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Hién tai sach khoa hoc vé tin hoc biing tiéng Viét rat hiém. Da s6 la
céc sach huéng din st dung phdn mém, ké ci viec day lap trinh ciing
chli yéu dya trén cd sd mét phin mém bien dich nao dé. Tin hoc da
dugc phat trién dva viao nganh Toan hoc, tdt cd nhimg li ludn cda nganh
nay rdt chét ché dya vao nhimg nguyen i toan hoc. Tin hoc trong qua
trinh phat trién cting ndy sinh dic thii riéng va nhiing li luén riéng dap
ing céng nghé thuc ¢ ciia né. Dic biét khai niém vé thuat toan thi
bat o mot ngudi hoc tin hoe nio ciing cdn phii ndm vimg. Thuat todn
da dugc cdc nha tin hoc phat trién va nghién citu kh ki, thudt todn
6 mét trong moi linh vyc cla cong nghé. Nhing cach thic ngudi ta
- phan tich va thiét k& mot thut toan nhu thé nao thi khéng phai ai ciing
hiéu théu déo. Cubn sich nay gidi thieu cic van dé vé thuat toan vai
d6 phitc tap tinh todn cda né. DE chimg minh va phan tich thust todn
mdt cach diing dén ta phéi ditng mot s6 cong cu toan hoc co ban nhu
- phuong phap chiing minh quy nap toén hoc, phuung phép diing ham

danh gid 0-16n holc o-nhd, phuong trinh héi quy, ... va cc kién thite
cobdnciatodnhocrdiizec. = o

Cubn séch nity dugc bién soan rthim phuc vu cho cic ban yéu thich
toan hoc ing dung va tin hec, cic ban & 16p chuyén toan, chuyén tin,
cac thdy c6 gido va nhimng ngudi quan tim dén gido duc toan hoc, tin
hoc & trudng phé théng ciing nhur dai hoc. Méi chuong déu di tir don
gidn dén phic tap, méi khai niém méj déu duge dinh nghia trude khi
vao bdi tap. Xuong séng trong Ii luan cda cudn sich nay, ngoai nhing
dinh nghia cd ban cda cac khai niém, la phuong phép 1ap luan theo quy
nap toan hoc ma ban doc c6 thé xem trong cudn sach riéng vé chuyén
dé nay [13].



4 ., ' Thudt todn tiép cin qua bai t4p

. Chuong 1 cda cudn sach hoan toan mang tinh cng cu toan hoc.

Nhitng bai tap trong chudng nay rat hay vé mijt toanthot va n6 con
tao da cho cac chuong sau chuyén vé tin hoc. Chuong 2 néi vé tinh
diing d4n ctia thuat toan va cach chimg minh tinh diing dén d6 cho cac
thuat todn quen thudc. Nhimg chuong con lai chi ra dé phiic tap tinh
toan cla cac thuét toan két hgp véi phuong phap thiét k€ chung nhu
phuong phap chia d i, phuong phap quy hoach dong, phuong phap
tham, phuong phép quy lui, .... Viéc chi ra dé phitc tap tinh toan cuia
cdc thuat todn con cho ta hudng phan tich va thiét k& thuat toan mét
cach t8i vu nhat. Cac thuat todn dugce thé hién bing ngén ngit gia ma
gén nhu ngdn ngirlap trinh Pascal ma nhiéu ngudi da quen thuge. Cac
bude ctia méi thuat toan dugc danh s6 theo déng, nhiing giai thich va
lap luan déu dya trén cac s6 dong ndy. Mdi muc déu c6 nhing bai giai
miu va sau dé 13 nhimg bai tap. Nhitng bai tap ¢6 thé c6 15i gidi hoic
goi ¥ hojc ban doc phai suy ngim dua trén céc vi du da gidi. ,

Do thdi gian bién soan cuén sach b1 €0 hep nén c6 thé con vai sai
s6t, mong ban doc gop y. Honnita, con nhiéu vén dé vé thuat toén lien
quan dén d6 phitc tap tinh toan cha chiing khong dudc trinh bay & day.
Xin hen trong mét tai liéu khic, ching t61 s& gidi thiéu vé cac chuyén
dé nhu thuat toan s&p xép, tim kiémi; thudt toan s6 hoc, cdc thudt toan
trong li thuyét dé thi, ... citng cac ham thdi gian tinh toin cta chiing
va cac chd dé tinh toan vdi thuat todn c6 do phic tap P, NP, NP ddy
dd,...Trinh bay va bién soan cuén sach bing chuong trinh TATEX ¢6 cai
d&u tiéng Viét do téc gia thyuc hién (14].

Moi gop ¥ guti vé dia chi: Ban bién tap sach Toan, Nha xuat ban Gido
duc, 187B Glang Vo, Ha Noi. '

- Téc gia cAm on ban bién tap Toan - Nha xudt ban Gido duc Ha Noi
da hét sitc gitip d8 d€ cudn sich dudgc in ra. Téc gid dic biet cam on
cac d6ng nghiép & Khoa Ton - C0 - Tin hoc, PHKHTN, PHQGHN;
Phong Gidi tich s6 va Tinh toéQ_Khoa hoc, Vién Toan hoc, da giup do.
va dong vién rat nhiéu trong qué trinh hoan thanh cudn sich.

Ha N¢i, thang 09 nam 2005
Nguyén Hitu Dién
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11 THUAT TOAN VA CAC TiNH CHAT CUANO

Sit dung thuat todn khong phai chi bit ddu tit khi xudt hien may
- tinh. Loai ngudi da st dung nhitng thuit toan tir rat lau dé giai mét
cach hé théng céc bai todn, Mot cach hinh thic, mot thuét toan c6 thé
duge mé ta nhu mét ddy hitu han nhtmg quy tic d€ gidi mét bai toan.
Con dinh nghia chinh xdc va day 1 cta thudt todn phai dung khéiniém

may Turing. Dinh nghia sau day da cho muc dich cta tai lieu nay.

Dinh nghia 1.1. 7hudt todn [ mét thd tuc ddy di va timg budc cho
viéc giai mot bai toan cu thé. Méi budc phai thé hién r5 rang theo thudt
ngit mot s§ hitu han quy tdc va ddm bdo ket thiic trong mot s6 hiru han
lan 4p dung cda nhimg quy tic nay. M6t quy téc dédc tha 1a sy thuc

hién mgt hoic nhiéu phép toan.
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D€ mo t3 thuat toan ngudi ta c6 rat nhiéu cach th€ hién nhim muc
dich d& hifu cho ngudi doc va d& dang thuc hién ching trong thuc té,
- d4c biét 1a trong mdy tinh. C6 ba cach cd ban mé ta thuat toan:

1. M6 ta bing 15i, liet ke theo timg budc va cic phép thuc hién cha
thuat toan. Cach ndy thudng dai va céng kénh khi nhidu ngudi
ciing quan tdm tdi thudt toan, mit khéc vi khong c6 chufn muc
nén rat d& din dén hidu sai. Nhung cach nay thich hdp cho viéc
m6 ta va nghién citu mét thuat toan.

2. M6 ta thuat toan bdng so d6 khéi. Hién tai c6 mdt s6 loai so dé
khéi mo ta thudt toan rat thuén 1gi, truc quan va rit gon. Nhung
véi nhitng thuat toan 16n, phitc tap thi nd khéng dap ing durge
nhitng yéu cdu cda ngudi phén tich hé théng,. '

3. Mo ta thuat todn bng gid ma. Day la cach t6i ru cho ngudi nghién
ctru thuét toan va thiét k€ thuat toan. Béng cach ndy ngbén ngumé
ta t nhién nhu & cach 1, mit khac rét gan véi cac ng&n ngu lap
trinh bac cao d€ thé hién thuat todn. Vi csu trnic cda gia ma ta
ciing d& phan tich, chitng minh tinh ding dén, im dugc do phitc
tap va thiét k€ dugc thuat toan.

_Trong tai li¢u ndy ta diing b6 gid ma duge mo té dudi day.

1.1L1. Gid ma mo td thagt todn

B6 gid ma 1a mot tap hgp nhitng it khéa va mét s6 nhitng c phap
gin v&i ngoén ngix tw nhién d€ mod td thuat todn. Vi bd gid ma trong
tai liéu ndy, ta chon nhiing i khoa gédn gidhg vdi ngdn ngit l'ap.trinh
Pascal. X

Nhlrng thuét toan dugc thuc hién nhu mdét chuong trinh con, nd
dudgc thé hién bing mét trong hai hinh thirc: Nhung ham function va
thi tuc procedure. Trong trudng hop ham s6, gia tri trd vé sau khi thuc
hién ham dugc thue hién béng lénh return. Thong tin dude chuyén cho
ham va thi tuc bing dbt—thﬁng s0 tuong ing. Mot tha tuc thudng c6
dang nhu sau :
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Thuit tein 1.1 Vi du mét thi tuc (<tén thd tuc>)
procedure <tén thu tuc>(<danh sich d6i s6>) .
Diuvao: <d6is6k>métd, k=1,2,...n

Piura: <d6is6m>mé@m=n+1,n+2,...
<khai bdo bién méi>;

<Cac ciu énh caa tha tuc>;

end <ién thd tuc>

Trong nhitng <> 14 nhitng tén hojc thong s6 cu thé cla thi tuc
hodc cac bude lénh trong thi tuc. Sau tit khoéa Piu vao: li mé ta nhitng
théng s6 duge dua vao thi tuc. Sau Piu ra: 1d mé ti nhiing thong s&
dugc dua ra khéi thi tuc. Ngay sau dé c6 thé 1a nhitng dong lenh khai
béo bién cuc by hoic bién toan cuc. Ta quy dinh bit ddu thi ‘tuc tir
dong déu tién va ket thic vdi tif khéa end kém theo tén cla tha tuc.

Céc phép todn trong gid ma gidng nhu ngén ngit bic cao Pascal va
durge x€p theo thif tu vu tien dugc liet ké nhit sau:

1. Nhitng ddu ngo¥c tron: va ).

2. Phép nhﬂn, liy thita va phép chia: x, », /.

3. Phép cdng va phép trit: +,—.

4. Todn t quan hé: <,>,<=,>=; = >

5. Toén t l6gic: and, or, not

Céc khéi l6gic trong thuat toan ciing giéng nhy ¢ic ri‘QOn ngir lap
trinh béc cao. Cac khéi if ... end if, for.... end for, while ... end while
két thic bing tir khéa end két hop vdi tit md khéi, DE 48 hidu ta lay vi
du mé ta tinh t8ng n s6 dugc ghi vio mang X[1..1) (thuat todn 1.2).

Nhitng cau Iénh trong thd tuc hodc ham dutjc__ danh sld d€ thuan tién
cho viéc phan tich thuit todn. Néi chung nhéing kh6i lenh ciia gia ma

hoat dong gi6ng nhu ngén ngit lap trink Pascal. Ta chi ra nhiing cyd
phap nhu sau:
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Thuit toin 1.2 Tinh t8ng n s6 (Sum)

function  Sum(X[1..n]) - -
Pauvao: X[l..n] mang n s6 thuc x1,x2, ..., X
Piaura: x +x+..+x. ’
Tong :=X[1];
fori:=2tondo
Tong := Tong + X{i];
end for
return{Tong);
Sum

ey

m
=]
=9

. Khéi ré nhanh: :
*if <biéu thic l6gic> then
<cAu lénh>;
end if

" hodic kh6i r& nhanh ddy dd
| if <biéu thitc 16gic> then
‘<caulenhi>;
else o

<cfu lénh 2>;
endif

. Khéi 13p hitu han biét trudc: :
for <chi s6>:=<gia tri ddu> to (downto ) <gié tri cudi>
do
<cac ciu lénh>;
end for

. Vong lap thuc hién mot lan:
repeat

' <cac clu lénh>;
until <biéu thirc 16gic>

. Vong lip c6 thd khong thuc hien I4n nao:
while <biéu thic logic> do
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<cac cau lénh>; |
end while

Céc bién theo loai dit ._Iiéu nhu trong Pascal: s6 ﬁgﬁy;én, 56 thuec,
chudi, mang va bang ghi ding cho nhitng biéh déng nhur:
Node = record
Info: Infotype
Next: — Node

end.

- 1.1.2. M@t 50 vi dg thudt todn

1. Thudt todn Euclid. Mot bai toan c8 nhét trong 1f thuyét s6 1a xdc
dinh udc chung 16n nhat ged(a, b) clia hai s6 niguyén duo‘ng avab Udc
chung 16n nhat cha a va b 1a s6 nguyén duong 16n nhat ma ca hai a va

b déu chia hét khéng c6 du. Bai toan tinh ged(a, b) da dudc biét déh tir

thdi cd Hy Lap. Thuit toan 50 d&ng nhétla phan tich ra thira sd nguyén

t6 ctia a va b va sau d6 tap hdp nhithg thira s6 nguyén t6 chung voi liy

thita ¢6 s6 mi nho nhét cda chiing nhan lai cho két qua ged(a,b). Tuy
nhién véi cdc s0 a va b 16n, viéc phan tich ra thita s6§- nguyén t& tén

rdt nhiéu thoi gian, tham chi ngay nay khi d4 c6 nhitng may tinh cue

nhanh. Mot thuat todn c6 hiéu qua dugc biét dén trong cubn sach Co
so clia Euclid tit 300 nim trudc cong nguyén Thuat toan Euclld co lé

d& duogc biét dén trudc dé 200 nam hoic sdm hon.

Thuat todn s6m nhat ndy dua trén ca s& ket luén: Vo!za 2 b mot s6

nguyén déng thoi dupc chia hél bdia va b khi vi chi kbf no dupc chia
hét boia—b va b. Nhu vay,

ged(a,b) = ged(a—b,b), a>b, ged(a,a)= a.' 1.1

Tir c6ng thizc (1.1) cho ta thut todn 1.3. Sau méi vong 13p while trong

ged, 86 16n hon trong nhing gia tri trude cha g va b dge thay bing

nhing s6 nguyén ducng nhé hon thye su. Do d6 chic chin ged sé
dirmg va cho két qud 1a udc chung 16n nhit cda a va b.

Thuat todn Euclid tinh ché lai thuét todn ged biing cong cu dir kién

sau day: Néu a > b va a— b vin con 16n hon b, thi a— b lai dugc thay
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Thuét toan 1.3 Tinh udc chung 16n nhit (gcd)
function gcd(a,b)
Diuvio: 4,5 hai s6 nguyén duong,
Diura: gcd(a,b) udc chung 16n nhét ctia a, b,
1: whileg<>bdo
2 if a > b then
3 a:=ag—b
4: else
5 b:=b—ag
6 end if
7. end while
8:
end

return(a);
ged

bing a—2b va sau d6 mdi tinh ti€p. Do 46, néu a khong 14 boi ctia b,
thi g dugc thay the cusi cung l:;é’mg r=a-—gb, & day r 1a s6 du khi b chia
cho a. Nhu vay, tat ¢ nhitg phép trir lien ti€p c6 thé thay bing mot
lénh goi ¢ mod b, ¢ 34y mod la mot ham dung sdn dugc dinh nghia bdi

a mod b=qg- b[%], a va b la nhimng s6 nguyén, b 0,

& day |x] ki hieu s6 nguyén lon nh4t nhé hon hosc bing x.

Thudt toan 1.4 Tinh wdc chung 16n nh4t theo Euclid (Euclidged)
function Euclidgcd(a, b)
Dduviao: a,b hai s6 nguyen duong.
Pdura:  ged(a,b) udc chung I6n nh4t cia a, 5.
1. whileb£0do
2 Remainder :== g mod b;
3 a:=b;
4 b = Remainder:
5.  end while
6:  return(a);
end Euclidged

Vidu tinh ged(108,8), c6 13 phép trir 108 -8, 100—8,92-8..... 12— §

thyc hién trong ged dugc thay bing mot 14n tinh duy nh4t 108 mod 8§ = 4.



1.1. Thugt todn va cdc tinh chét ciia né | ' 11

Nhu vy cong thite dé tinh wdc chung 16n nhét dua vao cOng thic
I|.;'caf(irz,b) = gcd(b,a mod b). (1.2
Chu y khi a 14 bdi cta b thi ged(a;b) = b va a mod b = 0. Nhu vay
theo quy wdc ged(b,0) = b thi (1.2) con diing khi a ta boi cda b.
Thuat todn Euclid 1.4 dya trén co 8§ ¢ong thite (1.2) da tuong thich
vdi khai niém s6 khong mot cach khong hinh thic, _
Ta c6 thé quan sat thuat toan Eucl idgcd v8i ddu vao a = 825, b = 420,

a b r
825 420 405
420 405 15
405 15 0

2. Thuit toin 14y c¥n bdc hai cua ngudi Babilion. Tir the ki thi VI
trudc cong nguyén, nhimg rigtxdi theo trudng phdi Pythagoras da phat
hién ra ring d6 dai canh huyén tam giac vudng c6 hai canh gée vuéng
béng 1’khéng thé bi€u dién thanh £ s§ cta hai s8 ngupén. Didu ket luan
trén tuong duong v6i v2 khong la s6 hit t. Nghia la bifu din né duéi
dang s6 thap phan khong bao gig ddy dd. Rat lau trude de ngudi ta da
quan tam t8i viéc tinh cin béc hai cda mot s6 duong a v&i d6 chinh
xdc cho trudc. Thuét toan tinh ciin bac hai cha mét s6 nguyen duong
da biét tit thoi Babilion, khodng 1500 ndm truge cong nguyeén va c6 18
khéng phai 14 thuat toan hién nhién d4u tien, Thuat toan Babilion dya
trén cd s trung binh hai difm trén ¢4 hai canh. C6 18 ngutdi Babilion
phit hién ra thuft todn nhd vio céch gidi bai todn cdu phuong s6 dien

tich mot hinh da cho. Vi dy, ta xét mdt hinh ¢6 dién tich 14 5. Budc xap

xi ddu tién, ta coi dién tich hinh chit nhétcécanh __.l va 5. Néu ho thay
mét canh biing trung binh cdng clia hai canh trudc ‘dé thi ho 5& nhan
duoc hinh chif nhat c6 mét canh 14 3 va canh kia 13 ; Budc tiép theo,

mét canh la trung binh cong cda 3 va ; bing ;, thi canh kia 1a 5 %

Lap lai kithuat trén va méi budc ta déu vé hink chit nhat ¢6 canh tuong
ung thi cang ngdy, cang gan dén gid tri cda /5 (hinh 1.1). Bing ngoén
ngit hién dai m6 ta thuat toan Babilion d€ tinh cin bac hai cia mot s6
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; v

5 3

k\'
{

Hinh 1.1 -

duong a bat ki nhu sau: Khdi ddu ta cho gié tri du doan x = x, 1a gia tri
gln dung cua /a (x] =~ a). Bat ctt gia tri ndo du doan cling dugc, nhung
s6 dit dodn gén diing thi hoi tu dén nghiem nhanh hon. Ta ¢6 thé tinh
cac gia tri x&p xi tiép theo x2,x3, ... d&n dén /a theo cong thixc

X1+ o
—
Ta viét thuat todn Babilion 14y cin bac hai nhu mét ham s6 véi déi s6
dau vao la s6 a va mot s6 thuc duong € do d6 chinh xéc cia \/a. Don
gidn nhat ta 14y gia trji xdp xi ban dau 1a g, thuat toan 1.5. -

Xi= i=23,..

Thuit toan 1.5 Khai cin béc hai cha ngudi Babilion (BabilionSQRT)
functi_o':i" - Babil ionSQRT(a_;- €) ' .
‘Pau vio:  a,& hai s6 nguyén duong,.
Diura: +/avdidochinh xdce.. -
T xi=a; S -

2. whilelx—a/x|>€edo

. x:={x+afx)}/2; .
4: end while

5 return(x);

end BabilionSQRT

Ta bi€t ring tim cin béc hai clia mot 56 duong 13 trudng hop dic
biét ctia bai toan tim nghiém cia phudng trinh da thitc (vi im 1/ ciing
la tim nghiém cta phuong trinh x* —a = 0). Van dé nay r4t 16n khéng
dé cap dén trong cudn sach nay. |
3. Tinh gia tri cac da thitc. M6t bai toan c6 thé ¢6 nhiéu cach tiép can
khac nhau. Mot mit c6 thé tiép can tryc tiép bing i thuyét toan hoc,
nhung bing cich dé nhiéu khi khéng hi¢u qua khi trién kKhai trén may
tinh. Ta I8y vi du bai todn cd ban cia todn hoc 1a im gia tri cia nhitng
da thic. Mot da thic c6 dang P(x) = a2 + a5 1 X" + - + @1x + ag,
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tinh gia tri cda né tai x = v. Mot cach gidi 1 truc tiép tinh cic s6 hang
ai' d6c 1ap véii= 1.2, .1 valay téng'céc s0 hang lai. Tuy nhién khi
tinh méi Ity thiva ', i = 1,2, ....» m6t cach hiéu qua béng cach ding ket
qud da tinh trudc d6 v=! nhan véi v. Tir dé ta cé the viét thuat toan 1.6:
PolyEval tinh gia tri da thic.

Thuidt toan 1.6 Tinh gia trj da thic (PolyEval)
function  PolyEval(a[0..n),v)
Diuvie:  4[0..n] mot mang s6 thuc, v mét s6 thirc.
Piaura: Gi4 trj cda da thic Plx) taix=v.
L Sum:=a[0];
Product:=1;
fori:=1tondo
Product := Product v,
Sum := Sum + ali] * Product;
end for
return(Sum);
PolyEval

L+ A A

Thuat toén PolyEval thuc hién 2r phép nhan va » phép cong, d6 1a
cach t6t nhat thuat toan c6 thé thuc hién. Tuy nhién c6 mét cach khac
tinh gid trf da thic ma gidm mot niza s6 phép nhan. Thuat todn moi
nay dua theo phuong phap ndi ti¥ng ctia W. G. Homer tit nAm 1819.
Thuat toan dua trén cg 5§ diing déu ngoic trén nhém béc cla da thi,
Vidy, da thiic bic b6n P(x) = g4x* +a3x +ap? +a1x+ ag c6 thé viet lai
thanh

(((a4*x+a3)*x+az)*x+m)*x+ag. .
V0i da thitc bac bat ki ta viét lai thust todn PolyEval thanh thuat toan
- L7 HornerEval (trang 14). '

Dé thdy, thuat toan HornerEval thye hién » phép nhan va » phép
edng khi tinh gid trj da thic bac n. C6 thé ching minh ring thuat toan
trén thuc hién » phép nhan ho#é&phép chia va » phép cdng hodic phép

. Do d6 thudt toan HornerEval t6i wu hon cho viée tinh gis trj da
thurc.
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Thuit todn 1.7 Tinh gia tri da thitc (HornerE val)

function HornerEval(al0..n],v)
- Dduvio: 4[0..n] mdt méng s6 thuc, v mot s& thue.
Ddura: Gid tri cla da thite P(x) tai x = v,
L. Sum:=a[n];

2. fori:=n-1downto0do
% Sum ;= Sum* v + alil;

4: end for

5  return(Sum);

end HornrerEval

1.1.3. Thagt todn héi quy

Phép héi quy 14 mét cong cu rot manh trong phén tich va thiét ke
thuat toan, né cling rat tién ich cho viéc mo t3 thuat todn. _Trong rat
nhiéu trudng hop, 16i gidi cta bai todn c6 thé mét cich tu nhién nim
trong nghi¢m nhiing bai todn con clia ciing bai toan. Biu thitc nay
thudng cé dang quan hé truy héi véi didu kién ban ddu biét trudc. Thé
hién nhitng quan hé héi quy thyc chat 14 thuat tosn héi quy. Thudt toan
héi quy rdt thuan tién gidi nhimg bai todn, ngoai ra quan hé truy héi
cing tao thuan tién cho vigc phéan tich d6 phiic tap ciia thuat todn,

Ham héi quy s& dugc xem xét & phin sau véi noi dung cu thé, &
day ta chi luu y nhitng ham héi quy vdi dai luong diu vao, phép héi
quy goi lai chinh n6 vdi ddu vao nhé hon. Thuat todn cling tuong tu
nhu vay. Vidu ta tinh ham factorial(n) =n!=1.2.3.., & day quy dinh
- 0!'= 1. Vay ham factorial(n) théa man quan hé héi quy

factorial(n) = n x factorial(n —1), (1.3)
diéu kién ban ddu factorial(l) =1. |

Tit cong thitc trén ta c6 thut toan 1,8, tinh n!.

Ta thdy ring trong thu4t toan nay ham phai goi lai chinh né. Nhu
véy viéc tinh todn lip lai, nhung & day ta khong trién khai mot vong
lap ndo. Ngudi lap trinh da d€ viéc dé cho nhitng ngudi lam chuong
trinh bién dich va dugc thong nhat cho t4t c4 1ap trinh vién.

Mot 1gi thé nita ding thuat toan héi quy la trong toan hoc ta d3 biét



LY. Thudt todn vé cde tinh chét eiq né 15

Thuit toin 1.8 Tink giai thita (Factorial)
function  Factorial(n)
Ddu vio: n s6 nguyen duong.
Didura: »n. - '
L ifrn<=1]then
return(1);
else
return(n x Factorial(n— | 0
end if
Factorial

Be & W p

quy nap todn hoc la mét phuong phip chimg minh ¢6 kém theo xay
dung, nhitng nha tin hoc d3 s dung dugc igi the nay va cdch lam ndy
14t gén v&i suy luan tw nhién cda con ngudi,

Trong thyc t€ cac ngon ngir l4p trinh bac cao cung cép kha ning xay
* dung nhimg dinh nghia hay nhimng thuat todn nhut trén nhuy Pascal, C,
- PL/C, Lisp, APL, ... Nhiing ngudi lap trinh dung nhimng ngén ngu nay
ta0 ra sttc manh va tinh linh hoat ciia phuong phép héi quy.

__Thuit toin 1.9 Tinh udc chung I6n nhét theo héi quy (Reégm') _
' function ‘Recged(a, b) .
Piuvio: g,b hai s6 nguyén duong, .
. Piura. ged(a,b) wdc chung 16n nhét cia ab.

L ifb=0then

2 return(a);

3: else - '

4 return(Recged(b,a mod b));

5 endif . o -
end Recged

trinh héi quy :
ged(a,b) = ged(b,a  mod b), diéu kién ban ddu ged(a,0) = 4. (1.4)
Vib > (¢ modb), nén méi lin ap dung (1.4) thi thong 56 vio thyc sur
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nhd hon thong s6 vao trude dé. Ta ¢6 thuat toan hdi quy 1.9.

Cha y thuat toan factorial va Recged chita mét 1an goi lai ¢hinh nd.
C6 thé c6 nhimg thust todn goi lai chinh né nhiéu lan véi kich thudc
dau vao khac nhau.

T6m lai, mét thu tuc hdi quy thudng ¢d cdu tric nhu sau:

Thuét toan 1.10 Hinh thuc thuit toan héi quy (recursive)

procedure recursive (<d6i s8 c§ n>)
Piu vie: Nhimg d6i s6 dugc nhap vao.
Piau ra:  Két qua tinh toan héi quy.
if <diéu kién A> then
- recursive (<d6i sc') ¢d nhd hon n>)
else
recursive (<d6i s§ c& nho hon 7 khac>)
~end if :
<Tinh toan mdt 56 tha mra>

end

1.1.4. Bdi todn thup Hq NoI

1. Bai toan. Co ba chiéc coc, & coc thlf nhéit ngudi ta xuyén qua mot
chdng dia khac nhau tit 16n dén nhd. Héi c6 thé chuyén tat cd s dia
sang coc thit ba con nguyén tha tu khi ta 14y coc thit hai Iam t:rung gian
@€ mébi 1an chuyén mot dia va khéng dudc dé dia Ion chéng lén dia nhé

hon? (hinh 1.2).
2 T | A
I

[T A

Hinh 1.2

Theo truyén thuyét bai todn ndy do mét ngudi Phap hoc dugc clia
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c4c nha sut d chau A va ho dit tén cho bai todn nay 13 bai toan thap Ha
Noi. Cﬁng c6 thé bai toan do cac nha su cha Viét Nam nghira lam o
choi giai trf, va ciing cd thé bai toan ¢6 tir An b¢ qué hucrng cha dao
Phat, |

2. Thuit toin h6i quy. Gid st & coc thit nhit ¢6 n dia khac nhau. D8
chuyén  dia nay sang coc thit ba d4u tién ta phdi lim dugc nhitng viéc
sau day:

e Chuyénn—1dia tit coc thit nhat sang coc thit hai v§i viéc diing
coc thit ba lam trung gian. -

» Chuyén dia con lai tit coc thit nh4t sang coc thit ba.

e Cudicung la chuyén n — 1 dia tit coc thit hai sang coc ba dung coc
thit nhat lam coc trung gian.

- T nhén bi€t trén dé dang thiét lap dugc thudt toan héi quy

Thudt toin 1.11 Thap Ha Noi (Towers)

procedure Towers(First, Auxiliary, Last,n)

Ddavido: First, Auxiliary, Last tén cla cot, n 1a s6
‘nguyén dudng, '

Pdura: Nghiém ctia bai toan thap Ha Noi.

. ifn=1then . '
| <Chuy§n dh th‘.t nh4t tur First sang Las:>
else

' Towers F:rst Last Auxslmry,n 1)
<Chuy -Afa n ti Firss ﬂangLasr>
Towers (Auxrhary, FirstiLast, n- l)
end if : o
end Towers

3. 56 lin chuyén dia. Ta ki hiéu T(n) 14 86 14n chuyén n dia tir coc thit
nhét sang coc thit ba thi theo céch phan tich héi quy trén ta phdi c6

i, . nfun=1
T(n) = :
{2T(n- l)+l ngugc lai .
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Do do,

C T(n)=2T(n— 1)+ 1=
=2Q2T(n~2)+ )+ 1=4T(n-2)+2+1 =
24(2T(n~— )+ l)+2+l:8'r(nh )+4+7+1=”.

-1 =2

=2T(n—1i) +):zf 2T+ Y 20 =271,
j=0

Nhu véy c6 tat ca T(n) = 2" — | lan chuyén dia.
‘4. Ngay tin th€. Theo truyén thuyét c6 64 cai dia vang va ba coc kim
cuong goi la thap Brahma. Truyén thuyét néi ring ngay tan thé cda the
~ gi6is€ dén, khi tat ca céc dia clia bai toan Brahma dugc thue hién xong,
Nhu vy, v8i n = 64 thi c6 bao nhiéu I4n chuyén dia? Ta tinh theo
cong thitc trén 7(64) = 2% — 1 = 1,84 x 10'° = 18.446.744.073. 709.552.936
1an tat ca. Né&u ta cho méi gidy chuyén dlIGC mét dia thi '

1,84 x 10'° giay =3,07 x 10"7 phiit
=5,12x 10" gi3
=2,14 x 10" ngay

 =5,85x 10" nam.,

Ngay tan thé€ cha thé gidi Ia xé'p. x1 10'® nam,
12. CAU TRUC DUrLIEY cosé

Nglrdl ta thxm‘ng noi chl.w‘ng tririh 14 thu4t toan cdéng v3i cdu tric
cd sd dit liéu. Trong phin trude nhitng thuat toan trong vi du cé ding
nthitng dit liéu co ban nhat nhuf s6 nguyén, s6 thuc, nhitng ki tu va dai
lugng 16gic. Trong phén nay ta dlém lai nhing cdu triic di liéu triru
tuwgng nhu danh sach, ngin xép, hang dgi va cdy nhi-phan. Ta quan
tam tdi cau tric triru tugng trong ngit canh ap dung cho thuit toan.

Su thyc hién ctia mot thuat todn thu’cing phu thuéc vao viéc chon
céch t6 chirc di lieu. T ©0ai dit liéu triru tugng lién quan t6i viéc mé ta td
chitc cua dit lidu va nhitng phép toan duge thutc hién trén dix léu nay.
Su thyuc hién ddy di moét loai dit lien triru tugng xac dinh moét cdu triic
di fidu.
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Loai di liéu triru tugng myé'n tinh

Rat nhiéu thuat toan trong tai liéu nay dung danh sach nhur mét
trong nhing dit lidu triru twgng dédu tien. Nhiing phép toan tng vdi
danh sich duwgce kém theo ﬁhu phép dua vio mét phan t, x6a mot
phén te va truy nhip truc ti€p mot phén t& clia danh séch. D& thuan
tién khi mo t4 thuat toén ta thuding coi di liéy darmh sach nhu moét mang.
Tuy nhién trong thye t€ nhiéu tinh thé & dé danh séch lien két sé cho
ta thuc hién thuat toan t6t hon. o
1. Su khdc nhau gida ming vi danh sdch lién két

Thiét 1ap mang ctia mot danh sach c6 lgi thé'la truy nhap true tiép
va rat nhanh t¢i bat ki phan t& nao cda méang. Tuy nhién né cling ¢
nhimg nhugc diém 14 khi dwa mot phén tir hodc bd mét phan ti vao
mang phai thuc hién mét loat céc thao téc. Vi du nhu dua mét phdn ty
vao vi tri / ca mang c6 # phdn ti thi ta phai thuc hién n—7 + 2 phép
gan chuyén dich cac phin ti tir vi tri i v& phia cuéi. Tuong tu x6a mot
phdn tw trong mang ciing vay. N godi ra mang con lién quan tdi su thicu
khong gian bo nh, vi khi khai bio méng ta da 6 dinh b6 nhé, didu
nay khéng thich hop vai dit lieu rat Ion.

].\)aph_'-s_é'ch'_ 'l_i_éﬁ ké't lghéé phgc dugc nhitng nhuge diém caa méng.
Danh séch lién két I tap nhirig nit, ma méi niit chita trudng thong tin
va mdt truding con trd. Tridng thong tin chita di licy phu thude vao
céc img dung va tnrcmg c0n trd chiif;i 'cq_n _"tré_ chi dén nuit ti€p theo ctia
danh séch lién két. Mﬁldanhch lién két con cd mot con trd bt diu
danh sach lien ket shw Rinh' 13, - 0

O T

P

Header— |Data| Pt Data|Prt—> ‘¢ '+ —» Data|nil
Nut CNat 0 UNat
Hirh13 |

Hau nhu cée ngon ngit lap trinh bac cao déu cung c&p con trd va
bién dong, nghia 1a ta thém khong gian b nhé ding con rd, nhitmg
nit ¢6 thé sinh ra hodc bd di khi can thiet, Nhiing it clia danh sach
fién ket ¢ thé luu vao céc bién dong, ma né Ia nhitng ban ghi nhy :
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. ListNote = record
Info: InfoType;
Next: *ListNote;
end |

InfoType thé hién mot loai dit liéu ba't Ki, c6 thé la s6 nguyén, s6
thue, chubi hodc tham chi 1a mét ban ghi khac

Viéc thuc hién chén mét phan ti hodc bd mot pf\ﬁn tiz tir danh sach
lién két rat hiéu qua vi chi thay d8i hai 14n con trd 1a dd. Danh sach lién
két trong tai liéu ndy rt it dugc su dung nén ta khbng di sAu vao cac
thao tac thém va xéa phén tit tit danh sach lien két. Ban doc o thé dé
dang thue hién cac thao tic nay bing cach Chuyén huéng cac con trd
vé0 c4c phén tw méi thém hodic bo di.

2. Loai dit liéu ngin xép triru tuong

Ngdn xépla mot danh sach ma trong d6 tat ca céc thao tic dua phin
tit véo va 14y phin t& di ddu dugc thyc hién déng thai tai diém cu6i va
goind la dinh. Nhu vay phén ta dugc dua vao sau cung s& dugc 18y ra
trudc tién, do dé ni;uﬁii ta goi ngiin x&p 1a LIFO (Last In First Out) danh
séch vao sau ra trudc. Thao tic dua mét phén tit vao ngin x&p goi la
dsy vdo (push), _thao tac 14y ra gm 1a 1y ra (pop). Ngan xé&p duoc u'ng
dung khip noi trong, tin hoc, trong thiét k€ thuat toan ngudi ta ciing su
dung cdu tric dit liéu nay, nhu co sd he thO'ng méy tinh dung ngan xé’p
dé thue hién 46 sd, bién dia phucfng, tra vé cac dja chi, ...

Vi ngén xép la danh séch nén ta ¢ thé  diing mang ho3c danh sach
lién két. Trong trudng hop mang ta diing stack[1..MaxSize] va mot bién
tam thdji Top A€ chia chi 6 cia phin tit dang & dinh ctia ngén xép. Néu
khéng c6 phén 1t ndo thi Top = 0. Khi ngan xép déy thi Top = MaxSize.
Chinh bién Top cho phép ta kiém tra ngin x€p tr6ng hay da ddy réi.
Con thao tic day vao va Iay ra d& thuc hién bing lenh gid ma nhu sau:

Day phan tf x vao ngin x€p: |

if Top = MaxSize then :
<Thuc hién thao tac can thiét khi ngin xép day>
else
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Top:=Top+1};
Stack|Top) := x;
end if

LAy mot phin ti trong ngiin x8p gén vio mot blén x:
if Top = 0 then
<Thuec hién thao téc can thiét khi ngan x&p réng>;
elge
x = Stack[Top);
Top:=Top—1;
end if
3. Loai d@ Iiéu hdng doi trau tuong
Hang doila mot danh sach ma trong d6 tat ca cac phin tt dua vao
tai mOt dfu cudi va tat cd cac phén ti 18y di tai mot ddu khac, goi la
cudi hdng. Nghia 14, trong hang doi, phén ti dua vao trudc sé 14y ra
trude (FIFO). Céu tric dit liéu nay ciing dugc sit dung r4t nhiéu trong
thiét k&€ may tinh.
~ Hang doi 14 m6t danh séch nén ¢6 thé trién khai bing mang
Queuefl..MaxSize] hodc danh sich lién két. C6 nhiéu cach trién khai
cac thao tac trén mang d6i véi cdu tric hang dgi. Mot céch tuong d6i
hop If (khong pha1 t6t nhat) la dwa vao chi s6 Rear - chi s6 phan tir cu6i
hang v Front chi s6 phén tir § ddu hang. Nghia 1a thém mot phén tu
vao thi Rear ting lén 1, con 14y ra mot phén tit thi Fronr gidm di 1. Diéu
kién Rear = Front chi ra hang dgi réng, con khi Rear = MaxSize + 1chi
ra hang dgi. Ban dot 6 thé d8 dang thé hién gid ma cho céc thao tic
trén. L{ thuyét vé loai dir liéu nay phong phu, do khuon khé cubn séch
c6 han t6i khﬁngdéx:ﬁpdday. o .

4. Loai di ligu ciy nhji p}hin triru lmmg

Trong nghién citu cﬁng nghe tin hoc ngu'dl ta ra't hay trién khai dit
“ li¢u thinh dang hinh csy. O day, ta khoag nghién ciu csu triic ety tong
quat ma chi xét ldp cay nhj phan hay dugc ing: dun,g nhit.

Bmh nghia 1.2. Ciy nhj phinT bao gbm mot tap h‘Up cac no? hoiicla
n6 biing réng hoic 14 né c6 tinh chdt sau day:
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1. M6t trong cac nét durge géan la nat gﬁ?:, tagoindlaR.
2. Nhimg nit con lai dudc chia thanh hai tap con rdi h.hau, goi la
- cdy con trdiva cdy con phdi, m6i ciy nay tuong ing lai 1a mot cay
nhi phan. : '

Bac OI
Bac 1
Bac2
Béc 3

B_ac 4

Hinh 14

Nt géc cha cay con phal va cay con trdi trong tinh chat 2 cua dinh
nghia dudc goi tuong ing 1a con trifva con phai taong u’ng Vi du cay
nhi phan nhu hinh 1.4, mét nét V goi 1a /4 néu né khéng c6 con. Ngudi
ta con dung cac thuat ngit khéc nhy: nét cha, not chduy,.,.. Ngudi ta con
chia cdc nét cdy nhi phan ra thanh céc bac, nit goc R goi 1a bac 0 va tiép
sau d6 la cac bac theo thit ty lan lugt. D¢ sdu (con dugc goi la d6 cao)
cia cay T la khodng cach béc 16n nhét ti g6c cay R dén 14 ctia né. Hai
cay & hinh 1.4a va hinh 1.4b ¢6 d6 sau 1a 3 va 4 tuong tng..

Thé hién cay nhi phan ngudi ta diing con trd va bién déng nhu sau:
M8&i nét clia cay dugc thé hién bing bién d6ng cé c&u tric -

BinaryTreeNote = record

Info: InfoType;
LeftChild: *BinaryTreeNote;
RightChild: ABinaryTreeNote;
end BinaryTreeNote _
Hon nita d€ thé hién mét cay ta thém con trd, trd vao nét gbc cha
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céy va cdy trong hinh 1.4b dugc thé hién nhit hinh 1.5,

!

NG
LN
i l.\ nill \
SN TN
Ilnﬂ nillnill ) \nif
nfflnff l N
PR

nilnif nill nif

Hinh 15

1.3. PHUONG PHAP QUY NAP TOANHQC

Trong lf luén nghién cttu thuét todn, ngoai cach tim ra nhiing tinh
chét chia thuat toan suy tryc ti€p tir dinh nghia, tién dé ngudi ta hay
diung phuong phéap quy nap toén hoc va phuo‘ng phép phan chimng.
Trong tiét nay ta nhic lai nhitng budc ¢ ban cia hai phuong phap trén.
Nhiig phuong phap nay dugc ding rat nhiéu 14n trong cac chuong
sau. " o

Binh nghia va vi du S

Mét tap hdp sé tu nhién N = {0 1,2,...} cung vdi hai phép todn’
¢ong " +” va nhan 7. taconhu‘ngtmhchﬁt Néua,b,ce€ Nthia -bva
a+ b ciing dédu thudc N va nhimg déng thic sau luén daung: 0+a=g;
lra=a,a+b=b+ta;a-b=b-a;a(b+c)=ab+ac;a+ (b+c (a+b)+c
va ci(bc) (ab)c. Hon nita ¢6 mét tién dé

Tién dé that tu: Moi tip con khic réng S eia tép 11!1m1g s6 tu nhién ¢6
phdn it nhd nhat

Tir tién dé trén ta ¢d thé gidi rdt nhidu bai toan: Ta nhéc lai mot



24 Chuong 1. Cong cy d phén tich va thiét k& thudt todn

s6 dugc goi 1a s6'v6 #/néu n6 khong thé blﬁu dién thanh # s6 hai s6
nguyén.
. Vidu 1.1. Ching minh rdng \/2 Id mot s6'vo ti.

' C'Im'hg minh. Ta chu:ng minh béhg phén chimg, gid st v2 1a s6 him
ti, nghia la v2 = — VU] a,b 13 nhimg 56' nguyén va b # 0. Diéu nay kéo
theo tap

§ = {nV2: dbng thdi n va nv/2 1a nhitng s6 nguyén duong}
14 khac tréng vind ¢6 chita a. Theo tién dé thit tu S c6 phén t nhd nhat,
tachola j=kv2.Viv2—1>0, j(v2-1)= jv2-kv2= V2(j—k)las6
nguyén duong. Vi 2 < 2v/2 kéo theo 2 — V2 < v/2 vanhu vy jv2 = 2k.
Ta thdy ring
(j—kV2=k(2—V2) <kV2=]j.

Nhu vay {j— k)v/2 1a mét s6 nguyén duong trong S lai thuc syt nhé hon
j. Didu nay vo I vi j 13 s6 nguyén dudng nhé nhat trong S. Vay diéu
gid st 12 khong ding. _ | | ©

Tién dé thit tu teong dudng v&i nguyén li quy nap toan hoc. Trong
sudt tai liéu nay 6 si dung phuong phap quy nap rat nhiéu nén phin
sau day ta nghién citu khé kicd vé li thuyét va thue hanh. Phuong phap
quy nap gén lién véi viéc chitng minh mét ménh dé diing phu thuée
véo bifn 56 nguyén duong. _
Nguyén li quy nap toin hoc dang 1: Cho ng /4 m¢t s6' nguyén, P(n) 1a
ménh dé cé nghia vdi moi sé'nguyénn > ny. Néu '
a) P(ng) diing, va
b} Néu P(n) diing, thi P(n+ 1) ciing diing vdi moi s6 nguyénn > ny,
khi d6 P(n) ding vdf moi s6 nguyénn 2 ny. '

Nguyén If niy gém hai budc, thit nhat ta kiém tra khing dinh mét
tinh ch&t vdi n = n, goi 14 Budc co'sd; sau 46 ta chitng minh réng néu
v83i mbi k > ny, P(k) thoa man tinh chit da biét, thi suy ra P(k+ 1) ciing
<6 tinh ch4t 4y, goi 1a Budc quy nap. Két luén 1a P(n) c6 tinh chat da
cho v8i moi n > ng. Cach chitng minh theo quy nap toan hoc la tranh
cho ta phdi kiém tra v6 han budc cac khéng dinh cia ménh dé. Phuong
phédp chimg minh nhu vay goi la phuong phdp quy nap toan hoc.
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Vidy 1.2, Ching minh réng véi moine N, (n#0) dé}rg thue sau diing

Chitng minh. BuSc co'sd:Vdin=1,tacd | =

ménh dé diing.
Budc quy nap : Takihiéu $(n) = 1 +2+-- . +n, gid sit ménh dé diing

vdin, nghia la S{n) = E(—Eil—) - Ta phdi chimg minh ménh ¢4 cing diing
(n+1){n+2) '
2

11+
>

vc’iin+1,t&cléS(rz+l)= . That vay,
S(n+1)=8(n)+(n+1)
n(n+l)

2
n?

=?+§+n+l

_ 2 43n+2  (n4+D)(n+2)
B 2 - 2

———-+(n+1) (theo gia thiét quy nap)

©

Trong toan rdi rac ngudi ta ki hiéu 2 14 tap céc tép con cha tap
hop $. Ki hi¢u {5] 14 s6 phin t cda tap hop S. Ta chitng minh khing
dinh sau :

Vidu1.3. NéuS$ lé mot tip hop vd |S| = n, thi |25| = 27,

Chiing minh. Ta c6 thé kiém tra mét t4p 6 hai phin ti {a,b} (n = 2)
thi chiing 6 4 = 2% tap hgp con 0, {a}, {b} va {a,b}. Trong trudng hgp
n=3, {a,b,c} cb céc tap hgp con la nhxmg tép hap con & trudng hop
‘n=2 cOng thém vdi céc tap hgp d6 thém vdo phin tit ¢. Ta c6 ¥ tudng
chitng minh theo quy nap: E _
Budc co'sd :Néun =0, this=@ va 2° = {0}. Vay |2S| =1= 2°
Buoc quy nap :Néun > 0tachonce §. Dittdiphop 7 = 5\ {c}. Theo
gia thiét quy nap ta c6 |27| = 2"~!. Nhing tap hgp con cfia § khong chia
¢ €6 50 lugng 1a s§ luong ciaa tp hop 27, do d6 ¢6 6 lugng 2°'. S§
lugng nhiing tap hop con chita ¢ 14 tat ca tip hgp trén thém ¢ vao, nén
né cling cd s6 lugng 14 2%, Téng lai ¢6 |25] = 2"‘ +20 1= 2281 = 2n,
D6 la diéu cin chimg minh. ' ©
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Khi danh gia cac ham tinh todn ngudi ta cling thutdng dung phuong
phép quy nap toan hoc. Vi du danh gié tdng mot lity thita nhu sau:
Vidu1ld. C'bm:g minh m‘ng vdi moi s6 nguyénr 2 1, ton tai béng 56
¢ > 0 sao cho zk’ < en™! véi moin.

k=1
Chitng minh. Ta chimg minh quy nap theo

Budc co'sé :Néu n = 1 thi v& trai cta bat déng thitc cdn chimg minh
14 1" = 1. V& phai ctia bat déng thitc la c.1*! = ¢, do d6 ta chon ¢ 16n
hon 1 bat ki thi bat ddng thitc déu ding.

Budc guy nap :V6in > |, gia sit da c6 két luan ding

n—1 .

Zk’ <eln—1)1L,

k=1
Cong hai v& bat déng thic trén véi n”

- _
Y K <eln -1 +a
_ L k= _

Pé dat duge muc dich cdn chitng minh ta chi cdn chitng minh bat déng
thitc sau 1a dn

C(ﬂ _ ])r+l +n < .c"r+l
Ta chuyén vé va it gon chi con chitmg minh bat ddng thic sau la dd

n < c[nr—H _ ﬂ—— l)r+I]'
Pay lai la bai toan chimg mmh béng quy nap toian hoc theo 7, ta tach
tharh vi du sau day. @
Vi du 1.5. Chiing minh rdng véi moi s6' nguyénr > 1, t0n tai hing s6
c > 0 sao cho véimoin> 1, ta co

n" < c[n ! ~(n- .

Chitng minh. Ta chitng minh bing quy nap theo .
Budc cosd :Néu r = 1, thi v& tréi clia bt ding thitc 13 n, con v& phai
a c[n? — {n—1)?] = c[2n~ 1], do d6 ¢ 16n hon 1 bat ding thitc luon diing,
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Budc quy nap : Gid s da c6 bat ding thiic '~ < c[n’ ~ (n— 1], Ta
nhan hai vé& caa b4t dﬁng thitc v8i n va nhan dugc
| n" <™ —n(n - 1)
Do d6 cdn chitng minh b4t ding thitc sau day la da
e —n(n—1y) < cfn™ = (n= 1)) hoac
"t nn— 1) <ot (r—1)" hodic
—n(n—1)" < —(n—1)" hoic
n(n—1)" > (n—1)" hoc
nz>l].
Bat didng thitc cudi cung nhén dugc bing cich chia hai v& cho (n—1)",
Neéu gia tri nay bing 0 thi » = I va bat dﬁng thic cin chitng minh la
 hién nhién véi moic> 1. Titn> 1 vdimoinvac ta ¢6 diu cdn ching
minh. @
Ta ciing ¢6 thé ding céc budc quy nap dé tinh t6ng nhu vi du sau:

Vidu16. Tk tong S(n) = ¥ (5i+3),
. =1

Chitng minh. Ta gi thi€t S(n) = an4 bn +c. .
Budc co s8: Do §(1) =a+b+c=8, do d6 gia thiét ding khi cho
‘Budc quy nap: Gig sit S(:Ix) =an? +bn+.¢. Ta phii ¢hitng minh ring
S(n+1) =a(n+l)2'+b(n+]-)+c.-~’*I'l-'sat_v@y, R
Str+1)=Sm)+5(n+1)+3 ...~ R
= (an’ +bn+c) +5(a+1)+3 . (theo gid thiet da cho)
=ar’+(b+5n+c+8. o
Ta mu6n bi€u théc sau ciing bing két ﬁué nhut gia thiét :
| an’ +(b+5)n+c+8=a(n+12+b(n+1)+c
=an® + (2a+b)n + (a+b.+ c).
So sanh he s6 clia hai da thiic trén tai cac bac ctia n thi he 6 thit hai c6
b+5=2a-+b, dodéa=2,5. Tit budc cd sd ta cé a+b+c=8vahés6
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thit ba a+b+c = c+ 8 suy ra ¢ = 0. Tix 46 suy ra b =5,5. Cuficiing ta

phéi c6 S(n) = 2,57+ 5,5n ___ﬂ_(ff_;'ﬂ : ©

Nguyén li quy nap todn hoc cdn mot dang rat hay st dung la
Nguyén li quy nap toan hoc dang 2: Cho ng Jd mot 56 ‘nguyén, P(n) I
ménh d8 c6 nghia vdi moi s6 nguyénn > ng. Néu
a') P(np)} diing;

b') V&i moik > ny, néu P(m) diing voimoim, ng <m <k, thi P(k) ciing

-

diing,
va khi d6 P(n) ding véi moi s6 nguyénn > ny.

Vidu17. Chiing minh ring moi 56 tu nhién Ion hon 1 c6 thé biéu dién
duwdi dang tich cia nhiing s6 nguyén 5.

Chiéng minh. Budc co'so: Hién nhién ménh dé ding vdi moi s6 nguyén
t0, h'trdng hop diic bié¢tn=

Buéc quy nap: Gia st ménh dé dung vdi moi s6 ty nhién k, ma
2 < k < n. Nghia 13 moi s6 2 < k < n déu bi€u dién dudi dang tich céc
thita s6 nguyeén t6. Ta xét hai trudng hop :

1) Néu n 14 s6 nguyén t6 thi ménh dé ddng.

2) Néu n 1a hgp s6 thi theo dinh nghia hgp s6 t6n tai hai s6 nguyén
Ay < nva m < nsao cho n = myn;. Theo gia thi€t quy nap n; va n; déu
bifu didn dugc thanh tich cac s6 nguyén t8. Do d6 suy ra »n cing bidu
dién dugc thanh tich cic s6 nguyén t6. ©

D‘;nh ly1.1 Nguyéﬁ If guy nap fodn hoc dang 1 ding kéo theo nguyén
If guy nap todn hoc dang 2 cing diing vd nguoc lal.
Chiing mink. 1. Cho P() 14 ménh dé va gid s ta da biét:

a) P(no) dting, va

b') V&imei n > ng, néu P(m) ding v&imoim, ng <m < n, khido P(n)
cling ding,. '

Bat Q(n) la khi—.’mg dinh " P(m) 14 dung vai tat ca m,np<m<n
Dé chi ra ring P(n) diing vi moi n, cin chi ra ring Q(n) diing v&i
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moi n. Ta chi ra Q(n) ding bing quy nap toan hoc dang 1. Vay ta cdn
chi ra: : '

a} Q(np) dung, va

b) Vé&i moi n > ny, néy Q(n— 1) diing khi d6 Q(n) ciing diing,

Khing dinh a) giong hat 2), vy né diing. Vi khéng dinh b), gid stz
Q(n—1) dﬁng. Khi d6 P(m) ding véi tat cd m, no Sm<n—1. Theob),
P(n) ding. Nhu vay P(m) ding véi tat cd m, ny < m < n, Nhu vay Q(n)
dung. Theo nguyén Ii quy nap dang 1, Q(n) diing véi t4t ¢4 ». Diéy ta
phai ching minh,

14. HAMBO DO TiNH TOAN

Mot cong viee ¢ thé s nhiéu cdch khac nhau dé thuc hién cong
viéc d6, nhat 1a thuat todn, ¢6 thé c6 nhiéy thuat todn khéc nhau thye

L4.1. Dinh nghia va tinh ché

Ta chi nghién ciry nhing ham thuc f: N — R xac dinh trén tap s§
Nguyeén duong va nhén gis trj hiu nhi duong, nghia 14 t6n tai mét s
nguyén ng sao cho f(n) > 0 vgj moi n > ny. Ki hitu & 1a tap hop tat ca
nhitng him nhu vay. '
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Pinh nghia 1.3. Cho mdt ham g(n) € &, ki hiéu O(g(n)) 1a tap tit ca
cac ham f(n) € & co tinh ch4t sau: Tén tai nhing hing s6 duong ¢),c2
va np sao cho v&i moi n > ng, ta cod

c18(n) < f(n) S c28(n). (1.5)
Néu f(n) € @(g n)), thi ta néi ring f(n) Ia Thé ta Ion cta g(n).

Theo dinh nghia trén thi ham f(n) € O(g(n)), bt d4u ti¥ ny ndm kep
gitta hai ham ¢6 hai hing s8 nhan vdi g{n) nhu hinh 1.6.

y o | cog(n) -
K L]
Ll (n)
\. r - . - .. . . .
I i c18(n)
.|
j
. |
1 -
0 ng X
Hinh 1.6

. Chd ¥ néu f{n) la mét cong thic thi ngudi ta I8y ngay cong thirc
d6 1d ham. Vi du nhu f(r) = n® + 2nlogn — 3 thi ngudi ta c6 thé viét
trie tifp nhu 1a #® + 2nlogn — 3 € ©(n*). Clirig ¢6 nghia nhu vi du
3V/A + logn + 108 € ©(y/A) hotic 864 € &(1). |

Nhiéu tai liéu diing kf hxéu f(n) = G(g(n)) thay cho f(n) € ©(g(n)),
trong tai heu nay d6i khi ta cling ding ca hai ki hi¢u.

Ménh dé sau day suy ra tit dinh nghia va chi ra ring ® xac dinh
mot quan hé tuong dtrdng trén tdp hop #.

Ménh dé 1.1. © /4 mot quan hé twong duong trén tip hop F. Nghia I
voi mor f(n),g(n) € &, nbmgtmb chétsau dzmg

1. f(n) € ©(f(n)) (© phdn xa)
2. f(n) € ©(g(n)) suy ra g(n) € O(f(n)) (® dbi xiing). |
3. f(n) €O(g(n)) vdg(n) € @(h(n))‘ suy ra f(n) € ®(h(n)) (© bdc cdu).
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Vi @ xéac dinh mét quan he'tﬁ.’cmg duong trén tdp &, nén ta ¢ thé
dinh nghia thit tu trén tap do.

Dinh nghia14. Hai ham f{(n) va g(n) cb cang thirtir néu f(n) € B(g(n)).

Tit tinh chdt cda © ta c6 thé phét biu lai theo thit tu nhut sau

1. f(n) c6 cting bac véi chinh né.

2. Néu f(n) c6 ciing bac vdi g(n) thi g(n) cing cé cting béc vdi f(n).

3. Néu f(n) ciing bac véi g(n) va g(n) ciing bac véi h(n) thi f(n) cing
bac voi h(n).

- Tix tinh ch4t ciia © ta ciing suy ra f(n) va g{n} cting bac khi va chi

khi ©(f(n)) = ©(g(n)). Nhu vay ©(f(r)) c6 th€ ki hiéu bing O(g(n)) vdi
moi ham g(n) € ©(f(n)). Khi mé ta thit tyt clia ham f(n) ngudi ta thuing

C
chon tap hop ©(f(n)) don gidn nhat, Vi du

O((8r° +n)? +logn) = ©(2n} + 6ninn)
: 4+l

| a2+ inn

Vin! o6 dang don gian nhét trong 16p ham tuong duong nay nén ta

chon 16p ©(n?), khi d6 ta néi ring f(n) ¢ ©(n?) c6 bac n3,

Theo dinh nghia ®(g(n)) thi nhimg ham thudc tap hop nay bi kep
 gitta hai ham tich ctia cac hiing s véi ham g(x). Bay gid ta md rong lép
ham nay biing cdch chi xét chuing bi chin mot nita, _

- Dinh nghia 1.5. Cho ham s6 g(n) € £, ta dinh nghia O(g(n)) 1a mot tap
hop tat ca cdc ham f(n) € & ¢6 tinh chdt! Tdn tai hiing s6 ¢ va ng sao
chovélim@iriéno e :

- ' R i () < cgln). (1.6)
Néu f(n) € O(g(n)), thi ta néi ring f(n) 13 O Jon ctia g(n) (hinh 1.7).

Binh nghia 1.6. Cho ham s6 g(n) € %, ta dinh nghia Q(f(n)) la mot

tap hop tht ca cac ham f(n) € F ¢4 tinh chat Ton tai hdng s& c va ny .

sa0 cho v&i moi n > ny '

=0(n}) = O(n} +23nt) = @Y

)< . (17)
Néu f(n) € Q(g(n)), thi ta noi ring f(n) 12 O mé ga lon cla g(n)
(hinh 1.8). |
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y . y
A . cg(n) (N .
R R A ; g f(n)
f(n) Soe
r . L . . ,
2 - cg(n)
L] l I
| |
| - i - -
0 no X 0 ny i x
Hinh 1.7 Hinh 1.8

Nhing ham thudc O thuong dung nhu chin dudi ciia ham thuc hién
tinh toan trong thuat toan dé giai mot bai toan, con nhing ham thutc
Q dung nhu chdn trén cta cac ham thuc hién tinh toan trong thuét toan
gidi mot bai toan cu thé.

D& kiém tra ding thic sau ding

©(g(n)) = Q(g(n)) NO(g(n)). ' (1.8)
Hinh 1.9 thé hién so d6 Venn ctia ba tap 0(r?), O(n?) va Q(n?).

Hinh 1.9

Tu cac dinh nghia trén ta c6 céc tinh chat sau:

Ménh d€ 1.2. Nhing tinh chat sau diy cho cic ham f(n),g(n) € F Ia
diung:

1. Cho hing so'c, ta c6 Q(f(n)) = Q(cf(n)),O(f(n) = O(cf(n)) va
O(f(n)) = O(cf(n)).

2. f(n) € ©(g(n)) & £(n) € O(g(n)) va f(n) € Q(g(n)).

3. f(n) € O(g(n)) = O(f(n)) C O(g(n)).
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4. O(f(n)) = O(g(n)) < Q(f(n)) € Q(g(n)) < O(f(n)) € O(g(n)).
5. f(n) € Og(n)) = g(n) € Q(f{n)).
Nguai ta hay dung ki hiéu |
f(n) = g(n) + O(h(n)),
nghia 13 f(n) — g(n) € O(h(n)). Tuong tt nhu véy ciing ding cho © va Q.
Vidu f{n) = 3n" +4n® + 23n — 108, thi ta 6 th viét f(n) = 3n® + O(n?).
Chung minh mét ham thudc vao mét [3p nao d6 cua 0,Q, O ngudi

ta cing hay dung phuong phap quy nap nhu cac vi du sau:

Vi du 1.8. Chiing minh rdnglogn € O(n).

Chiing minh. Ta phai ching minh ring véi moi n > 1, logn < n. That
véy, ta chimg minh bing phuong phép quy nap theo n.
V&i n = 1 bat ding thitc trén déng vi 0 < 1.
Gid sitn > 1 va logn < n. Khi d6
log(rn+ 1} <log2n=logn+1
<n+1 (theo gid thiét quy nap). ©

Vidu 1.9. Chiing minh rdng 2"t € O (:—;—)

. - n
Chifng minh. Ta s& chitng minh rdng v6i moi n > 7 thi 27! < i—
n

Ta ching minh b&hg phuong phap quy nap theo n. V8i n =7 thi
Y :
2 = 28 — 256 va ?— = 37.> 256.

Gid st vdi n > 7 ¢6 bat ding thite diing 2"+ < Z. Ta phai chung

3n+
minh réng 272 < —— T . That vay,

n

B
22 g ot <2.— (theo gid thiét quy nap)

3" C e 3!
< n 3 (theo bién doi dudi day) = .
nt+ln nt1
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(Phépbié'ndﬁi:%22#3n22n+2¢#n22). ©
Ham O 16n 1a mét ham rat quan trong nén ta c6 meénh dé :
Ménh dé 1.3. Néu fi(n) € O(g)(n)) va fo(n) € O(ga(n)), thi
filn) + fa(n) € O(g1(n) + g2(n)).
Chitng minh. Gia su véi moi n > my, fi{n} < ci1g1(n) va véi moi n > ny,
J2(n) < caga(n). . _
Ta dat np = max{ni,n} va cp = max{cy,cz}. Khi dé v8i moi n > ny,

tacd : . _
filn) + fa(n) < c181(n) + c2g2(n) < colgr(n) + g2(n)). | @

Ménh dé1.4. Néu fi(n) € O(g1(n)) vd f2(n) € O(ga2(n)), thi
film) + fa(m) € O(max {g1 (1) 82 ().
Chtmgmmb Gia st vai moi n > ny, fi{n) < ci1gi(n) va véi moi n > ny,
f2(n) < c2g2(n). ' _
Ta ddt ng = max{n;,n2} va co = ¢ + ¢5. Khi d6 véi moi n > ng, ta cé
A + fa(n) < c1g1(m) + c20(n) < (e +c2)(max{g, (ﬁ),gz(n)})- ©
Ménh d€ 1.5. Néis fy(n) € O(g1(n)) v fo(n) € Olga(n)), thi
O Ab)Ame o ") g2(m).
Ching minh. Gid st vi moin > m, f1 (n < c|g1 (n) va v8i moi n > ny,

fa(n) < crga(n).
Ta dit ny = max{ny,n;} vé.cb = ¢1.cp. Khi dé v8i moi n > ny, ta co

fi(n).fa(n) < c1g1(n).cag2{n} = colg (”).-'5'2 (n)). ©

1.4.2. Thi béc trong tép ham s§

Tir dinh nghia ctia O ta c6 thé chiran? ¢ O(n) b?mg phan chu’ng Nhu
- vdy theo nhitng ménh dé & phan truc suy ra n va n? ndm & nhutng 16p
khac nhau.

Vine O(n®) ta suy ra O(n) C O 2) Mat cach tunhién ta néi ring »
c6 thit bac nhé hon #?. M6t cach tdng quat ta dinh nghia:
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Dinrh nghia 1.7. Cho hai ham f(n) va g(n), ta néi rdng f(n) c6
thit bic nhd hon g(n) néu O(f(n)) thuc su chita trong O(g(n)), nghia
a O(f(n)) C Og(m)).
Trong phan tich thuat todn ngudi ta l.1ay dfmg cac ham sau day
|  Llogn,v/n,n,nlogn,n?,n 2" n2" p1.
Nhitng ham nay tao ra mot day xich thit bac ting nhu sau
o) c O(iogn) CO(vr)C On) C O(nlogn)
C O(n®) C O(n) C 0(2") C O(n2") C O(ny).

Ta c6 thé mé 4 thi bac cua cac ham trén b%ng sd &6 Venn nhu sau
{(hinh 1.10) :

- Nhu vay hai ham thudc hai thit bac khac nhau khéng so sanh duge.
- Ta ¢6 thé chi ra nhitng thit bac tren thuc sy khac nhau bdi mét chi
- ¥ Nhung thit bac cda hai ham f(n} va g(n) khéng so sanh dugc néu
fln) € O(g(n)) va g(n) ¢ O(f(n)). _

Bay gid ta xét mot s6 k¥ thuat o6 thé dung dé thiet lap quan hé thit
béc gilta hai ham f(n) va g(n). Doi khi it dinh nghia ciia cic ham @, 0,0
taco thé chi ra ring nhitng da thitc bac k déu thusc O(n*), véi didu kién
cac hé s6 cua da thirc déu duong,
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Ménh dé 1.6. CiﬁoP(n = qn g nt 4+ tantay ld da tbtmbéc
k, ax > 0. Khi d6 P(n) € ©(n*).

| Chiing minh. Do tinh chat 2 trong ménh ¢ 1.2, ta chi cdn chitng minh
P(n) € O(n*) va P{n) € Q(n*) 1a du. Ta chimg minh P(r) € o{n*).
| P(n) =gt + a4 1n '+ aintao
< anf + g n* 4 as |+ Jag|
< |agln + laeoy [nt + -+ + |a1 [n* + |ag|n*
_ = (a+ lax=1| + -+ + |a1| + |ao|)n*
Vay néu c = a + |a—1|+ -+ + o] + |agl, thi P(n) < cn* v8ithoin > ng = |,
vay P(n) € O(r).
Ta chimg minh P(n) € Q(n*).

P(n) = axnt* +arn* 1+ amn+ag

> an® — |aga | = = || — faol

=a-2—knk+(; n* — |ag_ jn* ----—|a1|n—-|ag|)
a

> Bk (B = a4+l o o))
a a

= Bk (Sn— (o] -+ [ar| + faol) )

Néu ¢ = %" van=ng = (lag=1| + - +lar| + |a0|)%, thi bat dé”mg thic
P(n}) z cn* diing v&i moi > ng. Nhu vay P(n) € Q(r). ©

Khi chitng minh da thic thuoc ®(n*) ta c6 thé dang trye tiép céc
dinh nghfa. Nhung nhiéu trudng hap nhitng ham v6i s6 ma d bign

khoéng phai la nguyen thi rat kho, vi du nhu 2n} +6nlnn € O(n?). Noi

chung trong céc truding hgp nay ta phal taoratisé gma haiham f,g€ &
nhu ﬁni va tim gi6i han theo n tién tdl v6 cung. '

Ménh dé 1.7. Cho f(n).g(n) € #. Néur gioi han cua t 6 Lﬂ; ton tai
khin tiéh t6i, thi hai ham f(n) vd g(n) ¢ thé so sdnh dugc. Hon nia,

Gid si7L = lim fln)
n—e g(n)

ton tai, khi do nhlmgkét qua sau ddy ding.



' 1.4. Ham do d6 tink todn | - ' 37

1 0<L<oo= f(n) C Og(n)), khi do f vd g c6 cing bdc.
2. L=0=0(f(n)) C O(g(n)), khi d6 f ¢6 bdc nhd hon g.
3. L= 0(g(n)) C O(f(n)), ki d6 f <6 bc Ion honyg.

Chitng minh. Theo dinh nghia gidi han, L = lim ﬁ:—)) nghia Ia cho mot .
s6 thuc £ > 0 t6n tai s6 nguyén N, sao cho moi n > N ta cé |§% —Ll<e,

nghia la tuong duong vai _ :
(L—€)g(n) < f(n) < (L+¢)g(n), - (1.9)
v6i moi n > N. .

Truong hop 1:0 < L < w. V@i viee chon € 1a mdt s6 thuc duong bat
ki, ta ¢6 thé chon € = % Dite = g,cz = B?L vang = N%, thay tat cd vao
(1.9) ta cd _

c18(n) < f(n) < c2g(n), véi moi 1 > ng.
Do d6 f(n) € ®(g(n)).
Truong hop 2 : L= 0. Thay L = 0 vio (1.9), vi € 14 s6 thuc duong
bat ki ta ¢
' f(n) < eg(n), véimoin>N,. _ (1.10) -
Suy ra f(n) € O(g(n)). DE chitng minh O(f(n)) C O(g(n)), ta can chi ra
f(n) € Q(g(n)). Gid sit nguge lai ton tai hdng s6 ¢ va ng sao cho

- cg(n) < f(n), véimoin>ny
Thay £ = ¢ vao (1.10) cho ta f(n) < cg(n) v6i moi n > N.. Nhu vay, vé6i
$6 nguyén bAt ki » 16n hon max cda ny:va N, ta ¢6 hai diéu trai ngugc

f(n) < cg(n) va cg(n) < f(n) diéu nay v6 1i. Do d6 f(n) & Q(g(n)), diéu
nay kéo theo O(f(n)) c O(g(n)). o :

Truong hgp 3 : L = o. Tuong ty nhu trén ta phai ching minh

Og(m) C O(f(n)). - , - ©
Piéu kién Jim g(%) = 0 rdt c6 ich trong tinh toan, ta dua vao khai

niém mdéi sau day :

Dinh nghia 1.8. Cho him g(n), ta dinh nghta tap hop o{g(n)) 1a tap tat
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¢4 nhitng ham f(n) c6 tinh chat
. fn)
lim —= =0,
n—e= g(n)
Néu f(n) € o(g(n)), thi ta néi ring f(n) 1a O nhdcta g(n).

Pinh nghia 1.9. Cho ham g(n), ta dinh nghia ~ (g(n)) 1a tap hop tat ca
cac ham f(n) c6 tinh chat
i I
o gln)
Néu f(n) €~ (g(n)), thi ta n6i réng f(n) la tHém cdn manh tGi g(n) va ki
hiéu la f(n} ~ g(n). '

=1.

Meénh dé sau dy suy ra tit ménh dé 1.7 va dinh nghla cha o va ~.

.Menh dé1.8. Cho f(n) g(n) € &F. Khi d6
1. f(n) ~ g(n) = f(n) € O(g(n)).
2 f(n) € o(g{n)) = O(f(n)) C O(g(n)).

Tit ménh dé trén suy ra ménh dé trudc day.

Ménh dé1.9. Cho P(n) = an + a7V + -+ ayn+ ap fa da thire bic
k, ap > 0. Khi d6 P(n) ~ apn*.

Chiing minh. Ta xét gioi han t.s6

koL _
limu;iim(1+ﬁzl+...+ a;+l+ﬂ_%)=l_
r—w - mpt Lm—ee \ o n apn agrn
Ménh dé dudc chtmgmmhturdmh nghia ~. ' ©

Sit dung ménh dé 1.7 va ménh dé 1.8 doi héi phal tinh lim £ g:;
diéu nay rat kho Jam truc hép Thutdng thudng ngudi ta dung quy tc

Lopital.
Quy tic Lopital : Cho hai ham f(x) va g(x} ¢6 dao ham véi s6 thuc x du
Ion. Néu lim f(x) =00 va lim g(x) = oo, thi '

I
i = gy
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Vi du d€ chimg minh ring Zn% +6nlnne ®(n%) ta tién hanh nhur sau:

3+ 6xl
fjm 25+ 6xInx T 6 tim

xmee x= ¢}
1 ,
=2+6)im —£- (dang quy tic Lopital)
X—rca =X 2
2

=2+12lim 3,-_2+0=2.
= x3

Dua vao quy tic Loépital ta ¢6 thé chi ra dugc m@t‘ da thac bat ki co
bac nhd hon ham s6 mii.

Ménh dé 1.10. Vo7 bat ki hing s6 thuc khong Amk vi a > 1, ta ¢6
O(n*) C O(a").

7 - xk - -
Ching minh, Ta xét t s6 = Lién ti€p ap dung quy tic Lépital ta dugc

lim — = lim ke = lim k- l)xH =...= lim k! =
X—se0 X  tem (na)e*  s—= (Ina)’a* 1= (lnafa*

Do d6 r* € o{a"). Ménh dé dugc chiing minh suy ra tit ménh dé 1.8. ©

1.4.3. Dinh gia mot s6 tdng cdc s6 hgng
Téng L{ b )= logy 1 +log; 2+ - +log, n = log,(n!) va téng diéu hoa

Hn)=1+ - 3 + ; R l hay du‘dc dung trong phan tlch thuat toan.

Ta s& x4c dinh bac rlhlmg téng nay

Tachiy la véi bt ki h?mg sé'tht.rc a.va b>1, logan € @(log,, n), nhtr'
vay vGimoi cd s6 d&u, phu thudce trén déu dung, nén ta c6 thé quy dinh
bd co s6 trong ham logarit nhu 1a co so bat ki I(hl a6

L{n) =log(n'} =logi +log2+ +logu
Ménh dé 1.11. Chuing minh rdnglog(n!).€ ®(nlogn).
Ching minh. Vi _
logl+log2+-- + logn < logn +logn+ -+logn = nlogn.-
Suy ra L(n) € O(nlogn).
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~ Ta con chi ra riing L(n) € Q(nlogn). D&t m = [;J-Ta cb
L{n) = (log | +log2+ -+ +logm} 4 [log(m + 1)+ -+ logn]
> log(ﬁ+l)+log(m+2)+..-.+10g" '
> log(m + 1) +log(m + 1) + -+ log(m + 1)
={n—m)log(m+1)
2 Elogg = —;-{logn— log2).

— - . l ? ‘e 7
Dé thay E(Iogm— log2) > E[logn-— ilogn] vGi moi n > np, 6 day ng du

16n (ng phu thudc vao cd 56 cha ldgarit). Nhu vay L(n) > %(n logn) suy

ra L(n) € Q{nlogn). - ©

1.5. PHUONG TRINH HOI QUY

Trong chutong 3 clia cuén sach {13] c6 danh mét muc trinh bay vé
phuong trinh truy héi bic hai vdi cich tim nghiém thong qua phuong
trinh dic trung. Phén nay ta trinh bay céch tim nghiém cha phuong
trinh truy héi bac nhat, Nhitng phuongphép trong phdn nay déu dua
vao tim hé sd hiing s6, mot dai lugng dugc coi la bat bién d6i vai cac
bién déi clia cac thong s& khic. Dai lvigiig bt bién tim dugc nhd nhimg
gia tri khac nhau clia cic thong s6 khicva dén dé’n nghiém ctia phuong
trinh truy héi . .

Ta nhic lai m6t 56 khdi niém co ban Béc cia phxm‘ng trinh truy héi
1 hiéu giita chi 6 16n nh4t va chi s6 nhé nhét cha phuong trinh. Vi du
nhitng s6 Fibonacci dugc dinh nghia f5 =0,f; = 1va '
Jayz = fa +fn+l; nzl.

Pay la phuong trinh béc hai. Phuong trinh Mny2 — nt] = =2 la phuong
 trinh tuyéh tinh béc nhat.

Nhung cdc phuong trinh x2 oy = 1 va x, + 2% =3 la khong
tuyén tinh. -

Phuong trinh truy héi g01 1a thudn nhat né'u t4t cd céc s6 hang chi
chita cac bién chi s6. Vi du

Xmt3 +8%p2 — X = 0
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14 phuong trinh thudn nhat. Phuong trinh
Xm43+ 8Xini2 = WXy = m2.—_~ 3
1a phuong trinh khéng thudn nhat. |

Giai phuong trinh truy héi la im cﬁng thic t6ng quét thit » cha
phép truy héi théa man phuong trinh da cho.

Trong tiét nay ta xét phtrdng phap glal phuong trinh truy héi bac
nhét ¢6 dang :

. xn:axn—_l‘f‘P(n), n;&l,
d day P 1a mot da thic.

1. Gidi phuong trinh thudn nhat x, = ax,_; bing céch nang lén liy
thira thanh dang x" = ax™'. Phuong trinh nay goi la phuong trinh
ddc trung. Cubi ciing ta ¢ x = a. Nghiém cda phuong trinh thudn
nh4t trén c6 dang x, = Ad”, & day A 1a m6t hiing s6 s& x4c dinh.

2. Tht lai nghiém ctia phudng trinh ¢6 dang x, = Ag" + Q(n), & day
@ la da thic cung béac véi P.

Vidul10. Choxg=7 vax, =2x,_,n> 1. Hay im céng thire tdi?g quat
C.l'jﬂfxn- :

Lm gidi, Cich thi nhdt: Tim nghiém ca phuong trinh dic trung
= 2" Vay x=2. Nhu vay nghiém c6 dang x, = A2, § day A la
- mot hing s6; Tim A: Po'7 = =xp = A2° suyrad=7 Do d6 nghlém cda
phuong trinki B, &72» e
- Cich Hnrha: Ta 6" ¢ '_ k .
X{) 7 xl 2x01x2 = 211, :xu = _2’:!!—1

Nhén theo v& cdc déng thitc trén xg:q Xy = 7.2 XX} .. xn-1- Ta nhén
dugc ciing két qua x, =7.2%. ©

Vidulll. Choxy=7 vdx, -2xn_1 +l n> I. Hayﬁm cdngtbuttdng
quatcuax,,

Loi gidi. Ciich thi# nhdt Tim nghiém cfia phuong trinh diic trung
=24} Vay x = 2. Nhu vdy nghiém c6 dang x, — A2", § day A 14
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mot hing s6. Do P(n) = | 14 da thic bic 0, nghta I3 da thic chi ¢6
s6 hang ty do. Do d6 nghi¢ém tdng quat c6 dang x, = A2" +B. Tim
ABDoT=x=A+B=A+B. Tacby=2p+1=15 va nhu vay
15 = x; = 24 + B. Nhu vay ta di giai hé phuong trinh:

fA+B =1,
{2A +B =15,
Ta tim dugc A = 8,8 = —1. Nhu véy nghiém cla phuong trinh 1a -
Xy =82 — 1 =23 |
Ciich thif hai: Ta c6
x=1, xg =27,
—mptl, 2m =2xp42"
x=2x+1, 22y, =2 Iy +22
=
Yot =Vip 241, 2ty =222, 242,
_ Xy = 2%p_1 + 1, Xp =2xp_1+1,
& day ta nhan hang thit k v4i 2" %,
Cong theo v€ céa cac déng thitc sau ciing cho két qua
| Xy =T+ (142422 4---+2""
=724 1= 1 |

- Céch tbu’ba Pat Un --xu-i-l ==2.x,,__ +2 2(xn—1 + 1) = 2up1. Ta
giai phuong trinh u, = 2u,—; nhut vi du trudce va nhan dugc u; = 2" =
2"(xo+ 1) = 2.8 =2+, Cu6i cungtanhan dudc.x,,- ity — 1 —2"+3v1

_ &)

Vidu112. Choxo =2 Vix, =%~ 5'6::;;63. Hiy tim cong thiic tong
qudt cia x,. ' S
Loy gidi. Bing cach nang lén Iy thita trong phuong trinh thuéin nhét
va tim dudc phuong trinh dic trung x* =9.x""!, nghia I x = 9. Nghiém
cha phuong trinh thuén nhét c6 dang x, = A.9". Do P(n) = ~56n+ 63
1a da thitc bac nhat va nhu vay Q(r) cling 13 da thitc bac nhét 6 dang:
Q(n) = Bn+C. Do d6 nghiém téng quét ¢6 dang x, = A.9" + Bn+C.
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Bay gio di tim cdc hé s6: Tit phuong trinh ban ddu ta ¢6 xp = 2,x; =
9.2 -56+63 = 25,x; = 9.25 —56.2 + 63 = 176. Thay cic gia tri nay vao
nghiém téng quat cho ta hé

2 =A+C,
25 =9A+B+C,
{176 =81A+2B+C.

Ta tim dugc A =2,B=7,C =0. Do 46 nghiém téng quat 14 x, = 2.9" + 7n.
' ©

Vidu113. Choxy=1 Vax,,--Bx,,_l—Zn2+6n 3. Hiy Him cong thifc
m;:gquatcuax,,

Lo gidi, Béng cach ning 1én liy thifa phuong trinh thudn nhat ta im
dugc phuong trinh dic trung x* = 3.x""!, nghia 1a x = 3. Nghiém cta
phuong trinh thuén nhét cé dang x, = A.3". Do P(n) = —2n? +6n—3 1a
da thite bac hai va nhu vay Q(n) ciing 1a da thite b4c hai dang: Q(n) =
Bn? +Cn+ D. Do &6 nghiém t6ng quét c6 dang x, = A.3" + Bn? + Cn+ D.
Bay gid di tim cac hé s6: Tit phuong trinh ban ddu ta cé xp = 1,xy = 3.1 —
246-3=4,5=34-2224+62-3=13, x3=3.13-23246.3-3=36.
Thay céc gia tri ndy vao nghiém téng quat cho ta he

1 =A+D,
4 =3A+B+C+D,
13 =94+4B+2C+D,

136 =274+9B+3C+D.

Ta im dugc A = B = 1,c=b=0, Dodénghiemtdngquétlax,. =3"+nl,
: @

Vidu 114, Choxo=2 vé x, = 2x-1+3“l Héyﬁmcﬂngtfmrtdng
quat cua x,. -

Loi gidi. Ta thir im nghiém t8ng quat dudi dang X =A.2"+ B.3". Do
xp=2,x3 =2.24 3% =5, Ta gidi he

2 =A+B,
5 =24+38.
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Ta tim dugc A = 1,8 = 1. Nghiém t6ng quat 1a x, = 2" + 3". ©
Trudng hdp a = 1 trong phuong trinh truy héi bac nhat duge thuc
hién véi viéc xem xét da thitc Q(n) ¢6 bac cao hon mét bac d6i voi da
thitc P(n). | -
Vidu1.15. Choxp =7 vd x, = x,_1 +n,n > |. Hiy im céng thiic tong
. qudt cuia xX,.

Loi gidi, Bing cach nang Ién iy thita phuong trinh thudn nhat ta im
dugc phuong trinh dic trung x" = x*~}, nghia la x = 1. Nghiém cla
phuong trinh thun nhét ¢6 dang x, = A.1" = A. Do P(n) = n 1a da thitc
bac nhat va nhu vay Q(n) co bac 1dn hon P(n) mét bac va cd dang :
Q(n) = Bn? +Cn+ D. Do d6 nghiém t6ng quat c6 dang x, = A+ Bn> +
Cn+D. Vi A va D déu la hiing 58, ta ¢6 thé két hgp chiing lai thanh E,
Vay %, = Bn? + Cn+ E. Bay gid di tim cdc hé s6: Tt phuong trinh ban
ddutacoxp =70 =T+1=8x=8+2=10. 'I'haycacglamnayvao
nghlém téng quat cho ta he -

7 =E,

8 =B+C+E,

10 =4B+2CH+E.

Tatim dugc B=C = —;-E =7. Do d6 nghiém t6ng quat 1ax,; = "2—2+ g +7.
Cdch thir hai: Ta ¢
| x =1,
e=xg 1,
x=x1+2,
- Xpg=Xy—_1+n.
Cong theo vé& cac déng thic trén

xq+x1+ A xn =T x0+X+ .. +x,._|+(l+2-+- +n)

n(n+1}
5 ©

Mot s6 phuong trinh truy héi khong tuyén tinh bac nhét c6 thé dua
vé phuong trinh truy héi tuyén tinh bac nhat bing cch dit &n s6 phu.

Ta nhan duge ciing két qua x, = 7+
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Vidul.16. Choup=3 vdu., ,=upn> 1. Hiy im cong thitc téng quat
ctia uy.

i 1 . -
Loi gidi. Dit v, = logu, = logu:_[ = iloguﬂ_ = 2l U L ta
P . ¥ . lo Uy il
c6 nghiém v, = E??’ vay logu, = £ =37, | ©
Mot cach t6ng quat hon, xét phuong trinh héi quy dang
' ' Xnit = buy1dn (12> 0,% décho ). (1.11)

Biét ring by,b,,... da cho, ta phdi im X1,02, ey Xy, .. BA todn nay d&
déng glél dlI(:}C b(?)'i)q = byxgy, X2 = bax) =..bzb1xd Vaxy = b3xs = bybybxy, ...
va cudi ciing ta du doan 13

Xy = {ﬁb;}xg (n=0,1,2;...). - (1.12)
I=1

Mét dang dic biét nita ta quan tAm la
Xny1 = bpyp1x, + Cntl (n > 0,xp da cho ). (1.13)

Hai day s6 {,b;,...} va {c;,cz, .} da cho, ta muén tim c6ng thic
cho x,?

Néu ta cif tigh hanh nhu trén thi
| ‘ =bixo+c1,x2 —-bgblxd-kbzc] +c3,...
-va tiép tuc nhu vdy thi rdt nham chén.
Ta cb thé’ g1a1 ba1 toan trén bing cach dﬁt an s6 phu Yn
| Xn=bibzibyn (2Lm=y).  (L14)
* Thay %, vio (1.13) tanhan duge
. biby.. ;,+,1,yn+1 * Dn416153;1.bnYn +-Cnt 1.
; Nhu'ng hé so'tnrd;: y,, vﬂ Fusl nhu' nhaunén ta cé
~ Ynt1 = Yut+dny (ﬂ > 0:)’0 da cho ). (1.13)
G day dyyy = % va hoan zfoan Xa¢ dinh. _
Bay gid ta giai (1:15) hoan toan ddn glan va suy ra cong thixc

yn—yo+):d (n>0).
J=1
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Tit eng thitc (1.14) ta ¢6
X = (by1b3.. b,,)[xo + ): d,] (n > 1). (1.16)
J_ .
Tém lai d€ gidi loai phuong trinh ndy ta cin ti€n hanh cic budc sau:
1. Ta tién hanh dt &n s6 phu nhu cong thixc (1.14).
2. Giai phuong trinh cho két qua t6ng.
3. Trd vé& bién ban diu.
Vidu 117, Tim cOng thiic tohg qudt cho phuong trink bic nhat
Xnpt =3x,+n (n2>0,x5 =0). (1.17)
Loi gidi. Tién hanh &4t dn 58 phu cho (1.17), x, = 3, Thay vao (1.17)
réi don gidn hoa cho két qua-

n
Y1 = Ynt oy (n20,y0 =0).

L4y téng hai v&€ cia dc’tng thite trén cho két qua

n—1

| 7= Ly (220)
Theo céch dit 4n so' phu ta c6 két qua
n-1

Xn —_3 Z 3J+| (n 0)
. ' ©
Bay gid ta trd lai vai phlro‘ng trinh thudn nhat béc hai dang hay
- thuong gip

Xnp ) = A% + bxy_ (_n > 1,%9,% 44 cho ). ©(118)
Nghiém ctia nhitng phuong trinh nay dwgc tim dudi dang x, = &". Thay
dai lugng ndy vao (1.18) va gidn ude di o"~! cho ta phurong trinh bac -
hai _ ) :

o’ =aa +b.

Thudng thudng phuong trinh bic hai ¢4 hai nighiém khac nhau khi gidi
phutdng trinh trén, ta ki hiéu d6 1a o va ;. Khi d6 nghiém téng quat
cda phuong trinh héi quy c6 dang

Xn=croq+c05 (n=0,1,2,..). (1.19)
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Hing s6 ¢, ¢, tim duge théng qua gia trj ban ddu xo,x;.

Vidu 1.18. Tim cong thifc t6ng quét cho nhiing s6 Fibonacci
Fopi=F+F (n21,Kh=F= l). (120)

Loy gidi. Theo li lun  trén ta tim nghiém phtwng trinh héi quy & dang

F, = o". Thay gid tri vita dt véo (1.20) va gidn udc dai lugng chung con

1+\/"

= @+ 1. T phuong trinh nay giai dugc hai nghlém o =
-3 |

0 = I 3 . Tt day ta c6 cong thitc nghiém nhu (1.19) va chi con lai im
f.vacz TuglamcuaFg—Fl_ltacohé hlrdngtrmhFo lzcl-Fcz;
25 ) 2
A=qa +eoa Glalratatlmdudcc L vac Nghiém cua
1 =100 +C200. 1= pVaa= ~ 7 ghié
phuong trinh héi quy da ¢ho 1a

n+l1 nl-l.-l
F, = % {(_l+2_\/§) - (1'—2_\/5) } (n=0,12,..)
. ’ @

Day Fibonacci 1,1,2,3,5,8,13,21,34, ..., nén cho dix cOng thicnghiém
rit cong kénh nhung két qua déu 1a s6 nguyén vOi gié tri cla F,.
1 +2\/_ > 1val -

e L (145
L \/g | 2
Bly gid ta xét bt phuong trinh héi quy c6 dang

Ent S EnF T +02 (1> 1xp = x; =0). 21

Mit khic do |< 1, suy ra khi n 44 16n thi

Cau héi dat ra 1a sy ting cua day x, va bi chan nhu thé nao?

Tuong ty nhur phitong trinh héi quy ta ciing im nghiém cho b4t
phuong trinh trén ¢6 dang x, < K" véi K la hing s6. Ta gid sit ring
*n < Ka" dling vdin=0,1,2,...,N. Khi d6 tir (1.21) véi n = N ta tim dugc

| | 'IN+.1-.S; Ka"+ KoM-1 +N2,

L4y ¢ 1a nghiém thuc duong clia phudngtrinh Z=c+1vagid sty 1ing
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a>c Khidé.a2>a+lvétadata2—_a—1=r,c’idayr>0. Do dé
i1 < Ka¥ {14+ ) + N?
=Ko (a? — 1)+ N?
= KoM - koM — N2,

Dé cho chic chin xy.; < KaVt! thi ti cong thic trén cin phai c6
tKaV=! > N2 Do d6 ta ¢6 thé chon X sao cho

. N2
K> ?vlg’z‘{ta"‘-l } ’
V& phai cda bat dé’mg thirc trén hitu han nén budc quy nap toan hoc
luén luén ding.
Két luan 1a b4t déng thitc (1. 21) lubn ludn kéo theo v&i mébi e > 0,
X =O((c+¢€)") 3 day c = +2\/_.

Bang li luan hoan toan tuong ty ta c6:

Dinh Iy 1.2. Cho ddy {x,} thda man b4t phuong trinh héi quy dang
Xn+1 S hoxn + b1y + oA+ bpxy_p+G(n) (n>p)

J ddy b; > 0 v6i moii, Tb; > |. Hon nita c I3 nghiém thuc duong cia
phuong trinh c*! = boc? - +b,. Cubi cing gid s G(n) = o(c").
. Khi dé véi méie > 0 c6'djnh ta 6 x, = O((c+&)").

Chitng minh, C6 dinh £ > 0 va dit @ = c + ¢, & d4y ¢ la nghiém clia
phuong trinh da chi ra trong dinh If. Tit @ > ¢, néu ta diit

I=ap+l—boc"—---—bp, :

thi # > 0. Cuéi cling ta dat

K:max{lxoh_lz |1'“,|xp| max{ Gln) }}

P azp ton—p

Khi d6 K hitu han va dé thdy | x; |< Ka/ véi j < p. Ta chiing minh
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[ xa |< Ko diing véi moi # 1a d4. That vay,
{Xn1 | S Do | xn |+ +bp | Xnp | +G(n)
:S%Ka”+?~+mKafp+Gm)
=Ka" P(boot? + .-+ b,) + G(n)
=Ka"P(aPT = 1)+ G(n)
=Ka"' - (tKa""P — G(n)) < Ka™t).
D6 1a diéu can chimg minh. - ©

1.6. DINH Li CO BAN CHO PHAN TiCH THUAT TOAN

Phéan tich thﬁat toén la di im ham.thﬁi gian thute hién cua thua_t todn
va thudng rit ra phuong trinh truy héi cho cic ham héi quy nay. Mot
dinh Ii cd ban cho viéc tim ham héi quy loai nay la:
Dinh 1y 1.3. Néun Id lay thiva cia ¢, thi nghiém cda phuong trinh hoi
quy

itn <

T(n):{d néin<|

' al(2)+bn néun>1.
€6 cong thitc sau :

O(n) néua < c,
T(n) =< O(nlogn) néua=c,
O(n'°e9~1y  néua>c.

Ching mf}:};._Né’ﬁ n 14 Iy thita cﬁ'a'l ¢, thi
1 '=--;,.f(ﬁ)‘-+-b,,.-,.a_:(a.;_(iz-) +2) ton
=a T( )+Jﬁ+b
=a* (a-T (%) + in) -+ a—bf +bn

:a3-T(%)+&?+a—bE+bn
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Ta &4t i = log.n cho ta cong thic
log,.#n—1

T{n) = a°&"T (c"’&") +bn Y

ayJ
5 (o).
Ta c6 nhitng cong thitc sau tit tinh chét 16garit:

ahg"" — (clog,a)k?&-" — (Clog,.u)*o&-“ — plor.q

Do d6, l |
og, n— :
log.a ay’
T(n)=d-n'"%"+bn 2‘6 (c) .

Ta xét ba trudng hgp cho tdng v& phai cua bat déng thiic trén

Truong hop 1. a < ¢: Trudng hgp ndy téng & v& phax dugc danh gia
chudi ctia nhitng s6 hang la cap s6 nhan,

log,n—1 ;. o ; I
OB
Do dé
' T(n) <dn = 0(n)

Vi thira s6 thit nhat c6 a < ¢ thi kh(?mgcarll':\I hudng dén sy danh gia trén.
Trionghop2.a=c: Khi d6 -

: : log Ai—1
T(n)=d-n'%*4bn z 1/ = O(nlogn).
. 5

Truong bdp 3.a> c:Khidé tﬁng cua mOt cap s6 nhan & vé€ phai

log,.n—1 log,.n -1
T(n)=d-n's"tbn Y. (") =d. '°8«“+bn()
- \C —l
5= c
Ioga T
= d-r 4 bn” = O(n'8:2""). ©

-1
Tie diﬁh li trén ta suy ra nhitng trudng hdp sau day
o Né&u T(n) = 2T(4) +dn, thi T(n) = O(n).

o N&u T(n) = 2T(})+dn, thi T(n) = O(nlogn). Pay 1a cong thic cta
thuat toédn mergesort. -

o Né&u T{n) = 4T(2) +dn, thi T(n) = O(n?}.
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17. BAITAP
'>1.19. Chitng minh riing ¥ 21 =1- zl v@imein > 1.
i=1

> 1.20. Ching minh ring }':l; 2= 2 v&imoin > 0.
=0 ’

> 1.21. Cho s6 thuc x € R*. Ki hiéu |x] 1& s6 nguyén 16n nhat khéng
1on hon x. Con [x] la s6 nguyén nho nhédt ma khong nhé hon x. Chimg
minh ring

a) V&i moi n > 0, ding thic sau diing

E, " néu na s6 chin
xl={2%_ |

7 néu n 13 sd'1é.

b) Vi moi n > 0, didng thiic sau dung

n+l
2

>1.22. Chimg minh rdng »* + 2x chia hét cho 3 véi moin > 0.

E, néu n la s6 chin
[x] =

, néunlasdlé.

> 1.23. S6 Fibonacci F, v3i n 2 0 dugc dinh nghia truy héi nhu sau:
Fo=0,Fi=1tvavéinz2, F,=F,_i + F-; Ching minh riing

n
Y FR=Fo-l
f‘-ﬂ

> 1.24, thg déng thu'c sau day co dung khOng‘?
a) Vi = Oflogn).
b} nlogn = O(n).
| _
C) *n— = O(logn). -
d) 3n? + /i = O(n?)..
> 1.25. Chitng minh rdng (n+ l)2 = O(n?).
> 1.26. Chitng minh ring {logn] = O(n).
>1.27. Chitng minh ring 3n[logn) = O(n?).
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> 1.28. Gidi phuong trinh héi quy v6i T(1) = 1| va véi moi n'> 2,
T(n)=3T(n—1)+2,
&> 1.29. Giai phuong trinh héi quy voi T(1) = 1 va v6i moi n la luy thita
7 n ‘
> = - —
ka2 (n>2), T{n)=2T (2) Yén—1.
> 1.30. Giai phuong trinh héi quy v6i T(1) = 1 va v8i moi n 13 Iy thita
n
7 - _ n 2_ )
caa2 (n>2),T{n)=2T (2)I+n n
> 1.31. Gidi phuong trinh héi quy véi T(1) = 1,7(2) = 6 va v3i moi
n>3,Tn)=THn-2)+3n+4. '

& 1.32. Giai phuong trinh hdi quy véi 7(1) = 1 vavoimein > 2,

n—1 .
T(n) = )_:{ T(i)+7.



Chuong 2
TINH pU NG DAN cUA THUAT TOAN

21. Gidi thiéu klém chingthudttedn . . . ... ... ... 53
2.2 Thuattoanhﬁlquy e e e e e e e " 55
2.3. Tinh ding cda thudttoin héiquy.......... .. 56
24. Tinh dung cda thujt toan khéng héi quy ... ..., 60

25 Baitdp . . . ... e " 66

2.1. GIG1 THIEU KIEM CHUNG THUAT TOAN

Gia sut ching ta da thiét k& dugc mot thuat todn va dita nd vao
chuong trinh d€ thé hién né. Ta c6 thé tin dugce rang thuat todn c6 dua
ra 10i gidi diing hay khong? Khoéng tinh sai s6t vé mit ci phép khi thuat
toan da thé hién duoc nhiing két qua khéc nhau khi ta cho nhiing méu
diu vao dé thu' Tuy vay véi cdc méu da cho, chu'o‘ng trinh cho két qua
ding di chéng nita thi thuat toan cung eon hém tang’ nhlmg 1i giai
sai. Nhut vay ta phai chitng minh dugc két ¢ qua cla thudt toin cho diu
ra lubn luon diing. Nhitng, phuo‘ng phap luan di duge xdy dung dd
chu:ng minh tinh ding ddn cda thuat to4n khi ¢6 ddu vio diing va két
qua diu ra phdi la ddng, Thudng 6 hai phuong phép l6gic dé kiém tra
thuét todn hodc chuong trinh ding hay khﬁng d6 [a kiém thir (testing)
va chitng minh tinh ding dn (Correctness proof)

Kiém thir thust toan 13 thit thust toan véi. nhiing mdu ddu vio.
Chung minh tinh dung dén 13 chiing minh theo todn hoc. Viéc kiém
tha thuat toan tiém an nhitng 16i khong ngé téi. Chi dung kiém thiy
nhiéu khi rdt nguy him cho viéc trién khai nhiéu thuét todn vdi nhau.
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Khi d6 nhimg 15i trong cac thudt toan khac nhau sé két hgp lam cho
ta kha bdi réi khong biét chinh xdc chuong trinh hoat dong thé nao?
Chitng minh tinh ding d4n cta thuat toan cung nhiéu khi con ¢6 16,
vi vay ta phdi két hgp ca hai.

M6t thuat toan thé nio 1a diing d4n? Ta c6 thé dinh nghia nhu sau:

Mot thuat toan dugc goi la ding dan néu vSi moi ddu vao chap
nhan dugc, né cho ddu ra diing. Viéc chimg minh tinh ding din cua
thuat toan bao gém hai phin: '

1. Ta phdi chi ra ring thuat toan két thiic thi nhan dugc két qua
diing. Phin nay ngudi ta thudng goi la xdc minh tinh ding din
b6 phin cua thuat toan.

2. Chimng 6 thuat toan luén ludn két thiic.

D¢ dinh 15 the€ nio 1 mot thudt toan cho théng tin ding, ngudi ta
thudng xét hai van dé sau: Thit nhat 1a nhitmg khdng dinh ddu vio, né
bao gém céc tinh chat thong tin ddu vio cin phéi c6. Thit hai la khdng
dinh d4u rabao gdm nhitng tinh chat thong tin ddu ra cn phai cd theo
muc dich céia thuat toan. Nhu vay khi chiing minh tinh diing dén cda
thuat toan ta phai chudn bi khing dinh ddu vao va khing dinh ddu ra
~ thich hdp.

Pinh nghia 2.1. M6t thuat toan § dudc goi la diing ddn d6i vai khing
dinh ddu vio p va khing dinh déu ra g, néu p la ding vi céc gid tri
vao cda § va néu § két thic thig la dt‘mg véi cAc gid tri ra cia §.

Vi du sau d4y minh hoa Id‘lal mém khéng dinh ddu vao va khing
dinh ddu ra.

Vidu21l. Hiychiraring trong' thugt toén' 21 (07' trang 55) I diing din
d6i voi khdng dinh dfu vdo p: x =\ vé khdng dinh dfuraq:z=3.

Loi gidi. Gia si p ding, nghia 1a x = 1 bit d4u chuong trinh. Sau d6 y
dugc gan gia tri 2, tidp d6 z dugc gén tong clia x va y biing 3, vay néu
thi tuc két thic thi g ding. Theo dinh nghfa tha tuc trén ding dn vdi
khing dinh ddu vao p va khing dinh ddura q. ©
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Thuit todn 2.1 Tinh ding ddn (vd)
procedure vd(x)

Piuvao: Gidtrix

Piura: Giatrix+2

1. y:=2;
2 zi=x+4y
end

Phén sau day ta s& thé hién chitng minh cac thuat toan ding dén
biing phuong phap quy nap va khing dinh ddu (khing dinh ddu vio)
va khing dinh cu6i (khing dinh déu ra) dugc th€ hién rigay trong khi

. chitng minh chit khong phat bi€u riéng nhit vi du trén. Binh thudng
ngudi ta suy luin theo cic kh6i trong thut toan nhu khéi c6 didu kién,
kh6i vong 1ap, khéi liet ke thit ty, ... Trong ti liéu ndy ta ciing thyc hién
cac khia canh khac theo loai thuat toan hdi quy hay khong héi quy. Vi
vay ta phan biét mot chit vé cac thuat toan héi quy va khong héi quy
n6 nhu the nao. '

2.2. THUAT TOANHOI QUY

Gid stt ta muén tinh #! v&i n 1a mot s6 nguyén. Ta c6 hai cich tinh

thir nh&t 13 tir dinh nghia giai thita va cach tinh nay khéng héi quy:
- 1. n! I3 tich cula tdt cd cdc s6ké tir 1 dén n.

Céch thy hai 14 céch tinh c6 4 ap dunghdiquy:

2. Néirn = ) thin! = |, nguoc lai thint = n.(n— 1)L,

Ta chii ¥ t8i cich thithai iy thi nghe chitng c6 gi 46 v6 li vi ta dinh
nghia mot cai gi d6 ma chinh trong dinh nghia lai dung né. Chi ¢6 chit
¥ 1a gi4 trj cGa ! lai phdi dimg d&n gia tri nhé hon (1 — 1)!. Nhu vay
ta chi c¢6 diing quy nap toan hoc mdi chi ra ring dinh nghia theo cich
ndy 1 cho tit ca n nguyén duong.

M@t cich hinh thic viéc tinh khéng theo héi quy c6 thé viét nhu
thudt toan 2.2,
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Thudt toin 2.2 Giai thira khéng héi quy (fact)
function fact(n)
Piuvio: Giatrin>0
Paura: Tinhn! -

1 fact=1;
2 fori:=1tondo
3: fact =i fact;
4 end for

end fact

; Con tinh theo h(’)i.quy cua »! 1a thuat toén 23

Thuat toan 2.3 Giai thita héi quy (fact) _

function fact(n)
- Pauvao: Gia trin>0

- D8ura: Tinh n!
1. ifn=1then
px fact =1
3 else
4: fact :=n- fact(n—1);
5% . endif
d. fact

Trong chlrcmg nay ta chm}g mmh tinh dung ddn cha mét s6 thuat
todn héi quy. Con chlro‘ng sau trd dl Ia chtr_ng minh dO phu'c tap cta
nhung thuét toan nay.

2.3. TINHDUNG CUA THUAT TOAN I-IOI OUY

Chung minh tmh diing dfn cta th,uat toan h61 quy ta dung truc hép
phuong phéap quy nap. Cu thé dé chu'ng minh tinh diing d¢4n clia thuat
toan héi quy ta phai tién hanh nhimg buéc sau cjay.

1. Ching minh bang quy nap theo ¢& clia bai toan da cho, vi nhu cd
ctia mang, s6 bit trong s6 nguyén, cd hang va cot cia ma tran, ...

2. Khdi dédu co sé cta phép héi quy chinh la budc co'sd ca phuong
phap quy nap.
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- 3. Can phéi chimg minh ring phép goi héi quy t4i bai toén con
khong 1a héi quy v6 han (thudng thudng 13 hién nhién khi tao
lap thuat toan).

4. Bube quy nap: Gid stt phép goi héi quy 14 diing, va diing gi thiet
quy nap d€'ching minh riing phép goi hién tai 1a dhing.

Nhiing vi du sau day th€ hién cdc budc chitng minh trén:
Vi du 2.2. Thuit toan Fibonacci héi quy: Cho dady Fibonaccr: Fy = 0;

Fi=1, vdvéimoin>2 F,=F, 3+F,_,. Ching minh thujt todn sau
ddy diing :

Thudt toan 2.4 S6 Fibonacci (fib) -
function fib(n)
Piuvio: Gia trin>0
Pédura: Kétqui F,
L if n <=1 then

2: return(n)
3. else
4: return(fib(n— 1)+ fib(n — 2))
5 end if
end fib

_ Chiing minh. K&t hgp thong tin ddu vao va thoﬁg tin ddu ra trong viéc
chitng minh tinh ding d&n thust todn trén ta phii chitng minh ménh
dé sau: ' _ ' '

Chiing minh rdng voi moin 2> 0, fib(n) déu trd vé F,.

That vay, ta chitng minh bing phuong phép quy nap:

Butc co's6:V6in =0, fib(0) trd vé 0 nhu menh 8. V6in = 1, fib(1) tra
vé | nhu ménh dé.

Budcquy nap: Gidstn>2viviimoi0< m<n, fib(m) déu tra vé F,,,.
Ta phdi chitng minh rdng fib(n) tra vé £,. That vdy, trong trudng hop
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nay fib(n) tra vé két qué
fib{n— 1)+ fib{n— 2) F+ F,, 2 (theo gia thiét quy nap) .
= F,, ©

Vidu 2.3. Thuit toan Maximum héi quy: 7im 56 Ion nhét dupc heu
trong mang mot chiéu A ..n].-C’btingﬂu'nh thudt todn sau day diing :

Thudt toan 2.5 Tinh g1a tri 16n nhdt cta chuOl (maximum)

function  maximum(A[l..n])
Diuviao: Gid tri A[l..n.
Paura: Gia tri max cta A[1..n).
1. if n <=1 then

2; return(A[1])
3 else
4: return(max(maximum(n— 1),Afn]))
5 endif
end maximum

Cbufngnnnh Ta chtrng minh ménh dé sau:
Vi moin > 1, max:mum(n) trd vé gid tri max{A[l]},A[2],...,A[n]}.
Ta ching minh bing quy nap toan hoc theo 7 > 1 ménh dé trén
ding. o ' ' . v : S
Butc co s6: Véin = 1 thi maximum(1) trd vé Al] ménh déaung
Budc quy nap: Gia st n > 1 va maximum{n) tra vé ket qua
max{A[l] A[2],...,A[n]}. Ta phai chlmg mmh r&ng maxtmum(n + l) tra vé
két qua max{A[l] A2),...,Aln], A[n-i- 1]} o
That vay, theo thuat todn thi manmum(n + 1) wa vé ket q qua .
| max(max:mum(n),A[n+ 1}) = max max{A[l]_,A_[Z],I...,_A[n]_}.,\A[n+ 1)
| (theo gia thiét quy nap)
= max{A[l},A[2],...,A[n],A[n+ 1]} ©
Vidu 2.4. Thuit todn phep nhan héi quy: Voix € R, |x] /4 s6 nguyen
6n nhat khéng vupt qud x. Chuing minh thudt todn Pphép nhén sau diy

-

ding :
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Thuit toin 2.6 Nhan hai s6 nguyén (muItlpIy)

function multiply(y,7)
Dauvao: Cho gia tri y,z.
Diaura: Gis tr tich yz.
1. if z=0then

2 return{0)

3 else

4 if z71d s6'1é then

5 return{ multiply(2y, 13)+y)

6: else

7.

B8

9

d

return( mu!t:p!y(Zy. 310
end if o
end if

multiply

Chidng minh. Ta phai ching minh ménh dé say:
Voimoiy,z > 0, multiply(y,z) trd véyz.
Ta ching minh bing phuong phip quy nap tosn hoc theo z > 0.
Bue cos0: VGiz =0 thi multiply(y, z) tra vé 0 nhue ménh dé khéng dinh,

- Bube quy nap: Gia sitvai 7 > 0 va véi moi 0 < g <z, multiply(y,z) tra vé
' ¥q. Ta phdi ching minh ring multiply(y,z+ 1) trd vé y(z + | ). That vay,

mult:p:’y(y,z+ 1) tra vé cai gi? Trd i cau héi nay 6 hai truong hop xay
‘Ta phy thudc vao z+ 1 1a s6 chin hoic 1é.

Néu z+11a mot s6 le, thl muinply(y,z + 1) tra vé:
muinp;’y(2y, ]_ j) +y 2y[_ J +y (theo gia thiét quy nap)
=2y(2)+y {vi 214 6 chdn)
=y(z+1).
Néu z+ 1 1a mot s6 chc’m, thx mulnply(y,z+ 1) tra vé

muit;ply(Zy, [——~J =2y [Eilj (theo gia thrét quy nap)

= 2¥( -2——) (vizla s_Gle):y(z-H). ©



60 o o Chutong 2. ﬁnhd‘ungd&ncuathudttadn

2.4. TINHDUNG CUA THUAT TOANKHONG HOI QUY

Chftng minh tinh diing d4n cfa thudt toan khéng héi quy déu lién
quan dén vong Ip. Pién hinh 14 vong lip: while <diéu kién> thue
hién §. Ta luu y ring § dugc 13p di lap lai cho i khi ndo <didu kien>
nhén gia trj sai.

Dinh nghia 2.2. Ta goi mot diéu khing dinh nao d6 1a bat bich vong
#4p néu né van con ding sau méi l4n thi hanh.

Noi cach khdac, néu thong tin vao p két hgp v6i <didu kién> vao
thudt todn § cho théng tin ra p 1a diing thi p 1a bat biéh vong lap.
Nhu vay gia st p la bat bién vong l&p. Tir d6 suy ra p 1a ding trudce

khi doan chuong trinh dugc thuc hién, p va pht dinh <diéu kién>> 1a
ding sau khi két thic.

Vi du 2.5. Hay dang bat bién vong I3p chiing to thust todn 2.7 két thiic
voi factorial = n!, trong dé n 14 s6 nguyén duong.

Thuit toin 2.7 Tinh giai thira theo vong Bip (fact)
.- function  fact(n)
 Pduvao: - Cho gia trj .
Diura: Gid trin!.
i=1; -
factona! = l
while i <'n do
il L
.. factorial ;= factorial »i;
cendwhile . - .
_retutxi(_factorial) )
faet .

Nogawnwn

3
o

Chiing mmlz Gid st p la ménh d8: factorial == it vi i <n Tasé
chitng minh ring p 1a b4t bién véng 13p bling phuong phép quy nap
toan hoc. D4u tién ta nhé ring p la diing trude khi vao lap, vii=1,
factorial =1 =1!val<n Gidsitp diing va i < n sau khi thuc hién
vong Iéip va gid sit vong while dugc thi hanh m6t 14n nita. Trudc tién i
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ting 1én 1, nhu vAy vin con nhé hon hay béng n. Do gia thiét quy nap
toan hoc factorial = (i — 1)! trudc khi véo vong lip va n6 s& duge ting
bing (i — 1)1+ = il. Vi thé p vin cdn ding. Do d6 p 14 bat bién vong
lap. : :

Vi vong 13p két thic sau khi lap n~11an, khi d6 i = n va
fractoriat = n!, ' @

~ Tacb thé néi ching minh thuat toan khong héi quy phﬁi ti€n hanh
cac buée sau day:

1. Phan tich thuat todn tai mot vong 1§p, tir khdi ddu dén trong vong
13p va cho dén vong ldp sau.

. 2. V6i mbi vong lap d€ lai bat bién vong Ip ma nd vn con ding
mdi 14n xuyén qua vong Hip, va ta bit 14y quy trinh tao ra bdi
vong lap.

3. Chimg minh nhitng b4t bién vong lap la ding.
4. Duing b4t bién vong 13p d€ chitng minh thut todn phai dimng.

5. Dimng bt bién vong lip dé chitng minh thuat toan tinh ton diing
* két qua.

Chat ¥ : Ta s& t4p trung xem xét vao mot vong 13p cha thuat toan. Gia
. tri cia mot bién x ngay sau vong lap thit i duge ki hiéu 14 x; (vdi i=0
nghi'a 1a gié trj trudc khi vao vong lap thi nhat). Vi du nhu xg 1a gid trj
cha bién x sau vong 1dp thie 6.

Vi du 2.6. Thuit toin Fibonacci 1ip: C'hthgmmb b‘:ﬁét todn 2.8 sau
diy diing (trang 62). |
Chiing minh. Ta chitng minh ménh dé; fib(n) trd véF,.
Viéc chitng minh dudc tién hanh theo céc budc sau day :
1. Nhitng su kién vé thuat toan theo ki hiéu ¢a néi & trén nhu sau :
itig=2iijp =i+ 1; '

a:ay="0a;41 =by
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Thudt toan 2.8 Tinh 56 fibonacci (fib)
function fib(n)
‘Pauvio: Cho gia tri n.
Piura: Gidtri F,.
1. if n=0then

px return{()
3  else
4 a=0b:=1,i:=2;
5: while i <=r do
6: ci=atba=bb.=cii=i4+1;
7: end while
8 endif
9:  return{b)
end fib

b- bo=la;, = Citl:

cicit1=a;+b;.

2. Vong 13p bt bién: Ménh dé sau 1a vong lip bat bien :

Vi toi s0tu nhién j > 0, thii; = j+2,a; = F; vb; = F,,

Ta.ching.minh bang quy nap theo j. Budc co so : j = 0, hién nhién
ménh dé ding vi ip = 2, ay=0="Fyvab=1=F. Bzro’cquynap '

Gidsu j>0,i;= j+2, a;=F; va by = F;,,, ta phai chu:ng minh ring
fiy1=j+3, aj+1 -¢FJ+] va bﬁ_‘ F_;+2 : :

“That vay, sau m&t Ié.n la!p cua thuat toan tacé
IJ+1"’J+l o .
=(+2)+1 (th_e_o gid thié',t quy nap)
= J +3 . EEETE
aji1 = b; . -
=Fji1  (theo gid thiét quy nap)
bijri=cpr=a+j+b;
=F;+Fjy1  (theo gia thiét quy nap)

= _j+2-
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3. Chang minh tinh toan ding;

Thudt todn két thic vor b chifa gid tri F,,.

Su ddi héi cia meénh dé trén ding néu n=0. Néun >0 thita lai vao
vong ldp, nhir chiing minh trén cho két qud diing.

Tinh két thic cda thuét todn: Vi ; ij+1=i;+ 1, thi hién nhién i s& phal
dén n+1 va khi d6 véng Iip sé két thic. Gi st thuét toan ditng sau ¢
vong lap. Vii, =n+1vai =t+2tasé tim dugct=n—1.

Két qud tra vé: Theo b4t bién vong lip, by = F4y = F,. D6 1a diéu
cin ching minh, : ©

Vidu 2.7, Thuit toan Maximum lip 7im s6'10n nhat duoc hru trong
mang mot chiéu A\..n). Ching mmb thudt toin sau ddy ding :

Thudt toan 2.9 Tim gid trj cuc dai trong mang (maximum)

function  maximum(A, n)
Dduvdo: Cho gid tri A[l ..
Daura:  Gi4 tri max cha A[l..x].

L om:=All]i=2;
whilei <=ndo
if Alf} > m then -
m:=Alili:=i+1,
end if
end while
retum(m)

maximum
¢ }‘ R l Sory o

BN & 0ok Wy

.

cfmngmmjr Ta chfmgmmh menh daw
Vi moin > 1, maximum(n) trd Vé'gura tr;r‘max{'A[lI A[Z] LA}, o
1. Nhitng y&u t6 quan trong, thay ddi trong thuat todn: .
mimg=A[llimj;, = max{m;,A[i;]};
i o =214, =6+ 1.
2. Véng lip bt biéh:
| V67 moi s6tw nhién j > 0, £a c6

mj = max{A[1],A[2],..,A[j+ 1]} vai; = j 4 2.
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Ta chitng minh bing phuong phap quy nap theo j. Budc cd sd
déthay j=0thimp=A[l)vaip=2 Gidst j>0,tacdi;=j+2va
m; =max{A[1],A[2],...,A[j + 1]}, ta phdi ching minh ring i;; = j+3 va
mjy1 = max{A{l],A[2],...,A[j +2]}. ‘

That vay,

i1 =i 1
=(j+2)+1 (theo gid thiét quy nap)
=j+3. '

mjyy = max{m;,A[i;]}
= max{m;A[j+2]} (theo giA thiét quy nap)
= max{max{A[1},A[2}...Alj + 1]},A[j +2]} (gid thiet quy nap)
= max{A[1LA[2),...ALj + 1.l +2]). |

3. Chitng minh tinh diing ddn:
Thu4t todn sé'Jcét thic vdim chita g;a trf Ion nhét cda A[l n]

That vdy, sut két thic ciia thuat todn vi i =i+ hién nhién i s&
dén c t8i n+ 1 va vong lap 58 dlmg Gia st thuat toansedu:ng sau ¢
vonglap. Vi =t+2,néncdr=n-—1.

Két qua tinh toan : Theo b4t bién cida vong lip
my = max{A[1),A[2),....Al + 1]} @1
= max{A[1),A[2],....A[n]} | ©
Vi du 2.8. 'i'huat toin phép nhin ldp : Chiing minh thuit todn 2.10,
phép nhén sau ddy diing (trang 65). -
Chitng minh. Ta phdi chitng minh ménli dé sau:
Vdi moiy,z > 0, multiply(y,7) trd véyz.
1. Ta chitng minh mot b8 d4é phu trg:
Voimopine N, fa co

2{%J+(n mod 2) = n.
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Thuit toan 2.10 Tich hal s6 nguyeén (muinp!y(y z)).

function multiply(y,z)
Pduvio: Cho gidtriyz €N,
Piura:  Gid trj tich yz.
1. x:=0
while z > 0 do ‘
if 213 5618 then
X=x+y

Z
yi=2y2:= [-J;_

2
3
4
> . 2
.62 end if
7:  end while

8: return(x)

d  multiply

That vay, ta xét hai trudng hop :

Truong hop 1, n 1 s6 chin: Khi dé [EJ - -'21 va (n mod2) =0,
két qua diing. _
n—1

2

Truong hop 2, n 1a s6 1&: Khi 46 EJ -
két qua diing.

2. Nhitng y&u t6 cd ban cda thudt toan :

YVl =2y g = [EJ'

x: X =0;x501 =2x; +yJ(zJ mod 2).

3. Vong lip b4t bign ; (ménh dé d6i vai bien Iuo_n luén con diing
khi m8i I4n di qua vong lap). | " '

Vi tat cd nhitng s tr nhién j > 0, da’ng mzfr sau diing :

»va (n mod2) =1,

Yigitx;= Yoz .
Ta chiing minh bang quy nap todn hoc theo j. Budic co sé 1a hién nhién
Yizj+Xj = yoz + X9 = yozy.
Gia s j > 0, ddng thic diing ¥i2j+x; = yozo. Ta phai chitng minh ring

Yi+t1Zis1 + X1 = yo2p.
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That vay, theo nhitng y&u t& chinh cta thudt toan liét ke & trén ta ¢6
Yir1Zip1 + X = 2)’1[ ! +x(z; mod2)
| =yj(2{EJ+xJ-(zj mod 2)) +x;

=y;zj+x; (dobd dé hd trg)
=ypzo (theo giad thi€t quy nap).

4. Chitng minh tinh ding d4n cta thuat toan:

Thudt todn dimg véi x chita gid tri tich cua hai s6'y vé z.

a) Thuat toan ditmg: M8&i 14n lip, gia tri ctia z dugc chia d6i (dugc

lam tron xu6ng néu né 14 1é). Do d6 dén mot vong 1ap ndo d6 1 tai d6
% = 0. Tai thoi di€m nay thi thuat toan dimg.

b) Két qua tinh toan: Gi sit vong lip dimg sau ¢ vong, v6i t > 0.
Theo két qua clia bat bién vong I¥p ta luén ¢6

o o _ P2 + X = YoZo- :
Tit z = 0 ta thay ngay x, = yozo: Do d6 thuat toan ké’t thic véi x 1a tich
cuahalglambandéucuayvaz . | ©

2.5. BAITAP
29, Chitmg minh thut to4n cong hai s6 ty nhién sau day ding

function add(y,z) '
Ddu vio:  y,z hai s6 nguyén duong.
Piura: y+z
I x=0c:=0%d:=1;
22 while(y>0)v(z>0)V{c>0)do.
a:=ymod 2; b:=zmod 2;
4 if adb@c then
5 x:=x+d;
6: end if
7: c=(anb)v{bac)Vv(aic);
g
9
0

e L
end while

return{x);

end add
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> 2.10. Chitng minh thuat toan nhén hai s6 tu nhién sau day ding :

function muitiply(y,?)
- Dduvao: y,zhais6 nguyén duong.
Piura: yz '
1. x:=0 .
2. whilez>0do
3 if zmod 2 =1 then
4 X=x+y
5 end if z
6 yi=2yz:= [EJ:
7. end while
8 return(x);
d multiply

> 211, Ching minh thuat todn him s6 mii sau day dhing :
function power(y,z)
Pauvao: yeRzeN.
Piura: .
x:=1
while z > 0 do
XI=X%Yy;
=z~ 1;
end while
return(x);
power

=PRI

- en

b212. Cht.mg minh thugt todn co:)ng céc phén t trong mang A[l..n] sau
day la diing : ' :
' function - sum(A)
Pédu vio: mang A[I n]

Déu ra: 5 Ali].

1 si=0
2 fori:=1tondo
3: s:=s+A[);
4: end for
5. return(s);

end sum
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Chuong 2. Tinh ding din cta thudt todn

> 2.13. Chitng minh thuét todn héi quy nhéan hai s6 tu nhién sau day la

ding :

function mulripI)'((y.Z))'
Piuvio: yzeN.
Diura: tich yz.

1:

end

R A

if z=0 then
return(0)
else
if zlasolée then
return(multiply(2y, [%]) + )
else
return(multiply(2y, | £ ]))
end if '
end if
multiply
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Chuong trudc ta quan tam t6i dap s6 ding cda thuat toan va cach
chithg minh thuat toan ding. Nhung thuat toan hiéu qua lai 1a mot
vén dé khac, 6 thé c6 nhitg thuat toan ding nhung khong hi¢u qua.
. Chuong nay va nhimg chuong sau ta xét v&n dé nay cho cac thuat toan
théng dung nhat hién hay. _ :

© Mot thude do hitu qua d6 13 thai gian ma may tinh sit dung d€ gii
bai todn theo thuat todn dang xét, khi cac gid tr ddu vao cé mét kich "
thudc xac dinh. M6t thudc do thit hai 14 bo nhé doi héi d€ thue hien
thuat todn d6 khi gia trj ddu vao ¢6 kich thudc cho truéce. B¢ phitc tap
tinh fodn ctia thuat toan bao gém nhimg thudc do nhu vay d€ so sanh
hiéu qu4 thue hién clia thuat toan. G&n lién vdi thoi gian tinh toan caa
thuat todn la dp phm:' tap ﬂ:dr glanva v6i bo nhé la do phiic tap khong
gian. Bi€t dugc do phic tap H\dl glan cho mét thudt todn la rat quan
trong, vi khi do6 ta biét dudc thasi gian mot phut mt nim, mot H ndm
A€ thyc hién thudt toan dé. Do phic tap khong gian d6i héi ciia thuat
todn ma ta biet duge thi cho ta mot budc chudn bj va thdy dugc kha
ning dap ing trong viéc tinh todn cua thuat toan va d6 phiic tap nay
khong thé bd qua.

b6 phuc tap khOng glan gén lién voi ciu triic dit liéu dic biét dung
dé tinh todn trong thuat toan. Trong tii liéu nay chiing ta khong nghién
cltu vé co sd dit lieu nén ta bd qua d6 phitc tap khong gian.
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3.1. DANH GIA THUAT TOAN QUA PHEP TOAN THUC HIEN

D6 phuc t@plthdi gian cia mot thuat toan 6 thé duge xem xét qua

- céc phép toan dugc diing véi cdc gid tri ddu vio xac dinh. Céc phép

~ toan dugc ding d€ do d6 phiic tap thai gian c6 thé s phép so sanh céc

s6 nguyén, phép cdng, trit, nhan va chia cac s6 nguyén hoidc bat ki mot
phép todn so cdp ndo khic.

Lay vi du ddu vao va cic phép toén ta xét doan chudng trinh tinh
t6ng sau:

1: = 100;

Z sum:=0;

3 fori:=2tondo

4 for j:=2tondo

5: sum :=sum+'1;
.6 end for

7. end for

Ta quan tm 15i toc d6 tinh toan cda doan chtrdng trinh trén, nghia
14 tiéu chusn nao x4c dinh t6¢ d6 cia doan chudng trinh d6? Ta c6 thé
dua doan chuong trinh vao mot chuong trinh cu thé dé thit xem né thuc
hién va két thic trong thdi glan bao lau. Ta lai ¢6 thé thir vdi nhimg gia
tri 7 cu thé khac nhau. Gia s« ta thu dﬂQc két qué |

Z=10 | 0,000001 gidy
7= 100 0,0001 gidy
n=1000 | 0,01 gidy
n=10000 | 1,71 gidy

n= 100000 | 106,543 giay _
n = 1000000 | 10663,6 gidy

Dé thdy rdng trong bang trén khi n tang 10 lin thi thi gian thuc
hién chuong trinh ting lén 100.

Ta phan tich kT hon doan chuong trinh trén. Dong s61 va 2 c6 phép
tinh c6 dinh va mat mot thai gian hiing s6, ki hiéu d6 14 a. Cho cic phép
todn gani:=0, kifmtrai <nvai:=i+1 cfing chi€m thai gian hing s6
(mbi phép toin ndy phu thudc vio cdu triic cia bd xi Ii cu thé), ta ki
hiéu l4n lugt 1a b,c¢,d. Tuong tu § dong 4, thoi gian cho cic phép tosn
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j=0 j<n j:=j+1kihitulaefg. Cuo’icungpheptoand dong 5
ddi héi thoi gian hing s61a A.

V&inhitng dai lugng ta dua vao d trén thi khong khé tinh dugc thdi
 gian chung cho thurc hién doan chuong trinh véi gié tri bt ki » nao dé:

T(n) =a+b+nc+nd+n(e+nf+ng+nh)
=a+b+nc+nd-+ne+ntf+nPgtnth
=n¥(f+g+h)+n{ctd+e)+a+b.

B3ivia,b,c,d,e, f,g,h lanhing hing s6, ta ddti= f+g+h, j=c+d+e,
k = a+ b. Khi d6 thuat toan thuc hién m4t thdi gian la

T =int+jn+k

Nhitng hing s6 i, j, k rat quan trong cho thuc hién t6c d6 cda thuat toan,
nhung chuta xéc dinh. Trong thuc t& khi nghién citu tinh hiéu qua cua
thuat toan da cho, ta phai quan tdm tdi nhimg hing s6 ndy. Nhimg
hing s6 nay trudc tien phu thudc vao phin cimg dé thé hien chuong

Hon nita khi xét t6c d6 thuat toan ta c6 thé bd qua ca nhimg s6 hang
j-n va k va chi d€ lai mét 56 hang ¢6 s6 mii cao nhét cda ». Tai vi ham
v0i 56 mii cao nhit ting r4t nhanh khi ¢3 cha dit liéu vao ting lén.

Ta xét hai him s6 phu thugc » th€ hién thdi gian thue hién hai thuat
todn Ay VA Ay f =2.n2 vag= 200.n. D& th4y rdng tuy hé s6 clia g 1a rat
16n so v&i cha ¥, nhung khi » ting 1én ¢ 1én (vi du nhu » > 100) thi
thuat todn A; tinh toan nhanh hon thuét toan A, rat nhiéu. Vay ting n
nay lén bao nhiéu, thi tf s&° thfn gian thuc hién ctia hai thuét toan ciing
ting bdy nhiéu c6 10i cho Az.. Nhin vio-ham s6 cda hai thuat toan ta
thay ring d¢ phiic tap tinh todn clia A 1 tuyén tinh, con clia A, 13 binh
phuong. Van ¢ nay lién quan déncic 4¢ do do phuc tap tinh todn ma
ngay chlro‘ng d4u tién ta dd xem xét vi n,g}uén clru. :

3.2. XACDINHDOQ PHUC TAP TiNH 'I'OAN -

. Ta xét mot s tinh ch&t ma véi chung ta c6 thé dinh nghia duge do
phitc tap tinh todn theo cach thd hién cdia gid ma nhu & chutong 1. Ta st
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ding ki hiéu T'{<kh6i ma>) cho &6 phitc tap tinh toin cia mot toan ti
Tiéng cling nhu mdt doan ma chuong trinh. Khi ma chuong trinh dugc
tach biét rd rang thi ta ki hiéu T(n) do phitc tap tinh toan I3 ham bién
86 n vdi n la s8 phép toan co s3. D6 phiic tap tinh toan duge do bing
ham O(...} 14 chinh. '
1. Phép tinh co s8. D9 phifc tap cda todn tif co' sd 1 mot hing 56, nghia
14 0(1). Toén tit cd 59 14 gi khong phai dé xac dinh, vdi nhitg bt budc
khdc nhau cho ta dinh nghia lai phép toan co sd. Theo nguyén tic, phép
 toancoséla phép toan thuc hién mét hang s0 thdi gian, phu thudc vao
dung lugng thao tic trén théng tin. Thudng thudng phép toan cd ban
la cac phép tinh c6ng, trit, nhan, chia,... Nhung chui y r;’mg khi ta thuc
hién s6 16n hang t{ thi khéng thé chdp nhan phép nhan cac s6 1on 1a
mot phép tinh co s8. Ciing khéng thé nhan phép tinh co s 1 cic ham
lugng gidc, ham s6 mi, ham i6garit,... bdi vi chiing4inh toan theo day.
2. Day cic phép tinh. DY phitc tap thoi gian ciia ddy lién tiép cdc phép
tinh xdc dinh boi dp phic tap cao nhat trong ching. Mot cach hinh
thitc, néu todn tr s1 vdi &6 phic tap Fy, sau do 1a todn ttr sz vai d6 pharc
tap P>, ta c6 the vit :

T(s1) € O(F),T(s2) € O(F) = T(S; s2) € max{O(Fl) O{R)}.
Diéu trén twong duong vi 46 do tiém can fi + f» € max{O(f;), O( fz)}

3. Hop cila cic phép tinh. Sir tdc d'dng ctia todn tif trén mién thue hién
cua mot todn tir khdc thi do phitc tap tinh nhu tich cda cdc dé phire tap
cua chiing, nghia la

T(s1) € O(F),T(n) € O(R)=T(si1{s2}) € max{O(F.F)}.
Diéu trén tuwong duong véi d6 do tiém can fi.f; € max{0(fi./)}.
4. Ciu tric if: if (p) then sy; else 5. Néu d¢ phite tap tinh todn cua
p,S1,52 twong img 14 O(P),0(F), O(F,), thi d¢ phiic tap cda cdu tric if I3
max{O(P), O(F), 0(F,)}, nghia 14 A6 phiic tap ting nhanh nhat cia ham
PR .

T oP), T O, T O(F
o 7 ) ) SO .&42{0(6%? P )3)0(5)}

Ta thir gidi thich quy tic nay. Gid sir diéu kién p la ding. Khi
d6 cfu tric if tuong duodng véi déy lénh thi ty p,s;, ma ddy nay d6
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phitc tap «dugc xdc dinh nhu phin trude 1a max(O(p), O(sy )). Ciing
nhu vay ta nhan dugc d¢ phitc tap cia cfu tric néu p khéng diing
& max(O(p), 0(s2)). Vi ta chua biét duge-khéi ndo sé ditge the hién-
trong cAu triic ndy, nén ta gid thist ring d phic tap cta cfu tric
la do phitc tap I6n nhat cia mot trong hai kh6i nay. Ta nhan duge
T(if (p) then s, else 55) € max{max(O(P), O(F, )),max(O(P),0(F))}

= max{O(P), O(F1), O(F;)}.

Tuong i ta ciing tinh duge 46 phite tap cla cdu triic case.
5. Vong 13p for. Ta xét chu trinh tinh sau:

1: fact =1

2 fori:=1tondo
3 fact := facr+i;
4 ‘end for

Ta c6 thé gia thiét phn bén trong ctia chu trinh ¢6 hing s6 thai gian
tinh ¢ khéng phu thudc vao n. DE thdy d6 phic tap cha vong lip 1a
O(n). Bdi vi theo nguyén tic két hgp § trén thi do phic tap toan bo chu
trinh 1a O(c.n), cting 14 O(n). Néu tinh chi tiét ra thi ta phai thém vao
d0 phifc tap ctia khdi tao bién trudc khi c6 chu trinh ¢6 do phiic tap
O(1), lai theo quy téc day thit tur phép toan thi c6 d6 phic tap O(1 +n).
Nhung cusi ciing theo céc tinh chat ctia him nay thi do phic tap'clia
chutinh tiénld O(n). -~ . . o .oi o

6. Vong I3p Mg nhair. Ta xéthai vong lip 7

C L sumi=0; o

2 fori:=0tondo .

3 for j:=0tondo

4 sum .= sum + 1;
5: end for

6: end for

B0 phifc tap tinh todn cda chu trinh 18ng nhau c6 chi s¢ chay déc lap
- ¢6 thé tinh duge d& dang, vi do phiic tap ctia mét vong lip trong da 14
O(n) va d§ phitc tap cta cd doan hai vong lip 1a T'(n) = n.0(n} = O(n?).
Ta chi § hon chiit nita thi téng cfing dugc tinh v6i d6 phitc tap O(n2),
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cho ring méi phép tinh cong 1a hang s6 O(1). Do quy tic day lien tiép
céc phép tinh nén 6 phitc tap clia doan chuong trinh trén chi 14 O(n?).
Bay gid ta xét vong lp c6 chi s6 phu thudc nhau

1. sum:=0;

2. fori:=0ton—1do
3 for j:=itondo
& sum ;=sum+1;
5 " end for

6. end for

D4 thay phép tinh sum := sum + 1 thuc hién @2_—1) 14n va nhu vay dé

phitc tap cia doan chuong trinh trén ciing la o(n?).
7. MOt 88 vi du chu trinh 16ng nhau. D& lam quen véi viéc tinh do
phitc tap tinh toan ciia mot s6 vong 1dp, cac ban kiém tra lai d6 phitc
tap ctia chu trinh sau day dya véo cic ham O va quy tic dé liét ke trén.
a) Do phﬂ¢ tap ctia doan chuong trinh sau 1a O(n?) :
1 sum:=0; | _ o '
2. fori:=0to{n—1)*(n—1)do
3 sum = sum+1; -
4 end for o . .
b) D6 phiic tap cia doan chuong trinh, sau la O(n?) vi trong toan t
if thue hién 2, tuy chi c6 n fin két qué kidm tra i = j 1a that su. Bdi vi
d6 phitc tap ctia téng 13 tuyén tinh nén cudi cimg chi c6 O(n?).

1. sum:=0; _

2. fori:=0ton—1do

3 for j:=iton—1do

4 ifi=jthen -

5; fork:=0ton—1do
& sum = sum+1;

7 end for

8 end if

9 "end for

10: end for
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c) Bo phitc tap ctia doan chuong trinh sau 1a O(n?).

1. sum:=0;

2. fori:=0ton-1do
3  for j:=0toisido
4 . sum = sum+1;
5 end for

6. end for

Vong 1&p ben trong s& thuc hién n an. Bén trong cta vong 13p lai thuc
hién

): 2 n(n+l)(2n+l)

Do d6 4o phl.tc tap cua doan chlwng trinh trén 13 O(n*).

3.3. DOPHUC TAP chA THUAT TOAN

Mot thust todn gém nhiéu dong lénh hodc hgp mét s6 doan lénh,
phan tich d6 phike tap ctia mot tudt toan ddy di ciing nhu cach lam &
phén trén la phu thudc vio cd clia dir lieu vao va phép tinh cd s§ cta
thuat toan. Nhu vy, phan tich mot thut toan la chi ra phep todn co
sO va dém xem thudt toan thuc hién bao nhiéu phép toan cd 50 nay. Tir
d6 cho ta thdi gian thuc hién cda thust toan ma khong phu thugc vao
phén cing (vi méi phan cimg déu c6 thdi gian A€ thyc hién phep tinh
co sd). Ta ¢6 thé 14y mot s& vi du dé’ ch1 ra phép tinh cd ban clia mot s6
~ bai todn:

Bai toan ' ca‘dsu'yao T Phép toan
Tim trong m6t danh sach Danh sach n phin tr | so sanh
S&p x&p trong mot danh sach | Danh sach » phan t | so sanh

Nhén hai ma tran Haima trdn co n x n | phép nhan
Phan tich ra s6 nguyén t6 S6 n chirs6 | phép chia
Bai todn thap Ha N6i n dia y | 14y mot dia

Bdng 3.1 Do phitc tap thuat toan

Ta do d¢ phitc tap ciia thuat toan nhu 1d mot ham cda ¢@ ddu vio
n ctia thuat toan. Ta nhin vao bang trén s& thay d6 phitc tap clia thust
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todn ma cdc bii todn ditra Ia cdc ham phu thuéc n. Trong mét s§ thuat
todn, s@ cac phép toan co ban thuc hién bing ding bat ki ¢d dua vao
* n. Tuy nhién, da s6 thudt toén s8 cac phép toan co ban thuc hién c6 th€
hoan toan khac nhau véi hai ddu vao cing mot ¢3. Do d6 ngudi ta dua
ra khai niém d@ phdc tap trudng hop t6t nhdt do phic tap rru'c}nghdp
xdu nhét do phirc tap mrong fop trung binh nhu cidc ham cia ddu vao
cd n.

Céc dinh nghia hinh thic cho 46 phiic tap nay doi héi phai chi ra
. tap dau vao cd n cho mot thuét toan. Mot ddu vao I cho thuét todn 13
cd'sd dir liéu nhu cac s6, cac chudi ki t, cic ban ghi, ma trén né cic
phép toan clia thust todn thuc hién tinh toan. Ki hiéu &, la tap hop tat
c& dAu vao 8 n cho thuat toan. Cot thit hai trong bang 3.1 chi ra tuong
ung tap hop #, voi bai toan khac nhau va tuong itng thuat todn khac
nhau. Véi ! € &, ki hiu 7(/) Id s6 lugng phép toan co ban ma chiing
thuc hién khi thuat toan hoat déng vdi ddu vao 1.

Dinh nghia 3.1. Dg phiic tdp truvng hop 6t nhét cha mot thudt toan
1a ham s6 B(n) sao cho B(n) bing gid trj nhd-nhat cta (/) v6i su bien
d6i 1 trén t4t ca ddu vao ¢3 n. Nghia la

B(n) =min{z()|l € ).

Do phitc tap trudng hop t6t nhat B(n) dé dang tinh-dugc, nhung no
khéng c6 ¥ nghia thyc t&€ nhidu d€ do &6 tinh todn clia thuat toan. That
vay, B(n) chi dung nhu la can dudi cha d6 phitc tap trung binh A(n)
ctia thudt toan. Mot d6 do d6 phitc tap thuét todn quan trong honla dé
phitc tap trudng hgp x4u nhit.

Pinh nghia 3.2. P phifc tap trirong hop x4t nhét chia mot thudt todn
~ laham s W(n) sao cho W(n) bing gia tri lon nhat cia t([) vdi su bién
d4i I trén tat ca ddu vao ¢d n. Nghiala-

W(n) = max{z(I)|l € Fn}.
Trong thuc t& cho mot thuat todn thudng dugc thuc hién véi ddu

vao ¢d n khac nhau. Mot 9 do quan trong khéc cho viéc tinh toan cia
thuat toan 13’ &9 phitc tap trung binh A(n). M6t cach hinh thic téng
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quat gia st tp hop %, hitu han va mﬁl ddu vao 7 € &, cb xdc suat p(I)
xay ra cho ddu vio véi thuét todn.

Dinh nghia 3.3. Dg phtrc lap trung bmb cha thuat toan véi tap huu
han %, dugc dinh nghia
Am)= Y tp(l).
1e.%,
Néu p; ki hiéu xac suit ma thuat toan thuc hién dung i phép todn
CO 80 trén d4u vao cd n, thi cong thltC viftlaila

W(n]

A(n) = Z ipi;'

i=l

d day W(n) da dugc dinh nghia J trén.

D¢ hifu ban ¢hat cda dinh nghia do phitc tap trung binh cua thuit
toan ta xét mot s vi du.

Thuat toan tim kiém va phin tich 46 phiic tap tinh toin ciia ching

Tim kiém phén ti trong mét danh sich 1a m6t nhiém vu thuong
thdy voi mdy tinh. Ta gi& st danh séch chua duge sdp xép, thi thuat
toan LinearSearch lam viéc dua trén co sd ra sodt tudn tu trén danh
sach, Ta phan tich thuat toan ndy bing cach tinh cic ham s6 B (), W(n)"
vaA(n).

Lmea:Sean:h thuch:én du!a trén cd 53 50 sdnh phé.n ti phal tim véi
cd¢ phdn tit ciia danh séch.

1. Tim ki€m tuyén tinh -,

Ta thuc hién LinearSearch nhtr mot ham ma né trd vé vi tri trong
danh sach L[1..n] khi ma phdn tiin tim X x4t ‘hién, con ngufdc lai tra
vé 0 néu X khéng c6 trong danh séch Phép toan ¢ s§ ciia thuat toan
LinearSearch la so sanh phin t&phdi im v6i cic phin ti trong danh
sach. D& thay, LinearSearch thuc hién chi mot 14n so sanh khi phén tit
d4u tién ctia danh sach la phén i ta phdi im, do 46 d6 phitc tap trudng
hgp t6t nhat B(n) = 1. LinearSearch thuc hién phép so sanh nhiéu nh4t
khi X khéng c6 trong danh sich hodc n6 § phdn tit cudi ciing cua danh
sach. Do d6 d6 phic tap trudng hop x&u nhat W(n) = 1.
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Thuit toin 3.1 Tim ki€m tuyén tinh {LinearSearch(L|1..n),X))
function LinearSearch(L(!..n],X)
Piuvido: Cho L{1..n) va X phdi tim.
Piura: Chis6 ddu tién clia danh sach khi X xust
hién, ngugc lai la 0.
fori:=1tondo
if X = L[i) then
“return(i)
end if
- end for
- return(0)
end LinearSearch

&

Dé don gidn viéc phan tich thuat toan cho dd phirc tap tinh toén

~ trung binh, ta gi4 s&t X ¢6 trong danh séch va sy xudt hién ctia né tai
- moi vi tri cua L[1..n] déu nhu nhau. Nhu vay, thuat todn thuc hién i
phép so sanh khi X dugc tim ra G vi tri i trong danh sach Vay xac sudt
LinearSearch thyc hlén i phép so sanh tinh bing p; = 1. Thay gia trj trén

. vdocong thl.tc trong dinh nghia,

Wn}

A(n) z ip; = Z’" _ n(n+ l)

1~n+l
‘n 2

Cong thiec trén bing try¢ quan ta cling thay né ding véi gia thiét
khi X ¢6 trong danh sich. D€ hiéu cong thitc trén Ia trung binh, ta gia
stt LinearSearch thuc luén m 14n (m rét 16n) v6i danh sdch c6 dinh L{1..n]
va véi viée tim ki¢m X ngu nhién chon mét trong s6 cdc phén ti cla
danh séch. Ki hiéu m; s6 l4n thuc hién thuat todn mé X dugc tim ra tai
vi tri i. Khi d6 tdng 86 phép so sinh thuc hién trong m thuc hién thuat
toanla 1.my +2.m, +:tnam Pem t6ng vira tinh dlrdc chia cho m dugc
s6 trung binh A,,(n) phep so sanh trén toan bo m IAn chay thuat toan,

nghia 1a _ :
my
u) =1 (2) 43(22) 40 (2).
Ta chi ¥ ring véim16n, 4 so' Y trong cong thitc trén xap x1 vdi xdc sudt

pi cGa X xudt hién taj vj tri i trong danh sdch. Vi ta gia thiét X vai tro
bing nhau khi im & n vj tri, vy mi m; xdp xi biing 2. Thay vao cong
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thitc cudi cliing cho két qua
Am( )= l+2-|;1-'--+n _ n-;l _ A(n).

Tém lai, hnearSearch ¢6 d9 phitc tap trudng hop t6t nhat, 46 phic tap
truding hop xau nhat, do phiic tap trung binh tuohg ing la 1,n va 251
Vay d6 phitc tap trudng hgp t6t nhét la hiing s6 khong phu thudc vao
n, trong khi d6 d6 phitc tap trudng hgp x&u nhét va 46 phiic tap trung
binh phu thu¢c ham tuyén tinh vao ». Dé ngén gon ngudi ta thudng
goi thuat toan LinearSearch c6 &6 phic tap trudng hop t6t nhat hiing
58 1, 46 phitc tap t:nrdng hop x&u nhét va d¢ phlrc tap trung binh tuyén
tinh.

2. Tim phin ¢ nho nh&’t va 16n nhit trong danh sach-

Bay gid ta xét bai toan tim phdn tit 16n nhat (hojc nhd nha't) trong
danh sach L[1..n}. Tim phén t 1dn nhat 6 thé thuc hién bing cach sita

d8i LinearSearch bing cach luu gid trj 16n nhit lai va cap nhat mdi khi
¢6 phén tir 16n hon.

Thujt toan 3.2 Tim phén t 16n nhat (max(L{1..n]))
function LinearSearch(L[)..n],X)
Piauviao: Cho L[1..n].
Piura: Phan tif 1on nhat trong L{1..n].
1 MaxValue .= L[}]

2. fori:=2tondo
3 if L]i] > MaxValue then
4 , MaxValue =L[i] . '
5: end if
6
7
d

end for
return(MaxValue)
Max

Khi phén tich thuat toan ndy ta cling chon phép toédn so sanh lam
- ¢0 86 (L[i] > MaxValue). Chi c6 mo6t phép toan khac thuc hién 13 phép
gan vao MaxValue. Tuy nhién v&i mét danh sich dua vao s6 phép tinh
so sanh giita céc phin t ca danh sach vugt hon hin (hodc khéng ché)
s6 phép gan vao MaxValue, vi vy ta chon phép so sanh la phép ton cd
ban. -
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- Tachd ¥ ring Max thuc hién n— 1 phép so sanh khi ddu-vao mét

danh sach bat ki » phan tit. Do d6, d6 phiic tap trudng hop t6t nhit,
d6 phitc tap trudng hop x&u nhat va dé phiic tap trung binh déu bing
nhau va bing n— 1. Ngudi ta con ching minh dugc ring thuat toan tim
- phin i cuc dai dua trén phép toan so sanh cn phai thuc hién it nhat
n— 1 phép so sanh, nhu vay thuat todn trén la t6i wu nhat.

3.4, PHANTICHDOPHUC TAP THUAT TOANKHONG HOILOUY

Dé dé dang cho viéc phén tich thuét toan ta két hop nhitng ki hidu
46 do d6 phitc tap va phin ddu clia chuong nay. Thudng ngudi ta phan
tich trong trudng hop xdu nhat dé bigt dugc thdi gian thuc hién thuat
toan trong thoi gian . x&u nha't 14 bao nhiéu? Ngudi ta dinh ra d¢ phic
tap ctia cdc phép todn trong trudng hop x4u nh4t cia thuat toan la:

1. Phép gén dugc tinh d6 phitc tap 13 :0(1).
2. Phép nhdp vio thu tuc d¢ phiic tap 14 O(1).
3. Phép ra khi thil tuc do phic tap 1a O(1).

4. Ménh dé if <diéu ki¢n> 46 phiic tap 13 thdi gian so sénh cdng -
véi O(max cta hai nhanh).

5. Vong lip (while) do phiic tap la t6ng tt ca vong lap vai thdi gian
cia mbi vong lip d6.

Vi du 3.1. Phan tich d phiic tap trong truong hop xéu nhat cia thudt
todn 3.3 nhdn hai 56 (trang 81).

- Lov gidi. Gid sty va z ¢6 n bit. Nhin vao thuat todn 3.3 ta 6 thé liet ke :
» Nhap vio va thodt khoi ham c6 d6 phic tap O(1);
. Dong 3,4, 5,6,7c6do phic tap O(1);

o Vong lip tir dong 2 dén dong 8 c6 46 phiic tap O(n) (no thuc hién
nhiéu nhét # 14n);
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Thudt toan 3.3 Phép nhan hai s8 (multiply(y, 2))
function  muitiply(y,z)
Piduvao: ChoyzeN.'
Piura: Tich yz
1. x:=0;.
2. while z>0do
3 if 714 s61é then
4 X =x4y
5 else -
6: yi=2yz:= L AL
7
8
9
d

end if
end while
return(x)
multiply

* Dong 1 ¢6 d6 phite tap O(1);

Do d6 thuat toan trén ¢6 dd phuc tap O(n) {do cac nguyén tic'nhén va
cfng cda ham 0), : ©

Vidu 3.2, M6 td d6 phiic tap thoi gian cda thudt todn sdp xép siii bot:

Thujt toin 3.4 SXp xép sti bot bubblesor
procedure  bubblesort(A(1..n))
Piu vio: Mang All..n].
Ddu ra: Mang A[l..n) di duge sép xép.
1 .forx =1ton—1Ido

2% for j =1ton—ido
. if A{j] > A{j+ 1] then
K - swap(Al[j), A[J +1p;-

5; end if

6: end for

7. end for
end

Lo gidi. Ta c6 thé danh gia thuat toan theo trinh tir nhu sau:

¢ Nhép vao va thoat khéi ham c6 d6 phirc tap O(1);
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e Déng 4 c6 d6 phitc tap O(1);
e Dong 3 dén 5 c6 ¢ phitc tap o(1);

s Vong lap tir dong 2 dén dong 6 c6 do phu'c tap O(n— :) (né thue -
hién nhiéu nhat n — i 1in); g

. . a—1 :
e Vong lip tir dong 1 dén dong 7 ¢6 d6 phic tap O() n—i) (nd
' i=}l
thure hién nhiéu nhat n ~i 14n);

n—1 n—1
O(En—i) =0(n(n—1)— gs) = 0(n?).

Do d6 thuét toin rﬁy c6 do phitc tap O(r?) trong trudng hgp x&u nhat.
Cé thé chi ra biing cach tuong tir véi Q(n?). ©

Nhut vay ta thdy ring phan tich d6 phitc tap cta thuat toan dugc
ti€n hanh 14n lugt theo cic dong lénh. PE thuc hién moét cach nhanh
chéng va trong tdm chii ¥ vdo nhiing doan quan trong, b qua dugc
nhimg dong khéng cdn thiét khi chi mét 14n thuc hién ¢6 46 phu'c tap
O(1). Ta tién hanh trén hai bu'dc o ban sau:

1. Binh danh dugc nhfmg phép todn ca'ban duge diing trong thuat
toan va theo di d¢ phitc tap 1a bi s bat bién cda s6 nhimg
phép todn ¢d ban' dudc dung (KhOng cdn thiét phan tich theo
ting dong). S .

2. Phan tich chinh xéc s6 todn tfr(lémwec trén con s6 han la lam
viéc trén cac ki hiéu).

Ta tr6 lai vi du sép x€p sti bot trén. Phép todn cd ban 14 so sanh tai
dong 3. D6 phuc tap sé la 0 16n caa s6 nhitng phép so sanh. Thé thi

¢ Dong 3 ¢é 1 phép so sanh;

o Vong lap for tir dong 2 dén 6 dimg n—i Iﬁhép so sanh;
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s Vong l3p for tit dong 1 dén 7 dung Y7 (n — i) phép so sénh va
khi do :

n—1 nfn— : -
?;(n—f)=n(n—1)—");_11':,,(,,_!)_5 ( 2 D _ af 2 1.)_

3.5. PHAN TICH THUAT TOANHOI QUY

1. Phuong phap phin tich thuit toan héi quy i

Ta biét riing mot thut toan héi quy c6 mét ¢d da cho thudng trong
16ng n goi lai chinh né véi cd nhd hon. Phan tich nhitng thuat todn
" héi quy ta phdi quy vé céc phan tich ham thai gian chinh n6, nhung vai
cd nhd hon. Ngodi ra trong thuat toan héi quy thudng c6 nhitng gié trj
khdi du ctia thuat todn va nhiéu nhimg thao téc khac ngoai ham héi
quy. Tif cdu tric thuat toan héi quy, ta ki hidéu ham T(n) 1 ham théi
gian thuc hién ctia thust todn ta dang xét ¢6 ¢d 1a n, thi ta phai tim ham
thdi gian theo nhimg budc sau day:

1. Hay chi ra s6 n la gi, ¢6 phai ld cd ctia thuat todn khéng?

2. Gi4 tri khdi ddu cfia n dugc diing nhv co 56 cia héi quy nhu the
nao? Thuong thudng dai lugng nay la gia trj duy nhat (n = 1),
nhung ¢6 nhiéu trudng hqp n6 bao gém mat s8 dai Iugng khiéc
nhau.

3. Hﬁychn’a gid trj T(no) Ia gi?'[huﬂngngm‘ntachodolamt)thﬁng
sdc,nhttn,gvﬂlkhan&ngco&éduqctlﬁnénduranolamﬁtsd.
cu thé néu cdn. -

4. Ham thoi gian tﬂng quat T(n) 14 t8ng cha mot s6 ham T(m) (nhitng
18i goi trong thugk todn) va cong thém mot 56 t6ng nhimg cong
viéc khéc da lam trong thuat tosn. Thudng thudng nhimg 1oi goi

héi quy la gidi a bai toan con c6- cd f(n),nghiala a.f(n) trong méi
quan hé héi quy. .

Ta co cong thuc tdng quat cho ham thai gian cua thuat toan héi quy:

T(n )_{ néu n = ng
a. T(f(n))+g(n) néu n # ng,
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3 day c thai gian cho butdie cd 83, ng 14 o s3 cia héi quy, a 1a s6 1an goi
ham héi quy, f(n) cd cta bai toan khi goi lai ham héi quy, g(n) tit ca
qua trinh khéc ngoai 16i g01 ham héi quy: Phuong trinh héi quy nay
gidi bing dinh Ii téng quat & chuong 1.

2. Vidu

Vidu 3.3. Thigt Iip bam b‘zo‘: gian dzo thuét todn 3 5sau diy :

Thuit toan 3.5 Vi du thuat toan h61 quy bugs(n)

procedure bugs(n)
Pauvao: Chos6n.
Daura: Két qua something.
1: ifn=1then.
do something;

- else .
bugs(in—1);
bugs(n—2);
fori:=1tondo

do something;
end for
- end if
. bugs

WH N W Wy

.
= .
N

Lo gidi. Theo quy tic ph&n & trén ta c6

e R né’uu“l
_ T(u—1)+T(n 2)+g(n) né'uu>1

Vidu 3.4. Thiétlip ham thor gian cho Hmfét ioén 36 (tmng 85):

Loy gidi. Theo quy tic & phan trén ta c6

T(n) = ' nfun=1,2
2T(n—l)+g(n) nfun>3.
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Thudt toan 3.6 Vi du thuat todn héi quy daf fy(n) -

procedure daffy(n) -
Piauvio: Chosdn.
Daura: K&t qua something.
1: ifn=1lorn=2 then
do something;
else
daffy(n—1);
fori:=1tondo
do something;
end for
end if
daffy(n—1);

g
BPEND U R @

daffy

Vidu 3.5. Thiét ldp ham thoi gian cho thuét todn 3.7 sau déy :

Thudt todn 3.7 Vi dy thust todn héi quy elmer(n)

procedure elmer(n)
Piuvia: Chos6n.
Diaura: Két qua something.

;. if n=1 then

Z do something;

3 else |

4 if n =2 then"

5; do somerhing;

6: else _

7: fori:=1tondo

8: elmer(n—1)

9: do somerhing;
10; end for '
11 end if
122 end if

end elmer
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Loy gidi. Tl'ieq_ quy tic phin trén ta c6
o " nfun=1
Tn}=< ¢ . nfun=2
' nT(n—1)+g(n) néun>3.

Vi du 3.6. Thiét ldp ham thoi gian cho thuit todn 3.8 sau diy:

Thuit toin 3.8 Vi du l:hdﬁ toan héi quy yosemite(n)

procedure yosemite(n)
Piuvao: Chos6n.
Diura: Két qua something.

1. ifn=1then

% do something;

3:  else

4@ fori:=1ton-1do

5: yosemite(i)

6. ‘do somethingnew;
7 end for '

8 endif

end yosemite

Lo gidi. Theo quy téc & phén trén ta c6 _
T(n) = ' néun=1
_ T(l)+T(2)+ +T(n—1)+g(n) néun>2.
Vi du 3.7. ’Huéi‘]dph&m thoi g:an cho thuit todn 3.9, nhan hai s6
nguyényz :

Lot gidi. Ki hiéu thdi gian thuc hién clia thust toan T(n) trén, § day y,2
- ¢6 n-bit clia sb'tunluén Khi d6 v@ic,d € R, ta cé

' né'un-l
Tm = {T(n——l)+d néun > 2.

Ta c6 thé gidi phutong trinh héi quy nay bang nhiéu cach vidu béng
cach liét ké r8i cong lai : Ta biét rding véi moin >, T(n) =T(n~ 1) +4.
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Thudt todn 3.9 Thuét todn nhén hai s6 ngayén héi quy multiply(y,z)

function multiply(y,z)
Piuvie: ChosSyzeN.
Pdura: Tich yz. ‘
if z =0 then
return{0};
else
if z 1as61é then
return(multiply(2y,13]) +y)
else
return(multiply(2y,{$]))
end if
end if
multiply

AV R NIae N =

e
2

Do d6
Tn}=T{r—1)+d
T(n—1)=T(n-2)+d
T(n—-2)=T(n—3)+d

T2)=T()+d
T(Hh)=c
Cong hai v€lai ta nh4n duge cong thuc |
| Tin) = dn+c-'-d..: .'

Tét ca nhu'ng bién ddl trén khOng pha1 14 cl;umg minh. Ta c6 th€ chimg
minh ding thitc trén bing quy nap toin hoc:
Péng thitc dingvéin=1,vViT(l)=d+c—d=c.
Gid st ding thirc ding vdi » ta phal chu’ng minh rng
T{(n+1) = dn+c. That vay,
T{n+1)=T(n)+d = (dn+c—d)+d =dn+c.

Nhu vay thudt todn trén ¢6 do phic tap T'(r) = O(n). . ©
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& 3.8. Ham sau day tr vé gié tri gi? Bifu dién ham nay nhut mot ham
cta n. Ding O 16n d€ dénh gia thoi gian thuc hién thuat toin trong
trudng hgp x&u nhat. :
function mystery(n)
Piuvio: ChosSneN.
Piura: r=7
1. r:=0
2. fori=1ton—1ldo
3: for j:=i+1tondo
4: fork:=1to jdo
5 ri=r+1;
6: end for
7 end for
8. end for
9: return(r)
end mystery

& 3.9. Ham sau day tra vé gi4 trj gi? Bifu dién ham nay nhu mét ham
cia n. Ding O 16n d€ danh gid thoi gian thyc hién thudt toén trong
trudng hop xdu nhat. _
function conundrum(n)
Pduvie: Chos6neN.
Piura: r=7.
1. r=0

2. fori:=1ton—1do
3 for j:=i+1tondo
4 fork:=i+j—1tondo
5: ri=r+1;
6 end for
7. end for
8: end for
9. return(r)
end conundrum
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> 3.10. Phan tich thuit toan héi quy sau
 function g(n) |
Pauvae: ChosdneN:
Ddura: Gi4 tri cda ham z.
1. if n<=1 then

2: return{(n)
3: else
& return(S.g(n— 1) —6.g(n - 2))
5. end if '
end ¢

C6 bao nhiéu phép cong duge ding trong trudng hgp x&u nhat?



C|-II.IUN(.‘|4

PHUGNG PHAP CHIA PE TRI

41. Thudttoinsipx€ptrdn. ... . vvvvinnnnno 91
411, Thistk€thuttodn ... .............. 92
4.1.2. Phantichthujttodn. . ... ... ... e 95
42. Thuittoinnhinhaimatrdn...... e 98
421. Cichti®pcanchiad€ui ... ..... e 99
422, Cach nhén hai ma trdn cta Strassen. . . . . . .. 100
4.2.3. Nhimng thuit toin dua trén phuong phap Strassen104

4.3. Nhin nhiing s6 nguyén N ... 107
43.1. Phuong phap nhan nhanh hai s6 nguyén . . . . 107
43.2. ThuattodnnhdnhaisOnguyén . ......... 109
44. Tinh todn ki hi¢u trén nhilngdathiae ......... 111
441, Nhanhaidathiiccingbac . . ... ... .. ... 112
442 Nhinhaidathitckhacbic . . ... ........ 115

45. Chonphintanhébdtki .............. ... 116
451. Thuattoanlwachon . . . . ... ... ....... 116
4,5.2. Thuat toan chon véi truc di€mgita . . . . .. .. 120

4.6, Mét ing dung cho x&p- lich thi ddu thé thao ...... 124
47. BAMP .. .ol e e sereairee e 130

Tit thoti D& ché La M3 dd ap dung hiéu qud mot nguyen li chia dé
trj. Vi tuf tdng banh trudng rong 16n vé dét dai va lanh the, nhiing
nha chinh tri thdi d6 da chia d4t dai chi®m dugc thinh nhitng mién nhd
va ap dat ach cai tri mot cdch dé dang tai cac mién nhd nay. Ngay nay
phuong phap nay vin con dugc ap dung trong nhiéu linh vyc cia ddi
sdng, Phuong phéap nay ciing rdt hiéu qud khi ta di thiét ke thuat todn
cho nhitng bai toan ¢ 16n, phitc tap. T nhitng bai todn ¢6 ddu vao rat
16n ta chia ra thanh nhitng phdn nhé hon va di im 10i giai cho céc bai
toan nhd riéng bidt nay, réi sau d6 téng hop nhimg nghiém bai todn
nhé thanh nghiém bai toén toan cuc. Véi tu tudng nhu vay, mot bai
toan ta c6 thé phai chia nhé nhiéu l4n, chia cho dén khi bai toan dugc
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chia nhé chi con lai rét nhd va 19i gidi khi 46 1a hién nhien, Tém lai,
nhimg y&u t6 chinh ctia phuong phdp gidi chia d¢ trj gbm:

1. Chia bai todn: Chia bai toan thanh nhing b todn nhé hon,
2. Tri bai toin nhé: Gidi nhimg bai toan nhd nay.

3. Két hop cic nghiém: Két hgp nhitng nghiém ciia bai toin nhé
cho nghiém cua bai toan 16n.

C6 rdt nhiéu bai toan tinh toan c6 thé gidi hiéu qua bing phuong
phép chia d€ tri. Phuong phdp niy rat manh khi thiét k€ thuat toan,
tham chf c6 ngudi con khuyén viéc ddu tién gidi bai toan 1a hay dit ra
cau héi: C6 t6n tai phuong phap chia d€ trj cho bai toan nay khéng?

Thuat todn thiét k& theo céch chia d€ trj dién hinh 14 thuat toan héi
quy, vi phin "Tr{ cic bai toAn nhé" ddi héi cing mot ki thuat trén nhitng
bai todn nhd hon. Phan tich thdi gian tinh toan cua thust toan héi quy
<6 phue tap hon, nhung ta s& chi ra ring cong cu toan hoc phép truy

todn rdt c6 fch cho viée phan tich thu4t toan loai nay theo modt cach tur -
rthién.

Phén sau day ta xem xét mét s6 bai toan theo phuong phap chia aé
tri v3i phuong thite chia khic nhau, cach trj gidi cic bai toan con da
dang va cudi cimg lé,'ké't_ hdp ngh._iem mdt cich t6i un nhu thé nao.

4.1 THUAT wAN sAP XEp méN

Phin trudc ta da xét mot s6 cich sip xé'p nh't!ng day 88 dugc huu
trong mot mang Bing cich thiét ke chia d€ trj ta x4y dung mot thuat
toan hiéu qua hon nhiéu. Bai toan sip xé'p it ra la: Cho A 1a mot day »
s6, ta gid st luu cAc s6 ndy vio mot mang All..n. le d4u vio nhu vay
doi hdi hodn vi nhitng diy s6 trong mang d€ d4u ra 1a mot day da duge
sdp véi thit tu ting ddn. Ap dung phuong phap chia d€ trj dé sp xép
nhu thé nao? Ta goi tén thi tuc s& thiét k&'1& MergeSorz. Nhitng thanh
phén cd ban clia thuit toan 1a
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1. Chia bai toan: Chia A thanh hai day con tai phdn ti ¢ khoang
giita, m6i bai toan con ¢6 ¢3 lam tron cia %

2. Trjbaitoin nhé: Sép xép mdi bai toan con nay, béng cich goi héi
quy MergeSort cho méi bai toan con.

3. Két hop cic nghiém: Trén hai déy con a4 sép xé’p thanh mét day
duy nhat dtrqc sﬁp xép

Qué trinh chia nhd trén két thiic khi ta ¢6 day con dugce chia chi con
mot phﬁn . Mot day c6 do dai b%ng 1 thi hién nhién da dudc sip xép.
Mot thao ta¢ quan trong trong cc bude trén 1a tat c cong viéc duge
ket thiic trong giai doan két hop tron hai day da sép xép thanh mot
day don dugce sap Nhung qué trinh tron dugce thl.fc hién rét dé dang,
s& dugc li glsh g phAra sau.

|7524_1_630] - @1 Z34d3567

& N
7524 | 1630
3|9 B

IIIEIBIEIEIE

Chia ra . Hdp lai |

Hink 4.1 Thut todn mergesort

Hinh 4.1 cho ta thay céc bude qua thuﬁt toan. Giai doan chiara dugc
thé hién & beén trai hinh. Giai doan nay dirgc thye hién ti trén xu6ng
chia nhé danh sich thanh danh sach con, d€ trj va két hgp duge mo 3
& bén phéi hinh. Giai doan nay dugc thuc hién tir dudi len, tron nhitng
danh sdch da dugc sip thanh danh sach duge sip 16n hon.

4.1.1. Thidt k& thadt todn

Ta thiét k& thuat toan tit trén xuéng nhu phdn nhan xét & trén. Ta
gia stt thd tuc trén hai danh sach da dugc x€p da dugc thiét ke xong, ki
hiéu 1a merge (phén sau ta tién hanh cu thé). Vi thuat toan dugce goi héi
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quy trén nhitng danh séch con, duge thé hién bing cic mang dif lieu,
nén ta truyén tha tuc bing hai chi s6, ma né la chi s6 ddu tién va chi
s6 cubi cling ca mang con d€ ta sép xép. Nhu vdy viée sép xép trén
m6t mang dugc goi la tha tuc mergesort(A, p,q) . Thi tuc nay s& sip xép
mang con A{p..q] va tra vé két qua da sip x€p trong mang con nay.

Ta c6 thé mé ta t6ng quat thuat toan nhu sau: N&u p = g, thinghia la
mang chi c6 mot phdn tir va thi tuc tra vé ngay két qua d6. Néu p < g,
thi t6n tai it nhat hai phin ti va ta s& thuc hién chia d€ tri. Nghia 1a ta
tim mét chi s6 r & gitta p va g, d6 1a r = P ;q (dugc lam tron xubng
s6 nguyén dudi né). Khi d6 ta chia mang da cho thanh hai mang con
Alp..r] va Alr + 1..q), sau 46 goi mergesort hbi quy.dé sip xé'p mbi mang
con nay. Cudi cing, ta goi thi tuc merge d€ tr6n hai mang con thanh
mang don dugc sdp x&p.

Thuit toan 4.1 Sip x&p trén (mergesort)

procedure mergesort(A, p,q)
Pau vao: Mang Alp.4q]
Piura: Méng A 4 duge sép xép
1. if p < gqthen

. Pty
2 =|—:
=]

mergesort(A,p,r);  {Sip xép A[p..r]}
mergesort(A,r+1,9),  {Sdp x€p Alr +1..¢]}
merge(A,p.q,r);  {Trén hai mang vdi nhau}
6: end if '

end mergesort

* Nhu véy chi con thiét k& thd tuc trén hai mang lai thanh mot mang
dugc sdp merge(A, p,q,r). Ta gia st mang bén tri A[p,r] va ming bén
phai A[r+ 1,q] da dugc sdp. Ta tron hai mang con nay bing cich chép
nhitng phén tir clia né vao mot mang trung gian B. Ta 14y mang B c6
ciing khoang chi s6 nhu mang A, d6 1a B{p..g]. Ta phai dénh chi s6 i va
J chi ra nhimg phin tit hién thoi thuc hién trong méi ddy con. Ta l4y
phén tu nhé hon dit tiép vao vi tri cia B (dudc chi ra béng chi s6 &) va
sau d6 ting tudng tng chi s6 (holic Ia i hodc 1a j). Khi ta da chay hét
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nhiing phﬁn tit ctia mot mang con, thi ta chi viéc chép nhitng phén ta
cdn lai ctia ming con kia vad B. Cudi ciing, ta chép toan b) ndi dung
cia B vao A. (Viéc diing mang trung gian 13 mot diéu han ch€ cla thust
todn ma rt khé khic phuc. Day cling 13 mot diém y&u ctia thust todn
mérgesort so vdi nhitng thu4t toan hiéu qua khac).

) Thuét toan 4.2 Tron hai mang con (merge)
procedure merge(A, p.nq)
Dau vao: Mang Alp.gjvar
Pidura: MangA da dugc sdp x€p

1: array Bip.q];
2 i=k=piji=rtl; {Ganglatribandéui,j}
3. while(i<=rand j<=¢q)do :
4 if A[i] <= A[/] then _
5: Blk+1]:=Ali+1);  {Chép vio B tit mang bén trdi}
6: else _
7: Blk+1):=A[j+1]; {Chép vao B tit mang bén phai}
8: end if _
9. end while{L3p khi hai mang ciing khac tréng}
10: whilei<=rdo . : '
11: Blk+1]:= A[i+1]; {Chép vio B phin con lai cda mang bén

trai}

122  end while

13. while j <=gdo

4 Blk+1]:=A[j+1]; {Chép vao B phﬁn con lai cha mang bén
phai}

15: end while

16: fori;:=pdo o :

17 Afil:=B[i}, - {Chép B vao A}

18: end for : -

end merge

Ta chii ¥ ring hai vong lip while cudi ciing chi c6 mot trong hai
vong lap ndy duge thue hién. Do tai vong lip trude d6 khi thodt ra chi
khi mot mang con da vét hét s6 phin tit. Ban doc ¢6 thé ¢6 cdm nhan
1an 10n trong cac vong 1p hdi quy cta thuat todn, mot cach t6t nhat 1a
ta d6i chifu lai véi vi du trong hinh 4.1 & trén,
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Chit j: 1. Mot trong nhimg meo nhé d€ gidm thoi gian thuc hien cha
thuat todn tron trén 1a tranh viec chép dit lieu ti mang A sang mang
B va ngugc lai mdi 14n goi héi quy. Ngudi ta thudng thuc hién déng
thdi trén hai mang ciing c8 mot lic. Tai bac ¢ cGa lin goi héi quy ta
trdn nhitng ming con céia A vao nhiimg mang con cta B. Tai nhitng bac
chin ctia phép goi héi quy ta tron tir B vio A. Néu tng thé thust toan
c6 56 bac héi quy 18, ¢hi ta phai lam thém mot ldn cu6i ciing chép B vao
A, tuy vay con nhanh hon r4t nhiéu mdi lin goi héi quy ta phai chép
lai. T4t nhien viec thye hién nay ckf 1a y€u 18 hing 56, n6 khong anh
hudng ham danh gia thdi gian thuc hien.
2..Mot meo khéc d€ thuc hién thuat todn dugc nhanh hon I tranh
cho viéc chia d€ trj liic ndo ciing c6 nhimg mang con ¢ c3 14 1, thay
vdo 46 ngudi ta diing nhimg thuat todn khéc khi cd cia maéng roi vao
mot hiing s6 ndo 46, vi du nhw cd 20 ching han. C6 14t nhiéy thuat
todn s¥p x&p vdi ca mang nhé thi thdi gian thuc hién rdt nhanh va c6
ham dénh gi4 1a ©(n?). Ta cha ¥ ring khi d6 thuat ton trOn chay véi
day con ¢0 cao nhat 1a 20, thi thdi gian chay la ©(20%) = ©(1). Tuy ring
tht cd nhitng thiét k€ ndy khéng dnh hudng dén ham dénh gié thdi gian
ctia thuat todn ton. - | . ' '

£.1.2. Phén tich thagt todn L .

Ta xét thdi gian thutc hign cita thil fuc merge(A, p,n,q). Ta dit d6 dai
cia hai mang con 14 n =g~ p+ 1. Thoi gian thute hién merge nhu 1a
ham cda n 13 nhu the hao? Thi tuc d ta b6n véng l3p doc Iap. D8 thay
ring méi vong Iip thuc hiénen lan. ‘Nt Vai!thfnglan thue hién cta
tha tue merge chi 1a O(n), vi theotinh r;ﬂla'ttdng cﬁacéc ham dénh gia
nhut chuong trudc ta da biét. Ta 6 thé bb qua hing s va viet thoi gian
chay ctia thi tuc merge 14 n. Bay gior ta xét thdi gian thye hign cia ham
mergesort(A,p,q). Ta phén tich theo cong thitc truy héi, nghia 1 mét
ham dinh nghia héi quy bdi dai lugng chinh né. D& tranh vong lap vo
t4n phép truy héi mot gia trj da cho n dugc dinh bdi s6 hang c6 nhan
8i4 tri nhé hon thye sit n. Cu6i citng Phép truy héi c6 mét gia tri co sd
ndo d6, vi du nhu n = 1, duge dinh nghia twéng minh.
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Sur dung tu tudng trén vao tha tuc mergesort. Ki higu T'(n) thdi gian
thuc hién trong trudng hop. x&u nhét ctia mergesort trén mang cd n.
Trong thudt toan 4.1 ta.c6 thé tinh: S6 phép toan gén, 56 phép so sinh,
s0 truy nhap mang, vi nhitng nhitng thao tac cd ban chi khéc nhau mét
yé&u t6 hiing 56, T4t ca nhitng phép toan cd ban dugc diing cho viéc tinh
t8ng thdi gian thuc hién ciia thuat toan. Thém vao 46 1a thai gian thuc
hién ctia tha tuc merge da tinh & trén. o _

Ta thdy riing néu thuét toan mergesort dugc thuc hién véi mang chi
c6 mot phén ti, thi thoi gian thuc hién cda né 1a mot hing 6. Vi ta bo
qua nhan t6 hing s6, ta c6 thé viét trong trudng hop ndy T(n) = 1. Khi
ta goi thd tuc mergesort véi mang cd cd n > 1, nghia la mergesort(A, p,q)
vOi n = g— p+ 1, thuét todn tinh r ;= lg_;—qJ . Mang con A[p..r] chita
r—p+1 phin t, ta c6 thé kifm tra d6 13 [;I Nhu vay phﬁncg}n lai
cia day con Afr+ I..q] cé EJ phén t&. Thai gian A€ thue hién mang
bén tréi ta chua biét dugc, nhlmg vi [;‘ <nvéin>1,néntaco thé
biéu dién dudi dang T(I. ]) Tutmg tu nhu vay thai gian A€ thuc hién
sép xép mang con bén phai I3 T( l J )- TOng h(_:ip lai véi thi tuc trén &
trén ta c6 méi lien hé truy héi o :

néun=1

| | -
T(")_= {T([E])+T(FJ)+n néun > 1

" Nhit phén trén dﬁ néi, ta 14y ham danh gla cha tha tuc trén 1a #,
b thé la'y cn vdi ¢ la mot hiing s6 nao do. Didu nay ¢6 thé gay ra viéc
tinh todn khé khin mot chiit nhung cudi cung ciing khong anh hudng
gi dén ham danh gid ctia thut toan noi chung.
Ta c6 thé thit cac gid trj cda cOng thike truy héi trén bing cac gia tri:
T()=1
T =T +T{1)}+2=1+1+2=4
TB)=T(2)+T(1)+3=4+1+3=8
T@) =T(Q2)+T@)+4=4+4+4=12
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TS)=T3)+T(2)+5=84+4+5=17"
T(8) = T(4)+T(4)+8 =12+1248=32
T(16) =T(8)+T(8) + 16 =324+ 32+ 16 = so_‘
T(3I2) =T(16)+ T(16) +32 = 80+80+32é 192
Véi n bat ky thi chua tim ra ﬁ@t quy luat riﬁc;. Ta c6 thé thdy vé&in la

liiy thira cia 2 thi khi d6 ta c6

T{1 '
w_, e _,

1 8

2 ' 16 '
T4) . T(32) _
o - T =S

Thé thi ta ¢6 thé du doan Ia ( ") lgn + 1, hay tu'dng duong voi
T(n) = nlgn+n, nghia 14 T(n) = @)(nlgn) Nhu:ng d6 khong phai la
- chimg minh. C5 14t nhiéu cich chitng minh déng thitc sau ciing nay
nhu chudng trude 44 ndi tdi. Ta sé chitng minh bing phudng phép quf'

nap, nhu:ng trudc-d6 ta chii ¥ t6i nhan xét vé cac phép toan EJ va [ 5

Trong nhlmg bifu thitc c6 nhimg ham nhu the ndy ta c6 thé bé di cic
ham nay chi con dai lugngn b?mg céch gid thiet ring » 14 boi clia 2. Ta
chid ¥ la nhu vdy viéc phan tich clia ta chi ding cho mét tip hop han
ché céia gid tri n, nhung nhitng gia tri khac lai ndm trong mot liiy thita
2 ndo 46, khi d6 ham dénh gi4 1 mot bt ding thitc nén né diing véi
moi n. Nhut vay v6i n la lily thita chia 2 thi bidu thitc truy héi c6 dang

T — 1 . néun=1,
(n)= 2T( Y+n ne'un>l

Ménh dé 4.1. Vi moin 2 1, n Id boi'cda 2, cOng thife sau ddy diing
T{n} = nlgn+n, d ddy lg 4 I0garit co s672.
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Chiing minh. Ching minh bing phudng phap quy nap dang 1 theo n.
Birdc co s0: V8in =1, ta c6 T(1) = 1 theo dinh nghia va c6ng thirc
ligi+1=1=T(1), ménh dé diing,

Budc quy nap: Cho n > | va gia stt cong thitc T{k) = klgk + k diing véi
moi k < n. Ta phai chimg minh céng thite diing cho chinh 1. Mu6n vay
ta phai bi€u dién 7' (n) thanh thifa s6 véi nhitng gia tri nhd hon. P& Iam
diéu d6 ta ap dung dinh nghia

T(m)=2T(3)+n.

VLI

Do 5 < n, ta c6 thé ap dung gid thigt quy nap véi T( ) = 5 5 3

Téng hop lai ta ¢

n.n n n
T(n) —2(§1g§+§)+n—.(nlg§+n)+n
=n(lgn—1g2)+2n = (nlgn—n)+2n=nlgn+n,
d6 1a diéu ta cAn chitng minh. ©

4.2. THUAT TOANNHANHAIMA TRAN

Nhan hai ma trén ciing c3 1a mot vi du dién hinh cho viec thiét ke
thuat todn chia dé tri. Tacohaimatran ¥ va Zcdn x n. Theo dinh nghia
phep nhin ha1 ma trén ta c6 cong thic

Xij= Z YikZkjs
k=1

& day yu va z; 1a nhimg phan tit cfia cic ma tran tuong ing ¥, Z, con x; |
12 phdn tif trong ma tran tich ki hiéu 1i X. Ban doc c6 thé d& dang lap
~ thanh thuét toan nhu saw: Gid st t4t ca cac phép toan trén s6 nguyén
déu ton thoi gian 1a O(1). Thuat toan nhan ma tran thong thudng trén
qua ba vong 13p 16ng nhau déu tix | dén » nén t6ng thdi gian phai la
T(n) = O(n?). , '
- Thuat to4n trén rat don gian va hién nhién, moét thdi gian dai khong
ai dua ra mot phuong phap nhan hai ma tran khac va khéng ai thit di
tim nhitng phirong phép khac. Mai dén cu6i nhithg nim sdu muoi cita
the'ki trudc Strassen dua ra mdt phurong phép lam hiéu qua hon thuat
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Thudt todn 4.3 Nhan hai ma tran theo dinh nghia (marmulriply)
procedure matmultiply (X,¥,Z)
Diuvio: MatanY viZcdnxn
Didura: Ma tran X 1a tich ca hai ma tran déu vao.
. fori:=1tondo

2 for j:=1tondo
3 fork:=1tondo
" iy ] 2= xli, /] 4+ yli, K] x 2,
5 end for
6: end for
7:  end for
end matmulitiply

todn trén va chiing minh duge do phitc tap tinh toan chi con O(xl27).
Phat minh cta Stressen ldm ngac nghién gi6i khoa hoc va dua phuang
phép chia d€ tri 1a mot phuong Phép thiét ke thust todn c6 hieu qui,
trudic d6 nhiéu ngudi da danh gia khong cao vé phuong phép nay.

4.2.1. Cich tiép <gn chia dé tr]

Nhu muc trude ta gia sircd n 1a lity thiza ctia 2. Ta chia méi ma trén
X,Y,Z thanh b6n ma tran nhd c6 ¢d 13 g x -g_nhumu:

xeled] Rl =[]
Khi d6 c6 nhiing ddng thitc ma tran sau:
| N y 'f; AE +BG, '-'J"=‘AF-+BH, |
D3t T(r) 1 tng thol gian nhan hl 5 i 0’ X . Theo cich nhan

b trén thi ta c6 quan ¢ héi quy nbrsant L
Te)= 8T(3)+dn?. ngugclai . .
&dayc,dlammghangsg_ - S
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Do d6 | |
' n 2 n,..n 2
T(n) =8T(3) +dn" = 8(8T(3) +d(5)") +dn’ =
= 82T(%) +2dn? +dn? = 83T(g~) +4dn® +2dn* + dn* =

: Ign—1
—S‘T( )+dn2£24' 27T (1) +dn? Yy 2=
j=0

=cn +dn2(u.—“l) = O(n3). :

Nhu vay hiéu qua clia thuat toén ti€p can chia dé trj theo kiéu nhu
& trén khéng kha gi hon ki€u nhan hai ma trén nhut dinh nghia.

4.2.2. Céch nhan hai ma trgn cda Strassen

Vin cach ti€p can chia d€ tri nhy trén va nhiing ma tran dugc chia
lam bon ma trgn nhé ciing ki hiéu nhu trén. Nhung dé tranh gap phai
8 phép nhan va 4 phép cdng nhut J trén, Strassen da dit.cac ma tran
bing 7 phép nhan ma tran, con ma tran két qua dugc tinh bing cic
phép cOng hodc trit ma trén cho nhau, do cac ham tiém cin khong thay
d6i v6i cac phép cong va phep trit ma ham danh gla gidm di dang ké.

Ta thé hién béng ménh dé sau:

Ménh dé 4.2, Détnhng ma trén tzwzgg;an bing cdc biéu thitc:

(A+C)(E+F) _
Ms:= (C+D)E,
=_(B+D)(G+H), T ( )
. . M;:=D(G-E).
My :=A(F —H), L

Khi d6 két qud ma trén nhin dupc biéu dién bing:

I=M;+M;—M¢— My, J=Mi+Ms,
K=Ms+M;, L=M —Ms—-My—Ms,
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Ching minh. Ta &i kiém tra 1,J,K, L ¢6 thuc sy 14 tich cta hai ma tr4n
Y,Z hay khong ? ‘

I=M;+M;—Mg— M, ) .
= (B+D)(G+H)+(A-D)(E+H)— (A +B)H—D(G - E)
= (BG+BH+DG +DH) + (AE+AH — DE — DH)+

+(—AH — BH) + (—-DG + DE) =[BG + AE |,

J=Mi+Ms=A(F —H)+ (A+B)H

=AF — AH +AH + BH = [AF { BH|

K =Ms+M;=(C+D)E+D(G—E)
=CE +DE + DG — DE =|CE + DG

L=M ~ M3~ My — Ms
=(A+CYE+F)—(A-D)E+H)~A(F—H) - (C+D)E
=AE+AF +CE+CF - AE-AH
| +DE +DH ~ AF +AH - CE - DE = CF + DH|,

Nhu vgy, cich tinh theo 1,J,K, L ciing c6 két qua nhut 14 cdch tinh cla
‘thudt todn trudc day, 9)
Thuit todn Strassen duge mé t3 nhu sau ; Tiy ménh dé trén ta ¢6
th€ d& dang thiét lap thuat toan 4.4 (trang 102). .
- Trong thuat toén'néy né'u nhimg ma tran vudng, nhung » khong
phai liy thita cia 2, thi ta them vio nhitng hang, nhimng c6t chita toan
560 cho dén s6 lily thita cita 2 ghn nhit véi a. Ki thuat nay goi 1a phén
thém tinh. Diéu d6 c6 thé din dén nhildunhift 13 tinig g4p d6i <3 ciia ma
trén. Viéc thyc hién theém mot ldn tinh ‘bén trong theo quan hé héi quy
c6 thé ting s6 lugng phép nhan Ien nhid nhat 7 lin: Viée them nhiing
hang va cot vao chi lam cham vigc thuc hign ciia thuat todn nhiéu nhat

v6i hiing 6 7, ma n6 khéng phu thuée vaon. - - - :

V@i thudt todn nay s6 Tugng phép cong da ting lén 18 Diéu ndy din
dén viéc nghi ngd thuat toan Strassen trong cic trudng hop d6 chenh .
lech tinh ton cha céc phép tinh véi nhitng b6 vi xi k. Nhitng bo vi xit
1 thoi cii thudng thue hién phép cong nhanh gip hai, ba 14n thuc hién
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Thudt toin 4.4 Nhan hai ma trin theo Strassen (mat product)
procedure matproduct(Y,Z,n)
Diuvio: MatrdanYviZcdn _
Piura: Ma tran X 14 tich cfia hai ma tran ddu vio.
1:  if n khong 14 liiy thira ctia 2 then
2 Thém vao nhu!ng hang va nhing cét chita toan s6 0
t6i khi ¢& ca chiing dat lity thita cdia 2 gdn nh4t, thay d6i »;

end if

if n=1 then
X:=YZ;

else

M, := matproduct(A+C,E + F,§);
M, .= matproduct(B+D,G+H, }
M; ;= matproduct{A —D,E + H %
10: M, := matproduct(A,F — H %),
11: Ms := matproduct(C + D, E, });
12: ‘Mg :=matproduct(A+B,H,%);
13: M; := matproduct(D,G—E, });
14: I:=M;+M;— Ms— M7,
15: Ji= M+ Mg,
16 K =M+ M;; :
17: Li=M;— My —M;— Ms;
18: X :=Ghép1,J,K,L;
19: endif
end

R B A L

phép nhan. Nhung ngdy nay véi nhimg b vi xt li hién dai viéc thuc
hién phép cOng va phép nhan c6 citng mét t6c d6. The thi thuat todn c6
cho ta t6c d¢ tinh toan t6t hon khong? it nhat 1a khong thdy truc tiép.
Strassen da nh4n manh ring thuat todn 6 thé img dung héi quy va cho
két qua t6t hon,

Thuat todn trén da st dung 7 phép nhan ma tran o8 = dang Erala
8. Phép nhan hai ma trin dudc xac dinh véi viée thuc hlén nhiéu hon
phép céng. That vdy, nfu ding thuit todn theo dinh nghia co bdn ctda
phep cdng va phép nhé&n hai ma tran, thi phép cong hal ma trdn cin c6
( 2y Phép todn cfng co ban, con phép nhan cin t6i ( 2y phep cong o
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ban cong véi ( g):‘ Phép nhan cd ban nita. Vi vay viec tiét kiém phép
nhan s& cho ta hi¢u qui thuc hién thuat todn t6t hon,
Phén tich thuit toin Strassen

Theo mgnh dé trén viec tinh tich hai ma tran dugc dua vé 7 bai tosn
con nhan hai ma tran véi c6‘_ dugc giam di mot nira va véi 18 phép céng
ma tran. Ta c6 thé viet cbng thitc truy héi vdin > 2

N =77(" 2
T(n')_?T(2)+18(2) .
Tém lai ta c6 cong thirc

r ¢ néun=1
(ﬂ) B 7T(g) +dn’ ngugclai .

¢ day c,d = g 13 nhimg hiing 56,
Do dé ' : '

T(n) = 7T(g) +dn? = 7(7?(;) +a‘(;—')2) +dn? =

. 2 2 2
= PT(2)+7d% + dn? = PT(Y) 424" L 74" 2 _
(4)+7 5 tdn T(s)f‘i 4+ a'4+dn

. n : i WA lgn—1 7\
=7'T(—':)+dn22(—) = TORT (1) + dn? )3 (-) =
2 j=0 4 J=0 4

Tylogn __ | log7
=Cn'°g7+_dn2(4) =cn‘°3’+§dn2(n 1)
i 4 n
= O(n'87) », O(n*#1),

Nhu vay thuat toan nay hieu_ qua hon 74t nhiéu so véi thuat toan nhan

ma trén binh thudng. '

Dinh Iy 4.1. 7hust todn Strassen cho phép nhin nhanh ma frdn, s&
- nhifng phép nhdn céc s6, s0'cdc phép cong cic 56 va s6 cic pPhép iy
cdc s6 cdn thist dé nhan hai ma trdn cén x n voi nhay €6 dg phite tap

1 O(n?8), '
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4.2.3. Nhdng thudt todn dya trén phuong phdp Strassen

Nhu vay viéc dét va két hgp cdc ma tran bing phép cong ma trdn,
phan ma tran cta Strassen c6 duy nhdt khong? Cau tra 10i 1a khong,
ma co rat nhidu cach dit khac nita nhar: '

M= (C+D—-AYH-F+E),
| | Ms = (C+D)}F —E),
M, :=AE,
Ms =BG,
M, = (A—C)(H-F),
I=M +Ms, I =M+ M+ Ms+ Mg,
K =M, + Mz +My— M, L=M1 + My +My+Ms.
Ban doc tu kiém tra nhu d6i voi thuat todn Strassen, c6 thé tham
Kkhio trong tai liéu [1]. Cling mot két qué v6i thuat toan Strassen con
c6 cich 1am sau day, ban doc ¢6 thé tham khao & [2].

Mg :=(B—C+A—D)H,
My :-_a——D(E+H—F—G).

My := (B—D){G+H),
. My=(A+D)E+H),
My:i=(A—CHE+F),
. M4:=(A+B)H, _
1 =_M1 +My-Ms+Ms, J= My + Ms,
K = Ms+ M,  L=My—-M;+Ms— M.

Sau cong bd thuat todn Strasen da ¢6 hang loat nhimg thi nghiém
thanh cong ciing nhut thét bai cho viéc 1am thut toan chay t6t hon.
Cau hdi dit ra 14 ché niio I ch y&u va khic phuc né nhut thé ndo trong
thuat todn Strassen? Mot van dé dé thay 13 khi theém cac hang va cac cot
vio ma tran thi thuat toan bi cham di 7 l4n. Vén 8 thit hai ciing dugc
quan tam ngay ti dAu 14 véi n = 2 thuc & thuat toén Strassen t8i di cha
Kkhong phai t6t hon thuat todn khéc.. Vay nhitg diéu nay c6 dimg vitng

Ms = A(F - H),
Mg :=D(G—E),
M; = (C+D)A.

trong tritdng hgp n=2,3,..7 Vay thi gid tri ndo ctia r &€ ta ding thugt

to4n Strassen va thudt toén theo dinh nghia nhin ma trén 13 t6t? \
1. Mot kha ning gidi quyét van dé thit nhat (khi n khong 12 lity thira

ctia 2) 14 dt thém vio ma trn nhitng hang va ¢t nhitng gia tri 0 dén

Khi nio c6 thé dugc, nghta 13 néu dAu tién 7 1a chin thi ta.c6 thé thuc
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hién bén trong thuat todn mot ln. Néu g 14 56 chn, ta lai c6 thé thy
hi¢n thuat todn thém mot 14n, con néu né 13 s6 12 thi cAn lim thém vao
céc hang va cot, dén giai doan ndy ta mdi thém vao, va hién nhien tist
kiém dugc rat nhiéu nhitmg s6 0 thém vao. Ki thudt ndy d4 biét dén
nhu thém phin tr dpng. ' . o

Tuy phuang phap thém vao phén ti déng c6 1am 6t hon r4t nhidy
thuat toan Strassen, nhung né chuita phai la phuong phép t6i vu, Huss
va Lederman chi ra ring phuong phap thém phin tiy déng la k§ thuat
t0i.1ru cho nhitng ¢3 ma tran 18. Y tudng trong trudng hgp 56 chidu 1é
clia ma tran 14 ta tich ra tudng ang mot hang va mot cot. Ma tran vét
c6 56 chiéu chin 7 va véiné c6 thé ap dung budc hdi quy ctia Strassen.

Yiuu [ 2 Zy | 712

y21 | ¥y22 221 | 22
‘Keét qua duge két hop lai thanh ma tran X, ;:

X1 | x12 — | YTuZu+ynza | Yuziz + 2122

xa1 | xx2 ynZu+yn | yaug tyna

2. Vén 48 tht hai khong thé thuc hién truc tidp dugc, vi doi hdi so
sdnh nhitng t6¢ d¢ clia thuat todn cd sd voi thut todn Strassen véi c6
dinh 7, Diéu ndy doi héi thoi gian déi véi céc thao tic trén phén tif ctia
ma trin trong c4 hai phuong phap déu phu thudc vao phén citng may
tinh. Nghién cétu it néim 1996 céia Luoma va Pauca chj ra ring dung
lugng cia bo nhd cash ¢4 ¥ nghia rét lon va trong nhiéu- trudng hop
thyc ¢ thuat todn Strassen thyc hién t6i hon thuét toén cd s3. Céc tic
gid da dé nghj mot y tudng trién khai thuat todn, viec thuee hién nhimg
tinh todn trung gian ngay trude khi cin thiét va duge Ivu trong b6 nhé
cash dé dng chiing cho nhitng budc sau.

Mot phurong phap ldm 6t hon thust todn ctia Strassen la cia Wino-
grad. Ong d gidm dugc s6 lugng cAc phép tinh cong/ phép trir tir 18
xubng 15, déng thai giir nguyén dugc s6"lugng phép nhan. So dé he
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théng ctia phuong phép nay cé dang:

S1:=C+D, :
! =AE, U =P +h,
$H=8-A : )
2ot . P=BG  U=FRih,
§y:=A-C,
s3 o_g, P=ST Uy :=Us + P5,
DATET T, Usi=Us+ By,
Ty:=F—E,
Ps:=85T, Us=Us+h,
Ih:=H-T, ' :
Py =T4H, Ug:=Ur+ P,
T3 2=H—F,
P7 = Dn: UT = U6+P6-
T,:=G-T, ‘

Gi4 trj cha ma tran tich 13
I'=U,, J:=U;, K:=U,, L:=Us.

Ban doc ¢6 thé kiém tra lai tinh ding cla céc cong thirc trén va phan
tich 46 phitc tap ctia thuat toan nay.

Ngltdl ta d4 ¢6 ging tim cich gidm s6 lugng phép nhén va phép
cOng trong sd dé nguyén thiy clia Strassen vdi n =2, nhung t&t ca déu
_ th4t bai. Pén nam 1971 Hopcoft va Kerr d4 chimg minh dugc réng diéu
d6 thue sy khﬁng thé¢ dugenéi khOng diing sur giao hoén ctia phép nhan
(ta biét ring phép nhan hai ma tran khong phdi'ld giao hoan). Sau d6
ngudi ngudi ta phat Hién ra mot phuong phip nhan nhanh cho ma tran
3 x 3 v&i nhiéu nh4t 1a 21 phép nhdn;:ma 6 cho mot thuat toan 6 do
phifc tap O('°8:21), Sau dé hang Ivat;phat mink nhimg cach lam thuat
toan t6t hon véi cd ma tran cang 18n hon} nhung cang it kha ning dua
vao tng dung thuc t€. Vi du Pan-da phét minh ra phuong phap nhan
ma trdn ¢d 70 x 70 v§i 143640 phép nhar cd sé (dang 1& 343000 phép
toén nhan theo thuat toan c8 dién). Mudn hon nita phit minh ra nhing
phuong phap hiéu qua hon trén li thuyét va vin chura dua vao dugce iing
dung nhiing thuat todn nay : Thudt todn ¢6 d6 phitc tap O(n2521813) tim
ra nim 1979; Thuét toan c6 46 phic tap O(n™*281) tim ra nim 1980;

Thu4t todn ¢6 d¢ phitc tap O(n>%} im ra niim 1986 (do Coppersmith
va Winograd). :
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4.5. NHAN NHUNG SO NGUYENLON

Ta biét ring mdy tinh gdn mot s6 lugng o6 dinh céc bit cho vige
leu gilt bi€n nguyén. Cac phép todn s6 hoc nhu phép cong va phép
nhén cua s6 nguyén thudng dugc thuc hién bing cach chuyén s6' hang
nguyén trén thanh ghi c6 d¢ dai c6 dinh va khi d6 goi cac phép todn
s6 hoc duge xay dung trong phén cing, Tuy nhién ¢6 nhing dng dung
quan trong nhu trong trudng hgp ing dung ma hoa, khi s6 chit s6 rat
16n duge xuli tryuc ti€p biing phan cing. Trong trudng hop nhu vay, cin
thiét thyc hién nhimg nhing phép toan nay bing cach lwu trix nhitng
s6 nguyén dung nhimng ciu tric du liéu thich hop (nhut 1a mang hoic
danh séch lién két) va khi 46 viét nhitng thu4t toan cho viéc thuc hién
nhitng phép todn s6 hoc nay. Khi ta phén tich d6 phue tap cfia nhimng
thuat toan nhu vay ¢& n cta s6 nguyén y dugc 14y 1a s6 chit s6 cda y.
Bat ky mot cd s6 nao b > 2 c6 thé chon dé bidu dién moét s6 nguyén. Ta
ky hiéu chir s6 khac khéng thit i ciia y bdi Yiri=0,1,...,n— 1. Nghia I4

n-| .
y=Q b
i=0

Trong chl_wflg-trinh- phd théng thust todn nhan hai s6 nguyén y va z
<3 n chit 56, d& thay phai 1am n* phép nhan céc chit s6, Phép nhan s6
nguyén teoing may tinh <ling, twong tu nhu vay véi cd s6 2. Cho yvaz

14 hai 6 nguyén n.bit, thi phép ogng thure hign O(n) phép toan tren bit,

Thust todn nhin-hal st nguyen thise fién 0(%) phép todn tren bit

O ‘.’. Y ]

- Taséap dt_mgpﬁ

wong phiap,chyia d€ thicho thidk ke thuak tofn higu
qué hon thugt toan thong thudnig vé nhan hai sénguyen. Gid sit 7 13
mot s ldy thita cda 2 (phin‘casi ta chi'ra ﬁﬁicphucthé’ nio khi
diéu gia thiét nay khong xdy ra)" Trudc tiesi ta ‘chia mdi s6 thanh hai
kh6i mi khoi g bit. Sai 46 phép nhan hai s6 nguyen # bit dugc thu

vé ba phép nhan ¢6 s6 nguyen-;- cdng véi phép d;ch éhuye’n va céc:
phép cong. Gia si y dugc chia ra thanh hai phén {a,b} va z dugc chia



- 108 _ ' ' Chuong 4. Phuong phdp chia dé'tri

ra thanh hai phan {c,d}. Ta viét cac s6 nay dudi dang cd s6 hai thi

y=a2% +b
z=c2i+d

Tir day ta c6 phép nhan

yz= (a2? 4—1!:»)(c2E +d)
= ac2?" + (ad + bc)2% + bd.

Theo phép nhannay thi yz durgc tinh bing bon phép nhan cda nhimg
. 56 g bit va hai phép cong nhiing s6 c6 nhidu nhét 2n chir s6 va hai
phép chuyén dich qua trai g vij tri (vi nhén v6i 2" va 23%). Néu tinh tich
ac,ad,be va bd ta dung cang cong thic héi quy, khi qua trinh nay tiép
tuc dat dén trudng hop don gidn chi con hai chi s&, ta nhan dugc phu
thuoc héi quy nhu sau:

g ' c néun=1
T = 4T(%) +dn néin>1vanlaliy thita caa 2.

Day 1 phuong trink' héixquy, theo dinh 1i 13 & chuong trubc cho ta
ket qua T(n) = O(n?). Bing cich nhu ¥4y thi thuat toan khong kha hon
thuat toAn nhan thong thudng, Nhu vy 4p dung phuong phap chia dé
tri thong thudng khong din t6i ket qua 6t hon, ma cn thigt phai c6
mot chit thong mink & day. Ta nhd lai thuat toan Strassen, ma no dua
dén két qua t6t 13 do gidm s6 lugng phép nhan. Ta xét xem c6 thé ap
dung nguyén li d6 & day duge khong. Néu ta xem xét kj trong cong
thitc s& thdy ring thye chat khong cin thiét tinh tich ad va be: Ta chi
cAn t8ng chia ching la dd. Ta xét cong thitc '

yz = 2"ac+2%[{a—b)(d — ¢) +ac+bd|+bd
= @ +2 )ac+2i(a—b)d—c)+ (2 + 1)bd.
Déng thitc ndy 1am ta ngac nhién, nhimng n6 diing bing cong thuc ta da

xét trén. Chi c6 khac 1a n6 chi doi héi ba phép nhén, sau phép cong (ké
¢ hai phép trit) va hai phép dich chuyén. Khi d6 T{n) Ia t6ng céc cac
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Phép todn nhj phan can thiét dé nhan haj s6 nguyén z bit, thi

. c néun=1
Ttn) = 3T(;)+dn néurn>1vanlabdicia?2,
G day c,d 1a nhitng hing s4.
Do d6, theo dinh 1{1.3 & chuong trude thuat toan nhan nhanh 6 do
phitc tap |
|  T{n)=0(n"¥) = 0(n'®),
Vay thuat todn nay t6t hon cach nhan hai s& nguyeén theo céch truyén
théng rat nhiéu. Ciing ket qua nhu vay khi ta ding cong thic

yz = 2”ac+2%[(a+b)(d+c) —ac—bd|+bd,

4.3.2. Thudt todn nhan hai s6 ngayén

Thiét lap chuong trinh vi du mé ta nhan nhanh hai s nguyén rat
kh6. Phin nay ta chi mo t3 thuat toan bing gid ma. Cha y 1a cach phan
tich phén trén cb thé 4p dung cho cic s6 nguyén c6 s6 chit s6' & cq 56 10.
Ban doc s& thdy thuat toan 4.5 (trang 110) 13 rat chung cho phép nhan
cdc s nguyén d moi cd 56, Néu s6 nguyén chi c6 mot chit s6 n = { ta
nhan truc tiép hai s§ nay.

Thuat todn trén da dung ham 14y d4u sign cta mot 56, ham abs 4y
gid tri tuyét déi ciing nhir ham << dich chuyén chi s6.

Ta c6 thé diing phuong an thit hai céa c6ng thitc nhan nhanh § trén |
béng cich thay dong thi 12 va déng thit 14 trong thuét toan bing:

my = mult(a+b,d +c, g); )

return(s* (m; << n+ (my —m, —m3) << g +m3));

Trén kia ta da gid thiét  1a boi clia 2. Néu » khéng phai 1a b6i cda 2
thi lam thé€ ndo? Néu n I3 mot s§ chdn, thi buéc dduy tien khéng c6 vén
d¢é g1 va ta c6 thé chia hai s6 ra thanh haj Phén c6 d¢ dai bing nhau,
Nhung ti€p tuc qué trinh déh mot lic nao do sa nhan dugc d6 dai c6
s 1é chir s6 va viéc thyc hién nhy thudt todn khong thé thue hien duge.
Mot cach khic phuc t6t nhat 14 them vao bén trdi mot s60 § ddu. Tuy -
réng dua vao mét chit s6 0 sa lam kém hiéu qud clia thudt toan, nhung

Nnguoi ta phan tich th&y ring do phitc tap cha thudt toén vén 1a O(n'os3),
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- Thudt todn 4.5 Nhan hai s6 nguyén 161 (mudt)
function mult(x,y,n)
Piuviao: Hais6 nguyén x va y cd a.
Pidura: xyla tich ctia hai ma trén déu vao

1: ifn=1 then

2: return(xy)

3 else

4: 5= sign(x) *sign(y);

5 x := abs(x);

6: y := abs(y);

7: a:= ; s6 chit s6 bén trai cia x;

8 b:= g s6 chit s6 bén phai caa x;
9; ci= ; s chit 8 bén trai cda y;
10 d:= % s6 chit s§ bén phai cua y;

11: my = mult{a,c, ;);
12: my = mult(a—b,d*c,g);
13: msz = mu!l(b,d,;);
4 return(s « (m << n+ (m +my+m) << ;-+ m3));
15:  end if '
end mult

Mot dlém chua y khac khi phan tich thuét toan ta da bo qua tong
cia hai s6 5 chit s6 khong phai hic ndo ciing cho mét s6 n chit s6,
ma ¢6 khi cho n+ 1 chir s6. Khi d6 tich (a + b){c+d) trong cong thuc
phuong an hai c6 thé 1a s6 ¢6 n+ 1 chit s6' (nhimg tich con lai ac va
bd khoéng c6 hién tugng nay). Ta ldy vi du trong co s6 10: x = 9999 va
- y=9998. Tacd a=99,b=99,c=99 vid = 98. Khi d6 ac = 99.99 = 9801,
bd = 99.98 = 9702 va (a+b){c +d) = 198.197 = 35006.

R4t may mén 1a vdi viéc té’mg nhiéu nhat mot chix s6, do phitc tap
cubi ciing cua thuat toan trong ca trudng hop ndy van la O(n'°23). Ban
doc ¢ thé thay chi tiét trong [1].

Khi hai 58 ¢6 d¢ dai chit s6 khac nhau lan lugt 14 m va r v3i n £ m thi
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ta thuc hién nhu thé nao trong trudng hop nay. Dé tién i ta cho trudc
m < n. N&u ta thém vao phia trudc s6 c6 chit s6 nhé hon 1a nhimg s6 0
" ta nhan dugc thuat toan véi do phuic tap O(n'°23), dang 1& 13 O(mn) véi
thudt toan nhan co ban. Tir day ta thay ring vdi m < n'°83-1 thuat toan
nhan co ban t6t hon thudt toin nhén ta vita thiét k&. Mét bién phap giai
quy®t t&t hon 13 ta chia nhitng chir s6 thanh cic nhém cac chit s6 c6
49 dai m. M8i khéi nay nhan véi s6 ban diu bﬁng cach st dung thuat
todn t6t nhat, sau 46 véi [ ] phép cong thém va chuyén dich s& nhan
dudc két qua cubi ciing. D¢ phitc tap chung clia thuat toan stra d6i 1a
O(mn{]ug3) !)

Cau héi vé van dé 16gic: Thuat toan thigt k&' § trén t6t nhu vay sao
khéng dua vao thuc hién trong chuong trinh phé théng 7 C6 hai nguyén
nhan : _

1. Thuat toan rdt khé gidi thich va that st kho khi st dung, nhat 13
v6i nhitng 56 nguyén 16n. Khai ni¢ém héi quy 1 rat triu tugng va rat
khé ndm bit. .

2. Ta c6 thé chd dgi thuat toan t6t hon thuat todn nhan cd ban véi
nhimg s6 ¢6 it nhat 500 chit s6 trd 1én. Hdi ¢ ai trong trudng ph6 thong
lai thue hién cic phep tinh v@i cac s6 dai nhu the'?

a4. TiN‘H TOAN Ki HIEU TREN Numc DA THUC

Phep toan dai s6 trén nhu‘ng da thitc 1a cong cu trong rét nhidu ing
dung va do d6 cin thiét k€ nhu:ng thuat todn hiéu qua dé thuc hién
nhimg phép todn ca s& trén da thige nh,u phep cOng va phép nhan vai
nhitng hiéu qua cao c6 thé dugc. Ta tha'y béi toan nhan cdc s616n, vai -
nhiing s6 ndy bi€u dién theo mot co s6nio dé déu ia da thitc va phép

toan nhén cac s616n dua vé bﬂl toan cic phép todn cda da thite c6 hiéu
qua nhét, : : :

Ngay nay trong khoa hoc xust hién mét nganh tinh toan ki hiéu,
nghia 1a ddu vao gém céc ki hidu va ddu ra ciing 1 nhitng ki hiéu chi
khoéng phai 14 mot s6 hodc mot gid tri s6. Ta cho da thiic
P(x) = ap 1 X 1+ + ayx+ag, day la biéu dién ki hiéu cda da thixc
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P(x). Khéc v6i biu difn s6 ctha P(x) 14 mot ham don gian anh xa déu
vao gém diém x thanh diu ra mot di€m P(x). Nhu véy hai da thitc P(x)

va Q(x) thi tich gia tri 1a mot ham Prmult(P,Q) ma nd anh xa mot diém
x thanh diém d4u ra P(x) x Q(x).

Biu dién ki hiéu ctia da thitc P(x) = g1 X"~ +---+ a1 x+ap la mang
nhimg hé¢ sd cda nd [ap,ai,...,am-1]. Nhu vay hai da thirc
P(x) = ap_ X+ +aix+ae va Qx) = by XV o 4 bx+ by, thi
tich ki hiéu cla hai da thitc P(x)Q(x) 1& mang hé s6 [co,c‘, yCrmn—2s
dufdc dinh nghia bai ‘

=Y abj, 0<i<m-1,0<j<n-1,k=0,.,m+n-2. (41)
iHj=k ' '

Vi dy, da thitc P(x) = 32 +2x—5 ¢6 mang hé s§ [-5,2,3] va
Q(x) = x> —x+4 c6 mang hé s6 [4,—1,0, 1], tich ki hiéu ctGa chiing 14 mot
da thirc 3% + 2x* — 85 + 1042 + 13x — 20 c6 hé 56 mang [—20, 13,10, —8,2,3].

Bifu di®n ki hiéu cda tich rit quan trong trong thuc t& cho viéc xdc
dinh nhitng tinh cha't khdc nhau cla tich cac da thite. Cac ham tinh gia
tri khong cho ta céch tinh dao him cta tich hai da thite, khi d6 biéu
dién ki hiéu d& dang thuc hién dugc phép tinh ndy. Ngoai ra con nhiéu
phép tinh trén da thitc khi diing ki hiéu s& d€ dang hon nhiéu nhu tim
nghiém, 1ay tich phén, .. Phan sau d4y ta s& thao Juan cic phép toin
thuc hién trén da thic bﬁng céc ki hiéu.

&.6.1. Nhan hal da thic cang bic

Ta ki hiéu thudt todn nhan truc ti€p theo cong thuc (4.1) 14 DPolymult
¢6 d6 phiic tap O(mn), & day ta chon phép nhan céc hé s 1a phép toan
cd 53. Bay gid ta thiét k&€ mot thuat toan hiéu qua hon dua trén cd 56
chia € tri. Tiét nay ta gia thiét ring m = n cho hai da thitc da cho & phin
trudc. Datd = [;—lﬁ, budc ddu tién la ta chia tap cac hé s6 cda da thic
thanh hai phidn: Mot tap gm cdc hé s6 tit bac cao nhat trd xudng dén
d:ay_1,an_2,...,a4 VA MmOt tap tir chi 56 d — | trd xuéng as_1,d4-2, -, 0.
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Khi d6 ta dit .
Pi(x) = ag_1 %" + ay_px2 4- -4 a1x+ ag,
Pl(x) = a"_]xn—l +au—2x"_2+ et age1 x4 ag.

Ta nhén dugc '

P(x) = #Py(x) + Py (x). .
Tuong tu nhu v4y ta ciing chia tp céc he sf-clia da thitc Q(x) thanh hai
da thitc Q) (x) va Qa(x) véi ca ddu vio I3 d sao cho

0(x) = #02() + @ (x).

Ta nhéan hai da thiic P(x} va Q(x) truc ti€p va bieh d6i theo luat phan
b6 cho cong thitc '

Px)Q(x) = 2Py (x) Qs (x) + £ (Pix)Q2(x) + P (x)Q1 (x)) + P (x) Q1 (x).
- @.2)
Ta chi ¥ ring da thic P (x) va Q1(x) ¢6 ¢ ddu vao.la 4 va nhitng da
thitc Py(x) va 05(x) ¢6 8 diu vao 13 d hofic d - 1. Trong trudng hgp
Pa(x) va @2(x) c6 08 dduvao lad~ | thita s thé thém he s60 vao mang
hé s6' d€ cho dii 4. Nhae vy bai todn nhan hai da thiec P(x) vd Q(x) dua
vé bii todn b6n tich hai da thitc c6 3 ddu vio I3 g | g] véi hai phép
nhén liy thita cda x v ba Phép cong nita. Ta th&y ring ham tinh todn
cia thuat toan dua trén c6ng thirc (42)1a

r c néun=1
('_')" 4T([g])+dn' néun 1.

'v6ic,d la nhitng he s6 héng. Nhu céc muc tride va dinh If co bin ham
héi quy cho ta d¢ phitc tap cia thuat todn 13 T(n) = O(n?). Nhu vay véi
phuong phip chia. d¢ trj binh thudng thi d6 phiic tap céa thuat todn
khéng hon gi thugt fodn nhan hai da thiic co bén. Ta van dung cich
chia thong minh hon mpt chuit da trén o0 5§ cOng thitc sau day : -

P(x)Q(x) ;ﬂatx)c_s(;)'fa{(@tx)_f&(f))(Qi‘_(x)_ +O)-
S — R0 - B0 +AMWQI(x). (43)

Tt cOng thic ndy ta thist Iap thuat todn chia dé txj polymult cho phép
nhén da thic. polymulr chita tha tuc split(P(x), P, (x}, Po(x)) 6 diu vao
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14 P(x) vA diu ra 14 hai da thitc P (x) v3 Py(x). Trong thuét to&n c6 lénh
héi quy phép nhan hai da thitc c6 ¢8 nhé hon.

Thuit toan 4.6 Nhan hai da thitc cing bac (polymuls)

function polymult(P,Q,n}
Ddu vao:  S¢ nguyén n vé da thiic
Px) = ap1 X+ arx+ a0,
O(x) = by XL+ bix+ bo.
Piura: Tich P(x)Q(x) .
if n =1 then
else n
d:= [*2'.‘ '
split(P(x), Py (x), P2(x));
split(Q(x), Q1 (x),Q2(x));
- R(x) := polymult(Py(x), Q2(x),d);
S(x} := polymult(Pi (x) + P2(x), Q1 (x) + @a2(x),4);
T(x) 1= polymult(P,(x),Q1(x),d});
remmu’dk(x) +x"(S(x) R(x) = T(x) + T(x));
endif
end polymult -

¥ wme s ok w

-
".'S?

Trong thuat toan 4.6 dang 1& ra phai thxé't K€ thil tuc nhan mot lay
thita ciia x v6i mot da thic nhu ¥P(x). Nhung d€ cho ngén gon theo
céch viét nay 1a goi thil tuc d6:18i. Thuit todn ciing khong thé hien
tdng minh cac hé s6 cha da thirc duge trién khai thé nio nhu danh -
sach, mang, ... von dé nay danh cho cic ban lap trinh ¢uthd’” _

* Ta phan tich thuat todn polymuit, chon phep nhin nhtmg hé s61a
phép toan cd sG va nhu vay ta bd qua hai phép nhan véi Iy thifa cta x.
Tuy nhién phép todn nhan mot da thitc v4i x' c6 d6 phitc tap tuyén tinh
va khong anh hudng dén d6 phic tap cua thuit toan polymuit. Cling
nhut cic bai toan trudc ta gid sit n 1a liy thifa caa 2. Vi thust toan goi
ba 14n dén chinh né véi n thay bing d-= g ki hiéu s6 phép nhan he s6
T(n) dugc thurc hién béi polymult, ta c6 quan hé truy héi sau day:

F 3
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néun=1
T = {ST( 5)+dn néun>1vinlabodichia?2.
d day c,d 1a nhimg hing s6. .
Theo dinh If truy héi co bin ta suy ra T(n) = O(n's?).
Vilog3 = 1,59 <2, nén ta thdy thu4t toan ny chay t6t hon thuat toan
nhan ¢o 88 DPol ymuf?.

4.4.2. Nhan hai da thdc khdc béc

Trong thue t&' thudng phéi nhan hai da thitc P(x) va Q(x) ¢6 bac khac
nhau m va n tuong ing (nghia 1a c6 ddu vao khic nhau). Néu m < n, thi
ta ¢6 thé thém véao phia truée P(x) nhiing n—m 58 hang c6 hé s& bing
0. Nhu vay sé khong hiéu qua khi n r4t I8n so v&i m. Khi d6 t6t nhat I
chia Q(x) thanh cac khéi ¢6 3 ddu vao m. D€ cho thuin tién ta gia sur
n 1a boi cua m, nghia la n = km vdi mot s& nguyén duong k ndo d6. Ta
dat 0:(x) la da thitc bac m dudgc cho bdi céng thirc

Q;’(x) = l'm—lxtn— +b:‘m—2xm +°---+b(,-_1j,,,+1x+b(,-_l)m, ie {l,2,...,k}.
D& thay ' '

Q)= 0 D + 0y (apenh=D 4y Q2(:)" + i (x).
Tu do suy ra theo luat phan pho'l

- PRQ(x) = PG (X)) 4 P(0) Gy ()76 4. -+ P(x)Qs (x).

S dung ¥ h.tdng trén ta tao ra thd tuc po!ymultl cho viec- nhan hai da
thite P(x) va O(x) (thuat todn 4.7). Thd tuc polymuli1 vn c6 hieu qui
khi béc m~ 1'cia P(x) thic sitnhd hon n = 1 cda Q(x). Né&u n khong phai
- labélcuamtlﬁtatinhso'klﬁnnha'tsaochon>kmvﬁP(x) thém vio
cac s6 hang phia truSc c6 he 860 la n— hmthttaso’

D6 phitc tap cfia polymult] nhan hai aa thu?c bdcm— 114 0(m"’g3)
Vi polymult1 ¢6 goi polymult téng cong k == lﬁn, mébi 14n khi ddu vao

1a da thitc bac m — 1. Do d6 suy ra 4o phl:lc tap tmh todn cda polymult |
la

' O(km'*8%) = 0 (@) 0 (nm?s%) .
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Thuit toin 4.7 Nhan hai da thitc khdc bac (polymudtl) -
function polymult1(P,Q,m,n)
Ddu vio: . m,n la nguyén duong{ n = km véi k- nguyén nao do }
P(x) = am X" '+ -+ aux +ao,
O(x) = by X+ + bix-+ bo.
DSu ra: Tich P(x)Q(x) .
prodpoly(x) = 0; {d#t cic hé s6 cha prod poly(x) béng 0}
forn:=1to kdo
Qi(x} = b,,,,.,l_x”' +b:m—2xm + +b(a—l)m+l-’5+b(:-—l)m
end for
forn:=1to kdo _
prod poly(x) .= prodpoly(x) + x =1 polymult (P(x), Qi{x),m)
end for '
return(prod poly(x))
polymult}

= I A LR S

1]
=
.

45. CHQN PHAN TUNHO BATKi

Cho mot clanh séch céc 88 L{1..n), ta xét bii toan chon phén tit nhéd
thuknimtrongL Khi k=1 holic k = n, bai toénnaytrungvdl bai
toanﬁmphﬁntttcu’ch@uhoiccuc dall:rqngL trong trudng hgp nay
c6 thuat toan voi 46’ phite tap tuyén tinh. Trong trudng hdp tﬁng quat
bai todn tim phén titnhé ﬂmkcothégdi‘bﬁng thuat toan s&p xép vi du
nhu mergesort, nhig thudt toinndy ¢6:4¢ phirc tap: O(nlog n). Viéc t6i
utu héa thuat toan don glan nﬁy cling fchl)ng phﬁl don gidn, trong phin
niy ta dua ra mot thuat toan co ¢ ph;n: tap tuyén tinh nhd véo thi tuc
sdp dit tai chb raplace, ma nd dudt tgo ra du‘a tren cd sd quicksort cung
véi chién thut im ki€m nhj phan

4.5.1. Thudt todn Iga chon

P4 thuat tién xay dung thuat toan ta gia st ring Lj1. n] gﬁm nhimg
phin ti khac nhau. Gid st khéi ddu-ta goi raplace v&i L{l..n] va trd
vé gié tri j = p sao cho trong méang da dugc sdp x&p lai ma L[i) < L{j]
véi 1 < i< jva Lli] >L[Jr]v61;<:<nvaph5nt1.ttruccoglamb&ng
L[1]. Thyc t&, phén tit truc 13 phén nhé thit j trong L. Do d6, néu j =
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thi phan ti nhd thi k da tm dude. Mt khéc, néu k < j, thi méi phéin
tit trong L{1..j — 1] déu nhd hon mi phin ti trong L{j + 1..n], thi phin
tunhd thi & trong L1..n tn‘mg v6i phdn it nhé thit « trong L[1..j - 1].
Tuong tw, néu k > j, thi phdn ¥ nhé thit & trong L(1..n] tring v6i phdn
trnhé thit k trong L[j + 1..n]. Do d6 biing cach goi raplace ta c6 hodc da
xac dinh dugc phdn tit nhé thi k hoic mot mang con (6 <8 it nhat nhé
hon 1 50 v6i ¢& ban ddu) ma né chita phdn tit nhd thit k.

Khik # j, talai goi lai raplace thi hodc 1a xde dinh dugc phdn ti nhé
thi & hodic 14 thu hep d¢ dai cfia méng con ¢6 chita phén ti nhé thit k.
Qua trinh ndy ti€p tuc sau n — | I4n goi raplace, phin t& nhd thi & sé
dugc xéc dinh. Thudt todn 4.8 héi quy, thé hien m6 t4 hinh thitc trén.
Danh séch dugc dua vao trong select 1 mot méng con L[¢..H} cha mang _
L[1..n]. Tha tuc select tinh phin tit nhé nhat thit k— £+ 1 trong mang
L[¢..h), khi khdi ddu chucmg trinh ta goi thd tuc véi £ = 1 va k= n.

Thuﬁt toan 4.8 Chon phén tir thit & theo d¢ ldn (select)

- procedure select(L[¢. h] k,x)
Diuvao: L|¢..h] ming cic phin tir da cho
' k 1a mot s6 nguyén sao cho £ < k < h.
Ddura: x1a phn tit nhd thitk— £+ 1 trong L[ A
1 ir'aphan:‘e(m‘i.[»il .H], pos)
2. if k=pos then
3 . x:=Llpos;
4 e'lse
5 if k<p08 then .
e seiect(L[f pos- l] k x)
L P
8
%
o

setect(L[pos+l h] k x),
end lf '

10: end if
end seiec:

Ta [y mot vi du cu thé dé dE tha'y thu@t toan thtrc hxen the' ndo: Tim
phén & nhé thit k = 5. :

1. Khdi dong thuat toan: Chonmtmmgv(ndu 80 va phintu'tlro‘ng
ung nhu sau; : _
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Chiss: 1 2 3 4 5 6 7
Phintd: 22 9 23 52 15 19 47

2. Goi thd tuc raplace(L[1..7}, pos): Thi tuc ndy 1dy L{l] = 22 lam.
truc, mang dugc sip x€p lai va im trd vé gia tri pos = 4.
Chisé: |1 2 3 [4] 5 6 7 .
Phinte: |15 9 19 22 52 23 47

3. Goi thu tuc raplace(L(5..7), pos): Thi tuc nay la'y L[5] =52 lam
truc, mang dugc sip x€p lai va im tra vé gid tri pos =17.

Chiss: 1 2 3 4|5 6 [7]

Phdntr 15 9 19 22{47 23 52

4. Goi thi tuc raplace(L|5..6}, pos): Thi tuc nay 1y L[S] =47 lam
.. truc, mang dugc sdp xép lai va tim tra vé gid trj pos =

Chise: 1 2 3 4 (5 [6]|7
Phintl: 15 9 19 22|23 47 |52

. 5. Goi tha tuc raplace{L[5..5), pos) Thu tuc nay 14y LJ5] = 23 lam
truc, trd v8 gid tri pos = 5. .
Chis¢: 1 2 3 4 [[5]]l6 7
Phidnti: 15 9 19 22|23 [47 52

' Nhu vy x = 23.

Ta phan tich thu&t todn select voi mﬁng dduvio cBn, tagidsitl=1
vah=n. Tasé dung phép todn so sdnh trong thu tuc raplace lam phép
ton co bén dé ching ta so sanh. Ki hiéu T'(n,k) va A(n, k) Ia d6 phiic

tap trong trudng hgp xau nhétva I:nrdng hep trung binh cia thuat toan
select vi syt han ch€ ddu vio thong 6 k-c6dinh. Khi d6

T(n) = max{T(m R\ SkSn)
vé gid stt mbi k déu c6 vai trd nhu nhau,
| £ Al k
. A(n) = k_,_!_;__

Vi tha tuc rgplace c6 do phiic tap n+1 v#i mang ddu vao n (1y phép so
sanh lam phép toan cd s& d€ tinh), va vi trudng hgp x&u nhat [d mang
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chi thu hep mot phén tir vdi méi l4n goi, nén'ta c6
' o 1)(n+2 o,

Tpk)y=m+1)+n+(n—~DF.-+2= Mﬁ'f—) 1 € O(n?).
Nhut vay, thuat toan select c6 do phatc tap tinh toan theo da thie béc
- hai nhut 1a thuat todn nhanh nhat quicksorr.
-+ Khi phan tich d¢ phitc tap cta select trong trudng hgp trung binh
~ ta thudng gia sit ring ddu'vao clia select 14 t4t ca nhitng hoan vi cla
1,2,...,n va m8i hoan vi niy Ia nhu nhau. Ta s& <hitng minh bang quy
nap todn hoc theo » ménh dé sau day:

A(n,k) < 4n v&i moi nvake {1,2,..,n}. - (44)

That vay, v8in=1vi k=1tacd A(1,1) = 2 ménh dé (4.4) dtiing.
Gia st ring (4.4) diing vdi moi cip m,k v6i k € {1,2,...,m} vam <n,

ta phai chitng minh ring (4.4) diing cho n va tat cd k € {1,2, ... ,n}.
L&y k la mot s6 bat ky sao cho | <k <n. Ta da gla thiét rdng t4t ca
céc hodn vi cta 1,2,...,n 1a nhu nhau cho ddu vio cla select, nén kéo
theo sau khi goi raplace v8i L[1..n], méi gid trj 1,2, ...,n nhut nhau tai gid

tri ddu ra ctia thong s6 pos. Cé ba trudng hdp ta phai xét phu thudc vao
pos nhd hon, bing ho¥c 16n hon . D& cho gon ta dit i = pos.

- @} Néu k =, thi select ditng sau mot lan g0i raplace, nhu vay s&cod .
nt 1 phép so sanh dugc thuc hien.

b) Néu & < i, thi select goi lai chinh né véi méng L[I ..i— 1], nhu vay
trong trudng hdp nay c6 s6 cac phép so sénh sau :

n+ 1 +A(r— 1 k) <n+1+44(i~1) (theo gia thlét quy nap)

c) Néu k> i, thi select goi lai chinh né v&i mang Lii + 1. -}, nhu vay
trong truding hop nay t8%8 ¢s¢ phép so sénh sau :

n+1+Aln—i k—t) < nt 144(n—1i) (theo gia thlét quy nap).
Ta tdng hop ci ba trucmg hgp trén

A(n k) = —[n+l+2(n+l+A(n—:k—:))+ i: (n-i-l-‘l-A(i—l,k))]
i=1 . mﬂ?lf' _

= % [n(,,+ 1)+3::A(n-f,k~f)+ Z Ai- l,k)]
_ =1 '

i=k+1
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<n+1+4- [2(ﬂ—t)+ E (:—l)

i=k+1
Nhu m6ét ham cia k thi v& phéi clia bﬁt ding thitc trén dat cuc dai tai
k= |.n+ l] Tagidsitnlaséleé (voinla stf chin chitng minh hoan toan
tuong l'l_l') khi d6 bat déng thic cu6i cung cho ta-

A(n,k)sA(n,n-;l)Sn+l+:l:2(§i+:§,’)]
| | - ;n+l+s :h(ﬂ-‘)‘(n;l) ((%—1-)“)]

- af " (a=D(n+1)
—n+1+; n(n—1) —4_——]

=.n+1+§ i(n— 1) (n-—n:l)]
=arisd '(n_l)(““)]
{n— l)(3n—- l)

=n+1+
_ Nhut vay da chung mmh quy nap day du.
Ta suy ta ngay A(n)'< 41, Vi sklect thyc hién it nha't mot 1an goi

raplace cho moi déu vﬁo, nén A(n k) vi A(n) &6 n+1 phep so sanh, do
doé ta co - G

_n+l<A(n)A(uk)<4n vdlmomvake{l2 }
Do vay, A(n) va A(n,k) déula G(n) (do phtrc tap tuyé'n tinh)

&.5.2. Mttodnchqnvdltrchl‘mgl&c

Thu4t toan ¢ phén trén cho ta d¢ phiic tap trung binh tuyén tinh,
nhumg d6 phitc tap trong trudng hdp x4u nh4t lai 14 da thic bac hai. Ta
c6 thé ding thuat toan raplace trong select mot cich théng minh hon d€
cho d¢ phirc tap trong trudng hgp x4u nhdtla tuyén tinh dugc khong?
Ta thdy ring, nguyén nhan dé phiic tap tinh toan x&u nhat cda thuat
todn phdn trude 1a do phiic tap da thic bac hai, vi phin tit truc luén
lu6n nim tai diém ddu ctia mang sip x€p. Mt khac, néu phén i truc



'4.5. Chon phdn tit nhé bét ki 121

Iudn luén roi vao trung diém cia méng, thi khi dé mang dugc chia lam
hai mang con ¢6 c& gan béng nhau va lic bdy gi s6 nhitng phép so
sanh s& phai thuc hign x&p xi nhu sau:

(n+1)( +;+i+;+ )22(n+l)€®(n)

Nhu vay, néu ta biét trung diém & méi giai doan ctia select, ta 56 dung
n6 rhu phén tit truc trong khi goi raplace dé tinh phén tit nhd thit &
theo thdi gian d6 phic tap tuyén tinh. Tuy nhién vin dé tinh chinh xac

tru.ng diém la trudng hop déicbidtk= —— phal xem xét (vdi n la s6'1¢).

Ta xét mét phuong phap frung d'fém cua trung diém d€ tinh xap x1
trung diém trong qua trinh tinh todn. Qua trinh xdp xi nay dugdc goi la
g:a trung diém, dugc dinh nghia nhu sau: Gia stt réng nla mot s6 1€ boi
cla 5, nhu vay n.= 54 véi s6 18 ¢ ndo d6. Ta chia mang L[1..n] thanh ¢
mang con Ly, L;, ... ,Lg, m6i mang c6 ¢ 1a 5, nghia la

Li=L5(-1)+1.5(, i=1,2,..q

Bay gidy ta sdp xép mébi méng L;,L,, ... +Lq va khi d6 sép xép lai ching
theo trung di€m téng ddn va nhan dugc danh sich L, L, ..., L, nhuvay

L= laibi,cidie), ai<bi<c<di<e, i= 1,2,..,q,

g day ¢ < < - + < ¢g. Chd ¥ ring ¢; 1a trung diém cha mang L),
i=1,2,...,q, sao cho v&i hodn vi thich hgp 7 cha 1,2,..., p, Cri) 1A trung
diém clia Lii=1,..,q. Gid trung dfém ki hidu 14 pm, 14 trung diém Casl

cta nhitng trung diém ¢;, ¢5, .. Cq-

Vidu cu thé sau day thé hién cach tim gia trung diém pm 48 trong
mang L[1..35], nhlmg trung diém cla day nay lai 1a 43: Ta chia L[1..35]
thanh ¢ = 7 mang con ¢ 5.

: L | L L3
_L{1.35]= [(87,23,91,25,66] [12,55,8,77,67] [88,32, 11,44, 57]
I ¥ Ls , Lg
[75,21,6,89,80] [43,84,34,61,48] [14,10,37, 27, 29]
Ly :
[36, 16, 15, 78, 83)]

S&p x&p lai cdc mang con va x€p ting din theo trung di€m cta ching
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a; b,- Ci d,' &
I'= (10 14 27 29 37] =
L= [15 16 36 78 83] =L;
L= [11 32 44 57 88] =L,
L= [34 43 61 84] =Ls
L= [8 12 55 67 77] =
L= [25 25 66 87 91] =L
L'=[6 21 75 80 89] =L

Ménh &€ 4.3. S6'nhimg phdn tit cia L|\..n| i6n hon (nhd hon) gid irung
diém pm nhiéu nhét I —T—n - %
Chitng minh. Theo dinh nghia pm, moi phén tif trong phén i
sau day nho hon ho¥c bing pm:

3{g+1)
P

a|,b1,c‘1,az,b2,c‘2,...,a +1 )b +1 acﬁ_“gl

Nhut vay s6 phin it trong L[1..4] 16n hon pm nhidu nhat 1a

q+1 L5t 1,3
3(2)_n 3(2 5

Tu?dng tu ta cing ¢6 nhiéu nhﬁt " > phan tx nhd hon pm. ©

Meénh d¢é _4.3 I co s0 dé ta thlé't k& thuat toan medianselect duéi day
tim phén ti nhé thi k trong mang L(1..n]. Thuét todn nay c6 do phic
tap trong trudng hgp x4u nhat 1a ©(r). Thuat toan nay hoat dong nhu
1a thuat todn select, ngoai trif ta tinh thém gid trung diém va ding né-
nhu la phan ti truc khi goi tht tuc raplace2. Tha tuc raplace2 la phién
ban ctia raplace stra d6i sao cho thém dd’i s¢ dau vao phdn #f trucva
sip x€p mang d6i vdl phén t truc nay.

Trung diém cha 5 phén ti ¢6 thé tinh duge bing 6 phép so sanh.
Nhu vay ta ¢ thé tinh céc trung diém c',,(l),c,,(z),...,c,,(q] tirLy,La,.... Ly

bing cach thuc hién 64 = én phép so sanh. Gid trung diém pm c6 thé

tinh bdi cach goi héi quy med:anselect vii déu VAO Cg(1), Cr(2)s - Crfg) VA
)
7

Gia ma cho thuat toan medianselect c6 th tuc median5 dudc goi voi
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d6i 56’ ddu vao L[¢.h| va ddu ra M([i..q], day M) = cpgy,i = 1,2,...,q
Khi khéi ddu goi medianselect vii{ =l vah=n.

Thuit todn 4.9 Chon phin tif thit & theo dé 16n (medianselect) -
procedure  medianselect(Ll..h],k, )
Diuvio: L[¢..h] mdng cic phdn ti di cho
k 1a mét s6 nguyen sao cho £ < k < 4.
 Pdura: xla phdn trnhd thirk— ¢4+ | trong L[{..h).

L ifh—f+4] <=5 then
2: {Diing phuong phap dic bist dé gidi}
3: endif ’
& q:=(h-1£)/5
5 median5(L[¢..h],M[1..q)); '
6 medianselect(M([1..q),(q+1)/2, pivot}{gia trung diém la pivot}
7. raplace2(L[L..k], pivot, pos) '
8: if k=pos then
T 9% x:=Llpos);

10: else

1t if k<pos then :

12: medianselect(L{(..pos — 1],k x); ¢

13: else ' : '

4 medianselect(L[pos + 1 R, k,x);

15¢ endif - - . '

16: -end if ' .

end medianselect - . -

Ta phan tich thuat todn 'n_’;é&idﬁséféér. trong l:nrdng hgp x4u nhat;
T(n). Gid sit medianselect d&u vao L{t..n] véinhiing phin t& khéc nhau.
Khi thuc hién medianS sinh ra nhiéy nhat g-.;_n_ Phép 50 sanh. Thit hién
raplace2 sinh ra n+ | phép so sdnh, Thue hién héi quy medianselect vGi
M[1..q] sinh ra nhiéu nhét 7(g) = r(g) Phép s sanh. Vi theo ménh dé
4.3 méng d€ ding goi héi quy 6 cd nhidu nhat i ;ﬁn - ;- do d6 thuc
hién medianselect sinh ra nhiéy nhat 1a T(%{: - g) phép so sanh, Ta
nhan dugce bat phuong trinh truy héi '

| 7 3 11
< — —_n—_ [
T(n)__T(Sn)+T(wn 2)+51':-|~l,
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" véi didu kién ban ddu 13 7(5) = 6. Tir bat dc’mg thic nay ta c6 thé chimng
minh tryc ti€p bing quy nap theo » bat déng thizc T'(n) < 22 (ban doc tur
kiém tra). Nhu viy thuat toan med;anse!ect c0 dé phiic tap tuyén tinh
trong trudng hgp xdu nhat.

4.6. MOT UNG DUNG CHO XEP LICH THI DAUTHE THAO

Phl.ro‘ng phép chia &€ trj da duoc ting dung tir lau d€ lap bang cac
giai thi ddu, m&i mot d6i thi d&u 1n luot céc d6i thia khac d€ tinh diém.
Trong phén nay ta xét

Giai thi d&u bong d&; Gidi thi ddu béng d4 ngoai hang Viét Nam dugc
t6 chitc v&i n doi bong (dugc danh s6 tix 1 dén ). Gidi v6 dich cn tién
hanh trong n vong ddu, néunla s61é van— 1 vong ddunéunla s6 chén
M&i ciip déi béng dugc d&u véi nhau ding mét lan.

Bai todn ddt ra: Hay lap mét chuong trinh mdy tinh ma né dua ra lich
trinh thi d&u cda gidi v6 dich v&i ciu tric bing,

Piu vao: Nhap s6 lugng doi bong n2<n< 24) dugc nhap vao theo
cdu tric chusn,

Diu ra: Két qua ra la mot bdng nhitng s§ nguyén 'g6m r dong. Mot s6
tai cOt j va hang i trong bang c6 nghia li s6 cta doi bdng, ma né dau
vGi d6i s6 i trong vong dau thi ;. (N&u d6i bong i ddu voi doi bong k
tai vong thit j, hién nhién nghia la d6i bong k ddu véi d6i bong i ciing
d vong ndy). Néu doi i nghi tai vong thit j, khi d6 55 Jj tai hang tha

bing 0. '

Vidu: + Pduvao:3 hodc 4 :
2 3 0 f 2 ;
+PDdura: 1 0 3 hoic
0 1 2 YT 401 2
3 2 2

Lai giai: Giai bai nay ta thay déi ¥ nghia mét chit tai diu ra. Nhan
dugc bang diu ra dang I¢ 1a nhu bai ra, nhlmg ta quy dinh lai bang s&
Iic nao ket xuat ciing 1a ¢& 7 x n (tham chi ca khi n 14 s§ ch&n). Méi s6
tai dong thit i va cot thi j 13 vong dé&u cha hai d6i bong c6 56 i va . Tir
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bang s6 nhut vay dua vé bang s6 nhu trong dé bai da ra, ban doc thi
tinh nhu mot bai tap.

Nhu viy bai todn khong cé y nghia khizn = 1. V&i n = 1 thi chi c6

Doibong 1112
mét vong ddu duy nhat. Bang cn tim ¢6 dang: 1 01
' 2 1(0

Ta ki hi¢u i: j nghia 14 d6i bong i d&u v&i d6i bong j (1 <i,j< n)
Trong trudng hop n = 4, thi s& ¢6 ba vong ddu. Nhung thuc hién ghi
nhu th€ ndo vao bang thi d4u? Ta c6 thé chia céc doi ra lam d6i bing
cach vong thirnhatcd cactran1:2va3: 4, vong thihai c6 cdctrdn 1 : 3
va2:4, con vong thit ba ¢6 cac'trén 1 : 4 va 2: 3. Ta nhan duge bang

Doibong |1 (2|3 |4
1 011213
2 110732
3 23101
4 312|11|0
‘Ta xét ky bang trén thay riing trong bang nay ¢6 chita hai bang trudng
hgp n =2 va hai 1dn bing g g . Ta con thay thém ré"mg'béng ndy
bing bang 2 ; céng thém 2 vao mdi phin tir.

~ Ta c6 thé c6 hudng cam nhan dé lap bang thi d#u cho trudng hgp
‘n=8. Véi muc dich ndy ta phdi xay dung bang c6 c3 g&p d6i trudng
hop 8 n = 4. Ta tién hanh Iap bing bing cich chép 4 ldn bang véin=4.
Sau d6 cong thém vao méi phén ti v6i 4 & nhitng bang c6 ¢ 4 ngoai
dudng chéo chinh. Ta nhan duge bing |

Doibéng [1 [2[34[5[6 78
I O[1]2|3[4 |56 |7
2 1{0l3[2(5[a]7 %
3 R|3[0]1(6(7 (45
4 2107|654
5 4|5/6|7/0M112|5
6 5M4|7]6]1(0[B28
7 6|7]4|5(2[3|0|1
8 76|54 |32 [1]|0
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. D& kiém tra thay riing bang trén la diing, vi méi hang méi c6t déu
chita hoan vi cda sd'tit 1 dén 7 khong 1p lai, nghia 14 toan gidi thi ddu
¢6 7 vong va méi dgi thi d4u vdi méi d6i khac diing mét lan. Ta thdy
ring bang trén d6i xtng néu i : j thi cung 1a vong d&u cda j: i va ngugc
- Tai (1 <i, j < n), dudng chéo chinh clia bing gdm nhing s6 0. Bing cich
hodan toan tuong tu, ta lap dugce bang thi ddu cho n = 16,32, 64, ... va néi
chung # 14 liiy thita cia 2. Diéu nay ¢6 thé chitng minh bing phuong
phap quy nap (tuy hoi céng kénh ban doc ki€m tra 14y). Ta c6 thé viet
chuong trinh théng qua hai thd tuc sau: Tru'dc nhét trong chuong trinh
pha1 co:
= 100;
m: arrayof[l -.max, |..max];

Ta lap thu tuc chép cac s6 liéu vao ma tran nhu bang sau :

Thudt todn 4.10 Chép s6 tir nhién vao bang
- procedure copymarrix(stX,st¥,cnt,add)
Pauvao:  stX,stY,cnt,add
Pdura: Bangm dugc cong thém add
fori:=0to cnt-1do
for j:=0to ent-1do _
mli+ stX|[j + st¥] := mli + 1][j + 1] + add;
end for
end for
end copymatrix

Khi d6 l4p bang bling thi tuc; D€ c6, mot chwong trinh ddy did ban
doc chi con 14p mot thé tuc in ra ming hai chidu duwgc gdn & trén, diéu
ndy qué d& d6i vi cde ngbn ngir 1ap trinh tada hoc, ta khOng trién khai
cu thé § day.

Nhlmg rdt ti€c thudt todn nay r4t khong thuan Igi cho » khéng phai
ldy thita'cia 2. Ban doc c6 thé thay ddl thu tuc nay sao cho né chay véi
moi n.

Sau day ta ti€p can bing cach khac cho thuat toan ciing ding voi
moi . Véi 56 » 1€ ta tién hanh nhu sau: Ta khong phdi dién cac s6
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Thujt todn 4.11 Lap bang thi ddu

procedure  findsolution(n) ‘
Pdu vio: n sd doi bong tham du gidi.
Piura: Bang m daiy du giai thi dau.
mil][1] :=0; -
fori:=0to ndo
copymatrix(i+1,1,i,i);
copymatrix(i+1,i+ 1,i,0);
copymatrix(1,i+ 1,i,i);
end for :
end findsolution

vao bang ¢d n x n ma 1a vao béng méi c¢6 thém mét c6t, nghia 13 bing
nx (n+1). Viéc dién s6 thuc hién theo hang bit d4u tir cot trai thit nhat
va tiép tuc vé bén phai. Khi ta da dién vao cft thit n+ 1 thi chuyén sang
dong sau. Bit ddu dién vao gia tri 1 tai hang 1, cot 1 14n Iugt timg 6
dugc dién cac gia tri lién ti€p trong khoang [1,n), khi dat dén gia tri n
thi lai bt ddu tir s6 1 bat ké dang & hang nao, cot nao trong khi dién.
Vi du v8i n = 5 cho két qua:

Poibong (1123 [4]5]6
1 112[3]4(511
2 2134|1512
3 3/4(5(1]|2]|3
4 415112134
5 5(1{2({3(4j5

'Bé c6t cui ciing va cho biing 0§ dudng chéo chinh trong bang va phin
con lai la nhitng s& vong céc déi gip nhau:

Doibong |12 3 |4]5]6
i NEEDEE
2 {o[a[8|1]2
3 Slao[i[2[3
4 i[5 (1[0 (3[4
5 512 3|05

Véi n 1a s6 chdn thi ta c6 thé sir dung thuat toan da néi & phén truéc.
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Nhimg § day ta c6 thé thuc hién chiéh thut khic. Ta gidi bai toan véi
5 — 1 12 mot s6 16. Nhu thuat toan trén dén khi ta da gén dudng chéo
chinh ctia bing bing 0 va khéng bo cot thém vio, ta ghép thém mét
hang vdi s6 liéu ca cot ta da thém vao. -

Vi du n = 4, truedce tién ta dién vao vGin =3

D3} bé )

Doibong |1]2]3 4 dibéng | 11213 14
1 01231

1 1[2[3 1
5 2]0(1]2

2 21312
3 3(1.2(3 3 3111913
1 1]2]3]0

Sau d6 ta thém hang thit n = 4 nhu bang trén (bén phai).

Thuit toan 4.12 Lap bang thi ddu stta d6i
procedure findsolution(n)
Pduvio: ns6doi bong tham du giai.
Piura: - Bang m ddy dd lich thi ddu.
if (n mod 2 =0 then '
n:=n-1, {Né’unchénthidtravén—l}
end if
" {Dién vao bang véi n, biét chifc n 14 s613. }
fori:=0to n*(n+l)—ldo .
m[i mod (n+ 1)][1 div (n+ D)= mod n+1;
end for
if (n mod2 =1 then
ni=n+l,; {I_AylalglatnnchAn}
end if
fori:=0to ndo
if n mod2 =0 then
mli][n — 1] := m{n— 1]}i] = mli]{d]; {B1én hang cudicung}
end if
mli][i]:=0; {Dlen dudng chéo chinh bing 0}
end for ' '
end findsolution

Cach- gidi trén rat hiéu qua nhung khong cho cau tra 15i truc tiép
cau héi: Tai vong thi ddu nao khi hai d¢ii va j gip nhau. Diéu nay doi
héi thém mot chit quan sat bang thi ddu da lap dé c6 cong thic tinh.
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- Tha tuc findsolution dugc sira ddi nhy sau: Trudng hop ta c6 s6
chdn d6i tham du # = 2k. Cho hai d6i A va B c6 s6 s vi t, ma ching khac
n. Khi d6 hai d6i s& d4u tai vong thits+1—1, néu s+t < n, va tai vong
s+t —n,néu s+ > n. So d6 ndy 4p dung cho gidi d4u cd quéic t€ con co
¥ nghia nita 14 ai s& choi quan den va ai s& choi quan trdng: Néu s+ 1a
- s61¢, thi ngudi choi quén tring s& 1a ngudi c6 s6 nhd hon, con néu s+¢
1a s6 chin thi ngugc lai, ngudi c6 s6 16n hon s& choi quén téng.

Thuét toin 4.13 Lap bang thi ddu phu'o‘ng an cudi cing
procedure findsolution(n)
Ddu vao: £ 6 d6i bong tham du gidi
Diura:- Bang m ddy ¢4 lich thi dda.
~if (n mod 2 =0 then
n:=n—1; {N€u n chin thi dua vé n— 1}
endif
{Dién,vao bang vdi n, biet chic n 1a s6 1¢}
fori:=0to ndo
for j:=0to ndo

if i+ j < n then,
miillj]:==i+j+1;
. else
miilj] =i+ j+1—n;
end if -
. end for
end for

if (n mod2=1then . '
n:=n+l; {wylalglatr;nChgn}
end if
fori:=0to ndo.
if n mod 2 = 0 then -
mfilln — 1] = mfm — 1][¢} = fn[i]{i] {Blén hiang cudi cung}
end if
mli][i]:=0; {Dlén dudng chéo chinh b@ng 0}
end for
end findsolution

Doi tham gia ¢6 56 n ddu voi doi o s6 ¢ tai vong 20— 1, néu 24 < n
va tai vong 2¢ - n, néu 2¢ > n. Trong trudng hop d&u cd quéc t&, ngudi
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'~ tham gia mang s6 tit 1 dén ; choi quén den va s6 con lai dugc choi
quén trang,.

Trudng hgp s6 d6i tham gia Ia 1é n = 2k+ 1 ta thém mot doi dau gia
va céc d6i d&u vai doi nay dugc nghi tai vong twong ing.

Ta c6 thé bd dugc d6i choi gia va dién truc i€p nhimg gia tri tirong
ing cta cot cudi cung. Nhu vy ta stta d6i mot chit nhu trong thuat
toan 4.13. '

4.7. BAITAP

5> 4.1. Thuat todn im phin t& 16n nhat trong danh séch L[1..n] dudc
thiét k& theo phuong phap chia d€ trj maximum, khi stt dung thuat toin
thi goi maximum(1,n) nhu thuat toAn 4.14 :

Thujt toan 4.14 Tim gi4 tri 10n nhat theo chia dé tri maximum(x,y)
function maximum(x,y) '
Piuvao: Chisfxye€ NcuaL[l ) .
Paura: Gia tri 16n nhat trong L[1..x].
1. if y—x<=1then
return(max{Lis], Lb});
else
max) ;= maximum{x, [%XJ);
max2 := maximum(| 2 | + l,y)
retum(max{maxl max2});
7. endif
end maximum

S @R W

1. Chitng minh ring thuat toan4.14 dung Ban c6 thé gia thiét ring
n la lay thita cua 2.

2. Vi€t cdng thic truy héi theo s6 trudng hqp x&u nhét cua phép so
sanh khi ditng maximum(1,n). Gidi phuong trinh héi quy vita thiét
1ap. Ban c6 thé gid thiét n 1a liy thita cia 2.

3. Pénh gia thdi gian thuc hi¢n thult toan 4.14.
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>4.2. Bai todn Thap Ha Noi duge nhic tai trong chuong 1, khi ta n6i
vé ham héi quy. Cach ti€p can gii bai todn nhu trong chuong 1 ciing 1a
cach thyc hién chia ¢ tri. Nhung dinh hydng héi quy nhu the nao thi
ta hdy chitng minh thuat todn duge mé t3 say day giai dugc bai todn
thap Ha Néi: - '

) 2
1 3
e
Ngugc chiéu kim déng hé
Hinh 4.2 :

Ta hr&ng tugng c6 ba cot sdp xép quanh vong tron véi chidu di
chuyén theo chiéu kim d6ng hé Ia i cot 1 sang cOt 2 sang cot 3 lai sang
cdt 1. Nhu vay viéc mot [dn chuyén dia la chuyén theo chiéu kim déng
hé hogic nguge chiéu kim d6ng hé. Ta xét hai trudng hgp sau:

L. Néu ta c6 56'1é dia & cot thit nhat thi:
o Bit ddu dmyén dia nhémha’t..ﬁleo chiéu ngupc chidy kim dbng
* Lutn phién nhais piia eéch lims s
hop phip khée; ' -y TaR

v chi di nhimg buée di
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Phuong phap phan tich va thigt ké chia d¢ t7 § chudng trudc phat
huy tic dung rat manh, do né xu#t phét tir viéc chia nhé bai toan ban
d4u thanh hai bai toan con ¢6 c& gln bing nhau d€ gidi. Trong thuc t&€
khong c6 gidi han chia bai toan thanh bao nhiéu bai toan con d€ gidi,
ciing nhu ¢ cta cac béu toan con khic nhau nhu th&€ ndo. Nhung cé mét
gidi han quan trong ma ta khong d€ ¥ 1a khéng hai bai todn con nio
giao nhau va viéc giai ching cho ta nghiém true tiép ctia bai todn ban
d4u. Phuong phip quy hoach ddng nghién citu & chirong nay thudng
litn quan t6i nhitng béi todn con c6 phin giao nhau & &t bugc. Fhin
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sau day ta s& xem xét hai diéu kién cﬁn dé 4p dung phuong phap quy
hoach déng. ‘ '

5.1. GIOI THIEU PHUONG PHAP QUY HOACH DONG

M6t cach dinh nghia tritu twgng cho phitong phap quy hoach dong
[a tim nhitg gid tri cuc trj (cuc dai hode cyc ti€u) trén mot ham, ma
ham ndy c6 d6i 614 mét ham khic. Phuong phédp quy hoach dong noi
chung c6 thé xem nhu phuong phap suy nght hodc quy hoach, vdi né
théng qua viée tim nhitng nghiém t6i wu cho moét phin {(hoic tat ca)
* nhitng t4p con cha mot tap hop, thi c6 thé tim dugc nghiém t8i wu cla
ca tap hop.

" Pinh nghia trén mang tinh ch4t toan hoc & mitc trit tugng. Nhung
con d6i véi ki thuat 14p trinh va thiét k€ thugt toan thi sao? Phuong
phap nay tuong t nhu phuong phap chia d€ tri: Bai toan ban ddu duge
chia thanh nhing bai toan con, nhiing bai toan nay dén lugt lai chia
thanh bai toan nhé nita, ... dén lic dat dugc bai toan dd don gian dé
giai truc tiép dugc. Sau d6 nhimg nghiém ctia bai todn con dugc téng
hop lai theo mot phuong phép thich hgp dé nhan dugc nghiém ctia
bai todn ban ddu. Khéc véi phuong phép chia dé€ trj, phuong phip quy
hoach dong khong doi héi nhitng bai todn con khéng giao nhau, diéu
nay c6 nghfa 14 phuong php quy hoach dong téng quét hon phuong
phép chia d€ tri. Chinh nhing doi hdi khong giao nhau ciia céc bai todn
con dén dén nhitng van dé thuat toan khéng hiéu qui. ‘Trong trudng
hgp chung nhitng béi todn con €6 d¢ phite tap da thiic cfia bai toan ban -
déu, nhung qua trinh két hop lai thi cling nhitng bai todn con dude gidi
lai mot s6'1An, cu6i cling din dén d6 phic tapham thﬁ cho thudt todn.

5.1.1. Vi dg 50 sénh vé1 phuong phép chia détr]

Ta biét ring hé s6 Newton bi€u din mot khai niém 4 hop : Chon r
vét trong tﬁng n vat da cho thi ¢d C!, cich khéc nhau. Bing quy nap ta
cling c6 thé dé dang ching minh ding thic sau: |

G=C+C .
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Nhu vay d¢€ thiét 1ap thuat todn tinh nhimg 0 hgp ctia viée chon r vat
tit n vat da cho ta c6 thé diing phitong phap chia C!é’ tri truc tiép theo
cdng thic trén:

Thuat toan 5.1 Tinh hé s6 Newton (choose)

function choose(n,r)
Piuvio: Hai s6 nguyén duong n,r.
Pidura: Kétqua(].
1. if r=0Vn=rthen
2: return(1);

3. else
4: retum(choose (n—1Lr~1)+ choose(n -1,n)
5. end if

end choose

Tinh ddng d4n cda thuat todn cd thé7 chltng minh bing quy nap theo
n dé dang (giéng nhu thuat todn Flbonaca d chuong 2).

Phan tich thuat toan: Cho T(n) la thdi gian tinh toan choose(n, r)
trong trudng hop xdu nha't t:rén tat ca gid trf c6 kha ning cua r. Khi d6

d& thay riing -
T(n] { néun= 1

2T (n— 1)+d ngudc la1 ,
& day c,d 1 nhimg h?mg so'nao dé.

Do d6,
T(n) 2T(n—l)+d 22T (n— 2)+d)+d . 4T (n ~ 2)+2d+d
=4(2T(n - 3)+d)+2d+d ST(n 3)+4d+2d+d._
(n—:)+d22-’ 2"*1:r l)+dz21
= (c+d)2""! —d.

o B
Do d6, T(n) = @(2"). Nht vay vdi thuat todn dugc thiét k& bing
phuong phép chia dé tri thi thdi glan tinh toar[a ham ma rat 16n khin
tang cao.

Nguyén nhan nao da din dén d6 phiic tap tinh toan cta thuat toin
téng vot nhut vay, d6 chinh 1a nhitng béi toin con duge giai di giai lai
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nhiéu ldn. Ta mo ta thu4t todn trén bing hinh cdy véin=6var=4.Khi
d6 cay tinh toan trong trudng hgp thuat toan chia d€ tri nay c6 nhimg

phin giéng nhau dugc khoanh nhu hinh 5.1:

D€ khic phuc tinh trang phai tinh lai ngudi ta ghi két qua ra mot -
bang dé 14y vao cho cic l4n tinh sau chit khong tinh lai nita.

Hinh 5.1

Thudt toan 5.2 Tinh hé s6 Newton theo quy hoach déng (choose)

function choose(n,r)
Piduvao: Hai s6 nguyén duong n,r.
DPdura: Kétqua Bjn,r| =C.

-1

PNk wN

1]
H o et 2
A, Wy = o

Khai béo mang B[1..n,1..n]
fori:=0ton—-rdo
B[i,0]:= 1;

fori:=0tordo
Bld=1,

forj:=1tordo
fori:=j+lton—rtjde
Bl /l:= Bli— 1,j— 1}+ Bj—1,j}
end for . '
end for
return{B(n,r]) -
choase
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‘Mot trong nhfing.bien phép theo ¥ tudng trén dugc thuc hién nhu
sau : Ta diing mang hai chiéu B[0..n,0..n) nhu mét bang A€ ghi lai két
qua dang tinh, méi gia tri B[i, j] = C/. Ta slt dung tam gidc Pascal d€
tinh cac hé s6 Newton ti&p theo bing thuat toan 5.2:

Thuat toan duge khdi déng bing cach tao cic canh clia tam gidc
Pascal va doi hdi két qua & cudi bang nhu hinh 5.2.

Dién nhitng 6 tréng Bli,j] phai cin cac 6 dd 6 Bli—1,j—1] va
Bji—1,j}. Nghia 14 cong hai 6 trén dién xudng 6 dudi nhu so dé
hinh 5.3.

NNNE
N |
NN

%

N
AN
ANANEN

S\nmqu
N

J-1

. 7
: G . - ' . q
Hinh 5.2 ' ~ Hinh 5.3 . - Hinh 54

- Thuét toan thue hién dién theo cot tir trai qua pha.l Blén vao mdi o
cha cac cot tirtrén xu6ng dudi (hinh 5.4).

Phan tich thuat toan c6 bing;: Thuat todn hoat d0ng bing cich dién
hét vao céc 6 trong bang, kich thudc s8 6 bao nhiéu thi thuat toan phai
gan timg 4y 14n. D2 thdy co 4t ca s6 6 phai dién [a

(n=r+D(r+ ) =nr+n—rF+1<n(r+1)+1.
M3i 6 dién vao dugc tinh thdi gian 14 O(1) thi téng t&t ca thai gian doi
héi cha thuat toan 1a O(n*). Thoi gian doi hdi nay con tt hon nhiéu
O(2") nhut thudt todn trude da tinh.
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5.1.2. M{t 56 véin 4¢ trong phuong phdp quy hogeh dong

Nhu véy ta c6 the dmh nghla phuong pbap quy hoach déng cho
nhitng ngudi lap trinh va thiét k& thudt todn 1a dién vio bang nhing
két qud Io7 gidi cda bai’ toan con dé’ giai voi muc dich thodt khéi viec
tinh todn thia, :

Tuy nguyén Iy quy hoach dOng dudc ap dung cho nhxmg bai toan
c6 mot nghiém’ duy nha't nhu bai toén tinh hé s6 Newton § trén, nhung
utng dung co bén clha ndcon dung dé, giai nhitng bai toan t6i uu. Cau hdi
ndy sinh véi nhtmg ba1 toan c6 nhiéu nghiém khéc nhay, trong nhitng
nghiém d6 ta phai chon la'y mﬁt Trén mdi nghiém duy bj ta s& dat tuong .
ing v8i mét s& nio d6 nhe sy dinh nghla ham trg gitip. Muc dich 1a
tim nghiém ma véi né nhu:ng ham nay nhan gid tri cuc tri (citc dai hodic
cuc tiéu). Nhitng ham nay ta goi ld ham muc dich. C6 thé bai toan 6
nhiéu nghiém t4i wu, nhlmg trong trudng hop chung ap dung phuong
phép quy hoach dong chi ¢ho ta mot nghié trong chiing.

Vi du phén trudce thé hién mit manh ctia quy hoach déng. Nhung
phuong phap cung phéi tra gia: Phin co ban cla phuong phap quy
hoach d¢ng la giai nhiing bai toan con ca bai toan ban d4u vdi cd nhd
hon va luu giit nhimg ket qua da tinh, nghia la dudc vé van t6c tinh
toan ddi vdi bo nhd. Trong mot s& tnrdng hgp ta cin sdn mot s6 bd nhd
{nhu bai todn dugc khai béo méng § trén). Nhung mét s6 thust tosn
b6 nhd c6 thé ting tuyéh tinh, hoiic ting theo da thitc b4c hai, ho¥ic d6i
khi cdn b9 nhd r4t 1n, nhitng phén sau ta s& xem xét ki hon,

Phdi nhdn manh ring phuong phap quy hoach dong khéng luén
ludn ing dung duge. Mot mit, nghiém cda bai todn ban ddu khOng -
phéi lic nao cfing cé thé’nhandugctutéhqpnhmgke'tqua gidi ctia
mot phin ho¥c t4t ¢& nhimg bai toan con clia n6. Miit khéc, tham chi ca
khi ta tdhopduqcngluém ) ﬂ\él@iﬂwfysdluqngnhimg béi todn con
vé ciing 16n khong the chip nhan duge. Them vao d6 nhiéu khi thigu
nhing tidu y.:huin 1% rang Jdc tnmg;dw bai toan ¢¢€ gidi bing phuong
phép nay: Ta:bigt ring héng logt céc bai toAn ma nhitng thuat todn cd
‘ban hiéu qué hon rét nhiéu thuat toén quy hoach déng, con 1 MOt 86 bai -
todn khéc néi chung khong 4p dung du?c!c



138 Chutong 5. Phuong phép quy hoack dong

Tén tai hai diéu kién cdn d€ 4p dung phutong phiap quy hoach dong:
cdu trifc con t61 wu cia nghiémva sur phd nhau cia nhitng béi todn cor

1. Nhitng c&u triic t6i vu con clia nghiém nghfa 14 nghiém t6i vu cia
bai toan ban ddu c6 thé tim duge théng qua t8 hgp nhig nghiém t6i
ttu cta cc bai toan con. Thudng thudng théa man nhitng tiéu chudn
nao d6 dua dén tim nhitng khong gian thich hgp tu nhién ca nhing
bai toan con. Mot vi du nhut vy trong viéc gidi bai toan nhan nhimg
ma tran. Trong bii toan ta chi cdn ¢4c ddy con nhitng ma tran tir day
cdc ma tran ban ddu 1a di (khéng phai 1a nhimg tap hop con bat ki).
Diéu nay dua dén gidm rdt nhiéu s6 lugng bai todn con, tit 46 phuong
phap tim nghiém c6 hiéu qua hon.

2. Diéu kién cin dé st dung phuong phap quy hoach d6ng la sy phi
nhau cta céc bai toan con. Phudng phip quy hoach déng duta ra cach
khic phuc nhiing bai todn con phii nhau niy, déng thdi tinh nghiém
cho mdi bai todn con chi mét 14n va han ché s6 lugng phai giai nhing
bai toan con. Cang han ch& gidi nhithg bai toan con méi thi phuong
phap cing c6 hiéu qua. Su m4t di phin phu thudc nhau clia nhitng bai
toan con (phén giao cfia hai bi todn con) dura dén sit dung quy hoach
d6ng khong hiéu qua. Trong trudng hdp nay ta nén giai bang phitong
phap chia dé tr;, chdc chén s& cho két qua t6t hon.

5.1.3. Ki thudt lt‘jp',thtl’_ﬁt todn theo quy hogch dong

Phutong phép quy hoach dong thuc chat 14 giai bai toan tuong tac
- tit dudi 1én, nghla 1a trutdc tign gidi nhitng bai toan con hién nhién (g1a1
truc tiép dl:rdc), sau d6 nhitmg bai todn nhu vay 16n din len, nhu:ng bai
toan con ndy dudc gidi va ... tuy cich tifp can ndy phai gidi t4t ci nhimg
bai todn con vdi ¢& nhé hon. Trong thuc t& nhitdc diém trén khong anh
hudng dén t6c d6 thuat toan. Mot hudrig khac 18 gidi theo ham héi quy.
Phuong phép nay lai c6 cach tiép can tit trén xudng: Nhung ngudi ta
thiét 1ap bang chita nhimg nghiém bai todn con da gidi va tit d6 gidi
ti€p cac bai toan con tiép theo. Qua vi du thult toan tim hé s6 Newton
d trén va kinh nghiém thyc € ngudi ta:dua ra k1 thuat dé thiét ke thuat
toan quy hoach déng nhut sau:
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1. Xic dinh cic dinh tinh cua thuit toan

e Thiét 1ap thuat toan chia dé trj cho bai toan (chuong 4).

* Phan tich thuat toan, thdy ring thdi gian chay la ham mi.

e Mot 56 bai toan con dugc gidi di gidi lai nhiéu ln.
2. Xay dung thuat toan quy hoach déng

Thuat toan thiét ké theo chia dé tri
function choose (n.r)

if 1=0 or r=n then return(1) else
return(choose(n-1,r-1),choose(n-1,r))

Thuat todn thiet ké 'theo quy hoach déng

St A ™

function choose (n,r)

for i:=0 to n-r do B[i,0]:=1
for i:=0 to r do B[i,i]:=1
for j:=1tor do

for i:=j+1 to n-r+j do g

L
B[i,j:=B[i-1,-1]+B[i-1j] < »Z
return(B[n,r])
Hinh 5,5

va thay 10i goi héi quy bang nhitng tim kiém trén bang.
e Lap mang ghi gia trj trd vé vao mot 6 clia mang.

d4u cha bang.

gian.

Lay nhitng phan thuat toan chia dé tri, nhat 1a phan goi héi quy

Stt dung co s khdi tao cta chia dé tri d€ dién vao nhing 6 bét

Tao ra nhing tim kiém trung gian giita cic phan ti cda bang.

Tao ra nhitng vong lip d€ dién hét bang c6 dung tim kiém trung

Hinh 5.5 m6 ta qua trinh trén thong qua vi du tim hé s6 Newton. Nhiing

phan sau mo6 ta day du theo so dé nay.
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5.2. BAI TOAN NHAN MA TRAN
9.2.1. Gid¢1 thi¢u bai todn ‘

Bai todn nhan day ma trén bao ham véin dé xéc dinh t6i ta mot day
thue hién chudi cac thao téc. Lép bai toan téng quat quan trong nay
trong thi€t k& bo bién djch cho mi t6i wu va trong céc co sd dif liéu cho
161 vu truy vén. Ta chi xét 6 d6 béi toan'r4t han chéma & day c6 thé sir
dung phuong phip quy hoach dong mot cach dé thdy nhat.

Ta xét bai toan nhan » ma tr4n hinh chit nhat thich hgp v6i nhau:

M=M XMy x - XM,
G dﬁy M;cocOri_y xr(rio hing va r; cbt), i = 'I:, 2.0

Theo dinh nghia phép nhan hai ma tran A va B ¢é ¢ tudng img la
px g va g x r thiec hién theo cong thirc

q - )
Cij = Zaikbkjui': L2,..,pmi=12, waF

- vaket qua nhan dugc mot ma tran € ¢6 3 p x r.

_ Déthayso'nhtmgphepnhancdbantrongct)ngmtmt:rénlapqr Ta

biét rdng t6n tai nhitng phuong phép nhan ma phép nhan co bin gidm

| dang k€, d¥c biét 1 vdi nhitg mia trén ¢6 cd 16n. Mot phuong phap do
la clia Strassen da xét & chuong 4. :

'Cho hai ma trén A va B ¢6 ¢d tuong ding la p g va s x . Ta nhd lai
riing néu s& ludng cot clia 4 14 ¢ bing véi 86 Iugng hang s clia B, thi
ta co thé thuc hién phép nhan AB (hhlmg khong thé BA vi n6 doi hdi
r = p). Nhit vay phép nhan khong phé: 1a phep todn giao hodn giira hai
ma trén. Do d6 bai toan da cho nhan day ma tran khong thé chuyén ché
cdc ma tran dugc, ma chi c6 ket hop tai chd v6i nhau ma thoi. Mt khéc
phép nhan ma trin ¢6 tinh ch4t k&t hgp, nghia 1 cho ba ma tran A, B,C
<6 céc c8 thich hgp thi ta c6 (AB)C =A(BC). Ta c6 thé chitng minh theo
quy nap thit tr phép nhan rhitng ma tran khéng anh hudng dén ket
qua khi ta két hgp cdc phép nhan khéc nhau.

Tuy thit ter phép nhan khéng dnh hudng dén ma tran két qua, nhung
thdi gian thuc hién phép nhén c6 thé thue sitkhic nhau v8i nhitng s 46
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khdc nhau. Nguyén nhén 1a do s6 lugng nhitng phép nhan cd ban khac
nhau. Ta xét vi du: Cho nhimg ma trén ¢6 ¢3 tudng u:ng 1a M, (10 x 20),
M2(20 x 50), M3(50 x 1), My(1 x 100), ki hiéu ham s6 lugng phép nhan
gilta cic ma tran 1A T[AB) = pqr véi A va B c6 cic c8 twong ing px g va

g % r. Khi d6 ta xét nhitng thit tu nhan khac nhau:

Phép nhan M = M; x (M; x (M5 x My)) cho két qua trong hinh 5.6.

Hinh 5.6 T((M: (Ma(M3M4))] = 5000+ 100000+ 20000 = 125000

Tuy nhién néu bt ddu tix & gitta 50 A6 M = (M, x (My x M3)) x M,
thi két qua rong hinh 5.7, ‘

T=1000
T=200
T=1000

Hinh 5.7 T{(M\(M3M3)M,)] = 1000 + 200+ 1000 = 2200

Bai todn nhin diy ma trin: Cho déy ma tran M = My xMyx---x M, va
6 chidu PO, 1y eees T, O day M; Ochriyxr,i=1,2, ..y, Hay xac dinh -
thit tet phép nhén sao cho s6 phép nhan co bén nhé nhat.

Chit j: Thugt toan ndy khong thytc hign nhitng phép nhan ma tran,
ma chi ra thit tyf t6t nhat d€ thue hien nhiing phép hhan ndy.

Mot céch thi€t k& thuat toan vung vé nhat 1 ta o6 géng thirtdt cd cc
cach déng md.ngoic cho n ma trdn. Nhung chinhcach thit ndy ciing
6 thdi gian ham s6 mi, vi tdntaihémso'mﬁcédtbfada'ungo{:_cgifra
nhitng ma trdn nay. - .

~ That vay, Goi X(n) 1 s6 cich bd dffu ngoic tron cho n ma tran, D&
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thiy ring X(1) = X(2) = 1vavéin>2,
n=1
X(n)= ) X(k).X(n—k).
k=1

Piéu ndy tu nhién nhu mét tich dugc bé ra lam d6i nh:
SM; X My X --- X My) X!Mk+1 X Mgz X --- X My)

X(k) :éch X(n—k;CéCh
Do dé6,
2
X(3)= ) X(k)X(3—k)=X(1).X(2)+X(2).X(1) = 2.
k=1
D& kiém tra chi c6 M(MM), (MM)M

x(4) = )3: X(k).X(4~ k) =X(1).X(3)+X(2)X(2) +X(3)X(1) =S5.
k=1 :

D6 la M{(MM)M), M(M(MM)), (MM)(MM), ((MM)M)M, (M(MM))M

Meénh dé 5.1. Chiing minh rdng X (n) > 2"~ v6i moin > 2.

Chiing minh. Ta chitng minh bing quy nap toan hoc theo n. Qua nhing
vi du trén bat ding thic diing véi n < 4. Gia sit bdt déng thite ding v&i
moin—1van>5 Khidd

n—1 '
X(n)= ): X(k).X(n—k)> 2 2*“22"-"-2 (theo gia thiét quy nap)

= )::z"-‘*-—(“-1)2"-“>2"-2  (vin>$).
. k=1 . o

Ngtrdl tachd thé chi ra réng X(n) = — Z(ul—l) C : _ ©

5.2.2. Thi¢t k¢ thnit todn theo tdch chlu dé tl|

Theo cach thiét k& thuat toan chia A€ trj thi ta chia nhd bai todn ra -
thanh cac bai todn con, gidi cac bai todn con d6 va cudi cing la 1y 16i
giai tot nhat tir cdc bai todn con. Cho recmamx(p,r j)las6 phep tinh
nhd nhat dé tinh tich

M; x My X+ xMj,
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g day mang p[l ) chita ¢3 cia ma trén rg,ry, ..., r,. Khi tich tich trén
lam hai tich tal ma trén M,

(M,‘XM,‘+1 Xoes XMJ;) x (Mk:l-l HKoann XMJ.')
va sau d6 nhan hai phan lai thi téng céa cic phép tinh 13 bao nhiéu? D&
tha'y tai mbi doan ngét rac6 phép tinh 13 recmatrix(p, i,k), recmatrix(p, k+
1, j) va cudi cung ta nhan hai ma tran caa méi doan 1d ma trancd r;_; x rk
v@ima trén cd ry x r}. '
Do d6, t6ng ctia s6 phép tinh dugc ngét tai ma tran M, béng
recmatrix(p,i, k) + recmatrix(p,k + 1, j) + pli — 1plk]plj]-

Tl.r li lugn phdn trén ta c6 thé lap mot thuat toan dé Hnh gia tri
nhd nhat ca phép nhan khi ta ngit 18n luot tir 1 dén n khi goi ham
recmatrix(p, 1,n).

1. Thuit toin ki€ chia d¢€ trj

Thuit todn 5.3 Nhan diy ma trén theo héi quy (recmarrix)
function recmatrix(p(l..n),i, j)
Piu vao: Mang p[1..n] va hai s6 nguyén i, j.
Daura: Két qua recmarrix(p,i, j} gia tri nhé nhat.

1. ifi=jthen
2 omli,j]:=0
3: else
4 mii, j} 1= oo;
5: fork:=ito j—1do
6: cost := recmatrix(p,i, k) + recmatrix(p,k -+ l, ;)
+pli—1]plklp(J);
if cost < mli, j] then

8 mii, j] .= cost;
9. end if

10: end for

11:  end if

12 return{ml;, j));
end recmatrixchain

2. Chitng minh tinh diing dfn ctia thujt toan
Day la thuat toan héi quy dé dang chitng minh bing phuong -phép
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quy nap toan hoc theo n= j—i+1 (ban doc tt_r chitng minh).
3. Phin tich thudt toin

Goi T(n) 13 thai gian chay thé tuc recmatrix(p, i, j) trong trudng hop
x&u nhat khi ma j—i+ 1 = n. Tit thut toén dé thdy
c . : - nfun=1,
(n) ): (T(m)+ T(a—m))+dn "néun>2
- dday c,d la nhing hangsd'
Dodé,vdin>0, »
T(n) 2 z T(m)+dn.

m=1

Vi the,
. n—-1 n—2
T(n)—T(n—1)=(2 );lr(m) +dn)— (2 gl T(m)+d(n—1))

. =2T{n—1)+d.
Nghia I3,
T(n) = 3T(n—1) +4,
va nhu vay bing céch thay lién tlé'p,taco . .
T(n)=3T(n—1)+d= 3(3T(n 2)+d)+d 9T (n— 2)+3d+d
=9(3T(n—3)+d)+3d+d=27T(n— 3)+9d+3d+_d

=3"T(n—m)+d Z 3¢ =3"T(0) +d ): 3
=0

-c3”+d3—+—l—( + = )3"—%

Dodo T(n) € @(3”) Thudt todn theo chia d€ trj c6 d6 Phl.tC tap thai gian
lahammia.

4 Vidg: Véso d6 mot vi du nhé dé thay ring trong tinh toan thust
toan da 13p di 1ap lai nhiéu 14n mot s6 tha tuc (hinh 5.8).

5.2.3. Thiét k¢ theo quy hogch ding

Nhu vay thuat toan chia A8 tri cho viéc nhan mot 56 ma tran din
dén ham thai gian 13 hdm mi va trong thi tuc héi quy goi lp lai nhiéu
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11 22 1,1 12 23 33 22 23 34 44 33 44

11 22 22 33 22 33 33 44

Hinh 5.8

- 1&n mot s6 chu trinh con. Do vay diéu kién tot cho viéc ing dung thiét

k€ theo quy hoach déng, nghia la ghi lai cic két qua tinh toan trung
gian vao mot bang,

Ta ghi gid trj cost(i, j) vao mang m[i, j]. Nghia 1 mli, /] chita s6 nhd
nhét nhimg phép nhén clia chudi ma tran M; x My, x -+ x M;. Gi4 trj
t6i wu d€ tinh dai lugng nay dugc mé ta nhu sau : .
ButGc co sd : N€u i = j thi day ma tran chi c6 mot ma trén va vi the
'khOng cb phep nh&n nio. Nhu Vay, mli,i] =0,

Buoe armrmm ‘Néu i < j» th ta c6-thé tach day da cho thanh hai day
taik voi i < k< Jo (M xMH,l X = ka) X (M4 % - xM,).

Sd'nhlmg phep nhan nh&nhﬁ't trong M;x Myyp X--- x M dugc ghi
vaomli,k] va s6 nhimg phép nhan nhd nhat trong Miyy X +-- x My dugc
- ghiviom[k+1 }] Dé tha'yrs.ngca ma tranc‘ua doan thlrnhatlé Fim1 X T
va ¢ ma tran ctia doan thit hai Ia r¢'x: T} vé khl nhan hai ma tran két
qua cua phan chia tai k phéi thtrc hién r,__; rg r phep nhan Tom lai ta

% |
. )o - né’ui=f
=S min {mfi, k) 1+mlk+1,j]+riciners} ngage lai .

i<k<j

Nhu vay, nhin vdo cong thic trén d€ dién hét bang ta phai biét
nhung gia tri m{i,k] va m[k + 1, j] d2 dugc dién vao tir trude. DE tinh
mot 6 trong bang ta ting cic thong s6, o thé néi tinh mli, Jjlla da tinh
duogc hang va cot nay tit cdc 6 mli, i] va m[j, /], nhut so d6 hinh 5.9;
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2 1
i 2
i ©PooozZzss 0
0
j 0
0
nl 0
Hinh 5.9

Vi du : Nhu vi du ban dau ta c6
ro = 10 =2 tai= a0ra—=:1,r4 = 100,
Theo thiét ké trén dién vao bang nhu sau:
m(1,2] = lglggz{m[l’k]+m[k+ 1,2] + rorgra } = roryra = 10000

m[2,3] = ryrars = 1000;m(3,4] = ryr3rg = 5000 (hinh 5.10).

V [7 v/
0o 4 75 0 fokfi,2K
% W U
0 Z,, 0 //A 7 %% : X
O " 0 77
0 0 yA
Hinh 5.10 Hinh 5.11 Hinh 512

m[l i 3] = ]Tkin}{m[] ,k] s m[k'+ I 3] St rgrkr?,} (hinh 5.11)
<k<:
=min{m[1, 1]+ m[2,3] + roryr3,m(1,2] +m[3,3] + rorars }
= min{0 + 1000 + 200, 10000 + 0+ 500} = 1200
m[2,4] = 2T§“4{’"[2’k] +mlk+1,4]+rirra}  (hinh 5.12)
SK<

= min{m(2,2] +m[3,4] + rirora,m(2,3] + m[4,4] + r1r3ra }
min{0 + 5000 + 100000, 1000 40 + 2000} = 3000

Il
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m{1,4] = min {m[2,k] + mlk+ 1,4] + rorers)
1<k<4

=min{m[1,1]+m[2,4] + roryrs, o
m(1,2] +m[3,4] + roryry,
m(1,3]+m[4,4] + ror3ry} 0 2

= min{0 + 3000 + 20000, ; %

%
10000 + 5000 + 50000,
120040+ 1000} =2200 (hinh 5.13,) Hinh 5.13

Thuit toan : Khong khé d€ chuyén di mé ta trén thanh thuat toan.
Trong qua trinh tinh ml[i, j] ta can t6i nhiing gid tri m[i,k] va mfk+ 1 3
v0i k ndm gitta i va j. Diéu nay goi y ta phai tinh theo s6 ma tran trong
mét mang con. Ta ddtd = j—i+ 1 la do dai day ma tran con phai nhan.
Day c6 d6 dai bang 1 nhu mi,i] 1a hién nhién. Ta s& tinh cho day con co
d¢ dai2,3,...,n. Cubicung la m(1..n]. Ta cAn c&n than trong khi dét vong
1dp. Néu mét chubi c6 d6 dai d bit ddu tir vi tri i, thi J=i+d—1.Vita
muén j<n,nghialai+d—1<n hodc n6i mét cach khaci<n—d+ 1.
Nhu vay vong ldp cho i chay tir | dénn—d + 1.

Mang sli, /] muc dich Ia ghi lai vi tri bd dau ngodc sé dugc gidi thich
sau. Ta thay thuat toan thuc hién tinh toan truc tiép theo cac day Iénh.
Va dé thay do phuc tap clia thuat toan nay la @(n?). Ta c6 thé ching
minh dé dang diéu nay vi khéi tinh toan 16n nhat caa thuat toan la
ba vong ldp 16ng nhau, ma méi vong ldp déu chay nhiéu nhat 14 » 1an.
Nhu vay thuat toan 6.4 (trang 148) chay nhanh hon rat nhiéu thuét toan
dugc thiét k& bang héi quy & trén.

Day két qua ma trin dugc chén diu : Tu tuémg chinh 1a d€ lai dau
ngodc tai nhung vi tri chia day con cho két qua t6t nhat, nghia la gia
tri cua k ma né cho gia tri nhd nhat cta mli,j]. Ta c6 thé thuc hién
song song diéu nay béng cach ghi lai tai s7, j] gia tri k cho phép chia
t6i wu nhat. Vi du gia st sfi, J] = k. Diéu nay néi v6i ta ring cach tot
nhat dé nhan day con cac ma tran M; x --- x M; 1a trudc nhat hay nhan
M; x My % - x My va sau d6 la nhéanH X +++ X M; va cubi cuing nhan
ching v6i nhau. Ta chi y réng chiing ta chi can thiét ghi vao s[i, j] khi
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—

Thuit toan 5.4 Nhan diy ma trén theo quy hoach déng (matrixchain)
function matrixchain(p{l..n),n) S
Piuvao: Mang p[l..n] chita c3 cic ma trdn va s6 nguyén n.
Pidura: Két qua ml,n| gid tri nho nh4t va s ddu chd chia day.
1~ Khai bdo méng s{l.n—1,2.1);

2. fori=1tondo
3 mli, i} =0,
4: end for
5. ford:=2ton do
6 fori:=1lton-d+1do
7: ji=i+d-1,
8: mli, j] 1= o0}
9: fork:=ito j—1do :
10: g = mli,k] -+ mik+1, ]+ pli — 1} p[k] « pJ};
11: if g < mli, j] then
12 mli, j] == g
13: mli, j] :=k;
14: end if
15: end for
16: end for
17: end for’

.18 retum(_m[l,p]vé.'s')' |
end matrixchain :

ma co it nhét hai ma tran, nghiala j > i |
Bang 6 liéu trong vi du s6 cu thé dugc thé hién & hinh 5.14 :

j—1 2 3 4 J7™™1 2

3 4
ro=10 | 0 {10KL2K]2.2K, 11|31
M
n=20 0 | 1IK3K |7 213 1»
. 2
rq =50 0 | SK(3 3 (3
3
1‘3:] 0 14 ‘ 1
_ M, T '
rq = 100 L. ;o .
mli, j} i sti, il i

Hinh 514



5.2. Bai todn nhén ma trén 149

Titso d6 trén ta thay thit tw cubi ciing cda phép nhan (M 1(MaM3)) My
dugc thé hién trén hmh cdy (hinh 5.15). '

Hinh 5.15

Khi da ¢6 s(i, j] ta d& dang thiét k€ thd tuc dua day tu'cmg trung cac
ma trdn va cic ngodc tron tai vi tri t6i wu nhu da mo 13 & trén (van dé
~ nay ban doc tu lam lay). '

Mot thuat todn nhan cdn thist sit dung gid tri s[i, /] dé xac dinh cach
nhan cho két qua mot ma trén. Gia sit nhitng ma tran dudc ghi vao
mang cic ma tran A[l..n) va s[t J] da dugc tinh tir thi tuc trén. Thi: tue
d€ nhan dugc ma tran két qud cudi cing la:

Thuit toan 5.5 Ma trén két qua nhan mét day ma tran (multmatnx)
function multma:nx(!, h)
- Piu vdo: Méng ma trén A[l .n] va s[z Jl-
‘Péura:  Ma trén tich clia céc ma'tran mang trén.
“Poc vao gidtris[l.n—1,2. n]
- Doe vao ma tran AL, .n]
if i=j then l
return(Ali]);
else S
ko= sfi, s |
X := multmarrix(i k);
Y := multmatrix(k+ 1, })
return{X Y}
end if
multmatrix

9:999:-9@5-:-"1&9:9-&

il
= -
[~%
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5.3. GHINHOHOA VA TAM GIACHOA |

Ta da mo t4 quy hoach dOng nhu mOt phucmg phéap bao ham nhitng
tinh toan tir dwdi 1én cia mot bang. Tuy rihién phuong phap héi quy lai -
hudng ta dén viéc tinh tit trén xuéng nhu phén thiét k€ chia dé€ tri trong
muyc trudc. Tai d6 ta da chi ra ring viéc thiét iap nhu véy din dén do
phitc tap tinh todn him mii. Nguyén nhan chinh 1a nhiéu thi tuc con
duge goi lai nhidu l4n. Khi thiet ke thuat toan tit dudi len thi méi tha

tuc chi thuc hién c6 mot 14n. Cau hdi dat ra la ¢6 kha ning giit nguyén
' cfu tric tit trén xuéng clia cich gidi héi quy ma vén gik nguyén dugc
d6 phitc tap ctia thuat toan 1a O(n*) nhu phuong én tir dudi 1én? Cau
tra 161 dugc chi ra trong phén sau day.

5.3.1. Ghi nh¢ héa

Tré 18i cau héi phan trudc 1a ta c6 thé thue hién dugc nhé ki thuat
gb}'nbé’ hoa. Ta xem lai thuat toan recmatrix, & phén trudce. Cong viéce
cta thuat toan l 'tinh m[: ) va trd vé gia tri ctia né. Nhu chi y & trén
1a thuat toan cii luon luén phai tinh lai gia tri nay nhiéu lan. Ta phai
¢6 dinh dai lugng nay bing cach chi cho phép tinh chiing mot ldn. Mot
cach 1am 13 khéi tao moi phin tit ndy mgt dai lupng ddc bigtnao d6 (vi
du nhw UNDEFINED). Khi gip mot dai lugng, khdc véi dai lugng dic
biét nay thi ta khéng tinh lai nita, vay thuat todn dugc thiét ké'lai:

Phién ban nay ctia thudt toan c6 d6 phic tap tinh toan 1a O(n*). Bing
tric quan diéu trén 1a diing vi m&i phin ti ciia bang chi tinh c6 mot
14n duy nhat va thudc 16p O(n?), va nhitng cong viéc lién quan cdn tinh
'mét phén tit bang nhiéu nhét 1a O(n) (nhiéu nhat thém mot vong lap).

Phuong phap ghinhé héa néy r4t it khi dugc dung, viné chay chém |
hon nhitng phudng phép thigt k€ tir dudi lén. Tuy nhién mot 56 bai toan
quy hoach dong phédn nhiéu nhitng phén ti bang 1a don gidn va khong
cin dén, va nhu véy tinh toan tit dwdi 1én c6 thé tinh nhimg phén tu
ndy khéng cn thiét. Trong trudng hgp nhu vay phudng phap ghi nho
héa phat huy tac dung.
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Thuét toan 5.6 Nhan ddy ma tran ghi nhd (memomatrix)

function memomamx( pll..n),i, j)
Piu vae: Mang p[l..n] va hai s6 nguyén i, j.
Diura:  Két qua memomatrix(p,i, j) gia tri nhé nhat.

BT RS R T R

10:
11:

120

13

15;

16:

end

if m[t J/)' =UNDEFINED then
return(mli, ;]),{da xdc dinh r6i}

else
if i = j then :
mfi, j] ;= 0; { trudng hop co 5§}
else
mli, j] := e0; {Khdi tao}
fork:=ito j—1do
cost = recmatrix(p,i,k) + recrmatrix(p,k + 1 }) + pli —
1)pKpll;
if cost < mli, j] then
m(i, jl := cost; {Thay 56 16n hon}
_end if .
h end for
end if
~end if
: retm'n(m[i, Jr])

recmatrucham

' 5.3.2. Da gléc va tam gldc héa

Ta xét mot bai toan hinh hoc xem ra rat khéc véi béi todn nhan day
ma tran, nhung thue t¢ twong tir nhau. Ta bt ddu bing mét s§ dmh
nghia. Da gzac lIa mét dudng gap khiic khép kin nhimng doan thing
trong mit phi—ing Nhimng doan théng goi 1a canh cla da gidc va nhimg -
diém chung cda hai ddu doan théng goi 1a dinh cta da gidc. M6t da
giac goi 1 da gide don néu cac canh cla né kh6ng giao nhau, nghia
1a hai canh cta né chi c6 mét diém chung 14 dinh (hinh 5.16). M6t da .
giac don chia miit phéng ra thanh phédn trong, biénva phdn ngoar Mot
da giac don goi la /67 néu moi goc trong cua n6 khéng vugt qua 1809,
Nhitng dinh 6 g6c trong diing biing 180° binh thudng co thé cho phép,
nhung trong bai toan ta s& xét khong chdp nhan d6 la dinh ctia da giac.
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' Pa gidc Pa gidcdon Da giéc 16i
Hinh 516 Nhimg dang da giac

Cho mét da gidc 16i, gid stt dinh cia né duge gan nhén theo chiéu
ngugc chiéu kim déng hé P = {vg,v1,...,va—1 }. Ta gid st chi s6 clia dinh
theo modulo n, nghia 1 v, = vo. Pa giac nhu vay sé c6 n canh v, v,

Ta 14y hai dinh khong ké nhau v; va v; véii < j thi doan thgng v
1a dudng chéo (néu da gidc don thi dudng chéo dugc doi héi thém,
doan ndi hai dinh ndy phai hoan toan nim trong mién trong cia da
gidc don). D& thay dudng chéo mét da giac 16i chia da giac thanh hai
da giac {vi,vit1,...,vj} va {vj,vj41,...,vi}. Tam gidec hca moét da giac 16i
1a mot tp cuc dai T' cha nhimg dudng chéo khéng giao nhau chid da
giac thanh nhitng tam giac. Nhu vay tap nhung dudng chéo nay chia
da gi4c thanh nhitng tam giac khong c6 diém trong chung. Khéng khé
chitng minh ring moi phép tam gidc héa mot da giac 16i n canh bao
gém n — 3 dudng chéo va n- 2 tam glac {chitng minh bing quy nap
toan hoc).

Mot tam gischéa  Gidi phap Khéc Cay d6i ngiu
: Hink 5.17 Phuong phép tam gisc héa

Tam giac héa dugc quan tim do r4t nhifu nguyén nhan. R4t nhidu
thuét toan hinh hoc duge thuc hién b?&_ng cach chia hinh da giac phic
tap thanh nhiing tam giéc. Khi dé thuat todn c6 thé 4p dung tiz tam gidc
nay dén tam giac khac. Dinh nghia dé thi d67 ngdu clia tam giac hoa
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14 mot d6 thi ma dinh ctia n6 14 nhimg tam giéc va trong né hai dinh
chung mot canh néu hai tam gic c6 chung mét dudng chéo (hin 5.17).
Ta thdy ring d6 thi d6i ngiu la mét cay ty do. Do d6 thuat tosn duyét
céc cly c6 th€ diing cho nhitng tam giac ¢lia tam gidc hoa.

Mot cach t6ng quét, cho mét da giac 16, tén tai rat nhiéu kha ning
tam giac h6a. Thuc chat d6 1a ham mii s cach tam gisc héa mot da gidc
16i theo 56 canh 7. Tam gidc hod nhu ndo 1 t6t nhat? C6 rdt nhidu tiéu
chuén d€ diing phy thugc vio timg ing dung cu thé. Vi du nhu ta phai
trd tién muyc cho cdc dudng ké trong tam gidc hda da gidc va ta mudn
diing s6 muc it nhat. Hodc bai toan thyc t€ 14 ¢6 mot manh kim loai
hinh da gidc 16i, ta phdi cit thanh nhitng hinh tam gic sao cho t6ng s&
cac dudng cit la nhd nhat, ... cdn rat nhidu vi du khéce nixa.

Bai todn : Tam gidc hda da giic 16i trong lugng nhd nhat

Cho m¢t da gidc 167 xéc dinh mot tam gide héa sao cho tong cda
nhiing chu vi tam gidc dat gid tri nhS nhat.

Cho ba dinh khac nhau v;, v}, 1, ta dinh nghia trong lupng clia tam
glc tudng ing biing hdm s6 trong lugng

Wvi, Vi i) = [viv] + |vivel + v,
d day |vv;| 1a d6 dai cha doan thing W
Tuong ing véi cdy nhj phan o

Mot su gidi thich ding sau syt tuomg, o phau, cla tam gidc héa va

bai toan nhan day céc ma tran 14 ok hai béi ton ndy lién quan co bin

161 cay nhj phan. Trong trudig hgp nhan day ma trdn, cay nhj phan
tuong tng 14 cy dénh gié cho phep ihan, & day 14 i cAy tutong iing
véinhitng ma tran va mdi nit clia cay timing ing 13 phép nhan cia day
hai ho3c nhiéu hon Inhﬁgng ma trin, D& hé'ysutumgm& day, ta xét
da gidc 16i n+ 1 canh P = {vp,, ..._,#,,} t\_ré cO'dmtht canh cua da gidc
lai (cho d6 14 gvr). Bay gid ta xét g6c clia cay nhj phan 14 it tam gidc
chita canh %7, con nhitg nit bén trong 13 nit clia cay déi ngiu va
nhing 14 cta chiing tuong ting véi nhitg canh cfia da gisc. Ta thay
réng chia nhé da gi4c thanh tam gidc I tuong duong v3i cay nhi phan
n 1, va ngugc lai. Ta quan sat hinh 5.18 thé hién diéu mot t3 trén. Chy
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¥ ring méi tam giac twong tng véi nit trong clia cay va mdi canh cua
© da gidc ban dau trit ¥o¥, tudng Ung voi nit 14 cha cay. '

Goc

M) My My My Ms Me M7 My

Hinh 5.18 Tam giac hda va cdu truc cdy

" Nhitng két luan sau ddy suy ra dé rang: ing v3i nhimg cay co n Ia
va do d6 né ¢6 n~ 1 niit bén trong. Vi méi niit bén trong ngoai trir nit
g6c c6 mot canh di vao nd; nén tdn tai n — 2 canh giita nhitng nat bén
trong. Mbi nﬁt bén trong dng vé&i mot tam gidc va mbi canh giita céc
nut bén trong tuong ing vai mo6t dudng chéo clia tam gide hoa.

Ta thdy rdng méi canh cho ung véi mbi ma tran thi cay trén giong
hét nhu cdy nhan day nhimg ma tran. Vay tién hanh thiét k€ cho bai
toan tam giac hda hoan toan nhu bai toan nhan ddy ma tran.

Giii phdp quy hoach déng cho tam giic héa _

Dé dua vé cong thitc gin giéng vdi bai toan nhan ddy ma tran, ta
xét da giac 16i n + 1 canh P = {vp.v(, ...V, }. D€ dua vé déng cong thuc
cho quy hoach doéng ta can di dinh nghia rhimg bai toan con ta co thé
c6 gii phap t6i wu nhat. Véi | <i< j<n, dinh nghia f[i. j} 13 trong
lugng téi vu cia tam giac héa cho da giac con {vi_ |',v,-. aa ik Gia st
ring dudng chéo 7-i¥; ndm trong tap dudng chéo tam gidc hoa (ta bt
dau tir i — | vi dé sau nay cong thic cau tric giéng nhu trong trudng
hop nhan day ma tran). Ta thdy riing néu ta co thé tinh dai lugng mfi, j!
v3i moi i, j thi bai toan cuda ta phai t'inh”_.la m['l.ri].

Nhu la budc co sd ta dinh nghia trong lugng cha da giac hai canh
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 hién nhién 14 0, kéo theo t{i.i] = 0 (day 13 doan thang Vio1vi). Mét cach
téng quat, tinh m{i, j] ta xét da glaC {vi-1.vie. v} vOi i < j. MOt trong
nhing dudng chéo cda da gide ndy 1a canh 7277;. Ta c6 thé chia da gidc
con ndy thanh nhing da gidc con nhd hon nita bing cach dung mét |
tam gidc ma canh day la chinh dudng chéo nay, va dinh thit ba la v, &
day i <k < j— 1. Bing cach chia nay ta chia da gidc thanh da giac con
VictVis v} va g, .-+Vj} ma trong luong cyc tiéu ctia né da biét nhu
(fi. k] va rfk + 1, j]. Cong thém vao dé trong lugng clia tam gidc méi tao
ra v;_1vv; cho ta toan b6 «[i, jj. Ta c6 cong thitc héi quy sau:

o 0 néui=j
mli, j] = . . . R

,E{ln.{’"[fek] +mlk+ 1, ]+ wvie,vi,v))} néui < j.
k< §

Cong thitc ndy hoan toan triing vdi cau trdc héi quy ciia bai todn nhan
ddy ma tran. Ta thuc hién thuat toén ging hét nhu vdi trudng hgp
nhan day ma tran va d¢ phiic tap tinh toan ctia thi tuc tinh tam glac
hoa da gidc cang 1a ©(n?).

Nhiing bai toan twong tu tam giic hoa da giac

Ta thay réng hai bai toan trén vé ngoai hoan todn khéc nhau, nhung
thue chét ching twong tu nhau. M6t nguyén nhan danéi & trén 13 chting
6 cdu tric cay nhi phan tuong ung nhur nhau. Khi phén tich hai bai
. toan nay déu cho két qua mot s§ Katalan. Ma m6t trong nhiing kha
ning dinh nghia s6 Katalari nay 1a 98 -hwng nhing ¢dch chia (tam gidc
hoa) da gidc 16i n canh ra thanh n=2 tam glac 56' Katalan ¢ cong thaic

- . :
nt lcg’ul pin DL e
S8 lugng tam gidc héa ¢6 lién quan dén s6 ludng cha nl'u.mg phuo‘ng
phép khéac nhau nhén day » ma trén. Tie bai toan,nh&n,dﬁy ma {rén ta
c6 the dua vé cong thie trén. D& nhan mét day ma trin ta ¢ ' thé chia
lam hai day contaivitrikmak=1,2,...n Tirdé suy ra s6 lugng nhimg
cach dit ddu ngolic cho day ma tran dugc tihh theo cong thide héi quy

T(ff)

. n=1,
Pln) = {"EIP(k)P(n —k) a2
k=t :

Bang cich don gian héa ta tim dugc méi lign he P(n) = T(n—1).
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S6 Katalan c6 nhiéu cach thé hién khac nhau. Mot s@ bai toan sau lien
quan dén s6 Katalan va nghia Ia ching dugc gidi tuong tu :

1.

10.

11.

1
. Thu’o‘ng ctia hé s§ Newton trung binh (

S¢ lu’dng nhitg cich dit ding ddu ngoéc trong tich khong két
hgp ctia n+ 1 thita s6.

S8 lugng nhitng cach cit da gidc n+2 canh thanh » tam giac vdi
n— 1 dudng chéo clia né khong cit nhau.

. 56 lugng nh&ng phuong phap nhan n ma tran.

Cong thitc cho nhimg s6 hang ctia day c; dm;lc cho bing déng
thie: cg =1 va

Cntl = COCy +C1€p—1 + -+ CyCo,n 2 0.

. Nhfnig s6 hang ctia day héi quy dugc cho bing ding thic co = 1

Vé (ﬂ+ l)C,H.] = (4”‘}'2)(::1, n > 0.

He so' tz'udr.: mhu:ng luy thtra cta x trong wéc khai trién theo ham
smh '

—Vi=&

. 56 lugng nhimg cay nhi phﬁxi.cé n léngoal.. '
. 86 lugng gbc clia nhttng cay nh; phﬁn ) nla.

S6 lugng nhitng con dudng khac nhau i toa do (0,0} dén (n,n),

nhung vdi mbi bude di chi ding mét trong hai toa d6 x va y dugc
ting 1 don vi va khong dugc phép cit dudng chéo chinh cho bdi
phuong trinh y = x tai bat cit mot di€m trong nio.

88 lugng nhitng con dudng khic nhau tix toa d¢ (0,0) dén
(n+ 1,7+ 1), nhung vdi mébi budc di chi ding mot trong hai toa
d¢ x va y dugc ting 1 don vi va khong dugc phép cham t8i dudng
chéo chinh cho bdi phuong trinh y = x tai b4t cit moét diém trong
nao. :
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12 Sb'ludng nhitng cach sdp x&p 2n ngudi ngdi quanh moét ban tron,
c6 th€ bt tay nhau ma khong c6 hai d6i nio bj chéo tay nhau.

5.4. DAY CON CHUNG DAINHAT

Mot linh vyc 1ét quan trong cho thiét k& thuat toan la nghién citu
cac thudt todn vé chudi ki tu. Cé rit nhiéu bai toan & day, trong s6 d6
quan trong nhét 1a im mot cach hieu qua mét ddy con hoic téng quét
hon tim mét méu cho trude trong mot vin bén (vin ¢é nay cic chuong
trinh soan thao van ban ndo ciing phai quan tam), Trong nhiéu trudng
hop thuc t€'ta khéng phai tim chinh xic miu nao d6 ma thudng di im
nhimng méu tuong te. Nhir van dé tim ma gien. Nhitng ma gien dugc
lru trong mot phan tit DNA 18t dai. DNA bao gém chuéi 14t dai gém
b6n loai ki hiéu co ban C,G,T,A. Cach sap x€p theo chuﬁl nay trong
sinh hoc thinh méu gi6ng nhau rat hiém. Vi véy ngudi ta chi di tim
nhitng chudi ki tu twong tw ma thoi. Mot phuong phdp chung 14 do
mitc 4§ tuong tu giita hai chudi c6 chudi con chung dai nhat.

Ta quan niém réng chudi ki tt nhut mot ddy cac kf te. Cho hai day
X =< x,x3,.. 9Xm > VA Y =< y,,¥,...,¥, >. Ta ndi réng Y la diy con
cta X néu t4n tai mot day ting thuc st k chi 86 {i),iz,...,it} (nghta la
<< < - <H <n) 520 cho ¥ =< x;) x4, ..., %, >

Viduy, cho X =< abracadabra > va Y =<aadaa >, khidd Y 1a day
concha X.

Bay gi® cho hai chubi X va Y, ddy con chung déi nhat (viét tit 1a
LCS)cnaX vaY la day dai nhit Z ma né déng thai 1a day con cua X
vay,

Vidu,cho X nhud trénva Y =< yabbadabbadoo >. Khi do ddy con
chung dai nhit 1a Z =< abadaba >.

Bai todn diy con chung dai nhﬂ't _

Cho hai diy X =< xl,xz, o Xm > va Y =< Y1,¥2, -, ¥a > hdy im ddy
con chung dai nhat.

Ta chii ¥ rdng bai to4n khéng phai cd nghiém duy nhat, vi du nhu
LCS cua < abe > va < bac > hodc 13 < ac > hodc 14 < bc >. Bai todn c6
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nhiéu nghiém 13 nhitng ddy con khac nhau.

Mot cach don gian d€ gidi bai toan LCS 1a dem t4t ca céc day con
ctia chubi X kiém tra xem no ¢6 phai la day con ctia Y khong va sau d6
danh gis day con dai nhat. Lam nhu vy thi mébi day con ctia chubi con
céa X 1 tuong tng v6i tap hgp con gom céc chis6 {1,2,....m}. Ta phai
tinh todn trén 27 day con cta X, nhu vay giai phap nay dua dén thoi
gian thuc hién tim ki€m 13 ham mi, diéu nay khé thuc hién dudc khi
day da cho la rat ln.

Giai phap quy hoach dong .

Nhu céc trinh bay & phén trudc ta cén chia bai todn thanh nhimg
phin nhd d€ gidi. C6 rat nhiéu céch chia mot chudi thanh cac chudi nho
hon, nhung ta trd lai bai toan véi cdc cip tén #6'di cho ching ta. 7ién t6
thit i clia mot day X =< x1,%2, .., X > 12 mot ddy con clia X va bao gbm
tit phdn tit ban ddu dén phin t thit i cha X. Nghia 1a X; =< xi....%; >
v6ii=0,1,2,...,m. Ta cho X 1a ddy trng. |

Cho X =< X{,X2,nXm > VA ¥ =< Y1,Y2,0)n 2 la cac day, va
' Z < 21,2,z > 1a MOt LCS bt ky clla X va Y. Khi doy tudng giai
‘bai toan Ia tinh LCS cho moi kha ning cac cap cua tién t6 hai day da
cho. Ta ki hiéu c[i, j] 1a 4¢ dai ctia day con chung dai nhét cha X; va ¥;.
Khi d6 thi dai lugng clm,n] 1a LCS clia toan b6 hai chudi da cho. Nhu
‘vay, ¥ tadng 1a tinh cfi, j] ma gid stt ta da biét trudc d6 nhimng gia tri
cli", /] véi ¥ <iva j < j. Tatién hanh cac budc nhu sau :

1. Budc co 56 : cli,0) = cf0, j] = 0, néu mot trong nhing day da cho la
réng, thi day con chung dai nhat ciing rfng va khi d6 ching c6 d¢ dai
bang 0. : ' '

2. Ki tur cudi ciing cua tién 10 bing nhau : Gia st x; = y;. Khi d6 phén
tr cudi cing ctia LCS 7 = x; = ¥; va Zj.t 1a mot LCS cta Xpy-1 va i
That vay, néu z # x;, thita ¢6 thé chip thém x; # y; vao Z dé ¢6 dudc
day con chung cua X va ¥ c6 chidu dai k + 1, mau thuan vai gia thiét
cho ring Z 1a ddy con chung dai nhat cta X va Y. Nhu vay ta phai o
2 = x; =y;. Vay thi tién t6 Z;_1 12 day con chung dai nhat cia Xj.., va
Y;_) co do daik—1. -
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Nhu vay, néuy; = y; thicli, jl=cli—1,j - 1]+ 1.
Vidu: X; =< abca > va ¥; =< daca >, hai tién t6 niy déu ¢6 « cudi
‘cung, thi ddy con chung dai nhét cia ching phéi ¢6 a & cudi. Viala
mot thanh phén cia LCS ta ¢6 thé im LCS'bing céch bd a & hai day di
va tim LCS ctta Xy =< abc > va ¥;_; =<dac>d61a Z;_ | =< ac > va
khi d6 ta thém @ vao cu6i dugc Z, =< aca > 1a LCS clia hai tién t6 da
cho.

3. Kf nrc'udf cang cua tién 6 kbdng bdng nhau : Gia st x; # y;. Khi
d6 phén tir z; # x; (hodic z # yj) nghiala Z 1a LCS caa X, va ¥; (hodc
Z 14 LCS caa X; va Y;_;). That vay, néu z # x, thi Z 1a ddy con chung
cua X;_; va Y;. Néu c6 mot day con chung W khéc cta X;_; va Y; b
chiéu dai 16n hon k, thi W cling la day con chung cda X; va Y;, diéu nay
mau thuln véi gia thiét ZIaLCS caa X va Y; (tuong tu chng minh cho
truong hop z # y;). :

Nhu vay, x; va y; khéng déng thai ndm trong ddy con chung dai
nhét, nghia 13 hoac v; nim trong LCS, hodc y; ndm trong LCS (va c6
khd nang ca hai déu khong nim trong LCS). Trong trudng hop thua
nhat LCS cua X; va ¥; 1a LCS cha X,_, va ¥ i» nghia 1a bang cli - 1, j].
Trong truong hgp thit hai LCS 1a LCS cta X, va ¥; ; , nghia la bing
cli.j— 1]. Ta khong biét trudng hop nao sé xdy ra, nhung ta c6 thé Iéy
gia trj Ién nhat trong ching,.

Nhu vay, néu x; # y; thicli, j] = max(c[i —1, j],cfi, j— 1]).
Cudi cling ta ¢6 cong thitc héi quy sau:

0 ' néu i =0 hojc j =0,
cil=qeli-Lj-1]+1 - nfuij>0vax=y,
max{cli— 1 jlcli,j= 1]} néui,j>0vax#£y;.

Thudt toin tinh diy con chung dai nhit -

Dua trén cong thic truy héi trén ta 6 thé viet dugc thuat toan.
Thuat toan ti€p nhan hai chudi hitu han, méi gia tri ¢i, j] dugc ghi
vao mang cll..m, 1..n]. Viéc tinh toan sé dirgc thuc hién theo cic hang
cua mang va cot trude dé theo cong thirc trén. Ta lap mang thit hai
b{1..m,1..n] d€ ghi nhiing giai phap 6 wu. Thuat toan tra vé bang c va -
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Thuit toan 5.7 Tim day chung dai nhat (lengthLCS)

function lengthLCS(X{1..m],Y{1..n])
Piuvao: Mang X[1..m| va Y[l..n].

1:

p-T BE AU

- e b e e b e
REBEEIsrebrS

end

Diura: cbing d6 dai LCS ctia tién t6 va b giai phép.to'i wu.

Khai bao c[l..m,1..n] vd b[1..m,1..n];
m := length(X); n:= length(Y);
fori:=0tomdo ‘
c[i,0] :=0; bli, j] :=—
end for
for j:=0to ndo
0, 1 := 0; bli, /) =1;
end for S
fori:= 1 tomdo.
~ for j:=1tondo

if x; = y; then
cli, ] 1= cli— 1,7 — 1]+ 1 bli, ) =G
else

if cli—1,j] >=cli,j— 1] then
oli, ] =cli— 1,45 bl ) =15
else _
- cfi, J) o= iy j— 1] bli ) =
end if
end if
end for
end for
return(c va b);
lengthLCS

b, va clm, ] chita chiéu dai ciia LCS cfia X va ¥ (thust todn 5.7).
Thdi gian thuc hién thuat toén 1a O(mr) vi ton tai hai vong lip v&im
va n phép lp tuong ing. Thut todn ndy cling diing m4t O(mn) khéng

gian.

Thé hién nghiém cia thudt toin tim dugc:
Ming b clia thudt toan (hinh 5.19) trd vé 1a nhdm muc dich tao ra
chudi con chung dai nhét. Ta bit ddu tir b[m, n] va ra theo mdi tén. Khi
nao gip \ trong mang b (hinh 5.19) nghia 1a x; = y; va la mot thanh
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phén cila LCS. Phuong phép nay gip cac thanh phin LCS theo thit tu
déo nguge. Tha tuc sau day c6 thé in ra day LCS.

Thuit todn 5.8 In ra ddy con chung da1 nh&t (prthCS)
function prthCS(b X{l..m,i, j)
Diu vao: Mang X{l1..m] va b.
Paura: MéngLCSctaXvay.
1. ifi:=0o0r j=0then

2: return(0);
© 3 endif
4 if bfi, j| :="_ thén
5: primLCS(b, X, i—1,j— 1), prl.nt Xis
6 else
7: if b[i, j} :=1 then
8  primLCS(b,X,i—1,j);
9 else
10: prmrLCS(sz;-—l)
11 end if
122  end if
end primICS
Vidu:
XY >01234=p XY >0 123 4=p
' b d c b ' b d ¢ b
0 0[0j0[ 00 e —
15 [o[1]1[1]1]| X7 ?bacdb [1}b Z PN
2 ai0|1(1|1]1] Y=bdch 2a [TTEATT
3clolt[1(2]2 Z=beb 3 TIT{THEH O
4 4 1o(1]212]2 A d [T 1
m=5b'0122q' m=5b[T]T]T]?
m[isj] : o b[i!j]

Hinh 5.19 Tam giac hoa va cdu tric cay



162 . Chuong 5. Phuong phdp quy hoach déng . |
5.5. DUONG DINGANNHAT
5.5.1. Nhac Igi mot s khdi niém trong li thuyét do thj

1. Mot dd thila mot ciip thit tw G = (V,E), & day V 1a mot tap hitu han
nhing dinhva E CV xV 1a méttap nhing canh. NghialaV = {v, ..., v}
thi £ = {(v;,v;) : 1 <i,j < n}. Vi du: (hinh 5.20) |
v ={1,2,3,4,5} va E = {(1,2),(1,4),(1,5),(2,3),(3,4),(3,5), (4;5)}

Hinh 5.20 Hinh 5.21 : Hinh 5.22

2. D6 thi dinh huong1a mét d6 thi véi cac hudng trén cic canh caa dé
thi. Vi du: (hinh 5.21)
v = {1,2,3,4,5} va E = {(1,2},(1,4),(1,5),(2,3),(3,4),(3,5),(4,5)}
3. D6 thi dinh hudng gdn nhan 1a mét d6 thi dinh hudng véi chi phi
duong trén cac canh cta dé thi. Vi du: (hinh 5.22)

Vv =1{1,2,3,4,5} va E = {(1,2),(1,4),(1,5),(2,3),(3,4},(3,5), (4, 5]}

Vi du thuc t€ nhu céc thanh ph6 13 dinh va khoang cach céc con

dudng néi cée thanh phéla canh.

: Taklhléunlasb'dmhvaelasﬁcanhcuadﬁthl

I. tmng d6 th; G (V E)la mét day nhiing canh lién ti¢p

(VI V2) (V2sV3)J a(VmVn+1) €E.

+ Bd dazcua duéng la so chc Canh
+ Chi phicia dudng la téng nhimg ch1 phi ctia cic canh.
Vi du: D6 thi nhin dinh hudng (hinh 5.22)
Vv ={1,2,3,4,5}vaE = {(1,2),(1,4),(1,5),{2,3),(3,4),(3,5),(4,5)}
Puong (1,2),(2,3),(3,5): D6 dai dudng nay la 3 va chi phi 1a 70.
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5.5.2, Daéng di ngdn nhét gida hai <dp dinh

Cho mot dé thi dinh huéng gén nhan G = (V,E). Bai toan dit ra la
- v6imébi cip dinh u,v € V tim chj phi cho dudng ngfn nhat di tit 4 t6i v,
Nehia Ia tim chi phi nhé nhéit cho con dutiing di tir 5 v,
Ta biét ring c6 hai thuat todn Dijkstra va Bellman-Ford tim dudng
di ng&n nh4t tit mét dinh dén mét dinh khéc trong d6 th gan nhan,
nhing thuat todn nay c6 do phic tap tuong tng 13 ©(n?) va B(nm). Ta
<6 thé I3p lai cach Jam cda nhitng thuat todn nay cho vigc tim duong
ngén nhét giita hai dinh bt ky u va v cé d6 phite tap tuong img 1a ©(n3)
va O(n’m). Ta diing quy hoach dong d€ thiet ke mét thuat toan ciing
€6 d6 phuc tap @(n). : -
Trong d4 thi G ta ¢6 cac dinh V = {1,2,...,n} va tdp canh E véi cic
canh ¢6 nhan w. Cho P 13 dudng néi giita hai dinh khacnhaui,j eV va
gid st & 1a mot dinh bén trong cda P (nghia la dinh ndy khéc véi i, j).
Nhw vay nguyen li cau tric thé hién 4 c6 hai dudng ngin nhat: P, I3
dudng ngdn nhat di tir  ti & va P Ia dudng ngén nhat di tir k t6i ;.
Cho mét s6 nguyén duong &, k < n, va ki hiéu v, = {1,2, -k} (quy
‘dinh V; = 0). Ky hiéu S, J) 1a d¢ dai cha con duong ngén nhat P tir
i t0i j, ma nhitng dinh trong cha né nim trong tap Vi néu khéng ¢é
dudng ndo nhut vay thi S, (i, /) = ) : '
o ¢} Chiphiciacanh tiri dén j, nepis va (i, j) € E;
S y=ge . . nEui#jva (i) gE

Trudng hgp nguhéfmjné’uk nim tr,‘ongnlﬁ.‘ng dinh trong cGa P,
khi d6 nhitng dinh trong clia P, tir F tgi & va nhithg dinh trong ctia P, tir
k t6i j tit ca déu n?l_m h’oﬁg_‘l/k_l. : o . o :

Vi P, 1a dudng ngén nhat tir; dén & va Py 14 dudng ngén nhat tirk den
I 8O Si(1, ) = S (i, k) +Siy (K, ). Nbie vay hodc Ia Sei, ) = S G, J)
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Cac dinh danh s6 caonhatla k—1-

Hinh 5.23

hodc 1a Sk(i, j) = Sk—1(i,k) + Sk-1(k, j) phu thuéc vao P co chira k hay
khong. Vi P la dudng ngédn nhét tit i dén j, suy ra do dai cua P la cuc
* tiéu cta hai gia tri ndy. Vay ta c6 cong thic truy héi sau:

Sk(i, J) = min{Sk_1(i, j),Sk—1(i,k) + Sk—-1(k, j) }- (1)
Theo dinh nghia So(i, j) 1a d6 dai cta dudng khong chita mot dinh &
bén trong nao tr i toi j, nén So b?mg ma tran trong luong W dugc dinh
nghia nhu sau: Wi, j] = w(e) néu G chita canh e tur dinh i t6i j, Wi, j] =0
néu i = j va W[i, j| = eo khi khong c6 dudng tir dinh i t&i j.

5.5.3. Thudt toadn Floyd

Thuat toan Floyd dua trén co sd cong thic (5.1). Ta ki hiéu lai S; 1a
ma tran chita d6 dai ca dudng ngén nhat va dudng khong ngan nhat.
Do d6 |

Sk, _}']= min{Sx—1i, j], Sk-1 [i, k] + Sk—11k, il}-
Nhu vay nhimg phan tlt cia ma tran §; dugc tinh tit 5| bang cot k va
hang k ctia né (hinh 5.24).

Sk—1 ik Sk J
i Lﬂ': i

= e
PRl i T

Hinh 5.24
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Nhung phén tir clia hang k va cot k cla S giéng hét nhut trong Si_;.
TH4t vay, tai hang k ta co

Silk, ) = min{S_, [k, ;],sk_} [k, K] + Se_1 [k, 1}
= min{Se_1 [k, j],0+ Sk [k, 1} = Secr [k, 1.
TaicOtk ta cod
Skli, k) = min{Se-1 [, K], Sty i, k] + Secy [k, &1}
= min{Sg_1 [i, k], S [{, k] + 0} = S [i, k).
D4 Iuu lai ddu vét cha cta dudng di qua cic dinh ta dua vao mot ma
trén nita A i, j| dinh nghia bing c6ng thite héi quy sau: '
A - { Peealis 1 0 Ali, f) = Pl )
nguogc lai
va diéu kién ban d4u 1 p[i, | =0 v8i moi i, je V.

Thuét todn 5.9 Thu4t toan Floyd (Floyd)
procedure FIayd(W{l 2, 1.n], P[1..n, 1.0}, S[1..n, 1..1})
Déauvio: Miéng W(l..n,1..n] ma tran trong s6.
Piura: P[l..n, 1.4 ma tran luu dinh dudng ngén nhat.
S[1..n, 1..n} Iuu khoang céch giita hai dinh.
1: fori:=1tondo
2 for j:=1tondo
3 Sli, J] == Wi, jl; Pli, j] := 0y
4 end for
5. end for
6
7
8
9

fork:=1tondo
fori:=1tondo
for j.=1tondo
: if S[i, j] > S[i, k] + Sik, j] then :
10; S, J] = S[i, k] + STk, 1. P, /] = ks

11: end if
12: end for
13: end for
14: end for

end Floyd

D& thay ring thuat todn ndy c6 o phite tap tinh toén 1a O(n?), vi
nhiéu nhat c6 ba vong lap, mbi vong 1ap nhic lai # lin.
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Dudng ngin nhat tir i t6i j trong G c6 thé dung lai dugc tir thong
tin P, nhu sau: néu Pyi, j| = 0 thi dudng ngén nh4t tir i dén j 1a canh
truc ti€p ndi hai dinh i va j; ngugc lai néu B[i, j| = &, thi k 1a dinh trong
dudng ngén nhat di tir i dén j, con nhi'i:ng dinh bén trong khéc dugc
tim trong P,[i,k] va P,[k, j].

Vi du: Ta ldy d6 thi

10 4 = 3 o

o 0 6 o 2

So= 1 o 0 o oo

4 oo 2 O 3

co o | oo D
0]4 o 3 o 0 0 0 0 O
|0 6 o 2 0 0 0 0 O
Si=1}15 0 4 =0 1 010
418 2 0 3 01 0 00
| I oo .0 0 00 0 0
071410 3 6 0 0 2 0 2
| 0| 6 o 2 0 0 0 0 O
S=1[|5]0 4 7 AR={0 1 0 1 2
48|12 0.3 01 0 0O
0 4[10]3 6 - o0 2 0 2
7 0{6]10 2 30 0 30
Ss=fl1 5704 7 fopa=0 1 01 2
4 7|2]0 3 13 3 0 0 0
2 6|15 0 13 3.0 3 0
0 4 5[316 00 4 0 2
7 0 6102 1300 30
Sa=|1 5 0| 4|7 CP=01 01 2
4 7 2]013 3300 0
2 6 1510 3303 0
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[0 4 5 3[6 0 0 4 0 2
4 0 3 7102 5 05 5 0
Ss=l1 5 0 4|7 Ps={0 1 0 1 2
4 7 2 0|3 13 3 0 0 0
26 1 5|0 3303 0

Gid st ta mu6n im dudng ngén nhat tiz dinh 3 dén dinh 5 ta c6 thé
du‘ng lai tir P5 nhu sau: Ta c6 P5[3,5] = 2, vay dinh 2 nim trén dudng
ngin nhat. Ta tim tiép Ps[2,5] = 0, vay khong c6 dinh trong giita hai
dinh nay ma la duang tryuc ti€p néi hai dinh 2 va 5. Con Ps [3,2] =1, vay
1 1a dinh trong clia dwdng ngin nhatndi3 va 2. Ta lai xét P5[3,1] =0 va
£5(1,2] = 0, vay khong ¢ dinh giita 3 va 1 ciing nhuw gitra 1 va 2. Nhu
vay dudng ngén nhat tir dinh 3 dén 5 1a bao gém cac dinh: 3, 1,2,5. Thi
tuc in ra tat ca cac dinh ctia dudng ngén nhat la ;

Thudt todn 5.10 Thu4t toan in ra céc dinh dudng ngén nhét (shortest)
procedure shortest(i, j)

Diuviao: Haisd nguyéni,j<n.

Paura: Day céc dinh.

1. k=Pl j);

% if k>0 then '

3: shortest(r k) prmt(k) shortest (k s
4 endif

end shortesr

Ménh dé 5.2. ??w tuc‘ shoriest (1, J) ditoe goi 56 in ra nhng nut bén
trong cua dzro'ng Hgﬁ hﬁét tm dén j

H

Ching mink, Chiing mmh b?mg quy nap theo dQ da1 cda, dudng ©

5.5.4. Thuadt todn Wurslmll

Bai toan: Cho mot dé ﬂu dml: lmtmgG (V E) Vm méi cdp dinh

u,v ¢6 t0n i mot duong tiru dény .hay Hu‘}ng? (Ba1 todn gm la dudng
déng kin béc cdu). :

Loi gidi: Ta dat chi phi cda tt cd cac canh béng 1 va chay thuat toan
floyd. Néu cudi ciing ta nhan duge bang tai S[i, j] # oo, thi t6n tai dusng
tir dinh i dén ;.
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Do dé ta c6 thé sita d8i thuat toan 5.9 véi nhitng gié trj trong mang
diing hoc sai cia mang khdi diu W:

Thuat todn 5.11 Thuat todn Warshall (Warshall)
procedure  Warshall(W{l..n,1..n],S[1..n, 1..5})
Piuvao: Mang W(i..n, 1..a] ma trén duing va sai.
Piura: S[l..,1..n] luu khodng cach giita hai dinh.
1: fori:=1tondo :

2: for j:=1tondo
3 “S[i ) = Wi, ks
4 end for
5.  end for
6. fork:=1tondo
7: fori:=1tondo
8 for j:= 1tondo
9 ST, 7} = (STi, 71V (ST, K A STk, )
10: end for
1L end for
12: end for
end Warshall

5.6. BAI TOAN DUONG DI CUA NGUSH BANHANG

Gid sit ngudi ban hing phai dén n thanh phé va c6 gié chi phi cho
dudng di tit thanh ph6 nay sang thanh ph6 khdc. Ngudi d6 xudt phit
tir thanh ph6 nha minh va di dén - § thanh ph6 khdc con lai va sau
46 & vé nha theo mot thit i sao cho chi phi phai trd 1a it nh4t trong
cac kha ning di dugc. : -

Ta c6 the ap dung tryc ti€p thuat todn Hm kiém vét can dé dém tat
¢ (n—1)! chuyén'di va giit ddu vét dudng di ngin nhét. Trong thuc t&
dé gidi bai todn dudng di cda ngudi bén hang thi nhitng ngudi niy di
d€n mot thanh phé nio d6 16i ho hdi d€ bigt con dudng ngén nhat dén
cAc thanh ph6 khac. Trong muc ndy ta dung phuong phép quy hoach
d6ng A€ thiét k& mot thuat toan cho bai todn cb 49 phiic tap tinh toan
©(n2") trong trudng hop x&u nhat. Vay do phitc tap t6t hon rat nhiéu
so vi (n— 1), tuy day 1a do phic tap mi, nhung khong thé khic phuc
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dugc, vi bai toan duong dl chia ngudi ban hang thuOc 16p nhimg bai
todn khé (NP khd), ta tin r{mg khéng ¢ thuat toan cé do ‘phuc tap da
thitc nao danh cho né.

Bai toan dudng di ngudi ban hang hto‘ng duong véi viéc tim gla
nhé nhat cha chu trinh Hamilton trong mot dé thi dinh huéng trong
lugng G. Ta c6 thé gid thiét ma khong mat tinh tdng quat rdng G la
mot d6 thi dinh hudng ddy da K, = (V,£), § day |V| = ri va £ bao gém
tat cd nhitng cip dinh khac nhau («,v),4,v € V. Cho mot d6 thj dinh
hudng trong lugng G = (V,E), ta don thuén md réng trong lugng ¢ cho
K, bing cach dit c(u,v) = co v&i moi canh (u,v) ¢ E. Khi d6 bai toan
dudng di ngudi ban hang vdi 44 thj ddy dd (khéng dinh hudng) K, véi -
gia trong lugng ¢ la trudng hop dic biet cha bai toan dudng di ngudi
ban hing cho d6 thi dinh hudng K,: V&i méi canh e ctia K, ta gan déng
thai hai chiéu e~ va e* ctia R, tuong ing vdi e trong Iugng c(e).

Ta xét chu trinh Hamilton H clia K,, khéng mét tinh téng quat ta
gia sit dinh 1 khéi ddu va keét thic cda H. Ki hiéu i Ia dinh d4u tien
ma H t6i sau khi dai dinh 1 v ki hiéu H; 1a dudng con cha H tir dinh i
tdi dinh 1 ma n6 di qua méi dinh cda &, mét lin (dudng nhu vay goi
1a ducng Hamilton). Néu H 14 chu trinh Hamilton gia nhd nhat, thi A;
phai 13 dudng ngdn nhat tit i t6i 1 ma nhitng dinh trong clia nd bao
gbm tap hgp V = {1,i} (mot dudng ngén nhat P n6i hai dinh i va jla
dudng cé cuc tiéu cost(P) (& déay cost(P) la t8ng t4t ca gia chi phi trén -
moi canh cua P). Bay gid ta xét tap con bat ki U ciia V. Vi i 1a dinh
khong thudc U, ta ki hiéu mincost(i,U) 1a gia chi phi cfia du’dng ngin
nhét (chi phi t&i thifu) P tir i d6h 1 ma nhitng dinh trong cda né nim
trong tﬁp U..Chi y réng vi Pla dudng ngin nhat P phai di qua méj
dinh cGa U mét In. Cling chi ring mincost(1,V — {1}) 1a chi phi nhd
nhét cua chu trinh Hamiilton ma né chinh 1a duang di t61 wu cha ngudi
ban hang. : ;

Mot 191 giai cda bai toan 13 im du‘dng ngénnhatP = iv,.. vpl tirdinh
i dén dinh 1, & day vi,...,v; € U. N6 c6 thé" bi€u didn nhu day nhimng
quyét dinh, ¢ day quyét dinh thit £ 14 chon dinh v, nhu dinh thit & + 1
trong dudng, k = 1,2,..., p. Bai toan nhan dugc tit két qua trong quyét
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Thuiit toan 5.12 Thuit todn dudng di cia ngudi ban hang
procedure rravelingsaieman(c (I..n,1..8],T P{1..n, 1..n}, cost)
Piuvio: MangC[l..n,1..n] ma trén ch1 phi.
Pdura: TP[i..n,1.1]

1. fori:=2tondo ‘
2: mincost[i,®] :=C[i, 1};
3. end for
4: for setsize=1ton—2do
5; fori:=2tondo
6: formoi U CV —{i,1} sao cho [U | = sets:ze do
7 min = oo;
8 for j:=2tondo
9: if j #ithen
10: - sum = C[i, jl +mincost[j,U — {j}};
11: if sum<min then
12: min 1= sunt, minvertex := J,
13: end if
14: end if
15: end for
16: mincost{i,U] := min;  Path{i,U)] ;= minvertex,
17: end for
18: end for
19: end for :
200 min .= C[1,2}+mincost[2,V — {1,2}};
- 21:  for j:=3tondo '
22 sum. —c[l,;]+mmcost[],V {1, i}
23: if sum<min then
24: - min = sum, mmvertex = },
25: end if
26: . end for® .
27:  Path[1,V — {1}] := minvertex; _ cast':= min;
= TPl]:i=1; U:=vV-{1};
29: fori:=iton—1do o
30; j=Path(TPl,UY; TPli+1]:=j U:=U-{j}
31: end for ' ' '

end rravelingsaleman

dinh ddu tién (chon dinh v) 14 im dudng ngén nhét tit v; t3i 1, ma
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nhitng dinh trong cia n6 gém tap V — {v; }. D& kiém tra thdy ring néu
P 1a dudng ng&n nhét tit dinh i t8i j ma nhimg dinh trong cia né nim
trong U, thi dudng Q = vi»;...,1 la dudng ngén nh4t tir dinh v; dén
dinh 1 ma dinh trong cfia né nim trong tap U — {v}. Do d6 nguyeén I
t6i vu ctia bai todn la ding. Vay ta cé cost(P) = c(i,v1) + cost(Q), tir day

ta nhdn dugc quan hé héi quy cho mincost (i,U): '

mincost{(i,U) = r_nin{c(i, JY+mincost(J U — { j}).}, (5.2)

diéu kién ban ddu la mincost(i,0) = c(i,1), 2<i<n.

- Quan hé héi quy (5.2) chinh 14 thuat toan d¢é gidi bai todn ngudi ban
hang. Diing (5.2) d€ tinh mincost(i,U/) vdi t4t ca cac cdp iU ma U|=1.
Sau d6 lai dung (5.2) d€ tinh mincost(i,U) vdi t4t c& ciip i,U ma |U| = 2.
M6t cach téng quét, ta tinh mincost(i,U) cho moi c3p i,U ma |U| =k~
béng cach diing (5.2) dé tinh mincost(i,U) cho t4t ca cac ciip ma JU| =
voik=1,2,..,k—2. Khi d6 diing (5.2) d€ tinh mincost(1,V — {1}) cho
- tachi phi nhé nhat cda chu trinh Hamilton. Gid mi cia thuat toén sau

- day dua trén cd sO chién thudt trén (thuét toan 5.12).

Ta di phan tich thuat todn ndy v6i d6 phic tap x&u nhat 7'(n). Ta
chon phép todn co s 14 viéc gan vao mincost. Vi setsize = k va i c6 dinh
thi s6 nhitng tAp hop U € V— {1,i} c6 3 k1A C* ,. Nhut vay téng phép
gan vio mincost[i,U)] sé 1a

Z(n-l)dﬁnz—("—l)?_ o :

Nhtr véy, T(n) (n 1)2"‘2 € 9(»2") Dodo thuattoén travelingsalesman
¢6 d6 phiic tap ham ' mu Mot nhtrqc dxé'm coa thuat toan nay la no cling
c6 d6 phiic tap khéng. gian I& G(nz,") L

Ta xét mét vi du:

PR T~ I
< £ MW

{woo §
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ul=
mincost (2, 0] Ci2,1] =5,
mincost[3,0] _C[3,1] = [,
mincost[4,0} = C[4,1] =T7.

U|=1 o
mincost[2,{3}] = C[2,3] + mincost[3,0) = 6+ 1 =7, Path2,{3}] = 3,
mincost[3,{2}] = C[3,2] + mincost[2,0] =9+ 5 = 14, Path[3,{2}] = 2,
mincost|4, {2}] = C[4,2] + mincost[2,0] = 3+ 5 = 8, Parh[4,{2}] =2,
mincost[2,{4}] = C[2,4] + mincost[4,0] =2+ 7 = 9, Path[2, {31} =
mincost(3,{4}] = C[3,4} + mincost(4,0] = 0 +7 = oo, Path[3,{2}] = 4,
mincost|4,{3}] = C[4,3] + mincost[3,0) = 5+ 1 = 6, Path[4,{2}] = 3.

- ul=

mincost|2,{3, 4}]-* min{C}2, 3] + mincost[3, {4}] C[2,4] + mincost(4, {3}]}
‘= min{6+00,2+6} = min{o,8} =8, Parh(2,{3,4}] =
mincost|3,{2,4}] = min{C[3,2] +mmcosr[2 {4}], C[3 4]-+-mmcost[4 {2}]}

= min{9+9,00+ 8} = min{18,00} = 18; Path[3,{2,4}] =
mincost|4,{2,3}] = min{C[4,2] + mincost[2, {3}],C[4,3] + mincost[3, {2}]}
=min{3 47,5+ 14} =min{10,19} = 10; Parh|4,{2,3}] =2.

U =v{i}
'
mmcosr[l {2,3 4} mm{C[] 2]+mmcosr[2 {3 4}],
' C[l 3]+mmcosr[3 {2,4}},C[1,4] + mincost[4,{2,3}]}
= m1n{4+8 o+ 18,3+ 10} min{12,,13} = 12;
Path(1,{2,3,4}} =

cost = mincosr[l,{z,'3,4}] =12.
TP} =1I;

TP[2] = Path[1,{2,3,4)] = 2;
TP[3] = Path[Z, {3,4}] =4
TP[4] = Pathl4;{3}] = 3.
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5.7. BAITAP

©5.1. Cho nloai déng xu c6 gid tri twong ng C(1),C(2),...,C(n) va I:(fng
§. Tim céch biéu di&n tfng § bling s6 lugng nhu‘.ng déng it nhat c6 thé
duge. Gia trj cha C(1), C(2),..,C(n) va tdng ciia chiing § 14 nhimg s6

nguyén.

> 5.2. Hay dién vao bang gia m trong thuat toan quy hoach dong bai
toan nhén cac ma tran voi nhitng ddu vao sau:

n=5r=8,n=3rn=2r=19rs=18r5="17.

>5.3. Hay tim mot phan vi du cho thust toén sau day vé bai toan nhan
ma trén la khéng t6i wu. Nghia 13, tim n, ry, ry,..., r,, sao cho khi nhan céc
- ma trén vdi cac ¢d nay dugc thuc hién nhue mo td thuat toan thi ham
gia tri cost 16n hon t6i wu:

. Gidsitn >2var:lagid tr; nhd nhét trong 1y P2y ey Faer. Khi d6 tich
tich cac ma trén sau ma trén M; va &p dung thi tuc héi quy cho hai tich
My XMy X XM;vaMiy X Mg % - X My,

> 5.4. Hay chi ra cdc bude thuc hlén cta thl tuc Travelngalesman cho
ma trén gia trj

h O O o
O o~ b W

0
6
3

~ O w o
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Phén 16n nhitng bai todn trong chuong trudc 1a ta tim nghiém t6i
1tu trong tAt c cac khd ning nghiém. Ta nhé lai voi phuong phap quay
lui nhy trong thiét ke cde thuat todn dé tim nghiém t6i wu cén thiét phai
tim t4t cd nhitng nghiém t6i wu cta tat ¢4 nhimg bai to4n con (nhumg
khong may mot s& bai toan con lai phdi tinh di, tinh lai nhiéu I4n). Su
tinh di tinh lai nhidu in mét bai toan con c6 thé khic phuc dugc bing
quy hoach d6ng, nhung that khong may quy hoach dong lai lién quan
dén viee cdn mot hugng b6 nhd dii 1dn cho viée gii nhitg ket qua tinh
duoc. Tu tudng d€khic phuc didu nay 1a: thut toan ti€n dén mdt trong -
nhitng truéng hop con clia bai todn va giai duy nhat vdi né véi hr vong
ring nd s& cho 10i gidi dung Sut Iuta chon nhitng trudng hgp con nay
dugc thue hién hoan toan theo-tiéu chusdn chii quan (cuc bo) cho su t6i
wu. Vi du nhu nhitng thudt todn tham (lam) luén luén chi dén céich
chon t6t nh4t tai thdi diém d6 nhu mot céch tut nhién, cho dén nhitng
giai doan sau mdi phat hién ra ring syt Iua chon nhu vay 1 khong phi
hgp.
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Nhimng thuat todn tham dugc tao ra r4t d& dang, tuong tng véi viec
thé hién né trong ngon ngir lap trinh khéng phite tap, nhung c6 nhugc
diém 1a d6i khi chiing khong ddm bdo nghiém dring bai toan ban dau.
Nhugc diém nay khéng lam gidm su ¢6 ich cia loai thuat toan nay, vi
nhimg thuat todn loai ndy tinh ton rdt nhanh va tim dugc loi gidi bai
todn, nhig 15i giai ndy ciing gan t6i wu. Vi du trong rat nhiéu nhimg
bai toan thute t€ ta khong nghién citu dugc t4t ca cac trudng hgp, danh
phai chdp nhan phuong 4n chii quan do ta dit ra ma thoi. Thiét lap
nhimg thuat todn nhu vay d6i khi chi c6 5% 1a nghiém t6i trong nhitng
nghiém t6i vy, 50 v8i v6 han cich tim nghiém t6i vu. :

Ta trd lai v6i thut todn tham va quan sét sy 4p dung né trong
trudng hop cu thé. Bai toan ta xét la: .

Hay tim cdch nhan dupc tong s6'tién d3 cho S bdng céch ding s¢
lugng déng tién it nhat voi tip hop nhimg dong tién 6 gid tri
C={a,a,...,a,}.

Vi du déng tién Viet Nam cé cdc ménh gia: 1000 déng, 2000 déng,
5000 d6ng, 10000 déng, 20000 déng, S0000 ddng (thuc t€ tidn Viet Nam
con nhiéu loai pita, nhung trong ngan hang cda ta chi ¢6 sén nhitng loai
nhut vay). Ta xét thuat toan gidi bai toan nhu sau:

1. Khdi ddu cho s=0.
2. Tim loai d6ng tién véi g:a tri 16n nhét x (x € C) sao chos+x<S..

(a) N&u khong c6 loai nio ma s+x$ § suy ra bai toén khéng
c6 nghi¢m. Thut todn ket thic. =
(b) Ngugc lai, ta ldy loai tién x va ting s 1én x (nghfa 14 s = s+ x).

i. Néu s = § suy ra bai toan di dudc gidi. Thuat toan két

thic.
ii. Néus <, thi ta chua nhan di s6 tién bing tdng S va
quay lai budc 2. ‘ '

Vi du: Vi 16ng 56 tién 298000 déng, thuat toén s& lua chon nhu sau:
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Nim t& 50000 déng, hai t& 20000 d6ng, mot t3 5000 déng va ba t& 1000
déng (t6ng cong 250000 + 40000 + 5000 + 3000 = 298000 déng).

Hién nhién thuat todn da viét § trén phan dnh mot tieu chudn thuat
 todn tham: Tai m&i budc né chon t& tién c6 gid trj 16n nhat, biing cich
ndy thi kha ning dat dén t6ng s tién di cho v6i khd ning nhanh nhat.
Trong trudng hop cu thé nay né 1a mot gidi phap hiéu qua nhét cia bai
todn dd ra. Nhung ta khong thé khing dinh thuat toén nay lam viéc
diing dén, néu ta lai chon céc t9 tién ¢ gi4 trj khdc. M6t trong nhimg
trudng hop ma trong né thuit toan trén luon ludn ding la day nhitng
gié tri d6ng tién thda man didu kién

a; > 2a;.1, VOii=2,..,n, vira = 1.

Mt khac, ta xét trudng hop ta chi ¢6 C = {2000, 5000, 20000, 30000} va
d€ nhan s6 tién S = 40000 déng. Thugt todn tham trén chon Iva d4u tién
1a 30000 ddng, sau d6 s& chon hai t& 5000 ddng, nghia la t6ng cong ba
t9 tién. Nhung hién nhién n tai mot phuong an t6i uu hon: Hai to
20000 d6ng. Nigoai chuyén thuat toan tham tim ra nghiém khong phai
t61 uu, ma nhiéu khi néi chung n6 khéng tim ra nghiém. Vi du néu ta
c&n tng s6 tién 13 6000 trong bon loai dong tién trén: Thuat toan tham
@ trén sau khi chon t& 5000 d6ng rdi, thi thuat toan khong cén kha ning
lwta chon ndo khéc (nhing thuc t& 6000 déng co thé 14y tir ba t3 2000
déng).

Chuong nay ta xét nhimg bai todn cé thé gidi bing phuong phap

tham dé dang va c6 hiéu qua. -

6.1 LAP CHUONG TRINH CHO NHEEU HOAT BONG

Bii todn hay xdy ra la trén mot ﬁguﬁn cd sd nao dé ta phai lap
churong trinh cho sy hoat dong 6i wu trén nguén co s& d6. Ta c6 tap
hop § = {1,2,...,n} gém n nhitng hoat dong, mdi hoat dong i nay phai
bét déu tir thai gian 5; va k&t thiic vai thoi gian da cho-f;. Viduy, nhu‘ng
hoat d6ng nay co thé 1a nMg bai giang dugc thuc hién trén mot glang
dudng, ¢ day céc bai gidng da dugc ¢4t trudc hodc nhimg ddi hdi cin
thiét cho viéc thuc hién bai gidng.
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6.11. Thugt todn tham I9p iich hogt d9ng

Vichi c6 mgt nguén Iuc (hoi truding) va mot s6 bai giang c6 thoi gian
bt ddu va ket thic khong chéng lén nhau (hai bai gidng khong thé xdy
1a trén mdt hoi truding) va tat ca doi hdi c6 thé thda man duge. Ta néi
ring hai hoat dong i va j tuwong thich néu khodng th&i gian bit ddu-
ket thiic cha chiing khong chéng 1én nhau, nghia [ [s;, f) N[s;, ;) = 0.
Bai todn Igp Jjch cdc hoat dongla lua chon tap hop 10n nhat nhimg hoat
d0ng twang thich dé ding mot ngudn Iy da cho. (Chd 14 c6 r4t nhiéu
tiéu chufn khac ta ¢6 thé xem xét thay vio day, vi du nhar ta ¢6 thé xét
cye dai thoi gian cac hoat dong). a _

Vay lam thé néo dé1p lich cho s6 lugng 16n nhat nhitng hoat déng
trén mot nguén luc? Bing truc gide ta khong chon hoat dong c6 thai
gian dai nhat, vi né s& chi€m mat ngudn lyc cta ta va né lam ta khé chon
nhitng doi héi khac. Didu nay goi ¥ cho ta chién thuat tham sau day:
Chon lp lai nhing hoat dfng véi thor gian kéo déi nhd nhat (fi — 51)
vd ldp lich cho no véi diéu kign I3 no tuong thich voi nhimg hoat déng
di chon trubc 46, Dibu nay thanh ra chua chic da 161w,

Thuat toan tham c6 thé thuc hién duge. Truc gide ¢6 the néi 1en diéu
d6. Vi ta khong mu6n nhimg hoat déng chiém nhiéu thdi gian, ta chon
mot hoat dgng ma né ket thiic sém nhét va len lich cho né. Sau do6 gitta
tdt cd nhimg hoat déng ma ching tuong thich véi hoat d¢ng déu tien
ndy, ta chon hoat déng két thiic sdm nhét va cif ti€p tuc nhu vay. Ta
gid st nhimg hoat déng da dugc sip x€p theo thdi gian két thiic, nhu

L CRSHAS <, 5
(tdt nhién 5 cling dugc sip xép theo, nhung chua chic d4 theo thit tu
Gid ma dudi day the hién § tudng tréni V4 gia thiét ring cic hoat
d9ng da dugc sip x€p theo thaii gian két'thic: Dau ra I danh sach
nhimg hoat dong da dugc lap béng, Bién prev luru giix chi 56 cda nhimng
hoat dong vita méi duge cho véo lich tai mei thai didm dé xéc dinh c6
tuong thich véi cae hoat dong sau hay khéng. _
Thuat todn ndy don gidn va rét higu qui. Thoi gian tinh toan dé .
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Thuét toan 6.1 Lap lich hoat dong (schedule)
function schedule(n,s|1..n], f[1..n])
Piuviae: S6nguyén duong n, 5{1..n] va f[1..n] 44 sdp xép.
Pdura: Mang A[l..n) danh sach l4p lich. _
1. A[l):=1; prev:i=1; j:=2;
2 fori:=2tondo :
if s[i] >= f[prev] then

3
4 Aljl=& j=j+1;
5: end if
6: end for .
7. return{A)

end schedule

cho thuat toan nay hoat d6ng la s¥p x€p thdi gian két thiic cla cac hoat
“dong (c6 thé ta diing sép xEp t6t nhat nhu thi tuc mergesorr).

. 0

| " . L 5]

| g C %
Hinh 6.1 Déu vao — Hinh 6.2 Chon 1
—1 - —D

- —1y (-
. |

| i 2222777277777 7777
Hinh 6,3 Chon 4 — Hinh 6.4 Chon 7

Nhut vay t6ng thdi gian thye hién thuat toén 1a ©(nlogn).
Cic hinh (6.1, 6.2, 6.3, 6.4) minh hoa hoat d0ng ctia thu4t toan trén.
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6.1.2. Tinh ding dén cda thadt todn
~Chiing minh tinh dﬁhg d&n dua trén co s chi ra ring lin chon d4u
tien theo thudt todn 13 kha niing t6t nhét va sau d6 diing quy nap toan
hoc chi ra thudt toan 14 t6i vu todn cuc. C4u triic chitng minh sau la
‘déng ghi'nhd, vi rat nhiéu nhing chimg minh tinh dting d4n cla thuat
toan tham dua trén ciing mot cd s&: Chi ra ring moi nghiém khéc bat
Ki ¢6 thé chuyén thinh nghiém thut toin tham ma khong ting chi phi
cla no.

Ménh dé6.1. ChoS={(1,2,...,n} /4 tdp nhiing hoat dong d€ Igp lich da
dugc sdp x8p theo thoi gian két thiic ting dén. Khi d6 t6n tai mot lich
t6i wu trong nhiing hoat dng ndy ma hoat dong 1 duoc lén lich ddu
tén.

Chiing minh. Cho A 14 lich t6i ttu. Cho x 13 m6t hoat dong trong A v&i
thdi gian ket thiic nhd nhat. Néu x = 1 thi ménh dé ding. Ngugc lai, ta
tao ra mot lich mdi A’ bng céch thay x bing hoat déng 1. Ta s& chimg
minh réng diéu d6 c6 th€ lam dugc (nghia 1a bing méi nay khéng c6
nhing hoat dong tudng thich). Vi A — {x} khéng th€ c6 nhimg hoat
dong khac mé nd bit ddu trude khi x két thiic, va ngugc lai nhimg hoat
d6ng nay s& khong tuong thich véi x. Vi1 theo dinh nghia la hoat dong
dau tien ket thic; n6 c6 thdi gian ket thic sém hon x va nhu vay né
khong thé khéng tuong thich véi bt ki hoat dong nao trong 4 — {x}.

‘Nhu vay A’ 1a mot lich chdp nhan duge. RS rangA va A’ chita cu.ng 5O
nhitng hoat déng, suy ra A’ ciing 14 t6i wtu o ©

Ménh € 6.2. Thust todn tham J trén cho nghiém tzﬁ" wu doi voi bai
todn Iip lich hoat dong.

Chdng mink. Chitng minh biing quy nap theo s6 nhiing hoat dong.
Bude co so: Néu khong tén tai hoat dong ndo, thi thuat toan tham
14 hién nhién t6i uu. | ) |
Bude quy nap: Gid si thuat todn tham 14 t5i wu trén moi tap nhing
hoat déng c6 s6 lugng nhé hon thuc sut |S|, ta phéi chitng minh réng két
qud cdn diing cho tap nhitng hoat ddng c6 |§]. D4t &' Ia tap hop nhu:ng
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hoat déng ma né tuong thich vdi1. Nghtala 8’ = {i € §|s; > fi}. Ta thay
ring mot nghiém bat ki cdia §' c6 thé tao bdi nghiém ctia § biing cich
don gian 13 cong thém 1 va ngugc lai. Vi1 1a mét lich t6i vu (theo ménh
dé trén), suy ra d€ tao ra nghiém t6i wu cdia ca bai toan, ta phai lap lich
1 va sau d6 gén thém lich t6i wu cda §'. Nhung theo quy hoach toan
hoc (vi |§'} < |$]), 46 chinh ]a thuét toan tham da xay dung 3 trén dugc
thuc hién. . ©

6.2. MA HUFEFMAN

 Nhing ma Huffman cung cdp cho ta phixo’ng phép ma hoa dit litu
mot céch ¢6 hiéu'qua. Binh thuc‘}ﬁg khi nhfmgkl tur duge md héa duge
diing ma tiéu chun nhut ma ASCIL, mdi ki ty dugc th€ hign bing do
dai c8 dinh fr md ctia nhing bit (vi du nhu 8 bit cho mét ki tw). Ma do
dai c6 dinh Ia rat phé bién, vi né dé ngft mot chudi thanh nhimg ki tu
doc 1ap va xa4m nhap t3i ki ht don 18 hay nhimg chudi ki tu con truc
i€p biing chi s6. Tuy nhién nhitng mé 46 dai ¢ dinh c6 th€ rat khong
hiéu qua tit quan di€m t6i thiu héa téng s6 lugng clia dit litu.

Ta xét vi du sau: Gia sif ta mu6n ma héa nhitng chudi ki tur c6 4 ki
tut C = {a,b,c,d}. Ta 6 thé diing ma d6 dai c6 dinh sau:

Ki tr a |b je |d
Turnadédalco'dmh 00| 011011

Chudi ki tw nhu abacdaacac c6 thé dugc ma bing cach thay moi ki tu
bing tuong tirig tir ma nhj phan.

a b a ¢ d a a c a ¢
0001001011000010'001’0

Cui cling 14 20 ki tuf chudi s6 nihj phan. 00010010110000100010

Bay gid ta gia stt biét duoc nhitg xa¢'sudt cla nhu:ng ki td hay xudt
hién (diéu nay c6 th€ thuc hién dugc bing phan tich céc vin ban ta cin
mé héa dé tim ra tdn sudt xust hién clia céc ki te nay). Bing nhimg hiéu
biét xdc sudt ta co th ma héa nhimg chudi ki tir mét cach khéc nhau.
Ngudi ta thudng ding 13 ki te ndo c6 tAn xuat lon thi ding it bit, con
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nhiing ki tet it xust hién thi ding nhiéu bit. Vi du gid sit nhitng ki tu
trén o6 nhifng xac sudt sau ddy va ta'ma héa:

Ki tu a b C d
Xac suat 0,60 | 0,05 [ 0,03 | 0,05
Tt ma d6 dai bién d6i | 0 110 [ 10 | 111

Chi y la khong c6 doi héi thit ty chit cai d€ 4p dung tha tu tir ma. Bay
gid chudi ki tir trén trd thanh:

a b a ¢ d a ac a c
-0 110 0 10 111 0 ©¢ 10 0 10

Nhur vay ta chi cdn 17 chit s6 nhj phan: 01100101 110010010. Nhw vay ta
da tiét kiem dugc ba ki ty bdng cich ding ma héa khac. Vay thi ta s&
tiét kiém bao nhiéu, khi mot chudi ki tut ¢6 46 dai #? Vi kidu mi hoa
theo ma tir 46 dai 6 dinh 2 bit, thi d6 dai cda chudi ma héa nhj phan
la diing 2n bit. VGi ki€u ma héa d6 dai ma tit bién d6i thi do dai duge
tim béng tng ctia tich 46 dai ma ti voi xéc sudt clia chinh ki tu nay.
D6 dai cia chudi ki tu ma héa mong mudh 1a diing # nhan véi 46 dai
ki t ma mong mudn:

n(0,60.1+0,05.3 +0,30.2+0,05.3) = 1,5n.
Nhu vay ta da tiét kiém dugc 25% vé do dai.

6.2.1. Phén tich va thiét ke thugt todn

Ngudi ta nhan thy ring khong thé dua ra ma héa mét cich tiy
tién. Thét vay, nhitng ma nhu trong vi du trén dudc chon mot cich cdn
than. Gid st ta chon ma hod a nhu 14 0, nhumg ta cling 6 thé ma hoa
anhuit 14 1, bay gio' chudi ma hoa 111 1a r4t t6i nghia, né c6 thé 13 d va
né ciing cd thé 1a aga. BE tranh diéu t6i nghia nay thi 1am nhu thé nao?
Ta ¢6 thé nhan dugc 18i khuyén la thém cic d&u vao gitta cac ki tw ma
héa, nhung diéu ndy dan dén kéo dai thém ma héa ma ta khéng mudn.
Ta mu6n ma héa phai c6 tinh duy nhat d€ gidi ma.

Chi y rédng, cac ma tit c6 do dai bién d6i trong vi du trén, nhung ma
titnay khOng c6 tién t6cua mi tirkhac. Diéu nay dua dén tinh chat chia
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khoéa. Ta thdy ring néu hai ma tit c6 chung mot tién t6, vi du 2 — 001
va b — 00101, thi khi d6 ta xem 00101 ki ty ddu tién dugc théng bao laa
ho¥c b. Ngugc lai, néu khong c6 ma tit 14 tién t& cda bat ki ki twndo, thi
sdm mudn gi ta cling thdy ma it xuat hién nhu mét tién t§ trong vin
ban ma héa, khi 46 ta biét ring ta c6 thé gidi ma dugc khong lo ngai
nd phai d6i chiu vi ma tir dai hon ndo d6. Nhu véy ta c6 dinh nghia
sau: '

M4 tién t6° Mot phép gan nhitng ma tit bdng nhitng ki tu sao cho
khong mét mi it ndo 1a tién t§ cia mot tit ma bat ki khac.

Ta thdy ring ma tién 6 nhi phan ¢6 thé mé td bdi cay nhj phan,
trong né nhitng ma tit 1a nhitng 14 ctia cay, va § day nhanh bén trii
nghia 14 0 va nhénh bén phai nghia 1a 1. Ma da cho trong vi du sau
cang ¢ trén duge mp ta trong hinh 6.5. D6 dai clla md tir chinh 1a d6
siu ciia ciy nay. :

. i1 111
Hinh 6.5 Nhiimg ma tién 6

 Gidi mi tin t¢ 14t don:gidn. Ta di doc theo cay-tir dinh dén 14 s8
biét ki tur duta vao 14 ki tndo. Khi ta tim dén 14 thi ta cho ra ki tu tuong
(ing va lai trd vé g6c dé ti€p tuc tim ki tu ti€p theo.

Biét x4c sufit xuat hién clia nhitng ki e khédc nhau, ta c6 thé xac dinh
d6 dai t8ng clia vin bdn ma héa. Cho p(x) 14 xac sust cda ki tur x va ki
hiéu dr(x) la 46 dai tit khéa (nghia 13 chiéu sdu clia cdy) quan hé véi
cly tidn 16 T nao d6. S bit mong muén d€ ma héa vin ban véi n ki tu
dugc cho bdng cong thitc sau

B(T) = n}:cp(x)dr (x).
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biéu nay ggi ra van dé sau day: .

Sinh ma t67 wru: Cho tap chit cdi C va xdc suiit p(x) xust hién ctia moi
ki tu x € C, hay tinh ma tién t6 T sao cho dat cuc tiéu d6 dai chudi bit
dugc ma hoa B(T). '

Chd ¥ ring ma t6i vu khong phai duy nhat. Vi du, ta c6 thé lam
ddy d1 tat ca nhitng bit trong ma héa & céc vi du trudc ma khong lam
thay d6i d6 dai chudi ki iy ma héa mong muén. Tén tai mét thuat
toan don gidn dé tim mot ma héa nay. N6 duge phat minh ra vao giita
nhimg ndm 1950 th&’ky trudc bdi David Huffman va ngudi ta goi la ma
Huffman. Ma nay dugc diing cho céng cu cta Unix, ham pack cho viéc
nén tép. (Ngay nay c6 nhiéu phuong phap nén tot hon va day ciing 1a
mét chia dé 16n trong tin hoc).

Bay gid ta di x4y dung thuat todn Huffman, Ta da biét xdc sudt clia
sut xuat hién cac ki tu. Ta phai di xay dung cay tit nhitng béc 4. Ta s&
1dy hai ki tif x va y trong tap hgp chit cai va ta fr6n ching véo thanh

. mot siéu kf firgoi 1a z, ma né thay x va y trong tap chit cdi C. Ki tur 2 s&

' coxécsua'tbﬁngtdngcuanhlmgxac sudt cda x va y. Khi 46 ta tiép tuc
‘qua trinh- truyhdn xdy dung ma trén tap chit c4i mdi, ma né cé it hon
mot ki tit. Khi qué trinh hoan thanh, ta biét duge ma cho z, vi dunhula
010, thi*khldétanﬁmﬁvéﬁchomﬁtﬁnﬁy,nhuﬂlﬁﬂchoxva 0101
'choy St .*._- g‘ S xf i, _

Ta cb u\é quantﬁémﬂwfcé&l khéc qﬁﬁtmh &en nhir saw: Ta tron
xvéynhulaconbenphéav&mnbentrﬁicﬁanﬁtg&dngoxlaz Khi
d6 cay con cho z thay cho x vd y trong danh séch céc ki ty: Ta 1p lai qué
tﬁnhnﬁytﬂlkluch:éonlmmmméukitu Cayké'tqualécayhénto'

_ cubi ciing. levayséxua'thlenmphéndmlcuacay, néri theo logic
thi ta chon hai ki tu ¢6 xéc sudt nho nhat dé thuc hién thao thc trén. Két
qui dugc thudt toan Huffman. Gid ma cho thuat toan Huffman dl:tdc
cho bdi thust toan 6.2 (trang 184), -

Cho Cla tap hop ki tu, méi ki tu x € C twong u'ng Vi xac sult xuft
hién 14 x.pob. : .

1. Khéi ddu tﬁt ch cc ki tuf duqc ghi vao mét hdng wu tién Q. ('I' a
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Thuat toan 6.2 Md héa Huffman (Huffman)
function Huffman(n,C[1..n]) -
Piuviao: CJl. n] ki tu v3i xac sudt.
‘Pdura: Phin tif cudi ciing trong Q vala gO'c
1. Q:=C
2. fori:=1ton—1do
3 z:=new nut cdy bén trong;
4: x 1= Q.extractMin(};
5  y:= Q.extractMin();
6:
7
8

zleft :.=x; zright =y,
z.prob := x.prob+ y.prob;
: Q.insert(z);
9. end for
10: return Phén tu trai cubi cung trong Q nhu goc.
end Huffman

nhic lai 13 cdu tric dit litu nay c6 thé xay dung trong thdi gian O(n) va
ta c6 th€ 18y mot phin tit voi khda nhé nhat trong thdi gian O(logn) va
dua mot lphﬁn tit m&i vao né trong thdi gian O(logn), vi du nhut cdy im
kiém nhj phan). Nhitng d6i tugng trong Q dugc sép xép theo xac sudt
ctia chiing,.

2. Chii y méi vong 1ap duoc thure hlén thi s6 phén tit trong hang dgi
bi gidm di mot. Nhut vay sau n~ 1 vong lip, chi con lai diing mot phdn
ti trong hang dgi va day 14 g6c cia cay mj tién t6 cudi cing.

Vi du: Cho tap ki tu véi xdc sudt kém theo

C= {(a 0 05) (b 048) (c 00?) (d:0,17), (e 0,10},(f:0,13)}

dé chi diing s6 nguyen ta nhan mdi xdc sudt véi 100 va thé hién nhu
hinh 6.6 (trang 185). :

6.2.2. Chang minh tinh dang dén cda thugt todn

* Cau héi ditra la tai sao thuat todn Huffman trén lai ding? Tachd y
14 chi phi ctia cdy ma héa batki T 14 B{T) = n¥,ec p(x)dr(x). Ta s& chiing
‘minh riing mot ciy bét ki khdc vdi cdy dugc x4y dung bing thuat todn
Huffman c6 thé chuyén déi thanh cdy bing vdi cdy Huffman ma khong
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S6 nhé nhat
Eﬁé@ [b-48] @ [d:17] [e210] 2T13]
: S6 nho nhat
@5
A
S6 nho nhat
N
S6 nhé nhat
N
%
EN

Hinh 6.6 Thuat toan Huffman

tang chi phi cda n6. Trudc tién ta thdy ring cdy Huffman 1a mot cdy
nhi phan day du, nghia la moi nit trong cta né c6 ding hai con. Ta
khéng quan tam t6i nhitng nit con bén trong ma chi ¢c6 mot con, nhu

vay ta gidi han xem xét chi trén cay ddy da ma thoi.
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Ménh d€ 6.3. Ta xét hai ki tr 6 xdc sudtnhd nhétx vdy. Khi dé ton tai
mot cdy ma 07 wu trong nd hat ki tir ndy 14 anh chi em rudt tai chiéu
sdu cuc dai trong c4y. '

Chiing minh. Cho T 14 cdy tién t6 ma t6i wu bt ki, b va ¢ 13 hai anh em
tai 40 sau cuc dai cia cay. Khoéng mit tinh tén'g quét gia sit p(b) < p(c)
va P(x) < p(y) (ndu khong ding nhu vy thi ta d8i tén cho nhau). Vi
x va y ¢6 hai xac sust nhd nhat suy ra p(x) < p(b) (chiing c6 th€ bing
nhau) va p(y) < p(¢) (ciing ¢6 thé bing nhau). Vi b va c 1a bic sau nh4t
cla cAy nén d(b) > d(x) va d(c) > d(y). Nhu vay ta c6 p(b) ~ p{x) > 0 va
d(b) —d(x) > 0 va do d6 tich cta chiing 1a khong 4m. Bay gio ta d6i vi
tri ctia x va b trong cdy, két qua la mot cdy mdi 77, Ta c6 thé quan sat
hinh 6.7, |

T."f

Hinh 6.7 Tinh diing cla thuat toan Huffman

Ta xét chi phi cta ching thay d8i nhu the nao. Chi phi clia 7’ 14 :

B(T') = B(T) — p(x)d(x) + p(x)d(b) — p(b)d(b) + p(b)d(x)

= B(T) + p(x){d(b) - d(x}) — p(b){(d(b} - d{x))

= B(T) — (p(b) — p(x)}{d(b) - d(x})

<B(T), vi (p(b) - p(x))(d(b) —d(x) 2 0.
N_hu vay chi phi khong ting lén, suy ra T’ 14 cay t6i wu. Bing cach
chuyén y v8i ¢ ta nhan dudc cay T”, tuong tu nhu trén ta suy ra 7”
cting 1a cay 6i vu. Cubi cung 7" thda man ménh dé dit ra. ©

Meénh d8 trén khing dinh ring budc ddu tién cia thuat todn Huff-

man 13 thuc hién diing. D€ chitng minh ddy & tinh ding cda thuat
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todn ta dang phuong phap quy nap theon (vn m61 14n thuc hién loai di
ding mot ki tu).

Ménh dé 6.4. Thudt todn Huffman tao ra mot ciy md tién 16 t67 wru.

C"Im’hg minh. Ching minh bng quy nap theo n s6 lugng ki .
Budc cosd :n =1, cay g6m mot ruit 14, né hién nhien 1a t6i wu
Budc quy nap : Gia stt v6i nhing gié tri thute su nhé hon n, thuat
toan Huffman ddm béo tao ra cay t6i vru, Ta ching minh ring ménh dé
ciing ding cho # ki tu. Gia st ta ¢6 n ki ty. Ménh dé trén phét biéu ring
ta c6 thé gid thist trong mot cy t6i wu, hai ki tut c6 xac sult thap nhat x
- vayséla anhemmmgluatalbactha;mha'tcuacay Ta bd x va y, thay
chiing bing ki ty mdi z ma n6 c6 xac susit 1a p(z) = p(x)+ p(y). Nhu vay
con lai n— 1 ki tit. Ta xét cAy ma tién t6 bat ki T duge lam bing tap hop
mdi gém n — | ki tir. Ta ¢6 thé chuyén né thanh mot cay md tién & cho
. nhitng tip ban ddu cda cac ki tu véi viec thute hién thao téc nguoc laila
thay z bing x va y (nghta la thém 0 bit cho x va 1 bit cho y). Khi d6 chi
phi clia cAy méi sé 14
B(T") = B(T) - p(2)d(z) + p(){d(z) + 1) + p(y){d(z) + 1)

=B(T) — (p(x) + P(y))d(2) + (p(x) + p(»)){d(2) + 1)

=B(T)+(p(x) + p())(d(2) + 1 - d(2))

=B(T)+p(x}+p(y).
Vi-sy thay d6i chi phi phu thuéc vio cfu tric ciia cay T din dén cuc
héuchlptdcﬁacaymo'icungr’ tacﬁnphanx&ydtmgcaytd‘uurm'_ |
n—1 ki tt. Thed'gid &ixé’tquy nap, day&ﬁmhﬁimugti‘dénl“-lﬁffman :
thl‘rchlén Nhuvagﬁc&y &ﬁ&i gt&fg’l&ﬁmﬁ @

6.3. BAI TOANBA I.O

Bai todn ba 16 bao gém n vanf,?}g, b,. vﬁ mOt ba 16 c6 dung lln;mg
14 C. Ta gid sit m3i vat b; cd mot réng litgng drong (hodic dung lugng
ducmg)w,vamotglatr;vl {(nhu lgi nhuan, gid tri, ...), i = 1,...,n. Ta d3t
nhitng d6i tuong hodc mét phin nhitng d6i trgng d6 vio ba 16 cang
nhiéu cang t6t sao cho khéng vugt qua dung lugng cta ba 16. Bai todn

\_j

r-,'? '.?.:{l LEY
T ]
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ba 16 dugc chia ra lam hai loai, mét loai ngudi ta goi 1a bd/ todn 0/1 ba
J6. Mdi vat phai 18y (1) hoic khong 18y (0) nguyén thé vat d6 dé dua
vao ba 16 chit khong chdp nhén chia 1é thanh timg phdn. Bai toan t6i
wtu loai nay phat sinh tit cong nghiép img dung dong goi. Vi du nguoi
ta mudn chd mot tap hop con nhitng géi hang héa trén mot toa tu 6
dung tich gidi han. Ngudc lai, bdi todn ba 16 phdn s6 ciing nhut véy
nhung cho phép phan 1é nhimg vat, ma khong ddi héi nguyén thé khi
dét vao ba 16, ' '

Bai toan 0/1 ba 16 13 mot bai todn kho giai va thu@é vao 1dp bai toan
NP-diy di, nghia 1a ¢6 thé khong c6 18i giai t6i wu. Trong khi d6 bai
toan ba 16 phan sé thitc hién mét cach kha dé€ bing phuong phap tham.
Pé ngén gon trong muc ndy ta goi bds fodn ba 1614 bai toan ba 16 phan
s6. Nhut vay néu moét phan s6 f; cia vatb; dugc ddtvaobalo (0< £, < 1),
thi duge phé.ﬁ b6 fiv; vao tng gia tri trong ba 16 da cho. Bai toan ba 16
Ia dit nhitng vat hodc mot phén ctia vat vio ba 16 ma né khéng vuot
qué dung tich cla ba 16 sao cho t8ng gié tri ctia cac vit trong ba'lo Ia-
" 18n nhat. Mot cich hinh thic ngudi ta viét bai toan ndy nhu sau:

_ , _ "
© Timgié tri coc daiham Y fivi;, A (X))
: P S
v6i nhitng ring budc T fiwi £C,0< fi< 1, =L, ...,n. MOt 6 khé ning
i=1" ST :

clia phudng phép tham ta c6 th€ lya chon dé.gidi bai toan ba 16 nay. Vi
du ta c6 thé dit nhitng vat.c gid trj cao nhdt véo ba 10, r6i ti€p dén lai
chon vat ¢6 gia tri cao nhét con lai, ... cho dé’n khi, ba 16 chita hét dung
tich. M6t chién Iugc khic 1a cling nhu trén nhung ta chon dét vao ba 16
theo trong lugng khong ting. Ta cp th€ d& im thdy vi du § d6 nhimg
- chién thuat chon nhu vay khong t6i wu (khong dat gia tri cuc dai). Ta
s& xét chién thuat d&t cdc vat vao ba 16 theo su khong gidm cda ti s6 il
cho t&i khi ba 16 ddy sé mang lai nghiém t&i vu.

Su giai thich sau day vé bai toin ba 16 lam ta hiéu tai sao ti s8 E
lai dugc dua ra. Gia sit cd mot 6ng chi clta hang "tham" ¢ Ha Noi b
s6 mat hang nhu bang 6.1 véi s6 lugng (tinh theo tdn) va tdng s6 tién
tuong img (tinh theo triéu déng). Ong chii nay c6 mot chiée 6 t6 trong
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tai 10 t4n, vay ong chi phdi x€p lén xe nhing loai hang nio d€ mot
chuyén di vao thanh ph6 Hé Chi Minh, c6 t6ng gid tri hang 16n nhat?

Loai himg hoa | 56 lugng (t4n) | Téng tién (d6ng)
Déau xanh 8 32

Ché Thai 2 32

Ming kho 4 25

Mixt hoa qua 1 10

Banh d4u xanh 2 9

Mién 6 18

Nhin khé 10 55

Gao nép 50 100

Bdng 6.1 Kho hing cia 6ng chi "tham”

Ta muén chd duge 10 t&n hang vdi gid tri cao nh4t, bing truc giac
thi ta chon loai hang c6 ti s6 giita gi4 tién va can ning 16n nhat vdi s6
lugng c6 thé, sau d6 chon loai hang thit hai c6 i s6 giita gia tién va trong
lugng thir hai va ti€p tuc nhu vay cho dén 10 t4n thi théi (bang 6.2).

Loai hing héa | S8 lugng (tdn) | Téng tién (d6ng) | Chon (tan)
Che Thai 16 . 1 2
Mit hoaqua 10 1 1
Mangkho 626 1 4
Nhankhé' |- .55 Y 3

{ Binhdfuxanh | 45 0 0
Diuxanh 4 0 0
Mién 3 0 0
Gao nép 2 0 0

Béng 6.2 Kho hang cfia 6ng ché "tham" sau khi chon

Téng quat hoa chién thuat tham, lam sao x€p: vao xe 56 hang héa
6 gia tri I6n nhat. Thut toan knapsack dudi day gla st.cac, d6i tufdng
hang héa da dugc sip xép theo chiéu khéng glam cia 1—, i=1,2,.

Thuat toan 6.3 (trang 190) thé hién y ¥ tudng trén

Ménh d€6.5. Tha tuc knapsack sinh ra nghigm 167 vy kfu ): wr< C, fiy
tit ca nhtmg déi trong du'o’c' dit vdo trong ba Io.
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Thuét toén 6.3 Ba 16 (knapsack)

' flmction knapsack{(V[l..n), W[l A],C,F[1..n])
Piuvio: V[i.n],W[l..n] ming céc s6 nguyén ducng,

VI Vi

Wi 2 2 Wi va C 14 56 duong.

Pidara: F{l..n] mang s6 thap phan khong am.

o |
ARNEBEESRERBERES

WMo L

fori:=1tondo
Fli]:=0;
end for
RemainCap .=C; i:=1,
if W(l] <=C then
- Fits := true;
else
Fits ;= false,
end if
while Fits and i <=n do
Flii=1;
RemainCap := RemainCap — W[:]
i=itl;
if W[i] <= RemainCap then _
' Fits :=true; T
else _ "
Fits = false;_
end if e
end while
if i <=nthen
Fli]:= RemamCap/W[;]
end if
knapsack

Chitng minh. Ta chu:ng minh béng phédn chimg. Gia s\ knapsack sinh ra
nghlém t6i vu khi )_'_: wi > C.. - Gid stt ngugc lai c6 mot nghiém

={fi,f2y-2 fn) smh ra bdl tha tuc knapsack 1a nghiém con t6i wu. Bay

gif! ta xét mot nghiém 6i wu ¥ = (y1,y2,...,y), va cho j 1a chi s6 ddu

tienisaocho f; #y;, nhuvady 1 = f; =y, 1 <i< j— 1. TachonY sao cho

2 - r - . y P > n .

j cute dai @ tit ca cac nghiém t6i vu. Chi y ring ¥ yiw; = C (ngugc lai
. _ =1



6.3. Bdi todn ba 16 _ 191

ta c6 thé ting mot trong nhimg y; va hién nhién ting tdng gid tri cla
nghiém). Vi chién thudt tham dung trong knapsack nén ta c6 f; > y;.

Bing cach chuyén d6iY, ta x4y dung nghiém t6i wu Z = (21,22, -..,2n)
ma né tuong thich v6i F khéc véi lic ban ddu. Ta ditz = fi,1 <i < j,
va v6i i > j gid trj clia z; nhan dugc tit gidm mot céch thich hop y; sao
cho _)El zw; =C.Suy ra

{g—ywi= f, i —yiywi.

i=j+1

So sanh tOng gia trf cha nghlém Z va Y va du.ng danh gia

Ny >—tanh&nduqa
w1 W Wy

zzxvx E)’:W! (ZJ }’j)"’; Z (yi_zi)"i.

i=j+1

= (z;— y})wj'—”" E (i~ z!)wl

Wi i=j+1

(ZJ yiwi+ Z (i — Z;)Wl]

i=j+1

Nhu vay gia tri cda Z khong nhd hon Y, vay Z ciing 1a mot nghiém
t6i vu. Nhung Z tuong thich véi F tai vi tri ddu tién j, diéu nay trai vé6i
gia thiét ¥ 1a nghiém t6i uu ma no tuong thich vdl F hau nhu cac vi tri
ban déu.

D& tha'y thudt toan knapsack c6 46 phitc tap tuyén tinh trong trudng
hgp x&u 'nha't. Tuy nhién do gla thiét thuat toan nay phdi sép xép d6i

tuong theo — 2 12— >. > ~-. Ta c6 thé 4p ‘dung mét loai sip x&p

nhanh nhét cé do phu'c tap O(ulogn) Nhut vay néi chung thuat toan
nay c6 d¢ phitc tapO(rlogn) trong tm(’mg hop x&u nhat. - ©

~ Tac6 thé 14y vi du thugt toén tham khong cho nghi¢m t6i wu v6i
bai todn 0/1 ba 16 . Vi du-dirge thd hién trong hinh 6.8 (trang 192): Ba 16
d day la xe tai chd dugc 60 (t4n), 56 lugng hang tinh theo (t4n) va tong
gia tri dugc tinh theo (trién) déng.
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Ba lo | | % T
- 35 140
7 i
% s 30| 90 40| 160
9 ‘ '
Z [ ] | |+
% 40 |t
é 30 200 100 [20f 100
% 20 ' + +  j20l 100
10 - —
© 160 90 100 20 30 270 220 260
(Triéu déng) Nghiém Nghiém Nghiém
tham tham 61 wu
bai toan bdi toan bai toan
phansé 0/1 0/1 -

Hinh 6.8 Bai t_oén_ ba 16 phan s v bai toan 0/1 ba 16

6. 4. BA!L TOAN cfw BAO mum NHO NHM VA TI-IUAT TOAN
6.4.1. Cay bao trtlm nhd nhﬂ't

Bai todn chung cho cée mang truyén thOng va thxe't k€ vi mach dién
t% 13 néi céc dim n6t véi nhau (mang triyén thong 14 céc tram truyén
dAn hoc cic phén tit vi mach) bdl mang c6 tdng 40 dai nhé nhat (tng
d6 dai céc day dén). Ta gia sut mang khdng dinh hudng. D4 t6i thifu
héa do dai clla mang thi nd khong bao gigt ¢6 ¢hu trink khép kin (vi néu
¢6 chu trinh khép kin thi ta ngét né ra va khi d6 d6 dai s& ngdn hon).
Vi thé€, mang ta coi 1a d6 thi lién thong, khéng dinh huéng va khong '
cliu trinh khép kin, d6 thi nhut vay goila cdy tr do.

Mot cich hinh thitc hoa ta xét dé thi fien théng, khong dinh huéng

— (V,E), V 1a tap dinh, E 1a tap céc canh. Cdy bao trum la mét tap

con khéng chu trinh khép kin cac canh T'C E mé chung néi tat ca cac
dinh cia d6 thi véi nhau.
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Gid sit m&i canh (u,v) cta G c6 trong lugng w(u,v) (c6 thé 1a s6 0
hofic mot s6 am). Ta dinh nghia trong lwgng cla cay bao trim T 13
téng trong lugng céa céc canh cda cdy bao trim nay:

w(T) = Z w(u,v).
{uvieT .
M6t cay bao trtim nhé nhat (viét tdi 1a MST) 1a cay bao triim c6 trong
legng nhé nhat. '

G=
1 . l
. 6 | .
3 3 3
1 5 5
w(T)) =13 - w() =9 - w(B)=10 w(Ty) = 12

W)= wl)=15  wE)=12  wT)=10
Hinh -,6-.9'5:_8 . cay baotrum cfla G Sré q_ay.bép trum nhé nhat 13 D
Chis § riing cay bao trim nhd nhsf khong phdi duy nhat, nhung
cing 14 néu tat a céc canh c6 trong lugng khéc nhau thi MST s& khac
nhau. Vi du cay T; c6 trong llrdngnhc’)nhﬁ't (hinh 6.9).
6.4.2. Ti€p cgn thudt todn tim cdy bao tram nhé nhat
Ta sé trinh bay thuat todn tham cho viec tinh cay bao triim nhd nhat,

Thuat toan tham duge xay dung trén co s 1p lai lua chon trong hrong
nho nhét giita tat c kha ning lga chon tai méi budc (c6 tinh chat dia
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phuong holic chi quan). D4c tritng quan trong ctia thudt toan tham la
lu6n ludn chon dugc, khong bao gid khong thé chon. BE lap du‘gc thust
toén ta nhéc lai mot s6 tinh chét ctia cay tu do. B dé sau day dé dang

dugc chitng minh. '

Ménh d€ 6.6. Doi vy mgt cdy tur do thi

o Cay trdo cén dinh thi cé chingn— 1 canh,
o T0n tai duy nhat mot duong di giita hai dinh bit ki cua cdy tur do.

e Ldp thém mot canh bat ki cua cdy tir do tgo ra mot vong tron duy nhét
Ngdt canh bit ki ciia duong tron vira Ip, tra d6 thi vé ciy tr do.

Cho G = (V,E) 1a d4 thj lién thong, khong dinh hudng va céc canh
ctia n6 6 trong lugng. Truc gide d3ng sau thuat toan tham tim cay bao
tram nho nhat 1a thuc hién trén tdp con A cdc canh, ma khdi ddu nd
biing tréng va sau 46 ta cho thém vao mbi canh mot 1in cho dén khi
A béng MST. Ta néi rsngmottap con A C E 14 6 khd ning néu A tap
.con cic canh clia c4y bag frim nho nhat nio 6. Ta néi ring mét canh
(u,v) € E\A 1a chdc chdnnéu AU {(x,v)} c6 khd néng N6i cach khac
(u,v) q:hac chin chon thém véo sao cho A ¢6 thé md rong dén cAy bao
tritm nhé nhat. Chd y 13 n€u A c6 kha niing thi khéng thé ¢6 chu trinh
khép kin. Thuat toan tham 1a thyc hién 3p lai thém cac canh chéc chin
vao cdy bao trtm hién thoi,

Khi ndo mot canh 1a chic chidn? Ta xét v& mit li thuyét, khi ndo mét
canh 14 chic chidn hodc khéng. Cho § 13 tip hdp con cac dinh SC V.
Ki hiéu cut(S,V\ S) 1a phdn cdfphan chia cac dinh clia d6 thi thanh hai
tap khong giao nhau. M6t canh (x,v) bing qua phén cit néu mét dinh
thudc S va dinh kia thu¢c phén con lai V\ S. Cho tap hop con A céc
canh, ta néi ring phdn cit tuong éng A néu khong cé canh trong A di

~ qua phin cit. Khéng kho thdy ring phédn cit twong dng 1a quan trong
v3i bai todn ndy. Néu ta phai tinh b phan cay bao triim nhé nh4t va ta
mudn bi€t canh nio c6 thé duge thém vao ma khong tao ra vong tron

- trong cay hién thdi MST, b4t ¢t mét canh ndo di qua phan cét tuwong
ing déu cé kha ning lua chon.
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Mot canh cta E 1a canh nhe di qua phdn cit, néu giita tat ¢4 cic canh

qua phén cét thi n6 c6 trong lugng nhd nhét (dudng nhe nhat nay cb

thé khong 13 duy nhat). True gidc thay ring tit tat c& céc canh ma né di

~ qua phén cit khong tao véi cac canh trong phin cit tuong ing tao ra

mot vong tron khép kin, déu ¢6 thé 1a dudng nhe. Thuat toan s& thiet

k€ déu ding ¥ tudng thém vao canh ¢6 trong lugng nhé nhét di qua
phén cit. '

Ménh d€ 6.7. Cho G = (V,E) lién thong khong dinh hudng vor céc
trong Ipng thue trén cdc canh, Cho A Id tip con c6 thé dugc cia E
(nghia I t3p con ciia mot cdy bao trim nhd nhat ndo dg), cho (S,V\S)
14 phén cit ma tuong ing voiA va (u,v) Id canh nhe nhat di qua phdn
cdt ndy. Khi d6 canh (u,v) Jd mot canh chéc chdn cho A.

Chiing minh. D€ don gidn ching minh ta gid thiét trong luong trén
méi canh 13 khic nthau. Cho T 1 cdy bao tritm nhé nhét cho G. Néu T
chita (4,v) thi ménh dé di dugc chitng minh. Gi st n6 khéng c6 mot
MST ndo chita (x,y). Ta s& chitng minh bing phén chimg.

) (TUG )\ (xy)
Hink 6.10 Cay bao triim nhé nhat theo b8 dé

Cong thém canh -l(u, v) vao T, nhut vay tao ra vong tron. Vi u va v la
céc dinh d6i dién cda phén ct, ma vong tron bat ki phai di qua phin
cét s6 chin 1in, do d6 tén tai it nh&t mét canh (x,y) trong T di qua phdn
cdt nay. :

Canh (x,y) khong nim trong A (vi phdn cit tuong ng A). Bing cich
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bodi (i,y) dua T tré vé cay bao trium 77. Ta ¢6

w(T') = w(T) —w(x,y) +wlu,v).
Vi (#,v) 1d canh nihe nhat di qua phén cdt, ta ¢6 w(u,v) < w(x,y). Do d6
w(T") < w(T). Diéu nay v6 Ii v6i T 1 cdy bao triim nhd nhat. ©

6.5. THUAT TOANKRUSKAL

Thué4t toan Kruskal thuc hién biing cich c6 ging thém céc canh vao
A véi trong hugng ting 1én theo thit tir. Néu canh ti€p theo khong tao
ra chu trinh khép kin giita tap céc canh hién thdi, thi no dugce thém vao
A. N&u nb tao ra chu trinh khép kin thi canh niy duge bd qua va ta xét
canh tiép theo vdi thit tu trong ludng,. '

Hinh 611 Thuat toén Kruskal

Chii ¥ réng khi thut todn nay chay, cic canh ctia A s€ tao ra mot
rimg céc dinh. Bing cach ti&p tuc thuat toan, céc cay cta rimg nay dugc
hgp vdi nhau cho t8i khi ta c6 mot cdy duy nhat chia t4t ca cac dinh.
Vi du thuat toan Kruskal cho cy nhu hinh 6.11.
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Ta c6 thé thay thu4t todn trén. I diing din, Ta xét canh {(u,v) ma
thuat todn Kruskal tiéh ti thém vao va gid sit canh nay khong tao ra
chu trinh khép kin trong A. Ki hiéu A’ cay cia rimg A chia dinh u. Ta
xét phan cdt (A’,V\ A’). M8i canh di qua phdn cit khéng thudc vao A
- va do d6 n6 thugc phén tuong tng A va (1,v) 14 canh nhe nhat di qua
phan cit. Nhu vay theo ménh dé trén («,v) 1a c6 thé chon.

Thuat toan dugc thé hién vi cac ham theo cdu tric dit liéu:
Create — set (u): Tap ra mét tap hgp mot phin tr w.

Find — set(u): Tim tdp ma né chita phin tit da cho u.

Union(u,v}: Trén tap chita u va tép chita v thanh mot tap chung.

Trong thuat toan Kruskal céc dinh cia dé thi 58 13 céc phin tt dugc
Iru vao trong céc tap hgp va céc tdp hgp nay sé la cac dinh trong méi
cay cua A, Tap hop A dugc luu lai nhu mét danh sich duy nhdt cdc -
canh. Thuat toan thé hién gia md nhv sau:

Thuit toan 6.4 Thuit toan tim cay bao triim Kruskal
function kruskal(G,w)
Piuvap: G (dﬁ thj ¢6 tdp » dinh V va tdp canh E = {e, = (u,,v,)|t =
1,2,...,m}); w ham trong ludng cha E.
Pdura: A cay bao trim nhd nhat.
A=0. '
for (M6i u thudc V) do
Create —set{u);
end for
S&p x&p E theo thit tif ting cla trongluqng w;
for Méi (u,v) trong danh sach da sép xép do
if (Find — set(u)not = Find — set(v)) then
Thém (i,v) vao A; ' IR
Union(u,v),
end if -
11: end for
122 returnA
end kruskal

LR A

i
=

Thdi gian tinh todn cha thudt todn Kruskal 1a bao nhiéu? Ki hiéu [V|
- 1a 56 cc dinh va |E| 14 6 céc canh. Do d6 thi 14 lién thong, ta gid thiét
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ting |E| > |V| - 1. Ta biét riing thuat todn sép x&p cic canh c6 ham thai
gian 1a O(|E|log |E|). Vong lap for lip |E| 14n va méi ldn 13p lai s6 hop
céc phin tit Union va so sanh Find — ser. M6i l4n thao tac trén tap hop
13 ©(V), tng thé 1a ©(|E|log |[V]). Nhu viy t6ng thdi gian thuc hién la
- t6ng céc 56 nhu vay nén d6 1a O((|V| + |E|)log{V|). Vi |V| t4 tiém can
- khong 16n hon |E|, két qua trén viét don gidn 1a ©(|E|log V).
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Thuong thudng khi ta giai bi todn, nhiéu khi khéng ¢6 cich nao t6t
hon la thar t4t ca cac kha ning cha nghiém bai toan c6 thé xdy ra. Cich
ti€p can nhu vay ngudi ta goi 1a #m kiéin todn dién, nhu vy viéc im
13i giai rdt chdm, nhung nhiéu khi cé cdn hon khong c6 cach gidi nao!
Djc biét khi ¢& bai toan d nhd d€ ta c6 thé kién tri gidi dugc. Ky thuat
thu4t todn d€ gidi theo ki€u nay 1a st dung thuét toan chia d€ tri thich
hgp nhit.

R4t nhidu bai toin im kiém toan dxen co thé gidm déng k€ do phiic
tap dén bing bai toan sinh ra nhitng d6i tegng t6 hgp don gidn, thuong
thudng nhét la sinh ra chui, sinh hoén vj va sinh ra t§ hgp. Vi vay ta
nghién citu trong chutong nay nhimg thu4t todn céng cu ¢o ban: Nhu:ng
thuét todn cho viéc sinh ra nhimg d6i tugng co ban nhut

 Sinh ra 2" chudi nhj phan <6 d6 dai » bit.
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¢ Sinh ra k" chuéi  bit tit chubi c6 d6 dai ».
e Sinhra n"hoén vi tir n d6i tugng,
e Sinhra —~)—' t6 hop tit n vat chion 18y r v&t mot 1dn.

Ki thudt tfa nhanh trong tim kié'm todn dién cho ta mét phuong phap
quay lui nhanh chéng va e hiéu qud.

7.1. THUAT TOAN QUAY LUI YOI CHUGI NHI PHAN

Trong phin nay ta nghién citu nguyén téc chung vé thuat toan quay
Iui v6i chudi nhi phéan, vdi k-chudi, ki thust Ha di nhitng nhanh khong
cAn thiét khi tim 13i g1a1 va hoc cach viét mot thuat toan quay lui nhu
the nao. Nhitng cd s& trén dugc ap dung cho mot dang bai tean ba o,
bai toan chu trinh Hamilton, béi todn dudng di cha ngudi ban hang.

7.1.1. Nhimg chadi bit

1.Biitoin

LAp thujt todn sinh ra 4t cd cdc chudi nhj phan khédc nhau gém n bit

Loi gidi: Ta dung cdch chia € trj. Chu8i nhj phén nén bit cudi ciing
chi c6 0 hodic 1, vay ta c6 thé xét t4t i cic chudi chi ¢6 0 sau cung hodc

-+ chicd 1. Vay d€ tao ra ta 14n lugt tao ra chudi 0 & cubi trudc sau dé

1a chubi ¢6 1 & sau bdng cich héi quy. Ta chita chudi. nhi phéan trong
mang A[l..n]. Muc dich Ia ta 80t mot thi tuc sinh ra A mét 1in (goi d6
la process(A)) v3i A[l..n] ¢6 chita m8i chudi nhi phan. Thuit todn 7.1
(trang 201) thé hién y tudng lap ra cac day nay.

2. Chitng minh tinh ding dn cdia thudt toin 7.1

Ménh 4€ 7.1. Vi moim > 1, thd tuc bmar:y(m) goi process(A) moét ldn
Vi A[l. m] chita moi chubim bit.

C'bz?ngmz’nb. Ta ching minh quy nap theo m. Ménh dé ding véim = 0.

Bay gid ta gid sit thiz tuc binary(m — 1) goi process(4) mét lin voi
Af1..m] chita mé8i chubi m — 1 bit

Khi d6, tha tuc binary(m) thuc hién
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Thujt todn 7.1 Xt Ii t4t ca chudi nhj phan c6 d6 dai m

procedure binary{m)
Piuvio: Gid trj m. :
Piura: Sinh ra cic chudi nhj ph&n ¢6 bit khéc nhau.
1:  if m =0 then

2: process(A);
3 else
& Alm] .= O;binary(m - 1);
5: Alm} := 1, binary(m—1);
6: end if
end binary

s Gan A[m] bing 0, va
¢ (ol binary(m — l) _
Theo gia thiét quy nap, 13i goi thi tuc binary(m ~ 1) 14 goi process(A)
mot lin vdi A[1..m] chita m8i chubi m bit, ¢6 bit cu6i ciing bing 0.
Sau d6, thii tuc binary(m) thuc hién
o Gén Afm] bing 1;
e Goi binary(m —1). _
- Theo gia thiét quy nap, 10i goi tht tuc binary(m — 1) 14 goi process(A)
mét 1an v&i A[1..m] chita mbi chudi m bit, c6 bit cudi cung bing 1.
Do d6, binary(m) 1a goi pmr:ess(A) mot lén v{i A}..m] chita méi chubi
m bit. ©
" 3. Phin tich thujt toin |

Ki hiéu 7'(») 1a thai gian chay ctia thuat todn binary(m). Gid st thi
tuc xut I chi t6n thai gian O(1). Khi d6

(”)__ ' ' né’un—l "-
2T(n—1)+d ngugce lai .

Do dobé’tngcach thaylnénhé'pvaodﬁngthwc trentaco
T() =(c +d)2"‘ n
Suy ra T'(n) = 0(2"), nghta 1a thuat toén sinh chuﬁl bit 14 t6i wu.
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4. k-chudi

Bai toan : Ldp thudt todn sinh ra tit cd cdc chudi cian sO'ma chi d;én
cdc s6 hr 0 dénk— 1.

Loi gidi : Ta chita k-chubi trong mang A[l .1} Muc dich cta ta la goi
mot thi tuc sinh ra process(A) mot 1dn v6i A[1..n] chita k-chudi. Goi tha
tuc string(n) (thudt toan 7.2):

Thuit todn 7.2 Sinh t4t cd k-chudi.cé d¢ daim
procedure string(m)
Pau vao: Giatrim.
Pdura: Sinh ra cic chudi nhi phén tat ca k-chudi c6 do

dai m.
1:  if m =0 then
2 process(A);
3: else
4  forj:=0tok—1do
- - Afm]:=j, string(m—1);

6 end for

T end if

end - srr_ing -

Chtmsmhhnhdung 'l:wnghrp-uaqghapnmphan
- Phén tich : Ttrdngtunlmtrmgrtnﬂ‘lghdpmhphh
&Nhﬁngnguyénlyqnayhi i TR e B

- Phép quay lui tha'y 15 hon b&ng c&u tric cay t:rén khéng glan lcn
guh Vi du nhu chudi nhj phan d¢ dai 3 hinh 7.1 {trang 203).
iPhép quay lui thuc hién bé qua thit tu trwedc tren cay nay, déng thcn
-xulyla - R N I

~ Tiét kiém thai glan biing cach #a bo't nghTa Ia bo qua nhu:ng niit
bén trong ma né cho 13 khéng cb ich.

Vi du: k—chu61 vm su tia bot

- Thuét toédn 7. 3 string dién vao rnang tu phél qua trai, thuat toan
string(m, k) c6 thé tla bét cach chon cho A[m] ma n6 khong tuong thich
voi A[m +1..4). - ‘ : '
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[o00][100] [010] [110] [001] [201] [011] [111]

Hinh 7.1

Thuat toan 7.3 Sinh t4t ca chu61 nhj phﬁn c6.d¢ daim

procedure string(m)
Piu vao: Gia tri m.
Pdura: Sinh ra cic chudi nhj phan tat ca k-chu6i c6 d6 dai m.
if m =0 then
process{(A);
else
for j:=0tok—1do '
if j 1a phép chon c6 hitu luc cho Alm] then
Alm] = j; string(m—1);
end if .
end for
end if
String '

ALY NS T e B

..0
s

Nhﬁng buoc thné’t lip thuét todn quay lui '_Il _ ,
Nhitng budc thte h1en cho viéc quay lui nhu saw: ;- - _
1. Chen ddi tuqng cu 90; Vi dgi irhit céc’ &m&i, cac phép hodn vi, cac
phép 8 h{!p (h'dng biti nﬁy ta dﬂ z:hon cét chhﬁl) '

2. Bétdau véi mﬁ ngudn chla dé tri d\oviec smh 1;& nhu:ng 46i tudng
cd 6.

3. Dt ma ngudn cho vnec klém tra n.hung tinh c:ha’t thlé’t k€ tai bude
¢o 53 ciaa héi quy. :

4. Dt ma ngudn cho sy a bélt trutdc mébi lénh goi héi quy.

N'huphantrénthitaphalco thuat todn sinh céc d6i tugng co sd,
phin ddu chlrdng nay da nbi dén hai thi tuc cu thé dé sinh chudi. M6t
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céch t6ng quat ta c6 thé thiét 1ap ma hgudn cta thuat toan sinh ra nhu
sau: '

Thuit toan 7.4 Sinh t4t ca chudi hhi phan ¢6 d6 daim
procedure generate(m)
Piuvao: Gii trim. ,
Pdura: Sinh ra cic chudinhj phan tat cd k-chudi c6 do daim.
1:  if m=0 then

2: process(A);-

3 else _

4. for mdinhinh chas6 jdo
5: Alm] = j; generate(m— 1);
6 end for

7. end if

d generate

‘Thuét toan quay lui 14 ta b6t cac nhanh khéng cin thiét, mot cach
~ t8ng quat ta c6 thuét todn 7.5 nhu sau :

Thudt toan 7.5 Sinh t4t c& chudi nhi phan c6 do dai m

procedure generate(m)
Diuvao: Gia trj m.
Dﬂu ra: Sinh ra cic chudinhi phan tit ca k-chudi c6 db daim.
- if m=0 then '
2. process(A)
3 else -~
4 for mOlnhénhcuasd Jdo S
5 _ if j phithgp v6i Alm+ L.5] then
& . - Alml=j; gemzrare(m— l) '
7
8
9
d

end if
end for
end if

generate

D¢ (tng dung cac nguyén tic thiét 14p thuat toan kiu quay lui trén
ta xét cic bai toan cu thé sau.
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1.1.2. Bai todn ba 16

Ta da xét bai toan ba 16, cho  ba 16, ta diing mang bit A[1..n] va dijt
Ali] bdng 1 néu ba 16 i dang dugc. Tim kiém moi kha ning théng qua
tat ca cac chudi nhi phan Al .n] kiém tra cho thich hop. Ta cho s6 lieu
cu thé

n=3,51=4,5p=5,53=2,L =6,
0 day L la vat chita cin cho cac ba 16 51,82, 3.

nhanh'da dugc tHa
Hinh 7.2

Thuat toan 7.6 Bai toan m ba 16, c& chira ¢

procedure knapsack(m,)
Piuvao: Gia trim,¢.
Diura: Bal6 da dugc sip t6i wu.
1:  if m =0 then

2 if £ =0 then
3 print(A);
4 end if
5: else
6: Alm] := 0;knapsack(m — 1,¢);
7: if 5,, <= ( then
8: Alm] := 1;knapsack(m — 1,€~sp);
9: end if
10: end if

end knapsack

Thiét lap thuat toan ta dung thuat toan chudi nhi phan. Phuong
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céich tia cta ta cho ¢ 1a d9 dai con lai cia vat chita ba 16 (thuat toan 7.6):
.o Alm] =014 luén luén hop le, _
‘. A[m] =1 khéng hgp 1& néu s, > ¢ va ha nhénh d déy
B Dé in tat ca cdc 10 giai cho bai toan ba 16 v6i n ba 16 ¢6 ¢ s 1825 ey S
va ba 16 chita ¢6 3 L, goi tha tuc knapsack(n,L).
Dé thay d¢ phic tap clia thuit toan la 0(2").

7.1.3. Cha trinh Hamilton
1. Chuéi téng quat

Ta xét mot tht tuc chudi téng quat. Ta chii  réing & 6 thé khac moi
chit s6 clia chudi, chang han ta gilr mot mang D(1..n] véi A[m] 14y mot
trong nhiing gia tri 0, 1,...,(D[m) —1).

Thuit todn 7.7 Sinh cic chubi c6 d6 dai m
procedure string(m)
Pauvio: Gia tri m.
Piura: Sinh ra chudi c6 do dai m.
1:  if m =0 then
process(A)
else -
for j —OtoD[m]— | do
Alm] := j;string(m ~ 1);
end for
end if
end string

AU )

St dung cho thuft toan trén voi d6 thi c6 n n6t, khi d6 D[m] c6 thé
1a bac cda niit m.

2. Chu trinh Hamilton

Dinh nghia 7.1. Chu &rinh Hamilton trong d6 thi dinh hudng 1a mot
chu trinh di qua moi dinh ctia d8 thi diing mot Mn trix dinh xudt phat.
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Hinh 7.3 chi ra m6t chu trinh trong dé thi dinh huéng c6 7 nat.

Hinh 7.3

Bai toan diit ra ld cho mot d6 thi dinh hudng G = (V,E), hay tim mét
chu trinh Hamilton?
Dé gidi bai toan nay ta ghi nhan d6 thj nhu mot danh sach lién ké:
- V8imdi dinh v € {1,2,...,n} ta ghi vao mot danh sach nhimg dinh sao -
. cho(ww)e E. '

GO WA BN R

T

G | s e | fo fro

Hmh 7‘:.4 - ,
Ghi nhan chu trinh Hamllton nhu mot méngA[l n] & day chu trinh
Al > Aln—1]— AR » Al » Als] |
Vi s6 liéu & cay hinh 7.3, thi danh sdch dua vao D(1..n] nhu hinh 74.
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3, Thuit toan _ _ _

Ta diing thuat todn chudi téng quét. Phuong phap tia nhanh: Luu
giit mang Boolean Uf1..n], & day U|m| 6 gid tri truekhi vé chi khi dinh
m khong duge sit dung dén. Khi nhap m vao thi

s Ulm]=truelahgp lé. _

o Ulm} = false khong hop ¢ ; va tia nhénh & day.

DE gidi bai toan chu trinh Hamilton, trudc tién ta dit mang N hai
chibu (cac miit 1an cn) v mang mot chiéu D (bc) cho viée nhap 46 thi
va chay sau d6. Gid sit n > 1 thi chuong trinh g6ém nhimg dong lénh
saw:

fori:=1ton—1do
Uli] := true;
end for

U[u] = fqlse;A[n] =mn;
hamilton(n — 1);

ST

procedure hamilton(m)
Diu vio: Gia tri m.
Piura: Chu trinh hamilton tit Am + 1] v6i m nhitng nit khong

dugce dung.

6: if m=0then

7.~ process(A)

8 else o .

9. - for j:=0to DjAlm+1]] do
10: w = N[Am+ 1], .
1m: . ifUw them -
12 Ulw] := false; * |
13: Alm] := w; hamilton{m —1);
14: Ulw] :=true; e
15: end if
16: end for
17 endif

end hamilton
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procedure process(A)
Piu vao: Gia trim.
Pdura: Kiém tra chu trinh dong
18: ok = false;
19: for j:=1 to D[A[1]] do
20: if N[A[l], j] = Aln| then

21; ok 1= true;
22. . endif

23:. end for

24:  if ok then

25: print(A);

26: end if

end process
Ta chid ¥ mot s6 difm trong thu4t toan nhut sau:
~ » Tadong 4, Aln] =n. B .
e Thi tuc process(A) déng chu trinh lai. Tai thai di€m § d6 process(A)
dugc goi, A[1..n] chita dudng di Hamilton tir dinh A[n] dén A[1].
N& chi con kiém tra mot canh i A[l] dén Aln] va in ra A néu viéc
kiém tra thing loi.

e Dong 11 thyc hién viéc tia nhanh, dya trén co sd khéng cé niit
mdi ndo dugc sit dung (va duge dénh ddu ngay déng 12 sau d6).

e Dong 14 danh d#u nit khéng dugc dung khi ta G lai tit viee
thim v1é'ng no. : : :

4. Phin tich thut toin | .

Cau héi dit ra Ia thi gian bao lau thi thi tuc kamilton im duoc mot
chu trinh Hamilton? Ta xét truding hgp x&u nhit 1a trong cay da cho -
khong c6 mdt chu trinh Hamilton néo ca.

Ky hiéu T'(n) 1a thdi gian thue hién cda thuat toan kamilron. Gia sit
d6 thi c6 bac cuc dai la d. Khi 46, v6i b,c € N, ta ¢6

(n) = bd néun=0
" ldT(n-1)+¢ ngugec lai .
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Biing cach th€ lién tiép cho két qud va dédnh gid T(n) = O(d"). .

Do d6, t6ng thdi gian chay trén » dinh 1a O(d") néu khong t6n tai chu
trinh Hamilton ndo. Théi gian chay thuét todn s& 14 O(d" +d) = O(d”*)
néu moét chu trinh dwoc tim thdy (d cubi ciing 1a kiém tra tmh déng clia
chu trinh). :

7.1.4. Dudng di cda ngudi bdn hang

Phén trudc ta Gm t4t ca cic kh ning cta chu trinh Hamilton cho
mot cdy dinh hudng. Bay gid ta cho cdy dinh hudng 6 gan nhan
G = (V,E), bai toan dit ra 1a im chu trinh Hamilton ¢6 chi phi nhé
nh4t? Bai todn nay goi 1a bai toan t6i wu va ki hiéu la BTU.

Ta md rong bai toan trén voi viec ddi héi chu trinh bi chin th6i nhu
sau: Cho d6 thi dinh huéng c6 nhin G = (V,E) va B € N, hay tim chu
trinh Hamilton ¢6 chi phi nhd hon hoic bing B. Bai toan nay goi la bai
todn t6i wu bi chin, ki hiéu 1a BTUC.

' Ta chi cn gidi bai toan bi chn la dd. Khi d6 bai toan t6i uu c6 thé
gidi dudc bing céch dung tim ki€m nhj phan.

Gid st ta co thil tue BTUC(x) ma n6 trd vé chu trinh Hanilton c6 do
dai nhiéu nh&t 13 x'néu mot chu trinh tén tai. D€ gidi bai toan t6i wy,
goi lenh BTU(1, B) wdiBla t&ng 14t ca chi-phi cla céc canh (mét chu
trinh Hamilton chi phf ré nhét #ihé hon téng nay, néu 6 tdn tai). Ta c6
thuat toan 7.8 (I:rang 211)‘., ot

Chaylata phai goi BTUC(B) aé bxé't chéc chin la chu trinh Hamil-
ton b tén tai khong da.

Thuat toan BTU dudc goi O(]og B) 14n (phan tich nhu' 14 trong tim
kiém nhi phéan). Gia su )

¢ D6 thi c¢d n canh. .
o D6 thi ¢ nhan nhidu nhat 14 b (nhu vy B < bn).
« Thii tuc BTUC(B) chay mét thdi gian O(T (n).
Khi dé, thi tuc BTU chay trong thoi gian (logn + log5)T (1)
Ta thi€t k& quay lui cho thi tuc BTUC: Ki higu C [v,w] 1 chi phi cia
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Thuat toin 7.8 Pudng di cia ngudi ban hang chi phi nhd nhat

function BTU(¢,r)
Pauviao: Gidtrifvar.
Piura: Chu trinh Hamilton chi phi nhoé nhdt nim trong;
khoang > £va <r. .

1. if £ =r then
2: return(BTUC(£))
3:  else
[f + r_|
4: = — >
5: if BTUC(m ) tim thdy chu trinh then
6: return(BTU (¢, m))
7 else
8: return(BTU (m+.1,r))
9: end if '
10:  end if
end BTU

canh (v,w) € E va Cly,w] =0 né'u (v,w) & E. Khi 46 thuat toan J phin
trude duge cu thé hoéa:
procedure BTUC(B)

Pduviao: Gid tij B.

Piura: Travéchu trinh Chl phi nho hdn hoac béng B,

1 fori:=lton—tdo '
2: Ult] :=true
3. end for S L
4 Uln] := false;Aln] =n FRT ” ._-'-,_
5. hamilton(n— |,B); S
end BTUC

procedure hamilton(m,b)
Diuvio: Gia tri m,b, :
Pdura: Chu trinh Hamilton tir A[m +1} véu m nhitng nit khong
duge diing, chi phi nhé hon hoéc bang b.
6. if m =0 then
7: process(A,b)
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. else _

9: for j:= 1 to D[A[m+ 1]} do
10: w = N[A[m+1], j); _
1. ifUWA(ClA{m+1],w] <=b) then
12: Ulw] := false;
13 A[m] = w; hamilton(m—1,b~ Civ,w));
14 Ulw] := true;
15: end if
16: end for
i7.  end if

end hamilton

procedure process(A.b)
Piuvao: GiatriA,b.
Piura: Kiém tra chu trinh c6 dong khong?
18 if (CJA(1], j} <= b) then
20. endif
end procesis -
Mot s6 chii ¥ vé thudt toan:
e Tia nhu'.ng nhanh 6 chi ph1 dit dugc thuc luén tai dong 11.
e Thi tuc process dong 18-19 dé dang dugc thyc hién khi ta dung :
ma tran gan ké. -

Thuat toan dugc phan t1ch c6 thoi glan O(d”) nhu 14 vige tim chu
trinh Hamilton.

7.2. THUAT TOAN QUAY LUI VOI NHUNG PHEP HOAN V)
7.2.1. Sinh nhdng hodn vj | | |

Bai toan. Ldp thd tuc sinh ra titca } nhifng hodn vi cua n s6'khdc nhau.
Loi gidi. Trudng hop quay lui v6i t4t ca chudin c6 6 dain.
e Luu giit méng Boolean U[1..x}, & day U[m] 1a truekhi va chi khim
khéng duge dung.
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~® Lutu giit hoan vi hién thi vao mang A[l..n].
- ® Muc dich 14 goi process(A} mot l4n véi A[l..n] chita méi hoan vi.
- Goi thu tuc permute(n):

Thuét todn 7.9 Sinh ra cac hoan vi

procedure  pernute(m)
Pauvio: Gia tri m.
Diura: Sinh tit c4 hodn vi a6 dai n.
1. if m=0then

2 process(A.b)

3 else

4 for j:=1tondo

5 if U{j] then

6: U{j] == false;

7 Ajm] := j; permute(m — 1);
8 UJj] := true;

9 end if
10: end for

11:  end if

end permute

/

Phén tich, D& thay thuat toan chay v&i thoi gian O(#"), néu khéng phan
tich chét ché, nghia 1a khong tinh dén chuyén tia bét. Phén tia b6t thé
hién trong thuét toan tai dong thit 9.

- Nhu vay trang thdi nhu th& nao khi dong thit 9 duge thuc h1én? Khi
dothuattoancomotsosnaodoma0<:<n :

e Da dién ddy i chd tai phéin cudi cha A véi mot phan hoan vi
(hinh 7.5); . .- .

Hoan vj i s6 duge {_:h(_)n tir n s6 |
— NZz2/48

? ) / -
Thu 7 s6 tai vi tri tiép sau .
Hinh 7.5

o Thiz n dng c&t cho ché ti€p sau tai dong 8.
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© Vay i ch® du tién trong hoan vi thi né nbut the nio?
_e i 58 dugc chon tit n 36 khéng ¢6 sé'trﬁngnhau.
* Dugc hodn vi cling mét cich nhut budc ti€p ta dang phan tich.
Nhu valy ta ¢6 tAt cd cde céch d€ dién vao mét phin cha hoan vi 1a
_ Ciil.
Do d6, 56 14n thuc hién d dong 9 Ia

a=1 Lt S L
1= — =nn'Y —
nh)%(:;,;. ",-);:',(n—i)! n.n ,;oﬂ
<{n+1D)e—1)<1,718(n+1)!.

Do d6 tha tuc permute chay vdi thdi gian O((n+ 1)1). Didu nay c6 kha
hon O(n"). Nhung ciing khéng nhiéu 1&m vi ta ¢6 n! ~ 2zn (—)

- Nhiing hoin vi nhanh hon. Thut to4n sinh hoan vi trén khong t6i uu
vi né vugt qua giai thita cta n. Ta biét riing sinh ra »! hoén vi, lai phai
ton thai gian 1a O((n+1)!).

‘Thut toan t6t hon ta dang phuong phép chia d€ trj d€ tao ra thuat
toan quay lui chi sifh ra cic hoan vi.

. ’ : __' . - N ' " ’ . ? : . I -.
OTZ3T 74t d hodnvi m T4t c& hodn vi

. . Lo .
» . ¥

s 48 chbcudi | ;. - ©62dché cué’i.
@ Tat c& hoén vj @ T4t c& hoan vi
%V/Aﬂ c63 6 Ch6 cubi. m'v c61 U Ch6 cudi.

Hinh 7.6

o Khdi dduta dat Al = ivéimoi 1 <i<n.
» Thay vi d3tA[r] bing 1. ntachuyéndd'mhnmggnatr;tuA[l n—1j
vao d6,
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Thudt todn 7.10 Sinh ra cac hoan vi

procedure permute(m)
Piuvio: Giatrim.
Piaura: Sinh tit ca hodn vi d6 da: .
1. if m:=1then
process(A)
else
permute(m—1);
for j:=1tom—1do
swap(Alm] A[j)) vil < j<m;
permute(m — 1);
end for
end if

permute

=T R o

]
-

Lam thé nio dé ta chic chin gi4 tri chuyén ddi vao Afm] & dong 10
‘trén la khac nhau? Muén nhu vay A duge dit lai sau méi 14n goi héi
quy va hic a6 chuyén d6i Afm] véi Ali].

Thudt todn 7.11 Sinh ra cac hoan vj.

procedure permute(m)
_ DPiauvio: Gia tri m. '
- Pdura: Sinh t&t cd hoan vj do dai ».
if m:=1 then
process(A)
~else
permute(m—1);
for j:=m—1 downto 1 do
swap(Alm], A{i]);
permute(m — 1);
- swap(A[m],Ali]);
. end for -
end if
permute

YOS E RN

[ I
S =
o

Ta goi T (n) 14 56 lin lam chﬁyén d6i dugc thuc hien bdi permute(n).
Khid6 7(1) =0, vavdin>2, T(n) =nT(n—1)+2(n—1).

- Ménh 4€7.2. Chuing minh rdng véimoin>1, T(n) <2n!-2.
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Chiing minh. Ta ching minh bing quy nap theo n. Ménh dé dung vai
n = 1. Gi4 sit ménh dé duing véi n. Khi d6

T(n+1)=(n+)T(n)+2n
< (n+ 12 ~2)+2n =2(n+ 1)1 - 2.

Do d6 ménh dé ding vdi moi 2. Tit d6 suy ra thuét toan ¢ thdi gian
thuc hién 1a O(n!). Vay né la t6i uu. ©

7.2.2. Chu trinh Hamilton vl 46 thj day dgc

Ta trd lai bai todn Hamilton & phan trude va dp dung cach lam thuat
todn t6i vu trén. Ding ma tran lién ké: M([i, j] 1a ding (true) khi va chi
khi (i, j) € E. Tit dong 1 dén dong 4 1a doan chinh cta chutong trinh:

1: fori:=1tondo
2 Al =i
% endfor
4;:  hamilton(n—1);

' pro#édum hamilton(m)

Piu vio: Gi4 tri m.
Piura: Chu trmh I-Iarmlton tir A[m] vim nhmg nit kh0ng duge -

dimg.
5: lf m =0 then
6: process(A)
7. else : -
8 forj:=m downto l do e
9; if M{A[m-+1], A[}]]then_ R
10: swap(A[m],A[j]); '
11: hamilton(m —1);
12 swap(Alm],A(j]);
13 end if
14: end for
15:  endif

end hamilton
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procedure process(A)

Pau vio: Gia tri A.

Pdura: Kiém tra chu trinh 6 dong khong?

16 if M[A[1],] then '

7 print(A)

18: end if
end process

Phan tich thuat toan: Thuat toan nay c6 thdi gian thuc hién phu

thudc vao viéc thiét k& nhu § phan trudc va phan nay thi:

¢ Thdi gian chay thuat toan la O(d") khi ta dung nhing chudi téng
quat. '

* Thoi gian chay thuat toan 1a O((n—1)!) khi ta dung nhitng hoan
vi G trén.

Hai gié tri bi chin nay c4i nao nhd hon c4i nao? N6 phu thudc vao d.
Thuat toan theo chudi t6t hon néud < s (e ~2,7183).
e

71.2.3. Bai todn quan hédu hoa binh

Bai toan. C6 bao nhiéu cach dédt n quan hau trén ban cd quéc t&€cd n x n
sao cho khéng c6 quan hau nao cin duong cta nhau.

4 g5 87 8

d //// A 2
2 2072 V4 7
3 |\ B O 7
4 / 7//, 7;4 ///é
5 | A ) Ve
6 A 7 B 77
7 | A A W
8 7 /A ://O

NEENELERE

Hinh 7.7
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S6 hang va s6 cot tir 1 dén ». Ta ding mang A[l..n] v6i Ali] chita
s6 hang clia quan hau trong c6t i, Day 1 bai toan hoén vi cic s0 trong
mang. :

Thuit toan 7.12 Pudng di quan hiu hda binh

procedure queen{m)
Piuvao: Giad trim.
Pidura: Inracac bude di.
1. if m:=0then

2 process(A)
3 else
4 for j := m downto 1 do
5: if OK d#t quan héu tai(A[i],m) then
6 swap(A[m], ALj]);
7: queen{m—1};
8 swap(Alm], AL
9; end if

10:© - end for

11: = end if

end queen

Ta da ép dung thuat toén smh hoén vi.

' Ta xéc dinh nhu thé nﬁo néa clo 12 0K (dung) aé dit quan héu tai
“vj tri (i, j)? D6 1a OK néu khéng c6 quan hau ndo ciing nim trén duo‘ng
chéo xu6i va dudng chéo ngugc.

4

Ta xét mang sau day: 6 (i, j).chita i + j:

WO N o
= ]
{=J

10 | 11
10111 |12
1011112113
10|11(12)13 | 14
10]11]12]13| 14115
15 | 16

wlw|aja|a|ew]y

ole|w|o|a|w|lwv|N]i=

0o~ S U = W M-
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—
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M
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e
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Ta chi ¥ rdng : |
e Gia tri mbi 6 trén dudng chéo nguge 13 tring nhau.
o Nhitng 6 ¢6 gia trj trong khoang tir 2 dén 2n.
Ta xét mang sau day: 6 (i, j) chia i— j:

1 2 3 4 5 6 7 8
1(o{1|2{3|4a]5]6]-7
2(1{0{-1]2[3]4[-5]-6
312(1(0la|2|-3|4]|-5
4f312({1jo0|a]2]3]4
5(4{3|2(1{0{-1[-2]-3
6(5{4[3[2]1 ERIE
716543271 {0]
8|7l6{5[4f3]2(1]0

Ta chii ¥ ring :

* Gid trj m6i 6 trén dudng chéo xudi la tring nhau.
* Nhiing 8 c6 gié tri trong khoang —n+ 1.n— 1.
Ta hru giit mang b[2..2n] va d]—n +1..n— 1] khdi ddu 14 true, sac cho

» b[i] 1a false néu dudng chéo ngugc i bj chiém bm quan hiu, -
2<i<2n.-

o dfi] 1a false néu dtro'ng chéo ngufqlc i bi chiém bdi quan hay,
-+ l fign-1. :

mdé&mtucduqcmmélamuatmnns(trangm)

73. TmATTOANoumwwaumcrduql'
731.Sichtéhep

Bai toén dit ra I3 thide ﬁp thu tuc suﬂ‘i ra”t&'t A tﬁ hop clia n d6i
tugng trong khi chon r déi tugng motlin?

Twong tu nhit cdc thuat toan sinh phﬁn trede. Ta lwu giit t6 hgp
hi¢n thoi trong mang A[l..r]. Goi thi tuc choose(n, ) (thuat toan 7.14):
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Thujt toin 7.13 Pudng di quan hau hoa binh
procedure  queen(m)
Piuvdo: Gia trim.
Piura: Inra cdc budc di

1. if m=0then
2; process(A)
3: else
4: for j := m downto 1 do
5; ~if b{A[i} + m] Ad[A[i] — m| then
6 swap(Alm) AL));
7: biA[i] +m] := false;
8: d[A[i] — m] := false;
9; queen(m—1);
10: blA[i] + m] := true;
11 d[A)} — m] 1= true;
12: swap(A|m),A[j}};
13: end if
M end for
15: end if

end queen

ThuAt toan 714 Sinh tﬁ th chap q trong m phan &

procedure choose(m,q)

. Diuvaoy, Gidtrimq.
Diu ra: Smh ra céc 6. hth chon q phén h:t tu' | dénm.

1. fm=0¢then ' 7ot
2: process(A) '

3. else :

& for i —qtorndo

5; Algl:=4% .
6: choose(i— 1, 9= l) o
7: end for :

8. end if

end choose

7.3.2. Chding minh tinh ddng dén cda thagt todn
Ta phdi chitng minh theo ba phin: |
1. Chi nhitng t6 hgp mdi dugc sinh ra.
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2. Nhitng s6 t6 hop dving da duogc sinh.
3. Khéng mot t6 hop nio sinh ra hai ldn.

Trudc khi di vao chig minh cy thé ta nhic lai rhimg ding thitc tﬁ
hop sau day (ban doc c6 thé chimg minh béng quy nap):

C;:T"C; = a+l1- (7.1)
Voimoin>0val<r<n,
Ecr Cn+l . (7 2)

Ménh dé 7.3. Néu 0 <r <n, khi d6 frvngnbmg t8 hop sinh bdi
choose(n,r), A[l..r] chita nhm:g td’bdpr phén ﬁrtu'l dénn.

Chiing minh. Chitng minh bing quy naptheo r. Theo gid thiét réng la
diing cho r=0.

Ta gia thiét » > 0 va v&i moj J > r—1, trong nhiing t6 hgp sinh ra
bdi choose(i,r— 1), A[1..r— 1] chita t8 hop cta r— 1 phin tir chon tit 1..i.

Bay gid, choose(n,r) goi choose(i— 1,r —1) véi i chay tit r dén n. Do
d6 theo gia thiét quy nap va tit A[r] dugc gén i vao, trong nhitng t6 hop
duge sinh ra béi choose(n,r), All..r] chia t6 hgp r- 1 phén t& chon tir
l..i—1sau d6 la gia trj /.

Nghia 1d A[l..7] chita t6 hgp r phén t& chon tit !..z. . ©
M¢énh € 7.4. Goi lénh choose(n, r) sinh ra diing C, t6 hop.

Chitng minh. Ta lai chitng minh bang quy nap toan hoc theo r. Ménh
dé ding voi r=0.

Gid st r > 0 va goi r:hoose(r r— 1) sinh ra diing C"" 6 hdp véimoi
r—1<i<n. SR

Bay gld choose(n r) goi choose(i—1,r— l) vGii chay titr dé‘n n. Do
dé, theo gid thiét quy nap s& nhimg t6 hq'p smh ra Ia

n—1

):c'* Y at= c'
i=r i=r—-1 - -

Dc;mg thiucsau cung suy ra tir viée dl_nh chiss lai vi diung dﬁng thixc (7.2).

. : ©
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. Ménh dé 7.5. Goi thi tuc choose(n,r) sinh ra nhiing t6’ hop r phdn t#
chon tirt dénn khong c6 :o’hgp Hp lai.

Chitng minh, Ta ciing ching minh bing quy nap theo rva hoan toan
tuong tu nhu cidc ménh dé trén. - ®

Bay gid ta chimg minh tinh diing d4n cda thuat toén: Theo ménh
dé 7.3, mot 1dn goi thil tuc choose(n, r) sinh ra t8 hgp r phén tit tir 1| dén
n (vi r phin tf cling mot lic dugc sinh ra tir méng A). Theo ménh dé
7.5, n6 khong c6 t6 hgp 1p lai. Theo meénh dé 7.4 né sinh ra diing s&

lucvng t6 hop cin c6. Do d6 né sinh ra dung nhung t6 hgp clia r phin
tit chon tir 1 dén n.

7.3.3. Phan tich thagt togn

~ Kihiéu T(n,r) la s6 nhitng phép gan vao A dugdc thuc hién trong
‘choose(n, ). :

Ménh d€7.6. Voimoin>1 va0<r<n, tacé
o T{n,r) <rC.

Cbzihgmmh. Khi ta goi choose(n,r) thi c6 15i goi héi quy sau day:
fori:=rtondo’
Algl=i
choose(i—1,¢—1);
end for . - e _
Ta c6 nhitng phép toén dugc thure hién ldn lugt nhy sau:
choose(r—1,r—1) ‘T(r=1l,r=1)+1.
choose(r,r — 1) T(rr-1)+1

W oN

-choose(n—l,r—i) T(n-l,r-—_I:)-i-l.

Do d6, cong lai cho ta két qua
T(n,r)= Z T(l,r—l)+(n r+l)
. i=r—1

Ta 5& chimg minh bing quy nap theo r cho bat ding thitc ciia ménh dé.
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Menh dé diing véi r = 0.
Gidsar>0vamoii<n,

T(h,r-1)< (r-1)Cf7", |
Khi d6 theo gia thiét quy nap va cong thic (7.2) ta c6

T(nr)= E T{,r—1)+(n—r+1)

i=r—1

< z ((r— l)C"')+(ﬂ—r+1)

i=r—-1

.—(r—l) Z -I_-(n—r+l)

=(r— 1)C,‘;+ (n=r+1)
<G
B&t déng thic cubi cang ding do vGi1 < r <n,
_ Cozn— r+.l
B4t ding thic nay ciing chlmg minh bing quy nap theo r, D& thdy véi
r = 1 bt ddng thitc ding. Gid st ding véir—1, ta phai chimg mmh noé
ding cho r. That vay,

. nt

"o {n-~r)t
nin—1)1
'(r— 1) ((n— 1)~ (r— 1))
a1 -
r(r—~i)'(€n 0~ (r—t))*
4 __Cr_ . y

SRS

((n - lf)-*r’{r-* l)) (theo gﬁ thle't quy nap)
>n—r+1 (vi_ rs_n)_. h
@

Vi thé, thuat toan sinh td hdp cb thfn g1an chay 12 O(rC;). Nhu vay
thuét todn nay khéng t6i wu. Vi 56 6 hop chi ¢6 C), ma thdi gian thuc
hién lai phdi nhan v&i mot hé s6. Ngudi ta da chlmg minh duge ring
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viir< = 3 thi thuat toadn méi t6i vu, nghia la chi dung cho nhitng t8 hgp
vdi s6 it phén tur.

7.3.4. Tinh t61 du cda thadt todn

Ta ki hiéu A la s6 phép gan vao day 4, C la s6't8 hdp, va Ratio 1a ti
sﬁ' . Qua thuc nghiém ta c6 bang sau:

A C Ratio

n r
200 1 20 20 1,00
20 2 209 190 1,10
20 3 1329 1140 1,17
20 4 5984 4845 1,24
20 5 20348 15504 1,31
20 6 54263 38760 1,40
20 7 116279 77520 1,50
20 8 203489 125970 1,62 |
20 9 293929 167960 1,75
20 10 352715 184756 1,91
[20711 352715 167960. 2,10
20 12 293929 125970. . 2,33
20 13 203489 77520 2,62
20 14 116279 38760 3,00
20 15 54263 15504 - 3,50
20 16 20348 - 4845 4,20
20 17 5984 1140 525
|20 18 1329, 190 6,99
20 19 209 20 1045
20 20 20 .. 1 2000

Tu' dinh nghia T (n,r) va bang trén ta du doén réng T'(n,r) < 2C% vGi
r < . Diéu du doan niy hoan todn dung théng qua ménh dé sau :

Ménh d€ 7.7. Néu 1 Sr(— thi
T(n r)<2£"—r

C'Iumgmmb Ta chu:ng mmh ménh dé vdi r = | va r = 2. Sau d6 chimng
minh ménh dé v6i3 < r< 3 2 biing phutong phap quy nap theo n.
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Trudng hop r = 1: Theo dinh nghia T(n,r) =nva 2C! ~ L =2n—1>n.
Do d6 T(n, 1) < 2C‘ —1, 46 1a diéu cin chtmg mmh
Truong hop r = 2 Tit dl,nh nghia ta ¢6

T(n 2) ZT(: 1)+ (n— l) = Z:+(u— 1)

i=1
- "_(" ) (n+2)(n—1)
2

+(n—1)= 7

va

2€2—2=n(n—1y-2.
Ta cdn chitng minh -

m(”+2¥"‘ D < nn—1)= 25 20(n— D= (@+2)(n=1)24

< (n— 2)(n—1)>4¢bn —3n 2>0,

Diéu nay ding vi n > 4 (do gia thiét r < ) va vi nghlém lo’n nhét cia
3+ \/_ |

n?-3n-2>01a < 3,562,

Trudng hgp 3 < r < 5 Ta chitng minh bing quy nap theo n bat dang
thitc trong b8 dé.
Bude cd 53 khi n = 6. Khi d6 chi chon r = 3. Bing céch tinh cu thé

thuat todn dung 34 phép gén tao ra 20 t6 hgp. Tir 2, 20—-2 =38 >34,
nén bat ds’mg thitc ding trong trudng hop nay.

Budc quy nap, gia st n > 6, didu nay kéo theo r > 3. Gia thiét bat
ding thite diing dén n—1, khi d6 kéthgp vﬂl I:nr&nghdp r=12, ta cod

T(n,r)= Z T(i, r—!)+(n-—r+l)

i=r—1

Z (ZC’_ —(r— !))+(n—r+l)

i=r—1

=2 E Cle(m—r+1)(r-2)

i=r—1

20T — (n—r+1)(r—2) gzc;;—(n—gﬂ)(a-z) <20 —r
D6 I diéu cin chimg minh, | i ©
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7.4.BAI TAP |

>7.1. Gia suA[l .n| chita n gi tri khac nhau. Thuat todn sau day sinh ra -
tit cd hoan vi cia A[l..n] theo nghia sau day: Loi goi thi tuc permute(n)
58 14 k&t qua trong thi tuc process(A), goi mot 1an vdi A[l..n) ma n6 chita
méi hoan vi phén tit trong no.
procedure  permute(n)
1: if n=1 then
2 process(A)
3. else
4 B:=A;
5; permute(n -1 )i
6 fori:=lton—1do _
7: : cl‘iuyén A6i Aln] voi A[l];
8 permute(n—1);
9: end for
1:  A:=B chuyén vbng tron mot ch vé phia phai.
1w end if -
'gnd pennure

_ Bmhamﬂlmglmcuathuattoanh-én
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_ Phé Téng Gidm déc kiem Téng bién  t4p NGUYEN QUY THAO

Bién tap mjf dung: -

NGUYEN TRONG THIEP
Trinh bdy bia:
BUIQUANGTUAN: « 1+ swier’ 7 iy
Chébdn:
NGUYEN HOU BIEN
Sika bén in:

NGUYEN TRONG THIEP

‘MOT S8 VAN DE VE THUAT TOAN
Mii s6: 81107M6-DAI
In 1.000 bin, khé 17 x 24 cm, tai Cong ty In v2 Vian hod phdm. -
S§ in 70. S6 xudt ban: 26-2006/CXB/2-2097/GD.
In xong va nop luu chiéu Quy I nam 2006.



 TiM DOC SACH THAM KHAO CHUYEN TOAN THPT
Dung cho hoc sinh kha va g|6| Toan clia cung tac gia
| NGUYEN HUU DIEN

1. Phuong phap quy nap Toan hoc

2. Nhiing phuong phép dién hinh trong giai Toan phd théng
- 3. Sang tao trong giai Toan phd thong

4, Da thic va Ung dung

5. Giai Toan bang phuong phap dat Iuong bat blen

6. Giai Toan bang phuang phap daf Iuang cuc blen '

7. Mot s6 chuyén dé hinh hoc t6 herp
8. M6t sO van de vé thuat toan

Ban doc co thé mua tai cac Cong ti Sdch - Thiét bi truéng hoc 6 dia phuong
hodc cde Cta hang Sdch cua Nha xudt ban Gido duc :
* 25 Han Thuyen, 187 Gidng Vo, 23 Trang Tién, 232 Téy Son - - Ha N6,
* 15 Nguyén Chi Thanh - TP Da Ndng
* 240 Trdn Binh Trong - Quéan 5 - TP. H6 Chi Minh.
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