dan héi cda toan he;

[KG ] - ma (ran d6 cing hinh hoc .

Vi du 102: Mot dim 7 1 3 5

congxon nhu  trén  hinh ’{\ 0 ‘r i
. 8
(19.1 1). Mét luc c_l(_)c\ khéng 2 o N 6 »1
do1 N = 30N dat tai dau dam. 1 2 3
Yeéu céu xic dinh ma tran d6 #®__— - im e m '— N =308
cing hinh hoc.
Hinh 10.11

Gidi:
Thay céc gid tri bang s6 vao phuong trinh (10.45), ma trén d6 cing hinh hoc clia mét
doan ddm bt ky nhu sau:

3 4 -3 -
-36 -3 36 -3
3 - -3 4
Sau khi ghép cic ma tran trén, ta duoc ma tran do ciing hinh hoc tdng thé:
1 2 3 4 5 6

72 0 -36 3 0 0
0 8 -3 - 0 0
=36 -3 72 0 -36 3
3 -1 0 8 -3 -
0 0 -3 -3 36 -3
0 0 3 -1 3 4

[KG]=

—
-~
a
| S—
I
S B W R e

§10.8. Cac phuong trinh chuyén dong
Cic phuong trinh chuyén dong c6 thé xdc 1ap tir cic didu kién can bang dong luc hoc,

giita cac lyc quén tinh {Fi (t)} , cde luc can {FD (t)} , ¢ac luc dan hé‘:i{FS (t)} va cac ngoai

luc { F(l)} :
{E (0} +{F, ()} + {F (1)} = {F(1)} (10.47)

Cdc luc & ben trdi cha (10.47) duge biéu thi bing céc ma tran khéi tugng téng thé, ma
trdn can tong thé va ma tran do cung tng thé.
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(R (0} =[M]i5) (1048)

{Fo (0} =[C]{s} (10.49)
(R (0} =[K]{y} (10.50)
Thay tuc & bén trdi cfia (10.47), ta dugc phuong trinh vi phan chuyén dong:
[M){g}+[Cliy} +[K]{y} ={F®)} (10.51)
Né&u xét dén anh hudng clia luc doc, ta phai bién doi (10.51) sao cho:
[M]{}+[Cl{3} +[Kc]{y} = {F®)} (10.52)
Trong doé:
[K.]=[K]-[Kc] (10.53)

Tim 101 giai bing tay cic phuong trinh (10.51) hodc (10.52) rat phiic tap nén ta phai
dua vdo cic chuong trinh may tinh.

§10.9 Luc tai cac toa dé nit

Sau khi tinh duogc cac chuyén vi tai cic toa do nut, ta tinh lye tai cdc nit d6 bing cdch
cong vai nhau cic luc quan tinh {Pi} , luc ¢an {PyY, luc dan héi (P} roi trr di luc tuong
duong {P¢} (néu cé ngoai luc phan bd). Vay ta co thé viét:

(P ={P}+{Pp}+{R} - {P]
Hay
{Py=[m]{8} +[c K8} +{K]{8} - {Pe} (10.68)
Trong phuong trinh trén, luc qudn tinh, luc can, luc dan hoi c6 thé viét:
P} =[m]{5}
(P, =[c]{3} (10.69)
{Pst =[x]{d}
Trong d6: [m]j - ma tran khéi lugng;
[¢] - ma ran can;
[k] - ma tran dé cing.

{8} , {b},{b} ian luot 14 vée to chuyén vi, véc 10 van téc, véc to gia toc.



Chuong 11
DAO PONG CUA KHUNG PHANG

Trong chuong ndy, ta sé€ nghién ciru cich gidi bai todn giao dong coa khung phing.
Nhu da biét, khung phing 12 hé trong d6 céc thanh va tai trong d€u nam trong cling mét
mit phang. Khic v6i dam, khung phing bét budc phai xét dén luc doc. Hon nifta, cdc
thanh ctia khung ¢6 cic hudng khéc nhau nén ta phai xét haj hé toa do: he roa do cuc bé
va hé tog dé tong thé. Gidng v6i dim, ta phai thanh 1ap cic ma trdn dé cing, ma tran
khéi lugng, ma tran can.

§11.1. Ma tran do citng cia mot phan tir khung

Nhu trén dd néi, trong ma tran do ctng cia khung, c6 thé loi dung cidc két qua di tinh
dugc d6i véi ddm. Ngoati ra, phai xét dén anh hudng cla luc doc, do dé cén phai xdc
dinh thém hé s6 do cing d6i véi luc doc.

Xét mot phén or cha thanh nhu trén hinh (11.1). C6 cic luc doc P, va P, san sinh cédc
chuyén vi §, va 8, tai hai miit ciia phan ir.

A E
P1,51 ——ee |
> . L -
Hinh 11.1

Doi v6i phén tir khung ¢6 mit ct khong ddi, c6 chiéu dai L va dién tich tiét dien A,
c6 the dp dung dinh luit Hook dé c6 hé thic giita d6 ciing va luc doc. Néu chuyén vi §,
do luc P, tdc dung tai niit 1 gay ra, trong khi niit 2 dugc giit c6 dinh (8,=0) thi:
;P
AE
Tir phuong trinh (11.1) va dinh nghia ctia hé s6 d¢ cing k|, (luc tai niit 1 dé san sinh
chuyén vi bing don vi tai nit 1), ta cé:

(11.1)

P, AE
k,, = S B el (1 [.2a
U8 L )
Do di¢u kién can bang cta doan dim, phai ¢6 luc k,, xu4t hién tai ddu kia, nghia la:

L
Mot cach tuong tu, ta c6 céc hé s6 do cimg khéc:
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ky =

k=

AE
L
_AE

L

(11.2¢)

(11.2d)

Cic hé s6 do cing trong (11.2) 1a nhimg phén tlr clia ma tran dé cing lién quan dén
luc doc. DS véi dim cé tiét dién khong d6i, hé thic ma tran giita cic luc doc va cdc

chuyén vi twong tmg nhu sau:

)

AE[ 1 -1][8,
L|-1 1]8s,

|

(11.3)

B6 sung céc hé thitc ma tran dé cing cla ddm di duge xdc dinh trong chuong 10, ta
c6 ma tran do cdng cia mot thanh phan cha khung nhu sau:

Py NS
I
p2 0
4 p3 = E 0
13 AL?
P4 ——
|
Ps 0
Pe 0

doin ximg
12
6L, 417

2
o o AL

I
-12 6L 0 12
6L 212 0 -6L 4L*]

Dudi dang viél gon, hé thitc ma tran trén c6 thé viét:

{P}=[K]i8]

§11.2. Ma tran khoi lugng

C6 hai phuong phap xdc dinh ma tran khéi luong cia khung:

1. Phuong phap khoi lugng tap trung;

2. Phuong phap khoi lugng ¢6 xét dé€n anh huéng qudn tinh cia luc doc.

L (11.4

(11.5)

Trong phuong phédp thi nhat, khdi lugng tap trung duge xac dinh theo phuong phdp

tinh hoc. Dol véi thanh phan
khung cé tiét dién khong déi
(hinh 11.1), ta gia thi&t mét nua
toan bd khoi fugng dam tap trung
tai méi nit. Do do6, hé thitc ma
trin giita cic luc doc tai mit va
cdc gia toc tuong {ng nhu sau:
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ot o
P2 210 1]]8,

Trong dé: m - khei luong trén don vi dai.

Néu phéi hop luc doc va Ire cit, ma tran khéi lugng cua thanh phan khung trén hinh
(11.2) 1a mét ma tran chéo nhu sau:

P, | 1 115,

P2 I 52

p3r:@£ 0 Il (11.7)
Py 2 I 3,

Ps ] 85

[ Ps | L 0] SGJ

Trong phuong phép thi hai, ta cdn xac dinh him chuyén vi tng véi mot chuyén vi
bing don vi doc theo truc tal mot trong cdc toa d6 mit. Xét thanh phan khung trén hinh
(11.3) trén d6 c6 chuyén vi &, = 1 tai mit 1 trong khi chuyén vi tai nit 2 duoc giit bing
khong tic 13 8,= 0. Néu u = u(x) 1a chuyén vi tai mat cit x, chuyén vi tai mat cét x + dx
s€ la u + du.

RO rang 12 & vi tri méi, 3,=0 ]
A e {5 AE
plildn tr dx tha)’z d(i’n mOt doan =K, | é P, =K,
bang du, do dé c6 bién dang e I
= [V
ty déi 1a du/dx. Theo dinh Slgaqle e
luat Hook, ta cé thé viet: - o 4%
du P
—_=— 11.8 ;
i AR (11.8) Hinh 11.3
Sau khi tinh tich phan, ta duoc:
u=L e (11.9)
AE

Trong do:
C - hang s6 tich phan
Tu cdc diéu kién bién u = 1 taix=0vau=0taix =L, tacé ham chuyén vi u,(x) g
véi chuyén vi §,= 1 nhu sau:

X
n(x)=1-= (11.10)
1€ L
Mot céch tuong tu, ham chuyén vi u,(t) tng v6i chuyén vi bing don vi 8, = 1 nhur sau:

uz(x)zi - EENGTREY!
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Bay gi¢r ta 4p dung nguyén 1y cong 4o dé tinh cdc hé s& do cimg. Chang han xét thinh
phdn clia khung trén hinh (11.3) & the can bang cung véi cic luc P, =k, va P=k,,. Gia
sir tao ra chuyén vi ao ing véi §,= 1.

Cong ao ngoai lyc trén chuyén vi do bing:

W =k;8;
W, =k, vi 5, =1
Tit phuong trinh (11.8), ta ¢6 noi luc P(x) tai ti€t dién bat ky x nhu sau:

P(x) = AE u)(x)
Trong dé: u;(x) = du
dx

Chuyén vi tuong d6i clia phan tlr dx trong qua trinh chuyén vi do (xem hinh 11.4) la:

du,
du, = =2 dx (11.14)
dx
Tir (11.13) va (11.14) cong ciia K&
noi luc trén chuyén vi 4o bang:  Py——w] AR 4E
dW, = AEu (x)u, (x)dx Uy + du,
- 82 =1 e—
D6i v6i thanh phdn khung c6 i —— =
chiéu dai L, tdng cong noi luc:
Hinh 114
L
W, = [AEu] (x)u} (x)dx (11.15)

0
Cu6i cling can bing cong cla ngoai luc véi cong cila ndi lyc, tr (11.12) va (11.15), ta
duoc:

L
Ky = [ABu;(0up (x)dx (11.16)
0

Mot cich tdng qudt, hé s6 do cimg k; do anh hwdng cba luc doc c6 thé viét:
L
Ky = [ABu ()uj(x) (11.17)
0
Ta c6 thé dimg cong thitc (11.17) d€ kiém tra két qua c6 dugc tir phuong trinh (11.3) d6i
véi ddm c6 mat cit khong ddi. Tuy nhién, (11.17) cling c6 thé ding cho thanh phan
khung cé tiét dién thay déi. Trong d6 AE 1a mot ham clia x. Chuyén vi y(x,1) tai ti€t dién
bit k¥ x do cac chuyén vi dong luc hoc 3,(1) va 8,(t) gay ra, duge xdic dinh tir nguyén ly
cong tac dung:

y(x,1) =u, (x)8, (1)} + u, (x)3,(1) (11.8)
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Trong dé:
u,(x) va uy(x) duge xdc dinh tir cic phuong trinh (11.10) va (11.1 1).
Bay gio ta xét thanh
phin khung tén hinh
(11.5), né chiu mot gia téc Py = My e
bing don vi § (1) = 1.
Tir (11.8), ta cé: 5,1 — —

iy (x, 1) = u,(x)§,(1) My == l—

—s P,=mj,,

— & {t)=1
@

Hay Hinh 11.5

i (X, ) =1u,(x) vi §,(t)=1
Lyc quén tinh trén don vi dai clia ddm do gia tc bing don vi trén gay ra bang:
f = m(x)u, (x) (11.19)
Trong dé:m(x) - khéi lugng trén don vi dai clia ddm. Bay git ta hay xdc dinh hé s6
khoi lugng m,,. Ta tao ra chuyén vi 4o Gng v6i chuyén vi 8, = 1 trén hinh (1 1.5). Cong
cua ngoai lue trén chuyén vi ao 1a:
W =my 8,
Hay
W, =m, vid=1
Cong ctia noi luc trén don vi dai cha ddm do lyc quén tinh f thuc hién trén chuyén vi
do la:
W, = f(x)u,(x)
Tie (11.19)
W, = m(x)u, (x)u,(x)

Viy tong cong cia noi luc 1a:

L
W, = [0, (x)u, (x)dx (11.21)
0
Cubi ciing, can bang cong cita ngoai lyc va cong cha noi luc, ta cé:

L
my, = [ (O, (x)dx (11.22)
0
Mot céch tdng quat, ta cé:
L
m; = Irﬁ(x)ui () (x)dx (11.23)
0
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Ap dung cong thic (11.23) cho trudng hop dém c6 tiét kién khong déi, ta c6:

r x Y mL
L 3
0
Tuong tu: m,, =m—L
L _
my, =m,, = jrﬁ(l—%]&]dx =m?L (11.25)

0

Dudi dang ma tran, d6i v6i ddm cé tiét dien khong doi, lyc doc quan tinh duge biéu

thi nhur sau:

P2

}

L

2
6 |1

e

(11.26)

Cugdi ciing, két hop ma tran khéi lugng (10.34) trong trudng hop x¢ét dén anh huong
clia goc xoay v6i ma tran khaéi lugng (11.26) trong trudng hop xét dén anh hudng cla

luc doc, ta cé quan hé giita cdc luc va cdc gia toc tai cic toa d6 nit nhu sau:

—|r

140

P | ‘5|
b, 0 156 5.
mi| 0 2L 4L’ 5
Ips| _mL o3 (11.27)
po[ 420070 0o 0 140 5,
Ps 0 54 I3L 0 156 55
Ps [0 -13L -32 0 -22L 417 |(8

Dudi dang viét gon:

{P}=[M, ]{3}

Trong d6: [M_} - ma tran khai tugng khi cé xét dén anh hudng cua luc doc.

$11.3. Su bién doi hé toa do

Ma tran dé cing trong phuong trinh (11.4) cling nhu ma trén khéi lugng trong phuong
trinh (11.27) déu dugc biéu thi trong hé toa do cuc bo ng vé6i timg thanh phan cla
khung. Vi cdc thanh ciia khung cé cic huéng khéc nhau, ta phdi dung he toa d6 chung
cho toan bo ket cdu, ta goi 13 k¢ 1oa d6 tdng thé. Chang han trén hinh (11.6) cdc truc x,
y, z biéu thi hé toa do cuc b, cic luc P, Py, P,....P; nam trén phuong céc truc nay.

Cic truc X, Y, Z thudc hé toa do tong thé, céc luc 151, P, ,53...1_’6 nam trén phuong
cdc truc ndy. Muc dich ciia ta 12 chuyén cic ma trin do ciimg, ma tran khdi lugng tir he

toa do cuc bo sang hé roa do tong thé.
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Lam ubu viy dé toan bo cic ma
trn déu thude vé hé toa do téng thé
va do do tién cho viéc ghép chiing.

Ta bat ddu bidu thi cdc luc

{P1 P, E} qua  cic  luc

{P, P2 P?,}. V1 hai luc nay tuong

duong v6i nhau. Tir hinh (11.6), ta
€0 cic hé thic nhu sau:

P, :§|c059+-l;: sin 9
P, =Py sin8+P2cosd (11.28)
P, =§3

Hinh 11.6

Hai phuong trinh dau tién ciia (11.28) 6 thé viét duéi dang ma tran:

P, cos® sinf [P
P,| | ~-sin8 cosd P>
Mot céch trong tu, ta cé:

P, = P4 cosf + Ps sin0

P. =—§4 sin8+l_’s cosB

P, = ﬁﬁ
Cac phuong trinh (11.28), (11.30) c6 thé biéu thi trong ma tran sau:

p;} [ cos® sin® 0 0 0 0] ﬁi,
P2 —sin® cos® 0 0 0 0]|p,
IPai_ 0 0 1 0 0 0 < i
P4 0 0 0 cos6 sin® 0][p, [
Ps 0 O 0 -sin® cos6 Of|p;
Ps) | O 0 o0 0 0 1]|pe]

Duéi dang viét gon:
{P} =[T]{P}
Trong dé: {P} - véc to tai trong trong hé toa do cuc bo;
{ﬁ} - véc 10 tdi trong trong hé toa do téng thé;
{T} - ma tran bién déi (11.31).

{11.29)

(11.30)

(11.31)

(11.32)

Lap lai qua trinh nhu trén, ta ¢é hé thic ma trén gilta véc to chuyén vi trong hé toa do

cuc bo va véc to chuyén vi trong hé toa do téng thé nhu san:
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—

8,1 [ cos® sinG O 0 0o 0]%
0, —-sin® cos® 0O 0 0 0f|62
5 0 o 1 0 0 0[5
191 _ ‘ ol (11.33)
o, 0 0 0 cos® sin® 0§,
B 0 0 0 -sin® cos® 0]|g;
9] | O 0 o0 0 0 115,

Thay [P} tir (11.32) va {3} tir (11.34) vdo phuong trinh (11.5), ta c;uqc:

[T]{P} =[K][T]{5} (11.34)
Hay

{p} =[] [K][T}{5} (11.35)
Trong dé: [T - Nghich déo clia ma tran [T]

Tuy nhién, ta c6 thé kiém tra dé thay rdng ma tran bién déi [T] trong (11.31) la ma
tran truc giao nghia la:

[T =[]
Vay: (P} =11 [K][T]{3] (11.36)
Dudi dang viét gon: {P} =[ K |{3} (11.37)

[K]=[1] [K][T] (11.38)
Trong dé: [K} - ma tran d6 cing clia mot thanh phan khung trong hé toa d6 tdng thé.

Lap lai qud trinh trén d6i v6i ma trén khéi luong (11.7) hoac ma trén khdi luong
(11.27), ta c6 hé thic sau day:

(P} =LM]{3)

(M]=[1] [M][T] (11.39)
Trong dé: M - ma tran khéi lugng ctia mét thanh phdn khung trong hé toa do tong the;
|'T] - ma tran bién déi (11.33).

Vi du 11.1: Mot khung phang véi cdc dac trung hinh hoc va co hoc nhu trén hinh
(11.6). Yéu cau:

1. Lap ma tran d6 cing va ma trn khoi lugng cha toan hé;

Trong do:

2. Tinh cdc tan s vong va céc véc td riéng o trang thai ty do.
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o0 om < “2gem
Hinh 11.7
Medun dan hai
E = 2000 kN/cm*
Mo men quén tinh
1=3x10°cm?

Dién tich A = 1500cm’
Khéi luong phan bé
m = 0,00785 kN sec’/cm

Gidi:

1. Khung ¢6 tat ca 9 bac tr do trong d6 ¢6 3 bac tr do khéng c6 chuyén vi vi 6 béc tu
do c6 chuyén vi. TruGe hét, xép s6 thit ty cho cac bac tu do ¢é chuyén vi 12 1, 2, 3, sau
do x€p s6 thit tu cho cédc bac tu do khéng c6 chuyén vila 4, 5,6, 7, 8, 9.

Tir (11.31), ta c6 c4dc ma tran bign déi

Thanh 1:
[-0,447 -0,894 0 0 0 0]
0,894 0,447 0 0 0 0
[T]_ 0 0 1 0 0 )
A I 0 0 -0,447 -0,894 0
0 0 0 0,894 -0,447 0
0 0 0 0 0 1]
Thanh 2:
(0,707 -0,707 0 © 0 0]
0,707 0,707 0 O 0 0
[1,]= 0 0 1 0 0 0
2 0 0 0 0,707 -0,707 0
0 0 0 0,707 0,707 ©
0 0 0 0 0 1]
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Can cit vao (11.4), (11.31) va (11.38), sau khi thuc hién cdc phép nhan ma tran, ta
duge ma tran do cimg c2 cdc thanh trong hé toa do tong thé nhu sau:
Thanh 1:

1 2 3 4 5 6

[3198,47 5108,97 -64398,76 -3198,47 -5108,97 -64398,76 11
10861,92  32199,38  -5108,17 -1086,92  32199,38 |2
s, ] 10763126,29 64398,76 -32199,38  536656,15 |3
! . 3198,47 -5108,97  64398,76 |4
doi ximg
10861,92  —32199,38 |5
] 10733126,29 |6
Thanh 2:
1 2 3 7 8 9
[6462,4 -5144,2 -31819,81 -5462,4 51442  —31819,81 |
5462,4 -31819,81 51442 -5462,4 -31819,81
(s,]- 8485281,37 31818,81 31819,81 4242640,69

ddi xing
5462,4 31819,81
3485281,37 |

1
2
3
5462,4 5144,2 31819,81 |7
8
9

Sau khi ghép hai ma tran S, va S, , ta dugc ma trdn do ciing tong thé cha toan hé:

1 2 3

8660,87 -35,23 -96218,56 |1
[S]= 16324 379,57 |2

doi xing 19218407,67 |3

Can cu vao (11.27), (11.31) va (11.39), sau khi thuc hién cac phép nhian ma trin, ta
dugc ma tran khéi lugng cha cdc thanh trong hé toa d6 tdng thé nhu sau:
Thanh 1:

1 2 3 4 5 6
(0,117 -0,027 18,389 0,059 0027 -10,87 |1
0,598 9,194 0,117 0,279 5,433 |2
- 835,86 0 -5,43  —626,89 |3
[mi]= a6 ximg 0,117 -0,027 -18,388 |4
0,598 9,194 |5
I 835,86 |6
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Thanh 2:

1 2 3 7 8 9
(0,782 0,042 2326 0,328 —0,042 -—13.74 |1
0,782 23,26 0,328 -1374 -16,74 |2
_ 1691,67 8,591 13,745 -1268,75 (3
[m.]= 0,782 0,042 2326 |7
d6i xting 0782 23,26 |8
i 1691,67 |9

Sau khi ghép 2 ma tran m, va m,, ta duoc ma tran khéi luong cua toan by khung trong
hé toa do téng thé,

! 2 3
0,899 0,016 41,65 |1

[m]= 1,38 14,07 |2
doi xting 2527,53]3

2. Can ¢t vao ma tran d¢ cimg t6ng thé S va ma tran khéi lugng téng thé m, tir cong
thitc (8.4), ta khat trién dinh thic.

[s]-2[m]=0
va tim nghi¢m cla phuong trinh dac trung. K&t qua nhu sau:
Cic gid trj rieng:
b =4323,195 X,=1171903 &, =108615,46

Do d6 cic tin s6 vong la:

®, =4323,195 = 65, 75rad / sec
0, =+/11719,03 = 108, 25rad / sec
®y =+/108615,46 =329,57rad /sec
Thay gid tri ctia cdc gid tri riéng vao phuong trinh (8.3):
[[s]-+[m]]-a} =0
Ta dugc cic vée to riéng:

1 ! 1
a, =10,068 a, =4 -3,05 a, =1 0,21
0,023 0, 00065 -0,19

Trong d6: a,, a,, a, la cdc véc ta cot va cdc chi s6 1, 2, 3 l4n luot (ng véi cdc tin so
vOng ;, ., ;.
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Vi du 11.2: Mot khung nhu trén hinh (11.7). N6 chiu tic dung clia mot tai trong dot
ngot F = -500kN trén phuong bac tir do 2 (xem hinh v&). Gia sit ¢6 10 quing thdi gian
véi s6 gia thoi gian At = 0,01 giay. Tinh chuyén vi clia khung tai cdc thoi diém quy dinh
trén.

Giai:
Nhar trén da tinh:

o, = 65,75 rad/sec ; ®, = 108,25rad/sec ; 4= 329,57rad/sec
Ma tran véc to riéng:

1 1 1
a=[0,068 -3,05 0,21
0,023 0,00065 -0,19
Theo (8.29) tinh:

fi =yl [m]{a}
f, = {az} {m]-{a.]

Sau khi thuc hién cac phép nhan ma tran va khai can, ta duoc:

f, =2,050
f, = 3,693
f, = 0,429

Lan luot chia cdc véc torieng {al },{az},{a3} cho f, f,, f;, ta dugc ma trin moé do:

0,488 0,271 2,330
[®]=]0,033 -0,826 0,490
0,011 0,0002 -0,044

Trong trudng hop két ciu chiu tdc dung cua tai trong dat dot ngd!, phuong trinh dao
dong c6 dang:

Z +oiZ =P (11.40)
3
Trong dé: P, = @ F, (11.41)
i=1
Can cit vao dé bai:
F,=0 : F,=-500kN ; F,=0
Viy:

P, =0,488.0+0,003.(w500)+0,01 1.0=-16,460 kN
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P, =0,271.0+(-0,826).(—-500) +0,0002.0 = 412,943 kN
P, =2,330.0+0,490.(~500) +0,004.0 = —244,757 kN
Lo giai cia phuong trinh (11.40) 1a:

Z =&(l—cosmit) (11.42)
w;
Viy:
Z = ﬂg—(l —cos65,75t)
(65.75)
=—0,0038(1-cos65,75t)
Z,= ﬂ%—’-ﬁ(l—cosl%,%t)
(108,25)
=0, 0352(1 —cos 108, 25t)
Z,= “—244232(1 —c05329,571)
(329,57)

= —0,0023(1—005 329,57[)
Cu6i cuing, chuyén vi tinh theo céng thiic:
vy} =[®}{z} ‘ (11.43)
Hay:
¥ 0,488 0,271 2,330 —0,0038(1 —c0s65, 75t)
yar=|0,033 -0,826 0,490 |x| 0,0352 (1-cos108, 25t}
y3j [0,011 0,0002 0,044 ] |-0,0023(1-cos329,751)
Sau khi thue hién cdc phép nhan ma tran va tinh chuyén vi tai céc thoi di€ém quy dinh
o trén, ta duge két qua théng ké trong bang (11.1)

o

Bang 11.1
Thoi gian Chuyén vi Chuyén vi Chuyén vi
t (gdy) y, (cm) ya (em) ¥ (rad)
0 0 0 0

0,01 - 0,006 -0,018 0,0002
0,02 0,014 - 0,0046 -1,75 % 107
0,03 0,006 - 0,060 0,0001
0,04 0,009 - 0,040 -531 % 10°
0,05 - 0,0092 -0,012 8,87 x 10°°
0,06 - 0,005 0,01 -325% 107
0,07 - 0,003 -0,0023 0,001
0,08 0,012 -0,051 5,69 x 107
0,09 0,0123 - 0,058 0,0001
0,10 0,006 - 0,035 0,00012
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Vi du 11.3: Mot khung nhu trén hinh (11.7). N6 chiu tdc dung cia mot tai trong diéu
hoa F,; = 100 sin20t trén phuong tu do bac 1 (xem hinh v&). Hay viét phuong trinh dao
dong cta khung.

Gidi:
Trong céc vidu (11.1) va (11.2), ta d3 tinh duoc:

w, =65,75 radfsec  w, = 108,25rad/sec w, = 329,57rad/sec
Ma trin mé do:

0,488 0,271 2,330

[®]=]0,033 0,826 0,490
0,011 0,0002 -0,044

Trong trudng hop két cfu chiu tic dung cia tai trong diéu hoa, phuong trinh dao dong
¢6 dang:
Z,+0Z, =P, sindt (11.44)
3
Trong d6: P, = 3 ®,;F,, (11.45)
j=1

Theo ddu dé, cdc bién do tai trong bing
F,,= 10kN Fp,=0kN Fyy=0kN

Tan s6 tai trong diéu hda: © = 20 rad/sec

Viy:
P, =0,488.100+0,033.0+0,011.0=48,8 kN
P, =0,271.100 +(-0,826).0+0,0002.0 = 27,10 kN
P, =2,330.100+0,490.0-0,004.0 =233,0 kN

Loi gidi cha (11.44) 1a:

7, = BS20U (11.46)
(D:l-—(!)—
Vay:
48,8si
z, = BB 614 sin20¢

(65,75)" —20
27,10sin 20t
(108,25)° -20°
233,0sin 20t

Zy= = 0,00225in 20t
(329,57) - 207

Z, = = 0,0024sin 201
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Phuong trinh dao dong cé dang:
1y =[@].{z} hay
Y| 0,488 0,271 2,330 | (0,0124sin 20t
Y- =10,033 -0,826 0,490 |.{0,0024sin 20t
Y3 0,011 0,0002 -0,044| |0,0022sin 20t
Sau khi thue hién cdc phép nhan ma trin, ta dugc:
y, =0,0117sin20¢

¥, = -0,00051sin20t
Y, = 4,45 x 10° sin20t
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Chuong 12
DAO PONG CUA HE DAM TRUC GIAO

He dam truc giao 1a hé trong d6 cdc ddm giao nhau va tai trong vuong goc voi mit
phing clia hé. Trong trudng hop nay, cé 3 thanh phén chuyén vi tai cic ndt: Chuyén vi
théng trén phuong truc z (vudng géc v6i he) va 2 chuyén vi xoay quanh truc x va truc y.

§12.1. He toa do cuc bd va hé toa do tong thé

He toa do cuc bo clia dim truc giao biéu thi trén hinh (12.1a).

Truc x tring véi truc cua dam, trye
y vuong gbéc véi ddm va nidm trong
mit phing ciia hé dam, truc z vadng
gbe voi mat phing cia hé dam. Ta gia
thi€t trung 1am cit cha mit cat ngang
tring véi trong tam cuia no.

Hé toa d6 tdng thé nhu (rén hinh
(12.1b) trong dé cic truc toa do duoc
biéu thi bing cdc chirhoa X, Y, Z.

Ta nhan thdy ring truc z trong hé
toa do cuc bd cuing phuong véi truc Z
irong hé toa do téng thé. 7z

Hinh 12.1

§12.2. Anh huéng ciia huc xodn

Viec suy ra cic he s6 dé cimg va hé so khoi luong tuong ti nhu di lam déi véi khung.
Trong bai todn xét dén Anh hudng cha luc doc trong khung, tir (11.8), ta ¢6 phuong trinh
vi phan clia ham chuyén vi nhu sau:

du_ P
dx AE
Mot cich tuong tu, phuong trinh vi phan clia chuyén vi Xodn la:
@_T (12.1)
dx JG
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Trong do6:
0 - chuyén vi xoan;
T - mé men xoan;
G - mo6 men dan héi cit;
] - hang s6 xodn clia mat cdt ngang (mé men quén tinh cuc dbi voi mat cit
hinh tron).

V1 tinh chat twong ty giita hai phuong trinh (11.8) va (12.1) ta ¢6 thé loi dung céc két
qud da suy ra khi xét dén &nh huong chia luc doc. Ham chuyén vi déi véi luc xodn ciing
tuong tu nhu ham chuyén vi déi véi luc doc. Do dé, trong tu vé1 cac phuong trinh
(I'1.10) va (11.11), dng véi cic toa do nit trén hinh (12.2), ta cé:

X
B(x)=1-—= (12.2)
0 [ L] :
X
eﬁ(x):_ (123)
- L
Trong d6: Ham chuyén vi xoan 5P, |« b —]
. L. N i e o | | e o 52,P2
0,(x) wong dng véi chuyén vi A A LG
xodn bing don vi &,= | tai nuit 1 ;
ham chuyén vi xodn 0,(x) tuong Hinh 12.2

ting véi chuyén vi xoén bang don

vi &, = | tal niit 2.

Tuong tr nhu phuong trinh (11.17), he s6 do cimg khi xét dén luc xoan ¢6 dang nhu sau:
L L} 1
ki = [IGO,(xB,(x)dx (12.4)
0

Trong d6:6,, 8, - cdc dao ham déi véi x cla cdc ham chuyén vi 0,(x) va 0,(x).

Cling twong ty nhu phuong trinh (11.23), he sd khéi luong khi xét dén luc xoan ¢
dang nhu sau;

L
m;; = [1,,6,(x) 0,(x)dx (12.5)
0

Trong dé: I, - M6 men quin tinh cuc cla khoi luong trén don vi dai clia dam. Mo
men qudn tinh ¢é thé tinh bang tich caa khéi lugng m trén don vi dai nhan véi binh

Kl - - L - ’ - : " - I > - -
phuong cua bén kinh quay k*. Ban kinh quay tinh bang ty s6 ﬁ Do do, mé men qudn

tinh cuc coa khéi luong trén don vi dai I_ tinh theo cong thic:

—

I, =m-2

-~ 12.6
m A ( )
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Trong do:
I, - M6 men quén tinh cuc clia mat cit ngang;
A - Dién tich tiét di¢n.
P6i véi ddm cé mat cit khéng déi, can cif vao phuong trinh (12.4) va (12.5), ta ¢ céc
ma tran do cling va ma tran khéi luong nhur sau:

T _JG[ 1 -1}[3, 127
T,] L[-1 1]|3 -
T, ziz 1115, (12.6)
T.] 6 |1 2[5, ‘

Trong do: [, - tinh theo (12.6);

T,, T, - cdc m6é men xoin (ai cdc diu ddm nhu trén hinh (12.2).

§12.3. Ma tran dé cing cua mot phan tir trong hé dam truc giao

K&t hop ma tran do cing khi xét dén luc xoan trong (12.7) v6i ma tran do ciing khi
xét dén Iuc uon trong (10.20), ta c6 ma tran do cimg cia moét phan tr trong hé dam tryc
giao trong hé toa do cuc bé nhu sau:

| BlE% 1[4
)
i El déi xing :
P, 0 417 3,
0 ~6L 12
Pyl _ E_} 2 , i % (12.9)
P4 L ](l}EIIJ 0 0 J?;I“ 54
P , 3
’ 0 2 —6L 0 417 o
P 0 6L -12 0 6L 12] |%
Dudi dang viét gon:
{P} =[K|{8} (12.10)

§12.4. Ma tran khéi luong cua mot phan tir trong hé dam trure giao
khi xét dén lue uén va lue xoidn

Két hop ma tran khdi luong khi xét dén lyc uén trong (10.34) v6i ma tran khéi luong
khi xét dén fuc xoan trong (12.8), ta duoc ma tran khoi luong cda mot phan or trong hé
dam truc giao trong hé toa d6 cuc bo nhu sau:
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P [ 1401,
A
P, 0 4r?
J P, mL 0 22L
BT ——
P,| 420 | 70,
A
P 0 -3
P, 0 13L

Du6i dang viét gon:

156

0

-13L
54

fsl
déi xing 5,
8

1401, ' (12.11)
5,
A -
0 412 8
0 -22L 156] |3,

(P} = [mM](3)

Trong d6: [M] - ma tran khéi lugng cita mot phén tir trong hé dim truc giao trong hé

toa dod cuc ba.

(12.12)

§12.5. Ma tran khéi lugng tap trung ctia mét phan tir trong hé dam truc giao

Khoi luong tap trung tai cic niit cia mot phin tl trong hé dam tnre giao duge x4c
dinh bang phuong phap tinh hoc. Déi v6i mot phin tr ¢6 mat cét khong ddi va ¢ khdi
luong phan b6 déu, khéi lugng tap trung bang moét nira toan bé khéi quay I-L. Khi xét

dén luc Xoan, ma tran khéi luong tap trung c¢6 dang nhu sau:

o)

1-L|1
2

0

K

(12.13)

Keét hop v6i ma tran khéi luong tap trung khi xét dén luc xodn trong (12.13) vé6t ma
tran khdi lugng tap trung khi xét dén luc uén, ta cé hé thic ma tran gitra céc luc va gia

toc¢ tai cdc niit nhur sau:

P, K
A

Dudi dang viét gon:

> [

{P} :[ML]{S}

Trong d6: [M, ] - ma trén khéi luong tap trung clia mot phan tir trong hé dam uye giao.

O

(2]

S A
L

=

| S o N
i

> (12.14)

(12.15)
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§12.6. Su bién doi heé toa do

Vi cdc phan tir ctia hé dim tryc giao ¢6 cdc phuong khdc nhau nén méi phan tir 6 mot
hé toa dé riéng goi 1a hé¢ wa do cuc bo. Cic ma tran do cing va ma tran khoi luong da
trinh bay & trén déu thudc vé hé toa do cuc bo. DE ghép chiing lai véi nhau, ta phai bién
déi hé toa dé cuc bo thinh hé toa do téng thé. Nhu trén da trinh bay, truc z trong hé toa
do cuc bo cling phuong véi truc Z trong hé tea do téng thé. Do dé, chi can thuc hién mot
phép xoay trong mit phing x - y.

He thuc gifta cac luc trong hé toa dé cuc
bo va cac luc trong hé toa do Ong thé nhu
sau {(xem hinh (12.3).

Tai nut 1:

P, =Picos6+P2sin0

P, = —51 sin8+§2 cost

Py =Ps (12.112) .
Tai nat 2:
P, =P, cosQ+P;sin@ Hinh 12.3
P, =—P,sin8+P;cosb (12.11b)
P, =P |
Cic hé thic (12.16) 6 thé viét dudi dang ma tran:
P,| [cos® sin@ O O 0 0][P,
P,{ |-sin® cos® 0O O 0 0P
P _
Bl 0 o 10 0 0 _P-‘L (12.17)
P, 0 0 0 cos® sing O}|P,
P, 0 0 0 -sin® cos® 0P
Pl | © 0o 0 0 0 1][P
Dudi dang vict gon:
(P} =[T]{P| (12.18)

Trong do: (P} va {f’} - céc véc 10 luc tai cdc toa do nut trong hé toa do cuc bd va he
toa do tong thé, [T] la ma tran bién déi.

Mot cich tuong tu, véc to chuyén vi tai cdc niit trong hé toa do cuc bo cling c6 thé
biéu thi qua véc to chuyén vi tai cdc nit trong hé toa do tong thé:

{8} =[T]{3} (12.19)
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Trong dé:
{8} vfi{g} - véc to chuy€n vi tai c4c nit trong hé toa do cuc bo va he toa d6 téng thé.

Thay (12.18) va (12.19) vao (12.10), ta dugce:

[T1{P} =[K][T]{3)

Vi [T] 1a ma trdn truc giao nén:
— T _
{P}=[1T [K][T){3}
Ta dinh nghia:
(K =[T"[x][T] (12.20)
la ma tran do clmg tdng thé
Do dé: {P} =[ K]{5] (12.21)
Mt cach tuong tu, ta cé:
{pl=[M]{5} (12.22)
Trong dé: [ M |=[T]" [M][T] (12.23)
V6i [M] - ma tran khéi lugng trong hé toa do téng thé.
Vidu 12.1: Cho mot hé dam truc giao véi cac dac trung hinh hoc va co hoc nhu trén
hinh (12.4). Yéu cau:
1. Lap cdc ma tran do cing va ma tran khéi lugng clia toan hé
2. Tinh cdc tan s6 vong va véc to rieng
Giai:
Cac BTD 3, 6, 9 vuéng géc véi mit phing hinh
Mo dun dan héi
E = 14 x 10° kKN/m?’
Dién tich A = 0,02m*
Mo dun trugt
G =6,36 x 10° kN/m*
Mo men quin tinh I = 2 x 10*m*
Mo men quén tinh déc cuc
[,=52x 10%m*
M6 men xoan J = 30 x 10°m*
Khaéi lugng phan bs 3m
m = 7850 kN scc’/m Hinh 12.4

X

3m
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Gidi:
1. Can ¢ vao (12.9), (12.17), sau khi thuc hién cic phép nhan ma trin, ta dugc ma
tran do ciing cha cdc thanh trong hé toa do téng thé nhu sau:

Thanh 1;
1 2 3 7 8 9
[-1297,45 —1342,42 659,97 —682,45 -637,48 -639,97]1
1297,45 -659,97 637,48 682,45 659,97 (2
(s, 439,98 -659,97 —659,97 -439,98 |3
' ~1297,45 -1342,42 —659,97 {7
46i xiing 1297,45 659,97 |8
I 439,98 |9
Thanh 2:
1 2 3 4 5 6
(129747 —1342,42 659,97 -682,45 —637,48 —659,97]1
1297,45 -659,97 637,48 682,45 659,97 |2
[s,]- 439,98 -659,97 —659,97 439,98 (3
g ~1297,45 -1342,42 —659,97 |4
d6i xtng 297,45 659,97 |5
439,98 |6

Ghép hai ma tran [S,] va [S,], ta dugc ma tran do cing cla loan hé trong hé toa do
tong thé:

1 2 3
2594,89 -2684,84 1319,93 1

[S]= 2594,89 —1319,93 (2
doi xing 879,93 |3

Can cit vio (12.11), (12.17), sau khi thuc hién cdc phép nhan ma tran, ta dugc ma tran
kh&i lugng ciia cdc thanh trong hé toa do tong the nhu sau:

Thanh 1:
1 2 3 7 8 9
(284026 -286912 -52336 0 0 0]I1
2840,26 52336 0O 0 012
12370,33 0 0 013
[mi]= 00 07
46 0 08
T
i 1 Xung 09
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Thanh 2

1 2 3 4 5 6
[2840,26 -2869,12 -5233,6 0 0 O]t
2840,26 52336 0 0 0|2
[my]- 12370,33 0 0 0|3
| 461 xiimg 00 04
0 0|5
0|6

Sau khi ghép hai ma tran [m,] va fm,], ta dugc ma tran khéi luong ca toan he trong
hé trong hé toa do téng thé nhu sau:
1 2 3
-5680,52 -5738,25 -10467,20]1
[m]= 5680,52  10467,20 |2
déi xing 24740,66 |3
2. Sau khi tim nghiém cia phuong trinh dic trung (8.4)
[s]-2[m] =0
Ta duoc:
Céc gia tri rieng:
A, = 3,089 ; A, = 0,440 i A,=0,0135

Viy céc tdn s6 vong tuong itng bang:
®; =+/3,089 =1,758rad/sec
@, =+/0,440 = 0,663 rad / sec

@, =+/0,0135 =0,116rad /sec

'Thay cdc gia tri riéng da tinh duoc vao phuong trinh (8.3)

[[5]-[m[]-fa} =0

Ta duoc véc toriéng:

1 1 1
[a,]=4-339,398 [a,]=1-3.3913 [a;]=1 57,457
151,240 0,107 -100,915
Céc chi so 1, 2, 3 1an lugt img véi céc tdn s6 vong @, ©,, ®, Vi ing véi cac cot thi
nhat, thit hai, thit ba ctia ma tran véc to,
Vay ma tran véc to riéng c6 dang:
1 1 1
[a]=1339,398 -3,913 57,457
151,240 -0,107 -100,915
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Vi du 12.2: Mot dam truc giao nhu trén hinh (12.4). N6 chiu tic dung ctha mot tai
trong dot ngdt F,= -500kN trén phuong béac tu do tt 3 (vudng géc véi hinh vé). Gia sir
¢6 10 quidng thdi gian vdi s6 gia thdi gian At = 0,01 gidy. Hay tinh chuyén vi clia hé tai
cdc thoi diém néi trén.

Gidi:

Trong vi du (11.2), ta da tinh dugc:

o, = 1,758 rad/sec o, = 0,663rad/sec w,=0,116

Ma tran véc to riéng:

1 1 1
[a] =1339,398 -3,913 57,457
151,240 0,107 -100,915

Can cir vao (8.29), tinh:

£=yfa) [m]da}  j=123
Sau khi thyc hién cdc phép nhan ma tran, ta duge:
f, = 370,800
f, = 370,800
f, = 19871,026
Lan luot chia cic véc to cdt {a,}, {a,}, {a;} cho f, f, , f;, ta dugc ma trin mo do

nhu sau;
8,265x107% 0,0027 5,032x107°
[®]=| -0028 -0,011 -0,003
0,012 0,0003 0,005

Theo (11.40), phuong trinh dao dong ¢6 dang

2

Zn +@,Z, =P,

3
Trong dé: P, = J; D ,F,

Theo diu d¢, cdc tai trong nhu sau:

Viy:
P, =8,625x 107° x0—0,028 x 0+0,0012 x (—500) = —6,25 kN
P, =0,0027 x0-0,011x0+0,0003 x (-500) = —0,144 kN

P, =5,032 x 107 x0 - 0,003 x 0—0,005 x (-500) = 2,539 kN
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Theo (11.42)

0,0027 5,032x107°
-0,003

Z;, = Pig (l—cosu)it) i=1,2,3
W;
7, - ~6,25
(1,758)
s~ 0144
"~ (0,663)
Z, = 2,539
(0,116
Theo (11.43):
by} =[@].{
v, | 18,265%x107
y-r=1 -0,028  —0,011
¥s 0,012 0,0003

Sau khi thue hién cde phép nhan ma trin vi tinh todn, ta dugc cdc gid tri chuyén vi tai
cde thoi di¢m quy dinh & trén. Két qua thong ké trong bang (12.1).

0,005

- (1-cos(1,758t)) = ~2,022(1 - cos(1,7581)
5 (1-cos(0,6631)) = 0,328(1 - cos(0, 6631)

T (1-c0s(0,1161)) = 188, 708(1 - cos(0,1161)

~2,022(1 - cos(1,7581))
x4 0,328(1—cos(0,663t))
188,708(1 - cos(0,1161))

Bang 12.1
Thoi gian t (giay) Chuyén vi y, (radian) | Chuyén vj ¥, (radian) Chuyén vi y, (m)

0 0 0 0
0.01 1,89 x 10" 832 x 10° 4,55 x 10°
0,02 8,31 x 10" 3.33x 10° -1,82 % 10°F
0,03 2,14 x 107° 749 x 107 -4.09 x 107
0,04 446 x 1077 0,0001 7,28 x 107
0.05 830x 10" 0,0002 - 0,0001
0,06 143 % 10° 0,0003 - 0,0002
0,07 2,32 x 107 0,0004 - 0,00022
0,08 3.6t x10*° 0,0005 - 0,0003
0.09 5,38 x 107 0,0007 - 0,0004

L 0.10 7,76 x 10° 0,0008 - 0,0005

Vi du 12.3: Mot khung nhu trén hinh (12.4). N6 chiju tdc dung cua mot tai trong diéu
hoa Fy, = -100sin20t trén phuong bic tu do thir ba (vudng gbéc voi mat phing hinh vé).

Hay viet phuong trinh dao déng coa hé dam true giao.

Giai:

Trong cidc vidu (12.1) va (12.2), ta da tinh duoc:

o, = 1,738 radfscc  ;

w, = 0,663rad/sec

;o ;= 0,116 rad/scc
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Ma tran moé do:

8,625x107° 00,0027 5,032x107°
[®]=| -0,028 -0,011 0,003
0,012  0,0003 0,005
Theo (11.44) phuong trinh dao dong ¢6 dang:

Z, +02Z =P sindt

3
it

Theo ddu dé:
F,=0 F,=0 : Fy=-100kN
Vay:
P, =8,625x 107 x0—0,028 x 0+ 0,012 x (-100) = —1,25
P, =0,0027 x 00,011 x 0—0,0003x (=100} = 0,029
P, = 5,032 %107 x 0 — 0,003 x 00,005 x (~100) = 0,508
Theo (11.36):
Z - Piqsin (T)’t
0] —0°
Vay:
—1,25sin20 .
7, = bSO _ 4 h036in 20t
(1,758) —(20)
7, = 208NN 5510 sin 20t
(0,663)" —(20)
0,508s in 20
Z,=— fm t2=-—0,001
(0,116)" —320)
Theo (11.47), phuong trinh dao ddng nhu sau:
{v}=[@]{z}
¥ 8,625x107> 0,0027 5,032x107° 0,003 sin 20t
y,r=| —0,028 -0,011 0,003 |x<-7,22x107sin20t
Vs 0,012  0,0003 0,005 —0,001sin 20t

Sau khi thuc hién phép nhan ma tran, ta duoc:

y, = 1,61 x 10” sin 20t (rad)
y, = -8,39 x 10”sin 20t(rad)
v, =4,58 x 107 sin 20t (m)
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Chuong 13
DAO PONG CUA KHUNG KHONG GIAN

Nhiing két qua nhién citu trong cdc chuong mudi mot va mudi hai c6 thé mé rong
trong chuong nay. Ta nhan thay ring khung phéng ciing nhu hé dim truc giao c6 3 BTD
0 méi nit. Khung khéng gian c6 6 BDT tai mGi niit: 3 thanh phan chuyén vj trén phuong 3
truc X, y, z va 3 thanh phan géc xoay quanh cic truc néi trén. Vi vay, méi phn tir chia khung
khong gian c6 tit ca 12 BTD, bai todn tré nén phic tap va doi hoi nhiéu thoi gian tinh todn.
Tuy nhién, cich nghién citu ciing twong tu nhu di trinh bay trong cic chuong trudc.

§13.1. Ma tran d¢ ciing ctia mot thanh phan ctia khung khong gian

Y

f

} 8P,

4 §,P, G,E lm,J A

81‘JIP|'1

=]

sPs
5, P, 810,Po

8,P, &,,P, T .
—— 7 | — —— X
— A
64,P4 05,Py
86,Ps Amrpu

Hinh 13.1

—

/
¥
z

Céc thanh phén luc va thanh phéan chuyén vi clia mot thanh phén khung khong gian
bi€u thi trén hinh (13.1). S6 thit tu cdc thanh phédn chuyén vi dugc danh s6 truée, cic
thanh phan géc xoay dugc dénh s6 sau, tiép dén niit thi hai cling 1am tuong tu nhu trén.
Trén hinh (13.1) céc mii tén don dp dung cho cdc thanh phan chuyén vi théng.

D6i v6i thanh phin khung khong gian ¢6 mat cit khong déi, ma tran dé ciing 1a su két
hop gitra ma tran do ciing clia khung phéng (phuong trinh 11.3), ma tran d¢ ciing cia hé
dam truc giao (phuong trinh12.6) va ma tran do cing cua dam (phuong trinh 10.20). Ma
tran do cling u6n dugc dung dén 2 14n déi vé6i thanh phan khung khong gian dé xét dén
cdc hiéu qua uén trong hai mat phing chinh cia mat cit ngang. Bang cdch két hop néi
trén, ta ¢6 ma tran do cing ctia mot thinh phan khung khoéng gian c6 mat cat khong déi
nhu sau:
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kN = oy
- 12EL i
Pp 0 --;}i 09
. c e 5y
L -
Gl o
P4 o0 ¢ 1 daoi xitng 4
s o0 g 5
- L
Pg mL | © ﬁ-h:?: 6o 0 0 % Og
—_ e L=
p7 420 i’\ 0 0 ¢ o 0 ?:‘ 87
o -l:El?’ 0 o o —ﬁﬁlz o IZEIZ 6
Pg B 7 ER 8
5 1281, -6El, - - 1281, .
Pg 0 i —Ej— 0 2 0 ] ) _LT 69
0o o 2o ¢ 0o o < &
P1o L L 10
6EI,, 2K, 6EI 4E1, .
0 0 ’ — 5 0o 0 :
Pr] L e 0L o1
6E|7_ ) o EEIZ o -6Elz o a -1EI_£ -
| P12 | i 0 _L: ) 0 - g 0 : o |_612_
Dudi dang viét gon
{P} =[K]{8} (13.2)

Trong d6: I, va I, - cdc m6é mén quén tinh clia mat cit ngang déi voi cac truc chinh y
va z trén hinh (13.1); L, A va J 14n luoct 1 chiéu dai, dién tich tiét dién va hing s6 xoén
ctiia doan dam.

§.13.2: Ma tran khoi luong cua thanh phian khung khong gian

P6i v6i thinh phdn khung khong gian ¢6 mit cat khong doi, ma tran khéi luong tap
trung 12 mot ma tran chéo. Trong d6 chi xét dén c4c chuyén vi thang va chuyén vi xodn,
khong xét dén chuyén vi xoay do udn.

Ma tran khai lugng tap trung déi véi doan dam ¢é mat cit khong déi, vdi khéi lugng

N P , .. ml,
phim bé m va mé men quan tinh cuc cua khoi luong 1 = -TO trén don vi dai nhr sau:

I I
M=y 0 oo
‘ 2 A A
Trong do6 I, A mé men quiin tinh cuc mit cat ngang ¢é dién tich A.

0 0| (13.3)

D61 véi thanh phan khung khéng gian ¢6 mat cat khong déi, ma tran khéi lugng cé
xét dén e doc, luc xodn va luc udn dugc xdc dinh bang cdch két hop céc phuong trinh
(11.26) ,(11.8) va (10.34):
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o 18]
P 140 5
P, 0 156
P, 0 0 156 %
P, 0 0 0 1401,/A dsi xing 8,
P, . 0 ¢ -22L 0 412 a'a (13.4)
Pt @L| 0 22L D 0 0 412 B
P, | 420070 0 0 0 0 0 140 5,
P, 0 54 0 0 0 13L 0 156 3,
P, 0 0 54 0 -I13L O 0 0 156 3
P, 0 0 0 700,/A 0 0 0 0 0 140,/A :
P, 0 0 I3BL 0 312 0 0 0 22L 0 42 O
| Py | [0 -13L 0 0 0 _312 0 -22L 0 0 0 412 g”
L-12
Du6i dang viét gon: {P} =[M]{8] (13.5)

§.13.3. Ma tran cin cia mot thanh phan khung khéng gian

Ma tran can clia mot thanh phan khung khong gian c6 thé suy ra tuong tu nhir ma tran
do cing (13.1) va ma tran khéi lugng (13.4). Tuy nhién, nhu trong phan trudce da néi, luc
can thudng duoc biéu thi qua cic ty sd can déi véi mdi mé do dao dong. Vi vay, cdc ty
s¢ can dugce trire tiep dua vao phuong trinh mé do.

§13.4. Ma tran xoay (Ma tran bién d6i)
Ta c6 thé suy ra ma (ran xoay bing cdch ting dung cic nguyén 1y vé dai s6 véc to hoac

dung phuong phép xoay dan céc truc toa do. day, ta sé& diing phuong phdp thit hai.

X

[

Z Zm

Hinh 13.2. Vi tri bat k3 ciia ddm 3 chiéu trong hé toa do tong theé
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Hinh 13.2 trinh bay vi trf bit ky cta truc ddm 3 chifu x,, va cdc quan hé hinh hoc
trong hé toa do tong thé x, y, z.

Cac truc cia hé toa do tong thé s& duge xoay dan quanh cdc truc y, z, X sao cho cudi
cling, hé toa do tong thé hoan toan tring vai hé toa do cuc bo.

Qua trinh xoay cdc truc toa do biéu thi trén hinh (13.3). Trude hét, ta xoay truc x
quanh truc y mot goc B. Nhu vay, truc x ¢6 vi tri méi [atruc xg, truc nay 1a hinh chi¢u
cta truc dam x_, lén mat phang x- z. N6i mot cich khdc truc xg bay giv 1a giao tuyén
gilta mat phang y - x,, va mit phing x -z Bing cich xoay nhu vy, truc z chi€ém vi tri
truc 7z con truc y vin khong thay déi. Céc thanh phdn vée to A, A,, A; trong hé toa do
X, v, z ¢6 thé 10 hop thanh véc 10 A,p, Asp, Asp trong hé toa do mdi Xp, yp, s theo hé
thac sau:

A cosp O sinf|lA,
Ayr=l O 1 0 A, (13.6)
Agg —-sinB 0 cosP || A,

Trong dd, cos B va sinP ¢6 thé biéu thi bing cdc cosin dinh huéng cta truc dam x_, doi
V0l cac truc X, vy, Z nhu sau:

¥ ¥
¥,
4P
y 1
m k X, XY
~
o P - | \\ /K
¢ T e St j
' I
i I
] e,
b ¥ | |
; !
- i i L 7
~ I s .
~ A e
. ~{p N
AL N A,
12 .2 /‘\'\ i
Zy, Z, o LyC,+C," — . I/./
& e
z
zm
X,

Cosp = (13.7)
C,+C;
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Sinp=——2— (13.8)
C;+C;
X, =X, Yy z. -~z
C ==, = e, = (13.9)
L:\/(xj—xi)2+(yj~yi)2+(zj—zi)2 (13.10)

Trong dé: C,, C,- cosin dinh huéng ctia truc ddm X,, d61 véi céc truc x va 7;
X;, X; - toa do cua di¢m i va j trén tuc x;
Yy ¥i - toa do clia di€m i va j trén tuc y;
z,, 7;- 10a do di¢m 1 va j trén truc z;
L - chi€u dai ctia dam ij.

Sau khi xoay quanh truc y mét géc P, tir (13.6), ta c6 ma tran bién doi hodc ma tran xoay:

C C
X 0 2
JC; +C2 JC; +C?
[Ty]= 0 1 0 (13.11)
:C?_ 0 C,
G +C; Ci+C |

Ti€p tuc xoay cic truc Xy, yp quanh truc zp MOt gée y sao cho true xg tring véi truc
dam x,. truc yp (Wic truc y) doi dén vi tri truc y,, truc zg khong thay déj ; ldc biy gid,
mat phang y,- 7, chita cdc truc Yo V& 7,, cia dam 3 chiéu. Cic thanh phén véc 1o Ay, Asy,

Asy trén phuong cdc truc méi x,, y,, z, nhu sau:

A]?] cosy siny O|[Ap
Ay, p=[=siny cosy 0Ay S (13.12)

As, 0 0 1 Ay
Viy sau khi xoay géc y, can cd vao (13.12), ta c6 ma tran bién déi:
cosy siny 0
[TJ: —-siny cosy O (13.13)
0 0 1
Cic s6 hang trong (13.13) 1a cdc ¢osin dinh huong cua cdc truc xy.y,,z, d6i véi cic

truc xg, ¥, zp. Tir hinh (13.3), ta ¢6:

cosy = JC; +C? (13.14)

siny = C,



Vay [T,] c6 thé viét: -

C2+C: C, 0

T = -C CI+C: 0 (13.15)
0 0 1
L .

Cudi cling, ta xoay quanh truc x,, cic truc ¥y, z, mot géc o sao cho truc y, tring voi
truc y,, v truc z, tring véi truc x hinh (13.3).

Hinh 13.4 cho ta thidy mat cit ngang cla dam ciing vi tri cia cic truc y, vi z, truc X,
vudng goc véi mit phang cha & gidy.

Yy

Hinh 13.4

Mat phing x_, - y,, 12 mot mat phiang thing dimg di qua truc dam va xdc dinh goc gitia
y,vil y_ hoiic géc gilta z, va 7, (tic la géc o duge do tir mat phang d6 dén mét trong cdc
truc chinh clia mit cit ngang hinh 13.4).

Cudi ciing, cdc thanh phin véc to A, A, A,, rén cic truc X, Yo, Z, duoc biéu thi
bing cdc thanh phén véc to Ay, Ay, Ay trén cdc truc Xy, yy, z; nhu sau:

A 10 0 1{Ay
Aso =11 cosa  sind |§A,, (13.16)
Ay, 0 —sina cosa As,
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Sau khi xoay géc o, cin ¢t vao (13.16), ta c6 ma tran bign déi:

1 0 0
[T,]=|0 cosa sina (13.17)
0 -sina cosa
Céc phén tir trong (13.17) 12 céc cosin dinh hubng cua cée truc x,, y,., z, d6i véi céic
truc Xy, vy, z, (hinh 13.3).
Két hop cdc phuong trinh (13.11), (1313), (13.15), cdc thanh phén véc to trong hé toa

do cuc bo x,,¥,., 2,, ¢6 thé biéu thi bing cac thanh phén véc 1o trong h¢ toa do tdng thé
nhu san:

{Ant =TT, ][, ]-{A} (13.18)
1An}=[T]{A}
Trong dé: [T] = [T, ][ T, | [T, ] (13.20)

{A,} 1a véc to cot biéu thi cdc thanh phén véc to trong hé toa do cuc bo ;{A} 1a véc to
¢t bi€u thi cc thanh phén véc to trong he toa do tong hé. Cic thanh phin véc to & day
c6 thé 1a chuyén vi hoac tii trong.

Thay (13.11), (13.13), (13.15) vio (13.20), ta cé-

C, C C

¥ z
~C.C, cosa—C, sina -C,C,cosa +C, sina
[T]= —22 G JC2 +C2 cosa Y2 (13.21)

JCi+C? JCI+C?

-C.C_sino-C. cosa C.C.sina+C. cosq
Ty : ~JC T sing. 2 x

] JC +CE JC2 i C? |

Tir (13.18), ta c6 thé viét: {A_ } =[T].{A} (13.22)

Trong d6 [T] 1a ma tran bién déi c4p 3 x 3

Trong ma tran bi€n d6i [T] trong (13.21), chi con géc a 1a chua dugc xdc dinh. Pé
lam di€u nay, ta chon mot diém k nim trong mét phing x, - y,, nhung khéng nim trén
truc x,, (hinh 13.3 va 13.4). Gia s toa do ctia diém k trong hé toa do tdng thé 1a x, y,,
Zg. Céc thanh phén clia véc to ik trong heé toa do téng thé 1a:

Xi= Xx - X (10.24)
Yei=¥c - Y,
Zi = Zg - 4
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Gid sUf Xy Yxys Zgv 12 céc hinh chi€u eta véc t0 ik trén cac truc Xy, yy, Zy. Ap dung hai
phép bi¢n déi ddu tién, ta cé hé thic:

*ky Xki
Yiy | T [T\:]'[Tﬂ] Vi
Ty Zyi

Joicr ¢ 0] ST .|
x y 2 +C2 CI+C;

X

= -C, JCi+C; O|x| 0 1 0 |x]yy (13.25)

0 0 1 _Cz 0 Cx Zyi
- ] |_~/C§+Ci JCi+C2
Sau khi don gian hoa: i

Xy = Cxxyq + €y + Gz
C,C,

Yig = \/m K "‘Vci +C; Y ‘\/%'(j—;_z-zki
_Cz Cx
Zyy :ﬁ.xm +\/Ti_;.c—§.zki

Nhu vay ta da xdc dinh duge toa do y,, 7, cta di€ém k trong mat phang y,_ - 7, Tu
hinh {13.4), ta co:

(13.26)

Z
sino = ———0t (13.27a)

Ve T 2y
COsQL = ‘%(IT
VY + 2y
Trong do, vy, VA z,, tinh theo (13.26). Vay 1a ma trin bi¢n déi [T} trong (13.21) hoan
todn dugc xéac dinh.

(13.27b)

Cién chi v ring hé thic néi trén khong thé dp dung cho trudng hop truc ctia ddm 3 chicu
x,, nim trén phuong thing dimg nghia 1a song song véi tryc y trong he toa do tong thé.

Trong trudmg hop nay (hinh 13.5), C, va C, déu trigt tieu, diéu nay khong thé dua dén
nhimg két qua chinh xdc.

Sau day, ta xét 2 truomg hop: Truc x,, ciing chiéu véi truc y va X, nguge chiéu véi truc
y. Ta thuc hién 2 phép xoay: Trudc hét, xoay 1 goc y = 90° (hinh 13.5a) hoac y = 270°
(hinh 13.5b). Khi y = 90° truc x tring vdi truc x,, (thang dimg) va truc y chuyén dén vi
trf yy, C,= I(hinh 13.52). Khiy = 270° truc x fring véi trye X, (nguoe chidu véi truc y),
truc y chuyén dén vi tri truc y,, C, = -1. Ti€p theo, quay mét goc o quanh truc x,, dé truc
y, tring véi truc y,, va truc z trung voi truc z,.
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¥i X Xy ¥

v=90° ¥ = 270"
Y, \ X !

XYy
« i/ o
o :
¥ Z :
Z.z, 2 Zz, J
m ¥ ym
X, Xy X
a) b)
Hinh 13.5
a) Tryc dam ciing chiéu véi truc y ; b) Truc ddm ngwoc chidu véi truc y
Tir hinh (13.5), ta ¢6 ma tran bién déi
0 C, 0
[Ty]=] —C,cosac 0 sina (13.28)

Cy sin o 0 cosa

Géc a trong (13.28) duoe xdc dinh bing cdch tim vi tri cba dém k ndm trong mit
phing uén chinh. Hinh (13.6a) biéu thi mot thanh ding c6 nit dudi tai diém i va niit trén
tai diém j.

¥
¥k [

'

¥

b)

Hinh 13.6. Cdch xdc dinh géc a
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Toa d¢ clia diém k trén hinh (13.6a) déu duong va géc a nim giita 90° va 180°, Tir
quan hé hinh hoc, ta cé:

. Zk ""Xk
sing = —=—t COSQf = —— (13.29)
JXi+zp JXE +74
Hinh (13.6b) biéu thi mot thanh ditng cé nit trén 13 i va nit dudi 1 j. Trong trudng
hop ndy, cdc toa do cla di€ém k déu duong va géc o nam giffa 0° va 90°. Tl cic quan hé
hinh hoc, ta ¢é:

: zZ, X,
SinQ = ———— COSQL = ——2— (13.30)
iz iz
Két hop (13.29) va (13.30), ta cé:
sina = —— —k_, (1331)

— COSQl = —m=—
JXi +zp JXi +z;

Trong dé C, la césin dinh huéng clia thanh ij d6i véi truc y. N6 c6 gid tri bang +1
(hinh 13.6a) hoac bang -1 (hinh 13.6b).

Thay cdc gid tri sina va cosa tir (13.31) vao (13.28), ta xdc dinh dugc ma tran bién
ddi [T] cdp 3 x 3 trong trudng hop dac biét truc didm song song véi truc y ctia hé toa dé
tong thé.

D61 v6i mot doan ddm trong khung khéng gian, su bién déi cdc véc to chuyén vi dén
dén su bién déi véc to chuyén vi thing va véc to chuyén vi xoay tai médi mit. Vi vay déi
vGi mot doan ddm trong khung khéng gian, cfn bién déi 4 véc to chuyén vi tai 2 diu
dam. Hé thic giita cdc chuyén vi trong hé toa do cuc bd va véc to chuyén vi trong hé foa
do tong thé 1a:

{8} =[r]{3} (13.32)
Vi & hai ddu didm c6 (it ca 4 véc to chuyén vi (2 véc to chuyén vi thang va 2 véc to
chuyén vi xoay) nén ma tran bién déi [R] c6 dang:

[T] 0

[R]= [T} (13.33)

|R] cé bac 12 x 12

[R] goi 12 ma tran xoay hoac ma tran bién déi.

Moét cach tuong tu, hé thitc gita véc ta luc trong hé toa do cuc bo va vec to luc trong
hé toa do tong thé, ¢6 dang:

{P} =[R]{P} (13.34)
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Cudi cling, dé duoc ma tran do citng [E:’ va ma tran khéi lugng [ﬁ] trong hé toa

do tdng thé, ta thay (8} tr (13.32) va [ P tir (13.34) vao (13.2):

[R]{P} =[K][R]{3] - (1335)
Hay
{P}=[R]" [][R] {3}
Vi [R] 1a mot ma tran tryc giao nen [R]” = [R]
Tir (13.35), c6 thé viét:
{P} =[K]{3} (13.36)
Trong dé:
[K]=[R]"[€]R] (1337)
[E] 201 12 ma tran dé ctng téng thé,
Mot cach tuong ty, ta c6 ma tran khéi luong tng thé:
[(M]=[R]'[M][R] (13.38)
Ma tran cén téng thé

[C]=[R]'[C][R] (13.39)

§13.5. Phuong trinh vi phan chuyén dong

Céc ma tran do cimg (13.37), ma tran khdi lugng (13.38), ma tran can (13.39) trong
h¢ toa d6 tdng thé s& duoc ghép nhu di 1am trong cac chuong truge. Cudi ciing, phuong
trinh vi phan chuyén dong s& duoc thanh lap trén di€u kién can bing giita c4c luc quén
tinh, lyc dan héi, luc can va ngoai luc.

M]{F}+[Cl{3} + K {y} =[F)] (13.40)

Trong dé:

[M], [C], {K] lan luot 1a cic ma tran khéi lugng t8ng thé, ma tran can tong thé va ma
tran do ciing tdng thé;

{91.{y}.{y} 14n tuot 1a véc 1o gia téc, véc to van t6c, véc to chuyén vi ;

{F(1)} 1a véc to luc bao gém cdc luc dat tai céc nit, hue tuong duong tai cic niit trong
trudng hop ngoai luc ¢é tinh chat phan bé.
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Néu phuong trinh vi phan chuyén dong c6 tinh chét tuyén tinh, ta giai bai todn véc to
riéng dé dua cic phuong trinh vi phan vé dang phuong trinh doc lap nhu dd Jam trong
phéan trudc. Néu 1a dao dong tu do, chi can giai bai todn gid tri riéng va xac dinh céc
dang mé do.

Vi du 13.1: Mot khung khong gian ciing cdc dac trung hinh hoc va co hoc biéu thi
trén hinh (13.7). Hay 1dp ma tran d¢ citng v ma tran khéi lugng cla toan hé trong hé toa
d6 t1dng thé. o

S& thanh st =3 ; {150, 200, 200}

S6 bac trdosbt =6 .

Maé dun dan héi E = 21x10° kN/cm®

Mo men quén tinh 200cm
mgx = 2,67cm’

mqy = 2,33cm*

mgz = 1,33cm’

M6 dun xoin J = 3000 em* ’

Mo mien quén tinh doc cuc I, = 5200 cm® 000

Khéi lugng phan bo ﬂ /- - o/
m= 0,00785 kN sec”/em

Gidis Hinh 13.7

Diy 12 bai todn phifc tap, ddi hoi nhidu thdi gian tinh todn, do d6 khong thé tinh bang
tay ma phai nh& vho su hé trg cia chuong trinh tinh. Dua vae chuong trinh PGR12 va
PGR 13, nhap céc 56 liéu va cho chay chuong trinh dé dugce két qua. Mdy tinh s& 14n luot
thuc hién cac bude sau:

1. Lap ma tran do cing cia timg thanh trong hé toa do cuc bo (theo 13.2)

2. Lip ma tran khéi lugng cla timg thanh trong hé toa d6 cuc bo (theo 13.4).

3. Lap ma tran bién déi cho cic loai thanh khong song song véi truc Y (theo 13.21
va 13.33).

4. Lap ma tran bién ddi cho céc loai thanh cling phuong v&itruc Y (theo 13.28 va 13.33).
5. Lap ma tran do cimg cia ting thanh trong hé toa do téng thé (theo 13.37)

6. Lap ma tran khéi lugng clia timg thanh trong hé toa do tong thé (theo 13.38).

7. Ghép cic ma tran do cing v ma tran khéi lugng trong hé toa do téng thé.

Pé chay chuong trinh, ngoai cdc s6 licu trén hinh v&, con phai nhap thém céc s6 ligu sau:
S6 thanh khong cung chiéu vdi truc Y: 3

S6 thanh cung phuong véi truc Y: 0
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- Toa do
Thanh X; Y z X Yi % Xy Y Z
(cm) {cm) {cm) (cm) (cm) (ecm) | (cm) (cm) (cm)
1 150 | 200 | 200 0 0 0 150 | 200 | 250
2 150 | 200 | 200 0 400 0 150 | 200 | 250
3 150 | 200 | 200 | 300 | 400 0 150 | 200 | 250
Thanh S6 thi tr cdc bac wr do
d | d | dy [ d | ds | dg | d | dg | dy | dpo |4, | dy,
1 [ 2 3 4 5 6 7 8 9 10 k1 12
2 1 2 3 5 6 19 20 21 22 23 24
3 l 2 3 S| 6 | 1314|1516 17| 18
Sau khi chay churong trinh, ta dugc két qua nhu sau:
Ma tran d6 cung ciia toan hé trong hé toa do téng thé:
1 2 3 4 5 6
(172,79 -230,34 -230,37 -2,52 0,92 -097]1
306,32 306,86 2,12  -4,05 -071 |2
(5] 30582 0,80 0,42 824 |3
2025,85 1307,72 243,24 |4
d6i xing 864,21 158,69 |5
j 65,85 |6
Ma tran khéi luong ctia toan hé trong hé toa dé tong thé:
1 2 3 5 6
4,30 -1,80 -0,40 2,62x107""  —14,28 1428 |
2,69 -1,17 -14,29 -1 7x107! ~-10,71 |2
[m]= LO4  —14,27 -10,71  -5,65x107'2 |3
717,19 956,25 956,25 |4
doi ximg 1275,00 1275,00 |3
] 275,00 |6
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Churong 14
DAO PONG CUA GIAN

Khi gian chiu tic dung cua cédc tai trong finh, né 12 mot hé gdm cac thanh chi ¢é luyc
doc. Nhung khi chiu luc tic dung cua téi trong dong, luc quén tinh phét sinh trong cde
thanh gian 1am cho ching chiu cdc luc uén ngoai luc doc. Tuy nhién, moé men udn & cic
ddu thanh gian van bing khong néu khong ¢6 cdc mé men ngoai luc dat tai nit gian. Déi
vol gian, bai toan dong luc hoc cling tuong ty nhu khi tinh khung, nghia 1a phai thiét lap
mdi quan hé gilta ngoai luc, luc dan héi, luc cén, luc quan tinh va céc thanh phan chuyén
vi, van téc, gia tdc tai cdc nut. D€ 1am duge diéu ndy, cdn phai x4c dinh duge ma tran do
ciing, ma tran can, ma tran khdi lugng d6i v6i moi thanh gian. Viéc ghép cdc ma tran
trén va tim 1o giai cho phuong trinh vi phan chuyén déng tuong tu nhu da lam trong céc
phan trudc.

§14.1. Ma tran do cing va ma tran khéi luong caa gian phang
8,,P; 5.,P,
& E,A

5,P — |, &P

| )
L Ea|

Mot thanh gidn c¢6 hai toa do nit tai mdi dau, nghia 13 c6 tdt cd 4 toa do nit (hinh
14.1). Khi chuyén vi b€, cé thé gia thiét ring hé thic giira luc v chuyén vi doc theo truc
thanh gian khong phu thuéc vao céc chuyén vi ngang tai cdc toa do nut 2 va 4. Gia thiét
trén twong duong vai gia thiét chuyén vi doc theo cdc toa d6 nit 1 va 3 khong san sinh ra
luc tai cdc toa do mit 2 va 4 va nguoc lai.

Cac hé s6 do cung va hé s6 khdéi lugng ting véi lue doc da duge suy ra trong phuong
trinh (11.17) va phuong trinh (11.23) (chuong 11).

Ap dung cdc phuong trinh trén vio mot thanh gian ¢6 mit cit khong déi va sir dung
cdc ky hiéu trén hinh (14.1), ta dugc:

AE AE

k||=k33=T ; k13:k31=_T (14.1)
mL mL
M =My =727 5y =My === (14.2)

Trong d6: m - khéi lugng trén don vi dag;
A - dién tich tiét kién;

L - chiéu dii cta thanh gian.
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D6i véi thanh gian ¢6 khép & 2 ddu, cdc he s6 d6 ciing iing v6i céc toa do it 2 va 4
bing khong vi khong cén ¢6 luc dé sdn sinh cdc chuyén vi tai céc nit dé. Vi vay, sau khi
sap x€p cic hé sd trong (14.1), ta cé ma tran d6 cimg d6i vdi thanh gian c6 mat cét
khéng déi nhu sau:

P, 1 0 -1 0][8,
P 0 0|8,
P_j :% -01 0 (1) o], (14.3)
P, 0 0 0 o0fl3,
Dué dang viét gon:
{P} =[K]{8} (14.4)

Trong d6: [K] - ma tran d¢ cing ciia thanh gian.
Déi v6i ma tran khoi lugng, khi 4p dung nguyén 1y céng ao, ta diing cic ham chuyén
vi xéac dinh theo phuong phdp finh hoc.

U-; u4
1 u, =1-2 | u ==
I [ A L
. M 8,1
_L —— -::i - X ’;—.- = ] l_._.__x
(a) {b}
Hinh 14.2

Cédc ham chuyén vi ing vdi cdc chuyén vi bing don vi tai cic nidt 2 va 4 (hinh 14.2)
nhu sau:

u,=1—-— {14.5)
- L
X
0 =X (14.6)

Céc hé s6 khéi lugng duogce x4c dinh theo (11.23) 1a:

L
m;; = fm(ou; (x)u; (x)dx (14.7)
0
Doi véi thanh gian c6 mat cit khong déi va c6 khéi luong trén don vi dai m, sau khi

thay (14.5) via (14.6) vao (14.7), ta dugc:

(14.8)
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Cudi cling, két hop céc he s6 khoi lugng tir cdc phuong trinh (14.2) va (14.8), ta ¢6 ma
tran khdi lugng cia mot thanh gian ¢é mit cit khéng déi nhu sau:

P, 2 0 1 0]{3,
ol -
2l _mL)O 2 01178, (14.9)
B[ 6|1 0 2 0|3,
P, 010 2],
Hay
{P}:[M]{S} (14.10)

Trong dé: |M] - ma tran kh&i luong;
{P] - vec 10 luc;

{5} - véc to gia toc.

§14.2. Su bién ddi hé toa do

Céc ma tran do cung (14,3) va ma tran khéi lugng (14,9) déu dugc suy ra trong hé truc
toa do¢ cuc bo. Cdc thanh gian ¢6 cic phuong khic khau, mdi hé toa do cuc bo gin lién
v&i méi thanh. Do d6, ¢an dua cédc hé toa do cuc bod vé hé toa do chung goi 13 hé toa do
téng thé. Dwa vao phuong trinh (11.31) ta cé he thic gifta vecto luc trong hé toa do cuc
bo va vectd luc trong hé toa do téng thé nhu sau:

P, cosB  sind 0 0 P
P, —-sin® cos® O 0 P
_ AN IR (14.11)
P, 0 0 cos® sin || P,
P, 0 0 —sin cosB P,
Du6i dang viét gon: (P} = [T] {P} (14.12)

Trong d6: {P} va {F} 1a cdc vecta luc trong hé toa dé cuc bé va trong hé toa do téng

thé [T] la ma tran bién déi, né ciing diing dé bién ddi vecto chuyén vi trong hé toa do
cuc bo thanh vectd chuyén vi trong hé toa do téng thé.

(8} =177 {3} (14.13)
Thay (14.12) va (14.13) vao (14.4) ta dugc:
(1} {P}=IK1 [T {3}

vi [T] 12 ma tran true giao, [T} = [T]" nén {ﬁ} =[TI" [K] [T {8}
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hay {P} =[E}{S} (14.14)
Trong dé: [K]=[1]" [K][T] (14.15)
[‘VZ] 2 ma tran do cing trong hé toa d¢ 16ng thé. Mot cach twong ty, thay (14.12) va

(14.13) vao (14.10), ta dugc:

{P} =[1]" [M][T]{5} (14.16)
{P}=[M]{5} (14.17)
[M]=[T]" [m][T] (14.18)

Trong dé: [ﬁ] - ma trdn khéi luong trong hé toa d6 tdng thé. Tuy nhién, khong can

phai diing (14.18) d¢é tinh ma tran [M] . Ma tran niy bang ma tran [M] trong hé toa do

cuc bo. Dé kiém tra diéu nay, ta thay ma tran [M] vd ma tran [T] tir (14.9) vi (14.11) vao
(14.18) cuoi cluing ta dirge:

¢c ~s 0 0|2 01 O0l]lc s 0 0
[ﬁ]—ﬁlL s ¢ 0 00 2 0 ti-s c 0O 0O
610 0 ¢ st 02 0[0 0 ¢ s
0 0 s c¢jlO0 1 0 2/[0 0 -s ¢
2 01 0
—+ mL|{0 2 0 1
M|=— =M 14.19
[ J 61 0 2 0 [ ] ( )
o1 0 2
Trong d6 ta diing cdc ky hiéu ¢ = cos0, s = sin®.
Mot cdch tuong tu, ta duge ma tran can:
C]=[1]"[c]T] (14.20)

Trong dé: [E] va [C] - cdc ma tran can trong hé toa d6 t8ng thé va trong hé toa do
cuc bo.

Vidu 14.1: Cho mot gian phing ciing véi cdc dic trung hinh hoc va co hoc nhu wrén
hinh {14.3). Yéu cau;

1. Lap ma trin d6 cing va ma tran khéi lugng ciia toan h¢ trong hé toa dé téng thé.

2. Tinh cdc tan s6 vong va véc ta riéng & trang thai dao déng tu do.
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100 ¢m A 200 cm

Hinh 14.3

M6 dun dan héi :

E =2 x 10* kN/em?
Dién tich A = 12cm’
Khoi luong phan bo :

m = 0,0075kN sec’/cm
Gidi:
Theo (14.3), (14.11), sau khi thuc hién cic phép nhan ma tran, ta duge ma tran do

cting cla timg thanh trong hé toa do tdng thé nhu sau:

Thanh [:
I 2 3 4
214,66 429,33 -214,66 —429,33]1
(5,]- 858,65 —-429,33 -858,65|2
o 214,66 429,66 |3
doi xing 858,65 |4
Thanh 2:
1 2 5 6
424,26 424,26 -424.26 424,26 |1
(5.]- 424,26 424,26 424,26 |2
2 424,26 -424.26 |5
doi xing 424,26 |6

Sau khi ghép hai ma tran [S,] va [S,], ta dugc ma tran do cing cua toan hé trong hé toa
do tong thé:

1 2

(5= 638,93 5,06 11
~ |d6i xing  1282,91 |2
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Theo (14.9) ta duge ma tran khéi luong cia timg thanh trong hé toa do téng thé
nhr sau:

Thanh 1;
1 2 3 4
0,59 0 0293 0 ]I
0,858 0  0,29312
[mi]= 0858 0 |3
déi xing 0,858 |4
Thanh 2:
1 2 5 6
0,740 0 037 0 11
- 0,74 0 0,37|2
[m.]= 0,74 0 |5
doi ximg 0,74 |6

Sau khi ghép 2 ma trin [m,] v [m,), ta duogc ma tran khéi Iuong chia toan hé trong hé
tao do téng thé:

1 2

L33 0 |]
= )
doi xing

2. Khai trién dinh thitc (8.4)

[S]-*[m] =0
va tim nghiém ctia phwong trinh dac trung, ta duoc:
Gid tri riéng:
A, =480,36 A =964.62
Do do, ta ¢6 cdc tan s6 vong
o, =+/480,36 =21,917 rad/sec
®5 = /964,62 = 31,06 rad / sec
Thay céc gid trj cia & vao phuong trinh (8.3)

{[S]-2[m]}{a} =0

ta tim dugce cic vée to riéng:

tan = {-o, (;079} taz

St

1
_[127, 28]
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Vi du 14.2: Mot gian phing clng cdc dac trung hinh hoc va co hoc nhu trén hinh
(14.3). N6 chiu tac dung clia mot tdi trong dot ngot F, = -500 kN trén phuong bac tu do
thit 2 (xem hinh v&). Gia st chia thanh 10 quang thoi gian v6i s6 gia thoi gian At = 0,01
giay. Hay tinh chuyén vi clia toan hé tai cic thoi di€m quy dinh trén.

Gidi:

Theo (8.29), ta tinh: f; = {aj}[m]{aj} 1=12

Sau khi thue hién cdc phép nhan ma tran va khai céan, ta dugc:

f,=1,153
f, = 146,85

Lan lugt chia cdc véc to ¢ot {a,} va {a,} di tinh trong vi du (14.1) cho f; va f,, ta dugc

ma tran mo do nhu sau:
0,867 0,0068
[®]=
-0,0068 0,867
Phuong trinh dao dong ¢6 dang:
Z,+w;Z;=P, n=12

Trong d6
Pﬂ:Zi(DJ“F_I j=l,2
J:

Theo dau dé, ta cd:
F,=0  F,=-500kN

Vay:
P, = 0,867 x 0—0,0069 x (~500) = +3,38
P, =0,0068 x 0+ 0,867 x (—500) = —433, 54
Theo (11.42)
P
Z =— (l —cos(oil) 1=12
oF
Vay:
3,38
Z, =————(1-cos(21,917t)) = 0,0069(1 - cos(21,917))
(21.917)
Z, = _—4‘13’1{'(1 - cos(31,061)) = —0,449(1-cos(31,06))
(31,06)

Theo (1143), phuong trinh dac dong nhir sau:

iy} <[}z

Yi 0,867 0,0068] |0,0069(1—cos(21,917))

Yor= x
Vs —-0,0069 0,867 -0,449(1-cos(21,061))

Hay
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Sau khi thyc hién cic phép nhan ma tran v tinh todn, chuyén vj tai cdc thoi diém quy
dinh thong ké trong bang (14.1).

Bing 14.1
Thai gian Chuyén vi Chuyén vi
t {gidy) ¥, (em) Y, {cm)
0 0 ' 0

0,01 - 1,4 x 10* -0,019
0,02 1,26 x 10° -0,073
0,03 533 %107 -0,157
0,04 0,0002 -0,264
0,05 0,0003 -0,383
0,06 0,0007 -0,502
(0,07 0,001 -0,611
0,08 0,002 -0,698
0,09 0,003 -0,758
0,10 0,004 -0,779

§14.3. Ma tran d¢ climg va ma tran khoi luong coa gian khong gian

Cdc ma tran d6 cling va ma tran khéi lugng cta gian phing c6 thé m& rong cho gian
khong gian. Mét thanh gian khong gian biéu thi nhi trén hinh (14.4). Cac thanh phin
chuyén vi trong hé toa do cuc bo nhur trén hinh (14.4a). Truc x trung véi truc cha thanh
gian, hai truc con lai y va z tao thanh céc phuong chinh cla mat cit ngang cfia thanh
glan. He truc toa do t6ng thé nhu trén hinh (14.4b). Cic thanh phén chuyén vi trong hé
toa do tong thé déu cé ddu gach ngang & trén du,

Sau khi m& rong ma tran dé cing (14.3) v ma tran khéi fuong (14.9) ta cb céc ma
tran sau cho mot thanh gian khong gian c6 mat cit khong déi.

Ma tran dé ciimg:

_.J’x
(1 0 0 ~1 0 0] |
0 00 0 00
060 0 00
[K]:E (14.21)

Li-l 00 1 00
6 00 0 00
L0 00 0 00 Hinh 14.4a
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Ma tran khéi lugng:

2 0 0 1 0 0]
20010
[M]:ﬂ002001 (14.22)
611 002 00

010020
0 0 1 0 2

0 / 63
Ma trén kh6i lugng tap trung: Hinh 14.4b

[M,]=ff;—LI—1 1111 1] (14.23)

Ma tran bién déi [T,] x4dc dinh theo (13.8):

cosxX c¢osXY cosxZ
[T, }=|cosyX cosyY cosyZ (14.24)
coszX coszY coszZ
Céc cosin dinh huéng & hang dau tién trong (14.24), C, = cosxX, C, = cosxY,

C, = cosxZ c6 thé tinh tif toa do clia hai diém P, (X, Y, Z,) va P, (X,, Y,, Z,) tai 2 ddu
thanh gian.

C,zX'“Xz : Cz_Yz_Yl ;CS_Z2_ZI (14.25)
L L L
N L:J(Xz—X,)2+(Y2~Y])2+(22—Z,)2 (14.26)
Ma tran bién déi d6i vdi 6 toa dé nit & hai ddu thanh gidn khong gian ¢6 thé viét:
T
[T] =[[ ! [0]} (14.27)
[o] [T]

Trong do:
[T,] tinh theo (14.24)

Ma tran d6 cing [EJ va ma trdn khéi lugng [ﬁ] trong hé toa d6 1éng thé tinh nhu sau:
[K]=[1]"[x][1] (14.28)

[ M |=[1]" [M][T] (14.29)

Trong trudng hop thanh gian khong gian, chi ¢én tinh cosin dinh huéng cia truc thanh
gian (cong thific 14.25). Cic cosin dinh hudng con lai trong (14.24) khong xuat hién
trong biéu thiic cudi cing clia ma tran d6 cimg [K].

160



Ta ¢6 thé kiém tra didu nay bang cich thay (14.24) va (14.27) vao (14.28), sau clng
thue hién cdc phép nhan nhu trong phuong trinh cu6i ciing. Sau cdc phép tinh, ta dugc
ma trin do ciing trong hé toa do téng thé:

[ 2 2 i
oh Ci€;  €C3 €]  —CICy —C|Cy
2 2
2 2
[K] = T i 5 ‘2 TT (]430)
3
2 2

Nhu vay 1a khi tinh ma tran d¢ ciéng ciia thanh gian khong gian trong hé toa do téng
thé, ta chi cdn tinh cosin dinh hudéng ctia truc thanh gian theo (14.25) 13 di.

Twong tu nhu phuong trinh (14.19) d&i v6i thanh gian phﬁng, ma trdn khéi lugng
[—I\Z] ctia thanh gian khéng gian trong hé toa do téng thé bing ma tran khéi lugng [M]
cta né trong h¢ toa do cuc bo. Vi vay, khong cén phai thuc hién cic phép tinh nhu trong
(14.29), Thay [M] tir (14.22) va [T] tir (14.24) va (14.27) vao (14.29), ta duoc:

[‘ﬁ]=[M] (14.31)

§14.4. Phuong trinh chuyén dong clia gian khong gian

Trén co s¢ céc diéu kién can bing dong luc hoc, ta ¢6 phuong trinh vi phan chuyén
dong cua gian khong gian nhu san:
[M]{5}+[Cl{s3 +[K]{y} = {Fo) (14.32)
Trong dé:
{y} {y} , {y} 1an luot 1a cdc vée to gia t6c, vée to van téc, véc to chuyén vi tai céc toa
d6 nut ciia thanh gian khéng gian;

{F(O} 1a véc to ngoai lye.

[ﬁ},[C],[K] la cic ma tran khéi lugng, ma tran can, ma trén d6 ciing trong hé toa
do tdng thé.

Dé giai phuong trinh (14.32), tuong tu nhu di trinh bay trong cic phén trudc, ta phai
tinh cac tan s& vong tr nhién, cdc véc to riéng, sau d6 chuin ho4 cdc véc to riéng va cudi
cung thiét 1ap cic phuong trinh mé do dé tinh chuyén vi tai céc nit,

Vidu 14.3: Mot gian khong gian ciing cdc dc trung hinh hoc va co hoc biéu thi nhy
trén hinh (14.5). Yéu cédu:
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1. Lap cdc ma tran do ciing va ma tran khéi lugng ca toan hé trong toa do 1ong thé.

2. Tinh cdc tdn s& vong va véc to riéng & trang thai dao dong tu do.

3
{100, -150, 400) l
1

{200,0,0)

Hinh 14.5

Gidi:

(200, -300,0)

Dién tich A = 20cm®
Mo dun dan héi
E =21 x 10* kN/cm®
Khdi lugng phan bo:
m = 0,00785kN /sec®/ cm

1. Theo (11.30), ta dugc ma tran do cimg cha timg thanh trong h¢ toa do tdng thé:

Thanh 1:
1 2 3 4 5 6
[49.73 -74,59 -198,91 —49,73 74,59 198,91 |1
111,80 29837 74,59 -111,89 -298,38 |2
[s,]- 795,65 198,91 -298,37 -795,65|3
' 49,73 74,59 198,91 |4
déi ximg 111,89 208,37 |5
i 795,65 |6
Thanh 2:
1 2 3 7 8 9
(49,73 74,59 198,91 -49,73 -74.59 -198,9111
111,89 298,37 -74,59 111,89 298,382
[s,]- 795,65 -—108,91 -298,37 -795,65|3
- 49,73  -74,59 -198,9117
111,89 298,37 |8
| doiximg 795,65 |9
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Thanh 3:

1 2 3 10

(49,73 74,59 198,91 -49, 73

111,89 29837 74,59

[s,]= 795,65 198,91

' 49,73
dai xing

11 12
74,59  -198,91} 1
~111,89 298,38
298,37 —795,65
74,59 -198,91 |10
111,89 298,37 |11
795,65 |12

Sau khi ghép cdc ma tran [S,], [S.], [S,], ta duge ma trin d6 cling clia toan hé trong hé

toa do téng thé:

5]-

l

149,18

2

-74,59

3
198,91 |1

335,67 298,37 {2

d6i xiing

2386,94 {3

Theo (14.22), ta duge ma tran khéi luong cta timg thanh trong hé toa do téng thé

nhu sau:
Thanh 1:
1 2
(1,148 0
1,148
[ml]=
d6i ximg
Thanh 2:
1 2
(1,148 0O
1,148
[mz] =
doi ximg

3

0
0
1,148

3

0
0
1,148

4

0,574
0
0
1,148

7

0,574
0
0
1,148

5

0
0,574
0
0
1,148

&

0
0,574
0
0
1,148

6

0

0
0,574

0

0
1,148

]
[ R N T R R

9

0

0
0,574

0

0

1,148 |

|
N0 =] e B =
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Thanh 3:

i 2 3 10 i1 12
(1,148 0 0 0574 0 0
1,148 0 0 0574 0
(m,]- 1,148 0O 0 05743
? 1,148 O o 10
. 1,148 0 {11
doi ximg
1,148 |12

Sau khi ghép 3 ma tran [m,], {m, ], [m,], ta dugc ma tran khéi lugng cla toan hé trong
hé toa do téng thé nhu sau:

I 2 3
344 0 01
[m]= 3,44 0 12

dsiximg 3,44 |3
2. Thay ma tran [S] va [m] vao phuong trinh

[s}-[m] =0
va tim dugc nghiém cta phuong trinh dac trung nhu sau:
Gia tri riéng:
A, =710,653 ; A=99545 ; A,=24,621

Do d6, céc tan s6 vong
®, =+/710,653 =26658 rad/sec
®, =+/99,545 =9,977 rad / sec
w, =+/24,621 = 4,962 rad / sec
Thay cdac gia tri cta & vao phuong trinh
(15} [m]} fa} =0
Ta duge cdc véce to riéng nhu sau:

1 1 1
{a;} =4 1,687 {a,} =1 -2,052 {a;} =4 0,471
12,173 0.202 0,147
Vi du 14.4: Mot gian khéng gian cling véi cac dac trung hinh hoc va co hoc biéu thi
nhu trén hinh (14.5). N6 chiu tdc dung cua mot tai trong dat dot ngot F, = 1000 kN trén
phuong bac tu do thit 3 (xem hinh v&). Gia st ¢6é 10 quing thoi gian véi s6 gia thoi gian
At =0,01 giay. Hily tinh chuyén vi clia cdc he tai cdc thoi diém néi trén.
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Gidi:
Trong vi du (14.3), ta di tinh duoc:
Tan s6 vong;
w,=26,658 radfsec ; ,=9,977 rad/sec ; ®,= 4,962 rad/sec
Ma tran véc to riéng:
1 1 1
[a]=| 1,687 2,052 0,471
12,173 0,202 0,147

Can ct vao (8.29), tinh:

f=y{a} [m)fa)} j=123
Sau khi thie hién cdc phép nhan ma trn v khai can, ta dugc:
f,=22,869
f,=4,250
f, =2,068
Lén luet chia cdc véc to cot {a,}, {a,}, [a,} cho f,, f,, f;, ta dugc ma tran mo do:
0,044 0,235 0,484
[©]=| 0,074 -0,483 0,228
0,532 0,048 -0,07!
Phuong trinh dao dong c6 dang:

2" + wiZﬂ =P,
Trong d6: P, =3 @, F,
1

Theo dau dé, ta ¢cé:
F,=0 ; F,=0 :; F,=1000kN
Vay:
P, =0,044 x 0+ 0,074 x 040,532 x 1000 = 532
P, =0,235x0-0,483x0+0,048 x 1000 = 48
P, = 0,484 x 0+ 0,228 x 0—~0,071x 1000 = —71

Theo (11.42), ta c6:

Z =Li(l—cosu)it) i=1,23
o
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Vay:
532

Z, = —————(1—cos(26,658t)) = 0,749 (1 - cos(26,658t)
= s ) =0.749( )
Zy= Lz(l - cos(9,977t)) = 0,427 (1~ cos(9,9771))
(9,977)
Zy= me(l —cos(4,962t)) = -2,887(1 - cos(4,962t))
(4,962)
Theo (11.43):
vi=[o]i
Hay

¥ 0,044 0,235 0,484
y, r=10,074 -0,483 0,228
Y3 0,532 0,048 -0,071

0,749 (1 - cos(26,658t))
0,427(1-cos(9,9771))
~2,877(1 - cos(4,9621))

Sau khi thuc hién phép nhan ma tran va tinh todn, ta dugc gia tri cdc chuyén vi tai cdc
thai diém quy dinh trén. Két qua thong ké trong bang 14.2.

Bang 14.2
Thoi gian Chuyén vi Chuyén vi Chuyén vi
t (giay) y, (em) y, (em) ys (cm)
0 0 0 0
0,01 -2,38 x 10°® -3,69 x 10° 0,0144
0,02 -9,26 x 107 -0,0001 0,0568
0,03 -0,0005 -0,0008 0,1241
0,04 -0,0017 -0,0025 0,2118
0,05 -0,0040 -0,0060 0,3138
0,06 -0,0082 -0,0122 0,4231
0,07 -0,0048 -0,0219 0,5323
0,08 -0,0244 -0,0360 0,6339
0,09 -0,0377 -0,0553 0,7212
0,10 -0,0550 -0,0804 0,7883
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PHU LUC
CAC CHUONG TRINH TINH THEO NGON NG{I TURBO PASCAL 7.0

Chuong trinh PGR 1: Phuong phip s6 tinh tich phan Duhamel hé 1 BTD khéng ¢6 lue can

Chuong trinh nay phuc vu cho viéc tfnh chuyén vi cia hé mét BTD khéng ¢6 luc can trong qud
tfinh mot vu nd.

Cic 56 liéu cln nhap:
1. Hé s8 d6 cing (hing s6 10 x0) k
2. Khéi lugng m
3. 86 quang thoi gian s
4. 86 gta thoi gian At
e o ot st ofe e ok e e ke ok o o sk s ok e o ok ok sk o ofe o ofe e o e o ol sk ke e ok e o
Program | Phuong _phap_so_tinh_tich_fan_Duhamel_he*mot_BTD_khong_co_!uc_can;
Uses crt;
Type
mang = array[l..10] of real;
Var
t.f,a b,cdeff,g h ymang, n,s,i: integer; m, k, tsv, sgt : real;

Begin (*Nguoi lap trinh :Vo nhu Cau*);
Clrscr;

writeln ('khoiluong'):

readln {(m);

writeln ("he so do cung'),

readln (k);

writeln ('so gia thoi gian');

readln (sgt);

writeln ("so doan thoi gian ');

readln (s);

writeln ('tai trong');

fori:=2to s+l do

readin (f]i]);

tsv =sqri(k/m),  a[1]:=0; b[1]:=0; y[1]:=0; ¢[1]:=0; f[1]:=0;
forn:=2tos+1l do

begin

tn] : = (n-1)y*sgt; ¢[n]:=fn-1]- (t[n-1)*(f[n}-f{n-1]))¥sgt;

d[n] : = (sin(tsv*t[n])-sin(tsv*t{n-1]))tsv;
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e[n] : = (fln]-fin-1])/(sqr(tsv)* sgt);

h[n} : = cos(tsv*t[n])-cos(tsv*t[n-1]}+tsv*(t[n]*sin(tsv¥t[n]}-
t[n-1]*sinftsv*i[n-11));

ffn] : = (cos(tsv*t[n-1])-cos(tsv¥tin]))/tsv;

g[n] : = sin(tsv*t[n])-sin(tsv*t[n-1]}-tsv*(t[n]*cos(tsv*t[n])-
tin-1] *cos (tsv*t[n-1]};

a[n] : =a[n-1]+c[n]*d[n]+e[n}*hin];

b(n] : =b{n-13+c[n]*ff[n]+e[n]*g[n];

y[n] : =(aln]*sin(tsv*t[n])-b[n]*cos{tsv*t[n]))/(m*tsv};
end;

fori:=2tos+ldo
begin

writeln{a[i] : 12 : 8);
writeIn{b[i]: 12 : 8);
- writeln(y[i] : 12 : 8);
end:

readin;

end.

Chuong trinh PGR 2: Phuong phip s6 tinh tich phan true tiép hé 1 BTD 6 luc can
Chuong trinh niy phuc vu cho viée tinh chuyén vi, van t6c, gia t6c cha mot hé 1 BTD ¢6 luc can
trong qua trinh mot vu né.

CAc s6 liéu can nhap nhu trong PGR 1

ek kkkckkkkkkkokdkok ko kk ok kk kR Rk kk kR
Program 2 Fuong_fap so_tinh tich fan_truc_tiep_he_mot_BTD_co_luc_can;
Uises crt;
Type
mang =array[1..10] of real;

Var
a,b,c,d, e f, g h,cv, vt, gt, fimang; n,s,i:integer; kx,tsv,sgt,tsc,he,k,mreal;
Begin (*Nguoi lap trinh :Vo nhu Cau*);
Clrscr;
writeln (*he s¢ do cung");
readln (k);
writeln ('khoi luong'),
readln (m);
writeln ('ti so can');
readln (kx),
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writeln ('so doan thoi gian ');
readln (s);

writeln ('so gia thoi gian');
readIn (sgt);

writeln ('tai trong');
fori:=1tos+] do

readin (fTi));

tsv @ =sqri(k/m); he : =2*(sqrt(k*m))*kx; tsc : =tsv*sqrt(1-sqr(kx));
cv[ 1] :=0; vt[1]:=0; gt{ 1]:=0;

forn =1tos+1do

begin

e[n]: = exp(-kx*tsv*sgt); ff[n] : =c[n]*cos(tsc*sgt)+d[n]*sin(tsc*sgt);
g[n] : = din]*(tsc*cos(tsc*sgt)-kx *tsv*sin(tsc*sgt));

h[n] : = kx*tsv*cos(tsc*sgt)+tsc*sin(tsc*sgt);

aln} : = (fln+1 -f[n]M(k*sgt); b[n):=(f[n]-hc*a(n])/k;
¢[n] : = cv[n]-b[n];

d[n] : = (vt[n]-a[n]-kx*tsv*c[n])/tsc;

cv[nt+l] : = e[n]*ff[n]+b[n]+a[n]*sgt;

vt[n+1] : = e[n]*g[n]-c[n]*h[n]+a[n];

gtin+1] : = (fln+1]-hc*vt[n+1]-k*cv[n+1])/m;
end;

writefn('chuyen vi";

fori:=110s+1do

writeln{cv[i]);

writeln("van toc™);

fori:=1tos+! do

writeIn{vt[i]);

writeln('gia toc');

fori:=1tos+] do

writeln(gt[i]);

read(n;

end.

Chuong trinh PGR 3: Ma tran d¢ cimg va ma tran khoi lugng nha chiu cit nhiéu ting

Chuong trinh nay phuc vu cho viéc tinh ma tran d6 ciing va ma tran khéi luong ca nha
chiu cat nhiéu ting.

Céc s6 liéu can nhap:

1. Sé tang n
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2. M6 dun dan héi E (mbi tang)

3. Téng mod men quan tinh I (mébi tang)
4. Chiéu cao 1 (mbi ting)

5. Khéi lugng m {méi tdng)
kkkkkkkkkkkE ok kkorkkkdokkok Rk kkk ks dk

Program Ma_tran_do_cung va ma_tran_khoi_luong_nha chiu_cat nhieu_tang;
Uses crt;
Type

mang] =array[1..10] of real;

mang?2 =array[1..10, 1..10] of real;

Var n, i, juinteger; m, k, md, mq, h : mangl; mde, mkl : mangZ;

Begin (*Nguoi lap trinh : Vo nhu Cau*);
Clrscr;

writeln ("so tang');

readln(n);

writeln ('khoiluong');

fori:=l1ondo

readln (m[i]);

writeln ('mo dun dan hoi");

fori:=ltondo

readin (md[1]};

writeln ('momen quan tinh";

fori:=ltondo

readln (mq[i]);

writeln ('chieu cao tang'),

fori:=iltondo

readln (h[i]);

fori:z=1tondo k[i}:=(12*md[1]*mq[i}}/(sqr(h[i])*h{i});
fori=1tondo

forj=itondo

begin
mdc[i,i]:=k[i]+k[i+1};
mde[i,i+1]:=-k[i+1];
tf(g=i+1) then mdc[ijl:= 0;
end;

for =1 tondo

for j:=1 10 i-1 do
mdc[1,]]:=mdc[j.i];
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fori:=1tondo
forj:==1tondo
begin
if(i=j) then mkifijj:=m{i]; if(i<>j) then mkI[ij}:=0:
end:
writcln ('ma tran do cung );
fori==1tondo
for j=1tondo
writeln(mde[i,j]);
writeln ('ma tran khoi luong");
fori:=1tondo
for j:=1ton do
writeln(mklI[i,j]);
readln;

end.

readln;

end.

Chuong trinh PGR 4: Nha chiu cdt nhiéu ting chiu tic dung coa tai trong diéu hoa

Chuong trinh nay phuc vu cho viéc tinh chuyén vi clia nha chju cit nhién tang dudi tdc
dung cua tai trong diéu hoa .
Cic s6 liéu cin nhap:
1. S6 tang
2. M6 dun dan héi E (mdi tang)
3. Téng m6 men qudn tinh I (méi ting)
4. Chiéu cao (mdi ting)
5. Bién do tdi trong diéu hoa F,
6. Tan s6 tai trong diéu hoa &
e s sle st ofe sk s o ok ook sk sk ok ok e ok e o of SR ok ke ofe sfe s ofe e o ke
Program 4 Nha_chiu_cat_nhieuktangﬁ_chiu_tac_dung_cua_tai_trong_don g_dieu_hoa:
Uses crt;
Type
mt2 =array{l..10] of real;
mtl =array[1..10,1..10} of real;
Var n,ij,s:integer; bd,m,b,md,mq,h,k:mt2; a,mdc:mt]; tst,q,r;real:
Procedure GHFT(a:mtl;b:mt2; var x:mt2; n:integer);
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var  1,.k,siinteger; g,rireal ;
begin
5:=0:
REPEAT
5:=s+1;
for i:=s+1 ton do
Begin
if(a[s,s]<=0) then
q:=afs,i)/als,s];
for j:=iton do
alijl:= a[ijl-a[s.il*q ; bli]:=b[i}-b[s]*q;
End
UNTIL{(s=n -1}
x[n]:=bin)/ajn.nl;
for :=n-1 downto 1 do
Begin
r:=0;
for j-==n downto i+]1 do r=r+a[ij]*x[j];
if{a{1,i]<>0) then
x[i]:= (b[i]-r)/ a[i,i];
End;

end;

Begin (*Nguoi lap trinh :Vo nhu Cau*);
Clrscr;
writeln ('so tang');
readIn{n);
writeln ('khoiluong');
fori:=1tondo
readln (m[i]);
writcln ('mo dun dan hoi');
fori:=1tondo
readIn (mdli]);
writeln (‘momen quan tinh'y;
fori=1tondo
readIn (mqfi]);

writeln ('chieu cao tang');
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fori:=1tondo

readln (h[i]);

writein ('bien do tai trong');
fori:=1tondo
readIn(b[i]);

writeln ("tan so vong');
readln (tst);

fori:==1to ndo

begin if (sqr(h[i])*h[i]<<>0) then
k[i]:=(12*md{i]*mq(i])/(sqr(h[i])*h(i});
end;

fori:=1tondo

for j;=ito n do

begin

mdc[i,i):=k[i]+k[i+]1];
mdc[i,i+1]:=-k{i+1];
tf(j>i+1) then mde[ij]:= 0;
end:

fori:=1 ton do

for j:=1to i-1 do
mdc[i,j]:=mdc[j,i];

fori:=1 to n do

for j==ito n do

begin
a(i,il:=mdc[i,i]-m[i]*sqr(tst);
if(i<>j) then a[ijl:=mdcl[ij];
end;

for i:=1 to n do

for j:=1 to i-1 do
alij]:=alj.ij;

(*Goi chuong trinh con de giai he fuong trinh*);
GHFT{(a,b,bd,n);

writeln ('bien do dao dong");

fori:=I ton do

writeIn{bd[i]);

readln;

end.
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Chuong trinh PGR 5: Nha nhiéu tang chiu tic dung cua gia toc khong doi & mong
Chuong trinh nay phuc vu cho viéc tinh céc chuyén vi tong déi giita san v moéng tai
cdc thdi diém khédc nhau trong mot nha chiu cit nhiéu ting dudi tic dung cia gia téc
khong d6i & nén méng.
Céc s6 licu can nhap:
1. SO tang
2. Tri s6 gia toc
3. Tan s6 vong
4. Kheéi lugng
5. S6 quiing thai gian S
6. S6 gia thoi gian At
e e e e e ke s ok ke sk ok s b Aok kel ol ke ook R ke ke kel e e e e
Program 5 Nha_nhieu_tang_chiu_tac_dung_cua gia toc khong doi_o_mong;
Uses crt;
Type

mt2 =array[1..20] of real;

mt] =array[1..20,1..20] of real;
Var n,ij.sk,pinteger; bd,m,b,tsv,fgl,g t,x:mt2; amdm,vtr,fi,u:mti;

gt.sgtircal;

Begin (*Nguoi lap trinh :Vo nhu Cau*);
Clrscr:

writeln ('so tang");

readin(n);

writeln ('so doan thoi gian');

readln(s);

writeln ('so gia thoi gian');

readIn{sgt);

writeln ('gia toc');

readln{gt);

writeln ('khoi luong"),

for ;=1 tondo

readin(m[i]);

writeln ('tan so vong'y,

fori:=1 ton do

readIn(tsv[i]);
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writeln ('ma tran vec to rieng’);
forj:=Itondo
fori:=1tondo
readln{vtr{i j]);

forp=2tostl do t{pl:=(p-1)*sgt; 1[l1]:=0;
for j:==1 ton do

begin f[}]:=0;

for k=1 tondo

flil:= flj]+m[k]*sqr(ver[k,j1);
end;

forj=l tondo x[j]:=sqrt(f[j]);
for =1 tondo

fori:=I ton do

filagli=vtrfi jVx[j];
fori:==1tondo

begin gl[i]:=0;

for =1 ton do
al[i]:=gl(i]-m[j*fil}.iJ

end;

fori:=1 to n do
gli)=gvsqr(tsv[il);

for i:=1 to n do

for p;=1to s+1 do
ulipJ=elj1*filij]*elil*(1-costtsv[i]*[p));
writeln ('chuyen vi tuong doi');
fori:=1 ton do

for p:==1 to s+1 do
writeln(u[i.p]);

readln;

end.

Chuong trinh PGR 6: Ma tran d¢ ciimg va ma tran khoi luong cia dam

Chuong trinh ndy phuc vy cho viéc xdc lap ma tran do cing va ma trin khéi hrgng
cua dam.

Cic 6 liéu cdn nhap:

1. S& thanh st

2. 86 bac tur do sbt
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3. M6 dun dan héi E (mdi doan dam)
4. M6 men quan tinh I (mdi doan ddm)
5. Dién tich A (mdi doan dam)

6. Chiéu dai (ting doan ddm)

7. Khéi lugng phan b m

EEEE S EE L SR E L AL LR S ]

Program 6 Ma_tran_do_cung_va_ma_tran_khoi_luong_cua_dam;
Uses crt;

Type mtl= array[1..10,1..10 ] of real ; mi2= array[1..10] of real ;

Var 1j,k.p,sn,st,sbttbt:integer; d1, d2, d3, d4:array[1..10] of integer;
z, ml, m2, m3, m4, m5, mé, cl, c2, c3, ¢4, cd, cd3, dt, mq, e, y, virl, al, a2, a3, ad, a5,
a6,a7,a8,a9,a10,b1,b2,b3,b4,b5,b6,b7,b8,b2,b10,kfbo:mt2;
s.n.a,ub,ximtl;
tt,gtrbn.c:real;

Begin  clrser;

{(*Nguoi lap trinh :Vo nhu Cau*);
writeln('nhap so thanh');
readln(st);

writeln('nhap so BTD co chuyen vi'};
readIn{sbt);

writeIn{'nhap chieu dai ');

for i:=1 to st do readIn(cd[i]);
writeln{"dien tich');

for 1:=1 to st do readIn(dt[i]);
writeIn{'nhap momem quan tinh");
for i:=! to st do readln{mq[i]);
writeIn('nhap modun dan hoi');
for i:=1 to st do readIn{e[1]);
writein('nhap BTD d17);

tor i:=1 to st de readin{d1[i]);
writeln('nhap BTD d2";

for i:=1 to st do readIn(d2[i]);
writeln('nhap BTD d3");

for i:=1 to st do rcadln{d3[i]}
writcIn{'"nhap BTD d4');
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fori:=1 to stdo readIn(d4{i]);
writein(’ khoi luong fan bo');
for i:=1 to st do readIn(kfb[i]);

{(*Ghep cac MTDC rieng*);
fori==1 to stdo
begin
cd3[i]:=sgr{cd[i])*cd[i];
if({(cd3[i]<0)and(sqr(cd[i]}<>0)and(cd[i]<>0)) then
begin
clfiJ:=12*e{i]*mq[ij/cd3[i]; ¢2[i]=6*¢[i]*mq]i}/sqr(cd[i]);
c3[i]:=4*¢[i]*mqli)/cd[i}; c4[i]:=2*¢[i}*mgq[i}/cd[i];
end;
al[i]:=c1[i]; a2[i]:=c2[i];a3[i]:=-c1{i]; ad[i}:=¢2[i]: a5[i]l=c3[i};
-ab[i]:=-c2[i]; a7[i]:=c4[i]; a8[i]:=c1[i); a9[i]:=-c2[i]; alofi):=c3[i];

sid1[i],d[i]):=s[d1[i},d1[i]]+al[i];
s[di[i],d2[i]j:=s[d1[i],d2[i]]+a2[i};
sld 1 {iL,d3(i)]:=s{d1[i.d3[i]}*+a3[i];
s[d1[i],d4[i}]:=s[d1[i],d4fi]]+ad[i];
s[d2[i],d2[i]):=s[d2[i),d2[i}]+a5[i];
s[d2[i],d3[i]):=s[d2[i],d3[i]]+a6[i];
s[d2{1],d4[i]]:=s[d2[i],d4[i]]+a7[i};
s[d3[i).d3[i]):=s[d3[i],d3[i]}+-a8]i];
s[d3[i],d4{i]]:=s{d3[i),d4{i]]+a9[i];
s[d4[i].d4[t]]:=s[d4[i].d4[i}]+al0[i];
end;

Tor i:=1 to sbt do

forj=1toi-1 do mlij]:=m[},i];

writeln ('ma tran do cung');
for ir=1 to sbt do

for ;=1 to sbt do
writeln(s[i§]);

writeln ("'ma tran khoi luong');
for i:=1 to sbt do

for j:=1 to sbt do
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writeln(m[ij]);
readin;
end.

Chuong trinh PGR 7: Ma tran do ciimg clia khung

Chuong trinh ndy phuc vu cho viéc xac 1ap ma tran d6 cing cua khung phang
1. 56 thanh st

2. 86 bac ty do sht

3. Mo dun dan héi E {cho méi thanh)

4. M6 men quén tinh I {(cho méi thanh)

5. Dién tich A (cho méi thanh)

6. Toa d6 x, y & mébi ddu thanh

7. 86 thit tw BTD d,, d,, ds, d,, ds, di (g v6i mbi thanh)

0 Aok ok ok ok ke ok ok ok ok ok ok ok ko kol sk sk ok kb ko ok ok ok ok k

Program 7 Ma_tran_do_cung_cua_khung;
Uses crt;
Type
mtl=array[1..10,1..10 ] of real ; mt2= array[1..10] of real ;

Var i,j,k,p,sn,st,sbt,tbt,n:integer; d1,d2,d3,d4,d5,d6:array{1..10] of integer;
cl,c2,c3,c4,c5,c6,c7,cd3,mq,gl,82,83,24,cd.dt.e,y,vtrn,l,mm,
x1,x2,y1,y2,al,a2,a3,a4,a5,a6,a7,a8,a%,al0,al l,al2,al3,al4,al5,al6,al7,
al8,a19,a20,a21,b1,b2,b3,b4,b5,b6,b7,b8,b9,b10,b11,b12,b13,b14,b15,
b16,b17,b18,b19,b20,b21 kib,u:mt2;
s,m,me,me,r,a,b.tte,ximtl;
tt,gtrin,c:real;

Begin - clrser;

(*Nguoi lap trinh :Vo nhu Cau*);

writeln('nhap so thanh");

readln(st);

writeln{’nhap so BTD co chuyen vi');

readin{sbt);

writein('nhap toa do x17;

for i:=1 to st do readIn(x1]i]);

writeIn{'nhap toa do x2');

fori:=1 to st do readIn{(x2[i]);

writeln{'nhap toa do y1";
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fori:=1 to st do readln(y1[i]);
writeln('nhap toa do y2');
fori:=1 1o stdo readln(y2{i]);
writeln('nhap dien tich");
fori:==1tostdo readin(dt[i]);
writeIn('nhap modun dan hoi");
for i:=1 to st do readIn(e[i]);
writeIn('nhap momen quan tinh');
for ;=1 to st do readin(mq[i));
writeln('nhap BTD d1');
fori=1to stdo readln(d1[i]);
writeIn('nhap BTD d2%;

for ;=1 to stdo readIn(d2[i]);
writeIn('nhap BTD d3');

tor i:=1 to st do readIn(d3[i]);
writeIn('nhap BTD d4");

for i:=1 to st do readIn(d4[i));
writeln('nhap BTD d5");

for i:=1 to st do readIn{dS[i]);
writeln('nhap BTD d6";
foriz=1 to st do readln(d6[i]);

{*Ghep cac MTDC rieng*);

for i:=1 to st do

begin
cd[i}:=sqre(sqr(x2(il-x [i]y+sqr(y2[i)-y 1[i]));
INT:=(x2[i]-x 1[i])/cd]i]; mm[1]:=(y2{i]-y 1{i])yed(i];
cd3]i):= sqr(cd[i]y*cdli];
if({(cd3[i]<>0) and (cd(i]<>0)) and (sqr(cd[i])<>0)) then
begin
gli]=12%e[i]*mq[i)/cd3{i); g2fil:=6*e[i]*mq[i}/sqr(cd[i]);
g3[i]:=dt[i}*e[i]/cd[i}; gd[i):=e[i|*mq[i)/cd(i];
end;
clfij=g3[il*sqr(I[il+g1{i]*sqr(mml[i});
c2[i]:=(g3[il-g 1 [ID*1[i)*mmli]; e3[i]:=g3[i]*sqr(mml[i])+g| [i]*sqr(Ii});
cAlil=g2(it*mm(i]; cS[i)=g2[i]*1[i]; cbli]:=a*gd[i]; cT[i}:=2*g4[i];
al[il:=cl[i]; a2[i]:=c2[i]; a3[i):=c4[i]; ad{i]:=-c1i]; as[i}=-c2[i];
ab[i]:=cd[i}; a7[i}:=c3[i]; a8[if:=-c5[i];a%[i]:=-c2[i]; al O[i]:=-c3[i];
al1[1}:=-c5[i]; al 2[i]:=c6[i}:al3[i]:=-c4[i}; ald[i]:==c5[i];
al5[if:=c7[il;al 6[i):=cl[i]; al 7[i]:=-c2{i]; al8[i):==-c4[i];
al9[i]:=c3(il; a20(il:=c5[i];a2[i):=c6[i];



s[d1{il,d1[i]}:=s[d1[i],d1{i]]+al]i];
sfd1{i],d2[i]}:=s[d1[i],d2[i]}+a2[i];
sfd1{i),d3[i]]:=s[d1[i],d3[i]]+a3[i];
sfd1{i],d4[i]]:=s[d1[i],d4[i]]+ad[i];
s[d1[i],d5[i]]):=s[d1[1],d5[i]]+a5]i];
s|d1[i],d6[i]]:=s[d]1[i].d6[i]]+aé[i];
s[d2[i),d2[i}]:=s[d2[i],d2[i]]+a?[i];
s[d2[i],d3[1]]:=s[d2[i},d3[i]]+a8[i];
s[d2[i],d4{i]]:=s[d2[i],d4[i]]+a9(i];
s[d2[i},d5[i]]=s{d2[i],d5[i]]+al0[i];
s[d2[i],d6[1]}-=s[d2[i],d6[i}]+al 1[i];
s[d3{i],d3[i]]:=s[d3[i].d3[1]]+al2[i];
s{d3[i],d4[i]]:=s[d3[i].d4[i]]+al3[i];
sfd3[i],d5[i]]:=s[d3[i],d5{i]] tal4[i};
s[d3[i],d6[i]]:=s[d3[i],d6[i]]+a15[i];
s[d4[i],d4[i]]):=s[d4[i],d4[i]] +al6(i];
s[d4[i],d5[i]]:= s[d4[i],d5[i]]+al 7[i}
s(d4[i],d6[i]]:=s[d4[i],d6[i]}+al18]i];
s[d5[i],d5[i]):=s[d5[i],d5[i]}H+al9[il;
s[d5[i],d6[i]):=s[d5[i],d6][i]]+a20[i];
s[de6[i],d6[t]]:=s[d6[i].d6[i]]+aZ1]i];
end;
for i:=1 to sbt do
for j==1toi-1 do s[ij]=s[j,i];

writeln("'ma tran do cung'),
for 1:=1 to sht do

for j:=1 to sbt do
writeln(s[i j]);

rcadin;

end.

Chuong trinh PGR 8: Ma tran khéi lugng ceéa khung

Chuong trinh nay phuc vu cho viéc xdc 1ap ma tran khéi lugng cha khung phing:
Cic s6 lieu can nhap:

1. S6 thanh st

2. 506 bac tur do sbt

3. Khéi lugng phan b6 m
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4. Toa do x, y & mdi ddu thanh
5. 86 tha tw BTD d,, d,, d,, d,, ds, d, ({ing v&i méi thanh)

ook o o o e ofe b o o o o8 e 3K ok s e ok s s ok e o s ofe o sfe e ofe d o o ok e ke ik

Program 8 Ma_tran_khoi_luong_cua_khung;
Uses crt;
Type
mtl= array(1..10,1..10 ] of real ; mt2= array[1..10] of real ;

Var i,j,k,p,sn,st,sbt,tbt,n:integer; d1,d2,d3,d4,d5 d6:array[1..10] of integer,
cle2,c3,04,e5,c6,c7,cd3,mq.gl,g2,23,24,cd dt,e,v,virn, | mm,
x1,x2,y1,y2,al,a2,a3,a4,a5,26,a7,a8,a9,a10,al 1,al 2,al3,al4,al5,al6,a17
al8,a19,a20,a21,b1,b2,b3,b4,b5,b6,b7,b8,69,b10,b11,b12,b13,b14,b15,
b16,b17,b18,b19,b20,b21,kfb,u:mt2;

§,m,me,me,r,a,b,tic,x:mtl;

[l

tt,gtrin,c;real,;
Begin  clrser;(*Nguoi lap trinh :Vo nhu Cau*);
writeln{'nhap so thanh");
readin(st);
writeln(’so BTD co chuyen vi');

readIn(sht);

writeln('nhap BTD d1");

for =1 to st do readin(d1[i]);
writeln{'nhap BTD d2");

for i:=1 to st do readIn(d2[i});
writeln('nhap BTD d3");

for i:=1 to st do readln(d3[i]);
writeln('nhap BTD d4");

for i:=1 to st do readln(d4{i]);
writeln('nhap BTD d5");

for i:=1 to st do readIn{d5[i]);
writeln('nhap BTD d6");

for iz=1 to st do readln(d6[i]);
writeln('toa do x1);

for =1 to st do readIn(x1[i]);
writeln('nhap toa do x2');

for i:=1 to st do readin(x2[i]);
writeln('nhap BTD y19);

for i:=1 to st do readIn{y1{i]);
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writeln('"nhap BTD y29;
fori:=1 to st do readin{y2[i]}
writeln('khoi luong fan bo');
for i:=1t0 2 do readin(kfb[i]);

(*Ghep cac ma tran khoi luong rieng *)

for k:=1 to st do
begin

cd[kJ:=sqrt(sqr(x2[k]-x 1 [k}y*+sar(y2(k]-y1 [K]));

Ik [:=(2(k]-x1[k])/ed[k]; mm{k]:=(y2[k]-y1[k])/cd[k];

for i:=1 to 6 do

for j:=1 to 6 do

begin t[1,1]:=1[k]; t[1,2]:=mm[k]; t[2,1];:=-mm[k]; t{2,2]:=I[k];

t[3.3]:=1:1[4,4):=1[K]; t[4,5]:=mm[k]; t[5,4]:=-mm([k]; t[5,5]:=I[K];

t{6,61:=1;

end:

u[k]:=kfb[k]*cd[k]/420;

fori:=1te6do

for ji=ito 6 do

begin me(1,1]:=140%u(k]; me[1,4]:=70*ulk];
me[2,2]:=156*u[k]; me[2,3]:=22*cd[k]*ulk]; me[2,5]:=54*u[k];
me[2,61:=-13*cd[k]*u[k]; me[3,3]:=4*sqr(cd[k])*u[k];
me[3,5]:=13*cd[k]*u[k]; me[3,6]:=-3*sqr{cd{k])*ulk];
me[4,4]:=140*u[Kk]; me{5,5]:=156*ufk}; me[5,6]:=-22*cd[k]*u[k];
me[6,6]:=4*sqr(cd[k])*u[k!;

end;

for i:=1 te 6 do
forj=ltoi-ldo  me[ij]=me[j,i];
fori:==1to 6 do
forj=lto6do  tc[igl:=t[j,i];
fori:=1to 6 do
for j=1to 6 do
begin
r[i,jl:=0; for p:=11to 6 do r[i,j]:=r[i,j]+te[i.p]*melp,];
mc{i,j]:=0; for p:=1 to 6 do me[i,jl:==me[t,j]+r[i.p]*t{pJ]:
end;
for=1to 6 do
for j:=1to 6 dO
begin
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end;

bl[k}:=me[1,1]; b2[k}:=mc[1,2]; b3[k]:=mc[1,3]; ba[k]:=me[1,4];
b5(k]:=me[1,5]; b6[k]:=mc[1,6]; b7[k]:=mc[2,2]; b8[k]:=me[2,3];
b9[k]:=mc[2,4}; bl10[k):=mc[2,5]; b11 [k]:=m¢[2,6];b12[k]:=mc{3,3];
b13[k]:==mc[3.4]; bt4[k]:=me[3,5]; b15[k]):=mc[3,6]; b16[k]:=mc[4,4];
b17[k]:=me[4,5]; b18[k]:=mc[4,6]; b19]k]:=me[5,5]; b20[k]:=me[5,6];

b21[k]:=mc[6,6];

end;
m[di[k],d1[k]]:==s[d1(kLd1[k]]+bI[K];
m[d1[k],d2[k]]:=m[d1[k],d2[k]]+b2[k]:
m{d1[k],d3[k]}:=m{d 1[k],d3[k]]+b3[k]:
m[d1[k],d4[k]]:=m[d 1[k],d4[k]}]+b4[k]:
m(d1[k],d5[k]]:=m[d1[k],d5[k]]+b5[k];
m[d1l[k],d6[k]]:=m[d][k],d6[k]]+b6][k];
m[d2[k}.d2[k]}:=m[d2[k],d2[k]]+b7[k];
m[d2[k],d3[k]]:=m[d2[k},d3[k]]+b8[k];
m[d2[k],d4[k]]:=m[d2[k],d4[k]]+b9[k];

m[d2[k}dS[k]J:=m[d2[k],dS[k]]+b10[k];
m[d2(k].d6[k)]:=m[d2{k],d6{k]]+b1 1[k];
m[d3[K],d3[k]]:=m[d3[k].d3[k]]+b12[k];
m([d3[k).d4[k]]:=m[d3[k],d4[k]]+b13[k];
m[d3[k],d3[k]}:=m[d3{k],dS[k]]+b14[k];
m[d3[k],d6[k]]:=m[d3(k],d6[k]]+b15[K);
m[d4[k],d4[K]):=m[d4[k],d4[k]]+b16[k];
m{d4[k},d5{k]}:=m[d4{K],d5[k]]+b17[k];
m[d4[k],d6[k]]:=m[d4[K],d6[k}]+b18[k];
m[d5[k),dS[k]):=m[d5[k].dS[k]]+b19[k]:
m{d5(k],d6[k]]:=m[d5[k].d6[Kk]]+b20[K];
m[d6[k].d6[K)}:=m{d6[k],d6[K]}+b21[K];

for =1 to sbt do
forj:==1toi-1do  mli,jl:==m[j,i];

writeIn('ma tran khoi lucng');
for i:=1 to sbt do

for ;=1 to sbt do
writeln(m[ij]);
readln;

end.
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Chuong trinh PGR 9: Ma tran do cing va ma tran khdi lugng ctia hé dam truce giao
Chuong trinh nay phuc vu cho viéc xdc 1ap ma tran d¢ ciing va ma tran khéi luong cia
hé dam truc giao.

Cac 50 liéu can nhap:

. 86 thanh st

. 86 bac tu do sbt

. M6 dun dan héi E (cho méi thanh)

. Dién tich A (cho méi thanh)

. Mo dun truot G (cho mdi thanh)

. M6 men quén tinh I (cho méi thanh)

. M6 men quén tinh doc cuc I, {cho mébi thanh)

. Mé dun xoédn J

R0~ S b s W —

. Khdi lugng phan bé m
10. Toa do x, y & mbi ddu thanh
11. S5 thit ty BID d,, d,, d,, d,, d, d, (tmg v6i méi thanh)

s e 3 o e S e e ek e ok s e kol e s ke e e e ok ofe e o ok ofe s ok o o R kel ke ke e

Program 9 Ma_tran_do_cung_va ma tran khoi_luong_cua_he _dam_truc_giao;
uses crt;

type mtl=array[1..20,1..20] of real; mt2=array[1..20] of real;
mt3=array[1..10] of integer,

Var i, k,sn,sbn,st.sbt,tbt,w,p:integer;

I,mm,cd3,xx1,xx2,yy1,yy2 kfb,e,mq,mqe,cd,dt,mt,al a2,a3,a4,a5,a6,a7,a8,a9,
al0,all,al2al3,al4,al5,a16,a17,a18,a19,a20,a21,bl,b2,b3,b4,b5,b6,b7 b8 b9,
b10,b11,b12,b13,b14,b15,b16,617,b18,619,b20,b21,u,v,cd2,mx:mt2;
d1.,d2,d3,d4,d5,d6,ab,e.d x1,x2,x3,x4,x5,x6,¥1,¥2,y3,y4,y5,y6,tgd:mt3;
s,m,se,me,s¢,me,t,te,rmmtl;

begin clrser;

(*Nguoi lap trinh:Vo nhu Cau*),
writeln('nhap so thanh');
readln(st);

writeln('nhap so bac tu do co chuyen vi');
readln(sbt);

writeln("'nhap toa do x1");

for i:=1 to stdo readIn{xx![i]);
writeln('nhap toa do x2');

for i:=1 1o st do readln{xx2[1}]);
writeIn{'nhap tea do y1');

for i:=1 to st do readln(yy1{i]);
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writeln('nhap toa do y2);

fori:=1 to st do readIn(yy2[i]);
writeln{’nhap modun dan hoi");
fori:=1to stdo readln(e[i]);
writeln('nhap dien tich');

fori:=1] tostdo readln(dt[i]);
writeIn('nhap mo men quan tinh doc cuc’);
for =1 to stdo readIn(mqc[i]);
writeIn{'nhap mo men quan tinh *);
for i:=1 to st do readln(mgq[i]);
writeln('nhap mo dun xoan');
fori:=1 to st do readIn(mx[i]);

writeln('nhap mo dun truot);

for =1 tostdo readln(mt[i]);

writeln('khoi tuong fan bo";

fori:=1 to st do readIn(kfb[i]):
writeln('d1"); for i:=1 to st do readin(d1[i]);
writeln('d2"; for i:=1 to st do readIn({d2[i]);
writeln('d3"); for i:=1 to st do readIn(d3[i]});
writeln('d4"); for i:=1 to st do readln{d4[i]);
writeln("d5"); fori=I to st do readIn{d5[i]);
writein('d6"); for i:=1 to st do readin(d6{i]);

for k:=1 to st do

begin
cd[k}:=sqrt(sqr(xx 1 [k]-xx2[k])+sar(yy 1 {k]-yy2[K])):cd2[k]:=sqr(cd[k]):
I[k]:=(xx11k]-xx2[k})/ed]K];

mm{k]:=(yy I [k]-yy2{k])cd[k];

cd3[k]:= cd2[k]*cd[k];

fori:=1 to 6 do

forj:=i10 6 do

begin

if({(cd3[i]<>0) and (cd[i]<>0)) and (sgr(cd{1})<=0)) then

begin

ulk]:=e[k]*mq[k]/cd3[k];se[1,1 ]:=(mx[k]*mt[k]*cd2[k]f(e[k]*mq[k]))*u[k];
se[1.4]:=-se[1,1]):se[2,2]:=4*cd2[Kk] *u[K]; se[2,3]:=-6*cd[k]*u[k];se[2,5}:=
2*cd2[k]*u[k];sc[2,6]:=6*cd[k]*u[k];se[3,3]:=]2*u[k]; se[3,5]:=sef2,3];
sc|3,6]:=-se[3,3];s¢[4,4]:=se[1,1]; se[5,5]:=s¢[2.2]; se[5,6]:=-se[2,3];
se[6.6):=se[3,3];
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end;
end;

end;

for i:=1 to 6 do

for j:=1 to i-1 do

sefi,g]:=se[},i];

(*ma tran do mem trong he tua do cuc bo *)

for k:=1 to st do

begin

for i:=1 to 6 do

for j:=ito 6 do

begin

if(sqr(dt[i])C‘-O) then

begin

v[k]:=kfb[k]*cd[k}f420;

me[l,1]:=(1 40*ch[k]fdt[k])*v[k]; me(1 ,4]:=(?0*ch[k]/dt{k})*v[k];
me[2,2]:=4*cd2[k}*v[k];me[2,3]:=22*cd[k]*v[k];me[Z,S}:=-3*ch[k}*v[k];
me[2,6]:=l3*cd[k}*v[k];me[3,3}:= 156*v[k];
me[3,5]:=-me[2,6];me[3,6]:=54*v{k}; me{4,4]:=me[1,1];
me[S,S]:=me{2,2];me[5,6}:=~mc[2,3]; me[6,6]:=me[3,3];

end;

end;

end;

fori:=1to 6 do

forj=1toi-1 do

meli,jl:=me[j,i]

(*ma tran bjen doi*);

for k:=1 to st do

begin

fori:=1to 6 do

for j==1to 6 do

begin t{1,1]:=1[k]; t[1,2]:==mm[k]; t{2,1]):=-mm[k]; t{2,2):=1{k];
t[3.3):=1; t[4,4]:=1{k]; t4,5]:=mm(k); t[5,4}:=-mm{k]; t(5,5):=1[k];
t[6.6]:=1;

end;
end;
for j:==1 to 6 do
fori==1to 6 do

teftjl:=t{ij);
for k:=1 o st do
begin
fori:=1to 6 do
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for j:=1to 6 do

begin

r[i,j]:=0; for p:=1to 6 do rig]:=r[i,jl+tcfi,p]*se[p.j];

end;

fori:=1to 6 do

for j:=1to0 6 do

begin

sclij]:=0; for p:=1 to 6 do seliy]-=selij]+ri,p]*t[pik
end;

end;

for k:=1 to st do

begin

for i:=1 to 6 do

for j:==1to 6 do

begin

r[i,j]:=0; for p:=1 to sbt do rlij]-=r(ij]+te[i,p)*me[p,j];
end;

for i:=1 to 6 do

for j:=1 to 6 do

begin

mc{i,j]:=0; for p:=1 to sbt do me[ri]:=sclij]+rfi,pl*t[p,i};
end;

fori:=1 to 6 do

for j:=i to 6 do

begin
a][k]:=sc[],l];a2[k]:=sc[],2];a3[k]:=sc[l,3];a4[k}:=sc[],4];
aS[k]:=sc[1,5);a6[k]:=sc[1,6]; a7[k]:=sc{2,2];a8[k]:=sc[2,3];
a9k]:=sc[2,4]; al0[k]:=sc[2,5]; al I(k}:=sc[2,6]; a12[k):=s¢[3,3];
al3[k]:=sc[3,4]; al4[k]:=sc[3,5]; al S[k]:=sc(3,6]; al6[K):=sc[4,4);
al7lk]:=sc[4,5):a18[k]:=sc[4,6]; al 9(kj:=sc[5,5];a20[k]):=s¢[5,6]:
a2l|k]:=sc[6,6];

end;

end;

(*ma tran do cung trong he toa do tong the*);

for k:=1 to st do

begin

s{d1[k].di[k]]:==s[d1[k],d1{k]]+al[K];
s[d1[k],d2{k]]:=s[d1[k],d2[k]]+a2][K];
s[d1[k],d3[k]]==s[d1[k],d3[k]]+a3[K];

s[d1[k].d4[k]]:=s[d I[k],d4[k]]+a4[k];

s[dI[k].d5[k]j:=s[d 1[K],d5[k]]+a5[K];
s[d1[k].d6[k]]:==s[d1[k],d6[k]]+a6[k];
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sjd2{k],d2[k]]:=s{d2(k],d2{k}]+a7[K];
s[d2[k],d3{k]]):=s[d2[k],d3[k]]+a8{k]:
s[d2(K],d4[k]]:=s[d2[k],d4[k]]+aO[k];
s[d2[k],d5{k]]:=s[d2[k],d5[k}]+al0(k];
s[d2[k].d6[k]]:=s[d2[k],d6[k]]*+al1[k];
sfd3[k],d3[k}]:=s[d3[k].d3[k]]+al 2[K];
s|d3[k),d4[k])-=s[d3[k],d4[k]}]+al3{k];
s[d3[k].d5[k]]:=s[d3[k].d5[k]]+al4[K];
s[d3[k],d6{k]}:=s[d3(k].d6[k]]+al S[k];
s[d4k].d4[k]):=s[d4lk].d4[k]]+al6[K];
s[d4[k].d5[k]]:=s[d4[k].d5[k]]+al 7[K];
s[d4[k],d6[k]}:-=s[d4[k],d6[k]]+al B[k];
s[d5[k],d5[k]]:=s[d5[k],d5[k)}+al9(K];
s[d5[k],d6[k]]:=s[d5[k],d6[k]]+a20(k];
s{d6[k],d6{k]j]:=s[d6[k],d6(k]]+a21[k};
end:

fori:=1 to sbt do

for j>=1 to i-1 do

s[ij):=s[i];

for k:=1 to st do

begin

fori:=1 to 6 do

forj:=1to 6 do

begin

r[i,j]:=0; for p:=1 to sbtdo r[ij]:=r[i4}+tci,p]*me[p.i];

end;

fori:=1 to 6 do

for ;=110 6 do

begin

mcf{i,j]:=0; for p:=1 to sbt do mc{ijl:=mc[ij}+r[i,p]*t[p.];

end;

for:=1to6do

for j:=ito 6 do

begin
bl[kl:=me[1,1}:b2[K]:=mc[1,2];b3[k]:=me[1,3]};b4[k]:=mc[1,4];
b5[k]:=mc[1.5];b6[k}:=mc[1,6]; b7[k]:=mc[2,2];b8[k]:=mc[2,3];
b9{k]:=mc{2,4]: b10[k]:=mc[2,5]; bl11[k]:=mc[2,6]; bI12[k]:=mc[3,3];
b13[k]:=mc[3,4]; b14[k]:=mc[3,5]; b15[k]):=mc[3,6]; b16[k]:=mc[4,4];
b17{k]:=mc[4,5];b18{k]:=mc[4,6]); b19[k]:=me[5,5];b20[k]:=mc][5,6];
b21[k]:=mc[6,6];

end;
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end:

(*ma tran khoi luong trong he toa do mem tong the*);

for k:=1 to0 st do

begin
m{d1[k],d1[k]]:=s[d1[k],d1[k}]+b1[K];
m[d1[k},d2[k]]):=m[d1[k],d2[k]]+b2[k];
m[d1[k],d3{k]]:==m[dl [k],d3[k]]+b3][k];
m{d1{k],d4[k]]:=m[d1[k],d4[k]]+b4[Kk]:
m[d1{1].d5[k]]:==m[d1[k],d5[k]]+b5[k];
m[d1[k],d6[k]]):=m[d1[k],d6[k]]+b6][k];
m[d2[k],d2[k]]:=m[d2{k],d2{k]]+b'?[k];
m{d2[k],d3[k]]:=m[d2[k],d3[k]]+b8[Kk]:
m[d2[k],d4[k]}:=m[d2[k],d4[k]]+b9[K];

m[d2(k].d3[k]):=m[d2[k],d5[k]}+b10[k];
m[d2[k],d6{k]]:=m[d2{k),d6[k]]+b11[k];
m{d3{k].d3[k)]:=m[d3[k],d3[k]]+b12[k]:
m[d3[k],d4[k]):=m[d3[k],d4[k]}+b13[K];
m(d3(k].d5{k]):=m[d3(k],dS[k]]+b14{k];
m[d3[k],d6[k]}:=m[d3[k],d6[k]}+b15[K];
m{d4{k].d4[k]]:=m{d4[K].d4[k]]+b1 6[K];
m[d4[k],d5[k]]:=m[d4[k},dS[k]]+b17{k];
m[d4[k].d6[k]}:=m[d4[Kk],d6[k]]+b18[k];
m{d5{k],d5[k]]:=m{d5[k],dS{k]]+b19[k];
m[d5[k].d6[k]]):=m([d5[k]).d6[K]]+b20[K]:
m([d6[k].d6[k)}:=m[d6[k],d6[k]]+b2 1 [k];

end;

for i:=1 to sbt do
forj=1toi-]1 do
m[i,jl:=m[j,i);

writcIn('ma tran do cung tong the";
for i:=1 to st do

fori==1 to 6 do

for j:=1t0 6 do

writeln(se[ij]);

writeIn{'ma tran khoi luong tong the');
for i:=1 to st do

for =110 6 do

forj:==ito 6 do

writeIn(me[ij]);

readln;

end,
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Chuong trinh PGR 10: Ma tran do cing va ma tran khoi luong céa gian phing

Chuong trinh nay phuc vu cho viéc xdc lap ma tran do cling va ma trdn khéi luong cua
gian phéang.

Cic s6 liéu can nhap:

1. S6 thanh st

2. 86 bac tu do sbt

3. M6 dun dan hoi E (cho méi thanh)

4. Dién tich A (cho m6i thanh)

5. Khéi luong phan bd (chio méi thanh)

6. Toa do X, y & moéi diu thanh

7.S6 thit tu BTD d,, d,, d,, d,, (tng v6i mbi thanh)

s ook ook o ok K ok o sk sk ok kR sk ok ok ok sk ko e ok Rk kR ok R ok kR ko Kk

Program 10 Ma_tran do cung_va_ma tran_khoi_luong_cua gian_fang;

Uses crt;

Type
mtl= array[1..10,1..10 ] of real ; mt2=array[1..10] of real ;

Var ij.k,p.sh,st,sbt,tbt,n:integer; d1,d2,d3,d4:array[1..10] of integer;
cd.dt,),mm,x1,x2,v1,y2 kfb,e,u,al,a2,a3,a4,a5,a6,a7,a8,a9,a10,b1,b2,
b3.b4,b5,b6,b7,b8,b9,b10:mi2;

s.m,se.t,te,r,sc,me mtl;

Begin  clrscr;

{(*Nguoi lap trinh :Vo nhu Cau*);
writeln('nhap so thanh');
readln(st),

writeln('nhap so BTD co chuyen vi');
readin(sbt);

writeln{'toa do x1");

for i:=1 to st do readln(x1i});
writeln{'toa do x2");

for i:=1 to st do readin(x2[i]);
writeln('toa de y1');

for i:=1 to st do readIn(y1[i]);
writeln(‘toa do ¥2';

for i:=1 to st do readIn(y2[il);
writeln('nhap dien tich');

for i:=1 to st do readln(dt[i]);
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writcIn('nhap modun dan hoi');
for =1 to st do readlIn(e[i]);
writeln('nhap BTD d1%;

for :=1 to st do readin(d1[i]);
writeln('nhap BTD d2";

for =1 to st do readin(d2[i]);
writeln('nhap BTD d3');

for i:=1 to st do readln(d3[i]);
writeIn('nhap BTD d4';

for i:=1 to st do readln(d4[i]);
writeln('khoi luong fan bo');
for i:=1 to st do
readln(kfb[i]};

for k:=1 to st do

begin

cd[K]:=sqrt(sqr(x2[k]-x1 [K])y+sqe(y2[k]-y 1 [k]));
HkI=(x2[kj-x1[k])/ed[k];

mm{K]:=(y2(k}-y} [K])/ed[K];

end;

(*ma tran do cung trong he toa do cuc bo*);

for k:=1to stdo

begin

tf{(cd[i])<>0) then

begin

ulk]:=e[kj*dt[k]/cd[k];

al(kj:=sqr(i[k])*u[k]; a2{k):=i[k*mm(k]*u(k]; a3[k]:=-al[K];
ad[k]:=-a2(k]; a5[k]= sqrimm([k])*u[k]; a6[k]):=-a2[k]:
a7{k]:=-a5(k]; a8{k):=al[k]; a%9lk]:=a2[k];
alO{k):=a5fk];

end;

s[d1fk],dl[k]]:=s[d1[k].d1[k]]+al[K];
s{d1[k],d2[Kk)]:=s[d1[k],d2[Kk])]+a2[K];
s[d1[k].d3[k]]:=s[d1[k],d3[k]]+a3[K];
s[d1[k},d4[K)}=s[d1{k],d4[k]]+ad[K];
sfd2{k],d2[k]]:=s[d2[k],d2[k]]+a5[K]:
s[d2[k].d3{k]}:=s[d2[k].d3[k]]+a6(k);
s[d2[k].d4[k]]:=s[d2[k],d4[k]]+a7[K]:
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s[d3[k].d3[k]}:=s[d3[k].d3[k]j+aB[k];
s{d3(k],d4[k]]:=s[d3[k],d4[k]]+a9[k];
s[d4[k},d4{k]):=s[d4{k].d4[k]}+al0[K];

end;

for i:=1 to sbt do

for j:=1to i-1 do

sil:=slilil;

(*ma tran do mem trong he toa do mem tong the*);

for k:=1 to st do

begin

b1[k]:= kfb[k]*cd[k]/3; b2[k]:=0; b3[k]:=kfb[k]*cd[k]/6; b4[k]:=0;
bs[k]:=b1[K]; b6[k]:=0;b7[K]:=b3{k]; b8[k]:=b1[k]; bO[k]:=0; b10[k]:=
bi[k};

m[d1[k],d1[k]}=s[d1{k],d1[k]}]+b1[k];
m[d1[k].d2[k]]:=m[d1[k],d2[k]]+b2[K];
m[d 1 [k],d3[k}]:=m[d1§k],d3[K]]+b3[K];
m[d1{k],d4[k]]:=m[d1[k].d4[k]]+b4{k];
m[d2[k].d2[k]]:=m[d2{k],d2[k}]+b5[K];
m[d2[k].d3[k]):=m[d2[k],d3[k]]+b6ik];
m{d2{k],d4[k]]:=m[d2[k],d4[k]]+b7[k];
m[d3[k},d3{k]}:=m[d3[k],d3[k]]+b3{k];
m{d3[k].d4[k]]:=m[d3(k],d4[k]]+bO[k];
m[d4[k},d4{k]};=m[d4[k],d4[k]]+bIO[k];
end;

for i:=1 to sbt do

for j=1toi-1 do

m(i,j]:=m[ji];

writeln('ma tran do cung');
for i:=1 10 sbt do

for j:=1 to sbt do
writeln(s[ij]);

writeln{'ma tran khoi luong ');
for i:=1 to sbt do

for j:=1 to sbt do
writeln(m[iJ]);

readln;

end.
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Chuong trinh PGR 11: Ma tran dé citg va ma tran khéi liong ciia gian khéng gian

Chuong trinh nay phuc vu cho viée xdc lap ma trdn d¢ cimg va ma tran khéi luong ctia
gian khéng gian.

Céc s6 liéu can nhap:

1. S6 thanh st

2. 56 bac tu do sbt

3. Dign tich A (cho méi thanh)

4. M6 dun dan héi E (cho mdi thanh)

5. Khoi lugng phan b6  (cho méi thanh)

6. Toa do x, y & mdi ddu thanh

7. 86 thd e BTD d,, d,, d,, d,, ds, d, (cho méi thanh)

Fokk ok ko ok R kAR ok Rk ok ok ok ko kR ok ko ok

Program 11 Ma_tran_do_cung&va_ma_tran_khoi_Iuong_cua_gian_khong _gian;

uses  crt;

type mtl=array[1..20,1..20} of real; mt2=array[1..20] of real;
mt3=array[1..20]of integer;

Var i), k,tbt,st,sbn,sbt:integer;

x1,x2,y1,y2,z1,22,a,b,l,mm,n,cd,dt,kfb,e,u,t,al ,a2,a3,a4,a5,a6,a7,a8 a9,

al0,all,al2,al3,al4,al15,a16,a17,a18,a19,a20,a21 ,b1,b2,b3,b4,b5,b6,b7,b8,

b9,b10,b11,b12,b13,b14,b15,b16,b1 7,b18,b19,b20,b21:mt2;

d1,d2,d3,d4,d5,d6:mt3;

s,momtt;

begin clrscr;

{*Nguoi lap trinh:Vo nhu Cau*),

writeln('nhap so thanh');

readln(st);

writeln ('nhap so BTD co chuyen vi');

readln (sbt);

writeln('nhap x1'); for i:=1 to st do readIn(x| Iih;
writeIn('nhap x2"; for i:=1 to st do readln(x2[i]);
writeln('nhap y1'); for i:=1 to st do readin(y1[i])
writeln("'nhap y2'; for i:=1 to st do readin(y2{i]);
writeln{'nhap z1'); for i:=1 to st do readIn{z1[i]};
writeln("thap 22'); for i:=1 to st do readin(z2[i]);
writeIn('nhap dien tich"); for i:=1 to st do readin(dt[i]);
writeln("'nhap modun dan hoi'); for i:=1 to st do readln(e[i]);
writeln('nhap khoi luong fan bo'); for i:=1 to st do readin(kfb{i]);
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writeIn('nhap thu tu bac tu do");

writeln('nhap d![i]); for i:=1 to st do readln{(d1[1]);
writein(mhap d2[i]9); for i:=1 to st do readIn(d2{i});
writeIn("'nhap d3[i]"); fori:=1 to st do readIn(d3[i]);
writeln('nhap d4[i]'); for i:=! to st do readIn(d4[i]};
writeln('nhap d5[i]"); for i:=1 to st do readIn{d5[i]);
writeln('nhap d6[i]"); for i:=1 to st do readin(d6[i]);

for i==1tostdo

begin

cd[i]:=sqrt(sqr(x2[i]-x I [i]}sqr{y2[i}-y | [i])+sqr{z2[i]-zL [i]D);
if{ed[i]<0) then

begin

[i:=(x2(i]-x 1[i})/ed{i]; mm[i]:=(y2{i]-y 1 [i]}/ed[i];
nli:=(z2[i}-z1{i])cd[i];

end;

u[i]:=e[i]*dt[i)/ed[i]; al{i):=sqr(1[i}D*u[i]; a2{i]:=([i]*mm{i]*u[i];
a3[i]:=1[1]*n[i}*u[i);a4[i]:=-al(i]; a5[i]:=-a2[i}; a6[i]:=-a3[i];
a7[i]:=sqr{mm[i})*u(i]; a8[il:=mm[i]*n[i]*uli};a9(i]:=-a2[i];
alO[i]:=-a7(i]; al1[i]:=-a8[i};al 2[i}:=sqr(n[i])*uli]; al3[i}:=-a3[i];
ald[il:=-a8[i]; al5[i]:=-al12[i]; alé[i]:=al[i]; al7[i];=-a2[i];
al8[i]:=-a3[i): al9[i]:=a7[i]; a20[i]:=a8[i]; a2l[i]=al2]i];

s[d1{i),d 1 [i]]:=s[d 1[i),d1{i]]+al[i];
s[d1[i].d2[i]):=s[d 1 [i].d2[iT}*+22[i];
s[d1[i},d3[i1):=s[d 1 [i],d3[i]]+a3[il;
s[d1[i),d4[i]]:=s(d 1[i].d4i]]+a4[i];
S[d1[i].dS[i]}:=s[d [i,dS[i]}+a5[i];
s[d1[il,d6[i]]:=s[d! (i].d6[i]]+a6{il;
s[d2[i],d2[i]]-=s[d2[i],d2[i]]+a7[i];
s[d2[i].d3{i]]:=s[d2[i],d3[i]]+a8[i];
s[d2(i].d4[i]}:=s[d2[i].d4[i]]+a%i];
s[d2[i),dS[+1]:=s[d2{i].dS[i]]+al Oi;
s[d2[i],d61i]1:=s[d2[i),d6[i]]+al 1]il;
s[d3[i).43 i) =s[d3[i],d3[i]]+a 1 2[i];
S[d3[i],d4[i]]:=s[d3i].d4(i}]+al 3[i};
S[d3[i].dS[i]1:=s[d3[i].d5[i]]+al 4{i];
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s{d3[1].d6[i]]:=s[d3[i],d6[i])+al 5[i];
s|da[t],d4[i]}:=s[d4[i],d4[i]}+al 6[i];
s|d4[i],d5[i]]-=s[d4][i],d5[i]]+al 7[i];
s{d4[i].d6[i]]:=s[d4{i],d6[i]]+al 8]i];
s{d5[i].d5[i]]:=s[d5[1}.d5[i]]+al 9[i];
s[d3[i],d6]i]]:=s[d5[i],d6[i]]+a20[1];
s[d6[i],d6[i]]-=s[d6[i].d6[i]]+a21[i];
end;

for 1:=1 to sbt do

forj=1toi-1 do s[ijl:=s[j.i];

(*Ghep cac ma tran do mem rieng vao MTDC tong the*);

for i:=1 to st do
begin

t[i]:=kfb[i]*cd[i)/6: b1[i]:=2*¢[i]; b2[i]:=0;b3[i]:=0;bA[i]:=t[i];
b5[i]:=0; b6[i]:=0; b7[i}:=b1[i]; b8[i]:=0;b9[i]:=0; b10[i}:=b4[i};
b11[i]:=0;b12[i]:=b1[i]; bI3[i]:=0;b14[i}:=0; b15[i]:=b4[i];
b16[i]:=b1[i]; b17[i]:=0;b18[i]:=0; b19[i]:=b1[i]; b20[i]:=0;

b21[i}:=bl]i];

m{d1[i].d1[i]):==m[di[il.d1[i]]+b1[i];
m[d1[i],d2[i]J==m[d1[i},d2[i]}+b2[i];
m[d1[i).d3{i]]:=m{d 1 [i].d3[i]]+b3i]:
m{d 1{i).d4[i]]:=m[d 1{i).d4[i]]+bA[i];
m{d1[i].dS(i]):=m[d [i},dS[i]}+b5[i];
m(d L [i].d6[i)):=m[d 1 [i].d6[i]]+b6(il;
m[d2[i].d2{i]]:=m[d2[i),d2[i]}+b7[i];
m{d2[i).d3 (i} |:=m[d2[i),d3[i]]+bS[i;
m[d2[i],d4[i]]:=m[d2[i),d4[i]]+bO[i];

m[d2[i],d5[i]]:=m[d2[i].d5[i]]+b10[i];
m|d2[i],d6|i]):=m[d2[i].d6[i]}+b11[i];
m[d3[i].d3[i]}:=m[d3[i),d3[i]}+b12[i;
m[d3(i).d4[i]]=m{d3[i],d4[i]]+b13[i];
m(d3[i].d5(i] |:=m[d3(i),dS[i]]+b14{i};
m[d3[i],d6[i]):=m[d3(i}.d6[i]]+b1 5[i];
m[d4{i],d4[i]]:=m[d4[i],d4[i]]+b16[i];
m[d4[i),d5(i]]:=m[d4[i],d5[i]}+b1 7[i];
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m[d4[i],d6[i]}:=m[d4[i],d6[i]]+b18[i];
m[d5[i],d5{i]}:=m[d5[i],d5[i]]+b19[i];
m[d5[i],d6[i]]:=m[d5[i],d6[i]]+b20[i];
m[d6{i],d6[i]]:=m[d6[i],d6[t]]+b2 1[i];
end;

for =1 to sbt do

for j:=1 toi-1 do m{i,j]:==mj,i];

writeln{'ma tran do cung’);
for i-=1 to sbt do

for j:=1 to sbt do
writeln(s[ij]);

writeln('ma tran khoi luong”);
for i:=1 to sbt do

for j:==1 to sbt do
writeln{m[i,j]);

readln;

end.

Chuong trinh PGR 12: Ma tran do cimg cua khung khéng gian

Muc dich [a xdc 1ap ma tran d6 ciing ctia khung khéng gian.

Van dé nhip s6 liéu, xem vi du (13.1)

st sk ok ok o ok sk ok ok e ok o S 3k sk ok ofe e ke ok s ok ok o o e s ok o ok ko

Program 12 Ma_tran_do_cung_cuwa_khung_khong_gian;

Uses crt;

Type mtl=array[1..20,1..20] of real; mt2=array[1..20] of real;

mt3=array[1..20] of integer,

var k1,kZ,LI1,12,13,m,m1l,m2,m3,s,t,t1,t2,r,r1,r2,rc1,rc2,aal :mtl;
cx.cy,cz.xi,yi.zi, xk, vk, zk,xj,¥],2),xK}, k), 2k, xkg, ykg, zkg s 1,52,
cl,c2,c3,d,x1,dt,cd,cd2,ed3, mgx,mqy,mqz,mx,aa,b,c,nl,q.qc,qt,f,fm,bl,b2,
pl,o,cfetpt,pfivl v2 v3 vd v5 v6:mt2,;
g.d1,d2,d3,d4,d5,d6,d7,d8,d9,d10,d11,d12,n:mt3;
1,j.k,p.st,sbt.tbt,sbk x v,z w.ss,al,a2 a3 a4 a5,a6,a7,a8,a9,a10,al1,al 2,

z1,22.23, 24 z5integer; h.e:real;

Begin Clrscr;
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(*Nguoi lap trinh:Vo nhu Cau*);

writeln('so thanh');
readIn(st);

writeln{'so bac tu do');
readIn(sbt);
writeIn{'modun dan hoi");

readn(e);

writeln('so thanh khong song song voi truc Y');

readln(x},

writeIn(’so thanh cung chieu voi truc Y');

readln{w),

writeln{"dien tich'y;

for i:=1 to st do

read[n(dt[i]);

writeIn{’'modun xoan");
fori:=1tostdo
readin(mx[i]);
writeln('momen quan tinh x');
for i:=! to st do
readIn{mgx[i]);
writeln('momen quan tinh y");
for i:=1 to st do
readln{mqy[i]);
writeln{'momen quan tinh z');
for i=1 tostdo
readln(mqz[i]);

writeIn{'xj";

fori:=1 tostdo

readIn(xj[i]);

writeln('y)");

for t:=1 to st do

readIn(yjli])

writeln('zj'):

fori=! tostdo

readln(z)[i]);

writeln('xi");

fori==1 to st do
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readin(xi[i]);
writeln('yi');
fori:==1tostdo
readin(yifi]);
writeln('zi");

for i:=1 to st do
readln(zi[i]);
writeln('toa do diem xk');
fori:=1tostdo
readln{xkji]);
writeln('toa do diem yk");
fori:=1 to st do
readln(yk([i]);
writeln('toa do diem zk';
fori:=] tostdo
readIn{zk[i]);
writeln{'BTD d1";
for i;=1to st do
readin{d1[i});
writeIn('BTD d27);
for i:=1 to st do
readIn{d2[i]);
writeIn{'BTD d3');
fori:=1 to stdo
readin{d3[i]);
writeln('BTD d4%,
for :=1 to stdo
readIn{d4[i]);
writein('BTD dS');
fori:=! 1o st do
readln(d5[i]};
writeln("BTD d6');
for1:=1 to st do
readln{d6[i]);
writeln{'BTD d7');
for =1 to st do
readin(d7{i]);
writeIn('BTD d8");
for ;=1 to st do
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readIn({d8[i]);
writeln('BTD d9";
for i==1 to st do
readIn(d9[i]);
writeln('BTD 410";
fori:=1 10 st do
readln(d10[i]);
writeIn('BTD di1');
fori:=1 to st do
readln{d! 1[i]):
writeln('BTD d12Y;
fori:=1tostdo
readIn{d12[i]);

if(x<>0} then for k=1 to x do

begin

cd[k]:=sqrt(sqr(xj[k]-xi[K] ) +sqr(yi[k]-yi[k])+

sqr(z|k]-zi[k]))ed3[k]:=sqr(cd[k])*cd[Kk]: cd2[k]:=sqr{cd[k]);

for =110 12 do

for j=ito 12 do

begin

kl[I,l]:ze*dt{k]f’cd[k];kl{1,7]:=-k1[],l];kl[2,2]:=l2*e*mq2[k]fcd3[k];
k1[2,6]:=6*¢*mqz[k]/cd2[k]; k1[2,8]:=-k[[2,2]; k1[2, 12]:=k1[2,6];
k1{3,3]:=12*e*mqy[k)/cd3[K]; k1[3,5):=-6*e*mqy[k)/ed2[k]; k1[3,9]:=-k1{3,3]; k1[3,10]:=0;
K1[3,11):=k1[3,5);k1[4,4]:=mx[k]*mqx[k]/cd[K]; k1[4,10]:=-k1{4,4];
k1[5,5]:=4*e*mqy[k]/cd[k];k! [5.91:=6*e*mqy([k)/cd2[k);k1[5,11]:=
2¥*e*mqy[k)/ed{k];k1[6,6]:=4*e*mqz[k]/cd[k]; kI [6,8]:=-6*e*mqz[k]/cd2[k]
k1[6,12]):=2*e*mqz[k)/cd[k]:k1[7,7):=k1[1,1];k] [8,8]:=k1[2,2]; kI[8,12]:=-
k1[6.8]:k1[9,9]):=k1[3,3]; k1[9,11]:=k1{5,9]:k! [10,10]:=k1[4,4];k1[11,11]
=k1[5,51;k1{12,12]:=k1[6,6]:

end;

*

fori=1to 12 do

forj:=1toi-1do kl[iy)=kI[j,i];
ex[k]:==(xj[k]-xi[k])/cd[k);
cy[k):=(yj[k]-yi[k])/cd[K];
cz[k]:=(zj[k)-zi[k])/cd[Kk];
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xkj{k]:=xk[k}-x[k];
yKi[K]:=yK[K]-yj[k}; zkj[k]-=zk[K]-zj[K];
aa[k}:=sqrt(sqr(cx[k])+sqr(cz[k])); xkg[k]:=cx[k]*
xkj[k]+cyik]*ykj[k]+ez[k]*zKj[k]:
ykglk]-=(ex[k]*cy[k]*xkj[k])/aa[k]+aalk]*ykj[k]-
(cy[k]*cz[k]*zkj[k])aa[k]; zkg[k]:=-(cz[k]*
xkj[k]Vaa[k}+(cx[k]*zkj[k]Vaa[k];
b(k]=sqrt(sqr(ykg[k])+sqr(zkg[kD)); si[k]:=zkg[k])/b[k]);
cl[k]:=ykg[k]/bik];
for i:=1 te 3 do
forj:=1to 3 do
begin
t1[1,1]=cx[k]; t1[1,2]):=cy[k]; t}[1,3]:=cz{k];
t1[2,1]:=-(ex|k]*cy[k]*cl[k]-czlk]}*s1(k])/aa[k];
t1[2,2]:=aa[k]*cl[k];
t1[2,3]:=(cy[k]*cz[k] *c1[k]+ex{k]*s1[k])/aa[Kk];
t1[3,1]:=(cx[k]*ey(k}*s1[k]-cz[k]*cl[k])aa[k];
t1[3,2]:=-aa[k]*s![k];
t1[3,3]:=(cy{k]*cz[k]*s1[k]+ex[k]*cl1[k])/aa[k];
end:
for =1 t0 12 do
for j:=1to 12 do
begin
cl{ LI = L] el (1L,2):=t[1,2); ¢ 11, 30:=t1[ 1, 3];r1[2,1]:=t1[2,1];
el[2.2]:=t1[2,2); c1[2,3]:=t1(2,3:r 1 {3, ]:=t1[3,1]; r1[3,2]:=t1[3.2];
r1[3.3]):=t{[3,3]; r1[4,4]:=abs(t1[1,1]):r1[4,5]:=abs(t1[1,2]):;r1{4.6]:=
abs(t1[1.3])r1{5.4]:=abs(ti[2, 1 ])r1[5,5]:=abs(t1{2,2]};r1[3,6]:=
abs(t1]2,3]%r1[6.4):=abs(t1[3,1]);r1[6,5]=abs(t1{3.2]);ri[6,6]:=
abs( 331 7,711 L1 [7,8]=1 f 1,2]er 17,9} =1 [1.3]:
1|8, 7):=t12,1]: r1[8.8]:=11[2,2]:r1[8,9]:=t1[2,3]:r1{8,10]:=0;
ri19.7):=1[3.1]; r1{9.8]:=t1[3,2);r1[9,9]:=t1{3,3);r1 [ 10,10):=abs(t 1 [ 1,1 ]):
r1[10,11}:=abs(t1{1,2]);r1[10,12]):=abs(t1[1,3]); r1[11,10]:=abs{t![2,1]):
el[11,11]:=abs(t1{2,2]);rL{11,12]:=abs(t1[2,3]); r1{12,10]:=abs(t1[3,1])
e1[12.1]:=abs(t1{3,2]);r1[12,12]:=abs(t1[3,3));

end;
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fori:=11to0 12 do

for j==1to 12 do

begin

rel[ijl:=rl[j,i]; 11[i)]:=0; for p:=11to 12 do
N =N re L [p*K1[p s
end;

for i:=11t0 12 do

for j:=1 to 12 do

begin

ml[ij]:=0; forp:=1t0 12 do
m[i]:=m i1+ [i,p]*r 1 [p];
end;

end;

zdr=x+1; z5:=x+w;
for k:=z4 to 25 do
begin
bl[k]:=sqrt{sqr(xk[k])+sqr(zk[k])); s2(k]:=zk[k]/b1{k]};
c2[k]:=xk{k)/b1[k]:
for i:=1 to 3 do
for j:=1to 3 do
begin
2[1,1]:=0; t2[1,2]:=1; €2[1,3]:=0;
t2[2,1]:=-c2{Kk];t2{2,2]:=0; 12[2,3]:=s2[k]; 123, 1]:=s2[k];
t2{3,2]:=0; t2{3,3]:=c2[k];
end;
fori:=1to 12 do
forj:==1to 12 do
begin
2[ 11 =t21,0): r2[1.2]:=t2]1,2]: v2 [ 1,3]:=t2[1,3]0e2[ 1,11 ]:=0;
21 12]=0:r2[2, 1 [:=t2[2,1]; 2{2,2]:=t2[2.2]; r2[2,3]:=t2]2,3];
r2[3.0]:=t2[3,1]: r2[3,2]:=12[3,2];r2[3,3]:=t2[3,3]; r2{4,4]:=abs(t2[1,11);
r2[4.5]:=abs{12[1,2]%r2[4,6]:=abs(t2[ 1,3]); r2[5,4]:=abs(2[2,1 ]}
r2[5.5]:=abs(t2[2,2]); r2[5,6]:=abs(t2[2,3]); r2[5,7]:=0; r2[5,8]:=0;
r2[6.4]:=abs(t2[3,1])r2[6,5]:=abs(t2[3,2]);r2(6,6]:=abs(t2[3,3]);
r2{7,7:=t2[ L1 r2[7,8]:=t2[1,2):e2{7,9]:=t2[ 1,3 ):02[7,10]:=0;r2[ 7,1 1 ]:=0;,
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r2(8.7]:=t2[2.1]; r2[8,8):=t2[2,2):r2[8,9]:=t2(2,3];r2[9,7]:=t2[3,1];
£2[9.8]:=12[3,2]1:r2[9.,9]:=12[3,3]; ¥2[10,10]:=abs(t2[1,1]);
(2[10,11]:=abs(t2[1,21);r2[10,12]:=abs(t2[1,3]); r2[11,10]:=abs(t2[2,11);
r2[11,11]:=abs(t2[2,2]):r2[ 1 1,12]:=abs(t2[2,3]); r2[12,10]:=abs(t2[3,1]);
(2[12,11]:=abs(t2[3,2]);r2[12,12]:=abs(t2{3,3]);

end;
for i:=1t0 12 do
for j:==1to 12 do
begin
re2[ij}:=r2[j,i]; 12[i,}]:=0; for p:=11t0 12 do
12[ij1:=12[1 j1+re2[ip]*k 1 [p,];
end;
fori=11t0 12 do
for j:=1t0 12 do
begin
m2[i,j]:=0; forp=1to 12 do
m2{i,j:=m2[i,j+12[i,p}*r2[p.Jk
end;

end;

for k:=1 to st do
begin
for i:=1 to 12 do
for j:=ito 12 do
m3[i,)]:=ml1[ij]+m2{ij]
s[d1]k],d1{k]}:= s{d1[k],d1[k}]+m3[1,1];
s|d1{k],d2[k]}:= sfd 1 [k],d2{k]]+m3{1,2];
s{d1{k],d3[k]]:= s[d1[k].d3[k]}+m3[!,3];
s[d1[k]),d4[k]]:= s[d | [k],d4[k]}+m3][1,4];
s[d1[k].d5[k]):= s[d![k].d5[k])H+m3[},5];
s[d1[k],d6[k]]:= s[d1[k].d6[k]]+m3][1,6];
s[d1[k].d7[k]]):= s[di[k].d7[k]]+m3[],7];
s[d1[k],d8[k]]:= s[d1[k],d8[k]]+m3[1,8];
s[d1[k}d9[k}]:= s{d1{k],d9[k]]+m3[1,9];
s{d1[k]),d10[k]]:= s[d1[k],d1O[k]}H+m3[1,10%;
sfd1[k],d11[k]]:= s[d1[k],d1 1 [k]]+m3{1,11];
s[d1[k],d12{k]}:= s[d1[k},d12[k]]+m3[},12];
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s[d2(k},d2[k]):= s[d2(k],d2[k}]+m3([2,2];
s[d2[k],d3[k]]:= s[d2[k],d3[k]]+m3[2,3];
s[d2[K],d4[K]]:= s[d2[K],d4[k]][+m3[2,4];
s[d2(k],d5[k]]:= s[d2[K],d5[k]]+m3[2,5];
s{d2[k],d6[k]]:= s[d2[k].d6[k]]+m3[2,6];
s[d2[k],d7{k]]:= s[d2[K),d7[K]}+m3[2,7];
s[d2[k].d8[k]]:= s[d2[k].d8[k]]+m3[2,8];
s[d2[k],d9[K]]:= s[d2[k].dO[k]]+m3[2,9];
s[d2(k),d 10[K)]:= s[d2(k],d 10[k]}+m3(2,10];
s[d2[k].d 1 1[k]]:= s[d2[k].d1 I [k]][+m3(2,11];
s[d2[k].d12[k]]:= s[d2[K),d12[K][+m3[2,12];
s(d3[k],d3[k]]:= s[d3[k),d3[k]}+m3[3,3];
s[d3[K),d4{K]):= s[d3[k],d4[k]]+m3[3,4];
s|d3[k].d5[K]]:= s[d3[k],d5[k]]+m3[3,5];
s[d3[k],d6[k]]:= s[d3[k],d6[k]}+m3[3.6];
s[d3(k],d7(k]:= s{d3[k],d7[k]]+m3[3,7]:
s[d3[k].d8[K]]:= s[d3[k].d8[k]]+m3[3,8];
s[d3[k],d9[K]]:= s[d3[k].d9[k]+m3[3,9];
s[d3[k].d10[k]]:= s[d3[k].d 1 O{k}]+m3[3,10];
s[d3[k].d11{k]):= s[d3{k].d1 1 [k]]+m3[3,11];
s[d3[k],d12[k]]:= s[d3(k],d]2[k]]+m3(3,12];
s[d4[k},d4[K]]:= s[d4[k],d4[k]]+m3[4,4];
s[d4[k),dS[K]]:= s[d4[k],dS[k]}+m3[4,5];
s(d4[k],d6{k]):= s[d4[k),d6[K]]+m3[4,6];
s[d4(k],d7[k]]:= s[d4[k],d7(k]]+m3(4,7]:
s[d4|k],d8[k]]:= s[d4[k],d8[k]]+m3[4,8];
s[d4{k].d9k]]:= s[d4[k],dO[K]]+m3[4,91:
s[d4[k],d10[K]]:= s[d4[k],d10[k]}+m3[4,10};
s[d4[k],d11[k]):= s[d4[k].d1 1[k]]+m3[4,11]:
s[d4[k].d12k]}:= s[dd[k],d12[K]]+m3[4,12];
s[d5[k},dS[K]]:= s[d5|k],dS[K]}+m3[5,5];
sLdS[k],d6[K]]:= s[dS[k].d6[k]]+m3[5,6);
s[d51k],d7[k]]:= s[dS[k],d7[k]]+m3[5,7];
s[d5[k),d8{K]):= s[d5[k],d8[K]}+m3[5,8];
s(d5[k],d9[k]]:= s[d5[k],d9[k]]+m3[5,9];
s[d5[k],d10(k]]:= s[d5[K],d10[K]]+m3[S, 10];
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s[d5[k],d11[{k)}:= s{d5[kLd 1 [K]]+m3[5,11];
s[d5[k},d12[k]]:= s[d5[k].d12[k]]+m3[5,12];
s[d6[k],d6[k]]:= s[d6[k],d6[k]]+m3[6,6];
s{d6]k],d7[K]]:= s[d6[k].d7[k]]+m3[6,7];
s[d6[k1,d8[k]):= s{d6[k].d8[k}]+m3[6,8];
s[d6[k],d9[k1]:= s[d6(k],dO[k]]+m3[6,9];
s[d6[k],d10{k]]:= s[d6[k],d10[k]]+m3[6,10];
s[d6[k),d11[k]}:= s[d6[k].d! 1{k]}+m3[6,! 1};
s[d6[k],d12[K]]:= s[d6[k].d12[k}]+m3[6,12];
s[d7[k],d7[k]]):= s[d7[K),d7[K]]+m3[7,7];
s[d7[k],d8[k]]:= s[d7{k}.d8[k]}]+m3[7,8];
s[d7[k],d9[k]1:= s[d7[k].dO[k]]+m3[7,9];
s[d7[k],d10[k]}:= s[d7(k],d10[k]]+m3{7,10];
s[d7[k],d11[k]):= s[d7[k],d 1 1(k]]+m3(7,11];
s[d7[k1,d12[k]):= s[d7(k].d12[k]]+m3[7,12];
s[d8]k],d8{k]]):= s[d8[k],d8{k]}+m3{8,8];
s{d8[k],d9[k]]:= s[d8[k],d9[k]]+m3[8.,9];
s[d8[k],d10(k]}:= s[d8[k],d10[k][+m3[8,10];
s[d8(k],d11[k]]:= s[d8[k],d1 1{k]}+m3(8,11];
s[d8[k],d12[k]]:= s[d8[k].d12[k}]+m3[8,12];
s[d9[k],d9[k]]:= s[d9[k],d9[k]]+m3[9.9];
s|d9{k],d 10{k]1:= s(d9[k],d} O[k]]+m3[9,10];
s[d9[k1,d 11[K]]:= s[d9[k],d 1 1[k}]+m3[%,11];
s[d9[k],d12[k]):= s[d9[k].d12[k][+m3[9,12];
s[d10[k},d10[k]]:= s[d10[k},d10[k]}+m3{10,10];
s[d}0[k],dV1{Kk]]:= s[d10[k],d 1 1{k]]+m3[10,11];
s[d10[k]),d12[k]]:= s[d10[k],d 12[k]]+m3[10,12};
s[d11[k},d11[k]]:= s[d11[KLd1 1 [K]}Fm3{11,11];
s[d11[k].d12{k]):= s[d] [ [k].d12{k]]+m3[11,12];
s[d121k).d12[k]]:= s[d12[k].d12[k]]+m3[12,12};

end;
fori:=1 1o sbt do
fori=1toi-1 do

s[ij]:=s0,i];
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writeln('ma tran do cung');
for i-=1 to sbt do

for j:=i to sbt do
writeln(s[ij]);

readln;

end.

Chuong trinh PGR 13: Ma tran khéi luong cia khung khong gian

Muc dich 12 xdc 1ap ma tran khéi luong ciia khung khéng gian
Vin dé nhap s6 liéu, xem vi du (13.1).

¥ sk ook ok ok e e e sl sk ke o ok ofe ke ok s ok ofe s ok sk ol sfe sk ok e ok sk ok ok

Program 13 Ma_tran_khoi_luong_cua_khung khong_gian;
Uses crt;
Type mtl=array[1..20,1..20] of real; mt2=array[1..20] of real;
mt3=array[1..20] of integer;
var k2,LI1,12,m,m1,m2,m3,s,t,t] L2,r,rle2,rcl re2,2al :mtl;
cx,cy,cz,xi,yi,zi,xk,yk,zk,xj,yj,zj,xkj,ykj,zkj,xkg,ykg,zkg,s! ,S2,
cle2,e3,d,xl .dt,cd,cd2,cd3,aa,b,c,nl,q,q¢.qt,f,fi,b] ,b2,v,mgc kfb:mt2:
g.d1,d2,d3,d4,d5,d6,d7,d8,d9,d10,d11,d12,n:mt3;
in,k,p,st,sbt,tbt,sbk,x,y,z,w,ss,z1,22,23,24,25:integer; h,e:real;
Procedure Tinhs;
begin
for k:=1 to st do
begin
fori=1to 12 de
for j:=ito 12 do
m3[ij:=ml[i,j)H+m2[i}];
s[d1[kLd1[k]]= s[d1{k].d1[k]]+m3[1,1];
s[d1[k),d2[k]]:= s[d1[k],d2[k]]+m3[1,2];
s[d1{k].d3{k]):= s[d1[k],d3{k]}+m3{1,3];
s[di[k].d4[k]]= s[d1[k],d4[k]]+m3[1,4];
s[d1[k],d5[k]]:= s[d I [k].dS[k]}+m3[1,5];
s{d1[k]).d6[k]]:= s{d1[k],d6[k]]+m3[1,6];
s[d1[k],d7[k]]:= s[d1[k].d7[k]]+m3[1,7];
s[d1[k],d8[k]]:= s[d I [k].d8[k]]+m3[1,8];
s[d1[k],d9[k]}:= s{d1]k]),d9(k}]+m3[1 9]
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s[d1[k1,d10[k]):= s[d1[k].d10[k]}+m3[1,10];
s[d1[k],d 1 1{K]]:= s[d1[k},d1 1 [K]]+m3[1,11];
s[d1[k},d12[K]]:= s[d! [K],d120K]]+m3[1,12];
s[d2[K],d2[K]):= s[d2[k].d2[k]]+m3[2,2];
s[d2[K],d3[K]]:= s[d2[k].d3[k]]+m3([2.3];
s|d2[k],d4k]}:= sId2{K].d4[K}]+m3[2,4];
s[d2[K),dS[K]]:= s[d2[k].d5[K]]+m3[2,5];
s[d2[k),d6{k]]:= s[d2(k].d6[K]]+m3[2,6];
s[d2[Kk).d7[K]):= s[d2[k].d7[k]}+m3{2,7];
s[d2[k],d8[k]]:= s[d2[Kk],d8[k]]*+m3[2.8];
S[d2[X],d9Tk]]:= s[d2[K1.dO[k]]+m3[2,9];
s{d2[k],d10[K]]:= s[d2[K).d 10[K]]+m3{2,10];
s[d27k].d11{k]]:= s[d2[K].d1 1 [K]]+m3[2,11];
S[d2[K].d 12[k]]:= s[d2[k],d12[K]]+m3([2,12];
s[d3[K],d3[k]]:= s[d3[k],d3[k]]+m3[3,3);
s[d3[k],d4[K]]:= s[d31k].d4[k]]+m3[3,4];
s[d3[k),d5[K]]:= s[d3[K],dS{K])]+m3[3,5];
s[d3[k],d6[K]]:= s[d3[K],d6[K]]+m3[3.6);
s[d3[k].d7[K]]:= s[d3{k}.d7[K]]+m3[3,7];
s|d3[k].d8[k]]):= s[d3[k].d8{K]]+m3[3.8];
s[d3[k].d9[K]]:= s[d3[k].d9[k]]+m3[3,9];
s[d3[k].d10[K]]:= s[d3[k],d10[K]}+m3[3,10];
s{d3[K].d11{K]]):= s[d3[K).d 1 {[K]+m3[3,11);
s[d3[k},d12[K]]:= s[d3[k].d12(k}]+m3[3,12];
s[d4[k],d4[K]]:= s[d4[K].d4{k]}+m3[4,4];
s[d4[k],d5(K]]:= s[d4[K],dS[k][+m3[4.5];
s[d4[Kk],d6[K]]:= s[d4[K].d6[K]]+m3[4.6);
s[d4[K].d7[K]]:= s[d4[k].d7[K]]+m3[4,7];
s[d4[k],d8[Kk]]:= s[d4[k].d8[k]]+m3[4,8);
s[d4[k].d9(k]}= s[d4[k]},dO(k]]+m3[4.9];
s[d4[K].d10[K]]):= s[d4[k],d 10[K]]+m3[4.10];
s[da{k},d1 1[K]]:= s[d4[Kk].¢ 1 [K]]+m3[4,11];
s[d4[k].d12[k]}:= s[d4[K],d12[k][+m3[4,12];
S[dS[K],dS[K]]:= s[dS[K).d5[K]]+m3[5,5);
s[dS[k]),d6[Kk}1:= s{d5Tk],d6[K]]+m3[5,6];
s[dS[k].d7[K]]:= s[dS[K].d7[k]J+m3[5,7];
S[dS[k].d8[K|]:= s[dS[k],d8[k]]+m3[5.8];
S[dSTk],d9Tk]):= s[dS[K),d9TKk]1+m3(5,9];



s[d5[k],d10[K]}:== s[d5(k],d10[k]]+m3[S, 10];
s[d5[k].d 1 1[k]]:= s[dS[k],d11[k]]+m3(5,11];
s(d5[k].d12[k]]:= s[d5[k].d12[K)]+m3[5,12];
s[d6[k|,d6[K]]:= s[d6[k],d6[k] |+m3[6.6];
s[d6[k].d7]k]]:= s[d6[K].d7[k][+m3[6,7];
s[d6[k],d8[K]]:= s[d6k],d8[k]]+m3[6,8];
s[d6[k]1,d9|k]]:= s[d6[k],d9[K]]+m3[6,9]:
s(d6[k],d10[k)}:= s[d6[k].d10[K]]+m3([6,10];
s(d6[k),d 1 1[k]]:= s[d6[k],d1 1[K)[+m3[6,11];
sld6[k].d12[K]]:= s[d6[K].d12[k]]+m3[6,12];
s[d7[k].d7[k]]:= s[d7[K),d7[K]]+m3[7,7];
s[d7[k],d8[K]]:= s[d7[Kk],d8{K]]+m3(7,8];
s{d7[k],d9[k]]:= s[d7(k],d9[k]]+m3[7.9];
s[d7[k],d10[k]}:= s[d7(K].d10[K][+m3[7,10);
sld7[K],d LI [K]]:= s[d7[K].d11[K)}+m3(7,L1];
s[d7[k),d12[k]):= s[d7[k],d12(K]]+m3[7,12];
s[d8[k],d8[k]]:= s[d8[k),d8[K])+m3[8,8];
s[d8[k],d9[k]):= s[d8[K],d9k)]+m3[8,9];
s[d8{k],d10[k]]:= s[d8[k],d10[k]]+m3[8,10];
s[d8[K],d11{K]):= s[d8(K],d11[k]}+m3[8,11];
s[d8[k].d12[k]]:= s[d8[K].d12[K]]+m3[8.12};
s[d9[k1,d9(k]]:= s[d9{k],dO[k]]+m3[9,9];
s[dO[k],d10{K]]:= s[d9[k],d10[k]]+m3[9,10];
s[d9[k],d 1 1[k)]= s[d9{k],d1 1 [k]]+m3[9,!1];
s{d9fk],d 12[k]]:= s[d9[k],d12[k]]+m3(9,12];

s{d10[k].d10[k]}:= s[d10[K],d10(k}]+m3[10,10];
s[d10(k],d11[k]]:= s[d10[K].d1 H[K]]+m3[10,11];
s[d10[k],d12[k]]:= s[d10{k],d12[k]}+m3[10,12];
S[AFI[KL.dTT{K]):= s[d 11 [K].d 1 1[k]]+m3[11,11];
sl 1I[K).d12[k]]:= s[d11[k].d12(K]]+m3[11,12];
sld12[k}d12[K]]:= s[d12{k],d12[k]}+m3[12,12];

end;

end;

Begin Clrscr,

{*Nguoi lap trinh:Vo nhu Cau*);
writcIn{'so thanh™;

readinst);

writeln('so BTD co chuyen vi');
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readln(sht);

writeln('so thanh khong song song voi truc Y');
readIn{x);

writeln("so thanh cung chieu voi truc Y'),
readln{w);

writeln('dien tich™,

for i:=1 to st do readIn{dt[i]);
writeln('khoi luong fan bo');
for 1:=1 to st do readIn(kfb[i]);
writeln('momem quan tinh doc cuc');
for =1 to stdo
readIn(mqcl[i]);

writeln('xj');

for i:=1 to st do

readin(xj{i]);

writeln('yj]");

fori:=1 tostdo

readIn(vj[i]);

writeln('z)');

for i:=1 to stdo

readln(zj[i]);

writeln('xi');

for i:=1 to st do

readln(xi[i]);

writeIn('yi');

for i:=1 to st do

readIn(yi[i])

writeIn{'z1');

for i-==1 to st do

readin(zi[i]);

writeln{'toa do diem xk');

for i:=1to st do

readIn(xk([i]):

writeln('toa do diem vk');

for i:=1 to stdo

readIn{yk[i]);
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writeln('toa do diem zk");

for i:=1 to st do
readIn{zk[i]);
writeln(’'BTD d1";
fori:=1 to st do
readln(d1[i]);
writeln('BTD d2Y,
for i:=1to st do
readln(d2[i]);
writeln('BTD d34;
for i:=1 to st do
readIn(d3[i]);
writeln('BTD d4":
for i:=1 to st do
readin(d4{il);
writeIn('BTD d5');
fori:=1 to st do
readln(d5[i]};
writeln('BTD d6');
for i:=1 to st do
readIn(d6[i));
writeln{BTD d7":
for i==t to st do
readIn(d7[i]);
writeln('BTD d8";
for i:=1 to st do
readin(d8[i]);
writeln('BTD d9');
for i=1 to st do
readin(d9[i]);
writeln('BTD d10%;
fori:=1 tostdo
readIn(d10[i]);
writein(BTD di1");
fori:==1 to st do
readIn(d1 1{i]);
writeIn('BTD d12');
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for 1:=1 to st do
readin{d12[1});

if{(x<>0) then for k:=1 to x do
begin
cd[k]=sqri(sqrixi[k]-xi[k]y+sar(yj[k]-yilk])+
sqrizj[k]-zi{k])); v[k]:=kfb[k]*cd{k]/420;
fori:=1t0 12 do
forj:=ito 12 do
begin
K2[1,1]:=140*v[k];k2[1,7}:=70*v[k];k2[2,2]:=156*v[Kk]; k2[2,6}:=
22*cd[k]*vik]; k2[2,8]:=54*v[k];k2[2,12]:=-13*v[k]:k2[3,3]:=k2[2,2];
k2[3,5]:=-k2{2,6];k2[3,9}:=k2(2,8];k2{3,11}:=-k2[2,12];k2[4,4]:=
140*mqce[k}*v[k)/dt[k];k2[4,10]):=70*mqe[k]/dt[k];k2{5,5]:=4*cd2[k]*v[k];
k2[5,91:=k2[2,12];k2[5, 1 1]-=-3*cd2[k]*v[k];k2[6,6]:=k2[5,5]; k2[6,8]:=
-k2[2,12];k2[6,12]:=k2[5,11];k2[7,7]:=k2[1,1];k2[8,8}:=k2{2,2]; k2[8,12]:=
-k2{2,6]:k2{9,9]:=k2[2,2]; k2[9,11]:=k2[2,6};k2[10,10]:=k2[4.4]:k2[11,11]:=
k2[5,5];k2[12,12]:=k2[5,5];
end;
fori:=1t 12 do
for j:=1toi-1 do k2[ij]:=k2[}.i];
ex[k]:=(xj[k]-xi[k])/cd[k];
cy[k]-=(yjkj-yi[k])/cd[k];
cz[k]:=(zj[k]-zi[k])}ed[k};
xkj[k]:=xk[k]-xj[k];
ykj{k]:=yk[k]-yj[k]; zkj[k]:=zk[k]-zj[K];
aalk]:=sqrt(sqr(cx[k])+sqr{cz[k])); xkgi{k]:=ex[k]*
xkj(k]+ey(k])*ykj[ki+ez[k]*zkj[k];
ykglk[:==(ex{k]*cy[k]*xkj(k])/aa[k]+aa[k]*ykj[k]-
(cylk}*ez{k]*zki[k]Yaalk); zkgfk]:=(cz[k]*
xkj[k]Y/aafk [+(cx(k]*zkj[ki)/aa[k];
b[kl:=sqri(sqr(yke(k])*+sqr(zkg[k])); sl{k]:=zkgk]/bik];
cl{k]:=vkg{k]/b[k];
for 1:=1to 3 do
forp=1to3 do
begin
tl]§,1]:=cx[k]; tI[1,2]:=cy[k]; t1{1,3]:=cz[k];
t1[2,1]:=-(cx[k]*cy[k]*c1[kl-cz[k]*s1[k])/aalk];
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t1{2,2]:=aalk]*c1[k]:

t1[2,3]:=-(cy[k]*cz[k]*c 1[k]*+ex[k]*s1[k])/aa[k];

t1[3,1]:=(cx{k]*cy[k]*s1{k])-cz[k}*c1[k])aa[K];

t1{3,2]:=-aalk]*s1[k];

t1[3.3]:=(cy[k]*cz[k}*s1[k}+ex[k]*c 1[k])/aalk];

end;
fori=1to 12 do
forj=1to 12 do
begin
rE[1 1=t 1 1]; r1[1,2]:=t1[1,2]; r1[13]:=t1[1,3];r1[2,1):=t1{2,1];
r1[2.2]:=t1(2,2]; r1[2,3]:=t1[2,3];r1[3,1]:=t1[3,1]; r] [3.2]:=t1[3,2);
rl[3,3]:=tl[3,3];;rl[4,4]:=abs(t][l,l]);rl[4,5]:=abs(tl[l,2]);rl[4,6]:=
abs(tl{],3]);rl[5,4]:=abs(tl[2,]]);rl[5,5]:=abs(tl[2,2]);rl[5,6]:=
abs(t1[2,3]):r1[6,4):=abs(t1[3,1])r1[6,5]:=abs(t1[3,2]);r1[6,6]:=
abs(tl[3,3]);r][7,?]:=ll[l,]];r][7,8]:=t][l,2];r][7,9]::t][l,3];rl[8,?]:=
LL[2,1]:r1{8,8]:=t1[2,2];rt[8,9]:=t1[2,3];r1[9,7]:=t1[3,1]; r1[9,8]:=
t{3.2Lr1[9,9]:=t1[3,32:r1[10,10]:=abs(t 1[1,1]);r1[10,1 1]:=abs(t1[1,2])
ri[10,12]:=abs(t1[1,3]); r1[11,10)=abs(t1[2,1]);r1{11,11]:=abs(t] [2,2])
ri[1112]:=abs(t1[2,3]), r1{12,10]:=abs(tt[3,1]):r1[12,1 1):=abs(t1[3,2]);
e1[12,i2]):=abs(t1{3,3);

end;
fori=1to 12do
for j:==11t0 12 do
begin
rel[i,j]:=r1[),i}; 11{ij):=0; for p:=1to 12 do
N[ig1=1[i]+re [i,p]*k2{p,];
end;
fori:=1 to 12 do
forj:=1to 12 do
begin
ml[ij]:=0; forp:=1to 12 do
ml[i]=mi{ij [+ [ip]*rt[p,l;
end;

end;

zd:=x+1; z5:=x+w;

for k:=z4 10 z5 do

begin
cd[k}:=sqrt(sqr(xj[K]-xi[k])y+sqr(yj[k]-yilk])+
sqr(zj[k]-zi[k])); v[k]:=kfb{k]*cd[k}/420;
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fori:=1to 12 do

forj==ito 12 do

begin

k2[1,1}:=140*v[k];k2[1,7}:=70*v[k];k2[2,2]:=156*v[K]; k2[2,6]):=
22*cd[k]*v[k]; k2[2,8}:=54*v[k]:k2[2,12]:=-13*v[k];k2[3,3]:=k2[2,2};
k2[3,5]:=-k2[2,6):k2[3,91:=k2[2,8};k2[3,11]:=-k2[2,12];k2[4,4]:=
140*mqe[k1*v[k]/dt[k};k2[4,10]:=70*mqc[k)*v[K]/dt[K];k2[5,5]:=4*cd2{k]*v[k];
k2(5,9]:=k2[2,12};k2[5,1t]:=-3*cd2[k]*v[k]:k2[6,6]:=k2[5,5]; k2[6.8]:=
-k2[2,12];k2(6,12]:=k2[5,1 1};k2[7,7]:=k2[1,1];k2[8,8]:=k2[2,2]; k2{8,12]:=
-k2[2,61}:k2[9,91:=k2[2,2]; k2[9,1 1}:=k2{2,6];k2[10,10):=k2[4,4];
k2[11,11]:=k2{5,5]:k2[12,12]=k2{5,5];

end;

b1[k]:=sqrt(sqr(xk[k])+sqr(zk[k])); s2[k]:=zk[k]/b1[k];

c2{k]:=xk[k]/b1[k];

for i:=1to 3 do

for j:=1to 3 do

begin

t2[1,1]:=0; 2[1,2]:=1; t2[ 1,3]:=0;

12[2,1]:=-c2[k];12[2,2]:=0; 2[2,3]:=s2[k]; £2[3,1]:=s2[k];

2[3,2]:=0: t2(3,3]:=c2[k];

end;
for =1 to 12 do
forj:=1to 12 do
begin
r2[1,1)=t2[1,1]; r2[1,2]:=t2[1,2]; r2[1,3]:=12[1,3];r2[2,1]:=t2[2,1};
r2{2.2]:=t2[2,2]; r2[2,3]:=t2[2,3];r2{3,1 1:=t2[3,1]; r2[3,2]:=t2{3,2];
12[3.3}:=t2[3,3);r2(4,4]:=abs(t2{ 1,1]);r2[4,5]=abs(t2[ 1,2]);r2[4,6]:=
abs(t2[ 1,31); r2[5,4]):=abs(12[2,1}%r2{5,5]:=abs(12[2,2]); r2[5,6]:=
abs(t2[2,3]):r2[6,4]:=abs(t2{3,1]);r2[6,5]:=abs(t2[3,2});r2[6,6].=
abs(t2[3,31%:r2[7.7]:=t2[ 1,1];r2[7,8]:=t2[1,2);r2[7,9]:=t2[ 1,3]:r2(8,7]:=
12[2,1]; r2[8,8}:=12[2.2];r2[8,9]:=12[2,3];r2(9,7]:=12[3,1]; r2[9,8]:=
12[3,2]:r2{9,9]:=12{3,33; r2[10,10):=abs(t2[1,1]);r2[10,11]:=abs(t2[ 1,2]);
r2[10,12]:=abs(t2[1,3]): r2{11,10]:=abs(t2[2,1]);t2[11,] 1]:=abs(12[2,2]);
r2[11,12]:=abs(12[2,3]); r2[12,10]:=abs(t2[3,1]);r2[12,§ 1]):=abs(t2[3,2});
r2[12,12]}:=abs(t2{3.3]);
end:

fori;=1to 12 do
for j:=1to 12 do
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begin

rc2{ij]=r2[}.i]; 12[1,j]:=0; for p:=1to 12 do
12[1,):=12[3jT+re2(i,p]*K2[p,];

end;

fori:==1 10 12 do

forji=110 12 do

begin

m2[i,j]:=0; for p:=1to 12 do
m2[i):=m2[ij]+2[i,p]*r2(p,j];

end;
end;

TINHS;

for iz=1 to sbt do
forj:=1 toi-1 do

s[ijl:=sli.ik;

writeln('ma tran khoi luong’);
for i:=1 to sbt do

for j:=i to sbt do
writeln(s[ij]);

readln;

end.

Chuong trinh PGR 14: Tinh két c4n chiu tic dung cia tai trong khong déi dat dot ngot
Phuc vu cho vige tinh chuyén vi tai céc thoi diém khac nhau mot két cdu bat ky chiu tic
dung cua tai trong dat dot ngot.

Céc s6 liéu cin nhap:

1. §¢6 bac tu do sbt

2. Tan s6 vong (img véi méi bic tu do)

3. Céc véc to riéng (ng véi méi tan s6 vong)

4. Tai trong dat dot ngot F,

5. Céc phan tir cia ma tran khéi lugng.

e sk ok ke e o ek e e e e s e o o she sk ok ok ok 3ok sk e ol sk e ofe e ok ke ok

Program 14 Tinh_ket_cau_chiu_tac_dung_cua_tai_trong_khong_doi_dat dot_ngot;

Uses crt;

Type

mt2 =array[1..20] of real;

mt] =array{1..20,1..20] of real;
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Var n,ij.ks,pp:integer; tsv,f,et]lp,zx:mt2; y,myvir,fimtl;
sgtireal;

Begin (*Nguoi lap trinh :Vo nhu Cau*),
Clrscr;

writeln ('so BTD");

readin{n);

writeln ('so doan thoi gian");
readln(s);

writeln (so gia thoi gian');
readln{sgt);

writeln ('ma tran khoi luong');
for i:=1 ton do

for j:=iton do

readln(m[ij]);

writeln ('tan so vong');
fori:=l tondo

readln(tsv{i]);

writeln ('tai trong');

fori:=1 tondo

readIn{I[i]};

writeln ('ma tran vec to rieng');
forj:=ltondo

fori:=1 to ndo
readIn{vtr{ij]};

for i:=1 to n do

for j:=1 to -1 do
mlij]=mj,il;

for pp:=2 to s+1 do t[ppl:=(pp-1)*sgt; t[1]:=0;
forj:=1tondo

begin

for k:=1 to n do

begin

e[k]:=0;

fori:=1 tondo
c[k]:=e[k]+vtr[ij]*m[ik];
end;

f[j]:=0; for k:=1 to n do
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fll=fl] e[k *vtrk,jl;
end;

for j:==1 ton do
x[j]:=sqrt(fT]);

for j:=1 to n do

for i:=1 to n do

begin

if(x[j]<>0) then
filig]-= virfi,jl/x[i]
end;

fori:=1tondo

begin

pli}:=0;
forj==1tondo
plil:=p[i+filj,i]*1[];
end;

for j:==1 ton do
if(sqr(tsv[j])<>0) then
zfj]:==(pli¥/sqr(tsv[j]);
fori:=1 ton do

begin

for pp:=1 to s+1 do
begin y[i,pp]:=0; for }:=1 to n do
y(i.ppl:=yLiLppHHifi ] *2[]*(1-cos(tsvi1*t[pp]));
end;

end;

writeln('chuyen vi tai cac thoi diem');
fori:=1tondo

for pp:=1to s+1 do
writeIn(y[i,pp]});
readin;

end.

Chuong trinh PGR 15: Tinh két ciu chiu tdc dung cta tii trong diéu hoa

Phuc vu cho viéc 1ap phuong trinh dao dong ctia mot két cdu bat ky chiu tic dung clia tai
trong diéu hda.

Céc s6 liéu can nhap:

1. 86 bac tu do

2. Tan s6 vong img véi mdi BTD
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3. Céc véc to riéng dng véi cdc tdn s§ vong
4. Bién do tai trong diéu hoa F,

5. Tan s6 vong tai trong diéu hda ©

6. Céic phan tir ma tran khéi luong.

EEE S EE LR LSS L R

Program 15 Tinh_ket cau chiu_tac_dung_cua_tai_trong dieu hoa,
Uses crt;
Type
mt2 =array[1..20] of real;
mtl =array[l..20,1..20] of real,
Var n,ij.k,s,pp.integer; tsv,fet.fo,p,z,x,bd,u:mt2; y,m,vir,firmt1;
sgt,tst:real;

Begin (*Nguoi lap trinh :Vo nhu Cau*);
Clrscr;

writeln ('so BTD");

rcadin{n);

writeln ("tan so vong');

fori:=1 tondo

readln{tsv[i]);

writeln (‘tan so tai trong’);
readin{tst),

writeln (" bien do tai trong’);
fori:=! tondo

readin(fofi]);

writeln ('ma tran vec to rieng');
forj:=1tondo
fori:=ltondo
readln{vtr[i,j]);

writeln {'ma tran khoi luong');
fori:=1tondo

for j :=i to n do

readIn{m[ij]);

fori:=ltondo
forj=1toi-1do
mii)=m[j,il;
for j=1tondo
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begin

for k;=1 to ndo

begin

e[k]:=0;

fori:=I ton do
e[k]:=e[k]+vtr[i,j]*m[i,k];
end;

f[)]:=0; for k:=1 to n do
)= tll+elk]*vr[k,j];
end;

for j:=1 ton do
x[)]):=sqrt(fTj]);

for j:==I ton do

fori=1 ton do

begin

iIf(x[j]<>0) then
fi{1 )= vir[ijV/x{3)
end;

fori:={ tondo

begin

pli]:=0;

for j:=1 ton do
plil=p[i]*+fi[j,i]*fofj];
end;

fori=1tondo

begin u[i]:=sqr(tsv[i])-sqr(tst);
2[i}:=p[iJulil;

end:

fori=1tondo

begin bd[i]:=0;
forp:=1tondo
bd[i]:=bd[{]+i[i,j]*z[j];
end;

writeln('bien do dac dong tai cac thoi diem');
fori=1 tondo

writeIn(bd{i}});

readin;

end.
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Chuong trinh PGR 16: Tinh gia tri riéng Ién nhat va véc to riéng tuong img cua két cau

Phuc vu cho viéc tinh gid tri rieng 16n nhét va véc to tuong tng cia mot ket ciu bat ky.
Sé liéu can nhap:

1. §6 bac tydon

2. Cic phin tlr cha ma tran do ciling

3. Cic phan tl cia ma tran khoi luong

s s ofe ok sk ofe o ok ok ok o ok ol ok ot ke sl e sk e sl ke e sl ok ke skokok ok
Program 16 Tinh_ GTRLN_va_vec_to_rieng_tuong_ung_cua_ket_cau;

Uses crt;
Type
mt1=array[1..10,1..10 | of real ; mt2= array[1..10] of real ;
Var ij.k,p.sn,st,sbt,n:integer; d1,d2,d3,d4:array[1..10] of integer;
cl,c2,blel,d,cd.dte,y,vtr,Lmm,x1,x2,y1,y2:mt2;
s,m,a,u,b,x:mtl;
tt,gtrln,c,z:real;
Procedure NDMT(var a,u:mt];n:integer);
Var ij,p :integer; c:real;
begin -
p:=0,
REPEAT
p:=ptl;
ifta{p,p]<=0)then
c=/a[p,pl;
for j:==1ton do
begin
a[pJyl=alpj]*e;
Ulp1:=Ulpsi*e;
end:;
fori:=1tondo
if(i<wp) then
begin
c:=a[i,p};
for j;=1 ton do
begin
alij)=alijl-alpd]*e:
Uli1=Ulig)-Ulpy]*e:
end:
end;

UNTIL{p=n),
end;
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Procedure TGTRLN(a,x:mtl niinteger);

begin
k:=0;
REPEAT
ki=k+1;
fori;=1tondo
begin
BJ[i,k}:=0;

for p:=1 tondo

B[i,k]:=B[i.k]+A[i,p]) * X[p.k];

end;

if (X[1.k}<>0) then Y{k]:=B[1,k}/X[1 k]

fori:=1 tondo

begin
if(Y[k]<>0) then
X[i,k+1]:= B[iL,k]/Y[k];
end;

z=(Y{k])-Y{k-11¥Y[k];
UNTIL abs(z)<=1E-12;
for i:=1 to sbt do VTR[i}:=X[ik+1];
GTRLN:=Y{k];
end:
Begin clrser;
(*Nguoi lap trinh :Vo nhu Cau*);
writeIn('nhap so BTD );
readln(sbt);
writeln('ma tran do cung');
fori:=I to sbt do
for j:=i to sbt do
read[n(s[ij]);
writeln('ma tran khoi luong');
for i:=1 to sbt do
for j==i to sbt do
readIn{m[i,j]);

for i:=1 to sbt do
forj:==1toi-1 do

begin
sfijl:=sl[},il;
mlijl:=m[j,i];
end;

(*Go1 chuong trinh con de ngich dao MT m*),

for i:=1 to sbt do
for j:=1 to sbt do
begin
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if(i=)) then ufij]:=1;
if(i<cj) then u[ij]:=0;
end;
NDMT(m.u,sbt);

(*Xac dinh ma tran a de tinh lap*};

for i:=1 to sbt do

for j:=1 to sbt do

begin
afi,j1:=0; for k:=1 to sbt do
a[ij]:=ali,jHuli.k]*s[k)];

end;

{(*Goi chuong trinh con de tinh gia tri riéng lon nhat*),

for i:=1 to sbt do x{i,1]:=1;

TGTRLN(a,x,sbt);

(*Doc ket qua*);
writein('vecto rieng ');

for i:=1 to sbt do
writeln(VTR[i])

writeIn('Gia tri rieng lon nhat');
writelt{ GTRLNY);

readin;

end.

Chuong trinh PGR 17: Tinh gi4 tri riéng va véc to riéng cho ma tran cap 2

Phuc vu cho viéc tinh gié tri riéng va véc to riéng cia mét ma tran cdp 2
S6 liéu can nhap:

1. S6 bac tudon

2. Gid tri riéng 16n nhat tinh tir chuong trinh PGR16

3. Véc to riéng tuong ting tinh tit chuong trinh PGR16

4. Céc phan tIr chia ma tran do cing

5. Cdc phén tif cha ma tran khéi luong

ke sk e s o ok ofe ke e sbe she e o sk o ok e ke sk skok ok ol ok Sk e o ko ok ok e ke o

Program 17 Tinh_cac_gia tri_rieng_va vec_to_rieng_cho ma_tran_cap_2;
uses  crt;

type mtl=array[1..20,1..20] of real ; mi2=array[1..20] of real ;

var  t1,t2,t1nt2nel,e2,f1,f2,a,c.b,x,s,mu:mtl;

virl vtr2 vtr3,vel,z1,22,23 vtr,ve,y:mt2;

ij,mp.k:integer; gtrl,gtr2,gtr3,hl ,h3,h2 gtr,z:real;
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Procedure NDMT(var a,u:mt] ;n:integer);
Var ij,pinteger; c:real;

begin

p:=0;

REPEAT
p=p+l;
if(a[p,p]<>0)then

¢:=1/a[p,p];
forj:==1 tondo
begin
a[p.jl:=a[p,j]*c;
UlpJl=U[pjl*e;
end;
fori:==1 tondo
if(i<>p) then
begin
c:=ali,p];
for j:=1ton do
begin
alij)-=alijl-alp,j]*c;
Ulij]=U[ij]-Ulp,jI*c;
end;
end;
UNTIL(p=n);
end;
Procedure TGTRLN(a,x:mtl);
begin
k:=0:
REPEAT
k:=k+1;
for =1 tondo
begin
B[iLk]:=0;
for p:=1 to n do
B[i,k]:=BJ[i,k]+A[i,p] * X[p,k};
end;
it (X[1,k]<>0) then Y[k]:=B[1,k]/X[1,k];
for i:=1 ton do
begin
if(Y[k]<>0) then
X[i,k+1]:=B[i,k]/Y[k];
end,

221



z=(Y[k]-YTk-1])/Y[K];
UNTIL abs(z)<=1E-12;
for ;=1 tondo wvtr[i]:=X[i,k+1];
gir:=Y[k];

end;
begin ¢lrscr;
(*Nguoilap trinh:Vo nhu Cau*);
writeln('nhap ¢ap ma tran vuong');
readln (n);
writeln{'nhap ma tran do cung’);
for i:=1 ton do
for j:==iton do
readln (s[ij]h
writeln(‘ma tran khoi luong’);
fori:=1 tondo
forj==itondo
readln (mf{i j]);
writeIn('nhap gia tri rieng 1');
readin (gtrl);
writeIn{'vec to rieng 1');
fori:=1tondo
readln (virl[i]);

fori:=1tondo

forj:=1to1do

begin

S{i1:=s[iiil;

m{ijl:==m{j,i];

end:

(*Goi chuong trinh con de ngich dao MT m*),

fori:=1tondo

forj:==1 tondo

begin

if(i=)) then u[i,j]:=1;

if(i<=j) then u[1,jj:=0;

end;

NDMT(m.u,n);

(*Xac dinh ma tran a de tinh lap*);

fori:=! tondo

fory=1tondo

begin
a[i,j]:=0; for k:=1] to n do
ali,jl=alijl+ulik}*s[k,l;

end;

(*Tinh gia tri rieng thu hai va vecto rieng tuong ung*);

fori=1tondo
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for j:=1 to n do

begin

ULLIE=1; 62,1 ] =vee t[2]; t1(2,2]:=1; t1[1,2]:=0;
te[L1:=1; tin(2,1]:=vtr1{2]; tIn[1,2]:=0; t1n[2,2]:=1:
end;

fori:=1ton do

for j:==1to n do

begin  el[ij]:=0; for p:=1tondo elfijl:=el[ij]+tIn[i,p]*a[p,j];
end;

fori:=1 to n do

forj:==1 ton do

begin

f1[i§]:=0; for p:=I tondo fl [ig):=f1[ij+e1[i,p]*t1[pj]:
end;

gir2:=f1[2,2];

fori:==1to 2 do

begin

VI2[H]:=15 vir2[2]:=a]2,1]/(gtr2-a[2,2]);

end;

(*Doc ket qua*);
writeln('gia tri rieng 2");
writeln{(gtr2);
writeln('vecto rieng 2;
for i:=1 to n do
writeln(vtr2[i]);

readin;

end.,

Chuong trinh PGR 18: Tinh gi4 tri riéng va véc to riéng cho ma tran cap 3

S6 lidu cdn nhip:

1. 56 bac tudon

2. Gia tri riéng 161 nhat tinh tir chuong trinh PGR 16

3. Véc to riéng tuong ting tinh tir chuong trinh PGR 16

4. C4c phan tir chia ma tran dé ciing

5. Céc phén tir cha ma tran khéi ligng
***********************************

Program (8 Tinh_cac_gia__tri_rieng_va_vec_to_rien g_cho_ma_tran cap 3;
uses crt;

type mtl=array[!..20,1..20] of real ; mt2=array[1..20] of real ;
var tlt2,tln,t2n,el e2 fl Jf2,a,c,bx,s,mu:mtl;
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virl vtr2,vird,vel,y,z1,22,23,z,vtr,vc:mt2;
ij.n,pkinteger;  gtrl,gtr2,gtr3,h1,h2, gtr,vreal;
Procedure NDMT(var a,u:mt];n:integer);

Var i,j,p :integer; creal;
begin
p:=0;
REPEAT
pr=p+l;
if(a[p,p]<>0)then
c:=1/afp,pl;
for j=1 ton do
begin

a[pj):=a[pj)*c;
U[p.il=UlpJjl*c;
end;
for i:=1 tondo
if(i<p) then
bs:gin
¢:=a(ipl;
forj:=1tondo
begin
aliyj)=aliJl-a[pjl*c;
U[ij]:=Ulij]-UlpJ}*e;
end;
end;

UNTIL{p=n);
end;

Procedure TGTRLN(a,x:mtl);

begin
k:=0;
REPEAT
k:=k+};
for i:=1 ton do
begin
B[i,k]:=0;

for p:=1 ton do
B[i,k]:=B[i,k]+Ali,p] * X[p.K];
end;
if (X[1,k]<>0) then Y[K[:=B[1kVX[1.k];
for i:=1 to n do
begin
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if(Y[k]<>0) then
X[i.k+1]:= B[i,k)/Y[k];
end;
vi=(YIk]-Y[k-11V/Y[k];
UNTIL abs(v)<=1E-12;
fori=ltondo wvtr[i]:=X[i,k+1];
gtr:=Y[k];
end;
begin clrscr;
(*Nguoilap trith:Vo nhu Cau*);
writefn("nhap cap ma tran vuong');
readln (n);
writeln('gia tri rieng 1');
readin (gtrl);
writeln('vec to rieng 17;
fori:=1ton do
readin (vtri[i]);
writeln('nhap ma tran do cung’);
fori:==1 ton do
forj:==iton do
readln (s[i,j]);
writeln('ma tran khoi luong');
fori:=1 ton do
forj:==itondo
readIn (m[ij]});

fori=1tondo

for j:==1toi-1 do

begin

siyj]:=s[},i};

m[ij):=m[j,i];

end;

(*Goi chuong trinh con de ngich dao MT m*);
fori=1tondo

for j==1tondo

begin

if(i=}) then u[ij}:=1;

if(i<>j) then u[i,j}:=0;

end;

NDMT(m,u,n),

(*Xac dinh ma tran a de tinh lap*);
fori=1tondo

forj:==1tondo
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begin
a[1,j]:=0; for k:=1 to n do
alij):=alij]rulik]*s[k,j];
end;
fori:=i tondo
for j>=1to n do
begin
([1,1]:=1; fori:=2to ndotl[i,]1]=vtrl[i]; for}:=2 tondo
t1[1,]:=0;
fori:=2ton do
for =2 to n do

begin
if(i=9) then t1[ij]:=1; if(i<>)) then t1[ij]:=0;
end;
tIn[1,1]:=1; fori:=2 tondo tln[i,1]:=-vtrl[i]; forj:==2tondo
tin[1,]:=0;

for i:=2 to n do
forji:=2tondo
begin
if(i=)) then tln[ij]:=1; if{1<>j) then tin[ig]:=0;
end;
end;
for i:=! ton do
for j:=1ton do
begin el[ij]:=0;
for p:=1 to ndo el[ij]:=el[ij]+tIn{i,p]*aip,];
end:
fori:=1tondo
for =1 tondo
begin f1[i}]:=0;
{171,1:=0; for p:=1 to ndo f1[ig]:=f1[ig]+el[i,p]*t1[pi;
end;
fori:=t ton-1do
for j==1 to n-1 do c[i,j]:=f1[i+1,j+1];
{*Goi chuong trinh con de tinh GTRLN cua ma tran c*);
for i=1 to n-1 do x[i,11:=1;
TGTRLN(c,x);
gtr2:=gtr; for i:=1 to n-1 do vtr[i]:==vtr[i];
fori:=2 tondo Vc[i]:=vtr[i-1];
{(*Tinh vec to rieng thu hai*);
hl1:=0; forp:=2tondo hl:=hl+fI[1,p]*vc[p];
if{(gtrl-gtr2)<>0) then ve[1]:=-h1/(gtrl-gir2);
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fori:==1tondo
begin

vel[i]:=0; forp:=1tondo vel[i]:=vel[il+t1[i,p]*ve[p];

end;
if(ve1{1]<>0) then
begin fori:=1 ton do
vie2[i]:=vel[i)/vel[1];
end;

(*Tinh gia tri rieng thu ba va vecto rieng tuong ung*);

fori:=1 to n-1 do

for j;==1 to n-1 do

begin

2L 1]=1; 202, 1]=vir[2]; 12]1,2]:=0; 12[2,2]:=1;

2n[1,11=1; 12n{2,1]:=-vtr{2]; t2nf1 ,2]:=0; t2nf2,2]:=1;

end;

for i:=1 to n-1 do

forj:=1 to n-1 do

begin €2[ij]:=0; for p:=1ton-1 do
e2{ij]=e2{ijl+12n[i,p]*c(p,1;

end;

fori:=1ton-1 do

forj:=1ton-1do

begin f2[i,j]:=0; for p:=1ton-1 do

2{i j1:=F2[i f1+e2[i,p]*2[py):

end;

gtr3:=f2[2.2];

fori:=1to 2 do

begin

z1[1]:=1; 21[2}:=c[2,1)/(gtr3-c[2,2]);

end;

fori=2tondo 2z2[i]:=zi[i-1];

h2:=0; for p:=2 to n do h2:=h2+f1[1,p]*z2[p];
if{(gtr1-gtr3)<>0) then  z2[1]:=-h2/(gtr1-gtr3);
for i=1 to n do

begin

23[i]:=0; for j:=1 to n do Z3[i]:=z3[i]+t1[ij]*z2[j);
end;

fori:=!tondo

begin

if(z3[1]<>0) then vtr3[i}:=z3{i}/z3[1];

end;
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(*Doc ket qua*);
writeln('gia tri rieng 2");
writeln(gtr2);
writeln{'vecto rieng 2');
fori:==1ltondo
writeln(vtr2[i]);
writeln('gia tri rieng 3');
writeln(gtr3);
writeln('vecto rieng 3');
fori:=1 tondo
writeln(vtr3[i]);

readln;

end.

Chuong trinh PGR19: Tinh gia tri riéng va véc to riéng theo phuong phap Jacobi

Phuc vu cho viéc tinh cdc gia tri riéng va véc to riéng theo phuong phap Jacobi
SG liéu cdn nhap:

1. S6 bac twdon

2. Cdc phén tir ctia ma tran d6 cing

3. Cac phan ti cia ma tran khéi lugng.

sfe o sk ofe v o ok e ke ok o ool ok e sk ok e ok ok ook ke e sl sk ok Aol ko R

Program 19 Tinh cac gia_tri_rieng_va_vecto_rieng_theo_fuong_fap Jacobi ;
Uses crt;
Type
mtl= array{1..10,1..10 ] of real ; mt2=array[1..10] of real ;
Var i,j.k,n:integer; gtr,tsv,l,z,r,v2:mt2; s,ss,m,mm,vtr,vtrl,vl:mtl;
a,b,c.d.e alf bet,u,v,x:real;
Begin  clrser;
{(*Nguoi lap trinh :Vo nhu Cau*};
writeln('so bac tu do";
readin{n),
writeIn('ma tran do cung');
fori:=1tondo
for j:==ito n do
rcadIn(s[ig])
writeln{' ma tran khoi luong');
fori:=1tondo
for j;=1ton do
readin{m[ig])
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fori:=! to ndo
forj:=1toi-1 do
begin
s[ijl:=s[3,i];
m[i,j]:=m(j,i];
end,

fori:=1tondo

I[i}:=s[i,i}/m[i,i];

fori:=1 ton do

forj=1tondo

begin

if(i=jthern vtr[i,j]=1;

if(i<=))then vtr[i,j]:=0;

end;

REPEAT

for j==1 to n-1 do

for k:=j+1 to ndo

begin

ar=s(j*mfj,k]-m[jj]*s{i.k]; b:=s[k.k]*m[j,k]-m[k,k]*s[j.k];
c=s[),j]*m[kk]-s[k.k]*m[j,j]; d:=0.25*sqr(c)+a*b: e:=sqrt{d}),
if(c<0) then e:=-¢; alf:=b/(-0.5*c+e); bet:=-a/(-0.5*c+e);

fori:=1 to j-1 do

begin
s{ig]:=s[i,j]+bet*s[i,k];
m[i,j]:=m(ij]+bet*m[i,k)];

s[i.k]:=s[i,k]+alf*s[ij};
m[i,k]:=m[ik]+alf*ml[i;];
end;

for i:=k+1 to n do

begin
s[ijl:=s[i,i]+bet*s[i,k];
m(i,j]:==m{i,j]+bet*m[ik];
s(i,k]:=s[i,k]+alf*s[ij];
m[i.k]:==m[i,k]+alf*m[ij];
end;
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fori:=1toj-1do

begin

s[j,i]:=s[},i}+bet*sik.i];
m[j,i]:=m(j,i]+bet*m[k,i];
s[k.i}:=s[k,i]+alf*s[j,i];
m[k,i]:=m[k,i]+alf*m[j,i];

end;

for i:=k+1 to n do

begin

s[j,i]:=s[j,i]+bet*s[k,il;
m[j,i]:=m{j,il+bet*mik,i];
s[k,i]:=s[k,i]+alf*s[j,i];
mk,i]:=m[k,i]+alf*mij.i];

end;

ss[j.j1:=s[j4]; mm[jj):==m{j,j]; ss[k.k]:=s[k.,k]; mm[k,k]:=m[k.k];
s[jJ):=s[j 1+2*bet*s[j,k]+sqr(bet) *ss[k.k];
m[j.jl=m[,j]+2*bet*m[j.k]+sqr(bet)*mm[k,k];
sk k]:=s[k k2 *alf*s{j,k]+sqr{alf)*ss]j,j];
mik.kl:=m[k k]+2*alf*m[j,k])+sqr(alfy*mm[j,j];
for i:=1 to n do z[i]:=s[i,i]/m[i,i];
fori:=1tondo

begin

vi[ij]=vtri,jl; vI[i.k]=vtr[ik];
vtr|i,}=vtr[ij]tbet*vI[i,k];
vir[iLk]:=vtr[i,k]tal*v1{ij];

end;

for i:=1 to n do x:=(z[i}-l[1])/1[i];
u:=sqr(sij,k])s[ji1*slik.k]; vi=sqr(m[j,k]}m[jj1*mkk];
end:

UNTIL x<=1E-12; u:=(1E-24), v:=(1E-24),

fort:=1tondo
for j:=1 to i-1 do
begin
s[ig)=s[j.il;
m[i,j]:==m[},1];
end:
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fori;=1tondo

begin

gtrf{i]:=s[Li)/m[i,i];
tsvii)=sqrt(ge[i]);

end;

forj==1tondo

for k:=1to n do

begin
vtr[k,j]:=vtr[k,jJ/sqrt{abs(m{3,i));
viri [k jf=vtr{kj1/vt1,j];

end:

writeln('gia tri rieng");
for i:=1 to n do
writeln(gtr[i]);
writeln('tan so vong');
fori:=1 ton do
writeln{tsv[i]);
writeIn('ma tran vtr');
for j:=1 to ndo
fork:==1tondo
writeln{vtri[k,j]);
readin;

end.
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Chuong 14. Dao dong ciia gian
§14.1. Ma tran d6 cimg va ma tran khéi lugng cha gian phang
§14.2. Su bién déi heé toa do
§$14.3. Ma tran do cung va ma tran khéi luong clia gian khong gian
§14.4. Phuong trinh chuyén dong ctia gian khéng gian
Phu luc: C4c chuong trinh tinh theo ngon ngirt TURBO PASCAL 7.0
Tai lién tham khao
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114
118

12¥
12¥
130

130
131
138

139
140
141
141
149

152
154
159
161
167
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TINH KET CAU THEO PHUGNG PHAP
PONG LUC HOC

Chiu trdch nhiém xudt bdn:

BUI HUU HANH
Bién tp: TRAN CUONG
Ché bdn: PHAM HONG LE
Stta ban in: HUY HOANG

Trinh bay bia: NGUYEN HOU TUNG

Tn 1000 cudn khé 19 x 27cm, tai Xudng in Nha xudt ban X4y dung. Gidy chip nhan ding ki k& hoach
xudt ban s6 142-2006/CXB/58- 10/XD ngay 24/2/2006. In xong va nop lwu chiéu thang 8/2006.
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@ 1956 - 2006
=’ 1966 - 2006

Ki NIEM 50 NAM DAO TAO, 40 NAM THANH LAP

TRUONG DAI HOC XAY DUNG

TiNH KET CAU

THEO PHUONG PHAP MA TRAN '

niNGIETRCA

THEO PHUONG PHAP PHAN TU HUU HAN

o

6X6-6X2
XD- 2006

142 - 2006

Gia : 43.000°
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