AT Jean-Marie Monier

it E

(o trinh Todn - T4p 3

GIAITICH 3

B (G0 tinh i
500 bai tip o Loi g

GD ' - DUNOD |



Gido trinh To4n - Tap 3

GIAI TiCcH 3

Cuén sach nay duge xudt ban
trong khudn khd Chuong trinh
Dao tao K§ su Chit lugng cao tai
Viét Nam, véi su trg gitp caa B
phan Van héa va Hgp tac cua
Dai S quan Phap tai nudc Cong
hoa Xa hdi chit nghia Viét Nam.

Cours de mathématiques - 3

ANALYSE 3

Cet ouvrage, publié dans le cadre
du Programme de Formation
d’'Ingénieurs d’Excellence au
Vietnam, bénéficie du soutien du .
Service Culturel et de Coopération
de I'Ambassade de France en
République Socialiste du Vietnam.



Jean-Marie Monier

Giao tr'inh Toan
Téap 3
? a
GIAI TICH 3
Giao trinh va 500 bai tap cé 101 giai

Ngudi dich :
NGUYEN VAN THUONG

(Tdi ban lin thit hai)

NHA XUAT BAN GIAO DUC



Cours de mathématiques - 3

ANALYSE 3

Cours et 500 exercices corrigés

2° année MP. PSL. PC. PT

Jean-Marie Monier
Professeur en classe de Spéciales
au lycée la Martiniére-Monplaisir & Lyon

@ DUNOD, Paris, 1997



Lai néi dau

Bo gido trinh Todn méi nay, véi nhidu bai tap c6 1&i gidi, duge bién soan
danh cho sinh vién giai doan I cac trudmg dai hoc cong nghé quéc gia (ndm
thtt 1 va thit 2, moi chuyén nganh), cho sinh vién giai doan 1 dai hec khoa
hoc, va cho céc thi sinh duy thi tuyén gido su trung hoc phd thong.

B& cuc ciia bo gido trinh nhu sau : :

Tap 1 : Gidi tich 1
Tap 2 : Giai tich 2
Tap 3 : Giéi tich 3 } Gidi tich nam thi 2

Tap 4 : Giai tich 4

Tap 5 : Dais6 1 Pai sd nam thit 1

Tap 6 : Gidi tich 2 Dai sé nim thir 2

Tap 7 : Hinh hoc Hinh hoc nam thi 1 va thi 2.

52 kiém chitng mitc o linh hoi kién thic, trong mdi chuong doc gid s& thiy
nhiéu bai tap ¢6 161 gidi in & cudi sich. Trix mot vai trudng hop dic biét, cic
bai tap nay déu khéc véi nhitng bai da c6 trong bd bai tap c6 101 gidi gom tdm
tap méi xudt ban.

} Gidi tich nam thi 1

Nhiéu v&n dé & ranh giéi ciia chuong trinh dugc dé cap & cubi chuong, dudi
dang céc b sung c6 131 giai.

Téc gia rdt mong nhan duoc nhimg o1 phé binh va goi ¥ cba doc gia. Xin
vui Iong giti cac ¥ kién dén Nha xuft ban Dunod, S, phé Laromiguiére,
75005 Paris.

Jean-Marie Monier
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41 Cac khai niém t6pd trong khong gian vecto dinh chugn 3

Chuang 1

Khéng gian vecto dinh chudn

Trong chuong 1 nay, IZ chi K hoac .
Trong Tap 1 chiing ta 44 khao sét so bd vin dé nay (chuong 3, 4.12).
Chuing ta s& vi€t tat khong gian vecto lakgv.

1.1 Cic khai niém topd trong khong gian vecto dinh chudn

1.1.1 Chuén, khoang cich lién két
1) Dinh nghia chudn, cdc thi dy

¢ Dinhnghia Moianhxa N : E —> R théa mén:
G) Vvie K ,VxeE, NUx=|A|N®)
(i) VxeE, (Nx)=0=>x=0) _ :
Gii) V(ny)eEZ, N(x+y)SN@)+NO)
goi 1a mot chudn trén K-kgv E.

D6i khi ngudi ta cdn thém diéu Kién: iv) ¥xe E,N(x) 20, diéu kién ndy thuc ra
12 thita (xem duéi day).

Moi cip (E,N), trong d6 E 12 mot K-kgv va N Id mot chudn trén E, 13 mot
khong gian vecto dinh chudn (viét tit 12 kgvdc).

Nhdn xét:

Cho (E,N) lamot I -kgv.
1) Ap dung (i) cho trudng hop 2=0, tasuy ra N(0)=0.
2) Vi moi x thudc E, néu 4p dung (iii) cho x ta s& suy ra:
0= NO) = N(x + (-x)) S N(x} + N(-x)=N(x) + 1] N(x) = 2N(x)
va do 46 N(x) 2 0.
Nhu thé diéu kién N(x) 2 0 trong dinh nghia 12 thira . [ ]



4 Chuong1 Khong gian vectd dinh chufn

Thudng mot chuén trén E duge ky hiéu 1a W.i:E - hIEi ,hoic 2 || M.
x 2lix|

Néu nhu khong c6 nguy co nhém In thi ta kj hi¢u E thay vi (E,N).

Thi du:
1) Ba chufin thong dyng trén K" (ciing duoc goi Ia cdc chufin méu trén 7).

Cho n € N* Véi moi x = (x;,....x,) thuge K ", xét céc s thuc ||x“l |x||2 “leo x4c
dinh béi:

1
n n 2
T ux||2=[21xk12] C s Ma sl
k=1 k=1 sksn

Ching ta hdy kiém ching lai tng céc 4nh xa l- "1 - “2, l|:E - R

duge dinh nghia nhy trén ding 1a nhing chuéin. Céc phép tinh sau day ding cho
moi X = (X100 0%)s ¥ = (Vyyen¥) thude K" vA moi A thudc IE.

o b= el el bl
k=1 k=1

n
(i) jof, =0 = Z]xkl =0 (Vk € {1, n), |]=0)
k=l
o (Vke {1, nhn=0)ox=0

e "
Giiy =+, =Z|xk +yis qukl"'b’lcb

k=1 k=1

=3 el Y el + b

k=1 k=1

b i, =[Zlml ] [\ftl lekl ]

k=1
=lﬂl[Zka|2] ~[ll,
k=1

n
(i) {<f, =0¢>Z|jck|2 =0 (Yh € (1), [ =0) 2 x=0
=1



1.1 Céac khai niém top6 trong khdng gian vecta dinh chudn 5

(i) Bat ding thic fx+y], <|x|, +[], ¢aduoc ching minh v6t K =T

khi khao sét tich vo huéng (xem Tap 5, 10.1.2, Dinh 1§ 2). Tuy nhién & dfy chiing ta
vin ¢6 mdt cdch chimg minh so cép.

bk, by by ool <l + 2 bl + b
3 el bl iy <2,
k=1

< Re [zn: X} yk] < ||x“2 “ y“2 = i Xp Yk

S sion bl bl
k=1 k=1

(& day chiing ta thay lai bAt déng thitc Cauchy-Schwarz trong I27)

o Z X VX < Z ]xklzly;lz
1Sk i<n 15k d<n

IS Z QeiP o+l e - % Py - 2FiER ) 20
1<k<Isn

2
< Z be eyt —xive 20.

1sk<isn
Chudn | ||, goi 12 chugn Euclide thong thuimg trén * néu I2 = I, 12 chudn
Hermite thong thudmg rén C'néu £ =C.

o () [xd, = Max (Axgp= |4 Max || = || |k,
1gksn 1sk<n

il =0 Max =0
(i) "xum <> ISkSnlxkl

&> (Vkefl,.,n)|x]=0) e x=0
M
(i) [+, lgasxnlxk +yi|
= M £ Max M
Max Gral Db < Max e+ Mex bl
=l Ik -
2) Véi moi n thude N’ va moi p thude [1; +ool, énh xa:
|- ||,p : K' —>» R

n
x=(X],0Xy) P (leklp)l)'p
k=1
12 mot chudn trén K *, goi 1a chuén Holder (xem bai tap 1.1.8).

Céc chuén H.ﬂl. ||l2 trong thi du 1) déu 1A nhimg trudmg hop riéng cla
chudn |.§ vt p=1p=2

Vi moi x = (x,..., x,) thugc K™, ta cé: “x"p _"P;—)lgcasxn‘xkl {xem bii tip 1.1.8,



6 Chuongi Khong gian vectd dinh chuén

d)), chinh diéu nay 1y gidi cdch ky hiéu | -4 -

~3) Cho X lamottap hopkhong 1éng; tap hop B K) céc 4nh xa bi chan
tiy X d&n KK 12 mot K -kgv (xem Tép 1, 4.1.8, Ménh d& 3).

Aohxa |. |, : BOGE)—— R 1amot chudn trén B(X; K).
f o Suplfeo)

xeX

Thyc vay, véi moi f, g thude B(X: K) va moi A thude Ks
@ a7l = Supaseol=|aisuplreo) = 1 Ifko
xeX xeX
) £, =0 (vx e X |f(x)}=0) &> =0
Giii) | £ + 8], = Sup|f(x)+g(x)| < Sup dreo)+lah
xeX xeX

< Sup|F(0| + Sup|gC| = + el -
xeX xeX

Chuén || . || trén BOG K ) duge goi la chudn hoi tu déu i 1& (xem Tap 4, 4.1.1),
mot diy (f;)n hoitu déu dén firén X khi va chi khi:
Tén tai N € N sao cho véi moin 2 N.f, - f e BAGK)
{ufn A, 20
nao

4) Cho (a,b) € R* thébaman a < b, vi E = C(la; b], ) A K kgv cdc 4nh xa
lien tye 6 [a; b] d&n K. Ching ta hly xét cc s6 thyc I£hy 7], xde dinh v6i moi f

thuoc E bii: .
- [ e | o]

Ta kidm ching ring céc énh xa | .|, |- lp: Casb), K ) - R xéc dinh nhu trén
day 1a nhitng chudn. Véi moi £, g thude C(la;b], K) vamoi A thuoc K ta ch:

o o - [wi-l [i=1a,

a =0« E]f[ =0ef=0,
Vif lien tyc (xem Tap 1, 6.2.5, He qui 4).

Gi) |f+ely = Df-ﬂ!ls -[(lf|+|8\)
- [ [(i=1 ot

o o [wh] - [ue]

™S |



11 Céc khai nigm tapd trong khéng gian vectd dinh chudn 7

o [V - e

i@ Jfl=0= E Iff =0 r=0,
vi flién tuc (xem Tap 1,6.2.5, He qua 4).
(i) Bat ding thie |f +gl, < |1, +[gll, 14 he qué cia bat ding thitc Cauchy-
Schwarz d6i véi céc tich phan:

j:fgz s[ El f\Z]L Dgﬂ (xem Tap 1, 6.2.5, Dinh 19).

5) T8ng quat, vdi cch ky higu nhu & 4), v6i moi p thudc [1; +ool, nh xa:
.}, ClablK)——>

R 1
f - [Emp]‘p

1a mot chudn, goi Ia chudn Holder (xem bai tap 1.1.9).
V6i moi fthuoe C((a;b), ), tacé |f|  ——> Sup |f(x)| (xem bdi tap 1.1.9, d)),
g po xelash]

chinh diéu ndy 1§ gidi choky higu || -

2) Khodng cdch lién két v6i mot chudn

¢ Dinhnghia Cho(E,]. )12 motkgvdc; dnh xad: E? 5> R xdc
dinh bdi: :
Yxy)e B, dxy)= “x - y“
duoe goi 12 khoang chch lien két véi || . |

N6i riéng: VxeE, ~d0x) =

4| Ménhdé1 Cho(E.]. ) 12 mot kgvde va d 12 kholng céch lien ket
vt || . “ Ta cé:

1) Vxy)e B, d(y.x) = dx.y)

) Vxye B, dxy)=0 & x=))

3 V(xy,z)e B, dxz)<dxy)+d(72)

4 Vixy)e B VA K, d0x, Ay = |AldCey)

5) V(x,y,2)€ B>, d(x+z, y+z)=d(x.y).




Chuang1  Khéng gian vectd dinh chudn

Chiing minh:
1 doyx = fy-x| ==y = 5] =den
2)dxy)=0 < nx-y“ =0 >x-y=0x=y

3)dix, 9= |-z =Je-n+ -2 < e = + ly-2| =dexy) +d0.2)

4 due Ay = A= = |G- = [l =] = 1nldees)
5) dix+z, y+2) = ||(x +z}—(y+ z)" = le - yu = d(x,y).

Nhdn xét

1) Cho tap hop E; khodng cich trén E 1 bit ky 4nh xa 4 E*—> R thda mén
céc diéu kién 1), 2), 3) trén day. Mei cap (E,d), trong ds E 13 mot 1ap hop va d 1a mot
Kkhoéng céch trén E, duge goi 1a khong gian métric.

2) Néu E 1a mot K -kgvde va d: > T 1a mot énh xa thoa min nam diéu

kién 1), 2), 3), 4), 5) trén day, thi tén tai mot va chi mét chudn | . || trén E sao cho:

Vioy)e B, dicy) =|x-)
(xem bdi tap 1.1.2).

3) Ta ¢6 thé minh hoa hinh hoc céc tinh chét 3), 4), 5) nhu sau (461 véi chufin
Euclide thong thudng trén R*):

Ay
/ )'\ da*‘*» . :
3 %’ Ax ¥ Xy
/ z 0
X —— dix, 5y — z [} 2 X+:
Tinh chét 3): Tinh chét 4): Tinh chat 5):

bét ding thic tam gidc tinh thuin nhdt duong  tinh bft bi¢n qua phép tinh tién

4| Ménhdé2 (Batding thic tam gidc ngugc)

Chio (E. ,| - ||) 12 mot kgvdc va d 12 khoéng céch lién ket véi l-{-Ta
cé:

1 V) € B o= 2| f-M |
2) Yy, e B, dxy) 2 |dnz)-d(.2)|

Chitng minh:

1 “x“ =u(x—y)+yu < ux—y“+“yll. tir 46 suy ra “x"-ﬂylls Hx-y“.
Bing céch hodn vi x va y ta dugc: ]]y“ —nxu S“y -—x“ = “x - y“ .
Nhir vy ta c6:

5] = Maxcls] - Dol - b = |41 |



1.1 Céc khai niém topd trong khdng gian vecto dinh chudn

4

D dixy) = [x-y| =jix=2-(y-2)|
o | fe b= |= | dess - dnd |

3) Céch xdy dung chudn

a) Chudn cdm sinh trén mot khéng gian vecto con
Cho (£, - [ 1a mot kgvde va d 13 khoding céch lien ket v6i | . |.

= Vdi moi kgve F cia E, 4nh xa F——~—>"1R" 14 mot chudn trén F, goi 14
x ™ |x :

chusin cim sinh tren 7 b3 | . | (ctia E), cting duge ky hieu la || . ||

e V6i moi bo phin X clia E, 4nh xa XxX——— R duge goi la
(xy) > dxy)
khodng cdch cAm sinh trén Xbdi d, vin ky hi¢u 12 d.
Véi moi kgve F clia E, 15 rang 1a khodng céch cdm sinh trén F bdi d ciing 1a khoang

cdch lign k&t vdi chufin cdm sinh trén F bi “ . "
b) Chudn trén mét tich hite han nhimg K -kgvde

n
Cho n € ', (E,, Ny, 12 nhimg F-kgvde, E = HEk . V& moi x = (x),..., x,)
k=1
thudc E, xét cdc s6 thue vy(x), vy(x}, v(x) dinh nghia nhu sau:
1

n n b
v = Y Np(x), vz(x)=[Z(Nk(xk))2] v Vo) = Max Np(xg).
k=1 k=1 1<k<n

Céc 4nh Xa vy, ¥y, vy, 12 nhimg chudn trén E (phép chimg minh tuong ty nhu & Thi dy

. n
1), goi 1a céc chusin mau men [ | Eg lien ket v6i N,,..., N,
‘ k=1

4) Pai s6 dinh chudn

Ta nhd lai ring mot dai s (hoc E-dai sd) 12 mdt K-kgv A duge trang bi mot ludt

hop thanh trong, & d4y chi bang k¥ hiéu . hodc b&ng céch khéng viét ky hiéu ndo ca,
thoa min c4c diéu kién:

(i) , phan phdi d&i véi +:
x(y+z)=xy+xz

Y(x,v,2) e A3,
(y+z)x =yx+zx

(i) YAeK, Vix,y)eAZ, (Ax)y=A0y)=x(dy)

Néu thém nita . c6 tinh giao hodn (tuong Ung: két hop, tuong ting: ¢6 phin tIr trung
hoa), thi ta néi ring A 12 mot I7-dai s6 giao hodn (tvong dng: két hop, tuong (ng: cd
don vi).



10 Chuong 1  Khéng gian vectd dinh chudn

4 Dinhnghia Cho A 1amot K -dai s&, N 12 mot chudn trén [X-kgv A.
1) Ta néi ring N tuong thich v6i phép nhan trén A khi va chi khi:
ICeR,, V(x, ) € A, N@xy) < CNOONY).
2) Ta n6i ring N 13 mot chudn dai s6 khi va chi khi:
Vixy) € A>, N(@y) £ NoON().

Moi cip (A,N) trong d6 A 13 mot I -dai s6 va N 1a mot chudn dai 8 trén A
goi 12 mot K-dai s6 dinh chudn.

4 | Ménh dé Véimoitap hop khong réng X, B(X, ) 14 mét dai s6 dinh
chudn, trong d6 Iuit thit ba 1a phép nhan.

Chimg minh:
Ta da bt ring (BCS 12) || . |, ) 12 mot kgvde.
Hon nita, B(X: &) 13 m6t dai s8 va:
v e BEEN Al < Il leke
(xem T4p 1, 4.1.8, Ménh d¢ 3). |

Duét day (xem 1.2.6) ching ta sé thdy rang néu (E ,|| . u) 1 mat K-kgvde, thi
e, - Jj ) 12 mot 12-dai s6 dinh chudn.

Bai tap

0 1.1.1 Cho (E,H.")lim@lI&-kgvdc,(x,y}EE'z;chli‘ngminhréng:

bl < e+l

0 1.1.2 Cho E 1a mot K-kgv, d: E® — R 12 mot inh xa sao cho véi mei (x,y.z) thuoe £,
va moi A thude E - . -
1) diyx)=dixy)
2y dxy=0cx=y
3 dx,2) S dixy) +d(y.z)
4} d0x, My} =|A| dxy)
5) dix+z,y+z) = dx,y).
Chitg minh ring t4n tai duy nhat mot chuin N trén £ sao cho:
Yixy) € B, dix, y)= N(x-y).



1.1 Céac khai niém t6pd trong khang gian vecto dinh chudn

1.4.3 Cho E 1a mot E-kgv, N: E — R [a mot 4nh xa thda min:
1)¥xe E- {0}, Nx)>0
)N =0

3) V(xy) € B, YA e K, NQux+y) s |2] Nix)+ NO).
Chimg minh ring N Ja mét chudn trén E.

1.1.4  Cho E A mot K-kgv, p €lT’, Ny,..., N, Ja nhimg chudn tren E , (&...., @) €
R - ((0,..., 0}}, N: E - & xdc dinh bi:

VxekE, Nix)= iakh’k(x) .
k=l
Chimg minh ring N 13 mot chudn trén E.

115 ChoE=C(01LE),p € 1T, (fn..f,} € B, N: R > R 12 énh xa xéc dinh
boi:

1
Y(x,... x,} € B, N(xp,.., x,) = j ixkfk (N dr.
0 k=1
Tim mot diéu kign cén va di d6i véi (f,,.... £,) d& N 1a mot chudn tren I 7.

116 ChoE, Flahai Kkgv,|.|zRamotchudntenF,fe C(EF),N:E-> R .
xl—)lf(x)"F

Tim mét diu kién cdn v di 46i v6i fdé N 12 mot chudn trén E,

1.1.7 Cho (n,p) e Nsaochopsn A= (a‘j)ij e M, (), (@ ) € £,
N: K*—> K xéc dinh bdi:
. n
V(X X)) € E°, N(xj,..,x,)= i o; Za,-_.;x_,-
i=1 j=1
Chimg minh ing N 12 mot chudn khi va chi khi:
n=p
A e GL,(K)

Yiell,..,al (I;E]R:.

1.1.8° Chudn HéMer trén £ *

P 1

Chone M, pell;+xl,g= ( vay: —+l=1).
-1 r q

a) Chimg minh ring ¥ia, b)) € (R ), ah< lal” +~l—1r‘J“T ;
r q

K¢ hitu || . || : "> & 3 dnh xa x4c dinh béi:
P

11



42 Chuong 1 Khang gian vecto dinh chudn

Y 1) € K™ [z, Z |xk|p i

va ciing twong i 461 v6i | . ﬁq

b)* Chitg minh ring v&i moi (x, y) thude (I "2 ta c6:
n

o) ka wl = ux“P ﬁqu (twong tu nhu b4t ding thirc Cauchy-Schwarz),
k=1
trong 46 (x,,....x,) = X V& (Ypeees Ya) = Y-
B e+l <, +b,-
c) Tir d6 suy raring | . “p 12 mot chudn trén [ *, goi 12 chudn Holder.
d) Chiing minh ring v6i moi x thue K, ta c6: |« | —>= <., . trong do

“xﬁw ll\sdkasﬁalxkl VO X = (X X0

O 1.1.9 Chudn Hlder trén C{[a:b]. E)

Cho (a, b)e R? sao cho a < b, E = C(le; B, ), p & 11; +ocl, g = —”—1 .
p-—

a) Chimg minh: V(a, S e (R, aff £ Lop +lﬂ‘? (xem baj tap 1.1.8, a))
P q

Ta ddng k¢ hiéu || ﬁp 4 chi 4nh xa E & & xdc dinh béi:

1
VfeE, I]fﬂp =[J:’ |f(:){sz}p ,

va ciing ky hiéu twong tz d6i véi | . L .
b) Chiing minh ring véi moi (7, £) thu¢c E * ta ¢6:

7 g|sirl, sk,
8) 15 +al, <A, +lel,-

¢) Tir dé suy raring | . I,, 12 mot chugn trén E, goi 12 chudn Holder.
dy” Chimg minh ring v&i moi f thudc E ta cb:
'If “p Wlf “cn 4
wrong 6 |f], = Sup |Fin)}.
te[a;by

¢ 1110 Chomotkgvde (£, | - |). (a. b) € E- (OD X E, f: R—— R . Ching
e+

minh ring f 18i (nghia la:
Y(uv) e F 2, 9A € [0;1), Adu+(1- ) < A +(1- }Ll{(v},
xem T4p 1, 1.5.4, Dinh nghia), v rng: lim f =+,
Feo



11 Céac khai niém topé trong khong gian vectd dinh chuén
1.1.2  Qua ciu, hinh ciu

Cho (E, ll " “). mot I-kgvde va d 1a khodng céch lién két.

4 Dinhnghia Choa€E,re R: - ta dinh nghia c4c bo phan sau day

chia E, duoc goi theo thif t 12 qua cu md, qua ciu dong c6 tdm a va
ban kinh r:

B(a; r) = {x € E; d(a, x) < r}
B(a;r)={x€E;d(a,x) < r}.

Ta ciing dinh nghia hinh cdu tam a va bin kinh r nhu sau:
S(a;r) = {x € E; d(a, x) = r}.

Nhdn xét:
1) Néu E # {0} thi véi moi a, b 1hu¢c E vamoi r, s thude R} , ta ¢6:
B(a; r) = B(b;s)
hay
a=b.
B'(a; r) = B'(b;s) = {
r=s§
hay
S(a; r) = S(b;s)

xem bai tap 1.1.11, 5).
Nhu thé mot qua cdu m& (twong tng: déng, twong tmg: hinh cdu) chia E chi ¢6 mot
"tam" vi mot "ban kinh" duy nhat.
2) Néu (E.d) 1a mot khong gian métric (xem 1.1.1, Nhan xét), thi ta dinh
nghia nhu trén cdc tap hop B(a; r), B(4; r), S(a; r), nhung c6 thé c6 B(a; r) = B(h;s)
véia#bhay r#s.
Chéng han, d: N2 o> R 12 mot khodng céch trén N, va véi moi (a, b)
1 nfux=#y
(xy) = 0 nfux=y
thuoc 12 va moi (r,s) thudce ]1; +00[?, ta c6: B(a; r) = B(b;s) =M.

Ta c6 thé ky hiéu Bg(a; r) thay vi B(a; r) d€ tranh nhim 1an, néu nhu dang xét nhiéu
kgvdc.

Thi du:
Trong 2 ta c6 thé minh hoa hinh hoc céc qua cdu déng ¢6 tam O va bén kinh 1 d6i
v6i ba chudn thong dung nhu sau: :

By @

13



14 Chuong1 Khéng gian vecta dinh chudn

Bai tép

0 1411 Cho(E]. |) 2 motkgvde, (ab) € B, () € (mi)z A e E-{0}. Chimg
minh:
1) B(a; 1) + B(h;s) = Bla+b; r+s)
2) AB'(a; 1) = BUa:|A| 0
DN B@HNBEH2 Do fa-blsr+s
4) 8@ ) C B & ua - b“ £5-r
5) B'(a; r) = B(bi) @{“ =h
,

=5

(ta s& gi thift ring E = (0} d&i véid) va 5)).

0 1412 Cho Elamot K-kgv, N, va N 13 hai chudn wenE.a € E,re R, ;gidsy
B'Nl (@n= B'N1 (a:r). Chimg minh ring N, = N,

0 4413  Ching minh ring trong moi kgvde mei qué cfu md (twong tng: déng) déu
184,

1.1.3  Bo phan gi6i ni cda mot kgvdc

Cho (£,] - |) 12 mot E-kgvde va d 1a khodng céch lién ket vai] . |-

¢ Dinhnghial Motbo phén A clia E dugce goi la gi6i néi khi va chi
khi:
MR, Vo e AL, day) S M.

4| Ménhdé1 MotbophinAciak lagi6l noi khi va chi khi:
cek,, vxe A, I <€

Chitng minh:
1) Gid sir A gidi ndi; ton tai M € R,saocho:  V{x,y) € Al dxy) € M.
Néu A = & thi tdn tai a € A, va v&i moi x thudc A ta cd:
“x“ b4 ﬂx—a“ + “aﬂ <M+ “ah.
2) Dio lai, gid sir tén tai C € R, thoa min: Vx € 4, Il < C.
Khidstacs:  Vixy) edt  doeyy=Jx—y] < |+l < 2¢.



1.1 Céhc khai niém topd trong khéng gian vectd dinh chudn

Nhdn xét:

Mot bo phan A ciia E gidi ngi khi va chi khi t6n tai mot qua cu déng (hodc mot qué
cfu md) chita A.

4 Dinhnghia2 ChométtaphopX,f: X— Elamdt 4nh xa; ta néi
ring f bi chan khi va chi khi f{X) 1a mét by phan gi6i noi cla E.

Nhu the f: X — E bi chan khi va chi khi t6n tai C € IE , thda min:
Vx eX, ()| <C.

¢ Dinhnghia3 Cho mot b phan gidi n¢i khong réng A cia E.
Pudng kinh clia A, k¥ hiéu diam(4), duge dinh nghia bdi:
diam(A)= Sup d(x,y) .
(x.y)eA?

Ta chi § ring, véi moi by phan A khéng gidindi va khong réng cha E:
diam(E) = + . :

Nht vy, v6i moi bo phan khong rbng A clia E: A gidi ndi khi va chi khi
diam{A) < + =,

¢ Mégnh dé 2
1) Cho A, B € B (E) sao cho A — B. Néu B gidi ndi thi A cling gi6t
n6i ; n€u hon nita A # & thi :

diam(A) < diam(B).
2) Cho n € ', A,,..., A, 12 nhitng b0 phén gi6i noi cla E; khi 46
n .
[ A gidingi.
i=1
3) Moi b6 ph4n hifu han ciia E d¢u gidi ndi .
Chitng minh:
1) Hién nhién.

2) Vi A,,.... A, gifi n6i , nén tén tai C,,..., C, € R, seo cho:

vie{l,..n},¥xe A, | <C
Khi 46 n&s k¥ hiéu C = Max C; , ta s€ c6:
1sisn

n
vee | Ja, dsc
i=l .

n
didu nay chitng to ring U A; gidi ndi.

i=1

15



Chuong 1 Khong gian vecto dinh chudn

'3) Suy ti¥2) véi chd § ring moi don t déu gidi noi.

1.1.4 Lan can

Cho (£, . |) 12 mot K-kgvdc va d 12 khodng céch'lién ket véi| . |.

4 Dinhnghia1l Choae £, V € TP(E); tandi ring V 12 mot 1an cln
cha a (trong E) khi va chi khi tén tai r € ]RT,_ saocho B(a;ry < V.

Ta k hiéu tap hop céc lan cin clia a (trong E)1a Vi(a) (hoac Ka))

¢, Ménhdé1 Choack
(i) VYV e Vgla), a€V
(i) YV € Vga), YW e B ( E), (VW = W e Vga)

Gii) Vrn e N°, VV,,.., Ve Vila), (‘] V; eVigla).
i=1
Ching minh:
(i) va (ii): Hién nhién.

(iii) Vi V..., V€V £(a), nén t6n tai ry,..., 7, thudc R sao cho:.
viel{l,..,n}, Bla; r,)c V:

Kg higur= Ming, tacs: r >0va B@; 1) = nB(a ") ﬂ Vi.

i=l

Nhin xét:
1) Tinh chat (ii) trén day ching td ring, v6i moi ho (V;),; nhing lan can cha

a, thi U V; 12 mot 1an cfn chaa.
ief

2) Giao cha mot ho v6 han nhiing lan cin ctia a 6 thé khong phdi 1a mot lan

cén cha a, ching han nihw thi dy sau day trong t4p R thong thuting: u 1 lD .
nn N*

4 | Ménhdé2 Cho(a,b)eEzsaochoaatb;thtaiVé Vida ) va

W e Vi(b) saocho VW = 2. |
Ta néi ring moi kgvdc déu 12 khong gian tach.

Chimg minh; Chi cn 18y V = B(a;r), W = B(bir), trong 46 r = %d(a,b} . |




11 Chc khai niém topb trong khdng gian vectd dinh chudn

Phép chimg minh trén day cling chiing td mot cich téng quét hon ring moi khong
gian métric déu la khong gian tich (sau khi dd dinh nghia mét céch thich hop khii
niém l4an c4n trong mot khong gian métric).

¢ Dinhnghia2 (Lancin cuia mot diém trong mot bo phan)
ChoA € B(E),ac A,V e PA). Tandi ring V 1amét lan can cua
atrong A khi vachi khiténtai Vi€ Vi{a)saocho V=V N A.
Tap hop céc 1an can cha a trong A k¥ hi¢u 1a Vi(a).
Nhdn xét:
ChoA e P(E),acA Ve B (4); V 1a mot 1an can clia a trong A khi va chi khi :
Ir>0, BlannA C V.

1.1.5 Tap md, tAp dong

Cho (E.] . |) 12 mot Fikgvde va d [ khodng cich lien ket véil .||
1) Tdp mé

¢ Dinhnghia Mot bo phin Q cha E duoc goi 13 md (trong E) Khi va
chi khi:
¥xeQ, Q€ Vgx).
Ta ciing néi ring 12 m¢t bd phan (hay: tap) mé (cia E) .

Nhu the © 13 mot bo phan mé cla E khi va chi khi © 12 14n c4n (trong E) cha moi
diém cla né. '

Thi du: . %

Moi qua cdu m& cla E 12 mot bo phan mécha E.
Thyc vay, véi moi (a, r) thude £ x R" , va
moi x thude B(awr) ta cé:

B(x; r - d(ax)) C Bla:r)

17



18 Chuong 1 Khong gian vecto dinh chuén

4| Ménhdé1
() 2 vaE1anhiing tip m& cta E. )
(i) Vé6i moi tap J va moi ho (Qi)ie.’ nhing tap md cla E, U Q; 1a
) iel
mot tap md ciia E.
' n
(Gii) V6i moi n thuoc N' va moi tap md §2,,..., 2, cha E, Nan

i=]

mot tip md cua E.

Chiing minh:

() Hién nhien.

(ii) Choxe UQ,- ;t0ntai i, € [ sao chox € Q"o Vi Q,-Q 12 mot thp m&
ief

cta E, nén Qfo € Velx) vi Qio CUQ,- nén ta suy ra (xem 1.1.4,Ménh dé 1):

iel
UQi € Vy(x). Diéu nay chimg to Unis 12 mot tap m& cha E.
ief ief

ﬂ »
(iii) Choxe Q. ; véi moi § thude {1,...,n} ,Q; € V(x); suy 13 (xem
1 (]
i=1

n fi
1.1.1, Ménh d& Giii)): ﬂn,- € V,(x). Diéu nay chiing tb ﬂn,- }a mot tap md
i=1 i=l

cia E.

Nhdn xét: Giao ciia mot ho v0 han nhimg t3p m& c6 thé khong phai 12 mot tap md.

Ching han trong I thong thudmg, véi moi  thudc N°, -J-l-l-[ 1a mQt.tap md,

nn

nhng n ]—%;{ = {0} lai khong phéi 12 mét tap mé chia R.
neN*

Téng quit hon, v6i moi kgvdc E # {0}, moi don tir chia E khong phai 1a mot bo phén
mé& cua E.

Téng qudt héa: Khong gian topd 12 moi cip (X, ©), trong 46 X13 mot tap hop va
© 12 mot t4p hgp nhitng b0 phan coa X thda mén:
G Qe vwaXeO
(i) V6i moi ho (£ ),_, nhig phin tircia O , ta cé: Uaico
iel
(iii) Vi moi ho hitu han (Q;),_ nhimg phén ti cha O ,tacé: nQ,- e 0.
ieF



1.4 Céc khai nidém tdpd trong khéng gian vecto dinh chudn 19

Néu (X, © ) 1a mot khong gian 10p0 thi @ duge goi 1a topo cla (X, ©), va céc phén

tirctia @ duoc goi 12 céc tap mo cla (X, @).

Néu (E,ﬂ . “) 13 mot E-kgvde , khi ky hiéu khodéng céch lién két véiﬂ . “ lad,thita

44 thiy (xem 1.1.1, 2), Meénh dé 1) ring (E, d) 12 mot khong gian métric; ky higu O

12 tap hop céc t4p mércua E (theo dinh nghia trén), thi (E, ©) 1a mot khong gian

tops. - :

Tén tai nhilng khong gian 16pé (X, O ) khong métric héa duge, tiic a trén Xkhong

t6n tai khodng cdch d ndo sao cho © 1atap hop chc tap md cia (X, d); ching han:
X=1{0,1), 0=1{2.10,1}}.

¢ | Menhdé2 ChoneN,(Eg,Ni)isksn 1nhing E-kgvde, E=

n
H Ej , v1a chudn xdc dinh trén E béi:
k=1

V(xl,...,xn) [ =3 E., V(xl,...,xn) = Max Nk (xk)
1€k=n
(xem 1.1.1, 3), b)).
Vi mbi k thuoc {1,..., n}, cho Q12 mot tap m& cia Ej, . Khi 46

n
[k 12 mot tap mo cia E.
k=1

Chiing minh:
1.
Cho x = (XyniXs) € an V6i mbi k thude {1, 1}, Xy € Q va Q12 1pm&

k=1
cba E, , do 46 10n tai r,eP; sao cho Bg, (x; rpc Q. Kyhidur= ll;dtin >0,
) <n

ta duge:

- n n :
BE(X,' r)= HBEt(xk;r)cHng(xk;q)c an .
k=1 k=1

k=1

A
Nhur vay an i2 1an can ciia moi diém cita nd, do d6 13 t3p md.
k=1

Nhén xét:
Véi céc k§ hiéu trong ménh dé trén day, c6 {hé tén tai nhimg tap md cla E khéng c6

n
dang an . Chiing han, @ = }-1; 07 U10; 1212 mot tap md cba I’ v khiong tén
k=1
tai mot cip (€2, ) nhimg bo phan cha R sao cho Q = Q; X .



20 Chuong1 Khéng gian vecto dinh chudn
2) Tép déng

4 Dinhnghla Motbo phin F cua E duoc goi 1a déng (trong E) khi
va chi khi Cgz (F) 12 mdt bo phan md cla E.
Ta cling néi ring F 1a mét b phan (hay: tap) déng (cua E) .

Thi du:

Moi qué clu déng clia E 12 mot bo phan déng clia o
E.

Thuc vay, v6i moi (a, ) thude E x ]R: , vi moi x

thudc EE (Bla:r)), ta cb:
Bix, d{ux)-r)y C EE (B{a; ).

¢ | Ménhde1
(i) @ vaE lanhing tap déng ciia E.
(i) Véi moi tap ] va moi ho (), _; nhimg tip déng chaE, [ F; 12

iel
mot tap déng cua E.

ki
Gii) Véimoi nthugc N’ vamoi tap déng Fy,.. FyelaE, | | F;1a
g n i

i=1

mot tap déng cua E.

Ching minh:
Chi c4n chuyén sang céc phin bl trong ménh dé tuong by d6i v6i cdc tap md (xem
1.1.5, Ménh dé 1).. Ching han'd6i v6i (iii) luge 46 phép chimg minh nhu sau:

(Vie(l,.., n}, F;d6ng) « (Vie{l,.,n}, Ce(F)md)
n . h n

= [ﬂts(ﬁ-) ma} = [UE=EE[ﬂEE(E)}déng]-
i= i=1 =1

Nhdn xét:
1) Hop ctia mot ho v6 han nhiing tap dong chia E c6 thé khong phai 12 moét
tap 46ng cua E. Chéng han, trong IR théng thudng, véi moi x thuoc 10;1{, don ti {x}
Ia mét tap déng, ninmg U {x} thi lai bng 10;1[, day khong phai 12 mot tap déng
xel0:](
cha % .



1.1 Céc khai niém tapb trong khong gian vectd dinh chuén

2) Mot b phan clia £ ¢6 thé vita mé vita déng, ching han nhu &.
3) Mét bo phan ciia E c6 thé khong mé cling khong déng, ching han nhu

10;1] trong [ thong thubng.

Thi du:
1) Moi hinh cdu déu déng, vi:  S(a;r) = Bi@r) NLe (Bla;r)).
2) Moi don v déu déng, vi: {x) = n B'(x;r).

L
reR.;

3} Moi bo phan hitu han ddu déng, vi 12 hop ciia mdt s& hifu han don tir.

4| Ménhdé2 Chon thue N, (ExNi)icken 2 nhing K-kgvde,

" _
E=]]Ex.via chudn x4c dinh trén E bdi:
k=1
Y(x) s Xp) € E, VX X) = Max Nk(xk)

1sk<n
(xem 1.1.1, 3), B)).

Gia sir F;, 12 mét tap d6ng cla E; ,v6i moi k thuoc {1,..., n}. Khi d6

n
H Fj, 1a mot tap déng chia E.
k=1

Chiing minh:

n n
&[Hﬁ]: UQ" , trong d6 :
k=1 k=1
0= G (R)XEy % XEpy oy = Ey .. xEpy xCe (F,)-
. H
Theo 1.1.5, Ménh d& 1, (ii), mdi {2, 12 mot tAp m& cia E, va do 46 UQ" ciing vay;
k=l

n
cudi ciing H F, 12 mot tap déng cua E.
k=1

Nhén xét.
Véi céc ky hi¢u nhu trong ménh dé truée thi cé thé t6n tai nhimg t4p déng cha E

Khong thuée dang H F, . Chéng han F = {(-1, 1), (1,1} 1a mot tp dong cha B-%
k=\
nhing khong t6n tai cap (F,,F;) nhimg b phan cha 12 sao cho F = F\ X F,.

2



22 Chudng1 Khdng gian vectd dinh chuén
3) B6 phdn mé va bo phdn déng ciia mot bo phén ctia mot K -kgvde

4 PDinhnghia ChoA € B (E).
(i) Moi bo phan U cia A sao cho tén tai mot tap m& Q cha £ thoa
min U = 2 N A, duge goi 12 tap (hay: bo phan) mé clia A (hotc: md
tuong doi caa A).
(ii) Moi bo phan G ciia A sao cho t6n tai mot tap déng F cha E thoa
min G = F N A, duoc goi 12 tap (hay: bo phan) déng ciia A (ho3c:
déng tuong A6 cua A).
Ngudi ta ciing n6i ring céc tap mé (tuong d6i: déng) clia A 1a cic vét trén A cla céc
tap mé (twong Gng: déng) cua E.
VéiacAvar€ RS, tathudng ky higu:
Ba,r)=Ba N NA=1{x€ A dlaxy<r);
ta ciing dinh nghia tuong tu cho B (a; 7}, Sa(as r).

Khi thay kgvdc E bdi mdt bo phén AchaE, thicickétquad1.1.5,1)va?2) viin con
ding.

Nhdn xét.

Cén chii § ring mot tap md clia A ¢6 thé khéng phi 12 mot t4p mJ cha E.

Chéng han, trong | thong thudmg thi [0; 1[ 12 mottap m&cia [0; 1] M 10 1=
11; 10 N [0; 1D, nhung [0; 1] lai khong phai 1a mot tap m&cha R .

L.1.6 So sanh cic chuin

¢ Dinh nghia Cho E 1a mot K-kgv , N, N 12 hai chuén trén E. Ta néi
ring N tuwong duong v6i N', va ky hieu N ~ N, khi va chi khi:
I B (RS Vx€E,  oN() < N < AN,

¢ | Ménhdé1 Quanhe "twong ditong v6i 1a mot quan hé turong
duong trong tap hop céc chudn trén E.
Chitng minh:

1) Tink phdn xa: Hién nhién.
2) Tinh doi xiing:

Néu N ~ N thi tén tai (e, 0) € (]R:, ¥ sac cho:
VYx€ E, aN(x) < N@x) < 8Nk,

tir 46 suy ra: Vx€E, —}EN'(x) < N < 1 N'(x),
o
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vidodé N~ N.
3) Tink bdc cdu:
Néu (N~ N' va N'~ N )thitdntai (e B, 7 D€ (R+) sao cho:
Vx € E {aN(x) < N'(x) < BN(x)
yN'(X)<N"(x) S SN'(x)
tir 46 suy ra: Ve € E, ogNx) < N'(x) < BON(x),
vadod6 N~ N".

Thidu:
Ba. chudn thong dung trén K° (xem 1.1.1) tuong duong v6i nhau, vi v6i moi
= (X{,..-y X,) thudc ]K“ ta c6:

x| < x| € n Max x
M b Zl el n e
Max x| < X <+/n Max|x
yopkd<| 3o ] Yo
[ |
Nhdn xét :
Néu E # {0} thi hai chudn N, N * rén E tong duong v6i nhau khi va chi khi N(("))
N (x)
N( ) bi chiin khi x chay Khdp E - {0}. Béng lap ludn phén dio ta suy ra ring
X
néu tén tai mot day (x,) ey NhIME phin tir cda E - {0} sao cho N'(xn) —0,
N(x,) ™
hOE'_lC-N—(fn—)'-———)-l-w ,thi N vi N" khong tuong
N(x,) ™
duong. ¥
48
Thidu: - )
Cic chudn | |, va | - |, trén E=C((0: 1], R) (xem f,
1.1.1) khong tuong duong véi nhau vi, néu ta k¥ hiéu
L6~ R ,
n{l-nx) néux € [0;:] 0 .
P 0 néu x € ]%;l] % box
v6i moi » thuoc N', thi ta cé:
e e i

(A}

23
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¢ | Ménhdd2 ChoE lamot K-kgvdc, N, N' 12 hai chudn trén E. Hai
tinh chét sau day tuong duong véi nhau:

G) JzeR), VxeE, N()<aNX)

(ii) Moi diy (x,,), hoi tu dén 0 trong (E, N) ciing hoi tu dén O trong
(E,N). ‘

Chitng minh:

() = (ib):

Gih sir tn tai @ € Ry sao cho: Vxe E, N'(x) < aN(x).

Cho (x, ), 12 mdt diy hoi ty dén O trong (E, N), tikc 14 sao cho: Mx,) ———> 0.
Vii VYneN, 0N (x)<aN(x,), néntasuyra N'(x,) TO’ e 1a (x,),
hoi tu d&n O trong (E, N).

(i) = (i):
Ta ching minh ménh dé phan ddo, tdc 1a: (khong (D)) = (khong (i1))
Gia thiét: JaeR), ,3xc E, N(x)>aN(Xx)

Ap dung gid thiét nay cho = n, v6i moi n thugc ¥, ta suy ra ring tén tai u, € E
sao cho:

N'(u,)>nN(u, ).
Néi riéng: Yre M ,u,#0.

1
Véimeinthuoc Ntaky hitnx, = ————
NnN(u,)

Mot mit: Ni{x) = %T} 0, vay (x,), hoi tp d&n O trong (E, N).
n
Mt khic thi: Ny = ) [
JnNGw,)
do d6 (x,), khong hoi tu dén O trong (E, N'). u
Nhan xét:

Cho E 12 mot K-kgv, N, N 12 hai chufin trén E, @ (twong ing: O° ) Ja t6p0d clia
(E,N) (tuong img: (E.N') (xem 1.1.5, I), phdn tdng quét héa). Ta c6:
N~N'"o 0=0.
Thue vay:
1) Gid thi&t N~ N ; tén tai (. f) € (]R*+ )2 sao cho:
YrxeE, aN(x) <N <N,
ChoQe P,ac);tntair € R: sao cho By(a; r) © Q. Didu nly ching tb
ring Q 1a 1an cin cia moi diém thudc (E, N '), do d6 Q e &' Quan h¢ bao ham ndy
chimgtb & &
Béng céch hoén vai trd clia & va 7', ta thu duge bao ham thic nguge lai, v cudi
cingla @ =&
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2) Nguoe lai, gid thiét @ = 0"
Tacé: B0, 1} e & c O,
viy By(0; 1) € Vi pp5(0).
Nhu the t6n tai p € R sa0 cho By-(0; p) < By(0: ).
Véi moi x thuoe E - [0} tach:

‘ 4 £ £
Nl £ x|=£ A B, (0; 1
(2N'(x)x} ) <p = 2N‘(x)x€ B, {0; o) < Bu(0; 1)

£ £ '
— N'(x).
N[ZN w x]< 1= 5 N < N'(x)

Piédu nay chimg td ring tén tai o € R: (a= %) sao cho:

Yxe E, aN(x)<N(x).
Biing cach hoéin vi cic vai trd cha N va N, ta chiing t6 duge sy t6n tai cha
Be R: sao cho:

Yxe E, N &)< BN,
Cugi cing, N va N' tuong duong véi nhau. Xem thém 1.2.6, Ménh dé 2.

Bai tap
0 1114 Cho@heBthdamina<h E=Ca bl B, | | |-|] |1
nhifng chudn trén E x4c dinh béi:

i
- = 2 E =
i Lo = ([ boral  pL= sl

(xem 1.1.1, 1))
i

<(b-a)?
a} Ching minh: YfekE, “fn] G-a “f‘lz

1
Irt, <6 -},
b) Chimg minh réng || ., | -|,.| [, timg doi mot khong tirong duong.

¥ 1.4.45 Cho E 12 tap hop chc 4nh xa flién tyc tit | dén [ sao cho céc dnh xa f vaf?
déu kha tich wén E.

a AT TTI.GT3
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Xétcécénhxgu.nl, “I‘z E — [ xéc dinh bdi;

1
- [ o b= ([ bobaf

a) Chitng minh ring | . |, v& | - |, 12 nhimg chuén trén £.
b) Chitmg minh réng t6n tai hai diy (f,} seq » (84) pen DHING phén t thuge £ - (0] théa

Il -0 va k‘“—l > +o,
1l e lenly ne

man:

Nhu vay ca hai ty s8 Hl va “IZ ddu khong bi chan én E - {0}
A, N

Hay so sénh vdi bai tap 1.1.14,

1.4.16 Cho E = C(|0; 11, &); véi mdi p thude E taky hiéu Ny £ — R .
N

a) Xéc dinh mot diéu kien cdn va dii d6i v6i @ dé cho N, 1a mot chudn.

b) X4e dinh mét diéu kién cn vi dh d6i véi ¢ dé cho N, va N, 1a nhimg chudn trong
duong.

) Véi (@, ¥) € E% hiy xdc dinh mot didu kign cAn vi 80 d6i voi (g, ¥) dé cho N, va
N 1a nhimg chudn tuang dwrong.

1117 ChoE=CY[0; 1L ®), ¢ e Ethéamin E @0 Takjhitu N, N, E-R
Efw + _[; |71
Chiing minh ring N, N, 1a nhimg chudn trén E, v chiing tuong dwong.
1.1.18 ChoEfatiphopcicanhxaf (0;1] — K thuge l6p C' tén [0;1], vi thoa
min f0) =0, N ,N": E - R lacdcdnh xa xdc dinh béi:
No(F) = Swp|fo].  Ne(f)= Sup|fio).

ref0:13 r[0i1]
Chitng minh ring N v N’ 14 nhimg chudn trén E, nhung chiing khéng twong duong.

1a cdc 4nh xa x4c dinh bai: N{f)=|f(0)|+£ 1. No(h=

1419 Chopell, E=CP(0; 1), B), vasnhxa v,:E— Rxdc dinh véi moi k
thusc {0,..,p} béi:
+ Sup [

k-
v,(n= Y |f0
* é\ refk1]

Kiém ching Iai ting v ..., v, 13 nhimg chudn wen E, v hiy so sénh ching véi nhau
(O day v, = || . L).

1420 ChoE=C0: 1L R).) .| E~» R ,|.|: E» R
1 Fe f]lf(r)|dr fe Elf-‘;;—}ldr
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(hidy chiing minh rfing 1 I%I)l kha tich trén 10;1).
t

a) Chiing minh réng | . || 1 mot chudn wen £.
b) I . “vé || . ||l cé tuong duong khong?

1.1.21 Véimoidiy L=(A), thudc T tacho lidgn kétdnh xa N, @ 2(X) — T diit

N N
twong tmg mei da thifc P = Za,‘x" Vi N, (P) = Z!lkaki .
k=0 =0
a) Tim diéu kign cdn va dd d& ¥, 13 mot chudn.
BYCho L= (A} yen € (CW M = (1) per € (T ; 1im diu kién cfin va 40 d6i vai
L, M d& N, va N, 12 nhimg chun trong duong. '

1.1.7 Mién trong, bao déng, bién

Cho (E, . }), mot K--kgvde va d 1a khodng cach lien ket vdi | . ||.

¢

Pinh nghia1 Cho A € P (E).

1) Mién trong cia A, ky hiéu 12 A , 12 hop cua céc tdp md cua E bao

him trong A: _
A= | F
Q:upmicha E
2 cA

Céc phdn tir clia A duce goi 12 diém trong clia A.
2) Bao déng cha A, ky hiéu 12 A, 12 giao ciia c4c bd phan déng cia E

c¢o chira A:
A= ﬂ F

F:uapdéngclha E
F oA

Cic phén titclia A duge goi 1a diém dinh cla A.
3) Bién cla A, k¥ hiéu 12 9(A), 14 b phan cia E xdc dinb boi:

[}

8(A)= [z(A)=A4 - A
Céc phén tlt clia 3 (4) duge goi 1a diém bién cia A.
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4| Ménhdé1 Véimoibo phan A cta E:

G a) A=
b) Gz (A)=(Ce(A))

(11) a) Al tap m& 1én nhét cla E (theo nghia bao ham) bao ham
trong A.

b) A la tap déng nhé nhét clia E (theo nghia bao ham) o6 chita A.
(i) a) Amdkhivachikhi A = A.
b) A déng khi vachikhi A = A.

(iv) 3(A) lamot tap dong cha E.

Chitng minh:
v =G| | el [] k@=
O taipmdcoa E (2 thp ma cua £
QcA QcA

= (1 F=GLa

F:tapdongcia E
F > g4

b) Ap dung a) cho (z(A)thay vi A, ta duge:

Ce(A) = EE(EE (EE(A)))= Ce (EE ((EE(A)YD = (Cza)) -

(i) a) = Al mot hop chia nhimg tap md, do d6 12 mét 1ap md.

o Hiénnhien 12 A CA.
e Cho 2, [a mot tap m& cha E sao cho € 4; tac6:

Q,c U Q::L

{x 13p mécila £
) OcA
b) Suy ra tir a) biing cdch chuyén qua céc phin bu.

(i) 0) » Néu A mé thi U Q) = A, vi I8 A ciing c6 mat trong
Q: pmocta £
Qca
hop dang xét, dodé A = A.

» Nguge lai, néu A=Athivi ;1 13 mot tp md nén A ciing 1a mot tig

md.
b) Suy ra tir a) bang cach chuyén qua cdc phdn bu.
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(v) 8= A-A=An (g(A) = An(z(4) 1a giao cia hai tip dong.

¢ Ménhdé 2 Chox€E, A€ P(E). Tacdh

() xe A & Ae V)
()re A & (YWe Vi), VmA=Q).

Chimg minh:

(i) » Giasttxe A : vy tdn tai mot tap mO Q clia Esaocho Q<A vix € Q.

Nhu thé ta c6:
. Qe V(x) va QcA,
vitasuyrad € WV (x).
« Dio lai, gid thi€t A € V,(x). Tén tair € R, sao cho B(x; ) € A. Nhur

viy:
Blx; ryc U Q = ;1 \
:tipmocia £
QcA
viy x € ;1 .

Gyxe A o xelg ((EE (A))U)c> Khong(3V e V(x), Vlg(4)
o (WeVn), Velg)s (Well), Vna=g).

4| Ménhdé 3 VéimoibophinA, BclaEtacé:
G) A=A (@) A=A
(i) AcB= AcCB (i) AcB = AcB
(i) AUB = AUB Gii) (ANB)=ANB
(iv) AnBCANE V) (AUB) DA UB
Chimg minh:

(i) A déngvi A la giao chia mot ho nhimg tap ddng.
(i) Giathi€t A c B; B 1a méttap dong chita B, do d6 chita A. Vi A la
1ap déng ctia E nhé nhét ¢6 chita A, néntacé A CB.

29
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Bc AvB Bc AUB
OZUElmmn@dwgmaEwmAqu@AuBlmdegda
£ nhd nhit ¢6 chita AUB, vy AUBC AUB.
~_[AnBcA AnBCA
(iv) = A

AnBc B AnBc B

Ta chitng minh céc tinh chat t (i) dén (iv) bing cdch chuyén qua cdc phén bl trong
céc tinh chét tir (i) dén (iv); ching han:

Ce ((Am3)°)= Cc(AnB)= C(WyWlg(B) =

(i) {ACAUB:. {ACA”Ba IUBc AUB.

- AnB c AuEB.

=LAy uld)= (AU B = Co(ANB).
Nhdén xét:
Bao ham thitc ngirge lai trong tinh chét (iv) (hodc (iv)) ¢6 \hé sai, ching han nhu
trong thi du: E = K thong thudmng, A = R.,B= R: L AnB=0 =0,
AnB=R.NR, ={0}

4 DBinh nghia2 Mot bo phan A ca E duge goi la trid mat trong E
khi va chi khi A =E.

Thi du:
1) Trong I thong thudmg thi { va (g (Q) déu trh mat trong [ (xem Tap 1,

1.2.3,4)va5).
2) @ tri mat trong K2

Bai tap

0 4.4.22 ChoE 1a motkgvde, £ 1a mot tap md ctia E, A € I"; chimg minh ring A
13 mot tap md& clia E.

¢ 4123 Cho E 1a motkgvde, A € B(E) chimg minh ring A Ulg(A) rd m
trong E.

¢ 1.1.24 Cho E 1a motkgvde, A, B € P (E) gid thictA vi B ird mat trong E

A B = @. Chitng minh ring A= B=8.
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1.4.25 Cho E iamotkgvdc, A, B e P (E); gid thi€t Amdva A, B triy mat trong
E. Chiing minh ring A B trd mat trong E.

1.1.26 Hay cho mox thi du vé cic bo phan déng A, B clia It sao cho:

AUB, AUB, (AuBr, AUB
khac nhau timg ddi mét.

1.1.27 Hiy cho mot thi dy v8 mot by phan A cla K sao cho 14 bo phan sau diy cla
i khac nhau timg d6i mot:

A A, A, A, A, A, A, L@, Ce(A) Ce(A)

EE[E _

11.28 Trong tap IR thong (hudng ta xét:

A={ 1 +L; (x,n)e]RixN.}.

S
5’
P
o
S’
hl"')

E oo
LR
—_——

e |
—

x+n 2"
Tinh A va 4.
1.1.20 Cho E 1a m{tkgvde.
a) @) Ching minh ring véi moi ap md U, V cita E ta c6:
Unv=UnV.
P) Tir 46 suy ra ring, v&i moi tap déng F, GehaE:

(FUGY = FAG.
b) Suy ra ring v6i mei bo phin A, B cia E ta cb:

AnB =

~nB va AUB =

=y I
x|el
el

W

4.4.30 Cho E 1a I, gy cc 4nh xa lien tuc tir [0; +oo[ 16i IR va F 12 b phin clia
120 nén bai cdc dnh xa lign e dédu i [0; +o{ N I .

Chiing minh ring ¥ = @, v6i gié thit 12 £ dugc trang bi mot chudn ndo d.
1131 Cho £ 12 mot kgvde, A vk B 12 hai bo phin cia E sao cho AnE = 0.
Chiing minh ring:

3AUB)=D@IU DB
1132 ChoE =C([0; 1], 1), véichudn | .} .A=1f e E Vx € [0 1] fl)y = O1.
Tinh A va 4.

1.1.33 Cho g, vh -kgv cdc diy s6 phitc hoi w dén 0, voi chudn || . “w ,viAlatdp
hop céc day s6 phitc c6 gid hifu han, tife 1
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A= () een € Ch 3NEN, YreN, (n=N=u=0}

Xdcdinh A, A vi 3 (A).

o 1.4.34 B0 phan dong dia phuong
Cho E 1amot kgvde, A € P (E); ching minh ring hai tinh ch#l sau day tuomg duong:

(i) Véimoiathudc 4, tén tai mét lan ¢4n V (trong Ejyclaa saochoVmAl
mét tp déng trong V.
(i) Tén tai £ 1a mot tip m& cha Evd mot tap dong F cha E sa0 cho
A=C nF.
Néu A thoa min (i) hode (ii) thi ta néi ring A 1a mot bd phan déng dia phuong cia E.

1.1.8 Khoang cich tir mét diém dén mot bo phan khac réng cua mot
kgvdc

Cho (E,]] . | 1a mot ‘€-kgvde v d 1a khodng céch lien ket véi | |-

¢ Dinhnghial Choxe€ E, A 1a mot bo phan khac rébng ctia E;
khoang cach tir x dén A 1a s6 thuc ky hiéu (& d(x,A), xdc dinh boi:
d(x,A)= Inf d(x,a)
a €A

Tap hop {d(xa), a € A} 12 mot t4p hop khic réng cla K&, bi chan dudi bdi 0, do dé
cé hign dudi.

Nhdn xét:
C6 thé xay ra trudng hop "khéng dat 161" d(x, a), tic 12 khong t6n tai phdn tlr e nao
ciia A théba min d(x,A) = d(x, a); ching han trong R thong thudmg, A = [0; 1, x=2.

4| Ménhdé Choxe E, A 12 mot bo phan khéc réng cha E; ta ¢6:
dxA)=0 < x € A.

Chitng minit:
1} Gia st dx,A)=0. ChoV & V,{(x);ntair € R: sac cho Bl <V, v
do d(x,A)=0<r, nén tén tai a € A sao cho d(x, a) < r. Nhu thé ta cé:
ae B, ncV,
vaige A, vivayV nA #10. Didu nay chiing t raing VV € V), VNA 20, va

do d6 (xem 1.1.7, M¢nh dé2),x € A.

2) Nguge lai, gi thi¢tx € A Choe >0;tact: Blx; A # & (xem 1.1.7,
Ménh dé 2).
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Vay t6n tai a € A sao cho d(x, A) < & tr d6 suy rad(x,A) £ dix.a) <E€.
Nhu thé: Ye>0,0<d(xrA)<e, vidovay d(x,Ay=0.

¢ Dinhnghia2 Cho A, B 12 hai bo phan khic réng cla E; khoang
cdch giita A va B 1a s6 thuc ky hi¢u 1a d(A,B), x4c dinh bdi:

dAB) = Inf dab).
(a,b)eAxB

Dinh nghia nay hop 1& vi tap hop {d(ab); (a,h) € AxB} 1a mdt bd phén khic réng
ciia . , bi chan duéi bai 0, nén c6 bien dudi.
N6i rigng, véi moi x thudc E va moi bd phén khic rng A clia E ta ¢6:

d(x,A) = d({x},A).

Nhan xét:

DAnhxa (PE-@1)° > R c6thékhong phii 2 mot khodng céch
(A.B) P d(A.B)

(xem 1.1.1, 2), Nhan xét) trén tap hop P (E) - {1, Thye vay, cb thé xay ra trudng
hop d{(A,B) = 0 vh A # B, chéing han trong . thong thudng viiA=R_,B=R,
Hon nifa cdn c6 thé xy ra trudmg hgp d(A,C) > d(A.B) + d(B.CY, ching han trong
thong thudmg, A = }-o0; -11, B = 1-2:2[,C=11; 4= [.

2) C6 thé xay ra trudng hop A N B= D vh d(A,B) =0; chéng han trong K
thong thutmg:

A=[-1:00, B=10; 1].

Bai tap

¢ 1.1.35 Cho E Ia mot kgvde, A,_B 12 hai b phin khéc rbng cia E, d,:

E - R , cingtuong tw d8i v6i dg . Ching minh:
x 1+ dlxA)

d,=dy & A=B8B.

¢ 1.1.36 Cho E 12 mot kgvdc, A, ¥ 12 hai bd phan khic réng va giéi noi cha E. Chiing
mink:
diam(AB) £ diam{A)} + diam(B) + d({A.B).

¢ 1.1.37 Cho E 12 mot kgvdc, A, B 12 hai bo phan khdc rdng ciia E; C, D 1a hai bo
phin clia E théa min:

AcCc K va BcDc E
Ching minh: d&(C.D) = d(A.B).
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1.1.9 Day trong mdt kgvdc

Trong ti€t nay chiing ta s& téng quédt héa mot 56 k€t qua lién quan dén céc day s6
(xem Tap 1, 3.1).

Cho (E,| - |) 1amot kgvdc va d 12 khodng céch lien két véi |-

Day trong E la mot dnh xa ty N tdi E, thudng hay duge ky higu 1a (1, Juers » (hoac

(s )oap » DOEC (1)) thay viu: N » E .Npudita cling cdn goi moi dnh xa tir
n = wn

{nel: n2n,} dén E, trong 46 nye 1 c& dinh, 3 day trong E; hau hét cac khdi
niém s& nghién citu trong tiét nay chi dé cap dén céc u, "ké tir mot chi s6 nhét dinh™.

1) Day hoi tu, ddy phan ky

4 Dinh nghia
1) Ta néi ring mot diy (#, },e;1, trong £ hoi ty d&n mot phéan tir / clia
E khi va chi khi:
Ye>0,IN e I, Vne I, (nzN=du,l) < 8.
2) Ta néi ring mot diy (1, )pepy trong E hoi tu (trong E) khi va chi
khi t8n tai ! €E sao cho dy ( , )pepy hol tn dén [, tite la:
N ecE Ve>0,INeN, VneN, »nzN = du,l) <€)

3) Ta néi ring mot diy (#,, )yep trong E phan ky khi va chi khi diy
(1, )wery KhONE hoi fu, tiic 1a:

: n=2N
VicE 3e>0,YNelN,IneN,
d(u,,D>¢

Nhdn xét:
(4, )7 h01 tu d€n I khi va chi khi diy 56 (d(thn I een  hoOi tu dén 0.

4 | Manhdé1 ("Tinh duy nhat cia giéi han" néu ton tai)
Néu mot day (4, )pejy trong E hoi tu dénlvahoitudénl,  thil =1/,
Chimg minh:

Gid thi€t (2, ),ep h0i tu d€n mot phén tir /,va hoi tu dén motphén tlr [, ,val, =1,
Ky hién £= %d(fl, ,)>0.Tén tai N, N, e 1l su0 cho

vneN, (nzN;=d(u,))<e)
vnelN, (n2Ny=>d,.h)se)



1.4 Céac khai niém 16pd trong khong gian vectd dinh chuén

dluy . )=
Véik}'!hi{zuN=Max(N1.N2)tathuduqc: (y,1) =&
dlup ) s €
drdosuyra:  dQh, by S dil, ) ¥ Al u) 2 335 <& = ddub)

mau thufn.

Meénh dé wén ching 1 ring ta ¢6 thé sir dung mot k¢ phap ham tinh: néu (11, ) e DO
tu dén /, thi ta n6i ring I 1a gidi han cta (i, Duen » VB 18 ky hieu | = limu,

H¥E

(hoac { = lim ,).hayu, > I, hoacu, — n.
H—r+0 ne A+

Nhén xét:

Né&u hai day tring nhau k& tit mot chi s§ nhét dinb, i chiing c6 cing bin chit, titc
14 tinh hoi 1y cha mot trong hai day 86 kée theo tinh hoi 1 cba day kia, va nguoc lai.
N6i cach khéc, ta khong 1am thay déi ban chét (tinh hoi tu, tinh pban k¥) clia mét
day néuta thay 481 cc s6 hang ctia n6 cho 161 mot chi s& nhét dinh.

4 | Ménh dé 2 (Day c6 s¢ hang trong mot tich hiu han nhimg
kgvdc)

Cho N € N7, Eps Ex 1a phimg kgvde, (X, Inen 12 mot day

N N
trong | | Bx 1 € T [ Be: voi mdi n thuce I ta k¢ hiéu:
k=1 k=1

(Xp s XN ) = % vi Uyl =1
Khi d6 tacé:

X, .n_qgl o (Vke {1y NV X — -

Chimg minh:

) S rA - -_— = 1 - .
Chi cén chi § ring: flxn 4, }‘gkas’;\‘xk,n zk“

2) Cdc tinh chdt ctia cdc ddy hoi 1y
4 | Ménh dée1

Moi diy héi ta déu bi chan.

Chimg minh:
Gid thidtu, 72 & tbntai N e N, Yn € N, {(n > N => d(,) &1).
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Chuong 1 Khdng gian vecto dinh chugn

Vay v6i moi n thuge I sa0 chon =N tacé:
fol <ot =+ W 2+
V6i kg higu M = Max([so]| - June [} 1+]] ), ta €6 thé két ludn ring:
VnelN, ‘u,,lSM.

Nhdn xét.

Tén tai nbiing ddy bi chan nhing phan ky; chiing han nhu: ((-1)),e trong t4p
thong thudng.

¢ | Ménhde2 (Csic tinh chit dai s6 ciia cic day hoi ty)

Cho (#,)peit» (Vanew 12 hai diy trong E, kgvdc, (A, ),eqy 12 mot ddy
trong ., [, ' € E, e .
Ta c6:

b uoyt= 2

2 u—0e ] =0

u, —»1
5 " 14T
=SH, 4V +
vn'ngfl n i neo
A,,,;%o

4) = Apv, =20
(vy)p bichan e

(An)s bichan
5) = AV :gO

Vg ;?.%0
An 2 A
6) N = Ap¥p -ngﬂ
nao
Chiing mink:
1) Suy ra ti: ¥n € 1, t Ilu,,“—“l“ l < “un -I“.
2) Hién nhién.

3) Cho £ > 0; tdn tai N, N '€ N sa0 cho:
vneN, (nzN =>“u,, —t“s%)

VneN, (nZN'::»“vn#I'nég)
Neéu ky hieu Ng= Max(N, N ) thi ta dugc:



1.1 Céc khai niém t6pd trong khdng gian vectd dinh chuén

Vne N, (n 2Ny = |, +v,) -G+ < i =1 + a1} < §+% = 6).
Nhu vay: u,+v, -,;31+I'.
HTéntaiM e R, saocho: Vne N, v s
Choe>0;tontai N e N sao cho:
Yae N, nz2N= |/’ln| Y )
Nhu the: Yne N, (n 2N = {Ava| = |4 [vall < ——-—-M_s)

va do vy : AV, —m-z 0.

5) Phép chimg minh tuong ty nhu & 4).
6) V6i moi n thudc N ta ky hidu:
a=41,-1 vi w,=v, -1,
kétquala: a, =>0viw, =0 (xem 3}}). Taco:
filsel o

Vae N, Ay, =A+a){+w)=A+iw, +a,v,

Theo S)tacd: Aw, =0,
NG
vi theo 4) : a, v, —>0;
n«
Suy ra (xem 3)): A, "—m} Al

4 | Ménh dé3 (Pactrung bao déng bing day)
Chox € E, A € SB(E). Dé cho x € A, diéu kién cdn va di 12 tén tai
moét diy nhimg phén tir cia A héi tu dén x.

Chimmg minh:

1) Gié thiét x € A . Véi moi # thude N* , ta c6: B(x; 1 YN A # &; vy tén tai
n

mot dily (a, }.c; Phimg phén tlr cha A sao cho: (Vre N¥, d(x,a,) < ! ), vay hoi
"
ty dén x.
2) Pio lai, gia sir t6n tai mot daty {(a, ), Dhimg phin tif chia A hoi tu dén x,
vachoV € V,(x). Tén tai r > 0 sao cho B(x; ) cV va tén tai N € N sao cho:
Vae N, (n 2N = d(x,a,)< % <r).

N6i riéng: ay,, € B(x; ) c V. Diéu ndy ching td ringV nA = @&
Nhut thé ta c6:
VYWe ), VnAzG,

1ir d6 suy ra ring x € A (xem 1.1.7, Ménh d8 2 (ii)).
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38 Chuong1 Khong gian vectd dinh chudn

4| Héqud Mot bd phin A cia E 1 déng khi va chi khi moi diy véi
phén tir thudc A ma hoi tu trong E thi ciing hoi tu trong A.

3) Gidi han riéng cua mot ddy hoi tu

¢ DBinh nghia 1

e Ham trichlamoi dnhxa o: N — N tang nghiém ngit.

¢ Cho diy (4,),c;1 , trong E, day con clia (1,),¢,1 12 moi diy
Nhin xét:

1) Véi moi ham trich o tacé: Yrne N, onmyzn

2) Néu o vi 7 12 nhilng hdm trich thi 7o o 13 mot ham trich. Nhu vy moi

ddy con trich ra tit mét déy con cla (4,),e;; cling 12 mét ddy con cha (#,),err .

4 | Ménh dé 1 N&éu mét diy (u,),eyn trong E hoi tu dén mot phan tir /
cta E, thi moi ddy con clia (u,),c;y cling hoi tu téi L.

Chitmg minh: )

Gid thi€t u, —nzl, vd cho mdt ham trich &

Choe >0.Téntai N € N sao cho:

Yne N, (n 2N = du,,I)<é&).
Khidétacé: Vne N, (n 2N = dgmzaN)2N= dlug,.!) <8
va do d6 u,, -nz L

Nhidn xét:

Phan dao clia Ménh dé 1 trén day cho phép ta chimg minh tinh phan ky cia mét s6
diy. Ching han trong [ thong thudng thi ((-1)),en phan k¥, vi cdc ddy con tao bdi
chc s6 hang c6 chi s6 chdn va céc s6 hang c6 chi s0 1€ hoi tu dén nhiing gidi han
khic nhau, 1 v -1.

Meénh dé sau day thudmg tién loi trong thuc t&,

4| Ménhdé2 Chomotdiy (u,) ey trong E, ! € E.
Dé diy (u,)pe;; hOi tu dén /, diéu kién cdn va di 13 cdc diy con

(uzn +1)nEN vi (uzn)neﬂ déu hOI ty toi .

Chitng minh:
¢ Mot huéng cia tuong duong thic chinh 12 he qua cta Ménh dé 1.



14 Céc khai niém topé trong khéng gian vects dinh chuin

s Ngugc lai, gia sif i, ',;.? i, vau,,, :3 i
Cho ¢ > 0; tén tai N, , N, € N sao cho:
vpeN, (pzNI:.‘;d(uzp,!)s.e)
vpeN, (p2Ny=d(u,.se)

Ky hieu N = Max(2N, , 2N, +1), vacho n & N sao chon 2 N. Tén tai pe N sao
cho n = 2p hodc n = 2p+1.
Trong truding hop thit nhét (n = 2p) thitac62p 22N, ,dodép 2 N, suyra de, , 1)
= d(u,, . 1) < & Trong trudmg hop thit hai (n=2p+1) thita cé6 2p+1 2 2Nytl,do
d6p =N, suy rad(u, 1) =duy,.., h<e
Diéu nay chimg tb réng u, -/

o

4 Dinhnghia2
Cho mot day (U, ),ep; rong E, a € E.
Ta néi ring a 12 mot giéi han riéng cda (1) sep khi va chi khi t6n tai

mot ham trich osao cho gy ;Z a.

Nhdgn xét _
Theo Ménh d& 2 thi moi dfy c6 it nhdt hai gidi han riéng khéc nhau déu phanky.

Phén nghién citu du6i day vé céc gidi han riéng (cho t&i cu6i ti&t) khong thudc
chuong trinh. .

4| Ménhdé3s

Cho (#,),eps 1amot diy trong E, ¢ € E.

Csc tinh chét san day timg d6i mot twong duong:

(i) a 12 mot gi6i han riéng cha (4,)yen

(i) Véimei >0, tap hop {ne N ;du, a)<e vo han

=N
(i) V>0, VN e N,3ne N, {"
du,,a)<e
Chiing minh:
(i) = (ii):

Cho a 12 mot gi6i han rieng cda (#,)sex - Tén tai mot ham trich o sao cho uy,, 24

Cho g >0;16ntai Ne N saocho:

Ve N, n 2N 2 dly,.a)<é.
Khidé {ne N; d(ig,,a)< &) bao ham tap {o(n); n 2 N}, chinh t3p nay thi v0
han (vi ola don dnh), do d6 ciing 12 vo han.
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40 Chuongt Khéng gian vecto dinh chuin

(i) = (iii):
Choe >0, Ne N.Viup {n € N; n < N} hitu han va do tap {ne N; d(u,, a) < €
v6 han, nén t6n tai n € N sao cho: du,ay<e va n zN.

(iii) = (i):
Gia slr véi moi (£, N) thude ]R: x I ta cé:
IGne N, (nzNvadu,a)s<e,
tinh chél nay ta s€ ky hieula P (& N).
Ta x4y dimg mét 4nh xa ¢ N — N theo cdch sau déy:
s 4pdung P (1,0)t6éntain, € N saocho:n,20va d(tyy @) <1

+ dpdung P (-;—,nUH): tén tai 7, & N sao cho: ny 2 np +1 vh d( ty a) & %
e sau khi d xdc dinh ny, #,, ..., 1, ta xéc dinh ny,, bing céch 4p dung

P (—l— Ji +1): 16n tai ny,, € N sao cho:

k+1
Rpg=nt I\ffid(unkn ,a) & F{-_l .
Anh xa &¢ N —> N tang nghiém ngit, va u g ——> a.

oy koo

Nhu the a 12 mot gidi han riéng chia () yep - [ ]

Ta ky higu t4p hop céc gidi han rigng clia mot ddy (u,),en trong E 12 GHR((2 ) er1).

¢ | Ménhdéd

GHR (4 per) = [ \Wpsp 21
neN

Chitng minh:
1) Gia sir @ 12 mot gidi han riéng c0a (4,) ,e trong E va n € N tdn tai mot
ham trich & sac cho u, () —— @ DAy (5(,),.. B day con ciia diy (u,),,, (Vi
fro -
pzn= op)zon)vihditwtbia,dodéae {up;p >n) (xem 2), Ménh dé 3).
Nhuvay:¥nec N, ae {up;pZn},vay:
aec n{up;pan}.
nelM ‘

2) Nguge lai, choa € n {up;p zn).
nelN



1.1 Céc khéi niém topo trong khéng gian vects dinh chudn

¢

Choe>0vaNeN;viaefu,;p2nl, nénBla: &) 0 {u,; p 2 N} = & (xem 1.1.7,

Ménh dé 2, (ii}). Nhi the ta c6: -
Ye>0, YNe N, I3pe N, (p>Nva d(u,a)<e).

Diéu ndy ching tb ring (xem 1.1.9, 3), Ménh d& 3) a a mot giGi han riéng cla

(i) wep - :

¢ | Heiqui
GHR((1,),, ey ) 12 mot bo phan déng cla E.

Duéi day (1.3.1, Dinh nghia 1) ta s& thiy ring n&u (u,),cy 14y gid tri trong mét bo
phén compac ctia E, thi GHR((4,) ,e5) = @.

Nhdn xét:
Hé qua trén day ching 16 riing GHR((&, ),en) C {t¢,:n € N}
|

C6 thé xdy ra bao ham thifc ngat; chinghannhw: E=R, u, = 3
: n+

1.1.10 B sung: diém ty, diém c6 1ap

Cho (.} . |) 12 mot K-kgvde va d Ia khoang céch lien ket véi § . |.

4 Dinhnghfa1 Chox € E, A € P(E); ta néi riing x 12 mot diém co

lap cia A trong E khi va chi khi ton tai mot tip m& U clia E sao
cho:

UNA={x}.
Néu x 12 mét diém cb 13p cha A thix € A.
O day ta s& ky hiéu tap hop céc diém co 12p ciia A 1 A*.

4 Dinhnghla2 Chox € E, A € P (E); ta néi riing x 13 mot diém tu
cha A trong E khi v chi khi:

YVeux VNA) -{x}=a.
Tap hop cic diém tu chia cha A trong £ s& duge ky hidu 1A A",

¢ | Ménhdé ChoxckE, Ac P(E); cic tinh chit sau day timg doi mot
tuong dvong:
(i) x1a mot diém tu cla A trong E
(i) Tén tai mot diy cic phédn tir chia A -{x} hoi tu t6i x.

4-'GTTT3-GT3
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42 Chuong1 Khong gian vectd dinh chusn

(ili) Moi 1an c4n clia x déu chita vo han diém ctia A.
Chimg minh:
Iy = (i):
Gia sit x 12 mdt diém tu cha 4 trong E.

Véimoi k thude N, tdn tai a, € B[x;-k-l—l) sao cho a, = x.
+

Theo céch d6 ta xay dung duge mét diy (a,) ,», nhing phén tir clia A -{x}, hoi w dén
x.
(i) = (ii):
Gia sir tdn tai mot déy(a,),.  nhitng phdn tlr clia A -{x}, hoi ty t6i x, vd gia sit c6
Ve Vx). Téntair€ ]R:_ saocho B(x; » CV,vatén tai N € N saocho:

Vrne N, (n>N = da,0<r =a.ecV).
Néu {a,; n > N} hitu han thi ta c6 thé trich ra tiy day (a,),, mot diy hing, do d6 hoi
tu d&n mot trong céc a, . n > N, didu ndy khong thé xdy ra vi ring diy (a,),,y hoi t2
tdi x, va do céc a,, n > N, déu khéc x.
Nhur vy tap {a, ; # > N} vo han va bao ham trong V.
i) = () |
Gid st moi 14n can ciia x trong E déu chi¥a vo han diém thude A, v cho VE V(). V1

V N A v6 han nén V N A chia ft nhét hai diém khéc nhau, do 46 (V N A) - {x}= 2.

[ |
Nhén xér:

A'C A, A-ACA, A*NA'=2, A'UA'=A.



12 Gi6ihan, tioh fién e 43

1.2  Giéi han, tinh lién tyc

1.2.1 Giéi han

Cho (B, - g ) (F.} - | ) 12 hai K-kevde, d (tuong ing: d) 12 khodng céch lién ket
vGi u . "E(tu(mgﬁng: |I . “F)'

¢ Dinhnghia1l ChoXe P&E),ac X, f:X>F,IcF.
Ta néi ring f ¢6 gi6i han ! tai a khi va chi khi :
Ve>0,37n>0,¥xeX, dgay<n = dp(fix))<e).
ticla: VW e V(!1),3V € Vg(a), VxeXnV, fixye W.

Chying ta c6 thé téng quét héa d& diang dinh nghia trén day cho trudng hgp vO han:
e Néuf:la;+w[—>F(rongdé aeR)val e F, thi ta néi ring f ¢6 gi6i
han / tai + oo khi va chi khi:

Ve»0,qA>0,Vxela;+of, (24 = d(f)D<e).
e Néuf:E— FvaleF, thitaniring fcé gi6i han [ khi |« din t6i + e
khi va chi khi: '
Ve >0,3A>0,¥x€E, (|slz>4 = d{fnD<e).
o NéuX e PE),ac X,f: X—>R, thl tandi ring fc6 gi6i han + oo tai e
khi va chi khi:
VA>0,3n>0,¥xeX deg(x,a) < = fix)zA).
Ta ciing dinh nghia tuong tu cho trudng hop - . [ ]

¢ | Ménhdé1 ("Tinh duy nh4t ciia gi6i han" néu ton tai)
Néu febcdc gidi han /v ! 'taia, thiI=1".
Chimg minh: '
Ta I8p luan phin chimg: gia thiét rng fc6 cdc gidihantaialdlval'va I=#1'. Vay
tontai W e V(I),vaW’ € V(I')saocho WNW'= . Tiéptheodo tén tai
V e Vi{a), vaV’ € Vg(a) thba min:
Yxe XNV, f(x)eW
{VxeXﬂV', fxyew'’
Vi VIV'eV(a), vhdoae?,nen t6n tai x, € X saochox, € VIV . Nhu thé ta
cb: fx)y e WNW =0,



44 Chuong1 Khong gian vectd dinh chudn

mau thufn, [ |

' Meénh dé trén day chimg t6 ring chiing ta ¢6 thé st dung m6t cach ky higu ham tinh:
néu f ¢6 gidi han I tai a'thi ta néi réng ! 1a gi6i han cla f tai a, va viét:

[= lim f{x), hayl=limf, hayflx) —3!, hay f ——>L
X—ra a X x—a

¢ | Ménhdé2 Néuf:X->Fc6gi6ihanhiuhantaia(a€ X), thif
b chan trong 1an c4n cba a, tic 1a:
YV eVda), 3CeR, Yae XNV, Jffz<C.

Chiing minh:
Tén tai V & Vg{a) sao cho:

VreX (reV = df@n, st = |f@le< G+

¢ | Ménhdé3 (Diént giéi han ciia ham bing diy)
DE cho f: X—» F ¢6 giéi han hitu han /taia (a € X ), diéu kién cin va
dd lata ¢ f(u,) —> { v6i moi day (uy)e y rong X théamin u, — a.
HE

s
Chimg minh:

1) Gidsir f c6gidihanltai a,vd cho(4),en 1a mot dily trong X sao
cho Uy —s - Cho W € V(I );t6ntai Ve V(a)saocho: Vx& Xnv, AW
Hom nita t6n tai N € N sao cho: VneN, (n>N = u,eV)

Vay ta cb: vheN, (2N = u, €XnV =flu,) €W),
va do dé: flu) —m—d.

-2) Ta chimg minh phin ddo bang 1ap luén phan dio. Gia thiét ring fkhong 6
gii han [ tai a, tifc Ja:

Khong (VW € V(1),3VeVa) VieX, eV = fxeWw)
Nhu the thi ton tai W € V(I) saocho:
¥YVeVgda),3x€X (xeV va f(x)EgW).
Véimoine N',xét:  V,=Bc(a L ).
n
Nhuth€tacs: ¥neN' 3Ju,eX @eV va f(u,) & W)
Khi d6 ta thdy 12 ddy (.}, trong X xay dung theo cdch d6 thda man: &, _, a va
R

fau) » L.



1.2 Giéi han, tinh lién tuc

¢ DPinhnghia2 (Gidi hantrén mot bd phan)

ChoX, Y€ P(E)thdamin YcXac ¥, fiX>F.I€F.

Ta néi ring f ¢6 giéi han / tai a trén ¥ khi va chi khi 4nh xa thu hep
fiy chaf trén Y c6 gidi han / tai a.

Khi dé ta ky hi¢u: fix)y —» L

x—ra
xeY

Mot tromg hop riéng hay gap 12 ¥ =X - {a}. Néu a1a mdt diém ty chia X
trong E, thi ta néi f c6 gi6i han nghiém ngat 12 [ tai a trén X - {a}, tic 1a:

VW e VA1), 3V € Vea), Vx € X, [{xivzf(x)eW].
X+ a

Khi dé ta s& k¥ higu: fixy » 1.
x—a
X#EQ

¢ | Menhdé4  (Trudmg hop ham ldy gia tri trong mot tich nhimg
kgvdc)
ChoneN’, E,F,, ..., F, nhing K-kgvdc, X € B(E), a€ X,

n n
frX—> HFk, AT HFk .
k=1 k=i

Véi mi k thude {1...., n}, taky higu f,= pr, of, trong dé:

pr, . F - K
(We¥n) P o
1a phép chiéu thit k.

Tacd: f-1l o (Vke {1,.n}, fi = -
a a

Chiing minh:

G day HF" duge trang bj chudn v xéc dinh bii: V(Y Vo) = Max Ni(ye),
oy 1sk<n

trong d6 N, 1a chufn clia F; (xem 1.1.1, 3) b).

Khi d6 véi moi x = (x;,..., x,) thudc Xvamoi £>0,1ach:

WD) -1)Se © (Fhe (Luanl, Ne( i) - h)<e).
Tir day ta d& dang suy ra két qua.

¢! Ménhdé5 (Pinhlj kep doi vdi cic ham 14y gié tri trén R)

ChoX € BE), acX,fgh:X>R ek
fvahcogiGihanltaia

{av e Vpla), YxeXNV, f(x)<gx)shx)

thi g 6 gidi han I tai a.

Néu
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46 Chuong1 Khéng gian vectd dinh chudn

Chiing minh:

) YxeXnV, |f(0)-se
Cho &> 0; tén tai V,, V, €V,(a) thda min: .

_ VxeXnVy, |ax)-l|se
Ky hieu V,=VV (V€ Vela), tacé:
Vxe XNV, I-g<fix)= gx)s Mx)s l+¢
diéu ndy chimg td ring g — L
a

4| Ménhdée (Hop céc gidi han)

Cho £, F,Glabakgvdc, X € B(E), Y € P&F) acX,he?,
f:X—F, g:Y—>G,sao0cho:

Y, leG.
Ne,u'{fcégiéihgnbtgia

. thi c6 giGi han [ tai a.
¢ ¢6 gidi han [ tai b 8:f c6 giGi han L1z

3 day chiing ta i k¢ hiéu mot céch lam dung: gof: X

x H g(f(»t))
Chimg minh:
Cho We V(D). Tén tai V €Vx(b) sao cho: Yye YNV, g eW.
Sau nita ton tai UeVi(a) sao cho: vxeXNU, fixyeV.
Vaytaco: Vxe XNU, g(Ax) e W.

4| Ménhdé7 (Céctinh chat dai s ciia céc ham c6 gi6i han)
ChoX € P(E),acX.f,g:X>F, A:X>KLl'eF aelk,
Ta cé:
1 ! !
) 2l > |7 (x)HF || |

b w20 = Vol 20

!
3) @t > frgo 14l
g—)f . a
A—0
4 a = Ag—>0
g bi chin trong 1an cin cha a a

A bi chan trong 14n can clia a
5) g—0 = Ag—a)()
a
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A—d

6) 7y = Agoal
g—-)f a
a

Chiing minh: ,

Choéng ta c6 thé quy viin d& vé cic tinh chét dai s§ chia céc dity hoi tu (xem 1.19, 2),
Ménh dé 2), nhds Ménh dé 3 trong muc 1.2.1, Chiing ta ciing c6 thé dva ra mot phép
ching minh "trye ti&p"; ching han, d6i véi tinh chét 4):

Theo gid thi€t, t6n 1ai V eVg(a) va M € R, sao cho: vxe XNV, g =M.

£

Cho £> 0; t8n tai V, €V(a) sao cho: Vx € XNV, 4| < R

'Nhuvay néuky hidu V, = VNV, € Vel@), thi

vxe XNV o)l =Aflseole < -E:T{M <s,
didu nay ching 6 rang : Ag &> 0.
o

1.2.2 Tinhlién tuc

Cho (E, § . | ). (F, §. 1) 12 hai K-kgvde, dg (tuong tng: dp) 13 khodng céch lien
ket vi | . | (wong tmg: . |

1) Lién tuc tgi mot diém

4 DPinhnghia ChoXe PBE), f: X F,a € X Tanéiring f lién
tuctaia kllivachi khi:

YW eVHD,3VeVa)Vxre XNV, fxye w,
tic 1a:

Ve>0,3n>0, VxeX (dgx.@) <1 = dp (fx), fla)) £ &).
Ta néi ing f gidn doan tai a khi va chi khi f khong lién tyc tai .

Ta c6 thé chtmg minh d& ding nam ménh dé sau day.
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¢

Ménh d8 1
ChoX€ P(E), f: X—>F,ac X Décho f lién tuc tai a, diéu kién
cin va dd 14 f cé giSi han bing f{a) tai a.

Ménh da 2
Néu flién tuc tai a thi f bi chin trong 14n c4n ciia a.

Ménh dé 3 (Dién ta tinh lién tuc tai mot diém bang day)
Pé cho f: X—» Flién tuc tai a (@ € X), diéu kién c4n va da la:

vai moi ddy (u,),cn trong Xsao cho i, —ata cé: flu,) ;»nﬂa).

Ménh dé4 (Ham ldy gi4 tri trén mot tich nhimg kgvdc)
Cho Xe P(E), acX neN, F,..,F, la nhimg K-kgvdc,

n
fi X HF,C : véi mbi k thudc {1,..., n} taky hieu f, = pryof,
k=1
trong 46 pr; 12 phép chi€u thit k. Khi d6ta cé:
(f lien tuc tai a) <> (Vk € {1,..., n} , fi lién e tai @).

O day l—[F" duge trang bi chudn v xdc dinh bdi:  v(y,,....,y.) = Max N.(n),

bl 1£k<n

trong d6 N, 1a chufn trén F (xem 1.1.1, 3) b)).

+

Ménh dé5 (Tinh lién tuc cita thu hep clia mot ham lién tuc )

ChoX€ P(E), f:X—>F,Ac X, a € A Néu f lién tuctai @, thi
£l 4 lién tuc tai a.

2) Lién tuc trén mot tép hop

4

Dinh nghta

ChoX€ P(E), f:X— F. Tandi ring f lién tuc trém Xkhi va chi
khi flién tuc tai moi di€ém thudc X
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Ta k¥ hiéu 13p hop céc ham lién tuc tlr X 181 F A C(X, F) (hoac: c® X Fy.

Thidu:

Cicénhxa: ExE » E va KxE > E déu lien tuc.
(x.y) — x+y (X} = Ax

R& rang la n€uf: X —> F lién tyc trén X, thi v6i moi bg phan A clia X, dnh xa thu hep
fl 4 lien e een A.

4| Ménhdé ChoXe P(E), f:X>F. C4c tinh chét sau day tuong
duong v6i nhau timg doi:
(i) f lientyc.
(ii) Nghich anh qua f cia moi t3p md cia F 1a mot tap md cla X
(iii) Nghich anh qua f ca moi tip déng cla F 1a mot tap d6ng cua X

Ching minh:

) =({:

Gia thiét flien tuc, va cho £2 12 mot tap md cha F.

Ta chémg minh ring f ({2) 12 mot thp m& clia X bng céch chi ra ring f(42) 2 mot
1an c4n trong X cha moi diém cla cha né (xem 1.1.5, 1) Dinh nghia).

Cho a € f(£2. Vifla)e £2 vA do {213 mot t4p m& cha F, nén ta c6: 2e VAR a).

Vifliéntuctai g, nénténtai V € V(a) saocho: Vx e XNV, fix)ef2ticly
sao cho:
XN Ve fi.

Diéu niy chitng td ring f'({2) 12 mot lan cin trong Xciia ¢ (xem 1.1.4, Ménh dé 1,
(ii)). -
H=>0a):
Gid sir nghich anh qua f cla moi tip my cila Fla mot tap mbcia X Cho a € X v
W & VAf{a)). T6n tai mot tap md f2ciia F sao cho fla) € 2 vi 2 W.
Theo gia thiét F'GD R mottdpmciaX vaa ef '\ suyra f 4D e Vy(a)

Nhuvaydntai V€ V(a) thdaminf ‘(=X V. Nhwviytacsd:

¥xeXNV, fixyeRcW.

Diéu nay chitng 1o ring flien wyc tai a. Viflién tyc tai moi didm g thudc X, nén flién
tue.

(ii) = (iii) :
Ta chimg minh dé dang bing cdch chuyén qua céc phdn bd vé sit dung hé thdc:
G =G @),
véi moi bo phan (2 cha F.

B
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Thidu:
{(ry) € R?; xy < 1} 1A mot tap md cha R vi 6 12 nghich dnh clia tap m& 04w
cita IR qua éinh xa lién e R 5> R .
(xy) = xy-l

Nhdn xét:
Anh (thuan) cia mot bo phan mé (twong ng: déng) qua mot 4nh xa lién tyc c6 thé
khéng mé (twong img: khong déng). Chéing han nhu:

n f: ]R—)]R lién tuc, 2 = & md, nhmg f(£2) = {0} thi khOng mé.

2) f: ]R—»R lién tuc, A = R d6ng, nhu'ngf(A) ]R,,_ thi khéng dong.

X C

3) Cdc phép todn trén cdc dnh xa lién tuc
4| Ménhdé1 (Phéphop)

ChoE, F, G1a ba Kkgvde, X € BE), Y € PF), f: X > F,

g:Y G, thbamin A cY;tasEkyhitugof: X - G

)
NCho ge X
lién tyc tai
"~ Né&u: fl,n ' _.a , thigoflién tc taia.
g lién tuc tai f(a)

2) Néu flién tuc (trén X) vi n&u g lién tuc (trén Y), thi g o f lién tuc

(trén X).
Chiing minh:

1) Cho W e Vylg o fla)) . Viglitn e tai fa), nen tdn tai V € V(f{ a)) sa0
cho: g¥ "V} W. Tiéptheo,viflientyuctagianénténtai U € V( a) sac cho
fXncV. '

Khi 46 ta c6: @opXAU)C g(¥AVICW
vido d6 g o f lign tuc tai a.
2) Ap dung 1) cho moi diém thuge X

4| Ménhdé2 (Cac tinh chit dai s cba cac ham lién tuc)

1. ChoX€ PB(E), acX f,g : X>F, A:X—> K. Tacé:

DNé&uflientuctaiathi X > R liéntyctaia
x b f&)e
2) Néu f va glién tuc tai a thi f+ glién tuctaia
3) Néu Avaf lién tuc tai a, thi Aflién tuc tai a.
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4) Né&u A lién tuc tai @, va néu A(a) # 0, thi % lién tuc tai a.

I DNéuflientuctrén X, thi X —» R lientuctrén X
x o JF|,

2) Néuf vi glién tuc trén X thi f+ g lién tuc trén X
3) Néu A vaf lién tuc trén X, thi Af lién tuc trén X

4) Néu A lién tuc trén X, va néu (Va € X, A(q) # 0), th % lién tuc

trén X
Chitng minh:
Quy vé céc tinh chit dai s& clia cic ham c6 gi6i han (1.2.1) biing (1.2.2, 1), Ménh dé
1). Ciing ¢6 nhimng phép chimg minh "tric tiép". |

Ta chimg minh dé ding Ménh dé sau day:

¢

Ménh dé 3

1) Chon € N', E,,..., E, 1a nhimg K-kgvdc; véi mdi k thuée {1,..., n},
hinh chiéu thit &
pry: Eyx..xE, — E;
(X] esy) ox
lién tuc.
2) Moi 4nh xa da thic (nhiéu bién ) 14y heé tir trong K déu lién tuc.

Pic biét, cdc dnh xa san day lién tue:

KxM, ,(K)——M, ,(K) DM, (K ———M,, ,(K);
(1,A} - AA (A,B) —> A+8B

M, ,(K)xM, ,(K)——M,  (K); M, ,K)—M,,K) ;

(AB) - AB A > ta

M, (C)——M,, ,(C), (trong d5 A’ = 'A 12 chuyén vj lién hop clia A);
A (o 3 A*

M, (K)—— K ;M,(K)—— K ; GL,(K)——M,(K).
A = w4 A > det(A) A (= At

Ménh dé 4

ChoX € P(E), f, g : X—> F, A 1amot bo phan clia X.
f va g lién tuc trén X

Néu A trd mét trong X , thi f=g.
Yaec A, f(a)=g(a)
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Chitng minh:
Ky hitu h =f- g. V1 {0} 1A mot tap déng clia F va do & lién tuc, nén k™' ({0}) 1a mot
tap déng cha X Hon nita theo cdc gia thit thi A < £ ({0}). Tk dé suy ra:

X= Ach’({0}), vayh=0,f=g. u

Bai tap

0 124 Cho E 12 mot kgvde, A 1a mot bo phan khong rdng cha £. Véi mbi a thude
R* aky hituV, (a) = {Xe E; d(x, A)<al.
a) Chig minh ring v6i moi &> 0, V J(a) 12 mot tap m& cha E c6 chita A, v

ﬂv,,m) = 4.
a>(

b) Biu dién bing d6 thi V,(a) trong thi dy sau:
E=R?dugc trang bi chudn §. |, @=L A=@R x {0hH v {0} x[-1: 1]

0 4.2.2  ChoEla motkgvdc, A, B12 hai bd phan cia £ sao cho: ANB=ANB=0.
Chitng minh ring t6n tai hai t3p md U, V clia E thda mén:
AclU BcV,UNV=Q.

& 123 ChoE. F.G labakgvdc, AcE, BcF, A+D, B=Q.,f: A5G

g: B> G lahsidnhxa, ¢: AxB——> G .
(xy) = flxpe(»

Ching minh ring @ lién e khi va chi khi f va g lien tyc.

0 124 ChoL F lahaikgvde,f: E— F lamot&nh xa, (Up);e; 1 mot phid md clia
E, tic 12 mot ho (Uy)e7 chc thp mis cia E thdamdn : | JU; = E. Ta gid thict rhng thu

iel

hep £l , chaftrén Uj lien tyc vdi moi i. Ching minh ring f lién tuc.

¢ 1.25 ChoE lAR-kgv cicdnh xa R ~ Rlién tyc va b chan, duoc trang bj chufn
[.-l.. E =(ecEVzeR_, in=0}
E,={feE; VxeR,, fly=0},
C ={cl;ceR},trongd61:R —» R.
x—l

Chitmg minh ring E_,E,,Clinhiing kgvc d6ngcua Evirdng E= E_ @ E, ®C.

¢ 1.2.6 Anhxamd
Cho E, F 1 hai kgvde, X € P (E), f: X— F; tandi ring {13 dnh xa md& khi v chi khi

A 12 mot tap md clia F v6i moi 14p md Q chia X.
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a) Cho E 12 mot kgvdc, a € E; chiing minh ring 4nh xa @: E—-——) (]R )IA mé khi
= d{ax

vi chi khi E = [0} .

b) Chiing minh ring néu f: X— F ladnhxg méva i e K *, thi Af 12 dnh xa mé.
c)ChoE, F,Glabakgvde, X € PE), Y € PFLZ € PO, fX>Fmévila
todn éinh, g ¥ —Z: gik thi&t g o lien we. Ching minh ring g lién tyc.

123  Tinh lién tuc déu

Cho (&, |- [z (F. | . |) 12 hai K-kgvde, dg (tuong ing: dp) 12 khodng céch lien
két véi | . | (wong ing: § . ]2

¢ Dinhnghia ChoXe€ P(E), f:X—> Flamét 4nh xa.
Ta néi ring f lién tuc déu (viét tit 1a: Itd) khi va chi khi :
Ve>03 750,V (x, 1" e X,

(dg (", x") S 17 = dp(fx'), X)) < 8.
Ta chimg minh d& ding ménh dé sau day:

4| Ménhdé1
Néu f 1td trén X, thi flién tuc trén X.

Dio clia Ménh d4 trén 1 sai; mot 4nh xa £ c6 thé lién tuc trén X ma khong lid trén X,
ching han nhu énh xa R — ]R xem Tép 1,4.3.6.

IHx

Tuy nhién duéi day ching ta s& théy (Dinh Iy Heine, 1.3.1) ring néu f: X— F lien
tuc vi X compac, thi fltd trén X,

4 | Ménhdé2
f:X—F tduenX _
Néu {g:Y >G hdtrenY ,  thigoflientycdéutrén X
fxycy

Chitng minh:
Cho & > 0. Vi g td trén Y nén t6n tai q>Osaocho

YO,y e, (dp(y") s = dg(gy') g0 < &)
R4i do f1td trén X nén tén tai o> 0 sao cho:

Vo x"YeX,  (dpx'x") <a = dp fx)fx")< n).
Khi 46 ta c6: '

Vi, x"Ye X, (dpx'x")} Sa= dgEfix))gfx" M= &),

53



Chuang 1 Khdng gian vectd dinh chuén

tic B gofligntucdéutrén X

1.2.4  Anh xa Lipschitz

Cho (&, || - |z ) F | - | ) 12 hai K-kgvde, dp (twong tng: d) 12 khoang céch lién
két vé || . uE (tuong ing: || . “F ).

4 DPinhnghia ChoXe P(E), f: X F 12 mot 4nh xa.
1)Chok € R,;tanéi f ladnhxa k- Lipschitz khi va chi khi:
Vo, xp) € B, (dp (i), fixg)) S kdg Gy, %)
2) Ta néi ring f1a 4nh xa Lipschitz khi va chikhiténtaik € R, sao
cho f 12 4nh xa k- Lipschitz.
Motanhxa f:X — X dugc goila dnh xa co khi va chi khi t6n tai
k  [0; 1[ sao chof 1a 4nh xa k- Lipschitz.
V6i moi k thuéc R, ta ky hiéu tap hop céc 4nh xa k - Lipschitz tir X dén F 12
Lip,(X, FY; tép hop céic énh xa Lipschitz ti Xdén F thi kg hi¢u 13 Lip(X, F):
Lip(X, F) = U Lipy (X, F).

kR,
4| Ménhdé1
fELipk(X’F) i
{3 € Lipp (X, F) = f+gelipgsp XF)

AcK .

? {f cLipp(LF) i & Lipa(X.F)
f eLipi(X,F) . |

3) g€ Lipk'(Y,G) = 4 Of e Lipkk' (X, G)
fxXycyY

Chitng minh: V6i moi (x,, x;) thudc X* ta c6:
1) J7 + 90 - (F + 8l S G = £l + o)~ 802 e
<k + k&) uxl —x2|lE I
2 |AnNED-ANEp = 4 It - Fep s|akfa -x2 I
3 [go Htw) - (go Al S K G- Fl)lp sk sl



12 Gi6ihan, tinh lign tuc 55

Nhidn xét:
1) Néu X# @ thi theo cc tinh chit 1) va 2) trén day, Lip(X, F) 1a mét [K-kgv.
2)Khif, g : X— K1anhing dnh xa Lipschitz, thi fg c6 thé khong phai 1 mdt
4nh xa Lipschitz; ching hm X=K =R ,f,¢: R = R.

X = X

¢ Ménhdé2
1) Anhxa | .|| : E > R 1a4nhxa 1- Lipschitz.
x - x
2) V6i moi bo phén khdc réng A cba E, sgnhxa E > R ladphxa
x = d{xA)
1- Lipschitz.

3) Cho n € N*, (E;, N) | < <13 nhitng K-kgvdc, v 1a chudn x4c

n
dinh trén E = HEk béi:
k=1
Y(xy,..., X, € E, Wy, Xp) = Max Nplxg).
1€k<n

Véi moi k thude {1,..., n}, prg: E - Eglaidnhxa 1-Lipschitz.

(X]yenXy) X
Chiing minh:
DTacs: Ve eB -l shood

2) Cho(x,y) € B~ Tacé: VaeAd, dxa)s d(x, y) + d(y. @),
tir day bing céch chuyén qua bien duéi khi a chay khip A, ta dugc:
d(x, A < d(x, y) +d(y, A),
Vi suy ra: d(x, A) - d(y, A) < dx,y).
Ap dung ket qua vira thu duge cho (y, x) thay vi (x, y), 12 cling 6
Ay, A) - d(x, A) < d(, %),
va cudi cing 1a: | dex, A) - diy, )| <dx, y).

3) Véimoix = (%), X} VAMOI Y = (yeres ¥o) thude E, vamoi & thudc
[1,...n},tacé:

Npr, () - pry 00) = N - ) < Eai’f, Nfx; -y )= v{x-¥).

¢ | Ménhdé3
Moi 4nh xa Lipschitz déu ltd.
Chiing minh:
Gia thi€t f: X—> F I inh xa k- Lipschitz, va cho & > 0. Ky higu n = ﬁi >0, ta

6 Vax) eX,  (dgv,xy<n > dp(f). N sk -k% <g),
vi nhu the f 1td wén X
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Nhin xét:
Do cla ménh dé trén sai: mot £nh xa cb thé 1td ma khong phai 1 4nh xa Lipschitz;
chéng han:

f:160] = %

Ta nhéc lai k&t qué san (xem Tp 1,5.2.2, Ménh dé ):

Cho 712 mét khodng clra R va f: F —» R 12 mot 4nh xa kha vi trén [; khi 46 £ 12 dnh
xa Lipschitz khi va chi khi f' bj chan.

Bai tap

0

1.27  Taky hi¢n R-kgv cdc 4nh xa Lipschitz tiy [0; 1] dén R AL, VA dat E=
C'((0; 1L R).
a) Ching minhring |. | : L > R x4c dinh bdi:

Vel Ifl = |f{0)| . Sup fx)- ()
oo 1=

ey

ta mot chudn trén L, vA chufin d6 khong twong duong véi . || .
b) Chuing minh thng ¥ : E, = R xdic djnh bdi:
vfeE, N@=IA0)|+ Sup |Fi(n)|
rel0:1]

12 mot chudn trén £, vi chufin nay tring v6i | . | (B thu hep cba | . | vao Ey).

1.28 ChoE, Flahai kgvde, Xe P (E), B(X, F) 12 t4p hop céc dnh xa bj chin th X
dén F, v6i chudn | . || . Véi () € XX BX, F), phén tircia R , k§ hi¢u 12 @ (f. a) v&
x4c dinh bai:

wif,a)= Vel‘[}{f(a) (diam{(RV))),
duge goi 12 glao d§ chia ftai a.
Chitng minh ring v&i moi (g, &) € XX IR:_. thphop { fe B(X, F); o (f, @) £ ¢} dong
wong (BX F), |- |, )-
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r

1.2.5 Bé sung: dong phoi

Cho (E,[ . g ) (F.] . | ) 12 hai E--kgvde, d (tuong Gng: d,) 1a khoang cach lien ket
véi| . |, (twonging: | |,).

¢ Dinhnghia1 ChoXe P(E), ¥ € PF).
1) Tandiring mét dnh xaf : X — Y la mot phép dong phoi khi va
chi khi:
[ lién tuc (trén X)
f lasong dnh )

f‘l lién tuc (trén ¥)
2) Tanéi rang mot 4nh xa X ddng phéi véi ¥ khi vi chi khi tén
tai mét phép déng phoi
f:X > Y.

Nhdn xét:
1)e Idy: X — X lamét phép dong phoi (trong d6 X vira [a tap ngubn vira
la tap dich, va bao ham trong mot 1-kgvdc).
* Néuw f: X — Y lamdtphépdéngphéithi f' : ¥ — X ciingla
mét phép ddng phoi.

* Néuyf:X — Yvag:Y - Z lanhingphépdéngphithi gof: X — Z
13 mot phép dbéng phoi.

2) Ta suy ra ring tap hop céc phép déng phei tir X 1én chinh né 1a mot nhém
ddi v6i phép hop 4nh xa. '

3) Quan h¢ "déng phoi véi", md & day chiing ta ky hiéu 12 = , 13 mot quan hé
- tuong duong; thue viy vé6imoi X ¥, Z:
e X=X

s XY= ¥YaX

X=Y
= X=Z.
{Yﬁ:Z

Thi du:
1) Céc khoang cita R. Véi moi (g, b) thudc R 2 sao cho a < b ta cé:
ol-0;h], Ja;bl,[a; b, [a;+o[déng phoivéi [0 1]
e]-o0;+of,]-c0:h], la:bl,1a;+o{dbng phoivéi |0; 1]
® [a; b] dbng phoivéi [0 1].
Cudi cing thi [0; 1[, J0; 1], va[0; 1] timg d6i m§t khéng déng phoi v6i nhau. Xem
bai tap 1.5.12, a).

5- GTTT3-GT3
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2) Moi qué cdu mé& (tuong ding : déng; tuong ing: hinh cdu) déu déng phoi
v@i nhau.

Thye vay, véi moi (a, #) thude E X R:_ ,4nh xa x — l(x —a)la mét déng phoi i
: r

B(a; r) (wong ving: B (a; »); twong ing: S(a; r)) 1én B0, 1) {twong ing: B '(0,1);
twong tng: S(0; 1)).

¢ Dlnhnghia2 ChoXe PE), Y€ PE).f: X — ¥ 1a mot
anh xa. Ta néi ring f 1a mo6t phép déng cur khi va chi khi:

V(xx)e X%, dp(f0),f(x)=dg (x1,x;)
(ta néi f bao toan khoang cich)
f latoan dnh

Nhdn xés:

Neéu f bao toan khoang cdch thi f1a don 4nh, vi v&i moi (x,, x,) thude X ta c6:
Fx) =) © de(f(g) f(x3)) =0 dg(x,13) = 0 © x,=x,.

Nhv vy moi phép dang cu déu 12 song 4nh.

Nhdn xét:
1)e 1dy: X — X 12 moét phép déng cu (trong d6 X dugc trang b ching mot
khodng cdch v6i tu céch tap nguén cling nhu tap dich).
e Néuf: X —» Y lamotphépding cuthif ' : ¥ — X ciing lamot
phép ding cv .
e Nuf:X - Yviag:Y — Z lanhiingphépdingcy thi gof :
X — Z lamot phép ding cy.
2) Ta suy ra ting tap hop cc phép ding cy tir X 1&n chinh né 1a mot nhém dsi
vdi phép hgp 4nh xa.
3)N&f : X - Y 1amot phép déing cu thi £ 12 mot phép déng phoi. Péo lai
thi sai; ching han:

ffR » R

X = 2x
12 mot phép ddng phoi, nhimg khong phai 12 mot phép ding cu.

Bai tap

o 1.2.9 Cho mét thi du vé kgvde E vi nhing b0 phan A, B clia £ thda man: A va B
déng phoi véi nhau vi (zA va [gB khoug déng phoi v6i nhau.

0 1,210 Chiing minh ring b6n by phan sau day ciia C déng phoi véi nhau:
E=C' E=1reClzl>1), E={rex0<l|zl<l},
CEy= (zeCi1<|z]<2).



1.2 Gidi han, tinh lién tuc

o 1.2.411* Ching minh ring céc phép dbng phoi thé C — Clien tyc duy nhat la:
Pz VAI P Z.

¢ 1.212* Cho E 12 R-dai s6 C[0; 1], R) (lut thi ba 14 phép nhan)va f: E = ER
mdt tr déng phoi ciia R-dai s6 £ .
Chimg minh ring F 12 mot phép ding cy d6i véi |1

1.2.6 Anh xa tuyén tinh lién tuc

Cho (E.| . § g ) (F,] . ) 12 hai K-kgvde, d; (twong ing: d;) 14 chc kKhodng céch lign
kétvéi | . | (twong ing: 117>

Chiing ta nhic lai mot s& dinh nghia, ky hi¢u va két qua cda dai s6 tuyén tinh.
Méténhxa f : E — F 12 4nh xa tuyén tinh (hay K.-tuyén tinh) khi va chi khi:

Vie KV e E2, fAx+y)=Af(x)+f(y) .
Ta k§ hieu tap hgp céc 4nh xa tuyén tinh tir E dén F 2 L(E,F) (hay Lg(E,F)), va tap
hop céc ty d6ng phoi clia E, tic 12 cic 4nh xa tuyén tinh tt Edén E, 12 L(E) (hay
L (E)).
L (E.F) 1a mot Io-kgv; néuf € L(EF)va g e L(F,G) (trong 46 G A mot K-kgv), thi
gof e L(EG).
L(E) 12 mot K-dai 56 (véi luat thit ba la phép hop).

4| Dinhly (Pac trung tinh lién tuc d6i v6i mot nh xa tuyén tinh)
'Véi f € L(E,F), hai tinh chat sau day tuong duong v6i nhau:
(i) f lién tuc (trén E)
Gy MecR,, VxeE [fl sMx -

Chiing minh:
1) Gia thiét f lién tuc. Néi riéng f lien tyc tai 0; tbn tai 5 >0 théa min:

vueE, (Jd, sn=|f@};s1).
Choer-{O};do” 7,

P P Rf [ﬁ“1

tir d6 suy ra: “f(x)“F < %“x"E

=1,

F

Két qua ndy chingté:  Vxe £, ||f(x)“F s ;1;“"‘“5‘

2) Do lai, gid sir tdn tai M < K, sao cho:
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VxeE |, <M .
Khi 46 ta cé:
ey a)e B2y Jfon-Fely = 1fn -m)ps Mix—xal -
Nhu th€ f1a énh xa M-Lipschitz, do d6 lien tuc.

Nhin xét:
Pinh 1§ trén day cho phép suy ra d& dang ring, v6i f € L(E.F), céc tinh chél sau
day tuong duong v6i nhau timg d6i mot: )

1) flientyctai 0

2) f lién tuc (trén E)

3} f lién tyc déu

4) f la 4nh xa Lipschitz

sy aMek,, VxeE |fl Mg
6) f bichan trén qua cdu don vi déng cha E, tirc Ia:
M, ek, ,VxeE  (xggi=f@ M)
7) £ bi chan trén hinh cdu don vi, tie 1a:
Mk, vxek (o =1=2170] sM2).
Ta s& k¥ hidw:
« Tap hop céc 4nh xa tuyén tinh lién tyc tir £ dén F 1a LKEF)
o Tap hop céc tu déng phei lien tyc cha E 1a LC(E)
e E = LOE, ), goi 12 d6i nghu topo cua E.

Dudi day (xem 1.3.2, Ménh dé 1), ching ta s thay 13 n€u E hitu han chiéu thi moi
4nh xa tuyén tinh tiY E dén F déu lién tyc..

- 4 Ky hiéu
Néu E = {0} thi v6i moi f thude LC(E F) taky hiéu:

“lf m = Sup M

xeE-{0) “x“E -

Vs
e

v2 bi chin trén (xem dinh 1§ trén day).
Néu E = (0} vaf € LCE,F), thi =0 va nhu thé ta s& viét il =o.

Bién trén ndy t6n tai vi 1€ { xekE-~- {0}} 13 mot bé phan clia E khong rong

Nhdn xét:
Néu E = {O}vaf € LOEF), thita cé:
fx)
o Pk - sy o, = sop b0
reE-{0} “x“E “xHESl 1]x|]5=1
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4| Ménhdé 1

1) Vfe LOEF), VxeE, |fofp< I e
f+ge LC(E,F)

2) Y, g) € (LCEFY, { ,
Il + el <A+ el

Af e LC(E,F)

Hasi) =12l

go f € LC(E,G)

le< £l <llelliAl

3) YAeXk, Vfe LOEF), {

4y Vfe LOEF), Vg e LUF.G), {

Chitng minh:

1) Suy ra ngay tir dinh nghia ciia ||| f Hl :

2 VreE, |(f +8Xfp < 1ol + 8ol s (il + el e -

HVxekE, [ANfp= |41l s|A|F] g . ching 16 rang
areccery v Jadsillin-

s + ~ = 1 b1 i)
Bang cdch 4p dung k&t qua nay cho cip ( 7 Afythay vicap (A, f)néu A= 0, ta

dugce:

[
=2
i

b

Shas].

weta |AFN < JJAF]) va cusi cing ta: JJAf]| =4l A o trudmg hop A = 0 I
tdm thudmg).
9 vk JgoNlg < fell ool < Nell 0 1+l - "

Ménh dé trén day chifng tb ring:
(LCEF), || - | 12 mot K-kgvde
(LC(E), || - p 12 mot K-dai s6 dink chudin (hién nhien 1a: [fldg]| =1

Chudn [} . || trén £C (E,F) duge goi 12 chudn phy thugc céc chudn | .1 va ||z

¢ Ménhdé 2 ChoElamét K -kgv, N, N lahaichudn trén E, O
(twong vng: © ') 13 tap-hop cc bo phan md cua (E, N} (tuong ing:
(E, N')). Ba tinh chit sau day d6i m¢t tuong duong:

i) N~ N

(i) Idg: (EN) = (EN")valdg: (E, N') —=(E, N)lién tuc
(i) O=0O".
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Chiing minh:
(i < (i)
Do ld; € L(E) néntacd:
g : (E,N)—> (E,N") lién tyc
{Idg (E,N' Y>> (E,N) liégntyc
o {HMI eR, VxcE, N'(dg(x)<MNx)
M, R, Vxe E, N(dg(x)<MaN'(x)

o  Qape®,)P.VieE, aN@x)SN'(x)<BN(x),
. 1
khi ldy o= R va f =M, (chi c6 thé xdy ra M, = 0 hoac M, =0 n€u E = {0}).
2

) < (iii):
Xem 1.1.6, Nhan xét.

&| Ménhdé 3 Chok F,G laba E-kgvde,B1EX F — G lamot
4nh xa song tuyén tinh.
Néu tén tai k € R sao cho:
vy e Ex Fo [Beoylg <kixle e

thi B lién tuc.
Chitng minh:
Cho (X, o) € EX F. V6i moi (x,y} thudc E X Fiacé:
[BCx.y) - Byl = 1BCx—x0,3)+ Blxo,y =0l

< |BGx-x0. g+ 180,y - yo)lg

ske-solpl +£ boll-l 2 o

chitng to B lién tuc tai (x,, yo)- -
Téng quét hon, xem C 1.2.

4| Héqud

1) Cho E 13 mot K-kgvdc. Anhxa KxE — E lién tyc.
Ax) = Ax

2) Cho A 1a mét K -dai s6 dinh chudn. Anh xa sz)q — Alién tuc.
{u,v = Uy

3) Cho E 1a mot E-kgvdc. Anh xa LC(E)x LC(E)—> LC(E)lien tuc.

e P gof

ChLLn g minh:
Ta ¢6 thé 4p dung Ménh dé 3:

D Jax=i2ll] -
2) Juvf<Qulil
3 fleo Al<lelllA-
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Bai tap

1.213 Cho £ lamdtkgvde, n &€ M*, f ... fo, € L£C {E). Chitng minh:
Wiowofonll < VAR TR S 20 e Sl Panro Foul W]

4.214* Cho E 13 mot kgvde, E* 12 ddi nglu (dai s@)cla E, p € E*.

a) Chimg minh ring ¢lien tye khi va chi khi Ker(g ) déng trong E.

b) Tird6 suy ra ring néu ¢ # 0 thi ¢ gidn doan khi vi chi khi Ker{g } tri mét
trong E.

1.2.15 Cho E Y kgvdc, H 13 mot siéu phing d6ng cla E, D 1a mgt duimg thing vecto
ctia E, b chha H trong E. Ching minh ring o2 HxD - E 13 mot phép dbng
xyy > xty
phoi.
(Sl dung bai thp 1.2.14).
1.2.16 a) Cho E, F lahai K -kgvde,f € LC(EF).
o) Chiting minh ring Ker{f) 12 mdt kgve dong cha E.
B} Im{f) c6 phii 12 mdt kgve d6ng cha F khong?
b) Cho E 1a mdt K -kgvde, p 12 mgt phép chi¢u lien tuc cha E (téc la:p e LC(E)vh
p o p = pY; ching minh ring Ker(p) va Im(p) 1a nhimg kgvc d6ng clia E.

4.2.47* Cho Elamotkgvdc (E= (0}), o€ E- 10}, H = Ker(¢). Ching minh ting
ba tinh chit sau d4y timg dbi mot arong dwong:

i 3aek (fd =1 Joll= lp@])
() VreEdheH, dxiy= |x-H
(i) 3xeE-H, 3heH, dxH) = |x-h|.

1.218 ChoElamotkgvde, P e K[X],Z,=1{f LC(E), P(f)=0].
Chiing minh ring Z, déng trong LC (E).

1.2.49 Cho E la C-kgvde cc nh xa bi chan tir (0; 1] vao i, duge trang bi
chufn]] . "m .@pekE,

T,: E — E .ChingminhringT, tuyén tinh lién tye v tnh mr “ .

o fe ¢
1.2.20 Cho E =C{[0; 11, R) duge trang bi chudn | . ] .Ty: E = E xacdinh
F o= T
X
i VfeE Vre (01, THH0= I I
0

Chitng minh ring T tuyén tinh lién e vi tinh me .
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0

1.2.21 ChoE=R[X],T:E - E,N:E — Rchobdi: N0)=0wa:
= P

deg(P)| p{r) ()

VP e ENP)= ) :
n=0

a) Ching minh ring N 1 mot chudn wén E.

b) T ¢6 lién tuc (48 v6i N) khong?

al

4.2.22 Chon € [*: chimg minh ring GL (K ) l[a mot idp mé v {ri mét trong
M,(K).

1.2.23 Chon e N *; taky hitu SL(K)= {A eM,(K); det(4)=1}. X4c dinh bao
d6ng, mién trong, bién cha SL,(K).

1.2.24* Takg hiéu tap hop cdc ma trén chéo héa duge thude M,(K) 13 £, vi t4p hep
cdc ma tedn thude M (K) ¢6 n gid i rigng d6i mot khdc nhau 13 F.

a) Trong cAu hdi ny ta gid thiét [C = C. Ching minh ring: £ = F =M, (D).

b) Trong trudnghgp K = R van =2, tac6hay khong E = My(R)?

4.2.25* Chon e N*; véimoip thudc {0,..., n}, taky hidu 0, = (A e MK
rank(A) zp} vaV, = {4 e M(K) rank(A) =p}. '

a) Chitng minh ring v6i moi p thutc (0...., n} €2, 12 mot tap m& va tri mgt trong
M, (E).

b) V, 1 tap m& v6i moi p thude {0,..., n}? 13 thp d6ng? Chifng minh ring ¥, 1a tip
déng dia pheong véi moi p thuge (0,..., 7] (xem bai tap 1.1.34) ong M,(K).



1.3 Tinh compac

1.3 Tinh compac

Cho (E,| . |) 12 mét K -kgvde, d 12 khodng céch lien ket véi | . |

1.3.1 Dai cuong

¢ Dinh nghia1 Cho X € TP(E). Tanéiring X1a mot bo phan

compac (hoic: tap compac) ciia E khi v chi khi moi ddy nhitng phén
tir cia X ¢6 it nhit mot gidi han riéng trong X.

Thi du:
Moi b9 phan hitu han ciia E 13 t4p compac.

¢, Ménhdé1 Cho (x,),c v 12 motdayhoitutrong E,/=limx,.
oo
Khi d6 {x,,; n € B} U {/} 12 mot b6 phan compac cla E.

Chiing minh:
Ta k§ hieu X= {x,; n € N }u {{}; vi cho (4,),ex 12 mot ddy trong X
1) Né&u t6n tai » € I sao cho {p € I; u, =x,} v6 han, thi x, 12 gidi han riéng clia
(U )per, 0 d6 (t,)pen <O it nhat mét gidi hani riéng trong X
2) Tuong 1, néu {pe N; u, =1} vo han, th (1), ¢6 it nhdt mot gid o riéng
trong X
3) Giéthiét {p € N; u, =1} httu hgn, va gid st {p € N; u, =x,} hitu han v&i moi n
thudc M.
Vi{pe N; u,=1} vd {pe N; 4, =x,} hiu han, nén t6n tai p € N thoa méin:
Vpapy, (u,zIvd u, + xp).
Do{peWN; u,=x} hﬁuhan, nentﬁntal Py > py sao cho:
Ypzp, WEx.

Biing céch lap lai mdi, ta xay dung dugc mot dy (py)« y nhing s6 t nhién tang
nghiém ngit, théa min:

VkeN, Vpzp,, u, € {l, x5
Nhu vay énh xa o: N ~ N 1a mot him trich, va ta c6:

o Py
VkeN, Ypzok), ue X-{I,xo,...,x* |3

Ta chiing minh ring diy (4o N hoi ta dén /.

Choe>0.Vix, . ! nénténtai N € N thoa mén:
fte]

VazN, dix,l}<e.
Chok e N saocho k2 N.Téntain € N sao cho u,y,=x,. Theo dinh nghia o (k)
ta c6: Uo & U, Xopn Xi] , VY 2 K+ 12N,
suy ra: Aoy, D=dix, ) s 6
Nhu viy chiing ta 43 chimg tb ring:

65



66 Chuong1 Khong gian vecto dinh chudn

Ve>0, 3Ne N, Yke N, (k2N dlugy ) <€),
o d6 (trgy)een hOi tu d€D L
Nhut th (x,) e ©0 it nhdt mot gidi han rieng trong X, va cu6i cung thi X4 mdt b
phan compac ciia E. [

Thi du:

{l;n € N*} w {0} 1a mét bd phan compac clia R.
r

L 4 ‘ Ménh dé2 Moi bo phan compac cia E déu déng va gidi ndi trong
E.

Chitng minh:
Cho X 12 m6t b phan compac cla E.
1) Cho (x,) .ex 12 MOt ddy trong X hoi tu d&n mot phén tir y cha E.
Vi X compac nén t6n tai mot ham trich o va mot phén tlr x clia X sao cho Xz — *-
nen

Nhung (Xg)ex Wi e dény, x=y,vado dbyeX
K&t qua ndy ching 5 ring X1a mot bo phan déng clia E.
2) Ta lap lugn phan chimg; gia thi€t Xkhong gidi ndi, tite 12
vCe R,, ;reX, |o 2C
Dic bist, v6i moi 2 thuoe N, tbn tai x, € Xsao choflx| 2 n. Khi d6 (x,),ex khong c6

mét giGi han riéng ndo (cd trong X va trong E), mau thufn.
Nhu vay X gidi noi.

4| Ménhdé3 ChoY lamdtbo phin compac clia E, va X1a mot bo

phén clia ¥ sao cho X d6ng trong E. Khi dé X 13 mét bo phan compac
cia E.

Chiing minh:

Cho (x,)ex 12 mOt ddy trong X Vi XY vaY compac, nén tén tai mét ham trich o

v2 mot phén tir y clia ¥ sa0 cho xgqy — y. Nhumg vi céc xg(,) déuthuoc X v do X
L

déng trong E, nén tacéy € X.
Nhu vy moi diy trong X déu c6 it nhdt mot gidi han riéng trong X, v4y X compac.

¢ | Hoqua ChoY1amot bo phan compac cha E. V6i moi bo phan X
cha ¥ ta cé:
: X d6ng < X compac.

Cin chd § ring céc diéu kién X déng trong E va X déng trong ¥ 12 tuong duong, vi 1§
¥ 12 m6t bo phén déng cha E.
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4| Ménhdéd4 ChokE, Flahaikgvde. V6imoi by phan compac Xcla
E,vaY cha F, X x Y 1a mot bo phan compac cta £ X F.

Chitng minh:

Cho (x, ¥),ex 12 mot ddy trong X XY .

Vi X compac, nén tén tai mot ham trich o va mot phén tir x clia Xsao cho x4y — X

noQ
Sau d6, vi ¥ compac, nén ddy (¥o)een €6 it nhit mot gidi han riéng trong ¥; vay
ton tai mot ham trich 7 v mot phin tiry cha Y sao cho yory — ¥-
TEL

Do xp¢y ~» X Nendiy con ( Xg eyl cOng hoi tw dén x, va do d6 (X5, Vo), hOI U
o
dén (x, y).

Két qua ndy chimg t& ring moi day trong X X ¥ déu ¢6 it nhdt m§t gi6i han riéng
trong X XY, vado d6 X x ¥ compac.

4| Ménhdé5 ChoX € P(E),Flaméot K -kgvde,f: X —» Fla

X
mot dnh xa. Ta cd: cfompac = fX) compac .
f liéntyc

Chimg minh:

Cho (¥,),e n 12 mot dily trong AX).

V&i mbi n thuoc N, t8n tai x, € Xsaocho y, =f(x,).

Do X compac nén tén tai mét him trich o va mot phén tlr x clia Xsao cho x5,y — x.
nog

Vi flién tuc nén: Youm =f (Xauw) = Ax).
e
Nhwr vay d&y (¥).en €6 gi6i han riegng 13 fix) (€ fX)), vakétluan1a AX) compac.
||

Nhédn xéf:
1) Nghich 4nh cia mét bd phan compac qua mét 4nh xa lién tuc c6 thé khong
compac; ching han: f: R — ]lg lién tuc, {0} compac, f'({0}) = R khéng
X
compac ( R khong gidi ndi).

2) Kh4i niém compac 1a mot khéi ni¢m topa, téc 1a bat bién qua phép déng
phoi:

X=Y

} = ¥ compac .
X compac

¢ | Héqua

1) Cho X132 mot b6 phan khac tngcia E,vaf: X — R 1a mét anh
xa. N&u X compac va flién tuc, thi f bi chin va dat t6i cdc bién cla
no.

2) Cho X 1A mét bd phan khéc réng cua E, F 12 mét K-kgvdc va
f:X — Flamotédnh xa. N&u X compac va flién tuc, thi
7l x - bi chan va dat tdi c4c bién clia né.
x :

R
Ifx )"F
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Chimg minh:
1) fX) 1a mot bo phén compac, do 46 déng gidi ndi trong R.
2) Ap dung 1) cho “ T “ lien tuc trén tip compac X,

¢ | Ménhdé6 ChoNe N*E| .., Eylnhing K-kgvdc; tatrang bi

N
cho ].—[Ek chudn v x4c dinh bdi:
k=t
V(x| yeen, Xpd = Max x
(xy N) L<k<N “ k"Ek
(xem 1.1.1, 3), b)).
V&i mbi k thude {1,..., N}, cho X, 1a mét bo phan khdc réng cla Ej, .

N
Khi dé HXk compac khi va chi khi X; compac véi moi k thudc

k=1
{1,.., N}
Chimg minh:
N N -
1) Gia thi&t HX* compac. Vi véi mdi i thude {1,.., N}, X = pr; (ka] ,
k=1 k=1

v Vi cde phép chiéu pr;déu lién tuc (xem 1.2.2, 1), Ménh dé 4), nén ta két lugn ring
X, compac (xem 1.3.1, Ménh dé 5).

2) Ta chimg minh phin d3o bing 14p luan truy héi trén N, vi trudng hop hai
bo phan d biét (Menh dé 4).

4| Dinhly (Pinhly Heine)
Cho X € P (E), Flamot K-kgvde; f:X — Flamoténhxa.
Néu X compac vA néu flién tuc, thi flién tuc déu.

Chiing minh:

Gia thiét X compac va flién tuc.
Ta 1ap ludn phan ching; gia sit fkhong lién tuc déu, tic 12:

khOng(VE >0, 37>0, V(x',x"e X%, dg(x'\,x") <y = dpfG) Fx") >£) .
Vay ton tai £> 0 sao cho: .
V>0, (x'xe X2, {dg(x'.x"ysn va dp(f(x)f(x™) <¢).

N6i rigng, v6i moi n thuoe N*, t8n tai (x},,x;) € X' sao cho:

(dE(x},,x}',))S% vil drfx)) fxpN>&.
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Do X compac nén X ciling compac {(xem Ménh dé 4), do 86 day (¥, X" Jeen €O nhit
mét gidi han riéng trong X! . Nhwr vay tén tai mot ham trich o va(x, x" ) e X sao
cho:

x’o‘(u} - X va X o —> X’
oG 0

Vi: (dg(x'.x")Ns (A g X g+ g (g, x" gy N+ g & g, )
v&i moi n thuée N *, nén ta suy ra: '

(dg(x',x™) =0, X' =x".
Nhung do flién tuc tai x’ va tai x" nén:

fxXew) o Ax') VA X e ﬂx')\ .

ot v s}

”
do dé: A X g X)) —> d( fx, fix =0,
mau thufin véi: ¥n e N*, d{fix'ou) fix"em)) > & =

Phdn ndng cao danh cho khoi MP*: Binh ly Borel-Lebesgue

4, Pinhnghfa2 ChoXe P(E). Phii cia Xlamoiho () e
nhitng bo phén cta E sao cho: X< UQ i -

iel
Mot phit (Q2 ) e, ciia Xduoc goi 12 hiru han khi va chi khi / hitu han.
Mot phit (€2 ) e, clia Xduge goila mé khi va chi khi ©; 13 tdp m& clia
E vét moi i thude 1.

Moi ho (@ ) s« ; nhiing b6 phén ciia X théa man Un .= X ciing duge goi 1a mot
ief

phii clia X. Mot phit nhut the duoc goi 12 phit m& khi va chi khi Q ;13 mét bo phan

mé& cia X, vdi moi i thude I..

¢ Dinhnghia3 ChoXe P(E)va (Q) e 12mdt phi cia X. Phis
con cla{Q ) jc j1amoi ho (€2 ) ;¢ 5530 cho:
Je1axe | Ja;.
_ ieJ
¢, Binhly (Pinhly Borel-Lebesgue)
Cho X € B (E). Hai tinh chét sau day tuong duong vGi nhau:

(i) Moi phit m& clia X déu c6 mét phit con hitu han.
(ii) Xcompac.
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Chitng minh:
(I = (ii):

(1) Gi4 thiét ¢é (1), va cho (. )uen |2 mot ddy trong X Gia st (x,) e khong
¢6 gidi han riéng ndo trong X Véi moix thube X, tdn tai £ > 0 sao cho tap hop
{ne Nidx,x <4} 1a tap hiu han. Ho (Blx; £)rex 12 mét phdl cha X gbm
nhiing tap md cla E; vay t6n tai mot bo phan hiu han ¥ cha Xsao cho (By(x; &))
12 mdt phii cba X Nhung khi d6 thi theo dinh nghia pht ta cé:

xEY

Yne N 3rey, x, € B(x; £),
do d6: N= | JineN dixuv<e,)
xe¥

biéu dién N nhu ja hop cha mét s6 hitu han tap hitu han; mau thufn.
Méu thudn trén ching t6 réng (x,),cy ©6 it nhit mot gidi han riéng trong X
(2) Ddo lai, gia thiét X compac.
Cho (2 ) ,e, 12 mot phil ctia X gdm nhimg 14p mé ciia £,
a) Taching to rng t6ntai & >0 sao cho:
VxekX diel, Bix; s Q.
Ta lap ludn phéan chimg; gidsit: Ve >0,3xe X, Vie/, By, 5z, .

Noi riéng (bang céch thay & bing 1 B
n

Vrne N*¥ 3x, eX Viel, B(x,:;l-}er,-.
n

Theo gia thi€t day (x,),en ¢6 it nht mot gidi han rieng a trong X; vay téa tai mot
ham trich o sao cho: x,, - a.

flea)
Vi () ;e, 1a mot phl clia X, nen t6n tai i, €  sao choa € > VI 82, 12 tap mé
nénténtair e R: théa min: B{a, 1) CQ,-O .
1 r

<=,
alny 2

Vixpw —» anénténtain € N* sao cho: dxg(pya) <-;~ vi

o
Khi d6 v61 moi y thuée X ta co:

1 1
y € B(xa(n);o_—ms)@d(xa(n)!yk"oﬁ
r

r
— d(a.y) = d(arxo'(n)) + d(xa(n);y} < —2-, + =t

[0

= y € B{a;r} :>yeQ,-0.

Két qua trén ching té ring B(xa(,,);—il—)) (el ¢ i, » Mau thudin.
oin

Nbu the chiing ta c6 thé két luan ring;
de >0, ¥VxeX Jiel, Blx; 92, .

b) Cho & x4c dinh nhu trén day. Taching b ring téntai N e N* v A e 4,
thuéc X sao cho (B(a, ; £))<,<x 12 mét phi ctia X. Ta 1ap ludn phan ching; gia sit
ring véi moi N € N* vaimoia, ,..., a, thuoc X, ho (Bla, ; &)<,<n khong phiila
mdt phil cha X. Cho b, bat ky thuge X (16 rang la: X = @).



1.3 Tinh compac

e (B(h;8), 12 ho c6 mot phén tir, khong phit X vay tén tai b, € Xsao cho
by & B(b,:5) . B

2
& (B(bg&)cp <o khong pha X vay t6n tai b; € Xsaocho b, ¢ U B(h ;&)
k=1
Biing céch Wp lai qud frinh nay, ta xay dung dugc mot day (b,) sene trong X thda man:
n
Vane N* b, ¢ UB(bk;s) .
k=1

Theo gid thi&t thi (h,) o c6 it nht mot giéi han rieng b trong X; vay t6n tai mot ham
trich & sao cho: by, — & .T6ntai N e N sao cho:

hoo
Vne N, (n2N = d(byqy ,b)<i;- .
£
d(bO'(N)’b) < 5
Nhu th€ néi riéng ta cé: ,
£
dby(n+1y:b) <7
o (N+1)-1
tr d6 suy 1a: d(Byqy » Pogwan) < & AN N Vi by ® | ] BlB).
k=1

N
Két qud ndy chimg td téntai N € N* v a, ,..., ay thudc Xsao cho X UB(bk €.
k=1
Theo dinh nghia cha &, v6i mdi & thude (1,..., N} téntai i, trong I sao cho
Bla,, & cQ e
Khidé ho (2 phsesy (trong d6 tada bd di céc phén tir 13p lai néu cd) 1a mot phl
con cha (€) e, -

Bai téap

& 1.3.1 Cho E 12 mot kgvdce, A, B 12 hai bd phan khong rdng cha E; gia thi€t A
compac v A m B =@ Chilng minh: d{A.B) > 0.

& 1.3.2 Cho E, Flahai kgvdc, A 1A mdt bé phan compac ciia E va B 12 mét bd phén
compac clia F, W13 mot bo phan md clia E X Fsao cho A X B ¢ W. Chuing minh ring
t8n tai mét bd phan md U cla £ vi mdt bd phin md V cla F sao cho:

Ac U BcV.UxVcW
(Hay sk dung bai tap 1.3.1).
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72 Chuong 1 Khéng gian vectd dinh chusn

0 1.3.3  ChoElamot R -kgvde khic v6i {0}, A 1a mdt bo phan compac cia E.
Chitng minh: YreA,Iyve &A), [xylc A,
trong 46 [x; y] = (&x +(1-t)y; te [0;1]) .

0 1.3.4 ChoE Flahai kgvdc,Alamét by phanctaE, f:A — FI mot &nh xa,
sao cho f(A} compac. Chiing minh ring néu d6 thi G , cla f (theo dinh nghia:
G, ={xfix)): x € A}) déngtrong A X F, thi flién tuc.

¢ 1.3.5* Cho£, Flahai kgvde , X1a mot bo phan compac cia E, f: X — Flien
tité. Ta gid thi€t tdn tai @ R:_ sao cho: ¥y e F, diam {f ({y})) < «
(12 quy wéc: diam(@) = 0.
Chitng minh riing t6n tai £> 0 sac cho véi moi qua cdu mé B véi ban kinh € £, ta cd;
diam (F B < a.

1.3.2  Trudmg hop khong gian hitu han chiéu

¢ | BGd8 Chone N*;cie bo phan compac cita (2" , | . | )12 cde
bd phan déng va gidi n6i.

Chitng minh:

1) Ta da biét (xem 1.3.1, Ménh dé 2) ring moi bo phan compac déu déng va
gi6i noi.

2) o TruGe tién ta chiing minh réng moi doan cia R déu compac. Cho
(a.b) € R?saochoa b, vacho (x,), 1a mot diy trong [a; b). Theo dinh ly
Bolzano-Weierstrass trong R (xem Tap 1, 3.3, Dinh 1y), tir day s6 thuc bi chin (x)),
ta c6 thé trich ra it nhat mot day hoi tw. Viy tén tai mot ham trich o va mot phén v

xcla R sao cho; Xom — X Vimol x,, déu thude tap déng [a; &] nén ta suy

» pm
ra rang

x € [a; b].
Két qua ndy ching to ring moi ddy (x,), trong |a; b] déu cé it nhat mdt gidi han
riéng thudc [a; b], va do d6 [a; b] compac.

¢ Cho X4 mot bd phan déng gi6i noi cita K", Vi X gi6i noi nén ton tai

It
nhiing sé thye a,,..., @,, b,,..., b, sao cho X H[ak ;b |- Ta vira thdy ring cic
k=1
[a; by ] déu 12 nhimg bo phan compac chia R, vay (xem 1.3.1, Menh dé 6),

n
Hl'ak ibi 1 12 mét bo phan compac chia (R”, " . ”w ). Cudi cing, do X déng trong
k=1
18p compac d6, nén chinh X cing compac., ' [}



1.3 Tinh compac
Bing céch déng nhit C" v6i R ™, ta suy ra Hé qua sau day,

%, Ha dué V6i moi n thude N* cdc bo phan compac cha (O, “ . ||m)
12 c4ic bd phan déng gidi noi.

4| Dinhly1 ChoElamot K -kgv hitu han chidu,
T4t ¢4 moi chudn trén E déu twong duong.

Chitng minh:
K-kgv E c6 it nhit mot co s& hitu han B = (e, ,..., ¢,); taky hiéu N,,:
E > R
n
ZX,'E,' =3 Maxlx,-]
1<ign

i=1

Cho N 1a mét chudn trén E; ta s& ching minh ving N ~ N,,.

Ky hiéu § = {(x;,..,x) € K*; %\Sd_a;xlx,-| =1}, va xét 4nh xa
i<n .

K" S R

v
"
(Xjpiky} N[Zx,—e;}

i1
trong d6 K " duwge trang bj chudn || . ||m thong thudmg,
& v li&n tyc do 12 dnh xa Lipschitz:
Yx=(,.,x)e K’ Vy=(,..y) € K=,

| vix) - viyy| s N{Z(xf‘yi)ei] < Z|x,-—y,-|N(e,»)
i=1 =1

£ [iN(e,- )J“x—y"w .

i=1
* Vihinh cdu don vi S cha (K*, | . ||, ) compac (vi déng, gi6i ngi, xem BS

* dé), nén thu hep clia v v2o S bi chan va dat t6i cic bién; vay tén 1ai (2, &) € R?sao
cho:

a=Inf v(x), B= Sup v(x).
xe§ xes
Vi & S nén ta cé: O<a <p
12
Nhuthe:  3(a fe (R,,) ,VXES, a < wx<h

. n
Bay giovxét x€ E- [0}, x= Zx,-e,- v X=X v Wx' € Svado
X
=1
Nox)= “x '||m , nén
ta suy ra aN () SN N (x).
6- GTTT3-GT3
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74 Chuong1 Khéng gian vects dinh chudn
Cuéi cung thi: N~ N,.

4| Dinhly2 Trongmoi K -kgvdc (E, N) hitu han chiéu, céc bo phén
compac 12 cdc bo phan déng va giéi ndi.

Chiitng minh:
Chométcosd B = (e, .,e)ciak, N.: E > R

ZX,E; > Maxlx,|
il 1sign

« Ta d3 bi&t (xem 1.3.1, Ménh dé 2) ring moi b phdn compac cla E déu
déng gibi ndi.

o Cho X132 mot bd phan déng gidi ndi cha E. VIN — N, nén X gidi ngi
trong (E, N,), vadoId; : (E,N) — (E, N,) lamot ddng phoi(xem 1.2.6, Ménh dé
2), nén X déng trong (E, N.,). Theo BS dé trén day thi X 12 mot bo phan compac cla
(E, N.),do d6 cta (E, Ny vi Id;: (E,N) — (E, N,,) 1amot dong phoi.

Nhdn xét:

Cho E 1amét K kgvde.

N&u E hifu han chidu thi B' (0; 1) compac (xem Dinh Iy 2).

Dio lai, ngudi ta chitng minh duge ring néu B'(0; 1) compac thi £ hifu han chiéu
(xem Dinh 1¢ Riesz, C 1.1).

4| Ménhdé1 ChoE, Flahai K-kgvdc; néu E hitu han chiéu thl moi
inh xa tuyén tinh f: E — F déu lién tyc.

Chiing minh:

Ta k¢ hieu mot chudn B=(e),...,e)cla ERAN, N,: E - R .Theo
1=§X G IL;taS’fIPJ

Dinh 1y 1, 16n tai M € R, sao cho: VxeE, N.(x)< MNX.

n
Khi d6 v6i moi x= Y x;e; ciia E ta c6:
i:l o

bl =-A):x,-f(e,-) < Z]xfl_ﬂf(ef)llp < [Znﬂe;)ﬂp]mm < CN(x),
i=l F =l SR W A

n S ) .
trong d6 C = MZﬂf(e,v )"F . 'I_'heo 1.2.6, Dinh 1y, ta két luan réng flien tyuc.

i=l

'thn xét:
Nhu vay, né&u E hitu han cluéu thi L2(E,F) = AE,F).



1.3 Tinh compac

¢ | Ménhdé2  (Tinh lién tuc ciia mot 4nh xa da tuyén tinh trong
khdng gian hiru han chiéu)

ChoN € N* (Eg, | . |, )15 < v 1a nhilng K -kgvdc hitu han chiéu;

N
Flamét K -kgvde. Moi dnh xa da tuyén tinh ¢ : HEk — F déu
k=1
lién tuc.
Ching minh:

Vi moi E; déu [2 khong gian hitt han chiéu nén N, tuong duong véi || . ||m0 trong E,
lién két voi mdt cosé¢ B = (e,-k)l $i %0 xéc dinh cla E,; vy vdi mei & thude [1,...,
N}tntai @, € R, sao cho;

Voe B, |, < % x,f, -

g
Vi g da tuyén tinh, nén khi ky hiéu x, = ng‘ike”‘ , ta ¢ v6i moi (x,,..., x,) thubc
iy =t
A

N n
HEk L g xy) = Z zN:é’l‘,-l...gN_,‘N(a(e,-],A..,e,-N).
k=1

a=l ig=l

N
Do {qp(e,-l,‘..,ew); (fl,...,fN)eH{l,...,n,,}} hitu han nén tén tai M & R, sao cho
k=1

ta ¢6; Ilq)(e,-l srer @iy )"F =M

N
V6i moi Giy,..., iy) € H{l,...,nk ).

k=1
! n
Ketquil:  |o(x,.xy)|, < M 2 i|§1,f1|---ff5~m|
: h=l iyl
n,
= | Dol | Slonn
=1 =

£ Mn ”xl ”m v AN ||x~ ﬁw .

N N N
= [M ﬂtHQk]H"kaw .
1 =] k=1

k=

Tir d6 ta suy ra tinh lién tyc cia @ bing céch 1p luan twong tit nhu trong phép ching
minh Ménh dé 3 & 1.2.6, hodc trong phép gidi & CL.2.
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4| Héqua
Vdimol nthugc N*, dnhxa det: M (]K) — K ligntuc.
= det{A)
Chiing minh:

Xem thém 1.2.2, 3), Ménh dé 3.

Bdi tép

) 1.3.6 Tap hop Cantor

Takg hieu &=[0; 11, C,=Co- ]5%[ C,=Cy U; 3{ ]%%Dw

c={)¢-

reN

-

Chitng minh ring C Ia mot b phan compac clia R va &= @.

O 1.3.7 Cho E 13 mdt kgvde hitu han chidu, K 12 mot bd phan compac cba £; ching
minh ring t6n tai mot bd phan compac U clia F thda man: KcUva U compac.

¢ 1.3.8 Cho f: R — R IAmotdnh xa bj chan sao cho d6 thi G, cia f (duge dinh
nghta 12 G, = {(xf{x}); x € R }) déng. Ching minh ring f lién tuc.

0 1.3.9  a) Cho E, F Ia hai kgvdc sao cho E hiru han chiéu, f : E — F lién tyc sao
cho £ (B) 12 mdt bd phan gi6i noi clia E, v6i mei by phan gidi ngi B cia F. Chimg
minh ring f(G) 12 m&t bd phan giéi ndi clia F véi moi bd phén gidi néi G cla E.
b} Ap dung: Chimg minh ring, véi mei P thude KIX] vi moi bd phin gidi noi
G cia K, P(G) déng.

¢ 1.3.10*  Cho A,B la hai bd phan gi6i n¢i cla mt kgvde £ hiru han chiéu.
: Chiing minh: A+BY=A+BYVA+BYUA+DB)
trong 46 ddu phiy chi tap hop cdc didm tu trong E (xem 1.1.10, Dinh nghia 2).

o 1.3.41* Cho E 1 mot ¥ - Kgvde hiru han chidy, V 12 mot lan cin compac trong £
cta 0, Ly ={fe AE);, V)V
a) Ching minh ting £, 12 mot bo phan compac cha L(E).
b) Chiing minh: VieL,, ldet(f)ls1.
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1.4 Khong gian dit

Cho (&, - |) 12 mét K-kgvdc, d Ia khodng céch lien ket véi || . |

1.4.1 Day Cauchy

4 PDPinhnghia Mot day (i), trong E dugc goi 1a day Cauchy khi
va chi khi:

. 2 p2N
Ve>0,3 Ne M, V(p, q) e I¥, ({qu‘ = d(up,uq)ég].

Ta c6 thé thay diéu kien trén bing diéu kién twong duong san day:
ve>0,3INe M, ¥(p, el (pzN = du,, ,u)< &)

Nhdn xét:

1) Néu hai chuin N, N* trén E twong duong voi nhau thi cae ddy Cauchy clia
(E,N) ciing 12 cdc ddy Cauchy cla (E,N").

2) Moi diy con clia mot ddy Cauchy cling 12 nhimg déy Cauchy.

L 4 ‘ Ménh dé 1  Moi diy Cauchy trong E déu bj chan.

Chiing minh:
Cho (4,),¢ ¢ 12 mdt ddy Cauchy trong E.
Téntai Nell saocho:
Yi{p.r) e N?, (p2N = du,,,u)< 1)
NGi riéng;: YreH, Aty Uy S 1,
vi do d6: YreHN, I|uN+1+, " <1+ ||uN+1|| .

V6i ky hieu M = Max  Jugf.-—. lun |- Jupnai]] + 1. tas@ co:
vreN, |u|<M
tite 12 ddy (u,),e 5 bi chin,

4| Ménhdé2 Moidiy hoitu trong E déu 1a ddy Cauchy.

Ching minh:
Cho (#,),e 12 MmOt ddy hoi tu d&n mét phin tr/ cha E.

Cho £> 0; tén tai Ne Hsaocho: Vaeld, (nzN = du, b= %).
Khi dd:
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dup ) s %

=N
P = d(ty,u,) S dluy, D+ du) S £ |,

2
Vip,q) e N7, {qu

&
diu, DH<—
(uy.0) >

vido dé (i), y 12 mot diy Cauchy trong E. -

4 | Ménhdé3 (Trudng hgp mot tich hiru han nhitng kgvdc)

N

Cho Ne N*, Ej,..., Ey 1a nhimg K-kgvde, P = HEk duge trang bi
k=1

chudn v xéc dinh bdi:

v(xy,..., Xp ) = Max |x
Gt 2 lsksN“ k“Ek
(xem 1.1.1, 3), b)). Cho (4n)peN 12 mot ddy trong P, va v6i mbi n thude
N, ky higu:

(ul,n, ey MN'H) = Uy,
Dé (), 12 mot day Cauchy trong P, diéu kién cin va di 1a day
(Ui, )ren 12 ddy Cauchy trong E, , véi moi & thude {1,.., N}.

Chiing minh:
Suy ra d& dang ur: v(tt, - u) = 11213 ““k,p ~Up g II 5
Bai tap

o 1.41 Cho E 13 mét kgvdc, (1.}, 12 mo ddy rong E; gid thiél cdc day (u,,) ey »
(Ugdrest » (Msadnens 460 12 nhimg diy Cauchy. Ching minh ring (1), 12 diy
Cauchy.

0 142 Cho £ Flahaikgvde, Xe P(E),f : X - F 12 mdt dnh xa sao cho

(fix))e n 12 ddy Cauchy trong F véi moi ddy Cauchy (x,),.y trong X Ching minh
ring f li¢n tuc.



1.4 Khéng gian dl

1.4.2 Bo phan di

4 Dinh nghia Tandi ring mot bo phan A cia E 1a dii khi va chi khi
moi diy Cauchy nhitng phén tir cha A hoi tu trong A.
Ta néi ring khong gian E 13 khéng gian di khi va chi khi E 1 mot b
phin db cha E.
Mpoi [£-kgvdc di duge goi 12 khang gian Banach.

Nhdn xét:
Néu N, ~ N,vinéu (E, N)) 1a khong gian d0 thi (£, N,) cling 12 khéng gian da.

4 | Ménhdé1  (Trudng hop mét tich hiru han nhimg kgvdc)
Cho Ne I4* , Ey,..., Ex 12 nhiing [ kgvdc, véi méi & thude {1,...,N},
N
A, 12 mot bo phan di cia E, ; khi dé HAk 12 m6t bo phan di cia
k=1
N
Ek -
k=1
Chitng minh.:
N
Cho (x),en 13 mot diy Cauchy trong H Ay , v6i mdi n thuoe N ky hiéu:
. k=1

(X eors Xnin ) =X,
Vi: Yk e {1,.., N}, V(p, g) € N?, d(xg, X0 ) S VX, -X)
nén ta thiy ring moi (x, e, & € {1...., N}, 12 dBy Cauchy trong A4, , do 46 hoi tu
dén mot phén tit [, clia A,. Khid6 x, {7, ,..., ;) (xem 1.19, 1}, Ménh 34 2). W

G

4 Ménhdé2
1) Moi b phan du X cla E déu déng. :
2) Cho X Y 1a hai bd ph4n ciia E sao cho X< Y ; néu ¥ di va X déng,
thi Xda.

Chimg minh:
1} Cho X1 mot bd phin di cla E, va (x,),e ;12 mOt ddy trong X, héi tu dén
mot phén tir / cfia £. V1 (x,),ey hoi tu nén (x,),c v 12 diy Cauchy (xem 1.4.1,
Ménh dé€ 2) ; do X da nén (x,),. » hoi tu trong X
Vaytacéle X
Két qua nay ching td X déng (trong E).
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80 Chudng1 Khéng gian vectd dinh chudn

2) Cho X, Y 12 hai by phan clia E sao cho X Y, ¥ di vk X d6ng (trong E).
Cho (x,),e sy 12 mot diy Cauchy trong X Vi X ¥ vido Y di, nén (X)) e DO
u;dé'nmotphﬁnuftlmiaf(dodécﬁaE).ViXdéng,nentacéfeX

K& ludn 1a X do.

| H&qud NésE I mot khong gian Banach, thi v6i moi bo phan X clia
E tact:
Xdéng < Xdb.

4 | Ménh dé 3 Moi bo phan compac clia mot kgvde déu di.

Chitng minh:
Cho X 12 mot bo phan compac clia E, v (x,),ey 13 mot ddy Cauchy trong X ViX dn
nén t6n tai mot ham trich o va mot phdn tlr x clia X'sao cho X, — x. Tahdy chimg
o

to ring (x,),eq hoi tu dén x.
Choe>0;t6ntai Ne N saocho: VneN, (nzN; = dg, s % 3

. pziN, £
viténtai N,e N saocho: Yip, g) e M2 =dx, x,)s—].
3 2 ¢ g [{qENg (xP xq) 2]
Téntai Ne Nsaocho: N2 Nyvaa(N) 2 N,
Ta cé:

VpeN, (p 2N, = di, )< di,xgy) + dogn, ) S+ =&

v | o
(ST

Ké&t qua tren ching 5 x, —, x, vAkét lugn ]2 X du.
poo

Nhén xét:
1) Phép ching minh trén ching (5 ring, néu (x,),ey 12 mot ddy Cauchy véi 1t
nhat mot gidi han rigng x, thix, » x.

e
2) Déo ciia Ménh dé trén sai; mot bo phan & c6 thé khong compac; ching
han: R 40 (xem Pinh 1y 2 du6i day), nhung khéng compac.
3) Trong trudmg hgp E di ta cé:
Xcompac = Xdéng = Xdb.

¢ | Dinhly 4 (Diéuki¢n cdn va di Cauchy dé mot ham 1y gid tri
trong mot kgvdc da cb gidi han)
Cho X € P (E), a € X, F lamdt K-kgvdc dii, f: X— F 12 mot 4nh
xa. D€ f ¢6 gidi han hitu han tai a,diéu kién cdn va db la:
Ve>0,3V € Vida), V(¥ x" ) € X2,

(<, x") e V= dp(fix), f(x" N £ &),




1.4 Khong gian &0

Ching minh.:
1) Gia thiét fc6 gidi han / tai @, va che £> 0. Tén tai V € Vi(a) sac cho:

Vxe XV, difo. D < %
Khi d6 ta cé:
Ve, ) € ROV, dalfind), f(x" ) < de(fix), D +dell, fx ™) < %+% = &.

2) Do lal gid thiét didu kién Cauchy duge théa min.
a) Via € X néntén tai it nhat mét day (x,),ey trong Xhoi tu dén a.
* Day (f{x,)),en 12 dd@y Cauchy trong F.
Thuc vay, cho £ 0; tdn tai V € V(a) sao cho:
V', x") e X W), dfix).fix") £ &

Sau nifa, vi x, » anéntén tai Ne M sao cho:
FHEQ

YNel, (2N = x,e V).
Nhu thé ta c6:

. pzN 2
V(p,q) € M2, {{q -y = G (X AV = dp(fix,). flx N < e].

® Do {(ffx,)).cr; 1 day Cauchy trong F, vado F du, nén (ffx,)),. ;; hoi tu dén
mot phéin tirf clia F.

b) Cho (¥,).en 18 mot dily (bt k¥) trong X hoi tu dén @, va cho £> 0. Tén tai
V € Vi(a) sao cho:
VX', a" )Y e XAWVY, dfOf(x") < &
Vix, 5 avd y, 5 anéntdntai Ne I sao cho:

. o
£, eV
¥Ne H, [n =N :>{ ] .
yeV
Khi d6 ta cé: YNeld, @mzN = dfix),f(y.)) £ &
chiing t& ting : ddfix) f(3.)) = 0.
HD

Do fix,) — I, néntasuyra fy,) — L
o el

Nhir thé v6i moi day (v,),eq trong X hoi tu dén a, diy ((y,)),c 5 hoi ty dén 1. K&
qué nay chiing t6 {xem 1.2.1, Ménh 4& 3) rdng f ¢6 gidi han ! tai a.

Nhdn xét:
Theo phuong phép tuong ty ta chitng minh duge két qua sau day.
Cho X e P (F) sao cho + » & }]E {bao déng cia X trén dudng thing s6 md& rong
R Y, Flamot K-kgvdc di, f: X — F lamotdnh xa. D& £ ¢6 gidi han hifu han tai
+ w,diéy kién cén va da 1a: .

Ve> 0,3V € Vy(+ o), VX, x") € X%, (X, x") e VI = d{fix). f(x" N < &).

3

4| Dinhly 2
Maoi kgvdc hitu han chiéu déu du.
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Chiing minh:
Cho E 12 mot [ -kgvdc hitu han chidu va (#,),ex; 18 mot ddy Cauchy trong £.
Theo 1.4.1, Ménh dé 1, (i), bi chin: vay ntaiM ]R: sao cho:
VnE‘N, “u,, " <M.
Vi B '(0; M) 1a mot bo phan déng gisi noi cha kgvde hitu han chiéu E, nén theo
1.3.2, He qua, B'(0; M) compac, do d6 di (xem Ménh dé 3).
Nhu thé (u,),¢;y hoi tu trong B '(0; M), do d6 trong E, vata két luan £ du.

Nhdn xét:
1) Tén tai nhiing kgvde 40 nhung v6 han chiéu (xem bai tap 1.4.7).
2') Tén tai nhimg kgvdc khéng di (xem bai tap 1.4.6).

Ménh dé 4 khong thugce chuong trinh.

&  Méinhdé 4  Cho E 12 mot kgvde di, (Fp),e iy 12 mt day gidm
nhiing b phan déng gidi noi khong rdng trong E sao cho diam(F,}) — 0
Jilen)

khi d6 ﬂ F, 13 mot don tit.
neN

Chiing minh:
Taky hi¢u () F, =F.
nel
1) F khéng thé bao gbm hai diém khéc nhau vi:
Yix,y)e F?, YneN, d(xy) < diam(F),
suy ra: Vix,y)eF?, d(x,y)=0, viring diam(F,) —> 0.
n

2) Ta chitng minh ring F khong réng.
Vi méi n thuoe N, t6n tai mot phin tir x, thude F,. Ta s& chimg t thng (x,)ery hO1
tu va gi6i han cha ddy d6 thude F.

« Ta chitng t6 ring (x,),e 12 ddy Cauchy. Cho £> tén tai N € M sao cho:

VNeN, (2N = diam(F)< &)
Véi moi (p, g) thude M2, ta c6:
{p>N:>{xp hrehv d(x,,x,) < diam(Fy) S5
g>N xgeFcFy

Ké&t qua d6 chimg tb (x,),e i 12 ddy Cauchy trong E.

» Do E d0, nén (x.),e ; hoi tu d€n mot phéin tir x thude E.
Ta chiing minh: x € F.

Cho neld; day (x,),2, hoitudénxvhcécic phén tif trong tap déng F,, do do

x € F,. Nhu vay:
X € ﬂFn =F.
neM



1.4 Khdng gian dd

Nhdn xét.
Meénh d€ 4 14 dang tdng quét héa cia dinh 1y v€ cdc doan 16ng nhau trong T (xem
Tap 1, 3.2.2, Ménh dé 2).

Bii tap

¢ 1.4.3  Cho E 13 mot kgvde, F 1a mot kgve cha E; chilng minh ring n€u F hifu han
chiéu tht F dong. :

0 1.4.4 Cho E 12 i mdt kgvde v L = {(x,y) € E% (x) d0c 14p myén tnh}. Ching
minh ring L m& trong £Z.

¢ 14.5%* Chola.h) e *saochoa <hb, EA Rkgv cic 4nh xa Lipschitz tir [a; b]
dén E.

a) Chitng minh rdng N: E - E cho béi:
Vfe E, NO =L+ swp |fx) - £ ‘

eyelat? T

=y
14 mot chufn trén E.
b) (E,N) o6 di khong?
¢ 146* TakfhituU=(zeC; |z| =1} vaN:C[X] — R xdcdinh bdi:
VP e C[X], N(P) = Sup|P(z)|.
U

a) Chitng minh ring N 12 mot chudn trén C(X] .
b} (T [X], N} c6 di khéng?

¢ 1.4.7* Taky hidu I° 14 C -kgv cdc diy (u,),.y thudc C¥ bj chin, duge trang bi
chudn u . "un ; chiing mink riing *12 mot kgvdce da, va khong hitu han chiéu.
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1.43 Phén nang cao danh cho khoa MP* ; dinh 1y diém bit dong

4 , Dinhly (Dinhly diém bit dong)
ChoF € P(E), f: F — Flamdt 4nh xa.
Né&u F dii va néu £ 13 4nh xa co, thi f nhan mét diém bst dong va chi

mét, v véi moi ¢ thude F diy (1), ¢ ry xdc dinh bai:

VneN, u,, =f(u,)
héi tu dén diém bat ddong clia f.

Ta nhéc lai ring:
o x 12 mot diém bt dong cha f khi va chi khi fix) = x.
 f 12 4nh xa co khi va chi khi t6n tai k € [0; 1[ thda min:
Vi,y)e F',  d(fix),f(y)) S kd(x,y).
Ching minh:
1) Néu x, y 12 hai diém bat dong clha f thi khi dé:
d(x, y) = d(f(x), f(y ) £ kd(x, y),
suy ra d(x, y) = 0, do k € [0; 1[. Nhu vay £ chi c6 nhiéu nh4t mot diém bat dong.
2) Ta chimg minh ring (#,),ey hoi tu d€n diém bét dong cla f.
e Tachtng minh ring (,),ey 12 ddy Cauchy trong F. Vi moi n thude N:
Aty ) = A1), [ (1,)) S kd(ityy, 0,),
tir 46 bing cdch 1ap luin truy héi ta dugc:
d(un! HMI) < knd(u{)! l"‘])-
Sau 46 véi moi (p,r) thudc I X N * ta co:

r~1
ity ) < Zd(up+,-up+, D s Zk"“d(uo )
i=0
1- d(uo ul)
d("o ”1)

Cho £>0;vi® ™ 1_}; —> O,néntbntai Ne N sao cho:
=

d(“O’“l)
VpeN, @zN = F_p <o

Khi d6 ta cé: Vip,r) e NxH*, PpzN = du,u,,)<e),
vt nhu the (u,),ey 12 ddy Cauchy trong F.

o Vi F a0 nén (1,),e i h0i tu dén mot phin tir! cda F. Vi flien tyc (do a 4nh
xa Lipschitz) nén ta suy ra dugc: flu) o L

o
Nhung mat khéc thi u,,, — £ Takét luan rang 1) = /. -
[t



1.4 Khéng gian da

n

Ta cln chi § dén céc he thic d(u, D < d{ug, ) va d(u, b <

1-k

£ 1 kk.d(unhl,un) (v6in = 1), von rft o6 ich trong céc phép tinh bing s6.

Bai tap

¢ 148 Cho E ta mdt kgvde hite han chidu, X=B; (0; 1), f: X — XIA mot 4nh xa
1-Lipschitz. Chimg minh ring f ¢6 it nhit mt diém b4t dong.
K&t qui trén day ¢6 con ding nita khong khi £ = R? v3 X=5(0; 1)?
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1.5 Tinh lién thong theo cung

Cho (E, | . |) 12 mot IE-kgvde hitu han chiéu, d 1a khoang céch lién két véi || . |. Ta
c6 thé md& rong d& dang cédc két qua khdo st du6i day cho trudng hop mot kgvde bat
ky,

O day ta goi cung 12 bét ky 4nh xa lién tuc y: [ — E, trong d6 I 1a mot khoang déng
gi6i noi cuacial?, khong réng va khong thu vé mot diém.

Thay cho thult ngi¥ cung, ngudi ta ciing ding: dudng di, cung lién tuc, dudng di lién
tuc.

Vi moi khoang déng giéi néi cia R , khong réng va khong thu vé mot diém déu
déng phoi v6i [0; 1], nén trong dinh nghia trén day ta c6 thé thay 7 béng [0; 1].

1.5.1 Tinh lién thong theo cung trong mot kgvdc hiru han chiéu

¢ Dinh nghia Mot b6 phan A cia E duoc goi 1a lién thong theo
cung khi va chi khi véimoi (x,y) thudc Az, ton tai mot cung
y: [a; b] — E sao cho:
r@=x, y(h)=y A
{Vre[a;b}, yeA

(Ta néi réng ¥ 12 mot cung néi x va y trong A).
Tai day thay cho "lién thong theo cung” ta s& ndi van tit 1a: ltc.

Thidu:

Véi moi 4nh xa lién tuc ¥ - [0; 1] — E, "dudng cong” 1[0, 1]) 12 mét bd phan ltc
cha E.

Chéng han, U= {z € C; lzl =1} 12 mot bo phan ltc cia € , vi U = ¥ ([0; 1), trong
dé:

r: [6;1] = C
t B expimt)

¢, Ménhdé 1
Moi bd phén 16i cta E déu lién théng theo cung.

Chiing ta nhéc lai ring mot bo phan A clia mot K-kgv E duge goi 1a 16i khi va chi
khi:
Y(x,y) € A*> Vte [0;1], tx + (1-f)y € A.



1.5 Tinh lién théng theo cung

Chiing minh:
Cho A 12 mot bd phan 18i cla E vi (x, y) € A% Vi A 16i nén véi mai £ thude [0; 1],

tx + (1-0)y nam trong A, va 18 rang ladnh xa y: [(;1] — A lién tug, do dé
= x(l-ny

12 mot cung ndi x va y trong A.
Nhu thé A lic.

¢ | Dinhly 1
Cic b6 phan lién thong theo cung cha T 1a cdc khodng,

Chitmg minh:
1) Vimoi khodng cia R déu 1a mot bo phén 16i cia & nén theo Ménh dé
trén day,moi khodng cha & déu ltc.
2) Péo lai gia sir A 2 mot bo phén ltc cha [ .
Cho (x, y) € A”. Téntaimét cung »: [0; 1) —> A néix vdytrong A. Theo dinh ly
vé céc gid tri trung gian (Tap 1, 4.3.3, Dinh 1¥), ¥ ([0; 1) 12 mot khodng cda E . Vi
khodng dé c6 chita x va y nén ta c6:
[« y} < (0, 1D < A,
vi nhu vay A 13 mot bo phan 16i clia F | do d6 1a mot khodng.

¢ Ménhdé 2 ChoXe B(E), AcX Flamoét Z-kgvde hitu han
chiéu, f: X — F1amot dnh xa.
Néu A lién thong theo cung va f lién tyc thi f{4) lién thong theo cung.

Chuing minh:

Cho (u; v) € (ftA))*, tdn tai (x, y) € A saocho: u = fix) vav =f{y).

ViAite nén tén tai mdt cung  y: [0; 1] = Asaocho: y(Q)=xva:y(l)=y
Khidé foy : [0;1] —» F/A) lmdtcung (vifva ylign tuc, do dé foy ciing litn
tuc) ndiuvav,viu =) =frOM)= for)0)va v= (foy)1).

Thi du:

V&i mot khoéng fchaR vamoidnhxalisntuc f: J — E, “dudng cong" f7) 1a mot
bo phén lic cha E.

Chéng han dwdmg parabol {(x ) € &% y* =x} 1a mot bo phan ltc cla R? vi d6 12
dnh cia B (vén ltc) quadnh xa litntue f: R - R2

y 2ol
Nhdn xét:

Nghich anh ctia mét bo phan ltc qua mét dnh xa lién tyc c6 thé khéng ltc, chang han
nhut trong thi du:
fi R > R2 ,B=llL+o[XR.
Yy BoGhy)
trong thi du nay thi B ltc (vi 18i trong &%), ntumg £ “'(B) khong ltc, vi:
FiB=]-o-11C[1; +=f.
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4 | Pinhly 2 ("Pinh 1y gia tri trung gian")
Cho A € P(E), f: A > R lambt 4nh xa.
Néu A lién théng theo cung va f lién tuc thi £ théa man dinh 1y gid tri
trung gian, nghia la:
{18y moi gid tri thuc giita hai s6 thue ma ham s dé dat t6i.
Chitng minh:
Vi A ltc va flién tuc, nén f{A) Itc, va do f{A) 1a mét bd phan lic cia [, nén

f{A) 12 mot khodng cla R .
m

Nhdn xét:
Dinh Iy trén day téng quit héa dinh Iy cic gid tri trung gian d4 biét trong Tap
1. 4.3.3, Dinh 1y.

Céc Ménh dé 3 va 4 dudi day 1a phin nang cao danh cho khoa MP*.

¢ Ménhdé 3 ChoAde P(E)LP c A

Néu A lién théng theo cung va néu P khong réng, md va déng trong A,
thi P = A,

Chiing minh:
Ta 14p luén phén ching: gid thiét P = A,
Khidéténtai x € P vd y € (,(P),vado A lic nén t6n tai mot cung
y: [0; 11 > Asaocho {0)=yva 1} =x
Xét ham dac trung cua P: At A = ii3 .
1 néu ueP

¥ |0 néuueP
Vé6imoi bophanmé 2 cha®R, X',(£2) 1a motbo phin md clia A, vi
X 'p($2) 1a mot trong bén tap hop X x((0, 11, A 7({0]), X ({1D),
X 1| DY), theo thit t 14 cac tap hop A, P, [, (P), @.
Ta suy ra ring X, lién tuc, do d6 4nh xa hgp: Xoy: [0; 1] — R lién tuc.
Nhung X0y 14y gid tri trong {0, 1}, vA (A oy )(0) =0, (Xroy)(1) =1, méu
thudin vé4i dinh 1y cdc gia tri trung gian.
Takétluan: P=A.
Xem thém 1.5.2, Ménh dé 6.

¢| Ménhdé 4 ChoA e P(E),F lamotkgvde,f: A—> Flamot
4nh xa. Néu A Itc va n€u f 12 4nh xa hing dia phwong, thi f 14 inh xa
hing,.

Mét dnh xa f: A — F goi la 4nh xa hiing dia phwong khi va chi khi: .



1.5 Tinh fién théng theo cung

VYac A, IV e Vi(a), Vxe 'V, fix)=fta).

Chiing minh:

Cho x, € A; taky higu P = £'({fix,) }).

Do f liéntuc, vavi {ffx,)}1a mdt bo phan dong cua F, nén P 13 mot bo phin

déng cha A.

Mat khdc ta ching té ring P 13 mot bo phin m& caa A.

Cho x € P. Vif 14 dnh xa hdng dia phuong, nén tén tai V € 14{x) sao cho:
VyeV, J0) = fix).

Khi d6 ta cé: ¥y eV, Jiy} = fix) = fixo),

suyraV c P.

Két qua ndy ching td réing P 1a 1an cén clia moi diém cia né, do dé mé trong

A.

Do P khéng réng (x, € P) vi md vi déng trong A, nén theo Ménh dé 3,

P = A, va nhu vay f1a 4nh xa hing trén A.

Bai tap

¢ 151  Ching minh ring trong moi kgvde, tat cd moi qui cdu mé vi 1t cd moi qua
céu déng déu lien thong theo cung.

0 1.5.2  Cho mot thi dy v& hai b6 phan A, B clia IR sao cho: A déng phoi véi B, R - A
lién théng theo cung, B - B khong lign thong theo cung.

¢ 1.8.3  Cho £, F 1a hai kgvde hitu han chién, 4 € P (E), B € 9 (F). Chitng minh:
a} Néu A va B lien thong theo cung thi A x B lién théng theo cung.
b) Néu A x B lién théng theo cung va 4, B khong rfng, thi A vi B lign théng theo cung.

0 1.54 Cho (4,),c; 1a mot ho nhitng bd phan clia moét kgvdc hitu han chifu. Ta gid
thi€t ring moi A, déu lién thong theo cung va tén tai iy € J sao cho vdi moi i thuoc /,
A W A# . Chufng minh ring UA; lién théng theo cung.
ief

Thidw: (RxQ)u({0}x ) li&n thong thee cung.

7-GTTT3-GT3
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¢ 1,5.5 Cho E 12 mot kgvdc hite han chién, A A mdt bd phan lién thong theo cung clia
E, f: A = (0,1} 12 mdt 4nh xa lién tyc. Chimg minh ring 12 4nh xa hing. (O day
{0, 1} dugc trang bi khodng cdch cam sinh béi khodng cich wén | ).

1.5.2 B4 sung: tinh lién thong
Cho (E,| . |) 12 mot I-kgvdc, d 1a khodng céch lién két voi || . |

4 DPinh nghia
Mot bo phan A cla E dugce goi 12 lién thong khi vA chi khi cdc b
phan duy nhdt clia A vita m& vira déng trong A 1a & va A,

Céc tinh chat sau day d6i mét tuong duong v6i nhau:
(i) Alién thong
(i) V&imoibdphinmd U,V clia A:

U=A
UuV=A
=> |hay
UnvV=00 ’
V =4
FuUG=4 F=4
(ifi) Vi moi bd phan d6ng F, G clia A: "7 = |hay
FnG=0
G =A
AcUwV AcU
(v) VéimoibéphanmdU,VchaE: {°C = |hay
UNVnA=0
AcV
ACFuUG Ack
(v) Véimoi b phén d6ng F, G cia E: < hay .
FAGnA=¢ AcC

Thue vay, céc bo phin md (tudng ing: déng) clia A 1a cdc vét clia A trén céc b phin
mé& (twong ing: déng) clia E (xem 1.1.5, 3)).

4| Ménhdé 1 Mot bo phan A ciia E 12 lien théng khi va chi khi
moi 4nh xa lién tuc tir A dén {0, 1} ddu 12 4nh xa hing.

3 day {0, 1} duge trang bi chudn cim sinh bii khoang céch thong thudmg trén T.

Chimg minh:
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1) Gid thigt A lién thong, va cho ¢ : A —> {0,1} 1a mot dnh xa lién tuc. Vi {0}
va {1} déu 12 nhimg b® phan d6éng cta {0, 1}, nén F= ¢'({0}) va G = e W{1Ha
nhitng bd phan déng cia (0, 1}. Hon nita FO G = A va Fn G = &. Do A lién thong
néntasuyra F=A hofic G=A,ticla p=0hoic p=1

2) Gia thiét A khong lién thong. Tou tai hai bo phin déng F, G cia A szo
cho:

FuG=A, FnG=0, FzA, G=A

Anhxa p: A — (0,1} lién tuc, vi cdc nghich dnh cha cdc bo phan déng cha
0 néuxeF
X 2l nfuxeG

{0, 1} (d6 Ia c4c tap @, {01, {1}, {0,1)) 1a nhimg bo phan déng (2, F,G. A) cha A,
va ¢ khéng phai 12 4nh xa hing.

¢ | Ménhdé2 Cho A, BlahaibophinciaE.
Néu A lién thong vanéu A = B A thi B lién theng,
Chitmg minh:

: . , Bc UG
Cho F, G 13 hai bo phan déng clta E thoa mén:

FAGnB=0

Khidé Ac FUG vd FnG A =@, do A lién thong nén ta suy ra:
Ac F hoicAc G .

Néu chinghan A Fthi Bc Ac F=F.

¢, Héqua
V&i moi bd phan lién théng A cha E, A lien thong.

Nhdn xét:
1) C6 thé xdy ra trudng hop A khong lien thong v A lien thong; ching han:
E=R, 6 A=R*

2) C6 thé xdy ra trudng hop A lién théng va A khong lién thong; ching han:
E=R, A=&R*xR)v {(0,0)}.
Trong thi dy nay A lién théng vi A ¢6 hinh sao ddi véi (0,0), do d6 lien théng theo
cung.

¢ Ménh de 3 Cho (Ai)iE I 1a mot hO nhi_']jng b@ phan cha E.
Viel, A liénthéng

l thi . 1ié ,

Neu {Hioe!,Viel,AiDmA‘.;t@ » UAy ién thong

il

Chitng minh:

Taky higuAd = UA,- ;cho ¢:A - {0,1} 12 mdi dnh xa lién tyc.
iel
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Vé&i mbi § thude [, Pl A; — {01} lién tuc; vi A lién thong, nén ta suy ra
A x b e

ring P 4, 13 4nh xa hing (xem Ménh dé 1).

Nhung (Viel, A4, NA; # @y, néntasuyra: Yiel, @iA‘_ = golA_ , vaa cufi cling

ta suy ra dugc ring @ 13 4nh xa hing. .
Theo Ménh d€ 2, ta két luan ring A lién thong.

4| Hequd Néu (4);c; 13 mot ho nhimg bo phin lien thong cla E sao
cho )4 = @, thi )4 tien thong,

icl iel
Thi du: {(x,ax); (x,6) € £ X T} 1h mot bo phén lién thong clia 2,

Nhdn xét:
Giao cfia hai bo phan lién thong A, B c6 thé khong lién thong, chang han:
E=R, A=(xE,)-{00), B=(xE)-{00).

&, Ménhdd4 Cho Ae P(E), Flamotkgvde, f: A - Flamét
&nh xa. N&u A lién thong va flién tuc, thi f{A) lién thong.

Chitng minh:
Cho ¢: A > {0.1} Ia mot 4nh xa lién tuc.

Anhxaw: A - (0,1} lien tuc; do A lién thong nén ta suy ra ring y la 4nh xa
x P elfD

hing. Khi d6 1 rang Ia @ 12 hing. Ta ket ludn rang fA) lién thong (xem Ménh dé 1).

¢ Ménh de 5 Cho n e N¥, E,, ..., E, lanhimg kgvde, A;1a mot

: n
b6 phan khong réng ciia E; (1< i < n). D€ HA,- lien théng, diéu kién
i=1
cdn va di 14 A, lién thong véi moi i thuge {1,..,n}.

Chitng minh:

n
Takyhieua =] ] 4 -
i=1
1) Gia thiét A lién théng; véi moi i thude {1,...,n}, A;=pr,(A}]a anh lién tyc
cha mdt tap lién thong, do d6 lién thong.
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2) Po lai, gid sir A, . ..., A, lién théng. Anh xa ¢: A — {0,1} 1a mot 4nh xa

lién tuc, va
a={a,..a)ycA, b=(bh, .. b)eA
Anhxa ¢, a, ...a) : A > {0,1} [ién tuc va A, lien thong, do d6
HoP @lxy.az,...4,}
. , a3, ..., a) 12 dnh xa hing; ndi riéng @a,, ay, ..., a,) = &b, au, ..., @,).
M6t cich tuong t, fnh xa @by, ., a5 .. a,): A — {01} 1 4nh xa
x3 = @lbaayeaay)

hiing, tir dé suy ra @(b,, @, ... a,) = @b, b,.a., ..., a,).
Béng cdch lap lai thil we ndy, ta suy ra ring ¢{a) = @b}, chimg 16 ring @ 13 hing,
Cudi cing ta két ludn A lién thong.

¢ | Ménhdé 6 Néu mot b phan A cia mot kgvde E 1a lién thong
theo cung, thi A lién théng.

Chitng minh.

Chopg:A —» {01} lamotdnhxalientucvd {(x,y) € A% Tén tai mot cung
yilay&] = En6i xvaytrong A, Anh xa goy :[a; b] — {0,1}] lién tuc trén bd
phan lién thong [a; &] cda [%, do d6 12 dnh xa hing (xem 1.5.2, Ménh dé 1), néi riéng

@ (x) = (popda) =(poy)(h) = ¢ (y), vd nhir thé p 12 hing.
Két qua nay ching 16 (xem 1.5.2, Ménh dé 1) ring A lién thong,

Nhdn xét:
Mot bo phan A clia E c6 thé lién théng mi khong Y
litn thong theo cung; didu ndy doc gid cd thé
kiém chimg lai bing cich 14y £E=F2 v ldy A 1a
hop cha duimg cong c¢é phuong trinh cuc la

1/8

p==c
vh dubng trdn c6 tAm O va ban kinh 1.

we[%;m])

=y

Tuy nhién ta c6 Ménh dé sau.

4 | Ménh dé 7 Néumot bo phan A cia E 13 tdp m& va lién thong, thi A
lién théng theo cung.

Chitng minh;
Trutmg hop A = & 12 tAm thudmg; vy ta gid thi€t A = 3. Tén tai x € A; xét tap hop
T, cdc phn tir y cha A ¢6 thé n6i v6i x bing nhitng cung trong A ( I goi 12 thanh
phdn lién théng theo cung trong A cla x).
1) Ta chifng minh rang I, md (trong E va trong A).
Choy e I, ; tbntai mdt cung y: [a; b] — E sao cho:
{r(a) =x,  ylby=y
Yee[ah], yt)ed
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ViAménénténmi r > Osaccho
By:r}c A,
Cho z € B(y; r) ; y ¢6 thé n6i trong A véi z
bing cung
¥ [b+1] — E
t o (l-rebyy+(1-b)z
R& rang réng 4nh xa
vy & lab+1] —

E
y{) nfu relab]
f =l néu relbibl]

i4 cung ndi x va z trong A.
Ké&t qua ndy chimg 16 ring By, < I,
I, 1a mot lan c4n cita moi diém cla né, vay 7, mé (trong £, do d6 trong A vi rang A
13 mot bo phin m& cla E vido I, C A) .

2) Ta chitng 16 ring I, déng irong A.
Choye }_x {bao déng clia I, trong A); 16n tai r > 0 sao cho Bx(y; 1) C A.

Do ye I, néntacd Be(y; NI, # Q5 vaytdntaiz € By, N 1.

Vi riing x v z ¢6 thé néi v6i nhau bang mét cung thuge A, va ring z va y ciing c6 thé
néi v6i nhau bng mot cung thudc A (nhu & 7)), nén x vi y ¢6 thé ni v6i nhan bing
mot cung thudc A, vadodéy € 1.

~ K&t qua nay chimg t& F_x =TI ,vadod6 I, déng trong A.

3) Nhu th€ 7, 12 mot ho phan mé va déng clia A, khong réng (x € I} viA
lién thong nén ta suy ra 7= A, tic 12 moi a thugc A ¢6 thé ndi véi x bing mot cung
thuoc A. Vay ta c6 thé nGi hai diém bét ky clia A bang mot cung thuge 4, bing cich
n6i chiing v6i x. Cudi cing thi A lién thong theo cung,

Bai tap

0 1.5.6 Cho E 11 mot kgvde, X e P (E), x 1a mot ¢iém co 14p cdia X sao cho X# (x}h
chitng minh ring X khéng li¢s thong,

Q 1.57 Cho Ela mdtkgvdc, A € P (F), € 12 mot b6 phan lién thong cla E; ta gid

thi€t vhng C ~ A # @ v C N [g(4) # D. Chimg minh: € 8 {A) =D,

0 1.5.8 Cho E [3 mot kevde, X 13 mot bo phan lien thong cia E, A < X sao cho A # &
vi A = X Chimg minh: 8 (A) # &, & d(4,0x(4)) = 0. (3 day & (A) chi bien clia A
trong X}.



1.5 Tinh lién théng theo cung

0 159 Cho E1a mot kgvde, X € P (E) sao cho véi mei (x,y) thuoc X' tén tai mot by
phan lién théng C ciia X théa man: x € C va y € €. Chung minh ring X1ién thong.

O 4.5.40 Cho E 12 mot kgvdc, X1a mot bo phan lién thong khong gidi ngi cla E, a € X,
r € R ; ching minh ring {x € X, d(a; x) = r} khong rdng.

1.5.3 B6 sung: Thanh phén lién thong

¢ Dinhnghia1 Cho A € B(E), x € A. Thanh phén lién thong cua

x trong A, & day'ky hiéu 1a C4(x), 1a hop cha cdc bo phan lien thong
cla A ¢6 chifa x:

caw= |J ¢

xeCcA
C lizn thong
¢ | Ménhdé1 Cho A € P(E), x € A; C4(x) 1a bo phén lién thong
16n nhit cha A 6 chia x.
Chitng minh:

1) Theo dinh nghia, C,(x) 12 hop clia mot he nhimg bo phan lién thong cd
chifa x, do d6 c6 giao khong rdng. Theo 1.5.2, H& qui, C,(x) lien thong.

2yxre C{x)vi {x} cd mit trong cdc bo phan lién théng chifa x va bao ham
trong A.

3) V&i moi by phan lién thong C clia A ¢6 chida x, tac6 C < Culx), vithng C
¢6 miit trong ho chi 58 ciia hop xéc dinh nén Cy(x).

4| Ménhdé2
V6i moi bo phan A ciia E va moi x thudc A, C4(x) dong trong A.

Chung minh:
Cax) 4(x) (bao déng clia C,(x) trong A) 12 mot bo phan lien thong cia A (xem 1.5.2, He

qua) c6 chia x, tirdésuyra Cy (x) < C,(x), va C,(x) déng trong A.
4 Dinhnghia2 Thanh phin lién thong ciia A 13 c4c thanh phén lién
thong trong A cia céc phin ti cia A.

Thi dy:
E =R, A=]0; 1} [2; 3]; cic thanh phin lign thong cia A 12 ]0; 1} va 12; 3.
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96 Chuong1 Khong gian vectd dinh chuén

¢ | Ménhdé3 ChoA e P(E). Quan hé R, xéc dinh trong A bdi:

X ;QA Yy & y e CA(I)
1a mot quan hé tvong duong, va céc 16p tuong duong 13 cic thanh phin
lién thong cha A. ‘

Chitng minh:

1) Tinh phdn xa
Ta d4 théy: Yxe A, xeC,x} (xem Menhdé 1).

2) Tinh d61 xiing
Gia thi€t x R, y ; c6 nghia la y € C(x). Cdc bg phan C,(x) va C,(y) déu lién thong vi
¢6 chia y, do d6 (xem 1.5.2, Hé qud) C,(x) © C,(y) lién théng. Nhung C,(y) 1a bd
phén lién théng 16n nhit clia A c6 chida y, tit d6 suy ra ring C,(x) v C,(») < C,(»),
tic la Cux)c C ) ndirigngx e C ), iclay R, x.
Chiing ta vira chilmg minh hon nifa ring:

xRy = Cin=C0).
3) Tinh bic cdu

{x Ry {C”‘(x):c"(y) = G0 =Ce) = xRy z
YRy z Ca(y)=Cx(2)

Bai tap

o 1.5.11 ChoE Flahaikgvdc,Xe P (E), Y e P (F).
Ta gid thiét ring X va ¥ déng phoi v X ¢6 mot s6 hifu han n thanh phin lién thong,
chimg minh ring ¥ ciing ¢6 ding a thanh phén lien thong,

& 1.5.12 Trong bai tip ndy ta s& sir dung k&t qua ciia bai tap 1.5.11.
a) Chitng minh ring [0; i1, [0; I[; ]0; 1[ (12 nhilng b9 phan ciia B thong thutmg) doi
mot khong déng phoi,
b) Chiing minh réng bSn bé phin sau day cia B {doan, duéng trdn, hinh chit thap,

hinh hoa thi):
L/
A

d6i mot khong déng phoi.



1.5 Tinh lién théng theo cung

1.513* ChoX={(0ys ye[-LO[wIn i}y {[l,y]; ne N*,ye[—l;l]}.
n

Ching minh ring thanh phén li¢n thong clia a = (0,1) treng X khic véi giao cla céc b

phan clia X, m& va déng trong X, va ¢d chifa a.

1.5.14* Thi du vé cdc tdp hop lién thong vi khd}zg lién thong theo cung

2

a)X= {(x,sin—]; xep;l]}u ((0) x{-1; 1]}
X
= {(xLs) (x,n)E[Ct2l><N*}U 121 (011)

) X= {[l,y]; (n,y)EN‘x]R} V] {(x.n); nelN* va —I—stl}u([{]} XR).
n n+l n

1545  Cho£=C((0: 11, R ) duge tang bi chudn | . | . £ 12 tp hep céc dom dnh

lien tyc tir {0; 1] dén R , 1, (twong tmg: 1) 13 tdp hop chc 4nh xa lién tuc ting {luong
tng: gidm) nghiém ngdt tr (0; 11 dén K . Chéng minh ring 7 ¢6 hai thanh phén lién
thong, 1a 1, vd[.
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98 Chuong1 Khang gian vectd dinh chuén

1.6 Khong gian tién-Hilbert

1.6.1 Tich v6 huéng

4 Dinh nghia1
1) Trudong hgp khéng gian thuc
Cho E 12 mot E-kgv; tich vo huéng trén E 12 moi anh xa @ E SR
thoa man:
Q) Viny) eE, o= o) (¢ 461 ximg)
Gi) VAel,Y(x,yY)e B, oAy +Y) = Ay + gxy')
_ (¢ tuyén tinh 44 voi vi tri thir hai)
(iiiy VYxek, Pxx)z0
(ivy Yxek, {(gxx)=0 & x=0).

2) Trutmg hop khong gian phiic
Cho E 1a mot C-kgv; tich vé huéng (hay: tich vo huéng Hermite)
trén £ 12 moi 4nh xa ¢: E* -» C thda min:
M Vi yeE, pyx= ek (p cbiinh doiximg Hermite)
(i) VAeC,Y(yy)e B3, oledy +y )= Agxy)+ oxy’)
" (@ tuyén tinh ddi v6i vi tri thi hai)
(iii) vxe E, @xx) el
@iv) VxeE, (fxx)=0 < x= 0.

Nhdn xét:
1) Néu ¢ 12 mot tich vd hutng trén R-kgv E, thi:
vieR,Vix x,y) e B, plAx +x‘.y)=¢(y.ﬁ.x+x‘)=).qp(y,x}+ oy, X}
= Aplx,y)+ o\
Ta néi rAng @ tuyén tinh A6i v6i vi tri thir nhat. DE bidu thi ring @ tuyén tinh dci
v6i céc vi tri this nhét va thid hai, ta néi @ song tuyén tinh.

2) Néu @ 1a mot tich vo huéng tréen C-kgv E, thi:
YAe C,¥Vixx'\y € E, plAx + X' ,y)= ey Ax+x") = Ag(y,x)+@(y,x)
| = 2@ y)+ 9.
Ta néi ring @ bén-tuyén tinh A6i voi vi tri thix nhat. Dé biéu thi ring ¢ bin -tuyén

tinh d&i v6i vi tri thit nhdt v2 tuyén tinh d6i v6i vi tri thit hai, ta néi ¢ song tuyén
tinh rudi.

Khi @ Fa mot tich v hudng, thudng ngudi ta ky higu (x | yyhay <x,y> hay x.y
thay vi @ (x, ¥)-



1.6 Khang gian tién- Hilbert

¢ Binhnghia 2
1) Néu @ la mét tich vo hudng trén [F -kgv E, thi 4nh xa
$: E > R
x P elxx)
duge goi 1a dang toan phuong lién két véi .
2) Néu pla moét tich vo hudng trén :Z-kgv E, thi dnh xa
¢: E - R
x = elxx)

duge goi 13 dang Hermite lién két véi ¢ .

Vi cdc ky hiéu trén day, ta bidu thi; :
o diéu kien (iii) Vx e E, Kx)z0 bdi : ¢ duong
» diéu kién (iv) Vx € E, {plex)=0 < x=0) boi:¢ xdcdinh.

Nhu viy mét 4nh xa ¢: E2 = & (twong dng: ¢ : E2 —> T) 12 mét tich vo hudng
trén E khi v chi khi ¢ song tuyén tinh d&i xing  twong ing: tua song tuyéa tinh c6
tinh chat d4i xitng Hermite), va dang toan phuong (tuong tng: dang Hermite) ¢ lién
két véi ¢ 1a x4c dinh duong.

¢ Dinhnghia3 _
1} Moicip (E, @), trong d6 E 1a mét E-kgv (tuong tng: i -kgv) va ¢
14 mot tich v6 hudng trén E, dugc goi 1a Khong gian tién-Hilbert thuc
(tuong Gng: phikc).
2) Moi khong gian tién Hilbert thyc (twong ng: phitc) hitu han chiéu
dugc goi 12 khong gian Euclide (twong ing: khiong gian Hermite).

Thi du:
1) Tich v6 huéng thong thudmg trén K7, n e F¥*,
Anh xa ¢ : (F"* 5 K xéc dinh bi: @ ((xgyeees X0 )y Lo Y ) = Zzyk

k=1
12 mét tich vé hudng trén K", goi la tich vé huéng thong thudng (hay: chinh tic)
trén "

2) Tich vo huéng chinh tdc trén M, (K}

Nhic lai
e M, (I0) Ia IZ-kgv céc ma trén n hang, p cft va véi he s6 thude IK.
* VG A= (a,j)lsim € M, ,(I5), ky hiéu A* s& chi ma tran chuyén vi-lién
1sjsp

. . . - —
hop clia A, xdc dinh bdi; A*= A = (aﬁ)lsjsf) e M, ().
1sisn

Chi ¢ ring néu K = [, thi A* = 'A 1A ma trén chuyén vi cia A.
Ta ¢6 cic cong thifc sau:
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100 Chuong 1 Khéng gian vectd dinh chuén
(A+By*=A* +B*, (ABy*= B*A*, (JAy= AA%, A**=zA
o V6 M=(m;)siys, € M) = M, (KD, vét cia M , k¥ hieu [a te(M), 1
phin tir cia K x4c dinh béi: tr(M) = Z m .
i=1

Ngudi ta dd chiing minh céc cong thic sau:
tr(A+B) = tr(A) + tr(B), tr(1A) = Atr(4), r(AB) = tr(BA), tr( A*)= tr(A).

Xétanhxa: ¢ M, ,K)»* > K
(AB) - T(AYE)
(@ A(BA) = tr(B*A) = tr((A*B)*) = r(A* B) = ¢(A,B)
(ii) AA, AB+B’) = ((A*(AB + B")) = tr(1A*B + A*B’)

= AUr(A*B) +tr{ A*B" ) = Ag(A,B) + ¢(A,B")
(iii) Ky higu A =(g;};.1acd:

A A) = t1{A*A) = i i:a;ja_;jl = Z |a§l elk,.

i=1 | j=1 lsisn
1sjsp
(ivy Tuongtytacd: ¢A4,4)=0 < Z|afj|2' =0
: ¥,
< (Yip e (L., nlx{l..p} =00 & A=0

Nhu thé @ 12 mot tich v6 hudng wrén M, ([0 ), goi 1A tich v huéng chink tdc tren
M, (K). '

H.
Tich v6 hudng chinh téc tréen M, (K. Y hoac M, (07 ) chinh la tich v6 huéng thong

thudmg trén K *, sai khéic v& cdch k¢ hiéu. N6i cdch khac thi thi du 2) 1a dang tdng
quét cha thi dy 1).

3 Cho(ub) € RPsacchoa<h, va E = C(la; A1), 12 ) 12 T ~kgv cdc dnh xa tién tuc
tir [a,; H] d€n K . Xét dnh xa @ E2 5 K

{f) f}',g
G) elef)= _Eéf = J:?_g = Jj?g = o(f.8)
(i) ¢ff, Agy+ 8= Ef(ﬂgﬁgz) =2 E?& + J:)?Sz = A¢(f, g )+ oS, 80

(i) of.f)= f?f = _E[f|2 R,

(ivi @ff)=0 & f|f|2 =0 < f = 0,viflién tuc (xem Tap 1,

6.2.5, He qua 4).
Céc k&t qua trén chimg to @ 1a mot tich vo huéng trén E.



1.6 Khéng gian tién_Hilbert

4) Tdng quat héa thi du 3)

Vi che k¥ hiéu nhu & thi du 3), cho p € £ sao cho:

Yrelab], pxyelR,

Ix e{a;b]; p{x) =0} hitu han (hoic, tdng quét hon, .

¢6 phén trong réng)
Anh xa o, E° 5 K I mot tich vo6 huéng trén E. That vy, cdc didu
(fe) = ?
&

kién (i), (ii), (iii) 16 raing dugc thdéa man nhu trong thi du 3), v néu f e E thoa
man @(f. f) = 0, thi khi 6 |f]%p =0, do d6 ftriet tieu trén [a; bl, c6 thé ngoai

trir tai mot s§ hina han diém {céc khong diém clia p), suy ra f (riét tiéu trén
|a; ] do tinh lién tuc.

5) Phién ban khic cha thi du 3}

Ta ky hi¢u tap hop cdc dnh xa lién tuc tir |0; + | dén & va kha tich trén
[0:4 0 [ F.

Vi moi (f,g) thude E , fg kha tich trén [0; + oo [ (bdt déng thic Cauchy-
Schwarz, Tap 2, 10.2.2, Ménh dé 7), va énh xa:

P E? - R
(fg) = E Flx)glxidx
1& mdt tich v hudng trén E.

6) Taséthdy (3.3.4,4)) ring t4p hop / ? cdc day (w,),c v VvOi phdn tir thuc £ sao
cho chudi Z|u,,|2 héi w, 1a mot F-kgv, vi dnh xa ¢: (/?? > K, xéc dinh boi

nzl
40

P drens V)en ) = Zav,, , 12 mot tich v6 hung trén /2

¢

n=0

Ménh dé Cho E 1a mot I-kgv, ¢ 12 moét tich vo hudng trén E, ¢
1a dang toan phuong lién két véi ¢. Ta c6:

) Y(np)e G VA o A) R, V(W o p)e TP,
V() o X) € By V() o V) € B

@ Z%xniﬂj}’j = ZZ#}‘P(%)';)-
i=l

j=1 1gi<n
I1gjzp

D VO, ) e KA Yy e E,
d0x + ) = | 412 900) + 2Re(A pgpey)) + | ] ).
3) VAelD,VxeE, fid= |1 %600.
4) V(ry) e o d(x+ y) = ¢(x) + 2Re(@(x,y)) + ¢
5) Vny) € ES i+ 0+ dlr-y) =20 + ¢,

10
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Chiing minh:
1) Bing 1ap luan quy nap theo n,ia théy:

4] H
vYe E, Q{ZZII‘,Y] = ZI'L,;D(X,,Y),
i=1 i=1
] " _
tir d6: @ Zﬁfx;,iufy; = ZMD Xi» 2 HjYj
i=l i=1 =1

et
" — —
= Z’ls’ iﬂj?’(xivyj‘) = 2 At jp(X;5¥5) -
i=1 = 1<igp
1£5<p

2) Day la trudmg hop déc biét cha 1).
3) va 4) Nhiing trudng hop dic biet cla 2).

{¢(x+y> = ¢(x)+ 2 Re(p(x, YN+ $(¥)

, toicong lai.
$(x - y) = $(x) — 2Re(p(x, y)) + $()

Néu (E, ¢) 1a mot khong gian tién Hilbert thue vd ¢ la dang toan phuong lién két
v6i ¢, thi véi moi (x.y) thuge E%, ta cé:

e, ) = %(«xw)-«x)-«yn W)= ¢ (G- Hxe

Hai cong thitc trén day, dugc goi 12 céc hing déng thic déi cye, ching tb rang ¢
x4c dinh hodn toan @, @ duge goi 12 dang déi cuc ciia ¢
D&i véi tnrdmg hop phite, xem bai tap 1.6.1.

1.62 Cic bat ding thitc va cic chufdn Euclide

4| Dinhliy1 (B4t ddng thirc Cauchy-Schwarz)
Cho (E, ¢) 1a mot khong gian tién-Hilbert, (x; y) € E2 : ta co:
Lo, 12 < ot )0, »)-

Chitng minh:
1) Trudmg hop khong gian thyc
Ta cé: Yie R, gx+iyz0,
suy ra: YAe R, @nNAl+2px+y) A+ gx) 20

e Né& g#y)#0thitam thic 2 — HNA + 29 (x +NA + Px) s 2 0 rén
E, do d6 co bittthic €0:  (¢fx ) - Hdy) = 0.

s Néu gy)=0thiy=0bat déng thic cén ching minh 1A hién nhien.

2) Trudmg hop khong gian phire
Ta c6: Yiel, Hx+in)20,

suy ra: Yiel, ¢(y)lll2 + 2Re(Ag(x +y)) + (x) 20.



1.6 Khéng gian tién-Hilbert

1

e Gid thiét gy)= 0, vh 4p dung bt dang thifc trén day cho A= - ‘i";f,;’) :
Y

loy . |oGeyf
) -2
BON? ¢

tir d6 suy ra: - oo |2+ gy =zo0.
e Néu gy)=0thiy=0,bst dlng thitc cdn chimg minh 14 hién nhién.

+ ¢(x) 20,

Nhin xét:
Dinh 1y trén 12 dang t8ng quét cla bés ding thitc quen biét |}§] < ||;|“[3)u trong T2
théng thudmg.

¢| Ménhdé1  (Khao sit trudng hop ding thirc trong bit ding
thitec Cauchy-Schwarz)

Cho (E, @) 1a mét khong gian tién-Hilbert, (x, ¥) € E2 ;tacé:
| ox, y) 12 = ox, )Xy, y) <> (x,y) phu thudc tuyén tinh.

Chimg minh:
1) Gia thiét (x, y) phu thudc tuyén tinh; ching han gid s téntat a € X sao cho
ax. Khi dé ta cé:
| px, W12 =l otr, a0 |2 = aptx, 0|2 = | al g

va g, ey, y) = dodax) = L al (@)% 1 d6 suy ra ding thitc cdn chimg
minh.

2) Dio lai, gid thiet: | px. )12 = oz, Doy, y).

s Néu y = 0 thi (x, ¥) phu thude tuyén tinh.

o Gidthi€t y=0(dods &y) =0). KY hieu 1o = -‘”_;’(‘;;’2 , theo cc bién
¥
ddi trong phép ching minh bét ding thic Cauchy-Schwarz, ta c6:

#x + zuy)—m(«xmy) | gx, »1?)=0,

tir d6 suy ra: x+ Ay =0, (x,y)phu thudc tuyén tinh.

4| DPinhly2 (B4t ding thitc Minkowski)
Cho (E, @) 12 mot khong gian tién-Hilbert, ¢ 13 dang toin phuong lién
két v6i ¢; ta c6:
1 1 1

Vi y) € B2 (a+y)? < @) + GON?2 .

Chiing minh:
! 1 1 1
(Blx+yN? < B +FON? @ Hx+y) € Hx)+2(xPON? + K y)
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104 Chuong 1 Khéng gian vectd dinh chusn

1 Refep(x, ) <0,
< Re(@(xr, ) <€ (Fx)(y)2 o b {Re(qa(x,y)) 20
(Re(@(x,))? < $(x)p(y)
Theo bdt ding thic Cauchy-Schwarz:

Re(plx, P < lpte »12s gogy),
cho phép ta két luan.

Nhdn xét:
Bit ding thic Minkowski chinh Ia dang 1éng quét héa cla bat dang thic tam gidc
quen biét trong [F%:

e +5l<l + -

¢ | Ménhdé2 (Khao sit trudmg hop ding thirc trong bt déng thirc
Minkowski)
Cho (E, ¢) 12 mot khong gian tién Hilbert, ¢ 13 dang todn phuong lién
két v6i ¢ v6i moi (x, y) thude E* ta cé:
1 1 1 =0
(Px + )2 = ()2 + (BO)? < |hay
GaeR,, y=ax)
Ta dién ta diéu kién cui ciing nay nhu sau: (x, y) phu thuéc tuyén
tinh duong.

Chiing minh:
1) Néutén tai @ € R, sao cho y = ax thi:
1 ! 1
B+ ) = FA+2)x)N? =1+ &) (P(x))?
1 1 1 1 )
vA: GUN? + @ON? = G + a (Px)? .
1 i 1
2) Diolai, gia thi€t  (Fx+y)2 = (N2 + BG)2.
Do trudng hop x = 0 12 hién nhién nén ta gia thiét x = 0. Bing c4ch lap lai luoe dé
bién di trong phép chimg minh b4t ding thirc Minkowski, ta duoc:

1 1 1 1
2 2 2 5 Re(p(x)) 2 0
B2 + BON? = B + @ G2 o { e(@(x) :
Re(p(x, y))* < ¢)(y)

Do (Rn&:(qs'(.w{,y))2 < Iga(x,y)[z < P(x)(y), nén ta suy ra ring trong bt déng thirc

Cauchy-Schwarz ¢6 ddu déng thic va do d6 (xem Ménh dé 1) t6n tai @ € I sao cho
¥y = ax
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o o Re(ag(x) =0
Khi dé ta cé: @(x,¥) = ad(x), tirdo suy ra: [(Re(ag#(x)))z < |cx|2 (¢(x))2 ,
Re(a@)z2 0 .
va do dé: {(Re(a))-z _ |a]2 , ching 1o réng acR,.

4 | Ménh dé - Pinh nghia 3  Cho (£, ¢) 12 mot khong gian tién-
Hilbert, ¢1a dang toan phuong lién két véi . Anh xa
b.|:E > R 1
x = ()2

1a mot chuén trén E, goi 1a chudn Euclide lién két vdi ¢.
Chitng minh:

Cic diéukien:  |Ax]| = |4 ] va (s =0 & x=0)
12 hién phién; cdn bat ding thic tam gide |x+y| <[] + || thi chinh I bat déng
thifc Minkowski. w

Nhu vay moi khong gian tién-Hilbert déu la kgvdc. Khodng céch lien k&t khi dé

duge dinh nghia la: dix, y) = ||x - y|| = ,,‘¢(x - y)

Nhdn xét !
. Véi cdc kv hiéu trén day, ta da thdy (xem 1.6.1, Ménh dé 5) rang:
vaneE. oo + ool = 2l + b

Cong thic ndy duoc goi 12 hing ding thite (hay: ding thirc) hinh binh hanh; néu
ABCD 1a mot hinh binh hanh thuéc mot mit phing Euclide thi:

2 2 _ 2
AC* + BD* = XAB® + BC%. D c

i

T6n tai nhilng kgvde khong théa mdn hing A /B

dang thic hinh binh hanh, do d6 chudn ciia x

cic khong gian dé khong thé lien két véi

mét tich vo hudng. Ching han trong (R, II . |Lo ) khi datx=(1,0), y=1(0, 1) thita

cé:

“ e+ Je-off = 2 va 2+ Py =4

4 Dinh nghia  Khong gian Hilbert 12 khong gian tién Hilbert di
(d&i véi chudn lién két véi tich vo huéng).

Nhdn xét:

1y Moi khéng gian tién Hilbert hiu han chidu la mot khong gian Hilbert
(xem 1.4.2, Dinh 1¥ 2).

8- GTTT3-GT3
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2) Tén tai nhitng khong gian tién-Hilbert khong di (xem bai tap 1.6.2).
3) £%1a mot khéng gian Hilbert (xem C3.6).

4| Ménhdé3 Cho(E, <.,.>)la mot khong gian tién Hilbert. Anh xa:
E2 & K

(xy) > <xy>

12 lién tuc.
Chimg minh.
Cho (x, y) € E2 (hk) € F?, ta c6:
Jy<x+h,y+k>-<x,y>l =<l y>+<nk>+<h k>
< |<h, ¥ | + | <x k> | + | <h,k>|
h I ,
b+ W B, o 0

Bai tap

0 1.6.1  Hing ding thic 46i cye truong hop phic

Cho (£, @) 1 mot khong gian tién-Hilbert phitc , ¢ B dang Hermite lien k&t véi @
Chitng minh:

3
Vix.y) e E*, g y)= i Zi‘*g&(n i*y).
k=0
Nhu vay ¢ xé4c dinh hoan toin ¢.

0 162 Cho E = (C(I0; 1), R), < .,. >} 2 tich v0 huéng xdc dinh bdi <f g> =
.Efs, va(f,: [0; 1] > R), 0 12 day cho boi:

1
YneN* Vxel0;i], f(x)=Min{n,x 3) nfux=0
n nfax=0
a) Ching minh ring (£, },c .+ 12 day Cauchy trong E.
b) Chéng mirth ring (f, Jue v+ Phin k trong E.
Chiing minh ring E 12 Mét khong gian tidn Hilbert khong di.
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1.6.3 Tinh truc giao

*

Binh nghia1 Cho (£, <., >) 12 mot khéng gian tién- Hilbert.
1) Cho (x, y) € E% tanéiring x truc giao v6i y, va ky hiéu x 1 y, khi
vachi khi: <x,y>=0.
2) Chox € E, A € P(E); tandi ring x tryc giao v6i A, va ky hieu
x 1 Akhivichi khi: VaeAd, <xa>=0.
3) Véimoi Athuoc PB(E), ta dinh nghia bix truc giao coa A, ky
hiéu la A': At=(xeE; VYaecA, <xa>=0}.
4) Mot ho (x )i, nhitng phdn tir clia E duoc got 1a truc giao khi va
chi khi: VijeP, (i#] = <x,x>=0).
S5) Motho (x; )i, nhimg phdn tif clia E dwge goi 13 tryc chudn khi va
Xi )y truc giao
chi khi; ( ,')IGI i .
Viel, [x]=1

Ménhdé1 Cho(E <., .>) 1amot khong gian tién-Hilbert.
1) V&i moi bo phan A cha E, A* 12 mot kgve cha E,
2) V(A,Bye ('B(E))’, (AcB = A' > Bh).
3) VAe P(E), A'=(Vect(A))* (trong dé Vect(4) Ia kgve cla E
sinh boi A).
4) VAe PE), AcA
5) E+t= {0}, {0O}* =E.
6) VAe P(E), AnA‘c{0).
7) Véi moi kgve F, G ciia E:
F+6)'= F\'nG', FAG* o F'+ G-

Chitng minh:

1) »

(Vac A, <0,2>=0),dod60e A*.
NéudeEva (x5 e @) th:
Yac A, <ﬁ.x+y,a>=I<x,a>+<y,a>=0,dod6 Axty € AL,

2) Gidthi€tAc Bvacho ye B. Tacs: Vhe B, <y, b> =0, dodé hién nhien:

Vae A, <y,a>=0,suyra ye A"
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3) » AcVect(d), doviy: A" > (Vect(4))’, xem 2).
e Tinh chét 11 hién nhién néu A = &; gia thiét A = &. Cho x € A*; véi moi y
. "
thube Vect(A) tdn tai n € I*, A,..., 4, €K, a,..,a,€ Asaochoy= Z/'I’.,va,- , tit
i=i
dé6 suy ra:

n "
<X, y>r=<X, Zl,-a,- > = ZA] <x a,>=0,
i=l i=]

vanhuvay x € A, Nhut thé ta d3 chitng minh ring: A* c (Vect(A))".

4) Choa e A. Vi: Vxe AL, <a,x>=<x,a> =0,
nén ta cé: ae (AD.

5) Hién phién.

6) Néux e An A", thinéitieng <x,x>=0,suyrax =0.

7) a) {FCF“; = {FLD(FJ’G)L = Fr G o F+G)
GoF+G GJ‘:J(F+G)i

YfeF, <x,f>» =0

YgeG, <xg> =0

Véi moi kA thude F+ G, dntai (f, g) € FxGsaocho h =f+ g, vado dé:

<x,h>=<xf>+<x g>=0,suyr x € (F+G)L.

{FchF {(ch)l:wL
b) =

¢ Pidolaicho x € FLAGt. Tace: {

= (FNG) sFliGt.

FnGcG (Fr"-G)l st
Nhdn xét:
1) C6 thé xdy ra trudng hop mét kgve F ctia E théa man: F # F-* (xem bai
tap 1.6.4).

2) C6 thé€ xay ra wrudng hop hai kgve F, G cla E thda min:
(FNGY = F+ G' (xem baitip 1.6.5).
3) N&u E hitu han chidu thi: dim(F*) = dim(E) - dim{F) v ta suy ra:
e V&imoikgve FchaE: F'1=F,
o Véimoikgve F,GelaE: (FAG)' = F'+ G* (xem Tap 5, 10.2.1).

4| Ménhde2 Véi moi bd phan A cia mot khong gian tién-Hilbert
E, A*1a mot kgve déng cla E.

Chimg minh:
Cho (x,),c;; |2 mot diy trong A" hoi tu d€n mot phén tlr x cia E. Ta ¢6:
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Vnel, YVaeA, <x,,a>=0,

suy ra: Yae A, (VneH, <x,a>=0)

Dox, —» x,vividnhxa £ > K lién tuc (xem 1.6.1, Ménh dé 3), nén ta
ot ¥ b <ya>

suy ra:

<X, > > <x,a>,
"o

tirdé < x, a>=0, vicudiciing 1a x € A™-.

4| Ménhdé3 Cho(E, <., .>) 12 mét khong gian tién-Hilbert, (x; ),
12 mét ho trong E.
Néu {(x,-),-ef truc giao

, thi (x;);=;doc lap tuyén tinh.
er],xfio ({)LE[ OC 1dp tuy

Chimg minh:

N
Cho N € I1*, A,,.., 4y € &, i|,..., iy € { d6i mét khdc nhau sao cho Zikx,-k =0.

k=1
Véimoij thuge {1,...,N} ta cd:

N N 2
O=< x:';- ’Z’lkxfk »>= Z/lk < x,—j ) Xy > = A, “x,} h , SUy ra ).j= 0.
k=1 k=1

4, Ménh déd4 (Dinhly Pythagore)

1} Trudmg hgp khéng gian thuc ‘

Cho (£, < ., ») 1a mdt khong gian tién-Hilbert thuc; ta cé:
V(x.y) e B,

2 2 2
xly & feosf = [+ & o = W DI
2) Trudmg hop kKhong gian phirc
Cho (E, <., .>) 1A mot khéng gian tién-Hilbert phiic; ta c6:
e ol =l +of°

V(x,y)eEz, xly = .
=5t =l + ol

Chiing minh: Chi cAn khai trién [x + | bay Jxr— 5 (xem 1.6.1, Ménh d& 4).

¢ Ménhdé5  Cho(E, <.,.>) I motkhéng gian tién-Hilbert.
Vi moi he tryc giao hitu han (x; ), cla E ta cé:

25 =2 bl

el iel
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Chitng minh:
Do <x,y, >=0néni=j,nén taco:

2
2
Sal = D <xxi> =D <xmxn>=y o

iel G, Del? el iel

4 | Ménh dé-Binh nghia-Ky hidu 6 Cho (£, <., >) 1a mot khong
gian tién-Hilbert.
1YChon e ¥ E,,..., E, 12 nhitng kgvc cia E. Néu cic E; (1<i < n)
dbi mét true giao, hite 13 :

V@, jye{l,..nY, (i=j = ELE),

n ]
thi téng ZEi la téng tryc ti€p; ta néi ring téngZE,- 1a téng truc

i=l1 i=1
n n
ti€p-truc giao, vata k¢ hieu @ E; thay vi @ E;.
i=1 i=1
2} Cho (E);e; 1a mot ho hitu han nhimng kgve ctia E. Néu cédc E; (i € [)

déi mét truc giao thi tdng ZE} 1a téng tryc ti€p; ta ndi ring téng

iel

D E; 1aténg tryc tiép-tryc glao, v ky hieu © ; thay vi @ E;.
el fef iel

Chiing minh:
1]
1) Cho (xy., %,) €E, X ... X E, 580 cho Zx,- = 0. V6i moi j thude { 1,1} ta
i=1
ch:

<Zx,- > =0,

tiic 12 ||x ; ||2 =0, vadod6x, =0. éiéu niy chimg t& i E; 1at6ng tryc tiép.
i=1

2) Day chi 1a mot cdch difn dat khéc cla 1),

4 Binh nghia 2 Cho (E, <., .>) 12 mét khéng gian tién-Hilbert.
Hai kgve F, G cua E duge goi 1a bi true giao khi va chi khi:
F va G tnue giao
{E =F+G
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N6i céch khéc thi E phai 12 téng tryc ti€p-tryc giao cia FvaG.

¢ Dinhnghia3 Cho (E, <., .>) 13 mét khong gian tién-Hilbert va
p 12 mot phép chidu cia E  (titc 13 mot tu déng cfu clia £ sao cho
p op = p). Tandi ring p 12 mét phép chi€u truc giao khi va chi khi
Ker(p) vi Im(p) bi trirc giao nhau trong E.

¢ Dinhnghiad4d  Cho(E, <., >) 1amot khong gian tién-Hilbert va
E,,.... E, 12 nhiimg kgvc clia E sao cho E 12 tdng trirc ti€p-truc giao cha
E,,..., E, . Ta goi cdc phép chiéu p; (1< i < n) 1én E;, song song véi

@ E;1a céc phép chi€u tryc giao lien két véi dang phan tich E

1<j<n
J#i

n
thanh tong truc-tiép truc giao: E = QOE;.
izl

Nhdn xét:

1
Véi céc ky hiéu trén diy ta cé: ZP‘ =1d, va véi moi (7, j) thude {1,..., n}*
i=1

sao cho i #J, tact: piop; = piop;=0.

Bai tap

Q 1.6.3 Cho E 13 mdt khong gian tién-Hilbert, F 1a mot kgve cla E; chiing finh:
(Pt =F.
1
Q 1.6.4¢* Cho E = C({0; 1], R) duge trang bi tich vo huéng (f, g) — jofg ce o 1]
cSdinh, p: E > R .
t e [r
a) Chimg minh @€ £' = LC(E, R ) 12 461 nghu top6 ¢la E; ta k¢ hieu H = Ker{p).

b) Chiing minh ring H# déng, nhung H * = {0}.
¢) Ching minh: H = H.

1
0  1.65* ChoE=C(0; 1), R) dugc trang bi tich v6 huéng (f, g) +-> L f2.
F={feE Vxe & %],_ﬂx)=0}, G=(gek: Vxe[%;l], g(x)=0}.

Chidng minh:
a) F1=G va G'=F.
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b) FH=F va FOFL»E.
o) (FNG)l= FleG*
0 1.6.6* Cho E 1 mot khong gian tién-Hilbert, f & £C(E) théa man [|£]| < 1; ching

minh: Ker{e-f) = (Im(ef))",
trong d6 e = Id . )

1.6.4 Thi tuc truc giao héa Schmidt

Cho (E, <., >} 12 mét khong gian tién-Hilbert, {¢,),cfy 1& mét ho doc lap tuyén
tinh trong £, ma lic déu ta s& gia thi€t dugc chi s6 hoa bai 1. Ching ta s€ xay dung
mot ho trie giac (V ), e §y nhing vecto cha E déu = 0 sao cho:
VYnell,  Vecl(eg...ey) = Vect(Vg,..,V,).
¢ Ky hicuVy=¢eq5= 0.
e TatimV, dudidang: V =e+d1gVy, ;g€ cintinh Tacé:
VilVy & <Vg e+ 41 gVp>=0
o <Vpe> + ’II.OHVOHZ =0
DoVy= Onéntbntai 4 ¢ thich hop.

V] 81 8I+ KVU

NéuV, =0thie; e KVy =K ey, mau thuln véi gid thit (ep, e)) doc 14p tuyén
tinh; vay V,# 0.

Cuéi cing 16 rang 12 :  Vect(eq, ;) = Vect{V, V().
» Gid thi€t ta dd x4y dung duge Vy,..., V,, sao cho:

(Vs ¥,,) 12 mot ho trre giao nhiing vecto déu = 0
Vect(eg,.... €,) = Vect(Vy,..., V,,)

n
Tatim Vyyq dudidang: Vs = epp+ ) AuniaVe
. k=0

1
trong 6 (Apyy 0 ves Apg0) € K cin phi tim.
Ta c6: Viel0,.n), VL1V,
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n
& Vie (Ol <Vienq+ D ApigVe> = 0
k=0
n
< Vie {0,..n), <Viepq>+ Zﬂ,ﬁl‘k <VipVe>=0
© k=0
. 2
& Vie 0,1}, <Vien>+ A, V] =0
Do moi Vy,..., V,, déu # 0, nén hé phuong trinh trén ¢é mot nghiem:
Vie [Onn), A =ﬁ%ﬂ3
Wi

Xét vecto V) xdc dinh nhu trén. Theo céch x4y dung thi (Vy,..., Vi, 1) 12 mot ho
trife giao.

n
NEw Viyy =Oth epy=- ) AuyiaVi € VealVp,.. V) = Vect(eg,...e,),
k=0

méu thudn véi gid thiét (eg,..., €,,,.1) doc 18p tuyén tinh. Vay V, 1 #0.

Do V.41 € Vect(e, 1.V, V) vA VL Vect(Vy,..., V,)) = Vect(e,..., €,), nén ta
c6:

Va+1 € Vect(eg,epy ),
va suy ra: Veet(Vo,..., Vi) © Vect(eg,.... ¢441)-
Tuong ty: e, € Vect(Vy,...,V,.V, ) va Vect(eg,..., e,) = Vect(Vy,..., V), nén
suy ra: Vect(eg,..., epy 1) © Veet(Vg,....V,pp)

Cuéi cling ta dugc: Vect(eg,..., ey 1) = Vect(V,...V iy 1)
Ta t6m tit két qua khio s4t.

4| Dinhly1 (Thi tuc truc giao héa Schmidt)
Cho (E, <., .>) 12 mot khong gian tién-Hilbert, (e,),ey 13 mét ho
doc 14p tuyén tinh trong E. Tén tai mdt ho (V) trong E sao cho:
(Vp)nen truc giao
VneN, V, 20
VneN, Vect(Vy,....V,) = Vect(eg,....e,)

Nhdn xét: Trong dinh 1y trén, ho (V,)),,c ;3 12 duy nhét néu ta thém diéu kién:

Vhell, «<V,e,>=1
|

Bang cédch 1ap lai sir khao sdt trén day v6i mot ho hifu han, hién nhién ta s& duge k&t
qué sau: o
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4| DPinhly2 Cho(E, <.,.>) 2 mot khéng gian tién-Hilbert, n € 11 *,
(€150, €,) 12 mOt ho dOc 13p tuyén tinh trong E. Tén tai (1},...,V, )eE"
sao cho:

Vis-o V,,  d6i mét truc giao

Viel(l,..,n} V; 20 .

Vie{l,...n}, Vect(V],...,V;)=Vect(e,....¢;)

Do trong phép x4y dung rén day V; duge phén tich theo ¢;, ¥, ..., V, ; , nén ma tran

chuyén tit (e},..., e;) sang (V{,..., V}) 1a ma tran tam gidc trén v6i céc s6 hang dudng
chéo bing 1.

1.6.5 Phép chiéu tryc giao 1én mot khéng gian vecto con hima han
chiéu

Cho (E, <., .>) 12 m6t khong gian tién-Hilbert, F 2 mot kgve hitu han chiéu cla £,
x € E. Chiing ta sé ching minh réng t6n tai mot vi chi mot phén tir y cla F sao cho
(x-y} L F, réisé khaosdtdnhxax > y.

JU

Do F hitu han chiéu nén F c6 it nhét mét co séf (e,...,2,)(trong d6 n= dim(F)).
Theo thd tuc truc giao héa Schmidt (xem 1.6.4), va bing cdch chudn héa céc vecto
thu dugc, ta thay 13 F ¢6é it nhdt mdt cd sé tree chudn (f,,..., f,).

n

Choy e Fbitky,y= Zy,-f} 12 dang phén tich cta y trong co 8¢ (f,...., f,), trong
i=1

d6 (3., ¥,) € K"

Taco: {x-y)L F < Vikell..n}, (x-vyL f.
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& Vee{l,.,n), <f,,x- Z)’;‘fi” =0

< VYkell,..,n}, <fi,x>-y =0
& Yee{l,..,n}l, y =<fi,x >

Ta tm tét k&t qua khao sét.

4, DPinhly (®inh 1y vé phép chiéu tryc giao lén mot kgve hitu han
chiéun)
Cho (E, < ., .>) 13 mo6t khong gian tién-Hilbert, F 13 mét kgvc hiru
han chiéu cia E, x e E. Tén tai mdt v chi mot phén tit y cha F sao
n
cho (x-y)L F;d6lays= Z< furx > fi » trong 86 (fi,..., £,) 1a mot
k=1

co s& truc chudn bit ky cla F. Phén tir y d6 goi 1 hinh chiéu truc
giao cua xlén F,

4| Ménhdé Cho(E, <.,.>) lamotkhong gian tién-Hilbert, F Ia mot
kgve hitu han chiéu ciia E. Ta ky hiéu 4nh xa cho méi x thudc E tng
v6i phén tif y duy nhét cia F thbaman (x-y) L Fla pp: £ —> F.
Khi d6:
1) priamoét phépchiuciaE, ticla pre LIE) VA propr= pr-
2) Im(ps)=F va Ker(ps)=F"
3} pr d6i xitng, tic la:
Vix,x' Ye B2, < pex),x'> = <x, p(x'}>
4) pre LCE) van€u F = {0} thi {|pg|| = 1.
5) Anhxa F — R c6 bién duéi, dat dén vi chi dat dén bién
e A
dudéi d6 tai pe(x).
Anh xa p,duoc goi 12 phép chién truc giao lén F.

Chiing minh:
Ta sit dung cdc k¥ hiéu chia Dinh 1§ trén day.
"
e Viek Vnx)eE, pplix+x)= ) <fydx+x'>f;
k=1

Zﬂ.<fk x>fk+z,1<fk x'> fi = App(x) + pp(x’).

k=1



116

Chuong 1 Khéng gian vecto dinh chudn

X

iz

* Véimoix thudc £, pg(x) € Fvadodé pelpp(x)) = pp(x).

v

2)» (VzePF, Pp(z)=2), do 46 Fc Im(pp).
o (VxeE, pplx)e F),dods Im(pg)c F.
* Keilpp) =[x € E; ppx) =0} = {er;xJ.F}:FL.

3 V(x,x')eEz, <ppx), x> = <Z<fk,x>fk,x'>

k=1

n

it
Z<fk,x><fk,xl>= Z<fk,x'>4fk,x>

k=1 k=1

<prxNx> = <x, pp(x’) >,

4) o Choxe E-{0},y = pr(x). Yi(x-y) L F,néiriéng (x - y) L y, tir dé suy ta
(dinh 1 Pythagore): x| = x~y|? + |y, va do vay |y] < | .

Hg thifc nay ching 16: V¥x e E, "pp(x)“ < ||x” .

Do pp e L(E), nénsuyra pp e LOE) va ”lppl" £ 1 (xem 1.2.6, Pinh 1y).

* Néu F = {0} thi tdn tai f € F sao cho f = 0, va khi dé6 pPr(HD =F,suy ra
fieell =1

5) Chox € E,fe F.Do(x-pp(x)) L { pg(x) - f), nén dinh ly Pythagore cho ta:

= £ = |- pr o +lpe - £P.
Hg¢ thiic d6 chiing t6 réng:
{IJx-fIlZIIx-pr(ﬂll |
le=fl=lx - pr & lprr-Ff=0 £ = prix)
Néirieng,  d(x, F) = Inf le= 7 = |x-prW)].



1.6 Khéng gian tién-Hilbert

#| Héqua V& moi kgve F hitu han chiéu cita mot khong gian tién-
Hilbert E, ta c6:

F® F'=E.

Chitng minh;
Do ppla mét phép chi€unéntacé: E=Im(pp) @ Kerpp)=F @ L.

Nhadn xét:

Néu F khéng hitu han chiéu thi ta cé6: F N FJ' = {0} (xem 1.6.3, Ménh dé 1, 6)),

nhimg tacé thé ¢6 F + Ft=k (xem bai tap 1.6.5).

Bai tap

Q 1.6.7 Cho £ = M,(E) dwge trang bj tich v6 hudng chinh tie, F =T, () 13 kgve cdc
b
ma trn tam gidc trén. Véi A = (a d] € E, hdy tinh hinh chi€u tryc giac cia A lén
c

F.

] 1.6.8* Cho E = M,(IR) dugc trang bi tich v6 hudng thinh tic, F 1a kgve cdc ma tran

010

phan d6i xing, M = |0 0 1. X4c dinh hinh chi®u tryc giac cha M [&n F vi tinh
000

khoang céch tir M dén F.

1.6.6 Chuén cia mot phép tu déng cliu trong mt khong gian Euclide

Cho (£, <., .>) la mot khong gian Euclide (hic 12 m6t khéng gian tién-Hilbert thuc
hitu han chiéu), || . | 1 chudn lien ket véi < ... >.
Ta nhéc lai mot s6 dinh nghia va k&t qua clia Dai s6 (xem Tap 6, 5.2).

* V6imoi iy dong cdu f clia E, t6n tai mot va chi mot ty déng c4u cha E, goi
13 phu hop cila f va k¢ hiéu 12 /* thoa man:

Y0, y) € B, <fix)hy>=<x i y)>.
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118 Chuong 1 Khéng gian vects dinh chuin

* V6imoi A thutc IR v moi £, g thudc L£(E) ta ¢6:

(Af+ %= Af* + g% (dpy*=1dg, (gop*=FfFog* (I*=f
» Véi moi fthude £(E) va moi co s& tric chudn B cha E ta cé:

Mat () = ‘Mat 5.
e V&i moi fthude L(E):

rank(f*) = rank(f), tr(/*) = tr(f), det(f*)= det(f), Spyr(*) = Spr(H.

¢ Ta néi ring mot ty déng ciu f ctia E 12 d6i ximg (hay: ty phu hop) khi va
chi khi: f* = f

s Mot tr déng cfu 46i xing f ca E duge goi 14 doi xing dwong khi va chi
khi:

VxeE, <xfix)>20.

e V6&i moi tr ddng cfu déi xing £ cla E, tén tai mot co s& truc chufn clia E

trong d6 ma trén clia 13 ma tran chéo (thyc).

¢ D& mét ty dbng cdu d8i xtmg f clia E 12 481 xing duong, diéu kién cin vi
di 1a:

SpriN R, .
Ta ciing nhéc lai ring (xem 1.2.6 va 1.3.2):
e Moitydbng cucha E lign tuc:  L(E) = LUE).
* Vi moi fthuge £(E) ta kg higu: | £]] = Sup || €

st

4| Ménhdé1 (Dactrungbién phin cia mf m)
vfeap, [fl = sw |<feoys .

st st
Chiing minh: .
1) Cho(x,y) € F*saocho ||x| <1 va [y| < 1. Theo bt ding thiic Cauchy-
Schwarz:

l<fm.y>1s freofldls 1Al 8 < 7l

Két qui d6 chimg tb ring SUPIS |<fGeny>| nwivas|f.
Ly

2) Cho x € E sao cho “x" < 1

Néu fix) = 0, thi khi ky hitu y = M ta s& cé:

eS|
Wxnblst l<m.ys] =l
Néu fix) = 0, thi khi dit y = 0 ta s& cé:
MsLblst <>l = 0= ).
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Két qué trén ching td ring v6i moi x thuge E sao cho ux" <1,t6ntai y € E sao cho :
I <1 va Jfoo) < l<fmny>l.
Takétlgnring [[f| <  Sup |<fCxdy>| .
fejstixst

4, Ménh dé2 Véimoi tw déng csu d6i xiing duong f cia £ ta cé:
lfl| = sup<sfe.x> =0,
Ixj<t

trong d6 p(f) chi ban kinh phé clia f.

Theo dinh nghia p(f) = Max |2,| . Do f d6i xding duong nén ta c6:
AeSpc(f)

A= Max A z20
AcSpr(f)
Chiing minh:
Ta biét réing t6n tai mét co s& truc chudn B = (e, ,..., e,) cia E gém céc vecto riéng
ctia £, V6i mbi k thude {1,...,n} ta ky higu gid tri riéng cha f (ng vGi vecto riéng ¢; 13
Ay
H
Cho x e E thdéa mén ||xu <1,vaky higux= Zxkek .

k=1
Ta ¢o:

1

n B 2 n
=Y hxe. |fo)= [Zﬁﬁx%} L <fx>= Y At
k=1 k=1

k=1
1 1 1

n 2 n 2 L 2
Do [kz;a,?x%] < [;(p(f))zxf] = p(f)[zxf] < o)

k=1
R n * i)
e Yk < Y = ap Y E s A,
k=1 k=1 k=1
nén ta suy ra: "lfm < pH va Slﬁlp <f(x)x> <.
[Ix <1

Mt khéc, tén tai ko€ {1.....n} sao cho o(f) = ’Iffo ,vadodé fle, )= ey s tir d6
suy ra "f(ek)“ =pf) va <fley ), e, > = Py, vadovay:
<l w s sp<ros
x]<
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¢ | Manhdé3
y viecm, |4 =lA
2 vreom, i = Wil

Chimg minh:
1) Theo Ménh ¢ 1 4p dung cho f* 1di cho F
brell= | S, f<r2 | = S Jen O] = Al

2) R& rang 1d f*ofd6i xing duang, tir d6 béng cich 4p dung Ménh dé 2 cho f*of ta

dugc:
llf *ofl| = Sup<f*ofax> = Sup<flx).f(x)>
el fefit
2
<[ sapral] - wF-
[salscal] = b
Bai tap

0 169 Chon e N* Ta trang bi cho M, (IR) tich v hutmg chinh tdc , va k¥ hitw:
fiM (R} - M,(R).
]
A
Phu hop f* cha f 14 gi?

O 1.6.10 Cho n & 9%, Ta trang bi tich vo huring cho M ().

a) Véi A, B e MR), ta k¥ hitu f; : M, (R) = M,(R} va g :
M ] AM

M, (R) ~> M,(R).Xsc dinh cic phu hep clia f¥, va g%;.
M = BM

b) Cho A € M,(R), taky hieu k,: ,,(JR) - M,(R). xéc dinh hy .
M)A

¢ 1.6.11 Cho (£, <.,.>) lamotkhéng gian Euclide, f € £{E) thda man f 2 = 0. Chiing
minh: Ker(h ¢ Im{fy < f+fre GL(E).
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B& sung

0 C1. 1* Dinh Iy Riesz
I Cho(E, ||. |) 12 mot kgvdc ma qua cdu dom vi déng B = B' (0; 1) 12 mot by phan
compac. '

n
1) Ching minh rdng dn tain € N*, a,,...a, € EsaochoB= UB{a,-;%) )
i=l

Ta k¥ hidu khéng gian vecto con hifu han chiéu cla E sinh bdi a,,..., a, 1a
V = Vect(lg,; 1 £i<n)).
Ta s& ching minh ring V = E, biing cich 1ap loan phin chiing. Vay ta gia thiét t6n tai
xeEsaochoxeV.
2} Chiing minh: dfx, V) > 0; tir day ta s& ky hige £= dfx, V).

3) Chimg minhring tdntaiy € Vsaochos < fx—y| < % £ tir day 1a s& k¥ higu

z= ; (x-¥).

b1
4) Chimg minh ring tdn taii € {1,..., n} sao cho Iz-~a;ﬂ S %

5} Chitng minh: le - y“ . Hz - a,v" 2 £ r6i suy ra mot mau thudn,

Nhur the te d3 ching minh Dinh Iy Riesz (do mét huéng cia phép kéo theo 43 bigt):
mot kgvdc 12 hitu han chiéu khi va chi khi qué cdu dou vi clia né 12 déng compac.

II Mot sd hé qud ciia dink 1y Riesz
1) Chiéing minh ring trong mot kgvdc vo han chidu khong mét hink cfu nio 1
compac.
2) Ching minh rdng trong mot kgvde vo han chiéu moi b phan compac déu c6 phin
trong réng.
3) Cho (£, | . |12 m¢t kgvdc vo han chidu, va f € LC(E)saocho f(B) 1a motbd
phan compac cita E, véi moi bo phin gidi ndi B cda E. Chiing minh ring f khong c6
énh xa nguoc d6i véi ludt o trong LC(E).

0 C1.2  Dic trung cda tinh lién tyc 461 v6i mot 4nh xa da tuyén tinh
Chone MN™E ., E,, Flinhing K-kgvdc, ¢: E x.XE, > Flamétdnh xa
n-tuyén tinh,

Chitng minh ring hai tinh ch#t sau d4y twong duong:
(i) @ lignme '

(i) IM e R, ¥(x, ... x) € E,X.XE,, Jo(xx,)|p < M“xlnﬁl ...[]x,,||E" .

0 C1.3  Phép chifu truce giao lén mot bo phan 16i db
I Cho(E, <., >} lamot khong gian tién-Hilbert phitc; ta k¥ hign chufn va khodng
cichlienkétvéi<.,.> theo thittyla | . | vad.
A} Cho C 13 mot bd phan 16 di khong réng cha E.
1) Ching minh: ¥x e E, 3y, e C, Ix-yoﬂ = }’Ielg ﬂx-yﬂ . V& sir t6n tai,

9- GTIT3-GT3
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ta ¢ thé xét day (B'[x;d +l}f\ C} , trong 46 4 = d{x, ).

n nel*
V& st t8n tai va duy nhét, ta c6 thé sit dung ding thie hinh binh hanh (1.6.2,
Nhién xét).

Takyhitu pc: E = E la dnh xa dugc xdc dinh nhir trén, szoi 12 phép
x = Mo
chiéu trye giao lén C.
2y Chimg minh: ¥x € E, ¥y e C, Rel<x -pd), Y -plxYP) £ 0.
3} Chimng minh: a) Pl dnh xa 1-Lipschitz
b)pcope= Pe
cypdE)=C.
B) Cho F 12 mot kgve dit clia E.

1) Chimg minh: Vx € E, Wy € F, <x-pel), y>= 0.
2) Tird6 suy raring py tuyén tinh.
3} Ching minh: 4) pp € LOE)
v) Jlprl) = L néu F = (0)
¢) Im(p,) = F, Ker(p)=F', F® FL=E
4) Chimg minh ring néu F, G 12 nhimg, kgve dii clia E sao cho G < F, thi:
Pr0Pc=PcoPr=Pc -
11 Ap dung cho cdc khong gian Hithert
Cho H 13 mdt khong gian Hilbert.
1) a) Ching minh ring v6i moi kgve déng F claH: FOF=H.
b) Chimg minh ring véi moi kgve F chaH: Fl= F.
¢) Tix 86 suy ring véi moi bo phan A cla 7 : A= Vect(A).
2) Taky hiéu H’ 12 d6i ngu t0p0 clia H {nghia 1& H' = LC(H, X) (xem 1.2.6).
Véimoixthuoc H xét @0 H - K . '
¥

- <ay>

Chiing minh; Vxe H, @, e H'.

K¢ hitu ¢: }x:' : ;{, ' . Chitng minh ring ¢ 12 mot phép ding cu bdn-tuyén tinh,
VaeCV(x,m)e HE, $lan +x)=adlx)+d(x)

wic ;. {vxeH, Mﬂx){q=||4
¢ 12 toan 4nh

¢ C1.4  Phy hop ciia mot tiy déng ciu ciia mot khong gian tién-Hilbert
Cho (E, < ., >») 12 mot khong gian tién-Hilbert.

Cho f € £(E); ta néi rang f ¢b phy hop khi va chi khi tén tai g & £(E) sao cho:
Y,y e B, <flx)y>=<x 80>
1) Chimg minh ring n€u mot phan tlr f cha L£(E) cé phy hop, ihi f c6 mot va chi mét

phu hgp. ]
Ta k¢ hi¢u phu hgp ciia f, néu 18n tai, 1 f*.
(Xem & C3.6,5) mot thi du vé i dng cfu lién tuc khong cé phy hop)-

2) Cho 4 € K. f. g € L(E) c6 phy hop. Chimg minh:
a) f+ g c6phuhop va (f+ g* =f* + g%
b) Af 6 phuhgp va (A)* = Af



B6 sung

c) gof cSphy hopva(go H* =f*o g*
d) f*c6phyhgp va{f*)*=f.

3) Cho F la motkgve cila £, f e £(E) ¢6 phy hop sao cho fF) — F. Chitg minh:
fXYFYH eF*L

4) Cho fe L{E) c6 phy hgp. Chitng minh:

@) Ker(f) =(m(f*)*

(ii) Ker(f*} = (Im{f ))"

(i) Im{f)} < (Ker(f*))*

(iv) Im{f*) < (Ker(H)" :
Xem & C3.6, 4), mot thi dy irong d6 cdc bao ham thife {iii) vi (iv) 13 bac ham iic
ngat.

5) Choef, g € £(E)saochofcé phuhgp va f*o g=0. Chimg minh:

Ker(f + g) = Ker(f y ~ Ker(g).
6) Cho f € LC(E) sao cho f ¢ phy hgp. Chitng minh:

a) f* & LO(E)
o £+ = Il

o Jir*erl] = o 4= 17IF-

7} Chifng minh ring néu H 13 mot khong gian Hilbert, thi moi phin tir f clia LC(H) ¢6
phu hop (strdung C1. 3,11, 2).
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Chuong 2

Ham vects mdt bién thuc

I chi [k hodc C.

Muc tieu clia chuong 2 nay 13 md réng viéc khio sit, da thyc hién trong céc Tép 1
va 2 & céc chuong 4 dén 10 d6i v6i cdc ham s thue mot bi€n thue, sang céc ham
mdt bién thyc va I8y gi4 tri trong mét kgvdc hitu han chiéu, vé cic chu dé : gi6i han,
tinh lién tyc, dao ham, tich phan, so sénh cuc bd. Véi X € P (IR ) thi sy khéc nhau co

ban giiia viéc nghién cu céc ham ti X dén Ik va cdc ham tir X dén E (trong d6, E 12
mot kgvdc ) 12 & cfu tric duge sip thit ty ciia R , ma trong E thi  khong nhdt thiét
phai ¢6 mot tinh chat tuong ty.

Trong toan bd chuong 2 nay, E chi mdt K-kgvde hitu han chiéu véi s6 chiéula N, va

chuin kg higu d | . |. K-kgv dc 46 <6 thé duge trang bi mot co s& B = (e, ..., €x)-
Ta nhéc lai ring moi chuéin rén E déu tuong duong (1.3.2, Dinh 1y 1).

2.1 Daicuong

Tai day, ta s& tdng quit héa hodic ci bién céc dinh nghia va két qua cia chuong 4,
Tap 1 (ham s6 thyc mdt bién thye).

Trong muc 2.1 nay, X chi myt bd phan khong réng ciia R (thudng thi X 12 mdt
khodng thudc R ).

2.1.1 Ciu tric cia EX

I) K-kgv EX

Ta trang bi cho tap E* cdc 4nh xa tir X dén E mot luat hop thanh trong, k§

higu 1A +, v mét lut hop thanh ngodi, duge chi ra bing cich khong viét ky
hiéu ndo ci, xdc dinh nhu san:

Vf.ge EX, vteX, (f +8XO = f(O) +g(t)
vieK, VfeEX VieX, @AHO=Af@

Khi E = IC thi ta trang bi cho K thém mot luat hop thanh trong thtt hai,
dugce chi ra bing cdch khong viét ky hi¢u ndo cd, xdc dinh 1a:
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Vi.geKY, vieX, (fO=f0)e.

Meénh dé sau day chimg minh dé& dang,
¢ Ménh dé

1) E¥1a mot K-kgv.
2) ¥ 15 mot K-dai 56 c6 don vi, ket hop va giao hodn.

2) Cdc phép todn khic
1) V6if e E tacs thé ky hiew |f|: X > R, dAu ring c6 nguy
?

ol 0/

cd 14n 16n, ching han, véi ” 7 Hm =Sup|| f(t)" né€u nhwr bién trén niy ton tai
teX

(xem 2.1.4).
Trong cdc trudng hop rigng £ = I, £ = <, thi ta 58 trd lai k¥ hiéo
'fl: X — R ,trong dé Ll chi tri tuyét d6i hosic modun.
t b fe)
2)Cho g EKX; néu (¥ x € X, g(x) = 0) thi ky hiéu -1—: X—-K sé

£
chi anh xa x4c dinh nhir sau:

VieX, [1J(r) L

g &)

Néu hon nifa f [Eixthitak)‘rhieu: £=fl.
- ' . g &
3)Véife C* takyhieu f: X > C..
' o ()

Véimoi A € C, moif, g & T, takiém chimg dé ding c4c cong thitc sau:

f=f. f+g=f+g, Af=2F, fe=1g.

4) Néu E duge trang bj tich vo huéng (. 1.) , thi véi £, g thuoe EX, k¢

higu (f | g): X —>K chi anh xa dinh nghia 1a:

VieX, (flg)0)=(f(")g().
Ta kiém ching d& dang céc cong thic sau day, véi moi 4 € £ va moi
&8 & e E* o

@1H=(f1g), (flgr+gy)=(flg)+A(flg,).

5) Néu E 1a moét khéng gian vecto Euclide trén [ , €6 s8 chidula 3
va dinh huéng, thi v6i f, g € E¥, ky hiéu frng:X—E sé&chiéinh xa dugc
dinh nghia nhu sau:

VieX, (frgl)=f()Ag).



2.1 Daicuong

Ta ki€ém chimg dé dang cdc cong thic sau day, véi moi A € R va moi
; X
f8 8,8 ¢€E":

gnf=—fnrg., fFrlgi+tidg)=frgitif~ng.

3) Anh xa thanh phéin
Ta gia thiét E duge trang bi mot co s B = (e, ..., ex). V& moi y thuée E,

N
tontai (y,, ..., yn) € R duy nhét sau cho y :nyef . Véi méi j thuoc {1,
J=1

.., N}, taky hiéu p;: E — K ; nhuthétacé:
y = ¥

N
VyekE, y=2p;(y)ej -
=

Chof e EX; v6i moi j thuge {1, ..., N}, taky hiéu f; =p;o f,va f; dug goi
Ia anh xa thanh phan (hoic: toa d9) thif j clia f trong co sd B.  Nhu thé ta
co:

Yiell,...,N}, fj- XK

N
VieX, f(r):ij(r)ej'
i=t

D6t khi ngudi ta cdn ky hiéu f = (fy, ..., fy), cach viét ndy thuc chét 1a dong

nhét E (véi co s& B) va KY (v6i co s chinh the).

Hién nhién 12 véimoi A € K, moif, g € EX, moij e {1, .., N}, tacé:
AN);=4f; C(fre)j=fitrg;-

Bai tap

¢ 2.1.1 Timficicicdnhxa f:R » K®  thdamin:
I TON; 10

VieR {fl(r)+f2{l~r)=1 ‘
HUO-O+{1-0)f() =26t -1)
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2,1.2 Tinhchinlé

* Trong myc ady, ching ta s& tng quit héa céc k&t qui khio sdt & § 4.1.3, Tap 1.
Trong su6t § 2.1.2 ndy, X chi m¢t bo phan chia I d6i ximg d6i véi 0, tie 13 sao cho:
VieX -teX

L 4 Pinh nghfa Chofe EX.
1)Tanéifchin khivachikhi: VreX  A-f)= flo).
2)Tanéif lékhivachikhi: VrieX  f-t)=A0).

Nhdn xét:
Néu £ c6 trang bi mot co s B, thi khi k¥ hiéu céc 4nh xa thanh phén cha f trong Bl

fiv - i ta s& c6:
: fchdn o (Vje{l,..,N}, fchin)
f& o (vjell,.,N} fid. u

Ta ky hi¢u tap hgp céc 4nh xa chin (tvong tng: 1€) t X dén E 1A C, (twong tng: L,).
Ménh dé sau day 12 hién nhién:

4, Ménhdé Cx vA Ly 13 nhimg IX-kgve ciia EX, bl nhau trong EX:
EX=Cy@Ly. |
W
Véimoife EX takghitu: f: X - E

t b f-n
V6imoi A € IZ, moi f, g e EX tacé:

F=f. (F+g=f+g. Gf) =if.
Néu themnia E=K th: (fz)' =fg.

2.1.3 Tinh tuin hoan
Trong muc ndy, chiing ta s& t8ng quit hos cdc ket qua khio s4t & §4.1.4, Tap 1.

¢  Dinhnghla Chofe EX
1) ChoT € R} ; ta néi ring f12 T-tuén hoan khi va chi khi:
VieX. {r +TeX

fa+T)=f(0)
Khi d6 ta n6i ring T 12 mot chu ky ciia f.

2) Ta néi ring £ 12 tusin hoan khi va chi khi t6n tai T € R’ sao cho f
13 T-tuéin hoan.
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Thi du:
)Chooe R;4nhxaR - C I 2% tuhn hoan.
t P e )]
2) Anh xa f: R M5 (R) x4c dinh nhy sau:
cost - sint 0

VteR, [f(f)=|-sintcoss cos?® ¢ sint

sin? ¢ —sinfcosr cost

12 2n-tudin hoan.

Nhdn xét:
Néu f tufin hoan va T,, T, 12 nhilng chu k¥ cla £, thi T,+ T, 12 mo6t chu k¥ cia £, Néi
ri¢ng, néu T 12 mot chu ki ciia £, thi v6i moi f thude M°, &7 12 moét chu ky cha £,

Meénh dé sau day 1 hién nhién.

¢ Ménh dé& 1 Gid sit E dugc trang bi co sé B.

Cho T thugc R+ Jfe Ex,fl, .., fiy 12 cdc 4nh xa thanh phéin cia cuaf
trong B. Ta cé:
(f 12 T - dn hoan) < (Vj € {1, ..., N}, f; AT - tudn hoan).

Nhdn xét:
N&uN22van€ucﬁcénhxaﬂlhnhphﬁnﬁ. ,chﬁafcécicchukytuongdngl&T,,
.y T, thi f c6 thé khong tusn hodn. Ching han:
N=2, §: m-* R,4LHRo> R_; R R?
cost i o ot 0t - (eostioos(tsZ 2
Trong thi du nay thi tfnh khong tudn hodn ciia f ¢6 nguyén nhan & tinh vo ty cha
V2.

4| Ménhdd2 Chore R; vaXe P(R) théa min:
VtiteX 1t4TeX
Téap hop cdc 4nh xa T-tufn hoan tir Xd&n E 1a mot K- kgve cla £

Honnita,néu A: X> K vaf: X5 E déuT- tuﬁn hoan, thi Af ciing
T-tun hoan.

Chiing minh:
Ta kiém ching d& ding céc khing dinh sau day:
e 0: Xﬂ:)oE 12 T-tuéin hoan.

¢ Neuf g: X— Ela T-tudn hodn, vinéu @ € K, thi af + g 12 T-tudn hoan.
¢ Néud:X— K vaf: X—> E 1a T-tufin hoin, thi Af 12 T-tudn hoan.
' |
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Nhém céc chu ky

Chofe ER.Taphqp j’f={reR; VieR, f(t+f)=f(t)} 12 mét nhém
concta R :
*» 0epPs

o V(rr)eP)t, mtm el

. VrePf, —rePf
Néi rieng; Yre Pr, VxeR, Vkelk, flx+kny=f(x) .
Anh xa f tuén hoan khi va chi khi Pr= {0}; trong trutmg hop nay, moi phén
tir cdia Py - {0} duce goi 1a chu ky cla /. Nhu thé £ ¢6 thé nhan nhiing chu
ky <0.
Thidu:

Vi we ]R*,(+ c6 dinh, dnhxa f:R — € tufin hoan va Py = 2—”2‘

e )

2.1.4 Anhxabichin -
Trong § niy, ching ta s t6ng quat hda céc ket qua ctia § 4.1.8, Tap 1.

4 Pinh nghia Anh xaf X — E dugc goi 12 bi chan khi va chi khi
ton tai M € R, sao cho

vieX, - lf@f=m.
Nhdn xét:

1) fbi chan khi va chi khi AX) 12 mét bo phén gi6i néi ciia E (xem 1.1.3,
DPinh nghia 2).

2) £bj chan'khi va chikhi |f]: X 1> R bj chan trén (xem Tap 1, 4.1.8,
G -

Binh nghia).

L Ménh dé 1 Gia st E dugc trang bi mot co s& B. Mot 4nh Xa
f: X — E bi chin khi va chi khi t4t ca cdc 4nh xa thanh phén cla f
trong B déu bi chin.

Chitng minh:
1) Gia sir tdt ca cdc 4nh xa thanh phén clia ftrong B = (e, ..., ¢,) k¥ hi¢u 1a
Ji+ s fir dén bi chan. Khi 46 ta cé



2.1 Dbaicudng

veeX, |f@)=

N
Z £i(0e;
=

N N
<150} il < Z:,"f.fliw Jesl
1 e
bat déng thiic ndy ching to £ bj chin.

2) Diéo lai, gid sir fbj chan. Vi 4t cd moi chudn trén mot K-kgv hiu han
chiéu déu twong duong (xem 1.3.2, Pinh ly), nén tén tai f e ]R’: sao cho
vyeE, |y, <8y

N
wong d6 o], = Maxly| neuy=3 ye;.

Choje {1,.., N};tacé:

vieX, |f0|s|rol, <Blrof.
chimg (b ring £, bi chan. -

¢ Ky hiéu
Vé6imoi dnh xa bj chanf: X — £, ta ky hiéu:
11, =supf@).
1eX

¢ Ménh dé 2

1) Néuf, g: X — E bj chan, thi f + g bi chan va:
||f+g“oo £"f”m +"g“oo N

2) Néu i e KK vaf: X — E bi chin, thi Af bi chan va
Wl =1 111

3) NéuA: XK vaf: X — Ebj chan thi Af bj chan va

sl < Pl
Chitng minh: '

Tuong ty nhu phép ching minh §4.1.8, Ménh dé 2, Tap 1.

Ta ky hiéu tap hop cc 4nh xa bj chan tir Xd&n E 12 B(X: E). Tir1) va 2} cha Ménh
dé 2 (va khi B(X; E) # @) ta suy ra Ménh d8 3 sau day:

¢ Mgnh dé 3  Tap hop B(X E) cic 4nh xa bj chan tix X dén E 1a -
kgve cha EX, va 4nh Xa:

|-1,: BOGE)y-> R
r el
1a mot chudn trén I-kgv B(X: E).

Khi £ = [, phin 2) clia Ménh dé 2 va tinh chft 1 € B(XK) cho phép ta két
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luan ring (B(X;K), | . 1.) 12 mot dai s6 dinh chuin (xem 1.1.1, 4), Dinh
nghia).

Nhdn xét:
Cho (E, (1)) R mot khong gian tién-Hilbert, { . || 1a chufn lien ket véi (1), (f, &)
& E* bi chin. Theo bt ding thitc Cauchy-Schwarz:
vieX,  |(fore@)slr@] fse<)fl, lel.
Tasuy raring (f1g):X > K bjchanva

Wr1e), <l el -

Bai tap

0 21.2 Chof: [0:+0] — E 12 mot &nh xa sao cho v6i moi x thuge [0+ [, f b chan
trén [0;x]; ta k§ hidu M: €0; + oo [ = IR 13 4nh xa xdc dinh bdi:

Vx € [0+, M(x)= Sup ﬂf(r)ﬂ.
re[Gx)

Gid sir tn tai A € B, théa min:
Vre(Ool,  |f(o)s A+%M(x).
Chifng minh ring f bj chén trén [0;+a[.

2.1.5 Gi6ihan

V6i f : X — E thi khdi niém gi6i han cia ftai a (a€ X ) 48 duge khio sét & 1.2.1.
Chiing ta chi cdn phéi hoan thanh viéc khido sét d6 cho trudmg hgp ta muén cho bién
s& (thyc) tigh ra + @ hay - c,

¢ Pinh nghia Cho X e P(R) sao cho tén tai @ € R thda min

[oz+o [ < X, f € EX 1 € E. Ta n6i ring £ c6 gi6i han / tai + o Xhi
va chi khi:

Ve>0, d4>0, VieX, (tzA:"f(t)—l“se).

Ta chimg minh duge cic ménh dé sau ddy tuong ty nhu trong Tép 1, 4.2.
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¢ Ménh d€1 (Tinh duy nhét ciia giéi han néu né ton tai)
Néuf cécicgidihanivaTtaiathil=/.

Nhur the chiing ta c6 thé s dung k§ phap ham tinh: néu f ¢6 gii han / tai g, thi ta
vigt ! = lim f(¢},hay I=lim f, hay f(t) — I hay f—>I.
—»a a f—a a

¢ | Ménhdé2
f-1 o |ro-i->o0.-
—a f—a

Ménh dé 2 trén day cho phép ta quy vidc khio sét gidi han cla mot ham 14y gid tri
vecto (f) vé viéc khao sét gi6i han clia mot ham 14y gié trj thue ([f - /[ ), néu nhu ta
du dodn dugc gid tri cha l.

L Ménh dé 3 Né&u fc6 giGi han (hitu han) tai a, thi f bi chin trong
lan ¢4n cha a.

4 Ménh dé 4 (Dung day dé dién ta gi6i han clia ham sd)
Pé f c6 gi6i han { tai a, didu kién cdn va di la tacé :
JFu,)—!
o

v6i moi diy (u,),ey trong Xthod mén u, —a.
oo

Nhdn xét:
Vi céc gil thigt cha ménh d8 4, tacé: [ e f(X).

¢ Pinhly (Diéukién cdn va dii Cauchy dé mot ham s6 14y gia
tri trong mot kgvdc hin han chiéu 6 giéi han)

ChoXe P(R), ac X (achthé bhng - o holc + ), f & EX. Dé fcb
gidi han tai a, diéu kién cdn va 40 12:
Ve>0, FVel(a), Y, MeXnV)?, Jfe)-fe<e.

Chimmg minh:
Xem 1.4.2, Dinh 1y 1.
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¢ Mé&nh dé5 Gi4 sit E dugc trang bj mét co s¢ B. Cho f € EY, §,, ...,
fn 12 c4c dnh xa thanh phdn cia ftrong B, ! € E, I}, ..., Iy 1a céc
thanh phén ctia ! trong B.
Khi d6 f ¢6 gi6i han ! tai @ khi va chi khi f; ¢6 gi6i han /; tai a v6i moi
Jjthuge {1, .., N}.
Chiing minh:

Vi moi chudn wén E déu wrong duong, nén ton tai (g, ). (]R:, ¥ sao cho
alyl, <[yl < By, . véimoiy € £, trong d6 :

Il = I%‘;’blyﬂ » VO y=(¥iigjcn -
Khi d6 v6i moi ¢ thuée X ta cé:

N
lr@-t<8Y |5o-1ilel
Jj=1 R

Viell..NL |f;0-1]<|ro-1, sé"f(r)—f"
tir d6 suy ra:

(gf(:)—r“rjaoJ & (Vje{l,...,N}, if}(t)—z’jL—:aOJ.

Ménh dé 6 (Phép hop gi6i han)

ChoX, Y € B(R), aeX, beY,lcE fe R g e E théa man
fxX)cv.

6 gi6i han b tai
Ne |/ cO@dihambuia thi g of c6 gi6i han ! tai a.
gceogidihanltai b




2.1 DBaicuong
2.1.6  Tinh lién tyc timg khiic

Céc két qua v& cdc ham lién tuc tir X dén E dugc khdo sét trong § 1.2.2 dwong nhién

van con diing véi cic ham 19y gié tri vecto trong chuong ndy. Chidng ta s& hoan chinh
viéc khao sdt d6 bing viée nghien ciu cdc 4nh xa lien tuc timg khdc

4  Dinhnghia1l  Cho(ahb) e R thoamina<bhvife £ 5 Ta
néi ring f lién tuc titng kKhic trén [a,5] khi va chi khi tdn tai n e N
va {ay, ..., a,) € [a;B]"*! thoa man:

(o a=g <.<a,=>b

e v&imoii thude {0,...,n-1}, thu hep clia f

4 vao Ja;ia; [ 1ién tuc trén Ja;;a; [ vacé

gidi han hiru han bén phai tai ¢; va giéi han hitu

han bén tréi tai ¢ .

"

Piéu kién trén quy vé yéu cdu ring, véi méi i thuoe {0, ..., n-1}, FYgiagyy €6 the
théc trién lign tuc ra [a;; a,,,] .

4 Dinh nghfa2  Cho 7 1a mot khoang cia Ik, f € E. Ta néi rang f
lién tyc timg khic trén / khi va chi khi f g lién tuc ting khic,

véi moi (a, b) thude Psaochoa<h.

Thi du:
1) Anhxaf 10;11 > R chobdi:
(1 . 1
z—nné'uldntazneNth(’)amin: y=1 (®
1 1
flx)= 3« 2n+lSI<2—”
1 nér x=1 ) 3 .
lien tuc timg khic trén 10;1). % !
1 3
Tuy nhién 4nh xa g: [0;1] > R cho bdi: § :F- -
L l x

()= f(x) nfu xel;l) oll
b= 0 u x=0 8 4 2

ma ta thu duge bang céch théc trién lign tuc f tai di€m O thi khong lién tuc ting khuc
trén [O; 1].
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2} Anhxaf'R — R cho bdi
0 néuxe Z

f(x)=¢1 ndutbntaine Zthdamin 2n<x<2n+]
-1 néutbntaine Zthéamin 2n-l<x<2n
lién tyc timg khdc trén R,

—rlr—- -+

-2] -1 1 2

Ta chimg minh d& dang hai ménh d€ sau day.

4 Ménh dé1 Cho 7 mot khodng ca I
1)} Tép hop cdc dnh xa tir / dén E, lién tuc ting khitc trén 7 13 mét
- kgv (461 véi céc luat thong thudng).
2) NéuwAd:I-> K vaf:I-» E lién tuc timg khiic, thi Af lién tuc
timg khiic.

¢ Ménh dé 2 Gia sit E c6 trang bi m6t co s B.
Cho 7 12 mét khodng cla R , f € E. f,, ..., fy |2 céc 4nh xa thanh
phén ca f trén B. D4 flign tuc timg khic trén 7, diéu kién cén va di
1a f; tién tuc timg khiic trén 7 v6i moi j thuée {1, ..., N}.
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Bai tap
0 2.1.3 Timutcdcicnhxaf: B o R? lien tuc tai O vi thda min:
FO=(01
! H 32 .
VieR, f(O= (—J+ ——
\2 [2 @+t +4)]
¢ 2.t.4 Tim it cd chc dnh xaf: R — IR?lién tuc tai O vh thda man:
f(o) = (_1)1)
YieR, f(20=chtf(®)’
o 21.5 Cho{a, b) € R? thod min a < b; f : [a:h] - T lién tyc va thda min:

Vielabl, (Re(f(0)=0 = Im(f(n}=0).
Chiing té ring 6n tai m € R, sao cho:
Vielabl, |f@)zm.

0 2.1.6* Chof: R — E li¢n tuc vi thda min:
VxeR, flx+0)-2f(x)+f(x-1) - 0.
t—>+a0

Ta kg hiéu g ( twong fing: #) 12 bd phan chin (tuong tng: 18) chia f tic 1A:
vxeR, [s{x) - %(f(x)+ F=x), hx)= -;—(f(x)—f(—x))) :

a) Chiing tb ring g [ him hing.

b) o) Chingminh:  VxeR, -};h(nx)th[%] )

A) Tir 46 suy ra: YxeR, VreQ, h(Urx)=rh(x)
v} Chitng minh: VxeR, hix)=xh(1).
c) Suy ra ring £ 13 hm afin,

10- GTTT3-GT3
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2.2 Daoham

Trong myc 2.2 ndy, /chi mot khoang ctia T, khong rng va khong thu vé mot diém.

2.2.1 Pao ham tai mot diém

¢ PDinhnghtal Choael.fe F'. Ta néi ring f kha vi tai a khi va
chi khi:
1
lim — +h)-
lim —(f(a+h) f(@)
tén tai (trong E); khi d6 gidi han nay duge ky higu 12 f '(a) vi goi 1a

dao ham cia ftai a.

Thay cho f'(a), ta cling c6 thé ky hitw:  (DH(a@), (Dy)a), hay 3—{((:) .

Moi 4nh xa hing A:7 —)’1 E déu kha vi tai moi a thude 7 va A'(@) = 0.
=

¢ Ménh dé 1  Giasit E c6 trang bi mot co 0 B.
Cho a € I,f € E'fi, wr fy 12 céc dnh xa thanh phin cha f trong B.

Khi d6 f kha vi tai @ khi va chi khi f; kha vi tai a, v6i moi j thude
(1, ..., N}; hon nifa, ta cd:

N
fay= f'jlae;.

j=l
Chitng mirh: _
Ta chi cdn ché ¢ ring v6i moi & thude / sao cho A+ 0 vaath & I thi:
N
1 1
(flaxh)- @) = Y {far - fi(@)e; "
=

Nhdn xét:
Téng quit hon, cho N e N, E,, .., Ey 12 nhing F.-kgvdc hiu han chiéy,

N
E=] & f:1—E 1 mot dob xa. V6 mdi j thuge {1, . N}, @ ky hieu

J=1
fj:1>Ejsaocho:  Vtel, f)= (£; (‘))ns;su :
Khi 46 f kha vi tai a khi va chi khi f; kha vi tai @ v6i moi j thude {1, ..., N}; khidé ta

cdn ¢6:
| £@=(f1@), ey
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¢ Pinhnghia2 Choac/, feE.
1) Ta néi rang f kha vi bén phai tai a khi va chi khi:
.1
lim —(f(a+h)- f(a))
a0t h ,
tén tai (trong E); khi d6 giét han nay ky hiéu 13 f'p(a) va goi 1a dao
ham bén phai cia ftai a.
2) Ta n6i ring f kha vi bén trai tai a khi va chi khi:
1
lim —(f(a+h)- f(a))
PN

t6n tai (trong E); khi d6, giéi han nay ky hiu 12 f',(a) va goi 1a dao
ham bén trai cua ftai a.
D6i véi cdc dao ham bén phdi (tuong itng bén tréi) tai a, ta cling c6 mét meénh dé

tuong tr nhu Ménh dé 1.
Ta chitng minh d& dang Ménh 44 sau day.

¢ Ménh dé 2 Choac /.feF.
Dé f khd vi tai a, diéu kién cdn va di 1a f kha vi bén phai va kha vi
bén trédi tai a, v f'p(a)= f'(a). Hon nita, véi cdc gia thiét d6 ta co:

flay=f'pa)=f'i(a).
* Ménhdé3 Choacl feE.
Néu f kha vi tai a thi flién tuc tai a.
Chiing minh:
fla+h)= f@)+h~(f@a+h)- f(@) - f(@
h h—0

Vi ing Hfa+h-f@) > f@.

2.2.2  Cic tinh chit dat s3 cita cdc anh xa kha vi tai mot diém

¢ Dinhly1 Choael,aeK, A: /5K, fg:I>E.Gidsit A, f,
g kha vi tai . Khi d6: _

1) f+gkhadvitaiava (f+g)(a)=f"(a)+g'(a).

2) of khdvitaiavd (af)(a)=af'(a).
3) X khiviniavd  (Af)(@)=A'a)f(a)+ AMa)f'(a).

4) Néu A(a) = 0 thi 1 havi tai a va: [-1») (@)=~ ’Il(a)2_
’ A ()
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Chitng minh.:
Tuong ty nhu phép chimg minh Dinh 1§ 1, Tép 1, 5.1.2.

L 2 Pinh Iy 2 ChoE, F lahai K-kgvdc hitu han chiéu, ge L(E,F),
aeE,f:]1-»>Ekhavitaia

Anh xa ¢(f): IH i} m)F kha vi tai a va {¢(f))(a) = ¢(f (@) -

Chimg minh:
V& moi h thude R’ sao cho a+h € I, ta cb:

%(ﬂi(f)(a +h) - ¢(f)a)) = %(¢(f(a+h))—¢(f(a))) = ¢G(f(a +h)—f(a))] :

Vif kha vi tai @ nén: l(f(a+a‘!)-ﬁ_f(a)) - fi@.
h h—0

Vi ¢ tuyé€n tinh va E hitu han chiéu, nén ¢ lién tyc trén E (xem 1.3.2, Ménh d¢ 1),
ndi riéng lién tuc tai f'(a), suy ra:

1 )
;(¢(f)(a+h)—¢(f)(a)}h30¢(f (@)} .

¢ Pinhly3 ChoE, F,G 1aba[K-kgv hitu han chién, B:ExF —>G
12 mot 4nh xa song tuyén tinh,a € £, -] - E, g2/ > Fkhavitaia
Anh xa:
B(f,.g):I -
1 B(f(1).8(1)}
kha vi tai a va:
(B(f.8) (@)= B(f'(a).8(a)) + B(f(a).g'(@).
Chiing minh:

Vé6i moi h thudc R’ sao cho a+h € 1, tac6:
%(B(f.g}(_a +h)=B(f.gXa)) = %(B(f(a +B).gla+ ) - B(f(a).g(@))

=B [%(f(ﬁh)—f(a)),g(a +k)}+ B[f (a),%(g(w h)—g(a))]
Vi fva g kha vi tai a nén:

1 . 1 _ .

Z(f(a +h)—f(a))h:>m fa) wva h(g(a+h) g(a) 2, 8@-

Vi B song tuyén tinh va E va F hitu han chiéy, nén B lién tuc trén ExF (xem 1.3.
Menh dé 2), néi riéng lien tuc tai (£ '(a), g(a)) vaai (f(a),2'(a), suy ra:

%(B(f,g)(ﬁ B-B(.9)@) > B(f(@),5@)+ B8 @).
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L 4 Hé qua
1) Néu (E ( | )) 12 mot khong gxan Euclide hay Hermite, va néu f,
g: 1 —> Ekhd vitai a thi

flg):f -»> K
(e) 1=(f(g(r))
kha vi tai g va ta cé:

(f18)@=(f"@)g@)+(f(a) g'@).
2) Néi riéng, néu (E, (.l )) la mot khong gian Euclide hay

Hermite, vA néu f:  — E khd vi tai a tht [ f]7 :7 = R
e (i)
kha vi tai g va ta ¢6:

(1A Y @=2Re( f@31 £ 1),

3) Néu £ 1a mét khong gian Buclide thyc c6 dinh huéng, 3 chiéu, va

néuf,g:/ »Ekhivitaia, thi fag:] — E khivitaiava
1= f(DAglr)

ta cd:

(frg)@=Ff(@rg@)+ fl@)ng'(a).

¢ Ménh dé (khong thusc chuong trinh)
Cho N & N*, B, 12 co s& chinh tic cla I N ot I 5 KY:ta

k¥ hiéu 4nh xa cho bdi:
viel, (det & e fv ))(:) ={det 4 (A fv®)
I (detg (i iy W K.

Néuf, .. fukhavitaia e £, tht (detgg (.- ,fN))khé vi tai a va

(det g, fivrfi)) (@) = Zdﬂ.ﬁ,(fl(a), A £5(@) fu(@).

j=1

Chiing minh:
Vi mdijthuse {1, .., N}, intai 6;: Iy= {heR; avhel} K" saocho:

{Vh&'fg‘ f}(a+h)=fj(a)+hf}(a)+h£j(h)

£i(h) - 0
h—0

Suy ra, v6i méi A thudce I;
{detay (s fiv)) (@t by = dety ((,g(a)mf (@) + he ()

1< sN)
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Bang céch khai trién theo tinh da tuyén tinh, ta duge
detg, (( (@) +hfi(@)+ he j(h))lsjsN)

N
= det g (/i@ Sy (@) + 1Y detgy ( fi(@es £ @ns fir (@) +heC)
j=t
trong d6 1 rang 14 e(h) h-—> 0. : [ |
—D

Nhu vay, dao ham cha clia mot dinh thic Ia tdng clia N dinh thifc thu duge khi dao

him mot ¢bt, cdn cac cot kia giif nguyén. Di nhién ta cling cé két qua twong tu ddi
vt che dong.

¢ Pinhly 4 (Pao ham cua ham hop)
Cho 7, J 12 hai khoang cla K, a € I, f € R‘r. g€ Ejsaochoﬂl) cJ.
Ta ky hiéu (mot céch lam dung) gef:/ — E.N€ufkhavitai
tog( f(0)
a va g kha vi tai fla) thi gofkha vitai a va:
(g ofY(a) = f(a)g (Ra)).
Chimg minh:
Tuong ty nhu phép chimg minh Dinh 1y 2 &5.1.2, Tap 1.

'2.2.3 Anh xa dao ham

¢ Pinh nghia1 Chof € E'; @ao ham (hay: 4nh xa dao ham) ca f,
duoc ki hieu 12 £, 1a 4nh xa cho tng méi ¢ thugc 7 sao cho f'(2) 6n
tai, vdi f (7).

Nhuvdy:  Midn xdc dinh (f’ Yhay MXD(f’) = {tel:f khivitaiz},
v ' MXB(fH.—~ E .

4 = f0
Thay vif', ta c6 thé viét Df, D.f, hay % .
Nhdn xét:
Néu E c6 trang bj mot co s B thi véi ky hi¢u cdc dnh xa bo phan cua f trong B 1a
froonfntacé:

: N
MXD(f") =ﬂMXD( Iy

j=t

L 4 Pinh nghia2 Ta néi riing 4nh xa f: T — E khd vi trén / khi va chi
khi f kha vi tai ¢, v6i moi ¢ thuge 1.
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Tir 2.2.2, ta dé dang suy ra céc két qua sau day:

*

Pinhly1 Cwoel, i I->F;f,g:l>E. GastAdf gkha
vi trén [, khi dé:

) f+gkhavitenIva(f+g) =f'+g

2) of khavitrén I va (of)' = of '

3) Af khd vitrén I va (Afy = Af + Af'

4) Néu (Va e I, Ma) = 0), thi %:I—HK kha vi trén J va:
ny__ &
A 12

PinhIy2  ChoE, F 12 hai [K-kgvdc hitu han chiéu, ¢ € L(E, F),

f:I >Ekhivitrenl. Anhxa ¢(f):I — F Kkhavitrén/ v
tg{ (1))

(#(N) =8(F).

Anh xa ¢ (f) chinh 12 ¢o £ & day, ta chon diing k¥ hiéu &) d& néu bét tinh song song
giita hai dinh 1y 2 va 3.

*

Pinh 1y 3 Cho E, F, G 1a ba K-kgvdc hitu han chiéu,
B:Ex F — G lamot 4nh xa song tuyén tinh, f: I - E; g: / — F kha

vi trén I. Khi d6, 4nh xa B(f,g):7 - G khavi trén f va:
1> B(f(1),8(5))

(B(f’g))‘ =B(f",.g}+B(f.8")-

Hé qui
1) Néu (E, (I)) 12 mot.khéng gian vecto Euclide hay Hermite, va

néu f, g: I — E kha vi trén [ thi (flg):I — K khavitrén/
1-{f(lg()

va:
(F1g)=(r1g)+(f1g).
2) Néi riéng, né'u(E, (I)] 12 mét khong gian Euclide hay Hermite,
vanéuf: 1 —E kh vi tren I thi | :7 — R kha vi
s f O =(f )
trén I va ta c6: (Hfuz)':ZRe(flf').
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3) Néu E 12 mét R - kgv Euclide 3 chiéu duge dinh huéng, va néu f,

gl >EkhivitrenIthi fAag:] -  E khiviten/vatacé:
1 f(Ong(n)

(ng)':f'Ag+ng'.

Nhin xét:

Cho (E, {.1.)) 1amot khong gian Euclide, e: / — E kha vi wrén /.
Néu: viel, Je(n)]=1

thi : viel, €'@t)Lel).

¢ Ménh dé

Cho N & N, B, 12 co s& chinh tic ciia XV, £,, ..., fw: I - K ta ky
hiéu 4nh xa cho bdi

veel,  (detg(fim- fi))(0) =detg (A Sy (1)
la: detgo (Fefal: 12K
Néuf, ..., fy kha vi trén [, thi dctgo(f],...,fN) kha vi trén { va:

N

(detg, (s fr))' =D detg, (flf}fN)
Jj=1

L 4 Dinh Iy 4 (Pao ham ciia nh xa hop)

Cho £, J 12 hai khodng cia R, f € R, ¢ € E' sao cho A 1) < /. Ta ky

hi¢u (mét cich lamn dung) go f:/ — E.N&uf khdvitréen/va
t-g{f (1))

gkhd vitrénJthl gof khi vitrén ] va

(8o7) =1'Ag°N.
L 4 Binhly5  (Dictrung cia céc dnh xa hing trong tap hop cic
dnh xa lién tuc trén 7 va kha vi trén 1)

Cho f: | — E lién tuc trén I v kha vi trén | . Didu kién cdn va dd dé

flasnhxahingld: Yee I, f'()=0.
Chiing minh:
Vi E hitu han chiéu nén £ c6 ft nhdt mot co s& B = (e, ..., ex).

Chc énh xa thanh phinf: 1 — K (1< < N) cliaflién tuc trén 7 va kha vi tén 1.
NéulK =R thitheo T4p 1, 6.3.1, Ménh dé , ta s& c6 mot c4ch so luge nhur sau:
(f: dnh xa hing) & (¥ j € {1, ..., N}, f : 4nh xa héing)
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S (Vjell,..NLV e I £()=0)

oNtel, f(H=0)
NeéuK =C thi khi xét Re(f)) va Im(f), 1 < j < N, ta théy rdng két qué trén day vin
ding.

Bai tap

0 221 ChoflamotkhodngciaR,fi/ - Ckhivithdamin: V7 e LAn=0.
Chitng minh ring |£| tang khi vA chi khi Re[%)zo.

¢ 222 Cholah) e R'saochoa <b, f: [2; b] > E kha vi v thod man:

vxelabl, | fof +freff >o.
Ching minh ring f chi c6 mdt s hitu han khong diém.

¢ 223 (honeN'.fe LR, @ R > R chobdi
VieR, p(t)-del(ldn,, +g‘). '
Chli'ngminhringykhivitgi()vaﬁnh @' ().

¢ 2.2.4 Chof:]-1;1[ - B2 cho béi:
0,0 nfu  -l1<t<0
f@= [rzsin-:-.rzcos%] nfe Q<1
Ching minh ring £ kha vi trén }-1;1[ vA £* (3-1;1[) khong lien thong theo cung.
] 225 VéineN, (u, .., o, e T tinh
1 & af af? af
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224 Dao ham cip cao

Ta quy u6c ring f@ =

¢ Dinhnghia Chofe E. Tadinh nghia cac dao ham cdp cao cla f

theo luge d6 truy héi nhu san: Véi moi # thuoe 17

e véia el f(a)1a dao ham clia f "V tai @ n€u dao ham
dé ton tai

e £ 12 4nh xa dao ham cha £, va tap nguén ctia f ' 1a
tap hop cdc diém a thuéc I sao cho f ™(a) t6n tai.
Pao ham cdp » cla f tai a 12 phin tir £ (@) clia E; 4nh xa dao ham
cAp n cuaf 12 4nh xa:

7 ),

véi tap ngudn 1 tap hop cdc diém ¢ thuoc ! tai d6 f “7) tén tai.
Ta néi ring f kha vi » I4n trén / khi va chi khi £ x4c dinh trén 1.
Ta néi ring f kha vi vo han 14n trén 7 khi va chi khi £ kha vi » l4n
trén f, véi moi n thude i,

Thay cho f “(a), ta c6 th€ ky hieu (D")(a) hay (D,f){(a) hay ¢f {a) ; thay vi
dr”

n
£ ta c6 thé ky hieu D hay D,f hay d/

.Pt .

®; Ménhdé Giathi€t E duge trang bi mot co sd B={e;, .., ey). Cho
nelN', f e Elita k¥ hiéu cdc dnh xa thanh phin cta f trong B 1a
TS '

® Choa eI, f khavinl4n tai a khi v chi khi f; khavin
14n tai g v&i moi j thuode {1, ..., N}, va khi d6 ta cé:

N
P@=) @
Jj=1
e f kha vi n 14n trén I khi va chi khi f; khd vi n 14n trén / véi

moi j thuoe {1, ..., N}, vikhi d6 ta cé:
N

f(") =Zf}n)ej -

=
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Binhly1 ChoneN,gelkX,i: I>X; fig:1 »E Giast
A.f, g kha vin 14n trén 1. Khi dé:

1) f+g khdvinlinweniva (F+g™ =™ 4™
2)of khavinlintenIva  (af) ™ = of ™

3) Neu(Wtel, X=0) thi % kha vi »# 14n trén [,

Ching minh:
Tuong ty nhu phép chimg minh & Tap 1, 5.1.4, Dinh Iy 1), 2), 4).

L 4

Pinhly2 ChoneN:.E F.Ghba IR-kgvdc hitu han chiéu,
B:ExF —> G lamét 4nh xq song tuyén tinh, £ : J —-E g:I->F,

Néuf, g khd vi nldn tren I thi B(f,g):1 = G kha vi n l4n
o B(f(0).g(1))

trén / va: (B(f. 8))("} - Zc’f B(F® g(nh)y

- k=0
(cong thikc Leibniz). =~

Ching minh:
Tuong ty nhu phép ching minh & Tap 1, 5.1.4, Binh 1y 3).

L 4

Hé qua Chon e N,
1)Cho A: 1>, f: 1 - E khé vi n l4n trén 7. Khi d6 J4f khi vi

n
14n trén 7 va: (Af){”) = Z[:f;»{k)f("_k) _
k=0

2) Cho (E, (.1 .)} 1a mot khong gian Euclide hay Hermite, £, g: / — E

khivinlintrenZ. Khid6 (flg):/ — K khavinldntren/va
w=>{f1lg())

(18" = 3 GH{r® 150}
=0

3) Cho E'la mét khong gian Euclide dinh huéng 3 chiéu; f, g: [ — E

khavinldntrénl. Khidé fag:l —  E khavinlin trén 7 va
= f(2)ng(t)

k=0
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2.2.5 LOp chia mét 4nh xa

¢ Dinhnghial Chofc E.
1) Cho # € N, ta néi ring f thugc 16p C” trén I khi va chi khi
f Kha vi n 14n trén J
{ ™ lien tuc trén I
2) Ta néi ring f thudc 16p C* trén I khi va chi khi £ kha vi vo han 14n
trén f.

Véin e N U {+o}, ta kg hieu tdp hop cdc dnh xa thuoe 16p C" tir 1 dén E 1a C°(, E).
Ta c6 thé ching minh d& dang m¢nh dé sau day.

® | Ménhdé1 Giathiét E duoc trang bi mot co s& 8. Cho
neN U {+o),feE f, .., fyldcic 4nh xa thanh phin cfia f trong
B. Ta cé:
feCMIE)y (Vj ell..,N}, fje C”(I,}K)) .

Nhdn xét:
1) f € C%({, E) khi v chi khi flién tyc trén .
2) Véimoi (mn) € (N v {+0})? sao cho m < 1, ta cé
Cm(I,E):)C”(I,E).

3) C°(.E)= ﬂ C"(1,E).

neM
4) Mot énh xa f: I —> E c6 thé kha vi » 14n trén 7 ma lai khong thuge 6p C"
trén 7. Chéng han: f: R

2.4/ c

e pfa 20
e { D e a0
kha vi trén R nhung lai khong thuéc 16p C” trén R.

5) Duéi day (2.3.7, H¢ qud 2) chiing ta s& thdy ring, vdi nhiing gid thi&t

nhat dinh, néu ' cé
gidi han tai a thi £ lién tuc tai a.

6) Trong Tap | ta 44 thay ring néu £: 7 — R kha vi thi £'() [a mot khoang
cia R ("dinh ly Darboux", bai tap 5.2.11). Nhung néu N = dim(E) > 2, thi anh £'()
ctia khodng 7 qua dao ham clia mot 4nh xa f: / —> E khi vi trén [, ¢6 thé khong lién
thong theo nhitng cung thude E (xem bai tap 2.2.4),

|

T céc Dinh 1y 1 v12,2.2.4, ta d€ dang suy ra Dinh 1§ sau.
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4| Dinhly1 ChonelN Ul+o),aek; gl >E AT K Gi
st A, f, g thude 16p C” trén 1. Khi d6:

1)+ thudc 16p C" trénIva (néun & My F+9) ™ =™ + P
2) af thuoe 1op C"tren Tva (éun e ) : (o)™ = of ™

HNeu(Vrel AE)=0),thi % thuoc 16p C " trén 1.

Nhu thé, néi rieng C" (I, E) lamot K -kgv.

Tir 2.2.4, Dinh 1§ 2, ta dé dang suy ra Dinh 1y sau.

4 | Binhly2 ChorneNuU {+w}, E, F,G1aba K - kgvdc hitu han
chidu, B:ExF — G 1amot 4nh xa song tuyén tinh, f € cu, E),

ge C"(, F).Khidéénhxa: B(f.g):d > G
1> B(F(1).2(2))

thuoe 16p C " trén I va (néu n € ):

k=0

4 | Héqua Chone NuU{+w}.
1) Cho A: I —> K , £+ I - E thutc 16p C" trén 1. Khi d6 Af thute 16p C*
wenIva (néun e N): (Af)" =D Cia®seh.

k=0
2) Cho (E, (1 .)) 12 mot khong gian Euclide hay Hermite, f, g:/ — E

thude 16p C" trén . ThE thi (fig): 7 » K  thudc 16p C°
t B (f@)
n
wenlvaéun e Ny (f1g)" ':ZE:( F® g(n—k))
k=0

3) Cho mét kheng gian Euclide 3 chiéu ¢6 dinh huéng E; £, g I —> E
thuoc 16p C" ren L. Khi dé fag:l —> E thuéc 16p C trén
(DA

"
vi {(néu n € N): (f A g)(") = Z[;’:f(k) A 8(:!-46) ]

k=0
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¢ Pinh iy 3 Cho 7 € I¥ W{+w}; 1, J 12 hai khoang cha |; f: I - [,
g J — E sao cho fi) c J; ta k¢ hiéu (c6 phin lam dung)

gof:I —> E.Né&f vé.gthuoclépcn, thigofthu(}016pcn
tg(F )

trén /.

Ching minh:
Tuong ty nhu phép ching minh & Tap 1, 5.1.5, Pinh 1y 2,.

Chiing ta nhic lai mot dinh nghia va mét dinh 1y (Tap 1, 5.3.1, Dinh nghia va Pinh
1y 4):

¢ Dinh nghia Cho/, J1a hai khoang cuall, f:1 > J,

n € N'U {+c0). Ta néi ring f1a mot C" -vi phoi tir [ 1én J khi va chi
khi:

f thuoc 16p C" trén [
f 1a song dnh
£ thuoc 16p C” trén J

| Dinhly Chol,J1ahaikhodngchalR,f: [ — J=RD),
n e N' U {40}, D€ f1a mét C"-vi phoi tir ] léen J, diéu kién cdn va

da la:
f thuoc 16p C" trénl
f'>0hoicf'<0
Nhdn xét:
Theo dinh 1 gi4 tri trung gian, vi f* lién tyc trén khodng I nén c6 thé thay diéu kién
{f' » 0 hodic '

f' <0) biing diéu kien: ' khong triét tidu tai bét cif diém nao.

Anh xa thudc 16p C" timg Khiic

¢  Dinhnghia2 Cho(a,b) ¢ R’ saochoa<b,f:[ah] > E,
neN U [+o}. Tanéi ring f thuoc 16p C” timg khiic trén [g; bl
khi va chi khi t6n tai m & N va (ap, ..., @) € B! thoa man:

® g =ay<...<au=h
e v6imoi i thude {0,...,m —1}, 4nh xa thu hep f |] a‘,.‘am[cé thé théc

trién 1én [ai ;am] thanh mot 4nh xa thudc 16p C” trén [a,»;am]
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Trong trudmg hop n = 0 thi ta rd lai Dinh nghia 1 ciia 2.1.6 (Tinh lién tuc timg khic
trén mot doan).
Nhdn xét:

Néu f thugc 16p €™ tirg khidc trén [a; 4] thi v6i moi & thuoe {1, ..., n}, f ¥ xéc dinh
trén [a.5] urd ra mot s6 hivy han diém.

4 Pinh nghfa3 Chon e N U {+}, f e E.. ta néi ring f thuoc 16p
C”" ting khiic trén / khi vd chi khi f |[ ab] thuéc 16p C”* umg khic,

v6i moi (a, b) thuoc 1% sao cho a < b.

Ménh dé sau day 1a hién nhién, vi 12 dang t8ng quit héa cita Ménh dé 2, 2.1.6.

¢ Ménh dé 2 Gia sit E dugc trang bj mot ca sd B,
Chore N U {+wx},fe EJ,fl, ...s fy 12 cdc dnh Xa thanh phan cba f
trong B. D¢ f thuoc 16p C" timg khic trén 7, diéu kién cin va dit 1a f;
thudc 16p C" trén 1, v6i moi j thuoe {1, ..., N}.
Thidu:
Anhxa R-— ﬁl thudc 16p C® timg khic trén R.
I e

L 4 Pinh Iy 4 Chof: 71 — E lién tuc trén  va thudc 16p C' timg khiic
trén I. Khi d6 f 14 4nh xa hiing khi va chi khi f' = 0.

Chimg minh:
Néu f1a hing thi hién nhién f* = 0.
Dio lai, gid thiét f* = 0.
Cho (a,b) € I? sao cho a < b. Vi flién wc wén J va thude 16p C' g khiic wén 7,
nén f o) 1ié0 tue trén [a;b] v2 thudc I6p C' timg khdc trén [4; b). Ton tai m € N,
(o, -, a,,) € BR™! 520 cho:
» a=g,<..<a,=h
»  V6i moi i thuge {0, ..., m-1}, thu bep f|yg.q, [ ©6 thé théc mién len
[a; a,,,] thanh mot énh xa f; thudc 16p C* trén [a; a;,,].
Véi i thude {0, ..., m-1}, ;‘: lien tuc trén {a; a1, kha vitrén ] a;; ¢, [, va véi moi x
thudc la, ; g, [
F ') =f(x)=0. Theo2.2.3, Dinh 1 5, f; Iz 4nh xa hing trén [a; a,,.].
Mat khéc, vi fliéntuc trén/néntacé:  Vie {0,...m}, fa)=f (a).
Nhu thé, f1a hing trén [a; a,], ... [@,., ; b], vA do dé:
fa)=Ra)}=...=fa,) =Ab).
Cudi ciing, ta két luan £1a 4nh xa hing trén 7.
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2.2.6 B6 sung: vi phan

. Pinh nghta Choa e I, f e E, gia sit f khé vi tai a. Anh xa ky

hiéu 13 dof, chobdi: d_ f:R > E
< of, af @

duge goi 1a vi phan cia ftai a

Nhur thé, vi phan cita f tai a 1a m6t 4nh xa tuyén tinh.
Tén tai mot dnh xa £:{heR; a+hel}->E théaman:

{V&i moih€ R saochoa+hel, tacé fla+h) = fla)+d, k) +heh)

)y = 0.
h—=0

Nhdn xét:
“ 1) Anh xa f: I — E kh vi tai a khi va chi khi t6n tai mét phén tir A thuoc £
vAmoténhxa &:{heR, a+hel}—>E théaman:

VéimoiheR sao choa+hel, tachd f(a+h) = f(a)+hA +hs(h)

{s(h) — 0.

h—>0

(va khi d6 A = f'(a)).

2) V6i k¢ hien dr: ]E :: ]E (xem T4p 1, 5.1.6, Nhin xét 2), néu f € E!
khd vi tai a thi ta c6:

VheR, (d,/Xh)=hf'(a)=f'(a)it(h),

tiicld:  d,f = f'(a)ds.

Tir2.2.2, Dinh 1§ 1, ta d& dang suy ra ménh A4 sau.

* Ménhdé ChoaelaecK, MhIK;f,g] »E Néu),f, gkhd
vi tai ¢ thi:

1) da(f+g)=daf+dag

2y dylaf)=ad,f

3da(Af)=(d,A)f(a)+ Aa)d, f

) i
4)d, (—} =—d, A néu A(a) # 0.
A (a@)
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2.2.7 Dao ham cdc ham ldy gia tri ma tran

Véi (n, p) € (P, K- kgv M, , () (tao nén bdi cic ma tran 1 dong, p cbt va cé céc
h¢ 6 thuge ) duge trang bi mot chudn bat ky trong cdc chudn cla khong gian vecto
d6 (xem 1.3.2, Dinh 1§ 1). Ngodi két qui ciha cde muc trude, ta ¢6 thém céc két qua
bat ngudn tir cdc phép todn ma tran: nhan, nghich dio, chuyén vi, chuyén sang ma
trén lién hgp, vét, dinh thitc.

¢ | Ménhds
DN&ua ek vantuAd, B: I Mn,p(K) kha vi tai [ thi
aA+B: I - M, ,(K)
= aAlD+B(H)
khivitrén I va:

Viel, (@A+B)Y(t)=aA'(t)+BY).
2)NeuA: I >M, ,(K) vaB:1—M, (K) kha vi trén I thi
AB: I - M, (K) Kkhavitren]va:

t = AOB(@)

Vicl, (AB)'(H)=A'(NDB()+ADOB(Q).

3) Néu A:1 > M, ,(K) kha vi trén [ thi ‘A:/ —> M, ,(K) kha vi
r e HaAw)
wénl v viel, (A)@)="(A'W).
4)Néu A: I - M, (K) kha vi trén [ va néu;
(veel, A@eGL, X))

thi A™: 7 - M,(K) kha vitren/va:

t o (A0)!

Viel, (A_l )'(:) = A" A NA™ ).

S)Néw A: I — M, (K) kha vitrén I thi tr(4): 1 — K  khavi
t e u(AQ)

trén I va: Veel, (r(A)'(@)=tr(AQ)).

6) Néu A:7—>M, ,(C) khé vitrén [ thi A: 1 — M, ,(C) kha vi
e AlD
trén f va ;

viel, (A)(©=40.

14 . =2TTTI.~T
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TYNéu A: I - M,(K) khd vitrén 7 thi det(A): I > K  kha
t - det{ A(D))

vi trén Iva:

N
viel, (deA)@)=) det(4;®),
j=l1
trong d6 véi méi j thuoe {1,..., n}, A; (z) thu duge tir A(¢) bing cich
thay c6t thit j ctia A(7) boi dao ham cta c6t thit j clia A(¥).

Chitng minh:

Truéce hét, ta chi ¥ ring, néu A{f) =(a,;,v(r))19-5,, , thi A kha vi trén 7 khi va chi khi
1£j<p

tdt cd cdc ay; 7 — K déu kha vi trén J, va khi d6 thi:

viel, AW=(aj®)gicn -
1<j<p

1) Xem 2.2.3, Dinh 1§ 1.

2) Xem 2.2.3, Binh Iy 1.

3) Hién nhién.
4) e V6imdi i, j) thude {1, ..., n}? taky hieu phén t& thit 7, /) cha A() B a, (), va
phédn bd dai s6 cta vi tri thi¥ (7, /) trong A(7) 1a A, (). Theo gid thiét:

Viel, det(A(N)#0,

vido dé

-1 1
viel, (A®) :m;}_)_t(

trong d6 comA(r) 12 ma trén phu hop cla A(7): com(A(t)) = (A,j(t))

comA()},

1<i,j%n
Cic 4nh xg A;; va det(A), vén 12 nhilng da thic cla cdc hé s6 ctia A, déu kha vi trén 1.
Vay A™! khd vi trén 1.

e Viel, A(OAY(#)=1,, tir 46 bing céch dao ham (xem 2)) ta c6:

viel, A'®AN O+ A(:)(A“ ) © =0,

theld Viel, (A") O=-A"lAa'wa@).

5) Hién nhién. Xem thém 2.2.3, Dinh 1§ 2.
6) Hién nhién.
7) Xem 2.2.3, Ménh dé.
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2.3 Tich phan trén mot doan

2.3.1 Tich phan cic 4nh xa bac thang trén mot doan

Trong ca § 2.3.1 ndy, (a, 5) chi mét cap s6 thyc thda mén: a < b.

1) Khong gian vecto cdc dnh xa béc thang trén mot doan

Ta nhic lai ring (xem Tap 1, 6.1.1) phan hoach caa {a; b} 1a moi ho hitu han
(@i )o<ic,, Nhing S thuc théa man:

a=ay<a) < ... <a,,<a,=h.
Ta ky hiéu tap hgp cdc phan hoach cla [a; b] 12 S.

¢  Dinh nghia

1) Motdnhxa e: [a;h] > E ducc goi 1a anh xa bac thang
khi va chi khi t6n tai s = (g, ..., a,) € Sva (Ay, .., A,) € E” théa
man:

Viel0,..,n-1) Vte ]a‘-;a,-“[, e(t)=A;.
0 day, ta s& ky hiéu tap hop céc 4nh xa bac thang trén [a; b] 12 E(a, b).
2) Cho trude s = (ap, ..., a,) € S vi e € E(ab), ta néi ring s tuong
thich véi e (hay: phu thuéc ¢) khi va chi khi thu hep clia e trén
1a;; a;44[ 12 4nh xa hing, v6i mei i thude {0, ..., n-1).

Ta chiing minh d€ dang ménh dé sau day:

4| Ménhdél Gid sit £ duoc trang bj mot co s& B.

Chofe E[a;b] +J1 5 -+ fy 12 cdc 4nh xa thanh phén ciia f trong B.

Dé cho f 1 dnh xa bac thang trén [a; bl, diéu kién cdn va di 1a fi Ia
dnh xa bac thang trén [a; 5], v6i moi j thuée {1, ..., N}.

Ch ¥ ring ta s& thu dugc mot phan hoach tuong thich v6i f khi "hgp lai” cée phan
hoach tiwong thich véif, , ..., f, .



156  Chuong2 Ham vecta mét bién thue

4 Ménh dé 2
E(a, b) 12 mot K- kgv 46i véi cdc luat théng thudng
Chitmg minh: .

Tuong tw nhw phép ching minh Ménh dé 1,6.1.1, Tap 1.

2) Tich phdn ciia dnk xa bdc thang trén mot doan

¢ Ménh dé - Binh nghia 1
Choe € E(a, b), s =(a,')051.5n € & tuong thich véi e, vh véi moi i
thuoe {0, ..., n-1}, A; 1a gid tri cita e trén oy a;.([. Phin t
n—1 .
Z(am —a;)A; cha E khéng phu thuéc phan hoach s tuong thich
i=0
v6i e; phin tir d6 duge goi 13 tich phan chia e trén {a; b] va ky hiéu
b
1a Ie hay Ie.
[a:b] a
Chimg minh:

Tuong tu nhu phép ching minh Ménh dé - Dinh nghia, 6.1.2, Tap 1.

Dé dang chimg minh Ménh dé sau day.

¢4 Ménh dé 2 Gia sit E duge trang bj mot co s& B = (e, ..., ey).

Cho f € E(a, b); f,, ... fy 1 céic 4nh xa thanh phén clia f trong B. Ta

cé:

N
Jr=2] [l
lab]  JE1{(ab]
4 Ménhdé3 Anhxa E(a,h) > _E la4nh xa tuyén tinh.
e - wb] e

Chitng minh.

Tuang ty nhur phép chitng minh Ménh dé 2, 6.1.2, Tap 1.
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4| Ménhdé4 ChoF lamot I -kgvde hita han chiéu vaT < L(EF).
V&1 moi e thude E(a, b), dnhxa Toe:[a;b] > F 12 mot dnh xa bic
thang trén [a, b] va:

[reet| [ef

[a:h] [a;h]

Chiing minh:
Cho e e E(ab), s=(ay, ..,a,) 1 mot phan hoach cla [a;b] tuong thich vdi e, va
A, € E v6i moi i thude {0, ..., n-1} théa min:
Vt€la;a; (. e(t)y=A;.
Khi d6: Viell,...,n-1}, Vrela;a,l, (Teoe)t)y=T(A}),
suy ra To e 12 dnh xa bac thang trén [a; b) (va 14y gid tri trong F), va do T tuyén tinh:

n-1 n=1
IT0€=Z(G!‘+1 —a,-)T(A;)=TZ(a,-+1—a,-)Af-=T Ie .
i=0 =

[a;h] i i [a;5]

¢, Ménhdé5 Cho(a h,c)e & saochoa<h< ¢, e € E(a, ¢). Cc
thu hep cia e trén [a;h] va [#; c] 12 nhitng 4nh xa bac thang va:

I*‘-’ha;b]* Ifitb;c~1 = Ie-

[a;h] [hie] [ee]
Ching minh:
Twong tu nh phép chimg minh Ménh dé 4, 6.1.2, Tap 1.

4| Ménhdés Cho | . | 12 mot chudn trén E va e € E(a,b). Khi d6
el :la:6] > R 12 4nh xa bac thang trén (a; b] va:
¢ v e
-L:b]e < -[cr.bllle"'
Chitng minh:

Tén tai s =(a; ), thudc S tuong thich véi e.
Khi d6 |ef 12 hing trén méi la; a;,,[, do d6 [e| 1 anh xa bac thang trén [a:b). Ky

hi¢u gid tri clia e trén méi Ja;; a,,,[ 1a A, ta c6:

n-1 n-1
L2 ~ar ) 3 -aaif= 1l
S Py i=0 «h]
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23.2 Day dnh xa (so lugc)

Chiing ta s& khaa =4t sau hon van dé niy trong Tap 4, 4.1.

¢ DBinhnghiat1 Cho (f,: X = E),x 12 mot day 4nh xa.
1) Cho f € EX Ta néi ring (f, ),y hoi tu (don) dén f (trén X) khi va
chi Khi (f,,(r))mEN héi tu dén fif) trong E v6i moi t thude X Ta ciing
noi ring f1a giéi han (don) cha (f,),cN -
2) Ta ndi ring (f,),cy hoi tu (don) (trén X) khi va chi khi tén tai
f € EXsa0 cho (£, ), h6i tu (don) dén f (trén X).

Gia st E duge trang bi moét co s& B. Khi ky hiéu dnh xa thanh phén thi j cha
fotrong B1af,; , va 4nh xa thanh phdn thit j cla f trong B 13 ¢, véi moi j
thiue {1, ..., NY, thi ta ¢6 (f,),cry hoi tu dén £ khi va chi khi (£, ;),en hoi tu
dén @;, v6i moi j thuoe {1, ..., N}. i

Cho (f, : X = E),en 12 mot ddy &nh xa, ¥ 12 mot b6 phan ciia X, f € EX. Ta
néi rang (f,),en hoi tu (don) dén f trén Y khi va chi khi (f, ly),.n hoi tu
(don) dén fly ,ticla:
VieY, L) > () .
o
Véi (f, 1 X = E),en cho tnrée, 461 khi ngui ta goi tap hop céc ¢ thude X sao
cho (£,("), . héi tu trong E 13 mién héi ty don cia (£, )en -

4 Dinhnghia2 Cho (f, X E)pen 12 mot ddy 4nh xa.
1) Cho f € EX. Ta néi ring (f, ),y hol tu dén dén £ (tren X) khi va
chi khi :
Ve>0, 3NeN, VrneN, VieX, (n2N=|f,(0-f0)]se).
Ta ciing ndi riing f'1a gi6i han déu cha (),),cn -
2) Ta néi ring (f,),cy hoi tu déu (trén X) khi va chi khi t8n tai
f:X — Esaocho (f,),eny hoi tu déu dén f (trén X).
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Néu E duge trang bi mot co s& B, thi khi ky hiéu f,, ; (tuong ting ) 12 4nh xa

thanh phdn thit j clia f, (tuong tng £) trong B, ta ¢6 (f,),eny hoi tu déu dén f
khi va chi khi (f, ;)sen hoitu déu dén ¢;, v6i moi j thude {1, ..., N}.
Ta chitng minh d& ding Ménh dé sau day.

¢ | Ménhdé1 Néu (f,),cn hoitudéu dénf thi (f,),en hoi tu don
dénf.

! 2 Ménh d82  Cho (f,: X — E),cy 12 mot diy 4nh xa va f € EX.
Pé cho (f,),cn hoi tu déu dén f, diéu kién cin va da 1a:

Tén tai N, € N sao cho f, — f bi chin v6i moi n2 N
- -0
il >0

Ching minh:
1) Gid sit {f, Jpery hOi tu déu dén f.
Néi riéng, tén tai N; € M sao cho:
Vaz N VteX, |f0-f0)<1.
Diédu d6 chimg 16 rAng moi £, (v6i n = N,) déu bi chan, vi do d6 c6 thé xét :
15, - £, =Sup|futd) - £
1eX

Cho £>0; W1 (f,))nen hoi tu déu dén f nén tén tai N € N sao cho:
VnzN,VieX, |f0-f0)se.
Khi d6 v6i k¥ higu N’ = Max(N,, N), ta ¢6:
vazN', | -fl, se.
Viy ta 42 chiing t6 ring:
Ve>0, 3N'eN, VneN, (n 2N'=|f, -], <¢)
ueld |f-sl, = 0.
oo
2) Do lai, gid sir tén tai N, € M sao cho:
f, — f bichan véimoin 2 N;
-1l =0
e

> EY | .

Vay tacd:
vneN, vieX, (n2N=|f0-f0|<|5 -1, <e)-
Diéu niy chimg td ring (f,,),cn hoi tu déu dén f.
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Thi du:
D £: Gl-»R.
x Hxﬂ
¥4 R3 rang la {f,),eq hoi tu dén
fiosl> 0 RO
1 f:10:0 {0 néu x=1
X Pl néw x=]
P Ta cé ngay:
..... A vneR, |y-fl, -1
vi ring:
vxelBl], |f, () - f(x)<1
|fuly-F(x)| = 1
a1
R 4, Takétludn: (f,),.n khong hoi t déu
o 1 x  dénf tren [0;1).

2) f: [0l R

Vé&i mébi

x P x"(1-x)

R ——

(4] A 1 x
n+1

x € [0;1), (f,(xNpen hoi tu dén O (hidy tich rieng céc trudmg hop x € [0;11,

x=1); vy (fy)pen hoi tudon dén O trén [0;1). Cho n € N °; £, kha vi trén {0;1] va:

Ve[, f)=x"1(n-(n+)x).

Tir d6 suy ra bang bi€n thién clia f,;

Suy ra:

n
x 0 “]"' 7 i
Fx) + 0 -

Ja(x) 0 Va N 0

_ n ) { n | 1
||f""°°_f”(n+1}_(n+l} n+lsn+1'

dodé |£,], — ©.
-

Ta két luan: (2 )nen hoi ty déu dén O tren [0;1).
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Nhdn xét:

déu,

1) Thi du 1) trén day ching t6 riang tinh hdi t khéng kéo theo tinh hoi

2) Khi {f, : X - R,y hoi tu don trén Xnhung khong hoi tu déu trén X, thi

thudng ngudi ta xde dinh cc bd phan ¥ ciia X wrén d6 dy 4nh xa héi ty déu. Trong
thi dy 7) trén day, v6i moi a € [0;1] thi (), hoi tu déu trén [0; ] dén O, vi ring:

"fn l[D;“]"m = H(fn _f)l[ﬂ;a]"m = SE-:]P ]lfn(x)_f(x)l = S{‘:)P ]lfn(x)| = fn(a);;o .

3) Trong T4p 4, chiing ta s& thdy ring néu (f,),.y hoi tu déu dén f trén

mot bo phan Xcha E, va n€u moi f, déu lién tuc trén X, thi flién tuc trén X Ta cé thé
sir dung tinh chét ndy & dang phan déo, dé chimg minh ring mot diy 4nh xa, ma ta
da bigt 12 hoi tu don, khong hoi wu déu (xem thi du 1) trén day, véi X1a [0;1]).

Bai tap

¢

2,31 Khio s4t tinh hoi t (hoi tu don, hai tu déu) cha cc day 4nh xa sau day:

a) f, RoR, f(x)= r{Arc(an(x-r-l] - Arctan(x—in, nel'

n n

n+x
1+ nx

¢} fo: (G- R, f,,(x}:n“(x”(l-x}+x(1-x)") ,ne N*, a e IR c6 dinh.

b} fo: Ry, >R, f,(x)=Arctan , neN

4
2.3.2 a) Chimg minh ring fnh xa x> — 2" __ 6 mat théc tridn f, lien tue
{x— n)(x - E]
2
ten B, véimoine N°,

b) Khdo st tinh hoi ty (h0i tn don, hoi tu déu) cita day anh xa () s -

233 ChofeRRva £ :R->R chobdi

(ry’
(o) +2
Chitng minh ring (f")neN‘ hoi tu déo dén fren R .

VxR, f,(x)= , véi moi n thude N',

2.2.4 Cho Xva Y Ia hai t8p hgp khong rdng, f € ¥*, (g,:¥ - E)ﬂeN ,e € EY gia

thi€t (g,), hoi ty déu dén g ven ¥, Ching minh ring (g, » f), hoitdéudén gof
trén X

161
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¢ 235 ChoX Iamotbd phan clia R , compac vi khac réng, (fi:X> E)HEN 1a mét
diy dnh xa hgi ty dév trén Xdeén motdnh xaligntue f: X > E.
Gi thiét veN,  flio) »2.
Chitng minh: F (o) »2.

2.3.3 Xdp xi déu bing nhimg 4nh xa bac thang hay bing nhitmg 4nh Xa
afin timg khac va lién tue

Trong § 2.3.3 nay (u, &) chi mot cap s6 thuc thda man a < b.

¢ | Binhly Cho f: [a;h] —> E lién tuc timg khiic.

Tén tai mot ddy (e,: [a:h] - E),y nhing 4nh xa bac thang trén
[a; b] hoi ty déu dén £ trén [a; b).

Chiing minh:
1) Trube hét ta khdo sét trudng hop flién tuc.
Cho r € M ¢6 dinh.
Viflién tuc trén doan [a; b} nén theo dinh 1y Heine, £ lién e déu trén [a; b].
Vay tdn tai 5> 0 sao cho:

Ve (@bl (Ir'-r"l <7 = Jfe)- s s%)

h—
Tén tai N € 11 sao cho <

<7 (ching han N =E(£—-EJ+1 ). Chi ¥ ring 7 va
n

N déu phu thuoce n.
X¢ét phan hoach "dév" cia [a; b]:
h—a

5= [a +k ]

N 0gksN
va dnh xa béc thang e, :[@;h] > E cho bdi:
b-a

~ ;a+(k+1)’3v;a[, en(t)=f[a+kb;]a]

Viel),.. ,N-1}, Vte [a+ k

e,(b)= f(b)
Véi moi t thudc [a; b], t6n tai & thude {0, ..., N-1} sao cho

te a+kb_a;a+(k+1)b_—a|i ,
N N
va do dé, ta cé:
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h—-a
f(r)—f[a+k N }

vi ring: Osr——[a+kb;!a}sb;ra£r;‘

L= eq 0] =

K&t qué trén ching tb ring f —e, bi chan va ||f—e,, "m é% , v&i moi n thude I
n+

Nhur vy, ching ta d xay dung dude mét diy (e, ),y nhiing 4nh xa bic thang trén
[a; b} hoi tu déu trén [a,;b] dén f.

2) Bay gity chiing ta khao sdt trudng hop 1éng quat khi £ lien tuc timg khisc.
Tén tai p € ¥ 7, (ay, .., a,} € R?*' sao cho:

a=dy<..<ap=bh

Véi moi § thuge {0,.... p-1}, fi, .o €6 thé théc trién

thanh mét dnh xa f; lién tuc trén {a; ;]

Theo 1), v6imoiithuge {0, ..., p-1}, 6n tai mot ddy (e; ,),en Dhing 4oh xa bac
thang trén [a; a;,,,] hoi tu déu dén f; tren (a5 a,,,].
Véi mbi s thuge 19, taky hiéu e, :[a;b] — E 12 dnh xa bac thang x4c dinh bdi:

{V:’e{O,...,p—l}, Veelgaul, e (f)=¢ ,)
viel0,...pl, e {a;) = fa;)

Nhuthé tacs: Vnel, [f—e, < Mox I =i . .

vado d6 “f -e, ||m —0, tifc 12 (e,),eN hoi tu déu trén [a; b] dén f.
. o

Mot 4nh xa @: [a;h] > E duge goi 12 afin timng khiic khi va chi khi tén tai
s=(a; ... a,) € Ssaochotén tai (A;, B;) € E? théa méin:

Vielaiaqal, o) =tA; + B,
véi moi | thude {0, ..., m-1}.

4| Ménhdé Cho f:[e;h]— E lien tuc.

Ton tai mot day (@, : [ah] - E) . nhimg 4nh xg afin timg khiic
va lign tuc, hoi tu déu trén [a; b] dén f.

Chitng minh:
Ta giit lai cdc k¥ hiéu cia J) trong phép chitng minh dinh 1y trén day, va k¢ hieu:
b~
@ =a+k—2 véik € {0, ..., N}.

Xét @, : [a@;, b] = E xdc dinh nhu sau:
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t-
VkE{O,...,N—]}, Vte[ak;ak_,_l[, A[DH(I):—

(flag)) - flay ))+ flay)

il 1
Ayl — g

Pa(b) = f(B).

R& ring 12 @, 12 mot 4nh xa afin timg khic v lién tuc.
Chote[a; b téntaik € {0,..., N-1} saocho t € lag ay,, [, vi khi d6 ta cé;
lentxy- £ex) s

-4

—ka;, Va0 - Fla)|+| fla) - Fx)

t
/251
2
S|ftag) - flapf + £ - foof < -
Két qud tren chimg 0 ring (@, ),y hoi tu déu trén [a; b] dén f

234 Tich phan cdc 4nh xa lién tuc timg khiic trén mét doan

Trong § 2.3.4 ndy (trir 3)), (a, b) chi mot cdp s& thite thda mian a < 5.
Ta ky hi¢u khong gian vecto céic 4nh xa [a; b] — E lién tue timg khiic 1a CM.

1) Tich phén ciia mgt dnh xq lién tuc timg khiic trén mdét doan

¢ Binh ly - Dinh nghia 1 Cho f € CM. V6i moi diy (e,),en
nhiing 4nh xa bac thang trén [a; 5] héi tu déu trén [a; b] dén f, day

(‘[ e,,J hoi tu (trong E) dén cling mot giéi han goi Ia tich

ah] nelN

phén ciia f (trén [4;6]) va ky hien 12 I f hay J: f hay
a;h)

f f(nde.

Chitng minh:
1) Theo 2.3.4, Dinh 1y, t6n tai mot déy (e,),en nhimg 4nh xa bac thang

trén [a; b], hoi tu déu dén £. Ta chiing b ring day ( -[

@

e,,} héi tu trong E. Dd
h] nel

1am vige ndy, ta s& ching to ring day ( I
aih]

Cho &> 0. V1 (e,),en hoi tu déu dén £ nén tén tai N e T sao cho:

e,,) 12 mét day Cauchy trong E.
neN
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a)}'

£

VineN, Ve [a;b] [n 2N = ||f(-e,(0)) < 50

Cho (p.g) e H?saochop2 Nvag>Nvare [asb). Tacs:
les -, <lep - 0] +) 01 -e, )] <

'L;h]ep - -[a;b]eq -[a;.h](g‘n _e‘?)

Két qua trén ching tb ring:
=N
Ve>0, INeN, ¥(g.q)e N2, [{p =

&
h—a’

= L;b}“‘fp B -[a:bl ;,fa =€

€, — e =1,
L:b] d -[a;b] 7 ]
tic 1a: day (‘[ e,,] la day Cauchy trong E.

abl - fpeN

Vi E hitu han chifu nén F 1a khong gian di (xem 1.4.2, Binh Iy 2), do d6

(-[ e,,] hoi tu trong F.
aib] nel

Nhung dén day ta c6 thé dat cau hdi 12 ligu gidi han clia ( -[ en] ¢6 phu thube
’ ah] nely

suy ra:

gzN

vdo viée chon ddy (e, ),y hoi tu déu dén f khong?
2) Ta s& ching 6 ring véi hai ddy 4nh xa bac thang (e, ),y VA (&pneN
hoi ty déu dén £ thi

Jim e, =lim £, .
neo oa;hl nee Jahi

Phuong phap thir nhat
Voimoin e F1,1ac6

-L;h]e" ) -[a;b]g" < -L;;,]He” ~enl = (b-a)len-nl,,

va vi cée day ( -[ enJ Vi [ -[ sn] hoi ty nén:
@b} JneN b JpeN

lim €, =lm £, .
w0 g ah] L 7] |
Phurong phéap thir kai _
Day (u,),5p cho bdi u, =€, néu nchan v u, =£,; néu xn 1&, hoi tu déu
2 2

dén f trén [a;b], do dé (-[ unj héi tu. Do cdc diy{'[ ‘e,,) vi
;b neN a:h] nel

( j £, ] déu duge trich ra tir d3y hoi tu 846, nén ching hoi tu t6i ching mot gisi
a:h] nel

han, [ ]
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Ta chitng minh d¢& ding ménh dé sau.

4 Ménh d8  Gid sit £ c6 trang bi mot co s B=(ey, ..., ep).
Chof e CM, f,, ..., fy 1a céc 4nh xa thanh phin chia f trong B, ta c6:

N :
-L;b]f ) ;[ -[a;b]'f}]ej -

2) Tink chdt

f'—’_{f

! ' Pinh1y1 Anhxa CA/—> E 1 dnh xa tuyén tinh.
ab]

Chiing minh.
Cho A € K, (f,g) € (CMY. Tén tai hai diy (e,)pen VA (£,)pey nhimg 4nh xa bic
thang hoi tu déu theo thit ty dén £, g.

Khi d6 (e, +5,),en 12 mot diy 4nh xa bac thang hoi ty déu dén A f+ g, vi IE v6i

moi n thude N vit moi ¢ thudc [4; #) ta cé:
s + &)y~ (e, + e )0 <Al F ) - e, 0] + ) - o)

va do d6: MAf+g)-~(de, +5, o, < |4]] f—eufl, +g-¢n I - 0.
Ta c6: I (;,e,,+s,,)=,1_[ e,,+_[ £, - AI f+-[ g
a;b] ah] a;b) no ah] a:h]
Cuéi cing, tit 46 suy ra:
I (ze,,+s,,)=z_[ f+_[ 2. -
a;b] ah] a;b]

L 4 Ménh dé1 Cho f.g: [a;h] > E lign tuc ting khiic va tring nhau,
trit ra mot bd phan hitu han cia {a; 5).

Khi d6: _[ f=j g.
azh] ah)

Chiing minh:
Vi f va g tring nhau ngoai trif tai mot s6 hitu han diém, nén @n tai mot phan hoach
s ={g )Os:' <, ©4a [a; b] sao cho:

Veelmbl-{a; 0<i<n},  f(t)=g().
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Anh xa e: [a;h] > E 1a mot 4nh xa bac thang va cb
. 0 néu Viefl..n-1ht ¢ lapag
P 1sla)-f(a;) 0u Fi & (0,....n}, 1=

céc bac béng 0, do d6 I =0, tir 46 suy ra:
a;

| EEE KRN ey Ty
a;h) a;b] a;b] ah} a;#]

Meénh d€ 1 wrén ddy cho phép ta md rong dinh nghia tich phan ra tradmg hop mét anh
xa f x4c dinh trén mot doan [a,;k] ngoai trlr trén mot b phan hitu han cda [a,h] (mh
lic dé ta ¢6 thé gdp vie mot phan hoach s = (ay, ..., @,) cla [a; b]) khi ma thu hep
clia f trén mdi a; a,,,[ (0 <i<n-1) déu c6 thé théc trién thanh mot 4nh xa £, lién tuc
trén [a;; @,,,], blng cich dat:

n=1

-[a;h]f - ; -L,- ;a,-ﬂ}ff '

¢, Ménhdé2 (Anhcoamot tich phan qua mét anh xa tuyén tinh)
Cho f Ia mét K-kgvdc hitu han chiéu va T € L(E,F). V6i moi dnh xa
f :la;b]— E lién tuc timg khic, dnh xa T o f: [¢;86} — F lién tuc

titng khic va:
ah} a;bl
Chitng minh:

Tén tai mot day (e, ),y nhing 4nh xa bic thang hoi tu déu dén f trén [a;b). RS
ring 1a T o e, 12 4nh xa bic thang trén [a;h] véi moi n thuc N , v ring T o flién
tyc timg khiic trén [a,b].

Vi T tuyén tinh va E hitu han chiéu, nén T tuyén tinh lién tuc (xem 1.3.2, Ménh dé 1)
vido d6 tén tai M € R, sao cho

vreE, | I, <M.

Ta suy ra rang (Toe, ),y hoi tu déu d&n T o f, vi véi moi n thu¢c N va moi ¢ thude
[a:b]:

I o £~ (T oe )N, =T ) - e, O) o < M) -, ()] < M f -e],

Suy ra: -[ Toe, — -[ Tof.
k] o a;b]

Nhung (xem 2.3.1, 2), Ménh dé 4): VneN, I Tce,,zT('[ be,,),
a;h] ah)]

tit 46 do T lién tuc ta suy ra ring:

167
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_L:b]rroe,, > T( L;b] fJ.

Keét luan: _[ Tof=Tu f} -
@,h) a;h)

Cho o € [E. Véi moi khodng / cia F. , ta ky hiu 7,7 12 tinh tiéh @ cha 7, duge dinh

nghia la: '

tol ={t+astel}.
Véi moi dnh xa f:f>E, ta ky hi¢u r,f 12 tinh tién @ cha £, dinh nghia 1a:
tufitgd -5 E
t o f(r-a)

L4 Ménh dé 3  (Tirh bat bién ciia tich phén qua phép tinh tién )
Ky hiéu: J=[a;b).Choaec R va f:J — E lién tyc timg khic. Thé
thi 7, f lién tuc timg khiic trén T VA

Tof = _[ .
LJ * Jf
Chitng minh:

D2 thay ring 7, f lién tuc timg khiic trén Tl .
Tén tai mot ddy (e, ),y nhitng 4nh xa bac thang trén J hoi tu déu dén firén J.
RO rang la (rpe,) ey 12 moOt ddy 4nh xa bic thang trén 7,7 , hoi tu déu den T.f

trén 1,J , va ring:
Vnel, I{ rae,,=je,,.
o) y

Chuyén qua gi6i han khi n —» o (xem 1), Binh 1y - Dinh nghia), ta suy ra:

J; raf=lim.[ rae,,=limJ‘e,,=If. n
o no dr,j no Jr )

Nhdn xét;

Day 12 mot trudmg hop rieng ciia dinh Iy déi bién trong tich phén (xem duéi day,
2.3.8).

4 Dinhly 2 Cho N 12 m6t chufn trén E. Ta cé:

h B
VfeCM, N If(t)dt < [N(r@)ar.

Chitng minh:

Ton tai mot day (ep < ;5] > E),ey nhimg 4nh xa béc thang trén [a.h], héi tu déu
dén ftrén [a;b] (xem 2.3.3, Dinh Iy).
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Theo 2.3.4, 1), Binh 1§ - Dinh nghia : fen - 'J:'f _
Fiiel

Mt khde thy (N °€y)neN 12 mot day 4nh xa bac thang trén [a;b] hoi te déu den Nof
trén [a,b], vi:

TNVt e[abl, |V o))V o £)0) < N (ey()- £,() < Ble(0)- £0)
trong dé £ > 0 suy ra tir tinh tuong duong cha cée chudn N va [| . " trén E.
Nhwihé: VaeN, [Noe,~Nof| <ple, - 1], .

b h
INoe,,—INof
a

a I ¢
chiing t6 riing: J:Noe,, - J:Nof.
e

suy ra: YneN, < b -a)le, —fL )

Nhung (xem 2.1.3 2), Ménh dé 6): YneN, N(fe,,Js fNoen .

Chuyén qua gidi han khi » dén dén + , ta suy ra:

N[ij}S J:Nof. ]
Nhin xér:

Né6i rieng, két qua rén day ding v6i chudn ” . " da cho trén £

wea, | fin

tr dé : 1) R .
ong d6 |£]| [ar 1= X »

L 4 Hé qud (B4t ding thic trung binh)

(<[00 50 1701, w

te[a;h]

Vf e CM,

L 4 Binh nghia  Cho (f,),.y 12 mat day 4nh xa tif [a; b] d&n E lien
tyc timg khiic, va £ 13 mot 4nh xa tit [a; b] d€n E lién tuc timg khic.
Ta néi ring (f,,),n hoi ty theo trung binh dén f khi va chj kh;:

L;b]ﬂfrfll > 0.

12-GTTT3-GT3
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| Ménhdé4 Néu (f,),.n hoitu déu trén [a;b] dén f, thi () neN
hdi ty theo trung binh dén f.
Chitng minh;
Chi cén chd ¥ ring:
Ll -Als0-als -1,
vdi moi n thude N.

Nhan xét: Voi f e C(la:hl,E), khi kg hi¢u |f|, = _[:' I£] . ta cd:
VfeCllabLE), |f|, st-a)f],-

4| Dinhly3  (Bat ding thitc Cauchy - Schwarz)
Néu f,g: [a;5] > C lién tyc timg khic thi:

L[ < L) L)

bit f= ijgec . ¥ = flglz e R, va xét h=yf——Eg , ¥6n lién tyc timg khic
trén [a;h], ta cb:

ox (W - [isf -2rd{,7 f?g}:w [ls?
=7 [t -2l ol o[ (18108 )

Néu y # 0 thi ta suy ra ring ¥ J:|f|2 -|ﬂ|2 20 , tir d6 c6 duge bt ding thic cdn
chiing minh.
Néu y= 0 thi do |g|2 lién tuc timg khidc vA 2 0, nén g bing khong, trir ra tai nhidu

Chitng minh:

nhat mot s& hitu han diém cha [a; 5], do 46 ?g cling vay, va f?g =0 , tir d6 hién
nhién c6 bat déing thic cdn chimg minh. ]

¢ Dinhnghia2 Cho (f,),cy 12 mot ddy 4nh xa tit [a;h] dén C lién
tyc timg khiic, va 12 mét 4nh xa tix [a;b] d&n C lién tuc timg khiic. Ta
néi rang (f,)uen hOi tu theo trung binh binh phuong dén £ khi va
chi khi:

f |f,,—f|2 - 0.
ah] no
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* Ménhdé5 Néu (f,),n hoitu déu dén firen (a,b), thi (Fadnen
héi tu theo trung binh binh phuong dén f,

Ching minh:

Chi cfn chd ¢ ring:

[ -2 <o-a) -1
azh]
v moi 7 thude N,

¢ Ménh dé 6 Néu (f,),.y hoi t dén f theo trung Binh binh
phuong, thi (f;),ey hoi tu dén ftheo trung binh .
Chitng minh:

Theo bét déng thitc Cauchy - Schwarz, 4p dung cho f, — f va 1.

. l._f2 /2 142
et [t <([ 2] [1n-sf) 5= [V-1P)
| [ |
3) He thite Chasles

L 2 Ménh dé1 Cho X 1amot doan bao ham trong J = [a;b). V6i moi
dnh xa f:J— E lién tuc timg khiic trén J, énh xa fo lién tuc

tig khiic trén J va:
Jr1e=[zes.
K J

Ta nhéc lai ring (xem Tap 5, 1.3.1, Thi du 5)), Xy 12 ham diic tng clia K-

: J = K .
Yk 1 nfu reX
Y 10 o ek

Chimg minh:

Tén tai mot ddy (e, ),y nhimg énh xa bac thang hoi tu déu dén £ trén J. RS rang 1a
(en I dnen 12 mot diy dnh xa bac thang trén X hoi t déu dén f l¢ trén K, va ring
(X €ndnen 12 mdt ddy dnh xa bac thang trén J hoi tu déu dén Zef tenJ (v

Sup|(xxf)(r)-(xxen)(r)|SSuplf(t) ~e, (")} , va ring Ie,, |, = j X €n » v6i moi
tet tef

K J
n thude M.
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Ta suy ra két qud bang céch cho n din ra . [

®| Héqud Cho(a b.0)e R>sao choa <h <cva f: [a;¢1— E lién

tuc timg khtic. Khi d6, cic thu hep clia ftrén [a; ] va trén [b; c] lién
tuc ting khiic v ta cé: '

[l

Ap dung ménh dé trén véi chd ¥ ring:
Aae] = Alab] + Xkl

Chiing minh.:

¢ Binh nghia - Ky higu

. ff:() néua=~

) J:f:—-l:f néuax>hvanéa f: [hal> E lién tuc timg khiic.

¢, Ménhdé2 (He thitc Chasles)

Cho (a.b,c) € R ,f1a modt 4nh xa 14y gi4 trj trong E va lién tuc timg
khiic trén mét doan chita a, b, c. Ta c6:

[r=[s+[s

Bai tap

H
O 236 Cho f£:[0;1]>R lien tyc v& théa man _f £=0 . Taky hieu m = Ini(p),
0

M = Sup(f. Chitng minh: l: 2 <—mM (rong d6 f* = fr).

o 23.7 Che f,g [0;1]-»> R lién tuc vh théa mén;

_[;(f2 +g° +2f232)=2_|:(f+g)f3- =0 g#0.
Chiing minh: f=g=1 "
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238 Cho(a, b) e R2théamina < b, n € Ii*, S fyzlazh] — € lign tue v
khoéng déu bing 0. .
Chitng minh ring t6n tai uy, ..., 1,: [a;b} — T lién tyc va thdéa man:

f[zmykkr}]dr =1.

k=1

239 Cho f: R R lign tyc ddu, va f,: R — R véi moi n thude 1", dinh
nghia bdi:

1
=

n
YxelR, fn(x]=n'[ i
Chitng minh rding (f,),, hoi tu déu d&n firen 2.

l=icjsn

1 1
2310 Xcdinh: lim— .
1 o ﬂ[ Z \/17]

2341 Chimg minh: Vi & [0;+co], &n;dr 20.
t+

'
2.3.12 Xdcdinh: lim -
0" &  Arcsint

dr.

12
2.3.13 Xdcdinh: lim {sinty*dt .
x—0*

2314 Choae B, f: [0;1] > E lientyc. Xdcdinh:  lim | f(a"r)dr.
R
23.15* Cho f£:[0;11> Clien mc va @ & ]1; + [. Xéc dinh:

lim x "J: Iiaf(r)dr.

0"

. . n (14 i
23146+ Chingminh: lim dr =0
neo n

2.3.17* Cho (ah) e R’ thbamiéina < b, f: [a;h]— E lién tuc titng khiic. X4c
dinh:

lim E |sinCer)| £()de .

X = +w

173
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2.3.5 Téng Riemann

Trong § 2.3.5 ndy, (a, ») chi mét cip s§ thyc thoéa mén a< b.

4 Dinh nghfa Chof : [a;h] > E lientuc, s=(ay, ..., a,) € S, va véi
moi { thugc {0, .., n-1}, & 12 mot phén tir cla [a;; a;,;]. Téng

Riemann lién ket v6i f, s, (&), 12 phén tir chia E:

n-1

Z(“m ~a;)f(&)-

i=0
Ngurdi ta di chimg minh duge k&t qua sau day, twong ty nhur & Tap 1, 6.2.7, Dinh Iy,
¢ Binh ly Cho f:[a;b)— E lién tuc. Cic téng Riemann ting véi f déu

hoi w vé J: f Kkhi bude clia phan hoach dén dén 0, nghia 1a:

Véimoi £ >0, t6n tai @ > 0 sao cho véi moi phan hoach
s = (ag,-.., a,) cua [a; b], véibudc < a va véi moi ho (4’,- )Osl.sn_l

théa man (Vi € {0, ..., n-1}, & € [a;a;,,]), tacéd:
n-1
ﬂ Ef - Z(ﬂm ) f (&)
i=0
Nhdn xét:

Twong tunhu & Tap 1, 6.2.7, Nhan xét 3), ta ching minh ring néu f: [a;h] > E 1
doh xa k-Lipschitz (k € R_ ), thi v6i moi phin hoach

5 = (ag, ..., a,) cla {a;b] véi bude ki hiéu 12 p(s} vi moi ho (5,-
(V ie {0! ey n-1 }v ‘f;' € [af;al'd'])v ta co:

<&

)(}si <y thoa min

b A=l
[£- @a-aire )“ <k(b-a)p(s).
a i=0

4 Hé qua
o Cho f:[a,;b]— E lién tuc, ta c6:

”'“Ef[aﬂ'

et 2 1

» NG6i riéng, néu f: [0;1] > E lien tuc thi:

S O

h—a
n
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Thi du:
kx . k@ 2
-1 cos— —sin— 1 . 0 -—
) 1 n n cosxt -—sinmt T
gl k k - sin 7t 'cosm]d‘= 2
o sin—-’-r- fh:c'.-s—"i 0 i = 0
n n F 3
Bai tap
n
1
O 2.3.18 Xéc dinh: 1i cos —1).
2n 1
¢ 2.3.19 Xéc dinh: lim

e k=n kz ln' ——k :_l i

2.3.6 Tich phan va dao ham

Trong §2.3.6 ndy, I chi mot khodng ciia R, khong réng va khong thu vé mot diém.
1) Ham tch phén ciia cdn trén

¢ Ménh dé Choty € 1, fil > E lien tuc timg khiic trén 1. Ta ky
hieu 1 F 4énh xa I — E dinh nghia bdi: '

t
Viel, F@)= If.

Io
Ta cé:
1) F lién tyc trén /
2) F thude 16p C' timg ki trén J
3) F kha vi tai moi diém ¢, thuéc J ma tai d6 flién tuc,
va (1) = f4)
4)F(tg)=0.

Chiing minh:
Tuong ty phép chitng minh & Tap 1, 6.4.1, cic Ménh 88 1 va 2.
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L Hé qua 1  Véi moi p thuoe F1 U{+m], néu f thude 16p C7 trén ],
thl F:/— E (v0ity € Ic6 dinh) thudclép C rénlva F' =f
te
[
¢ Hé qud 2 Cho/ Jlahaikhoangclalk, u,v: I - R thudc 1ép
C! trén 1 sao cho ulHh cJvavih cJ, fi7 > E lién tuc. ThE thi 4nh
v(1)
xa will > E chobdi: Viel, w{)= If
u(r)
thuoc 16p C' tren I va: Viel, p'(0)=v'(t)f (v()))—u'(r) f(u(®).
2) Nguyén ham
¢  DPinhnghia Chof, 4 ¢ E'. Tanéiring ¢ 13 mot nguyén ham
cuia ftrén I khi v chi khi: ¢ khavitrénJva ¢'=<f
4 Binhly Cho f: I > E lién tuc; ta cé:
1) V6imoitge I, 4nhxa I —» E 12 modt nguyén him cia ftrén /
t Inf
2) Véi moi nguyén ham ¢y cba ftrén [, tap hop cdc nguyen ham cla
fuenla: {d+A; AcE}.
Véi f: I > E lién tyc, ta ky hitu mot nguyén ham bét ky cha ftrén 7 1a jf hay:
Ii- E .
s froow
L 4 Ménh dé - Ky hidu Cho (a, b) € I 2 fiI—E lién tuc,

¢ : I — E 1a mot nguyén ham ciia ftrén 7. Thé thi ta cé:

J:f =@(h)—p(a).

Phin tir g(b)—§(a) duce kg hien1a [¢()]'=" hay [()], va goi la
bi€n phan cia ¢ tira dén b.
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3) M& rong khdi ni¢m nguyén ham

¢ Binh nghfa Chof, ¢ ¢ E/. Ta néi ring ¢ 13 mét nguyén ham cia

S trén I, khi va chi khi ¢ lién tuc trén 7, va véi mei doan [a;h] bao
ham trong /, t6n tai mét bo phan hitt han A cia [4,h] sao cho:

#kha vi tai moi diém thuoc [a;5] - 4,
va v6i moi ¢ thude [a;b] - A, tacéd: ¢'(r) = f.

Ta chimg minh d& dang cic ménh dé sau day.
¢ Ménh dé Cho fi/ — E lien tuc timg khiic; ta c6:

DVéimoityel,dnhxaf > E I mdt nguyén ham cta ftrén 1.

t = F
0

2) Vé&i moi nguyén ham ¢, clia f trén 7, tap hop cic nguyén ham cla
firén ! 1a tap hop céc ¢ + A, trong d6 A 1a hang trén 1.

¢ Ménh dé - Ky hiéu Cho (a,b) € P, fi1 = E lién tuc timg
khic, ¢ : I - E 12 mét nguyén ham cla ftrén /. Thé thi ta cé:

h
jf = Hh)- Ha).

Phén tir §(5) - 4(a) cha £ duge ky hieu 14 [¢(1)]'" hay [¢]°,va
dugc goi 12 bién phan ciia ¢ tir a dén b.

Bai tap

0 2.3.20 Cho(a,h) e R*saochoa<h, (xy) € R* xR, z=x+iy. Ching minh:

reha: Te_b:| < |;‘(e_‘“ -e-bx) .

0 2.3.21  Chitmg minh ring 18n tai (4, B) e (&,)? sa0 cho véi mei f: [0/l E
1 1
thude 16p C', 1a ¢6: Sup |f(n]< A j[] fi0)de+ B ﬁ| £(0)|dr .
tefl;1] p 3
¢ 2.3.22 a} Cho (a, b} € R* sao cho ¢ < b, f: [a;h]—> R thuéc 1ép C'

g: lach]—> Rlién tye, théa mén: Vie (@bl g(t)>0 . Chimg minh;
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(e -y s 4[T(f W)’ g(r’d’][b L})zm] |

; gt
b) Tir 46 suy ra bat ddng thizc Carlson:
. LI 4 ) R # 1 2 5
Vne N ,¥(x.....x, ) e R", gxk <7 kz_l:x;f ;(1:-5] Al

¢ 2.3.23  Khio sat va bifu didn 46 th.i cdc hdm f sau day, xdc dinh biing viec cho
biu thitc f{x) (x: bi€n s6 thwc):

2x 2x x>
dr cht dt
8) f(x)= b} f(x)= |—dr ¢) flx)= |—.
;[:;13-&! : J t . h In¢
x+2y
0 2.3.24 Tinh m+chx,v6'i oy e 2.
C
x=2y

2.3.7 Bt ding thiic s6 gia hiru han

Trong § ndy, ching ta xét viéc tdng quit héa cic kétqua & Tap 1, § 5.2.2.
Trude hét, ta chd ¢ ring n€u f:[a;b]— E thudc 16p C* trén [a:b], thi c6 thé khong
tén tai phdn t& ¢ thudc Ja:b[ sao cho f(b)- f(a)=(b—a)f'(c), nhu trong thi du
sau: '

a=0; b=xn, F:[Ox]>C .

t P¥

¢ | DBinhly  (BSt ding thirc s& gia hitu han)
Cho (a, ) € B, | . | 1a mot chudn trén E, fi[a;b]— E lién tuc
| trén [a,b] va thudc 16p C !iren Ja;bl. Gid sit tbn tai A € R, sao cho:
Vielab, |f'0)sa.
The thi: &) - f@|<alp-q|.

Chitng minh:
Véi moi (a, ) € la; bl sao cho a < B, ta c6:

, _
I£(B) - F@| < < flrolasas-o.
a

ri
[£@ar
x

Cho a ddn d&n g va S din dén b (néu a < b), ta suy ra:
lF &) - Fla)| s Ab-a).
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¢ | Hgqua1 Cho(a,h) e R% | . || 1amot chudn ten E, fila;h]—>E
thudc 16p C' tren [a;b]. Thé thi
If - f@)|<|p-d Sup ||f '@))-

tefa;p

Chimg minh:

Ké&t qua trén viin diing néu f lién tuc trén [a; b] va thuoc 16p C' timg khic trén {a, b].

That vay, trong tnrmg hop 46 t6n tai » € N° va phan hoach 5 = (ay, ..., a,) cla [a;h]

sao cho véi moi i € {0, .., n-1}, f| (2] lién tuc trén [a; a,,,] va thudc 16p C*
Patie]

trén Ja;a;,,[, suy ra:

viel0,..n=1,  [flan)-f@)| <@ -a) Sup [f ()
tela;apy, [

rdi bing cdch 14y 18ng:

n-1 n-1
Fy-fla) < ) |flai)—Ffla)< (@1 ~a;) Sup F@)
- sioks -l [; a ]rdam__m|| ]

=(b-a)Sup|f '

® | Héquia2 Cho fifa;b]— E lién tyc trén [a;b], thuoc 1ép C' trén
Ja;b). Néu f' ¢6 giéi han hitu han tai @ thi f thuoc 16p C! trén [a,5] .

Chitng minh:
byt I=lim f .
a
Chos>0;t6ntai n>0sacche:  Veelga+yl,  [F (- se.

Anhxa g: [ga+n]> E  lién tyc trén [a; a+ 7, thudc 16p C' trén Ja; e+,
‘ - f{0)-t -
dé6 theo Dinh 1 trén day ta suy ra:

Vielga+n),  |g0)- g <¢t-a)
Nhu thé, ta dd chiing minh:

Ve>03n>0, Vielkma+y),  |fO)-f@-(-a|<st-a,

ticld:  Ve>0,37>0, Vielmatrl, (': f@ z“
a

Nhu vay, f khd vi tai @ va f'(a) = 1, cuéi cing thi f thudc 16p C! trén [a;b]. [ |

Mot phép quy nap don gidn cho ta két qué sau day:
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* Hé qud 3 Chok e I, £ [a; b] - E lién tuc trén [a; b] va thude
16p C* trén Ja; b]. N&u véi moi r thuoe {1, ..., k}, £ 6 gi6i han hitu
han tai a, thi fthude 16p C* trén [a; bl. L

® | Ménh d& Cho/lamétkhoingciaF, £/ - E thuoc 16p C' trén 1.
1) Dé f 12 4nh xa hiing, diéukien cdn va da laf'=0.
- 2) D€ 12 4nh xa Lipschitz, diéu kién cdn va di 1a £ bi chan trén [,
hon nita, néu ' bi chan trén I thi f 13 dnh xa || £ - Lipschitz.
Chitng minh.
1} » R5 rang ring néu £13 hing thi f' = 0. 7
e Dio lai, néu ' = 0 thi bét ding thifc s6 gia hitu han ching to ring f1a

hing. :
2) « Gia thiét f1a 4nh xa Lipschitz; tén tai k € [, sao cho:

Yip)el?,  |fe)-f)|<skln -1l

Cho t, € I, vi: veel-{t}, ll%(f(f)—f(fo)) Sk,
0

nén bing céch chuyén qua giéi han khi ¢ ddn dén #, ta duge:
FACY LS
» Dio lai, gia thi€t ' bi chan trén /; t6n tai k ¢ |, sao cho:
Veel, Ir@fsk.
Khi d6, theo bat ding thic s gia hitu han, ta c6:
V(e |fe)-fu)|sln-n| Sup | @] skln -y
teftyin]

vi do d6 fI dnh xa k-Lipschitz.

Bai tap
¢ 2.3.25 Chofa, b) e R?saochoa<hvd f: [a;h] = T lien tyuc timg khic.,
x ¥ b
a) Chiing minh ring: Yy —a) jf— (x-a) If| sib-a) -ﬂfi

véi mot (x,y) € [a;b].
b) Chiing minh ring n&u t6n tai (x,y) € [a;5) thod mén:

(y—a)]f—(x—a)yjf =(b—a)’]|f|

vi nén flign tuc trén [2,b] thif = 0.
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0 2326 Cho(z, b e R'saocho a<bva f:[a b] — C lien tuc timg khic,

b
M= ! If. Chifng minh:
a

b

o

Yix,A)ela;b]x R, I‘E(f(;);p)m’S Elf(r)—i|dr
(str dung bai 1ap 2.3.25).

¢ 2.3.27 Chone N, f:[0;1] > £ lign we, £, ... fy: [0;1} — E dinh nghia béi:

Vke{l..n~1},Vxe{01], frarlo= J:fk(r}cl:.

Gid thié: Vxe[0ll,  fi(x)= f PR
Chitng minh: fi=...=fy=0.

¢ 2.3.28 Timtatcdcéc dnhxg f: R — € saocho tén tai & e 11; + oo thoéa man:
Ve eR?, |- o) s |

2.3.8 Ddibién

¢ Ménh dé Cho (o, §) € R%, ¢:[a; fl > R thuoc 16p C' trén
[a; B}, f1a mot 4nh xa 14y gid i trong E, lién tuc trén mét khoang
chita ¢{{a; f]). Thé thi:

A P(5)
L f(p))p'(tyde = I fGdu.
ola)
Ta néi ring di thuc hién phép déi bién u = o).

Chitng minh:
Tuong v nhu & tap 1, 6.4.3, Ménh dé.

Nhdn xét:
Cong thifc trén diy vin con ding néu:

{qu thugc lap c! wen [&; 8] vh don didu nghiém ngat
£ lién tuc timg khdc wén doan p([a: 51

Thuc vay, gia thi€t ching han ¢ tang nghiém ngit, va k¥ hiéu (aq, ..., 4,) 12 mot phan
hoach ca [¢f @), o P] tuong thich v6i f. Mdi @, (0 S i < m) c6 ding mét tao anh ¢
qua @, va (%, ..., ,) 1a mot phan hoach ca [a; F]. Ta c6 thé 4p dung Ménh dé trén
cho mbi [; a1

Qi+ Giy)
_[ fle)e'(dr = I Fa)du,
[+ 5 o
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tir 46 bing céch 14y t3ng véi i tir 0 dén -1, ta suy ra két qua.

Bai tap

0 2.3.29 Tinh céc tich phan sau diy:

1
1
a dx
) [Jl—x+\1'l+x+2

ri2 ®i{2

b)!=I SO8 Y dr VA J=I o dx
Jl+sinxcosx 5 Jl+sinxcosx

4]
28
X 9
= _"—_'"'_dx; + .
Y, éfm(x_g) 9&[0'5[

. . R0
0 2330 9)Cho aeR}, f:[%a] > Ry lien te. Tinh Jf(r)+f<a_:)d'

xi{2
b) Ap ding: Tinh I = j'
o
0 2.3.31 DatF; J0;4e0[ » R 12 dnh xa dinh nghia la:

X

veelsad,  F)= |
1
a) Chiing 16 tiing F thudc 16p C* trén 10;+co] vi:

Uxeli4of,  F(x)+ F(l)=%(1nx)2 .
X
b) Tir dd suy ra:

{cosy ¢
)Sinf

m“dt

{cost +{sint)

ln(1‘+ ) ar.

X
Vi el e, j"’—("{-‘ld: = %(lnx)z +F(x).
1
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239 Phép tich phan timg phin

¢ Ménh dé& (Phép tich phan timg phéin)
Cho u: [a;b] = K, v: {a; b] - E thudc lop ¢! wren [a:b]; ta cé:

b b
J-u'v=[uv]2— uv' .
a a
Chitng minh:
b b b b
[uv]z = I(uv)': j(u'v+uv')= Iu'v+ Juv'. L
[/} a a a
Nhdn xét:

Téng quét hon, cong thic trén vin ding néu u, v lién tuc trén [a;b] va thuge 16p C'
timg khic trén [a; b).

That vay, khi d6, t6n tai mot phan hoach (a,, ..., a,) cha [a; b] tvong thich véi « va
v&i v, va ta c6 thé 4p dung Ménh dé trén day trén mbi [a; @] (0 <i<n-1):

s a4y
wv=[wfit - | av.
)

g @

Tir 46 suy ra k&t qua bing céch 14y téng v6i i tr 0 dén n-1.

Bai tap
¢ 2332 Cho(a, b) € R? sao cho a < b, (E, <., >) Ja mét khong gian Hermnite;
f.g: la;b] — E thude 16p C'. Chitng minh:
b b
I«t feng' @) >dt =[< F(t)g(0) >]f, - I< Flo)g(ty=dr.
O . 23.33 Cho(a,he® saochoa<h, nell A c M(R)dSixing;

X. [a; b) > M, ,(R) thuéc 16p C' sao cha X' = AX, Y: [a;h] = M,,(R) thuge l6p C t
sao cho AY =0, ¥(@) = Y(b) = 0. Chitng minh: ’

b
I’X{r)l’ (dt =0,
d

1
0 2334 T fx(Arcmnz)ar.
Q
¢ 2.3.35 Cho(a, b) € B saochoa < b; f: [a;h] - E thudc lop C'.

a) Chiing minh ring ta c6:

183
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b x b
(b~a)f(x)= If(r}dr + j(r—a)f'(:)dr+ _[(r— B)f @)t

vdi mei x thude [2,b].
b) Tix d6 suy ra:

1
o) Vxelabl, )< =

b
If(r)dr

b
+ [lrwfar

a+h
b Je22)

0 2.3.36* Bit ding thirc Van der Corput
Cho(a.h) € B2 saochoa<h f:iah] > E thudclép C2Pat A= Inf |f (r)1

re[ayd]

<1
h-a

&
j'f ()

b
l 1
+s Iﬂf )far

vh gia thiét A > 0. Ching minh:

8
£

b
Ieif(’)dr

a

2.3.10 Cong thitc Taylor véi phan du tich phin

L ] Pinhly (Cong thirc Taylor v6i phin du tich phan)

Cho I 12 mot khodng cia It , n € N, f: I - E thuoc 16p C" trén [ va
thuge 16p C™*! timg khiic trén 1, (a, b) € 12 Ta cé:

n k ' n
fb)= b-a) ;:) B+ f——(b*:) F*Dnar .
4 nl

=0

Chitng minh.

Quy nap theo n. ’

Tinh chat nay dé duge chu’ng minh véi n = 0 vi néu flién tuc trén [a; B] va lién tuc
timg khiic trén [a, 5] thi:

fb)y=fla)+ Ef'(f)df :

Gia thiét tinh chdt ding véi mot sG nguyén n,vaf I - E thudc 16p C™*' trén I va
)J'H']

(n +1)
tuc trén 7 va thudc 16p C' timg khiic trén 7, nén bing mdt phép tich phan timg phin
(xem 2.3.9, Nhan xét) ta cé:

thudc 16p C™* timg khiic trén 7. Vit >

thude 16p C' trén f va vi ' lién
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)
(h=6" nt) s _(1’7-f)"+l (n+1) i ’_(b-f)"Jrl (n+2)
J: n! f md’{ (n+1)! AN i (n+ D F o

- J*(b-—r)’”‘ (142
T (n+I @ b (n+1)! Frnar,

{ir d6 suy ra tinh chit & cfp n+l. u

Nhin xét:
Trong thuc 1€, cong thitc Taylor vdi phin du tich phan thudng duge sir dung véi a cf
dinh va b bi€n thién.

L 4 Hé qua (Bat ding thiic Taylor - Lagrange)
Cho 7 1a mét khodng cha &, n € 11, f: [ — E thude 16p C" trén I va
thude 16p C™! timg khiic trén 7, (a, b) € 1 2. Ta c6 :

n+l
{h— a) (&) |"’ q) ) (n+1)
b — t
fb)- Z FO@y <t ,e[ah]|f @]
Bai tap

0 2.3.37 Cho GE]R:_ . f [-a; a] = E thude 16p € % Chimg minh:
‘ . . 1 a8

Vie[-aa), |f (rﬂSE;IIf(a)—f(—a)I+ - ?up £ e -

2.3.11  Dinh |y thay thé

Ta rhéc lai dinh 1y sau day (xem Tap 2, 7.10, DPnh 1 2).

L 4 Pinhly1 Anhxac:60—> e Ia mot song 4nh lién tuc tir |- ;7]
lén 17 -{-1} , va d4nh xa nguge cia £lién tuc trén U -{-1}.

Nhin xét:
Ching ta di bidu difn tudng minh 4nh xa nguge cda ¢, dé 12 4nh xa cho tuong ing

méi z=x+iy ((x,y)eRz) thudcTi-{-1}véi: & (z)=2Arctan1—y—.

+x

13-GTTT3-GT3



186 Chuong2 Ham vecto mot bi€n thyc

Tir 46 suy ra :—:‘l(z) ——— 4 | a"l(z) — 5y -7,dod6 £ khong

s -1 o -l
Im(z)>0 Im(z)<0
thé thic tién lién tuc ra .

4 Pinh Iy 2 (Mil héa mot anh xa thugc I6p C" tir I dén W, n 2 1)
Cho 7 12 mot khoang cia &, n € i, AT T 1amét dnh xa thudc
16p C".
1) Tén tai mot dnth xa ¢ [ - [ thudc i6p C" sao cho:

viel, fOy=e99.
Ta néi ring @12 mot 4nh xa mi héa chaf.
2) Néu ¢, ¢, 1 hai dnh xa mil héa cuaf, thiténtaik € I sao cho:

oy~ @y =2k . :

Chimg minh:
Trudng hopn =1 dd bigt & Tap 2, 7.10, Dinh iy 3, trong 46 ta 43 bifu dién tong
minh ¢, va rd rang riing trong phép chimg minh Dinh 1y 3 46, @ thude 16p C* trén 1.

2.3.12 Tich phan phy thu6c mot tham bién

Trong § 2.3.12 ndy (a.b) chi mot cap s8 thyc sao cho a = b,mell’, Alamotbd
phan cha R, F: Ax[a;p]—> E 12 mot 4nh xa.
Néu 4nh xa F(x,) : [ab] = E lién tuc timg khic v6i moi X thudc
t - Fx
A thi ta c6 thd xétédnhxaf: A = E cho bai:
b

Yx €A, flx)= IF(x,!)dt .

Muc tieu ciia §2.3.12 ndy 13 xét cde tinh chit chia £ tir céc tinh chit cla F.
Trong cic §§2),3),As8 chi mot khodng cia K.

1) Tinh lién tuc
b
o | Dinhly (Tinhlitn tuc dudi ddu j )
I a
Néu F:Ax[a;p]— Elién tyc trén Ax[a.b] thi dnh xa f: A~ E
]

dinh nghiala:  Vxed,  f(0)= IF(x,r)dr

o

lién tuc trén A.



2.3 Tich phan trén mét doan

Chitng minh:

Phuong phdp thir nhit, 4p dung duge cho moi bo phin A cia " .

Cho (x,) . 12 mot ddy trong A, hoi tu dén phin tir x cba A. Theo 1.3.1, Ménh ¢
1,bo phan C= {x,,; ne N} U{x} 14 mot bo phan compac clia A, do dé C x[a;b] 1a
mot bo phan compac ¢lia Ax[a;h] (xem 1.3.1, Ménh &€ 4), v F, v6n lién tuc trén

b6 phin compac d6, 58 lién tuc déu trén tap compac néi trén (Dinh 1y Heine, 1.3.1,
Dinh 1¥).
Cho £> 0. Tén tai 7> 0 sao cho:

Y (e, (¢ tY) e(CxIab]), (le.n= ol sn=[Fen-Fe' ) <)
trong dé, | . "i 12 chudn xéc dinh tren F" x B bt

Vix e R x T,

Vi (x,,), hoi ty dén x nén t8n tai N € H sao cho

i+l

V¥nzN, ”x,; —x”l <n.
Khi d6 ta cé:
VnzN, Vte [abl,  [(x.0-00) = |x,-x| <7,

do d6 VnzN, Vie (abl, |F(x,0-Fx,pfse,
tit 46 bing phép tich phan ta dugce:

b
VN, [foo)-fo =) [(Fon-Fon)ar

b
< IﬂF(x,,,t)—F(x,r)“dt <&(b-a),

va do dé: f(x,.)-’f(x)-

Nhu thé€, chiing ta d ching minh (bﬁng cfich sir dyng diy) rﬁng flién e 1ai x, va
cudi ciing thi £lién tuc trén A. _

Phuong phap thir hai, 4p dung duoce khi A compac dia phuong
Mot bo phin A cha R™® duge goi la compac dia phuong khi vi chi khi v6i moi a
thudc A, tdn tai @ > 0 sao cho B {a; @) m A 1a mét bo phin compac cia A. Céc bod
phan mér va edc bd phan déng cla A déu compac dia phuong. Moi khodng cla [
déu compac dia phuong.
( day chiing ta gi thiét A compac dia phucmg.
Cho x; € 4, > 0, ¢8 dinh.
V@i moi h thude [ sao cho x4+h € A tacé:

b

b
£ (x0 + ) - flxp)| = I(F(xo +h,t) = F(xg,0))de| < I||F@:0 +I,8) = F(xg,t)|ds .

a

Vi A 1a mot bd phin compac dia phuong cia B”, nén tén tai & > O sao cho

187
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B'(xy; @) M A 12 mét b§ phan compac cha & ™. Theo Dinh 1y Heine, vi flién tuc trén
tap compac d6 nén lién e déu trén tap compac noi trén. Vay tén tai 77 € 10; o] sao
cho:
V(GG ) € (B G Ay
leet ey =, s = |Fex, e~ Fmamlse
Véi moi & thuge B'(xg; o) M A ta o
Veelabl, oo +hn—Go0) =], <7,
suy ra: Vielabl, |Flxp+h)—Flxg.0f<e,
vi do d6 khi 14y tich phan:

h
I“F(xo +h )= Fxg,0)] dt < e(b-a).

[
Nhu th ta di chiing minh réng:

Ve >0, 37>0, Vhe B'lgsmnA, |[flxg +1)- fOogh<e,
va do d6 f lien tuc tai xg, va két ludn 12 f lién fyc trén A

Thi du:

1) Tich chap cia chc ham lién tuc va T - tuan hoan
Cho Te R: ; f.g: | —> C lién tyc va T-tudn hoan, tich chp fxg ctia f va g la dnh xa
tir R dén € dwge dinh nghia boi:

T
VieR, (rglv)= _L FO)glx 1)t

Vi4nh xa Rx[0;T]> € lien tyc nén dinh Iy trén day ching to ring feg lién
(x0) P figx-n

tuc.
Hom nita, fig 12 4nh xa T - tuéin hodn, v vGi moi x thuoe IL ta cé:

T T
(feg)x+T)= If(r)g(x +T-=-ndt = If(r)g(x —Nde=(f*+g)x).
0 0

, : ln(1+|x—tn .
2)Anhxa x— I———~—dt lién tuc trén k.
0

l+t2

Bay gi¢r ching ta s& 18ng quét héa ket qua cha dinh 1§ trén bing cdch cho a va b
"bién thien".

L Ménh dé Cho/ 1a mot khoang clia ¥, F:AxI—E lamdt dnh
xa lién tyc. The thi dnh xa @ - Ax Ix I — E duge dinh nghia bdi:

Vix,u,vye AxIxl, o(x,u,v)= jF(x,r)df
I

lién toc trén AxIx 1.
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Chitrng minh:
Trirde hét ta nhén xét ring v6i moi a thudc 1 thi:

¥ i
Yix,uvye AxIx], @l u,v)= jF(x,r)dr - IF(x, nde .
[/ a

Nhur th€ chi cdn chiing t tinh lién tuc clia 4nh xa @, : Ax7 — E cho bdi:

u
Vi, u)e Axl], @, (x,u)= .[F(x,r}clf .
[
Vi (x,u}e Ax! c6 dinh sao cho u = a, phép déi bi¢n s = e cho ta:
H—a

1
@ (x,u)y=(u—a) IF(x,a +s(u—a)ds,
0
mat khdc thi cong thic ny 13 tim thudmg khi # = «.
Theo Dinh 1y trén day, vi ((x,2),s)1> F(x,a+s(u—a)) lien tyc trén (AxI)x1 |
1
nén dnh xa (x,u) > -[F(x,a+s(u—a))ds lign tyc trén Ax/, vi vi vay g, lién tuc
0
ten AxI, cudiciing ta két tuan duge ring @ lién tuc trén Ax I x/ . _
Phién bdn chitmg minh khdc: Ngay khi xét @(x,u,v), ta ¢6 thé thuc hien phép déi bién
t-u

5=

(néu u = v) d€ thu duoe:
v—u

1
Yi{x,uv)e AxIx/{, plx,uvy=(v—-u) JF(x,u +s(v—u))ds \
]

(ding thic v6n vin ding khi u = v), ching 4 ring @ lién tuc tren AxIxI khi 4p
dung dinh 1y trude.

2) Bgo ham

Trong diém 2} ndy, A chi mét khodng clia IR .
h

¢ | Dinhly  ("Paoham dudi dfu J' ")
a

F lién tuc trén A x[a; b]
Néu oF . . .. ,
o ton tai va lién tuc trén A x[a; 5]

X

b
thidnhxa f: A > Exdcdinh bdi: Yxed, f(x)= jF(x,t)dt

a

189
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b
thude 16p C' trén A va: ¥YxecA, [fxX)= I%E(x,t)dr .
)Y
f
Chitng minh:
! oF
Ky hieu g: A — E la dnh xacho béi:  Vx € A4, glxy= Ia—(.r,r)dr .
X

Cho x, € A. K hitu Ay ={heR; xg+he A} = (-xg) + A, t4p hop ndy von la mot
khoang tinh tién ciia A, va T : Ay x[a;p] > E la dnh xa cho béi:

i(F(x0+h,;)—F(x0:)) néu A0

eyl

V(e Agxlaib), T(ho= .
-ai(x £) nfu h=0
ac

Vi véi mot ¢ thuoe [a:h], F(,t): A— E  thuoc 1p C* trén A4, nén ta c6 voi moi
x B Fxg}

(h, £y thude Ag x1abl:

_l'o-l—h 1
F{xg+h,t)— Flxg.t) = I a—F(I,f)dx = I?E(xo +hy,Ody
ox 5 ax
%

nhd phép d8i bién y = -};(x —xg) khi k%0, va tdm thutmg khi 2 = 0. Két qua la:
i
oF
Ve dgxlahl, Tt = Ia—(xo +hy,1)dy |
19
0

Theo I), Pinh iy, vi 4nh xa (hop) (h,t,y)l—)‘Z—F(x0+ky,r) litn tuc trén
)

(A x[a;h])x[0:1]), nén 4nh xa T lién tuc trén Ay x[a;b].

Vin thea 1), Dinh 1, vi T lién tyc trén Ag x[a;b] nén inh xa 7:49 > E cho bdi
b

h) = IT(k,t)dr lién tuc trén Ay v8i moi & thude A, Dac biet:  7(h)y — ().
h—0

Nhimg véi moi # thude Ay-{0} thi:

h b .
rh) = IT(h,x)dr = I—:;(F(xo +h,t) = F(xg,t)}dt = %( Flxg +R) = fixg))

a

b b
v £(0) = IT(O,:}dr - Ig—F(xo,:mr.
X

Cic k&t qua trén ching to rang:
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b
i oF
(G0 ) - fx)) jacxo,r)dr = 8%
tite 1a f kha vi tai xo va f'(x) = g(xo).

Cudi ciing, vin theo ), Binh 1§ 1, vi aa—F lién fuc trén Ax[a;b] nén g lién tuc trén
1o

A

Ta k&t luan ring fthudc 16p C' tréen A va f* = g.

Nhdn xét:
M rong cho cic him nhiéu bién
Ta ¢6 thé dé dang sira d6i phép chiing minh trén d& chitng minh k&t qua téag quit
hon sau day:
Chom € IT, UTa mdt bo phan mo clla 18", F: Ux[a;h] — E 13 mo6t 4nh
(x],_'_,xm;f) = F(J.‘l,m,xm;f)
X4.
F lién tuc trén U x[a; b)

Neé . F . .
v Vdi méi i thudc {1,...,m), 2— tén tai va lién tuc trén U x[a; b]

X

thi 4nh xa £ U —» E duge dinh nghia bai:
b
Vixg,. X )€U, flx,..x,)= jF(xl peees Xppi )t
a

thuoc 16p C* trén U va:

b
. oF aF
vie{l,..,m}, Y(xq,0n Xp) €U, g(xl,...,xm)= I—a-xf(xl,...,xm;r)dt. _
] I
ia

' n
* Hé qua Chon & N. Néu F,%E—,...,a F

ton tai va lién tuc trén
ox" .
Ax[a;b], thi f thudclép C* trén A, va véimoi i thu¢c N sao cho

HoiF
i<ntacé: vxed, fO)= I—a—i(x,t)dt :
29

Thi du:
Fi3
1) Tinh Iln(x+1n Hdt v6ix e |1+l
0
Anh xa F:i(x, 1) = In(xt+cos?) lign tuc trén 1 +oo[<{0;7] , va g—F t6n tal va lién tuc
X

trén I, +oo{x[0; 7], do d6 dnh xa f: H;+eo[ > R xdc dinh nhur la:
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Wx e]l;+oof, flx)= jln(x +cost)dt

Q
thuoc 16p C* trén [ 1;4<0] vi:

de .

X T COs ¢

Vxell;+of, f'ix)= I%f_—(.t,r)dr = j
0

Phép d6i bién u = tan% (s& dura viio mot tich phan trén [0;+o0() cho ta:

+oo o
fiix)y=2 J du 5= 2 [Arctan( x_luﬂ -
g G+ (r-Du® % - SRRV NS

b2

Vay t6n tai C € [ sao cho:

Yx e]l;+o], f(x):;r]n(x+v'x2—lj+c.

X

Fia
Mat khdc thi: Yx e]l;+eo], fly=rinx+ I]n(chosr}dt.
0

AnhxaG: [0;lx{0;7] - R lien tuc, do d6 (xem 1), Dinh [y), dnh xa
(y) lo(1+ycost)

Ed
g:[0:;1] »> [ xdc dinh bdi: Yy e[O:1, gy = IG(y,r)dt
0

lién tuc.

N&i rieng  lim g(y)=g(0)=0 . Viy tacot:
y—>0+

Fie
f(x)—frlnx=jln[l+lcost]dr - .
X
0

y—=+x
f2_
Nhung; Foy-mhx=rn Y "lie o zm2+c.
A Xb 4+

Tir d6 suy ra C = -n In 2, v cudi cling ta c6:

x+\J'x2—l

E
Yx e |l;+oof, Iln(x +cos)dt = xln
0

2
?r .
2) Tinh j—-—ios-t—— dr  véi (x, y) € F* sao cho \x‘ >|y1 .
0 (x + ycost)

Ky hiéu U:{(x,y)eRz; [x|>|y1}, U Ta mot bd phan md ciia [7, va
F: Ux[0;x]—> R 12 4nh xa dinh nghia la:
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v((x,5) yeUx[0x], Flxy=——"--
x+ ycost

oF OF O°F aZF 8*F
ac oy ety @ ot
U — R xdc dinh bdi:

Vi F,—

., 16n tai va lién tuc trén U x[0;z] nén dnh xa f:

kg

dr
vy el,  flxy= j——~—
Ox+ycosr

thudc 16p C=, va ta ¢6 thé biéu dién duge cdc dao ham riéng clia f bang céch dac ham

T

dudi ddu I (xem Nhan xét).
0

2F e
NG rigng: ay(x V)= Iax
0

i3
F (x,y;)de = I——@s—r—dt .
By

b (x+ ycosr)3

Nhung mit khéc thi phép a6 bién u = tan-;— cho ta (nhu trong thi du i) trén day):

( ) 2 _ &r
feoy '[(X+y)+(x L N e

trong 46 & = sgnlx+y) = sgn(x).
Suy ra:

31’2 5!2

5F
%(x y= exy(x® -y 2y ay(x y)—«BErrxy(x

T

Cudi cing thi: _[ 8l _dr=- 35’”3’52
0(x+ycc»sr) 2(x° -y ) !

Bay gids chiing ta s& t6ng quat héa két qua biing cich cho b "bi€n thién”,

. Ménh dé ChoA,J 2 hai khodngméciaR, F:AxJ > E.
F liéntuctrén AxJ
Gia thiét: | aF )
. tén tai va lién tuc trén AxJ
X

The thi 4nh xa @ : AxJ = E dinh nghia boi:

¥
Y(x,yye AxJ, o(x,y)= IF(x,t)dt

a

thudce 16p C' va:
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y
%g(x,y) = Z—F(x,t)dt
V(x;y)eAxJ, “ a x

dg
——(x,y) = F(x,y)
Oy

Chitng minh:

y
1) Véi y € J <6 dinh, ta c6 thé &p dung dinh 1y vé dao ham duoi sy j ;

[

dodédnhxa @(,y): A—> R thudclép C' trén A va:
P opny)

N 2
veeh, (pla)= [ i,

chimg t6 ring aa_qa ton tai trén AxJ vi:
x
2¢ "eoF
Yix,y)eAxJ, —Ix, =I—— x,de .
(x,y) ar( ¥ ax( )
i

Vi oF lin tuc trén AxJ , nén Ménh dé 1 cho phép suy ra ring 2—¢ lién tuc trén
x

X

AxJ.

2) Véi x € A cf dinh, énh xa F(x,):J—> E lién te, vay (xem 2.3.6,
t B FLD

1)), 4nhxa @lx,.): J — E  thudc 16p C' trén J vi:
y
y IF(.t.r}dt

vyelJ, (p(x.))()=Fxy).
K&t qua trén ching to ring %% ton tai trén AxJ va:
Viny) € Axd, %%(x,y) = F(x,y).

Vi F lién tuc nén %ﬂ lién tuc trén AxJ.



2.3 Tich phan trén mdt doan 195

* Hé& qua Cho A,Jla haikhodng méchaf, F:AxJ > E A > J.
F lién tue trén A x J

cx s oF . .. ..
Giathiét: {— tOntaivaliéntuctrén AxJ .
X

u thuoc lép C T iren 4
The€ thi dnh xa w: A - E x4c dinh bdi:
u(x)
Vxe A, wix)= J F(x,n)de

thude 16p C' trén A va:
u{x)
' oF .
YxeA, p'(x)= I 5—-(x,t)dt + 1 '(OF(x, u(x).
I

a

Ching mink:
Vi cdc k¥ higu nhu trong ménh dé trude ta c6:

Yxe A, wix)= qo(x,u(x)) ;
Vi u va ¢ déu thudc 16p C' nén y ciing thé€ va (dinh 1y vé& hop cla nhimg 4nh xa

thudc 16p €', xem Tap 2, 12.3.2 3)) khi £ = E):
VxeA, wiix)= ™ (x u(x))+ u (x)g(x u(x))
u(x)
J‘ —{(x,dt + u'(X)F(x, u(x)).

Thi du:

x x
Chimg minh: VYx €]0;+cof, Iln(_xr-'- 2 dr =-%(1n x)2 + Ilﬂ(ft+ 1) dr

1
Anh xg f: J0;+eo[— R x4c dinh bi:

Vrelqroo, f(x)= Il“(”‘)

thudc 16p C' va:
x x
Vrelal,  f(x)= de; J@o 1 j{}, 1 ) 4, 020
i X+t x x AT x+d X
- l(lnx = In(2x) +In(x+ D) + L l(lrl x+In(x+1).
X o X x
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Tir 46 suy ra: Vxel4of, f(x)=f(D+ J.f'(t)dr
1

X

X
= E(lnr+ln(r+1))_dt =—;-(1'nx)2 + Iﬂ;ﬂd:.
1

XKern thém bai tap 2. 3. 31.

3) Tich phin
b
¢, Dinhly (Tich phan duéi dau I )
o
Néu F:Ax[a;p]— E lién tuc teén Ax[a:b] ,thi dnhxaf A — E
h
xdc dinh bdi:  VreA, f(x)= IF(.x,:)dz
a
lién tuc trén A, va véi moi (2, f) € A™:
B (B
If(x)dx - IF(x,r)dx dr.
o

a\a

Chiing mink:
Tinh lién tuc ctia f suy ra tirdinh 1y & 1).
K¢ hien G : Ax{a;p] > E laénh xa xéc dinh boi:

8
Y(B.t) e Axlabl, G{g.n= IF(x,r)dx
a

vdi @ cb dinh trong A.
Vi F lién tuc nén G lién te (xem 1), Méoh dé). Hon nifa, —g% tén tai va bang F, do

d6 lién tuc. Theo 2), Dinh 1y, énh xa H: A — E x4c dinh béi:
b
VicdA  H(P)= jc(ﬁ,r)dr
a
thudc 16p C' trén A va:
] 3G h
vBed,  HP= JEE(ﬁ,t)dt = jF(ﬂ.ndr =15
i ('}

Vi H(e) =0 nén takét luan:
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B B
VheA, H(B)=H(a)+ JH'(x)dx = Jf(x}dx .
o o

Nhin xét:
Dinh 1§ trén 13 mot trudng hop riéng cha djnh 1y Fubini vé cée tich phan kép.

Bai tap
¢ 2.3.38 WVdixe® -|-1,1}, tnh tich phan Poisson:
R
Hx)= Iln(l—Zxcosr+x2)dr.
0
T4
0 2.3.39 a) VGi xe R of dinh, tinh:  1(x) = j' 5 .
0cos 4+ xsinT
b) Tir d6 suy ra gié tri clia:
k. - 2:
I = s
0(«cos t+ xsin® £)
véi xeR; .
) 2.3.40 a) Ching minh:
1 x
¥x €)= 1+, Iln(l+f)dr=EAmtanx+£ln(l+x)z - Iwi{-)-dt .
1+1¢ 2 8 14+¢
] ]
1
b) Suy ra: Iln(l +2r) di = nln2 '
1+¢ 8
0
T b
0 2341 Vi (ab) € 110’ tinh: Iln — o081 iy |
3 @ =cost
0 2342 Khio sit va biéu dién 48 thi him mat bién thyc £ x4c dinh bdi:
. .
flx)= J.w.-'x+cosr dt.
V]
¢ 2.3.43 Ham Bessel J;

Chitng minh ring 4nh xa Jy: & — [ xéc dinh bdi:
X
Vxelk, Ji= Ll cos(x sin ¢) dz
T

6 mdt vi chi mot khong diém thude [0; 1}, va khong diém d6 thude 10; n(.

197
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¢ 2344 ChollamotkholngchaR, xo e/, nell- 10, 1}, f: I —> E thudc 16p C*
trén § thda min flxy) = 0.
a) Chiing minh ring tén 1ai g: ] — E thudc lop €' trén { sao cho:

v¥xel, f{x)={x—x0)g(x). .

X
(Trong trudmg hop f(x)= If'(r)d: . by thuc hién phép d8i bién u= 17X,
X=Xy
xg

b) Clumg minh ring néu hon nita £, ... £ ¢ déu bi chin trén ] thig g g™

cling déu bj chin wen J vi:
Ypell,..n- i, “g(P)l\ < __l_.“f[pﬂ]
w p+l oo
0 23,45 Cho P:P?— [F amot 4nh xa thuge 19p Ccx
X¢ét phuong trinh ban:

&) VneRE flrenN= o fO+ Py
veidnlaf : E — Rlientyc
a) Chimg minh ring néufla nghiém cla (E,) thi f thudc WGp CPuen & viu
8P

Yix)eR?,  frlx+y= vy

(x.y).
b) Gidi (E,) v6i P: R? > R_.
() P Py

) Gidi (E)véi P: R? - R
xn b Py’
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So sanh trong 14n can mot diém

Muc tiéu ctia §2.4 ndy 13 téng quit héa viée khio st dd thuc hign trong Tap 2,
chuong 8.

Céic him duge xét trong §2.4 ndy déu xéc dinh trong 1an can mot diém o thuéc K,
trén mét tp hop k¥ hiéu 1a V, va 14y gid tri trong [ hodc trong mot kgvde hifu han
chiéu, k¥ hi¢u 12 E hay F.

Céc dinh nghia v két qua c6 thé m& rong d& dang cho:

e cfc ham x4c dinh trong Ian can cba a, ¢6 thé trirra tai a
e cfic day I8y gia tri trong E, ching von 12 céc dnh xa tr I vao E (& day

déng vai trd cua a)

» céc ham x4c dinh trong 1an can phai cta a (hay 1an c4n tréi clia a).

2.41 Tinh tréi, vu thé

1)  Dinh nghia
DPinh nghia1 Chof:V > E, g:V > R.
Ta néi ring f khong dang ké so v6i @ (hay: @ tréi hen f) trong lan
cancha akhi vachikhitdntai £:V >R thda man:
vieV, {f(0]=e®e)
g —» 0
—a .
Khi d6 ta s& viét: f <<¢@ hay ) << @) (ky higu Hardy)
a a
hoiic f=o(g) hay fih = o (p(n)) (k¥ hiéu Landau).
[ fa 27
Nhdn xét:
1} Néu vt eV -{a}, o) =0, thi
1 f->0
f=o(@® & (9 a :
pa)=0 = fl(a)=0
2 f=o(l) < limf=0.
¢ Pinhnghia2 Chof:V—>E, ¢:Vo>R.

Ta néi ring @.chiém wu thé so v6i f trong 1an can cha a khiva
chi n tai mot 4nh xa C :V - E théa min:
{Vtev, [0l =)o)
C bi chiin trong 1an cin cia a ] _
Khid6 tasd viét f <@ hay fi) < @t (ky hieu Hardy)
a t

—a

hodc f=0(¢) hay in= O (¢1)) (ky hi¢u Landau).
/) —»a
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Nhién xét:

1) NéuVeeV-{al, )0, thi f= O(¢) khivdchi khi —f bi chan
a @
trong lan can clia a.

2) f= O (1) khi vachi khif bj chan trong l4n c4n cia a.
i

2) Céc phép todn vé wu thé va tinh trsi

Trong muyc ndy ta & ky hiéu:

/. & Ia nhitng ham x4c dinh trong 1an c4n « va 18y gid tri trong mot kgvdc hitu han
chiéu

@, 4, u 12 nhitg ham xéc dinh trong l4n cin @ va ly gid tri trong &
A 1A mgt ham xéc dinh trong 14n c4n a va 18y gia tri trong I
aell

k Ia mot ham x4c dinh trong 1an can mot phin tir b ciia R va 14y gid tri thue.

4 Ménh dé

1) f=olp) = f=0(p)

2) {f ~D) feg=olg)
g=o0(p)

3) f=o@p)=>af =o(p)
F=0(p)

4 =0

) {g=0(¢) = f+g=0(p)
5) f=0(p)=af =0(p)

A=0(p)
6 Ag=0
){ —O(w): 8 = Olpy)

O(p)
g =oly)

o
{A =o(p)
{

I} = Ag =o(py)

Q0

) = Ag=o(py)

g§=0()
A =o(g)

9)
(vf)

= Ag =olpy)

0
;DO() = f=0u)

11){ = o(u)

400()
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f=0)__ . _

12) {@9:0(::) = f=o(u)
f=g(¢)

13) li;nh=a=>f°h=g(¢°h)
f=0(p}

14) @ =>foh=(£(¢oh).

limh=a
b

Chiing minh:
Twong ty nhu phép chimg minh & Tap 2, 8.1.2, Ménh dé 1.

242 Ham tuong duong
1} Dinh nghia

¢ Pinh nghia Chof g V — E. Ta néi f tuong duong véi g trong
1an c4n ca a khi va chi khi:

-8=o(ls)
Khi 46, ta k¥ hiéu: f :g hay f (r)r:m g

¢| Ménhddi

L 4 Ménhdé2 Quanhé ~ 1amotquan hé twong duong trong tap

hop cdc ham x4c dinh trong 14n céni clia @ vA 14y gid tri trong E.

Nhdn xét:
1)Chol e E-{0};tach: f~le fol.
oa a

2) f~0 khi va chi khi f bing khoag trong 1an cn a.
[/}

14-GTTT3-GT3
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2) Cdc phép todn vé ham tuong duong
Trong muc ndy, ta s&€ ky hi¢u f, g (tuong dng: @, ¥, tuong ing A, iy 1a nhitng ham

x4c dinh trong lan cén a va 14y gid tri trong E (twong ting: IR, twong ing: K ), va h 1a
mot ham x4c dinh trong 1an can mét phdn tith cia R va ly gid i thye.

¢ | Ménhdé
A~p
1y % =>Af~pg

a

A~p
¢ 4 = A"~y" (tongdé A" =A..A, nthins6)
neN’ a

3) Néu A~ va néu trong 14n cin ciia @ (c6 thé trir ra tai a) ma
a

p(e) = 0 thi % va 1 x4c dinh trong 1an cin a (c6 thé trir ra tai a)
H

va LI —l— ,
A a M
(f =ol@)
4) T = f=oy)
1‘?’"#’ a
a
(f~8
51¢ ¢  =>f=ol#)
g=o(u) a
. a .
(f~8
6)1.° = foh~goh  (phéphop bén phii)
h{r’nh=a b .

% =o(fe} = f +&~s-

Chitng minh:
Tuong ty phép ching minh & Tap 2,8.2.2, Ménh dé 1.
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Bai tap
¢ 2.4.1 Chof g V—E ¢V B, B=(e,..e¢)lamotcosdcha Eifi i ku

(tuong tmg: g,, ... g) 12 cdc dnh xa thanh phén cfia f (twong ing: g) trong B.

a) Chimgmink: 1) f=0 () & (Wé“----,NI- fj=°{¢’))
2 f=0(@ = (Vje{l,.‘.,N}, f;=0(f;a)]-

b) Ching minh: (VjE{l....,NL f:f""gj) = f~g.
1] &
Piéo lai ¢ ding khong?

2.4.3 Khai trién hivu han vecto

1) Dinh nghia
Da thitc vecto (v&i he s6 trong E) 13 moi 4nh xa P: K — E sao cho tn tai
p € B, Ay, ..., A, € E thda man:

vieR, P(r)= irkAk :
k=0

Khi 46 bac clia P 12 s6 nguyén I6n nhét k thuge {0, ..., p} sao cho A, = 0 (va,
deg(0) =-0).

¢+ Pinh nghia Cho n € I, f: V — E. Ta néi ring f ¢6 khai trién

hitu han dén bac » tai a (viét tit 12 KTHH,(a) khi va chi khi tn tai
mot da thic vecto P théa min:

deg(P)Y<n _

VeV, F@O=P(t-d)+ o ((r—a)")'

. t—~a

Tuong ty nhu & Tap 2,.8.3.1, Ménh d€ 1, ta chimg minh dugc tinh
duy nhat cia P, goi 1a phin chinh quy cla KTHH,(a) cia f.

Tuong ty, ngudi ta cling dinh nghia khéi ni¢ém khai trién hifu han tai + o va - «.

Gia thi€t E c6 trang bi mot co s& B = (e,, ..., ey), VA k¥ hiéu fi, .., fy 1a céc 4nh xa
thanh phén cba f trong B. D& f c6 KTHH,(a), diéu kién cdn va dd 12 véi moi j thude
{1, ... N}, f; 6 KTHH,(a). Hon nita, trong trudmg hgp nay néu k¥ higu P, 1a mét
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phin chinh quy cia KTHH,(a) cha f; v6i 1 £ j < N, thi phdn chinh quy P cla
N

KTHH,(a) cha f1a: P= Z Pie; .
j=1

2) Pinh Iy Taylor - Young _

¢ Pinh ly (Pinh 1y Taylor - Young)

Chonel,f: V- E Néuf thuoc 16p C" trén V thi f 6
o X -a)f

KTHH,(a) v6i phén chinh quy la: Z—}Ta— B ay.

k=D
N6i cich khéc:

n _ ok
vieV, f( =z(—rk?—)f(k)(a) + 0 (@ ~a)").
| 0 ! —a

Chiing minh:

Phuong phép thi nhit :

Sira d8i cho thich hop phép chimg minh dinh 1y Taylor-Young 46i v@i cdc ham 1y
gid tri thy 44 biét & Tap 2, (8.3.2, Pinh Iy).

Phuong phap thit hai

Ap dung dinh 1y Taylor - Young d6i v6i cdc ham 14y gi& tri thue cho mdi 4nh xa
thanh phén cia f trong mot co s& B dé chen.

3) Pao ham va nguyén ham mét KTHH(a)
Cling nhur trong Tap 2, 8.3.3, ta s chting minh hai ké&t qua sau day.

¢ Manh dé  (Nguyén ham ciia mot KTHH(a))
Cho n e N, I 12 mét khoang mé& cha R c6 chta a, f: I — E. Néu f
thuoc 16p C! trén I va néu f* c6 KTHH, (), v6i phén chinh quy ky

hi¢u 1a P, thi f ¢6 KTHH,(a), m2 phdn chinh quy 12 phén chinh
quy cta nguyén ham cla P nhan gid tri fla) tai a:

veel, fO)=fla)+ ]'P +o((:—a)”+‘) .

¢ Hé qua (Pao ham cia mot KTHH(a))

Cho n € N, 112 mot khodng m&clla R céchitaa, f: I — E. Néuf
thuoc 16p C” trén I vanéu fva f' c6 KTHH theo thif ty bac n+l van
trong 14n can ciia a, thi phdn chinh quy cia KTHH,(a) cua f' la dao
ham ciia phén chinh quy cha KTHH,,,(a) cha f.
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2.5 Tich phéan trén mdt khoang bat ky

Trong § 2.5 ndy, ching ta s& tdng qudt héa va ti€p tyc viéc khdo sat da thyc hién
trong Tap 2, chuong 10,

Ta k¥ hiéu K = & hay C., _

Néu khong c6 ghi chii gi khéc thi 7 chi mot khodng khong réng va khong thu vé mét
di€m. Cling vay, n€u khong ghi chi gi khéc thi cdc ham dugce xét déu gid thi€t xdc
dinh va lién tuc timg khdc trén 7 va 14y gi4 tri trong I . C5 thé khai quét viéc khdo
st cho céc ham 14y gi4 tri trong mdt IK-kgvdc E hitu han chifu.

Ta ky hieu CM(/, . ) 12 t8p hop cdc 4nh xa lign tuc ting khic tir f dén [, RS rang
CM(I, ) lamot  E-dai s& s6 giao hodn, k&t hop, ¢6 don vi d6i v6i cdc ludt thong
thuémg + , . (ngodi), . (trong). Hon nita, néu f € CM{, T) thi _f-, Ref, Imf, |f|

ciing thude CM(I, ), va néuf e CMU, By thi f*, £, |f] cling thude CM(, E).

2.5.1 Ham kha tich vd6i gia tri thue duong hay bing khong

1) Dinh nghia

L 4 Pinh nghia 1 Cho f € CM(I, R) sao cho f = 0. Ta ndi ring f
kha tich (hay: kha tdng) trén / khi vi chi khi tén tai mét phén tir M

thu¢c [k, saocho: IfSM,
J

v6i moi doan J bao ham trong /.

Ta nhic lai rAing mot doan (cva-R} 12 mot khodng d6ng gidi ndi [a; F), trong d6
(aPpek a<p '

Nhdn xét: .

Néu 7 12 mot doan, I = [a; A, v néu f € CAMI, R) khong &m, thi £ khé tich trén I, Wi
ring d4i v6i moi doan J bao ham trong [ ta c6:

If < ?f.
r [+ 4 .

Vi cdc ky hidu trén, néu f € CM{I, R) khong am va kha tich trén /, thi tap hop céc

If (khi J bi€n thién trén khip tap hop cc doan bao ham trong 7) 12 mot bo phan
J
ciia [, khong rdng va bi chan trén, do d6 c6 bién trén trong .
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Tir d6 ta c6 dinh nghia sau:

L 4 Pinh nghia 2 Cho f € CM(I, k), 2 0 va kha tich.

Tich phan ciia f trén I, ky hiéu 1a J.f , 12 bién trén ctia cac If khi
I J
J chay khép tap hop cdc doan bao ham trong /.

Nhén xét:

1} V6i cdc gia thiét va ky higu trong Dinh nghia 2 thi: J fz0.
i
2} Néu 7 1a mét doan [a; 5] . thi moi dnh xa f thude CMU, ), 2 0, déu kha

Fij
tich trén f va: ‘[f < If . Hom nifa, khi d6 f kha tich trén bén khoang [a; A, la; Bl
f o :
[a; A, 1 B, va bén tich phan cha f trén bn khodng d6 bing nhau,
3) Ta quy u6c ring néu 7 12 mot don tif thi moi dnh xa tng f: 1 > B, 20
déu kha tich trén / v If =0. '

I
4) Ta c6 thé quy udc ring néu / rBng thl moi dnh xa f: 7 >, 20déukhd

tich, va If=(}.
I
¢ | Ménhdé1

f:I->R liéntucva 20
Néu < f khatichtrén/ , thif =0.

=
/|
Chitng minh:

Cho x, € /. Tén tai motdoan J khong rdng va khoﬁg thu v& mét diém sao cho
oeJcl

The thi ta c6: osjfsjf=o. vay If=0.
J I J

Theo T4p 1,625, He qua 4, tasuyra:  VxeJ, flx)=0
va ndi riéng flx,) = 0. _

Nhu the ta da ching minh: Yxg el flxg)=0,
tifc la: f=0
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¢ | Héqua
f:I—>R lién e
1)Néu {f2 (=f.f)khatichtren] , thif=0

=

f:I->C liéntuc
2)Ngu <|f] kha tich trén /

{1n=

4 Ménh dé 2

Cho f € CM(, &), 2 0. Cdc tinh chét sau day tuong duong voi nhau
timg doi:

(i) f kha tich trér [

(i1) T6n tai M € R, sao cho v6i moi ddy ting (J, ), Nt nhitng doan
ma hop bing /, ta cé:

¥n e N*, J.fSM.

, thif=0.

(iii) TAn tai M € R, va mot ddy tang (J,), _y* nhitng doan méa hop
bing I sao cho:
Yn e N, I fsM.

Ja
Hon nita, néu (i), (ii) va (iii) duge thda min thi ta cé:

fr=sop [r=tim jf
I neN Ia

v6i moi day tang (J,) ¢ nhu‘ng doan ma hqp bing 1.

O day (J,) - tangco nghia la: YneN*, J,cJp-
Dé ngén gon, ta c6 thé goi moi day tang (J5), N nhing doan clia | ma hop bing /
1a daiy vét kiét cdc doan ciia 1.

Ching minh:
() = (i):
Gia thiét f kha tich trén 1, v cho (J,, )!,r oN° 12 mét ddy tang nhimg doan sao cho:
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-

nely*
Theo céc Dinh nghia 1 va 2, tacéd:  Vn e N*, jf < jf.
4
S6 thre M = jf thich hop.
!
(ii) = dii}:
Chi c4n chi ¥ rng t6n tai ft nhat mot ddy tang (J,, )+ Philng doan mé hop béng 7,

va xét c4c khodng / c6 thé c6. Chdng han, véi (a,b) € K2 maa < b:

la:b1= | J [a+”;“; b]. (as1l= | ] [a @ +n].

nel nel
(i) = (i)
Gid thiét tén tai M ¢ R, va mdt diy ting (J, ) n+ Dhimg doan ma hop bing /, sao
cho:

Vn e N*, IfsM.

" Cho J = [e; f] 1amotdoan bao ham trong /. Vi UJ,, =7 nén ton tai
' nel*

(1y, n,) € (N sao cho ael, va Bel, . Kfhitu ny=Max(m, ny); vi
U")neN* ting nén ta cb ae],,o va fel, .suyra j=[a;ﬁ](-_-‘;no Bivif20

nén:
Ifs IfSM.
J

In

Nhu thé, véi moi J bao ham trong / thi: If <M . K&t qué niy chimg td rdng f khd

tich trén [.

Gid thiét (i), (ii) hodc (iii) duge thda man, vi cho (J, )n N 1a mét diy tang nhiing
doan ma hop bing /.

e Daiy s8 thuc If tang (vi (J, )!’I N" tang va £ = 0}, bi chiin trén béi If,

L neN"
do dé hoi tu dén 58 thue k¢ higu 13 M, va:

,,Sel?f _[f*hm jf Mo < If
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* Trong phép chimg minh (iii) = (i), ta d4 thdy ring v6i moi doan J bao ham trong
1, 16n tai nge I sao cho J < J, , va do vay Ifs IfsMo . Chuyén qua bién
' I

tp
trén khi J chay khép tap hop c4c doan bao ham trong /, ::1 suy ra:
_[ <M.
!
Cubi cling, ta c6: Mg = _[f.
i

2) Céc tinh chdi‘_ dai sé
¢ Ménh dé 1

Chode K, f,ge CMU,E)vaz0,
Néu f va g kha tich trén 7 thi Af + g khd tich trén J va:

farsor=afr+ s
I I H

Chiing minh.
» Anh xa Af+ g lién tuc timg khiic va = 0.
¢ Ton tai mot day tdng (J, ), ¢ Mhing doan ma hop béng . Ta c6:

Vn el J'(Af+g)=z_[f+ Igsiff+_[g,
7, I, 1o

do d6 (xem 1), Ménh dé 2) Af + g kha tich.

Hon nifa, vi J-f;‘[f v .'g;‘[g nén ta c6:
5, 1 o7 |
Jar+p=a [s+ [e=zfr+ [o.
Iy Jy I i !
vay: farso=afr+fs.
! { i

¢ Ménh dé 2 (Pinh Iy ham tréi)
Chof, g € CM(, R).

. [(osfs
Néu f<g . thi £ Kkha tich trén ] va Ifs Ig.
g khatich trén [ :
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Chitng minh:
Gidthist 0 <f<gvagkhdtichtrénl
Véi moi doan J bao ham trong £, ta ¢é:

If < Ig < lg.
J J i
Theo 1), Dinh nghia 1 va 2, f khd tich trén 7 va:

J-f=S“PJ-fS _[g-_
H I J I

4 Pinh nghia
Chof € CM({I, k), 20,1" 12 mot khoing thoamanF c /.

» Tanéiring f kha tich trén [ ' khi va chi khi thu hep f|; kha
tich trén ',

o Néuf kha tich trén I, ta ky hiéu If thay Vi _[fl,..
A I

4 Manh 883 Chofe CM(, R), >0,7'1amot khoang théa min
' c 1. N&u f kha tich trén [ thi f kha tich trén [ ' va:

frs]r.
I I
Chitng minh:
Gii4 thit f kha tich trén I. V6i moi dogn J bao ham trong I” (3 do d6 bao ham trong

D, tacé6:
frsfr-
J I

Két qué trén chimg td (xem 1), Dinh nghia 1 vi 2) ring f khd tich trén [ va:

b=l

¢ Ménh dé 4

Chofe CM({,R), 20,ael

1) f kha tich trén / khi va chi khif kha tich trén }- o0ja] M 1 v trén
I~ aeof.

2) Hon nita, n€u f kha tich trén 7 thi:

= [ [

I Fomalry Ir{a;+oof
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Ching minh:
1)» Néufkha tich trén 7 thi theo Ménh dé trudc, f kha u’ch trén
Voalni va trén oy [aeof.
e Dio lai, gia thiét f kba tich trén }- wo;a] N f va trén / M {a;+00]. Ton tai
mot day ting (J, )n N" nhiing doan sao cho:

U Jp =l-oo;al~I va (VneN‘, ae.fn)

relN*
V6i moi n € N, ky higw: J' =]-0a] N J,, J " =J, o [a+o[. RS ring 1a
'y )}T N va (J", ),1 N 12 nhitng day tdng nhimg doan thoa min:

UJ',,:}-co;a]r\I v UJ"” =1 v {a;+eol.

nef* neli*

Theo 1), Ménh dé 2:
I f= Sup J-f lim If
]-un ah‘f HEN

[ r=suw jf—hm jf

oo neN” 2"
Theo hé thic Chasles  2.3.4, 3), Ménh dé I),ta suy ra:

Yn e N¥*, If If+ jfs J. I+ I I,
I et ot Ina;+eof
va do vay (xem I), Dinh nghia 1 vé 2), f khé tich trén f va:

Jromm frotm [rom [s= | 5+ | 1
! A a "

e Fealnd Ik

3) Ham khd tich trén mot khodng nita mé

¢ | Ménhdé1 Cho (ah)eRx(Ru{+w}) saochoa<b,
fe CM([a;b[, R), 20. Ky hién F: [g;hl > R 1a 4nh xa cho béi:

vXelabl, F(X)= Jf.

a®
Ba tinh chét sau day tvong duong v6i nhau timg déi mot:
(i) f kha tich trén [a;h[
(ii} F bi chan trén trén [a;b]
(ii1) F ¢4 gi6i han hitu han tai b.
Hon nita, néu mot trong ba tinh chét d6 duge théa man thi::
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r= s [f- lim jf

2 SR ”

Khi 46, tich phan If ciing ky hiéu 12 If (hay If(x)dx)
[aIH

Chiing minh;
(@) = (ii):
Gia thi€t f kha tich trén [a; b[. V6i moi X thudc [a; b, vi [a; X] 2 mot doan bao ham

trong [a; b[, nén ta cé:
X .
Foo= fr= [ rs [7.
a [X]  [aH

ching td £bi chan trén (bdi I i3
[ai{

(ii) = (iii):
Gia thi€t F bi chan trén [a;b[. Vi F ting (do £2 0), nén F 6 giéi han hiru han tai b.

(iii) = (i):
Gid thi€t F c6 gidi han hfu han L tai b. Vi F tang (dofz 0) nén ta cé:

VX efa;H, If =F(X)sL.
a ’ .
Cho J 12 mot doan bao ham trong [a; b[; ky hiéu X 12 mit phai ctia J, ta ¢6:
X

Ifs _[f=F(XJ.sL.

Nhu vy (xem /), Dinh nghia 1 vA 2), f kha tich trén [a; b{ v& J' FsL.

a;
Cui ciing, véi mot tronig che gid thigt (i), (i), (iii), F ¢6 gidi thm :[ﬁu han L tai b.
Mot mat thi: Lg If i VXelahl, F(x)= If
[a:b] [ |
Mt khéc, ta d thiy: IfSL.
{aN
Vay: I f=L.

[a:
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¢ Hé qua
Cho (a,b)e(lku{—co})xlk saochoa < h, f e CM(I ), 2 0. Ky
hi¢u F: Ja;b} — R 14 4nh xa cho béi:

b
vXe labl, F(X)= If.
X
Ba tinh chit sau day tuwong duong timng doi moét:
(1) f kha tich trén ]a; b]
(ii) F bi chin trén trén la; b]
(iii} F c6 gi6i han hitu han tai a.
Hon nita, n€u mét trong ba tinh chﬁt dé duge thoa mén thi:
b
f= Sup f

X —a
Jab] Xela; b] X

Khi d6, tich phan I f ciing k¥ hiéu 1a If (hay If(x)dx)
lazh)

Chitng minh:

Chi cén 4p dung Meénh dé trén cho him [ah] — ; R néu a € [, hay ham
¥ — {a+h—x)

[+l > R néuag=-w,
x = f(-x)

Thi du:

DVéimoi ae R, dnh xa x > e ® khai tich trén [(; + oo [ khi va chi khi
a<0,vi;
. X . 1 ax
VX €[04, Jle“xdx= a(e 1) nfu a#0
0 X . oa=0
Hom nifa, véimoi o € R

2 i 1
Ie‘”dx= lim —(e“"—l):—.
o Xt -

2) Anh %a x > -Inx kha tich trén 10;1] vi:

vX )01, I—-lnxdx=[x-xlnx]f‘,=1-X+XlnX
b

1-X+XInX —» 1
X-0"
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1
Hon nia: I—lnxdx=_1.

0
¢ Pinhly1  (Thi du Riemann tai +)
Véimoioe R, x— —1&- khétfch‘trén {1;+o [ khi vAchikhi a > 1.
X
Chitng minh:

Ta hay tinh '[Ladx v moi X thude [2;+00].
X

X X
~a+] —a+l _
s Néua=zl: I«de=[x ] =X 1.
xa

—a+l__1 1 1
1) Néu > 1: - vay x +» — kha tich trén
—a+]1 Xs+woo-l xZ
T 1
[1;+eof, va: J—dx=-—.
x% a-1
X-a+1 1
2)Newa<l: — o 4o vhy x,_,__._ khong kha
—~x+] Xrio x=

tich trén [1; +oof.

e Néua=1: I—-dx InX —» +w vay xr—)l khOngkhéuchtren[I +oof,
X—o+m

¢ ‘ Pinhly 2 (Thi du Riemann tai 0}

Véi a thude R, .xl—-)-la-— kha tich trén ]0;1] khi vi chi khi < 1.
x

Chiing minh:
Phirong phép thir nhat: cii bien phép ching minh dinh 1§ trén day.

Phuong phip thi hai: bing phép d48i bign u = 1
. x
l

1
VX el;1], j—l-—dx
xﬂ

-a+2
1

v T}ﬂ-du tén tai khi vachikhi -a+2>1,tclaa<l.

[4of
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Thi du:

"
kha tich trén [1;+0 vi:

sin
Anhxa xpP 3

X

Sll'l2 X

o Yxe[l+x[, 0% =1

x

. P —12— kha tich trén [1;400].
x

Phép d8i bién u = x - a cho phép ta ching minh Heé qué sau, téng quét hon Dinh Iy
trén: '

L 4 Hé qud Véimoi(a, ¢, )€ B> ma a # ¢, snh xa x> | |a
x—a
kha tich trén la;c] (hay [c;a[) khi va chikhi e < 1.

4 Ménh @&  (Dinh Iy ham tuong duong)
Cho (a,b)e Rx(RU{+w0}) saochoa <b,f, g € CM(Ia;b[R).
Giathietf = 0,g20, f g-

Thé thi f khéﬁchtrén [a b[kh;véchlkh:gkhétfchtrén[a bl

Chimg minh:
Vi f-;g nén tén tai ¢ € [¢;h] thod mén:

Veeloh,  |f)-g0l s 60,

va do d6: Vx efc;H, -i-g(x) <fins %g(x) .

e Né&u f kha tich trén {a;b[, thi fkha tich trén [c;b{, va vi:
x elc;H, 0<g(x)s2f(x)
nén g kha tich trén [¢;b[, do d6 kha tich trén [a;[.
» Néu g kha tich trén [a;b] thi g kha tich wén [c;b], va vi:
Vx e[, 0= flx)< %S(x)

nén f kha tich trén [¢;b[, do d6 kha tich trén [a,b].
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¢ Ménhdé3 (Quy tdc " x*f(x)" tai +w)

Choa € R, ,f e CM([a;+[, IR), 2 0.

1) Néu t6n tai @ € ]1; + «of sao cho x*f(x) — O thif kha tich
: K30

trén {a; +cof.

2) Né€u t6n tai o € J-0;1] sao cho xaf(x) — 4o thi fkhong kha

X—>+w

tich trén [a; +oo[.

Chitng minh:

1) Tén tai ¢ € [a;+] sao cho: Vx €[c;+0], O0=<x®f(x)<1I,
suy ra; Vx e [e3+oo], 0 flx)= L

xa‘

Ta két luan theo Pinh 1y him trdi (2), Ménh dé 2) va thi du Riemann tai +00.

2) Tén tai ¢ € [g;+x] sa0 cho: Vx e[c;+of, x%f(x)21
suy ra: Yx €fo;+eo], fxyz —-1&- .

X

Ta két luan biing phén ddo clia dinh 1§ ham tréi v thi du Riemann taj +o.
Nhén xét:

Viéc ép dung quy thc ¥ x% f(x) " (tai +) quy vé viéc so sdnh fx) va --I;(trong lan
. . X

c4n +o0), v6i mOt & ma ta phii lua chon thich hgp. D6 v6i mot s6 ham thi phép so

sdnh 46 khong thyc hién duge, va quy the " x¥ f(x) “ (tai +o0) khong cho phép khio

st tfnh kha tich clia f trén [a;+o0. Ching han, v6i: [2;+0] — nlt thi ta cé:

X [ d

xlnx

Vo ell;+o], “f(x) - +®

x>+

Vael-will, x%f(x}) - 0
) X+

va nhu vy quy tic " x“ f(x) " khong ép dl_:hg duge.
Vé thi du ndy, xem thi du Bertrand dudi day.

4 Ménh d84 (Quy tic (x—a)® f(x) taia")
Cho (aq,h) € 2 sao choa < b, fe CM(Ja;b], &), 20,
1) Néu tén tai & € }- ; 1 sao cho {x~a)®* f(x) —)+0 thi fkha

X—ra
tich trén la;b}.
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2) Néu tén tai o € [1;+wo[ sao cho (x—a)* f(x) — 4o thi f

X—=>a
khong kha tich trén Ja,b].
Chitng minh:
Tuong tu nhit phép ching minh Ménh dé 1.
Ta ciing c6 thé quy vé Ménh dé 1 bang phép 48i bién u =
x—a
Thi du:
Anh xa f: x> -Inx kha tich trén |0;1] vi flién we, =0 va x”zf(x) — 0. Xem
x—0*

them thi du 2} .

Thi du Bertrand tai +w (khéng thuoc chuong trinh)
Véi (@, B € 2, xét tinh khatich clla fi g ¢ (234 — R dinh nghia bdi :

Vx e[+, fopX)m—TTg-
op & (Inx)?
* N&u &> 1, khiky higu 7=1L2‘£ Jtach:

l—a

o fupX)=x 2 txy? > 0,

X300

dodé fyp kha tich trén [2;+o0l.
¢ Néu a< 1 thitacé:
,vgf,:i,“g(,vc)=J|rl“"(lmc)"“3 - +o,

X

do dé f, 4 khong kha tich trén [2;+0].
s Néu a= 1, tathyc hién phép d6i bign u = Inx:

InX
1
vX el2; = | —du.
s(Zd, -[x(lnx)p lj;uﬂ

vay f,, 8 khi tich tren [2;+oo[ khi va chi khi u H-lﬁ- khi tiqh trén [In2;+0l, thc
u

lakhivachikhi g > L.
Cudi cng thi: fg g kha tich trén [2;+<o[ khi vA chi khi:
a>l
hay .
(=1 va B>

15-GTTT3-GT3
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Bai tap

¢ 251 Khio sdl tith kha tich ciia cdc 4nh xa {18y gid tri trong T} sau day, vdi him
fix) v khoang tich phan cho trudic:
a) ! . o1 By Yt +1-x, (Ol
ln(.r +1+ sz + 2x)
&) (t+1nx) %, 1400 dy x POTEGER e

¢) e [l4eof , ae R’ c6dinh.

O 252 Cho f; [1:+e0] — ]J0;+00[ lign tuc thod mén ﬂx—“—)- - I el .

{x} xotm

Chifng minh f kha tich trén {1; +oo[.

¢ 253 ChoCh Z-khéng gian vecto cdc 4nh xa lién tuc tir [-1:1] dén T\
_ - G ol
a} Chimg minh ring, véi moi f thudc C, cde dnh xat — l Vit =, ——= kha
8 8 d ¢ -t "+t
tich theo thir ty tren [-1;1] va }-1;1], va rdng cée dnh xa N, N C —» & xéc dinh
b
f(f)l [ |f(f)|
N(fi= [ l de vaN' (f)y= dt
" 131 -t ” 11+t
13 nhitng chnén trén C.
b) N v N' c6 tuong duong khong?
c)Anhxa T: (C,N) = (C,N) c6lien tyc khong?
f = f
(trong 8&: ¥Vt e [-151], f (N =f-0).
. 2 af 2up
0 254 a)Ch nh: V(.8 e(RL), < Inf(a, f) S — .
a) Ching mi (ex ﬁ)e( +] P nf(ez, B) oy

b) Tir d6 suy ra ring, néuf, g [0+ — R lien tuc va > 0 thi Inf(f, g) kha tich rén

[0+ khi v chi khi ffg kha tich tntn [0;+0cf.
+g

¢ 255 D4u hiéu Ermakoff
Choa e k. f [a;+of > R lign tyc thod man f2 0, g [ai+eo] — R thugc 16p C'
sao cho t8n tai A > 0 théa min; Vx ela;+o], gx)zx+A.
a) Gid thi€l t6n tai k € [0;1[ thod min; Vx&[ateol, f{g(x))g'(x}Sk(x).
Chitng mirh ring f kha tich trén [a; + «[.
b) Gia thi€t tdn tat k € ]11; + @ [ sao cho:
Yx ela;+oef, F(g(0)g' ()2 kf(x) .
Chitng minh ring f khong kha tich trén {a;+of.
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V)
256 Chof: & —[Echo hdi: vxeR, f(x)= IS——E—dr_
0 l1+¢
x
1) Chitng minh fkhé tich trén T v, VxeR, fi(x)= —2::-_’r2 je_"z dr
0

X

2 :
2) Suy rating x> f{x)+ [ Ie"zdr] 13 4nh xa hing.
0

3) Két luan ring:

A 7
J
0

el dr=22,
2

257 1) Chimg minh ring v6i moi n thudc 1Y, tén tai duy nhét e, € I, thod man;
-
\F I 7, 1
— e = —
n 2"
ay
o 2
(Ta cong nhan ring Ic 2 gi= E , xem bai tap 2.5.6, O)).
0

2 :

_M P
b) Bing cAch xéthdm: f: x > & 2 Ie 2a, ching minh:
X

X

Vnell, ab,-al<2In2

",
T X
258% Chimgminh:  [Poildy ~ Zlan.
b4 x e A

2.5.9 a)Chof:10;1]1 — R, li¢n we, gidm, khé tich trén 10;1]. Ching minh::
1
1ok
lim— l=4f.
> A(5)- 1
k=1 0

b) Ap dung: Tinh chc giéi han:
1 1

() - ;1— s
. ! . o
o) l,lll;l Y B) 1’1‘21 Ik -! (kn) .

219
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2.5.2 Ham gia tri phirc kha tich

1) Dai cuong

L 4 Pinh nghia1 Chofe CM(1,70). Ta néi ring f kha tich trén
khi vi chi khi ifl (v6n lién tuc timg khic va = 0) kha tich trén [

R& rang 12 dinh nghia ndy mé rong Dinh nghia 1, 2.5.1,

Ta ¢6 thé ding ky hieu £'(,10) dé chi tap hop céc énh xa 1ir / dén IZ, hién tyc timyg

khic va kha tich trén [.

Nhan xét:
Néu [ 13 mot doan thi CM(I, L) = £, 1), xem 2.5.1, 1), Nhan xét.

Thi du:
e 1
1) f x> = khitichtrén [1i+0 [, vi |£]: x = — Kha tich tén [1i4e0k.
X X

ix
2y gixr> c_ Khong kha tich trén [1;+0 |, ¥i !g‘ X 1 khong kha tich
x X

trén [1340 ]

R 4 Ménh dé1 Chofe CM(, D), ¢ € CM(L ).
Néu |f|<@ vanéu ¢ kha tich rén /, thi f kha tich trén J.

Chimg minh:
Chi c4n 4p dung Dinh 1§ hdm trdi (2.5.1, 2), Ménh a8 2).
¢ Hé qua
fecMlK)
Néu 1 gidi ndi , thi f kha tich rén .
f bichin
Chiing minh:

Anh xahing @: x> |f], khé tich (vi ] gi6i ngi) va fl<e.

¢ Ménh dé2 Choi e ll;f ge CMU, ).
Néu fva g khd tich trén 7 thl Af +¢ kha tich trén 1.
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Chiing minh:

Vi |Af +g| <|2]|f]+|s]. va do [£] v ¢ déu kha tich trén /, nén |Af +g| kha tich
wrén [ (Dinh 1§ ham troi, 2.5.1, 2), Ménh dé 2) va do d6 Af +g khd tich trén . L
Hé qua

£, 1) 1a mot [-kgv d6i véi cac luat thong thudng.

¢ Ménh dé 3 Chofe CM(, 1), f kha tich trén khi va chi khi

f¥va f khatichtren/.

Ta nhéc lai ring (xem Tap 1, 4.1.2, Dinh nghia 3) f* va f7 lacdc dnhxatir] dén i
xic dinh boi:

£ () =5up(£(x),0)
¥x e 1, H
£~ (x)=Sup(~f(x).0}
va ring: f=fr-f v |fl=r+f.
Hon nita, do f lién tuc timg khic, nén f* vk f~ ciing lién tuc ting khic.

Chitng minh:
1) Néu f kha tich trén I thi (theo dinh nghia) |f| cling kha tich trén I; V1

o<fr<if] vaoss <|f}. nén dinh 1y ham i (2.5.1, 2), Meénh dé 2) chimg t
ting f* vA f cling kh tich trén 1. '

2) Dio lai, néu f* vA f~ kha tich trén J , thi f ciing khé tich wen I v
f=f"-f" (xemMénhdé2)

2 Dinh nghia - Ky higu 2
Cho f € CM(I, K). N&u f kha tich trén [ thi tich phan cua f trén ],

k¢ hiéu If,lh s thuc:
I

s

R® rang 12 dinh nghia nay md rong dinh nghia 625.1, 1)
Néu 7 1 mot don téf thl moi éoh xa f: 1 — & déu khi tich va jf -0.
)
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4 Ménh dé 4 Chof e CMU, 0); f kha tich trén I hi va chi khi
Ref valmf khatichtrén [

Chitng minh:

;E;'ltféc hét, ta chi ¥ ring do f lién tyc Wmg Khic nén Ref va Imf ciing lién tuc timg
tc. .

1) Gia thiét kha tich trén /. V1 [Re FA=ls| va fim fl<1#|. nen dinh 1y ham
troi (2.5.1, 2), Ménh dé 2) chimg 15 réng [Re £| va |lm f| cGing kha tich trén 1, do dé
(theo dinh nghia) Re fva Im f déu kha tich trén I,

2) Do lai, néu Re fva Im f kha tich tréen { thi vi f=Ref+ilmf, nén f
kha tich trén 7 (xem Ménh dé 2).

¢ Pinh nghia - Ky hiéu 3 Cho f e CM(, L) Néu f kha tich rén/

thi tich phan ctia fwrén /, k¥ hiéu I { 1a s0 phic:
i

If.= jRefHIImf.

I f I

R& rang dinh nghia n2y mé rong dinh nghta da bi&t trén day.

N 7 13 mot don ti thi moi dnh xa f: 1 > € déu kha tich va jf 0.
i

Nhdgn xét:
Néu 7 1a mot doan, I =& Bl, thi moi dnh xaf € eM(I, T déu kha tich trén I va:
B
If - jf Hon e, khi d6 £ kb tich trén bon khoing fe: Al 1a; A1, [a: A, )% A
i o

va b6n tich phan clia f trén céc khoang dé bing nhau (xem 2.5.1, 1), Nhan x£t 2).

L 4 Ménhdé 8 Chofe CM(, ©), kha tich trén 1.

Véi moi day tang () nhimg doan ma hop bing I, ta co:

j f = \f-
noc
Ja I

Chitmg minh:

o Néu fl4y gid tri thyc thi:

fr=fur-= 1 [ o fr-lr- fr.
nag
Iy e T In I ! I

e Con khi fidy gié tri phiic thi:
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J}: J(Ref+ilmf)= IRefndnif - jRefH‘IImf: _[f.
5, I I, ] i ;

[ |
Nhdn xét:

C6 thé t16ng quét héa viee khao sét trén cho trudmg hop céc dnh xa f: [ — E lign tyc
timg khic trén / va ldy gi4 tri trong mot khong gian Banach nhu sau:
. Theo dinh nghia, £ [ -» E kha tich trén [/ khi va chi khi

17l I - “fug}u kha tich trén 1.

¢ N&u fkha tich teen [ thi v&i moi ddy tang (J,),» nhiing doan cia [ ma
hogp béng 1, day [ J f ] hoi ty trong E, v gidi han cta nd khong phu thuge vao
jﬂ

nzl
céch chon (J,),»y - Thuc vay véi moi (p,g) thudce (1°)?, sao cho ching han p 2 ¢, ta

cd:
Lpf— ) y I s Lp_,:q"f““ Lpllfll— qulfﬂ.

do dé [ I f J 1a day Cauchy trong F nén héi ty.
pel

Tp
Va néu (J, )yt (Ky)ps 12 hai ddy tang nhimg doan ciia / ma hop bang /, thi khi
k¢ hiéu L, 12 doan nhd nhét cia F. ¢6 chita J, va K, tht (L,),»( 12 moét ddy tang

nhitng doan ciia f ma hap bing 7, vi: _
|- G- L L LA L - L
s ]  w=f A
> 2[iA- (- firl=0

Nhu vay gidi han clia ( I f ] khong phu thude vio viée chon diy (J, )z -
i
# Jazl

< +

2) Céc tink chdt

4 Ménh dé 1 (Tinh chit tuyén tinh cua tich phén)
Choie T ,f g€ CMU, ) khatich tréen I. Khidé Af +g kha tich

trén 7 va: _
far+o=afr+ s
I I I
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Chiing minh:
Theo 1), Ménh 82, Af+g khatich trén [, Tén tai mot day tang (J,), _n* nhing
doan ma hgp bing I. Theo 1), Ménh dé 5:

far+o - fas+a

Ty i .
Ajf+ J-g - ZIf+J.g
o
i, I, ! !

Vi (xem Tap 1, 6.3, Ménh dé 1)

Ynell*, j(lf+g) - A4 jf+ Jg,
=] .
JH JH Jﬂ
nén bing céch chuyén qua gidi han v6i n dén d€n + = , ta suy ra:

I(if+g)=ljf+jg-
! !

[
K&t qua nay md rong két qua §2.5.1,2), Menh dé 1.

¢ | Ménhdé2 ChofeCM(, D).
1) f kha tich trén / khi va chi khi 7 khatich trén L.
2) Néu f kh tich trén I thi I} = jf .
I I

Chimg minh:

. Re f khétichtrén/
1) (fkha tich tréen 1) <> .
Im f khé tich trén 7

< ( f khatichtrén D).
I(Ref—ilmf) = IRcf i IImf
I

i !
IRcf +ijImf - _jf_
I f I

¢ Ménh dé 3 (Tinh déng bién cia tich phan)

» |f
I

Chof, g € CM(I, F) khi tich trén . Néuf <g thi If < Ig.
I

!
Chitng minh:

Gia thiét £, g lién tyc va kha tich trén Iva f<g.
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Théthi g-f 20vag-f khatich trén f (xem 2.5.2, 1), Ménh dé 2). Theo 2.5.2, 1),
Nhan xét 1), ta co: J‘(gwf) =0

Khi d6 theo Menh dé trén day: Ig . j f = j(g £ >0,
Suy ra: If < jg.

4 Ménh dé4 Vdimoi fe CM(I, C) khatichtrén/, taco:

< .
Llf |
Chitng minh:

T6n tai mét day tang (J,,) _ .« nhiing doan ma hop bing /. Theo 2.5.2, Ménh dé 5:
If - Jf va j[f| - I|f|.
H n
jll " JH f

Do (xem Tap 1, 6.3, Ménh dé 2):
e L
jli Jﬂ

nén bang cich chuyén qua giéi han véi n din dén v6 ciing, ta suy ra:
[A= -
! /]

¥hn e N*,

¢ Ménh dé 5 Tap hop cdc 4nh xa lién tuc va kha tich trén /, vdi gid

tri trong K, 14 mot KK-kgv, va 4nh xa N, cho bSi: f ‘ﬂ f I 12 mot

I
chudn trén [K-kgv do6.

Chimg minh:

Ta ky hiéu & day C£'(J, K ) 1a tAp hop cic 4nh xa lién e va kha tich trén 1, véi gid

tri trong IK; 16 rang 1a CL'(J, K ) 1a mot K-kgve clia K-kgv (I, K) (xem 1), Ménh

dé 2).

Hon nita 4nh xa N, : ¢ (1. K)—> ﬁ. ula mdt chufn trén LI, K), vi (xem 1.1.1,
f B ! f

1}, Dinh nghia), véi moi ¢ thudc I, va moi £, g thuge CL'(, K) ta cb:
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n Non= fart =

i I

A NP=0 & ﬂf[ =0 < f=0(xem2.5.1, 1), H¢ qua)
i

HNGra= [fee < j(|f1+|g[>'= j|f| v flel = M+ M@,
I i I i

= 14| ir= 1~

¢ Dinhnghia1 Cho (f,), nla mot diy trong CL'(L ID), va f €
el T7). Tandiring  (f,), ey hoi tu theo trung binh dén f kbi
va chi khi (f,), « nhoi tu dénf theo chudn N,.
Néi céch khéc: (f,), ¢ y hoi tu theo trung binh dén f khi va chi khi:
Ilfn_fl T.: 0.
I

¢ Ménh dé 6 (Bt ding thirc Cauchy-Schwarz)
Chof, g € CM(, ).

Né&u f2 va g2 kha tich tran [ thi 'j‘:g kha tich trén [ va:

Jﬁl ] <

G day f2 chi f.f.
Chitng minh:

1) Khai trién (If] - |g)y 20 taduge: 05 | fg | < %(lflz—%‘glz). Do

1
#2 va g kha tich tren I , nén 5(| 2 +|g*)ciing kha tich tren £, do 6

(dinh 1y ham i, 2.5.1, 2), Ménh € 2) | fg | ciing the, va nhu vay £y
kha tich trén [,
2) Tén tai mot ddy tang (J, ) N nhimg doan ma hop bing /. Theo bat

déng thitc Cauchy-Schwarz doi vél céc tich phin nhitng ham lién tyc timg
khic trén mot doan (xem 2.3.4, 2), Pinh 1¥ 3) ta cé:

Vnell*, ﬂ?&’l = sz I!glz
Iy Iy I

Chuyén qua gi6i han v6i r ddn dén vo ciing, ta thu duge két qua cdn ching
minh.
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¢  Dinhnghfa2 Chofe CM(, 7). Tandiring f binh phuong khi
tich trén J khi va chi khi |f|” kha tich trén .

L 4 Manh dé 7 Tap hop céc dnh Xa lién tuc trén / va binh phuong

kha tich trén I, véi gid tri trong 17, 1a mot L-kgv, va dnh xa:

¢ o) > (flg) = j?g 3 mét tich vo huéng trén [-kgv do. Ta ky hiéu
1

2
chudn lien két A N, 2 No(f) = Ilf\z :
f

Chitng minh:
Tai day ta ky hiéu tap hop cic dnh xa lién tyc va binh phuong kha tich wén [, v6i gid
tri trong I, 12 CCH(I, ).

; 2 —
Theo bét déng thitc Cauchy-Schwarz, véi moi (f, g) thuoe (CﬁZ(I,K)) ,thi fg khd

tichtrén /, vy nh xa ¢ : (. g} = (ng) = I}g xdc dinh hoan toan 13 mot dnh xa
i

2
(UK e k.
Véi moi athude K v moi f, g, k thude CL(, E), ta co:

e v@n= [of = [Fs - [7e = o)
i i I

v o ageh) = [flageh = [@Ta+Ti = a [Fe+ [n
I I I I

= ap(f,g)+o(f h)
o o= i 20
)

. pFEH=0 & I|f[2 —0 < f=0,viflién tuc trén .
i
Két qua ndy chimg tb @ 12 mot tich vo hudng trén CL7(/, ).

¢ Dinhnghia3d Cho (f,),cy 12 motdiy wong CL(LID, va
fe CL(, ).
Ta néi ting (f,), < y hoi tu theo trung binh binh phuong dén f
khi va chikhi (f,), < y holtudénf theo chuén N,.
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N6i cich khéc: (£,), < n h0i tu theo trung binh binh phuong d&n f khi va chi khi:

I[f”— i

f neo
Nhdn xét:
1) Véi moi f, g thude CL(, K), ta cd:

el = | [7el < [17el = Jigsl = mur < MaHMate).
f H I
. 2
2) Anh xa tich vé huéng ¢ (f, &) — ( flg) lign tuc trén (CEZ(I,K)) .
xem 1.6.2, Ménh dé 3.

L Ménh dé 8  Chofe CMU, ), val’lamdt khoang thoa min
’ ['c I Né&uf khatich trén/ thi f khatich weén /.
Chiing minh:

Bang céch 4p dung 2.5.1, 2), Ménh dé 3, lugc db phép chimg minh nhir sau:
(f khatich wen {) <> (|f] khatich tren 1)

=  (|f] khatichwen/') < (f khétichtrén /7).

¢ Ménh dé 9
Choaecl I'=l-walnl, I"=IN{a;+of ,f € CM, K).
1) Dé f kha tich trén [, diéu kién cn va du 1a f kha tich trén I va

trén [ .
2) Hon nita, néu f kha tich trén [ thi: jf = jf + jf .
I I "
Chitng minh:

1) Suy ra tit Ménh dé 5 va it 2.5.1, 2), Ménh dé 4.
2) Gia thiét f khé tich trén /.
Tén tai mot ddy tang () nhitng doan ¢ hop bing I sao cho:

YneW,ael,

Thé thi:
¥n e N, I'f = j f + J f,
. Iy Fealnd, oy latoo]
v ol ] o2l [ =
pele HaO i)
A i [ R e I 1, e e
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(do (1=wia)nJ, ), o 12 mot day tang nhing dogn md hop bing I, ¥& g Won
tor v&i I'), suy ra: jf= Jf*' Jf-
f I I
"

Chéng han, néu a < ¢ < b, thl dé f kha tich trén Ja;bl, diéu kién cin va di 1a f kha
tich trén Ja;c] va trén [¢; B[, v& khi dé ta cd:

fr=fre s

[PH Jae]  leibl

[ |
Nhdn xét:

Cho f € CMU, K). Neu f kha tich trén £, thi véi moi khodng I’ sa0 choI'c i, tacd:

jf : jx,.f,

trong dé y,. 1a ham dic lrl.mgcuu ||f" I — ngé
¥ P l}] nellllli):’

¢ Ky hidu Néu fe CMU, ) kha tich trén /, va néu

(@, b) € RUl-oD X R U+ w»}) thda man moi khoang md ndi a

vi b déu bao ham trong I, thi ta k¥ hiéu: J. f= jf

4 Ménh dé 10  (Hé thirc Chasles)
- —\3
Néu f € CM(, ) kb tich trén [ thi véi moi (a, b, ¢) € (!R) sa0

cho cdc khodng m&néi ava b,avac, bvace déu bao ham trong /, thi

e Jre
a a b

Chimg minh:
Ta tach thanh nhiéu trudng hop thy theo vi tri wong d6i ctia a, b, c, rdi 4p dung
Menh dé 9.
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Bai tap

0 2510 Anh xa bd duge (hoac khong ding ké)
Mot dnh xa f: { — K duge goi 1h bd duge (hodc khong ding kd) khi va chi khi:

fe M K)

£ khatichuen
Js-o
I .
¢ day, 1a ky higu tap hop cée 4nh xa bd duge tir/ dén 212 NU, 5.

a) Chimg minh ring véi mei f e CM{/, D), f b duge khi va chi khi £l bing
khong v6i moi doan [a; b) bao ham frong 1, trir ra tai mot s& hint han diém.
b) Chitng minh ring A/, I7) 12 mot ideéan cha dai s8 CMU, £D), tic [

Ned

vaeK; Yf.ge A (1K), af +ge N(LK)

Vhe CMUILK), Yfe V(LK) A e V(UK
c) Cho (f,)p eN 12 mot diy trong N, T, f € CMUI, K) Xha tich trén J sao cho
(£, en hoi ty theo trung binh trén J dén £, Chimg minh: f € M, ).

0 2.5.11 ‘Tinh kha tich cia mot ham khong xsde djnh khip noi
Cho D 12 mot b6 phan ciia / sao cho vdi moi doan J bao ham trong f, J N D gidi ndi,
va cho f I-D —> I 1a mot anh xg. Ta néi ring f kha tich teén f khi va chi khi t8n tai
f, € CM(I, I7) kha tich uén  vh thod man: AY-p=T.

Cho f I-D — E kha tich trén [. Ching minh ring v6i moi f, € CAM{J, I) ma
fylip=1 thif; khi tich trén ] v2 If2= Ifl . |
I !
Tinh chit trén cho phép ta dinh nghia :
fr- fo
! !

trong d6, £; 12 mdt phan tir bat ky clia CM(, ) thée tridn f.

Thi dy: /- R*~> R khi tich trén B
sin? x
X ).‘2
0 2.5.12 Chc khong gian L1, T)

V6ip e [1i+ool, ta kf higu tap hgp chc anhxafigntucf: [ > & sa0 cho |7]F wkhd
tich trén £, 13 CL7(, I0), va ky higu | . ﬂp 1a dnh xa dinh nghia béi:

4
vfeccld Ky, |l = [ Il,"(x}]p dx
i



2.5 Tich phan rén mét khoang bat ky 231
Thém nifa, ta k¥ hiéu tap hop céc 4nh xa bi chin tir F dén 17 12 CL£7(, 10, vi k¥ higu
{. |, 12 énhxatr CCU, ) vao It dinh nghifa 13:
Vf e CL* (LK), il = Sup lFex)| -
Cho p € [1;+. Chimg minh ring, Cﬁp(a" \ ;1.1) ja mot B-kgv, va ring “ . np Ia mot
chudn tren CCPU, ), va néu p e i+l thl véi g =p—fi—1 (téc 1 sao cho

1 1

—4+—=1)tacéh
r dq
fee LK)
vf e CLP (1K), YgeCL(LK),
{I‘fg“l s nf“p“g“q

(Sir dung bai tap 1.1.9).

2.5.43* Chofe €U, ¥). Ky hitu E; = !u w1y, fecct! "(1,1{)} , xem bai tap

2.5.12.
a) Chémg minh ring E, 12 mdt khodng cla E.
b) Gia thigt £+ 0 va E,# . Chimg minh tngénhxa ¢:Ef—> R 18i.
u l—)l.l'l(lfu”“)
c) Suy ra ring véi moi (p. 7, $) € [1:+<0[® thod mén r < p < 5, ta o:
L (1 KN U Ky e e/ (LK) .

2.5.14 Chop,p € [1;+o0] sa0 cho p < p'. Chimg mirh rAng céc thu hep ciia || . ||p
|, unE=CO®RE)N CCr (& , ) (xem bai tap 2.5.12) khong so sénh
v6i nhau duge, tic 1 dn tai (fy) s (8a), o TO8 E thoa mén:

Hf,,lp 4o va lfnﬂp. ;:o

I’g"lp;; 0 v llsnl,,-;;‘m'
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3) Tinh khd tich trén mt khodng nita déng hodc nia mo

¢ Ménh dé 1
Cho (a,b)e Rx(Ru (+oo}) sao cho a < b, f e CM(a:bl, &

hieu F : (&bl - K 12 4nh xa x4c dinh boi:
X

vXelahl, F(X)= jf .

d

7). Ky

Néu f kha tich trén [a;b] thi F ¢6 gi6i han hifu han tai b va:
X
I f=lim ]. f -
X—oh
fa:bl a

b b
fr (oay: frenasy.

o

Khi d6, tich phan j f ciing dugc ky hiéu la
[a:h]

Chitng minh:
1) Trudng hop f 14y gia tri thue

Gia thiét £ kha tich trén [a:b] va 13y gid tri thyc.

trén [a.bl v
(1= [r- |7
[a:bl [ab{ (bl

Theo 2.5.1, 3), Ménh dé 1:

Khide f* va f~ déukhatich

X X

jf+ e If+ va If- - If'
X—b . X—=b

¢ [a:bl a [a:bl

X X X X
Vi: vX elaH, F(X)= If——- j(f+ -f)= jf" - jf' )

a

nén suy 1a £ ¢6 gidi han hitu han tai b v

lim F(x)= [f*- If‘= If.

X—h
[aibl [t [a:M
2) Truomg hop f 14y gia tri phiic
{a:b[. Khi d6, Ref va Imf déu khé tich trén la;bl

Gia thiét f: [a;h[ — T kha tich trén

va:
If: l.Ref+i jlmf‘
Tah [a:bl [«
Theo 1) (trudng hop gid tri thyc):
X X
jRef - IRef v jlmf - Ilmf
X—ah X—oh
a [aihl

4 et
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X X X X
Vi Velah,  F0= _[f= I(Ref+i1mf)= IRcf+i jlmf

nén suy ra ring F c6 giéi harvhitu han tai b vt
lim F(x)= I Ref +i I Imf = _[ f.
Xob

{at] [=:bl (AL
Nhdn xét:
1) Két qua ndy m& rong két qua &§2.5.1, 3), Meénh dé 1 (ngoai trit nhimg gi
khong lién quan d&n cin trén).

© 2) C6 thé xdy ra 12 F c6 gii han hiiu han tai b nhung F khong kha tich trén
la,bl.

Xétthidwea=1, b=+, f(x)=smx.
x

¢ Tachitng minh f khéng kha tich trén [1;+ o [

X+m/2, . X
|smx] cosy\
Cho X € [3;+[. ta cé: I —dx = ——dy,
X [y=x-x{2] T
147 /2 1 y+5
Xamf2, . Xﬂrnlsin x| Xﬂcos \ X [sinxl+lcosxl
suy ra: 2 I SR 4y = ‘[ dx + ydyz I————-dx
x S i X
+7 /2 1+xi2 1384 5 H% 2
X sin2x+coszx Fig X T
.[ s Cde=|In}x+— =lal X+~ |-In(l+#},
.I+-JE 2 x+£ 2
H+xi2 2 7
x -
do db: ﬂsnnxdx — 4.
X X+

K&t qua 46 ching tb | f[ khong kha tich irén [15+eof, v& Vi v3y theo dinh nghia, f
khong kha tich trén [1;+ o {.

e Biing céch tich phan titng phén, ta cé véi moi X € [1+ ]

¥ X X X
—oosx] _ Icosxdx=_cos reosi— j'cosxdx.
2 X 52

X X
1 1

X
FO0= [ =[
1

cos X
Mot mat, tacd:  —

+cosl —» cosl.
X3+

Mat khéc thi x> <55 khi tich trén [1;+0[ (theo dinh 1y ham (r6i v thi do
X

X
) s
Riemann, o 2.x < Lz ) do d6, theo ménh d€ trén, I——dxmzx - I coszx dx.
x x x X—r+0 x

1
16-GTTT3-GT3
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r

Két qua 12 F ¢6 giéi han hifu han tai + oo

F(X) - cosl- | =2
X+ 2

[Li+eo]

dx .

Xem thém duéi day, §2.54.

|
¢ Heé qud Cho(a, b} € (& {-0}) XX sao choa < b,
f e CM(la;b), X). Ky hiéu F: Ja;p] - K 1a anh xa dinh nghia boi:
h
VXelahl,  FOO= jf .
X
Néu f kha tich trén Ja;b] thi F ¢6 gidi han hitu han tai a, va:
b
I f=lim jf :
X—a
lab] X
b h
Khi 46, tich phan j F ciing duge ky hieu 12 If (hay: If(x)dx).
klihi a a
Ching minh: ,
Cung mot phuong phép nhu 46i v&i he qua ciia Ménh dé 182.5.1,3). -
L Ménhdé2 Cho(a b)e R? sao cho a < b, f: [a;p[ = K lién e
v c6 gi6i han hifu ban ! tai b.
Khi d6 f kha tich trén [a;b[ , va néu ky hiéu }‘: . [a;h] = £ lathéc
trién lién tuc clia f trén [a;b), x4c dinh boi:
~ f(x) néu xelahl
ﬂx)z{f néa x=h
b
thi ta ¢6: jf: j} )
[ab a
Chiing minh:

» V& moi doan J bao him trong fa;bl, 1a cé:

- [ s Tl

Keét qui trén chimg t |f] khé tich trén [2;b], do d6, f kha tich wén {a;bl.

ta c6:

e Vi F lien tyc tén doan ia;h] nén F bi chan va véi moi X thudc {a:h{
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X b X b X h
fr- 7 =\ 7- |7 =\j7 < [Ase-ofl, 2,0
; o ba_ a h X

do d6: If x_:h f.

h
Theo Ménh dé 1, ta két ludn rang: I f= I} .
[t a

¢ Ménh dé 3

—\2
Cho (a,b) € (R) sao cho a<h, f € CM(la;b[, D).
1) Ba tinh chét sau day tuong duong v6i nhau timg doi:
(i) f kha tich trén Ja;b[
(ii) Tén tai ¢ € ;b sao cho f kha tich trén Ja,c] va trén
{e:hl
(ili) Vdéi moi ¢ thude Ya;b[, f kha tich trén Ja,;c] va trén
fe.bl .
2) Néu f kha tich trén Ja:b[ thi v6i moi ¢ thude Ja;bl, 4nh xa

X
F:la:b{ » KX dinh nghia bdi: F(X)= jf ¢6 gi6i han hitu han tai

€«

vatai b, vata ob:
j £ = lim F(o) - lim £(0)
. X—=b X—a
bl
b b
Khi d6, tich phan [ £ cling duge ky hieu 1a j £ (hay: I £(x)dx) -
laiM a a

Chiing minh:
1) Xem?2.5.2,2), Ménh dé9.
2) Theo e thitc Chasles: jf= If+ If.

Jazb[ Jai) [e:bl
Mat khdc, do f Kkha tich trén Ja;c] va trén [¢;b[, nén theo Ménh dé 1, ta cé:

R N I e 1
X Jaic] c [eibi

Ta ket lugn: I F = lim F(X)~ lim F(X). n
o X—h X—-u
ity
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¢ Ky hiéu Cho (a,h)e(Ru [~} x(Rw {+oo}) sao choa < b, 1 1

mot khong c6 cdc miit 14 ¢, b; F: J — LI 1a mot inh xa lién tyc trén
1. Néu F ¢6 gi6i han hitn han tai @ va tai b thi ta ky hiéu:

x=h T . .
[F) -, = [f{x)]a =lim F ~lim £
Nhu thé, theo ménh dé trén, néu f € CM(Ja;bl, L) kha tich trén Ja:b[ thi néu k¥ higu
@132 mot nguyén ham (lién tuc) clia ftrén Ja:bl, taco:

b
j Fodx =[@] .

m
¢ Ménh dé4 Cho (ah) eR x(Rufrel), f e CM(la:bl, E)
g € CM((a;bl, ).
g20
Néu; g khatichtrén [a;b[ , thi f khatich trén [a,h[ .
|f=9@

Chiing minh:
Vi f=0(g),néntén tai ¢ € fa;b[ va M € I, sao cho:
b

vx elebl, |00 < Mg(x) .
Vi g kha tich trén [;b] nén ta suy ra f kha tich trén [¢,b[ (dinh Iy ham trdi), va do d
f kha tich trén [a;b] . .
i

Pé tinh mot tich phan I f, truée hét ta ching minh ring f kha tich teén [a;h

(i
X
sau dé tinh limb £. Vé diém nay, ta s& sit dung phuong phép tinh tich phan (T!
X

1, chuong 6) hoa‘:: phép tinh nguyén ham (chuong 9). Thudng ta s€ phai st dus
nhitmg phép tinh tich phan timg phdn hay nhing phép ddi bign.
4 Pinh ly  (Phép ddi bién)
Cho / 12 mét khoang ciia R, J 12 mot khoéng clia . véi céc miit ]
hieu 2 @, B, ¢ J - I 1a mot C'-vi phoéi, f € CM(I, ). Khi de
kha tich trén I khi va chi khi (f-@)p' kha tich trén J, va tro
trudmg hop nay thi:

p(87) B
[ 1= [¢ow.

ola) a
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Chitng minh:
Ta nhéc lai (xem Tap 1, 5.3.1, Binh nghia) ring ¢ : J — [ 1A mdt C'-vi phot khi va
@ thuociopC' trenJ
chi khi: ¢ lasong dnh
¢! thuoclepC' trenl
va (xem Tap 1,5.3.1, Dinh 1y 4) ring ¢: J — [ 12 mot C'-vi phoi khi vachi khi:
@ thudcl6p C' trenJ
p()=1
@'>0 hogc ¢'<0

Gi4 thiét, ching han J = [a; A1, va @ tang nghiém ngat,do dd I = [pa)e(S -

¥y
1) Gid thiét fkha tich trén 1. Anh xa y +> j If] <6 gici han hitu han khi y

pla)
x p(x)
dén t6i @(h™) . Vi p(x) ->ﬁ @(#7), néndnh xa x> ﬁfo¢]|@'| :j H
@ $la)

¢6 gidi han hits han khi x ddn dén B Theo 2.5.1,3), Ménh dé 1,tasuy1a
rhng (fo)p' khd tich trén J.

. _
2) Déo lai, gia thi€t (fop)p' khd tich trén J. Anh xa x I—)Ilf 2 g||e| 6 gi6i
o

' plx) X
han hitu han khi x ddn d¢n 4, do 46 dnh xg: x> Ilf\= Ilfaqa“q)'\ cling

Ha) a
th&.

y w{w'l(y)]
Vado ybo I|y1= j' If| cting o6 gi6i han hit ben khi y dén dé
W @

@) theo phép hop gi6i han, v cusi cing thi fkha tich trén (@ @); o8I
3) Véi chc gia thiét trén, Vi vdi moi x thude [ Bl ta c6:

@(x) X
If = I(f cP)Pp’
o) a

vadofva (fop)p' theo thit ty kha tich txén [@(a); (B valas B, nén
chuyén qua gi6i han véix dén dén 8, ta duge:
#(8) B
g f= K(f oplp' .
pla) o
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Bai tap

¢ 26515 Khao st sy t6n tai va tinh céc tich phan sau day (ching minh tinh khi

tich, sau 46 tinh tich phin; If (x)dx , nén né ton tai, s& chi tich phén: I f hay
{ent)

If , hay If . hay If ,tuSImeon‘.mgthfdl_J:

bl {a.b] Jait{
o 4 1 +eo
a) I‘E—X_LE—_dx 2 ] G mdx
x{x+Dx"+1) s (x +1)
x

1
+o0
c) I dx d) j
J x ‘}’ 21 01+smx
€) ?Me"x sinx dx N T
(x+1Y ; EN

1]

+an oy
s)] a h)]dx

i 1

(.vc+1}:.‘.J|:2 -1

——s

. 1_x 1 . . dax i
i) j e x—adx' ael o0 ) L (x—a)(b—x)' (@, efk0<a
a

4]
[1; 40l <b
]
Inx nx
k) I dx D dx
s~ 02 ; Jra-0*?
T 1 "$2a
m) I(ln(x+1)—1nx__)dx n) I rctan x-x
x+1 : sz_
i
°) j 130 Arcsm[ } P Ism X dx
:}x(l X ] x
m‘z ﬂ
qQ jsin2xln tan xdx va 1 Ix Insinxd
0 0
5i2

r} j sin Zx Insin xdx
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2 . 1
— 08 1
2.5.46 Chof [0;1} > K chobdi f(x)= Fem—y x el

0 néu x=0
Ching minh: a) f khd vi wén [(k1})
b) ' khong kha tich trén 10;1] .

2.517 Véi e e [, khio st sy t6n tai va tinh tich phén (néu t6n tai}:

7z
j' dx
1+cosccosx '
o
2548 Tim diéu kién cn va 4 d8i vdi (g, b. ¢} € T dé
x > x(Arctan x)2 —ax—b- £ kha tich tren [1;+0(, va tinh tich phan trong trudng
x
hep dd.

72 ;
2649 V6 (abcd)eRxRxR, xK} . tinh ‘[de.
0

ccosx +dsinx

2520 Ching minh téng , v6i moi x thuge JF1;1[, tich phén:

x

n(1-1) , 1 )
flxy=- I‘ p dr tén tai vi: f+ f[ﬁ) = #E(lnﬂ -x) .

O
=k
2521 VéineN- (01}, thoh: Min J' d
Osks2n-2 ; 2" 41

2.5.22 Ching minh:

xi2 +0
2) I cost i - lj du

0]x‘+sin4r =0t X |

x __1_+cu du
b) ~ x3 I

i x4 X 3 w41

dy* tim I_—s‘“”i’ 2
mo 11+ cos” nx 2
+ct o
- e
e) lim x Ie Cdr= j—dr.
=y t

i i

1
2523 Chof [0:1] - C lien tuc. Mic dinh  tim x Ilz F(Hde.
I
x

x—0"
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¢

2.5.24 Khio sdt va bidu didn 46 thi céc ham sau day (x: bié'n thyc):

1
a) f(x)—j— 1+fd! b) flxy= I ) filx )_In(x"'f)d
e r(ly
2525 Chof T, — C lién tuc, bichan. Tinh lim J X gt .
=t olH

2.5.26 Ta k¥ hiéu tap hop céc dnh xa f: [0; + o — [, lien tyc'va binh phuong
kha tich trén [0;+0o 12 CLH[03+ of, ).

Cho f : |0;+e0[ — T thuge 16p C* sao cho £, f', f " thute CLAE0, + oof, TE).
a) Kiém ching ring - FLafrefR (e fe Y =YY

+o0
b) Ching minh: I( e f'z) > 0 va khio sit trrdng hop ding thic.
0
2527 VéireR, ,takshicu
zi2 xf2

dr
I(x)= j va  J(x)= j ﬁﬁL—-_@
2 coszr+x2sin2t sin? £+ x4 cos® ¢
xi2
. * dr
a) Chimg minh: vxeR,, I{x)=
0 sin2r+x2coszr
wll
b) Ching minh:  [(x)~J(x) — j' e8! e =1n2.
0t sin¢

c) Tinh J(x) v&ix e 11 .

Q) Suy ra: I(x)=-Inx+2In2+ o (1).
0"

2528 Tmh:  lim i+r

=0t :ir(x - r

2.529* Chof: B, > & lién tuc, binh phuong kha tich trén [0;+ec[, vig B o |
xéc dinh béi:

lx
g(x)= ';é[f nn x=0

F néu x=0
a) Chitng minh ring g litn tyc trén R, .
b) Cho (a.b) € R?saocho 0 s a < b

b
o) Chtng minh: I32 = agz (a)— hgz{b) +2 Jfg .

a a
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- b b 12 o 142
8) Suy ra: ]gZSag%am[ gz} [[ﬁ)
a a 0

B 1/2 4o 2. o 1/2
vi [Igz} S[ Ifz} +{agz(a)+ Ifz} .
a 0

+20 0
¢) Chitmg minh ring & va fg kia tich trén [0:4+c0 va Igz =2 | fe.
1] 1]

2530 Cho f: R »C liégnte v khi tich trén . Chimg minh:

+o0

a0
Ilf{xﬂ)—f(r)[d: -5 2 I[f(r)ldt.
- Fro o
2534 V6imoin el xétfy E — E chobdi: Vxe[, £ =2 ——
1+|x = |
a) Khio sit day (fonen -
+aD
b) Tinh: I( f,(0)) dx v6i moi n thuge N,
-0 .
¢)Chog R —» | lientyc va binh phuong kha tich trén . Chimg minh:
+0
f g = 0.
o
—t

2532 VéimointhudcH, ton tai (B, ) € I¥ duy nhét sao cho

(n=2"+r, Osr«:z"),

vataky hieu f; 10;1( — [ la dnh xa cho bii:

1
1 nfu xe I—;l{
fl0= [2” 2h

0 néu whi lai

Chimg minh ring, voi moi p thudc {Li+of, ddy (Fnen hOi t dén 0 trong

(el oILR), |- “p) (xem bai tp 2.5.12), nhung (S N phan ky véi moi x

thude [0;11 .
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2.5.3 Tich phan cic quan h¢é so sdnh

Trong § 2.5.3 ndy, (a,h) e Rx(R wi+m}) saochoa < bh.
1) Truomg hop cdc ham khd tich

¢, Ménhdé1 Chofe CM(abl L), g€ CMapl, &).
gz0 f kha tich trén [a; bl
Néu {g kha tich trén [@h[ , r [ r ]
3 f=
f '—g(g) x—»b

Chitng minh:
Ta da biét (xem 2.5.3 3}, Ménh d€ 4) ring f kha tich trén [a;h[.
Choe>0.Vi f=o(g) néntdntai Xe [a;b[ sao cho:

h

Vie[X:H, o) ses().

Vay v6i moi x thude [X bl:
b B ] b
\If < Ilf\é I€8=£Ig .

b
chimg to ring: jf —)b[ J.g]
X
X

& | Ménhdé2 Chofe CM(labl, ), g € CM([a; bL, ).
£20 f kha tich trén [a; 5]
Neéu { g kh tich trén [a:b[ , thi rf r
f '—'(3(8) x—h
Chiing minh:
Tuong tu nhy trén day.

¢ | Ménhdé3 Chof ge CM(abl R).

g20 £ kha tich trén [a; [

Néu < g kha tich trén [ab] thi rf r
f ;)' g x x X 8

—h
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Chitng minh:

Tu céc gia thi€t ta suy rarang f Kkha tich trén [¢;b[ (Dinh 1§ ham tuong duong, 2.3.1,
3), Ménh dé 2).

Ta lai cé:
f~ gﬁf g= O(g)=> I(f 8= o [Igl If - I

2) Truong qup cdc hiam khong khd tich

&, Ménhdé1 Chofe CM(ahl D), g € CMaibl, ).
g 20 X Y
Néu < g khong kha tich trén [a;5], thi L f=o0 ) [L g]
—
f =g(g) g

Chuing minh:
Chos>0.Vi f= g(g} nén tén tai X € [a,b[ sao cho:

vt elX;H, HOESTLOF
Cho x € [Xh[, taco:

]f S}]lfl;].lfls ﬁfl+£]g=)](lf|—sg)+£]s ‘

X
Dog20nénénhxa x Ig ting trén [a;b[. Vi g 2 0 va Vi g khong kha tich trén

a

X
{a;b[ nén theo 2.5.1, 3), Ménh 8 1, x+> jg khong ¢6 gi6i han hitu han tai b. Ket

a
X

luan: |g — +@.

x—>h
a

Do I(lf |-£g) c6 dinh va khong phu thude x, va do Ig - +w, nén t6n tai

x—h

a
X, €[X;b| saocho:

X x
Vx € [Xy: 0l I(Ifl-sg) ¢ IS
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Nhur the: Vx e[ X8,

Ir
va cudi ching 1a: _[f = xib[ I ]

¢ | Ménhdé2 Chofe CM([abl, I, g € CM({a:bl, )

X
S2£Ig,
a

g=0

Néu {g khong kh tich trén [a;b{ , thi Lf [L ]
f= 0@ b

Ching minh:
Tuong ty nhu trén day.

¢ | Ménhdé3 Chof ge CM((abl, K).

g20 . .
Néu < g khong kha tich trén {a;h[ , thi Lf ~ [Lg]
f';g ’

Chiing minh:

f " g@f—g=g(g)=>](f—s)= xib(]‘g]ﬁ xjf o )]g -

Bai tap

0 2533 Chingminh: IT‘
r+1)

dt . 1

0 2534 Chingminh: I

x

¥ 2.535 Chofe CM(10;+[, IC). Ching minh ring néu £ c6 gidi han hitu han { tai +oo
thi:

2re xeo X

ljf(r)d: > 1.
xD X—p-+0
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2.5.4 Tich phan suy rong

L 4

Pinhnghia1 Cho (a,b) e R x (R w{+w0}) saocho:
a<b,fe CMAapl, 7).
—h b
Ta néi ring tich phan suy rong I f (hay: I f(x)dx ) hoi tu khi va.
a a
chi khi 4nh xa F: [abl - K c6 gidi han hiu han tai b; trong
X L" f
b
trudmg hop ndy thi gidi han 46 duge ky hi¢u mot céch lam dung 12 I f

a

b
(hay: I F(x)dv) va duge goi Ia tich phan suy réng cba ftrén [a;b.

a

Tuong ty, néu -w £a < b <+w va f € CM(Jash], D), ta ndi ring tich phéan sny rong

h b
jf (hay: If(x)d.x y hoi tu khi va chi khi 4nh xa F: Ja.b) » K c6gidihan
—a _— x = xf

hifu han tai a; trong trutmg hop ndy thi gidi han d6 duge ky hi¢u mot céch lam dung

b

b
Ia If (hay: I f(x)dx ) va duge goi Ia tich phéan suy rong cia ftrén Ja,b].
a

a

Vi cdc thuat ngit trén, Ménh dé 1 82.5.2, 3) duoc di&n t3 b Ménh dé sau.

Ménh dé1 Cho (a,b) € Rx (R {+w}) sao cho:
a < b, f € CM([(a:h[, IO}

—h
Néu f kha tich trén [a;b[ thi tich phéan suy rong j f hoi tu, va tich

a

b
phén suy réng If bing I f-
a Jashl
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Nhdn xét:
Mot 4nh xa f e CM([abl, K) 6 thé khong kha tich trén {a;b{, mh tich phén suy

=k

rong jf lai hoi tu. Ching han ta da théy 12 f: [L+of —» R khéng hoi tu trén
. SITE X

r B —
a X

-+

[1;440f, nhung trong khi d6 thi tich phan suy rong j sin x

dx hoi w, va énh xa
x

Fi[L+eo — R ¢6 gi6i han hitu han iai 4w,
X sin x
X Lad —;-—dx

4 Dinhnghia2 Cho (a.h)e Rx (R {+w0}) sao cho:
a < b, fe CM([ahl, K.

—>h —b
Ta n6i ring tich phan suy rong I F (hay: I f(x)dx ) bén hoi tu khi
a a

—b

vachikhi f khong khi tich trén [a;b[, vA tich phan suy ong I f
a
héi .
b
Dinh nghia tuong t d6i véi I f.
—>a
Thi du:
-5

Tich phén suy rong I
1

sin x

dx ban héi .
X

Nhdn xét:
1) Cho (a,b) € R x (R wi{+xn})saochoa < b, f € CM(la;bl, D). Ta néi ring

tich phan suy rong I f hoi ty tuyet ddi khi va chi khi I | f] hoi tu.
a a
b
o Tich phan suy rong I £ hoi ty tuyét 46i khi va chi khi £ khd tich trén

/]

fa;bl.
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—h
o Tich phan suy rdng I f bén hoi ty khi va chi khi: tich phén suy rong
a el
—h
I £ hoi ty vikhong hoi ty tuydt dGi
a
2) Nhu ta da théy trén day, mot phép tinh tich phan timg phin thudng c6 thé
cho phép thay viéc Kkhao st mot tich phan suy rong bén hoi bing viec khao sét
tich phan cha mot ham kha tich.

cos X
2 dx.
X

Ching han: vX e[l;+od,

X . X X
Ismxdx=r_cos +cosl—-I

X
1 1
do d6 vi moi s6 hang déu c6 gi6i han hitu han tal +oo nén:

F0 Ra-t
Ismxdx=cosl-— jcos;dx‘

1 * 1 *

S 4
trong 46 tich phan I SINX L uanhoitavd | oep-dx hoity ruyet dSi
X X
1 i

o | Ménhdé2 (Déican dudi)
Cho {(a,h)e Rx(RV {+o0} ) sao cho:
a<hcelabl,f€ cM([a;bl, K)-
—h —b
1) jf o tu khi va chi khi If hei ty.
a [

b c h
2) Trongtntb‘nghqué,tacé: [f: jf+ If .
a c

Chitng minh: .
X ¢ X
Tacb: vrew, |f= £+ {7
a a [y

X . X
vay X+ |f 6 gi6i han hins han ki X ddn d&n b khi va chi ki X = If c6 gibi

a ¢
han hitu han, vi trong trudmg hop 46, thl bing chch chuyén qua gidi han khi X din
dén b, tacd:
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h [5 b
fr=fr+fr
[ a i
[ |
Ménh dé trén cho phép ta dinh nghia:
¢ Pinh nghia 3 Cho (a,h) € (]R U {—00}) X (R v {+eo}) sao cho:
a < b, f € CMQa:bl, K).
—h
Ta néi ring tich phan suy rong j f hoi tu khi va chi khi t6n tai
—»il
C —b
¢ la;h{ sao cho hai tich phan suy rong If va I f hoéi .
—>a [
¢ b
Trong trudng hop d6, phin i I + j cha ' khong phu thuge vao
&a 4
vige chon ¢ thudc Ja;h[ va duge goi 1a tich phan suy rong cua f trén

h
Ja;bl, ky hiéu 1a If.
a

. Theo Menh dé 2, néu ton tai ¢ € |a:h{ sao cho céc tich phan quy rong

If va Jf hoi ty, thi véi moi 4 thude la;bl, che tich phan suy rong ‘[f va

—rd

—a
—h
jf cling hoi tu.
d
« Trong trudng hop do, 1a c6 véi moi (¢.d) € la:bl:
d b [5 d 3 b ¢ b
- B B el
a d a ¢ d ¢ a ¢
u
b b —h
Loai clia mot tich phan suy rong I f hay I f hay j f 1atinh héi w hodc
—a a —a

phan k¥ clia nd.
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# | Ménhd&3 Cho (a,h)e(Ru{-»}l)x (R {+x}} saocho:
a<bh,cela: bl fe CM(abl, K.

b
Né&u f kha tich trén Ja,b[ thi jf hfn tu va tich phan suy réng jf
—d
bing J f-
Ja;hl
Chiing minh:
—b
Ap dung Ménh dé 1 cho cdc tich phan I fva J. f,vdic e la:bl batky.
—y
Bai tap

o 2.5.36 XAc dinh loai clia c4c tich phan suy rong sau day:

40

a) _;[0 %_;sin[x+§]dr J S\IIT;—T%"
o [ . Tg;(ﬂﬂdx
=0

e) J sin(x + inx)dx .
1

—poo
0  2.5.37 Chiig minh ring J eINT ginx dx hoi .

2x

0 2538 Xicdinh: lim _
x—s+m J T+ 5I0T
X

cost

dr .

0 2539 Ching minh: _[ - Iﬂfdr
x'+f A-)U

17-GTTT3-GT3
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0 2540 Chingminh: I-—d:_°°sx+ 0 [J—)

X X—¥4a0 xz

1
& 2.541 Chof 10;1] — C lién tuc sao cho: I%f(r}d! hoi tu,

=0
a) Chitg minh ring If héi ty.
=0
X
b) Ta k§ hiéu dnh xa xéc dinh bdi: Vielll g00= If

1a g [0;1] - E. Chitng minh ring g kha vi ben phii 1ai 0 v2 g'(0) = 0.

2.5.5 Tich phan phu thugc tham s&

Trong myc ndy, ching ta s& téng qudt héa vi¢c khio sit & §2.3.12 cho trudng hop
cdc ham kha tich trén mot khoang bét ky.

Trong § 2.5.5 nay, I chi mot khoing cha K, m € ", A 12 mot bo phan cia R”,
F . AxI =K lamét 4nh xa.

Néu véi mbi x thudc A ma dnh xa F(x, ): I = K ) lien tuc timg khitc v kha
t = Fixt
tich trén [, thi ta ¢6 thé xét 4nh xaff A — [ duge dinh nghia la:

Yrxed, [f@x)= jF(x,r)dt.
Muc tiéu ciia § 2.5.5 nay 12 suy ra cdc tinh chét clia f tit cdc tinh chét cua F.
Trong diém 1) nay, A chi mot khodng cia K .

1) Tinh lién tuc

¢ Dinhnghia1 Tan6iring mot énh xa F: Ax— K thoa man gia
thiét ¢6 ham troi (viét tde: GTHT) trén A X I khi va chi khi t6n tai
moétdnh xa ¢ I - | liéntuc, 2 0, kha tich trén /, sao cho:

V(x,)e Ax1, |F(x,0|<p().
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Nhdn xét:
C6 thé thay gia thiét plién we bdi: @ e CMU, ).

¢ | Dinhly  (Tinh lién tuc du6i dau j )
!
~ {e Flientuctén AxI
Néu ' . .
e F thoa min gia thiét cé ham troi trén Ax ]
e V&i moi x thuoc A, F(x,.) kha tich trén [

thi e Anhxaf:4 > _ K liéntuctrénA
o LF(x,r]dr

Ching minh:

Theo dinh 1y ham tréi (2.5.1, 2), Ménh dé 2), v6i moi x thude A, Flx, .) kha tich trén

I. Cho & > 0 ¢ dinh. Tén tai mot doan J bao ham trong [ sao cho j @(t)ds ﬁ% ,
i-~J

trong d6 ‘[ @()dt chi téng cla bai tich phan trén cdc doan con cba /. V6i moi

I-J
(o, x) thudc A%, ta c6:

7o) = o) =| [Fsnn - [Feo.a
! I

< I(F(x,r)—F(xo,r)) + I|F(x,t)ldt+ I|F(x0,r)|d1.
J ¥ -7 -J
MOt mat ta cb:

I |F(x ks + J' |Fxo.0)|dr < 2 I |eto)de < 2?8 ,
i-J -7 -J
Mat khic, theo dinh 1§ vé tinh li¢n tuc duéi ddu ‘E (2.3.12, 1), binh ly) 4p dung

cho doan J, tén tai 2 > 0 sao cho:

Vx €A, be-xo] <= I(F(x,t)~F(x0,t))dt s% .
J
Nhu thé: Ve>0,37>0,Vxe A, |r-xlsn=|fx)-fxo) e,
va do dé6 f lién tyc trén A.
[ |
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Thi du:
Chofe CLC'(R,C). g€ C(R , C) va bi chan.

el
Thé thi 4nh xa i R —» Cxdc dinh bdi: yxeR, h(x)= jf(t)g(x - Hd¢

xéc dinh trén R va lién tye én R, vidnhxa F:RxR — C lién tuc rén
(1) > fgla-n

RxR vathda man GTHT tren Rx B n#u chon: p:R > C .
r e felelrol

4 Dinhnghia2 Ta 16i rang mot 4nh xa f:AX ] — K thoa man gia
thiét c6 ham troi dia phuong (viét @t: GTHTDP) trén A x I khi va
chi khi, voi moi bd phan compac K bao ham trong A, ton tai mot inh
xa ¢ : 1 > Rliéntyc, 2 0, kha tich trén [ , thda man:

vinneKxl, |Fn|ge,0.
Nhdn xét:

C6 thé thay gia thiét ¢y lién tyc boL: @ € CMULR).

¢ Ménhdé (Morongcho truong hop gia thiét c6 ham troi duoc
théa man trén mot b phan compac bit ky bao ham
trong A)
" {0 F lién tuc trén Ax ]
e F thda man gia thi€t ¢6 ham troi dia phuong trén Ax [
o Véimoi x thuoc A, F(x..) kha tich trén /

thi e Anhxaf:A > [ K lientuc trén A-
x LF{x.l)d:

Ching minh:

Cho x € A va (X,)en 13 mdt ddy trong A hoi ty dén x. Theo 1.3.1, Ménh dé 1t
K= {x,,; ne N}u{x}

12 mét bd phin compac bao ham trong A.

Theo Dinh 1y trén day, ap dung cho Flyxy, véi moi x thude K, inh xa F{x, . ) kha

tich wen [, va dnh xa K — K lién tuc. Ta suy 1a ring vOi moi X thuoc A,
x B LF(x,r)d:

F(x..) kha tich trén Iva:
f{xu.) - ﬂx)s
filea]

chime 1O ring f lién tuc tai x.
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Thi du:

2
—t
Anh xaf: x> E b | Idr lien tuc wén [0; + oo[. That vy, 4nh xa
x|

F: 10+oixR — R lien tuc trén ]0; + oof X vat thda man gia thigt cé ham roi
f

) = x+|r|

dia phuong trén ]0; + o[ X K, vi véi moi bo phan compac K bao ham trong A, ton tai
a>0saocho K < a + oL, v néu ky higu:

@ R — 2]R .

4 [ M —=F(a,)

thi @, lién tuc, 20, khd tich tren ., va: - V(x, 0) & KX, LFGx, D € @)

2) Dao ham

Trong diém 2) ndy ta gia thiét riing A 13 mot khodng ciia F..
¢ | Dinhly ("Dao ham dusi déiu J' "
T
(o F lién tyuc trén Ax [
e F thda min gi4 thiét c6 ham troi trén Ax [

Néu 1o %E-tdnt@ivhlientuctrénAxI
x

o Zi thoa mén giA thi€t c6 ham trdi trén Ax 7

e Véi moi x thudc A, F(x,.) va %E(x,.) kha tich trén [
X

i e f:A o K thueclépC' trenA va:
X = LF(x,t}dt

vxe A, f'x)= L%i;(x,t)dr

Chimg mink:

Theo Dinh 1y ham troi, v6i moi x thuge A, F(x,. )va %F— (x, . ) déu kha tich trén /.
3
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Ta ti€n hanh phép ching minh bing cdch lap lai phép ching minh Pinh 1y vé dao

b
ham dudi dda I 2312,
(1)

Ky hi¢u g:A— [ ladoh xa cho bai: Yred, gkx)= I%ii(x,t)dt .
!

Chox,e A, Kyhieu Ay = lhel ;x+heAl = {x) + A, 13 mot khoéng
tinh tién clla A, vaT : A, X7 > 1 1a 4nh xa cho bdi:

i(F(XO +h)—F(xg,0)) n€uh=0

Yh, 0 e Agxl, Th, t) = oF
-——()Co,f) néuh=0
ax

Do F(.,1): A - K thudcldp C! trén A v6i moi ¢ thude £, nén ta ¢6 v6i moi
x = Flx,n
(h, f) thuoe AyX1:
I0+I’.'
Flxg+h 1) - Flx, 0= j %g(x,r)dx =h E Z—F(,ro + hy,dy .
x

X0

Suyra: V(k, D€ AgXI, TGLD= E%F(xo +hy,Hdy .
x
Theo dinh 1§ vé tinh lién tuc duéi dau E (2.3.12, 1), Dinh Ly), vi nh xa:

(ht,3) 1> (g +hy,)
ox

lien tuc trén (Ao X ) x [0; 1], nén 4nh xa T lién tuc trén Ag X 1.
Anh xa T lién tyc trén Ag X I va thba mén GTHT trén Ag X / , Vi néu taky higu i

—>F 13 mot 4nh xa kha tich thyc hién tinh troi cla Z—F trén Ag X 1, thi ta cé:
X

Y(h, He Ag X1, lT(h, O | £ E %F(xo + hy,t)

dy< J:w(t)dy =y
Theo dinh }y vé tinh lién tyc dudi dfu I (1), Pinh 1§}, ta suy rarang dnh xa
1
r: Aj—> T, chobdic k) = IT(h,r)dt,
i

lién tuc trén A N6i rigng: #h)  —> 70) .

h—0
Nhung v6i moi h thudc Aq- {0} ta cé

‘C(h) - j.l._(F(X0+h,f)—F(X0,t))df = l(ﬂxo+h) ‘f{x[}))s
1 h h
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s 70) = J;T(O,r)d: = J;%F(x,z)dz.

Két qua d6 chimg to: 1 {flx,+ h) - fixgy)) — I -@E(xg,t)dt = g{xy),
h h—0 Ji Ox

tic 12 £ kha vi tai x, va ring £ * (x) = g(x0).
Nhut vay £ kha vi trén A, vif ' = g.

Cudi ciing theo dinh 1y vé tinh lién wc dudi ddu J (), Dinh 1), vi Z—F lién tuc
! i

trén A X [ va théa mn GTHT trén A X 7, nén g lién tuc trén A.
Cudi cling ta c6: fthuoc I6p C' trén A vaf'=g.

Nhdn xét;

1} Theo phép chimg minh trén 8 rang gia thiét F c6 ham trdi cé thé thay thé
béng: véi moi x thude A, F(x, . ) kha tich trén I.

2) M3 réng cho edc ham nhiéu bién

Ta c6 thé sira d8i dé dang phép chimg minh trén d€ thu duge ket qua téng quét hon
sau day:

Chome H¥, Ulamoét by phan mocha R, F: UxI — K 12 mot
(xlr--,xm: ‘) [ d F(xlt'“ixnl;!)

Anh xa.

o F lien tuc trén Ux [

o F théa mén GTHT trén U x/

Néu <= Vai mbii thudc {1,....m), -g—f— tén tai v lién tuc trén U/ xf

i

f

o V6i mdi i thuoc {1,...,m}, 2,_F thda mdn GTHT trén U x/

* Vé&imoix thudge U, Fix,.) va gx—F(x,.) (1 <i < m) kha tich trén [

thi J{e Anhxaf:U » K thuoc 16p C! tren 7 va:
X B LF(x]....,xm;t)d:

V:’e{1,...,m},V(x1,...,xm)eU, -aii_(xl,...,xm)=_ J; gxf;-(xl,...,xm;t)dt

Mot phép quy nap don gian cho ta He qui sau day.
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L

4| Hiqud Chonel.

ﬂ
) F,aF - gF t6n tai va lién tuc trén Ax [
Néu 1 o Bx"
£
e F, ZF . 2 f thda man gia thi€t ¢6 ham tréi trén Ax /
X X

o"F

¢ V& moi x thubde A, F(x,.),%(x,.),...,—é—n(x,.) kha tich trén /

X

o Anhxaf:A - _ K thuoclépC” tren A v

x P LF(x,t}dr

Viell..n) Ve, fOm= J.E(x,r)dt
T ot

¢ | Ménhdé (Moréngcho trudng hop gia thiét c6 ham troi duge

Néu

thi

Chiing minh:

théa man trén mét bd phan compac bt ky bao ham
trong 4)

(o F lien tuc trén Ax [

o F thda min gi thi€t c6 ham troi dia phuong tréen Ax/

{e Zf ton tai va lién tuc trén Ax /

. —:{— théa mén gia thiét 6 ham trdi dia phuong trén Ax /

e V& moi x thudce 4, F(x,.) va %E(x,.) kha tich trén [
2y

{¢ Anhxaf:A —> _ K thudclép C! trén A vi:

x> L‘F(x,:)d:

Vxe A, f'x)= L%f—c:(x,t)dt

Suy ra t¥¥ dinh 1y vé dao ham duéi ddu I theo cdch tuong tr nhu cdch suy Ménh dé
t

& muc 1) tir dinh 1§ vé tinh lién tue dudi ddu J. .

i
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& Hdqua ChoneNl

n
. F,—ai,...,a F t6n tai va lién tyc tréen Ax [
ox axt
n .
Néu <» F.g‘i._..,a F théa man gia thiét c6 ham ,
| ox "
troi dia phuong trén Ax {

L

" Vi moi x thude A, Fx, ) (x Dy

kha tich trén /

thi 1° Anhxa f:A > K  thuocldp C" trén A V& -
x LF(x,r)d.r

L Viell,..nl,VxeA, f‘”(x):j%f—(x,r)dz
7 ]

X
Nhdn xét:
Trong Tap 4 (4.1.6, Nhin xé1) ching ta s¢ thily rang c6 thé suy ra cic dinh 1y vé tinh

lién tuc va dao ham dudi déu j tir dinh 1¥ hoi tu bi chan.
!

3) Ham Euler

4| Ménh dé - Pinh nghia 1

Véi moi x thuoc 10; + oof, 4nh xat s +*le™t Kkha tich trén }0; + oof.
Anh xa: T: 0+ —

x - E‘a x—l _"dt

duoc goi 13 ham Euler I.

Chitng minh: -
Ky higu F - 10, +0f x ¥ +o5[ —» R

{x.1} o Tl
Véi x € J0; + of 6 dinh, dnhxa 1 et
nira:

kha tich trén 10; + o[, 2 0. Hon

. P ~ 70 va o £ Khitich trén 10, 1] Vix -1 > -1, vay F(x,.)
0%

kha tich trén [0; 1],
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e PF(x, = e’ — 0, vy F(x..)khatich trén [1; + oo[.
=+

Vay F(x, . ) kha tich trén 10; + oo

4| Ménhdé2
HN¥xel0+wo, T{x+1)=xI(x)
YVnel, T(n+1)=n

Chitng minh:
1) Cho (&, T) € 10; 1] X [1; + «o[. Bdng mot phép tich phan ting phén ta cé:

T o I T
I e ldr= [—Ich ] + I xt e Tdt = get- Tel +x j e
€ & s £

Tir d6 bing céch chuyén qua giGi han khi £d4n dén 0 va T dén dén + o, ta suy ra:

Ix+ D= Lwtxe_'dt =x rrx‘le'fdt = xT{x).

2) Quy nap theo n:

e T(1)= Fe"d! = [-e_']:o= 1=0!

e« NeuT(n+1)=n!, th Fp+D=(r+ DI+ D=@E+Dal=x+ 1.

4| Ménhdé3 HamT thuoclép C* trén 10; + oof va

VkeN,VxelO;+o, I®x)= F(lnr)"“” ‘& .

Chitng minh:
Ky hiéu F : J0;+00f x J0;400] >

(xn - :x—lc—r = e(.\'—l)lnte—l‘

- oF &'F - .
R3 ring ring F, o Ak 18n tai vi lién tyc trén 10; + o[ X ]0; + oof, va réng:
X

o
Yk e N, ¥(x, 8 € 10; + oo X 10; + oo, akF(x N =(ndrle’.
Ak
Cho K 12 mot bd phan compac bao ham trong ]0;- + co]. Tén tai (@, b) € F? sao cho:
' O<a<l<hp vha K< [a/bh].
Véik € N kfhitn ¢, : 10;+ o[ > [ la4nh xa xic dinh bdi:
Viel0;+ o[, @u= |intl™Max(#!, #e.
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Vie [0 +ol, @)= |int|Max(r, et
V&i moi & thuge I, 15 rang 12 @, lign tyc, = 0, kha tich trén ]0; + wof va:

&
a—f(x.r)
Ox

Y{x, 0 e KI X0; 4+ oo[ < Pl .

. :
Nhur the, v6i moi & thuée Y, Zx_f tdn tai va lién tuc trén 10; + oof X ]0; + [ , v

thoa mén gid thiét c6 ham troi dia phuong trén ]0; + «of X J0: + e[,
Ta suy ra két qui cfn chimg minh tir 2), Hé qua.

¢ | Ménh dé 4 r(%)= J7 .

Chirng minh.

1
1 - _u2
n-:l t2e7tdr = l 267 du = 7,
2 [u=v1]

xem ching han bai tip 2.5.6, ¢) .

Viée khao st ham I s& duge ti€p tuc trong bai tap 2.5.57.
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Bai tap

¢ 2.5.42 Tam quan tryng cia gia thiét c6 ham troi
TakfhicuA =[0;+eo , I=[0;+xf{ ,F: Ax] - R

{(xf] e
Chitng minh: 1) F lidn e rén Ax f
2) V&i moi x thude A, Fix, . ) kha tich tren [

DA - R khéng lién tuc trén A.
s _LF(x.r)dr

¢ 2.5.43 a) Chimg minh ring: f: x > Fe_'zchhr dr thude 16p C' tren IR, va:
Yxelk, f{x)=2xfx).

2
b) Suy ra rling; vxeF, re" ch2xt dt = %e‘z .
2
2, ey
¢ 2544 Ching minh: ¥z e C, [:e"' edr = Jred .
T
¢ 2.5.45 a) Tim mién xéc dinh (trong R} chaf: x > Eln(l + xsin2n)ds .

b) Chitng minh ring: £ hude 16p C* wen J-1; + oof |, vi:

T

V '1:"' » ' = i
xe] wf, f'(x} ?_2 ST e
c) Suyra; Vxel[-l;+o0[, ﬂx):;rlnl)r‘;x"'l .

% 2,546 a) Khio sit mién x4c dinh {trong [}, tinh kh4 vi, dao ham cia:
frxo -Er;lrxdf .
In¢

x+2
x+1

b) Suyra: Vxe l-I;+w[, .E:;ltr‘dr =1In
n

-at _ -t
0 2547 =) Chimg minh ring véi moi (o, ) thude 10; + o2, £ °+ kha

tich tren J0; + oof,
oot _ Pt
Muc dich cda bai tap ndy 1a tinh F—-—-r—dr theo hai phurong phép.

b) Cho (& T) € 10; + | sao cho £ < 7. Chimg minh:
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—at Bt e =i -¥
fﬂ——e < d:=_[i° du - | S—av,
¢ u T ¥

o _e-ﬂr
va tir 46 suy ra: .Em—df = Inf - Ine.
i

¢) Ching minh k&t qud trén bing cdch sit dung dinh ¥ vé dao ham duéi ddu r

d) Bing mot phép déi bign, fim lai ket qua cira bai tap 2.5.46, b).

2.5.48 a) Tim mién xdc dinh (trong B ) chaf: x £ .
HIES 3 G )

b) Chitng minh ring: f thugc 16p C* trén 11; + oo va bidu thi f'(x), £"{x) béng nhimg
tich phan,

<) Khao sit cdc gi6i han ciaf tai 1vi + oo, L4p bing bien thien clia f. V& dudmg cong
biéu dién cira £,

d) o) Chox e ])1;+ o Takyhitu U : [0;1] — .
f B ft(l-n(x -}

Hiy kiém chimg ring :
pA 2
vie & ( U0 J _ —e-x) +(2-4x)2(f—x)+(3x—x )
dr 2x -0l ()

(x=1)?
P> Tir d6 suy ra ring f 12 nghiém teén ]1; + cof ciia phuong trinh vi phan tyén
tinh c4p hai: '

4x(1- x)y" +4(1- 20}y’ - y = 0.
2.5.49 a) Khdo sat mién x4c dinh (trong T}, tinh kha vi, dao ham cla:

2
—xt

fixpm L“‘l—ez dr |
t

2
—-Xt
b) Suyra: Vxel0;+x], ‘E““l-ez dr = Jxx .
t

) Hiy fim lai két qua cla b) bing mot phép d6i bién v mot phép tich phan timg
phén.

2.5.50 Khio sét va biéu didn d6 thi ham f:  x > flx) (x thie) trong céc thi dy sau
day:

e’ 2
= dt = ‘ J T dy
a} f{x) Em b) fix) 1+xre
¢) flx) = i et '*’zd:.

2.5.51 a) Ching minh ring véi moi x thuoc B |, anh xa 7 1 Arc tan{xt)

) kha tich
t{1+1+°)
{-a]
Arctan{xt) .

uen [+ [ Ky hitu f:F =%, fix)= 7
w1+
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b) Ching minh ring f thudc 16p C' tren B vatinh f'(x) véix e [0; +o [,

) Suyra: Vxe [0 +of, fx)= %ln(l-i-x). Biéu thi flx) véi x € IR.

2
- +]
d) Suy ra: _[: (A“’:““'] dr =nn2.

¢  2.5.52 Ching minh: VreR, Emﬂ%?z) d = min(l+ |x]).
9 2.5.53 a) Ching minh sir t8n tai véi moi x thuge B cha:
= [T o, o= [ D g,
1+¢ 1+¢ _
hx) = _[:mM dr, k() = fm costat) ;.

(1+2)

b) Chitng minh: Yxe R, xf{x)=2h(x).

¢) Chéng minh rng h thudc 16p C' wen [0; +oo [ vh ting k' = f - k, r6i chimg minh
ring & thudc 16p C' trén [0; +oo [ viring k' = - h.

-7

d) Suy ra ring fthudc I6p C? trén }0; +o0 [v: [ =f.

¢) Ching minh: VieR, fi= % e,
rdi chiing minh: UYxelR, gx)= %sgn(x) eHl
¢ 2.5.54 a) Chimg minh riing v&i moi x thude [0; +oo [, tich phan suy rong
2 e
-L p sint dr

-xt
sinr d .

hoity; takf hidw:  fir) = Fl"’
b) @) Ching minh rhng f thugc 16p C" trén J0; 4o0 [ v&:
Ve 1040, f'{)=

1+x%

B) Suy ra tdn tai C € R sao cho: ¥xe 10;4+w[, Fix)=Arctanc+C.

¢) a) Ky hitu A: [0; +o[ — R 12 dnh xa xdc dinh bii:

1-e*

Vie [0; 4o, AW = néur#0
1 nfur=0
Ching minh ting A lién tuc tén [0; +o [, khd vi wen 10; +oo [, va:
Vie J0; 4+, A'(n=0.

%) Suy ra: Yrxe 0+, 05 fx)-A0)<2x.
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v) Chimg minh ring f lien tuctziOva C =0,
&) Suy ra: sint dt = Z.
t 2

d) Tir k&t qua trén suy ra gid trj cha cde tich phan sau day:

1) -E‘Qsmrar dt ,aeR 2) L““l_—cgs_ardr ,ae E
¢

. . 2
3) _[:m"s;“‘ dr 4 F[Lﬂ‘) dr
t t

5) -["“’smmzsmbr & @hel? 6 L“”‘“_‘*ﬁ‘.‘zf_‘i’s_’” dr (g, bye E:.
¢ t

2555 Choae]0; +»o|.

a) Chimg minh ring v6i moi x thuoc | , 4nh xa ¢ > * ‘e ~'e™ kha tich tren[0; +oo.
Ta k¢ hiéu: fo(x) = fnr“‘*le“e“‘ds .
b) Chimg minh Fing f, thudc 16p C' tréen B v

YxelR, fL=i Fr“e"e“'d{.

¢) Bing mot phép tich phan timg phdn, chitng minh :
Vee R, -(i+x)f(x)=af(x),

o .
rdi tir 46 suy ra réng: YreR, f.(x=D(a) (x2 +1) 2glaAmtns

Trén dy ta di tinh dwgc bién ddi Laplace (xem Tap 4, C4. 1) cia 1 > @ lel®

e"ct:ns(xf}dJr - J;\}\/l:—;-u-l
d) Suy ra: Vt 2J§\’1+x2
e"sin(xt)d! _ J;Jm—l
Ji 2J5\’1+x2
v&i moi x thuge R .
2.5.56 Takyhitu J: R — R 12 #nh xa cho bdi:
T

VieR, J({)= Eci”i““du‘

Chimg minh ring véi moi x thudc 10; +oo [, dnh xa 1 > J(£)e™ kha tich wén [0; +0

[ va:
( \J'1+x2+1]

1
J(e ™ Mdr = z+iln
‘EQ 2\/l+x2L J1+12-—1

Tren day ta da tinh duge bign ddi Laplace (xem Tap 4, C4,1) ciia J.
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& 2.58.57 a) Chiing minh riing I 18i trén 10; 4o [.
b) Chimgmih: W ~ —.
xa0t X
¢) V& dudmg cong bidu dién T
¢ 2.5.58 Chiing minh ring In 0 " 18i trén J0; +o [.

¢ 2.5.59 Ching minh: ¥x e ]0; +o [, Fe_‘(r - x)r"l Int dr = T(x).
& 2.5.60 Chiing minh: Vx e ]0; 4o |, [me”_éd: = [(x).

v ¢l
¢ 2.5.61 Chimg minh:

2
Vaell+o[,Vme l-1; +x|[, .wame_“‘ = ! 'F[m+1J.
mrl 2
2q 2

o 2.5.62 Chiing minh:

V(e f)e -l +o 2, J:x“(-lnx)ﬂdx . LB+D
(a+ 1P
0 2.5.63 Ham B cia Euler

a) Xbc dinh tap hop céo ciip {p, ¢) thuoc T2 sao cho fnh xa 1 > #71(1-1)7"" kha
tich trén 10; 1§.

Ta kg hi¢u B: 10; +0 [* > R 12 dnh xa cho boi:
Vip.q)e 10; 0 [.B(p, 9) = Llrp“(l—:)"“d: .
b) Kiém ching:

X
Y. g)e 0+ % B, @ =Blg.p=2 Esinz""'1 Geos?ilg ds.

¢ 0) V6i (px) € 10; 40 X[0; 40 [, ta kg hiu:  @,(x) = 227l
Véia € [0; 40 [, taky higw:

D, ={xNell+o [} 2+y¥sa’) Va4, =10 al
Véila, p,q) € {0, +o [ X ]J0; +eo [ x 10; 40 [, taky hitu:

L= [ eptmpoay. 4, = [, eptomgamay.
a "
1) Chimg minh:Va & [0; +=o1{, I.£J,s Iw.r; .
2) Biduthil vdJ, voia e [0 +o [

By Suy ra: Yip.qle 10, +n [, T{p+a)Bp, q)=T({M(g).
¥) Tinh B(p, ¢} véi (p. ¢) € (1%

Cdc b tdp 2.5.64 vat 2.5.65 sé phdi cdn diing dér ham 8 ciia Euler (hdi tép 2.5.63).
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¢ 2.5.64 a) Chiing minh: Vx e ]0;+0f, Blx,x)= 2‘2""B[l )

— X
2

b) Suyra: Vxe)0; +o|, 2251 M + —;—) = I'(-;- W(2x).

) . "1 pAN 1SN o
¢) Ching minhring: VYae N, I(n+ 5)= (22?;{;' .

0  2.5.65 Chitng minh:
1+ x)?P7 11 - et
1 (422

Trong Tdp 4 doc gid sé thdy cdc cong thiic Gauss va Weierstrass, vé cong thitc phdn bix.

V(p, g )e 10 +o 4,

dr = 2**%B(p, ¢).

18-GTTT3-GT3
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~2
BO sung

O

C2.1 Phidn ning cao dinh cho ban MP* : Tinh dit cta mot 56 khong gian ham
Cho (F, | . |) 12 mot kgvdc.

1) Tinh du cita B{X; F)

Cho X 12 mét tap hop khong réng. Chimg mink réng néu F di thi B(X; F) (tic 1a vap
hop chc dnh xa bi chan tir Xdén F, xem 2.1.4) 12 mgt kgvde dil.

bic bigt, 1™ (= B(N; K)) 1a mat khang gian Banach.

2) Tinh di cia CB(X, F)
Cho (E, || . “) 12 mat kgvde, X 12 mot b phin khong rdng cia E, CB(X, F) 1a tap hgp

c4c 4nh xa lién tyc, bi chan, ti Xdén F.
a) Chitng minh ring CB(X, F) 1a mét kgve déng clia B(X; F).
b) Suy ra ting n€u F di thi CB(X, F) Ia mot kgvde di.
Dic biet, néu X1 mot bd phan compac khong réng cia £ vinéu F di, thi (CB(X, F),

I- 1) 12 mot kgvde dit (xem 1.3.2, He qud).

3) Tinh dii cia COE, F)
Cho (E, | . |) 12 mét kgvdc. Chimg minh ring néu F di: tht (CC(E, F), || . ]u Y 1a mot

kgvde di.
Prac bidt, voi moi kgvde E, d8i nglu topd E” clta £ (xem 1.2.6, E'= LC(E, E)) dl.

C2.2* B#t ding thyc s gia gidi néi véi dao ham bén phai
1) Cho{a, b) e P? saochoa<h, f: [e; bl E, g: [a; b] = R lidn tyc trén
[a; b] va c6 tai moi didm thude Ja; 5[ céc dao ham phai thda man:
viela s, o] s g0
Choe >0, ¢: [a; 5] = & xéc dinh bdi:
viela bl o) = [~ f@f- ¢ - ga)) - &t - a)

v X=ltela:dl, g = ).
a} Chimg minh thng X c6 bién trén trén IR, vh 1a s& k¥ hi¢u bitn trén d6 la c.
by* Chting minh ¢ = b (hdy l4p lusn phin chiing).
o Suyra: Jf(b)-f(a) < gb) - s(a).

2) Mot dp dung
Suy ra thng n&u f: J — E lién tuc trén mot khodng 7, khé vi phii tai moi diém thudc
1,vasaocho f', bichantren 7, thif1 dnh xa M-Lipschitz, néu k hi¢u
M= sup £,

1ef

Dic bigt, néu £ : / — E lign we trén khodng 7, khi vi phii tai moi diém thuoc 1, va
néu:

(vte I, f', () =0),thifla4nh xa hing weén /.
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. €2, 3 Tich chap cha cdc ham lien tuc vdi gia bi chan
 Taky higu C 14 dai s6 chc 4nh xa lién tuc t T dén
Véif e C, gitchafla tiphop (x = R; f(x) =0}, uic 1 bao déng (trén & ) cla tap
hop cde didm tai 46 f khong erigt tieu, Ta k¥ hieu K 13 b phar cla ¢ tac nén bai c4c
4nh xa lien tye c6 gid giéi noi. .
1) Kiém chimg lai ring K 12 mot idéan ciia dai s8 C, tie 14
 aE 7]
Yowek, grypel
VaeR, Vpe £, ape t”
Yfel, Yoelk fock
VGi(f, ) e Cx K, aky higu fx ¢:E >R 1a4nh xa, duge goi 1a déi hop cia fva
@, dinh nghia la:

YxeR, (Frplx)= [:f{r)@(x—r)dr.
2) a) Ching minh ring dinh nghia f x @ nhu trén day hop te.
b) Ching miah: o) Yf,.melCxk, fsrpeC

B) Y(w. w) e K2, Pxwek
3) Chimg minh:

Vig. y)e K j: (@ p)x) dx = [Jjw(x)dx] [ f" w(dexJ-

4) Ciing minh ring « 1A mot luae hop thinh trong, giao hosn va ket hop, trén K.

5) Takyhitu 8: F - R 12 dnh xa cho béi:
1

O(x) = {e -5 néu x €] - L1[
0 néu x €} - oo;— 1} [L; +oof
2) Chiing minh ring ¢ € K, varing ¢ thuge 16p C® tren R,
b) Véine N* takfhitugp,: R — R 12 4nh xa cho bai:
VxeR, @) =),
trong d6 y, 12 s§ thire > 0 thda man: [:gp,,(x)dx =1

Chimg minh ring véi moi ¢ thude K, (@ % Pnere h0i iy déu dén o trong [ .
<) Suy raring t3p hgp céc énh xa thugc l6p C*wen R va ¢6 gid gidi n6i 13 trd mat
trong (X, " . ILO ).
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Chuong 3

Chué

I chi It hode i; E chi mot If -kgvdc, véi chudin k¢ higu Ia 'l

3.1 Chuéi v6i s6 hang trong mot kgvdc
3.L.1 Pai cuong
1} Khdi niém chudi

¢ Dinhnghia1 Chudi véiss hang trong E 1a moi cip
((un)nei.T s (Sn)nen ) tao nén béi mit dﬁy (un)ne iy ¢ cdc s6 hang
thude E va diy (S,),,c 1 dinh nghia la:

n

Vnel,  S,= Y.
k=) '
Mot chubi s6 (twong ting: thyc; twong ing: phiic) 14 mot chudi véi cic
56 hang thudc IX (tuong ng: T; tuong iing: C).

Phén tif u,, goi 12 phén tir thit » (hozc: s6 hang tdng quit) ciia chudt,
va §, goi 12 tdng riéng thit » cia chudi.
Chudi duge ky hieu1a > 'u,.

nz0

béi v6i mot diy (u,),, , ng VOt chi 56 "xusit phat" A ny , n, € 17, ta ciing diing cdc
thuat ng nhu tren. '

4 PBinhnghia 2

1) Tandi ring chudi > "u, hoi tw khi va chi khi iy (5, i1 che
nzl)
t6ng riéng hoi tu (trong E), vA trong trudng hop nay thi gidi han cila
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dy (Sp)pe 11 duoe goi 1a tong cBa chudi M u, va duge ky higu I
nz0

2) Ta néi ring chudi Zu,, phan ky khi va chi khi né khong hoi tu.
nz0

3) Hai chudi duge goi 12 ching loai khi vi chi khi ¢4 hai déu hoi tu hay

¢ hai déu phan ky.

4| Ménhdé (Pdichisé xudt phat)
Cho ZHR 1a mot chudi c6 s6 hang thuéc E, v ny e .
n=0
Cic chudi Zu,, va Z u, ciing loai , vi néu chiing hoi tu thi:
=0 nEny
+00 -1 +co
SIS WA
n=0 a=0 n=np
Chitng minh:
ng-1
1) Néu Zu,, hoi tuthi vii Va2 m, Zuk = Zuk SNy,
720 k=ny k=0
+o0 +2 =1
nén z u, hoi ty, va Z u = Zuk Z u .
nzng k=ng k=0 k=0
fi ng=1 n
2) Néu D u, hoitg thivi: Vazn,, we= Y + >,
n20 k=0 k=0 k=ng
nén Zuﬂ hoi ty. |

nz0

Nhu the loai ciia mot chudi (tinh hoi tu hay phan ky) khong thay d6i khi ta thay déi
chi s6 xuft phét, nhung téng (khi chudi héi tu) c6 thé bién déi. Do d6 thay vi

Zun hay Z ., ta c6 thé viét Zun néu vin dé chi 1 khao st tinh hoi tu cia

nzl nzng
chudi,
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Bai tap
¢ 3141  Cho (), ;01 mot diy rong £. Ching minh ring néu Zuzp hoi 1u va

pz0

Z”2p+l phin k¥, thi Zun phan ky.
0 nz0

2) Diéu kién cdn d¢ mét chuéi hoi tu

4| Ménh dé
N&u chudi Zu,, hoi tu thi u, _, 0.
n=0 Heo
Chiing minh:

M

H
K§ hieu S, = Zuk VA S =

e, tach: Vnel*, o4 =§ 8,

k=0 k=0

viy u, - S§—-5=0.

[t o]

. |

Khi #, 5 O thi ta néi ring chudi Zu,, phan ky thé. Ching han, Z(—l)" phan

0 nz0 n20
ky tho.
Nhén xét: .
Déo clia Ménh dé tren sai; ¢6 thé xdy ra trudng hop Zun phan ky mau, —» 0.

n20 =

Thi du:

1Y u,=ln(n+1)-Inn (v6in2 1).

It

. Zu* =ln(n+1) > +wo, vay Zu,, phan ky.
nee
k=1 nzl

LR =ln(l+l] =0,

n hoo

2} Chubi dién hoa
Chuéi Zl duge goi 12 chudi diéu hoa; ngudsi ta thudng hay ky higu:
n

nzl

H
1 .
H,= kZ; (xem Tgp 1, bai 14p3.1.18).
=]
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. . | .
& Vi moi n € ¥, khi ky hleum=E(%),taco:n22"‘,suyra:
n

n 2!!!
lezl =I+i+(l+-l—)+[l+...+1J+...+ 1 +...+L
k k 2 (3 4/ \5 8 2m-1 3
k=1 =1 .
>1+ 1 +2.l +al +..+ 2’”'1.—1~ =1+2Z 5 4
2 4 8 i 2

va do dé Zl phan k3.
n
nz1

- —1~ - 0.
n ax

¢ 3.1.2  Ching minh ring chudi Zsinn phén k.
r20

3) Phdn du cdp n ciia mot chudi héi tu

4  Pinh nghia
Cho Zun 12 m¢t chudi véi s6 hang thude £, hoi tu. Véi méi n thuée

nz0
N, téng clia chudi Z i, (chudi ndy vén héi tu theo 2), Ménh dé)
kzn+l
duoc goi 1 phan du thit # (hay: phén du cip ) cia chudi di cho, vi
thudmg duge ky hieu 1a R, -
+an
Vhel, Ry= Y u.
k=n+l
-+
Nhu the ta cé: ¥n e N, Zuk= S, +R,.
k=0

Nhdn xét:
Khdi ni¢m phén du cép » chi ¢6 nghia khi chudi dang xét hoi tu.
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¢ | Ménhdeé _
Cho Zun 13 mot chudi véi s6 hang thude E, hoi tu, va v6i moi
nz0
thuéc Y, R, 1a phdn ducdp n. Khidétacé: R, — 0.
NG

Ching minh:

+a0
Kyhigu §=  u ,tac6: R,=5-5, — 5-5=0.
i)
k=0

3.1.2 Céu tric dai s6 cia tap hop cac chudi hoi tu

Cic chudi duge xét dén trong §3.1.2 ndy déu ¢6 s8 hang thudc mot K-kgvde E.

¢ | Ménhdé1
Néu Zu,, va Zv,, hoi tu, thi véi moi A thuoe I,
nz0 nz0
chuéiZ(u,, + Av,) hoi tu vk :
nz0
+o0 +o +0
Z(un+lvn) = Zun +A Zv,, .
n=i) n=0 n=(}

Chitng minh:
Chi cén 4p dung 1.1.9, 2), Ménh dé 2 cho c4c ddy t8ng riéng, v chii ¥ ring:

n

Yneld, i(uk +Av) = Zuk +A4 ivk .
k=0 k=0

k=0
Nhdn xét. :
Theo Ménh d¢ 1, tap hop A,(E) cdc diy (u,),», v6i 36 hang trong E sao cho Z H,
nz0

hoi tu la mét [Z-kgv vi dnh xa A (E) - E 12 4nh xa KE-tuyén tinh.

hd

Uadezo Zﬂn
n=0
|

Nhu the tir Ménh dé | chiing ta da suy ra cdc tinh chét sau day:
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L]

1) Véi moi chudi Zun vh moi A thuéc . - {0}, céc chudi Zun va
nz0 nz(

z/lu,, ciing loai.
nz(

2) Néu Zu,, hoi tu vi Zvn phan k3, thi chudi Z(u,, +v,)phan k¥ (lap
n20 nz0 n=0
{u4n phén chiéng, va chd § ting v, = (4, +v,) - u,).

Nhdn xét:
Né&u Zun hi tu va Zv,, phan k¥, thi ta khéng duge phép (ma khong c6 gia thiét
nz0 n20
thém) suy ra loai cha chubdi Z(u,, +v,). Ching han:
‘ Az

¥YnelN, u,=1 ,
. : i, , v, phan k¥, u, +v,) hdity
NOIIRITID D SIS0 3 T

nz0 nz0 20

VnelN, u,=1 ‘
: han k
) {VHEN, v, =1 ) Zu”‘ Zvﬂ ’ Z(uri"'vn) p Y

nz0 n20 nz0

4 | Ménhdé2

Cho E 1a mét K-kgvdc hitu han chiéu, B = (e,,..., e} 12 mét co s& cla
E, () ery 12 mot diy trong E. V& mdi n thuoc N, ta ky hiéu
(#, )1 < i< m 12 cdc thanh phin cha i, trong co 54 B:

m

Vne N, u,= Zun‘,-e,- .
i=1
Khi 46 Zun héi ty (trong E) khi va chi khi véi moi / thugce {1,.., m},
n20
chudi Z u,; hoi tu (trong I, va trong trudng hop d6:

nz0

Chitng minh:

H
Apdung 1.1.9, I), Ménh dé 2 cho dily cdc t8ng riéng [Z ukl

k=0 nzi
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43 Héqua

Cho Zun 12 mét chubt véi sé hang phiic.

n=0
Ta co:
ZRe(un) hoi tu
Zu,, hoity | < |49 N u, hoi u;] .
nzl Zlm(un) hoi tu n=0
n=0
Ching minh:
Ap dung Ménh dé& 2 cho T xem nhu mot B-kgv vdi co s (1, 1).
|

Ta c6 két qua 18ng quét hon trong Ménh dé sau day.
4 Ménhdée3

Cho E, F 12 hai B-kgvde, f € LOE, F), Zu,, 1a mot chudi véi s6

n=0
hang thudc E.
Néu Zun hoi ty (trong E), thi z f(u, Y héi tu (trong F) va:
rz0 nz0
. +o +a0
2 ) = D |
n=0 n=0

Chimg minh:

H n
Do f12 4nh xatuyén tinh nén tacé: Vne N, Zf(uk) = zuk] .
k=0

k=0

" a0 n 0
Vi E H, — E 1y , va do flign tuc nén ta suy ra: E “k]—) E uk].
2= '} noo
k=0 k=0 k=0

k=0

;] +0
Nhir thé: Z fe) f[Zuk]. =
k=0

¢

k=0
Ménh dé 4
Cho Zun va Zv,, 12 hai chudi hoi tu véi s6 hang thyc sao cho:
n20 nz0
Vrnell, u,<v,.

+00 +a
Thé€ thi: Zun < Zvn.
n=0

n=0
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Chiing minh:

n n
Yn e i, Zuk < ZV;( , 18i chuyén qua gi6i han khi n d4n dén v0 cing.
k=0 k=0

Nhdn xét:
Duéi day (3.2.2, Dinh Iy 1) ching ta s& thiy ring néu (Vre N, u, 2 ), thi s hdi
tu clia Zvn kéo theo sy hoi tu clia Zun .

n20 nz0

3.2 Chudi véi s6 hang thuoc I,

Trong muc 3.2 ndy c4c chudi duge xét dén déu c6 s8 hang thude I ,, ngoai trix trong

§3.2.4. Doc gid nén so sénh muc ndy véi myc tuong tu vé cdc tich phan trén mot
khodng bat k¥ (2.5.1).

3.2.1 Bddécoban

¢ | BGdE Cho Zu,, fa mot chudi ¢6 s6 hang thuec [ ,. Didu kien
nz0

cin va di d€ chudi Z u, hoi ty 12 t6n tai M & [, théa man:
nz0

n
¥n e il, Zuk < M.
k=0

Chiing minh:

Vi (Vnell, u, 20) néndiy cic tdng riéng (S,), 0 cia chudi Zuﬂ tang. Dé

nz0
(5.} a0 001 t0, didu kign cdn va di 2 (S,),,, bi chan trén (xem Tap 1, 3.2.1).

Nhén xét:
vnelN, u, 20

+ W = n o

DN 1, iy + 1 Vmeld Slus > u.

ey =0 k=0
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VneN, u, 20 n
DNE 1T, phankgs Du >+
n
nzQ k=0 "~

3.2.2 Cacdinh 1y so sanh

4 | Binhly1 (DPinhly chin trén)

Cho Z ", Z v, 1a hat chuéi véi s6 hang thye.
nz0 nzl
vneN, O0<u, <v,

NE S, hoig - > uy hoi tu.

=0 n=0
Ching mink:
" H o
Ta ¢6: Yne N, Zuk < ka £ ka .
k=0 k=0 k=0

Theo b8 dé ta suy ra ring Zu,, hoi .
n{)

Nhdn xét:

1) Ta cé thé cdi hién d& dang Dinh 1y 1 cho trudng hop cc chudi vdi s6 hang
trong It . :

<0
Tuy nhién chiing 16i cho ring khi ma: ¥r e N, {u,, <0’ thi tién lgi ohét 13 khéo
vﬂ
sdt cdc chudi v&i s6 hang 46i: Z—u,, ,Z—v,, .
nz0 nz0
2) Béng cdch chuyén qua phén déo ciia Pinh 1y 1, ta dugc:
VneN,0<u,<v,
N&u S, phanky - O > v, phtnky.
nz0 n20
3) Trong Dinh 1y 1, ta ¢6 thé thay gid thi€t (VreN, 0<u, <v,)bing gid
thi€t yé&u hon sau day: ImelN, Vazn, 05u, sv,).

4| Pinhly2 Cho Zun , er" 12 hai chudi véi s& hang thuoe [, .
nz0 nz0
u, = Oay)
oo

Né&u Zan hoi 1y thi Zun hol w.

nz0

nz()
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Chitng minh:
Téntgi Ne NvAC e R, saocho: VreN, 0<u,<Ca,.

Do Za,, hoi tu nén Z Cat,, hot tu, 16i (Dinh Iy 1) Z u, hoi tu, va do dé Zu,,
n20 =N neiN nz0
hoi tu.

¢ | Pinhly3 (Pinhly ham tuong duong)
ChoZun , Zvn 12 hai chui véi s6 hang thye.

n=0 nz(
VneN, O<vy, )
Néu{ . thi hai chudi ) u,va Y v, cimg logi.
uﬂ nen vn
nz0 n=0
Chitng minh:
1) Tru6c tieén ching ta ching td ring: 3N e N, Ya> N, u, >0.
Do u, ~ v,,néntén tat Ne I3saocho: Ynz N, |u,, —v,l<y,,
Filoel

va do viy:

VnzN, 0su,(s2v,).

u, = O(v,)
)i Uy, ~v,= =
o v, = 0Gu,)

e

nén inh 1§ 2 cho phép ta ket fudn: ) u, hoi ty khi va chi khi > v, hoi tu.

nz0 nz0
Nhdn xét:
Gia thi€t v, 2 012 c6t y&u, va cdn chii § khong dp dung Pinh 1y hiam tuong duong cho
céc chudi ¢6 s6 hang phiic hay ¢4 s8 hang tdng quét vdi ddu thay ddi (xem 3.3.6, Thi
du).

3.2.3 Chudi Riemann

Cho o € & ¢6 dinh. Chiing ta hily x4c dinh loai clla chudi Z%, duge goi 1a
n
nzl

chudi Riemann.

Néu a <0, thi—— - o,dodézla phan k¥ tho.

n e nzl

Néu @ =1, thi Zia phin ky, vi day chinh 1a chudi dié hoa, xem 3.1.1, 2), Thi
=l

du 2),
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1 .
NeuO0< g <1, thi E — Phan k¥ vi véi moi » thude I ta c6: -—1—2—1—>0, v
n

o
nzl 1 n
1 .
Z— phén k.
n
nzl
Cudi ciing gia thi€t ¢ > 1.
Cho N € I sao cho N 2> 2. V&i moi n thuée 11 sao cho n = 2 ta ¢é:

i

h
1 J‘ Ly __1 S
n% : P a-1 (n—~ l)a—l nl
—
o ! 1 1 1 i
suy ra: — £ = | B < .
y ;na Z[(n 1)%- -1 na—I] a—l[ Na—lJ a—1
T s . 1 .
Theo bo d€ co ban, ta suy ra rng chudi Z_a hoi tu,
nzl 11
Ta (6m tat két qua khao sat:
4| Dinhly (Thidu Riemann)
Cho & € [E ¢6 dinh, Z % hoi tu khi va chi khi o > 1.
nzl
|

4| Ménhdé1 (“Quytdcn’n,”

Cho Z u, 12 mot chudi v6i s6 hang thude R,
nz0

I*Ie’utt‘:}ntz.licsze]1;+c>o[saochonam,Il -y OthiZunhQitu.
e

n2{(}
Chiing minh:

Tén tai N € M sao cho: ¥Yn2 N, 0<n®u, <1;ticia: YnzN, OSuﬂﬁia.
. n

Do Z —1a~ héi ty (vi @ > 1) nén dinh ly ham trdi cho phép suy ra réing chudi

axl 7

Zu,, hoi tu.

#20

Thidy: Xic dinh loai clla chudi ¢6 s6 hang téng quat 1a: u, = g’ ,Voiae R
cd dinh.

Véimoi @ € R tacé: n%u, =exp(alnn— (Inn)?.

o Néu a>1thivéimei a>0cddinh, alnn—-{Inn)* - -, vaidodoé

Ho

279
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n®u, —0.N6irieng n’u, - 0,vado dé Zun héi w.
no 0
nzl
. . 1 . N

e Néu a=1thi (vaell, u,=— ), dodo Zun phén ky.

n

nzl

i - 1 .

s N&u g<1thi vdimoinz3, e (om™ 5 o=l do db Zu,, phan k¥.
n
n=2

|
Viéc khao st cdc chudi Bertrand duéi day khong thude chwong trinh nhung lai rit
tien loi.

Cho (a, B € F2. Ta xét chubi Z ﬁ .
w2 P (Inn)

1yNeu a> 1, thi véi ky hieu y = &

,taco:

1 l__a
7 ——=n1 (lnn)_ﬁ — 0,
n“(nr) e
vh do d6 (xem Meénh dé& 1), chudi dang xét hoi tu.

D Ne&uwa<1,thido n; nl” “®(Inn)” B -> +90, nén tén tai mot chi s§ ma ké
7% {ln n)ﬁ

tir dé —-—-ul— 2 l , va do vy chudi dang xét phan ky.
n*(nny?
3) Gia thigt ¢ = 1.
Chiing ta s& sir dung mot phuong phép so sdnh chudi-tich phan, xem thém dudi day,

337
Vi hém x gidm trong 1an cAn + o (hay khdo sit dao ham clia ham dé),
x(in x)ﬁ
nén tén tai N = 3 thda min:
’ n+l 1 n 1 n |
VnzN, J' N e A J.———dx
B B
o x(inx) =N k(lnk) o x(In ):)"Si
e Né&u # > 1thi véi mpinsaochon> N:

n 1 n 1 Inr d

D ,[ 7Y 3 .[ 7
=In
=N k{lnk} N x(In x) y=Inx ln(N—l)y
MoV -1 —(and? _anv-1)#
B-1 - op-1

Theo hé dé co ban, ta suy ra ring Z hoi .

< n(in n?
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e Néu £ =1 thivdimoinsaochonz Ntacé:
n 1 n+l | In(rx+1)d
Z > j de = I Y o Inla@+1) -Inln N - +w,
xlnx y o

k(lnk
k=N(n) N lnN

1 .
vay Z on phéan ky.
n=2

1 1
e Néupf <lithido: z , nén phan k3.
n(ln n)ﬁ nlnn ;n(ln n)ﬂ
Ta tém tat k&t qua khio sét.
Ménh dé2  (Thi du Bertrand)
Véi moi (@, /) e R cho truée, chudi Z 1 hoitu khi va chi
n%(Inn)?
: ne2
khi: a1
hay
(z=1vd g >1)

324  Chubi lity thira

1) Chudi liy thita trong T
4 Dinh nghia
Véi moi r thude KK, chudi Zr” duoc goi a chudi lug thira.
nzl
¢ | Pinhly  Chor e K. Chui liiy thia Zr" hoi tu khi va chi khi
nz0 ’
|| <1. Honnitanéu |r| <1 thi:

L]
2
1
—
] —
J

n=0
Chitng minh:
1) Néu || 21thi(VneN, | 21),dod6r » 0, Zr” phan kY tho.
w0
- - 1- "1 1
2) Néu |r| < 1 thi Zr" = — , vay Zr” hoi tu va:
= I-r me I-r v

+0

Zr” =ﬁ.

19-GTTT3-GT3 n=0
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Nhdn xét:
Cho r € X sao cho|r| < 1. V6i moi n thugc N ta cé:

n+l

“+a0
$rer S

-+
k=n+l p=0

2) Khai trién thép phdn ciia mét s6 thuc dwong hay bing khong

4| Dinhnghia Cho xeR,.
Khai trién thap phan cia x 1a moi ddy (d, ), théa man:

vneN, d,eN m

WVneN*, 0<d, <9 2)

x= id,, 107" @3)

L n=0

va khi d6 ta ky hiew: x= dod\d;...d,...

Cin chi § ring diéu kién (2) bdo dim ring chudi Zd,,m‘” hoi tu.
a0

+%0 4+

Vi 0 < Zd,,l()'" < 29.10"‘ <1 néntac (irY trudng hop: Va 21, d,=9),
=1 n=1

d, = E(x). Nhu vy ta c6 thé quy vé trudmng hop x € [0; 1{ mot cdch d& dang.

Chiing ta khZo sét sy t6n tai va duy nhat cla (d,)pen Vi X € [0; 11

1) Tén tai
Xem théem Tap 1,3.2.2.

Véi moi » thusc Nk higu: #,= 107" E(10%) vav, = 107" E(109 + .
U, SX3Vy,
Nhuth&tacsé: VneN, 10”4, €N va 10%v, eN.
v, — i, = "
E(10" x) £10" x < E(10" x)+1
Cho n € N. Do: . s
E(10™'x)<10™ x < EQ0™ x)+1
10E(10" x) £ 107" x < EA0™! x) +1

nén ta cé: i
B0 x) £10% x < 10(5(10" X) +1)
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V1 10E(10"x), E(10™"x), E(10"" x) +1, 10(E(10"x) +1) ddu nguyen, nén ta suy
Ta:

10E(10" x) < E(10™ x)
E(10™ ) +1< 10(13(10’* )+1

M, S U
. tirdécé: { n = ntl
) Vp+l = ¥n

Nbu vy (i4n)p20 V2 (V)20 ké nhau, do vy hoi tu vé cling mot gidi han /.
Vihonntfatacé: (Vne N, u,<x<v ),nénta duge: [ =x, va ta két lugn:

, >x viv, =z
o] o

Bay gi¥ chiing ta chiing t6 ring u,,, (th mot s6 thap phan c6 n+l chir s6 sau ddu

phdy) c6 n chif s6 thap phan ddu tien nhu & u,, .

Chone RN,

Tact: = Uy L Uy, ,dod6: 107, <107
© Uy = 10UE(IO™ ) < 107 (BU10%) + 1) = w4, + 107

fird6 ta suy ra: 10%,, <107, +1.

Nhwvay: 107, < 10, <10°, +1,v 10, < N.

K&t qua trén ching td: E(107 ey ) = 107, . Vi 10" u,,,, 12 mot s& thap phan chi c6

n+] chit 56 sau déu phdy, nén ta k&t luan ring u, vi u,,; c6 ciing cic chir s6 thap

phan cho dé&n hang th #,

Ky hiéu d, = 0, va v6i moi n € H', d,, 1a chif s6 thap phan thi 7 cla u, . Nhu the ta

n
c6: VreN,  u,=dydid,.d, = dew'* .
k=0

+a0
K&t qué trén chiing t6 ring x c6 ft nh#t mot khai tridn thap phan: x = Zd,, 107",

n=0
2) Khao sit tinh duy nh4t
Tru6e hét 5 rang 12 c6 thé khong c6 mot khai trién thap phan duy nhét. Ching han:
-1-= 1,00..0.. vi L= 0,009..9.,
10 10
Cho x € [0; 1[. Gid thi€t x nh4n hai khai trién thap phan khéc nhau:
x=0dd,.d,.. va x=0ee,.e,..

Do tp hop {n € N, d, #¢,} 12 mOt bd phan khéng réng ciia N, nén chiing ta c6 thé
xét phén tir nhd nhét cla né, ky hieu 1a N. Vay ta c6:

dN *epy
vYneN', (n<N=>d,=e,)
Ta c6 thé gia thi€t ching han: e, <d,,

~+00 400
Khi d6 ta c6: dy 107 + Z d,107" = e, 107 + z e,107"

n=N+1 n=N-+1



284 Chuong3 Chudi

-+
tir d6 suy ra: (dy—ey ) 10™ = z (epd, O .
n=N+l
Motmitthi dy2e, +1,dod6  (dy—ey)107¥2 107
Mat khéc thi ta lai c6: V2 N+1,05 ley—dy 159,
+00 +wo ' sl
suy ra: > (end 0| < > Jen-daf10™ < > o107 =10™
a=N+1 n=N+l n=N+1
. . . {dN —eN =1
Nhu th€ ta nhét thiét phai cd: .
YnzN+l, e,-d,=9

Nhumg vi cdc d, va e, déu thude {0,.. 9}, nén ta suy ra:

YnzN+1l, (g, =9 v d, =0).

Két qua ndy ching td ring x nhan ding hai khai trién thap phan:

x=dodidy.dy0..0.. VA x = dydidydyeg ey 9..9...

trong dé: ey € {0,.. 8}, vidy=ey,, .

Dic biét, x 1a mot s6 thap phan.

Dio lai, 16 rang riing néu x 12 mot s6 thap phan thi x nhan it nhat hai khai trién thap
phén, thudc loai nhu trén day.

Ta té6m tit két qua khao sat.

L 4

Ménh dé Moi phdn t& x thuéc R, nhan it nhat mot khai trién thap
phén:

= _ YneN, d,eN
x= E 4,107", trong dé: . ,
vreN, 0<d,<9
n=0

mata ky hiéu 1a: x= dﬁ’dle"-dn"'

Néu x khong phai 12 s6 thap phan thi x c6 mét khai trién thap phén
duy nhét.

Néu x thap phan v khéc khong thi x c6 diing hai khai trién thap phan,
dang:

x= dO’dle“'dN—l dN 0..0. vax= dO’dld2"'dN—l ey 9.9..
trong d6: ey €l0,..8] VA dy=ey+l

C6 thé cii bien dé dang viéc khio sét trén day bing céich thay 10 bing bt k¥ 6
nguyén 2 2 nao.
bac biét: .

» trong hé co s6 2 ta duge dang khai trién nhi phén cfia x,

o
x= Y B2 trong d6 by & 1 VA (Vn21,b, l0.1])
n=0
e trong he co s6 3 ta duge dang Khai trién tam phan cia x,
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+a
x =Zc,,3‘" ,trong dé ¢, € 1 vA (Va2 1, ¢, €{0,1,2}),
n=0
xem C 3.1 _
Céc hé co 56 8 va 16 duge sir dung trong céng nghé thong tin.

3) Quy tdc d'Alembert

Chiing ta nhic lai két qua sau day (xem Tap 2, 8.1.2, Ménh dé 2).

4| Ménh dé (So sinh logarit)

Cho (#,),50 (&, )20 12 hai ddy s& thie > 0. N&u tén tai N € 1 sao cho:

YneN Eﬂ.ﬂ{gﬂ"'_l
Hp @,

r

thi: u,= Olay,).
na

L Dinh ly (Quy tic d’Alembert)
Cho Zun I mot chudi véi s6 hang thuc > 0. Ta gia thiét ring day
n=0
[“_nti_J c6 gi6i han hitu han { rong R .
“n Jnzo
) Néul<1thi zu,, hoi tu
=0

2) Néu 7> 1 thi Zu,, phan ky.
nz(

Chiing minh:

1) Gidthigt: “2L _y 1 <1; kyhieu A= ‘2L dod6é I < A< 1,va véi
U, noo 2
n € M, a,= 1" Do 0 < A < | nén chudi Iy thira ZA" hoi tu.
nz(Q

i . . o (74
Do 2L 5 f< i néni6ntai N e lsaocho; Vax N, =l oj-%nsl
iy nw by aﬂ

Theo Mé¢nh dé tren day, u, = O(a,)}, san d6 theo dinh Iy ham troi (xem 3.2.2, Dinh
v )

1§ 2), Zu,, hoi tu.
n20

2) Gia thi€t L = | > 1. Tén tai N  [sao cho: Va2 N, “ntl 51

un e “n

285
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Nhu the (1), 12 diy tang. Vaytacoé: Ynz N, u, 2 uy>0,vadodé u, » 0.
o

Nhur vay Zun phén k¥ tho.
nz0

Nhén xét:
1) Viéc dp dung quy tic d’ Alembert cho mot ddy nguyén Zun (v&i céc s6
n20
hang duong) quy vé viée so sdnh Z i, v6i nhimg chuéi liy thita.
n20
2) Ta s& thir 4p dung quy tic d'Alembert m8i khi s6 hang ng qudt u, <6
“chira” nhitng ham mii hay ham 1y thira bic n.

Th du:

!
X4c dinh loai chia chudi c6 s6 hang t8ng quat R: u, = n_n .

n
e VneN, u,>0

, Hnel _ _(n+D)! £=[ n J"

u, (n.;.])""'"n! n+l

1y 1 -
=|1l+—| =exp|-nln|l+—|[—>e <.
n nj) o

Theo quy tic d’ Alembert, ta k&t luan: Zu,, hdi tu.
nzl

Nhén xét:

1) N&u (“"—*1} Khong c6 gi6i han, thl ) 4, c6 thé hoi ty hay phan ky.
n20

i
a n20

Thi du:

o u, =2+ (-1)) 27" Trong thi du nay [u”—"'l} khong cé gidi han va
: nz0

uﬂ
Zu,, hoi tu.

n=0

o u,= 2 + (-1)". Trong thi du nay [uLﬂ-] khong c6 gigi han va
nz0

uﬂ
> u, phan k.

nz0

2) Néu [E’HLJ — 1 thi Zu,, ¢6 thé hoi ty hay phan k.
un 0 =0
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Thi du:
* u,= ! . Trong thi du néy — 1va Zu,, phan ky.
n “n nzl
o = L . Trong thi dy nhy - 1va Zu hoi tu,
2 uﬂ e nzl

Bai tap

0 3.2.1 Xdc dinh loai clia cdic chudi 6 s& hang tdng quat 1a:

2 2
a) At b)thL + 5"
n“+n-1 n n+1
1 -
_— di{ln
)T )(nn)
—ch-—
e) pintnn)
11
8) n{lTn_’—} _’r"'{_“)
!
dlanny n i) (tnn Inchr)y®
n
" 1 1
L )( n(n+ )J
n+ Inn
™ '(m)‘"" o [::+3J““"’2
2n+1 In+l
1Y n*
n2 —-p
o3
33 3yn
8) (shJﬂ) 0 (\/I_I'I-Jr_l)

w (¥rE-3)" o L(¥ar1-3)
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W) \ln3+n+1-\jn3+ﬂ—l

an+l —2si an+l

n
dn+2 6r+1

n+l n
2) (1 +l] -[1 +J~—)
n n+l
c') [wsLJn --—L
Jn) e

n?+n+l

¥y} tan

e’y Arccos
n-+n+3

1

"z
g") (ch(inn)In(chn}}

i') Arccos 3’1 _Lz
n

k]

k) (EArc tan(nz))
b4

m") Arccos [%Arcsin LJ

X) e—(1+1]
n

1 1
z) (n+1)" —pntl

l

b)) -1
d%) Inn
n+n—|
2
f’}exp[—iinn +1]
2 n
. -1
h') Arcsin n¥l _ Arcsin 2
2n+1 n—

j") Arccos [E Arc ta.n(n2 )]
}. 4

2
I')ln[—szrctan nt IJ
¥ 4 n

n’) l[Anc tan s —2Arc tann—_lJ
n

2n+1 n
5 2 (nty®
o'} sinyfArctan(s? + 1) ~sin{ Arctann - 2Arctan(n?)) Py —
"ﬂ
y () oy
2n)! \_/(ﬂ—l)!
1 1
e %3
) suwu:2 dx v) I(shx) dr
01+ch x 3
n+l 2n
w') d x') I—dx
I:Jx4+x+l nl+x3{2
J'H'E
2n
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+0
1
" =X Y
e Ic Arctan xdx ) nz(lnn)2|sin(mrﬁ§|
] _
k.

" 1
& );mmz_kz

k™) (a{n)T™?, trong d6 o(x) 14 s6 cdc chit s8 trong cdch vigt thip phén cha n.

3.2.2 Xdc dinh loat cla cdc chudi c6 56 hang 1dng quét 13;
a) an +n+l- \/nz +an+b , trong 46 {(a.b) € 2

b) expi-(Inm2 +a ), a e R an ~1,aeR
d){i] ,ael e)Arctan[1+L)—£,aE ]R:
n+l1 n? 4
{Hlnk]
k=2 L] 2 b b ] L]
pME 2 (@b e(RY) X1 n)((n+1)*-n?), (@, b) e R"x R},
(n) _
h) (In A)™, 4 e R (Jn+a-Jn+ ) @ b)e(R+)
l l 2 L k
D s+ }e(n® +1\, (2. b) e [R], K [1+—] -1 ,a€eR,
YL N Rl |y (P
"9 -n?
I)M Ja.be R2 m)(ch-l—) ,acR
n ¥
iy N
n} (cos-—] ,aeRk Q) [nsm—] ,aelR
n n
4 b
p)(Arccos(mn)“) ,aeR 9 [—;Arctan(“%]—l] (@b eR.x R

ol el e

T the (ln(ﬂ'))
: dt, R JHa bye R?
i ,fm A () @by
u)H[Z—eI],ae[R v)-f—;!,pem
k=2 n

ne k=1

H - n 2
W)L"[Hshk] .ael x)i“Zkz,ae R}
" o .

289
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T
y)H[l+ln[l+-:7D—l ,ae R}.
k=1 !

0 323  Cho(u,)sspl2 mot day v6i s§ hang thude T, , vA véi mei 2 thuge T,

'Ir'“ = u" 7"
140y
2) Ching minh ring néu s, hoi ty thi > v 00 1.
n "
b) Chimg mink ring néu Zu,, phan ky vA néu (x,),, bi chin trén Zv,, phan k3.
n . 3

c) Cho mot thi dy trong d6 Zuﬂ phén k¥ va Zvﬂ hol fu.
R R

) 3.24 Choz;:n 1a mot diy hoi tu voi s6 hang thudc R,. Ching mish ring

i
zu;‘: héi ty.
H

.32 1 1
¢ 3.25 Chop,qe (R+) sao cho —+— =1, thun 1a mot ddly hdi ty véi céc s6
P g
nzl
hang thu¢c R,. Chimg minh ring tén tai A € R, sao cho:

T
Yne N, Zu}c"’ sAn9,
k=1
(Ap dung bét ding thifc Holder trong ", Tap 1, 5.4.3,2)).

¢ 326 Chole lR:,  (4,) 20 (@ )0 12 hai diy vdi cdc s§ hang thude R, thda man:
Yne N, S Gan) >-i .
Upel 2™ a,

Chtng minh ting Zu,, hoi 1.

]

1 a—1

(:rH-l)”wi mo @

¢ 3.2.7 Choa e }i;+ o {. Chi ¢ ring %- , hily chiing
n
minh lai ring chudi Riemann Z_la" hoi 1.
nzl

¢ 3.2.8 Cho Zun va Zvﬂ {& hai chudi véi s6 hang thude R, sao cho t6u tai
n

[

Necllthéa man:  Vaz N, Zml Tl

itp Vn
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Chifng minh ring néu Zv,, hoi ty thi Zuﬂ hoi ty.

" n

¢ 3.29 Quy t4c Raabe v Duhamel _
Cho Zu,, 12 mot chubi v6i 56 hang thude R, . Ta gi thidt 16n 1ai @ e [ sao cho:
n

o 1
¥ad .24 6 (o)
“R i ey N

Chimg minh: a) néu o > 1 thi Zu,, héi tu.

m

b)néu e <1 thi Zu,, phan k.

n

(Ap dung bai tap 3.2.8).

¢ 3.210 Cho Zuﬂ 14 mot chudi véi s6 hang thude R, sao cho :

?ﬂﬂ.:]-l* o [ ! ).

i n mea

Chitng minh ring Zn,, phan k3.
n

O - 3.211 Vdi(eh) = (R - Z), xbc dinh toai cha chudi c6 s6 hang éng quat 13;
_ala+l).(@a+n-1)

" b+ (brp~1)"
(Ap dung bii tap 3.2.9).

O 3.2.12 Khdi qudt héa baitdp 3.2.11.
Chop € N*, (a,....a)e (R} ¥, (.., r,)e IR®. Véi (2, n)e RY x N "taky hicu
[a], = ala+1)...(a+n-1). Hiy xdc dinh loai clia chudi c6 s&§ hang tdng qudt 1:

(A
k=l
(Ap dung c4c bai 1ap 3.2.9 v2 3.2.10).

3.213 Haiy x4c dinh loai clia chudi c6 s5 hang tdng quét 1a;

0
2" L -
3’-”- h)l'lg»‘l-il ¢) n!Hs‘mi Q) (l‘;;,) ' peN-{0,1} o6 dinh,

a)
k
23 ! kel 2

{0 3.2.14 Quy tdc Cauchy
Cho Zun 13 mot chudi véi s6 hang thuoe R . Ta gia thiét i6n 19i ! € [0; +oof sao cho

n

ui”" = L
]
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Néu!<1thi Zu,, hai tu

Chimg minh ring: n2l )
Néw > 11 D s, phanky
nzl
Thi du: _
Hiy xdc dinh loai cila chudi cé s6 hang t8ng qut la:
n Inn

2) n+1 b) n )

2n+5 {Inn)”

¢ 3.215  Sosinh chc quy tic d’Alembert va Cauchy

a} Cho Zu" 12 mot chudi véi s& hang thuge R} sao cho Zntl i [0+l

u oo
n L

n

Chimg minh ring khi d6: wi® 5
Ao
N6i c4ch khdc, néu dii didu kién dé 4p dung quy tic d’Alembert thi ciing dii diéu kién
dé 4p dung quy tic Cauchy.
b) Cho (2, B € B2 saccho 0 < a < 1 < b; v6i n € IT', ta ky hitu o, = E(Ilnn).
So sénh cdc quy the d’ Alembert va Cauchy d6i véi chudi cé s8 hang tdng quat 1a:

1
- 0 (00, +1)
u, = " Gnpl

¢ 3.2.1¢' ChoZu,, 13 mot chudi véi cc s6 hang thudc . thda man:

nz=l
2n i i
Yn21, £— .
D D
k=n+l k=1
Chitng minh ring ZH,, héi tw.
nzl

3.217 Cho ()29 12 mdt d3y ting nghiém ngit v6i cde 56 hang thude ER:_ ,
vh c6 gi6i han 1d  + . Ching minh ring tdn tai hai diy (a,),50 V2 (F,)nzp véi céc
s6 hang thudc ]R: sao cho:

Yaz0, b, <au,

L Za,, hoi ty

n20

an phan k¥

L n=

0  3.218 Cho (#,),» 12 mot diy xfc dinh béi: u =1va

1 n
Ve, up=— E ki .
n
k=1

Chitng minh ting u, — 0 (c6 thé bidu thi u,, theo n va u,).
e



3.2 Chudivéi s§ hang thudc R,

3.21% Cho Zu" 12 mot chudi thue hoi tu. Ching minh ring:
n

liminf nu, <0< limsup nun, .
A o0

(V& cdc k¥ hitu gidi han dudi vi gidi han trén, xem Tap 1, C3. 2).

3.2.20° Cho (u,),5; 12 mOt day véi cde s8 hang thude B, sao cho Zun heéi ty.
n

a) Gia thigt (u,) ., gidm.
a) Chiing minh: na, — 0.
A

B) Tir 46 suy ra loai cita cdce chudi Znu vi Z ; .
— ity

b} Xét trirdmg hop khi khong o6 gia thiét (u,,),,zl gidm.

3.2.21° Cho (u,) 1 mot dily v0i céc 56 hang thuoc I, va (v,,),») 12 mOt didy xdc
dinh nhu sau:

} ty + W +Uy+. U
Vp=  —fup At 4LT72 f
n n

Khio sat tih hoity cba ) v, -

n

3.222 Cho f: R RI2 mat 4nh xa lign tyc thoa min:

V{dxy) € I, flAx, Ay) = A fix, y).
Cho (x,),20+ (y,,),,zo 14 hei ddy thuc sao cho Zx va Z v, hot tu.
=] nz0

Chimg minh ing > (£(%,.%,))" hoi tu.
n2Q

3.223 Cho (u,), lamt diy véi cde s6 hang thude R, sao cho (an,,), gidm vi

D 2, hoi

L4

Ching minh: u, = o [ ! ]
nlnn

3224  Cho (u,),en 2 mot day véi cdc s6 hang (hude ]R:_ , 2idm va sao cho t6n
twinge N vaik e N - {0,1) théa mdn: Vi ny, kug, 2 u, . Ching minh ring

zu,, phan ky.

L

3.2.25 Chof: I¥" — M " 13 mét don 4nh. Ching minh ring:

28
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z[(n il)!lk}f(k)]

nzl
phin ky.
{0 3226 a)Ching minhring, véimoi n e N', phuong tinh x - Inx- # =0, 4n
laxe [1; +o] <6 nghi¢m duy nhat, ky hiéu x,.
b) Véi & € R c6 dinh thl chudi fo thudc loai nao?
nzl
0 3227 VéiomeR vh (4,),0la chudi xdc dinh bii: ug =1 v
Yrne N, = dl+3u,-1.
Khao sdt loai clia Zug .
n2Q

0 3,228 Chou € R VA (#,),5 12 chudi xéc dinh bai:

CoS i,

w=2va: VneN" u,, =

Khdo sit loai cﬁaZuﬁ .
nz2l
¢ 3.2.29  Cho (%), 12 mot chudi v6i céc 56 hang thugc R, v (v,),» 1 chudi xdc

dinh bai: neR v VaeN, vn+1=-;—(v,‘+“v§ +u,,).
Chiing minh ring &€ cho chudi ) s, hoi tu, diéu kien cfn vadi b dly (v,), hoi tu.

n
(C5 thé khio sét cdc diy cb s6 hang tdng quat Ia:
Vasd (st ¥n e Vart Ve V(e %))

¢ 3.2.30 a) Chimg minh ring, v6i moi n thuoe N, t6n tai mot phén tr u, cha R,
t, :
duy nhft sao cho: IeT dt =n,
iy

b) Chiing minh ring u, — 0.
G

¢) Voin e B°, taky hidw: v, =2+ In(u, ).
Khdo st (v, ) { chimg minh ring (v}, hoi tu va bidu thj gi6i han cita day dé bing
mot tich phan).
&) Xdc dinh logi cba )ty
n

¢ 3.2.31" Choa e R va (u,), 1adiy xdcdinh bdi ¥ =avh:

My _
YoeN', = InZ Ly

L

a) Khdo sit diy (1,51 -

n
b) Chiing minh ring Z[H uk] hoi tu va tinh dng cha chudi dé.
rzl\ k=l
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3.2.32" Cho (u,), 12 diy thyc thda man:
Ve’ 0< u <1

Chiing minh ring cdc chudi Z[u,,ﬁ(l - uk)} vi Z[unﬁ(l - uk}J hoi tu,

nx2? k=1 i nzl k=1
3.2.33 Xic dinh loaj clia chudi cdc ey 1rj dia phrong ciia
F: 0i40[ > R
sin® x
T x
3.2.34" V6imdinthuoe N* ky hitu a{n) 12 s6 chit s6 khéng trong céch vi€t n rong
aln)

;;3

X

he cos6 3. Vdi cdc 56 x ndo thudc R: thi chudi Z
nzl
3.2.35 Khdo sit sy hdi w clia diy (i,,) 420 Xéc dinh bdi: ug = 1vi:

hoi tu?

H

17k
VreN, uy= [H(nuk)z ]—1.

k=0

3.2.36% Cho (), 12 mot ddy vé6i s6 hang thude R, gidm, sao cho t6n tai

G:H" > N", gidm nghitm ngat thda man: Vne N, uyp EL

o(n)

Chimg minh ring Zu,, phan k3.

3237 Cho zu,, 12 mot chudi héi 1y véi s6 hang thudc |, . Véin e N, taky

nz0
o
hitu: R, = z g . Chibmg minh rhng ), hoi ty khi va chi khi ZR,, hoi tu,
k=n+1 20 nz0

vatrong trudmg hop hoi e thl hai chudi d6 c6 téng nhu nhau.

3.238° a)Chof:[0;+w[—= R thudcldpC® Véine N, din
" n n 2
1., i
w= ) f0- froees [ (:)[: ~E() —5] .
k=0 0 0
Chiing minh: Vre N, uy,= %(f'(n)—f'(ﬁ))-l-%(f(n) + £(0)) .

i
V6 ac]l;+o[, ditl(a)= Z-—}; (hdm dzéta cria Riemann). Tit a) suy ra ring:
n

n=l]

Vaelh+ol, ——tlg L) s—+isZ
o 2 o

Trudmg hop rigng: La) - -1—
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3.3 Chudi v6i s6 hang trong mot kgvde
Trong § 3.3 ndy céc chudi duge xét déu c6 6 hang thude K«kgv&c E.
3.3.1 Diéu kién cdn va di Cauchy

4 Pinh nghia Moi K-kgvde dit duge goi 1a khong gian Banach
(xem 1.4.2, Dinh nghia).

Theo 1.4.2, Dinh 1§ 2, moi kgvdc hitu han chiéu 14 khéng gian Banach.
Mot kgvde “vé han chidu™ c6 thé 1a khong gian Banach (xem bai tap 1.4.7) hodc
khong phai 12 khong gian Banach (xem bai 13p 3.3.8).

4, Dinhly (Piéu kién c4n va du Cauchy d€ mot chudi véi so hang
thudc mot khéng gian Banach héi tu)

Mot chudi Zu" véi s6 hang thuéc mot khong gian Banach E hoi ty

n=0
khi va chi khi:
) q
Ve>0,INeN,Vp, e N (Nsp<q = Zuk < £).
k=p+1

Chiing minh: '
Chi cfin 4p dung diéu kién cén va d& cho mét chudi v6i s6 hang trong mot khong
gian Banach d6i v6i dy céc téng rieng (S, )uen» VI

uk =Sq -Sp . .
k=p+l
Dusi day, khi nghién ciu sy hoi m tuyét d6i (3.3.2, Dinh 1), ching ta s2 str dung
dé¢n Didu kién cdn va &l Cauchy,

Nhdn xét: N&u 16n tai hai diy (@,)520 » (Bn)nz0, VO s6 hang thudc I, sao cho:
[(vneN, a,<pf,

a, —»®
neG

[Bao

Yi}
> 40

Lk =,
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tht chubi ) u, phan ky.
nl
sin{ln n)

Thidyp: Tahiy chimg to ring chué z
nzl

phan ky.

.. _ s iz
V&i mei n thude [7*, dat a, = Efexp( 7 +2nm}) + 1, v B, = E(exp( a +2nm)).
Khidétacé a, £ 8,, a, -—>oo, yim —>oo,v:‘1:

Z":sm(lnk) & J‘ ﬁ,, a,,+1

k=a,, k=a,

exp( + 2nm)-1- exp(— +2mr) xi2
4 e’ -1
> i s #0.
J2 exp(T +2nm) e ™ \Ee

Bai tép

0 3.3.1 Chimg o ring cdc chudi véi s6 hang t8ng quat sau day phan ki

(—1)E(ln") b) cos{lnlnn)
n Inn ’

3.3.2  Suhoi ty tuyét doi

4 Dinh nghia Mot chudi Zun véi s8 hang thudc mot I-kgvde E
nz0

duge goi 12 hoi tu tuyét d6i khi va clii khi Z“u,, | hoi tu.
nz0

Trudmg hop dic biét, néu E = I hay -, thi chudi Z"" hoi tu tuygt 46i khi va chi
m0

Khi chudi ) [, B3 tu.

nz0

20-GTTT3-GT3



298 Chuong3 Chudi

| Ménhdé1 Neu Zu,, vt Zv,, hoi ty tuyet d6i, thi véi moi A

nz0 nz()

thuoe [, chudi Z(u,, + Av,) héi tu tuyet doi.
n20

Chitng minh;
Chicdnchi yring:  Vue N, [u, +Av,[ <u,| +|A}v, |
va dp dung dinh 1§ ham troi dot véi cac chubi cb s& hang thugc R, (3.2.2, Dinh 1y 1).
Nhdn xét:
Theo Ménh dé 1, tap hop ¢ '(E) cac day (i,),5o VGi s6 hang thuoe E sao cho chudi
Zu,, hoi ty tuyés dsi, 2 mot K-kgv, vardrang ladnhxa (HE) » R I

+a0

>
w20 {0 Zuh‘”ﬂ
u=0

mot chudn trén £ (E).

¢ Pinhly

Cho E 12 mét khong gian Banach vi Zu,, 12 mot chudi véi s6 hang
nz0

thuoc E. Néu u, hoi tu tyet d6i, thi u,hoi tn va:
n y

n20 =20
+e0 +a
AEI AL
n=0 n=0

Chitmg minh:  Cho £> 0 ¢ dinh; vi Z““"" hoi tu, nén theo Diéu kién cin vi di
nel
Cauchy (3.3.1, Dinh 19), t6n tai ¥ € N sao cho:

V(p,q)eNz, Ngp<g = i:"uk"

= 8.
k=p+1
Do i | = i llse || . nen ta suy ra:
k=p+l k=p+l1
V(p.q)ENz, (Nsp<g = i t| = &,

k=p+l
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n

va do d6 (theo Diéu kién cdn va di Cauchy), Zun hoi tu. Hon nifa:
P

nzl
n
< D fued
k={} k=0

nén bing céch cho » ddn dén + w ta suy ra:

Yrell,

1

iiiuk = fiiuuk“.

Nhdn xét:

1) ViR va T déu 1a khong gian d0, nén dinh 1§ trén day ching té ring moi
chudi s6 hoi ty tuyét déi déu hot tu.

2) Néu kgvde E khong du, thi c6 thé xdy ra trudng hgp mét chudi trong £ hoi
tu tuyét déi numg lai khéng hoi tu (xem bai tap 3.3.8).

3) Déo cta dinh Iy trén sai: tdn tai nhimg chudi hoi ty va khong hoi ty tyét
doi. Mgt chudi héi ty nhumg khong hoi w tuyet déi duge goi 12 ban hoi ty. Xem thi

1y
dy v& céc chudi Riemann dan dfu: Z( " 33,
o
wzl
4|, Ménhdé2
Cho Zun ,va ZV,, 12 hai chudi véi s6 hang thuéc E.
nz( nz0
Zv,, hoi tu tuyét d6i
Néu {20 , thi Zun hoi tu tuyét dai.
Uy = 0(v,) 420
i

Chiing mink: ~ Theo gia thigt, dntaiA e R, vA N € I¥ sao cho:
Vaz N, |u,| < A,

Vi ) |lv,] h0i tu, nen dinh Iy ham troi d6i voi ce chudi c6 s6 hang thuoe T.,

nz0
ching t4 ring Z”un fihoi tu.
nz0
Thi dy:

n .
Chudi Zﬂi;;sﬂ hoi tu tuyét d6i do:

nxl n

(—1}”J;+sinn: 0( i )

n* n312
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Nhdn xét:
1) Néu Zun va Zvn I3 hai chudi théa man: zv,, hoi tu va
n n

n

= O (v,), thi ta khong thé suy ra ring ZH" héi tu. Ching han:
o
N
. n
u”= 1 vd v, = =) .

n
2) Néu Z va z ¥, i hai chudi théa man: Zvn phan ky va

"
U, = nf; (v,), thi ta khong thé suy ra ring Zu,, hoi tu. Chéng han:

n

1
i, = va
rinn

1
V==
"

Bai tap

Q 3.3.2 Xdc dinh loai cha cdc chudi véi s6 hang tdng quit 1a:

a) (—1)"’(tanL —sinL) b) (1= —— "
Jn J; Inn
b H
¢) sin{n n* +1y d) {th[aw—]] Ja heE'xE
n
In{n+1)
j smx
o Vil +x+1

& 333 Cho Zun 12 mot chudi thyc bén hoi tu. Ching minh ring Zu: v
H H
Zu; phan k¥ (trong d6 ta di ky hidw:
"
+ |x pnéuxz0 - [0 néux>0
X = 3 . VA = viix e ),
0 néux<0

" |-x néuxso’
xem T4p 1, bhi t4p 4.1.3).
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334 Cho E Z, 1a mot chudi hdi tu vdi sd hang thude * sao cho tén tai
nzl

ae [l g—[théa man: Vaell, |Arg(z,,]| £ & . Ching minh ring Z'an hoi tu.
. n
3.3.5 Xic dinh loai cia chudi Z U, , trong d6 ug € I v
nz0

Ynell, 2 g = (D) uy, + n

k-1
-1
3.3.6 Chimg minh ring tdn tai 2 € R: sao cho: I I l+£~)—] ~ L

iy \/}: Heo “\/‘:— .

Nén siz dung he thifc: Zm Inn+y+ o (1), xem duéi day 3.3.7, /), Thi du.

k=1 e
3.3.7* Cho {a, ), 12 motdiy trong =* sao cho:
Vo.0 e 0M (p2g o la,-a] 21
Chitng mink ring Z _LS_ hoi tu.

n=l |%n

3.3.8* Mot thi dy vé chudi hoi tu tuyét déi va phan ky
Cho E = C(1%;1). ) duge trang bi chudn | - [} . (7 ) 2112 mot day nhimg phan v
cha E xéc dinh bdi:

Vxel-rirl, f(0=0

{ fu afin trén hai nita-khodng cia [— -—]

| 2n—
f”[ [ ln nl—l )J=n
2 2

Chiing minh ring Z [, hol w tuyet d6i va phan ky.
nzl

301
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333  Céc chudi thong dung trong mot dai s0 Banach

Chiing ta nhic lai ring mot dai s6 (két hop v c¢6 don vi) 1a mot tap hop A ¢ trang bi
ba lugt ki hiéu la: + (trong), . (ngoai), . (trong) thoa mén:

(A,+,) lamot K-kgv

. phan phdi doi véi +

viek, ¥Yyved, A= (Ax)y = x(Ay)

c6 tinh két hop

. ¢4 phén tir trung hoa ky higu lae

(c4c luat . , . thudng duge chi bing cdch khong viét ky higu n2o cd).

Dai 56 A dugc goi a dinh chusn néu né duge trang bi mot dnh xa || .| : A — E thoa
man:
{l. . n 12 mot chudn trén K-kgv A
vese s fols b

Tity theo ngi¥ canh c6 thé phdi c6 thém diéu kién: ”eﬂ =1

Cho A 12 mot dai s6 Banach, tic 13 mét dai 5,6 dinh chufn sao cho -kgvde A di. Khi
doc 14n ddu tién, c6 thé chi gidi han trong trudng hop A hitu han chiéu.

I) Chuéi Iy thira

Viin d8 ta xét & day 1a khao sét chudi Za’* _v6ia e A cf dinh, trong d6 a° = e V2

nz0
v&i moi nthude 11

Gid thi€t o] <1.

n

Bing mot phép quy nap don gidn, ta cé ngay: Vn e M¥, o™y = “a“n , nén chudi

+-ar
Za” hoi tu tuyet d6i, do d6 hoi tu. Ky hidu tdng ciand 12 S: S = Za‘" .
n=0 n=l
V&i moi nthude i1, ta ch:

il 7 2l n A+
{e —a) Zak = Zak —Za“l = Zak -zak =¢ —an+l R
' k=D k=0 k=0 k=0 k=1
,, .
va ciing tuong tu: Zak } (e-ay=e— a}‘1+1 , '
k=0

n
: . r+] - . : .
Do Za* — 8, vado a — (0, v vi 4nh xa A = A lién tuc, nén bing cdch
par pray o () = Xy
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chuyén qua Bidi han ta duge: (e-a)S=58( ~a)=e.
Ta t6m tat két qua khao sat:

¢ | Dbinhly
Cho A 12 mét dai s6 Banach.
Vi moi @ thudc A sao cho ”a” < 1, chudi liy thira Za" hdity, e —a

n=0

400
kha nghich trong A, va: Za" = (e- a)ql
h=l

Nhdn xét:

6 thé xdy ra trudmg hop (khi dim(4) > 2) 1a a] > 1, va chudi > a" hoi ty, nhu

n=1

trong thi du sau day:

0 2
A='-Mz(IE'\)v "" =2||'||no ! a=[0 0)'

Trong thi dy nay, "a" =4,va Z a” hoit vacé téng bing I, + g, vi 13:
nz0
n

Ynz2, a =0

2} Chuéi hém mii
Trong diém niy ta xét chudi Z —a yVOia e A c6 dinh.

Do: V¥neH,

—-a
?1

" II , vavi Z“ " hoi ty, nen chuéi Z—a hoi

tu tuyét doi, do d6 hoi w,

4| Dinhly-DBinh nghia  Cho A 13 mot dai s6 Banach.

Vi mei a thude A, chudi Z—a héi tu.
a2l
Anh xa duocky hieuls exp: A — A » va dinh nghia béi:

a = explq)

Vae A, expla)= Z-l—‘an ,
n!

duogc goi 14 ham mij.
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Néu A = thi ta lai tr& lai him mii phic hay thyc da duge dinh nghia trude day.
Duéh day (bai tAp 3.4.22) ching ta s& thdy rang néu a, b € A giao hodn thi:
expla + b) = expla) exp(h).

3.3.4 Day kha tong thuc hay phitc

Doc giad nén so sanh viée khao sit & muc nay vdi viée khao sét cadc ham lién tyc timg
khdc va kha tich, §2.5.
Ta s& k¥ hiéu tap hop cdc bo phan gidi ndi cia1l la F ).

1)  Truimg hop cdc ddy v6i s6 hang thupe =,

¢ Dinhnghia1 Motday («,),cyv6i s6 hang thude ¥, duge goi 1a
Kha téng khi va chi khi t6ntai M < i©., sao cho:
Vie FaAD, ) u, <M.
ned
Né&u (1,),50kha téng, thi { Zuﬂ ;J e §F (N} 1a mot bd phan khong réng va gidi

nelf

noi clia K, do 46 c6 bién trén trong IR. Tir d6 ta c6 Dinh nghia sau day:

¢ Pinh nghia2 Cho (1,),.¢ 12 mot dy v6i s6 hang thudc [ ,, kha
téng. Tong cla (u,),20, dwoc ki hitu 1a Zu,, , 1a s8 thue:

necl

Zun= Sup (Zw‘,l ).

nel JeF(N) net

Nhdn xét:
1Y Truong hop day cé gid hitu han:

Néutbntai Joge F(M)saocho: Vrnel —Jy3,  u,=0,
thl (4, )0 KhE NG VA D lp= Dy
nel neJjg
2) Néu (u,,),»0 c6 s6 hang thudc E, va khd tdng, va néu Z u, =90, thi:
nel
Yrell, u,=0.

n
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* Ménh d&1 Cho (4,),5012 mot diy véi s6 hang thude T:,. Cac tinh
chdt sau day twong duong véi nhau timg d6i mot:
(1) (4)nzp khi tong
(ii) Tén tai Me R , sao cho:
Vpell*, ZunéM
nel,
véi moi diy ting (Jp)peN* nhitng b& phan hitu han cita i1 ma
hop bing 17,
(ii1) Tén tai Me T | va mot diy tang (JP)PEN:- nhitng bd phin
hifu han cia I'T ma hop bing i1 sao cho:
Vpeitt, > u, <M.
nef,
Hom nita, n€u (i), (ii) hay (iii) dugc thda man, thi véi moi ddy
tang (J, )peN' nhing bé phan hitu han c¢tia 17 ma hop bang 17 ta

c6: zuf Sup(zu,,,)zlgl(zun).

nel pelN* neJP nEJP

O day néi (7, )peny A0 COnghia la:  Vp e 1, J, cJpy.

Chitng minh;
i) = i)
Gia thiét (u, ),50kha t6ng, va cho(J, )p;N* 12 mot ddy téng nhitng b phan hitu han

ciia Il sao cho: U J p= .
peN
Theo céc Dinh nghia 1 va2,tacé:  Vp € N* Z N

nelp nel

S6 thie M = Z u, thich hop.

nelN
(i) = (ii):
Chi cin chd ¥ ring t0n tai it nhdt mot day tang (Jp )peN' nhiing bo phan hiru han clia
14 ma hgp bing 17, ching han: J,={ne™; 0< n<p}
i) = (i):
Gia thi€t ton tai Me Tt , vd mot day tang (J » )peN* nhitng bd phan hitu han cha i1
ma hop bing 17 sao cho: Yp e+, Z U, <M.

nEJP
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Cho J 12 m6t b6 phan hitu han cta I; k¢ hidu #, ,.. i lacac phin trclla J (k € 11).

DoN = () 7, nent6ntai py.... py e 11* sao cho: my Ty voes g €1,
pEN‘
Ky hi¢u phdn tir [6n nhét (viét tdt: ptln) trong téc py,.. ., p, I
Po=ptn(py,.... py ).

W(Jp)pemmténgnéntacé: J’PICJ J CJ

po > py
Tuddtasuyra: ne J, ..., n €Jpy,vadods JJ, | tirday docéc u, déu >0

nén: E i, = u, < M.

Theo Binh nghia 1, (u,),50kha téng.
Gid thiét (i), (ii) hay (i) duoc théa man, va cho (J, ) eny® 13 M6t day ting ohiing bo
phén hitu han clia I'T ma hop bang I-7.
» Diy s6 thue ( Z #, )peiy+ tang, bi chan trén béi Zu,, , do dé hoi 1y
net, neN
d&n mot 56 thye ma ta ky higu 13 M, , vi ta c6:

&Jp(Zu )—hm(Zu y=M,< Zun.

pe* net nel, nel
Trong phép chitmg minh (111) => (1), ta da thdy ring, v6i moi bo phan hira han J clia [ 1
tbntai pge N*saochoJch,vhdodé Zun.. Z U, EM,

net ned, 2y
Chuyén qua bién trén khi J chay khip F (i), ta suy ra: Z u, < M,
nelN
Cudi ciing ta dugc; Z u, =M,
nelN
Nhdn xét:

D€ ngén gon, ta c6 thé goi moi day tang (/5 }p>1 nhitng bo phan hifu han cba 11 ma
hop bing 19 12 day vét kiét trong 1.
Chidng ta vifa théy trong phép chimg minh trén ring, néu nhu (J p)pz1 12 mot diy vét

kiét trong 17 thi: Ve F({D,3Ipged, J cJp

¢| Ménhdé2 Cho (#,) 12012 mét diy vdi s6 hang thuoc .
Dé cho (u,),50 kha t6ng, diéu kién cén va di 1a chudi Zu,, hoi t,

n=0
va véi diéu kién dé thi: z Z

nel
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Chitng minh:
Véip e t1* taky hieu Jp =10,...,p). Theo Ménh d¢ 1, (u,),50kh téng khi vi chi

khi day Z w, |, tic 1 day [iun] , bi chin trén, diéu kién ndy theo bd
nEJP pal =0 p2l

dé co ban vé che chudi v6i s6 hang 2 0, tuong duong véi didu kien 12 chudi
Zu,, hoi tu. Hon nita, véi cdc diéu kién d6 thi theo Ménh dé 1:

nz0
Zun = ljg[iu,,]: i”" .

neld LEN n=0

2) Truong hop cdc ddy véi s6 hang thuoc 7.

¢ Dinhnghiat Mot day (u,),0 v6i s6 hang thuoe I duoe goi 1a
kha tong khi va chi khi day (|u,, ), kha téng.

Nhdn xét,

Theo 1), Ménh dé 1, dBy (u, ),0khé 16ng khi va chi khi chudi Y u, hoi 1y tuyét
>}

d6i.

¢ Dinhnghia2 Cho ddy (u,),,q12 mot ddy véi s6 hang thudc [T,
kha téng. Téng cia (x,),5q, ky hiéu 1a Z i, , 14 phén tir cia I cho

nelN
+a0
béi: Z u, = Zun .
nelN n=0

¢ | Ménhdé Choday (u,),!2 mot diy véi s6 hang thudc I , kha
téng. Véimoi diy ting (J)) pen+nhiing bo phan hitu han cha 11 ma

hop béng i1, ta cé: Zu,, = lim z ",

nel \nefp

Chuing minh:

+3
Cho > 0. Do Z|:¢n| hot tu nén tén tai 1, € 17 sao cho: Z ]u,,l <e

nz0 n=rig+1
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V‘l(fp)pENt ting va vi U Jp =11, nén tén tai p, € [ ™ suo cho: {0,1,...1,) © J’.,,O .
peli*
Khi d6 véi moi p thudc [ ta c6:

oo
PZp, = JPOCJP:> [ Zun— Z.“” |S Z Ian| <E,

neM ned, n=ng +!
va cudi ciing ta c6: Z H, — Zu,, .
ned, e nel

Nhgn xér:

Su hoi tu giao hodn

Nhv ching ta s& thdy mot cch tng quét hon trong 3.4.2, 2), He qua, ba tinh chat
sau day timg doi mot tuong duong véi nhau, v8i moi diy (1, )ym0 Vi 86 hang thude

E:
(1) (4,) 0 kha téng
(i) V&imoisong dnh @ : 17 — 17, chudi Z“‘?’{") hoi u tuyét doi.
n=0
(i) Tdn tai mot song dnh @ : 11 — i sao cho chuéiz%(”) héi tu tuyét
a0
dai.
Hon nita, néu (i), (ii) hay (iii) duge thda man, thi v6i moi song dnh @iV —17:
a0
I
nel p=0

3) Khong gian ¢ 1)

¢ | Ménh dé- Dinhnghia Tap hop £'(I7) céc day (4,) 150 V6i phén
th trong I, kha téng, 1A mét ["kgv, va anh xa
N: > R

{uﬂ )1120 = iu"[
nefy]

12 mot chudn tén F-kgv dd.

N&u khong thé nhim 1an giita I, - ,va O, thi ta o6 thé vist £ thay vi £ l(ﬂ:)‘

Chiing minh: )
e ' vaoe £ doas L 2o,
» Chou=(u,)mpe L), v= (nso € L1,
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Khi dé Z(u,, +v,)hoi ta tuyet d6i, dodé u+ve £} va:

nzl)
+o 40
Ni@+v) = z |H,, +V,,| = Z}un +""n| SZQ“H["’J"H[) =
nelN =0 n=0
+o0 +o ’
= Z|“5I+Z|vn| = Zl“n]"‘ ZF"'nl =N+ Ny
n=0} n=0 nel nel

o Choaell ,u= (i,)ppe ¢!

Khi d6 Zau,, hoi ty tuyét d6i, do d6 au € £, va:

n=0
oo a0
Ni(ou) = Z|au,,| = Z|au,,[ = |a|Z]un| =la| NG
nei n=() n=0

S
o Néuruy= ()0 € L I théa mén : Ny() =0, thi Z!&"l =0,dods;
n=0

(Vnell,u, =0), u=0.
Xem thém 3.3.2, Nhdn xét.

4) Khong gian {307

¢ Dinhnghia Mot day (u,),0thudc I duge goi 12 binh phuong
kha tong khi va chi khi ddy (42),.¢ kha téng.

Nhu vy (4, )50 12 binh phuong kha téng khi va chi khi chudi qu,, |2 hoi tu.
. nz0
4| Ménh dé-Binh nghia Taphop £ (IY) chc diy (x,),sq v6i
phén tit trong 7, binh phuong khi téng, 14 mot I-kgv, va 4nh xa
@) - Z Zvn 12 mgt tich v6 huéng trén ¥ -kgv d9.
neN
Ta kg higu chudn lien ket 1a N (hay | . |, ):

Vue L3(7), Nz(u)={2[un|z] :

nel

Néu khong thé nham IAn gifta ™, 7 va 7, thi 1a c6 thé viét £ thay cho £2(D0),
Cluing minh:

e P KN vioetldods i

[ IR
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o Chou= ()06 L2 v=(v)pep€ £ Diy (u,v,),s0 kh tdng vi:

¥n e I, |u,v,

= Jalll = Sl -

Két qué trén ching td ring dnh xa ¢: £2x £> i d4 duge xdc dinh ding din.

V) v
H H

Al
o Chou= ()0 L5 v=()pmoe £ Tacs:
Ynell |“n +vn|2£ (lun]ﬁ-lvnl)z: |un |2 + 2|u”||vn| +1vn|2
P ¢ G b S N O 4 N N P
2
vay: u+vel”

» Rorngring Vael ,Vue L2, quet®
¢ D& dang chitng minh duge cdc tinh chét sau day:

- Vulv € £2‘ ‘p(v$u) = go( i, V)

- Vael, Vu,v,we L2 @ 4, cv + w) = apl 1,V) + @ 1,w)
- vuel? pluu)>0

“Yuel? (((u)=0 = u=0)
Xem them C3. 6.
|

Nhdn xét:

Tacé L' c £2i néu (1, ) nepy khd t8ng, thi #,, — 0, do dé ké tir mét hang nhét dinh
o

58 c6: luy|< 1, suy ra et | S |ua| » v@ nbur the (|u,,|2),,EN kha téng.

3.3.5 Chuéi dan dau

Trong § 3.3.5 ndy cdc chudi dugc xét déu ¢6 s6 hang thuc.

4 Dinh nghia Mot chudi Zun v6i s6 hang thuc duge goi la chudi

nz0
dan diuw khi va chi khi:
Vneilu,= (~l)ﬂ |un|
hay

Vnel,u,=—1)" lu,l.

R& rang trudng hop nay cé thé quy vé trudng hop kia bing cdch xét cic s6 dai.
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¢ | PBinhly (Dinh 1y dac biét cho mot s6 chudi dan diu (Bldbcdd)

Cho > u, 12 mot chubi v6i s6 hang thuc.

az0
)
Zu,, dan dfu

nz0
Néu: «Jun -0 , thi Zun héi .
i)
. n=0
('un‘)nEN giam
Ching mink:  Gid thiét ching han: V€11, u,=(-1)" |u,|.

Fi

KyhieuS, = Y u 1atén riéng thi n, v6i n € 1. Vi moi thugc 17 ta cs;
Y n k & P

k=0
. Szp+2 ‘_Szp =|'J2p+1 +£{2p+2 =—|u2p+]'+]uzp+2150
* Sope3 = Sapt Shopes Yy, = ‘“zpu - “2p+3' 20
. Sﬁpfl '_SZp Sy o 0

Pw
Céc ket qud tren chiimg 1o ting cdc diy Saphperr v (S2p+1)pe 1+ k€ nhau (xem Tap 1,
3.2.2, Binh nghia), do d6 hoi ty va ¢6 cling mot gi6i han. T d6 suy ra (xem Tap 1,

3.3, Ménh dé 2) riing (S,),¢,; hoi tu, tic I3 Zu,, hoi my.

a2

Thidy: Chuéi dan d4u Riemann, E 1) ,v8ice F ¢f dinh.
a
nzl P
-n"

na

D Néu o <0 thi 7> 0, vy chudi d6 phan ky the.
Jeo

— n *
2)Néu 0 < q <1 thi ZQ_ khong hoi tu tuyet d6i (vi ring Z-‘- phan
w1 pek
k). nhung lai hoi tu theo Dldbedd, do d6 bén hoi .

n
3)Néu o> 1 thi Zil hoi tu tuyét di.

o
nzl

3
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Bai tap
0 3.3.9 X4c dinh loai cita cdc chudi v&i s6 hang 1éng quat 1a
(-n" n —(len) .
a) b) (-1)"n , ael
afn
" 1]
n 1 (-1 1
) (-1} exp|—-» — dy ——» =
) D p[ RJ ) In{n!) k
k=1 k=1
(__ )"
\/_—d.f ae R,
-{ 1+ *
0 3.3.10 Vai nel™ taky hiew:
- néu # 1a binh phuong ciia mot s6 nguyén
n
fy, = ”
Ve s lai
n

L, N NN SREDT
Chiing minh ring Zu,, hoi e vic: 4y = Z_2+Z Z .
nil

n
n=} =1 7
O 3.

3311 Cho (ay), 2 ¢ 1 médtchubdi thyc gidm va c6 giti han 0, va véi moi » thude

n

=

n=1 "

Houy=(-1) a,val,= Zu,‘ . Chitng minh ring Za,'f héi tu khi va chi khi

k=0
zuﬁU,, hot ty.

[

3.3.6 Thi du vé viéc sit dung mét khai trién tiém can

Trong nhiéu thi du vé& viéc xdc dinh loai ciia mot chudi dan ddu Z , trong 46

e, |

n=0

con ¢d chra (-1)}I beén trong”, nén Pldbedd khong 4p dung duge, vi 18
{ |u” | dp 2 ¢ €6 the khong giam. Khi d6 ta ¢6 thé thit sir dung mot céch khai tridn
tiém c4n #, khi 7 ddn dén v ciing (1heo mot thang bac mi ta cén xdc dinh)
1
Thi du: Xdc dinh loai ca chubi T )y
nz2 \/_ +{(- 1)
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Ao 1)

(-1" (-n" ( "
Ta c6: =
Jn+(=1” [ Jn ]
3;2)

ban hoi tu
1
. — han ky
SL s
1]
1 . ..
- ZO(H?’T) hﬁl tl.l Iuyét don.
"

Ta két ludn ring chudi dang xét phan ky.
_l A . L — N
Nhu thé H o b” , tuy ring hai chudi Z ) va (-1
Jr+D" mo Jn -1y
thude hai loai khic nhau. K&t qua trén ching to ring dgnh ¥ tueng duong cia céc

chudi v6i s6 hang thuoe ., (3.2.2, Dinh 1§ 3) khong thé dp dung cho céc chudi véi
6 hang thue vi ¢ dfu thay d6i. [

=( +O

-1

Néu trong khai trién tiém c4n ma o hay O khong ap dung d6i véi s6 hang téng quit
ciia mot chudi hoi tu tuyét d6i, thi 1a s& thir nhom cdc o hay O d6 véi mdt sé hang
khiéc, sd hang nay phai c6 ddu cd dinh, nhim dp dung dinh Iy vé chudi tvong duong.

, - L ("
Thidu: Xicdinh loat cha: _ .
=~ Inn+(-1"
1y 11 - i
Ta c6: l ={ Iy 1_( ) +0[L]
Inn+(-1)" lnn lnn Inn

= (—1)" + L +o ! .
Inn {ln n)2 {In n)2

n
EV i o (Dldbedd)

Inn

1 1 1 1
- - +o ~ - <0 va E - phin ky, do d6
(Inny? [(ln n)? ] mo  (Inn)? (Inny*

1 1
E - +o han ky.
- [ (Inn)® [(hm)2 D Py

Cudi cing ta k&1 ludn ring chubi dang xét phan k.

21-GTTT3-GT3



14 Chuong3 Chudi

Bai tap

Q 3.312 Xéc dinh loai ciia chc chudi cd s hang dng quat 1a:

2) -1 b) (-1
Jn+ (1" P’
-y -
¢) e —— H—
203 1y )n+(—1)"\ﬁx_+_l
Ly 2
&) (_])"( r-_n+ —J;} f (-D"In(r++a® +1)
\Ll+2
ae . { m¥l - 1
-1)" Arcs h ;—
8 b rcmn[n2+3) ) \[r_: cosn
1 J;sin—\}—-
i} (-1 Ynsin— 3 (1) =
" b} ) orcly
x |
" o "““[I*;]
Ky ————— D (-1)
} COSH+H3"4 { "
o) 1) In n(n+ 2) ) (~1)
n-n+l n-lnn
= " -H*Y
o —D i 0 & 1} Yn
(lnn+(—l)") nn
-0 )"
s+ (~1)" in(nn) J_ Inn+{=1)°

8) (-—U"[[Hl] *e“] 1) (—1)"((“—1-2-] —1}
n n
n 1 3 nlnn
w (=57 (n+ur1 = n" v) Inf 1+(~1)" —
hn

™

,:_IJ x) sin(zgm]
) sin{(H(—l)ﬂJ;)“l] 2 ln(1+( -1y’ ]

W} cos[ﬁnzln

n

“_t(_L)_@i‘. N s

. (ah) e R b')/——r—=\
a+(-1)" Jn+b N

Er-
&y ("R j dv.ac i

N

x{x+1)
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e_“n

¢ 3.3.13 Cho (), > pladiyxdcdinhbdi wge RyvaiVaell, uyy = 1
n

Xée djnh loai ciia chudi Z(- V', .
nz0
3.3.7 So sanh mot chuéi véi mot tich phan
1) Nghién cieu so b6 mit ham don diéu

a) Truomg hop mét ham gigm

¢! Ménhdé Chongell,f:[ng;+w[>E 1amoét4nh xalién tyc
timg khic va giam. Véi moi (p, q) thude N? sao cho nps<p<qta

c6: q]lf < i fk)< (]‘f.
P

p+l =p+1

Chiing minh.:
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Dofgidmnéntacs: Vkzng,Vx e [k k+1], fik+1) <Rx) < flb),

k+l
suy ra: Vkzng, fk+])< If(x)dx < fik),
k
k+1
hay ciing 1a: Yk>ng, If-(f(k) 4 Jf
k-1
q+l q q
L4y téng v6i k tir p+1 dén g, ta duoc: I f< z U< I f. u
p+1 k:p+l r
Thi du:
Trudng hep riéng, khi dp dung Ménh dé 1 cho f: [1 ; +o [> T, ta duoc:
X b= —
x
n+l n 1 n 1 n
Vnell* J.—-< Z_ vi —SFdx
x k k X
1 k=1 k=2 1

n
Nhrth€tasuyra(viln{n+l) ~Innval+loan ~Inn): Zl ~ In .

neo heo 760
k=1

Duéi day ching ta s€ x4c dinh thém két qua nay bang hing s& Euler y.

¢ Héqua Chongel,f:[ng;+wo [, lién tuc timg khdc va giam.

Chubi Z F(n) héi tu khi va chi khi 4nh xa f kha tich trén [ng; + o,

nzng
v v6i diéu kién d6 thi ta cé:
+00 oo +o0
Vn2ng, If <Y fis If
n+l k=n+l n

Chimg minh:
1) Gia thiét f kha tich trén {ng ; +0 [. Theo Ménh dé 1:

Yn>ng, Z fs jf‘: If

k=np+t

két qua d6 chimg 16, theo b dé ham troi, ring chudi Z f(n) héi tu. Hon nira, theo
ﬂzﬂo
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b E

Ménh d¢, v6i mai (n, g) sao cho: ny < n < q, ta c6:
g+l

[r<3 rws qu,
n+i k=n+} n

tir 46 bing céch cho g dén ra v6 cling (véi n ¢6 dinh), ta dugc:

0 +0 o0
[r=3 rws |1
n+l k=n+1 n
)H
y=fx)
o n, n-1 n n+l ' x

2) Dio lai, gid thiét Z F(n) hoi tw.

nzHy
Theo Ménh d€ va do £ 0 nén ta cé:

M7
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a+l

n Rl
Vnzng. Ifs > s Y sw,
g+l k=ng+1 k=np+1

va nhu vy (xem 2.5.1, 3), Ménh dé 1), f kha tich trén [nq; + [.
b) Truong hop mét ham tang

4| Ménhdé Chongel4,f:[ng;+o [ 1amét dnh xa lien tyc ting
khiic va ting. Véi moi (p, ¢) thude N? sao cho ng < p < qtaco:

4] q q+1
fs Y fs j I
P k=p+l p+1

Chiing minh:
Ap dung Ménh dé & a) cho ham - f.

o ny p p+! g x

o ny pti g g+l x

Thidu: Khi 4p dung Ménh ¢4 uén chof: [l;wo[ - R taduge:

x = Inx
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n+l

Vnz2, jlnxdx SZlnkS jlnxcu
k=2

ticla:  Vn22, nlnn-n+1< Zln}zs(n+l)ln(n+1)-n-2ln2+1,
k=2

n
suy 1a; Zlnk ~ nlnn tic 1a: In(n!) ~ ninn .
o

o

2) Truomg hop mét ham gidm voi gid tri thuge R,
Chof: [0; +0 [-> R Fién tuc timg khiic, > 0, gidm. Vi moi n thuéc 1%, ky hieu:

= j fyde - fim.
-1

Do fgidm néntacd: Vn e MN* Vi e [n-1;r], fin) £ ity <fin-1),

suy ra: Vn e I'l*, M= If(r) dt =fin-1),
-1
vado d6: Ynell*, 0 2w, <fin-1)-fin)
Két qud trén chilng to ring chudi an c6 cdc s8 hang 2 0, vd ring v6i moi N

n20
thudc I3* thi:

N N
D W Y (F-D - f) =R0) - AN) <O).

r=1 n=l
Theo b6 4 co bin ta k&t lugn chudi Zw,, hoi tu.

nz0
Hon nita v&i moi N thuOc H*:

N n N
PR jf(:)dr Y fey = jf(:)m Zf(n)
n={

n=l p..| n=1 n=1
N
Do chudi Zw,, hoi tu, nén suy ra diy If(r)dt “hoi ty khi va chi khi chudi
nzl 0

Zf(n) hoi tu.

* Néuf khatich trén [0 ; +oo [, thi I fd: > [, vado d6 chudi
N of0;+oo]

NeN+*
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D £ hoita.
nxl

a
* DPiolai, gid thiét chudi Z fF(n) hoitu, Khi d6 chudi (J.f } hdi ty, do
0 0 JueN

"
46 bj chan trén; t6n i M ¢ R,saocho: VneN, If =M
0
Nhy vay ([0; n]),e5q 12 mot ddy ting nhiing doan m3 hop bing [0 ; 4<o [,va thda
mén:

VnelN, _[ Fs M.
[0;n)
Theo 252, 1), Ménh d8 2, fkha tich trén {0; 40|,
Ta tém tit k&t qua khio sét.

¢! Dinhly Chof:[0; +w [ R 13 mot 4nh xa lien tuc timg khic, 2 0,
n
gidm. Vi moi n thuge ¥, ta ky higu: w, = I £(&) dt - fn). Khi dé:
n—1
1) Chubi Zw,, hoi tu.

nzl

2) f khi tich trén [0 ; 4o { khi vA chi khi chud Z F(n)hoi tu.

nzl

3) Néu f kha tich trén [0 ; +o0 [hay néu chudi Z F(n)hoi ty thi:
nzl

EW,F I f- if(n)-

n=1 [O;+o0f n=1

Thidy: Hing s6 Euler y

Xét f:[l;+o[ =/, vénlien tuc, 2 0, gidm.
= -1-
H

A
Vi moi n thuge 1%, ky hiew:  w, = I £ dt - fin).
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Vé&i mei # thude 11~ 0,1} ta c6:

n n n n
ZW&: -di—zltl'l-lﬂﬂ‘—zl.
k=2 d k=2k k:lk

H

Mit khéc, theo dinh If trén day, chubi Z w,, hoi tu.
nz2

"
Do vay day [lnn —Zwk] ¢6 gidi han hitu han, k¥ hiéu 13 3, va duoc goi 12 hing
nxl

k=1
53 Euler.
1
Nhir vay; —=lna+y+ o (1
2y D y+ o
a1 1
HUnnﬁa,v‘lZw,, =1-y vado véimgin 22 thiw, = kel —— =" -—,
1 n n—-1 n
n=2 n~1
— n 1
nén ta suy ra: =1- In -1,
y 4 Zz( n-1 n)
H=

S a2t

Mot gid tri gdn ding 1a: ¥ =~ 0, 577..

Hién nay (1997) ngudi ta vén chura bigt duge ring litu ¥ c6 phdi 12 mdt s8 hiu ty
khong. |

3) Trizng hop mét ham Idy gid tri thude I-
Cho f:[0; +o[ = lamoténhxgthuoclépcl sao cho £ khé tich trén [0 ; 4o,

R
Vé&i moi n thude 1 7, k¥ higu: w, = Jf(r)dt —fin).

n-1

Béang mot phép tich phan timg phén, ta dugc véi moi n thude TN+

= [(r—n+1)f(t)]ﬁ_l— I(:—n+l)f‘(r)dt - finy=- I(t—n+1)f‘(r)dx.

n-1 n-1

Hn b
suy ra: |wn| < I(t—n+1)|f‘{r)| dr j.lf'(t)ldt.
n—1 -1
Tir 46 ta suy ra moi n thudc 1*:

2
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Z‘,lwl <Y Ilf (o = Ilf o < | It

k=1 k-1 [Oi+on]

B4 dé co ban cho phép ta két lusin ring chudi Z w,, hoi w tuydt déi.

n=l

Hom nita, v6i moi # thudc I 1*: Zwk - If(:)dt - Z 7).
k=1

Dic bigt, néu f kha tich tren [0 ; +o [, thi If(r)clt - J- f, viy chudi
Fici

[0+
Z F(n) hoi tu, va: iwﬂ = j f - i fn).
nzl =1 [O:ee] n=1

Ta tém tit két qua khao sat:

4 | Dinhly Cho f:[0;+o[—> [ 1amét dnh xa thude 16p ! sao
cho f* kha tich trén [Q ; +o0 [ Véi moir thude I1* , ta ky higu:

= I £y dr - fin).
n-1

Khi dé:

1) Chudi Zw,, hoi tu tnyét d6i.

nzl

2) Néu c6 thém diéu kién £ kha tich én [0 ; +<o0 [ , thi chudi Z £(n)

o o0 "
hoi tu vA: zw,, = [ - Z Fn.

4) Céng thirc Stirling

. i

Anh xa f: [l;+oo[ — R thudc lép CI trén [1 ; + [; tuy nhién, do f7: 1 1> 7
' ~

khong kha tich trén [1 ; + [, nén ta khong the dp dung tryc ticp Pinh Iy & 3).

n
Véi n 22, ky hidu: Wy = Ilnrdt - Inn.

-
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Nhu the véi mei n = 2, ta cé:

n n n
D= Jlm dt = " Ink=nlon = + 1- In(at)
k=2 1 k=2

n
Cing nhu & 3}, ta ¢6 v6i mei n 2 2 wn=—' ‘[(r—n+1)£dr.
t

n-1

rdi bing mot phép tich phan timg phén:

o [(_y} I(r_y_n_ﬁdr__wl__ ! e dar

n-1
g 1
Taky hieuvéin 2 2: Xp = J‘(f“n+1)2—5dr
n—1 d
1 11 1 1
Do OﬁanI—dtt———= ~—_
I n~1 n (n-Dn me 2

nén chudi Zx,, hoi .
n=2 '

St dung hang s6 Euler y ta duoc:

In(ny=nlpp — n+1+

-

=2 k=2

o0
1
=nlnn - n+5lnn+5 l+y+§xk]+ o (1).

+oo
Nhut the, véi ky hitu K= = [1+y+2xk], ta c6:
k=2

In(n!) = nlnn — n+llnn+K+ o (1),
2 neo

n —n . n n
suy ra: nl=ne Jnekt W welr o~ 2% " Jn oK.
A

Bé xdc dinh K, ngudi ta sit dung céc tich phan Wallis (xem Tap 1, 6.4.4, Thi du 1):

z
2
Ky hi¢u 7, = Isin"xdr , taduge v&i moi p thude I¥:
0
_@p) & @’ p?
Iy, = va [ =
2 (7 p 1)2 2 2p+l Cp+1)

T ﬂ'

suy ra: I —_—
d ot G e

323
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vatrdé di danget: [, [,y ~ ——.
o 2n

Mat khéc thi: Vn € I, I,y <1, < I,

suy ra: Vn e [*, 1,,!,,_,_1 S Sdplyy

Do !IHN—HVAI_II 5 , 12 suy ra: Izm;—n,

18i sau d6: [, , , (Cong thirc Wallis)
ﬂ,

ez @pYPe\f2peX 1 &

Nhimg: Iy, =

i @ P2 pe (pPe? JpeK)? 2 JapeX
nén: c =+2x.
Ta ké&t luan:

¢ | Binhly (Cong thiic Stirling)

ol
nl ~|— 2rn
mo\ e

Bai tap

¢ 3.3.14  Xic dinh loai ciia cc chudi sau day (c6 thé sit dung cong thic Stirling):

M £ N
a) a b) n_nle , aclk <) (2n)! , UE IR:_
ale” n+1)" ma"n"
a_bn n
B o CN G (2’2')'.
((2n¥)° 4" (n!)

2
" '
¢ 3345 Xicdinh |im(1+i] n_
ne r) n'Jn

- x— _1_ - E(x}
0 3346 Khio sét sy t6n tai va tinh tich phan: _|' —2 g
X
1
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3.3.8 Khao sat gia tri chia tdng clia mot chubi

V6i mot chubi zu,, cho trudc ma ta gia thi& hoi tu, muc tidu cta §3.3.8 nay Ia
n=

. )

tinh Z“" (n€u c6 thé), hodc 12 fim ra mot xap xi tiém can hay x3p xi bing s cia
=0

téng do.

I} Tinh ding tong ciia mét chudi

Phép tinh diing ndy ft khi thyc hién duge. Ta co thé thir cic phuong phép sau day:
e quy vé nhimg chudi ma ta di bict tdng: chudi liy thira, cic chudi nguyén
théng thudng (xem Tap 4, chuong 5), céc chudi Fourier (xem T4p 4, chuong 6).

o vi¢t s6 hang t9ng quédt dudi mot dang cho phép tinh cdc t8ng rieng bang
cdch tinh ddn timg b phan (xem b) dudi day).

a) Chudi lity thita
Chidng ta nhac lai (xem 3.2.4, 1)) rang, v6i moi z thuéc C sao cho |z] < 1, chudi
+a
n : . " _ L

nhan Zz hoituva: Zz =15

=0 =0
b) Chuéi khu chéo duoc
Gia thiét ring s& hang t6ng quét u,, clia chudi Zun (ma ta mudn tinh tng)

nz0

¢6 thé viét duéi dang: Up = dpy- Ay s

trong d6 (a,), ey 12 mot ddy ¢6 gidi han hiru han / da biét. Vi:

VneN, Zuk = (al- ao) + (02- al) +..+ (an+1- an) = Apel- 20

k=0
+20
nén ta suy ra: Zu,, =l-ag.
n=0
Thidu: 1)Tinh
! ) Z n{n+ l)
fi=l
Do: Vn € N*, R ,
nn+l) n n+l
) S| 1
nén ta cé: n e N¥, =1-

— kk+1) n+l’
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s
va do d6: ;n(HD =1

2n

4

+e0
2) Tinh ZArctan e
n +xa +

n=0
Chd ¥ ring n4+n2+2=1+(n2+n+1)-(n2-n+l),tasuyra:
2n (n2+n+1)—(n2—n+l)

Arctan —————— = Arctan 3
no+nc+2 1+(n

+n+ 2 —ael)

= Arctan(n2 +n+1)- Arctam(n2 -n+1)

= Arctan((n+l)2- (n+1)+1)- zﬂ\rct.'cm(w2 -n+ 1),

1]
va do dé: ZArctan = Arctan(ﬂz +r+1)- Arctanl — T r_z ,
ke w2 4 4
k=0
<~ 2 F:3
tir ¢6 ¢6 két qua cudi ciing: Arctan - nz =—.
—0 no+n°+2 4

c) Tong qudt héa cdc chudi khi; chéo dupc
C6 thé xay ra trudng hop uy, c6 thé viét thanh t8ng cha nhidu s6 hang (s6 céc s6 hang

n
nay khong phu thudc n) sao cho sau khi gidn ude thi trong 1y, ta c6 thé chuyén
g {3 Y

k=0
qua gi6i han khi » ddn d&n v0 ciing.

Thi du:

Khao sét tinh hoi tu va tinh téng cha chudi Z u, , trong dé:
nz2

up= -1+ ) *-22%, v6i @ € o6 dinh.
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Nhur thé ta duge:
n 1 24
Du = 1-2% a%@mn® = 1 -2“+n“[(“;) “1]

k=2
74 174 d + 1 o ] -1
= 1-27+2 0 7 %G = 2%k an” ron),

L]
Két qua nay chiing to rﬁngZuk ¢6 gidi han hitu han khi » d4n dén vo cing khi va
k=2
chikh a<1.

Cubi ciing ta thay Zu,, hoi tu khi va chi khi @ < 1, va khi d6 thi:

n>2
i _}J1-2% nfua<l1
Hn = .
0 nfua=1
n=2

Ta ¢6 thé nhén xét réing thi du dua ra chinh 13 mét chudi ¢é thé khit chéo dugc, vi 18:
¥4 74 o
uy = (1) -0 - (- 1) T,

Bai tap

¢ 3.3.17 Ching minh tinh hoi ty va tinh (dng cha cdc chudi sau day:
0 Y x"cosnd va D x'simnf, (66 € FLIXT

rz0 nz0
b) Zx"chnﬂ vh Zx"shnﬂ, (x,é'}e]thhéa man |x]e!® <1
nz0 nz0
cosnx sin nx
c} — xeR thdéamin |2eosxc| > 1
;2%05 X §Z"cos"x
shnx *
d) vh . xelR
; 2%ch"x - ; 27ch™x
o Z (a1t a Z1+Jn'+ 1-2Jn
(Inr)(In{n+2)) ’ v qrtl
E +1)-E
9y " (n+1)-E(n)
= nn+d +(n+1)J; i n

. a
}] Arctan———————=,aeE ) Arctan————
Z 1+a’n +a’n® z nt 20+ 5
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1 1 *
* R maa e I —_————— aell
0 Zzo at(n? +n? +1) ) z shnash(n+1)a
M,
m —_——, ae€k* 1) ., z €T théa min 1z|¢1
) échna.ch(n+l)a ; 27
7" .
o) —_— —zeC thoaman|z|(i
Z}(l—z")(l-z’”‘)
D" 3 1 n 3
) Z?—ms 3"9).0e E q) Z sin*(3"8) , fel
nz0 rrzﬂ
x . 1 x _E =
9] 23" h3 xe® s) 2_"tan2_"‘ xe } 2,5{
r20 =0
1) Zln[Zch——l] xek u) Zm(achzin—zchin-l], xel.
20 nz0 2 2

0 3348 Cho(ab)e (R} )> Khio sit tinh hoi tu v tinh éng (khi chudi

Hzp = apbp
hoi ty) eiia chudi Zu,, trong dé:  ¥p e 17, o
2l Wpr = a’b¥

0 3.3.1% Chimg minh ring, v6i moi x thuée R, , ta cé:

a)i( 1 + ! - L ]—mz
x+2n+1 x+2n x+n

1 1
b -— =
z({x+ el (x+2m? (x4 n}z]

¢ 3.3.20 Choxeil*. !-l; n € I*}. Ching minh ring chudi
n

H
nzm (x+D2x+D..{nx+1}
hoi wy v tinh tdng cda chudi dé.

f " n
0 3321 Tk Z i tinh lim iz L
(J‘c 2) Ao | 3 pas k(k+2)
= + 2%
¢ 3.3.22  Chimg minh: Vie [*, ZE{%EI_) =n
k=0
i 2n+]
) 3.3.23  a) Vi ne I, giai phuong trinh (—-—) =1, véidnze T,
24§
kz _ n(2n-1)

+o0
b) Suy ra: Yne 11%, Zcotan2

o~ 2n+1 3
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c) Chitng minh: Yue ]|0; % {. cotanzu < -1-2- <1+ cotanzu.
u
= 1 72
d) Két luan ring: 21"_2 =
=

2) Ubc lugng phdn du ciia mét chudi hoéi tu

B +ad
Cho Zu,, 1a mot chudi hoi ty, R, = z i 12 phéin dur cfip . Muc dich & day 12
n20 k=n+] '

thu dugc mét u6e lugng cé ich cha R, hoac 12 m¢t dai hrgng tuong duong véi R,
khi n ddn dén v6 cing.

a) So sénh chudi-tich phin

Néu tén tai npe I vd mot 4nh xa f: [ng; +o0 [ F. lién tyc timg khic va gidm sao
cho: (Vnzng, u,=fin),
thi ta ¢6 thé 4p dung cich so sdnh chuéi tich phan, s& cho:

Wn = g, If<2f(k) < _[f

a+l k=n+tl
Thi dy:

Choae]l;+w[;vix = --1-- lien tuc va gidm trén [1; + oo [ nén ta duge:

L fax
Vnal, I—SR _[—,
xa

n+l
. 1 1
tifc fa: VYaz1, ————l—SR,,S—,,
(a-D(n+D*" (-
VA suy ra; R, 1

mo (g —-1)n%" -1

b) Chudi cé thé so sdnh véi mot chudi lity thira

Gia thi€t ring (vn € M, u,, > 0) va3n tai A € [0; 1] vd Ne H sao cho:

Va 2N, 0< 2ot <;
u.”i

N . -N
Bing c4ch nhén cdc bt ding thite, tasuy ra; Vu> N, 0« iy < 2 upy

22-GTTT3-GT3
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o)
N 40 A_N-H n
i: vn 2N, 0<R,= £\ k= unh
n Z 14 i Z A .y N
k=n+l k=n+l

hac RN |
Thidy: Tich mot gif tri gin diing v6i 46 chinh x4c 10°° ca Z[u S"‘”] _
n
n=1

. -1
1 . ,
e Do [2+ Slm} - E’ nén ta tinh, ching han, mot s6 nguyén N thoa

n oo

-1
man; ¥nzN, 00« (2 —sﬂﬁ] <0,6.
n

-1
Dé c6 dugc vdc lugng d6 chi cin [2—%} <0,6,tfclaN23.
o Nhuthd véimoinz2tach
+o0 00 1
sink £ _ 06" n
0 < 2+— 0,6 =25.0086) .
Z ( k J Z ( ) 1-0,6 ©.6)
k=n+1 k=n+l

Nhuvidydéeé O < R, < —12~.10'6, thi chi céin 2,5.(0,6)J'i <% .10'6, tic larn 2 3L
- 1 .6
Néi riéng: 0 <Ry« 5.10 .
e V& mdy tinh bé tdi ta duge:

31
S31 =Z[2+E‘l":ﬁ] ~ 0,809509, véi 46 chinh x4c t6i %.10“’.
k=1

-
o Takét luan: Z[z +i‘£’£) ~0,809509, véi 49 chinh x4c t6i %.10‘6.

n=l

¢) Cdc chubi cé thé ép dung Pldbedd

Gié thiét ring c6 thé &p dung Didbedd (xem 3.3.5) cho Zu,, , thic I
nz
> 4y 12 chubi dan diu

n2(
u, =0
o

(lun DREN glc':.lm

" +a0
Chiing ta d thdy (3.3.5) ring khi 46 v6i moi n thude N, téng § = Zuk bao ham
k=0
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gilia cdc téng rigng S, va 5,1, suy ra: |Rn| = |S-Sn| < |Sn+1-Sn| = |un+]l .

{Rnl

—

Sx S ! Snti

lsp 41l

Nhu vy ta ¢ thu duge Ménh dé sau day:

®| Ménhdé Neéuco thé dp dung Pldbedd cho chubi thye > u, thi
nz0
VHEN, !Rnlslun+1i9
460
trong d6 R, = Z uy, 12 phén du cp n.
k=n+1

Thidu: Choo € R: ¢6 dinh. Vi c6 thé 4p dung DPldbedd cho chudi Riemann dan

ol

] k
diu 2( 2 ,héntacd: Vnell, Z ( L) < ! .
n2] n k=n+1 k (n+1}a
Nhdn xét:

Ta ciing s& 4p dung Ménh dé trén dé chimg minh tinh héi w déu ciia mot s6 chudi
ham nhit dinh (xem Tap 4, 4.2.1, Thi du, 4)) .

Bai tap

¢ 3.3.24 Tioh céc gidi han:

1
oo  2inn 10k finin ey
a) lim{zi] b) lim Z( b

3
" k=n+] k
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3.3.9 Cong cic hé thitc so sdnh

Nén so sénh §3.3.9 ndy véi §2.5.3 vé viée tich phan cic hé thic so sénh (xem thém

bai tap 3.3.25).
Trong su6t §3.3.9 nay, E s& chi mot khong gian Banach. Trong ldn doc ddu tién vi

theo diing chuong trinh, c6 thé chi gidi han vio trudng hop £ = K.

1) Truong hop cdc chudi héi tu
4, Manhdé1

Cho Zuﬂ 12 mot chudi c6 cdc s6 hang thude £, Zv" 12 mot chudi
nz0 : nzl

véi s6 hang thuc.

vnelN, v, =0 Zu” hai ty

n20

Né&u Zvn hoity thi o oo .

nzl z U, =0 Z Vi

H,=0 (V") k=n+l e k=n+l

e
Chitng minh:

Cho £>0.Vi u,= 0 (v,)nénténtai N € 1l théamin: Vu 2N, |u,| < &,
o

Theo dinh 1§ ham trdi, Z 4, hoi 1y tuyét d6i, do d6 hoi ty (vi £ 11 Khong gian di,
>N

xem 3.3.2, Dinh 1¥) va véi moi n thude 171 sao chon 2 N:
+0 +0 +0 -+e0
Sl « Sl s Yew = e m
k=n+1 k=n+1 k=n+1 k=n+1

4+ +aC
chitng t6 ring : Z w = &[ Z "k]-

k=n+l k=n+l1

¢ Ménhdé2

Cho Zu” I mot chudi ¢ cic s6 hang thuge E, Zvn 1a mot chudi
nz=0 nz0

véi sé hang thuc.
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vneN, v,20 2t oty
nz0
Néu 1 Zvn hoity ,  thi { e oo
n=0 Z iy = O Z Vi
u, = 0(v,) k=n+l1 PO\ k=ntl
L neo

Chitng minh: Tuong W nhu phép chimg minh Ménh dé 1.

¢ Ménh dé 3
Cho Zun va Zvn 12 hai chudi v&i s6 hang thye.
nz=0 nz0
VneN, v,20 Zu" hoi ty
nz0
Néu - Zvn hoim thi D 0 .
n2 Z Hy ~ Z Vi
Uy ™~ Vg kmnrl | ket
H©
Chiing minh:
oo +o
By ~ ¥y & Wy-Vp=0(,) = Z Gy -v)= o z 1
R©C ho e
k=n+1 k=n+l
+30 oo 0 -4+00 bl
=S - = ~ .
$u-Su-o[Su]= Sus 5o
k=n+1 k=n+l k=n+1 k=n+l k=n+l
< |
Thi du: Tinh phdn chinh cla Z - khi n d4n dé&n vo cling,
r=nyt K +sink
<« 1 <« 1
C6 thé dp dung Ménh dé 2, do dé e —- . Mit khdc thi bang
2 K% +sink ™ 2 i

k=n+l k=n+l

[}

phuong phidp so sdnh chudi-tich phin, ta dugc:

M
~| -
52

= | =

-
1]
=
.l

1

va: g
k< +sink no

NI

a8~

k=n+1
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2) Truomg hop cdc chudi phéin ky
¢ Ménh dé 1
Cho Zun 12 mot chudi ¢ cdc s6 hang thuoc E, Zvn 12 mot chudi

nz0 n=0
véi s6 hang thuc.

VreN, v, 20 . .
Néu jzvn phanky,  thi uy = o[ vk}.
20 =0  "\i=0
u, = o(v,)
L Hoo

Chitng minh:
Cho £> 0. Virdng u, = o (v, )nénténtai N € Isaocho: Vn 2N, ”u,,” Zev,.
o

Cho n ENsaochon>N ta cé:

Z“k < Z"“k" + Z e |

k=0 k=N+1
k3
5 Z"uk" +£ Z vy = Z "uk" Evk + £ Q) v .
k=N+1 k=0
N n
Do Z("uk ||— sv,,.) di c6 dinh (khong phu thude »), va Wi sz‘vk — 4w {do
k=0 k=0 "

Z v, phan k¥ va 14y cdc s6 hang thudc I:, , nén t6n tai ¥y € I saocho Ny 2 N va

n=0
N n
thdu man: Vh 2Ny, Z(Huk ||~£vk) < SZW: ;
k=0 £=0
L] ]
Cu6i cing ta duge:  Vn zN, Zuk < ZEZVk
k=0 k=0

va do d6: iuk= o[ivk].
oo

k=0 k=0
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4| Ménhdé2

Cho Zun 12 mot chudi ¢6 céc s6 hang thude E, Zvn 1a mot chudi
nz0 nz0
v s6 hang thuc.

VneN, v, 20
i n
Néw {D'v, phanky, thi Y u=0|Y v
fylenl
nz0 k=0 k=0
u, = 0(v,)
oo

.

Chiing minh: Tuong w nhur phép ching minh Ménh dé 1.

¢, Menhdé3

Cho Zun , Zvn 1a hai chudi v6i s6 hang thyc.
nz0 nz0
VYneN, v,20
] n
Néx 1) v, phanky, thi D u ~ Do |
nz0 k=0 k=0 ’
Uy ~ ¥y

Chimg minh: Tuong ti nhu phép ching minh Ménh dé2 & 1).

L
Thi dy: Tinh phén chinh ciia Z\]k+(—l)Jt khi » ddn dén vo ciing.
k=1

n n
C6 thé 4p dung duge Menh dé 2, do dé: E Je+ (D ~ Z Jx .
o
k=1 k=1

Mat khéc, bing phuong phép so sénh chubi-tich phan (xem 3.3.7, 1), Thi du), ta

n 3

2 —_—

duge: ZJ; ~ =n2,
o mo 3

| SERF

it
2
va cudi cing la: z\fk+(—1)k ~ —n¢.
ymr mo 3



336 Chuong3 Chudi

Bai tap

¢ 3.3.25 Chitng minh ring ta c6 thé suy ra céc dinh [y v€ viéc cong cac hé thite so
sdnh déi véi cdc chudi (3.3.9) tir cdc dinh 1y arong img d6i véi céc tich phan (2.5.3)

bing cdch xétcc dnh xaf, g: [0: + o[ — Ehotic B xdc dinh bai:
H=
Ve M, ¥Vt ein n+l], {f{ )=y
gty =v,
¢ 3326 Cho Zu,, 12 mot chudi ¢6 céc s6 hang thugc R, vi vdin e IT*,

>3
”
Sp= Dy - Gik hi€iring > u, phan ky vau,, _, 0. V6i n i 16n 1a kg hieu:
k=1 nzl a0
1 < oy

™ - Ching minh: v, _, 1.

1 Sk nan

Vn=
L

Y 3.3.27 Cho Zu,, 14 mot chudi phan ky v6i s6 hang thuge R, saochou, _, 0.
n nw
" 1 M
Chiing mirh: Zu*sk v ES,E (trong dé S, = Z”‘E )
noo .
k=1 =t

[+
0 3.3.28 Xic dinh phén chinh (theo thang bac cdc n , & € ) khi » din dén vo

ciing cha u,, = Z .
1< rtq
pqsn
¢ 3329  Cho(uy)y>y.(v,) p>1 14 bai ddy véi céc s hang thude ]R:_ . V&i moi
" "
n thude 11, ta ky higu §,, = z:;k Ty = ka , vA gid thiet ring:
k=1 k=1

Tinh: lim =
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3.3.10 BG4 sung: nhém cic s6 hang

Céc chudi duge xét dén trong §3.3.10 nay déu c6 s6 hang thuée mot kgvde E.

Cho Zu;, 12 mot chudi vi & : N — N 11 mot ham trich, tic 13 mét 4nh xa tang

nz0
o(n+)-1
nghiém ngat. V6i moi n thuoc N , ky hieu v, = Z #g . Ta néi ting chudi
k=a{n)

Zv,, thu duge tir chudi Zu" biing cich nhém céc s6 hang. Cic v, thudng
nz{} nz0

dugc goi 1a cdc nhém, o(n+1) -o(n) goi 13 dé dai cda nhém vy, . .
O day ching ta quan t3m dén cdc mdi litn he c6 thé c6 giita loai clia cdc chudi

Zu,, v Ev,, , VA trong trudng hop hoi ty, thi ta chi § dén moi lien hé gifta chc
nz0 nz0

tdng cha chiing.
1) Mot diéu kién cdn
4| Ménhdé
402 +40
Néu Zu,, hoi tu, t.h‘lZv,1 hoi tu va: Zv,, = Z u .
n20 n20 =0} k=c(0)

Chiing minh: V6i moi N thudc N ta cé:

N N (o(at)-1 o(N+1)-1
30003 (3 e o8
n=0 - n=0\ k=o(n) E=a(0)

N
Két qua trén chimg t6 ring ddy {Zv,,] cfic téng rigng ciia chubi Zv,, duge
' NzD

n=0 nz
M
trich ra tir ddy z iy céc tng rieng cha chudi Z u , chinh diéu nay
k=a (0} M2o @) kza(0)

cho phép ta suy ra két luan ctia Ménh &é,

Nhidn xét:
1)  Déo clia Ménh dé trén sai, nhur trong thi du san:
Up= 1) @MW,
n2n
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trong d6 ZR;, phan k¥ con Zvn- thi hoi to (vi: véi moi n thude M, v, =y, +

n20 n20
type1 = 0). Ta c6 thé luge d6 héa thi du d6 nhu sav:
1+ (-D+1+(-1}+... phéan ky
{(1+(-1))+(1+(-1))+... hoi tu

2) Trong thyc t€ thi Ménh dé tren day rft it gid tri, vi né ddi hoi diéu

kié¢n Z"” hoi tu.
n20

2) Mot diéu kién di

Gi thiét Zv,, hoi tu.

nz0

Cho N € N théamin N 2 a(0). Vi o: 1 — I tang nghitm ngét, nén tdn tai
ny € N duy nhét théa man: °("N)5N<°("N+l)

- N alny -1 fiar—
Ta c6: Zuk= i u + Z uk—iv,, z Uy .

k=(0) k=a( k=cr{ny) k=ai{ny}

my—1 +a0

R rang 1a: ny ;: w0, va do Zv,, hoi tu nén suy ra: 2 Vp ;:o Zvn .

n n=0 n=0

. N .
PX¢ k&t ludn chiing ta chi cn ching t6 ring E u, — 0. Vé diém nay, do
Neo

k=a(ny)

N N a{ny +1)-1
Yoals 3 ls 3 Il
k=o(ny) k=a(ny) - k=c(ny)

nén chi cén didu kign u;, ;.;Ovhdﬁy (o n+1)- o(n), ey bichin (ta néi ring 46

dai cdc nhém bi chin).
Nhu the ta d& thu duge két qua sau day.

¢ Pinh 1y (Dinh Iy nhém céc s6 hang)

Cho Zun 12 mot chudi véi s§ hang thuée mot kgvde E va
nzl)
o:N > N IAmét 4nh xa tang nghlem ngat; véi n € N, Ky hidu:

a(n+l
Vp= ug .

k=a(n)
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i

u, >0
Néu noo . ,
(o(n+1)—o(n)),or bichin

thi cdc chudi Zun véZvn cung loai, va trong trudng hop chiing

n20 nz0
+00 +00

héi ty thi: ZV" = Z .
n=0 k=c(0)

Ta thudng hay gagp ham trich: 6: N - N (ze N - {0,1} ¢6 dinh), ham trich

" = an

ndy thda mén diéu kién trén day (cfic nhém c6 do dai khong déi).

Thidu: Xdc dinh loaj clia chudi Zun , trong dé véi p € 1
At}

1
néun=3p, u, = nfun=3p+1, u, =
ap+l A I P " An+3

HH=

néu n = 3p+42.

Theo Dinh 1y trén day, viw,, — 0, va vitiing (¥p € N, 3(p+1) - 3p = 3), nén
o

chudi » u, cling loai v6i chudi ¥ v_thu duge t Y # bing cdch nhém timg ba
n P n g

n P n
sdhang la.l Vp eN, vp=u3p+u3p+l +u3p+2.
Tacé v 1 1 2 12p+5 3

= + - = . =0,
P ap+l  4p+2  4p+3 (4p+D4p+2)(4p+3) fu 16p2

Theo thi dy Riemann va dinh Iy tuong duong d6i véi cde chudi véi s6 hang trong

R, , chudi Zv ' hoi tu, va cubi cling chuédi Zu,, hoi ty.
P n

Nhdn xét:

Néu nhu 9 dai céc nhém khong bi chan, thi ¢6 thé xdy ra trudng hop Zu,, phan
n
ky ma Zv,, hoi tu. Mot thi dy duwe trinh bay so luge:
n

Z 1 1.1 1 1 1 111
Uy =1~ =k —h -~ Ly
2 2 3 3 3 4 4 4 4
nzl

Chubi nay phan k¥ theo Ménh d& & 1}, vi ring chudi duge nhém theo céch d6:
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phén ky, nhung

ZVﬂ: -1y (1,1 l_l_l_l_.l_]

2 2 3 3 3 4 4 4 4

nz0
héi tu.
Bai tap
¢ 3.3.30 Xéc dinh loai clia cc chudi c6 s6 hang téng qudt 1:

="

. aeR by
pa+ -t : . Jr 2,
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3.4 Ho kha téng

3.4.1 Khdi niém vé tinh dém duoc

Xem thém Tap 1, C1. 2.

¢  DBinh nghia
e Mot tap hgp I duge goi 1a dém dugce khi va chi khi ton tai mot
song dnh tir 1 1én 1.
¢ Mot tap hop 7 duge goi 1a khong qua dém dirge khi va chi khi t6n
tai mét song 4nh tir mot bd phin cia 17 1én /.

4 Ménhdé1 ChoP 1amétbo phan vo han cha . Tén tai mot vi chi
| mét song anh tang nghiém ngdt i lén P.

Ching minh:
1) Cho@:11 — P lamdtsong dnh ting nghiém ngat. Khi d6 1a cd:

AOY < o1} < ... < @n)...
do d6:

#(0) = ptnh(F), (1) = ptnhiP- { P O)}),..., (n+1) = ptoh(P - { @), (1),.., @(1)}),
céc he thitc nay x4c dinh duy nhit .
2YRorangladnhxa @: 11 — P xéc dinh béi:
@0) = ptah(P), (1) = ptnh(P- {@0}}), ..., @n+1} = poh(P - {K0), P 1)..., @(r)}),
12 mét song anh téng nghiém ngit tir ¥ len P

Xem thém Tap 1, CL, 2, 1} a).
¢ | Héqua
Moi bo phan cia I déu hitu han hay dém duoc.
|

Ménh dé2 Mot taphop! 13 khong qué d&m duge khi va chi khi

ton tai mot day tang (J,, ), <5+ nthimg bo phan hitu han clia J ma hop
bing /.

Chune miialy
1) Gia (higt [ khong qud dém Jugc. Tén tai mat bo phan P cta (1 va mot
sang anh F0 P 5 f
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Né&u P hitu han thi  hitu han, nén ta ¢6 thé chon J,, = I , v6i moi n thuge B
Gia thi€t P vo han. Theo Ménh dé 1, t6n tai mot song 4nh tang nghiém ngat:
p:1¥* —» P

V6i n e N* taky hieu J, =fo o{ 1,...n}), khi d6 thi: v6i moi n thudc 11+, J, 1a
mot bo phan hitu han clia I vi: U J =fo@ M) =f(P)=1.
nel#*

2) Déo lai, gia thiét ton tai mot day tang (J,, )11+ nhitng bo phan hitu han cda J ma
hop bang . .

e N&u tén tai ng € M* sa0 choJ, = J’,,O ,véimoin = nq, thi I= J’n0 ,do dé
I hifu han.

e Néunguoc lai khi loai di nhiing phan tir 1ap lai c6 thé c6 trong Jy, Jneiie
thi ta lai quy vé trudng hop mét ddy (Jy )pe 9% 1A08 nghiém ngat. Khi do ta

chi cdn dénh s6 cde phin tif thuse Jo . J1 -Jo. J2- Jy.... dé thu duge mot
song nh tr Y lén f.

]
¢ | Héqua
T, N, 72, Q) d€m duge.
Chitng minh:

Z = U lkeZ; -nsks<nl,
HEN*

N 2= U keN; 0<k<n}®,

neN*
Z2=U{kez; —nsksn?,
neN*
Q= U re@ Xp.peZxN, r=L - <psn’qsnl,
q
neN*

xem thém Tap 1, C1.2, A, 2}, 3)).

Nhdn xét.
1) Taphep & (N)cicbd phan hifu han cda M 1a dém dugc, vi:

3 ()= | pao..an.
nelN*

2) K khong 4&m duoe (xem Tap 1, C1.2, B, 2)).
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34.2 Ho kha téng nhitng phén ti cha [

() day ching ta s& tdng quét héa cdc k&t qua clia §3.3.4.
Ta s& k¥ hiéu tap hop cdc bd phan hitu han clia mot tap hop I (khong réng) la F ().

1) Truong hop céc phén ti cia ho thujc R,

+ Dinh nghia1 Mot ho (;),., nhitng phin tir thudc &, duoe goi la
kha téng khi va chi khi tén tai M € &, sao cho:
vie 3, Zu{-s M.
ief
Néu (u; )« ; khd téng thi tap h(_}p cdc Zu; (khi J chay khip & (1)) 1a mot bo phan
khong réng vi bj chin trén cia R, , d(leéé ¢6 bién trén trong IR . Tir d6 ta c6 Pinh
nghia sau day.

¢ Dinhnghia2 Cho (;);c 7 12 mét ho nhitng phén tir thudc I, kha
téng.

Téng Zu‘- cla (4;);e ; 1a phdn t cia I, xdc dinh boi:

iel
Z w= Sup Z u;

iel Je¥W) \ 7
Nhan xét:

1) Truong hop mét ho ¢é gid hitu han
Néu t6n tai Jy € F (1) sao cho: Viel-Jy,u;=0,

thi (#; );e; kha téng va: Zui = Zu,- .

iel iely

2) Néu (u;);e 6 céc s6 hang thude I, vh khi tdng, va néu Zu,- =0, thi:
* ief

Viel, u;=0.

4| Ménhdé1 Cho(u;);c; 13 motho nhing phén tir thude I.,. Néu
(#;);e; kha tdng, thi tap {i € I; #;>0} khong qud dém duoec.

Chiing minh:
Gia thi€t (u; );c; kha tong; t6n tai M € R, sao cho:
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Chitng minh;
Gia thi¢t (i4; );c; khatdng; tdntai M e R, sao cho:
vJ e 3, Zuf < M.

el

M+l

Vi moi n thuge N*, xét: 1, = (i e f,u; 2 ).

Gia thiét t6n tai n € N* sao cho 1, vo han. Khi d6 t6n tai i,..., i, € I, titng doi mot
M+1

khdc nhau, sao cho: ¥k €{1,..., n}, iy 2

It
. M+l
ta co: E W= E Wy, 2 h

ied, k=1

0 d6 véi kY hieu J, = {i|..., i,}

=M+1>M,

méau thuin.

Keét qua d6 ching 10 ring /,, hitu han, v6i moi » thutc N*,

Lo . . M+
Mat khéc thi v6i moi i thudce 7 sao cho #; >0, tén 1ai n € N* thda mén <u;,va

dodsiel,,
Nhur the: tiekhu>o01=|J1,.
nel*

Ap dung Ménh dé 2, 3.4.1, ta ket luan rng tap (i e J; 1#; > 0} khong qud dém ducc.

Nhan xét:
Meénh dé trén ching 16 ring trong viéc khéo sdt cdc ho khi t8ng (vdi s6 hang thute

IR,), ta ¢6 thé gi6i han vao cdc ho duroc chi s6 héa bing mot tap hop khéng qué dém
duoc.

¢ | Ménhdé2 Cho(x);e; Ja mot ho nhitng phan tir thuge R,.
Ne&u (4; );cy kha t6ng, thi ho (u; );c p khi t8ng vdi moi bo phan I° ciia

1, va: Zu,- < Zu,- .

i iel fel

Nl vdy moi ho con clia mét ho kha 1éng (v3i 56 hang thuge R +) cling kha téng.
Chitng minh:

Gid st (u;);2; khd tSng. Moi bo phan hitu han J cia 7° clng 13 bo phan hitu
han cfa 7, do 'vayZu,- < Zu,- . Didu ndy chifng 16 (xem Binh nghia 1 va 2) ring

ief el

(iticp s Ztt,- .

ief
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¢ Ménh dé3 Cho(y;);e; , (v;);e; 12 hai ho nhitng phdn tit thuoe i+ -
. |Viel, 0=y <y
€u
(v)ies kh téng

Zui < Zv,».'

. thi(y; };c; khd téng va:

ief iel
Chitng minh:
Véi moi bo phan hitu han J cfia /, thi Za,- < Zv,- < Zv; ,do d6 (u; );e; khd
ief ict ief
t6ng va: Zu,- < Zv,— :
it iel

Ta ching minh Ménh dé sau day theo cich wrong tu nhu 5 3.3.4.

¢ Ménh dé 4 Cho (i; );c; 14 mot ho nhiing phén tir thuoe T .
Céc tinh chét sau day d6i mot twong duong:

(1 (4; );e; kha téng
(ii) Tén tai Me If, sao cho, véi moi diy tang (J,, }neiw nhiing bo
phan hitu han clia / ma hop bing 1, ta ¢é:
Vnell, > u <M.
ief,
(iii)  Ton tai Me i, va mét day tang (J,, ),<j+ nhing bo phan
hitu han cta f ma hop béng 7, sao cho:
Vnell, >y <M.
ief,
Hon nifa, n€u (i), (ii) hay (iii) dugc thda man, thi véi moi ddy ting

(/51 Jnepy+ nhitng bo phéan hitu han ciia / ma hop bling /, ta c6:

Zu,-z Sup Zu,}: ]}igl Zui . L

n iel,

¢  Ménhdé5 Cho/lxmothokhatdng, (#; ); ey 1a mot ho nhitmg phdn
tir thuge I, Ba tinh chat sau ddy déi mot tuong duong:
() (4;);e; khaténg
(ii) V6i moi song dnh @: 11 — [, chubi Zu?’(’” héi tu
n=(

23-GTTT3-GT3



346 Chuong3 Chudi

(iii) Tén tai mot song 4nh @: 1 — I sao cho chudi Zuwm hoi .
nz0

Hon nifa, néu (i), (ii) hay (iii) dugc thoa man, thi véi moi song 4nh
¢g: N> I, tacé:

2= Z o

icf

Chitng minh:

(i) = (ii):

Gia thi€t (u; );e; kha téng, v cho ¢ : 11 — 112 mét song 4nh.

Véimei n thuge 11, do {@(k); 0 < &k < n} 12 mot bo phan hitu han cla f, nén ta c6:

Z Uop(k) < Zur »

fef
o0

vi suy ra (bd dé co bdn) ring Zu@(") hoi w, vi: Zum,,) < Zu,— )
nzd n=0 ief

(i) = (iii):
Hién nhién, vi do / d6m duge nén tén tai mot song dnh @: 11 — [,
(iii} = (i): .
Gia thiét mot song dnh @: M — 7 sao cho chudi Zuq,(,,) hoi ty.
nz0
Cho J 12 mot bo phan hitu han céa /. Khi d6 qa'I(J') I3 mot bo phan hiu han ctall,
vh do 46 tn tai Ne B sao cho q;“(J yc {0,1,... N}, suy ra:

Z Z Up(ny < Z Uep(n) -

et n=f)
Két qua (xem céc Dinh nghia 1 v22) 1d (i; };; kha tdng va:

Z“‘ Z Bep(n) -.

ief
Néu (#; );je; kha téng hay néu tén tai mét song énh @ : 11 — I sao cho chubi
Zu,p(,,) hoi tu, thi theo cdc két qua trén day:

nz0
Z” = Z Ho(n) - .

iel

Nhdn xét:

Véi moi chudi thyc Zun ban hét ty va v6i moi S thude 7, tdn tai mot hodn vi @
nz0
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cla | T sao che Zuq,(n) hdi ty va c6 16ng bing §, xem bai tip 3.4.25.
n=20

Ménh dé sau day khong thude chuong trinh, nhung c6 thé rét c6 ich.

4| Ménhdé 6 (Tinh két hop ciia tinh kha tdng)
Cho (1; );; 12 mot ho nhiing phdn tir thuéc I, kha tdng, va

IT={l,; x € X} 1a mo6t phan hoach clia /. Thé thi:
1) V6i moi xthude X, ()icy, kb téng

2) Z u; kha téng

ey Jrex
D Su= ¥ Yl
ief xeX\iely

Chimg minh:

1) Véi moix thudc X, [, 1a mot bd phan cia /, do d6 (u; ),-Efx kha téng (xem Ménh
dé 3).

2) Cho A 12 mot b phan hitu han cla X V1 céc ho (1;);er, (v6i.x chay khip A) déu
kha téng, va ring cdc 1, doi mot rdfi nhau, nén ho (x; die U ' kha téng va:

yed

Y Sul= T ows T

xeA\iel, iew I iel
xeA

Tir 6 suy ra (xem céc Dinh nghia 1 va 2) ring Z w|  khatdng va:

ief, veX

DS

xeX\iel; iel
3) Cho J 12 mot bo phan hiru han cda /. Tén tai mot bd phan hitu han A cia X sao
cho J & U I, , v nhu the ta c6:

xeA
Tus ¥ owe X Tul< 3| T
ief iev I, xeA\jel, xeX\ iel,

xed

Tir 1) va 2) ta két luan duge ring:
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Nhdn xét:
Péo lai, ta chiing minh dugc rang, néu (4;)ic/, khd dng va néu {Zui] kha
xeX

iel,

téng v6i moi x thude X, thi (i;);c; Kha tdng.

2) Truomg hop cdc phdn tit cia ho thude .

¢ Dinh nghia Mot ho (; );e; nhiing phén i thude I duge goi la kha
tdng khi va chi khi ho (12;1);¢; kha téng.

Tiv cdc Ménh dé 1 va 2 & 1}, ta d& dang suy ra cdc Ménh dé 1 va 2 dudi day.

¢ | Ménhdé1 Cho(y;);e;1a mot ho nhing phén tif thude I”.
Néu (4; );c; kha téng thi tap {i € I; u; # 0} khong qui d€m duoc.

¢ | Ménhdé2 Cho(y;);c; 12 mot ho nhitng phin tlr thuge I~ . Néu
(#; );c; kb t6ng, thi v6i moi bo phan I * clia I, ho (i; };¢; » kha tdng.

Néi cdch khéc, moi ho con clia m6t ho kha téng (vdi s6 hang thude 17 ) cling kha
tdng.

¢ | Ménh dé-bDinh nghia 3 Cho /132 mét tap hop khong qua dém duge,
(u;);e; 12 mot ho nhitng phén tirthuée I, kha téng. V&i mei day

tang (/, ), < i1+ nhimg bo phan hitu han cha / ma hop bang /, diy

Z " héi tu trong [ , vA gi6i han ciia ddy dé khong phu
ief , HeN¥
thuéc céch chon diy (J,, ), e |1 * - Gidi han nay dugc goi la tong cha
ho kha téng (1, );¢; va duge ky hiéu Ia zu,. :

iel
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Ching minh:
1) Cho (J, ), e 11+ 1a mot ddy tang nhitng b0 phan hitu han cta / ma hop bang 7
K¢ hieu vg = Zui y VA, = Z u; - Zu,— . V61 moi » thudc i 1.

ey el ief,

VicictiphopJ, , J5 - Spoeer g1~ I 401 mét i nhau, nén vét moi # thude 1 ™ 1a

Zlvkl = Z JH,—lSZ|H,-|‘

k=0 ief, . ief

Két qud ndy chimg t5 (b6 48 co ban) ring chudi Z|v,,]h{)i w, do dé chudi

n20

Zv,, hoi ty, va vi viy chuéi Z & hoi tu trong .

n20 i€ ) ene

2) Cho (J,)), e 11# (K )y e 11 % l hai chudi ting nhiing b6 phan hinu han cia /,
théa min:

U= U &=t

neli* nelN*
Theo /), tén tai (1,1 € .2 sao cho:
Zu,— -4 va Zu,‘ - u

fie:] : Heo
ieSy, ek,

D¢ chimg minh A =g, chi c4n ching tb ring: E U - E u — 0.
i)
iet, ek,

Vi v&i moi » thudc 17 ta céi:

Zu,——~Zu,- S-Zu,-- U |+ u,-—Zu,-
Sy Ky el | K,

iet, iek, iel, ek,

va do tinh d6i xtng, nén chi cén ching td ring: " - Z = 0,
erf |k, e, ™

Véi moi n thude 11 ta cé:
2 w2l X ows o= ¥l Yl
fed, WK, ied,” ief ~K, fed K, ieJ{ J K, - iet,

Vily )y 21 va U, v K, )y, » | 12 nhitng ddy tang nhimg bo phan hiu han cfla 7 ma
hgp bing 7, nén theo 3.4.2, /), Ménh dé 4, ta c6:
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| % qu,|_>z|u, | va Z|u,|_>z|u

iel iel, el

tir 34y suy ra k&t qua phai ching minh.

¢ | Hdqua Cho/ 12 mot tap hop dém dugce, (i; );; 1a moOt ho nhimg

phin tir thudc [7. Ba tinh chét sau day doi mét trong duong:

(i) (u;);es kha téng

(ii) V6i moi song nh @: 11 - 1, chudi Zuq,(n) hoi tu tuyét ddi.
nz0

(iii) Tén tai mot song dnh ¢ : 11 — [ sao cho chubi Zufp(ﬂ) hoi tu

n=0

tuyét doi.
Hon nita, néu (i), (ii) hay (iii) duge thda madn, thi véi moi song anh

w1l > & Zu = Zum(")

iel
Nhdn xét: Cho I 12 mot tap hop khong qué dém duge.

1) Tap hop cdc ho kha tdng (4; );c; vOi cdc s6 hang thudc I va chi s6 héa

bdi 7 (xem thém 3.3.4, 3)), k¢ hiéun 1a { ](! , 10, lamot 1-kgv, dnh xa
11 idier s Dl
ief
12 mot chudn trén £ l(l B2 ), con dnh xa (4 )icr o Zu,- 12 mot dang tuyén tinh
iel

lien tuc trén (£ l(I W), “ . ul ).

2) Mot ho (u; );e; nhitng phdn tix clia IZ , chi s& héa bdi 1, duge goi 1a binh

phuong khé téng khi va chi khi ho (4?);; kha téng. Cling tuong ty nhu & 3.3.4,
4), ta chimg minh ring t&p hop céc ho binh phuong kha téng, véi s6 hang thudc I
v chi 88 héa bdi I, duge k¥ hidu 1a £2(I , 2 ), 1a mét IZ-kgv va riing 4nh xa

(i Yier i dier ) P zu_fv; 12 mét tich vo huéng trén L%, 1),

iel

Ménh dé sau day khong thudce chuong trinh, nhumg c6 thé rét ¢6 ich.

¢, Ménhdé 4 Cho / lamottaphopkhong qui d€m duoc va (4, );e/
12 mot ho kha téng nhimg phin tir thu¢c 1i” . Thé thi véi moi diy tang

(I, ), ¢ 11+ nhitng bo phan (khéng nh4t thiét hitn han) cta 7 thdéa mién:
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U =1,

nef*
ta co:

* v6i moi n thude 1%, (y; ):‘el "khé téng

L Eu,‘——:réui.
o

icl, iel

Chitng minh:
Béng cdch sit dung 2), Ménh dé 2, ta c6 véi moi n thude 19*:

(;);ey khdténg = (i), , khatdng.

iel,

Tén tai mot day ring (J), ), e pr+ nhimg bo phan hite han ciia 7 sao cho U Jo=1,

nel*
vataco: Z|u,-| - Zlu,-|.
er, ™ e

Cho 2> 0 c6 dinh. Tén tai ny € 11 sao cho J, C Jp + vAtac6 v6i moi n théa man
nZnm:

Zk}'-zui j Z i < Z ]Hl‘l < Z |H,'|S£.

ief, el ieiI, iei-I, ief~Jpyo
Két qué trén chimg té ring: W Y.
3) Cdc ddy kép

Moi ho (4y,4), 2 Dhimg phén ti cia I, chi 56 héa béi 1Y 2 Suuc goi ta diy keép.

¢ | Ménhdé 1 (Hosn vi cc phép M4y téng, trudng hop R,)
Cho (1, 4) (payeN? 1a mt diy kép nhitng phén tir ciia [, Ba tinh chét
sau day d6I mot twong duong:
(i) Ho (up, )(p,q)eNz kha téng
r » I =

Véi moi ¢ thude N, chudi Zu g DOI
p20

(it) < oo
Chuébi Z[Z up_q] hoi tn

g=0\ P=0

351
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r = -
Vé&i moi p thude N, chudi Zu ng héi ty
g=0
(iii) 4 ‘oo
Chudi Z Zup‘q hoi tu
p20\ g0 :
Hon nifa, véi cic diéu kién trén ta cé:
+a0 [ 40 +w [ oo
S tm 3| St - 5 S
(PN g=0\ p=0 p=0 ¢=0

Chimg mrinh:
(i) = (ii):
Gia thit (up‘,_]I )(p,q}eNx{q} kha tdng.

*  Véi moi g thuoc 11, I1 X {g} 12 mot bo phan cia 11% do d6
2 khd  t6ng (xem 3.4.2, /), Ménh dé 2), va nhu vay Zur""f hoi tu.
pz0

¢ Chon e . Vicic chudi Zup_q (0 £ g £ n) hoi tu nén chudi
p=0

Wpg)(pqren

n n +00 . o0 "
S| S i 3 S0, |- 5 |
p20% g=0 ) g=0\ p=0 p=0\ g=0
V1 véi moi m thudc I 1a c6:
i) n
203 D MR ED Y
p=0\ g=0 {p.q)El0,... mix[0,...n) ( p,q)ENZ
o
nén day céc téng riéng cha chudi Z Z“-""f bi chan trén bai Z p g+ do
G20\ p=0 (pa)eN?

00 il e
dbchudi D | Y upy [hoitava D 1D wp € D wpg

420\ p=0 g=0\ p=0 (p.g)eN?
i) = (i)
Gia thi€t ring v&i moi ¢ thuoc 11 , chudi Zu,,.q hoi ty, vi ring chudi
p2d
+a

DD g [noiny,

gz0\ p=0

Che J 13 mét bd phan hiru han clal . Tén tai (s, n)eli 12 sa0 cho
J {0,..., m}xi0,..., n}, vi tacé:
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o m
Z “pgq < Z Upg = Z Z”p.q
(p.g)et (Pl izl 1) 4=\ p=0
" a0 a0 +&
<A D |$ D) Dt |
¢=0\ p=D =0\ p=0

L} . - * ! Y- .
Keét qua trén chimg t ring (4, )(p.q)ENZ kha téng va:

+o | o
Z Upg = Z Z“M :
(pag)eN? g=0\ p=0
Bing cach hodn vi cdc vai trd ciia P va g, 1a duge cAc hé thic kéo theo (i) => (iii),
(iii) = (i).
Néu (i), (ii) hay (iii) dugc théa mén, thi theo cc két qua trén day:

a0 +og +o [ 4o
Z Upg= D 2 4a =Z' ot
(pup)ehi? g=0\ p=0 p=0\ ¢=0

Ta ciing ¢6 thé sit dung /), Ménh dé 6, vén khéng thudc chuong trinh, bing cich 4p
dung nd ddi v&i cdc phan hoach cla 17 % }( X !q})qe_{g vi (17 x {p})“,_,.E .

® . Ménhdé 2 (Hoan vi cic phép ldy tong, trudmg hop 7))
Cho (4, 4) (p)eN? 12 mot diy kép nhitng phén tir cita 77 . Ta gid thiét
(g )(p.q)ENz khé téng. Thé thi:

Véi moi ¢ thade N, chudi Zup o hoitu
P
D < o \
Chudi Z Zu,, < | Boim
g=z0\ p=0
v moi p thude N, chudi 8, . hoi ty
g2
2) 4 a0
Chubi Z Zuf"‘? hoi t
| P20 =0
+0 [ 4w +o [ 40
D D ipg=) D tpa |= 2 p
(p,q)eNz ¢=04 p=0 p=0 g=0
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Chitmg minh:
1) Theo Ménh dé 1, véi moi g thuse 11, chudi Zum hoi tu tuyét dgi, do
p=0

a0

o
6 hoi tu, va chudi Z Zlup o [hoi tu; do d6 chusi Z Zum hoi ty tuyst
g0\ p=0 g20\ p=0

d6i, nén hoi t, vi ring; Vg e M, z Z[up J
p=0
2} Tuong wrohy & 1), bng céch hodn vi céc vai tri’) cta p va q.
3) Phuong phdp thir nhdt (st dung Ménh dé 6, 3.4.2, 1), khéng thudc chuong
trinh)
V6i n € H1*, (a ky hiéu I, = 11 x{0,...,n}. RS rang I& (I, ), o7+ 12 mbt day ting
nhiing bo phan ciia I ma hop béng 11 2 Theo 2), Ménh dé 4:

2 a2 2 M

(p.g)ed, (PN

Vi v6i moi n thude N*, ta ¢é: Z Hpg= Z Z Mpg |
(pglely

4o [ 4oo
nén ta két luan: Z Z“P"? = 2 Hpg -

¢=0\ p=0 (p.)eN?
Ta thu duge bét ding thikc kia bing cfich hodn vi cée vai trd cia p va ¢.
Phuong phdap thit hai
V6i moi n thude BT, ta c6:

n +ot n n n 400 3
z Z“M 'Z Z”M = Z, Z “pq |
g=0\ p=0 g=0 p=0 g=0\ p=n+l
n il
= Z Z Z Z | = Z Z|“Ml —Z Zl“ﬂ-ql
g=0[\ p=n+l q=0 p=n+1 =0\ p=0 g=0\ p=0

Do day kép (| Pﬂb e’ v6i cic s6 hang trong [ kha téng, nén theo dinh Iy

hodn vi (3.4.2, 3} , Ménh dé 1), ZZI"P 4 - zz.llup_”, va theo 342, 1),

=0 p=0 g=0 p=0

Menh dé 4, vi ({0,...2}7),, 1 1 mot ddy vét kiet cha il 2, nen:

LI +00 4ot
ZZI“M" > ZZ|"M¢|‘
90 p-0 ¢=0p=0
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o EE S5

o
g=0\ p=0 g=0% p=0
n ('HI! 0 | 4o
Cuéi cling, do: Z Z“P"? ; Z Zuf"‘f
g=0\ p=0 g=0\ p=0
N " T
va Vi Z Z“”"" = Z Hp g n—; Z Uy
4=0\ p=0 (PElo....n) (p.q)eN?
+0 [ 4oo Joo | a0
nén ta két luan: Z Zum, = Z Z“f’"? '
4=01 p=0 p=0\ ¢4=0

cdn bt ding thic kia thu duge bing céch hodn vi cdc vai trd clia p va q.

¢ | Ménhdé 3 Cho(a,) peN » (B ),y 12 hai ddy kha tng nhimng phin
tir clia ", The thi ddy kép (aybg ){p eN? kha téng va:

Z aphy = Z“p qu

(p.q)eN2 peN geN
Chitng minh:
4o
V6i moi ¢ thuee I1, Zapbq hoi tu tuyet d6i, va c6 téng blng Zap b, . Do
0 p=0

qu hoi tu tuyet dsi, nén chudi Z flap| jbqlh‘?i ty, vy (xem Ménh dé 1),
g20 420\ p=0

diy kép (a,h, )(p.q)eN2 kha téng va:

+o0 +a +o0 +a0 +o0 +oo
S = 3 S |- 5| S [ 35 | S
(paeN? g=0\ p=0 ¢=0{\ p=0 p= q=0
=1 24| 20|
peN geN

Thf du: V6i moi (x, y) thude C2 sao cho |xl < 1 va |yf < 1, didy kép

(x”y%) w2 kha t6ng va:

(rg
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> =l 3| | -

1
2 el N R
(pag)eN p ¢

4} Tich Cauchy ciia hai chudi sé

¢ Dinh nghia Chozu,, ,Zv,, 3 hai chudi v6i 6 hang thuée I .
nz0 nz0

Tich Cauchy cua Z"” w‘van 14 c:ubi an xde dinh boi:

nz0 =0 nz(
H
VYnell, w,= Zupvn_[,= Z UpVy -
p=0 prg=n
¢ Dinhly Neucdcchudiss ) u,va >y, hoi tu tuyet doi, thl tich
n={ nz0
Cauchy an chia chiing héi tu tuyét déi, va:
nz0
+o0
Zwﬂ - D [ 2
ri=0) n=0

Chiing minh:
Theo Ménh dé trén day, vi cdc day (#,)pen v (Vg dyen déu kha téng, nén diy kép

(up q) JeN? ciing hoi tu, va:

Z UpVg = Z”.ﬂ Z"q

(p.g)eN? pel qeld
Vi moi n thude 1%, k§ hiu J,, = {(p.g) € [1% p+g <n).

R rang 13 (, )yep+ 12 mot ddy tang nhitmg bo phan hiu han cia 11 % ma hop bing
.y J
i,

V&i moi n thude 1 T+ ta ¢d:
1
Z|wk| = Z 1upvq|= Z lupvqls Z iupvql,
k=0 prg<n (pqledy (p.g)eN?

chitg 16 ring (), )ejikha éng, tic 12 Zw,, i tu tuyét d6i.
nz0
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Ll
Cudi cling ta c6: Zwk= z HpVy — Z UpV,
k=0 ne

trged, (p.g)eN’
4| Héqua _
Viz,z') € 2, explz +2') = explz) exp(?).

Chiing minh:

H .
Véi moi 2 thude T, chudi Z—Z—I héi ty tuyét d6i, v téng cla né duge ky hiéu la
“ant
exp(z) (3.3.3, 2).
Cho{z, ) e 2 Theo dinh 1y trén day, chudi tich Zw,, cua cdc chudi hoi tu tuyét
nzl)

L T
déi zz_ vi Zz— ciing hoi tu tuyét d5i va ¢6 1dng bang exp(z) exp(z). Nhung
n! n!
n20
vt moi n thudc 17 ta cé:
L 4

Wy, = L chk v ok =—(z+z)

k' (n k)'

suy ra: exp(z) exp(z’) = ZW = Z#(“—Z) = exp(z +12').
n=)

Bai tap

0 3.4.1 Cho /12 mot khodng ciia IR, khong réng ciing khong thu vé mot diém,
fif =¥ 1amotinh xa tAng.

a) Ching minh ring véi m&i didm gién doan xq cla f ta 6 thé cho lién ket mot s&

hiu ty rq thude ] lim Fi hm flLvaringdnhxag: x5 = rp xay dumg theo cach dé
e g

14 mot don dnh,

b) Suy ra ring tap hop cic diém gidn doan clia f khong qué dém duge.

0 3.4.2 Cic ho sau day c6 kha wng khong:
{1
a} (x)xelo; 11 b){x))‘-e o <) [_2'} ?
’ xeQ,
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0 343 Véixe T ho (x"),ez o6 kha tdng Khong?

O  3.4.4 Chimg minh thng v6imoi(a. B € ]0; + o 2 , déiy kép (e""-" by )( en? kha
e

tdng va tinh téng cia chudi 6.

¢  3.4.5 Chimg minh ring, v6i moi {a, b) thugc ]1; +o | 2, diy kép
[ ! ] kha 18ng.
a? + b9 )(p.geN?

o 346 Cho(a M ell; +=[ 2. Chitng minh ring ba tinh cht sau day déi mét twong
duomg:

W [—g:q—ﬂ] kha lﬁng
AL+ ph0+g7) (pa)eN?

.. p+q
(i) | —L—s
[(1 +p)*0+q ](,,,q}eﬁz
(i) a>2va g>2

kha tdng

¢ 3.4.7 Chimg minh ring, véi moi z thude T sao cho |z] <1, day kép

e,
(zm)(m)em*)’ khi thng v Z = = ;liz“ )

(pe(N*)?

Prd
0 348 Vi b)e " 2. hiyKkhio sk tinh khi téng cia diy kép | —— .
(p+g) (pareN?

0 3.4.9 Xéc dinh tap hop E céic cp (x, y) thuge :.’2 sao cho ho {CF, xPy?
4 (p.)eN?

kha t8ng, va tinh 1dng d6 v6i (x, y)e E. Ta s€ thira nhén ring;:

ZEF z? (l z}q+1

véi moi z thudc ' sao cho | | < 1 va véi moi ¢ thude IT.
Xem Tap 4, 5.3.

¢ 3.4.10 Vé6iz e T ,hdy khio sé tinh kha téng va tinh téng (néu 16n 1ai) cla cic
2" "
chudi: a) | — b} = .
P i, p)eNxN* P J i pyei?
O 3.4.11 Véi a e 10; +oo, hily khio sdt 1fnh kha tdng cia chudi kép:

l ]
a L]
[(P +q+1) (p.r.f)EN2
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va trong trudmg hop kha tdng, hiy tinh téng 46; biéu thi k&t qud qua ham Riemann &

a0
xée dinh véi x € J1; +oof bBi:  {0)= D -‘?

n=1

o) kha téng va tinh 18ng d6; 1a thira

3.4.12 Chimg minh ring ho [ }
ra (PQ)E(N")Z-P‘Q

nhin: Z—: , Vil Z_= — xem Tap 4, 6.4,

n=l

3413 Cho u,ve © saocho |u|<1va lv]> 1; v6i moi n thuoe 17, ky hieu:

+n Pt
_ LAl
zn = E i .

p=0
e +a +e0 27
Ching minh: (v - l)zz—‘:-vanzq - H—q.
n=0" g=0 g=0"
22P
3.4.14 Cho:z e €. Chiing minh ring day kép [ T J khi tdng khi va
(pay)eNxN*

chikni |z1<1, vhrﬁnglmnglruimghquéthitdngbﬁng Z

=1

n2

a0
3.4.15 Xé ham Riemann £, duge xéc dinh véi x € 11; +oof b3z §(x) = Z P
p=l

=50 ]
Ching mink: Y (&) ~1) =1 LY CWORHE

=2 =2

b |~

3.4.16 Chli:ng minh ring ho (—215 khd wing v tinh tdng 46; ta s8

q] q)e(N"l pag=l

= 1 wt -1
thoa nhn ring Zl:“f s Zl*f %
2
3.4.17 Ching minh ring diy kép (2'34—*"(“‘” ) , kb tdng v tinh t8ng 46,
(p.q)eN

14l
3418  Ching minh ring day kép (L kha téng va tinh téng d6.

(p+q +2)!lp.q)eNz

359
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ol 2
Ta s& thira nhan ring: ZLZ = % ;

=1

0 3.419* ) Vdig € 1™ c6 dinh, ching minh riing chudi 5 héi tu va tink

2l PT—q
f}:(!
1éng ciia chubi do.

1
»

b) Véi (r,¢) € ()7, ky hiew ap, = { p? - ¢?

)] néup =g

=]

néup =g

oo [ e +on [ 4ot
Ching minh: Z ZN;,‘U =— Z Z”f"‘f =0,
=14 p=1 p=1{ g=1

Dy kép {u,,,,) » €6 kha t8ng Khong?

(pag)e{M*)

0 o
D3I véi cdc bai 1gp 3.4.20 va 3.4.21, ta sé thita nhéan rdng: ZL = —In{l- x), v&i moi x
n
n=l

thuse [-1; 1] .

(m-1
0 3.4.20*  Chimg minh: Z Sm-1
H
n=2

st n
0 3421 Chingminh: D

n
r=2

0 3.4.22  Cho A 12 mdt dai s6 Banach (k&t hop vi ¢6 don vi). Vdi x € A, ta di dinh
X o= 1
nghia: explx)=¢ = —?x” {xem 3.3.3, 2)).
bt !
Ching minh ring véi mei (x, ¥) thude A* sa0 cho Xy = wx, ta c6:
Xy ¥x x4y
e €=¢e =¢ °,

Ndi riéng, vdi moi x thude A, t=:Jr khd nghich trong A vy,

o 3.4.23* Dinh 1y Mertens
Cho Z”" 12 mot chudi hoi w tuyet 463, va Zv” 1 mot chudi hoi . V& ne il ta

2] LX)
7t n [

k¢ higu: w, = Z”k"n-—k! U, = Zuk, V,= ka . W= iwk.

k=0 k=0 k=0 k=0
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Véfi(p,q)el-Tzsaochopcq,takyhieu: Vo= i v .

Py
k=p+l
. "
a) Ching minh:  Vne I, Uy, - Wn=_ZukVﬂ_k.,,.
=1 -
b)* Tir dé suy ra: vy, - W, =0
Li=al

¢} Hay két luan.

. "
0 3424 ) Ching minh ring tich clia chudi bén hoi ty 3 v chinh n6 1a mot
=t .J;
chudi hai ty.

n
b) Chitmg minh ring tich cba chudi bén hoi ty z D7 i chin né ta mot chudi hoi
H
nz|

te.

0 3425 a) Cho Zu,, 1A mot chudi bén hoi tu. Chiing minh ring, véi moi S thuge
nz0
I, tdn tai moL hodn vi @ cba i7 sao cho chudi Zuﬁ,(ﬂ) hoi tu vi cé téng bing §.
nx0

24-GTTT3-GT3
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Bo6 sung

0 C3.1 Tap hop tam phin Cantor

1
c(,0 -

0 1 2 1
C,— 3 A
co 121 218 1
2 59 3 3 59
- ~- -~ - - - -

K¢ higu Cp= 0, 1], C1=C0 - ]—;—-i-[ . CZ=C1 - (]%%[U]%,—z—\] . Vv

C= ﬂ C, dugc goi 12 tap hop tam phan Cantor.
nel

Ta da bi¢t {xem bai 1ap 1.3.6) ring C la mot t4p compac clia - viring C=@.

1) Chimg minh ring dnh xa ¢, cho wng mdi phin 1t a = (ay )y 21 thude {0, 2}”* voi
+ao
Za,, 3" 12 mot song nh 1t {0,2)" " len C.

r=1

o
2) a) Ching minh ring dnh xa f cho ting méi x thuge C v&i Za,, 27" | trong dé

n=l1

{dplp=21= qJ'l(x], 12 mét todn dph tit C 1én 10; 1]
b} Suy ra ring C khong dém dugc (dp dung sinh kKhong d&m duge cba ).
1) Chimg minh: Vp € il -{0,i}, C+.4C = i0:p).
p séhang
(Co th bit d4u bing cc trudng hop p =2, p =3).

0 C3.2* Sd Liouville
NChoneil-{011 ae ® -} sao chotdn1ai P € ~[X}, bac s, thoa mén Pla)=0.
Chifng minh réng tn 1ai ¢ € R’, sao cho;

a-Bls

n

q

Yp.grel xi*,

2) Cho (1, )p 21 1A mot dily véi cic s6 hang thude -, bi chin trén va khong phi la

+0%
diiy dimg tai 0; ky hieu L = Zu,,lo—"’ _ Chitng mish ring L It s6 siéu viét, e 13
n=1

khong tén tai da thic P thude ~ [X] - {0} ndo théa min P(L) = 0. Ching han

+en
210'”! 12 56 siéu viet.

n=1
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C3.3 Xic sulit 4€ hai s6 nguyén = 1 nguyén t6 ciing nhav

Véi n e I*, ta ky hiéu g, th 56 cdc cap (, v) thudc (111*)2 saochou sn,vsn,
UCLN(x, ¥) = 1..

2 2
2 " n
1) Chitng minh ring q,, =n - [E[—D + [E( ]] .
" pzl m l,,;’z !

trong dé céc tdng duyc 14y cic chi s6 nguyén 16 2 2.
2) Cho g: H* — Z 13 ham MO3bius, duge cho bai:

H)=1
Hpy-py=(-1)" néurelN*vip.. p, nguyén 1§ vd déi mdt khdc nhau
pm=>0 néu tréi lai

n 2
a) Chitng minh ring véi moi n thudc 1% g, = Z p(k}[g[ﬁ;.n _
k=1
q )
b) Tir &6 suy ra: tim —;:Z-——

3) a) Cho (ag )g > APy )y 2 12 hai diy vdi s6 hang phifc, vi a &€ N, sao cho céc

a h
chudi = v ~L hoi w tuyst doi.
e 2

] - Ma_k m& _ M—L
Chimg minh: Zka z[rz Z = Z“dbf, .

k=1 1=l

1 néun=1
b) Chingminh: Vn e 1%, D u(d) = { peua=t

< atk) | [0 1
¢) Tir d6 suy ra: — | =1
=l K ;Iz
< 1 7
4) Bing céch 4p dung: Z"f = =~ (xem bii 4p 3.3.23), ching minh ring xdc

a=l

sust 48 hai s6 nguyén 2 1 nguyén t§ cling nhau 1a % (x4c suit nay theo dinh nghia
4

Faay i lim 2,
mwe g

C3.4 Tichvohan
Cho (z,, )neN 14 mot ddy wong - - {0}. Ta néi ring tich v6 han l—Iz,, hdi tu khi va

nz0
2}
chi khi day (P, ), »p *dcdinhbdi: {¥Ynell, P, = sz ) €6 gidi han khic
k=0

363
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o
khong trong I7 . NEw t6n tai th giéi han 6 dugc ky hi¢w: Hz,, .
n=0

1) ) Chimg minh ring néa mot tich vo han Hz,, hoituthi z, _ 1.
) e

b) Xét menh dé ddo clia a).

2) Cho (xp), ¢ifla mét day vdi céc s6 hang thude ]R*+ . Chimg minh ting tich vo
han Hxn hoi ta khi va chi khi chudi Zn—. x, hoi 1y, va trong tridmg hop hoi ty thi:

rzl nz0
+e0 oo
Hx" = cxp{Zln xn] .
n=0 n=0

3 a) Cho (y, e 1a mot diy véi céc s6 hang thuge R: . Chimg minh ring tich v

han H(l +4,) Boi ty Khi vk chi khi chudi Zun hoi ty.
nz0 azl
b) Khdo sat loai (hoi 1y hay phan k¥) cia céc tich vo han sau day, trong dé
a € |0; +o [ ¢6 dinh:

1 1 )
o [Tar—0 B [To-» @ [Ta+—
nzl nz2 nz2
4) a)* Cho (4, Jyer lamdt day véi céc s& hang phifc sao cho:
vneN, |u,|<1

Z'u,,l hoi tu

nz0
Chig minh ring tich v6 han Hu +u,) hoi tu.
nz0
b) Choz el saocho |zl < 1,va{a, ) e 1A moLday véi cde s6 hang phtic sao cho:
¥neN, 0<|a,|<!

Zu ) Boi tw

nz0

Ching minh ring tén tai N € I sao cho tich vo han ap|(@n =) hoi tu.

=N a,(1-anz)
. . . (-
5y a) Xét day (4, ),z Xc dinh bdic Vn & i*, u, = i
n

Kiém chimg rang H(l +u,) phanky vi ring Zun hoi tu.
nzl nzl
b) Xét day (u, ), 2 ¥éc dinh bén:
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néun=2p, pelN*

I+J;
4

- nfun=2p+1, pelN
:;p+l

Kiém chitng riin (1+u,) hdimvad » u, phan k.
g n n

nzl nzl
o 3 + 2
L n—1 n+l
6) Tinh: a) Hnsﬂ b) n —.
n=2 n=l M2 +4

C3.5 Céckhong gian {7

K¥ hiéu:

Cho p & [1; + « [ Ta ky higu t3p hop céc day phic (u,),e; sao cho chudi
Z'un]p heimla L7 v6i u=(u), cry & £, 1aky higu |iu||p= Z|u,,|p . Ta k¢ hiéu

nz0 nz0

18p hogp cdc day phic bi chan 12 €7 véi u = (),er €L, ta ky hitw [|ul|m=
Suplu,,L

reN

Véipell;+wf, takf hidug = P};nhuthétacé:qe}];-i—oo[vé l-|~l =1.
P- 7 q

néup=1 thi g =+o

néop=+w thig=1

1) Chop & ] 1; + o[, Tai day ta ¢6 thé sir dung k&t qua cha bai tap 1.1.8.

a) Cho{u, ey € L9, (0 ene 4%

Ta quy udc ring: {

e

E nVn

n=0

) Chiing minh ring chudi Z;v,, hoi & tuyat 46 va:
20
B) Tir 86 suy ra ring L7 1a mot C-kgv va ring:
vy e (t") . ||u+v||p 5 Iu"P +“v||p .
b) Ching minh ring {. “plhmotchuﬁn wen £°.

2) Ching minh ring (£',]. ) va(£™,}.]_ )12 nhimg kgvdc.

< [l I+, -

3) a) Chofpy,ppe[li+w]?, sa0 chop; € p,. Chiing minh: LA el
b} Ding thiic U tP = £ ™ c6 diing khong? '
pell+ee]
c} Ching minh ring v6i moi u & dinh trong £ 1aco: ||ul| "u“m

4) Ching minh ring, v6i moi p thude [1; + oo [, £ 7 la khéng gian du‘

C3.6 Khong gian Hilbert £°

Ta ky hiéu tap hop cdc day (s, ), o5 thude CN sao cho chudi ZIH,,F heimla £2.
EE]
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2 2 . —
1} a) Cho(u, ey € L7, (v, hei; € L7 chimg minh ring chudi Zunvn hoi tu

n20
2 +a +
DA [Zp‘ﬂ [z|v,,|2].
=0 ﬂ=0l =0

b) Ching minh rAing dnhxa <.,.>: {X 47 O xde dinh béi:

=0t

2 2
Yu=(, e € £, 0v=(0, Dpepn € L7, <u,ve= > uy

4’}
n=0

+00
tuydt 46, va ring:

[2 mét tich vo hudng Hermite trén £ 2.
Taky hi¢u | . |, 14 chufn lien ket, xdc dinh béi:

2 — 2 %
Yu= (H" )nEN € td‘ "HII'Z = {Zlaﬂl ] )
r=0

2) Chimg mink ring £* 13 khong gian 40. Nhir vay £7 12 mot khong gian Hilbert.
3) V6imoi k thude 11, ta k¥ hidw: e, = (8, ), ey - trong dé

{1 néuk=n
3y, =
0 nfuk=n
12 ky higu Kronecker.
Chimng minh ring véi moiu = (v, ),y thuoc £2:
. VneH, u, =<e,, u>
a0
. u=Z<eﬂ,u)e,,.
=0

4y Mot thi dy vé e déng cdu f cia £ 2 e6 mdt dnh xa phu hop va sao cho:
Imf)# (Ker(F9)" v Im(™* )« (Ker(f))"  (xem baitap C 1.3, 4)).

Chof: £% > £ x4c dinh bdi: Vu=(u, ), il E L2 f{u}=( “n ] .
ﬂ+1 neN
Chimg minh: 2) f e £C(L3).

b) f c6 mot &nh xa phu hop, vaf* =f
o) Im(f) = (Ker(H))*.

5) Mot thi du vé ti ddng cdu f cila mot khong gian tién Hilbert khéng cé dnh xa phu
hop (xem bai tap C 1.3, 4)).
a) Chimg minh ring cong thic
+o0
1)
Vi em € £ g = Y (g vey)

+1
n=0

xéc dinh mot ty déng céu lien e gcla £°.
Chstng minh ring g ¢6 mot 4nh xa phy hop va x4c dinh dnh xa d6.

Ky hitu E=g(L3va f:E — E; E duoc trang bj tich vo hutng cim sinh bai
u o > glu)

tich v huémg ciia £ 2,
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o) Ching minh: f € £C(E).
@) Chitng to ring f khong c6 dnh xa phu hop.

C3.7* Dinh Iy Abel
1) Phép bign d4i Abel
Cho (i, ), e1; 12 mot ddy trong 2 vA (v, ),egy 12 mot day nhitng phén tlf clia mot

17-kgv E. V& moi (p.g) thude Hz sao cho ¢ 2 p+1,1aky hidu g, , = i: v; . Ching

k=p+1
—|
i vy =“qcp.q + i (“k_“k+l)dp,k
k

k=p+l =p+]

minh:

vdi moi (p.g) thude Hz sao cho g 2 p+1.

2) Dinh 1y Abel
Cho (E. | . |} 12 mot E-kgvde di. Cho (u, )y e 1 12 mot dlly thye gidm v c6 gidi
han bing 0, va (v, ),y 12 mdt dy trong E, véi cic téng riéng bi chin, tisc 14 szo cho
tén tai M e B thda min:

4

V(p,q)eﬁz. (q2p+1 = izvk

k=p+1

")

Chimg minh ring chudi Zu,,v,, hoi tu trong E.
n20
3) Cdc thidy

it
2) Chitng minh ring véi moi (¢, a) thudc (R - 21 Z) X 10; + w0 [, chudi zeT hoi ty.
"
a2l
b) Xic dinh loai cha chudi c6 s8 hang tdng quét 14:

) (-1)"cosn i) sinn
n+{-1sinx n-]nsinn
sin(mﬁ)

iii) [e ¥ -1 1n[1+—3—5in(:")] iv) sin[s:f

), ae J0; +o0 [ ¢§ dinh

1
v) &. ae )0; +o [ c8 dinh.

% +cosn
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Chi dﬁn_ va tra 1oi
cac bai tép chuong 1

2] = -vlsl -y
i1 {lell fGee )+ Co-pfsheesf+fe->) o cong L.

2=+ - G- s+ s+ -

1.1.2 Tinh duy nhat: N&u ¥ thich hgpthi: vy e E, N(x) =4(0, x).

Ton tai : hiy chitngminhing N: £ —» R lamédtchuin rén E
1 = KON

v Yix, v} e Ez. dlx, vy = Nlx - v},
Ta chil ¥ ring diéu kién 1) thira:
dy, O=dlh, x-y) = |-|. |a‘(0. -D{x - ) =0, v-x)=d(x. ¥).

1.1.3 Cicdidukitn N =0 & x=0 vd Mx+y) £ N+ Ny cd thé chimg minh
dé dang.

Thay y = 0 trong (jii), ta duge: N(A0) < | 2| N(x). Nnuwth&ngu 4 = 0 thi:’

1 1
Nixy= N|=(4)| = N{Ax),
(x) (i{ Y)] I‘ {Ax)
tir d6 ta ciing suy ra duge N{lx) = |3.]N(x), va cudi cimg [t N{(Ax} = !A‘N(x),

1.1.4 Ta kifm ching dugc mot cach d& dang:

i
o N(Av) = Zaka(ix) = iaﬂilNk(x] = [l N,
k=1 k=1

o N =0 & (Vke (Lu,ph g0 = (3ke{l..p}, Nyx)=0))

=x=0), viring(@],.. &) *(0,..0)

i p
o No+y) = Y aNile+y) S ) a (Nl + Np(y) = Moo+ NO).
k=1 k=1

145 Cicdibukien NG = [AING) va Nxr+y) € N@x) + N() c6 thé chimg minh

dé dang.
ifkfx-

k=1

[V{xl,...,xp)EIR'", [ixkfk=0 = (x],,....rp}=(U,...,0}]]

k=1

Vi N(xl,...,xp)= 0 < ixkfk =0, vilg
k=1

lién tue v = 0. Cudi cing:

=] (fl,.,.,f},) doc 14p tuyén tinh, theo dinh nghia.



Chi d&n va tr 1&i

0 Tra 18i: N 12 mét chudn khi va chikhi (f].... Jp) ddc 14p tuyén tinh trong E.

116 Cécdidukien NAx) = J2|Nw va Nir+y) S N@x) + N() c6 thé chimg minh
dé dang.

Vi N0 =0 & |f)z=0 e f=
Cudi chng: (VxeE, (f)=0 = x=0)) o Ker{fH ={0}.
¢ Trd 18i: N 2 mot chudn khi v chi khi £13 don dnh.

1.1.7 1) Gid thist N 12 mot chudn.

. ChoXe Mn,l(T—[:) thda min AX =0; khi 46 ta cd: N(X) = 0 va do vay X =0. Két qui
nay chiing td Ker(A) = {0}, tir d6 theo dinh Iy vé hang: rank(A) = n.

Nhumg  rank(A)} <Inf(n, p) = p < n, suy rarank{A)=n,p= n, A € GL (L),

. K¢ higu Cjy,.., C, 12 cdc ctcha a’, (Ey..... E,) la co s& chinh tic ciia M, ((12);
khi &é ta cé:

. -1
VYie {l,.,n}, Cj =A Ej'

n

j:l
1 P

AX . Viy ta cé: Vi€ (Lnl, N(Cj)= er‘-d,-_j =g;
i=l

ey e
(trong 46 &7 13 ky hién Kronecker, &7 = { "o % ),
|0 neu iej

Takétlvan:  Vje {1,.,n],
2) Héy ki€m chiimg phdn dic.

aj>0.

1.1.8 a)XemTapl.
Bit ding thic phdi ching minh 13 t4m thudmg khi

a=0hay b=0. b 0 a?™! +00
Vi a > 0 ¢6 dinh, cho ¢ : ]R: - [ xdc dinh ]
bdi: ' ] - 0 +
1,01 i
Yh>0, pby=—af +—b9-ab;
P9 ¢ T~ L /
q- l

pkhivivd: Ybh>0, p'(h)=b
tir 46 suy ra bing bi&n thign hinh bén.

Do g™ 1) = 0. ta ket lugn ding: ¢ > 0.
b} @) Trwdng hop x = (x],.... x,) = Qhay y=(¥y,.., J";z) = 0 ¢c6 thé chimg minh dé dang.
Ap dung két qué cha a) choa = —|- Vi b= Jy—""- réi cong Jai:

I, I,

3N
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XYk
il TS YT
E NP T™ i M2 P KPR
T ¢ _ 1,1
Py R
A Attt

B ool = e nl? < z(xknxmr’ el + %)

k=1

< {ilxqpf [th eyl l)qj {er I’] {im +yk|(,,“l)q} .

k=1 k=1 k=1

1
] 7
. (), + ||yup>[z|xk+n|*’] .
k=1

-2
suy ra: ||xup + “y’dp z ||x+y1|p 7= |x+ylp.

c) Céc didu kitn ( x}, =0 = x=0) va x| =|d}x], c6 thé ching minh d& dang; bat
ding thitc tam gidc chfnh 12 hé qua clia b).

a
d) Vé&i moip thude J1; + o [ tacé: Ix"ﬁ1 < ||x§’; = z|xk|p £ nllxi: .
, -
suy ra: ||.ngo < ||x"p < af Hxim ;
l

Do n? - 1,také€tluan: “x" ]lxILD

H—t p—)+no

1.1.9 a) Xem trong bai tip 1.1.8, a).

b) v ¢): Twong tr nha trong bai tap 1.1.8, b) va ¢}, thay x, ybing f, g v Z bing Lb
k=1

d) Do trudmg hop £ = 012 hién nhien, 1a c6 thé gia thiet |7]|_> 0.
Do |f] lien e tren doan [a; #1, nen én tai xg € [a; b sa0 cho |fl(xg) = I£1., -

Cho £> 0 cd dinh. Vi flién tuc tai xg, nén tdn tai 1 >0 sao cho:
b-a

n= i Vre [wblnlp-mip+nl |fx-figl < %
Nhur the khi k¥ higu &, g 14 cdc 56 thuc thod man [¢; b] M [xg - i xg + nl= (o B, tacé:
Vrye o f], Iﬁx)i 2 lﬁxo)l - ‘;‘ = ||f|[m' g

tir 46 suy ra riing véi moi p thuge 11; + <o [ fa cd:



Chi dan va tra 1&g

7 I b4 sY eY
W= [irora> Pioracs o afin-2) 20 (1n.-2)

1
" £

a do vay: 1, 20" (I,-).

1
Do 7? ("f[[m——;—] e I71L., - %,nentdntgipoc—']l;+w[t]16am5n:
1

Ypellitwi, (p2py= 7 [lifll;%)a Il - -
Nhur the ching ta 45 chiing t6 ring;
V03 ol Vp el vl (2 o = il e 5 < AL

chiing 16 ring: ||f|[ - ]If"m

P poim

1110 o RAu+ (1) = JAurd-2)a+b| = [AGa + by +(1 - 2)va + b))
< l"ua+bH+(1—A)"m+bH-—. A2+ (1= fv).

| N
= 4+, ,vilé =Hh o Q,vag=z0.
t—=Fw I t—Fe

* Vrel*, fin=l

a+i%
!

1141 1)e  Neéu(x,y) € B'(a, r) X B’ (b; 5) thi lcx+ ) —a+ b)Y < fx—df +]y-4] <
r+s,vidodé x+y e B (a+h; r+s). Didu nay chiing t B" {4, r) + B’ (b; 5) B’ (a+h; r+5),
s Diolai, chou € B’ (a+5; r+3).

Mét z=

{ru + s(a+h)),
r+x

x=z-h y=Hu-Z+h
Kbiddtacod: x+ y=u, vinhuthd;
“x-aﬂ:!z—(a+b)y=
]
r+s

||m +5a+bH) - (r+5)a+ b)"

v ¥
= — !u—(a+b}u S—~—r=sr,
r+ 8 r+s

Vil ttrong or; "y- bH <45
Suyrau € B’ (a; r) + B’ (b; 5) vi bao

ham thite cén chitng minh.
2) Trudng hop A = 0 12 hién nhign. N&u A # 0 thi véi moi x thudc £ ta cé:

e B'(Aa;[ﬁ[]r) P ||x—AaH < |;I|r =3 ﬂ%x—an Lr & %_reB'(a; ry,

tir d6 suy ra dang thic mong mudh.
3)e Gia thi€t t6n tai x € B'¢a;r) ~ B’ (b, ). Khi dé: [!a—b" < “a—-.r" +Hx -bﬂ Lr+ 8

37
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o Pdolai gia thift na—b" S r+s5 Trudng hopea = bl1a tdm thutmg; gia thista = b,

Téntai X € {0;1)saocho: 1- ——— <2< Ky hiéu c =« + A (- ). Ta c6:

- #] 2]

Ia—cﬂ =] Ha—h" sr,
dodéceB'(a;r) va [p-c| =|1-2]]b-a] <5, dods c e B (5, «). Didu nay chimg 15:

B (a; r) B (b s) =@
4) »  Gia thi€t B’ (a; r} < B (k9.

Néwa#h, xétc= a+ [ i(a b). Vi ceB'(air) cB'(h;s).néatasuyra |c-hf <,
o — b
do d6 |la- bl +r<s.
o Diolai giathiét fla—b] s5-r. Véimeix thugc E tacé:
x eBiur) & ]]x—a“ £r = Ex—bus ﬂx—a" + Ha—-b" =5 =>x e B (b 5),

vii do d6: B (u;r) c B (b ).
5) Suy ra tir4).

1112 Véimoix thube E - {a) tacé:

o+ E(‘:—_'a—]*(.l gy € B'NI (a; P‘) = B‘Nz (t; r) = Nz(m(x—a)] £

= Nalx-d) SN((x-a),
vii cling tuong s : Ni(x-a) £ Nolx - a),
suy ra: Nilx-a) = Nalx - u).
Dox > x-alamotsongdnh tir £ 1&n £, ta k&t lun N| = N,

11 ‘13 * Neéu (x,y) e (B (4, r})2 vht e t0; 1] thi:

Jex + (1 -0y - af = Jr(x - ap+(1- Ny-a)| stfc—a| +(1-D]y-a| Str+t-pr=r,
va do dé: tx H1-fjy € B (a, r).
Keét qué 46 ching t6 B’ (a; r) 18t
s N&u (x, y) € (Bla; r))2 vat e |0; 1] thi ta 43 thdy réng (xem doan trén);

“rx +(1 —r}y—al s rllx - al +{1-8 ||y-a]| <r

Neu  [ee+(1-1)y—d thi the-d] =r

u e+ (l-Dy—af = : .

Y (-nlly-d|=01-0r

va do dé: ¢ =0 v 1- 7= 0, mau thudn.
Vay tx + {1- 1}y € Bla, r).

1.1.14 a) « Apdungbat dﬁng thite Cauchy-Schwarz cho 1] va 1:

I = Ifmldr jﬂ jlfm| at| = - |1l
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b
VE = frofas e o)

b) Xét f, : IO 1§ = R, véimointhugc 1, dnh xa nAy rd thng thudc E. Ta cé:

L L

- 1
vert: (b= Vil = bik=1),
we Vb WL L
"fﬂ"[ fﬂ“[ e H-fn"z
chiing 16 céc chudn || ., , |. ||2 . |+, doi mét khong twang diong véi nhau.

1.1.15  a) Cii bien cdc phép chimg minh & £.1.1, 1), Thidy 4).

1
b)e Xétf,: R > R . véi n22,rbichimg minh |f£,| -2 a EA| =[L)§,
too (i Uow-1 Z \2n-1
& Xét g, T -» X, w0t n2 1, chin, cho bii:

—I— nén 0<v<n
"

1 . 1
gd)=4{n+——x nfu nsxsn+— ,

n f
0 néu n+ l N
n
2
réi chimg minh; Ilg,,ﬁ, =2+ HLZ va |g, "2 < 2(:1}1; L

1.1.96 o) Cicdidukitn N (AN = [AING (D AN, (F+ 2 < Np )+ N () c6 thé
chiing minh dé ding.

K¢ higu Zg = & (10)=1 xe [0; 11; gtx) = 0).
Gid thiét Z, = @ (v& mién trong cila mot bd phan, xem 1.1.7, Dinh nghia 1), vd cho f & E sao
cho Ny (= 0. Vifva @déulien tuc, tasuy ra fp=Lvidodé: Vxe E[O;I](Zq:) » @x)=0
Nhur the flién tue trén [0 v3 trigt tién trén bo phin E{o;l](zg) , ¥On tril mat trong {0;1]. Suy
raf=0, vanhw vay Ng 13 mot chudn.
(Gia thigt 2:9 20 tntai (g, b € H-_z thdéa man:

{0 <a<hsl

Vxelahl, p(x)=0"
Xétf:10; 1] = . xdc dinh boi:
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ath
x—a née asx<
b
flx)y=<bh-x néu ar <x<h
4] trong céc trudng hop khic

Hay ching minh: f e E, Ndf):(),f ={).

Nhu thé N g, khong phai la mot chudn.

o

¢ Tra 18i: N 12 mét chudn trén E khi va chi khi ¢~ '(0)) = @.

b) R3 rang la ching ta da gia thit Z, = @ (cdch ky hiéu trong ).

+  Gid thi¢t Z, =0. Vi |¢Jl lién tuc trén doan  |0; 1] v khong triét tiéu, nén tdn tai
(m.M)e(]R:_)zsaocho: Yxe[Q;l], m < |tp(x}|SM.

Khi dy: YfeE, m N (f) £N¢(}‘)SMN1{}‘),
chimg 1d: N(p ~ Njp.
s (i thidt Z(p# @; vay tdn tai xg € [0; 1] sao cho @(xg) =0. Cho &> 0 c6 dinh.
V1 @ lién tyc tai xg nén tén tai 7 € J0O; 1] sao cho:
Yx € [xg- 1 xg + 71N {0; 17, |<p(x)! < ﬁ.
Xétf:[0: 11— I xdc dinh bdi :

i(x—x0+q) néu x-S xS xp
n

f(X)=<l(xo+q—x) nél xpSx<xp+7
17

0 trong céc trudng hop khic

1
Ta cé: N = va N = —2n,
1N =7 e 7"

M-2::1:,chl'l‘ngt{'): NQ, + N .

suy ra
Np(f)

0 Trd 18 N, 12 mot chudn tuong duong véi Ny khi va chikhi ¢7'(f0)) = @.

¢) Phuong phédp chitng minh twong ty nhu & b).
¢ Tra 16i: Ng va Ny, 1a nhimg chudn tuong duong khi vh chi khi: Zp=Zy va

Z, =@ (wong d6 z¢,=¢f1([0}) ).
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1117 o Cictinhchat: NP = [A] N,
N+ 212 N(f) + Ng),
v Np@h=1alNg®, Np(f+sNgD+Np®
c6 thé chiing minh dé& dang.
s Chof e Esaocho N(f) =0; khi d6 R0y = 0 vaf' = 0, viy f 1a hiing, vi cudi cang f=0.

1
» Chof eEsaochoNq_,(}‘)=0; khi d6 Ifqp =0vaf’ =0vay fla hing. Nhu the 1a ¢é

1
suy raf =0 virdng qu =0,
0
s Anhxa ¢, lién tyc trén [0; 13, cé it nhdt mot nguyen ham ¢: [0;1] = R . Véi moif
[ x = r
I

thuge E, mot phép tich phan timg phén cho ta:

£f¢=[f¢];~ _Ef'¢=—f(0)¢(0}— Ef'¢-
Ef@)

suyraNg (f)s aN (f), dodé ar = 1+ I#].. -

D

<|fOfipoy+ E'Ml <|e)|f @] +4l,, L'|f'| .

1 1

2) Imt=——[£ +£']s—£ j:

01 = g b b < gopl| e e !

: _ -2,

suy ra: N < ﬂNQ,(f), trong d6 B = W
1.1.18 » Céc tinh chat ll

N‘w (;\f)= [/‘le‘m(f};
Vi N+ SN (P+Nalp L
6 thé chitng minh d& dang,
Chof e E sao cho N’ {f) = 0; khi dé
f'=0,doddf 1a hdng, edi f=0 vi ring
1) =0.

o L 2 1
n n

e V&i nellsaochonz2, xétdnhxaf, :[0; 1] » ® cho boi:

25-GTTT3-GT3
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sin® (:r_m') néu 0sr< 2
n
fn(x) = 2
0 néu —<rsl
n
Hay kiém ching ring f,; € E vh chitng minh:
No(f)=1. Nwl(fy) = %
suY ra: Nol) —
Nw(fn} L

1.1.19 « Cictinh chit

. v, (Af) = [i! v, va vi(f+p) Sy, (N+v (g
¢6 thé chimg minh d& diang.

Chof e Esaochov, (f) =0; khidé f(0) =f*"(0) =0, vaf*" i hing. Tirdd suy iimg budc
taring f*P =0, f'=0, f=0.
s 1) Biing c4ch 4p dung bat ddng thire s6 gia gidi ndi cho f* trén [0; x], 1a duce:

e -roo| < lxl swp [r#vwl < | sup | el

ref0.x] we[(1]
suy ra sup | 9wl s Sup | rev@l, ‘
xef0] xe[x1]
6 6 v (N Sv, (O

2) V6l mointhudc 17, xétdnh xathugc £ f, : |;1] - R . Hay ching minh:
A

Y b elTx {0, p-lt,  w({)= (n+p)!

{n+p-k)’
tir d6 suy ra ring: Yenlfy) A+p-k > +0,
velfn) e
¢ Tra 13i:  v,..., v, d6i mot khong twong duong.

1120 1 > i\}—? kha tich trén 10; 1] v [wem]. |f5;) 'S%).vh do t % kha

tich trén |0; 1].

a) Cic tinh chat JAf[| = [Al[f}.va  |f+g] < {r] + Jg| <6 thé chimg minh d€ dang.
Neéu |f| =0, thi viflien tyc wen {0; 1]tasuy ra (V¢ 10: 1], fin=0),18if=0.

b) Vi moin e 17* xétinhxa f, : {(; 1] - ¥ x4c dinh boi:

n—ntt néu()srsl
L= ' "
0 nén —<rsl |
n
Hay chimg minh ring: Ifnﬂi =% vi "f"" =§J}I ,
tir dé cé: M — +w,
Efnu] nee

O Tradtai: |.| va ||, khéng wong duong.



Chi d3n va tra 1ai

1.1.21  a) Céc tinh chit:

NP =2l NP, v N (P+Q) <N, (P + N, (O)
c6 thé ching minh dé dang,.
Néu (Ve M, 3, 0) vinéu N, (P) =0, thi (Vk € (0,.., N), a, =0), vado d6 P = 0.

Néu Gnpe 11, 4,, =0) thi N (X0 )=0va X0 20.
0 Tra (&1: N, 12 mot chudn khi va chi khi: (Ve [, A, » 0), trong d6 L = (&, )

REH -

2) Dio lai, gid thiét tdn tai (@, B) € (R ) saocho: Vaell, 2| s
N

Véi moi P = Zakx" thuge T[X] ta cé:
=0

u,! < Blal

N N
Ny (P)= Zlﬁk“kl s Zﬂl’lk“ﬂ = BN (PY,

£=0 k=0

vi cling tuong ty: a N (P)s N, (P).

0 Tra 180: N, va N,, 12 nhitng chufn wong duong khi va chi khi:
VnaelN, 1,=0
YneN, u,=0

Ha.f) e (R VneN, ald|s|u,)s 4|

1122 Choxe A2;Wntaia e £2 sao chox = Ag. Vi £2 md& nén tén tai r > 0 sao cho

Bla; 1) 2 Khidé B(x; |M{r)=AB(a; ) © 402 (xem bai tap 1.1.11, 2)), vh nhu the A2 I
mot thp mé.

1123 AUG(A) = AUG(A) > ALle(A) =E.
1124 AnB=0= Ac (B = Acl®) =3 =2.

1125 ChoxeEvaVe Vi(x); 16n tai mét bO phan md 42 cla Esaocho:xe 2 c V. W
A trd mat trong E, nén ta cb: 2 MA#D, vidodStbntaiy € 22 ~A. Do 2 vi A 1a nhilng

bo phin mé cia £ nén: 12 MNAEV(y), 16i V1 B il mat trong £ nén: (2 ~ A}~ B # . Nhe
the: ' '

YVe U VhAnB O,
va cudi ciling: A M B ird mét trong E.

1126 ¢  Trdldi: A=[0;1], B=1;2] ~ (3.
1427 ¢ Tralal: A=[0 1[0 280 (13 41y U (5).

L xeR:} véi n & 1%, vi chd § ring
x+n 27

1.1.28 Ky hieu A,:{

3
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9 r+l o '

O TréléﬂA:]O,—%{,ﬁz}(},l{,;i:[,i:[
2 2 2

,.=]L:i+—l{va—l—s ! +—_ i trdd suyrad = :[0' %[

— o

Unv Ve s 2 .

1120 ay e 0V EY | [UnVeU TV ctnmy .
UnVecl —_ a
UAvVev

o
e

* Choxe 3m7 UV va W13 mot lan can md cita x trong E. K¢ hi¢u £2 = UmV

tth]dmﬁtlapmavarEQcUﬁV

Vixe U vaWm 0 € ) nentach: (W@, vitdo vay 160 lai y € W2,

VIiW ™ 02 U a tap mé va ye 2c V nén tacd W2V e 7, tir d6 suy ra:
WrillUnVy=@,

Két qua ndy ching b v € UnV vidods UnV c UV . Chuyén qua cdc mién trong, ta

S e =
suy ra: UnV cUnVY.
B} Chuyén qua cic phén bl va &p dung o).

o &

a
= AnB = An B (xema) , w) vh ciing tuong (v cho céng thire kia.

}#

A
e
>
=]

1.1.30  Thyc ra ta s& chimg minh téng quét hon ring véi moi kgve Felia Esaocho F # E ta
o6 F=@.

Rérangla F limot kgirc clia £. Ta l2p lugn phan ching: gid thist F @, Khi dé t6n tai
feFvire IR+ sa0 cho B(f; r) C F. Khi dé v6i moi g thudc £ 1a c6:

g=f+ - [*(g—f)JE F,
r 2

Vif eF, %(g— /)& F WA F 1a mot kgve. Nhung nhur the F = E, mau thudn vi 4nh xa

[Grtenf - R lien tyc nhumg khong lien tuc déu.

A [ T S

1131 dAuB = AUBN GAUB) = AUBATAICL(B) = F U G, néu ky
higu:

F=anlgAnGB), G=BrilgAm Co(B)
Chiing ta chiing minh: F=An(A)nG(8).
Mgt bao ham thic chimg minh dé dang.
Choxe An Cz(A) ACe(B) vav la mot 1an can mé elta x trong E. Ta cé:



Chi dan va tra 18

xe A c(g(B) =C_;(_33.
vay VnCg(B)1a mot lan can cla x wong e. Vi o € [g(A), nén khi dd ta cb
Vol (BY N Cp(a) 2 2.

Ta két luin ring: reA et Gz (BY.
Tuong t 1a dugc: G= Bnrigia)n((8),
tir 46 suy ra:

HAUVB)Y= (memm)u(ﬁmmﬁm)

= {a(A)meTB_)] u(a(B] mm) -

Cudii cling 1a cé: Ay A < Cg(By=(e(B) c [g(B),
tir d6 ta k&t luin: HAUBY=8A)Y A B)

1.4.32 « Chofe A Viflién tuc trén doan [U; 1] vh khong trigt 1éu tai bit k¥ diém nao,
nén 1én (i £ [R: sao cho £ 2 & hoje f £ -z Gid thiel ching han 2 £. Khi d6 B{f; %)c A

Bao ham thic nay chimg to ring A ma.
sTakyhicu B = |ge E g 20 hoacg < U}, vk chiing minh ring: A =B
1) Chop € A vagidthi€t pg B. Khidéténtai (x,x,) & [0; 1 saocho @(x) < Ova
@ (x;) > 0. Ky higu £ = Min(-p(x)), ¢ (1;)) >0 vie € A nén 16n 1ai f € A sao cho ||a: _f"m <
e Khidétacéd  flv) < ¢x)) + & <0 vafin) > ¢lx,) - £2 0, do d6 (dinh |¥ cdc gid tri trung
gian), f triét téu tai it nhat motdiém thuoc |0; {], méu thudn, Diéu dé ching 16 ¢ € B.
2) Pao lai, cho g € B, ching han g = 0. Véiméi £ >0, xét f, = Sup{g, £. Tacd:

o fize>0,vivf €A

o 02 f, Sg vy 0< g-f:

e véimoixthuoc[0;1], JSFZE = Jel0)-g(0)= °©
O<gn<e = fn)-glx)<e

Nhu the: fechA v |e-£, <=
Didu d6 ching1d ge A.

O Tralsi: A =Ava A ={gekE;; g 20 hoicg <0}.

1.4.33 1) Alamotkgve clia oy vh A # ¢, vay A= {tvong tu nhu & bai thp 1.1.30).

2) Cho (i), € ¢, v £ >0 Tén tai Ne i tsaocho: Vrell, (n>N=> [, | < &).
3 A u, ndoasN '
Xétv = (v}, duoe xédc dinh Ja: v,= .
0 néun>N
Ta co: ved v ||v-u||m = Sup 1:;,,ls E.

uxN
Didundy ching to:  Vuec, Vex>0,3ved, |v-4_ <&

VA Suy 14 A =,

381
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3NHAT=A4 - A.

) Traldi: A =9, A =¢,, dA)=c,

1.1.34 (i) = (i)
Véimbiathugc A dntaiV, € Vida)va F,1abd phan déng cia EsaochoV, mA =V, " F,,
vi t6n tai mot bo phan md 2, cha Esaocho: v € 2,c V. Ta cé:
2 NA=V,NnA=V nF,= 02, ~F,.

Ky higu U/ = U Q,, , thp niy 13 mot bd phan md cla £.

e .
V6i méi « thugc A 1a ky hitu  F,=F, n [g(Q,), ]a mot bo phan déng cia E, va F =
ﬂ F', , cling 12 mot bo phan dong cia E. Bay gid ching ta chimg minh ting I/ ~ F = A,
aeA
e Ac Uvi:Vacdaef2,clU.ChoaeA xeA.
Néva g GiQ )t vef2 ,viyae 2. nA = 2 ~FcF,.
Két qui ndy ching d thng Vie A, ae F',,dodda e F vicubicing lhA c F.
= ChozelUnF. VizeUnénténtaiud € A saochor € {2, Hon nla:

ze Fc F', = F,n (g(,). '

dodéze F,, vicudicingtacéze 2, nF, = OQ,nAcA Diduniy chimg1o: UnFc 4

(i) = (i)
Choa e Arf2lamatlancincia g vh 2 MA = 02 n{f2 " F), vay 22 ™ A 1a mot bo phin
déng trong (2.

1.1.35 1) Trudc tién ta ching minh: d, = d5.

s Ac A,viy: YreA, dx, A) £dix, A).
»  Cho £> 0. V&i mei t thude A tén tal & € A sao cho d{t, u) < & suy ra:
dix, A) s dix,a) S dix. N+ d{t.a) < dix, H+ &
Nhr thé: V>0, d(x, A< dix, A)+5
suy ra: dix, A) S dix, ;1-).
2) A=B = dy=dy ody=d,.
3) Dio lai, gid thi€t d, = dy ; voi moi ¢ thudc £ tacé:
te A © dit. A)=0 & d(r. B)=0 < te B,
suyra A =B. '

1.1.36  Cho(a, b) € A X B; vdi moi {x, y) thudc A x B ta cé:
dix, ¥v) 8 dix, a) + dia, b) + d(h, ¥y 5 diam(4) + d(a, b) + diam(B),
chimg to ring A U B gidi ndi va:
diam{A « B} £ diam(A) + dtag, &) + diam(B).
Ta suy ru h¢ thic cdn ching minh bing cdch chuyén qua cdc bién dudi khi (a. #) chay khip
AXB.

1137 1) AxBcCxD, vy
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diC,.D) = Inf " dxy):=< Inf  d(x,y) = d(A, B).
(x,¥) € CxD (x,¥) € AxB

2) Cho &> 0c6 dinh. Tén tai (c.d) € Cx D saocho: d(c,d) < d(C.D)+ %

Do (c.d)e A x B néntén tai(a, b) € Ax B sao cho; d(c, a) < % vad(d, b) < % Khi do:

d(A,B) < d(a,b)< d(a, c)+ d(c,d) + d(d, b) < d(C,D)+&,
Nhur thé:

Ve >0, d(A, B) < d(C,D)+ ¢,
suy ra: d(A, B) < d(C.D).

121 a)e Anhxad, : E > R liéntuc, Va(A) = dy' (o +0[) vaJa;+co[ 12 mot
x = dx,A)

b6 phan ma ciia T, vy V, (A) 1a mot bo phan md cia E.
e A=|x eEdxa)=0jc V.(4)
. ﬂVa(A) =(x €eE; Ya>0,dx,A)<al=(x eE dx,A)=0}= A.

a>0

b)

122 Tacéthégiathict A # D vaB #@. Ky hituf: E = R , hily ching
x = dix,A)-d(x,B)

minh ring
U={x €k, fly<0} vaV={x eE; fla)> 0}
thich hop.

1.2.3  Néufva glién we thi dnh xahop @@ (x,y) = (f), g0)) > flx) + g(y) cling lien
tuc.

. Néu ¢ lién tuc thi khi ¢8 dinh b trong B, dnh xa hopf: (x, b) > @ (x, b) - g(h) lién tuc.

1.2.4  V6imoi bd phan m& 2cia F:
rr@=rr@nJu = Jrr@au) = Utng) @

iel il iel

12 mot hgp nhitng bo phan md cua E.

383
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1.25 1) RérngRE_E,, C 13 ahitng kgve cha £,
2YCho (f,g. e Ex E x Csaochof+g+h =0.
Néirieng  A0) + g(0) + A(0) =0, suy ra A{0) = 0, vi do 46 A = (),
Réi ta 1ai co: Yxel, O0=Ax + gx)=glx),suyrag=0,f=0.
3y Véimoi pe E.xétf,g.h:® — E cho bdi:
J—p(@® nSux<0 0 nfux <0
h=pOL  fn= (P00 neux<0 .
0 néu x >0 @x}—p) ndux>0
vikimching:  (fg h) e Ex EXCvif+tg+h=gp

4) Véi moi x thuec I, ky higu A E o> R .
F b f
Anh xa A, lién e vi:

e, 14p-A@l=lrm-gwl < Jr-g,.
Vay véi moi x thuoe F., A7!({0}) déng; cudi cing
E = n ATN0) v E, = ﬂ A;'101) déu dong,

xR xcR,

3) € ddng vi moi kgve 1 chidu déu déng.

1.28  a) Cho 2212 mot bo phan md ciia £ va 7 €9 (£2); 16n tai x € £ sao cho ¢ = d{a x).
Xét nim dutng thing [¢; x —[ xdc dinh béi;
la;x o[ =[Aa+(l-Ayx; AeE AR

[a:x—>]

Bix:r}

Vi2ménentbntaire ]R_‘,_saochoB(x;r)c £2 var < dia, x). ta c6:

P2)2 9B N) o plla; x >[N B(x; 1))
= Jd(@a, x) - r;d(a. x) + r ("~
Vay @ (42) 1a mot 1an c4n cla moi didm cia né trong I ,, do d6 mé.
b) Xem bai wap 1.1.22.
¢} Cho 42 1h mdt bo phan m& ciia Z . Vi gof lien tuc 0én f (g '(42)) = (gof ) (42} 12 mot bo
phan mo cia X Do £12 todn &nh vi mé nén g'((2) =Rf"'(g'(42))) Ia mot bd phan md clia ¥,
K&t qui ren chimg 13 g lign .
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1.2.7 a) » Cdc tinh chat:
WAl = (ATLAL Br+al <BAl + el A =0 & £ =0
chitng minh dé dang.

» V6imointhude 11*, xét f,: [G1] - R
——nx néu stsl
n n?
Sl I R P

e

A
171,

b) « N1amotchudn trén £ (xem bai 14p 1.1.19).

hdy chiing minh ring

— +o,rongdé || |.],-
o

s 1) V& moi (x, ¥) thude [0 1]2 sao cho x # y, t8n tai ¢ €)x; ¥[ (hay y; x[) sao cho:

S@10)_p
(dinh 1 56 gia hitu han), suy ra: Sup S-S ) < Sup |__f' (3] b
petgr 1 XY rel0s1]
X#y
2) V&imoi r thude [; 1}
ifa(ﬂi = ]im f{u}'—f(f) <. Sllp f(x)—f()’)
AL I (ryetoa? | XY
Ay
do dé: swp 5ol sup [LERZSON
rel0:4] e | XY
Ty
Cubi ciing ta c6: VieEl, |f] =nNp.

128 Xéidnhxe piBLF) > R nheihe tac Uf & BOLF) off,0) S o) = o Lo
f

= wif.e

&]), va [0; €] Ia wap dong trong IR. V3y ta chi cén ching minh ring @ li¢n tuc; ching ta s&
chimg t6 ring @ 12 dnh xa Lipschitz,

Cho Ve Vi(@),f g € BUCF). V6i moi (x, ) thude V> ta c6:
-7 s [£0-g)| + Jetd -z + fe - £
< 2|[f - 8], + diam(gvy),
1l d6 biing cach chuyén qua bién trén khi (x, y) chay khip V2 ta duge:
diam(AV)) < 2|f - gf _ + diam(g(V).
Chuyén qua cdc bién du6i khi V chay khip L (a), ta suy ra:
off, a) S 2| — g, + g, ).
-Dao céc vai trd d6i ximg cla f, g ta c6 thé két tuan ring;
lekf, @y - axg )| < 27 -], .
Nhu vy ¢ ladnh xa 2-Lipschitz, vay lién tuc.

38t
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129 ¢ Tralsi: E=R,A=]0;+0[,B=I

1.2.10

Hay kiém chiing ring céc énh xa sau day:
El—bEz,Eg-)E3.E3—> E,
1 1 1
z H(uﬁ]( 38 4 Ve F = [I+H]z
lanhﬁngsonginh.odﬁnhxgnguqcmeothﬁwli:
Ez—pEl,E_;aEl‘g.E‘,-)Eg.
IC R
va rang sdu dnh xa dé déu lién tuc.

12141 o Chof: C - C lamoétty déng c4u thé lién tuc.
1) Ta chiimg minh ring: V(1,2) e RXC, fidz)=Afz).
* Bingquynaptheon: Vze C, Vnell, finz) = nfiz)

* VzeC, VneZ, , finr)= fi-(-n)z) = - fi(-n)z) = -(-n) fiz) = nf(z)
* VzeC, V(p.q) e Zx 1, L2 =fgL2)=fpr) = pfia),
q q



Chi dan va tr3 d

trdésuyra: Vze T, Vred, firz)=mz).

* Cho(x,z) € Kx7, tn tai mot day {rp) pej nhing s6 hir ty sao cho: ry = X
i

Do f lign tuc, ta suy ra Arpz) = fixa).
oG

Nhumg ta lai ¢6: frpa) = r, f2) > xRz,
nog

do d6: Fixz) = x(2).

2 (i)* = A’ =f-1) = AL) = -1, suy ra i) € 4-i, i}

K¥ hi¢u fi) = &, £=-1 hay 1, c& dinh.

BVx e TE‘;Z, fox +iy) =fl) + (¥ =x+ & y.

¢ Hay kiém chifng ring cdc dnh xa fim duoc trén day dén thich hop.

1242 1) Chope Esnocho p 20; tacs: yp € EvaF(g) = F((\Jp ) = (F(Jg )2 2 0.
Kétquidéching1d: Vo e F, (p 20 = F(p)20).

2y Cho (@, w)e Ezsaochogo S witacd: Flg)-Flog)=Fly-p)20,vi yw-p 20
{xem 1)).

K&t qua nay ching t6 réng F R 4nh xa tang, tic (a:

Y(p.WeE, (psy = Fp)<Fy)).
3NChof e Exvi -lfl s 7 < |fl, nentacs -F(lfly< Fip < FClfD), do ao:

LFl < FfD.
Sau dé,do |l < |f],, 1, a dwoe Flfh < Fe)s), 1) = ], Fty = I7l, - Diéu ndy chimg
to: "F(f)Nw s Hano '

#DoF ién tai va 12 mot 8ling cdu ciia R-dai s& £, nén ta cling c6:
VgekE, ||F' l(5;)|LJ < lgL )

tir 46 suy ra: vieE, ], < IFUN, -

Cuichngtaduge:  Vfek, P, s WAL, -

1243 {fie oo foul < JAll2 oA -~ [fonez© fona| 1]

vd Ifiefronofonl s el ke fal o0 |fana s fanl.-
Hay két luan biing cdch nhan.

1214 ) 1) Gia thit p lien tyc; khi d6 Ker(g) = ¢~ ({0}) déng vi (0} déng.

2) Gid thiét Ker(p) déng vd 9 # 0. Tén tai Xg € E sao cho p(xg) = I; V1 Ker(p) déng va
xg € Ker(g), nén 1a cé; d(x, Ker(@) > 0.

Ky higu r = d(xy, Ker()).

Chox € B (0; %};m chimg minh | g(x)] < 1.

Nhim muyc tigu d6 ta 13p luan phin chimg: gia thigt | @] > 1. Ky hicw o = | gt}

3t



388 Chuong 1 Khong gian vecto dinh chuin

Ta ¢o; éx = I‘-]?_Inx“ < [M < -’2— vi -;—x-xo e Ker(p),
tirdé suy ra:  d(xg, Ker(@h) < L < —;- mau thudn, Nhu vay thi: | @@ ] < 1.
o

Ly

Cubi cling, véi moi x thudc E - (0} tacd: || =

{n’u B

b} Hay chii ¥ ring Ker(p), tip ndy v&n i mot kgve cla E, chita sieu phiing Ker{g), vay
Ker(g) = Ker{¢) hay Ker{p) =E.

ching 1o ring g lién tyc.

1.2.15 1) R rhng ring & tuyén tinh. Hon nifa:

v e HxD, oty = frexlgs g + Iy = By Plp = ol -
khi L4y chudia trong H x D (3 chudn xde dinh bdi ding thifc cudi ciing trén day.
2) Vi H 12 mot si¢u phing nén tén tai ¢ € E* -{0} sao cho A = Ker{g). Hon nita, theo bii tap
1.2.14, ¢li¢n tue.
Ton tai d € D sao cho g{d) = 0 (& ddy moi phén tir ¢ cha D - [0} déu thich hgp), va ta cé thé
biéu thi 4nh xa ngugc chia € (# 12 song dnh):

g : E - HxD .
o [y q:()]
. el pld)

dnh xa ndy cing lign tuc vi ¢ lién tuc,

1.216 a) w)Ker(f) =f -1{{0}} 12 nghich dnh cha b6 phin déng [0} chia F qua dnh xa lién
tuc f.
Py ¢ (o thé xay ra trudng hop Im{f) déng, chinghan: f: £ — F.

X = 0
¢  Cothé xdy ra tnromg hop Imf) khong ddng, ching han: A = (C(|0; 1], 7).
|-l 3 E = 1 € &5 f10) = 0}, day la mot sieu phing khong déng ciia A

{ hay ching minh riing: ¢: A ~— R khéng lién we irén A), F = 4,
f o= f@

fiE—F
1

by = Theo a), a), Ker(p) ddéng.
* Im{p) = Ker(ldg - p} dong theo a), a) 4p dung cho Idg - ».

1247 @) = Gik
Gid thit tén tai a € E théa man: fa] =12 JJo]| = | ).

Vi H 13 mot sidu phing v do 2 ¢ H (ndu nhr a  H thi “lw[" = |qo(a)|= 0, ¢ = 0, miu
thudn), nén t6n tai (A, Ay € I_x Hsaocho: x = Aa +h.

lotx— 0|5 lefjix 4]

lptx - )| = o] = |4l = |allle]] |

rdésuyra;  Vike H, [x—i] 2 |x]. Nmmg Ju-4] = J2¢] = |Aljd = |4]-

Ta cé: Yie H,
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Nhir thé: Yke H, Hx-— k“ - "x-."i" .
tire 1a: d(x, Hy 2 ix —h].

vi cudi chng ta cd: dix, H) = "J. - h“ Vih e H.

{i) = (ii{)t Hiénnhitn iE-H = J.

(i) = (i)
Gia thiét tn tai x € E - H vd h € H sao cho d(x, H) = [x—h]. Ky hiew b =x - h.

Chou e E-H. Tach: i )u xe H v q’[?)i ;u x)—go(b} @xy = -@p(h) = 0, tlr d5 suy
plu

olu)
: Bl =lx—H] = dix, ) < [P “ G
) ==t = dox p s qu( ) !ep{t;)[u“"
Két qud niy chimg to: Yu e E, | @e) | glq’l(hu” el vh do dé: “ifpmﬁ ‘Tifﬁ)l ’
i
plh
i flo] = %“

Ky hiéua = H . ta ket luan: flaf = 1 va flo|] = | @

1218 Zp= =F ({0}), rong d6: F : LC(E) —» LC(E) , vén la mot anh xa lien e,
f = P

1.2.19 o Tru6chét tachi § iing: Vf e E, fpeE.
¢ Ta chiing minh dé dang ring Tg, tuyén tinh.
« ek [, =lfel, <iL, lel..
chting 13 ring T lien twe va [IT, | s fol,-
o [rof, =lel, il =1

o Tk 7] =,

1.2.20 o Trudc tién chi § ring v6i moi fthude £, dnh xa (1] - R lign e, do do thude E.
X If ’
0
¢ Ta chiing minh dé dang ring 7 tuyén tinh.
X X
. YeEVxe(®: 1], [T = _[f1 < Ilf| sx|f < |71,
o

a

wdésuyra:  VfeE TG, s B,



380 Chuong1 Khdng gian vectd dinh chudn
K&t qua ndy chimg to ring T lién tuc, v: ERe
X
o Ty, = Sup Il =tva i =1
xe[0:1] b

o T |7 =t

1.2.21 a) Cdc tinh chél

NUAP) = [A] MP), NP +Q) SNPY+NQ), NP)=0 < P=0
cé thé ching minh dé dang.

X . k k-1 o NTOKY
By NX ) =1viaNTX)) =NEX ) =k trddsuyra W T + @,

¢ Tra I6i: T khong tien e

1222 « GL (D) = det '1(1[{'-, -{ON; 7 - (0} 12 mot bo phan mo cla M,(I) va det 14 4nh
xa lién tuc, suy ra GL (K) m& trong M, (I0).

e ChoAeM(E)va ¢ >0 Anhxadathiic y, : ¢ > det(4-r1) chicd mots§ hin: han
{ % ») khong diém trong I .

Nhur vay tdn tai £ € J0; £[ sao cho z, () # 0, tic1a A-11, ¢ GL (E).

Két qué trén chimg 15: Ve >0,3Be GL(K), |A-B| <=

trongd6 B =A -1, vi chudn | .| chinghanla }-H“m
h

Cui cing ta két luan:  GL,(IX) trd mat trong M,,(IX).

1223 o SL(K)= det '({1}) 46ng vl {1} déng, vA det: MK} — [ li¢n e,
e ChoAeSL(E)vh 5s¢ R:.

Anhxa K = K 1 4nh xa da thic bic n, do d6 trong mot s6 hétu han ldn c6 gid tri -
1 - det{A+d,)

Oca<e
bing 1. Vay tdn tai 0 ho: .
gl Viytintala >Bsa0c {we]&.a{, det(A+1)#1

Ket qua trén chiing t: B(A; a) @ SL(K),
vi cudi cing thi: {SL,,(IK))O= &,
0 Tl SLK) =SL(K), (LK) =@, L) s=SLK).

 1.2.24 Trong bdi tip ndy ta rarig bi cho M,(K) chudn | . | xdc dinh bdi;
“(ajj )ij“ = J; Max \aijl .

1%i, jsn!

v6n 1a mot chudn nhan, thc ;. V(4,B) € (M,,(Hs{})z, la8| < 14| [8]-

Trudc tién ta chd § ring F c E.
a) = Cho M e M(T), & >0.Tabiétld M c6 thé tam gide héa duge, tiic L 16n tai



Chi din va tra lai

P € GL(D),T € T, (C)saochoM=PTP .

Ky hiéu 2y,..., A, 14 cdc phin tir dudmg chéo ciia T, RS rang t ton tai (z,.... 4,) € C" sa0
cho:

. &
Yiell,..nt, |/"., Jul! < “P“' P'1"
Ve, (%] = m#p)
K¢ hi¢u 7| 12 ma trgn tam gidc trén ma céc phdn tir dudmg chéo 12 p,..., i, vA céc phén b
kh4c nhy cdc phén 1 twong éng clia 7, vA k¢ higu M[=PT,P . Khi dé:
- m = [P -1 < |7 -] [

£
allT-Til = Su =g < . Tirdé suy ra: [|M - M| <&
AIFT = S il < gy sy -

Cudi cing thi M, € F, vi da thic dic tmg zy, clia M 12 mot da thic tich ¢6 tt ¢ cic
khong diém la khong diém don:

n
Viel, W= xmW=]Jw-b.
i=1
Didu d6chimgt: VM eMJ(C). Ve >0, M eF, |M-M]<s
vi nhyr vay: F =M (T).
« ViFc EcM(T),nénkhidétacd: E =M, (D).
b) XétM = [? :) € My([E); ching ta s& chimg t& réing tdn tai £ > 0 sao cho:
VAeMyR), (JA-M|<e = 4 ¢ B).
. a b .
Thue viy, k¥ hid¢u [ d) =A-M, tacé:
C
ga—A +b
~1+c d-3.
véi bidt thirc A A =(@+d - 4ad + (14+b)Y1- ) = (a- d)* - 4(1+ BY(1- c).
1 1 1 1 2
Néu Ja-M| < = w1 |al, Ib], |cl d8n <« —=,d0d64 < = -4(1 - —=)" <0, vAnhy
I " 2 232 2

22

VieC., zi(H= = 22 - (a+d) 4 + (ad+(145)(1-0)),

thé A khong chéo héa duge trong M(RR).
o Tra 13i: E = My(®). '

1.2.25 ’I"mng bhl 14p nay ta trang bi cho M,,(K} chudn x4c dinh béi:

a) 1) ChoA e .Qp : t6n tai mOt ma trin vudng Ay trich ra tir A, cfp p, kha nghich.
V1 GL,(IC) mé trong M,(I) (xem bi tdp 1.2. 22), nén t8n tai & > 0 sao cho:
VB e M(17), (|4 -B||<s = Bje GL,K))
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392 Chuong1 Khong gian vectd dinh chusn

{trong d6 ta Ky hi¢u chudn | .| tren M(0) xéc dinh trong ty nhu chudn § . || wen M,(E).
Cho B € M,(I0) sao cho |jA- Bf < &:ky hieu By 12 ma tran vuéng c&p p trich ra tir 8 cling tai
cdevitri nhu & Ay, 1a co:
ja-8f <|a-8| <e.
dod6 B e GLp(EZ}, visuyra rank(B)zp,Be .QP .
K¢t qua trén chiing to:
VAeQ,, 36>0, VBeME) (JA-Bf <¢ =Be )

tirc 1a .QP t2 mot bo phan md clia M, ().

2 GLE) ¢ 2, M) va GL,(K) trd mat wong M,(I0), tir d6 suy ra Q, =M.
b) & V,= {0} 12 mot bo phan déng khong mé.

e V, = GL,{I) 12 mot b phan md khong déng.

« Chopell,..nl}l(dodénz2).

Néu VP mé, thi do GL,(K) tris mat trong M,(I0), nén ta s& phdi ¢6 V, N GL,(ID) # &, mau
thuln (vip # n).

1
-1, 0
Mat khéc thi ddy (A, )yeip Xdcdinhbdi A, = | & P , tao nén b&i cdc phén trclia Vp Vi
o 0

héi tu 4én 0 v6n khong thude ¥, , chimg 16 ring V, khong déng.

*  V6imei pthude {0,..., n} taky higu F, = {A € M(I0); rank{A) <pl.
Vi hang clia mot ma trin M bing cp cuc dai clia cic ma trin vudng con va kha nghich trich ra
tr M, nén F, 12 nghich dnh cia {(0,..., 0)] qua énh xa lién tyc cho ting méi ma ran M thude

M,,(I5) v6i danh séch céc dinh thic clia cdc ma tran vudbng con cfip 2 p + 1 trich ra tir M.
Diéu d6 chimg t6 ring F, la déng.

Cuéi cling thi: Vo=2,nF,
V, md & p=n

0 Traw: |’ P
V, déng & p=0

1.3.4 Anhxa f: E > R_lién tyc trén tip compac A, do d6 bi chin vi dat t6i céc bien.
x = dixB)

Vay ntaia e Asaocho d(A,By=d(a,B). Vi AnB =O,netnaeB, rdésuymm
dta, B) >0 (xem 1.1.8, Ménh dé),

132 ViAxB compac, (g (W) dbng vd (AXB)N Cexr(W) = @, nén theo ba 1dp

1.3.1 tacé:
di(Ax B, EE,F(W} y=0

{trong 46 d| 1a khodng cich trén E x F xéc dinh bdi d{(x. ), ",y ) = delx, x7 ) + del(y, ¥ ).
Ky hidu:
o a
a =djAxB lgeW)), U=lxek dix, A) < 3 ), V=lye Fdy B)< 5 B
16 ring 1a U, ¥V md (xem bai thp 120viAc U, Bc V.
Cho (x, y) € UxV; gid thiél {x, y) ¢ W. Khi d6:
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V(a,b) € AXB, dg(a,x)+dg(b,y)=d\((a,b),(x )2 a
tlr d6 bing cdch chuyén qua gidi han khi a chay khip A va b chay khép B:
d(x, A)+d(y, B) > a,

mau thun véi: d(x, A) < % va d(y, B)< 5‘25

1.3.3 Choxe A;do E # (0] nén tén tai u € E sao cho u # 0. Xét:
K={te R, [x; x+tu] c A).

e KeR,va0ek

® K bi chanviA bichanvau =0

* K ddng. Thuc vay, cho (1,),e;; 12 mot day trong K

hoi tu dén mot phén tir 7 cla .. Dy (1,),¢;; bi chan; ta

Ky hieuT = Sup 1 Do
neM

(Vhnell, [x; x+tu]cA),

nén ta thu duoc:

[x; x+Tul c A, 16i [x; x+ tu] c A vire [0;T).
® Nhu th€ K 1a mot bo phan déng giGi noi clia R
do d6 cé bién tren M, va M € K. Ky hiéu y = x + Mu:
roringtac6ye A= A.
Véimoie >0téntai @ € )0; £[ saocho x + (M + a)u ¢ A (dinh nghia M), chimg to rang
y e Cga).
Cué6i cling ta cé: y € 0(A).

1.3.4  Talap luin phin chimg: gi4 thiét t6n tai mot diy (a,),ej; trong A sao cho:
ap = a va(fla,)),e;; khong héi tu dén fla).
Khi dé tén tai & > 0 va mot ham trich o sao cho:
Vn ell, d(f(agy), f@)ze.
Do f(A) compac nén day (flag,y)),e;s €6 it nhat mot gi6i han riéng trong f(A) ; vay tén tai
mot ham trich t vd y € f(A) sao cho:

f(aﬂ'( 'l‘(u))) R y.

Khi dé6 thi (@6 gy f (Ao ) = (aha Gf déng nén ta suy ra (a, y) € Gf va do dé

y=fla).
Nhuvay thi  f(ag gy ) = fla), mau thuin,

1.3.5 Ta 1p ludn phin chimg: gi thiét ring véi moi & > 0 tén tai mot hinh cdu mé B ¢é
ban kinh < £sao cho: diam (f "(B}) > a

Khi d6 sé t6n tai mot day (y,), ;i trong F sao cho:

Vnel®, diam(f " (Bo,; L) a
26-GTTT3-GT3 .
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Theo dinh nghia dudng kinh, v6i méi n thudc 11 tén tai (), ., vy) € (F -I(B(yn; -Il—)])2 sao
n
cho: duy vyl (I-l
n

Vi {1y, V) peiqs €6 phén tir thudc tdp compac }\’2 nen t6n tai mot ham trich avi (4, v) € }(2
sao cho: Hogy 72 % VA Vo) 5 Vs

khiddtactdu, vz a.
Do flien tuc nén f (ugy) ;2 Kt v f(Vamy) 53 Flw), réi vi:

Yne i]*, d(f(ua(")) !f{vqn])) <

nén ta suy ra: Kued = fv).

Nhung khi 46 thi: diam(f 'I(U{u)l)) 2dn, V) Z a
méau thuin.

o(n) ’

1.3.6 s DoCc Cp nen

C gi6i noi. Mat khéc i mdi C, o
13 hop cha mt 56 hitu han doan 0
thuac I , nén moi C,, déu ding
rong & ; suy ra C, thic B 6T 9§97 3

n C, ,d6ng trong | . e
nelN

Nhy the € 12 mot bo phan déng gisi ngi clla ¥, do d6 compac.

o R& rang I véi mei » thude 1, C, 1 hop clia 2” doan thude T timg d6i rdi nhau va c6 cling

do dai 1 —.
3!!

i

Wik Wik
| =2
oiaa

ChoxeC,re R, .Téntain € N saocho Len
3]1'

Doan [x-r; x+r]  [0; 11, do o 4¢ dai > gln- , nén khong bao ham trong C,, va do ddé:
[x-r: x+r]l z C.

]

K&t qua trén ching to: C =@

1,37 Vi K compac nén K gidi ndi; vay tn tair € ]R: sao cho K c B’ (0; r). Ta c6 thé 16y
U = B(0; 2r); tip 7 compac vl 13 mot bd phan déng gidi ndi cia mot kgvde it han chiéu.

1.3.8 Apdungbaitap 1.3.4 vdichi § ring AT, ) 1a m§t bd phan gidi ndi cia ¥,

1.3.9 a) Cho (y,) ,,cjy 12 mdt diy trong AG), héi t dén mot phén b z cla F. V& moin
thudc i Ttén tai x, € G sao cho y, = fix,).



Chi din va tra loi

Do (3,), hditunén {y,: n <!} bichin, vidodé theo gia thi€t, (x,; nel’ | bichin. VIE
12 mot kgvde hiu han chiéu nén khi d6 tén tai mot ham trich ova x € E sao cho xg,y 72 &

hon nita x € G do G déng. V1 flién tuc tai x nén f(x g, "—_g flx), suy ra z = flx) € AG).

Ke&t qua trén chimg 15 ring AG) déng.
by Vi |P(z)| — +o , nén vGi moi bd phan gidi ndi Bcla O, P 'l(B) gidi noi; hon nira P lién

-l — 4t

we.

1310 1) » Choxe A’ + B 6ntai (e, b) € A’X B sao cho x = a' + b, v 16n tai mot day

a,3d’
{a,},ey trong A thoa man; .
vYneN, a,z4a

K¥ hitu ¢, = a, + b, khi dé ta ch:
cppa+h
¥nelN, c,za+h
chimg t ring «' + b (A + BY.
Nhir the chiing ta di chimg minh réing: A'+B o (A+B).
* Hodn vicdc vi rfclla A vd B, 1a cling dugc: A+B c (A+B).
e Choxe A + B, 6ntai(a, b) € A X B sao cho x =a' + b', vi 160 tai hai day (¢, ),en
trong A vi (h,),e1) trong 8 thoa man:

ay2a’, by2b’
a, #4a, -
VipqeN:, (peg={’ 9
bpaebq

K¢ hieu A+ by ndu a,+ b, 2a'+h'
i e = ,
y s B Vag+ b,y néu ay+ b, =a'+h'

B
YneN, {c,, <A+
CpEa+l’
Cy fmga'+ b

ta due:

ching tbdnga’ + b' € (A + BY.
Nhu thé chiing ta dii chimg minhring: A’ +5 < (4 +8).
VYaelN, x,#x

2) Cho x € (A + BY ; 16n tai mot diy (x),) pejjtrong A+ B thda mén: —x

" po
Vi mbi n thudc 15, ton i (a,, . b,) € A + Bsao cho x, =a, +b,. Vila, . 5., 1y gid tri
trong bo phan déng A + B cha kgvde hint han chiéu £2, nén t6n tai mot ham trich o v (e, B
trong A X B saocho:

(@otuy Py 73 (6 B)-

Khi 06 th X = dopy + Poy -3 @+ P.suyrax=a+f

{ral

o Néu ala mét diém co 13p cla A thi én 13i np € 1T sao cho:
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Yrell, (azny= €ag,= a.
Khidé (b, o, dugc trich ra 4ir {h,),e; vOi U4 cd cic s6 hang # 5, v Khong hoi ty dén 3,

tWrdésuyrafe B Nheviyxe A+ B,

+ Tuong wr, néu F Bimdt di€ém cod lapchaBthixe A"+ B.

s Cudiciing, nés a khéng phéi 12 diém c6 14p trong A vd # khong phai 1a diém co Wp
trongBthi{a, fleA'+B (Vi (a e A xB} trdésuyraxe A"+ B'.

1.3.11 a)e Cho (f,),e;; 1a mot day trong Ly, hoi ty dén mot phdn tir f eita £(E). Cho x € V.
Do:  Vaell, |f,(0-f) slf.-f) |

nén ta cé: Flx) -2 fx),

vado (¥Ynell, f{x} c fiVYc V), neniasuy ra duge ring fix) € V= V, tir 46 cudi cling
ta duge f € Lyy. K&t qua nay chiing td Ly déng trong L(E).
* ViV ]amét lan can compac clia 0, nén tén tai (@, #) € ( ]R*+ )2 sao cho:

B0 o VaB({:H.
Chofe Ly tacd:

FB Q. a)c fVy < B'(G, B, _
fef 1 f[ixj” o
W e U o

. i
do dé: 7] = =

tir d6 suy ra: Y¥x e E-[0],

Ket qué trén chitng 16 ring Ly gi6i noi.

¢ ViLy la m¢t bo phin déng gidi noi trong mdt kgvde hitu han chidv (L(E)), nén Ly
compac.

b) Cho f € Ly; mot phép quy nap don gidn chimg td ring: Va e 11*,  f"(V) c V, vado dé:
Yrell*, f["ely.

Mat khdc thi do Ly, 12 mt bg phan compac clia £(E) va vi det lién tuc, nén {det(g); g Ly}

12 mot bo phin compac, do dé giGi ndiclall, VaytbntaiM e [ + sao cho:

Veely, ldewg| sm.
Nh the ta c6: vnetl*, laepl”= laer™)] <m,
l
suy ra: Vneil* |def)| < M,

vi cudi cling, khi cho n ddn d&n + co: idel(f) <L

Nhgn xét : Sy t6n tai mot 14n cin compac cia 0 trong £ kéo theo tinh hitu han chiéu cia £
{dinh Iy Riesz, C 1.1},

1.4.1 Cho ¢ >0; tén tai Ny, Ny, Ny e 11 sa0 cho ta o6 véi moi (p, g) thute T 12:



Chi dan va tra Igi

&

(PN vigzN) = d(uzp»HZq)53

. £

(p2N; vigzN,) = a’(uzpﬂ,uzqﬂ)S;

£

(P2N3 va Q’?N‘j) =4 d(u3p,u3q)55
Ky hiéu N =Max(2N{, 2N5+1, 3IN3), vicho {1, 8) € Ii’z sao chor = N va s 2 N. Ta phin biét
cac trudng hop:
s Neéurvh sdéuchin, thitdntai (p,q) € ”2 saochor =2pvh s=2q, trdovip 2z N| va
g2 Ny, suyra iy, ug) < g—

e Lap luan urong v khi r va 5 déu [

» Gia thiét r chidn va 5 1é (trudmg hgp r 18 va 5 chin ciing tvong w); 0 tai (p, g) € Uz 530
chor=2pvh s=2¢+ 1. Khi d6 ta cé:

d(ulp'uﬁp)S% Vi p2 N VA3p2z N
d(“flp‘uﬁq+3)—(-§ vi ZPZN3 va 2({+12 N3
zf(uﬁq+3,u2q+l)s§ vi 3g+12N, vigz N,

tir 46 suy ra: d(u?_p. “2q+l) < £

1.4.2  Cho (x,)},ej; 12 mot diy trong X hoi tu d€n mot phén b x cha X Xét day (u n) peiy cho
bai:

X, néuachin
", = -
"l nfunig _
R& rang I u,, 2 & VY (i,)en 13 ddy Cauchy trong X Theo gid thiet (flu,)),en 12 day

Cauchy trong F.
Cho £ > 0; tdn tai N € I sao cho:

pzN
Yo eIV, [{q Sy D TS "'J

N6i riéng, Vi typy, | =X nén tach:
vpell, (pa2N = d(f(u,). flx))<5) .
Diéu ndy chimg 6 flu,) -y fx); khi d6 18 ring ta c6 flx,) ;3 fx), vA cudi cling ta 6 f lien

tuc,

1.4.3 Do F hitu han chiéu nén F di {xem 1.4.2, Dinh Iy 2), do d6 déng (xem 1.4.2, Ménh dé
2. . :

1.4.4 Chiing ta s& ching minh ring EEZ (L) déng. Cho (it,,,v,), 11 Fa mot day trang EEQ {Ly,
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[:.E‘ (L), hoi tu d&n mot phin tir (u, v) cita 52 . NEU 1 = 0 thi («, v) phu thude. Vay ta gid thi&

u #0. Do Ju,} =2 Ju| >0, n¢n tén 1ai Ne 17 vi @ >0 sao cho:
Ynel, (2N = Ilu,,l za)
Vi véi mdi n thude 11 (sao cho n = N) t6n 1ai 4, trong IZ saocho: v, = 4, u, .

Véimoinz N tacé:
laf = Dol o el

n
"u,, H o

chiing & riing (4,),¢j1 2i6 noi, suy ra:
n = Aatd] = 2t~} = fAulhis, =] 2 0.

Do v, _, v, tacing suy ra dugc: Au v
1] . e
Day (4,), 1a ddy Cauchy vi:
-2 t
Yip. g ell”, |lp-).q]=M"(v—zlpu)—(v—-lqu)ﬂ;

cudi ciing vi IZ dinen{(4,), hoi ty d&n mot phén tir A ciia [”, vA ta c6:
v du, (Ve EEZ{L}.

145 a) Viec kidm chiing d dang.

b) Cho (f,), ;1 12 mot day Cauchy trong (£, N).
* Chox g {a; b] c6 dinh. Vi;

Yo.0 e i, lnw-fmlsf,-5) < NG £,

nén day (f,(x)),eg; 12 ddy Cauchy trong &, do d6 hoi ty dén mdt s6 thue, ma ta k¥ higu 13 fx),
syrkign nity xdc dinh motdnh xaf: [a; 5] = E.
¢ Tahdy chiing minh ring f € E.

Cho (x, y) € [a; b]z - Do {f),ens 1a ddy Cauchy wong (E, N), nén (F)wen 2i61 NOi; vay t6n tai

M e I sao cho: YneH, N(F,)sM.
Khi d6 ta c6:

Ynel, £ -£,00] < N lx-yl< Mlx-yl,
ching & ring £1a dnh xa Lipschitz, do d6 f € E.

* Cudi cing ta hdy ching minh ring: f, 22 f trong (E, N). Cho & > 0; 16n tai ng € I

théa man:
peng &
Vip. q) e N2, NG, - 1<
P.q) e ({qZ"O = N~ 1fp 2}
Ctmpellsaochop>no;ta06:

Vg N, (ano = N(fp—fq)sg}
do d6:
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f
Vxe[ahl, VgeN, (q 2rg =|fp(x)— ()] S';“J

V(x,3) elabl Vg e N.[q 210 = (£, (- £ - () - F, () < %lx - yl]
Cho ¢ dédn dén + <o ta duge: '

vaelabl |fy0- 0|2

'

v(x,y) elabi, |(f,,(x)—f(x))-(f,,(y)—ﬂyn|s§|x—yl

tir 46 suy ra: N, -1 S%+§=£,
Keét qua trén ching td: N(f, - f) e O,uicla f, 2 J trong (E, N).

o Tra 18§ (E, N) dih.

14.6 a) ¢ V6i moiPthuoc C[X], N(P) tn tai vi P lign tuc trén 13p compac U, do dé bj
chén tren U.

e Céc tinh chit: NP = il NP, NP+ Q) s NP+ M),
c6 thé chiing minh d& dang.

& Né&u N(P) =0 thl da thic P triét tieu trén U, do d6 triét titu tai vo han diém, suyraP=0.
b) Bay gitr ching ta chimg minh ring (ZIX), N) khong di. Xét day (P ,),ey X4c dinh bdi:
T
Vnel, P, =) 2Fxt.
k=0

. ChozeU.v&imoi(p,q)thu@cstauchochinghgntacép < g,tacé:

|Py@)-P )| = i 27554 i 2k
kup+] knp+l
q—p-1 —lg—
D AT e had
o 1-2
< 277,

tr 86 suy ra N(P, - P)) < 27, chiing tb rding (P,), ey 12 diy Cauchy trong (C[X], N).
¢ Gid thiét tdn tai P € C[X) saocho P, =2 P tong (C[X], N).

Choz & U. Tacs: | P(z)- P())| < N(P,- P) 2 0, vay P2 2 Pl2). Niumg:

1—2-(neD) net 1

-7z ez

P 2=

Két qué trén day ching 16 da thiic [l —%]P,,-l tridt ti¢u trén bo phin vo han U, do 46 phai I
da thiic khong, mau thuln vé bac.

Nhu vy (P,)pejq 12 diy Cauchy va khong hoi ty wong (C[X], M)
¢ Trd 131: Khéng,
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14.7 1) Cho (Ubeey; 12 mot ddy Cauchy trong L= ; méi U, 12 mdt diy md chiing ta s& ky
hlel.l la: UI( = (um}nei;
* Chonrellvi;

Vo0 N upug,l s U, U,
nén day (u,,) e 12 diy Cauchy trén , do d6 hoi ty d&n mot phén tr cha = ky higu (3 vy

¢ Tahdy ching minh réng (v,),cr1 bi chan. Vi (U;)peq 13 mot day Cauchy nén (U )zepr bi
chin; vay 16n tai M € [, sao cho: YieH, ||U & Mm <M.

Nhir the ta c6: Vnell,Vkell, |u,l< v s m

V6i n 6 dinh, chuyén qua gi6i han v6i k ddn dén + o, ta duge: fval s M.

* Cho £> 0; vi (Up)eq 1 diy Cauchy neén tn tai ¥ e I sao cho:

2N
voen® ({72 = l-ulsg)

Chope M sao chop2 N, vine i 1ach:
- £
Vgell, (q 2N = ]up_,, —uq_,,' S"Up ~anm 55),
tir d6 khi chuyén qua gidi han véi ¢ ddn dén + o, ta dugc:
&
I”p,n - v"l .o -2— .

Ket qua trén day chimg t:

Vpel, (pz N = uUP —V"S—Z-J v (rong d6V = (v,),e11),
vadeds U, — Vwong (L7, ||.| ).
CuGi ciing ta ket luan (L™, | ) dis
2) V6imoikthuge N,k hisn Ep 1a ddy x4c dinh bai: Ep = (& enrs

1 néuk=
(trong 46 5}:, n= { e E=n 14 k¥ hiéu Kronecker): ho {(Eiens dOc 18p tuyen tinh trong

0 nfuk#=n
£ va vo han.

1.4.8 + Véimoin thude 19%, xét 4nh X2 fi:x (1 -lJf(x), 12 mét dnk xa tit X dén X
n
Moi f, déu 12 4nh xa col [l —l] -Lipschitz), vl X 12 mot bd phan &, v X déng trong mot
n

kgvde hitu han chiéu. Theo dinh 1§ diém bat dong, £, o6 mot diém bat dong (duy nhdt) x,, .
® ViX déng gidi ndi trong mot kgvde hitu han chiéu nén X compac. Vay diy (x, )neN- ch it

nh#t mot gi6i han riéng trong X: t6n tai mét ham trich ova ! e Xsao cho Xomy 52 | Tacé:

. 1
Ve i1+, (1 —Ezn—)}ﬂxq,,}) ‘—'fq,,;(xqr,.)) =X »
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tir d6 biing céch chuyén qua gidi han vdi n dfin d&n vo han {flién tuc v 12 4nh xa 1-Lipschitz), -

ta ¢6: .
fib=1

e KhiE= IE‘.Z va X = 5(0; 1), thi phép quay tAm (0; 09 va géc % f: 3

_) *
*x¥) = (v—a)

dnh xa - Lipschitz, nmg khéng c6 diém bit dong.
¢ Tré I31; Khong.

1.5.1 Moi diém x thude B{a, r) (hay B’ (a; r)) déu c6 thé n6i v6i ¢ bing mot doan bao ham
trong Bla; r) thay B (a; »)): [:1] —» E
t

= x+{-Na ’

Didu d6 chiing o riing Bla, r) v B’ (a; r) lién thong cung.
152 ¢ TrAldi: A=10; 4+, B=10;1].

1.5.3 a) Gid thiét A vd B lign thong cung. Cho (a, by € A X Bva (g’ b') € A’ X B'. Tén tai
nhitmg cung »:[0; 11 > A v2 §:(0; 1) > B sao cho:
rQ=a,y(l}=a, &O=5h35(1)=0b".

Anhxa: T:[01] » AxB lignwmeva: O =(a, b, (1) =(a" b')
r P 08D

Keét qué wén chimg 3 ting o6 thé ndi (a, #) va (a’, ' ) bing mot cung trong A X B, viy A X B
lign thong cung.
b) Gia thigt A x B lién thang cung va A, B khong odng.

Cho(g,a’) e Az - T8n 1ai hye B; v1 A x B litn thong cung nén tén tai mot cung [ ndi (a, Hp)

vi{a' bo)ong AXB. Khidéthl prjoT lientyc vh (prj o IO =q, (pryo)(1}=a"

Két qui trén day chimg o ring c6 thé n6i a v a' bing mdt cung trong A, vy A lién théng
cung.

Tuwong tu dbi véi B.

154 Takghitw: A= UA,-.
ief

Cho(a,a’)eAz;lGntai(i.ﬂElzsaocho:

achAj vd o cAp

Vi AgNA #D v A A O,
néntdntai b e AgMAjvace Ahr"\Aj.
VIA;, Ajva4, déu lien thong cung, nén tdn

tai mdt cung ¥ ndi g vi b rong A; , mot cung

7> n6i b va ¢ trong A, , mot cung y53 nbi ¢ va

a’ trongAj.

Xétdnhxa y:[0;1] — A, thuduge bing céch dnre hign lién tigp yy . 3, 73, dinh nghia 1a:

401
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7 (3 nénte [{h%}

12
y(f) = <y2(3r—l) né’ure[g;g} .

[y3{3r -2) néuts [%;1]

RS rang 1a ¥ lign tuc va ni @ vi @' trong A. Cubi cing thi A lién thong cung.
Thi di: Ta c6 thé dp dung két qua trén day cho thi du ndy, Vi ring b6 phan {0) X T cla 72 la

mot bé phan lign théng cung va giao vdi mei bo phan . x {r} (r € ) tai (0, r), vi cdc bd
phan F. x {r} 46 déu lién thong cung,.

1.5.5 Tuole, b) € Az . Vi A lién thong cung nén tén tai mdt cung y:10; 1} — Anbiavah

trong A. Anh xa f oy lien wc trén [0; 1] va I8y gid tri thye, do dé ¢f o »)(I0; 1] ) 1a mét

khodng ca | (dinh Iy gid tri trung gian). Do {f o X [0: 1]1) < {0, 1}, nén ta suy ra ring
$o 7 1a4nh xa hing, vi do d6:

fa)={f o )0y ={ o y)(1)=Rh)
Cusi ciing thi f Ia hing.

1.5.6 |x} khong réng, déng trong X, md trong X (¥ x 1a diém co lap trong X).

o -
157 N&uCn dA)=@tht Cn A vaC n Lg(A) 1 hai b phan mé& clia C, bt nhau
trong C vi khong réng, mau thulin véi tinh litn thdng clia C,

158 o dA)=0 & AnlA) =2 o [4) c 4

@ ADA & A=4=A
Vay nfu &A) = thi A 13 mot bo phan md v déng cia X, khong rdng va khic véi X, didu nay
mAu thudn véi tinh lién thong ciia X

o Vaynuixe dA)= A n Gy(A).
Choe>0;téntai (e, Py e AX EX(A) sao cho &{x, a) < % va dix, b} < % , tir 46 suy ra:
dla, by sdaX)+dix, h<eg.

Nhir the: Ve»0,3(a, b) € Ax [(A), dab) <e¢,
va do dé: d(A, Cy(A))=0.

1.5.9  Gid thi€t t6n tai hai bd phan déng clia X124 F, G sao cho:

FuG=X FnG=2, F=Q, G+ 3.
Téntaix € F viy e G, vaién tai mot b phan lign thong C cla Xsaochoc x e Cviy € C.
Khi d6 thl C n F, C ~ G 13 hai bd phan déng cda C bl nhau trong C va khong réng, miu
thudn véi tinh lién thong clia C.

1.5.10 Ky hitu: A=zlxeX dia x<r],
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S={xeX dax=ri,
B=lxeX dax)>r}.
NéuS=@thid vaB 12 nhimg bo phan md cila X, b nhau trong X, khong hng (viA 2@ do
« € A, B# @ vi X khong gidi n6i); diéu nay mau thudn vai tinh lien théng ciia X.

1.5.11 Téntai mdiddng phoi ¢: X — Y.
o Choxe XvaCy(x)la thanh phén lién théng cha x trong X, khi d6 ¢ (Cyx (x)) 1a mét bo
phan lién thong ciia ¥ chida @ (1), do d6 @ (Cy ()} < Cy (g () Ap dung két qud nay cho

(@@, @) thay ¥i (x. @), ta duge ¢ (Cy (@ & € K@ (@ (1)), tir 6 khi hgp Vi
song dnh @ ta cd:

Cy () e g€ x).
Ta két luan: Cy (gD = p(C x(x).
o K&t qua trén chimg 16 ring néu ta ky higu C1,....C, 12 cdc thanh phén lien thong cia X, thi

@C1)rngp (C)) 18 cdc thimh phén lién thong cia ¥, khéc nhau rimg d6i mot vi ¢ 12 song dnh,
vh do dé ¥ ¢ ft nhét # thanh phén lign thong.
Ta k€t lugn dugc do tinh d6i xing clia ¢dc vai trd cla X vi Y.

1.512 a) o [0 1] compac va 10; 1| khong compac. Néu tén tai mot déng phoi:
@: 101} — [0 1],
thl [; 1[ s& phdi compac vi |2 énh cia tap compac [0; 1] qua dnh xa lién tuc @.
» Ciing 14p luan d6 chimg 16 ring [0; 1] va ]J0; 1 khéng ddng phoi v6i nhau.
o  Gid thi€t 16n i mot déng phoi @: [0; 1[ — 10; 1[; khi d6 4nh xa thu hep
v: Bl » Bli-le@)}
L ol
o€ 12 mot d6ng phoi. Niumg  J0; 1f chi c6 mét thanh phdn lien thong, trong khi d6 thi

10, i{ - 1@ @)} =10; @ (0) {1 ¢ (0); 1[ 16 ring c6 hai thinh phén lién thong, mau thuin
{(xem bai tap 1.5.11).

b)e Gid thiét 16n tai mot déng phoi @: § — C tir doan S d&n dudmg tron C. Khi k§ hi¢u
trung diém clia S 12 m, énh xa thu hep

y: S-imi - C-lp(m)}

x P elx}

s& 12 mot déng phoi tir S - (), 1ap haop nity ¢6 ding hai thinh phién lign thong,)én C - { @ (m}},
tap hop nay ¢6 ding mot thanh phén lién thong, mau thudn véi ket qué bai tap 1.5.11.
» Tuong ty, hinh chit thap T bd di tam chia né c6 bdn thanh phén li¢n thong, trong khi dé thi
S hay C, b6t di mot diém bat ky cha chiing, lai chi ¢6 nhi¢u nh4t hai thanh phén lign théng, tir
désuyraring I = S vaT = C. '

o Lap lugn wong ty nh trén, biing cdch bo di 1am cia hinh chit thap, d€ c6 sau thimh phén
lign théng.

1.5.13 1) Cho € 12 mét bo phan lién thong clia X sao cho @ eC. V& moi n thude 11%, ta ky
hiéu:
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Ay, =X *(x.y)e]Rz; x5

B, =X o

(x,)eR%: x2

fa

1

n+—
2

1

1 L}
n+—
2]

RosdnglaC mA,, C~ B, Iinhing bo phan déng cia C,
bi nhav trong C,vaC A, =B (vitinga e CnA,). Do O
lienthéngnéntacs: C B, =@ vaiCmA,=C,vaiyCc A,

Nhovay: € )4 =10} x (10U 10; 1D,
HeR*

Bay gid, vi thanh phdn lign thong ciia 1 trong [-1; 0w ] 0; 1]
{a]0 1], nén ta duge:

Cc{0}xi01]
Mat khée thi {G} x ] 0; 1] chinh 12 mot bd phén lién thong cha
X6 chita a.
Cufi cdng thi: Cyla) = {0} x]0; 1].
2) Cho F 1a m¢t bo phén vira mé vira déng trong X va chira .
Chiing ta s& ching minh ring £ o ¥, trong 46

Y={0}x([-1; O[] 0: 1]).

Choye [-1;0[w10;1]vh £ € ]0; 1[. VI Fdéngnen téntai &< }0; 1[ sao cho

By(¢; a) c F. Hon nita tén tai n € 1% sao cho 1 < o khi dd 1a cd (l, 1) & F. Ta k¥ hiéu
n n

5= | . b xi,

Cictaphop F RS, , [x(F)n S, 12 hai b phan ciia 5, bl nhau trong S,, md vi déng trong

Sp.vaF NS, #@.DoS, lien thong, tasuyraF NS, =§, , tic 135, c F.

1

Khidéth}(%,y)sS,,cFv& d((&y},(%,y)) =Ll

K&t qud trén chimg td:

Vyel-,{w]ld1],¥e>0,

vidodoY < F=F.

1
Cusi ciing, giao cfia nhilmg bo phan cita X m& va déng trong ﬂ f\
X va chia a ¢6 bao ham Y, do d6 khéc Cla).

1.5.14

a) K¢hitu Y=((vsinZ) xe]0:1)). 0 :
y

1) R& rang réng ¥ lién théng cung, do db lién theng, va ring
¥ = X suy ra (xem 1.5.2, He qud)} X lién théng.

2) & B¢ chimg minh ring X khong lién thang cung, ta lap
luan phin ching; gia thiét 6n tai mat cung lign we: b

yi01] - X

n

FOB(0,y): 6)# D, v

saccho y(0)=0 vh H1)=A trongds 0=(0,0) va



Y ltg)

Q

1
Y 4(tg) - 7

Ky hiéu :

(e

o
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A =(1,0). V6i moi f thude [0; 1], ky hiéu:
(n@) »@)) = 1y,
vaxét E={te]0;1]; () > 0}, day la mot

b6 phén cha I, khong réng (1 € E), bi chan
duéi bai 0.

Suy ra E c6 bién dudi trong [ 1a 1 va

to € [0; 1]. Réring ta c6: 1y # 1.

e Biy gid ching ta ching minh: (7 ) = 0.
Néu !0 =0 thi n (10) = }’1{0 y=0.

Néu 1 € 10; 1] va y1(rg ) > 0, thi do y lién
tuc tai fg nén tén tai 7; € ]0; 7y] sao cho
71(t1) > 0, mau thuén véi dinh nghia cta 1 .

e Viy lién tuc tai g nén t6n tai n €]0;1- 7p)
sao cho:
Yre [0;1],

[]:- |<n = Jr0-rw), < %} ;

1 1
—2—; y2(10)+—5]]ﬁ X] ;

1

rd ring thanh phdn lién thong cla 0 trong Z 14 {0}.

Tap hgp  »(ltg - 7 tg + 171 M [0; 1] ) lién thong, bao ham trong Z, va chira 0, do d6 bang

{0}

Nhung khi dé thi:

mau thudn vé6i dinh nghia cla 1.
b), ¢) Khdo sit twong tu nhu & a).

(Vte g g+ L n(=0),

405
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1515 1) Rorangla / .1 = 3; mit khéc ta bigi ding néu £ (0, 1] — . lién tuc va 1A
song 4nh, thi fdon dién ngat (xem tap 1, bai tap 4.23.13), suyral 1 =1

2) N&u(fpe (f+]2 , thi v6i moi ¢ thuoe [0; 1), of + {I- Of € f , ching 1© ring [, lign
thong cung, do 46 lign thong, '

Nhu vay 7, vd ! 13 hai bg phan lien théng cia /, tao nén mot phan hoach cfta [, do dé f ¢6
ding hai thanh phdn lién thong, d6 1a 7 v [ .

3 k)
D ity = Y@ + (a0 + () 000 + 40N

3

3
=[Zi"‘ ](¢(X)+¢(yl) +dp(x,y) +Zi"2“m(y,xl =4dp(x,y).
k=0

k=0

2
1.6.2 a) Vix = x 3 khadtich trén }0; 11, 1a 6 véi moi (p, ¢} thudc (¢ T“}2 saochop < ¢
1

3

i 3
"fp f,, ﬂfp fe' j apd =
Iy
0
Do > —» 0, takét lugn ring (fu} 12 diy Cauchy.
r p=o
b) Ta 1ap luan phin chimg: gid thi€t (dn tai f € Esaochof,, _, f (trong (£, <. .. >)).
o

Choxge 10; 1[vi 77 >0sa0cho0 <xg- 77 <xg+ # < L. Téntai N € 1{* sao cho
1
E (Xo-q.

Chone N‘saochon‘:-N;Lacé:
!

Vx € {%l} fa)=x 3,

! 1 2
tlr d6 suy ra: f" If,., f1 II Poflx)y ] dx
1
]
sl 1 z
z I x3I-flo| de 20
] '
ro+nf 1 2
Do“f,,—f“ — O tasuyra: I x 3-flo| dv =0,
=1

1

r6i sau dé: Vxe [xg-7: xg+ 0,  x }-flx) =0
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1

- =143
(Mix — x 3 - f(x) lien tuc trén [xg - 775 xg + 7l), vanéi rieng fxg)= xp

Nhovly: (Ve ML A= )

mau thon véi tinh lién tuc cha fai 0.
Cudi ciing thi: (§, )MN- phin k¥ (trong (£, <, ,. >)).

16.3 » Fc F.dod6 Ft o (F)L.
s ChoxreFl,ye F.

Tén tai mot day (y,) ,epq trong Fsaocho y, — y. Vidnhxa £ - K lién e (xem
o

D P <xoE

Menh dé 3), nén ta ¢6: X, Y > > <y
-]

Nhumg: (Va e 1}, <x, y, >=0), nén suy ra <x, y > = 0. Didu ndy chiimg t:
xe(F), vadod6F'c(F)-

1.6.4 a) » p hifn nhién tuyén tinh,

¥

chimg t6: ¢ € LOE, R).

(1 (17 - am.

b) e H = @ '({0}), @ lién tuc, {0} déng trong If; vay H déng trong E.
» ChogeHL

1) V6imoifthude E, 15 ring f- 1 £f € H, suyra<gf- i £.f>=0,
[ C

o fe-(01)

2) Chod e Je; I[; gid thiét g{d) # 0, ching han g{d) > 0. Do g litn tuc tai d, nén t6n tai 7> 0
sao cho:

. VfeE, |gnl=

ced-ne<d+n<l
{Vxe[d—q;d-i-q], gx)>0
Tén taimdtanh xa f:[0; 1] = E litn wc thda min:
Yxellc], fix) =0
{Vx ed-md+l, f(x)>0
{h2y xay dung f afin timg khic).

C-ng=cfj:gf>0‘
[Fo)fe)-

miu thudin. Didu ndy ching t6: (vd € Ic; 1[, gld) =0),
sau d6 do tinh lign tuc cha g tén [0; 1] suy ra:
(Vdele; 1], gld)=0)
3) Ap dung két qua & /) cho f= g, va tinh dén k&t qua & 2), ta dugc:

Khi dé ta cé:

407
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(6. e (69)04)-(6

Theo k&t qua Khilo sét trudng hgp ding thic cia bit ding thic Cauchy-Schwarz (xem 1.6.2,
Menh d¢ 1), tdn 1si a € B sao cho:

Vxe [0;cl, gx) =a
sauddésuyra g=0.
c)HY =10 =E zH vii g H.

1
4.6.5 a) » Choge G Vdimoifthudc F,1aco: Efg =0 wva Efg =0,
2
suyra(_f.gb:().vhdodégEFl.
» Diohichoge F*'.

Gia thidt tdn tai xg € ]% ; 1[ sao cho glxg) # 0, chiing han g(xp) > 0. Vi g lién tyc tai xg nén
tbn tai 7 € J0; 1[ sao chot

%(xo'—q<xo+r;<l ‘

Vxelx-mxp+n) g(*)>0
Téntai f : [0; 11 = E lien we thoa man:

{Vxe[(hlk]xo—!?;xg**‘f?[‘ fxy=0

Vx el —mxg + 1l fix)y=0
(hiy xay dung f afin timg khic).
DofeFvigeF' tch <f,g>=0.

+n
Nhung <f, g>= Lfgz fg >0, suy ra mau thuin.
Xy

Diéu niy ching b Yre ]%: [, gx)=0,

rdi theo tinh lién e cla g: ¥x e [% (15, gxy=10,

thclageC.
Culi cing ta c6 F* =G. Ta ching minh trong ty quanh¢ G* =F.

1
be F=(F} =c'=F
e Chope FOHF*=F®G. Tén i (f, g € FXG saocho ¢ =f+ g suy ra:
1 1 1
—|=fl—-1+gl—~]| =0
“’[2) f[z] 3(2)
Viy tacd: F@FL+E

Chinh xéc hon: FOF'=FaG= {qveE; p[-lz-—J-—'O}‘

(FAGY =01t =E
FLr+GY =G+ F # E(xem b))

1.6.6 1) Chox e (Im(e-f)) ta ching minh x € Ker(e-f).
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knids: o =los >l s o proof < i) I s

1lr 46 suy ra: "x"z = |<x, fy>] = I« Hf(x)n

Vi¢e khdo sit tn®mg hop ding thic trong bt ding thie Cauchy-Schwarz (xem 1.6.2, Ménh dé
1), chimg t6 ring tén tai & € O sao cho fix) = arx.

Ta dugc: ]lx“ =<x, fix)>= a||x|| ,

tlr d6 suy ra (néu x = 0); a=1, fix)=x xeKerlef)
2) Dio lai che {x, ¥} € (Ker{e-f)) X (Im(e-f ).

Tdn tai z € £ sao cho: y={e-f¥2)=z-fA2).

Ta s& chitng minh ring <xz-fla)»=0.

Ta c6: Vie, ||f(ix + z)"2 < ”/T,x+ z"2 .

Khai trién va 4p dung hé thifc fix) = x, ta duoc:
VieT, 2Re(A<x z- )+ (2P - [rff )20,

vA néu chon A = —;- <x, z- fiz) >, thi ta duoe:
Vel % l<x, z- fiy> |+ e - 2o
Cho ¢ tign dén + o, 18] dén - o, ta suy ra: |<x, 2 -floy»|2=0.

Két qua nay chimg t3: Ker(e -f) = (Im(e - f)) =

167 Xétcosd(E),Ey E3) cita T, (R) xéc dinh boi:
10 01 00
Ej= , Ey= . Ey= .
bo) mela) o))
N a p
Vi moi T= 0 e T, (®), tace:
r 1

AT = (T @)

> (Vke{l,2,3], <E ,A-T>=0)
a-a=0"

& h-f=0 .
d—y=0

LY .y . . b
¢ Tra i&i: Hinh chigu tryc giao ciia A lén T; s®)a (g d J .

1.6.8  Xétcosd(4y, As, A3) cha F xdc dinh boi:

01290 6 01 000
A1=-100, A2=000, A3=00]
¢ 00 -1 00 0-10

27-GTIT3-GT3
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Hay kiém ching ring (4}, Ay, A3} 12 mot ho tryc giao, va ring: HA;“2 = IAZHZ = ﬂA3||2 =2,
Nhirth€tacé:  pp(M) = 3 <LA M:-LA -—--l—imq M>A
‘ k=1 Ji “ -JE k 2 k=1 “ )

Hiy tinh cdc <Ay, M>.

=]

0 Tralsi: pp(M) = -% i dM, Fy=1,

o K=

189 V6i moi (A. B) thuoe (M,,(E))° ta c6:
AB) = (' (A B) = <fiA), B> =<A (B> =t ALEY =t(f B )
=B ') =i B,
Vi danhxa (X ¥} > tr( tXY} 12 mot tich v& hudng trén M, () (tich v& hudng chinh téc teén
M,,(E)). nén ta suy raring B = l(f(B}) véi moi B thudc M, (), va do d6:

VB € M(R),f(B) = B =f(B)
N Y

1610 s e VLN e M@, <S40, N>=<M, f;V)>
o VN e M@, oM an=u'M £ ()
& YNeM,®), fi(N)="4N.

o VLN e MM, <ggh, N>=<M, gh(N)>
& VM N & M@, o B MM = u( M gy (W)
o VM N e M®7, w'MV B =u('M gy
& YNeM,®), gp(M)y= N'B.
¢ Teawi: £ = f V ga=g, '
b VLN e (M), <hg(M), N>=<M, By (N)>
o VM, N e M@, u( wonaw = wM 1, (V)
& VM Ny e M@, wyuC ‘AN = (M B, (V)
o V0L N) e M@, Mot AN = u( M (V)
© YN eM,®), iy (V) = u( AN,
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0 Tra 13k Ay : M, (R)—> M, (R).
N = irtAN),

1.6.11 =
Gid thi¢t Ker(f) c Im(f).
Cho x € E thda man (f + f*)(x) =0.

Khidétacé f*(x} = - flx) € Im{f) < Kerff) (dof2=0}, vy f(f *(x)) =0, rdisuyra

“f"‘(x)r =<x, f(f*x) > = 0,dods f*(x) =0,flx) = -f*x) =0.
Vay tacb x & Ker(f)  Im{f); dod6 tdn tai y € E thdamin x=f(y). suy ta f () = f¥(x} =
0,161 JfOf =<r £(FO) > = 0, dodé x =) =0.
Piéu ndy ching td f + £ * 12 don 4nh, vi do E hitu han chidu ngn f+f* € GL(E).
=
Gid thiét £+ * € GL(E).
Cho x & Ker(f). Tén tai z  E sao cho x = (f+f )z}, vi ta ¢
2

0=£x) = AF+ D) =f @+ FEr@) =f(F*2).

do 6 IF*@f =<z freen> =0,

suyrat  f*z) =0, x =f(@) +f*@2) =f(2) € Im(f).
Ta két ludn: Ker(f) = Im{f).

C1.1 11)Theo Dinh ly Borel-Lebesgue, vl B compac Vi vi [B(a;—;—)] 12 mot phdr md ciia
ael
" 1
B, nén 16n tai 1 € KI*, a1, - 1 Gy € BsaochoBc UB[Q";E] .
' inl
2) Do V 12 mot kgve htu han chiéu, nén V 86ng trong E (xem bai tip 1.4.3).
Vix ¢# V nén ta suy ra: dix, Vy>{.

3) Theodinhnghia d{(x,V)= ln{,ﬂx-yl =¢&,do d6 Wntaiy € V sao cho:
ye
sshed s 2

4Vl =1,z € B dod6 (xem [}), tbn tai i € {1,.., n} seochox € B(a,-;%), suy ra

1
llx-a,-l SE.
5) Tacé: - -ap) = |x-y‘|(-l—£%;—|—a,-) =x-(+|x-dlla).
Vi _‘y+lx-yla,vEV. nén ta ¢é: Ix-(y+||x-yﬂa,-)l 2dx, V=g
vi do 46 - z-adf = | x-slz-an] 2 &

Nhyng {z-a s-;—,n‘xdésuyraix-yu 2 2, mau thudn véi fx-3| < 3%"
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1 ! Gia thiét mot hinh cdu S{a; r) , thude kgvde vo han chiéu E [2 t4p compac; khi 4§
B'(a; ) 1a dnh cBa bo phan compac S{¢; r) X [0; 1} qua 4nh xa lién tyc (x, 1) P> o + Kx- a),
vay B'(a, r) compac, méu thufin v6i Dinh 1§ Riesz.

2} Cho E 1a mot kgvde vd han chiéa va X 13 mot bd phin compac cla E. Néu K # @ thit6n

taix € K. tbice ]R:, sao cho B'(x; &) < K. Khi d6 B'(x; £) 12 mot bd phan compac cha E (do
T2 t4p déng bao ham trong mot bo phan compac), suy ra mau thudn véi Dinh ¥ Riesz.

3) Gih thiét t6n 1ai g € LC(E) sao cho g o f= Idg , v k¥ hiéu B = B'(0; 1), tap hop nay 1a mot
b6 phan giGi ngi ciia E. Ta ¢6: B = 1dp(B) = g( AB) c g(f(B)) . Vi f(B) compac vaglitn

tuc pén g(f(B)) compac, vi do d6 B compac (vl 12 t4p d6ng trong mot b phan compac), suy
ra mao thuln véi Binh ly Riesz.

n
€1.2 KyhicuP = l—[fsjt , duge trang bi chudn v xéc dinh béi:
k=1

Mare ) = MaX Pl

(xem 1.1.1,3), b)), trong dé ||. ||, 12 chudn cho tren £y .

(i) = (i)
Gia thigt plién tuc. N6i riéng, @lién tyc tai 0; tén tai # > 0 sao cho:
YueP, (vwy<sn = |ew, s

Chox=(xq,.. 5 € P.
s Gidthiét: VYke {l...r],x =0

Kyhituu = g} 2.~ | Tacédviuy= g vy [ptnf, < 1, ticla:
by, Tl ool

1 F
b, <(7] bl bl

do ¢ ta énh xa p-tuyén tinh.

s Néu(3k e |1,.,nl,xp= 0} thi @(x) =0 ¢@ladnh xa n-tuyén tinh.

4 n
Didu nay chimgtd:  Vxe P, lotx) < L%] [l £, olbxa] e
(i) = @ik
Gié thiét tén tai M e B, sao cho: VxeP, “rp(x)ﬂ £ S M"x1 “ £ ...ux,., " =

Chox ={x1,... 5, ) € P, X'=(x'|,..., X'} € P; voi mébi k thudc {1,..., n} ta k¥ higu fiy, = 1% - xp,
vih={hy. k) =x"-x . Tach:
loxy — @0l = [l + fyees X + By) = @5 X )]
= “(gp(xl Xy Xy + R, ) - @Uxy Xy + Ry Xy A ))

+ (@(x), X9 Fhy, Xy 4 Ry Xy H ) — @, X0, 03 Ay X Y L))
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+oo HP(X], X0, Xy, X, +h,,)-q:(xl,xz,,.,.xn_l.x,,))"F
= lohy, x; + hy,...,x, +hy) + @(xy x5 + .., x, +h,|)+.,.+u;p(xl,x2,..,,xn_,,hn)"F

<oy, xy + hy,....x,, + h)| + o Cxy iy, x5 + R3seeis Xy + )| o +‘..+H@J(x,,xz.u.,x,,_l.hn)”F

SM"hl"EI ﬂxz +}'52"E2 ...l[x,, + hﬂ"ﬁ‘,, + M"x,"EI Hh2”52 "x] +h3"53 ...an +h""£" +...
+M"x1"51 ”x’zlngz ”x3"53 Hx"—liff,‘n_] "hn"g“

. el
< nMv(h)( v(x)+ wm)) "
khi ta 1am troi méi [Jiy £, Dang v(h) va mdi x| £, Dang v(x), hodc mdi [x; + |, bing
v(x) + v(h).
Trdésuyrap(x’') — @(x) v6i x c6 dinh, va do dé @ lién tuc.
X'—=x

C1.3 I-A) Tén tai

Vi C déng (do 1a mot bé phén di, xem 1.4.2, Ménh dé 2), va vi x € C, nén ta cé:

d=d(x,C)= Inf [x-y| >0
yeC

(xem 1.1.8, Ménh dé).

Day (B'(x;d-f—l)ﬁC'] la mot day
n neN"

gidm nhitg b6 phan déng khéng réng

clia mot bo phan dit (C).Bay gid ta chimg

minh:

diam(B'(x;d+l)mC] — 0.
n

neo

Cho n € [N*, x|, X € B'(x;d"'l)f"c-
n

Theo déng thic hinh binh hinh (1.6.2, Nhan xét) 4p dung cho X|- X, Xy- X, ta c6:
“(xl = X)+(xy - Ji:)u2 + l{xl =x)=(xy— x)"2 = Z("xl - x"2 + ﬂxz - xﬁ2 )

Nhung: nx!—xasd+ l, 'xz—.rﬂ <d+ -::,vé u(xl-x)+(x2—x)" =Zﬂx—l;ﬁ—-xu =2d
n

X] + Xy ¢

vi (&

5
Tir d6 suy ra: le—xzﬂz S4(d+lJ -4d2.

n

Nhur vay: diam(B'(r,d+1)nC) 5 - ‘45 0.
n n

n° nw

Theo 1.4.2, Ménh dé 4, t6n tai Yo € E sao cho:

{»l= ﬂ (B'(x;d+%}ﬁCJ = [ﬂ B‘(x;d+i-)]mc = B'(x;d)nC.

neN* neN*
Nhu th ta duge  |x - yo| < d : Mat khic thi theo dinh nghia d, |x-y5] 2 d, do d6 cusi
cling ta cé:
b0l =a.
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Duy nhit
x  Choy;,yy € Csaocho:
-l = Ix-»al =
Theo ding thitc hinh binh hanh (1.6.2, Nhan xét) ta cé:
Y 2
e R R
% 0, +y9)
Y2
Vi -;-[yl+y2) € C nén ta c6: ux—%(yl+y2)ﬁ 2d
suy ra: |yl—y2u250, 1=

2) ChoxeE, ye C.ViCléinéntacé: VAe[0;1], Ay+(1-Dpcx) e C,
tir d6 suy ra:

Vael01), |(x- pe(x)- Ay - pet)f =
Jx-@y+a-pcf 2 Jx-pc@f,
do d6 sau khi khai trién va u6c lugc ta duge:
VA € [0; 1] -2Re(<x - po(x), ¥ - po®) > WAy - et 2 0.
Cho A tién dén 0" , ta két luan ring :
Re(<x - po(x), y-pc(x) >)<0.

Nhu vy géc <« (x - pc(x), y-pc(x) 1a gée ti.

3) a) Cho(xy,xy) eEz.'Iheo2) ta c6:

{Re(( x1 = pc(x), pe(xg) = pelx)>)<0

X

7 PC{I)

Re(< xy = pe(x3), pe(x)=pe(xp)>)<0
tir d6 két hop lai ta dugc:

Re (< (x - pc(x))) - (¥ - pc(2)), PC(xp) - pC(x1) >) < 0.
Theo bét déng thitc Cauchy-Schwarz ta suy ra:

4 lpct) = e
< Re (<xp -x1, pcln) - pelxy) >)

< |<x2 -x1.pc¥9) - pclxy) >|
< |x2 = x| - pc(x2) - pexy)] -

Nhung do trudng hop p(xp) - polxy) = 0 1a tim
thudng, nén ta két luan:

lPcx2) = e < |x2— x| -
b) Theodinhnghiaciapctac: VxeC, polx)=x.

{Vx €E, pc(x)eC

. tir dé : =C,
VxeC, x= pc(x) g rc(E)
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B) 1) ChoxeE. TheoA)2):

VyeF, Re(<x-pplx},y-ppx)>) 50
Vi F 14 mot kgve cla E, nén suy ra;

VzeF, Re{<x-pplx).z>) <0
Strdung z > -z, ta suy ra:

YreF, Re(<(x-pg(x)),z>) =0,
: ; r8idpdyng z 1 iz, ta két luan:
y YzeF, <@-pplx))z> =0

2) Choael, x,x"'ckE Tach
<x-pg(x), 2> =0
VzeF, <x'-pp(x), z> =0 .

X

<@x+x'-pglax+xY), z> = 0
tir d6 bing cdch ket hgp lai ta duge:

VieF, <app(¥)+pp(x')- pPRlox+x'), 2> = 0,
ViFlamotkgve nen: app(x) + pp(x’) - pplax + x') € F, va cudi ciing ta duge:
prlax+x')=appx) + pp(x’).
3) a)» pplidnh xa tuyén tinh (xem 2)).
s p |4 énh xa 1-Lipschitz (xem A) 3} a)).
Takétlutn: ppe LOE) A J|pef<1.
b) NéuF # {0} thitdn tai xg € F, sao cho xg # 0, va ta ¢6 ppixg) = xq , suy 1a
||ppl 21
¢} a) Imlpp)=ppE)=F, xem A),3)¢).
B . QtoxeFJ'.'IheoB).I).x-pF{x) eFl.ﬁrdésuyrn:
PO =x-(x- ppl) € F'AF = (0},
¢ Dio lai, cho x € Ker(pg). Khi 86 theo B), 1), 1a c6:
VyeF, <xy>=<x-ppx),y>=0,
t&désuymxeFL.

AFd F'J' =Im(pp) ® Ker(pg) = E, vl pg 1a mot phép chidu clia E (xem A), 3} b)
vi B), 2)).
4)ChoxeE.

e TheoB), I} va3) tach: ppix)-x EFLC Gl=Ker@G).ttrd6suyra:
pGgopplx) = pgG ().
* V1 pg)e G Fntnacé:  prpopgln) =prppgl)) = pg ().

II 1y a) VI F déng trong bo phan dii H, nén F db (xem 1.4.2, Meénh dé 2); 4p dung I B),
3)ck
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b) Ching minh ring F 13 mot kgvc déng ciia H. Theo 1.4.2, Méoh dé 2, F di, do

d6 (xem 1 B) 3) ¢)): F+(Fy
Nhung mit khic thi FL 12 mat kgve déng cha H (xem 1.6.3, Ménh dé 2), nén tir d6 suy ra:
® =H.
Fort-n
Cuéi ciing ta dirge: Fit=rt  (emmai up 1.6.3).

1 —

Do tinh duy nhat cla tnye giao cda mét kgve (h&u 13n tat), ta ket lusn: FJ' = F.
1

N6i riéng, v6i moi kgve déng F cita mdt khong gian Hilbert A, ta c6: FJ' = F

c) Ap dong b) cho F = Vect(4), vi chd ¥ ring A'L = (Vect(A))J- {xem 1.6.3, Ménh
dé 1,3)p.

2) = Véix € HcSdinh, tinh chat tuyén tinh clia @, suy ra tir tinh chat tuy&n tinh
Ui clia tich vo huéng.
¢ Chox e H. Sit dung biit ding thic Cauchy-Schwarz, ta dugc:

VyeH, ]px(yﬂ = |<x,y>| < Hx" ")'B
Diéundy ching tbrdng: ¢, € H' v "]q;xm <

Honadta |, 0= |<xx>]= Ixﬂz tir d5 suy ra ﬂq:x“ o néux = 0.

Truwimg hop x =012 tdm thudmg.

Nhut the ta due: o] = I -
* ¢ bin-tuyén tioh v <., . > tuyén tinh .
* ¢ ladon dnh

Néu x € H théa min gx)=0wht: | = ﬁ;s(x)m-o dod6 x=0.
= ¢ la toan dnh

Chole i,

Do &0) = 0 nén ta c6 thé gid thict / # 0. Ky higu F =Ker(/) = l-l(lol),dﬁylhmolsieu phing
déng clia H (vi ! 1a mot dang tuyén tinh lién tuc). VI H i nén ta cé: F&BFJ'=H(xemIJa)).
V‘lFllibhcﬁamolsieuphingnentﬁntgixleFJ'saochu x #Ovafl'ztt‘ixl.

ChoyeH;tontsize C, ze Fsaochoy =7+ ax;. Tacs:
{i(y) =1(2) + al(x)) = al(x)) ~ vizeKer()

<xLY> = <Xp2 +ax|>=a|x1|2 VizeFvix eFt

Trdésuyra: f(y)=<x;,y> trongdd x2=.|.(_tlll
bl
Nhur vay: {=¢§ xq), suyra ¢ i todn dnh.
C1.4 !) Chog h eL(E)saocho:
Yoy € B2 {<f(x).y> = <xg0)>
< f(xX)hy> = <xhy)>

Khi d6: Vi) e B2, <x (g- h)3)> =0,
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suy ra: Yye E, (g-M0) =0,
vi nhu thé: g=h

2) Véimoi(x,y) thut}cEI2 ta cd:
a) <x, (fFF+ g >=<x FMN>+<x g >=<flx),y>+ <glx)y>
_ =<{f+gx.y>
B) <x, A P> = A<k {0 >= A<fx)y>=< (AN, y>
c) <x, (Fog")y)>=<x fFlg*M)>= <fx). g*0) >
= <g{f (), y>=<(gof) (). y>
dl<x, fid>= < f(Mx> =<y f*x)> = <f*x), y>

3) ChoxeF'L.Tacé: YyeF, <), y>=<x fOO)I>=<x, fN>=0,
v'lxeFJ-\réﬂy}eﬂF)c F.

Tit 46 suy ra: f"(x)eFl.

4} (1) » Choxe Ker(f). Taco: : Yve £, <x, P >= <fxhy>=<by>=0,
1

tir 46 suy ra: x € (Im{f*)y .

. Choxe(lm(f"‘))i‘Tacé: Yye £, <fl,y>=<x ffy)>=0,dodéflx)=0,
xeKer{f).

(i) Apdung (i) cho ™ thay vifi Ker(f*) = (Im(f**)) 1. (Em(P) L
(ii) Choxe E. Tacé: Vy e Ker(f*), <fix),y>=<x fM{V)>=<x,0>=0,

do d6: ) e (Kt:r(j“"))L .
(iv) Apdung (iii) cho f* thay vif: Im{*) c (Ker(f**)} L (Ker(f)) 1
5)e ¥xeE, (xeKer(HnKer(g) = Ax)=g0)=0 = {f+g)x)=0=x e Ker(f+gh.

» Dio lai, cho x € Ker(f+ g). Ta cé:
(*oNx) = fX({f+g)x)- (F o g)x} =0,

drdssuyra:  JFf = <A A0 >= <x SR> =0,
do d6 flx) =0, 16 g(x)=(f + glx)- f(x)=0.
Cudi cing ta duge:  x € Ker(f) » Ker{g).

6) a) Choye E.Véimeixthude E ta cb:

l<x, poy> = l<f.y>| < Iro) W < 74 M-
Dic bist, khi thay x bing f*6) ta dwoe:  [F* ) s Brll hF* o -
Néu [F*O) =0 thitasuyra [fo)] s ] ] bat dhng thicc may 12 tdm thudmg
ne'u"f*{y)i =0.
Nhu thé chiing ta di ching minh: vyeE, [f*o)s me iy
do dé: receE v fir <Al
b) Apd\mga) chof vaf: mftls‘"fm va mf|l=u|f“'lsuf‘m

o o Jreerl) < bl Al =B
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e VxeE [f@Ff =<fn.f0>=<x PoHx>
<pelfor” e ol oo I+f
tr 86 suy r: b < breerl-
7) o VéiyeH xéinhxa yy: H > € Ronagl yy wyén tinh. Honota:

x = <yfla)>

vieH, lyywls l<nn>ls bl lre] sl A A

vidods yy € H’, trong 46 H' 12 d6i nglu topod clia H, xem 1.2.6.

« Xétdnhxa y: H - g " xéic dinh nhy trén. RO ring  bén tuyén tinh, e 14
y = ¥

VaeC, YaxeH wyla+x)= a wix) + yix').

s Ky hitu @: H — H’ 1aénh xa wong W nhu dnh xa ‘¥ trén day, xuft phdt tr Mg
thay vi f, tic Ha: Yy e H, Q0= @y
rongdd @, : H - € . =

ongds gy: H - C, (vO)

Ta d4 thily (xem C 1,3, 11, 2)) ring @ 12 mot phép ding cy bdn tuyén tinh. Ky hi¢u
g= @ oW,

o gtuyén tinh V¥ v2 @' dbu bén tuyén tinh.

2
o Vixy)eH" <xgh)>=<gl)hr> = Pgp® = (PEOME) = wy(x)

=<y f(x)> =<fx), y>
Cuéi cing ta duge: f 6 mot phy hop, d6 la g.
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Chi dan va tra 15i
cac bai tap chuong 2

211 Thay rbing 1 — 1 trong he thitc thir nh4t r8i k&t hop vi he thire thir hai, ta duge:
Vel - {% L A=t

Hay khéo sét trdmg hop ¢ = % .

.0 né’ur:el
0 Tralgi: {f:R—R? dinhnghia bdi: Vie R, f() = 2 ieR).

1
A1-A) néur=-
( ) néu >

2.1.2 Chd ¥ riing M tang.
Chox e lE, ;tace: Yie [0 x], nf(r)" <A+ —;—M(r) <A+ %M{x),

tir 46 suy ra: M) <A+ —;-M(x),
réi: Mix) < 24,
Cuicingtaduge:  VxelF,.  [f(o) sM<24

342 1 r 1

243 Chigrng  Wrel, £ = - |
¥ rin © (2 (r2+1)(r‘+l)J ((r2+l}] 2(1J2+1

2

Kyhitug: . — 7° ladnhxachobdi: VreT, g(r)=ﬂr}—(t,(zll)).
"+

VieR, glt= g[i}

1a suy ra 2
£(0)=(0,0)
Véi e B codinhtacéd: gf) = g(%) =.= g(—iﬂ—) — g(0), V1 g lieén tuc tai 0, tir 46 suy
e

ra g =0, rdi £ Hay khao sét phin dio.

o Tratst: {f:R - R?

r B 1

241
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! t t
2.1.4 Vi moit thudc B*, ta cé: fo 2742 1 2]
shr shr A (f]

sh '-2-

‘
shr f(_}
tit dé suy ra: ¥Yrell* fi=— .

Tix d6 ta suy ra gid iri cha f{t) bing cdch cho n ddn d&n + % v st dung tinh lién tuc cia f tai 0

va cong thifc shu - 1.
i u—0

Hiy khéo sdt phin dao.

Aﬂs_hr néu ¢t #0
0 TrA I8i: {f:R->R% VieR, f(5) = t e

-1 ndur=0

_ 2.1.5 Anhxa ¢ lﬂf) | 2 = (Re (f (¢ 2 + (Im (F (¢))) 2 lién tyc trén bé phan compac
[a; b} va 18y gid tri > 0. Hay 4p dyng 1.3.1, He qua.

2146 a) & Vi moi{x, 1) thudc [F-:z 1a c:
gx+nN-2gx)+glx—-0=

= 1 (fix+ =200 +flx -8) +l{ﬁ-x +N=-2fl-)+flx - — O
2 2 14
N6i rieng: g ~ 2g(0) + g(- ) — ©; do g chén nén ta suy ra:
e
g = g0
=3 +00

e Nhung khi 46 thi v6i moi x thugc B o6 dinh ta s& o6 -
gx+0-2gx) +gx—O=glt+x)—2g0) + glt ~x) — 20— 2g(x) + g(0).
o

Ta k&t luan duwge ring: vxeR, glx)=g0).
b o) Trudc hét ta thiy:
h(r + ) — 2h(x) — k(2 — x) = h(x+ 1) = 2h(x) + h(x -0

= l(ﬂx+r)—2ﬁx)+ﬁx—r))— —l—(f(—x—t)—?.ﬂ——x)+ﬂ-x+r)) - 0,
2 2 14

vdi moi (x, 1) thube IR’,?'.
Chox e R, va & >0c6 dinh. Tén tai Ne I théa man:

YneHl, (n 2N = [~ (n-l]x+£ —2h[£]+h (n——l-)x—-i SE
2 2 2 2 2 2

ﬂ“h(m)—%(%)—h((n—l)x)\ls -;-)

Ap-dung bat ding thitc thu duge cho N + 1, ..., n, 16i cong lai v& sir dyng bt ding thifc tam
gidc, ta duge:



Chi dan va tra 10i
X £
h(nx)-2(n—N)h(EJ—h(Nx) so-m L.
vtyi moi n thda mén n 2N, tir 45 ta suy ra:
h(nx) —Zh[i]— h(Nx) < f.,
n-N 2) n-N 2
r6i: ) 2;{ ) J e
n-N 2 n-N 2
nh(Nx ﬂ NizN
-» 0, nén tén taj N € |1 thda min: ﬂh(Nx)“
n—-N po ¥nelN, (nzN = )
n—N
Khi dé ta ¢é: Ynell, n 2 Ny “ = 8).

h
Didu nay chiing 16 rang (_n.;? — 2h[2] va do 46 (nx) —) 2}{2}
- heo A

Vi A [3 hidm 1&, nén ta cling ¢6 tinh chdl nay khi x < 0; trudng ho‘p.r =0 thi hién nhién.

B Choxe® rel-stdntai (p,¢)e Zx1™ saochor =2 Khid6vwéimeita
- 4

Lh(mq(zﬂ)] N 2};[2’”] 2h(rx)
nig g #ion 2q

-Lh[mq[zﬁ]}ﬂih(mp(zx)) N £2h(2—x]=2rh(x)
g q q mp mo g\ 2

bing céch sit dung tinh 1& cla 4 cho trirdmg hop p < 0.

¥) Anhxar > k) —rh(1) litn tuc va trigt tieu trén b6 phan 0 cla [, bo phan nay
trit mat trong K., do d6 4nh xa dang xé1 bing khéng,

¢} Theoa), gld dnh xa hing; theo b), hc6dang R - R,AecE Vaf=g+h.
x = oxA

ch:

221 Kyhigug=Re{f), h=Im{); gvahkhi vitren [ vif= g+ ih. Ta cé:
gg'+ hi'

1 2 2. .
ReLfJ m-—i(lno{g + 1 =dnlfly.
R&i ta ¢6: Ifl / o molfl/ & wlsly=o0.

2.2.2  Talgp luan phan chimg; gia thigt f c6 vo han khong diém. Vi |a; b compac nén khi

46 t6n tai mot diy (x,,) & 11 nhimg khong diém cia f vi ¢ thoa méan:
{Vn eN, x,z¢

Xy e
e

Do tinh lién tuc cba f, 1a suy ra flc) = 0; r6i thea gia thigk: f ' () # 0.

Vi fx) -3 f'(r.') # 0, nén trong kan can cda ¢ {irir ra tai ¢) f khéng trigt tiéu, mau thudn
X - X

vl each cho ¢,

421
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2.2.3 Ky hiéu co s chinh tic (e, ... , ¢,) cla " B; do tinh chit da tuy€n tinh va tinh
dan d&u, ta dugc:

Vie R, p() = detgl e+ fle), ., e, + tle)) = 1+ rchlﬂ(e].,.A,f(e'-),...,e”} + 0 (),
=
i=]

#()-9(0)
14

n .
tir 46 suy ra: f::u Zdetg(el,“.,f(e,-),...,e"} .
i=

Ky hiéu A = (a; ) ; |12 ma tran cda f d6i voi B, ta dugc:

1 0 oy
M U
[ n 1 : n
D detg(er. f(6)tn) = a; = Y =uwlA) = (),
i=1 i=1 o i=l
0
a, 0 1

¢ Traldi: ¢ (0) = u(f).

2.24 1) Cicdinhly tdng quat ching 1o ciing 7 kha vi tai moi diém thuec |-1; 1[ — {0).

1 [rsinl.rcole - (00
Mt khéc ta cé: () - i) = ? t; 10 ,
! (0,0 - (0,0)
=0
do d6 f kha vi tai 0, va £’ (0) = (0, 0).
2 1 Y 1 1Y 2
2) Vi e 10; 1], ||f'(i')n2 = [2rsin;-—cos;] +(2fcos;+sin?] =4r +1 = 1.

Nhu vay £ (-1: 1[} 12 hop cta {(0, 0)}) v mét bd phan khéng rdng cha ]?'_2 ndm ngodi hinh
cfu B(O; 1). diéu ndy chilng b rdng '’ (J-1; 1{) khong lién théng cung,

225 Anhxa D,: B — € xécdinhbdi:

el e . o] le™
VieF, D, = :
o %nt anea,,r a:—lea,,r
kha vi trén I va (xem 2.2.3, Ménh dé) ta cé:
o1 alea" ) a;t-lealr a{'eaif
viel, D= ;
P a"ea,,r . a:-zea,,r aﬂea’?t

(cdc dinh thic Xhédc déu cé hai c6t bing nhau).
Vay dinh thitc phai fim 12 D;(O) . Nhimg mat khiéc ta c6:
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[ia,-]: 1 [24] ar-l [ia,-]f
VieE, D,(H= e S S (A S H(a,-—aj-)

1 a, a:—l nzi> jz1
{dinh thirc Vandermonde).
0 Tralai [Za] (@ -a;).

nzizj21

2.31 a} /) Hjity don
Véix e FeSdinhvanz 2 ta ob:

() (-2) :
x+—|~x-= £ 5
Flx) = nAmlan% = nArctan L ol e 5
1+(x+—)[x——) Lxf - |70 B
n n n
2) Hoi tu déu
Hiy chiing 4 (bing cdch khio st sir bién thién cia cac ham 6} ring:
3
VieFE,, 0<¢-Armtants L.
3

Tirdésuyra, vdéimoine N- {0, 1} vi x e E:

2 8
0g e _f0)E —.
7 H) »

14 x% -
2
Mt khéc ta c6: 0 —2 -2 <2
|+,2,L2 1+ n
n
2
Tir d6 suy ra:||f, - f|,_ ;O,trongdéf:x [ 7
X

o Tralsi: (f), imdéuwenRd&nf: R — 1122 .
. E S ] E
b) 1) Hot tu don
V6i x e R c6dinh, £,(x) — Arctan -+ Vi £.(0) = Arctann —» =,
o x po 2
2) Hoi tu déu
Véimoinell*vixe R:cddinh‘ ta cé:
n+x 1
1 1 - x2 -1
fu(x)—Arctan—f = jArctan— X4 = lArctan) ——gmmme—
x +n+xl xS +n+2x
L+ nx x
2
x -1 2
< 1 1 < 41 < _l_

P, n(x2+l)+2x T on
¢ Ted 155 (£,), hoit déu tren E,dn f: R — R

"
PN E—Arctanx
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c) 1) Hoim don
Véi x €]0;1[c6dinh, f,(x) = 0 viham mi chifm wu thé so véi hHam ldy thira; va
oo

L0y = £,(1) =0.

2) Hoi t déu
Truée hét chid § ring:

n
fo-Yy= k) =n«=[_£(1_1)+1[1_1) ] - L
n n n" n n I o €
» Néu az 1, thi(f,), khong hoi tu dée d&n O 1rén [0; 1] vi fn(-}—)_,‘.;. 0.
n nw

Nhung véi moi ¢ thude 10; % 1thi (£}, hoiw déu dén G teén |c; 1 —c] vi:

Vxele I-cl, 0% f,(0) € 2n%(1-c)*.

* Neéu a < |, hiy chilmg minh ring t6n tai C . thdéa man:
<

.

. - 2C
trddsuyra: Yo ell* Vxe|0,1],0< £ < F_

Ynell* Yxe[0; 1], x"(1-x)%

0 Tra fgfi: o Néu o <1, (f,), hoi tu déu dén O trén [0;1]

e Néua 21, (), khong hoi i déu dén O wrén [0, —;— ], eling nhu trén

[~12- ; 1], nhung héi t déu den O trén moi doan [«;A] thda miin

Ccagh<l.

23.2 gq) Bingcicphépdbibignr=x—n, y=x— 321 . hily chimg minh:

[y > 0 va fo — 0
X=—>1

x—)g
b} 1) Hoi ty don
Véi x e RcSdinh, tacévéin22B()x|+1:  |fm| < ! >0
{n- x)(E - xJ e
2

2) Héi tu déu
: 2sinzt néut=0
Anhxa @18 - i duge xéedinh B gff) = t lién tuc trén B va cé

r néu =0

gidi han bing 0 tai + o0 v — o0,
Tirdo suy raréing tdn aiM e R, saocho: VYie |, |q‘J(!)fSM‘
1

I

Hon nifa: vref*  lanl <
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Chi ¥ réng: YreR, f0= (-D" o _H)Q[x_iz‘_]_
Chone ¥, xell.

-Ne’uxs3—n,th11¢1(x-—n}|s-—l-—si,vé |qp(x—£)|sM,ttrdésuyra
4 n-x n .2

4M
| £l ==
n
. 3n n F
-NeuxZT,thﬂw(x—n)lsM, va |¢J x_E |$ < —,tlirddsuy ra
n
72
4M
| £y ls —.
n
. 4M
Diéuniy ching 1&:  VYne1¥*, VxeR, |f{0]<—.
n
¢ Tra 181: (f,), hoitu déu 1én B dén 0.
233 v¥relblvrel, 1f,,(x) —_f(x)t = —lfi-x)l——-f
1+ a(f(x))

1

2Jn

Hay khio satsybién thiéncla @,: R, — R vhsuyraring: ||¢,, |LD <
t

f 1+ar?

234 Cho ¢ >0 c6 dinh. Tdn tat N € F sao cho:

Ynel,¥ye¥, (n>N = Hgn(y)—g(y}n < &)
Cho n € W saochon > N; tacé:

VieX lg,of(x)-gef(®)| <=

235 V6imbinthadc I3, tbn tai x, € X sao cho f,{x,) = 0. Do X compac nén tén tai mét
ham trich ovd ! € Xthda man xyy, ., ! Nhe vay tacé:
X

* YneHl, "_f - fa{n)(xd{n))n s “f hH-f (Im‘_n))N "'"f (Xz(n)) "fa(n)(xa(n))ﬂ
¢ flxgmy) 2 O (viflién tyc tai )

o |fComI - fomGom)] 2 0 (A, hoiwm déu dén ).
Nhy vay: fH=0.

2,36 msfsM > M-fXf-mz0 = £{M—f)(f—m)20

= - _Ef2+(m+M) £f-mM 20 = Ef’s—mM,

2.3.7 _E(f(l - +(g-)? = J;((f‘ +82 4228 - 2fe(f +8)) =0.

28-GTTT3-GT3
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Vi (f-g)? +(s(1-f)? litn tucvd 2 0, nen ta suy ra (F(1-g)° +(g(1- )Y =0, sau

d6talaicé Rl— g =g(1 - f) =0, chimg tb ring f va g 14y gia tri trong (0, 1}. Hay sl dung
dinh 1§ gid tri trung gian.

n -
238 pat f = me ; flien tue, £ 20,f = 0,do dé ff >0
k=1

Chon ny = Lfk‘
f

2.3.9 Cho £ >0; t6n iai 77> 0 sac cho:
v ) e R (Ix-x"1s 7 = lfe)-anl< s

Chon € H* saochon > E(l

J +1.Tacd: VxelR Vtelx x+ l]. |ﬂr)—ﬂx)| < &
7 n

'
wassyrm  VreR  lp@-fol =l [ "0 rana

o1 '
n [ 7lro- fhes -

2310 V& n e H* taky hidu:

2
z Z 1 1|1 [z": 1] il
l<l<}$n [251’4’5» JE k=2 k] 2n i=2 JI k=2 k
1 +H dx =1 dx
s Anhxa x > —= gilm trén [1; + o[, suy ra J: < -—sf , e 1A
Nrh i sz =

A+t - f2) < Z% <2V -1,
= v
v do dé: Z— ~ 240

1
o Tuomg tu: Z—E '-;:lml.
k=2
0 Tra lgi: 2.

231

L \ . [**D7 sing
Véi moi kthode 14, tak§ hidw: Iy = r—;-;dt

Phép d6i bifn y=t —kx cho: I =¥J,. wongdsJ, = Eﬂ—d
y+kr+1
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Hay chitng minh ring ddy (/)< gidm, tir d6 suy ra:

Ypell, L+l = dyy= Ty 2 0.

Chox € [0; +oo[; tdn tai n & M, sao cho 2nm < x < {(2n+1)xw (chinh xdc hon: n = E[%J ).

) sint E sint
Khi d6 ta ¢d: m‘df: Z’k"' fm:+ldr.

-

Mot mit ta cé: ka = Z("zp“'fzml) 20
Mt khic thi:
* néu 2an < x< (20 + D, thi J:M;%dz 20, do: Vre[2amx], :Ti =0

» 06U (25 +1)n < x < 2(n +1)m, thi J: ﬂl‘-dr 2 Iy + Fypuy 2 0, Vi
L2

[x; 2(r + )] < [(20 +1)n; 2(n +hnl va Ve e[@n+1)m An +1)m], :m; <
+
t 2 .
2.3.12 ¢ _ 1 HlHtrom)—(r+o7y 1, do d6 4nh xa
Arcsine ¢ 2 +o(t?) =0
t .
| e. - lbi::hantronglancan(};nhutlu‘!’tdnt.gti«af >0, M2 0sao cho:
Arcsint ¢
!
Vie0; al, 2 -1{54\4
. Arcsint ¢
a x o f* el 1
Tirdétasuy ra: Vre )0; =], - dr-In2 = d| =M
yr: Vxe o 2[ ,Jj Arcsine 2‘ (Amsm: J *

¢ Tra I8i: In2.

2313 Chosels ZiTact: Vae R, 0< _E(sim)*dz s

X
zZ

Mit khdc, véi moi x > 0 ta ¢6: (12’- - s](sinsyr < J'(sino"d: < [-;5- a) .
g

Do [i;»-.gJ(sing)*’ - Z_¢ » Nén n tai i > 0 sao cho:

x0*

T T '
v 0: nl, b ing) == - 2¢.
xe )0 n] (2 e)(sme) 27 £

| 3

Ta dugc: Vex0, 37 >0, Vxe |0; g, % ~2e = J.{sinr}gdt < %
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0 Tratal: Z.
2

2314 Chog>0.Tontai n >0saocho: Vi i0; 5[, ||f(r)—f(0)]| <

Vi a” -» 0,néntdn tai ¥ e 1 sao cho: Yn e 1], n>N = 0<a"<n.
=l
Cho n & I sao cho n > N, ta cé: Yx e [0;1], 0<a"x<p,
1ir 46 suy ra: Vx e [ 1], If{a"x)—f(O)” <
1
va do d6: ﬂ| fa"x) - f(O}“dx < s
4]

¢ Tra 13i: f0).

2315 Cho £>0. Viflién tuc tai O nén tén tai 57 € ]0; 1] sao cho:
Vie[®nl.  |fO-FO)| < £
*  Vdimeix thudc ]0; 77]1a cé:

n
xa_l']'& e ] ’]ﬂo; ¢ ot [HO-10),,
X Ia X ra . ra

-1
Ta lai c6: - ljf(o)d ___@ll(l_[ﬁl ] N f(Oi.
- 7 x0% -

Ké&t qua nay chimg t& rang n tai 7 € 10; 77 sao cho;

YxelO; mh |« ! ff(f}df f(O)‘ +&
J a—l‘ -1

i
o 3l J‘%dr —+ 0 (vi7z o6 dinh).
x—0*

Nhu the 16n tai 7, € 10: # ] sao cho:
1
| a-1 [F(1)
Yxel0; gl |x J‘.;T;"d L&
Cudi ciing, voi ky higéu 75 = Min(n, 15, ) >0, tacé:

Yxel0;ml, |x% ljﬂodr fO) < £ +2¢

a—1 a-1

o T L9

-1
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¥ 1-¢* " ¢
2316 Vaimdine 1, kyhitn [, = I{ ! ] dr; bing phép ddibién y = —= ta
n
o

Jn
dugc: -
1- !
ny *ty 2
I, = j[ ] J'dy—n 2I(l—ny Y dy .
0 0
1 1-n213 1 1
Lo Tty 2.0 Y 2.5
Ky higu: J, = n I (l-nyY'dy v K,=n j (l-ny“y'dy.
o213
e V§indilontacd:
2 A
1 d-n 203 1
-nt— —nt— 1
|J’,,| <n 2 I 2ln 1-— -1
; e

n3

1 1 1 1y !
—arl 1 1 . 1 aln(l-—72)
=n Z|n-2p3-14—| < n 2 [n—rﬁ] = ne /

n3

SLi3vot!?)
= Jne™” — 0.
M

IK,| = g2 (n—1)" =[n—l
n

" 1
— | = s —= 0
JEYE n J T I V4

¢ Tralol: 0.

2.3.17 Cho &> 0 cd dinh.
1) Viflién toc timg khilc trén [a.' #] nén t6n tai dnh xa bac thang e : [a; #] — E ssocho:

I -e, < T (xem 2.3.3, Dinh 1§).
Khi d6 v&i moi x thude R ta cb:

b b b . .
Njf{tﬂsin{ﬂﬂdx— Ie(:)]sin(xt)ldt <. Inf(r)_—e(:)u |sin(xt)|dt < %

2} ‘Tén tai mot phanhoach dq.... ay clia [a; b] twong thich v&i &; v6i mbi i thude

{0, ..., N-1j,taky hiéu pid tri cba e trén ] a;;a;q[12 A,
Vé&i moi x thudce [E taco:

b N-tf g4
Ie(r)[sin{xr}{dr = Z I]sin(xr)|dt Aj.
ia l=‘0

@
Cho i € {0, ..., N~1]: bAng phép ddi bien u = xt, ta c6 v6i mei x thude R,

B4l _ 1 iy}
Iisin(xr)]dr = — I |sina{da .
a * xa;



Vé&iie (0,..,N-1) vaxdilén, tdntai (k, 1) Zz sao cho:

k- Dr<xa; Skn<..<Ing xa; < (+1)n.
Khi dé ta cé:
Ay |

I |sma|du = — I|31nuidu + -—“—'ﬂsmu|du + - I |bmu|du .

xd; xa; I

s 05 — I|smu|du + = I |mnu|du < —Ismuldu - 0.
XD
xa,

n
—k Ilsinuldu = M

X
0

Vi ({~k)r Sx(ajpq —a;) <(({+1) — (k- 1))m, nén ta c6:
G =a) 4 ik 20 -a)

< 2
T X X 4
xan.]
Nhur the ta duoc: J. |smu|du —) (a,+1 a;},
Kty
b 5 N=i 5 ]
tir d6 suy ra: Ie(f}lsin(xt}ldr -3 —Z(am —g)A; = — Ie .
A0 ﬁi 4
a - [}

Nhu vy tn tai x5 € R: sao cho:

b b
vieR (x2x = Ie(r)|sin(xr}|dr~-2- Ie < f;})
. 4
o

a

Mit khéc thi:

—Ie——jf < —Ile f| < —xsg.

Nhu vy véi moi x thudc I sso chox 2 xptacé:

] b
_[f(f)lsin(xt)|d: -2 If(r)dr <&
T .

[
bj
[

|M

o Trd 13

cosx — l—?
2348 Vi —4m8 —— -~ o L,nentﬁnu_ii {a,A)e(]R:_)zsaocho:
x =0 24

x2
cosx | 1—em

Yx € [-a; al, < Axd.
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n n
| -1
2) K¢ hidu u, = cos -1 va v, = ——, tach:
) Ky hig 2[ Jn+k ] z2(n+J’()
k=0 k=0
S 1 1 N1 Aln+1)
u, —vy| = cos -1i- <A < - 0,
=l ;( Jnk [ 2(n+k)) : ;(rwk)z n?
v&imoin x e Msaochon2 —15
o
1% 11 1 1
3 v= —— -JT — ——I dx = —-[ln(1+x)]:] =-—=1In2
2”&=0 1+_n_ non 201+x 2 2

o Trd 18k -%mz.

2.3.19  V6i mei » thude 1*, k¥ hign:
2n 1 2n 1

¥o= _—

k=n k2 ln(l + %) k=n k

2
1) Hiy ching minh: Vxe R, x- 52— Sin(l+x) <x.

1 1
2n E—ln[l+;)
2) Do ¥n e N*, U=Va= QY
' k= kln(l+—]
k

ta suy ra:
3n 1
YnelN*, 02au,-v,5 2
3
k=n2k 1n(1+

+ P 1+
n+p n =01+; ; x
0 Tralsl: In2
]
2.3.20 Do zje"d:= —e”] = ¢ ®- e,
o 2
b
1a suy ra: e‘“:-c_b’l = |z| Ie"’dr
b

<\d E\e-ﬂ\m = \z\bge'“dr = \:\Eﬂbﬂs \.’}(e—m & ).
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2321 Dot Uf(r)" lign tuc trén tap compac [0; 1], nén ton tai (4, 1) € (1; 1])2 $a0
cho:

= Su ) . = Inf .
“f(fl)“ ) [I,)l] uf r}l'l nf(fz)ﬂ 0] Hf(f)n
Khi 46 ta cé:

2
reo] = Jren-fed + rin) = ﬂ_[f'(r)dr + | £)]

f

n b i !
< I“f‘(r)“dl.l+ firola s firole + firofe.
n 0 0 0

b

. 2 b 2
2322 o ((f(b))z—(f(a))2)2= { j(fz)(r)dr] = 4{ jf{r)f'(;)ds] , va 4p dung bat

a

ding thiic Cauchy-Schwarz cho f* fg va S

=

b) Ap dung két qua & a) cho trudng hgp: a =0, b=

i3

Cfie) = Zxkcos(?.k—l)r, g=1.

k=l

ST

Khi d6 ta c6:

]

« D=0, flr= ) x

k=1

7z
b 2 n 2
- If.zg = {2k — D)x, sin(2k - l)t] dt = Z Cp-D2q-Dxpxgd,

a o\ k=1 lsp.gsn

[}
Gq__.'h#l?!

trong d6: I P sin(2p — 1)zsin(2q — 1rde
£
1 2 0O ndup#g
= - I(cosZ(p —qt-cosp+qg-1))dt =1 .
2 — nfup=gq
0 4
b n
Tir 46 suy ra: , Jf'z g = 12{2}( - 1)2x% .
4 k=1
t =

b
2 7
+ Hay chimg minh twong by ring; If— = EZxE ;
g 4 k=l
o =

2323 a) MXD() = R’ ; fihuoc 16p C' tren R, va:
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2

i
\/8x3+2x \(x_3+x

Yxe ]R:r. frixy =

T2t -1

B J;Jsz +?.\/x2 +1(2Jx2 +1 +J8x2 +2)‘

x 0 +o0

- 5l-

+

flix} ‘

e “ e T

1
f[Ti—] s 0,485,

Khio sit tai o
y X
0 < < 0
s < f(x} f—vxhx J;X_-&
fix) = +x
x—0
Khio sit tai +o
X 1
b<fixy= < —_ = 1.
\ hi x3 e = x5
0 L1 x
7]
b) « MXD(P =RR".
b h '
e Yre B, A-x)= Ic f J‘gdu fix), viy f chin,
x 0 . +00
fix) “ +

Fix) lL P

o FthuoclépC e R va: Vxe B, f'(n) =2

ch2x c¢hx ch2x-chx
- —— >0

2x X X

Khio sét tai 0°
cht—1
_'>+
t t—0

% ,nén ton tai (a, A) € {lR*+ )2 sao cho:
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¥xell; al, chr—ll = At
t
i 2xd 2x b -1 2x 3
Tix 46 suy ra: fix)y- J‘_r = Ic :- dr < JAr dt = Esz
t
X X x

v6i moi x thude ] 0; %[.

2x
Vi IE = In 2, nén diéu ndy ching 1o flx) W In 2. Y4y ta théc trién lién tuc f tai O
t

x
bang cdch dat 0) = In 2, va khi d6 ta cé:
fO-fO1 . 3.4, S, 0,
x 2 x=0

chiing td rAng f Khi vitai O va f' (0) =0.

chr—1i .
sur#0
Nhdn xét: DuGi day (Tap 4, chuong 5), ta s& thiy B dnh xa 1 ™ c6

o néu ¢ =0
mot khai trién thanh chudi nguyén c6 tam tai O v ban kinh w, diéu ndy cho phép ta suy ra

0
cling mdt tinh chét cho f, va do d6 fthu¢c l6p C  rén .

Khio sat tai +w
2z
Hay chimg minh: Vie R, cht 2 % ,
2x 3
tir 46 suy ra: )y 2 %dt = -sz .
X
Yy
©p
1
In2
0 P =

Nhur the (Cy) nhan mot nhénh parabdlic vdi phwong tiém cin (Oy).
2

I
¢)e Nésx<Ohi I% khong xdc dinh.
n
X

Néwx>0vix =1, thidgnhxa t > ll_f lién tyc trén [x; x2], vi do 46 f{x) 18n tai.
n



Chi dan va tra 16i

' Cuéi ciing, f{1) khong xdc dinh.
Nhu vay MXP() = R, - (1},

o Fthuoc16p €' tren MXD() vi: Vx € MXD(), f'(x) = — - to_xt
In{x*) Inx Inx
X 4] ' 1 +oc
f’(x) + +
fx) = T

Khao sét tai 0"

—, 0, ching td ring

X
d
Véire 01 fx)= I——,tﬁdésu ra: 0 fX) <
remu = fo y fs o o
A

fix) x__>?)+ 0.

Viy ta théc trién lién tuc f tai O bing cach dit f0) =0.

Saudétalaics: 0< =10 S—l_x T 0,vay fkhavitaiOvaf’ (0y=0.
X

X Inx
« Khiosattail
2inx "
Phép déi bign « = Inf cho ta: f) = Ie—du.
Inx “
Zlnxl 2lnx |, 1
e —
tix d6 ta suy ra: Fx)- J.;du = I a3, 0.
Inx Inx
[
V4nhzxa 4 £ lbichantmnglancancﬁa(}.

Nhuviy: fix) =3, In2. Tathic trién lién tuc f bing cich 44t f{1) = In2.

X

Saunita: f'(x}=

ln_xl 3 1,vay fkhavitai 1vaf (1) =1.
e Khao sét fai + o

¥4
©)

In2

4
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.1'2 )
) 2 I dr =

, > +
; In(e?) 2ax T x Jinx F

Nhu thé (Cf) nhin mét nhdnh parabslic véi phong tiém cin (Oy).

a+ly
2.3.24 Viixe T, cfdinh,dnhxay: y = thude 1op C! trén 1 vi
cht + chx
x—2¥
. - 1
Vyel, yw(»= 2 - Z = ! +
chix+2y)+chx  ch(x-2y)+chx  ch({x+y)}hy ch(x-y)chy
_ chix~y)+ch(x+y) _ Zehx
chix + y)eh(x— y)chy  ch(x + y)ch(x—y)
NEu x » 0: V' o) = sh2x =L sh(x+y)+sh{x—y)
Zshxch(x + y)ch(x—y)  shelch(x+y} chix—y}

=i _!_lnch(x+y}
dy\shx ch(x-¥) )

Néux= O lu‘(y):—zz-—
ch®y
x+2y 1 chix+y) A
—In———= ntux=z0
0 Traian: J' L pram v
chichx .
x=2y 2shy néux=90

2.3.25 a) Do céc vai trd clia x va clia y d6i xitug, nén ta cé thé gid thiét, ching han, x < y.
Khi dé ta cé:

(y—a)]f—(x—a)]’f = (y—x)]-f—(x-a)]f
< (y—x)’].lf|+(x—a)yj|f\ < (y—x)!]'lf|+<x—a>bj|f|
[} x [ a
< <y—a>bj\fl < <b-a)bj|fl‘

b) Gia thiet c6 ding thirc xdy ra trong bat ding thic & a). Theo sy khao sét § a), khi do ta s€
cd:

(y-X)].lf|=(y—x)!]‘|fl

¥ b '
- fifi=ce-a fiA
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b
Néu x = y hay x = g, ta ¢6 ngay Ilﬂ =0, tir 46 suy ra f = 0 (theo gi thi&t f lién tyc).

a
x

b b
Néux #yvax+a thiiasuyra ‘ﬂﬂ =0, ||f] =0, ‘ﬂﬂ =0,saudé f=0.
x ¥

o
2326 Bing c4ch 4p dung bai 4p 2.3.25, a} cho f — 4 vi b thay vi fva y theo thif ty, ta dugc:
x ) h
b-a) fof - 1-Gr-a) fir-2) < b= [l -4,
o [/} o

x b
tix 46 suy ra: If—y{x—a) s J‘]f-—ll.

g

2.3.27  V6imoi (k x)thude {1, ..., n}x{0, 1}, taky hieu My , = Sup | £r) (M, x 160
Y]

tai Vi f}, lién tyc trén doan [0; 1]).
Véi moi (&, x) thuge {1, ..., rjx[0, 1}, ta co:

VuelOxl, |fen)| = Ifk(r)dr < .ﬂfk{r)|dr < uM ¢ S My,
i] Y

trong 46 taky higu f, .1 =f.
Ta suy ra:

Vrel0 1L, M, <M, <SxPM, , <.<x3"M,,

vay: Vxel0l], (1-x )M, < 0.

TXdécd: (Vxel[0 U, M, =0),8i (vxre[d 1], filx)= 0), sau do theo tink lién
tyc cla f ta duoe fi= 0.

Khidéth:  fo=..=f,= 0.

2.3.28 V6i y € F o6 dinh ta ¢6: RSN g1yt g
x=¥ L=y

Bidu nay ching td ring fXhi vi trén . va f ' = 0, do d6 £1a 4nh xa hing.

Phin dioc 13 hién ghién.

o Tralai: {_m N cg;cEc}.

L3
1 dx _ i sind
V-x+ft+x+2 @=Arccosx (;'va(sing+cosg]+2

dg

2329 a) II
-1
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L r
4 4 2
- I cos2gp dp =2 IZcos w—ld‘p
€ = cosp +1 cos@+1
=2y = 0
4
z
4
= || 4cosp -4+ do =22 -m+2(2 -1).
0 cos” =
0 Tram 42 -1—2 ~0,515262.

b) Phép ddi bién u = % —x chiing to ring | =J. Mt khic thi;

il

F: 3
7
I+]= COSX +3inx _cosxsinx J \Ecosr d
1+sinxcosx r=x-Z a\j+l(coszr—sin21)
4 2
T 1
j —ZJZ—Arcsin—‘
w=sint 0 z J§
Y2
¢ TraI3i:  1=J= V2 Arcsin— ~0.870 420.
3
20 o @ " 8
Im-i——d.x - I"‘* du=29_[-~—- (do tinh chén) = 26 1ntan(£+i .
cos{x - &) u=x-¢ cosu cosu 4 2 o
0 -8 0 o
0  Trawk 20mlan|Z+2].
X 42
O g
2330 ajf= ST A N PR ' fla-w)

JfO)+ fla=n) wmat gfla-w+ fla)

tir 46 suy ra: 2= M
f(f)+f{a-f)

=d.

¢ Tra l4i:

a
2
B0 Tralai; i}.

2.3.31 a) Anhxa Fthuoc 16p C' tren [0; + ol vi: Vx €]0; +of,  F () = RLEX)
. X

Anh xa G: Y+ - R thude 16p C'l trén 10; + <o va véi moi x thude
PR F(x)+F[%]—%{In o

10; + o[ tacéd:



Chi dan va tra lai

G () = F (- LZF' (i) _lnx_ Index) lln[ni] UL

x x x x x x x
vay G 1 4nh xa hing trén J0; + <of.
Hon nira, F(1) =0, do dé6 (1) = 0.
Cudi cing thi: Vxe 0+, Gixy=0.
b} V& moi x thudc ]0; + of, ta cd:
xl xlnx+ln(l+i] xd x[n[1+_{.)
g, o e =t [+ ) e
Jo J ) ! ¢
1 1 1 1
1
+ I]n(l +u) lnx) (1] =1 (lnx)2 +F(x).
[ _ x 2
= 1
X —
X

2.3.32 Chicindpdungcongthic: <f g>'=<f" g> + <f, g'> (xem 2.2.3, He qua}.

t t t
2.3.33 Vi{ X'= XY+ XY, néntacs:

b
ItX(f)Y'(r)dz [ X(:)Y(r) IX (NY{dr =- IX(!)AY(:)dr =

1 5 T
2.3.34 Ix(Amtanx)zdx = [%(Arctanx)z:L -
0

1+x
0

2 1 1 1
=5 _ IArctanx dr + I
32

l+x
.
32

2
o T - -7 . lyo 0178026
16 4 2

-

zArctanxdr

] B(Amtanxf];.

2.3.35 a} Bing cdch tich phan timg phdn, ta cé:

fe-arws = [e-arol- [rou -a-am- [ro,

b b b
Je-mrra = [e-nrel- [ron =-x-n- Jrons.,
X X X

tir 46 bing cdch cong timg v€ ta suy ra k&t luin mong mudn.

1]
b a ®-alfw| < | frou

x x b
+ fe-alroe fe-alroje+ [e-olrofs

439
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-] x &
< J}(r)dr + (b -a}[ﬂf‘(r)“dm J‘||f'(r)||dr}.

arb

P (b—a)“f[a;b]

b 2 b
|s If + J'(r-a)||f'(:)|]dr + j(b—r)ﬂf‘(:}ud:

a a+h

2
a+b

2 b
[Ir@lare {lrofa
o g_iﬁ

2

b

fr

o

1A

2336 VI Ai>0,nenf" khéng triét tidu trong {a; £]; dof " lién we trén doan [a; 5|, nén khi
d6 dinh Iy gid tri trung gian ching 1o ting £ ¢6 dau khOng adi trén [a; b).

Néu f"<0, thi khi k¥ hidu g = f, ta thiy g thude dp C trénle; bl, g "=—-f"2A>0, vi:

& ] ] -]
J'eif(’)df = jc'i‘g("}dr = Ieig(")dr = Ieig(’)dr .
[} a (4

Vay tacé thé gia thigtf "= 4 > 0.
Néub-a < 2z thi:

Ji
B b ) e
if () J] FOlgr = p - 5
eV Vdn s le dt =b-a £ — = .
-[ | NS
[
Nhur thé 1a ¢6 thé gia thiet b —a> 2 .
Ji
1) M6t truong hop ddc biér:  Gia thi€t V1 € {a; L (n=z0,

Khi dd ta cé:

t
Yiela +72_I,-b1, F=f@+ If”(u)du > At-a) 224

o

Mot phép tich phan timg phdn cho ta:
b b
if{f)d.!‘ e alde
'[ ) :t’l"'(f)(e If())

a’+% ﬂ']-—J}: -

if'@ ], z L (r))2
a+~—

li

Tir 46 suy ra:
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b ]
j ey < 2L + I f (r]2 dr
ol WA o)
2 i
=1 1 —- ']b < 2
2 f.(ﬁ J re | Vi
A
ﬂ-!-i o+
JA A -
M3t khdc th: PLAURT P I dr = .
' JA
Y 4
Nhu the ta ducc: Ieif(‘}dr S—.
’ NG

2} Truomg hop tong quar

Vif"2 A4 >0, nénf" tang nghiém ngat, do d6 chi triét tiev tai nhidn nha'l mét diém thuge
la, B].

Trudmg hop f* 2 0 43 duge khio sit uén day & 7). Trumg hop F* < 0 ¢6 thé quy vé tredmg hop
d6 bing cdch xét dnh xa [~b;—a] —> f[R thay vi f.

H

Bay glo ta gia thiét ' 1riét tidu tai mot (va chi mot) diém ¢ thude |a; bl. Bing cdch 4p dung két
qud & 1} cho thu hep cda f trén [c; b1, ta duge:
b

; 4
g < =
o <3
[
Taciing ¢é hé dp dung kétqui & /) chodnh xa [-c;—a] > R ., urdé suy ra:
u = fi-ul

c
Iﬁif{ndf < i_ i

b
Cubi ciing ta duge: Ieiﬂ')df <&

a

2.3.37 Bing cdch 4p dung hai 4n cong thifc Taylor véi phén du tich phén, ta duge v§i
moi ¢ thude [~a, al:

[} . )
F@= O+ @a—0f 0+ I(a-u)f"{ur)du

!

-
fl=a)=f{O+(—a-nNf'N+ j (—a—w)f"(u)du
!

29-GTTT3-GT3
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(i 46 biing céch i ting v& ' (1) = —— (fla) - A-a)) ——— A(a, 1)
2a 2a

trong dé Ala, = I(a—u)f"(n)du + j(a-l-u)f"(n)du.

a t
Ta c6: lAta.nf < I(a - w)|f"(u)|du + I{a + )| £ (e} due

£ MZ{I{G —wydu + J-(a-ku)du] M?.(a +1 )

—-a
trong d6 taky hitu My = Sup £ ()] .

ue[-aal

2.3.38 1) Tnréc hét chd ¢ ring dnh xa  [0;7r] — R tdy gid tri > O vdi
t = |=2rcosi+x

moix thude K- {-1, 1}, vi do d6 /(x) tdn tai.

2) Vé&imeix thude J-1; 1[ - {0}, tacé:

T b4
1 2 1
1(;) = Jln(l——;cosu:i-)dr - B{(m(xz - 2xcost +1) - 21n|]Jar

=Hx)-2nln |x| . ’
Nhu viy ta cé thé giGi han vao viee tinh J(x) khi x € 1-1; 1[.
3) AnhxaF:(x, 8 — In(I-2xcost+x 2 ) lién tyc trén ]-1; 1[ x [0; =], vay (do c6 thé 4p

dung dinh 1§ dao ham dwéi difu f ).énhxaflhuoclépcl trén 1-1; 1[ va:

"ok T 2x—2cost = 2w-2 “2 2du
re = Ia_(x'r)d; = ﬂ;_&_d; = I 1+u .
X - x
; 01 2xcoSt+ X wetan 5 le u? 21+u
l+u1

: +@
.4 I (x—1)+(x+1)e?
§ =1+ x4 Pty )

2% 1 R
=—J- sH—ep———— A nfux =0
x o 1+ (=1 +{x+1)"u"

2 x+1 e x+1
[Amtanu+Arctan[—u)] =0vi <0,
x
0

X - xX—-

Mit khac thi: I'(0)=0.
Nhir th€ 7 13 4nh xa hing trén]-1; 1[; hon nia: i(0) = 0.

" |0 - nfuxel-L
¢ Trd tok: 1) = {ZWlnlxl néu x €] — oo — [l oo
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z
" 2
du
2339 a) e I - j___z_
cos r+xsm t u=x-! COs -+ XSin" U
L3 0
2

LS
2
tir 46 suy ra: I(x) = I )
cos? ¢+ xsin t
®
4 T 2 o
2I—~’— 2 [ Ammn\/“y]o z
cos? £+ xsin’ 'f-tanf b l+xy x x
O TS Vxe R, Ko = 2=
* Vx

h) AnhxaF:10;+e[x[0;n] - I xdcdinhbdi Flx, )= lién tuc trén

1
".:052 f+xsin“¢

10; + o x {0; ], va Z—F t6n tai va lign tuc trén §0; + wof X [0; nl, vay (do c6 thé 4p dung dinh
Ly

1¢ dao ham du6i diu f ). 4nh xa f thusc 16p C tren [0; + oof vi:

— - 2
Vie]0; s, F()s= J'"—(x Nt = IE—-—tL“*o—zdr
005 + X51n

13
Nhu vay: Jxy=-rix)= .
Ay (x) (x) ids
0 TrAWl: Vre R, J@) = —=
’ * x|
2340 ajAnhxaF:(xf) — l":“f’ lien mc trén 1-1; + of X [0; 1], va %{— t6n tai
+7

va lign tuc trén J=1; +oof X [0; 11, vay (theo dinh 1§ dac ham dudi dfu f ), 4nh xa

1
frx rnfnf)dr thu@c'lépcl trén }-1; + cof VA:
+1

Vre -+l f()= Iax(x,)cu Imd:

1
1
- 2j‘[:+;_ x Jdr
1+x 5 1+¢c 1+t

1

1+x

n

]
; [%ln{l + %)+ xArctant - In(1 + xt)L
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1
1+x

1 X
—In2+—-In{ll+x) |,
2[2 rE JJ
Ta suy ra
X Xx
Vxe i+, flx) = AO)+ If'(f)dt = -l-nz—zA‘rctanx + —}85111(1+x2) - F—I@dr
L+¢
0
b} Thay x = | trong hé thitc & a).

2.3.41 Theo 2.3.12, 3}, Dinh l)? ta cd:

b b dx b(x d
J‘I cost { dr .
a-— cos: X —cost X —Cost
O\a a\0
3 +a e
Ta laj ¢6; I I _[
X-cost ot x(l+u] (1-u? o=+ (x+ e
0 7 0 0

2 o
= 1:Arctan{ x+1 HH = z .
u'xz-—l x~1 0 12—1
R b+vbE -1
Q Tralé: xln————,
a+v'a2—1

2.3.42 +» MXD{H=[};+cc[.
o Anhxa F:(x,7 b Jx+cost lien tuc trén [1; + «of X [0; 7], vA %{— tn tai va lién tuc

trén J1; + oo x {0; n], vy (theo cic
dinh 1§ vé tinh lién tuc va dao ham

dudi dfu f) , 4nh xa flién tuc trén

x 1 400

fiix) +

[1; + oof, thuge 16p C1 trén J1; + oof

Vi f(x) _ /

F 3 ’ x
: aF 1
Yxelh4o, f(x)= I--— xde = dt > 0.
] ! : ax (r)e a 2Jx + cost
Khio sat tai 1

x T
I fib= IJ1+cosrdr=IJ5pos%dt =242.
0

2) Véimoih > 0tach:

z

i dr d:. 1

1[ z—” 24
J 3 f
02"){]'”1-'-{:""3r 21;“lh+2oos21 2 2; h+2cos2l

2 2 F) 2

frehy=




- Chi dan va tra I6i

R R

Dl—"“

e
Nll
51

——
(\l

wef2cost V2

trdésuyra: ' (1+h) — 4o
=0

Khio sat tai + ©

K=p+c0

x
floz Iv"x-ld: =a4x-1 = +x
0

< fix) < .I|‘s,bc+lﬂlf - avx+l
x x

X x—p+a

0.

Nha vay (C f) ¢6 mot nhinh parabslic v&i b
phudng ti¢m cén {x’x).
Tinh 16m (Cp
Lai 4p dung 2.3.12, 2}, Dinh 1y, ta thiy f

thuoc 16p lop C2 trén |1; + oo [ va:
vx e ]l; 4w, 2V2
1
Fr=-~ |———m—r
4
n(x+oost]z
o 1 ;

2.3.43 1) Anhxa F:{x. 6 P oos(x sing) hen e én le 0; u] vb. %x- tdn tai va lign

lucl:rénIRx[O'u],vﬁy(ﬂieodmhlfdaoh&mduéld{u f ),énhxg J'OthubclépC trén B

va: Yxe R, J'o(x) = — I-—(x,r)dt = —I—sin(xsint)sinrdr
3 ; ox Lo 3

Néi rigng: ¥x E]O{ ‘.'t.[, J 'O(x). <0, vay Jgy gla.m nghiém ngit trén[d; x].
2) Jy lign tuc trén [0; nl va J(0) = 1 vAy ta chi cdn phai chiing minh Jy(n) < 0.

k4

. x ) R
Tach: Jy{r) = l Ioos{:rsinr) dr = l Icos(:rsinr) dr + l Ioos(}rsinr) dt
3 T 3
2
Ld

2
2 cos:ry

= = {cos(rsint) dt = —
}r y=sgint !l' h y

day 13 tich phan clia m(}t ham kha tich trén [0, 1[.
Vay tacd:

445
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1

—COStY

2 1
2 cosny
Jotmy = 2(A-B), rong d6 A = ITz—dy >0,vAB= dy >0.
2

COSN2Z

J—-22 “

Vi B =

z=l-y

[W—

L=

1
: 1 i
néntadmge: A -8B = Icos:ry - dy.
2
0 \h‘)’2 \E)".V
Cuéi ciing, véi moi y thudce 10, %[: cosmy >0 va 2y—y2 ~<1--y2 JtWrdésuyraA -8<0,
Jo(ﬂ:}-(ﬁ.

2.3.44 a} Ta chii ¥ ring:

x 1

vxel, fin= If'(t)dt = I(x —xp)f '(xg +{x — xg)u)du .
Xq 0

Vay ta xét g : ] — £ xéc dinh béi:

1
Vxel gx= If‘(xo+(x—x0)u)du.
a

—1
Vaikfhitu F: (. u) b flxg+{x—-xgu), oringla F, %f—, - ?;n_f
we trén X [0; 11, do 46 (xem 2.3.12, 2), He qud), ¢ thudc 16p € trém J va:
1
Vpel0,...m1LVxel, g0®m= Iup FED (0 4 (x - xghu)de
0
1
B) ¥pe{0 ..,rl],¥xel, Ig(p)(x)ﬂ= Iupf(‘"'l)(xo +{x— xp)u)du
1]

< ]-uplf(ﬁl)(¥0+(x—xo)u)idu < If(P“‘)L ljupdu = ﬁlﬂ*’*‘)ﬂ@.
0 i

2.3.45 ) Gié sitf 1 mot nghiém cisa (Ep).
Viflientctren E nendnhxaF: R » R thuge l6p CL trén R va F' =f.

X = f

én 1ai va lién

Ta suy ra rhng véi moi {x, ¥) thudc BZ:

Y y y
If(r+x)d: = I(f{r)+ Fx)+ PN = FO)+ 30 + _[P(r,x}dr.
4] i} 1]



Chi din va tra 10

X+¥

¥
Nhung: If(r+x)df - I Fedu = Flx+ ) - FOo).

u=r+x
Tir 46 suy ra:
) ¥
Vi y) eR2 Flx+y)=F)+FO) + ) + IP(:, x)dr .
o
Dic biet, khi thay y bdi 1 ta duge:

1
VreR, Ax)=Fx+1)-F@-F(1)- j.v(:.x)dr.

Do P thudc Mp C° trén B2, dic biet P, ?ai %tﬁm.vﬁhenmcmm 11x R, do 6

(xem2.3.12,2), He qud), x > IP(!,x}dl thuoe 16p C tren R.

Tré lai (Ep), dao ham ddi véi x rbi d6i véi y, ta suy ra:

| VeyeR 2 frewm= ax; ..

b) Chof la mdt nghitm cia (E,).

Theo a), f thudc 1ép C2 wen Rva: V(xy)e R, f"(x+y)= —(x y) 4xy .

N6i rigng, khi thay y bing O hay bing 1, ta duge:  Vx e R, {f (x)=0 .

Frx+n)=4x
. 7'(2)=0
3 dic biet 1 - » man thudn.
v dic bie {f"(2)=4

0 Tl S=0.
c) * Gii s0f 14 mdt nghitm ciba (Ep).
Theo a), fthugc 16p C trén R v:

V(x. y) € ]Rz’ f"(x-.-y) = aa:—; {x, )’) = (21 + 2);).

do dé: VieR, - =2
3
KhidélGani(l,,u)eI&Z sao cho: VrcRR, ﬂr)=%+}k+,u.

o Dlolyi,vsi (Lg)eE dnhxaf:R - R nghiem ding (Ep)khi va chi khi:
t r r?h‘l:-!-,r.lr

3 3 3
Ve y) € Y, (I—J;y—)-+1(x+y)+# = x?+ix+;u+ y?-!'l)"l-}l-i- 2y +nl.

didu kién ndy quy v&:  u=0.

44
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0 Tralei 5= {® >R ASR{

* - x?+2x

’ N
. 241 Xérchudn ||| lién ket véi B, duge xéc dinh véi moi x = Zx €5 boi:

i=l

IxL = 12/}2};1%'.

*

2
Do E hitu han chiéu, nén || n clha E trong duong véi || . ﬁw , tite 1A tén tai (@, f) € (IR+) 520
cho: YxeE, a"xum = “x" < ﬁux“m
a) 1) Gidthi&t f=o(p.
o
vieV, o)=e0oln

Téntaie: V = R saocho:
’ g{t)———0.
=

Véi moi f thude {1, ... ,N], k¥ higu & V -» IR 1 4nh xa x4c dinh bdi:
JA0)
510 = { o) :
0 nfae=0
Khi d6 ta cé Yiell, .. .Nl. f) = @@, vindunhe of) =0thl fn)= 0,dodé
O =0véimeoi jthuoc {1, ... N}

Honnta:  veeV, l50llewl =10l s Jro), < -éhﬂf(:)" =

néu g{t) = 0

O | ot 1,
[#4

tir 46 ta suy ra VeV, Isj(r)ls l|¢;‘(t}|,
o

bat ding thite ndy 18 fing 1 hidn nhign tai mai # théa min: ¢(r) = 0.
Do & - 0,.néntasuyraduegc: (V) 5; — 0), vadods:
a a

Vil .. N f= o(p).

s Dio lai gid thi€t: Vi e{l,..,N}, f; = o(p
g

VeV, fi(n) =5;(De(t)
Tdn tai &,....6y :V = R sao cho: Vjiell,....N}, £) = 0
: M ire

f(t)
Tak¢ hiév £: ¥V — RIa4nh xa xdc dinh bdi: &) = < ()
' ' 0 néug{n=0
Khidétacs: VieV, [f(0f =@y vintup)=0hi (¥iell,...N), [(H=0),
va do d6 iy = 0.
Hon nifa ta cé:

veeV, legllan! =|fo) < glrol, = (ﬂll;% |e,-(r){] | gy,

néu p(N =0



Chidanvatraloi 44

tlr d6 suy ra: YteV, |e(r)i £ £ Max |g.,-(:)|,

IsjsN
ma bt ding thic nay thi hién nhién v6i moi 7 thda man thda man ¢(7) = 0.
Do(Vj, &;—0),néntasuyra: ¢ — 0,vidodé: f= o{p)

d a [
2) Cing mdt phurong phép nhu & 7).
b) » Gidst: Viell,..,Nl, f ~ g
a

tcl:  Viell,..Nl. f~g = o(g)

o
Choje(l,.. . Nj.Vi: YteV, i g_,{f)| < ||g(r)||w Sﬁ“g(f}ﬂ .néntacé: o(g}= o(l[g“ }, tir

a [+

désuyra: f -g = 0(“35 )-

N .
Tir day ta o6: f—g=2(fj-gj}ej=o(ng|), thcla:  f ~ g
a
=1
» Phén déo sai, nhu trong thi du sau: E = [P a =0,f: R > R?, g: R —» R , trong
t =) P (2

d6 ta co:
frg W (-0 =~1.0) =g

Aoy V1t t
a 0

2.51  Trudc hét hay kiém ching ring £ lign tuc (img khiic) va 2 0 wén khodng dang xét.
1
a 0 fn) ~ v thi du Riemann.
f x—0 J2x

4] Tra 188 f khi tich wén J0; 1].
1

b) 0Lfixy=1x [1+-1—) =1] ~ —-—v&thfdumeamn
. x x>+ 413
¢ Trh I8k f khd tich tren [(; + o0 [.

c) 05 fowe 0Ll g2 vei x knA L6n, viln(l+lx) - +o,vh

X=+0
th{ du Riemann,
¢ Trh I8k f khd tich rén 1; + oo [ \
" . 1 k+l I . . k+l
H= n-
dx
¥
4 ¥me N, I B f w2 xZ(x—k)
1 k=1 k=1
1
E+=—
n-1 -l K+l n
Z 5152 Zl E=l-‘:l-~’£=—l-lnu'1—>+oo
x 2Jx 2Jdx 2 e
k=1l & k=1 £ 1

O Tra 18i: f khong kha tich ten [1; + o [
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—Inx
e)» Néuag £ 1,thi fir)ze = 1 2 0 va thi dy Riemann,.
. x

¢ Néug < 1,thi xzﬂx)= Q2lrxy 0, v quy téc "xaf(x}".

X—h+ct2

¢ Trd 1di: f khatichkhivichikhia> 1.

252 Kyhitul= HTI € J0; 1[; tdn tai x & [1; + o [ sa0 cho:

Vxelxg+ol, O<fix+1)sAfn.
Choxe [x0;+m[;t6ntginxeNsaocho: Xx-ng<xgSx—n,+ 1.
Ta c6: S Afx-1)s Z.zf{x—2}s...5 A”’ﬂx—nx}

Vi flién tyc trén t4p compac [1; xplnéntasuyrardng tbntai M e | 4+ 520 cho:
Vie[lxl 02 f()sM.

A=Xxp

Vaytach: O0<sfins A°M< A M

Dodnhxa x +— A* khi tich trén [xg; + o0 f (M 4 e 10; 11), nén ta suy ra ring f kha
tichtren {1; 4.

Hay so sdnh vé&i quy téc 0" Alembert d6i v6i cac chudi (3.2.4, 3), Dinh 13).

253 o |7 te) _ : '
0.3 a} e V6imgl f thude C, t kha tich trén [O; 1[ vi 1f| lien tuc tai 1
J! -t

1

Jl-t
Tuongtytathdy ¢+ —

vido t khi tich trén [0; 1[.

’: O b tich tren 1; 0],

+f
Nhur the N(f) va N’ (f) t8n tai,
e Cictinhchit N(A)=|A|Ng) va Nif+g)= N(f)+ N(g) c6 thé ching minh d dang.

!
e NEuN({pP=0thidot Hgl(—l lién tyc va 2 O weén [-1; 1], ta suy ra:
-t

vie[-1;: 1, fin=9,

Siwrdsf=0
Két qua dé ching t ring N I mot chudn ren €. Phép chiing minh tvong tr d6i véi N' ; hoic
. ché § rhng N’ (f) = N f ). _ 7t
V6i mgi n thuoc ¥, xét f,: [-1; 1] —» R cho n
0 néute[—l;l—l]
. n

bél:fn(!)= 1 1 .

n"-(:-n—J néure[l——; 1] f

n n n

H H
. 1 TA0 I A
e - I‘T"‘ R

n A -
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.
2 ‘ _J;
- I dt = |~-nyl-t =, - - +®
L - [ ]—L 2 o
m
Tnlt ! .f(t) ! dz 1
. N _I"d:_ “dtSnI < 51
) Jl+1 lv‘l+!‘ 1 1+¢ 2_1
- 1-= p n
n n

0 Tra I5i: N va N’ khéng wong duong,
c) Vécobanday vinlacaud)doT myén tinh va:

Ve, NI = N(f =N
L+ Trad 18 T: (C, N} — (C, N ) khong lién we.

2.5.4 a) Vicéc vai trd cha @ vh § d6i ximg, nén ta cé th gid thit o < B khi d6 wéc lugng
kep giira hai cin trén va duGi c6 thé they ngay.
b} Phép chitng minh d& dang tir cu a) v dinh 1§ ham troi.

2,5.5 Taky hitu hing ding thic dang xét 12 S vavéimoine N¥: " =g o .. og(nldn),

-
nla

i, = -E f (t)dz .
(@)

V&i mei n thude F1* ta cé:

n+l (2} (@
by = J: soar = [ Heswg.
" (a) t=glu} )

" (a)
aju, < -E"l( )I;F(u)du = ku,, _; , tit day bing mot 14p lusn truy héi don gin ta cé:
a

YneHN, H, < knuo

» ( a} =]

Sau nita: ¥n e H*, = Zu, < [Zk‘ ]u{, = """‘"""0 -ik

i=0
Dog'la) 28" @)+ A 2 ... ,tasuyra g'(a) 2 mh+a,Vadodé: g@) o +w.
nat

Véi moi Xthutc [a; + o [, ta tai n € N sao cho X < g*a), ty 46 suy ra:
o)

< _

If < Jregy

Suy ra (xem 2.5.1, 1} Dgnh nghia}, f kha tfch trén [a; + o {.
b} Céich khdo sét tirong t.

— {1+

256 a)AnhxaF: (x1) — >

lien e trén R x [0; 13, vA 8_F 16n tai va lién
1+1¢ o
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b
tuc trén K x [0; 1], do d6 (djnh 1§ dao ham dwdi défu I ,2.3.12, 2), Dinh 1y), f thuée iép C*

a

trén [, va: YxelR, f'ix)

1 1 '
2 2
I%f(x,r)d: = I-zxe“ 1708
X
0

{ x :
2 2,2 2 2
2 ¥ Ie_x Pdar = -2¢77F Ie_” du.

u=xt
0 0

2
X
2 .
b) Anbxa A: x  flo+| le /4t thudc lop C] trén I, vA:
0

’ Il I —fz —12
VieR, A(=f )+ 2 Ie dr le* =0,
L]
do d6 A 12 4nh xa hing.

1
c) » VieR, A(x)=A@)= I%df = [Arctans]y = Z.
Qi1 4

L2 . _
2

. VieR,, 0Sf)s Le rdt =2 dods f > 0

+ ¢

0 .

Xy

2

X

x .
2 2
o Kétquila .{e"dx - E.til’désuyrarﬁ.ng e d o JZ.wm c"'220.
x—+00 4 . 4

X—r4D
0
2
Theo 2.5.1,3), Ménh d&, takét ludn + = e khi tich trén [0; + oo vi:

+00
2
e_!dt=~—~2J£.

257 ajAnhxaF: [0+ - K x4c dinhbéri'

¥YXe [0+, FO= J_ Ie 2clx

lién tuc (do thudc 16p C ), gidm nghiém ngat va:

N
Fi0) = J: Ie 29x =1, limF=0.
T ; o0

Nhu th€ F thyc hién mot song dnh tir [0; + oo 12n J0; 1].
Cu6i ciing ta ch § ring: Vn € I, El; € 10; 1

x+¢3 f
b} e Anhxa f: x ZI 2 d¢ thu@clé‘pCltren]R:,vA:
Y
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2

Y¥x e ]R:, f'x = xeTg(x),

. I2 .\2

P -

trong 86 g: R, — E xdcdinhbdi: VYrxe R,, gx) = Ie 2dr - —e 2,

x
X
Anh xa g thuge 1dp C'1 trén ]R: , Vi
. -\'2
vre Ry, 2'(® = %c 2 >0
x

Tir 46 suy ra ring f gidm nghiém ngt trén R, .

1 i -1 1 -1/ 1
- -Z"T < 2—n = F [Fj > F (-2-;] = auy) > ay = fay ) <flay)

12 2
TS| 7% 2 2
2 1 < ez -—1- = —;—(am-l -an) < In2.

=
2r1+] on

. G
258 Véimoin thuoc M*, dnh xax > i | veh e 10, 1] vi i n;

x X
Ty
sin
taky hieu 7, = Fﬂdx.
x
Q
n-l &+lx, .
o VneW -(0,1), I = jlﬂ’l _[Mdu
W=y I:=0 il i
n-1 X n—1
|s |
_ kmv o =1, + Z L:m ’
v=u—kmT 0 o E+\I’ . o T4V
n-1 7
siny
V&i mbi a thude 14 - {0, 1}, ta k¥ hieu Jo=1+ J.i——‘dv
k=1 g 4
| a1

iy J,=5L+ —Ismvlde%:[.'.z
r

n-i 7 n—l ® v
2 I,-J,| = sinv dv < —dv
e Z | I[k:r im'+v) z kr(kr +v)

k=1 g k=t §

< — <1+ [___] =2-— <2
2 - - -

pon — k(k 1) poi k-1 k& n—1

Tur 7} va 2), ta suy ra: I, g]m‘t.

2.5.9 a) Chone ¥ ~ (0,1} Vi f gidm nén tacé:

453
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k+!

vkel,..n-il, E f< %f[%]

k L]
Vkel..m,  ~f [—k*) S f
n n

n

tir 46 bing cAch 14y tng ta dwee: Ef < -Zf(f] vi %Zf[%]s £ f
n
k=]
Nhu the 1a ¢6: f(” £fs Zf[ ) Ef
tir dé suy ra: ;2}'[;] z Ef.

b}a)ln— ZI[]

Ta ¢t thé 4p dung k&t qua &a) cho dnh xa ]0,1] > R .Tirdé suyra:

— —lInx

1 k ) 1
- z In| = = - =—
a Z, n[u) ;: £ Inx dx [xlnx x]o 1

Y Tra ik e,

[
Il
—
—
+

k=1 - k=1 1
n

1 k
Inn n n n in[—]
1 1 2 1 1 n
! kn)n+k =— Y —In{kn) = = + :
. [H( ) ] Inn &in+k n{kn) n k& nlnn Z +k
- n
= Z— 'E— =In2.
k=1 l+ =

s Tacé thé p dung két qud da) chodnh xa 1011 — % . Tir d6 suy ra:
X

"Z_J > Elﬂx

L+x
1+x

k=1 1+—

¢ Tralal: 4.

2510 a)i)} Chof e N(.K)viila b)e [2? saochoash. Vi flien tyc timg khic trén

Lvadoos [if]s [i#1 = 0.nen fien tye tme ki ren ta; 51 2 [1rl = 0.00a0
fa:b] ! [a:b)
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F | (a;61 bing khong, ngoai trir tai mot s& hinz han diém thudc [a; b).
2} Dio lai, chof € CM(, K ) sao cho v6i moi (a, b) thudc /2 thdba man e < b thi
f { ta:p) bing khéng, ngoai trix tai mot s& hitu han didm. Khi d6, véi mei [a; b] nhu the ta cé
[ 171 =0, do 46 theo diai nghia kb tch tren 1 & Jirt =0
[a:8] i
b) o DeN(JK)
* Choa ek, fge N(UE)Khidé af+ge L} ) vA:

0% ﬁaf+g| < || _ﬂf] + ﬁg| =0,
I i f
do d6 J]af+g|=0,q“+geN(!,Hi).
)

* Chohe CMU, K)f € N(I K) Theo a), vsi moi doan [a; b] bao him trong /,
[ | {a:5; biing khong, ngoai triY tai mot s8 hra han didm, vay (B} | (o) cling the, vy (xem
a)), if e N(I, ). -

¢) Vdimgi n thude F ta céd:

0< I]f| < _ﬂf~f,.| + IIf»I = _ﬂf~f,.|-
I i { !

v fif-] > o.nentasuyra Jifl =0.dods re M 10
I I

2511 » ChoJ1a mot doan bao ham trong /.
ViJADhiuhanvadof, v £, tring nhau trén J - (/ D), nén ta c6: _ﬂf,] = ﬁfz|.
ri J
Nhr th¢ v6i moi dogn J bao ham trong / thi: Jl|f2] < ﬁfd,dodéfz kha tich trén /
J i

e Vi v6i moi doan J bao him trong 7 thi 'Ifz = J'fl va do (én tai mot dy (J,) _. nhig
7 ;
doan bao ham trong / thoa mén UJ’,, =/, nén ta suy ra ring:

neN* *

I T Iy i

2.512  Tadd c6 ket qui ddi véi rudmghgpp =1 vip=+w.
Cho p € 11; + « [. Theo bai tap 1.1.9, véi moi doan J bao ham trong 7 ta cé:

s 3] <
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'Két qua nay chimg 15 fg kh tich trén [ va
N = [l s 111, lsl, -
]

25143 a) Tinh chdt dang xét 12 tim thudng néu E,réng hoac 12 mgt don ur.
Chou, v € Ejsaochou<v, e ] i, w=tu+ (1 -1 Téntaip,r, s € |1; +® [ sao cho:
1 1 1

p=—, r=- 5= —.
W u v
K¢ hign a = r , hdy ching minh ring tacé: p= ar + (1 - @)
r

1 i

Theo gid thi€t tac6 f € CL” va f € CL™ ,dods [f|¥ e c® v | e o™ ur

d6 theo bai tp 2.5.12, suy ra }f* " ¢ ¢t v 1a [P € oL, cing e 1A f € CLF.
Két qua tren ching b w € E.

Nhu viy E 12 mot b phan 16i cila |, do d6 ia mot khoang cla .

b) Trudc tién chd § ring do £ lién tuc v2 + 0 nén véi moi ¢ thuoe [1; +o0 [ ta cé: |£], > 0.
V@i cie k¥ higu & a) thi:

@ 1-a

i = 1= < | Ji) || ey
I i

I i

14

| et

4 Lz
r 3
B r " ols - r 1-r
wassyr: P, < | i || i =W
I I

vinhuthe  o(m + (1-9v) £ 7o) + (I-De(v),
tic 12 @ 16i.
c) # Neul< r <p<g <+, thitheo a} v6i moi f thude cimneL”, tacép € E,,do
a6 fe CCP, vinhu thé CL N CL™ ccLP.

e« NEul< r <p<s =+, th khi d6 moi f thude CL™ CL™" déu bj chan, do 86
1P =17 1P < |7 IFIE, ehvting t6 £ & CLZ vanbur the L™ CL™ < P,

2514 1} Cho a e R (mh ta s& chon sau), vh véi moi # thude N*, dnh xa
H > R ,
/4

R

(i)’

x B

4nh xa nay hién nhién lién tyc.
[r §

Dof, 20 v f, () ~ -, nénvéimgipthudc [l;+wo[,thl £, CL.
x—to x

Hom nitaf,, bi chan, do dé f, e CL™.
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Vi moi p thuge [1; + oo [ v moi » thuge Ti*, ta co:

P

3 dx 2 -2)p+]
f”=[:_—" dx = 2n%P = @ Dpl
“ "Hp (|J4:|+m)2 (x+n)2p 2p-i

Matkhic thi: Vae*, Qfl = e

Téntai o e} saocha: _
néup’ # 4w, (@-2)p'+1<l<{@~2)p+]
néup'=+o0, a-2<0<(@-2)p+1.

Khidstacs: Jf] — +o va Jf]. -0
L P poo
2} Cho fe R (mi tasé chon sau), vi véi moi n thuge 1% dnhxa g,: R » R . dnh

xa nay hién nhién hén tuc.
Vig, 2 0 vado x° gn(x} — 0, nén voi moi p thude [1; +oo[,th1 g, & CLF.
e

Hon nita g, bichin,doddg, € cc™
Véi moi p thute [1; + oo [ vh moi n thuge 13* ta cb:

e, = [:(ﬂ‘” e"'H)pdx = 2nPP Fe'""’xdx - %,,ﬁp—“

Matkhic thi: Vn e, e = .

Téntai A€ R saocho
néu p’ # 40, il<ﬂ<—l-
P r

nfu p' = +m, 0<ﬂ<-1-.
P

Kidstacs: leaf, > 0w Bzh,. = 4.

2.5.15 a). Sau khi phan tich thinh céc phan thifc don gidn ta c6:
X

X 441 1 1 1 1
I-;-L'z—"’x = J[_s'__"_ 5 )d‘
I+ G +1) Nor x+1 2 +1

X

2
= —--l—z+-l—+lln x +12 +Arctanx | .
2¢* x 2 \{(x+)) A

o Taw: Z-Lilina o697
1 272
x* 2 fdy _
b) j——;dx - j .

(15 + 1)5 y= (x +l]2 ( + l)

0 Tralai: 2.
5

. 30-GTIT3-GT3
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1 1 1
c) » x = litnwc vd 20tren [1; + o[, vdA ——— ~ —,itird6suyra
143.1:2 +1 Yx? 41 ¥t 3

2
x
tinh kha tich coa firén {1; + o [.
0 @ g
I dx _ lj‘ dy _ 2I 2" 4
o 2 ) 41 '=h 44
[ xvx +1 ¥=x i NY =y ﬁz
a3 +a0 -+
= I dzz - I d =[Arctanz]£——l-[lnl+z] .
ﬁ1+z #_l—z 2 1-z 47

.7 $2+1
O Tralal: E--Arcmn(J_)+21nJ__ & 1,923 411,

X
d) » Kghien [ = I—"_—dx, phép déi bifn y = - x cho ta:
i+sinx

x E g d
I= [(Z=2 dy:;'rr 24

Jl+siny Jl+siny -
T a4
tir 46 suy ra: % e 4
sin
o y
x b +a0 .
'Y dy = ZI d‘ [ 2 ‘—'2.
nl+smy ¢ = tan? O(I.H)z t+1
¢ Traldl: .

e) » Trede titn hily chitng minh tinh khi tich.
+ K¢ hidu ! i gid trj, v sl dung m¢t phép tich phan titng phén véi:
1

(w=(x?+3x+3e*simx, V' = 3
(x+1)

2 —X
ta dugce: 2 = j( +3x+3 cosx (x2+x)sinx) i

dx.
(x+1)?

o
Lai tich phin timg phdn d€ di 16i :
ol
2 = 3-2 [(rcosx+ 2sinx)edx

Ta d3 bi€t cdch tinh tich phén cudi cing ndy (xem Tap 2, 9.3, 3)).
0 TrAlsk +.

D Patu= ¥l

0 Trals: X,
4
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z) Ditg = In{x+ Vx? -1 h rdidalw=%.

O T L
1
h) Dat y= 13,
o Tl 2V

3

i) Dac y = /l;i , r6i phan tich thanh phan théc don gidn.
X

¢

Trd 31 t6n 1ai v bing 1:[1’9—:—-1- - 1).
o

j) Daty = L, 6 viét tam thik dwéi dang chudn tic.
X

¢

k}

Tra Idi:  t6n tai va bing 71’
ab

Hay chiftig minh tinh kha tich trén J0; 1{. Mot phép tich phan timg phén va phép déi bién

= y/l-x chota:
Inx 2inx 1++1-x
Iix) = I dr = + 2in .
) 3 Jl-x lmgl—x
(1-x)2
. 1-+1-x
s Tai 0*: J(x) = 2Inx +4n(1+1-x
: (x} ﬁ ( )

0

2xInx ;
= +In( 1+ 1- — 4In2.
(1+J1—x)31-—x ( *) x—o0*

oTai 17: I{(x}) > O

x-31"

Tra Isi: - 4in2.

! Ddibitnt = J_ ¢=Arcsmt sauddtfchmanMgphm

0

Tra 180

m} J(ln(JH-l)—Inx— ! de=xln(x+l).
x+1 x

0

Tra lsi: 1.

n) Mot phép tich phan rimg phén va phép di bign u = Vx cho ta:

0

+x0 +an 2
J‘2Arctanx—fr Y I u
2x K w41

Tra 13 - 2V2.

s
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o} ‘Tich phan ting phin, réi 481 bign 9= Arccosr(hay r= ’1;{ WA @ = Arctanu).
+x

O Tralol: 2-m.

M . m .
p) Ve 0,4 Ism xdx =3 Ismxdx _ ISln3xdx

Xz :‘IZ
&
oo +oc3 .
sinx Smu
-5 fAmte - [,
=3 x u
£ 3e

3 | 3
=3 I——S‘“;‘dx =3 jbmx;xdx +3In3,
X X
3e

v Ismxz—xdx - O, dox b ﬂl_lef. kha tich trén 10; 11

x £—=0" x
€

O Tralai %m 3.

q) Trudc tien hay chimg minh tinh kha tich.

n

2
e [ = Isinlxlntanxdx
0 y=

—~ I tird6 suyraf=0.

Lt x
2 2 cosX
s J= Isin 2xinsinx dx = [sin2 xlnsinx]g - Isinz X dx
1] 0

o Tral: o\ra-%.

r) Trutc hét hiy chiing minh tnh kha tich, 6i 4p dung phép ddi bifny = 7 - x.
2
0 Traldi: -1’2— In2.

2546 a) s Theo céc dinh I chung, f thudc 16p C! tren 10; 1] vi:
vxe 10;1], f(x):hsin%—-z-cos—‘—
X X

xz‘
M xsm—- - Ovayfkhavnal()vhf 0)=0.
x=0 x2 x—=0
121
2 xsine -~ Zcos—s e x et
Nhuthéf ki viven [0, 1vai ') = SR SRR néux el

] nfux=0



Chi dn va tra i3

2xsin~12— néu x )]

B Vix b x lien e trén [0; 1], nén ta chi cdn chiing minh ring
0 néex=0
2xoos—1~ néu x €10;1]
hix = e
0 néu x =0

khong khi tich wen 10; 11.
Bing phép d48ibith p:x — Lz , ta thdy A tinh kha tick ca 2 trén 10; 1] twong duong vé6i
x

3
tinh kb tich cla y 2J§]siny|%y 2 wen[l;+oo.

Vi ching ta bigt ring y — M Khong kha tich trén[1; + oo [, nén két qué 13 & khong kha
¥

tich trén J0; 1], v cudi ciing thi fkhong kha tich tren 10; 1].

2517 ¢ Néu |cosal #1thi x 1 lién tuc tren [0; x).
1+ cosaxcosx
. I 1 2 i
Néu cosa =-1 thi = ~ —=>0,dodéx b —m—rro
1+cosacosx  l-cosx gt %% 1+ cosacosx

khoéng kha tich trén [(; x).
Trudmg hop cosar = 1 eling duge két qui trong ty.

* Viy tas& gia thigt |cosa| #1 {ufc 13 sina = 0).

k3

fremr = b
Jl+cosacosy _i.x 1+ + cosa(l - %)

t=t; —i- 0
+o0
j 2 j du T
=2 = T = .
: 1+cosa+(l—c03a)r Jl_ms?a : 1+u |Slna|
T W
0 Tré I&i: t8n tai khi v chi khi sine 0, vi khi d6 bing
o1+ cosacosx |sma|

2518 1) Anhxaf:x > x{Arctanx)®> —ax - b - < lien tuc trén [1; + o [, vA trong lan
x

2 2
cincia +wthitacs: firy= (”T—a}r + o{x),dodé nfua = thhif khong khi tich

trén [1; + o0 [.

xl

Gid thigta = T;khi dé:

2 2 2
fixy= x(E*Arclanl) L =—:r.chrct;anl +x(Arctanl] -- <
2 X 4 x x x X
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1 1 1 1 c _ . l-¢ 1
= _nx(;w[ﬁn +x[x—2+0[x—3D—b— - =(-g-h)+ 7 + O[xz].
. )

Nhir vay £ kha tich trén [1; + o0 [ khi vk chi khi [a:%, b=-n, c=l], va tir by gi¥ ching

ta 58 gi4 thi¢t ring diéu kien nay dugc thda mén.
2) Bing céch tich phin timg phén ta dwgc:

2
f(x} = J[J:[Arctau-ur)2 —%x-f xrl}ix
X
2.2

2 2
= I—(Arctanx)l - j X _Arctanxdx — > & mx—Inx
2 1+x? 8

2 2.2
== ;rl(;!\fctamr)2 - £~§—x- + 7x — Inx — xArctanx + %In(lﬂz).

2 2 . s
I(I)=—x—Arctanl :r—ArctanlJ+ :r_+0(1) +m—x[£—-Arctan—]+)+ lln1+Jr
2 X 8 2 2

X x2

2
Taili I =-T—s o,
: 16 4 2
z
o Trélesi:a="T,b=-u,c=1,vauongwamghqpnaymatichphanbang
2 -
3% 373 112 0647783,

2.5.19 * Dat 1 = tanx, sau 45 phén tich thinh phén thiic don gian.

0 Trhim: %d-k,d sctbdz

Aid? ¢ tag?2

=In{1-1} o1
1 1—0

2520 o Véixel-l;1L ¢t =

l'ﬂ‘-(;l-'—')- kh tich trén 10; x], Wi

o Phép d6i bitn u = L. chota:

X x .
f( x J - fln(l—u)du = J[l-pLJln(l—u)du = fx)+ Iln(l_u)du.
AU I

x-1 gﬂ(l‘“ﬂ) —u

X

X
Cui ciing ta duge: eru = [-%(111(1 - u))z]‘:I =- %(111(1 -0,

1-u



Chi dan va trd 10i

2521 o Truohetathey x > — 1khiﬁchl.ren{0;+un[,vllé
X+
xk k-2
0 2 xR oy k-2n s-2<-1.
41 x4
b

e Kyhitul, = I 2‘ ldx , bing phép d8i bign u = 1 , hay chimg minh ringf, =15, .. -
X+ X
o

e
s Nhuthe J, =-(!k +iy k)= j 2" [ ( k-n+] 'k"'“"))dx.
4

Chi $ring: VYt e 10; + o0, —( +1J > 1.
dr

1+00
Tixdésuyra: [, 21,, = --I —”
n
0

.I'—.'l.‘

o Traleis X,
2

n

1
! d l; du
2522 a) o & = j y . : I
¥y

\_Jsin4f+x4 y=sint UJy‘Lr‘ u=l 0;u4+1
X

VA u kha tich trén {0; + oo [,
Ju‘+1

L L

- o

xd .
b)I - l]]‘ 9 v > —— khitichiren [0, + .
PP et 3 s 14
2 x3 2
£
¢) Bing phép 46i bign y = nx, vichi § ring ¥ Hl — 13 x—tudn hodin, ta dgce:
. +sin”y
S
o 1"t @ " d d
mew, 1o e Lf e
6‘1+sinnx ﬂ01+siny -’1+smy J1+s1.ny
+ab
Rl
= 2.[ -J_ Amtan(rJ_)]o —‘r
t=tany 01+2r 2
T
Nhy the¢  |[——=— khong phy thudc n (n € N*).
0l-t-sinm .

_ sinx 1% sin2 = (k+)x  gin Y
d) I = = j_ﬂ....,d = — A gy
o
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. T+kr
_ ln—l# 11 P dz__» (Z z+k:vr
e=y-knm ﬂhnghcoszz Jl+coszzt
Al .E+RR iz .
1 -_— —_— —
vi Ze n o en iz el” _ (cosZz‘:r“si“Zz Jr),
e w2 2n
- l-an n
. "'0522_}:
néntasuyra: [, = 2’2‘ dz
min111+cos z
2n
1T o1
K¢ hiéu: Jp = [ 5 dz .
nsin - Jt4cos?z
219
7 _cos2z-7r x )
1) 0= r—zz"dz < j[l—cos Z_”]dz=:r-2nsin£ - 0,
1+cos“z 2n 2n  nw
0 0
do dé: lr,-7,] - o
f-]
il
£ 2 +0 -+
2) f d’zz =2r dzz = 2‘|l dtz..—_Jil:ArcmL =£_.\!_§.__
Ji+cos?z J4costz s=tanz +r N3 2
V] 0 ]
-
Vay: J,,:JE—Z"— - 2.
) . o
sin —-
2n

e} Hiy kiém chimg riing cdc ham duge xét déu kha tich trén cdc khodng tuong Gng.
1

e V6i xe K. phépddi biénu=r chot: x Ie"’d: - I—u"du‘
U
1 - 1

ooy 1l Dy
Ky hieu Kx) = i = I du {tich phan nay tén tai).
u u
1

1
! 1 1

o Tach: Vae[l;+o[, Vrel[Z+o[ 0% u* 1< u 1% u2,

-n
£ khi tich trén (1; + 0 [, nén v&i moi £ > 0 c& dinh t6n tai ¥ € [1; + o [ sa0

Dou —
u2
+o
cho: Jlﬁdu <
U2

e L

(x* ~du < &

Khidétacéd: ¥Yxel[2;+wo[, D < I
u

Nhu thé (v6i U o8 dinh nh trén) ta duog:



Chi d&n va tra i

A | 1 Ue-u _
Vxe[2i+w], 0% I—e (e =Dde < |Ux 1 I——du.
N u
1 1

1

i U;—l = O,nenwntai x, € [2; + [ sao cho:
=400
U w1
Vx e fxy 4+ 0], 0= Ie (u* ~Ddu <&

H
1

Cuficingtaduge: Ve >0, Ix, e R, Vre [xg: + o[, li - L] < 24
va do d6: fixy —» L.

X =

2523 V6imoix thude 0 1],1a k¥ hidu:

i 1
1 1
) =x _{p‘ fade,  Jo=x L—z FO)dt .
X

x

Do Vxelt 1), I -Jw =

1

1

— - fiid
erz (f)- FO)dr

1
1
— - f(Mds .
< x!ﬁ |- rO)]ar

Cho £ >0 c6 dinh. Viflitn e tai0, nénténtai n >0 thude ]0; 1] sao cho:
viel0nl, |An-A0))se
-1
1

. . |
K¢ hi¢u 7, = Min n.s[ r—zlf(t)—f(ﬁ)ldt] .
[ 7 n

1 df 1 1

— —fO|dr=xs f==xe)l == |=
x‘[t2|f(t) F O st‘rz xs[x q] ¢
Cho x e [0; ] . Khid6tacs: { * *

1
x [Zlro-rojuss
L 7

]
vi suy ra: X Iﬁl.l HOES] (D)Idl < e

Didu ndy chimg t&: /() -J(x) — 0.
-0t

1
2) J(x)=3R0) [—}]

=fi0}-xA0) — fO). N 0 +oo
) =0t
) Trd 13i:  AO). £ +
2524 a) « MXD(N=10;+ . fix) —

* f thuge 16p C" trén 10; + oo [ vi:
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\}1+x4

¥Yxel),+o, fix)= — >0

xZ
+ Khiosittai0
1 1 ¥
—fix) = Iizdur“d: 2 I%‘:
r t
x X
1
==1+—- 3 +m,
X x=0
trdésuyra: flx) —- -—m
x—0* 1-¢
(4] -
1 x
o

+ Khio sét tai + «©

X X l +o0 1 .
o) - Idt - ‘1+-——1 dt > I= I f1+—-1 dt = 0,153,
1 1 t4 Fohe 1 ‘4

Nhw vy (Cp) nhan duimg thing y =x— 1 + / 1am tiém cén.
b} = N&uxz0thlfix) tdn tai.

Néux < O thiénhxasz > Ul_ litn tuc timg khic trén | 2x; x [ khi va chi khi:

+1
Viel2ex[, - t3+1>0,

fifclavdix 22— %

Ham t ! khé tich wén ]~1;—-1-],\f§ {= I d =~ 0,804,
NEpE 2 P4l

0| .

| —|

Cudi cing ta dwgc: MXEXf) = I:—%

f'ix) + 0 -

Jx) / x"“‘

[4

» f thudc 16p C* trén ]—%;«o[ v,
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vxe]-l-m[ Py S L 3-4x°
2’ ‘ J8x3+l _J;+1 J8x3+1Jx3+1(2\/x3+l+\/8x3+1]

1 1
[3]3 % 0909 va f [3]3 » 0,495.
4 a)

M

X

L]

0

¢ Ti+otmcs: flr) > 0w énhxar + Khi tich trén (0 + co [
P aad .

1
Ve +1
Q) o MXD(=(0+o[, ! I—)%khiﬁchtrenlﬁ;l].

s Anhxa : {x, 0 leienmcmmww[x[ﬁ; 1],vh?a€t6ntgivhlien
+

tuc trén 10; + oo [ X [0; ll,dodéfthuchﬂpC’lren]O -n-ao[va

Vel +of, f@)= I_("')d' I(x+r)(1+r)

J’[r
2525 ¢ VieR,,VxeR}, Ifl" Y > —— ki tich trén [0; + 0 [,
. +t2 1+ 1+¢

t

f[*)
dodé dnhxa t v —2L khi tich trén [0; + o [.

Va: I(x)y = I—l = x (u) du.

t 1 + xu?

¢ Cho £>0c6dinh. Viflientyctai 0, nentﬁntm n> 0 sa0 cho:

Yu e [0; ), lﬂu} _f(O)i < E
Nhur vy ta cé:
T rw 0 T e x
X du~x du Sx.[ dn = s[Arctanxu]] = sArctanxn < s—.
31+x2u2 -'1+x ul 1+ x%u? [ ]0 2




468 Chuong2 Ham vecto mdt bién thyc

Ta lai c6:

a
)
!

1+xzut2

x [ qu-x [L2rad s 24, | W =2y, [Arcanul
n

H

Zu_f"an (%—Arctanxrf].
Do 7> 0 ¢f dinh, nén tdn tai x, ]R:_ sao cho:

Vxel[xg+ol, 2|f, [%—Amtanxq]Sa

o
o
I(x)—xI dul = [I+E)e.

2.2
T
Cusicing taduge: x| IO = poyacansfy” = 210

Trdésuyra: Vxelxg +of,

1+ x%u
z.2

b+ x%u
]

o Trd 13i: %ﬁﬂ).

2.5.26 a) Ching minh d& ding bing cdch khai trién.
bY 1) VIS . f.f+F +f" déuthudc CL? , nén he thirc o) chilmg o rng (F+ £ )* c6 gidi
han hilu han tai + . Hay 4p dung dinh i¢ gif tri trung gian dé suy ra ring f + f * c6 giéi han
hitu han / tai + o . Bing céch xét énh xa ¢t - f)e’, hdy ching minh ring f c6 giGi han / i
+ 60,
Do 2 khi tich trén [0; + o [, do 46 hoi th, nén khi d6 ta o6 / =0, tir 46 suy ra:

+3

I ((f+f')’)' = - (f+fP ),
0

o +a
adoss:  [(Per2-r%) = frererVeri @20
0o .

o
2) Khio st truimg hop ding thirc

00
+0 ' .2
2, 2 p2) I(f*'f"'f) =0 frfef=0
J(f e )-OQ 0 T lr+mom=o

+PO=0
Hiy gidi phuong trinh vi phén thu duge. _
¢ Traléi:  C6 ding thirc khi v chi khi tén tai A € R sao cho:
) i
Viel0;+ol, A =Ae Zsin[%—%}

2.5.27 a) Déibinu= % -t



Chi dan va tra 19i
L

2
b) - Jx)-In2 = I(l_m‘)[ 1 ———L]dr_

2 2.2
X .
Choce ]0;5[ <6 dinh.

sin” t+ x°cos”¢ S
4 1 l £ 1 &
- cost t
L j(l—cosr)[ —_—]dr <2 - dr =2 Itan—dr
; sin? r + x2cog2s Snf ) sint ; 2

A

£
[—4111::05-;-] =—4!m:c-sE - 0.

o g0

£ sim” ¢+ xcos

x
2
1 1
. I(l ¢:|:psr)[——~-—-—2 > —E)dt

T
_ 2[ (1-cos Nxlcos?t dt
‘J. sinr\}sinzr + Jrzf.:os2 r[sinf + \J'sin2 t+ .vc""f.:os2 t)
x
2[‘(1 - cos? r)xz x?
< dr = cose — 0
3 sintsin? £ sin? ¢ a0
{do £ <& dinh).
Ta két luan: Ix)—- Hxy — In2.
x—pO
1
_ ( du 1 1-x2  In(1+V1-x*)=Inx
) Jxy = J = Argsh = .
k=sinr - o Ju2+x2(1-u2) \/l—x2 x \jl—x2
d) @) =(n2 -lnx+ o (X1 +o() = —Inx + In2 + o),
x—0 '
tir 46 suy ra: Ix) = Jy+m2+0(1) = —Inx +2In2 + of1).

' f
2.5.28 a) Trude tien chimg mink ring v6i moi x thudc ll!+ . U%Ld: t6n tai; k¥ hitu
-1)

I(x) 1 gid tri cha tich phan d6.
Phuong phéap this nhit

1
Phép d8i bigh u = - cho ta: o = [ G
X

K hitu L =

I = = ;. Tacé:
\]u i)

469
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,[(x)—L[ - I\“'PXH —1 - r xzal
Ju(l—u) 6’[\/1+x232+1)du(1—ﬂ)

—

du <

x2

N

= 0
2 :f (1 u) :
Phirong phép thit hai
Do: Vre R, Veei®ix, 1svVl+rd< yl+x2,

nén vii moi x thuge R, ta cé:

X

UJ:;r(x n $ s Vlex J‘:;t(x t)

Vi ta lai cé =1, v6i moi x > 0 (t{ch phan Abel).
:;t(x )

0 Trd IGI. .

2520 a) K§hituF: R, — R 12 4nh xa xéc dinh bdi F(x) = If 18 ¢6:
) =~ F) > F(O) =A0).
'
b) a) Mot phép tich phin timg phﬁn cho ta:

js = [#'w] —2j'xg(x)g (¥)dx = bg?(h) - a g*(a) - 2 js(f 2.

+

titdétasuyrahethﬁccdnphhchdngmmh

b 1/2 b 1/2
B) j's’ S agha)+2 j'fs < az’(a)+2[ jf’] [ Igz}
o 1/2 » 1/2
Sagz(a)+2[ Ifz] [Igz} .
) [t]

GRIIE.

a L4

Ta lai cé:

-+
sagia)+ ffz,
0

tlr 36 say ra he thitc c&n chimg minh.
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b
c} gz litn tuc wén {0; + «f, duong, vidnh xa » > .[82 bi chin trén trong lan cén clia
4]

+m,dod6 g® khd tich trén [0; + oof.
* Khi d6 bit ding thitc Cauchy-Schwarz ching 16 ring fig kha tich trén [0; + ool
o Khi 36 k&t qua & b), ) (v6i a = 1) ching th ring g2(h) c6 gi6i ban hitu han A khi 5 din

dén +oc0, Néud >0thl gz(b) ~ %.mdésuyrar&ng gz khéng kha tich trén [1; + oof,

B0
miv thuin,
Viy & =0, rdi bing cdch chuyén qua gi6i han khi b din dén + o trong b), @) (véia=0), ta

dugc:
+oo o
2
f& =2 5.
0 ]

2530 VéixeR cSdinh,cdcdnhxa 7z = flx+0) vd ¢t > fix+ ) — A khd tich u2n
R Cho £ >0 c6 dinh. Vif kh tich tén K, nén tén tai A € R}, sa0 cho:

~A o
I |f(lar <= v _[|f(:)|dr < e
—a0 A

1) V6i moixthuéc R tacé:

+a0 a0 +
fircen-selar < [lroan + flrefer < 2e.
A A+x A
A A+x
2) flroroje = [ lroofas =0, dofkhitich mén .
-A -A+x .
A A
Tir 46 ta suy ra: I] foeen-fioj - I|f(t)1d: .
A A

Nhuvgy thntai X, € lk:_'saocho:

A ‘A
Jlrxen-seae- [lrojad < s

Vxe[X; i+l

-A . —A
A ° A -A
E) Ilf(x+r)—f('r>|dr— Ilf(x+r)|d/~-s I]f(:)[d:sa.
—A —A+x 400 :
v _£|f(x+r)|dt = _{|f(u)|du e _{]f(uj@.

Vay tén tai X3 € 10; + = { sa0 cho:

-A 4
VrelXpivol | flfaeo-roje- firoj s 2




472 Chuong2 Ham vectd mét bién thuc
K? hi@u X = Max( X] H Xz ) ta dllqc'

+o +a
wrehrwl | flfren-soje-2 firofe < 76

2531 2) s VxeR, —1— 50
1+|x nI meo
o Ynel*, fim =1

& Tralgi: e (£), hoity dontren T dén 0.
s (f), khonghoitydéutrénE.

+a
)O Tk Vael [(he0)ax =2,

¢) Do g* va f2 kha tich trén I, nén bat ding thirc Cauchy-Schwarz ching 6 ring f,g khd

tich trén [F.

-4 +oo
Choe >0c8dinh. Tdntai A ]R:_ sao cho: ng <g va Ig2 < e

—a0 A
* V& moi #thude N ta cd: [Ifng]S [J'fn][jg] < e,

. _4 2
va cling tuong or: If“g < 2¢, é
-

. Vnel“l[jfns s ]'f,, Ajg’]s Ajf,.’ sz

Vai n 2 E(A)+ 1 tacé:

1 24
dx = - 0.
If" I(1+(n NP ) -A?

A
Viy téntai Ne [V sao cho: Yrel, (mzN = If,,z <E).

-A
V&i moi n thude 1 théa man » 2 N, ta dugc:

v - NP2
If" SZJEE+J§[I£2] ,

chimng td: I g =0
Ho



Chi din va tra 16i
2532 1) V6imoi nthudc 1, f, lign tuc timg khic trén [0; 1[ vA bi chin, do d6 véi moi

p thude [1; +oo [, {£,|° kha tich wen [0; 1] . Hon nita, véi moi p thuge [1; +<0 { v& moi n thudc
B ta el .

1 p . I

I|f,,(x}|"dx = [—J” =27,
2

0

Do n=2"4+2 <2 nentacs: 27 2

Pidu d6 chimg 13 ring, vdi moi p thude [1; +oo

2) Choxel[lif.
Trude het ta chimg 16 ring, v&i moi h thuge N*, tdn tzi ry, my thude {27+ & 0 <k < 27 -1)
sao cho f,,l (x)y=1vh _ﬁ,,2 (x)=0. '

kl +1
2}!

Vi xell I, nentdntai ke {0, .., 2"’—1} sao cho %Sx < , vi do d6 khi k¥
hi¢u n =2 & k.tasgcé: f, (x) =1.

kz kz +1
2?8

Vik 21, nenthntai k €(0, .. 2"—1isaocho x g [ [, va do 46 khi k¥ higu
m =24k tasEcé: £, (x) =0,

K& qué ndy chitng td ring ddy ( EA (x))nal nhin 0 va 1 lam gidi han riéng, do 46 phan kJ.

2533

1 ‘e .
the ! >0,vda t > - khong kha tich tren [1; + o [, do d6 (xem
JiE+1) i 1 t

dr

I — =Inx.
:;r(rH x—»m

2.5.3, 2), Ménh dé 3):

2534 2 ! — o~ -!2— >0,vi 1 B L kha tich trgn [1; + o [, do d6 (xem 2.5.3,
t“+e 1t g 1
T o *d
1), Ménh 48 3): I : ~ [E-L
Pie! xom N2 s

2535 Vif ,, f.ntnwacéf-1= o (1)
ol o0
Do t = 1(>0) khong kha tich trén [0; + o [, nén theo 2.5.3, 2), Ménh 48 1, ta c6:
) x x \
I(f(f)—f Wit = o Ildt ,
X400
4] [¢]

31-GTTT3-GT3
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weld: If(f)dr —fx= o ()
) ) - X=h0
tlr d6 suy ra: - f{r)dr = /.
0 Xyt

1

1
2536 a) e TaiO: £ = vd x > —= khatichuwen]0;1].
’ ERTC T

o=+
sin| x +
Wt G
» Tai+ o ~\71=sin[x+lJ = 71_- [sinxcosl+cosxsinl}
X x X X X
1 I sinx |
= —=|sinx+0|—|| = —+0| —|.
J;[ LD 7o)
—»+30
va - I J' ( m) khi
1 .

tich trén {1; +o [, .
0 Tra 18i:  Hoity.

b) » TaiO: 5‘-“32 ~ xlnx — 0 .
X241 a0t 0"
& Tai +w: sinxlnx sinxln—x+0(lnxJ
. ;x2+1 * x 4

—40
vi I sin xln—'tdx hoi tu (chiing minh bing mét phép tich phan timg phén), O{lr%] khi
x .

X
tich trén [1; +oof.
0 Tra [3l: Hoitu
. sil'h/;
c) » Tailk T - 1
shyx x=0*
o Tai+oo: el 1 2 500 2 e L 0 vyx b o0
: shx Jx X0 A=

kha tich trén [1; +o0 [, _
o Trd 18l:  Hoi tu; hon nifa, f khi tich tren 10; +<o [.

.| 1] T ) . —n

i| x4— x : w Lx .
d) ® Tai+wo: le( *) = 5—[1+i+o(1))=°—+ o[-l—], If—dx hoi tu va
X
1

x x x x x xt

O(Lz) kha tich trén [1; 40 {,
X

+¥
* Tai0: Phépddibieny= l quy vén d& vé viéc khdo sét tich phan I [ dy .

¢ Tra lgi;  Hoiw.
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e} o Hiychingminhrdngdnhxa @ x > x +Inx 1A mét C'-vi phoi tir [1; + 0] dén

[1; + o {, ma ching ta s& ky hitu 13 @ Bing phép déi bién ¥ = ¢(x), ta chilng minh réng tich
40

phin suy rdng I sin{g{x))dx cing loai véi I &-d
1 1+: _1
) P

« Sau dé l4n lugt ching minh ring khi y dén 1 + o thi:

el ~y el-y ~ -y,
tir d6 suy ra: «—-—-—ll-——=1_l.,.o[ll;.’_]_

14—y y y

o O

-+

. I'sin ydy phan ky,
1
4o

j 22 4y hoi t,
Yy

t
—3+0

I O(l“y]dy hoi w wyét ddi.
¥
H

4] Trd 13l Phanky.

2.5.37 M4t phép tich phin timg phin cho ta:
X

X

— —X

vXe [l:+ o, jc“ I Ginxdx = {——cosxe' i“"'] - % Ig{x)dx .

. 1 .
1 1

—JInx
cosx e
dé .
trong d6 g(x} = T—x — |
. ’ = -—ll'l(l 1-in e
-Ix(lnx)zg(x)|s (lnx)ie""‘"" ez M 5 ovadox b - kha
ke x(lnx)
tich trén [2; +w[(‘1‘hiduBemand 251 3n, nentasuymringgkhitfchtren[l +co[ Mit
khicthi: - cosXe vinX 0, '
Co : i ¥X—4m

-+

2538 Hay ching minh ring I -r-i-‘lif—td: 19i tu bing chch it dung mot khai trién tiém
. sin
N |

cin khi ¢ dédn d&n + oo

cost cost I - cost i cost - (1
- =—--“-sin—f=7 1+0?--=—T—'+0—2.

t+sint fo44 r At

0 Ted 181: 0.
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2.5.39 Trudc hét hiy chitng minh sy h¢i i cila cée tich phan duge xét.
Phuong phip thir 1

ChoXe :‘%,m[ .

X L X T

n Esmrd:_ Efﬂdr - E xsint al < {2 x d
X+t t Hx+8) X+t -
x(ln[x+£)—lnx} - 0.
2 10t .
E xsint de| 5 g%d:
5 Hx+1) i

= x(z—iJ < 2—x -3 0.

x X . xa0t

il

Phuong phdp thir 2
Vé&i moi x>0 ta cé:

[‘ “© sin¢ r"’ sin(e - x : [‘"’ cosu
dr = ( ) —du — sinx —du.
X+ w=X+t  &x u x u

Mot mat thi: rmdu wdnt , | mot tich phan suy rdng héi tu.
x—)O* u )
Mat khéc thi v6i moi x thudc J0; 1] ta cb:
I cosk du + r.cos"du =—Inx+ cosu
u
do d6: smrm’“a- - 0

x0%

+0 o1 .
2540 Trudc hét chid. ¥ ring tich phan ‘r ﬁf’dt hdi ty, tr 6 suy ra sur t8n tai cha tich

phan l E-Ilidt , ¥6i moi x thude 10; + oo,
V& Q<x<k, béng hai phép tich phan timg phén ta dugc:

fota- [ - fora- [ (] o)
sl

-Vét x > 0, bing cich chuyén qua gidi han khi X ddn dén + 0, vivi ¢+ ﬂ';—f kha tich trén

sinf cosx e.m X nt
fx; + oof, ta durge: l dr = I i——dr
t

Cudi cling ta cé: M. o [L]
X=»teD



Chi din va tra i
smr I
vavi —
xI
sint 1
nén —dt= O |—|.
]‘3 X =¥+ 12
Cui ciing ta dugc: rﬂ"dr =58, 0 [lz)
x=30) ¥

1
2541 a) Anhxa ¢:[0;1] — Exécdinhbdi(Vxe[0;1], ) = - Ef(f)d: ) lign

tuc trén [0; 11, thude 16p C' e J0; 11, va: ¥xe ]l 1].¢°(x) = —Jl;f(x) .
Tir 46 suy ra:
] 1 t
frowe = fwone = (w0, - Jowu =- oo - ¢(r)d: - Ie*
s=0"

vdi moi £ thude 10; 1}, vi #lign tuc trén [0; 1].

x x

b)  V¥xel0; 1], ~(g(x) £(0)) =—i~ I =% If¢ (1)de
0 0
1 . ~ 1]
= [[m*(ﬂ]o - I¢(f}w] = ¢ - — Iq#-
0 0
. . 1
Vi ¢ lién tuc tai O nén: — I¢ -~ 0.
x o x—0*
Didu ndy chimg td: l(g(x)-g(ﬁ)) - 0.
] X P

2,542 1)vi 2); Hifn nhitn.

. 2 -0

3): Tac6A0) =0, v véi moi x thude 10; + @ [, f) = Ixe""dx'- - [-c"“]o =1, vayf
khong lign tuc tai 0.

2543 a) KyhieuF: Rx[G+of — 2]ll '
(x4 > ¢ chixn
o Flign tuc trén R x [(;+cof
¢ F thda mén GTHT dia phuong trén R x[0;+00] , vi v&i moi a thudc [0; +e© [, néu ky
hieu @, [Grof > Rl @, lien tye, 20, khitich trén [0 400 [ Vi
t = ¢ chiar
Vix, e [~a; al x[0; w0 [,  |F(x,0)| S @, 00).

. Z—F (x.1} » 2rc" ch2xt tén tai va lign we trén R x {0;+oof .
P

- %‘ thda man GTHT dia phirong trén R x [0;+<of , vi v6i moi a thude [0; 4+<o [, néu ki

4717
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hidu w, : [O+o0 — R ., thi litn tuc, 2 0, khi tich trén_[O; +oo [ vt
¢t > e shlar ' o |

Y(x, e [-a; al X [0; +o [, '%F—(x,r) < w, (N
0 . .

Theo mét dang suy réng cha dinh 1§ dao ham dudi déu I (xem 2.5.5, 2), Meénh 48), ta suy ra:

« Vai moixthuQC']R. Fix, . )va %g-(x. . Ykha tich trén [0; +eo [.

o Anh xaf: R — ]R thude 19p €' tren I v :
T .E d)lxl‘l‘]!

vre® f= IZte sh2xede .
Bang mot phép tich phan timg phﬁn ta dlmc

Vae R VT € [0+, I2te sh2xtdr = — T sh2oT +2x j ch2adr ,
1]
tir 6 bing cAch chuyén qua giéi han khi T tién téi + o a cb:

Vxe kR, ) =2xflx).
h) Bing cich glél phuong trinh vi phan thu duge & a), ta ching minh ring tén tai 4 € [E sa0

cho:
vxek, f(x) = j.ex .
+a3 __rz J’_r :
Vanhethé A =f() = _[e a = 2 (tch phn Gauss, xem 2.5.5. 3) Ménh dé 4).
5 .
Nhdn xét
Ciing c6 th tién hanh tinh todn tryc ti€p mot céch don glan hom.
Trute tién, do tinh chin & ta c6: £ = = Ie"'zcthrd:.
+ : 4ot +e .
Sau d6: fo) = l Ie"fz (ez.ﬂ —le' = l I ~—{f—.‘()2 +xd dr + l Ie—(.l'+x)2 -M.QdIr
4 4 4
-l -0 -l .
] +o
i 2
= -l—cxz ‘Ie‘“zdu + —1-ex J-e_" dv = ‘/—jlk—r-eJtz .
4 4 2

- -ty

2 '
2544 1) RoringRnhxas > ¢ e litn tuc v khi tich trén I, v6i moi z thude -
Cho z & C; k¥ hidu x =Re(z), y = Im{z). Ta cé:

I +— iy{u+—)
Ie- de 2 dy

M ) )
Ie—: s = I_e" it iy, =

X
- —an "ﬂ-i —ry

+e0
Ie
—0

fi
4

w].a
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+at
2.
Nhu v4y ta chi céin tinh Je_' eVdr véiye K.
-0
2) Kyhitu F: RxR - C
()} » e"2+i"

» F lién tuc trén R?
s F thdéa man GTHT, vi néu ky hidu ¢: R — R2 , thl dnh xa ¢ lign tuc, 2 0, khd

Oy
Theo dinh 1¥ dao ham duéi ddu j {xem 2.5.5, 2}, Dinh 1¥), ta suy ra:
!

e e
 tich ren I va: Vo, ne R, [Fo,0l =
2.: '
 F (Lt e ire™ D 60 tai v lien e tren R?
By :
- % thdoa man GTHT, vin€u k¢ hi¢u w: R — R2 .thi#nh xa y liéntuc, 2 0,
t v He"
i 2 oF
khitchmnEva: VYiyr.De R, |—0O.0| =w(.

* Véimoiythudc R, Fly,.)va %(_y,.)khﬁtfchu‘enm

e Anhxaf: R o R thude 1ép ! wen R va :

¥ e'." +it g,
= 2
VYyeR f'@) = Iite" gy,
-0

Véimoiy e Rva moiT € [0 + « [, mdt phép tich phan timg phén cho ta:

T i T T
Iire_'zﬂwd! - [.le-tz-riy:] _ 2 J‘e_’hi}"dr',
i 2 _r 2 )

tit d6 bing cich'cho T dén dén + oo, ta duge: Vy e R; f'(y)=—§f(y).

Biing cdch gidi phuong trinh vi phan, ta ching minh ring t6n tai 4 € C sao cho:
: 2 -

-
vyeR, fo) =4 4.
@ _
Vanhuthé 1 =f(0) = Ic" & = Jr.
—a
- o by g 2
Ta thu duge: Ie"e”d:=J;e4 2 4 _fred,
Nhdn xér:
1) Thay x bing 0, v 14y ph4n thye, thi theo tinh chin Ié ta o6 thé k&t lugn:
+o0 . ¥
5 .
Yyel, je_' cosyrdt = %e 4

0

4]
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Sau d6, bing phép d8i bien u = 1 ta cb:
2

Teeosiy T

. Y¥yeR, e
¥y J; 3
2) Thay ybing 0, va 4p dung phép déi bién u = —, ta dugc:
YxeRR, Ie" ch2xy dr = 3 e et + 2 je"‘ &2 dy
0

0
177 2
== Ie*' e?¥ds =
2
: -
day chinh 13 két qud 43 thu dugc trong bai 1ap 2.5.43, b).

2545 a} e Néux<-1thl fx) khong xéc dinh.
» Néux>-1thit b In(l+xsin?s)lien tne trén l:(},%] , do dé flx) tén tai.

o Néux=-1, thi bing phép déi bien =%—r.taduqc:

{1+ xsin?7) =2In (sine) ~ 2lnw<O.
u—

Do u > In u kha tich trén ]0%] ,nén tasuy raring t — In(1+ xsin? ¢ ) kh tich trén

[0;%[ , va do dé fix) t6n tai.

o Tralbi: MXD({f)=[-1;+ [

b} Ky ity F: [1;+oo] x 0.’2’ - R
T > In{l+xsinZe)

o Flién we trén [-.1;4m[x[o,%[

s F thdéa min GTHT trén [—l;m[x[&%[,vlne’u k¢ higu ¢ [0;%[ - R ,ihi

' [in cosd

dnh xa ¢ lién tuc, = 0, kha tich tren [&%I: va:

Yix,He [—1;+uo[x|:0;%|: R iF(x, r}l <)

sinr

2

. _QE x>
ox 1+ xsin®r

18n tai va lién tuc trén [~—1;+oo[x[0,%[
oF . 7z . ‘. . .
. > thda man GTHT titn ]—1;+oo[x 0; 1R vi v6i moi a thude ]-1; +oo[, néu ky

hitu @, :[0,%[ — R ,tidnhxa @, liéntac, 20, kha tich trén [{},%[ vi:
\ _

P =
1+a
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oF
Y(x, 0 e [a;m[x[o;%[ s ’E(x,r) <@, .

Theo dinh 1§ v& tinh lign tuc dudi diu I (xem 2.5.5, 1}, Dinh |¢) vk dang suy r¢ng cilia dinh
I

Iy dao ham duéi ddu I (xem 2.5.5, 2 ), Dinhl¥), ta sﬁy ra:

V6i moi x thude [—l;+oc[ . F(x, . Ykhd tich trén [0;%[

f lién tyc trén [—l;-HO[

Véi moi x thuge [-1;+eo] , Z—F (x, . Y kha tich trén [ %[
X

£ thuge 16p €' tren J-Lw<of va:

sin®t

1+ xsin’t

Vre |-Liwo[, f() = dr.

O e | B

Véi moi x thude |- 1;+e0 —(0) 1a c6:

+a0
u?.

1T I
F e somtant 6[(1+u2)(1+(x+1}u2)d“ T x .;},[{1+u2_1+(Jf+1)*4'2]‘:mr

= % [Arctanu- Arclan(v"x + lu)]
G J ¥ e
X 1 x+l(l|+ x+1) '
% T
- 2 =
Vitacs: f'(0) = j's T
0
Nhv vay: Vee Lo, . S
i e ]_ ol r@ 2Jx+1(1+Jx+1)
¢) Do fi0) = 0nén vdi moi x thude -1+eo] ta cé:
£ = jfcsms-- J;T(1+Js‘+‘)
Jm
Ny m = :r(ln(l+vl'x+ )—an)

V1 hon nifa f lién tuc tai —1, nén ta cb: f(—l} = lim fix) -—JrinZ
P |
x>-i

Cudichng thitaduge: Vrxe [-l;+m[ . fv) =7ln 1+Jx+1 .
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2.5.46 a) Véimoixthudc R, ¢ rl;:r‘ lien tue trén 10; 1, 20, va %f‘
n

-1,

- 1, —¢" ~ — —~.Takétlngnring dnhxa t —f‘ kha tich trén J0; 1[kh1
=1 Inf =0 ln

vachikhix>»-1.
Taky hiew F: ]-3+a0x]01][ -

r—l
(x,t) (] *

ins

o Flitn we tren -1+ x ]051]
o F théa min GTHT dia phuong trén |-1;+0] x J0;1[ , vi néu ky higu:
e o[> R véimoia thuoe |-Li+eo],

thidnh xa @, lién tuc, 2 0, kha tich én [6;1f va:
vix 8 €[ato x 61, 1Fe 0l € @ )
. %E £ (x, §) > (¢—11 t6n tai va lién tuc trén J-1;+eof x 01

%7 thda man GTHT dia phuong trén ]—1;+w[><]0;1[, W véi moi a thudc

' ] 1+oo[ néu ky hitu p, : ]0'1[ - ]R thi dnh xa w, lien tyc, 2 0, kha tich trén ](}1[
o

vi:

Vix, 1) e [m+eo[ x J051[ . \——(x r)| Wa ().
Theo dang suy rong cita dinh 1§ dao him duéi dfa I (xem 2.5.5, 2), Ménh dé), 1a suy ra:

o Véimoix thuge |-l , Fix,.)v %(x,.)khitfchuén o

o £ ihudclop €' tren ]G+ va:

' - ey = Bree 1
| .Vxe ]—1.+cn[._ o= 6[(: Ddr ol
¢ Trdloi: e MXD()’)=]—1;+¢>[
o f thusclép C' tren. ]—1‘+a:[ va:
o o
Vxe]—l,_«n[, few = x+2 x+1’
b) Theo a}, t6n tai C € IR sao cho: Vxe ]—1;+m[, Ff =n ‘:j +C.

Tachi § dng: Vie|ol[.Insst-1<0, txdé:
: 1
Vxe ']—I;+on[. 0=f(x) < Ir’d,r = L,
o 5 x+1
va do db: fx - 0.
=+
Ta suy ra ring C = {), vh cudi cing thi:



Chi din va trd 15i

x+2

Vx E ]—l;+oo[ ., flx =In 1

' 2 B ot _ g Pt
2.547  a) Cho(@f) € Joi+o[". Anhxa £+ ————— lien tyc utn 16+ .

-t _ —at _ =t

-] -& e -e

— > pB-a, va £ S0
1 =0 ¢ 1=>+ea

e"‘af

. o :
Tasuyraring dénhxa ¢t — —-I—E-m— kha tich trén ]0;+c0[ .

‘ T -t _ ~fir T e T -pt ge _, AT,
b) » Tach: -J‘%m =f’ & - I" d = je dar ~ If-dv.
aT v

t ! =gl u
£ £ £ L v=ft g

—u y
e Dou s & 1 3 1

de — 0,dodé:

kha tich rén ]O; 1], nén: I
u 0"

ag

u

e .
I de - Inp —lInc.

i 0"
ar

: —¥ -v
 Makbgcdo v > Khitichuen [litof nen [av > 0
v or ¥ Tyt

Nhu the ta két luan:

R
Ie———e——dr =1nf - Ina..
0

A —ar _ -ft
¢) Trude tién ta chii § ring khi k¢ hitu I(a, §) = j %df,véi (@ B) € Jo4eef’,
: .

th ta c6: Viafe o], KB @) =—Ka B
Nhur the ta chi cdn tinh /(e Hivéi a < 8

Ky hieu x = 2 & {1;4+ef , khi d6 1a c6:
o

Xt

. I‘m —af_ -{F +o -u_. - X
Ka B = r'__r;,d; = ILLM_
0

Ky higu F: [G4oo[xJO40[ > R

—e :
(x.0) - P
* Flign tyc trén [3-+oo] x JO; +oof _
" e Fthdaman GTHT dia phuong tren {I;+oof x |0;+00[ , vi véi mei a thuge [1;+e0],
khi ky hieu: @, : JOj+c] — ;*E—ﬂ + thi @, lien tye, 20, khi tfch trén ]0:4eof , va:
!

[ =

. t
Vix e [Laxjoio], |[Funls g0

483
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. %r D) P €™ 16n tai vi lien e tren [1;+00] x J0; 4o
. % thda mén GTHT trén [1;+m[x]&,+on[ , ¥ n&u k¥ higu y . 10s+e0[ > R,
. 1 e

y lign tue, 2 0, kha tich va :

V(x, 1) € [Leof x J05400] , ]g(x,r) <y

Theo dang suy rdng cia dinh 1§ dao ham dudi d4u I {xem 2.5.5, 2), Ménh dé), ta suy ra
i

ring:
* Vi moi x thudc [Li+oo[, Fix,.)va %(x, ) kha tich trén ]0;+oof

o Anhxa f: [b+o[ > R thuoclop ¢! ten [L+o] vi
X e LmF(x,r)d.t

ol =y
e ™ 1
Vx e [+, = Ie‘”d: = |— =—~.
; x
Viytbn1aiC € Rsaocho:  Vxe [+, fl) = lnc+C

Vi 1) =0,néntacd C=0,trdésuyra: Vxe [l;-Hn[, fx) = Inx.

Cudi ciing ta'duqc: e, B) =f[ﬁ] = ln£=lnﬂ - lna ndv O0< a = 5,

a a
vinde B s o thl: o/ =-K8 a) =(lna-Inf)=inf -~ lne
d) V& meixthuée |-1+oof tacs:

e ¥ -1

1 +a
leg - -

; Int u=—ln? (e-")x e

9 e _ k2
j' du = In(x+2) - In(x + 1),
N .
0

1
2548 a) » Néux >1,thisnh xat 7-==|===u==u- khOng xéc dinh trong [x; 1), do
' . ' Kl=tXx-1) ’

a6 f{x) khong n tai.
: 1
o Néux<l, thikhidé ¢ l#en tuc trén )0; 1],
:;t(l —1x—1) ) 1011
1 1. 50,
J-0G-1) 150 Jxvt
@ 1 1

.t 0‘
Ji=tx -0 1 Jx-1r-1 g

vayr — ! kha tich trén J0; 11.
;;I(l —t)(x -1t}
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1
JHl—0)(x~1)
4] TrA gl MXD{i=1t+wo[.

s Neux=1,thit —

=1 khong kha tich trén 10; 1{.
Ji(i-n)

b)Kyhitu F: Jiso[xJOIf - R
bO e e
e Fliénwe trén Jli+oofx 031
¢ F théa min GTHT dia phuong trén |1;+0] x J0;1[ , vt véi moi @ thuoe JI;+oof , khi
kfhitu o, : JOIf > R thi g, lién tuc, 2 0, khd tich tren JO1[, va:
" X
Vi n e [ x 01, |Fenls g, 0
oF F(x,1)

1 . .
. — ) P - —— = - tén tai va lign tuc trén
' ox () 2JKi-1)(x~1*12 2(x -1 )
]1;+ao[_x ]0,1{

. 2—F thoa min GTHT dia phuong trén ]1;+m[x]0,1[, ¥i véi moi a thuoc ]1;+00[ .
x

néu k¢ hieu , : o1 - R Jthi g, lientyc, 20, kha tich trén J051] va:
” 2JH{I=n(u-1?12
Yix, i} e [a;+ao[x]0;1[ , 1%(;\',0

s ).

Theo dang suy rong cua dinh 1y dao him dudi ddu I (xem 2.5.5, 2), Ménh 44}, ta suy ta
: I

rAng: . .

o V6i moi x thude Jli+eo] , Flx,. ) va %F(_x, .) khitichwen |01

o+ Anhxa f thuoclép C' tren Jli+oo v
- 1
1 dt
Yre |l;+0], fx=-- l—m—em—ee |
Pl 2 S
Lap lvan trén cfing &p dung cho f*, v ta suy ra ring f thudc 16p C2 trén Jti+aof va:

Vre [h+of, f"(x) =

W

II dt
0J:{1—r)(x—r)5"2 '

1
1 dt
4] Tralsi: v ;40| , 'WE=- - =3
xe Jhaoof, ') 2 6[J:a-r)(x—:)m
!
3 dr :
s T ==
w =g 6[,}:(1~:)(x-r)5”
i i .
€) » V¥xe ]l;-H:O[. Az i [ = [—ln(x—r)}::)

[ >
N-06-0 " Jie-
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. -Bi'ng cdch tich phan, ta suy ra:

Chuong 2 Ham vectd mét bién thue

= —nfx-1)+Inr > +w,
x-3]

. _
dt
* Vxe Jiiaf, 0< fin)s Jm N [Lh(x :} T ae

o Taib) ta dé thily ring f thudc 16p C' trén ]l'-l-ao[ va:

¥xe ]l;+w[, fw=-—

<0
SNH=0)(x - JA-n@-1"?
vay f gidm nghiém ngat trén I
o Tuong tr, ta théy £ thudc 6p C? ten ]1+oo[ vt
Vxe |L;+0o "= = I >
] [ f \[f(l_f(x t)ifZ

vay f 18i (chat) irén ]1; +oo[ .

x 1 +ox0 ¥ y=fix}
e |- - .

+00

i) \

0
_ 0 1 x

& o) Tatimh: (U0 =11-0(c-0 = xi— (x4 2413,

tir d6 suy ra: 2U.( E(U,(r)) sx=2x+1e+3t z'

il & { U,(r)] UL () L Xo2xaDee3d 45(1“)+(x"2(x+1)‘ +3'2)

d((x-1?)  (x- :)3 2 ) (x-1)? 20x - 02U, ()
' -r’ +2A=x+x (= 0P+ Q- 4x)r— x)+3x - 3x2
- Us— UL - 20x - U (1)

1

] 1
[Ux(t)]'_ =_%Idr - [, 3x(1-x)l[ dr

(=07 d o % g(x_‘)U“m 2 al(x—r)zUx(t) '
(oo -
Nhung [( X ;}2] =0, tir 46 biing chch sir dung gid trj cla f' (x} vaf" (x) dd iim duge &
x—

b), 1a duge: (1 -0 f" (1) ~ 2Qx = 1) f* (1) = %f(x) -0,

Cu6i ciing thi 13 nghi¢m tren Jt; +0 clia phuong trinh vi phan:
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41~y +4(1- 20 y' -y =0.

2549 ) RS rang la: MXD() = [0+ .
Tak§higu F: [O+ofx]0+c] - R ,
; _ .

1™
(x.t) - 2

. t
* Flien tyc trén [0;+eof x J0s-+oof

* F théa min GTHT dia phuong trén [0;-+e0] x 0:-+o] , ¥i v6i moi @ thuse [0;+o] , khi ky
hi¢u @, : ]0' +no[ — R _,thi @, lien tyc, 2 0, khd tich trén ]0; -l-oo[ L,V

1— C_a'

[ L d
2

Vi e [Oa]x ]G], |Fxnl< g, 0.
o - |
ox

. % théa min GTHT dja phuong trén J0:-+0] x J0;+c0] , vi véi moi & thuge 104,

. ) o oe t6n tai va lien tyc trén [0; +aof x J0; +of

néu ky hitu v, : [0+ — lR »thl 7, lien tyc, 2 0, khd tich trén J0;+c0] va :

. i s €

Y(x. 1) € [br+eo] x J0:+00] ‘%F(x,:) < ¥, (0.

Theo dang suy rdng cia dinh 1y v& tnh lién tuc dwdi ddu I (xem 2.5.5, 1), Ménh dé), va
dang suy rdng _cﬁ:i dinh 1¥ v& dac ham dudi dfu j (xem 2.5.5, 2), Ménh dé), ta suy ra ring:

: i .
¢ V6i moi x thuge [O+eof , F(x, . ) khi tich wen J0;-4+0]

o £ lién tyc trén [O;4a0]
* V6i mgi x thude ]0;+co[, g(i,.')khitfchm 104

s f thugc 16p €' tren Jo+af va:

ey, i} N
Vxe]0;+co[, P = J‘e =, TI uzda_ 3

b} Vif lien tuc trén [0'+oo[ thude 16p C! tren J0:+<{ , v2 do f(0) = 0, nén theo a), ta duge:

Vxe [o;+cn[ A5 = RO) + J} du = Jrx .

l-e'“
c) Chox >0.Tacé: f(x) o Jx I 3

Nhing, v6i moi (¢, U} sao cho 0% &< U, bing mot phép tich phan timg phén ta cé:
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u 2 w2 v
J'_l-ez du = [_l-e ] +2 Ie*“zdu .
I ]
E F3 £

tir 36 bing cfich cho & dfn d&n 0 va U/ dén dén +, ta duge:

- . - T
‘["32 du =2 Ie’"du=\‘/;.

u
o

Ta két luan duge ring: :
Vx e Jo+eof, f(x) = Jax (do truimg hop x = 0 12 tim thudmg).

'

2.5.50 a) ® V&imoi x thuge R*  dnhxar %E lign tuc trén ]0; x{ hay trén
Hx—1) .

—f 1 ot e X —t

0L d , VA e, ~ , do dé
b O, duomg, v :;t(x-r) -0 xr ' Jrx—1) 1x Jx(x—6) el :?r(x—r}

kha tich trén JO; [ hay trén 1x; O], Nhu viy: MXB() = R*.

o x e
* Vdimoixthuge R*, tacsd:  fix) .:l H deu.
c—xkx
Vé&i moi x thude [P, dnh xa u I—) ﬁ kha tich trén 10 1[.
Takyhitu G: RxJo1[ -» R

(xu)

1) G lign tye wen Rx Jos1[ .
2)G théa mén GTHT dja phuong trén Rx [0;1] , vi v6i moi a thude I, khi k hieu
?q: 01 > 55“ +thi @, lien tye, > 0, khé tich trén o1, va:

ull-u}

Yoo e
Vix, u) € [a'.+oo[x]0;1[, 160, w)] s o, ().
3 oG . — 6n tai vA i R .
) % (m)l—)m tai va lien tye wen Rx Jo;1
4) % thda mén GTHT dia phuong trén ]Rx](},l[‘v] vdi mei « thudc [, ta cé:

Y(x, 1) € [a;-i-co[x](},l[, |§{x,u) < @, (#)

Theo dang suy rdng ciia dinh Iy vé dac ham duéi dgu I (xem 2.5.5, 2), Ménh dé), ta suy Ta
i

ring:
* Vdimoi x thuac B, G(x,.) v % {x, . ) kha tich trén ]0;1{

» g thugclép ¢! wen [, va:
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1 —ne
Vxe R, g = j du < 0.
0 :iu(l —u)
K&t qud ndy ching td g gidm nghiém ngit tren .
Ciing mot 14p lugn nhu trén chiing td ring g thuéce lop C 2 tren I, vi:

bt 11
¥Yxell, g"()_‘[fa:dﬂbo
u(l — u)

do dé g hién nhién 181 (chit) wen R.
» Khio st tai 0:

1
dur
Ta cé: g0y = I = I [Arcsmv] =R,
U:,;u(l—u v=2u-1 ,( 1-v? !
' 3 1 1 '
-u v+ x
v ’(0]=j du =— — J' dV——— J dv=- —.
8 o:iu{l—u) 2 ,/1 v 2 4 1-42 2
» Khao sét tai —oo;
Vi moi x thuge ]—o; 0], ta co6:

e—xu
x) = |p=——=du 2
£ 6[ Ju(l—u)
do dé; gy - Foo vd &x) - -
X-d—c0 X X—>—0 :
Két qud ndy ching td ring dudmg cong biéu thi C,nhan mdt nhinh parabélic, v6i phuong
tiém cin 1a y'y.

o Khao st tai +o:
Phuong phép thir nhii:
Cho x € )0; + <of. Ta cé:

l _x.l_t.t

£ = ITﬁ' e fﬁ'j""

d L4
2, _ Lsing :
= Ie 2 48 = =, 2 Ie"‘““ Ydp.
#=Arcsinv x o= TE
2
n . 2@
Vi Ype |G—|, sinp2—z0
2 T
nén ta suy ra:
z z
2 Jx a3
.\' ‘-— T _wz 7 _wi
OSg(x)SZJ' 2=¢ Tje dy S'\/’? e’ dy,
0 7*""_‘ * 0
va do dé: 2(x) 0.

X—H-QCI
Phicang phdp thir 2:
Cho x e ]1; +w]. Cho g€ |0; 1[ mi ta 5& chon sau.

489
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Ta cé: o XE f du —X€ f dau —xg
: I:?u(l —u) JJu(l i JJu{l T
et .
A:
§ gJu(l-u) JJu(l ) Jl £ -[f J1—
Bing cdch chon ¢ = :/1—_— ,tavincé g e 10; 1 vi:
X
0 < glx) < e ¢ + N 2
Vi-¢ ¥x 1-%
X
chiing 15 ring: gxy — 0.

X=rtr
Phuong phip tha 3;
Ap dung dinh ¥ hoi ty c6 him troi (holic: hoi ty bi chan) (xem Tap 4):

—xu
e

* Vi moi u thude 10; 1{: 7= - 0
u(l—u) x4

o Tach: Virwe[0;+o[x]0;1[, 0=

e 1

<
Ju(l-w)  Ju(l-u)

i

Vi u > —==—— khatich rén 10; 1[.
Ju(l—u)
Ta suy ra (dinh l)‘( héi tu bi chin):
1
I du —) Odue =0.
Ju(l )
y
u-
i
= f(x}
7
.
-~
y=gx}
O N\ X
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b) RO rang la: MXD({) =[0; +f.
sTakyhidu F: [Gi4eo[x[0+] > R
(xf) b e e
1) F lién tyc trén [0;-+o0] x [0;-4<0]
2) F théa man GTHT dia phuong trén [0,+cn[x[0; +00[ , V1 v6i moi a thude [O;4ed]
khiky hitu @, : [G+o] - R , »thi @, lien tyc, 2 0, kh tich en [O-+oo , va:

2

t - Sieare™
V(x, 0 e [0a]x[0o], |F(x 0l < @, ().
3) gi: xH B ﬁe"z tn tai va lién tyc trén [G;-+eo| x [O;+oof
4) 'Z: tha méin GTHT trén [0;+<of x [0;+%0] , Wi néu ky hieu y : [0+] > R

r 2
! HEC

thiy Llién tuc, 2 0, kha tich va ;
Y 0 € [0+ x [0 , laa—F(x,:)
49

< ).
Theo dang suy rong cia dinh 1§ vé dao ham dudi ddn ‘[ (xem 2.5.5, 2), Ménh dé), ta suy ra

f
ring;:

1) Véi moi x thuoe [0:+oo[, F(x,.)va %F(x,.)kha tich trén [O;+aof
2) f thudc p C' twen [Ora] va:
+e0 ; )
Vxe [0+, fr(x) = I ~de >0
X € [ +u:>[ fix ome >

K&t qua ndy chiing (3 f ting nghiém ngait trén [0;4e0] .
Cling 14p lugn trén day ching b ring fthuge 16p €% tren [Gi4+of vi:

Ve [Baef, fo@) = -—J' N e*dr <0,

do d6 f 1m (chat) trén [G;+oo] .
» Khio sft tgi 0:

+20 4 oty
2 : 2
Ta ¢h: f(O) = J'e_t dr = £ ] f‘ (O) = ie“ dr = --l-e_:z = l
5 2 5 2 4 o 4

» Khio sittai+ o
V&i moi x thude 10; + o [, ta cé:

2 2
0<f()- I\&_re" dt
0

2
4 xt —Jﬁ)e" dt

+ag

I(l

0

+x +e0 to 2

ey Camp y Caat
+xr+ x: 2 X N/

0 0 0
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=

2

H=f

+at +a ] +r |
2 s 2 ~—
Hom nita; IJE:“‘ dr = Jx J‘rie_’ dt = 312: Iu ey = —J—;-I'[g]
¢ o 0
Nhur vay ta duge:
1 (3 1
N=-T<We+ 0 |=],
7 2 (4] HM(JI]
vdy Cynhin mot nhdnh parabdlic véi

phirong tiem can x'x. m
1

¢) Rorangla: MXD() =T,

« Ta k¥ hidu -

F: Rx[0;+oo[—> Rz' o £
(x.4) -

1) F lién tuc tren ]Rx[[},mo[

Y4

2} ¥ théa m&u GTHT dja phirong trén R x [0:+50] , vi véi moi & thuge F., khi k¥ higu
Pt [Oito] > R thi @a litn tuc, >0, khi tich trén [0;+o[ , va :
gl
! = e
Vi e [arefx[O+], |70l < g, .

: 2
3) %F— ) —:ze"s'” t6n tai va lién tuc trén Rx[(},m[
i

4) %‘3 thda min GTHT dja phwong trén R x [O5+e0f , ¥ v6i moi & thude [, khi ky
2

hieu y, : [O+00] — K o thly, lien we, 20, kha tich trén 05400 va

f g2t at

V(x, 1) € [a;+oo] x[Or4oo] , ‘%E(x,r)
X

=y, (0.
Theo dang suy rong cda dinh 1y vé dao ham duéi din j (xem 2.5.5, 2), Ménh d¢), ta suy ra
!
ring:
. ] ., OF \ .
1} Véi moi x thube B, F(x,.)va 5—{1:, . Ykha tich trén [0;-Hx3[
A
2)f thuge 16p C! tren [, va:
o0

3.2
VyxeR, f'ix) =- J.rze" dr <.

0
Két qua nay ching ¢ f gidm nghiem nglt trén T,

Cling 14p lun trén day ching 13 ring f thuoc Ip C2 trén I va:

2 3
2
YxeR, [ = j.f"c_r “dr >0,
4]

do d6 £ 16i (chat) rén B,
» Khio sit tai 0;
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i 1'F 2 1
Ta o6 £00) = Ie" & = - _[u Se~ddy = _r[-] ~0,89
] wrt 3 3
+0 oo
3
VA £ =- Irze"’d: =t =2t
N
4] B

¢« Khaosfttai —oo:
Véimetx £-2, taky higu X = —x > 2, vii nhu vay:

+x0
3,402 2 2
1@ = fert e = [ 0la 2 Xty
o 0 1
X-1 ) X-1
b4 Ie'dzz Ie‘dt:ex"—l,
t 1
tir 44 suy ra: flxy = +o i .f_{.{)_ -5 —om,
X—»—0 X x>
Vay Cr nhan mot nhénh parabélic véi phuong tiém cin y'y.
» Khiosittai +o:
Vé&imoi x thude |0; + oo [ tacé:

N 1 i
-t _ 4 it
0<£f(x) s {!e d1u=:!; J;ﬁ"e du ,
va do dé: fxy = 0O
x—3+m
Y
y=fx
o %

2551 a) ChoxecR Anhxar ~ if"a.'f_“é:ﬁ lién tuc trén J0; + o[, c6 dffu khéng déi
Hl+

trong lan cn 0, ATCIAND b trong 1an cgm + o th [AXS12NC) < 2, dod6
t{1+2) 0 +e8) | 2
Arctan(xf) '

kha tfch trén ]0; + oof,
{1+
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b) Takghitu F: Rx]o+of > R .
Arctan{xt}
0 ety

o Flien tuc tren Rx JOr+oof
« F thda man GTHT dija phirong trén Rx J0;4<f , ¥i véi moi a thude fO;-+eo] , ki ky
hitu @, : J0+o[ = R ,thi @, liéntuc, 20, kha tich ten JOj4+wo] , va:
a

H —
142

Vix, ) € [~@ma]x [+ . |Fe, ! < —l% £ @ D)
t(1+1°) :

. OF D) P ——3—;-—-2—- 16n tai va lien tuc trén ]Rx]{},m[
dx A+ x5 +1°)
‘Zf théa man GTHT tren Rx |0+l , i khi kg hiew y @ Jo+eo[ > R, thivy
t [ '1'_

lién tuc, 2 0, kha tich trén ]0;+m[ Vi

V(x5 € Rx |0+, .%;(x,r) < @

Theo dang suy réng cba dinh 1§ vé dao ham dudi diu I (xem 2.5.5, 2), Ménh dé), ta suy ra

i
rang:

¢ V&imoixthugc R, F(x,.)va %(x’ . ) kha tich trén ]0;+d:r[

o f thuoc16p C' tren I, va:
+a d‘
vieR, ) = f——————— .
*e re J(1+x2r2}(1+!2)

Véi moi x thude [0; 1[w Jl;+oof , bing mot phép phan tich thanh phan thiic don gidn ta dwogc:

1 % 2
X
fix) = I dr
1-x2 4l 14278
T ax

= ————[Arcumr xAlctan(xt)]U = ;1—2[———] =

T
2l+x)

1-x2 2 2
Dof thugc lép C' trén R, nén Vi tinh lién tyc ciia f* tai 1, ta ¢6:

Vxe [Bae], S =

2(1 +x)

O Traldi: Yxe [Btoo], ‘) = .
i x € [ +oo[ Fe0 2050
¢) » Vi f{0) =0, ntn ta suy ra tir két qua trén day:

vre [Orre, A= T In(4n).

o Vif lénéntacé: ¥xe 0,0, Ax) =—fl-0) =— %ln{l-.x}‘
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£ln(1+J|:) nfuxz0
0 TrRalsl: Ao =
-—%ln(l—x) néux <0

.
A“’““”] Khi tich trén J05-+<of .

d) Trudehéttachs ¢ rdng r [

Vaimoi (£, X) saocho 0 < & < X, bing mét phép tich phan timg phin ta duge:
X X
Arctant Y (Arctan X)? (Arctans)? [Arctant
— | dt == + +2
X € 3 1+ 1%)

dr,

tir d6 bang cdch cho ¢ din dén 0 vd X dén dén + oo, ta dugc:

+20
j(‘m“’"'J =2 I dt =2/ =nin2.
5 r(1+r)

2552 Takyhieu F: Rx[O+f > R .
{1 4x24%)

(x0) L >

L+

* Flién tuc 1rén Rx[0‘+oo[
® F thoa min GTHT dia phuong trén R x [O'-i-co[ Vi v6i moi a thuéc [0+oo[ khi k¥

hitu g, : {O4f 5 R, thi @, lien tuc, > 0, khia tich trén {0540 , va:
in{14a’r?)
=
l-u2
Vix,0) e [—a;a]x[(},-l-m[ . |F(x, t‘)f < @, (0.

!

2
. QD-: ) — _szT tdn tai va lién tuc ten ]Rx[(},+oa[
o A+ x1°)1++%)

. -gg théa man GTHT dja phuong trén J0;-+oof x [0;-+<c] , vt véii moi b thuge Jos+d]

khi kf hi¢u p, : [G+0] — R .thiy, lientyc, 20, khi tich trén [0;+co] va :
! = b(l+t2)

oF 2?1 2 1
Yix, 1) € [hi+oof x [r4c0] |——- ,r)’ = < < .
& o ax(x 14222 1402 x144 r

Theo dang suy réng ciia dinh 1y vé tinh litn tuc dusi dfo I (xem 2.5.5, 1), Ménh dé) va

dang suy réng clia dinh 1§ vé& dac ham dudi dfa I (xem 2.5.5, 2), ta suy ra ring;
¢ V6i moi x thude R, F(x, . ) khd tich trén [0; +cof

* Véimoixthuge  JO;+oof, %F (x, . ) kha tich trén [0;4e0]

+f:R - R lienwctren R
X = FF(IJ)C;?
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» fthudc idp C E tran ]0;+co[ (va do d6 ci trén ]- oo; O theo tinh c¢hat chdn 1€ hién

nhién), va:
=t

vee Josal f0 = |
0
V6i moi x thuge 10; 1 J1;400] , biing mdt phép phan tich thanh phan thic don gidn ta duge:

oy = X T[ 11 )dr
1-x? ; 1422 144

2 [Arctan(er) - xArctans[[™ = 2_(z_=). =
[-x? 1-x242 2 +x

Do f thudc 16p c! uen ]0;-!-00[ » nén vi tinh lien tue cita £* cai 1, ta cé:

2xt? dt
{1+ xzrz}(l + rz} '

Vxe o], Fio =2
1+x
Vif lién tuc tai 0, vi do fi0) = 0, nén ta suy ra:
Vxe [O+o],  f() =min(l+x),
Cudi ciing, do f chin nén;

Vxel-o 01,  f)=fl-x)=nin(l -x).
Cudi cing ta ¢6:

¥YxelR, F&) =nin(l + |.t| ).

2553 a) Chox e IR,
e Cichnhxa ¢ s SO0, fsin(ad) o cos(rr) | sin(x)

1442 1+¢ (1+r7')2 (14 )2

lién tyc ren [0;4+<0] .
s Véimoit thuge [;+oof tacé:

cos(a)| _ 1 | tsin() | t | costx) | 1
142 |7 1462’ [+ " a+AT [a+2) T qei’
dodés o cos{xt) tsin{xr) cos(xt)

, — kha tich trén [0;+of .
b+ 2 (t+£2) (1+:2)2 chuen [0eo]

¢ Bing mot phép khai trién tiém can (véi x ¢8 dinh, vi ¢ din dén + oo), ta duroc:

rsinxt)  sin(xt) 1 sin{xt) [ 1 )
= = + 0 —3 .
144 t 4.1 ! ¢

12

= .
vi I 20 hoi m v do 0[%) kha tich tren [liweof, nén 12 suy ra ring
/]
; 4
e
I 10D 4t i g,
bt 1471



Chidanvatralgi 497

K&t qui weén chli'ng 10 ring flx), g(x), h(x), k(x) t6n tai; fix), h(x), k{x) duge xdc dinh bing
nhitng tich phan cita nhig him kha tich, cdn g(x) dugc xdc dinh bémot tich phan suy rong.
b) Cho x € R. Bing mot phép tich phan ting phén, ta dugc v6i moi T thuge [0+ :

fcos(xr) _ 5inaT 5 [fsin(xr)
) ET RSP PRV
a9 o'(1+r )

dr,

tir d6 bing cdch cho T didn dén +wo ta duge:  xf(x} = 2k(x).

c)Takyhigu H: [0:+oo x [0‘+00[—) R .
(xf) fsm(.u)

N
¢ A lién tuc trén [0;+oo[>< [0;+00[
* H théa man GTHT trén [0+ x [0:+<0] . vi k¥ higu @ :[0;+e0] — R thig
lign tuc, 20, kha tich tran [0‘. +a0[ L VA
Yix, 1) & [Bof x[Oi4oof ,  |H(x 8] < 0 0.

oH 2 cos(xt)

¢ — = (xhH P t6n tai va lien nge trén [0 +aof x [0+

(1+r2)
. z—H thda man GTHT wén [0;+00] x [0;40] , ¥1 khi k¢ higu y : [0+ - R
X |

! —»
3
(l+.'2]

thiy lién tuc, 2 0, khi tich trén [O;+o0] va :

V(x, 8} & [Oi+o] x[O;+o] , Sy

%(x.f)

Theo dang suy rdng cba dinh I¥ dac ham dudi ddu I (xem 2.5.5, 2), ta suy ra ring;
: i

o V6i moi x thude [O;+c], H(x, . ) va %{{x,.) Kha tich tren [0;-+<of

o hthuoclop C' men [0;+0o vi:

Vre [Geof, B (o) = T2 °°S(’“)dx = fx) - k(x)
i (l + .!'2)
+aol
Ciing 14p Iuan d6 4p dung dugc cho k: x = cos(xr)z dr, v ching 15 ring & thudc 16pC !
2

o (1+4)

+oo
trén [O:-l-oo{ v Vxe [(}'M[, o) = - tsin{xr)

dt = — hix).
0 (l+32}

d) T¥b) vac) tasuy ra ving fthuoc iép C2 tren 0;+oof va ta c6 lien tigp:
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Vxe o], Hf'0+A0= 20" = ) - ),
Vxe Jo+o], W = fx) - k),
Vxe [, '(x) = -2k’ (x) = 2h(x) = Rx),
tir dé cudi ciing ta dugc:
vxe oo, U0 = An).
¢} 1) Viéc gidi phuong trinh vi phan xufft hién trén day chiing 16 ring 16 tai (1, 4 € R sao

cho:
Vxe ]O;-Hn[ . f)= AT+ pe™
0
Binh ¢ v& tinh lign e dusi ddu j lai cho phép ta chimg td ring f lién tuc trén T, do 46 lién
0

tyc tai O, tix dé suy ra:
Vxe[O+eof, flx)= A"+ pe™*.

0
Vi: vre[B+of,  lfnls I%:E_
01+r yi
nénf bichin,dodé 2 =0.
T oa
vaw: f0) = I =Z nenuduge u=Z.
1+2 2 2
]
T s
Nhur the: ¥x & [B40], Ax)= 5

Cufi ctng, vi fchén, nén ta két lugn:  Vxe R, fi)= % eHl

2) Mot phép tich phin timg phén,
voix & J04e| va T e[l

cho fa:

T +
Irsm(,\:)d.' -
3 1+¢ e,

T cos(aT) rr(l—fz)cos(xt)d‘ y=f(x)
_x(I+T2)+g x(lﬂz)z ' o 1 %

tir 46 bing cdch cho T d4n dé&n + ¥é
ta droe:

¥y

g
2

(51

*2(1- 2 }cos(x)

xg(o) = JLT“J;)Z—w

) T(zﬁ(l-a»rl))cos(xr)
0 (1+l‘2)2

= 2k{x) - fix) =fx) - 2h'(x)

= —xf '(x),

=
>

dr
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va nhu the:

Vxe ]0,+co[ gx) = —f'x) = %e'x.
Do g{0) = 0 vi glé, nén ta k& Jusn:

Ze™ nén x>0
2

gx)=4 0 néu x=0 , hay: VxeR, g = = sgn(x)e 1+l .

Tt nu x<0
2

—-xt
2554 @) Choxe [0;+00[ .Anhxar — 1= sin¢ lién tuc trén ]0‘+m[ )

l—e_x’ L l—e sint sins _
sint - 0; ¥i sing = “— - ——e™, vado tich phin suy rong
t—0 t ! t

sint

I sind o, hoi t, va ring (név x>0) 1 ¢ khétich tren [1;4<0] , nen tich phan

—)+cnl
suy rong J -
0

—xt

sintdt hoi ty.

+=0
_x‘ .
b) @) Tachiyring: Vre |0+, flv) = Iﬂ‘-ﬁd: - J"" :'“"d: ~va ky higu:

G: Joax]04] - _}Em

x  » p

* G lién tyc trén J0;-+of x J0; 40|
* G théa man GTHT dja phuong trén J0;+c0] x ]0;-+cof , vi v6i moi a thude J0;+ed] ,
khiky hien g, : J05+0] = R .dil , lien tyc, 2 0, khd tich tren J0:+eo] , va -
t = e oo
Vin ) e [a+ofxjoro], |Gl < 0,0 vt vieR, [sing<]d.

£ (o) = ¢ sine tén i va lien tye tren J0;-+oof x J0;-+oo

& E’I%

 —— théa mén GTHT dja phuong trén ]0;+o] x ]0;+e] , 11 v6i moi a thude ]0;+ao[ s

khi kg hi¢u @, ]0‘+oo[ - ]R thi @, lin tyc, 2 0, khi tich trén J0;+of , va:

&’

Yix, e [a;d—m[x]ﬂ;m[ . E(x,t) S pl).

Theo dang suy réng cia dinh 1§ dao ham dudi ddu I {xem 2.5.5, 2), ta suy ra ring:
T

o V6i mei x thuge |0;+e0f , G(x,.) va %(x..}khétfchtrén Jos e



500 Chuong 2 Ham vecto mt bién thye

o g o[ » R thuoc 16p C' tren J0:i+oo vi:
x [ FG(JJ)dr
-
Vxeloi+o], &)= Ie"“ sinsds .
4]
Va v6i moi x thude ]0;+<of 1a ¢6:

400 ) Sox e e . )
g =1Im Ie‘”e"dt =Im - = Im[—_-) = 7
J —x+i x-i 1+x

sau 46 1a: flx) =g'x) = 7
1+x
B) Bang céch tich phan két qua & a), ta ching to ring ¥ntai C € E sao cho:

Yxe ]O;-I-GU[ , fixy = Arctanx +C.
¢ @) Theo céc dinh iy téng quat, A thudc 1op C' tren ]0;+<o] .

1-e*

vavi A = —:0 1= A((), nén A lién tyc tai 0.
t

Vi moi t thudc ]0;+uo[ tach A(D = —B% , trong d6 B(ry =(1+ 18 et - 1.
; .

Viac khio sét su bign thién cha B (ta c6: B'() = — e’ < 0) chhing to ring B gidm nghiém
ngat: Vi B(O') =0, nén tasuyra Vr & |04 B(H) < 0,d0d6: Ve[, A'®)<0.
B) Chox € ]0;+c0] . Bing phép d8i bien u =, ta dugc:
17
= |
Q
Bing mot phép tich phan timg phén, ta duge v6i moi U thudc [0;+of :

-+
sin-u-du = IA(u)sin-u—du .
x 5 x

U 4
IA(u)ws-“-du =x - xA(U}cosE +Xx IA'(u)cosidu.
3 X X 5 X

Mot mit thi:  xA(L) t:()sE - 0 WAl —» 0O
X U U+
Miit khdc thi do A* < 0 nén:

i v u
IA'(u)oos-'idu < I(—A‘(u))‘cosi‘du < I-A'(u)du =1 - A(U).
0 * o * 0

Tir 46 ta suy ra ring khi cho U dén d&n + o ta s& duge:
+o0
0 < W —RO) = fin) = IA(u)cogildiu < 2x.
wbb
li]

v} TheoB), Ax) - AD) ::0 0, do 36 flign tuc tai 0.
X
Theo b), B), khidé tacé C =0.
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&) Vi moi x thude ]{},+00[ ta cé;

+az

+o —-x - b . 1
je—mdr < Ie'ﬂ Sy < Ie'“d: =1
t 3 X
0 4]
M .
do dé: fxy - LY
X =t f
0
Mat khie thi: fx) = Arctanx - =
vt 2
m .
Vay ta ket luan: sty =2,
t 2
]
d) I} Ddibitnu=ar khia >0.
oo -1 néua<l
¢ Tra i&i: Ismar dt = %sgn(a], trongd6 sgn(ed=+4 0 néua=0 .
'

1 néaa=0
2) Véi o >0, hiy thire hign mét phép tich phan timg phén thich hop:

0 oo o
Ismrmd‘ _ {l_cmml + 13 J‘l—cgsardf.
3 at & a t
I la|
- z
9 Tra loi: Il——‘ﬁa—rdf = f-gsgn(a] = —a-_
2 2 2
0
"'°°l . ko o .
3) Tich phan timg phin: I 4 = {’_32“”] 2 I'"i""d:
t ¥ 0 H
¢ 0
m 3
O T sk _[‘“s“"d: =z
r 4
0
sint)2  1-cos2e
4) [T] = Tvﬁ2)v6‘ia=2.
P 2
0 TrAlL: j[ﬂ) dr = Z.
t 2
\]
v sinat sinfr l—cos{a+ ki  1-cos(a—h)t
5) Tuyén tinh héa: = -
I 212 2¢
= b
0 Tralai: Iﬂ‘-‘-;—‘l‘—’d:=%(1a+bt—la-bl).
;
0
6) Tuyén tinh héa: 1-cosat cosht . I —cos(a+ b)t + 1-cos{a — b)t 1
2 26 2r?

2

=
0 Tra 13i; _[Mdm%(lamhlmbh
I

o
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2555 a)Choxe B Anhxar > & le7e™ lien tye trén [05+e] , v2 v6i moi 7 thuge
[orse] , [(=-te | = = e  dods ¢ > (e ihi tich wem [Oece] (xem them

dinh nghia ham I, 2.5.5, 3)).
b) Takyhitw: F: ]RxJO,-l—cn[ - € .
Xt} o 1@ lgmight
o Flien e trén R x 05+
« F théa man GTHT dia phuong trén IR x J0;-+o] , vi khi kg hiu:
@ ]0-!—00[ -» R
t — Ia_le_'
thi @ lién tuc, = 0, kha tich trén 0;+a., va:
vix 0 e Rx|Go]. [Pl = a0,
oF

. 5—: ) > ir%e’e™ lign tuc trén ]Rx]():+m[
N

. %F- théa min GTHT trén R x |O;+00], Vi khi ky hign y : ][}+oo[ - Rty

x - Tt

lién tuc, > 0, khé tich tren J0;+c0] , va:

V(x, ) € Rx 05+0f,

%(x,n" < o).

Theo dinh 1§ dao ham dusi ddu I (xem 2.5.5, 2), Dish 19), ta suy ra ring:
. oF L
» V6i moi x thuoc R, F(x,.) va a(x, . }kha tich trén J0s-+e0]

oo
o f, thusclép C'trenRva: Vxe R, f;'00 = i Iﬂe—fe'wd:

¢) Chox e IR. Bing mot phép tich phan timg phin, ta dugc:

T T
_ (=1+ix)r .
J}ae{—‘uu)rdt = [‘ae = :l + 1_ Iar“‘ie(_“'“)rdt,

-1+ix 1-ix
£

véi moi (¢, T) théa mdn 0 < ¢ < T, tir 6 bing céch cho £din dén 0 va T din &én +o, ta

durgre:
o . +o
J-r e 'eldr = i‘ J-r“"e(‘”“)’dr ,
3 1-ix

réi bing céch sit dung b}, ta duge: —(i +x) fp "(x) = af; ().
» Bing phép gidi phuomg trinh vi phan thu duge, ta cé v6i moi x thuge [

fx 0= f, @ exp| -a Iﬂ =T{a) cxp[—gln(.xz+1)+ai Arctanx]
ci.H~1 2

= r(a)(x +1) f: i Arctanx
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—-l~ — Arctanx

i me*’ei’“ 1
d) Thay o bing E,tacé: J.Tdr_=fl(x)=l*[5J (x +k) el
[} 2

c052£+sin2—=l
Néu k¢ hitu @ = Arctanx thi ta cé:

véi moi x thude . tir d6 suy ra:

1 \N1+x +1 8 1 Y¥1+x% -1

9
cOs— va s5in— = —

2 \‘6 (l-i-xz)”‘ ‘

me cos(xt) J_wj 1+x% +1
5{_—’ dr =Re( fi 2(x)) = z\rm

e"’sin(xf}dr : NEAN T
—g  y=lm {(Ai2(x)) —J—EF
! 2241+ %

2556 o Dofr,u) — "™ fien we trén ]Rx[(];%:l , nén theo dinh 1§ vé tinh lién tuc

dudi ddu f {xem 2.3.12, /}, Dinh &¥), J li¢n tuc trén [, Hen nita J bi chin:

T

3
vieR,  liwl < Edu =2

Tasuy rating dnh xa ¢ > J(He™ kha tich twen [0; + vof, véi moi x thudc } O; + w0 [ c8
dinh.

* Véimoixe |+ vimoi T e [0+, tacs

x
fJ(r)e“‘“dr = E E elf sinue=xy, |4y
X

F 4 .
o [ [[eosmafan - L,
x-1 sinu

béing cdch 4p dung dinh 1y Fubini.
T

Voi x e |0 +of, taky hidu:  Afx) = E du

x-ising
Vdi mei x thude | 03 + oo vimoi T thudce [0; + o[, ta c6:

il e--isina)T
Ef—"—dﬂ
X-LSinu

l ff(r)a'”d:-A{x) =

- 0
X T+

Keét qua trén day chitng 10:
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T
Vx € 10; + oof, Fj(r)e"“dr = _['5 du
x- isinu
» Tatinh A(x) véi x € 10; + oo, Ta cb:

T E4

X . sinu
A(I) = Eﬁdu +1 E“‘E-—-——z——du .
X° +sincu x4 +sin”u

F: 4
x X 1 1
1) Eu—du = ‘ —_—dt = — ‘ _——dr
x? +sin’u f=tanu (,:c2 + 1):2 +x2 x
| ——t

1 Arctan \.|'1+x2r +°°=_”-“
V1+x2 x 21422

¥

X 1+
2 E sinu du = -E dv 1 ;,‘1 4+ 32
i (
x

= In
+sinlu v=cosH 1+,\r2)—v2 2J1+x2 t- 4

\J'l+x2 o
H 2
1L p¥lex +1 U n(Viex? +1) - o).

= n =
Wit s o1 Viedd
Cudi ciing, véi moi X thude ] 0; + «of taco:
Vi+x? +1

_ 1
J(e ™ dt = ———— | z+iln .
-['W 291+ 22 Jl+x2—l

2,557 a) Theo 2.5.5,3), Ménh dé 3, T thude lép C* trén 10; + oo vi:

vrelO+w, I = _EQ (IntPle™"d >0,
vay I"18itrén ) 0; + oo,

b) Tacé (xem 2.5.5, 3), Ménh dé 2): Vre 0 4oof, [ = 5+D
X

Do Tlitgnmectrén ] 0, +of,néenT (x+1) = (1) = 0! =1,tirdétasuyra [ (x) ~ l
x—0 x>0 x
€)

y=T(x)




Chi dan va tra igi

2.5.58 Do I thuoc 16p C2 tren 10; + oof va iy gid i >0, nén @=InoT thude 16p
C2 trén J0; + oo vit:
v u _ i
Ve 0 +f, ¢@'(x)= i[r(x)] _T (x)r(izr) ()
dxi I'(x) )

=l 1

Biing c4ch 4p dung b4t ding thic Cauchy-Schwarz cho ¢ 1> (Inf) ¢ 2 e 2 vacho

x-1 ¢

2
t > 1 2¢ 2 taduge: I 3(x) = [F{lm)r“le"dr]

< (F(lnf}zrx_]c"dt] [Fr"‘e“’dr] = I'(x) I'(x),

tir do suy ra: Yxe 1+, ¢ (x) 2 0,
vh cuSicing thl @ 18itren 1 0; + oof.

2.5.59  Baham s6 duge xét & day déu kha tich trén ] 0; + oof, va v&i moi x thuge 1 & +f ta

ch:
Fe"'(r—x)f"'l lnt dr.= fn(lnr)t"e" dr —-x F{]nr)r"le" dt
=Mx+D) =xI(x) .
Do: Yxe |0+, Mix+1) = xT(x),
nén {a suy ra: Vxe |+, Ti{x+1) =xT'{x)+ I'(x),
tir dé ta co: ¥xel0; +«, Fe"{r»-x)r“' Ingdr = ['(x).

2.6.60 Ee*’*’dx - Fuxe_“ldu = I(w).
u=c' L
m
2.5.61 -[:uxme'mzdx = r(l]"‘ e — gy
y=ax® a 2Jay

m-1

1 [“‘" 5 - 1 m+1l
= 2 o ¥4y =
- mtl ytevdy= mi+1 r[ 2 ] .

2 2 2a 2
2.5.62 -[:xa (-lnx)ﬁ dx =1n r(e")a Felar = F‘ﬁe—(aﬂ):d:
t==Inx

- B+l
= -Em[ i ] e —L-du = [L] Fuﬁc"‘du
u={a+i) a+l1 a+l a+1

- T(f+1)
(a+l)’8+"

2563 a) V6imoi (. g) thuoc B2, 4nhxa ¢ = P (E-0)7" lien we ten J01]

r"‘l(l—r)‘?'1 ~U Pl v f-*’_](l-r)‘*"l ml (1—:)“"1 >0, vyt > r-"“‘(lwr)‘*"_l
- =

33-GTTT3-GT3

505
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kh tfch tren J0;1[ khi va chi khi:p>0vag>0.
0 Tedlai: oo

b) e Blg.p) = Er‘*“(l-r)f"ldr = £(l-u)‘f"up“du=a(p.q).

u=l-r

4 .
. B g - E(sinze}f’“(cosz9)?—‘2sin9cosa 46
9=Amsin(J?]
x
=2 Esinzp'lﬂcoszq‘lﬂ 4aé.

¢) o) 1) Choa e [0;+caf.

yi
Rorangld: D, c A, <« D 5.

Vixy P g0p,(» 20
néntasuyra: I, £ J, s 1 .

2) + Tachuyé 44 cyc d€ bidu thi v
I).- a chuyén qua toa d& cuc rutt o a avZ x
'

I = [f 2ty gy = I{o"}‘h 1 cos6PH(psing e papdd
(] ,3 L2

x .
TSR [
1 ? 1
= - prg=l =i
o [f u € du] B(p. ).

+ Mat khdc ta cé:

2
Ja = (Exzp—le—xzdx} [Eyzq-le—y dy}
1 2
- L f xP-le X qx f yileYay |.
X=xlYy=y* 4

B) Choadintéi + o vadpdung o), 1)va2), taduoc
T(p+q)Bp.q) =T(p) T(g).

Y) Véimoi (p,q) thudc (N-“]2 ta cé:

B(p, q) = (PP - {(p-g-1) - 1 Y bl
T(p+q)  (p+q=D!  (peq-0ET,  palii,
0 Trai v pe(N, B = L0

Palieq
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2584 a) B(rx) = .tr"l(l-:)"'ld: = L(r(l-r))’“‘d:

1
1

B .E(l"(z'*l)z)x_ld‘ =2 o (t-@e-12) " ar

- 2-2x+3£1_“ -1 1 4
(1-u) o

u=(2:-1)%

1
= 925+l .E“ z(l_u)x-ldu = 9725+l B(%,x].

1
2 r[-)r(x)
b) Ta cé: Bix, x) = (r(x)) Vi 2—2x+1 B[—l-,x) = 2-2x+l 2_,
T'(2x) 2 l'(x+%)

tr 46 suy ra: 2571 r(x) l'(x+%) = F( ) r(2x).
c) Theob) tacé: 225t (1 1y F(n+%) = F(E] 2n- 1)1,
_ 1 0N @e-1 1) @m!
tir d6 s : r - =T]|=j———— =T —
R [H 2) (2) 22— (2) 22,

cong thifc ndy vén ding cho n =0.

Cudi clng ta dugc: Vn & H, F(n+ ] (2")’\[“.
2 22n+l nl

P

1
2.5.65 (1+x)2771(1 - y2a-1 i _ (1 +an (1 - tangy29"!
(1+ £2)P+e f=Arctiox - (1+ tan’ @yP+a-!

dé

4

% 1+ta.mp—1 71 \ tangp—1 pa-t z
~ tang +1 tan@+1 i zr( tanp)*? ! 22971

d

zJ p+g-l ) prg-l ¥

=8+ 0 Lo et 2 0(2+2Lan2tp)
tanp+1

z

2
= 2747 Lsin® g cos?lp dp = 27492 B(p, g).
0
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C21 1) Tabiétring (BOX,F),| . |,,) 1 motkgvde (xem 2.1.4, Ménh 8¢ 3).
Cho (£}, 12 mot day Cauchy trong BOX.F).

@) Véimbixthwoe X, Vp.q) & N, 0=, s, - .
nen (f,(x)), y 12 mot ddy Cauchy trong F. :

ViFdinénténtai {, € Fsaocho: f,{(x) ; ¢, .Takyhigu f: X = F.

[
. . 2 pzN
B} Chos >0;tdntai N <1l saocho: Vip,¢q) € N°, = “f.,,—fq“ <z |.
gzN oo
e Cho p 1 saochop 2 N; v6i moi x thude Xta ob:
Vgell, @2N = ﬂfp(x)—fq(x)“ < -1l < o

i f(0) > Ax.nentasuyra [f,00- o = e

Nhur the ta 43 chifng minh:
vieX  |fwf s [f-fvn] + Pva] < &+ vl
ching 1o ring: f e BOLFY.
« Vi VxeXVpeN, (2N = |f@-fw]se
nén ta ¢é: Vpell, pzN = lf—-fp"msg},
va do d6: f - £ wong (BX.A.|,)-
Pcb

2) a) + RaranglaCBX, F) 1a motkgve cla BIX F).
+ Cho (f,),n 12 motdiy rong CB(X, F), hoi tu dén mot phén tir f clia B(X, F).
Cho (a, £) € Xx ]R:_ ; ta ch:
VieXvVrell, [f-f@| < |[fm-f&)| + - ful@)] + fu@) - fla)
< 2| - il + 0 - futa)] -

Vi f, — fnénténtai N e N saocho ||f-fN||ms§.
nao

Sau nffa, do  f,, lién tuc 13i @, nén tdn tai » > 0 sao cho:
VxeX, [ux—ahSr; = qu(x)—fN(a)us%].

Khidétacs VreX (Jr-djsp = Jf()-fla)se), vhdods flien tyc tren X

K&t qua d6 chimg t6 ring CB(X. F) 1a mot b phan déng clia B(X, F).

5) CB(X, F)1a tap déng trong mét kgvdc ¢l (xem 1)), do dé db (xem 1.4.2, Ménh dé 2).

3) Do truomg hop E = {0} 12 thm thudng, nén ta c6 thé gid thigt E #{0); ky hi¢u:
X={xeE =1} =50;1),

13 mot t4p khong réng. .

Cho (@a), . 12 mOt ddy Cauchy trong (e R - |]) - voi mbi n thuoe 15, xét 4nh xa:

Lt X—> F .

x> @pix)
V6i mbin thuse B, v @, € LO(EF), néntaco f, € BX Fyva [f], = [leul] xem
1.2.6, K¢ hiéu). V1 F 40, nén theo 1, ton tai f € B(X, F)saocho f, = f.
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@0 =0

vie E~{0}, ¢(:)=||:||f(u‘TH} '

Xét @: E - F xéc dinh boi:

e ChoreE-[0};tach

vnetl,  fouo-p0] = nru[]f,. [H]f[ﬂ]n < M-
Vay @) — () vongF.
ot
V1 hién nhién la: 2,(0) > 0.
mo
N6i céich khac thi (@), _y, hoi tu don V€ g trén E (xem 2.3.2, Dinh nghila 1).

e Cho Ae I, (rLude E: vivaneH, @p(Ar+u) = Ap,() + @,(1) , nén bing cach
cho nddn t6i 40, tasuyra:  @lAt+ua) = lqp(r} + plu),
do d6: @ € L(EF).
s Vi fe B(X F)néntacd:
ek Jotaf < LB
v do 46 (xem 1.2.6, 'D]Ill} ¥ p e LCEF).
o Cusicmgth: flo,-ofl = |f-fl, > Ovay 0. > @

2.2 1) a X lamotbdphinkhéngrdngclalR (Va e X), bi chin trén bii b (vi
Xc(a b dodédX cobitnténcirén R, vac € [a; bl
) 1) Taching minh: c¢# a.
Vi @ lign tuc tai @ va g{g) = O, néntdn tai 7 € ]0; » —af sao cho:
Viela;a+ n[. @) S &
Khidétacs: [a;a+n[ c X, wrdbsuyracza+ nvhidodd c2 a
2) Gidthidte # b(doddc € la; b). Vif vk g khi vi bén phdi tai ¢, nén tén tai

Hf(}’):f(f)isnf;(c)u_‘_
¥ € | ¢; b] sao cho: y-c

‘ g -glc) &
gle) s P +2

Tir 46 ta suy ra:

I - feol su—o[lﬁ.(-:)ﬂ%] < (-9 (g;._tmg] s (7o) [MH-]

y-c
=g -g)+{(y-oe
Mit khidc, do X = qo_l(]-—ca;a]) ,vavi @ lign wc trén tip dSng ]—o0,£], nén Xdéng rén
la; b]. Vi [a; b] déng trong IR, nén do dé X déng trong R, v ddc bigt Ia ¢ e X Tir 46 suy ra:
[f©@-f@)} sge)-gay+sc-a)y+e
K&t hop hai két qua trén day, ta duge:
I -f@f s [fo)-re) + o) -fla)l| e - gy +s(r-ay+ 5
vi do d6 ¥ € X, mau thuin véi dinh nghia clia ¢, A c = Sup(X) ,vd y € 1 ¢; bl
R

LAp 1u4n phin chimg trén 43 ching tb: ¢ =h.
¢} Theo b) tach:
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Ve >0, |f()-f@) < g®) - g +ep~a)+ e,
va do dé: bre)-flall < gby — gla).
2) Véi(a,bye I* saochoa<b, hiy Spdung ket qua & 1) véig: ¢ s My,

C2.3 I)» RoningRK # @, il ek,
* Chog, w e K. Tén tai{a, b, c,d) e R? sao cho:
ash vi c=<d
VxeR-[a;p), p(x)=0
YxeR-fcd], wix)=0
Ky hitu &= Min(a, ¢) v B = Max(b, dytacé: VxeR-[a; 01, @(x) +y(x)=0,
chiing to ring ¢+ ek
ash

s Ch , K Tén ti(a, b 2 ho:
caelR,pe 1 tai {a, b)) e R® saocho {Vxe]R—[a;b], P(x)=0

Khi d6 ta cé: VxeR-[a:b], apx=0,
va do dé: apg € K.

* Chof €C,p € K,(a.b) e R? saochoa<hva VxeR-[ah), @(x)=0.
Khidétacsd Vxe R-[g;h), fxXpx)=0, vidods fp e K.
2) a) Cho(f, @ eC XK. Téntai(a, b) € R? saochoa <bva:
VYueR-[(ab], @u=0.
V6 mei x thuoe |, 4nh xa ¢ to FO@x — 1) lign tuc tren B, va triét titu bén ngodi

[x=b;x—a), dods (fap)(x) = Ef(t}p(x—r)dt t6n tai.

b @Cho(fl el xk, {a. b) e R? sao cho [a; &1 c6 chita gid cla @ va ek

—a+]

Ta cé: Ve[x-1; xp +1], (fag)(x) = on - JOp(x -t .

Vi &0 - fdex -9 litntye wen (5 - 1; xg +1] X [% — b —1; xp —a+ 1], nén
dinh Iy vé tfnh litn tuc dudi dfiu f (2312,1), Pinh 1§) chiing tb ing fuwe lién tyc
trén [xp ~1; xo + 1), vinhw théf 49 litntuc wen R, f4p < C.
' B Cho(p y)e K. Theos), pew € C. Tén1ai (0, b, c, ) € R* sao chor

a<b VA c¢<d

VueR—[a;b], eluy=0 .

YveR-[cd], w(v)=0
Nhar vy ta cé: _

VxeR, (p»p)x) =.fw(r)w(x—r)dt-

Do: VxeR —[a+c b+d], Vtelah], x—t g [e;d],
nén ta ¢é: VxeR -[a+c b+, (@« p)(x) =0,
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va do d6: exrl €K,
3) Cho (¢, w)e K% . Tacé:

| E(w-w){x)dx - J:[ f: w(t)y/(x—r}d_z]d.x
= _[:[ [:w(x~r)dx)¢(r}df =(E¢(t)dt][ E w(u)du),

trong d6 thyc chAt 1a tich phan nhimg ham lién tyc trén nhimg doan.

4) » Yo pek, VxeR, (yxp)x) = -[:w(r)qa(xvt)d:
- [:w(xau)qp(u)du = (P V).

N=x—-I

s Yoy, xek, VxeR, ((@r¥)+xp)0) = r ( _[:sv(u)w(r—u)du)x(x-r)dt

Jj:?’(“)[ EW(I —u)y(x- I)d!}!a v:_u Eq:(u)[ [:w(v);((x -n- v}dv}m

Ew(u){wtx)(x—u)dﬂ = (@x (w+ DHx).

fl

5) a) Bing phwong phép truy héi theo ne N |, hiy chimg minh ring & thuéc 16p C" trén
R, va ring tbn tai ( @,, P,)} € N*xR[X] sao cho, véi moi x thudc ]-1; 1], ta cé:
1

1-x* K

P(x)
(1- x2)%

Ap dung dinh 1y vé gii han clia dao ham tai —1 vA 1, ta suy ra ring @ thudc 16p C* trén
IR, v:

&(x) =

vrel, &%) =8% =0

-1
b) R ring 13, v6i moi a thude N, EO(nx)dx >0,dodé y, = [‘Eﬁ(nx)dx]

t6n tai vd >0,
Véi mei n thuge N¥, v moi x thudc IR, ta c6:

_E:%(r) ¢(x—r)dr-cp(x)| = I J: onlt) (Mx—r)—w(x))d'l

(@ « @ )(x)-@tx)| =

|
s[':p,,(:)|¢(x-:)-p<x)|a: = ﬁw,.(r)lwcx—r)-p(x)ld:.

Khi k§ hiéu [a; ) 12 mot doan ciia R, md bén ngodi doan d6 thi ¢ bing khong, dinh 1§ Heine
ching b ring ¢ lién tuc dutrén [a—1;5+1). Do @ bing khong trén J- oo; 4] va trén
[A; + o [, nén ta suy ra d& ding ring @ litn pc ddutren R .

Cho £ > 0. Tén tai 7 > 0 sao cho:

Yuve R, (lu-visp = lew-pm se)
Ky higu N=E{l) +1,vichone N*saochonz N.
7
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. 11 1
Khi dé ta cé: Yie [—ﬁ;—], |(x—r)—x| = lrls— sn,
nn n

1
vay: Yie I:——;l], |g)(x—r)—rp(x)| <eg
n'n

1
do dé6: |(¢¢p,, )(x)—(p{x]l < E[f P ()t =g

Ta k&t luan duge ring:
Ve>0, INel, Vre HVxeR, (2N = |(@x,)0)-p(x)] S &),

tic la: (Pn)pen DI tudbudén o tren R .

c¢) Cho ¢ €KX, [a;h] Limotdoan cla & ma ben ngodi doan d6 thi @ triét tigu,

neH*, F:. Rxjah] > R .
& P pg,x1)

oF *F

Vi F, —, .. a{ , - tdn tai va lién tyc, nén theo mot He qué ciia dinh ¥ dac ham dudi

L]

diu f (2.3.12,2), He qui), pxg, thudciép C* tren B
Mit khic (xem 2), b)), v6i moi 2 thuoe N*, pag, € K. Cudi cing (xem b}), (¢ *@,), hoi
tu déu den g, do 46 hoi ty dén @ twen (K . L)
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Chi dan va tra I5i
cac bai tap chuong 3

2p+t
311 Tacé: VpeH, M = iuﬂ + iuzm.
k=0 i=0 i=0
2p+l
Do déy [iuﬁ] hdi w va day [iuzﬁ_l] phan k¥, nén diy [ uk) phan kj.
i=0 )y i=0 k=0 Jpag

n
Suy ra ring diy [Z uk] phan ky, e la chudi Zuk phan kj.
k=0 Jpao : k20

3.1.2  Tabiét fing, v6i moi & thuge R - nZ, cdc diy (sin m)neN va (r,u:isna]miN phan
k¥ (xem Tap 1, bai t4p 3.1.10). V1 sin n n—g 0, nén chudi Zsinn phan k.

n
2
321 gmZrtl L 2
n“+n-1 m pn

¢ Tra l8i: Hoi t.

2—
b) ml+1n"‘2 L -iz
n n“+1 e 2n
4] Trd 181 Hoitu
1 1

o) ————— o~ =

n+(-1"n m™ n

4] Trd 13i: Phan k.

d) n*(inny Ve < gtna—alntan) o
"

& Trd 181 Hoitu

&) nip-iiimnn) _ Q2-in(nm)ine _,

oD

] Tra 13 Héim.
—enl ‘[HLM(L)] [——]—+a(—l--))lnn
Ao 1o n 2 a2 = l e p LNt

n

32
8-

4] Tra 18i: Phankj.
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11 1.1
et - =+—=lln
[ "52J=le[" nz)n

~
n o

O TrAKst Phanky.

1
gn -
n

n n

Jex0n

R} - \Esin[%+l) = - [coél+siniJ =-1-1 +o[—
H

- Zsin{z-l-l)
n 4 n =

0 Tra I8i:  Phan kj.
) Indehm) = 1n S22

~ M
o

0 Tral¥l: Phanky.
"2 n-n2 l
0 nz[ n J o h‘(l+n]=e2]nn—rx+o(n) Y

n+l1

O Tra 18i: Hoiw.

| : —n? ln[1+lj
) nz(m] = exp 2na-rtln| 1+— 22

Inr Inn

=exp[21nn—n2( ! +o( ! JD
rinn nlnn
0.

n n
=exp] 2InA———+ o} —- -
[ Inn (lnn)] oo

0 Trd 181: Hoitg

Ins Ina
m) (,H-S] -] (l] =nn2,
2n+1 2

O Tral3l: Phanky.

1
nny? 3+-
n) n? ﬂ'}_) =exp 2]nn—(lnn)21n 2l > 0
3n+1l 1+_3.‘ o
n

0 TrdI8i: Hoim.

n
o) nz[l——l—] =exp[21nn+nln(l—LD =exp(21nn——n~+o
Inn Inn Inn

¢ Ted 13i: Hoiw.
n
i 5 =exXp ((2 +nMnn -n? ln‘Z) - 0
2!! R

p) nt

~

no nlnn

n

(E

) 2o



¢ Trd I8i: Hoiw.
2

22" 2
q}n ;ﬁ=exp(21nn+n ln2-—2"lnn) ;:) 0.
0 Tra l&i: Hoity.
r) —n?'lnc:hl --z +O[l].
n 2
O Traldl: Hoiw.
-3
-3
s} n(sh 3J1nn] ~ n [%em] =8e]“”'3m — 4.
oo

o

O  Tralsi: Phanky.
nos= nz(J; +2/E)_J'_l < p2Vn o VR g

fr.-a

4] Tra loi: Hoitu.
1

u) ln(nzu”) = 2inn+ Vrln| ¥n [14-—2-]3-—1
n

¢ Tra I8i: Hoiw.
v) l(v”‘n-&l—%) ~ L
n

0 Tra 131: Heiw.

O Traldi: Hoim

S L) .

o 20

0 Tra 131: Phanky.
y} Sau khi thuc hign céc phép tinh véi cdc KTHH, ta cé:

. [u@:ﬂ]z

no 4 .36 n

O  Trhldk: Phanky.

1 —l] Inn lh{u—l] (-L—llnn]
z)(n+1)"—n"+=e" e” n _en+]n

¢ Tra lok: Hoiw.

= 2lnn+ J;ln Lz‘“’ L - —®w.
In f3 n2f3 noo

)
Lic Lz”[%] e E—f} 1
=eR |gn nt)_aom n ~ nn‘

Chidan vatra i 615
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a’}) Sau khi thyc hign cdc phép tinh véi cdc KTHH, ta o6:

Lol L 30 L
1 n+l ~ 5+E;+O[n—2] . 1Y _ 2"+0[n2]
1+-— =g vi |1+4——| = R
n _ rn+l
tir 46 suy ra; u, ~ ZE.
o M

0 Tra 18i:  Phan k.
1

2 inn
) n" -1~ —
me g

¢ Tra 1l Hoiw

'} [COSL]R =ex nln[l——-l—-i- i +0[LD
Jn P 2n 4nt At
11 (1
1 1 1 'E'Tz_n”[;]
= —— + ol — = .
exp[( 2n 124° O(nz]n :

1

trdésuyra: w, ~ —

o 12\/;:3 ’
O Tra I3k Hoim
&) Ina L

3
Pan-1 ™ 3
n

o Tra 1dl: Hoiwm
¢') Ta di bi€t (xem Tip 2. 823, 3) rhng Arccosx ~ 2J1-x, ¥ d6

x-»1*
n?+n+l 2
Arccos —————— rv =,

n+n+3 mo n

¢ Tra 131: Phanky.

2 _

) &xp["llnn +1]= P~ n?.
2 n

0 Trd l&i: Phanky.

g£') chinn ~ LA vilnchn ~ n
m 2 no

4] Tra idi: Phanky.
‘ . . J n-1 n+l
h'} Theo dinh 1§ 36 gia hitu han, ¥n tai ¢, € ]Eil; sa0 cho:
n_

2n+1
_ [n-l-l AN
2n+1 2"_1JJI—(.'3‘

Uy

1
tr 36 suy ra M, ~ ——=.
Y LI R\E
0 Tra I8l Phan k.
i*) Ta d3 bigt (xem Tap 2, 8.2.3, 3)), ring Arccosx ~ NN - , i d6 suy ra:

=l
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¢ Tra 18i:  Phan k.
F') Sirdung he thic Arccosx  ~ V2=« (xem Tap 2, 8.2.3, 3)), vh

x—l

Arctanu:-;{—-Arctanl v;&iu>0
u

(xem Tap 2, 7.9.3, Ménh d8). Ta duge; u, ~ -——

2
m an
¢ Tra t8l; Phan ki

2 " 2 n 1 2
K} n —Arctan(nz) = z’ln| = —-Arctan— ~  —— , Lir 40 suy ra:
4 2 2 7

T " o

nzun - 0.
il

0 Tra 1&i:  Hoi tu.

2
") ln[—z—AI‘Ctann +1—J ~ —i-.
n n no Tn

¢ Traldi: Phanki.

m'} Theo dinh Iy Taylor—Young: Arcsin [Lm] = % +h2+ o ).
h—»

V2
i » 1
Thay A bdi J-——n-———,td‘c 12 mét bidu thirc twong duong véi — , ta doc:
Y 2n+1 2 & cong an2
i.Arcsin i =1———1—+ol,
T 2n+1 an n
tir d6 (xem Tép 2, 8.2.3, 3)), ta cé: M, ~ —2— .
f L] an
¢ Ted 18i:  Phan k3,
n') nu, ~ m(Arclann—2Arctan—ﬂ) =3_.%_ ~ —l-i-
oo n 2n" —-2n“+2n-1 mo 2pn
¢ Tra lal;  Hoity.
0') Ky hitu a, = \,I'Arctan(n2 +1) va g, =\J|Arctan(n2) , 1a ob:
i, =25ina"_'8” cosa”+ﬁ",a"+ﬂ" z,
2 2 2 me Y2
3 Arctan—————
an_ﬂn = ar%_ﬂu = n4+n2+1 ~ 1
2 2a,+5,) e, + 8) no 2 2ant
\F
cos 3
tirdé suyra:  u, ~ .
i J2zat

0 Tra Igi:  Hoi .
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3
n! 2
p) 0= % < " g nlkhin o oinz4)

nn
0 TraMsi: Hoit
g) 0< () _ 1 2

@ny!  n+l n+2 " 2n

2 2

(n+1)(n+2) mo n?

Ta ciling 6 thé 4p dung quy tic d’Alembert.

4] Tra lol: Hoi w.

P} Vainz9, Jin-1 2 (n—B)“,tﬁdé suy ra:

"Ta ciing <6 thé dp dung quy tic d’ Alembert.

0  TrAlsi: Hoitw
©) rfuy = 2lnn+alinn-ntin2 _, ¢
ol
¢ Tra ¥6i: Hoity
T

2
f) 0s 2222
n+cosTx

0 Tra 19l: Heéit.

1

| S
u') 0= E smx2 dx SEsinxdx 4

1+ch®x

o Tra tal: Hoi .

X
I n
kb _II 2 L
3 zd.x:S."lz cos” xdx < .

2n?

Jt'dJu:"'L

2n?

v') Vi shy ~ x nénintai o >0 saocho

a0

Yrel[ld ], 0 < shx £2x,

tr d6 vdi moi a thude M sao chor > E[l] ,tach:
a

2
0< E( sh)2dx < _[(2;: Mg o 2

| L

5n2
o Tra 18l; Héi .
+1 +1
wyos [T UL L L L
= Jx* rx a1 -—x Ht — n+1 (2?1"'1)(""‘1)
Tri lol:  Hoi tu.
) f f"’ dx n N 1
o 2k Traw® T e m 270
Tralsl: Phanky.
" dr n 1
) Vdirn2 2,ta06:0 £ f s ~ .
) gy g me p2
0 Trd léi: Hoin.
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Trong cdc thidy tixz° ) dén e, cén chit § kiém tra lai tinh khd tich cia cde ham cdn xem xét.
dx dr dt 1
) = ! Gl = (@n-l 2n—1"
1+ x? J‘=l.r{x+\"+x2) ch™™ ¢
0 Tr& Idi: Phan ky.
1

a’} Voimgi n 2 2,hdm x > —————; khétich trén [0; + oo [, v2 bing phép dbi
2 .
x+yx®+1

bi¢n @ =ln(x+\}x2+lj ta duoc;

F(H x+) _EQ Wchqudgpzr qu;——

0 Tralal: Phanky.

1
__1 s | _a-l
b"} | e-,\-Ndx = L l -.frn dr > — £ —!rn dr > l -Ee—l‘dr = 1_3__.
=y n

0 Tra I18: Phan ky.
c”) Vi Bax-1 ~ x yménténtai 4 e ill:_ sao cho:
X4+

P

Vxe[A; +o, L-x-12 5

tir 46 v6i moi n thude N sao cho n 2 E(A) + 1 ta ¢6:

osrfxl -[:Q_dx__'

¢ Tra I&i Hoi ty.

“”f: F(";L':

x +x+l x +x+l)

I d.t ' ~27 1
i m? (x+1)2 = 2n=-1"
0 Tra loit: Phan ky. .

e") 0= Fc_“Mmem < Fm_”dx = Lz
n

¢ Trad i3 Hoéimw.

f7) Chone M- (0, 1}. Tén tai p € N* sao cheo: p—% < 02 < p+ %,tﬁdécé
|mr\/5—p:r! < -{Z{,do db: |sin{mr\/5)| = ‘sin{mrﬁ—prr)l z 2 |mr\5—p:r‘,
i

<ot 46 o6 1 1 2+ p Sn\/i+p

|sin(n:r\,?)[ s 2|n\/5—p_[ = 2|2n2_p2f 2

vi '2::2 —p2| e F*.
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1 Zm/_+— N

Nhurviy: 0 <

2(lnrx) |sm(mf)| 2n !nn) o (inn)z‘
¢ Trad I8k Hoitw.

L

< dr 1
) = — =—-1n3A
& z(hn)z P Z thk o -El+2x 2

0 Tra 15i:  Phan ky.
B} Chi § ring 1021 < 4 < 107 | e d c6 ll_n_ <on}s 1+ l]n;:) . 16ilai cé

véi n — oo (uic 1a: k& tir mot

LR
0 < (a{n))—a(") Y [IIHIT)J 10 WO \Ri0) ¢ -2
1]

hang nao 46).
o Tra 18i:  Hoitu.

3.2.2 a) Phuong phip thir nhat
Béing cch tinh KTHH(e), ta dugc:

2
ik snai - Vil van+b = 12_“ NELLLLLS +O(_1:?]'
n

8n
Phuitong phdp thit hai
Nl—_a nfua=l
= 2
Vilintl <l vansh = (=an+(-h) ~ZP dia=1 b e

Jn2+n+1+\/n2+an+b mo 2n
={ ntia=5b=1

0 Trd I8i: Hoitukhivachikhiia=h=1.

b} nu, =exp 2 > - 1.
lrm-l»:i(lnn) +a ] ™

) Trd isi:  Phan ky v6i moi a thude R.
c) e Neua20thi n" <1 — w.

e
e Néua< Othi n” ~1 ~ 2% lonn.
R
0 Tra 18k  Hoiwkhivachikhi:a <—1.
d) * Néue < Ithi o, —» 1,
[ilre]

*» Neua= 1thi u, - e
Ao -
*» Néuag > 1 thi »? un=exp(21nn—n“‘] +o(n"-1)) -> 0.

-3

0 Tra 18l:  Hoity khi va chikhiz ¢ > 1.
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#, ~ tany, ~ .
nowo ro 2%

Tra 18i:  Hoi t khi va chi khi: ¢ > 1.
tyy _ (InGer D)’ o
Fiy (n+ l)b oo

Trd 180 Hoite.

b
(n+)? — nb = p? [(Hi) -1] ~ bnt
n ma

Tra [8i:  Phan ky.
» Néua > 0tht

il

3§

3

¢ Néwe= 0thi u, = 1.

* Néua < Othi n® g, = xp(2Inn+elanininn} - 0.
noo

n

Trd 18i:  Hoi tu khi v chikhi: 2 <0,
® Néua < b thi 6 hang tdng quét khong x4c dinh.
¢ Néua = b thi ta gip tnridmg hop tAm thudmg.

* Néug > b thi: ln(nzu,,) =2nn + %/;In(\i'n+a-dn+b)

n

= 2lpn + %[—llmz+ln[a_b+o(lJJJ ~
2 2n n o

1
N ——y;lnn - —oo,
o 2 Ao

Tra J&i:  Hoi tu khi v chi khi: @ 2 b.
Trutmg hop a = b 12 tdm thudng; gia thita = b. Tacé:
1 |

(n“+1)“ = n[].,._l_)“ =n+ lnl"’ . o(n""), )
4 a

1 1
= 2lun + %ln Jn [1+£J2 —[1+£J2
n

n
o Néua>bhth u, ~ — Lal™
mo b
e Néua < b thi u, ~ 1ot
mo @
Tra 18i: Hoitgkhivichikhi: a =b hay 2<a<bh holic 2<b<a,
* Néua <3 thi: u, 2 i+i+...+—{!—- -l —]-
n? n? n® zna—l nte 2nu—‘2
aY I
¢ Néua >3 thii 0w, < [t+—} —l=exp|nln|1+——]]| -1
n? Ha-l

_ 1 1 L]
=eXp Ra—2 + o ‘-—-—na_z - ;:'u n“*l .

34GTTT3-GT3

521
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) Trd 161: HQitukhivhchikhi a>3.

L +1
I}  Bing céch sosinh ka v6i .['lnxdx v _[: Inx dx , ta duge In(nl) ~ alna, 1t
Fi
k_

(ln(n!)) 1
n oo gbe "(lnn)
¢ Trd 13 HoiwkhivAchikhi b—a>1 hay (h-a=1 vaa < -1).

L +o(n“_2)
m)  Hiy ching minh: H, =€ 2 .

s Néuag <2 thi u, = 1.
e

d6 suy ra:

L

s Néuag =2 u,,-—n:2
oo

e Néua >2 i nu, =exp[21nn—lna'2+o(u“'2)) - 0.
2 no

¢ Trd 18i: Hoitukhivhchikhi a> 2.
n)  Twong tunhu m).

¢ Tri 1l: Hoitmkhivachikhi a> 2.
o) Twong g nhy m).

¢ Trd 101 Hoitwkhivdchikhi a> 2.
P Arccos(thn) ~ sin(Amcos(tlm)) = Vl-th?n = A2,
ol chn ax

0 Traldi: Hoitkhivachikhi a> 0.

a
q) Arctan[nﬂ] LAY (Atc[an[l-}-—]_—] a2
n 4 m 4 24 o 2R

) b
tir 46 suy ra iy ~ (10—) —1-

X nh

:‘:lh

0 Tra 13l: Hoitukhivichikhi b> 1.

1Y 1Y
(l-l-— -11-=
n n
r) u, ~ tanu, = ~
o 1V 1Y o
14142 [1-=
n n

4] Trh 18} Hoitukhivachikhi a=0.

ala

me

s) Theo bai 14p 2.5.33, fv_ ~ lnx,ti.‘rdﬁcé u, ~ nlon.
t(t+1) :

0 Trd \0k: Hoimkhivachikhi a<-1.
1) o Néubh < 0 th u, = +®. '
i .

e N&ubh> 0 thi nzu,, — 0.
MO

o Neub =0 thi u, ~ n(lnn)’.
na;
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0 Trh 19i: Hoitukhivachikhi: h>0 hay (@<-1vA b=0).

u} Véin e N-[0, 1L, kfhidn: u, = H[Z-ei].
k=2

a

o Trudc h&t, hay khio sét tnrdmg hop mot trong céc nhan Hr 2—et bing khong;
trudng hgp nay tng véi trudmg hopa =kln2, k € M-{0, 1}

a
o Matkhdc, ton tai Ny € M- {0, 1} théamin: Vk e N, k2N = 2-¢k>0).
o Néuag = 0thl: Va2 w2l
s Gidthitta>0 Wi ln(2—e‘) =—x- x* +xi0 (xz),nen Wntai g e R:_ sao

cho: vxe [0 7l lln(2—e’]+x| <2x%.

Khi 46, néu ky hiéu N:Max[Nl,E[g]a-l],mlvdimqinthut)c N* saochon2 N tach: -
n

[ a [, a " az +col

—ek = —

w [T |- |l S8 52 2 (5] s2ed
k=N+1 k=N+1 £=1

k=N+1

[
wdssuyra  Inu, =- z 2 4 0 =-aln+0Q),
ko o
k=N+1
va cudli cbng ta duge: 4, = a9l
4] Tra loi: Hoiwkhivichikhi a > 1.

it
v) Vdine N kfhidbu: u, = if-l- =exp(-!—ln(n!)—p1nn].
n n

s Néup<l, viln{n!) ~ mnn, néntach: u, > +w@,
m = |
e Néup>2iido YneN®, 05 u, si‘rl_’s—l-—,nen Zu,, hoi tu.
r?  af! ~

H
. Néup=2.h5ychﬁnsminh(truyh6i):(VneN‘,u!z(ﬁ] ), v suy ra u, 2-!—.
e en

Yn!
n2 '
0 Ted M0l: Hoitkhivhchikhi p >2
, Gn)” 1
ne" o 29 m(l—a)n '
(n sha)’ 1
s ne” ;; 99 ,,l-ﬂc(l-ﬂ)" '

¢ Trh 13l: Hoitukhivachikhi a < 1.

e« Néulsp<2,thiu,z2

w) . u,
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n 3
x)  Bing mot phép so sdnh chudi-tich phan, hiy chimg minh: z&y L %nz .
k=1 ™
0 Traldl: Hoitskhivachikhi a > %
¥t Tuong ty nhu x).
0 Tra léi: Hoitwkhivichikhi a > 3.
3.23 a) Chiyring: Vnel, 05 v, < u,.
lp,

h) NéuwMlamotcantrencha (u,) ., thi: VreN, v, 2 z0.

rz0 1+ MZ

e © Tealdl: u = ni.

"
3.24 Vi u, > O,nen (u,) bichin:téntai M € R, ,saocho (VneN, 0su,<M).
He
Khi dé: YneN, 0gu’<Mu,

3.2.5 Ta nhic lai bat ding thie Hélder trong R” :

Z XXk

k=]

¥ (x1sn) Ot 3n) € R, (lekl ] {ilyk!"T-

k=1

1
Apdungcho x, = u:’, ¥ = 1, ta duge:

1 1

n l E:] P l -+t P l
r a? < q
Zﬂt 5 z Zﬂk nt .
k=l k=l k=1
3.26  V6i moin thudc N*, ta o6
n=1 a1
aglig - gty = Z(“k"k —Gpyitgy) > izl‘m ,
' k=0 £=0
S < oo
tir 46 suy ra: ;uk < 7
Hay 4p dung bd d&.

-
327 o L.t .1 (. 1+l}
=1 (n +1}a—l na-l n

I
R o—
N
P
T,
—
+
—
= |1
R
+
. o
——
B[ -
L —
S
|
B
= |R
[-E
—

do d6 Z— cing loai véi Z( ps ( +l)a 1]
n

nzt nzl
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n
1 1 1 .
. —_ | =1- — 5 1,dod6 hoi tu.
;[;‘a-! (k+1)a—lJ (n+1)a—l P Z[ —1 (H+1)ﬂ IJ

nzl

“ v U, v, u
3.28 ChorelM,saochon > N+1;tacé: L B L it = S .5

L | V-l Hp-2 Va2 Uy

IN*L  tir d6 bing cich nhin v& voi v€ ta duge:  u, < v, .
¥¥ YN

Bay gid hiy 4p dung dinh 1§ ham trdi.

3.29 Trude hétchd ¥ ring néu o < O thi (i,

6 Zu,, phan k.

)50 AN VA ¢6 chic 56 hang thude R’ , do

Bay gidr ta gid thiét a > 0.

Ky hieu # o+l , VA v&i moi n thudc N*, v, =

1
2 P

-8
n+1_(1+l) =;-£+a(l).
v, n R neo\n

a) K¢ hiéu 1(='gr';“'ﬁ,saochor.a.c(): l<p <y <a T6ntai N € N sao cho:

H

Ta cé:

Vae N, Zlgq Y glan
uy noovy,

Do Zlﬁ hoi t (i B> 1), nén bai tp 3.2.8 cho phép ta két lusn ring chudi Zu,, hoi 1.

nzl " n
Ciing I4p lndn nhu véi @),
3.2.10 WVéin =2, taky hieu: Vy = ! .
; nlnn

. ot ‘ -1
o mil oo __nln_ = [l-lﬂl] 1+ 1 'l-O[. ! ]
Vy {n+DIn(n+1) n nlnn nlon

1 1 1
= le—we——+o| —|.
n rlnn ninn

Nhu viy tdntai Ny & N - (0 1} sao cho:

Yn 2 Ny, —!‘-leu-lm !
v n 2nlan’

» Mit khdc thi theo gid thigt tdn tai Ny ¢ M- {0; 1} sao cho:
Vnz Ny, ety 1 1
U, n 2nlnn
s Ky hi¢u N =Max(N;, N,), ta duge:

Yn > N Msﬂ_

Y bin

Do Zﬁ phan k¥ (xem 3.2.3, Ménh dé 2), nén bai tap 3.2.8 cho phép ta két luan (bing
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phan dio) ring chudi Zu,, phan k.

n

3.211 ¢ Nfub-a =1, thi [VnEN u,,——J vadodo chudi > u, phin ky.
n
o Néub-a =1, thi Uny) _ GER b +o(lJ,nentacélhéépdgngquy
U, b+n n

thc Raabe vi Duhamel (bai tap 3.2.9), sau khi ¢4 tich rleng cdc nhan i < 0 ¢é thé cé trong cic
Hn .

O TrAl¥i: Hoimkhivichikhib-a >1.

Hnr) p * rr+l g_[rk IPI a \*
3.2.12 = (at+n}t-' n l+—n- .
u
i:=1

i’k“t
e Bay gits ta gid thit i:} =0.Khidé Zntl 4 sl +0(—12-]_
1} n n
k=l "

1) Né i’t"t < -1 (wong fng: > - 1), thi Zu,, héi t (twong tog: phan k) theo quy tic
L

k=1
Raabe vt Duhame] (bai tap 3.2.9).
2) Néu i’t"t =-1, thl Lnrl =l-l +O[L2) =1- l + o( L J,dodé Zu,,
= s, n n n alnn -
phan ky theo bai tap 3.2.10,
4] Tra 1&i; Zu,, hdi i khi va chi khi: i'}: <0 hoic ( irk =0 va i’k"k <-1).
L] k=1 k=1 k=1

3.213  Apdung quy tic d’Alembert (3.2.4, 3), Binh 1§).
Hpe) _ 2"1n3-3202

a) - 0.
i, o
0 Tra I¥): Hoit.
In 2 2
b) 0= (n % alnn sZ v Zf—- hoi ty theo quy tic d’ Alembert,
n! nl nl !

mzl
0 TraI3i: Hoitu.

c) u"—"l=(n+l)sin-l— -0,
u, 2n+l o

¢ Tead 13; Hoi .
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g (4 D{(pr-ntD.{pn-n+p-1} e-v
Uy {(pn+1)..(pn+p) neo P
¢ Trd l&: Hoitu

3.214 e« Gidsitl<], Khikfhi@u}.:% eiO:l[,llﬁthtgiNeN*saocho:

1
YnelN, (2N = ufsi1 = u, < A").

Do ZA" héi tu (ciip s6 nhan, 2 € 10; 11). nén dinh 1§ ham tri ching tb rangzu,, hoi tu.
n "

» Ciing l4p luan twong tr nhy tudng hop [ > 1.
1

) a+l1 Y n n+l 1
Thidy: a) = - - <l
2n+5 2n+5 mo 2

1
inn Y, 2
b} [ d ] =exp[M—lnlnn] - 0<1.
{Inn)" 7 no

¢ Trd lai:  Ci hai chudi hoi ty.

3218 a) XemTapl,C311L

b} Trudc hétchi § ring véi moi n thude N¥, tacé: @,y € { a,, @, +1) vAcéc thp hep
A={nelN¥ a, =a,] v&a B={reN% ay=a,+l|

déu vo han.

Yre A, Intl _ 4

1) .
VneB, Zotlapetl
L] "“

do 46 [ﬂlﬂ) khong o6 gi6i han, c& hitu han cling nhir v& han.

#n Jn2l
Quy thc d’ Alembert khong dp dung duge.

1 1%, ay (e +1}
2) ul=a "h 2 - a,vi @, ~ lnn. Quy thc Cauchy dp dyng duoc. Ta ket

o a0

{uan ring chudi Zu,, hoi w.
n

n
3.2146 K¢hitn S, = Zuk , tacé: YneN*, §5;,< [l +-!-) s,
n
k=1
tir 6 béng 12p lugn truy héi theo p ta duge:

i 1
Vn e N*V¥p e %, San £ (14--’;) (1+E) [1+ 2””5:) Sp -

-1
Néiréng: VpeI¥*, szP < vpuy, trong détaky hitu v, = h[l+—) .
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p—1 —IT 14—;4—,.,+—-!—I
Do (vxeR, 1+x < e*),nentacé: Vpe ¥, vp < Hez = e P2,
k=0
K#t qud trén chimg to: Vp e N*, SzP < e? .
Do (S,.,)M21 ting. néntaseyra: Yre Fl*, §, < e? t .
Bay gids thi b6 dé (3.2.1) cho phép ta két lun.
LR ndanzl
3247 0 TRAISE a,={Jupy i, T,
1 néun=0
b, = \/a;-,f‘un_l néunx1 )
iy néup =0
3.2.18 Hiy ching minh:  Vn e N¥, nzu,m = (#:-n+ Ny, .
-1 2
Nhu vay ta cé: YreH- (01}, Inu, = [Z]nk—g——ﬂ-} +Inw .
k
k=
K -k+1 1 K -k+1
Do In——— ~ - — nén chudi Zln—~ » v0i céc s6 hang < 0, phan k¥, do dé
B ko Kk ye=y £ :

n

2
ta co: ZI k k+1 —> - @, vl cudi ciing 13 u, —>0

3.219 1} Giithigt! = lim inf nu,, > 0.
nao

Khi d6 tén tai Ne ¥ sao che: V>N, Inf pu, i
pzn 2

vi ndi ritng ta cb: Vn> N, unzg—‘
n

Do z— phan k¥, nén ta suy ra ring Zu phin Ky,
nzl
Nhu vay: llm infau, <0,
R

2) Apdung [) cho day (-u,), dé thu duge limsupau, > 0.
e

3.2.20 a)a) Cho &> 0 o8 dinh. Tén tai N € i¥* sao cho:

i
Vip.q) e (N*)z. M<2p<g = Zuksi :
. k=p+1 2

n
b3 Z y = (n-NDu,,

k=N1 +1

Cho n e N*saochon > N|:nhi the ta c6:

r ™



¢

Chi dan va tra l5i 5

tir dé suy ra: 0< ny, < §+ N, .
V1 4, - O nénn tai Ny & N* sao cho: ¥n > Ny, Nl“nsg'
o
thi@uN=Max{Nl,N2),taduqc Yo >N, 0<m, <¢ vadods nu, — 0,

g
B e Vi nu, - 0,nentén wiMe R, saoche: Vne N*, nu < M.
R

Nhir viy ta c6; VreM* 0= nu:‘: =Mu,.
. T U, .
I—mt,, RO
¢ TraI8i: Cécchudi Y ru? va “r _ hoi 1.
2 3 woi
L} n

-—13— néu 6n tai p € N*sao cho n = p?
b} 1) Xétchubi 3w, xécdinhbd: u, = { nd

L

" LI, tréi lai
n2

Chiing minh ring Zu,, hoi 1y va Zmﬁ phan ky.
m n

n4+

5
2) Xétchudi 'u, xécdinh bdi: 4, = | 7

" —12- néy tréi lai
n

Chitng minh ring Zu,, hoi oy va Z " ohan k3.
N "

néu t6n tai p € N * sao cho n = p?

#H
}.-.—Rl{n

3.2.21 Néu (u, )uzl khong phéi 12 ddy khong, thi tn tai k € N* sac cho g >0, va véi

mei n thude N* sao cho n = £ ta c6: v, —l--%,u}désuyratﬁﬂaphank?cﬁachuéi Zv,‘.
n . .
4 . nxl
0 Trawsi: Zv,, hoi ty khi va chikhi: Vn & N¥, 1, =0,

n

3.2.22  « Vif lien tyc trén tap compac [(x, y) € R?; x2+y251},nen¢6nquem+

sa0 cho: Yix, y) e ]Rz.(xz-i»yzsl = !ﬂx.)fﬂsM).
Khi dé ta c6:

Ve R0 [fieyl = ey |2 _ SMx2 52,
. N et |
Honnlfata 6 0, 0)=0, vidods:  Vix,ype RE, |fn, Nsmxey?.
e Do Zxﬁ Vi Zy,% hoi tu, nén ZMz(x§+ y,‘f) hoi ty, v do d6 (dinh I ham troi)
n n n
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chudi 3 (Fix ) Wi,

o

3.223 Chog »0c6dinh. Vi Zu" héi tu, nén t6n tai N e N sao cho Z U S&

] =N+l

il H Ei 1 n 1
Khidétacovoimoinz N: g2 Z w2 Z u = Z ;RH" = nu, Z e

=N+l k=N+1 k=N+1 k=N+l
Ta bi¢t rAng véi N cd dinh thl: LI Inn.
Pt L
11

Vayténtai Ny e Nsaocho Ny 2 Nva  VYa> N, Z—z —Inn.

k=N+1
Khidétacé Yn> Ny, 2&2 nu,Inn, ching dring: sy, lnn — 0.
e

n
3.2.24  V6i moin thuoc N*, taky hieu: §, = ZHP . Véi moi n > ng 1a ¢6;
p=1
Snk- Swp = Z ZZ“‘*H 2 Zb‘(nl)kz Z i+1 = Sp- Spy
p=ngk+l i=ng je=i i=ng
Néo Zu,,_ hi tu, thi khi d6 (S,)  c6 giéi han htu han S, lirdésuyraS- Spk 2585, . do

n

46 Sk - Sny S0

Nhung mat khéc thi: S, -5, = f up >0, mau thuin.
p=nytl

3.2.25 V6i moi n thuge N*, cic s6 nguyén 1), ..., fin) d5i mot khéc nhau, tt d6 suy ra:

1 n! 1
(n+1)!l;!ﬂ” 2 (n+1)!  m+l’

3.228 ga) Anhxa f: [1+m[—> R ting nghitm ngit, litn we, A1) =1, hmf-+uo

- x-lnx

b) x, = ) - +©,v8yn=x,-Inx, ~ x,.
Lad e
9 TrA Idi: Hoimukhivichikhia <-1.

3.2.27 « Ching minh ring (u,,)nw gidm, bi chin dudi béi 0, do 46 hoi ty, vi chimg minh
gidi han { ciia diy d6 thdamin (1+/)° =143/, 1xd6suy raf=0,
o K§hitu U, = -, tacé:

7]

Uy = “n_3h+3“n +1 un—(1+u,,—u£ +o(u2,,))+1
rtl” Y = =

tptn M, (4, + o{a, ) oo




Chi din va tra 19

Theo b8 dé ham bac thang, hojc theo dinh 1j Césaro (xem tap 1, C 3.1), ta suy ra ring

Uy, ~nvadods u, ~ l
e

e n

0 Tra I6l: Hoimkhivichikhia > L.

3.228 Tack (Vnel, fu| < 1), dod6 u, — O, rdilaic6:
n f o]

COSH, i
Lot

Hpgyp =
wo 1

¢ Trd 1&61:  Hoi w khi va chi khi @ > 1.

i, , nén ta suy ra

=

3229 1) Githit ) u, hOity. VI Ve N¥, vy (Ve -v,) =
n

ring Zv,,+1(v,,+| —V¥,) hoi . Honnffa, (Yre WN*, v, 2 v,20), vay Zv,,(v,,+l —Vy)
n

L

ciing hoi tu. Sau d6, bing cich cong timg V&, ta thiy z(v§+1 -v2yhoi t, (v,%] hoi t,
- H
(v")n hoi ty.
2) Dio lai, ta gid thiét (v,,) hoi tu. Khi d6 day (vﬁ] hoi ty, vay chusi Y (v2,; - v2) hoi
n H "
W Do (VneN* v, 1(v,1-v)= v,%_,,l —v,z, ), nén chudi Zv,,“(vﬂl -V, hoi w, va

n

" cudi cing th Zu,, hoi t.
”n

3230 a) Khiositénhxa f: )51 > l]R .

3
xHth
¢
X

Lt 1 < lo “ .
Do ITdt > Ed.' = -Inx, nén tr 46 suy ta

x x +o0 — R
lim f=+u0. f "
o+ T
Nhur vay, f thrc hién mot song 4nh tir J0; 1) : 0
1én{0; + o f.

b) u, = f”(n) - 0.
fooa

lc' ldt ]e’—l 'e‘—l e -1
€) v, = I—dr- I—= I & - I dr,virdingdnhxa ¢t — khi
t t t oo t !
Hy Uy ' 4]

tich trén 10; 1].

O Tk v, » [&lar

" !
0

531
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]

!
d) V6iky hieu A= Ie :

dt ,tasuy tirc)rardng: 4, ~ e,
i l=]

0
O Tra: Zu,, ho tu.
n X -0 0 +00
3.231 4) » Khio sit sy bien thien £ ) + +
cila 4nh xa
FiR*¥ 5 R . £0) I 0 -~ +00
L e -1 —K ]
A s In X ;
Ta ¢6 thé théc trién lign tyc f tai O biing
cdch dat f(0) =0. X —x o oo
» Khao st sy bien thién cla
4 =f' Id]R - T
Nbu viy, néu (), hoitg, thh (k,)}  &00) 0
. . " ‘“““
héi tu den 0.

* Néu » >0 (wong tmg: < 0), thi _
(%) gidm (twomg vig: tang), bi chan dudi {trong img: chan trén) bési 0, do dé hoi ny.
0 Tra 8l a, - 0.

oo
h) Tacd:

VneN* e =14+ u, ™, trd6suyra: e =1 + € =1+ u) (14 a3 € )= .
vi do dé, biing 1ap luan truy héi, ta dugc:

R n+]
u,
Vn e I*, Z”l---“k = el.1. I Iuk et

k=1 k=1
n+l
Cudi ching th an = 0ving —0
L "l
k=1
+00 1
0 Tralal; Z Huk =el-1.
a=1\ k=l

n
=1

’ L.
3232 Kyhitw 4o =1, 4, = JTa-u) winz1, s, D A, vinz L.
k=1 7

Taching minh truy héiring: Vne N*, §, =1- A,.
g Sl =y = 1- ‘41
* Neus§, =1-4,,th: S, =S5, +u4,=1-(- lpyg) Ap= 1= Ay

Ta suy ra: Vnel*, § =<1.
n-1
Theo b6 dé, ta ket luan ring chuédi Z u,,H{l —uy) | hoi .
n22 k=]

Cudi ciing: Vnz2, 0% uA, < wA,_;
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dinh 1 ham trdi cho phép ta ket luan ring chudi Z[u,,]_[u - uk)] hoi ty.
nzl k=1

3.233 Céctoadd x, (n € N¥)cha cde didm cyc tri dia phuong ciia f duoc xéc dinh béi:
® b3 ‘
—-E—I-mr< X, <—+nm
2x, —tanx, =0

“tan? X, 4x2

Khidétacs: sin? X, = tit 46 suy ra:

n
t+tan’x, 1+4x2’

Ax)= 4xn2
1+ 4x;

1 1
K 1o .i".':.'.“

32

¢ Tra léi:  Phan ky.

3.2.34  Véi moi k thuoe M, ta ky hieu E;= (n e N% 3*<a<3¥*1 1) day 1 tap hop
cdc s6 nguyén # > 1 ma céch viét trong hé co 56 3 ¢6 chira ding £ + 1 chi s6.
Véikellviie {0, .., k), tp hop cdo n thuoe £, sao cho a(n) =i c6 bin s6 12 [:,‘;2’”'_‘- .

Tit 46 suy ra, v&i moi k thude I4:
3k+1_]

¥k
z Lam _ quizkn—i - 2(x+2)k ,

=3 =0
242 I g(xe2)
(3k+l)3 “=3k HS - (3&)3

&
Cussi ciing ta théy chudi nhan Z("3—*;2) hoi ty khi va chi khi "-*53 <1.
3
k

sau dé 14

0 Tralai: Zx

axl
3.235 VéineWN,takyhidu: v, =In(1+ u, ). Nl th ta c6:

atm)
5~ hoi ty khi v chi khix <25.
n

n

\ v
Yrell, v, = 2—’;_
k=0
n—lv v N i
i : = —k B = S = —_—
Khi d6: Yazl, vy = ?20:2;; + 2" Vpt+ by (l+ 2") Vpa
. 1
trdésuyra: Vazl, v, =y I I[].,.E}.]

Véik§hicu  w, =Inv,, ta duge:

"
Yazl, wpy =inv + Zln[Hﬁ).
j=1

533



834 Chuong3 Chudi

1 1 1 . . : 1 .
Do l.l'l(li-;;-} ;:o 52 0, v vi EJ ET hi tu, nén chudi E ll'{l+?) hoi tu, do 46
J
i
diy (w,)_ 6 gidihanhim han/, saud6cé v, — e, u, > € - 1.
[ e

3.2.36  V6imeoi N thudc N - {0, 1), ta c6:

iy Y & on+l)—an)
Up 2 Z(“ﬂﬂ)"“atn>+l+---+“cr<n+1)—1) LT otarny
p=l n=] n=1
Chiing ta phan biét hai trudmg hop.
1) Newp--2@ -5 0, khi dé chudi -2 J han k.
) olntl) m 1 nzal oD P 4
2) New1-—Z9 o knigs:
o(n+l) m
0<1--20_ _ ufi-(1o_e® )] L otD
o{n+l) mo or+1) a(n)

Vi In o(n) — + o, nén chubi ZmM phan k¥, do d6 (dinh 1§ ham trong duong),
o n22 olm)

. ain)
chudi 2(1 - m} phin ky.

Nhu the chiing ta d& ching minh ring chudi Z[l——‘(’(—:’l)] , v6n 6 céc 56 hang > 0, phan
on

N-1 O’(R) oi{N)
ky, do 46 E[l—m] 2 ten iup >+, cudi clng thi chudi ) u, phan
k3.
3.2.37 1) Gikst ) R, boity. Tacé:
[
N N-1 +m
VNEN, Y my, s >R, S Ry,
n=0 nal) n=(

do d6 (b8 d6), ) ru, 1y,

p=l "

2) Dio lai, gid thist Znu,, hoi .
n

N N o
Ta c6: YN eN, ZR,, =D nuy + (N+1) >
nol}

=1 n=N+1
S0

N +a
s e $ o e S
) "

=N +1 =l
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do 46 (bd d8), ZR,, hoi tu.

n
3) Trong trutmg hop chudi hoi w, ta cb:

Ao +a0

> i, SR, theo 1)
n=0 =0

40 +a0

SRS nu, theo)
n=0 =0

3.2.38 Véi moi n thude IV, ta cb:
] K+l

» :j‘f"(r)[r—ﬁw—%]z -1 Z jf’(r)(r k——]

V&i moi & thudc 1, hai 14n tich phan timg phéin s& cho
k+1 k+1

If"(f)[r k-%] =2 (£k+D-F'E) - S (D) + I
k

Tir 46, v&i moi » thudce i, ta c6:

) L] . 1 2 1 n-1 . . 1 n-1 "
5 !f ("[“E“"EJ 4= Z.;(f (E+D-f®) - 5 ;(f(k+l)+f(k)) + |5[f

WP | R ’
=2 (F()-F@) + 5 (F)+ fO) éﬂm Jf.

2
b) K¢ hitu: I(a) = "(::;D[ E(r)-%] dt

vidpdunge)chodnhxa f: ¢t (t+1)"a.taduqc:

=1 1(1,), .1 1
e, S (o Ea) o (ot e
Ly B\ » 2 \n* a-t (a-Dan

. l fa(a+1)l a(a+1) 71
Tacs: VNeN*, 0 I(@) $ ~ 3 [ s Lm 2.
Tir d6 chuyén qua gidi han khi n dén dén v ciing, ta duge:

1 1 1 1 a

—+—-3 St —t 2,

itz S @S Tty
3.3.1 Apdung Nhan xét.

a) Liy a, =E(¢")+1, B, =g(e™)-1.

X inw T one
4 4

b) Ly o, =E{e° +1, B, =B|¢° -L
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1 1 1

33.2 —1”(tan——sin ~—_—
% ‘( N U:L 2072

0 Tra 13i;  Hoi tu tuyet d8i, do d6 hoi ty.

v -

0 Tra 18i:  Hoi tu tuyét d6i, do d6 hoi .

-n
= (i—l] <2" vbin > .
Inn

1
F [sin ;rnz[l+—l—)2 =

n

T

o 2n?

sin(ﬁﬁ)

. 2 T 1
sin| orn +—'-E+0 —
2n n

¢ Tra l8i:  Héi ty tuyet d6i, do d6 hoi .

Y)Y BlY' b
d) n? (lh[a+—)] = n? [th a+—] = exp [2lnn+nlmha+—U — 0,
n n nl)
N h
vi Inthla+— — lnlhia1<0.
n R

¢ Tra idi;  Hoi ty tuyet d8i, do do hoi t.

¢} Phuong phép thi 1

nir+1) H +1 H
u, = f sinx __ 4. = E sinfln ) dy
y=¢'

oA ;x3+x+l y;}(lny)3+lny+l

tir d6 suy ra:

1
\u,,|s£'+ dyss 13, va z lahoiu;.

Hny):  alnn)? - "2 pinm)?
Phwong phip thi 2 _
i ﬂ'““f” sinx dx f‘("*l) sin x dr L‘“’ sinx dr
= - | .
1 Tk Jx3+_x+1 \_Ix3+x+1 e oD 5x3+x+1
vidnhxax snz kha tich trén [0; + oo [
+x+1

o Tra loi: Hoi .

333 Wi zuﬂ hoi t va Z|u,,| phanky, vado (Vn e I, 1} = = ( u, + ju,| ) nen
- )

ta |-

i
ta két luan: Zu,’: phin k3. Tuong b, Zu; phan k.
n n
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3.3.4 Véimoin e I, taky hiéu:
x;=Re(z,),y,=Im(z,).

. X 2h)
Nhu thé ta cé: Vn e I, :
[Yn] € x, tana
Chuéi Zx,, héi tu (vi Zz,, héi tu), do dé Z|y,,| héi
n n n

tu. Sau nifa, vi:

VneN, ||=2+y} < x,+ [yl

nén ta két luan ring le,,l hoi tu.

n

|n+1 n |

lne2y ™ . (n+2)?|

LR, < Jug|+
m+22' " (a2 T a2

335 e Vnell, |u,,+!]=

=

tir 46 bing céch ldy tdng ta dwoc:  Vn e IT*, |itn] < |ug| + zlz <M,

k=1
o 1
trong d6 M = IuUI-l- v
1’=lk
n+l n n+1 n M+1
e VneN, [tns1] < <[] 3 =M+ 3 5
(n+2) (n+2) (n+2) (n+2) n

¢ Tra 18i:  Hoi tu tuyét d6i, do dé hoi tu.

3.3.6 e Hay ching minh ring tén tai C € R’, sao cho:

2
Vx e ]—-l-;«n[, ]n(l-l-x)—[x—x—Ji s .
2 2

- (G i 1 o S c
¢ Khidétacé: VkeN-(0;1}), [In 1+T - T—E S?I_Z'

k-1 k-1
Ta suy ra ring chudi é[ln[l-b {_3E ]_[(“\lf)}; _EIT]] hoi ty tuyét déi, do dé hoi tu,

k-1
Véin € N -{0; 1}, néu ky hiéu u, -Zln[l+{ e J z(—) Z— thi

k=2
WntaiL € Rsaocho: u, (v +w,) > L
noo

+a0
e Chubi Zvﬂ ban héi ty; ta ky hiéu: V = Zv,, :
nzl n=2

35-GTTT3-GT3
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n

Mit khdc (xem 3.3.7, 2), Thi du), tacé: w, = Z— ( l1+lnn+y+ o0 (1))
1 1-y
Tir day ta suy ra: u, = —Elnn+T+L+V'+ o(1),
(_ }k -1 a
va do dé: —_
M[ JE ) mo Jn
-1"—'."(+f..+';‘r

trongddéa=e

3.3.7 V6imoik e 1, taky hi¢u:
Sp ={nelN* k< |a,| <k+1}.

Véi k e IN* c6 dinh, cdc diatrdon {z € C
lz-a,| < %} timg doi mot ndm ngoai

nhau, vd déu bao ham trong hinh vanh
khan:

1 1
[z e C k-ES|z|$k+E}‘

Chuyén qua cdc dién tich, ta dugc:

z 2
Vkell*, %Cmd(sk)s.vr[[k+%) —[k—%) }:21:(2“1),

tir d6 suy ra:
Vk e I*, Card(S;) < 8(2k+1),
va do dé:
8(2k +1)
2 3
nesk k
Mit khéc ta dé dang théy réng: Card( Sy ) <9.

K&t qua niy chimg to ring chudi Z 2 % hoi tu.
kzﬁ_ nesy ap
Véimoi N € I¥¥, t6n tai K e IV sao cho:
Vne(l,..,N), l|a,| <K,
va bay giti ta ¢
S X 1 = 1
Z*F < B of 3 ZLZ )

n=1 ‘an k=0\ neS; k=0\ neS; laﬂl



Chi dan va tra |di

chimg (& ring z% hoi ty.

n211%

338 1) If,,ll = 21” , do dé chudi Zufﬂlll hoi m. ¥

3
2) Gia thi€t Z f, hoi w trong (E, |- |,). v ky higu:
' nl
= £
3
5= fu-
n=1 4
V&l mbir € 14*, k¢ hien §, = ka .Chox € |0: 1[;
=1
n fz
1
ln{—} |
xét:  N=EBE|—ZL1 42 vicla <x.
n2 gh-1 1 V

V& mdi r thude '™ théa man r 2 N, ta ed:

{ 1 l fi
158, = I|s-s,,|z j[s-s,,[: IIS—SNL
0 X X . .
1 o011 1 1 x
Do "S—S‘,,Il ——— O,néntasuyra IIS—SN] =0, do BR 2

X

dé:

Vielu 1), S0 = Sy (), vindiritng Sx) = Sy (x).
Nhung khi 46, vdi moi & thudc F1*, khi 4p dung ket qud tren day cho x = %-[-2!;--#-2-&—1_—1—}, A
duge $(x) = &, vi ket qui ndy ching 5 ring S khong bi chin trong 1an c4n 0, mau thuldn véi gid
thi€t § £,
Cuéi ciing thi Z £, khong hoi ty trong E.

” B

1+— :
3.3.9 a) Déchingtdring n_[ ”) * gidm, hay khio s4t sy bigh thien cla

neN*
o[+ > R . Khid6tacé thé 4p dung Didbedd.

X = | 1+~ |Inx
x
O Tra I8i: Hoit.
1

1+n"
n

b} o Neuagz0Othi |u| =

1
S_Z'
n

= Ne&u a <0, hiy khdo st su bién thién cia f: [1;+cao[ - R d€ 4p dung Didbedd.

Y - —[I+x“']lnx

539
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¢ Tra 18i:  Hoi tu véi moi g thuoc I

¢} Tact thé &p dung Pldbedd W1 (fu,|) . gidm va |un|—>0(d01+—2—+ LI

[ ]

4] Trd 181 Hoi .

"
d) e lu,| = ! 1. Jon -1,
In(n!) = k me nlnn n aw
[Z ]ln(n+1]——zlnk
bt I“nl - |un+1| = M=l

In(aN)In{(n+1)!)

n n
1
Do E— ~ Inn va Elnk ~ nlnn, nénta suy ra ju | -lu ~
Pk i sy e il ~Jr roo (nlrm)2 n

chimmg t6 ring (s, Dnaz gidm ké tir mot hang nae do.
Nt the ta c6 thé &p dung Didbedd,

¢ Trd 18I Hoi .

e) Vainel™ kfhidu u, = Wy = Uy - V.

(—1)" (-1)"

Jl+¢ L e Mdr ’
1+J_

1) Khdo st zv,,

Ia
Tacs: Vnell*, v, = (~1)" _[' Vide = %i-l-)— va do d6 Zv h¢1tu(lheoDldbcdd)

2
n
vai moi a thude R:_ .

2) Khdosit ) w,

| o
Tacé: ¥n e 4, tf,, =. ﬁ%—

1 1 1 1
Vi: Ynel-[0,1},Vee [——;—]. -5 22,
. n n” 27 143
, ~12 -3
nénlasuyra: Veell-{0,1], i s w, S-—-—-ﬁ;—,
1in 6 1n &

chﬁmgtbrang zw 1oi ty khi v chi khi 1-6- >1.

0 Trh I Hoito khivachikhi a > %.
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3.3.10  » V&imoi N thudc [1* ta cé:

N2 N N w2 N 2
_ ! -1 _ 1 (=" =B°
2= Y Sr=yL.yd Dl
"= =l 1<nsh? n=1 n=l1 n=l
A khong chinh phuoog
N2

Zuk n—: S, trong 46

. i -1y 1"

Vi ba chudi ;ﬂ—z, ;—n'—' ; =
+00 +0 A B
S= Zliz + ZL;_J ] Z_:.(n? .

=1 " n=1

* Vi moi M thubc IN* dn tai ¥ € H* saocho NZ<M < (N+l)2 -1, vita cé:

M N2 M
SoSus S
=1 a=1 n=N2+1
y .
Nhung Z u, Z M-—bm 0 theo Diéu kién cdn va di Cauchy dé mot chud
#=NZ 4| n=b? el ”

n
hoi ty dp dung cho chudi Z D .
H

» Durdi day ta s€ thiy (baj tap 3.3.23, hay Tap 4, 6.4), ring

Z__ 2 aNey 2
1 12"

=l n=i

va (Tap 4, 5.5.3, 4)) ring Z( b
n=l1
3.3.11  Véimoi N thude ¥ ta o6:

Z“kuk = Z(Uk ~Up Yy = Z(Uk ~Up1 (Vg l'“‘k))

k=1 k=1
Z(Uk Uk l"(Uk "“k)“k) U UU ZH*U* + ZR‘; '
k=1 Exl k]
1ir d6 suy ra: ¥nelil*, 22“&”!: U+ Zak
k=0

Diy (U)o h0i tg, vi chubi Zu,, hdi ta theo Dldbcdd.

n

biéu d6 ching t6 ring chubi Zu U, hoi tu khi va chi khi Za héi ty, v trong trudmg

“+a0 +0
hophdity hitacs: 2 u,U, = Z + ug
n=l

n=1 =0
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Chéing han, khi ép dung ket qui trén day cho day x4c dinh bdi a, = —~'+—l- , la dugc:
n

+o0 nf N k 2
(-1 (VA N ] 2 27
ST - fler )

(xem bai tdp 3.3.23 vh Tap 4, 5.5.3, 4)).

U el
3312 @) JH+(_1)H = 7 +O{ 3”]

o Tra 1&i:  Hoiw.

D" D" 1 1

b = =0 —].
) 3 [ RS
n3 4(=1)"n3 n3 n3

0 Trd ISkt Phanky.

(=1)" -H" ) 1
R B e b
adend (-1 a3 3

0 Tra isl: Hoiw,

P ) o\ A

A+(-1)'Jrn+1 n % '

o Tra 18i:  Hoiw.
¢} Phuong phap thit 1:

) (Va¥i-n ) 1)" +0

Phuong phép thir 2:

1
1y -n) = (=1 VA &p dung Dldbcdd.
D" (Vn+1 Jn) = (=1y = c6 thé &p dung Dldbc
0 T Hoiw. . 3

§/! ln(n+\in2+1) =lnn+1n2 + +O[_]'i'-]‘

\n
2
(—l)“ln(n+\q‘n +1) ~ ~1inn (—l)”]n2 +0

1

tir 46 cé: = —_

vR+2 Jn+2 Jn+2 %
n

¢ Tra 1&l: Hoiw.
g (—1)"Arcsm[ ‘”'] ‘—“lﬂw[—!ﬁ}
43 n n?

O  TrAWE: Hoiw.



GO e ol

COs— = ol—=1.
J; n "ﬂ %
]

k)

0  Tralsl: Hoiw.
i - l)ﬂd;sm% =.:l O[lnn].

n n?

0 Tra loi: Hoiw.
|
(—I)HJ;smU: = i, N
Jn (=10 7 % .
n

¢ Tra l8i:  Phanky.

i)

[l VA )| 1
k) 73 +0 st
cosn+n? 4 n?

O Trhwdh Hoitm

i n
b e ) e +0[m—z”].

n
"
n(nﬂ) =32 +o[‘§z").
-n+1 n "

0  Trd m. Hoi tu.

) L_..l_)”— = .(;11_'_ o[}n_;.] )
n-lnn n n
0 Tra il Hoiw.
n
* = 1 e + ¥, , rong 46 v, 2
(ln n+ (—I)N) (ln n) (ln n)
O  Trhlai: Phanky.
) (‘1)"% = {—l)n . (_l)n +O(l]£}.

m) {(-1)"In

Inn Inn n
0 Trd 109i:  Hoity

— " _
{ 1) =( 1) +vn,lrongd6v ~ _h‘llnn

Inn+(-1*Ininn  Inn (ln n) .

0 Trd wi‘ Phan k)‘!

J_ Inr+(-1)" f Inn n(lnn}z
o Tré IBI. H¢1 m_

Chi din va trd 16i 543



544 Chuwng3 cChudi

al(,, 1Y o] = 1
0 co(1d)"~ -2 ofd).
Y Trd I3 Hoiw.

n 1y 1) 1
o () ] - of4)

¢ Trd |&i:  Hoi .

w (-1)" r(n+ 1)"%‘ -n%] - o[(f";—"ﬂ.

¢ Trd 1&i:  Hoi w.
2
v) 1n(1+(~1)"ll’3] = Einn +o[(l“;’) ]
n

n n

0 Tra 13l  Hoity

w) r.:cus[ﬁ'n":t2 ln—-"—] = (—1)’”’1—”— +0 —1—)
n—1 3!’! nz

¢ Tra 13i:  Hoin.

x) sin(Zm,!nz ¥ (-—l)") = (__.I&{ + 0(_1?]
n

n

¢ Trd I8i:  Hoim.

» sin[(m—n"s/;)"] = %1:_ . %4-0 =)
2

O TS Phanky.

ot 0 oy, 1
z) lr{1+—n;— = a s trong dé v,,;; - e

O TrAldk:  Hoiw khiva chikhiq > %

n+(-)"Vn+a a-b (1]

= +0| =1
a+(~0"fn+b n n?

¢ Trd 181:  Hoi tu khi vA chi khia = p,

. (=n” -y 1

B} =ty trongdé v, ~ - 5

[} ] = —_—
Jn+ (1) 3 -5

a') In

O TrA8i:  Hoi ru khiva chikhig> ‘§‘

¢') Véimoin thudc F*, x kha tich 1rén [n; + cof, va:
xx+1)

+a

!x(:‘jl) Ilnxdx -[x (x+1)




L
ant’

Mt phép tich phan dimg phén cho ta J.-l—r-]-idx L + .1-
n n
T | Inn
Mitkbic thi; O < I FoX _dx I“" L
x“(x+1) 2n?
a
a0
Nhu the ta duoe: I Inx dx:l—n£+l+0 11’1_!! N
; x(x+1) n n ne
n

e NéuO<a<l,thiu, = (-1)" l?_: L8
n

0

Néua 2 1 thi fu,| ~
ol

Néua < Qthi |u,.,| ~
"o

P lan - +w.

R

n

Tra 131

nl—a

Hoi ty khi va chi khia <1.

3.312 Hay ching minh lién ti€p ring:

o

VaeM, u,z0

YneHl, 02y —e_“n < L dovay u, — O
: n+l n+l n+l’ W "o
€ , do va

Up] = —— vAy o, ~ —

T e ntl! Y e o

o = i[ui]";i*"[:‘f]

(-1)u [ 1 ]
+0|—|.
ﬂz 52

Trh 13; Hoitw.

("1),'“;; =

n 1
3314 g L~ .
) nte™ ™ Jhn

0

b}

Y

c)

¢

Tra I5i:  Phanky.

2r

m+)t ™ e

1
ats
n

Ante™

Tra t&i:

nar = P

Tra 13i:

Hoity khi vichikhia < %

H¢i ty khi va chi khia > i
e

72°Hnn va do 46 Z|u,,| héi tu.

Chi dan va tra 16i

n Inn
+O[n2‘ J vi do d6 Zu hoi t.

545
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(1) a-¢ n a_ ex
d) ___c ;; K nfo+b-20),72 (620-432—&-) Jongdé6 K =22 5 2 |
((2n))
¢ Trad 1&i:  Hoi t khi va chi khi:
: b—2e20 a+h-2c=0
(@a+b-2c<0) hay arh-Le= hay {2(1-In2)c-a=0 .
2(1-1n2)-a<0 a2 <0

e} - J&'ﬂ[: 2n+1 <l

,u,,l 2n+2

n
Tir cong thife Stirling {m ~ [EJ Jan],tasuy ra Ju,| ~ L vido d6 |u,| — 0.
L IR RO :;ypg Ao

Bay gidsta c6 thé dp dung Didbcdd,
¢ Ted 18i:  Hoi .

e | 1 1 -
33145 Tacs: (I +-—J =exp(n2 ln[l +—D = exp[n -E+o(l)) ~ e 2 .
n n ]

tr d6 bing céch dp dung cong thic Stirling ta duoc:

1
2 n—-—
(le ! e %" faxn _ f2x
n"Jn ne n"/n e

n

0 Trd lai: ‘/E.
e

3.3.16 Véimoin thudc T * ta cb:

1 1
""'lx———E(x} n+] —tn

J'._.Z?__dx = I 1_2x dr =I-(n+é—)(ln{n+l)—lnn).

il x—l—E(x)

tir 46 suy ra: I__?-.x___ax = Z(I-[h-%n(ln(k-l-l)-lnk)
1 k=1
en- e L (a1
=n- JEZﬂ(.nz}n(zkﬂ) + ;[kq-z)lnk

=n+ g([&+%}—[t-%}]hk - (n+—;—Jln(n+I)
=n+In(n!) - (n+%)[lnn+%+&(%n

n+ (nlnn—n+%lnn+%ln(2x)+o(l)) - (nlnn +%Inn +1 +o(]])

-l-ln(Z:r)—l + a(l),
2 o
Hon nita, véi moi X thudc [1: + o [ ta cé:
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x x—%—E(x) x 3 1

I——--—dx < I—dx g —— = 0
x X 2E{X) X-»ro

E(X) E(X)

X - 1 E(x)
Ta suy ra ring tich phan suy réng I —2  dr Wi,
X
H

1
o x——-E(x)
. 2 1
i — % dx = — -1.
v i[ 7 dx 2111{2::) 1
M"’Jr—l—l-.’.(x) 1
0 Tra Ik J dx = Eln(Zn‘)—l .

3.3.17 ) Hai chudicdn xét hoi w ygt déi v

+10 . ‘ 40 +0 o\" i
Zx cos ri? +1Zx"sinn9 = Z_:ﬁ(xe‘ ) = 7
o

n=0 n=0

1-xe 1- xcosd + ixsiné

il (lv—xem)(l—xe'w) © 1-2xcos@+x°

0 Trd 13i: V&imoi (x, ) thuge -1, 1{x R:

ol +al

Zx"cosné‘ = _-xcosf 7 Zx"sinn& ). - 5
s 1-2xcosf+x =0 1-2xcosf+x

b) Hai chudi cin xét hoi to tnyst d6i vi:

x"chnﬂl fod -;—(|x|eH)” x"shnﬂl ~ %(Heﬁ)u va lx]elal <1,

+¢0 00
Tacé: Zx”chnﬂ + Zx"shnﬂ = Z(mo)n
#=0 a=0 nl) o

i 1-w®  1-xch@+xshd
1-xf (1-m9)(1-n-9) 1-2x chf+ x5
V6i a of dinh, hiy xét céc phin chén vi phin 12.

O Trd Ik V6imei (x, 8 thutc R? théamin e <1:

i) 0
1- xché » x sh8
E x" chnf = ——mr———, E x"shnf =

pr 1-2xch@+x? & 1-2x ch@+x*
¢) Day |a mot trudmg hop riéng cla a):
= cosmx o sinax 1 cosx +isinx i
2" cos” x 2" cos” x e cosx —isinx
n=} n=1 1-
2cosx

¢ Tra 181 Vé&imeix thude B sao cho |cosx} > %:
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00 oo,
COos nY sinnx .
E ————— =cos2x, E = sin2x.
n n
H

g 2"cos" x s 2" cos" x
d) Tuong tynhu ).
O Tra Ioi: V&imoix thuoc I :

o e
Z chixt  _ chax, shre _ ohox.
o 2"ch’.’x 2%ch"x

DT véi ode thi du tir e) dén v), hdy lam xudt hién mot chudi cé thé kink chéo duroc.

(ln{k+1)) n ) i
€) Z (1nk)(ln(k+2)) ;(2|nln(k+1} Inlnk —Inin(k +2))

=nn3-lntn2+ninfr+1)-nlniz +2))

In3 In{n+2) In3
= In— -In - n—.
n2 Inn+1) no In2

0 Tralsi: w23
In2

P Zuﬁ-zf qu"’i[ﬂ k}=1_ 1 +Jﬁ

pr; 2k+l 2k+1 2r!+l 2n+1
) Tra & 1.
} 1 _(+lWn-nlnel 1
¥ wntieelNn | (ea-nel) Vn ﬁ
4 Tralal; 1.

k) Truede tign hiy ching minh ting véi mei n thude 13* ta cé:

- néu Bn tai k e N¥ sao cho n =42 + 2k
uy = kY + 2k _
0 néu trdi lai
Sau d6 chimg minh:

z": 11 i(l 1 )_
=227 =|=
kS +2% 2 P k k+2

0 Thw: 2.
4

iy Chayring: Arctan——"— = Arctan(a(n+1)) - Arctan(an).
1+a*n+an
0 Tré I5i: %sgn(a).
8n ' 1 1
i) Chii§ring: Arctan ———— =Arctan[—(n+1)2] - Arctan(-—(n—l)z],
/ §ring P, PU 2 2

tix d6 suy ra:

me#—mm[l )+Arctan[—l—(n+l)2)-Arctanl.
= k* -2k%+5 2 2 2
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1

4] Tra 15i: Jr»Arctan[

p—

2

k) Mot phép phan tich thanh phan thic don gidn cho ta:

1 ..l[—x+‘+ x+1)
xtexZal 2AXP-oxX+1 XP4X+1)

tir d6 ta cé v6i moi n thude i

2 _ -n+1 n+l
n!(n4+n2+l) n!(ﬂz—n+1) n!(n2+n+l)

Ky hi¢u a, = Lﬂ,tacé: yy) = —-—--":— , tr 46 suy ra:
nn? =n+1) (n+D!{n? 4 n+1)
VS L
n!(n4 +n 4 1) " n (n+ 1)

c 1 > 1
Nhur v 2y ——————— =ay— apg + = 1+-=e
i gk!(k“+k2+l) 0T Gt E(Hl)! -t

0 Tra 1 <.
2

1 1
! Chéyringg ——— = —{cothna - coth(a+1)a).
) Chiy ring shna shin+1a sha(co na ~ coth(n + 1)a)
- o
0 Tl'é IUI: M hoa.c Cﬁl'.lg 1a ﬁ .
sh*a e -1
m} Chi ¥ ring: :

—r . L(I:h{m+ Da—thna) .
chra ch(n + l}a sha

O Trhidk —-.
she

¥ 1 1
Z
Chli H a=
n‘} f ring zzn-i-l 1 zzn 1 zzn-vl 1 .
1
n gk -_— at |ZI>1
% z 1 1 z-1 :
Nhu thé: z Py i e e i)
=0z - = -l —+1 néu |z <1
z-1
—1— néu |z|>l
O Tralsk: zil .
—+1 néuw |z|<1
z-1
6) Chi{ ring: | S S -1

I__zn ]*Z!H-l = (l_zﬂ)(l_xll'i'l) '

n 4 1 1 1 -
. z 1 1 (
tir dé . E _—_— e | —_— -~ —=11.
L sy 1a 1(1 k}{l k+1) 1-z2 ([-z 1..2'“]] % lﬁzkl z }

5.
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0 Tra 181 ! 5
(1-2)

p} Tacd 4—(-';—)ucos3 {3”6) = _31:" (3cos(3”9)+cos(3"+19))

+1

- (;:)R (3,, 9} _____n_ COS(3R+1 9) ,

L EFITN < _yrtl
tir d6 suy ra: G o3(3ka) = L 30058 - T cos(316) | 3 cosd.
3k 4 3" wo 4
k=0

O Ted ok %cos@.

¢) Tuong ty nhu p).
0 Ted 13l %sinﬂ.

r) Tacd 3%sn° X = 1 3"(shi—3shi] .
qn 4 3n—1 3?1
L]
tir d6 suy ra: z3ksh33ik =% [sth—3"+lsh-::] = % (sh3x - 3x)

k=0
O TR L (six-3x).

5) Chi § rhng véi moi ¢ thude ]—%;%{—{O}Jacé: 2 _ Yt 1 e,
n

tir 46 suy ra: tanf= L- 2 ,vadodbvdimoike N*tacdh
tant tam2¢
LIV !
X £ -
FUF el et
2 28

11
0 TARE {x mar o “"”E]'__[ o

0 . nfn x=0
7 Chigring: Vte R, 2chf—'1=3£h—2-ri!-, tir 46 suy ra:
2cht+1 _

H R
x X
kgoln[zdlz—k—l) = kE_ [ln(Zch 2 +1] ln[Zch;+ l)]
=In(2 ch2x+1)-1n[2chi+1] - In(Z chZx +1) - In3.
2" o0

2 ch2x +1
=

Q Tratst. In

4 ch?2 + 2ch2e - g

u) Chimg minhredng: vie R, 4 ch®t - 2cht -1 = 5
4 ch“t + 2chr -1
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O Tra 13i: ln(§(4ch22x+2ch2x—l)].

3318 Véimoiythue N acéd

2p+l
S1p11= Dt =c1+b)i:(ab)"
k=0 k=0

S1p  =82pe1 —W2p41
o Néaahz 1,0 uy, - 0,d0d6 Y u, phanky.
po

n

1+5 u > 0.5 — I+h
l—-—ab. 2p+i P v Y2

o N&uwah <1, thi ~ .
a S2p41 o 1—ab

Nhan xét: Quy tic d’Alembert khong 4p dung dwge trong vige khio sdt tinh hédi ciia

Zu,, (n6u a # b), nhir ta o6 thé 4p dung quy tic Cauchy (bai 1ap 3.2.14).

n

1+h
l1—ab’

+
O TrAI8l: ) u,hoity khi vachikhiah < 1. Neuab < 1t >t =
n n=0
3.3.19 @) Vdimoin thude 1T* ta c6:

- i[ R N )_ 2"2":‘ i 1e 1
n T - = — = T T,
A x+2k+1 x+2k x+k) o xtk ni= 1+x:1+£
n

Véin e H¥, taky hidu: v, -—2

p-(] 1+—-
n
' dx
Motmatthl: v, J'l__u =1
0
a x+1
3
Matkbcta s [y ~vp) = =3 s (+Ber)
n n n
Ta két ludn: u, —» In2 .
na

n n
. Z[ 12+12_12]=z+:1 i

(x+2k+1)" (x+2k)° (x+k) S (k) e

k=0
2n+l
Wi 0= ! 3 A+l 7
k=n+1 (x+k) (x+n+l)
3.3.20 V6 nell* takfhidu: F(x) ={(x+1}(2x+1)... (x+ 1) va f(x}= P’z }.
{x

1
(x)

n
Hay ching minh truy héi rdng:  Va € 1%, x)_fy(x) =1- -
k=1 A

o Taw: -
X

551
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Ky hitu oy, &7, .. |3 cdc him déi xing sa cAp ciia phuong trinh dai 50 trén day, ra o

E
oy =0 v oy = 205, .4 __ 11(2:1—])‘

2[::{u+|i 3
S i 2020~ 1}
. (20~
tir d6 suy ra: z:ccrl;.m2 = 0-'3 1%y = )
n+l - 3
k=1
k 2a+1—k
sandévii Vhe ln+1, .., 201, colan—2. - co dn( n+ =k
2n+1 2n+l
N i l n P (2 b
) n -
nén ta cé: Zcmanz =~ Zcotanz _ I .
=1 2n+1 2 o 2+ k)

¢} Véiue ]0:%[ ta cb:

. 2
o O <n<tann dodd cotan™ n < —

i

. v b
o 0 < sint < dodd 1 + cotan™u = >
sin” Il

3
(%]

d) Tir ¢} ta suy ra:

Yaell*, Yhkell,...n}, U< (2”4—1) —cotan?

<,
kx 2u+i
tir day bing céch 14y tdng v dp dung h), ta dugc:
2 Di—
Ynelix, (’—”;lz L _n2azl
T IS 3
2
vt do d6: L, =
el k2 a 6

3.3.24 «) Bing mot phép so sdnh chudi-tich phan, ta suy ra duge:
| ® ] 1
= _E —dr = —.
Kk~ nm x 20

Sau d6, bang cdch so sinh cde hiun tuong duong theo logarit [~—1—; — 0= l] la cd:

2n= o
+05
1 i
In — | ~ In ==-2Inn
{Z k3] a [2»2]

L=n+l

k=n+l

O Traldi: e
k) Theo két qua khao sdt ph;'in dur ctia mét chudi thoa man Dldbedd (xem 3.3.8, 25 o). ta o

Z (—l)

1

n+l
k=n+l
I
+9 Iy Inl.nu
(=1 Inn + 13
suy ra In -l o —onL
Y z k Inlnn o
k=n+1

36-GTTT3-GT3
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O Trala: o0
3.3.25
yl
uo C
u c
Uy
u, y=s
6 1 2 3  n nsl %

I) Ching minh ring chudi Zv,, hoi t khi v chi khi g khd tich trén [0; + oo [.

* (ia thigt g kha tich trén [0; + oo [

Do ta cé: Z f g2 = rg v6i moi N thugc N, nén bé dé che cdc chudi véi s
=0

hang = 0 ching t6 ring Z hoi tu, v3 hon nifa Zv < -EQ

E(X) +00

{X)+]
» Dio lai gia thiét Zv héi w. Do f f < Zv” ,

n=0
v6i moi X thude R, nén dinh 1§ ham tdi dé&i véi céc hérn vfn gdtri 20 (xem 2.5.1, 2,

Menh dé 2), ching to riing g kha tich trén {0; + o, va hon nita: ‘EQ z
n=0
Nhu vay Zv,, hoi tu hoi t khi va chi khi g kha tich trén [0; + o [
"

u, = o{v,)
0

Chéng han, gi sir: Z"n hoi ty

2) Cho¢>0cOdinh. Tén tai Ny € N saocho: ¥n 2 Ny, |u,| < ev,.
Chor e R, thdamint 2 Nj. VGi ky hitu n=E(@0) tacs: |f(0)] =|u,| < £v,= ep0).
“Diéu nay chiing td: firy= o (g).

—+:

Khi d6 ta ¢ theo mdt dinh 1§ v& tich phan cdc quan he so sanh (2.5.3, [}, Ménh dé 1):

7= 2.7

va do d6 n6i riéng c6 (bling cdch thay x bai n + 1)
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+l 4
$ e 5]
k=r+] e k=r+1

Céc dinh 1y khdc ciing chilng minh theo phuong phip tuong t.

3.3.26  Vichudi za,, v6i céc 56 hang > 0 phan k3, nén§, — +w, vadodé - — 0.
R

n e
n

Nhuthd =2 ~ - ln[ —u—”] =InS, —In3, ;. Chudi Z(]nS,,-—lnS,,_l) c6 cdc s6 hang
S, m» A ~
"
= 0, phan ky vi Z(lnsﬁ -84} =InS, —InS§, | — +o. Theo mot dinh 1§ vé phép cong
ned

k=2
céc he thife so sdnh (3.3.9, 2), Ménh dé 3), ta suy ra:
Z-;"— ~ Z(lnsk —-InS;) =S, -In§,
k=2
vadodé v, = O

Hob

3327
Hiy chitng minh (nh trong bai tip 3.3.11) ring:

ke 1-{0,1}, 2uS = SF-S2 +ul,

H

n
tir 46 bing céch ey g duge:  Yn e P, 2D S =82+ ¥ uf .
k=l

k=1
Vi 4, =0, néntacé: wi = ofu,).
HaD i
Bay gitr thi mot dinh ly v& phép cong cdc he thifc so sanh (3.3.9, 2), Ménh dé 3), cho ta:
i n
2
Zu* = 0 [Zukl = 0(S,).
k=1 Ukt =
: 1
2

suy ra: guksk ~ —2~S,, .

Tdng qudt hda:

Mot sy khao sét tvong ty chémg 6 ring néu Zu,, . Zvﬂ 14 nhiing chudi thda man;

" A

VneN*, v, 20

ZV,, phinky .

n

u, >0

he

”
thi: Z(Nkvk +ka.l‘) - U,,V,, = ::;(Vn) R
k=t
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trong d& U, = iuk » Vo= ivk .
k=1 k=t

3.3.28
V&i moi n thudc H* ta cé:

q

A 2 M
Uy ity = 2 (n+l)g _ (2+D) =2(n+1}2_1_z Anl) A+l
_l(n+l)+q 2n+1) n+l = 14+ 2
B = vy
1 n 1
‘“——Z (n+l) L dx =1-In2, nén ta suy ra:
n+l = 1. 1+ x
= (n+|) 0

gy ity ~ 2(1-In2) nt.

Mdt dinh 1y vé phép cong cdc h¢ thirc so sénh (3.3.9, 2), Ménh d8 3), cho phép suy ra:

ty ~ 21-In2) Zk2 '3 n{n+]){2n+1) ~ ——(l-ln2]n

0 Tea 18t 3(1 -2

3.3.29
S i 1 u o
¢ b oa= T~ — o 2oy O saunialy S, =S, + uy, ~ S,
fitl,, e S_,, o N S,, oo noz
_— § 5,
va cudi ciing dugc: gy ~ —2tl Ty

mo a{n+1) on
Nhu the ta da ehiing minh: w, = 0(S,), #,y ~ ;. Speq ~ S,

¢ Ching ta ching minh bing cach tap luan phin chiing ring zu,, phan k¥.

Néu §, —> Se ]R thi «, ~ E ,do dé 4, phan ki, mav thiin.

rn N
n

Nhiu thé chudi Z"" v6i céic s8 hang > O phan ky, vy S, — + o,
g

n

* V6in2l,takyhitu: x, =5, T,.-5,T,.
n
Tacé: ZX" =5 Twe1 — ST = +o.
Rao
k=1
"
Mt khdc thi: ZX" =ty (T + Vg Sy + Ve
k=| N

~ I +v,S, ~ (a+ fnu,y,.
Heo oy

Theo mét dink 1§ vé phép cong cdc he thic so sinh (3,39, 2), Ménh dé 3), ta Suy ra:
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L n
xp = Z(G"l‘ﬂ)kﬂkvk f
N
k=1 k=1
R
Cudi cang ta dugc: =80 =50 ~ 8T, ~ aﬁnzunvﬂ .
k=l ne o

O Trawi: -2
a+

, ]
3330 a) e Newa <1thl uy,, = + 0,dods D, phanky.

Cp+1P e -

1
¢ Néua > Tthiw, = 0vi uy,+u,, = ! T ! T~ T
oo @Ep @p+D*T e (2p+1*T

Ap dung dinh 1§ nhém s& hang.
o Tra 18i:  Hoitukhi vichikhie > 2.

1 3
b)u, — Ovi Wy +itzpe = ! ~ ——

o Jeip+dp ||'2P+1 +‘;‘(2P+1) o 4p

0 Trdld: Phanky.

341 a} Cho x; 2 mdt didm gién doan ciia f. Vi £ 13 him tang, nén khi d6 ta c6
limf < limf,vado Q@ wrimittrong R nénténtair, € Q saocho limf <r, < limf
£ & %) i
Theao cédch 46 ta xay dung dugc mot dnh xa ¢ @ x, +3 7,
Cho x, vax, 12 hai diém gidn doan cha f sao cho x, < x, . Khi dé ta c&:
limf < limf Sf(uJ < Limf <limf,
A «f 2 3 3
A+ 3
< ¢f x,).
2 ) o)
Hg thitc niy chimg 16 ring ¢ 1ang nghiém ngit, do dé 14 don dnh.
b} Ky hiéu D 1a tap hop c4e diém gidn doan cla f, theo u) t8n taimot dendnh ¢ 1D — Q
Do Q@ d&€m dwoc nén @ (D) khong qud dém duge, do dé 1 khong qud dém duge.

tirdé suy ra: g x) 4f(

n
3.4.2 o) Vdi mointhuocN *, tap ho‘p{—]—;n eN *} bae ham trong [0; 1], vézl - + w0
n = k ne

do dé {z.\'; J e F(10:1 ])} khéng bi chan trén. Tit d6 1a suy ra theo dinh nghia ring

xef
(x)_‘_e{oil] khong kha tdng.
0 Tra 180; (I)IEH}J]

b} Tuong e nhue a)
0 TraIsi:  (x), ., khong kha iéng.

khong kha téng.

¢} Vivdimgi A thudc R: n tai x € Q: sao cho iz > A, nén tap hop
X
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{Z%. Je E(Q:)} khéng bi chan tren,
X

xef

X

O Tra i [-12_) khong khi téng.
*Q,

3.4.3 Nau |x| =1 thi khi dé (.r”) khéng kha tdng, do dé (x”) cling khong ki
nel nel
tdng. .
Néu |x} <1 thi khi d6 (x”) khong khi téng, do dé (x"] cling khong kha 18ng.
neZ” nelZ

0 Trdidi: V6imoixthuse C*,ho (x") . khong khi téng.
neE.

344 V6imgi(a, bythuoc 10+ ol tach: 0< e “< 1 va O < e < 1, va véi moi {7, ¢
thue N> tacs: e P = (e_“]p (c"")q .
Nhu the ta c6 thé 4p dung 3.4.2, 3), Menh dé 3.
R T D . fee—

2 l-e % 1-e?
{p.q)EN

345 Tach: Yia He [0;+ao[2, a+ B 22 af , 1 do ta cd véi moi (a, b) thud

a2 2 0c ! LYy
ol Vo.0e W05 =L T 2[‘5) (ﬁ] |

I o
Do (% _J%] e [01] ., nen theo 3.4.2, 3), Menh dé 3, day kep {[-\/]7) [%J J

(p.g)eN
kha tdng, do d6 ( ) khd 1éng,
af + b Jip yen?
3.48 (i) = (ii):
Hién nhién, v véi moi (p. g) € N? tacé; 0 < rrq o ik .
- A+ p* 0+ (s pN)2+ ¢F)
(i) = Giii):
Gi sir [ £rq ﬂ] kh éng.
1+ p)"0+q¢) (paeN?
Khi 46 (néu Ay ¢ = 0), thi [ £ a} kha @éng. Do —— _1:1_ nén 1a suy f
+P% /e {1+ p)y* p= p®

ring @-1>1,dodé a > 2, Tuong w taco: § > 2.

(iii) = (i) .
Gidsite >2, 8 >2 V&imoi nthuoc N* tacé:
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pq ) n p n 1 n i L] q
o= Zog(np )1+ ¢F) Z:OHP“ ;nqﬁ * ;Hp“ §1+q§
P IR Do Do

ARd pors p=01+p‘“ q=01+q'8

Vi (I(},..,.n}z) N 1a mét day tang nhitng b6 phan hiu han cha N% ma hop bang N’ nénta

suy ra ring day kép [——‘?L] kha tdng.
{pq)e?

1+ p*)(i+¢7)
347  Véimoi ¢ thuoc N *, (:f"f) kha téng (vi z"‘i < 1), va:
jref*
Z P _Z(qup = (H
pefl* p=1
alIPIE A
>l
pEN* 1- z(,‘ 1—.2'
Theo (2), vi (z“") , kna téng, nén z’""l khda tdng. Tir d6 suy ra réng
¢eM et 4eN®
7 kha tdng, vi: = 2P = .
( )(P#}E[N,}z 8 Z , Z Z zl_zq
{pup)e(N®) #=I\p=l 4=l
P ‘bff‘ P g
Py a b
348 Tacovpgpe N, (2o LI L o led” [
(prq))  p ¢ 00, P

" o Pl
Do {&J vi [l—blT] déu kha tdng, nén [&%) kha tdng, va do di
i I 11 !
d pel 4 qeM ! 9 {p.:,')EN2

P
[ a’h r} kha tdng.
(p+o (rgleN?

3.4.9 + Theodinhly hodn vi thity, {CF, P y? kha 18ng khi va chi khi:
B+g g

(pap)eii?

V& moi g thude N, chudi Z Jr,||,|x|‘ﬂ|yl‘Jr hoi tu
pz0

Chuéiz Zﬁﬂ’wlxl” i | hoi w

¢=20 p=0
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R& ring 12 v6i moi ¢ thude N | chudi Z gl x]” hoi tu khi va chi khi o <1
#20
By gid, véi gid thi€t |x] <1, ta c6 véi moi ¢ thude I :

S e = (Y
D ol ' (I—I-rl)[(f—l-‘“]

= (1)

+e0
do d6 chudi Z[ZE;:,‘,‘A-]"’M"J noi o khivachi ki 2L <) e [+ <

204 p=0 (l —-I.r“

Cusi ciing th (E,{’,rq_r”_\"") , kha téng khi vi chi khi | +]y <1.

(py)eN
* Neéu [v]+]3] <1, theo dinh I hoin vi thit ty 1a c6:

Z Chega?y? = Z[Zm e rp-"q} Z]_I_[l— \J

(el ¢=04 p=0 4=0
_ 1 1 _ 1
I_'rl—i~ I-x—y °
I-x
Nhung: : = L i(ﬂ— v} = Z Z Xy
- e = _ = Tt .
I-x Y ] (x+y} A=l n=0\ ptg=n
= Z p+q“ Pyt

(prei”
¢ Traléi: & E= {(.r,}')eC2;|,r|+ry[€ l}
* Yy ve E2 Z P,W Py = __1___ .

I—x—y
(p. q)eN‘

3410 @) Dokhildy n=0 thiho (lJ khong kha t8ng, nén ta két luan dugc rang |
o]
: pel*

_n
[——) khéng kha téng.
r (n.p)eMxh*

7H
O Tra l&i: ['—J khéng khi t6ng v6i moi = thuoe € .
{7.p)eMuxp=

HE

n
b) » Néu [:-'—J khi 1dng, thi (lay p = 0) ho {z") . kha téng, do dé ]:f <1.
{mplen?

* Do i, néu |2 <1 thi [:”) va (ilj déu kha 1dng, do d6 [—T] kh
neN P peN " g jem?
16ng va:



Chi dan va tra lai

S L-[Sel[5h] - ke

(rr.p)€N2 =0 p=0
=M
0 Tra I6i: {-—TJ kha téng khi va chi khi |2] < 1, vi khi d6 c6 1éng bing 1 LI
fli 2 -z
{n.pleN

3.411  Véi moia thude N tacé:

non r=0 p=0 r=0
1 fr=p+gt
a 2 . 2
po0g=0(P+g+1) P i ol _Z" 1

porverd (RS ) il r{ (S
(r=pagl

Vi [(——-L)a-—_—l] khd dng khi vd ¢hi khi @ — 1 > 1, nén ta ket ludn ring
r+1
rel

(p+c;+l)‘Jr
2) Néua > 2thi

[ i ] khi 8ng khi va chi khia > 2,
[p,q]eNz

il i

— = limi >3 : =+Zm: _ = 4la-).

(et (PHa+1)" D) | E(rey)

0 Tra 1&i: [ ! a] kha 8ng khi va chi khi o > 2, vi khi dé cé téng
(p+q+1) (ra)eN?

bang {(a-1).
1

3412 » Tacs: {(p,q)e(N*)z; p|q} c (N*)2 va{ >

2] kha dng,
P4 pa)e(rery?

. 1 t ‘g 1 \ 2
vi ring [—?J va [_f] déu kha téng. Vay [_Z_Z"J kha tong.
P Jpene N4 Jgene e Jpg)e(nep: p

|4
1 +0 1 o 1 1 +a0 1 +od 1
YYD P IR ¥ P
(raje(rp T ey g 79 p=t] ¥ gened =\ P 5o ()
Pid la Pitt
+a3 oty S m 4 2
1 I 1 1 Pl e
= Z —42‘2 = Z_a [Z_:?] e
p=1 r ﬂ=ln J p=1 r n=]n 90 6
6
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3]

o mawsi: Yy L =Si’3.
(ra)einey 74
rle
(HE;HHJ
3.413 xeéidiy kép: o
(n,p}ENz

Vilu <1, vido 2’ 2 r véi moi 7 thude N |, neén ta c4:

e

41
Do # <1 va fu <1, nen chc day (H J va (]njf’) ki tdng, do d6 diy k
v v el

nel
2p+n
[ “TU khi 1ng,
v (n,pJENZ

Bang cich 4p dung dinh ly hoin vi thif ty, 1a duoc:

2p+n H‘"

I

V{np)e N2,

"
¥

a3 +O o apt pliadl 249
22 e Y ey e
no n a0 o
v ¥ W I
n=0 #=0p=0 (n.pjen’ {mq)eM?
PEY
1
+00 2% o |-
>3 S
= = — N
Vn ]
=0\ n=0 o=0 1_;
+i +o0 ] ; 00 ¢ +oo >
N . z 24 ] il
va do do: {(r-1} E 4 o=y 1- uo=v E W - E _
ot '.""H v
n=0" =0 =0 =0

3414 /) Choze C.

Lip
* Néu day kép [ ;M} khi 18ng, thi khi d8 (4 ¢ = 1) day (zzf’]  Kha téng
(pa)ehisnin a
HIEA R
* Néu |z| <1, thiwi: Y{p.gleNxN*, =5 1S ’2‘2;:% v& do cdc day (:|2;;)
q'p+ 4 el

1 2P
vi ( —-2—) déu kha téng, nén day kép [_i;_:+_2 kha téng.

4 yel* 4 {per)eMxm»

Zp

Nhu viy { 3573 }
T Hpag)enin

2) Véimoi z thude C sao cho [z[ <1, tace:

+0o e $a ] ) . ip
IR DIFEDIES 30

(p.q}ENxN“ g=l p=09 g=t\ ¢ p=0

khd tng khi va chi khi |z] < 1.



Chi dan va tra I

+a0 +o%
1 1
‘Z‘? 2‘2 1_.7°
=19 1_(3) =19 7 F
q

3415 ChozeC saocho [z <2

M
Xét diy kép [—7] :
P n22.p22

"n
Vi moi p 2 2. diy [%] kh tdng vi:
nz2

Rz R EE e : 2 ) |Zl2
S-H 2 W e
P
s |t ; S lof
Vvadiy | —1—— kha téng, vi ~
(el ] e sy = B

H

Diéu nay chiimg tb rhag day kép [z—"] kha tdng.
P uz2 p22

W o 0y ol .2
Khi d6 ta ¢6: Z%:ZZ‘ =y -,
nz2 P p-Zn--ZJI p=2 P(P—-)
pzd
M +o 40, +a0
I3 Jou SRR}
we2 P n=2p=2p L
pzl

Nhur vay ta d& chimg minh ring, vi moi z thuge € saocho |z| <2 thi:

+o0 e .'2
()1

2,7l - Z et
5 S - {1 1

. Véiz=1: Zﬁ (¢(n)-1) = Z; i Z_; [;v_l_;J= 1. chudi khir chéo dusge.
a= P— p._

« Viz=-1: i -1)"(¢(n)-1) = i LI i [l-—l-]= L chusi knir chéo
= p p(p+l) ot p p+l 2

duge.

35 cling

3.4.16 Dy kép ( 21 3 ]
o (_p.q)e(N*]z:;mq:I

] kha téng, vay diy [
Pa Hp.gye(ney

+on
., . . | 1
kha téng, va ta cé: Z ) . = Z Z i =
(pg)e{l¥) 7=l (p.g)e(N*)
,?Af;:’f
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2 w5, 2 A

m=1 (s )e(N*) s a=l (r)e{Fery?
rax=| rea=l
2
1 o 1
Miit khdc thi: Z . = Z-J_E] )
(ng)e(ney’ p=i
. 2
il 2
L =2
T " 6 5
Tir day ta suy ra: Z 5 = p=l = ==
Pq <~ | z* 2
(pa)e(tve)? >4 =
prg=1 H4 90

o Tralgi: S
2

3.417  V6imei (p, ¢) thuoe N2 tacé: 0 24 Pra) ¢ o {pra)_ 5p 5-u
Vi diy (2‘1’) kha tdng, nén ddy kép (2‘*’2“*’)

peN (pa)en?
dang xét khd @dng.
"
Sau nifa: Z 2-34‘ P p+q} z 3-24~n-n" =22-—n—n2 22_2q
{p. q]EN" nel a=l) ’ g=0
Deqsn
n+l
—|2 2) +a2 -+
_ - ( _ 4 —n—n? .
St oS S
=0 n=0

A in? | 2l 4
i —H—-n" =t T . » 5
3 Z 2 2 2 3 chudi khir chéo duoc.

ri=0 m=]
(= +1y

Tra 1ai: 2.
3

3.418  Véimoi (p. ¢) thude N? | ta cé:

Pt pt gt (g1 ]
(p+q+2)! p+lL(p+q+l)! (p+q+2)!'

Il
Tir d6 ta suy ra dugc 13 véi moi p thude N , chudi Zﬂ-— hoi ty, vi:

'
pee p+g+2)!

Z plg! _ Pt i q! _ (q+l)! - p! 1 - 1
(p+q+2 p+1q=0 {p+g+1)! (p+g+2) p+1 {p+1)t

(p+1)f

., ¢iing kh tdng, va do d6 diy kép



Chi dn va tra I5i

+02 ™
Do chudi Z L hei ty, nen chudi z z—_—’f—“’— hoi ty, do dé (dinh Iy hodn vi
1 2 ) (p+q+2)!
p20(p+ ) 20N =0

™
thir tu trong R, ), day kép [ﬁm?] kha téng vi:
(pta+ 2). ()

-
i“

RTINS S
(p+q+2)‘ )2 ,.;:1”2 6

(ra)eN? =1t

2
o Tra 1&i: 2
6

3419 «) Chog e N *codinh.

1 1 -

7T Y g 0, nén chudi 7

p°—q e p S -q
et

Béing cdch phén tich ra phén thitc don gidn, véi moi N thuéc I * sao cha N > 24, ta duge:

Vi

hoét tu.

N=q¢ N
Z 1 _ z i [ 1 1 J 1 Zr 1 =4 1
2 2 T =57 e A
IS;JSNP 4 1epeN 24\p-q Pty 2q k:l—qk £=I+q£
req r=g k=0 te2q
4=l N—y 21 Moo +g
1 1 1 1 | I
R DYDY NEDINIEE PRSI
24 k=1 k k=1 k £=i+q£ £=2q+lz 29\q4 24 k:.’\’—q+|k
N+
Vi 0sg %s S 4
k=N—g+l ~g+] N
1
nén ta suy ra VqEN*.Z 3 z=iz‘
pzl =y 4q

ey

h) s Theo a}, véi moi ¢ thudc N *, chudi Z“"’"‘J’

=l
! e : 5

ztz;:p_q = % ,xem Tap 4, 6.4).
gzl p=1 4=l 4
e Vi Y(pg)e(N *)2 N Y

4o o +o g
nén ta cé: —ZZ;{F‘? = ZZ”‘" P ZZ e

4=l p=1 g=1 p=1 p=l g4=!

-+ +e0 +00 4o

Néu diy kép ( ',,q)[ ptJe{ Y kha 1dng, thi ta s& cé: ZZHF’ g ZZ“"”" .

g=1 p=1 p=1g=1
méu thuln véi k&1 gua trén day.



566 Chuong3 Chudi

3420  Xétdaykép [Ln] .
np n22,pzl

Vdi moi p thude N sao cho p > 2, day { n} kha tdng va:
2

+al

+e0 o
1 1 1{1 1 1
— =-—+ 2 ;[—] =—-—~ln[1——’] >0
=2 P P P P i

A=

! hodi tu vit:
1
%
Zln(]+l]—— ! =1-y dodd Z(—l—]n(l—lD hoi tu va:
n}) n+l P P
(3
"

n) khé t8ng va cé tng bing 1 — 3, tir d6 suy ra:
nz2 p=l

Mt
|

= |-
|

=

T
p—

I
3=
S

I

s

1

a
:|
+
5

4

K&t qua nay chitng td diy kép (

np
1-y= —(¢tm-1)
3.4.21 Daykép {('li J kha téng (xem bai tap 3.4.20) va:
np ne? p=l
- 1) (- 1) (D"
= Z(m)—1)
p22
= 04y =1 (=1"(m
; Z ; . 1 +1n2.
-SSR Bl ) ()
. = —-In|l+—||==-1+In2 + ——In} 1 +—
pz?

~ 2 a0 ] ’ +
=—1+In2 + ;[;—m] + Z

==l+IM2+1+(y -D=~1+I2+y
1= r

Ta két luin: ZM
n

3.4.22  Cho(x y) € A® thda min: xy = yr.



Chi d@n va tra i3i

Phép chitng minh cita Dinh 1¥ & 3.4.2, 4), cdi bién cho cdc chudi vai s€ hang thudc mt dai 8
dinh chuin dii, ching td ring chudi-tich Zw,, cba nhimg chudi hei e myat dei

a0
Zix" va Zly" ciing héi 1y tuyet di va co téng 13 e’e’ .
n! n!
nz0 nz0
1] n
1, 1 ntb 1 kokopmk _ Lo
Nhung: Yne N, w,= : Omx (n—k}!y = n!;gx ¥ n!(_r ¥}

a3
(¥i xy = yx), tir 46 suy ra: ZWR ="y,
n=0

3.4.23 o) W,= ugvg+(ugn +upvp) + .+ (ugv, + vy + .+ 100 =
= sp{votvi oty )4 (Vg + v+ kv, )+ by,

"

trd6suy ra: UV, -W, = upvy g (vyoy +v, )+t (v 44 w,) = Z“"V""k’" .
k=1

b} Cho £ 0 cd dinh.

Vi Zv,, héi ty, nén tén tai N, € N sao cho:

n

Yip.q) e N? | Ni<p<yg = |Vp,qi= ivk <g.
k=p+l]

Do (V,,), hoita, nen (Vu), bichan: tntaid € R, saocho:¥neN, V.| <A
Nhuviytacéd: Vipg) e N? , (p< g4 = [VJ,',‘,|S2A) .

Miit khéc, vi Zl“nl hoi tu, nén tén tai ¥, € N sao cho:

n

Y(pg) e N? | Nyspeg = i S|
k=p+]
Chone N saocho: n2 N+ N,.Taco:

n

n
IU,,V,._. "'Wn[ = Zukvn—k,n s '“k"vn—k.nl'
k=1 k=1

s Vdimoikthuode (1, ... Nyl tacbn—k2n- Noz Ny, dodd:
N N 0 .
S llloceal <63 hul <63 Jul
k=1 k=1 k=1

n n
» Mat khéc thi: Z luk”V,,_k‘,_.I €24 Z |u*| S 24s
k=N +1 =Nyl
Nhu the chiing ta di chimg minh:
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) +o0
Ve>03NeN,Yne N, |nan = ‘U,, M ,,fS£(2A+Z[nk|J

do dé uv,-w, -
o -
+on +a0
ot Do U, —> Zn& va ¥V, —-) Z»k nén ta két ludn ring W, -—> Zu" ka
k=0 k=0 k=0
0 +an -
¢ Tra lai: Zw,, héi ru, VEZMJ” = Zn” [Zl’” .
H n=0 u=0 n={}
} ( ”u+1 & el 1
3424 s)vnepN~, W, = — = (—=1) .
\/-‘ n+l— Z\M{u-rl—k}
2
. 1)
Chi ¥y ring vk e 11, .. b Rl - k) < (n-; ) « Hr d6 suy ra ]w,‘[a 2"1 . vit do ¢
1+
w, - (.
D
ek gk "
hiVnelN ¥ W, = E—l——( & = (- l)'”] -——I——-—-
pan kom+l- Ik(n+l—-k)
(_])u-rl i (l | 2(__1)H+I H ]
= e—— —t—— [ = —_— —.
"+l ; k n+l-f "+ Zk
2 1
Sau d6 hiy chimg minh ring chudi ———IZ— gidm, cudi cing hiy dp dung Pidbcd,
"+
=1 nzl

{cung mét phuong phép nhur trong bai tap 3.3.9, d)).

3425 Tukyhisu P = fneM; u,>01 va N = tneN: u, <0} nhu the 1a oo
PAN=@ vaP UN=N.Hon nia, do sz” bin hoi tu, céc tp hop P v3 N déu v6 hun

r20
do d6 16n tai hai song anh FiNSPvig-Nown dong bién ngat.

Vdi p & P, k¥ hicu Yp= Hpipy >0 vavsi ne N w, P =l 20,

Vi Zu,, bin hoi tu, nén cic chudi Z\’ ¥l Z w,, phan k¥ (vA cé céc s& hang > 0). do dé
=l p0 n20
céc dng riéng ciia ching cé gigi han +oo,
i
Taky hieu p, 1asg nguyén 2 U nhé nhit szo cho: Zr;, >S5,
=0
Fi] |
vi my 14 56 nguyén 2 0 nhé nhat 5do cho: Z P Zu" <5,
p=0 n=0



Chi dan va tra 1ai

" Hy Jal
t6i p, 14 56 nguyén > p, nho nhét sao cho: Z\'I, - Zw,, + Z v, >8,
p=0 A=l pr=m+l
M R ] 3
Vi n, 13 $6 nguyén > n; nhé nhat sac cho: va - an + Z v - E w, >8 vy,
p=0 - =0 pEp+l A=+l
Theo cieh do ta xay dimg duge hai chudi (P“')i'zl va ("k)kzl nhimg s nguyén 2 0, tang
f}t H'! j’)"_} "2
aghiém ngét, sao cho khi ky higu o, = Z v, hy = an L= z v, b= Z L,
p=0 n=0 p=p+1 H=np+1
thi (a cé véi moi £ thude N *:
Pyl
do—fp+ . va_ ~b )+ Z L)
p=py+l

aﬂ“-fh+..‘.+{1k_1 _bk—l + > 8

M=t
. aﬂ_;h+-"+“.k—]_b.k—|+“k'_ E \'I'NES
va. 4
EELYES

o=+ . Hap =B +a —h <S
Khi d6 vdi moi & thuoc N * t c6:

O<tug=by+ . +ap_j -+ apl-8§= Vi 4
Wpsl Slap—Fy+o v ag =ty +a, —b)-§<0

Do Z”" hoi tunen n, — 0,do dé vp = Byt w, — 0, tlr d6 suy ra
D

v — U vi
" e #on i+t 1
nx

(e — by totd = v - §
W, . — 0, vi nhu the: hor _
1 ke 1@!0 ot b ru - by ;;: s
Ta ky higu 14 hodn vi ciia N cho bai:
POy =f0), .., @lp)) =fipd, @lp+l)y =gy, ., PP = glng, @pen+l) = fip+,.,
rong ting vdi viée “sip xép” ZH” thanh ag — b+ — by + ...

PE]
J\r
Vicic ap v b déu 2 0, nén moi 18ng rieng an”} cua chudi an”] déu hao gom
n=l nzfl
git hai 16ng Kiu ug~ Ay + .+ -y, + W Vi dy Myt kg~ v ap— by vicdo
N
do E l — S
@l Moo
ﬂ=0
Cudi cing thi E oy DO i va c6 16ng hfé'mg s

nrQ

37-GTTT3-GT3
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C3.1 1) « Véimoia=(a,),, thuse {02}, chudi > a,3" hoity, dod6 gfa) 16

n=l
tai, va hon nita g@la) € [0; 11].
N>
» Choa=(a,), ¢ {02} . o o o
Vi a, € {0, 2} néntaco: @a) e C,. l-:J.OOI
Tuong tu, v6i moi # thude N * via,, ..., a, déu IO,UOZ
thudc {0, 2}, nén ta c6: gu) € C,. 0.01 0.010
Nheviy: @la) e ﬂ C,=C
neld 0.02 !0.020
e Biolai,choxe C 0.021
Trudc hés ta chd ¥ ring cdc dfu miit eila cde doan |0.022
1a0 nén C;, G, . ... [ nhitng s6 tam phén nao 46, tic 0.1 0.10 0.100
lacé dang 37", (a,n)e NZ,
1) Néu x khong phai 14 s¢ tam phan, thi x
<6 mot khai tri€n tam phan duy nhit (tuong tu nhu
dang thip phan trong hé co sd 3, xem 3.2.4,2)), 0.2 0.20 |8§g?
+a0 W&
- . . 0,202
x= Zan:i " trong d6 a, € [0, 1, 2} véi moin 021 |0,2I0
n=1
«thude M *, vd wong d6 {a, khoéng dimg <6
o 8 48 (ar), khong dimg 0.22 {0220
DoxeCnéntacéu, #1;saudédox e Conénta , 0.222
coa, =1, .. 1 ! I 1
Taduoc: Vre N* a, e |02} C, C, C,
2)  Né&u x {a s6 tam phin thi t5n 1a)
{(ar,n)e N? duy nhdt thda man: x= a3, va 3fa.
Vix € C,nén khi d6 x 13 mot ddu mit cha C,.
S

Néu x 13 mét mut trdi thi x c6 mot dang khai trién tam phan x = Zan 37" sao cho:
n=l
vkelN, ay € {0,2}
Vizn+l ap =2

2)a}) » Choxe(C (a”)nzl= qo_l(x) e {O,Z}N* .

Khi dé Z%"z"‘ hoi ty, va do -“'—2’L e (0,1} voi moi 5 thuse N *, nén ta cé:

nzl

B P (131
2
nz]

K&t qua nay chimg to ring vdi moi x thuge C, fix) tdn tai va fix) € 10; 11.
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o)
» Choy e (1) Tontai (b,) ., € {O,I}N. sao cho y = Zb,,f" (khai tri€n nhi phan vé

1=l

+n
han clia y), va khi Ky higu x = Z(zb,, 37" tactx e C v

n=1

fl = i(zh,, R = ihﬂz—" =y.
n=1 n=I

Nhu vay £ 12 mot toan dnh 1t C lén |0;1}.
b) NéuCdémduge, thivif: C — [0;1] i todn dch nén {0;1] cling s& d&m duge. Nhung

vi R khong d¢m duge va do tén tai mot song dnk 10; 11 — R, nén [0;1] khong dém duge.
Ta két luan:  Ckhong dém duge. :

3D« ViCc (1] néntach; C+C={x+y (x.veCxC}tc [0;2)

e Daola, chon e [0; 2] Vi -g-e [0; 1], nén theo su tdn tai coa dang khai tridn tam phin

cia mot phén tir thudc §0; 1], ta suy ra sy tdn tai cha (u,) ., € {O,I,Z}N* sa0 cho:

+e0

% = Z“‘"S_" .

H=]

X, =¥, =0 néu u, =0
Xétx= anf” vay= Zynﬁ'" ytrong dé: <x, =2 vh y, =0 néuy,=1.
nzl nzl X, =2 vd y, =2 néunm, =2

Khi d6 1a c6: (x, ¥) € Cx C Vﬁx+y=2[%]=u,
K&t qua nay chimg td: C+ C=[0; 2|,
2y Vi, -;-, % 1 déu thudc C nén:

.l} =10: 2] + {0, ,l}

=[0; 21w [-1—;2+-l—] w 1:3;2+2] TG 31 =10; 31
3 3 3 3

3 Ta chitng minh biing phuong phap truy héi theo p ring v&i moi p 2 3 thi:
C+. +C=[0;pl.
h—-—-—-—-——v—-—”

£l :

C+C+CoC+C+ {0,

[
SRS
| e
[P

p s hang
Néupz3vh C+..+C=[0p-1} vd C+...+C =|0; p] thi:
it it [ o
—1 58 hang p s hang

C+..+C=C+.+C+{C+Cy=0; p-11 + [0; 2] = |O; p+1].
Qe [y ——]
prlsfhang p-1s6hang

C3.2 1) TakyhiguP=ay,+eX+..+a X" trongd6n22, a,,4a, .. ,a,€ Z,a,# 0.

Cho(p,gle ZxN* Via e Q,néntacd a+ ﬁ,vhtacéthé:ipdungdinh]yngiahﬁ‘L
i
1!::;ﬂ {khodng mdndi o vi Lia ) sao cho:

han cho P gilta a va L tén tai £e
4 4
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P(a)-P[EJ = [a-ﬂ]P'{g) .
q q
> 1,1 ¢6 thé 18y ¢ = 1, vi 1€ khi d6 ta c6:

a—ﬁabl zln.
o of
a—ﬁ{ < i

o

Do P Tién we tren doan |- |a| -1; ja|+1 1, nén 16n tai M € R, sao cho:
Yu e i-|af-1; o] +1 1, [P} <M.

Néu

at
d

Viy ta gia thist

Hon nita: tal =|a+(§—a}[s|a|+|§—a| < faf + < el +1,

s
4

dodé &e-|af-1: lal+1 1 trday suyra P& < M.

{2 i

Khi d6 ta cé: = |P'(§)| <

a—2
q

tir day suy ra: a-Pls 1 P(ﬂ -1 qnp(f_fJ_
q, M q Mg" i
Do q”P[£] =a'+apgH L apt 0 v q"P[ﬁ]E Z . nén ta c6: qup[ﬂ] > 11
9 4 g
d6 cé: ol s L
q Mqg"

Cusdi cling thi ¢ = Min [1,—]-J thich hqp (khong phu thuée p va g).
n

2) Vi(uy),,, bichin nentdntiC e R, saocho: Ve N*, || < €.

s Dorvnzl,

1, 107"

<C 0™, nén chudi Zu,,m‘"’ hoi . Ta ky hicu;

nxl
o0
L= Zu,,w‘”’ ,
n=l

* NéulL e @ thikhid6 khai tridn thép phan cla 1S & tudn hoin, va do 46 (vi a! la mol boi
caa n, ¥6in > 1), day (u, )nal s& dimg tai 0, trudmg hop nay loai.
Két quitrén chimg16: L g Q.

n
* Véine N* taky hitup, = 10”‘2@10‘“ vig, = 10"

k=1
Tir d6 suy ra v6i moi n thuse N *:
> otz 3 >
Pul _ —k! —k! (1 ~(pHn+ D)
L-Lnf o Z w08 Y crot = cio 10
n k=n+l k=n+| p=0
T H+] !
< c.m“"*')’Z]U“f = 10C e _ OGS 1 gl 1
=0 9 9 qn)l 9qu ({::



Chi d&n va trd I3

Neu L [3 s8 dai s6, thi theo I}, sE tdn taic € IR:_ vaine N -{0, 1} sab cho;

Y(p.q) e ZxN*, [L—ﬂl >
4 4"
mau thulln v3i két qua trén day.
Cudi cing thi L 12 s8 siéu viét.

3.3 /) Ap dungnguyén |§ thém vao-loai trilr: nla téng s6 cip; 1a loai bd di nhitng ciip
(x4, v) sao cho p, bu va p, | vcho p, cip ddu tién; sau d6 ta thém vao nhing cap ma p,p, | u
vapyn, | v, v

2} a) Sip xep lai chudi trén day (trong 46 thuc ra thi cde s6 hang déu bing khong ké tir mot
hang niat dinh).

mef Z[ﬂ,:f){ [knz p(k)] EZ m[“ [( ]ﬂ
36 -E0))

Chii ¥ ring: Ve R,, 0< - (E(x}l)2 £ x+ B(x) £ 2x, tirdoésuy ra:
n
z,u{k zzl N 2lnn >0
nk:lk o N am
k) o k)
Mat khéc: EP o D2 day 1amot chudi hoitw vi |u()] < 1.
i KT om0 ik

3) a) Che ho duoe sir dung d€u kha tdng vi:

ESel 2 om-Sr

i=1 (k,ﬂE(N‘}z =l u"n

b

b} V8in22,gidst n= p .. p{ 1adang khaitrién nguyén Wchan(r eN*,p, ... p,
12 nhimg sd nguyén t§ do6t mot khac nhau, e, .., e, e N*); ta cé:

ddjn !c{l,.,.,r} ief .‘c{l,..,,r}
a0 a0
. Hk) 1 5] Mo
o[ S| Sa)- Sal s e
k=1 i=] n=l dln n=l
o & ﬂ(;c - :;L= %
O k Z-'l— T
12
=1
P
C3.4 ) a) YrneN* =1 WP -—> {#0,dodéz, — 1.
Pn-] H
1 " 1 1
- L+—+.
h) Véimointhube H* xétz, =e” Tacé:z, —» 1va 1—[2;‘ =e 2 AW
1 fel]

k=1
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chudi Zl o6 céc s6 hang duong va phan k).
H
nzl

0 Trad I8i:  Dio cla aj sai.

n n-:
2) Tacé: VnelN, ln[ka]= Z]nxk,
k=0 k=0
n H
Day {ka] ¢ gidi han khic khong khi va chi khi day ln[
rz0

k=0

J"k} hi tu, nic
k=0 nz0

khi va chi khi chudi Zlnx,, hoi ty. Hon nifa, trong rudng hop chudi hoi 1y thi:

rz0
+aa +oo
ln{nxn]= Zinxn .
n=0 n=(} -
3) a) Theo 2, H(Hu,,) hoi tu khi va chi khi Z]n(]+u“)hoi tu.
rz0) 0

« Néu H(1+u,,) hoi 1y, thi khi d6 4, — O (xem 1) a)), 4, ~ In(1 + u) > 0, vh c
nea

1)
nz0 "

d6 ) sy o ty.

az0

*  Dao lai, néu 4, hoitn, thikhidéu, - 0,In(l + 1) ~ 1, >0, In{l+u,) hoi v
n 0 M N . o " n
nz0 e nz0

vadods [ [(t+u,) hoi.

rz0

b) @) —la—:\-{Jvé Zia hoi tu khi va chikhi @ > 1.

n izl h
0 T s H[H—]—J hoi tu khi va chikhi @ > 1.
n&’
nzl
8 Theo 2, tich vé han l—[[l—hl;) cling loai véi chudi ZIn(l——};J,
nx2 " nz2 n
Vi lh——l-— L <0, nen Zln ]—-L citng loai véi Z-l—
n* e n® ) n? i na.

n2l n=2

0 Traiak H[l-—‘;) hoi t khi va chi khi @ > 1.

nz2 n



Chi dAn va tra (i

¥ Theo 3} aj, H[1+ ]cﬁngloa: véi znlnn

Dén day hiy ap dung két qué khao sét chc chu61 Bcrtrandt (xem 3.2.3, Ménh dé 2).
1
¢ Tra 18i: [1+ han k.
1_[ nlnn P y

nz2

4) a) Véinell, takyhitu P, = 1_[(1 +u) vag, = H(l +|#]) . Ta s& chimg minh ring
k=0
(Fa),50 12 ddy Cauchy trong .

Choe >0 Wi Z[anl héi t, nén tich vé han H(l +|uﬂ]) héi ty (xem 3) a}), va do dé day
n20 20

(Q,, )nzo 12 day Cauchy trong T (tham chi trong I ). Khi 46 t6n tai N e 17 sao cho:
Vpeell Vreell, 2N =g, -@)|<e

Cho (p,r) € K x IT*; ta c6:

P
|Qp+r' —Q,,| = |QP|[ H (l"'|“k|)h ]]‘

k=p+l

2 i
Motmacti; [Py = [ [it+ul < [ (1+]a)) = 0,
k=0 k=0
p+r
Mat khéc, khi khai trién H (1+u;) va gidn udc hang t bing 1, ta c6:
k=p+1
P+

l—[(1+uk)—l

k=p+]

p+ r

s [T a+vjup-1.

k=p+1

Nhuth€tasuy raring: Vpe N,vre N*, (P2N=>['Pj}+r_Pp|S|Qp+r_—Qp‘SE)'

H¢ thitc nay chimng 1 (P,, )nzo ta déy Cauchy trong C, do d6 hoi ty; cudi ciing thi tich v& han

1—[{: +u,) hoi .

n=0
h) VéineH, taky hitun, = lanl (2 — )-1 ta c6 ngay: |u,|=(1-~|a, |)M—1
a,,]l Uz |a,,
Mot mat thi: |an +anlz| < Jau| +aq||2] < 2;
mat khic thi: la,[il - anz| 2 [a,,[ll—la,,”z” — 1-fz] >0.
e

K#t qua nay chiing 15 day {lznu-:l_azl zzll] bi chin. Do Z(l -»|a,,|) hoi ty, nén ta suy fa
A ol neR 2zl

ring Zlu"| hoi ty. Dgc biét, tén tai N € 1Tsaocho: Yneil, |u] <L

nz=0
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Theo a), ta két lugn ring tich v han H‘—(—{"—l(ﬁ-—:— héi tu.
HEN (] Un )
5) a) » Theo2), l—[(l-l»u,,) ciing loai véi Zln 1+ b + Mot phép khai trién tigm
Jn

nzl =l

(_l)n—l (_])H—] 1 1 ]
LT[R St A ] L
“(* 7n J dn T’ (nm

1yl
v chiing 16 ring ZIn[H( \l/)_ J phan ky.
1

nxl

cin cho ta:

1yt
Z( Y hoi ty theo Didbodd (xem 3.3.5, Dinh 19).

nzl J;

hj »  Theo 2).tich vo han H(Hu ) cing loai v&i chudi Zln 1+u,). Ky hieu
nzl nzt

v, = 1a{14w,), ta s& nghién ciu loai cla Hv,, béng cich nhém cic hang i k& ti€p nhau timg
nzl
ddi mat, Ta cé ngay: v, — 0.
Heo

Vi Vi Vg, = ]n((l+uzr,)(l+u%|)) =In{l+ @}, trong dd:

1 1 | | | 1
=t =2 —F - ) [
o, 2 2+l 2pt2el p J,; r"—‘p{_l (P -J[_}] Al

!
=1, L L(HLJ_E L [1+ J ol -
PRIV AN o Sln il » o)

Ta suy ra ring Hap hoi ty, sau d6 suy ra Z(v:;, + \'2“1) héi ty, vi cubi citng th

pzl pzl

H(lw,,) hoi 1.

nzl

* Tuong ty, ta chimg minh biing cach nhém hai hang tir k& tiép nhau, ring ZH” phan k.
Hzl
&) Day Ja nhimg thi du vé céc tich khir chéo dugre, L nhimg déi trong mo‘ng w thea unh nhén

cia cdc chudi khii chéo duoe (xem 3.3, 1) b)). Hay tich mot tich rieng 1—[ (hodic H ),

n=2 n=|
gidn wde, sau dé cho N din dén +oo.

N 2 N N 2
Chin han: n ~] (m—D{n"+n+1) _ {(n-1) n"+n+ly
8 Hn +l we2 (n+i)(n2-u+l) a2 (n+1) B{nz—n+l)
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__ 12 NPeN4l
NN+ 22241

chi Jring: Vaell, a+n+l= (el —(ns1)+1.

O Tralai: a;§ b 2.

C3.5 1) o) a} Theobai tapl.I.S,bJ,tacé

VN e ZIH lival < [Z!ﬂ I”] [Zlv I“'Jl < e, vl -

r=0

BS & ham o ddi véi cdc chubi cé hang tir 2 0 cho phép ta suy ra ring Z[u,,v,,[ hoi tu vi;

r20
a3
2 lenllva) < il 1, -
n=0

Theo 3.3.2, ta két lugn ring z;nv,, hoi ty tuyét d6i va:

nz0
Zu,.v sZp”ps L, I,

n=0
B) Theobditap 1.1.8, ¢}, ta cé:

N N
VN e}, Zlu,, +v‘,,|"J < [Z'u,.'p] [Z“" |PJ (I“"p +||v“p) -
n={) n=0

N
B3 d& ham 1roi déi véi cdc chudi cé hang tir > 0 cho phép ta suy ra ring Z]u,, + v,,'p héi tu
=0

+0
(dodé6u+ve £p } va: Hu + v“:j = Z‘un + vnlp = (Huﬁp +,|v||P)P .

n=0

Cletithehit & 20 va(Vie C.Vue £, tue £)o6md chitng minh dé dang.

h) Céc didukien (o =0 = u=0) wa E |Allle],, <6 thé chimg minh d& dang; bat
ding thifc tam gidc thi ta di thly & a) a.

2) o Neuu=(u)cpe L vav=(u),oe &, miknids Zlu | va va | hoi ta, do do
a0

Zlu” +v, hoitu(trd6suyrau+v e £')va:

o -Zvu ol 5 Yl + 3ol = o+l

n=0 n=0
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* Neu w=(u),., € £vav= (v)yen € £ omivive £ va
bty = Supfu+v,| < Sup,| + Suplr | = Jul, +b], -
nel nelM nelN

Cde diéu ki¢n khdc dinh nghia chudn cé hé kiém chimg dé dang.

# o 2 .
3} a) Chop, e fli+ol, = (u)e e &' Wi Z]unl“ héi i, nén u, — 0.

neo
nz0
Dic bigL, (1,),¢;; bichan, tic lan € £ . Nhur the ta i cd (P] = A
Sau nita, néu 3 # o thi:
Tl =l 2 ()

dodéu e £, vi hom nifa: I, < I, (o)
b« Theoa) || £t
pE[l:+co[

» Diy dimg (1) thude v khéng thudc lp nio (p € [1; +eo[),vi hang r téng qudt cita
day d6 khong ddn dén khong,

» .
¢ Tacbdn b dige ci U &+ ¢, (rong d6 ¢y chi tp hop cde diy phic hoi tu dén 0),
;}E[l:i—w[

khi xét [——'__] .
In(a+1)+1 nel

¢ Tra 16i:  Khong.

§]
¢} » Theou)tadi cé: VYpell;+m|, ue £ .

=Y
* Vi Vnell, |u]s Z|u"1|!’ = Ilu"ﬂ ynentasuy r uf < ||u’|p :
’ m=0

0
\ 1
* Chos>CcBdinh. Viue & nen Inge N sao cho: Z || <

&
> .
n=ng+1

1
+<0 ; +a
Khi dé ta cé: Z lunlp < Z 'unl = %

r=ng+1 n=ng+1

1
X P
Theo bai 14p 1.1.8, d): [Z];;,,F’J - Max |u,]| < Juf,-

oy poyes QEpzag

i .;
Viy 6 12i py € |1; +aof sao cho: Wp € [1; 4o0f, | p2 Po = {Z‘u”r’] <l +§ .
n=0

Khi ky hieu v, w 12 cdc chudi x4¢ dinh bési:



Chi din va tr3 15

, nfunsn 0 néunsn
Vo= = N
" 10 nfunzny+l " |u, nEuRzng+1

thirdring 1a: v e A JWeE g s =v4+w, Tirdé, véi moi p thude [1; +wof sao cho p 2 p,, ta cé:
e, = b+ wl, < A, + el < o, + &
Nhur thé ta di ching minh:
Ve >0,3p, € [1; +of, Vpe [1; +xf, (p2p, = J«), < ]|u|[P <[l + &

va cuéi ciing thi: Mu"p pjm "”ch .

4) Trudng hop p = +o di duoc xét (xem C2. 1, 7)), vi £ = B(H4, ).
Vay ta gia thigt pe [1; +oo[.
Cho (U'") [a mét day Cauchy trong 4 ; v6i méi m thuoc 14, ta ky hiéu (u,’:’) ="

me nelq

r o
#y, — Uy

. 4 P . .
Cho £ > 0 6 dich. Vi (U'") N 12 day Cauchy trong £, nén tén tai m, € 11 sao cho:
Cho ne H. Tacé:

mME
> bt :
Y(r, 5) e T, {{r oo > = HU’ - U’"p < 3] .
2 my p
N )
Yir, 5} e IV, [{r o = i < s},
2 my P

n=0
vy (a,',") x ta day Cauchy trong . Vi T di nén tén tai y, € ©, sao cho: wy - v,
RE oo

v

L)
Up Uy

Ta cé v6i moi N thude I1;

N
Vi eir, 47T D
J‘Emo =0

v vl e |
P
C6 dinh r va cho s ddn d&n v0 ciing, ta suy ra;
N
v
Yreld, [ero = Z Ss].
n=0

Diic biét, theo bd dé ham tréi d6i véi cde chudi ¢6 s6 hang > 0, chudi Z’u,’f’o"l - ¥n

nz0

P
¥ h
H" “J’:

;
My =¥y

P
hoi ty,

P
védodév(rikfhieuy=(y,,) N.lacét U’"o”-yel .
Rne.

r P
Do £ lamotkgvccdall, néntakétivanye £ .
Hon nifa ta con duge:

F2l

m
H, —¥| £,

o
- 3 ‘j

Ve >0,Imell, Vmel, [m>m0 = |U’"—y" =E
f’

0

=l

. . x P
diéu nay chimg t6 ting U” — ytrong £ .
me

. LA
Cudi cing, £ di.

57
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CIL6 Hae Chiyring: V(e f) e (]R+)2, afi< %(a2+ﬁ'2).

Ta suy ra tinh hoi ty clia Z[u,,”v,J tit tinh hoi ty ciia Z]u,f vi Z[v,f )
nz

rz0 nx0

> i [Ziu | ][ZH}

* Trong b&t ding thttc Cauchy-Schwarz : YN i1,

che N ddn 16i vé cing.
b} Vigc kiém chimg dé dang.
2) XemC3, 35, 4)

3) Réranglh: Vkeil, e e £2,

+e0
* Vnel, Qn,u>=25,,pﬂp =

u"
p=0

N 2
. wu—-z‘\:en,n)'enﬁj = "(0, Oty g tiy g, " = Z Iul

n=0 n=K+1
do dé Z<e",a>e hoi tu dén x trong (l I I, )

az0
4) a) » Trude tien, véi moi u = (42 ) ey thuC £ 1acs: ( 1) el v u"'l < | n|2.

"+ n+

* Hién nhién f tuyén tinh,

* Yy = (“ﬂ)neN e lz, ﬂf(u)"2

Zl“ = Jul} -

Cudichng thi: fe co(£).

h) Véimoiu= (), v= (va), thuge & 1acs:

45 +a0
1 —_— ¥
<ﬂu),v>=z L v"=ZH” - =cu Ry >,
o ntl per NS

ching 16 ring f ¢6 phy hagp vii f"‘ =f{ tandi rang Sty phu hep).
€) e Kerf)=((u,) e &; =10}, vy (Ker(h)' = [0}'= £2,

. Xéts:[——l—) .Rﬁréng[éeel ,Né'uaelm{f),misétdntaiu=(u,,) NE £
a+l neN ne

sa0 cho £=fly) = [ n J . & 46 suy ra (¥n e 14, u, = |} Nhung khi dé thi Z’u,f 58
n+l,, ~

phan ky, maw thula,

Diéu dé chimg td: £ ¢ Im({f), va cudi cling thi Im(f) = (Ker(f)* .

5)a) af Chou= (u,), & £,
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e Chudi Z “:]
n

nz0

hoi tu, vi 18 u = (u, ) e & vhe= [———I-—J e 2
n+l/,

=EH do d6 hoi ty

"n+

e, hoi t ydt d6i, i | vreN, |2 €,
n+l 7|,

trong Ewla (xem 3} va3.3.1, Binh Iy).

Nhu vy chudi z n,,m héi tu trong £ » v do d6 g(u) t6n tai.
n+l
nzl
£ Hién nhitn 13 g yén tih.

Y Véimoiu= (u,), thusc £ s

1 1
b <23 2| S Z 7) = Zirr ) b
ching té ¢ tuyén tfnh.

&) Ta chiing mink ring g c6 phy hop g v tinh g*.

Hy

* Gid st g* 16n tai. Khu 46 v6i moi u thudc & acs:
1
<e.gMu)> = <gledur=c — {eg+e), u>,
n+1

tir dé6 suy ra:

g =

o +eo
* 1 <e,u>
<€y 8 (u))en = {€0+€n,ﬂ)en=<30,“>€+ —a .
n+l n+l

M

"o

i
=3

n=0 =0
e Dio lai, hay ching minh ring dnh xa 4 : € - £ x4c dinh béi:
+a
2 LT
Vue L°, hi)y=< WMEE+ Yy BT
(u) £ Z il e
n=D
duoe dinh nghia hop L&, tuyén tinh fien tyc va 1 phu hop cia g.

L

b) @) Hién nhien, vi E= g(£*)va g e £0( ),
"B} Gid sir fc6 phy hop f*.
* Tacé: V(i v) € BY, <, O > =<flu) v = <gln), v = <, gov) >,
wrdésuyra: VYve E, f(v) =g
* Doeg,= %g{eo) € £, nén ta cé thé tic dong f* cho e,

+o

< E,.en>
N e =+ E —’&O—q?n=£+enA
:

— n+1
Vi e, € E, nén ta s thu duge mau thuin béng cich chimg t5 ring ¢ ¢ £,
Gia thi¢t £ € £; khi d6 16n tai (. ,,) e £ a0 cho &= g(x), tir 46 suy ra;
_m fote, mx +°°x ( < x,,\ — x,
= Zox,, n+l (,. O‘r:]-]#o-"”_o_;_le b txﬂ+zn+lJeo+;n+le

Liic nay 14 suy ra duge (xem 3)):
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+aG

x
Xp + Z "1 =1
ned h+ .
X, 1
Ve N*, =
n+l n+l
saudd 13 (Vre N*, x, =1), mau thudn véi s héi tu ena Z|x"‘2 .
rz0
Nhuvay £  E, mau thudn. Cudi ciing, f khong co phu hop.
g i
C3.7 f) Z vy = up+lvp+1 + Z u;..(o'p‘k '-‘O'p__kq)
k=p+l k=p+2
g =1
FUpVpu ¥ Z T nk - Z e 1T 1
k=p+2 .k=p+l
q-1
S Vo t ”qap,q' up+20.p,P+1 + Z ('uk _"uk+l)gp,k
k=p+2
gq-1
= Rq p.q+ Z (“.k "“k+l)af),k f
k=p+l

khi chd § ring v,,, = PP+

Chd ¥ sy twong tr clia didm /) ndy v6i phép tich phan timg phin.

2) Ta ching minh ring Zunvn thda mén didu kién cdu va dit Cauchy d€ cho mot chudi véi
rz0

cdc hang tir thudc mot kgvde di héi ty (xem 3.3.1, Dinh 1§). Ta I8y lai cdc ky higu & /),

Cho {p, ¢) e 1Psaochog2p+ 1. Tacd;

¢ leral = wlongl supm

g1 =1 -1
. Z (U — s )0 4| < Z {”k_“kﬂ)‘lap‘k" =M Z (e — g 1)
k=p+1 k=p+1 k=p+1

=ty -u M.
q

Theo 1), ta suy ra ring; z UVl S i, M.

k=p+1
Cho ¢ > Océidinh. Vi 1, - 0, nén tén tai N € I sao cho:

il

Ynell, nzN=u, s £ .
M+1

7
Khi d6 ta co: Yip, q) e N2, NSp+lgsg = 2 vl S g

k=p+l

Theo 3.3.1, Dinh 13, ta két luan dugc ring Zu,,v,, hoi tu trong E.
nz0 :



Chi dan va tra Idi

3} a) Hay ip dung dinh 1§ Abel cho u, = -—l; viv, =e" lyu ¢ ring:
n
h) 1) Thianh 14p mot khai trién tiém can:
n n 9
(-D)"cosn_ _ (-1)"cosn "'O[_I"J: cos(z + n "‘O[—l'}

n+(-1)"sinn R n? n
Theo «}, chuudi ZM hoi ty.
n
nxl
0 Tra 18i: Hoi tu.
2 sinn _sinn +O[ ] )

nsinn 1 na;z

|(n+l)r sin ﬁlf
l "

Ynell,

RN Y
sin—
2

0 Tralsi: Hoitu

L3 (n\E) . ,
3) eﬂ-ﬁ__l 1n(1+——s"j/(f"))= [S__i“(”‘ﬁ)_m[ln(__s’“(e”)+o(
i

n Jn vn
- sm[n\/_}sm(en) ol 1 1 _ Cos(e—\/i)ﬂ_cos(e+\f2_)n +O(
n 3"2 2n 2n

)
)

Hiénnhién 13 ¢ - V2 vae+ \[2- von thude 10; 2a[, khéng phai 12 nhilng bai cta 27.

Khi €6 ta c6 thé 4p dung a).

4] Tra 18i:  Hoi .
4) Tén tai p e 1T sao cho (2p + D >1.

sinn
Do — = 0, n&n ta thu duge mat khai trién tiém can:
n e

sinn (-1) sina 2l 1
sin| —- —_— +| ——
e P (2k+1)‘ nZ H{2p+l)a

» Choke {0,..,p-1}. Bing cich tuyén tinh héa x - (sin x)zh]

(Ak,O!--"Ak_k) € Rkﬁ thda min:

K o
VxeR, {sin x)2k+] = ZAk‘!-sin(ZH x.

i=0
Véik e (0 Nviie (0 &) chudi sin(2i + 1)n hoi tu th
oikef0,..,p-11vaie |0, .., k), chudi Z—(W 6i tu theo a;.
nzl n
* Vi{@p+Da> 1, nén chubi ZO —-1— héi tu teyét ds)
p L n(2p+])a v O Y. N

O Tra lsi: Hoiw.
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