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L3I ndi dau

Ly thuyét didu khién phi tuyén luon thu hit dudc su quan tam ciac nhitng nguol
lam viéc trong linh vic k¥ thudt hé thong. Nhing phuong phdp phdn tch va tong hop hé
théng trén co so ly thuyét diéu khién phi tuyén dita con ngudi dén gan hon nita trong cdec
iing dung thuc té. N6 chinh la chiéc cGu ndi gitta 1y thuyét va ing dung thue tién. Chinh
vi thé, chi 15 ndm gén day, diéu khién phi tuvén dd co nhitng budc nhay vot vé chat
iuong, cd trong Iy thuyét lan iing dung. Nén mong cho sy phat trién nay la phép déi truc
toa dé vi phot (diffevrmorphism) xdy ditng trén nén hinh hoc vi phan, do Isidori dua ra da
tao ra khd ndng nghién cidu, phan tich, diéu khién hé phi tuyén theo hudng tan dung cdc
két qud da co cua diéu khién tuyén tink, ma dién hinh trong s6 do la phuong phdap thiét
k& b6 diéu khibn tuyén tinh hoa chinh xdc, phitong phap phén tich dong hoc khong cua
hé phi tuvén ... Cling nhu vdy, Sontag cliing cdc déng su dua ra khdi niém ham diéu
khién Lyapunov (Control Lvapunov Function-CLF) gitip cho viée gidi quyét bai todn thiét
k& cde b diéu khién on dinh dudc chgt ché hon, ro rang hon, nhdt la khi d6i tugng c6 mé

hinh bit dinh (uncertainties), hodc bi thay doi ngdu nhién khéng biét truvde ...

Bén canh sy phdt trién mdi vé chdt lugng trén, truong phdi diéu khién phi tuyén
kinh didn cing duge b sung thém nhidu ky thudt thiét ké hitu lch nhu k¥ thuat
gain-scheduling, k¥ thudf cuon chiéu (backstepping technique), da tap trung tim (center
manifold), diéu khién trugt (Sliding Mode Control-SMC) .... Khong nhimg thé, diéu
khién phi tuyén da duve ing dung thanh cong cho Ip dél turong phi tuyén o tinh chét
dong hor ddc bist nhu cdc hé thu déng, cde hé héi tiép chdt tham sé, hé tidu tdn ...

Sz ticn bé to idn d6 ciia diéu khién phi tuyén cdn phdi duge phé c¢dp, can phdi duge
nhanh chong wnyg dung vao thuc tién céng nghiép Viét Nam. B ciing chinh la Iy do da
cubn sdch da thu hut ditge su quan tém cia nhidu dée gid. Nén chi chita day hai nam
cuon sdch Ly thuyét diéu khién phi tuyén nav di duve nha xudt ban KH&KT dé nghi
tdi ban. Trong ldn nay, ching toi da sdp xép lai néi dung ciia cudn sdch mot cdch hé
théng di tie don gidn dén phic tap, dé dé diang han cho dée gid trong tu nghién citu.

Quyén sdeh dude bé cuc thanh ede chuong:

—  Chuong mé ddu gidi thiéu chung vé hé phi tuyén va cde ddc diém cing nhit nhiém
vu phan tich va téng hop chung.

- Chuong 2 tdp trung vae cac phuong phdp diéu khién phi tuyén kinh dién nhu
phén tich mat phéing pha, tinh on dink tuyét déi, cén bing diéu hoa, diéu khién
triot ... '

—  Ndi dung ctia chizong 3 la toin bé Iy thuyét Lyapunov trong phan tich va tong hop
hé thong.



—  Chuong 4 trinh bay ede phuang phip diéu khién phi tuyén duoe xay dung trén nén
Iy thuyét diéu khién tuyén tinh, nhu tuyén tinh héa xép xi, phin tich hé théng nhd
da tap trung tém, didu khién tuvén tink hinh thic, k¥ thugt gain-scheduling ...

- Chuong 5 duge danh hoan toan cho viée trink bay cdc phuong phdp phén tich,
tong hop diéu khién phi tuyén trén nén hink hoc vi phin. Trong tém cua chuong i
cdc phuong phdp xdc dinh phép doi truc toa d6 vi phéi cung nhi thiét ké bo didu
khién phdn hoi trang thdi, phuc vu viée tuyén tink héa chink xde hé phi tuyén,

Quyén sdch co muc dich la gidi thiéu véi ban doc nhiing phuang phéip phan tich co
ban va thiél ké bs didu khién dé can thiép vio hé phi tuyén. Do mong muén duve cing
ban doc trao do tiép, nén sai méi phin trink bay mdt phutong phdp, chiing téi con viét
thém cdc suy nghi cua minh vé khd ndng md ctia phudng phdp dudi dang cde 1ot ban.
Ciing nhan day, ching téi xin gui I cdm on chdn thanh dén cde han doc d@ gép ¥ cho
cudn sdach ngay cang dudve hoan thién hon. Chiing tai mong nhdn duge nhiéu hon nita
nhitng dong gop chdn tinh ciia cde ban doc gén va.

Quyén sdch Ly thuyét diéu khién phi tuyén duoe viét véi su cam thong, giup dd v
cing to lon cie gia dink cdc tdc gid. Néu khong cd su hy sinh, sit of va, khuyén Ehich ciia
nhung ngudi thin gia dinh chéc chin quyén sach khong thé hoan thanh duwge. Bot vay,
le5i edm an ddu tién cuia ching 16 la gii dén ho.

Nhitng [0 cdm on chan thanh tiép theo xin diuge dén cic ban be, ding nghiép
nhitng nguwi da ludn ding hé, khuyén khich va chia sé khd khin vdi ching-toi.

Rdt mong nhén dude nhiéu hon niva nhitng gop ¥ ciia ban doc. Thu gdp ¥ xin givi vé:

Trugng Bai hec Bach khoa Ha Ngi
Bd mén Biéu khién Ty déng

S8 1 Dai C4 Vigt, C9/305-306
Tel (04) 8680451 / 8692985

Ha N&i, ngay 6.1.2006
Cac tac gia
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1 NHAP MON

1.1 Gidi thiéu hé phi tuyén
1.1.1 M6 hinh toan hoc

Xét hé MIMO, viét tit ciia nhiéu vao/nhiéu ra (Multi Inputs-Multi Outputs) vo1 m
tin hiéu vao u,(t), us(t), ... , u,(t) va p tin hiéu ra y,(¢), ya(t), ..., ¥, (£) nhu

m

hinh 1.1 mé ta. Néu viét chung cac tin hiéu vao/ra thanh vector:

u, (2) ) ()
uy=| | yo=|
Uy (t) yp(t)

thi mé hinh hé théng dudc quan tAm & day 1a mé hinh todn hoc mé ta quan hé gida
vector tin hiéu vao w(t) va vector tin hiéu ra y(¢), tic la mo ta anh xa T:u(t) ¥ y(t) .

Anh xa (hay chinh xac hon la todn tz) nay dudc viét nhu sau:

y()y= Tult); (1.1)

u,(t) —> Hg théng ky > Y1(?)
Hinh 1.1: So dé khai mét hé théng ky : . thuat .
thuat cé nhiéu tin hiéu vao vara.

um(r) 3 X1, see , X

n-;r ¥p(t)

Nho ¢6 md hinh toan hoc (1.1) trén ta luén xac dinh dude vector tin hiéu dau ra

y(t) cta hé théng néu nhu da biét trude vector cac tin hiéu vao u(¢) va (khi can thiét)
cac trang thai tdc thdi x,(¢), xo(t), w. , x,(¢) caa né. Dé gon trong cach viét, n bién

x, (1)
trang thai nay sé dudc ghép chung lai thanh vector x(¢)=

Xn (t}
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M hinh cla hé tinh

MGt hé théng duge goi 14 tinh, néu tin hiéu ra y(¢,) & thai diém t=t, dugc xac dinh

true tiép tif tin hidu diu vao u(#g) tai ding thii diém dé. Nhu vay mé hinh toin hoc

(1.1) cia hé tinh sé chi 14 mot quan hé dai s& va ngusi ta thudng viét né duéi dang ham:

¥ =

trong d6 ham f(u) c6 thé 1a mét cong thue tudng minh, song ciing c6 thé chila mét bang

tra hodc mot dusng dé thi nhu minh hoa & hinh 1.9,

Hinh 1.2: Mé ta hé phi tuyén tinh o ¥

Flu)

bing cac ham dai s6 —a ¥y =) |

M@ hinh cla hé déng

Y

Mot hé théng dude goi 1 déng, néu dé xac dinh tin hidu ra y(f;) tai thoi diém t=t,

ngusi ta cin phai c6 cc gia trj cha tin hidu dau vao () ¢ tat ca cac théi didm trude d6

¢<ty. Nhu vay, dé mé ta mot hé dong, md hinh toan hec (1.1) cha né khéng thé chi l1a

mét quan hé dai s0 ma nd con phai ¢ ca cae quan hé giai tich khac nhy vi phan hay tich

phéan. Khac véi h¢ tinh, trong mé hinh clia hé dong c6 cd sy tham gia clia cac bién trang

thai, don gian la vi trang thai cua hé théng la dai ludng mang théng tin v& tinh déng hoc

cua hé.

Ban chat déng hoc clia hé thong ndm trong quan hé giia tin hidu vao u(t) va trang

thai x(?) cha né. N1 chung, mét hé théng. cing véi vector bién trang thai x(t) sé ¢ mé

hinh toan hoe (1.1) dudi dang:

1) M6 hinh trang thai ti tri (autonom):

dx
d—t—i(zg)
y=glx.u)

2} M0 hinh trang thai khéng tu tri (non-autonom);

%ﬂ{(s,z‘ )

y=glzut)

12
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3} M5 hinh trang thai khong tudng minh (implicit):

f(—* x,ut)=0
g(g.g.g.t) =
V61 md hinh trang thai ngudi ta 6 thé xac dinh duge nghiém x(t). y(#) mé ta su
thay déi trang thai va tin hiéu ra cha hé thdng theo thoi gian dudi tac dong cta kich
thich u () va diém trang thai ddu x,=x(0) duge gia thist la da biét.
Vi du 1.1: Xay dung mo hinh trang thai

Xét hé co nhu hinh 1.3 ma td gdm 1 15 xo, mét vat ¢6 khéi lugng m va khau suy
gidm van téc d. Tin hiéu vio cha hé la lde u (¢}, tin hidu ra la quang dudng ma vat &
duge, k¥ hieu 1a y ().

Khi vat dich chuyén mét khoang cach v{¢). 16 xo s& sinh ra mot lue F;, c6 hudng
ngugc lai chidu chuyén déng clia vat. Luc nay phu thudc chi vao mét minh bidn v nén
dudce viét thanh:

£ = fv)
Khau suy giam van tdc d cang sinh va mét luc F; can sy chuyén déng cua vat va
a6 dé 16n phu thude tuyén tinh vao van tée ciia vat:

Fd—g( )

trong dé d 1a hang s6 duge xac dinh tir vat liéu cia khau suy giam.

Nhu vay phuong trinh cén bing luc sé la:
2

mj—+g(z)+ft u

Dat tidp:

. dv
v=x, vA —— Tx,
. 7 Y

ta s€ co
dx,
dr
Hinh 1.3: Minh hoa vi du 1.1.
ﬁ=i(-f‘(ac Y- gl tu) |
dt 7 ! 2 :
va dé chinh 14 phan déng hee cua mé hinh trang thai mé ta hé co di cho. O
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BAn chét phi tuyén: Tinh khdng thda man nguyén Iy x&p chéng
M6t hé thong duge goi la thoe mdn nguyén IV xép chéng néu md hinh (1.1} cla né la
mét todn LI tuveén tinh, tite ta:

Tlaw+bu”l = aTip'l+ bTiu”) {1.4)

v6i a.b 1a hai s6 thuc. Nhu vay, khi dd bigt cae tin hiéura v', y" cia hé dng vdi hai tin

hiéu ddu viao x’. u™ khac nhau. thi ta ciing xéac dinh dude tin hidu ddu ra cho truing
hop o diu vao co u=au’+bu* va déla v=ay'+by".

Cac hé thdng ma mé hinh toan hoc (1.1) ctia n6é théa man nguvén 1y xép chéng (1.4)
duge goi 1 hé tuyén tinh. Ngude lai néu mé hinh cia hé khéng thoéa man nguvén 1y xép
chong (1.4} thi hé dudc goi phi tuyén. Phan 16n cac hé théng 6 trong tu nhién déu mang
tinh phi tuyén. Ching han don gian nhu hé ro-le. nhiing hé sinh hoe, hé thuay khi, hé vat
1y ¢6 clu tric hdn hgp, hay cac hé théng nhiét déng hoc 1a nhing hé phi tuvén, dién trd

cfing 1a hé phi tuvén ....

Vi du 1.2: H& phi tuyén tinh

Xét mot hé théng £é mot tin hidu vao u(¢) vh mat tin hiéu ra v (1), Anh xa

T:u(t) = v{£)

mé ta quan hé giita dau vao va ra cla né duge biéu dién & hinh 1.4.

. ) ! . 155"
Hinh 1.4: Minh hoa vi du 1.2, wooa U u i

Tt dudng dac tinh violra nay ta thiy hé théng khéng thda min nguvén 1y xép
chéng. That vayv néu goi:

¥ =Ty va v =Tiu™

v&i hai di€m #'. " nhu & hinh 1.4. thi tng v6i kich thich z=u’+2u” hé sé cd dap 1ing:
VT +2u™) # v 424"

Vay n6 14 mot hé phi tuvén.

Tit dudng dic tinh clia hé ta ciing cé dude phudng trinh biéu didn 4nh xa T
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_ |kasgn(w) khi |uf>a
Tl khi y<a

véi k 14 hé s6 gac cia doan thang di qua tim gde toa d6 va sgn(u) 1a phép tinh xac dinh
dau cua u:
1 néu uwx=0

sgn(u) —{

-1 néu u<0

Tai diém w=0, ham sgni(u) khéng c6 mdt gia tri rd rang (¢ —1 dén 1) va trong thue té
diéu do ciing khéng cé mét ¥ nghia gi dic biét. O

Vi du 1.3: H& phi tuyén dong

Xét lai hé cg d& cho g vi du 1.1 v6i |y| tudng déi 16n coé:

fly) = av+by® va g(%) = c% trong d6 a,b,ceR

Suv ra:

HLES "

d\«’ K]
+o——+ + hy! = (1.5
o cdr ay + by u (1.5)

Ro rang (1.5) khéng thoa man nguvén ly xép chong vi:
V™M > (™
nén no la hé théng phi tuyén. O

Chit y: Viéc phan biét mdt hé théng 1a tuyén tinh hay phi tuyén dude thuc hién dua
vao moé hinh toan hoc (1.1) cua hé. Song trong thuc té, do thuong chl quan tam tdi ban
chat déng hoc cua hé théng nén ngudi ta cling chi sit dung riéng phan mé hinh dong hoc
md ta quan hé gidia tin hiéu vao w(¢) va trang thai x(¢), ching han nhu trong mé hinh
tu tri (1.3) ngugi ta chi su dung riéng:

dx

t

=%

(xu) - (1.8

Tudng ing. dé kiém tra xem hé 12 tuyén tinh hay phi tuvén tir (1.6), ngudi ta sé kifm tra
no theo nghia toan 1

x(t) = Tout
c6 thea min nguyén 1y xép chéng hay khéng. Noi cach khae, néu ¢é:

T law +bu”! = aT fu't+ bT, {u" (1.7



thi phéin déng hoc (1.6) dudc goi 1a tuyén tink, nguoe lat thi goi la phi tuyén. Difu nav
thudng dan dén viéc trong mét hé thong cé thé i6n tai ca hai loal mé hinh déng hoc
tuvén tinh va phi tuyén.

Vidu 1.4: Mat hé dude ma ta dong hoc bang ca hai mé hinh tuyén tinh va phi tuyén

Xét hé e6 thanh phén déng hoe trong mé hink trang thai:

J%—x;— = {ay +ae)

Dé dang kiém tra dugc ngay 1a md hinh nay khéng thoa min nguvén ¥ xép chéng (1.7)
hav nd 1a mot md hinhdong hoc phi tuvén.

Thay bién z = ¢ vaz.=x. thi md hinh trén 4§ thanh;

dzl
— =z, 4u
dt )
}dz:z .
at 172y
va no la mot ma Aink tuyén tinh theo nghia (1.7). a

1.4.2  Quy dao trang thai va y nghia trong phan tich hé théng

Xét hé¢ cé md hinh dong hoc tu tri (1.2). Goi x(7) la nghiém cta né img voi 1=0 va
x(M=x, cho trude. go1 la qud dao trang thdi tw do (vi ¢6 ©=0). tic 14 nghiém cia
phucng trinh vi phan:

— = flx) = E(J_c) ' (1.8)

Biéu dién nghiém do trong khong gian trang thai R ta sé dude do thi phu thude tham s6
¢, nhu mé ta ¢ hinh 1.5a} véi chiu mai tén chi chidu tang eta £, Tap tit ca cac quf dao
trang thai tu do iing véi nhiing diém trang thai ban diu x, khae nhau duge got 1a Ao cdc
quy dao trang thdi ti do (hinh 1.5h).

Ho cac quy dao trang thai tu do nav chia dung day di théng tin vé ban chat dong
hoc cua hé théng. Béi vay. mét trong nhiing phucng phap don gian dé phan tich hé
théng, khao sat cac dac tinh déng hoc vén cd trong hé théng, 1a théng qua dang cac
dudng quy dao trang thii ty do nav. Nhung lam cach nac d& ¢6 thé co dude cac quy dao
trang thai tyt do ma khéng can phai tim nghiém x(¢} cua (1.8). Dé tra 1, ta xét trudng
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hop khi ma hé khong bi kich thich (1.8} chi ¢6 hai bién trang thai, hay x=

“x
! J . Trong
Xy

tritong nhu vav, ngudi ta gol quy dae trang thai x(¢) don gian la quy dao pha.

) )

3

xy
s % T
7
i
LA'//
Hinh 1.5: M6 ta hé phi tuyén nhé;

a) Quy dac trang thai cla hé co ba bién trang thai,

[«

Yo

b) Ho cac quy dac trang thai clia hé co hal bién trang thai.

Xay dung quy dao pha béng phuong phap dudng dang ta

Sau div ta sé xét mat phusng phap xév dung quf dac pha cua hé phi tuyén vdi hal

bién trang thai x|, x, mo ta bai:

(-iil':fl(xl--"ﬁrﬁ)
;it (1.9)
{{;2 =fa(xy.xp.4)

Tir md hinh hé théhg (1.9) va tin hiéu kich thich 2 (¢)=0 14 di biét ta cé:

d: . -
O;l :h(xl‘x-z.gﬂu:n: Frixg.ay)
dx. -

;_f :fzf11-12.~2)lu=9: Falxg.x)

Chia hai phuong trinh trén cho nhau theo timg vé rdi xem né nhu mét hing s6 & ta dudc

dx1 - f}(I!.Iz)

—_—= =F(x Xy) =k
dxy  fy(xy.25) bE

Tiép theo ta xav dung cac dudng d6 thi biéu dién ham
;:(x!‘x2):k (1.10}

trong mat phang pha véi k 13 mét s8 thye duge chon trude. Do
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dx =
dxl =l xy) =k

..13]“)
x, (L}

W cua hé khi cat dusng dé thi cia (1.10) & phas c6

nén mol quy dav pha x ()=

cung mot do nghiéng @ thea man tang=k . Noi cich khac. dé thi (1.10) 13 tap hop t&t ca
cac diém lrang thay ma khi di qua no cac quy dao pha phai ¢6 cing mét d6 nghiéng.
Chiuh vi vay dé thicta (1.10) duge gor 1A duiing dang ta (cing mot d nghiéng).

Chi ¥: Dhidng dﬁng ta (1.10) chi 1a tap hep cic diém wang thai ma tat dé cae quy
dao pha phai e6 eiing mét dé nghiéng. Didu d6 hoan toan khéng néi rang cac diém trang
thal do phai thude cing mét quy dao trang thai.

Tueng ung 41 mot gia tri £ nhat dinh ta co mét duing ding ta. Cho b thay dél ta
duge nhiéu dudng ding ta. Lap cia nhidu dudng ding La {ng véi nhitng gia tri & khac
nhau tao ra trong mat phing pha mét tap hep cac dudng dang ta. Ti tap cac duling dang
L4 DAV, ta ¢6 thé xay dung. mét cdch gan dung quy dao pha cda hé thang vii didin diu X,
bal ky bang cach xuit phat (i x,, . thidl k& mot dudng dudng cong eat cae dutng dang ta
sao cho tai glao diém vdi duding dang ta Gng vdi mat gia tr1 £ nhit dinh thi phai ce da
nghiéng dung bang @ tinh theo tang=4 . D& cho viee xay dung dudng cong duge dé dang.

nén v@ san trén duding diang ta k cac vach chéa ¢d dG nghiéng 1a tane.
Vidy 1.5: Xay dung qui dac pha theo phudng phap dudng dang ta
Xét hé co md hinh trang thai
' d.’\']

d —'.1'2
t (1.11)

dx,
‘—‘! = —x']; —0.2x, +u
Lde -

Tit phudng trinh trang thé teén ta thav ngay duge hé ehi co mét diém cfin hang 1a
goe loa d6 0. Duding dang th & cha truong hop hé khing bi kich thich (1 =0) s& la:

5 _
dy, _—x) 02y,

h=—=c
d.:(l Xy
Suvra
o
r, = ———l néu k0.2
v ;“r + 3.2

=0 néuk =02
Xy = A1) néu k = o



Nhu vayv tap nhiing dubng dang th cia hé s2 13 cae dudng cong bac 3 khi & = 0.2 va
truc hoanh tng véi k = o truc tung ving vé £ = 0,2, Trén cac ducng ding LA d6 ta vé san

nhiing vach nhé biéu dién goc nghiéng ¢ ed tang =k Chang han trén truc hoanh 1a eac

. . P T . T . -
vach vuong goéc v no {co ¢ = 5 ) vi tan '.;’ =k = e (hinh 1.8).

Sau khi di ¢6 cac dudng dang ta. ta xav dung quy dao pha cta hé. Gia su ta pha vé
gquy dao pha di ti diém trang thai xy nam phia trén truc hoanh. Do x, nam phia trén
truc hoanh va i{;{'— = x, nén qu¥ dao pha di qua né phai e chiéu tir trai sang phai, tie 1a
chifu tang etia xy. Khi gap dusng dang ta dau tién li dudng c6 & = 0, ta vé qu¥ dao trang
thal tal dé cd goe nghiéng dung bang 0 (song song véi truc hoanh). Ci nhu vay, dua vao

cac dudng dang ta dé ta cé duge dav du qu¥ dao pha chia xy cua hé nhu 6 hinh 1.6. 0

k=1 {\':0 | =-1

X

Hinh 1.6 : Xay dung quy dao pha theo phuong /
phap duting ddng ta. Minh hoa vi du 1.5.

Xdy dung quy dao pha béng phusng phdp tach bién

Phucng phap tach bién duge su dung dé xav dung qu¥ dao pha cho hé théng ¢d hai
bign trang thal mo ta bdi (1.9 Gidng nhu di lam ¢ phudng phap dudng dang (A, néu
¢ (£}=0 1a cho trudc thi chia hai phuong trinh trén cho nhau theo titng vE, ta 86 oo

(fI] _ }T] (I] ,x-_,:)

L :ff_.'f].x-‘g) (112)
dx., fulxy.a,)

Gi1a thigt cho viée ving dung dude phucng phap tich bién 1A vé phai caa phuung
trinh tréu phat ¢ dang:
Flox,)= glx,Vh(x,) 11.13)
tic 1A no tach duge thanh tich cts hai ham mét bién gix ) va A (x,).
Dé xayv dung quy dao pha xuilt phat tit diém trang thai diau xq. ta pbhan biét ha

Lruding hop:

19



d.‘ci

1) Khigix,)=0. Phuong trinh =0 o nghiém x,=x,(0} 14 hing s6.

X2

2 Khigix )20 thitiz (112 va (113 ta o

Tich phan hai vé sé duge

Il 12
dn _ [R(7)dy+k véi & 1ahang s6 phu thude x. (1.1}

A B

Theo Iy thuvét vé phuong trinh vi phin, khi hé théa man diéu kién Lipschitz thi bao
g0 cling t4n tai trong lan can x, ham X 1{x3) v dé chinh la phuong trinh mé ta quy
dao pha di qua x,, cua hé théng. Ho cac quy dao pha v6i didm xuat phat x, khac
nhau cing =& thu duge ti (114} véi cac gia tol » khac nhau.

Vidy 1.6: Xay dung quy dac pha theo phuong phap tach bién

Xét hé var hal bién trang thaix . ¥, ¢é md hinh

9:—1 = —asgnx; ~bx,
i (1.15)
axy _ X, tUu
dr
trong do @, >0. Thay «=0 rdi chia hai phueng trinh trén cho nhau theo tiing vé ta duige
—a-bx, . .
TETPN pay ap =)
dey _ -asgnx; —bx, _ xq
dx.-,, X, a —b.\'u o
= —— néu x; <0
23
Suy ra:
1) Khix,=0 thi
. s (a+bxy)? .
I]dx] = —(a+bx3]dx-3 — .\'-]Z + (a !‘E‘L: k (116)
]
2y Khix,<0 thi
_ s (—a+bxy)? -
xidx,; = —{—a+bx,)dy, < Xy r—==} {(1.17)

h

trong dé 4 ta hang s6 dugng duge xac dinh tit nhiing gia tri diu X
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T2 N X *2

Hinh 1,7: Xay dung quy dao pha theo phudng phap tach bién, Minh hoa cho vi du 1.6.

. _ _ 0 0
Phudng trinh (1.16} c6 do thi dang hinh ellipse véi cac tam la {0} i [ 1 Lrong
Y -

"

dé e =% . N6 duge biéu dién trén hinh 1.7a) bing dudng r6i nét. Do cd diéu kién x>0
ctia {1.16) nén chi cd phin nia dubng cllipse nay nadm phia trén truc hoanh (true x5) 14

. dx. i
thude vé quy dao pha. Hdn nia, vi co _dri: x>0 nén doan yuy dao pha doé phai cé

chidu tiz trai sang phai (chi chiéu ting cua x.. ).
I

Tuong tu, hinh ellipse nét lién vd cac tan \ [ ‘ la dé thi cua phudng trinh

\.UJ (R
(1.17). Do bi rang bude bot diéu kién v, <0 nén chi ¢é nua phia dudi truc heanh cua
dudng ellipse nav la thudce vé quy dao pha Né o chiéu tit phai sang lrai la chiéu chi

chidu giam cla x, (hinh 1.7a).

Dua vao hal nta cac dudng ellipse trén ta cé thé xav dung hoan chinh méot quy dao
pha xuat phat tir diém diu x, nao d6 cho tride. Chang han véi xy cho trude nhu 6 hinh
1.7b) thi do x,, nAm phia dudi truc hoanh. qu¥ dao pha khi di qua x; phéi thude vé
dudng ellipse nét 1ién. Theo chiéu mii tén cho 161 khi gap truc hoanh {diém A trén hinh
1.7b) thi quy dao pha sé chuvén sang dudng ellipse nét rdi dé di lén phia trén truc
ho&nh. Theo dudng nét roi phia trén truc hoanh cho tdi khi gap truc hoanh (diém B) thi
quy dao pha lai chuvén sang duting nét lién . Qua trinh dé duge tiép tuc cho tdi khi
qu¥ dao pha gap truc hoanh ndm trong doan t& —¢ dén ¢ (doan duge t& dam trong hinh
1.7} thi ding lai. vi trong doan nay khéng cdn cé d6 thi hinh ellipse nao nia cua phudng
trinh (1.16) vA (1.17). 0



Ung dung trong viéc xac dinh diém can béing cla hé théng

Xét hé 6 mo hinh trang that khing 1 tvi (1.3), Mat diém trang thas x, duge goi la
diém can bang equilibrium point} néu nhu khi dang ¢ diém trang thai x, va khong o
mot tae déng nao ti bén ngoai thi hé sé nam nguyén tai 46, Can ot theo dinh nghia nhu
vayv thit diém can bing x, cua hé thing phai 14 nghiém cia phudng trinh:

ol

iy . H
L= St i =
Jr flxu )F“ y 0

Diéu niv cling dé hiéu. vi theo dinh nghia. diém cAn bang la diém ma hé théng sé
nam im lai dé. tic 14 trang thal cia né khong b thav d {:; =0) kh1 khéng ¢4 su Lac
déng ti bén ngoat (w=0).

C6 thé thav ngav dude ving diém can bang sé duge xac dinh tir ho cac quy dao lrang
thai tiz do cua hé thong qua: “DNém trang thdi ma tei do cde quy dao trang thdai x(t) co

van toc bang O déu la diém can bang x, cua hé'.
Vi du 1.7: Xac dinh diém cén béng ti ho cac quy dao pha

Quav fai vi du 1.6, O dé ta thay mo1 dao pha cua hé khi gap doan true hoanh nim

trong doan t —v dén ¢ (doan duge té dam trong hinh 1.7) déu dimg lai. Diéu nay chiing
A

' N . - - - L .\'!- f . - s ' -
to hé eo cac diém can bangx,=| | la nhitng diém théa man |x,,|< c. a
LX)

LI WA

Ung dung trong viéc xac dinh tinh 8n dinh tai mot diém can béng

Mot hé thong dude goi 1a 6r dink (tiém can) tai diém cin bing X, néu nhu cd mat
tac déng tuc tho danh bat heé va khot x,, via dua téi diém x, thude mét lan can nao d6 cua
¥, thisau dé hé cé kha nang tu quay vé duge diém cin bang x, ban dau.

Theo dinh nghia trén thi ta coé thé

nhan biét duge hé ¢d 6n dinh tiém can a} b}
hav khéng tar mdr diém can bang théng /'_"“&\k LTI
- - 0 Fd e
. - - ’ rs
qua dang hg cac dudng quy dao trang ! < P ! X
- . - . P - . . . =t I =
thai cua né. Néu hé én dinh tiém can tai 4 ] \
. . . i / *
mét diém edn bang &, nao dé thi moi S v

dudng qu¥ dao trang thai tu do x(#) xuat
e e .. . Hinh 1.8: a) Diém can bang dn dinh.

phat tid mdt diém x; thude lan ean coa ] ] .

) ) b} Biém can bang khéng dn dinh.

x, déu phal két thuc tai x,, thinh 1.8).

| R
[ BV]



Vi du 1.8: Kiém tra tinh én dinh

Hé da xét d vi du 1.5 v ho cac qu dao trang thai ty do duge xay dung theo phudng
phap dudng ding ta trong hinh 1.6 cho thay hé (1.11) chi co mét diém can hing la poc
toa dd va hé én dinh tiém can tar gée. vi moi qui dao trang thai tu do cha né déu tign vé
0 va két thue tan dé. 0

¥ nghia frong viéc phan tich kha nang tén tai dao déng diéu héa

Giéng vhu hé tuvén tinh, hé théng phi tuvén ciing 6 kha nang dao dong diéu hoa.
Chung dude thé hign ¢ dang dudng qu¥ dao trang thai tu de khép kin. tde la nhiing quy
dan Gng v6i £=0 ma néu xudl phat i mét digm trén dé thi sau mét khodng thin guan
hizu han 568 lai quay vé diém ban ddu. Cac gui dao trang thdi ti do khép kin nay dude

mé 1a bl nhing nghiém tudn hoan cua phuong trinh trang thai hé tu tri {1.2).
dx . =
—= flxu =fix
o floay =1a

hoic hé khong tu tri (1.3%

ax_ flx oty

| -~
L =
L = o =T

Vi du 1.9: Phan tich kha nang tén tai dao dédng
Xét hé 06 so dd khél nhu 6 hinh 1.9a). 1 ¢ d81 tugng ta khau tich phan bac 2 va bo

difu khién 1a kXhau phi tuvén hai vi tri.

a)

Hinh 1.9: Minh hoa vi du 1.9 vé dao déng Giéu
hoa trong hé phi tuyén.

P&t tugng tich phin bac 2 1a khau tuvén tinh c6 ham truvén dat:

L 2 )
LG N ol
Vis) dt®

)

Sis)y =

—



Bai vav, néu dat
v=xr, va Zl=, (1.18)

thidox, =v =— nén

dx. 1 khi x, <0
2= () trong dé u(t) = 1.19)
2 vl tongde iy =g X, >0 f

Nhu vay hé ¢6 mé hinh trang thai

dx,
dt
dxy

= _‘):2
{1.20}
=v = —sgn(x;)

Phudong trinh (1.20) trén ¢6 nghiém tudn hoan, tite 12 hé ¢6 dao dong didu hoa. Diédu
d6 ta c6 thé nhan thay ti (1.18) va (1.19 14 do ¢ (¢) chi nhan gia trj hing sd+1 nén khi
chia hai vé& cua chung cho nhau sé duge (xay dung qu¥ dao pha bang phuong phap tach
bién):

2

dx X x

1 =2 = Xy = —Z + £k
de, v Zv

vl & 1a hing s6 dudec xdce dinh ti gia tri ddun x,(0) = y(0) ciang nhu x,( = . Daxv

dy(0)
dt
cung chinh la phuong trinh mé ta quy dao trang thai dang parabel cua hé théng khi
khéng b1 kich thich. Hinh 1.9b) biéu didn quy dao trang thai ciia hé. Pudng lién nét ang
va1 & =—1. ducng rdi nét ing véi 6= 1. Chifu mii tén chi huéng qu¥ dao trang thai dudgc
xac dinh ti quan hé % = ¥y, tie 1a phia trén true tung {x,>0) né chi chiéu tang cua 1

vA dudi true tung thi chi chiéu ngugc lai.

Gia su hé dang 6 trang thai x,, phia bén phai truc xy. Do 6 x>0 nén tir x,, hé s6 &
theo dudng nét lién cho t6i khi gap truc r, thi déi hudng chuvén sang dudng roi nét vi ké
tir lie dé x,<0. Theo dudng rdi nét dén khi g8p truc x, thi lai déi hudng chuyén sang
dudng neét lién. Cit nhu vay hé sé di theo duing qu¥ dao trang thai khép kin xac nhan sy
tén tai dao déng didu hoa autonom trong hé. )

M6 réng bai toan xac dinh su tén tai ctia dao déng trong hé phi tuyén, ngudi ta da
d1 dén bai toan 1i lam thé nao d8 xac dinh duge hé c6 qu§ dao trang thai khép kin hay
khong ma khéng can phai xay ding cac quy dao tr ang thai cua nd. Cau héi nay la cs INg
vi hai ly do:



—  Thu nhat la viée c6 duge ho ciac qui dao trang thai mdt cach chinh xéac cho hé
théng phu thudc rat nhiéu vae dang mo hinh trang thai cua hé. Ta chico thé xav
dung dude quy dao trang thai cia hé theo phudng phap giai tich cho mét s6 hé dac
biét. Chang han nhu viée xav dung quy dan pha cho hé ¢6 hai bién trang thai theo
phudng phap tach bién chi thuc hién diuoe néu nhu mé hinh cla hé thoa man diéu
kién (1.13}.

—  Thii hai 1a khi s dung cac edng cu md phong ta chi nhan duge mdt s quy dao
trang thai riéng biét gan diing dng véi nhing diém xuat phat x, khac nhau, chd
khéng ¢6 duge dang chung cua tdt ca cic quy dao trang thal Néu nhu hé 6 dao
dong didu hoa. song dae dong dé lai vt "nhay cam” vil diém trang thai x, duoe
chon ban ddu thi viée chon ra duge x. thich hop dé tix do 6 dude quy dao x ()

khép kin 1a hoan toan may rui va md mam.

Phu giap cho cau tra 161 vé kha nang ton tat quy dao trang thai khép kin trong hé
¢ hai bién trang thai (qu¥ dac pha khép kin) ma khéng cin phai cé dd thi cua ho cac
gqu# dao pha la diéu kién cdn ctia Bendixson phat bidu nhu sau;

Binh ly 1.1 (Bendixson): Xét hé bac 2 ¢6 md hinh khéng bi kich thich:

dx . =
d—;:f}{-t]‘-\'g._q)Lr:l]: fl(xl-.-r‘i)
dx. . . ~
d{z = folxrxpal], = falxr.xo)

Néu trong médt mién B gidi ndi cia mat phang pha (x,.x,) hai ham £, ./, lién tue

cing dao ham eta né va ham

g(x]rl) :.f?fl__*.aﬁ

{1.21)
ax'l axz

khang d61 dau ciing nhit khing ddng nhat bing 0 trong &1 ¢a eic mién con 3, thude
3 thi hé & khong ¢é qu¥ dac pha khép kin trong 3.
Chitng minh:

Gid sU rang hé ¢é quy dao pha khép kin ¢ trong 3. Goi mién duge bao kin bdi quy

dao pha dé 13 3. Vay thi theo edng thic tich phan cua Gauss cho ham (1.21] ta cé:

. il oh o | il 7
) gtxy,20 5 dxqdx, —g .:771]""8_:2 dxdxy —.f(—fzdxn +f1dx2]
(i " ’ i
©o=odyy - odx, T m
=8| - f —=+ = \df =¢l-f. st =0
ﬂ 1z 7 h— ] i( fah +f1fz}-i

[
[+]}



Nhu vay. trong 3, haun gfx, 2.} phai hoac da dai dau hode phai déng nhat bine O va

diéu nayv tral voi gia thidt. Vav didu gin si 13 sai, 0

Binh 1y cua Bendixson chi la difu kién cén cho viée xae dinh sy tén tai cia qui dao
pha khép kin. seng ciing la gg¢i ¥ cho vige khoanh nhing ving khéng e quy dao pha
khép kin. Trén tu tudng dé va dé khing dinh ro rang sy tén tai qu¥ dao pha khép kin. ta
sé loal ra nhitng mién 3 thoa min dinh v Bendixson va chi tap trung vic cac mién gid
nér khae ky hiéu 14 & ma 6 d6 ham g(x, x40 déi dau, trong do glxy.x,) duge xae dinh
theo edng thic (1.21) che trudng hep hé phi Luvén hai trang thai véi mé hinh khéng bi
kich thich. Diéu nay dan (s dén dinh Iy Poincars—Rendixson. Ng duue xem nhu hé qua

cua Bendixson va phat bidu nhu sau:

Binh Iy 1.2 (Poincaré-Bendixson): (he hé bac 2 khéng bi kich thich véi mé hinh trang thai:

dx ~

d—; =hix --Tz-E)|1_f;|__] = filxyxy]
dx, ~ .
E‘ =Flx "T:'E)|E-'-_! = feleyxyd

Néu ed miL mién £ kin, giéi nHi cua mat phing pha {x..x5) khong chita diém cén
bang va mét gquy dao pha x{#) xuat phat tI bén trong & song khéng roi bo £ thi

trong & phai 100 tai it nhat mét quy dao pha khép kin (dao déng didu hoa autonom).

Vi du 1.10: Phan tich kha nang 1n tai dao dong

Xét hé can bang tai gde vai mé hinh:

efx 3 .,.
! =—-X f\r el S| .'f:_u b .\.‘E —1)+.\'£
. f" (1.92)
dx. " .
!—A =-np =Xy ly) vy, +xy -1
Lt ’

Mién & ta xét ¢ day 1a hinh vanh khuvén 6 bign 13 hai duong trén tim géc tou do

va han kinh la k Ry - tae i

i

S={xf+xi=t o<k, Ssksk,,! ' (1.23)

h

R6 rang & khéng chua diém can bang. Van dé bav gin 1a vac dinh £ N

min

Tu ma hinh (1.22) ta c6:

4 R
dy,  —xp—xylay ~vyx, +x; —1}

(1.24)

e 2 P
dvy (xy +xpx, +x5 -1+ 2y



Mat khac tit phuong trinh (1.23) m6 ta $ ta cung co:
axy _ % -(1.25)
dxl xg

Béi vay mot quy dao pha x(¢) xuat phat tit bén trong & va khong ra khoi & phai la quy
dao c6 goc nghiéng (1.24) giong nhu (1.25), tic la:

; 2
X +x2(xf’ +x1x9 +x5 —1) _ x5

2
- 5 I o xf+xdexxy-1=0
—xy(x] +x9x9 x5 - 1) +xy X2

Thay

: : » )
x% +x§= k~ wva

x, = kcosg  cing nhu X9 = ksing
vao phuong trinh trén (déi sang toa dé cuc) ta duge
2 1 . 2 2
E°(1+ =sin2¢)=1 & k" =———
2 2+sin2¢
o . : A Xg
Tu day suy ra:

b | sl
o dis b !
> 5 ‘f g L
k . = min |———— = - :
T o \2+sin2¢ 3 el 0% 7

; ~ \ Xy
p ol 4 b 3
\ - i
9 N . ,E’
va kax = Max [——— 42 ) e e
o V2+sin2gp A ! :

) B
Vay trong mién:

E={ x}+xi=k° I\E <ks 2}

hé ¢6 quy dao pha khép kin x(¢). Hinh 1.10 la quy dao pha cua hé (1.22) thu duge nho
cng cu md phong. a

Hinh 1.10: Minh hoa vi du 1.10.

Vi du 1.11: Phan tich kha nang tén tai dao déng

Xét hé c6 quan hé vao-ra dude mé ta boi phuong trinh vi phan Van der Pol:

2 -
d g +k{[%] _1]%4_);-_—“ vl k>0
dt

(1.26)

trong dé u (¢) la tin hiéu vao va y(¢) la tin hiéu ra cua hé.

Dinh nghia thém céac bién trang thai:



e

i

Xy =y a x dy
X1=Y v
17 di

]

thi quan hé vao-ra (1.26) sé dudgc bién déi thanh phudng trinh trang thai:

o n
dd‘ (1.27)
% =—x) —k(x2 - 1)x, +u

Hé c6 diém can bing duy nhat la goc toa d6 0. Xem tich k( x5 —1) nhu mét tham sé

k= k(x}-1) thi mé hinh trang thai (1.27) sé ¢6 dang giong nhuw mé hinh tuyén tinh c6

tham s6 thay déi nhu sau:

L0 Leeln s
dt -1 -k )" 1

—
A
M6 hinh "tuyén tinh" (1.28) c6 phuong trinh dac tinh:

det(s] — A) =g+ kst 1

nén n6 sé 6n dinh khi & >0 va khéng én dinh khi & € 0. Néu (1.28) 8n dinh thi phai co:

k>0 = |xo] >1
déng thai quy dao trang thai tu do x(¢) cia hé la tat dan, hay x,(¢) tién dan vé 0. Trong
qua trinh x,(t) tién vé 0 sé c6 thdi diém ma ké ti lic dé co:

|xs|<1 = k<0
tic la ké tu thEi_i diém d6 hé (1.28) lai trg B TRAJANZEIGE

thanh khéng 6n dinh va do d6 x(¢) tang e e e

dan, hay gia tri cta x,(¢) ciing 16n dan.
Khi gia tri x4(¢) ) 16n dan va vudt qua
gia tri 1, hé (1.28) lai trd thanh én dinh :

kéo theo x,(¢) lai giam dan. g

Cll-l nhu’ "5?1.\-’ ta thé‘_\.— qué tl’il’lh t]__I do ikt %

x(t) sé khong vugt qua dude ra ngoai YR S .n:,s_ Vi

mét mién nao dé c6 |x,| sai khac tuong
I . a ) Hinh 1.11: Minh hoa vidu 1.11.
dé1 lén so véi 1, chang han nhu (udc ! {

lugng gan dung):



02<]ry] <15
Theo cach tudng tu ta ciing sé chi va duge x () khong ra khol mién nao da co (ude lugng):

22 x, <2
Nhu vay thi khi mét quy dao pha x(£) ting vd6i 2 =0 d& xuat phat tit bén trong mién:

S= {xer? | |y <2.0.5 <y < 1,5}

s khéng va khot do niza. Ngoii ra do & gidi ndi va khong chia diém can bang 0 nén theo

dinh 1y 1.2 hé Van der Pal (1.27) phai ¢é mét dao déng diéu hoa autonom trong £

Hinh 1.11 1a quy dac pha cia hé Van der Pol cho trudng hap =0 va k=1 thu dudge
nhé céng cu mé phong. )

Chi ¥: Ca hai dinh 1y 1.1 va 1.2 phu giap cho viée khing dinh su tdn tai quy dao
trang thai (dao dong didu hoa autonom) trong hé phi tuvén chi dude phat bidu cho hé bac
2. 8u mo rong dinh 19 cho hé bac cao hon 13 khéng cé cd s6 va cho téi nay cang chua cé
mét su md réng nao duge chap nhan.

¥ nghia trong viéc phan tich tinh &n dinh cla dao ddng diéu héa

So sanh vdi diém can bang cla hé théng, ta thay cac qui dao trang thai khép kin
ciing c6 mdt tinh c¢hal tuong tu 1a khi khong ¢6 su thay 461 tac déng bén ngeai, hé sé gid
nguvén trang thai (khép kiny da. Béi vay, cing gidng nhu khai niém vé tinh én dinh cua
hé phi tuvén tai mot diém can bang. d&i véi cac quy dao trang thai khép kin ma & day
duide xem nhu "tap hop cac diém can bang", ta cang cé: “Dao déng didu hoa cia hé dioe
goi et én dinh néu hé bi tdc dong tire thoi danh bdt ra khoi ché dé dae déng diéu hoa do
va bi dua tdi diém trang thdi x,, khdc nhung nam trong mét lin edn nao dé ciia quy dao
trang thdi khep kin thi hé lai te quay vé duoe ché do dao ding diéu hoa nay”

& O

Dac dong &n dinh

Doc dong khdng &n dinh

Hinh 1.12: Minh hoa kh&i niém dao déng diéu héa én dinh va khéng 8n dinh.



Theo dinh nghia trén, ta ¢é thé thong qua dang ho quy dao trang thai coa hé dé
nhan biét tinh én dinh cua dao déng difu hoa. Cu thé 13 dao déng sé 6n dinh néu moi
quy dao trang thél khi di qua l1an can cia quy dao khép kin \ng v dao déng dang xét
déu 6 xu hudng 118n vé quy dao khép kin d6 va két thze trén né (hinh 1.19).

Tuong tu khai niém mién én dinh ctia hé phi tuvén. tinh 6n dinh cia mét dac déng
trong hé phi tuyén chi ¢é ¥ nghia tng dung néu di kém v6i no ta con chi ra dugde mién én
dinh @, e la phai chi ra dude 1an ean ma cac quy dao trang thai khi & qua mét trong

cac diém thude lan can dé thi sé déu két thuce trén quy dao trang thai khép kin nay.

¥ nghia trong viéc phan fich hién tusng hén logn (chaos)

o) hé phi tuvén ludn ton tal mét tap con Z gidi ndi cla khong gian trang thai " ma
khi quy dao trang thai x(£) d4 xudl phat td mét diém bén trong Z thi ¢é khéng bao gid
ra khoi d6 nia. Ngoai ra, khi da d hén trong Z thi quf dao x{¢) sé khong két thuc 4 bat
cd mét diém trang thai nao. né di mai va di qua mo1 diém X2 (hoide lin can cua nod) thudc
Z. Néi cach khac. khi da d bén trong Z thi sé ludn tén tai diém thoi gian £, ma qu¥ dao
trang thai x(¢) =& di vao lan can eua Xy (tham chi di qua _13), Hin nia, do Z gidi néi nén
x(¢) bichén va vi x{¢) bichan nén buo gio clng tén tal dav diém ¢, 1. ty. ... dé .3;_-({”).
x(ty}. x(ts). ... hidi tu (theo dinh ly Welerstrass-Bolzano). Nhu vay, Z Ja tap kin. lién
thdng va khi di ¢ trong Z. quy dao trang thal x(t) Juén ¢é mét div gia ol thii gian ¢,

1. £y ... dé:

Falt) - xp] < €
w1 £1a mét 386 dudng nhé tuy ¥ cho trude.
Ta ¢6 Lthé thay:
—  Diém can bing x, cun hé la mat tap Z dac biét. tige 1a Z=1x,}.
—  Tap céc diém trang thai thude mét gqu¥ dao trang thai khép kin (dao dong didu
héu) efing 1& mét tap Z thee nghia trén.
Néu tap Z khéng thuée hai trutmg hop dic biét trén thi nguci ta néi. hé ¢ hiér twmg
hén loan (hién tiddng chaos). Tap 2 cua hién tugng hén loan cé tén goi la #dp widi han.
Tap gifi han Z cua hé phi tuvén duge goi 1 dn dinh. hay tdp gidi han hdp ddn
{attractor). néu mot quy dao trang thai x(f) ciia hé khi di qua 1an cin clia Z thi sé bi hut

vio Z ¢ lai trong dé (hinh 1.13),
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Hinh 1.13: Tap gidi han hap dan (attractor), hay

con goi tap gidi han én dinh.

Vi du 1.12: Phan tich hién tuang hén loan

Xét hé ¢6 mo hinh trang thai

( dx'l =
dt °

ﬂz— =-0,18x, —xf’ +x) +u
dt -

St dung chuong trinh vé mé phong Winfact dé vé quy dao trang thai x(f) ctia hé

ung vdi gia tri dau x,=0 khi dugc kich thich bang tin hiéu u(f) = - 0,3 sin(¢) ¢ dau vao

ta ¢6 hinh 1.14. Két qua m6 phong nay cho thav x

(¢) luén di mai, khong dimg lai ¢ bat

ci mot diém can bang (hoic diém dimg) cing nhu khéng két thic tai mét ducong cong
khép kin nao. Hon ntia, néu tang thoi gian mé phong 1én vé ciing thi quy dao x(¢) sé té
kin mét vang va dé chinh la tap giéi han Z cua hé trong trudng hop duge cudng biic

bang tin hiéu u (¢)==0,3sin(¢) 6 dau vao.

Hinh 1.14: Minh hoa vi du 1.12 vé hién tudgng

chao (hén loan) trong hé phi tuyén.

Vi du 1.13: Phan tich hién tuang hén loan

a

EBIR .r‘\.h‘\N ’! ii;l

Xét hé Lorenz vdi mo hinh khéng bi kich thich (u=0):

3(—x1+x2) )
g— 1 (26—-x5)—x trong do
0 11L& 3)— Xy rong
X)Xy —x3

(1_]\
X =|xy

x
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Hinh 1.15 biéu dién quy dao trang thai x(¢) cua hé dudc vé nhd chuong trinh mé
phong Winfact. Ta thay x(¢) khéng két thuc tai bat cit 6 mdt diém trang thai nao. N6
cing khong khép kin ma cd di méai trong mot mién kin, gidi ndi cua khong gian trang

thai va mién dé chinh la tap gidi han Z cia hién tugng hén loan trong hé Lorenz. )

a)

Hinh 1.15:  a) Biéu dién quy dao trang thai trong mat phing (x; , x5)

b) Biéu dién quy dao trang thai trong mat phing (x, , x3).

Cuéi ciing, vé hién tugng hén loan va tap gidi han Z trong né, ta can luu ¥ thém:

— Tap gi6i han Z phai chiia quy dao trang thai x(¢) cua hé. Ching han & vi du 1.6
va hinh 1.7 vé quy dao trang thai cua hé (1.15) ta thay doan truc hoanh tit = dén
¢ cua mat phang pha c6 tinh chét gdn giéng nhu tap giéi han hap din Z cua hé.
N6i rang né gan giong bdi vi cac quy dao pha déu cé xu hudng két thic trén né.
Tuy nhién ban than né lai khéng phai la tap gidi han Z vi khéng tén tai mét quy
dao pha x(¢) nao di qua moi lan can cac diém thudc trong né. Néi cach khic doan
thang tit = dén ¢ trén truc hoanh x, khong duge "vé" 1&n béi mét quy dao pha x(¢)
nao do.

- DE hé ty tri (1.2) ¢6 quy dao trang thai tu do x(¢) théa méan x(0)=x, thi phuong
trinh vi phan:

dx =

i f(‘—““l—”yg: [(x) (1.29)
phai ¢6 nghiém. Du cho diéu dé la ham E(g) thoa man diéu kién Lipschitz (sé
dugc trinh bay ¢ muc 1.2 duéi day). Néu da thoa man diéu kién Lipschitz, phudng
trinh vi phan (1.29) luén c6 nghiém x(¢) véi x(0)=x, duy nhdt, va nhu vay quy
dao trang thai tu do x(¢) sé khéng thé tu cat né. Mot quy dao trang thai khéng tu



cat nd ma lai di qua dude 1an can cla moi diém thubc tap gidi han Z chi cé thé ¢6
duge khi tap Z nadm trong khang gian cé s chidu it nhat 14 3. Noi cach khae, hién

tuong hdn loan dng véi w=0 (hé khéng bi kich thich} chi ¢o thé tén tai é nhiing hé
c6 bac khong nho hon 2,

¥ nghia trong viéc phan tich hign tugng phan nhéanh (bifurcation}

Vige phan tich. danh gia chat lugng hé phi tuyén thuong duge bat dau bang viée xac
dinh cac di€m can bang (diém ditng). Hién nhién chat lugng déng hoe ciia hé phu thude
vito s6 luong cac difm can bing. Song =6 nhiing diém can bang cua hé phi tuyvén, lai
khéng bat bidn. O nhidu hé phi tuvén. su phu thude nay lai dic bidt 161 mic chi mét thay
dd1 nho ndo do trong hé théng. ching han nhu su thay déi tham s6 mé hinh. da cb thé
kéo theo su thay déi vé s8 lugng. vi tri cac diém can bing, quy dao trang thai gidi han ...

v do d6 cing kéo theo su thav déi ban chat, chat lugng caa hé,

Hién tudng thayv d61 ban chit v chal lugng hé théng mang tinh dét bién va duoe
nhan biét qua su thav ddi v& 5§ lugng. vi frf efing nhuf tinh chat eac diém can bang dugce
goi 1a hifn tuong phan nhdnh (bifurcation) trong hé phi tuyén,

Viduy 1.13: Minh hga hién tugng phan nhanh
Xét hé bac 2 (hé Duffing) co mé hinh trang thai phu thude tham =8

Xy '

/
oft \kr g
WAX X TRy U

A

! J va k 1a tham 6 cia mé hinh. Pé xéc dinh diém can bing thi theo dinh
Xy }

trong do x =t

nghia vé n6. ta phai tim nghiém x_ ctia

Khi dé. hé sé c6 mét diém cén bing x,,,=0 néu k€0 va ba di€m can bing

‘0 L
xu:[ ] xuz:[ﬁm Iu:']:[ Ji_‘ néu k=0
\0, N o

0

Nhu vav. khi k thav d8i tir Am sang duong, s8 céc diém cdn bing cia hé s& nhay vot tir 1
1én 3. Hinh 1.25 biéu dién s& va vi tri cac diém cdn bing phu thufic theo tham s6 k cua
mé hinh hé Duffing. Cung vdi su thay d6) 8 =6 lugng cac diém ¢an bang nav ma ban
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chit phi tuvén hé. nhan biét duge théng qua dang cac quy dao trang thai, cang sé th.
d61 theo.

2 - —— -
1
Hinh 1.16: 58 lugng va vi tri cac diém céan bang cla hé /(:”— k
1 -

Duffing phu thudc theo tham s & clia md hinh,

I T

1.2 Nhing cong cu toan hoc cén thiét

1.2.1  Dai s6 ma tran va anh xa tuyén tinh

Ma tran 1a mét tAp hap A gbm hiiu han mxn cac sé thyc (R), hoac phite (<) ky hiéu

la @ =12, .. om ; j=1.2. ... . n , dudc sap ¥&p theo hangicdt nhu sau:

) a2 Ty .
A ay  @gp 0 gy, hang thu 2
Wl Qe 7 Iy, ¥

o cot thi n

Theo cach sap x&p nhu vay thi phan ti @,; cua A s& nam & hang thi i vi cot thi j.

Do A ¢ mxn phan i thude R (hodc ©) nhu vay ma nhidu khi ngudi ta con dung ky

e Mo nXn

hidu Ae k (hogc AeC ) dé chi mdt ma tran 4 c6 m hang, n cot (c6 kidu mxn).

Néu nhu cich biéu dién hang/cét 6 trén di dude théng nhat vaA khéng so bi nhdm ta c6
thé viét mét ma tran A ngin gon han,

A= fa; . =120 .0 m va j=1.2, ...  n.
Mét ma tran A=(a,,) co s hang bang s& edl duge goi 1a ma trdn vudng. Dudng chéo

néi cac phan tl a;; (chi s6 hang bing chi s6 ¢6t) trong ma tran vubng dude goi 1a dudng
chéo chinh. Duang chéo con la1 dude goi la dudng chéo phi.

Mot ma tran vudng A=(a ) ¢6a,;,=0 khii®j . tuc la cic phan ti kbéng nim trén
duong chéo chinh déu bang 0, duge goi 1a ma trdan diting chén. Ma tran dudng chée dude
ky hiéu boi A = diagly,, ).

34



Ma tran dudng chée = diag(l) duge goi la ma trdn don vf.

x1 )

Mét vector x =| © | ¢6 n phan Ui dude xem 13 ma tran cé n hang va 1 cdt. Néu ghép

\_I“ ;

chung cac phan 10 trén o6t thi jeva ma tran A=(g; ), t=1.2. ... . m; j=l.2. ... . n

{

. Ty

lal v6i nhau dé thanh vector c;=| i |. goilavector cit, thi A s€cd dang:
)

A =gy, e, Lyl

Cdc phép tinh v&i ma tran

1) Phép cong / trie: Cho hat ma trén A=(a,;) va R=(6,) cung c6 m hang n cor. Tong
hay hiéu cua ching duge dinh nghia la AxB=(a;; £ 6;)).

R& rang 14 phép edng/trir chi thue hién duge véi nhiing ma tran c6 ciing s& hang va
cang s6 edt. Nhitng ma tran nhu viy duge go112 ma tran cung kiéu.

2) Phép nhdn vdi s6 thuc (phue)y: Cho ma tran A={a ;) c¢6 m hang. n cbt va mét sé v
huéng thue (phac) x tay y. Tich xA duge hiéu 12 ma tran xA=(xa;) va Ax duge
hiula Ax=(a i) Hién nhidn cd xA=Ax.

3) Phép chuvén vi: Ma tran chuvén vi cia ma trdn A=(e;;) véi m hang. n cét la ma
tran AT:(aJ-J-) cd n hang, m edl, duoe tao tir A qua viée hoan chuyén hang thanh ebt
va nguge lai cét thanh hang. Nhu vay ta ludn e (A"YT=A. '

Mét ma tran A thoa man A=aAT duge goi la ma trdn déi xing. Mat ma tran do1
xtng phai 14 ma tran vudng.
Né&u ghép chung cac phan (0 wén hang thi i cua ma tran A={g;;) lai voi nhau

thanh vector ﬁ?— ={a,,. @;5. . . a;,) gol 1A vector hang. thi ma tran A s8 viBt

]

duge thanh A= | © | hav AT =(h,. ky. - . b))
hT
\\_'m_,

4} Phép nhidn: Cho ma tran A=(a;;) c¢é m hang p cfl vi ma tran BZ(ka-) o p hang n

c6t. Tich AB=C=(c,;) cta ching 1a mét ma tran ¢6 m hang, n cbt véi cac phan ti



L T
¢, = 2 aphy =a; b
k=1

trong 46 a, 1a vector hang thii cua A va b, 1a vector ¢dL thu j elia B (hang thi i cua
A nhén v6i cét thu j caa B). Hal ma tran A, B chi c6 thé duge nhan véi nhau thanh
AB néu s6 ¢dt cia ma tran A bing s6 hang clia ma trin B

Co thé thay ngay duge tap cic ma tran, két hop véi phép cong / nhin ma tran va
phép nhan véi s6 thye (phic) tac thanh mat dai s6. D6 ciing 1a I¥ do tal sao ngudi ta
gol dai 86 ma tran.
N . N X . - . - T._ T_ .

Mot ma tran vubng AER dude gol 1a ma &rdn triie gico néu A A=AA' =], Hai
vector @ va b duge goi la fric giao vé nhaw néu a_TQZO. Vector ¢; chi 6 phén tid
thii i bing 1, cac phin tif khac bang 0. dude go1 la vector don ol
Phép nhén ma tran thuing khéng giao hoan. Né ¢6 tinh chat:

- anT=8T4T

- A{(B+C})=AB+AC va (A+B)C = AC+BC.

= A=Al=TA v&i 12 ma tran don vi.

- g:‘nAg_J,- = @;, . tic 12 bang phan td tha if cta A,

i

- Ae; = ¢; . tic 1a bang vector ¢6t thitj eia A.

- g;fr A= ﬁ;r . tic 1a bang vector hang thi i eua A,

Hang cua ma tran

Xét mot ma tran A={a,}). i=1.2. .. . m; j=1.2, ... . n bt ky (c6 kidu mxn)
vad golh,. i=1.2, ... . m )A cac vector hang cling nhu ¢ /=120 . n la cac vector
cot cua A, Néu trong &8 m vector hang b, 6 nhiéu nhat p<m vector déc lap tuyén tinh
VA trong s8 n vector cét ¢; ¢6 nhidu nhat g <n vector déc lap tuyén tinh thi hang cua ma
trin duge hidu la:

Rank(A}=minip, ¢!

M&ét 1ma tran vubng A kidu (nxn) sé duge goi 1a khéng suy biéh néu Rank(A)=n.
Nguge 1a1 néu Rank(A)<n thi A dude néi la ma trdn suy bicn.

Hang cia ma tran ¢6 cae tinh chat sau:

- RankiA)=minlp.q!=p = G.
— Rank(AB) < Rank(A} vi Rank(AB)< Rank(B).



—  Rank(A+B8) < Rank{4) + Rank(B}. .
—  Néu A khéng suv bién thi Rank(AB) = Rank(&).

—  Néu A thuge kiéu (mxn) v61 msa va Rank(A)=m thi tich AAT 13 ma tran vudng

kidu {mxom) khong suy bién véi Rank(AA T )=m .

binh thic cla ma tran
Cho ma tran vuéngAZ(aI-}-)._ £=1,2. ... n kifu (nxn). Gia tri thue (phic)
det(A) = aj,det(Ay)) ~ a pdet(A,) + - + (<1 T2, detid )
=3 (-1V"a, det(A,) =¥ (-1 q det(A,)
=1 ’ ' i=l ) ’
dudgc goi la dink thife cua ma tran A, trong dd A;, 1& ma tran kiéu i(n—1xn—1) thu dugc tir

A bang cach bo di hang thit { va cdt thij, tic 1a bo di hang va cot chitd ﬁhz’in tua;, Vi
du:

! | Q1o "7 Gy 3p  dag  "r Hyy

Ty | Qo 770 By Ray Gy o dy,

A= . . . . = A“ = . . . . b
V2 1By T gy Ty Qpn T Dy

Cong thde tinh dinh thiic trén dude goi la cong thie tong qudt. Chi 6 ma tran
vudng mé 6 dinh thic. Theo edng thite tdng quat thi dinh thic cia ma tran vudng cd h
‘hang va cot duge xac dinh truy hol tu dinh thice cac mu tran c6 s6 hang ¢t it hoan Ja n-1.
Bit dau ti ma tran kidu (1x1) 1a c6

det(a”) =y,

Dinh thic coa mét ma tran vudng A=(qa ;] thuge kiéu (nXn) c6 cac tinh chat sau:

1) A la ma tran suy bién khi va chi khi det(A) = 0. Nhu vay, néu A ¢6 hai hang hoac hai
eft phu thude tuyén tinh (vi du gidng vhau) thi det(4) = 0. Tz day va ciing vii cong
thic tinh dinh thiic tdng quat, ta eé:

idet(A) néu k=i

> (~1)" ay, det(A) =4 .
J%l b v 0 néu k=2l

2) Mot ma tran vuéngAZ(aU). ,J=1.2, ... . necea a,; =0 khii=; thodc i<j} dugc goi

la ma tran tam giac, vi €6 cac phan ti ndm dudi thodc trén) dudng chéo chinh déu
bang 0. Dinh thue cla ma tran tam giac bang tich céc phan ti trén dudng chéo
chinh.



3 (Cong thifc cla Schury Néu A, A, Ay . A, 14 cac ma tran 12 nhiing ma tran o kiéu phu
hop va @ 14 ma tran cé cac phan i 0, thi

Ay 5 l
Ay Ay

s

A A
:C‘l(‘t[ : 2

= detca )detia - A, ATV AL,
e A.4-A3A1]A3 1 L CRad! 2

;

det.

4) det(A) =deta”)
5} det(AB) = det(A)-det(B).

6) Goi A'1a ma tran thu dude tit A bang cach ddi chd hai vector hang hogc hal vector
et thi delt(A) = —det(4").

7} Goi A" 1a ma tran thu dude tit A bing cach nhan eac phan ti eita mbL et hode mot
hang vé1 s& thuce (hoac phide) 4 thi det(A") = Adet(A).

8) Cho ma tran vudng A o kidu (nxa) va mdt sé thue (phite) A Vay thi

det(AA) = A" det(A),

Ma trén nghich déo

Cho ma tran A=(a;). =1.2. ... m; j=1.2, .. . n, trong dé ajj la nhiing s6
. L . x X VRN . .
thuc (hoac phic). noi cach khac Ae ™" (hoac Ac ¢™7"Y, N&u tén tai mot ma tran B

thoa man:

AB =BA =1 (ma tran don vi},

thi ma tran B ducc goi la ma trdn nghich ddo cua A va ky higulaB=A"".

Do phai tén tai ca hai phép nhan AA™" va A™'A cho ra két qué c6 ciing kiéu nén ma

tran A phai la mdt ma lran vudng, Wic la phai ¢6 m=n. Hon nda do det(J)=1#0 nén A
phai Ja ma tran khong suv hién.

Ma tran nghich ddo A™' ¢lia A ¢6 cac tinh chét sau:

N AR =BT7AT va @y =w,hHh

2) Né&u A = diag(a ;) va khing suy bién thi A_1=diag — .
(N,
o el 46 A, 1 ma tran 6 cac phin i &, = (-1 det(A ) véi A, 12
—m rong dé A, 1a ma tran ¢6 cac phin tu a; = (- et( ﬂ-)\f 1A, 14

ma tran thu dude tit A bang cach bé di hang thit j va nhu cét thi i (phan td & vi b
d31 xing vdi ;).
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A Ay

4) {Céng thirc Frobenius) Cho ma tran vudng A :{A A J khéng suy bién, trong dé A,
3 4

As Ay A, cing la cac ma tran. Khi dé sé ¢é:
a) Né&uA, khong suy bién va B = A - A, A{' A, ciing khong suy bién thi

- —1 s
Al (A1 Ay} _[A7 + AT AR ARAT! - A7la,B™
_Lm Ay -B'A AT B! '

h) NéuA, khéng suv bidn va €= A, - A, A7 A; cing khong suy bién thi

o (A AZT:[’ ¢ -C 4,47 _
LA.-; A, —ATIA 0T AT AT AL CTT A, AT

r ks

V&t cla ma trdn

Cho ma tran vubng A=(e ;). i j=1.2. ... . n kidu (nxn). V&t cha A duge hidu la
téng gia tri cac phén i trén dudng chéo chinh ciia A va dude k¥ hidu bang trace(A):
n
trace(A} = Zairﬁ .
r=1
V&t clla ma tran co cac linh chat:
—  trace(AB) = trace(BA).
~  trace(ST'AS) = tracefA}. vél § la ma tran vuéng khéng suy bién bat ky.

Anh xa tuyén finh
Xét anh xa f:R" = R™. Npudita van thudng viét f: x +> y, hay ¥ = f(x} vagorx
la phin tu g, v 1a phan ty anh cua £ Anh xa f duge goi la tuyén tinh néu:
i(ﬂlil +a‘,r;£2 oo ta Ep):%[({ﬂ;%f(zgﬂ +ﬂp£(ip)

o

trongdé a,. ay. - . a, lanhing so thue/phic (hosc phan ti caa mdt truong K).
Bév gid ta xét hé phuong trinh tuvén tinh gdm m phuong trinh va n 4n

apxyrapxst e ta,x, =y

1oy X + ﬂ"_’ﬁx'.l+ et aEn xn :}'-_-'

Ay Xt R

2
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.11 y ¥ .

S0 dung k¥ hiu nhan ma tran vdi cac vector = erR’, ¥=| : jer”. hé phuon
] 2 : B

") \ym n
trinh trén viét dude thanh

R T T

; X ¥ i
flyy ftgy ot iy )

i . = __H = - = A‘\__ = _V

Lx, | Ly

. S A LT

Am G Qo ; — - 2
x ¥
A =

Nhu vav, 6 diy ma tran A da déng vai trd anh xa tuvén tinh A ix = y. Cho x chay
khip trong R" thi anh cita né sé 1a mét tap hop nam trong R Tap hdp dé dude goi 1a
mién anh Im{A). Cang tuong u. ta ky hiéu Ker(A) |3 tap hop cac diém x trong R ¢6 anh

la diém goc toa do O trong R™. Ro rang ring he phucng trinh 6 trén chi cé thé ¢6 nghiém

x néu y€ ImiA).
Hai tap hop Im(A) g &™ va Ker(A} G " c6 cac tinh chat sau:

1} Tm{A} 1& mat khéng gian vector con trong R™. Néi cich khac néu ¢ ¥, € Tm(A) va
¥, € Tm(A) thi cling phai o ay +by, € Im(A). trong db a, b 14 hal s6 thuc bat ky.

2) Rank{A) = dim Im(A).

3} dim Im(A}Y + dim Ker{A) = n.

4) Vé1 ma iran vuéng A kidu (axn). TniA) va Ker(A) déu la hai khéng gian con ctia R”.
Maoi phitn tf x € R" déu phén tich duge thanh tong x =X, + 1, trong d6 x, € Im(4)
vi x. € Ker{A). Han nida viée phan tich d6 1a duv nhat,

5) Néu ma tran vudng A c6 kidu (nxn) la déi xéng thi Im(A) va Ker(A) true giao vdi

nhau. tife la vai moi phan uf ve ImiA). x € Ker(A) ta ludn co yT x=x ¥=0,

Néu su dung cach biéu dién A=(a,. a,. - . @, ) theo cic veetor ¢dt cia né thi
Im{A) chinh 14 khiing gian cua tit ca céc vector phu thude tuvén tinh theo a; . dg, e
a,. Ngudl ta viét

Im{A) =span{a, . g, ., =,

°
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Ky hiéu span(e, . as . -~ , a,) la chi tap hop tat ca cac vector phu thude tuvén
tinh theo a, . 2y, »=+, @, - Tap hop do cing 13 mdt khéng gian vector. Nhu da néi. aé
phudng trinh Ax = ¥ ¢6 nghiém x khi biét trude ¥ thi ve ImiA). tac la :":'phéi phu
thude tuvén tinh theoa, . 2, . -+ , @, . Suyvra:

Y€ Im(Ay & yespan(ga; . gy, a,)
= spani @ . @y -+, @, ) = span(a;. ay, -, q, . ¥)
=

Ma tran vuong Ae k"
ngude lai van dé 1a anh xa tu ddng cdu f 1k

. N - i t H . . .
mob ta nd. Trude hét trong R™ co n vector dan vie; , ¢y . o

Rank(4} = Rankid . v)

x N P ur . . N & L .
" 14 mét 4nh xa tuvén tinh td R” vao R” (tu déng cau). Dat

" - w" di cho trudc va ta phai tim ma tran

e, - Mol vector x trong no

déu bidu dién ducc dudi dang phu thude tuvén tinh theo cac vector don vi nay:
(x))

|
x=|

}:xl g]+ _\_'.2§:+ e + X1, &,

L x

n

No dé anh caa nd sé ta

-

=fixd= et xpent

-+ X, gn)

X1
=xy fle) s fleg) ot fle, 1= (fleg) fley), o fle,))
e o X

A

v A lh ma lran md ta anh xa tu déng cdu / : R" = k" da cho.

Phép bign ddi tuong ducng

, . it 0. .o Ctes gex . .-
Ta di duge bigt ma tran Ae k""" Ja mot hinh thue biéu dién anh xa tu déng cau

f‘. Tuv nhién cach biéu difn dd phu thude viao bd cac vector co s6 ¢,

. g, dudc

RN

chon. Vi nhiing bo cd 56 khac nhau ta ¢é cac ma tran A khac nhau. T4t ca cac ma tr'm A

do 14 tuong duong vi chiing cing biéu dlen cho mot anh xa f.

S -, . ~ . . Bl H Lo
Gia sis,| . 8. s, l& mét co 6 khac cha R” ngodi e . e, . ... . g

vector s, lai c6 dang biéu bién theo cg sécie| . ¢y . ... . £, nhu saw
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511 S1y | {510 |
sy=l |0 sy =L e s, =

\Snl_) Spw I K

. n - A - - - t
Vis; . 85 . . . 8, &£ vector dic lap tuvén tinh trong ®" nén moi vector x trong R’

déu cé dang phu thude tuvén tinh theo ching, tic la

X, | A
X = DTSt reSet e+ FuSy = L§l ) §”)
\an . ey T
Bé sé thucry . r, . ... . r, dugc go1la toa dd clia x theo oo s¢ méi S1 . Sy . e L 8,

Vay muén biéu dién x theo toa dé mdi ta c6 phép bién déi
(y I
- — S.-- 1 -

"\ ?“” N . xn r

- - - A T @ .- . - - t —- P .
Vdi cach biéu dién x theo co 56 méi nav, Anh xa f: R = r"™ cing cé dang mdi

.

N KXI |
v =) Fley) o fle,))

A X, ) Tt

n6i cach khiac AS cing 1a ma tran mé ta f: R” — R"” nhung theo cd 86 81,89, vue \ &

]

”
trong R choyx .
Tuyv x dd duge bigu dién theo co s6 méi &, , 8, . ... . 5, nhung anhy cfia né lai van

thes cosocie) . ¢y, ... . e,. Dé chuyén y theo cd 36 8] .8y, ... 5, talai lam gidng nhu

da lam véi x va di dén dang tuong dudng cho f: &” > k" theo co ¢ méi s, .
nhu sau
87'AS.

Céc phép bién da1 ma tran 4 thanh $7'AS| trong d6 S 1a mét ma tran vuéng khéng

suy bién bit ky. dudc goi la phép bien déi tuong duong.
Gid tri riéng va vector tiéng

Cho ma tran A. Mot sé thuc (phic) 4 duge goi 1a gid tri riéng va vector x dugc goi la
vector riéng bén phdi (ng vdi gia tri riéng A ciia A, néu chung théa man:

Ax = Ax ding vl moi x o {Al-A)x =0



Dé cho phuong trinh trén ¢ nghiém x=0 thi (A7/—A) phai la ma tran suy bién, tic la A
phai 1am cho dinh thiic ciia ma tran (4/~A) bang 0. Dinh thic

det{ AJ-A)
cla ma tran (AT—A) dude goi 1a da thie déc tinh cua ma tran A
(& tri viéng va vector riéng ciia ma tran A 6 nhing tinh chét sau:
1) (Dinh Iy Cayley-Hamilton) Néu da thuc dic tinh ciia ma tran A co dang:
det{dl- Ay =pA=2"+a, A"+ +a d+a,
thi cling ¢d
pay=A"+e, A"+ - +a A +ayl=0,
trong d6 © 1a ma tran ¢ cac phan ti déu bang 0.
2)  Néu khai trién da thue dac tinh thanh
det(AI- A}= i”+a”_.]zi”"1+ ey,
thi
ag=(-1)"det{d) vh  a,., = —trace(A),
Diéu nav ciing néi ring det(Ad) va trace(A) 1a hai dal luong bat bién véi vige chon co
sd nén ching 14 nhitng dai luong déc trung ¢cho anh xa /R = R
3)  Hal ma tran tuong dudng A va S 'AS luén co cling cac gia tri riéng, nél cich khac
" gia tri riéng clla ma tran bat bién véi phép bién déi tueng dusng.
4y Céac gia tri riéng cua ma tran bat bién véi phép chuyén vi,
det(A — A = det(a” — A,
5) Vector riéng dng vé cac gia tri rigng khice nhau thi déc lap tuvén tinh véi nhau,
6) Néu A khéng suv hién Lhi AB va BA c¢d cing cac g14 tri riéng,

71 N&u A la ma tran doi xing (AT= A thi cac vector riéng ing vd1 nhing gia trl riéng
khac nhau sé truc giao v6) nhau. )

. . b
8) Cho ma tran vuéng Ae " "

. Khi d6 cac phat bidu sau 12 tuong duong:
a) AT=A va tdt cd cdc gia tri riéng ctia A 12 nhitng sd thyc duong.
by xTAx >0 véi mora=0.

o A=A va ¢TAx >0 véi moix>0,
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1.2.2 Khéng gian ham sé
Khéng gian metic

Cho Lap hop cac ham x (7). k¥ hidu la X. Pinh nghia phép tinh céng:

{x+ v )(E)=x(0)+ wie)

vit phép tinh nhan véi mét 4 thuce o (khéng gian vector trén trudng sd thuc):
lax)it)=axft)

Khi dé. ré rang khéng gian X 13 khong gian vector cé phan ti khéng x(#)=0.
| Néu trong khéng gian vector X ta dinh nghia thém s8 thuc o (x, ¥ dé xac dinh
khoang cach gitia hai phan i x (¢}, ¥if) . duge goi 1a metrie, va s§ thue nay thda man:
1}y dix, Y I=0 khi v chi khi x(t)= E(t)
2) dix, y)=d(y.x)
3 Az vi+td(v.z)2 diz.2)
thi khong gian vector X dude goi la khdng gian metric,
Hai khéng gian metric X véi dé dod(x,. x,) va ¥ véi dé do d(ll'lz} thoa man:
dix;. xy)= a d(frfg)‘ nE R
s€ duge goi 1a tuong duong.

Viée dua thém dé do metric dx, v} vao khéng gian vector X da lam cho X ¢6 thém
tinh giai tich, Chédng han nhu:
- Phan ti v dude goi 1a thuée 1an can £ cha phan tix néud(x, y)<e.
- Tap Oy = veX|dix vi<e dudc goi 13 1an ¢4n md cta x.
- Tap (5, =lveX|d (x. v)<e duge goi 1A 1an can déng cia x.
- Day ix,! thude X duge goi la Adi tu téi xe X ky hitu la x, — x, hay lim x, =x
1 —%0

néu Y& >0, dngeN: VYazn, = dix x, }<E.

- Phan tize X duge goi la difm trong cia X néu tén tal mét l14n can O, cua nd ndm

ho#én toan bén trong X,

— Mot tip con Y X dude goi 1a tdp md néu moi diém ye Y déu la diém trong cia Y.

- N&u trong khéng gian metric X cé dav fx, ! hoi tu thi:
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a) Phan i gigi han lim x, =xe X la duy nhat vad(x, x,)-0.

Ao
b) Mo day con clia 12, | cung héi tu i x.

¢)  Cacphan ti x, 1a bi chan. tige 12 véi moi y e X lubn 6 d( y, - ¥)odix, y).

d) Néu day {x,} thuée X hoi tu thi lim d(x,,, x,)=0 trong dé n>m. Chu ¥

= =
=

rang diéu nguge lai khong dung.
Khéng gian da

Xet khong gian metric X Néu c6 day lx, | thuge X thoa min;
E X,

lim d(x, . x,)=0 (n>=m)

2t
il —p o
thi dayv jx, | duoc goi 13 déy Cauchy.

Khéac vii trutng s6 thuc k. ma ¢ do mq1 day Cauchy déu héi tu (161 gia ti gidi han
x néo dé cling thudc R), thi trong khong gian metric X néi chung [a chua duge dam bao.

Mét khong gian metric X duge goi 14 khéng gian du {complete), néu moi day Cauchy
trong né déu héi tu (t6i mét phén ti cing thude X). Tap con M cuia X dude goi 14 tap con
du néu moi day Cauchy trong M dén hé1 tu té mét phan 1l cling thude M.

Khéng gian compact

Mot khong gian metric X dude goi la khong gian compact, néu mei dav {x

X, trong

né déu chita mét dav con héi tu,
Vé khong gian compaet ta 6 nhimg phat biéu sau:

- Khong gian compact 1a mét khéng gian du. gisi néi va tach duoc. tiie 1a trong nd co
mét tap con tri mat, dém duge.

—  Mbét t4p con A ciia khéng gian compact X ciing 6 la compact khi va chi khi 4
dong.

Khéng gian chudn

Trong khéng gian vector X xac dinh trén trudng s6 thuc R, néu ¢6 thém anh xg
(khéng nhat thiét phai tuvén tinh) [|-||: X — & théa man:

a) Jx[20 va {x}§=0 khiva chi khi x 14 phin t khéng cia X.

b) Jaxll=ja| |z ding véi moi aer va xe X,

Ot v <z ]+ v | véi moi . ye X,



thi gia tri thue {x|| duge goi )a chuin clia phan ti x va khéng gian vector X dude goi 13
khéng #ian chuéan,

Do X 1a khdng gian vector nén tir chudn ||x | ¢tia né ta cing c6 dude metric:
dix, y)= flx— x|

Nguge lai, mét khong gian metric cing sé 1a khdng gian chufin véi | x| =d(x.0).
néu metric cia no con théa man thém:

- d(i+§.£+§)= d(i-‘l)‘ tic 1A metrie bt bign wéi phép dich chuvén vector.
- diax,a £}=|a|-d(,§__ z), tie 13 né thuin nhit (homogen).
Trong mét khong gian X cd thé ¢d nhiéu loai chuan. Hai chuan =], va ||x|, cua
nd duge got 1A tuong duong néu tén tai hai sé thuc m va M dé ludn cé:
mizly, < bef, s Ml
Cac khéng gian chudn thudng gap gém cé:

1) Khéng gian I_,p[a.b] la tap hdp cac tin hiéu x(¢) thuc, xac dinh trén khoang kin
[a.h]. ¢6 chuin duge dinh nghia 1

, 1
i
lxl, = [I|x(!)|"dtw . trong d6 1< p <ee,
[

2) Khéng gian £..|e.b] 1a tap hop cac tin méu v (¢) thue, xde dinh trén khoang kin

[e.5]. ¢6 chuan duge dinh nghia la:

x|~ = sup |x{t)| .

astsh

Dac biét, chuan

+||, v81 1S p Seo cOn thoa man:
. JUR T | . YT
al lxylyshx], Iy}, néu —+—=1 (dinh ly Hélder)
F2
by Jxtyd, <lxl,#+llv],  (dinhly Minkovsk:)

3) Khéng gian E gdm cac vector him )= (x, (). -, x”(:‘,))f cé n phan ti cang véi

chuan Euclid, duge dinh nghia la d6 dai cia vector

lxl g :=1/Z[:cim|2 .
i=1
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4) Khong gian Hom(k" . R™}, la tap hop cua tat ca cac anh xa tuyén tinh tia &"” vio

R (homomorphism), tic 1 tap hop cia cic ma tran A=(a i) kifu mxn. cling vé

mdt trong cac chuan sau:

a) Chudn Frobenius: La v&t ciia ma tran A4, hav:

NA] p= {trace(A™ A}

by Chudn béc 1: La téng 16n nhat trong s6 téng modul cic phin 13 nam trong
cing mot cft, hay:

i

IAlL = max ),
A |

ﬂ.i;‘.

¢} Chudn bde hai: Li gia tri riéng 16n nhat cia ma tran AflA, hay:
|A]l: =maxy 4 (A% 4) =5(A)

dy Chudn vé cing: La téng 16n nhit uong s¢ téng modul cac phén td nam trong
cung mat hang, haw:

1
A== max D ‘ai}-‘ X
0

Khéng gian Banach
Mot khong gian chudn X duge goi 1a kkang gian Banach, néu vé& melric duge suv ra
til chuan cia nd la dix, v)= |x="y | sé co duge moi day Cauchy {x,} trong na la hol tu.
V& khéng gian Banach ta ¢6 nhiing phat biéu sau:
— Khéng gian Banach 1a khbng gian da.

—  Khéng gian chuin compact 1a mat khing gian Banach, diéu nguce lai khéng dung.

Khéng gian Hilbert

M6t khéng gian chuin Banach X dude goi la khéng gian Hilbert, néu chuin cla né
con thoa man thém tinh chat hinh binh hanh (paraflelogram):

L=y 15+t v 1 = 2+ 2 17

Diéu dac biét cua khong gian Hilbert 1a trong né tén tai phép tinh tick vo hudng, k$

hiéu la <x. v>. thoa man:

1) <g+vy.z2>=<x,z>+<y, 2> vdimoix, v.ze X



2) <x.y>=<yax> trongdd ¢ 1a ky hiéu chi s6 phic lién hop cuac.
3} <x. ay>=a<x, ¥y> viiae C. Diéunav 1A tuong duong véi <qx. y>=a <z, y >.

4) <x.x> v6ix#0 ludn la mot 86 thue dudng.
Gita tich vo hudng <x, ¥ > va chudn || x| 6 quan hé:

2] = <x,x> (1.50

Va1 phép tinh tich vi hudng trén thi trong khong gian Hilbert cén ¢6 thém mét
quan hé mdéi giiia hai phdn ti x v duge goi 14 guan hé true giao. Hal phan' tli x. v la
trife giao vér nhau néu ¢é <g. ¥ >=0. Hai khéng gian Hilbert X, ¥ dude goi 1a truc gigo

vii nhau néu <x. ¥y >=0 ding véi moi xe X va ye V. Khi dé ngudi ta viat:
Y=X".

Maét khing gian X mdi chi ¢ tich vd hudng <x. ¥> trén no thi duge goi la khing
gian tien Hilbert, Mot khong gian tién Hilbert sé 1a khong gian Hilbert néu nhu né con
la khéng gian du (khéng gian Banach) theo chuan (1.30).

Ngoii ra. vé khéng gian Hilbert ta cén oo cic phat bidu saw:

—  Can va du dé mét khéng gian tién Hilbert X la khéng gian Hilbert 12 véi moi
khéng gian M con. déng cua X ludbn co M=M ™~

- Néu M la mét khong gian Hilbert con, déng cta khong gian Hilbert X thi sé cb
X=M&M . tic la ing véi mdi phan ti xc X ludn cb duy nhit cap phin titx e M,
x,6 M” thoa manx=x;+x,. Phan tix, duge goi 1a hinh chidu cnaxe X 160 M.

- Néu A la mét tap 18i con, du cia khong gian Hilbert X thi dng vdi méi x€ X ludn

ton tal duy nhat mét phan tlix,e A théa man Jx-x,|= inf [|x—v | =d. Gid uid
yEA -

nay dude gol i khodng edch tiixe X td1 tap A,

-  GoiA B 13 hal thp con cua khéng gian Hilbert X. Vav thi;
a) A7 14 khéng gian Hilbert con, déng cua X.
b) AcA’t va ale atil

¢} Néucé AcB thisécoBica’

Khong gian cae anh xa lién luc
Cho hai khéng gian chuan X va ¥ va f:X Y 1a (vector) anh xa tix X vao ¥, Khi dé

anh xa /X =Y se duge goi la
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a) Lién fwe fai xye X, néu il moi dav {x,} hdl tu té1 x; trong X cong c6 diy
{fix,)} hoi tu i [(x,) wong Y.

by Lién tuc trong X. néu né litn tue tal moi diém x thude X,

o) Théa man didu kién Lipschitz x,€ X, néu ton tai hing s thuc dugng ¢>0 dé
[aleX

ffex) =[x,y || <allx-xq| v6l moix thude mét lan can nao do cua x,.

Khi f(x) théa man diéu kién Lipschitz. phuang trinh vi phin

vil didu kién ddu x(0)=x, ludn co nghiém duy nhdt. Nhu vay, néu f{x) thoa
man diéu kién Lipschitz vd moi x,, thi hé ludn cé qui dao trang thai tu do va
cac quy dao trang thai dé s8 khéng cat nhau,

d} Tuvén tinh. néu

Xyt o Fa,x ) = a flxdrayflxg)+ o +HP£(£P)

flayx, ~a,x,
trongdéay. @s. . a, lanhing a6 thl_]‘c;’phflc.
oy Bi chdan. néu nd bidn mot tap con M gidi ndi trong X thanh tap con
fMy = Ly=[l0)! xe McX |
cang g6l ndi trong Y.
Ta cé thé thay véi (vector} Auh xa /X Y giia hai khong gian chuan X va ¥, tuc
1 ¥ :f(xJ ma tri

(1.31)

LI=sum ||x|| ce X |l£||

chinh 1 chuén ena anh xa f Hon thé nita néu £ comn la tuyéh tink thi cong thite tinh

chudn (1.31) con duge viét lai thanh dang don gian hen nhu sau:

I/ lI= sup || fro) |
J=i 1

Ngoat ra, ngudi ta con thuong phan loay f:X—Y¥ thanh:
1) Déng cbdu thomomorphism), néu né 1a tuvén tinh. Théng thudng tén goi nay chi duge

dung kht /' la anh xa gitia cac nhom.
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2) Nt xa (injective), ndu x,#x, thi cing s€ co £(£1 T & ﬁ(gz),

3) Pon dnh (monomorphism). néu né vira 1a tuyvén tinh, viia 1a ndi xa.

4) Toan dnh (surjective). néu ing v6i mbi mét phan tu y bat ky thude ¥ 6 mot phan
tit anh x tuong tng trong X dé ¥=fla).

5) Song anh (bijective), néu nd vira la todn anh, viza 1a ndi xa.

8y Todan céu (epimorphism), néu né vita 1la tuvén tinh, vira 15 toan anh.

7V Ding cdu (isomorphism). néu né vita l1a tuyén tinh. viua la song anh.

8y Tw ding edu (endomorphism), néu la déng chu (tuvén tinh) va c6 khéng gan céc
phan ti géc cling 1a khong gian cac phan U anh, tdc la [ XX,

9) Tu diéng cdu (automorphism). néu li tu déng cau va song 4nh.

10) Vi phkoi (diffeormorphism), néu né song Anh va kha vi,



2 HE COKHAU PHI TUYEN TINH VA TUYEN TINH PONG

2.1 Gidi thiéu hé théng "
211 S0 dé khdi, md hinh NL va LN

Thudng gap trong thuc té 1a cac hé théng phi tuyén véi mot tin hiéu vao, mét tin
hiéu ra (goi 1a hé SISO, chii viét tit cta single input, single output), ma 6 d6 tinh phi
tuyén cta hé chi quy tu lai trong mét khau don gian duy nhat (hinh 2.1). Tinh don gian
cta khau phi tuyén thé hién ¢ gia tri tin hiéu ra u cua né phu thude vao gia tri tin hiéu
vAo z tai cing thai diém ¢, tic la u = f(z) trong d6 f(z) la ham dai s6 (khong c6 tich
phan hay vi phan). Nhu vay tin hiéu ra u(¢) phu thudc tinh vao tin hiéu z(¢) ¢ dau vao.
Nhiing khau phi tuyén nhu vay dudc goi 1a khdu phi tuyén tinh.

w e z u y
281(3)}'_’”5{(3) > Sy(s) —>
. - L
Hinh 2.1: Hé c6 khau phi tuyén tinh

hoac khau phi tuyén co ban. R(s)

A

Ngoai khau phi tuvén tinh nay, cac khiu con lai trong hé déu la tuyén tinh va duge
mé ta béi ham truyén dat. Chang han trong hinh 2.1 1a nhiing khau v6i cac ham truyén
dat S,(s), S,(s), dai dién cho thanh phéan tuyén tinh c6 trong do6i tugng phi tuyén va
R(s) la dai dién cho bé didu khién tuvén tinh.

Don gian hon hé héi tiép cé cdu tric so d6 khéi nhu ¢ hinh 2.1 1a nhiing hé héi tiép
thuc véi mé hinh hé hd chi gdm hai khau duy nhat (hinh 2.2 va 2.3):

-~ khau phi tuyén tinh

-~ va khau tuyén tinh.
M5 hinh ma ¢ dé khau phi tuyén tinh ding trude khau tuyén tinh G(s) dude goi 1a mé
hinh Hammerstein, hay NL (nonlinear — linear). Ngudc lai néu khau tuyén tinh G(s)
diing truée khau phi tuyén, dudc goi la mé hinh Wiener, hay LN (linear — nonlinear).

51



¥

ki

ixfi. u=f(e) _‘H Ges) |9 i»(f_u GGs) }—“>y=ﬂu> 4

Hinh 2.2: Hé hdi tigép thuc vdi md hinh Hinh 2,3: H& hdi tiép thuc vdi mé hinh
Hammerstein {NL} clia hé hd. Wiener (LN} clia hé hd.

2.1.2 MOt s6 khau phi tuyén dién hinh

Trong cae hé thing diéu khién k¥ thuat ta thudng gap mot s& thanh phan phi tuvén
diac trung mang tinh pha bién. Ching duge x€p vao loai cac khau phi tuyén cd bin.
Khau hai vij tri

Khau hal vi tri chinh la mét khau rg-le. Mé hinh khau phi tuyén hai vi tri (hinh
2.4a) co dang:

( )
'a khi w=>0
¥=9 . (2.1)
|—a khi u<0
84 dung ky hiéu sgniu) dé lav ddu cua  thi v
- -2 r
{2.1) diige viet don gian thanh:
a
¥ = a-sgnf{u) y
Khau phi tuvén hai vi tri c6 thé tim thay >
duge rat nhiéu trong thuc 18 vi du nhu bg didu -
khién ro-le trong difu khién nhiét dé, bd diéu
khién té1 uu tace déng nhanh .... Nhuce diém Hinh 2.4: Khau phi tuyén ha vi tri

chinh han c¢hé viée Gng dung khau hai vi tei 13

khi ¢ dac déng nhanh xung quanh diém 0. khau nay sé phai lam viéc véi tan s6 rat lon
dé 1lam hong thiét bi. Bdi vay trong nhiing iridng hop tudng tu ngudi ta hay thuting su
dung khau hai vi tri e6 khoang trugt. hay con goi khau khuéch dai bao héa.

Khau khuéch dai bag héa

Khan khuéch dai bac hoa 13 khau SISO phi tuvén inh ¢6 die tinh vaofra thuéc
nhdm tuvén tinh titng doan duge mo ta trong hinh 2.5.

Trong khoang |u|S b gia tri ra y thay d6i tuvén tinh véi dau vao u va ngodi khodng
nay y oo gia tri khong déi hoac bing @ hofic —a.

Khi |4} ral nho. khau khuéch dai bio héa ¢d dang gan pidng khau hai vi tri nén
khau khuéch dai bao hoa com hay duge goi la khduy hai vi tri ¢ khodng trugé. Nhiing
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khéu kifu nay thuosng dude s dung khi phai thict ké bé didu khién khuéch dai co dé ¥
dén gidi han trén. dudi cho tin higu diu vao cua dél tusng.

Phudng trinh toan hoc md ta dac tinh vao/ra cia khau khuéch dai bao héa nhu sau:

« sgn{uz} kh |u| > b

¥ = 2.2

2y khi |u‘ <h

b

A hd
a T---- 4] e ———
]

—b ' U =5 u

i 3 > Y >

|

----- - e
Hinh 2.5; Khau khuéch dai bao hba Hinh 2.6; Khau ba v tri.

Khau ba vi tri

Véi nhiing hé si dung bd diéu khién hai vi tri ¢6 nhidu nho (xung quanh diém 0) tac
déng & diu vio d61 tuong. ngudti ta thutng dung bd didu khién ba vi tri (hinh 2.6) thay
cho hai vi tri dé Ioal bo Anh hudng nhidu vie hé Phudng trinh toan hoc md ta ddc tinh
viofra cua khau ba vi tri 06 dang:

asgn{u) khi |a1 =8

v= _ (3.3)
0 khi |u[<h

Khau khuéch dui cé mién chét (khdng nhay)

Hinh 2.7 mé ta dic tinh quan hé vao/ra cua khiu khuéch dai ¢6 mién chét (viing
khéng nhav}. Nhing khau nay ¢6 thé tim thay vi du nhu trong mé hinh quan hé van tée
¢ ma vat chuyén déng dusi tac dong miot luc F cé dé ¥ dén lyc ma sat tinh. Phuong trinh
toan hoc mé ta dac tinh vio/ra eGa khau khuéch dai cd mién khéng nhay nhu sauw

{'m[a —hsgn(u)) khi |u| =h

= ) 2’1
Y .O : ki |u1 <h @

trong dd m=tani¢).

Khéu hai vi iri cd tré

Moi bd diéu khién ro-le hai vi tri trong thlic t& khong ¢ tinh 1y tudng téi mie la
chuyén déi ngav duce trang thai tif —¢ sang a khi ddu vao u di ti¥ -0 t6i +0 va nguge lai.
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Nguvén nhin ndm d tinh guin tinh, tinh %, thh tré cla thidt bi. Thi€t bi chi ¢ thé
chuvén déi trang thai khi v di da gqua diém 0 dugc mét "doan” & nao do. Trong “khoang
ché doi” chuvén trang thai. thidt bi gid nguvén gia tri ¢i. Nhu vay gia tri dau ra y caa
thiér by hai v trf ¢6 iré khéng nhilng phu thude vao 4 ma trong chimg muc nac dé con

phu thude vao ca dao ham % ena tin hidu déu vio va néu bidu difn su phu thuge dé
chi trong mat phang (. v) sé c6 duge dudng db thi cia mét ham da tri (hinh 2.8},
Phuong trinh toin hoe mé ta ddc tinh vaoira cia khau hai vi tri ¢6 tré nhu sau:
{asgn(u) khi |u1 >h

- sgn(i—?) khi |u| <6

hoac ¢o thé duge viét gon lai thanh:

du
VT oa sgn(u - bsgn(24) | (2.5
s of J
&t Y
fr3
y
-b @ u u
b ! -b b !
—-a
Hinh 2.7: Khau khuéch dal cé mién chét. Hinh 2.8: Khau hat vj tri ¢é tré.

Khau khuéch dal béo héa cb tré

Nhiing thiét by truyén déng cé khe ho déu thude nhom khau khuéch dai cé tré.
Phuong trinh toan hoe md ta dac tinh vao/ra efia khiau khuéeh dai bdo hoa ¢ tré nhu

SAU

[F(u—b) khi %m
¥=4 o 2.6)
Fu+b) khi <o
di
J'a sgniu)  khi |u| »h
vl Fiuy = a
h)—u khi |u|<b

la quan hé vao/ra cuia khiu khuéch dail bao hoa (hinh 2.9),



! Jedd
lgl<1 v
-b . -b —gb s
b - gb b .
Y A
—-a da
Hinh 2.9: Khau khuéch dal bao hoa co tré. Hinh 2.10: Khau ba vi tri cé tré.

Khéu ba vi tri cé tré

Dang téng quat cua cic khau phi tuyén hai, ba vi tri c6 hoic khéng 6 tré 14 khau
ba vi trf ¢é tré v6i dac tinh quan hé vao/ra dugc mé ta trong hinh 2.10. Dé thay ngay la
khi ¢=1, kh&u ba vi tri ¢ tré tré thanh khau ba vi tri binh thuong, hoac khi g=-1,
khau ba vi tri ¢é tré trd thanh khau hai vi tri ¢6 tré. Phudng trinh toan hoc mo ta dac
tinh vao/ra cia khau ba vi trf c6 tré nhu sau:

F(u—l_qb) khi _d_u>0
y = 12 g-f 2.7)
Fu+—2p) xhi <o
) dt

trong d6 0€g<1 va F(u) la quan hé vao/ra cia khau ba vi tri khong c6 tré:

asgn(w) khi' |u>2b
F(u) = ) -
o khi u< :qb

2.1.3  Xac dinh diém can bing, diém dimg

Mot diém trang thai x, cua hé théng dudc goi la diém can bang (equilibrium point)
néu nhu khi dang & diém trang thai x, va khong cé mét tac dong nao ti bén ngoal thi he

. a e i - — p L 2 v y aed \ 4 s
sé nAm nguyén tai d6. V& ban chat thi diém can bang chi la loai diém diing dac biét, tic
]a diém ding tng véi tin hiéu dau vao w(t) = 0.

Diém can bing hay diém diing ¢6 ¥ nghia quan trong trong viéc phén tich hé phi
tuyén, vi mét 1y do la thong thudng nguoi ta hay quan tam téi tinh chat dong hoc cua hé
trong lan can cac diém trang thai nay.

Khéng mat tinh tong quat néu sau day ta chi dé cap dén phuong phap xac dinh
diém dimng cho hé théng héi tiép c6 khau phi tuyén tinh véi so do khéi cho 6 hinh 2.1.
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Nhung trude khi xae dinh diém ding cia toan b hé thong, ta ciing nén xac dinh
diém dirng tai ting khau. Xét mét khiu tuvén tinh cd ham troyén dat Gis). Gol w(¢) 1a
tin higu vao va y(¢) 1a tin hiéu ra cia khau. Gid sk rang khau dang ¢ trang thai dimg,
vay thi cac tin hiéu vao ra ca né luc dé phai 1a hang 58 w«{t)=u, va y{fy=y, . Tu day

ta suy ra dudgc:

Ya = ug ImG(e) = uyG(0) (2.8)

Quay lai hé 6 s0 d6 khdi cho 6 hinh 2.1. Néu hé dang & diéin dirng thi cac tin hién
trong hé phai dang xac 1ap 6 mét gia tri hang. Goi cac gia ti hing 56 dé ctia tin hiéu 1a:

wit) = wy . ety =gy WY =2y vl Tug . ¥i) = vy
thi véi cdéng thic (2.8) ta dude

ed=wd—yd R(O) Zg = €y S](O}, I T SQ(U)
Suv ra

uy = waS1(0)—z4 (2.9)
8,(0)8, (0)R(0)

Mat khae, do khau phi tuyén la khau tinh ¢é ma hinh « =/(z) nén tai diém ding con cé:

ug = flzg) (2.10)
L1 s

.. a . z
Boi viav diém ding t d

J(:’m’nh la nghiém cua (2.9) va (2.10).
i€y

Phugng trinh {2.9) ¢é d6 thi 1a duing thing trong niat phing (z. &) va phuong trinh
(2.10) c6 do thi u=£(z) cha khau phi tuvén. Giao difim cta har d6 thi la diém ditng cta
hé théng (hinh 2.11). N&u hai d thi khong cdt nhau thi hé khéng ¢6 diém dimg.

c)

e

2 (2.10)

Hinh 2.11: Xac dinh diém dimg cGa hé ¢6 khau phi tuyén tinh.
a) Hécomotdiemding b) Hécobadidmdimg  c) Hé khdng co diém dimg



2.2 Phudng phap phan tich mat phiang pha
2.21 Nhiém vu ctita cong viéc phan tich

Nhiém vu chinh cia réng viée phéan tich 4 phai tit mé hinh hodce so d& khéi cia hé
théng rit ra duge nhing két luan co ban v& tinh chat dong hge ctia hé théng can thiét
cho viée Long hop sau nay. Ta s& déng ¥ véi nhan ving kho ma cé thé phan tich dé co tat
ca nhiing diéu chua bidt vé heé thang. Vi vayv cong viée phan tich se duge goi 1a tam hoan
thanh néu nhu ta da cé thém dude mat var didu bé ich chua bidt vé hé théng mi nhiing
didu do sé du dé ta bat diu duge cong viée ting hop bi didu khién, Nhung nhing didu gi
s¢ dugc goi 12 cdn thigt va lam du cho ebng viée tong hgp. Dé la:

1) Piém can bing hodc diém ditng cia hé.

2y Tinh én dink vé xde dink mién on dinh O tuong wng cua hé (lai mot diém can bang
hode didm ditng). Mot hé thing dude goi la 6n dink (tiém can) tai diém cin bing x,
néu nhu ed mot tac déng tie thdi (chang han nhu nhiéu tic thei) danh bat hé ra
khoi x, va dua téi diém x, thude mét 1in can © nio d6 cla x, thi sau d6 hé c6 kha
néang ty quay vé dude diém can bang x, ban dau,

3) Khd ndng tén tai deo déng. Mot hé thhong duge goi 1a ¢6 kha nang dac dong néu né
c6 dudng qu¥ dao trang thai khép kin. tiée 1 nhiing qu¥ dao ma néu xuit phat tu
mot diém trang thai trén dé thi sau mét Bhodng thii gian hiu han s& lai guay vé

diém ban dau.

Nhu vav, dang qu¥ dao trang thai eva hé ndi 1én duge rat nhidu tinh chit hé thong
v néu nhu bang cach nao do ta da xav dung ho cac qu¥ dao trang thai cia hé ing vdi
w(£)=0 thi chi can dua vao dang céae dudng cong qui dao trang thai dé ta cing sé ¢
ngav duge nhiing két luan vé chat lugng hé phi tuvén, Vidu diém can béng-&, sé li didm
‘mé tai do tde d6 cla cac quy dao trang thai biing 0, hay hé s& 6n dinh tai x, néu tat ca

quy dao {rang thai trong lan can clia x, déu cé hudng tién vé x, vi két thue tai d6 ...

Tuyv rdng don gian. song phucng phap phan tich chat ludng dong hoc clia hé théng
trén co =6 phan tich dang cac duong qui dao trang thai ¢d han ché chi idp dung duge che
nhiing hé théng cé 181 da hai bién trang thai. vi ta cing chi cé thé xéy dung dugc (vé
duoe) dé thi dudng cong trong mat phing mat cich tusng déi chinh xac.

Qu¥ dao trang thai cia mét hé théng cé 5§ bién trang thai khéng nhifu hon 2 duge
goi 14 qu¥ dao pha vi khéng gian trang thai khi dé duge goi 13 mdt phdng pha.

Muc nay sé trinh bay cic phudng phap xiy dung quy dao pha dé phue vu viée phan
tich nhitng hé théng ma tinh phi tuyén cla né chi ndim 6 mét khau phi tuyén co ban duy
nhat. Nguvén tiac chung dé ¢6 dude quy dao pha cho hé 13 ta s8 chia mat phdng pha

(s ]
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thanh nhiing viing khac nhau sao cho trong méi vang dé, khau phi tuyén lar thay duge
bdi mét khau khuéch dai (tuyén tinh) hoac mét gia tri hing s§ ¢la tin higu diu ra. Cach
chia mét phang pha nhu vay con duce goi 1a phutong phdp phén diém mat phing pha.

2.2.2 Hé voi khau phi tuyén hai vi tri

Trude tién ta cing cdn théng nhat vd1 nhau ring sé ¢6 rit nhidu hé phi tuyén ma
tinh phi tuyén cia né chi thé hién & khau hai vi tri. Ching dude phan biét vdi nhau
khéng chi & cac khau tuvén tinh §(s). R(s) ¢o trong hé ma con § ¢a chu trie so dd khoi
lan s6 lugng cac khau tuvén tinh d6. Bdi vay ta khong thé dua ra dude két luan chung vé
chat lugng cua 14t ca cac hé c6 khiu phi tuvén hai vi tri chi tit viée phén tich mét hé cu
thé c6 cau tric sg di cho ¢ hinh 2.12 dudi day. Song didu d6 khong phai la trong tam ma
guan trong hdn ¢4 la thong qua viée phian tich hé ¢ so dd khél cu thé nhu vy ta nam
bit duge phuong phap chung, cac bude phai tién hanh khi gip bai toan phan tieh va
khao sat hé théng ed khau phi tuyén hai vi tri bat ky nao dé.

Xét hé cho trong hinh 2,12 v khau hai vi ti 14 khau phi tuvén duy nhat. cac khau

con lai déu 1a tuyén tinh va duge mé ta bang ham truvén dat:

- Ris) = 1 Ja phan tuvén tinh cia bé diéu khién phi tuvén.
5

1 . o O
- S(s) = N la mé hinh cua déi tugng tuvén tinh,
5

- M(s) = k la mé hinh cda thiét bi do tin hiéu phan héi vé dude gia thict 1a tuyén
tinh va khéng ¢é quan tinh.

B ) I R{s) S(s)

h 4

Hinh 2,12: Hé thdng cé khau phi tuyén hai

vl tri va khang bi kich thich. F
1A {s) |«

Tiz 50 46 khol eina hé ciing nhu ham truvén dat cia cae khau tuvén tinh. ta cé:

1 néu e>0

v=sgn(e) =4 .
—1 néu e<D
2
Td—)x =y
dt”
va e -z - = -kx - =—(hx+ )
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+ néu kx+Td—x«z0
T dt

1—l néu fx +Td—x =
T dt

{2.11}

Can ot vao (2.11) ta xac dinh dude méat phéng pha sé phai la mat phang véi hai true

loa dd x va d—:: . Phan chia mat phang pha nav thanh hai mién diém bol duong thang

kx +T£ =0
!

¢hinh 2.13) thi mién phia trén dudng thang 13 mién ma d dé ¢

dx
/2

1
1

2
~| =

thi ng 561

va mién phia dudi Ung vdi

s

d"i

- ?l: {ciing 13 hang so}.

Fx+T3 =0 x=

Ex+Tx <0

Hinh 2.8: Phan diém mat phing pha.

dx t
— ==+
dt r
p ¢ N Tol
= = ——tof ey ——-|—-£—+c'1 +oey _Ln‘ 2—?—(
2 v T [ 2 2
hy

(2.1

(2.15)
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trong dé ¢, , ¢,. & nhing hiang s8 phu thudc vao cac gia tri ddu x(O),

va nhu vay k,

ex(0)
t

cung la hing & phu thude vao x(0), % Ho d6 thi phuong trinh {2.15) cho nhing gia

tri £y khac nhau o6 dang parabol va duge bifu dién trong hinh 2.13 bing dudng nét lién.

Chidu cua céac parabol nay duge xac dinh tit didu hién nhién rang khi E?D' 0 thi x phai
¢t xu hudng tang va nguge lm khi o < 0 thi x phar ¢é xu hudng giam.

Mot cach tuong tuy. tit (2.14) La cling cé

ez I EJ + (2.16)
2 Y df N
. N = - - . dx(O) wy . . .
trong dé ks 14 hang 86 phu thude van x(0), TR Nhiing duimg parabol rii nét trong

hinh 2.13 1a 46 thi cua (2.16},

Béy gio ta da eé thé xav dung mét quy dao pha di tiz difm diu tuy ¥ nhung cho
truée trong mit phing pha. Chang han dé 13 diém A nhu 6 hinh 2.14. Do diém A hay
nam 6 phan mit phang pha cé

kx + Té‘- =)
di

nén quy dao pha di qua né phai di theo duing parubol nét lién, Doe theo dudng nét lién
do cho t6i khi gap dutng thiang f phan chia hai mién diém {hinh 2.14)

dx
thax+T == =0
B:kx o

titc 1a dén diém B. thi quy dao pha sé phai chuvén sane dudng parabol nét 191 vi ké ti
tie nitv nd da di vao mién mat phing pha c6

Ex+T-="<q.

dt-
Theo dudng parabol nét rdi, qu¥ dao pha di ti B 161 di€m C 13 diém gap dudng #
phan dlem mat phing pha thi lai chuyén sang dudng pa1abol nét lién vor. O theo

nguvén 1§ chuyén tit dusng parabol nét lién sang dudng parabol nét roi vé't-ir'parabol nét
101 lai trg vE parabol nét 1ién ... méi khi gap dudng 2 phan chia mién diém, ta xAy dung

duge hoan chinh quy dao pha ciia hé di tit didém xuat phat A nhu & hinh 2.9 mé ta.
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kx+Tx <0 ke+TX >0

Hinh 2.14: Xay dung quy dao pha.

Ty dang quy dao pha dén cé xu hudng tién vé gdc toa do va két thuc tai dé, ta rut ra
duodc nhiing k&t luan sau vé chit lugng cua hé théng:

a S A - % . n - _ ] dx
- Hé co mot diém cAn bang 14 gdc toa d¢ trong mat phang pha (x| Fn ).

- Heé khéng cé dao déng diéu hoa, khing ¢6 hién tudng hén loan.
— Hé én dinh tai g8c toa dd.

~  Hé ¢6 mién én dinh @ 13 toan bé mat phang pha (6n dinh toan cuc).

Ngoai cac két luan trén, ¢ hé dang %6t con ¢ gt hién tugng vit dic trung cd tén
goi 1a hién twong truot, hay cdn gol bang—bang, hay chattering. Hién lugng nav xuit
hién khi ma qu§ dao pha di vio phin dudng phan diém 2 mi & d6 dudng parabol nét rdi
& khéng con ndm phia dudi cua 2 cling nhu parabol nét lién khong con nam phia trén £,
N6 chinh 13 doan thang trén £ nam gita diém tiép xuc E cua # vdi parabol nét lién (2.15)
va diém tiép xuc F cia 2 véi parabol nét roi (2.16) — hinh 2.15a. Hai diém tiép xac nay

duge xac dinh nhu sau:
1) Diém E la diém tiép xdc ona duting parabol nét 1ién (2.15) vl dudng phan diém £

I . T . . . AN - o _
(2.12) c6 goc nghidéng tang= v nén tai E dudng nét lién (2.15) phai thoa mén
4

e __T -  PE_1 (217
dt & dt &

Thay (2.17) vao (2.12) duge xy; =

T

2} Tuang tu, diém £ s€ ¢é hoanh d6 xp= —
k
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a)

A X
12
.
E e
I ,’/
] "\wf i x‘; x‘;
XE Y A ].
A : é
Fosq..
_— P
Hinh 2.15: Giai thich hién tuong truot.
a) Xac dinh khoang trugt b} Hign tuong quy dao pha trugt vé géc toa dé.

Xet doan quy dao pha § dang di theo parabol nét 1ién (hinh 2.15b) thi gap dudng
phan diém 2 nidm trong khoing EF (dude gol 1 khodng trigt). Khi do né sb chuvén sang
dudng parabol nét rii. Song doan dubng parabol nét réi niy lai ndm trong phan mat
phing pha Ung vii dutng parabol nét lién nén ngav sau khi chuyén sang dudng parabol
nét ral. quy dao pha lai phai chuvén sang dudng parabol nét lién. Theo dudng parabol
nét lién néd quay Lrd v€ dudng phin diém 2 va gap lai duong 2 tai mot diém khac cang
trong khodng trugt EF nhung gan goc toa do hon. Tu day nd lai phar chuvén sang
dudng parabol nét rii ... Cd nhu vav quy dao pha chuyén dong zick zack xung gquanh
dutng 2 dé tién vé goc toa dd. N&u nhu khau phi tuvén hai vi tri cho phép chuyén déi tir
-1 sang 1 v nguge lay trong kheang thal gian gan bang 0 thi doan qui dac pha zick zack
trén sé ¢6 dang trugt vé gic toa d6 doc theo doan EF | Hién tugng truiot sé tran khi tha
gian chuvén dai bang 0.

Dudng phan diém 2. do né o chiie nang chuyén qui dao pha tit dudng parabol nét

rdi sang dudng parabol nét lién va nguge lai, nén ngudi ta con thudng goi né 1a dudiing
chuyén dor.

bg déc %cﬁa dudng phin diém thavy dudng chuyén dén f quy dinh dé dai cho

khoang trust EF . Théng qua tham s6 & hav T ta cd thé thay déi ds dac cta 2. Pudng 2

c6 d6 dde cang lén. khoang trugt EF s@ cang dal lam cho hién tuong trugt trong hé xay
ra cang lau,

Hién tugng truct trong hé vita xét 1a mot ggi ¥ cho viée thiét ké b didu khib.a su
dung khau hai v tri nham lam én dinh tuvét déi déi tuong theo nguyén téc trugt vé géc
toa dé. V& nguyén 1y thiét k& bg didu khién truct ta sé quay lai sau trong muc 2.3,
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2.2.3  Hé vi khau phi tuyén hai vi tri co tré

Giéng nhu da lam vé hé 6 khau phi tuvén hai vi tri, sau diy ta ciing sé lam quen
véi phugng phap phan tich va khao sat trong mat phing pha hé véi khau phi tuy&n hai
vi tri ¢6 tré thong qua mot vi du cu thé,

Xét hé phi tuyén, kin. phan hdi am, véi so db cdu tric cho 6 hinh 2.16. Hé gém hal
khau: khau phi tuyén hai vi tri c6 Lré véi dudng déc tinh vao ra

|sgniey khi |e|>1

<1

‘—sgn(g) khi |e

va khéu tuvén tinh vdi ham truyvén dat

Gis) =

six+ 1}

Tin hiéu dau vaoc u(#) cla hé dude gia thiét 1a ddng nhat bang 0.

Y
h 4

Hinh 2.16: So dd khai clia hé ca khau phi - h 4 sts+1) |
tuy&n hai vi tri c6 tré.

Vi (G{s) 12 ham truvén bac hal md ta khiu cd quan hé vao ra

2
Ay dy_ (2.18)
de?  dt

- o . -~ PR S 2 a - - N d
nén mat phang pha dude chon ¢ day <€ 1a mit phang vii hai true toa d6 v va o4

Bay g6 ta 58 chia mat phang pha va thanh ting mién diém riéng biét ma & dé tin
hiéu g ¢6 g4 tri 1a hang.

No cd y==¢ nén

1} Tin hitu g ¢6 g1a tri 1 khy

a) e>l. tuclakhiv<—1 (vongI trén hinh 2.17).
) - . de a1 . dy . a1 -
b} hoac khi|e|<1 va F{-*fO, tic 1a khi {v|<1 va E>0 {vang II trén hinh 2.17).
A i

2y Tin hitu g cd m1a tri=1 kh
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a) e<-1, tucla khiy>1 (viing III trén hinh 2.17),

b) hoac khi |e|<1 va -j—‘;m. tdc la khi |y|<1 va %J;— <0 (vang IV trén hinh 2.17).

L=
H
—

©

Hinh 2.17: Phan diém mat phang pha bang dudng
phan diém 2 (dudng chuyén déi).

q=1

Nhu vay, mat phiang pha (v, (;—J;) da duge phan thanh hai mién: Mién thi nhit gom

cac vang I, II ing v6i ¢=1 va mién thu hai gom vang III, IV ting véi ¢g=—1. Ranh g101
gita hal mién la duong phan diém (hay duong chuyén déi) 2.

Khig=1 thitu (2.18) ta cé

dy
d’y d : =_I— d z
3’ +_y_ =1 = 9 = _y:__.._
de®>  dt de_d’y | dy_| . dz 1-z
dt  qt* dt
_ zdz
= dy—l—h = y ==z =In|z=1|+k. (2.19)
£ alas 1 & - - PR . dy(0)
crong dé & la hang s6 dude xac dinh ti cac gia tri dau v(0) va Tt
Tuong tu, khi g=-1 ta ciing c6
y==z + In|z+1j+k. (2.20)

Hinh 2.18 biéu dién dé thi ctia hai ham s& (2.19) va (2.20). Chuing dugc xay dung
bang cach cong, tru dé thi cac duong =z va In|z+1 [+k hay In|z=1|+k. Dudng nét lién
la d6 thi cta (2.19), tic 1a cho trudng hop g=1 con duong nét roi 14 caa (2.20) khi g=—1.
Nhiing d6 thi nay dude danh déu chiéu theo chiéu téng cia bién thai gian £. Phan db thi

nam phia trén truc hoanh cé chiéu tir trai sang phai vi véi z= d—::>0, gla tri cua y phai

tang theo ¢, con phia duéi truc hoanh thi giam.
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Hinh 2.18: Xay dung dé thi ham (2.19) va (2.20).

Sau khi di ¢6 d6 thi ciiz hai ham sd (2.19) va (2.20) ta da cé thé xdy dung quy dac
pha clia hé thong di tir mdt diém trang thai ban dau nao d6, ching han la diém A nhu 6
hinh 2.19a. Do diém A ndm trong mién tng véi g =-1 nén quy dao pha di qua nd phai la
dudng nét roi. Theo dudng nét rdi cho téi khi gap dudng chuyén déi 2 {tai diém B) thi né
chuvén sang dudng nét lién vi lie dé quy dao pha da di vao mién ¢ ¢ =1. Cit nhu vay, ta
x4y dung duge hoan chinh qui dao pha theo nguyén téc 14 mbi khi gap dudng chuyén déi
£, né 86 chuvén tit dusng nét lién sang dudhg nét rafi va nguge lai.

a y=z p b) =z

£
B
—
|
N
-
!
?
/
’
P
e
N3
L AN

L A

Hinh 2.19: Xay dung quy dao pha.
a) QuydacphaditvA b)) Quydaoc pha khép kin.

Truc quan tif qui dao pha thu dude ta thady sau mol khoang thoi gian qua d6 nhat
dinh. quy dao pha di vao dudng khép kin ching to hé cé dao déng didu hoa {autonom).
Dé khing dinh lai mét cach chinh xac diéu nhéin xét nay. sau day ta sé phai chi ra ring
tdn tai mot dudng dé thi nét lién ciia ham s6 (2.19)
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y ==z —Injz-1]+k,
va mét dudng dd thi nét rai cua (2.20)
y==z + Inje+ L]+ ks

ma khi ghép lai vii nhau, ching tao ra duge mét duting cong khép kin (hinh 2.19b). Néi
R

cich khac ta phai chira su ton taicacsda. b, k. £, cing thda man:

1= —a =Inje—-1|+k, {2.21}
1= —a + Inja+1|+k, (2.22)
-1= ~b~In|b-1|+k, (2.23)
—-1= =& + In|b+1|+k, (2.24)

trong d6 a va b 14 hoanh d cia diém ndi hai dudng dé thi d6. Tat nhién cac didm néi nay
phai ndm trén dudng chuyén déi 2.
Tri hai vé ctia (2.21) va (2.23) cho nhau dude

b-1
a-1

(I+a)+{1-b) = In

Trit hai v& cia (2.22) va (2.24) ta ¢6

(1+a)+(1=b) = 1n| 211 2.25)
h+1l
Suy ra
b1 a+1

1 =1 =-h .

nH o b+1 ¢ (2.26)
Thay (2.26) vac (2.25) va vao (2.24) rdi so sanh véi (2.21) ta di dén

In '”i =2(1+a)  va  k, =—k, (2.27)

Do phuong trinh

a—”{ = 2(1+g)
a—1

¢6 nghiém a nén cling véi (2.26) va (2.27) cing ton tai &. &, ks va d6 chinh la diéu pha:

chiing minh.

In

Cudi cang. tit dang quy dao pha ta rit ra duge nhiing két lugn sau vé chit hugng
d6ng hoc ciia hé thong:
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—  Hé co dac déng diéu hda autonom.

-~ Dao déng la 6n dinh. Mién én dinh cia dao déng la toan bé mat phéng pha.

2.2.4 Heé vai khau phi tuyén ba vi tri

DE lam quen vdi viéc phan tich, khao sat hé phi tuyén c6 khau ba vi trf bang
phuong phap phén tich méat phéng pha, ta xét mét vi du cu thé.

' B& didu khién

A~

¥
mind

h 4
K

w |

|
i 1+Ts

Hinh 2,20: Hé cb khau phi tuyén ba vi tri.

Xét hé phi tuvén vé1 s6 do cau tric cho & hinh 2.20. Hé c6 thanh phan tuyén tinh
cua bo difu khién ghép chung véi @61 tugng cling tuyén tinh thanh
X(s)_ 1 dx dx

_ o T——+ "=y,
Yis) s(1+Ts) di?  dt

Thiét bi do dude xap x1 tuyén tinh bang khau khuéch dai &,,. Bo diéu khién 6 khau phi
tuvén ba vi tri vé1 dudng ddc tinh vao ra
rasgn(e) khi H >h
0 khi ‘e| <b
. . L1
va khiu tich phéan — . Suy ra
8
¢ = —u— j_vdtZ— x - (T—di+r
0 cft

a khi Tii—x—+(km +T<=b
dt
. d’x dx o dx
va TW+§ =4{-a khi TE-'-“EM +)x>b (2.28)

dx

0 khi .T}Eﬂkm +1)x<b
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Pinh nghia mit p_h:fmg pha l& mat 6 truc hoanh la x, truc tung 13 z 2% . sau do
chia mit phdng thanh ba mién diém khac nhau béi hai dutng thang

P: Tz + (k +t1)x = b {(2.29)

Py T2+ (k,+1}x=-h (2.3

thi trong méi mién nhu vy, biéu thic vé trai cla (2.98) sé cé gia tri hing (hinh 2.21).
Cu thé la;

) a trong mién I
g—%+-§—f= —a trong mién III {2.31)
dt 0 trong mién I1

Hinh 2.21: Phan giém mat phing pha.

1) Trong mién I

x = —z—aln|z—a|+k (2.32)

voi k& 1a hing sd pbu thude cac gia tri diu x(0) va

d.;(tO) . Ho céc dé thi cta né (phu
thudc vao &) 13 nhiing duding cong nét lién trong hinh 2 21,
2} Trong mién II
xX=—z+k (2.33)
Ho cae dé th cia no 1a nhitng dudng thing nét gach cham trong hinh 2.21.
3) Trong mién III

x = —ztaln|z+a|+k (2.34)

Ho cac dé thi cia né 1a nhing dudng cong nét réi trong hinh 2.21.
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Nhitng dudng cong nét lién va ro1 nét 13 caa ham sé (2.32), (2.34). Ching dudc Xay
dung theo cach cong, trif 48 thi cie dudng

-z va aln|z+al+k {cho dudng nét roi)

-z va aln|z-a|+k (cho duong nét 11én).
Chiéu cia cac dudng 46 thi nay dude danh dau chiéu theo chiéu ting cla ¢. Phan db tha
ném phia trén truc hoanh ¢6 chiéu tit trai sang phai vi vii z= % >0, gia tri cua x phai
tang theo ¢, con phia dudi truc hoanh thi nguge lai.

Bay gi6 ta da ¢ thé xay dung quy dao pha ciia hé théng di tit mét diém trang tha
ban diu nao do. chang han la diém A nhu & hinh 2.21. Do diém A ndm trong mién III
nén quy dao pha di qua né phai 13 duting nét rd1. Theo duding nét rdi cho tdi khi gap
dutng chuyén déi £, thi né chuyén sang dudng nét gach chdm d& di tiép vao mién IL
Quy dao pha di theo duting nét gach cham cho 14 khi gap /, thi chuyén sang duiing nét
lién @& di tidp vao mién 1. T mién [ theo duting lién né sé quay lai dudng chuyén déi 4,
vé chuyén sang dutng nét gach cham dé vao mién IT .... Cii nhu vay. ta xay dung dugc
-hoan chinh qu§ dac pha theo nguyén tac la mdi khi gap dugng chuyén ddi £, nd sé
chuyén tit dudng nét roi sang duéng nét gach chdm hoée nguge lai cing nhu méi khi gap
dudng chuyén déi £, thi chuvén tir dudng nét gach chdm sang dudng nét lién hodc ngude
lai. Qu¥ dao pha s& két thie (dimg lai) khi gap doan true hoanh ndm gida hai dudng
chuvén déi g, va g, .
Ti1 dang quy dao pha cia hé ta rit ra duge nhiing két luan sau vé chat lugng dong
hoc cia né:
—  Hé co cac diém can bang la toan bé doan truc hoanh ndm gifia hai dudng chuyén
dél pl va pz .
- Hé khéng 6n dinh tai bat ci mét diém can bing nao. vi khi bi danh bat ra khoi
mét diém can bing nao dd va dua téi mét diém can bing khac trong 1an can cla
né thi hé s6 ndm lai d6 va khiéng quay vé diém can bing ban diu.

- Moi quy dao pha khéc déu ¢é xu huéng k&t thie tal mét diém can biing.

2.2.5 Hé cé khau khuéch dai bao hoa

G muc 2.2.2 ta di dé cap dén hé phi tuyén c6 khau hai vi tri. Hé nay c6 mét dac
difm "khéng binh thuong" 14 khi qu§ dao pha di vao khoang EF trén dudng chuyén d#i
£ thi xay ra hién tudng (xem lai hinh 2.15 v& khoang EF ):
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- trugt doc theo dutng chuyén déi vé gdc toa dé ndu nhu khau hai vi tri ¢6 thai gian
chuvén dei bing 0,

-~ hoac chuvén dong zick zack xung guanh dudng chuyén déi dé vé gac toa dé néu
khau hai vi tri c6 thoi gian chuyén ddi 16n hon 0.

Do trong qua trinh chuyén dich vé& goc doc theo doan EF , khau hai vi tri phai
chuyvén trang thai (ti 1 sang —1 v ngudc lai) vdi tée d6 nhanh va rat nhiu lan, giy ra
nhitng tiéng déng "khdng binh thudng” mang tinh dac trung cua h#é nén hién tugng nay
trong hé van con thusng duge goi theo tiéng dong khdng binh thudng 46 nhu:

- hién tugng bang-hang,
—  hay hién tugng chattering (tiéng lach cach).

Tiép sau diy, ta sé xét vai tro cia khiu khuéch dai bao héa trong hé trén, dic biét
1a su anh hudng cia né t6i hién tugng bang-bang (hay chattering), nhu ta mét vi du vé
khao sat hé phi tuyén cé khau khéch dai bao héa bing phuong phap mit phéng pha.

Xét hé phi tuvén co kbau khuéch dai bio hoa v6i so db c&u tric cho & hinh 2.22. Hé
c6 dél tugng dude gia thiét la tuyén tinh va c6 ham truvén dat dude x&p xi biang khau
tich phan bac hai

1 dx dx '
Ss)=— & —_—= & — = |ydf.
) = Ty 57 Jy

Kh#u khuéch dai bao hoa dude md ta bai

sgn{e) néu |e| >1
¥ = sat{e)= .
¢ néu |e| =1

L

Hinh 2.22: H& c6 khau phi tuyén khuéch
dai bio hoa.

Tin hiéu sai léch e, dong thoi cing la tin hiéu diu vio clia khau khuéch dai bdo héa.
dugc xdc dinh nhu sau:

y dx
= - gt = =l v+ 2=
[ [ ‘{_V (Y ar )

Suv ra

70



. dx
1 néu x+—<-1
ct

Bdi vay néu ta chia mit phéng pha, la mat cé truc hoanh x, true tung z= -Zi, thanh ba
mién véi hai dudng chuvén doi (hinh 2.23):

Pi:ox+z=-1 .

»
»

Pyt x+z=1
thi trong mién [ hé dude mb ta béi

2
dxoy
di®

trong mién ITI hé dudc md ta boi

dZ

€ X=-1

de?

va trong mién II duge thay bing
Hinh 2.23: Chia mé&t phing pha thanh ba mién.

Phuong trinh qui dao pha treng mié_n I +vaIll ¢6 dang

Z_ 4% choménl
x = 2 _
2
+k chomién I
dx(O) R .
v6i k 1a hang s duge xbc dinh tir gid tn dau x(0) v z{0)= ——. Nhu vayv trong hai

midn nay. quy dao pha sé ¢6 dang parabol ngude chiéu nhau. Hinh 2.23 biéu dién dang
quy dao pha trong mién I {dudng gach chiam) va 1II (ducng nét ra1).

Riéng trong mién 1L, khau khuéch dai bio hoa trd thanh khau khuéch dai (tuyén
tinh) binh thudng nén ban thain hé théng cing la tuyén tinh. Hé tuyén tinh nay cé



d’x dx dt 0 1) ( z .

—_ - + = = R

de? * df) g dz {—l -—lJ \zJ —x—zn| (2.35)
dt ___A’—

vdi phuong trinh dac tinh
det(s[-A) =g  +5+ 1

nén én dinh, hay qu¥ dao pha x(z) céa né phal tién v& géc toa db. Hinh 2.24 13 quy dao

pha cia hé trong mién II. Né dude xac dinh tit céc dudng dang ta = = ———=k
{2 x+z

Hinh 2.24: Dang quy dao pha cla hé
trong mién I1.

Sau khi da co dav di ho cac quy dao pha cho timg mién, ta 6 the x4y dung hoan
chinh mét quy dae pha cia hé di tir mét diém trang thai dau tuy ¥. Qu¥ dac pha cho
trong hinh 2.23 di tir diém trang thai A thude mién 111 ¥ mot vi du Do A ndm trong
mién 1 nén quy dao pha bit diu tir né phai di theo dudng parabol nét rai. Daoce theo

duéing nét rdi cho tdi khi gap dudng chuyvén dai A, thi chuvén sang dudng nét lién cé

dang nhu o hinh 2.24 d€ di tiép vao mién [ Theo dudng nét lién quy dac pha sé hoac
tién vé gic toa 46, hodc sé phai chuyén sang dudng parabol nét gach chim dé di £16p vao

mién [ néu gap dudng chuyén déi 0, Trong truang hop chuyén vae mién I, quy dao pha
di theo dudng parabol gach ch&m va s& chuvén vé dudng nét Lién khi mét lan nita gap
duong chuvén déi £, dé quay lai mién II .... Cit nhu vay ta ¢ duge hoan chinh quy dae
pha cia hé di tit diém trang thai A.
Can cu theo dang cac dudng quy dao pha thu dude ta cé nhing két luan sau vé chat
lugng hé théng:
—  Hé c6 mét diém can bing duy nhat 1a goc Loa db.

- Hé8n dinh tai diém c4n bang va ¢é mién én dinh O la toan bé mit phing pha.

—  Trong hé khéng cén hién tuong bang-bang (hay trugt, hay chatiering}.



2.3 Tinh on dinh tuyét doi

Hé phi tuyén Hammerstein cho ¢ hinh 2.25 dude goi 1a én dinh tuyét déi néu né on
dinh véi moét 16p cac ham phi tuyén tinh u=f(e).

w €

u=f(e) > G(s)
Hinh 2.25: Hé kin v8i hé hd c6 mé hinh .
Hammerstein (NL).

2.3.1  Khai niém ham thuc—duong va hé thu déng

".'“-:2

Viéc phéan tich tinh 6n dinh tuyét déi cua hé Hammerstein lién quan dén khai niém
ham thuc—duong (positive real) ma trong nhiéu tai liéu con goi 1a ham hai cuc, duge dinh
nghia nhu sau:

Pinh nghia 2.1: Mét ham phiic G(s) v6i bién phic s duge goi la ham thuc—duong
(positive real) néu Re(s)>0 thi ciing c6 Re(G)>0, trong d6 Re(+) la ky hiéu chi

phan thuc cia mét s6 phic. N6 dude goi 1a thuc—duong chit (strickly positive real)
néu Re(s)>0 thi ciing c¢6 Re(G)>0.

Nhu vay, néu xem ham G(s) duéi géc d6 anh xa s > G(s) thi ham thuc—duong

chinh la anh xa bién déi toan b nita mit phing bén phai cia mét phing phic c6 hai
truc toa dé o va @, trong d6 s=0+jw, sang thanh mdt mién thudc nia mat phéng bén
phai cia mat phang phic véi hai true toa do 1a Re(G) va Im(G) (hinh 2.26).

Jjw Im(G)

Re(G)

Hinh 2.26: Ham thuc—dudng G(s).

Ky hiéu Im(-) trong hinh 2.26 la chi phan ao cia mét s6 phiic. Ham thuc—duong
G(s) nhu vay 1a da dude dinh nghia, song né dai dién cho nhiing hé théng nhu thé néo.
DEé tra 15i ta hayv bat dau bing mét vi du.



Vi du 2.1: Minh hoa y nghia ham thuc dudng

Cho mét hé tiéu thu dién c6 dang mach hai cuc nhu ¢ hinh 2.27a). Biét trudc gia tri
C cua tu dién va R cua dién tré la nhiing phan tu trong mach dién. Hay xac dinh mé
hinh cua hé néu dong cung cip i(¢) dude xem la tin hiéu diu vao va dién ap u(t) giva
hai dau cuc cua hé la tin hiéu dau ra. -

@ B)  AImG)
i(t)

u(t)

Re(é]

Qo «—— 0

Hinh 2.27: Minh hoa cho vi du 2.1.

Dé cho tién, ta chuyén sang mién phtic nha toan ti Laplace. Ky hiéu anh Laplace
cho cae tin hiéu bang chii in hoa thi:
R U R
I = G(s) = —
1+ RCs (&) 1 1+ RCs

U=

Thay s=j @ réi bién d6i dé c6 phan thuc va ao riéng biét ta dude

2 2 2
Glw) = K = —J R C“’, o (ReG—ﬁ—J +(ImG)2=[£J
1+(RCw)* "~ 1+(RCw)? 2 2

ReG ImG
R R .. .. R
hay do thi cua G (j@) 1a duong tron cé toa dé tdm Re(G)= e Im(G)=0 va ban kinh 7
Nhu vay duong trén nay nadm phia phai true ao (hinh 2.27h).
Do khi Re(s)>0 thi G(s) la ham lién tuc theo s va khi s= R_lc >0 thi gia trj cha

ham chinh la tdm dudng tron nén phan phia bén trong dudng tron phai 1a mién gia tri
cua G(s) ung véi moi s ¢6 Re(s)>0. Néi cach khac G (s) 1a ham thuc—duong. 0

Trong s6 cac ham thuc—dudng, 1y thuyét cac hé théng diéu khién dac biét quan tam
té1 nhiing ham G (s) ¢6 dang thuc-hiiu ty va hgp thiie, tic la

- (Os—fbl va msn) (2.36)
A(s)  ag+a;s+ - +a,s @y

_B(s) _by+bys+ - +b,s™

G(s)



vii A(s),B(s) 1a hai da thitc c6 cac hé sé e, b; 1a nhiing 54 thyc. Nhitng ham nay déu ¢
gi4 tri thuc khi s 14 sd thyc.

Binh ly 2.1: Néu ham thuce-hiu ty (s} cho trong cdng thae (2.36) 1la ham thuc—duong
va hai da thite A(s), B(s) nguvén t5 cing nhau thi G{s) sé c6 cac tinh chat sau:
a) Khéng c6 diém khong nim bén phai truc ao, tic la nghidém cia B(s}=0 phai ¢6
phan thie bing 0 hodc am.
b) Khéng c6 didm cuc ndm bén phai true fo, tiic 1a nghiém cua A(s)=0 phai c¢é
phan thuce bang 0 hoac am.

¢} Phai c6 ReG(j )20 véi tat ca nhiing gia tri @ lam cho G{j @) 12 s& hitu han.

d) Cac diém cue va diém khdng phie trén truc do cua G(s) phai 14 nghiém don.
e) Hiéu n—m giia bac ctia da thic t0 sb A(s) va cua da thite mau s6 B(s) phai
bang 0 hofic 1.

Chiing minh:

a) N&u B(s)=0 cé nghiém s, véi Res;, >0 thi G(s;)=0 khing thoa man diéu kién ham

thuc—dueng la ReG(s,)>0.

b} Do hai ham G(s) va Gl - 6 phin thue cing dd nén khi G(s) 1 ham thuc-duong
5

thi

! S ciing vay. K& hgp véi tinh chit a) nhung cho Gl
s

N ta ¢6 khdng dinh b).

¢) Do G(s) 1a ham bao giac nén dudng cong G (j w). —=< @Ses, chinh la anh cua truc ao
$=jw. chia mat phang phtic G(s) thanh hai mién ky hiéu la O vi © | trong dé o' 1
mién anh ing véi Rels]>0. Hién nhién rang mién @' chi ¢6 thé nim vé mét phia cia
truc ao. Do c¢é diéu kién 0<G(0) nén ©" phil ndm bén phai truc do. Tir day suy ra bién
etia né 1a G @) khong thé di sang bén trai truc do. hay ReG(j w20 (hinh 2.286).

) Gia st G(s) c6 diém cuc 5,=jwy, bdi ¢ nim trén truc ao. Chon s8 phiic s ¢6 phan

thue dudng vA nidm trong dudng trén tdm s, =/ @, . ban kinh 0>0 di nhd. Khi dé véi:

G(s) = (s—5,)7 G (s)

. - e
s—s, =oe’? trong do — < ¢ < —
. 2 2

ta co

.

[}



G(s) = o""eiq{p]G,(sk)l = Re{G(s)] = %G (s,)|cos(q 9)
Vay dé ReG (s)>0 véi moi ¢ >0 dt nhé va |¢J|<% thi g 1én nhat chi ¢6 thé bing 1.

neén

Ngoai ra, do cic diém cuc etia G(s) ciing 14 diém khéng cha ham thue—ducng =)
s

ta c6 két luan tudng tu cho diém eyc ciia G(s).
e) Do khi G(s) la ham thuc—~duong thi G (s ') ciing 14 ham thuc—dugng nén véi

e bos™ +bls”“1 + o +h,,

aps” +a;s" N+ L va,

Gis™ Y =

ciing nhu két qua cha d) thi hiéu n=m chi ¢é thé c6 ba gia tri -1, 0 hosc 1. Nhung vi
azm nén truong hdp n=m=-1 bi loai, )
Viduy 2.2; Minh hoa ham thyc dudng

Xét mach hai cue tiéu thu dién ¢ hinh 2.28a). Dién 4p u(¢) giita hai dAu cuc ciia hé
dugc xem la tin hiéu dau ra va dong i (£} la tin hidu ddu vae. Khi dé thi

K. RilLs
U :(R 2 3 I(s
O B TTRGs TRy i1 )

- R]+R2R3+(R2+R3)L5+R2R3LCSZ 16s)
Ry +(L+ RyR;C)s + RyLCs?

Nhu vay, mach hai cuc dé cé ham truyén dat

Uls) _ p , BuRs+(Ry + Ry)Ls+ Ry Ry LCs*
i) T Ry +(L+ RyRyC)s + R, LCS?

Gis) =

Xét ti€p véi nhiing gia tri cu thé eciia R,.R;.R;, CvaL saocho cd dude

G(:_) =1+ 5 = G(S) :l+__l—"._
{1+s) (1+.c:~'+jm)2
trong dé s=c+j w. thi
RSN
Re(G) = 1+ (1+0)" -w >0

(1+)? —w* ) +4(1 + )2 ?

vdi mol ¢ >0, —ee< @<on, hay G(s) 12 hAm thuc—duong.

Te



R& rang G(s) thoa man cac tinh chit néu trong dinh 1y 2.1. Ching han nhu diém
cuc s=-1 cua G(s) khéng nim bén phai truc ao. Pudng quy dao G(jw) khéng di vao
phan mat phang bén trai truc ao (hinh 2.28b). Hiéu n-m ¢6 gia tri bing 0. a

Mach hai cyc k B) A Im(G)

Re(G)

Hinh 2.28: Minh hoa cho vi du 2.2.

Dinh 1y 2.1 cling nhu vi du 2.2 da cho biét ham thuc-hitu ty, thuc—duong G(s) c6
nhiing tinh chat gi. Nhung dua vao dé ta chua thé xac dinh dude ham thuc-hitu ty G(s)
nao sé la ham thuc-duong ngoai trit mét diéu ring néu né khéng théa man bat ci mot
tinh chat nao nhu dinh ly 2.1 da néu thi né khéng thé la ham thuc—duong.

Sé rat kho khan néu ta dua vao dinh nghia dé xac dinh tinh thuc—duong ctia méot
ham phic G(s) vi phai xét anh cta né khi s chay khép trong nita mat phing phiic bén
phai truc ao. Béi vay can phai ¢ nhiing cong cu don gian hon va dinh 1y sau day 1a mot
vi du giup ta thuc hién duge diéu do. '

Dinh ly 2.2: Dé ham thuc-hiu ty, hop thic G(s)= ? , trong dé hai da thic A(s),B(s)

khéng c6 chung nghiém, 1a ham thuc—duong thi can va du la:
a) Re{G(jw)}>0 vai tat ca nhiing gia tri @>0 lam cho G(j @) 14 s6 hiu han.

b) AA(s)+B(s) véi s6 thuc dudng A tuy ¥, la da thie Hurwitz, tic la mol nghiém
cua né déu nam bén trai truc ao.

Chitng minh:

Trude hét ta ching minh diéu kién can. Néu G(s) da la ham thuc—duong thi theo
dinh 1y 2.1, cau c), khéng c6 mét doan dudng cong nao ctia G (j w) khi chay tit — dén o
lai ndm bén trai truc do. Nhung do céc hé s8 ctia ham thuc-hitu ty G(s) 1 nhiing s&
thuc nén duong cong G(j@) c6 dang déi xing qua truc thyuc (nghiém cta G(s)=0 phan
bo dé1 xiing qua truc thuc). Bdi vay G(jw) ciing sé khéng di vao phan mat phang bén
trai khi @chi chay tit 0 dén =, hay Re!G (j @) ! >0 khi 0< @<oo.



Putng cong G(jw) cua ham thuc—duong G(s) khéng di vao phdn mat phing phic
bén trai truc ac. N6 ¢d thé tidp xuc véi truc do. Suv ra dudng cong A+G (@} s& khong
thé tiép xiic véi truc Ao, hay A+G(s) khéng thé c6 difm khang trén truc 4o (cé phan thuc
bing 0). Mat khac. de G{s) da 14 ham thye—dudng thi A4+ G(s) cing 1A ham thuc—diong
nén me1 diém khéng cia né phai cé phan thuc khéng dudng (dinh ly 2.1, cau a). Suy ra
moi diém khéng cia
AA(s)+ B(s)

A+G{s) = e

déu phai ¢6 phin thyc am hay da thic AA(s)+B(s) la da thiuc Hurwitz.

A+G{jw)

ImG,

Reis) cung diu

Hinh 2.29: Minh hoa chimg minh dinh Iy 2.2,

Bay git ta chuyén sang diéu kién du. Do cé diéu kién a) va tinh chit d6i xiing qua
truc thue cia G(j @) nén toan bd dudng cong G{j®w) khi —w<@w<e s& khéng di sang
phan mat phing bén trai true Ao (hinh 2.29). Bidu nay cling diing véi dudng cong G (j w).
Tit dav suy ra dudng cong A+(7 (j &) hoan toan khéng tiép xie vii truc ac. Do A+ G (s) 1a
ham lién tuc thec s nén dudng A+G(j @) nav chia mit phing thanh hai mién riéng biét
la cac mién di€m anh cla anh xa A+G{s) khi Re(s) cang dau, titc 1a mdt mién 13 tap
diém anh cha A+G(s) khi ¢ ¢6 phan thuc duong. con midn kia la tap diém anh ciia
A+Gis) khi s ¢6 phan thuc am. Nhu vy dé ching minh ta chi cén chi ra ring mién
hoan toan ndm bén phai dudng A+G(jw). tinh theo chidu tang ciia @, 1a mién dng véi
Re(s)>0.

Gia st difu nguge lal 14 mién hoan toAn nam bén dudng A+G (j w) lai 1a mién dng
vo1 Re(s)<0. Khi d6 mién con lai sé ung véi Re(s)>0. Do mién con lai nay chita ca phan
mat phang nidm bén trai truc 4o nén ta c6 thé chon mét diém s, ndo dé 6 phan thue
ducng ma d d6 A+ G{s,) c¢6 phan thue am. ching han A+G(s,)=-1.8uyra

/].A(Sk) + B(Sk] _

A+G(s,)=0 & =0 & AiA(s,)+B(sy) =0 (2.37)
A(Sk)



Nhung két Tuan (2.37) lai trai vdi gia thiét 14 nghiém cua AA{s)+B(s)=0 chi cé thé cé
phan thue Am. Vay diéu gia su la sal. m)

Diéu dac biét ena ham thue—duong G(s), nhu hai vi dy 2.1 va 2.2 dd minh hoa la
né luén dugec mé phong bang mét mach hai cue cdu tao béi cac linh kién dién trd, cudn
cam va tu dién 1y tudng. Ngude lai ham truvén dat cia mach hai cue e6 cac dign trd,
cudn cam, tu dién 1y tudng =& 13 ham thue-duong. Chinh vi viy ham thuc—ducng con
dugce goi1 1a ham hai cuc.

Dac biét nida. cac mach hai cuc nay déu ¢é chung mét tinh chét 1a khéng bao gid tu
sinh ra nang luong. Su thay ddi nang lugng bén trong né khéng thé 16n hon su thay déi
nang ludgng tir bén ngoai 44 dua vac. Nhing hé c6 tinh chit giéng nhu tinh chét nay cua
mach hai cue duge goi 14 hé thu dong (passive). Noi cach khic hé thu ddng tuyén tinh la
hé c6 ham truvén dat ta ham thuc—duong.

Binh nghia 2.2: Hé tuyén tinh, ¢6 s6'tin hidu ddu vio bdng sd'tin hiéu ddu ra, mé ta boi:

ﬁ=,*-‘bc+Bu - -
dt - T UER . yER (2.38)
¥=Cx

duac goi 14 Aé thu déng (passive), néu ham truvén dat cua né:
G(s) = C(sI-A)Y 'B (2.39)
théa man (khi do6 duge gol la ma trdn thue-duong):

1

Relv?G(s)u) = 5

e Gis1+6H (s)]e >0 (2.40}

vOi moi v # 0 va mol s cd Re{s)>0. trong dé k¥ hién G"=GT chi phép chuvén vi va

lay Hén hgp. gol la phep tinh Hermite.

Ngoai ra, giita tinh thu dong cia hé (2.38) va tinh thuc—duong clia ma tran G(s) tinh
theo (2.39) con cd méi quan hé saw

Pinh Iy 2.3 (Popov—Kalman—Yakubovish): D& ma tran truyén dat (2.39) ciia hé tuyén tinh
(2.38) 1a thue—duong, hay d& hé (2.38) 12 thu déng, thi cin va du 1a tén tai hai ma
tran P, L. trong d6 P phai xde dink duing, sao cho:

ATP+PA = -LTL  (d6i xting, xac dinh ban am) (2.41)
cT=pR (2.42)
Chitng minh:

Trude hét ta thay P phai la ma tran d6i xing PT=p Piti {2.41) véi:



SP-ATP+sP-PA = L'L+2Re(s)P = Q
&  (5I-A)YP+P(sI-A) = Q
ta thay

@ = LTL+2Re(s)P

14 ma tran xac dinh dudng v6L moi gia tri 5 ¢6 phan thue dudng. Nhan ci hai v& véi

BT[(51-4)T]"" v& phai trai va véi (sI—A) "' B vé phia phai sé duge
BTP(s1-4) "B + BT[(51-4)")'PB = BT[(51-4)7]7'Q(sI-A) 'B.

Thay (2.42) vao ding thitc thu duge, c6 dé ¥ dén tinh d&i xdng cta P, sé di dén:
Cisl-AY 'B+ B [(51-A)")'¢" = BT[(51-40)"]7'Q(sI-A)"'B '

o  Gs)+6T(5) = BT[(51-A)7]7'Qsi-4)" 'R

e  Nem+et e = BT (5 1-4)T) ' Q(sI-4) By

o NeE+6T ) = e Qu

trong do

w = (s/-A) 'Bu

Vi khi w=0 thi gHQgM] v6i mol s cd Re(s)>0 nén G(s) la ham thuc-dudng.
Tudng ty ta ¢ diu ngude lai 1 khi (F{s) thue—duong thi ciing ¢6 (2.41) va (2.42). )

2.3.2 Tiéu chuan Popov

a) b) 7. — ¥ b

h 4
L2
=

¥ ay

. G .
i}?i) u=f(e)} —ub‘f(s)-J—»—{ () *°

Hinh 2.30: Xét tinh 8n dinh hé kin véi hé h& ¢é md hinh Hammerstein (NL).

Khai niém dn dinh tuvét déi ciia hé cho d hinh 2.30a) duge hidu 1a hé én dinh véi
mét 1dp cac khiu phi tuvén u=f(e) cé cung ciu tric. Pai dién cho cdc tidu chuin xét
tinh én dinh tuvét ddi 1a didu kién dd cia Popov.

B0



Binh Iy 2.4 (Popov): Hé kin trong hinh 2.30a) véi khiu tuyén tinh G(s) va khéau phi

tuvdn tinh e =f(e} Bhén tuc timg doan co f(0)=0 s& én dinh tuvét dé1. néw:

fie)

a) Tontaimdtsik>0saocho0<—=<kvil e
¢

by Tén tal mot s6 thir g20 sao cho hiun phic

Fisy = I+as)G{s)+—;'—
i

lit haun thuec—dudng.
Chiing mink:

Lai chiing minh dude trinh bay sau div ¢6 sit dung mét dinh 1§ chua duge ndi téi (i
dau quvén sach tél gid. Do 1a Lidu chuén on dinh Lvapunov sé duge trinh bay sau g
chuong 3 (dinh 1¥ 3.1 va dinh 1% 3.3). Ban doc ¢ thé tam théi cdng nhan ching. .

Trude hél. do ¢

Fisy = (1+GR)G(S)+%

nén dau ra ¥ cia khiuo cé ham truvén dat Fis) sé 1a (hinh 2.30b):

xer” (2.43)

ja m6 hinh trang thai ¢t né thi L tinh thuc—-duong cua F{s), hé (2.43) phai ¢é tinh thuy

déng. tic la sy thav 461 nang lugng bén trong né khéng 16n hon phin nang ludng dugc

cung cap LI ngodl vao. Bal vay. néu do su thav déi nang lugng bén trong hé biing ham
._I;TQ.}‘_. @ la ma tran xac dinh dusng

ta 28 o

d ~ dv 1
e QxS uy Tu|yra—+—u
dt @x ) . dt & _J

{2.44)

Mat khac, vi @ xac dinh dudng. ham fle) vdi e>0 eling 14 mdt s6 dudng nén ham

.
Vixiz= £TQ£ + ::r'[ fleyde
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v6l a20 xac dinh dudng trén toan bo khéng gian trang thai. Dao ham cta né theo hé
(2.43) ¢6 dang

v _d r afe de )
== = e 2.4
e de” Qy“ae[iﬂe}desz SRS
K&t hop (2.44) véi (2.45) ta co
av dy _ —fee(, fle)
ES u[y+aa+7; J af (e ) . [k ; )SO
f(r:)

vie==y va 0 <-—= <k hay e va f(e) luon cung dau. Dau biang chi xay ra néu x=0 ciing

nhu f(e)=0. Vay theo tidu chuén Lyapunov (dinh 1y 4.1), hé én dinh tiém can tai 0 véi

mot 16p cac khau phi tuyén c6 0 < —~ f(e) a

Dinh ly 2.4 chaa Popov chi rang hé
Hammerstein sé on dinh véi tat ca céc u=f(e)s fle)=ke
khau phi tuyén eé u=f(e) véi dusng dé thi ,‘%
f(e) di qua géc toa dé va ndm trong phan ’
c6 hé sd goc thude khoang (0.k), goi la goc 2
6n dinh, nhu mé ta 6 hinh 2.31. g

Ngoai ra, néu hé én dinh véi khau phi .

tuvén u=f(e) thi né cing én dinh véi khau: k4

Hinh 2.31: Minh hoa Iép cac khau phi
tuyén lam hé phi tuyén Hammerstein
&n dinh tuyét doi.

u= F(e] = ke—f(e).

Vi du 2.3: Minh hoa tiéu chudn Popov

Xét hé kin nhu hinh 2.30a) mé ta véi

G(s)=

s(l+s)

Chona =1, tacé véis=o+jw:

F(s) = (1+as)G(s)+ g . _‘)£’_+l -
k og*+0® k7o 40’
Re F ImF

Nhu vay F(s) la ham thuc—duong véi moi k>0. Theo tiéu chuan Popov, hé kin én dinh
v61 moi khau phi tuyén ¢6 u=f(e) nim trong géc mat phiang phan tu thit nhat va thi ba,
tic la 6n dinh v6i k=co, hay hé la 6n dinh tuyét doi véi goc on dinh (0,e). Chéng han

khau ¢6 f(e)=e® théa man diéu kién nay. ()



Vi du 2.4: Minh hea tiéu chudn Popov
Cho hé kin nhu hinh 2.30a) véi khau tuvén tinh cé ham truyén dat:
by

l+as+ays

G(s) =

a 250
Cau héi duge dat ra 1a khau phi tuyén u=f(e) phai théa man didu kién gi dé hé én dinh

tuyét d61 vél gée on dinh (0, e0),

Theo dinh 1y 2.4, di1 @& hé dn dinh véi

0< € o khiezo

e
1A ¢6 mot =6 thuc e20 1am cho

Fs) = (1+as)Gis) = by(l+as)y by +abys

1+ alsA—aZs? 1 +als+a232
la ham thue—dudng.
Lal theo dinh 1y 2.2, F(s) 12 ham thuc-dugng khi va chi khi:
1) Re!F(jen'!> 0 vdi moi 0<@<e. Diéu nay din dén

—bgay e + b
Re!F(j )} = laboy ;ciz)w,.+,)” >0 & abga; - byay >0
(1-ayw )'+a]£a3‘

n {1+als+a3.sz')+(bl-}+abl)s) = (1+bU)+(a,+ab0)s+agsz
14 da thic Hurwitz

Ti day ta suy ra dude mét didu kién du dé hé Hammerstein duge 8n dinh tuyét déi
vdi goe 6n dinh (0,ee) 1a cac hé sé by. a4, @, phai dudng. a

2.3.3  Ban thém vé tiéu chuan Popov
Diéu kién ddi vai khéu tuyén tinh
Tigu chuan Popov déi hoi tinh thye—duong cua ham
Fis) = (1+as)G(s)+%

B(s)

(34 si ham truvén dat eia khau tuyén tinh cé dang thue hite ty G(s)= AlS)
s

. Khi

doé thi
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k{1 +as)B(s)+ A(s}

P
(s) = kA(s)

Vav. theo dinh Iy 2.1 vé nhing tinh chat phai ¢6 caa mdét ham thue—duang, ta thay
da thic A(s) khéng dude ¢6 nghiém nam bén phil truc a0, tie 1a F(s) khong duge o
diém cuc nidm bén phai truc ao va cic nghiém phtic cua A(s) nam trén truc do phai la
nghiém don.

Dang hinh hoc clia tiéu chudn

Sau day, ta xét riéng trudng hop ham truyén dat G(s) 6 G(0)=20 cua khiu tuvén
tinh thoa man:

1) La h&am hop thic chat (strictly proper).

2) La ham hén (stable), hav khiu tuvén tinh la én dinh (khéng co diém cuc nim trén
eling nhuf ném bén phai truc ao).

Véi nhing gia thigt nav thi dudng cong F(j @) cho ~w<@<= 1a lidn tue. vi F(s)
khéng c6 diém cuc trén truc ao. Né bat dau tir diém hiu han

1
Fo)y= Goy+— = 2042
( (O£ = o

vii cling két thue tai diém hiu han

. [0 néu men-—1

Fle) = Iim(l~as}G(s)+1,~=! B

2 néu m=n-1

a,

do d6 s& khong di ra v6 cung (vé hai phia cua true Aoy,

Mién mat phang ma khi di doc trén F{jw) theo chifu tang ¢lin @ ludn nfm phia
phai cia F(jw) la mién gia tri cha F(s) ting véi & ¢6 phan thye ducng {s nidm bén phai
true ao Fewd. Rdi vav dé F(s) 1a ham thuc~digng, tu chi cdn xdc dinh £ va ¢ dé mién nav
nam hoan toin trong nua mal phang phic bén phal la du, tae li phai chon &, a suo cho

RelF(jw)! = Re-:(l+ja(:)]GUm)+%}- >0

= Rel(ltja e G(jean! >—_;} & aX{w)-Riw <% (2.46)
trang dé
Xiw) =wImGjw) vi Ri{w = ReGGijan (247

Néu ta dinh nghia G(ja) theo {2.47), tite 1a
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G(jw) = R+/X = ReG(j o) +j 0ImG(j @) (2.48)

thi ro rang dé c6 duge didu kién (2.46). duong 46 thi G(jw) phai nAm bén phai dudng
thang (hinh 2.32a)

aX-R =2 (2.49)

. : L 1s . x . a0 =1
Dutne thang (2.49. ¢ tén 1a dudng thang Popor. No cat true R tai diém & va ch

do nghiéng 1a tang = L {(hinh 2.22), Duéng 45 thi é(j(ﬂ), 0<w<oo dinh nghia theo
o

(2.48) duoe goi 1a ddr tinh tdn so bidh dang hay ddc tinh tin 6 Popou. Dudng dac tinh
tan <0 hén dang (E(_ja)) cd phan thue trang vii dae tinh tin & G ) cua khiu tuvén

tinh. phan do bing phan ao cha G (7 w) nhan vii w.

Hinh 2.32: Mé ta tiéu chuin Popov bang da thi.

(Cufl cling, ta di dén:

Binh ly 2.5;: Hé Hammerstein trong hinh 2.304) v61 khiu tuyén tinh ¢6 ham truyén dat
(G (s) hup thitc chdt vé bén. s€ 6n dinh tuver dél vdi moi khau phi tuyén tinh u=/(e)

lién tuc ting doan eé f(0)=0. thoa man 0 4m4 k khi ¢ #0, trong 4o % la giao
e

dién1 gitia truc R v6i mot dudng thang (2.49) nao d6 cé hé s0 goc dueng va nd phai
dudc chon (théng qua k) sao cho dudng dac tinh tin bién dang G (ja), S @< cla

khau tuvén tinh. xac dinh theo (2.48). ndm hoan toan bén phai dudng thang nay.

T4t nhién rdng tinh &n dinh bén viing cia hé cang cao néu hiing 54 £ tim duge ciang

16n. Goi k., 14 hang 6 k 16n nhat cé thé cé dude tir tidu chudn Popov thi d& c6 &, ta

RS
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phai xac dinh dudng thing (2.49) véi hé s§ goc duong c6 giao diém

vél true R gan
muax

truc X nhit bing céch chon dudng thing (2.49) tidp xuc véi duong G {(j @) nhung phai

dim bia G (@) vAn con hoan toan nim bén phai né (hinh 2.32b).

X ’,.
L’/{\ tangp=a R

aX-R =
Hinh 2.33: Xac dinh hai héing 88 & va Vil
a tir &6 thi dc tink tén bién dang,

Vi dy 2.5: Minh hog dang hinh hoc cila tiéu chudn Popov

Xét h¢ Hammerstein ¢ hinh 2.30a) v81 khau tuvén tinh c6 ham truyén dat

1 . 1-4m? . 2w
G(s) E—_— 2 Gjw) = s 5 tJ o~ >
1+28+4s (1-4e*) + 4w (1-4w™) + 4w

Nhu vay G(s) thoa mén cac didu kién dé ¢6 thé ap dung duge dinh 1§ 2.5 1a hop thike
chit va bén.

Ham F(j @) o

P4
Re{F (@)} = Re{(14ja@)Giw)+ 1 } = _Qa-do”+1 1

(1-40%Y +40? k

Boi vay néu chen a22 thi Re{F(j®)}>0 vdi moi k>0, hav gia tri k.. 16n nhat la s
Diéu nay chi réing hé 8n dinh vdi moi u=£(e) lidn tuc tiing doan va nim trong goc {0, =},

tde 1a trong géc phan tir thit nhat va thi ba;

max

0<L(flcu, e#0.
€

K&t qua trén ta cling ¢ thé thu duge théng qua ham dic tinh tin bign dang

<. 1-4w? . - 2% .
GUw = e Ay T | BHX
(1-4w°)° +4w (1-4@w“)" +4w

Hinh 2.33 biéu didn d8 thi ham G (j&) v& mé ta cach xéc dinh hai tham s6 & va a tit
thi dudng G (o) trong mat phang phitc véi hai truc toa dé B va X. Tl day ta ciing ¢d
duge &, = oo, ' 0
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Vi du 2.6: Minh hoa dang hinh hoc clia tiéu chudn Popov
¥ét hé Hammerstein ¢ hinh 2.30a) véi khau tuyén tinh ¢6 ham truyén dat:

R S
(s+1)(5" +5=1)

Nhu vay G (s} thoa man cac diéu kién dé co thé ap dung duge dinh 1j 2.5 la hop thic
chiat va bén.

Thay = @ viio ham truyén dat trén, sau d6 tach phén thuc v phén do cha G(jm),
nhan phan 4o véi tin s6 @ dé thu dudc dac tinh tin s8 bién dang G(jw)

1-2w" . mz(a)2 - 2)

2

Gliw) = ————+, ..
1-2w° + 3¢ 12" + 3w

=R+jX

Bidu didn G(j®)trong mat phang phuc véi hai truc toa d6 R va X ta dugc hinh
2.34. Tiép theo, tit bén trai cua biéu dd dac tinh tan sé G(jw) ta ké mot dudng thang 6
5 nghiéng dudng thich hop sao cho dudng thdng nay tiép xic véi biéu dd dédc tinh tén sé

é(jw} va cat true hoanh tai mét diém o6 khoang cach nho nhit so véi goe toa do. DS la

diém —

w =025
IMax
Suy ra, hé sé 6n dinh tuvét d8i véi nhing bé diéu khién (tinh) c6 dusng dac tinh la
ham phi tuyén f(e). di gua diém 0, lién tuc ting dean, cling d4u vdi d6l & e, va cb hé s

k thoa man O<k< k. =4 )

Hinh 2.34; Xac dinh hai hang s8 k va a ti

: haiha G (o)
dé thi dac tinh tan bién dang.

Vé gbc 8n dinh va phudng phép bién d8i

Viéce sii dung tryc tiép tiéu chuan Popov doi hoi ham truyén dat G{s) cua khau
tuvén tinh phai thoa man mdt 6 difu kién. chang han G(s) khéng duge cé didm cuc
nim bén phai true do. Didu nay lam han ché kha nang dng dung ciia tiéu chuan.

Nhim mé réng mién ing dung cho tiéu chuan Popov cho ed mét s& ham G(s) ¢
diém cuc nAm bén phai truc ao, ngudi ta A nghi d€n phuong phap bién ddi goc on dinh

tit (0.k) thanh {(k,.k5). Y tudng cha phuong phap nhu sau:
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a) b)

w=0 e u=f(e) y‘;
c) d)
w=0

e)
w=0..e [ = u G y Hinh 2.35: Bién ddi géc 8n dinh dé ap dung
i=fe) = G(s) > B 2 i E
i tieu chuan Popov cho khau tuyén tinh
c6 diém cuc nam bén phai truc ao.
1) Buwde 1: Tim mét hing s6 &k, (cé thé 4m hoac dudng) sao cho cung vdl no trong vai tro

3)

88

bo diéu khién phan hoi, khau tuyén tinh tré thanh (hinh 2.35a)

G(s)

S(s) = ————
1+ kG(s)

hogp thiic chat va bén.

Bude 2: Su dung dang hinh hoc cua tiéu chuan Popov dé xac dinh u=f(e) lién tuc

tung doan cé f(0)=0, thoa man 0 <M <kvél e#0, dé hé Hammestein véi khau
e

tuyén tinh S(s) 6n dinh tuyét déi vdi goc 6n dinh (0.k) nhu hinh 2.35b) mé ta.

Buwde 3: Chuyén b diéu khién phan héi déu ra k, cia khau tuyén tinh thanh bé bil
cho khau phi tuvén (hinh 2.35¢), tic 1a né dude nd1 song song véi khau u=Ff(e). Khi

do gitia tin hiéue va o =u+k e séc6 quan hé mdi
u=fle)+kie = f(e)

va véi bo didu khién nay, hé kin (hinh 2.35€¢) ¢6 mién én dinh 1a géc (k 1,k3), trong

d6 ko= k+k, (hinh 2.35d).



b) 20e

Hinh 2.36: Minh hoa vi du 2.7

Vi du 2.7: Sir dung tiéu chudn Popov cho déi tugng khéng 8n dinh

Gia st hé Hammerstein ¢ hinh 2.30a) véi khdu tuyén tinh ¢6 ham truyén dat
1 - 1

G(ﬁ) = 9 q 4
(s—1)(s+3) §” +58" +3s-9

Vi G(s) c6 diém cuc s,;=1 nam bén phai truc ao nén ta khong ap dung dudc truc tiép

tiéu chuan Popov. Chon k ;=10 thi

G(s) _ 1

S(s) = = :
14+kG(s) s +55% +3s+1

va ham truyén dat nay thoa méan cac didu kién cho phép st dung tiéu chuan Popov.
Bién déi S (j ) thanh

=02 2
Sgdi= 1-bw ny (™ -3)w

(1—5&)2)2+(3a}—(03)2 (1-50%)" +(Bw-w’)?

ta c¢6 dudng dac tinh tan bién dang cia né

=~ . 1-5w* . 23wt
SGw) = 7.2 = 52 T/ (302 o 3.2
(1-5w” ) +Bw—-w")" (1-5w*) +Bw-w")
R X

Biéu dién §(j(.-)) trong mat phiang phic réi ap dung dang db thi cua tiéu chuan
Popov ta thu duge mét gia tri k (hinh 2.36a)
1o -0,1 = k=10.
p :
Vay hé kin ¢6 khau tuyén tinh G(s) da cho sé én dinh tuyét déi vdi moi khau phi
tuyén F[e) . lién tuc ting doan va nam trong goc (k,. k+k,) = (10 , 20), nhu mé ta ¢
hinh 2.36b). 0
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Chi ¥ rang khéng phal luc nao ta cang ap dung dude phudng phap bién déi trén dé
xac dinh géc én dinh (k. k) cho hé véi khau tuyén tinh (7 (s) c6 diém cuc nam bén phai
true ao. N6 chi sit dung duge néu tdn tai s6 thuc &, sao cho ham truvén dat

G
S{s) = _G@
1+ & G(s)
trd thanh thich hgp véi tiéu ehudn Popov,

Ngoar ra. cang tit ¥ tudng phuong phap bién dé) goc 6n dinh trén va sz minh hoa

truc quan cua hinh 2.37 v81 bén hé tuong duong nhau ta cén ¢ duge két luan sau:

Binh Iy 2.6: Hé gdm khau phi tuvén u =f(e} va khau tuyén tinh G(s) on dinh tuyét déi
v61 gée én dinh (0,42) khi va chi khi hé gém khau phi tuyén & = F(e) =f{e)=k e va

khiu tuvén tinh 8(s)= _ G n dinh tuvét déi véi géc 8n dinh (=& |, k=k,).
1+k G(s)
o) b)
w=0 u=Ff{e) .—p{ {7 (%) > w=9 Gis) »>
c) , d)
ky W ky
= - =0 -~ -
“E00y ool u=fie) G(s) 4> i = Fio) Gs) H4—
I
—> k,

Hinh 2.37: Cac hé tudng dudng nhau. Ching minh dinh ly 2.6

2.3.4 Tiéu chuan dudng trén

Tiéu chuan dudng trén 1& mot sy md réng cia tiéu chuin Popov cho hé ¢ ciu trie
nhu trong hinh 2 38 véi khiu phi tuyén

u = Alx)y (2.50)

nam trong nhanh phan héi. Khiu tuyén tinh SISO ¢6 mé hinh trang thai
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dt . xew” (2.51)

va cang tiz d6 14 ham truvén dat dang hop thie chat

Gis) = ¢ (sI-AY"'h

w ¢ x

N

ol

S
il
i
&
+
|fb

Hinh 2,38: Hé ¢4 khau phan hdi L A (x)
trang thé&i phi tuyén.

Gidng nhyu tidu chudn Popov. tién chuin dudng tron ciing chi la didu kién di. No
xac dinh tinh én dinh tuvét déi cia hé cho mét 16p cac khau phi tuyén d nhanh phan hoi.
Mat tiéh bé cta tidu chudn dudng trén so véi tiéu chuan Popov la no khéng cAn dda vao
biéu dé dac tinh tdn =6 bién dang G(jw) mi dua true tiép vao biéu db dac tinh tan s

G (j @) cua khau tuveén tinh,

Pinh Iy 2.7; Hé phi tuyén ¢ hinh 2.38 v61 khau tuyén tinh (2.51} va khau ph tuvén tinh
{2 30) trong nhanh phan héi sé 8n dinh tuyét déi tai 0 néu:
a) Téntaihaisdk, vahk, décdk < hix)< ky vOi moix

1+ 5 Gis)

b) Ha hic Fis) = ————
) amp ¢ (“) l+kz(;(‘s}

la ham: thye—dudng,

Chitng minh:

Tudng tu nhi da 1am v6i dinh 1y 2.4 cia Popov, 181 chiing minh duge trinh bay sau
day ciing su dung tiéu chuan én dinh Lyapunov (dinh 1y 3.1 va dinh 1¥ 3.3) chua duge
néi té t ddu quyén sach tdi gic. Ban doc ¢6 thé tam thai cdng nhan ching.

Ham F(s) dugc xem nhu ham truvén dat eda khau tuyén tinh ¢6 mé hinh

dt -0 - (2.52)

trong d6 céc tin hiéu v. 7 c6 quan hé véi nhing tin hiéu khac trong hinh 2.38 khi w=0

nhu sau
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vo= ek, VI etk v

Do Fts) 14 ham thuc—dudng nén hé (2.52) 1a thu déng. Do d6 phai tén tai ma tran
xae dinh dudng @ dé e

i.'r:T(,'J_wc Svv
7 A

Véi g nhu vav, ham V(,L)=.1TQ£ xac dinh duong vi
iV @
—r SRy ko] Facy < kvI= - B [k, - ho)y?
£0 (ddw bang chi xay ra khi y=0)
nén theo tiéu chuan Lyapunov. hé 1a én dinh, a
Van dé com 1ai 1a khi nao F(s) sé 14 hiam hai cuc?. Dé tra 161 ta st dung dinh ¥ 2.2
Trude hét RelF(je 20 khi w20,
Gol hdm dic tinh tan khau tuvén tinh 13
Gijw) = RieN+;- X(w) {£.53)
ta s& dude didu kién thi nhat edn phai cd

Re!F(jm)}20 S kA R*HXT1+(h 4R+ 120 (2.54)

Biéu dién (2.53) trén mat phang e6 hai true tou di 2, X cling v duding Lron

2 ) Vi
{R+M +X* :[k_i__"‘_l] £2.55)
- 2}23!‘{2 : 21\’,]}1’3 J
ks (hesp T
& RT+RALTR +‘——‘+ 2] +x’= ———ZLE‘W
Wk, 2kk, ) | Sk,

ky + k, 1
k] !32 k] k-)

o RU+XY+R =0

ro1 so sanh voi didu kién (2.54) ta dén duge cac két luin sau:
- Khi cé mét diém GUwg) caa Gjw) nam tvén dudng tron (2.55) thi didu kién
(2.54) dugc thoa min tai dé véi dau bing.
- Né&u ¢é mat diém G{jw,) cua G(fw) nhm bén trong dutng tron (2.55) thi didu
kién (2.54) duge thoa min tai d6 khi kb, <0.
- Néu 6 mét diém Gw,} cua G(/@ nam bén ngoal dugng tron (2.35) thi didu

kién (2.54) dude théa man tai dé khi k ,4,>0



Hinh 2.39 mé ta trudng hop khi ma £,k ,>0. bat dang thic (2.54). tie 1a didu kién
thi nhat, s& duge thos man vé mo1 w > 0 néu nhu dudng qui dao G @) nam hoin toin

bén ngoal duong trén (2.35).

-14 /-1
LY

k | hadalt k‘)

Hinh 2,39: Minh hoa tigu chudn dudng tron,

; U it }

Buing trén (2.55) nhu vay di duge chon 1a co sd dé kiém tra didu kién thu nhat

hy —ka b, —k
ko ky X, =0 via ban kinh la Ry k. {(hinh 2.39),

Dudng irom nav eo tam la B,= - =
2k, 2%,k

Tiép theo, dé kiém tra didu kién thi hai caa dinh 15 2.2, ta ky hiéu B(s) 1a da thic
ti 86 va A(s) Ja da thdae mau s6 cia G(s). Vay diéu kién thit hal Ligng duong v6i viée
kiém tra xem téng da thic td s6 va mau s§ cla F(s) cé phéi 1a da thie Hurwitz hay

khing (A=1}. Tir day La dude

Alsi+ R B(s)

Fis)y =
AlsY+ k. Bls)

vado do dé F(s) 1a hiam hat cuc. thi da thue
(R +hOR+2A ()
phai la da thue Hurwitz, Diéu nav tudng diong véi su 6n dinh eda hé
2A(s) - 1

(hy ~ k) )BIsY 2A08) l+_f_z_]_ -‘i} ky Gls)

(2.56)

Néu thém gia thiét 1a G(s) khéng ed diém cuc nam bén phai truc 4o va diém trén
truc 4o chi la nghiéin don 5=0. thi theo tiéu chuan Nvquist, hé {2.36) s& 6n dinh khi

dudng G(je) v6i 0= <ee khéng bao diém — . Nhung vi di€m nav s& nam trong

Ry + k.

duong tron (2.55) khi k&, > 0 nén két hop diéu kién 1. hé & 6n dinh Luyét d6i néu guy

dao duong C(jew) vl 0< @<= khéng bas dudng tron (2.55). Tuong tu nhu vay hé sé én
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dinh vdi £, k.,<0 khi dutng dac tinh G{je), O€S @<= khong ra khoi duong tron (2.55) vi
9

diém ——=— lic nay nam ngoal dudng trim.
Ry +hy

Tang két lai. ta dén duce khiang dinh sau:

Pinh ly 2.8: (Dang d4 thi cla tigu chudn dusng tron): Xét hé phi tuvén 6 hinh 2.38 véi khau
tuvén tinh (2.51) v4 khau phi tuvén tinh (2.50) (rong nhanh phan héi. Gei G(s) 1a
ham truyén dat cta khau tuvén tinh, Néu G(s) khong cb diém cue ndm bén phdi
truc do. diém trén truc ao chi 1a nghiém don s=0, thi hé sé én dinh tuyét déi véi
mét 16p cac khau phi tuvén w=k{x)y thos man didu kién k,<h(x)<k,, trong dé
hai hang s& k. k. dude chon sao cho duong dac tinh tan 56 G(j @), 0S@<e cua d6i
tudng (hinh 2.40):

a) Khdng bao dudng tron (2.55) néu k&, =0 hoac

by Khong va khoi dugng tron (2.33) néu k k., <0,

Hinh 2.40: Minh hoa dinh ly 2.8,

Vi du 2.8: Minh hoa tigu chudn dudng tron

Xét hé cho g hinh 2,38 véi khau tuvén tinh

de (0 1% (0] _

= = 'I‘*’[ !y‘ :..n:xlz{l 0y

ot .0 -1 W1 M
A b L

Nhu vév, nd c6 ham truyvén datl

«
0 s+ L1/ s(s+1)

- ‘so-1Y o
G{_.}) = QT(S]—A) ]_ = (1 0)‘ lJ ] = 1

V6i ham truvén dat khéng cé diém cize nam bén phai triuc do nav, ta duge:
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. -1 . -1 .
Gey = ——+j > = R+;X
@+ wliw® +1)

Hinh 2.41b) biéu dién dé thi cua G(jw). Dyng mét dudng tron tuy v vé phia trai

N . -1 -
ma G(jw) vh gol — .
chia G(j goi = o

1 s

. O<k <k, 13 hai giao diém ciza dudng tron dé véi true thue
R=Re(. Vay thi then ndi dung dinh 1y 2.8. hé kin c6 s6 dé ciu truc 2.41a) =& én dinh
tuvét ddl v61 moi khau phi tuvén u=A(x}y théa min k| <h(x)<ks.

Tuy nhién. d€ nang cao tinh bén vitng cho hé. ta cAn phai chon mét dudng tron nao
d6 tao ra duge khoang cich k,—# | 1én nhat. Ta ciing ¢6 thé chon duting lron Liép xuc véi
(F(j@) va cé ban kinh bing s Do cé ban kinh bing e nén phan cung dudng trén xung
quanh diém tiép xuc sé cé dang nhu mot duting thang tiép xuc (hinh 2.41b) va ti &6 ta
doc ra dudgc

= e, —— =] I ,=0 va k.=1.

Vav hé 0n dinh tuvét déi voi moi khéu phi tuven ¢é A (x) thoa man:

G<hix)<1,

a) b) N

AN AX=Im(

]

R=ReG

Hinh 2.41: Minh hoa vi du 2.8.

Ching han ham

h(©)=hix)=h(y)= e

thoa man diéu kién trén. Suv ra. khau phi tuvén trong nhanh phan héi c6 dudng dac
tinh:

u = fyy = iy =e Py O



Vi du 2.9: Minh hoa tiéu chudn dudng tron

"ho hé md ta ¢ hinh 2.42a). Biét rang

A= I?_JZ "\-‘ii o=
0 -1 1)

4

32 0y ”1‘]

Hay xAc dinh 16p cac khau phi tuvén gix i) thich hop dé hé dn dinh tuyét dai.

Ta sé si1 dung dang dé thi ctia tiéu chuan dudng tron dé xiac dinh khau phi tuyén
gilx.u} va mudn lain dude nhu vay thi phar ¢é gia thiét raing khéng c6 diém cue nao cuiu

ham truvén dat

1

Gisy = ¢l (sI-Ay b

cua khiu tuvén tinh duge phép nam bén phai true ao.

khong thoa man diéu kién

!

Nhung do khiu tuvén tinh cho ban diu véi A :‘

nav. vi A ¢d hal gia bl riéng la

(5-3 -2
det(sf—A) = det =(s-31s+11 =0 & 5,=3 va s,=-1
L0 s+l ’

nén céng viée diu tién phai lam 14 xac dinh bd diéu khién phan héi trang thai R dé dich
chuvén tdl ea rac diém cuc cun A aang phia tral truc au thinh 2.49h),

a) b)

Rx=8x,+4x,

Khau phi tuyénma ung vdi né
c) AmG khdu tuyén tinh |4 6n dinh,
! G o)

R Hinh 2.42: Xac dinh khau phi tuyén
11 lam cho hé &n dinh tuyét ddi,
Minh hog vi du 2.9,
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Sit dung phuong phap modal dé chuyén s, = 3 tdi vi tri méi la 4,= -1 ta co
R=(8 4)

Nhi co bé didu khién phan héi trang thai R khau tuyén tinh trd thanh

320 0
~== (A-bR)x+hw = E Jw
dt -8 -5 1

vdi ham truvén dat méi

fo a5 yd .
Gisy= Q1 1)‘385 2_) [O) - 8-l
N

s+35) \1)  (g+1)°
¢o ea hai diém cuc déu ndm bén trai truc ao,
Mat khac. vi G(j @) ¢d phﬁn_thl_l’l: 1a (hinh 2.42c)

—-1+3aw°
ReiG{w} =—— 2z -1
(14}

nén chéc chin dudng qu dao bién-pha cia né s& nam hoan toan bén phai dudng trén cé

. . .z -1
LAm trén truc thuc va cat true thuc tal — = —=, —=~1.
k, ks
Tit dav. ta suy ra dude theo tidu chudn dudng tron 1a hé sé 6n dinh tuyét déi véi moi
khéu phi tuvén co

Blxa) = glx u)-Rx=h(x)u trongdé k =0<hi{x)<k,=1
hay khau phi tuvén can tim c6 dang

glx.u) =h(x)u +(8x,+4x,)  véi O<h(x)<l. 0

2.4 Phuong phap can bing diéu hoa

Phuong phdp cén béng didu héa. hay con goi 1a phuong phdp tuyén tinh héa diéu
hoa trinh bay sau day 14 mot cong cu cho phép khao sat sy tén tai ctia dao déng cé trong
hé Hammerstein cho d hinh 2.43a). Hon niia, néu cé dao dong, nd cling gitp ta xac dinh
duge tinh én dinh cha dao dong d6 theo nghia: “Mét quy dao trang thdi khép kin mé ta
ché' d6 dao dong didu hoa ctia hé duoce goi la on dinh néu sau khi hé bi tde déng tic thoi
ddnh bat ra khéi ché' dé dao déng diéu hoa d6 va bi dua tdi diém trang thdi khde nhing
nam trong mdt lén cdn nao do ciia dao déng thi hé c6 khd ndng tw quay vé duge ché dé
dao déng didu hoa nay”.
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a) b)

W 4
¢ u=fle u

u=f(e) » (F(s) : =fle)
- Ao @ N(A) [ (@)

Hinh 2.43: Xdp xi khau phi tuyén bing hé s& khugch dai phifc,

e

241 Hé sé khuéch dai phic

Xeét hé o6 s6 d6 khéi cho d hinh 2.43a) va gia sif ring trong hé ¢6 dao dong diéu hoa.
Néu hé dang 6 ché d¢ dac dong diéu hoa thi khéng riéng bién trang thai x(¢), cac tin
higu khac trong hé nhue(£), w(t), y{¢). cing ph:t 14 nhiing ham tuan hoan theo bién
¢, do db chiing déu biéu didn duge dudi dang chudi Fourier. Chéng han:

u(t) = a, + Z(a,, sinnat +b, cosnax). @ =—2T£ (2.57)
n=1
trong 46
@y =1 fu(.t)dr. a, Ej: {(O)sin{neat)dt va —Emj:u(t)cos(nat)dt (2.58)
T, L 74

Gia thiét rang khau tuyén tinh trong hé eé kha nang loc cac thanh phéan tin hidu c6
tan s cao. khi dé tin hidu vao rae(t), u(t) cia khiu phi tuvén véi cong thite khai trién
chuéi dang (2.57) ¢6 thé duge x4p xi bdi

ef{f) = Asinwt (2.59)

uit} =fle) =ag+a,sinwt + b, coswt (2.60)

Binh ly 2.9: Néu khéu phi tuyén u=f(¢) 6 f(e) d5i xiing qua géc toa do thi a=0.
Ching minh:

Do f(e) e6 dang d8i xiing qua géc toa do nén fle) = —f{—e). Béi vay, véi tin hidu dau
vao e(t) = Asinat eura khiu phi tuyvén ta sé co

2

ay :% Juttide = [fAsmadr  (thay wt=1 vl oT=2
{ 0
2r
Jf’(A sinrydr+ j'f(A sinT)dr

E
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:%[jf(A sin?)d 7+ [f(Asin(u+ X})dﬂ] ., (thay g=7-7)

Mo u

- L\ frasmades | f-asmmdu | =o. -
2r g :

Sau day ta € gi61 han sy quan tam ¢ cac khau phi tuyén ¢6 f(e) dél xdng qua goc
toa do.

Khi ¢é a,=0, tin hiéu ddu ra (2.60} ciia khau phi tuyén ing véi dau vao (2.59) sé la
wit) = a,sinwt + b, coset = Usin{wi+ @) (2.61)
trong do
a,=Ucosp. b,=Using.

Nham téng quat héa hon nita hai ¢éng thiic xdp x1 (2.59) va (2.60) cho ca trudng hop
khéc, chang han nhu khi tin hiéu ddu vao cia khau phi tuyén la

et} = Acosot
ngust ta da phiic héa ching thanh
Fty=Ae’ (2.62)
a(y= et (2.63)
Vi hai tin hiéu phue trén. cic cong thiie {2.59), (2.62) viét duge thanh

elf} = 1mi £(t)) = Im{Aejm} = Asinmt

w(t) = Im{d®} = Im{Ue SO Ucosg sinwt + Using coswt

=@, sinwt + b, coswt

va trong trucng hop e(t) = Acoswi thi

ef{t) = Rel e} = RE{AEJWE} = Acoswt

u(t) = Rel i)} =RelUe”' "™ = lcospcoswt — Using sinwt
=a,cosadt — by sinat

Nhu vay, r8 rang la tit hai hang s8 ;. &, ta ludn xac dinh dudc tin hiéu ra ¢ (¢) cia
khau phi tuyén tif tin hiéu vac e(#) cha né. Cu thé hen nita, néu nhu di bist bién d6 A

cia ¢(¢) va hai hing s8 a, . b, ta luén xac dinh dude tin hiéu ra u (¢#}. Nhu vay hai hing
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s6 a, , b, mang day du tinh chat cia mé hinh mé ta khau phi tuyén trong ché do dao
déng diéu hoa.

Pinh nghia 2.3: Hé s5 khuéch dai phuc

e Jlex+gp) Jjo
N4y =28 T 7 T o, ;8o Npsin
2(0)  Aei A Al

la md hinh xap xi trong lan can dao dong diéu hoa cua khau phi tuyén u=f(e) co
f(e) déi xiing qua goc toa do, trong dé N la ky hiéu chi phan thuc va N, la phan ao
caa N(A).

Binh ly 2.10: Xét khau phi tuyén u=f(e) c6 f(e) dé xiing qua géc toa do va dudc mé ta
bing hé sé khuéch dai phuc

a b
N@A) ==L+ jL=N,+N
(A) reaky rRYING

a) Neéu khau phi tuyén la tinh va khong c6 tré thi N(A) 14 s thuc.
b) Néu khau phi tuyén la ¢é tré déng thai f(¢) bao mot mién cé dién tich bang S
thi (hinh 2.44)
S
TA

N, =Im{N(A)} = +

2

trong d6 diu + cho truong hop chiéu tré theo chiéu kim déng hé va d&u — khi
chiéu tré ngugc véi chiéu kim dong ho.

Hinh 2.44: Khau phi tuyén co tré.
Minh hoa dinh Iy 2.10.

Chitng minh:

a) Néu f(e) la don tri (khau phi tuyén la tinh va khéng ¢6 tré) thi khi e(¢)=Asinwt va
vl phép thé bién wt=r trong (2.58) ta co
flAsint)costdr =—— [f(e)de = 0.

AJTA

b, =

N |~

|
0
b) Néu f(e) la dudng dac tinh da tri (khong ¢6 tinh chat ham), vi du nhu khéu phi tuyén

kiéu tif tré (hinh 2.44) va vdi gia thiét 1a tin hiéu e (f)= Asinwt cé bién dé dao dong che
kin mién tré (doan tit —a dén a), thi do duong lay tich phén tao thanh véng kin ta sé c6
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HOESS

trong do 8 1a dién tich bao bdl dudng cong fie) va ddu + che trudng hop S ludn nam bén
phai khi di theo chiéu eua fie), tie 1 theo chiéu kim déng hd, con dau - khi S ludn nim
bén trai khi di theo chiéu ciia f(e}, hay ngude chiéu kim dong hé.

Tir ddy va vdi phép thé bién @t =7 trong (2.58) ta suv ra dude

b= —l—gjgf(Asinr)cosrdT = u-l—{):(f(t')de =ii
ox 0 Arx TA
b )
N;=ImiN(A)) = L=t , m
= i miN({A)} A AL

242 Xac dinh hé sd khuéch dai phirc cho cac khau phi tuyén cd ban

Muc 2.1.2 da trinh bay ré ting khau phi tuyén co ban, trong d6 khau phi tuyén ba
vi tri cé tré mang nhiéu nét da1 dién tiéu biéu cho nhitng khau phi tuyén cd bin khac.
Béi vay ta nén bat ddu véi viéc xac dinh hé s6 khuéch dai phic cia khau nay.
Khéu be vi i ¢o tré
Gia st trong ché d$ dao dong difu haa, khau phi tuyén cé tin hidu ddu vao
ety = Astnawt v Azh.

Do ham f{e) d61 xitng qua géc toa dé. ¢6 phan tré dude bao kin boi dudng cong ngude
chiéu kim déng hé (hinh 2.45) nén theo dinh ly 2.10 cé ngay

N! =Im{N(A)} - S - QG(b—qb) _ zab[l-q) .

T Al TA* xA?
Nhu vay. ta chi ¢én phai xac dinh phan thuc etia N(A) 1a Ny, Tit dinh nghia 2.3 va

hinh 2.45 cé

ﬂ.l 2 T . 1 2’". - .
Ng = =ﬁj'u{t)smatdt=;z Iff_Asmr]smrdr
0

A

1 i . Wy a
=— jasm rdr— [asinrdr| =—— {cos@) — cos@at cosg, — cosps)
A - TA
51 L)
Z2a . :
T—{cosg, *cosgy). Vi @ =t VA @5+,
n

N . b b, O
Ngoai ra do sing, =Z . SIngy :% nén eudi cang ta duge;
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. 2
2a (h - (qb T 2ab(l-q)
N{A) = 1-]-— 1-]1— -] — 2.64
“ m‘j %) +\’ 2 | 269

L AN

¥3 1A
. ‘\ f,
e(T)I=Asint % b

Hinh 2.45: X4c dinh hé 8 khuéch dai phitc
cho khau ba vi tri ¢ tré.

Khéau ba vi tri

V&1 hinh 2.6 mo ta dudng dac tinh f(e) caa khau ba vi tri ta thiy né chinh la mét
truong hgp riéng cua khau ba vi tri ¢é tré d hinh 2.10, hay hinh 2.45 khi ¢=1.

Bdi vay tit hé s6 khuéch dai phic (2.64) cua khau ba vi tri ¢6 tré. 6 day ta suy ra
duge ngav

_ da by
N(AY = A 1-[-;] {2.65)

Ta thay céng thitc (2.65) phii hop vii néi dung dinh 1y 2.10 ¢ chd phan ao cua N(A)
bang 0 vi dudng fie) cha khiu ba vi tri khéng khép kin.

Khéu hai vi tri c6 tré

Hinh 2.8 14 dudng dac tinh u=f(e} cua khau hai vi tri ¢é tré. So sanh véi dudng dic
tinh cua khau ba vi tri ¢6 tré da cho 6 hinh 2.10 hay hinh 2.45 thi 18 rang khau hai vi tri
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6 tré chi la mét trudng hdp riéng tng vdi ¢ = —~1. Do dé. dé cé hé s# khuéch dai phic
N(A) cia khau hai vi tri ¢é tré ta chi cdn thay g==1 vio cdng thic {2.64) 1a dudc:

2

N(A) = 22 11 i] _j Hab (2.66)
T A A T A®

Khéu hai vi tn

Tit hinh 2.4 bidu dién dugng déc tinh u=f(e) ctha khau hai vi tri thi r6 rang né la
trudng hop dac biét ciia khéu hai vi tri ¢é tré (hinh 2.8) khi =0. Thay b=0 véo cing
thic (2.66) ta c6 dude hé s6 khuéch dai phite ctia khéu hai vi tri:

4a
N{A) = — {(2.67)
( A

Khé&u khuéch dgi bao hoa cb tré

Xét khiu khuéch dai bio hoa cé tré vdi duong dide tinh cho 8 hinh 2.46, trong d6

d=%+b, c="%4p (2.68)

va k 1a hé s6 khuéch dai.
Nhut vay thi
kEle—b) ndu c<e<d
” B . de
a néu d<e hodc -cfesd va —<0
u = f(e) =

kie+b) néu -dseg-—c

. . de
-—a néu es<-d hoac —-d<esc vdi —>0

Vi f(e) theo chiéu ngude kim ddng hd bao mét min cé dién tich dung bang

S = 2a(ctd)= dab

nén ti dinh 1y 2.10 ta ¢ ngay duge phén do cua hé s6 khuéch dai phic

N, =ImiN(A) ==

{2.69)

Do dé chi con phai xac dinh phin thuc cia N{A) 1la Np. Véi tin hidu diu vao cua
khau khuéch dai bao hoa

e(t) = Asinat . Azd.

thi tif cac quan hé @ =7+ ¢, . @, =7+ @, ta dude:
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5

Ngoai ra, do cé sin(g+7)= —sing nén:

2
Np =——
K TA
-2
TA|
o
= (a kb +-—
;rA'
Thay tiép

1064

kA | kAsing, ]
2

cos¢; + {a +hb——— 3

Np=2%:2 T (£)sin atdt = —— [flAsinz)sinrdr
A Ta 0 Al
1 |9 P @3 oy 4.4
=— [~asinzdr+ [k(e-b)sinrdr+ Jasintdr+ [kie+b)sinrdr+ [-asinrdr
4 0 ] o ®y @1
1 [ - o] ¥
=——|la—kb)lcosp, ~cosg,)+ (a+ kb)cosg, —cosg )+ [kesinTdr+ _[keginfdr
A " o
1 [ Lot
= 2(a ~ kb)cosyp, + 2(a + kb)cosgp, + J'kAsm rdr+ IkAsm (w+m du
T L L1 Lt
trongdoy =r-rm
-~ i
AP i Asin
-5/ c b/ 14 £
VAN i
Dot ---= e cdofo -
I ;J A
i ]
:' / QV P2 191, cos
: . \ A
H e(T1=AsinT Y ;,."
LY

Hinh 2.46: Xac dinh hé s6 khuéch dai phitc
cho khau khuéch dai bao hoa co tré.

@
(a —kb)cose) +ia+kb)cosg, +kA jsin2 rdr

)

{a~kb)cosy, +(a+kb)cosp, —%‘i(msx(sinx + 1)]5’; ]

kA kAsing,
2

o

|



i ¢ Y
sIng, :Z L Cos@, = 1—(—;]
kS

SNy = d o COSgy= l—(i]_
Y v = A

5 2
Ny -2 [a kb+.’i’i E] [LJ +~a kb_ﬂ_ﬂl 1_[iJ
TA A A

] 2 2
A—CL’I—[%J +(d—A]1’l—[%] (2.70)

Cudi ching. ghép chung (2.70) vA (2.69) lai vé1 nhau. dude:

k s L d ¢ . 4ab
L . L’ (L wla-ayi-[Z) |- 271
N(AY p (A-ch)1 t ] + ) [A) j — 2.7

Khawu khuéch dai bao héa

5
k—
>

Ti dudng dac tinh ©#=f(¢} cia khén khuéch dai baoc hod cho ¢ hinh 2.5 ta thay né
chinh 1a mét truéng hop riéng cia khau khudch dai bio hoa ¢é tré ung véi b=0. Thay
5=0 vao cong thie (2.71) va dé ¥ ring d==-c cing nhu e =kd ta sé ¢6 h@ s6 khuéch dai
phite ctia khau khuéch dai bio hoa nhu saw:

2
N(A)—ﬂ- 1_(i}
T A A

2.4.3 Xac dinh tinh &n dinh ca dao ddng diéu héa trong hé Kin

Xét hé Hammerstein cé sd dé cho ¢ hinh 2.47. trong dé khéu phi tuyén dudc gia
thiét 1a cd fie) d61 xiing qua goc toa do.

Néu trong hé co dac déng didu hoa thi khong mat tinh tong quat néu ta cho rang d6
1a dac dong diéu hoa autonom, tuc 1a fng véi w=0. Trong lin can dao dong diéu hoa
khau phi tuvdn u=f(e) duge thay xap xi bdi hé sd khuéch dai phic ena né

N(A) —i‘{-f—;- Np+iN,



w=0 e u=fle} u

Y
N(A) Gis) >

¥

Hinh 2.47: Thay khau phi tuyén bling hé s6 khudch
dai phic treng lan can dao dang diéu hoa.

Tiép tue, tii quan hé

F= ¥ = HOCGw = -N(AYAC P G w)

ta suv ra dugc

Re{ #(¢)} = Re{-N(A)AG(j w)e’ ™)

=  Acoswt =- A[Re(N(A)G(iwh) |cosat + A [ Im(N(4) G} Jsinar

Do dang thiic trén phai ding véi moi ¢ nén qua so sanh cac hé s cua hai vé& trong
dang thic trén vai nhau ta duge

0=1+Re{NAGjw}
0=Im{NAYGy )l
hay
I+NWAGG = 0 &  Glw = —— 2.72)

Céng thic (2.72) 12 diéu kién d€ tén tai ché do hé tu dao dbng (dao dong didu hoa
autonom). Néu hé tu dao dong thi phai tdn tai @va A théa man (2.72}.

Binh ly 2.11: Hé Hammestein cho & hinh 2.47 véi khau phi tuyén u=f(¢} co f(e) dot
xiing qua gbe toa d¢ va khau tuvén tinh lgc tin 8 cao c6 ham truvén G(s), sé dao
déng diéu hoa vdi bién dé A va tan 8 @ thda man (2.72).

Nghtém A, w cua phucng trinh (2.72) ¢6 thé tim dugc theo phudng phép dé thi
trong mat phing phiic nhu ¢ hinh 2.48 mé ta. trong dé dudng nét roi 1a dé thi cua

"N v6i chidu mii tén chi chidu tang cua A, dudng nét lién 12 d8 thi cla G{j ) vin

chiéu mli tén chi chiu tang cia . Giao diém cua hai dé thi 1a nghiém cua (2.72).
Chéang han trong trudng hop & hinh 2.48 thi phudng trinh (2.72) ¢6 hai nghiém la
(A an) va (Ag, wa).

Piéu kién (2.72) ¢4 dang giong nhu tidu chuan Nyquist, trong dé diém =1 trong tiéu

chuah Nyquist nay duge thay biing - . Bé1 vay néu ¢o gia thiét thém la khau tuyén
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tinh G(s) khéng nhiing loc duge tan s6 cao ma con khing co cde diém cuc ndm hén phdi
truc do. diém trén truc ao chi la nghiém don s=0, thi ta ¢6 thé st dung tiéu chuan
Nyquist dé xét tinh &n dinh cua dac dong didu hoa autonom trong he.

G(iw) T Im
il = N Al Re
1 s
CQ
- ’d - 1 A
dao ding (A, w;) on dinh }
DI
. 1 1612 - By
Hinh 2.48: Xac dinh ché d& tw dao ddng L R ol
va tinh &n dinh cla nd thee phuong N(A)
phap can bang digu hoa. dao déng (A, ) khong &n dinh

Nhim minh hoa ta hay xét dao déng diu hoa (A, @,). Gia si hé dang g ché o dao
dong didu hoa nay thi bi mét nhiéu tiic thai danh bat né ra khoi ché do dac dong dé va
duz téi diém B, ¢6 bién d6 dao déng 16n hon (hinh 2.48). Nhung do dudng G (o) khi do
khéng bao diém B, nén hé kin én dinh, tic ia dao déng tai By ¢6 xu hudng tat ddn, hay
bién dé cia dao dong giam dan trd vé A,. Nguge lai néu nhifu lai dua hé t¥ A, t61 C, 6
bién d6 dao déng nhd hon thi do G (jw) bao diém C; nén hé kin 1a khéng én dinh, tuc la
dao déng tai €, ¢6 xu hudng ldn dan dua hé tré lai trd vé A;. Nhu vay rd rang dao déng

diéu hoa tai {A,.®,) 1a dac déng én dinh.

Ly luan tudgng tu cho dao dong diéu hoa tai (Ay, @) ta s thay dao dong dé la
khéng 6n dinh, Chang han nhiéu titc thdi da danh bat hé ra khéi A, v dua té1 By thido

G{jw) hao diém B, nén hé kin 1a khéng én dinh. Pidu nay lam cho bién dd cua dao dong

ngay cang tang. Theo chidu mii tén caa duong -

chi chiéu ting cua bién dé dao

dong. diém B, sé dan dich chuvén ngay cang xa A, va két thic tai dao ddng on dinh A |
chii khéng quay lai diém A, ban dau.

Téng két lai ta di dén két luan:
Pinh ly 2.12: Hé Hammerstein cho ¢ hinh 2.47 vd1 khau phi tuyédn u=f(e) cé fe) dé1

xtling qua goc toa dd va khau tuvén tinh loc tAn 8 cao ¢6 ham truyén G(s) khdng c6

diém cuc nao nAm bén phai truc ao. diém trén truc ao chi 14 nghiém don s=0, sé
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1
N(A)

dudng G (j @) néu § giao diém d6 —N"'(A} cst G{jw) thee hudng tir trong ra ngoai.

dao dong diéu hoa 6n dink tai giao di€m chia dudng dé thi —=N"1(4)= vl

Nguge lai, dao ding sé khong dn dinh néu 6 giao diém do =N"lA} cit G(jw) theo
hudng tit ngoai vao trong (hinh 2.48).
Vi du 2.10: Minh hoa phuong phap can biing didu haa
Cho h¢ Hammerstein véi khau phi tuvén 1a khau ba vi tri c6 dudng déc tinh:
asgn(e) néu fef>b

u = f(e) ={

0 néu [e|cb

va khiu tuyén tinh ¢6 ham truvén dat

k

Gis) =
(s s(1+Ts)(1+T;5)

Thay G(s) nay va hé s6 khuéch dai phitc N{A) cia khau phi tuvén ba vi tri dugc
1&y tir (2.65). vao phuong trinh (2.72) s& c6

JHK1+ T j)(1+ T jow) . _4a 1_[ b ]2

k rA
1 ] 4 By
o ST v T + el =T Ty = 38 1_[_,
Z (N + T + jeal 1 Taw™} A A

sau d6 cin bang hat v& theo phdn thuc va phin o ridng biét, dugc:

3 1
. W=
1-T\ Ty =0 T,
=]
T AT +Ty)w? = daky A2 - b2 A% - 1:41-44%°
247

voi 2=Z 01 +T5) Vay, di€u kién dé hé c6 dao déng didu hoa 1a

4aleTz

1-44%0%20 & Ly A o k>m

% S T 2aT\T,
va vdi diéu kién nay. hé sé c6 hai dao déng ciing tAn s6

i =
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nhung véi hai bién dé dao déng khac nhaun

Hinh 2.49: Xac dinh tinh 8n dinh ciia dao
déng diéu héa cho hé & vi du 2.10.

Cac nghiém trén ciing c6 thé duge tim theo phuong phap dé thi nhu hinh 2.49 minh hoa,

vh cia G(j @) 16 tim

tdc 12 trong mat phang phiic ta dung hal dudng 46 thi ctia — Nl

giao diém clia chung. Do hé sd khuéeh dai phic N(A) cta khéu ba vi tri la s8 thuc nén

duong d6 thi -

T

; luén bam trén true thuc.

Cing ti hinh 2.49 va do ca ba diém cuc 5, = 0, 8, = _;i . 83— :T—}- ctia ham truvén

1 2
dat G(s) déu khéng ndm bén phai truc 4o, nén theo tinh than dinh 1§ 2.12, ta cén nhan
thav chi ¢ dao ddng diéu hoa ang véi bién dé A, 1a 6n dinh (A,>A ). 0

2.5 Diéu khién trugt
251 Gdiy ban diu: Didu khién déi tugng tich phan kép

Piéu khién phan hdi trang thai

Hién tugng hé théng trudt (sliding) vé gdc toa dé di duge bidt d&n mue 2.2.2. Sau
day, ta sé xét bai toan ngude ciia né la thiét ke bo didu khién u=r(e} d& dua vector trang

thaix={x,, x,) T ctia 461 tugng tuyén tinh. tich phan kép cé md hinh trang thai

dx [0 1] [0]
—_ = X + . ¥= X,
di 0o 1

véi |u|S 1. vé dude vi tri miu mong mudn z,,,.
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Vector trang thai mau x,, <6 thé 14 vector hang néu trang thai dich mong muén da
duge xac dinh cu thé, song cing co thé 1a mdt vector ham theo thii gian néu bai toan cé
nhiém vu tdng quat hon 14 dua trang thai x(t) cia hé bam theo mét qu¥ daoc miu x,, (¢)

mong mudn nae dé.

1=

L 4

Hinh 2.50; Thiét k& bé) diéu khién truot
cho dai tugng tich phan keép.

Dé dat duge muc dich dé ra la x(£)—x,,(¢) thi bd didu khién u=r(e) cin phai tao

—tit

ra duge e(f}—=0. Ngoai ra, do gifiz hai phin td x| (#) va x5(¢) cta vector trang thai

. . dxl . . . - W . . f X
xit) ¢6 quan hé o =x, nén gi¥a hai phan 1 cta vector tin hiéu chu dao x,, =
3 42
¥ hai eé hé tucng 1ing | B 4 diéu nay kéo th hé phai ¢6
cing phai ¢0 quan hé tuong iing la 7 Xmy VA dieu nay keéo theo quan hé phai cé
d('_’] _ - . . i . - . .
e =¢, gida hai phan tu e, ({) vae,(f) clua vector sai léch trang thai.
Xét ham
de .
s(e) = ke te,= ke1+d—l val k=) {2.73)
£

ta thay do ¢6 £>0 nén phudng trinh vi phan s(e)=0 cé da thic dic tinh
A(p) = k+p

1a da thie Hurwitz. Do dé nghiém ¢, (¢} cing nhu e (£) cia né ludn tién vé 0 (nghiém én

dinh). Bé1 vay, cudi cung bd didu khién u=r{e) ciing chi cdn 1am cho s(e)—0 la dir.

Hién nhién ring dé lam dudc didu nay. bd didu khién phai tao ra duge ddu cua ham

dale)

s{g) ludn nguge vl diu cita dao ham cua no la . ndi cach khac khi s{g)>0 thi phai

tao ra duge d—jﬁO dé lam giam gia trt cua nd. nguge lai khi s¢e}<0 thi phii tang gia tri

a1 ) 75
1o 1én bang cach tao ra % >0. hay

& de de,
ﬁsgn{s]ﬂo =3 (:‘zi+ 2

ar r 7 Ysgnike (feyi<0 (2.74)
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Bat phuong trink (2.74) chinh 12 didu kién dé thist k& bd diéu khién trugt u=r(e)

sao cho trang thai x(¢) cta hé théng bam duge theo qu¥ dac mAu x,, (2).

Tit (2.74) ta c6 thé d& dang cé dudce cac bé didu khién khac nhau. Ching han nhu

dey

k
{dt

de .,
+— (s)<0 e
=7 ysgn(s)

= {k del +[&—uﬂsgn(s)<0

kdel+[%-2— dx? sgnlsy<0
dt dt dt

- & de, dxmg . 0 néu s(e)>0
dt dt dt dt >0 néu s(e)<0
A
> { & G J néu s(e)>0
dit dt -
= u=rie) = 4 4 (2.75)
<| R85 Eim2 W néu s{e) <0
dr  dt <
va néu nhu khong bi rang bube bai diéu kién |« |1 thi tit (2.75) ta con cé
u = r{e)= [ ‘{:tl + dj;;’ ]+ Asgn(s(e)) . vdi moi 4> 0 (2.76)

Vector tin hiéu méu & héng s6
Khi vector tin hiéu mau x
0\

thé gia su dé la goc toa db x,, =[0J_

Tt didu kién (2.74) ta b

dx
=14

k
(dt

= kx,sgnlke tes)tusgnlke +e,) >0

d;z ysgn{ke,+e.3>0 &

x,, (¢} co dang héng s& thi khéng mét tinh tdng quat ta co

(kx,+u)sgnlke +eq)=>0

(2.77)

v& néu két hop véi didu kién Ju|€1 ta c6 thé chon u nhu sau

w=rig)= sgnl ke, +e, ) = {
s(e)

-1 néu

1 néu ste)=0

sle) <0
le)< (2.78)

Chi ¥: Khong phai luc nao diéu kién (2.77) va b diéu kbién (2.78) ciing Lidng
ducong nhau Riéng vdi bai toan dbi tuong 1A tich phin kép thi tif (2.78) va sau mét
khoang thdi gian di 1dn ta eting suy ra dude (2.77) nhd co:
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That vay, ching han véi
s(e} = key+e, >0
tite a khi =1, gia tri cha x, sé ludn tang véi te dd khong ddi nén sau mot khoang thei
gian du 16n sé e x,20. Diéu nay kéo theo
kx.sgn{s) >0
hay cang cd (2.77).

Ngodi ra, tir mé hinh trang thai cua doi tugng va voi mét gia tri u 6 dinh (u=#1)},

xy ¢6 quan hé vdl x, xac dinh theo phiong phap tach bién nhy sau

')
de, _ x. x5 -
L= o gz Lliye (2.79)
dx, u 2u

trong dé ¢ 1a hiing s6 phu thude vio gia tri ban ddu clia xy vi x,.

T phuong trinh (2.79) va vét quan hé x; = — ¢, . x, = = e, ta dudc

== =2 (2.80)

Hinh 2.51: B thi quy dao sai l&ch trang thai, Hinh 2.52: Hién tugng trugt vé gac toa do.

Hinh 2.51 la cac dudng parabol roi nét (ing véi 1t ==1) va lién nét {iing v u=1) mbd
td phuong trinh (2.80). Cac parabol roi hoac lién nét nay déu cé chidu mii tén chi chidu

de; >0} hoac chi chidu giam

tang gia trl cua ey néu nd nam phia trén truc hodnh (c6 e,=

de; <0. Qu¥ dao sai léch

gia tri cua e, néu né ndm phia dudi true hoanh vi lie do6 cé es=



trang thal cua hé 12 sy ghép ndi cua ciac doan parabol roi nét va lidn nét méi khi no di
gqua dudng ranh gidi phan chia mién gia 11 1 cua v 14 s(e)=0. Khi quy dao trang thai
+di vao doan PP, gida hal dim tiép xtc cta dudng trugt vél cac parabol (2.80} thi nd sé
truot doc theo dudng trigt vé gic toa d6 thinh 2.532). Hién tudng trugt vé géc toa dé con
duce gol la hién tuong bang -bang hav chattering (xem lar muc 2.2.2). D6 déc & cua duong

trugt xac dinh dé da 7’@ . D& déc £ cang ldn. khoang trugt PP, sé cang nho.

R rang quy dao sai Jéch trang thai cia hé ludn cé xu hudng tién vé gic toa dd va
k&t thice tai 6. Didu nay chi rang hé én dinh tiém can tai 0 véi mién dn dinh la toan bo
khéng gian trang thai (én dinh tuyét déi).

P& ¥ tiép quan he gita tin hiéu ra ¥(¢) vé1 hal trang thai x [ {¢) va £,(¢) clia khau
tuvén tinh. tich phan keép

dy _ dx
¥ =Xy, — =5 = X

dt ot -

. . d ! R - L L2 nr . - . - K 4
tic la e,= % . thi hé diéu khién trugt dé tugng tich phéin kép theo nguyén tac phan

hoi tin hiéu ra (chit khong phai phai héi trang thai) véi ciu trae cho & hinh 2.53 8 cé bé
didu khién theo cong thue (2.78) 1a

de
= Y = g be+_——
u=ried = sgnl ke 2 }

—_—

s{.(.' }

trong dé ¢ ;=¢. have=w-y

. s . w e
Hinh 2.53: Biéu khién trugt doi tuong

tich phan kép theo nguyén tac -
phan héi tin higu ra.

de 1
ke +— — —
sgnl ke + 7 3 2

Diéu khién phan héi fin hiéu ra

Dé ¢iéu khién trang Lhai x(¢) cua hé théng bam theo dude vector tin hidu chiu dao
x,, (1) khi khéng bi rang bude bdi diéu kién |u|<1, ta da c6 bd di€u khién (2.76) lam viéc
theo nguvén tac phan hdi trang thai x(¢) nhu sau
ﬁ_'_ dxmt’ 1
(ot dr )

s

= | fz + 4 sgn(s(e)), vivmgr 4> 0

Nhém chuvén bi diéu khién trén cho viée diéu khién phan hdi tin biéu ra, ta su

dung cac mé1 quan hé
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W =X, € = w-y.
tiic 1a
dey de ax, 4 _ deml _dw
dt  dt’ dt dt*  dr®
v
s(e) = ke+(—i—e-
dt

thi sé& di d&n (hinh 2.54)

- .

2
w= k£+d—fv] Asgn(ke%r%). A=0
dt ¢l ) dt
d2
| ar?
w ¢
— Asgnl ke + de ) y»—»
- i dt

Hinh 2.54: Biéu khién truot bam d6i » h—
tugng tich phan kep. dt

2.5.2 Téng quat hoa: Nguyén tic chung cla didu khién truot

Sau phan tim hiéu nguvén 1¢ didu khién truct cho déi tugng tich phén kép ta da cé
thé tong két lai va rut ra duge ba diém co ban vé bai toan thist k& ba didu khién trugt
cho d61 tugng SISO nhu sau (hinh 2.55):

1) Muc dich cha didu khién 1a tac ra e—0 vdi e(£) 1a sai léch gifta tin hiéu chu dao

wit) va tin hidu dAu ra ¥ (¢} cia hé thing.

2) D& dat dugc ¢e—0, trong diéu khidn truct ngudi ta si dung ham (goi 14 ham truot)

dn—'.'-ie . dn—le
dtn—z drn—l

de
S(e) = ﬂge'"a] 'd_t.+ e F ap-z

(2.81)

trong dé n 14 bac clia mé hinh d6i tugng diéu khién va cac hé s6ay , @y, - . [

phai duge chon sao cho phudng trinh vi phan 5(e)=0 c6 da thitc dac tinh

- n=1

A(p) = agta,pt -+ g”_zpn “+p (2.82)
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la da thic Hurwitz. Didu nav s& dam bao ring khéng phu thude vio gia tri dau «(0).

de(0)  d"%e(0)
df Tl

nghiém e(t) clia s(e)=0 lubn tién vé 0.

Phudng trinh mé t4 mat phing s(e)=0 6 tén goi 12 mdt trugt (sliding surface) trong
. . e . de dl d"t
khéng gian n chiéu cocac truc toa dbe, —, ——, -, e ¢
dt dfz dtn—l
3) V&i ham trugt s(e}, nhiém vu cila ba didu khién lie nay nay dude cu thé ré rang hon
12 phai tao ra duge s =0 dé 6 ¢— 0 va difu nav tudng dudng véi

% sgn(s) < 0 (2.83)

Piéu kién (2.83) van con thudng dudce goi 1a diéu kién trugt (sliding condition).

w e | Mat hrugt | s{e) | Didu kign trugt| u | D&ituong ¥
(2.81) 283 [ 7] didu khién

v

Hinh 2.72: Minh hoa nguyén ly chung cla digu khién trugt phan hdi tin hiéu ra d8i tiang SISO,

Nhung van dé khé khan thuc chit nhu ta da thay trong bai toan diéu khién déi
tugng tich phan kép & muc trudc 1a lam thé nao dé tim dude bd didu khién u=r{s) cb ciu
tric don gian ma lai thoa man (2.83). Tiép theo day, v cing dé minh hoa nhing két
luan trén vé bai toan thidt k& bo difu khifn truct, ta s& xét bai toan didu khién 461 tugng
STS0 bac n ¢6 ma hinh truvén nguge qua cdc khau tich phan:

dx,
e °
dx,_, (2.84)
=x
df "
d
;: =f{x, 1y x, U
va ¥=x (2.85)

Goia, ., ay, « . @,y la b cac hing s6 lam cho da thic A{p) trong (2.82) la da

thidec Hurwitz, khi d6 ta s& ¢6 him trugt xac dinh theo (2.81) 1



-1 ! n-1 i -1
s(e) = . dle _ ai-d—E’- -Y a d'y Ve a,.,=1 (2.86)
i=n dt'  {oh dt' -0 dt’
Pat
n=1 E
@y = S a8 (2.87)
- df

101 ciing v61 mé hinh ciia d6i tuong, ham truot (2.86) trd thanh
N n—1
s(e) = w(t) — Za;xhl {2.88)
f=1

Thay (2.88) vac diéu kién trugt (2.83) ta di dén

et n-1 X
\ =10

dio =2
= o 2%y - f(x).%0, X, )~ u | sgnis) < 0

L=4)
Néu ¢ thém gia thiét tin hiéu chi dao w(¢) 1 hing &5 {khéng phai 13 bai toan didu
khién tracking) thi theo (2.87) ta s& ¢6

@:0
et

Suv ra

n—1
|izar'xr+2 +f(x].x2.---,:r“)+u] sgnis) > 0

(2.89]
(=0
vi mét trong nhiing bé diéu khién théa man didu kién trugt {2.89) nén trén ]a
(n—2 i .
]—[ Sa;x;, o+ flxy.-.x,}| néu s(e}>0
_ P /
“s n—: A
-1 —[ Yaixio +flxg. o xy, )J néu sie}<0
=0
=2 X 3
= = —-[ Zafx,-u +flxp.- o x, ) |+ sgnis) (2.90)
=0 4

Bé diéu khién (2.90) r6 rang 14 ¢6 ciu tric rat phie tap. Tuv nhign néu con ¢6 thém

duge gia thiét 1a |ufSw ., vé tin hidu vae cia 461 tuyng cing nhu
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[flxy, - x )] S bl -6 trong do 4>0 (2.91)
thi ta c6 thé chon bd didu khién don gidn hon nhu sau
U= U, sgnis(e)). (2.92)

Vi chdng han khicos(¢}>0. tasé cou= u mas - Piéu nay kéo theo

%:f(x1_ oL 2 850

tiic 14 x,, ludn tang vii van toc dudng. Do dé sau khoang théi gian di lén sé cd x,,>0. T
day, vdi cac quan hé PTee x,4; cua do1 tugng va vdi dién kién phail c¢6 ¢,;>0, thi sau
mdt khoang thoi gian du 16n ta cang ¢6 x,;>0. hay
n=2
Saix .y +flxyxy, o x, ) vu>0
i=n
Suyv ra
n—2
Saxi, +flaygxg. - x, ) +u | sgnig) > 0.
=0

Ta di dén dinh Iy

Binh ly 2.13: D8i tudng mé ta béi (2.84) va (2.85) véi |u|Su .., -
kién t2.91) thi sé didu khién trugt duoc bang bé didu khién (2.92).

néu thoa méan thém diéu

Chi ¥: Dinh 1¥ trén chi 14 mot diéu kién di. Diéu dé néi rdng ¢é thé c6 nhing 461
tuong (2.84), (2.85) vii Ju|Su ., khong thoa man diéu kién rang bude (2.91) song vin
didu khién trugt duge bang bo didu khién (2.92).

Vi du 2.11: Minh hoa phuong phap diéu khign trudt
Xét d51 tugng ¢ mo hinh trang thai

dxy
dt

dx, .
—= =sin{x; +x,)+u
7 1 2

va v =y

trong dé |u|s2.

Do déi tuong 12 bac 2 nén ham trudt (2.81) c6 dang:
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s(e) =ke+£

dt
trong dé k>0 dé phuong trinh vi phan s(¢}=0 6 da thic dac tinh:
Alp) = k+p
la da thue Hurwitz. Ngoai ra. do
flxy. x5) =sin(x +x,)

théa man diéu kién (2.91) nén ta c6 thé chon bs didu khién trust (2.92) 1a

de
=2 ke + — )
i sgnf e+d£)
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3 LY THUYET LYAPUNOV

3.1 Ham Lyapunov va ham diéu khién Lyapunov
3.1.1  Tinh &n dinh Lyapunov va ham Lyapunov (LF)
Xéc dinh diém can bang vé diém |am viéce
Xét hé thang khéng tu tri {(nonautonom) mo ta béi:
% = flxut) (3.1
trong d6 xe R” 1i vector cie tin hidu trang thai (hé c¢6 n bién trang thad) va ueR™ 1a

vector cic tin hidu difu khién (hé cg m tin hidu dau vao).

Nhu da giai thich 6 chuong trude, didm trang thai x, cAn bing cia hé (3.1) la diém
ma hé $é& nim nguveén tai 4é khi khéng bi mot tac dong nao ti bén ngodi (k=0). Nhu
vay, edc frang thdi xde ldp cua hé (3.1) cing la diém can bang x, cia né. Can ci theo
dinh nghia trén thi diém trang thai cadn bang x, phai 1a nghiém cia:

% =flxu)

=0

[t

(x.t) = 0 (3.2)

Do phuong trinh (3.2) ¢6 thé c6 nhiéu nghiém hoac ciing €6 thé vé nghiém nén hé
phi tuvén (3.1} ¢6 thé e6 nhidu diém can bang, nhung ciing 6 thé khéng cé6 mét diém can
béng nao. Diéu nav 1a hodn toan méi so vdi hé tuyén tinh, Ta cé thé thay hé tuyén tinh
tham s6 hang vaéi mo hinh trang thai:

dx

—= = Ax+Bu (33

di - = )
luén can bing tai géc toa d6 x,=0. Ngoai ra, néu ma tran A suy bién thi né khong nhiing
¢dn bang tai gdc 0 ma cén tal tat ca cac diém thude khong gian nhan Ker(A). Néu ma
tran A con 1 khong suv bién (kha nghich) thi bé tuyén tinh (3.3} chi cé mét diém can
bing duv nhat 15 goe toa d6.
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Vi du 3.1: Xac dinh diém can bing

Hé phi tuyén bic 2 (c6 hai bién trang thai):

dx I's x, N ) : x B
—== = l - trong dé x=
dr xplxy +D+u) X5

cén bing tai nhiing di€m trang thai 1a nghiém cua:

x.)=0 .
- = 1220
(% +2)=0

No1 cach khac hé cén béng trén toan b truc x,.

Vi du 3.2: Xac dinh diém can bing

Xét hé vdi mé hinh trang thar:

dx; _y

dt ¢

dx-z 0
—L = kx, kil —koas 4 u
10!: 147 297 RES

Hé cé cac diém céin bang 1a nghiém cla:

Xy = 0 kay, =0
3 = 4
klxl —kgxi ~k3x2 =0 kle *kzx'{ =0

0

= x) = . b & _;3_1_20 v =0
kz k:: _

Nhu vay 55 cae diém cAn bang sé la:
N ,
- miétkhi — <0 va
2
- ba trong trudng hop nguge Jai.
Vi dy 3.3: Xac dinh diém can bang

Hé Lorenz v6i mé hinh trang thai:

4 3(—x; +x,) {2
a'_f: X1 (26 ~x3)—xy trong do x=|xy
XXy — X3 L ¥3
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¢6 cac diém can bang la nghiém caa:

'.’3(—;\:‘ +x,}=0
Jxl(QG—x;;)—.‘Cz =0
{x!xl:: —13 =}

0} R (5"
= Xa = 0. Loy = 5 L -5 D
= os
0 L 25 25

Tuong tu nhu khai niém vé diém can bang x, nhung ing véi mét tac déng u(£)=u,
& dinh khéng déi va cho trude ta con cé khai niém vé diém dizng duge dinh nghia nhu
sau: "Mot diém trang thai x ; dude go1 1A diém ditng cda hé (3.1) ndu nhu hé dang 6 diém

trang thalx, vA véi thc déng wft)=u, cd dinh cho trudc thi hé sé nim nguvén tai do."

Ré rang. diém dimng theo dinh nghia vita néu s& 13 nghiém cla:

dx

gAY

=fxu,.0 =0

h’ =u s
trong dé i 4 14 cho trude.

Vi du 3.4: Xac dinb diém dimg

Hé phi tuvén véi mé hinh trang thai:

dr | ot b {x
220 1 _ wrong do x=| "
d X; + s8I, Xz

khi duge kich thich bing tin hiéu u(#)=1(¢) c8 dinh va cho trude sé co diém ding la
nghiém cua

’:li+l:0 x]:_]
Ao .
Xy +sinx, =0 sinx, = -1
X =-1
Aad (2k+1)r  val heZ. &)
Xy = —
2

Binh nghia én dinh Lyapunov

Mat trong nhitng diéu kién. hay tiéu chudn chit luong ddu tién ma bé didu khién
cén phai mang dén duge cho hé théng la tink ér dink. Day 14 tinh chat ddong hoc dam



bao rang sau khi bi mét tac dong tite thoi danh bat hé ra khéi didm edn bing x, thi sau
d6 hé 6 kha nang e tim vé diém can bdng ban ddu (hodc it nhét thi ciing vé duge 1an
can khac cua nd). Néi cach khae, néu sau khi bi nhifu titc théi danh bat ra khéi diém
cin bang x, va dua t61 mét diém trang thai x, khong mong mudn nao dé ma hé:

- Tu quay duge vé mét 1an cén cua x, thi dudc goi la én dink tai x, (stable).

- Tu quay vé dudc diing diém can bang x, ban diu thi duge goi 1a 6n dinh fiém cdn

tai x, (asymtotically stable).

Vi du 3.5: Xac dinh tinh &n dinh tai céc diém cén bang x

Xét hé bac nhat cé md hinh

g x(x - 1)+u

dt

i |
1
He¢ cé ba diém can bang 1a nghiém cia '
Hinh 3.1; Xac dinh tinh 8n dinh tai cac

x
. diém can bang. Minh hoa v/ du 3.5
v(x?-1)=0 = lx,=0 ¢ a v
x 1

Hinh 3.1 biéu dién cac diém cén bang trong mat phing (% . X} va qu¥ dao trang

thai ty do (ing vdi tac déng ¢=0). Chiéu miti tén t1én quy dao trang thai dugc xac dinh
\ L O . v ) \ oo

t¥ sy hién nhién rang néu d—:>0 thi x phat ¢6 xu hudng ting va nguge lai khi X <0

thi x ¢6 xu hudng giam gia tri. Theo chiéu mii tén nhu vay, ta c6 thé thav dude ring hé
on dinh tiém can tai &iém can bing x,5=0 va khéng én dinh tai hai diém can bing con
lai. Chang han sau khi bi danh bat ra khoi x5 va dua té1 A thi theo chiéu mii tén, hé

lai quay trd v€ x,». Ngoaira. tai x,, hé &n dinh v6i mién én dinh:

O={xer | x] <1} a

Quay lai khai niém 6n dinh viia trinh bay. O dé. diéu kién tit tim vé dutae diém cdn
bing ban ddu co § néi rang khéng cAn bat ky mot tac déng cudng biic nao tit bén ngoal
d€ din nd vé x, . tie 13 khéng cAn tin hiéu diéu khién, hav tin hiéu diéu khién duge xem
la bing 0. Diéu nay cho thav, hé 1a 8n dinh néu nhu nghiém x(¢) cua phuong trinh vi
phan (3.1) ing véi u=0. goi 1A quy dao trang thdi ti do, tic la nghiém cua:

dx

PTERA

[Ea

wt)| = [ (3.4)

a=0



théa man didu kien ddu x(0)=x,c O, ludn cé xu hudng tién véx,.

Do hé phi tuvén (3.1) ¢6 thé cé nhiu diém can bing, nén khai niém én dinh cua hé
phi tuvén cang phai gin lién véi diém can bang x, duge xét. Hé (3.1) c6 thé én dinh tai
diém cin bing nay, song lai khong én dinh ¢ nhitng diém cdn bang khac. Diéu nay ciing
la méi so véi hé ruyén tinh. Mat hé tuyén tink da 6n dinh tai mét diém can bang nao dé
thi ciing sé 6n dinh tai mot diém cdn béng khde.

Dinh nghia 3.1: Gia s hé (3.1) can bang tal goc toa dé 0, tic la £(0,0,t) = 0. Go O la
mdt 1an can nao dé 40 18n cua 0. Khi do hé (3.1) s& la:

a) On dinh tai 0 (stable} néu vé1 £> 0 bat ky bao gid cliing ton tai § phu thudc £

sao cho quy dao trang thai ti do x(¢) cla nd, tide 1a nghiém cua (3.4), véi diéu

kién dau x(0)=x,e O, thoa man:
sl <& = Jx0) <. Viz0

b) On dinh tiém cén iai O (asymtotically stable) néu né én dinh tai 0 va thoa man:

lim x(t) =0
t—e

Lan can © khi d6 dude goi 1a mién én dinh. Néu mién én dinh © 14 toan bd khéng

gian trang thai thi tinh 6n dinh eon duge goi 1a 6n dink toan cuc (global).

Dinh nghia 1rén néi rang néu cho trude mdl lan can £ cha 0, tic la tap cac diém x
trong khong gian trang thai thoa man | x(¢) | <& véi €la mot s& thue dusng tay ¥ nhung
cho trude. thi phal tdn tai mét lan cdn § cing caa 0 sao cho moi dudng qui dao trang
thai tai thoi diém =0 di qua mét diém x, thudc an can & thi ké tit thai diém 46 sé nam
hoan toan trong l1an can € (hink 3.2). Vi x,=x(0) nén dé co duge |x(0)||<e, lan can &
phai nAm trong lin cén £,

Tuyv rang khai niém én dinh Lyapunov chi phat
biéu cho trudng hop diém can bang 1a goc toa dé 0,
song difu nay hoan toan khéng han ché tinh téng
quat cia né. Chang han dé xét tinh én dinh cia hé
(3.1) tai mét difm can béng x,#0 nao do, thi théng

qua bién mén

- dx _ dX ST
_IWL =X = — = = . .
- { dt Hinh 3.2: Minh hoa khai niem

&n dinh Lyapunov.
viéc xét tinh on dinh cua né tai x, nay sé trd thanh



vifit xét tinh an dinh cta:

2 = fE4x.h) = A(ELD (3.5)
tai diém géc toa dé6 ¥ =0 .

Vi du 3.6: Minh hoa viéc xét tinh 8n dinh tai di€m can bing khdng phai la géc toa dé

Cho hé ¢6 mé hinh trang thai:

¢ . k)

x5 -1 ’
Xolxy + 1) +u )

g = E(E‘u) = L

3.6
at (3.6)

Khi khong bi kich thich (¢=0}. mé hinh ciia hé tré thanh:

Hé c6 cac diém can bang la nghiém cia

x5-1=0 (-1 (-1
- = '-r-(‘ - J - EE., _'
xz(xl+].)=0 ! 1 - \_]
Nhu vay thi viéc xét tinh 6n dinh ctia hé (3.6) da cho tai diém cén bang x, s€ tuong

duong véi bai toan xét tinh §n dinh tai 0 cha:

di _ [ G+nP-1 ) _(F+0x, )
di L(3c'2 + DX -1+ 1) (%, +1)§,J

vh tinh én dinh cia (3.6) tai x,, sétiong duong véi tinh &n dinh cia hé sau tai 0:

dax

(8, -17 -1 | _{ ¥ +2%, A
dt J '

(%, —INGE -1+ 1)) (5, - DX,

.

Tiéu chudn Lyapunov

Dé viéc ti8p can téi tidu chuan Lyapunov duge don g1an, ta s& bat dau véi ké tu tri
{autonom) c6 mé hinh trang thai khéng bi kich thich (2=0) ¢a né la;

D= E({) (3.7

Gia thiét rang hé can bing tai géc toa d6 0. Khi dé. dé xét tinh én dinh cua hé tat
0, dinh nghia 3.1 v& tinh én dinh Lyapunov tai 0 da EGl ¥ cho ta mot hudng kha don
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gian théng qua dang quy dao trang thdi tuw do x(t) cta né, tic 12 nghiém cua (3.7) véi
mét gia tri ddu x(0)=x,€ O thich hop. Chang han bing cach nao d6 ta da cé duge ho cac

' duong cong khép kin v bao quanh géc toa d6 0. Vay thi dé kiém tra hé c6 én dinh tai 0
hay khéng ta chi cAn kiém tra xem nghiém x(¢) cta (3.7) di ti diém trang thai dau x,

" ¢6 cAt cac dudng cong v nay theo hudng tir ngoai vao trong hay khéng (hinh 3.3). Néu
x(t) cat moi dudng cong ho v theo chiéu tit ngoai vao trong thi hién nhién x(¢) tién vé 0
va do dé hé sé 6n dinh tiém can tai 0.

V@),

Hinh 3.3: Mét goi y vé viéc kiém tra Hinh 3.4: Tao ho cac dudng cong kin
tinh 6n dinh clia hé tai 0. bao diém can bang 0.

R6 rang la can va du dé quy dao pha x(¢) cua hé khéng cat bat cit mot duong cong
khép kin thudc ho v theo chiéu tif trong ra ngoai la tai diém cat dé, tiép tuyén cua x(¢)

phai tao véi vector V, , duge dinh nghia la vector vuéng géc véi dudng cong dé theo

hudng ti trong ra ngoai, mot goc ¢ khéng nho han hon 90". Né6i cach khac, hé sé 6n dinh
tai 0 néu nhu cé dudc diéu kién:

dx dx
LT;|' cos@= Vfd—; (3.8)

tai mol giao diém cua x(t) véi cac duong cong thuée ho v.

02V, |

Van dé con lai 12 1am thé nao dé cé dude ho cac dudng cong v sao cho viéc kiém tra
diéu kién (3.8) duge thuan tién. Cau tra 16i la su dung ham xde dinh duong V(x), dudc
hiéu la mot ham tron, théa man:

n(lx]) € Vo) € y(|x) (3.9)

vOl moi x, trong do y,(r) va y(r) la ham thude ldp K, tic la nhing ham pr) thuc,
khéng dm. don diéu tdng, thoa man ¥0)=0, cua bién thuc r=0. Néu con ¢ thém
Iim Ar)=ee, thi ham Mr) dudc goi la thuée lop K... .

r—see



Hinh 3.4 1a mét vi du vé ham xde dinh duvng ti tri trong toan bd khong gian trang
thai. Ham xdc dinh dudng V(x) nay co phuong trink mé ta

. 0 .
V(§)=axf+bx§=1_cT [g sz vdl a, b 1a hai 56 thic ducng
Q

v ¢6 tinh chat la khi ta cit né bang mot mat phang V=% song song véi dav (khéng gian
pha} va chigu thiét dién xuéng day thi ta sé dude mét dudng cong khép kin vy, chia diém

goe toa do 0. Duong cong v, Ung vdi £ nho hon thi ndm bén trong dudng cong vy, Ung voi
% lan hdn. Néi cach khac:

ki <k, & Uk nam bén trong Uy -

Véi dac diém nay cia ham xac dinh dusng V(x} thi vector ¥V, cna ho cac dudng cong
v 5@ dusce xac dinh mdt each don gian nhiu sau:

v\ (v v Y
Vv=gradV:[ L
dx)

dx dx,, |

vi vector gradient gradV luén vubng gée véi dudng cong v, va chi chiéu tang theo gia Lri

k cia Vizy=+, tic 1a chi chiéu 11t trong ra ngoai cla dudng cong v,

Tt day. diéu kién (3.8) trd thanh:

r dx AV dx oV - dV
= dv 7 == == ¥ =
feradV e T d e LT

trong d6 ky hiéu %{ }?(5) d6i khi con duge vidt thanh
dx —

a—t f =L;v (3.10

‘
vii goi Ja phép tinh Lie (Jav theo tén eua nha toan hoe ¥ Sophus Lie).

Mét cach téng quat. ta di déh dinh 1y phat biéu chung cho he phi tuvén khéng tu tri
nhu sau:

Binh 1y 3,1; Hé phi tuyén khong tu tri. cdn bing tai géc toa dé va khi khéng b1 kich thich
thi duge mé ta bdi md hinh:

== = f) (3.11)



sé 6n dink tai 0 véi mién én dinh O néw
a) Trong ( tbn tai mét ham xac dinh dudng V{z.¢).

b) Dao ham ctia n6 doc theo (3.11) e6 gia tri khéng dudng trong © . tic la:

Cj‘i‘tf {:; +%r-,;‘_( ) £0 vdimoixe O, (3.12)
LfV

Ham Vi{x,t) khi d6 duge goi 1a ham Lyapunouv (CF, Lyapunov function).

Ngoai ra. néu dau bing trong (3.12) xay ra khi va chi khi £=0 thi tinh én dinh do
con la 6n dinh tiém cén tai 0.

Thitng minh:

Vi V(x,t) xac dinh duong nén L tinh chat hop thite lusn tén tai hai ham y(z).
¥2(2) thude lap K d& co:

ni{zphs Vix.t)g wtley viz0

Suv ra, doc theo qu¥ dao trang thai x (£}, ham Vixz 1) khing tang theo t. Vay ciang phal
¢ vGi mal £

Viz(t).£) SV(x(0).0) =V(x,.0)

Bév gid ta chon mdt s§ dudng £ Lav §. Vi #,(2). pe(z) thude 16p K nén luén tdn tai mét

hing 6 dudng §khac thoa man:
71(8) 2 1l )
Gia siz x(t) 12 mét quy dao trang thai co diém diu x, thoa man |1, [ <4, Vay thi:
nlezp(&aVix, 0y 2VEi).fH

N6i cach khac, quy dao trang thai x(¢) di tir xy khéng thé ra ngoai lan can £ dude nia,
vi néu khéng, véi |x|> £ ta sé thu duge diéu nghich 1y

Vix.th 2 niz] > nie

Vay hé én dinh tai1 0 (d.p.c.m). a

Vi du 3.7: Kiém tra tinh én dinh nhé tiéu chudn Lyapunov

Xét hé khéng bi kich thich véi mé hinh



vl a>0.

9% - Flw) = { Xz-ﬂxlixlz“ﬁg)]

.
—x —axy(xy +xj)

St dung ham xac dinh duong V(x) = xi + x5 ta co:

1% :a_Vf(_{) =-2a(x{ +x5)?S0  v6i moix ;%0 vax,#0
o i

LV =3

Vay hé 6n dinh tiém can Lyapunov tai 0. Hé ¢6 mién 6n dinh @ la toan b6 khéng gian

trang thai nén né 1a 6n dinh toan cuc. a
Vi du 3.8: Kiém tra tinh 8n dinh nhd tiéu chuan Lyapunov
Xét hé khong bi kich thich v6i mé hinh:

dx _ = _ -x1+2x?x2
dt E(E) [ — X2

St dung ham xac dinh duong

ta co:

f=-2x2(1-2x2x,)—2x3

Boi vay hé sé 6n dinh tiém can tai 0 néu c6

1—2xi2x2> 0. Néi cach khace, moi quy dao

trang thai xuit phat tit mét diém bén trong
mién (hinh 3.5):

Hinh 3.5: Mién én dinh clia hé cho
trong vi du 3.8.

O={xer? | 1-2x%x, >0}

sé két thic tai 0. a

Véi diéu ban thém xung quanh tiéu chudn 8n dinh Lyapunov

1) Phudng trinh Lyapunou:

Ta xét dang dac biét cua tiéu chuan Lyapunov, phat biéu cho hé MIMO tuyén tinh
tham s& hang (3.3), c6 mé hinh trang thai khéng bi kich thich (z=0):
dx

== A 3.13
it x ( )



véi A la ma tran r hang, n cdt ¢6 phan ti 1a nhiing =8 thue, tie la Ae R

Sit dung ham xac dinh dudng:

Vix) = LTP.L {3.14}

.. Xn .. . . . . O T TN s
vol Pe R 14 ma tran xde dink dwdng (ma tran d81 xitng, cé tAt ca cac gia tri riéng la

nhiing s6 thuc duong). Khi dé sé cé:

e T 5 "
ﬂ:tﬂ] P;,_j + ;LTP[Efé = (Ai)rpz + £TP(A£)
dt dt ) ez
=xT(ATP+PAIX

Vay, hé tuyén tinh (3.13) sé 6n dinh tiém can (tai 0), néw
ATPePA= —Q (3.15)
la ma tran xac dinh am. hay § 14 ma tran xac dinh dudng.

Mot trong céc cdéng cu kha tién ich dé kiém tra tinh xac dinh duong ciia mét ma
tran la dinh ly Svlvester. Né phat biéu nhu saw: "Cén va du dé ma trdgn dél xing xdc
dinh duong la toan b6 n ma tran con ném doc theo dwdmg chéo chinh cia né cd dinh thic
duwong”. Nhu vav, dé kiém tra (inh xac dinh dudng cia ma tran déi xing:

(qll Gy Q|
Q= q}z G2z = oy
Vi Yo o Y

ta chi can kiém tra:
A

q“‘)‘O, det[

det| g1y goy  Go3 [0, -~ (3.16)
@z e

(4 Q12 s
d11 e ] =0
’ @y Qe

Phuong trinh ¢(3.15) cua an s6 P khi A va @ 13 cho trude, dude goi 14 phudng trink
Lyvapunov.

Binh ¥ 3.2: Phuong trinh Lvapunov {3.15) v6i @ 14 ma trin xéc dinh dudg (d&i xing. cd
cae gia tri riéng 12 s6 thuc dudng) sé c6 nghiém P duy nhit xéc dinh dudng khi va
chi khi A 1a ma tran bén (6 cac ga tri riéng nim bén trai truc ao).

Chitng minh.

Trude tién ta ching minh diéu kién cén, tie 14 khi phuong trinh Lyapunov (3.15)
vdi @ xac dinh ducng ¢6 nghiém P ciing xac dinh duong thi A phai 14 ma tran bén.



St dung ham xic dinh duong V(x) xac dinh theo (3.14). Khi d6, do cé (3.15) véi G
xac dinh dudng nén dao ham % doe theo quy dao trang thai ty do x(¢) cta hé tuyén

tinh ¢6 mé hinh khéng bi kich thich (3.13) 1a xac dinh 4m. Vay theo tidu chuén
Lyapunov (dinh 1y 3.1), hé tuvén tinh (3.13) la én dinh tiém can. Suy ra A phai la ma
tran bén.

Chuyén sang didu kién di, ta phaj chitng minh khi A 13 ma tran bén thi phuong
trinh Lyapunov (3.15) v6i @ xac dinh dudng s& c6 nghiém P duy nhat cing xdc dinh
dudng, Trudce tién ta dat:

dJ(t)

=ATd+dA (3.17)
ot

thoa min diéu kién ddu J(0)=Q. Khi dé, tit Iy thuvét phuong trink vi phan tuyén tinh
hé s6 hang thi phudng trinh trén cé nghiém:

J(t) - EATIQEAQ‘

Tich phén hai vé cua (3.17) theo ¢ va @& ¥ t6i tinh bén clia ma tran A, tic 1a

lim e =0, trong dé © Ia k¥ hiéu chi ma tran c6 tat ca cic phén ti bing 0, sé dudc

o

4 oy = -Q = AT jﬂdu [ﬁdr- A
4] 8] df 0 dr

Bdi vav, qua so sanh véi phuong trinh Lyapunov (3.15), ta dén duge nghiém P

LI [e* Qe Mar (3.18)
dt o

p=

S ey

va dé dang thay nghiém nay 4 xac dinh duong,

De ching minh nghiém (3.18) 14 duy nhat. ta gid sit ngodi n6 ra cén c6 mgt nghiém
P, khac. Khi d6, véi:

ATP+P A= —Q
ta clng cd dude tif (3.18) cing nhu tinh giao hoan duge cla AeAt:gAtA:

LT ; = T
P=—fet ‘(ATH-,d-PnA)e’“dt = -j[e"‘ EATH,eA’+eAT£P0AeM)dt

0 4]

- , , -
= —J(ATeA Ppett +ef ‘PDAe"“}dr = —jgg(ef%em)dr =P,
1]

3]

va d6 chinh 14 diéu phai ching minh. a
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2) Khdi niém on dinh déu (uniformly stable):

Khai niém nay duge bat ngudn tit dang quf dao trang thai tu do ctia hé tuyén tinh
tham s6 hdng (3.3} cd A 1a ma tréan bén (hé &n dinh), tic 14 nghiém cua (3.13) vdi:

D I T S PT0] [E PRl I o P I PN (3.19)
Chuvén sang hé phi tuyén (3.1) ngudi ta noi: "Hé la on dinh déu trong mién € néu cé

()]s Az viimol 20, x,e @ va pe X"
Nhu vay, hé (3.1) s& 6n dich déu trong mién © néu khi tién vé 0, khoang cach gitia qu¥
dao trang thai tu do x(¢) so véi diém gac 0 1a khong tang.

Ky hiéu thém £ la 1dp cac ham thuc mét bién 8(r), re kY don diéu giam va théa

man him &r}=0. Ciing nhu vay ta ki higéu XL 1a 1dp cac ham hai bién fz,¢t), z,t¢ r"
néu khi ¢ ¢& dinh thi né thudc lép K va khiz ¢d dinh thi né thude ldp £ . Vi cac ky hiéu

nay thi ré rang hé (3.1) sé on dinh déu va tiém cdn vé 0 (uniformly asymtotically stable)

trong € néu a do co:
jx(8)|s Bxo]-t)  var mgi t20, x(0)=xq,e @ va fe KL (3.20)

Néi cach khae, hé sé 6n dinh tiém can déu trong mién @ néu khi tién vé 9, khoang cach

gitta quy dao trang thai td do xi(¢) so vdi gic 0 ludn don diéu giam theo théi gian.

3) Khdi niém on dink theo ham mi (exponentialy stabley:

Khai niém nay cing duge bat ngudn tiz dang qui dao trang thai tu do (3.19) cua hé
tuyén tinh 6n dinh tham s& hing (3.3). Chuvén sang cho hé phi tuyén (3.1}, ngudi ta
dinh nghia: "Hé (3.1) dwge goi la on dinh theo ham mi. néu né on dinh tiém cdn déu theo

nghia (3.20) va 6 d6 c6 Bljeo|. ty=alxole ™" vt a. b la hai 56’ duong”.

4) Tink di clig fiéu chudn Lyapunov ve mién én dinh ©:

Vé v nghia sif dung thi tiéu chuéin Lyapunov phat biéu trong dinh 1§ 3.1 ¢hi la mét
céng cu du. Didu dé néi rang khi ta tim duge mét ham V(x,t) nhu véu cdu thi sé khang
dinh duge hé o dinh tai 0. Song néu ta khéng tim dudc mét ham nhu vay, ma rdt c6 thé
& n6 vdn t6n tai. thi difu dé chua di ¢é k&t luan rdng hé khéng 6n dinh.

Tugng ty vé mién on dinh tiém can ©. Ta chi khing djnh;."ﬁuqc moi gu¥ dao trang
thai xuat phat tif bén trong € sé két thuc tai 0 chd khéng thé két luan duge 13 mét quy

dao xuit phat tif bén ngoail O sé khong tién vé 0 va két thuc tai dé.
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5) Tiéu chudn kiém tra tink khong on dink:

Mac du khéng khéng dinh dude hé (3.1) c¢6 én dinh hay khéng khi ta khéng tim ra
dige mdt ham Lyapunov V{x.t) cu thé song hoan toan tudng tu nhu ta ¢6 thé dua ra
mdt diéu kién d0 dé kiém tra tinh khéng 6n dinh cua hé.

Hé (3.1} s& khéng én dinh tai 0 néu

co it nhadt mdt quy dao trang thai cia né gradV(x)
xuft phat tf lan can 0 nhung khéng két
- . " . Eive Al l/
thie tai 0. Hinh 3.6 lai cho thay néu dao Puing déng__ -
v ] o L
ham Q(;—r cia ham xac dinh dudng murc cba Vix) ’:, L7

V(x,t). tinh doc thee quy dao trang thai Ve

tu do x(f) cua hé. cing xac dinh duong. T
tire 1a: Hinh 3.6: Gidi thich vé didu kién dé
ki€m tra tinh khéng 6n dinh,
dv _ 3V

e = v LV =0 3.21
dt a ! 3:21)

thi khong nhiing c6 mdt ma la mo1 quy dao trang thai xuat phét tit 1an can 0 déu khéng
két thuc tai 0 (cit cac dudng dbng milc cia Vix, ¢) ti trong ra ngoai). N6i caech khac: "Hé
(3.1) sé khong on dinh Lyapunou tai Q néu tin tai mét lén cdn © cia Q sao cho trong @

tén tai mét ham xde dinh dudng Vix.t) ve dao ham (3.21) cua né cing xde dinh duong
trong trong O "

6) Mdt ké qua cua tiéu chudn Lyapunov: Dink Iv LaSalle:

Tuong tif nhu dinh 1y 3.1. LaSalle da dua ra két luan saw

Binh ly 3,3; Xét hé ty tri mé ta bdi mo hinh khéng hi kich thich

dx - ~ f ﬁﬁ)
e
Goi V(x) 1a ham tron. xac dinh duong theo nghia (3.9), tiic la:
nizh € Vix) 8 wilx|} vl y.pmek (3.23)
Khi ds:
a} Néu ham V(x) thdéa mian
L.v = Y iy < ~Wix) <0 (3.24)
! dx —~
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trong d6 W(x) 1& mét ham Jién tuc, thi hé 45 cho la 8n dinh (theo nghia
Lyapunov), déng thoi nghiém x(¢) 1a bi chén vin:

lim Wix(t)) = 0 (5.25)

s

b) Néu ham W(x) trong (3.24) con la xac dinh duong thi tinh én dinh =& 13 én
dinh tiém can toan cuc tai goc Q.

Ching minh:

Ré rang ndi dung cua dinh ly trén duoge suv ra tit dinh 1y 3.1, riéng két luan (3.25)
khi di co didu kién (3.24) 14 con phai chiing minh.

Trude hét ta thay ngay dude tif tinh dn dinh cia hé ¢4 mé hinh khéng bi kich thich
(3.22) 1a quy dao trang thai tu do x(¢) tng véi gia tri ddu z, hitu han phai 12 mét ham bi

chan, hay jx(¢)|€a. Y¢20. trong d6 >0 1a mot s6 hitu han. Két hop véi (3.23) thi V(x)
cang la ham bi chan vai moi x(t). Suv ra:

| Wexdt = - ﬂdr = Vixy)-V..
1 B 1] dt

cling la mét s6 hiiu han, hay tich phan vé han IW(E)dt héi tu. Vay thi theo dinh 1¥ eita
0

Babalas, ham dudi dau tich phdn W{x) phai tién tdi 0 va dé chinh 13 diéu phai ching
minh (3.23). 0

3.1.2 Mbot s6 phudng phap tim ham Lyapunov
Cé thé thay y nghia ting dung cua tiéu chuén Lyapunov la khong nhing kiém tra
dugc tinh 6n dinh cua hé phi tuyén, ma con chi ra duge mién én dinh © cia hé. Tuy

nhién dé c6 thé 4p dung duge tidu chuan Lyapunov ta can phai di tim ham V(x,t) xac
dinh dusng theo nghia (3.9), phu hgp v&i hé da cho.

Sau day ta s& lAm quen vdi mét sO phuong phap dién hinh thutng dude si dung dé
xac dinh ham Vi(x,t).

Phucng phdap Krasovski

Xet hé td tri khi khong bi kich thich thi dudc mé ta bdi mé hinh (3.22). Gia su rdng
hé can bang tai goc toa d6 0. Dé tim mét ham Lyapunov. Krasowski da dé nghi s dung
ham xac dinh duong

~T ~
Vi = FQF
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trong d6 € la ma tran nxn xic dinh dudng. Khi dé

+onNT ~ ~

d - -T {d a -~ = x
Ly H Q“”Q[Q (L] o7 Q[a—ﬁ%
£ _ xd

ar | LD MU ok ar
. J /
a7\ af aF ) of
- - T .
'{Ef] QI +f Q{sﬂw— f [a—] *Q5 L
v v — -
vl
Ao A
a}“ axl axn
==L (3.26)
S K SN
\axl a'xn )
14 k¥ hidu chi ma tran Jacobi cia E(;). Nhu var LJ;V thea méan (3.24) khi va chi khi
_ma tran
T
af af
Kx) = Q+Q e (3.27)
/

xac dinh ban 4m trong ©.
Tt d4y ta dudc:

Binh Iy 3.4; Hé vdi mé hinh khéng bi kich thich (3.29) sé &n dinh tai gée toa 46 0 véi
mién 6n dinh @ néu tén tai ma trin & xac dinh dudng va lam cho ma tran (3.27)
xac dinh ban Am trong O. Néu ma tran (3.27) con xac dinh Am thi hé sé 6n dinh
tiém can tai 0.

Chl : Mién 6n dinh tiém can 1a tip diém trang thai © ma tai d6 ma tran K(x) xac
dinh Am. Vé1 nhiing ma tran @ khac nhau ta ¢6 cac mién on dinh © khac nhau. Ma tran

Q t6t nhdt sé 12 ma tran ¢6 mién 6n dinh @ 16n nhat.

Vidy 3.9: Minh hoa dinh Iy 3.4

Cho hé ¢6 md hinh khéng bi kich thich
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T md hinh ta c¢d

z(£)=[ 2 3] - L.X [0 1].

— x5 — X} dx EE_ —31-;3 -1

Néu @ = [q‘ qs} )a mot ma tran xac dinh dudng thi
d3 43
oFY . (oF :
. ) 0 1

Kixy= 11— Q+Q— :(0 SxIW(ql Q3)+[q1 q3][ g ]

ox 0x 1 =1 igs g g3 gy \—3x7 -1
z_[ 6(:’3-"12 3‘1’2in2 - +Q:i}

3gox} —qy +gy  2(qy —qy)

Nhu vay, theo Sylvester (3.16). dé @ xac dinh dudng va K(x) xac dinh am, ta phai

chong,. g, . g3 thoa man

41> 0, qgz-gs >0. g1>0 va 12g5(g, —g3)xf —(Bgoxi —q + g3 >0

Chéng han cac gia tri

Vay hé én dinh tiém can tai 0. T4t cd cic quy dao pha, néu di qua mét diém thudc mién

© xac dinh boi |x 1|€% déu két thue tai goc toa dé. )

Vi dy 3.10: Minh hoa dinh Iy 3.4

Xét lal hé vd1 md hinh khéng bi kich thich

ta co



2y — 0
23y 0 g

\{ql 0 Y 6xfx, —t 228
SN0 gy 0 -1

2 3
:_Q[Ql(l‘sxlxz) “hle
-qxf gz

Theo Sylvester (3.16) thi du dé @ xac dinh duong va K(x) x4c dinh am la

q1=]>0 R
gy =1>0 gy =1
= r’z:l

@1{1-62fxy) >0 , .
1-6xyxy > x4

319201 - 6x72,) ~(gyx1)? > 0
Vay moi quy dao trang théi, khi bat ddu tit mot diém trang thai bén trong mién én dinh

O={xer? | 1-6x7x, >x% |

thi sé két thic tai 0. m

Phuong phap Schultz—Gibsan

Phudng phap Krasowski xuat phat tit ham xac dinh duong V(x) d€ tim mién 6n
dinh tigm can @ trén co sd &p dung tiéu chuin Svlvester sao cho LFV xac dinh dm
trong . Nguge lai. phuong phap Schultz—-Gibson mé ta dudi day lai di tit ham LFV x4ac

dinh 4m dé& tim mién dn dinh tiém can O sao cho trén &6 c6 V(x) xac dinh duong.

Cho hé tu tri cAn bang tai goc 0 ¢6 mé hinh khéng bi kich thich mé ta boi phuong
trinh trang thai (3.22). Néu V{(x) la ham Lyapunov cia hé thi

LV = i f(x) = (gradVy’ F(x)s0
L dx — =

V61 moi re& O, trong dé diu bing chi xay ra khi x=0.

D€ kiém tra tinh én dinh tiém can eta hé tai 0. Schultz va Gibson di xét ldp cic
ham nhiéu bién V(x) co vector gradient dang

a0 Qe X
gradV = Qx = ' : {3.28}
Gn1 7 G )\ Xy ) '

trong d6 @ khong bat buéc 1a ma tran hang nhung phai théa man:
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1) LFV =(gradV} r E(E) 14 ma tran xac dinh am.

2 2
2 oV :—-»aL dung v6i moi i.k.
dx;dx,  axox;

Nhu var ta sé chon @ la ma tran dél xing QTZQ. Sau khi da tim duge @, bam
Vix) duge xac dinh theo

Vi) = TgradVdg

11

vii mét dudng 1av tich phén thich hop. Théng thutng va dé cho don gian, ngudi ta hay
tinh Vix) tif gradV bing phuang phap tich phén tryc ti€p theo ting bién. Cudl cung, xac

dinh mién én dinh © sao cho trén né ham Vix) xac dinh duong.

Vi du 3.71: Minh hoa phugng phap Schultz—Gibson

Cho hé khéng kich thich mo ta béi

d ~ X |
_-:-E = ‘f(i) :{ ¢ _
dt = —Xg—sinxg |
Hé céin bing tai 0. St dung ma tran déi xiing @ :{ql qa} thi theo (3.28) ta co
gz 42
oV ia +gTy !
gradV = il = Tty {3.29}
av /ax, GaX) ~ GyXy
Suv ra
av

ax - - —sln x,

'F(i) = (gradV)” ?(E) = (gx tgsxs . aax +q2x2][ x " J
—xy

SN x ; sinxy
:(QI — Gy 4y : ]xxxz + gy = qa x5 — 43 Lxf
L x* Xy
Néu chon
o sin x; . sk P R —
g, =qytgs———. ¢.=2, va g, la hang s0 vh thoa man O0<g <g,=2 (3.30)
x
av - .
thi e Fix) s& xdc dinh Am khi
v =
NS0 = foy<2E (3.31)
X

Dé tinh V(x) ta di tu



av
=== 333t ¢a¥s = gax+ 24,
ax?

va duge

. av d
V() = gaxgx,t x5 + k(xy) B =gaxat——k(x,)
dx, X,

thay ngude lai vao (3.29) rdi so sanh v (3.30) ta di dén
. 1 .
Ikul) Sgx=gax T 2sine;, = k{x,) = —2—q3xf +2(1 —cosxy),
1
Suy ra

1 |
Viz) = gqaxjxat xﬁ*r;quf +2(1—cosx;)

|

iy

o |c"§

2
X +x2] +q?3[1—%]+2(1—c05x1]

va ham nay xéac dinh dudng vdi moi x. K&t hgp cing véi (3.31) thi mién én dinh © cha hé

s& gdm cac diém trang thai cé |x1]<2x |

Vi du 3.12: Minh hea phuong phap Schultiz-Gibson

Cho hé khéng kich thich mé ta béi

A

df:ﬁy=[ gy

i a
dt - x%xz -x)

Hé can bing tai 0. Chon @ =[q1 g3

} la ma tran dé1 xing cé cic phan tit g, g,.
(ET

¢4 la nhiing ham theo x ta sé& co

gradV:(BVfaxI ] :[qlxl +qu2}
g3X) +qux;
-9V s 2 2 2, .2 4
LzV = . £ = (g1 = g7 — qoxi )x 1 x,+(g3 — qx{ ) x5 = 3]
xéc dinh 4m ta cé thé chon
g3=0,¢s=1 va g,= xf.

Véi céc gia tri nayv thi ti
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v _
ST gaXat gaxy = Xy
ax-z

ta suv ra ducce

1y av d
vV = x> + k ] _— = Eix
‘) ‘ij (0 o, dx; (0
Thav vao
eV _ o
Foa grxgt gaxy T on
1
ta di dén
d : 1
kixy) =rf = kix ) =—xf.
Il 4
Vil két gqua nav. ham
1 5.1 4
Vv =" & il
(x) SRR
xac dinh dudng véi moi x, nén hé 1a 6n dinh tiém cin todn euc. ()

Phuong phép Aiserman

Trong khi hai phudng phap elia Krasovski va cila Schulz—Gibson ¢6 thé ap dung cho
mot h& phi tuyén bat ky thi phuong phap Aiserman chi ing dung dugde cho hé c6 mo
hinh khéng bi kich thich dang

4 = (A+E(x))x (3.32)
di ==
trong d6 A 1a ma tran héng va E la ma tran phu thudc tham s6 x. Gia thiét thém la
vector E{x}x trong mét Ian can cta 0 ¢ modul rat nha. Gia thiét nay sé duge thoa mén
néu nhu
lim E(x)=0© {3.33)
x—l
vdi @, nhu da néi. 1a ky hiéu chi ma tran ¢ cic phan ti1 0. Nhu vay, 16 rang 13 trong lin
céin gée toa df. hé c6 thé dude xdp xi bing mé hinh tuyén tinh tham s6 hing

dx

—==A 3.34
gt x (3.34)

Gia su hé can bing tai géc. Goi V{x) 12 ham Lyapunov cua (2.32), tdc 1a ban than
né xac dinh duong va xac dinh am. Khi dé dudng dbng muic V{x)=¢ sé chinh la
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bién mdt lan can géc toa dd (diém can bing) va lan can nay 1a tap cac didm trang thai
thoa man (hinh 3.7

Og =1xer"| Vixi<e | (3.35)

Hinh 3.7: Mé ta phuong phap
cua Aiserman.

Hé (3.32) s& &n dinh tiém can tai 0 khi vector Ax+Eyx, 1a vector tip tuyén clia quy
dao trang thai x(¢), ludn ¢6 hudng chi vao phia trong dudng déng miic Vix)=g, tic 14 tai

giao diém cua quy dao trang thai x(¢) vdi bién cua Opg vector Ax+Ex phai ndm hoan
toan bén trong O .

Gia thiét ring hé tuyén tinh tham s6 hing (3.34) én dinh. Vay thi cac gia trl riéng
s; cua A phai cé phin thuc 4m va didu nay tudng dudng vl viée tai giao diém véi duding

dbng mic V(x)=¢ vector dinh huéng Ax ndm hoan toan bén trong mién Op. Ta chon
Viz) = 2 Py
trong do6 Pe R 1a ma tran xac dinh dudng. Theo dinh 1y 3.2, vector dinh hudng Ax
ném hoan toan bén trong mién @ khi va chi khi ma tran @ dinh nghia béi
Q=-@ATP+PA) : (3.36)
citng xac dinh dudng.
Do c6 gia thiét (3.33) nén véi moi £du nhd vector Ax+Ex cing sé niim bén trong Op

gidng nhu Ax hay hé (3.32) 14 6n dinh tiém can tai 0. Van dé con lai 13 Ogdude phép 1én

bao nhiéu dé Ax va Ax+Ex ciing ndm trong noé.

Thav A= A+E vao {3.26) thi diéu kién d€ vector vector Ax+Ex nim dugc bén

trong Ogvdi £bat ky 1 tinh xac dinh am cta ma tran

ATP+PA (3.37)
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Tu dév ta 6 duge hai bude cua thuit toan Aiserman nhim xdc dinh mién 6n dinh
@ cho hé (3.32) nhu sau:

1) Cho trudc @ xac dinh duong. Giai phuong trinh (3.36) dé tim P xac dinh dudgng. Néu
phudng trinh v6 nghiém thi hé khéng an dinh tai 0.

2) Thay P vita tim dugc vao (3.37) va &p dung tidu chuan Sylvester (3.16) dé tim tap
diém x ma & d6 ma tran (3.37) xac dinh am.

Vi du 3.13: Minh hoa phuong phap Aiserman
Cho hé khéng kich thich mé ta boi

d_£ :E(E) :[ - +I§ J

—x? -2xy
Hé cdn bing tai 0. Tach mé hinh thanh hai phén thee (3.32)

dx (-1 ) -1 0 0 xy
dt L—x] -2 0 -2 -x; Q

sé thav do co

. 0 x) (0 0
lim 2 =
._t—)Q - X3 D 0 OJ

nén ta ap dung dude phudng phip Aiserman.

[ I 2
By Py

AT (gl Tl [ A PR

ta duge nghiém

of P Py l_(-4 O - P:QO_
~2p; -Zpy e -4 o1

Thay ma tran P xic dinh duong vira tim duge vao (3.37)

- “-"iz 2 0+[2 0 ‘1_ 121:_ 4 x%-2x2
x -2 0 1) 1l01 —xf -2) xiz—2x3 4

sé thay, dé ma tran trén xéc dinh am thi theo tiéu chuan Sylvester (3.16) phai e

4 0 .. .
Chon @= [0 4] xac dinh dudng va gia su P= [ ], thi tir {3.36) vdi

—

[3]

. ; 1 .
16-(xf-2x)" >0 = _af

. 1
+2>x2 3‘537]2'—2
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hay mién 6n dinh @ la tap diém (hinh 3.8);

o={xer? | -;-xi2+2>x2 >-{l)-xf—2 b O

Hinh 3.8: Minh hoa vi du 3.13.

3.1.3 Ham diéu khién Lyapunov (CLF)

Mic du c6 xuat xd ban dau la dé kiém tra tinh 6n dinh cta hé phi tuyén (3.1), song
nguoi ta lai biét dén ly thuyét Lyapunov nhiéunhd ¥ nghia ing dung cua né trong viéc
thiét k& bd diéu khién phan héi trang thai lam 6n dinh d6i tuong phi tuyén, goi la
phutong phdp thiét ké’ Lyapunov. Co6 thé néi, cho téi nay phuong phap thiét ké Lyapunov
nay khong nhiing 12 mét cong cu don gian nhung toan ning dé thiét ké b diéu khién,
ma con la mét ggi ¥ tién dé cho nhiéu cac phuong phap diéu khién phi tuyén khac nhu
diéu khién én dinh ISS trong diéu khién thich nghi, diéu khién thu déng (passive), thiét
ké bo quan sat trang thai ....

Dé minh hoa phuong phap thiét ké Lyapunov, trudc tién ta xét déi tugng tu tri:

dx

va gia st né dude diu khién bing bd didu khién phan hoi trang thai u(x). Khi dé hé
kin (hinh 3.9) trong trudng hdp khéng bi kich thich (w=0) sé ¢6 mé hinh:

dx
_— = X, u
ot f(x,u(x))
2 #I ez =f(x,u) =
Goi V(x) la ham tron, xac dinh duong dt - .
thich hgp. Nhu vay, theo dinh ly 3.1, dé hé
kin on dinh tiém cdn v4i mién 6n dinh © thi u(x) =
b diéu khién can ti hai lam cho: .
9 difu khifn chn tim 4 () ph laeg ¢lo Hinh 3.9: Ung dung tiéu chuan
LEV _ aa_:ﬂl-if(:’.‘.)) Lyapunov dé thiét k& bd diéu khién.

xdc dinh ém véi moi xe O | tic la ph_éi tim mot quan hé u(x) dé c6 (dinh 1y 3.3):
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dVv
LV —fxulx)) <-Wix)
AR f(2ulx) = (3.39)

xS W) < po(z) voL prppe K va x€©

Mét ham tron, xéc dinh dusng V(x) niac dé6 ma véi no tdn tai it nhit mét quan hé
u(x) théa man (3.39), dudc goi la ham dicu khién Lyapunov (CLF-Control Lyapunov
Funection). N6i cach khac, mét ham trdn, xac dinh dudng V(x) bat ky sé dude goi la ham
CLF ctia dé61 tuong (3.38) néu nhu noé théa man:

inf L,V = inf(%?f(f,g)} <0 vYzeQ va xz0

u M.

Pinh nghia nay ciing cho thay cdr vg di dé mot d61 tugng didu khidn on dink tiém
cdn dude tai géc bang bd didu khién phan héi trang tha: 1a véi né tén tai mdt ham CLF,

Pinh ly 3.5: Xét hé nhiéu diu vaoe ¢é ciu truc affine:

dx

prile f)+H (o (3.40)

trong d6 we R 1a vector tin hiéu didu khién va H(x) 1a ma tran ham véi cic vector
cOt A (x), Ay{x). ... A, (x). Gol V(x) la mét ham tron, xéc dinh dugng, hgp thuc
tay v. Ky hiéu:

alx) = (Ly Vix), . L,

RN
va

z={zer" | )] =0} 3.41)
Né&u trong mién Z ham L;V{x) xac dinh &m. tifc la:

xeZ va xx0 = L£V(£)¢0 (3.42)

thi né ciing s& 1a ham CLF cia (2.40) va mét trong céc bd didu khién phan héi trang
thai u(x) tudng dng lam 46i tuong 6n dinh tiém cin toan cuc la:

wl© =1 jaf T - (3.43)

thy ¥ néu xe Z

trong dé 7(x) la mét ham xac dinh duong duge chon bat ky.
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Chirng minh:
Ngoai diéu kién (3.42) xdc nhan tinh xac dinh Am cta L;V(x} khixe Z thi khi

X € Z tacing co ti (3.43)
v ~
g[{(pm(gm =LV 4 (L V.- Ly V) ———ta(y)
= ~nix) 0

Vi du 3.14: Minh hoa khai niém ham diéu khién Lyapunov

Cho dé1 tudng phi tuyén v8i mé hinh:

¢
dx Xyt A Xy
—_— = f(x,u) = .
de ——— [ -xf +u ]

Chon ham V(x) = rf +x‘j xac dinh dudng. ta cé:

TNy 2.
" =-2xy +2ux,
—Xy +u

LV =20, «x) [

Vay, dé co duge LV xac dinh 4m (trong toan b§ khéng gian trang thai), ta c6 thé chon

u=-x, hay bd diéu khién lam 6n dinh déi tugng da cho sé la w(x) = —x, va do dé ham
V(x) da chon cung la mét ham CLF caa ddi tudng. a

Vi du 3.15: Minh hoa khai niém ham diéu khién Lyapunov

Xét d6i tugng cé mé hinh trang than

g=ﬂ.~».au)=[ A J

i ~x (0, + )+

Hé can béng trén toan bo truc x 1. tic 13 can bang tai x,=0, x, tiy ¥. Nhu . 4v Lién

nhién hé khang én dinh tiém can tai 0.

Su dung ham V(x) =

kxi + x5
B k>0 thi

)

{ 3
LV :—a}./_f:(kx] xz)t Xty
L 0x —

= - k.‘cf +ao(kx tu)— x%(x,+4)
—xp{x, +4i+u

A

Boi vav néu ta chon bg diéu khién 14 u(x)= —kx, thido c6

LV =—kxl —xf(x,+4)  xac dinh Am khi x,>—4
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nén hé sé én dinh tiém can tai 0 véi mién 6n dinh

Oo={xer® | x,>-4}

via do dé Vix} da chon 1a mét ham CLF cia dél tudng. )

3.2 Phudng phap thiét ké cudn chiéu (backstepping)

Tuy réing dude biét dén trong diéu khién phi tuyén nhu mét cdng cu toan nang dé
thiét k& bé didu khién lam hé 6n dinh tiém can, song cho tdi nay van chua ¢é mol
phudng phap téng quat nao giup ta xéc dinh dude ham CLF mét cach nhanh chéng va
don gian. Ngudi ta mdi chi cé duge mét sd it cae phudng phap danh cho nhiing hé ¢6 ciu
tiic dac biét va cudn chidu (backstepping) 14 mdt phudng phap thudc trong nhitng =8 it
dé. Phugng phap nay cho phép ta xac dinh duge ham CLF cua hé tit ham CLF ciia hé con
nam bén trong hé da cho.

3.21  Cuédn chidu hé truyén thang qua khau tich phan

Che d61 tugng phi tuvén dang truvén thing qua khau tich phan (hinh 3.10);

%=£(§)+f_z(£)v

do

E:

{3.44)

Ii

Hinh 3.10: B&i tugng truyén thang vai

mt kha tich phan va mét khau phi “ N R
tuyén affine mac néi tiép. dt =

Gia s vdi khau phi tuvén affine con bén trong né la:
dx . H =
== flxy+h(x)uy  trongdd xeR .veR. f(0)=0 (3.45)

ta da c6 ham diéu khién Lyapunov V(x) ciing nhu bd didu khién v=r(x) tudng tng. Van
dé dat ra & dav 1a tir V(x) va r{x) d6 ta phal tim ham didu khién Lyapunov V_(x.uv}
ciing nhu bé didu khién u(x, v) cho d8i tudng truvén thing (3.44) ban diu.

Binh ly 3.6: Xét d6i tugng truyén thang (3.44). Néu khan phi tuyén con (3.45) bén trong
né cd ham diéu khién Lyapunov V(x) va bd diéu khién én dinh. kha vi v=r(x)



tuong ung théa man r(0)=0 thi mdt trong cac ham diéu khién Lyapunov V., (x,0)
¢6 the cé cta déi tugng (3.44) ban dau la:

Volx,p) = Vix+ ]E fo-rix)]® (3.46)
Tuong ing véi né la bé diéu khién phan héi trang thai:

wlx,v) = —kfv-r(n]+ ar(x)

[ Flo)+h(xre]- L,Vix) (3.47)

trong dé £>0 la mot hiing s tuy ¥,
Chitng minh:

Néu V(x) 1a ham diéu khién Lyapunov va v=r(x) 1 tin hiéu diéu khién tudng tng
cua hé con (3.45) thi sé cé:

oV{x)
dx

[f@)+h(x)r(x)] <0 khi  x#0

Tiép theo, dat z=wv-rix) thido

va

or
_— e s — = — +h +
@ d T dr T LAk

ta sé 6 vol (3.46) khix#0:

) BV oy D Ly s+ 2fu- Tp sk 2)
dt dx - - dx —
:éy_(f+-_{1_r)+z[u— (}‘+h(r+z))+£h]
dx — — ox

Nhu vay, dé chi V.(z.v) 12 ham didu khién .Lyapunov cho déi tugng (3.44) han diu. ta

chi can chi ring tén tai it nhat mét tin hiéu u=r (x.v) lam cho %%M <0 va do6 chinh
la u xac dinh theo (3.47), vi vdi né cé:
dV .
——%@=3—V(}‘+@}—kzg€0 khi x#0 (d.p.cm). a
T -

<0

146



Vi dy 3.16: Minh hoa phuong phap cudn chiéu qua khéu tich phan
Xét d6i tugng truyén thing bao gdm mét khau phi tuyén affine con:
dx _|[~*1txx 0
— . + K
dt —x]z 1
e ——
fx) Alx)

va mdt khau tich phan % =u méc noi tiép.
Theo k&t qua cua vi du 3.14. khau phi tuvén cé ham diéu khién Lyapurnov
Vig) = xf +x2
vA tuong ing vdi no 1 bé didu khién phan hdi trang thai:
= ri{x) = =x,.

Vay, theo néi dung dinh Iy 3.6, d&i tudng truvén thing da cho s c6 ham didu khién
Lyapunov

Voigw) = Vi 2 o-r]” =xf exfs Ly

va tudng ung véi né la ba didu khién phan hoi trang thai:

w= roew= klo-r@le T £ +h @]~ Ly
L A

—(k+ 1 u—(k+2)axy+ xP (k>0). O

3.2.2  Cudh chiéu hé truyén thing qua khau tuyén tinh

Tiép theo va ciing téng quat hon, ta s& xét mot d6i tugng truyén thang khac ma 8 dé
thay cho khéu tich phén 14 mét khau tuyén tinh ¢é mot tin hiéu vao va mot tin higu ra
(khau SISO). Noi cach khae, dé1 tugng dudc xét bao gdm mét khau phi tuyén affine

dx

dt

]

= ﬁ(g) +h(x)t troeng 46 XeR , VER , ﬁ(g) =0 {3.48}
va mét khau tuvén tinh SISO, hop thue chat

-d_EzAz"'w m
dt - -

trong do ZER . UER (3.49)

v=c'z

méc néi tiép (hinh 3.11).
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Hinh 3.11; D&i tugng phi tuyén
PR dz
fruyen thang vai mét khau u g—- =Az+bu| v dx _ " x
tuyén tinh va matkhau phi = 4 @R
tuyén affine mic ndi tiép. v=c" 2

Gia st khau phi tuvén én dinh tai 0. Bai toan dat ra Ja xac dinh ham diéu khién
Lvapunov V,.(x,z) cho déi tugng truvén thang ti& ham Lvapunov V(x) cua khau phi
tuyén con (3.48) bén trong né.

Bai toan néu trén. cd tén goi 14 bai toan cudn chidy qua khéu fuyén tink (3.149), hién
méi chi ¢ 181 giai cho trudng hdp khau tuyén tinh 14 thu dong (passive) va én dinh.

Nhis 43 duge bidt tiz chudng 2 trude ddy. néu khau tuyén tinh hep thize chit vdi mé
hinh (3.49} 1a thu déng (passive) thi:

1} Ham truvén dat etia né:
Bis)

G(s) = ¢ (sI-A) ‘b =
(s} =c' (s 3 A

trong dé A(s}, B(s) la hai da thic theo bign s. phai la ham thuc—dudng (positive
real}, tite la khi ¢ Re(s) >0 thi ciing 6 Re(G}>0.

2) Ham truyén dat G(s) cta né phai co bac tuong d&i biing 1 (vi 1a ham thuc duong va
hop thic chat). Didu nay tudng dudng véic =0,

3} Da thic A(s)+B(s) 1a Hurwitz va Re[G (e} ] 20 véi moi e.

4) Cac diém khéng va diém cuc cta G(s) phai ndm bén trai hoac ndm trén truc ac.
Nhiing diém khéng va diém cuc nim trén truc Ao phai la nghiém don.

5)  [uvdt =ri Jut- OV w)do = [Ul=jolU ()G jw)dw
" 2r - 27

T|U( Jjo) RelGUjm)dw = 0.
] >0

1
T
6) Ton tai ma tran xac dinh duong @ dé cé:

% 2"Qz) < uv (3.50)

=1

) Luén tén tai ma tran xac dinh dudng, déi xing P va ma tran L dé ¢ (dinh Iy
Kalman—Popov-Yakubovish):

ATP+pA=_[TL {(ma tran xac dinh ban am)

(3.51)
c=Ppb
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Dinh Iy 3.7: Cho déi tugng truyén thing, bao gdm mét khau phi tuyén (3.48) 6n dink va
khau tuyén tinh thy dong, va ciing ér dink (3.49) mic néd1 tép ¢hinh 3.11). Goi V(x)
12 ham Lyapunov (LF) cda khau phi tuvén thi mét trong cac ham didu khién
Lyapunov V (x.z) cd thé ¢6 cua déi tugng truyén thing ban diu s& 1a:
V.ix.z) = V{x) + 2 Pz (3.52)
trong do P la ma tran xac dinh duong thoa man (3.51) cia khéu tuvén tinh.

Mot trong cac bd diéu khién phan héi trang thai lam né &n dinh 1a:

¢ = 0= -2 LV (3.53)

Chitng minh:
Vi khéu phi tuvén la 6n dinh va V(x) 14 ham Lyapunov ciia né nén V(x) xac dinh
dudng v L,V{x) xac dinh Am. Ngoai ra, vi ma tran P xae dinh duong nén ham V (x,z)

tinh theo (3.52) cling x&c dinh duong.

Tinh dac ham % doc theo qu¥ dao trang thai cia déi tugng truvén thing
khix=#0:
. 5T
Velxz) . ‘.}—"(fmm’ffﬁJ Pr+p 2
et Jdx — L dt ) di

= :—Vl Frhic )| +(Az+bu) Pz+e P(Az+bu)
17

=LV+ (DL, V+2T(ATP+PA) 2+ (ub P2 +uz"Ph)

= LV +e L, V-2"L"Lz+2ub Pz (vi P déi xing)

LV ez (-LTLyz+(eT2 LV +20TP2u)

=LV r 2Dz T2V 20 (vie=Pb)  (3.54)

<0 £0
ta thav, do ton tai tin hiéu u=- % L,V lam cho % <0, nén V,(x,2) 14 ham diéu
khién Lyvapunov cua déi tugng cascade da cho. o

Dinh 1y 3.7 cho thay, khac v& bai toan cudn chiu qua khau tich phén, d day phai
cé gid thiét ring khau phi tuvén la én dinh. Nho dé, thém gia thiét thu dong va on dinh

cta khau tuyén tinh, ta luén tim duge mét bo didu khién phan héi trang thai u=r_(x)
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khéng sit dung céc bign trang thai z cua khiu tuvén tinh {(phan héi trang thai khéng
hoan toan) nhung vin lam 6n dinh duge déi tuong truyén thang da cho.
Vidu 3.17; Minh hoa phuong phéi cubn chigu qua khéu tuyén tinh thu déng, &n dinh

Xét d61 tugng truyeén théng, gdm mdt khau phi tuyén-

dx X2 [1]
+ v
7R 12x, x| |0

va mét khau tuyén tinh
dz

—_= —z+u, v=z

dt
méc néi tidp.
Tit ham truyén dat cia khau tuyén tinh:

Gis)=
s+1

ta thay, né la mét khau tuyén tinh &n dinh va thu dong (ham truyén dat G(s} la ham
thuc—duong). Céng thite (3.51) ¢fia khu tuyén tinh nay ¢6 P=1, tirc la

ATP+PA=-LTL dngvéi A=-1,L P=1va L=42
c=Pb tdngvéi c=1. P=1va &=1

Ngoai ra, ta ¢ thé d& dang kiém tra duge rang khau phi tuyén con 1a 6n dinh vdi
ham LF

141
Vix) —le +Ex§

Do vay, khi 4p dung dinh 1y 3.7, ta dén duge ham diéu khién Lyapunov V,(x,2) ena d6i
tugng truyén thang di cho:

Vetma) = V(+e Pz = 2l +
ciing nhu by diéu khién phan héi trang thai lam &n dinh déi tugng:

1 1 1 3+
u=rc(x)=—§ L_;_IV=—-2—(x13 xz)[OJz'-—x;)l— D

MG rfng ra, ta thay chit lugng 8n dinh (tai goc toa 49 0) cua mét hé thong s& dugc
goi 14 t6t néu quy dao trang thai hé théng cé toc dé tién vé Q cao. Theo néi dung tidu
chudn Lyapunov, thude do cho t&c 46 tién vé&  clia cac quy dao trang thai hé théng chinh



la

dV‘;f'é) . Gia tri dvcéf’g) tai mot diém trang thai ¢d dinh [E] cang lén, téc do
z

_t1én v& 0 clia qui dao trang thal tai d6 cang cac.

Mat khac. tit mot ham diéu khién Lyapunov V, (x,2z) co thé cé rit nhiéu bj diéu

dV.(x.2)

khién tuong ung lam cho ham xac dinh am, tice 1a 1am cho hé kin 6n dinh (tai

gdc toa do ). Bd diéu khién u=r_(x) dugc tinh theo (3.53) chi 14 mét trong s& do.

Hai nhan xét trén cho thay kha nang tén tai mét bé diéu khién khac ¢6 chat luong
8n dinh t5t hon bé didu khién (3.53). D& tim bd diéu khién d6, ta bit ddu tir (3.54):
dV.iz.2) .

S = LV e L L)z (LY +20)

va thay néu chon:
L,V +2u = —k(c"2)"  véiplassnguyénlévapz—1
-_1 T \p] =} »
< u——;[LhV+ kic') ]__E(th+ ku™)
s€ CO

dV.(x.2)

=LV + 2 (Ll + —kicT Pt
dt f7 = = ==

<0 <0 <0

dvﬁf’?—) nay 16n hon 13 khi s dung bé diéu khién (3.53).

Ta di dén két luan:

Ro rang gia tri

Binh Iy 3.8: Néu khau phi tuyén (3.48) cia d8i tuong truyén thing ¢ hinh 3.11 la én
dinh vdi ham Lyapunov V(x) va khiu tuyén tinh (3.49) 13 thy ddng, én dinh thi
ham didu khién Lyapunov ctia 61 tugng truyén thing d6 sé la

V.(x,2)= Vig) + 2" Pz (3.55)

trong dé P 13 ma tran xac dinh duong théa mén (3.51) cia khau tuyén tinh. B diéu
khidn phan héi trang thai tudng ing 1a:

u = ?‘(-('E‘U): -

o

(L,V + kuv®) (3.56)

v4i p la s6 nguvén 16 (pz—1) va .20 1a hang sb chon tuy ¥. Hing s8 % cang lon,
chal lugng én dinh cia hé cang cao.
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T1ép theo. ta s& ma rdng ndi dung dinh 1y 3.7 va 3.8 cho trudng hop khau tuyén tinh
{3.49) chua &n dinh va ciing chua thu déng. Téng gquat thi phudng phip cudn chiéu
khéng ap dung dude che moi khau tuyén tinh bat k¥ ma chi duge gidi han cho nhiing
khau co thé thu dong duwge bing mot bo didu khién phdn hoi R (khau FPR—feedback
positive real), tdc 14 nd tac ra hé kin

Jgé:(A+bR)z+bw
Iofz’. - =
lo=cTz

12 mét hé tuyén tinh an dinh va thu déng. Khi dé, theo tinh chat (3.51) clia hé thy déng,

én dinh thi

[(A+BRY P+ P(A+bRY=-LTL 1a ma tran xic dinh am (3.57

le=po ‘

Binh ly 3.9: Néu khau tuvén tinh (3.49) c6 kha nang thu dong, 6n dinh dudc bang b
diéu khi€n phan héi trang thai R (khdu FPR). tdc 12 tén tai R dé ¢ (3.57), va khau
phi tuyén (3.48) la én dinh vdi ham Lyapunov V(x) thi ham diéu khién Lvapunov
¢tia 41 tuong truvén thing 6 hinh 3.11 sé 1a

Voixz) = Vg + 7Pz (3.58)

vdi P }a ma tran xac dinh dudng thoa man (3.57). B3 difu khién tudng tng la:
1
= rdee) = Re - (L V +ko?) (8.59)

trong dé p la s6 nguyén lé (p2-1) vi k20 13 hing s6 chon tuy §.

Chiing minh:

Trudc hét R phai la mét vector hang vi khau tuyén tinh chi ¢6 mét tin hiéu vao. Bay

dV.{x,2}
ot

gid ta tinh dao ham doe thec guy dao trang thai ctia 441 tugng.

Bat ddu tir (5.14a);
dV.(x.z) _ Vv

= Z(fvhvy+(Az+bu) P24z P(Az+bu)
dt dx —

= LV 4o LV +2 (ATP+PAYz+ (47 Pz 42T Pb)u
N Qu
= LiV4u( LV +2u)+2"[(A+bR)TP+P(A+bR)]2-

-zT[(6R)TP+P(bR))2



LV (=L Lyz+e( LV +2u)-2(RTcT+e Rz

Lev+zT(-LTLyz+0( L,V +210)-22"¢Rz

1l

LV 4z (L Lyz+u( L,V +2u-2Rg)

Do dé néu chon:

L,V +2u-2Rz = ~ku”

= u=r {x.v)= Rz —}T(L;_JV+ ko?y = —%(L;lV+ ket
sé dude

dV,.(x.z) = L{V + ET(—LTL}E + (—k{."m]}

dt t N T e

[ —

<0 =0 <

va d6 chinh 14 diéu phai ching minh. 0

3.2.3  Cudn chiéu hé truyén thing qua khau phi tuyén

Khdi nidm hé phi tuyen thu dong
Khai niém hé phi tuyén thu déng (passive) duge liy L tinh chat ban chat (3.50) cua
hé tuyén tinh vdi dinh nghia nhy sau:

Binh nghia 3.2: Cho hé phi tuvén alfine. cin bang tai 0 mé ta hoi:

dx

T = H

q - L@ Ha (3.60)
y=8

Goi Q@ (x) 12 ham khéng Gm théa man Q(0)=0. Khi dé hé (3.60) s¢ dudc goi 1a:

a) Thu déng (passive), néu

dx} :ﬁ( f+Hu)z yTu {3.61)
dt ox — T = =

h) Thu déng chdt {strickly passive). néu

dE)(x)
dt

Zg—Q(f+Hg)<yTE khi x#0 (3.62)
L ¥

So sanh vdi tinh chat (3.530) ciia hé tuyén tinh thi ¢ dinh nghia trén c6 mdt thay déi
la ham @fx) chua cAn phai la xac dinh duong. Su thay d8i nav la dé phi: hop vdi ban



chit thy déng cia hé. Mot hé thu déng chua chic da dn dinh tiém caAn-theo nghia
Lyapunov. Chang han 6 hé tuvén tinh, néu né la thu déng thi ma tran truvén dat ciua no
la thyc—duong (positive real) nén né vin ¢o thé c6 cac diém cyc nim trén truc ao (hé &
bién giéi 61 dinh),

Tuy nhién, néu hé phi tuyén thu dong, ¢6 ham € {x) khong nhiing khéng am ma
con xde dinh duong, thi hé dé sé& on dinh tai goc toa dé theo nghia Lyvapunov, vi khi
khéng bi kich thich (x=0) bal déng thite (3.61) tré thanh:

Cung nhu vay néu né la thu déng chat va ham Q(x) xac dinh duong thi né &n dinh tiém
can tal goe 0, vi ti (3.62) cé:

O~ rew<o i e

Bay gio ta xét hé gom hai khau phi tuygn K, va K, méc hi tiép (hinh 3.12):

. |
L f )+ o

Kl: dt
y=g,lzp
d£2 .
Koo a L0 Haley
Y, = 8,02y} Hinh 3.12: H& gém hai khau

phi tuyén mac hai tiép.
Khi d6 véi u,=u- ¥, taco

Binh Iy 3.10: Hé phi tuyén gom hai khau phi tuvén con K, va K, néi hdi tiép 4m nhu g
hinh 3.12 sé:

a)  Thy déng, néu ca hai khau K, va K, déu thu dong.
b} Thy ding chdt, néu ca hai khau K, va K, déu thu d6ng chat.

Chitng minh:

Gia su K| va K. déu thy déng. Goi @ (x) va @:(x) la nhiing ham khéng 4m xic
dinh tinh thu déng cua ching theo dinh nghia 3.2. Vav thi:

@%S-_}:T(E—ZE) va

= dt

ng(_{)quy
— =<y y

Do d6 néu coéng hai bat dang thic d6 lai véi nhau theo timg v8 & duoe:;
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LW Qu] < v
Q(x)

Vi ham Q(x) khdng am giéng nhu @,(x} va @,(x) nén ta c6 dudc d.p.c.m a). K&t
luan b) cing dude ching minh tuong tu. a

Hé phi tuy&n thy déng dugc

Cho khau phi tuyén SISO mé ta boi:

dx
Pl fley+h(xu (3.63)
¥ =glx)
vl g({0)=0. Goi:
u = rix,v) = elx)+dixie (3.64)

14 bd diéu khién phan héi trang thai cia né (hinh 3.13). Khi dé hé kin s& c6 mé hinh:

adx
- = [+ hxe(o + Axdae (3 65)
v=g(x)

Dinh nghia 3.3: Hé phi tuvén (3.63) duge gol 1a thu déng dude (FP—feedback passive)
bang bd diéu khién phan héi trang thai (3.64) néu hé kin (3.65) 1a mét hé thu déng.
Né&u hé kin (3.65) con 1a thu dong chat thi hé ban du (3.63) duge goi 1a thu dong
chat dugc (FSP—feedback strickly passive).

I"c(.g)+d(:i)u u | |—==f(x+h(xh| ¥

4
£,
o

Hinh 3.13: Giai thich khai
niém hé FP va FSP. l

[t

Cudn chidu qua khéu phi tuyén

O bai toan sau ta sé& Xét hé cé n bién trang thaix = {x,, {g)TE R™ gdm moét kbiu

phi tuyén thu déng dudc:

dx,
H,: {dt _£1(£1)+ﬁ1(£1)u trong dé gl(g)=9 (3.66)
y=gixy)



mac nét tidp (ed tin hiéu ra va trang thai) véi mét khau phi tuvén on dinh (hinh 3.14):

dx, '
Hy: (;: :£2(£1~£z)+.}12(£1‘£2 iy trong dé £2 (2,.0)=0 (3.67)

_{._dzl - T, _ |
i ig—:i](ngﬁl(E])u!—l. dx, [ X2

0 | g "l @ @y o

v=gi{x,)

Hinh 3.14: B4i tuang nghién citu cla phuong phap cudn chiéu qua khau phi tuyén.

Céng cu dé tim ham CLF cho déi tugng ciing nhu bé didu khién phan héi trang thai
tudng ung cho hé trén 13 dinh 1¥ sau:
Binh ly 3.41: Xét d8i tuong gom hai khéu H | va H, mac néi tiép (hinh 3.14). Goi
u=rixg,v) = elx))+d(x v (3.68)

la bd diéu khién phan héi trang thai lam cho khau phi tuyén thit nhat (3.66) la H,
trd thanh thu déng va &n dinh, tie 13 tdn tai him xace dinh dudhg @ (x ;) théa min:
Né&u khau phi tuyvén thd hai (2.67) 1a H, én dinh véi ham Lyapunov Vix,). tic la
Vix.) xac dinh dugng va
dVix,)
ax,

fx x)=L, V<0 (3.69)
thi déi tueng gdm hai khau phi tuvén d6 méc néi tiép (hinh 3.14) sé dude én dinh
bang bd diéu khién phan héi trang thai:

rolxy.x.0= el -dix)) Ly, Vixy) (3.70)

vi hé kin én dinh d6 6 ham Lyapunov:
Velxix2)= V() +Q(x,)

He kin s& 6n dinh tiém can néu hosc cé khau H, 1a thu dong chat dugc, tic la:

uy > dQ(E])

khi x,=0
) dt PEES

hoic cé khau H,; 13 6n dinh tiém can. tie 13



aVix,)
Jx,

x)=L, V<0  khi x,20 (véimoix,)

w u —=f (xvhx > dx, Xy
de L=l 142 N dté :iz(£)+ﬁ2(£}‘v

y=g1(x)

Y

r.(x,.x5)

A A

Hinh 3.15: Minh hoa dinh Iy 3.11.

Chitng minh:
Bat

thi bd diéu khién (3.70) tré vé dang (3.68). Do dé hé kin & hinh 3.15 c¢6 mé hinh:

dx

C;fl =£1(£1)+éi(_x_1)C(El)""ﬁl(il)d(ﬁ])u
dx,

;—Cri =[x ) hylx, 2y ly

y=gx))

v=~Ly, Vix,)

Haé kin trén cé thé duge xem nhu mach héi tiép Am (hinh 3.19) cta hai khaw:

dx ' _
K, d_fl251(&“&1({1)C(EIHQ](_{]M(E])U
_V:gl(_x_])
dx.
K. [ C;; =£2(£1‘£2)+}12(£]-£3)J‘
12 =Ly, Vixy)

trong dé z=—v.
Do ¢6 gia thiét vang khau phi tuvén (3.66} 12 thu ddng dude bing bd didu khién
{3.68) nén khau K| la thu dong. Ngoal ra. tix (3.69) con cd;

dv _ av o .
g, (LT LV s
o <0 z



nén khau K, ciing thy dong. Ti day suy ra, theo dinh ly 3.10, hé kin & hinh 3.15 la thu
déng cung ham xac dinh dudng:

Volxy,2s) = V(xs)+Q(x;)

Hon ntia,vi V. (x;.x,) xac dinh ducng nén hé kin la én dinh. )

Vi du 3.18: Minh hoa dinh Iy 3.11

Cho doé1 tugng gom hai khau H, va H, méc néi tiép theo so dé cho & hinh 3.14. Hai
khau d6 ¢6 mé hinh nhu sau:

dxl 3 2
—=—x7 +Xx] tU . dx, :

Hy: { dt A va  H,: d—:=—x2(1+xf)+x1y
Y=

Khau H, la thu déng duge, vi theo dinh nghia 3.2, & day tén tai bé diéu khién phan
héi trang thai (3.64)

u :-’”(Il,b‘) = C(x])+d(x|:}b' :—x:f"'U

dé bién né thanh (3.65)

dx, __.3

=-x; +vU
dt !

y= X

i
i
&

2
P - Xi .
¢6 ham xac dinh duon x,)=-L théa man ey Gy ot o A3
. gQ(x1) 9 B N

% = 2 (- 23 +0) = — 2t bagw Hinh 3.16: Minh hoa vi dy 3.18

S xyv = yu
Khéau H, 1a n dinh tiém can tai 0 vi né c6 ham Lyapunov:

= av . - x3(1+x})<0 khi  x,#0

Vi(xy)= ar

.| =
0 |N.-tc_-

Vay, theo dinh 1y 3.11, déi tugng dugc 6n dinh tiém can tai 0 bing by diéu khién
phan héi trang thai (3.70):

re(xy, x3) = e(x))-d(x,) L@V(xgl :—xlz—x]x.z

Hinh 3.16 la do thi trang thai di tit diém dau x,(0)=1 va x,(0)=-1, thu dudc bing

m6 phong. N6 xac nhan tinh én dinh tiém can tai 0 cta he. 0
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3.2.4 Cudn chigu hé truyén ngudc

Phuang phép thiét ké chung

Hé truvén nguge dude dinh nghia 13 hé ¢é mé hinh:

—'x:f.’-‘r;‘- = flx,_.x,) = fx)
% = glx+u

trong dé
X, =y xy. ... ‘I,,—1)T
X = (X Xy e x”)T = X,

F@ = (A fx) e frn @)’

(2.71)

(3.72)

Nhu vay. ¢ hé truvén ngugc, trang thai x,, eé vai trd nhu tin hidu ddu vio do ciia hé

con (3.71) bén trong né va hé con nav cd cic bién trang thailax,, x,.

Binh ly 3.12: Ger V (x,, 1) 12 ham CLF cua hé con (3.71) cing nhu x,=v(x,_,}. thoa

méan v(0)=0. 1a bé difu khién phin hdi trang thai lam né én dinh tiém can toan

cuc tai géc (bd didu khién GAS - global asymptotic stable). Khi dé:

V(é) = V(er'“l‘-xn) = L’](‘E—u—l)—’—ﬂ(i—)

vii w(x) la ham khéng dm thoa man:

Hx, o elx, 4))=0. a}MﬁZU o x

€& la ham CLF cta hé chung gém (3.71) va (3.72). dong théi:

~n=1

p -1
L" 217} vy . _
wix} = 1 | dx,, } [Q(EH dx (-E(E) —JF-(E"_I.L')) *

bt ky khi xe V

trong dé

v={xer" | x =vix

|
" _‘.-,.—1) r

va n7{x) la ham dugc chon tuv y. mién 15 khéng dm va thoa min

&0 (2, - D=0

la mdt bd didu khién phan hdi trang thai GAS tuong Ung cua no.

n:U(a—:n“l)

(3.73)

)H khi xe ¥V (3.74)
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Ching minh:

Trudge 1ién ¢6 thé thay dude ngav vang ham Vi) xac dinh theo (3.73) 1a xac dinh
dudng,

Theo gia thi€t ¢6 V (x, ) 12 ham CLF ctia (3.71) va x,=o(x, ) 1a bd didu khién
kha v1 tugng dng. nén cing phai cé:
av,

dlra— t

i(‘-‘:n—t v} < _H{v(“—"-—n -1)

trong dé Wix, ) 12 him xac dinh duong.

Khixe V thido¢d (3.73) nén ciing ¢6 V(x) = V, {x,,-1). hay

ALY ‘-‘: oV,
aa, LE(xY U )

£(£H_1‘U) = _W(iu—l}

vl moi 1. Diu bing cda bat ding thie (rén chi xav ra kh x,-,=0 va lac d6 cing ¢b

x,=v{0}=0. Vay hé truvén nguge (3.71}, (3.72) 14 n dinh tiém can tai gde 0.

Viixe V. do ) 20, ta dudc:
a‘tn
dv aV; . . e
= X, .3, X, X, = x)+

di (_)5-”_] i(l”_] ‘I} r)En—] i(‘E” a ) f)I” [g{t) u]

aV) du | Fla) ou
; + — + 22

iz, rz“_l [0 fg1a 0] (g(r) ax,,

aV, . aJ
s =Wy, - )-mlao+ pla)+ —- g -l f@ - flx, . U)]+ a [f(x))

ax, glx) 8~c

Bai vav. cting vé1 bg dién khién (3.74) ciing nhu ham 7{x) duge chon thoa mén didu kién
di néu trong dinh ly. thi sé diige tinh xac dinh 4m cua:

dv ;
_d“t_< "W(in l)"?(y <0
Diéu nay chitng té rang V(x) 14 ham CLF cda hé truyén nguge da cho. a

Thiét k& bé digu khi€n cudn chiéu nhé phép ddi bién vi phéi

M6 hinh (3.71). (3.72) clia hé truvén nguge. khi viét ra mét cach chi tiét cho ting hé
con bén trong (3.71} ciing ¢6 dang truvén nguge, s& li:
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dx,
—_— J‘.‘)+I.
Y filx 2
dx, 4 . . (3.75})
R | nf S ”_(x.x‘_ X +x”
s fao1{x]xy -y
7
ud_tr:ﬂ;(xl-l'z- BRI R g

Nhu vav, ta ¢6 thé thay 1a ting bién trang thaix,, £=2.,3, ... .n cla né gif vai tro nhu
mét tin hiéu ddu védo do cia nhiing hé con bén trong nd.

Trudc tién, ta xét mét hé truyén nguge dan gian ¢é mé hinh:

di = -z +2y
dt -
d L, (3.76)
dt -1 "
dz,,
— = +
ar Vet

. T
vl 2T {2y, Zg0 e . E2,)

Dé dang thay dugce 1a hé truyén nguge nay ¢ ham CLF:

- 2 ha 4
Vi) = it ettt

va bd didu khién phan hdi trang thai 1am no dn dinh tiém edn toan cye tai goc:

= % _
uiz) 5 108

(3.77)

vi v6i nd. ta c6 tinh xac dinh Am cua;

[ gz, 0
av . :
— = 2(z, L Zou1. 2,0
' eror Sl n
dt 2yt &y
plz)+u

—2Eo(z,-za) e e —(z”-rz,,>2+2z,,[%’w@w]

2 4 2
=2 —(zl_zz) -t _(zn—]_zn)

Ngoai ra, ta cén thay bd diu khién (3.77) da bién dbi déi tugng (3.75) cho ban dau
thanh (hink 3.17):
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| e+ | e (3.78)
t

=
!
—
—
=
]
B -
-

<
L]
=
|
—
—
L]

¥4 nhu vay, né da lam hé kin tré thanh tuvén tinh. Khi dé, ngudi ta goi né 1a bs didu
khién tuyén tink hoa chinh xde.

w DSi tugng z
_ (3.76)
Hinh 3.17: BS diéu khign GAS tim dudc con & mét S
bd didu khién tuy&n tinh hda chinh xac. B& diéu khidn
2770

Quay lai bai toan thiét k& bs didu khién phan héi trang thai GAS (©n dink tiém can
toan cuc —global asymptotic stable) cho hé phi tuvén truvén nguge (3.75). Dua vio két
_qua di c6 (3,77) cho hé {(3.76), ta sé thuc hién bai toan nay qua hai buée:

-~ Xac dinh phép ddi bign vi phai z=m(x}. tuc }a mét anh xa tron va kha nghich, dé
chuyén hé truyén nguge (3.75) ban diu vé dang (3.76).

-  Xac dinh bg diu khién phan héi trang thai GAS u (x) theo cdu tric (3.77).
Binh Iy 3.13: Ky higu;
L‘.:(II.XQ, e Xp
Is Ay
Hlxyr+x

Ek(ﬂﬂ) = : . A=1.2. ... .n-1
Frlxy )+ 25,
Khi dé phép ddi bién z=m (x):
z i

Ay + Ty [Li—l ),
-— =

mix)

vélcaehamag(xy), k=1.2, ... ,n~1 duge xac dinh truy héi theo:
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ay(xy) = x; + fi(x;)

a(x) =%, + 00 )+ Ly an+hE), =2 n-1 (5-80)
12 kha nghich va sé chuyén hé truyén nguse (3.75) vé dang (3.76) véi: .
plz) = flxh+ LE'H_lan—J (3.81)
Do dé b diéu khién phan héi trang thai:
u = Z%& —plz) = —a SnlZact) _a*;‘i(ﬁﬂ—l) ~fu@ Ly @y (3.82)

s& lam hé (3.75) dn dinh tiém can toan cuc tai 0.

Hon nita (3.82) con 1a bd didu khién tuyén tinh héa chinh xéc d8i tugng (3.75) khi
dudc biéu dién theo bidn z, ma cu thé 1a hé kin ¢lia né & hinh 3.18 8é ¢6 mé hinh
tuyén tinh theo cong thiic (3.78).

Chung minh:

Bit ddu tit z,=x, cia phép dai bién (3.79) ta cé:

dey _dxy

o o =filx)tx, =~z 42,
o zg =z + (X)) +xy = x0F xp + filx,)
al(f])

Tiép theo. ti:

d22 de aal dxl
—s - £+ 1 = = +F(xot+ L = —z,+
di at  ax, dt x3+falxy) 3 1 Zgtzg

ta lai co:

24 = x3+f2(£2)+ L;lal +22 = x3+ fg +Lb:1(11 +x2+ﬂ1

ay(xy)
Va cii tiép tuc nhu vay sé di dén:
dz-g dxq 8(12 dxg .
Rk BT . S {xqa)+x,+ L = —z.+z
a T dt ax, ar TR Ly e =z
= Z;:x4+f3(.£_3)+ L.:— (12+23:I_;+f3 +L5 @y t X3+ a9
2 =
ay(xy)
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vdicde hamay(x,). k=1.2,

. .n—1 cho trong (3.80),

Hdn nita, de ma tran Jacobi clia phép ddi bign (3.79) c6 dang tam giac:

10 -0
o x 1 - 0 . . 5
’Lal—(p =|. . . |. xlaky hidu cua mdt ham nao do cia x,
x P T
X X 1

¢6 dinh thitc bdng 1 (khéng suv bién). nén phép déi bién (3.79) 1a kha nghich
Ngoai ra, ta:

dz, _ dx,

ot det

+ aan—l din—l =
L,

It fr(x)tu+ L: , O = gl2)tu
| -
ta cing co (3.81).

Cuél eung, theo két qua (3.77) cua hé (3.76). thi bé diéu khién GAS cho hé truvén
nguge (3.75} chinh la (3.82} va né lam cho hé 6 hinh 3.18 trg thanh tuyén tinh véi mo
hinh trang thai (3.78) khi dugc biéu didn theo bién trang thai z

)

w ©éltuong | x | DS bidn z
‘ (3.75) @79 T
Hinh 3.18: BS diéu khién GAS va phép ddi - ‘

bién tim diugc da tuyén tinh héa chinh _ -z,

xac d5i tudng phi tuyén truyén ngudc. R —plz) =




4  PIEU KHIKN CAN TUYEN TINH

Do thoa man nguyén ly xép chéng nén viée khao sat, phan tich hé tuyén tinh néi
chung rat tién 1gi, chang han chi can dua vio tinh chat ham trong lugng, ham qua do ...
14 ta da x4c dinh duce dac tinh déng hec cua toan bé hé théng. St dung md hinh tuvén
tinh dé mé t4, phan tich ciing nhu téng hop bd didu khién c6 rat nhidu uu didm nhu:

— M0 hinh cang don gian. cang tén it chi phi, Cac tham s& mé hinh tuyén tinh d&
dang xac dinh dudec bang cac phudng phap thuc nghiém (nhan dang) ma khéng
cén phai di ti nhiing phucng trinh héa 1y phiic tap mé ta hé.

—  Tap cac phudng phap téng hdp b didu khién tuvén tinh rit phong phii va khéng
t6n nhifu thoi gian d8 thue hién. '

- Cautruc don gian cia md hinh cho phép dé dang theo d&1 duge két qua diéu khién
vi chinh dinh lai mé hinh cho pha hop.

Ti nhiing uu diém ndi bat 6 ciia mé hinh tuyén tinh ciing nhy véi mong mubn su
dung duge cac thanh tyu cua Ly thuvét didu khién tuyén tinh. nén trong kha nhidu
truong hop. khi diéu kién cho phép: ngudi ta thudng tim cach chuyén thé mé hinh phi
tuvén sang dang c¢ thé ap dung duge cac phudng phap phan tich va thidt k& bs diéu
khién ctia Ly thuvét didu khién tuvén tinh. Dé ciing 13 néi dung cua diéu khién cén
tuyén tinh.

4.1 Tuyén tinh héa trong lan can diém lam viéc
4.1.1  Tuyén tinh héa mé hinh trang thai

V& ban chat ciia tuyén tinh héa xap x1 mé hinh hé théng xung quanh diém lam viéc
x, ta c6 thé hinh dung gidng nhu viéc thay mdt doan dudng cong f(x) trong lan can
diém x, bing mot doan thing tiép xic véi dudng cong do tai x,. Nhu vay, viée tuyén
tinh héa mgt hé phi tuyén xung quanh diém lam viéc ddng nghia véi su x4p xi gin diing
hé phi tuyén trong lan cin diém trang thai cin bang hoac diém diing bing mét mé hinh
tuvén tinh.

Sau déy, khai niém diém lam viéc x, sé duge hiéu chung 1a diém can bing x, hodc

diém ding xg4. Diéu nav c6 nghia la khi khong bi kich thich, tite 12 khi tin hiéu vao



u{2)=0 thi diém lam viée £, 6 chinh !4 diém can bing x, va trong trudng hgp nguoe lai
vdi u(t)=u, 1a hiing 86 thi x,, chinh 1a diém dimg x 4.

. . X Y a L s N o g s
Sau diy ta sit dung ky hidu [—‘J dé chi diém lam viée. Véi k¥ hidu nay thi diém
Uy

can bing sé 1 [fg]

Cho mdt hé phi tuyén tu tri cé md hinh:
dx

P few (4.1)
y=glxu)
trong dé
- x(t) = (xy, X5, e, :c"_)T 14 vector bién trang thai
- ulty = (uy, us, ..., um)T 12 vector céc tin hidu ddu vae
- Y =y ye, e ¥,)7 1 vector cde tin hidu ddu ra

- faw =@, ey, ., fLew) v

gxw) = (@ (2w, 206w, ..., g{x,1))7 14 cac vector hé théng

s a3 . ar s ‘s N P S oas .
Gia thiét rdng hé cd diém 1am viée [‘L].twc la tai 46 co:
Uy
flx, uy)=0
vii
=0z, 22, ., )T va o =(ud uy. ... u)?

1a nhiing vector hing (phén tit 14 hing s8). Chit ¥, ky hiéu v hay 0 & vi tri lug thita cua

x; v u) khéng phai 1a 85 mii ma chi don gidn mudn néi rang né 13 phan t cda cac

vector x, va ug.

Khai trién cée ham f, (,t;.g_). e s fple.y) thude vector flx.1) ciing nhu cac ham
g1(x.8), g2{e.w), .., g.(x.w cla (4.1) thanh chudi Taylor tai didm x,,u,, sau dé

voi gia thiét sai léch x-x, v u-uo 14 d nhd &€ c6 thé b qua tht ca cac thanh phén
bic cao trong chudi, ciing nhy f(z,,%,) =0, ta s& dugc:
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dx
dt

(x-2,)+Blu—uy)

(4.2)
¥ 8%, 40) = Cla —x,.)+ DU —uy)
trong db:

af ey ax, af du, au,
A—[_-.: = : i B:[_—J =
9y | SV K R
ax ax,, duy ou,

Xty N X,-¥n
% ) % o
dg dx, dx, ag didy du,
c:[_—] N D={—"] N
)y | s s %)y | O
ax dx, ou, o,

X,y Xl

va dude goi chung la ma trdn Jacobi cua cae vector ham f(x,u), g(x,u).

Néu dé y tiép rang x,. 1a vector hiing (phén ti ciia chiing 13 hing s8), tic la:

ﬁ = _-—._d(i_ir)
di dt

cung nhu su dung céc ky hidu:

[Eat

Sx-x, ., E=u-u, va ¥=y-glx.ig)

thi tif (4.2), ta sé trd vé dang md hinh tuyén tinh dang quen biét trong Ly thuyét diéu
khién tuyén tinh [19]:

{4.3)

Cha ¥: Dé c6 dude mé hinh tuyén tinh (4.3) tit mé hinh phi tuyén {4.1) bing cach xip

a - - A a .- X, - . M Y - - .

X1 trong lan can diém lam viée [‘L] nhu trén thi can thiét cac vector ham f{x,u) va
iy, -

g(x,u) phai kha vitaix, . u,.

Vi du 4.1: Tuy&n tinh héa mé hinh trang thai

Xét hé Lorenz khéng bi kich thich vdi hai tin hiéu vao u, va u, mé ta boi:
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J 3=y +xy)+1 x|
d—;—‘ = | 2)(26-x3)-x, | trongdé x=!ux, (4.4)
XXy =Xyt \I";/

O v du 3.3 clia chucng trudc ta da duge biét hé Lorenz nay co cac diém cin bing:

- 4
G 50 -
Ty =|0 2y =B Lea =) 70
0/ 25 25

Tii phugng trinh trang thai cua hé ta cé cac ma tran Jacobi

a8 9A

ox; dxp- dxy -3 3 0 10
d ‘ g 9
AL oy | 26-x, -1 -x;| va 2o o
dx | day  dxy  Oxy du o1

AN B
dy;  dr, dxy

Suy ra h¢ Lorenz (4.4) ban diu cé cic mé hinh tuvén tinh gin duing tai cac difm can

banga, ;. x,y. x,5 nhusau:

—_—
I3 -3 3 0 1o
Tai 5"‘} “Lol26 -1 0 |¥4]0 0|Z=A,T+BE
0 dt = = ==
= Lo 0 -1 L0 1
(0
Ve X Sa-x=x-0|=x. €Su-uecu
0
. . -3 3 0} 10}
X - —
2) Tai [“62 : d_f: 1 -1 -5|x +|0 0|lu=4,¥+Bid
v 5 5 -1 0 1)
:,\
vii X Fx-xp=x-|5 |, U= u—to= &
23
i -3 3 0 1 0“3
X, X ~ — — _—
3 Ta {""; 2211 -1 5|3 +|0 0 4 =A;x+Bd
Lo dt o = - = 0=
- -5 -5 -1 01
Vil X Ex-xTx- E=u—ug=u
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Vi du 4.2: Tuyén tinh hdéa mb hinh trang thai

Xét hé khéng autonom cé mét tin hiéu vao v (#) va hai bién trang thai x (), x.()
v(1 mO hinh
dy _ [x +(xy+8) 2

dt Vo, ~tu

1]

C6 thé thay ngay 1a hé chi ¢6 mot diém can bing x, 1a géc toa dd 0. Thay gia tri diém

can bang x,=0 ciing nhu u ;=0 vao cac ma tran Jacobi

df {1 2x, +1t) Jof (0
A= _-f- = ‘ = Vi B=-—== ‘ N
|0 1 du £

cua hé ta duge mé hinh tuvén Unh tuong ducng thuéc lan can x, =0 nhu sau (mé hinh

tuyén tinh khong diing)

— ¢ A
dgz(l ‘1~+ 0 -

. RS 9 | U
dt 10 1) i)
trong doé
X=X-x, =X VA U Tu-—u,=u. a

4.1.2 Phantich hé théng

Phén tinh tinh &n dinh nhé md hinh tuyén tinh tuong duong

Vi mé hinh (uyén tinh tucng duong (4.3) trong lan can diém lam viée thi viéc phan
tich chat lueng hé phi tuyén cé mé hinh trang thai (4.1} cé thé duge thue hién biing cac
cOng cu quen biét va don gian cua Ly thuvét didu khién tuyén tinh.

Tuy nhién do ¢6 s han ché ving mé hinh tuyén tinh (4.3) chi thay thé dude cho méd
hinh phi tuyén (4.1) ban dau trong mdt lan can @, du vhé nao do clha diém lam viée nén

cae két luan rut ra duge 1 edng viée phan tich trén cang chi ding trong l4n cn O, dé.

Binh Iy 4.1: Cho hé phi tuvén (4.1) vii diém can bang x, ¢6 mé hinh tuyén tinh tuong
duong trong lan can x,. 1a (4.3). Khi dé. tinh 6n dinh ciia hé phi tuvén (4.1} tm %, sé

dudc xac dinh tit vi tri cde gid tri riéng cua ma trédn A cua md hinh (4.3) nhu sauw:

a) Hé phi tuyén (4.1) 6n dinh tiém can tai x, khi va chi khi £d¢ cd cac gia tri néng

cua A ndm bén trdi truc do.
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b) Hé phi tuyén (4.1) khéng én dinh tai x, néu ¢ it nhat mdt gia tri riéng cha 4
ndm bén phdi truc do.
¢} S€ khéng dua ra duge mét két luan gi v€ tinh 8n dinh tiém can cua 4.1) tai x,
néu ma trén A cé it nh&t mét gia tri riéng ndm trén truc do va cac gia tri
riéng con lal nam hén trai truc do.
Chung minh;
Khéng mit tinh téng quat néu ta cho ring diém can bing x, la gdc toa 4§ (x,=0).

Khi dé sé ¢6 X = x. Nhu vay, khi phan tich }?({) = flx.u) N thanh chudi Taylor ta eé:
- - T le=y

N

.
in 40 = Ax+0(2)
=0

x

E(g) =

[

.

kY

trong d6 O(x) la da thuc theo x ¢6 bac thap nhat 13 2. phin con lai ctia chudi Taylor.
Go1§1.83. ... .5, la cac gia tri riéng cia A. Khéng mét tinh tong quat néu ta gia su

A cd dang ma tran dudng chéo A=diag(s (). Khi dé thi véi ham xac dinh dudng

!

Vi) = £T£= t,é
k=1
ta co

il

L;V = 2T [Ax+ O(0)]=2 T syt +2:70 ()

L Py
plx)
Néu t&t ca gia tris).s, ..,s, déu nim bén trai true 4o, ham p(x) sé& xac dinh am.

Trong lan can 0, gia tri cia da thiic bac thap nhat 1a ba ;LTO (x) 1a c6 thé bd qua so véi
gia tri cua da thite bac hai p(x) nén L;V cling x4c dinh &m, hay hé 12 6n dinh tiém cén

{theo nghia Lyapunov).

Tuong tu ta cing ¢é dudckhing dinh thit hai vi ba. 0

Vi du 4.3: Minh hoa dinh Iy 4.1
Che hai hé phi tuvén khéng bi kich thich ¢6 mé hinh

o

Heti 2= Fm= | ™72 | Hea X F@:[‘x‘]
dt = X%, — 15 | t = x1xy

Ca hai hé nay déu can bling tai 0 va tai do cung 6 o hinh tuyén tinh tuong duong



~1 O]
X
0 05

A

Ma tran A clia mé hinh tuyén tinh tuong ducng cta ching c6 mot diém cde 0 ndm
trén truc ao. diém cuc ¢6n lai 1a —1 nam bén trai truc ao.

Hé 1 6n dijnh tiém can tai O vi ton tai ham xéac dinh dusng V(x)=x{ +x§ véi:

o -x
LI:V = 2{x x4

taul
= = 2x7 = 2x;,
B 1 3
b SRS

xac dinh &m trong toan bé khéng gian trang thai. Trong khi db, hé 2 lai khéong én dinh

tiém can tai 0 vi ngoai diém 0 né con can bing tai moi diém trang thai khae ¢é x,;=0, do
. - .. g " oy . A 1a
db néu bi nhigu titc théi danh bat ra khoi diém 0 va dua téi x,= ( } cd a#0, thudc lan
' a
can 0, thi hé s& nam lai d6 ma khéng quay vé Ovix, cﬁné 14 mét diém cén bang. )

Vi du 4.4: Minh hoa dinh Iy 4.1

Quay lai hé ¢6 md hinh trang thai dang phuong trinh vi phin Lorenz da duge xét
dén 6 vidu 4.1 la

3(—x; +xp)+uy {x

X .
—£—= x1(26—x4)—xy vl x=|xe
X)Xy —Xy +u2 J \x;g

Hé c6 ba diém cén bang

0 5 -5
=0 xy=| 5 Xe3=| D
0 25 25 )

M5 hinh tuyén tinh tuong duong chia hé tai diém can bing thit nhitx,, 1a

(=3 3 0 10

dx - . -~

d—;= 26 -1 0 |X+|0 0|lu=A, x+Bu
0 0 -1 o 1)

Do A, c6 da thiic dac tinh
det(sI-A,) = (s+1)(s +45=75)

khéng phai 1a da thic Hurwitz (cac hé s6 khéng cing diu) va cling khéng c6 nghiém
trén truc Ao, nén tit cd cac nghiém cta né sé khéng cing nim bén trai true do. Vay hé

Lorenz khéng dn dinh taix, |-
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Tucng ty. tif mé hinh tuyén tinh tuong dudng taix, , va x4 cua hi:

a5 -3 3 0 10

d—f—— I~ -3{x +|0 0{a =A,X+RBa
5 5 -1 L0 1)

- (-3 3 0 10

dx . - - -

d_?: I -1 5 |x +/0 0|a =A,¥+Ba
-5 -5 -1} 0 1)

voi  det(sI-Ay)= det(sI-A )= s'+557+295+150

khéng phdi 14 da thite Hurwitz va ciing khong e6 nghiém trén truc Ao (c6 thé kiém tra lai

0

nhd bang Routh), nén hé Lorenz khéng én dinh tigmeantaiy,, va x,4.

Vi du 4,10: Minh hoa dirh Iy 4.1

Xét hé ¢6 mé hinh trang thai
f Xy i

= flxaw) = i
- dxy) —xy —xy +tu

dx

dt

Hé cé cac diém can bang

o) 5] =e=(7)
] ¢=& X< P N
4x1 _xii _’fz =0 ! \0/ i '\0/ —d 0 /
va cac ma tran Jacobi
ai 0 1 ‘ ai (0}
dx t_—:}.‘ci'} +4 -1 du tl

Tugng dng 1 cae md hinh turén tinh tuong duong cang nhitng két luan tir dé:

1) Taig,,:

2} Taix,,va x
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dx

=

—_—

=

== A +h =
dt 1X+toun

[0
L4

-1

4

det(s/-A )= s “re—4

R

dx

dt

0
= Ay pxtbu :[

det(s]-A, ;)= sl+s+8

e

NS

khing phai la Hurwitz nén hé

khéng dn dinh tiém cantaix,,.

)

khéng phai la Hurwitz nén hé khéng

1)
.
_1;

on dinh tiém cantai x,, va X

0



Phén fich tinh &n dinh nhé da tap trung tam

Quay lai hé phi tuvén can bang tal 0. mé ta bdi (4.1} va trong trudng hop khong hi
kich thich. né ¢6 mé hinh:

dx =
= = = = + .0}
i {(E,E)N:g flx) = Ax+0(x) (4.5)
trong dé
N
_| 9f(x) R . . . iy LT
A= —} v O(x) 1a da théde co bac thiap nhat la x ™,
oy
kS - )£—|]

O day ta chi xét trudng hgp ma dinh 1y 4.1 chua giai quvét duge 1a ma tran A eo cdc

gid lri riéng ndm trén hode nam bén trdi truc do.
Khéng mat tinh téng quat ta gia st rang ma tran A cé ciu trac:

A - (AU (-) \‘:(AU @]_'_[@ 8 A
4N

- - (4.6)
Le A o 6] o A7)
A, A,
trong do
X N " " PR 1. L. c A I . 3
- Age R 1a ma tran con ciia A ca LAL ca cac gia tri riéng ndm trén truc 4o,
_ A—E‘Rf_n —m i)

14 ma tran con bén cua A.

. Dt s . X .- - .
Vayv thi khi viét tach vector xe B” thanh x =[ l] VOl X, € n", XuE "7 mé hinh
X.
Xy

{4.3) sé trd thanh:

dx _ . . 5 -
d;tl = Apx +0(x;.x4). g1a tri riéng cua A, nim trén truc ao
dx. - . -

d;;z A x,+0,0(x,.x,). g1 tririéng cua A nam bén tral true ao

Binh nghia 4.1: Mit da tap M dudce goi la da tap trung tAm néu:
a) Chita goc toa d6 0 .

b} Bat bién dia phudng vdi hé (4.5), tic 12 tai moi xoeHM luén tdn tai khoang thei
gian T dé nghiém x () cia hé (4.3) ndm trong M khi -T<t<T.

| o (A, @
¢} Nhan Imi4 |} 1a khdng gian vector tidp tuyén tai 0, trong d6 A, :L @0 61'
r
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a) )
Im(4,)

A

Hinh 4.1: M6 ta da tap trung tam.

Theo dinh nghia nhu trén thi mét hé phi tuvén (4.3) c6 thé cé nhiu da tap trung
tam. Hinh 4.1b) minh hoa mét $8 da tap trung tAm #f c6 thé c6 ctia hé.

Vilm(A ). Im{A5) 13 hai khéng gian vector con bat bién trong R" | theo nghia

BT x
§=[‘61Je[m(A1) = A:_c=A[—01JeIm(A1)

0" 0
J_c:[ T leIm(Ay) =  Ax= A{‘ ]E Im(A,)
EQ}

X

nén doi khi nguidi ta con ky hiéu x5, x., cho cic truc toa dé thay vi Im(A), Im(A,).
Hinh 4.1a) minh hoa vige tach mét phan ti cua khong gian vector Im(A) thanh tong cua

hai phan tu thuée khéng gian vector con Im(4 ;) va Im(A ). Ngoaira, vi
ImiA )~ ImiAd.) = {0}

tic 14 tap giao chi ¢6 mét phin tit 0 duv nhat. nén vide tich thanh téng trén ciing 13 duv
nh&t {tdng truc Ligp):

Im{A)= Im(A D& Im(A,)

fx.
Tai méi diém x =L_

cua da tap trung tdm M ludn ¢6 quan hé nhat dinh gifia X

Xy )

vi xy. K§ hiéu quan hé dé 1a vector ham
M oxy = m(xy)

ta sé ¢



Binh Iy 4.2: Vector ham x,=x(x ) mb ta da tap trung tam thoa marn:

ay md»=0
b) 881(9) =g (ma tran cé cic phan ti bang 0)
X
o
c) a—[ nI1+O|(I1 ﬂ'(l’lj)] = A ;r(x,)+0 CAREAEAD),
ES)
Chitng minh.:

a) Vi# chia gic toa dd nén hién nhién c6 x(0)=0.

b) Do tiép tuvén véi# tai 0 la khéng gian vector Im(A ) nén moi vector cét cha
ax(x;)
83:1 x —U

.o . 0 ,
phai nam trong Im{A ). Nhu vay thi véi x,=0 hav x ——[ - J mol vector cit sé la
X

0
Al[_]:g
X0

c) Xét quy dao trang thai x(?) caa hé (4.5) c6 mét doan ung véi —T<t<T nam trong #.
Khi d6 thi véi (4.6) c6

dx2

i = A x,+0,(x,.20) = A TEx V0, (xy, m1(x,))

Mat khac ta laiea

dx. dr o d ax
—d_t_E:E;Z %:%[A vX1+05(x) x0)]= B‘x] [Al)£l+ol(£leg(£l))]
Suy ra
_ ]
A mx)+0(x,, m(x,)) :'a-xi_r_[Alr£1+Ol(§7.ls£(J_:l))} O

X)

Dinh 1y 4.2 x4c nhan su ton tai cua da tap trung tam #, déng thoi 1a tién dé cho vide
xay dung vector ham x5=7(x,) mé ta # phuc vu vige xét tinh én dinh clia hé (4.64) sau
nay. Chu y rang vector ham x,=7(x,) khong bét buge phai kha vi v6 han lin nhu fx)
hay nhu O (x,.25) va Op(g;.x3)

Tiép tuc, khi thay vector ham x,=Z{x,;} mb ta da tap trung t&m # viao mé hinh hé
théng ta sé thu dude



ﬁl': 01+ 0 (x).25) = A+ O (x, . 2ix, }) 4.7
dx, - -
c;r FA 2ot 0u(xy.2)= A x,+04(xy,x) : (4.8)

Ra rang. do tdt ca cde gia tri riéng cia A- nidm bén trai true ac. nén hé con (4.8) la én

dinh tiém can tai x.=0. Bai vav:

Pinh Iy 4.3; Hé phi tuvén bac n {4.53) én dinh tai géc toa d6 x=0 khi va chi khi hé con

{1.7) cuia nd viil bae m<n cling an dinh tai gdc toa db taix,=0.

Hon niia. vi hé con (4.8) 14 6n dinh tiém cAn. nén moi quy dao trang thal x(¢) cua
hé (4.5} phai ¢6 xu hudng quy tu vé qu¥ dao trang thai tudng dng efa hé con (4.7). Nui
quy tu dd chinh la da tap trung tdm # Noi cich khdic. sau mét thai ky "qua dd". hé (4.5)
8€ "xfc lap” trén da tap trung tam M nhu duge minh hoa ¢ hinh 4.2,

Hinh 4.2: Cac quy dao trang thai cla hé
{4.5) luén cé xu hudng tign vé da
tap trung tam va ket thuc tai dd,

Theo dinh 1y 4.3 thi viéc xét tinh 8n dinh tai goc toa dd 0 cua hé phi tuyén béac n c6
mé hinh khong bi kich thich (4.5} s& duge chuvén vé viée xét tinh én dinh cing tai goc
toa do 0 cua hé c6 bac thap hon m<n 1a (4.7). Van @€ con lai 14 xéc dinh vector ham

xe=m(x,) cho da tap trung tAm #.

Dé xic dinh ham xu=a(x ), dinh 1¥ 4.2 cung cdp cho ta nhing théng tin dau tién.
Tuy nhién cac théng tin dé la chua dav da, phan cing 1a do mét hé (4.5} ¢6 thé cé nhidu
da tap trung tdm. Béi vav. trong ling dung, ngudi ta thudng ehi ap dung phusng phap da
tap trung tim cho mdt &8 hé (4.5) ma & dé s6 cac gia tri riéng ciia ma trin A nim trén
truc ao ta khéng nhidu. tuc 1a ma tran A, ¢é s6 chifu m nhd, hav bac cia hé con (4.7)

tudng dng cua nd 1a thip. cing nhu s cac phin td cua vector x, 1a tuong dot it.

Mét cach lam khae cing hay dude st dung 1a xdp xi x,=z(x ) dudi dang da thic ¢

bac thap nhit cua x, phaila hai. Ly do cho diéu dé 1a:
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1Y Thu nhat. thanh phan
O (xy.x0) = Oy{xy alx,))

cua hé con (4.7} ¢6 m bién trang thai. chi dude phép chiia nhiing da thie theo &, t
bac hal trg 1én.

2y Thi hal, da thiic Z(x,) phai théa min ndi dung dinh 1y 4.2, tie la phai kha vi it

nhat Ia mot lan va 7(0)= 0 . —t-:ii_r- = 0.
‘-)El x, =0
Néu ky higu
EN mlx)
xp=| vhoogx)=| ‘
-\xm k\‘f'r}r—m (E] ),'
thi ¢6 thé thay
m(xq) = 5?@;,5‘ L k=120 0 n-m (4.9)

14 mét trong nhing da thilc ¢é bac thap nhat eds x; biang hai, théa man hai diéu kién
vira néu. Ma trén @, sé dugc chon sao cho toan b n—m da thic (4.9} thoa man thém
diéu kién ¢) cia dinh Iy 4.2. N6i cach khae, difu kién ¢) 13 difm bit ddu dé xac dinh cac

ma tran ¢, cho da thae (4.9).

Xét riéng truong hop m=1 vA n=2, 1 la hé phi tuvén (4.5) véi ma tran A chi ¢d
médt gia Lri riéng ndm trén truc do. gia tri riéng con lai nAm bén trai truc do. Vay thi v
céc phin (i cia ma tran A 1a nhiing & thue, ban than hai ma train A, , A~ cing phai la

56 thic (Aye R, A" e R), hon nita A,=0. Hé con bac m vdt mé hinh (4.7) trd thanh:
— =0 (x,;.x. =0 (x| . 2lx D (4.1
trong dé x,. x., . &x,;) da duge thav bang nhitng k¥ hidu khéng c6 ddu gach chan x,.
vy . mlx,} d&€ nhin manh riang chuing 13 cac dai lugng v6 hudng khim=1, n=2.
Néu st dung da thic 7(x ;) ¢6 bac thap nhit cia x; bing hai véi cAu trae
2(X)= g x5 (1.11)

thi tir diéu kién ¢} ciua dinh 1y 4.2 ta dugc:



a—RO](xl,)r(x])) = A_}T(xl)"'Og(x].}r(xl)J
axl

& 2¢x,0,(xy. gxi) = A gaf+0s(x,. g xf) (4.12)

Tudng tu, néu sd dung da thiie 7(¥,} ¢6 bac thap nhit clia x; bing hai véi cau tric
A= g2t gox (4.13)
thi

O 0\ (xy m(xy)) = A 2tz )+0ixy. 2(x )
dx'l

Aad (2¢1x1+3g, 2110 (x, (g, x{ + go x7))=

= AT(q a{ + o T )+ 04lx1.tq) X + g a) ) {4.14)

Tir phudng trinh (4.12) hoic (4.14), bang cach cin bing hé s8 bac thap nhat theo x
cua hai v& ¢d chita ¢, hoac ¢ . ¢, va bé qua nhiing thanh phéan bac cao cla x, la sé c6
duge cac tham s6 g, hoac g;. g5. Viée bo qua cac thanh phan da thic bac cao cua x,
khéng 1am thav déi két luan sau nay vé tinh on dinh tai géc toa dé O cha hé théng. vi dé
xét tinh &n dinh. ta chi cin xét x trong lan can 0 1a du (6 Jx1| va|xs| tuong dai nho).

Tuy nhién. su bé qua nhing thanh phan bac cao nay cia x| ciing sé lam thay dé
xap xi md hinh hé théng, tic 1a khéng cé duge thye su x»,=m(x ) ma chila x,=7(x,).
Diéu nay kéo theo 14 ta khong thie sit ¢6 duge (4.10) ma cang chi 1a

dxl

dt =“-01(.‘C|,)T(x|))

Do d6 dé bu, ta phai dua thém vao cho mé hinh {4.10) thanh phén sai léch {c6 thé
khong can phai xac dinh) ti€n vé 0 nhanh hon ban than mé hinh xap xi. N&u mé hinh

Xap X1 tién vé 0 nhanh nhu xf thi thanh phan bu dé s& duge ky hidu bing 07 (x ). 1a
da thie c6 bac thap nhat bang x{. M hinh duge bi c6 dang nhu sau:

dx, _

— Oy (xq,.m(x) + OP(x)

Nham lam r6 hon § tudng trén, ta xét mét s8 vi du sau.

Vi dy 4.6 Xac dinh mé hinh bl

Cho hé phi tuyén khéng bi kich thich v4i mé hinh

1

-1
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— =dx|x,; ~-x
ar 1Xy =~ X}
dx 5
—= = —x, + bxyx, +oxi
ar 2 1% i
Hé co
Ag=0. AT=—1. Oi(x,, x)= ax,xs= %7, Oy(x,, X3} = bxxp + ¢ &7

Dit rix ;)= ¢ x thi tit phuong trinh (4.12) duge
2¢ x7 (ag—1} = (c—q) x} +bg «}

Cén bang hé sd clia x7 & hai v& va bo qua cac thanh phan bac cao X} va x} taco
c—g=0 & c=q = mix ) zcxf

Suy ra mé hinh hé con (4.10) ¢6 cung tinh 6n dinh tai 0 la

d
ZLo= 04 alx)) = (ac-1) 2 +0%)
va O°%(x;) 1a thanh phan b sai léch, né phai tién vé 0 nhanh hon « . O

Vidu 4.7: Xac dinh md hinh bl
Xét hé co md hinh

3
—13.{]12 - Xy

dt
%: ~Xy + X1 Xgy +Ii2
Pax 1a trudng hop dic biét cua hé di cho 6 vi du 4.6 \ng véi e=b=c=1. Do d6 néu
dat m(x1)=g xj thi theo k&t qua cia vi du 4.6, tinh 6n dinh cla hé tai 0 s& tuong ducng
v&i tinh dn dinh ciing tai 0 cua
ﬁ

7 = 0%« 1), da thiic ¢d bac thap nhét bing x13

Nhung vi O°(x,) 14 thanh phén bu sai léch chua duge xac dinh va ngoai théng tin
ring né phai tién v& 0 nhanh hon xJ ta khong dugde biét thém gi v& né, nén ciing chua

thé xac dinh duge tinh 6n dinh ctia hé. Bdi vay cdn phii c6 mét da tap trung tdm
xo=a(x ) khac thich hap hon.

Thu véi 7(x,)=q, ¥L + g5 x thi theo cong thic (4.14) ta cb;



A 4 K + v i
(2g1x+3q, ) g - D xf+ gox) = (1—g ) 2] +(g,—gu+1) 2 + g5 <

= g1=1  vd gu=1 (cAnbing hé s6 cla x¥ vit x} ¢ ca hai vé)
hay

Tlxq)= x'f+x'f
Suv ra

dx,

1 i
= x +07(x
dr ! (=)
va 0*(x,) 1a thanh phén bi sai léch. nd tién vé 0 nhanh hon ;. a

Vi du 4.,8: Xac dinh md hinh bu

Xét hé
s
dx X1Xy .. _ Xy
—_— = Y Vi £_ i
di \—x2 =Xy \J"Zj

Hé trén co
Ag=0 . A =-1. Oi(x;. 22} = xyx.  Ouxy. 25} = —a
Dit x(x,)=¢ x{ . Vay thi tii phudng trinh (4.12) duge
2¢%x] = —(g+1)x}
Can bénihé sd'cia x & hai v& va bd qua cée thanh phan bac cao xi taco
g+1=0 =3 g=—1 & Alx ) =-_r'f‘_

Suy ra mé hinh hé con (4.7) ¢ cing tinh &n dinh tai 0 véi hé di cho la

El-z 1(x1,;r(x,))=—xf+03(x1) 0

dt

Sau khi da sit dung da tap trung tam # véi vector ham x,=7{(x,) mé ta né dé dua

bai todn xét tinh én dinh tai 0 cta hé phi tuvén bac n vdi md hinh khéng bi kich thich

{4.5) vé bai toan tuong dudng la xét tinh &n dinh ciing tai 0 cia hé bac m<n véi mé hinh

(4.7) thi viée thue hién giai bai toan d6 sé trd nén don gian hon nhidu. L§ do mét phan 1a

vi hé con (4.7) ¢é bac m thudng nhé hon nhiéu so véi hé goc (4.5) ban dau, phin niza md

hinh hé (4.7) ¢6 dang rat tién cho viée khao sat tinh én dinh nhu cac vi dud6, 47va 48
di minh hea,
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Binh ly 4.4; Gia su hé phi Luvén bac n (4.5} can bang tai 0 vi ma tran A chi ¢é mdt gia
tri rifng nAm trén truc ac (m=1), cdc gia tri riéng con lai déu ndm bén trai truc ao.
Vav thi véi da tap trung tdm x,=2{x ), mé hinh ha bac (4.7) clia né sé c6 dang

%:ax{”+op(x]) vi peEN. ac k. (4.15)
Khi dé:
a) Hé (4.5) sé on dinh tiém can tai 0 khia<0 va p 1a 56 1é.
by Heé (4.3} sé khong an dinh tai 0 khi ¢ >0 hodc khia<0 va p la s6 chin,
¢} Khéng két luan dude gi néu ¢ =0.
Chitng minh:

Ta khong xét dén trudng hdp ¢} vi khi 6 ham ba sai léch 0" (x,) 1a chua duge xac
dinh. Khi a#0 thi do O (x) tién vé€ 0 nhanh hon ban than x{ nén trong lan can goéc
toa dd, qu¥ dao trang thal cia hé con (4.15) s& c6 dang cua x{ cho ¢ hinh 4.3, {ng vdi
nhiing trudng hop khac nhau nhu a>0 hay <0 hodc p 14 s6 chdn hay s¢ 1é. Chiéu cua

quy dao trang thal duge xac dinh tir diéu hién nhién rang néu ?tl" >0 thi x| phal tang

d;: <@ thi 1, phai giam. V& hinh minh hoa 4.3 d6 ta thay duge ngay rang hé

va khi

{4.15) én dinh tai 0 khi va chi khi ¢<0 va p 13 s6 1&. Theo ndi dung dinh 1§ 4.3 thi két
luan nav cung dung cho hé {4.5). a

ay b} c}

>,

N x

T RS

Hinh 4.3 Xét tinh én dinh hé ha bac bang
phugng phap mat phang pha.
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T dinh 1y 4.4 ta thay:
- Hé xét ¢ vi dy 4.6 14 6n dinh (tiém cin) tai 0 khige—1<0,
- Hé xét & vi du 4.7 1a khéng &n dinh tai Q.
- Hé xét ¢ vi du 4.8 la &n dinh (tiém can) tai 0.

Vai diéu ban thém

Véi da tap trung tAm # ta dd c6 thé két luan duge tinh én dinh tai 0 cho mét 6 hé
phi tuyén ma mé hinh tuyén tinh tudng dudng cua né tai 0 & bién gidi 6n dinh. Tuy
nhién viéc xac dinh x4=x(x ;) cho da tap trung tam # la: dude thue hién "kha mé mam"
va dya nhiu vaoe "kinh nghig¢m". Chéng han, théng thudng ngudi ta hay bit diu bing
gia thiét da thic bac hai (4.11) cho xo=n(x,). Song néu gia thiét dé lai dua dén md hinh
(4.15) c6 @=0 thi lai phai bat ddu lai véi dang da thic bac ba (4.13) phie tap hon. Tiép
tuc, néu dang d6 ¢la x,=7(x)) lai vin cho ra két qua =0 thi lai phai thu tidp véi dang

da thic bac cao hon nita eda x,=7(x ;).

Boi vay, cho mdt kha nang ing dung hidu qua thi d day con thiéu sy gdi ¥ vé céu
tric 6 thé ¢d cla x,=2(x,) ti md hinh (4.5) da biét ciia hé théng. Thiét nghi, su thiét
hut d6 ciing 1a mét vén dé mé cho chiing ta nghién citu tiép vé da tap trung tim. Ching
han nhu tim cdu trd 18i cho: "Nhitng hé phi tuyén ndo mdi cé thé cé da tap trung tém
xo=2#(x,) dang da thifc va nék co thi bdc toi thiéu cia da thite phdi la bao nhiéu" . Cau
héi trén 14 hoan toan cé 1y vi khéng phai moi hé phi tuyén phing nao cing c6 da tap
trung tam dang da thitc nhu ta th&y d vi du dudi day.

Vi duy 4.9: Hé khang ¢6 da tap trung tdm dang da thic
Xét hé

_d'_£ = ¥y vl x= 1
dt =Xy Xg !

Ag=0 . ATS-1, O,(x;.x0)=x,x5,  Oy(x,.x5)=0
Gia s rang ham x,=7(x ;) cla hé c6 dang da thitc. Khi d6, véi muc dich ring tich
% =x,xp cla hé ha béc c6 chu triic dang (4.15) thi ham x,=x(x,) phai la
m(xy)=a 2 vl  p23 vi awd

Thay céng thie trén cha 7(x,) vao difu kién ¢) trong dinh ¥ 4.2 ta di dén:
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a Hp-1] -1
a {p—l)xf‘lp bemaxf™

Song déng thic trén khéng thoa man véi mo1 p23 va a»0.Vay difu gia s la sai, hay

ham mé ta da lap trung tim x,=7(x,) cla hé khéng thé la da thuc. )

4.1.3 Thiét k& bd diéu khién

Theo két qua cta dinh 1y 4.1, hé phi tuvén (4.1) én dinh tiém cin Lyapunov tai x,
khi va chi khi m6 hinh tuyén tinh tudng dudng tai x, cua nd la (4.3) cb cac gia tri riéng
cua ma tran A nim bén trai truc ao, tic la khi va chi khi (4.3) la én dinh. Néu mé hinh
tuyén tinh tudng ducng (4.3) khing &n dinh, ta cé thé ap dung cic phudng phap thiét ké

bd diéu khién R, tinh, phan hdi trang thai dé én dinh héa hé (hinh 4.4a), titc 14 xac dinh

R, sao cho A—BR, la ma trén bén.
pé tim R, tacd thé: *

—  Bii dung cac phuong phap gan diém cuc §,,84. ... .8, cho trude nim bén tral truc
ao nhu medal, Roppeneckel‘.hay Ackermann {xem thém tai lHéu [19]).

- St dung phudng phap thiét k& b diéu khién téi wu cha bai toan LQR (linear
quadratic regulator).

a) b)

et

Y

Hinh 4.4: Thiét k& bo diéu khién finh, phan hdi trang thai lam 8n dinh hé phi tuyén.
Van dé con lai 12 b diéu khién tuyén tinh R, d6 ¢6 thuc su 1am &n dinh hé phi
tuyen (4.1) da cho ban dAu hay khong (hé 6 hinh 4.4b c6 6n dinh hay khéng).

Binh Iy 4.5; N&u hé phi tuyén (4.1) didu khién duge trong lan cin x, va bd diéu khién
phan héi (Am) trang thai R, lam cho hé tuyén tinh tudng dugng cla né tai x, la

(4.3) 6n dinh thi né ciing & lam cho h& (4.1) 8n dinh tiém can tai x,.
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Chitng minh:
Trude hét ta thdy ngav duge 1a hé kin gém khau phi tuvén (4.1) va bé diéu khién
phan héi trang thai R, (hinh 4.4b) khi khong bi kich thich s& dude mé ta bai:

dj_: = flx-R.x) (4.16)
i

Hé kin nav cing c¢é diém can bang x,. dong thal tai difm can bing dé6 né ¢6 mé hinh
tuyén tinh tuong ducng (khi khéng bi kich thich)
dx
2= (A-BR) ¥ (4.17)
dt

Do hé tuyén tinh (4.17) én dinh nén theo dinh 1y 4.1, hé (4.16) cing &n dinh tai x,

vi d6 12 digu phai chitng minh. 0

Cha ¥: Do bo diéu khidn B, duge im trén cd sé sit dung mé hinh tuyén tinh tuong
dudng (1.3) trong 1an c¢an x, cua hd phi tuvén (4.1) nén tinh &n dinh ma né mang lai cho

hé phi tuvén (4.1) eiing chi duge khiing dinh treng 14n cén x,. NEu lan can dé qua nho
thi ¥ nghia én dinh d6 ciing khéng c6 gia tri gi. Bai vay, dé danh gia chit lugng thuc su
mé bé didu khién R, da mang lai cho hé phi tuyén (4.1}, nhat thiét ta phai xac dinh

mién én dinh © kém theo. Mién 6n dinh O cang 16n. ¥ nghia sit dung cha bd didu khién

R . dd1 v61 hé phi tuyén (4.1) cang cao,

Vi du 4.10: Minh hoa dinh Iy 4.5

Xét hé ¢o hai bién trang thai mé ta béi:

N

dx = flrw :[ x4 x, J

dt xafx; + 2 +u

Hé ciin bang tai goc 0. Hé ¢6 mé hinh tuyén tinh tuong dudng tni gée toa do 0:

o34

X - _(01Y (oY
d—izzi + B =[ x+( fu
dt = oL0o2)= s

Ma trin A ciaa mé hinh tuyén tinh tuong duong nay cé mét gia tri riéng 4,=2 nim
bén phai true 4o nén theo dinh 1§ 4.1, h phi tuyvén da cho la khéng &n dinh tai géc 0.

Su dung phudng phap Ackermann (xem thém tai lidu [19] v& cac phuong phap thiét
ké bd diéu khién cho trude diém cuc) dé chuvén cae diém cue 4,=2. 1,=0 cia mé hinh

tuyvén tinh tudng dudng tdi nhitng vi tri mdi la s, =-1, 59=—2 ta dude bd diéu khién:
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V61 bé didu khién nav. hé kin ¢ hinh 4.4b) gdm b didu khién R, tim duge va dii
tugng phi tuvén da cho. ¢6 mdé hinh khéng bi kich thich (ing vd1 w=0 va do dé ré
w=-R x=—2x,-5x,):

A
—-X 1 Xy

OX, — 2x1 - 3'\2 .

S dung him xie dinh dusng Vix)= 2_1:12 +x7 ta thas
~rr 4
L!'V = i flx-R.x) = (1x, . 2x,)

- dx — -

i
—X +.T2

W

= —4x] + 2x§(.t:] -3}
vy —2x) - 3x,
xac dinh am khi x,<3. Vay ba didu khién R, tim dugc 44 lam hé phi tuyén 6n dinh tiém
can tal gée toa dé voi mién dn dinh
O=!rer” | x,<3 !

Vi du 4.11: Minh hoa dinh ly 4.5

a
Cho d81 tugng phi tuvén
dx Xolx, + 1 +e
dr t X

)
— X, — X +H,),

(06 thé thiayv dude ngay rang déi tuong can bang tai gie toa do

- S T A R
Ax+Bu =l ‘x+ ]
dt R ) B U

M hinh tuvén tinh tudng ducng trong lin can gic toa dd cita no 1a;
dx

i

1

Ti mé hinh tuyén Unh tudng dudng 46 thi theo dinh 1y 4.1, d81 tugng phi tuvén da cho la
khéng 6n dinh tai diém can bang 0. vi:

det(s1-A)=0 = §°-1=0
cé nghiém 4;=1 nam hén phai truc ac.

Béng phuong phap Roppenecker [19] ta xic dinh b didu khién phén héi trang thai
R, =1(68. -1}

dé én dinh déi tugng théng qua viée gan hai diém cuc s (=—2, 5,=—3 va di dén:
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V61 bd diéu khién nay thi hé kin ¢ hinh 4.4b) bao gém déi tudng phi tuyén da cho
cing vdi bé difu khién phan héi Am trang thal R, tim duge, trong trudng hop khéng bi

kich thich sé ¢6 md hinh (ing vé1w=0 va do dé c6 u=—R,x=-6x,+x,):

dt . xf—xg-ﬁxl

dx _[ 0l +1)—6x +x, dx _[x”fz — DXty
dt b x] —xy—a) —6x, +x, |

Su dung ham xac dinh duong V(x)= 6x7 + x} ta cé:

™
1

X1Xp — DX, + X.
av e ! iJ = xf(lGxQ-GO)— ij

LeVo=—= 2(6x, . x )[ .
a dt ] 1 \xf—xg-le

- . . 15 .. o s o . . . R . S
xac dinh Am khi x, <T_ Vay bo diéu khién R, tim duge di lam hé phi tuyén én dinh

tifm can tai goc toa dé véi mién 8n dinh:

. 15
O:{xekzlxgﬂf‘, O

4.2 Phuong phap gain-scheduling
421 Tutudng chinh ca phuang phap

Muc 4.1 vira trinh bay nguyén Iy thiét k& b diéu khién R, diéu khién phan héi
trang thai cho d6i tugng phi tuyén (4.1} théng qua mé hinh tuyén tinh tucng duong (4.3)

£
h . - - o - ) | ) .2 . . X,
cua né trong lan can diém can bing L“bf |. hav diém lam viéc (“
| 173 ]
/ M)

TAt nhién rang nguyén 1y sit dung mé hinh tuyén tinh tuong dudng (4.3) dé thiét ké
bo didu khién cho d6i tugng tuyén tinh (4.1) nhu § muc 4.1 khéng chi dirng lai 6 phan héi
trang thai ma hoan tean con dude mo réng ra cho ¢a viée thiét k& nhitng bd diéu khién
khac nhu phan héi dau ra, hodc bd didu khién ¢ mach truvén thing (hinh 4.5a).

Song do hai mé hirh (4.1} va (4.3) chi duge xem 1a tudng duong trong mét lan can
O, du nho cua diém lam viée ' = |nén khi ap dung cho d6i tugng phi tuyén goc (4.1) thi
Wy .

chat lugng cia hé théng cing chi duge ddm bao trong lan chn 46. Diéu nay néi ring ¢

¢
1

Y (x5
nhiing diém lam viéc khac nhau S | .

.. ta phd; thiét k& nhiing bd diéu khién
VEnr /o How )

.y, Ry ... khic nhau. Néu nhu s§ diém lam viée 14 hitu han thi tit hitu han cac bd
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didu khién ting véi timg diém lam vide 46 ta phai ghép ching lai chung lai véi nhau nha
khéa chuyén dai (hinh 4.5h) dé c6 duge mét b didu khién thong nhat.

Q) b)
& béitugng
© [ diéu khién

Hinh 4.5: Ghép nhiéu bé didu khién
lai thanh mét ba diéu khién théng
nhat nhe khda chuyén géi.

Khoa
chuyén doi

T
béi tugng
diéu khién

¥|

o

Tuy nhién viée sit dung khéa chuyén d6i nhu trén ¢iing ¢é nhuge didém cua né:

—~  Thu nhat 14 khaa chuvén déi phai lam viée ciing vdi trang thai thue d8 xac dinh
diém lam vigc tic thdi hién cé cla 48] tugng nén trong né phai ¢6 bé quan sat
trang thai. Diéu nav lam cho cau trie b diéu khién trd nén phue tap.

—  Thii hai 14 khéng thé ap dung dudc cho trudng hop d6i tugng co rat nhidu didm
lam viéc, ching han 1a vé s&.

Vi du sau xic nhan trudng hop mot 461 tuong ¢ cau tric don gian nhung da cé v s6

diém lam viée.
Vi du 4.12: Hé phi tuyén ¢cé vo s& diém lam viéc

Xét dbt tugng phi tuvén ¢6 md hinh

dx _{
2l

—2x; +x,
o1 xi] va  y=r, (4.18)

4

1-¢" "2 4y

Ung voi mét gia tri tin hiéu vao u=u>—-1 c6 dinh nao d6 thi ti

' I
{—2x1+x2=0 JII =

~x2 =—In(l+uy)

1

1-e™™ +u, =0

™
L . . LS
ta ¢ dude diém lam viée [“L J vdi
Yo

by —
:(-ﬁ __{—In lﬂt“w, u=ugy >-1

~In(l+ug)

;
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Xem

= —Ingl+uy =v (4.1

la tham & tuv ¥ thi diém lam viéc trén trd thanh

v .
X, :(‘ ‘ va t,=¢ R | (4.20)
L 2 )

—}

Nhu vav, di€ém lam viée cia d&i tuong duge bidu dién thanh ham cta u theo cdng
thie (4.20). V6t nhitng gia tri v khéc nhau ta ¢6 nhing diém 1am viée (4.20) khace nhau

va tham sd v nay cé quan hé (4.19) véi diém lam viée ciia hé (4.18) | O

Quay la1 bai todn thiét k& bé diéu khién, Nhu da néi. vide sii dung khéa chuyén déi
dé tao ra mot bo diéu khién théng nhat tit vh sd cac b didu khién R.,. R,y ... 12

khéng thé. Nham khic phuc nhuge diém dé. ngum ta da nghi tdi viée xac dinh mdt bo

- . s L [ x, X,
diéu khién théng nhat chung u=r{w.x. v}. sao cho tai cac didm lam viée =l J \ t‘l ‘ .
- v b L Hpz )

uo sé chinh 1 R, R.,, ... Phuong phap thiét k& bd didu khién phi tuvén

e=riw.x. ¥} nhu vay duge goi la gain - scheduling.

4.2.2  Thiét ké bé di€u khién tinh, phan héi trang thai gan diém cuc

Trude Lép ta gia su la da xae dinh dude ho cac diém Iam viée (_J' | cia déi tuung
iy
phi tuyén (4.1} théng qua viée giai phuong trinh:
[lx 1) =0 (4.21)

ciing nhu di tham s& héa ho cac diém 1am vide dé thanh:

S J - )

Ly L))

b

(4.22)

vol vector tham so ¢ phu thude trang thai x . tin hiéu vao u hoac ray cua déi tugng:

[ T (4.23)

Khi dé. bang phuong phap tuvén tinh hoa xap xi hé (4.1) trong lan can diém lain
¥1éc (4.22) theo cac bude da trinh bav 6 muc 4.1.1 trude dav, ta sé dén duge mé hinh
tuyén tinh tuang dudng gidng nhu (4.2). nhung phu thude tham s6 ¢ nhu sau:
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:::_,1

| dx

= A(W)Z + Blv)u

dt
y=Cwx, + D
trong do
¥ =x-x, €= u—u, E:;—gf,&-ﬁu.ﬁ
dx (v
Vil EL'(E) =0
dt
dico 3£ - dE-x) _dx
d dt dt

Tiép theo. s dung cac thuat toan thiét ké bo dieu khién gan diém cuc cha Ly thuyét

diéu khién tuvén tinh, ta xac dinh duge bd diéu khién phan héi trang thai B, va bé tién

xi 1§ R, dudi dang cac ma tran (bé didu khién tinh). T4t nhién cac bd diéu khién nav

cung phu thude tham sé v (hinh 4.6a).

a) b)
T dx ¥ ' dx .
w R E_Afllx+8(tm W ..f_{w‘a._) u _;_‘ﬁ{-ﬁ)
¥y= Cleye, + Diewd I g:g({.u)
i x S

Hinh 4.6: Thiét ké bd digu khién tinh bang phuong phap gain—scheduling
Hai bé diéu khién R ;. R. phai thuc hién cac nhiém vu:

Gan cho hé kin ¢ hinh 4.6a) cac diém cue s, $4. . ., 8,
truc do. Didu nav déng nghia vdi:

det(s]-A(2)-RB{w)R |} = (s-s,Ms-5.) ~(s-s,)

Tao ra hé kin khong ¢o sai léch tinh, hay ¥ = @
nhu d cdng thiic (4.25) thi diéu nay tuohg tudng véi:

=g{x.uy)

duge tuvén tinh hoéa tai diém lam viée. tace L ching phai thoa man:

. Néw ky hiéu £ =w-w,

I-

cho trudc ndm bén trai

(4.27)

giong

(4.28)

Chiing phai la nhiing gia tri cua b didu khién chung u=r{w.x)} ¢ hinh 4.6b) khi
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du _ orlwzx) du _ dr ow  dr ox

du du dv dw dv dx
= Mg, W, 9K (4.29)

du T ooy du

Tu dav ta di dén cac budc thiét ké b didu khién gain—scheduling u=r(w.x) bao

gém:

. x.0 . . ) . .
1} Xac dinh eac diém lam viée (‘L | cua dél tugng (4.1) tir phuong trinh (4.21).
Y.

2) Tham sé hoa tat cac cac diém lam viéc dé theo vector tham s6 u c6 cAu tric (4.23}.
3) Xac dinh mé hinh tuvén tinh tuong duong (4.2.4) clia do tudng tai diém lam vide,

4) Su dung cac phuong phap thiét k& bd didu khién tuvén tinh dé xac dinh cac bé didu
khién R,. R, phu thuéc tham s& v thoa man (1.27), (4.29)

5) Thayv lai quan hé (4.23) va (4.28) vao R |, R, dé c6 bd diéu khién chung:
= uy tRy(w~w J+R(x~x,) (4.30)

chi ¢on phu thudc vio w va x,

Vi du 4.13: Thigt k& bo diéu khién gain-scheduling

Quay lai dé1 tueng phi tuvén da xét trong vi du 4.12
] va ¥ = x,

mi § do ta da 6 duge di€m lam viée bidu dién thea tham s8 v nhu sau

) —yL .
X, = 2 ‘ ug=e¢ ‘U1 . w, 25{_5@0}:1; (4.3
vil quan hé
v =x, ) (4.32)

Dl tugng ¢6 edc ma tran Jacobi
of (-2 1) of _ ‘fo
ax 0 e_'tBJ, du 11

nén m hinh tuvén Linh tuong dudng clia né tai cac diém lam viée sé 1a
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di, (-2 | W _ ’0]
— = I -
i3 0 e =t J - 1
Alo) Biw)
Gia s cac diém cuc cna hé kin (tai diém lam vigc) da cho trude 12
5= 83 = —4
Vay thi véi cac diém 1am vige (4.31). ta co

ﬂﬂl:_ze =1

— Dy E}Et _[lw . awl.
— . —L= va  —
du v 2 v

Suv ra, cac phuong trinh (4.27) va (4.29) chinh la:

det

(-2 1 (o), |
= v 2

sl—[ ) —[ ]R1J=(s+4] =5“+8s+416
0]

—2 ]
\ -

I
7 i

o 1
—2(_’_2{ =R 1—R1[9J

Do d87 tudng co mdt tin hiéu vio, hal bién trang thai nén R, 14 dai lugng v6 hudng
va R, 1d ma tran mét hang hai ¢dt. Dat Ry=(a , ). Khi dé hé phuong trinh trén tro
thanh:

s+2 S
det . =5 +8:5416
L —a  s—e 7 —b
1—20‘2” =R, +a+2b
va nd cd nghiém:
R,=16 . R,=(a . b)=(-4.-6-¢ "

Vay, cung vdi diém lam viée (4.31) va cong thic tham s6 hoa (4.32). bb diéu khién
gain—-scheduling (4.30) can tim sé la;

u wo + Ro(w—w Y + Ry(x—x)

E_ZL,_l + 16(w- VL) + (-4 . ”6_8_21')[[x1)_( U ]jl
Xy 2v

e 2Pl + 16{w-v) - 4lx~v) — (6+e_2“)(x3—2v)

=™ 1 + 16(w—x;) - (6+e 1 ) (xy-21y) 0
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Vi du 4.14: Thiét ké bd didu khién gain-scheduling
XéL dai tuong cé md hinh:

dz_"' X, —u

—= = va oy =+,
df

A . 4
—x] +xy+u

N6 cad diéin lam viée ing véi tin hiéu vio e=u, trong ché dé ditng 15 nghiém caa;

|-""1 —iy =0 Yy =iy . I
: 4 o s va vy = atx, T
1—1’1 +x, wu, =10 Xy =up =y

Néu tham sd héa diém lam viée Lrén thanh:

N
o= . ¥y =v. ¥, T U VA w, =¥

ta 5& e6 hai cang thue biéa dién sy tham s6 hoa do ¢ ché dé diing nhu sau:

1} w=x, (4.3

2) y = w (khéng 6 sai léch tinh) = v =%w (1.34)

Tuvén tinh hoa dé1 tugng trong lan can cac diém lam viae, duge

— = i (1.25)
i1t 1) —t
vii gia st cde diEm cue mong mun cua hé kin 13 s (= =1 vA §,= -2 Vav thi véi cac difm

lam vige trén cling nhu mé hinh tuvén tinh (4.33) cia déi tugng ta cé cac phudng trinh
(4.27) va (4.29 nhu sau:

2

3t 1)

R
=R+ Ry J
L3 -1

i 14 1 0% {._]\ 5 .
det sf—t_ H || |= ¢ +35+2

- 7

2 41,2
e {2-3u) Lo2-3uT 2-3u°

u = ug + Ryjlw-w, )+ Ri(x-x,)

Y = 4
+ 10— 3 (1~ U;;) B (14 -1aw J(_x, — 1) + dxy —v7 + 1}

, _ : {4 36)
32 -3 2507 9 _ 32
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Cudi cang, thay mot trong hai cong thic tham s8 héa (4.33) hoac (4.34) vao {4.36] ta
sé& dudc hai bd didu khién gain-scheduling khac nhau la:

2 4
-3 . Haxy = 2
l) 0= ‘T1+% (w__x_-l‘l)+.(x—2.ﬂ.:——m
3x7(2-3x7) 2~-3x7
P o e M
2 w = Y- 00 3¥w? Y, w) | My T 8|

3?2 3wt 2 - 3fu?

K&t qua cta vi du trén cho thiy thém ring bd diéu khién gain—scheduling thu dugc
con phu thude vao cdng thiic mé ta tham sd ¢ goi 1a cong thie tham s6 héa. Vi nhifng
kit tham sé hoa khde nhau, ta co cde b6 diéu khién khdc nhau.

4.2.3 Vai diéu ban thém vé phudng phap gain-scheduling

Chdt ugng dang hoc chung clua hé thdng

B6 diéu khién gain-scheduling 12 mot bd diéu khién phi tuyén duge thiét ké tir ho
cac bd didu khién tuyén tinh da thu dude bing cac phuong phap téng hap tuyén tinh cho
nhiing mé hinh tuvén tinh tugng duong ctua d6i tugng tai cac diém lam viéc. Chinh vi
thé k¢ thuat gain-scheduling di thita hudng duge tinh uu viét clia 1§ thuyét didu khién
tuvén tinh vdi rat nhiéu cac phuong phap thiél k& khac nhau.

Viéc xac dinh bé didu khién (phi tuvén) gain-scheduling ti mét ho cac bd diéu
khién tuyén tinh 1A khéng mét-mét. TU mét ho cic bd difu khién tuyén tinh ta co thé
thu duge rat nhiéu cac bd didu khién gain—scheduling khac nhau. Y&u t& quyét dinh che
didu nay 1a céng thic tham s& héa diém lam viée cia d8i tugng, Cac bo diéu khién nay
cing khéng mang lai cho hé théng mét chit lugng déng hoe gidng nhau. Biét duge diéu
d6. song cho tdi nay nguoi ta van chua dua ra dude bat cii mot sy chi dan nao vé cach
tham s& héa diém lam viéc dé vdi no ta sé thu duge mét bd didu khién gain—scheduling
6 chit lugng dong hoc tot nhat. Viéc tham sd héa diém lam viée thudng vin duge thuc
hién theo kinh nghiém la chinh.

Ngoai ra, ta con thav diéu kién (4.26) can phai duge thoa mén 14 hoan tean khing
dudc xét tdi trong qua trinh thidt k& b didu khién (hoac khong thé xét duge). Pidu nay
Jam cho bo didu khién gain—scheduling thu dude, vé mat 1¥ thuydt, chi cé thé dam bao
duge chat luing déng hoe cho hé théng khi ma su “dich chuyén diém lom viée" x,.(t) 1a
tuong doi cham. Song qua kinh nghiém dng dung thuc t€ cua phuong phap
gain-scheduling, ngusi ta thay. chat lugng déng hoc ciia hé théng ¢é sit dung bd diéu
khién gain-scheduling néi chung 1a chap nhan dude, ngay ca khi d8i tugng cé tinh phi
tuvén 1én va qua trinh chuyén déi trang thai ruong d8i nhanh (theo [3]).
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Tinh 8n dinh toan cuyc (global)

Tu nhing nhan dinh trén day vé chat lugng déng hoc chung clia hé théng cé su
dung bd diéu khién gain—scheduling thi rd rang tinh én dinh toan cuc cia hé thang 1a
khéng dudc dam bao, mac du bd diéu khién gain-scheduling d4 chéc chin mang dén cho
hé théng tinh én dinh dia phudng (véi mién én dinh © 1 lan can tugng d61 nhd xung
quanh cac diém lam viéc).

DE kiém tra tinh &n dinh toan cuc {global) hav tinh on dinh tuvét dé ta cé thé sit
dung tiéu chuan Lyapunov. Nhung diéu nay ciing ¢4 han ché ela né vi tiéu chuin
Lyapunov hoan toan khéng duge dé ¥ tdi trong qua trinh thidt k& bo didu khién
gain-scheduling. Néi cich khac néu nhu sau nav c6 di dén két luan réng hé kin khéng
8n dinh toan cuc thi két luan do ciing ching giap ich gi cho eéng vige hiéu chinh b didu
khién gain-scheduling da cé. Céng cu ki€m tra tinh én dinh toan euc cua hé théng (G
muc dé han ché) trong qua trinh thiét ké hién thuong dung 12 mé phéng.

Kha nding thiét k& frong mién phic

Trong didu khién tuyén tinh thi cic phuong phép thiét k& bé didu khién trong mién
phitc 12 kha phé bién. Mét phan 14 do nguén géc lich sii, phén nita 1a vi céc phuodng phap
thiét ké trong mién phie la kha don gian song ciing di dén duge nhiing bd diéu khién cé
chat lugng cao.

Dé sit dung duge cac phuong phap thiét ke bé diéu khién trong mién phic cta Iy
thuyét diéu khién tuvén tinh vao ky thuat gain—scheduling, khi ma difu kién cho phép,
nguoi ta di tién hanh (hinh 4.7);

1) Chuyén mé hinh trang thai tuyén tinh tudng dudng (4.24) cia d61 tugng tai cac diém
x.(v)

Lyl

lam viéce { ] thanh ham (hesc ma tran) truyén dat G(s,p) va tat nhién cac

ham truyén dat nay ciing phu thude vector tham 86y

2} Thiét ké bp didu khién tuvén tinh R(s.v) cho di tugng G{s,v) tit véu cdu phai cé
vé chat lugng hé kin.

3) Xac dinh b diéu khién (phi tuyén)

ma mé hinh tuyén tinh tuong Il z i ¥
e, =t =t JR(s,0) |28 Glsv) Lot
duong cua nd tal cac diém lam -
viée (diém ding) cda hé kin o6 -
ham truyén dat la R{s u).
4) Thay quan hé tham s& héa vao bi Hinh 4.7: Minh hoa viéc thiét ké b6 didu khidn

diéu khién via xéc dinh duoe dé gain-scheduling trong mién phiic.
cd bd diéu khién gain-scheduling.
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Tu tudng thuc hién vide thiét k& bd diéu khién gain-scheduling trong mién phiic
nhu vay 12 da 15 rang. Tuv nhién, dé tu tudng dé 12 kha thi thi con nhiéu vin dé can
phai duge lam ra. chang han:

—  Khi nao thi sé tdn tai mot bé didu khién phi tuyéh ma mé hinh tuyén tinh cia né
tai diém lam viée s& cé ham truvén dat R(s,v} cho trudc.

— Néu da tén tai mdt bd diéu khién phi tuvén nhu vay thi ¢é phudng phap hiu hidu
nao dé xac dinh no, hay

—  Lam th& nao dé cé thé thidt ké dude mot b didu khién tuyén tinh phy thude tham

88 Ris.v) cho 461 tugng ciing phu thude tham s& G(s,v) mé chit lugng hé kin thi

la1 khong phu thudc tham s6 ...

Dang tiéc 14 cho dén nay nhitng cdu hdi trén méi chi duge tra 19i timg phén chd
chua dudc hoan toan tron ven. Chéng han, ngusi ta ciing mdi chi bidt duge ring dé ton
tai mot bé diéu khién phi tuyén ma mé hinh tuyén tinh tuong dudhg clia né tai cac diém

lam viée (ﬁ [E)] chinh 13 ham truyén dat phu thudc tham s& B (s,v) thi can phai ca:
pit
du, (W) . de,. (v}
— = R 0‘ | ;
dv i ) du

chii chura biét dugc 1a didu kién dé da du hav chua.

Ciing nhu vay, khi ma da c6 cac bo diéu khién R(s.v). va dé tim bd diéu khién
gain-scheduling u=r{w.x, ¥) tudng ting, thi cho dén nay ngudi ta vén lai phai quay trd

vé& mién thii gian vdi cac méd hinh trang thai ena R(s,y) rdil sau d6 s dung phuong
phap thiét ké trong khéng gian trang thai da dugce trinh bay trong muc trude, chi chua
¢é duge kha nang thue hién ching hoan toan trong mién phiie.

4.3 DPiéu khién tuy&n tinh hinh thic

Trong 16p cac md hinh phi tuyén khéng tu tri:

dx _
E—f({-ﬁ-r) (437

y=gud)

phudng phap diéu khién tuyén tinh hinh thize dac biét thich hdp véi nhiing hé théng (d61
tugng) phi tuyén ma moé hinh trang thai cia né cé dang:

(4.38)
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lrong A0 A(x.u.0). B(x,u,t). Cx,u.t) la cac ma tran ¢6 phan tii la ham séehax, u va
. Kiéu mo hinh (4.38) ta da dugc gap trong phuong phap AJS(—"llnan dé thiét k& ham
Lyapunov {muc 3.1.2) nhung d khuén khé hep han.

Dang mé hinh (4.38) 6 tén goi la tuyén tinh hinh thic (formal linear), vi trong
truong hop dac bigl. khi cac ma tran trong mé hinh (4.38) khéng con phu thude x.. 1 va
trd thanh A(#). B(¢), C(£) thi né chinh 1A mé hinh cia hé tuvén tinh {(khing ding).

Bai toan diéu khién tuvén tinh binh thic ma ta quan tdm 6 day la tim cach can
thiép vao hé théng. chang han nhu béng b6 di€u khién phan héi trang thai (hinh 4.12)

v = w-Rix,u,thx (4.39)

dé hé ¢6 duge chat lugng nhif mong mudn.

! i
O %=A(£-z=ﬂ£+3(£&,r)g

1=

¥

Hinh 4.8: Biéu khién tuyén tinh hinh thie. ™ | ___________________
bing bd diéu khién phan hai trang thai.

Chit lugng ddu tién mé ta thudng nghl dén la tim ba didu khién (4.39), sao cho vii
no, hé kin vl mé hinh trang thai

22 o (ACrut)- Bl DRz, 6)) + Blxu.tw (4.40)

dt -
Al

¢ ma tran g(t} khéng cén phu thude x, g. Khi do hé (4.40) khi khéng bi kich thich sé
tré thanh tuvén tinh.

Vi dy 4.15: Thiét k& bd diéu khién tuyén tinh hda chinh xac

Xét dé1 tugng phi tuyén cé md hinh

d 3 '3 4 I 2 ,l\ I I’ . .
ax x4l ,£+[ ‘u vl x = ¥l (4.41)
di 1 3] L0 L Xy

4 B

Néu chon b diéu khién phan héi trang thai

u = w-(xx, kix (4.42)
I3

véi & 13 hing sd tuy ¥, thi hé kin sé trd thanh
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il 9 (1Y . 1
U = (A-BR)g+Bw =[]V 2 ‘[ et sz*’{ ]w
it ¥ 1 3) 0 0

12—k 1
l x+ ‘w
13 0)

;

Nhu vav. bd didu khién (1.42) di tuvén tinh hoa chink xde 461 tugng (4.41). a

Ta 6 thé thav bai toan thiét ké bd dicu khién phan héi trang thai (4.42) dé tuyén
tinh hoa chink xdc hé. nhu vi du 4.15 d& minh hoa, khong phai Iic nao ciing ¢6 181 giai,
Béi vay. trong rét nhiéu ung dung ngudi ta thutng théa min néu nhu b diéu khién
(4.42) mang dén it nhidu mot s6 tinh chét. chat ludng, dinh hudng theo mét hé tuyén
tinh nao dé.

431 Codng cu toan hoc can thiét

Cong viéc thiét ke bg diéu khién tuvén tinh hinh thitc ma ta s& xét dudi day hén
quan nhidu téi mot s6 cong cu Loan hoge. bao gom:
—  Tich Kronecker clia hai ma tran vi todn td vector héa ma {ran.
~  Phép tinh giao hodn hang. cét clia ma trén.

Tich Kronecker

“ . 1% Lo . N N . N S Lo
Cho ma tran Ae R 7" kiéu mxn (c6 m hiing va n cét) va Be ®P7 kidu pxg

| ¢y @y o iy by By o blq

f1-; (s ST 2y H hzl bz?' b!
A=y s T o g=| b E T
Tyl Oz 0 Qs _b_u‘l bp2 bpq

Tich Kronecker ciia hai ma tran A. B k¥ hiéu béi A® B, duge hiéu 14

anB  apB - a]nB\[
A®RB = a"ﬁlB azzB (IZHB Rmenq
‘\am]B amZB ant/'

Tich Kronecker ¢é6 nhiing tinh chit sau:
-~ A®RB =z B®RA {khéng giao hoan)
- (A®B)®C = AZ(BAC) (c6 tinh két hop)
- A®(B+C)= A@B+R&(

- (A, ®B)(A,®B.) - (A, ®B,) = (AA, - A Y®(B,B, - B,

H
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_ (A®B)n: AH'QB"
- (A®B) '=aA"'eBR™!
- (A;B))®(A3B,)® - ®(A,B,) = (A,® - ®A,)}(B,& - ®B,)

- (AB)®"= A®"B®" | trong 46 ®n la ky hiéu chi liy thita Kronecker.

Todn td vector hda ma trén

Toan tu vector hod ma tran

a1 @y o Gy

- _| ®21 Ggz - Qg
A - (QI! Q2 En) - . . . .

By Omz o By

thue chit 1a sy sdp x&p lai céc phén ti trong A theo thif ty vector cot ¢; eia nd nhu sau:

vec(d) = E

€

£

n
Toan tit vectar héa vec(A) eé nhiing tinh chét sau:

= vec(A +Ayt o +A ) = vee(A)) Fvec(Ag) + - + vec(A,)

- veclABC) = (CT®A)vec(B)
trong dé phép tinh nhan ABC 14 ¢6 nghia.

Mét ng dyng cta fich Kronscker: Tim nghl@m phuong trinh Sylvester
Phudng trinh Sylvester 1a trudng hop téng quat cia phuong trinh Lyapunov (3.15)
da biét g chuong 3, muc 3.1.1. N6 ¢ dang nhu sau:
PM-NP = —@ {4.43)

n¥xm m¥n

trong d6 PeR 14 dn 88 va cdc ma tran vubng Me R Ner™™" ciing nhu

nXm

Qer 1a ¢4 cho trudc.

Nhén ca hai v& clia phuong trinh Sylvester (4.43) v6i /, vé phia trat va vai I, vé
phia phai, trong 46 I, 14 ky hiéu chi ma tran don vi kidu nxn, ta duge
I,(PM - NP)I,, = I,PM - NPI, =-1,Q1,

Tu dédy va cac theo tinh chat clia toén ti vector héa thi nghiém cla (4.43) sé 1a
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vec{I ,PM ~ NPI ) = vee(—1,QI, )
& vee(d,PM) - veco(NPI,} = —vec(I, QI )
o  (MTeI,)vec(P) — (IT ®N)vee(P) = —(IL @I, )vec(Q)

o  veelP) = (M -ITeNY W(IT @1, vec(Q)

nr i

o veeP) = ~(MT®I,—I,,@N)"" vee(Q) (4.44)

m

vi tich Kronecker ciia hal ma tran don vj lal 12 mft ma tran don vi. tde 14:

‘rg; ®Iﬂ :IJ‘?’E®I” :IINH

va hal ma tran MT®I” val, ®N déula ma tran vudng cb so hang/cot bing nm.

Véi cong thiic nghiém (4.44) cda phudng trinh Sylvester (4.43) ta cing cd dudc
nghiém ctia phuogng trinh Lyapunov (3.15) dang tudng minh bing cach thay M=A,
N=-AT vio (4.44) va di dén:

vec(P) = —(A &I, + I, ®A) ! vec(Q)

Phép finh gigo hodn hiing/cét cla ma trén

Xét ma tran

; hT\.
ay @y o Gy =1
T
_lae ags o oan, |_| Ay |
A= : : ' : - _(El Cs - gn)
Al Qe 0 By hT
—=m

Tix dai 56 ma tran ((19]. [21]) ta dd duge biét dén mat s& cong thic biéu didn phép
giac hoan hang hay cft cia A nhd ma tréan I, 12 ma tran khong suy bién thu duge tir
ma tran don vi I sau khi d8i ch hai hang thi { va k (hosc hai ¢6t). Chang han nhu:

—  Viéc hoan 461 vi tri vector hang thif i vai hing thil k cia A tuong dudng phép nhin
I, val A vé phia trai. Vidu

LT T

100 0 o)A R

T T

0 000 1|k hy
I,;A=10 0 1 0 O|jal|= |&]
0.0 0 1 0ffp A7
0100 0f|,r T

)\% \EQ,

199



- Viéc hoan dai vi tri vector cot thit i vdi ¢6t thi £ ctia A tudng duong phép nhan I,
vii A vé bén phai. Vidu

1 000 o\l
¢ a0 0 1:
Alys={c, € & € g)|0 0 1 0 0|=(g ¢ ¢ & )
00 0 1 0
01 0 a0

Tiép theo day ta s& lam quen véi mdt céng thitc tudng tu mé ta phép chuyén vi tit A
thanh A7 . Céng thic nay lién quan dén ma tran E,, 1a ma tran ma phan t& thit ik cla
n6 bing 1 va cac phan tl con lai déu béng 0. Chéng han nhitng ma tran E;, thude kiéu

ba hang hai cét (3x2) co dang:

‘10 0 0 0
E;,=|0 0 E,=|1 @} E, = :
0 0] 0 0} 10
o1 0 0 00
E,,=l0 0} Eqs= . E,.=|0 0
L0 0 00 01

Ti tit ca cic ma tran £, cing kiéu mxn, tdc 12 i=1.2, ... m: j=1.2, ... n, nguoi

ta x4y dung ma trdn UJ kiéu nmxnm nhu sau:

.o
Ev En - Emn)
Uy = E:lz Ez‘] E’:”z trong dé E‘-ke.limx”
B, En o Ev)

R& vang U7, ,, 14 ma tran vudng nm hang va cét. Dé ciing la 1y do tai sao né cé ky hidu

n,m achi 8. Véi ma tran UV, ,, dude dinh nghia nhu trén thi:

- Uit.”’] bym,:r = Inn!
-1 _
- {-"Fn_m "Um:rr
veefAT) = U, ,vecld) trongdoAco kigu la mxn

- A®B= U, ,(B®A)U, , trongdsAer™ " va Be ™



4.3.2 Phuong phap thiét ké dinh hudng hinh thifc theo gia tri riéng

Thue chdt, ¥ tudng cia phucng phap dink hudng hinh thite theo gid tri riéng 1t
phuong phap thiét k& bo diéu khién theo nguvén téc diém cuc dat trude quen hiét cna
di8u khién tuvén tinh.

Cho dé1 tugng cé mé hinh tuyvén linh hinh thic:

‘;_f = A(x)x+R(x)u (4.45)

trong 46 A(x), Bix) la nhiing ma tran ¢é cac phéan ti 13 him caa x.

Bai toan duge dat ra ¢ dav 1a phat thiét k& ba didu khién phén héi trang thai R(x)
clng gia tuyén tinh

rp o n, @)
R(z) = ?”21:(@ ’"22:(5'3 "2n.(-_":)
\rrl(ﬁ) ?‘FZ(E) rm(ﬁ);

d€ v4i tin hidu ra caa n6 thinh 4.9)
z = Rixix

hé kin thu duge w6 mo hinh

% = (A)-B®R@)x+Blow
nhan nhiing gia tri sy. ;. - . &, cho trude lam diém cuc. Cac gia tri §1. 83, - L&

cho trude nav dude xac dinh tit chat liong mong mudn ma hé kin phai cé.

2,04 % =A@+ B Uy
|

Hinh 4.9; Thigt ké bd diéu khién theo nguyén
tdc cho trude diém cuc. z=Ryx

Nhu vay, nhiém vu thiét ké ducc cu thé bing cach tim R (x) dé ¢ duoc sut can bing
hai da thuc

det{sI-A(x)+B()R(x)) = (5=5,}(s=54} - (5=5,} (4.46)

Céng thuic (4.46) cho thay ta cé thé xac dinh nghiém R(x) mét cach den gian bing
cach cAn bang hé s6 cta hai da thic & hal v& Do ca hai da thiic cling cé bac bing r va



déu c6 hé s& chia s” béng 1, nén tir viée can bing hé s& hai da thidc cia hai v& ta sé co

dude 2 phugng trinh cho ar an rta). 1=

twong la diéu khién digge thi bai toan thiét ké bo difu khién R(x) dinh huéng hinh thiec

theo cac gia tl viéng s, §.. -

trudng hop r>1 tham chi con la vo sé.

o j=1.2,

Vi du 4.16: Thiét k& b3 didu khién dinh husng tuyén tinh theo gia 1 riéng

Xét dd1 tudng c6 md hinh

dx_[x2 1 ko] {0
== + u
dr lxy x, ) lxy 1

——— —

Alx) * B

.n. Bbi vay khi doi

. %, cho trude véi tiéu chi (4.46) ludn cé 16i giai, trong

{ton=2 va r=13

Khi d6 bd diéu khién phan héi trang thai gia tuyén tinh sé c6 dang

Rix) =(rx) . rox)

(ia su ring hat g4 tn riéng mong muén la s, =—-1.

(4.46) 56 trd thanh

det‘ ] {$—5,)(8-55)= s +35+2
P - ‘u+?"|—t
4 ; 2, .
<= §Ts(ro—Z2x,y=xo(ru— x ) +Hir— x ) = 5 +3s+2
2 : | a. . 2
o {rj—z. np—x =2 - =2 x; < 3x, + x5
\r, ry =3+2x,

Hay tin hiéu vao cua dai tugng trong hé kin sé la

= w-Rix)x = w- ri{xx,-ryix,

w—(2+x 1+ 3x,% x5 )1~ (3+xa)x,

Vi dy 4.17: Thiét k& bé didu khién dinh hudng tuyén tinh theo gia tri rigng

Xét dol tuong 6 md hinh

dx _{an(® au(rJM \+[bl(£)]u

dt  las(x) asix)

Afx) X B(x)

{con=

2

§4==2. Vay thi cong thuc tinh

va r=1)

Goi sy, s, 1a hal g4 tri riéng mong muén ctia hé kin. Vay thi phai cé



vl

det(sI-A+BR) = (s-5)(s-5,} = -92—(51+32)s+3133

R(x) = (rim . ri(x)

Tixr day suy ra duge

(s -y, + Py by —ay. .
11 thn 1y — @y 2
detl = 5 ={s,t55)8+55,
L bery—ayy s—agy +hory )

,b]f’] +b2r2 —{ly e :—(3'1 -:'-3'2)

(@90 —aubyiny +la, by — e by +ia ey —ayaty, ) =518

Ta phan biét cac trudng hgp sau:

1) Hai phan ti &,(x) va b5(x) khong thé ddng thoi bang 0, vi ndu nhu vay déi tugng sé

khong thé diéu khién duge.

9) Néu b {x)=0 va b.(x)#0. Khi dé ciing phai cé a . (x)#0 d& d6i tuong la diéu khién

duge. Suv ra
{‘52"2 -y —Qyy =—(8) +8;)

~{bary —agg)ayy +{bory —au Iy =8y

R il Rl S (byry —ayylay +8185, +ayyay
b'i bgﬂ]_g

o=

3} Néu b,(x)=0 va b,(x)#0. Khi d6. dé ddi tugng didu khién duge con phai cd thém

1)

. (0)#0. Suyra

_ @y gy 8 Sy = (b —ayy)agy +5183 + a3y,

bl ' fag)

N&u b, (x)#0 va bo(x) 20. Khi d6 thir,(x) ., rs(x) 12 nghiém cha:

[ & i “*’11_‘ ayy +agy —5; — 8y )
@yoby —agyby  agiby —apby J il LS8 —ayagy taggay )
LA
A r b

Hé phuong trinh trén sé ¢6 nghiém néu ma tran A ¥ khong suy bién. Ta 6 thé thay
diéu kién nav tudng dudng véi didu kién 481 tuong 12 diu khién duge. Khi dé:

e

vii A°) = 1 132151“01152 -by
bilanby —anby)—bylagby —ay0.)\ @by —argby by




Xét truong hop cu thé cho truong hop déi tudng c¢6 mé hinh:
dx (1 «x o2

_.,1; = 1 x + N 7

dt (1 0 0

va hai gia tri riéng cho trudc s ,=s,=-2. Vay thi do b,(x)=0 ta dudc:

@] + a9y — 8] — S —x;
py =L t022 781 78 _ g -

by

o = B —ayy)ag, +5155 +ajyay,
-

=(@d+x,) e ™
byay, ;

hay bé diéu khién phan héi 4m trang thai gia tuyén tinh R(x) c6 dang
R(x)=(5e™ ,(4+x,)e ™)
Tin hiéu dau vao cua déi tugng trong hé kin la
.

U= w-R(0x = w-rjx=ryx, = w-5e¢ " x,—(4 + x;) e 2 x,

2

Dang quy dao trang thai cua hé kin di tir diém trang thai dau ;L,:{D

J khi khéng bi

kich thich trong hinh 4.10a) xac nhan tinh 6n dinh cta hé.

Hinh 4.10: Tuyén tinh hoa chinh xac déi tugng phi tuyén bang bé diéu khién dinh
huéng hinh thic theo gia tri riéng. Minh hoa vi du 4.17.

Dé y thém réng vdi bo diéu khién tim duge, hé kin c6 mé hinh trang thai
dx (-4 -4 {er
— — x + w
dt t 1 0)7 Lo

Do d6, néu nhu ta su dung thém bd tién xu ly:
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o o7}
w=e -u

thi cudi cing hé trd thanh tuyén tinh (dé tuong dude tuvén tinh hda chinh xac):

s el .

v

4.3.3 Kha ning thiét ké dinh hudng hé tuyén tinh

Nguyén tde chung
Xét déi tucng phi tuyén cé ms hinh gia tuyén tinh

‘2—5 = A(x)x+Bu véi  xerR" . uwer’ vi Ber"" (4.47)
i

Khac véi déi tuong (4.45) da xél & muce 4.3.2. § ddy phii ¢o thém gia thiét ring B 12 ma
tran hang. Nhiém vu thiél k& duge dat ra 1i xéc dinh bd diéu khién R (x) thude kiéu rxn
phan héi Am trang thai sac cho hé kin ¢hinh 4.11) v§i md hinh trang thai

%:(A(ﬁ)—BR(X_))L*’B&L vil  weRr’

cd duge chat luong gidng nhu chat lugng cua hé tuvén tinh mé ta bdi

dx .- -
P Sx+Bu vii  Ser"™ xer”, uer’ (4.48)

Viéc thiél k& dinh hudng theo hé tuvén tinh (4.48) duge hiéu 13 tim B(x} d& co
| [A(x)-BRi(x)]~ 8| -» min (4.49)

S dung cong cu toan hoe da trinh bay & muc 4.3 1 thi )5 tudng nhit ta ¢6 thé tim R(x)
nhy sau: '

A{x)-BR(x) = § = veclA—BR} = vec(8)
o veclA) —vec(BR) = vec(8) o vec(AY—vec(BRI,} = vec(S)
r=3 veclA) (], @B)vec(R)=vec(S) & (I, @B)vec(R) = vec(A)-vec(S)

< vee(R) = T, vec(A-S)
trong dé T, la mét ma tran gia nghich dac (pseudo—inverse) bén trai cha:
T=1,8B (thudc kiéu rixnr)

Néu nhu r<n va T c¢6 hang bing nr. tic 1a Rank(T)=nr thi mot trong v s6 cac ma

tran gia nghich dao (pseudo-inverse) T, bén trai cha T sé 1

[ 5]
)
h



T, =(r'm T
Tuy nhién, mét didu ta cé thé thay duge ngay 14 chat luong bd didu khién tim dudc
phu thuir rdt nhiéu vao ma tran gid nghich ddo T, ma ta di chon. DE minh hoa ta xét
vi du sau.
Vi du 4.18: Chat lugng déng hoc phu thude vao ma tran gia nghich dao duoc chon
Cho déi tugng phi tuvén cé mo hinh

~-x, =14 )
df—:{ Xy T J[I']+{1Ju (ticlacén=2 va r=1)

dt \ 0 .rf Xy
——

—

Alx) x B
va mét hé tuyén tinh duoc dude st dung dé dinh huéng cho viéc thiét ké R (x)
dx { -1 - 4] 0
—_— x +
de 110 )7 |1,

—_— —
S

B

i

Ap dung lan lugt cac bude thigt ké trén

(0 0}
(1 0y _{0y 11 0
TZIQB:[ ®| =
- 0 1) (1) jo o
\0 1/
- -1 4
- 10y fo1 00y, {01 00
Tyr = (7T = | =
F L0 0001, 10001

B (01 0 07 (-x,+44 37 (-1

ta c6 bé diéu khién R, (x) tim theo 7, la

Rix) =(-1 . %
Vi R,{x) phaila ma tran thuéc kidu 1x2. Hinh 4.118) la quy daoc ctia hé di tit diém trang
thai dau J_QFH] khi khong bi kich thich ing vét b¢ diéu khién R, (x). Dang khép kin

.

cua no trong hinh chi v6 hé khéng 4n dinh tiém can.

Bén canh T, ta con c6 mot ma trin gia nghich dao khac cua T'la:
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Tuong ting 14 bd diéu khién:

5 1 =1 0 (—xo+4 3 _x2 -
veo(R )= [x_: erc‘ 1'31 ]:( x5 +4x, 41

2 .
1 0 0 1) xp) | cxg+d+af )

& Ry(x)=(—x3+4x,-4 , —x,+4+ x})

Dic biét, khic véi R, (x), bo diéu khién thit hai R,(x) nay lai lam cho hé kin én
dinh tiém can tal géc toa d6 véi mot chat luong kha tét. Hinh 4.11b) 1a quy dao cta hé di

. , 1) : .
ti diém trang thai dau a_cuZ[lJ khi khéng bi kich thich ng véi bé diéu khién R, (x).

Dang ciia né xac nhan tinh 6n dinh tiém can tai 0 cia hé kin. O

Hinh 4.11: Minh hoa vi du 4.18 cho hai trugng hgp khéng &n dinh va én dinh,

Két qua minh hoa cua vi du 4.18 xac nhan lai nhan dinh ban dau cua ta vé b diéu
khién R(x) tim dudc theo phudng phap dinh hwdng trice tiép theo hé tuyén tinh (4.48)
nho tiéu chuén so sanh (4.49) ring chét lugng bd diéu khién thu dude phu thuéc rat
nhiéu vao ma tran gia nghich dao Tp cua T ma ta da chon. Su phu thude nay tham chi
con ca tinh én dinh. Béi vay, dé hoan thién phuong phap dinh huéng truc tiép nay thi
can c6 thém su hd trg cho viée lua chon mot ma tran T, thich hgp trong vo6 s6 cac ma
tran gia nghich dao bén trai cua T va mét trong nhiing phuong phap nhu vay 1a phuong
phap thiét ké cua Sieber.

[ S]
o=
=1



Phucng phap thiét ké Sieber

Xét déi tudng dimg. ¢4 md hinh tuvén tinh hinh thic
dx

— = A(x)x+Bu (4.50)
dt

trong dé, khac véi mé hinh tdng quat (4.43). ¢ day ma tran B duge gia thiét la ma trdn
héng. (hd thiét nav sé khéng han ché kha nang ung dung cta phuong phap, vi vdi phép
bién ddi trang thaix ~+ ¥ cing nhu tin hiéu vao ¢ — & thich hop ta luén dua dude mé
hinh (4.43) cho trudng hop ding vé dang (4.50).
Dé thay 1 dén tugng (4.50) cAn béng tai géc toa 46 0 va trong mot lan can 40 nhé
xung quanh gde. nd ¢é md hinh tuvén tinh tuong duding
dx

—= = A.xt+tBu (4.561)
e

trong d6 A ,= A(Q) 1A ma tran hang.
o1

u = w—Rixx

12 bd didu khién phi tuvén phén hdi trang thai cila dé1 tugng phi tuvén (4.45). Vav thi hé
kin sé c6 mé hinh
dx _

== [A(x)-BR{x)]+Bw (4.52)

Tudng ty nhu vay, ta gol
= w-R,x {4.53)

la ho diéu khién luvén 1inh (R, la ma tran hang) phan héi trang thai cua déi tugng
tuvén tinh (4.531). Bé didu khién tuvén tinh R nav Ja di bidt, hodc da duge thidt ké theo
cac phuong phap ciia 1y thuyét didu khién tuvén tinh (b6 didu khién cho trudc diém cuc.

bé didu khién té uu ...).

Chu y ring bd diéu khién R, 1a da dudc thiét k€ cho mé hinh tuvén tinh (4.51) theo
mdt chil lugng xac dinh trude. Boi vav. néu su dung né che 481 tugng phi tuyén (4.50)
thi chiat higng dinh trude do chi duge dam bao trong lan can nho xung quanh gic 0.
M6 hinh hé kin gdém d6i tugng tuvén tinh (4.51) va bo didu khién (4.53) 1a
dx

ar = (Ay-BRplx+Bw (4.54)

Xudt phat tif tu tudng thiét ké dinh hudng theo hé tuyén tinh. Sieber da dé xuit
tim bd didu khién (phi tuvén) R(x) cho ddi tudng (1.50} sao cho véi ne, quy dao trang
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thai clia hé kin (4.52) khi khéng bi kich thich c6 tink chdt gdn giong nhu qu¥y dao trang
théi ctia hé tuyén tinh (4.54) dusi tac dong cua R, Khai niém tinh chdt gdn giong nhau
gitia hai qu¥ dao trang thai sé duge danh gia bing mdt phiém ham mue tidu,

Khéng mat tinh téng quat néu ta cho rang ca hai quy dac trang thai cua hai hé

(4.52) va (4.54) ctung di t¥ mot diém trang thai diu thv ¥ x, va ciing k&t thic tai gdc toa
d6 0. Nhu vay thi phai cé:

R(D) = R, {4.55}

Tiép theo, dé xav dung mot phiém ham S 1am co s6 danh gia sy gan gidng nhau vé
¢hit ludng cia hai quy dao trang thai cia hé kin phi tuyén (4.52) va cha hé kin tuyén
tinh (4.54). Sieber s dung ham Lvapunov vl

Vig) = 2 Px {4.56)
trong dé P 1a ma tran (khéng bit bude phai 1h hang s6) d61 xiing, xde dinh duong.
Pao ham ¢ ham xac dinh dudng (4.56) theo hé tuyén tinh (4.54}, ta dudc

Lo V= - [(BR-ANTP+PWBR.-A ]z = T (-Qox

x
trong 46
Qu = (BRy=Ay) P+P(BR,~A,) (457
Do hé kin tuvén tinh (4.54) 1a én dinh (chdl lugng ma bd diéu khién R, da mang’ lai
cho hé thong) nén theo tiéu chuanu Lyapunoy. ma tran @, phai xdce dink duung.
Tudng tu. ta dao ham cia ham xéc dinh duong (4.56) theo hé phi tuyén (4.52):

LyV = - x [(BR@-AG) P+PBR@m-AN]x = £/ (-Qm)x
trang do
Q(x) =(BR(x)-A(x) P+P(BR(x)-A(x) (4.58)

v khac vél @ ma tran @ (x) la ma tran ham

Tir didu kién (4.55) ta suv ra duge Q(01=6,. Nhu vay thi trong mét 1dn can du nho
n&o dé xung quanh gic toa d6 0 ma tran @(x) cing xac dinh dusng. Suy ra, hé kin phi
tuyén (4.52) var bo diéu khifn R(x) thda man (4.55) cing sé 6n dinh (liém cén
Lvapunov) tal goc toa dé.

Céng thite (4.58) chi rd su phu thude cua Q(x) vao bd diéu khién can tim R{x). be
danh gia sal léch cua chat luong hai quy dao trang thai cing di t x;, va ciang két thae

tal gée toa dé 0. ciia hé kin phi tuvén (1.52} vh caa hé kin tuvén tinh (4.54), Sieber da
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xay dung phi€m ham so sanh chuin cia ma tran Q(x) cho trong (4.58) véi chuidn cia

ma tran §, cho trong (4.57) nhu sau:
S = [|@ix)- @ (4.59)

va dat ra chi tiéu so sanh la bé diéu khién R(x) sé dude goi 1A t5t nhit néu né dem dén
cho ham S gia tri nhe nhat.

Nhu vay, bai toan thiét ké bé didu khién R{x) ruyén tinh hinh thic, phan héi trang
thai cho dé1 tugng phi tuyén (4.50) ¢6 chiat lugng duge dinh hudng theo chdt lugng hé kin
tuyén tinh (4.54), di dude chuvén thé thanh bai toan t61 uw: "Tim R(x} thich hop d5'S c6
gid tri nho nhdt"

Dé nhin r5 duge sy phu thude vao bé diéu khién R(x} can tim cia phiém ham 8
trong cong thite (4.59). ta thav

Q)= (BR(x)~4 (1)) P+P(BR()-A(x))
vao G{x}-Q, va dude
Q-Q, = R"B"P-A"P+PBR-PA_Q,
trong dé. dé don gién. cho cach viét, ta da bo di d81 56 x.
Su dung toan ti vector héa hai vé didng thic trén sé ¢
vee(Q-Qo) = vee(R' B P-ATP+PBR-PA-Q,)
= Vec(RTBTP) + veclPBRY - \-'ec(ATP+PA+QU)
= vec(I,RTBTP) + vec(PBRI,) - vecATP+PA+Q,)

Néu chi sii dung ma tran P déi xtng (P=P7) thi theo tinh chit cta toin tu vector héa.

tic la:

vee(I, RTBTP)= vecd, RTBTPT\= [(PRY®I, Jvec(RT)

veclPBRI )= [In@)(PB)]vec(R]
thi cdng thie trén sé& duge bién déi thanh:
vee(@= Q)= [(PBY®I, JveetRT) + [1,®(PB)]vec(R) - vec(ATP+PA+Q,)

Tiép tuc, ta st dung phép bién d6i hing ¢4t cua ma tran cho R{x) thudc kiéu rxn
(vi déi tudng c6 r tin hiéu viao va n bién trang thai):
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vec(RT} = 7 vec(R}

sé di dén
vec(@—-Q )= HveclR) - vec(ATP+PA+@Q,)
trong dé
H=1,®PB)+ [(PBY®I U, , {4.60)

Quay lzi bai toan t61 uu (4.59). Néu su dung chudn Euclid cGia ma tran thi do

Q- Qullg = vecl@-Qa) £

bai toan d6 sé tré thanh:

| Hvec{R}Y - vec(ATP'+PA+Q0) g = min

o  Hvec(R) = veclATP+PA+Q,) (4.61)
vi chufin 1a mbt s6 khéng am.

Ma tran H trong (4.61) néi chung khéng phai 1a ma tran vubng. N6 cé n® hang va
nr edt. tie 1a thude kidu n *xnr. Bél vay dé giai phuong trinh (4.61) trong truong hdp
pho bién r<n ta phai st dung ma tran gia nghich dao bén trai cua H (pseudo—inverse),
e 12 mit ma tran HP nao dé thuec kidu nrxn “ dé

HpH = Iﬂr
Khi d6é thi tir (4.61) ta c6 dude nghiém R{x):
vee(R) = H vec(A TP+PA+Q.—|) (4.62)

Cudi cung, téng k&t lai ta di dén thuat toan thiét k& bd diéu khién Rix} cho ddi
tugng phi tuvén (4.30) gdm cac bude nhu sau:

1} Thiét ké bd diéu khién phan héi trang thai R, cho dé1 tugng tuvén tinh (4.51), trong
46 Ap=A(0).

2} Chon mét ma tran P déi xiing va xac dinh duong. Xac dinh @, theo cong thic (4.57).

3) Xac dinh ma tran H theo céng thic (4.60) va xac dinh mdt ma tran gia nghich dao
bén trai H, nao dé caa H.

4) Tinh R(x) theo (4.62).



Vi du 4.19: Minh hoa phuong phap thiét k& Sieber

Cho d81 tugng phi tuvén véi ma hinh

(=1 xy\( 0

dz _{-1 = x]%f ]u 6 n=2 vi r=1) (4.63)
dt xp o oxh ) 1L
Alxy = B

Bai toan dat ra la phai tim b6 diéu khién phén héi trang thai R{x) sac cho véi né, hé
thu dude & hinh 4.12a) khi khdng bi kich thich s& ¢6 chit ludng duge dinh huéng theo hé
tuyén tinh mbd ta boi:

1 0N 0
]]x‘]+{ ‘u (4.64)
'\ 0 -]_ \x-z l_)-

Trong vi du nay ta bo qua bude thiét k& bd difu khién R, cho mé hinh tuvén tinh
tudng dudng cua dot tugng phi tuvén (4.63) 1a

/_ A Y .
dx (-0 (5], [0), as
dt N, 0/_ X -\]_

[A—

AQ-4, = B

dx

dt

Noéi cach khéic (4.64) chinh 14 mé hinh hé kin bao gim déi tugng tuy&n tinh (4.65) va mot
bg di€u khién phén héi trang thai R, nao dé dé ¢6

-1 0}

Ay-BR, :‘ J

. o - 1,

Chon ma tran P dé1 xung, xac dinh duong

P:(l )]
\O 1)’
Khi d6 thi
T 20
Q“ = (BR[F_AL}) P+P(B-{€t1_AIJ):(O 9]
0 2
00y {00 00
1 0 ¢ of 1 o
H = [,&((PB)+[(PB)®I,| U7, , = I
0 0f 1 oflo 1) {10
0 1) |.\0 1 0 2

5 vl 5
Hp___(HTH)—lHT:(Z uJ (0 110 :%[0 11 0]

| Rl
bt
| ]



0
0 x]+x2]_ Xy + Xy

vec(ATP+PA +Qo) = vec[

xp+xg  2x3+2) |2+

_2x§ +2
Suy ra

0
T 1{0 1 1 0)]x)+xg
= P+PA+ -
vec(R) = Hvec(A Q) 2[0 00 1) +x
2x5 +2

& R = (x,+xy , x3+1)
vi R (x) phai c6 kiéu 1x2.
Nhu vay hé kin sé c6 tin hiéu sai léch u la (hinh 4.12a)

u = w-R(x)x = w—(x,+ x9)x,—( x5 +1)x,

__[xl + X9
- 3
Xo +1

(4.66)

Hinh 4.12b) 14 quy dao trang thai cua hé kin khi khéng bi kich thich va cé trang thai

. 2 . o i L 2 .
dau x,= [0] . Dang quy dao trang thai két thue tai goc toa do 0 xac nhan tinh 6n dinh

cua hé.

a)

"0z 04 08 08 10 12

14 18 18 10

Hinh 4.12: Minh hoa vi du 4.19.

Trén day la cac bude thiét ké b diéu khién R(x) dude minh hoa theo thuat toan.
Theo dé ta thu dude két qua (4.66). Tuy nhién riéng véi hé cé hai bién trang thai va mét

tin hiéu vao, tiic 1a bd diéu khién c6 dang

R(x)=(ry, ry)

thi ta cling c6 thé dén dude bd diéu khién dé mét cach don gian hon nhu sau:



_ Tinh Q) = (BR-A)Y P+P(BR-A) :{ 2 n-x —xz]

B s
L — X —Xo .Zrz—_?xg

—  DPéco min [Q(x)-Qo |l tachicin xac dinh ry . ry sao cho @(x)=Q va di dén:
Rix)

( 2 ?"I—I]—J’Z\_’z 0\ & .ﬁ——x, — X4 =0

Lrl —X; —Xg 2?‘2"’2.‘(& ‘J LO ZJ 2?'2 —2x£ =2
rp=x; tXxy 3

o 5 =4 Rix)=(x+x, . x3+1}
r2=x.'2+1



5  PIEU KHIEN TUYEN TINH HOA CHINH XAC

5.1 Gigi thiéu chung
51.1 Hé co cau trac md hinh affine

Théng qua ndi dung cia nhing chudng trude day ta ¢d thé thiv nédi lén mét ban
khoan la tuy ¢é nhidu chi tiéu chat lugng duge dat ra cho cong viée phan tich hé ph
tavén nhu tinh én dinh. tinh didu khién dude, quan sat duge, kha nang tu dao déng,

hién tugng hén loan. phan nhanh ... nhung =6 phudng phap hiu hiéu phuc vu truc uép

cac céng viée do lai khéng nhiéu. Thusng dung nhat 1a phudng phap phan tich gian tiép
théng qua md hinh tuvén tinh tudng dudng cua hé phi tuyén trong lan can du nhé xung
quanh diém lam viée cia hé, song phuong phap nay lai khong cung cip duge thong tin
mét ciach day da cia hé théng trong toan bd khéng gan trang thal, Con déi véi nhing
phuang phap phan tich trye tiép thi ngoal trit tidu chuan Lyvapunov cho viée phan tich
én dinh va phuong phap méat phéng pha giéi han ¢ hé phi tuvén NL ¢6 hai bién trang
thal. cho t61 nay ta chiua cd6 mét phudng phap eu thé nio khac,

Gan dav, vii eong et hinh hoc vi phan (differential geometric tools) nguai ta da d
dén duge mét 6 phudng phap, bt dip phan nao sy khiéim khuyét trén, cu thé la phuong
phap phin tich tinh diéu khién duge (controflable), quan sit duge (obsersable). phan tich
tinh déng hoc khéng (zero dyramic) cung nhu xiac dinh tinh pha cuc tiéu (minunum
phase) cla hé phi tuvén ed cdu trae affine:

dx _ Flxy+ Hix)u
dit == -
y = glx)

(5.1

trang dé [{x} . glx} 1i che vector ham, eon Hix} 1A ma tran ham theo bién x. ¢6 sd chidu
phi hop vdi 8 cac tin hidu vaoue w" . ra ¥ ®” va trang thai xe k" tue la:
g 5 I Y
Hilxdi gy1x)

(R (x) Ay ()]
glx)= . "

x)= Hix=

\gp(E))l h’nl(£) hmn(z)/

R E



Nham tao ra méi trudng thich hgp vé1 céng cu hinh hee vi phin, ¢ day ngudi ta da
gia thiét cac vector tin hidu vaoira x(8). y(8) Na khd vivé han ldn, tie la thude tap C°.
Bidu nay doi hoi cac phin ti caa flx). H(x). &(x) ciing phai kha vi vé han lan theo x,
déng thai vector tin hidu vao u(¢) cling phai thuée tap C7 (cling kha vi v6 han lan).

Viée phai thoa min tinh kha vi vé han 14n cia cac phan ti cua flx), Hix), g(x)

cing la mét han ché vi ta cé thé thay, tat ca cac khau phi tuvén co ban di duge trinh bay
trong chuong 2 déu khéng thoa man diéu kién nav.

Tuy nhién. ta cling c6 thé duge an i rhng gié thiét mé hinh hé phai co dang (5.1)
hoan toan khéng han ché mién ing dung cua né. That vay. véi he tu tri tong quat c6 mé
hinh trang thai:

dx
—— = : .u)
A
thi chi bang viéc dinh nghia lai bign viae w(¢) -
diu
Yoot
dr ()

ta sé tro v& dude dang mé hinh affine (5.1) quen thuac:
d ’x] (f(z-u)] (9}
___‘ =] = - |+ ]
dt \{fz . Q A b ‘Y K -

Hé affine véi mé hinh (5.1} 6 nhiing tinh chal rd ban sau
1) Bdt bién vai phép doi bidn vi phoi:
Goi

1 (x)
2= mix)=| !

|
T, (5)/.

12 mét phép déi bign vi phdi (song anh va kha vi}. Khi dé mé hinh ¢5.1) biéu dién theo
bién mdi 14 z cang 6 dang affine:

%f— =f+Hu
y= g

trong dé

== . Hiz) = %—E—H - gjfz)=g(m'l(z>]

= dx=m Tz = la=mlgy '



2y Bdt bidh vii odu tride song song. not Liép ea hdi tép:

Hinh 5.1 biéu didn hé ¢6 cau trae song song v héi £18p cua hai hé con affine:

'rixl ey H ) i rfx, ) Hatx)

=1 _ X, ) X,k —= = X, )1 alx, N

Aot {a TLEHIEE e, J PR
‘7\:1 =§1{£1] ‘.‘-: :é_‘rz(-_tz}

Khi dé. 6 trudng hop e6 efn tiic song song (hinh 3.1a) hé lén cing ¢d mé hinh affine:

d [ x, |:[f_l1{£{J!i+'H|{1]]‘£

dr Izj ]{2(52)_,! L H o,
IR Hix)

VIR TX TR NS,

v trudng hop héi t1ép (hinh 5.1b) ciing viv:

;ll "|\ ,f (r ',+H (1 )5, ‘ ](51)" w
dtlx, )’ s Hm)g m) ‘*
I —;_(3)4 T Hv

Tiang tu cho nhiing cau trie khac nhu néi tiép. hé nguge. ta cé dude k&1 luin vé

tinh bat bién cua mo hinh affine.

Hinh 5.1: H& cau thanh béi cac hé
affine thanh phan cling 1a mat
hé affine

Xét hé (5.1) klu khong bi kich thich (u =0}

dx .
— = {2 (.
ot !‘"[1

ot
[

Gov x(¢) 14 qu¥ dao Lrang thai ty do ctia hé théa man didu kién dau x(0)=x,. Ung vai
nhing diém trang thai ddu khac nhau x,; ta 6 cac quy dae trang thai tu do khae nhau
x(¢). Ky hiéu phép bién dai diém trang thin ban ddu x,e R thanh quy dao trang thai

x(f) Jatoan td @f | racla



x(t)y = (bf'(g{]) haw ID:: Xy b xit) {5.2)
ta 58 o

Binh 1y 5.1: Toan ti & (x,) bitn déi mét diém trang thai x, thanh ham thai gian x ()
thaa man {5.2) véi x(0t=x, ¢b cac tinh chat sau;
a) ®f(x) =x
b @, @) =0f o (o)=of o] ()]
o @ N = o, (0
Chilng minh.

T dinh nghia toan i CDI‘,F(&-]):LH) ta co ngav @f;(:ﬁn) =x{0)=x, ding vd1 moi x,
va dé la két luan a). Tudng tu. o x( )= (D‘_f(gi,), x(t+7)= dJLT({U) va {(HZ):‘?{ {x(7))
diung vé1 moi x, ta cing 6 b). Cudi cling, khéng dinh ¢) duge suy ra t¥ h) véi

x= 2} (x)= o (=0] (& (1)) = o (x) =] (x). 0

Vi du 5.1: Minh hoa dinh ly 5.1

D& minh hoa dinh 1y 5.1 ta xét truong hé (5.2) la tuyén tinh tham s& hang véi
flx)=Ax. Khi dé cé:

() =00 = My,

R6 rang todn ti nay anh xa nay théa man nhitng tinh chiit néu trong dinh ly 5.1;
_ L])Er;({): ’C’AU.E =ix=x

- @0 Ne) = @A =My = 0l

q’{.-r(i):"m“ rJ;:PAzeAA TLZ«‘-’A rﬁA‘ig:(DT'[Cb{.(;)) N
Ngoai ra, ndu f(x) la ham giai tich thi d)f(g} cing gial tich. Do dé trong 14n ein ¢,

ham x(t+ )= d)‘,’ (x(7)) xap xi dude hdi cong thite "tuvén tinh” véi hai thanh phan dau

tién trong céng thiic khai trién Tavior cia né:

of (x(7) = x(t+ 1) = gt‘;+% r (5.4)
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Binh ly 5.2: Cho vector lién tuc A(x) vdi x(f) chav doe trén quy dao trang thai (D’;'(g).
Gol @, la mét 14n cin cda'x(¢). Gia su xp=x(t+T) la mdt diém trén (1){ {x) thugc
O, tac la xp= dh(x)e O, va &f (¢, )=(@5) " (x,;) 12 4nh xa ngude bich xp
thanh x. Khi dé vét T da nhé sé cé:

a) .gt+T)=§_T=:x_:(t)+%T, tue 1a ¢%(5)=£+£(£)T

b A = A + BB oy = s B2 g7
dx dx =~
ad)"'T ) af .
) —— Alx) = dix) - =437
ax dx
Chung minh:

Khang dinh a) dude suy truge 4iép tir (5.4) véi r=T. PEé ¢4 b) ta khai trién A{xq)

thinh chudi Tavior trong 1an can x véi chi git lai hal thanh phan dau tién vdi:

dx _ x(¢+T)—x(8y _ .
st A ML S P
dt T -

Cudi cling, k&t luan o) duce suv ti khang dinh a) véi (‘Df.r.(ﬁ] =x— f{x) T nhu sau:

! of I’ af
o 1——1—3" = r..—‘T&(-L'J = Alx) —]—f—i{i‘)T O

dx dx ix dx

5.1.2 Cong cu toan hoc: Hinh hoc vi phén

Pao ham cua hdim vé hudng (Bac ham Lie)

Cho mét ham vé hudng vix}. Pac haim cia nd doc theo quy dao trang thai ty do

x{#)=®! (x) clia hé khang bi kich thich (5.2) dude hiéu la:

Lf-v = d—Lf = Lr-v(x)r -r]—?-f(.r) (3.5)
. = aI -

(6 thé thav phép tinh dao ham Lv cua v{x) da duge biét dén tif chuong 3 khi 16i
vé t1éu chuan Lyapuney. Né do su thav d6i gia Lri cua v(x) doc theo x (£)= tb;_r ().
Nhu vav L;o(x) cong la ham vo hudng gidng nhu v(x). Hinh 5.2 minh hoa phép

tinh . Nhiing duéng nét rdi trong hinh la cac duing déng miic cta vix)}. tic 1a tap
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cde diém trong R" ma tai d6 ham p(x) cb cing mdt gia tri £. Chang han dubng nét rgi
chtia diém x trong hinh 12 tap céc diém trang thai thoa man v {x)= k| con dubng ro1 nét
chia x ¢ 14 tap cac didm trang thai 6 vixry=ky. Khidé, tde d6 thav d8i gia tri cla v (x)

doc theo quy dac x(£). bat ddu ti diém x cho téi difm xp = (‘Dé(;), g€ la:

- (e ) — ‘.q)f' -
L,u"l!{r) = Iim ky — Ky = lim vlar) ) = hm L(LE))U(E—)
- T =0 T TN T T o T
; ol y \ .
= l Jim r@) % dux) dx 8{:[5) £l
dx T-0 T BE dat dx —

Hinh 5.2: Minh hoa phép tinh dao ham cla
ham v& hudng v(x) doc theo quy dae
trang thai x{t}.

Phép dao ham L[u ¢ nhing tinh chit;
1) Cho mdt vector ham f{x) va hai ham v hutdng v(x}, wix). Khi dé s oo

TP A TR
i S = Loov-w L P Ta— L._ = — ¢ !
o prow § wf E (wi) { 8{ f_ i

2) Cho hai vector ham flx), g(x} va mot ham vé hudng v(x). Vay thi:

AL (),

Loty = 1y ) =22

3) Cho veetor ham f(g) .mot ham vé hudng v(x) va mét s6 nguyén k. Vay thi
L5 i)
i X
Lru(xy= A ) fix)
[ Ax i

Vidu 5.2: Minh hoa dao ham Lie

Xét trugng hop hé 1a tuvén tinh tham s5 héng



% = Ax+Bu vl Jxy=Ax  wva (D;q"‘-'({) = emg

Theo cdng thiic dinh nghia (5.5) vé1 v (x)=Vx va V1a ma tran hing. sé ¢

du(x)

LAx u{x) =
x Ox

Ax = VAx
Ta ciing di dén duge két qua trén ti ban chat rang L, v(x) do tée d6 thav d6i cua

v{x} doec theo quy dao trang thai dlf‘l(g) nhu saw

v \'—u.‘c) V! (x) -V C VerTy v
Lacv{x= lim ( p@vo _, Verk == m-— = "Z
o= T 0 T T T T =t T
Suy ra
AT g
Ly vix} —V‘ %un—»-—-— x=VAx 0
—it

4

Phép nhan lie, hay dao héim clia vector
Cho hai vector ham f(x) va gtx) . Phép nhdn Lie cda chiing duoc hiéu 1a;

]
deg =[f gl = f-

Jdf

P

e

=z (5.6)

I
A
I h
o
B

Song song cing véi tén goi phép nhan Lie. ngudi ta con g0i né 1a ngodc vuing Lie (Lie
bracket) do co ky hidu (f.g].

Nhu vay két qua cia phép nhan Lie cua hai vector ham flx) va gix) lai 1a mdt
vector ham. N6 do toe dd thav déi gia tn cua vector £(x) tinh doc theo quy dao trang

thii tu do x(1)= ®f (x,,) |4 nghidm cia hé (5.2),
Phép tinh nhian Lie ¢6 nhing tinh chat sau:
1} Cho hai vector ham {({) . _é,i(;) vi mét sd nguvén £ Vay thi:
(F.gl=-lg. [, ticla adig_,f = ﬂdé,i' {phan d81 xiing)
wdfg = ady(adfg] =11 adf g
2} Cho hal vector ham i(g) ’E[E) . va ham vé hudng v(x). Vav thi:

L1J{_}_J]LI = = L{IJEU“‘LéL{’:U
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3 Cho hai vector ham f_‘(g) .5(5) _hai ham v6 hudng vz}, wix). Vay thi:
fof wegl=vwif. gl+(Lpw)vg— Lgu) wf

4) Véi cac vector ham f(x) . glx). A(x) vi hat s6 thuc e¢.b ludn co:

1

{af +by B] = alf k] *+ blg. A]

(b af+bgl=alh f1+blh g
5) Ba vector ham {;(5)  glx), A{x) ludm thoa méan tinh ding dang Jacobi:
[flg. R + g Th I + [l e =0

6) Néu hai vector f(x}, glx} ti€p tuyén véi mot da tap thi | f . g 1(x)= adpg(x) cing la

mot vector tiép tuvén vii da tap do.

Héim ma rdng (distribution)

Dudi khai niém ham mo réng clia hinb hoe vi phan nguol ta hidu mdt anh xa A gan
mdi phan L x cia khdng gian veetor n chiéu & " thanh mét khéng gian vector con A{x}
véi d chidu (d€n) trong R "

Arx P Alx)

Vi la mét khong gian vector ¢6 s chiéu bing o nén trong A(x) phai tén tai d vector

il(gl. A E I RS {d(gl doc lap tuvén tinh sae cho A(x) 1t tdp hap cua tat ea cic
vector {(x) dang t6 hop tuvén tinh clia chung. tic ki
"
flx) = Y a0f (1) € Al
=i
vl mol ham vé hudng a,(x)
Né&i cach khac, khi x ¢d dinh thi
Alx)= span( f (). f (x). ..o fix)
Hinh 5.3: Ham md rong a

. . . _ o mat tiép tuyén vdi da tap
khéng gian tiép tuyén T, vii da tap A tal didm x trang thai 4.

Ham md réng thudng duge ding dé biéu dién

(hinh 5.3). Ham md réng A(x) duge goi la trgn néu

-2
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CAC f} (x}. £2(5), . id(_:g) 1a nhung vector haim kha vi
Ham md vdéng A(x) c6 cac tinh chit sau:
1) Ham md réng A(x) duge goi 14 khang suv bién tai x néu d dé eo dim({A(x))>0.
2) Cho hai ham md réng tran A fx) va Au{x). Téng A(x) cta ching, dinh nghia hgi;
A = 0= g0+ | g ea, () vi Alx)e A, (x))
cung 14 mdt ham md réng tron,

3 Giao A=A, A, cla hai ham mé réng tron A1(x) vA Ay(x) la mot ham mdé rong tron
(difu nguge lai khong dong).

4) Khai nigm ham ma rgng xodn: Ham md véng Alx) co s6 chidu d véi bo co s fl(g) .
fz(g), .- - {d(g) trong lan can x. duoe goi la xodn (invelutive) néu tich Lie ctia hai
phan td bat ky thude A{x) cing thude Alx},

Ngoai ra, cdn va du dé;

Afx)= span( L(gg}‘ {2(5), e ,_f:d(;g;l)

la hAm md réng xodn 13

[L(g),{f(g]]es(.}j vélmoi 1€f.jgd.

5) Ham mé réng truc giao: Cho A{X)ICR " ¢6 56 chidu bing d

Af{x)= span( i‘](g)__ L{E), e _,{d[g}}

Ham md rong truc giao ria Alx), ky hiéu béi A ° (x). dudc hiéu 1a ham md réng gdm

cac phan ti glx) thoa man:
AT= {gwer" | g7/ =0 va jweatn)

Vavihi dima ™ (xy=n-d wvi néu ky hiéu:

_\J‘(_I_): spani Edw](p,g X g {x))

of +2 " T
s& con cd thém;

&0, F (=0 véimoi 1SkSn—d va 1Sigd.



G) Tidu chudn Frobenius: Xét ham md réng A{x)cr" c6 s& chidu bang d. Néu tén ta1

n—d ham vo hudng w4, (a0, nrgalx). m”{_g a0 cho-
’ I T P T
{3 o ‘3 e ‘3
.-x*(.y:span(\ﬂﬂﬁ‘ | ‘f_mgu(_ﬂ . mntz)\ }
Lo 0x ax )

thi A{x) goi 1a tich phdn dicde hodn toan. Theo Frobenius, cén va dii dé A(x) tich
phan duwge hoan toan li né pheil xodn.

7} Ham mé réng bat bign: Cho ham mdé réng Atxyok” 0o e8 chién bang d va mdt vector
ham [(x}. Khi dé A(x) dude goi 1a bat bién vé fix) néu tich Lie gitta f(x) v@d1 mot
vector g(x) tuy ¥ thude A(x) lai thude Alx). N6i cach khéc. tir g(x) € Alx) suy ra

duge | Fix). glx)]e Alx). Nhu vay. néu co:

(ab. o fL00))

Atar= span( flxh. i,
thi can va du dé A(x) bdf hién vin flx la:

[{(1}\f'i(£}]E Alx) vormol 1%isd

%) Néu ham md rong A{x) bat bién vé ca hai vector ham fix) va g{x} thinocung bAat

bin vii vector haum | flx) . glxd]= Gd}:glg) .

5.2 Phan tich he affine
521 Xac dinh phép d&i bién dé tach hé

Trude tién ta xél mot kam md ring yodin Alx)o R cd 8 chiéu bang d va AT(x) 1A

ham mé réng e giao cia nd. Do Alx) 1a ham md réng xodn nén theo Frobenius. ludn

tén tai n—d ham vo hudng m g, (x). m iz} ooom (2} thoa man:
g I T . T
. Do g (x) g, (x) ] (A, (x) ) .
AT {x) = span( #1(—_)| . |{;f+1(_—_}| o l_q”(:_) ) (5.7)
S O S dx

Su dung phép déi bién:

l" my(x)




vl d cic him duge cho thém vao la:
mola)=x, . myix}=x, . .., mgla)= xy
noi cach khae
T -
z=mix)y = (v, o xgomg(xt o omy(x) ) (5.8

thi mét vector ham vi{x)e A{x) tav y. khy duoe chuvén sang bién méi theo cdng thiic:

s phai c6 n—d phan i cudl déng nhit bang 0. hayv:

Tz = (By(z) . oo g2).0. . 07 (5.9)

Ta com dé dang thav dude didu ngude lai cling ding. Vav:

Pinh Iy 5.3: Cho mét ham mé réng A(x)CR" ¢6 s6 chidu bang d vi xodn. Gol f_\l(y XAt
dinh theo (3.7) 14 ham md réng truc giao cia A(x} cing nhu v{x) 1a mét vector ham
tuy v trong k™. Khi d6. d8 v(x)e Alx) thi cdn va di 14 anh U(z) cua nd qua phép
doi bign (5.8) phal cé r~d phan t cuét déng nhit bang 0, tite 13 Fiz) phai cd clu

trac nhu trong (5.9}

Bav gid ta xét hé alfine (5.1) ¢ md hinh khéng bi kich thich (5.2):

MEDN

== o =

510
eft - ®

YME
va gia su la vector ham fix) cia né bat bién véi ham mé réng A(x)=Rk” ¢6 50 chidu
bang d va xoan. Ky hiéu }T(_g) 12 anh cua no qua phép 48 bidn (5.8), tie 1a:

.

i

\ [f2)

dz o .o | = VT

—:[_-rm\ =fz) =

df s d£ - o ][, - -

Ax=we (2] ‘fu[é)
Goi z; k=1, 2 .. .n la bd vector cd s¢ trong R theo bién z, théa man:
T

zp = (0. 0,10, .. .0)

4

phin ta th &

)
Lo
o



Nhu vay. thee dinh 1y 3.3, tit ca cac vector 2, c6 4= déu la dnh qua phép déi bign (5.8)
cua mot vector nio dé thude Atx).

Xet tich Lie:

_ Bz, ~  OF2) of (2}
z) . = = f(z)-—== =i,
IL_) Fars ] aé = 6% Zp ag Zk

_ (9@ s aﬂ(z'}“

I-}Z I ’ t’ Iz I . ’ E}z 2 |

vil k<d s& la phan

2=mix

ta thiv do c6 gia thidl f(x) bat bién vii A{x} nén EE(E)'EJ.' ]

tlcta Alx). Boi vay khi b<d thi | J;‘h'(g) - z; | phai ¢d n—d phan tud cudi déng nhat bing

0. hawv
;i _ _
M =0 vhmo O<k<d va i>d
(JZ}‘.
vi d6 cang chinh 14 161 chitng minh cia dinh 1y sau:

Binh ly 5.4: Xét hé khang bi kich thich (5.10) bac # . Néu tén tai mét ham mé rdng xodn
Ax) vdi sd chiéu bang d sae cho vector ham f(x) cla hé (5.10) ba? ish véi A(x)

thi phép déi bién (5.8). trong d6 n—d ham m . (x}. ... .m o () duge lav tU ham

ma réng truc giao A~ (x) xdc dinh theo (5.7). s& chuvén hé (5.10) vé dang:

Hizy, o czgizgon, oz,
(_i,—i_ - F{z — J(‘ﬂ"(z]_‘l_ v "Z(tl-‘ E()"+'|J ’Z:|):
dt -

fategars - 2,)

Fultqer - 02y)

Vi du 5.3: Phép doi bién che hé khéng bi kich thich

Cho hé khéng bi kich thich véi mdé hinh

.z - \'.
R |
dx . Xy !
-= = Jf (E) = o
t - XXy — XXXy

|
. " i
LBIN X + x5+ xyg )

]
| Rl
&



Xét ham ma rdong vii s6 chifu d =2

. 0
. . . . 0 1
Afxy=spanfy (x). a(x)} vil v {xd= Luu(x)= "
v Lo

Da ¢é

[ty (x) vy ()] =0e Ax)
nén A{x) 13 xoan. Hon niia vi

[ /{x). v (a)]=0eAlx) v [ fix) val]=-v,(x)e Alx)
nén A{x) 1a bat bidn viL f_‘({} .

Theo Frobenius. tif tinh xo&n cita A(x). phai téu tai hai ham vé hudng mi(x).

moy(x) dé cé

;o Y A 5T
N i.(£} _ spnn(! rim__q({) ‘ ‘ ‘ om (x) !
i ,

X a&

tic 14 hat ham d6 phai thda man

!' r)m%(x) 3m4 (x)

\_]( =|

( do, (2 ‘L (r)_((‘)m_,(i)-\ .
S )= | /2 | ()=

x Y

\q(_)o

i-‘ (Jt ax

Ta cd thé thay mét trong nhing cap ham vd huéng m 3lx), m(x}) dola

dmg(xl ) . . i, (x . .
--#‘:{0 N R R ) B 1 & = {-x. . —x,, 0, 1)
L L )
hav
maylx) = x, wvia o om{x) = —xx,tox,
Két hgp thém véi
ma(x)= xy va aro(x)= a
ta o6 duge phép déi true
¥ 5 )
. X i _ Z5 %
z=mix}= - = aTm ()= o
Xy Zj{ [
—XyXy \zlz;+sz

Suv ra

| Rl
32
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0 00 ‘oz,

0 1 00 ~ z.
a—&z = g = f(?}: 4 D
ox 0 0 10 it =" Zq2
Tk T J sz

Tiép tuc, md rong dinh 1¥ 5.4 ta ¢dn ¢6 hé qua sau:

Dinh Iy 5.5 (Hé qua cda dinb Iy 5.4): Cho hé affine:

% = fx)+H (D vir  xeR”"  uer”™ (5.11)

Néu tén tai mét him mé réng A(x) co sé chidu d, chita tat ca cac vector edt ki {x),
ho(x), . . A, (x) cia ma tran H(x), xoan va bt bién véi vector ham f(x). thi

cling sé ton tai mdt phép déi bign z=m(x) dua hé vé dang "tach” nhu sau;

dzy 7
?zﬁl(él-zg)‘*Hl(épEz)ﬁ )
(3.19)
dzy = .
R
lrong da
) sz-'-i i
)= | VA z=|
2d Zn )
Chirng minh:
Do A{x) chia A, {x). Ay(x}. .. . h,,(x) vd xodn nén né bat bidn vil cac vector

d6. Theo ndi dung dinh 1y 5.4, khi dé phai tén tai phép déi bién z=m(x) dé tach flx)

thanh f‘l(gl,gg)ekd, fz(gz}e R va ma tran H{x) thanh I}l(gl,ﬁ)ﬁl{dxm vi

~ —dx
HQ(EQ}LR” o X

- Nhung vi Ay(x). as(x}). ... . h,,tx) thudc A{x) nén khi chuvén
sang bién z. ching phai ¢é n~d phén ti cudi bing 0. Vay ﬁgtgi) =0 (ma tran cd cic

phan td bang 0). a

Vi du 5.4: Minh hoa dinh Iy 5.5

Xét hé atfine cd:

| Rl
L2
o



s 5
{ X Xy F Kol x
. 1
& feo rhiwu = SN
off X, XQI:.} 0

2 2 x.
X3+ XpXy — X5y ) )

va hiam md rdng véi sb chidu d=2

X1 ™2
1 0
Atg)=span(y, (1), py(x)) trongdd v (W= ), L (0)= o
X3 0
Ham mo rong nay chita A{x) va bt bién vii flxy vi:
adey(x) = [ f(x) v (@] = wy() € Alx)
adsug(x) = [ f(x),py(x)}] = 0 € Alx)
Hon niia né 1a ham mé rdng xedn bii cd:
ad, v,(x) = [v)(x).uy(x)] = 0 e Alxy)
nén theo Frobenius, phai ton tai hai hamn vé hudng m . (x). m (x) dé
T
) 3 k
A" () = span (( m’m ‘ [ () |»
G
Ta thdy mét trong nhitng cap ham vé hudng m4(x), m,(x) dé la
moalx) = x5 va  mglx) = —xpxat xy
Nhu vay, ta co phép déi truc theo (5.8) la:
Xy h S k
X _ ;
z=mix)= ! =  x=m z)=| 2 {5.13)
Xy 23
\—xgx;; +x4' 292y +2,
Suv ra
'3123 +22E’22 E4l
d J - . 1
L B e+ LHp e =] [+ (.14
it ar - r}g Zy 0
0 g N 0 A



R& rang, véi phép déi true (5.13), hé affine cho ban ddu da trd thanh dang "tach” vdi ma
hinh (5.14), trong dé

v

5.2.2 Phan tich tinh didu khién duoc

Tinh diéu khién duge cua mot hé thong la gi va tai sao phai quan tim téi né. Dé tra
101 ta hay xét bai toan 1 thiét ké bé diéu khién dé én dinh héa duge hé théng, tiic 1a bo
diéu khién phai tae ra duocc tin hiéu diéu khién dun hé théng tu mét diém trang théi x,
nao dé (diém ma ti hifu nhiéu da dua hé 4 dé) quay duge vé difm can bing x, ban
dau. Néu nhu rang khong tén tai bat ¢l mat tin hiéu didu khién nio e6 Lthé lam duge viée
nay thi sy ¢6 gang tong hep hay xav dung bé diéu klién én dinh héa sé trd nén vo nghia
(bai toan khéng 6 161 giai). Bdi vay dé cong vide xav dung bé diéu khin cé thé co két
gua ta phal biél duge rang cé ton tal hay khdng i1 nhat mat tin hiéu didu khién 6 thé
dua duge hé thong tii x,, ndo dd vé xr,, Néu nhu tén tai mét tin hidu didu khidn lam dude

viée do thi ta néi hé thong didu khién duge hoan toan tal diém trang thaix,, .

Pinh nghia 5.1: Che cic digm trang thai x, va xp. 1Hé

ot
1,.\«' =glxuwl)
duge got 1a {hinh 5.4)%

a) Didu khién ditge tai dim trang thai x,. néu tén tai vector diéu khién w(¢) dé
cé dudng quy dao trang thai x(f) Luong ing xuat phat ti x, va két thue tai
goe Wa dd trong khodng then gian hity han,

b} Pat toi duge diém trang thal £7 . néu tén tar vector diéu khién w(¢) dé€ co
dudng quy dao trang thal x () tuong fdng xuidl phat tir gbe toa dé va két thue
tal x4 lrong khodng thdi gian hite han.

<) Pidy khién duge hoan toan tai diém trang thai x, néu véi diém xp bat ky.
nhung xac dinh cho trude, tén tai ui(t} d&€ 6 quy dao trang thai x(t) tudng

iung xuat phat 1t x, vh két thic tai x¢ trong khodng thii gian hitu han.
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digu khién dugc
hoan toan

1=
[
BoRom

Hinh 5.4: Cac khai niém diéu khién duogc, dat
téi dugc va diéu khién duce hoan toan,

Chu ¥ riang trong dinh nghia vita phar biéu luén co didu kién trong khodng thoi
gian hite han. Day 12 véu cdu ma su cAn thiét cta nd gan nhi 1 hién nhign, vi néu hé ¢6
thé dua duge v& trang thai dich £, meng muén nhung phai trong khoang théi gian vé
ciing lén thi cing chang o6 ¥ nghia gi cho bai toan didu khién. Tham chi 6 nhidu hé
khong diéu khién duge nhung vAn ¢6 kha niing ty quay duge vé x,. tuy nhién la trong

khoang thai gran v6 han (vi du khi hé 6n dinh tai x,).

Da tap cac diém trang thai dat t6i dude

Nhiém vu clia céng viée xae dinh tinh diéu khién dude hoan toin cho hé phi tuvén
affine (3.11} lién quan t4i viée xae dinh tap cac diém trang thal ma véi chung hé c6 thé
dat tér duge bang mét tin higu didu khidn 1 it) nao do. e 1a xac dinh da tap M gbm
cac difm trang thai Xy ma hé ca thé dal 61 duge bing nhiing tin hidu didu khién wit)
khac nhau trong khoang thoi gian hitw han 7' ti diém trang thai déu x, thudc da tap #,

da biét (hinh 5.5). Hé sé la didu khién duge hodn toan néu nhu da tap M7 la toan ba

khéng gian trang thai, hav:

dim#Mr =n
42 ﬂ-”zd’{(%)
i a ‘
A =
o lxy)
o . l\
Hinh 5.5: Xac dinh da tap cac ¢iém trang thai v X,

dat td duge cho hé phi tuyén,

231



Tiéu chudn diéu khién duge hoan todn

Cang viéc xac dinh da tap #7 sé don gian hon nhidu néu ta chuyén hé phi tuyén
affine (3.11) cho ban ddu thanh cau tric vdi hai phan riéng biét (5.12) nhd phép déi bign
z=mix) néu trong dinh 1¥ 54 v dinh 1% 5.5. vi khi dé, da tap My gdm cac diém trang
thai dat t6i duge s€ duge xac dinh ti khdng gian con chia z, trong thanh phan thi nhat
va tap cac diém z5(T}) dat té1 duge mdt cach tu do (khéng phu thudc vao tin hidu diéu
khién) sau khoang thai gian hitu han T. Néi cédch khic, véi mé hinh dang tach (5.12):

[dz - e

— =Lz ) Hilgy oz
dz -

ac =lae

ta thay ngay dudc tin hiéu diéu khién u(#) chi c6 tac dung ldi dude hudng di ciia phan
bién trang thai z,(¢) chi khong tac déng dudge tai z.,(¢). Diu nay dan té da tap My cac
diém trang thai dat 16 duge cia hé chi ¢6 thé 6 s§ chifu nhifu nhat 1a d.

Song viéc tach hé (5.11) thanh (3.12), nhu dinh 1¥ 5.4 va 5.5 da trinh bay, lai duge
quvét dinh hdi sy tén ta ciia ham md véng:

A(x)=span(y (1), uulx). ... . vylx))
thoa man:
—  Chita tit ¢4 cac vector cdt A ,(x), ho(x). ... . A, (x) cia matran H(x).

—  Bat bién vii vector ham f(x) .
- Xoan (involutive).
Bdi vay. cong viée diau tién can phai lam khi phéan tich tinh didu khién duge la xac
dinh ham md réng A{x) thoa man nhiing diéu kién viia néu.
Diéu dau tién c6 thé bidt duge ngay vé A(x) 14 n6 khong thé <6 s6 chidu vugt qua n,
vi ban than né la mét khéng gian vector con trong R

dimA{x)<n

D& A(x) chua duge tat ca cac vector cbt Ay(x). As(x), ... . A, (x) cia ma tran
Hx) thi
span(fiy{x). A.tx). .. A, {(x)) C AlD) (5.15)

Tiép theo, dé A(x) bat bién véi f(x). né phai chiia ca nhitng vector



[L(;c_) Jixy] = ﬂ.dfﬁi-(gj € Alx}) viimeol {=1.2.

Nhung khi da chia adph (x} vi lal bat bién vl f[g) thi ducng nhién nd efing pha

chiia
(£ [ £ d () = adfh (x)

[f) [ fix) [ f@) A )]} = adih, ()

£ f@ L F@ . L f) ay) ) = adfh(x)
trong dé & 15 mét 56 nguvén nao do thoa man: Néu da cd
a.dE}_zi(E} eAlz) véima =1.2. ... .m
thi cling cé

adf-”}_:r.(g)eé(;] vdimolr (=1.2. ... .m
va gia trl k£ 1dn nhat ¢é thé ¢61a A=n—1. Ti diy ta suv ra dude:
span(adfiii({) li=1.2 . . m:ik=0.1. . n-1)cC Alx)
trong dé ta d& sit dung quyv uée:
adf hy(x) = ()
va nhu vay, trong (5.16) ¢o ludn ca (5.15)
Ta di dén khang dinh:

Binh Iy 5.6: Hé phi tuyvén affine:

dx
G - f+H
dt {(E} [

on "
Ju Vi1 XER S | UER

& diéu khién duge hoan todn, néu cé:

dimspan(ad?ﬁi(‘l‘) |i:1.2 .o.m k=01, .. n~=1)=n

trong dé b {x), hy(x). ... . R, (x) 14 cAc vector c4t cia ma tran H(x}.

(5.16)
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Vidu 5.4: Minh hoa dinh ly 5.7

Cho hé tuvén tinh véi

% =Ax +Bu ticld fix)= Ax  va H{x)=R (ma trin hing).
clt -

Goi b, 1a cac vector cot cia B hay B=(&,. b,

=

C b)) tas@cd
adg b =0  vih; lacac vector hiang
vi
ab E}b{.f r],fb h"lb Ab
ad . = =L T M=
£ dx = dx~ dx ™ -
ad?b, = ad, (-Ab) = A%B

ad;s—]él - {_l)n"]AH—l

Q{
Tu day suy ra
span(ad;-'ﬁr(;) |:f=1 2 m: k=0.1. .. .n-1)=
mspanthy. o by, o oadpby . adpb, . ad)” 'p, Ladf™'b,)
=span(B . AB . AR . . . A" 'R,

vi két ludn cua dinh I§ 5.9 chinh 1a tiéu chuan Kalman quen biét trong ly thuvét diéu
khién tuvén tinh.

a
Vi du 5.5: Minh hoa dinh Iy 5.6

Che hé xac dinh trong ®° (c6 n=2)

- +hx x, 1 —ax, +hxx iy
(_ig__:j P Toxxy +[ ‘u vl (r) J “n xlrz Chix)= ] b6=20
dt L —byx, W1 Lo—hoxy 1)
O dav la co:

0y f—br
spanfhlx). ﬂdf"l(E)) = span(‘ ] { b ) %
= | Xy )
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dhlx) Afix) Cebxyt
adphizy = B8 p o TEE g =
L= da — dx T | bxy
Do
‘0 —bhx
dct| & ‘bel
L1 by )
. : ‘0% [ — by | . . N s L "’_ﬁ Y
nén hal vector . 1 ‘ b | 14 déc lap tuvén tinh véi nhau moei diém trang thai x= }
L] /.-'

R

e

cOx#0, hay

dim span{f(x). adff_t({)) =2 khi =0
Vay hé didu khién duge hoan toan tai ingt diém trang thai x o6 x,=0. 0
Vi du 5.6: Minh hoa dinh Iy 5.6

Cho hé xéac dinh trong k! (rn=11):

p o
| XAyt xge'x'-' \ Xy
dx . . . ' Xy i 1
~——==fx)thlxluy vh fix)y= 3 va hlx)=
tft " - Yy —XuXy 0
| xi +xux, —xixy X3

T dav ta cé:

— e \
adf-h(x) = 0 VA adf-h(x) = r;djﬁh(_r) =Q
alx 0 Fmx Falx
(Y
Vay
dimy span{f(x). adyh(x) . adfhlx) . arf;}l(y)
X ! [ - |
= dim span( ‘ ‘ } =2<4=pn
Y
nén hé 1a khéng diéu khién duge. a
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523 Xac dinh bac tuong déi

Béc tuong déi cla hé affine SISO

D& dé tigp can té1 khai niém bac tuong ddi. ta xét trutng hop dac bidt vdi déi tugng
tuvén tinh duge mé ta bang ham truyén dat hop thice chit (strickly proper):
by tbyst -+ b 8™

i)

Gis)

trong dd men
G +a.8+ - ra,s"

Khi da, bdc tudng ddi dude hidu la hiéu r=n-mz1.

Gia s rang do) tugng. bén canh him truvén dat trén, con ¢d mo hinh trang thai:

[dx

J-—— = Ax+ b
T X+
T

y=c'x

Vayv thi bac tuong dd1 r cling duge xac dinh tii md hinh trang thai theo (xem [19]):

C?‘Akb:{zo khi 0<hsr-2
120 khi k=r-1

(5.17

Chuvén sang hé phi tuvén va vdi su ggi v cua edng thiie tinh (5.17), khal niém bac
tudng dé1 cua hé ALI ¢6 mét tin hiéu vae, mét tin hidu ra. duge dinh nghia nhu sau:

Binh nghia 5.2: Cho hé afffine 5180
[ o«
= = ( + ! i .
y=gx)

Bac tuong déi tai diém trang thai x cua hé la s¢ td nhién r ma trong lin can x thoa
man:

j:o khi O<kh<r-32

L,Liglx)=
WD ki k=rod

(3.18)

C6 Lhé thav duge ngay ving trong truong hop hé tuvén tinh, tie ta véi fx) =Ax,
hix)=b. g(£)=QTL hai céng thiic (5.17) va (5.18) =& déng nhat, vi:

L":fg(z) :QTA }\'l = L;_,L‘j}g(gg) :Q-TA f.'}l

Vi du 5.7: Minh hoa béc tuong déi

XéL hé Van der Pol vdi md hinh:
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. G
_‘f!.é: *2 N ]+ [ Wu va y=g(x)=x,
axg(l-bxy)-x; ) |1}

f(x) h(x)

Khi dé thi do
N

3 ¥
Lyg(x) =E o) = (1 0)[ J: 0
- dx 1

I(Lpg) (g .|
= 2= | & hn
LyLgtx) P hix) ix \ 2x f_j Hx)
al; . x. ‘0 0
=210 UJ[ 2 | W:(U 1) }Zl#U
dx Laxy (1 —bxy)—xy JI L1 1)
nén bac tuong déi cia hé bing 2 (tai moi x). a

Chi ¥: Hé phi tuyén affine ¢6 thé c6 bac tudng dé khac nhau ¢ nhiing diém trang
thai khac nhau. Ngoai ra, khac véi hé tuvén tinh, khéng phai § bit o mét diém trang
thai x nao trong khong gian trang thai. hé cing cé bac tudng ddl. Ching ban. hé sé

khéng ¢ bac tudng déi tai diém trang thai x, ma trong lan can cla né ¢o

Lyg(x)#0. LyLog(x)#0. . Ly Ligtx) #0. -
song lal c6
]:ﬁg(z[]): 'T‘ﬂ‘r‘,fg(fn): .- :IJELJ}g(E,]): =0

Ngoai ra, tlr céng thiic {3.18) tinh bac tugng dé cua hé SIS0, ta con cd:

Binh ly 5.7: Cho hai vector him f{(x). A(x} va mdt ham vé hudng gix). Vav thi ha

didu kién sau sé& 1a tuang dudng;

A Lyg(x) = LyLpglx) = o = LyLig(x) = 0

by Lyg(x) = Log, 582} = JE =0

. = Lad;z_l
Ching niinh:

Tuw Lpglx)= L;Lyg(x) =0 ta co theo tunh chal cua phép nhén Lie diéu pha chung
minh tha nhat:

Lo n8l0) = LyLyglo) - LyLyglx) = 0

[
b
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Véi phuong phap quy nap ta ciing ¢é cac diéu con 1y 1 d”g(x) =0 (k=1), vi:
d* B

mes‘ gl_g(y =Ly ‘r‘nd;:-l RHE = Ladf* plrgtah.

Vi du 5.8: Minh hoa bac tuang ddi

Xét Iail hé Van der Pot cia vi du trude nhung véi tin hiéu ra v bay gio la:

dr x N \ . .
—== " ‘+ ‘ fu va ¥=gix)=sinx,
elt hea{l—xiy=x | 1)

Flx) Hix)

Vav thi do
g (0
Lyglx) Z;if_?(g): (0 cos x._,_)]l =08 X
- [93e8 L

hé s& khdng 6 bac tudng d6i tai moi difm trang that x=

23 R
ma o 46 ed:
Wy

2+
X = ————
3 5

Vi duy 5.8 ([2]): Minh hoa bac tuong dai

Cho hé bic bon

f_rlxz sl 0
ﬁ: 1 2+2I_'{ v vEg(x =y
off ‘ - ! 1
L xf x| | 0 4
[0 Ao

Hé nav co

(
3 2+ 2.
Lyg(x) :?—é‘&(g =0 00 1}y pel
RS P
Lo
1rx1-"2 X
% Cooa
f,}.-.é;’[f) Zi_gf{s):{o 0 0 1) X |:xf+x_)
L dx — ‘ -y ‘ 3
L NPy



~,

{0

oLy g 2+2
L,Lrgtx) = ‘ }"é’ R(x)=(2x, 1 0 ) 3 =2(1+x,) 20 khi x,#—1
I ax
0
nén né sé c6 bac tudng dél =2 tal nhing diém trang thii c6 x ,#~1. O

Bdc tuong déi tai thidu cla hé affine MISO

Tir 1y thuyét didu khién tuyén tinh (xcni [19]) ta da dude hiét he MISO.
J-(-i—l = Ax 1 Bu
dt - =

v=ct X

¢Ory. ru. .. 7, bac tuong d61 cho ting kénh vél dau vao u; va dau ra v duge tinh theo

cdng thife (5.17). ma cu thé la

=

_— —0 khi 0<hk<r-2
c'ATh, = ]
= #0 khi k=r-1

trong dé b, la vector cot thii ¢ coa ma tan B. Khi d6 bac tudng ddi t31 thidu » duge dinh

nghia bol gia tri nho nhatchar, . r,, ... r

L

.
mte

KOS OMINGS L Pl e L7
Nhu vay. nd chinh 14

7k [=0 véi mor T<i<m vi 0gh<r-2
AL =y AU
|[#0 chomdtgiatri iva k=r-1
khi O0<k<pr-2
|207  khi £-r-1
Mot cach hodn toan tuong tu. khal niém bac tuong d6i té1 thidu cia dit tugng MISO
phi tuvén afffine duge dinh nghia nhu sau:

Binh nghia §.3: Cho ddi tugng MISO bice # ¢ém tin hidu vao (rzm)

ldx . il
‘d_?:f(5)*H{E)'£:£(£)+,.;ﬁf(£)u’ (5.19)

y=glx)
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trong do

I]\

H(x)=(hy(x).h,(x). -~ .h

Bae tudng 461 t81 thidu tai diém trang thai x cua da tugng 14 sd tu nhién r trong lan

cAl x thoa man:

Lo, Tatx) = {_

e

vdl mol 1<ism va 0<k<sr-2

chomét giatryj iva hk=r-1

Vi du 5.8: Minh hoa bac tuang déi

Cho dd1 tugng bac ba (n=2) ¢6 hai tin hiéu vac {m=2). dude md ta badi:

A

[ 0 0
%-f— = fl)+H{x)w = YI"(]]Z 0 2|y va y=x,
. .\,\‘;g—x"f/ SERY
Nhu vav thi vdi
r'o\ o
Ei(x)=|0] Ayno=121, glx)=x.
1) 8
ta co
} I.'O\I
Ly g2 Z%ﬁf_l(;} =(1 0 O)lo =0
X l
W
oy K
Ly €00 =L h,xy=(1 0 {2 =0
2 Jdx
N \1.
3 o
Ligto) = 0x) = (1 0 0)i wxd | =+,
dx— " [ .
O X
dLyg 0]
Ly Leglx) = hylxy=(0 1 0| =10
= LT ax
- '\l.*
/0\
aLf'g .
L, Leglx) = Bolx) = (0 1 0y|2| =220
e dx L

Suyv ra bdc turing dit t6oi thidy cua d6i tugng lar=2.
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Bac tuong doi t61 thiéu r cd nhiing tinh chat sau:

Pinh ly 5.8: Néu » 1a bac tusng dai tdi thidu cia dé tuong MISO ¢6 m tin hiéu vao, mé
ta hdi (5.19) thi

ay Ly glxy= Lcm';h glxy= - =L i glx)=0 vilmol l<i<m
LU FAT = adl | —

1)
b} Toén tai mét chi séf dé cac vector hlx) . adf—}_lffg). U ad;f_l&f(i) ia dic
tap tuvén tinh.

dg(x) OrelX) rLZ_Ig(E)
a ok

¢y Cécvector hang la dée lap tuvén tinh.

dy r=n

Chirng minh:
Khang dinh a) duge suv ra ngav ti dinh nghia 5.3 vé bac 14 thidu vi ndi dung dinh
1y 5.7. Dé chiing minh b) va ¢} trude hét ta thay:

FEMINT L Py, L T

trong dé cac giatrl », 1=1.2, ... .m dude xic dinh

P . =0 khi 0<hsr-2
Ly Lypglxy=q .
=T A0 kht k-r -1

Chon chi s6/ thoa man r=r, sau d6 14p ma tran:

dx
al. f glx)

w (adi T hi) . adhix)  hyw) =D
: ~— - )

R 2

I

gy
dy = L2 aarkp

oy

241



{ 0 khi 0<k<r-2

: - 0 khi A=r-1
Va
rLﬂ?’Lg({) he c}LI g(x | - .
cung nhit
,khg(f) ‘L 2 é.(x) dk—Lh{‘r‘fg[E)]
A '
tue la
Hipg(x) =0 néu k+i<n-2
L adbhm =4
dx 20 néu k-r=n-|

nén D sé cé dang tam giac véi cae phin td nam trén dudng chée chinh khac (0. B&i vay D
khong suyv bién. Suy ra céac veclor hing cia ma tran 7 thude kiéu rxn ciing nhu cac
vector ¢ot cua ma tran D, kidu nxr la doc lap tuvén tinh,

Khang dinh dj 1a duong nhién. vi néu khéng ta sé o6 duge didu vo 1y 14 trong khéng
gian n chidu R" chida cac vector cit adff-_lﬁ!.{gj o adfﬁi(g) . hyfx) cta Dy, talaicd
80 cac vector doc 13p tuyén tinh 14 r nhidu hon s6 chifu la n. Cing vé 1§ tuong tu la
khéng gian vector n chiéu chua D sé& cé s chiéu nho hdn s8 cac vector déc lap tuyén

() ‘_JLfg(E) N r]Lf g(x)

a

tinh trong né la cac vector hang . . . -
dx dx dx

Vi du 5.9: Minh hoa dinh Iy 5.8

Quay lai d&i tugng bac ba (n=3) vdi hai tin hiéu vio (m=2}, da duge xét ¢ vi du 5.7

Vico Ly, Lpg(x}#0 nénl=2 var=r,=2, Hién nhidn c6 r=2<n=3 vi
‘r‘,‘_a,g(ﬁ): [Jh’g{z) =0

Ngoal ra. rd rang hai vector hang:

() AL p(x)
M:(] 0 0} wva ;:(U 1 0)
ax ax
la dée lap tuvén tinh. )



Vector bac tuong dai t6i thidu cla Hé affine MIMO

Tu Iy thuvét diéu khién tuvén tinh (xem [19]). hé tuyén tinh:

Jg=Ax+Bu
de - T~ (5.21}
y=Cx

vd1 s6 tin hidu vao bang s6 win hiéu ra va cung 14 m. 6 vector bdc tuong dot 61 thidu (r,

Fo. . . F o). dude x4ce dinh theo eéng thue:
T 3 L
T .k =0" khi O<sksr -2
SAET o J (5.29}
| 0" khi k=r -1

trong dé ¢, €y, ... .L, ' cac vector hang cua ma tran (.

=N b}

L .
! A QU o

W
m

Hinh 5.6: Thiét k& bo didu khign tach kénh cho ddi tugng tuyén tinh.

Ngoai ra, cing duge Wét tir Iy thuvét didu khién tuvén tinh [19), néu ma tran;

It L N - . R
P MA” by o fANTE )
I. = : : ’ :

{2.23)

I(‘E:Ar”'_lél T ATy

i =Zm

EITAFHF_]B}
khéng suy bign, thi ta ludn tin duge mét bé didu khién tién xd 1y M va mét bo diéu
khién phan hdi trang thai KB (hinh 5.6a) d€ dua d6: tuong MIMO (5.21) ban diu v€ dang
tach thanh m kénh riéng biél (hinh 5.6b):

\ Gl(s) 0
0 (7,(s)

-

’ Y] (S)
. Ym (‘;)

0
a3 W by \
o 1:(9')
. o |w
{) o GH.- [,ﬁ) “oom (S)
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Chuyén cac didu kién (5.22) va (5.23) mdt cach tuong tu sang cho hé phi tuyén
affinc. khai niém wveetor bdc tuong doi tot thidu dige dinh nghia nhu sau;

Binh nghia 5.4: Cho hé affine MIMO vi1 m tin hiéu vio/ra vA n bién trang Lthai (nz2m

i(i,f =flO+Hx) u—-fx) iéf@uf

=1

Y=g
trong do
(gl[}'_)
Hi) = (0o h,x) va g)=t
gnlx))

Veetor bdc tuong dét 61 thidu eia hé 1a m sty nhitn ry. ry.

a) Ly Lhg (x) =0 khi k=r~2 véimor i=1.2. ...

(5.24)

n. (2.23)
by  Ma tran
(L L) Ly L e Ly 1376 )
L= L, L' gy(x) L,“]__IL}‘:_—‘gE@ L,_JMLE_];;Q(E) 5.26)
\Li{LE”_]g,”(E) LﬂliL’;_’.-'i._lgm{g} LEHIL?”I_I‘;;NI(E}/

14 khong suyv bién.

Vi du 5.10: Minh hoa vector bac tuong déi tdi thidu

Cho déi tugng bac ba (n=2) ¢é hai tin hiéu vac/ ra (m=2):

: Xy N JO 0\| .
dx y i R [ ]
— — Xy +(1 3 (28 va \':i ‘
dt . - () +x;{/
\x:ﬂ —X) A \2 1/ ‘\—“
A A X
[(x0) Hix} gl
Nhit vay thi
(0] (0
JIEl](-\_:): . }iz(}_): 3. g1(£)=x1‘ gg(i):'xg""x;;.
'\2;' '\"1;
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0"

- Khij=1.i=1¢s (k=0): L,_a]g](g)=igl hy(xy=(1 0 0y|1|=0
fE 2/.1
3 *
; .
(k=1 Lygy(x)=ELf(x)=(1 0 0)|-x; +x? |=x,
dx — 4
oo x )
.-‘0\
= Ly Lgh(0=(0 1 0)|1|=1#0
\2J
o 0
—  Khij=1.i=2¢6  (k=0): thgl(g]:Tgl-Qg(Q=(l 0 0)|3|=0
- X
= 4]
k)
k=113: L;_EIL}:-g](}_'):(O 1 0)|3|=3%0
1)
0
C . . v _ 08y _ _
- Khij=2, i=1c6 (k=0 Lh]gQ(g)—a—b_l(&)—(O 1 1)}|1[=3#0
= x
- \2)
ok o
- Khij=2 (=2 ¢s (k=0): Lh.)gz(._t)z‘f—zﬁu(v_‘l:(o 1 13| 3|=7a0
- ax
x 4)
Didu nay chiing td rdng r,=2. r,=1. Tiép theo ta thiv ma trén
L(y) (Dn Ly Ly Legn(o) o 3\]
X = - - - =
Lp #2) Ly gpix) | 137,
khong suyv bién. Vav vector bdc twong doi 16 thiéu cia d8i tugng la (r, =2, r.=1). )

Mét diéu can phai chid ¥ thém la d€ c6 dudge vector bac tudng 461 (ry. 7y, oL L1y

ta phai c6 dong thoi ca hai didu kién (5.25) va (5.26).

Vi du 5.11: Minh hoa vector bac tuong dai toi thiéu

Xét d6i tudng di che d vi du 5.7, nhung o6 vec.or tin higu va khac 1a;




Nhu vav thidday taclingcé r;=2. ru=1. vi

[ oxy ) [0 [’o
flxy=| =} Ai(e)={1|. ha(x)={3| g (@0)=x,, g200=x,
\:c;;—:rizj. 1\2 L1

- Khij=l.i=led (k=0 Ly g#1(x)=(1 0 0}k, (x)=0
(h=1): Lygi(®=flx)=(1 0 0)f(x)=x,
= Ly Lygi(x)=(0 1 0 (x)=1#0
- Khij=1,i=2c6 =0} Ly s(x)=(1 0 DAy (2)=0
(k=1): Ly Lpgi(0)=(0 1 0)h,(x)=3#0
- Khij=2.i=lcs  (k=0): L; g(x)=(0 1 0)A,(x)=120
- Khij=2.i=2c6  (h=0): L, £,(3)=(0 1 0)A;(x)=3#0

Song do ma tran

Lix)=

/L{T-:Li_gl(z) Lﬁsz_—g](E)\i_/l 9%
e 3,‘

\ L}_:]g‘_g(z} !rf;_}z,g'g[{)

6 dinh thic baAng 0 nén suy bign. BGi vay (=2, r,=1) khéng phdi la vector béc tuong

ddi tai thidu cha déi tuong. *
Binh ly 5.9: Néu (r,. r.., ... . r) A vector bie tuong dé1 t81 thiéu cia hé (5.24) thi:
a) 1,;_,:_;,‘_:-(5): Lﬂdf;trgj-{{) = .- =1L = £,(x)=0 véimoi 1<ig<m | 1<j<m
f= ad, Ry
gy g (x) AL g (x)
b) Céac vector hang ié_:_(_J_f)_ . ;_71— s L ==
dx dx ox
e g A e
e T
-
(-)gm(x) a‘r‘f'gm (E) a‘(‘}]" gm(fj
o o T dx

la ddc 1ap tuvén tinh.



1

¢y r= Zr;\. <n
Chitng minh:

Theo dinh 1\'! 5.7, thi tor didu kién (5.25) cua vector bac tudng d& te1 thidu (ry, r..

) ta suv ra ngav dude khing dinh a).

!FE

Diéu phai ching minh ¢} 1a hé qua truc ti€p cia b) vi 88 céc vector hang trong b)

diing bang r=r,+ry+ --- + r, vi mdi vector lai ¢6 n phin t thude khéng gian cac

vector hang n chiéu. Néu b} ding, thi ¢) ciing phai ding vi sd cac vector déc lap tuvén
tinh khéng thé nhiéu hon s8 chiéu cha khéng gian 46 1a #. Vay chi con lai by 1a phai
ching minh.

Trudc hét ta thay do

L AL g, (x)
L!_:_,- Li &;i(x) 2—;-5;—-&_}-{5)

_—

dL} ™ g;x)

nén ma tran L (x) trong dinh nghia 5.4 d cong thic (5.26) ¢on viét dude thanh
/ 1A
dL} " g1(x)

d127 ootx)
Lw =| 7T % (o hotw). . Bt @) (5.27)
N L.

=

Hix}

| dL;r'” _Igm {l)
. - A

Pix)

trong do P(x) 1a ma tran thuéc kidu mxn . con Hix) thudc kiéu nxm. Vi L(x) khéng
suy bién nén cac vector hang cua Pix) la

d( L} gy, d(rfz Yy ), a L g )] (5.28)
phai déc 14p tuvén tinh,

Ngoai ra. theo dinh 1y 5.8 ta con c¢d m nhém, méi nhém. iing vdi mét chi s& j cb

dinh. c6 r, vector hang

_ L7l
i Mg Oy ) (5.29)
ax ax ox -

de () dLsg, o

™
=
=1



déc lap tuvén tinh,

K&l hop m nhém cac vector hang (5.29) déc Lap tuvén tinh dé lai véi nhau y=1.2.
. .m} bang diéu kién (5.28) ta dén dude diu phai ching minh b). O
Vi du 5.12: Mioh hoa dinh Iy 5.9
Xeét lai dai tuigng d3 cho d vi du 5,11 Véi két qui thu duge (7,22, r,=1} tacé
rErmitro,=3=mn
Tiép theo ta ciing thav I_,h] gilx)= Ly g(x) =0 va cdce vector hang
dgi(0=(1 0 0). d[Lpgx)|=(0 1 0). dgs(x)=(0 1 1)
la déc lap tuvén tinh. 0

Tu phan ching minh dinh 1y 3.9, dac biét la quan hé gifia hai ma tran L(x) va
H{x} ¢ cong thite (5.27) ta con it ra duoe;

Binh Iy 5.10 (Hé qua cla dinh Iy 5.9): Can d& dé&i tugng affine (5.24) e6 vector bic tudng déi
t&1 thiu (r, ry. ... . rm) 14 chce vector ¢dt A (x). Ro(x). - . A, (x) cua H(x)

phai dic lap tuvén tinh.

5.24 Phép doi truc toa dd dua hé vé dang chuin

Xét hé phi tuvén SISO ¢6 md hinh

oy
E_£(£)+ﬁ(£)-u (5.30)
¥ =glx)

(o1 7 1a biae tuong db1 eua no tai x. Nhu vay. theo eong thic (5.18) ¢ dinh nghia 5.2 thi
L;_Tg(p = L,_! Leglx)= o = LEJ_L:}-_:Jg(E):O Vi T,&L?-_]g(}:)#—'o

Cung vd1 difu kién trén. tit mé hinh (5,30} ¢ia hé ta ¢6

v = glx)
dv _ og dx _ ogl. ol = , -
o g P a[{(;ﬂﬁ(ﬁ)u] = Lfg(iHL_;i%{(_g)u = Lﬁgfg)

=0



2 aL g dLsg -
d”y 8 dx _ 18 if(t)+h(x)u—| —ffg(f)+Lthg(x)“ - L,g(x)

di® dx  dt ax
=0
d‘r_lv - . - = =l
7 i Ly Tgix)+ Ly 'fzg'{i]u = L’J,_- glx)
=0
e’ - .
iy L;g(\j + L, .’} lg(r) i
de’ - -
=0
m](E)\"
Bdi vay. néu chon phép déi bign z=m(x}= thoa man:
i1, (x),
1) om0 =Ly glx) véi A=1.2. .. .1
2y n—r hamcomlai m(x). k=r+1. . .n dugc chon sao cho Lym,tx) =0

ia =€ dugc:

dzy _omy dx _dg dx

7 e a3 i = Lfg(ﬁ.}"' Lygix)u = lerg'('t)'— mylx)= 2z,
r. X L A
x 5
= Hop i , ;
d;: = a;:; % =1 _}‘; £ % = 1igx+ Lylpgloyu = gy = ma()= 2,
- LR 3 - - L

= ~

{‘izr—l — aL}_ig g

” ) o L7 g+ L L7 0w = L ey = mo (o= 2,
¢ dx i ‘ s L

=0

daf; = Lyg(x) + Ly Ly gl u= Lygim ™ (21 + LéL;-_]g(E_](E))uz alz)+blziu

alz) T

dz,_,  am,., dx
ZQ;; - ”:fx-l_ d_;_t = f'«fm alx)+ Lym g (xyu= L!’”Hl(m Hah= i@
- -0 ¢r(z)
dz am, dx
A= = s Lem (x)+ Lym, (x)u= = ey-(2)
df ox  dr a2 Ly, () T
=)
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Suy ra

¢ i K
) Zy
: dang tuvén tinl
d 2.1 4
I z, |=lalz)+hlzu (5.31)
Zpe| cytz)
PSP N S €4

y=4gilxy =z, (3.32)
Cudi cung ta di dén:

Binh Iy 5.11: Phép doi bién vi phéi (diffeomorphism)

gix)

z = mix) = L};‘lg(ﬁ) trong dé fJ&m;‘,(E}:O L k=r+l. .. .n

M, 1 (E)

m,ix) |

s& chuvén hé phi tuvén affine (5.30) véi bac tuong déi r vé dang dang chudn, mé ta
bai (5.31) va (5.32).

Vi du 5.13: Minh hoa dinh Iy 5.11

Xét hi
’ ] —X ) i (_’-\-2
dx _ : )
dar xpxy (4] 1 |u va y=glx)=x,
L Xy ) 0 .
—

0 ho

Hé nay 6 bac tudng déi r=2 vi

Ly gtx) ZMFL(Q =0 0 1| 1 {=0
= - BE

3]
on
L]



BE p) =0 0 1)|xes |= 20

Legixy =
{g(_) ax L
L X
Coxa
o
ol glx)
N B

Nhu viy, phép ddi truc toa dé can tim z=m{x) ing véi dinh 1y 5.11 sé c6 hai phan
tu dau tién 14

z,=m (2} = glx) = vy

2y = my(x) = Lyglx) = v

Ta xac dinh phan ti thii ba m 5 (x) td diéu kién:

d i .
Lyms(x)=0 I (x) et o (x) =0
- ax, v,

Trong v6 s cac ham m 3 (x) théa man difu kién trén ta chon mdt hdm nao dd sao cho két

hop vai m | (x) va m,(x) sé ¢é duge phép ddi true vi phéi z=m (x). Chéing han:

mylx) = l+x,=-e™

Suy ra
. . z.
2 Xy b fx 1 | —1+e™ +2z4
y | F X = Xy i: ey
A
VZag Ll e SETER i
Z mix) X ml(2)

V&1 phép d6i truc trén. hé da cho Lrd thinh

s

d i
—f = | alz) +b(2)u
ciz)

v
aiz) = Lig(m ™2 = (—14z,+ ™)z,

biz) =L;1Lfg(-’_?3_1(2)) =1

cyfz) = LJ.W:R(QI_I(E)] = (l-z24y— e} 1+z,e™)



Chu y: Khéng bat budc hic nao ta eing phai xéae dinh n~r ham my{x) thoa min
Ly (x)=0. k=r+1. .. .n cho phép déi truc toa do z=mi{x). Hon nita viéc xic dinh

nhu vay thudng khi phie tap vi phai giai n —» phucng trinh dao ham riéng

Lymyxy =My hg) E=r+1, .. .n (5.33)
= dx
Néu nhu n-r ham my(x}, k=r+1, ... .n khing thoa man {5.33) ma chi lam cho

z=m(x} lA mét vi phdi (dia phuong) thi sau khi chuvén sang hé truc toa d6 mdi, hé
affine (5.30} ban diu sé ¢6 dung

s ’ Zy |
zr-] 2,
d -
E 2, |= alz)+Hlzu (5.34)
B ay{z)+by(zhu
L Zn / \.Grl—r'(£)+b:4—r- (E)u;
¥y =gz =z, (5.35)

Khdc vdi (3.31) va (5.32}, dang mé hinh (5.34), (3.25) trén khéng diuge goi lé dang chudn.
vi tin hiéu diéu khién u xuit hién trong nhidu phuong trinh vi phdn (6 dang chuén, tin
higu ¢ chi duge phép xuat hién trong mot phuang trinh vi phan duy nhat).

Vi du 5.14: Phép déi bign khéng chudn

Xét la1 hé da cho o vi du 5.8. Hé ¢6 bac tudng d6i r=2 tai nhiing diém trang thai cd
x3%¥—1 nén phép dé truc toa dd vi phél z=m (x) trong 1an can cac diém dé sé ¢o hai phin

tl dau tién la
Zy=m(x)=glx)=x,
22=m ()= g ()= 57 + xy
Dé xac dinh hai phan ti tiép theo m 3(x} v m (2} ta co thé bat dau tir phudng
trinh vi phan dao ham riéng (5.33). Tuv nhién, ta cang ¢h thé s\ dung
zy=milx)=x,
z,=mlxt=x,

vi khi do



Xy 0O 001
2 :
Xy +xy dm 2x, 1 0 0
zz=m(x) = = Mxi=—=
z=m(x) Xy (w dx o 010
. L1 0 0 0

cd M(x) khéng suy bién véi moi x. hay m(x) cang da la mét phép bién 461 vi phéi.

V61 phép bién déi Lrén La sé 6

I

2
dz |24 +2z4[z,(2y -zf)wz;f] +2(1+ 25 0
dt —zy-u '

Cudi ciing con mét didu cén 1am 16 trude khi két thue mouc nay, D6 1a didu kién dé
phép bién d6i z=m (1} 1a kha nghich, tie 1a dé ma wan;
%, .
Mix) = ('jﬂ khéng suv bién, (h.36)
nx

M&bt cach trde quan. 4é ¢ (5.36) thi khéng thé chi dua vao viée chon mét minh n—r

phin td cudl m,(x), k=r+1. .. .n cha z=m(x). Ching han néu nhu r phin ti dau

tign m{xd. i=1.2, ... . reuaz=m(x) cd cic vector hang m];(g) i=1.2, ... . rphu
X

thudc tuvén tinh thi =& khong ¢d (5.36) véi mol n—r ham m{x). £=r+1. ... .n. Song.

theo [9]. {18] thi khim (x), i=1.2. .. . r dude xée dinh ta

mx) = L gla)

ta luén co:
om(x) . . s s
é(— =120 die lap tuvén Linh
ox
Bdi vav van d& con lai chi 13 xdc dinh n—r phin td eud my(x). k=r+l, ... .n cua

z=m(x) nhuta da lam o trén.

5.2.5 Phan tich tinh déng hoc khéng va khai niém hé pha cuc tiéu

Tinh déng hoc khéng cla hé tuyén tinh

Khai niém déng hoe khéng (zero dvnamic) cia hé tuvén tinh SISO cé méi 1ién quan
161 diém khéng cia ham truvén dat hé théng.
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Xét hé hop thie chat vét tin hidu viao w{f}, tin hidu ra ¥ () ¢6 ham truyén dat:

) U H
bl‘]+h]‘s+”-+bn?—l“' + 5

Gis)y = (m<n) (5.37)

Y(S) =k -1 "

(s , n .
Uts) ap +a s+ a, 5"~

Ro rang néu m>0 thi (7(s) sé c6 diém khéng. No1 cach khac, hé sé e6 diém khéng néu ci
bac tudng d61 r =n—m thoa man r<n,

ar T (5.38)

14 md hinh trang thai cda hé trén (eo bae t61 thidu). Vav thi gida hai md hinh (5.37) va
(5.38) mé tA cang mat hé théng c6 quan hé:

G(s) = ¢ (sI-A) b (5.39)

L= | o

+5

= det(sf-A) = a,+ta s+ta.s+ - +a, s

Co thé thav dude ring tuong ung véi mét ham truvén dat (5.37) tén tai vd sé méd
hinh trang thai dang (5.38). Ching han nhu mé hinh chuan diéu khién:

6C 1 0 0 .
04
0 v 1 0 A
A= Q:
_ 0
8] §] )] 1 i ;
Ty Ty — @y - “an—lf"' o
QT = (bfl : bl T bnr—l 10

TAt nhién rang tinh chit déng hoc cua hé khong thav déi néu ta bién d61 md hinh
trang thai eta né bang nhimg phép bién ddi tuong duvng nhu phép déi truc toa dd khang
suy bign (cé phép bién déi nguge) nhu sau:

T
€ X
P T Ax
21 T
z, .
z = :— :m'_(:i):E'T‘Ar-l1
Y
RS
L2
R)

= h

Phép bién déi nay dua mé hinh (5.38) thanh daug tugng dudng:



dt -
a4 _
de 7
ﬁ 2y, (5.40)
gt
-O—i—z—"-: £T§+£ ntku
' el 4
b
== PELO
‘i £tQn
vit=z 8
trong d6
0 1 0 0
R £ 0 0 1 0
?f: E: . . Q: : : : . :
\Zr ) Lz, 0 0 o - 1
'\_b[l _bl _b2 ‘_b?n“l/’l

va vector hang [T, iT, clng nhu ma tran P dude suvra tit A, 4. grr__ m(x} gibng nhu §.
nhung ¢ diay khéng ducc ta tinh cu thé vi chang khéng cd vai trd gi trong vide xét tinh
déng hoc khéng.

Gita (3.40) vA ham truvén dat (5.37) cing ¢6 quan hé (5.39), tic 1a ndu viét lm
{5.40) thianh:

. . (0
010 - oy _
001 - 0j :
. L et o
dz _djs T :J [ s
_—__..,_.}— =+ k N
di dr\nJ 000 -1 |7
el T Mkt 0
r 5 -
P . :
2 Q/ Oz
A _;;d
r'lf B
v=z,=1{1 0 . O} l‘w
PLERy— Y
-7 -
Q
thi ciing c6
Gisy = (sT-A)!



"

Binh nghia 5.5: Néu hé (5.140) ¢6 it nhat mét diém trang thai dau g'r):i J#O_ va iing vdi

]
0

=3 [

né 1a tin hiéu diéu khién u,(¢) sao cho tin éu déau ra v(¢) doéng nhat bing 0 thi heé

dude goi la cd tinh dong hoc khong (zero dynamic).

(iia si rang hé (5.40) ¢6 tinh déng hoc khéng. Vay thi phai e

¥=z,=0 = cify=4 =0
Suv ra
a v ¥ (5.41
5 Qn o, 541)
1 7 -
uolty= ——s  fgit) (5.12)
k =
i 0 Y
Noi cach khac, khi dang & trang thai dauw z,=| ~ “Eu tuy ¥, v duge kich thich
=l

bang tin hidu u (¢} tinh theo (5.42). trong d6 () i nghiém cua (5.41), thi tin higu dau

ra cua hé (5.40) s& déng nhat bang khéng. mac du trang théai cua néd lai khae khing.
tham chi cén tién téi vé cling néu ma tran @ 6 it nhat mat gid tri riéng nim bén phai

0oy .
] cua heé
nit)

Lo B

truc ac. Khi ¢ ché d6 dong hoe khéng. dang cua quy dao trang thai z(¢£)= ( -

duoce quvét dinh bdi gia tri riéng cla ma tan @ va ta thay dé chinh 1a diém khong cia

ham truvén dat (3.37). vi

det{sI-Q) = b +b s+bos + - +b, " 45"

Tiép tuc. ta vét hé (5.40) ¢d ma tran @ vol it nhat mét gid tri riéng nidm bén pha
.

truc ao. Khi dé quy dao trang thai z(f)= cia nd ¢ ché dd dong hoe khéng sé tién

.Q(f)J
161 v6 cimg. Bdi vav theo tidu chuin Lyapunov ngude, phal tén tai mét ham xac dinh
duong V{z) dé 2(2) lubn cit cac dusng déng miic cia V(z) theo hudng ti trong ra ngoii
(xem lai chuong 3). hav

dViz)
it

>0 = u,yv.

Suv ra. hé (5.40) ¢ ma tran @ vdi it nhAt mdt g1 tri rigng nam bén phai truc dao kAdng
theé la mét hé thu dong. Didu nav 14 hoan toan phi hop vél két luan cho ring hé thy ding
phai cé ham truvén dat Gis) 1a ham thuc—duogng (chudng 2).



Chi ¥ rang k&t luan trén chi duge phat biéu cho mét chigu, vi mét hé hgp thiic chat,
khéng ¢6 diém khdng nac ndm bén phai truc 4o, chua chic di 1a hé thy déng. Ham
truyén dat ciia hé thu déng hop thite chét phdi c6 bdc tiong déi bing mot va khéng c6

" diém cue ciing nhu diém khong ndm bén phdi truc do.

K&t lugn trén ciing cho thay mdt hé &n dinh, cé tinh déng hoc khong, vin cé thé co
quy dao trang thai tién téi vé cang (dudi kich thich cua médt tin hiéu vao uy(¢) thich
hop). Bav ciing 14 mét hién tugng kho chiu ena hé tuyén tinh ¢d tinh ddng hoc khéne.
Bdi vay trong diéu khién, ngudi ta thuong hay gid thiét hé cé quy dao trang théa bi chan
hodc tiém cén vé gic toa dd U ngay cd khi d ché d6 dong hoc khing.

Mot hé SISO tuyén tinh, néu cé qu¥ dao trang thai ti€n vé goc toa do 6 ché dd déng
hoc khéng thi moi diém cuc cing nhu diém khéng clia né déu phai nam bén trai truc do.

Nhu vay no s& 13 mét hé pha cuc tidu (minimum phase).

Téng két chung lai. La di dén:

Binh Iy 5.12: Xét hé tuvén tinh SISO vdi ham truyén dat (5.37).

a) Né&u hé ¢6 bac tudng dél r nho hon bac cia hé 13 n thi hé sé ¢é tinh déng hoc
khéng.
b) Néu ma tran @ cia md hinh tuong dudng (5.40} ciia né 6 it nhit mdt gia tri

riéng ndm bén phai true so, thi hé khéng phai 13 mdt hé thu déng. Quy dao

0 . .
trang thaiz(t)= {ry(_t)w clia n6 ¢ ché do doéng hoc khong sé tién tdi vé ching.
(ALY

¢)  Néu hé 13 pha cuc tidu thi quy dac trang thai z(#) cla né ¢ ché& 36 dong hoc
khong s& tiém can vé gbe toa 4o 0.

Poéng hoc khdng hé phi tuyén

Xét hé phi tuvén SIS0 6 md hinh trang thal

dx .
PrRA A (5.43)
v=g(x)

Tinh ddng hoc khong (zero dynamic) cua hé (5.43) duge dinh nghla nhu sau:

Pinh nghia 5.6: Néu hé (5.43) ¢6 it nhit mét diém trang thai ddu x;#0 va dng vdi né 1a
tin hidu didu khién 1 ,(¢) sao cho tin hiéu diu ra y(¢) ddng nhat bing 0 thi he duse
gol la co tink déng hoc khdng (zero dynamic).

Ta cé thé thiy dude la dé hé ¢6 tinh dong hoc khéng thi cdn thist phai cé g(x)=0.

Gia s rang hé (5.43) co bac tuong déi la r, vic la
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=0 néu 0<k<r-2

#0 néu k=r-1

Khi db, véi phép doi truc toa do vi phoi (dinh 1% 5.11)

4] ( glx)
Zp1 er-ig(z)
z=| z, |=m(x)= L;—’g(g vai  Lymy(x) =0, k=r+1, ... ,n (5.44)
Zri m, ()
Z, my, (%)
hé (5.43) da cho s& duge dua vé dang chuan
F4 Zy
d d Z, Z,
Ef—=-(§ z, |=|a@)+blzu] . Y= (5.45)
Zra1 &1(2)
Zn Cn-—r(?.)
trong 46
o= Liglm™ (@), 0@ Ly Tlem @), o= Ly, (m™H(2)
St dung ky higu
. 2 Z,4 e1(2)
s sl _ _ :
;—( ) vor &=, AT va clz)= :
q - -
'_' Iy z, Cn—r(E}
thi mé hinh (5.45) dudc viét lai thanh
o Z3
%%zad_t 2y |= 2, yE2, (5.46)
z, alg.m+b&.mu
n (5.

Gia s réng hé (5.43) c6 tinh dong hoc khong \ng v trang thai dau zo#=0 va tin

hiéu diéu khién uo(¢) thich hdp. Vay thi tit y(£)=2 ,(¢)=0 ta suy ra dugc



Z](t) = i = zr(t):o
vado d6la §=0. Didu nav dan dén:

a(0.71)
b(0,7)

allm+b0.Mug =0 & uy(t)= - (5.47

d
2 (o) (5.48)
di =

Dé cling 14 hai phudng trinh phén tich tinh déng hoc khong cla hé (5.43) thong qua
mé hinh chudn tucng ducng (5.46) clia né. T £(¢) =0 ciing nhu phép 481 truc toa di

(5.44} va hai phudng trinh (5.47}. (5.48) ta thav, & ch& dd déng hoc khong, quy dao trang
thai x(#) phai théa min:

g0 = Lyglx) = -~ = Ly g(x) =0
Néi cach khac x(¢) ctia déng hoc khong sé chi ndm trong da tap (hinh 5.7)

K = { xe R"I g(;_s): Lfg(E): ren ."_‘L;._Jg{_{):o }

Hinh 5.7: Quy dao trang thai cla hé phi tuyén, khi dang &
ché dd ddng hoc khéng. ludn ndm trong da tap K.

Tuy rng nim trong da tap K. song viéc quy dao x(¢) & ché d6 déng hoc khéng (ing
véi tin hidu diéu khién uo(¢) thich hop) c6 tién vé gbe toa d6 0 hay khéng thi chua dude’
dam bac va diéu nay ciing khéng duge quvét dinh bdi hé phi tuyén (5.43) ¢é 6n dinh hay
khéng. N6 chi c6 thé tién vé 0 néu nhu hé (5.48) 1a dn dinh tiém can Lyapunov, tic 12
phai tdn tai mét ham xac dinh duong Q( 17) sao cho:

ﬁg(o,mco khi n=0.
an - -

Binh nghia 5.6: Hé (5.43) duogc goi la pha cuc tiéu (minimum phase) néu né c6 tinh dong
hoc khéng va quy dao trang thal x(¢) cta né ¢ ché€ 48 déng hoc khéng tidm can vé
gdc toa do.
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Vi du 5.15: Tinh d6ng hoc khdng cda hé phi tuyén affine

Cho hé 6 mé hinh trang thai:

Xy — Xy (
dx _ ) : _
d_? = £(£)+}i(£)u = —xy + | -1 | VH O OY=X,
Xa — Xy l/'
Hé nav co

Lpg(x)=0.  Leglx)=x3—x,. LyLpglx)=2

nén béc tuong d6i ctia né bang 2. Sit dung phép déi trac toa do:

gix) x
z=mlx}y=| Lyglx) |=| x5 - x5 ¢6 m,(x) théa man L;_lmS(g):O
my{x) L Xy 20y
ta dugc
Zy zy
f-i-zg— = a(g)lz—fb(g)u = z'f —;22 + 2u
2] =2y zy -2y

Suy ra, ddong hoc khéng cla hé s& xuit hién néu hé dang o trang thai daw
I 0 A
Q . Zap [l:ly y

1

g\i

Z3n

thi bi kich thich bing tin hidu u,(£)=0. Quy daoc trang thai & ch& d¢ dong hoc khong
duge mé ta boi:
dz,

—!
= —z. =] Z2a{t)= a0 .
dr 3 3 30

Theo dinh nghia 5.6 thi hé dang xét 12 pha cuc tiéu vi ¢ lim z4(2)=0.
e

Muén quay lai hé true toa d cii, ta sif dung phép bién i nguge:

-...
|
—
—
=
I
rs ]
L)
|
L
N

'I.:

réi di dén:

260



/0\ 0

L . 1 _
xXp=|w@|. @wtuy ¥ va g:_(r):; we

@ “lwe™)

Quy dac trang thai nay nim tron trong da tap:
K={ xerR’| x,= x, |. a
Tuong tu nhi ¢ hé tuvén tinh, 6 dav, déi 41 hé phi tuyén (5.43) ta cling cé:

Pinh Iy 5.13: Cho hé phi tuyén SISO mé ta bdl md hinh (5.43).

a) Né&u hé c6 bac tuong déi 7 nho hon béc cia hé 1a n thi hé s& cé tinh déng hoc

khing.
b) Néu hé con tuong dusng cia nd 1a (5.48) khéng 6n dinh thi né khéng phai 1a heé
thu dong.

{fng dung trong nghich ddo hé thang

Tdng quat hon viéc phan tich tinh déng hoc khéng 12 bai toan nghich dao hé théng
(system invertion). N6 dugc phat biéu nhu sau: "Hay xdc dinh diém trang thdi dau x, va
tin hidu ddu vao u(t), dé tin hiéu ddu ra cia hé théng dung nhu ham y(t) mau cho
truwdc”. Day la dang bal toan kha phd bién trong linh wuc diéu khién tuy déng
{servemechanism) hay diéu khién bam (tracking).

(34 sit hé dude mé ta bdi mé hinh (5.43) va ¢b bae tudng d6i r<n. St dung phép déi
bién vi phéi (5.44). hé sé& duge dua vé dang chuan (5.46). Ré rang dé ¢6 dugc tin higu ra
v(¢) 1a mdt ham mAu cho trude thi trang thai £(¢) va tin hidu ddu vao u(¢) phal thoa

man:

dz,(t} - dy(t)
dt dt

_dz ) _dTy®)

zi(t)=y(t). zy(t)= dt dr!

z,(t)

(ry -
dz, (t) _ d"v(t) ¥y U —alg(e)nen)
—= zaldM+blime o (t)= ==
de g cpDToRme e PEOE0)

trong d6 (¢t} 14 nghiém cla:

d—ﬂ—c(ﬂ 7) val HO) tay ¥
@ T 70 tay

Cac cdng thic trén chi rd, bai toan nghich dao hé thang chi ¢6 181 giai khi:



2, (D) (0}
E’(O) = : = : .
2, (@) {0

Cudi cing. tdng két lai, ta sé di dén:

Binh iy 5.14: Nghiém ena bai toan nghich dao hé théng mo ta bdi md hinh (5.43), va khi

dude chuyén vé& hé truc tea 46 mdi bing phép bién d6i vi phéi (5.44) thanh dang
chuin (5.486), sé la:

yfr] _ a(gg)
big.m

trong dé:

a) y(t) 1a tin hidu ddu ra mong mudn cta hé (da cho trude),

. dn
c) Q(t) la nghiém eua —;=Q( § . E) vii E(O) tiy .

Vi du 5.16: Minh hoa phuong phép nghich dao hé thong
Xét hé ma ta bdi:

dx s ’
T T@rh@u =)y i+ e ve y=g0)= g
x2 1

Hé nav cé

Lygx)=0, Lg(x)= x,-xy, LyL;glx)=-1
nén béc tudng d&i cha nd la r=1.
Su dung phép d6i truc toa db vi phéi:
z g{x) Xy—X3
z=|zg j=min=| Leglx) |=|x; -y

co my(x) théa man Lymz(x)=0
z3 mg(x) o)

v41 phép hién d6i nguge
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thi hé sé dugc dua vé md hinh chuan:
Z3
dz _ - —
2 (-2, +23)(—2y ~2g +23)—23—u| Vva y=Zz,
L {mzpvzad-zi -z vz}

Gia st dAu ra mong mudn cia hé 1a y=cos(t). Khi d6, theo dinh 1y 5.14 thi véi:
zy=cosit)., zy=-—sin{f).
tin hidu diu vao phai la:
u=cos(¢)+[—sin(f)+z,] [—cos(t)+sin(t)+z3]) -2,
trong d6 z 5(¢) 12 nghiém cua:

% = [—sin{t)+z 3] [-cos(£)+sin(f) +z ;] vdi gia tri diu z 4, tay ¥. m)

5.3 Diéu khién tuyén tinh héa chinh xéac

Day 12 bai toan thiét k& b diéu khién phan héi trang thai hay phan héi tin hiéu ra
cho d8i tugng phi tuyén sao cho véi né hé kin tré thanh tuyén tinh. Khac vér viée tuyén
tinh héa x&p xi trong lan cin diém lam viéc (chudng 4). b diéu khién tuyén tinh héa
chinh xac ddm bdo tinh chét tuyén tinh cho hé théng trong todn b§ khéng gian trang
thdi. O nhidu bai toan don gian, nhiém vu tuvén tinh héa nay da dudc gidi quyét ngay £t
khau déi bién z=m(x), ma thuc chat ciing duge xem nhu 1a mét bd diéu khién (xem lai
vi du 1.4 ¢ chuong 1}.

Ngoai phuong phap cudn chiéu cho hé truyén ngude cang dua dén bo didu khién
tuvén tinh héa chinh xéc (xem lai muc 3.2.4 cua chudng 3}, trong chudng muc nay ta sé
lam guen vdi mét phuong phap téng quat, xac dinh phép d&i bién cho mét déi tudng phi
tuyén affine. ciing nhu xac dinh bd diéu khién phan hé1 trang thai thich hop cho phép
dé1 bidn db. nhim dua toan bo hé thang tré thanh tuvén tinh.

5.3.1 Tuyén tinh h6éa chinh xac hé SISO

Tuyé&n finh hda quan hé vao—1a

Quay lai muc 5.2.4 véi dinh 1y 5.11 vé phép déi bidn vi phéi z=m (z} dua d61 tuong
(5.30) c6 bac tuong 461 r<n vé dang chuan (5.31) hoac khéng chuén (5.34) ta thay, néu
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nhu eé r=r trong toan bé khéng gian trang thai, hai dang dé s& déng nhit Didu nay
dan ta 161 ¥ tuong thigt ké bé diéu khién tao ra dudc:

w =alzi+b(z)u

—a(g)+w: - Eg(ﬂ:.) . 1

=3 u = — = 7]
ba LI e LLiew

(5.49)

pix) q(x}

Khi d6. h¢ (5.30) tro thanh tuyén tinh véi mé hinh chuan diéu khién (xem hinh 5.8):

"z, g1 - 0 0
L B P O P ) R (5.50)
dt |z, -] ]

w 0
v=z;=(1 0 O)QZQTz_

Tém tat lai, ta di dén:

Binh ly 5.15: Néu dé) tugng affine

dx _
i flx)+ A{x)u (5.51)
L =glx)

c¢ bac tudng d6i r=n, thi by diéu khién phan héi trang thai (5.49) & tuyén tinh hoa
chinh xac duge déi tugng thanh (5.50). Giia bién trang thai ci x cua d8i tuong va
bién trang thai mdi z cia hé kin c6 quan hé:

gix)

Hé fuy8n finh Z=Az+bw , y=c'x

T pwrgmw L.‘£={(z)+b_@u e [

dt

Hirth 5.8: Diéu khién tuyén tinh héa chinh xac quan hé viao—-ra adi tugng phi tuyén.
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Md réng, néu dé y thém téi dinh 19 5.7 thi ta cén ¢é diu tudng tu nhu sau:
Binh ly 5.16; Néu 4 tugng affine (5.51) thoa man:

Lyg)= Log pe(0)= - = Lad;;_z,ig(z):O : Lﬂf_l,_lg(z)aﬁﬂ

thi bg diéu khién phan héi trang thai (5.49) s& tuyén tinh héa chinh xac duge déi
tugng thanh (5.50). Gilia bién trang thai et x cla d&i tugng va bién trang thai méi
z cua hé kin c6 quan hé (5.52).

Vi du 5.17: Minh hoa phugng phap tuyén tinh hda chinh xac

Cho dé1 tugng phi tuyén bac hai (n=2):

dx (= 1 !OW

—_— = + . I =T

dt [—sinxz; {1/ v yEglEr
—_—

fx) E@

Vi

a 3]
Lgns L = (1 0){ ]=o
= dx 1

Xy

Leglz)= (1 0)[ ]=xz = LyLpg(x) = (0 1)[(1]]=1¢0

—SInx,

L:Eg(a_r)=(0 1)( - ]z-sinh

\—*EIHXZ

nén doi tugng cé bac tudng d6i r=2 trong toan b khéng gian trang thai. Vay, doi tugng
s& duge tuyén tinh héa chinh xac bang b diéu khién phan héi trang thai

u=plarglnw

v
(x) e (x) ! 1
plix)=———=smx, . XIS =
LLe( ‘ R A e

Cing véi bé diéu khién tim duge. hé kin s& trd thanh tuyédn tinh véi mé hinh

dz 0 1} 0
—= + ', =z,=(1 Oz .
3 (0 0}& [Ju«. y=z,=( iz

Gilta bién trang thai ciix va bién trang thai mdi z c6 gquan hé:

[ =]
oy
()]



(Y [ 8 ) (x
=2 (2) 0

Vi du 5.18: Minh hoa phuong phap tuyén tinh héa chinh xac

Xét ddi tugng SISO bac ba (n=3) ¢6 md hinh

0 e?
ZSelnead e e va yEg@=ry
I]"",‘L’z 0
N
AET 1))
Vi
L_,lg(z)zo

Ll-g(z) = x,-xy = L;_,Lfg(i) =0
Lig(x)= -x,-x5 = LyLig(x)= —e™ (1+2x,) #0 néu 1+2x,#0
LS - 2

r8(x)= =2x,(x + 23)

nén trong tap U thude khéng gian trang thai vdi 1+2x,#0, d8 tugng c6 bic tudng dai
r=3. Ro rang UV la t4p tri mat trong khéng gian trang thai.

Vay. d61 tugng sé dude tuyén tinh héa chinh xac trong U bing bd diéu khién phan
héi trang thai

u=p(x)+g{xlw

"LES(E} _ =2xp(x; +x2) (0= 1 _ -1
LyLigz)  (1+2x)e™ LyLig(x)  (1+2x5)e™

pilx) =

Hé kin gbm d4i tugng va bé didu khién trén ¢6 mo hinh

d ¢
_E:ﬂ -4
0

t

(=R

V] 0
1[z+10|w . ¥=z,;=(1 0 0)z .
o 1

Giita bién trang thai cli x cia déi tugng phi tuvén affine da cho va bién trang thai mdi z
clia hé tuyén tinh thu dude ¢o quan hé:



2z g(x) | Xy
e=| 22 |=| Lrgto|=| -z | 0
z3) (Lhgw)) |-x1-x;

M@i lidn hé gilta khé nang tuyé&n tinh héa chinh xac va tinh didu khién duge

Pinh ly 5.15 v& 5.16 khang dinh, moi d6i tugng SISO bac n mb ta bsi (5.51), khi ¢
bac tuong ddi r=n déu chuyén dude vé dang tuyén tinh (5.50) nhd bd diéu khién phéan
héi trang thai (5.49) va phép dai bién vi phéi (5.52). Didu dac bidt ¢ dav 1a dang tuvén
tinh (5.50) cia hé kin véi '

o1 -0 0
A= : : I I h=

00 -1 — |0

00 0 1

14 didu khién dude, vi

00 01
00 10

Rank(b,Ab. - A" ') = Rank| | - ! i|=n
01 - 00
10 - 00

trong khi d6, d ca hai dinh 1y trén lai khéng cé véu clu gi vé tinh diéu khién dude ctia d6i
tudng phi tuyén (5.31).

D61 tugng (5.51) khéng thé la khong diéu khién duge, vi néu didu dé xay ra ta sé
thu duge di€u nghich Iy 1a di diéu khién tuyén tinh hoa chinh xac dugc dél tugng khéng
diéu khién duge. Vav, giiia tinh didu khién dudc clia 48 tuong va bic tudng doi r=n cia
né phai ¢6 mét méi lién quan. D6 1a:

Pinh ty 5.17: Néu déi tugng phi tuvén affine bac n mé ta béi (5.51) c6 bac tuong ddi r=n
thi né ciing sé digu khién dude. Néi cach khac, ti:
LyLjg(x)=0 khi k<n-1 vd LI} 7g(x)#0 (5.53)
=& suy ra dugc:
dim span{A(x). ad;h(z). ... . ad}i_l_@(ﬁ)}=n {3.54)
Chung minh:

Theo ndi dung dinh ¥ 5.7, diu kién (5.53) 14 tudng dudng véi

L2
=]
-1



Ly8) = Log p8(&) = = =L s 40=0 . L . g()#0 (5.55)
- - L= £ =

Theo tinh chat cua phép tinh nhan Lie va bang phucng phap quy nap, ta dugc:

= Ladfﬁg(f} =Ly [Ladf—lég(f_)]_ Lad?-l_,_l [Lﬁg(i)J

- L =0 néu k=<n-2

- L = .
ady 1 (Lr8) Lo néu k=n-1

= L ( fg(x)}— =0 néu k+i<n-2
adf VT 7020 ngu kei=n-1

cling nhu
LyLeg(xy = LeLyg(a) = Loy ()

I Lyatx))
ox

h(o) = L, {—a-%[f—’ ﬁ(g)J = Loq 3802}

= <grad(Lyg.h> = Ly <grad®).h> - Loy 48
£+1

= <grad(Lf'g) adfh> = Ly <grad( Lg), adfh > — Ly, (Lsg)
f i / 18 adf AN

trong dé ky hiéu <a,b> chi tich v6 hudng cia hai vector ¢ va ». Bdi vay, tif (5.55) véi
mét dang khac biéu dién theo tich vé6 hudng

<grad{g).h> = <grad(g), adsh > = - = <grad(g), ad} *h>=0
va <grad{g), ad?'2}_1> #0
5& co:

: =0 néu k-isn-2
c.grad(L}g),ad?_}l;» :{ 0 néu k+i<n

#0 néu k+i=n-1

Gol D= (d,;) 1a ma tran thudc kidu nxn cb

dy; = <grad( Lf'g), adf™*h>



thi D s& 14 ma tran tam giic 6 cdc phan ti ndm trén dudng chée chinh khace 0, tde la D
khong suy bién va RankD=n. Nhung do ma trian D cén viét duge thanh:

gradTg
gradTLfg ]
D= T |tediTh L Ladih )
gradTL';-*lg
nén ( ad?'lﬁti) . o adghix), h(x)) ciing phai la ma tran khéng suy bién va d6 chinh
14 didu kién (5.54) phai chitng minh. O

Vi dy 5.19: Minh hoa dinh Iy 5.17

Xét déi tuang SISO tuvén tinh:

dx = Ax +bu
dt - -
T
v=c'x
Néu déi tugng c6 bae tuang ddi 1a r thi tir diéu kién:

Tk =0 kh 0gksr-2
c A = _
#0 khi k=r-1

ta suv ra duge:

ET ! ETAA‘-IQ 0 0 h
T , Tar Tar-1
A AT AT = CAE AT
ETAE—]) ETAzJ'-EE_) ETAQF'—SQ ETAF_]Q
D
ta thay, ré rang D) 1a m6t ma tran tam giae khéng suy bién. O

Tuyén tinh héa chinh xac quan hé véo-trang théi

O nhiing bai toan tuyén tinh héa quan hé vio-ra ma hé phi tuyéh affine da cho ban
déu (5.51) khong co dugc bac tuong déi r thoa man diéu kién r=n ngudi ta thudng nghi
téi viée thay tin hiéu ra ¥y =g(x} ciia h@ bing mdt tin hidu ra ac khac ¥ =A{x) dé€ véi né,

hé c6 tin hidu ra thay thé ¥ ;



(5.56)

¢6 dude bac tudng ddi r=n, tic la

= khi O0<k<n-~
L Lh(x) = 0 khi 0 n-2 (5.57)
BTS040 khi k=n-1

Néu lam dudc nhu vay, ta lai hoin toan tuyén tinh héa chinh xac dugc né, nhung tit
nhién 14 chi riéng phan quan hé vao-trang thai (hinh 5.9).

__________________________________________________

|

P@rqw sl 92 = @) rh @ m@ 5

Hinh 5.9: Biéu khién tuyén tinh héa chinh xac guan hé vao-trang thai dai tuong phi tuyén,

Binh ly 5.18: Cho 461 tugng affine:
d
ZE = f@) +h(Du (5.58)
dt -
CAn va du dé tén tai ham A(x) théa man (5.57) la:
a} D6l tugng didu khién duge, tic 1a:
dim span{&(x), ad;h(x), . . adf ' h(x}}=n
b) Ham mo réng sau phat xoin:
A(x) = spanih(x), adphi(x), .. . ad} *h(x) }

Khi dé ham v4 hudng A(x) 1A nghiém ciia;

%0 (h(). adyhtx). . adfh(n)=0" 559
. r 7

dong thdi hé (5.58) € tuyén tinh tinh héa chinh xac thanh

]
~1
=



22 - Aptbw =l 1 2+ Hw (5.60)
0o - 0
nhd bo didu khién phan héi trang thai:

(W +g () LA (5.61)
Su =plxitgxiw = = w 2.
P L, L} Alx) LEL’}‘IA(E)

va phép 481 bibn vi phéiz=m(x):

Alx)
Z] Lffi(ff)
z=| ¢ [=m(x)=| . (5.62)
z?
i L’;-_IA{E)
Chitng minh:

Truge hét ta thiy khi d&i tugng (5.58} da tuyén tinh héa chinh xac duge bdi bo didu
khién (5.61) va phép déi bign vi phai (5.62) thi theo ndi dung dinh 1y 5.15, ham vé huéng
A(x) phai théa min (5.57). Do d6 cling véi tin hiéu ddu ra hinh thic 5 =A(zx), dé1 tugng
(5.56) c6 bac tudng doi r=n. Tit day ta cé ngay dude a) nhs vio dinh 1y 5.17.

Tiép tuc. theo dinh 1y 5.7, thi tir (5.57) ta suy ra duge:

(P2 ), 2D oy iy - 2D gqptne)=o”
ox ox
a’lL) (h(x), adeh(x), .. adf h(x))

va do phuong trinh trén c6 nghiém A(x) nén theo Frobenius, hAm md réng:.

A(x) = spanth(n), adphin), . . adf 2h(z) |
phai xcan va dé la didu kién b).

Chuvén sang diéu kién dui. Khi da co a) thi hAm md réng A(x), & ¢é sd chiéu
d=n-1. Vi c¢6 b) nén theo tidu chuan Frobenius, ham md réng A(x) la tich phan dugc
hoan toan, tie 14 tén tai n—d=1 ham vé huéng A(x) théa man

ai(x)

A (_) = span({ —=) (5.63)

271



Nhung do AJ_(A_f) va A(x} 14 hai ham md réng truc giao v6i nhau nén ham A(x) trong
{5.63) duong nhién 1a thda man diéu kién (5.57) va do 46, theo dinh 1§ 5.7, cing thoa
man diéu kién {5.59}).

Cudi cing, khi hé vdi tin hidu ra ac (5.56) di c6 bac tudng d81 r=r thi theo dinh ly
5.15. n6 s& tuyén tinh héa chinh xac dude bing b didu khién (5.61) va phép d6i bign vi
phéi (5.62), O

Vi du 5.20 ([9]): Minh hoa dinh Iy 5.18
Xét do1 tuong bac ba {(n=3) ¢o mot tin hidu vao:
—£=f(§)+§_(£)u = ((Q-Inxg)xy |+ 0 |u vil  x;, X, x3>0

dt
-2xy%5 1)

Trudc hét ta kiem tra tinh diéu khién dudc et déi tugng. Do cé

A
0 1 0 0 0
d i ,
ad h(x) =§if{x)——£h(x)2— 0 l-lnxg -2 ||o|=| 22
== dx——  adx~ X3 | *s
- 2x; 0 - 21y ! 2x,
'
_5
dad b g
. ad ;A J dx ¥,
ad3hiz) = a; _{(;)-a—iadff_:(w e
2x, +4xi‘)'
nén
_Xz
0] 0 3
C= span{l(®), adshix) . adfh(x) b = span{ 0], | 22 ]| K2y
- - Ay Ay
1
V2% ) x4 dxd
Vi
0 o -2
xq ‘
det|0 2 Ay =f-,2.~#0 vai mol Xy, Xz#0
Xy X3 xf '
1 2x; 2xy +4x)

[ Rv]
=1
[ o]



¢6 50 chiéu bang 3. tic 1a dimC=3. va do d¢ déi tugng 1a diéu khién dude.

Tiép tuc. ta kim tra tinh xoan cia

‘0 5
A(x) = span{h(x), ad/h(x) = spand 0| | 22 |}
13 | )
SRS
Do cé
[B(0). adehm)]=|0 = -2 0\: 3
L Xy Xy 1 | Xy
\2 0 (I 0
VA
0 0 0
det(h(x), adeh(z), [h(x), adph(x)]) = det|0 2 -ZLi=0
) ) *3 X3
1 2x 0

nén [A(x). adph(x) } 1a phu thude tuyvén tinh vao fitx) va adshix). hay
[h(2). adh(x) ] Ax)

va nhu vay A{x)} 13 ham mé réng xodn.

© Tiép tue, dé tim A(x), ta di ti (5.59) vai

{ oy 0

PO (4 (2). adph(x))= L2 0| |2 ])=0]
dx - ax Xy
v 0

Do ¢4 hai vector co sé trong A{x) déu c6 phan tit ddu bang 0 nén chi cin xac dinh mét

hiam A(z) o6 22
dx

han ta co thé chon

dA(x) _

(1 0 0) =  Alw=x,.
dx

Vi cach chon ham vo hudng A{x) nhu vay ta cé:

L A(x) =1 0 0 = x,
O 9x

[ S]

véi phén tit thi nh&t khac 0, hai phan b sau bang 0 1a du. Chang



oL 4 Tz

Li_-z(g) = f{x) (0 1 0)|(-lnxgixs |= (1-lnxg)xs,
- —ZIIIH
L% A < 2 .
Lfi(x) ———f(x) (0 (1-Tnxy) —x—) (1-lnxg)xs | =(1-Inxy) 2, +2x,x,
3 -2x]x3
124 0
L, "i'_ {1-Inx;) __)
atf : x3
~LjA(z) .
plx) = —=——= —(1-Inx ) x;+2xx.
L_,]L A5 3) Xy 1X3
1 X:
qlx} = ————= _ 58
L_:ILJ(/I.(‘C) Xy
Suy ra. bd didu khién phan hdi trang thai (5.61) 1a
u =pl)+q(w = —(1-Inx ;) x,+2x,14 B
.'(2
vi phép dbi true toa do vi phéi (5.62) 1a
2z A(x) i X
z2=|zy |=m{x) = | LyAlx}|= Xy 0
Zy L‘,H;’;‘(E) 1= lnxg)xy

Vi du 5.21: Minh hoa dinh Iy 5.18

Xét ddi tugng bac ba;

dx r3(1+x2)\' 0
_'d; fl) +h(ou = X 1L+, |
ryll+xy}) L -xy )

Truéc hét ta kiém tra tinh didu khién duge cta d6i tugng. Do cé

f
adph(x) = —“,f(x)— —wh(x)
0 0 O (xs(l+xy) 0 ¥,  l+xy 0
=10 1 0 X -1 0 0 1+xs
00 -1]lxy(1+x)) x, l+x 0 - Xy

3}
=1
.



0
= 'S
= {1+ xy M1 +2x,)

. aadfh. af (L+xa )1+ 2x5) (1 + x) — x x5
adfﬁ[g) = —_i(g)—a—;—adﬁ_fl(gl = x3(l+xp)

= Lo xg {1l xp M1+ 2xp) -3 (L +x))

va trong lan can gdc toa d6 x=0 thi

0 0 1
C= span{fl(g),adff_l(g),ad?ﬁ(g}} = gpani|1(.} 0 |.|0]}
0 -1 0
vl
g 0 1
det|1 0O 0|=-1%0
0 -1 0

nén tai dé dimC=3, hay dé tudng la didu khién dugc trong lan cin goe toa db.

Ta cing c6 thé kiém tra duge rang trong lan ¢an 0, vector [A(x), adsh(x)] c6 phan
ti dau tién bing 0 giéng nhu A(x) va adohix). tic la

0
[A(x), adh(x)] =|*

hoi vay
(A(0). adshizn) e 8(x) = spanihix). adsh(x)}
hay Alx) l& mét ham md réng xoin.

Tiép theo, dé tim A(x). ta di tu

0 0
a,;(g) (hio). adyhge)= 228 |1, N T
= } Tl ixy =(Lx)(+2x,)
va e duge
M1 00y > Aw=x,
dx

Vai ham A(x) tim duge thi



LyAx) =%_{(5) = xy(1+xy)

. aL 4
LE’HE) = f(r) = xyxgtas(l+x){1+xy)
Bin ) ,
L} Ax) = f(x) = x5 (1+x,) +xxg(L+ 2507 + (1430, M1 + 2, )2,
aLz,a
LhL Mx) = hix) = (1+x (1+x,) (14 2x,)— 2%,
(o) = —szl(x) _ mxi et xg) —xaxg(L+ 2,08 ~ (1432, )1+ 1 ),
LhLzl(x) (1+x M1+ 25 )1+ 2% ) — xyx4
1 1
qx) = =

LQL%’E{E) (1+x M1+ 2501+ 220 ) - x x5

Suy ra, bé diéu khién phan héi trang thai (5.61) 1a

—:cg(l+;rc2)~.1c2x3(1+:>:2)2 =(L+3xy)(L+ 2y ) + e

= + =
wEplRtqmw (Lt M1+ 2g WL+ 2xg) - x;2g

va phép dai truc toa d6 vi phai (5.62) 14

v
) . Alx} ( %
2= |2y [=m(n) =| LoAto) | = x4l +2,) o
=8 LJE(R(E) XXy +x2(1+x1 )(1+2X2))

Tuyén tinh héa chinh xéic va gan diém cue

Nhin lai mé hinh hé tuyén tinh thu dude (3.60) ta thiy né khéng 8n dinh vi hé c6
diém cuc s=0 béi . Dé tao ra dude hé tuvén tinh (5.60) 6n dinh véi nhing diém cue:

R Sy

dat truée, ta dé dang thay 1 chi cdn slita d8i chit it trong b diéu khién (5.61) thanh:
=Ly A{x)

u = = + - @, L A{x) (5.64}
LyLy ' Aw) Ly Ly U(x)[ zc L ) .

,.+[
trong d6 cAc hé s6aq . @, . ... , @, dude xdc dinh tit:

LI | -
(s—s1){(s=83) « (8-5,) = ay+a;s+ - +a,_s +s" (5.65)

2
=1
o



Khi dé, hé tuvén tinh (5.60) tré thanh:

01 0 0
L L PO I (5.66)
dr =T o o - 1 |0
L~y —a, -, 1

Binh ly 5.19: N&u dé tugng affine (5.58) ¢6 tin hiéu ra a0 ¥ =A(x) théa man (5.59) thi bd

diéu khién phan héi trang thai (5.64} véi cac hé sf)‘ak, k=12, ... .n duge tinh ti

nhiing diém cuc dat trude s, . 85 . e s, theo (5.65), cling phép d6i bién (5.62), =6
tuyén tinh héa chinh xac né thanh hé tuvén tinh ms ta boi (5.66).
5.3.2 Tuyén tinh héa chinh xac hé MIMO

Tuy@n tinh héa chinh xdc quan hé vao-ra

Xét 461 tugng phi tuyén affine bac n vdi m tin hiéu vao va ra, md ta béi:

dx m
[d_; =f@+ Hix) u =120+ 2 by (5.67)
L%(x)
trong doé A ,(x). holx). -, 2, (x) la cac vector céf cha Hixz). Gia si ring vector bac
tuong déi 61 thiéu (r (. ro, ... . ) ciia né thoa man:
r=rytrat e+ =n

Khi d6, phép ddi truc toa db

m,'(z)\' ( gl.(g{)

2, m,,l-1 (x) Lg_lé’] ()
z=| ¢ |=mix)= : = : {5.68)

vZn mi”(g) Em (ﬁ"_)

mT (@) (LT g )

=
trong d6 g (x), ... g,,(x) Ja cac phan tu clia vector g(x), s& c6 ma tran Jacobi tinh theo

nhu sau:

%]
-3
-1



dg;({)
dL} gy () .
_ / -
%‘Z : . véikghidu dihg(n = —Lt
I e
B dgm(z)
dLrnl gnl(x)

khéng suv bién {dinh 1y 5.9) nén la mdt phép vi phoi (diffeomorphism}.

Vi1 phép dot truc toa db vi phoi (3.68) ta dugc

o Iml o m
i:ﬂ _fz Lfgl(l)-" ZL&gl(E)u: = Lfg](ﬁ) =z
v - -1 -

=0
dz, _om) dx n

s =__f == Lfg (x}+ ZL;, Lfgl(x) ;= Lirgl(g) =z,

i=1

=0

o 1
dzr‘ -1 r)mrl—l dx mn

=Ly gltxHZLh L} aiu, = L7 g0 = 2,

dt dx dt
=0
deyy < -1 N
= L)+ 3 L, L e @, (5.69)
i=1
=0
dzp 1 om? dx
dr_l; = atl a Lfgztr)+ Zthz(x)u —Lfgz(x) Zp 42
=0
dz?‘-)"]. ami)'—] dx n il r
B TR v i gz(x)’fZLh Zgylx)u; = f gz(x)—zn,
=0
dzy, _ -
e LY g(x)+ ZLh Ly tep(x)u, (5.70)

20

[R]
-3
o



1]
e at Ligdx)+ 3 Iy a0 u; = Lrga(x) =z, 9
f = !

=0

Bdi vav. néu trong cac cdng thiic (5.69), (5.70) La dau:

~ m _
w= LEgyl+ Y Ly LY gy u;
f &b

cho toan bé cacchisd k=1, 2, ... . m, tucla

n i r -1 -1

{w, Lfgltz) Ly, Lf gx) - L;L“Lf‘ & (x) "

w=| @ |= : + : KN : : {5.71}

| Hr_l n -1

Win L:f“ & () LF_TJ LE gnlx) - Lﬁm L':ﬁ & (E)) j:fi_,

; L2

plx) Lix}

thi toan bd cac quan hé trén sé dude viét gon lai thanh dang tuyén tinh nhu sau:

A © - © (6, 0 04
e A, - O 0 b, 0
dz | @ Ao R = lw (5.72)
di : : . : : : . :
© O - A, g 90 b,
A B

trong dé @ 14 ma tran gbm toan cac phan tii 0 va

01 -0
A,=| | thudckidu r,xr
Ll o : kX5
0 0
0
b_&‘—“(') thuge kifu  r x1
L1

Van dé con lai chi 12 tao ra dugc vector tin hidu diéu khién u tit vector tin hiéu w
ma ta da dat trong (5.71) ciing nhu tir vector trang thai x ciia ddl tuong. Diéu nay rat
don gian, vi d3 ¢6 gia thiét ring ma tran L(x) khéng suy bién. Suy ra:



= e+ L (Ww
Day chinh la b didu khién tuvé&n tinh héa chinh xéc cho déi tugng (5.67).

Giita vector tin hiéu ra y va bién trang thai méi z ¢6 quan hé duge suy ra ti phép

d5i bién (5.68) nhu sau:

, (T of o7
#rix) T T T
y=| 1= Q_ & Q_ z (5.74)
E i (X) '
of of . I

C

Lrong dé g{ l& vector hang vi1r, phan ti ¢é dang:

cl=(1 0 - 0. k=1.2. ..m
'_ﬁé tuygnfinhi=Az+Bw , y=Cz |
| ©8itugng diéu khién phituyén | |
W - ot dz x 1y
| J e L ww = = HO H H 08— () s
x | ;!

Hinh 5.10: Biéu khién tuyén tinh héa chinh xac quan hé vao-ra déi tudng MIMO phi tuyén.

Téng két lai. ta di dén két tuan (hinh 5.10)-

Binh ly 5.20: Néu d4i tuong MIMO phi tuy&n mé ta bsi (5.67) c6 vector béac tuong déi tai
thidu (ry. ro, ... . r.3 théa man r=r +r,+ o +r,.=n thi né sé tuyén tinh hoa

chinh xac dude thanh hé tuvén tinh (5.72), (5.74) bing bd didu khién phan héi trang



thai (5.73). Giiia vector trang thai cia la x vii vector trang thai mdi la z ¢6 quan hé
z=m(x) xac dinh theo (5.68).

Vi du 5.22: Minh hoa dinh Iy 5.20

Xét 461 tuong da cho d vi du 5.10:

g ’ Xa Il(0 0 . x

g xi_} +11 3w VA ¥T ! .

dt ' 3 ; - - Xo + Xy
Xy =X, 2 421

Cing trong vi du 5.10 ta di dudc biét déi tuong trén co vector bac tuong dél tél

thiu (r,=2. r,=1}. Suy ra phép déi bién vi phéi sé la;

( z) £y(x) | lf X
z =)z |= mlx) = | Lyg(x) |5 2y
L2 | gﬂ{’ L X +.‘(_;/
Vdi phép déi true toa db trén, ta dude:
dz, _ 3, d 2 o0
%:-j’l Tj—:(l 0 0y x|+ 0 Ol 3|uw =xy
l .\t;—xli 2 4
X, Y 0 0
dzz a'Ljf‘g-l- dx 1 ]
—E=_-=__-==(0 1 0} x; +(0 1 031 3|u=2x3+(1 3u
dt ax  dt \ -
Xy — Xy ) 2 4 W
L%gl(r)
, o 0 0
—%z%ﬁl%—:w 1) | x |%0 1 1|1 3lu=xirr- i3 D
¢ X t o 9 1) . ~ )
K B 1137}
Lfgz(x)
Boi vav néu dat:
s 5 s o N Ig .
R
Wy | xg+:t3—x']'/ a7,
e Lix)

ta sé& €6 bd didu khién phan hdi trang thai;



Pt o +“_1(7 3.
T 21=3 1 ) xfexy-xy) 21-3 1)

e ——

Lx) P L(x)

_[ 23 - 1,5x5 +15x] _[3.5 _1,5)w
—xf+05x,-052 | (-15 05 )5

V6i b diéu khién trén. d6i tugng cho ban dau trd thanh tuyén tinh va c¢é mé hinh
trang thai

Z, 0 1]0 olo
dz _
d—;=w|—000§+10Q

wy,] Lo o]0 01

(2 -5t 0

Vi du 5.23 ([9]): Minh hoa dinh Iy 5.20

Xét doi tugng bac ndm (n=5) ¢6 hai tin hisu vao/ira (m=2), dude mé ta bdi mo hinh
vao—-trang thai:

X9 (1+xy) 1t} 1
x3-—x1(11 —II:}) 4] 0
-—x_
22 Xoxg+ x50 —x5) [+ —x5 1w y=[xl “J
dt - Xy
xF 0 1 8(x)
fix} Hi(x)
Nhu vay thi:
0 1
o ¢
By0={x x5 |0 A= (1], gi(@=x,-x5.  ga(X)=x, .
0 0
. 0 1

Tir dav ta co:
1) Khij=1:

Ly 1(x)= Ly, &{x}=0

Ligyx)=xy = Ly Legn{x)= Ly, Lpgn(x) =0



L%g](f):x'&”xd(xl_xi) = L,I_llLigl(E):xl_xﬁ
hay dé1 tugng co 7, =3 tai cic difm trang thai théa min x #x; .
2) Khij=2:
L;_;] g(x)= L@gz(ﬂ) =0
L£g2(£)=x5 = L@L£g2(£)=l¢0
hay di tugng ¢6 r,=2 tai moi diém trang that.
Tiép theo ta thay ma tran:

Ly, Ljgy(x) waLIf‘gl(E)l [-’41“3‘5 0]
L= = = . -

Ly, Lﬁgz(i) L!_:Q Lﬁe‘s’z(f)). 0 1

khéng suv bién khix #x;.

Tit dav ta co:

Vav ddi tusng cd vector bace tudng déi tdi thiéu la (r =3, r,=2). Hon niia né cén théa

min digu kién canr,+r,=5=n.

Lap vector

L::fg1(£] 0

P =, =\ ,2
Lgy(x)] %2

ta sé& co duge bd diéu khién tuyén tinh hoa chinh xac d&i tugng, duge xay dyng theo cdng

thie (5.73) nhu sauw:

1
= -1 -1 = 0 0
u= - L (x)plx) + L (Dw= - oy -x; (W

a(x)

Cang vl bd diéu khién trén. ddi tugng da cho trd thanh tuyén tinh va ducc maé ta
bing mé hinh:



01 0[0 0 00
00 1o o [0]0
%:00000y10£
0 0 0|0 1 ofo
0 00|00 01}

1 0 0|0 0
¥y= z
= W0 00|10

Gila bién trang thai cit x v bién trang thai méi z c6 quan hé vi phéi z=mix):

[ &1lx) (
Lg.(x) X)) — x5
;gi x x,
z=mix)= Ligl(f) = x3 —x4(x) ~ x5} O
g2(£) X4
| Lygotx) 5

M&t s8 nhén xét vé phuong phap tuyén tinh héa chinh xéic quan hé véio-ra

Vé phudng phap tuvén tinh héa chinh xac quan hé vac—ra hé phi tuvén affine
MIMO ta cé mAv difu bd sung thém nhu sau:

1) Khi da duge tuyén tinh héa chinh xac, hé kin (tuyén tinh} vdi md hinh trang thai
{5.72), (5.74) s@ cd ma tran truvén dat:

cTisl-a)'s, 0
Yis) = CtsI-A) 'BWis)= z : Wis)
0 v el(sI =AM,
L 0
n
=l - Wis)

0

-rI'JI

£

Di€u nay ching t6 rang tin hidu ra ¥4 (t) chi con phu thude vio tin hiéu dau vao
1y t2). Noi cach khac, by diéu khién (5.73) va phép déi bién (5.68) khong nhing da
tuvén tinh héa duge dd) tudng ma con tach dugc né thanh m kénh riéng biét. Vi 1&
dd. trong nhiéu tai lidu, phuong phap didu khién tuvén tinh héa chinh xac quan hé
vao-ra dé1 tugng MIMO phi tuyén c¢on dude goi la didu khidn tdch kénh

(noninteracting control).

2) Vicéd (xem phan chiing minh dinh 1y 5.17):



Ly L@ = (UL g5
- ! =

nén tiI tinh khong suy bién cia ma tran L(x) ta cliing suy ra dudc la ma tran

L d? -1, g,(x) Lad?—lizgl(f) Lad?_l}lmgl(y

L . Aglx) L . 1 ggtx) o L1, Ealx)
M= b ad A ad b

Lﬂdrm —1! évm(r) L I:rn —1; Hpm (E) Lﬂd;]u "1f£m Em (£)

ciang khéng suy bién.
3) Tuong ty nhu d phan chitng minh dinh 1y 5.17, ¢ day ta cing cé cho moi j
Lm,,,z (Lfg}) néu k+I< r,-2
4) C6 thé thay néu lam tuong tu nhu & phan chitng minh dinh 1y 5.17 vé viéc xay dung
ma tran D khong suy bién thi ta ciing sé dén duge D=D, D .., trong do
dgy ({)

dLigI (x)

dL} " gy (x)

dg,(x)
dLygs(x)
D, = ? . D= |ad) TR (2), ad) PRy, o k()
diz g, ) o
[ &) Cad? 7 hy@), ad? Chy(). -, hy)
dgm (E) S ) ro_y .
dLg,,(x) ad[" b, (x), adf" Ry @), ()

V1
dei” Em (E)

Tir diy suy ra cae vector et trong D 14 dde 14p tuyén tinh,

5) Nhiing két qua trén vé vide tuvén tinh héa chinh xac dal tudng (5.67) con cé thé md
réng cho ca nhiing trudng hgp ma ¢ d6 khéng can phai cé gia thiét réng déi tuong cé
s6 cac tin hiéu vao bing s6 cac tin hiéu ra. Khi d6. diu kién ma tran L(x) theo

fo]
s ]
L]



(5.26) khéng suy bién, sé duce thay bdi hang ciia no phdi bang sé cde tin hiéu ddu ra
va sé'cdc tin hiéu diu ra khéng dude ldn hon 6 ede £in hiéu vdo. N&u nhu vy, do sé
6 v6 50 ma tran gid nghich ddo L ,(x) caa L(x) thay vi chicé mot L~ '(x), ta sé xac
dinh dudc vé &6 bd didu khién tuvén tink héa chinh xac thav vi chi c6 mét bd diéu
khién (5.73).

Tuyén tinh hda chinh xac quan hé vao-frang thai

Giéng nhu da lam véi ddi tudng SISO trudic day, ching ta cing sé ban vé khd nang
diéu khién tuvén tinh héa chinh xac d6i tugng phi tuvén (5.67) ma ¢ d6 vector bae tuong
dé&i t& thidu (ry. 4. ... . 7,,) khong thoa man didu kién cAn rytry+ o +r  =n.

T#t nhién ring bai toan diéu khién tuvén tinh héa chinh xac quan hé vao—trang

thai vira néu sé trd thanh bai toan tuvén tinh héa chinh xac quan hé vio—ra da dudc xét
va gidi quvét tron ven d muc vira rol, néu nhu ta thm duge m Lin hidu ra hinh thic che né

la 4;(x). j=1.2, ... .m saocho 46 tugng vao—ra hinh thic:
dx A ix
~= = f(x)+ H{x) u . . l.‘) -
dt —~ - vl Alx)= : {5.75)
¥ =Alx) Ao ()
¢6 duoe vector bac tusng déi téi thidu (. r,. ... . r,) thda man
rytryt --- tr=n {(5.76)

R6 rang bai toan difu khién tuvén tinh héa chinh xac d8i lugng vio-trang thai la
bai toan téng quat. Tinh téng quat nim ¢ chd khi déi tugng vao—ra (5.67) da cho ¢6 bac
tuong déi téi thidu khéng théa man véu cau (5.76) thi ta van co thé tuyén tinh héa chinh
xac duge nd bang cach thav cac tin hidu ra v =g(x) ban diu bing eéc tin hidu ra hinh
thiic khac ¥ =A(x) sao cho lai ¢é duge (5.76). Khi dé. theo dinh 1y 5.20, dé1 tugng (5.75)

sé duge tuyén tinh héa chinh xéc bang b diéu khién phan héi trang thai:
L’E A (%)

=L @lw-|] ] (5.77)
Ly 4, (x)
oD

vi phép ddi bién vi phél {ma thue chit ciing ¢6 vai tro nhu mot bo didu khién (xem hinh
5.100:



A lx)

L’E 1 x)

z= m(x)= : (5.78)
flm(z)
rm ,ln(x)
trong dé:
'LE!LEI‘I;L,(;_) Ly, I A
L(z) = : : (5.79)

]

L;_EILE""]&,”({) Ly LA ()

Nhu vav, vaAn dé con lai chi 1a xac dinh vector:

/1] ({)
A(x) = :
A (2)

sao cho hé (5.75) co dudc diéu kién (5.76).

Binh ly 5.21: Xét d61 tugng c¢6 quan hé vao-trang thai mé ta béi

L - oD
trong dé cac vector ¢bt ) (x). Aulx), - A, (x) cila ma tran H(x) 1 dbc lap tuyén

tinh v n22m. Goi:

Gy =spanlh, . b, - . hn)

—r

G, =G, + span(adfﬁ{.(g) li=1.2. .. om)

Vay thi can va du cho su ton tai eia m ham 4,(x), 45(x), ... .4, (x) sao cho dé
tugng cd tin hiéu ra hinh thiic ¥ = A(x) md ta bdi (5.75) ¢6 vector bac tuong 481 toi
thidu (r,. ry, ... .r,,) thda man (5.76) la:

a) Cacham mdring G, , £=0,1, ... .n—2 phai xodn va cé 6 chiéu hing.

b) dimG,_ =



Chitng minh:
- Trude hét ta ching minh diu kién can. Gia si da ¢6 A(x) dé véi né dbl tugng (5.75)

c6 vector bac tuong déi téi thiéu (r|. r,, ... . r,) théa man (5.76). Khong mt tinh
tong quat néu ta cho ring:

ryEryE - S

Tix
Lﬂﬂ’fﬁ, (L{f/ij)=0 néu k+i< rj—2 vi1 moi J
ta cé
span( [:dLiiiJ-)T |k+i< ri=2 5 y=1,2. .. m)C G} (5.80)

Negoal ra, do tat ca cAc vector cot:

hi@, oo ad) TRy,

halx), oo cad] " hy (). o ad? T Ry (x).
"lm('x..}‘ ~ad?_1ém(£)' 'ad;‘?_‘}_lm(z}-‘ ‘ad?”_l}_lm(:.t_)

ciing nhu cac vector hang
dL‘Zl_J/l, (@ e dLphiE), d Ay (D).

AL A0 e T A0 dlydo(x) . dAz(z),

dL}'a"“»;n(;), ,dL‘}“‘am(p. AL A ) cdLph, (2}, d2,, (D).

doc lap tuvén tinh, va ry+ry+ - + r, =n nén
~  Khik<r, ham mé rong (G, sé cocd sd la
Boa(x), v b (), .. ,adfgl(g). .adf@m@,
hay  dim Gy =m{k+1)

va dim span( |k+££ ri~23 =02, . m)=n-mik+1)



hay dim G+ dim span( (.def_-ij)T | k+1< ri-2;J=1.2, ... mYy=n
- Khir,<k<r, him morong G =€ co co sd la
Bi(). e B (2), ... ;’1 ‘R, .. adr‘ A2,
Ladfhy@) . . adfhy, (@)
hay dim Gp= mr +(im-1)(k-r,)

T
va dim span((dL‘}i‘j] k+1c =25 /=12, .. ml=n—(m-1)k-r,

: T
hay  dim G+ dim span((dL{;lj) | k+1< ri-235=1.2, .. m)y=n

Béi vay. suy ra mot cach tong quét cho moi <k <n ta luén cé:
) . i T .
dim G4+ dim span( (dLJ,—A.J-) |k+ig rj=2 5 j=1,2. ... .m)=n (5.81)
Ké&t hgp (5.80) vdi (5.81) ta di dén:
Gy = dii) Theis r-2 5 j=1,2 82
i —span(( / J-] I r,=23j=1,2, ... ,m) (5.82)

Do dé, theo tiéu chuan Frobenius, cac ham md rang G, phai x0&n.
O dav ta con c6 nhan xét thém
dimG,}”_] = ry*ryt - 4r,=n

Suy ra

Grru—l:Gr :Grm"J:“-:Gn'—l

m

Bay gid ta chuvén sang chitng minh diéu kién 40 va dé don gian trong trinh bay, ¢

day ta glasir,, ry, -, r,, dudcsip x&p theo chidu nguoc lai:

?‘12 ?‘22 e 2 e

Vi co:

dimGy=m, dimG,.,=n va GG, - c G,
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nén s6 chiéu cia G,, £=0,1, ... .n—1 tang dan theo k ti m dén n. Noi cach khac, khi
cho k chay ngude tit r—1 vé 0, ta ludn tim duge mot chi 56 p sao cho:
dlmGP 1=n . dimG,_s< n.
Do

G,,= span(adf&i(i) | i=1,2. ... -1

hay G, 1a bao tuyén tinh ca mp vector, nén:
n = dimGp_]S mp. {5.83)
Goi
m; =n—~dimGp_9
thi ta phal c6 m,<m vi sb chifu bi giam la m | khong thé nhiéu hon s6 cac vector da bi
botdilam.
Do G-, xoin nén theo tiéu chudn Frobenius. ta ludn tim duge m; ham A;(x},

B P T N .
j=1.2. ... .m, déco (dA(x)] € Gy_y. Nhungvi:
GosGic - <G,y tich GyoGiz - 2Gp.

T
nén ta cang cé (diJ (5)) e (Jp v01 mol k<p—2. Buy ra:

L A _ di

p, A a

d:fha 4 Bx f

diung véi mo1 k<p-2 : j=1.2, ... .m, va i=1,2. ... .m. Tiday, va k& hop véi ndi

dung dinh 1y 5.7 ta duge:

L,_li_L;"E/lj(pzo khi k<p-2:5=1.2, ... .m; va i=1.2, ... .m.

Ngoaira, vi dim G,_;=n nén ma tran kibum xm

Ly, L”E"ﬁ.l @ Iy L’E“lﬂq(.ﬁ) Ly 1»;-1,11 (x)
L, 127 L, 17 L LPl
Ll(g: El E AZ(E) ."12 £ Z‘Z(E) ﬁ'm - 2‘2(:(]

| L L A @) Ly Lf A 20 - Ly L7 A ()

—irt



phai ¢6 hang m . Gia s\ rdng m,=m. Vav, theo dinh nghia 5.4, d61 tudng s& c6:
FySFy= - =rpy=p

Do téng chc bac tudng déi tdi thidu khong thé 16n han bac mé hinh (dinh Iy 5.9}, tic
la phai cé mp< n nén khi két hop véi (5.83) ta dude mp= n. hay:

rytrot e R = mp =n

Néi cach khac. trong trudng hop m;=m cac ham 4;(x), j=1.2, ... ,m, tim duodc theo
(5.83) da 1am cho dé1 tuong vdi tin hidu ra hinh thite ¥ = A(x) théa man yéu ciu can co

dé c6 thé tuvén tinh héa duge chinh xac.
Néu nhu m <m . Vav thi déi tugng s& cd m | bac tudng 461 t thiéu:
FASEg= »0n = hy TP
dong thoi, do cé quan hé (5.82). tic la:
FRRY . [
span([deﬂ.j) | k+i< ry=2;7=1.2 ... .m)c G,
nén cang ¢o;
{ T 1
span( [dL}A;()) 111 5/=1,2. oo om)e Gy
Hoan toan tudng ty, ta cho chi s6 & tiép tuc giam tir p vé O ta & dén duge ch 56 tiép
theo la g<p sac cho:
dimG ;= dimG, -, . dimG,_,< dimG,_,.
Khi dé néu dat
my = dimG,.,- dmG,_,
thi do tinh x0dn cua Gq_g ta cung sé tim dudc v=m,—2m, ham AJ-(Ji). JEm+1l, .

m,+u hd sung thém vao m | ham da c6, tie Ja

Ly, LiA(0)=0 . ksq-2 . j=m+1. ... my+uva i=1.2, .. m.

O day ta cin phai chon cac ham méi nay dbc lap tuyén tinh véi toan bd Zm, cac dao

ham dL‘}iJ-({), I<1 ; j=1.2. ... .m, da co. Diu nay 13 hoan tcan cé thé vi

[ va
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dlmG§_2= m|+m2.

Lai gia st m,+m,=m. Khi d6 déi tugng sé cé vector bae tudng ddi;
FySre= 0 Sy, =P
Tmy+1 = Tmy-2= =" =™
va vector bac tudng ddi nav ciing thoa mén:
Fitrgt e P, =maptmag=n
vi, mét mat tdng cac bac tuong dél t6i thidu khang dude 16n han n (dinh 1y 5.9), tite 13
maptmu.qsn,
mit khac:

maptmaeg = mptim—m,iq = m{p-gr+tmg

v

my(p=—g)+ dimG,_, (GG, -, 1a bao tuyén tinh cua mq vector)

H

my(p—g)+ dimG (dimG .= dimG,_,}

my(p~q)tn-m,

1%

mytn-m,=n (prg}.
Néum +m.,<m, tic la déi tuong méi chi cd cac bac tugng di t61 thidu;
r]:rz-.: e :rml :p

r

rn|+1: T

=2 = T T Tmgemy T
ta lai cho & gidm tiép tuc tir ¢ vé& 0 dé dén duge hang s6 méi I<g thoa man:

dimG‘I_!: diqu_L) N dimGI_gq dimG

g2
nhim tim tiép cac ham Aj(g) bé sung thém vio nhing ham da c6 ... Cd nhu vay ta sé
¢6 dugde toan b m ham A{x), j=1.2, ... ,m ma véi n6 d&i tugng cé duge vector bac

tuong d6i téi thidu (ry, ry, ... .r,,) thoa man (5.76). 0

Pinh 1y 5.21 di dugce chitng minh. Phén chiing minh dinh ¥ cing 13 mot su bd sung

thém cho viéc xac dinh cu thé cde ham A;{x). j=1.2, ... ,m. Ta d&n duge thuat toan

xée dinh 4,(x). j=1.2, ... .m gbm cac bude nhu sau:
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1} Kiém tra tinh d6c lap tuvén tinh cia A, (x), ka(x), . h,(x) 12 m céc vector cit

clia ma tran H{x).

2} Xay dung cac him méréng G,. £=0,1, ... .n-1 theo céng thic:

Gu= spanih, . ke, . A,)

—fL
G,=G,_, + span(ad?}ii(g) li=1.2. ... .m)
3) Kiém tra tinh xodn cia G,. £=0,1. ... .n-2

4} Kiém tra diéu kién dimG, _=n.
5 Ganp=n-1. {=v=0.
6) Giam k tit p vé O cho téi khi eé duge chi =6 k=g <p thoa man:
dimG ;= dimG,_,; . dim(7,_5< dimG,_5.
7} Tinh
s = dimG,_,- dimG .,
cing nhu s—v ham tuong dng ij-(a;'), J=i+1, ... l+s—v ticong thic

dA

~adhh =0, iZ1.2 ... m
ax f=r

sao cho d4;(x) cua cac ham mdl nay la déc lap tuyén tinh véi dA;(x) vadLed;ix)

cua nhitng ham da cé.
8} Gan:
rf+1:r|f+2: L — rlf“‘\l.:(j
Li=l+s~v,. pi=gy, vicvts

Kiém tra néu{=m hodc p=0 thi ding thujit toan. Ngugc lai thi quay v& budc 6).

9] Xac dinh

4 R L. -1 .
L} 4 (2) Ly L3 4 o Ly L7 A ()
plx}= : va Lix)= ' : .
LA, Ly L 7 2 x) 0 Ly L7 A, (x)
- ) h A

10) Xav dung ba didu khién (5.77) vii vhép dbi truc toa d6 vi phoi z=m(x) theo (5.78):
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Hé tuyéntinh z=Az+Bw

W hpaidukhién| v dx | .
o e — a e fatH (el s m)
N (5.77) dt = _

|t

L 4

Hinh 5.11: Diéu khi€n tuyén tinh hoa chinh xac quan hé vac—trang thai déi tugng MIMO phi tuyén

Vi du 5.24 ([9]): Minh hoa dinh Iy 5.21

Xét déi tugng duge md ta bai mé hinh vao-trany thai:

:

X4 xf ] { I
" B P I A {0 0 i
il Pl +Hou = xye, + v, —xb [+] oosty —x5) 1w
. 0 0
1; Y 1y

Ta co thé thay ngay dugc ving hai veclor oot cua Hix)

0 \,! o
0 ' 0
A (x)= | coslx; —x5) . Aalx)=|1
Lo Lo

.0 ] .y

la dée tap tuvén tinh tai moi difm Lrang thal o6 cos(y 1 —xa)#0. D&l tugng ¢b

nd*’_il R, =0

’ 0 ! {}
—cos{x) ~x3) ‘ -1
cr.df.ﬁl Tl —Xgsin(ay ~x5) | adgqf1, =| —(x) —x5)
; v -1
|\ Q 0 )

tm’ff:l =ady adeh, = ad; ad;h, = (zdf—ﬁz i
[ a.d.f-)'_zt cadeh, | = ("'dacf..-:‘_rl adph, = tanix |- 10k, (x)

Suvra;
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(Gn=spanlf, . h.) xoinvacd dimG =2

Gi=spanth, . b, ad:h . adch,} x04n va cé dimG ;=4

dim(7F.=dim(7 ;= dim(; | =5=n.
Vav dél tugng 1a co the tuvén rinh héa chinh xac dudc.
Bat dau véi I=v =0 vii cho & chay tu 1 v& 0, ta thavkhi k=p=3 ¢
dim(y,_»= dimG=4<5= dimG,= dim(7,_,
nén oy =p=3, Tiép tuc, vi

s=n—dim{7{=5-4=1 = dim Gy =s=1

nén phai ¢é it nhat s—e=1 ham 4,{x) thda man:

da A
spani r_ Py b = (_ 1 h]:
lx ax =

r)/[l ﬁzzaiadfél_ 841

ax _35

adﬁﬁz =0.

tlx
(" thé thily mot trong ciac ham do 1a
A{a}= 1 —x,.
(Gan f=l+s—e=1. v:=v+5 =1 vii cho & chay 11ép tix 3 vé 0 ta lal duge voi k=p=2.
dimG . .= dimG=2<4= dimG = dinG -,
do dér,=p=2 Hon niia. vi
s— dimG-dimG,=4-2=2

nén phai ¢6 it nhat s—e=1 ham A,{x) bé sung thém va ham nay phai déc lap tuyén
tinh vl

dijg) =(1 0 0 0 ~1)
va vGi

dl A4x) = (0 1 0 0 0

cung nhu phal thoa man:

A . A, A,
apani e jo. (A7 = r_ el h,= [_Az h,=0.
dx dx ~ dx —°

Ta thiav mdt lrong cac ham A.{x) d6 1



/‘I"J(E) =X,

Thuat toan ding 6 day vi da cb {+s—v=2=m. Vay v6i hai ham tim dudc la
Ajlg)=x,—x; , As{x)=x, dbl tugng c6 mé hinh vao—trang thai da cho s& tuvén tinh hba
duge chinh xdc cung véi hai tin hiéu ra hinh thic

:[’11 (E)]:(% _xﬂ
Aglxy) L oxy )

N6 cé vector bie tudng d6i (r,,r,)=(3,2). a

[t

Bdn vé diéu kign n22m va vdn dé mda

Xét 441 tuong vao—trang thai bac n cé m tin hidu vao va dude mb ti bdng mbd hinh:

%=+ i*‘_ﬁ (o,

-

Ky hiéu;
Gy=span(h, . b, . -, A,,)
Gp= Gy + Span(adfﬁi(g) li=1.2. ... .m)

trong dé £=1,2, ... .n-1. VAavséco;

o) v L L
G,cCGc - G, = GGz ;_)G;J{_]

. . . ] . T .
Suy ra, khi k&t hop véi mét ham A;(x) bil ky nao dé ¢o (dij-(g)) € G,, d6i tugng
MISC (m tin hiéu vao, mot tin hiéu ra) mo ta bai:
(dx m
_-'-'_—,f(x)+ ha(t)u
dt == E" — (5.84)

¥, =4
s ¢6 bae tugng da1 tol thiéu r; khéng nhe han p+2. tic 1a r; 2 p+2. Mdréng ra, néu cé
dij(x)e G, va dij(x)e G
thi bac tueng déi téi thidu r; cla (5.84) sé ding bing p+2, tic 1a ri = p+2.

J

Dinh 1y 5.21 da duge ching minh dya vao nhan xét trén. Dé ciing 1a 1y do tai sao
phai ¢6 diéu kién n22m. Tuy nhién, nhing cach ching minh khac cho dinh ly 5.21
trong cac tai ligu [3). [18] lai khéng su dung diéu kién nay. N6 chiing to tinh ding dan
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eda dinh 1y 5.21 dudge mé réng cho ca cac trudgng hgp ma ¢ dé diéu kién a22m bi vi
pham. Song khac véi phén ching minh ma ta di tién hanh, phiing ching minh nay
khéng néu lén dude phudng thiic xac dinh cie ham 4;(x). j=1. ... , m cho viée thiét ké
bd diéu khién.

Theo thuit toan dude x4y dung tif phin chiing minh dinh Iy 5.21. Ta chi ¢6 thé xac
dinh duge nhiéu nhit n—m ham 4,(x), j=1. ... ., n—m+1 tng vl n—m bac tuong dal
t51 thidu rioJ=10 o nemtl

Nhung theo nhan xét trén, cidc ham con lai co thé duoc bd sung ti viéc chon:

(d&_,-(p)Ts Gy . Jj= n-m+2. ..., m (5.85)

Khi d6 hé MISO (5.84) ing vdi cac ham A;(x) nav sé c6 bac tuong d61 t&1 thidu r,=1

j=n-m+2, .., . m.

Van dé con lai ehi 14 xac dinh cac ham )1_’,-(_;)_, J= n-m+2, ..., m thé&ndo dé toan

b tit ci m bac tuong do1 661 thigu tao thanh duge vector bac tudng 463 toi thidu (ry, 7y,
. Fo), tdce la dé cho ma tran Lix) xac dinh theeo (5.79) khéng suy bién. Cho téi nav,

161 giai ela bal toan nav van dang bi bo ngo, tirc 1a vAn chua ¢6 mét thuat toan tdng quat

tim cac ham bd sung AJ-(Q theo (5.85) dé L {x) khang suv bién.

Vi du 5.25: Xac dinh tin higu dau ra do cho bai toan khény thoa man gia thiét cia dinh Iy 5.21
Cho 481 tuong c6 md hinh:

Iz

—_— x? +]11 3

Xy x‘| ‘*1')_1

tic la co n=2 vam=2. P&l tuong nav cé:

0 W
G, = spanth . byt = spani( |1 [, |3 ]}
2] 4

x04n vi adp holx) =0 vacd dimG, =2 hav dimG; = 3-dimG, =1

Cac ham md réng con lai 14 G, G, déu 6 dimG = dim&»=3 nén theo s¢ md réng
dinh 1§ 5.21, d81 tugng 1a tuvén tinh héa chinh xac dude, mic du 4 day diéu kién n22m
13 khéng duge théa man.

L]
=]
-]



Trude hét ta tim ham A, (x) théa man (d4 ()} € G;

ddi tugng bac tuong doi 161 thidu r,=2;

. Ham néy =6 inang dé€n cho

(dA () € G} = A= 0 0) = A=z, (5.86)
leng vl A (x) tim dude ta cd
Lf_11 I’LZI(E) =1 va Lf'l:-: fr,if-f.] [l} =3
Ham A5(x) con lai ta xac dinh ti:
T 1 .
{dA,(x)) € Gy hay gradi.(x)e G,
tde 1& phai co:
o) _ (5.87)
o,
va ham nay sé mang dén cho d&i tugng bac tudng d6) téi thidu Fu=1
Dé (#1,r)=(2.1) tao thanh vector bac tudng déi té1 thiéu thi ma tran:
Ly IgAlxy Ly LAy ¢ 30
=1 =4 4
L{x) = N =l o
Ly A Ay, Aty | | By Atx) Ly Ayta) ]
phai khdng suy bién. Ta 6 thé chon trude. ching han nhu:
14;114-2({) =0 wva LJ"_?_?/I'E(E) =2
Khi dé. két hop cung véi (3.87) sé& dude:
2 3 0 Yy
diHW = (0 2L 2241 3| = (g 9
oy 4y
2 4]
AA. Ay, (1
gy dey 12 4
) 1
1A, Ay 1 3) 4 -3
(52 2Ly <o |, ] =0 -n] =2 -1
dxy oy L2 4 =2 1
Suv ra mot trong cac ham A.(x) dola
Aalx) = 2a,-xs (5.88)



Viy vdl hal ham tim duge (3. 86) va (5.88) dé1 tuong ¢6 md hinh vao—trang thai da
cho s& tuvén tinh hda duge chinh xac cing véi hai tin hiéu ra hinh thite:

- _ [)“‘J(E)\
7=

.‘_‘r o )
Ag(x)) \2xy ~uy )

T

N6 mang dén che hé vector bac tucng 461 161 thigu {7 ,.r,}=3(2.1).

Tuyén tinh héa chinh xac vé gan diém cuc

Nhin lai k&t qua (53.72) Lta thay tuy rang di duge tuvén tinh héa chinh xac. song hé
tuvén tinh thu duge lai khéng én dinh vi ¢6 didm cuc s=0 bdi n.

Dé c6 duce k8t qua tavén tinh héa chinh xae 14 mat hé tuvén tinh én dinh véi mé

hinh:

d
2L = Az+Buw (5.89)
di
trong do
‘A, @ . &:* 0 1 - 0 ¢
c_) fi_-) e : . . .
A= -
: co Ay 0 0 1
o o A | =Gy s Thoy,
by U - 0 o
R 0 b, 0 . s
= o N 45 = ;
S = gl
\ Q Q o {_)m 2 1,
vhag;. k=1.2. .. om :i=1.2_ . .r; 14 nhiing h# & dugdc xac dinh t cac diém cuc
cho trude 5,;. k=1,2. .. .m . i=1.2. .. .r, cin phai gan cho hé tuvén tinh (5.5

dude tinh theo:
(s—spHs—sp,) 0 (5=8;,. ) = €y +rp.8+ +CI.\;-,,""”'_] + 5
ta chi ean siia lai bé didu khién (5.77). cing nhu (5.71) sao cho cé dude:

w-Az = plx)+Lix)u

vl
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S L)
A= - -0 : va plx)=
| 0 o 0 L LT B I‘q"mrm L?” '{?n (E)

Didu nav dan dén bd diéu khién thich hap la:

w = L7 (0 lw- ploy- A mixd) (5.90)

va ta ¢d duge khang dinh:

Binh ly 5.22: Néu dbi tudng bac n véi m tin hidu vao:

\ dx
—= = flxy+H(Du
dt ==

¢H m tin hiéu ra ao, ghép chung lal thanh vector ¥ =A(x), sao cho vector bac tuong

déi téi thiéu (r,, r. ... .r,) cua hé

J%=[(§)+H(z)-g

¥ =Ax)

thda méan r+r,+ ««« +r,=n. thibo didu khién phan héi trang thai (5.90) va phép

d51 bign (5.78) sé tuvén tinh héa chinh xdc né thanh (5.89) vdi cac diém cuc s,

k=1.2. ... .m :1=1,2. ... .r; lanhiing gia tyi tay y cho trude.

5.4 Kha ning quan sat trang thai

Xae dinh trang thai x(#) ctia hé théng 12 mdt trong nhiing bt todn thudng gap clua
didu khién. Nhiém vu cia no 1a xac dinh gia tri trang thai x(¢4) tai théi diém ¢, ti viee
do céc tin hidu vao #(t). ra ¥t} cua hé théng trang mét khodng thdi gian T hin han.

PZ minh hoa cho su can thiét cia cong vide nay ta hay quay lai van dé xay dung b
diéu khién phan hdi trang thai on dinh hoa hé théng. Néu sau khi da bidt 14 cong viéc
xav dung bé diéu khién c6 thé ca két qua (hé difu khién duge tai x,) thi cong viée tisp
theo 1a phai xac dinh duge x, dé tit d6 bd didu khién cé thé tao ra dugde tin hidu didu
khién thich hop dua hé tit x, vé diém can bing x,, ban ddu. Cong viec xac dinh diém
trang thai x,, cé thé dude tién hanh bing cach do truc tiép (nhd cac bo cam bién, sensor)

hoac quan sat khi khéng thé do dude truc tiép x,. ching han nhu gia téc khang thé do
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duge truc tiép ma phai dude suyv ra tI viée do tic dd trong mét khoang thoi glan. Néi
cich khae khai nigin quan sat dude hidu 1a théng qua cac tin higu do dude khac (thubing
la cée tin hidu vaofra) ma suv ra x,. Diém trang thai x, clla mot hé phi tuyén sé duge
néi 14 quan sat dude néu ta co thé xac dinh duge né théng qua vide do cac tin hidu vaofra
trong mét khoang théi gian hiu han. Yéu cau phai do trong khoang théi gian hitu han 1a
riat quan trong. Khoang thoi gian guan st cing ngén sé& cang tot cho cong viée difu
khién sau nav. Néu théi gian quan sat qué 16n, diém trang thai xy vixa xac dinh dudgce sé
mat ¥ nghia ing dung cho bai toan diéu khién, vi du khi c6 dude x,, thi c6 thé hé da
chuyén dén mét diém trang thai méi cach rat xa diém trang thai x, .

Hinh 5.12 mé ta nguvén tic xéc dinh cac bién trang thai x(¢). Hé théng giac tidp
vl moi truong bén ngoal théng qua cic tin hidu vio u(¢) va ra y(t). Trang thai x() cé
thé khéng dude thé hién ra bén ngoai. nhung ¢ méi lidn hé véi u(t) va y{£). Bd quan
sat trang thai ¢ nhidm vu st dung mdsi lién hé dé dé xac dinh x(¢) ti¥ tin hidu do duge
u(t}, »(t). Mdt bd quan sat ¢6 khoang thai gian quan sat T cang nho sé duge danh gia
la ¢6 chat lugng cang tét,

Bai toan quan sat nay ta gip thuéng xuvén trong cudc séng doi thudng chil khéng
riéng gi d hé thong k¥ thuat. Chang han nhu:

- Bic s chan doan bénh thdng qua tae dong clia minh vao ngudi bénh (tin hidu vao)
va triéu ching thé hién ra bén ngoai ciia bénh nhan ing véi tic déng dé (tin hiéu
raj.

—  Giado vién xac dinh trinh 46 cua hoc sinh théng qua vidc dat ra cau hoi (tin hiéu
vao) va két qua cdu tra 161 cta hoe sinh {Lin hiéu ra).

Ha thiing
5 diéu khién =

v

"

B quan sat J

trang thai |«

IEIIRERE:

Hinh 5.12: Quan sat trang thai.

|
L
|=

Binh nghia 5.7: Xét hé cé cac tin hidu vao w(f) va cac tin hidu ra ¥(£) , md ta béi;

|‘

J

W

|I3-'.
II
I:-—

U t)

)

(5.91)

|*-f Q‘
il
|0"'

(x.

| S

Hé sé dude goi ta:
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a) Quan sdt duge tai thot didm ¢, . néu ton tai it nhat mét gia tri thei gian hitu
han T=>¢, dé diém trang thai x(¢,)=x, xac dinh duge mot cach chinh xac
théng qua viée quan sal veclor cic tin hidu vao ra g (¢}, x(t) trong khoang
thai gian hitu han [¢,.7].

by Quan sdt dwde hodn toan tai théi didm ¢,. néu vdi mol zia tri théi gian T=¢,,
diém trang thai x,=x(f,) luén xac dinh dude mét cach chinh xae ti vide quan

sat vectol cac tin hidu vao ra u(f). y(¢) trong khoang thdi gian [¢,.7T].

O hé tuvén tinh ta di dude biét dén hal bo quan sat trang thai ¢ ban. Dé 1a bé
guan sat Luenberger va bd guan sat Kalman (con goi béd loc Kalman). Ngay tir cudi
nhiing nam 1970, cdu tric hai bd quan sat nay da duce chuyén thé sang cho hé phi
tuyén. Ching duge biét dén dudi nhing Al trén nhu bd quan sit Luenberger md réng,

v bd loc Kalman md rémg.

5.4.1 Bd quan sat Luenberger md rong

Duge goi v tir bd quan sat Luenberger cua diéu khién tuyén tinh, o day, cho doi

tuong phi tuvén (5.91), ngudi La cing st dung bd quan sal vél mé hinh:

—= =)t (Tuy) (5.99)

Bas toan thiédt k& dude dat ra ¢ day 1a tim vector him [ (X,1,y) sao cho ¢6 duge ¥ —x.

Tat nhién ving trude bét { (X4, v) phai thda man;

lim {(xw.v)=0  hay lxu yi=0
e ¥ ¥

Va1 bd quan sat (5.92) thi phuong trinh déng hoc mé ta sai léch e= ¥ —x, c6 tén goi

la sai s6 dong hoc terror dvramie). sé la:

-—= =£(g+x.{.)—£(£‘2)+£_(f+£, iy {3.93)

Nhu vay. van 48 thiét ké da duge cu thé héa hon. Ta phai xac dinh vector f{e+x.u. ¥)

sa0 cho ¢ dude lim e(f) =0 véi toe do cang nhanh ciang tét va difu nay khéng duge phu

v
thude viw x. ¥ cing nhu v. Hién nav. bai toan nav mé chi ¢ 161 giai cho titng trudng

hop ing dung cu thé. Ly do Ia vi ngudi ta con dua kha nhiéu vac kinh nghiém chii chua
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thur su xac dinh duge cu thé mé lién quan gitdia cau trac f(x.u) di cé cha dé1 tuong véi

cAU trie phat o eda flety . v}

Phudng phap tim kiém {(e+x.u, v) thuing duge 4p dung la Lyvapunov. Tic la ti

mnét ham V(g) xac dinh dudng duge chen trude, nguol ta xay dung fle+x,u. ¥) sao cho

dao ham Lie cua né:

dVig) - M [ Fle+xu)— flew) +lietx, e v)]
ot de = -7 = =

xde dinh Am vdi moi x. . v . Ngav d dav ta di thay, viée chon trude ham Vig} ¢6 val tro

quyét dinh té cong vide fim kiém f{e+x.w. v). Néu "khéo" chon V(e), bar toan sé co

nghiém don gian,

Vi du 5.26: Mé hinh chudn

Xét 16p cac din tugng co ma hinh trang thai dang:

9z Ax +alu, v)

¥ =gl

trong d6 A. C 14 hai ma tran hiing quan sat duge (thoa man tiéu chuan Kalman, xem tai

lidu [19]) va gl v). E(CE) 13 hai vector ham phi tuyén, u la vector tin hiéu vao. ¥ la

vector tn hidu ra. Gia thiél tiép vector him g(Cx) la nghich dao duoc, tie 1a tén tai:
Cx=g 'ty
Su dung vector ham £{ X .w. ¥I=L{ g Y{3)—C ¥ }. tic 14 su dung bd guan sat:
dz

X AT ta(u. VI+Lg N -CF)
o x talu. vl g w-Cx;

trong d6 L. 12 ma tran hing cin xéac dinh, thi phuong trinh sai 6 ddng hoe (5.93) sé la:
de
ot
Nhu vav ta Jai quay trd v& bai todn thiét k& bd quan sat trang thai Luenberger
quen bigt ciia didu khién tuvén tinh. Ta chi cin xac dinh ma tran L sao cho tit ca cac gia
tri riéng 4; ctia (A-LC) nim bén trai true ac. Ching nédm cang xa truc ao vé phia trai,
téc dd hai tidn vé 0 cua e(t) cang nhanh. din dén 1a thoi gian can thiét dé quan sat sé
cang ngn. a
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Vidy 5.27: Bb quan sat Luenberger md réng

Xét 1dp cac dbi tudng mé ta boi:

{d—£ = Axta(x)+b(u, y)
ot =

y=Cx
vol A, € 13 hal ma tran hang, duge gia thiét 14 quan sat dude, u 13 vector tin hiéu vao,
¥ la vector tin higu ra via(x), b(u, ¥} 14 nhiing vector ham phi tuyén.
Sit dung vector ham {( ¥ ,u, v)=L{v-C X ). tic 13 st dung bd quan sat;

dx

= - A
dt

[k

+a_(£)+

|

(w.y

trong d6 L 1a ma trin hing cin xac dinh, thi phuong trinh sai s8 dong hoc (5.93) =8 1

% = (A-LCe+alerx)-el(n)

Né&u nhut thanh phan phi tuyén gie+x)-a(x) con bi chin trén theo nghia
lele+rx)—aix)|-< 7

thi ta chi cdn xac dinh ma tran L sao cho t&t ca cac gia tri riéng A, clia (A-LC) nAm &a

xa truc ac vé phia trai
Rel i, (A-LC)i< ¥

14 sé dat ducc muc dich dat ra ciia bai toan thiét ké
lim e(2Y=0 0
[T

5.4.2 Quan sat theo nguyén ly trugt (sliding mode observer)

Xét 1dp cac hé bat dinh ¢6 mé hinh trang thai;

J% = Ax+afu,y)+ B(x.u)

1y =Cx

(5.94)

cd n bién trang thai x. m tin hiéu vao u, va s tin htéu ra y, cip ma tran (A,C) 14 quan

st dudc, ¢ thanh phan bat dinh 8(x.u) 1a chin trén theo x, tite 12 tdn tai ham plu)
théa min:

Il 6¢x.u) | € pl
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con a(y, ¥) 1a vector ham da biét ctia mo hinh,

Gia sl rang bé quan sat trang thai ducc md ta mét edeh hinh thiic boi

- T _=
4 4 ¥ ra(u. v)+Bptw) S ETLL P sriy-c ) (5.98)
dt = UBTP(g—E_) -

n*n

trong dé Pe R 14 ma tran xae dinh duong dude chon tuy ¥ va L 14 ma trdn con cin

phai dudge xae dinh. Ta goi (5.95) 1a hink thic vi trong céng thice trén nd cé chua trang
thai x khéng dude phép.

D& khu trang thai x khong duge phép trong (5.95), ta giai phuong trinh:

BTP = EC (5.96}

nhim tim nghiém Ee & ™" rdi thav vao (5.95) sé dugc:

p E{(y-Cx
41 = AX+alu. y)+ Bp(g)L—%—)-+L(y—Ci) (5.97)
g ] e

C6 thé thay khis<n thi phuong trinh (5.96) ¢6 vd s nghiém E.

Vi bo quan sat (5.97), phuong trinh sai s6 déng hoe (5.93) sé 1a

_ E(y-Ci) ] .
_d_g = {(A-LCle— B p(g)zi%+g(£,g) {5.98)
20 e

T phucng trinh sai s& dong hoc d6, ta thiy vdi ham xéc dinh dudng

Vie) = ¢'Pe (5.99)
sé co
U = eTQe 2pw | FCe|-2(ECw g (5.100)
| <0 v pziél
trong dé
-@ = (A-LCYTP+P(A-LC) (5.101)

Nhu vay, (5.101) chinh 14 phudng trinh Lyapunov (dinh 1§ 3.2) va né khéng dinh réng
khi (A-LC) 1a ma tran bén. ta luén tim dugc ma tran P d6i xiing xac dinh duong cho
ham xéc dinh dudng V{e) theo céng thiic (5.99) dé véi né c6 dude dao ham (5.100} x4c
dinh Am va do d6 cung sé ¢6 dugc e (£) -~ 0.



Cudi cliing, nhin la1 mé hinh (5.98) ta th&y & trudng hdp dae biét s=1, e la khi hé

chi o6 mét tin hidu ra. hay C:gT thi do hé quan sit ¢o ehia thanh phin
E(y-¢ %)
e

sgn{v-¢’ ¥

widng tu nhu mét didu kién trugt vé1 mat trudl _'_t’—l’.'f i . nén no duge go la bd quan sl

trang that theo nguyén Iv trot (sliding mode observer),

5.4.3 B& quan sat ¢6 hé s& khuéch dai 16n (high gain observer)

Xét 16p cie hé SIS0 c6 md hinh trang thai:

L0100y,
[z, {07
: 001 ¢ ||
gz _ =10z etz
dt 2, N 0! =
] (000 i
PO 0 0 0 o) WM
o 4 A
A
_ T
v=g'e

vl
e’ =(1.0, .. .0

(6 thé thay day chinh la mé hinh trang thai chuan (normal form) cua cac hé afline cd
bae tudng ddl 7=n. Hon nita. cho moi hé phi tuyén ¢é cdu tric truvén ngude ta déu tim

duge mot phép déi bign z=pi(x) dé dua no vé dang trén (xem 217y

U dung bé quan sat traug tha

- Byl
% =AZ+ ¢ o)

hﬂé‘_” :

kN B

—

trong d6 £ 1a hang s6 du nho cho trude v . ... . A, 1A nhing hing 58 con phai dude

xac dinh. ta s ¢6 phuong trinh dong hoe mé ta saj lich ¢= Z -z nhu saw

trong do
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—het 10 o

—hye" 01 - 0

A= A+he” = : S
—h, e 0 0

. —h, " 00 -0

Nhu vay La c¢iin phai chon cic hang sd &, ... . A, sao cho

det(sf- A) = s"+ R U+ s 4 A

Ia da thic Hurwitz, Khn dé thi do

lim Red 4,( Al = —w

-l

véi A, 14 gia trj riéng cta ma tran A . ta 8 ludn tim duge mdt hang s5 ¢ dv nho dé tat cd
cde gia tri riéng 4, cia A ném d0 xa tryc so vé phia trai, lam cho sy anh hucng cua
thanh phén phi tuvén b @(z. u) téi tée dd tign vé 0 cta e(t) 14 bd qua duge. Didu d6 din

dén 7 > z.

5.4.4 Nguyeén ly tach (separation principle)

DE c6 duge bg didu khién phan hoi tin hidu ra cho 481 tucng phi tuyén, nham mang
tai cho né mot chat lugng mong mudn, chang han nhu én dinh, bén viing, tach nhidu ...
ngudi ta thudng tidn hinh hai bude thidt ké nhu sau:

—  Bude 1 1a thiét k& bo didu khién phan héi trang thai trén cd sd gia thiét rang tat
ca cac bién trang thal x cua dél tuong 14 do dude. Két qua eia bude nav 15 pha
mang lai cho hé thng tat ca mo1 chit ludng mong mudn da dit ra.

- Buéc 2 1a thiét ké bd quan sat trang thai ¥(¢} trén cd sd do tin hiéu vae. ra cua
@51 tuong, nhim cung cip cho b didu khién phan hét trang thai co tiz bude 1 gia
tri trang thal xdp x1 (O =x (¢} cua dd1 tudng.

Khi ghép bé diéu khién phan hdi trang thal va bd quan sat trang thai chung lay véi nhau

ta 5 ¢6 duge bi diéu khién phan hii tin hiéu ra.

Tuy nhién. cing cdn phai nol thém rang khac véi hé tuyén tinh, khéng phai hie nao
ta clng c6 thé dé dang két hap nhiing bd quan sat trang thai phi tuvén véi ba didu khién
phan héi trang thai nhu bé didu khién tuvén tinh héa chinh xac, bd didu khién cuén

chigu ... d& 6 duge mat bd didu khién phan hii ddu ra ma van gid duge chat lugng gidng

nhu mit minh ba diéu khién phan hét trang thal da mang dén cho hé théng (vi du nhu
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tinh 6n dinh toan cuc. tdch nhiéu ...). Ly do la tinh khéng théa man nguvén 1y tach

(separation principle) cia hé phi tuvén ma dién hinh, nhu ta da thiv tai cie muc trudc,
hé gdm hai khau phi tuyén én dinh méc néi tiép. chua chéc 42 8n dinh.

Tu van dé dat ra nhu vy cha nguydn 1y tach. mot cAu héi dat ra 6 day la nhitng
phuong phap thiét ké bd quan sat trang thai nhu thé nio thi eo thé ghép chung duce véi
bé diéu khién phan héi trang thai dé ¢ ma khong lam thav déi chat lugng cua hé théng.
Ciing nhut vay 14 nhiing phuong phap thigt k& b diéu khién phan héi tin hiéu ra nhu
th€ nio thi ¢6 thé tach duge thanh hai bai toan con 1a thidt k& bé difu khién phan héi
trang thal va thiét k€ bé quan sat trang thai, ma vin dat duce chat lugng didu khién
mong mudmn,

Trong qua trinh tim cdu tra 11, mét hudng nghién cdu méi da xudt hién (khoang 10
né&m gan day) la difu khién tach dugde (separation principle control). Déng gop dau tién
cua hudng nghién cfiu méi nav 1 k&L qua cia Teel va Praly [28]. K&t qua nay cho thay
néu dot tuong la quan sdt duge hoan toan, déu {uniformly completely observable, UCO)
va bo diéu khién phdn hoi trang thdl dd mang dén cho hé thing chdt litong on dinh tiém
cdn toan cuc (global) thi sé ton tai bé quan sdt trang thdi dé khi dude ghép chung vdl bé
diéu khién phdn hoi trang thai da co thanh bé didu khicn phan héi tin hiéu ra, hé sé ¢
tinh 6n dinh bdn toan cuc (semi—global). tige 1a 8n dinh véi mién én dinh 1a tap kin. lén
tay y. song khéng phai la toan b khéng gian trang thai.

Theo dinh nghia vé tinh quan sat duge (hoan toan) cua mét hé phi tuyén thi kha

nang xac dinh duge x(0)=x, tif tin hidu vao u{ 1) va tin hiéu ra (1) trong khoang thai
gian 0< 7T dude hiéu 12 sy tén tai cua mét ham ©(-) dé cé:
x(iy)= (D(g(r).l(r)) vii 0< =T
Néu;
— T khing duge nho hon mét hang 56 cho hrude thi hé 1a quan sdt dude.
~  Tlatav y. chicAn lén hon 0 thi hé duge goi la guan sdat difoe hodn toan,

Trong két luan cua minh, Teel va Praly sit dung té khai niém quan sat duge hoan
todm vA déu (UCO). Khai niém nay ta sif md rong cia dinh nghia trén, Mat hé phi tuyén

VOl vector trang thai x(¢). tin hidu vao u{t) va tin hidu ra (¢} . duge goi 13 UCO néu tén

tal hul s6 nguyén duong v, + va ham ®(+) dé co:

() = o{uw), ... "0, ¥, AT,
Nhing hé affine c6 bac tuong d8i r=n déu la UCO. Két qua clia Teel va Praly da chi

ra sy ton tai cha bd quan sat trang théi, song lai khéng néu lén duge phuong phap thiét
k& n6. Ciang chinh vi vay, né di kich thich su ra déi ctia mét loat cac nghién cim dién
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khién tach dude ma trong tam la cac phudng phap ghép b didu khién phan hdi trang
thai vdi mét bo quan sat trang thai thich hop. Dién hinh c6 thé k& dén la céng trinh cta
Atassi va Khalil [1]. Né chi ring ldp cdc dé) tuung quan sat dude hoan toan va déu
{(UCO) md ta bai:

d(£)_(Ad+Begnw Y[ ¢
dt\n pénw ) ¥,) \g&nj

Pt .
¥

trong dé
g1 0
A=diag(A e k" A,=| | T |e i
B B [ I T
o0 - 0
o
B=diag(B,)e P B,= 0 e
1

C=diag(C, e RP™". C, = (1.0, - ,0)e RV,
3 k

sé dugc 6n dinh ban toan cuc bang bd diéu khién phan héi ddu ra, gdm b6 diéu khién

phan héi trang thdi déng khéng hoan toan:

'—‘:E(L’ézz)

dE - - -
= =AL+Bodaw+H(y -CE)
vl
e
H = diag(H,), H,=| ¢ |er™]
hr;_kg_’?

stk s +hy, lada thiac Hurwitz,
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Hién nay, huéng nghién ciu nay van con dang dude tiép tuc. Ching han céng trinh
cua Maggiore, Passino [16], {17] va caa Shim. Teel (24]. N6 m3 réng két qua ciia Atassi
vé Khalil cho ca nhitng d&1 tugng phi tuyén quan sat duge hoan toan nhung khong déu,
hodc quan sat dude nhung khong hoan toan.
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