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" L&i néi dau

B6 gido trinh Todn méi nay, voi nhiéu bai tap cé 101 giai, dugc bién soan
danh cho sinh vién giai doan [ cdc trudng dai hoc cong nghé qudc gia (nam
thit 1 va thit 2 moi chuyén nganh), cho sinh vién giai doan I dai hoc khoa
hoc, va cho céc thi sinh dy thi tuyén gido vién trung hoc phé thong.

B& cuc cua bo gido trinh nay nhu sau :

Tap 1:Gidi tich 1
Tap 2 : Giai tich 2
Tap3:Giaitich 3
Tap 4 : Gidi tich 4

} Giai Tich nam thi 1 {xuét ban 14n 2, 6/1996)

} Giai Tichnim thi 2 (xuat ban 1dn 2, 6/1997)

Tap 5 : Pai s6 1 : Dai s6 nam thit 1

Tap 6 : Dai s6 2 : Dai s6 ném thi 2

~ Tap 7 : Hinh hoc : Hinh hoc nam thi 1 va nam thi 2.

D€ kiém tra mifc do Tinh hoi kién thiic, trong méi chuong ddc gia s& thiy cé

1 gidi in & cudi sach. Trir mot vai trudmg hop déc biét, céc bai tap nay déu
khéc v6i nhitng bai 43 c6 trong céc bo bai tap c6 101 gidi & céc tap trude.
Nhiéu v&n dé & ranh gi6i ciia chuong trinh dugc dé cap & cudi chuong, duréi
dang cdc b sung c6 15i giai.

T4c gi4 rét mong nhan duoc nhimg 131 phé binh va goi ¥ clia doc gia. Xin
vui long gini cac ¢ kién dén Nha xudt ban Dunod, 15, ph6 Gossin, 92541
Montrouge Cedex.

Jean - Marie Monier
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Chuong 1

Bo sung
vé dai sd tuyén tinh

1.1 Déi ngau
K chi mot thé giao hodn.

1.1.1 BDai cuong

Trong §1.1.1 nay, £ chi mét X - kgv (khong gian vecto).

Ta nhac lai mét dinh nghia (I4p 5, 7.1.1, Binh nghia 3).

e Dinhnghia  Anh xa tuyén tinh tir E vio K dugc goi 1a dang tuyén
tinh trén E. Ta ky hitu E" 12 tap hgp cdc dang tuyén tinh trén E; £
dugc goi 1a déi ngdu cha E.

Vay tacé: E" = LEK).

vipu: :

1) Gidsit ElAmét X - kgvhﬁnhanchléu, n=dim(E)z 1, B=(e,,....e,) A mol cosd

cua E. VGimoi x thudc E, tdn tai duy nhit (x,,.. .x,,)eK"saocho x-—er Khi

i=1
d6, hién nhién véi mdi i thude {1,..,n}, dnhxa € : E - K 1amdt dang tuyén tinh

X =+ X

trén E, goi la dang - toa d6 tht J trong cos& B. Xem 1.1.4 duéi diy.
2 Giasir (a.b) € R®saocho a< b, E la C-kgv cic 4nh xa lién tyc cdmg khic tix [a;5]
vaioC.Anhxa g : E— C  iamot dang tuyén tinh trén E.
fe j i
3) Gidsir X lamot tap khOng réng. V6imbi a thuOC X dnhxa E,: I}g"‘_—.}g) TAamot

dang tuyén tinh trén K - kgv K%, goi 1a dinh gid tai a (xem Tap 5, 7.1.1, Vidu6). W
Ta nhéc lai (Tap 5, 7.2.1, Ménh dé):

Ménh dé
E'lamot K - kgv.



4 Chuong1 B4 sung vé dai sd tuyén tinh
Bai tap
© 1141 Cho Elamdt K-kgv, fe C(Ejcohang1a 1, u € £ - |0} sao cho Im{f = Ke.
) Chimg minh ring 1én tai duy nh&' @< £ sao cho -
YaekE, flx)=@lu
) Chiing minh 166 tai duy nhil & < X sao chof?= af. vinéu @+ 1 thi/- id; khd nghich

© 112 Ching minh rang céc K - kgv (KTXIY vd K™ 1a ding csu.

1.1.2 Sién phﬁng
Trong §1.1.2 nay, E chi mat K - kgv.

¢ Dinhnghia1 Ta goi cic hat nhan cia céc dang tuyén tinh trén £ khéc
dang khong 14 cc siéu phang cia E.

Néi cich khic, mot kgve H ctia £ 1a mot siéu phang khi va chi khi :
Ipe E -0}, H=Ker(g).

Ta néi ring hé thitc @(x)=0 Ik mot phiwmg trinh cia sién phing H.

o | Ménhdé1 Giaslt H 1amotkgvccia E . Diéu kién cén va dadé H la
mot siéu phiing ciia E 13 tén tai mot dudmg thiang vecto D ciia E sao cho
H va D binhau trong E.

Chiing minh :

1) Giast H 12 mot situ phing cia E. Ton tai @ e E — {0}sao cho H =Ker(g),
vat6n tai 1€ £ sao cho @(xg) # 0. Bay gids ta s chi ra riing dudng thing vecto
D=Kx,labucia H trong E. -

o Giast xe DNH.Téntai ae Ksaocho x=ax,vi ¢(x)=0.Néu a=*0thi
@(xy) :i #(x) =0, mau thl;in. Dodd a=0 ,tlldiy x=0

a
Diéu nay chiing t6 DN H={0}.

e Gidsir x e E, tachiraring 6n tai (4,y) € K xH saocho x = Ag+y.
Néu t6n tai mot cip (Ly) nhut vay, thi () = Ap(x) + £0) = AP ().
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Bio lai, ta cé:

vado @ {x-— ng} = g{x) —M- @{x, =0, nén— a) X, c Ker{ g = 4.
@(xp) @lxp X

Biéu nay chingt6: D+ H=E.
Cudicing: D @ /I=E.

2} Nguge lai, gia sir 10n tai mot dusmg thang vecto D sao cho D @© H = E. Tén tai
Xo € D o cha xy# 0. V& moi x € E, 16n tai duy nhit (4y) € K x H sao cho x = Ax, + y.
Hién nhién ring dnh xa ¢: l;f:j( duge dinh nghia nhu vy 14 tuyén tinh.

‘Khidétaci: e E —{0) (vi plx) =1 20) vi Ker(¢) = H.

Nhdn xét :

Phép chiing minh trén chimg 16 ring, néu A 14 mot siéu phing ciia £ thi véi moi x, thuoc E—H -
H®(Kx)=E.

+ | Hé qua Néu £ hitu han chiéu véi s chiéu 12 n (a > 1), thi cdc siéu phing
cia £ 13 cdc kgve clia E véi sé chidu lan - 1.

Nhur thé ta tré lai Dinh nghia da gap trong Tap 5, 6.4, trong trudng hgp dic biét khi £
hifu han chiéu,

o | Ménhdé 2 Gia sit H 1a mét sigu phing ciia £, g € £ — {0} sao cho

H=Ken¢)vhi we E —{0}. Tacé:
H=Ker(¥) © (Jae K- {0}, y=ag@.

Chitng minh:
/) RO rang tiing véi moy @ thuoe K — {0} :
Ker(ag)=Ken(gy = H.
2) Ddo lai, gid sit we E— {0} sao cho H=Ker(y). Téntai x, € E sao cho @{x;) =0
vi ta cd:
E=Ker(@ + (Kx)).
Giaslt x € E;téntai A€ Kvay e Ker(¢) = H = Ker(y) sao cho x = y + Ax,.
y(xo)

Khi d6 : p(x) = Ap(x,) va gfx) = Ap(xp), e dé : wx) = ——2= p(x).
P(xo)
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Va&i ky hieu a= MeK—[O}taduqc: W= a. [ ]
@{xo

Ménh dé trén chimg 16 ring mét si¢u phing cho trude chi ¢6 mot phuong trinh duy
nhit, sai khdc mot he s6 khéc 0.

Khdi niém d6i chiéun

o Dinh nghia 2 Mot kgvc F clia E dugc goi la ¢6 d6i chiéu hiru han khi va
chikhi F cé it nhat mét phdn bd hivu han chiéu trong E.

¢ | Ménh dé - Binh nghia 3 Gié st F 13 mét kgve ¢6 d6i chiéu hifu han cla
E. Moi phén bii clia F trong E déu hitu han chiéu va cé cling s& chiéu, goi
12 56 d6i chiéu cia F (trong E) va ky hiéu la codim (F).

Chitng minh :

. 1) Trudc tién ta chi ra ring vdi moi kgve F cba E, cdc phdn bl cha F trong £ déu
ding cdu véi nhau.
Gia st G va G’ 3 hai phinbicta Ftrong E: F@ G=FD G =E,
K¥ hiéu p la phép chigu lén G song song véi F,vi ¢ : G'— G ; tas& ching minh
ring ¢ 13 mot phép dang cdu kgv. X pix)
s Hién nhién @ 12 tuyén tinh.

+ Gidsix € G’ a0 cho ¢(x) = 0. Khi d6 p(x} =0, do vy x €F; nhu vay :
xeG'N F={0},vayx=0.

Diéu nay chiing 16 @14 don dnh.

e Gidslrye G. Téntai(x,2) € " xFsaochoy=x+z.

Tacé: plx} = p(y—2) = p(y) -pz) = py) = ».

Piéu nay ching 16 @13 10an dnh.

Cudi cing @12 mét ding cfu WG’ lén G.

Nhu vAy moi phin bit cha F trong £ déu ding cfu véi nhau.

2} Gia stt Fed d6i chidu hitu han; F ¢6 it nhdt mét phin bl G trong E sao cho G hitu
han chiéu. Theo 1} moi phin b cla F trong E déu ddng cfu vdi G, do vay hitu han
chiéu va c6 cling s6 chiéu 1 dim(G).

Nhdn xér:
Cic siéu phing cha £ 1a céc kgve clia £ c6 d6i chiéu hitu han bing 1.

o | Hé qua Néu £ hitu han chiéu thi moi kgve F chia E hinu han d6i chiéu va :
codim(F) = dim{E) — dim{F).
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" Chiing minh :

2DAI 5027

Xem Tap 5, 6.4, Menh dé 6,

Bai tap

© 113 Cho £ lamét K- kgv, V I3 tgp hop cic kgvechia £ khic £. Ching minh ring cdc sieu
phdng clia £ 1a cac phdn tir t51 dgi clia tap hop sdp thir iy (V. ) (xem Tap 5, 1.2.3.2}, Binh
nghia 1.4)), tdc 13 mdtkgve H clha £ 2 mot situ phang cha £ khi vdchi khi:
H=»E
{W’ev. (HcF=H=F)'

1.L.3 Tinh truc giao

Trong §1.1.3 nay, E chi mot X - kgv.

Anhxa ExE K I mot dang song (uyén tinh, duge goi la mée d6i nghu vi
(x.@) — p(x}
k¥ higu 1a (., .). Nhu vay: YxeE, VeckE, (@)= @(x)

Cach ky higu nay c6 thd 1am séng 19 sy khio st sau day.

¢ Dinh nghia
1) Vi moi tap con A clia £, trye giao A* clia A trong £” duge dinh nghia
nhu sau:
At = (ge E | Yu ed, ¢(a)=0).
2) V6imoi tap con L ciia £, tryc giao °L cita L trong E duoc dinh nghia
nhut sau; '
L=(xeE;Ypel, gx)=0}.
Nhdn xét :
1) Véi moi g thute E'vA moi tp con A ciia E :
PeEA S @=0 & ACKen(g,

2) Véimoi tipcon Leha E':°L = anr(p).
[
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o | Ménh dé Véi moi tap con A, B cha £ va mai tap con L MclaE™
1) A'1a mot kgvc cua E 17) °L1amotkgve cla E
2) {01t =E 27)°{ 0« }=E
3} E"'={OE*} . 37) (E) D10}
4) ACB =A'DB 4)LCM =>°LD M
5) At = (Vect(a)* 57) °L =°(Vect(L))
Véi moi kgve A, B cla E va moi kgve LMctaE™:
6) (A+BY=A"NB 61 (L+M) = "LO°M
7) (ANBYF DA +B 7 L NMYD °L +°M
8 “(AYYD A 87} Ly O L.

Chimg minh:

1) OF,eAivwaeA, 0, (2)=0.
« Gt sit A€ K, 0, y & A~ Taco: Va & A, (Ag+ wia) = Apla)+ y@) =0,
dovay dp + e A°.
[y o0, € LvivgeL, p(0)=0.
e GiasitAe K. x,ye ‘L. Tact: Vope L, p(Ax +y) = Aplr + () =0,
dovay Av +ye ‘L.
2) {0} =lee E; p0g)=0] =E".
2') el OEt}={XEE; OE.(x)=0}=E.
3) E'= {pe B VxeE px)=0}={ 0.}
33EY D {0 } Vi (") 1A mot kgve cua E.
4)GastAC BCope B (vheB p@)=0dodé(Va e A, pla) =0),
tic 12 pe 4*.
Két luan : AT o> B
4 G sl LC M. Qo x e M; ac: (Vo eM.p9=0), dodd Vg e L@ =0,
wiclax e °L. _
Kétluan: °L D °M.
5) e AC Vect{(A) A D (Vect(A) .
o Tinh cht |2 hidn nhién néu A=Q: @ =E = 10g}"

2 DAl SO 28
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Do vay gia thi€t A = @. Cho ¢ e AL, x € Vect{A).

N
Tontai N e N"4y,.., d4ye K, a,,..., ay e Asaocho x = > 4ay.
' k=1

N :
Tacé: p(x) = Zzlkw(ak) =0,do vay ¢ e (Vect{4)) * .
k=1

3} L CVeat(L) = °L D “(Vect(L)).
* Tinh chét 12 hién nhiennéu L= : °Q = £ =9 0. 1.
Do vay giasirring £ = &. Gidslix e °L, pe Veci(l).

A
Tontai N € N A,,..., Ay € K, @y,..., ¢ € L sao cho @ = Zlikgok .
k=1

N .
Tacod: p()= Z A, (x) =0, viy x € “(Vect(L)).
k=1

ACA+B At >4+t
6) » ( ) = A'NB > @U+B"
BCA+B B o(4+mt
+Gidsltpe 4" M B ' ,xcA+B. Téntaia € A b € B, sao cho x =qa+b,
do vy ¢(x) = p(u +b) = p(a) + p(h) =0, suy 1a pe (A + B~
6) LCL+M LD °(L+M)
L ]
MCL+M °M D °(L+M)
sGidsltx € °LN °M, p €L+M.TontaileL,me M, saocho g =1 +m,
tir day p(x) = Kx) + m(x) =0, suy ra x € °(L + M),
ANBC 4 AnBy o 4t
7) { = {( )

= LN MDD LM

= (ANBOA'+B

ANBCB (AnBy > Bt
LnMcClL LNM)D°L

7) = EOMISCL Ay S oL e
LNMcM “LNM)D°M

8)Choa € A. Do (Vpe A, p(a)=0) nén tacé : a € °(4%).
8)Chope L. Do (Vxe®L, p(x)=0) néntacé: ¢ (L)~

Nhdn xét :

1) Hay chu ¢ téi sy tuong ty véi cde két qud vé tinh truc giao d6i vé4i tich vo
huéng (T4p 5, 10.1.3, Ménh dé 1).

2) Néu thira nhan ring mei kgve cla mot kgv déu 6 it nhdt mét phén ba, thi ta
¢6 thé chiing minh ring ¢6 déng thic trong céc cdng thiic 3°), 7), 8), xem céc bai tap tir
1.1.5dén 1.1.7.

3) G thé khong o6 déng thic trong cacotng thic7"),87), xem cic 1A ¢pll8va L9
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4) Ta s& ching minh dudi day (1.1.4, H¢ qua) rang néu E hitu han chiéu thi cé
diing thifc trong céc cdng thiic 3}, 7), 7). 8). 8').

Bai tap
o 114 Cho E 12 mot K-kgv, V(E) (wong ing V(")) 12 tap hop cic kgve cla E {tuong ing EN.
EY (ANt = 4L
a) Chitng minh ring: vAeW )’ ) :
vLeV(ED), “(°LyM)="L

b} Ky hitu @: V(E) > V(E) va B V(EY - V(E). Chimg minh: a0 @ za.fe =1
A - Aah L Ly

Trong cde bai tap 1.1.5 dén 1.1.7 ta sé gid thiét rdng véi moi K - kpv E vo moi kgve F eda E,
F 6 ir nhdt mgt phdn bii trong E.

o 145 Cho£lamdt K - kgv. Chimg minh : «(E") = {0}
o 116 ChoElamdt K -kgv, A ldmot kgve cha E. Ching minh : “(A") =A.
o 147 ChoE Il mdt K - kgv, A, Bl hai kgve chia E. Ching minh - AnNB =A"+B.
o 118 Cho E = K™ I tap hop cic diy trong K v6i gid hitu han, tic 14 :
K™= () ,en: INEN, Vn2N,x =0}

Véin N, k hicu e, = (0,..0,1,0,... ) 14 day c6 tdi cd cdc s8 hang biing khong, i

s6 hang thi i bing 1. Hién nhien (¢,) .« y 12 mbt oo scia E. Vi p € N, ky hidu ¢,

12 phén tis cita E" duge dinh nghia bdi : Vi € N, g€,) = &,

Cuii cimg ta ky hieu L = Vect((g,;p € N |)-

Chiing minh : CLY* # L.

o 119 Hiychom@tv[dqvéll-kgVEviuickgch,McﬁﬂE'saocho
HLOM) = "L+ M.
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1.1.4 Co sé ddi ngau
Trong §1.1.4 ndy, E chi mdt K - kgv hitu han chiéu , n = dim(E) 2 1.

# | Dinh Iy - Dinhnghia Gisit B=(e,,....e,) 13 mot cosd cia E.
Ta xét vdi mbi i thude { 1,...,n} dang tuyén tinh e: : E — K dinh nghia bdi :
1 néui=j

Vjell,..n), e (e)=4,= {0 néu i#j

Ho (e} ... )12 mot co'sd cia E', goi 13 co s& ddi ngau cita B, ky hicu 2 B
4; duge goi la ky higu Kronecker.

Ching mink :
TruSce tién, cic e} (1 <i<n) 13 céc phin i cha E'(xem 1.1.1, Vidu /)).
Giast pe E (4., 4) € K. Tacé:
Zi,-e,-. =g O {Vj € {1,...,::},[21,-(3; ](ej) = ﬂej)]
i=l i=1
< (Viell,...nl 4= @le))
Didu nly chitng b (¢} ..... ¢ ) Ja mot co sércba E, ngodira: p = Y oe)e; - (]

=1

Két qua trén day | truimg hop dac biét cia Ménh dé, Tap 5,7.3.2.
¢ | H qua
"E’ . hitu han chiéu, va dim(E") = dim(£).

o| Ménh 81 Gisit B=(e,,...e) Amotcosiclia E. B = (ey,.... €, ) 11 d6i
ngiuciia né. Tacé:

n 0
I)VpeE, p= ng(e,-)e: 2)V¥xe E x= Ze?(x)e,- .
i=l i=1
Ching minh :
Tinh ch4t thit nhél vira duge chimg minh trong phép chiing minh dinh 1y & trén.
- Tinh chit thd hai di&n ti dinh nghia cdc dang-toa dd e ,.... ;. »
Nhdn xét :

Giasit B=(e,,...¢,} 1amolcosdeia E, B =(¢1...., ) }a d6i nghu clia n6.

11
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Véimoixe Evimoi g¢e B 1acd:
"

@ = Z(ei,Q))e:,x: Z":(x,e:)e‘-. (x,m)Z g(x,e:xep(ﬂ)- u

i=1 i=l

e | Ménh dé 2 Gia st BlamétcosdclaE, B 1a d6i ngdu ciand, x € E,
pe £, X=Matg(x), U= MatB* (@. Khidbtacd: ¢(x) ='UX

Chutng ntinh :
K$ hitu B=(er,ene), B = {e] v eh) .
" wle)
V‘l;p-—-Zgo(ei)e:néntacé:{]:MatB.(qa) = :
= \ete,)
A
VéikyhieuX=| : |, taco:
xn
] H xl
py=p [Zx,-ef} > xple) = (pledple))] | = UX.
i=| i=1 X

»
Nhan xét
Menh dé tén day cho ta nhan xét ring véi co s& chinh te ciia K (K -kgv c6 s6 chiéu
béng 1) ky hiéu 1a By = (1), tacd :

Veoe £, Mat . (@) = (Matg z (@)

+ | Ménh dé 3 (Ddi co sty doi v6i d6i ngau)
Gia sit B, B' 12 hai co s& ctia E, P 13 ma trin chuyén tir B sang B'. Khi d6
ma tr4n chuyén tix 5" sang B 1a'P™.

Chitng minh :
K¥ hiéu B=(e,....e.), B = (fiyfo), P = (p;); 12 ma trfin chuyén tir B sang B', @ = (¢,);
12 ma tran chuyén tir B*sang B”". V(j,k) €{1,..,n}’ tacé :

Sy =f} ()= (quje:) [Z Pucer] = ZZ%P&JN = Z%Pu‘-
i=l i=1

=1 i=| =1
Diéu ndy chﬂ“ng 10 : 'QP =1, dovay Q= pl -
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Mgt chimg minh khdc, sit dung phép chuyén vi cdic 4nh xa tuyén tinh, xem 1.1.5, Nhdn
xét 2) duéi day,

viDU:
1} Chitng minh ring cdc vecto V,=(2,14),V,=(3,23),V,=(-1,-1,2)
thuéc R? tao thinh mét co s& va xdc dinh co s& dSi ngdu cla né.

23 -1 _
Do P= |1 2 -1|khdnghichnén B=(V,,V, V) lamdtcosécia R va véi ky
43 2

hiéu B, = (¢,, 5, ¢} la co s& chinh tic cha R, ma trdn chuyén tix B = (e:,e;, e; )
7 -6 =5
sang B'=(V, .V, Vo, )la: P = |-9 & 6|
-1 1 ]

Ta két ludn ring VL*,V;, V; ia céc dang tuyén tinh trén R duge xéc dinh béi -

W (x5, = 73 - 9%, ~
V(xy X ) € RY, (), X, %5) = =6, +8x; +x; .

"
V3 (xl,xI,x_g): _Sxi +6x2 + X3

2) DPa thife néi suy Lagrange
Gid st n € N', xg5,...,%, € K, titng d6i mot khic nhau,

Véi mbi i thude {0,....n}, k§ higu L,= l_[( ) H(X x;)
x; x o

<jsn

0% j<n et

jni

(xem Vi duy, 5.3.1, Tip 5).

Ta ching 16 ring (Ly,-...L.,) 13 mot co sé ciia K,[X] (K-kgv cde da thitc bac < » cha
K[X]), va xéc dinh co s& d6i nglu clia nd.

o Gia sif (Ag,..., 4,) € K™ saocho Y 4L =0.

i=0
Tac6: Vj €{0,..n},0 = [i,v,.f,,.](xj) = S ALG) =4,
i=0 i=0

Diéu nay chimg té ring (Ly,..., L) doc 1ap tuyén tinh.
Do dim(K,IX]) =7 + 1, nén (L,..., L,) 12 mot co s& cha K [X] -

13
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» Gia st Pe K |X1. Vi B = (L,...,.L,) i mot ¢ s& cua K| X], nén tdn tai

(G, @) € K™ saocho P = > aL; .
=0

Tacé: Vj €{0n), Py = S aly(x,) =, vivdy P= 3 P(x)L; .

i=0 i=0
R
Tiep d6 : Vi l0..h L (PY= 3 P(x )L (L) = P(x;) -
/=
Ta két luan: Véi moi § thude {01}, L: la dinh gid tai x;, L: (KX =K. [ ]

P Pix)

Ky hieu A(E) (twong dng AE")) 13 tap hop cic o sé cida E (twong itng E).

Dinh 1§ - Dinh nghia §1.1.4, cho phép xéc dinh mgt anh xad : JE) > HE
B—B
lien két mdi co si B clia E véi co s6 d6i ngdu B clia nd.
Ta & ching minh ring 4 14 mét song anh.
a) K-kgvE cditnhit mot co 56 B, (xem Dinh 1y - Dinh nghia 1, 6.4, Tap 5)

Gia sit F 1amot co sé cia E7. Ky hieu Q = Pass( B; F), P="0" Blacostcha E
sao cho Pass(3,, B) = P. Theo Ménh dé & teén, viQ = Pl tach: F=8 =dB).
Didu nay chimg to  1a toan dnh.

« b) Gid sit B, B, 1a hai co 50 cila E sao cho B =B, . Ma tran P chuyéntiy B,
sang B, thba man ‘P ' =1, dods P=1, B, = B,
Dién nay chiing 16 d 12 don édnh.

T-6m tét nghidn ctu trén :

¢ | M&nh d& - Binh nghia 4 Véi moicosé F cha E, tén tai duy nhat mot
cosd B cia E sao cho F = B'; B dugc goi I co s& tién d6i ngau (hay
doi ngau) cha F, vi tanéi ring B vd F 12 chc co s d6i ngau véi nhau.

viDu:
K ¢ hiéu R- kgv cdc da thic thude RIX)v6i bac <3 A E= Ry[X]va @ @000 1a
chc dang tuyén tinh trén £ xdc dinh boi :
V¥ Pe E, (¢(P) = P(0), ¢(P) = P(1), ¢x(P) = P"(0), @(P) = P"(1)).

Chitng t6 ring (@, &, @, 2,) 1a mt oo 50 clia E° va xéc dinh co s& d6i ngdu cua né.
Taky hieu B, = (1,X X7, X* 12 co sa chinh tic cla E.
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Khidé Mat,. (20,00 = kh nghich, vay F = (.6 2.0 1

[T -
T O R =
(PO % I I =

mdt co st cla E .
K¢ hieu B 1a co s& tién d6i nglu cia F, O = Pass(B ; . ). P =Pass(By, Bytaco:

(1 0 0 0

o1 Lt

6 3

=100 L oo

2
0 0 -+ 1
3 3
Cu6i ciing, co s& tién ddi ngdu cha (@, @00 12
[1-){, X, el L Ly Ly

6 2 K] 3 3

e | Ménhdés
1) Véi moi kgve A clia £ : dim(A™) = dim(E) — dim(A).
2) Véimoikgve L cia E : dim(°L) = dim(E) — dim{L).

Chitng minh :

1) Kgvc A clia E c6 it nhdl mot co $G (€,..,€,) vdi p = dim{A). Theo dinh 1y v& co
s& khong ddy di, dang y&u (xem T2p 5, 6.4, Dinhly 2 ) tén i e,,,.....e, € E (trong dé
n=dim(E)) sao cho B = (¢,,....6,€p.1.---¢,) 12 MmOt €0 socha E.
Giastt pe E'. Theo 1.1.4, Ménh dé 1, tac : ¢ = Y wlee; -

i=l
Taclingcé: pe A* © pe le,..e,) & Viell..pl, ge)=0).
n
o@= Z Hee <> pe Vect({e,,...e’ 1)
i=p+]
Nhu vay (€ 5.y 10--s€ ) ) sinh A" Hon nita (¢, 1,--»€ ) ddc 1ap tuyén tink vi bao
ham trong ca s& B*.
 Vay (€4 e ) 1A MOt cO 5T cla A%t d6 dim(A') = n - p = dim(E) - dim(A).

2) Chitng minh tuong tu.
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o |HEquda VéimoikgvcA,Bcia E vi L, M cha E™
1) (AnBY=A"+B" ) (L M) ="L +°M.
2)  (AH=A. 2’ CLY =L.
' 3') (E™y = [0g)-
Chitng minh
1) Tadd cé (A B DA~ + B (xem 1.1.3, Ménh dé 7). Hon nita :
dim (A" + BY) = dim (A1) + dim (BY) — dim (A" n B*)
= dim (A%) + dim (BY) — dim{((A + B)*")
= (n — dim (A)) + (nr - dim (BY) — (n — dim({A + B)}
= n — (dim (A) + dim (B) — dim(A + B))
= pn ~{(dim (A ~ B = dim((A n B)*).
F)Tueng v {).
2) TaddcdAC A" (xem 1.1.3, Ménh dé 8)).
Hon nita : dim("(AY)) = n —dim (4Y) =n - (n - dim(A)) = dim (A).
2') Tuong tu 2).
I E D = —dim (E) = n—dim(E)=0. u

Anh xa tuyén tinh gin v6i mot ho him han céc vecto cia E hay cia £
Gia sit E 12 mot K -kgv hiru han chiéu.

1) Giasir p e N, (e,...,) € E".

Xétdnhxa u:E'—> K , 18 ring » 12 tuyén tinh.
g (@es
Tacé: Ker(u) = (@€ E'; Vi €(lunp), de) =0} = (e ¢, ]F = (Vectley, e,
vay rank(z) = dim (E") - dim(Ker(u)) = dim(Vect(e,...., ¢,)) = rank(e,,..., €,)
¢ Pac biet:
(¢ todn 4nh) & rank(x) = p < rank(e,,...., e ) =p < (€,..., ¢,) d0c 1ap tuyén tinh.
Gia s 1 1A toan 4nh, thi:

codim{Ker(u)) = dim(E")- dim(Ker()) = rank(e,,..., ep)=p
*(Ker(w)) = °((Vect(ey,....e, nhy= Vect(e,...€, ),

vy Ker(x) c6 s6 d&i chidu p, vi moi phdn tir cba E trén d6 cdc phan tr clha Ker(a) triét
tieu déu 14 td hgp tuyén tinh cla e,..., ¢

c €pe

o Cudicing, {¢,,... ¢,) Amdt cosdcha £ khivichikhi:p=n vauJamot déng cu cta kgv.
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Unyg dung : Xady dung mét ho phuong trink ciig mot kgve cia E
Gia sit F 1a mot kgve cha E, p = dim (F), (ey,..., ¢,) ]amdt co s ctia F. Xét 4nh xa tuyén

tinhu: E— K° , |3 mot toan dnh (xem phén trén).
@ — (fehe; <

Ta da thdy : dim(Ker(u)) =n —p;
Vay tdn tal mot €6 33 (&,....¢0,,) cua Ker(xr) .Vi Ker{u)} = F', nén ta duge vdi moi x
m(x)=0
thugc E:xe F & 1 , he nay lap nén mot ho phuong trinh cua F.
Pu-p(x)=0
2) Giastp e N, (... ) € (E'Y.

Ta xét anh xuv: E> K , £8 rang v I tuyén tinh.
X = (@l 2

Tach:Kerv)={xe E; ¥Viell..ph g (0=01="g... gl = "(Vec@,.... @
vy rank(v) = dim (F) - dim{Ker(v}) = dim(Vect(g,,.... @) = rank(g,..... &)
s Dac bigt:
(v todn dnh) & rank(v) =p & rank{@,.... @) =p < {(@,.... ) doc lap tuyén tinh.
Gia sir v 13 tohn anh, thi -
codim(Ker(v)) = dim(£) - dim{Ker(»)) = rank(g o @p) =P
(Rer(m))* = (°(Vec ..., )" = Vect(@y,...0,) ‘
Vay Ker(v) c6 s6 d6i chidu p, vi moi dang tuyén tinh triét tiéu trén Ker(v) déu 1218 hop
tuyén tinh cda @,..., @,
o Cubi cing (@, ¢) 12 mot oo siclia £ khi va chi khi: p=n vav Jamot déing cfu ciiakgy.
Ung dung : Giao ciia mot ho hitu hgn cdc siéu phing

. a2 o id
Giasitp € N, Hy,.... H,1a nhing siéu phang cila E, F' = (4, -
il

Véi mbi i thude {1,...p), t6n tai ¢ € E* - {0} (duy nhat v&i sai khdc mot he s khic

@a(x)=0
khéng) sao cho H; = Ker(g). Ta cé, véimoi x thugc E:x e F & :
' Pp(x)=0
hé nay 1ap nén mét ho phuong trinh cua F.
n(x)=0 .
Hang ctia bé tuyén tinh {: bing p khi va chi khi (@,... @) * d0c lap myén tinh .

pp(x)=0

17



18 Chuong1 B8 sung vé dai 53 tuyén tinh
Bai tap
¢ 1110 Cho g,@,.p,: R® - R duge xdc dinh bai -
@(x,x,x)= 2x +4x, + x,
@2 (%), %3, %) = 4x, -I‘-2X2 +3x, .
(0. 33,53} = X, +x,
vdi moi (x,,1,,1,) thudc R,

Chiing minh ring (@,.g,.) 13 mét co s& cha (RY" v xdc dinh co s tién d6i ngéu clia né.

¢ 1111 Gast(af e R p.p,.0: R'> R duoc xdc dinh bai :
A(xp.2)=x+ay+ fiz
@ lx,y,z)=ax+ azy+ z
»lx.y.2)= fx+y+alz
vai moi (x, v, &) thuoe R*,
a) Tim diéu kién cén va dii cho (/) d€ (p),3,¢2) 12 mOL o 56 clia (R .

b)) Khi(g,@.m) 13 mdt co sdrcda (R, hay xic dinh cu s tidn d6i ngiu cia né.

© 1112 Vdi moi & thugc N vi moi K- -kgv E, 1a ky higu G,(E) 1a tap hop cic kgve clia E véi 6
chiéu k. Gia sir £ 13 mot X - -kgv hifu han chiéu, » = dim(E), p € {0,..n}_Ching minh

ring cicdnhxaA - A L "L 1 nhing song dnh nguge nhau giita GAEYvA G, (E").
¢ 1113 ChoneN"E =C |X| I € -kgv cdc da thifc thuge C|X | véibac<n,ae C.
Vi moi i, f thude {0,....n}, ta ky higu: [ E—)C] vi e =(X—aY
S Pm(a)

Gumgnmmmmg(q,,_.e,)vﬁ(%_ @) I&hmwsunmsmgma Evi E, 46 ngls vifi nhan.
Bing cich nay fim lai cong thic Taylor cho céc da thic.

© 1114 ChoneN.
Chiing minh ring, v&i moi A thudc M,(K), énh xa M.{K) — K 12 mdt phin b ciia
(M_(K))" rdi chimg minh 4nh xa §: M_(K) —» MK xéclf(ijﬁhX)bm
V A & MK), ¥ X € MK), (BA)(X) = tr(AX)
th mdt déng cfiu ciia K - kgv.

¢ 1115 Chon e N', (f;,... £,} 1a mot ho doc lap tuy€n tinh trong K*. V = Vect(f,,.... f.).
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a) Véimoiathuoc K, taky higu E:V —» K v L = Vecl{(E,),.,). Chiing minh : L = V",

I—Pﬂﬂ)
b} Tix d6 suy ra ring tdn tai (a,,...,2,) € K sao cho (f(g)), € GL(K).
¢ 11.146 Giasit £ Ii mot K-kgv hita han chiéu, n = dim(E).
a) Chop e N, 9,,....@,, € E. Chimg minh ring néu g,,, € Vecl(g,,....,) thi:
g+l

, ,
[Ker(g,} = [} Ker(g,) .

h) Chog e N', @,....@, € E', r =tank{g,,...,). Chimg minh :

dim [ﬁ Kcr(g?)j)} =n—r.

=l

¢) Tit d6 suy ra ring vai moi ho {@,,-..,) gém n phin tir cla £, {@,,....@,) 13 phu thude
tuyen tinh khi va chi khi:
Axe E—(0], Vie {1,.n), @(0) =0.

1.1.5 Chuyén vi

Trong §1.1.5nay, E, F, G chicic X - kgv.

+ Dinhnghia GiisirE, FRhai K-kgv, f € L(E,F). Ta goi inh xa Y F~ vao E'
kyhica DY vaxdcdinhbdi: Ve F', )=y of, lachuyén vichaf.

Véi moi ¢ thudc F*, hidn nhién w0 f 12 mot phin tircha E.
Véi ky higu {-,-} ciha § 1.1.3 (mdc ddi nglu), ta cé

" Vxe E YyeF L), w={ T
| Ménh dé 1
Vfe L(EF), 'fe L(F.E).

Chiing minkh :
Véi moi Athude K, w; ¢’ thude F* :

fAp+ =gt yofsdyof + yaf=Af (R +Ry")
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¢ | Ménh da 2

DN A€ K.Y f.fe LIE F),\Uf, +£) =Af, +'f,.

DYfe LEF), Ve LF,G) (gof) = Fo's.

3) '(dg) = 1d .

3) Neéufla mot déng cdu tit £ len F, thi 12 mot ding cfu tt 7" len E”, va

(=,
Chutng minh :
DY we FL AL+ X = wolAf + )= Ao f + wo fy = /ifl(;y)+fz(¥/)
=21 + HXw.

) Ve G (g Hm=n0gof)=(70g)of ='F(508)='F(e(m) = (F o L.
3) VpeE d) (@) =g old, = "

L te 1, _t te o tee-l -Id .
4 {f f=1d, i{ (Fen="0as) |-
foft =1 (o=t |y - f=1d,.

Vay f la mot déng cfiu cha K- kgv 4 F* len E*, va ()7 = NF.

¢ | Ménhd& 3 Gid sit £, F 1a hai K- kgv hitu han chiéu, f € £(E, F), B.(tuong
ing : C) 12 mét co sd cia E (tuong ving : F), A = Matg ¢ (f). Théthi -
Matc*,s* (f)=

Chiing minh :
Ky higu B= (¢),....e.), C = {f;,...[f), A =(a,)y
Ta c6, v6i moi (i, /) thuge {1,..., n} x {1,.. wph

CE N =( [ ofle) [Zm]— 2 a0y =
va (ia,.,(e; ](e},:) = ia&é}g =a; .,
k=) k=l

L] P L]
VayVie (L), ff ()= Y aye;
k=1
diéu nay chiing 14 : MatC. e {fr=4.
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Nhin xét :
I} Ké& qua trén bién minh cho k¥ phap 'f v6if e LIEF).
2} Giasa B, B lahaicosoctaE Tacd:
Pass(B°*, By = Mat s .+ € Id.)= Mat o o+ ((Idg))
= (Maty g (Idg)) = Pass(B', B) ='(Pass(B, B))™.
Ta thdy lai Ménh dé 3, 1.1.4.

3} Boi vi (VA € M, (K), rank('4 ) = rank(4 }), xem h¢ qua phdn 8.2.3, Tap 5, ta
suyra: Y fe L(EF), rank(Y) = rank(f), néu £ va F la cdc K-kgv hitu han chiéu,

¢ | Ménh dé 4 GiﬁSfIE,Fk‘ihaiK-kgvhﬁuhanchiéu.Anhxz_i 1 LEF)— OF E)
14 mot déng cdu clia X - kgv. f=f
Chiing miinh -
» Theo ménh dé 2 1), £ 1a tuyén tinh.
e Giasttf e L(EF)saocho'f=0.Cic K -kgv E, Fc6 cdc casd B, C va véi ky
hi¢u A= Matg . (f), ta c6 'A= Mat . .« (H=0,trday A ="A=0,vay f=0.

» Vitla don dnb tuyé&n tinh va dim{L(E.F)) = dim{Z(F, E')
(= dim(E) x dim{F)), nén ta k&t luan ring ¢ 12 mot ding ciu cia K- kgv.

21
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Bai tap

¢ 1147 ChoEla R kgv R[X),f: ESE, ¢: £ R . Hiy tinh ' @).
g f EE, B Ay

¢ 1148 Cho E, Flahai K -kgv,fe £(EF).
a} Chimg minh: Ker(f) = (Im(f))" va Im(¥H) C Ker()".

b) Hiy chimg minh ring, néu £ vi F hits han chidu, thi c6 dng thitc trong bao him thiic
clia a) v : rank(¥} = rank().

¢} Vi viéc thira nhan rang 11 ca cic kgve cha mdt kgv déu 6 it nhal mot phén bi trong kgv
nity, hay chimg minh cé ddng thiic trong bao ham thitc clia a) (dit £ 13 hifu han chiéu hay
khéng). C6 thé sir dyng bai 1ap 7.2.18 a}, Tap 5.
¢ 1.1.19 Cho £, F la hai X - kgv hitu han chiéu, fc C(EF). Chiing minh:
«} fdondnh < ‘ftodn dnh
b} foandnh < Ydon inh
c) fsongdnh <> ¥song dnh .
(C6 thé sir dung bai tap 1.1.18).



1.2 Khoi
Gia st
- np e N” A= (a"})"i e M"‘,(K).

12 Khéi 23

o 50 N (n...n) € (NY, (p,..., p) € (WY saochon, +... +n.=n vip +..+p,=p.

® ny=p,=0.
&
o &= n véike (0.5}
i=0
!
* 4= p; véi le (0.}
j=t
Trong A, ta nhém céc phén ti “theo khéi™ :
4, g T P LA 4,
51 " Gy Aain 41 95 55141 Asp
a&,+ll a:ﬁ+lr1 a(f,+lr|+l. a5 41y aéi+lr,_,+l I‘:I¢S‘|+l;;|
A= )
51 T A 4%+ G8n | .| Hnan 45p
g1 "7 G5 g | 95 a4 a5 Hin g +lg g+ s \+1p
O o 8y Tpn 1 Byry Uy 41 Tp )
Véi (k) e {1,....5) x {1,...¢}, ma trin -_
anf*_l +Hiy_g+l aé't..r&lq
B.h‘ = : ‘
Chinn Bgeny

thudc M, , (K).duge goi 12 khti tht (k) trong phan tich ciia A thanh cic khéi

theo cich cit (..., n.) theo hang va (p,...., p) theo cbt :
By |Bu)T i hang
— A .

- N ’
B,| [B, )T n. hing

A

pcot  prcht

A OAL O A
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D¥ thuan tién ta s& bé cdc nét chi ra cich cit.
Mot vai vi du vé viéc phan tich thanh khoi :

X
(X} eM,,, (K). véixe K, Xe M, (K).
X NeM,, K. vé XeM, (K).Ye M,‘#(K)-

A B
(c D) e M, (K), véi A e M(K), B eM,(K),C eM,,(K).D e MK).

[2 ;J € M"+](K)’ véi a e K’L € M]JI(K)} Ce M,,‘](K) ,B [ M"(K)_

Nhdn xét :
1) Trit cdc ngoai 1¢, nfu A 13 ma trin vudng thi ta chi sir dung vi¢e phan tich thanh
cac khéi sao cho s = ¢ va (iny,...,1n,) = (pr.....p):
B, - B\l n hing
A=| : :
By, - B, )ln hing
ny <Ot ns cOt
Trong trudng hgp nay cic khdi By, (k € {1,....s})ducc goi la céc khdi chéo cia phan
tich A thamh khéi (cdc khdi chéo nay cling vudng).
2) Gia sir E 14 K-kgv hitu han chiéu, n = dim(£),F 12 m6t kgvc cla E,
p =dim(F)f € L(E). D€ cho F n dinh d6i véi £, diéu kién cén va 4 1a t6n tai mot
cos6 B =(e,,...,,) ciua E sao cho :

(e,,...,ep) fa mot coséctia F

B
Mat (f) céda_mg(:: C}i:-—p‘

F >
pon-p

Hon nifa, trong trudng hogp nay, A 1 ma trén trong (¢,....¢,) cba tu déng ciu cam
sinh bdi f trén F. Nhu vay, sy hién digén ciia mdt 58 khéi O trong viéc phin tich
thanh khéi c6 thé dién 1d tinh én dinh clha moét kgve.

Dé dang ching minh ménh dé sau day.

3palsé 2.
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* | Ménh dé 1 (Phép cong va luat ngoai theo khai)
Gid st 4 €K, A, B € M, (K).
Néu A va B duge phan tich thanh khéi véi ciing céch cit, thi 44 + B
cling thira nhan viéc phan tich thinh khéi (v6i ciing c4ch cit) thu dugc
bang viéc t8 hop cdc khéi ndm & cang vi tri:
Ay o A (B - By
Al L+ :

viDy :

X (Y X+y A B A B 4+A4" B+8

= + = -

X)\¥y \x+r) (¢ pjlc p) \c+¢ D+p
¢ | Dinh Iy (Phép nhan theo khéi )
Gid st A € M, ,(K), B € M, (K).
4y - A4\ Tn By - By (T
A= I B=| : Pl
Aq - Ay T By - By JTng
o B Ax4 R 4
Pl Pt _ pr
12 phan tich thanh khéi clia A va B sao cho :

=t (M) = Prep).

Khi dé AB thira nhén phan tich thanh khéi nthu sau:

;AUB,“ ZIAUB}P Iﬂl

= _ , =

Z ABy e Y AyB,y I“s
= :

4=

Néi cich khac:
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. Ta 6 thé thyc hién phép nhan hai ma trdn duge phén tich thanh khdéi bing cdch thao tic
trén cdc kh6i xem nhu ching 1 nhitng phén f ciia K, v6i diéu kién 1a cdc tich duoe xét
10 tai.

Chimg mink: {c6 thé bo qua trong 18n doc diu tien)
Giastt (i) efl....n}x[1,...q}. Tén tai duy nhﬁt‘(k,l’) efl,...stxl1,.., 1"} saocho:

Ryt o A+ IS IS+ v vapot .+ pra IS S Sphh+ ot Pr-

Phén tir cha AB nim & vi trf (i) c6 gid tri :

p ” ey p
Yagby=dahy+ D agbyt+ 2 aghy
i=1 J= j=p+l J=piretprtl
1 okl 4
Nhung, Za,jbj;,--, Z abyses Z azb, tuong ing i cic phin tr cia
i=l i=p# J=proaptl
AuBirs AiaBapseees ApeB op MM tai Vi tri ©
(= (gt A J = (P + o + Py s tidlytacd diéu phai chimg minh. |
vipu:
Gidsab e K, V,We M (K),Le M (K),A, B.C.D.A"B. (', D'e M(K).
Tacé:
b
{a L) v = (ub + LV) € M((K)
b ba bL
L= eM
[V] (al) [aV VL] enK)
A BYV AV + BW
‘| = eM
[C D][W} (CV + DW] w0
A BYA B AA'+ BC' AB'+BD'
r = 7] r r r € Mzﬂ(K)'

Cc phC D CA'+DC' CB'+DD

Nhin xét :

Khi thue hign phépnhanﬂnokh&,ﬂﬁilmuqngﬂlﬁn;cfmc,écmakanm@phépnhan
cdic khdi. Ching han v6i A, B, C, D e M(K): (A!B)(%)=AC+BD 13 khic voi CA + BD.

Tuy nhién, véi a € K, ta di thiy ring (xem Nhan xé1 3, phdn 8.1.4, Tap 5) cb thé
déng nhit ¢ vi ma tran (a) thude M(K). Nhu vay, véi mei V thude M, ;(K),
aV = V(«); nhung khong t6n tai (a) V (nén 2 2 2).

2ph dé sau day 14 hién ohién.
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¢ | Ménhdé2 (Chuyén vi theo khéi)
"Vé6i mot sy phan tich thanh khgi, ta c6 :
t A, - A1r lAII T tA:]

Aq o A A, e A,

N6i cich khic, dé chuyén vi mot ma tran da phin tich thanh khai : ta ddi ché céc
khéi (ching han, bling cdch viet ching theo cot cdc kh6i thay vi theo hang cic
khai).

ViDU :
Gidsitae K, Ve M, (K}, A B, C,De MK).

Tacé:
[(a] : ‘[A B] [‘A ‘CJ
=(a V), =
Vv C D 'E D

¢| Ménhdé3 Giasird e M(K),Be M, (K), C € M,(K).
Ta cd :
(A B

det = det(A) det(C).
ekg c) et(A) det(C)

Chitng minh :

BY (1 YA B
Ta nh4n thy : [A ] n 0 ]

0o c] (o clo,
A B I, 0y. fA B
tir dé det = det| * deg .
[0 &)-e(5 s 1)
I, 0
Khai trién [6‘ C] ddi véi ddng thi nhat, theo céch Hp, ta thu dugc 3
I, 0}y
det] " = L
{0 C] de©)

A B
Cﬁngv@y,bﬁngvieckhaiu-ién[o I ]dﬂhﬁd&ngmﬁcmg,dmcéchlap,tamuduqc:
: »

deAB— A
t01‘,"1""()‘
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¢ Binh nghia

1) @ Ma trin vuong A duoe goi la ma tran tam giac trén theo khéi
Kkhi va chi khi né thira nhan viéc phan tich thanh khéi sau day:

Ay A
0 :
ASS
Ay pyees Agg 12 cdc ma trin vubdng
sao cho s ] e s
cic khoi nam dudi dudng chéo déu bang khong .
« Dinh nghia tuong ty cho ma tran tam gidc dudi theo khoi.

e Mot ma irfin vuong dugc goi la ma tran tam giac theo khai khi va chi

khi né 13 ma tran tam gidc trén theo khdi hay tam giac dudi theo khoi.
2) Mot ma tran vuong A dugce goi 1a ma trin chéo theo khai khi va

chi khi né thira nhan sy phan tich thanh khéi :

4 0
A=
0 Ay
A 1ses Ags 12 cdc ma tran vubng
sao cho . . .
c¢hc kh6i khong nim trén dudmg chéo déu bang Khong.
Khi d6 ta c6 thé ky hiéu : A = diag(4,,,....A;,).

o | Ménh dé 4 Dinh thiic ciia ma tran tam gidc theo khéi biéing tich céc
dinh thifc cta cdc kh6i chéo :
4 s
det = Hdet(Akk) . [ |
0 A

55

Chitng minh
Quy nap theo s bing viéc sir dung Ménh dé 3.
Nhu trong Tap 5,8.3.2va %.3.3, ta chimg minh cic két qua sau :

!} Tap hop cdc ma trin tam gidc trén theo kh6i cia M, (K) (véi cling cach cit) 1a mot
dai 6 con c6 don vi ciia dai 6 c6 don vi M(K).

Hon nifa, cac khoi chéo ciia tich hui ma tran tam gidc trén theo khéi (vdi ciing cach
cat) la tich cic khdi chéo nam & cung vi tri -
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A =) By A8y
0 Ass 0 ' Bss 0 AssBss
2} Gia st A la ma tran tam giac trén theo khéi :
4,
A= E
0 4

Pé A kha nghich (trong M (K)), cin va di la: Vk e [1,...5}, det{A,) = 0.
Hom nifa, trong truémg hop dé, A™' 14 ma tran tam gidc trén theo khéi, va cdc khéi chéo
ciia A”' Ja nghich dao ciia céc khdi chéo chia A:

3) Tap hop céc ma tran chéo theo khéi cla M,(K) (v6i clng cdch cit) 12 mot dai s6
c6 don vi (khong nhat thigt giao hoan) ciia dai 86 con ¢6 don vi M (K). Hon nita:

A 0 \ Bu 0 418y, 0
0 ASS 0 B&S 0 AISBSS
o 4, 0
4) GidsirAlamatran chéotheokh6i: A=
0 A

Dé A khi nghich (rong M(K)) cinvadii ;YK € (1,....s], det(A) = 0.
Hon nifa, trong truémg hop 46, A~ 12 chéo theo khdi va :

—1
A]] 0
A'I = -i.
0
Bai tdp
o 124 Giasitmpe N, A€ GL(K), B e M (K).C e GL(K).M= [: g‘] '

Ching minh : M  GL,,,(K) va tinh "' dudi dang phan tich thinh khi.
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122 Chimg minh: ¥ (4,8) € (M (R))’, det [_AB ‘:] >0.

123 GiasitA, B, C, D, Xec MK sao cho A + BX kha nghich. Ching minh:
A B
det(c D] =det(A + BX) dei{—~(C'+ DX YA + BX)'B + D).

Xét tromg hop dac bigt X = 0.

124 Giasit £, F Bhai K- kgv hit han chiy, n = dim(F), p = dim(E), f € O, F), r = rank({),
G=lgel(F . Ey,gof =0va fog =0}. Ching minh ring G amdt X - kgv vatinh s6 chidu clia nd.

125 Giasin,pe N, BeM,,(K), Ce M,(K). Cning minh : rank [ 0

I, & + tank{{)
=n o
C
128" Gidstin,pe N . AeM,(K),BeM, (K)
«) Hay chimg minh : 7 + rank(I, - BA) = p + rank (1, - AB) (cd thé sir dung bai tap 1.2.5)
b) T dé suyra: rank(l,—AB)=n—p < BA =1,
127 Gidsitn,pe N', A e M(K), B € M_(K). Chiimg minh :

k 401 k{A) + rank(B)
ran o B = rtan rank(B).

128 Gidsitn,p e N',A € M, {K), r = rank(A), P € M,(K), @ € M(K) sao cho PAQ = A.
Chiing minh ring dn tai R € GL(X). S e M, (K).Te M, (K], Ue M, (K), U eM, [K)

R R o _ .
sao cho P ~ vag~ ,&day ~ ky hiéu cho sy ddng dang giia cdc ma
o U T u

tran vudng.

1.29° Gia sl E. F 13 hai K -kgv hifu han chidu f, g € £ (EF). Chimg minh ring bén tinh
chit sau day doi mdt twong duong:
(i) rank(f + g) = rank () + rank(g)-
(i) Im(f) + Im(g) = Im(f + g) v Im(f) ~ Im{g) = {0}.
(iii) Ker(f) + Ker(g) = E vh Ker(f) nKer(g) = Ker(f + g).
(iv) Téntai r,s € Nvhhaicosd BC twong img cita £, F sao cho:
I, 00 o 00
Matgo(f)=] 0 0 0] vda Matg(g)=[0 I, O
0 00 0 00
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1.3 Diy va chudi ma tran
Trong §1.3 nay, K chi R heic C.

1.3.1 Cic chuin trén M, (K)

Giasl n.pe N
Dé thuan tién cho doc gid, ta s€ nhic lai & diy cic dinh nghia va tinh chat so cdp lién
quan &€n cic chufn va cic diy trong mét kgv dinh chuin (xem Chuong 1, Tap 3).
Mot chudn tréen K - kgv M, AK) theo dinh nghia 14 mét dnh xa
N: M, (K)—~ R thoa min :
() VieK,VAeM, K, N = [1]Na)
(i) YAeM, (K),(NA)=0 DA =0) \
(i) V(A B)e (M,,p(ll{))z, N(A + B) £ N(A) + N(B).
Chéng han, cic 4anh xa N, N, N.: M, AK)—> R duge xic dinh vi moi A = (a);
thuéc M, (K) bai :

-

t
Ny = Y o], M = [ T g | Matd) = Maxlg],
I<ign L=i=n

L<ign
15j5p 1£j<p 1<jsp

déu 14 cic chudn trén M, ,(K).

T4t ¢4 cédc chudn trén M, (K) déu tuong duong (xcm Tap 3, 1.3.4, Binh Iy 1), titc 13,
néu NN’ Ia cic chudn trén M, (K) thi tdn tai (2, & € (R, )’ saocho:
VAeM (K), aNA < N(A) £ AN(A).

Bay gi®s ta xét tnrdmg hop diic biét n =p. Vi M (K) 14 mot dai s, ta s&€ quan tAm
tdi cdc chudn dai s6 trén M, (K), téc 13 (Tap 3, Pinh nghia, 1.1.1 4)) cic chuin N
trén K -kgv M_(K) sao cho :

¥ {(A, B) € M(K))?, N(AB) < N(A)N(B).
Thay cho chuén dai 58, ta cling néi chufn nhin hay chuin dudi - nhan.

| Méanh da _.
Tén tai ft nhat mot chudn dai 56 tren M(K).

Chitng minh:
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Xét N : M"(HA() - R y Vi N 12 mot chudn trén K - kgy M(K) (vavin>0)
— i

nén ro rang rafg N la mot chudn trén K -kgv M,(K).

Hom nita, v6i moi A = (a,); , B = (b, thudc M(K):

ZG,-}-bj* <n N:[:;x [Zlaﬂ'“bﬁ |]
j ' i

< a(nN(A) N.(B)) = N(A) N(B).

NABY==n M%x

Nhdn xét :

Theo Ménh dé & trén, va vi 14t ¢ céc chudn trén M,(K) déu tuong duong, thong thudng
ta ¢6 thé dua vé trudmg hop chudn dai 56 (xem Ménh dé 1, phin 1.3.2 sau day). [ |

Cic dnh xa K x M, (K) — M, (K), (M, (K)’ - M, (K).
CLA) —r AA (AB)— A+ B

M, J,(K} % MM(K) - M, 4(IK), M, J,(K) —>1MW,(K),
(A.B) — AB A —A

M, ,(C) > M, (C), (O day A* = ‘4 12 chuyén vi lién hgp cha A),
A A

MK) K , MK »-K . GLK) >MEK
A tr(A) A — det(A) A AT
la lién fuc.
Béing ngdn ngif clia cdc diy, tacé :
’Zn —'—n;—)/{
= A, A, ——AA
A” TA oo
An —-'T)A ’
? =>4, +B,——A+B
B" TB n=
A" _au) A
! = 4,8, —>AB
Bn f;—)B e

A, —— A = (4, —'4, A:Tm‘)
A, ———> A2 ((A,)—1(A),  det{4,)——>det(4))

-1 -1
A”_m:_)A trongGLp(K) = An TA .
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Bai tap

o 134 Chone N°.Tatrang bicho M, (K)mot chudn dai s6 ||| -
«) Hiy chimg minh réng, véi moi A thugc ML(K) sao cho [|A]] < L. thi chudinhan 3 4*
k=0

+oa
hoi tu, [, — A kha nghich trong M {K), va 2 A* =(I,— A)"" (xem Baitap 3.4.8, Tap 3
k=0
b) Cho A € M,(K), sz0 cho |4l < 1. Hay ching minh thng 1, —A, 1,+A.1,— A

kha nghich rong M, (K) va:

(1, -Ah7"'= %(1,,—A)" +l2 (L+A4)7"

o 132 Cho ne N.
a) Chiing minh: ¥(A.B) € (GL (K7, com(AB) = com(A) com(B).
) Chimg 15 ring (GL (K)) tr mat trong (MK
&) Chitng minh : ¥(AB) e (M, (IK)}, com{AB) = com(A) com(B).

1.3.2 Ham mil coa ma tran

D€ thusn tién cho doc gid, 1a s& nhéc lai & day dinh nghia va céc tinh chét so cdp da xét
trong phﬁn 3.3.5 Tap3; phéin 7.3.6 3) Tap 4.

Ta biét ring (xem 1.3.1 Ménh dé) tén ta1 it nhit mét chudn dai s jj-|| tren ML{K).
DéE dang chu'ng minh bing quy nap theo & rang

v A e M(K)Y ke N, j4*] < f4li"

o | Manh dé 1 :
Chubi 4nh xa Z HK)>M, (K) h61 tu theo chudn trén tat ca cdc
© k20 P
L, P

tap con gi6i noi cha M, (K).

Chitng minh

Gié sit X 13 mot tap con gidi ndi cha M, (K); tdntai M € R, saocho:
vAeX, |Al £M.

Khidétaco:
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1 M*
<—|l4lf<

YieN,VAekX, < .
k! Tk

Lo
k!
.fc

Vi chudi s6 Z— héi tu nén chudi dnh xa Z[A > ~l— A ]hﬁl tu theo chudn trén X,
k20 k! kz0 k!

¢ Dinh nghia Ta goi 4nh xa tir M,(K) vao M, (K), k¥ hiéu |2 exp va xéc

dinh bai :
VA € M(K), exp(A) = Z
k= 0
la ham mil.
Nhdn xét:
.0
) expld=1,=
0 1

2) R& rang néu # = 1 vi néu ta déng nhit mot ma tran cia M, (K) véi phan ti duy nhit
ciia né thi ta thdy lai him mi thyc hay phic d3 xdc dinh trude day. Vay ta c6 thé k¥
hi¢u e* thay cho exp(A) v6i A € M (K).

Ménh dé 2
V(A,B) € M,(K))., (AB=BA = e™* =¢’e® = e%*).

Chitng minh:

Theo chitng minh Pinh ly, Tap 3, 3.3.5 vi céc chudi Z—»Ak va Z—Bk héi tu tuyét
k2D kzo

d6i vd AB = BA, nén chudi tich hoi ty tuyét d6i va cé tdng 12 ¢'e? va ciing 1a efe?, va

hang thifc tdng qudt cia nd 1a:

L1 .1 1
—A ——B* CiAB* =—(A+B).
E,n‘{ k-0t k% PN
& | Hé qué .
Y A € M(K), (¢* € GL,(K) va (&%) ' = &™).
¢ | Ménhda3
vAeM(K), VPecGLK, e” ¥ = petp.
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Chitng minh :

Véimoi Nthudc N,tacé:
il(P"AP)" - iLP"iA"P :P“[il,ﬂ‘]p.
ko k! o k! k=0 k!

Tir d4y cho N dén i6i + o va st dung tinh lién tyc cia M +— P'MP trén M, (K):

exp(P'AP) = P! exp(A)P. [}
Ménh dé trén cho phép dinh nghia ham mii cia mét tw dong ciu f chia mot K - kgv E
hifu han chidu : exp(f) la ty déng cfu duy nhit cia £ sao cho véi moi co sd B cla £,
ma trin cla né trong B 13 exp(Matg(N).

Bai tap

¢ 1.3.3 Hiy n2u mot vi du vé cdc ma trdn A B ciia M(R) sao cho e?*?, e'ef, efet titng doi mée
khdc nhau.

“ b
6 134 ChoneN'(a,h) c KL A= \ e M,(K). Hiy tinh ¢*.
b a
0 —¢ b
¢ 1385 Cho@heceR  A=| ¢ 0 -e| eM,(R). Hiytinhe"
-b a 0

¢ 1.3.68 Cho nec N',N e M (R)1uf linh.

aJGiisfrc"]hmgtmau@ntamgiﬁetﬂnv&cﬁcphﬂﬁtﬁchéocﬁanébéng 1.
Chitng minh ring ¥ 13 mt ma trin tam gidc trén vi ciic phén tir chéo clia né bing 0.
b} Cho E, Flahsi kgvecia M, ,(R) sao cho E C F. Hiy chitng t&

" -LYF)CE = NF)CE.

¢ 137 Cho #e N, A ¢ M (C). Hay ching minh :

1
(["+;A Y T) el
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o
Bo6 sung

¢ C1.1 Song ddingéu

Gia sit E 13 mot K - kgv, ta goi d6i nghu clia 481 nglu ciia E 13 song ddi ngan cia £, va ky

hieula E™: E" =(£"Y.

1) Ching minh ring, vdi moi v thude £, dnhxa E"— K 14 mol dang tuyén tinh
@ @)

ma ta 5& ky hiéu Ta x hay j,(x). Nhu vy, tacé :

Yy e E,¥ @ e E,(j(oNg = glx),
hoze bing cich sit dung méc déi nglu (k¥ hiéu theo cling cdch cho E, E” va cho £,
E™y:
Yx e E,V e £ g jx) = (o
3} Chimg (o ring j,.: £ — E7 latuyén tnh.
3) Chiing 16 réing néu E hifu han chidu, thi j. 13 mot déng cfu cla K - kgv.
4) Véi viée thira nhén ring 131 cd cde kgve clia E déu c6 mot phin bl trong E, hay chimg 6
ring j,. |3 don dnh.
5) Hay chitng minh véi moi kgve L clia £ jE—l (LU) =L v L° 1a tap tryc giao cla L
trong E°.
6)GiasitE, F lahai K-kgv,fe LEF), fe L(F, E") la chuyén vi cia f (xem Dinh
nghia, 1.1.5), “fe L{E”, F™)lachuyén vicla'f,
E {5 F
Ching minh ring bidu dé jgl l Jr 12 giao hoan,
Eu tt[ F"

nghiala: "% aj, = jpof.



Chuong 2

Phép thu gon

cac tu dong cau

va cac ma tran vudng
(nghién cltu sd bd)

K chi mot thé giao hdan.

2.1 Cac phan tir riéng

¢ Dinh nghia
1) Giast Elamét X - kgv, f e L(E).
e Cho A € K. Ta néi ring 4 1a mot gia tri riéng (viét tit : gtr)
cua (hodc : 6 vai) £ khi va chi khi :
dxe E, (x=0 va fix) = Ax).

Ta goi tap hop céc gid tri rieng clia £ 12 phé cha £, va ky hiéu Sp(f)
(hay Sp(/)).

e Cho x & E. Ta néi riing x 12 mét vectd riéng (viét tit : vir)
ctia (hoac : d6i voi) fkhi va chi khi :

x 20 vdh B Ae K, fix) = ).
2) Giaslr ne N, A e MX).

® Cho A< K. Tanéiring 413 mot gié tri riéng (viét tit : gtr)
cia (hoac: d6i véi) A khi va chi khi
IXe M, (K), (X 20 va AX = AX).

Ta goi tap hop cdc gié tri riéng cia A 12 phd cha A, va ky
hiéu Sp,(A) (hay Sp(A)).

» Cho X € M, (K). Ta néi ring X132 mot vecto riéng (viét tét :
vir ) chia (hodic - 46 v6i) A khi va chi khi : -

Xz20va 34k AX = AX).

CAc gid i riéng va cdc vecto tiéng duge goi chung 13 céc phin tir riéng.
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Nhdn xét :
1) Gia sit E 1a mot K - kgv hitu han chiéuvoi s8 chiéu n, n 2 1, B ia mdt
cosdcha £, A =Matg(H. Khidé:

e Véimoi A thuge K, Alagtrcia f khi vachikhi 4 lagtrcha A
(néi edch khic : Spdf) = SpdA)).

« Véi moi x thuoc £, x 1 vir cda f khi vachi khi Maty (x) 12 vir ciia A.

Vay trong trutmg hop hitu han chiéu, ta c6 thé chon quan diém "ur déng cdu” hay
quan diém ma trin.

2} Theo dinh nghia, mét vecto rigng khong bao gid bing khong.
Menh dé sau day 1a hién ohién.

+ | Ménh dé 1

1) Gidstt ElaK-kgv, e=ld;, Ae K taco:
A€ Spdf) & Ker(f—Ae) = {0} < f-—Ae khong don dnh.
2)Gidsine N, Ae M, (K), A€ K;tacé:

A € SplA) & Ker(A-A1) = {0} < A -1l ¢ GL,X)
<> rank{A—AL) <n.

Pac biét, vdi moi A thude M(K) : A € GLK) < 0 ¢ SpA).

¢ | Ménh dé - Binh nghia 2

I)Giast EIAK-kgv,e=1d;,f e L(E).
o Gidsit e K,x € E - {0). Tandiring AvaxIagis tri rieng va
vecto riéng lién két khi vachi khi : x20 v fix) = Ax.
o V6imoi gtral ciaf, kgve Ker(f—Jde) cha E dugc tao thanh
tir cdc vir ciiaflién két véi 4 va vecto khong. Kgve Ker(f —1e)
nay dugc goi la khong gian con riéng cia f lién két véi gia tri
riéng A cia f, va duge ky hiéu la KGCR({f,4) :

KGCR(f,A) = Ker(f—Je).
2) Giasine N, A e M(X).

e Giasir e K,Xe M (K)— (0}. Tan6iring Ava X A gia tri riéng
v vecto riéng lién két khi va chikhi: X #0va AX=AX
e Véi moi gir 4 cia A, kgve Ker(A —AL,) cia M, (K) duge tao
thanh tir vir clia A Yien két véi 4 va vecto khong. Kgve Ker(A —A1,)
nay duoc goi 12 khong gian vecto con riéng cia A lién két
v6i gtr A ciia A, va duge ky hieu 1a KGCR(A,4) :

KGCR(A,4) = Ker(A —41,).
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Nhdn xét :

1) Gidsir1a Emot K - kgv, f € &E), 4 € Spdf). Vi ¥V x € KGCR(\A), fix) = Ax
nén KGCR(£,A) én dinh d6i véi f, vi tr dbng cfiu dugc cam sinh bdi f trén
KGCR(£,4) ] mot phép vi tyt s6 4+ KGCR(d) > KGCR(\ .

X — AL

2) Gia sit £ 12 K - kgv sao cho E # {0}. V6i moi & thude K, phd clia phép vi tr

he: E—> E la{a)l,vi KGCR(h,a)=E.
S X oeeax

3) Gia st E 1a K - kgv hitu han chidu v6i s8 chiéu n, n > 1, B 13 mot co s0 cha
E.fe L(E), A = Matg (O, A€ Spdh), « € E, X= Mat (x). R6 ring réng :

x € KGCR(f,) < X € KGCR(A,A).

Vi DU
[—1
GidstneN-[01},A= | 1 l e M (R).
—1
Hay xéc dinh céc gid tri riéng v céc vecto riéng cta A.
*
Giast Ae R, X=| | | e M, ,(R)—{0]. Tacd:

X kX, = Ax (420, 5 =..=x,, A=n)
AX = X & < < { hay
X+t X, = Ax, (A=0, x +..+x,=0)

Ta két ludn -
* Spe(A) ={0,n}

X

e KGCR(A,0) eM, (R); x+..+x, =012 mot siéu phang

cia M, (R)
1
R | , dudmg thing vecto. u

1

Ta s& thiy & dudi day (2.2) kha nang sir dung da thic dic trung a4 xdc dinh céc gid
tri riéng ciia mot ma trdn vudng.

+ KGCR(A.n)

o| Ménh dé3 Giisltf e L(E), A,....,Ay 12 céc gid tri riéng cla f (timg
doi phan biét: Spx(f) O (Ais-An D- Khi d6 cdc khong gian con riéng
clia flién két véi A,...,Ay 6 tdng tric ti€p.
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Chitng minh

Quy nap theo N.
Tinh chét 14 hién nhién véi N = 1.

Gia sir tinh chdt dé ding véi N thuoe N” va 4,,..., Ay, , |2 cdc gid tri riéng clia f timg
déi phan biét. Gid sif (X)) <; < v € EY' sao cho:

Vie{l,.,N+1}, x €KGCR(f,4)
N+l

i=]

N+l AN+

Apdung f: 0= f(x)=2 Ax.
i=1 i=1

X+t Xy +xy, =0
Nhu vay : .
Axp+o+ Agxy + Ay Xy =0
Tir day, bang cich t8 hop : (Ay,, — A+ .t (Ay . — Ay = 0.
Vi Viell,. N, (A, - A)x, € KGCR(f,4) va cic khdng gian con riéng
KGCR(f,A) (1<i < N)cé 8ng truc tiép (theo gia thi€t quy nap) ta suy ra :
Vie{l,..NL{dy  — A =0.

Nhung A,....,Ay,, timg doi phan biét, e ddy : ¥V i e {1....N}, x. =0,

vl cubi cung: x,,, = — ix,- =0.

Diéu nity chiing 10 ring cz’::I KGCR{f,4) (1<i< N+1)cé téng tryc tiép.
Nhdn xér.

Mac di téng cdc KGCR lién két v6i cic gtr clla mot ty déng cdu fela E 12 true
ti€p, téng nay khong nhit thiét bing £. (Xem Ménh ¢, § 2.3).

4041 5628
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Bai tap

© 2.1 ChoElamot K-kgy, f, g € L(E), sao cho gof =fog. Chimg minh ring moi khong
gian con rigng ciia f déu dn dinh d6i véi g, va Ker(f) vi Im(f) 6n dinh 46i vdi g.

¢ 212 Chon,peN',A e M(C)saochoA” =1, @ 4 mot can bac p clia 1 trong C sao

—1
cho @' & Spc(A). Ching minh : i ot dk =0.
k=0

¢ 213 ChorneN-{0,1}, AR € M(C). Ta cé thé khing dinh ring AB vA BA cé chung
it nhdl mt vecto rigng khong ?

¢ 244 ChoaeC EAC kgvehcdathitc cha C[Xfbac<r, f: E—E .
P (X+ a)Py
12 m&t ur déng cdu ciia E. Tim céc gid tri riéng vi cdc vecto riéng cla f.
© 21.5 Xdcdinh céc gid trj rigng va cdc vecto riéng ciia ty déng cu f cha R{X] dugc xéc

dinh bdi : VPe R[{X], fP)=(X+ 1)(X-3)P - XP.

¢ 216 Xic dinh cdc gid &i riéng, cac vecto riéng, hat nhan, anh clia ty déng cdu f cba R1X|
duge xdc dinh béi
YPe R[X|, AP} = XPX) -PX-1)).

¢ 217 ChoE=KIX].f: E~» E , F: LEy—» £(E) . Xdc dinh cdc gid ti rieng va
P XP g fog - gof
céc vecto rieng cla F. '
© 248 ChoE=RIX], (s, b) € R? 520 cho a < b ; v6i moi P thuoc E, ta ky hieu :
fP)=X*P" - (a+b-1)XP'+ abP.
a) Hay kiém ching : f € L(E).
by Xic dinh cdc giéuiriengv&cgc vecto riéng cia f.

¢ 218 Chone N’ E=R,[X]; v&i moi P thude £, ta ky hiéu : AP) = X(1- X)P'+ nXP.
a) Hay kiém ching : f € L(F).
h) Xiéc dinh cic gid tri rigng vd cde vecto rieng cda f,

& 2140 Taky hiéu c,1a C kgv cc dily phic hoi tu v& 0, va £ I oy dbng cas cia ¢, dit ing
=0
mBi diy (),  thuc ¢, ¥ day (3,),e g i djnh bis {00
VneN,y, =x,
Chimg minh : Sp(f) = &,

¢ 2111 ChoE 1aC-kgv cic diy phiic hi w, va £ 1a iy dbng cdu clia £ dat ting mbi day
(x},c o cla E v6i diy (y,),e g dugc xdcdinh béi: Yne N, y, = x,,,.
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Xdc dinh cdc gid tri riéng v cdc vecto rigng cita £,
¢ 2442 ChoE=R™ . V6imoiw=(u),. n° thusc £, taky hicu T =v = (v} .
la day duge xdc dinh boi: Y n e N, v, = 1 () + .o + 1)
"

Xd4c dinh c4c gid trj riéng v cdc vecto rigng cia T.

© 2143 Cho E = C°(-mzl, R). Véi moi f thude E, ta ky higu :

u(f): |-mw]— g vi vfy: [-mR]— H} .
X — Icos(x—t)f{;)dj X — J'Sin(x—t)f(!)dt‘

a) Kiém tra ring u, v1a cde ur déng cdu cita E.

b) Xic dinh cdc vecto rieng va cdc gid trj riéng clia i va v.

© 2114 Chone N, A B e M(K). Ching minh : Sp,(AB) = Sp,(BA).
Xem két qua téng quét hon & bai tap 2.2.12 .

¢ 2.1.15 a} Pia Gershgorin

=1 15j5n

F=i

n
Chon e N', A= (a),6 M,(C). Chiingminh: Spe(4) C UB’(:J,-,-, > lay |]

(0dayvéi(ar) s C xR, ,Blar) = {zeCp-q <r ).

Cic B (a;, ) |ay|) duge goi la cc dia Gershgorin ciia A.
Isfsn -
i=i

4#) Dinh Iy Hadamard
Chone N, A= (a;);&€ MJ(C),sa0cho:
Vie(l..n)lag| > Y |ayl.
I<isn
i=®i
(1a néi fng A o6 dudng chéo troi chat).
Chitng minh : 4 € GL (C).
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2.2 Da thire dac trung

Trong § 2.2 ndy K chi mét thé v6 han (d6 13 trudng hop khi K 1a mot thé con ciia C).

Vay ta ¢6 thé déng nht da thifc (thuge KTX]) vi ham da thifc (tir K vao K), xem Nhan
x€t, 5.1.7, Tap 5. Theo théng 1¢, & day, bién dugc k¥ hiéu la A, thanh thir ta déng nhét
mot da thitc P thuge K|X] v6idnh xada thic: P: K> K

A — P(4)
That ra, ¢6 thé ti€n hanh nghién cu cho mot thé K nio d6 (hiu han hay vo han)
khéng phai déng nhat da thirc P va ham da thic P, nhung d4i lai thi phdi xem xét
va nghién cltu cdc ma tran va dinh thitc v6i he s& trong vanh K[X] (hay trong thé
K(X}), diéu nay vugt ra ngodi khuén khd cusn sich.
Trong § 2.2 ndy E chi mot X - kgy hit han chiéu, # = dim(E)) > 1. Taky hiéu: e = Id,.

¢ | Ménh dé - Binh nghfa 1

1) ChoA e M,,(K) Anh xa Ko K l1a mét da thic, duoe goi
A +— det{A — AlL)

Iﬁ da thire dac trung cia A, va ky hiéu 1a y 4.

2) Chofe L£(E). Anh xa K-> K 1a mét da thitc, duge goi
A — det(f — Ae)

la da thi¥c diic trung cia f, va ky hiéu la ;.

Chiing minh :
1) Ky higu A = (g;);, sau khi khai trién dinh thitc, 16 rang ring 4nh xa :
ay =4 @y @y,

) ap—A e My

A — det{d - AL) = [a mét da thie.

) Gy o gy —A -
2) K - kgv E c6 it nhit mot co s& B va v6i ky hiéu A = Matg(f), ta cé
VA € K, det(f ~ de) =det{A — AL).
Do dé tir /) suy raring A4 s det(f — :/Ie) 12 mét da thidc.
Nhein xét :
1} Gidsitfe L(E), B lamotcosdciaE, A =Maty(H. Tacs: X = K

2) Doc gia co thé gap trong cdc sdch khdc mot dinh nghia hoi khic :
% =det{de —f), twong duong v6i det(f — Ae), sai khic mot he s6 (-1)".

3) GiastaeK,h,: E>E laphépvitutisé a
X xa

Tacd: VAe Kk, Xr, (A =(a — A"
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¢ | Ménhdé2 Giast ne N—-{0,1},A e M,(K). Tacé:

VAe K, y4 (A = (1A + (-1 w(A)A" + . +det(A).
Pic biét, y, cd bac a.

Chimg minh :

' a;—A nfu {=j
Ky hiéu A= (a,), Gid sit A€ K vavéimoi G, ) thudc { 1.2 g =1 * 7
\ a; néu §# j

Theo Tap 5, 9.4, Dinh nghia (Dinh nghia vé dinh thic clia mdt ma tran) :

a4y Oy
Xl = | : P = z E(O) 13y o Coimn
28] Lon 7
Véi moi o thuge &, — {Id,_,}, hang thic &(a)Q, i1 @a(ny, 12 MGt da thic (cha 4)
viibic £n—-2.
Mat khic :

Ayl =y = A} o (g = M) = (=R)" #+ (o + o+ @AY+

Diéu ndy chimg 1o riing y, c6 bac n, va céc hang 1 tai A vd ™' tuong dng 13
(~1F 2 va (=1Y"tr(A) A

Cudi ciing , vi det(4) = y4(0) nén hang tr khéng déi clia 3, 12 det(A).

¢ | Ménh dé 3 Hai ma tran vubng déng dang c6 cling mét da thitc dic tnmg.
Néi céch khic: V(A.B) € MK, (A~B = %.= Yo
Chitng minh :
Gia st AB € M(K) saocho A ~ B, cd nghia la (xem Tép 5, 8.2.4, Binh nghia 1)
tén tai P € GL(K) saocho B =P 'AP.
Ta cé v6i mei A thude X: '
15( D) = det(P AP — AL) = det(P(A - AL)P)
= (det(P))™" det(A ~ AL) det(P) = y.(A).

Nhdn xét ;
Menh dé dao clia ménh dé trén 13 sai (néu n 2 2), nhu trong vi du sau day:

00 01 -
A= , B= ot d6 A m Bva pu= xp=X2.
[0 0) (0 O] rong w BVA Y4z A

e | Manh dé4
1) ¥ fe LE), Spekh = x7 ({OD).
2) VAe MUK), Sped) = x4 (10}).
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N6i céch khéc : cdc gié tri riéng clia mot ty déng cfu (twong Ung : ciia mét ma tran

vuong) 1 céc nghiém ciia da thic dac trung ctia tu ddng ciu (tuong dng: ma tran
vudng) fy. .

Chitng minh
D Véimoi 4 thude K:

Ae Spf) & Ker(f — ) = (0} = (f — Ae) khong don dnh
o det(f - ey =0 & 3 (DH=0.
2) Tuong s /).

o | H2 qua Phd cha mot ty dong cau cha E (dim(E) = n) hay cba m¢t ma
tran thuéc M,(K) 12 mét tip con hitu han ciia K ¢6 nhiéu nhét Ja # phén 6.

Ménh dé trén thudng cho phép x4c dinh cdc gid tri riéng cha mot ma tran.

viDy:
g 12 10

Tinh céc gi4 tri rigng va céc vecto riéng chad= | -9 -22 -22| e MR}
9 18 17

Ta 14p da thifc dac trumg :

8- 4 12 10
W D=|-9 -22-4 -22|=- (F-342+4) (saukhikhai trién)
< 9 18 17-4

=—(A+1) (1 - 2)2.
Vay Spe(A) = {-1.2].

x 9x+12y+10z = 0
e X=|y| € KGCR@A,-1) & A+L)X =0 & -9x-2ly ~ 22z 0
z 0

Qx+18y +18z

x=~2y =12z
=2 .
Jy+4z=0

2
Vay KGCR(A, -1) la duong thing vectd sinh boi | ~4 1.
3

X 6x+12y+10z=0

3x=-6y~-5z
e X=|y| e KGCRA,2) < —9x-24y-22z=0 < )

6y+Tz=0
z 9x +18y +152 =0 yriz

4
Vay KGCR(A, 2) 1 dudng thing vectd sinh bai | =7 |.

G



46 Chuong2 Phép thu gon cac ty ddng cdu va cac ma tran vudng (Nghién clfu 50 b}

¢ Dinhnghia Gidslrf e £(E), (tuong img : A€ M,(K)), 4, 1a mot
gid tri riéng cha f (tuong tng : A). Ta.goi s6 14n ma 4ola nghiém cia
da thitc diic trung ¥, (tuong tng : i) 12 cdp boi cha 4.

viDUy:

Trong vi du trén day céc gid tri rigng 12 : -1 (don) va 2 (kep).

Nhdn xét -

e Gidsir K = C, vh gid sitf € L(E). Khi d6, £¢6 it nhdt mot gir vA mot vir wi theo

dinh Iy d’ Alembert (T4p 5, 5.3.4, Dinh 1¥), , c6 it nhat mot nghiém trong €.

o Tuong ty, néu 72 1, moi ma trin A thuge M,(C) déu c6 it nhdt mot vir Vi mot gtr.

o | Ménh dé 5 Giasitf e L(E), A€ Splf). aplaclp boi cia 4,
dy=dim(KGCR(f, 4)). Khidétacd: 1< dy) < ap.

Chitng minh:
1) Vitheo dinh nghia KGCR({f,4,) = Ker(f — 1e) # {0}, nénta chidyz 1.
2) KGCR(f,Ag) ¢6 it nhdt mot cd sd (g,...ey, ), vh theo dinh Iy vé ¢cd 8O

khong ddy do, tdn tai €y +1>-1En € E, sao cho B = (e,...,¢,) 12 mo1 co s cha E.
. Agly, C
Tontai C e My g, (K}, Be M, 4 (K) sao cho Matgz{f)= It

0
(4 = 4)14, c J
n-dy

frds: VA e K,y (D= det
X e[ 0o B-aI

= (- AP det(B-AL, _y) = (- zs(d).
Vi ¥, 12 mot da thitc nén tasuy ra: (g - X)%

Xy, vadoviy dy < ay

& | Hé qua
1) Giaslt fe L(E). V& moi gir don 4, clia f, KGCR(f,4p) cé 56 chiéu
la 1. '
2) GiasitA e M,(K).Vdi moi gtr don 4;cha A, KGCR(A,Ap) c6 56 chiéu
lal.
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Bai tap

¢ 221 Cho E lamét K- kgv hit han chién, f € L(E), Flamot kgve cha £ 6n dinh d6i
voif. f': F — F lawgdéng ciu cim sinh b3 f trén F. Chimg minh e

© 222 Cho E i R-kgv hita han chidu vdi s6 chidu 18, f € £(£). Chiing minh réng t6n rai
it nhat mgt dudmg thang va mot sieu phing cia £ n dinh d6i v6i f.

0 223 ChoneN,Ae M(K)y, =(-1)'X" +.. + @, X+ @, lada thic dic trumg cia A,
Chitng minh:  a,., = — tr{com{A)).

A 0
© 224 ChoNeN n...neN.A e M, (K)(1<isV) A=
1
0 4
Ching minh: 3= [ [x., -
k=1

¢ 225 Cho a.pe N, Be M, (K).C e M, (K)

Chimg minh : X* X[o 5y = CDX 2000
c o

0 A4
© 226 Chone N, Ae M), M = [A OJeMz,,(K).Hiybiéuthim theo ...

© 227 Chingminh: ¥ A € M,(K), Y, = x
Dac bigt : V A € M,(K), Sp,m) = SPe(A).
¢ 228 ChonelN', fe L(RY saocho'ﬁ‘xe (R,) (ﬂx)e(R,)”vh ||f(x)||,~—||t]|l)
(@ day ([EAEA] lexL)

k=1
Ching minh : 1 € Spp({).

i

¢ 229 Chone N, Ae M(R), A e Spg(d), X(tuong tng : ¥y la mot vir cla A (tuong
umg : ‘A) lién k&t v6i gid tr rieng A clia A (xem bai tp 2.2.7). Ta gié sir :
{ « cic thanh phédn ciia ¥( trong co s& chinh tic) ddo > 0
o dim{KGCR{A,A)) =1.
Gidslr ¢ = Spr{4). Z € KGCR(A, ) — {0); ta gid sir cic thanh phdn cha Z déu > 0.
Ching minh rang Z cong tuyen vél Xvapu = A

¢ 2240 Chone N, A e M, ,(C) - GL,.,(0) Ay, oo A, A, = 012 cic gid tri riéng clia A.
Ta gid thigt rang hang thir nhat ciia A 12 t6 hop tuy€n tinh cila cic hang khéc va ta ky
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L
higu A = [? BJ‘ trongdé @ € C,C e M, {(C),L ¢ M (C), B € M ().

a) Chimg minh rang 16n tai Xe M, (C) saocho: @ = XC vd L = "XB.

b) GidstX e M, (C), thoa man &), chitng minh: € X + B cocdcgidmi néng 4, .., A,

¢ 2211 Ma tran ddng hanh

0 1
0
a) Chone N (4 ..., ) €K', A= N p|e M-

ay v Opon G

n-1
Ching minh : 3, = (—1)*[)("- Zakx*J.
k=0

n—1
Ta n6i ring A |2 ma trin déng hanh ciia da thic chusn tic X" =Y X* .
k=0

N
b} ChoneN' (a,..,a)e K™, P= z a X*  Tim diéu kién cén va dii d€ t6n tai
k=0
AeM(K)ysaochoy, =P?

© 2212 ChonpeN, AeM, (K), BeM, (K). Chingminh:
Xt = XA ae-
Dicbigt: V (4,8) eM KV, Yas = Xas-

¢ 2213 g) ChoElamitK - k_gv hitu han chidu véi s6chiduz 1, u,f, g € L(E)saocho
of = gou. _ '
Ching minh: deg{UCLN(x,1g)} = rank(w).
) Néirieng, néu E 1 mot C- kgv hitw han chién v6i 56 chidu 2 | vanéu f, g € L(E) sa0

cho tén tai 4 € £(E) -{0} théa man 4 o f = g o u thi fva g c6 chung {t nhdt mot gia
tri riéng. :

o 2244 ChoneN', Ae MC), UV e M, ,(C),B= ( tA :AV].
-tva ‘vav
a) Chimg minh: 0 € Spc(B).
h) Ching minh :
a) det{A)=0= X2|XB

XZIXB

B
Wy =—-1

=5 det(4} =0
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2.3 Tinh chéo héa duoc

Trong § 2.3 nay, £ chi K - kgv hitu han chiéu, n = dim(E) = 1.

¢ DBinh nghia
1} Gia st f € £(E). Ta néi ring f chéo hoa dugc khi va chi khi tén tai
moét co s B cua E sao cho Matg(f) 1a ma tran chéo .
2) Gidslr A € M(X). Ta néi ring A chéo héa dugce khi v chi khi
tén tai mét ma tran chéo D thudc M, (K) sao cho A déng dang véi D .
N6t cach khic, A chéo héa duge khi va chi khi :
AP € GL(K), 31D e D(K), A = PDP\.

Néu A e M (X)) chéo hoa duge thi ta goi div liéu chéo hoa CI.IP A la vigc cho
P.D, (P "}y saocho :

P e GL(K), D e D(K), A=PDP"

Néu A € M, (K) chéo héa duge thi chéo hda A 12 viec xéc dinh P, D, (P ") saocho:
P e GLK), D eD(K), A=PDP

Trir ngoai 18, viéc chéo hdéa mot ma tran chéo héa duoc khong duy nhat, néi cich
khéc, P vd D khéng duy nhit (xem bai tap 2.3.17).

Thay cho n6i chéo hda, 1a cdn néi : thu vé dang chéo .

Nhdn xét :

1) Gidsife L(E), B1amdt co s cha E , A =Matg(f). Khi dé f chéo héa duge khi
v chi khi A chéo héa duge. Thuc vay :

» Néu fchéo héa duge thi tén tai mot co sd B’ clia £ sao cho ma tran D cha f trong
B’ 1a ma tran chéo, k¥ hidu P = Pass(B,B"), ta c6 A = PDP™' (cong thitc d6i co sdf
cho mot tr déng cfu , xem Ménh dé 1, 8.2.4, Tap 3).

+ Néu A chéo héa ﬂﬁt_!cﬂﬁléntai? e GL(K), D € D(K)saocho A =PDP 'vado
vay D lama trdn cba f tmngws&B’cﬁaE.dumxﬁcdinhb&iPass(BB')=P

2) Tén tai cdc ma trgn chéo héa dugce va cic ma tran khong chéo héa duge (xem
phén duéi day). :

3) Moi ma trin chéo déu. chéo héa duoc.

¢ | Ménh dé Giasi f € L(E). Céc tinh chat sau ddy timg do6i mot
tuong duong -
(1) fchéo héa duge

(ii) Tén tai mot co s& clia E duge tao nén tix cac vtr cha f
(iii) Téng cic KGCR cla f bing E.
(iv) Téng cic s6 chidu clia cdc KGCR cia f bang dim(E).
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Chiing minh :

(1 = (ii)

Gia st { chéo hoa duge .

Tén tai mot co s& B = (e, ,..., €,) cla E 5a0 cho Maty(f) 1 ma tran chéo, viy t6n tai

A 0
(A ..., A4,} € K", 530 cho : Matg(f) =
0 A,
Vi: Vie(l,..nl {f(e‘)z’l"e"
- #0

nén B = (e ..., ¢,) 12 mOt co so cua £ duoc tao nén virclia f.

(i) = (ii)

Gid sif 160 tai mot o s B = (e ..., ¢,) duge tao nén tir vir cliaf, Vay ton tai
(A A e K saochoVie {1,.., 0l Re)=Ade, .

RS rang ring mbi A, 12 mot gtr cia f (mot vir lién k&t 13 e).

Taky higu A={4,; 1s{<n}.

" ]

Khidé: Y Ker(f—4e) O Y Ker(f -de) = Y Kex(f —4e}) D> Y Ke; =E.

AeSpy(f) Aeh i=] i=1
Viy téng cic KGCR cha f, chinh[da Y Ker(f — Ae), bing E.

ASpi (f)
(i) = Gv)
Gi4 sir tdng cdc KGCR cha f bing E. Vi téng nay 12 t8ng truc ti€p (xem Ménh dé 3,
2.1) néntacé: Y, dim(KGCR(f,4))= dim( @® KGCR( f,,z)]: dim(E).
AeSpg (1) AeSpy (f)

Gv) = (1)
Gia sir téng céc s6 chiéu clia cic KGCR cla f bing dim(E).
Ta ky hiéu & = Card(Spx(N), 2y, £ 12 che phin i clia Sp,(f).

k
M&i KGCR(f, ) (1 £/ <k)c6 it nhdt mot co sd B, ta ky hieu B= | B; .
_ o

Vi cic KGCR{f, ) (1 € < k) c6 16ng tryc ti€p (xem Ménh dé 3, 2.1} va méi B, 12
doc 1ap tuyén tinh nén B 1a doc 14p tuyén tinh.

Mt khic ;

* e
Card(B) = D Card(B;) = Y dim(KGCR(f, #;)) = dim(E).

=l =1

Vay Blamot cd s§ clta £ va ma trin clia f trong B 1& ma trdn chéo , vi céc phén tl
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gy 0
cha B la céc vtrcﬁaf:‘MatB(f)= trong dé
0 Hly,
d;=Card(B), (1)< k). : |

Nhdn xét .

Theo chiing minh trén day, néu f € L(E) chée héa duge thi c4c phin tir chéo cla

mot ma trin chéo biéu dién cho f chinh 1 céc gid 1ri riéng cha f, dwge viét trén
dudmg chéo niy vdi s6 14n bang clp bl cha ching,

Ta s& thiy dudi day (Nhan xét 4), 3.1) mot tinh chit tuong ty cho cdc ty dong
ciu tam gidc hda duge.
¢ | Binhly (Piéu kién cén va di cua tinh chéo héa duge)
1) Cho f € L(E), f chéo héa dugc khi va chi khi :
* X tach duge trén K '
e V&imdigtr Acha f,dim(KGCR(f,4)) bang cap boicia 4
2) Cho Ae M, (K), A chéo héa duge khi va chi khi :
e y4 tichdugctrén X
» Vi méi gtr A clia 4, dim(KGCR(4, 1)) bang cdp boiclia A

Chimg minh :
1) Véi mbi gir A cha £, k¢ hieu d(4) = dim(KGCR(f,4)) vh @ () 1a cflp bdi clia 4
(trong ). ' '
¢ Gia sir f chéo héa duge .
‘TheoMgnhdé5,22:V Ze SpH, d(A) < w ().
TheoMénhdé§23: n= . d(4). '

AeSp ()
Matkhac,vlfchéohéaduccnenthta:mOtccsdBcuaE va (4 ,..., 4,) € K" sa0
A 0
cho: Matg{f)= B :
A

Vaytacé: V Ae K, x(d) = detMaig() -AL) = ﬁ(z!,» - A).

Dodé, x, tichdugeva: 3. @A) =n Takétlugn:V i€ K, d(d = aA).
4€Spx(f)
o Dio lai, gid sit y, tdch duge va : ¥V 2 € Splf). A = @ (A).
Vi ¥, téch duoc va nghiém cla x, 13 céc gtrcuaf nén Z a(d) =n.
AeSpg(f)
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¢ | Hg qud (Diéu kién du ciia tinh chéo hoa duge)
1) Giasttf e L(E). Néu fco n gia tri riéng timg d6i phan biét (trong
dé n = dim(E)) thi f chéo héa duoc.

2) GiasirA € M,(K). Néu A ¢6 n gid tri riéng timg d6i phan biét thi
A chéo hoda duge.

vipu:

01 0
Giasrne N- (0,1}, A= k\l e M, (©)
1 0

Chimg té ring A chéo héa duge.

Ta lap da thic dac trung biang viéc khai trién dai vai dong cuéi -

-1 1 0 -4 1 0 i
0
0
Y A 2l 0 "-2 1 (1]

=AY = CHEA-).
R& rang y 4 tdch duge trén C vi ¢6 cdc nghiém don (can bic # cla 1 trong C).

Theo He qua trén, A chéo héa duge rong M (C).

Véi vi du niy, xem thém Vidu 4, 2.4 dudi day. ]
Khi mét ma tran vaéng khong chéo héa duge, thi c6 thé né tam gidc héa duge, cé
nghia 13 t6n tai P € GL(K), T € T, (K) sao cho A = PTP". Chiing ta s& minh hoa
qua vi dy (v6i n = 3). Ly thuyét vé vige tam gide hda sé duge xét trong chuong sau

3.1). :
Vi dy vé viéc tam gidc héa cic ma tran vudng cdp < 3

Gid sif A € My(K). Duéi day ta s& thy ring (Dinh Iy 3.1) néu ., téch duoe trén K
thi A tam gidic héa dugc, nghia 12 ton tai P € GL,(K), Te T, (K) sao cho A = PTP™.
Trén céc vi du chiing ta s€ chi ra cich tim cap (P.T).

Ta gia sit A khong chéo hda duge va ¥, tdch dugc trén K. Khi dé :

» hoidc A c6 mot gir kép 4, va mét gtr don 4,

» hoidc A ¢ mot gir boi ba A,.

Chidng ta k§ higu By= (e,, e,, e,) 12 co s& chinh tic clia M, (K) va f1a tr d8ng clu
cta M; ((K) sao cho Maty () =A.
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viDu 1;
5 =17 25

Tam gidchéa A =2 -O 16| e M,(R).
1 -5 9

Ta lap da thidc dac trung cha 4 ;

S-A -17 25
2 9-4 16
1 -5 9-4

Xl

-A + 54* -84 + 4 (sau khi khai trién)
—(A-2(A-1).

Vay ¥, tdch duge trén R va cdc gir cda A 13 2 (kép) va | (dom).

x 3x-17y+25z=0 5y 5
o X=|y|e KGCR(A2) < {2x—11y+16z =0 @{x“ yoe @{x_ z
y=2z y=2z
z x—Sy+7:z =0

3
Vay KGCR{A2) cd s chidula | vacbeosd (V) wongdé V, =121,
1
X 4x-17y+252=0
¢ X=1y| e KGCRA.D< ¢ 2x- 10y +162 =0<::>{

x=5y-8z {31:112
z x-5y+8z =0

= .
3y-Tz=0 Iy=7z

11
Viay KGCR(A,1) ¢6 s6 chidu la | va cé casd (V) trong d6 V,=| 7
3

X

Ta fim vecto V,= | ¥ | sao cho B =({V, V3, V,} 12 co s& cha M, (R) va Matg(f) 1a

z
, 2 -0
ma frén tamn gidc trén : Mat{) = |0 2 0],
0 0t

B lamotcosdcia M, (R)
fh)-2V; RV,
Sx—17y+252
Taco: Matg (AVy)) =AV, =| 2x-9y+162
x=5y+9z

|, Diéu nay dn dén : {
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3x=17y+ 25z =3(x-5y+7
Tirday : AV, -2V, € RV, & x=17y+25z=3(x=3y+12) o y=z=0.
2x=Ty+16z =2(x—5y+7z2)
: ,

Viytacéthé chonV, = | 0|, vadodé AV, =2V, + V.

0
31 1t 210
K¢ihigu P=12 0 7|vaT =0 2 0l tacé A = PTP".
1 0 3 0 01
¢ -3 7
Tinhtodnchota: P7' =1 -2 1
0 1 -2
vipy2:
-2 2 -1
Tam pidchéaA=|-1 1 -1]e MyR).
-1 2 -2
Ta lap da thifc dac trung cla A :
-2-4 2 -1
A= -1 1-4 -1 | =—(1+ 1) (saukhitinh todn)

-1 2 2-4
Vay x4 thch duge trén R va A ¢6 mot gir duy nhdt, —1, v6i cép 3.

x
X =|y| e KGCR@A,-1) ©—x + 2y -z =0.
z
Vay KGCR(4, -1) <6 6 chiéu 1a 2 va cé mdt co sd, chang han (V,, V,) trong dé
1 0
Vi=| 0], V,=|11.
-1 2

TatimV, € M;,(R) saocho B=(V,,V, V;)1amét co s& cia M, (R) va Mats()

-1 0
12 ma tran tam gidc trén: Matg(f) = | 0 -1 =
o 0 -1
Gid sV, e M, (R) sa0 cho B= (¥, V,, Vo) laco st chia M, (R); ton tai (&, 4, ) € RB?

-1 0 «a
saocho Matg{f) = j 0 -1 A1.
O 0 9
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Vi Yatg(py () =YAA == (4 + 1) néntacdned y = — 1.
Vay moi V, thudc M, (R) sao cho (V,V,,V3) doc 1ap tuyén tinh thi déu phix hop.
1

Ta hdy chon chdng han V, = | 0 |.
0

1 01
Ky hidgu P = Passg (B) = [ 0 1 0{vaT = P AP, T i matran tam gidc
-1 20
0 2 -1 1 0 -1
wéntathudugc: PP = |0 1t O|va T =] 0 -1 -1}
1 -2 1 o ¢ -1
Ta s& ching minh ring (He qui 3.2.2) ¢6 thé chon V, sao cho Mats(f) ¢t dang
-1 ¢ 0
0 -1 «f.
¢ 0 -1
vipys:
2 01
Tam gischéa A = | 1 1 0|e M(R).
-1 1 3

Ta thu duge YA = (2 — 4.
Viy 34 tdch duge trén R v A c6 mot gtr duy nhat, 2, ¢6 cdp 3.

x z=0
x=|yle KGCRA,2) & x-y =0 {xzy.
z -x+y+z =0 z=0
1
Vay KGCR(A,2) ¢6 56 chiéu 1a 1 vacé cosd (V)), rongd6V, = 1
0
Ta tim V,, V, décho B = (V,, V,, V) 12 mét co s& cha M, (R) vi Matg(f) 12 ma
2 . .
trin tam gidc trén : Maty(f) =10 2« .
00 2

Blamétcosocia M,y (R)
Didu ndy din dén : { f (V) -2V, € Vect(V))
f(Vy) -2V, e Vect(V, V)
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X
Ky hieuV, = | y
Z

z 1
AV, -2V, € Veet(V)) < x=-y € Vect|| 1 & X -y = I
-x+y+z ¢

1
VidutachonV, = | 0.
1

1
Tiép do, véi bit ki ¥, ndo (sao cho (V. V,.V2) déc 1ap ayén tinh) phi hop, vidu Vs = | 0.

0
11
Ky hieu P = Passg (B) = |1 0 0.
010
0 1 0 21 1
KhidéP' = |0 0 1|wvaT=P'AP=|0 2 -1|,lamatsntam gidc trén.
1 -1 -1 00 2

Nhdn xét
Dudi déy ta s& chitng minh (phép thu gon Jordan, 3.4) ving, néu 7, tich dwge va

néu ta k¥ hitu 2,, 4,, 4, (khong nhét thiét khéc nhau) 12 cic nghiém cha ¥,, thi A
déng dang v&i mot trong cdc ma trin say ;

A4 0 0
« |0 4, 0] néui, A, 4, ting d6i phan bi¢t
0 0 4
A4 0 0) A4 1 0)
« |0 4 O|hay|0 A4 O néut=41= 4
\0 0 4 0 0 4
4 0 0 4 1 0 A 1 0
e |0 4 O|hay {0 4 Olhay [0 4 1 |néud =x =2,
0 0 4 0 0 4 0 0 4
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Bai tap

¢ 2.3.1 Ching t6 rdng cidc ma tran sau diy chéo héa duge va hay chép héa ching :

01 0 11 -5 5
al |1 0 1| eM(R) by |=5 3 =3 e ML(R)
01 0 {5 303
-1 ¢ & ' 0 -1 1
o) |0 @ —aleM,R), uckR dl |—a-1 a a+]1|eMR). acR
0 0 l) —-a a a+l
a =b —¢ -d
b a -d
© 232 Cho(abody e R4 A = & M (R},
c d a -b
d - b a

a) Ching minh: A'A= (¢ + B2 + ¢ + &1,
by Tuddsuyra: ¥ Ae R g (h) =(a@ — )+ » + & + 2,
¢} Trong €, xdc dinh céc gid (rj rieng va cdc vecto riéng cliu A vii ching td ring A

chiéo hda duge trang M (),

a a

¢
b \ I
¢ 233 ChoneN - {01}, (@b e A = e M (D).
- | R a
b 5 0
a) Hiy xdc dinh cdc gid tri riéng va cdc khéng gian con riéng clia 4.

b) Tim di€u kién cén va db d6i vdi (n,a.b) dé A chéo hda duge.

o b2 . bﬂ
© 234 Chone N-{0,1.2), @ a;...a, by .. b, € C,4 = | D
Tim diéu kién c4n vA di 4€ A chéo héa duge.

© 235 Chimg t6 ring cdc ma trin sau day chéo héa duge va hdy chéo héa chiing :

o ! o)
o L, 0 ,
) e M,(R),n e N".
1 01 0
0 H 0 H
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a\ 0 /b

a 0 &b -
by | O 0 a+b 0 Q |e M, (C) (@h)eChne N
b 0 a

'

<>$ 23.6° Chone Nsaochon > 3,vi &, p, ¢ € Rsao chop? - 44 > 0. Ky hiéu:

[#4 -q 0
n=1 a-p 29
A= n=2 a-2p . e M,(R).
T, =g
0 1 a-(n=-1p

Chiing minh riing A chéo hda dugce, xde dinh céc gid i riéng va cdc vecto riéng cua
n6 {ta cd thé xét ty déng cau clia R,_ {X] ¢ ma tran trong co s& chinh tac 13 A).

a b 0
b e M (C).
a

© 237 Chone N[0}, (upc)e T, A = C\\\
0

e
a) Xdc dinh cdc gid tri riéng v cde vectlo rigng cia A.

h) Tim diéu kién cdn vi dii dé A chéo héa duge.

¢) Ta k¥ higu U, la da thnfc Tchebychev thit » loai hai (Xem 2.5.1,
Tap 1) duge xdc dinh béi ;

Vie Jt 1. U = SnllntDArccosr)
sin(Arccosi)

Khi bc # 0, hiy biéu dién y, theo U, .

¢ 238 Timtftcacicmairin B thuge M;(R)saocho B® = A vA 1r(B) =0, trong

2 31
dé: A =[-1 2 -1
1 3 2

011
¢ 239 CicmatrinA=|! 0 0|va B= thuge M. () c6 déng dang khong ?
210

S -
= = ]
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1 2 3 1 3 2
¢ 2310 CicmatinA =3 1 2|vwB=|2 1 3 thude M([R) cé déng dang khéng ?
23 1 321

© 2311 Choge K, ne N, fliwdbag cfu cia K,|X| duge xdc dinh bai

VP e KIX]LAP) = (X - a)(P’ = P'(a)) = 2P — P(a)).
Hay xdc dinh cdc gid tri rigng, cdc vectg riéng, hat nhin, dnk ctta f'; £ cé chéo hda

duge khong ?
¢ 2312 Cho neN-[0,1},He M, (K} sao cho rank(#) = 1.

a} Hay chiing (6 vang H chéo héa duge khi va chi khi: tr(H) # 0.
b) Chitng minh:;

60
a) Néu H chéo hoa duge, thi H ~ \
0 o
tr(H)
Q0
2 N&u H khong chéo héa duge, thi 4 ~ \
0 o1

0
(Ta ¢6 thé diing quan he H? = tr{H)H, xem bai tap 8.1.31, b) Tap 5).
¢) Ti d6 suy ring véi moi ma tran H,, H, thuc M, (K) cé hang 1, ta cé ;

H, ~ H, & w(H,) = tr(H,).

¢ 2313 ChoneN A BeM(K), ¢ : M, (K) > M (X).
M — ir{AM)B
Tim diéu kién cin va dii d61 véi (A,B) 4é pchéo hoa duge (sir dung bai tap 2.3.12 a)).

0 1 0
¢ 23.14 Chone N- {01}, (g, ) € K", A= N { € M (K}
a

0t dpla g
{sir dung bii tap 2.2.10).

n=1
Chiing minh téng A chéo héa dugc khi vi chi khi da thic P = X" — Z akX"
k=0 "
tich dugc tréa K va ¢6 141 ca cic nghiém déu don.
© 2315 ChoneMN-{(]1}, 4, B¢ M. (K). Chimg minh: A ~B = com(A4) ~ com(B).

(Sir dung bai tap 9.8.1, Tap 5. Trong truémg hop rank(4) = rank(B) =1, sir dung
bii tdp 2.2.3 va 2.3,12 ¢)).
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2.3.18 Chimg minh ring 14t cd c4c ty déng cdu lity linh va chéo héa duoc déu bing khong,

2.347 Chone N4 & M,(K). G sir t5n tai mot cap duy nhit (P.D) thude GL,(K) x D,(K)
a0 cho A = PDP™'. Ching minh: n =1 vd K 12 mot thé ding cfu vsi Z2T .

2318 Chone N, 4eM,(C)cén gtr ting déi mot khac nhau, ke N - {0,1].
Chimg minh rang 1X € M(T); X = A} hitu han vi ¢6,ban s6 A hay &t

2318 Chone N, A8 e M (X) suo cho AB chéo héa dugc.
a} Chimg minh ring néu A hay B kha nghich thi BA chéo héa duge.
h} K&t qud trén ¢6 ding khéng néu khong o6 gid thist kha nghich 7

2.3.20 Chen e N, A € M(R). Hiy ching minh ring ta c¢é thé phén tich A thanh
tdng cia haj ma tran chéo héa dugc,

2.3.21° Chon e N', M e M,(K) chéo héa duge, A e M, (X}, k & N'. Chdang minh:
MA = 0o MA =D

2322 Chon e N, A & M,(K) chéo héa duac, Ay ooy A, 12 cdc gid tri riéng (ting
ddi md1 phan biét) ciia 4, e, 1a cpboicla 4, {1<k sp), P e GL, (K} la mét ma
tran kha nghich sao cho :
’Ellﬂq 0
A =P P
0 ’Iplwp
a) Xic dinh hodn tap C(A) clia A, tic 1a ClA)={B e M(K); AB =BA).
b} Hay kiém ching ring C(A) 12 mot K -kgv vi tinh s8 chiéu ciia né. N&u s = S.tacé
thé c6 dim(C(A)) = 10 dugc khong ?
¢) Ching minh : dim(C(A) = 7 < p=n

23.2% Chone N viide MK) takyhituC, = (M e MK M ~AvaAM =MA}.

a) GidsirA,B e M,(K) sa0 cho A ~ 8. Chiimg minh réng tén tai mot song anh 1 C,, vio C,,
b) Tit 46 suy ra ring néu Ae M{K) c6 n gtr timg déi phan biét, thi C, hitu han va
Card(C,)=n!.

2324 Cho(pyg) e (NV,n=p+g.Ae M,K), B e MK}, C e M, (K),

A4 C
M = (0 B) [ M”(K}.

Gid sir A vid B chéo héa duoe vi Sp,(A) N Sp(B) = @. Ching minh ring M déng dang

A0 .
vai va chéo hda duge.
¢ B
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¢ 2.3.25 Tim cdc kgve cia R én dinh dgi v6i tr déng cfu f c6 ma tran trong co sd

—_ > b2

1 0
chinhtaicla A = |2 1
g 2

feg-g-f=af

¢ 2326 ChoElamdtC - kgyhitehanchidy, @ € C; £ g e £(E) saocho ) .
& chéo héa duge

a) Ching minh: ¥V ae N, [Tog —go " = naf".
b} Tir d6 suy ra ring f liiy linh .

¢ 2327 Chone N, Ae M (R) sao cho 3, tdch duge trén R. Chitng minh ring
A chéo hdéa duge trong M, (R) khi va chi khi A chéo héa dugc trong M (T},

¢ 2328 Hiytam gidc héa cdc ma tran sau trong M.(R) :
5 4 -3 7 -6 -2 0 2 -
a) A=|2 -1 —1| h) A=|2 O ~I| ¢ A=|-1 3 -1l
1 -1 0 2 -3 2 01 ¢
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2.4 Da thic tu dong cdu, da thitc ma tran
Trong § 2.4 nay, £ chi mot K - kgv; 1a ky hidu e = 1d,.

¢ Dinh nghia - Ky hiédu1 Giaslit P=gy+a X + ... +a, X" € K[X].
1) Véife L(E), taky hieu P(H = age + af + ... + a, f ¥, va P(f) dugc
goi 12 da thic tu dong cau.

2) V& A e MK),(n e N'), taky hieu P(A) =a], + a,A + ... + apA”,
va P(A) duge goi 1a da thifc ma tran.

N6i cdch khic, dé thu duge P(f) (hay P(A)) ta thay thé hing 1 bdi ¢ (hay 1), X
b f (hay A), X* bdi f* (hay A%) véi k e N'.

Nhdan xét .

1) Trénh nhdm 13n 1¢f) (bing ¢} va X() (bing f).
Vidy: (243X =2¢ + 3.

'2) Gia st E1A mét X - kgv hitu han chiéu, B lacosdclha £, f e £(E), A = Maty(f);
khi d6 theo Ménh dé 1,8.1.4, Tap 5, tacé:  Matu(P(f)) = P(A).

¢ | Ménh dé1
| 1) Gia sir f € £(E). Anh xa P — P(f) 12 mét c&u xa dai sé c6 don vi
tit K[X] vao L(E), c6 nghiala:

(@P+ONf)}=aP(f}+0O(f)
Va e K, VPQeKX], {{(PONSN=P(f0O(f)
) (f)=e

2)Gia st A € M,(K). Anh xa P — P(A) 1A mot cdu xa dai s6 ¢6
don vi tir K[X} vao M(K), conghia la : :

(P + Q) 4) =aP(A4)+ O(A)

Ya e K, VP,0 e K[X], (POYA) = P(ADO(A)
1(4)=1,. |

Chitng minh

N N
1) Taky hicu P = Y a X" 0 = Y pX'.
k=0

k=0
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N N N
. (P +OXP) [Z(aakwx*)@ Z(mwm @ 2af + 2hS
. k=0 =4

k=0

aP() + Q).
» Ky higu thém g, = b, =0néu k> N, tacd:

(PQ)(}‘)=[Z(Z‘”’&-:]XJ(}® NI [Z f]o[ib;fj]

k=0

i=0 k=0i=0 0 J=0
=P(f) o Q.
2) Ciung phuong phap trén.
Ta cling cé thé dua vé 1) bang viec chuyén qua ma tran. |

Menh dé trén cho ta nhan xét rang vé hinh thac cdc phep todn : luat ngodi,
cong, nhan (hay hop thanh) duge thye hién trén X theo cung cdch nhu trén f
hay A.

Nhdrn xét

Véide MK)(n = 2),4nhxa &: KIX]—> MK 6 thé khong 14 don 4nh ciing
P — P{A)

2 01 . X
khong 1a toan dnh. Chang han, néu K=Rva A = [l 0] vl nhan xét A” =1,

e 0 khong dondnhvi: O(X? - 1)=(X*~ 1)(4) =4’ - 1,=0

s £ khohg todn dnh vi: lm(é’) = Vect{l, A, A%,...} = Vect{], A} c6 s6 chiéu 2,
trong khi M,(K) ¢é s6 chiéu 4.

o | Ménhds2
1) Néu f.g € L(E) giao hodn, thi moi da thic cha f déu giao hodn
vdi moi da thitc cia g.
2) Néu A,B € MK) giao hodn thi moi da thic cia A déu giao
hodn véi moi da thic clia B.

Chirng minh :
1) Giasa f,ge L(E)ysaochogof = fog.

e Ta chiing minh bing quy nap: vk € N, g'of = fo g
Tinh chit nay 1 hién nhién véi k =0 (vi ¢" = ¢), vi theo gia thiét, diing véi k =1.
Néu né 13 ding véi s6 nguyén & nac d6 , thi :
¢ of = go(g o= galfogd) =(goNog =(fog)og =fog"
e Tir d6 theo tinh chéi tuyén tinh, tac6é: ¥ Q € K|X], Q(g) o f = fo Q).

o Ap dung két qua trén cho (Q(g). f) thay vi cho (f,g), 1a duge:
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VP,Q e KX, Q@ PY) = P(f)o Qg).
2) Cing phuong phép trén.
Ta ciing ¢6 thé dua vé ) bing viec chuyén qua ma tran.
+ Binh nghia 2
I} Giasufe L(F), P € K[X]. Tandi ring P triét tiéu f (hay £ 1a da
thuc triét tiéu cta f) khi va chi khi : P(f) =0. _
2)GiAsttA e M, (K), P € K[X]. Ta néi rang P triét tiéu A (hay P 13
da thife triét tiéu cia A) khi va chi khi : P(A)=0.
viDU :
Gid sirf € L(E).
s [ 13 mdt phép chiu khi vh chi khi X* — X 14 da thitc triét tiéu cia f.
» f 1A mot phép d6i xting khi v chi khi X* — | 14 da thic triét tiéu cia f.
Niuin xét:
1) Gia sit £ Ty mot K - kgv hitu han chiéu, » = dim(E), f € £(E). Vi £(E) hit han
chiu vai s chidu #°, nén ho (e, f, f om0 S a ), chita #* 4 1 phén 6, 12 phu hudc fuyén tinh,
Viay tén tai (ug, ..., a ) e K”ZH - {(0,..0} saoclo ae+af +..+ a, _,f”2 =0Q.

2
i
Ky hicuP =Y aX* tacé: P=0, P(h=0.
: k=
Nhu vay f thita nhén it nhdt mot da thiic triét tigu khdc 0.

2} Ciing vy, moi ma rin A clia M (K} dén thira nhan {t nhit mot da thide widt tén
khic 0.

3) Né&u E khong hitu han chiéu, thi ¢é thé mo6t ty d6ng cdu f cia E chi thin
nhan O 1am da thic trigt tiéu (Xem bai tap 2.4.2).

4) Thay vindi « P triét tidu f (hay A) » ta ciing ndi : « f (hay A) it tiéu P » .
¢  Ménhdé3
I)Gidsife L(E), A € Spc(f), x € KGCR(f,A). Khidé tacé :
¥ P e K[X], (P{f N(x) = P(Dx.
2)Gidst A € MK), A e Spg(A), Ve KGCR(A,A). Khi d& tacé :
¥ P e K[X], P(AV = P(L)V,

Ching minh:
1} e Chiing minh bing quy nap: V & € N, f¥(x) = 2%. Tinh chit 12 hién
nhién véi k=0 (vif°=evd A® = 1) vi ding véi k = | theo gia thiét.
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Ky hitu N = Card(Sp (), 4}, ... Ay 12 cdc phin tr clia Sp{H (nhur vay A, ..., A, ting
dai phan biét). Ton tai mdt co sé B ciia E sao ¢ho ma tran A clia ftrong B 14

(%4 ¢
A= trong &6 ¥ k e{l,..., N}, d, = dim(KGCR{f,A.)).
0 2.'\"Iff|\r
N
Xét P = [[(X=-4), latich don. Ta cé :
k=l
N
PAy = [J(4-41,) =
k=l
0 (/?1 _/g'N )Iﬂ't
(=), 0 (o= A, Y
0 ..
0 (e =)y, 0

Nhu vy, tdn tai P € K|X| tich don va 13 da thie triét tidu cua f,
h) Dao lai, gia st 16n tai P € K[X| tach don sao cho P(f) = 0.
Vayténtai @€ K — {0}, p e N, 4,, ..., 4, € K ting d6i phan biét, sao cho

P
P = a][(X-4).
k=1
TaxétA, = H (X-4;) véikell,..p). VI4,.., 4, timg doi phanbiétnéntacé:
1£f<p
2k

Vke(l,..,phAdd) = [] (4 -4 =0.

15j=p
qzk
1
Ky higu: u,= e K,véikell,..,pl.
¢ A (A)
I : '
Da thic 1 — Z_ukAk cé bac <p — Ivatridttieutai 4,, ..., 4, vi:
k=1

. p ,
Vel l,...,lp},[ZukAk](lj) =uA(4)=1.
k=1
)
Didu n2y ching t6: ) u, 4, =1.
k=l _
Chuyén sang cdc ty dbng cfu, ta thu duge : e = 1{f) =iukAk(f) )

k=1

Gidstre E,tacd: x=e¢(x) = [Zp:u,(Ak{f)] (x) = iuk(Ak(f))(x) .
P

k=l
Ky hiéu : x, = u{A, (M), voi k €}1,..., pt.
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£
Khidétacé x= ) x, vavdimoikthudc {1,..., p}:
: k=1 '

(f_/?«;ze)(-"k) = (X — A (AN = (X — DA
= ("' LY x) = 0(x) = 0,
Vay vk ell,...,p), x, € Ker(f —Ae).
Trdosuyra: E = iKer(f—/Ike)‘
k=1
Ta da thdy (xem Hé qua 1) : Spi{f) C {4y, ..., 4,} ; mat khdc, theo dinh nghia,
véi moi kthude {1,..., p) saocho 4, & Sp(f), tacod : Ker(f —Ae) = {0},
Vay Z KGCR(f,4) = fKer(f — A,€) va(xem Meénh dé, 2.3) f chéo héa duck.
AeSpe (f} k=1

2) Suy tir /} bang viéc chuyén qua ma tran.

viDu :

1) Gia sit E 1a mot K - kgv hitu han chiéu. Moi phép chiéu p ctia E déu chéo
héa duge vi p triét tiéu da thite tdch don X{(X — 1).

2) Gia st E lamot K - kgv (v6i K = R hay ©€) hifu han chiéu. Moi phép d4i ximg
s cla E déu chéo héa duge vi p triét tidu da thite (X — 1)(X +1) v6n 14 téch don.

3) Gid st A€ M, (R) sao cho A* =74 — 6],
Dathic X’ -7X +6 = (X — 1}(X ~ 2)X + 3) thudc R[X] 12 tach don, vay A
chéo héa durge., '

4)Giastine N-{0,1},4 = e M(C), B,=(e,..,e) Acosd

1 0
chinh tic ciia M, (C), f 13 ty dbng cdu cia M, (C) cha ma tran A ddi vdi B,

Vifie)) = e, fle)) = e,,....fle,)= e,_,, Drang rang : f"= IdM,,l(fC}»"'\d do

vay A" =1,. Nhur vy, A triét tiéu da thic tich don X" — 1 (cdc nghiém clla né 13
cdc cin bic n cla 1), vy A chéo héa dugc.

Nhdn xét :

1} GiastrA € M (K), P 12 mot da thite triét tidu cla A saocho P = 0 .

Ta khong thé khing dinh ring y, chia hét P hay P chia hét y,. Vidu,néu A =1,
(n22)thi 3, = (= 1(X = 1)" v v6i moi k thuoe N°, (X - 1)* 12 da thiic triét
tidu cha A,
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2) Theo dinh Iy Cayley-Hamilton (xem Binh 1§ , 3.2.1 duéi day) :
VA e MJK), x,(4) =0,
N6i cdch khic , 3, 13 da thifc triét tidu clia A. ‘

Bai tap

© 2.4 Giislt Elamot K -kgv, fe L(E), A e Spdf), P e KIX].

Chiing minh: P(A)e Spe(P(f 0
KGCR{P(/)),(P(1)) D KGCR(S,A).
© 242 Giast ElamotR-kpgvRY, 5 EE
(Xn)"eN H (.T” + l)HEN

Chimg minh f'e £{F}) vi ching 16 ring da thic trigt tiéw duy nht ciia f 12 da thic khong.
0
¢ 243 ChoA e M(R) saocho A' + A =0 vd A # 0. Chuing minh: A ~ 0

= o o

0
1.
-1 0
o 244 ChoneN, f: My(R) - M,(R).
A r'4

Ching minh f tuyén tinh. _
Xdc dinh cdc phdn tlr riéng ciia f ; £ c6 chéo héa duge khang ?

¢ 245 Chone N, A e M(R)saochoA> = A +1,. Chig minh : det(4) > 0.
¢ 24.6 ChoneN,AeM/(C)saochoA® = 74— 1242, Chimg minh: tr(4) € Nva {4) € 4n.
© 247 Chone N, A € M(R)sao cho A’ = A? vi tr(A) = n. Chimg minh: A = 1,

¢ 248 CheNeN', n,.nyeN A € M, (K), (IS i< N).

4 0
Chiing minh: chéo héa duge khi va chi khi A,,...,A, chéo héa duge .
An

N
© 249 ChoNeN . a,.nyeN, n=3n, 4, 4 ek
k=1

A o h 0
T, = S T,u‘s Ky(l=k<Ny T = e T, (K).
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Chitng minh ring T chéo hoa duge khi va chikhi Yke {1 . NLT,= Adn,
{sir dung bai t4p 2.4.8).

o 2.410 GidsiElamdt K- kgv hitu han chiéu, f € £(E} chéo hoa duge, F la
kgve cha £ én dinh ddi vai f, f° 13 ty ddng cdu cém sinb pai f trén F. Chimg minh
rang f ' ehéo hda dugc.

o 2.441 a) Giash Elamot K- kv hiru han chiéu, f & L(E) chéo héa duae, Ay A,

11 cdc gtr cua [ tmg doi mot khdc nhau, N, = Kerf — Ald )y (s <p) F

1a mot kgve cia E. Chimg minh riing F &n dinh doi vGi £ khi va chi khi ién lai cic
) vie{l,..,pl . NiCN;

kgve Njo.. M ciia E sao cho

P
? F=®N]
i=l

(sir dung bai 1ap 2.4.10). .
Dic bist, néu 14t cd cde v ca f déu don, thi ¢d ding 2 kave cita E 6n dinh dsi voif.
p} Vido: Tim tit ca cdc kgve cia #* 6n dinh doi vai W déng cdu fco ma tran
11 -
trong co s chinh detiia=111 1
|

o 2.442° Chéohda dong thoi
Chon e ', E tamdt K -kgv hiru han chidu véi s6 chiéu n, / 1A moLtEp khéac réng,
()i, 12 mOL ho cdc W déng ciu chéo hda dugc cita E va giao hodn timg dot, nghia 1a:
V() e fof =hiok
Chitng minh ring 18n tai mot cd s& clia E trong do cdc ma ran cha f; déu 12 chéo
{ta néi ring céc f; chéo hia duge dong thoi). (C6 thé yuy nap theo n). Dic bigt, néu

hai ma ran chéo hba duge mh giao hodn thi chung chéo héa dugc déng thdi .

o 2.443 ChoElamétK-kgv hitu han chiéu véi 56 chiduz 1,f e L£(E) saocho tén tai
Ayt € K IME d6i phan bigt thda mén : f —Ae)o.olf = Ag) =0 (wong do e =1d,).
' p
Chimg mish ring 10 @1 V..., V€ L{E)saocho : ¥ P € KIX], PiH= 3 PUA v -
k=l
o 2.414 ChoneN,AeGLC) chéo héa duge, p € N, B € M(T) 580 choB? =A.
Chimg minh ring A va B chéo héa dirge dng thai, tic 1a:

3P € GLC), (PAP e D(C) 2 PTBP € D,(CH.

o 2.445 ChoneN,G 1A ahém con hifu han Aben cia GL,(C). Chimg minh ring
cdc phin tir cia G chéo hoa duge déng thdi, nghiala:
4P e GL(C), VA € G, P"AP & D(O).
(Sir dung bai 1ap 2.4.12).
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2.5 Ung dung clia viéc chéo hoa

2.5.1 Tinh cac liy thiva cia mot ma tran vuong

Gidslr 4 € M_(K).
1) Gid sir A chéo héa dugc, tén i P e GL(K), D e DK} sao cho:
A =PDPT
Ta chdng minh bing quy nap : ¥4 e N, A* = pD* P,
Tinh chdt nay 1a tdm thudng véi k=0 (Vi A= D" =1 ) va diing vdi k = 1. Néu
nd ding cho mot k thude N, thi

A = A = (PD'PTYPDP') = PID'D)P) = P PO

A0 S
Mt khéc, k¢ hicu ) = ,TOrnglacé: Yk e N, ¥ = )
0 /E” 0 2:
T d6 ta suy ra gid tri cha A% .
viDy:
0 -8 6
GiastA= -1 -8 7 e M,(R). Ching minh ring A kha nghich va hiy tinh
1 =14 1

A" v6i moi k thuoe Z.
Ta 13p da thifc dac trung :

-4 -8 16-]
UM =|-1 8-1 7
1 -14 11-4

=~ (£ - 3 - 44+ 12) (sau khai trién)
= =(1-2) (A+2) (1-3).
ViA e My(R) v A c6 ba gtr phan biét (-2, 2, 3) nén A chéo héa duge. Ta tinh

céc khéng gian con riéng :

x 2x-8y+6z=0
* X=|y|€KGCR(4,-2) & (—x~6y+72=0 ¢ x =y ==z
z x~1dy+13z=0

1
Viy KGCR(4, -2) cé s0 chidu 13 1va cé co & V), trong o6 (V)= | 1].
1
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X —2x-8y+62=0 5
* X=|y| e KGCR(A2) & {-x-10y+7z=0 = J¥=2
Y 3y=2;
z x=14y+9z =0 -

Vay KGCR(A, 2) c6 56 chidu 13 1vA cé co s& (V,), trong d6 vV, = |2

x -3x-8y+6z=0
Sy =3z
* X=|y| e KGCR(A,3) < -x-lly+7:=0 {3x=2y'
z x~14y+8z=0
2
Vay KGCR(A4, 3) ¢6 56 chiéu 13 1va ¢6 cg s (V,), trong d6 Vi=13
5
11 2 200 11 -
Kyhigu P =1 2 3]lvabp=|0o 2 Oftacé P'=[-2 3 -1|w
1 3 5 0 0 3 I =2 1
A = PDp!.
Khi dé, v&i moi & thuée N :
Af = pptpm

(<2 —22% 4 23% (2f pank 43 —(=2)F = 2% y 2.3
= [ (-2)" -4.25 433 (2)f 1 6.2F _g 3¢ ~(=2) =2.2% 3.3

(-2)f -6.2% + 53¢ (~2)% +9.2¢ _10.3% —(~2)* ~3.2% +53*
Mat khéc, vi 0 & Spg(A) nén A kha nghich ; vay A™, r6i A* (ke Z" ) tén tai.
Tac6: Vie Z°, .
A' = (AT = ((PDPTY Y F= (PD TPy = p(DY kP ppi pet
Néi cich khic, cong thic A* = PD* P! ,dﬁng véi moi k thude Z, va két qua thu
duge & trén cling ding cho ci A*. | | _
2) Gid sit A & My(K) khong chéo héa duge va sa0 cho 2, thich dugc. Ta da thily (theo

cdc vidu o § 2.3) cich chéo héa A. NEg A = PTPYP ¢ GL(K), T ¢ T, (K) thi nhur
trong 1), tathu duge : V k € N, 4* = PT*P™'. Con phéi tinh T*.

viDU:

2 01
11 0)e My(R). Tinh A* véi moi & thuée N,

-1 1 3

Ta dd thay (Vidu 3, 2.3y ;

* xa=(2~ X)g-

Giasir A =
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1
s KGCR(A,2) cé s6 chiéu la 1, dugc sinh &1 V| = | 1 |. Hon nita ta da xdc
0
1
dinh V, = | 0 |dé cho AV, = 2V, + V. Vecta ¥, ma 1a di chon cho ta ma trn
1
21 i
tam gidge |0 2 =11, ta s& chon thco cdch khdc dé dugc ma trin tam gide
00

S e o=

2
2 0

«don gian hon» ;[ 0 1| {xem phdn 3.4 sau diy vé phép thu gon Jordan},
0 2 '

X
Ky hieuV, =| »

z
2 0 1y(x x 1
AV3=2V3+V2 Lam 3 1 1 0 ¥y = 2 ¥ + O
-1 1 3)lz z 1
Z=
& $x-y=0 o {x—y
z=1
—x+y+z=1

Ta chon V, —[
1
1
0

1 0 210
Ky hiéu P= 0 0l,T=|0 2 1],tac6P'= [ -1 0{viA=PIP
1 1 0 0 2
_ 010
Ta nhan thay : T =21, + N, trongd6 N= [0 0 1] liy linh (N =0).
0 00

Vay vi [, vd N giao hodn, nén theo cong thitc nhj thiic Newton ta ¢6 véi moi &
thuoe N :
25 2 kk-12t7?
Tr=( 2L+ N =2L+ Cl2'N+ C2200 = 0 2% k2%
0 0 2*
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(Nhic lai ring C{ =0 véi moi (k) € N’ saocho k < j).

Mot nghién ciu téng quat hon vigc cho nang 1én lily thira cha ma trdn dang
A4 10

\l , xem phédn duéi day v& phép thu gon Jordan , bai tap 3.4.11.
A

0
Ta thu duge vdi moi k thuge N
k2+k+8  ki-k  kt+3k
Atz PTP =270 L gt a5k kP -sk+8 kP-k
-4k a4k 4k +8

Bai tap

o 254 Tinha":
o
1 -1 -l

ulA= ) }. e M), neZ

SR T

e MR), nel bjA=

(=T

bl
21
03

— e =
{
—_—

¢ 252 Choa, b e Ksaocho a# b, E 1 mét K - kgv hitu hian ¢hiéy, f € L(E) chéo
héa dugc sao cho Sp(H = {a,b}.

Chifng minh ring t6n tai hai day {2,),en, (B).en trong K saocho: Vi e N,
f'=ae+ B,f, vatinha, 8.

1 -5 3
o 253 Timmdtmatrin B thuoc My(R) sao cho B2 = A, wongdé A= | -5 3 -3 [.
5 -3 3

|
¢ 254 Choae |-Li1{. A =(. ﬂ.TimmotmalrgnBthu()cM?(R)saochoe”:A.
a

& 255 Tinhe*:

N 7 3 1 -6

A 10_0 bA"‘_62]_6

WA=\~ M=le o 2 o
110
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2.5.2  Céac day truy héi tuyén tinh dong thoi cip 1 v6i hé so
khéong déi

Giasitne N, A=(a), € M(K), (o, ... ) € K"
Ta xét cic day truy héi tuyén tinh dong thoi cap 1 véi hé sé khéng ddi

(X, e oo (X, heem Xdc dinh boi

(Vie{l,...n}, Xj0 =

CEYq . 2
Vj e {1,...,”}, Yk e N, xj.k_'_l = Z{!ﬂx”{

i=0
Vin dé 1a tinh cdc x;, .
o

xl,k .

. . Ay =
Kyhieu X, =| : |, (E)duocdvavé: { °

@,

YieN, X, =A4X,
Vaytacé: Vi e N, X =A'X, vaviéc xdc dinh X, duge quy vé vigc tinh 4%,

Xn k

vibDu:
Gid s (,)en » (Voduen » Wo)aen 14 cde diy thyc duge xdc dinh bdi
g =0,vy =22,w;, = 22

Uy = i(Zu" +v, +w,)

vneN,{ v, =%(u,, +v, +w,)

Lwn+l = %(“n +Vy +2W,)

Tinh u,, v,, w, v nghién citu sy hdi tu cha ba diy nay .

i1

e .
KihiguA=|= - —|vaviineN.,X ={v,
Y 33 3 *

111 "

4 4 2
Tacé:VreN, X, =AX vay VneN, X =A"X,

* Thugon A
Ta 14p da thitc dac trung :
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rt, 11 L2
2 a4 ;14
o=+ Lo Lloa-ah 2-4 Yo e+
3 3 - 3 3 1 1 2 a
LA N B , 1oL,
i 3 2 i
, LI 1
PR
-l 2z Ll Lel-tL
. 12 12 2 vl 1
0 0 %-;I Lfg*_L‘\—Lg

1 1
= (1=l —-4|==4]-
a-afg5-4)54
Vi A c6 ba gtr phan bigt va A ¢6 cdp 3 nén A chéo hoéa duoc
Tinh cic khong gian con riéng. Ta thu dugc mot co sd (V. Vy, V) cha cde vir

1 1 3
lién két tuong tng véi 1,1-‘-1— v, =1, V= 0, Vy= -81.

412 \ 1 3
1 1 3 1 o0 g8 6 8
K¢higaP= {1 0 -8paD= 0 % 0 ’wCéP_l:EZ% 11 0 -11
1 -1 3 vz

00 — )
12

vAA =PDP .
. Tiday: VueN, X, =A"X,=PDPX,

. 11 3y(1 ° 038 6 830
=5510—8 o 47 0 ||11 0 -11{]22
i -1 3l o 127yt 2 1 22
U, = 14-114"-3127"
vidovay: YneN, qv, =14 +8.127"
w, = 14+11.4"-3127"
RG rang rAng (#,)y, (¥)w (), hoitgvé 14.
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2.5.3 Céc day truy héi tuyén tinh véi hé s6 khong doi

Giasit p e N, (g, ... » ¢,_,) € K°. Ta xét cdc day truy héi tuyén tinh v6i he so
khong ddi (4,),.» xdc dinh béi :

(Hgsertty) € KP

=l
VneNu,,,= Za‘-uﬂﬂ- =gty ot Gy Uy e
i={}

Vin dé 1 tinh u, theo n, vdi moi # thude N. Phuong trinh nay da duge giai trong

trudng hop dac bigt K=R hode Cvap = 1, trong 3.4.2, Tap |

0 I\\O
Ky higu A = 0 0 | |E M,(K) va v6i moi n thude N

dy a,.; @5
uﬂ
X. = un.-i-l
uu+p-]
Ta ¢6 véi moi n thude N
LT 0 1 0 Uy,
Uy \\ LA
Xn+1 = H = 0 l N ' =AXI .
H 0 . H
Upyp dy 0 @up Opy fl\Hpsp

Nhu vay viée tinh 1, duge dua vé viéc tinh céc Iy thira cla A.

Mat khac, k¢ hisu u,, = ,.,, v6ij € {0, ..,p~ 1] vA ne N tacling 6 thé duva vé
trudmg hop céc dy truy héi tuyén tinh déng thdi cip 1 véi he s6 khong déi, 2.5.2.
Ta nhén thdy :

-4 1 0
Ll = \\ = {1 - ,,-,.lp—l - =4y,
0 A 1

ay v App Gp—A
xem bai tap 2.2.11.

vi DU:
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- . . . - u(]:ls il"l=1’ H2=1
Tinh 1, v6i moi n thuoc N néu biét : .
VnelN, u,, =45, ~3%,, 11,

0 1 0
Kyhitcud=|0 0 1| valapdathic dactrung :
45 -39 11
-2 1 0
D =10 -4 1 =2+ 1NL-391+45 = -(A-3Y (-5

45 =39 11-4

Viy ¥, tich dugc trén R va cdc gtr cha 4 14 3 (kép) va 5 (don).
Tinh cic KGCR v thu dugc :

1
KGCR(4,3)= Vect{})), trongdé V| = 3}
. : 9
1
KGCR{A4,5) = Vect(F;), trongddé V;=| 3

25
Vi3 1a gir kép vi dim (KGCR(A,3)) = |, nén A khong chéo héa duge .

X .
Ta s& tam gidc héa A. Tatim V,=| y | dé cho AV, = 3V, + V.

Z
=3x+1
Tacé: AV, = 3V, +V, & Y x+‘
z=9x+6
(0
Vaytac6théchonV, =| 1.
\6
1 0 1) 310 : -5 6 -1
Kihieu P=|3 1 5|, vaT=[0 3 0 ,'tacép"=z-3o 16 =2
9 6 25, 0 05 9 6 1
VAA =PTP™.
3 a3 0

Bing quy nap d& ding chimgtd: Ve eN,T"=| 0 3" 0
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- 4n3" 45"

Tir day, v6i moi n thuée N : X, = PT"P'X, = | — 4(n+1)3" + 5™

— 4(n+2)3" 4 5742

Cuﬁ’ictmg:‘v’n eN,u,=—4n3" '+ 5"

Viée nghién ciu vé cdc hé vi phan tuyén tinh ¢4p 1 v6i hé 6 khong déi da duoc

tién hanh & Tap 4.

Bai tap

¢ 256 Chon,>0,u, >0va(u,),y ducc xdcdinhbdi: ¥ n e N,

2

f‘ﬂ"‘l = l

. Tinh u,, réi tinh limu, .

il

HO:I, u1=2

¢ 257 Cho (u,),.n duge xdc dinh béi v o | g = Uy, Uiz,
n

Tinh u, theo n.

el ,
Uz = Uyt + 23,0

79



Chuong 3

Phép thu gon
(nghién ciru n&ng cao)

Chuong 3 ndy dinh cho céc sinh vién cdc 16p Todn dac biet MP', MP, PSI, PSI
va hoan chinh chuong 2.

3.1 Tam giac hoa
Trong § 3.1 ndy, £ chi mot K- kgv hitu han chiéu v6i s6 chiCula n, nz 1.

¢ Dinh nghia 1
1) Gida st fe L(E). Tandirang f tam gidc héa dugc khi va chi khi

tén tai mot co s& B cla £ sao cho Matg (f) 1a ma tran tam giic.

2) Gid st A € M (K). Ta néi ring A tam giac héa dirge khi va chi khi
ton tai mot ma tran tam gide T thudée M,(K) déng dang véi A.

Néu A € M(K) tam gisc héa duge thi ta goi céc dit licu P, T (va P~ ") sao cho
P e GL(K),T € T, (K) (hay T, (K)), A= PTP"" ladit liéu tam gisc héa clia A.
Tam gidc héa A, nghia la xdc dinh P, T (va P™") thich hop.
Thay vi néi “tam gidc héa duge” ta ciing néi : thu dwge vé dang tam gidc.
Nhdn xét : . :

1) Gid st f € L(E), By 1a mot cusd cia E, A = Matg (). Khi d6 f tam gidc
héa duge khi va chi khi A tam gidc héa duge.

2) Moi ma trin tam gidc déu tam gidc héa duoe .

3} Moi ma tran tam gide duéi déu dbng dang v6i mét ma tran tam gidc trén, va

. (0 1

nguge lai . That vay, néu T =(t) € T, (K), ky higu P = /0 ,tacd
1

HH # -1 nl

PeGL(K),P =P va PTP ' = o e,
0 .

)
Nhu vy, dé cho mot ma trin A thuge M,(K) dong dang véi mot ma tran tam gide
dudi, cdn va di 1 né déng dang v6i mot ma trdn tam gidc trén. Trong phén sau clha
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gido trinh nay ta s& wu tién cic ma trén tam gidc trén.

4) Néu f € £(E) tam gidc héa duge thi cdc phdn ti chéo cha ma trin tam gidc
bidu dién f1a cdc gir cha f, duge viét trén dudng chéo nay véi s8 14n lap bang cip
boi clia chiing (xem, ching han phén (i) = (if) clia dinb Iy dudi day).

& | Pinhly

1) Gia st A € M,(K). Hai tinh chét sau day 1a tuong duong :
(1) A tam gidc hda dugc.
(i1) 3, tach duogc trén K.

2} Gia st f € L£(F). Hai tinh chat sau day 1a tuong duong :
(1) f tam gidc héa dugc.
(ii) y, tach duge trén K.

Ching minh :
1) (i) = (i)
tll

Gid sit A tam gidc hoa duge. Ton tai 7" = -, i |e T (K) saochoA~T.
0 t

mn

Vaythi: VAeK, M = x() = [ -4) . dodé y, tdch duge trén K.

i=1
(i)=>0):

Quy nap theo n.
Tinh chét Ia tdm thudng véin=1.

Gia sir tinh chét 6 ding véi n thuoe N°, v gid st A € M,,,,(K) sao cho , tich dugc

trén K. Khi d6 A ¢6 ft nhat mot gir A, vi mét virlien k&t V, (V, € M,,,,,(K)) va do vay
: L

téntai Le M (), A € M,,(K)saochoA-(’E J

AZ
A-A L _ ey
0 —/II,,] = (M k)xgh ).

Vi g, tdch dugce trén K nén y 4, tach duge trén K. Theo gia thiét quy nap ton tai
Q € GL(K), Te T, (K) saocho A, = 0TQ e

1 0 1 0
Ky hiéu R= € M, ,(K), kha nghich va ¢é nghich ddo R = .
¥ hig {0 Q] (&) gh I (0 Q“]

Ta 58 chimg minh ring tn tai X € M, (K) sao cho v6i ky hi¢u T, = [ﬁ T] Jtacd:

[’i‘ L] =RT,R".
0 A,

Taco Vi ek, (0 = det[
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1 0 Xyf1r o -!
Taco: RT,R" ) ‘ ] _[A X'
0 0/ 0 Tjlo o 0 4,
. L
Viy chicdn chon X = L0 dé ¢6 duoc (/él y ] =RT R

. X .
Biéu ndy chitng 16 A ~ [/(l]l r ] e T,,, (K), vay A tam gidc héa dugc.

2) Gid s f e L(E). K-kgv E ¢6 it nhdt mot co s& B ; sir dung /) va k¥ higu
A = Mat,(H), 1a co:
{f tam gidc héa duge) < (A4 tam gidc hda duoe) < (X4 tich duge) < (y, tich du)

¢ | Hé qua
1) Gidsit E1a mot C - kgv hitu han chidu véi s6 chiéu > L. Moi tr
déng ciu cha £ déu tam gidc héa duoc.

2} Moi ma tran vudng thuéc M, (C) (# = 1) déu tam gidc héa duoc.

Chitng minh

Theo dinh 1y d’ Alembert (Dinh 1, 5.3.4, Tép 5) ¥, (hay y,) tich duoge trén C,
vay (theo dinh Iy trén) f (hay A) tam gidc héa duge,

viDy:

1 — 1 l-n
Gidst neN - {01, A=l 1 | | {e MR).
1 — 1 1-n

Chiing minh ring A khéng chéo héa dugc nhung tam gide héa duoe, va hiy
tam gidc héa A, :

Nhan xét ring rank(A4) = 1, it d6 (theo dinh Iy v& hang) : dim(Ker(4)) = n — rank(4) > I;
vy A thiranhén O i gir vl clp bt cllagtr Ol 2 n—1,vi :

dim(KGCR(A,0) =dim(Ker(4)) = - 1. '

Viy (6n tai 4, € R sao cho x, = (-1)"X"(X - 4,). ‘

Vi) =4, +(n-1)0va tr{A) ={1- ) + (n — 1})=0, tasuyra A4,=0.
Nhu vay, A thira nhn mét va chi moét gtr, chinh 12 0, va ¢é cdp »; vi khong gian

con riéng lién k&t vdi O c6 s6 chidu n — 1, ( = 1) nén A khong chéo hda duge
(xem thém bai tap 2.3.12)

KGCR(A,0) ¢é phwong trinh x; + ...+ x,_, + (1~ n)x, =0, do vy ¢é mot co sd
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1 1 1
-1 0 0 1

Vo Voo htiong d6: V= | 0| Vy=| -11,..V,p = v =1
| : -1 1
0 0 0 1

K¢ higuV, = MtacéV, ¢ Ker(A) (Vi AV, =V, ), vay (V... V,) 1a mot co

O — =

st cia M, (R).

K¢ hiéu B, = (¢,....¢,) 12 ¢c0 & chinh tic cha M, ,(R), B = (V.. V,),

(1 1 11
0 00
-1 0 010
0 l
0 I
P = Pass(B,,B) = 0 T = 0 0l.
1
\—1 10
0 0 0
g——90 1 0
Khidétacé: P e GL(R), Te T, (R), A=PTP.
W=e-&
Cudi ciing, viée giai hé phuong trinh { ¥, =€ ~ € cho ta
Viaa=e+..+¢g,
n = a
0 -1 i
=V
a=" 0 0
82 =_Vl +Vn
: Jtrde Pl = L]
? 0 \ -1 1
€p = —Vﬂ—2 +Vn
Vo+ .4V (n-1)V, 0 0 o 1
€, = -(n-
n G " 11 1 1-n

Nhdn xét

Gid sit A € M,(C). Theo Hé qué trén, 1on tai P € GL(C), Te T, (C) sao cho
A=PTP. Vay tacé ¢* = Pe'P™' (xem Meénh dé 3, 1.3.2) vA véi ky hi¢u
A
T= thi :
0 2
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il

£4

- n u
det(e”) = det(e”) = 0 = He’z" = gl =,
=1

Khai niém c& ciia mét khong gian vecto hiru han chiéu

¢ Dinhnghia2 Tagoimoiho (E,,..., E,) c4c kgve cuia E (trong
do n = dim({E)), thod man :
Viell,.,n}, dim(E)=i
{‘v’fe {l,.,n=1}, ECE,,
lacorclha E,
Ménh dé sau day 13 hién nhien.

¢ | Ménhdé1 GidsitE,,..,E, lacickgvecia E (n = dim(E)).
DE(E,....,E) lacycia E, cin vi di 12 t6n tai moét co sd (ey,... , ¢,)

cia Esaocho: Vie{l,. , n}, E,=Vectle,,... , e).
¢ Dinh nghia 3 Gidsli(&,..., E) lAmét céctia £, (e,...., e,) 12 mot co sd
cla E. Ta néi ring {e,...., ,) 12 twong thich véi c& (E,.-.., E,ykhi vichi khi :
Viel{l,.,n}, E =Vect(e,,...,e,).

Theo Ménh dé trén, véi moi co (E,,... , E,) ctia E, tén tai mot ¢ sd (ey,... , €,)
tuong thich véi ¢ (£,,... , E,).

Hai ménh dé sau d4y 12 hién nhién,

¢ | Ménhdé2 Gidsitfe L(E), (E,,...,E,) 1amot ct cha E. Déf
gitondinh E,,.., E, (thkc A ¥ i € {1,..., n}, f(E) C E), cén va
dui 12 t6n tai mot co s& B cha £ twong thich véi ooy (K, ... , E,) vi sao

cho Mat4(f) 12 ma tran tam gidc trén.

¢ | Ménhdé 3 Giasitfe £(E). Déftam gisc ha duoc, cdn va do

12 ton tai mot ¢ (E,.... , E,) ctia E sao cho véi méi 7 thude {1,..., n}, E,
én dinh d6i véi £,
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Bai tap

¢ 344 Chone N, A e MC). Ching minh ring cdc tinh chat sau day ting doi mat
trong duong ¢

(i) A luy linh
(i) Spe(A) = {0}

ity y, = (-1)"Xx"
(iv)A" =0

¢ 3.1.2 Gidsit Elhmot T - kgv hifu han chiéu v6i 58 chiéu 1a n, f e L(E). Ching minh

ring véi moi & thugc {0,... , #} tén tai mdt kgve clia £ vi 56 chiéu & va én dinh d6i véi £.

R
o 343 Chone N',AeMC),PeCIX), ¥, = [[{(4—X) ladahic dic tnmg clia A.

i=]

fl
Ching minh ring yu ., = H(P(/I,-}— X) va tir dé suy ra : Spe(P(A)) = P(Spc(A)).

4 C
o 314 Chompe N AeM(K),BeM(K),CeM, (K, M= [0 3] |

Chitng minh ring M tam gidc héa dwge khi vi chi khi A vi B tam gidc héa duge.
Hiy 18ng quit cho mot ma trin chéo theo khoi.

+u AE&
© +3.1.5 Ching minh: ¥ A e M(R), det| > —— |20
o (2k)

o 3.1.6 Tim tit ci cdc kgve cha R" én dinh d6i véi wr déng csu f clia R ¢ ma trén

6 -6 5
trong co s& chinh tic B=(e;, ¢, ) la:A=|-4 -1 10].
L7 -6 4

¢ 317 Chorne N ,A e M(R)
&) Chifing minh ring, néu y,, tdch duge trén B, thi, véi moi & thude N, y tach dwge tren R
b} Chimg minh ring, néu L2 téch duge trén R va cé cdc nghiem déu = 0,. thi x, tach
duge trén R,

¢} Cho mét vi du v& A € M(R) sa0 cho y, khong tich duge trén R va A tich duge tren R.

6 318 Chone N, AeM(C), A .. A C. Ching minh riing hai tinh chit sau
day 1a twong dvong :
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iy 4,..., 4, timg doi phan biet
(1) det{{tr(A™ ")}, o) = 0.

3.1.9 Chone N, A, Be M(C) sao cho AB = BA v& Buy linh. Ching minh
rﬁngA + B v& A c6 ciing da thirc dic trung; ddc bigt : (A + B) = tr(4) va
det{A + B) = der(4).
3110 Chone N, Elamot K - kgv hitu han chiéu véi 56 chiéu n, f € £(E) lay
linh, v l& chi s6 liiy linh clla f.
Chitng minh : v=pn & rank(f) =n -1,
3111 Giasr Elamot K - kgv hiru han chiéu vdi s6 chiéy 21, fe L(E) tam gide
héa duge, F 1i mot kgve clia £ 6n dinh doi Vi fvil sa0 cho F # {01, g 1a ty ddng cdu cam
sinh boif trén F. Chiing minh ring g tam gidc héa duoe (sir dung bii tap 2.2.1).
3.1.12° Tam giac héa déng thoi
Cho n e N, Ela mot K- kgv hire han chiéu véi sd chidu #, 7 1a tap khac tong,
(e 13 ho cde ty déng cdu tam gidc héa duge clia £ vi ting doi giao hodn.
a) Chitng minh réng tén tal mdr vecta rigng chung cho tat ca cdc £, (thuc hign quy
nap theo R).
"h) T d6 suy ra ring 18n tai mot co s cha £ trong dé (4t ca cdc ma tran cla £, déu |3

ma tedn tam giic trén (cé thé thuc hién quy nap theo ).

3193 Cho ne N, 4, Be M(C) sao cho AR =BA.

Chimg minh : Sp,(A + B) Spcld) + Spo(B), SpolAB) C Spc(A)Spe(B).
(sir dung bai tap 3.1.12).

3114 Chore N, AB.Ce M, (C)saocho: AB - BA=C, AC =CA, BC =C8.
Chitng minh ring A, B, C tam gide hoa duge déng thai, tic 13 16n tai Pe GLC)
sa0 cho PT'AP, PTIBP, PT\CP 13 cdc ma tran tam gidc trén (thye hién quy nap
theo n va sit dung baj tap 3.112 a)).

3.1.15° Chone N, A, Be M(C) sao choAB = 0. Chimg minh ring A vi B tam gidc
héa durge déng thavi. Tiih chat nay cé m& rgng cho trdmg hop ba ma tran duge khong °?

3.116" Chone N, A, Be M, (C) sac cho p(A)p(8) < 1 (trong d6 p(.) chi bén kinh phé:

Ay = M Al
pA) = Max 14)

Ching minh : ¥ C € M,(C), 3! X e M(C),AXB - X=C.
{Sir dyng bai tap 3.1.13 4p dung cho cdc tr dpg clu a, b clia M. (C) xdc dinh bai:
a X— AX, b X XB).
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© 3147 Chone N, A Be M(C). Chimg minh ring céc tinh chit sau day timg
déi mot twong duong :
(i} VCeM(C), N Xe M{T),AX - XB=C,
(i) ¥Xe MJ(C), (AX = XB = X=0().

(iii) Spe(A) N Spe(B) = @.

© 3118 ChoNe N, (4 ..,4,) e C¥saocho Yk e [1,..., NLJA4|=1.

N
Ching minh ring tén tai mot ham trich o sao cho : ZZF(P)T)N .
k=l

1
¢ 3119 Chone N, 4 e M(C). Ching minh £A) = limsup {Jur(4")| # ), rong dé p(A)
po

12 bdn kinh phé cha 4, g4} = Max |A| (Sirdung bi tap 3.1.18).
4eSpe(4)
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3.2 Cac da thiic triét tiéu

G day ching ta s& lam sau thém nhitng nghién citu duge ti€n hanh & § 2.4,
Trong § 3.2 ndy, £ chimot E - kgv.

3.2.1 Dinh ly Cayley va Hamilton
Trong § 3.2.1 nay E dugc gia thi€c 12 hitu han chiéu v6i s6 chidun, n > 1.

¢ [ Binhly (Pinh ly Cayley va Hamilton)
1) ¥ fe LE), x(H =0.
2) VAe MK), x.(4)=0.

Noi cdch khéc : Da thitc dic trung clia f (frong tng : A) triét tieu f (rong (ng : A).

Chitng minh

R& rang 2) la dang ma tran ca /).

Gidsitx € E~ {0]. Ho (f(x))g <15, ¢6 7 + | phén ti, 2 phy thuge tuyén tinh.
Vay tén tai mot s& nguyén p, 16n nhit trong N sao cho (x, fix), ..., f""l(x))
12 d¢c 1ap tuyén tinh. Vi (x, f(x), ..., £ (x)) 12 phu thudc tuyén tinh nén tdn tai
(dgv..s @, 1) € K% sa0 cho :

Pel
=Y affx.

k=0
Ky higu £,(x) = Vect(x, fix), ..., P ().
Vi fPr(x) dugc phan tich tuyén tinh trén x, f{x), ..., f""l (%), nén 15 rang ring

E,(x) 6n dinh d6i v6i f.
Ky hiéu g, 1 ty d6ng ¢4u cam sinh boi f trén E(x). Ma tran B cta g, trong co

0 0 ag
1 :
86 (), o, M) cha Ef) I : B= %0 :

0 1 an'l
Ta ¢6 v&i moi A thuoc K :
-1 %
1 : '
X5, M= \—vl a, , =(-1)Px (A%: -ap_lﬂ."]—...—a,l—ao).
Px~ *
0 1 a A

pe-l ™
(Xem thém bai tap 2.2.11)
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T 4y (g, N0 = D% (S0 -a, f 0= —aym) =0,
Mat khédc (bai tdp 2.2.1) : Xg, 1%~ Viy ¥n tai Q, € K|X) sao cho y, = Q, Ze, -
Khidé, tacé: y(H = QDo X, (- 1i€p d6 -
GAME) = GO, (DU = QUN0Y = 0.
Diéu ndy ching 16 ¥V x € E, (XAMx) = Othe la x(f) = 0.

Bai tap
Cde béitdp 32,1 v 3.2.2 khéng ding 160 dinh 1§ Cayley va Hamilton.

© 321 Cho NeN . n...,nve NN A e M, (K)(1<i<N), PeKiXl,

A= . Chitng minh : P(A) = .
0 Ay 0 Pdy)

© 3.22 Chone N, 4 e GL,(K). Ching minh: 3P e K|X), A~ = P(A).

© 323 Chom NeN, A, A, e M(C),P,..P, e CIX|Gidsirring A,,..., A, timg
doi mot khong ¢6 gid tri riéng ndo chung nhau. Chitng minh ring tén tai Pe C[¥X] sac cho:
Viel{l,..,NL P(A) =PJ(A).
¢ 3.2.4 Mot phép chitng minh dinh I§ Cayley va Hamilton (khi X = C).
Cho n € N', E 13 tap hop cic ma tran chéo héa duge ciia M (C).

#) Ching minh : VAEE 3,4 =0.
b) Biing cdch sir dung tinh trd mét cla £ trong M, {C) (Xem bai tap 1.2.24, Tap 3) tir

d6 suy ra dinh 1y Cayley va Hamilton (v6i K =€) VA e M, (T}, x,(A4) =0

© 325 ChoneN,Ae M(C),Pe C|X| Ching minh:
P(A) € GL,(C) & UCLN(P,y,) = 1.

© 3.2.8" Gid st £ 1a mot K - kgv hitu han chidu véi s6 chidu 2 1, fe LIE). Chimg

minh ring %, b&l kha quy trong K|X| khi vi chi khi {0} v& £ 12 hai kgve duy nhit
cia £ 6n dinh d8i véi f.

© 327 Chone N,A Be M,(C)sao cho Spe(A) N Spe(B) = @.

@} Chuang minh : x,(8) € GL (T).



3.2 Céc da thife trigt tiéu

b) Chiing minh: ¥V X e M(C), (AX = XB =X=0)

¢) Tedésuyra¥V C € MJC), 3'Xe M(C), AX - XB = C.
Xem thém bai tap 3.1.16.

, . _
328 ChoneN,Ae M(C) P, =det(X, -A) = » X"
i=0

Py (x)

a) Ching minh : ¥ x € C - Spgld), tr{(x], - Ay =
y(x)

i n _ _

b) Taky hi¢u B; = Za,—AJ" voi je |0, nlvaQ = Z;S‘J-_,)("'J (da thitc vdi hé
i=0 J=1

58 ma tran)

Ching minh : ¥ x e C, P01, = (1, — A)Q(x).

Tirdésuyra: ¥xe C,r{Qx)) = Py (x).

"
c) Tir dé suy ra cde hé thic Newton gitta cdc §, = z/l; (ke b, ..,n-1})va
£=1
-l
cdc he st ag, ..., a,: vjie(l,..nl, Zai S;ica=tn =i+ lag,.
=0

d) Vidu
Gid s& x,, ..., Xs 12 cdc nghiém trong C cha P = X*+ X*+ X'+ X+ X-1.

$
Tinh §, = Y, x5 véike (0, ... 4}
p=l :

3.2.2 Dinh Iy cic hat nhan

Trong § 3.2.2 ndy, E chi mot K- kgv (khéng nhét thiét hitu han chiéu).

*

Binh 1y (Dinh Iy cic hat nhan)
Gia st f € L(E), N e N', P,,...,Py € K[X].d6i mot nguyén t8 clng

nhau. .
Khi d6 céc kgve Ker (PAf)) (1< i < N) c6 tdng truc tiép va :

N ( N
_E_BlKer(P;()‘))=Ker [Hf’s](f )1

a1
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Chitng minh :

N
KihieuP = [P, vavéiie {1, .., N}, Q= [] P ;KhidStacs:
i= 12jSN '
Yiell,..N}LPQ =P
[) Vi: Vie 11, ... NLOH o PH = P(f) nén ta cd :
viell,.. N}, KerP{f) C KerP(h.

N
va do vay : Y KetR(f) C KerP().
i=1
2) Ta chitng minh ring céic da thic Q. s @ nguyén t6 cung nhau trong
tap hop cia ching.
&ia st 77 12 mot da thdc bat kha quy thuoe KiX] sao cho ¥ i € {1, ., N}, 7710:
Vi /7 abitkhaquy va J71Q, =P, Py .. Py, nén téntaii € {2, ..., N} thda mén J7|P;
Vi b vi 77 12 bt kha quy vA /710, néntontaij € {1, . N} - {i}, thdamin /7[P,
Khi d6: /7|P, [I|P, i=j , miuthuln vi P A P=1
Diéu nay ching té ring 0, ....Qy nguyén t§ ciing nhau trong t4p hop cla chiing.

N
Theo dinh Iy Bezout, tdn tai U, ..., Uy € K[X] sao cho SUQ =1

i=1
N
Tirdé suy ra: 2 U(f)oG(f) =1de
i=1
Gia sir x € KerP(f). K¢ higu x; = (QH o UMW), véiie {1, ..., N}, tacd o
N
x=1Idg(x) = Zx,- .

Véimoi i thuoc {1, .., N}: =
(PAAYx) = (ULCNHW = WEHEPHD) =0,
wday: viell,.,Nhx € KerP,(H).

N
Nhur vy : KertP(f) = ZKerP}(f).
i=1
Yiell,..N}, %€ KertP ()
3) Cho (x,, -..,xy) € EY saocho: ixi -0

i=1
N N
Gidstje {1, .., N}). Tacé 0=Qj(f)[2xi] = > 0;( ).
i=] i=1

Véimoi jthuoe {1, ..., N} = {il, P, chia hét Q, , vi do vay (G,(N)x) = 0.
T dé: QM) = 0.

N
Ta da thay trong 2) = Idy = ZUf(f)OQ;(f) '
=l
N
Tuday : 5 = M) = DUHGE) = O
i=1

N
Diéu nay ching td ring téng > KetA(f) latrye tiép.

i=]




3.2 Cac da thirc triét fisu

¢ | Hé qua (Thu vé dang chéo theo khoi)
Gia sir E 12 mét K-kgv hifu han chiéu vdisochiéuz1,fe L(E), N e N',
P, ...Py € K[X] sao cho :

N
=117
i=|
A,.., By doi mét nguyén (8 cling nhau
Ta k¥ hi¢u n, = dim(KerP(f )), véi i € {1,.., N}
Tén tai mot co s B elia £ vi cic ma trin A, € M, (K) (1<i < N) sao cho:

49

Maty(f) =
0
Ap

Chitng minh

Theo dinh 1y Cayley va Hamilton (Dinh 1y, 3.2.1), x(f = 0, tir day bang cich
dp dung dinh Iy cdc hat nhan :

N
E=Keryd) = B Ker P(p.
Pt

Vi méi i thude {1, ..., N), Ker P () c6 mot ¢d s6 B, v&i n, phén 1, ta ky
N

hi¢u B= { )B;. Vi v6i mei i thuoe {1, ..., N}, Ker P(f) én dinh d6i v&i £, nén
i=1

ma trdn cla f trong B ¢6 dang meng muén, chéo theo khéi.

Nhdn xét.

Néu ta gia thigt : V i e {1, ..., Nl deg(P) 21 thi:Vief{l,..,N} n =1
(Xem ohin xét trong muc 3.2.3 dusi day).
Trong phit bi€u chia He qua ta da cho phép mét s6 #, nio dé 1a 0.

viDpu:
3 -5 3 -5
2 -3 -2 2
Xét A= e M,(R)
¢ 0 1 -
0 0 5 -t

Ta 1ap da thitc dac trung x, cha A :
3-4 S ph-a
5

VAdeK, v, (4=
€ K, x4 2 34

= (2 +1)A+4)

n
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Vi ¥, khong c6 mot nghiém thuc ndo, nén A khéng ¢6 mot gi4 tri rieng thuc
ndo ca, dic biét, A khong chéo héa duge trong M,(R). Tuy nhién vi §, tich don
trén € nén A chéo héa duge trong M,(C).

Ky higu N =2, P, =X*+ 1, P, = X*+ 4 thi céc gia thié1 clia Hé qua trén duge thda man:

x
o Gid st X= Jz’ € M, ,(R). Ta c6 :
4
0 0 -3 3y(x 0
XeKer(P(A) ©A+1)X =0 < 00 0 0 yJ = 0 = {z:O
0 0 -3 0}z 0 t=0
00 0 -3¢ 0
1 0
Viy Ker(P,(A)) cé casd (V,,V,) trong d6 V| = g .V, = [(1) )
0 0
30 -3 3y x o
» (Xing tuong tr: X € Ker(P,(4)) <> 03 0 o0ty = 0]‘:::»{)6_2_:0
' 00 ¢ 0||:= 0 yv=0
00 ¢ o)l 0
1 1
. 0 0
M6t co sO clia Ker(Py(A)) 1a (V,,V,) trong d6: V; = i VvV, = 0
] I
1 011 I 0 -1 -1
K¢ hitu P= (VV, V. V)= g (l) (1) g Jtach Pl = g {1} ? 0
¢ 001 00 0 1
3 50 0
) . . 2 30 0 L
vaA=PBF 'trong d6 B=F'AP = 0 0 1 -1 , Chinh 1A ma trin chéo theo khéi.
¢ 0 5 -1

Ta ciing ¢6 thé nhan xét AV, =V, + 5V, vd AV,=-V,— V, diéu nay cho ta
B ma khong cdn tich P ciing nhu tich PBP ™.



3.2 Céc da thifc trigt tiéu

3.2.3 Da thirc toi tidu

Trong § 3.2.3 nay, £ chi mét K - kgv (khong nhit thigt hitu han chiéu).
Gia st fe L(E).

Xétf, = {P e K[X]; P(f) = 0}. Ta chiing minh ring /, 12 mot idéan cda vanh
giao hodn K| X| (xem Tap 5, 5.2.3 1) Dinh nghia);
» 0 € I 13 hién nhién.

o Neu (PQ) € (1, th (P+Q)H) = PO+Q(f) = 0+ 0 = O,vay P+ Qe ,

* NeuP e [ valUe KIX|, W (UPYf) = U o P(fy = U(f) o0 = O,vay UP € .
Vay : 1,12 mot idéan cia vanh giao hodn KIX|. i
Theo 5.2.3 1) Dinh 1y, Tap 5, tt ca céc idéan cha K[X| déu 1a chinh. Vay t6n
tai P, € K[X] saocho: I, ={UP,; U € K[X]] = P.K[X].
Tém tat lai -
¢ |Ménh dé 1 Giasiufe L(E). Téntai Pye K[X] sao cho:

¥ Pe K[X], (P(f) =0 < PP).

Néi cach khdc, tap hgp cdc da thic triét tidu cla f duege tao nén tir cdc boi clia Py,
C6 thé 1a P, da thitc khong. Chang han, véi k¢ hicu E= C¥ vaf: CN» CV
(uu)iIEN. = (un-l-'l)nEN

thi khong tén tai da thite P thuge C1X| —{0) sao cho P(f) =0 bdi vi néu

N
P="a,X" vaay#0, thi ky hiev ey = (FyJen = (0,-, 0, 1,0, ), tacé :
k=0

PHley) = (dys dyeygyens tyy d5,0,.0,) %= 0

¢ DPinhnghia Giast fe L(E).
Ta néi rang f thira nhan mot da thic t6i tiéu khi vi chi khi :
{Pe K[X]; P(f) =0} = {0}.
Néu f thira nhan mét da thiic t6i tiéu, thi t6n tai mét da thic chudn tic duy
nhét, ky hiéu 1a n,sao cho {Pe K[X]; (P(f)=0} = =,K[X], va n, dugc goi
Ia da thirc toi tiéu cha £,
¢ | Ménh dé 2
1) GiasrA € M(K). Tén tai mot da thitc chudn tic duy nh4t, ky hiéu 1a =,
sao cho {Pe K[X]; (P(A) = 0} = n,K[X], van, dugc goi la da thirc
t6i tidu cia A. :
2) Gia sit E 1a mot K - kgv hitu han chiéu, f € £(E). Khi dé f thira
nhan mét da thic t6i tiéu.
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3.2 Céc da thirc triét tisu

3.2.3 Da thirc téi tiu

Trong § 3.2.3 nay, £ chi mét K - kgv (khong nh4t thiét hitu han chiéu).
Gid slr f e L(E).
Xét I, = {P e K[X]; P(f) = 0}. Ta ching minh ring I; 13 mgt idéan cia vanh
giao hodn K[X] (xem Tap 5, 5.2.3 I} Dinh nghia):

¢ 0 e /, 1a hién nhién.

o Néu (PQ) e (P thi (P+OYp) = PO+Q() =0+ 0= 0,vayP+Q e 1,

e NeuPe I valUe KiX). thi (UPY)=U( o P() = U(H) o0 = O,vay UP e 1.
Viy : I;13 mot idéan cia vinh giao hodn K[ X|. i
Theo 5.2.3 1) Dinh 1y, Tap 5, télt cd cdc idéan ciia K{X] déu 1a chinh. Vay tén
tai Py € K[X] saocho: I, =|UPy; U e K[X]} = PK[X].
Tém tit tai :
¢ | Ménhdé1 Giasitfe L(E). Tontai Pye K[X] saocho:

¥ Pe K[X], (P() =0 & PyP).

N6i cdch khic, tdp hop céc da thie triét tiéu chia f duge tao nén tir cdc boi cha Py,
Cé thé 12 P,, da thic khéng. Ching han, véi ky hieu E= C¥ vaf: CV-o C¥
(un)nEN — (un+l)n€N

thi khang tdn tai da thic P thuée C[X] ~{0} sac cho P(f)} =0 béi vi néu

[l

N
P=% a,X* vaay#0, thiky hiéu ey = (& dren = (00rs 0, 1,0, ), tach :
k=0

P(f)(eN) = (aN’r a,N-lv--! al! aﬂaoy-")) # 0-

e Dinhnghla Giasit fe L(E).
Ta néi ring f thira nhan mot da thic téi tiu khi va chi khi :
{Pe K[X]; P(f) =0} ={0}.
Néuf thira nhan mét da thiic t6i tiéu, thi tn tai mot da thite chudn tic duy
nhat, ky hi¢u 14 n-sao cho {Pe K[X]; (P() =0} = n,K[X], van, duoc goi
12 da thitc t6i tiéu cia f

o | Ménh dé 2

1) Gidslt A € M(K). Tén tai mét da thic chudn tic duy nhét, ky hiéu la m,
sao cho {Pe K[X]; (P(A) = 0} = m K[X], van, dugc goi la da thiic
tdi tiéu cla A.

2) Gia sit E 12 mot K - kgv hitu han chiéu, f €. £(E). Khi d6 f thita
nhan mét da thie t6i tidu.
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Chitng minh :

1) ViM,(K) hitu han chiéu véi s6 chidu 2, nén ho (1, 4, A2..., 4")
phu thudc tuyén tinh. Vay tdn tai Pe K[X| (bic £ ¥} saocho P = 0 v P(A) = (.
Viéc sl dung Dinh 1§ Cayley va Hamilton (Dinh 1§ 3.2.1) ching t6 ring t6n tai
Pe K[X]saocho: P = 0, deg(P) € n, P(A) =0.

2) Dé dang suy ra tir /) bing viéc xét ma trdn clia f trong mat co s3
(nao dd) cua E.

Nhdn xét

1) Gia sir E 13 mdt K- kgv hitu han chiéu vdi s6 chidu > 1, fe L(E), Bla
moét co sd cha E, A = Maty(f). Khidétacé: m, = m,.

2) ¢ Gia st E 12 mét X - kgv hifu han chidu v6i 58 chidu > 1, fe L(E).
Theo Dinh 1y Cayley vi Hamilton (Dinh 1, 3.2.1), (/) = 0. Theo dinh nghia
cla T, ta suy ra |y,
*Tuong ty: VA € M(K), m,| x, vadovay: VA4 e M(K), | < deg(n,) € n

¢ | Dinhiy
1) Gia st £ 12 mét K- kgv hitu han chiéu véi sd chiéu 2 1, f e L£(E).
Dé fchéo héa duge, cdn va du 1a =, 1a tich don.
2) Gidsi A € M(K). Dé A chéo héa duge, cin va di 1a n, 1a tach don.

Chitng minh:
R rang 2).12 dang ma tran cta /).

a) Gia s f chéo héa duge.
Theo Dinh 1y, 2.4, tdn tai mot da thic tich don P thudc K[X] sao cho P(f) = 0.
Vi n; [P nén 7, 1a tdch don. '

b) Pao lai, gia sit n, tich don. Vi n{f) = 0, nén theo Binh Iy, 24, f
chéo héa duge. .
¢ | Ménh dé 3 Gidst ElamotX - kgy hitu han chiéu véi s6 chiéu = 1,
£ & £(E). Véi moti da thire bit kha quy P thude K[X], ta cé: P, <> P| y,.
Noéi cach khdc : w; va y; ¢b cling cdc udc bit kha quy.

Chitng minh:

1) Vimfy, (xem Nhan xét 2)) nén moi udc bat kha quy cla m, déu chia hét y,.
2) Bao lai, ta gid thit K = R hoac K = C. Gia sir P 14 mot udc bt kha

quy cla ¥, tén tai 4, € € sao cho P(4,) = 0.



3.2 Céc da thir triét tidu

Theo He qua, 2.4, vi 4, € Sp(f) va T4 = 0,nén 4, la mét nghiém clia 7, .
Néu K= C hoge (K= Rva 4, ¢ R), thitacé P= X~ 4, véi sai khéc mot he
s6 khéc khéng cua K, va do vay Pln, .

NeuK=RvadeR thitacd P= (X- 4){X—41), véi sai khic mot hé 55
khic kh(;mg cUa R, va do vay Pln, trong R[X].

Néu K khong phii ta R hay C, thi bang cdch thita nhan (Dinh 1¥ Steinitz, sir
dung tién dé chon) réng t8n tai mot thé mé rong K cta K sao cho X déng dai

s6, ta chimng minh ring két qua dwgc phdt biéu vin ding,

¢ | Hé qua1
1) Gia sit £ 1a mét K- kgv hitu han chiéu véi s6 chiéu > 1,fe L(E). Tacé:
77 (10}) = Spy(p.
2)GiasitA e M(K). Tacé: n5(10}) = Spe(A).

Xem thém bai tap 3.2.18

® | Héqua2
1) Giasilt Elamot K - kgv hitu han chiéu véi s chiéu > l,fe L(E). Dé
ftam gidc héa duge, cdn va di 13 7, tich duge trén K.

2) GiasttA € M(K). D€ A tam gidc héa dugc, cdn va da la
7, tach duge trén X.

Chitng minh ;

R& rang 2) 13 dang ma tran cGa /7). Theo Binh 1§, 3.1, f tam gidc héa durge khi
va chi khi ¥, tdch duge trén K, va theo Meénh dé 3, y, tich duwoc trén X khi va
chi khi r, tdch dugc trén K.

Nhdn xét :

Tir Ménh dé trén day suy ra, trong vi¢c thu gon vé dang chéo theo khéi {He
qua, 3.2.2) mdi khdi A, déu khic réng, tic la - Vi e {1,...,N}, n ozl
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Bal tap
0110
10 0 1

¢ 3.29 ChoA= {00 I e M,(R). Tinh y,. cdc gtr va cdc khong
01 10

gian con riéng cia A, m,. C6 hay khéng x, =7, ?

o 3.240 Cho ne N, A e M {K), K[A] = {P(A);, P KiX]]. Chiing
minh ring K|A] 12 mot dai s6 con giao hodn cla M (K} v dim(KT{A ) = degi{m,).

¢ 3.2.41 Chimg minh: YA, Be M(K),(A~B= m,= m,).
Biéu nguoc lai cd ding khong (véi gia thigt K = ©)?

o 3.2.42 Cho E la mot K - kgv hitu han chiéu, f € L(E), F la kgve
chia E 6n dinh d6i v6i £, g 1a tr d6ng cu cim sinh béi f trén F. Chitng minh .

6 3.2.43 C6 hay khong : VA, B € M(K), 5 = Ty,?

¢ 3.2.14 Cho E 12 mot K - kgv hitu han chiéu v4i s6 chiéu = 1, f e L(E). Ching minh
ring fliy link khi va chi khi tén tai r € N°sao cho n,= X", vikhi dd r la chi s& iy
linh cila f.

o 3.2.45 Chon e N-[0,1}, H e M,(K), sao cho rank(#) = 1.
Ching minh 7, = X(X — tr(H))  (sif dung bai tap 2.3.12). '
A 0
o 3246 ChoNeN' n,..,nyeN A€ M,,‘_ (K){(1<i € N) A= )
Ay
Ching minh n, = BCNN=, (Cé thé sir dung bai tap 3.2.1) .

1sisN

.-"r
o 3.2.47 Chone N, A € M (R), m, 12 da thitc 16i tiéu clia A trong M,(R).o; 14 da

thiic 16i tidu ciia A trong M_(C). Chiing minh: g, = 7,

o 3.2.48 Chon e N, A € M,(K). Chimg minh : Sp(4) = 3 (10)), khong sif dung
Dinh 1y Steinitz {(xem chifng minh cia Ménh aé 3).

& 3249 Chone N, A e M,(C) . Chimg minh x4 (m,)".
Khio sat crudng hop x, = (~-1)"(n,}"

¢ 3.2.20 Céc khing dinh sau day ding hay sai ?
H3AeMyR), m,=X*+1



3.2 Cac da thifc triet tiéu

2)IBe MOy =X+ 1
3)ICeM(R), m.=X*+1.

3.2.21 Chon e N', A € M(K) - GL,(K). Chitng minh ring ton tai
BeM(K) |0} sao cho “AB = BA = 0.

3.2.22° Gid st E1a mo1 K - kgv, f € £(E). Chiing minh rang, néu £ thita nhan mot
da thifc 181 tidu thi 'f cling vay va o=y (i dung *(£") = (0},, xem bai tap 1.1.5).

Bic bigt, ta théy lai : YA € M (K), e, =Ty

3.2.23 Tong quat héa Ménh dé 2 2)
Gia sir E1a mot X - kgv, f € L(E), Ching minh ring, néu Im(f) hitw
han chiéu thi £ thita nhan mét da thic t6i tidu. Didu nguoc lai c6 ding khong ?

3.2.24 Gid s £ la mot K - kgv, F e £(E) thira nhan mot da thie 15i t\iéu,
Chimg minh rang cdc tinh chit sau day timg doi mot twong duong :

(i) fladonidnh

(ii) £1a toan 4nh

(iit) f)a song 4nh,

3.2.25 Gidslt Elamot X - kgv, f.g € L(E) thita nhan mot da thic i tidu va -
théamin fog =gof.
Chimg minh ring £ + g va g o f thita nhan mot da thie t&i tiéu.

3.2.26 Gidsit £ lamot K - kgv, fe L(E).

a) Chitng minh ring, n€u f thira nhin mét da thic t&i tidu thi véi moi P thude K[X],
P(f) thira nhgn mét da thie 151 tidu '

b) Chimg minh ring néu tén tai Pe K[X| bac > 1 sao cho P(f) thira nhin mo1 da thitc
t6i tiéu thi f thira nhan maot da thifc t5i tidu.

3.2.27 Chopg e N, A eM,X),BeM(K) saocho m, A, = 1, P, Q e K[X],
M=PALN=0(B), C 4 0) F M0
o ET o B T Lo o)

Chitng minh ring 16n tai R € K[X] sao cho F = R(C).

. A B
3.228" Chone N A, BeM(C)saocho AR = BA, M = (0 AJ’

&) Chitng minh: ¥P e C[X], P(M) = (P(A) P(A)B]‘

0 P(A)
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. A chéo hod duoc
b) Tir d6 suy ra : M chéo héa dugc = B-0 T

o 3.2.28 Ma tran dong hanh

0 .
Chon e N' (¢ t-) € KNP =X"—ar, X ey, €= 0 o .

ag 't Ap-2 Qe
12 ma trin ddng hinh cla P (xem bai tap 2.2.11).
Chung minh i %, = P

o 3230 Giasir £ 12 mgLK - kgv hitu han chiéu, fe L(E), 4 € Splfy, e = 1d,,
g=f - Ae. Chimg minh ring hai tinh chit sau day ia trong duong:

(i) Ker(g) ® Im(g) =E

(i) 412 nghiém don cita ;.
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3.3 Phan tich Dunford

§ 3.3 nay ¢6 thé danh cho l4n doc thit hai.
E chi mot X - kgv hitu han chiéu v6i s6 chiéu n, # 2 1. Ta k¥ hitu e = Id;.

3.3.1 Khong gian con dac trung

¢ Dinh nghia Gidsitfe L(E), Ay € Spr(f), Ho 12 cdp boi clia Ay trong
7. Kgve cla E, k¥ hiéu 1a KGCD (f,Ay) va x4c dinh bdi ;

KGCD (f, Ay) = Ker((f ~ Age)™0),
duge goi la khong gian con diic trung (hay : khong gian con phd)

coa flién két v6i gia tri rieng A,
Nhgn xét : Véi ky phép trén : KGCD (f, A)) D KGCR (£, A) = {0}.

¢ [ Ménh dé1 Giaslrfe L(E) sao cho ¥, tich duge trén K.

Tac6: E= @ KGCB(A.
AeSpg (f)

Chitng minh :
P
K9 higuids,..., 4,} = Spe(f) tacé m, = JJ(X-2,)", vay (Dinh Iy céc hat

k=1
nhan 3.2.2) :

P P
E =Ker(n () = gxer(( f-Aeft) = :;63 KGCP (f, A).

¢ | Ménhdé2 Gidsirfe L(E) sao cho x, thch dugc trén K, Ay € Sp«(f),
@ ¢ 1a cdp boi cla A, trong ¥, iy 12 cdp boi ctia A, trong 7. Khi 46 :
1) KGCD (f, Ao) 8n dinh d6i voi £ va véi ky hidu e, = Ideocp . 5., VA o
12 t déng cdu cim sinh boi f trén KGCD (f, Ay), thi f; —Age, ity linh
chi s6 i, .

2j dim (KGCP (£, Ap)) = @,.

3) Ky hi¢u N_ = Ker(( f — Age)®) vdi moi ¢ thuoc N, ta c6

G Ny = Nygst = . =KGCD (f, 4).

=

{0}=N0§N.§---

Chitng minh
1}¢ KGCD (f, Ay) 6n dinh d&i v6i f vi v6i moi x thuoe KGCP (£, Ag) :
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(f = 42) 0 () = A - Ae)™ (0) =F(0) = 0, vay fix) € KGCB, 4o).
o ViV x & KGCD (fi ), (f — Ae) P (x) =0 néntacod: (fu — A o= 0,
vay fo — Ageq 10y linh.
o Ta k¥ hiéu {A,,..., 4,} = Splf) V4, v6i moi / thude {1,.... pl,
C, = KGCD(f.4)), f,1a wy d6ng cdu cam sinh'bdi fteen C;, v, = f; - Ald ¢

P
Vi y, tich duge trén K nén tac6 E = D C,, va do vy : 4= BCNN 7, (xem Bai
£=1 i

Izi<p

tap 3.2.16).
V&i m6i i thude {1,..., p}, ta kg hiéu & 1 chi 58 1y linh clia v;: v 2 0vh vEi =0,

Vaytacd:Vie {l, .., pl 7;= X -7,

p
tir day : 7= BCNN(X - A =H(X—ﬂ,—)a" , do vy &, 12 cdp boi clia 4; trong 7.
1sisp :

i=1
2) Theo dinh nghia clia &, 60 tai Q € K1X| sz0 cho 7= (X — A 0 va QUi =0.
VI (X - 4)“ A Q = 1, nén theo Dinh 1j cic hat nhan (Dinh 1, 3.2.2) :

E = Ker(z(f) = Ker((f — 4)™) & Ker(Q(f)) = KGCD (f.4) & Ker(Q( ).
R& rang Ker(Q(f)) on dinh d6i véi f; taky higu g 1a déng cdu cam sinh bai f
tren Ker(Q(f)). Khi dé tacéd : y,= iy, X, (xem bai tap 2.2.1).
o Vi f, — Age, liiy linh, nén k¢ hiéu & = dim(KGCP (f.4,)), ta ¢6 -

2= EDRX =A™
» Mat khic, vi ¥x € Ker(Q(f)), Q(g)x) = O(N(x) = 0, nén @ 1a da thic triét
tidu cha g, va vi O(4) # 0 nén 4, khong phéi 1a gid tri rieng cha g (xem He qua, 2.4).
Vay, cfip boi clia 4, trong ¥, vatrong 7 13 bing nhau, tir d6 & = @,
3) Tén tai i (duy nhat) trong {1,..., p} sao cho Ay = A
Taky hieu F, = € Ker((f-4,).

1<j<o
Ji .
Giasitg e N, taky hieu P = (X -4 [] X-4)%
15 i<p
Ji

Ker(P(f)) = N, ®F;
E = Ker(z (/) = N, ®F
Dac biet : dim(N,) £ dim(E) ~ dim(F) = dim(N ;).

Theo Dinh 1y c4c hat nhan (Pinh 1§, 3.2.2) :{

e Néugzu,tht N, CN, tir day (vi dim{N ) < dim{ NN Ny= N,

e Néu ¢ < 4, thi theo dinh nghia cia 7, P khong-phai 12 da thic trigt tieu cua f,
vay Ker{P{)) # E, tr 46 dim(N,) < dim( N, ), vaicdncd N, = N, . Mal khac

(n8u g € ), N, C N, 3 vay thi N, G N,

Tadachimgminh: N, = N, =..= N, (véi moi ¢ thudc N thod min ¢ 2 ).
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Gia thigt ton tai ¢ € {0,..., g, — 1} saocho N, = N, Gidsutxe N, . Taco:

(f = A3 - A)7 T ) = (F - Ae)“i(x) = 0.
“'3)' : (}F - /Erf’:l #imal (\) € Nq+] = qu
T dé: (f — A)((F - Ay () =0, the a - (F — Ae}* ' (v) =0.
Viy tathu duge N, = N, , mau thudn.

1

Ta két luan : N, g N, g :C,: Ny=Ng =

Viéc nghién ciu niy s& duge xét tiép d philn sau trong Phép thu gon Jordan (3.4.11).

Bai tap

¢ 3.3 Gidslt £12 mot K - kgv hitu han chiéu, f, g € L{E) sa0 cho gof = fog.
Chimg minh ring cdc khong gian con dac trung clia f én dinh d&i vdi g v, tdng yuat
hon. véi moi P thuac K| X}, Ker (P{f)) on dinh d6i véi g

¢ 3.3.2 Gidsir £13 mot K - kgv hitu han chidu voi 6 chidu 2 1, f e L(E) sao cho
tach duac trén K. Chdng minh riing f chéo héa duoc khi va chi khi :
YA e K, rank{f — Ae) = rank{(f - Ae¥).
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3.3.2 Phan tich Dunford

¢ | Binh ly - Binh nghia
1) Gidsitf e L(E) sao cho ¥, tach duge trén K. Tén tai mot cép duy
nhit (d,v) thude (L(E)) sao cho:
(f=d+v
d chéo héa dugc
v lu§ linh
dov=ved
Hon nita : ¢ va v 1a cdc dathde coafvay, = % -
Cip (d,v) (hay he thic f= d + v) dugc goi 12 phan tich Dunford
cua f.
2) GiasitA € MK) saocho ¥, tich duge trén K. Ton tai mot cap
duy nhdt (D,N) thudc (M, (K))* sao cho :
A=D+N
D chéo hoa duge
N luy linh
DN =ND
Hon nita : D va N lacéc dathiccla Avayxp = Ya-

Cap (D,N) (hay hé thic A =D + N ) duoc goi 1a phan tich
Dunford cua A.

Chitng minh . _
R® rang 2) 1a dang ma trén cia I).

a) Tén tai

K¢ higu {4y,.... 4,1 = Spdf), e la cip boi cha 4, trong ¥, (1€ k S p), sa0 cho :

P
v =1 [[X=-40%
k=1
Véik € {1,... pl. ky hieu C, = KGCB(, A e, = Wg S law déng cdu cam sinh

boi firen Cy, v =i — At
. :
Ta nhic lai (xem Ménh dé 1,33.1) £ = ? Cy -
=i
Xét céc tu ddng ciu d va v cha E dugc xdc dinh bdi viéc ghn tuong ng cdc A, va

v, : voi moi x thudc E, 16n tai duy nhét (x;,..., %) € €3 X C, sao cho
x =X+ .. +x,,vhtadat
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r p
dix) = Z’Ikxk v v(x) =ka {x;)
k=1 k=l
* Trong mdt co s& hop nhit céc co sd cla cic C,, ma trin cha o 13 (xem Meénh dé
’zllwl 0
2.2)33.D 2vay d chéo héa duge, va x, = 23
0 A1

i {er

P
* Ky hiéu @ = Max @, vi v6i cdc ky hiéu trén day, tacé: v¥ (x) = Z vi(x) =0,
Isk<p =1

vi: ¥Vike{l.,plvw* =0.
Vay v liy linh.

* Vdicdc ky hiéu trén:

gy = sz(xk) = Z(/ﬁ&‘k v i) = Z’Ikxk + ka(xk} = d(x) + v{(x)

k=1 k=1
rday f = u’+v.
F 2
(d cv)(x) = d[ka (x, )J Z Ave ()
- ; *= Jrday dov=vod.
2 P
(vedXx) = V[Z,z,,x,( J =) Avi(x)
k=1 k=1

¢ Ldy lai chiing minh ¢lia Dinh 1§ céc hat nhan (Dinh 1y, 3.2.2) vi ky hiéu 0, 14 da

thite xéc dinh bai (X - 4,)™ Q, = ¥, phép chiéu ien C, song song voi D C la
1sisp
Ik
U,‘(f) Qi("), vay 1a mot da thitc cha £, Vay d 1a mat da thitc cla £, va v = f—dcing

vay.
#) Duy nhit

Gia sif (d,v) 12 céip xdc dinh trén day va (d'v') € (L)) suo cho :
f=d+ v, d chéohdaduge, v' liy linhd o v =v' o .
Khidé:d'af =d' o' +V)=d'? +d ov = d'? + Vv od' = fod dodéd' giuo
hodn vé&i moi da thiic ciia £, néi rieng véi d. Tigp theo, v =f— o giao hodn véi moi
da thiic cha f. N6i riéng v giao hodn v&i v. Hon nifa vi v v v liiy linh nén cong thije
nhi thitc Newton chiing 6 ring v — ' liy linh (xem bai 13p 2.3.3 a), Tap 5)
Mat khée ta ching minh ring & - d chéo héa duge. Gida st &k € (1,.., p), x e C,.
Tacé:

dod'(x) = dod(x) =d'(Ax) = 4d'(x), vay d'(x) € C,.
Diéu nay chitng 16 ring méi C, déu 8n dinh d&i véi &'. Vi o' chéo héa duge nén méi
tr dong cdu d) cam sinh bdi &' tren C, (1< k < P) chéo héa duge (xem bai tap
2.4.10) va cudi cling d va ¢’ chéo héa dugce trong cling mot co sd. Vay d' - d chéo
héa dugc .
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Vid —d =v— v chéo héa duge va liy linh nén Wrngd —d =v—y =0, W
day (d'v') = (). n

Nhdn xét

Trong phan tich Dunford f = d + v, f chéo héa duge khi va chikhi v = 0.

e |Hé qud Gidsit f e L(E) sao cho. y, tich duge. Ky higu {Apyers A) =
Spe(f), @ 13 clip boi cha 4, (1< k< p)trong ¥, -
Tén tai mot co s B clia E sao cho ma tran ciia f trong B ¢6 dang;:

Chitng minh
Ta gilt Jai cdc k¥ hidu trong chéng minh cia Dinh 1y trude. M&i v, déu tam gidc hda
duoe vi da thitc dac tnmg cba né 1 (~D)T™CXI™R | tich duge. Vay tén tai mot

0
co sd B, ctia C, sa0 cho Matg (v,) cb dang [ AN
L0 o

Fi]
Vay chicanlay B = UB;( .
k=1

3.3.3 Vidu vé ing dung phan tich Dunford

1) Day cdc liay thiza cua mét ma tran

Gidsorn € N

e DBinhnghia Vdi moi A thude M(C), ta goi 0 thue >0 ky hi¢u p(A)
vi x4c dinh boi :

p(4) = Max |[A]
AeSpo(A)

[3 ban kinh phé ctia A.
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« | Binh Iy
¥ A e MC), (AP —0e p(a)<1).

Chitng minh :

VIC déng dai s6 nén y, tich duge trén C. Ky hieu { 4,,... , 4y} = Spe(f) va o, Ia

N
clp bdi clia 4, trong ¥, (| Sk<N),tacéd:y, = (—1)“1_[()( - A%

k=
Theo Hé qud, 3.3.2,16n tai P € GL(C)vaT, € T, s (K) c6 dudng chéo O
(1 <k < p) suo cho P'AP = diag(4, Iw] + T, Ayl

theo khéi, cd cdc khoi chéo tam gide).

wy T Tx) (ma trén chéo
RS rang :

AP — 05 (Vhell, N} (A, +T,) — ).
Gidsirk e {1,..,N}. Vi 4, [, va T, giuo hodn va T, lily linh véi chi s6 < @), nén
ta €6, theo cong thiic nhi thitc Newton, véi moi p thudc N sao cho p > &, -

=1

(Al + Ty =Y CLa7r
i=0

1) Gidsirp(A)<1,theld: Yk e {1, N}, | 4| <.
Ta trang bj cho M, (€) mgt chudn ||.|| (duge ky hiéu cling mot cach vdi | <k < M).
Tacé:

[ i .
VpeN I, +T)P 1< X Clal™umn,

i=0
Pt w&-l : iy —i .
vadods:Vp2 o, | (4, +T)7 || <4l > Clal™ iy,
=0

ay -1 . w1 .
Vip s 3 CIAI"NT I 12 mot ham da thicc, do wu the cfia day nhan

i=0
(4| ) pany 461 v6i moi da thiic, ta suy ra (A1, +7;) ——0, vi cubi

Cﬂﬂg: APTO

2) Dao lai, gid sir 47 T)O.
Giastrk e {1,..., N]; 16n tai X, € M, (C) — {0) sao cho AX, = 4 X,
Tacé:Vpe N AX = A X, , vay ,if)q,—?o.
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Vi X, 12 ¢6 dinh = 0 va doc lap vdi p.néntacéd Al —-px—->0 Jirday (4, < L
Cudi cing vi Spe{4) hiru han, (2 két luan p(A) = Max | 4 1< 1.

1<kzp
Vé mot chimg minh khéc cho k&l qua nay, xem (€ 3.1.5).

2) Phép tinh exp(A}

Gia st A € M (C). V6i cde ky hicu nhu alt):

Al,+hh
A=P 5 P,
/ii\-’lfu,\- + TN
Tir d6 (xemn Ménh dé 3, 1.3.2):
4 B
e'le 0
exp{d)y = P P
0 IR

Vi méi k thude | 1,..., N}, vi T, lay linh vdichi st €@ < n,néntacd:
i |

=1
T = l— d = l i
e Z i T z o Ty .
=0 " i=0°"

Bai tap
o 333 Cho A =D+ N1aphan tich Dunford ciia A € M,(C).

) Phan tich Dunford clla A*, k € N'1agi?

5} Phan tich Dunford cha A™ 1a gi, voi gid thi&t A kha nghich?
o 3.3.4 Cho A =D + Nlaphaniich Dunford ciia A € M (C).

«) Phan tich Dunford cliae’ 1a gi?

b) Gidi phuong trink e¥ = [, 4n X & M(C).
¢} Chimg minh ring A chéo hda duge khi vi chi khi ¢ chéo héa dugc.

o 335 Cho 3 a,z¥ lamotchudi nguyen. R la bin Kinh hoi tu clia né, A € M,(C).

k20
Chitng minh :
DY aat hoiw = pA)s R 21 oA < R=> S apa® hoiw,
k20 k20
trong d6 p(A) = Max |4]| labin kinh pha clia A.

AeSpplA)

¢ 3.3.6 Ching minh: A*T() & (A —o0 , vdi moi A (huge M, (C).
(Sir dung bixi tp 3.1.18).
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3.4 Thu gon Jordan

§ 3.4 ndy c6 thé duge dinh cho tdn doc thif hai.
E chi mét K - kgv hitu han chiéu vdi s6 chidu i, n = 1.

3.4.1 Cau triic cia cac tu dong ciu lity linh

Gia sir v §a mot ty dong ciiu 1y linh cda £, N 1a chi 58 caa v, tde la s8 nguyén nho
nhit > 1 saocho v® =0. Ta gid sty =0, viy N > 2.
1) Day cac hat nhan lap
Vaik e M, laky hicu F, = Ker(v)). Khi d6 ta ¢é cic bao ham thic :
{0y =F, CF Cc..CFy., CFy =FE
Ta chitng minh ring 141 ca cdc bao him thifc nay 1a chit .
Tu l4p ludn bang phan chitng - Gid strtén tai k e (0,... ,N - l}saocho F, = F, .
Giasiti € N saocho {2 & Ta e véi moi x thude E:
VY = 0 o I TR ) =0
v eF, = F oY un=0c vin=0
Diéundy chimgo - F.=F,, =..=Fy_ = F,
Nhmg viv¥ ™ 20 va v¥ =0 néntacé: Fy_, # E, Fy = E, miu thulin.

Vay: {0} =Fy G F, G .. G Fy_, §Fy = E.

2) Xay dung mét sé kgve cha F,
Ta s& chiing minh bing quy nap ring (én tai cdc kgve G,,...,Gy ciia E sao cho :
Yke{l,., N}, G @ Fou_w = Fy_in
Vie{2 .. N}, vG,.) CG,.
e Kgvc Fy.  chaFy,céditnhdtmot phdn bu G, trong Fy: G, @ F, ., = F,=E.
¢ Choie{l,..,N—1}. Giasdn tai cic kgve G,.....G; clia £ sao cho :
Vke{ls-"}i}'l G.ﬁ'@F'N—k :F:’\"‘-k+]
Vkef2,...i}, %G,,) C G,
Chox e G, — {0}.
Vi G CFy i nenV' 7" (=0 thciavix) e Fyy_,.
VIGNFy_, ={0} nénxe Fy_,thclaviy) e Fy_, -\

X {V(G;)C Fy_i
Viy tacd:
WG N Fy_isy =40}
Ky higu C 14 mét co s& cta v(G)), C' lamdt ca s cua Fy_;_, , C 13 mdt co sd cua

mot phin bl cha WG) D F,, ., trong F,_,, 16 rang kgve G, ; duge sinh boi
CJ " thod man
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{v(c.-) C Gy .
G ® Fyoin = Fyy

Giastri e {1,..,N—1}.Anh xa tuyén tinh thu hep V{G,: G,— E ladon
x — v(x)

anh vi v6i moi x thude G, - {0}, tacé v(x) ¢ Fy_, (xem phin trudc), vay v(x) = 0.

Tirdé vavi w(G,) C G,,, taco:

dim(G,) = dim(v|G,(G))) = dim(W{G))) < dim{G; , ).

3) Xay dumg mot co sd thich hop cua E
Ta k¥ hiev v, =dim(G) vé1k e {1,... ,N}.

Vi(xem 1)) : Vke {l,.. N}, Fyyy G Fyy,ynéntacd:Vke{l,.. N} y21

Kgve G, cia £ c6 it nhit mot co 0 By ={ey, ..., ¢, )-
Choi € {1,..,N-1]. Ta gia si chon dugc mot co s B, = (¢, -, €. ) clta G,

Ho (v{e, ), ....v{¢; i 1} 1a ddc 1ap tuyén tinh vi V|G, : Gx,- — E ladon dnh (xem 2))

— v{X}
v dugc tao nén tit cdc phan trcda G, , (Vi WG C G.L )
Vay it nhat ciing c6 mot cich theo dé ta c6 thé bo sung né thanh mét co 36
B 1=, 11, it Pt Yeba G, rong dd e, , =v(e ) voije {1,..., v}

Ta dat trong mot bang céc co 56 cia Gy, ... ,Gy "dugc xay dimg nhu vay, sao cho
méi vecto ndm ngay trén dnh clla né qua v, céc vecto cua dong cudi cing ¢ anh O

G €€y
G, €1-€2, N R
Gy eni€n,y €,y + 1B, g ] € n g+ 1Ny

VIiE=F,=G & Fy_,=G, ®(G.® Fy_,;) =..,vaF;={0},nén 13 rang
N

G, .. Gy cotdngtryc tipva: E = ®Dq,.
i=)

Ky hi¢u V; 1a kgve cha E sinh boi cic vecto cha cot thit cla bang véi moi j thude
[ il
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(V] = Vect(e; )iejcn

Vn = Vf.-ct(e':;-_).fI heisn

V= Veet(e; )iy

i Vew = Vect(ey . ),

c6 nghiala V; = Vect(e, )izicy , v6i & 13 58 ngnyén duy nhét thuge {1,... , N} sao cho
%o <J < (theo quy ude x = 0).

Dé tién cho 1ap luan vé sau, ta ky hiéu B} =(ey;, eyory ., € ) V6ij € {1, ),
trong d6 & dugc xic dinh bdi v, ,<j < v,.

Giastje {1,.., 5} vd k duge xdc dinh bdi y,. , <j < v,

Viviey,) =0, We,_ 1D S Eaepe W) = gy, 1 0énV, ]a én dinh 48i v6i v, va

01 0
ma trdn cla ty ddng cfu cam sinh béi v trén V;la \ cécaAp N -k - 1.
0 1
01 0
Véi s e N’ taky hieu J, = \ € M(C), duge goi 1 ma tran liy linh
0 1
0
Jordan (ci4p s).
0 1 0 1.0
Nhuvay : J, = (), J;:(O 0],];: 0 0 1}§,..
00 ¢

Kyhieu B = B U...U B, | matrinJcia v trong B' 1a ma trén chéo theo khéi :

rJN

Iy 0

=

0 ‘,N-—l

Jl)
mi ta cé lhé Vié‘t-i(:diag(JN.,., JN’ JN—I"“’ JN_I,..., Jl""’ J] ).
——

e ——t
nkhéily  pa- nkhéi Iy rn-yn -1 khéi 1
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Ky higu ¢ = dim(F), v6ii € {1,... N} VA gy, =11

Vivie (L., NLG®Fy., =Fy it

néntacé:Vie (L. NLp=@v-inr— Ov-i

Giastie (1,.., N}, Trong J, khéiJ -, xudt hien ding 7 — 7 lan, wic 1A

200 -ie1 — Pnoi — P 181, didu ndy ching 10 : 2@y a1 2 @v—i + Pu-iv2
Nhu vay, J duge xdc dinh mot cich duy nhat tir day cic s& chidu cla cic hat nhan
cta céc liy thita chia v. Ma tran J duge goi la thu gon Jordan ca tir dong caun liy
linh v.

Ta sé thiy ring, véi v liy linh da cho, thu gon Jordan J ctia v 13 duy nh#l, nhung
mot ca s& B clia E sao cho J = Matg(v) lai khong nhit thiét duy nhat.

Nhdn vét .
01

N
Giastse N°, I.= . e M (C), rd rang rang :

001\0 0 — 0 1
0
12 = -\:},,Jj"_ 0 I,Jj:U
0 o 0

Vay, voi ky hitu J = diagUy v, Ian Iy 1000 Yy pver 30w J)) R thu gon Jordan cha
v, tachd:

P = diag( By B T T 3000 33 1050,0)

IV = diag(F¥ L TN 0,0, T =0.
Tir d6 suy ta $6 14n xudt hién trong J cia Jy, Iy poos I, twong tng 14
rank(J"¥ "), rank(J ¥ %) —rank(J*"")...., rank(J) — rank(/),
hay : rank(v™ 1), rank(v " "% - rank{(v" " "},..., rank(v) — rank(3*).

viDy:
-1 1 1 0
L ¢ -1t 0 1 s .
1) Chimg minh ring A = L2 1 4 e M,(R) liy linh, x4c dinh thu gon
0 -1 0 1

Jordan J chia A vi mot ma tran kha nghich P sao cho A = PJP L
Ta kiém chimg dé dang A = 0 vA A # 0,nén A |ty linh chi s N = 2. Véi cic
k¥ higu cOa phdn trude
F,={0}, F =Ker(4). F,=Ker(4)=E=My,(R)
G}@F'1=F2, G2®F0=P‘1, V(G])CG:,
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vy G, la mot phdn bl cha Ker(A4) trong E, va G, = Ker(4).
Ta chon hai vecto ¢, ¢y, clia £ tao nén mot he doc l4p tuyén tinh va khéng

1 0
. 0 1
thu¢c Ker(A), chang han: ¢, | = NEAER ol
0 0
-1 1
- 0 -1
Tiepddtadate,, = Ae, = L4z = Ae, = 5
0 -1

Cudicing 1 uy=ey),, iy = e, 3= eyp, ;= ¢,,.

Vay, B=(u,, uy, tty, 1) 13 mOt co s& clia £ v : Ay = 0, Ay = ), Auy = 0, Au, = u,

01 00
0 0 N s s e s .
K¥ higuJ = 00 0 LI £ 13 ma tran chuyén tir co s& chinh tic cia M, (R)
0 0 0 0
-1 1 0
0 0 -1 1 ~
sang B ticla P = tacOA=PJP
-1 0 2 0
O 0 -1 0
0 0 -1 =2
1 0 -1 -
Tinh tedn chota: P! = b1
. 00 0 -1
01 0 -1
-15 12 -9 1
. 29 24 19 =2
2) Hiy kiém ching A = 60 —49 38+ € M,(R) liiy linh, x4c dinh thu gon
-6 5 4 1

Jordan J clia A v mot ma tran kha nghich P sac cho A = PJP™ ',

Ta d& dang kiém tra A* = 0 vd A* = 0, nén A liy linh chi s6 N = 4. Véi che ky
hi¢u dphidntrén, tacé p = p = = y=1.

Vay chi cin chon e, trong M, (R} — Ker(A), 16i xdc dinh e,, = Ae,, ¢;, =Aey,
=Al ), e, = Aey = A, Ky higuu, = e, ty= ey, 3 = €,,, u, = £, va P la ma
tran chuyén tir co so chinh téc cha M, (R) sang (u,,,0,,1,), tacé A = PP,

0100
0 10
trong do J = .
¢ 0 01
a0 00

113
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0 1 =2
Chéng han ta cé thé chon ¢, , = 0 ,trddy e,, =Ae, = 2 Loy, =Ae,, = -1
) ) ’ 0 _ ' -4 - ) 2
i l 1
1 1 =2 1 0
€ =Aey = 2 .Vay P = 2 -1 =20 .
) - 1 ) 1 2 4 0
0 0 i1
§ -6 5 0
Tinh to4n chota: P! = - 0].
-4 3 0
-11 9 -7 1

Bai tap
Céc.bdf tap tix 3.4.1 t6i 3..4.6 khong si dung dinh I3 vé phép thu gon Jordan.
o 341 Chimgminh: Y Ae MK), ¥V p € N, (p 2 n = rank(4”) = rank(A")).

¢ 342 Chone N’ Ae M{K) Iy linh, v 14 chi s6 clia A, r = rank(A). Ching minh :

ver+1.

A0
o 343 a)Chone N, €K, J = 0\\1 e M,(K).

A
Tinh 7,

110
by Cho N e N npnny €N AEK, J, = 0\\1 e M, (K),
pi

A 0

0 Jy
Tinh z,. (C6 thé sit dung bai tap 3.2.16).
0 1.0

6 344 ChoneN, N= 0\\1 € M (K). Xic dinh hodn tdp C(N) clia N trong
0
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M, (K}, duge xde dinh bdi : C(N) = {A € M (K); AN = NA).

4 \0
¢ 345 ChoneN', lek, J= 0\]\] € M(K), P € K[X]. V&i mbi £ thudc N,

A
Mo M [y
1a ky higu 4, = ILIP“"(/I ). Chitng mink P(J) = \ ﬂ
Ay

0
¢ 346 Chornel 6 J= \\] € M (K}, v la ty ddng cdu cla K” clia ma tran J

trong ¢o 86 chinh tc cia K™ Xdc dinh 1t cd cde kgve cha K" én dinh d6i véi v

© 347 Chone N, Elamét K - kgv hiru han chiéu vdi s6 chidu a, v € £(E), lity linh,

N la chi sd cha v. Ching minh N = 2 < rank(v) = n - 1.
Hiiy so sdnh voi bai tap 3.1.10.

3.4.2 Thu gon Jordan

1) Sy ton tai ciia thu gon Jordan

Gid st f € £(E) sa0 cho x; tich dugc tren K.

Taky hi¢u {4,.... 4,} = Spx(f) , & 1 cip boi clia gni tri riéng 4, trong x, va

C, = KGCD(f, 4,) véi moi i thuoe { 1,..., p}.

Gidstri € {1,.., p). R6 rang C; 6n dinh d6i v6i f(xem 3.3.1, Ménh dé 2). Ky higu £,
1a ty dng ciu cadm sinh bdi f1rén C, va v =f - Aldg, .

Ta d3 tha'y (3.3.1, Ménh dé 2) rdng v, lily linh va chi s6 liy linh cBia né 12 cp boi 4
cia /, trong 7,

Theo 3.4.1, th tai mt co 5§ U, cha C; trong dé v, duge biéu dién béi mot ma tran
chéo tao nén tir cdc khéi ity linh Jordan : diag( JM_ I JM, yoory Tppeeey Ji)e

1 0
Néu ky hitu véi (4)) € K x N, I(4) = \ e M(K), goi la ma tran
0

Jordan thi ma tran cila £, trong 14, 1 ma tran chéo theo khoi Jordan :
diag( JM‘ (). (Ao T Ay T (A)D).

1;;
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P L4
Cu6i ciing, ky hieu U = U . U lamotcosdcla EME = D¢, xem 3.3.1,
i=1 =

Meénh dé 1) va ma tran cia f trong U 1a ma tran chéo theo khéi Jordan, duge
goi 12 mot thu gon Jordan ctia f.

2) Tinh duy nhat cia thu gon Jordan, sai khic trat tu cac khoi

Trong mot thu gon Jordan, ta quy udc dat cac khai chéo Jordan theo mot thd ty nao
dé chio céc gid tri rieng (ching han gidm ty nhién néu tdl ch cdc gid tri rigng deu la
thyc),va d6i véi cung mgt gid trl riéng, thi theo thif t giam coa céc khé&i Jordan.
Céc gié tri riéng clia f dugc xéc dinh mot céch duy nhét it £ (c6 thé sai khdc thi w).
Véi mot gtr da cho 4, cha f, céip 161 da céc khéi Jordan tuong ing véi A 14 clp boi
@, cla A trong ¥;. VOi méi j thude {1,..., 4}, 8 14n xuft hién cua khoi J(4) duge
xéc dinh mot cich duy nhdt it cée & chidu clia hat nhan cta cde 13p déng cau
lity linh f; — A dxgencr 40 véi f, 1a ty déng cfu cdm sinh b&i f tren KGCD{f.A)
(3.4.1,3).

3) Phat biéu dinh Iy

§ 1) va 2) cho phép tdng keét bing dinh 1y sau.

o | Pinhiy (Pinhly thu gon Jordan)

Gia sit f € L(E) sao cho y, téch duge trén K, { Ay A,} 12 ph6 cta f
vi véi méi i thude {1,..., pl, 2 1acdpbdi cua A trong 7. Ton tai mot
va chi mot thu gon Jordan cho f, sai khic thif tu cac khdi Jordan :

J = diag( ]ﬂi (A J,ul (A ses T A Do J,(/?,l),...,Jpp (A )sess

J/JP (Ep)s"'s JI(/?’p)s'---r Jl(/‘i?,)),
trong d6, véi moi (4,k) € K % N°, ta di ky hiéu :
210

D= &1 & MK).
A _

Nhdn xét .

1) Giir lai cdc k¥ hiéu ¢ trén va ngodi ra, véi i € {1,....p} ta k¢ hiéu :
d; = dim{KGCR{f,4))
@, 1a cdip boi cla 4, trong ¥
@ ; 14 56 ¥an xuflt hign chia khéi Jordan J{4) trong J, v6ij € 11, 45},
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. "
Khidétacs:d= 30, va @ = 3 a, .
= =

2) Ta xét phan tich Dunford J = D + N cha J (xem 3.3.2, Dinh 1§ - Pinh
nghia). Rérang D =diag (4, Ly e 4, I@P JvaN=J-D Gidsit B la mét cosd
cha E sao cho Matg(f) =J, d, v 14 cic ty dbng cdu clia £ xdc dinh boi Maty(d) = D,
Matg(v) = N. Vay f =d + v 1 phan tich Dunford claf.

4) Lép dong dang
Gia sit A, B € M,(K).

* Né&u i, vi 1, tdch duoe va néu 4 va B c6 cing mét thu gon Jordan J, thi A ~ B vi
A~J vaB-~J,

* Pdo lai, gia st A ~ B vA y, tich duge. Vay thi x, tich dugc va A, B cé cling phd,
ky hidu {4,..., 4,}. Giasti e {1,...,p}. ke N" . Tacé:

A~B> (A - iJ.IN)* ~ (B - /?':'In)*
= dim(Ker(A — 41,)Y) = dim(Ker(B - A1 )Y.

Diéu nay chiing 16 (xem 3.4.2, 2)) ring A vi B ¢6 ciing thu gon Jordan.
Ta tém tét nghién citu trén:

¢ | Binhly GidsirA, B € M(K) sao cho y, hoiic ¥, téch duoc trén K. D&
A va B déng dang, cin va du 1a chiing ¢6 cling mot thu gon Jordan (cé
thé sai khdc thit tu céc kh6i Jordan).

Bai tap
-1 =2 -3 3 -3
¢ 1 1 0 o0
© 348 ChoA=| 0 0 1 1 1]eMyR.
T 1 1 2 3
-1 -1 -1 -] =2

a) Ching minh ring y, t4ch duge rén R, tinh thu gon Jordan J clia A, v mot ma trin
khd nghich P sao cha A = PP,

b} Chimg minh ring A kha nghich, va tinh A* véi moi & thuoc Z.

¢} Tinh e?,
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1 1 a /B
o o e . g1 01
& 349 Vdi(ae M < K7, xdc dinh thu gon Jordan clla A = 60 1 0 e M (K).
g0 01
-2 =3 -4 -9 72 52
¢ 3.4.10 Chimg minh ring ciematran A=|~-1 ¢ 0Olva 8=] | -5 -4
2 2 3 -3 20 15

déng dang trong Mi(R).

o 3411 @}Chone N, AeK,T=(1), €T, (K)saocho:

"

Yie{l,.,np, ;=0
Viell .o =1}, t =20

210
Chimg minh ; 4§, +T ~ \\l .
0 2

(ST dung bai 1ap 3.4.7)
b)Chone N, e K-|0}, ke Z

A1) (4 1o
Ching minh : 0 \; - 0\\\ ]k trong M (K).
A
0 1p

1 . ' Han
¢cjChoneN', J= | 0\\‘1 e M(R),A = Z(k + 1% (tng cha mot 58 hiru han
ol T k=l

cdc hang 1r). Chimg minh : A ~J.
¢ 3.4.12 Tim tit cd cde thu gon Jordan liy linh thuge M(C), véi 12 <4

¢ 34413 Choa be Ksaochoa = b, A € M(K)saocho y, = (X—a)'(X - By vt
7, = (X - @)X - b).
Céc thu gon Jordan ¢6 thé cé clia A lagi?

¢ 3444 Chope N o,.q,e N n= i“ﬁ . By B,€ N' thod min
i=l
vie(l...p), B S a) A, 4, € K timg doi phan bi¢t. Hay biéu thj womg minh mot
ma tran A thude M, (K) sao cho:

P P .
% = HE-0% v = [Jo- 4
i=1

i=1
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3445 a)Chon €{1,2,3},4,B ¢ MC). Chimg minh: A~ B & {XA=X.B
T4=Tg

9

i =Xw T T A=+B

01 N O N @
b = = = . Chua inh:
+Cho N [0 OJ e MK} A ( 0 N] , B [ 0] & M(K}. Ching minh

3.446 Chon e N', A & M(C) thod min Spe(A) C R. Chitng minh ring 16n tai
Be M(R)vaP e GL,(C)saocho:A= PBP".

3417 Chone N, A, B e M{C). Ching minh :

A~B > (VieC, Vhke N, rank((A - ALY = rank((B - ALY).

3.4.48 Ching minh: ¥A € M,(C), 4~ A,

(Phuong phdp 1 : sir dung bai tap 3.4.17

Phuang phdp 2 : sit dung thu gon Jordan va chimg minh 'TEA) ~ 1(A) v&i moi {A.k)
thuse C x N7).

3.419 Chonc N'.A € M(C). Chimg minh ring ) A* hoi w Khi va chi khi
’ k20

L 5ral
o(A) < 1,vanéu p(A) < 1 thi tinh ). 4%
k=0

. plA) <1
3420 Chone N, A={(g),c M R)su0 cho: 2 .
(i, e fl,..,n}"aq; > 0.

Chimg Hring tdntaip € N’ sa0 cho khong mot phéa tir nio clia A” 1a nguyén.

2421 Chone N',A & M{C). Ta gid st rang (A%, « w 101 10 vé mot phén 1ir

B thuéc M,(C). Chiing minh ring t6n tai Fe CIX} sao cho B = P(A) (C6 thé sk
dung bai 1p 3.2.27).

3.422 Ma tran khong sai pham

Cho n & N', A € M, (C), ta n6i ring A 1a khong sai pham khi va chikhit 7z, = (-1
Ching minh ring A 1a khong sai pham Kkhi va chi khi t6n tai da thitc chudn tac bac n
Pe C[X], sao cho A dbng dang v&i ma tran déng hanh C, ciia P. {8k dung cic bai tap
2.2.11 va3.2.29).

3423 Chone N, A € M(C). Ching minh réng hai tinh ch4t sau day tvong duong:
(i) A khong sai pham (tifc 27 =0 _
(i) V6i moi ma trn B thudc M, () sao cho AB = BA, tén tai Qe C[X] sao cho

B =0(A).
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¢ 3424 Chone N, A BeM(C)saocho 7, = 7, = (=17, = (-1)"%,
Chimg minh : A ~ B {8{ dung bai tip 3.4.22}.

© 3425 ChoreN,4e M)
a} Tim diéu kien cdn vi b d€ (4%, .y bi chan rong M,(C).

b} Néu A e GL, (), tim diéu kign cdn va db dé {(4%), c ; bi chan trong M (C).

¢ 3426 Chopge N, Ae M,(C), B € M (), J, (lwong ting J,;) 1 thu gon Jordan

(Cria

Ty

A4 0
ciia A (twong dng B). Chitng minh ring thu gon Jordan cua [0 B] trong M

Ja 0 . A
{sai Khdc trat tr cdc kKhoi Jordan).
0 Jy

¢ 3.4.27 Cicchitcii A, A", B, C,... ky hiéu cho cdc ma trin viudng phic .

A~dA
a) 1) Ching minh: {{ 4 A 0 =8~C.
0 B 0 C

(St dung bai tap 3.4.26).

A~ Ay Ay ~ Ay
' 3
4 0 4 0
2)Tirdé suy ra =8~C.
i~ 0 ,
Ay Ay
B : C
B 0 C 0
h) Chitng minh : N ~ AN = B~C.
0 5 |0 ¢

(St dung bai tap 3.4.26).
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B& sung
¢ C.3.1" Bankinh phd

Giaslrn e N Vai A € M, (0), taky hi¢u p(A) = Max {21, va goi 1a ban kinh phé
AeSpe(4)

cha A.

1) Cdc tinh chdt so cdp cila

a} Ching minh ring véi mai e thude C, k thude N, A, B thude M,{C) vA P thuge GL(C) -
a) plad) = |alpla)

B) p(AY) = (p(A)
7 0(AB) = p(BA)
8 p(P'AP) = p(A).
b) Liéu c6 phai voi moi A, B thuge M(C) tac : p(A + B) < p(A) + p(B) ?

plAB) < p{A)p(B) ?
Ta nhic lai (xem 1.1.1.4, Dinh nghia, Tap 3) ring mét chuén |l I| rén M,(C) duge goi la

chudn dudi-nhan (hay : chudn dai sd) khi va chi khi : Y(4,8) e (M,(C)Y, IABI <llAllIBY.

Ta ciing néi : chudn nhan hay chudn ma tran thay vi chudn duéi - nhan.
2) @) Chimg minh ring néu . {| 12 mot chudn dudi - nhan trén M (C) thi :
Yk e N, YA € M{C), Al <lAll*.
) Chitng minh ring anh xa N : M {C) > R xdcdinh bdi :
VA= (@) € M©), N#) = Max (éi aD)
12 mot chudn duéi - nhén trén M,(C).
¢) Gia sir . Il 12 mot chusin dwdi - nhan trén M(C) va P & GL (C). Ching minh .
ring 4nh xal. lp : M(C) - R dinh nghia bdi: V A € M(C),IAilp =iP"'AP |l 1a mdt
chudn dudi - nhan trén M,(C).
3) Gia sirll I Ta mot chudn dudi - nhan trén M,(C). Chiing minh : -
VA € M,(C), pd) < lIAl.
4 GidsitA € M,C), s« R.,. Ching minh ring tén tai mot chudn dusi - nhan ¥, |
trén M,(C) sao cho : Al £ p(A) + &
(Sir dung phép tam gidc héa A = PTP™ cla A, T = (1)), € T, (C). Ti€p theo v6i
ue R:_ , gid sit D, = diag{a, ..., u"); tinh D,TD ;' va chiing minh ring véi u di 1én :
NDTD ') <pld) + &, véi n duge xdc dinh trong 2) b).
Cudi cing dinh nghia F.1 bdi IM Il = N(DP'MFD ;1 ), ¥vai moi M thude M (C).
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K¢ hidu A/ 1a tap hop cc chuéin dusi - nhan trén M,(C), céc ket qua chia 3) vi4) chimg 10:
YA e M(T), p(ay= Inf NAL.
[H e

5) Ching minh : ¥ A € M,(C), (A* ———0¢ p(4) < 1). (Sidung 3) v 4.

Tinh chél nay di dugc chiing minh theo cdch khic trong 3.3.3 1} bing viéc sir dung
phan tich Dunford.

6) Chimg minh ring v6i mei chudn | | trén M,(C) va moi ma tran A thuée M,(C) :
1
| 4% fF —->p(A) .
(Bit ddu bing viée chimg minh két qua nay khill. Il 12 dudi - nhéan; st dung 3} va 4)).
7) Suy ra tir 6) ring néu A,B € M, () giaoc hodn, thi plAB) £ p(A)p(B).
8) u) Gid sir (A4,); ¢ y 12 MOt ddy trong M, (C). Chitng minh ring, néu A —ka;—>0

h) Gid st A € M (C), B e m» (P e 12 hai ddy trong M, (T} sao cho :

{Vkem, (F, €GL,(C) VA By = FARY

Bk T)O

Ching minh ring A 1dy linh.
9y Gidsit A= (g, e MJ(C), M=(m,); € M, (R) sao cho :

VG, ) e al ey | < my
Chimg minh: p(A) € p(M).

(V6i k € ', kg hieu 4* = (al*]),, va wuong ty cho M*. Nhan xét: Vk & N¥, ol < mif]
« Néu p(M) = 0, chimg minh ring M va A 1iiy linh va p(4) = 0.

s Ne&u pM) >0, vbix e ]0; {L)[ dp dung 5) cho (xM) ¥, bling viéc chon chudn duéi -
P

nhan thich hop).

¢ ©€.3.2° Tich Kronecker

K chi mot thé giao hodn, n, ', p, p’ 1a céc s6 nguyen 2 1. V6iA = (g ); € M, (K) va
B e M, 4(K), ta dinh nghia tich Kronecker chia A vi B, kf hieu A ® B, nhu sau :
apB - a8
A®B= | D le M, ., GO

ag8 - agB

I. Cic tinh chat so cip cia tich Kronecker
af VoiAeM, (K),BeM, (K),akyhieu f,: M, (K)—> M, (K).
M — AMB
Chimg minh ring A ® B 1a ma tran cha f, ; trong céc co 50 chinh tic (dugc sap x&€p
theo thit ty phi hop).
) Chig minh cdc k&t qua sau (cdc ma trgn duge xét s& duge chinh xéc héa) :
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}{(aA+a’A')®B=aA®B+a”A’®B
AR(BB+FB)=PAQB+FADB'
2) (A ® B)A' @ B') = (AA") @ (BB")
NAGB = ARNI®B)

A VEieN,AQBF =A*® 8

5 A@B =0(A =0 hoic B=0)

6) V@i gid thi€t A va B vudng, A ® B kha nghich khi va chi khi A v B kha nghic.h
vaikhidétacd (A@B) ' =A"'®@ 58"

7) A @ B |0y linh khi va chi khi A hoic B ldy linh
HAS®B =4 ®'B

A va A ciing dang A=ad
9y NEu{B vA B cingdang|thl A® B = A'® B «|3ack -{0), . 13 .
A#0 v B=0 T

10) « Neéu A vi B la déi xitng thi A @ B [a d6i xiing
* NEuA®Bladbixing vi A=0vaB = 0, thi A va B 1a d6i xiing hodc phin d6i xing.

11} NéuB = O thi: A ® Bt maitrén tam gide trén khi v chi khi A 12 ma trén tam
gidc trén,

12y NéuA=0vAB = 0thi: A® Blama trin chéo khi v chi khi A va B 13 ma iran chéo.
13) Néu (A,),. , (tuong iing (8);z ;) 1a m$t ho cdc ma trgn giao hodn ting d6i, thi A, ® B,
{iJ} € I x J} giao hodn timg d6i.

14) « tr(A @ B} = tr{A}r(B)

* det(A ® B) = (det{(A)y(det(B)y".

I G day ta gid thiét K déng dai s8 (ching han K =C).

u 2
GidsirA € M(K), Be MK), 0, = [[(4-X) o =] J(e;-%)
i=l Jj=1
1) Ching minh : x400 = || (e -X).
1=isn
lsjsp

2) Ta gia thiét trong van dé ndy réing K = C va 1a dang tir vyng va cdc tinh chét cha

cdc ma tran Hermite (xem Pinh nghia 1, 6.1.3 2J, Dinh 1y 6.5.1, Binh nghia 6.5.3,
Dinh ly 6.5.3). Ching minh ring néu A va B 14 ma trgn Hermite (tuong Gng :
Hermite dwong, tuong (g : Hermite x4c dinh duong), thi A ® B ciing vay.

3)" Tagidthi€tA#0vad B # 0. Chimg minh ring A ® B chéo héa duoc khi vi chi khi
A va B chéo héa duge (sir dung phan tich Dunford).



Chuong 4

Dai s6 song tuyén tinh -
(nghién clu so bd)

Chuong 4 nay dinh cho cic sinh vién thude chuyén nganh PC*, PC, PT" PT, PSI ;
con déi véi céc sinh vién chuyén nginh MP', MP, PSI” day 13 mot sit chudn b cdn
thiét cho chuong sau.

4.1 Dang song tuyén tinh déi xing, dang toan phuong

Trong § 4.1 ndy, K chi R hoiic C, nhung ¢6 1hé chi mot thé giao hoin cé dac s§
khic 2, tic la trong d6 2.1, # 0, (xem thém chuong 9, Tap 5).

4.1.1 Pai cuong

Trong §4.1.1 nay, £ chi mét K - kgv,
Ta nhic lai Dinh nghia sau day (xem § 9.1.1, Tap 5).

¢ Binhnghfa1 Tagoimoidnhxa ¢: E x E— K saocho:

D Vaek Vi, yeb, plax+x,y) = ap(xy) + g, y)

(@1 tuyén tinh dé&i vé6i vi tri thi nhit)

() V Be K,V (0, 3,¥) € B, px,y+y)=Pp(xy) + p(xy)

. (glatuyén tinh d6i véi vi tri thit hai)

1a dang song tuyén tinh trén E x E .
Ky hi¢u £(E, E ; K) |a tap hop cdc dang song tuyén tinh trén E x E (xem § 9.1.1,
Tap 5). Tacéngay L (E, E; K)lamot K - kgv.

o [ Ménh 88 1 Gia sir 12 moét dang song tuyén tinh trén E x E,
(np) € (NP, @poeeey G Brveens o € Ky Xy X Yoo ¥, € E.Khi d6 ta 6 :

" p
@ zafxi’ZﬂjJ’j = > a;B0(x;, ;).
i1 =l

I=i<n

1€ j<p

Chitng minh :
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Bang truy héi theo » ta ¢é:
VYeE g (Za,-x,-,Y} = Y e(x;,Y)
i=t

n 7 . i
Tu dé @ [Zajxﬁz)ﬂj}’j)J = Zafﬁ’[xpz'é:'y.fj
=l i=1 J=i

i=1 {=

n )
= Z%{Zﬂﬂ’(-’-‘n)’j)] = > afelx.y;).
15ign
1£j<p

¢ DBinhnghla2 Métanhxa ¢: ExE — K duge goi 1a di ximg khix
va chi khi :
Vix,y) € Ez! p(yx) = p(xy).
Ta viét tit dang song tuy&n tinh d6i ximg i : dstdx.
Ky hieu S(E; K) 12 tap hop c4c dang song tuy&n tinh d6i Xdng trén £ x E.

Hién nhién & (E; K) 1a mot K - kgv, kgve clla L(E, E: K.
Meénh d¢ sau day 1a hién nhién, tién dung.

¢ |Ménhdé2 Démotdnhxa p: Ex E — K1adstdx, cin va dii
@ d6i xing
@ tuyén tinh d6i véi vi tri thit hai.

Xem thém Dinh nghia 1,1.6.1, Tap 3, Dinh nghia 1 , 10.1.1 Tap 5.

¢ Binh nghia 3 Gid st @12 mot dstdx trén £ x E. Ta goi 4nh xa (thudng
dugce ky higu 1a @) tir E vio K xéc dinh béi ;
Vx ek, gix)= @ {(x.x).
1a dang toan phirong lién két véi ¢

Dang toin phuong dugc vit ¢4t 1 : dtp.

viDy :

1} Tich vo hudng chinh tic trén R”, dinh nghia béi R*xR" > R
(CE AR (SRR ) W) YA

Ia mot dstdx, va dip lien két I R" - R k=

2 : 2
(xl,-"yxn) = xk
k=1

2) Anhxa ¢: R:xR* 5> R 12 mét dstdx va dtp lign két 14
(), OLy)) =y + Xy,
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#: R - R
(r5) — 2x,

Ménh dé sau day suy ra dé dang tir Menhdé 1.°

. I’hénh dé3 Giastr ¢ 1a mot dstdx trén E x £, ¢ 1a dip lién két véi .
Tacé:

NVrneN V.. @ c K,V x,.,x, € E,

¢5[Za,-x,] = > ald(x) +2 > & p(x;,X;)
i=t i=1

I<i<j<n
2) VieHe KLV (r,y) e E?,
Plax+ [B)= g () + 2a8p(xy) + A2 (y)
IV e B gr+y) =400+ 20(xy) + 4()
4) ¥ (xy) e E%, oy} = %(¢(x+y) - g —y)

VY e B g+ +4(x —y) = 2Ag0) + 4 (y)).

Nhan xét

Céc cong thic 3) v 4) trén chiing 6 ring ¢ x4c dinh hon todn ¢ @ dugc
goi 1a dang cyc cia g

¢ Dinhnghlad Gidst g: E — K 1a mot 4nh xa. Ta néi ring 4 12 mot
dang toan phuong khi vi chi khi tén taimétdstdx p: ExE — K
sao cho ¢ 1a dtp lien két véi ¢,

Ta ky hi¢u Q(E) 12 tap hop cdc diptren E,

Réring ring dnhxa U : S(E; K) » Q(E) dat tuong ting méi dstdx @ trén E x E
v6i dip lien két véi @, vi 4nh xaV: QE) - SE; K) dat tuong ing méi dtp ¢ trén
£ v6i dang d6i cuc clia g, 1 cée song 4nh nguge nhau.

4.1.2 Dién giai ma tran
Trong § 4.1.2 nay £ chi mot K - kgv hitu han chiéu, 7 = dim(E) > 1.

¢ Dinh nghla Gia sit @13 mot dstdx trén E x £ va B = (e,...e,) 1amot
co sd clia E. Ta goi ma trén vudng cip n, ddi xing :
Mats(0) = (@le;,e; Mg, jen
lima tran cha g trong (hay: ng vdi ) B, va ky hiéu 12 Mat(g).
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vibDU:
Xét E=R? duge trang bj mot co 8§ chinh tic B ={e,.¢)). (&) € B va
g: RxR 5> R )
((xix2), Qrayad) == axyyy + By + x90) + 0oy,
R3 rang @ 12 mot dstdx trén R* x R? , vatacd
@(el!el) = a': (0((’1,()2} = Q(e:’_sel) :ﬁs (9(32332) =}’1
a p
vay : Matg(g) = .
gy

Ta nhéc lai ring k¥ hi¢u Mat,(.) d8 dugc dinh nghia cho mot vecto cta £
(Maty(x) v6i x e E, xem Dinh nghia 1, 8.1.2, Tap 5} vi cho mét ty dong cau cua E
(Maty(f) vdi f € L{E}, xem Dinh nghia 3, 8.1.2, Tap 3).

® | Mé&nh dé 1
Giasl: (@ lamotdsidx trén E x E
Blamotcosdena E

A = Matz(¢)
x,y € E, X=Matgx), ¥ = Matg(y).
Khi d6 ta c6 : @ (xy) ='XAY
Chirng minh :
A b
Ky higu B = (e,..e,), X=| i [, ¥Y=| : [tacé:
'[H yﬂ
play)= 49[2"519552}}9;] = Z X,y ple.e;) = in' [Z“ﬁ_j)’j]-
i=1 J=1 |gign i=1 j=1
1<<n

1
Z“ljyj
i=1

Mat khéc: X=(x,,....x,). AY =

vay: ix,{ia”yj} ="'XAY. n

i=1 =l

Ta nhéc lai ring (xem Dinh nghia, 8.3.1 {) Tap 5) 8,(K) la thp hop céc ma trin doi
xitng cfp r vii hé s0 trong K.
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¢ |Ménhdé2 Gidslr Blamot cosocna k.

Anhxa Maty: S(E, K) - SK) la mot déng cdu cha K - kgv.
@ — Matg @)

Chitng minh
Ta da thily (4.1.1 v Ménh dé 1, 8.3.1 1), Tap 5) ring S(EK) vi S,(K) I cdc K -
kgv. Ky hitu B = (e,...¢,}.

1)Gidstae K, ¢, w € S(EK). Vi

VN el n) (ep + p)e.e) = aple.e) + pie,e),
nén ta cd : Matg(ap + ¢) = aMaty(@) + Matg(y) , vy Mat, tuyén tinh.
2} Gia st A = (a,); € §,(K). Ta xét dnh xa ¢: E x E - K xdc dinh bdi :
Y (vy) € B2, p(xy) = XAY.
(vdi X = Matg(x), ¥ = Mat,(y)).
Anh xa ¢ 13 mot dstdx vi :
eV {xy) e B, p(yx) ='YAX ="V 'AX = '('XAY) = ¢(x,y), bing viéc déng nhat
mot ma trin cita M,(K) vdi phén 10 duy nhat clia né.
sVaek, Yryy c E,
@(x, ay +y')="XA(a¥ + Y') = a'XAY + XAY' = ap(xy) + @(xy').
Hon niva, véi moi (if) thuoc {1,....n}%:
p(e.e) ="EAE; =aq
{trong d6 (E}) <. <, 12 co s chinh tic chia M, (X)), vy Maty(g) = A.
Diéu nay chimg td ring Mat, 13 todn 4nh.
3) Gid st p € S(E:K) sao cho Matg(g) = 0.

Vay ta c6 Y(ij) € {L..n% @(ee) = 0, 1ird6 theo tinh chat song tuyén tinh
(xem Ménh dé 1, 4.1.1): ' . .

Vxy) e E, oy =0,
vidovay ¢ = 0.

Vay Mat, 12 don 4nh.
Du6i mot dang khée:

V(A.B) € (S(K)), (Y Xe M, (K), 'XAX ="XBX) = A = B). n
Pic bigt, vi dim(S,(K)) = M (xem 8.3.], 1) Tap 5), ta cling ¢6 :

Hm(S(E:K)) = ”(”2+ n m
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Khai niém da thirc toan phuong va quy tdc tach doi

Cho 7 bi€n X,,....X,, ta goi moi dnh xa #: K" — K saocho t6n tai cdc phén tif
@, (1< i< n) va g (1< < j & n)cia K sao cho
. i)
(k) € K", fx,..x)= Zaﬁxf +2 Z QXX ;
=1 1gi<jsn
Ia da thitc toan phuong cla x,...X, .
Chéng han, “dang téng quat”, cia mot da thifc toan phireng hai bi€n x;, x; 13
Hxpx0) = @x; +2apx0n t a’zzxi .

Véi céc ky hieu trén, ¢ 12 mot dtp trén K" va ma trin cha dang d6i cuc @ cna ¢
trong co s& chinh the cla K7 14 :

o G2 7 G
@, ap 7 @
&, Ry

Ta c6 thé bit ddu tir ¢, tim lai g theo quy tic duge goi 1a tach doi: bi€l

it
2
HXp s Xy} = Za’,-,-x,- +2 Z QXX s
i=|

Isi<fgn
;3
ta thu dugc @{(xp. XH oY) = Zaﬁx;‘yl‘ + 2, ay(xiy; + ;i)
=1 1gi<jsn
bing cich tich doi : x7 thanh xy; (1isn)
2 xx thanh xy; + %% (1<i<j<n)

Ta két thiic § 4.1.2 nay bing viéc gidi quyét céc vin dé ddi ca so cho chc dstdx va
céc dtp.

e |Manhdd3
Giasit | 12 mot dstdx trén E X E

BB lahaicosgciaE

P = Pass(B,B")

A = Mat(¢), A” =Matg (@)
Khidotaco: |A' = ‘PAP .

Chiing minh :

Giasitx, y € E, X = Matg(x), Y = Matg(y), X'= Matg(x), ¥ ' = Matg (y) ; vAy taco :
X=PX'va Y=PY'(xem Ménh dé, 8.2.2, Tap 3).

Mot mit : @ (x,y)=X'AY "

Mat khic : ¢ (xoy) =" XAY ='(PXHAPY ) = 'X PAPY .

Do tinh duy nht cia ma trén cha gtrong B vavi'PAP € S,(K),

nén ta k&t luan : A’ = 'PAP,
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Bai tap

© 411 a} Gidsi (A,.B) e (M, (R)). Ching minh :
(Y (XN eM, (R, 'XAY="BY )= A=8.
h) Gia st (A,B) € (S,(R))”. Chimg minh : (V X &€ M, ,(R), YAX='XBX) <> A =B.
¢) Gid sirA € M (R). Chimg minh : (V X € M, (R), XAX =0} < A € A (R).

¢ 4.1.2 Ma tran teong déng
Trong M, (R), quan hé * rwong déing v61", ky hiéu la C, duge dinh nghia bdi :
ACB e (3Pe GL(R), B = 'PAP).
) Chimg minh ring C 1a mot quan hé trong duong trong M, (R). C6 méi lien quan ndo

giffa tvong ding, twong duong, déng dang? Ta nhéc lai (xem Dinh nghia 8.2.3, 2), vd
Binh nghia 1,8.2.4, Tap 5) :

« Haima trén A5 thugc M, (R) duge goi 1a twong duong, v k¥ higu A 1d B, khi vi chi khi :
_ 3P0 e GL(R), B=0Q'AP
» Hai ma trin A.B thuge M, (R) dugc goi [a ddng dang, v ky hiéu A ~ B, khi va chi khi :
I Pe GL(R), B=P'AP

b) 1) Ligu ta c6 Khong:

ACRH
A CH
2)Chimg minh : YA, Be MR, (ACB='AC'B).

VYVacR, YA B A, B e M(R), H =>aA+A'Ca'B+B'}?

¢) Gia st Me GL (R). Chimg minh: ¥V A, B e M{R), (ACB = 'MAM 'MBM).
Tinh chit nay cdn ding khong néu ta chi gia thigt M € M (R)?

ACHB 4 0 B 0
d) Gid sk A, B € M(R), A", B € M (R). Ching minh ; c .
) Gia s £ P_( ) e M(R) g min, {A'CB':;(O A'J [0 B’]
e) Gid st A, B € S,(R). Ching minh ring A va B twong ding khi va chi khi chiing

biéu thi cho cing mot dstdx tren M, ,(R) trong hai co sd.
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4.2 Nhic lai vé khong gian Euclide

Viéc nghién ciu vé cic khong gian tién Hilbert thyc hay phiic da duoc trinh bay
trong Tap 3, 1.6 vh viéc nghién citu vé cdc khong gian Euclide di dugc trinh
bay trong Tap 3, 10.1 va 10.2.

Pé thuan tién cho doc gia, chiing 10 nhéc lai & day nhimg diéu cén thiét cho cic
nghién cdu ti€p theo.

Trong § 4.2 nay, thé duge dung 13 R, va E chi mot R - kgv hitu han chiéu.

4.2.1 Tich v6 huong

¢ Dinhnghia1 Ta goi moi dstdx ¢ trén E x E sao cho, véi ky hiéu ¢ la
dtp lién két véi @, cdc he thiic sau day dugc thod min :
HVxekE ¢gx=20
(iDVYreE (g)=0=>x=0)
12 tich vo huéng trén E.

Khi @l mot tich v huéng, thugmg ky higu (x|y) hay < xy > hay x.y thay cho pxy).

o Dinh nghia 2 Ta goi mei cip (E,¢) trong d6 £ 12 mot R - kgv hitu han
chiéu va @ 12 mot tich vo huéng trén E, 1a khéng gian Euclide.

Ta thudng k¥ hiéu E thay cho (E,¢), khi ngt cénh di chinh x4c héa @
Khong gian (vecto) Euclide duge vigt tat 1a : kgve.

viDU .
1) Tich v6 huéng thong thudmg tren R”, 7 € N
Anhxa ¢: R'xR"=> R xéc dinh bin :

w((x{.---}x..).(yu:---;_)\.)) = YN

k=l
13 mot tich vo hudng trén R”, goi la tich vé huéng thong thudng (hay chinh tic)

trén R".
2} Tich vo huéng chinh tic trén M, (R)

Anhxa ¢ : (M,, (R)* > R lamot tich v0 hudng trén M,, (R), duoc goi la
(A,B) — tr(AB)
tich vé huéng chinh tac trén M, , (R).

Tich v6 huéng chinh tic trén M, (R) (hay M, (R)) 1a tich vo hudéng thong thudmg

trén R, c6 thé sai Khic vé ky hicu.
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o Binh Iy 1 (Bat dang thicc Cauchy - Schwarz)
Gia sit (F,9) 1a mot kgve, ¢ 1a dtp lien ket véi ¢. Tacod :

Y (y) € B (9 ) € 40 ().

¢ [Ménhdé1 (Trudng hop ding thitc trong bat ding thite Cauchy-
Schwarz)
Gia str (E,¢9) lamot kgve, @ 1a dip lién két v&i @, (x,y) € £°. Tacé:

(@) = ¢d () < () phu thuge.

& {Pinh ly 2 (Bat dang thisc Minkowski)

Gia st (£, ) la mot kgve, ¢1a dtp lien két véi . Taco :
1 1 i

V() € B (@ +3) 2 S(p0)2 +(p() 2.

& Ménh dé 2 (Trudng hop ding thitc trong bit dang thire Minkowski)
Gia sir (E, @) 12 mot kgve, 412 dp lién két véi @, (x,y) € E% Ta c6 :

1 1 x= 0
= (¢ (x))? +(#())? & |hay

SaeR,,y=ax

Lo N

{(p(x+¥)

Ta din gidi diéu kién cu6i chng ndy 13: (x) phu thudc duong.

¢ |Ménh dé - Pinh nghfa 3 Cho (E,9) lamotkgve, ¢ 1a dtp lien két vi ¢.

Anhxa ||.]| : E~» R 1 IAmotchudn tren E, goi Ia chudn
(g o
Euclide lién két v6i ¢ . '

Nhdn xét:

GiA st <--> 1 mot tich v6 huéng trén Z, || . | 12 mot chuéin Buclide lién két. Cic
cong thiic nhan duge tit Ménh dé 3 3), 4), 5), 4.1.1 c6 thé duge viét lai duéi dang
sau day, véi moi (x.y) thuge £

[l + 311 = {iaf* + 2<xy>+[Iyl)®

Y+ y|P == yiF=d<xy>

b+ ${IP + {1 = 3P = 20 + )11
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Bai tap

¢ 421 ChoElamotR-kgv # [0}, @la mot tich vo huéng tren E, (¢.h,c) € R*,
w: ExE = R duge xic dinh bdi ¢ (xy) =a@{xx)+ hgb(x,y} + c@(v.y).
Tim dién kién cdn va dil cho {a,h,¢) dé y 12 mot tich vo hudng trén E.

o6 422 Chone N A BeM(R),XYeM, (R). Ching minh :
(X'ABYY < (X'AAX) ('Y 'BBY).

o 423 Chon peN,AeM,, (R). Ching minh: ‘44 = 0=4 = 0.

¢ 424 Chon,g.pe N, AecM, (R),BCeM (R) Chiing minh :
BA'A = CA'A = BA = CA,

o 425 Chon,pe N',A e M, (R). So snh céc hat nhan, dnh, hang cia A,'A,"A4, A'A.

o 426 Chone N',A € M(R) saocho: 'AA =AAva A = 24° -1,
Ching minh: A’=1,

1
¢ 421 ChoneN.,VeM, (R)-{0},A= [2 ::] eM, (R).

Hangclla A vi AR gi?

& 42.8 Chone N A, B € M,(R) sa0 cho {A, B} 12 djc lap tuyé€n tinh vi
£ M(R) - MR) xdc dinh b : '
V¥ X e M(R), fX) = r{'AX)B - x(BXA.
Tir déng ciu f thude M, (R) c6 chéo héa duge khong ?

o 429 Chon,peN,AeM,(R)saocho rank(d) =p; ta k¥ hiéu B ="AA.
a) Chimg minh B e GL,,(R). (Sir dung bai tap 4.2.5)-
b) Ky hiéu C = AB™'A. Hay chimg minh: '
C? = C, Im(C) = Im(A), Ker(C) = Ker('A).

o 4210 Chone N=~{01},H e M,(R) khong d6i xiing vi sac cho rank(/} = 1; taky
hitu: A = H+'H.
a} Xéc dinh céc gi4 tri riéng va céc vecto riéng clia A (trong M, (R)}). Ta c6 thé
chifng minh ring tén tai (U,V) € (M, (R))* déc lap wyén tinh sao cho H =1V,
réi bidu thi c4c gtr va vir cba A theo U va V.
h} A ¢6 chéo héa duge khong (trong M (R))?
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© 4.2.11 ChoA € M, (R}saoche V'V € M_(R), ||AV]| < |{V]| uong dé ||.]} 1a chudn
Euclide chinh tic trén M, ,(R).
a) Ching minh : ¥V e M, (R), {|'4V]|| < V|-
b) Chiing mink : V'V & M, ,(R), (AV =V < '4V = V).
¢) Chimg minh cing Ker(A — I} v Im(A - 1,) la b nhau trong M, (R).

4.2.2 Tinh truc giao

¢ Binh nghfa Giasit (£, <-,->) 12 khong gian vecto Euclide.
1) Gia sit (x,y) € E*; ta néi ring x truc giao véi y va ky hiéu Ia
x Ly khivachikhi: <x,y> =0.
2)Giasirx € E, Ae P (E); tandi ring x truc giao voi A va ky hiéu 1a
x LA khivachikhi: YVaec A, <xa> =0.
3) V&i moi bo phan A cla E, ta dinh nghia truc giao cia A, ky hiéu
Ja A nhu sau:
_ Al={xeE;VaecA <xa> =0}
4) Mot ho (1), ; c4c phén tir ciia E duoc goi 13 tryre giao khi va chi khi :
Vel (i#j=s < xpx; > = 0).
5) Mot ho (x)); «; céic phéin tir ciia E dugc goi 1a tryc chugn khi va chi khi -

[ ()ser trucgiao
viel, lxli=1

¢ |Ménhdd1 Gidsk (£, <,>) 1amot kgve. Khi dé :
I) VéimoitapconAcliaE, A" 1a kgvc cha E.
2) VAB e(SBE),(ACB = At D BY.
3) VAe PE),A = (Vect(A)-
4) Véimoikgvc F cia E: F ® F* = E, do vay: dim(FY) = dim(E) - dim(F).
5) VA e B(E), AT = Vect(A).
6) Et={0}va {0}t =E.
7) YAe PE),ANAT C{0).
8) Véimoikgve F,G cia £ .
(F+G)' = F'nGva (FNnG*t = Fr+ 6L
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o |Ménh dé2 Gidsl(E, <,>) a mot kgve, (x,); < ; 1a mot ho trong E.
Néu {(xt-),-ej tngc giao

,thi (x)), -, doc 1ap tuyén tinh.
viel, % 20 i(x); =, doc lap tuy

¢ | Ménh dé 3 (Pinh 1y Pythagore)
Gia sit (E, <-,->) la mot kgve, (x,y) € E* . Tach:

s Ly eyl = [P+l o b=yl =P + DI

+ | Dinh ly (Phép tryc giao héa Schmidt)

Gid sit (E, <,>) 1a mot kgve, p € N', (e,....¢;) 1a mot ho doc 1ap
tuyén tinh trong E. Tén tai (V\,....V,) € E? sao cho :
KoV p d6i mot truc giao
{Vk € {1,...,p},Vect(Vl,...,Vk)=Vect(e1,...,ek)
(vadovay: ¥k e {l,.p},V.i# 0).

Nhdn xét -
Béng cich dat cho (V,,....V,) diéu kieﬁ :
Yk oell..pl <V,e>=1,
Kkhi d6 s& c6 duy nhat (V,,...,V,) vi ma trdn chuyén tir (ey,....e,) sang (Vy,....V))

. 1 -
12 ma tran tam gidc trén voi cac thanh phin dudmg chéo bang 1: | \ ]

Co #5 tryc chudn duge viét tit 1a cste.

o |H& qua 1 (Dinh Iy vé cstc khong day du)
Véi moi ho truc chudn (e,,....¢,) cha mot kgve E, t6n tai €,1..10. € E

(trong d6 a = dim(E)) sao cho (¢,....,e,) 1a mot cstc cua E.

e Hé qua2

Moi kgve déu cd it nhdt mot cstc.

Nhdn xét :

Néu B = (ey....,e,) 12 mot cste cia (E, <. ->), thi:
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YxekE x= z<e‘-,x>e{ .
i=1
o |Ménhdé4 Gidsir(E, <, >)lamot kgve, B la mdt co s chia E,
A = Matg(< ->). Khidé :
B 1a tryc giao khi va cht khi A € D,(R)
B la truc chudn khi vachikhiA =1, .

Chitng minh : Theo Dinhnghia ¢ § 4.1.2 1 A = (<e;.e>)5,;5,-

Nhdn xér : _
Dac bigt, néu B 12 mot cste clia £ thi ta ¢6 véi moi (x,y) thudc E? va véi k¥ hiéu
X=Matglx) , ¥ =Maty(y): <xy>=%

Bai tap

¢ 4212 Cho (£,(-|-)) 1a m&L khong gian tién Hilbert thye, || . || 1a chudn lién ké&t, F A
kgve cha E, x € £. Ching minh :
xeFt o (VyefF, () <]y

¢ 4.2.13 Cho @, 12 hai tich vd huéng trén R - kgv E hitv han chiéu sao cho :

Yy eE (pxy)=0 = pyy=0).

Chtmg minh ring 16n tai @ € R} sao cho

Y (xy) € B} wxy) = ap(xy).

¢ 4.2.14 Ta trang bj cho M,(R) tich v0 hudng chinh tdc clia né. Cdc wrye giao clia
D,(R), S,(R), A,(R) 1a gi ? ' S

© 4215 ChoneN, AeM (R, XM, (R)-[0],H=[Y¢ M, (R); 'XY = 0}.
Chimg minh rdng X |A vecto riéng cla ‘A khi va chi khi H 8n dinh d&i véi A.
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4.3 Cac tu ddng cdu dang chi y cia khong gian vécto
Euclide

Trong § 4.3 ndy, (E, <-,>) chi motkgve, n= dimi{£) = 1.

4.3.1 Tu dong cau déi xing

e Dinhnghia1 Giasitf € £(E). Tanéi ring f 12 d6i ximg khi va chi khi :
YV (y) e BL<fx)y> = <x,f() >

* Taky hiéu S(E) 12 tap céc ty déng cdu d6i xing cla E.
RS rang riang S(E) 1 mot kgve cua L(E).

o |Ménh dé 1 Gia sl (E, <,>>) lakgve, B la mot csic cha E, fe L(E),
A =Matg). Tacé: f e S(E) & A € §,(R).

Chitng minh :
Tacé : YaxyeE <fy> = <x,fy)>
oV XY eM, (R, (AX)Y = XAY
o VXeM, (B), (VYeM, (R, (A -'A)XY =0)
oVvVXe M“.,(R), A -'A)X =0
S A-A =0 AeS,R).
Xem thém bai tap 4.1.1. =
Nhén xét ;

1) Gih sit (E, <->) 12 mot kgve, B 12 mot cste cia E. Anh xa Mat, : S(E) > S,(R)

. . " f = Matg(f)
13 mot ty d6ng cfu clia R - kgv. Déc biét, S(E) hitu han chiéu va:
dim(SEY) = dim(S,(R)) = -”(”2—“) ‘
2} Ta cén phén bigt :
SEK) wa  SE)
dstdx @ vh  Wwdéngciu déixing f ..
Matg(@) va  Matgf). '

Chinh x4c hon, 4nh xa &: S(E) > S(E;X) cho tuong ting dstdx ¢ xdc dinh
Cbdi: V() € EY @ (xy) = <x, f(y)> v6i méi ty dbng cdu d6i xitng f cha E
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14 mot ding cfiu clia R - kgv va véi mei cste B cia E : Matg{ @) = Maty(), vi v6i k¥
hitu A = Mat(f) € S,(K), 1a c6 véi moi (x,y) thudc E? (va X = Matg(x), ¥ = Matg(y}):
<x, fiy) > = 'X(AY) = XAY

e |Ménhdé2 Tacd:

!}Vf,gES(E),(gnfE S(E)(:’gof=fng)
2)¥fe S(E), Yk eN, 5 e SE).

3V fe SEYN GL(E),Y k € Z, f*e SE).

Chitng minh : Phitong phdp thit nhet
1) Gia st (f.g) € (S(E))*. Tacd:
gofe S(E) (¥ (xy) e B, <@g fly>=<x(g » N >)
& (¥ (xy) € EF < f(x),gn > =<x (g2 HO) >)
o (7 () € B <x (fo)0) > =<8 (g PO )
o (VyeE fogly) = gofon
o fog =gof.
2) Suy ratit I) véi & € N7, theo quy nap vaf? =1d; e S(E).
3} Giasirfe S(EYN GLE).
o Ta cé, v6i moi (x,y) thude E* :
<fRy>=<f'W.fEON>= <fEE e > =< 0>
vay f'e S(E).
o Ap dung 2) chof ™ va—k dé thuduge: Yk € Z. f* =(f")* e SE).
Phuong phap thit hai

Meénh dé nay 1a hé qué ciia Ménh dé tuong ty trén cdc ma trdn d6i xing thyc (xem
'8.3.1, 1) Ménh @é 2 va 3, Tap 5). | |

Phép chiéu truc giao, d0i xing truc giao
Ta nhéc lai va bd sung viéc nghién ctiu di xét & 10.2.2, Tap 3.

¢ DBinh nghla 2 V&i moi kgve F cia E, ta goi phép chiéu lén F song
song véi F' 1a phép chiéu truc giao lén F.
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K¥ hiéu p 12 phép chi€u tryc giao lén £, ta cé :

Prepr=pr, M(py)=F Ker(pp)=F*
Vx e E,(pr(x)e F,x—pp{x)e Ft)

Ta ciling ndi phép tryc chiéu thay cho phép chiéu true giaso.

*

Pinh nghia 3 Gia sir F la kgve cua E, x € E. Ta goi s6 thuc xédc
dinh béi :
d(x,F)= Inf ||x-y|
vefF

la khoang cach tir x téi F, ve‘l.k)? higu 1a d(x,F).

¢ |Ménhdé3 Giastr FlakgvcclaE, v c E. Tacé:

{VyeF,Ix—yll 2| x= prx}|
Vye F(lx=yll = llx-pr®)| < y=prx)

Néi cich khic, dnhxa F— R b mdt can dudi ddng va nd chi dat dugc

y = [lx=yl

tai pe(x).

*

Ménh dé 4 Gia st F lakgve cla £, (ey,....¢,) 1a mot cste clia F. Khi d6
tacd '

. P
Yx eE, pfxy= z<e,-,x>e,- .

i=1

Ménh dé 5 Giasir p € £(E) 12 mot phép chidu (p o p = p)). Khi dé p
Ia phép chiéu truc giao khi va chi khi p déi xing.

Chirng minh :

1) Gia st p 14 phép chiéu trye giao va (x,y) € E2. Tacé :
<plady >=<pl)y —pO) > +<plpy) > = <p)ply) >

vi p(v) € Im(p) vay - p(y) € Ker(p) = Impp*.
Cing vy < x,p(y) > =< p{y),x > = < p(y),pla)> = < px),p(y) >.

Vay tacs: ¥V (x,y) € E% < p(x).y > = < x,p{y) > (= < p{x),p(y) >).
va cudi cung p déi xidng.

2) Dio lai, gia sir p 12 phép chidu d6i ximg cla £. Tacé

¥ (x,y) € Ker(p) x Im{p), < xy>=<op(y) >=< plx),y > =0,

vay p 14 phép chiéu truc gino.
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¢ | Ménh dé 6 Gia st p la phép chi€u d6i xing ciia E. Tén tai mot cstc B

I, 0 :
cla E sao cho Matg(p) = [ (; 0] , trong dé r = rank(p).

Chitng minh :

Tén tai mét cste B, cha Im(p) vi mot este B, cha Ker(p). Vi Im{p) va Ker(p) 1a cic

phan bi tryc giao trong £, nén B = B, U B, 14 mot csic phit hgp cha E.

¢ Dinh nghia4 Véi moi kgve F cua £, ta goi ty déng cdu s, clia E x4c
dinh boi 57 =2p; — ¢, Vi pr 12 phép chiéu truc giao lén F, va e = 1d,
I3 phép doi ximg truc giao déi vai F.
SpoSg=e

R6 rang ring : [Ker(s, —e) = F Ker(s, +e) = F- .

1
Pr =‘2'(€+5F}-

® |Ménh dé 7 Giasl s € L(E) 1a mot phép d6i xting (sos=¢). Khi dd s
la mét phép déi ximng truc giao khi v chi khi 5 12 d6i ximg.

Chitng minh :

Ta ky higu p = %(e + 5} Vi Ker(p) = Ker(s + ¢) vd Im{p) = Ker(s - #)
(vi x = p(x) & s(x) = x) nén st dung Ménh dé 5, ta cé:
' (s d6i xiing tryc giao } <> (p phép chidu tryc giuo )
< (p d6i xing) < (s dGi xing).

Nhdan xét : Tachiy vé su khong nhat quan trong tir vung da thigt 1ap : Ty déng
cdu déi ximg va phép d6i xiting 12 khéng déng nghia.

¢ I Ménh dé8 Gid sirs 12 mot phép d6i xiing truc giao clia E. Tén tai mot
¢o 50 trye chudn B cla E sao cho:

I 0
v
Maty(s) =
ag(t) (0 I

J , trong dé p = dim(Ker(s — ¢)), g = dim{Ker(s + ¢))
q

¢ Dinhnghta5 Tagoi moi phép doi xing truc giao d6i vdi mot siéu
phing ctia £ 14 phép phan xa (cia E).
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Bai tap
¢ 431 Chene N A e M (R). Ching minh ring hai trong ba tinh chat sau day suy ra

tinh chat thit ba :
(D'A=A G 'AA =4 (i A:"_: A.

© 4.3.2 Chone N, A e 8 (R), 4 # |ahai gtr cha A sao cho 2# g, I/ (twong ting: ¥) 1a mot
vir clia A hién két véi A (wong tng : #). Chimg minh : YU =0va UV liy linh.

© 433 ChorneN A eM(R)saocho'd=AvaA’= A Ching minh

a-!J 0= Z ag <n
1=, f5n

b)Y lay|< ayfrank(A)

_IS!’JSH
3
¢l Z lag <n? (néun22)

1<7, j5n

& 4.3.4 Chon € N'; xdc dinh hodn tap clha A (R) trong M (R), tifc 1a:
IMeM,(R);VAe A (R), AM = MA}.

¢ 4.3.5 Chon € N'; 1a trang b1 cho M (IR} tich v6 hudng chinh 1ic cla nd, va k§ higu

0 1\0 |
U= Vet 0<k<n-1},A=
0 1 0

| 0

a} Chimg minh ring (™)<, <, - 12 mot co sd truc giao cla F.
b} Tir 46 suy ra phép chidu trire gino clia A 1én F.
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4.3.2 Tu dong cdu truc giao

Ta tiép tuc va b6 sung & day viéc nghién citu di xét trong Tap 5, 10.3.
Trong § 4.3.2 ndy, (£, <-.->) chi mot kgve, n=dim(E) = 1.

¢ Dinh nghia Mot tu déng cdu fcGa E dugc goi la truce giao khi va chi
khi f bao toan tich vo hudng, tic 1a :
v (.r,y) e B2, <f (), fy) > =< x,y>.
Ky hiéu O(E, <-,->) (hay: O(E)) 1a tap céc ty déng ciu truc giao cia E.

Nidn xét : T vung truyén théng & day [3 khong nhét qudn, vi phép chiéu true
giao cha E (khéc Idg) khong phai 1a mét ty dong cd trye giao cha E.
¢ | Ménh dé 1 Gidslr f e £(E). Hai tinh chét sau day 1a tuong duong :
6] fe OE)
()  VaekE|[| foll =[]

Céc phdn tix cha O(E) ciing dugc goi 13 ding cu vecto .

« | Ménh dé 2 Gia sitf € £(E). Cic tinh ch4t sau day dai mét tuong
duong :

(i) fe XE)

(ii) Véimoi cstc Bela E, ABB) 1a mdt cste cha E

(ili) Ton tai mot cstc B chia E sao cho fi8) 1a mot cste chia E.

¢ | Ménh dé - Pinh nghia 3 Tap O(E) céc ty dng cu truc giao clia E 13
mot nhém vdi luat o, goi la nhém truc giao cia (£, <-,->) (hay: cha E).

¢ DBinhnghia2 Ma tran £2 thudc M ,(R) ducc goi 13 truc giao khi va chi
khi ty déng cdu clia R, biéu dién bdi (2 trong co s& chinh tic cha R”,

14 mét tr ddng ciu tryc giao ciia R" duge trang bi tich v6 huéng thong
thudng.
Ta ky hiéu O,(R) 1a t4p cic ma tran trye giao cha M (R).

143
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Ménh dé 4 Gia st 2 M (R), £ 13 mot R- kgv hitu han chiéu véi s6

chiéu n, <> la mot tich v hudng trén £. Cdc tinh chit sau day timg

déi mot tuong duong :

1) 2 OR)

2) 20 =1,

3) 202 =],

4) V&i moicste Bena E, ty déng ciu biéu dién boi £2 trong Bla
tryc giao

$) Tén tai mot cste cha E trong do6 déng cdu bidu dién boi 21a
tryc giao

6) Cdc cot cla 2 tao nén mét csic cia M, (R) déi véi tich vo huémg
chinh tic
7) Cic hing cia (2 tao nén mot cstc ciia M, (R) d6i véi tich vo

hudng chinh tic.

Ménh dé - Binh nghta 5 0,(R) ta mot nhom do1 véi phép nhan, goi la

nhém tryc giao (cép n).

Nhdn xét -

Gidsit Blamot cste cla E, f & L(E), £2 = Maty().
Khidétacsd: fe OE) < 2 OR).

Anhxa OE) > O,(R) 12 mot ding cdu nhém O(E) duge trang bi phép hop

f Matﬁ(f)

thanh va O,(R) dugc trang bi phép nhan).

*

Ménhdé 6 GiasiBlamotestccbaE, B lamot cosdcha E,
P = Pass(B,B"). Khi d6 B' 1a mot cste clia E khi va chi khi P 1a truc giao.

Ménh dé 7
1)V Qe OR), det(£D € {-1,1}

2}V fe O(E), det(f) € [-1,1}.

Pinh nghia 3 Gia sl f € (XE). Ta néi ring f1a mot tu doéng cau truc
giao thudn (tuong img: nghich) khi va chi khi det(f) = 1 (twong tng:—1).



4.3 Cac ty ddng cdu dang cha y cla khéng gian vectd Euclide 145

Ta cdn ndi : phai thay vi thuan
trai thay vi nghich.

¢ | Ménh dé - Binh nghia 8 Tap hgp cic tr déng cdu tryc giao thuin clia
E 1a mot nhém con cha O(E), goi la nhom true giao dac biét cha
E, ky hiéu SO (E).

¢ | Ménh dé - Pinh nghia 9 Gia st 2 O,(R). Ta néi ring 2 1a truc
giao phai (tuong tng : trai) khi va chi khi det(£2 = 1(tuong ing : —1).

Tap hop cdc ma tran truc giao phai cip # 1a mot nhém con cua O, (R),

goi la nhém truc giao dac biét, kv hiéu SO, (R) :

SO,(R) = {2 O,R); det(£) = 1}.

Nhdn xét ;
Gia slr B 1a mot cste cla E, f € L(E), £2 = Maty(f).
Khidétacd: fe SOFE) < 2 8O,(R).

Anh xa SOE) > SO(R) (3 mot ding cau nhém (SEXE) duoc trang bi
[ Mat(h
phép hop thanh, con 8O,(R) dugce trang bi phép nhin).

& | Ménh dg 10
1)V fe OE), Spe(f) C {-1,1}
2}V 2 O,MR), Spp(4d C {-1,1}.

Chitng minh :

R® rang riing 2) 12 biéu difn ma trin clia /). _

Giaslr fe OE), AR, x e E- {0} sac chof{x) = Ax.

Ta ¢6 {Jxi] = || = {|Axd] = |Al|1x]] i d6 [4] = 1 va dovay 2 e {-1,1].

o | Ménh dé 11
Y A€ GL(R), 3T, e T,.(R) x O,(R), A= T.
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Chitnyg minkh
Ky hiéu C,....,C, la céc cot ctia A va do vy C = (C,,...,C,) 1A mét ho doc 14p tuyén
tinh trong M, ,(R).
Trong kgve M, (R} ¢6 trang bl lich v6 hudng chinh téc, ta dp dung cho C quy trinh
tryc giao héa Schmidt (Dinh 1y, 42.2). TéntaiV,,.. .V, € M, (R) sao cho :

V,,...V, tingdéi mot inge gizo

Yk € {,...0L 1V 1=1

vk € {),...n}, Veet(V,,..,V) = Veet(Cpy o Ci )
Vay B=(V,....V,) 1a mot cstc cha M, (R).
Ky hiéu B, 13 co s& chinh thc cha M, ,(R), £2 = Pass(B,, B) € 0.(R),
T, = Pass(C, B) € T, (R) N GL,(R}.
Khi d6 (xem Ménh dé 2, 8.2.1, Tap 5)

A = Pass(By. ) = Pass(By. B) Pass(B.C) = 2T,

Ky hieuT =T; ' € T, (R), cusi cing ta thu dugc : 4 = £2T.

Bai tap
o 4.3.8 Hay xdc dinh hoan tap cia O,(R) trong M (), tde &
(M e MRV 2 € O(R), M2= M)
o 43.7 GiastElakgve,fe OE).
@) Chung minh : ¥{x,y) € Ker(f —e) x Im(f —e}, < ¥y > = 0.

b} Tir 46 suy ra ring Ker(f —e) va {fm{f —e) 12 céc phan bb tryc giao trong E.

o 438 Gidsit(E, ([)1akgve, fe LE). Ching minh riing hai trong ba tinh chit sau day
suy ra tinh chat thi ba:
¢y f tading cur

(i) fof = —1dg
{iii)VxEE,(xU(x]):O.

o 439 Cho (E,<.>)lakgve,fe ((E). Chimg minh ring f chéo héa duge khi va chi khi
£1a déi ximg tryc giao.
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¢ 4.3.10 Tatrang b cho M, (R) tich v& huéng chinh tic. Chitng minh riing O, (R) bi chan
va tink dudmg Kinh cla né.

¢ 4.3.11 Giastn e N, 5 1a tp céc ma tran ngdu nhién cia M,(R), nghia 1a :

Yii, e ll,. ,n} a; €[0;1]
Z = {A ={a;); € M,{R);

Vie{l,..n,Y a;=1

.hﬁ=

2

/7,13 18p céc ma tran hodn vi cla M,(R), tic I3 tap cac ma trin A = () thude M (R)

[rad )
sao cho tdn tai e &, thoa man;

I néy j=ofi
R iy

Chiéng minh: /7, = 5, N O(R).

¢ 4342 Gidsr npeN ,AeM(R),BeM, (R),CecM,(R),D e M(R},

P
A B
M= [C D) e MW{R).

Gidthi&t: M e 0. R)va{Ac O R)hay D e O,(R)).
Chimg minh: B=0,C=0,A € O,(R), D € Q,(R).

© 4313 GiasirA € A,(R), B  S,(R) sao cho AB = BA.
a) Ching minh : ¥ X € M, (R}, {AX)BX=0"
b) Chimg minh : ¥ X e M, ,(R), ||(A + Bt = 1|(A mx" trong d6 || - || kg higu chudn
Euclide chinh tic trén M (R

a} Tagidslrthem B kha nghich. Chti'ng minh rﬁngA+B\raA » B kha nghich v
A+ BYA - B)'tnrcgmo e
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4.4 Thu gon clia ma tran doi ximg thuc
Trong § 4.4 nay, (E, <,>) chi motkgve, n & N
4.4.1 Pinh 1y co ban

o | Ménhdé1 Giasir(E, <-,>) lamot kgve, f1a mot tw dong ciu doi
xtmg ciia E. Khi d6 céc khong gian con riéng chaf truc giao 1dn nhau,
tife 13 : véi moi gtr 4, gcha fsaocho A7 u va moi vtr x lién ket véi
A vaylienkétvéi g: <xy>=0.

Chitng minh:
Gia st A, ¢ € Spp(f) sao cho A# 1, x € KGCR(f,A), y € KGCR(f,2): Khi d6 ta ch

x#U,y#U,ﬁx):Ar.f(y):,uy,
Tirdé : < Aey> = < f)y> = <xfly) > = <x, >, vy (A— p)<xy>=0vicudi
cling <xy>=0

o | Menh dé 2 Giasirf1amot tw dong cdu di xing ciia £. V6i moi kgve
F ctia E 6n dinh d6i vai f, F- la én dinh d6i v6i f.

Chitng minh:

Gié sit F 13 kgve cha E 6n dinh d8i v6i f, x € F'. Tacé:
YyeF,<ftx),y> = <x, fiyy>=0
(Vi x € FXva fly) € F), tir day flx) e F-

¢ | Binhly (Pinh Iy co ban):
1) Giasit (E, <-,>) lamot kgve, 12 mot & déng c4u doi ximg clia
E.Tén tai mot cstc ctia E trong d6 ma tran cha 14 ma trin chéo.

2) |V $ e S,(R), 3(2D) € OR) x D), §=02Da'

Chitng minh : (C6 thé bd qua trong 14n doc ddu tién).

R& rang rang 2) 13 biéu dién ma trén cha 1)

Dac gia s& thiy mot ching minh khéc trong bai tap (xem bai tdp 4.4.1y va
chimg minh “cd dién” sit dung céc khong gian Hermite trong Chiong 6 (Pinh
19, 6.5.1).

Quy nap theo n{n = dim {(F)}.

Tinh chdt 13 hién nhién véin = 1.
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Ta gid s tinh chéit 6 ding cho mot s6 nguyén n € N' va gia sir E 12 kgve ¢6 s6

chiéu n + 1, f )3 ty déng cdu d6i xing coa E, B, 14 mot cstc cla E,
A = Matg (f). Phan tich A theo khdi

L
A= [a g] Jtrongdé 2 e R, C e M, (R), B € §,(R).

C
Theo gid thi€t quy nap, tén tai 2 O (R), D € D(R) sao cho B= QD"
Ky hieu U P01 6 rang U 1a trye giao va U™ PO
itu U = & rang ran a trye giao va = , y

Y S0 2 & rang B 0 2!

s T a 'C0
14y tich theo khéi: U AU = )

&'c b

t
Taky hieu G= 2-'Cvaa =U= AU = | 9.
G D

1) Ta chiing minh ring A’ c6 it nhat mot gtr vh mot vtr.
Giast Ae R,VeM, (R)

Phan tich V theo khdi: V = (;] viixe RvaXe M, (R),tacé:

1 t _
AV = Ve G [x]=/I ) Jax+ 'GX = ax
G D)\X X xG+ DX =4X

Gia str 4 € Spp{D) ; vay thi D — AI, kha nghich va do valy :

R

X=—x(D=-A)'G
AV =V .
ax-x'GD-A1)'G=Ax
g
Ky hitguG=| : |, D =diag(d,,....d,), ta cé:
" \&»
n gl
GO -ANY'GC+ i=a Zﬁ +i=a

i=1
NéuG=0 thirdrangtac6théchon 2 = ¢, x = 1, X = 0.
Gid sit G # 0 ; ta c6 thé gia thigt d, = ... 2 d,.

e Néug, 20, thidgnhxag: |d;+o[ > R  lientuctrén | dp; + o[,
" 82
A — Z—-‘—-—- + A
o d; =~
cé gidi han —oo tai d|+ vi + o0 tai + oo, vay (theo dinh 1y gid tri trung gian)

téntai 4 € |d,; + =] saocho ¢(1) =«
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e Néu g, =0 thilap luin nay vin 4p dung dugc bing viéc thay thé d, bang d,
trong dé:
r=Min{ie{l,..,n}; g #20}.
Ta di ching minh rang f ¢é it nhit m§t gid tri riéng va mot vtr thuc.
2) Ki higu x, 12 mot vir ctia f, Ry, &n dinh d6i véi £, vay (xem Ménh dé 2)

(Rx,)?t cling 8n dinh d8i v6i f. Trong mét cste cia E bat ddu bl ——x;, ma

%o |

0
trdn cha f c6 dang [AS) S] trong d6 A, € R, S e §,(R). Theo gia thi€t quy
nap, tén tai {2, € O,(R), D, € D,(R) sao cho S = 2,0,02,7".

. 1 0 4 0 L. .
Ky hig¢u 2, = vaD, = D , T0 rang rang: 44 € O, (R),

0 2 0 D,
0
D2 € D::H(R)'[ﬂg S]= -Q;Dg-(%_l .

Didu nay chiimg t& tén tai mot cste clia £ trong d6 ma tran cGa f 13 ma trén chéo.

Nhdn xét ;

1) Dinh 1§ trén cling c6 thé phat bidu dudi dang sau : véi moi ty déng can
d6i xing f clia E, E 12 t8ng tryc giao truc tiép cla cde khong gian con riéng cta f.

2) Trong thl_IC.té, Vi 2 tryc giao nén ta c6 thé thay 27" bing '£2

Bai tap

¢ 441 Mot chimg minh cho dinh If ¢ bin
Cho (E, <) 12 mot kgve hitu han chidu cé s6 chidu 2 2, S={x e Ei[|x|| =1}
feSELg: 8 > R
x — < xflx)>
@} Chimg minh ting ¢ bichin vA t6n tai x, & 8 sao cho @(x) = Supp(x).
Ted
b} Gia sirx, € E sao cho (x,, x,) Y2 mot ho truc chudn. Xét cosdx, + sindx, vdi
#e R, chiimg minh : <x ,flx)>=0

¢} Tirdé suy ra ring x, 12 mot vecto rigng cla £,
¢ 4.4.2 Tim mot thi du v& ma tran d6i ximg phic c8p hai khong chéo hda duge.

& 443 Che A € M (R). Ching minh réng néu A +'A liiy linh thi A phan d6i xtng.
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¢ 4.4.4 ChoA e M, (R). Ching minh ring ton ai X e M, ,(R) sac cho ' XX =nva
FXAX = tr(A).

o 445 ChoSe S(R),A=5+il, € M{O).
Chitng minh ring A kha aghich.

XYx =1,

tyxy =1,

o 448 Giai trong(M,(R)% {

o 447 Cho S8, (R), A.... A4, [Acdc gid tri riéng cia §. Chitng minh:

a)¥ Xe M, (R)saocho'XX=1: Min4 < TXSX < Max A

12ign 1€i<n
b} MinA4 = Inf _‘XSX vd Max 4 = Sup  '0X
12i<n xeM, ;1 (R) 1<i<n xeM, (R)
fxx=l Lxx =1
d, 1
6 448 ChoneN —1{0,1},d,,..,d, € Rsaochod, <... <d, A= .
1 4,

Ching minh ring A chéo hda dugc trong M, (R} vA céc gid trj riéng Ay, .. A, cla né
thodmin: d, —1< 4 <d,—1<... <4, <d-1< A,<d, + n—1

4.4.2 Thu gon dong thoi

¢ | Pimhly Gid st (E, <-,>) lamot kgve, pla dstdx trén E x E. Tén tai
mot cste clia E trong 46 ma tran ciia ¢ lama trdn chéo.

Chitng minh: f

Kgve ‘E 6 ft nhat mi;: cste Byita ky hi¢u 1?, = Mat " {(P.

Vi A, d6i xting nén theo dinh 1§ co bin (Dinh 1§, 4.4.1 ) dn tai 2¢e O,(R),
D e D(R) sao cho A, € 2D027".

Ky hiéu B 13 co s& suy din tit B, bdi ma trin chuyén £2 Khi d6 B tryc chudn
(vi B, 1a trye chudn va £2tryc giao, xem Meénh dé 6, 4.3.2) va (xem cong thiic
a6i co s Ménh dé 3,4.1.2 ):

Maty(@) = ' £24,2="4X2D27") 2 =D.
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4.4.3 Dang toan phuong duong, xac dinh duong

¢ DPinh nghia1 Giasit £ lakgv, gla mot dp trén E.
1) Tanéiring ¢ 12 duong khi vachikhi: Vye E, g(x) 20.
2) Tanéi ring ¢ 12 xdc dinh duong khi va chi khi :
Vxe E,gx)=0
{Ver,(;é(x):On x=0)

Nhan xét © Gia st @12 dstdx trén kgv E, ¢ 1a dtp lién két vdi ¢ platich vo
hudng khi va chi khi ¢ xdc dinh duong.

¢ Dinhnghia2 Giaslr S € §,(R), pladstdx trén R" ¢6 ma trdn
trong co s& chinh tac 12 S, ¢1a dtp lien két véi .
1) Tandiring S 1a déi ximg duong khi va chi khi ¢ la duong.

1) Tanéiring S 1a ddi xitng xédc dinh duong khi va chikhi ¢ 1a
xdc dinh duong.

¢ | Ky hiéu
Ta ky hiéu:| 8§} 1a tap cdc ma tran déi xing duong cia S,(R).

S* 1a tap cdc ma tran d6i ximg xdc dinh duong cua S,(R).

Dé& ding chdng minh ménh dé sau day.
o) Ménhdé1 Gidstr S8, (R).Tacd:
eSec S o (vXe M, (R),'XSX20).

tXSX >0

°eSe 8, o |vXeM, (R),
'XSX=0> X =0

o (VX e M, (R) — {0}, X5X > 0).

Nhdn xét:
1) DE dang suy a tir Ménh dé trén céc tinh chat so cdp sau day clia 8, va S;".
DVacR, ,¥5¢S,,a5€S,.
2) VaeR, ¥5e 8", o8¢ 8",
3HVESLSye (8.5 + 58,



4.4 Thu gon cla ma trén doi xing thic

4) vS8,5, e S, x8". 85+ 5 ¢ s
5) ¥4 e M(R),'AA € §; . ‘
2) Ta trang bi cho §,{R) mot quan h¢ k¥ hi¢u la < va xde dinh béi -
V(4,8)e (S,(R). (A< Bo B-A € 8))
Quan h¢ € nay 1a mot quan h¢ tha tr trén SR
o Tinhphinxa: VAe S (R),4-A=0¢ S, .
» Tinh phdn doi ximg: Giast A, B e S,(R) saochoA<B vaB<A. Khi dd ta
c6B—-A € S'vi A-Be S, trday VXe M,,(R), XA - B)X=0,vado
viy, viA—B € §,(R)ynén A - B =0 (xem Meénh dé 2, 4.1.2).
o Tinh hdc cdu: Tacé VYA, B.C €8, (R):

A<B IB-AeS, .
= - C—A=(C—-B+(B—A)e §,=>A<C
B<C |C-BeS,

Nhung néun 2 2:

. 2 00
s < khong phdi 12 thit ti toan phén trén S,{R). Ching han véi A = (0 0] vii

1 0
B=(0 1],takhc‘mgc6céA$B lin B < A.
o < khong tuong thich véi phép nhan (cho di cdc ma trin xét d&n déu ddi

X 1 0 2 1
xidng). Chang han véi A = vi B = JacOALEB
00 1 5/4

11 | (64 52
iB—A= StyvaAl £ BT (ViR — Al= — €583)
N (1 5f4)e D veATE B (M L6 [52 41] )

Ta thudng k¥ hiéu < 12 quan h¢ duge xéc dinh trong S,(R) boi
v(A, B) e (8, (R), A<B &B-Ac 8.

. A< B X
Cén than trong rang kKhi n 2 2, cdc quan hé {A 3 khong dua t6i A < B, nhu
_ #

0 0 1 0
vidusaudly:n = 2, A= , B= .
’ 0 0 0 o

3) Gia s Ela kgve, n=dim(E), B la cste clia E, @la dsidx trén E, ¢ la dip
lien két voi @, A = Matg(@). Ta cé:

A déi xitng duong <> ¢ duong

A d6i xiing xdc dinh duong < ¢ xdc dinh duong.
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¢ | Dinhly Giasit S e S(R). Tacé:
1) §e€ S < Sp(S) <R,
2) Se Si* < Spp($) © R}

Chitng minh :

I)eGiaskt S e8], Ae Spgp(S): tbn tai X € M, ,(R) - {0} 520 cho SX = AX.

Tacé: 'XSX 20, 'XSX = 'X(IX) = AXX, 'XX= |X| > 0.
T day 4 > 0.

+ Biio lai, gid sir Spp(S) < R, .
Theo dinh 1§ co ban (Dinh 1y, 4.4.1) tdn tai (£2 D) € O (R) x D,(R) sa0 cho

b1
S= 02D GiastXe M, (R); k¥ hieu D =diag(4,, ..., 4) va Y=027X =

¥u

i)
Vaytacd:'XSX ='XQ2DQ"'X="YDY =) Ay >0.Diéuniy chingt6 S < §, .
i=1

2) Lay lai cac k¥ hiéu trudce ;
e XSX >0t day A0

o XX = DAY >0V (A, 4,) €(RLYVAY =0
i=1
{n&u khong, X = & =0, loai triY).
Nhdn xét

Tir Dinh 1§ co ban (Dinh 1y, 4.4.1) vd Ménh dé trén, tasuy ra §," C GL,(R).

o | Ménh dé 2 (Biéu dién ma trin cia dinh ly thu gon dong thdi)
GidsitA € S;J' , B e S,(R). Khi 46 tén tai (P, D) € GL.(R) x D,(R)
sao cho A ='PP va B= 'PDP.

Chirng minh :

Vid e $" néndstdx g, : (M, (R))’ > R 1a moét tich vé hudng tren M, | (R).
(XY) — 'XAY

K¢ hiéu ¢, 12 dstdx dugce bidu thi bdi B trong co s chinh tic B, cia M, (R).

Theo dinh |§ thu gon déng thoi (Dinh 14, 4.4.2), tén tai mot cstc B cla

(M. (R), @,) sac cho ma tran D cfla ¢, trong B 14 ma tran chéo.
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Ky hlel.l P = Pd\\(B[]s B)

Vi @, dugc biéu dién trong B, bdi A va trong B béi I, (vi Blatruc chuédn déi

véi @, ), ta c6 (cong thitc ddi co sé cho mét dstdx, Ménh dé 3, 4.1.2):
='PI P ='PP. Cing vay: B="PDP.

Nhdn xét :

Trong Ménh dé 2, cdc phdn tir trén dudng chéo cha D (" ndi chung 7) khéng
phdi | cdc gid tri riéng cha B.

Bai tap
Cdc hai tdp te 4.4.9 151 4.4 22 khéng cdn dp dung dink [y co bdn.
6 448 ChoE lamot R- kgv, @la dstdx rén E, #1a dip lien két vl ¢ (a.h) € E*.
K¥ hi¢u ¢: £ > R [ dnh xa duge xdc dinh boi:
Ve E. p(x) = gla)g(D)d () —plab) plax) glbx)
a) Chimg minh ring 13 mot dip va biéu thj dang ddi cyc cla né.

b} Chimg minh réing néu ¢ xdc dinh duong va (a.b) déc 14p wyen tink, thi y xdc dinh
duong.

& 4410 Cho Ela mot B-kgv, glamotdtpten E, Flamotkgvecia E, ¢': F >R 12

Y= g(¥)
thu hep cita ¢gvio F.

Chiing minh : «} néu ¢ duong, thi ¢ duong
~ b)néu ¢ xic dinh duong, thi ¢' xéc dinh durong.

o 441 Chung minh riing £ twong thich trong S, (R} v&i phép cong, tic 14 :
A S8
YA, A, B.B, € 8,(R), 4 < B, = A, +A;< B +B,

<8

= A +4,< B +8,
<B

A
Hon nita : ¥ A,, Ay, B, B, € 8,(R), {

I
o 44412 Chon,peN.$,..5,€8,R), §= Y 5.
. k=l

a) Chingminh: Se S,
b) Chimgminh: § =0« (Yke ll..p} & =0

o 4413 Chone N, A e M(R), S« S8 (R) Ching minh :
o) 'ASA e S (R}
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h)Se S, ='ASA e S,

o Ses;”
AeGL,(R)

= 'ASAe S;7.

¢ 4414 Chone N',AB e S,(R). Ching minh : AB + BA € §,(R) va AB+ BA <A+ B,
o 4.415 C6thé cé hay khong: V (A.B) e (S, ), AB+BA e S, 7

¢ 4416 Chone N, A eS8 " Be A(R)saocho AB=BA.
Chiing minh : A+ 8 € GL (R).

o 4447 Chonrpe N A e M, (R). Ching minh :

nn
u) 'AA € S;
b)'AA & 87 & rank(A) =p.

Pacbhist: VA e M, (R), (44 € S}* < 4 e GL(R).

o 4418 ChoNe N\ n,.n,eN,5¢€ 8, (R)..S.e 8§, (R),

S 0 N
5= € S, (R trong d6 n= ) ry .
0 SN k=1

Chimg minh: a)Se S < (Vke (1...NLS€ §;)

h)Se §it o (Vhke (l1...NL S, ;7).
k

© 4418 Chopge N, A€ S, .Be 8;7 ,UeM,(R),S= [‘U B}e 8,.4(R),
C=A-UB"U. '
Chiing minh : a)S € 8, & Ce 8}

h)Se8,l, & CeSy .
¢ 4.420 Chon e N°; chitng minh:

«) 8 {R) d6ng trong M (R}

h) S: déng trong S (R) va rong M (R).

¢ 4.4.21 Chingminh: ¥ A €S}, e* 21, vk xét trudng hop dang thirc,
(St dung bai tap 4.4.20 a) ).

0 4422 ChoneN,5¢ 87, XeM, (R).
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SX =0
X=0
vectd (trong o sO chinh tic) déu > 0. Ching minh : X=0,

Ta gia sir: { , trong d6 ¥ = " trong M, (R} ¢6 nghia 12 t4t ca céc thanh phin

4.4.23 Cho (@B € 01, &§ = 1 + 2coséosfcosy — (cos’a + cos’ A+ cos?p),
1 COS DSy
S =|cosa | cosfB|. Tagiisirringd > 0; ching minh: S e 837 .
cosy <osfg 1

4.4.24 Tich cha hai ma tran déi xiing thye c¢é luén fudn chéo hoa duge trong M, (C)
khong?

4.4.25 Cho E 13 mot R- kgv hitu han chiéu, @ ladstdx uén £, gladtp lign kéivdi ¢, B
12 md1 co s6 chia E, A = Matg{¢). Chitng minh :

a) néu ¢ dueng, thi det(A) =0

b)néu § xdc dinh duwong, thi det{4) > 0.

4.4.26 Chonp e N'. Chung minh:

ajnfupié,thinvSeS§,R), IReS(R),R"=§

h)néupchin, thi: VSec S, ,IReS, K=S§

Dicbitt:¥Se 85, 3ReS, R?=S

(D6i véi tinh duy nhit, xem bai tap 5.2.25 & phin sau).

4427 Chon e N, A =(a), € M(R), f,..., 4, 12 cdc gtr cha 'AA. Ching minh:
a)vie(l..n}, g =0

A
b D= 2 4

=l lsijsn

4.4.28° Cho n & N, Chimg minh:
a) ¥ (S8 & (8; )% tr(SS) s u(S) u(§)
b)Y (S.5) € (S )2, tr(SS") < te(S) tr(S"), néu 2 2 2.

4.4.29 Chon ¢ N'. Ching minh:
VY (4.B) e M (R)), [lAB] < [|a]llIBI.

trong 46|} - |14 chudn Euclide chinb tic trén M (R), duge xdc dinh bdi :

|A] = (te('AA)) 2. (Sl dung bai 1ap 4.4.28).

4.430° Chone N, peN-{0,1},4,..4, e M(R),
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P 2
tr[l’[:ﬂ-} < T4,
i=1 i=1

14 chudn Euclide chinh thc wren M {R). (St dung bai tap 4.4.29).

Ching minh:

trong dé || - |

o 4431 Chone N, AeMR), #2..242 0 12 cac ptr clia 'AA (‘AAE€ S, xem
bai tap 4.4.17 ). Ching minh :
%) Véi moi X thuge M, (R) sao0 cho [[X]| = 1: Ja, < 1AXIS Jm

b) Ju, = _ Inf [ AX vhﬂ: Sup  [lAX|. wrong dé | - || 1a chudn
XeM, ((R) XeM, (B
lcli=1 fhll="

Euclide chinh tac trén M(R). (S& dung bai tap 4.4.7).

H— B
48
o 4432 Chone N, a0, €R S= | 7 “2les,m.
& 07 eeeeeees
Chifng minﬁ.:és_ e 8" & D<a<.<4,
T a b
o 4433 ChoneN,a,becRS= \ e S,(R).
: b\,
Tim didu kién cdn va di cho (a.b) saocho § & S} (wwong tng S,,")? (Xem Vidy,
9.6.2, Tap 5).’
& o - Xy
n A2
o 4434 ChoneN-{01},a B x,..x, €R, 5=}, \0 €S, (R).
x, 078
Tim diéu kién ¢én va dil sao cho Se Sih-
. a b 0
. b \
6 4435 ChoneN a,heRS= \ b € 8 {R).
0 b a
Tim diéu kién cdn va di d€ S e S, (wrong dng §4*)? (Sit dung bai tap 2.3.7).
2 -1
1 0
Vidu: \ 14 d6i ximg xéc dinh duong.
0 "1 2

o 4436 ChoneN.Se 8. AeM(R). Ching minh :
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AS =S54 o (Jke IV, AS* = S'A).
Dacbitt: AS =S4 & AS*=SA.

4.4.37 Cho (E,(-|')) 13 mot kgve, (e|,...,¢,) 12 mOt ca s& cha E, f € L(E) dugc x4c
dinh bai :
H
Vxe £ flx)= 3 {glne .
=1

o) Chutng minh: f 14 d6i xitng xde dinh duonyg (tic 1a: fdoi xing vadip g E - R
x = (x| f(x))

xdc dinh duong).

&) Suy ra rhng tén tai u € L(E} A6 ximg x&c dinh dueng saa cho wou =f' (sit dung

bai tap 4.4.26 ; néu ta mudn ca tinh duy nhé&t cla » thi sir dung bii tdp 5.2.25).

¢} Ching minh ring (#(e)) <, <, 12 mot cstc.

4438 Chone N, Ac §,,BeS,(R)

a} Chitng minh : Spc(AB) C R.
(Sir dung cdc bai 14p 4.4.26 va 2.2.12).
) Ching mink ring n&u B € S thi Spg(AB) C R,.

¢) Chitng minh ring n€u A ¢ Sf thi AB chéo hda duge (trong M, (R)).

) Cho mot vidu trong d6 A = S; , B € 8,(R} vi AB khéng chéo hoa duge.

4.439 Chone N,

a) Ching minh : 8;% = 8, 1 GL(R).

b) Suy ra ring S 12 mét tap con md ciia ;.

(C6 thé sl dung : GL {E) md trong M _(R), xem bai tap 1.2.22, Tap 3}.

¢j Ching minh ring $;% trll mat trong S .

4.4.40° Chon e N',(A.B) € (S )%

tr{A) < tr(B)
det{ ) < det(B}
(C6 thé si dung bai tap 4.4.25).

a) Ching minh: 4 £ B = {

AeS;
. . A<B
#) Ching minh : hodic s A< 8 = A= B
tr(A) = (8
det( A) = det(8)

¢} Chitng minh:

A< B
= A= R
{fltr(A) + gdet( Ay = Atr( B + pdet(B)
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v6i moi (4,20 thude R, x R,.

o 4.4.41 ChoneN,A Be S saochoA < B. Chingminh: Blz AT

o 4442 ChoneN,Ae S .BeS,(R).

Chitmg minh : det{A) < | det(A +iB)|, va xét trudng hop ding thic.



Chuong 5

Pai s6 song tuyén tinh
(Nghién clru néng cao)

Chuong 5 danh cho sinh vién chuyén nganh Todn —Ly va bd sung cho chuong 4.

5.1 Dang song tuyén tinh doi xing, dang toan phuong,

Trong § 5.1 nay K chi R hodc C, nhung ¢6 thé chi mot thé giao hoén c6 dic s6
khdc 2 ma khong cdn sita d6i bai viét.

5.1.1 BDaicuong

Trong § 5.1.1 nay, E chi X - kgv.
Ta nhéc lai cdc dinh nghia dang song tuyén tinh d&i xdng (dstdx) va dang toan
phuong (dtp), xem céc Dinh nghia 1, Dinh nghia 2 va Dinh nghia 3,4.1.1.

< DBinh nghia
1) Ta goi dang song tuyén tinh doi ximg trén E x E (hoac : trén E)
mei 4nh xa ¢: E x E— K thoéa min :
() Y () € B p ()= p(5.) (p1a d6i ximg)
()Y fe K,V (xyy) € B, oy + ) = fo(xy) + 9 (xy)
(@ 12 tuyén tinh @6i véi vi tri thi 2).
2) Cho mét dang song tuyén tinh déi xing ¢ trén E x E.
Anh xa tir E vio K, thudng ky hiéu 12 ¢, xéc dinh bdi :
VxekE ¢(x)=@lx,x)
duoc goi 13 dang toan phuong lién k& véi .

Ta nhic lai ring, c6 thé biéu dién @ theo ¢ nh "d6ng nhit thitc phan cyc” (xem
Ménh dé3.3)va4}4.1.1):

Vi € B oy = 20 - 40 -g0) = (Bt —gt )
5.1.2 Tinh truc giao theo mét dang song tuyén tinh déi ximg

Trong § 5.1.2 ndy E chi K-kgv, ¢ 12 mot dstdx trén E x E, #dip lien két véi ¢

Ta t8ng quét héa khdi nigm tryc giao thco mot tich vo hudng (xem 4.2.2).
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+ Binh nghia 1
1) Gia sir (x,y) € E?, tanéi x tryc giao v6i y theo @ khi va chi khi
@ (xy)=0.
2) Gidstx € E, A € P(E), tandi ring x Ia tryc giao vii A theo ¢
khi va chi khi
YaeA, pxa)=0.
3) V6imditpcon Acha E, tagoi taphap {x € E; ¥V a € A, ¢lx,a) =0}
1
1a tap truc giao véi A theo @, ky hieu A" (hay: A~ 7).

4) Mot ho (x,);; cac phén tr cia £ duge goi 14 ho trigc giao theo ¢
khivachi khi V@G, j)el’ (=j= @, x)=0).

Ta ciing né6i @ — truc giao thay cho “tryc giao theo ¢ 7.
¢ | Ménhdé1

1) Véi mbi tap con A cia E, A 1a mot kgve cha £.
2) V(A.B) e(B(E)). (Ac B=> A" DBY).

3) VA e PE), A = (Vect(A)™

4){0}' =E
5) Vi moi kgve FehaE: Fc F-.
Chitng minh -

Cic chitng minh 44 dwgc dua ra trong 10.1.3, Tap 5 -d¢i v&i mot tich v6 hudng vin
cdn diing cho mot dstdx. .

¢ Pinh nghia 2 :
Ta goi kgve E' cla E 1a hat nhir chia ¢ va ky hiéu 12 Ker (@).

Néi cdch khic Ker(@)=E" = {xEE,VyEE,GD(I,y)—O}-

Mac di duge k¢ hieu Ih Ker(¢), nhimg & day @ khong phéi 12 mot 4nh xa tuyén
tinh, ma 1A mot dstdx. Xem bai tap 5.1.3.
vibu:

K=R,E=F% ¢: B2 x R*> R ;@ lamdt dstdx va Ker(@) = R(0,1).
((-’fp'fz)a()'nh)) — xlyl

¢ Dinh nghia 3 Mot dstdx @ tén E x E dugc goi 12 suy bién (tuong

Ymg: khong suy bi€n) khi va chi khi Ker(g) = {0} {twong dng :
Ker(g) = {0}).
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No61 mot cich khic, ¢ duge goi la khong suy bién khi va chi khi -

VxeE (VyeE, pxy)=0)=x=0).
¢ Dinh nghia 4
1) Mot vecto x cua E duge goi 1a ding hudng (d6i v6i ¢) khi va chi
khi ¢(x)=0.

2) Tap hgp céc vecto ding hudng ddi véi ¢ duge goi 1a nén ding
huéng cla ¢ .

3) Mot kgve F cla E duge goi 1a ding hudng hoan toan khi va chi
khi F c F5.

Nhdn xér :
1) C6 thé tén tai cdc vecto dang huéng khdc 0. Vidu,néu E=R> va

®: R*xR* >R, vecto (1,1) dang huéng d6i véi ¢.
((x, rrz]st}'l J2)) 0 — Xy,

2) Nén dang huéng déi véi ¢ , thuomg duge ky hiéu C(4),
1a mot "mat nén" véi nghia hinh hoc, nghia la :

VaekK,VxeC), ax e Cy
(Vi: ¢ (ax) = ¢ (x) = 0).
N6i chung, C(¢) khong phai 1a mot kgve cia E.

Viduvéi K=R, E=R?,

b R R , C(¢4) 12 m6t mat nén bac hai.

(00 X, ) x12 + x% — x;“’ 2
3) Theo dinh nghia 3), mot kgve F clia E déng hudng hoan toan khi va chi khi
V(xy) €FL o) =0,
diéu ndy dén dén : thu hep ciia ¢ 1én F x F 1a 4nh xa khong.
4) Hiénnhién Ker(p) < C(g).
¢ Dinhnghia5 Mot dtp ¢ trén E la xdc dinh khi va chi khi :
VxeE (¢(x)=0=x=0).

N6i mot cdch khdc, ¢ xdc dinh khi va chi khi C(¢) = {0}.
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¢ | Ménhdé2 :

1} Néu g xic dinh thi @ khong suy bién.
K=R

2) Néu { @ khongsuy bién|, thi ¢gla xdc dinh.
¢ duang

Ta nhéc lai ring ¢ dugc goi 12 duong khi va chi khi |V x € E, ¢{x) 2 0. (xem Dinh
nghia 1,4.4.3),

Ching minh :

1) Né&u ¢ x4c dinh thi ¢ khong suy bién vi Ker(g) C C(¢) = [0}

2) Gia slt p khong suy bién, ¢ duong vd  x € C(#). Tacéd:
YyeE YhieR, 0sg(y+ix)=¢(+2he(xy),

trdiy cinc6 - Vy e E, p{x,y) =0, nicld x € Ker(¢).

Vi ¢ khong suy bién, Ker(g) = {0}, tird6 x =0, va cudi cung C(¢) = {0}

Nhdn xét

C6 thé p khong suy bién vd g khéng xéc dinh, vi du sau chi ra diéu dé:

K=R E=R’ ¢ R*>R.
2

)
(i) = X — X3

Bai tap

¢ 514 ChomotC-kpvEvig: ExE->Clam@tdstdxsaocho ¥ x € E, glr) e B,
Chimg minh; ¥ x € E, p{xx)=0.

o 5.4.2 Chomot K- kgv E, @ 1a mdt dstdx trén E; F, G 12 hai kgve clla E. Chilng minh:
FCG' < GC F- Tanéiring F va G la truc giao khi va chi khi F < G

¢ 5.1.3 Cho mot khang gian tién Hilbert thue (E, <. ,->), fe L£(E) 12 mdt ty déng cfiu
déiximgciak, ¢: ExE—-»R
(xy) = <x, fly) >
Chitng minh ring @13 mot dstdx trén E va Ker(@) = Ker(f).

o 514 ChomotK-kgv E, @ la mot dsidx én E x £, x, ¥ € E 12 ding huéng.
Chitng minh ring x + v 1 ding hudng khi va chi khi x va y } trie giao voi nhau.



5.1 Dang song tuyén tinh d&i ximg, dang toan phuang 165

¢ 515 ChomotK-kgv E, ¢ lamot dstdx rén £ x E, F 1a mot kgve cha E sao cho
FF = {0}, Ching minh : F* 1 FX* % {0).

¢ 5.1.6 ChomdtK - kgv E, @13 motdsidx trén £ x E, F 12 mot kgve cita E.
Chitng minh ring F 13 mét kgve ding hudng hoan tean khi va chi khi F < Cid.

¢ 517 ChomotK-kgv E, @ 1A motdstdx rén E x E, x € E vax khong phai
1a diing huéng. Chimg minh :

ar)t"y&JE,y—@leexl
#x)

b} E={Kx) @ 1"

5.1.3 Truong hop hiru han chiéu

Trong § 5.1.2 nay E chi K -kgv hitu han chiéu, » = dim(£) 2 |, ¢ mot dstdx trén
ExE, ¢ dtp lien két v6i .

¢ Binhnghia1 Ta goi s6 ty nhién dim(E) - dim(Ker(@)) 12 hang ciha ¢,
ky hiéu [a rank(g),
Viay: rank(g) = dim(E) — dim(Ker(g)).

Mac dir duge ky higu 13 rank(g), nhung & day g khong phai 13 mot 4nh xa tuyén

tinh mé 13 mot dstdx. Xem bai tap 5.1.3.

Ta nhic lai Dinh nghia va Mé¢nh dé sau (xem 4.1.2) : _

¢ Binh nghia 2 Gi sit @ 1A mot dstdx trén E x E va B = (€1,--re,) MOt
cd s&r ciia E. Ta goi ma trin vuong d6i xing cdp » (p(e1e))is <, A ma
tran ciia @ trong B; va duoc ky higu Ia Maty(@). '

¢ [ Ménh dé 1 S
Gia sit | @ 1a mot dstdx trén E x E

B 1a mét cosdrcia E
A = Matgy(g)
x,y € £, X= Maty (x), Y = Mat, ).
Khidé tacé : p(x,y) ='XAY, [ ]

¢ | Ménh dé 2 Véi mdi dstdx ¢ trén E x E vambi co s& B cha E,tacé:
rank(g) = rank (Maty(g)).
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Chitng minh:
e Gias x e E, X=Maty{x). Vai ky hieu A = Maty(¢), tacéd:

reKer() o (Vye E, pxy) =0 = ¥y e M, (K, XAY =0)
SXA=0o'AX=0AX=0.
Biéu nay chimg 16 Ker(g) = Ker(4).
Theo dinh nghia clia rank(g) va dinh 1y vé hang, ta ¢4 :
rank(@) = n - dim (Ker(@))} = n - dim (Ker(4)) = rank(4).
Nhdn xét : _
1) ¢ khong suy bién khi va chi khi rank(¢) = n.
2) Gi sir B3 cosd cha E, A = Matg(g). ¢ khong suy bign khi va chi khi
A € GL(R).

| Dinh ly (Su tén tai mot co s¢ ¢ - truc giao)

Véi mdi dstdx @ trén E, t6n tai it nhat mot co s& truc giao theo ¢ cua E.

Chitng minh -

Quy nap theo n = dim(E).

Tinh chét 13 tim thudng véin = 1. :

Gia sif tinh chét trén ding véi moi K- kgv n chiéu, E lamot K - kgv n + i chiéu, va
@ 1a mot dstdx ren E x E.

Néu g =0, thi mei co s& ctia E 12 trye gino theo ¢, do dé E cé it nhat mot co 5.
Vaytagidsit @ #0.

Néu moi vecto chia E 12 diing huéng, thi ¢ 13 dnh xa khong vi :

1
_ Vxy) € B pley) = S(4(x+) —p(x) =4O
(Ciing xem bai tdp 5.1.4). .
Gia sit tn tai e,e E sao cho §(e) # 0. Xét thp F = {e/}* v2 thu hep @’cla @
len Fx F: p' . FxF->K .
(xy) — ¢(.y)
Ta s& chdng minh Ke, va F 12 bd nhau trong E.
Gidsitx e E . Voimdi (ay)cia KxE,taco:
{x=ael+y P {x:ae|+y - {x:ael+y
yeF @le,y)=0 pley,x) = adle)
_ole.x)
#le)
_ (a(elsx)e

#(e1)
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Diéu ndy ching 1 ring, méi phan tr x ctia E duge phan tich mot cdch duy nhél
trén Ke, vi F. Nhu vy Ke, va F |13 bt nhau trong E.

Dac bigt vidim (Fy=(n+ 1)~ 1=n nén ¥ 15 mot siéu phang cta E.
Theo gia thiét quy nap, tOn tai Mot co 83 {e3,...€,1) clia F truc giao theo @' Voi ky
hiéu B = (e1,€1,-1€u1). ta €O

o Vi(ey...e,) d0c13p, ¢, & Vect (ey,...6,,) vidim(E)=n+ 1 nén Bla
mét co so cha £
eVje (2,...n+]l}, gle,e)=0viecF= {e )t
o V(i) €f2,...n+1Y, (i % = @lee)=0).
Vay B2 co s& truc giao theo gcha E .

Hé qua 1
¥ Se 8K, P, D) e GLK) xD(K),§= ‘PDP.

Chirng minh:
Gid st § € §,(K). Ta ky hiéu o mot dstdx trén (M, ,(K)) ¢6 ma trin trong cd sO
chinh tic B, clia M, (K} 12 §. Theo dinh Iy teén, ton tai mot cof s B cia M, (K)

tryc giao theo @ . Vay ma tran D clla ¢ trong B la ma trdn chéo. Theo dinh 1y vé
chuyén co s& d&i véi céc dstdx (Xem Ménh dé, 3 4.1.2), ta cé:
D ="P7ISP™, trong d6 P = Pass(B, B,), S = 'PDP.

Nhdn xét: Chc phin tir trén dudng chéo ciia D néi chung khdng phdi I céac gtr
cha §.

o | Hdqua2 Moi dang toan phuong ¢ trén E déu c6 it nhat mot céch
phan tich thanh té hgp tuyén tinh cic binh phuong cba cic dang
tuyén tinh déc lap'.-

Chirng mmh

Gi4 sir ¢ 12 dang phan cuc clia mdt dtp ¢-trén E Theo dinh 1§ trén, tén tai mdt co
50 B truc giao theo @ cha E . Vi vy mateéin D cia @ trong B 13 ma trin chéo :
D = diag(d,,...d), (,..d)c K".
X
Giasit x€ E, X = Matg(x) =| ¢ |.Tacé:

Xn
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dy 0 xy "
¢ (x} = XDX = {x;....,%,) =Y dx?.
dr.' X, i=1
K¢ hicul: E > K(1<i< n).Khidd /; 14 cdc dang tuyén tinh wén £ viL:
X X .
. 2
VyeE, g =Y di{ix) .
i=1
Hon nita (,,....4,) doc 1ap vi (/;,....[,) 1a mot co s& doi nghu cua B.

Nhen xét :

Gia st di bigt mot phan tich clia ¢ dudi dang mot t& hop tuyén tinh cdc binh
phuong clia cdc dang tuyén tinh

AIV
, 2
Vre Egw= . d (L) .
i=1
o . [ty L) docap wyén tinh
vagidsl: ¢ i
Vie {l. Nid #0
Ta c6 thé bidu dién dang phan cuc ¢ cla @:

2 1
Vi) € B, g (o)) = I{fﬁ (CRD) Rl A i)

1 b b 2
=—34, (ua,- (x)+ L) = (L) = L,w)?)
4 i=1

N
= > di L (DL ().
i=1
Tit d6 s& suy ra hat nhan cla @
N
x € Kex() & (YO) € E, 9 x) =0) & (YO € B, D i L(0)L,(») =0)
i=1
N
o Y d L)L =0
=1
=4 Vi E{ ll"',N}9 dle(x) =0
& i efl,.. N}, Lix)=0.
N. N
Nhu vay: Ker() = [ |Ker(L) = (L3 -
=1 i=1

(trong d6 °{L;} 1a tap truc giao cua tap con (L} cia E" trong E).
Hom nita, vi (L;,-...L,) 1A doc 1ap, hang cia hg phuong trinh

(Vi e{1,..N}LL(x) = 0) (dn x € E)
bang N, do dé dim(Ker(@))=n — N ,nén

rank{g) = n — dim (Kexr(@)) = N.
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Nhu vy ta ¢6 thé xac dinh nhan v hang cha mot dtp tir mdt phan tich dudi
dang t8 hop tuyén tinh véi cdc hé s6 khic khong cha cdc binh phuong cdc dang
tuyén tinh doc 1ap {(xem bai tap 5.1.20). :

Bai tap

¢ 51.8 Chomot K - kpv £ hitu han chiéu, gl mot dsidx trén £ x E, B 1a mot co xd cla
E, A = Matg{g), x € E, X=Maty(x). Ching minh :

x € Ker(¢) & X e Ker(A).

¢ 519 ChomotK-kgv E; @ lamotdsidx trén Ex E, ¢ [adip lien két véi @, va
0, =f € GLIE) Y(x, ¥) € EX, o (flx), fy)) = ¢ lxw)b
a) @) Chiing minh O, 12 mot nhém d6i vén luat o,
/) Ching minh : O, =(f € GLE) : Vv e Eg(flay) = g0}

Dic biét, néu g li tich vo hudng thi O, 14 nhém tryc giao cua (E,¢) (Xem 4.3.2, Binh
nghia 1}

b) Gi sit E hitu han chiéu vd gkhong suy bién; B 12 mot co s& clia E va §= Matg(g).
0) Gidsitf € GL(E), 2= Matg(f). Chimg minh : f€ Op <> '£25 42 =5.
S Tedésuyra:Vfie O, det{f) el-1.1}L
¢) Trong co s& chink tic (¢, €;) cha R:, mot dtp ¢ trén R? x R? duge xédc dinh boi
' © plee) =plene) =0, pleje)=1.
Xi4c dinh céc phin tir clia .0;. bﬁng chich tim rna trdn clia ching tréng (e,.e;).

¢ 5110 Chomot K -kgv E, pla mdt dstdx Iu-en,' Ex E.pe N‘, XXy, )'|...'.ype E.

Ky hien & =det (@ YDsysrd _
{x]v“)xp) d@'c‘a'p ’

@) Chitng minh: = 0= .
{(yl,..,,yp) doc lap

B} NEU (X,....0%,), (F11--00Y,) dc 18p tuyén tinh vi @ khong suy bi#n thi co thé suy ra
&+ 0 hay khong ?

¢) O day 1a gid thiét £ cé s chiéu hint han va p = dim (E). Ching minh ring, néu
{(X10nd,), (0)0eed,) |2 doc 13p vi néu @ khong suy bi€n, thi 5+ 0,

¢ 5411 Chomot K - kgv E hinu han chiéu, ¢ 12 mdt dstdx trén E x E,
r = rank(¢). Chimg minh ring, 6 13 f,.....f. 8,---.& € E sao cho:

V(o) € B pxy) = 3 il0)g () -

i=1
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o 54.42 Cho E mot K - kgv hitu han chiéu, n =dim (E} 2 1, ¢ A mt dstdx khong suy
bién trén E x E, B= (€)1 <, |d mOt ¢ 86 cita £. Chimg minh réng t6n tai mdt co s¢

B = (€} )yqz, cha E sa0 cho:

. , . I nfu i=j
V(IJ) E{l"-‘vn}zv (O(Ei',ej' ] = au= {0 né’u I-#j’

5.1.4  Phan loai cic dang toan phuong trén khong gian vecto
hiru han chiéu

1) Dai cuong

Trong § 5.1.4 1) nay, E chi K - kgv hitu han chiéu, » = dim(E) 2 1.

Trong tap hop S(E;K) cla cdc dstdx trén E x E , quan h¢ C duge x4c dinh béi:
p Cy < @Afe GLE), Yy € EL wxy) = ¢ (fx), f)).

Dé dang ching minh duge C 12 mdt quan h¢ tuong duong trong S(£:K) v thudng
dugc goi 12 quan he tuong ding
Cho moét ca s& B, cia E.

Gia sit @, e S(EK), A= Matg (@), B= Matg ().

Khi 46, theo dinh nghia vé ma tran clla mot dstdx trong mét co 59, ta ¢6:
@Cy <> 3P € GL{K), B ='PAP).

Quan hé trén S,(K), vin dugc ky hi¢u 12 C, xdc dinh béi:

ACB & (3P e GLK), B ='PAP),
dugc goi 12 quan hé tuong ding (cling xem bai tap 4. 1.2).
Ta vira ching minh : ply < ACB.

Ta s& x4c dinh cdc 16p tuong duong cla S(E;K) (hay $,(K)) medulo C trong hai
trutmg hop: K=C, K =R.

2) Truong hop cia C

Trong § 5.1.4 2) nay K==C.

» Giaslr ¢ € S(E,C).
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Theo Binh 1y 5.1.3,¢6 mot cosd B tnic giao theo ¢ cba £; nhu vay 16n tai
(d;.....d,) € T" thda miin Matg(g) = diag(d,,....d,). Ta c6 thé gia thi€t B dugc 5ép dé
dy..d #0va d, =..=d,=0,trong dé r = rank(@) = rank(diag(d, ....d,)).

V1 moi 56 phic khic khong ¢6 it nhdt mét can bic hai khdc khong, nén tén tai

]
o=

Sy, € T5 sn0 cho Viel|l,.» L& =d.

Takyhitn &,,=..= §,=1vaQ=diag(d,,.... ).

I, 0
R3 ring ¢ € GL,(C). V6i ky higul,,, = (6 Uj{xem 823, Tap 5) thi
diag(a‘l!"-!{fn) = [QJn.n.r Q'

Nhu vay, tn tai mot co s& B ' clia F théa min Maty(¢) = T, , (€O SO nay suy
ra tr B bdi ma trin chuyén Q).

o Nauge lai, cdcma tran J,, (r € {0,...,n}) ddi mot khong tuong ding vi chiing
khong tuong duong.

Tom tat khao sdt trén ;

+ | Dinh Iy (Phan loai cic dang toan phuong phiic trén khong gian
vecto hitu han chiéu)

Piéu kién cdn va di dé hai dang toan phuong trén mot € -kgv hitu hun
chiéu twong ding 13 chiing c6 ciing hang.

Trong phén khio sit trén, ta di chimg minh:

o | Ménh dé Gia stt E 1a mot C - kgv hitu han chiéu, ¢ 1a mgt dtp trén

E, r = rank(¢). Khi d6 t6n tai r dang tuyén tinh L,...., L, tao nén mot ho
doc 1ap thoa man :

VieE, $(0=3 (L) .
i=1

3) Truong hop cuia R

Trong § 5.1.4 3)nay K = R,

e Gidsitg € S(E;R).
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Theo Binh 1¥ 5.1.3, co mdt cd s& B e giao theo @ cia E;vivay 1611-}2.!&
(d|ondd,) € R* thda man D = Matd @) = diag(d,,....d,). Ta c6 thé gia thiet B ducc
sap sao cho tén tai (p,q) cia N* théa man:
Yie{l. . p} d; >0
Vie{p+l.,p+q} d; <0.
Vie{p+qg+l..n}d; =0
Vi r=rank{¢), rank{g)=rank(D),nén p+q=r.
V& moi i thude {1,..., p+ g}, tén tai § € R théa mén & ,2 =ld). Ky hi¢u 9, = ...
= §,= 1 va Q =diag(§,..... 5,). Ro rang @ & GL,(C), va bang cdch dat
Spq =diag (1,....1, -1,....-10,...0)
) —— e —
psdhang gséhang r—p—gso hang

tcd: D="0S,, 0.

Nhir vay, tén tai mot co s& B cia F (co s& ndy suy ra tr 3 boi ma tran chuyén )

sao cho:
I, 0 0
Matg(p)=§,~| 0 -1, 0j.
0 0D ¢

e Diolai, ta chimg minh ma tran S, ((p.g) € N? va p + g £ ») d6i mot khong
twong dang.
Gia sit (p.g), (' ¢') € N°saochop +¢<n, P+ g'< n, VA gid st réng, 16n tai mét
dstdx @ cématran §,, VA Sy, trong hai co s&f tuong dng B=(€,€.)s
B =(e{ ,..,ep)cua E.Takyhidu F=Vect(e,,...,,), ' = Vect( e},H - R
Yxe F-{0}, ¢(x)>0
Vx e G g(x) <0
Tit day didu kién can 1a: F ~ G'= {0}
Suy ra: a = dim(E) 2 dim(F ® ¢y =dim(F) + dim(G)=p + (n —p), vadovay p' 2 p.
Vi vai 110 d6i xiing cha (p,q) va (p'\g), suyra p'=p vaq = 4.

Khi d6 10 rang : {

Tém tat khao sat trén :
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# | Ménh dé - Dinh nghfa  Gid slt ¢ 14 mdt dang 10an phuong trén £,

Khi d6 t6n tai mot cap duy nhét (p,q) thudc N* sao cho ¢6 mot co sG B
cha E mi trong cg s& d6 ma trén clia ¢ la:
1
\l 0
-1 \
-1
0 ,
O\0
I« X
P q np—q
Cip (p,g) duge goi 1a k¥ s6 cia ¢, va dugce ky hiéu 13 sgn( ).

Nhur vay, tén tai mdt co s& B cla E sao cho, vét moi x thude E, 1a co:

z 2 ptyg 3
P )= ZX‘, - Z X,
1=1 i=p4l

trong 46 (x,,-..,x,) la cdc thinh phdn cita x wong B.

Nhdn xét :
1) C6thé p =0 hoic g = 0, trong trudmg hap d6 mét trong cic tdng

g

ix,-z, z x,2 khéng xudt hién.

i=1 i=p+l

2) Néu sgn(d) = (p.g), thi p + g = rank(¢) .

3) e ¢ duong khi va chi khi k¢ s§ cha ¢ c6 dang (p,0), p € {0,..., n}

e ¢ x4c dinh duong khi va chi khi k¥ s6 cba ¢ 14 (», 0).

4) Gi sit 912 mot dtp tén E, B mot co s&cha E , A = Mat(¢). Theo dinh 1§ co
ban (Pinh 1y, 4.4.1), tén tai £2 € O,(R) sao cho A = 2D, Khi d6 ma tran D cla
¢ trong co s& B’ duge suy ra tY ma trin cla @ trong B bdi ma tran chuyén 2 i

D ='QAL2 Tixd6 suy ra ky 's6 cia ¢ 1 (p,g) trong d6 p (twong tng g) 1a s6 cdc chi
sGicia {1,..,n} thoamin A, > 0 (ong dng <0), véi A,...,4, Acic i ridng cla A.

+ | Dinh Iy (Phin loai cic dang toan phwong thyc trén khéng gian
veeto him han chiéu )
Pidu ki¢n cin va di dé hai dang toan phuong trén mot R - kgv ¢ s6
chiéu hiru han tuong dang 1a chiing ¢6 cling k¥ sG.

$roi khi dinh ¥ niy con duge goi 12 dinh 1§ quan tinh Sylvester.
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Bai tap

o 5.4.13 Giasir K - kgv E <6 6 chiu hitu han, n = dim £, @12 mot dstdx khong suy bi¢n
1én E x E, F1lamot kgve cia E. Ching minh:

dim(F) + dim{F*}=n.

© 5.4.14 Cho moLK - kgv E hitu han chiéu, ¢l mjt dstdx Khong suy bigntrén E x E, F la
mot kgve clia £. Chimg minh: F** = F. (S dyng bai tap 5.1.13).

& 54.15 a) Ching minh: ¥ S € $,(C), 3M & M(C), § =MM

b) Chitmg minh: ¥ S € 8,(C), 34 € My 5.(C), S =4A.

o 5116 a)Tacéthéco: v AB e 8 (C), ACB= A'CA? hay khong ?
h) Chimg minh: V A.B € S (R), ACB = AXCB.
Pio lai ¢6 ding khong ?
¢} Chimg t0 ring: ¥ A,B € S,(R), ACB = A'CB",

o 5147 Bit déing thiic Cauchy - Schwarz va bét déng thirc Minkowski
déi v6i mot dang toan phuong duong
Cho mot R - kgv E, ¢ 12 mot dstdx teén £ sao cho dip lién k&t $1a duong.
Chifng minh ring v6i moi {x,y) thudc E*:
a) () < gL
b) ,I¢(x+y) SM+W.

o 5448 Cho motR-kgvE, # 1a motdip rén E. Chimg minh ring @ 19i khi va chi khi
¢ diong (Ta nhéc lai ring, theo dinh nghta, ¢ : E = R 1a16i khi va chi khi:
Vi e [0;1], Vixy) € B2, g0+ (1 =R £ Ag(n+ (1= RgO)

¢ 5449 Chomot R - kgv £ hitu han chidu, # 13 motdip trén £¢o ky 50 12 (pg), F 1
mot kgve cda £, Chitng minh :
a) N&u g1, xéc dinh duong, thi dim(F) < p
b) Néu |, xéc dinh am (ufc la: —g|, xdc dinh dueng), thi dim{F) < ¢.
¢) Néu dim(F) > Max(p.g), thi F cé it nhit mot vecto déng huéng khdc khong.

¢ 54.20 Tim nhan, hang, ky s cia cdc dtp mk trong co s& chinh tic cha R"duge xdc
dinh bdi cic ma trin ddi xing A sau day:
a) A = (8Ind; + U g g » Bpoee s Byoeh, € B sao cho (08¢ ) zis {sine Y ss, +1a déc

14p tuyén tinh rong R"

b) A = (ch(a, — @) o (@rrrii)€ R = 10...0))
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a* -a : 0

c}A = \ cfaeRxR nx3,
\\\}12+b2 —abh
0 b?

-ah
¢ 5.1.21 Mot quan h¢ wong ding trong S(B), véin > 1 cé bao nhiéu 16p twong duong 7

© 51.22 4) Cho(af e B! théa min e<fnelN f. |af] - R < n)
la cdc dnh xa lien tuc sao chof)j kha tich trén &/}, v6i moi (ij) thude {1,...,n}2
Taky hicu, a, = L SO (0d v&imbi (i) €[], vaA = ={4,) 4 =, 12 ma tran déi

XUing, A i ma trin ciia dip ¢ trong co ¢ chinh tic ciia B, Chimg minh :

@ ¢duong
B ¢xdc dinh duong khi va chi khi {f1s-r £} 4OC 18p tuyén tinh.
h) {:fng dyny . Chon e N*, Uil vy v, € R 1 A= [ 1 ] '
. i v +iu: V‘
1=i, f5m

@) Chingminh:Ae 8§
A Chimg minh ring A € § :+ khi vi chi khi hai veelo (u,,...,u,), (v,,...,v,) tao thirh ho
doc 1ap tayé&n tinh trong R,

© 5.1.23  Hiy chimg td ting: YAB e S; 1A C B < rank(A) = rank(B).

¢ 5.1.24 ¢)Chon,ne N, Se8§ HR), 5’ 8,(R), (p.g9) = sgn(s), gy = sgn(S").
Chiing minh :

S 0 - + ¥ + I')
sgn 0 s =p+p.g+qg).
b) Suyra:

§ 0 (8 o ,
a)VneN',VS,SES"(R),[[O SJC(O S.J«:SGS‘J.

, s ([ O)(5 0 .
AVn ne N, VS e S R)VS, S ES,,-(R)[[O S’]c(ﬁ SJ@S’CS}
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5.1.5 Phan tich Gauss cia mot dang toan phuong

(3 day chiing ta s& dua ra mot thudt todn, duge goi 1a phuong phap Gauss, cho phép
nhan duge mot phan tich ciia mét dip thinh mot 6 hop tuyén tinh céc binh phuong
clia cdc dang tuy€n tinh dgc 14p (xem Dinh 1y 5.1.3).

Gia sit £ 12 mot X - kgv hitu han chiéu, n = dim(E) 2 1, ¢ mot dstdx tén E x E, ¢
13 dtp lien k&t véi @, B = (€,,..1¢,) 1A MOt co sdcuaE, A=(ay)y = Matgf ¢).

Véi moi x thude E, k¥ higu (x;,...,x,) 1a cdc thanh phdn ciia x trong B, ta co:

FL= D, %y -

1<, j<n
Trudmg hop n = 1 12 tdm thudng,

1) Truong hopn =2

Gidsitn=2 khidé g(x)=ayx; +2apxm+ anxs .
) Néu a,, =0, tacd thé viét (bing cich viét dudi dang chinh tic doi véi mot tara

thic):
2 & )
4 12
¢(x)=a“[xl+—ix2] +ilap——|*2-
iy a

Pay 1a mot phan tich cilia ¢ thanh 18 hop tuyén tinh cla binh phuong cta hai dang

tuy€n tinh trén £ : Lyt (x), x) = xt Ellxz, Ly (xy, x3) — X35
a5

' hon nita (L,, L) 1a doc 1ap. |
A Néua, =0viay #0, ta d8i vai trd clia x,, X, va tién hanh nhu a).
7 Néua,, =ay, =0, thitacd thé viét ;

$(x) =2apx0, 05 = 9']2'1 (r+ )~ 6—122’ (n—xY,

vi day 12 mot phan tich cha ¢ thanh 13 hop tuy&n tinh clia binh phuong hai dang
tuyén tinh trén £ : Li: (%, Xg) = X+ X, Ly (X, xp) = X — X
hom nifa (L,, L} 1a doc 1ap tuyén tinh.

2) Truomg hopn 23
a) Gid st tén tai i € {1,..., n} saocho a;#= 0.

Bing cdch hodn Vi x,,....%, , ta ¢6 thé trdy vé truomg hop ¢ = 0.
Véi viec sap x€p thd nf cdc hang tir clia #(x) theo lug thita clia x,, ta dugc:

glx) = anxl2 + 25, Py, ) + Q(xy,.0 0 X,)

trong dé P 1a mét dang tuyén tinh trén R va @ 14 mét dang todn phuang trén R
Ciing ¢6 1thé néi P va 0 1a céc da thitc thufin nhat tuong Gng bac 1vi 2 chd XX, -
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Ta K¢ hitu y = (x5,....x,) vd P(y) = P(x,....x,). Bing céch dat dudi dang tam thic

2
chinh téc clha x,, tacé : g(x) = q,, [xl +—I—P(y)J + (Q(y)——l—(P(y))zJ .
a1

di
. s . 1 . : . -
Hién rhien y: y — Q0) - — (P2 1a mot dang todn phuong trén R,
S

Gia thiét bi€t mot phan tich cla v dudi dang 18 hop tuyén tinh cdc binh phuong
N

cée dang tuyén tinh doc 1p : wriy)= Zar,v (Jr';-(y))2 .
i=2

Kyhitdu L ESR vavimoiie (2, N}, L:E—>R .
X .r]+L Pl = f(y)
9 '
Hién nhien L(1<i< N ) 1a céc dang tuyén tinh trén £ lap thanh mot he dac lap
tuyén tinh v :

N
P = ay (LY + 3 g (L)
i=2

P Gidsi: a,= 0, Yie{l,.,n)

Trudng hop ¢ = 0 14 tdm thuong, bing cich hodn vi néu cén, ta c6 thé gia thiet;

ap# 0.

Tacé: SO =anxx, + XA + 0B(x,..,8,) + O%s,...x,), trong dé A, B 1A

dang tuyén tinh trén R"2 va Q Ix mot dang toan phuong trén R"2.

Ky higu y = (x,....,x). Ta nh6m céc s6 hang c6 chia it nhdt mot trong hai phén tir x,

1 1 1

hofic x,: #(x) = au[xl + -—B(y)J (xz +— A(y)} + (Q(y) - ——A(y)B(y)J .
a3 a3 a3

Ly, L, 12 c4c dang tuyén tinh trén E du‘qc dinh nghia bai

L(x)=x+x +;—II;(A(y)+ )

Ly(x)= 31 ~ % +——(B() - 40)
a2

va dang toan phuong y (trén R"2) x4c dinh béi ; ) =00) - —l—A(y) B(y).
@2
Gid sit da biét mot phan tich ciia ¢ dudi dang t6 hop tuyén tinh céc binh phuong

N
cla cdc dang tuyén tinh déc lap: yw()= Zaf (l',- (y))2 .
i=3

Véi3d<ixc Ntakyhieul  ESR.
4 x—= 1y
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Khi dé: (0= “%42 (L)) _?:1_2 (LY + Za,-([.l-(x})z .
i=3
Ta chimg minh (Ly,....Lx) 12 doc 1ap tuyén tinh.

N
Gia st (Ao Ay} € RY sao cho " A;L; =0 Bing cich 4p dung dfing thic ny cho
i=l

hai vectd cia E vdi cic thinh phdn (1,0,...0% ©,1,0,....0} trong B, ta dugc

H+Ap=0 - \

trday A, =X, =0.Vavl (1)sg, < v 12 d0c 14p, suy 12 A== hy=0h
b7 =0

viDy:

1} Ap dung phuong phdp Gauss cho dang toan phuong ¢ xdc dinh trén R"

¢(x,,x2.x3)::(f + 2}.'; + Sxi - 20 + Axixs,
va tir d6 suy ra hat nhén, hang, Ky 6 clia ¢@.
Tacéd: @lx, X x,):xf + 2x(2x5 — %) + 2.\'% + Sxi
s+ Q- )X Aot axd =(n —xp+ 20+ (x, + 2x:)
Theo Nhan xét trang 168 :
—xy+2x3=0 =—4x
(X)s X2, X3) € Ker{¢) < X~ X AN o " 3,
Xy +2xy= 0 Xy = —2x3
Vay Ker(¢) cé s6 chidu 1a 1, va dugc sinh bai vecta (4, 2, -1).
Tigp d6 rank(g) =3 - dim(Ker{¢@) =2.Do d6 : sgn(gh = (2, 0).

Nhan xét.
Ky hiéu B, 1 co s& chinh thc cha R’ B acosicia R'sao cho
1 -1 2 1 -1 2
pass (B, By =P =0 1 2|.A=Mag@=|-1 2 0}
0- 01 2 0 8
1 00
D=Mat50(¢)= 0190 .Khi d6 tacé: A='PDP.
0 0 0

2) Ap dung phuong phap Gauss cho dang toan phuong @ xdc dinh trén R* b :
& (xy, Xp, XaXa) = dxx, + 8x.x; + 24 x5, — 24x5%4,
vi tir dé suy ra hat phan, hang, ky s cla ¢.
Tacd: @ (x1, Xy X3.X3) = 4(x, + 6x; — 6x) (2 + 2x) — 4812 + 48x3x,
(e 4y By —6) — (g = + 4% = 67— 48 _15 X+ 1213,

tir d6 - Ker(¢) = {0}, rank{¢®) = 4, sgn{ ) =(2,2).
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Bai tap

© 5.1.25 Tim mét phan tich Gauss va tir d6 suy ra hat nhan, hang, k¥ s& ciia cdc dang toan
phuong sau:

a) ¢ R—ER 4, v, z)=f+2y2+2zz+2xy—;1xz —6yz
b) FRDOR Jl, y. D)= 4y + 2~ 2a(y+ xz+v7) ,a e |0;1]
¢) B DR gy, =xy+ x2

dj ¢ R*DIR, g,y 20y = + ¥ + 20y + Lz + 2 x0 4 2yz + 2yt + 4zt Tim ndn
ding huéng.
e) g:R* >R, g{x. y, z.0) =xy + 2uz + xt + 2y + dz¢ .

© 5.1.26 Cho ¢ dip xdc dinh rén R*: gix, y, 2) =% + 3y —doy + 26z + 2yz .

Thn 14t ¢4 cdc mat phing vecto clia R’ ma trén d6 thu hep cita ¢ xdc dink dong.
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5.2 Phuhgp

Trong § 5.2 nay (E, <->) chi mot khong gian tién Hilbert thye ; chudn lién ket
duge ky higu {|-||.

Vén dé vé phu hop trén mét thé phiic ciing da duge dé cap thién vé Giai tich rong
B6 sung 1.3, Tép 3..

Mat Lhéc 12 tién hanh mot khio sdt twong ty d6i v6i khai niém phy hop trong mo
khong gian tién Hilbert phic & Charong 6.

5.2.1 Dai cuong
¢ Dinh nghia Giasitf e £(E). Ta néirang fc6 phy hop khi va chi khi
16n tai g € L{E) saocho :

Vixy) € EL <f(0)y > =<x, g3)>.
Mot g thude L£(E) nhu vay duge goi 1a phu hop cia /)

& Ménhdé-DPinh nghfa1 Gidstfe L(&). Néuf co6 phuhgp, thi
chi ¢6 mgt phu hop, va phu hop duy nhét ndy duge goi 1a phu hgp ciia
fvaky hisu laf

Ching minh :

Gidslr g, he L(EYlacdcphuhgpenaf. Tacéd:

Vix,y) e B2, < f{x)y > =<x, g >=<x, A(y) >,

trdé: Vye E, g(y)-— h(y) e E'={0},nén g =h
Nhur vay, néuf " tén tai, thitacé :

Yixy) € B, <f()y>=<xf (>

Nhdn xét
1) Tén tai cde tir ddng cfu khong cé phy hgp (xem B8 sung 3.3 5), Tap 3 bing
cdch thay € boi R).

2) Ta s& thiy & phén sau nay (Ménh d8 5.2.2) ring, trong khiong gian I-'_Iiuclide, moi
tr déng cfu déu cé phu hgp.

o |Ménhdé2 Gidst Ae R;f, ge L£(F)c6 phy hop. Khi d6 :

1) Mf + gc6phuhgpva(hf+g) = Af '+ g

2) 1d, c6 phu hop va (Idy)" = 1d;
gofcophuhgpva(gof) =fog"

4} f cophuhopva (f)y =f.
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¢ “hitng mink:
Ta ¢6, véi moi (x,) thudc £2%:
o<xn, A f+ i >=r<nf 7)> + <6, g()>
=h<fhy>+<gl0), y> =< f+ ), y>

2) <, Wy >=<x,y> = <Idg(x),y >

<, feghMe=<5f (g 0> =<flx)g ' OY>=<gfl),y >
=< (g o 0O,y >

4) < f>=<fiy)x>=<yffW>=<fT@. y>

5.2.2 Trudng hop hiru han chiéu

Trong § 5.2 ndy (£, <,>) chi gt khong gian vectg Euclide, tie 13 mét khong gian

tién Hilbert thye hitu han chiéuw.

¢ (Ménhdé Moi tu dong cdu clia £ déu ¢6 phu hgp. Hon nita, vdi moi f
thude £{F) va moi cste Beta F -

Matg(f ) = (Mats()).

Chitng mninh
I) Kgv E c¢6 {t nhal mot co s& trye chudn B,.

Giasuf ge L(E),A= MatBo ), B= Matso (2).
Tach s .
§=f" & (V&) € B <f Wy >= <x,8()>)
< (VX Y) € (M, (R, (AX) Y =X (BY))
< 'A=B, xem bditap4.1.1. o _
Diéu nay chiing td £ c6 phu hgp (va chi mot) déng thdi ma tran cla £~ trong B 1a ‘A,
2) Lap lugn /) 1a ding d46i v&éi moi cste cla E.
& | Hé qua Gidstfe L(E). Tacs:

rank(f 7y = rank (), tr(f ) = te(f), det(f ) =det(f), Spr(f ") = Spr(H-

Nhdn xér :

Gia st A € (M, (E); miac db A va 'A cé clng gid tri riéng, “néi chung” A va 'A

00

0 1
khong ¢6 ciing vecta riéng, vidusauchiradicudé: a=2,A = ( ;



182 Chuang 5 Bai s6 song tuyén tinh

Bai tap

¢ 5.2.1 Trang bi trén M, () mat tich vo hudng chinh tic (X 1) — (X }). Gid st Ae M (R),

@, : M (R) — M,(R). Chitng minh @, € £(M_{R)) vi tim phu hop {@,) cla ¢,.
X— 'AXA

© 5.2.2 Cho motkgve (E, <, ), fe L(E)thbamin fof " =f" of, F 1a mdt kgve clia
E 6n dinh d6i v6i f; g 12 ty déng cfu clia F sinh béi £ trén F ¢6 tich vo hudng cam
sinh tir <, -». Chiimg minh : gog =g og

5.2.3 Céc tir dong ciu dang chu ¥ trong khong gian tién Hilbert
thuc

Ta ldy lai mot phdn v m& rong khao sat dac6 & §4.3va § 4.4,
Trong § 5.2.3 ndy, E chi mat khong gian tién Hilbert thuc.

¢ Dinhnghia1 Gidstt fe L(E). Tandiring:
I)  f ladéi ximg (hay la: ty phu hgp) khi va chi khi : f¢6 phu hop va
fr=f
2} fla phan d6i xumg khi v chi khi: fcé phuhgpvaf™ = —f
3) flatruc giao khi va chi khif ¢6 phuhgp va f*of =1d,.
R rang ring cdc dinh nghia 7) va, 3) 1a md rong cha cic dinh nghia trong truding
hop E ¢6 s6 chiéu hitu han (xem Dinh nghia 1, 4.3.1 va Dinh nghia 1, 4.3.2),

¢ PDinhnghia2 Mot tu déng cfu d6i xing f cia £ duge goi 1a :
I) Déi ximg duong khi va chi khi :
_ Yxek <x, lx)y>20
2) Doi ximg xdc dinh duong khi va chi khi :
VxeE, <x,f(x}> 20
{Ver, (<X, f(x)> =0=>x=0)

Nhdn xét:
I) Mot ty déng ciu d6i xting f cta £ 13 d6i ximg xdc dinh duwong khi va chi
khi:
YxekE {0}, <x,f(x)> > 0.

2) Tinh “duong”, “xdc dinh duong” & ddy chi ¢6 thé dugc sit dung ddi véi
mot tir ddng ciu déi xing (chir khong phai véi moi tw ddng cdu).

3) Mot wr dong cdu d6i ximg fcia £ duge goi 13 am (tuong ing : xac dinh
am) khi v chi khi —f 12 d6i xing duong (tuong ng : xdc dinh duong).

4) Giasirf lamot iy déng clu dGixingcla Es ky hidn ¢ - £ > R .
Toxe—<x fa) >
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Hién nhién fp"f [2 mot dip trén E (goi 1h dang toan phuonig lién két véi £) va f
" 13 431 xdng duong (tuong ng : xdc dinh duong ) khi vi chi khi ¢f 14 mot dup

duong (1wong ing : xdc dinh duong) . ) ]

Nhic lai réng, trong trudng hop E ¢6 s6 chiéu hitu han, ta ¢6

e Dinhly coban : V§i moi r dong cdu déi xiing f clu E, 16n tai mdt cste
ctia £ duge tao nén it vir cha f (xem Dinh 1§, 4.4.1)

¢ Dinh 1y thu gon dong thoi hai dtp trong d6 mot 13 xéc dinh duong
{xem Dinh 1y, 4.4.2) va biéu dién duéi dang ma tran :

Y (4.8) € § T x S,(R), I(P,D)e GLR) x D(R), A ='PP,B="'PDP

(xem Ménh dé 2, 4.4.3).
¢  Xét cac tinh chat cua ma tran déi xitng duong (tuong ing : xdc dinh

duong) nhi phé cha chiing (xem Dinh 1y, 4.4.3) :
SeS) o= Spz(SHHcr

VSeSm®) . {0 SO @IS '

SeS, < Spr(S)cR,

Déc gia 58 tim thiy dudi day. (bai tap tir 5.2.3 dén 5.2.38) céc bai t4p mic nang cao
vé cic vin dé nay.

Bal tap

o 5.23 ChoMe M,(R), A= MM —MM. GidsirA € S} ; Chimg minh : 'MM = MM.

o 5.2.4 Cho E motkgve,f € O(E) —SO(E); chimg minh : —1 € Spg(P.

o 5.2.5 Gid st A = (a,), € S,(R) va D = diag(a, ..... a,,).
Ching minh : A~D = A =D. _
(Nhéc lai ky hiéu A~D chi A vA D déng dang, nghia I3 : 3 Pe GL(R), D = PTAP,
xem Dinh nghia 1, bai tap 8.2.4, Tap 5}

& 526 Chone N (4 (Bcn ta hai diy trong S,(R) sao cho A,f + Bf ——k-;—)O .
Chiing minh : A TO va B, T)O .

© 527 Chone N, (A),.y 12 mot ddy trong S,(R).
a) Ching minh: ¥ ke N, I,+ 47 € GL(R).
b)Tadat B, =(,+ A )'A, ,véike N,

13041 5O 24
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Gia sit (A ) en 1a day glél ndi va Bk TO Chitng minh Ak —?w—>0

i
o 528 Gidsit £2€ O,(R) véi moi k thuge N', dat 4, = %ng Tim lim 4.
i=0 =

o 529 a)Cho(4,B) e 8, x5, (R).
@) Chimg minh ring AB 14 chéo hba duge (Xém bai tap 4.4.38).
) Chimg minh : Spe(AB) CR} < Be S7.
) Cho Me M, (R) ching minh ring hai tinh chat sau day 14 tuong dutong ;
G) I(AB) € (S} ). M =AB.
(i) M 1a chéo héa duoc trong M(R) va Spp(M) C R .
¢} Tir d6 suy ra ring —1,khong phii 12 tich cita bén phin tr cia 8 M
¢ 5240 BDinb thdc con - Gauss,
Cho A =(a,); € S, (R} v6i mdi p thude {1...., n}, ta ky hidu A= @) 15y € 5,(R).

a)a) Chimgminh:AeS8y=>(¥pell..nl det{a)20.
B Dao lai clia ) ¢6 ding khong ?
b} a}" Ching minh: A € §3,7 & (¥p € (1, n}, det (A) > 0.

£) Suy rating S, 12 tap m& trong S,(R)-

o 5241 Ching minh ring S }* 12 tap md lién thong cung ciia S,(R)
(Si dung bai tap 5.2.10 b) B)).

o 5242 Chone N —{0,1},(a,b) € R®sancho -{n-1) h<a<b,

a b
A= AN € 8 (R),
b a

¢ 12 dang todn phuong trén R* c6 ma trdn trong oo s& chinh tde cha R"1a A. Chiing minh
thng nén ding hudng clia ¢ khong chita mot mit phéing vecto nao.

o 5243 ChoA e M(R),D e D,(R) théa min ‘AA =P?. Chimg minh ring 16n tai

£2€ O,(R) sao cho A = 2D. {xem bai tap 5.2.32).

Ta nhic lai ring, trén S,(R) cic quanh¢ < vi < d duge dinh nghia bdi (xem Nhin
xét 2}, 4.4.3):
A<BeB-Ac S:

A<BeoB-AeS)"

o 52414 ChoA,Be S (RysaochoASBVIE={Se S,(R); A €S < B). Ching minh ring

13DA1 30 28
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£ 13 mot t4p con compact ciia 8,(R) (Ta c6 the sic dung bai tap 4.4.26).

® 8218 ChoneN {01}, peN saocho | <pn Ao M/R). B < M,, (R),

A B
Ce M,,_',,_,, (R),De M,__P R), 2= (C D)' Tagidst: e O (R).

a} Ching minh : [det{A}] = idet(D)). (Ta c6 thé st dung bai tap 2.2.1 2).
&} Chimg minh : Idet(A)] e [0;1].

© 5216 Chod, B e S,(R). Gidsid e § " va AB 1 Iy linh. Ching minh B = 0.

© 5217 ChoneNvagp dang tuyén tinh trén R,,.,[X] sao cho :
YPeR[X]- 0, ®(P?) >0,
@) Chimg minh riing tén 18i # + 1 dang tuyén tinh P B RIX ) vin+ 1 56 thure
Cpo-ry &, 580 cho -
n
APA) =3 pi(P)p(Q)
V(P.0) € (R,[X]Y, = :
AXPO) = 3 2,0 P)g(0)

i=0
b) Tir d6 suy ra ring 18n tai n + | 3§ thue a,..q, sae cho:

VPO eRIXD, pP.0) = 3 a2p(a a).
i=f)

© 8218 Chone N —{0,1}, Ae M(R) sa0 cho "A=Avi A+ 4 €8 Ching minh
ring, t6n taj et YER" VA P & GL(R)saocho: 'PAp= diag(l +it,,...,1 +ir ).

© 5219 Chone N -{0,1),4 € GL(R), ye M, (C) théa min UK =1 (trong a6 |- |
lachudn Buclide tren M, {C). Chimg minh : .

2
I LLC))

(tr( ‘AA)) B
(C6 thé bing cich so sdnh Biffa trung binh cong va truag binh nhan. Xem B4 sung 1.1,
Tap 1.).

© 5220 Chingminh: 4 ¢ S, Y2e o), HAD)] < tr(4).

¢ 5221 ChoA e S,R). Tinh Inf A ~x X0, a6 || - || 1a chud
€ 8,(R). Tin x ety A XD, trong a6 || - | 1 chudn
Xt

Euclide chinh tic wen M, (R).

¢ 3222 ¢)GidsirS e §,(R). Chimg minh rang hai tinh chét sau day 12 twong dwong
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M S =0
{ii) T4n tai mét ma tran d6i xing A ma céc phén 1 trén dudng chéo chinh déu bing 0
vA mot ma tran truc giac (2 thda min : §= 24 Q27
b} Cho mol kgve (E, <-,-»), f € L(£) d8i ximg, #1a dip xdc dinh trén E duge cho béi
4 (x) = <x, fix)> , V¥x € E.
Chimg minh rang (r(f) = 0 khi va chi khi tdn tai mot co s0 true chufin cla E duoc tao

béi céc veclo ding hudng d61 vdi ¢.

o 5223 Chokgve (E, <> p, ¢ 1 hai phép chidu trye giao coa £, F =1m(p). G=1m (7).
Chimg minh rng hai tinh chit sau day 1a twemg dwong
((y pag = gup
(i) Cdc kgve (FNG ) NFva(FNGY QG liryge gino (xem bai tdp 5.1.2).

¢ 5224 Chokgve E,A={fe LE)fo frof=f1L
a) Gia sit f € L£(E). Ching minh rdng hai trong 54 cdc (inh chét sau ddy la dai mot tuong
duong :
(i) feA
{ii) f "o F 12 mot phép chidu tryc giao
(i) ¥x e (Ker(fy" . Ll = (1<l
b) Cho f € A. Ching minh : (Ker()' = {x € E [[fw] =|lx]|} = {x e E(fuH () =x}.
¢} Chitng minh ring ({E) 1A tap md vh dong treng A.

¢ 5.2.25 Can bic hai trong S:

Chimgminh:¥Se ST, I Re S, S=R (xem bii tap 4.4.26).
g n n

1
Ta n6i ring R 13 c3n bac hai cha S va vigt 21 R = VS hay R=57.

o 5226 a)Cho f2c O(R),SeS’. Changminh 2 ~S>8=02=1,
b)Cho £2€ O(R),5 € § 1%, Ching minh: 25 € 8, = 2=1,
(Sit dung bai 1ap 5.2.25).
o 5227 ChoM e M (R).Ching minh hai tinh cht sau diy 1a tuong duong :
() 3SeS M~S '

(D 3 (AB)e (8, .M = AB.
(Sir dung bai tap 5.2.25 vd 5.2.9).
L
o 5220 GidsitAeS. R=A? (xembdip5.225), M e M(R). Ching minh :

AM=MA < RM=MR.
(Ta cé thé chitng minh R 1a da thitc cha A).

o 5229 Chod e AR NGLR). TimtitcaBe S,  théa man:
AB = BA va (ABY = -1,
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(Sir dyng bai 18p 5.2.25 vi bai 5.2.28).

& 5.2.30" o} Cho kgve (£, <>Y; f g € L(F)thoa mdn: Vx € E, ) = e
Chimg minh réng tdn tat h e XE)saocho: f=hug.
&) Chimg minh rang vdi moi (A, B} thude (ML (B)Y ,1a co

"AA ='BB & (3 2 O (R}, A= $28B).

& 5231 Phan tich dang cuc trong GL, ().

Chitng minh : ¥ A € GL(R), 3128 € OR) x 8, ,A=0S.
(Ta c6 thé sir dung bai tap 5.2.25).
Ta ndi ring A = 25 la mot phan tich dang eyc cua A € GL (R).

¢ 5.2.32 Phan tich dang cyc trong M, ([R)
Cho M € M(E). Chimg minh t6n tai (425) € O,(R} x Sy 520 cho M = 25 va § laduy nhat.
Chi § & day ¢6 thé khong ¢6 tinh duy nhit cia £2
Ap dung : Tim lai k&t qud ciia bai Wap 5.2.30 A).
o 5233 VéiA e M(R)dacho, gidi phuong trinh: ‘XX +'XA4 +'AX =0, voi in
Xe M (R).
(Sir dung bai p 5.2.32).
¢ 5234 Cho(AB) € (§,(R)Y saocho 0SB<A.
‘xx + 'YY = 4

] L véidn (XF) e (M(RY).
txY + 'YX =B

Giai he phuong trinh {
(Sir dung bai tap 5.2.32).

o 5235 Gidslr A e M(R). Ching mmh ring tén tai hai ma tran tryc giao .V vi ma

tran dudmg chéo D v6i cdc phin ti ndm trén dudng chéo 2 0 sao cho ; A = UDV,
{Si dyng bai 1ap 5.2.32).

¢ 5.2.3¢ Chéo héa dong thi etia mot ho giao héan cic ma tran déi ximg
Cho mét tap khong réng 7, {S));c, 13 mot ho cdc phén v giao hdan timg dbi mot cla S, (R).

Chimg minh ring tén tai £2€ Q,(R) sao cho:

viel 'S0 DR).

o 5.2.37 Giasit(AB) e (8 Y (tuong (g : (8" )?) thoa min AB = BA.
L g fl

Chimg minh : AB & S (wong dng  § ). (Sir dung b 12p 5.2.36).

¢ 5.2.38 Giasir AD ¢ 8,(R) sao cho AB = BA.
Chimg minh : (0 < A £ B = A’ < B°). (Sir dung béi tap 5.2.36).
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B& sung

o €51 Gid tri tuyét ddi cia mot ma trin thye doi ximg
VGiA € S,(R), ta ky hiéu |A] = (Az)i (xem bai tap 5.2.25).
I} Chimg minh ring, vdi mei A thugc §,(R) : A = A, —As A, |A|=A A € S:.
2) Chimgminh: |@A] = |a| |4| v6i Ya e R, VA € $,(R). “'

3) TinhiA] t ac vi du sav day - A IOA"OIA—IZ
) 1n1rongcacwl_lbauy.—O-l,—lD,—zl.

4} a) ChoA, B € §,(R) théa mén : AB =BA.

A<B
Chimg minh : { 4<B < |A| < B. (Sirdyng bai tap 5.2.36).

As
b) Ta cb [{ e g =] A]< B} véi V(A B) € (S,(R))’ hay khong?

5) a)GiasttA, B e S {R) thdamin:AB = BA.
Chéng minh : |A + B| < |A] + |B|. (Sirdung bai tap 5.2.36).
b)Tacé: (A, B) e (5,(R), |A +B| < |A| + |B| hay khong ?

6) Chimg minh : |'24 2| = '2]A|f2 v6i VA € S, (R),¥2e O(R).



Chuong 6
Dai sd tuyén tinh rugi

Chuong 6 danh cho sinh vién chuyén nganh Todn - LY. O chuong nly ta phat wién
mot 1§ thuyét gdn gidng 17 thuyét & chirong 4 va churong 5. Céc chifng minh tuong
ty khong duoc nhic lai.

Thé duge sit dung & day 1a C.

6.1 Cacdang tuyén tinh ruoi
6.1.1 Khai quat

Trong § 6.1.1 nity, £ chi mot C - kgv.

¢ Dinhnghia1 Tagoimeidnhxag@: ExE - C thoamin:
(i) Va e C,Y Xy e B, plax+xy)=a g+, y)
(planitra tuyén tinh so véi vi tri thi nhat)
(i) VYBe C.Vaxyy)eE, ok By+y)=Lpy)+oxy)

(¢ 13 tuyén tinh so v6i vi tri thi hai).
la dang tuyén tinh rudi trén E x £ (hay : trén E)

R® ring tap céc dang tuy€n tinh rudi trén E x £ 1a mot C -kgv

¢ Ménhdé1 Cho motdang tuyén tinh rudi @ trén E x E,
(m,p) € (NV ety @y Bryees B € €, Xyt Xps Y1y € E.Khi 46 2

H
P erkxk iﬁjyj = Z 2B A
[kzl = ' 1ren P17

1£55p

+ DBinh nghia2 Mot dang tuyén tinh rudi @ trén E x E duge goi 1a déi
ximg Hermite khi va chi khi:

Y(xy) € B, o (.x) = o(x,y).

Thay vi dang tuyén tinh rudi d6i xiing Hermite, ta cfing néi 12 dang tuyén tinh
rudi Hermite, viét tat 1a durh.
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K¢ hi¢u SH(E) tap hop céc ditrh trén 77 x E. RS ring SH(E) 1a mot & - key (d6i véi

cic ludt thong thudng), nhumg khong phdi 12 mét © - kgv (trir khi £ = {0}). Thue viy,

néu @ 13 mét dstth wen £ x £ khdc dnh xa khong, t6n tai (0¥} € £ x £ théa man
(p)y. %) =iy, x) =i (x, ¥

P(x, ¥)=0vitacs: { : Calurviy i ¢ SH. B
(Ko)(x’ J}J = _I ¢'(x:y)

Meénh d¢ sau 12 hién nhién va tién dung:

¢ | Ménhdé 2 bédnhxa ¢: E x E — C1amot durh, diéu kién cin vi
dila
() Yo € E xE, o(x.v) = pxy)
( 1a dé xinmg Hermite)
(i) Ve C,V (ny )Y e £, @y, Sy +V)=Fo )+ o)
(@ 1atuyén tinh d6i véi vi trf thit hai).

4 Dinh nghia 3 Cho ¢ mdt dstth trén £ x F. Ta goi anh xa ¢ tir £ vio
€ duge xé4c dinh béi ¢

gxy=@(xx), Yyve £
la dang Hermite lién két voi ¢.

Niin xét 1 @ uhan gid tri wong R.

Ta cling goi 4 dang toan phuong Hermile thay cho dang Hermite.
Ta thudmg viét tit dang Hermite 12 dh.

Nhim xét v¢ su tuong dng trong thudt ngit -

dai 56 song tuyén tinh: dai s4 tuyén tinh rudi:
dang song tuyén tinh dang tuyén tinh i
dang song tuyen tinh doi xdng dang tuyén tinh nr&t Hemmite
dang todn pluong dang Hermite

ViDL
{1 Tich vo hudmg Hermite chinh téc trén " duge x4c dinh bai :
C'% C"—» C a2 .
(CTPRRR G T ) B Zxkyk
k=l
(xem Vidu 7j, 1.6, Tap 3) 1a mot dttrh va dh Lign k&t 1a

Crl -3 C "
(-\-]1"‘! -‘-ns) HZI xk |‘;
k=1
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2) Anhxag: CxC > C _ ladurhvadhlign k&t la:
(D Y y)) = 3y, + N
¢ C»C: _

() F Xyxy + Xy _
J) Takyhiéu £ 1a C-kgv cba céc dnh xa lién tuc tir [0 ; 1] vio C; 4nh xa

p: ExE-C  limétdurh, vadiplienkét: ¢: £ C:
o~ [T fefire

Meénh d¢ ngay sau day 1a hién nhién.

¢ | Ménh dé 3 Cho ¢ lamotdtirh trén E x E, ¢u dh lién két v6i ¢ . Tacé :
1) Yne N, Va,..,a,eC, Vx,..,x,€ E

¢[Zakka=Z|ak|2¢(xk)+2 > Re(aajgo(xk,xj)).
k=1

k=1 1<k< j<n
D)V, By e C,V(xy) e E*,

¢ (ax+ By) = jal’¢ () + 2 Re(@ Bp(x, ) + |B]9).
NV, Ne E dxr+y) = ¢(x)+2 Re(@ (x, y)) + ¢ ().

, 1 . , ] ]
4)V(x, yYe B, p(x, ¥) =3 (¢ (x+y) —ig (x+ iy) — ¢ (x—y) +ig (x—iy)).
5)Vny)e B o(x+y)+ ¢(x—y) = AP () + ¢ (M)

Chitng minh
D3i v6i 4) khai trién v& th hai (xem Vi du 1.6.1, Tap 3).

Nhdn xét :

Ding thifc 4) chimg td ring, ¢ duge xéc dinh hoan toan bdi @ (tic 13, néu ¢ 13 mot

dh, thi t6n tai mot dttrh ¢ duy nhét sao cho ¢ 1a dh lien két véi @); @ duge goi la

dang cuc cha ¢.

¢ bBjnh nghiad Giasit ¢: E— C1a m6t dnh xa. Ta néi ring ¢ 13 dang
Hermite khi va chi khi ton tai motdstth ¢: Ex E— Csaocho ¢ 12
dh lién k&t véi ¢ .

Trong Pinh nghia 4 ndy ta ¢6 thé thay ¢: E > C bdi ¢ : E— R.

Ta ky hiéu H(E) 1a tap hop cdc dang Hermite trén E. Hién nhien H(E) 14 mot R-
kgv, dnh xa U : SH(E) —» H(E) {Cho tuong dng mbi dstth ¢ trén E x E vai dh lién
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ket véi p) vadnhxa V: H(E) - SH(E) (Cho tuong ting méi dh ¢ tren £ lién ket
V01 dang cyc chia #} 1 cic déng cfu ciia R- kgv va Ia nghich dao cha nhau,

Nhdn xét ;
Néu glamotdhtren E, thi - Vi c £ . #(x) e R,
ViiVxeE, ()= g(rx) = ox.xy=g(x).

6.1.2 Tinh truc giao theo mot dang tuyén tinh Hermite

Trong § 6.1.2 ndy, £ chi mot C- kgv, @ mot dstth trén £ x E, ¢ lién két véi o

¢+ DBinh nghia 1
1) Gidsit (x,y) € E?; tanéiring x Ia truc giao véi y theo @ (hoic: x
va y la truc giao theo ) khi va chi khi : plxy)=0

2) Giastx e E, A e P(E); tandi ring x 1 trure giao véi A theo o
khi vi chi khi :
VaeA pxa)= 0.
3) Véi méi tap con A clia E, ta goi tap tryc giao vdi A theo ¢ vaky
higu A* (hay I A™) taphop: AL = |x € E; Va e A, p(x,a) = 0)
4) Mot ho (x,),., céc phan tir thuoc £ duge goi 12 truc giao theo ¢ khi
va chi khi :
Y, pelr, i #{x,x) = 0).
Ta ciing goi ¢ —tryc giao thay cho “truc giao theo ¢,

4 | M