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cfé’i not (Liu

¥ thugt tu dong hoa la mot trong nhitng nganh kv thudi

cao dang phdt trién manh me. Robotics, lé mot trong cdc

chuyén nganh ky thudt diéu khién tu dong, dang duoc
ung dung rong rai trén thé gioi, bdt dau duge chi ¥ nhiéu ¢ nuce
ta. D& xay ding nén sdn xudt hién dai, ching ta cdn nhanh chéng
ung dung v phdt trién nganh tu déng héa vé robotics. Nhiéu
tricng dai hoc, vién nghién ciiu, ... dang c6 cdc céng trinh vé tu
déng hoa va robotics. Chuyén nganh nay citng rdt hdp ddn ede
ban tré, nhat la cdc sinh vién by thudgt.

Trong cdc khu céng nghiép dang xudt hién cde hé théng va
quy trinh sdn xudt ty dong hodc bdn tu dong, trong do cdc tay
may, nguol may duve s dung réng rdi.

Cubn sdch nay cung cdp kién thie co bin dé tim hiu, nghién
cuiu, va sing tao robot, ddc bipt tép trung vao cac vdn dé co hoc,
déng hoc, va dong luc hoc elia cde ca cdu chdp hanh.

Ti cudn sdch nay, ban doc ¢6 kién thuc co bén vé todn cao
eap, co ly thuydt, co hoc mdy, ... ¢6 thé tim duge nhidu kién thic
bé ich va ly thu. Sdach phuc vu ring rdi cho déng ddo ban doc la
sinh vién, cdn b6 ky thudt, k3 su, cae nha qudn ¥, ca moi ngudi
quan tam dén linh vuc tay mdy, nguoi mdy.
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Chavng 7
GI0I THIEU

Ké tir cude cach mang céng nghiép, nhu cdu vé cai tién chit lugng sin
pham va gidm chi sdn xuat ngay cang tang. Thai k¥ dau, hau hét cac san
phéam déu duge san xuat bing phiiung phédp thu céng. Chat lugng san
pham phu thuéc chd y8u vao tay nghé cong nhin, chi phi san xudt kha
cao. Thai ky nay duge goi 14 sdn xuat thi cong.

Vao dau thé& ky 20, kh4i niém san xuit hang khoi bit ddu xuit hién.
Trong méi trudng sdn xudt hang khéi, hdu hét cde qui trinh déu duoe
thuc hién bang cdc méy chuyén ding. Phuong phdp nay lam gidm ro rét
chi phi sdn xuat, cdc sdn phdm céng nghiép phi hop véi da s6 ngudi tidu
dung. Tuy nhién, méi may cong cu déu duge thist k& @& thue hién nguyén
cong cho trude, moi khi can thay déi kiéu mau san phdm, toan ho day
chuyén san xudt phai duge cai tao lai. Viéc siia dii day chuyén san xuit
méi khi thay d6i kiu mAiu sdn phdm cé thé rat ton kém. Kidu ts dong
héa nay dude goi 1a tu dong héa cing.

Tinh khéng linh hoat va chi phi hoi cao cia tu dong héa eing da dua
dén phuong phdp tidp can hoan toan méi. Gan day, cdc ca cdu chdp hanh
robot duge dua vao quy trinh ché tao dé thuc hién nhidu nguyén céng,
chang han chuyén tdi vat tu, han diém, son phun, va 14p rdp. Do edc co
cau chdp hanh duge diéu khién bing mdy tinh hoac b vi xir 1§, ching c6
thé duge téi ldp trinh mét cich d& dang cho nhiéu nguyén cong khic
nhau. Do d6, khong can phai thay cde may méc nay khi thay déi kiéu
mau san phdm. Pay 1a kiéu ty dong héa link hogt.

C6 nhiéu khac biét gia sdn xudt thi cong, tu déng héa cing, va tu
dong héa linh heat. Néi chung, sdn xudt thi cong thutmg ¢ nang suat
thdp, chat lugng san phdm khéng 6n dinh. Mac da tu ddng héa ciing ¢6
toe d¢ cao han, @6 chinh xdc 16n hon, nhung chi phi thay d8i ddy chuyén
sdn xudt moi khi thay ddi san phdm 14 tuong dbi cac. Vdi ty dong héa
linh hoat, thoi gian can thiét d€ xdc 13p day chuyén san xudt tuong do
ngan. Ngoai ra, cdc co cdu chap hanh ¢6 thé duge tai lap trinh va hiu nhu
khong bi lac hau. Néi chung, khi khai lugng san xuat rat thap, duge goi la
san xudt don chi€c, sdn xuat thi céng cé tinh kinh t&€ tuong déi cao. Khi
khéi lugng san xudt tang, ty dong héa linh hoat ¢6 tinh hiéu qua cao. Khi
khoi lugng san xudt rit cao, tu dong héa cing la phuong phéap hiéu qua



nhat. G day sé nghién ciu vé cd hoc cia cde cg cau chap hanh, nén tang
dé thist ké, 14p trinh va diéu khién cde thiét bi nay trong mbi truong sin
xuat linh hoat.

Lich st phat trién

V& ki thudt, robot duge dinh nghia 1a “co cdu chdp hanh da chic
ndng tdai lép trinh, duge thiét kE d& chuyén tdi vét tu, cong cu, hodce cde
thidt bi chuveén biét, théng qua cie chuyén déng duge lip trinh d8 thue
hién cdc tdc vy khde nhau”. Binh nghia nay bac gdm cdc cod cdu chap
hanh, cdc mdy diéu khién bang sé, cde mdy di chuyén, va nguui may clia
khoa hoe vién tuéng. Mic di, nhidu ngudri coi robot 1 ngusi mdy, nhung
robot cong nghiép ngay nay c6 hinh thite rat khéc véi con ngudi. Hinh 1.1
minh hoa cac thanh phén co ban cia tay may cong nghiép va Hinh 1.2
minh hoa cdu tric dong hoc téng qudt cua tay miy céng nghiép.

Thuat ngif robot xuit hién vao nim 1923, nhung su phat trién robot
cong nghiép chi bat ddu vio cudi nhilng nam 1940. Robot céng nghiép
ban dau duge ding d€ chuyén tdi cde loai vat liéu nguy hi€m, duge dung

B4 iap trinh

86 diéu khién |
‘1; ]
i CNCReRONG]
T __1, o N A rBar\’kﬂn Dau cong nghé
| T : Y| hoaccni tigt
| S
Ba phan
chip hanh !

Nguén nang lu':ingJL "1 ( '

Hinh 1.1. C4c thanh ph&n ¢o ban cla tay may cong nghiép



CZu truc chuyén
déng toan bd

Cé&u tric chuyén
ding vitriban kep

Cau tric chuyén déng
dinh hudng ban kep

Hinh 1.2. Cau tric déng hoc t8ng quat cla tay may cong nghiép.

trong tham hiém khéng gian, va sau dé6 duge dung trong tu ddng héa linh
hoat. Cud1 nam 1940, cg cdu chdp hanh chinh-phu xuat hién dé& chuyén
téi cde vat lidu phéng xa. Co cau chinh duge nguti hugng dan thao tde, co
cau phu sao chép chuyén déng cha co cau chinh tai vi tri xa. Su héi tiép
luic e6 thé phéi hop dé cong nhan nhéan biét cde tin hiéu tai cia cd ciu phu.

Vao cudi nhitng nam 1950, ¢o cdu l4p trinh bat ddu xuat hien va duge
cal tién lién tuc. Pac tinh quan trong ctta robot cong nghiép a phai hop
bo diéu khién dua trén may tinh hofic b vi xit Iy vdi cde cam bién héi tiép
dé dat duge kha nang lap trinh da chic nang. Vao nhiing nam 1960, co
cAu chap hanh robot duge trang bi hé thing thi gidc v cdc bd cdm bién
dac biet c6 tinh nang mbé phéng gide quan cua con ngudl, ching ¢d kha
nang thuc hién caec cdng doan lap rap den gian.

Trong nhitng nam 80 rebot cong nghiép da co buse phat trieén manh
mé, do cic yéu cau cao vé tif dong hoa linh hoat va kinh 1& trong tham
hiém khong gian va céng nghiép 610, Viao diau nhimg nam 90, nhiéu cing
ty ¢ Bac My, Chéu Au, Nhat da st dung rong rii rohot trong nhiéu linh
vue cong nghiép.



Trong nhitng nam gin day robot cong nghiép chi y&u duge dung cho
cée thao tac 1ap lai nhiéu 1dn va trong cdc méi truding nguy hiém. Cée
thao tde lap lal nhidu lan bao gém chuy®&n tai vt tu, x&p d& cdc chi tiét
may, lip rdap cdc bd phan thanh cum mdy. Cac ing dung trong mbi
trudng nguy hiém bao gém chuyén tai vat Jiéu phong xa, thdm hiém
khong gian va day bién, han diém, son phun, ... Ngoai ra, robot con duge
ding trong xay dung, cac thiét bi bay va di chuyén khéng ngudi l4i tai
nhitng dia hinh phdc tap, ciac may khai thac md, cde cum gia cong théng
minh. Trong nhimg nidm gan day, xu hudng mdi la ché& tac cde robot
théng minh va than thién vdi con ngudi, k€ ca robot gidi phdu y khoa,
giip viée nha, giip ngudi tan tat, ... Méc du ¢ nhiéu né lue dé phat trién
robot théng minh, nhung cée leai robot c6 thé mé phong nhiéu chie niang
ciia con ngud van con nhimg han ché& nhat dinh, do doi héi su phat trién
cua cdéHng nghd vé tri tué nhan tao.

Cac cocau

Céc co cdu duge dung trong robot cong nghiép gdm nhiéu khau lién
k&t v6i nhau bing cic khép néi. S8 bac tu do (DOF) ctia ¢g cdu phu thude
vao 56 khéau va khdp, kiéu khép duge dung dé xay dyng co cdu. Trong
phin nay sé dinh nghia cdc khiu, cdc khép, chubi déng hoc, co cdu, va
cde mdy, sau d6 s& khdi quat vé s bac tu do va cde tiéu chudn vé dd
chuyén dong theo vong lap.

Khau va khép

Cdc thanh phan riéng ré tao nén co ciu duge goi la cdc thanh hoac
cdc khdu. G day, cde khau duge coi 1a vat thé cing. Khai niém vé vat thé
ciing sé gidp viée nghién cifu vé cdc co edu va robot tréd nén dé hiéu hon.
Tuy nhién, d6i vdi co cdu toc d9 cao va tdi nang, cdc tac dung dan héi ciia
vat thé co hoce €6 thé tuong d6i 16n do d6 can phdi xét dén trong cac
nghién ctiu, P& thuin tién, mét s6 vat thé dian héi, ching han cdc kiéu
xich, day cdp, dai, tam thoi dige coi la cé cung chie ndng cGa vat thé
etng, va duge xét theo cae khau. T quan diém déng hoc, hai hodc nhiéu
thanh phén noi két véi nhau sao cho gita chuing khong 6 chuyén déng
tuong ds1. sé duge coi 1a mot khau, Vi dy, bd hai banh rang ndi bing mot
truc déng hoe chung duge coi 1a mét khau,

Cac khau trong co cdu duge ndi véi nhau theo cap. Méi ndi gita cac
khau duce goi la khdp. Khép c6 cde rang budc vat 1y vé chuyén déng



tuong dai giita hai thanh phan d6. Loai chuyén dong tuong déi duge khdp
cho phép duge x4c dinh biing dang bé mat tiép xue giita hai thanh phan.
Bé mait tiép xiic cia khép duge goi la thanh phan cap. Hai thanh phan
ciip tao thanh cgp dong hoc. Cac cdp ding hoc c6 thé dudge phan loai theo
cap thap va cap cao, thy theo kiéu tiép xic. Cap dong hoc duge goi 1a cap
thap néu hai thanh phan ti€p xdc véi nhau theo dién tich bé mat. Néi
chung, cde dang cia hai phén tii eap thip tuong hgp vé mat hinh hoe la
déng nhit, theo kidu khai va 18 (héc). Cap dong hoc dugc goi 1a cap cao,
néu hai thanh phan ti€p xie vdi nhau theo mét diém hoice doc theo mét
duting. Co sdu kiéu cap thidp co ban va hai kiéu cip cac duge su dung
thuong xuyén trong cdc ¢d cdu va robot,

Khép quay. R, cho phép hai phan tu ¢ap quay véi nhau theo mét truc
duge xic dinh bang dang hinh hoe cia khép. Do d6, khép gquay ¢6 nim
gidi han giita cdc thanh phan cap dbi va 1a khép 1-dof (mot béc tu do).
Khdp quay déi khi dugce goi 14 khdp xoay, khép ban 18, hodc khép chat.

Khop lang tru. P, cho phép hai phan ti cap déi truot véi nhau doc
true duge xic dinh bing dang hinh hoc cita khdp, Do d6 khdi lang tru cé
nam gié¢ han gida cdc thanh phén cap d6i va la khép 1-dof. Khép lang
tru déi khi duge goi 1a cap truot.

Khop tru. C, cho phép quay va tinh tién doc lap theo mot truc duge
xdc dinh béing dang hinh hee ciia khép. Do dé khép lang tru cé bén giéi
han gia cdc thanh phan cip déi va 1a khép 2-dof.

Khop xodn. H, cho phép hai phan ti cap d6i quay va tinh tién doc
truc duge xac dinh bang dang hinh hoc ctia khép. Tuy nhién, chuyén
déng tinh tién quan hé véi chuyén dong quay theo buéde vis. Do d6 khép
xo0dn ¢6 nam gidi han giita cdc thanh phan cap déi va 1a khop 1-dof. Khdp
xoan d6i khi duge goi 1a khép vit.

Khép cau. F, cho phép mit phan tit quay tu do v6i phan ti kia ¢ tam
khoi cau theo moi chidu. Khong c6 su chuyén déng tinh tién gida hai
thanh phan cip doi. Do d6 khdp cau ¢6 ba gidi han giita cdc thanh phin
cap doi, va 1a khép 3-dof.

Cap phing. E, cho phép hai bdc ty do tinh tién trén mat phang tiép
xtc va mot bic tu do quay quanh true vudng géc vdi mat phang tiép xue,
do dé cé ba rang budc gilia cac thanb phin cip d61 va la khdp 3-dof.

Cdp bdnh rang. G, cho phép mot banh rang Ian va trugt véi banh
rang kia tai diém tiép xue gida hai rang an khdp. Ngoai ra, khong gian
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Hinh 1.3. Khdp da nang.

chuyén déng cia banh rang con, banh rang xo0an, banh rang nghiéng bi
gi61 han trén mat phang, do 46 ciip banh ring ¢é bén rang buge va la
khap 2-dof.

Cdp cam, €, tuong tu c&p banh ring nhung thudng dung 16 xo &é giti
hai phan t cap d6i ti€p xdc véi nhau, do 46 eap nay 1a khép 2-dof.

Cap phang, cdu, xodn, try, lang tru, va quay, 1a cdc cap thap. Cap
banh rang va cap cam la ciap cao. Mot loai khdp thutng ding khac l1a
khép da ndng (khép Cardan) (Hinh 1.3), khdp nay vé co ban 12 su phéi
hgp cta hai khdp quay ¢dt nhau, do dé 1a khép 2-dof.

Chudi dong hoc, cd cau, may méc

Chudi dong hoc 14 bé cdac khau duge néi v6i nhau bing cdc khdp. Khi
mdi khau trong chudi déng hoce duge ndi véi timg khdw khac bing téi
thiéu la hai dutimg phan biét, chudi dong hoc tac thanh mét hode nhiéu
vong kin, duge goi 1a chudi vong kin. Mat khdc, néu méi khau duge néi
vdi khau kKhac bang mét va chi mat dugmg, chudi dong hoc duge goi 1a
chudi vong hd. Chudi déng hoc ¢d th& duge tao thanh tir cic chudi vong
kin va vong hd phol hdp, duge goi 1a chuédi dong hoc lai.

Chudi déng hoc duge goi la co cau khi mat trong cde khau 1a ¢ dinh
v6i nén. Khau 6 dinh d6i khi duge goi 1a d&. Trong co cdu, mébt hoic
nhieu khau cé thé duge gdan la khau vao. Khi khiau vio chuyén déng
tuong déi vdi khau ¢d dinh, tal ca cac khau khde sé chuyén dong theo cic
rang budce ddng hoc cia cac khdp. Do d6, eo cdu 1a thigt bi truvén chuyvén
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B Thanh trugt

Con trugt

Hinh 1.4. Cg cdu thanh trugt va tay quay.

dong hoac moment tir mot hogc nhidu khau vao dén cde khau khie. Hinh
1.4 minh hoa co cau thanh trugt - tay quay, ¢6 thé truyén chuyén dong
quay thanh chuyén dong tinh tién hosic nguge lai.

Mdy 12 b6 gdbm mat hode nhidu co c4u, cling vdi cde thanh phén dién,
thuy lyc va/hodc khi nén, duge dung dé bisn déi nang lugng bén ngoai
thanh co nang hodc dang nang lugng khéc. Vi du, miy khoan dién gém
dong co dién, bg giam téc, ddu kep mai khoan, cdng tdc, duge ding dé
chuyén dién nang thanh ¢o nang é mii khoan. Tuy nhién, bé giam téc ia
co cAu, khéng phai la mdy.

Thudt ngit co cdu va mdy déi khi dugc coi la déng nghia. Theo cac
dinh nghia néu trén, hai thuat ngi nay ¢6 ¥ nghia khdc nhau. Mot hé
gdm céc chi tigt duge goi la co cdu, néu duge dang dé truyén chuyén
dong, va duge goi 1a mdy néu duge ding dé chuyén ning lugng bén ngoai
thanh co nang hitu dung. Co ciu chap hanh cia hé théng robot 14 co cau.
Dé cd cdu nay trd thanh may cin phai c6 b6 diéu khién dua trén b vi xit
1y, b6 ma héa vashodc cae cam bién Iufe, cling véi cdc bé phéan khde, chang
han hé thong thi gide, phdi hop véi nhau d€ chuyén déi nang lugng bén
ngoai thanh céng hitu ich. Mac dit méy c6 thé gém mot hodc nhiéu co
cdu, nhung co cdu khéng phai la may, do khong thye hién céng, chi ¢6
chie néng truyén chuyén dong.

Bac tu do clia co ciu

Van dé ddu tién trong nghién ciiu dong hoc ctia cdc cd ciu la 56 bde
do. 88 bée tu do clia co ciu i s6 chc théng s6 déc 14p hoac cdc thong s6
ngd vao can thiét d& chuyén biét c&u hinh ctia co cau hoan chinh. Trir mot
s6 truong hop ddc biét, néi chung cé thé xde dirth bidu thire téng quét vé
56 bac tur do clia co cdu theo s khau, s0 khdp, va kidu khép trong co cau.
Cdc ky hiéu sau day duge dung trong cde phueng trinh va cg ciu:
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c: sé rang bubc cua khép i.
F: 68 bac tu do ciia cg cdu.
f: s6 chuyén dong tuong d6i duge phép cia khép i.

j: &0 khdp trong ca ¢du, gid sit moi khdp déu la hai chiéu.

j,; 0 khép véii bac tu do.

[.: s6 vong déc lap trong co cdu.

n: s6 khéu trong co cdu, ké cz khau ed dinh.

A: s6 bac tu do trong khéng gian lam viée cua od cdu.

Do gi& thi&t tat ca cac khép déu 1a hai chidu, khdp ba chiéu dugc coi
la hai khdp hai chiéu, khdp bén chiéu duge coi 1a ba khép hat chiéu, .
Ngodi ra, con gia thi&t mét gia tri A duge dimg cho cae chuyén déng cua
tdt ca cac khau chuyén dong, ching déu van hanh trong cliing khéng gian
iam viée, do @6 A = 6 ddi vdi co cdu khéng gian, va A = 3 ddi véi c cau
phang va co cau ciu.

Gid tri bac tu do cua co cdu bing bac tif do lién quan vdi tat ca cac
khau chuyén déng trir di 38 rang budc cua ¢ac khép. Do d6, néu tat ca cdce
khau déu khong bt rang bugc, s bic tu do ciia eo cdu n-khép, vdi mot
khép ed dinh, s& bing A (n-1). Tuy nhién, tdng cdc rang budc cha cdc
khdp la biing ) ¢;, do d6 gia tri bde tu do clia cg cdu duge tinh theo
phuong trinh:

)
F=i{n-1}-Y¢ (1.1)
i1
86 rang budc cia mot khau va 56 bac tu do ciia khau d6 béng thong si
chuyé&n dong A, do dé
A=c +f, (1.2)

Do téng cdc rang buée cha céc khau la

j i o
_zci:Z(l"fi):lx-Zfi {1.3)
iz i it
Thay pt (1.3) vao (1.1):
F=l{n—j—l}+Zf1- (1.4)
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Hinh 1.5. Cd cau
4 - khau ban I8,

Phuong trinh (1.4} duge goi 12 tiéu chudn Gribler hodc Kutzbackh.

Vi du L.1. Co cdu bon khdu bdn ié. Hinh 1.5 minh hoa ¢ c&u bén
khiu ban 1€ phang. Cé bén khau duge néi thanh vong kin bang bén khép
quay. Dod6,A=8,n=4,j=j =4, tirpt (L4) 6 F=3(4-4-1)+ 4 x 1=
1. Co cdu bén khiu bédn 1& phdng thuong duge diing trong o cau chap
hanh theo kiéu khau thanh ddy dé truyén chuyén dong quay ciia bg tdc
dong & d€ hoc gan dé thanh chuyén dong quay cta khau ¢ du cudi ciia
cd cdu chip hanh.

Vi du 1.2. Co cdu ndm khéu. Hinh 1.6 minh hoa co esu nam khau

phang, moi khép déu i khép quay. Do d6, A = 3, n = 5,j=J.=5,tipt
(1.4)e6 F=3(5-5-1)+ 5 x1=2. Cocdu nay thudng duge dang 1am co cdu

Hinh 1.6. Co cau
nam khau, 5 R
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chap hanh 2-dof, véi cac khéu 1 va 2 1a khau nhéap, di€m Q duge dinh vi
& vi tri bdt ky trén mit phéing.

Vi du 1.3. Co cdu thuoe phdng. Hinh 1.7 minh hoa cd cdu thude
phéng, trong dé hai khdp néi véi nén 1a khdp lang tru, ede khdp con lai
]a khép quay. Trong co cdu cé A =3, n = 7 (ké ca khaunén),j =], = 8, tl
pt{(1.4)co F=3(7-8-1)+8 x 1 =2 Cocdunay laloai 2-do, véi cac khau
1 va 2 12 khau nhap, diém Q ducc dinh vi & vi tri bat ky trén mat phang.

Hinh 1.7. Cg cdu thudc phang.

Tiéu chudn Grubler c6 gia tri khi cac rang bude tir cac khdp la doe lap
vdi nhau va khéng du. Vi du, chudi hai chiéu kiéu quay-cau véi truc khdp
guay di qua tam khép cdu lam tang bac ty do du. Kiéu bac tu do nay duge
got la bac ty do thy dong, cho phép khau trung gian quay tu de quanh
truc duge xdc dinh tir hai khép dé. Mac dir khau trung gian cé khd nang
truyén e hodc moment va chuy&n déng cho cac truc khée, nhung khing
- ¢6 kha nang truyén moment cho truc thu dong. Néi chung, cac khau hai
chiéu véi cac eip S-S, 8- E, E - E déu ¢6 bac tiy do thy dong (Bang 1.1).
Do d6 céc khéu hai chidu vdi cdc cap S-8,5 - E, E - E va cdc khdp ba
chiéu tuong dng cGa ching ciing ¢6 bac tf do thu déng.
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Béc tu do thy dong khong thé truyén moment va chuyén dong cho
truc thu dong. Khi cé cap khép nay trong cd cau, can phai trit hét mot bac
tudo ¢ pthUllg trinh bde tu do. Gia su, fla $0 bac tu do thu dong trong
¢d cdu. $6 bac (v do chi déng sé la:

I:_'}~(I1"_j_1}4zf|_fp (15b

Vidu 1.4. Cocdu kiwnggmn Stewart-Gough. Hinh 1.8 minh hoa co
cau khong gian, trong dé nén chuyén dong duge néi vao d& ed dinh vdi
sdu nhdnh md rong bang cde khdp cdu, Mdi nhdnh gém hai khauo hai
chiéu néi bang khdp lang tru. Cau tric nay duge goi la nhanh 8-P-8. Do
si phéi hgp S-P-8, ¢6 mét bace tu do thu déng ¢ ting nhanh. Do A = 8, ],
=8,),=12,va f =6, 56 bac tu do ctia co cdu duge tink theo pt (1.4), vdi
F=6/14-18-11+112x3+6)-6=6.

Bang 1.1. Cac khau hai chiéu v6i bac tu do thu ddng

__ Kiéu Bac tydo thu dong
5-8 Quay quanh tryc di qua cac tam khdp cau.
5-E Quay quanh tryc di qua tdm khdp cau va vuong goc véi mat

phang cla cap phang.

E-E Truot doc tryc song song vdi giao tuyén cac mat phang cla
c&p mat phang. N&u hai mat phang nay song song, & b ba
bac v do thy dong.

Do pt (1.5) duge tinh bang cach diing mét gid tri A cho tat ci cdc khau
chuyén déng, 6 bac tw do cia co cau khong gian véi cae khép néi phing
ho#e cau theo kiéu hé thang con phai dugc tinh dén. Dac biét, A = 3 dugc
dung cho hé théng cdu hoac phﬁng va A = 6 dugc ding cho phan khéng
gian cua g cau, Vi du, co cdu chap hanh gom e ¢au bén khau ban 18
phing (cdc khau 2, 3, 8, va 7) va co cau cdu (cac khau 3, 4, 5, 61,14 hai hé
thong con. Co cau bon khau ban lé ¢6 mot bae ty do, cou ciu cdu co ba bac
tu do, chudi vdong ha 0 - 1 - 2 ¢6 hai bac ty do, do dé cu cau chip hanh
khong gian nay la loai 6- dof.

Noi chung, néu tiéu chudn Grubler ¢6 F > 0, co ciu ¢6 F bac ty do.
Néu F = 0, co cau khéng co bac tu do. Mat khac, néu F < 0, co cdu 88 ¢6 58
rang buge du. Tuy nhién, can cht ¥ €6 cdc co cAu khéng tudn theo tidu
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Hinh 1.8. Co cau khong
gian Stewart-Gough

chuin Grubler. Cédc ¢o cdu nay doi héi chidu dai khau dac biét dé dat
ducce tinh linh ddng cao duge goi 1a co cdu thang rang budc.

Déi vai cac co cau vong kin va cdc cd cAu chap hanh, s8 lugng va vi tri
cde khdp kich hoat phai duge chon mét cdch can than sac cho phén tae
dong ¢ phia cudi phai duge diéu khién theo yéu cdu. Noi chung, si cdc
khdp kich hoat phai bang s6 bac tu do clia ¢6 cdu, va vi tri cia khdp kich
heat phai duge chon sao che ching c6 thé tao thanh tap hap cac toa dd
déc 1ap. Néu s6 luong khéu kich hoat nhd hon s6 bac ty do, chuyén dong
cua cac khau nay phai theo toa dé tuong ung cac rang budc déng hoc cua
ching. Co cau chap hanh duge truyén déng du cé thé ding dé khi do
léch banh réang hodc kheang hd do dang hinh hoc ciia cace khép.

Tiéu chuan chuyén dong theo vong

Nhu da dé cap, chudi déng hoc 14 mét bd cdc khau ndi v4i nhau bing
cac khdp. N&u méi khau duge ndt véi it nhat hai khau khdc, chudi tao
thanh mot hodc nhidu vong kin. Cé thé thiét 1ap phuong trinh lién hé s&
vong doc lap vdi 56 khau va khdp trong chudi dong hoc, S8 veng dac lap
duge hiéu la téng cde vong, triz vong bén ngoai.

Cu ciu bén khau ban 18 (Hinh 1.5} 1a chudi dong hoc v6i mét vong doc
lap, gom bén khau va bén khép. Co cdu nam khau (Hinh 1.6} cing la
chudt dong hoc véi mat vong doc 1ap, gdém nim khau va nam khép. Péi
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Hinh 1.9. Sy hinh thanh
chudi nhiéu vong.

véi chudi déng hoc mot vong (phang, ciu, hode khéng gian) sd cac khau
bang sd cac khdp, nghialan =j.

Tir chudi mot vong ¢d thé mé rong sang chudi hai vong. Diéu nay 6
thé duge thuc hién bing cdch 1y chudi vong hd va ¢6 hai dau dugdc ndi vi
hai thanh phan bat ky cia chudi mét vong bang hai khép (Hinh 1.9),
trong d6 A va B 14 cdc diém néi. Chd y, bing cach md rong mot vong
thanh hai vong, so cde khdp sé 16n hon 56 khau 1a mét. Tuong tu, chudi
vong hd ¢6 the két hgp chudi hai vong dé tao thanh chuéi ba vong, ... Noi
chung, viéc m6 rong chudi dong hoc tir mat vong thanh L vong, hidu gitta
s khdp va s6 khau sé ting theo gia tri L - 1, do 46 ¢6 thé viét:

i=n+L-1 (1.6}
hotic
L=j-n+1 (1.7)

Phuong trinh (1.7) duge goi 1a phuong trinh Euler, s6 vong doc lap
1én hon higu gita s6 khdp va s6 khau 12 mot. K&t hgp pt (1.7) vdi (1.4:

2 fi=F+iL (1.8}

Phuong trinh (1.8) duge goi la tieu chudn chuyén déng vong. Phuong
trinh (1.7), hogc (1.8), rat hiiu dung d¢ tinh 38 vong déc lap trong chudi
dong hoc. N6i chung, s6 lugng phuong trinh vong kin cé thé duge thiét
1ap cho ¢o cdu bang s6 vong dge 1ap trong co cau dé.

Vi du L.5. Co cdu thuse phdng. D6i v6i co cau thude phing trén
Hinh 1.7,c6 A=3,n=7,vaj=8,do dé s6 vong déc lapL=8-1+7=2.

Vong thu nhat gom khdu nén, khau 1, 3, 4, va 2. Vong thit hai gbm khau
3,4,5va6.
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Vi du 1.6. Co cdu Stewart-Gough. Déi véi co cau nay (Hinh 1.8), c6 A
=6,n=14,j=18,s6 vong doc lap L = 18 - 14 + 1 = 5. V& phai cuia pt (1.8)
c6F+AL=6+6x5=236,convétrdila 3 f, =3 x 12+ 6 = 42. Hiéu cla
hai sé nay la s6 bac tu do déc lap 42 - 36 = 6.

Hé théng robot

Hé thong robot gém co cdu chap hanh, dau tac dong, bé diéu khién
dua trén bo vi xu ly, mdy tinh, hé thong thi gide, hodc cdc by cdm bién
khéng tiép xic (Hinh 1.10).

Co cdu chdp hanh gom nhiéu khau noi theo nhiéu cach. Mot khau cé
dinh vé6i nén, khau khac duge goi 1a khdu déng. Noi chung, s6 khép dong
bang s6 béc tu do dé c6 thé diéu khién cd cdu nay theo yéu cau. Co cau
chap hanh trén Hinh 1.2 12 loai 6-dof, trong dé khéu 0 14 ¢6 dinh véi nén,
va cdc khau tir 1 - 6 1a khau déong. Cdc khdp gitta cac khau (0 va 1), (1 va
2),(1va7),(3vad) (4vab),(5va6)lacackhdp dong, cac khap con lai la
bi dong.

B¢ tdc dong cudi (ban kep) l1a thiét bi dugc ldp vao khau dong dé kep
gitf, nang, hodac xif 1y chi tiét gia cong. Bo tac dong cudi duge coi 1a giao

Robot .
Hé thong quan sat

e

Chi tiét gia
cong

Bo diéu khién

oo QQ
oo [+ s}
I;;; @ Haéi tiép s

| Lt May tinh
Hinh 1.10. Hé théng robot

Diéu khién déng co
Héi tiép

Y
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Cdcau IhlIUC

Tay kep

Y
\\;’ -

Bé tac ddng khinén

'

Hinh 1.11. Co cau kep
banh rang - thanh riang

dién: ca hoc gitta co cau chdp hanh va méi truimg xung quanh. Néi chung,
b tdc doug nay la thiét bi dac biét duge diing d& chuyén t&i ese vat thé cé
kich thude, hinh dang. trong luong tuong ty nhau trong thao tdc 1ap. Co
cdu tdc dong d6i khi duge goi 1a co cau kep. Hau hét cac ban kep don gidn
la loai 1-dof. Hinh 1.11 minh hoa co ¢4u kep thanh rang-banh rang dugc
truyén déng bang khi nén.

D61 véi mot s6 dng dung, co cdu tie dong cudi ¢6 thé c6 kha nang xu
I¥ cac doi tugng véi kich ¢6 hinh dang hode trong lugng khde nhau, duge
goi 14 cg cdu kep da nang hoac tay may.

B6 ditu khién cé thé tirloai don gidn, kidu PID {ty 1& - tich phan - dao
ham) mue thap, dén phifc tap vdi tri théng minh nhan tao. Bo ma héa va/
hoic van tdc ké duge lap trong cic khdp cua co cdu chap dé do chuyén
dbng gitta hai vat thé duge noi két. cho phép didu khién hdi tidp. Mot s6
bé diéu khién ¢6 trang bi bd cam bién ] luc hoac tigp xic cing véi hé théng
thi gigc hodic cdc cdm bign khic. Ngoai ra, bd didu khién con duye trang
bi thiét bi hoc tap, ¢6 kha nang hoce tap chuong trinh dinh vi, bién tap
hode tuong tde véi mdy tinh.

May tinh cé thé 1a phan aing dya trén ba vi xi 1y, may tinh cd nhan,
hodc may tinh 16n cic b tinh toan rat cao, cho phép dua ra cac 1énh didu
khién théng minh.

21



Phan loai robot

Robot ¢é thé duge phan loai theo nhidu tiéu chuan, s6 bac t do, cdu
trac dong hoe, hé théng truyén ding, dang hinh hoc cla chi tiet gia cong,
cdc dic tinh chuyén dong, ..

Phan loai theo s6 bac tu do

So dod phan loai robet thuong dung 1a theo s bac tu do. Mét cach 1y
tudng, cd cdu chdp hanh phdi ¢6 6 bac tu do dé xuir ly déi tugng mébt cach
tu do trong khéng gian ba chiéu. Theo quan diém nay, rebof da ndng cé
6 bac tu do, robot du c6 hon 6 bac tu do va robot thifu ¢6 it hon 6 bac tu
do. Robot du ¢6 thém mét bac tu do dé di chuyén qua cac chudng ngai
hodc van hanh trong cac khéong gian hep. Mat khdc, ddi véi mot s6 ing
dung dac biét, chang han 14p rap cac chi tiét trén mit phang, robot bén
bac tu do 1a dit. Robot loai Fanue (Hinh 1.12) ¢6 co cau chap hanh da nang
v3i 6 bac tu do.

Phan loai theo céu trac ddng hoc

Rabot duge goi 1a robot néi tiép vai co cdu chip hanh vong hé néu ciu
tric dong hoe ¢6 dang chudi vong hd, robot song seng néu ¢6 chudi vang
kin, va robot lai néu ¢6 ca chudi vong hd va vong kin. Hau hét cac ky su
déu coi Fanue (Hinh 1.12) 12 robot néi ti&p, nhung trong thuc t& day la co
c&u chap hanh lai do phéi hop bon khiu ban 1& (thanh ddy) dé truyén
dong khdp thit ba. Nhidu robot céng nghiép sd dung kiéu cau tric ndy do
¢6 thé 1dp dong co thd ba dé giam quén tinh cda cd cdu chdp hanh. N6
chung, robot song song ¢6 uu diém, dé cing viing cao hon, kha nédng tai
i6n hon, va quan tinh thap han so véi co cdu néi tiép, nhung khéng gian
lam viée nhé hon va co cdu phice tap hon.

Phan loai theo hé théng truyén dong

Cé ba hé truyén ding pho bién la dién, thiy luc, va khi nén dugce
dung cho robot. Hau hét cde co cdu chap hanh déu sif dung dong co bude
ho#c dong co tro ddng de, do chung sach va tuong déi dé diéu khién. Tuy
nhién, khi can téc dd cao va kha niang mang tai cao, thuimg ding truyén
ddng thiy luc hode khi nén. Nhuge diém chinh cta truyén dong thiy lue
la kha nang ro ri dau. Ngoai ra, truyén dong khi nén ¢é tinh linh hoat
kh4 cao. Mic dii, truyén déng khi nén sach va nhanh nhung khé diéu
khign do khang khi 1a luu chat nén dugc.
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TAY MAY REVOLUTE
TAY MAY POLAR

TAY MAY CARTESIAN

TAY MAY SCARA Hinh 1.12. Phan loai tay may
theo cdu tric xac dinh vi tri.

23



Trong ¢ ¢au ndi tiép, noi chung mét bo tae ddng duge dimg dé didu
khién chuyén dong cua timg khép. Néu ting khau chuyén déng duge
truyén diong bang mét bé tdc dong 1dp trén khau trude dé thang qua hop
giam toc, su dich chuyén cua khau nay vé mat dong hoc 1a doc lap véi
khau khdc, day la cu edu chdp hanh noi tiép qui ude. Mat khac, néu méi
khdp dude truyén dong true tisp hang b tdc déng khong ¢6 hop giam
Ltic, o cdu dé duge goi Va oo cdu cfidp hanh truven déng true tien.

Viéee ding hop giam tdc cho phép su dung déng cg nho hon. do do
lam giam quén tinh cua ¢o ¢du chdap hanh. Tuy nhién, dé léch hoac lac
cua cdc banh riang trong hop gidm toe ¢o thé gay ra sai 6 vi tri @ bd phan
tée dong. Ky thuat truyén déng true tiép khie phue duge van dé vé banh
ring va ¢é theé tang toc dg cho cd cau chiap hanh. Tuy nhién, cac djng cu
truyén déng truce tiép tuong déi 16n va nang. Do dé, chang thutng duge
dung dé truyén dong khép thit nhat eua co cidu chdp hanh, dong co duge
lap ¢ dé. Néi chung. déng co cung ¢é thé duge 1dp ¢ dé dé truvén dong
khap thi hai heae thi ba théng qua dai kim loai hoic khau thanh déy.

Mot s6 co cdu chdp hanh sd dung ba cde banh rang, xich va dia xich
dé truyén dong cdac khdp. Khi sif dung hé théng truyén déng nay cho ca
cau chap hanh qua nhiéu khdp. @6 dich chuvén cia khép sé phu thude
lin nhau. Céc cu edu chdp hanh kidu dd duye 13 vong kin.

Phan loai theo dang hinh hoc khéng gian lam viéc

Khéng gian lém viée eda cd edu chip hanh duge xde dinh 1a the tich
khéng gian dau tdc dong co thé vdi tdi. Néi chung. thutng su dung hai
dinh nghia vé khong gian lam viéc. Thi nhat 1a kfidng gian oo the v ti,
thé tich khong gian trong dé cg cdu tac dong cd thé vdi 161 ting difm
theo it nhat la mot chidu. Thit hai la khdong gian linh hoqt, thé tich khong
gian trong dé cd cau tie dong c6 thé voi 181 titng diém theo moi chiéu cd
thé. Khong gian linh heat 1a mét phan cia khong gian co thé vai 141

Mac da day khang phai 14 diéu kién cidn, nhung nhiéu co cau chép
hanh nai tiep duve thiél ké vot ba khau dau dai hon cide khau con lai. Do
dé ba khau nay duge dimg chi y8u d¢ thao tde vi tri. cae khau con lai
duge dung do didu khién hudng cua déu tde ding. Vi v do d6, ba khau
dau dude got 1a cinh tay, cie khau con lai duge goi 1a co tay. Tri cdc co
cdu chap hinh vai =0 bac tv do 16n han 6, cinh tay thubng co ba biae W do.
¢6 tay ¢d 1=} bace i do. Hon nit, bé co tay thuong duge thicr ke véi cae
truc khép cit nhan tai mét diém chung dudge goi 1a tdm e6 tay. Bd canh
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tay co thé co nhiéu kiéu cdu trie dong hoc, tao ra cac bién [3m viée khac
nhau, duge goi la vang khing gian lom vite. Khong gian do nha san xuat
robot cung cdp thutng duge xdc dinh theo viing khong gian tam viec.

Cé 1 cau trac dong hoc don gian nhat cua canh tay robot {con goi la
tay mdy) la ba khdp lang tru vueng goc. Kidu robot nay duge goi 1a rubot
Decartes. Vi tri tAm cd tay cua loai robot nay ¢6 thé duge xde dinh theo ba
toa d§ vudng gée lién quan véi ba khdp tang tru. Ving khong gian lam
viéc cua robot nay Ja khoi hop chir nhat. Khi robot Decartes duge 14p
trén cde ray phia trén khéng gian lam viée, dugc goi 1a robot edn truc,

Canh tay robot, duge goi 1a robot tru néu khép thi nhat hoac khép
thur hai cia robot Decartes dugce thay bing khdp quay. Vi tri tdm ¢d tay
cua robot try 6 thé duge xdc dinh bing tap hop cac toa do cdu lien hé véi
ba bién khép. Cic khdp lang tru thuting ¢6 cic gidi han co hoe & ca hai
dau. Do dé khéng gian lam viéc eda robot try bi gidi han bing hai hinh
tru dong tdm 6 chiéu dai hita han.

Tay may duge goi la robot cdu néu hai khép ddu ia khép quay khée
nhau vi khép thit ba 1a khdp lang tru. Néi chung, khép lirg try khéng
SONg song vdi true cia khép thit hai. Vi tri tim ¢d tay cia robot ciu ia tap
hop cde toa do cau lien quan v6i ba bién khap néi. Do dé khong gian lam
viée robot cau duac gidi han theo hai kho} ciu déng tam.

Tay mdy duge goi la robot quay néu ca ba khop déu la khdap quay.
Khong gian lam viée cua robot nay, rat phie tap, thudng cé tiét dién
hinh xuy&n, Nhiéu robot cang nghiép 1a loai robot quay.

Robot SCARA ttay may lién hop chon loei 14 loal robot dac biét, gam
hiai khdp quay tiép theo la khap lang try. Ngoai va, ca ba true khdp déu
song song vdi nhau va thutng hudng theo truc trong tring. Do do, hai
ho tae dong dau khong Lun viec d61 vii trong lue cua cde khap va tai. C6
tay thuting chi ¢6 mot bac tu do, do do toan ba robot ¢é b bac wi do. Kigu
cd c&u chap hanh nay thuing duge ding d& 1ap cac chi tiét trén mat phing,

Phan loai theo dac tinh chuyén déng

(e ¢ cdu chap hanh cua robot e6 thé duve phan leai theo bdn chat
cua chuyén déng. Vat thé ran thue hien chuven dong phing néu tat ci
cdc hat trong val the nay tao nén dudng cong phing trong ciac mat phing
song song. Co cau duge goi 1a cu cdu phing néu tit cd cde khép chuvén
dong troug co cau déu thue hién chuyén déng phang song song vdi nhau.
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Déi v6i ¢d cdu phang, qui Lich cia moi diém trong mei khau déu cd thé
duge vé trén mat phang. Co cdu phang chi su dung cdc khop cap thap
duge goi 124 khép noi phang. Cic khdp quay va lang tru la cac khép thap
chi duge phep déi v6i Aliap néi phdug. Trong khép néi phang, cdc true
cua tat ca cdc khép quay phai vuéng géc véi mat phang chuyén dong,
chiéu chuyén dong cia khdp lang tru pha: song song véi mat phang
chuyvén déng. Co cdu chdp hanh duge goi 14 co cdu phdng néu co cd edu
phéng ivi du co cau trén ITinh 1.6 va 1.7). Co cdu chap hanh phing rat
hitu dung déi v6i vat thé trén mat phang.

Vat ran duge gol la chuyén dong cdu néu tat ca cac hat treng vat nay
tao nén dudng cong trén cdc mit cAu déng tam. Do d6 khi vat rin thue
hién chuyén dong ciu. 5é& ¢d it nhat mot diém tinh tai. Theo dinh nghia
néu trén, viit ran quay xung quanh truc ¢d dinh ¢6 thé duge coi la truong
hop dac biét cia chuyén dong cau do di€m bat ky trén truc quay déu c6
thé duge coi 12 diém tinh tai. Co cau duge goi 1a co edu cau néu moi khép
chuyén déng déu thue hién chuyén dong cdu xung quanh diém tinh tai
chung. Trong co c&u cau, chuyén dong cua tdt ca cac hat cd thé duge dién
ta theo cac phép chiéu huéng kinh lén hé mat khéi cdu don vi, Khip quay
la khdp cap thap duy nhat duge phép déi vdi cdu tric khép ndi cau.
Ngoai ra, tat ca cac truc khdp néi cdu phai cdt nhau tai diém chung. Co
cdn chdp hanh duge goi 1a co cdu chdp hanh kiéu cdu néu cd oo cdu ciu.
Hinh 1.13 minh hoa ¢o cau chap hanh kiéu ciu song song 3-dof. Trong co
célu nay, tat cd cdc khdp quay cat nhau tai tam O chung. Cackhéu 1, 2. 3
duge coi la khau vao, khau 7 duge coi 1a khau ra. Co cdu chap hanh cau ¢6
thé duge dung 1am thiét bi tré.

Vit rén thue hién chuyén déng khéng gian néu chuyén déng khong
thé dac trung bling chuyén dong phéng hodc chuyén dong cau. Co cau
chédp hanh duge goi 1a co cdu edu néu it nhat mét trong cde khau chuyén
dong ¢6 chuyén dong khéng gian tdng quat. Noi chung, khong thé dua ra
céc dac trung chuyvén dong 4di véi co cu khong gian. Co cau duge néu
trén Hinh 1.8 1a co cau chap hanh song song khang gian 6-dof. Cdc co cdu
phéng va cdu cé thé duge coi la truing hop dac biét cia co cdu khong
gian. Chang xay ra do két qud cua dang hinh hoc déc biét theo cac dinh
hudng riéng cia cde true cia chung. Do cde diéu kién hinh hoc dac biét,
cic bai toan phan tich va téng hyp d6i véi co cdu phang va cdu tuong doi
don gian. Sy lua chon co cau chap hanh robot tuy thudc vio ing dung,
méi trusng lam viée, va cac khao sat khae.
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! 7. nénchuyén dong
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o: de o dinh Hinh 1.13. Co cau chap
A, hanh kiéu cdu 3 RRR.

Pinh vi, dinh hudng, va vi tri clia vat rin

Trong nghién ciu dong hee co edu chap hanh robot, can phai xét dén
vf tri cda nhicu vit thé trong khong gian. Cdc vat thé duge nghién ciu
bao gdm cac khau cua co cau (,hap hanh, eéng cy, chi tigt gia cong, .. Dé
xac dinh vi tri eta vat thé, can xay dung hé toa dé quy chidu. Hé toa do
quy chiéu duge coi 1a khung c6 dinh, mic dis tr ong thue t& khung nay
khdng bit budc phdi ¢ dinh véi nén. Hé toa dd Decartes duge dung dé
xde dinh vi tri vt the, ngoai ra c6 the dung hé toa dé cau va hé toa dé tru.

Vi tri cda vat thé do véi hé toa 46 quy chiéu duge xae dinh néu bist vi
tri moi diém cla vat thé do. Néu vat thé 1 ran, sdu théng s6 dac Jap can
dung d¢ xdc dinh vi tri trong khéng gian ba chidu. Hé toa d¢ x,v,z dudce
dung la khung ¢d dinh (ITinh 1.14). Hé toa d6 Decartes déi vdi vat thé
chuyén ding dugc coi la khung chuyén déng (u,v,wh Vi tri moi diém cia
vat rdn ¢6 thé duge xde dinh theo vi tri cia khung chuyén dong so vdi
khung ¢6 dinh. Vi #ri tuong d6i 6 thé duge coi la vi tri cta mét didm,
chang han géc toa d6 Q, va fudng cia khung chuyén diong tinh thec
khung ¢& dinh. Hon nira, néu gia thiét khung chuyén déng ban dau tr ung
v6i khung c6 dinh, vi tri cta khung chuyén dong so véi khung ¢6 dinh va
do dich chuyén khong gian cia vat rdn tif vi tri ban déu la tuong duong.
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x Hinh 1.14. Dich chuyén khong gian téng quat.

Xac dinh vi tri

Vi tri cua diém bat k¥ déi vai khung quy chiu ¢6 thé duge xac dinb
theo vector vi tri 3 x 1. Vi du, vi tri diém P trong khung quy chiéu A
(Hinh 1.15) dugc viét dudi dang
fp=ip 19

E

i

Trong do cac chi sa x, y, z 1a cdc hinh chiéu cua vector vi tri trén ba
truc toa dp cia khung quy chidu. Do phadi lam viée voi vai hé toa dé, can
phéi cd thém ky hidu hé toa dd cua vector duge quy chidu.

2
Y
~
P, P
1
|
0 I Py
e e o
o, S0~ s
B N
Hinh 1.15. Vector vi i ctia ~ »/~ =~ %
diém P trong khéng gian, N
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Xac dinh hudng

Hudng cua vat rdn so véi khung ¢8 dinh c6 the duge xdc dinh theo
nhiéu céch khac nhau. (6 nhiéu cach dé xac diah, thudng dung theo ham
cosine, theo truc xodn, va theo goc Euler. Pé xdc dinh hudng cua vat ran
can xét chuyén déng cia khung chuyén dong B so véi khung 6 dinh A ¢6
mot diém c& dinh. Diéu nay duge goi la chuyén déng quay hedc chuyén
dgng cdu, cé thé gia thiét gac toa do cha khung cd dinh tring véi khung
chuyén déng (Hinh 1.16).

\ L
/\¥ p\(/
joo e N
N\
. el W, -y {i)
AN ,';%’
}/ _“_/'d\ | <
/1 ‘._ P (p.,- p\.r- pw}

[

» T e )
Hinh 1.16, Sy * (i} I
dich chuyén cau. u

Xac dinh hudng theo cosine. Mot phuong phdp thuan tién dé xdc
dinh hudng cia vat ran 1a sit dung ham cosine cla cdc truc toa db theo
khung chuyén déng so véi khung ¢6 dinh. Gia s, J: k1a ba vector don vi
hudng theo ba truc cia khung ¢ dinh A va u, v, w |4 ba vector don vi
hudng theo cdc true toa dé cia khung chuyén déng B (Hinh 1.16). Ba
vector don vi u, v, w cé thé dugc biéu thi theo khung ¢ dinh A nhu sau:

A _ . .
u=ud+u,j+uk

Yv=viitu, jruk.

Aw o= w.i+u, j+uk (110)

Vector vi tri clia diém P cda vat ran ¢6 thé duge bidu thi theo khung
¢é dinh A,
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"p=pl+pi+ pk (L.1n)
hoac theo khung quay B
= puu + p\'\’ + p\\'w (1.12]

Do P 1a diém cda vat rdn, ¥p 1a hiing. Tuy nhién, *p phu thudc vae
dinh huéng cia B so v6i A, Thay pt (1.10) vao (1.12) sé nhan dugc vector
p trong khung ¢6 dinh A.

‘p= (pu +pVv +PWHHpU +DPV +D W)
+ipy, +pv, +pwk ' ' (1.13)

Thiét 1ap su cAn bang ede thanh phan x, y, z cua *p trong pt (1.13} v61
cdc thanh phan tuong dng trong pt (1.11):
px = UKPU + pr\' + w)\'p\h
p_\' = u_\'pu + v\'p\' + “"_\'pw

p,=up, +v,p +Wwp (1.14)
Viét pt (1.14) ¢ dang ma tran
'P = 4R B, (1.15)
trong d6
U, wol [ay ap a”—!

A _ . _
Rp=lu, » w,

=82 amn azaJ (1.16)

u, v, W, |4 83 &3

Ky tu A v ky t B biéu thi bac bien doi. Phin tiép theo cé the khong sif
dung eac ky tu nay khi chi cd hai khung quy chiéu va bae bién doi 1a ro rang.

Ma tran *R, 12 ma tran quay cia kKhung chuyén dong B theo khung ch
dinh A. Ma tran quay xdc dinh chiéu cia B hoan toan theo A, bién doi
vector ciia diém P bat ky tir khung chuyén déng B dén khung ¢ dinh A.
Tit dinh nghia trén c6 thé thay cc cot cia ma tran quay biéu thi ba vector
don vi chéo cua cdc truc toa d§ chuyén dong duge xdc dinh trong khung
cd dinh. Do d6, ma trén quay la ma tran chéo. Céc diéu kién vé db chéo la

w=1
vi=1
wi=1 (1.17)

va
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u'v=20
viw =10
wiu=0 (1.18)

Do cac digu kién chéo néu trén, chi ¢ ba trong chin phén tu cia R,
la doc 1ap. Su dung cdc diéu kién chéo néu trén, ¢6 thé thay

Uxv=w

VXw=U

wWXU=V (119
vl

det(*R,) =1 (1.20)

Hon nita, do cde diéu kién chéo, su bién déi nghich ddo ma tran quay
la bang hién déi

"Ry ="Ry="R], (1.21)

Do cdc ¢t cha *R |, biéu thi ba vector don vi cua cdce true toa dd theo
hé toa dj B trong hé toa d6 A, cac hang cia *R, 1a ba vector don vi xdc
dinh doc theo truc toa do clia khung A trong khung B. Do d6, ma tran
quay cd thé duge dién dich la tap hop ba vector cdt hodic tdp hgp ba
veetor hang.

It ‘|
.-\RB: Ay My .-\“_,}: |;j|" (1.22)
Bkr

Dinh ly Euler. “Su dich chuyén téng quat cia vat thé rin véi mét
diém c6 dinh 1a chuyén déng quay xung quanh mét truc. Truc quay duy
nhat nay dugc goi la truc xodn”. Néi chung, true xoin c6 thé dudc suy ra
Lif ma trdn quay cho trudc.

Phuong trinh (1.15) cung eap suhién déi chéo vi tri didm P trong khung
B déi véi khung A. Do khung B tring véi khung A tai vi tri ban d4u, c6 the
coi "p la vitri tha nhdt *p 14 vi tri th hai cia P trong vat ran B. Do géc
toa dg O la diém tinh tai, truc xodn di qua diém nay. Hon niia, néu P nim
trén truc quay, vector vi tri s& khong bi dnh hudng tir sy quay, nghia la

-

=P {1.23)
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Vi trf tha hai ciia P dude xac dinh theo su bién déi chéo duge cho trén
pl11.15). Thay pt¢1.23) vao (1.15)

(*R,-N'p=0 11.24)
trong d6 I 1a ma trdn déng nhat 3 x 3.
Phuong trinh (1.24) la truimg hop dac biét cua bai todn téng quat:
(*Ry~20'p=0 {1.25)

trong do A la gid tri dgc tink. Phuyng trinh {1.25) gom ba phuong
trinh tuyén tinh déng nhat véi ba bign, p_, P, . va p,. Piéukién tuong
thich d& tén tai céc nghiém khong tAm thuding 1a dinh thic cua cdc hé s6
phai triét tiéu, nghia la

a, - A ap ay ‘
|;\Ru—}'.[\: a-“ a22 az_\ :0 {1.26)
ay) 3y Ayn—A

trong dé a, 1a phén tu (i, j) cia *R,

Phuong trinh (1.26) duge goi Ya phuong trinh dde tinh, va céc gia tn
cua A thoa man didu kién déac tinh. Néi chung, phuong trinh dac tinh, ¢6
ba goc vi ba vector dac tinh. Mé réng pt (1.26), chdng han theo cot thif
nhdt cua AR, va 4p dung cdc pt (1.19}, (1.20)

W (AR R + (PR A -1=0 {1.27)
trong d6 tr(*R,) =a , + a,, +a,,

Gii pt (1.27) sé tinh duge

l — I_eiu_evm
trong dé
UZCOS_lM (1.28)

2
xéc dinh goe quay quanh truc vit va cos'x 1a ham arccosine. Vector
dac tinh tuong tng gid tri A = 1 xde dinh chidu ctia truc vit, do d6 chiéu
cua tryc vit co thé nhan duoc bang cdch giai pt (1.24) theoe cdc ty sé P/
p}" J"f)z
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b. Mat phdng vudng
géc vai tryc quay

X Hinh 1.17. Sg do vector bidu thi dich chuyén cau.

Biéu dién theo tryuc xodn. Phan nay sé xde dinh syt dinh huéng
cua vit rdn thee su quay xung quanh true xo&n. Tir Hinh 1.17a ¢6 thé
thay, néu khung chuyén déng B quay theo géc 8 quanh truc di qua gic toa
d6 cua khung A, vi tri thd nhat cia diém P trén vat rdn B duge ky hiéu
theo vector r, = OP,. Vi tri thi hai duge ky higu lar, = OP,", va chidu
quay duge ky hiéu bing vector don vi s {s, S, 8,), €6 thé nhan dugc:

v

oP=1 —(r's)s (1.29)

S,Py =1 ~{r)s)s {1.30}
Hinh 1.17b minh hoa mat phing chita diém P va P, vudng géc véi
truc quay. Giao diém vdi mét phéng va tryc quay 13 8 , sit dung céc bidu
thie [S,P [=1S,P; | va sxS P, =sxr c6 thé nhén duge

N =5 Pco (1.31)

74
2]

§,P; =sxrs8 (1.32)

Véi ¢B 14 vigt tit clia cosO va sB 12 vist tidt cha sin®. D& suy ra quan he

gillar, var , can biéu dién S P theo tdng cla hai vector

P; =S, N+ NPj (1.33)

7]

P
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thay cdc pt (1.29)d8n (1.32) vao (1.33}

T, — (1) 8)s = Ir] —(r]Ts)ch9+er|SH (1.34)
thay gia tri rlTs = rsz vao pt {1.34)

1y = e+ sx 58+ s(r' s)(1 - c0) (1.35)
Phuong trinh (1.35) duge goi 1a céng thic Rodrigues déi vdi dich chuyén
el QU8 vl ra8 . Baig cath xefir 14 Bp var, 1a *p, pt (1.35) ¢6 thé duge
viét & dang ma trian
fp="R,PP (1.36)
trong do cac phan tir ciia ma tran quay la
ayy = (s> —D(l—cB)+1,
a); =58, (1-cB)-s,s0.
a); =8,8,(1-cO) +s,s6,
a5 =8,8,(l-cO)+s,s0,
ay =(s; —l-cO)+1,
a7y =5,8,(1-cB) 5,36,
ay =5,5,(] —CG)—SYSS'.
a3y =5,8, (1-cO)+s,50,
Ay = (52 ~ 1)1 ~cB) +1. (137
Phuong trinh (1.37) duge goi 1a biéu dién truc xodn theo hudng ciia
vat rin. Biéu dién nay sit dung bén théng s6 gém ba théng s6 lién quan
vdi chiéu cia truc xodn va mét théng sé lién quan dén gée quay. Tuy
nhién, ¢hi hai trong ba théng s§ lién quan vdi chiéu truc xodn 1a déc lap
do ching phai théa man diéu kién vector don vi sTs = 1

N&u biét truc xodn va géc quay, c6 thé tinh duge cde phin tir cia ma
tran tir pt (1.37). Mat khéc, néu biét ma tran quay cé thé tinh duge true
X04n va géc quay. Gée quay duge xdc dinh theo téng cdc phén tir chéo ciia
ma trdn quay tu pt (1.37).

18y Ay +a5; 1]
2

B =cos (1.38)
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Chiéu truc xodn dugc xde dinh bing cdch tinh hiéu gida cde cap hai
phén tif chéo déi nghich

RAap a5

250

O

dyy —dy
g = 13 3l

' 250

_ Ay —ap,

5, {1.39}
250

Ti cde pt (1.38) va (1.39) ¢6 hai nghiém déi vdi truc xoéin, nghiém thya
nhat 1a 4m so v6i nghiém thi hai. Trong thye té, c4 hai nghiém déu bidu
thi cung mgt truc xodn, do sy quay -8 quanh true -s hoan toan tuong tu su
quay +0 quanh true s.

Biéu dién theo géc Euler, Biéu dién chiéu theo ham cosine ¢é
chin théng s& va bigu dién theo truc xoén ¢6 bon théng si. Do su quay la
chuyén déng véi ba bac tu do, tip hop ba thong s6 1a du dé xédc dinh sy
dinh hudng ctia vat ran trong khéng gian. Trong thuc t& ¢6 nhidu b ba
thong s8 duge diung dé xac dinh sy dinh huéng, tuy nhién b ba phd bién
nhdt la cac géc Euler. Trong biéu dién goc Euler, ba su quay lién tiép
xung quanh cdc truc toa d6 ciia hé toa dd ¢d dinh hodc hé toa d6 chuyén
dong dé dinh hudng vat ran.

Dé thuan tién, c6 thé sit dyng ba ma tran quay co bin tir d6 suy ra sy
biéu dién géc Euler theo tich cia ching. Khi vat rdn quay theo géc 8
quanh trucz,s = s, =0vas, =1, dodé matran quay, pt (1.37) tr¢ thanh

b —s6 0
Ri{z.8}=}sb ¢0 0 (1.40)
0 0 1!

tuong ty khi vit rin quay xung quanh truc x, s,=s,=0vas =1 pt
(1.37) trd thanh

1 0 0
Rix.¢)=|0 oy -—sy (141)
0 sy oy
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khi vat rdn quay xung quanh truc y, pt (1.37) trd thanh

chp 0 sd)‘l
Riy.¢y=| 0 1 0 i (142)
-s¢ O cb]

Céc goc Roll-Pitch-Yaw. Trude hét cdn xét ba su quay lign tiép cda
khung chuyén dong B xung quanh edc true toa 46 cua khung ¢é dinh A.
Ban ddu khung B tring véi khung A, sau dé B quay quanh truc x theo goc
W, trg thanh hé (v, v, w'), ti€p theo B quay quanh true y véi géc 0, tao
thanh hé (u”, v, w”) cudi cing, quay theo géc ¢ quanh tryc z, trd thanh

hé {u, v, w) (Hinh 1.18).
z 2
w' Fr
W w ¢ v
v ¥
v y y y
1 x X
g u

Hinh 1.18. Céc chuyén déng quay lién tiép quanh cdc truc toa 6d cd dinh.

u”

Do cd ba su quay déu xay ra quanh cdc truc toa d6 cia khung ¢ dinh,
ma trdn quay két qud 1a tich cla ba ma tran co bén.
R(y, 8,4} = R(z.¢)R{y.MR(x.y)
cocO  chsOsw —shoy  cpsOcy + spsy
=| spch  sdsBsy + cowr  sdsOeyr — sy (1.43)
~-s8 cOsys cBey
Su quay quanh truc x duge goi la Roll, quanh truc y 1a Pitch, va quanh
true z 1a Yaw. Theo qui udc, su dinh hudng cia vat rdn theo cdc géc nay
duge goi 12 biéu dién géc Rol)-Pitch-Yaw. Do su quay cufi cung sé xdc

dinh hudng, thy ty cia edc chuyén dong quay khong thé thay doi mét
cdch tay y.
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V&i cdce goe Roll, Pitch, va Yaw cho trude ¢6 thé tinh ma tran quay
tdng qudt ti pt (1.43). Mat khéc, v6i ma tran quay cho trude, ¢ thé tinh
cac goe Roll-Pitch-Yaw tuong img

0= sin'1(—a;| |
W=Atan2(a,, /cBay, /ch) i1.44)
¢ = Atan2{a, {cha,, /cB)

vdieB # 0, sin'x 1a ham arcsine, Atan2(x, y) 14 ham arctan hai bidn
nhung chi ¢6 mét nghiém géc. Theo ma tran quay cho truée, nii chung ¢o
hai nghiém vé cdc géc Roll-Pitch-Yaw. Tuy nhién, néu 0 = + 90, nghiém
cua phuong trinh (1.41) sé khéng con, d6i vdi truong hep nay chi tinh
tong hodc hiéu cia ¢ va y.

Cac goc Euler w-u-w. Phan nay sé xét ba chuyén dong quay lién
tiép cda vat rdn xung quanh cdc truc toa cia khung chuyén déng B. Ban
dau khung chuyén déng B tring véi khung ¢8 dinh A, sau d6 B quay theo
true w vdi goc ¢, chuyén dong quay thid hai theo gée 8 quanh truc o', va su
quay thitba theo gée Y quanh truc w” (Hinh 1.19). Chi ¥. mdi chuyén déng
quay quanh truc phai ¢é vi tri phu thuée vio ede chuyén dong quay trude
dé. Chuyén dong quay thi nhat lam cho khung (u, v, w) chuyén sang vi
tri (0, v’, w’), chuyén djng quay thi hai lam cho khung (W, v', w’) chuyén
sang vi tri (u”, v”, w”), va chuyén dong quay thit ba lam cho khung nay
chuyén dén vi tri cudi (u, v, w). Ba 14n quay lién ti#p nay dugce goi 1a cac
goc Euler w-u-w hoac z-x-z. _

Ma tran quay két qua 6 thé suy ra tif tini. i dong hoc dao, bang
cach xét dinh hudng khung A theo khung B. Bai toan déng hoc ddo co
thé xdc dinh sy quay khung A guanh truc w theo goc -0, chuyén dong

W
z

. u
u u
Hinh 1.19. Sy quay lién tiép xung quanh cac truc toa dé chuyén déng.
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quay thi hai theo gée -8 quanh truc u, va chuyén déng quay thi ba theo
goc - quanh truc w. Trong phép nghich ddo déng hoc, cac truc toa d6
cia khung B dugc coi 1a ¢d dinh, do d6 ma trdn quay téng quat
BR , (~0,—0,—y) cb6 thé duge vigt dudi dang

BR,(—0.-8—y)="R , (w.—y)*R ( (u—0)°R y (w.~¢) (1.45)

Do AR, :{BRA]" va PR (w—9)="R , (w.0), cé the md rong pt (1.45)
theo

Ry (6.8 = PR o (=0.-0-)]
= R{w,$)R{u,OR{w y)
choy —spcOsy - chsy —spcOey  sdsh
=|shoy +cochsy  —shsy +chcBoy  —chsd | (1.46)
sy sfcy cb .

Céc chuyén dong quay lién ti€p xung quanh cdc truc toa 46 quay cua
khung chuyé&n déng 1a cdc tich ma tran. Néu biét géc Euler w-u-w, cé thé
tinh ma tran quay két qua tif pt (1.46). Mit khac, néu biét ma tran quay
cé thé tinh cac goc Euler w-u-w

0 =cos™" 33
$ = Atan2(a,y/s6,—a,,/50) (1.47)
y=Atan2(a,; /s0,ay, /58)

v6i s0 # 0. Khi 6 = 0 hodc 1809, cde nghiém cua pt (1.47) bi suy gidm.
Bé1 vii trudng hop nay, chi tinh téng ho#c nghiém cua ¢ va .

Cac goc Euler w-v-w. Kidu biéu dién géc Euler nay bao gdm chuyén
déng quay theo géc § quanh truc w, tiép theo 1a chuyén ddng quay theo
g6e 8 quanh truc v, va cudi cung chuyén déng quay theo géc \ quanh tryc
w. Ma tran k&t qua la tich cia ba ma tran quay co ban

ARp(¢.0.y) = R(w,0)R(v,0)R(W. W)
chctioy —sdsy —cochlsy —shoy  chsd
=|sdcBoy +chsy  —sdetsy +chey  sosD {1.48)
—s8cy squ; ¢l



véi cde goc Euler w-v-w cho truge ¢6 thé tinh ma trin quay két qua tir
pt (1.48), nguge lai néu bict ma tran quay, ¢ thé tinh cdc goc w-v-w

O=cos'a,,
$=Atan2(a,;/s0.a,,/s8) (1.49)
W =Atan2{a,, /sf,-a,, /s9)

vdi s6 # 0. Khi 6 = 0 hoac 180°, sdc nghiém cua pt (1.49) bj suy giam.
D361 vdi trudng hop nay, chi tinh tén~ hoic nghidm cia O vay.

Xac dinh vi tri

Nhu da dé cap, vi tri clia vat rin c6 thé duge xdc dinh theo vi tri cia
diém gée Q va dinh huéng cia khung chuyén déng theo khung e dinh.
Hinh 1.14 minh hoa vi tri ctia diém P ¢6 thé duge bidu dién trong khung
cd dinh A theo *p = pp, ciing ¢6 thé duge hidu dién trong khung chuyén
dong B theo ®p = QP. Pé suy ra quan hé giifa Ap va p, cdn thiét lap
vector op theo tong etia hai vector

OP =0Q + 0P (1.50)

trong d6 OQ =*q)a vi tri cia Q theo khung ¢6 dinh A. Néu sy dinh
huéng eta khung chuyén déng B theo khung ¢d dinh A duge xde dinh
theo ma trdn quay *R;, phuung trinh (1.50) ¢6 thé duge viét dudi dang
Ap:ARp,BIH—Aq (151)
Phuong trinh (1.51) 1a vi tri cia diém trong vét rén tinh theo vi tri diém
goc Q va dinh hudng cia khung chuyén déng B theo khung ¢é dinh A.

Do gia thiét, ban dau khung chuyén dong tring véi khung g dinh, ¢6
thé coi p 14 vi tri thit nhat clia diém P va *p 1a vi tri thit hai cta didm nay
trong khung ¢é dinh A. Dai lugng thd nhat trong v& phai cta pt (1.51)
hiéu thi si déng gop do chuyén dong quay clia vat rdn xung quanh mét
truc, dai lugng thu hai la su déng gip do chuyén dong tinh tidn theo
chiéu *q, c6 thé thay su dich chuyén khéng gian téng quat cia vat rdn
duge xét theo chuyén dong quay va tinh tién. Pay la dinh 1y Chasles.



Cac bién doi dong nhat

Phuong trinh (1.51) 1a bién doi tong qudt caa vector vi tri tif khung
chuyén déng sang khung ¢é dinh. Pai lugng thit nhat & vé phai cia phuong
trinh nay 1a phan chuyén déng quay va dai lugng thu hai 1a do chuyén
dong tinh tién ctia khung chuyén dong dé6i véi khung ¢ dinh. Phuong
trinh nay chua duge thu gon, do ma tran quay 3 x 3 khéng biéu thi chuyén
dong tinh tién. D& pt (1.51) ¢ dang gon hon, can sit dung khai niém vé
toa d6 déng nhat va ma trdn bién dé1 déng nhat.

Toa dd doéng nhat

Goip=I[p, p, P, 1714 vector vi tri ciia mot didm theo khung qui chiéu A
trong khong gian ba chiéu. Céc toa dg dong nhdt cia p duoe dinh nghia la:

B =l Pp..PP,.PP.-PI (1.52)

do d6, cac toa d déng nhat cia diém P trong khung A duge bigu thi
theo vector p trong khong gian bon chiéu. Toa dd thit tu, p, 1a hé so ti 1@
khdac 0. Néi chung, vector vi tri N chiéu trd thanh vector (N + 1) chiéu
trong hé toa d6 déng nhat. Khai niém toa d6 déng nhat 1a rat hitu ich dé
thue hién cdc bign d6i ma trén, bao gdm bién d6i quay, tinh tién, 14p tilg,
va phoi canh.

Tir dinh nghia néu trén, ¢é thé thay vector ba chiéu 1a tir cdc toa db
déng nhat bon chidu bang cdch chia ba toa o dau cho toa do thi tu

pxipx ,py‘—‘&,\fé pz:& (1'53)
p P p

Cha v, cac toa do ddng nhat p khong phéi 1a duy nhat do hé sdtileé p
khéc khéng bat kv déu trung vdi vector ba chiéu p. Péi véi ddng hoc cde
¢ ciu va robot, dé thudn tién thudng chon hé s& nay 1a 1. Khi hé sg tilé
duogc coi 14 don vi, ba toa dé dong nhat biéu thj cdc toa d@ thue cua vector
ba chiéu, do dé vector vi tri ciia mét didm sé c6 dang

P =[py-pyp. 1) (154}
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Ma tran bién ddi déng nhat

Ma tran bién déi dong nhat 1a ma tran 4 x 4 duge xde dinh dé quy
chidu vector vi tri ddng nhaét tif hé toa do nay sang hé toa dd khdc. Ma
tran nay c6 thé dugce chia thanh bén ma tran nhé

[’*R,,(sx.n RTER)
Aty ol D (1.55)
l (1% 3) p(ix1) |

Ma trédn con 3 x 3, phia trén bén trai, *R,, ky hiéu dinh huéng cia
khung di dong B theo khung quy chiéu A, ma trén con 3 x 1, phia trén
bén phai, Aq, ky hiéu vi tri ctia gde toa 46 khung di déng so véi khung ¢
dinh, ma trdn con 1 x 3, phia dudi bén trat, ¥, 12 bién déi phéi cdnh, va
phén tif phia dudi bén phai, p, 12 hé s ti 1&. Déi véi dong hoce cua céc co
¢du va robot, hé s6 ti 1& dugce xac ldp 1a don vi, va ma tran bién déi phdi
canh duge xac lap 14 zero.

8¢ dung céc toa dé déng nhat, pt (1.51) ¢6 thé duge viél dudi dang

Ap=2T,5p (1.56)

trong d6

Ap =[PPy Pl
Bo={py.pepudl’

Vi du, ma tran bién déi dong nhat déi vdi su quay don gidn xung
quanh true z duge tinh la

ch 50 0O 0

*Ty(z.8) = 0 C_e vo (1.57)
0 { 1 0 ’
0 0 01

Ma trdn bign déi do1 vdi chuyén dong tuyén tinh thudn la
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1 0 0 g,

010 q
A ¥

Ta(q) =

slO= Q. {1.58)

00 0 1

Néi chung, pt (1.56) 14 sy bién déi cde toa dd ddng nhat tir khung nay
dén khung khac. Khi biét ma trin bi€n d6i *T,, c6 thé dinh vi khung
chuyén dong B theo khung ¢6 dinh A; va khi biét vi tri khung chuyén
dong B so vai khung ¢6 dinh A, ¢6 thé tim dugc ma tran bién dsi AT,

Mac dit ma tran bién dai T, khong phai 12 ma trin chéo, nhung van
¢6 bién déi nguge. Nhan ci hal vé phuong trinh (1.51) véi AR, va six
dung*R' = *R,T, s& nhén duge

Bp="RE"p-*R1%q (L.59)
Sur dung cdc toa do dong nhat, pt (1.59) c6 dang
Bp="Tg' " p (1.60)
A R;‘g A RE A q
"\TI;":BTA N P {1.61)
000 |

Bién d&i ddng nhat phéi hgp

Cic ma tran bién ddi dong nhat c6 thé duce nhan véi nhau dé€ nhan
dugc ma tran bién d3i phol hgp. Tuy nhién, cAn dic biét chii ¥ dén tha ty
nhan do cdc phép quay hitu han 12 khéng giao hodn. Baji todn trd nén
phifc tap hon, do vat rdn ¢6 thé quay xung quanh cdc truc toa dé cha
khung qui chiéu ¢¢ dinh hodc khung chuyén déng. Cdc nguyén tic sau
day thuimg duge dung dé xsc dinh ma tran bién d6i phdi hop:

1. Tai vi tri ban ddu, khung chuyén déng A va khung ¢§ dinh B la
déng nhat, do do T = I 1a ma tran déng nhat.

2. Phép quay va tinh tién xung quanh cdc truc toa dd cia khung c6
dinh sé tao ra phép nhan trude hai ma tran.

3. Phép quay va tinh tién xung quanh cdc truc toa d¢ cua khung
chuyén dong sé tao ra phép nhin sau hai ma tran.



Cd hoc co cau chap hanh robot

Robot hoc 1a nganh khoa hoc nghién ciu cic cong nghé co ban lién
quan dén ly thuy&t va ing dung céc hé thong robot. Nghién citu nay gbm
ca 1y thuyét va iing dung, c6 thé phan chia theo thiét ké co cdu chap
hanh, co hoc cd bén, qui hoach va diéu khién qui dao, lap trinh, .. Co hoc
la chuyén nganh co hoc vé nang lugng va cdc luc, 4nh hudng cua ching
ddi vdi chuyén ddng trong hé thdng ce hoc. Viée nghién ciu bao gém
dong hoc, tinh hoc, va dong lue hoc.

Bong hoc

Bdng hoc nghién citu chuyén dong nhung khéng xét dén cdc lue va/
hodc cic moment giy ra chuyén déng. Péng hoc chi xét vi tri, van tdc,
gia tdc, va cdc dao ham cdp cao clia cde bién vi tri theo thai gian hodc cac
bién khac, do d6 chi dé cap cac tinh chat hinh hoce va thii gian ciia chuyén
dong. Céc bién khdp noi cia co ciu chdp hanh lién quan dén vi tri va dinh
hudng ella ddu tac dong theo céc rang budce cda cac khap d6. Céc quan hé
déng hoc nay la tiéu diém nghién eitu ddng hoc cdc cd cidu chdp hanh
robot. Nghién etiu nay c6 thé ti&p can theo hai quan diém, gidi tich dong
hoe va téng hop dong hoc, hai quan diém nay lién quan chat ché véi nhau.

Gidi tich déng hoc nghién citu vé dao ham, vi phén, tich phan cia céc
chuyén déng tuong d6i. Cé hai kiéu bai todn gii tich dong hoc la dong
hgc thudn, va dong hoc ddo. Trong lap trinh ¢ cdu chdp hanh, tip hop
cdc vi tri va dinh hudng mong muén, cac dao ham thui gian cla vi tri va
dinh huéng ctia dau tac déng, duge chuyén bidt trong khong gian. Van dé
1a tim moi tdp hop khé di eda cdc bién khép dong 1a cae daoc ham thoi
gian tuong ing ciia chiing d€ dau tdc dong dat dinh hudng va vi tri mong
mudn vii cde ddc tinh chuyén dong theo yéu cdu. VAn dé nay duge goi 1a
déng hoc ddo. Mat khac, doi khi cdc bién khdp déng va cde dao ham thai
gian clia chung ¢6 thé nhéan dude tif cde bd cdm bién duge 14p trong cée
khdp, tit 6 ¢6 thé tim moi tap hgp khd di vé vi tri va dinh hudng cia ddu
tac dong va cde dao ham thoi gian tudng Ung cta ching. Pidu nay duge
goi la dong hoc thugn. Van dé déng hoc thuan va déng hoc ddo déu ¢
the duge gidi quyét bang nhiéu phuung phap gidi tich, ching han gidi tich
vector hinh hoc, dai 56 ma tran, ..

Tong hap déng hoe 12 qua trinh nguge ciia giai tich dong hoe. Trong
trudng hop nay can thiét ké co cdu chdp hanh ¢6 cdce tinh chat dong hoe
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mong mudn. Dic biét, vdi tdp hgp cdc vi tri va dinh hudng cia ddu chip
hanh da biét va cdc dao ham thai gian ciia chiing trong khéng gian, cdn
x4c dinh céc bign khop dong tuong ng, kiéu loai va dang hinh hoc cia co
cau chap hanh. Nhiéu nha nghién ciu tdp trung su téng hgp déng hoc véi
khéng gian im viée theo céc tiéu chuan téi uu héa. Van dé téng hop
déng hoc co ti  dude chia thanh ba giai doan lién quan, téng hop kidu
loai, tdng hgp 58, va tong hop chiéu.

Tinh hoc

Tinh hoc nghién cace quan hé lye tao ra sy ¢dn bang giifa cac thanh
phéan khac nhau ciia co cdu chdp hanh. Co cau nay ¢ thé hoat dong do
cac lue phét sinh tif nhiéu ngudn khac nhau, ching han trong lue, lue ma
sdt, qudn tinh, luc do tai, .. Cdc lue nay phai duge xem xét cén than trong
giai doan thiét ké co cdu chdp hanh robot. Vé nguyén tic, luc quén tinh
khéng duge xét d2n trong phan tich tinh hoc. Cdc luc can bing phu thube
vao cdu hinh cha co cu chap nhung khéng phu thude vao thoi gian.

Poéng hic hoc

Péng luc hoc nghién citu cdc luc vashode moment can thiét dé gay ra
chuyén déng cua hé cdc vat thé, Nghién cifu vé luc quan tinh 12 mét trong
cac van dé chinh. Déng luc hoc cd cdu chdp hanh robot 1a van dé rat phite
tap. Né6i chung, bd tdc dong cudt duge hudng din theo dudng din cho
trudic véi cde dac tinh chuyén déng theo yéu cau. Tap hop cdc chifc nang
tuc vavhosic moment duge ap dung tai cac khdp dong d€ tao ra chuyén
dong dé. Cée lue va moment nay khing chi phu thude vao cde thude tinh
khoéng gian va thai gian cta qui dao cho truée ma con phu thude vao cac
tinh chat khai lugng cia cde khau, tai, cdc ngoai lue, ..

Biéng Juc co cau chap hanh robet cé thé duge xem xét theo hail quan
diém, gidi tich déng luc hoc va téng hgp déng luc hoc,

Gidi tich ddng luc hoe nghién ciu cac phuong trinh chuyén dong clia
¢o cau cho trude. Co hai kidu bai todn gidi tich déng luc hoc gom déng lirc
hoc thudn, va dong lue hoe ddo. Péng luc hoc thudn cé thé duoe dinh
nghia nhu sau: “Cho mét tdp hop eac ham moment vi/hode lyc khop
kich hoat, héy tinh chuyén déng ciia ddu tde déng theo ham thoi gian”.
Pong lue hoe ddo duge dinh nghia nhu sau: “Choe gui dao cia ddu tdc
dong theo hdam thol gian, hiy tim tip hop cde ham luc va /hodc moment
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khdp déng tao ra chuyén dong dé”. Hiéu suit tinh todn ciia dong lue hoe
thuan khéng yéu cau cao, do chii yéu chi duge ding cho cdc mé phéng co
céu chap hanh robot trén mdy tinh. Mt khac, md hinh dong lue ddo higu
qua 1a rat quan trong d6i véi sy diéu khién théi gian thue, dua trén ma
hinh cua co cdu chap hanh robot. Nhidu phuong phap giai tich, ching
han cic phuong trinh Newton-Euler, phuong trinh chuyén dong Lagrange,
.. €6 thé duge 4p dung trong nghién ciu gidi tich dong luc céc ca cdu chap
hanh robot.

Téng hop déng luc hoc la qui trinh nguge cia gidi tich dong lue, dac
biét 1a khi thiét k& ca cdu chip hanh robot véi cac dac tinh chuyén dong
dong lye mong mudn. Bai todn téng hop dong luc phic tap hon gial tich
dong hue va sé khong trinh bay trong tai liéu nay, & day chi tdp trung vao
cdc van dé giai tich dong luc, tinh, va déng hoc d6i véi cde co cdu chap
hanh robot.

Tom tat

Chuong nay trinh bay t6m tdt co s& va lich sif phat trién ciia cdc co
céiu chap hanh robot, khai quat vé cdc khau, khdp, chubi dong hoe, va cdc
o cdu. Cae khdi niém vé bac tu do va cde tidu chudn vong chuyén dong
ctia ¢¢ cdu duge gidi thidu cing véi cde thanh phén co ban cia hé théong
robot. Cdc co cu chap hanh robot duge phan loai theo bac tu do, cdu tric
dong hoc, cong nghé truyén dong, khéng gian lam viée, va cde d3c tinh
chuyén déng. Phan cudi Chuong trinh bay sy dinh hudng, vi tri va dinh vi
vét ran theo hé toa d¢ qui chifu ¢§ dinh, cdc kh4i niém vé toa 48 déng
nhét, bién ddi déng nhat, bign dsi déng nhat téng hop. Day la cde co sd
can thiét d€ nghién cdu vé co hoc duge 4p dung trong cde cd ciu chap
hanh robot.
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Chuwsng &

PHAN TICH V| TRi BUA
O CAU CHAP HANH NOI TIEP

Gidi thiéu

Co cdu chap hanh néi tiép gdbm nhidu khau néi tiép bang nhiéu kiéu
khép, thudng 1a khdp quay va khép lang tru. Mot ddu co cdu chdp hanh
duge gdn vdi nén va diu kia chuyén dong ty do trong khong gian, do d6

thutrg duge goi 1a co cdu chdp hanh vong ho. Khau ¢6 dinh duge goi la
A&, va dau tu do c6 gin bd kep ho#c tay may duge goi 1a bé tdc dong cubl.

Dé robot thuc hién cde tdc vy ddc biét, trudc hét phai xde lap vi tri
cia diu tace dong cudi so vdi d€. Bai toan nay dugc goi 1a phdn tich vi tri.
Cé hai kidu van dé giai tich vi tri, vf tri thudn, hode déng hoc thugn, va
vi tri ddo hodc dbng hoc ddo. D6l vdi déng hoc thudn, cde bién khép noi
dugc biét, bai todn }a tim vi tri ca dau tac dong. béi vai dong hoc dédo, vi
tri cua ddu tac dong duge biét, van dé 14 tim cdc bién khép can thiét dé
dua dau tac dong dén vi tri mong muén. D&i véi co cdu chap hanh néi
ti€p, dong hoc thuan tugng déi don gian, con déng hoc ddo rat khé. Mit
khac, d6i vdi co cau chap hanh song song, dong hoc dédo tuong 46i don
glan con dong hoe thuan rat khé. Can chi ¥, 461 vdi co cdu chap hanh ¢6
88 béc tu do thap, dau tac dong khéng thé dinh vi tu do trong khéng
gian, cbn co cadu chdp hanh ¢6 56 bac tu do cao, c6 thé ¢6 nhiéu nghiém
déng hoc dao Ung vdi vi tri ddu tac dong cho trude, tiy theo s6 bac ty do
cac hon sau.

Dé gidi quy&t bai todn dong hoc déo, ¢dn tim nghlem dang khép kin,
nghia la thu gon van dé theo phuong trinh dai s vé vi tri diu tac dong
chi vdi mét bign khép ndi. Theo phuong phap nay, ¢6 thé tinh moi nghiém
kha d1. Dé dat dugc diéu d6, ¢6 thé sit dung nhiéu phueng phdp thiét lap
cong thic, thudng 14 phuong phdp dai s6 vector, phuong phdp hinh hoc,
phuong phdp ma tran 4 x 4, phuong phdp ma trgn kép 3x 3, ...

S6 lugng nghiém déng hoc ddo kha di tiy thuge kiéu loai va vi tri cua
co cdu chap hanh robot. Néi chung, cdc nghiém dang khép kin c6 thé xdc
dinh ddi v6i cée co cdu chap hanh c6 dang hinh hoc don gidn, chéng han
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ba truc khép cat nhau tai mot diém hoac song song v§i nhau. B vdi co
cdu chdp hanh véi dang hinh hoc tong quat, bai todn déng hoc ddo tra
nén rat khé.

Trong Chueng nay, ban doc sé tap trung vao bai todn vi tri clla co cau
chap hanh néi tiép, sé gidi thiéu hai phuong phédp phd bién, phuong
phap dich chuyén vit lién tiép, va phuong phap ma tran 4 x 4 (Denavit va
Hartenberg). C4 hai phuong phép déu c6 tinh he théng va thich hgp
trong phan tich ¢o cau ch&p hanh néi tidp. Mac di phuong phép hinh hoc
duge dung phé bién déi vdi cde co cdu chap hanh co dang hinh hoc tuong
do: don gidn va co cdu chdp hanh song song, nhung phuong phap nay chi
duge trinh bay tom tit.

Cac théng s6 khau va hé théng toa dé khau

N6i chung, co cdu chép hanh ndi tiép n-dof c6 khau d8 va n khau
chuyén dong duge méc néi tiép biing n khdp nhung khéng tao thanh
vong kin. Chuyén déng tuong déi lién quan téi titng khép co6 thé duge
diéu khién bang bo kich hoat sao cho d4u tdc dong c6 thé dinh vi g vi tri
bat ky trong khong gian lam viée. Vi du, robot (Hinh 2.1) 1 ¢ cdu chédp
hanh néi ti&p 5-dof, trong d6 truc khdp thi nhat hudng ién trén, truc
khép thithai vubng goe véi true thit nhat va hoi léch, truc thit ba va tha tu
sOng song v6t truc thit hai, con truc khdp thd nam cit vudng géc véi true
thui tar,

Ly
i

[

Hinh 2.1. Khau, khdp va hé toa dé cha tay may céng nghiép
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Pé xac dinh dang hinh hoc cua cac khéu, bét dau tir khau d&, can
danh s§ cac khau theo thd tyf tit 0 dén n va céc khdp tir 1 dén n. Do d6, trit
khau d& va khau ddu tdc dong, moi khiu déu ¢6 hai khép. Khau 1 ndl véi
khéu dé theo khép 1, khau 2 néi khau 1 theo khép 2, ... Khau i ¢6 khép
i & phia gdn va khép i+1 & phia xa (Hinh 2.2),

Theo qui ude ciia Denavit va Hartenberg, hé toa dd Decartes duge
gdn vao timg khdu clia ¢o cdu chap hanh. Trir khau d& va khau déu tdc
dong, hé toa dd i gin véi khau i theo cdc nguyén tAc sau:

« Trucz thing hang véi truc khép tha (i+1). Chiéu duong ctia phép
quay hoéc tinh ti€n ¢6 thé duge chon tiy ¥.

+ True x, duge xac dinh theo phéap tuy&n chung gitra cdc truc khop i
va (1+1 ) vt hudng ti truc khdp i dén truc khdp (i+1). Né&u hai truc
khdp song song, tryc x, ¢6 thé duge chon vuong goc & vi tri bat ky
theo hai truc khdp dé. ‘Né&u hai truc khép cét nhau, truc x, ¢ thé
duge chon theo chidu vector qua tich z | x z, hodc theo chiéu nguge
lai, va gbc toa do 1a giao diém.

« Trucy, duge xdc dinh theo qui tic ban tay phai.

Hé toa d6 zero duge gdn vao dé tai vi tri thuan tién, tryc z, thang
hang vdi truc khép thi nhat. Hon nita, cdn c6 mot hé toa do gan vao
khau dau tdc dong, duge goi 1a hé toa do cudi, hoac hé toa do dau tac

Zi1 2

Khdp i Khdp i+1

Hinh 2.2. Cac thong s6 khau.
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dong, duge dung dé xae dinh vi tri cia ddu nay. Heé toa dé cudi c6 thé
dinh vi ¢ diém bit ky cia ddu tdc déng nhung truc x_phai vubng géc véi
truc khop cudi. B thudn tién, truc z_thuimg duge xdc dinh theo chiéu
tiép cén cia bd kep.

Goi H_, 1a giao diém cta true x va z, . 0, 1a goc cta hé toa dp i, giao
diém glu’a truc x,va z (Hinh 2.2}, Bat ke cu tric vat liéu cua cdae khau,
cdc thing s6 sau day du'qc xdc dinh mét cdch duy nhat theo dang hinh
hoc cda cdce truc.

a;: d6 léch gitra hai tryc khdp ké nhau,a, = |H | O.1

d.;: khodng cdch tinh tién gita hai phap tuyén tdi ciia true khdp, d =
O H, la du’ang néu vector O, H. hudng theo chiéu duong clia
z la. im néu theo chiéu ngu'dc ial

o goc ¥0an gitia hai truc khép lién tigp, Ia géc ¢in thist dé guay truc
, thang hang véi trye z, quanh truc x, duong theo qui téc ban tay
pha1

8. goc khdp gida hai phdp tuyén tét cua truc khdp, 1a géc cdn thist
dé quay tryc x, thang hang véi truc x, quanh truc z | duong theo
qui tac ban tay phal

Do v6i khdp quay, a, o, d,1a hiing, B 14 bién, do vi tri tuong déi cia
khau i so véi khau i-1. B6i voi khép lang tru, a,, o, B, la hiing, d 1a bién,
do vi tri tuong d6i ctia khau i so véi khau i-1. Bé thu4n tién, 6, cia khép
quay va d cia khép lang tru duge coi la cae bién khdp, cac thong sd hang,
duge goi 14 cac théng sd khau. Chi ¥, bién khdp chi cung cap vi tri tuong
doi gita hai khéu lién tiep, do dé khong nén nham lan véi su chuyén vi.
Su chuyén vi 1a do géc can thiét dé chuyén khau tiy v1 tri nay dén vi tri khic.
Su dung cac dinh nghia néu trén , sy chuyén vi cin thiét d€ dich chuyén
khiu dén vi tri khac 1a bang hiéu giﬁa hai gid tri lién tiép cua bién khdp.

D5 v6i khép lang try, chidu ciia true khép xac dinh chiéu tinh tién
tuong dét gitta hai khau. Khéc véi khop quay, chi ¢6 chidu cua truc khép
la quan trong. Méc du vi tri khép lang tru khong énh hudng sy chuyén vi
tuong doi, nhung vi tri vat 1y cia khdp nay duge dimg dé thiét 1ap cdc
thong s khau ké tiép. Cha y, nhiéu hé toa dd cé thé duge xdc dinh déi
véi eo ciu chdp hanh, do ¢6 nhiéu lya chon kha di vé truc x va z dusng.

Qui trinh chung d€ thiét l4p hé toa do Denavit-Hartenberg c6 thé tom
tat nhuy sau:
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6.

Bit dau tiu khau d&, danh s ede khau va cde khép theo thy ty. P&

duge danh so 1a khau 0, khau cudi cing 1a dau tac déng. Trir d& va

khau cudi cung, méi khau déu e6 hai khép. Kheép i néi khau i vdi

khaui- 1.

Ve cdc phép tuyén chung gidfa tung cdp truc khdp lién tiép. Trir

truc khép thi nhat va cudi cing, méi truc khép déu ¢6 hai phap

tuyén tdi chung, mdt vdi truc khdp (3-1) va mdt vdi truc khdp (i+1).

Thiét 1dp hé toa do d& sao cho true z, thing hang véi true khap

thd nhat, true x, vudng géc véi truc z,, va true y, dugc xdc dinh

theo qui tic ban tay phai.

Thiét l1ap bé toa dd dau tdc dong n sao cho truc X, vudng géc truc

khdp cudi cung, true z_ thudng duge chon theo chibu tiép can cua

dau tac dong.

bat hé toa d Decartes cho dau xa cua tat ca cac khau khie nhu sau:

» Truc z thang hang véi true khdp (i+1).

»  Trucx, doc theo phap tuyén chung giita cac truc khép i va (i+1),
huéng tir truc khdp i dén truc khép (i+1). Néu cac true khép
song song, truc x, ¢é thé lua chon tai diém b4t ky vudng goc vdi
hai truc khép. Néu hai truc khép cdt nhau, true x, s& duge lifa
chon theo chiéu vector qua tich z | x z, gdc toa dd tai giao diém.

»  Trucy, duge xac dinh theo qui tdc ban tay phai.

Xde dinh cdc thong s6 khau va cdc hién khép, a,a,q,vad,.

C6 (n+1) hé toa dd cho co cdu chap hanh n-dof. Tuy nhién, néu cé
thém cdc hé toa d6 qui chiéu, chiing ¢6 thé lién hé vii mot trong cdc hé
toa dd néu trén theo ma tran bién dsi. Cha v, John Craig sit dung qui ude
khac, hé toa dé i duge dit § dau gin cha khau i, do dé tao ra ma tran bién
do6i dong nhat khac.

Cac ma tran bién doi déng nhat
Denavit-Hartenberg

Khi co hé toa 49 theo timg khéu cua cd cdu chdp hanh, c6 thé thiét
l4p ma tran bién déi 4 x 4 lién ha vdi hai hé toa dé lién tig€p. Tu Hinh 2.2
6 thé thay hé toa dg i ¢6 thé chuyén tir hé toa d6 i-1 bang céc phép quay
va tinh tién lién tiép dudi day:
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1. Hé toa d0 (i-1) tinh tién doc truc z | v6i khodng cach d,, diéu nay
lam cho goe O, trung v6i H, ,, ma tran bién déi tuong dng la:

[I 00 0

0100
T(z.d):I

0 0 1 d

000 |

2. Hé toa d9 (i-1) da chuyén vi quay quanh truc z_, theo goc 8, 1am
cho truc x| thang hang v4i truc x,, ma tran bién déi tuong tng la:

C¢‘ - SQ; 00
s, e, 0 0
Tz, 0y =
0 0 I 0
0 0 0 1

3. He toa db (i-1) da chuyén vi tinh tién doc truc x, theo khodng cach
a, 1am cho gdc O, | tring v6i O, ma tran bién d6i tuong Ung Ja:

1 0 0 a

g 1 0 0
T(x,a)=

0 01 0

0 00 1

4. Heé toa d6 (i-1} da chuy®n vi quay quanh true x, theo goc «, lam
cho hai hé toa dé nay trung nhau, ma tran bién ddi tuong ing la:

I 0 0 0

0 - 0
T(x.0) = cot, S0L,

0 S(l-l C(Ii 0

0 0 0 1

Cac phép bién ddi néu trén duge coi 1a bon bién déi co bdn vé cdc truc
toa 6 chuyén déng, do d6 ma tran bign doi két qua, "'A la

AL = Tz )Tz ) Ti{x.a)T(x. ) (2.1)
Khai trién pt (2.1)
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—ca 5B sasB;  ach,

A - s coe®,  —sacB,  a;sh
"o sal; ca, d; (2.2)
0 0 0 ]

Phuong trinh (2.2) duge goi 14 ma trén bién d6i Denauit- -Hartenberg
(D-H). Ky hiéu i va i-1 cho bi€t cdc bién d6i duge thyc hién tirhé toa dé i
dén hé toa dd (i-1).

Goi cac toa 4§ dong nhdt clia vector vi trf cia mot diém trong hé toa
doila'p=Ip, ,p”,p,,lj cic toa d6 dong nhat ciia vector don vi trong hé
topadéila u={u SU U ,01", phép hién déi vector vi tri va vector don vi tir
hé toa d§ i dén (-1 ¢6 the dugc viét nhu sau:

i-1 p:i—IAlip (2.3)
1_]U:j_IA-IU [24}

Miec dit ma tran bién d6i A khong phai 12 ma tran chéo, nhung van cé
phép bién ddi nguogc

ct, sth; 0 -a,
A=Ay = —o,s8,  copeB; sq; —diso, -
i-1 ! sos®;  —saeB; cap -deg, (2.5)
0 0 0 b

Vidu 2.1. Cd cdu chap hanh phing 3-dof. Hinh 2.3 minh hoa c¢¢ ciu
chdp hanh phéng 3-dof gém ba khop quay tai cdc diém O, A, va P. Hé
toa dd dugce dat vao ting khau. Hé toa do (X, ¥y 2,) duge dit § d€ vei goc
& chot xoay khép thit nhat, true x hudng vé bén phal Do cac truc khép la
song song vdi nhau, moi géc xoay « va khodng céch tinh tién d, déu 1 zero.

D61 vdi cdc hé toa do da chon, céc thong s8 khau dugc néu trong Bang
2.1. Cdc ma trin bién d6i D-H c6 thé nhan duge bing cach thay céc thong
s0 khéau D-H vao pt (2.2).

ch, —sB, 0 a,ch,

188, B 0 ags,
o o0 1 o - (28)

G 0 0 1
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Xg

Hinh 2.3. Cd ciu chdp hanh phing 3-dof.

0, -s8, 0 a,ch, |
tA _ 502 COZ { 32592
2=, 0 0 (2.7)
Lo 0o o 1 |
[c8; —sB, 0 a8,
3 s8,  cB; 0 a,sh,
A = - i
lo 0 1 o (2.8)
| 0 00 1

Bang 2.1. Théng s D-H cla cd ciu chip hanh 3-dof.

Khdép néi i o a, d, B,
1 0 1 0 8,
2 0 , 0 9,
3 0 0 3]




Hinh 2.4.
Sag 46 tay
may
SCARA

)
ay b2 (--.- an .
N s B 3
/nﬂ i
1y [ P
¥z A/ ¥ ] da
Zy '?2 ——JL
d d, ' [
0, (*-— U,
[ 1 ¥3 Z, dy
Y Yoo x,
o == Yo Q
Xg ¥a
24

Vi du 2.2. Tay mdy SCARA. Day 12 kiéu cu c&u chdp hanh 4-dof rat
quan trong, duge nhiéu cong ty ché tao, gom bon true khép song song vdi
nhau (Hinh 2.4). D&i véi cdc hé toa d§ dugc thiét 1ap trén hinh nay, cac

théng s0 khau tuong ing duge liét ké trén Bang 2.2.

Thay céc thong s6 khau D-H vao pt (2.2), s& nhéan duge ma trén bién

déi D-H.
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=
I
I

cd,
50,

o O - O

-s0, 0 a;ch
8, 0 asB
0 1 d,
g 0 1
s, 0 a,chb,
—cB, 0 a,sb,
o -1 0
0 0 !
0
a0
1 d,
o 1]

(2.9)

(2.101

(2.11)



B, -s6, 0 0]
o _[s e 0 0]
Sl o a (2.12)
O 0 o 1
Bing 2.2. Théng sé D-H cla tay may SCARA.
Khép néi i o a, d, 8.
1 0 2, d, 9,
2 n a, ¢ 9,
3 0 0 d, 0
4 0 0 d, 8,

Trong robot nay, cdc bién khdp 1a 6,0, 8,, d, 8,. Hai bién khdp
dau diéu khién toa dé x va y, bién khdp thit ba diéu khién toa dé z, cdn
bién khdp thit tu diéu khién dinh huéng cua diu téc dong. Do robot nay
chi ¢6 bon bac ty do, s dinh huéng cia ddu tdc déng khong thé chuyén
biét mdt cach tuy ¥. Truc z, ludn lubn huéng theo chiéu dm cha z,. Mac
di, tay may SCARA chi c6 bdn bie ti do, nhung rat hitu dung khi lap rdp
cdc linh kién trén mit phing, ching han ban mach m4y tinh c4 nhan.

Phuong trinh vong kin

Trong nghién ciu dong hoc vé ¢o ciu chdp hanh robot, cdn tinh dao
ham phueng trinh dai s8 lién quan tdi vi tri ciia diu tc déng va edc bién
khép. Vi tri ddu tdc ddng co thé duge chuyén biét theo ma tran bién ddi
déng nhalt 4 x 4 nhu sau:

]

0 |iu v w (g

_ (2.13)
00 01} .

trong dé ma tran con 3 x 1, phia trén bén phadi, 1a vi tri cda diém qui
chiéu @, ma trén con 3 x 3, phia trén bén trai, 12 dinh huéng ctia dau tdc
dong. Pinh hudng cua dau nay cé thé duge chuyén biét theo cdc dai luong
cua 3-dof Euler, hoac cdc ham cosine cua ba truc toa do dau tae dong, u,
v, w. Néu cac gée Euler w-u-w duge sir dung, cdc phén t clda ma tran con
3 x 3, phia trén bén tréi, sé Ja
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u = cocy - sdcOsy,
u_ = coey + sdebsy,
u_ = sbsy,

v, = - chsy - sdeBew,

v, = -shey + cheloy,

v, = sy,

w_=30s0,

wo=- cosa,

w_=cb. (2.14}

Néu sif dung cdc ham cosine, u, v, vd w 1A cdc vector don vi hudéng
theo ba truc toa d6 cGa hé toa do tay may va duce bidu thi theo hé toa do dé.

Tu dang hinh hoc cta cdc khau, ma tran bién d6i A_néu trén c6 thé
coi 1a két qui eta chudi cdce bién dai toa do bat dau tit hé toa do d& dén ha
toa do dau tac dong.

AACA LA = A (2.15)

Phuong trinh (2.15) duge goi 14 phuong trinh vong kin c¢ia ¢¢ cdu chédp
hanh ndi ti€p, gdm 16 phuong trinh vé hudng, trong dé ¢é bon phuong
trinh quan trong. Can biing ma trin con 3 x 1, phia trén bén phai, theo
ba phugng trinh doc 1ap, $& xdc dinh vi tri cda diu tdc dong. Can bing
cac phan tif ma tran con 3 x 3, phia trén bén trai, s& ¢é chin phugng trinh
xdc dinh sy dinh huéng cta d4u tdc dong. Tuy nhién, chi ba trong chin
phuong trinh dinh hudng 1a déc lap do cdc diédu kién ma tran chéo.

Phuong trinh vong kin (pt (2.15)), ¢6 thé duge ding dé giai cdc bai
todn dong hoe thuan hoic ddo. Béi vdi dong hoc thudn, cac bién khép
duge cho trude, can tim vi tri ddu tdc dong theo hé toa dé géc. Didu nay
¢6 thé duge thye hién bing cdch nhan cdc ma tran D-H & v& trai cia
phuong trinh. Déi véi déng hoc déo, vi tri ddu tic dong dudc cho trude,
van dé 1a tim cac bi&n khdp can thiét, dua ddu tdc déng dén vi tri mong
mudn, bai todn trd nén phi tuyén.

Vi du 2.3. Robot Scorbot. Hinh 2.5 minh hoa so d6 robot Scorbot,
cde true khdp tha hai, thi ba, va thi tu song song véi nhau va hwéng vé
mat so dé tai cdc diém A, B, P. Truc khdp thit nhat hudng 1én trén, truc
khép thdt nam cat vuéng gée vis true khép thit tu. Bai todn 1 1im ma tran
bién d6i téng quat cua robot nay.
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Hinh 2.5. S¢ dé clQa robot Scorbot.

Sit dung céac hé toa dé duge thiét lap trén Hinh 2.5, cdc thong s6 khép
tuong iing duoc liét ké trén Bang 2.3, Thay cic théng 6 khau D-H vaoe pt

{2.2), s& nhan dugc cdc ma tran bién doi D-H.

cB,
BE:H
H
0

€0,

0 -—sb

0
-1
0

—s0,
ch,

0
0

—sf,
cO,
(}

0

O,
0
0

ach |
a;s0,
d]

(2.18)

(2.17)

{2.18)
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Bang 2.2. Théng s6 D-H cta cd ciu chip hanh 5-dof

Khép néi i o, a d. 8,
1 -2 a, d, 8,
2 0 a, 0 0,
3 0 a, 0 0,
4 - p/2 0 0 0,
5 0 0 d, 8,
o, 0 —s8, 0]
1 s, O O, 0
TAL= 2,19
Lo -t 0 0 (
o 0o o0 1]
B, -s85 O ]
s sty ¢y 0O 0
A= 2.200
o 0t ds (
0o 0 o0 1]
Nhén cdc pt (2.17),(2.18), va (2.19)
CBZ.‘-‘ {} _39334 a_;CGZ_-; +a:CO:]
05, 0 ch, a,sf,, +a,s6,
P, =| 134 35033 +2,59; (2.21)
0 -1 0 0
0 0 0 |

trong d6 ¢B, = cos(0, + 8), 56, = sin(B, + 8), 0, = cos(@, + 0 + 6,),
s8,, =sin'B + 0 + 0,).

Chi ¥, pt (2.21) 14 phép bién d4i tir hé toa do thit tu vé& hé toa do tha
nhat. Cé thé coi 8,, 8,,, 9, 1a cdc bién mdi. Theo dé, ma tran con dinh
hudng chi chia mét bién, 6,,,, ma tran con vi tri chida hai bi&n 6,vao,.
biéu nay da duge ding dé tim nghiém khép kin doi véi cd cau chdp hanh
bit k¥ ¢é ba truc khdp song song lién tiép.

Nhan cac pt (2.16), (2,21), va (2.20} s& nhan dudc cac phan tif eia ma
tran bién do6i toéng qudt “A_.

58



u = c0.o,, cB + sb s0,

u = 58, o, -6 30,

u; = - 50, c0

v, = -cb B, 86, + 50 cO,

v, =-80,¢0,,50, - c0,cO,

v, = 80,,.s8,,

w =-cBs8, .

w, = - 50,50,

w; = c¢b,,,

q, =¢Ofa +a,d, +ach, -ds6,)
g, =s0,(a +ach, +ach, -dso, )
q; =d, - a,s6, - a,s6,, - deh, (2.22)

Do day la co cdu chap hanh 5-dof, chi ¢6 thé chuyén biét nam trong
sdu thong s cua dau tde dong. Néi chung, sy dinh vi cdn thiét cia mot
didm va chidu cia mot dudng trong diu tac dong (vi duy, vi tri diém Q va
chiéu tryc x, ) duge chuyén biét. Céac cd cdu chap hanh 5-dof rat hitu dung
trong san phun, han didm, ... trong d6 chi cdn x4c dinh vi tri va chiéu cua
méat dudng.

Cac hétoadd

Trong phan truée, truc z, ciia hé toa d¢ géc duge chon theo dudng
trung vdi truc khdp thi nhat, z_ cha hé toa dd cudi duge chon theo chiéu
tiép can. Néu cd thém hé toa dé & dé vdi ma tran bién doi A, va hé tea
dd khac dugc chon trong khung eéng cu vdi ma tran bién d6i A, phuong
trinh vong kin 16ng quéit c6 dang

A, = MASA A _ (2.23)

toal ) ton]

trong 46 A va A 1a cdc ma trén bién ddi hing.

Phucng phap Denavit-Hartenberg

Mac dii phuong trinh vong kin, pt (2.15), cé the duge dung dé giai bai
toan ddng hoc dao, nhung trong thye t& it khi duge s dung theo dang pt
{2.151. Néi chung, néu co ba true khdp cit nhau, ¢6 thé x¢ 1y trude dai véi
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vi tri giao diém, do dé sé& tranh duge cde bién khép lién quan véi ba true
cat nhau. Néu ¢6 ba true khdp song song, ¢6 thé két hop ba bién khdp
nthu kiéu rebot Scorbot. Cang cé thé nhan trude hode sau phuong trinh vong
lap bang cach ddo ma trén “'A. dé c6 cac phuong trinh vong kin khac

CAV'A =ACA LA (2.24)
(1A2]-1 (nAlJ-L nAn =2A33A4 nlen {2‘25}

P . -10 -1 0 3 n-l
CAICANCA A SPASA, L TA) (2.26)

Mot 1y do dé sap xép lai phuong trinh vong kin 12 phan bé lai cac
bién chua biét ¢ ca hai vé phuong trinh. Ly do thit hai 1a tdn dung vu thé
cla cdc didu kién ddc biét, chdng han ba truc khdp cat nhau Lién tiép,
hodc ba truc khép song song lién tiép. Trong nhiéu trudng hop, phusng
trinh nay cé thé duge tdch ra cho phép dé dang tinh nghiém,.

Phan tich vi tri ¢d ciu chap hanh 3-dof phing
] D481 v6i co cdu chdp hanh 3-deof phang (Hinh 2.3) ma tran bién déi
tong quat ¢6 dang
UA3 = Uz‘\]]A:'}’&3 (2.27)
thay cdc pt (2.6) dén (2.8) vao (2.27)

cfs; —s8;; 0 aeb +a,ch); +a4,c0,,
i SB|23 CHI:.‘ 0 alsoi +aES@]2 +a_-\58171
A“ = - 228
0 0 1 0 ) ( )
Lo 0 0 ;

a. Pong hoc thudn. Vector vi tri clia gée Q biéu thi trong hé toa d¢
ddu téc dong la *q = [0, 0, 0, 117, vector vi tri ciia Q trong hé toa 46 gac 1a
’q=1q,, q,. 9, 1 I, ¢6 thé phéi hop *q véi % theo cdc bign déi sau

'0} a,c0, +a,c0); +3a,¢0,,

q, |
9, | n O] |a;st +a,s58,; +a,;50,),

i - A3

4, 0 0
o 1 1
Khi bigt 6, 8,, 0,, vi tri cGa diém Q c6 thé dugc tinh theo pt (2.29).

Tuong ta, vector vi tri ciia diém bat ky ctia dau téc dong, 'g=[g, g, 0, 1[",
duge tinh theo

(2.29)
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By 1]
TEA (2.3
. 0 (2.30)

2« £, 2,682 - g,58)5; +a,c, +a,08), +31C9m]
g, 2,503 + g, ¢85, +a;58, + 2,50, +a350,,
g, o :{
t 1 ]
tir pt (2.28) ¢6 thé kél luan gée dinh husng cia ddu tac dong bang 0,
+6,+0,

b. Béng hoc dao. Doi vdi bai todn dong hoce déo, vi tri ciia ddu tac
dong dugc cho truée, can tim cdc géc khép 8,i=1,2,3, can thiét d€ dua
ddu tac dong dén vi tri mong mubn. P5i v6i cd ciu chdp hanh phing ba
goc, dau tac dong c6 thé duge chuyén biét theo cdc dai lugng vi tri diém
Q va gée dinh hudng ¢ cua ddu tae dong. Ma tran bién déi téng quat tirhe
toa d9 dau tac dong dén hé toa do goe, A, la

Cd) _S¢ 0 qx

o s ¢¢ 0 q,
Al ; 2.31
o 0 1 0 (231)

(] W a0 1

Cac nghiém déng hoc ddo c6 thé nhan dude bing cdch 18y can bang
cde phén tit ciia pt (2.28) vi pt (2.31). P& tim su dinh hugng cta dau tdc
dong c¢an cho cic phan tir (1,1) va (2,1) cda pt (2.28) bang cdc phan tir
tuong (mg cda pt (2.311.

cB; = co {2.32)

sB,5, =50 {2.33)
Do dé

B3, =6, +0,+0,=¢ {2.34)

Cho cdc phin tir(1,4) va (2,4) ciia pt (2.28) bing cac phén tir tuong img
cua pt (2.31)

P, =a,c0; +a,c0, {2.356)
p, =a;sb, +a,30,, (2.36)

trongdép, =q -achvap_ = q, - a,50 1a vector vi tri cia diém p tai
truc khép thit ba (Hinh 2.3). Cha ¥, bing cdch sir dung sy thay thé nay, §,
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& khéng cbn trong cac pt (2.356) va(2.36). Ty Hinh 2.3 ¢6 thé thay khodng
cach tir diém O dén diém P 1a ddc lap vai 8., do 46 c6 thé loai b 8, bing
cach tinh téng cac binh phudng cta pt (2.35) va (2.36).

pl + pf_ =ai +a3 +2a,2,¢0, (2.37}
Giai pt (2.37) d6i v6i 6,

0, =cos 'K (2.38]
trong dé
1,02 22
K = py+p,—a —4;
Zaja,

Phuong trinh (2.38), (1) sé ¢6 hai nghiém thye néu gia tri tuyét ddi
ctia k < 1, {2) nghiém kép néu gid tri tuyét doi cda k > 1. N6i chung, néu
8, =6, 1&2 nghiém, 0,= -8, cing 14 nghiém, trong 46 128,20, goi 8,= 0,
la nghiém duéi, va 6,=-8," 1a nghiém trén. Néu gia tri tuyét doi clia k =
1, tay mdy c6 c&u hinh x&p hoac dubi hoan toan. Néu gi4 tri tuyét doi cua
k > 1, vi tri 1a khéng vdi téi.

Ung v6i timg gid tri 8, ¢6 thé tim 8, bang cach khai trién pt (2.35) va
(2.36) nhu sau

(a, +a,00,)c0, —(a,50,)30, =p, (2.39)
(2,50, )cO, +(a, +a,c0,)50, =p, (2.40)

Gidi cde pt (2.39) va (2.40)séch

p, (2, +33C93)+p)_21259_,

B, =
A
—p. 2,80, +p la; +a,ch)
5B, = .A =

trong d6 A=a? + a2+ 2a,a,c0,, Ung véi tung &, sé nhan dugce nghiém
6, duy nhat

8, = Atan2(s0,.cB)) (241)

Trong chuong trinh méy tinh c6 thé si dung ham Atan2(x,y} dé tim
nghiém duy nhit ctia 8. Tuy nhién, nghiém nay cé thé la so thue hodc
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X3

¢
A— Pau tac dong

Q

¥a

Hinh 2.6. Hai nghiém
déng hoc dao.

phite. Nghiém phiic tuong (ng vi tri ddu tac déng co ciu chap hanh khang
vei t61 duge. Khi biét 0, va 0, pt (2.34) ¢6 nghiém duy nhat doi véi 0,. Do
dé, ing vdi vi tri ddu tde dong cho trude, néi chung ¢6 hai nghiém thuc
doéng hoe ddo, 461 xing qua dudng néi cac diém O va P (Hinh 2.6)

Phuong phédp vector vong. Mac du phuong phap D-H la cbng cu rat
manh, nhung bai todn déng hoc déo van c6 thé gidi duge bang cac phuong
phdp khde. Vi dy, phuong phép vector vong sé trd nén hidu qua hon da
phén tich co cau chap hanh phing 3-dof (Hinh 2.3). D€ thuan tién, co ciu
nay dugc vé lai trén Hinh 2.7,

Su dung dai s8 vector, vector vi tri cua tAm xoay P ¢6 thé lién hé vdi
géc Q cua dau tac dong theo cde phuong trinh

Py =qy —azch (2.42)
P, =q, —a;s {2.43)

Tu Hinh 2.7 ¢6 thé thdy géc dinh huéng ¢ lién hé véi cde goc khdap
theo phuong trinh

$=0+6,+8, {2.44}

Co thé xdc dinh phuong trinh vbng vector 4o nhu sau
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¥,
\ ‘\‘ .
Yo <“d 6—

P Tam cd tay

o
Z

b
0

A . N
/ % Hinh 2.7. Vong vector clia cd
Oﬁ CJ 1 o

= x5 cdu chdp hanh phang 3-dof.

OA + AP = OP (2.45)
L4y cac thanh phan x va y cla pt (2.45), sé ¢

p, =a,c0, +a,ch, (2.46)

p,= a,568) +a;50,, (2.47)

Chu ¥, viée s dung phuong phap vong vector cho phép suy ra cac pt
(2.35) va (2.36) mot cach don gidn.

Phan tich vi tri cGa robot Scorbot

Déi véi robot Scorbot (Hinh 2.5), ma trdn bién d6i tong quat duge xdc
dinh theo pt (2.22), ¢dn xac dinh cac bai todn dong hoc thudn va dao.

Péng hoc thuan. Dai véi bai todn déng hoe thudn, don gidn chi can
thay cdc géc khép cho trude vao pt (2.22) d€ nhan duge vi tri dau téc
dong, (q, q_ g,), va dinh huéng theo cac dai lugng cia ba vector don vi,
(u,u_ uz)', (\'rx‘ Vv, (w, w,w,)

Péng hoc dao. D6 v6i bai toan dong hoc ddo, chi cé nam trong sd
12 thong sd lién quan dén vector vi tri cia dau téc ddng va ma tran quay
1a ¢6 thé chuyén biét theo yéu ciu. Didu nay 14 do ed cdu chap hanh chicé
nam béc tu do. Vector vi tri g va vector tiép can w khong thé chuyén biét
mét cach déng thai, do q va w chi phy thude vio bon béc ty do cua co cau
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chap hanh. D31 véi vi du nay sé gid thigt q va u duge chuyén biét, hai
vector don vi cdn lai, w va v, duge xdc dinh sau khi tim cdc goc khédp.

Mic di pt (2.22) c6 thé duge dung d& giai bai todn déng hoc déo,
nhung c6 thé sit dung phuong phap nhan ca hai v& ctia phuong trinh vong
kin cho (A ), nghia la

CANTA=TALIAL AN A (2.48)
Can béng c6t thi nhat cia pt (2.48)

u,cl, + U 88y =ch;;,00; (2.49)

—u, =50,4,00, (2.50)

—u,s8, +u,ch = —sb {2.51)
Tuong tu, cin bing cot thi tu cda pt (2.48)

Q€0 +q,38; —a) = a0, +a,00,; ~dgs0yy, (2.52)

—-q, +d, =a,s0, +a,58;; +dsc0;,, {2.53)

—q.30, +q,¢6, =0 (2.54)
Géce khép thit nhat, 0, dé dang xdc dinh tit pt (2.54)

6 = tan™ :—” (2.55)

C6 hai nghiém, néu 8, = 6" 1a nghiém, 8, = x + 8, cing 1a nghiém.
Khi tim dugce 6, ¢6 thé tmh 0, tu pt (2.51)

85 =sin "' (u,s0, - u,ch,) (2.56)
Cé6 hai nghiém néu @, = 6,” 1a nghiém, 6, = n - 8_" cling 1a nghiém.

Ung vdi timg tap hgp nghiém (0,, 6,), pt (2.49) va (2.50) ¢6 nghiém
duy nhat 0,,:

8, =Atan2[-u, /cB; {u,cO, +u y$91)/¢65] (2.57)

Gidi cdc pt (2.52) va (2.53) d€ tim 8, va 0,. Cdc phuong trinh nay co
thé duge viét dudi dang

a,cl, +a,cl,, =k, {2.58)
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trong dé k, = q.c0, - q,s0, - a +d;s6,, vak,=-q +d, -deb,,
Tinh téng cdc binh phuong pt (2.58) va (2.59)

a3 +a3 +2a,a,c0, =k? +k3 (2.60)
Do dé
2,2 .2 .2
2a,a,

Cé hai nghiém 0,, nghia la néu 0, = 6,” 1a nghiém, 8, = -8," cing 1a
nghiém

Khi biét 6,, c6 thé tim 6, bang cdch khai trién pt (2.58) va (2.59)
(2, +24c0;)c, —(a480,)50, =k, (2.62)
{2480,)c0, +(a, +a,c8,)50, =k, (2.83)

(Gidi cde pt (2.62) vA {2.63)

k1(32 +a_‘C83)+kza3Se3

ey = =3
aa +33 +2&2&_1€93

—-k,a;50; +k,(a; +a3c8,)

2

303 = )
as +aj +2a,a,;c0,

Ung véi titng tap hgp nghiém 6,0,8.,0
duy nhat cda 6,

...} 5& nhén dugc nghiém

8, = Atan 2(s8,,¢0;) (2.64)
Cudi ciing, 8, duge xdc dinh theo
B, =0, — 0, — 0, (2.65)
Ung voi tiing vi tri cia ddu tac dong cho trude, cé t6i da 8 nghidm
dong hoc ddo.
Phén tich vi tri cia robot Fanuc S-900W

Hinh 2.8 minh hoa cd cau chip hanh 6-dof, truc khép tha nhat huéng
lén trén theo truc z , true khdp thit hai vubng goc vdi truc khép thi nhat
c6 khodng cach léch nhé a, = OA, truc khdp thit ba song song véi truc
khdp thit hai va cach truc nay theo a, = AB, va truc khdp thi tu vudng
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Hinh 2.8. Robot Fanuc S-900W.

goc vdi truc khép thi ba, cach truc nay theo a, = BC. Ngoai ra, ba truc
khép cudi cdt nhau va vuéng géc véi nhau theo thi tu tai diém P, cach
diém C mot khodng d,. Robot nay 1a nhém cq cdu chap hanh dac biét, véi
ba truc khép cuéi cit nhau tai tim xoay. Bai todn dong hoc d6i véi co cau
chép hanh c6 thé duge chia thanh hai chudi nhé, mot chudi lién quan dén
ba khau di déng thi nhat, va chudi thit hai lién quan véi ba khau di dong
cu6i. Nghia 13, khi gidi bai todn dong hoc ddo, tam ¢d tay c6 thé dugc gidi
doc lap v6i phan dinh huéng, do d6 1am gidm tinh phiic tap ctia bai toan.

Bang 2.4. Théng s6 D-H clia Fanuc S-900W.

Khép i o, a d, 0,
1 w2 a, 0 0,
2 0 a, 0 0,
3 /2 a, 0 0,
4 - /2 0 d, 0,
5 w2 0 0 0,
6 0 0 d, 0,
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Chd ¥, co cdu chdp hanh nay st dung co cdu bon khau bédn lé dé
truyén déng khép thi ba. Cd cau bén khau bdn 1€ truyén chuyén déng
cia dong co thi ba 1dp & phia trén khau thi ba. Trong phan tich tiép
theo, s& b qua téc dong cia cd cdu bon khau ban 18 va coi ¢ cdu chap
hanh nay la loai néi tiép.

S(r dung cac hé toa d¢ duge thiét lap trén Hinh 2.8, cdc théng s6 khau
tuong dng duge lidt ké trén Bang 2.4. Thay cdc thong s6 khau D-H vao pt
(2.2}, sé nhan duge cdc ma tran bién doi D-H.

¢, 0 58, ach

0 s8, 0 —cB a0
A= 2.66
1 I 0 0 ( )
o0 0 i
(cB, —s8, 0 a,cl, |
y s, 8, 0 a,s0,
A, = 2.687
*lo o 1 o0 (267)
L0 0 o0 1 |
[c6, 0 sBy, asc0;]
3 §0; 0 -cB; a,s0,
Ay = ' ‘ 2.
3 o 1 0 0 (2.68)
L0 0 0 1 |

‘A, = (2.69)

A= (2.70)
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B, -sB, 0 O
5 s8, b, 0 0
Ay = 27
1o 0 1 od @7
0 0 0 1
Vi tri du tdc déng dugc tinh theo
u X V’( w X q.‘;
H v w .
Sa, =l T M W 2.72)
uz \!Z w'[ qZ

0 0 0 1

Phuong trinh vong kin duge xdc dinh theo hai bude. Bude thi nhat,
nhan cac pt (2.66), (2.67) va (2.68)

Oa,=*A, A, %A,
clcb,; B, cBsB,, cb(a, +a,c8,; +a,c0;,)
_ s6,c8,, —¢B, 8850, s6,(a, +a,cH, +a,chy,) (279)
58,5, 0 —-chy; a,50; +a,50,;

0 0 0 1
K& ti€p nhan cdc pt (2.69), (2.70) va (2.71)
S ALY ACA,
c0,c0:c8, 50,80, —cO,c080, 50,00, 0,50, d ch,805)
58,000, +cB,50, ~s0,c0:50, +cB,c0, 50,80, d.50,50:)

- —s0.c8, 58,50, e,  d,+dgch; (2.74)
0 0 0 1
Phudng trinh ma tran bién d8i két qua s& 1a
YA, =CA A, (2.75)

trong d6 A 1a vi tri dau tac dong

Thay pt {2.73) va 12.74) vao (2.75) s& nhan dudgce cdc phan tb cia A,
u, =cB[c,,{ch clch, —s0,50, ) -50,,80,c0,]+30 {s0,c0:c0, +ci s0,)
u, =c8,[cO,;(cl,cbcO, —s0,58, ) — 50,5000, ] +56, (50,0000, + cBys6,)
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u, =50,,{cB,c0,cO, —50,80, )+ ¢0,,50,c0,

v, =c0,[-c0,,(c0,c0:50, +350,c0,)+56,,50.50,]
+ 30, (~s0,c0:58, +cB,c0,)

v, =88 [-c0,;(cD,4c050, +50,c0, ) +50,3504508,]
—cB,(—s0,cB,50, +ct,ch,)

v, = —sB;;(c0,c0,50, +50,c0,) —cbB,,50,50, -

w, =cB (cB,,c0,50 +88,,c0,)+50,58,80

W, = 88 {c8,;c0,450; +50,;¢05) - cB 50,50,

w, =80,;¢0,50 —cl,,c0;

q, =cl[a; +a,c0; +a;00,; +d 80,55 +d,(c0,,00,50; +50,,c8;))
+ds0,50,50,

q, =s9[a; +a,c0; +a5c0;3 +d,50;; +d(€0;00,50, +50,3¢0,)]
—d,c0,58,50,

q, =2a,50; +a;50,; —d e85 +dg (50,300,505 —c0,;c05)

Mic du céc phuong trinh néu trén ¢6 thé duge ding dé gidi bai todn
déng hoc ddo, nhung chiing 1a phi tuy&n va rat khé gidi. Phan ti&p theo
s& trinh bay phuong phép gidi hiéu qui bing cach tach bai todn vi tri tam
xoay ra khoi bai todan dinh hudng.

Vi tri tim xoay. Chi ¥ ba truc khép cudi cit nhau tai diém tam
xoay P (Hinh 2.8), do dé céc géc quay ctia ba khdp nay khéng dnh hudng
dén vi tri cha P. Hinh 2.9 minh hoa hé toa d¢ dau tdc déng (x,, v,, 2,),
tdm xoay P, va quan hé vector.

Vi tri tim xoay theo hé toa dd ddu tdc dong sé 1a

p = OP =[0,0,~d, 1]" (2.76)

Vi tri tim xoay theo hé toa do géc sé la

P qudﬁwx

e —dw,
"= 0P = ’;» - Z} o 2717

£ PR R

] 1 i
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Q: Hé toa 03 ban kep
{d3u tac dong)

Zg

Xp Hinh 2.9. Hé toa d& 8 d4u tac déng va vi tri tam xoay.

Khi biét vi tri ddu tdc dong, c6 thé tim dugc vi tri tam xoay P theo hé
toa d9 gbe. Hon nitta, tit Hinh 2.8 ¢6 thé thay vi tri t4m xoay P theo hé toa
4§ khéu 3 c6 dang

3p=CP=[0,0,d,.1]" (2.78)
Bién ddi %p vé hé toa do gdc
Pp="A."p (2.79)

Phuong trinh (2.79) gom ba phudng trinh v6 huéng véi ba &n. Do dé
vi tri va dinh huéng cla bai todn déng hoc ddo c6 thé dugce tach bist,

Ve ly thuyét, c6 thé gidi pt (2.79} cho ba gdc khép, nhan ca hai vé pt
(2.79) véi nghich ddo cha °A , ¢6 thé nhan duge

CANTp="Ap | (2.80)
Thay cdce pt {2.66) dén (2.68) vao (2.80)
| P.cb +p,sO —a; =a,c0, +a;c0,; +d,s0,, {(2.81)
P, =a550; +a;50,; —d,ch,, (2.82)
p,s8, —pyct; =0 (2.83}

trong dé p, p, ¥a p_ duge tinh thee pt (2.77)
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Giai pt {2.83) sé tim duge nghiém ddi v6i O

6, =tan" 2 (2.84)
P
8, ¢6 hai nghiém. Déc biét, néu 8, = 8" 1a nghiém, thi 8, =8 + =
cing la nghiém, véin 26, 20. Goi8,=6,"1a nghiém tam véi phia trudce
va @ =0+ nlinghiém tam vii phla sau do cd cau bén khau ban 1€ va

1
cdce rang budc cd hoc khde, nghiém tim véi phia sau 1a khong thé.

Quan sat cdu tric dong hoc c6 thé thiy khodng cach gilta diém A va
tam xoay P 12 doc 1ap vdi 6, va 6,, nghia la hai bién nay c6 thé duge loai
b6 mét cach dong thai. Tinh téng cdc binh phuong cda cde pt (2.81),
{2.82), (2.83), sé nhan duge

" trong dé k, =2ad,, k, = 2a,d, vak, =p?+p?’+p’-2pach -

2t 2 2737

2p a6, + a’) -a2 -a% -d,

Cé thé chuyén pt (2.85) thanh da thic bing cdch s& dung c4c dong
nhat thite luong gidc dudi day
2

1-t 2t 9
cO; = "; va sB; = ~—32,trong dé t;=tan—=
1+t 1415 2

Thay cdc ddng nhat thitc nay vao pt (2.85)

(ks + k)] ~ 2Kty +(k; —k;) =0 (2.86)
0, Lk kK —kd

23 tan (2.87)
2 ky+k,

Phuong trinh (2 86), (1) ¢6 hai nghiém thuc néu kZ+k?-k?>0,(2)
¢6 nghiém kép néu k2 + k2 - k.7 = 0, {3) khéng c6 nghiém thue néu k,?
+ k2 -k? <0 Khi pt. (2. 86) c6 nghlem kép, tay mdy c6 cdu hinh dudi
hoéc co hoan toan. Mat khéc, néu pt (2.86) khéng ¢6 nghiém thue, vi tri
la khéong th& véi tdi. Hinh 2.10 minh hoa hai c4u hinh tay may khée

nhau, tueng dng hai nghiém cta 0,
Khi bigt 8, v& 8, ¢6 thé tim duge 6, bing cich thay vao pt (2.81)va(2.82)
pycty +vys0, =1, (2.88)
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x'3

f Cau hinh khdp trén
C oy

P
A A, B Cau hinh khdp dudi
Hinh 2.10. Hai cdu hinh tay may khac nhau.

trong 46
Hy=ay+ach, +d,s0;
v, = —a,50; +d 0,
¥) =—Ppch, +Py58| -
By =a,80; —dychy
vy, =2, +a,e0, +d,s0,
T2 =P

Do dé, c6 the giai cde pt (2.88) va (2.89) ddi v6i ¢, va s8,, khi biét cac
gid tri ndy c6 thé tim duge gid tri 8, duy nhat

0, = Atan 2(s0,.c0,) (2.90)

C6 thé két luan vdi vi tri tAm xoay cho trude, vé mit todn hoc co té1
da bén cdu hinh tay mdy, nhung do cdc gidi han co hoe, chi ¢6 hai cau
hinh khé di.

Pinh hudng dau tac dong. Khi tim duge 8, 8,, 6., hoan toan eé
thé tim duge °A,. Cdce géc khdp con lai 6 thé tim duge bang cach nhén cd
hai v& pt (2.75) véi ("A,)!

Pa,=("A 'PA, (2.91}
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Chu ¥, cdc phan ti ¢ v& phai pt (2.91) déu biét, chi phédn quay cia pt
(2.91) 14 can thiét d& tinh toan ba géc khorp cudi. CAc ma trin quay 'R, va
R, 14 cdc ma tran con 3 x 3 phia trén cia pt (2.73) va (2.74)

Cén bang phan t¢ 3 x 3 cda pt (2.91)
85 =cos ' ryy : (2.92)

trong d6 r,, = w 0,50, + w 58,88, - wcO,. Ung vii ting t4p hop
nghiém cilia 91, L, va 8,, pt (2.92)(1) ¢6 hai nghiém thuc néu tri tuyét doi
ry < 1,va(2)¢6 6, = 0 hode m néu tri tuyét ddir,, = 1. Khi 8, = 0 hozc x,
truc khdp thd sdu, z,, 1a dudng trung véi truc khdp thit tu, z, va tam xodn
duge coi 1a ¢6 cdu hinh d4c bigt. V& mat vat ly, khong xuit hién didu kién
tri tuyét déir,, > 1

Gid st 50, # 0, c6 thé tim nghiém cia @, va §,. Lay can bing phén ti
1x 3 cila pt (2.91)

W, c81c0,5 +w 50 cl,; + w585,
By = p (2.93)
b

14y can bang 2 x 3 cia pt (2.91)
6. =Y 89, —w e,
5 o e
) . (294

Ung v6i timg tép hgp nghiém 6, 8,, 8, va 0_, pt (2.93) va (2.94) c6
nghiém duy nhat d8i véi 0,

0, = Atan2(s8,,c8,) (2.95)
Tudng tu, 14y can bang phan t& 3 x 1 eda pt (2.91)

1u,00,80,; +u,58,58,; —u,cb,
cB, = - 0 (2.96)
5

Lay can bang phan t 3 x 2 cta pt (2.91)

v 05073 + v 50,5853 ~ v, B,
50 = (2.97)
80,
Ung véi timg tap hyp nghiém 8, 6,,8,, 6, vi 8, pt (2.96) va (2.97) ¢
nghigm duy nhat dai vai ,
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0, = Atan 2(s0,,c0,) (2.98)

C6 thé k&t ludn, dng vdi timg tap hgp nghiém cia ba géc khdp thy
nh4t, c6 hai cdu hinh ¢ tay xoén kha di. Do c6 bdn csu hinh tay may kha
di phia trén, ¢é thé ¢6 tdm c4u hinh cd cdu chap hanh. Tuy nhién, do cde
gi6i han ed hoc, 56 cdu hinh thue t& luén luén nhé hon 8, Khi $6,=0, cdc
phuong trinh tir(2.93) dén (2.98) s& bi suy bién. Dai véi didu kién dic biét
d6 chi c6 thé tinh téng hodc hiéu 8, va 6.

Giai phap Tsai va Morgan

Trong phédn nay sé khdi quat phuong phép gidi Tsai va Morgan, cho
phép rit gon bai todn thanh hé bon phuong trinh, sau dé sit dung phuong
phép s6, duge goi la phuong phdp homotopy, d€ tim tdt ¢d cdc nghiém
cia bai toan dong hoc dde déi vdi co cdu chap hanh 6R tdng quéat. Ngoai
ra, cdn cé cdc nghigém dang khép kin déi véi cdc ¢d ¢du chap hanh trong
do6 ba tryuc khdp lién ti€p cit nhau tai mét di€m hoic song song véi nhau.

Hinh 2.11 minh hoa ¢¢ cau chip hanh 6R téng quat, diém Q 14 géc, va
u,v,w la ba vector don vi chéo cia hé toa d6 d4u tdc dong. St dung
phuong phap Denavit-Hartenberg, phuong trinh vong kin c6 thé viét
dudi dang:

z 23
2

/! .
* B e

Pau tac dong

Xg Hinh 2.11. £d.c3u chip hanh 8R 8ng guat.
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D& thuan tién, c6 thé dung vector vi tri p cua gde toa d6 va vector
don vi e cla trye z, ¢ hé tpa d6 5 theo Hmh 2.11. Hai vector nay cé thé

dugce bidu thi trong hé t9a dd 5 6 dang ‘p={0, () 011" va °e =10,0,1 o’
hodc trong hé t0a 49 goc 1a p= °p=Ip.. Py p,,l] va e=le=|e, 0]

Do ca didm P - - vector e déu duge gin vao déu tdc dong, p va e ¢d thé
dude tinh tit vi tr1 ddu tdc dong cho trude

_Px—‘ [07 [—u.aq—(v,s0,+w cagddg +q

P, EINY 0 _ —u),zatb—(vysoq]+w).c;0t6)df,+qy (2.100)
P, 0 —u,ay —{V,50g + W, CU M, +q,

1 i !

"exj rol (v S0 + W, ClLg

e, “0A OA, 0 _{vysoe + W Cg

e, AR B v, S0 + W,C0, (2.101)
Lo} ol L0

Cdc pt (2.100) va (2.101) duge hidu 12 khi bigt vi tri ddu tde dong, ¢6
thé tim duge difm P va chiéu cia tryc z,.

Sy bién ddi giita ®p va °p, gilia e va ‘e c6 thé duge vigt dudi dang
On="A AL 2AL AL YA D (2.102)
0e=A, A, 2A A A e (2.103)

D& don gidn, ¢6 thé nhin hai v& clia pt (2.102) va (2.103) v6i ("A A,
céc phuong trinh két qua cé dang

fp=tp (2.104)
SR (2.105)
trong do

:p=2A3}A44A55p

“p':(‘Az}"’(OA]}‘m

2::::z\ 31\44;’\.'{‘6
=( Ay ("ap™?
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i& cdc vector vi tri clia p va chiéu clia truc z, qui chiéu theo hé toa dé
(x,, ¥,, 2,)

Caéc pt {2.104), (2.105) la tdp hop sdu phuong trinh vo hudng khong cé
bi&n 6,. Tuy nhién, chi ¢6 hai trong ba phuong trinh vé huéng cta pt
(2.105) 1a dac lap, do cdc thanh phan clia e phdi thda diéu kién vector
don vi. Do d6, chi ¢6 nam phuong trinh déc 14p v6i nam 4n, 9,,..9,. Cac
thanh phéan x va y la da thitc bic hai v&i sine va cosine cia nam goe kho'p
Chu ¥, bang phuong phép nay, 8, khong xudt hién trong hé phuong trinh,
do d6 s& gidm tinh phifc tap cla bai todn. Phan ké tiép s& loai b6 6, ra
khéi hé phueng trinh néu trén,

Logi bé 0, Trudc hét can chi ¥, ca hai thanh phan z cha pt (2.104) va
{2.105) déu khéng ¢6 bién 6,. Khai trién cdc thanh phén z cia pt (2.104)
va (2.105)

h 80,88, —h 50,00, — g, 500380, + g, 500,004
= -h ca,; +d,ca, +g 00, +d, (2.108)

N 8c,86; —n s0,¢0; —m,sass8, +m sa,chd

v
= —N,00, +Mm,oa, (2.107)
trong do

g, =aschs +ay

g, =—asca,sls +dgsay

g, = asso,s8 +dscay +d,

h, =p,cB, +p),59| —-a,

h, =-p,c s, +Ppyeoed) +{p, —d,)sa,

h, =p,sa,s0, —pysalcel +(p, —d,)ea,

m, =cos0,

m, = co,sesc0s +50,0as5

m, = —S0t 80 5c8; +Ca 0

n, =e.ch +e, 0

n, = —e,ca 80, +e,coeh +e sa,
n, =e,s0,50, —e s0,¢H, +e,cq
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Phuong trinh thit ba khéng ¢6 8, nhan duge bang cach thue hién phép
nhan 2pfe=p'?¢'. Thay pt (2.104) va (2.105) vao tich nay va don gidn héa

ayn,s8; +a,n.¢6; +{am, +dm, say)s8, +(a;m, —d;ym sa;)cd,
=-am, —d,;n, —a;m, —m,(dca, +d )} +k, (2.108)
trong dé k, = -d.eCt; + pe, + pe, +(p,-d)e,
Phuong trinh thd tu khong ¢é 8, nhan duge bang cdch can bing téng

cdc binh phuong cha cdc thanh phan X, y, va z 4 ca hai v& pt (2,.104). Khai
trién {(?p)? =(*p')’ sé nhan duge

ayh,s0; +ash,c0; +(a g, +dag,sa3)s0, +(asg, ~dig,sa4)cl,
=-ah —d)b, —a,g, —g, (dyea +dy)+k, (2.109)
trong dé

k, = 0'5.[})*2 +pf+ip,-dyf-a’+a’+d’-a’-d’+a’+dr?-a?
- d ]
Céac phuong trinh ti (2.106) dén (2.109) 14 hé bén da thie bac hai véi
cde sine va cosine ciia bon géc khap. Co thé coi sind, va cose, 1a hai bién

déc lap, ba sung cac déng nhat thic luong gidc theo cac phu’cmg trinh lién
hgp sé cé

$?9, +0%0, =1, dBivéii=1,2,4,5 (2.110)

Theo phuong phép nay, sé nhan duge hé tdm da thae bac hai voi 8
bién. Tsai va Morgan dung phuong phdap lién tuc dé giai hé phuong trinh
néu trén, cho thay robot 6R, 6-dof, téng quat cé t8i da 16 nghiém cé nghia.

Hé phuong trinh s& duge tdach biét khi ba truc khép lién tidp cit nhau
tai diém chung hoiic song song véi nhau. Péi vdi cdc dang hinh hoc dac
biét nay, ¢6 thé tim dugc nghiém khép kin. Phan ti&p theo s& minh hea
su tdch nhom phuong trinh bang cach gii bai toan dong hoc dao d6i véi
hai truting hgp dic biét duge dung nhiéu trong robot céng nghiép.

Ba truc khdp cudi cit nhau tai diém chung. Khi ba truc khép
cudi cdt nhau tai diém chung, a, = a, = d, = 0. Thay cdc gid tri nay vao pt
(2.106) va (2.109)

h,s8; ~hycB, =, /sa, (2.111)

78



h,s8; +h,cB, =, /sa, (2.112}
vdi s, # 0 vaa, # 0,
trong dé
My =-h,ca, +d;yc0, +dy +d,cn,
M, =-ah —dh, —did,cu,
+0.5[p3 +py +(p, - )" ~af +aj +dj ~a} -dj - d}}

Cdce pt (2.111) va (2.112) chi chita hai bién chua biét, do d6 hoan toan
khdc biét vdi pt (2.107) va (2.108). D€ loai bé 0,, can tinh ting cdc binh
phuong tirpt (2.111)va(2.112)

hi+hi = (W /50,3 +{p, /a,)? (2.113)

Phuong trinh (2.113) chi chita mot bién 8, 6 thé doi thanh da thic
béc bon theo t, bing cach thay s8, = A1 +1P)vAcO =(1-t 241+ t,2),
trong dé t, = tg(8 /2). Do d6, déi véi timg vi tri ddu tac dong cho trude, cé
it nhat bon nghiém thuc déi véi 6,. Khi biét 0., nghiém duy nht caa 0, co
thé tim duge bing cich gidi dong thoi pt (2.111) va (2.112), sau do ap
dung ham arctg. Tif d6, nghiém duy nhéit cia B, c6 thé tim duge bing

cach gidi hai phuong trinh vé huéng lidn quan VUI cde thanh phdnx vay
ciia pt {2.104).

Ung véi ting tap hop nghiém (8,, 8,, 6,) c6 thé tim duge hai tap hop
(8,,6,,0,) bing cach tham khao vi du néu trén. Tit day c6 thé két tuan c6
t6i da tdm tap hop nghiém kh4 di (tuong tng t4m cdu hinh cd cau chap
hanh).

Cac truc khdgp 2, 3, va 4 song song véi nhau. Khi cdc truc khdp
2, 3, va 4 song song v6i nhau, o, = o, = 0. Hon nita, do cdc phap tuyén
chung gida tryc khdp 2 va 3 va giffa truc khép 3 va 4 13 lién hop, c6 thé

xde dinh hai phdp tuyén chung sao cho d, =d, = 0. Véi cac gid tri nay, cac
pt (2.106) va {2.107) duge rit gon thanh

hZ, —d50a4 _d4

a5

sct505 = (2.114)
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=N, +C04CU

sa,c05 = (2.115}

S0Ls
viia, #0vaso,#0
Ciac pt (2.114) va (2.115) chi chda hai an va cd thé tach biét tir pt

(2.108) v {2.109). Cé thé loai bd B, bing cach tinh tdng cdc binh phuong
cua pt (2.114) va (2.115).

2 2
Sza4:[h2_dsca4_d4j +[-n.‘,+Cﬂ4COL:;) (2_116}
as 5(15

Phuong trinh (2.116) chi chifa mét bién, 8,, c6 thé khai trién thanh da
thic bac bén theo t, béng cach thay s8, = 2t A1+t %) va c0, = (1-t 2/(1+t,%
v6i t, = tan(8,/2). B6i véi timg vi tri dau tac dong da biét va dinh hudng
cta ddu tdc dong, c6 t6i da bon nghiém thyc cia 8. Khi biét 0,, c6 thé tim
duge nghiém 0, duy nhat bing cach gidi dong thoi pt (2.114) va (2.115).

Khi o, = @, = 0, hai phuong trinh vé huéng ting vdi cdc thanh phan x
va y cua pt (2.105) sé rit gon thanh

m, c0y, +m 50y, = n.cH, +n.s6, (2.117
m, s8;4 - m By, = 1,58, +n,c8, (2.118)

Céc pt (2.117) va (2.118) chia hai bién chua biét, 8,, va 0,. C6 thé rit
gon har phuong trinh nay thanh mét phueng trinh mét bién. Tru pt
(2.118)x 50, v6i pt (2.117) x ¢0,, s& ¢6 :

cong pt (2.118) x ¢B, v4i (2.117) x $0, 56 ¢6
m, s8;34 —m 053 =0, (2.120)

Ung véi timg tap hop 0, va €, sé tim duge nghi¢m duy nhét 0,,, bing
céch gidi pt (2.119) va (2.120).

Tuong tu, hai phuong trinh vé huéng iing vdi cdc thanh phén x, y cia
pt {2.104) nit gon thanh
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8,03, +g,50y, +a3c0; =h,cO, +h 50, —a, - {2120

88034 +g,00;, +a;50; =—h,s0, +h 0, (2.122)
Trit pt (2.122) x 58, v6i (2.121) x ¢B,

2,071 + 85053, +a3¢0y =h ~a,ch, (2.123)
Cong pt (2.122) x 0, vdi (2.121) x 6,

880234 —g,053, +a,50,5, =h, —a,s0, (2.124)
Tinh tong cdc binh phuong cta [pt (2.123) - h ] va [pt (2.124) - h ]s&cé

2a,(kzcla; +kys0s1 )+ ks =0 (2.125)
trong dé

k_.x =gty +8,88,, —h,

ky =g,58;5 _gyce234 —h,

ke=-aj+al +k+k}
Ung véi ting tap hop nghiém (9,0,,0,,,), pt(2.125) sé ¢6 hai nghiém

0,,. Khi biét 8,,, cdc pt (2.128) va (2. 124) cé nghiém 0, duy nhat. O day sé
ch tm da tdm tdp hop nghiém kh4 di.

Phudng phap chuyén vi xoén lién tiép

Phédn nay s& nghién cdu phuong phap gidi tich dya trén khai niém
chuyén vi xodn lién tiép. Trude hét can tinh ma trin bign d6i lién quan
v6i chuyén vi xoén lién ti&p, sau d6 s& xét khai niém vé dé xodn két qué
va dp dung d€ phan tich vi tri cdc co cdu chap hanh néi ti&p.

Phép bién déi dya trén chuyén vi xoin

Binh ly Chasles cho bi&t su chuyén vi khéong gian téng quat cia vat
rén bao gdm syt tinh tién va quay. Dang tdng quét cta dinh 1§ nay cho bist
bat k& cach thic vat rdn chuy#n vi tit vi tri nay dén vi tri khée, 46 chuyén
vi c6 thé dugc coi la phép quay va phép tinh tién theo truc. Sy két hop
chuyén dgng quay va tinh ti&én duoc goi 1a chuyén vi xodn. Tit d6 s& xdc
dinh phép bién di déng nhat dua trén khdi niém chuyén vi xoén.
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Hinh 2.12. So dd vector clia chuyén vi khdng gian.

Hinh 2.12 minh hoa diém P dich chuyén tif vi trf thd nhat P, dén vi
tri thit hai P, theo phép quay véi gc 8 xung quanh truc xcl'c‘in va tiép theo
1a phép tmh tién doc truc nay. Phép quay dua P tir P, dén P.r va phép
tinh tié€n dua P tie P, dan P,. Trén Hinh nay, s = [s, S, 8 JTia vect.or don
vi theo chidu true xoan vas,=[s,.s,.8,]"1a vector v1 tri ctia didém trén
truc xodn. Géc quay 0 va khoang cdch tinh tién t dugc goi 1a théng s6
x0dn. Tryuc xoén clng véi cdc thong s6 xodn sé xdc dinh sy chuyén vi tdng
qudt cda vat rdn, Cha ¥, d6i véi sy chuy@n vi tdng quat cla vat rin, truc
xodn khong bit budc phaii di qua gée toa d§ cda khung cd dinh.

Phugng trinh chuyén vi do sy quay quanh mét truc di qua gée toa do
duge trinh bay trong Chuong 1, do d6 chi cdn xét trudng hop truc xodn
khong di qua gdc tea do va su tinh tién doc theo truc xodn. Tir Hinh 2.12
¢6 thé thay

[, =Py ~Sg —15 ' (2.127)
Thay cée pt (2.126) va (2.127) vao (1.35) '

Py =Sg +15+(py —So)cB+5x(p, —54)88 +[(p, —s0) sls(1-¢6)  (2.128)
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Phuong trinh (2.128) dugce goi la céng thiic Rodrigues ddi véi chuyén
vi khdng gian téng quat cua vat rén. Khai trién pt (2.128), thay p,bang
bp vap, bing *p

AP=AR,PP+1q (2.129)

trong d6 cdc phan tit cGa ma trén quay, a,, duge tinh theo pt (1.37), vi
tri gbc toa 46, ~q, cua khung chuyén dong duge tinh theo

Ay =18, =S {2y — 1) —sg,8;5 —5,,4)3

Gy =18, =84,8; —S,. (89 —1}-s,aq,

q, =15, =S85 ~Sg,83 —§,, (a3 — 1) {2.130)
Phueng trinh (2.129) dugc viét theo bién ddi déng nhat

A _ABp (2.131)
trong d6 A 13 ma tran bién déi 4 x 4, véi cac phan td nhu sau:

ay =(si —1)(1-cB)+1,

ay; =8,8,(1-c0)-5,50

a3 =8,8,(1—¢cB)+5,50

8g) =8,8,(1-¢0)+s,80,

agy = (sl -1)(1-¢Q)+1,

a9y =5,8,(1-¢0)-85,80,

agy =8,8,({1-¢b)-5,56,

B35 =5,8,(1-¢0)—s5,58,

ag3 = (s2 ~1)(1-¢cO)+1,

a1q = tsy, -8, (a) —1)-s,8)5 —5,,8,3.
Bgq =18, =889 —8,, (A9 ~1)~5,,893,

ay, =ts, ~84x831 ~SgyAaz _502(333 -1},
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m
1l

a, =1 (2.132)

Ma tran con 3 x 3 phia trén bén trdi cha A la phép quay cia vat rdn.
Ma tran con 3 x 1 phia trén bén phai 12 sif tinh tién cia géc toa 46 Q (véi
a,=4q,,2a,=q,8,=4, }. Subidu dién chuyen vi khong gian doi hdi tam
thong s8, trong do ba thong 6 1a chiéu clia truc xodn, ba thong s6 12 vi tri
truc xoan, mot théng s6 14 goe quay va mot Ja khodng cach tinh tién. Tuy
nhién, chi hai trong ba thang s6 vé chiéu ctta tryc xodn 1a ddc 14p do phai
théa man diéu kién vector don vi

¢Tg=1 {2.133)

Tuong tu, chi hai trong ba théng sd vi tri true xodn 12 déc 1ap, do S,
6 thé 14 diém bat ky trén true ndy. B€ thuén tién c6 thé chon s 14 phap
tuyén cha truc xoan.

SES =0 (2.134)

Khi biét cde théng s xoén va truc xodn, cé thé tinh cde phén td clia
ma trin bign ddi bing pt (2.132). Mat khde, khi biét sy chuyén dich
khéng gian cia vt ran theo ma tréin quay, 4R, va vector tinh tién, *q, €6
thé tinh truc xodn va cdc théng sé xodn nhif sau. Gée quay duoe tinh theo

18y +8gy +agz—1

{} = cos
cos p (2.135)

Cé hai nghiém déi vdi 0, ngitge dau nhau. Khi biét gée quay, chiéu
truc xodn duge tinh theo

_Az —Aayy
258

3 —ag3
Y 250

Ag) —8jy
g, = — 12
z 230 (2.136)
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Khodng c4ch tinh tién duge tinh theo
t=q"s (2.137)

va vi tri truc xoén 6 thé duge tinh biing c4ch giai hai trong ba phuong
trinh cia pt (2,130} cung vdi pt (2.134). Do c4c phuong trinh nay 1a tuyén
tinh, ton tai myt nghiém tuong Gng timg tap hop nghiém s, O va t.

Tir phan tich néu trén, c6 thé thay ¢6 hai nghiém xodn, nguoe ddu
nhau. Trong thuc t&, hai nghiém nay biéu thi cing mat true xodn, do sy
quay -8 va tinh tign -t theo truc xodn (s, s,) ¢é ciing két qua nhyt kiéu quay
+0 va tinh ti€n +t theo truc xodn +(s, s ).

Sy chuyén vi xoén lién tiép

Co thé ap dung céc khéi niém chuyén vi xodn dé phan tich dong hoc cac
chudi vdng hé, Hinh 2.13 minh hoa vat rdn & duge diéu khién theo dé ¢d
dinh v6i hai ¢iip dong hoc § va $,. Cap dong hoc thi nhét néi khau chuyén
dong thit nhat v6i d& o' dinh, va cdp déng hoe thit hai ngi khau chuyén
ddng thif hai (G) v6i khau thi nhat. True cip dong hoe thd nhat duge goi
la tryc khap c6 dinh va true ciip dong hoc thit hai ta truc khdp chuyén dong.

o1 § Két qua chuyén vi xodn

Khau chuyén dang thif hai

A

,* - 5, Truc chuyén
0, dong

Khau chuyén ddng thif nnat

R P . g, Tryc cd dinh
Hinh 2.13. Chudi hai khau va !

cac chuyén vi xoén tuong ng. et
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Khi vat rin quay hoac tinh tién theo hai truc khdp nay, cé thé coi sy
chuy&n vi 12 két qua ciia chuyén vi xodn (8, t,) theo truc khép cé dinh va
£i&p theo 1a su chuyén vi (8,, t,) theo truc khdp di dong, d6ng thoi co thé coi
syt chuyén vi nay la két qua chuyén vi xoan (6,, t,) theo truc khép di déng va
ti&ép theo 12 chuyén vi (8, t)) theo truc khdp c& dinh. C4 hai chuyén vi
xoén nay c6 thé xdy ra theo chuy&n vi bat ki hodic dong thoi khi tong
phép quay va/hoae tinh tién quanh hai truc khdp dé 1a chinh xdc. Piéu d6
c6 nghia 12 thi tu céc bién khdp thay déi gié tri cda chang la tuy y.

Mat van dé kho la khao sdt sy xoén két qua, §, khi chuyén vi xodn §,
quanh truc khép c& dinh va ti&p theo 1a chuyén vi xoén $, quanh trye
khdp chuyén dong. Didu nay 1a do sy quay theo géc 0, quanh tryc khép cd
dinh s& 1am thay d6i truc khép di dong, $,, dén vi trf mdi, va diéu do
phai dudc xét dén a6 véi sy chuyén vi k& tigp.

Sq dé t6i uu 1a quay vat rin © quanh truc khép chuyén dong sau dé
quay quanh truc khép ¢8 dinh. Theo dé, vi tri ban dau cia truc khdp
chuyén déng c6 thé duge ding dé tim cdc ma trén bién d6i, va4 ma trén
bien di két qua cé thé duge tinh bing cdch nhan trude hai chuyén vi
xo0én lién tiép.

A, =AA, (2.138)

trong @6 A va A, 1a céc chuyén vi xo4n xung quanh vi tri ban d4u cia
truc khdp ¢§ dinh va truc khép chuyén déng.

Khéng nén nhdm l4n tinh giao hodn vé sy thay dai cdc bién khdp
trong chudi vong hé véi c4e phép quay hitu han xung quanh truc cé dinh
khéng ¢6 tinh giao hoén.

Piéu néu trén 6 thé duge md rong cho co cdu chép hanh nai tiép n-
khau (Hinh 2.14). Trude hét cAn xdc dinh vj tri quy chiéu d6i vdi co cau
chap hanh. Mac du vi tri quy chiéu c6 thé duge chen tuy ¥, nhung trong
thue té thudng chon tai vi tri sao cho d& dang xdc dinh cdc toa 46 cua tat
¢ céc true khép, va vi tri mong mudn duge goi 1a vi tri dich. Theo d6, ¢6
thé xét co cdu chap hanh dang dich chuyén tir vi tri quy chidu dén vi tri
mong muén bing chubdi lién tiép cac chuyén vi xodn hifu han xung quanh
tat cd cdc true khép.

Vi tri quy chidu. Vi tri quy chiéu cia co cau chap hanh duge chuyén
biét theo cac dai lugng cda vi tri dau tdc dong.
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Bau tac dong

yo Hinh 2.14. Cac tryc xoén
cla cc cdu chap hanh
X, ndi tiép.
U, v, W, va g,
cling vdi chiéu va sy dinh huéng cila cic truc khép
s Va8, vdii= 1,2, .n.

Vi tri dich. Vi tri dich clia co cau chdp hanh duge chuyén biét theo

cac dai lugng ciia vi tri ddu tdc dong mong mudn.
u, v, w, va q.

Phuong trinh vong kin. Su chuyén vi ciia dau tdac déng tix vi tri quy
chiéu dén vi tri dich c6 thé xét theo két qua ciia n chuyén vi xo#n lién
tiép; nghia 14, phép quay quanh truc khép n, tiép theo 14 quay quanh true
khdp n-1, .. Do moi chuyén vi xodn déu xdy ra quanh cic true khép § vi
tri quy chiéu, chuyén vi xcdn két qua sé nhan dugc bing cach nhan truge
cac chuyén vi xodn thanh phdn.

Sit dung phuang phap chuyén vi xoan lién tiép, chi cAn mét hé toa do
¢6 dinh, va mat hé toa do ddu tic dong. Cdc théng sb xodn duge dung

87



trong pt (2.132) la khdc vdi cdc thong sé Denavit-Hartenberg. Céc bién
khdp cita chuyén vi xodn la cde géc quay thue va/hodc cde khoang cdch
tinh tién can thiét dé dua diu tde déng tir vi tri quy chiéu dén vi tri dich.
Dac biét, déi véi khép quay, 0,12 bién va t, = 0, con d61 v&i khdp lang try,
t, 12 bién va § = 0.

Cac thong s6 D-H khong biéu thi gée quay hodc khodng cach tinh tién
theo true khdp. D€ nhan duge su chuyén vi thue t&, edn trif cde bign khép
lién quan tdi vi tri quy chiéu vdi cdc bién khép & vi tri dich. Mot trong cac
vu diém cla viée s dung céc chuyén vi ¥odn lign tiép 1a vi tri quy chiéu
¢6 thé chon tuy ¥.

Pai vai dong hoc thuan, ¢6 thé tinh pt (2.139) mot cach true tiép bang
cdch sl dung cdc bign khép cho trude. Déi vdi ddng hoe ddo, vé trai cia
pt (2.139) duge cho trude, van dé la tim cdc chuyén vi khdp cin thist dé
dua diu tdc dong dén vi tri mong mudn.

Phan tich vi tri cda co ciu chap hanh khuyu

Hinh 2.15 minh hoa ¢ d6 cd cau chap hanh khuyu. Trong co cdu nay,
truc khdp thu hai cdt vudng géc true khép thit nhat, true khdp thit ba va
thi tu song song true thit hai, true khép thit n&m vuéng géc true khdp tha
tu va léch vdi khoang cdch a,, con true khép thi sdu cdt vudng géc truc
khdp thd nim. Phan nay sé trinh bay phuong phdp chuyén vi xodn lién
ti€p dé gidi bai toan déng hoc ddo cho cd cau chdp hanh dé.

g Hinh 2.15. Cg c&u chap hanh khuyu 6-dof

88



$5 Ug
Z 35 =R a, da
————————— i |l o=
0 ) - e} S 8, (0 I
O 5 ( ’ «® ’
|
!
,:——/—-———--——'—'-'_'—_—__-_ Hinh 2.16. Vi tri quy chigu cla

cc céu chap hanh khuyu

Vi tri quy chidu. Trude hét can xac dinh cdu hinh quy chidu ¢& do
d6 chuyén vi cla c¢ cdu chdp hanh. Hinh 2.16 minh hoa c&u hinh quy
chiéu, trong dé truc khdp thi nhat §, huéng thing 1&n trén theo chidu
duong cia tryc z, cdc truc khdp thi hal ba vabén, $,, $,, va &, vuéng goc
vdi mat phdng hinh vé; truc khép thd nam $., theo chleu dudng cua truc
z; truc khép thit sau $, theo chiéu duong cia true x. Hé toa d6 dau téc
ddng & didm Q) sao cho truc w, theo chidu dudng true x, truc u, theo chigu
dudng truc z. Tat vi tri qui chleu nay, cdc vi tri ca true xoén theo hé tpa
dd qui chidu c6 dinh duge liét ké trén Bang 2.5. Vi tri qui chifu cda dau
tac dong la

ug =[0,0,1]7, v = [0,-1,0]F, w, =[1,0,0]"
Po = [32 +a,+a, ,O,O]T

Bang 2.5. Vi tri truc xo@n clla ¢4 cdu chdp hanh khuju

Khépi 5, S,
1 {0,0,1) (0,0,0
2 (0, -1,0) (0, 0,0
3 (0,-1,0) 1a2,0, 0
4 (0,-1,0) (a, +a, 0,0
5 (0,0, 1) {a,+a,+a,0 0}
6 t1,0,0) (0,0,0)
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Vi tri dich. Vi tri dich cua dau tac déng la

u:[ux’u_vuz]’r’ vzlvxvyvz]r! w:[wx?w)”wz]’r’ va
P=[Pmpy,Pzr

Cdc ma tran bién ddi. Thay cdc truc toa do vao pt (2.132) s& c6 cée
ma tran bién d6i xodn:

ch, -s8, 0 0O cd, s6, 0 0
sb 8, 0 0 -89, ¢, 0 O
AII‘;I by , (OAl)—1= 38, ¢y
0 0 10 0 ¢ 10
0 0 01 0 0 01
¢, 0 -sb, O
01 0 0
A, =
88, 0 b, O
o 0o o 1
[0, 0 -s8; a,(1-cBy)
1 0 0
sB; 0 cOy —a,50,
L0 0 O 1
[eB, O -sB, (ay+agz)l-cd,)
0 1 0 0
A, =
s8, 0 ch, —-{(ay +a,)s0,
10 0 0 1
[cO; -sB; 0 (ay+ay+ay)(i-clg)
sy cfty 0  —(ag+az+ay)siy
A=
0 0 1 0
| O 0 0 1
i1t 0o 0 01
A, = 0 clbg -—sb; O!
0 s0g cbly O
0 0 0 1
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Cdc tich ma trdn A A A, va AAAA, duge tinh theo

09234 0 ‘-58234 321262 +33C823 —(az+33}08234

1
AsAqA, =| ° 0 0 (2140)
80504 0 B, a,s0, +a380, —{a, +a,)80,,
0 0 0 1
A ARAA,

eByeBygy 80, —c0y80,,, c01[32c92 +a500,, —(a2+aa}c9234]
_150;0853, €8, —58,50,3, s0,[ay00; +a5e8,; —(a, +a;5)c0,]

Tl 8By 0 8534 [a256, +a;3s8,, - (2, +a3)s0,,,]
0 0 0 1
(2.141)
Déng hoc daoe. Bién déi cia diém tam xoay P duge tinh theo
P=A1A83A,00 (2.142)
Nhén ci hai v€ chia phuong trinh nay véi Al 88 ch
Px a; +agz+a,
A7 E: =AyAzA, g (2.143)
1 1

Thay A" va pt (2.140) vao (2.143)

PxC8; + P80 =aycly +agetyg +a,00,,,, (2.144)
—'pxsel +pycel = 0.. (2‘145’]
pz = 32582 +335023 + 3450234 (2.146)

Tir pt (2.145), dé dang tim duge hai nghiém cda 9,

1 Py
Px
Dai v6i co cdu chdp hinh nay, khéng thé tach cac phuong trinh vi tri

8, =tan

(2.147)

va dinh hudng, can phdi xét déng thai ca hai. Ap dung ma tran bign déi
cho vector w
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RIw = R,Ry;R,Rywg (2.148)

trong dé R 14 ma trdn con 3 x 3 phia trén bén trdi cia A . Khai trién
pt (2.148)

w,c0; +w, 80, = CByy4cOy (2.149)
—W st W, c0 =8B (2.150)
wz = S{}Zd,l(:e,—} (2-151)

Ung vdi timg nghiém 0,, pt (2.150) ¢6 hai nghiém 8,
8, = sin - w,s0, +w,co, ) (2.152)
Nghia la, néu 8, = 8,” 14 nghiém, thi 8, = 70 - 8_" cing 1a nghiém. Khi

bigt 0, va 6,, ¢6 thé tinh s0,,, va ¢B,,,, tir d6 tim duge nghiém 6,,, duy
nhAt.

O50 = Atan2|w, /c05,(w, ey +w 50, )/ 05 ] (2.153)

K& tiép, cin gidi cde pt (2.144) va (2.146) d€ tim nghidm clia 6, va 0,.
D& thuan tién, cae pt (2.144) va (2.146) duge viét dudi dang

agcty +a,c05 = ky (2.154)
a,80, +a380y; = kg (2.155)
trong d6 k =p O, + pl\__s.G1 -a,0,,,, vak,=p -as6,, . Tinh téng cdc
binh phuong ciia pt (2.154) va(2.155)
al +a2+2a,a,c0, =k{ +kJ (2.156)
Do dé
G kZ2+ki-aj-a}

05 =cos
Z2a,ay

{2.157)

Ung vdi ting tiap hop nghiém (B, 8,, 0,,,) ¢6 t6i da hai nghigm thuc
ctia 0, Néu 0, 1a nghiém, O, = - 6, cing la nghiém. Khi biét 8., c6 thé
tim duge 0, biing cdch giai dong thoi cdc pt (2.154) va (2.155), Cudi cung,
¢6 thé tinh O, theo quan h2 8, =0, -8, - 6,. Dé tinh 8., can ap dung phép
bién déi veetor dan vi u
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(R;R,R,R, " u=R,R.u, (2.158)
Khai trién pt (2.158)

U, 081080, +0,88,00,5, + U860y, =50586, {2.159)
—u,s; +u,cH; = —cB,s50; (2.160)
_UKCBISG234 - u_v88159234 +U108234 = CHS (2161)

C6 thé gidi pt (2.159) va (2.160) dé tim 50,
sBg = 505 (U0, cp5, +u,50,00,4, + U,88,54 ) —cB5(-u,s0, +u,c0; }(2.162)
Cdc pt (2.161) va (2.162) xde dinh nghiém duy nhat cho 0,
B = A tan 2(s0; - cO;) (2.163)

Co thé két ludn c6 t5i da 8 nghiém thye ciia bai tedn déng hoc dio

Phén tich vi tri tay may Stanford

Hinh 2.17 minh hoa ¢¢ cdu chdp hanh 6-dof do dai hoc Stanford
nghién ctu. Trong co cdu chap hanh nay, khdp thit ba 1a khép lang tru
(hodc eap trugt), con lai 12 cde khép quay. True khdp thi nhat, $,, huéng
1én theo chiéu duong true z. Truc khdp thif hai, $,, cdt vudng géc truc
khép thit nhat tai diém A va hugng theo chidu dwong truc x. Truc khop
thit ba cidt vudng gée truc khdp thit hai tai B va huéng theo chidu duong
truc y. Truc khép thi tu thang hang véi tryc khdp thd ba. Hon nita, ba
true khdp cudi cat vudng gée véi nhau tai diém tam xoay P (Hinh 2.17).

Vi tri qui chiu. Vi tri qui chiéu duge chon tai diém tam xodn P
trung vdi B. Tai di€ém qui chi&u nay, vi tri clia cde truc khép theo hé toa
d¢ c6 dinh dugc liét ké trong Béng 2.6, véi a 1a do léch giita truc khép thy
nhét va thit ba. Vi tri qui chiéu cia ddu tdc dong 1a:

uo =[1,0,0[", v, =[0,0,-1], w, =[0,1,0]", va

Qo = [g! h, O]T
Hon nita, vi tri qui chidu cla tAm xodn P la
p[) = [g: 03 OF
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Hinh 2.17. Cac truc xoén trén cad cdu chdp hanh Stanford.

BAng 2.6. Cac vi tri tryc xoén cla tay may Stanford.

Khép i 5(s,.8,8) S, (8.0 8,0 8,,)
1 0,0,1) 0,0,0)
2 (1,0, 0} {0, 0, 0
3 0,1,0) (g,0,0)
4 0,1,0) (g.0,0)
5 {0,0, 1} (g, 0,0}
6 (0,1,0) (g, 0,0)

94



Vi tri dich, Vi tri dich cia ddu tdc déng la

u:[ux’u}”u?]’r’ v:[vx‘v_v?vz]r’ W‘—‘[Wx,wy,wz]’r, va

q= [qx}Qy)qz]T
Khi d6, vi tri dich clia tam xodn 1a
p=q-hw {2.164)

trong dé h 14 khoang cdch giiia cac diém P va Q

Trong phén tiép theo s& lién hé vi tri tam P v6i ba bién khép dau,
sau d6 sé gidi ba bién khdp cudi theo dinh hudng ciia ddu tdc dong.

Vitri tim xoay. Vi tri cia tAm xoay chi phu thudc vao ba bién khdp
rian, 0, 0,, va d,. Thay cdc hé toa d cta ba truc khdp nay vao pt (2.132)

¢ -s6, 0 0f1 0 0 ofL 00 0]
Aa,a,|?0 @ 000 by 0, 0[]0 10 d)
REETE0 0 1 0f0 8, 0, 0l0 0 1 0
L0 0 010 0 0 1400 0 1J
B, —sb,cb, sB;s0, —dss0,c6, |
_ 50; 8;¢0; —c088, dschch, (2.165)
0 58, Oy d4s0,
| 0 0 0 1]

Vi tri dich cda tAm xoay theo vi tri qui chiéu ban diu sé la

P=A1A3A3p (2.166)
Thay pt (2.165) vao (2.166)

Py = gc0; —d,s8;c, (2.167)

Py = £59; —d3c0,c6, (2.168)

p, =d,s0, (2.169)

Chud ¥, khodng céch gita diém A va tdm P (Hinh 2.17) khéng phu
thue vao cdc bién khép 8,, va 0,. C6 thé loai bé ca 6, va 0, bing cic
phép todn sau. Tinh tdng c4c binh phuong clia pt (2.167), (2.168) va (2.169)
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Petpy +p; =g’ +dj (2.170)
Do d6

da:i\/p3+p§+pg_g2 (2.171)

Phuong trinh (2.171} ¢o (1) hai nghiem thue néup? + P+ p-g°>
0, (2) mdt ngh1em kep néu pi+p’+p -2 =03 khong ch nghiém
thuc néu pS+ P, f+pr-gt<0. Miéc du c6 thé cé hai gid tri d, thuc, nhung
d, dm khong cd ¥ ngh1a vét 1y do gidi han cdu tric co hoc cia tay may.
Khl pt {2.171) ¢6 nghiém kép, d, = 0, tdm xoay tring véi diém B, co cdu
chép hanh cé cdu hinh dac biét. Iﬂli pt (2.171) khéng ¢6 nghiém thue, tay
mdy khong thé véi téi diém dich. Hon nita, néud__1a khodng véi cuc dai
cua khép lang try, thi diém dich s& khong véi téi ndud, > d__ di pt
{2.171) ¢6 hai nghiém thue.

Khi biét d, c6 thé tim 0, bang c4ch gidi pt (2.169)

. 1P
8, = sin ‘d—z (2.172)
3

Ung véi méi gid tri d,, pt {2.172) c6 t8i da hai nghiém thuc 0,. N6i
chung, n&u 0,=9,"1a nghlem 8,=m-0, cing langhiém. Chu ¥y, p? + p.?

=01a h1nh tru bdan kinh g vdl zla truc doc. Cé thé thay pt (2. 172) ch

(1) hai nghiém thye néu diém dich phia ngoai hinh tru nay (p + p - g?

> 0), {2} mdt nghiém kép néu diém dich trén mét tru (p,”+ p -gi= 0) va
(3) khéng c6 nghiém thuc néu diém dich & bén trong hinh try (p +p,’-g°

< 0). Khi diém dich phia ngoai hinh try, pt (2.171) ciing c6 hai nghiém thu'c

Khi biét d, va 0,, ¢6 thé tim sB va ¢, bing cdch gidi hé phuong
trinh (2,167} va (2.168).

gp, + d3pycﬁz

8, = (2.173)

g? +d§c282
gpy d3pxce2

sb
. gl+ dgcze2

(2.174)

do d6, tmg vai timg tap hop nghiém 0, va d_, pt (2.173) va (2.174) ¢6
mdt nghiém 0,
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0, = Atan 2(s0, -cd, ) . {2.175}
Ung vdi timg vi tri ddu tac dong cho trude, ¢6 t5i da bén cdu hinh tay
may
Pinh hudng ddu tac dong. Dinh hudng dau tae ddng chi phu thuse

vao phan quay cda cde ma tran bién déi A . Thay cac toa dé cia ba truc
khdp cudi vao pt(2.132)

8, O s6,]co; -s6; 0f 0 0 sbg
RR;Rg=| 0O 1 0 |sb; c6; Of 0O 1 O
|- 9, 0 «c0, | 0 0 1 [— sy O cBy
[ c0,005¢05 —50,50, —c0,80, 0,080, +50,c0,
= s05¢8y By 5050, (2.1786)
| — 8040050, -cO,80;  s0,50; —sB,cOys, +ef cly

trong d6 R, 1a ma trdn con 3 x 3 phia trén bén tréi cia A,

Bien déi vector w la

w=R,R,R,R,R;Rgw, (2.177)
Nhan ¢4 hai v& clia pt (2.177) v6i (R R,R.)!
RIRJR{w=R,R;Ryw, (2.178)

Céc dai hrdng o'Tve tral clia pt (2.178) déu d4 bigt. DE thudn tién, c6
thé ky hiéu ‘w=R Rle W Khal trién pt (2.178)

—cB,50,="w, (2.179)

95="w, (2.180)

$0,505="w, (2.181)
trong dé

3 .
W, = w,ch; +w s

3wy = (-w,s8; +w,c8,)c8, + w,50,

Sw, = (w,s0, ~w,cl; )sb, +w,co,
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Chi ¥ vector w khdng phu thuge vao goc khdp tha sau. Bé tim 8, can
gidi pt (2.180)

05 =cos” (*w,) (2.182)

Phuong trinh (2.182) ¢6 hai nghiém thuc 0, néu tri tuyét ddi *w, < 1,
khi tri nay bang 1, pt (2.182) ¢6 0, = 0 hodc ®. Khi d6 truc khép thi sdu
thang hang v6i truc khép thif tu, va tAm xodn ¢6 ciu hinh dac bigt. Diéu
kién tri tuyét d6i *w > 1 khong xay ra do c4ce giéi han co hoe. Gid st s0,
# 0, ¢6 thé tinh O, tir pt (2.179) va (2.181)

0, = Atan2(°w, /505w, /s0;) (2.183)

Cudi cting, ¢6 thé tinh O, bing cdch bién déi vector don viu

Nhan cd hai v& cda pt (2.184) vdi (R R,R,)!

Rz RiRIu=R,R;Reu, (2.185)

. - _RTRTRT .
D& thuan tién, ¢6 thé ky hisu “U=R3RIRTU Lhai trién pt (2.185)
88 O

U, =cO,085c0, —s0,50, (2.186)

Yuy =50,c0, (2.187)

Pu, = —80,605c04 — 0,50 (2.188)
trong d6

E -
u, =u,cty +u,s6,

Suy = (_uxse‘] +Uy091 )092 +U2582
3uz = (u,s0; —u,ch;)sb; +u,c,
Nhin pt (2.186) v6i s0, va (2.188) véi c0, va tinh téng

58, 3u, +¢0,%u, = -s0; (2.189)
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tir pt (2.187) va (2.189) s& tim dugc nghiém 0, duy nhét.
05 = Atan 2(-s0, *u, ~c,*u, *u, /50;) (2.190)

Ung véi vi tri d4u téc déng cho trudce, ¢6 t6i da 8 nghiém dong hoc
ddo, nhung chi ¢6 4 nghiém 1a ¢6é ¥ nghia thue t&.

Tém tat

Chuong nay trinh bay hai phlfcmg phép gidi bai todn dong hoc d4o
d6i v6i cde co cdu chdp hanh néi tigp. Thit nhat, cdc thong s6 D-H duge
xae dinh, sau d6 khai trién cdc ma tran bién ddi D-H dé tim cdc phucng
trinh dong hoc. Phuong phdp D-H duge minh hoa dé tinh co ciu chdp
banh phang 3-dof, robat Scorbot, va robot Fanuc S-900W, sau dé trinh
bay gidi phap Tsai va Morgan cho céc trudng hop ba truc khdp cat nhau
va ba truc khdp song song. Thi hai, trinh bay khai niém vé chuyén vi
x0in lién tlep va ing dung déi véi bai todn dong hoc dao clia ¢de ca ciu
chap hanh nai tiép. Péng hoc ddo c6 thé duge gidi trye tiép bdng cdch 4p
dung phuong phap chuyén vi xodn lién tigp. Hai vi du tinh todn bang
ph ong phéap nay duge trinh bay ap dung cho co cau chdp hanh khuju va
cg ¢du chdp hanh Stanford.
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Chuong 3

_ PHAN TICH VI TRI
CO CAU CHAP HANH SONG SONG

Gidi thiéu

Trong Chuong nay, sé phan tich vi tri loai co cdu nhiéu bac tu do
khéng gian, d6 1a co cadu chdp hanh song song. Cac co cau song song dugc
phan loai theo co cdu chdp hanh phéng, ciu, hoac khéng gian, tuong (ing
v6i cac dic tinh chuyén dong ctia ching. K& tiép 1a phan tich vé dong hoc
thudn va nguge.

Hinh 3.1 minh hoa co cdu chap hanh song song gém bé chuyén déng
noi két véi dé c6 dinh theo nhiéu nhdnh song song. N6i chung sé nhdnh
béng s6 bdc tu do, nghia 1a mdi nhanh dugc diéu khién biang mét co cdu
tdac dong; cac co cau tdc dong duge gin vao hoac gan d€ co dinh. Vi ly do
nay, co cidu chap hanh song song déi khi dugc goi 1a co cdu chdp hanh coé
bé. Cac co ciu tac dong diéu khién tdi ngoai, nén cd cdu chap hanh song
song thudng cé khé nang chiu tai 16n.

Hinh 3-1. Tay may @& @ N %
phuc vy may tién 2 ;
ban ty dong :

(em
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Cd célu chdp hanh song song ¢ mat trong nhiéu ang dung, cic bd md
hinh mdy bay, c4c khung d& kién tric c6 khép néi didu chinh, cdc may
khai thac mé ... Gan day, chung con duge phat trién thanh cum gia céng
co khi nhiéu bgce tu do ¢6 46 chinh xdc cao, téc dd cao (Hinh 3.1).

Da s6 co cdu chdp hanh song song 6 béc tit do ¢6 chita 6 nhdnh mé
réng. Cdc co cAu chdp hanh song song nay c6 uu diém la dé ciing viing
cao, quan tinh thap, va khd n#ing tii trong lén. Tuy nhién, nhuge diém 13
khéng gian 1am viégc hitu dung nhé va khé thi&t ke,

Phan loai cau tric co cdu chdp hanh song song

Cd cdu chdp hanh song song duge goi 1a d6i xing néu théa cac didu
kién sau:

1. 86 lugng nhanh bdng s6 bac tu do cia bé méy di dong.

2. Kiéu loai va s6 lugng khdp trén tat cd nhdanh duge bé tri theo cau
hinh déng nhat.

3. 80 lugng va vi tri cdc khép dong trong tat cd cde nhanh déu nhu
nhau,

Khi cac diéu kién trén khéng théa, co cdu chap hanh duge goi la
khéng doi xing. Chuang nay dé cap dén co cdu chdp hanh déi xitng.

Cé thé thay, trong ¢ cdu chdp hanh d8i xdng, s6 nhanh m béng 56
bie tu do F, dong thui cing ddng téng s8 cdc vong, L+1 (ké ¢d cde vong
ngoai vi), nghia la

m=F=L+1 (3.1}

DJ lién két, C, cia mét nhdnb 1a cdc bae ty do ¢6 quan hé véi tat cd
cae khdp trong nhéanh d6:

m ]

2.C =21 (3-2)
k=1 1=1

vdij la s6 khép trong mét co cdu. Thay pt (1.8) vao (3.2) va khit L
bang cach dimg pt (3.1):

Y.Cp =(h+DF ~i (3-3)
k=1
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Hon nita, dé lién két clia mbi nhdanh khéng dugc 16n hon théng sé
chuyén dong va phai nhd hon s bac tu do cia bé di dong:

Lz2C 2F (3.4)

Phuong trinh (3.3) va (3.4) duge dung dé liét ké va phan loai co ciu
chép hanh song song. Ca cdu song song cé thé chia thanh co cdu phing,
cAu, khéng gian. Sau day, sé xét chi tiét timg loai ¢d cdu chdp hanh trén.

Cd cidu chap hanh song song phéng

P8 v6i co cdu chap hanh song song 3 nhénh, 3 bic ty do phing, A =
3vam=F=3 ThayA=3 va F=3 viopt(3.3) ta duge:

C,+C, +C, = 4F-3 = 9 (3.5)
Pong thai, pt (3.4) duge rit gon thanh:
3=2C =23 (3.6)

k

Tit d6, dd lién k&t trén mdi nhanh bing 3, nghia 14 méi nhénh nén ¢6
3 béc tir do trong cac khép. Gid st méi nhanh chita 2 khau va 3 khép, mbi
khép phdi 1a khdp 1 bée tu do. Sit dung cdc khdp quay va lang tru theo
cap dong hoc, s& ¢6 7 cdch bd tri nhdnh RRR, RRP, RPR, PRR, RPP,
PRP, PPR. N&u cd can chap hanh cé 3 edu trie nhinh déce ldp, thi chi ¢é
7 co cdu chdp hanh song song 3 bic tu do phdng 12 kha thi.

Hinh 3-2. Co cau chap
hanh song song 3RRR. ]
3 bac ty do phang P D& (PO=QR=RP=c} Q
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Bé chuyén dong

P& co dinh
\ Bé chuyén déng

Hinh 3-3. Cd cau chdp hanh song song 3PRP, 3 bac ty do phing

Hinh 3.2 minh hoa co cidu chap hanh song song 3 béc tu do phing ¢é
cdu trac nhanh 3RRR; Hinh 3.3 minh hoa co cdu chap hanh song song 3
bdc ty do phing cé cau tric nhdanh 3PRP, trong d6 3 truc kAdp quay
vudng gdc védi mat phing chuyén déng trong khi cac truc khop ldng tru
nam trén mit phang chuyén déng.

Cac co ciu chap hanh song song cdu

Cac théng so chuyén dong ddi vdi co cdu cdu ciing bang 3. Yéu ciu
lién két trong cd ciu chap hanh song song cau 14 déng nhat vdi co cau
chdp hanh song song phang. Trong co cau chdp hanh lién két cdu, loai
khép duoe phép la khép guay, tat ca cac true khdp phai giao nhau tai
mit diém chung, dé 14 ¢6m hinh cdu, ¢&u tric nhénh duy nhat duge phép
14 c&u tric RRR. Co cau chdp hanh trén Hinh 1.13 14 ¢ cdu chdp hanh
song song cdu 3RRR, 3 bac tu do.

Chu ¥, mot khép cdu ¢6 thé duge p ¢ tdm cha ¢ cdu chap hanh song
song cdu. Tuy nhién, khép cdu nhu thé chi ¢6 thé 1a khép thu dong, vi cdce
bj tdc dong hién hiu khong thé truyén déng cho khép d6. Vi thé, néu
dung mot khdp cdu, edn ¢ thém ba nhanh dé tdc dong song song bé
chuyén dong. Trong trudng hop nay, sé nhdnh, ké ¢i nhdnh véi khép ciu
thu déng ¢6 chiéu dai zero, khdc vdi sé bac tu do.
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Cd céu chap hanh song song khong gian
Déi véi co cau khong gian, thay A = 6 vao cde pt (3.3} va (3.4

$C, =7F-6 (3.7)
k

va 62C,2F (3.8)

Giai déng thoi pt (3.7) va (3.8) vdi cédc s0 nguyén duong C, k=1.2.
3..., ¢6 thé phan loai ¢¢ cau chap hanh song song khong gian ing véi sd
béc tu do va d6 lién két duge néu trén Bang 3.1.

Bang 3.1: Phéan loai co ciu chap hanh song song khéng gian.

Bactudo S6vong  Téng cdce bac ti do khdp Do lién két
F L )7 C. k=123, .
2 1 8 44

5,3
6,2
3 2 15 5,5,5
6,54
6,6,3
4 3 22 6,6.5,5
6,6,6,4
5] 4 29 6,6,6,5
6 5 36 6,6,6,6,6,6

86 khau trong mdi nhanh, ¢6 thé bang tong tat ca cde bac tu do khdp,
v bing d6 lién két theo yéu cdu. S& khau cue dai khi tat cd khop déu l1a
khép 1 bac tu do. Trong thue t&, d6 Ia didu mong mudn dé sir dung 2 khau
chinh néi bé di dong véi d& theo 3 khdp. Hinh 3.4 minh hoa vai cu hinh
nhanh. Hinh 3.4a la nhanh 4 bac tu do. Hinh 3.4b-e la nhanh 5 bae tu do.
Hinh 3.4f-h 12 nhanh 6 bac tu do. Chi y, cde Hinh 3.4¢,fh ¢6 1 béce tu do
thu ddng trén mdi nhanh, con trén Hinh 3.4g ¢6 2 bac tu do thu déng.

N&u ¢dn cdc nhanh cd cdu tric dong hoe, cac do lién két (4.4), (5,5,5)
va (6,6,6,6,6,6) 14 cac bd tri nhanh kha thi trong co ciu ch&p hanh seng
song 2, 3 va 8 bac ty do.
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Bé didong Bé di déng Bé didong

5 8
R
c
B4 ¢& dinh Dé cddinh ~=—D§ cd dinh
Be didong 88 didong
g 5
H
s
R
B cd dinh ~Dé ¢& dinh
{d) fe)
Bé didang B& di déng Bé di dong
s 5 5

P ¢

-~ E
5 5 ~ 0
\}r\,y S
l‘é}{)é ¢6 dinh é‘lﬁ)é’ ¢é dinh AN o
Ky Bé ¢ dinh
{1} oy )

L

Hinh 3-4. Tam cau hinh nhanh kh& dung

So sanh phuong phap DENAVIT-HARTENBERG
vGi phudng phap hinh hoc

Phan nay sé gidi thiéu phuong phap phan tich ma tran. P& tign phan

tich, hé 1oa 46 Descartes xac dinh cho timg khau theo qui tac Denavit-
Hartenberg (Hinh 3.5). Khong nhu eo ¢du van hanh vong hd, moi hé toa
dé trong co cau vang kin xac dinh hoan toan bing lién két hinh hoc. He
tea do cua lién két cudl (thu n) tring v6i hé toa do co ban (thit zero),
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Hinh 3-5. Cg cdu vong
kin v& cac théng s3 D-H

Sy chuyén dai tir toa do thit i dén tha (i-1) duge xac dinh theo pt (2.2).
Khi chuyén déi cac toa dd duge thuc hién lién tidp, cdc ma trén tuong dng
duge nhan lén. Khi chuyén ddi t4t cd toa 46, bit ddu tir (x, y,, z,) di theo

chudi tré vé toa dd goce (x,,, y,, z, ), phép bién d6i ma trdn cho k&t qua :
A TA,LPEA VAL =T (3.9).

Déay la ma tran dong nhét 4 X 4, vi bién d6i nay 14 bién déi dong nhat
tré vé toa 43 gée.

Bédi vdi cd cdu da vong, phudng trinh vong kin néu trén 1ing véi ting
vong ddc lép, tir dd sé tinh duge tap hop tich cae phuong trinh rang buje.
Chu y, khép da nang ¢6 thé duge 14p md hinh tir hai khép xodn, giao
nhau, va khép cdu ¢d thé lip mé hinh tif ba khép xodn giao nhau,

Phuong phdap Denavit-Hartenberg rat tong quat va tré nén phic tap
khi ¢6 nhiéu vdng khép kin. Déi v6i co cau van hanh song song, viée
dung phuong phap hinh hoc sé thuén tién hon. Néi chung, phuong trinh
ving vectd viét cho mdi nhdnh va cdc bién khép thu déng duge loai tri
trong cic phuong trinh nay.
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Phan tich vj tri ¢d cdu chdp hanh song song 3RRR phing

Hinh 3.2 minh hoa co cdu chap hanh song song 3 béc tu do phang, ba
di€m ¢8 dinh P, Q, R xdc dinh vi tri hinh hoc clia d& va ba diém A B,C
xdc dinh vi tri hinh hoc bé di déng. Ba nhanh song song néi bé tai 3 diém
A B, Cvandidétai3diém P, Q. R bang cdc khdp xodn. Méi nhdnh ¢é 2
khiu ndi nhau béng 1 khép xodn. Co cdu nay cé 8 khau va 9 khdp xodn.
Béc tu do cua co cdu duge tinh tif pt (1.4):

F=lMn-j-1)+Y 7, =3(8-9-1)+9=3

Co cdu nay c6 3 bac ty do. Bé chuyén dong 1a khau xuét va cdc khau
PD, QE, RF 14 khau nhap. Cac bd tac dong c6 thé duge 14p trén 4 ¢ dinh.

Hinh hoc clia ¢d ciiu chap hanh

Tit Hinh 3.2, goc toa d6 c6 dinh d4t tai diém P, Truc x huéng theo
du‘(mg PQ va truc y 1a dudng vudng goc vdi PQ. Gia subé di dong ABC va
dé€ ¢d dinh PQR 14 2 tam gisc déu (AB=BC=AC =4 vd PQ=QR=RP
= ¢ ). Hinh 3.6 minh hoa chigu dai cdc khau va cac géc khép ctia nhanh i

Vitri bé di dong tai diém A duge x4c dinh véi gée dinh hiténg §. Toa
d6 diém B va diém C xdc dinh theo diém A va géc & nhu sau:
Xp =X, +hcé
¥p =Ya +hsé (3.10)

31. V7
s ,@{—“—-» . Hinh 3-6. Cac géc khdp trén
[ mot nhanh cla e¢d cdu chap

HE hanh song song phang 3RRR.
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™

s
= h n
Xp=Xat C{d’* 3J
Ye =y, +hs(¢+%} (3.11)
L

Xét hinh hoc (Hinh 3.6), phuong trinh vects vong la:

OA =0OP +PD+DA

(3.12)
bidu dién phuong trinh nay theo toa 49 cé dinh:
X =X, +a,c8 +bye(®; +y )
Ya=Yp+a80; +bys(0; +wy). (3.13)

Vi P la diém gdc toa dg nén x = y, = 0} ¥ 1a gée khop thy dong
nén cé thé loai bo khéi phuong trinh trén. Pt (3.13) trd thanh:
X, —a,c0; = bye(0) +y).
¥a —2,80; =b;s(8; +y;). {3.14)
Téng binh phuong cua pt (3.14):
x2 +y% —2x,a,¢0, -2y 8,80, +a} by = 0. {3.15)
Tuong tu, hai phudgng trinh ciia nhdnh 2 va 3:
x2 +y% —2xa%q - 2yAYqQ tX{ +Yg thP 4 a3 — b3 + 2x,hed
+ 2y 2 hst — 2x4a,00, — 2y 2,50, - 2a;hcged, — 2xghed - 2yghse
+ 2% 8,00, + 2y qa,s0, — 2a,hs¢st, = 0.

xi +yf\ —2XAXg —2YA¥R +xﬁ +y%+h2 +a§ —b§

+ zx},&hc[q, + %] + 2y‘_\hs[¢|%]— 2% pa4c04

{3.16)

‘oo
-2y qags0y - 2a3h{:k¢ el
L.,.

- 2xnhc[q‘> + %j -2y Hhs[ ¢+ %}L 2x pa,chy

+2_\!Rags{33—2ashs{¢:+-‘3583 =0 (3.17)
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bong hoc ddo
Vi dgng hoc dédo, x,.y, va O da biét, cdn tinh cdc goe khép B, 0, va
B,. Xét tiing nhdnh, d6i véi nhédnh 1, ¢6 thé hién déi pt (3.15) :
€188 +e4ch, +e, =0 {3.18)
vdi
) = -2y a8,
ey =-2x,4a,
e3 =X, +y§ +af - b}
thay cac dong nhét thife lugng gide:

. 1-¢2
88, = 2, va b = 4

_1+ti2 1+t?

. 0;
. Vi t; =tan~1
2

vao pt (3.18%
(e3—ey)td +2e,t, +(e;+€,)= 0 (3.19)

gidi pt (3.19) theo £

) §.2 2 2
0 —2tan_] "“eli el +€:2-83
1=

(3.20)

Tuong tng moi vi tri bé cho trude, 0, ¢6 hai nghiém, 46 1a hai cau
hinh cta nhéanh 1. Khi pt (3.18) ¢6 nghiém kép (s thuc), hai khau PD va
DA ¢6 cau hinh dui thdng hoae co lai, 14 cdu hink don. Khi 0, khong cé
nghiém thue, vi tri bé (chuyén dong) 1a khong thé dat dén. Khi da giai
duge 8, thay vao pt (3.13), sé tim duoge W

Giai tuang ty vdi hai cau hinh nhanh song song con lai. K&t qua s& 1a
8 hinh thai ed cdu van hanh c6 thé xay ra tuong ing véi vi tri ddu tdc
ding cho trude.
PBédng hoc thuan

Véi dong hoe thuan, t10,, 8, 8, cho trudc, cé thé tim duoc vi tri {x,y)
va goc dinh huéng ¢ cia bé chuyén déng, bing cach khi X, vAy, tif cdc pt
(3.15), (3.16), (3.17). Truéc hét, bién déi cac pt{3.15),(3.16},(3.17) thanh:
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X2 +y4 ve;xa tepyate ;=0 {3.21)

X2A +Yi +8oXp +E9p¥a tE23=0 (3.22)
X4 + Y% +€3Xa +€32Y 5 +e33 =0 (3.23)

vl :
e, = —2a,cé,
912 = —231501‘
p 2
ey3 =ay —by.
g, = —2Xq +2he - 2a,00,,
€9y = -2y +2hsd —2a,80,.
e = %2 +v2 +h? +aZ - b2 - 2a,hched, - 2a,hsso
23 Qt¥g 2~ Uy ohedch, — 2ashsdsb,y

~2xghed -~ 2yqhso+ 2xgagchy + 2y qa980;.
€4, = —2xp +2hc[¢+%]—233c83,
s
eqy = -2yp +2hs[¢+§]— 28,80,
g = X5 +y5 +h% +a} -b} —2ashc[¢+%)c93 - 2a3hs(¢+§}593

- 2XRhC{¢ +%] - ZthS[¢ +%J+ 2XR33003 + 2yRa3SG3.

Cha y, e,, e, €, la cdc hang; e,, e, €,, €, €y €y 14 cdc ham
tuyén tinh ctia s va cd.

Céc pt (3.21), (3.22), (323) 1a hé 3 pt phi tuyén vdi 3 dn sd x,, y, va §.
Lay pt (3.22) trir cho (3.21) va (3.23) trir cho (3.21 )

eluxA +9I12YA +e;3 =0 {3.24)

e:“xA +e'223’A +9I23 =0 (3.25)
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o r r ’ , ’
Vol e, ey ey e, =R, - Bups €y =€ - €y, € 21 "€ T €y €,y = €,

2 r = - - A : b x A
€y VA € 3= €, - €, 12 cde ham tuyén tinh cia sing va cosd.

Cac pt (3.21), (3.24), (3.25) tao thanh hé phuong trinh. Gisi pt (3.24)
va (3.25) dé tinh x, y,. Tiép d6 thay bidu thutc két qud vao pt (3.21), s
duge da thife bac 4 theo s va e :

87 +05 +e),88, +e,,85, +e,36% = 0 (3.26)
VOl S=ej 65 —eyey,
8 = €1p€y3 — €385,

Oy = €13€9) —€) €95

Pt (3.26) c6 thé bién d6i thanh da thue béc 8 bang edch sit dung cde
biéu thiic lugng gisc goc tang. Tl d6, ing véi mbi tap hop cdc géc khap
cho trude, sé c6 t6i da 8 cdu hinh cd cau chdp hanh,

Phan tich vi tri ¢d cau dinh hudng khéng gian
Phén nay s& phan tich déng hoc bé dinh huéng 3 bac tu do. Trude hét

8& mé t4 clu trae dong hoc co cau chdp hanh, sau dé s& gidi bai to4n dong
hoc thuan va ddo.

Hinh 3.7 minh hoa ¢o cau chdp hanh khéng gian song song ¢6 bé
chuyén doéng, dé¢ ¢d dinh, va 3 nhdnh. Bé OB B,B, va d& ()A}AzA3 cé
dang khdi td dign. Bé nél trye tiép voi d& bing khép cdu tai diém O. Ba
nhanh néi bé tai cdc diém B, va néi dé tai cdc didm A béng cdc khdp
cu. M&i nhanh ¢6 phén tit trén va phén tir duéi néi véi nhau bang khdp
lang tru. Truc vit hodc kich thuy lye duge sit dung dé thay ddi chidu dai
khép lang try, tir dé didu khién hoat dong ciia bé. Toan bd cé 8 khau néi
v6i nhau bang 7 khép ciu va 3 khap lang try. Pay khong phai 14 co cau
cau, vi 3 nhdnh va bé chuyén dong khéng cé diém tinh chung. Thuc t&,
cdc phén ti phia trén cda 3 nhanh khdng ¢6 chuyén dong ciu.

Thay A=6, n =8, j =10 va f, ding véi méi khép vio pt (1.4):
F=ln-j-D+Y 7, =6(8-10-1)+(7x3+3)=6

Vi c6 mot bac tu do thy dong lién két véi ting nhdnh, nén bé chuyén
ddng chi ¢6 3 béc ty do. Tuy chuyén d6ng cla toan bd co ciu khéng phai
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B, 7. B& diddng

B; Khopcdu

Khdp lang try

A5 Khdp cAu

0: P& co dinh

Hinh 3-7. B& dinh hudng 3 bac tu do

1a chuyén déng cdu, nhung bé chuyén déng la dang chuyén ddng cau vi c6
diém O ¢6 dinh. Cd cdu nay dugc ding lam thiét bi dinh hudng, bé chuyén
dong 14 khau xudt va ba kKhép lang try duge diing lam phudng tién nhép.

Hinh hoc clia cociu

Hai hé toa do Descartes Alx,y,z) va Blu,v,w) tuong ing duge gan vao
d€ va bé (Hinh 3.8). Goe toa d§ A dt tai diém ¢é dinh O, truc z theo
huéng OA,, truc x ndm trén mat phing OA A,, va tryc y dudc xdc dinh
theo quy tic ban tay phai. Tuong ty, gdc toa do B dat tai didm O cd dinh,
truc w theo hu6ng OB, truc u nam trén mat phéng OB B,, va tryc v dugc
xac dinh theo quy tde ban tay phai.

Bién déi tir hé toa 46 chuyén dong B dén hé toa do ¢§ dinh Ala ma
tran *R, 3X 3 duge xdc dinh theo 3 géc Euler. Gid sif vi tri ban dau cia hé
toa do chuyén dong B tring véi hé toa do ¢d dinh A; vi tri cudi 1a quay gée
¢ quanh truc w, sau dé quay goc 0 quanh tryc u da chuyén vi, va quay goc
Y quanh truc w da chuyén vi. Ma tran quay két qua la:
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Y v e
a) Bé didong bl Dé cb dinh

Hinh 3-8. Hai hé toa dd cua cd cdu dinh hudng.

cocy —spedsy  —cosy —sdcboy 5450

ARy =| sbey +cochsy  —sosy +cpefoy - chsd 3.27)
sOsy sbey c6
Vecto vi tri diém B, iing vdi hé toa d6 B chuyén dong:
Bbi = [biu'bivsbiwr (3.28)

Vectd vi tri diém B, tinh theo hé toa d§ A c0 dinh:
bi :[bix‘biy‘bizrzﬁRBBbi

b, (coey - sdpcBsy) — by, (cdsy +sdcbey) + b;, sdsb
=1 b, (spey + cpcdsyr) - b, (s¢sy —cebey) - b, chsb | (3.29)
b,,s0sy + b, sOcy + by, cO

Vecto vi tri diém A, ¢ng véi hé toa d6 A cd dinh:

a; :[aixsaiysaiz (3.30)
Phuong trinh khép kin vong nhénh i:

d, =b, -a, (3.31)
val d, = m
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Binh phueng pt (3.31) s& 14 phudng trinh céc rang bude d nhanh i:

d?=a?+b?-2alb, (3.32)

v6i d, 1a chiéu dai nhénh ;. Thay céc pt (3.29) va (3.30) vao (3.32):

ejch+esd+es=0 wvdii=1,2 3 (3.33)
trong dé:

€1 = A CW + A Sy + A (3.34)

€5 = W CW + HipSY + g {3.35)

€5 = Vi CW + VoS + Vg (3.36)

iy =a;,b,e0+a, b,

iy Miw ix Miu

kg =a;, b, c0-a.b,

1y Tl X

kg =-a,b,, sb

1y M iw

M = -a;,.b;,eB+a,b,

¥

Hija = a;xbxuce a; b

iy ¥ iv

Mig =8, by,s0

1K iw
Vir = al?bn.rsB

=a. b 50

1z 1

1 ;

Phitong trinh (3.32) hoac (3.33) duge viét ba 1an, mdi lan cho ting i =1,
2, va 3, € ¢6 ba pt rang budc d6i vdi bé chuyén dong.

Bong hoc dao

Vi déng hoc dédo, sy dinh hudng bé chuyén dong duge bidt trude, cin
tim chiéu dai ba nhanh d , d, va d,. Sy dinh hudng bé duge x4dc dinh theo
cdc géc Euler: 9, 6, va Y. Khi bi#t su dinh huéng bé chuyén dong, vi tri

cde didm B véii=1, 2, 3 sé tinh duge tir pt (3.29). Tit 46, cae chiéu dai ba
nhanh d, i =1, 2, 3, duge tinh ti pt (3.32):
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di2 = i,,‘a? + bi2 —Qa?bi viii=1, 2, 3. (3.37)

Néi chung, d, ¢é hai nghiém nhung chi nghiém duong 1a phi hop véi
didu kién thuc té.

Pong hoc thuan
V6: dong hoe thudn, chigu dai ba nhanh cho trude lad, d va d,, can

tim dinh hudng bé chuyén déng. Pt (3.33} duge viét ba llanzde t.m:l ba
phueng trinh lugng gidc, giai dé tim ba bién §, 6, va . Déi véi cac hé toa
d¢ duge chon a, (=, =a, =0,b, =b, =0, a,=1 =0A,vab =
l,=0B,. Pt [33) viii= lcoketqua
1241242
G=cpgl 2“2
TR N (3.38)

Tir pt (3.38) tim duge hai nghiém 8, nhung chi thé hién mét dinh
hudng cia ¢of cdu, nén chi tinh 12 mét nghigm. Pay 1a van dé chung lién
quan dén géc Euler dinh hudng cta vat thé eing rén.

Sau khi tim dugc 0, ¢6 thé viét pt (3.33) hai ldn véii=2va 3, va tim
¢ va 50 nhusau:

€22€33 —€93€39

c = 3.39

€183z — €326y 339)

s = ©23€31 ~€21€33

€21€32 — €326y

véie, e —e, e ¥ 0.Khi ¢ bingcachthay pt(3.39) va (3.40) vao
dong nhat thite lugng gide c2¢ + s0 = 1. Két qua sé la:

(3.40)

2 2 9
(egz€33 —€33859 )" +(y83; —€p1833)" — (€518, —€ype53;)" =0 (3.41)

thay cac pt (3.34) va (3.36) vao (3.41), sit dung ddong nhat thiic lugng
giac:

1-t% sy =
A =
1+t? v 1+t2

sé ¢6 da thie bac 8 theot:

oy = V6l t = tp(y2)
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kot® +k,t7 + +kt+kg =0 (3.42)

vdi k;,1=0,1,2,..., 8, la cdc hdm clia cdc théng 56 hinh hoc a, b, cédc
chidu dai nhdnh d, va géc 0. Ung véi timg nghiém 6, sé c6 t6i da 8
nghiém Y. Khi biét 8 va y, pt (3.39) va {3.40) sé cho mét gid tri don ¢.
Tém lai, déng hoe thudn bé dinh hudng cé tdi da tdm hinh thai kha thi.

Phén tich vi tri co cdu chap hanh MARYLAND

Phén nay sé nghién ciu co cdu vAn hanh song song 3 bac tu do duge
thiét ke tai Pai hoc Maryland. Co¢ cdu nay chi st dung cac khép rang bude
dau ra (bé chuyén dong) theo chuyén dong tuyén tinh. Hinh 3.9 14 luge d6
co cau chép hanh, d¢ ¢ dinh 12 khau 0 va bé chuyén dong 1a khau 16. Noi
bé v@i d&'la ba nhanh déng nhat. Mdi nhanh gém mét tay don trén va
mit tay don dudi. Céc tay don dudi ta 3 khau 1, 2, 3. Mbi tay don trén la
mét hinh binh hanh 4 thanh phdng, c4c khéu 4, 7, 10, 13 § nhdnh thad
nhiat; 5, 8, 11,14 ¢ nhanh thithai: 6, 9, 12, 15 & nhdnh thi ba. Trén mbi
nhdnh, tai cac diém néi A, B, C 1a ba khdp xodn song song. Ba truc khdp
néi két 4€ nam trén mot mat phidng; ba truc khdp ndi bé ciing nAm trén
mét mat phang. Céc truc khdp tai B va C vudng gée cée truc khdp cia
hinh binh hanh 4 thanh. Toan b ¢é 17 khau va 21 khép xoén. Theo
phuong trinh béic tu do:

F=Mn-j-1)+3 f,=6(17-21-1)+21=9

Tuy nhién,viée bd tri khau va khdp sé lam thia nhiéu t4c dong cuing
ché cia khdp, nén co cau hinh thanh chi ¢6 3 b4c tu do. Nh& vao hinh
binh hanh 4 thanh va 3 khdp cuén ngoai song song & A, B, C, nhanh don
nao cing cudng ché duge bé quay theo truc bat ky. Tir d6, vdi co cdu bign
doi 3 bac tu do, bé chuyén déng luén cé sy dinh hudéng giéng nhau & moi
thai diém. Pac tinh nay hiu dung trong nhiéu img dung, nhu thiét bj
dinh vi x-y-z.

Hinh hoe ¢d cau

Trén Hinh 3.9, hé toa d§ quy chigu (x, y, z) g4n vao tam O cta dé ¢d
dinh (truc x va truc y trén mat phang ¢& dinh, truc z huéng lén trén). He
toa d§ (x, y, z,) gdn vao diém A, cda d€ (truc x, trén dudng OA kéo dai,
true y; trung vdi truc khdp xodn tai A, truc z, song song vdi truc z). Gée
. (gde gilta truc x véi tryc x,} 12 thong sé khong déi trong thist ké co cdu.
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Hinh 3-9. Cd cau chadp hanh bé chi ¢é cdc bac iy do tinh tidn.

Hinh 3.10 x&c dinh cdc géc khdp trén nhanh i, véi p 1a vecto vi tri trong
tam cia bé, 8,13 gée do tir truc x, tdi AB, 0, dugc xdc dinh ti duting AB
kéo dai téi giao tuyén cha mat phing hinh binh hanh va mat phang (xz),
gée B, dvige do tir chidu y, dén B,C, . Toan bd cé 9 gée khop 6, 0,, va
0, véii=1,2 3.

Véicd cdu nay, 0,0, 6, duge xét nhir ede khdp duge tic dong, ndi
moi co cdu dén dé ¢d dinh. Phuong trinh vong kin trén mdi nhanh la:

A.B;+B.C, =OP+PC, - 0A, (3.43)
Biéu dién pt (3.43) trong hé toa dd (x, y,, 2)

bebg; =|Cyi {3.44)
ast,; + bsbys(0,; +0,p) Cyi
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{a) Mt truée {b) Mit bén

Hinh 3-10. Cac géc khdp

v

Cxi c¢i S¢i 0 Px h-r .
Cy =~ s¢; cp; O g I+ 0 (3.45)
Cy 0 0 1p, 0

o

chi 6 vi tri diém C, lién quan dén khung toa dé (x, y,z),ava b la
chiéu dai cde khau ABvaBC,p=|p, P, b, T la vector vi tri diém P
lién quan dé&n hé toa do (x, v, z).

Péng hoc déo

Trong déng hoc ddo, vdi vector vi tri p cho trude, can tim cdc goc
khép 0,,,0,,, va 8 cdn thiét dé chuyén dong bé dén vi tri mong mudn.
Vi p da biét, vi tri C. ciing biét, Xét bé mat duge tao ra do toan bd
khoang chuyén dong cia CB, theo diém C. D6 12 hinh cau tdm C.. Khoang
chuyén dong toan phén ciia A B, 1a vong tron tim A trong mit phing
chuyén dong A, B. Nghidm cta bai todn dong hoc ddo la giao tuyén giita
hinh c4u va vong tron nay (Hinh 3.11). Cé bén trudng hop cé thé xay ra:

1. Cach gidi téng qudt ; vdng tron xuyén qua cdu, cho hai nghiém.

2. Cdeh gidi don: vdng tron tiép xic ciu, che mdt nghiém.
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B8é& didéng

~
Hinh cdu do thanh trén
quét theo guidao tron

Buang trén bi cét tif thanh dudi

Cung do thanh dudi quét

D& cd dinh

Hinh 3-11, Hai nghiém déng hoc ddo cla mdt nhanh

3. Cdch gidgi‘don: vong tron ndm trén hinh cdu, cho vé sd nghiém.
Piéu nay khong thé xay ra, vi bé chuyén déng va bé ¢ dinh
khéng thé chiém cing mat phéng.

4. Khéng ¢6 nghiém thue: vong tron vi hinh ciu khong tigp xic hay
¢4t nhau.

Phuong phép dai s6 duge dung dé giai pt (3.44). Gidi phan tir thi hai
clia pi (3.44) s& ¢6 hai nghiém 0, :
1 Cyi

b

Sau khi biét 8., phuong trinh 8, c6 mdt &n duge xac dinh bang cdch
tinh téng cic bmh phuong ¢ ¢, cla pt {3.44})

Bg; =cos” (3.46)

xit u‘

2abs0y;chy; +a” +b% = e+ + ol (347)
tit do: By =cos ' k ' (3.48)

vii k= (e +(:'f,i +e? —a? -b%)/(2absfy;). Ung v6i ting nghiédm 0,
pt (3.48) ¢6 hai nghiém 0, , do d6 ¢6 bén tap hop nghiém 6,, 0,
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Ung vé6i titng tap hgp nghiém 8,, 0., pt (3.44) ¢6 mot nghiém 0
Tuy nhién, bén tap hop nghiém chi 6 hai gia tri 0,, phén biét. Hon nifa,
do6i véi ting nghiém 0., hai gia tri 8,, c6 higu la %, v4i tong cla hai gid
tri nay 1a zero. Tif cdc quan hé nay va dang hinh hgc clla nhanh, méi
nhanh dugc coi 1 €6 cling vi tri vat ty ddi véi timg 0. DS v6i timg nhénh
vdi bon tap hop nghiém, thue t& chi ¢6 hai vi tri phan bist.

Giai déng hoe ddo }a khéo sat pt (3.48) va xét cde truding hgp déc biét:

Néufe 1< bud |k | < 1 hai nghiém tuong Ung vdi cdu hinh theo vi
tri dudng tron, do A B, quét, et hinh cdu, do CB, quét.

* ! . [ X . ~ - = ’
Néu |ec I =b va ¢ +¢/ =df vong tron va hinh cdu tiép xuc
nhau, cd cdu chap hanh & mét vi tri.

Néu Icﬁl > b vong tron va hinh cdu khéng cdt nhau, khéng ¢é
nghiém thuc.

Bong hee thuan

Vi cac goc khop ngd vao dabigt 0 ,0,,0 ,, can tim vi tri bé chuyén
dong. DAu tién, xét bé mat gém moi vi tri P khé di ea nhanh i véi 0
cho trude. Day 12 mat cdu tam B’, cdch B mot doan h theo chiéu C,P. Sau
d6 xét ca ba nhanh. Biém P phai ddng thai trén ca ba hinh cau duge tao
ra do P quét vdi mdi nhdanh. Céc diém giao cua ba hinh cau nay la
nghiém déng hoc thuan. Trudng hop tdng quét, ¢é hai nghiém, vi diém
giao cia hai hinh cdu 14 mét vong tron, cdt vong tron thit ba ¢ 2 diém.
Bén trudng hop cé thé xdy ra:

1. Nghiém téng qudt: hai nghiém la hai diém giao chung cba ba

hinh cau.

2. Nghiém don: Mot hinh cu tiép xic tai mét diém véi vong tron

giao tuyén cia hai hinh cau ¢bn lai.

3. Nghiém don: tam cda hai hinh cdu bat ky trung nhau, két qud la

v6 sé nghigm. Day 1a cau hinh cd cdu chap hanh khéng kha thi
trong thue té, trit trutnghopq,, =4, =q,, =p/2 va r=h

4. V6 nghiém:ba hinh cau khéng giao nhau.

Gidi bang dai s6 12 viét va gidi cdc phuong trinh ba hinh cau dé xdc
dinh diém giao nhau, Thay ¢, ¢ , ¢, tif pt (3.45) vao (3.44):
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bsbg;e(B; + 0g) ¢h; so; O|p,| [-ach,~r+h

{3.49)
bsBy;s(0); +0g;) 0 0 1jp, - asby;

Phuong trinh hinh cdu quét béi diédm P cho nhéanh i 1a téng binh
phueng ba thanh phén pt (3.49):
b? = pi +p; + P2 - 2(pychd; +p,50;)acd; +r-h)
- 2p,as8,; +(ach,; +r-h)? +a’s%g (3.50}
véii=1,2,3
Mat phang chija vong tron giao tuyén cia cde hinh cdu nhanh -
nhanh j dugc tinh bang cach 1y pt (3.50) vdi i = j trif cho pt {3.50) vdi i =1:
€1;Py T3Py teyP, +ey; =0 vdij=2,3 (3.51})
trong dé:  e;; = 2e;(ach; +r-h)-2c¢,(acd,; +r-h)
€9 = 2s0;(acd,; +r-h)-2s¢(acd;, +r-h)
eg; = 2ast),;; —2asb,

ey; =(achy, + r-h)* +a%“0,, —(achy; +1- h)? —325281_]-

Phuong trinh (3.51) dugc viét hai lan vdi j = 2 va 3, cho két qua hé hai
phuong trinh ddc lap tuyén tinh khi cdc tam cdu khong thing hang. Heé
phuong trinh nay xdc dinh dudng chita diém P néu ¢é cde nghiém thuc,

Giao diém cda dudng nay véi mét trong cde hinh cdu pt (3.50) 1a nghiém
bai toan ddng hoe thudn. Trutmng hdp nay, can gidi pt {3.51} vdi P B,
theo p, thay bi€u thue két qua vao pt (3.501 véii = 1

kopy +k;Py +ky =0 (3.52)
Cdc hé s cta phuong trinh bac hai la:
2 42
ky=1 +%+1—;—
, - 21%11 zl.iu Colyep, sl 2k o
15 1, 2 Iy
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g 1 1
ky=12-b2+-04+ 3 1a%%,, - 2ok, sb, - 2al, 50,
St 1, 1,
trong do: I = €39€43 —€33€,49

I} = ejgeq; ~epe3;
1y = eppegy —e95€3
13 = eg3e,y ~€p3e43
1y =ey2895 —€ 13809
ly =aeB;; +r-h

viie,e,e,e,e,,e,vae, duge xdc dinh theo pt {3.51).

Cé thé cé bon trudng hop xiy ra:

1. Néu k®-4kgk, > 0: hai nghiém 12 hai diém cdt cia vong tron
giao tuyén hai hinh cdu cdt hinh cau thiba. Hai dang co ciu chip
hanh tao hinh anh ddi xing guong qua méat phing xdc dinh béi
cdc tdm cia ba hinh ciu.

2. Néu k? —4kyk, = 0: vdong trdn giao tuyén cla hai hinh c4u tiép
xtc hinh c4u ¢dn lai tai mét diém, két qua 13 mét nghiém thue.

3. Néu k? - 4kgk, <0:bahinh cdukhéng cit nhau, khéng 6 nghiém
thue.

4. Néuhe pt (3.51) véi j = 2 va 3 phy thude tuyén tinh: céc tAm cdu
thing hang, sé cé v sd nghiém néu cdc tam trang nhau hodc vé
nghiém néu khong tring nhau.

Khi biét p,, cdc gid tri p,, p, tim duge bing cdch thay vao pt (3.51).

Tém lai, ¢ cdu chap hanh 3 bac tudo tinh tién duge xdc dinh theo hé
phuong trinh. Cdc nghiém duge phan tich theo déng hoc thuin va déo.
Néi chung, ¢6 hai dang vdi dong hoc thuan va hai dang trong méi nhanh
v6i dong hoc ddo. Lugng giac duge dilng trong ed hai dong hoc thuan va
ddo d& lam sang to ban chét cua foai cd cdu chdp hanh nay.



Phan tich vi tri co cau chip hanh
song song khéng gian 3 RPS

Hinh 3.12 minh hoa ¢6 ¢du chdp hanh song song 3RPS ba bac ty do.
Ba nhanh ni v6i bé bing cac khép cdu tai cac diém B, va ndi vdi d& bang
cac khép quay tai ca¢ diém A . Mdi nhdnh c6 phan tren va phan dudi, ndi
vdi nhau bang khép lang tru. ‘Ba khép lang tru nay 14 ngo vao co cdu chdp
hanh. Toan b ¢6 8 khéu, 3 khdp ling tru va 3 khdp cdu. Bac tu do cila co
cau la:

F=an-j-D+Yf, =6(8-9-1)+(3+3+9)=3 (3.53)

Bé cd dinh

Hinh 3-12. Co cdu ch3p hanh song song 3-dof, 3RPS

Hinh hoc ¢g cauvan hanh

Hai toa d4 Descartes A(x, y, z) va B(u, v, w) dugc g&n tuong ing vao
dé c6 dinh va bé di dong (Hinh 3.13). Céc diém AL,A A namtrén mat
phang x-y; cac diém B, B,, B, nim trén mat phé’mg u-v, Tren Hinh 3.13,
goc O he toa d§ c6 dinh ducc dinh vi tai trong tAm tam gide A AA va
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{a) D& cd dinh

Hinh 3-13. Cd céu 3RPS song song.

truc x cing chidu véi OA . Tuodng tu, goc P hé toa d chuyén dong tai
trong tam tam gidc B B, B va tryc u cung hudéng vdi PB,. Ddy 1a hai tam
giae déu vai OA = OA OA =gva PB, =PB,=PB, h Truc j, cta mdi

Ha
(o) Bé di dong

khdp quay ndm t,ren mét phang x-y va vuong géc vm vector OA

Bién ddi tir bé di ddng dén d& ¢ dinh duge mé td bing vector vitrip
=OP va ma tran quay 3x3 1a *R,. Goi u, v, w 1a 3 vector don vi cua 3

truc toa d6 u, v, w; ma trdn quay bidu dién theo cosine cila u, v, w 1a:

u, v w

x X
A"\
RBZ U}. v‘\‘. W)J
Luz vy Wy

Chu ¥, cac phdn tir cia ma tran trén phai thod cdc didu kién true giao:

(3.54)

u? +uf. +u?=1 (3.55)
vieviivi=1 (3.58)
witwltw, =1 (3.57)

U, vy +u vy +u,v, =0 {3.58)
UyW, +U W, +u,W, = (3.59)
VW bV W v, w, =0 (3.60)
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Goi a, va "b,la vector vi tri diém A va B, trong hé toa d6 A va B

tuong Lrng Toa do A, va B, duge cho then:
a, = [g‘O'O]T

T
a, = _lg_@go—lj
2 2% g &

Vector vi tri g, cia B, Gng véi hé toa dé ¢d dinh:

4; = p+ARBBbi

Thay céc pt (3.54) va (3.64) dén (3.66) vao (3.67):

'p, +hu,
q( =|py thu,
p, +hu,
Ps —-lhux +£hvx
o
1 3
q2: p)" —Ehu),-i-?]flvy
pz.——l-huz+—‘/—§-hvz
i 2 2

(3.61)

(3.62)

{3.63)

{3.64)

{3.65)

(3.66)

(3.67)

{3.68)

(3.69)
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r -
Py —lhux —ﬁhvx
2 2

1 J3
o —thu, -y,
93 5| Py ~5 My 775 Yy (3.70)
1 J3
—-—hu, ——hv,
pz 2 Fa 2 z

Cac rang budc cta khdp quay

M3i nhanh néi véi bé cd dinh tai diém A, bing khép quay, chuyén
déng bi rang budc theo mot trong ba mét phang:

qyy =0 v6ii=1 (3.71)
Quy =-V3Qy, vOii=2 (3.72)
Qay =+V3Qy, VvOii=3 (3.73)

Thay thanh phén y cda q, tif pt (3.68) d&n (3.70) vao ba phuong trinh
trén:

p, +hu, =0 (3.74)
1 J3 1 J3
Py 5 huy +-hv, =—J§[px—§hux+?hvx} (3.75)
1 ¥3 1 J3
p}r HEhu)’ —?h\f}. = 'Jg[px _Ehux "_2"hvx] (3.76)
LAy 2X (3.74) trit cho téng cac pt (3.75) va (3.76):
Ve =uy (3.77)

Lay pt (3.75) trit cho (3.76):

Py = -lz-h(ux —vy) (3.78)

Cdc pt (3.74), (3.77) va (3.78) 12 ba rang budc chuyén dong déi vai be
di dong.
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Chiéu dainhanh i
Chiéu dai mét nhanh d, (Hinh 3.13) duge tinh theo:

df =[q, -a,["[a; -a,] v6ii=1,2,3 (3.79)
Thay cdc pt (3.61) dén (3.63) va (3.68) dén (3.70) viio (3.79):

df =p% +p) +p?+2h(p,u, +pyu, +p.u,)
-2gp, -2ghu_ +g? +h? (3.80)
d =p% +p} +p? ~h(p,u, +p,u, +p,u,)
+3h(p, vy +Py v, +p,v,) +g(P, -VBp, )
—%gh(ux —ﬁu}.)+égh{ﬁvx -3v,)+g® +h? (3.81)

d3 =p%+p} +pZ-h(p,u, +p,u, +p,u,)

_‘Jgh(vax +pyv_y +pzvz)+g(Px +'\/§py)
1 1
-5 8hiu, +\/§Uy)—§gh(w/§vx +3v,)+g? +h? (3.82)

Phuong trinh (3.80), (3.81), (3.82) lién hé chiéu dai nhdnh véi vi tri be
chuyén déng.

Déng hoc dao

Vi vi tri bé di dong cho trude, cn tim cde chidu daj nhanhd,,d, d..
Co cau chap hanh chi ¢6 ba béc ty do, nén vi tri va dinh hudng phai dugc
x4c dinh dng véi cac rang bube coa khép quay. Phuong trinh (3.77) 1a
rang budc ddi v4i sy dinh huéng bé, con cdc pt (3.74), (3.78) ¢6 thanh
phan x va y cia p lién quan véi sy dinh hudng be. Chi c6 3 trong 12 théng
st cda *R, va pla duge xédce dinh tuy y. Trong trudong hop bat ky, thanh
phén z cda p phai duge xdc dinh, vi khéng xu4t hien trong cdc phuong
trinh rang buge, cdn hai théng s¢ khac duge chon tir vector vi tri p hodc
3 vector don vi u, v, w. Khi 3 théng s& duge chon, cdc thong s6 con lai
duge xdc dinh tir pt (3.74), (3.77), (3.78) va tii cac didu kidn truc giao. Ba
thanh phan'cda p duge chon 1a nhimg théng sé déc lap, sé ¢6 8 dinh
hudng bé tuong dmg. Néu céc goc truc r, p tir cdc gée Euler r-p-w duge
chon va p duge chon 1a théng s6 déc 1ap, ¢6 hai vi tri bé tuong img. Khi
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biét vector vi tri va ma tran quay cua bé, chiéu dai nhanh duge tinh truc
ti&p tit pt (3.80), (3.81), (3.82).

péong hoc thudn

Véi chidu dai cdc nhanh cho trude d,, d,, d,, cAn tim vi tri bé. Céc pt
(3.55), (3.56), (3.58), (3.74), (3.77), (3.78), va (3.80) ti (3.82) tao nén hé 9
phuong trinh da thic e6 9 nip,p,P, U, U, V,V, ¥V, Céc pt (3.55),
(3.56), (3.58), (3.80), (3.81), (3.82) 1a cac da thiic bac hai; cée pt (3.74),

(3.77), (3.78) 1a cac phuong trinh tuyén tinh. Hai phuong trinh tuy#én tinh
13 két qua tinh toan tif cdc pt (3.80), (3.81), (3.82). K&t qua nay cho mot hé
méi gbm bén da thite bac hai va nam phuong trinh tuyén tinh. 3¢ bién
déi Bezout 1a 2¢ =16, hé phuong trinh ¢6 16 nghiém.

Sau day xét cdc géc nghiéng ¢, ctia nhdnh, xem nhu cac bién trung
gian, va cach su dung cdc goc nay dé rit gon da thite bac 16. Xét ¢, 1a géc
do tir A O dén AB, (Hinh 3.12), vector vi tri diém B ting véi hé toa d§ c&
dinh sé la:

g—d,cd,
@=l 0 (3.83)
d,sé,

1 1

_ (g _d.,chd.
’V 2 (g —dchy}

J3
qy = +—2-(g—d2c¢2}
d,sh,
L ]

. :
’V —E(g—dac%)

J3
Gy = —-2—(g—d3c¢3)

ds¢a

(3.84)

(3.85)

Chiéu dai nhanh da bist va co cdu tuong duong cd cau khong gian
3RS ¢6 bac ty do zero, nén vi tri va sy dinh hudng cia cd cdu duge xdc

dinh thee B;B,|= J3h ; nghia la:
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la; ;1 ["la, ~qi.1]-3h% =0 véii=1,2, 3 (modulo 3)(3.86)

Cht y, ky higu nhé trong pt (3.86) tuan hoan theo modulo 3 (néu i =3
< i+1=1). Thay pt (3.83} dén (3.85) vao (3.86):

€1:C0;C¢; +ey;5¢;89, 1 +e3,C0; +e4;0h;, veg; =0 (3.87)
trong dé i = 1, 2,3 {modulo 3}, v4i:
e;; =d;d;,
ey = —2dyd;,,
ey =—3gd;
eq = -3gd;,

es =—3g*+d} +d%, - 3h?
Bién d6i pt (3.87) thanh hé phuong trinh da thite d& khi hai bién
chua biét, Thay cac déng nhat thie lugng gide:

2t;
8¢; :ﬁ va ;=

lut? o,
e e .t :t 1
1+ti2 vl L aﬂ"_2

vao pt (3.87), sé duge ba da thitfe bdc 4 theo t , ¢, t.:

1 e by
eutits, +8yt7 + Bt +etiti, +e5 =0 (3.88)
vdii= 1,2,3 (modulo 3)
trong do: €, =€ —€qy -y +eg;
€gi = —€); —ey; +ey; teg
€3; = —€y; + 83, —€y; +e5
By; = 4dey;
€5 =e); teg +ey; +ey

S& Bezout 1- déng nhat 14 4° = 64, 56 Bezout 3- déng nh4t 1a 16, P&
chiing minh diéu nay, x&p cdc bién vao ba nhém:

Nhém 1: |t] | : Nhom 2: |t2| nhém 3: |t3 |
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Béc cia ba phueng trinh theo cdc bién clia méi nhém ligt ké trong
Bang 3.2, xét tich

3 3
I}{%dij[jj] = (2B] + 2By X284 + 2B, 1231 +2[33}

véi d lay tit phéan ti7 (i, j) trong Bang 3.2. Méi nhém chi ¢ mot hién,
55 Bezout 3- dbng nhat, duoc xac dinh bing hé s6 cia s6 hang B,B,B, . 1a
16, hé phuong trinh sé ¢6 td1 da 16 nghiém.

Bang 3-2: Bac cla phudng trinh

Phudng trinh Nhém 1 Nhom 2 Nhém 3
1. Phuong trinh (3.88) vdii=1 2 2 0
2. Phuong trinh (3.88) véii =2 0 2 2
3. Phuong trinh (3.88) v6i1=3 2 0 2

Sau day sé 4p dung phuong phdp téch khir Sylvester dé rit gon hé
phuong trinh vé da thifc bac 16.

(a) Khit t,, P& kha t,, pt (3.88) vdi i=2 va 3 dugc viét thanh hai da
thae bac 2:

AtZ+Bt;+C=0 (3.89)

Dt +Et, +F=0 (3.90)

véi A, B, C 1a da thie bac 2 theo t,, ¢6 cdc hg 86 suy ra ti pt (3.88) vdi
i=2.

D, E, F la dathuc bac 2 theo t, ¢6 cdc hé 86 suy ra tif pt {3.88) v6i i=3
Nhan pt (3.89) v6i D va pt (3.90) v6i A, rdi trif cde két qud:

(AE-BD)t; +(AF-CD)=0 (3.91)
Nhan pt (3.89) v6i F va pt (3.90) véi C, rdi trir cac két qua:
(CD- AFjt, + (CE - BF) =0 (3.92)

Céc pt (3.91) va (3.92) 12 hé hai phuong trinh tuyén tinh theo t, va 1.
Khif t, trong hé pt nay, dinh thitc cia ma tran hé s& bang 0:
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(AF-CD)” +(AE - BDYCE-BF)=0 {3.93)
(b) Khit t, Pt (3.93) duge viét thanh:
Lt + Mt + Nt2 +Pt, +Q =0 (3.94)

L, M, N, P, Q la cic da thitc bac 4 theo t,. Phuong trinh (3.88) véi i=1
dugc viét thanh:

Gts+Ht, +1=0 (3.95)
véi G, H, I la cdc da thiic bae 2 theo t,.
Nhan pt (3.94) vdi G va pt (3.95) v6i Lt,2, rdi trit cdc két qua:
(HL-GM)t3 +(IL-GN)t2 -GPt, - GQ =0 (3.96)
Nhén pt (3.94) véi Gt,+H, va pt (3.95) véi Lt,*+Mt 2, rdi trit cse két qua:
(GN-LDt3 +(GP+HN - MI)t2 + (GQ + HP)t,, + HQ = 0 (3.97)
Nhan pt (3.95) véi t,;
Gt3 +Ht2 +1t, =0 (3.98)

Cac pt tir (3.95) dén (3.98) 1a 4 phuong trinh tuyén tinh déng nhat
theo 4 bién t,%, t .2, t, va 1. Khii bé cac phdn tir, edn lai:

HL-GM  IL-GN -GP  -GQ

GN-LI GP+HN-MI GQ+HP HQ o (3.99)
G H I 0
0 G H L

Phuong trinh (3.99) ¢6 da thife bac 8 theo binh phuong t, . Tir 86, t6i
da c6 8 cip nghiém t , méi c4p 1a hai gis trj nguge dau nhau.

(e} Vi tri bé chuyén d¢ng. Khi tim duge $., 9, va O, c6 thé duge
tinh bang cdch thay vao pt (3.95) va (3.89). Sau dé, tim vector vitriq,,
q,, q, bang céch thay gia tri &, vao pt (3.83), (3.84), (3.85) tuong tng. Vi
khdp cau duge dat tai dinh tam gide cdn, nén vector vi tri bé p dugc tinh
theo cong thuic:

1
p= §(q1 +qy+qg) (3.100)
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Dinh hudng bé duge tinh theo cac pt (3.74), (3.77), (3.78) va céc diéu
kién true giao.

Tém lai, ¢6 16 nghiém déng hoc thuén, tao thanh 8 cip vi tri co cdu
chdp hanh, trong méi cap, mdt vi trila déi xung guong cla vi tri kia qua
mét phing ¢6 dinh A A A,

Phan tich vi tri bd@ STEWART- GOUGH téng quat

Bé Stewart - Gough 1a cd cau chap hanh song song 6 SPS, 6 bac tude
(Hinh 3.14). Sdu nh4dnh ndi bé di déng vdi d& ¢d dinh bing cac khép cau
tai cac didm B va A, véii=1,2,..., 6 tuong ing. M5i nhénh gdm phan trén
va phin dudi néi véi nhau bang khcrp lang tru. Truc vit hodc kich thuy luc
duge ding dé thay déi chidu dai khép Yang tru va do d6 diéu khién vi tri bé.

Trén Hinh 3.14, cdc di€m A, v6i i= 1 dén 6, & cing mat phéng trén
d@ ¢d dinh. Tuang ty, cdc didm B v6ii=1 dén 6, d ciing mat phang trén
bé di dong. Tuy nhién vdi bé Stewart téng quat cédc difém nay khong
nhét thiét trén mt mat phdng. C6 14 khau ndi véi 6 khdp lang tru va 12
khép cdu. Sé bac tu do cha co cdu la

Fein-j-1)+Y f, =6(14-18-1)+(6+3x12)=12  (3.101)

Hinh 3.14: Cag cdu chip hanh song song khéng gian BSPS, 6 bac ty do
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Cé 6 bde tu do thy dong lién quan v6i 6 nhanh, nén bé chi c6 6 bac tu
do. Nhanh 8PS cé thé duge thay the bing nhdnh SPU ma khéng dnh
hudng dén bac tu do chung ctia co cau.

Cédc nhanh ndi véi bé va dé bang cac khép ciu, nén khong cé moment
udn hoiec moment xodn truyén dén cde nhanh. Luc tdc dong trén méi
nhdnh truyén doc theo truc nhdnh. Do d6, cdc nhdnh nay 13 cae thanh
hinh try réng d8& tao cho ¢¢ cdu chap hanh ¢6 trong lugng nhe, 46 cing
ving tit, tée dd cao.

Hinh hoc cd cdu

Hai hé toa d9 Descartes A(x, y, z) va Blu, v, w) dugc gdn tuong dng
vao d€ ¢6 dinh va bé di dong. Bién dadi tir bé dén dé duge md ta bing
vector vi tri p cia trong tdm P va ma trin quay *R, clia bé di déng. Goi
u, v, w la 3 vector don vi trén 3 truc u, v, w trong hé toa dd chuyén déng.
Ma tran gquay la:

u)l v)( wx
*Rg=[u, v, w, (3.102)
u, v, Ww,

Chu y, cdc phan t( ma tran phai théa cde diéu kién truc giao:

uZ +uZ+uZ=1 (3.103)
visviivi=1 (3.104)
wi+wf. +wli=1 (3.105)

UV, ULV, +u,v, =0 - (3.106)
W, +u, W, t+u,w, =0 (3.107
ViWy tV W v ow, =0 (3.108)

Goia, = [amajy,aizj'r va b, = [b,b, b, ]"1a cdc vector vi tri di€m A,
va B trong hé toa dé A va B tuong tng. Phuong trinh vector-vong véi
nhanh thiri nhu sau: '

AB; = p+*Rp YD, -3, (3.109}
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Chidu daj nhéanh thd i duge tinh bing cach 14y tich vector A B, vdi
chinh né:

d? —[p+*RyPb; —a, [ [p+*RpPb; -2}, véii=1,2, .6 (3110)
véi d 1a chidu dii nhanh thy i. Khai trién pt (3.110):
d?= pr+[Bbir[Bbi]+ ara; +2pT[ARBBbi]— 2p"a, —2[A RBBbirai
(3.111)

Phuong trinh (3.111) duge viét 6 lan, moi l4n véi i=1, 2...., 6, cho 6
phuong trinh mé ta vi tri bé chuyén dong se vdi dé. Chuy, ®b va a la cac
vector khong ddi xac dinh bang hinh hoc.

Pong hoc dao

Bi&t vector vi tri p va ma trin quay *R, cda hé toa 4o B ing vdi A,
tim chidu dai nhdnh 4, véii=1, 2,.... 6. Lay can bac hai pt (3.111}:

d, = i\ﬂpr+Bb?Bbi +a'-1rai +2pT"&RBBbi —2pTai —2[ARBBbi]’rai
(3.112)

v6i i= 1, 2,...6. Ung véi méi vi tri bg, 6 hai nghiém kha di che moi
nhénh. Tuy nhién, d, chi 14y gid tri duong. Khi nghiém d, la sd phue, vi
tri bé di dong 1a khéng thé dat duge.
Pong hoc thuan

Bi€t chidu dai nhanh d, véi i=1, 2,...,6, tim vector vi tri p vA ma tran
quay *R, cGa bé di dong. Vector vi tri ¢6 3 4n vé huéng, ma tran quay co
9 4n vo huéng. Tuy nhién, 9 4n v6 hudng clia ma tran quay lién quan dén
6 didu kién tryc giao trong cdc pt (3.103) d&n (3.108). Gia su:

1. G6c O ctia hé toa do ¢5 dinh dat tai tAm khdép cau c6 dinh A,
9. Goc P cha hé toa do chuyén dong tai tam khdp cdu chuyén dong B,
Dua vao cdc gid dinh trén:a, =a, =a, =0va b, =b, =b =0Pt

(3.11)véi=1la:

a% =p?+p?+p} (3.113)



Khai trién pt (3.111) véii = 2, 3,..., 6; rdi trit cac phuong trinh két qua
vdipt (3.113)
biu(pxux +pyuy +pzuz)+biv (vax +pyv_v +pzvz}
+biw(pxwx TPyW, +pzwz)_aixpx —a, Py AP,
-b;,(a;,u, +a;,u, +a,u,)-b (a;,v, +a,v, +a;,V,)

—biu(aw, +a,w, +a,w,)+k =0 (3.114)

vli k; =(al +a}, +al +bZ +b% +bl, +d? -d?)/2

Phuong trinh (3.113) va (3.114) vdi 1 = 2, 3,.., 6 ciing véi 6 diéu kién
truc giao s& ¢6 12 phuong trinh véi 12 4n s8. Céc phuong trinh nay la phi
tayén va kho gidi. DAy 1a cdc phuong trinh béc hai, s§ Bezout 1-déng
nhat la 2" = 4096, gém nhidu nghiém.

b1 vdi cdc cong thie 2-dong nhat, ¢ thé sap x&p céc bién vae 2 nhém:
Nhém 1: {p,, P, P,] ; nhém 2: [u, U, U, V, Vo, ¥, W, W, W ]

Béc cda 12 phuong trinh vdi cdc bién clia méi nhém duge liét ké trong
Bang 3.3. Xét tich:

i1y j-1

ﬁ[%duﬁj] = (231 XBI + 52)5(2[32 )6

v6i d, 1ay ti thanh phan (i, j) trong Bang 3.3.
Béang 3.3 Bac cla 12 phuong trinh

Phudng trinh Nhém 1 Nhém 2
1. Phuong trinh {(3.113) 2 0
2. Phuong trinh (3.114), vdii=2 1 1
3. Phuong trinh (3.114), v4ii=3 1 1
4. Phuong trinh (3.114), vdii=4 1 1
5. Phuong trinh (3.114), v6ii=5 1 1
6. Phuong trinh (3.114), véii = 6 1 1
7. Phuong trinh (3.103) 0 2
8. Phuong trinh (3.104) t] 2
9. Phuong trinh (3.105) 0 2
10. Phuong trinh i3.106) 0 2



11. Phuong trinh (3.107) 0 2
12. Phuong trinh (3.108) 0 2

Vi nhém thi nhat ¢é 3 bién s6, nhém thit hai ¢6 9 bién 58, sd Bezout
2-ddng nhat duge cho theo s6 hang 3> B,° trong da thic trén va c6 gia
tri 1280. Ha phuong trinh ¢6 1280 nghiém. Mac di1 6 Bezout -dong nhat
thap hon so vdi s6 Bezout 1-done nhit, nhung vin gém nhiéu nghiém.
Raghavan 4p dung phudng phdp hém lign tue, tinh duge bé Stewart Gough
¢4 40 nghiém déng hoc thuan.

Phan tich vi tri bé STEWART- GOUGH céan téng quat

Phan nay s& nghién ciu co ciu cin tdng quat theo dong hoe thuidn.
Céc gia thist co bén gdm:

1. S&u khdp cdu trén bé chuyén dong nim trén mit phing u-v.

2. Sau khdp cdu trén d€ cd dinh nidm trén mit phing x-y.

Theo cdc gid thiét d6 a,=b, =0vdii=1dén 6. Pt(3.114) duge rit
gon thanh dang don gian hon:

biu:‘l +bi\-é2 —3ixPx "aiyp_y _aixbiu b _aiybiuu_v

—agbi v —abyv, vk =0 v6i 1=2 3, .6 (3.115)

ixHiv¥x iy Miv Yy

vdi k; = (al +aZ +b + b}, ~df +d])1/2, cdc bién §, va §, duye xidc
dinh nhi sau:

£1 =Dsuy +Pyu, +P,U, (3.116)

fall

=2 :vax+pyvy +P,Vv, (3.117}

Vecctor don vi w khéng cé trong pt (3.115), vi chi ¢6 3 trong 6 diéu
kién trie giao 12 cAn dé phan tich. Xem & va &, 14 hai bién trung gian,
nén hé phuong trinh cd 11 4n. Hé phuong trinh gom céc pt (3.103), (3.104),
(3.106),(3.113), (3.115) vdi i= 2 dén 6, (3.116), (3.117). Cac bign lap , p,,
P u.u,u,v,v,v, 5,5, Pt(3.115), voi i=2 dén 6, cde phuong trinh con
lai 1a cde da thde béc hai.

Riit gon sdu phuong trinh da thde theo baanu, u , va v_. Xép cac pt
(3.103), {3.104), (3.113) thanh mot nhém, (3.106), (3.116), (3.117) thanh
nhom khac nhu sau:
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up =1-u? ~u? (3.118)
vi=l-vi-v? (3.119)
p; =df -p; -p; (3.120)
va

UV, = UV, —U v (3.121)
PoU, = 3~ Pelly —PyUy (3.122)
PV, =82 —PyVy =Py, (3.123)

thay cac pt tir (3.118) dén (3.123) vao 6 déng nhat thic:
(ufxvf)— (uv)=0 (3.124)
(o2 JuZ)-(pu)=0 (3.125)
[pflvf]— (pv)=0 (3.126)
(U,¥, )(P2) = (p,u, Xp.v) =0 (3.127)
(P,U, Hv2) = (0, v, Y pv)=0 (3.128)
P,V ) u2)~(u,v,)pu) =0 (3.129)

Sau phuong trinh nay khéng ¢é cac binu, v p.

Phuong trinh (3.115), v6i 1 =2,3,..., 6, gdm nam phuong trinh tuyén
tinh c6 8 &n; gidi duge 5 &n theo ha 4n con lai. Vi du, é,, ﬁz, Py P, v, €6
thé thay bangu,u, v, nhu sau:

1 m e U, e U, e, teyy (3.130)
32 = CpUy F oyl +epl, +ey, (3.131)
By =€l +egpll, +CyaV, +8gy (3.132)
Py = €4l +@5U, BV +eyy (3.133)
Vi = eglly +egpu, +eg Vo ey, (3.134)

véie, la héng duge tim bing cdch gidi pt (3.115)véii=2,3,..., 6.
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Thay cdc pt tir(3.1301 dén (3.134) vao cdc pt tir (3.124) 4&n (3.129} s&
dugc 8 da thie bac 4 v6i 3 Anu, u, v . Ba da thdc bat k¥ treng 6 da thic
duge dung dé gidi 3 4n. 86 Bezout 14 4* =64, né&n hé phuong trinh c6 64
nghiém. 8¢ dung phugng phdp Sylvester sé rut gon 6 da thuc thanh da
thite bic 20 v4i mot &n, tim duge tdi da 40 nghiém kha di.

Phan tich vi tri bé STEWART- GOUGH 3-3

Bé Stewart-Gough téng quat c6 van dé chinh la dong hoc thusin khong
thé gidi dang kin, mic da ton tai dén 40 nghiém. Do d6 cdn dua ra cac
cau hinh dac biét bé Stewart-Gough. Loai nay ciing gém cédc khép cau
dong tam tai bé va d&. Hinh 3.15 la bé Stewart-Gough 3-3, trong dé c6 6
nhanh dang cap d6i ndi 3 diém trén bé va 3 diém trén dé. Pay la cdu truc
déc biét d€ tim céc nghiédm déng hee thuan dang kin.

Hinh 3.16 nhin tir dinh cia be Stewart-Gough 3-3. Bé chuyén dong duge
ky hiéu biing 3 cap khop cau dong tam tai cac di€ém B, B,, B,. P& ¢6 dinh
gom 3 cap khdp cdu dong tam tai 3 di€ém A , A , A, Hé toa d9 Descartes
gén vao d¢ cd dinh c6 goc tai A, true x hudng theo A A, truc z vudng goc
v6i mit phing tam gide A, A, A, truc y xédc dinh theo qui téc ban tay phai.

Trong dong hoc thuan, chiéu dai cdc nhanh da biét, cdn tim vi tri bé.
Vdi cde chidu dai nhanh d4 cho, 3 tam gidc AAB,AAB,A A B,
duge xdc dinh déng nhdt. Qui tich clia B, rang bude trén vong trdn cd
tdm va tryc giao véi dutng A A, . Rang budc nay tudng duong vdi cap
khdp RS (quay - cdu) don gidn. Toan bd co ciu nay tuong duong déng hoc
vdi 3RS béc tu do zero (Hinh 3.17).

Hinh 3-15.Bé Stewart-Gough khéng gian.
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Y
Hinh 3-16. Hinh chiéu I_- - B 3y
cita bé Stewart-Gough. © A, . A,

I
|

ny

Hinh 3-17. Co cdu khéng ¢
gian 3RS tuong dudng Ay

Truge hét can xsc dinh tdm C, va ban kinh tuong duong cla vong
tron qii tich B,. Sau dé, biéu dién toa dj diém B, theo géc ¢, v6i tam gidc
AA B trén méit phing dé:

b, =c, +ri(n;cd; + ksh,;) voi i=1,2,3 (3.135)
vdi b, va ¢ 1a cdc vector vi tri cia B, va C, tuong dng.

n, 1a vector don vi trén mat phing d& va vuong géc voi duimg A, A |
{Hinh 3.17).

k 14 vector don vi theo chiéu duong ciia truc z.
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Cuéi cing, can thiét 14p phuong trinh lién quan tdi vong kin cta cg
cdu. Vi khodng cdch gita B, va B 1a hang, nén:

[b; by |"[b: - b, ]=h? véii=1,2,3 (3.136)
thay pt (3.135) vao (3.136)
e ch it . teysdsh,, +eqchd teych; .y +ey =0 (3.137)
vai 1=1,2,3 tmodulo 3}, trong dé:
€1 = ri"nl”?“m
€y =Ll
T
ey =10, [e;,,; —¢;]
T
ey = ~TyyNiyfe; ) —¢)

9 2 32 2
_hi - -y (e —g)
85 = 5

Phuong trinh (3.137) ¢6 dang tuong tu pt (3.87). Pt (3.137) ¢6 thé rit
gon thanh da thuc bic 8 vdi binh phudng ciia mét 4n. C6 16 nghiém dong
hoc thudn, tao thanh 8 dang eip co cdu chdp hanh, trong mbi cdp, mot
dang }a déi xing guong cia dang kia qua mit phdng A, A, A

Tom tat

Cdc co cdu chap hanh song song duge phén loai theo cd cdu phéng,
cAu, va khong gian tdy theo cde dic tinh chuyén dong va d§ ndi két. Cé
thé dung phuong phap Denavit-Hartenberg dé phan tich, nhung phuong
phéap hinh hoc thudn tién hon.

Béng hoc thuan clia ¢o cdu phéng 3-dof va bé dinh huéng 3-dof duge
riit gon thanh da thifc bic tdm. Co cdu khing gian chi vdi cdc bac ty do
tinh tién ¢6 hai nghiém khi xét déng hoc thudn va déng hoc ddo. Dong
hoc thuan cia co cdu 3-dof khong gian vdi cde dac tinh vi trf va dinh
hudng cé 161 da 8 cap tu thé. Chuong nay con xem xét khdi quat dong hoc
bé Stewart-Gough téng quét va cdn téng quat. Cubi cung, bé Stewart-
Gough 3-3 ¢6 to1 da 8 tu thé kha di d&i vdi dong hoe thuan. Néi chung, cdc
nghiém dong hoc thuin clia o ciu song song tao thanh vai cap tu the,
trong moi cap, cé mot tu the 12 d6i xing guong vdi tu thé kia qua mit
phéng xac dinh.
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Chuvng ¢

PHAN TiCH JACOBI
TRONG CO CAU CHAP HANH NGI TIEP

Gidi thiéu

Trong cdc Chuong trude, d4 xét quan hé déng hoc giita vi tri bd tdc
ddng cudi va cac bién khép dya trén phan tich dang hoe thuan va dio.
Kién thice nay cho phép xét vi tri bd téc ddng cudi. Trong Chuong nay sé
md réng nghién e, xem xét van dé phan tich tdc dé clia co edu chap
hanh néi tiép.

Trong mét s§ tng dung, nhu may son phun (Hinh 4.1), b tdc dong
cua co clu chuyén dong theo dugng di va vin t8c dinh trude. Vi thé, cdce
chuyén déng khdp cdn phai hgp chinh x4c. C6 hai kiéu xét van téc, bai
todn thuén va bai toan dao. V6i vdn ¢ thudn, thudng cho trude cdc van
toc khdp ngd vao, cAn tim trang thai van téc bd tac dong cudl, Véi vén tdc
ddo, thudng che trudc trang thai vén tdc b tac déng cudl, cin tim van toc
khdp ngd vae.

Khong gian vector giifa cac bign khép duge goi 1a khong gian khop. Khong
gtan vector theo vi tri by tac dong cudt dugc goi 14 khdng gian b6 tae déng
cudi. Poi v6i cde cd cdu chap hanh, ma trén Jacobi, 14 ma tran bién ddi
cdc van tée khdp trong khong gian khdp, theo trang thdi van tdc trong
khéng gian bé tac déng cudi.

Hinh 4-1.
Tay may sgn phun
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Ma tran Jacobi la thanh phdn co bdn dé xac dinh quy dao hinh hoc
trong khong gian b tac déng cudi. Robot cong nghiép sit dung dai s6 toa
dé dé tranh nghich ddo sé trong ma tran Jacobi de gidi tich nghich trén
cd s6¢ phi thie. Do d6, dai s& hidu suat duge phat trién, Trang théi van toe
b tic déng cudi ¢é nhiéu cdch xéc dinh khde nhau, ching han bién d6i
Jacobi vé1 phuong phap vi phén céng thitc.

Ma tran Jacobi con hitu dung trong nhiéu iing dung khac. Trén mét
56 cdu hinh co cdu chdp hanh, ma trén Jacobi c6 thé mét vai phén ti
ngang. Dé 1a trang th4i dac biét. Véi trang thdi dac biét, ce cdu chap
hanh néi ti€p ¢é thé mat mot sé béc tu do, cdn o cdu chap hanh song
song thu thém s bac tu do. Trong Chuong nay, trang thai dic biét cta ca
cdu chap hanh nai ti€p ciing duge nghién ciu.

Pong hoc vi phéan cla véat ran

Trudc hét cdn nghién ciu déng hoc vi phdn cta vat rdn, sau 46 céc
tinh chat dong hoc nay duge ap dung dé 1ay dao ham ddng hoc vi phéan
cde khau trong co cdu chip hanh va khai trién ma tran Jacobi, Do s& cdn
nhidu toa d6 quy chidu, cn 4p dung cdc ky hiéu riéng dé x4c dinh hé toa
d6 chda vector. Vector p ¢6 thé 1a ham thin gian trong mét hé toa do quy
chidu, nhung la hiing trong hé quy chiéu khée. Do d6, néi chung, can ¢6
hai hé quy chiéu d€ xdc dinh ban chit eda vector, mét hé xdc dinh su
thay déi cia vector duge do va mdt € biu dién vector d6. U day sé dung
ky tu phia trén bén trong bidu thi hé quy chisu duge dung dé do vector va
ky tu phia trén bén ngoai 12 hé quy chiéu biéu dién vector.

Vi du: Pp 1a vector vi tri cia diém P ding véi hé toa 4§, *(°p) 1a ®p
biéu thi trong hé A. Van téc diém P 1a dao ham cia Pp theo thi gian:
B

va - d”p
dt

Sau khi 14y vi phan, vector dé duge bidu dién trong hé toa dd khéc:
A
A B dBp
( Vp}= [ n } (4.2)

biéu thi vi phan duge 14y émg v6i hé B, va vector duge bidu dién trong
hé A.

4.1)
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Khi hai ky hiéu hé quy chiéu la déng nhat, hoac khi biét rs dai lugng
vector duge do, c6 thé bo qua ky hiéu phia trong. Vi du, ma tran quay *R,,
dung dé bién déi vector tir hé toa dd nay sang hé toa do khae:

A(Bp}z“RBBp (4.3}

Néu khong dé cap dén hé quy chidu, cin hidu la dang st dung hé co
ban hodc hé quy chiéu bat ky. Chu ¥, moi vector trong mét phuong trinh
phdi duge biéu thi trong mét hé quy chidu xéc dinh.

Vian tdc goc cla vat ran

Vin t6c dai mé td mic bi€n déi vi tri mot diém trong khong gian,
vector vgn téc gée mo td mife bién d6i hudng cia vat ran. Hinh 4.2 minh
hoa hé B quay theo hé A véi diém O ¢4 dinh. Su dinh hudng hé B so vdi
h# A biéu thi bing ma tran quay R, . Ma tran quay "R, 1a chudn trye,
nén bién doi nghich ddo cda *R,, chinh 1a hodn vi:

AR RI =1 {4.4)
v6i I 1a ma tran dong nhat 3 x 3.

L&y dao ham pt (4.4) theo thdi gian:

*Rp®RE+A*Rz4RI =0 (4.5)
thay *R"; = "R, va R, = (*R*,)" vao pt (4.5):
(*Rp R +(*Rg*RzH)T =0 (4.6)
ZA I“(IJB

'y

2 €

/ 0
Hinh 4-2. Sy quay tc Xa

thdt cla hé B theo hé A xp

Ya
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ARy ® Ry 12 ma tran ddi xing 3 x 3. N6i chung, ¢6 thé dinh nghia ma
tran déi xing:

[ 0 -0, o,
QEARBARE: o, 0 -0, (4.7)
-0, O 0

véi 0, @ , 0, 14 3 théng 8 vén tac goc doc lap cua vt ran. Phéin ké
tiép sé chlrng mlnh 3 dai lugng nay la cdc thanh phén vector van tdc goc
ciia B trong A.

Vector vi tri diém P géin trong hé B va do theo h¢ A:
Ap="Rp°p (4.8)
Chii ¥, Bp Ja vector khang d6i trong hé B (vi P duge gén vao B). Van
tie ctia P theo hé A 1a dao ham clia pt (4.8} theo thoi gian:

d .
Av, :E(ARBBP)=ARBBP 4.9

Tinh Bp tif pt (4.8) va thay vao pt (4.9):

Av,=*Rg Ry *p (4.10)

Thay pt (4.7} vao pt (4.10)

Van d& dat ra: c6 diém bt ky nao trong B c6 véan t8c zero & thai diem
dé6 khong? Gia sit P la diém cé ddc tinh dé:
Avs =0%p=0 (4.12)
Phuong trinh (4.12) gdm 3 phuong trinh tuyén tinh thuan nhat véi 3
anp,,p,.P, Diéu kién tuong thich dé tén tai nghiém khéng tdm thuéing

1a dinh thm: ctia ma tran hé s6 phai triét tieu ([ Q] = 0). Vi Q13 ma trdn
461 xdng 3x3, nén didu kién nay thoa ding:

0 -, 0y
@, 0 -0, )7 00,0, -00.0, =0
-, O 0

¥ X
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O day, chi ¢6 2 trong 3 pt cha (4.12) 1 ddc 1ap. Gidi pt (4.12) theo ti 58
PP, D,
Px Py P, =0, 0, 0, 4.13)
Tén tai vd han dié€m ditng. Céc diém nay nim trén dudng thing di
qua goc toa d va seng song vdi vector Mog = | ,m,0, I7. Vector 0,

1a vector vén téc géc va dutng thang d6 13 truc quay tic thii. Pt (4.11)
viét dudi dang ky hiéu vector la:

AVPZAUJBXAP (4.14)

Van téc tuyén tinh cGa mat diém
Hinh 4.3 minh hoa vat rdn B quay tife thai, va tinh tién theo hé quy
chiéu A. Vector vi tri diém P, khong nhit thiét phai c§ dinh trong hé B,
quan hé vdi hé A theo phuong trinh:
8 pafq+AR, Pp (4.15)
vdi #q = OQ la vector vi tri goc @ ciia hé B quy chigu lén hé A. D&
tim van téc diém P, xét hé B quay quy chi&u 1én hé A ¢ dinh:
Vé co ban day la trudng hgp hé B quay theo hé A véi Q ¢ dinh trong
A. Ldy vi phan dai lugng thit hai cia pt (4.15) theo thoi gian
%(ARBBPFARBBVNARBBP (4.16)

Mg

Vatrin B

Q Hé quy chidu B

¥a
O
H8 quy chiu A Hinh 4-3. Chuyén dang tuc thai
X cla vat rn B thec hé quy chidu A.
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d . .
p :EBP la véan tde diém P theo hé B.

Nhén 2 vé pt (4.7) véi *R,;
ARp =0*Ry (4.17)
Thay pt (4.17) vao pt(4.16):

vhi v

d

-&E("RBBpHRBBv,, +0*Ry%p. (4.18)
Phuong trinh (4.18) duéi dang vector:

d

E(ARBBDFARBBVP*'AWB «(*Rp®p). (4.1

Khi géc Q ctia B chuyén dong trong A, cin cong thanh phan van tdc
tuyén tinh cia Q trong A vao pt (4.19). Phuong trinh chuyén dong tdng
quét c6 dang:

A, _A

_ Ap B
vp="vg+ " Rg"v

o p+*0p x(*Rp"p). (4.20)

vai A vy =% 1a ky hiéu van tdc cia Q theo hé quy chiéu A. S hang
thi nhat trong pt (4.20) 12 phén vén téc tuyén tinh ciia Q theo A, s hang
thit hai 1a chuyén déng diém P quy chiéu véi hé B; s6 hang thi ba la su
quay clia hé B quy chiéu vdi hé A,

Truong hop ddc biét: Néu diém P gén v4i hé quy chiéu chuyén déng
B, nghia 1a va =0, pt (4.20) trd thanh:

Av =tv +Pop x(*RgPp). {4.21)

Mic ddu pt (4.21) dng véi trisng hop Q 1a goc cda hé toa d§ chuyén
dong, nhung van c6 thé suy ra hai diém bat k¥ c6 dinh trong hé toa dé
chuyén déng. N6i chung, néu P va Q 1a hai diém gdn vao vét rdn B, vén
tdc ca ching quan hé theo phuong trinh:

Av,=hv +rog x(*p-tq). (4.22)

Trye quay tde thoi

Phan nay xét chuyén déng tdc thi tdng quét ctia vat rdn, mé ta vi
phin chuyén dong quay quanh truc xac dinh va vi phén chuyén déng tinh
ti&€n theo tryc 44, dé phdn tich Jacobi cho co cdu vén hanh ndi tiép.
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N6i chung, chuyé&n dong khang gian cia vat rian, c6 bat ki diém dimg
nao trong B khong? Néu ®p la diém dimg va Bv_ =0 thudn nhat, pt (4.21)
trd thanh:

Ao x(*RpPp)=—tv,. 4.23)

Vi van téc géc A, duge L8y tif ma trdn vudng déi xing Q , nén ma
tran cdc hé s6 cla pt (4.23) 14 dang don. Néi chung, pt (4.21) khéng 6
nghiém. Tuy nhién, cé th& tim cdc diém cé vector van tdc tuyén tinh
cung hudng vdi van tdc gée nghia la:

Avs =AP g o 424)
véi A 14 bude.
Thay pt (4.24} vao pt (4.21):

Av +2op x(*RgPp) =2t op (4.25)

Nhén 2 vé pt (4.25) v6i 4,:

AUJB.A Vq

A 2 {4.26)

g

lz

Bién d8i pt (4.25):
Aog x(ARp®p) =Av; (4.27)

véei # vy =Avq -2fop  truc giao véi AW, , nghia la:

fogtv =teptv, -1%0p) =0 (4.28)

C6 thé 4ap dung dai sé vector, cic vector a, b va ¢ (Hinh 4.4) théa hai
diéu kién sau:
axe=b
a-b=0
Khi d6 ¢ c¢6 vo s8 nghiém trén dudng théng:

axb
c=-——+ua
a

véi )14 hédng vé hudng tiy y.
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1 Quy tich cac nghiém ¢

H,
b aXb 7
a? e

-——-—.—-—-—h y
a
/ ¢
\a

Hinh 4-4. X -
Quan hé vector

Tir dai s6 vector, tat cd cic nghiém clia pt (4.27) va (4.28) 1a:
A (1)8 )(A V.q

A
A 2 +U g, (4.29)
G37

Ap dung pt (4.15), pt (4.29) trG thanh:

AUJBXAV

p="g+—5 5 +utop. (4.30)
up
Phuong trinh {(4.29) v (4.30) cho thiy quy tich cdc diém cé vin toc
tuyén tinh tdc thai ciing hudng véi vector van téc géc 1a dudng thing. Pé
la dudng song song vdi vector van toc goe, va duge goi la truc quay tic
thai. Téom lai, chuyén dong khong gian téng quat cia vt rén gdm chuyén
ddng quay vi phan va chuyén déng tinh tién vi phan theo truc tuong tng.

Pong hoc vi phan ctia co céu chap hanh ndi tiép

Phan nay s dung ma tran bign d6i D-H (Denavit-Hartenberg) dé
nghién ciu dong hoe vi phén trong co cdu chdp hanh néi tiép. Trudce hét,
xét chuyén ddng vi phén cta khau, sau dé 4p dung két qua vao chuyén
ddng vi phin cia ¢d cdu néi tiép.

Ma tran bién d3i vi phan khau

Hinh 4.5 minh hoa khau i trong co cdu chip hanh.Theo qui uée D-H,
he toa d¢ Descartes (x,, y, z,) gdn vao bién cudi khaui, va (x,y,2)lahé
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Khdp i+1

Hinh 4-5. Dang hinh hoc va
%o trang thai chuyén dong clia khau i.

toa dd cd dinh. Vi trf khau i duge xac dinh theo vector vi tri p, cda di€m
O, v& ma tran quay "R cGa khAu i (ng véi hé guy chisu 0. Trang thdi van
téc khaui duge xde dmh bang vén toc tuyén tinh v, cha diém g6 O, , va

van tdc gbe . eda khau i lién hé véi hé toa db quy chleu cd dinh.

Ma tran bién dai D-H thuan 1a pt (2.2) va déo 1a pt (2.5). Lay dao ham
pt (2.2) theo th#i gian:

—gisoi —éicaicei GiS(l-[cei —Giaisei
RV 8;c6;, ~0,co;sB; O;s¢;s0;  0,a,c8, (4.31)
0 0 0 d,

0 0 0 1
trong d6, B, va d. 1a cac hién. Véi khdp xoay, d=0; véi khdp lang try,
0. =0. Nhan hai vé& pt (4.31) vdi (A

¢ lAi}{"'lAi}'l =| e T | (4.32)
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1z, =|0 (4.33)
1
0 -1 0

Hiz.,=]1 0 © (4.34)
0 0 0

Phuong trinh (4.33) bidu dién vector don vi huéng theo truc z, .
Phuong trinh (3.34) biéu dién ma tran déi xing 3X3 khéng ¢é phan tir
zero, 46 12 véan tdc gée don vi cta khau i ing véi khau i-1. Cd'z  va iz
déu duge tinh trong hé toa d§ cia khau thi (i-1). Ma tran con 3X3 phia
trén bén trai trong pt (4.32) 12 van toc goc khau i véi khau i-1, va cdt thitu
12 van téc tuyén tinh ciia mét diém gin trong khéu i va tring hop tic thai
v6i O, | ing véi khaui-1.

Ma tran bién ddi vi phan toan bd co cau

Hinh 4.6 minh hoa s¢ do ¢o cdu ndi tiép, trong d6 p, 1a vector vi tri
diém goc cGa hé toa 46 bo tac dong cudi, p, , 1a vector vi tri diém géc ha
toa do thi (i-1) ing véi hé quy chidu cd dmh p " 14 vector néi O, dén
O va duge tinh trong hé quy chiéu ¢d dinh. Phu’tmg trinh vong kin cua <o
cdu chap hanh ndi tiép n bac tu do ¢d dang:

0 2.1 {khau i)

B6 tac dong cudi

Hinh 4-6. Cac théng s8 khau cla cg cdu chap hanh ndi tiép.
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°A_=CATAZA, PTA, {4.35)
Lay dao ham pt (4.35) theo thai gian:
OA =("A 1A, . PTA y+(%A A, MTTA )
+..+CA YA, A (4.36)

Phuong trinh {4.36) chua 12 phueng trinh vé hudng, ¢é thé rut gon
thanh hé 6 phuong trinh dc lap b3-1g cach nhén pt (4.36) v6i °A 1

OADOA;I=0A1IAI1+OA1(1A21A£1}DAI1
+OA U ACAZAHCA AT 4.37)

Ma tran A _ c6 thé phan tich thanh hai ma tran con:

: R, v
0
An = i} it
[ 0 0 } (4.38)
v6t R_ 14 dinh mdc thay d3i clia ma tran quay bf tde dong cudi va v_
=P, 14 vAn téc tuyén tinh cua di€m géc hé toa d6 tay mdy.

Tuong tu pt (4.32), tich ma trin trong pt (4.37) 1a:

. Qv
OA OA—l — n 0
n o 0 0 (4.39)
i-1 & si- - Gi HZi.. dii'lzi
1Ai( lAi}lzl o 1 0 1‘| [4‘40)

Chuy, Q=R _R! lama tran d6i xing 3X3 vdi cdc s¢ hang 1 van toc
goc cia b tac dong cudi, v, 1a van tdc tuyén tinh ciia mét diém trong bo
tdc déng cudi, trung hgp tie thai vdi gée hé quy chiéu ¢d dinh. D& thudn

tién, c6 thé dinh nghia:
Rii1 pia
0 1 (4.41)

v6i R va p,, 12 ma tran quay va vector vi tri di€ém gdc hé toa do thit
(i-1) theo hé quy chiéu ¢& dinh. Thay cic phugng trinh tir{4.39) d&n (4.41)
vao pt (4.37):

fA A, PAL
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Qn Yo
0

[ éi(Ri--l i_lzi—llr{;r- ) - éi(Ri--li.lzi 1R1T 1P+ diRi~l sz--l
= -Z --------------------------- : ------------------------------------------------------
= 0 0
rgiziq : _Giziulpi 1 +dizi—l
I
= _Z ......... T (4.42)
oo 0
v
Zi—l = Ri—l i1 ZI—IR;[‘—]. (4.43)
zi1 =Ry 'z (4.44)

Phuong trinh (4.42) chi cé 6 phuong trinh doc lap. Céc phan t(3.2),
(1.3), (2.1) tao thanh vector van tdc gbc W, cia b tac déng cudi, va cit
cudi 1a van téc tuyén tinh cia diém trong bod tac dong cudi trimg véi gic
hé toa d6 quy chiéu ¢ dinh. Pt (4.42) dudi dang vector:

o, =30z, 1, (4.45)
ia

vo = 2(~0iz,_y xpiy +0;2i ). (4.46)
io1

Phuong trinh (4.45) va {4.46) 1a cdc van tde goe cac khau. B tac dong
cudi quay tife thoi va chuyén dich doc theo moi truc khdp, va hidu ung
chuyén déng titc thai theo timg true khép ¢6 thé duge eong tuyén tinh.
Cha ¥, vén tde v, cia diém dinh vi tai gée hé toa do tay may quan hé véi
v, theo biéu thuc:

V, = Vy+o, xp, (4.47)

Toa dd quay va hé théng quay

Su dich chuyén vé han va hitu han ciia vat ran ¢é thé duoc biéu thi
theo chuyén ding quay xung quanh va tinh tién theo mat truc. Chuyén
déng k&t hgp nay la chuyén déng quay vit, va true don vi la true quay. Ti
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56 gilia tinh tién va quay la buoe A. Trong chuyén vi hitu han, A = /0 va
trong chuyén vi vi phan: 4 =d/8

He¢ toa d8 thé hién sy quay nay la tga d6 quay vit. Toa dé quay don
vi, § , duge dinh nghia bing cap vector:

— =

5
Sz

- s 53
§= = (4.48)
SO X5+ AS By

Sg

Sg

Vdi s la vector don vi theo chidu truc quay va s_la vector vi tri cia
diém b4t k¥ trén truc quay.

Vector s X s 14 moment cta truc quay theo géc hé toa do quy chié’u

Vi truc quay va moment tuong (ing vudng géc véi nhau, nén s, 8 X8)=
Do d6 chi ¢6 5 trong 6 toa d§ 1a doc 1ap.

Déi vii khép quay: A = 0, chuyén dong quay don vi 1a:

- 5
S =
sy x5 (4.49)

Boi véi khép ling iry, A = oo, chuyén dong quay don vi 1a:
0]

§= s {(4.50)

Truc quay va buge A s& xdc dinh su quay vit. Nhung d9 chuyén vi ¢hi
xdac dinh sau khi xac dinh bién dd hoiic cuting do cta true quay vit. Goi 4 1a
cutng dg chuyén dong xodn. Chuyén dong quay duge tinh theo cong thc:

S =qf (4.51)
trong d6 q =0 d61 vai khdp quay va g = 4 d6i véi khdp lang tru.
Tu dé, sdu toa do quay xdc dinh déng hoe tiic thoi bde nhdt cia vat

rin. Ba toa do ddu cGa $ biéu dién vin tdc gic, ba toa dé cudi 1a van tac
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tuyén tinh cia diém gén vao vat chuyén ddng va trung khdp tite thoi véi
hé toa d6 quy chiéu ¢d dinh.

C6 thé xét chuyén dong cia vat rdn dang quay tic théi vai nhiéu truc
guay. Day 1a hé théng quay theo khéng gian 3 chiéu. Hé théng quay cho
phép mdt vat ran chuyén déng tuc thdi theo 1 béc tu do 14 sy quay don.
Do 1a hé thong quay bdc nhdt hay viét tat la he-1.

Chuy&n dong v6 han cia vat rin 2 bic tu do c6 thé duge coi la chuyén
dong két hop hai sy quay tic thoi theo cdc buge tity ¥. Thue t&, dé 1a vat
thé ndi v6i dé€ ¢é dinh bing 2 khép va 1 khau gida. Hai truc khép nay
duge dinh vi tiy ¥ trong khong gian. Véi cudng do cda 2 sy quay da biét,
vector van téc tdce thoi clia moi diém trén vat thé cé thé xdc dinh dé dang,
trang thai van tée nay cé thé biéu didn theo két qua quay vdi bude va cudng
d6 cho trude. V6i chuyén dang tidc thoi bat ky, ti s6 2 cudng dé xdc dinh
vi tri va budc cia sy quay két hgp, cdn cdc cudng do thue xdc dinh cuong
d6 sy quay két hop. Hai truc ciia 2 sy quay nay tao mdt dudng noi tiép
trong khong gian duge goi 1a dudng tru vit. Hé thng nay la hé thong béac
hai. Chuyén déng ciia vat rin véi n bac tudo, vdin <b, lahé théng bacn,

Trong ¢ cdu chip hanh néi tiép, c6 thé xét chuyén dong b tdc dong
cudi khi quay tife thdi quanh cdc true khdp cha chudi vong hé. Cac su quay
tidc thot nay duge cong tuyén tinh dé cé chuyén déng téng hop cua bd tac
ddng cudi. Péng hoc titc thdi bdc nhat ¢6 thé viét theo phuong trinh:

$n =205 (4.52)

vii éi 12 sif quay don vi xdc dinh theo cac khdp cla co cdu chap hanh.
Cha ¥, duding trong khéng gian 3 chidu duge biéu dién bang hé toa do
Plucker hay hé toa dé duong. Néu toa d6 Plucker cva dutmg 1a [L, M, N,
P, Q, R]7, cdc toa dd Plucker lién quan vdi toa dé quay theo phuong trinh:

- s,

“ls,-18, (4.53)

DO Uz
RS
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Ma trén Jacobi ciia co cau chap hanh

Bit x; = fi(9,,92.493..9,) v6ii=1,2 3, .., mlatap hop m phuong
trinh, méi ham ¢ n bign dc 1ap. Céc dao hém theo th¥i gian ciia x, viét
theo ham ¢, nhy sau:

X, = _qu ,,f] . Q + af1 . _+_(.?..flqn i=1, 2,3,....m (4.54)
aq, oq; 5‘13 aq.,
Phuong trinh (4.54) duéi dang ma tran:
[of1 0 of]
?.{1 aql aQ2 aqn 611
%o | |2 22 | O g,
c 1109y dgg 9, 1= : (4.55)
_aq]_ aQQ aqn _
dang don gidn:
x=dgq (4.56)

vOi X =[X;.X5....x,]" 1& vector m chidu, q =[q,.q,.....q, |7 12 vector
n chifu va J la ma tran m X n cia dao ham riéng trong pt (4.55).

Ma tran Jacobi, duge ky hiéu la J, 12 ma trén bién d6i tuyén tinh, 4nh
xa vector van toe n chiéu q, vao vector vén toc n chidu % . C4c phén tir cia
J la cdc hé 56 tdc dong clia ham vector x. Phén ti (i, j) cia J mé ta cach
bign doi vi phan g; tdc dong lén bién doi vi phén x. Néi chung, vector x
12 ham phi tuyén ciia q. Do d6, ma tran Jacobi la cdu hinh phu thude.

Véi co cau chdp hanh robot, ma tran Jacobi 1 ma trdn hé s6 gbm tap
cac phuong trinh bat ky lién quan t6i trang thai van téc bo tac dong cudi
va dinh mde khép tdc dong. Pinh mic khdp x4c dinh nhu sau:

8. khép qua
4, = [8: Khap quay (4.57)
(d; khdp lang tru

Trang thai van téc x chia bé tdc dong cudi duge tinh bing nhidu cach,
thong dung 14 Jacobi quy uéc va Jacabi trén co s¢ quay vit.



1. Jacobi guy woc: Trang thai van tdéc bj tdc dong cudi duge tinh
theo van toc tuyén tinh v, va van toe gic o caa gée toa dp bé tdc
déng cudi:

. Iy W
|

(J\lJ'

{4.58)

2. Jacobi quay vit: Ma tran Jacobi duge x4c dinh theo van t8c goc w,
ciia bd tic dong cudi va vén tdc tuyén tinh v, cha diém quy chidu
trong bd tac dong cudi, trang tite thai véi goe toa dé quy chiéu,
duoe tinh theo bidu thie:

.
Ljay
%= LVDJ (4.59)

Chd ¢, van téc bd tac dong cudi X, 461 véi Jacobi quay vit duge xdc
dinh vdi cac vector vdn t6c_ gbc va tuyén tinh ¢6 thit ty ngude so vdi Jacobi
quy udc.

Néi chung, Jacobi 1a ma tran m X n, v6i m 1 sé béc tu do cua khong
gian bd tac dong cudi va n 1a s3 bign khop tac dong. Vdi cd cau chap hanh
khong gian 6 béc tu do, m = n = 6, Jacobi 1a ma trén vubng 6 X 6. Vdi co
cau chap hanh ¢6 béac tu do nhé hon 6, trang thdi van toc b tdc dong cudi
¢6 thé chi c6 vector van téc géc, vector van tdc tuyen tinh, hode td hop
vai thanh phén van téc gée va tuyén tinh. Vi dy, co ciu chip hanh p(héng
¢6 khong gian hoat déng 2 chiéu. Vector 3 thanh phan x= [vx ,vy,wz]r la
di dé bidu didn trang thdi vAn toc bd tac ddng cudi. Tir d6, Jacobi gidm
thanh ma tran 3 X 3, Tuong tu, 61 vdi thiét bi dinh vi diém,
X= [ N F va d61 vai co cdu dinh hudng vat thé,: x = [(.)x, W, ,o, ]T
Dol vdi CG cdu chép hanb ¢6 béc tudo du, s con > 6. O day chi xét cac co

cau cé bac tu do khong qué 6.
Ma tran Jacobi quy uéc

Nhu da dé cap, diém bat ky trén bo tdc dong cudi ¢6 thé duge chon de
tim trang thai van toc clia bd tac dong cudi. Lua chon thuin tién 14 diém
goc O,, ctia hé toa 49 bo tdc dong cudi. Trang thdi van téc b tdc déng
cubi ducc tinh theo cdce iy suat khdp nhu sau:
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gt

Vi = [gl(zi—lxi.lp.n)"'zi- ldi} {4.60)
i-1

Oy = Zlglzi—l 4.61)

voi 6, va d, 1a tf sudt quay va tinh tién theo truc khdp thit i; z_ 1a
vector don vi theo true khép thir i; va "'p*, 14 vector xdc dinh tir goe 0,
cua hé toa do khop thit i-1 dén goc cia hé toa dd b tdc déng cudi (Hinh
4.8). Chu ¥, cédc vector trong pt (4.60), (4.61) duge tinh trong hé toa dg ¢85
dinh(x ,y, z ).

Phudng trinh (4.60) va (4.61) vigt dudi dang ma tran:

A )
X = L } =Jq (4.62)

trong dé: J=[J,.d,,..J,]

z_ < p
J; =[ ' lz DJ d6i vdi khdp quay
i-1
2i-1 .
J; =[ 10 } d6i vai khdp 1ang tru

VE trdi pt (4.62) 1a vector 6 X 1 gém c4c phén tit clia v, va ), v& phai
1a tich ctia ma tran Jacobi véi vector cdc ty sudt khép. Vector cac ty sudt
khdp gdm t4t ca cde ty sudt khép tde déng. Cot thy i trong ma tran
Jacobi, j, 1a te dong ciia ty suat khdp thi i 1én trang thai vén t8c bo tac
déng cudi. )

Phuong trinh (4.62) ding dé tinh ma tran Jacobi, xdc dinh chidu va
vi tri méi truc khdp theo cae phép tinh ma tran sau:

0

z,="R; | 0 (4.63)
1

i_lp;:DRi-l Hri"‘ip; (4.64)
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a;ch;

1
véi “lr. =1a;s0

d.

1

i

la vector O,_,0, bidu di&n trong hé toa dd khau thifi-1, cdn “'p”, 1a

vector O, ,0, biéu dién trong hé toa A6 ci dinh. Khi biét ma trin
Jacobi, van tdc bd tac dong cudi duge tinh tir pt (4 62) vdi ty sudt khop bat
ky cho tru6e. Néu bidt van toe b tac dong cudi, bién ddi nguge pt (4.62)
s& tim dugc ty suét khdp.

Ma tran Jacobi ctia co ciu chép hanh phing 2 bac tydo

Trén Hinh 4.7, ¢d cdu nay cé hai khép quay véi hai true; hé toa dd
gén vao mdi khau theo qui ude D-H . Hé toa dd (x_, y,) gdn vio € tai
diém O, truc x, huéng sang phéi.

Ap dung pt (4.63) va (4.64) d¢ tinh cdc vector sau:

0
ZOZZI= 0
1

_32(‘,912

P2 =[50
)

a;ch, +a,c0,,
*

Opy ={a80; +a,80,,

| 0

v6i 8, = 0, + 8, . Chu y, cdc bidu thitc trén duge tinh theo hinh hoc

cdc khén khong s dung ma trén bién ddi D-H. Thay cac biéu thic trén
vao pt (4.62):

Vy 2,80, —a,80;, —a,80 8,
vo |~ a,¢8, +a,co anch ) (4.65)
¥ 160 +2a9Ct 5 2V 2
tir 46 ma tran Jacobi la:
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Hinh 4-7. Cocduchap ©
hanh phing 2R, 2-dof.

J—- —alsel —325612 —323912
= (4.66)

a1c0; +a,c8;,  a,ch,
Ma tran Jacobi clia cd c&u chép hanh phing 3 bac tydo

Xét ma tran Jacobi quy udc trong cg cau chdp hanh phéng 3 bac tu do
(Hinh 2.3), tir cdc pt (4.63), (4.64) vdii = 1, 2, 3 ¢6 thé tinh cde vector:

0
Zy =7y =2Z, =|0
1
a300;53
2%
P3 =} a,s6 44

0

[a58,y +a5c0;,,
P3 ={ 898819 +2,805,

0
(2,00, +a,c0,;, + 2,400,
-
Opa = alsﬁl +325912 +a359123

0
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Thay cde bidu thic trén vao pt (4.32):

¥y el
V_V =J 92
o, 8y

vdi
—(a;80; +a,80,5 +a38053) —(ay80;5 +a380,03) —8350,43
J=| {8,c0) +asct, +a3e8y95)  (ap00;3 +a3ch53)  a3cling |(4.67)
1 1 1
Chu y: néu diém quy chiéu duge chon tai gde hé toa dd (x, ,y,), ma
tran Jacobi ¢é dang:
—{a,80; +8,80,,) —(aysb;,) O
J= (8.1(:91 +32C912) (3.2(:9]2) 0
1 1 1

{4.68)

Ma tran Jacobi clia ¢d ciu chap hanh Stanford

Hinh 4.8 minh hoa s¢ dé tay may Stanford da trinh bay trong Chudng
2. D& don gian héa sy phéan tich, gdc toa dd ¢ dinh duge dit tai giao
diém cda hai truc khép ddu; gdc hé toa dd (x,, v, z,) dat tai giao diém ba
truc khdp cudi.

Cac thdng s& khau D-H duge liét ké trong Bang 4.1; ma trn bi&n ddi
D-H la:

Cel 0 _Sel 0 (302 0 592 0_
o4, - s0, 0 b, O A, - s, 0 —cB, O
0 -t 0 0 0 1 0 d,
Lo 0 0 1 0 0 0 1
[0 1 0 © 8, 0 -s8, O]
-1 00 0 8, 0 0, O

2A — . 3A - 4 4
8710 01 d, *“lo -1 0o o
[0 0 0 1 0 0 0 1]
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Hinh 4-8. Tay may Stanford,

8, 0 56, O By -365 0 O
in |05 O o5 O cn |06 B 00
o 1 o of 1o 0 10
0 0 0 1 ¢ 0 01
Chiéu z_, ciia cde tryc khdp dugc tinh theo pt (4.63):
0
25 =| 0 (4.69)
1
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Bang 4-1. Cac théng s khau D-H cla tay may Stanford.

Khdp i o a d. B
1 -90° 0 0 B, (bi€n)
2 90" 0 d, (hing) 8, (bién)
3 0° 0 d, (hing) -90° (bién)
4 -90° 0 0 8, (bién)
5 90° 0 0 8, (bién)
6 00 0 0 9, (bién)
0 - s,
z,="R,|0]=]| 0, (4.70)
1 0
0 ct,s0,
zy = 25="R,| 0 | =| 50,50, (4.71)
1 cl,
0] [~-s0,80, +cB;cBycB,
z,="R,{ 0 |=| cb;50, +58,cO,c0, (4.72)
1] —-50,c0,
0] [ $9,c0,350; +cB;cB,50,50; +c,;50,c0;
2s="Rg| 0| =| -0 c0,58; +50,00,80,505 +50,50,c85 |  (4.73)
11 - 80,580,595 +cl,c0;
Ap dung pt (4.64), sé& tim duge cdc vector vi tri i'lpe*:
0
*pe="pe="ps =|0 (4.74)
0
d3C91592
2pg = | d;s9,56, (4.75)
d3C92
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d 50,

d3ef,

—dscel Sez “d2581
=| d 486,80, +d,ch,

[d4c0,56, —d,s6; |

(4.76)

(4.77)

Tim ma trin Jacobi bang cach 4p dung pt (4.62) ¢ot theo cot:

Vex

VS),

Vg

o,

(O] y

I_U)z

treng d6 ma tran Jacobi 14;

0

0
0
)3

[ —d 350,50, —d,eh,
d3C91382

—-d,s8,

d;c6,c0,
d 450,08,
—d;s0,
- 50,
<0,
0

cBs0, O 0 0]
s0,50, 0 0 o
cl, ] 0 0

0 0180y Jus Jas (4.78)

0 $01502  Jss  Jse

0 ¢y Jes  Jss |

véij,. J55 g la céc thanh phan X, ¥,z cla vector don viz,;vaj,,
Jse» Jes 12 cdc thanh phén cla z,

Cée tryuc 4, 5, 6 déng qui tai mot diém, nén tat ca thanh phan trong
ma trdn con 3 X 3 phia trén bén phai la bang zero.

Ma trén Jacobi quay vit

Trong phan trude, goe cha hé toa dé tay may duge chon lam diém quy
chiéu. D¢ tinh ma tran Jacobi quay vit, viée chon goc hé toa dé 6 dinh
lam diém quy chiéu sé thuin tién hon, cde toa 36 quay vit cé thé duge
ding dé 14p cdng thic ma tran nay. Goi Vv, 1a van téc mét diém trén b
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tdc dong cudi ciia co cdu ndi Liép, trung tic thai v6i gic hé quy chiéu cd
dinh. Ap dung pt{4.52) 48 tinh vector van 8¢ b tac dong cudi:

A L N R
X{ }gqisi (4.79)

Vo
vdi su quay dan vi duge xdc dinh theo pt (4.49), hedc pt (4.50).

Trén pt (4.79), ma tran Jacobi don gidn 1a tap hop cde sy quay don vi
lién hé vdi cde truc khdp. Cac toa do ciia cac khép quay don vi 14 cdc phan
tit cHt clia ma trén Jacobi:

J=15, 858, (4.80)

D& tinh ma tran Jacobi, truée hét can xdc dinh chidu va vi tri cde true
khép tng vdi hé quy chiéu bang céch xét hinh hoc cha cd cdu. Néu cdc hé
toa d¢ khop (x, v, 2,) d&n (x, ¥,, z.) dugc thiét 14p theo qui uéc D-H, s,
va s duge 1y tif cft thi ba va thit tu eha °A_ .

Chii ¥, cdc toa d6 quay khdp cé thé duge xdc dinh trong hé quy chiéu
bat ky. Ma tran Jacobi ¢é thé duge don gidn héa néu hé quy chidu duge
chon tai diém tring hop tic thai vdi mot trong céc hé toa dj khau trung
gian, thudng 14 khdu 3 hodc 4. Néu hinh hoe khau gém cde truc khdp
déng qui, cdn chon géc hé quy chiéu titc thai tai diém déng qui d6. Néu
hinh hoe khéu gém cdc truc khdp song song, cdc truc toa d hé quy chidu
tifc thoi thang hang vdi céc truc song song nay.

Xét hé quy chiéu tie thai (x, ¥, z ) trung véi hé toa do khau ( X, ¥ %)

(Hinh 4.9). Chiéu va vi tri cdc truc khdp theo hé quy chiéu (x , ¥, z))
duge cho tuong dng theo cot thit ba va thi tu cia’A :

0
Sinl i |9 (4.81)
0 1
0
0
Bpis1 |_j 0
=i, (4.82)
s
1
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Sn 1Y)

2y
Ré tac ddng cudi
Yo
Op

b

Xp
Hinh 4-9. Cac toa d6 quay vit theo hé quy chidu tlc thai.

Céc toa df quay néu trén duge tinh béng cdch sit dung cd¢ cong thite
dé qui:

1. Diéu kign ban ddu. Bt dau véi s, =[0,0,1]7 va sy, =[0,0,0]
2. Tinh todn thugn.Véii=j+1,j+2, dén n-1, tinh duge:

sia =CUR;)'z;)
So..1 =80 ORI

JIRm :(jRi )(jRilwl)

(4.83)
3. Tinh todn nguge. Vdi i=j-1,j-2, dén 0, tinh duge:
si1 =CRCz)
So.i.1 =Soie2 ~CRLC 1)
IR, =(R, (R, ) (4.84)
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v6i “'R 14 ma tran quay cia khau i ing v§i khau i-1, 'R, = (IR
0

14 vector don vi trén truc z, va duge biéu dién trong hé toa 4§ khiu
thit i.
8
= disai
d;ca;

1a vector vi tri xdc dinh tir O, d¢n O, va dugc bidu dién trong hé toa
d6 khéu thi .

Tap hgp cac éu quay don vi tinh tif cdc ¢fng thitc dé qui néu trén:

I
[j"o }JJq (4.85)

ky hiéu j trong pt (4.85) cho biét trang thai van tdc bd tac dong cudi
durge bidu dién trong hé quy chiéu tring hgp tite thot vdi hé toa dd khau
thit j. Néu biét cdc ty sudt khdp, pt (4.85) duge dung dé tinh trang thadi
vén toc bd tac dong cudi. N&u biét trang thai van tac b téc dong cudi, cdn
bién i nguge pt (4.85) 48 tinh cdc ty sudt khép. Sau day 1a céc vi du
minh hoa.

Ma tran Jacobi quay vit clia co cau chap hanh Stanford

Xét hé quy chiéu te thisi (x, ¥, 2 ) trung vai hé toa df khau (x,, y,, zé)
(Hinh 4.8). Diéu kién ban dau véij=31as, =[0,0, 11" va s, ,=10,0, 0]

Ap dung pt (4.83), sé tim dugc chidu va vi tri truc khép thit ndm va
th{ sau.

Vi i=4:

[ 9,
s5="R, %z, = c0, (4.86)

Lo

166



0
Sp5 = 50,4+3R4 ¢ ry =0 (4.87)
0
cf,c0; -sB; B804
3R5 :3R44R5 =|s8,c8; €O, 50,50 (4.88)
—58. 0 085

bl

Vi 1=5:
0,50,
sg="Ry°zg = | 58,86 (4.89)
cB;
0
806 = 50,5+3R5 °ry=(0 (4.90)
0

Ap dung pt (4.84), tim dugc chiéu va vi trf true khép thi nhét, thi
hai va thi ba.

Véii=2:
o
33:3R2222 = {0 {4.91)
1_J
0
303 =804 ‘3R331‘3 = 0 {4.92)
~d
[0 o —1]
R,="R,°R, ={¢B, 80, O (4.93)
L;GQ —ct, OJ
Véii=1:
-1
52:3R1 ‘2, :{ 0 (4.94)
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dy

50‘2250_3—31:{221'2: 0 (4.95)
"d3
86, -y 0
3R,="R, 'Ry ={c0,c0, sb,c0, -sb, (4.96)
cBs8,; 8638, by
Véi i=0:
0
8,= Ry "z =| —s8, (4.97)
cdy |
4,
So1 =Sg2— Ry'm’=| 0 (4.98)
|-ds
Ap dung pt (4.49) va (4.50), ¢t theo cdt, s& tinh duge ma trén Jacobi:
0 -1 0 0 —sB, c0,s0;]
- 88, 0 0 0 eB8;, sB;s04
3y - cB, 0 01 0 cB; 4.99)
~dys8, O 0 0 O 0 :
~dych, dy 0 0 O 0
-dys6, 0 1 0 0 0 |

Ma tran Jacobi duge don gidn héa rd rét khi biéu dién trong hé quy
chiéu titc thoi. Thay pt (4.99) vao (4.85):
3, = -0, — 0550, + 0,400,386,
30)}, = 0,50, + 0500, +8,50,50,
3(-Jz =9,ch, +8, +04c05
3V = —U0,d580,
3v0}. = —6,d,ch, +0,d,

3\'02 = _01d2592 +d3

{4.100)
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Bién dé6i ngudce pt (4.100):

3
é — Vox
| ==
d;s6,

3 Voy + 91d2C92

9. =
2 d,

da=3\’02 + 91d2392

0, =—3mx394+3m},ce4 +0,50,c6, - 0,89,

3

0,00, +° 0,50, +0,50,50, +,c0,

6=

s05

(4.101)

Tir &6, néu biét cac ty sudt khdp § = 61,92,d3.94.95,96 , trang thai
vén tde bg tace ddng cudi °w_ va *v_ duge tinh tryc tiép tir pt (4.100). Néu
biét trang thai van téec bé tac déng cubi, cac ty suat khép cé thé tim duge
tir pt (4.101) ma khéng cin théng qua nghich ddo sé ctia ma tran Jacobi.

Ma tran Jacobi quay vit clia ¢o cdu chap hanh khuyu

Hinh 4.10 minh hoa so dé ¢o cau chap hanh khuyu da xét & Chuong 2,
¢éan tim ma tran Jacobi cia co ciu nay, Cae hé toa dd duoce cho trén Hinh,
cac thong s6 khau D-H duge cho trong Bang 4.2 , tir d6 cac ma tran bién

dai D-H la:
¢, 0 s0
o, | O by
0 1 0
0 0 o
[c8, -sO, O
2p, - sy 8y O
0 0 1
0 0 o

01 [c8; —sb, © agcegl
Oi " __;892 ey 0 ayshy |
of "o o 1 o0
1] 0 0 0 1 J
a,c0y cl, O -s0, a,cd,
agsby | 4. 86, 0O B, a,sl,
0 * _{ 0 -1 0 0
1 o 0 0 1
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Bang 4-2. Cac thong s6 khau clia co cdu chip hanh khuju

Khépi o, a, d, 0.
1 n/2 0 0 bién
2 0 a, 0 bign
3 0 a, 0 bién
4 -/2 a, 0 bién
5 2 0 0 bi&én
6 0 0 d bién

=

Hinh 4-10. Co c8u chip hanh khuyu. ‘
¢, 0 sb; O cig —-s0; 0O O
‘A, - sty 0 —cb; O SA, = sBy ¢bg 0 O
0o +r 0 0 0 0 1 dg4
0 ¢ 0 1 { 0 0 01

Hé quy chiéu tuc thdi (x, y, z,) thdng hang véi hé toa d6 khau
(X,, ¥,, 2,} (Hinh 4.10). Diéu kién ban ddu vdij=41las, =10, 0, 1)" va
s, =10,0, 11

Ap dung pt (4.83), sé tim dugc chidu va vi tri truc khdp thi sdu:
Vdii=5h:
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58y |
s="Rs°25 =| —ch, (4.102)
0 -
[0
S0 =Sos+ Rs’15 = 0 (4.103)
0

Ap dung pt (4.84), s& tim duge chibu va vi tri cdc truc khdp thit nhat,
thit hai va thit ba:

Véii=3;
0
s,="Rg%z5 =] -1 (4.104)
0 4
—a,
S04 =S5~ Ry%ry=| 0 (4.105)
0

By 883 0
‘R,="R;°R, =} 0 0 -1 (4.106)
‘—5834 C834 0 ’

Vai1=2;
0
s3='Ry%2y =| -1 (4.107)
t 0.
~agcl, —a,
S0 =804~ Ry’rg = 0 {4.108)
a458,
{ €Oz34 8835 0
'R;=*R,*R, = 0 0 -1 (4.109)

—8By34 By O

L
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Vaii=1:
0

s,=' Rtz =] -1 (4.110)
0

—agefy, —a,c8, —ay
Bp2 = 30,3—4R221’2 = 0 (4.111)
a,805, +a,50,
8,¢0534 50,100,534  SOa34
4 ROZ“R1 i Ry=| -s6; ch, Q {4.112}
—c0;80y3, —sisbyy, O3y

Vaii=0:
50334
s;=*Ro’zg=| 0 (4.113)
cBg34

Soy =Sga— Ry'ry = 0 (4.114)
a,80;4 + 2456,

Ap dung pt (4.49) 48 tinh ma tran Jacobi, cét theo cot:

[58934 0 0 0 0 s0; |
0 -1 -1 -1 0 —c8
sy cOgqy 0 0 0t 0 (4115)
0 a,shy, +a4sy, a,50, 0 0 0
X51 0 0 0 0 0
| 0 aychy +aged, +a, aycl,+a;, a, 0 0O |

trong d6 X, = aycl, +a,c,y5 +a,chlyg, . Phuong trinh (4.115) lién hé
céc ty sudt khdp vdi trang thai van tic cda b téac dong cudi. S6 4 trong tJ
biéu thi su quay khép, $,, i=1, 2, ..., n duge biéu dién trong hé quy chiéu
tritng titc thii véi hé toa do khau thir 4. Thay pt (4.115) vae (4.85):



4(1)), = "9234 - 96095

4 . .
m, = 9109234 +95

4 (4.1186)

Vox = 0389503 + 0533550,
. :

Voy = 01{85€85 + 25003 +a,c0,3,)
. : : .

Voz = 8285005, +0y32508, + 0,548,

Né&u cho trude cde ty sudt khdp, trang thai van tdc b tae dong cuéi
duge tinh truc tigp tir pt (4.116). N&u cho truge trang thai van téc bp téc
dong cudi, cdc ty sudt khop duge x4c dinh theo chudi thid tu bang bign dai
nghich dio:

8 = ey
a,00, +ayefyy +a,c0yy,

o4
O5="0, —0;c0,34

4cnux 0,865,
50

bl

0g =

9234 =“4(-')), _96095

4 ; s
_ 5834V, —848934) B3y vy

0
» 24504
é _ 0944\-’“ _394{4V02 “ﬁ40234)
2 29503
é'3 = E‘323'— 92
8, =05y — 653 4.117)
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Ma tran Jacobi quay vit ¢cla cd cau chap hanh 6R can tdng quat

Trong cdc vi du trude, cé the 14y giai tich nguge cac ma tran Jacobi tix
su ba tri hinh hoc dic biét cua cdc khau. Su phic tap cia ma trén Jacobi
tang khi dang hinh hoc ciia cd cau tré nén tdng qudt hon. Tuy nhién, dé
don gian héa, ¢6 thé chon hé toa da quy chiéu thich hgp. Trong vi du nay,
" dé minh hoa diéu d6, sé xét ma trin quay vit ciia cd cdu chap hanh 6R, 6
béc tur do can tong quat (Hinh 4.11).

Zp

Hinh 4-11. C0 cdu chidp hanh can 18ng quat.

Trong c¢o ciau nay, truc khdp thi nhat va thi hai truce giao, truc khép
thit hai va ba song song; true khép thit ba va tu truce giao; true khdp thii tu
va ndm truc giao; truc khép thi nam va sdu truc giao va cach nhau bang
khodng cdch a_. Cdc thong s6 khau D-H duge ligt ké trong Bang 4.3.

Bang 4-3. Cac thang s6 khau chia co cdu can tdng quat.

Khépi Q. a, d. 8
1 /2 0 0 bién
2 0 a, d, bién
3 w2 0 0 hién
4 w2 0 d, bién
5 n/2 a, 0 bién
6 0 0 d bign
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Cdc ma tran bién ddi D-H ¢6 dang:

[eB, 0 s0, 0] c0y -s0, 0O agcﬂ.z}
OAI _ 89, 0 -6, O A, - s8, 0, 0 aysb,
S R 0o 0 1 d,
L0 0 0 1 Y 0 0 1
[cB; 0 58, 0] B, 0 8, O
24, = sy 0 -c0y 0O . A= sby, 0 -eB, 0O
601 0 0 101 0 dy
L 00 0 1 Lo o o 1
[eB; 0 58, agch,] [cBy -sBg 0 O
i
4 885 0 -cB; ags, 5 88 g 0 O
Ag = Ag =
01 o0 0 0 0 1 dg
L0 0 0 1 0 0 0 1

Pat hé quy chiéu tic thai (x', vy, 7 ) thing hang véi hé toa do khau

(Xy: ¥5, 2)- Diéu kién ban ddu véij=31a s, = [0,0.1]" va s, =[0,00].
Ap dung pt (4.83}, ¢6 thé tinh chidu va vi tri truc khép thi nam va sau:
Vi i=4:

50,
0
0
Sp5 = 50.4+3R4 ' =0 ' (4.119)
dy
cb,c0; 50, 0,56,
"Rs="R, 'R =58,c8; -cf, 0,50, (4.120}
88, 0 —chy
Vi i=5:
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cB8,50;

ss=3R55 z; =| 50,805

—cBy

asch,cly

Sgg = 50.5+3R55r5 =| aysb,ch;

d4

+agsbs

(4.121)

(4.122)

Ap dung pt (4.84), chiéu va vi tri tryc khop thit nhat, hai va ba la:
Vaii=2:

0
33:3R22ZZ =|1
0

3p 3
Sp3 =504~ R3%ry =

3R1=3R22R1 =
Vdéii=1:

0

s;="Ry'zy =1

0

176

_ ip 2. _
Spg =Sp3™ Ry'rg =

3R0=3R11R0 =

o = 9

cd a3
0

g0 0O
0 1

—a,c0,

_.d2

— 24803

c91c023
s,
cf,50,5

80,c0,5
—cfhy

58,3
)

—clp;

(4.123)

(4.124)

(4.125)

(4.126}

(4.127)

(4.128)



Véi i=0:

3923
s1="Rg"25=| 0 (4.129)
-y
- 82093
Bp1 = 50,2—3R11r1 =| —-d, {4.130).
—a,30,

Ap dung pt {4.49), (4.50) d& tinh ma tran Jacoebi cdt theo cdt, sé ¢6
két qua:

[ 50,5 0 0 0 sB, 0,505
0 1 1 0 —cby 80,80,
35 Oy 0 01 0 —cl5 @.151)
dychy;  a,s0; O 0 dycb, -sB,(a;+d,sb;)
-aqch, 0 0 0 d,s8; cBy(a;+d,sbg)
| d3s0y3 -—agchy 0 O 0 0 ]

Ma tran Jacobi di don gidn dé€ thuc hién gidi tich nguvc.
Bién ddi toa do quay vit

Phan trude da trinh bay ma tran Jacobi cé thé duge don gidn héa khi
st dung hé quy chiéu tring v6i hé toa dd khau trung gian trong co cau.
Tuy nhién, trong thuc t&, trang thdi vén tdc by tdc dong cudi thuomg duge
guy chiéu trong hé ¢6 dinh (x , v, 2 ). Do d6, cAn bién d6i trang thai van
tde tir hé quy chidu ¢6 dinh sang hé quy chidu titc thoi, dé cé thé tinh cac
ty sudt khdp.

Trén Hinh 4.12, (x, y, 2) va (x;, y, z} la hai h quy chigu. Vi tri 0O, lién
hé véi hé (x, y, z) theo ip [px,py,pz]T va dinh hudng ctia hé {x Yo z)
lién hé v6i hé toa 49 (x,, y,, 2,) dugc md té bang ma trin quay 'R . SLr quay
vit $ lién hé v6i hé toa d6 (x ¥;» z;) theo '$ va véi he (x, v, 2) theo $.

Tir dinh nghia quay vit:
*5{. S ] (4.132)

‘gox's+i's
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Hinh 4-12. Bién ddi toa dé guay vit
_ ig
g , {4.133)
Isox!s+dts

Vector dutng va vector moment ciia 2 sy quay quan hé véi nhau theo
phép bién dai:

gl Rjjs (4.134)

'sp="p+'R; s, (4.135)
Tir d6:

I5ox's —_—(ip+iRjjsD)><i s=ipx(iR_i js)+iRJ-(jsg><5‘s) (4.136)

Thay pt (4.134) dén (4.136) vao (4.132):

- iRjjS
T 'RUsexisyipx('Ris)+a 'R s (4.137)

i

Phuong trinh (4.137) viét du6i dang ma trgn:
'$=T,'s (4.138)
trong dé:

178



gy L (4.139)
: i

14 ma trdn 6 X 6, va

) 0 _pz py
Wi=p. 0 -p, (4.140)
-'py by 0

12 ma trdn d6i xitng 3 X 3 bidu dién vector O, O, trong hé toa df thu .
Do 'W, d6i xitng va ‘R, vubng, nén ma trén nghich dao la:
‘R 1 0
iTj =1 ... PR (4141)
N&u biét suf quay trong khung thi j, c6 thé tinh bidu thite sy quay d6
trong hé toa d6 thit i bing cach dp dung pt (4.139), va nguoc lai s dung
pt(4.141).

Vé phuong dién hinh hoc, 6 cot cia iT‘j trong pt (4.139) thé hién 3 sy
quay chudn ho4 cta budc zero theo chidu dai va 3 sy quay chudn ho4 ctia
bude v6 han song song theo cdc truc toa dé cia hé (x,, ¥ % } va bidu thdce
trong hé (x, v, z). Sdu su quay chuén hos nay, ¢d bidu thite trong hé (x,,
¥, 2), la

$, =[1.0.0,0,0,0"
=[0,1,0,0,0.0]"

$4 =[0,0,1,0,0,01" (4.142)
=[0,0,0.1,0,0"

$, =[0,0,0,0,1,0]"

$¢ =[0,0.0,0,0,1]"
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Sy dién dich hinh hoc néu trén déi khi rdt hilu dung dé 18y dao ham
ma trén bién 48, ngoai ra cdbn duge s dung dé ki€m tra gi4 tri phép
phén tich dao ham etia T

Vi du 4.1 Co cdu chdp hanh Stanford. Xét co cidu Stanford (Hinh 4.8)
d€ minh hoa cdc nguyén 1y néu trén. Sif dung cac théng s& khau D-H da
néu trong phan trude, ¢6 thé tinh ma tran tich °A, :

[ 50, cBcB, 0,80, dzch,;s0,—d,s6,

—¢By sBych; 5056, dss0,50, +d,ch,
0 —sB, 8, d4c8, 4.143)
0 0 0 I

UA3=

T d6, ma tran quay °R, 1a:
[ s0; c6,c8, cB;s8,
"Ry =|-cO, s6,c6, 56,30, (4.144)

Vector vi tri clia diém O, ing véi hé quy chiéu c6 dinh (x , y , 2 } 1a:

0| [dgcO,s0; —dgs0,
0| {d4s0,88, +d,e8,

0. 0
="A = (4.145)
Ps 3o dged,
1 1
Thay cac pt (4.144) va (4.145) vao (4.139):
s0, cf,c8, cB,s86, 0 0 0
-cty 88,0, sB, 50, 0 0 0
oF. - 0 -850, cd, 0 0 0
3 1daeByc0, —dgs0, ~d,c0,80, ducBieB, 80, cBcH, cO,s6,
d3391£‘92 d3(38]_ - dzselsez d2591092 —*C'Bl 891092 391592
L —d3592 —d2082 —d2592 0 —382 (:92 ]
(4.146)
Bién d8i nguge ¢6 dang:
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58, —-cb 0 0 0 0
£0,ch, 80,c8, -s8, 0 0 0
cb,s0, 50,80, O, 0 0 0
d;eh,ch, d;s6,c0, -dgsb, 86, -ch, 0
~d3s8; —d,c0,50, dyc, —dys0;s0, -duch, cb e, stc0, -—sb,
d,c0,c0, d,s0,c0, -dysB; 0,58, 56,80, Oy |
(4,147

Trong bai todn hoach dinh dutng dan, trang th4i van tde b tac dong
cudt thuong duge xde dinh bing vector van téc géc (@, @, o) va vector
van téc mot diém trong hd tdc dong cudi v, Voo Vo) trung tide thai vai
goc toa d6 ¢d dinh O . Ssu thanh phdn nay 1a cac toa dé cua su quay vit
khi b9 tac ddng cudi dang quay tdc thoi. Cho nén, sdu thanh phan nay
quan he vdi cac thanh phan cia trang théi vén tée trong hé toa do chuyén
déng thia ba theo phép hién d6i sau:

g _ _
o, | Wy
d
Wy 0y
3(0 Log m,
“On o (4.148)
' Vox VUX
3
o Voy
3 3
L Voz | | Yoz |

Khi trang thai van toc duge bién déi trong hé quy chiéu tie thi, bai
todn véan téc ddo (nghia la biét trang thai van toe, tim ty suat khop) duoc
giai theo biégn doi:

01 Oy,

{.}2 (!J.\"

B | . d(.!,

S S {4.149)
84 Vox

. 3

95 "0)-' |

86_ {Voz
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Vi du 4.2. Co cdu chdp hanh khuyu. Vi du nay sé xét cg cdu khuyu
(Hinh 4.10). S{r dung c4c théng s6 khau D-H § phan truéc, ma trin tich
°A, ¢6 dang:

c0,0054, -50; -—cbsByy, ©0,(a,005a, +a3c0,5; +a,00,)

0A = 80,0094, €8, 5808054, 80,(a,c05, +23005; +a,00,)
4 58234 ) 09234 3439234 +a35923 +32392
0 0 0 1
(4.150)

Tir d6, ma trdn quay °R_ la:
cOicly3y —80; —cBsbyyy
"R, ={90,c053, B, —506,50,, © (4.151)
88234 0 0534
Vector vi tr{ diém O, dng vdi hé quy chiéu ¢d dinh (x, y, z,} 1a:

O] |cB,(a,c0z54 +830055+25C0;)

0 g 055y + 840059 + 0
0p,=A,| " |= $6;(a4cBz34 +a3cby3 +2500,) (4159
0 a,50594 + 838053 +2,00,
1 1
Thay cdc pt (4.1561) va (4.152) vao (£.139):
UI;'I-f‘ _ 59234 0 09234 0 0 0
-%X;00, —Xg80;, -x,00; 80,05, cB; —80;50yy,
J 0 X3 0 88234 0 39234
{(4,153)

v6i x, = a,50, + a,s0,,, x, = a,s0,, + gsg.e%: a,80,, Xg = ach,,, +
a,ch,, + a,ch,, vax =a, +aco, +a,ch,. Bign ddi nguge cé dang:
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[ 0,055,  $6,C0y5, 50, 0 0 0
-s6, ch, 0 0 0 0
s | 0,868,354 —50;80,3, €O, 0 0 0
0 X186, - x,c6, 0 eBeflyy, 50,004,  sy4,
—X,ch, — X80, X3 -s0, ch,; 0
X450, -x,c8, 0 -eB)80y5, —50,88p5, By |
(4.154)

Tir dé, trang thai van tée bd tac ddng cudi trong hé quy chiéu cd dinh
cd quan hé véi hé toa 46 chuyén déng thi tu theo phép bi&n d8i ma tran:

‘o, [, ]
imy Wy
L0 =0 (4.155)
VOX VOX
4"’o;w Voy
_4 Voz | LYoz |

Tuong tu co cdu Stanford, bai todn vé4n tée nguge duge xét theo bidu
thafe:

-81_ ~4mx—
0, ‘o,
03 |_ay] ‘o, (4.156)
04 4Vc.x
65 *Voy
[ 05 | v, |

Quan hé giiia hai phudng phap

Vector védn tbc (0 va v sit dung theo phuong phép quy ude duge bidu
dién trong hé quy chiu ¢d dinh, con "o_va’v_ sl dung phuong phap céc
toa do quay vit duge bidu dién trong hé quy chxeu tie thi. Hai trang thai
van tdc ndy lién hé véi nhau theo phép bién déi sau:
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0,="R; 0, (4.157)

vo="R,(vo+a,x'p,) _ (4.158)
vai
0
] .. |©
pn =JA
1

la vector vi tri clia gbe hé toa do bd tdc dong cudi ung vdi hé toa do
khéu thi j.
S0 diéu kién

Ma tran Jacobi, J, bién déi ty suat khdp trong khong gian n chiéu
thanh van t&c bd tdc déng cudi trong khong gian m chiéu. Trong Jacobi
quy ude, 3 phan tif thi nhat ciia x c6 thif nguyén chiéu dai trén don vi
thsi gian. Trong khi 3 thanh phén cudi cia % ¢6 thi nguyen radian trén
don vi thai gian. Tuy nhién, tiy theo loai khép trong eo cdu, cde phén i
clia § ¢6 thé khong c6 thit nguyén nhu trén. Do d6 cdc thanh ph4n ma
tran Jacobi khéng cin c6 cung cdc thif nguyén. Vi du, néu tat ca cdc khdp
12 loai quay, 3 hang ddu cia ma trdn Jacobi, J, ¢d thif nguyén chidu dai,

trong khi 3 hang cudi khéng cé th nguyén. Tir d6, nén thdn trong khi
thue hién ma trin nay.

Vi co cdu chi cé mot 1031 khdp va mot kiéu cong viée, hodc dinh vi
diém hoeic dinh huéng vat thé, khong gdm cd hai, ma tran Jacobi c6 thé
duoe dac tnmg bang dai ldong duge goi 14 s6 ' didu kién, c. S6 diéu kién cda
ma tran A la:

e AYIAT (4.159)

trong dé chuan cia A duge xdc dinh la:

“AH = max u u

o |

Néi cach khide, chuén clia A gidi han Jily thifa ting cGa ma tran:

||Axl'; A Hx“ véi tat ca cdc vector x (4.160)
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Trong d6, d&ng thic chi x3y ra khi it nhit mét vector x khac khong.
Truémg hop A 14 ma tran xéc dinh duong, s6 trang thdi ctia A 14 ti 58 giita
gi4 tri hitu han 16n nhat va nhé nhét cia A.

Si diéu kién c(a ma tran Jacobi phu thudc vaoe chigu dai khau va ciu
hinh cd ciu van hanh. Khi b@ tdc dong cudi chuyén dong tir vi tri nay dén
vi tri khdc, s6 diéu kién c6 chc gid tri khac nhau. S8 diéu kién nhé nhdt
cUa ma tran bat ky la 1. Céc diém trong khong gian lam viée cla co edu
c6 s6 diéu kién ciia ma tran Jacobi biing 1 duge goi 14 cac diém ddng hudng.
Tuy theo chidu dai khau, cd cau chiap hanh c6 thé ed hodc khong ¢6 cdc
diém ddng huéng trong khong gian co cau dé.

Phuong phép thit hai 13 so sdnh cdc ty sudt khép cdn thiét dé tao ra
van tde don vi & bo tac dong cubi theo moi hudng. DE dat duge diéu nay,
can xdc dinh vector van téc ba tde ddng cudi trén méit ciu don vi
Tx=1 (4.181)

va so sanh cdc ty suit'khép tuong ing trong khéng gian khép n-
chiéu. Thay pt (4.56) vao (4.161);

X

q'j jq=1 (4.162)

Phuong trinh (4,162} bigu dién ellipsoid trong khéng gian khdép n-
chiéu, Tich J7J 14 ban xdc dinh duong d61 xdng, nén cac vector cua ching
true giao. Cdc truc chinh cua ellipsoid trung véi cde vector cua J7J, va
chiéu dai cde truc chinh bing nghich déo cin bac 2 gia tri cha J7J.

Ma trin Jacobi 14 cdu hinh phu thugc, ellipsoid ciing la cau hinh phy
thuéce. Bé tdc dong cudi chuyén dong tit vi tri ndy dén vi tri khac, hinh
dang va su dinh huéng cua ellipsoid phu thudc cing thay déi tuong dng.
Eilipsoid van téc cang gan v6i hinh ciu, cdc dédc tinh cia phép bién déi
cang chinh xdc. Phép bién d6i nay duge goi 1a ding huéng khi cac truc
¢hinh e6 moi chidu dai bing nhau. Tai diém dang huéng, hinh cau don vi
trong khang gian m chidu cia b tdc déng cudi quy chiéu lén hinh cau
trong khong gian khdp n chidu. Mat khac, tai diém don, mét hodc nhiéu
truc chinth trd nén dai vé han va ellipsoid suy bién thianh hinh tru. Trong
diéu kién d6, bd tac dong cudi khéng thé chuyén dong theo mét sé hudng.

Vi du 4.3: Co cdu chdp hanh phdng 2 bic fu do Xét cg cdu trén
Hinh 4.7 . Bata = Jom vaa, = lm. Ma tran Jacobi, pt (4.66), trd thanh:
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Jo —JESBI—SBIQ -8B, m (4.163)
ﬁc@l +¢cBi3 By,

Tich ma tran J%J 1a:

JTJ = [2\/51382 +3 J§c92 + 1} m?

Chi y, J7J d6i xding va doc ldp vdi 91. Gid tri cua J7J la
AL =(2-V2)(—B, +1) VA Ay =(2+/2)(cB, +1) tutong dng. P3c bist, A =
A, = 1 d6i v6i cdu hinh 8, = 3n/4 hoac 0, =51/4. Cé thé thdy cu cau
chap hanh c6 s§ diéu kién la don vi khi co cau 14 mdt trong hai cdu hinh
trén. Vi sd diéu kién déc 1ap v6i 0, nén tat ci cdc diém quét béi co ciu
véi 8,=31/4 hoac 0,=57/4 sé tao thanh quy tich cic diém ddng huéng
{(Hinh 4.13).

Gid str 0, = 7/2, tich ma tran J'J sé la:

31
JT =
[1 J (4.165)

Gid tri cla JTT 12 &, =2-4/2 =0.5858 VA A, =2++/2 =3.4142. Céc
vector tugng Ung, chuén hod véi chidu dai don vi, 1a (-0.3827, 0.9238) va
(0.9238, 0.3827), Hai vector nay nghiang theo goc 22,5° tuong ting vdi ce
truc 8, va 8, va thdng hang vdi c4c truc chinh ciia elip.

Hinh 4-13. Quy tich o
cdc didm déng hudng. Quy tich
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Thay pt (4.165) vao (4.162):

. S o . g . _—
302 +20,0, + 03 = (0.382706, 0.9223892) N (0.92380, + 0.3282792)
1.3065 0.5412

=1
{4.166)

Phuong trinh (4.166) biéu dién hinh elip (Hinh 4.14b). Cac t§ suat khdp
cin thigt dé tao vdn tdc don vi cho b téc dong cudi 1a (9,,0,) = (-0.500,
1.207) rad/s doc theo true chinh, va (0.500, 0.207) doc theo truc phu.

Cé thé gia thigt 0, =0, ma tran Jacobi c6 dang:

-1 -1
Jz[\{5 0} (4.167)

Tix 44, cdc van toe bd tac ddng cudi tuong iing 12 (v,v) =(0.707,-0.707)
m/s dgc theo truc chinh, va (-0.707, 0.707) nvs doc theo truc phu (Hinh
4,14a). Cha ¥, d& tao cing tdc 49 bd tdc dong cudi doc theo céc truc chinh,
cdn phai c6 ty suit khép 16n nhat, trong khi vén téc kia cAn ¢6 ty sudt
khép nhé nhat.

¥ /"_'\ Oz

)
P=(-0.500, 1.207)

2.4-0.707, 0.707)
. \ Q ={0.500, 0.207)
- —
ry V, L 0
2.10 707, -0.707)

(a) {b}
Hinh 4-14. Ellipsoid van tdc

Phan tich cdu hinh dic biét

Trong cd cdu chap hanh, ma tran Jacobi, J, bién ddi ty suat khép
thanh trang thdi vén toc bd tac déng cudi. Néu biét t sudt khép, c6 thé
tinh truc tiép trang théi van téc bd tac dong cudi eda eo cdu. Tuy nhién,
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trong bai toan quy hoach quy dao, cdc van téc bé tde déng cudi thudng
duge cho doc theo hanh trinh meng mudn irong khong gian bd tac dong
cudi, va edc van téc nay phai duge bién déi thanh cac ty suit khép trong
khéng gian khép. Diéu nay doi héi tinh todn theo phép bién déi ddo pt
(4.56):

g=J 'x (4.168)

Ma tran dédo J dugc tinh tir ma tran J (theo phép bién dai ma tran).
Phuong trinh (4.168) duge dung dé tinh ty suat khdp cdn thiét khi biét
van tée bo tde déng cudi. Cde ty sudt khdp nay phu thude vao didu kién
ma tran Jacobi. V&i mot s& cdu hinh xdc dinh, ma trdn Jacobi c6 thé suy
bién hang (nghia 14 gidm s8 hang hay ¢ot déc lap tuyén tinh). Khi co cdu
chdp hanh tién t6i cdu hinh nay, ma tran Jacobi suy bién hang va c6 thé
khong nghich déde duge. Khi dé, nghiém cia pt (4.168) 14 cdc ty sudt khdp
vd han.

Cd cdu chdp hanh ¢6 cdu hinh dde biet khi ma tran Jacobi suy bién
hang. Vé vat 1y, diéu nay bao ham sy quay tic thai qua khéng gian n
chidu clia ma tran Jacobi tré nén doc ldp tuyén tinh, Do d6, ¢ cdu hinh
die biét, eo cdu chap hanh ndi tiép ¢6 thé mat mot hay nhidu bac tu do va
khéng cé kha néng chuyén déng theo mgt sé hudng trong khéng gian bo
tdc ddéng cudi.

Céu hinh dac biét duge tinh bing cach xac lap dinh thiic ciia ma trian
Jacobi biing zero. Néi chung, két qua s& 1a mot phuong trinh dai s6. Péi
v&i oo cdu chdp hanh néi tigp, didu kién dac biét 1a ham cla cdc hién
khdp trung gian, khéng phdi 12 cic bién khdp déu va cudi. DPiéu nay la do
sy hién dién cta trang thai dac biét chi phu thudc vace ede vi tri tuong doi
cua cac truc khdp. Su quay cua toan b co cdu quanh truc thi nhat khong
thay déi cdce vi tri idong ddi cia edc truc khép. Tuong td, sy quay cia ho
tac dong quanh truc cudi khdng anh huéng dén vi tri clia cdc true khép
khdc. Do do, cac bién khdép dau va cudi khang xuit hién trong dinh thiic
cua ma tran Jacobi.

Cé hai loal trang thai dac bigt trong co cdu ndi ti&p, bién va bén
{rong. Trang thai bién dic bigt xdy ra khi bé tde dong cudi & trén mat
bidn khéng gian 1am viée, va thuiing xay ra kbi ¢ cdu ¢6 ciu hinh hoan
toan dudi thang hodc hoan toan gap lai, hay khi mét trong cde bd tac
ddng véi téh gidi han co cau. Trang thii bén trong dac biét xay ra bén
trong bién khing gian 1am viéc, Nhiéu tinh huéng co thé dan dén trang
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thai nay. Vi dy, khi hai hay nhiéu truc khdp théng hang, tde dung quay
¢6 thé bi khit do sy quay tuong hd quanh truc khdp khae, lue dé bd téc
dong cudi ditng trong khi cdc khdp trung gian cia co cau van chuyén
ddng trong khéng gian. Trang th4i nay con xdy ra khi bon khép quay
song song v4i mot khép khac hodc giao nhau tai mét diém chung. Theo
hinh hoc ¢ cdu chap hanh, nhan dién trang thai bén trong dic bidt rat
phifc tap. Vé co bdn, diéu ndy x4y ra khi su quay cta hai ho&e nhiéu truc
khop trd thanh déc lap tuyén tinh. Trang thai dic biét bién khing quan
trong 1dm, vi c6 thé bé tri co cdu vin hanh cdch xa bién khéng gian hoat
dong déc biét nay. Trang thai dac biét bén trong réc r6i hon, vi khé du
dodn trong qui trinh hoach dinh hanh trinh. Céc vi du sau minh hoa y
nghia vat 1y trang thai dac biét bién va trang théi dac biét bén trong.

Céu hinh dic biét clia cd cdu chap hanh phéing 3 bac tydo

Xét co cdu phing 3 bac tu do trén Hinh 2.3. P§ nhén dién cdu hinh
trang thdi déc biét, can lap phuong trinh dinh thife ciia ma tran Jacobi.
Cho pt (4.67) bang zero:

-(8,80; +2,380,, +8,388,59) - (880,15 +8980,53) ~ 8380,
det(J) = (alcel + 320912 + 3300123} (32C912 + a308123) 3336123
1 Is 1

=a,8,80, =0 .
(4.169)

Cha y, csc gée khép 0, va 0, khong xudlt hién trong pt (4.169). D& 1o

hon, gid st cg cdu c6 cdu hinh dic bidt khi 0 = 0 hogc & = 1. Trang thai

8, = 0 tng v6i cau hinh dudi thing. Trang thai 0, = ® Ung v6i cau hinh

x&p gép (Hinh 4.15). Truang hgp nay, cd cdu bi mat 1 béc tu do. Bo téc

dong cudi chi chuyén dong doc theo hudng tigp tuyén cia tay don. Chuyén

dong hudng tdm khong xay ra. Pay 1a vi du tiéu bidy vé trang th&i dic

bigt bién trong khang gian hoat dong.

Céu hinh d3c biét cd clu chip hanh Stanford

Xét cdu hinh dic bigt ela co cAu nay (Hinh 4.8), che dinh thitc ma
tran Jacobi quay vit trong pt (4.99) bling zero:
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Hinh 4-15. Quy dao
céc diém dac bigt.

0 -1 0 0 -s0, cB,s0;
-80, 0 0 0 cB; sb4805
o 0 01 0 b
detChy={ ° + 778 1= 250,805 = 0
CD=) 460, 0 00 0 0 3502505
—dye0, dg 0 0 O 0
~d,s8, 0 1 0 0 0

(4.170)

Bién khéng gian hoat dong cia trong tdm khdp P xdc dinh bdi giéi
han trén va dudi cia khodng trugt cuc dai d, doc theo khép lang tru. Gid
st d, # 0, c¢ cAu chap hanh s& mat:

(1) 1 bac tu do néu s6, = 0 hodc s, = 0.
(2) 2 béc tif do néu s, = 0 va 8, = 0 xay ra déng thai.
(3) 3 bac tu do ndu didu kién (2) xay ra tai bién khéng gian hoat dong.

Piéu kién 56, = 0 khi 6, = 0 hoac %, Trong diéu kién nay, tay don sé
huéng lén hosic xudng, vi tri tdm xoay bi gidi han trén méit tru co bdn
kinh d, . P6 1a trang thdi dédc biét bign khéng gian hoat déng.
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Bicu kién s6, = 0 khi 0, = 0 hodc 1. Trutng hop nay, truc khdp that
sau thing hang véi khép thi tu.Do dé, sy quay bat ky quanh khép thit tu
c6 thé bi khir do sy quay nguge & khép tha sdu, dau tac dong c6 thé ty
chuyén dong khéng dnh hudng dén huéng eia b tdc dong cudi.

V& todn hoc, trang thai dac biét khac xdy ra ¢ d, = 0. Khi d6, su quay
bit k¥ quanh truc khdp thit 2 (z,) khong dnh hudng dén van téc tuyén
tinh ctia tAm xoay. Trong thyc t&, gid tri cye tidu clia d, duge xdc dinh
bing cdu tric vat 1y cla fay don robot.

Cau hinh djc biét clia ¢6 cau khuyu

Xét trang thai dic biét cg cdu ehap hanh khuju (Hinh 4.10), Cho dinh
thifc clia ma trén quay véi pt (4.115) biing zero:

80434 0 0 0 0 sb,

0 -1 -1 -1 0 —cby
8 0 0 0 1 0

der(*Jy=[ 2
0 @980, +a480, 2450, 0 0 o
X5, 0 0 0 0 o
0 aycl;, +ageb, +a, azch, +ay a, 0 0
(4.171)

= -8 gX580350; =0
Vai x, = a,c8, + aged,; + a,c0,
Gid slii a, # 0 va a, # 0. Trang thdi dac biét xay ra khi it nhit mot
trong ba hé s8 50, sB, va x_ 1a bing khéng. Co c&u sé mat:
(1) 1 béc tu do néu s6,, s6, hogc x,, biing khéng.

(2) 2 bac tu do néu bt ky 2 trong 8 88, , 88, va x_ dong thei bing
khéng.

(3) 3 bac tur do néu t4t ca sO,, 56, va x,, déu béing khéng,
Co cdu khong thé médt nhidu hon 3 bac tu do.

biéu kién 50, = 0 khi 0, = 0 ho#tc 7. Trong trudng hop nay, khau thi
v& 3 6 cdu hinh dudi thdng hoic x8p gép. Day 1a trang thai dc bigt bién
khéng gian lam viéc.

biéu kién s6, = 0 khi 8, = 0 hoc 7. Trudng hop nay, truc khdp tha 6
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song song vdi céc tryc khép thi 2, 3va 4, va co cdu mét 1 bac tu do. Pay
]a truong hop dic bidt ndi tai xdy ra bén trong khéng gian hoat déng.

Didu kidn x,, = a,c8, + a,ch,, + 2,6, = 0 duge thoda khi tam khdp O,
duge dua nguge vé goc toa do khau thd nhat (x, y,, z,). Su quay bat k¥
quanh truc khép thit hai sé khong dnh hutng dén vi tri tAm khdp. Vi cac
truc khép thit nhat va hai giao nhau, sy quay bat k¥ quanh truc khép thi
nhét cing khong anh hudng 1én vi tri tdm khép.

Tom tat

Chuong nay nghién ettu déng hoc vi phén cda cac co céu chdp hanh
ndi tiép. Phin dau xét dong hoc vi phan cta vat rdn. Cdc ma tran vi phan
ciia phép bién a8i va khai nidm chuyén ddng quay vit duge dung dé phan
tich déng hoc cdc cd cdu chap hanh néi tiép, tir d6 xét ma tran Jacobi.
Phuong phép dé quy duge ding dé 14y dao ham ma trén Jacobi trén co sd
quay vit. Ma tran Jacobi c6 thé duge don gidn héa ro rét bing cdch bigu
dién sy quay vit trong hé toa 49 quy chidu duge chon mot cach hop ly. bé
dé& dang phan tich vén tdc véi bai todn quy hoach quy dao, ¢6 thé ding
ma trén bién ddi 6 x 6. Phén cudi gi6i thidu cc trang thai dac biét cla cd céu
chdp hanh ndi tiép, trang thai nay doc 14p v6i céc bign khdp ddu va cudi.

192



Chuwrng 5

"PHAN TicH JACOBI
CG CAU GHAP HANH SONG SONS

Gidi thidu

Phan tich Jacobi co cdu chdp hanh song song khé hon ¢6 ciu chdp
hanh ndi tiép, vi ¢6 nhidu khau tao thanh cac vong kin. Gi¢i han quan
trong cua co cdu chdp hanh song song 12 trong khéng gian lam viéc cé
thé ton tai c&iu hinh dac biét, co cdu tang thém mot hodc nhiéu bac tu do,
lam mé&t hoan toan sy cling viing cia co cu. Tinh chat nay da thu hut
nhiéu nha nghién e quan tim, nhidu nghién ctu ¢ cdu vong kin §
trang thdi dc biét nay, dé xuat chia ma tran Jacobi thanh hai ma tran,
mét theo dong hoc thudn va mat theo déng hoc ddo. Tuy theo ma tran &
trang thdi déc biét, co cau ving kin ¢6 cdu hinh trang thai dac biét dong
hoc thudn, déng hoc ddo hodc ¢4 hai.

Trong Chuong nay sé trinh bay hai phuong phép phan tich, thd nhat
st dung cdc phuong trinh vong vector van tde, thit hai dp dung 1y thuyét
quay vit thudn nghich.

Ma tran Jacobi

Cd c4u van hanh song song thutmg gdm bé chuyén dong va d€ co
dinh ndi v6i nhau bing nhidu nhanh. Bé chuyén dong hoat ddng nhu b
tdc dong cusdi clia co cau. Do cdu trie vong kin, nén tit ca khdp khéng thé
diéu khién mét cach doc 1ap. Mot s khdp duge khién bing b tac dong,
s6 khac 12 loai khop thu déng. N6i chung, s6 khép hoat dong bing sé béc
ti do clia co cdu.

Vector q Ia bién khép tdc dong va vector x dic trung vi tri bé chuyén
dong. Cdc rang buge dong hoc tac déng l1én cac nhénh duge viét dudi
dang tdng quat:

f(x,q) =0 (5.1)

v6i £14 ham dn n chiéu theo g va x; 014 vector zero 1 chidu.
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L4y vi phan pt (5.1) theo thdi gian, sé tinh duge quan hé giifa cdc ty
suét khdp ddu vaoe va vén toc ddu ra bd tac ddng cubi:

J.x=J.4 (5.2)
vii:
of of
= . J =
e va 9 8q

Pao ham néu trén ddn dén hai ma trén Jacobi phan biét. Tl d6, ma
tran Jacobi, J, téng quat c6 dang:

g=J% (5.3)
véi J=Jd;'d,

Chi ¥, ma tran Jacobi & pt (5.3) d6i véi co cdu ch&p hanh song song
tuong dng véi Jacobi nghich déo trong co cAu chdp hanh néi tidp.

Cac diéu kién dac biét
Véi su tdn tai hai ma trdn Jacobi, cd cdu chdp hanh song song ¢6 cau

hinh d4c biét khid, J ho#c ¢a hai & trang th4i ddc biét, do dé c6 thé tim
duge ba kiéu trang "thii dac biét.

Trang thai d3c biét dong hoc dao
Trang thai nay xdy ra khi dinh thdc cia J_ tién dén zero:
det(d ) =0 (5.4)

Khi J c6 dang dac biét va khong gian zero ctia J khong réng, ton tai
cdc vector § khde zero din dén két qua céc vector X bang zero. Chuyén
dong vi phan bé di dong theo mét s& chiéu khong thé thue hign. Tir do,
c¢ cdu chap hanh mat mét s6 bac tu do. Mat khdc, tai cde cdu hinh dic
biét dong hoc dde, ca cau chap hanh khéang lai lue hodic moment & mot 86
chiéu theo lyc hodc moment b tdc dong 1a zero. Trang thai dic bigt
dong hoc ddo thuting x4y ra & bién khong gian hoat déng, noi cdc nhdnh
vi phan cia nghiém dang hoc ddo déng quy. Diéu nay tuong tu véi co cdu
chap hanh ndi tiép.
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Trang thai dac biét ddng hoc thuan

Trang th4i d4c biét dong hoc thuan xay ra khi dinh thic cla J_bang
zero:

det(J) =0 (5.5)

Gid thiét trong trang théi d6, khéng gian zero cia J_khéng réng, ton
tai cdc vector x khéc zero, cho két qua vector ¢ bing zero. Trong trugng
hgp nay, bé di déng 6 thé ¢6 chuyén déng vi phéan theo mot s§ hudng,
¢on moi bg tdc dong déu bi kho4. Tir d6, bé di dong tang thém mot 6 bac
tu do. Diéu nay tréi vdi cd cau ndi tiép bi mat mét s8 béc tu do. Mt khac,
6 cdu hinh dic bigt dong hoc thudn, cd edu khong thé khéng lai Iuc hosc
moment theo mét s6 chiéu. Trang thdi déng hoc thudn thuimg xdyrad
ndi ede nhanh vi phén cia cc nghiém dong hoc thuan gap nhau.

Trang thai dac biét hon hgp

Trang thdi ddc biét hén hop x4y ra khi ¢ hai dinh thic cia J ovaq
déu bang zero. Néi chung , loai ndy chi xdy ra trong ed c4u 6 c&u triic dic
biét. O cdu hinh dac biét hdn hop, pt (5.1) sé suy thodi. Ba di dong c6 thé
chuyén déng vi phan trong khi moi bd tde dong déu bi kho4. Mt khac,
bé di dgng c6 thé ding yén trong khi cde bp tdc dong 6 mot o chuyén
déng vi phan.

Jacobi quy uéc

Phan nay gidi thiéu phuong phap phan tich theo quy uéc. Du phuong
phap toa do quay vit va dai 88 chuyén déng rat hiu dung, nhung khi dp
dung vaio cd cdu song song thudng bj trd ngai do ¢6 nhiéu khdp thu dong.
Do d6, phuong phdp vong vector vén tdc théng thudng cé chidu hudng
thuén loi han.

N6i chung, vector van tdc cia mot di€m duge tinh tir hai chidu vong
kin khdc nhau. Méi vong kin gom d& c& dinh, bé di dong va moi khau
trong mit nhdnh. Cde ty sudt khép thu ddng trong mdi nhanh bi khir béi
tich phuong trinh vdng vector véan tie 1 bac tu do vdi vector tuong ing
true giao v4i moi vector cla cac ty sudt khép thu dong, Sau d6, céc phuong
trinh két qué dugc gdp vio ma tran Jacobi.

Dé dé hiéu, cé thé dinh nghia trang thdi van tdc b tac dong cudi la
vector 6 chiéu v6i van tdc tuyén tinh clia mét diém, va vén tac g6c ciia bé
di déng:
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s vp
X —L)J (5.6)

Sau day la cdc vi du minh hoa phuong phdp nay.

Jacobi cta cd cAu song song phang 3 RRR

Trudc hét 14y vi phan ma tran Jacobi va cac didu kién dic biét cla co
cau chdp hanh phdng 3RRR da dé cip trong Chuong 3. So d6 phin tich
¢d ciu nay duoe néu trén Hinh 5.1. Céc diém chuyén dong A, B, C x4c dinh
bé di dong va cde diém P, Q, R xdc dinh 46 ¢§ dinh. Diém G trén bé di
déng, a, va b, 12 hai vector khau chuyén déng thi nhat va thy hai trén
nhanh thi i, 8, va , 12 hai géc dinh hudng cua a; va b, so v6i truc x. Trong
¢d cdu nay, vector du vao la q =[6,,6,,8,]" va vector dduralax = [xg,yg,qJ]T

Phuong trinh vong kin duge viét cho mét nhdnh. Vi du v6i nhdnh thit
nhat:
PG +GA =PD+DA (5.7)

Pay la co cau phing, cac vector van téc goc cia moi khdu huéng theo
chiéu z duong. Phuong trinh vdng vector van téc duge xdc dinh bing cach
18y dao ham pt (5.7) theo thai gian:

(P -0R=RP=c, AB=BC=CA=h]
Hinh 5-1. S¢ dé cd cdu chdp hanh 3RRAR phing.
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vg+¢(kxci}:ﬁi(kxai}+([§i+1i;i)(k><bj) {5.8)

v6i v, 1a van t3c diém G, k 1a vector don vi theo chidu z duong. Do W,
la bién thu déng, ¢én loai bé khéi pt (5.8). D& dat duge diéu nay, nhin hai
V& pi (5.8) vdi b

b; v, +dk-(exb;)=6;k-(a, xb,) (5.9)

Phuong trinh (5.9) duge viét ba lan theo i = 1, 2, 3, thu dugc ba phuong
trinh v6 hudng va sdp x&p theo ma tran:

Jox=J.4 (5.10)

vii

blx bly elxbly "el}'blx
Jx = b2x be e2xb2y _e2yb2x

_b."ix b3y e3xb3y _e3yb3x
r
alxbl_y "alyblx 0 0
Jq = 0 a2xb2}, —azybzx 0
L 0 O ‘daxbgy “a3yb3x

VA K =[vg,Ve.0]T
q=[01,6,.8,1"
Sau day la 1y nghia vat 1y clia timg loai trang thdi dic biét,

(a) Trang thadi ddc biét dong hoc dio. Trang thai nay xay ra khi
mét trong cdc phian tid chéo cia J, triét tiéu, nghia la:

aixhiy —3'|),-ij =0 vl i=1,2, hOE_‘iC3 (511)

V& trai pt (5.11) 14 d6 16n cia a X b, . Trang théi dong hoc dio xust
hién khi nhdnh bat ky dang ¢ cau hinh hoan toan dudi théng hoac xép
gap. Co cdu mat 1, 2, hodc 3 bac tw do tuy theo 1, 2, hoac 3 nhanh dang ¢
cau hinh hoan toan dudi thing hosc x8p gap. J trang thai ddng hoc ddo,
sy quay vi phén cua khiu dau vao dang dudi thang hosc xép gap, khong
tac dong dén chuyén dong bé dau ra.
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Hinh 5-2. Trang thai
déc bigt ddng hoc
thuan clla ¢¢ cdu chdp
hanh song song phéng

(b) Trang thai dong hoc thuin. Trang thai déng hoc thuin xdy ra
khi dinh thic cta J_tién t6i 0. Tuy khé nhan dién mei trang thai dac biét
dong hoc thudn khd di, nhung c6 th& tim duge hai cdu hinh dac biét bing
cdch xét ma tran J_.Cha y, ¢6t cudi ciia J_ 12 dd 16n cha tich vector chéo
exb v6ii=1,2,3. Dot véi téit ca che nhanh khi b, thang hang véi e, ba
phan tif nay bi trigt tidu. Vi G 1a mot diém thy ¥ tren bé di djng, trang
thai dic bist dong hoc thudn xay ra khi ba vector b, (vdii=1,2, 3)giao
nhau tai diém chung. Hinh 5.2 minh hoa kiéu cdu hinh d6. Véi c&u hinh
nay, diém G trén bé di déng chuyén déng vi phén trong khi cée b tac
dong bi khod. Do d6, bé di dong tang thém 1 béc tu do va khong thé
khéng lai moment bat k¥ tir bén ngodi.

Cét thi nhat va thi hai cia J_biéu thi thanh phén x va y ciia vector
b (i=1, 2, 3). Khi 3 vector b, i=1, 2 ,3) ciing chiéu, hai ¢4t nay tré nén doc
lap tuyén tinh. Nhu vy, trang thai dac bigt d@ng hoc thuan xdy ra khi 3
vector b, (i=1,2,3) song song (Hinh 5.3). Tai cdu hinh nay, bé di déng
chuyén dong tinh tién theo chiéu vudng géc véi vector b, trong khi tat cd
cdc bo tdc déng déu bi khod. Cdc bd tac dong khong thé khang duge luc
bat ky tdc dung 18n bé di déng theo chiéu dé.

(e¢) Cau hinh dic bidt hén hgp. Loai cdu hinh nay xay ra khi ca
hai dinh thde caa J_va J déu bing 0. Nhu da dé cap, loai nay khong
nhing phu thude cdu hinh ma con phu thude cau tric. Cdc cdu trie dugi
day cd thé co cdu hinh dic biét hon hop.
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Hinh §-3. Trang thai
d&c bidt déng hoc
thuan thy hai cla co
P Q  causongsong phing

Céu triie 1:

PQ=QR=-RP, AB=BA=CA, a,=PQ/y3
vab =e v6i i=1,2,3.

Loai co cdu nay c6 th€ duge dinh vi trong cdu hinh trong d6 céc truc
quay D,E,F hoi tu tai trong tam tam gidc d&. Do céc ti 1& &6 dai khau dac
biét, trong tdm bé di dfng cing tring vdi trong tdm tam gidc d&. Do do,
bé di déng ¢6 thé quay quanh tdm dé va cic bg tdc dong bi khod. Mt
khdc, bé di dong c6 thé ditng & ¢ = 0, trong khi cdc khdu ngd vao c6 thé
quay theo cde true quay tuong iing. Diéu nay 14 do cdc phan tif ciia J, va
cdt cudi clia J_déu béng 0.

Cdu trie 2:
PQ=QR=RP=AB=BC=CA
via =bh, v6ii=1,2, va 3.

Loai cd cdu nay c6 thé dinh vi trong cdu hinh ba truc xoay chuyén
ddng A, B, C tring véi ba truc xoay c¢d dinh P, @, R. Vi thé, ba khau ddu
viao c6 thé quay thy ¥ con bé di déng bi khoa. Hon nita, véi cdc bd tac
dong bi khod 6 9, = - 150°, 8, = - 30°, va 0, = 90°, bé di dong c6 thé quay
quanh trong tam.
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Ma trdn Jacobi ca co cau dinh huéng khéng gian

Trong vi du nay, sé nghién cilu ma tran Jacobi va cdc didu kién dic
biét cda ca cdu dinh huong khong gian (Hinh 3.7). Co cdu chi cé 3 bic tu
do, nén vector ngd vao duge vidt 1a qz[al,&2,33_|T va vector ngd ra
duge viét thee van tée goc cia bé di déng X =0y =[a, NCENON 7.

Ti Hinh 3.7,phuong trinh viong kin cia nhanh thiti la;

OB, =04, +A B, (5.12)

Ldy dao ham pt (5.12) theo thoi gian, sé tim duge phuong trinh vong
vector van tic:

wg xb; = d;0; xs; +d;s; v6ii=1,2,3 (5.13)

trong d6 b, 1a vector OB, , s, 14 vector don vi hudng theo A B, , o 1a
viin téc goc cia nhéanh i dng véi hé quy chiéu ¢ dinh.

Dé khit @, cAn nhéan 2 vé pt (5.15) vdi s;:
(b; xs;)-wp = d; v6ii=1,2,3 (5.14)

Phuong trinh {5.14) duge viét ba lan vé6i i=1,2,3; dé la ba phuong
trinh vé hudng sdp xép theo ma tran:

Jeop =J,a (5.15)
trong dé:
(b, xs, )T
J.=1(bpxsy)7T
(b KSS)TJ
J, =1 tmatrén thudn nh&t 3 x 3)

Chiy, méi hang clia J_bigu thi vector phép tuyén véi mit phang tam
giac AOB, , d6 1a vector n:

n; =b, xs; {5.16)

Sau ddy la v nghia vat ly cua ba kiéu trang thai dic biét.
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(a) Trang th&i dic biét dong hoc ddo. Vi J 13 ma tran dong
nhat, nén khong c6 trang thai dic biét déng hoc ddo trong khong gian
heoat dgng cia cg cdu chdp hanh, Tuy nhién, cdc trang thdi nay cé thé
xdy ra d bién khong gian hoat dong khi mot hodc vai nhanh & vi tri hoan
toan dudi thing hodc x&p gap lai.

(b) Trang thai dac biét déng hoc thuin. Xét cde rang bude déng
hoe d nhdnh i. T pt (5.14), pham vi 4% gi&in dai d, cua nhanh i gop phan
vao su quay bé di dong theo truc qua goc O va hudng theo chidu vector n.
Khi bé tac dong thd 1 hi khod, sy quay bé di déng theo truc nay bi chin
lai, nhung c6 thé van quay theo hai truc OA, va OB.. D& ba b tdc dong
tuyén tinh giit cd dinh hoan toan bé di dong, ba vector n, Gng v6i i=1,2,3
phai xde dinh va trong khéng gian quay ba chidu cda b tac dong cudi.
Dinh thde cia J t1én tdi O va co cdu tang thém 1 béc tu do, khi 3 vector
nay trd nén tuyén tinh dgc lap hodc khi mét trong ba vector nay bi triét
tiéu. C6 thé xde dinh ba trang thai dac biét déng hoc thuan.

Trudmg hop 1. Mot trong ba vector, n,, bi triét tiéu. Bé dat diéu kién
nay, ba diém A, O, va B, phdi thidng hang. Lue d6, cd cdu tang thém 1
béc ty do. Khi tit c4 cdc bo tde dong bi khéa, bé di ddng quay theo giao
tuy&n clia hai mat phang tam gide AOB vaAOB, (v6ii#j#k). Hinh 5.4
minh hoa c&u hinh dac biét nay, trong d6 ede diém A . O, B, thing hang.

Ay

Hinh 5-4. Trang thai déc bigt dong hoc thuan cha ed cdu dinh hudng
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Truing hop 2. Hai trong ba vector la n, va n, phu thude tuyén tinh,
Khi hai mat phing tam gidc A OB, va A OB, tring nhau, ¢o ciu ting thém
1 bac tu do. Lac dé, tat cd cdce b§ tdc dong bi kho4, bé di déng van chuyén
dong theo giao tuyén giita hai mat phing tam gidc A OB, va A OB, véi k
# j. Hinh 5.5 minh hoa cau hinh déc biét nay, v6i hai mat tam giac A OB,
va A OB, nim trén cing mit phéing.

By

Hinh 5-5. Trang thai dic biét
ddng hoc thuan thi hai ca co
c&u dinh huéng

Truong hgp 3. Ba vector n , n, n, phu thuje tuyén tinh. Trudng hgp
nay x4y ra khi ba mit phing tam gidc A,OB , A,0B, va A,0B, ¢6 cing
giao tuyén. Néi cach khdc, khi ba vector phdp tuyén n,, n, va n, nim
trén mat mat phing, mot trong ba vector 1a tong tuyén tinh hai vector
kia. Liic d6, tat ca cdc bd tac dong bi khod, bé di déng van chuyén dong
vi phan theo giao tuyén cha ba mat phéng. Vi du, néu khai ta dién chuyén
déng OB B B, ¢6 dang hinh hoc tuong tu khoi tit dién ¢& dinh OA A A,
trang thai dac biét xdy ra khi khai tit dién chuyén ddng & ngay trén dinh
khéi tif dién ¢d dinh.

(¢) Trang thai die biét hén hgp. Trang th4i nay khong xdy ra
trong khong gian lam viée clia eo ¢du, chi ¢ thé xdy ra d bién khéng gian
}am viéc khi théa déng théi ba didu kién:

{1) T dién OA A A, tuong ty i dien OB B,B,.
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(2) Ba mat phéng tam gidc AOB, véi i =1, 2, 3 c6 cing giao tuyén.
{3) Mb6t trong ba nhanh vuon xa cuc dai.

Ma train Jacobi co cdu chap hanh ciia Bai hoc Maryland

T ¢o cidu chap hanh Maryland (Hinh 3.9), s& khai trién ma trén
Jacobi va khao sat mot s6 cdu hinh dic biét. Co cdu nay chi c6 3 bac tudo
tinh tién. T Hinh 3.10, phuong trinh vdng kin nhénh i la:

OP+PC, =0A; +A B, +BC, (5.17)
L&y vi phan pt {5.17) theo thoi gian:

Vo = 0y; X 8; + 0y x b, (5.18)

véiv 14 van téc tuyén tinh cia be di déng,a, =A B, b=B.C,®,1a
vén toc géc khau j eha nhanh i. Khau A B.1a nhanh thif nhat va khau B,
C,1a nhanh thit hai.

Trong d6, vector ddu vao la q={6,,,8,5,0,4]" va vector dau ra la

=[Vox Yoy Vo] . T4t cd ce ty sudt khop khée déu 12 bign thu déng.
Be khi ching, cdn nhan hai v& pt (5.18) véi b, ;:

b;-v, =o);-(a; xb;) (5.19)
Biéu dién cdc vector trong pt (5.19) theo hé toa d§ (x,,y, .z,
chy; §04;c(0;; +0y;) 0
iai =al 0 | ibi =h Cesi - iw]i = _gli
3911 593is{91i +92i) 0
. Vpxcd)i + prs¢i
"V =] VS V00,
v

Pz

Thay céc biéu thifc trén vao pt (5.19) va rit gon:
TixVpe + iy Vpy + 31, V5, = 25055050, (5.20)
vdi

J,. =8y, +0g;)88,c0; —cliys0,
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Jiy = c(0y; +05;)803;89, + B0,
Ji, =800y +04;)80y,
Chay, J; =[ix-Jiy-Jiz 17 1a vector don vi ¢c6 hudng tit B, dén C, va dugc
tinh trong hé toa do ¢6 dinh (x,y,z).

Phuong 1+ ~h (5.20) dyge viét ba ldn theo i = 1, 2, 3, 5& ¢6 ba phuong
trinh vé huéng, duge t6 hop theo ma trdn:

Jov, =d g (5.21)
vii
jlx jly jlz
Jx = j2x j?,y j?.z
LjBx j3y j32

Jq =a g 59225932 0
0 0 59233933

Trang thadi dic biét dong hoc dao. Tu pt (5.21), trang thdi dic
biét déng hoc dédo xay ra khi théa mét trong cac diédu kién sau:

8, =0 hoacn (5.22)
8, =0 hoacn (5.23)

trong dé i =1, 2, 3, V& mat vat 1y, trang thdi théa pt (5.22) khi khdp
néi nhanh trén va khau vao § trén mét mit phang. Trang th4i (5.23) xdy
ra khi t&t ¢4 cdc khau cda co cidu bon-khau ban 1é chita nhénh trén 13
déng tuyén tinh.

Trang thdi ddc biét déng hoe thuin. Trang thdi nay xay ra khi
det (J ) = 0. Tuy khé giai tit cd cde trang thai dac biét khd di, nhung
nhiéu trang thai cd cau thoa ding didu kién nay duge nhén dién theo
cdch sau. M6i hang cta J_déu biéu thi mét vector don vi, j. , c6 ehiéu theo
hudng khau kép B.C,ciia co cdu hén-khau ban 1é. J_c6 trang thai dac biét
khi ba vector don vi trd nén phu thujce tuyén tinh, nghia Ja:

uljl + u'_sz + }’L:J.'l =0 (5.24]
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d61 vdi vai gid tri thue s My, g, khéng phai tdt cd cde gid tri 1 déu
bing zero.

Cdu hinh thit nhdt thoa pt (5.24) 1a khi cd ba vector don vi, 3, VoL i=1,
2, 3 déu nam trén mat phing. Vi du, khi ba co csu bon-khau ban 1 cung
trén mit phéng song song véi mat phing xy, thanh phin z cla pt (5.24)

bang zero. Do d6, luén luén tim dugc cdc gid tri W, W, , U, khéc zero.
Trang thdi nay la:

S(e“_ +021 )3931 = 8{812 +‘922 )5832 = 3(913 +923}5033 =0 (5.25)

Phuong trinh (5.25) cho thay co cdu chdp hanh ¢ trang thai d4dc biét
dong hoc thuan khi tat cd cdc nhanh b tri theo didu kién:

8,+8,=0hodcn
hoic 6, = 0 hodc 7t

v6imoi i = 1,2 ,3. Pidu kién 0, = 0 hodc 7 1a trang thai dong hoe dic
biat hén hop.

Sy dién dich hinh hoc cda diéu kién nay 14 co cdu chap hanh ¢6 trang
thdi dic biét dong hoc thudn khi cic co cdu bén-khau ban 1& cla ca ba
nhanh ¢6 cung mat phang bé di dong. Khi dé, cdc bo tac dong khéng thé

Hinh 5-6. C&u hinh dac biét
dong hoc thuan trong dé moi
lién k&t nhanb phia trén déu
Az trong mit phéng bé di déng
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chiu luc bat ky tdc dung lén bé di dong theo chiéu z. Hinh 5.6 minh hoa
kiéu cdu hinh nay, diéu d6 chi xdy ra néu a+r = b+ h,

Céu hinh thi hai thod pt (5.24) 1a khi hai lién k&t bat ky ¢ nhanh
trén song song v6i nhau, nghia la:
o= véiizk (5.26)
Hinh 5.7 minh hoa loai cdu hinh dac biét nay, cg cdu chap hanh
khéng thé chiu luc bat ki tde dung 1én mat phang bé di déng. Cha ¥, ¢
ba lién k&t nh4dnh phia trén song song véi nhau, nhung chi can hai trong
ba lién k&t nay song song.

Hinh 5-7. C4u hinh dac bist D& ¢6 dinh
dong hge thuan khi hai tign két

nhanh trén song song véi nhau.

Ay

Trang thai dac biét hén hgp. Trang thdi nay xdy ra khi dong thoi
thoa hai diéu kién sau:

(1) Dang hinh hoc bé di déng ddng nhat v6i dé ¢é dinh.

(2) Ca ba khau ngé vao déu vudng géc voi dé ¢6 dinh (A B, L OA v6i
i=1, 2, 3).

Bé di déng lic 46 nhén thém 2 bac tu do trong khi cdc khau ddu vao
hoan toan bi khod, diém P ¢é thé duge dinh vi bt kj trén bé mat ciu ¢b
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tdm cdch phia trén tAm d€ c6 dinh mot doan a. M4t khée, bé di déng
dung yén, trong khi cac khiu d4u vao cé thé quay vi phan.
Ma tran Jacobi clia tay may Stewart-Gough

Xét ma tran Jacobi va cdc didu kién déac biét cla tay may Stewart-

Gough (Hinh 3.14). Vector ngé vaola q=[d,.d,....ds]", vector ngd ra
duge xdc dinh theo van toc trong tdm P va van toc géce bé di dong:

. A
X= L ﬂ (5.27)
“lwg |

D& cé ma tran Jacobi, cAn tinh phuong trinh vdng kin van téc cho
ting nhdnh. T Hinh 3.14, phuong trinh vong kin nhénh i 1a:

OP+PB, =OA, +AB, (5.28)
L4y vi phan pt (5.28) theo thai gian:

vpﬂoﬁxbi:dif;:;i><si+('lisi ' (5.29)

v6i b, va s, 14 ky hiéu vector PB, va vector don vi doc theo A B; o 1a
van tdc géc nhanh i trong hé toa 46 ¢d dinh A. D& khit @, c4n nhén hai
v€ pt (5.29) v6i s :

s;-vp +(b;x8;) 0p = d; (5.30)

Phuong trinh (5.30) duge viét sdu 1dn, véi i=1 dén 6, d6 1a sdu phuong
trinh v& huéng, t6 hgp thanh ma trin:

Jyx=4d.q (5.31)
trong dé
si (byxs)T
J = Sg‘ (bz XSg)T

lsg (bgx sﬁ)T
J =1(matrdn thuin nhat 6x6)
Batn =b xs, (5.32)
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Khi dé n 1a vector truc giao véi mit phdng chia cac diém A LB P
Sau day la ¥ nghia vat Iy cua ba kiéu trang thai dac biét.

Trang thai dac biét déng hoc dae. Kiéu trang thdi nay khéng xdy
ra bén trong khong gian lam vide ciia cd cdu chdp hanh vi J 14 ma tran
thuan nhat. Trang thai ddc biét dong hoc ddo cé thé x4y ra 6 bién khéng
gian lam viéc, khi do, mt hay nhiéu nhanh dudi thang hodc x&p gép lai.

Trang thii ddc biét ddong hoc thuin. Kiéu trang thai nay rat khé
giai. Tuy khéng thé tim duge moi trang thai dae bidt, nhung ¢é thé nhan
dang mot s6 bang cdch khdo sat ma tran J . Vi du, khi bé di déng ha
xudng sdt dinh dé€ ¢§ dinh, n, = 0, thudn nhat, v6i i =1 dén 6. Cd cau chap
hanh nhén thém 3 béc tu do. Nghia la bé di d6ng quay vi phan theo truc
bat ky trén miit phing xy, va ciing ¢6 thé tinh tién vi phan doc theo truc z.

Trang thdi déc biét dong hoc thudn khée x4y ra khi hinh hoc co cdu
chap hanh thda cdc didu kién sau:

1. B& di ddng va d&€ ¢6 dinh dong nhat vdi nhau.
2. Cdc chiéu dai nhdnh bang nhau.
3. T4t cd cdc nhanh song song véi nhau

Khi d4p dng cdc diéu kién néu trén, bé di dong ting thém 2 bac tu do
tinh ti#n, ¢6 thé dinh vi b4t k¥ trén mét cdu ¢é ban kinh biing chidu dai
nhdnh va ¢é tdm ¢ tdm hinh hoe d€ ¢6 dinh. Su dinh hudng bé di déng
khong déi trong toan bd chuyén dong nay. C6 vé s ciu hinh nhu thé khi
thod diéu kién d, = d,= ... = d, . Chd ¥, trang thdi dac biét hén hgp
khéng xay ra bén trong khong gian lam viéc clia co cdu, vi J‘I la ma tran
thudn nhat.

Quay vit thuan nghich

Khdi niém vit xodn duge dung dé xde dinh céc chuyén vi vé han va
hitu han cGa vat rén trong khong gian ba chiéu. Déi véi tinh hoc, ciing cé
thé dung khat niém tuong ty. Hé théong luc va ngdu lue bat ky tac dong
1én vat ran cé thé rit gon thanh ngéu luc va hop luc quanh diém cin xét.
N6i chung vector hyp luc va nglu lyc khéng déng tuyén tinh. Tuy nhién,
¢6 thé chiing minh sy tén tai mét truc duy nhat, theo d6 hé luc va ngau
lue ¢6 thé it gon thanh hop lue, f, tdc dong doc truc d6, va ngiu lue, ¢,
quanh true dé. Phoi hgp ngau luce va lue nay duge goi 1a lién két xodn vit.
True duy nhét nay dugc goi la truc xodn vit hodc truc quay vit cia hé lyc
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va ngau lye. Tuong tu sur quay xodn, bude xodn vit duge dinh nghia la t¥
s0 gitia ngdu luc va hop luc (A_= o/f).

Xodn vit don vi, ér , duge dinh nghia trong hé toa dé quy chidu theo
cip vector:
Srl
Sr2
5, = Sr {55 (5.33)
8 S,
Sr’5
Srﬁ_

v6i s la vector don vi hudng theo chiéu truc quay vit, s__ 1a vector vi
tri cia diém bat ky trén truc quay vit, vector s__ X s_la moment clia truc
quay vit tai goc hé quy chidu. BSi véi thudn lue, A = 0, sy xoén vit don vi
dugc rat gon thanh:

§,=|
r = s, xs, (5.34)

bdi vdi thudn moment, lr = oo;

$ _f()
r ’Lsr (535)

Theo dinh nghia néu trén, sy xodn vit vdi cutng d¢ p duge viét dudi
dang:

$, =p$, (5.36)

C6 thé thay ba thanh phan diu cua xoén vit 1a hgp luc, f, ba thanh
phén cudi 12 moment téng do tdc dung cia lue f va nglu luc ¢ tai diém
goc hé quy chiéu.

N&u su xodn vit tdc déng 1én vAt rdn sao cho khdng phat sinh cong
khi vat rén thuc hién sy quay vit vé ciing nhd, hai xodn vit nay dugc coi 12
xodn vit thudn nghich. Hinh 5.8 minh hoa v4t rdn dudc tdc déng theo

Xo0dn vit §_ = $ trong khi thuc hién quay vit vé6 cang nhd § = $ . Ba
r = Pbe q
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Hinh 5-8. Quay vit va
xodn vit trong khéng
gian ba chiéu

S,

Vatran B .
xoan vit: §,

quay vit: §

X

thanh phan dau ctia quay vit biéu thi van toe goc va ba thanh phan cudi la
vén tdc tuyén tinh cta diém trang hop tide thei véi goc toa dd clia hé quy
chiéu. Do d6 cdng do duge thyc hién giita Xxodn vit va quay vit ¢6 dang:
OW = pG[s {8, %8, + A 8. )+5, -(S; xS +1As))
=pg(h +A NS 8. }+8, - (85x8)+8-(5,, x5, }] {5.37)
Tit hinh hoe cde duirng lign hé v6i hai su quay nay:

$:8, =CO {5.38)

8. {sgx8)+s-(8,, %8, }=-a-(8xs )=—-asu {65.39)

v6i a 14 vector doc theo dudng vudng géc chung ¢6 chiéu tir$ dén § ; o
14 géc quay vit gitta cac truc $ va $ . Thay cae pt (5.38) va (5.39) vao (5.37%

oW =pq{A + &, Jea — asa] {5.40)

Theo dinh nghia, cdng do do hai sy quay thuan nghich bang zero; p
v ¢ khdc 0, nén diéu kién thuin nghich la:

n={i+i jeo-asu=0 {5.41)

Bai lugng M 12 hé s6 4o gilta quay vit $, va xodn vit $. Chi ¥, hé sd 4o
doc lap vdi cdc cudng d§ quay. N&u 11=0, bat k& cdc cuding do quay vit va
x0dn vit, sy xoén vit khéng sinh céng khi vat rén thue hién su quay vit vo
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ciing bé. Do hé 8 40 d6i ximg theo A va A_, nén $ va $ co thé thay thé cho
nhau ma khdng dnh hudng dén cde tinh ch4t thuan nghich.

Bé thudn tién, c6 thé dinh nghia ma tran T cia quay vit:
T = (S455565,8,85]
sao cho tich tdng quat héa cia $_va $ ¢6 dang:
$78=5,8, +5,5,5 +535,6 +5,5,, +S58,2 +84S,5
Tu d6, diéu kién thuan nghich la:
8W=5T5=0 (5.42)

Phuong trinh (5.41) ho#ic (5.42) dua ra mét rang budc hinh hoc d8i véi
hai quay vit thuén nghich. Do suf quay vit don vi doi héi nam thong s& doe
lap dé xac dinh vi tri va budc, s& ¢6 vo han bac b (eof) cde quay vit thuan
nghich v6i quay vit cho truée. Do 46 moi quay vit thuan nghich déi véi
mét quay vit tao thanh hé théng - 5 trong khéng gian ba chidu, V& 1y
thuyet nidm quay vit bat ky tu' hé thong - 5 ¢6 thé duge dung nhu cdc

“xodn vit” d€ rang budc vat ran theo chuyén déng don - bace -ty do.
Tuang ty, s& ¢6 vd han bac ba (e0?) cdc quay vit thudn nghich véi v han
don béc (e0) cdc quay vit lién quan véi hé théng - 2, va cdc quay vit thuan
nghich nay tao thanh hé thdng - 4. Bén quay vit duge chon bat ki tir hé
théng - 4 ¢6 thé duge dung nhu cdc “xoén vit” dé rang bude vat rin theo
chuyén dong 2-dof. Hé théng - 3 va hé théng thuan nghich tuong ing déu
chita v6 han bac hai (e0?) cac quay vit.

Néi chung, diéu kién vé thuidn nghich s& théa néu didm tdc dung
xoén vit 1a tinh tai trong khi vat rén thyc hién sy quay vit tife thai xung
quanh mét truc. Doi véi xodn vit cé bude zero (chi c6 luc) didu kign nay sé
théa néu diém ti€p xic hoan toan khéng chuyén déng hodc chuyén dong
theo chiéu vudng géc véi lue téc dung.

Phan ké tiép sé nghién cifu cdc hé théng quay vit thuan nghijch lién
quan v@i cdc cép dong hoc thuing ding va cdc chubi cé thé duoe ding 48
huéng din trién khai cdc ma tran Jacobi clia co ¢au chdp hanh S0NE SONg.

Cac quay vitthuan nghich cta vai cdp dong hoc

Khép quay. D61 v6i khép quay, sy quay vit don vi 14 sy quay c6 bude
zero dge theo truc khép. Cdce quay vit thudn nghich tao thanh hé - 5. Cdc
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quay vit thuan nghich bude zero nam trén mei mat phang chia truc khép
quay.

Khop ldng tru. Vi khdp ldng try, sy quay vit don vi ¢6 bude vo han
(o) chuyén déng doc theo chiéu trugt. Cdc quay vit thudn nghich tao
thanh hé - 5, va tat ca cdc quay vit thuan nghich budc zero nim trén mei
mat phang vudng géc véi truc khdp lang tru.

Khop cdu. Cac quay vit don vi tao thanh hé théng - 3 c6 budce zero di
qua tam khép cau. Céc quay vit thuan nghich ciing tao thanh hé - 3 budc
zero di qua tam cau.

Khop da cardan. Cac quay vit don vi tao thanh hé - 2 ¢6 buée zero. Do
la chiim tia phdng tir tim khdp cardan va ndm trén mét phang chia 2
truc quay. Cac quay vit thuin nghich tas thanh hé - 4. Tat ¢a cdc quay vit
thuan nghich bude zero di qua tam khép cardan ho#c trén mat phing
chua cde truc khdp cardan. Péng thai, cong ton tai quay vit thuan nghich
budc oo di qua tdm khdp cardan va vudéng géc véi cd hai truc khép.

Cac quay vit cha chudi dong hoc

Cé4c quay vit thuan nghich lién quan vdi chudi déng hoc 6 thé duge
xdc dinh bing giao cét clia cdc hé quay vit thuidn nghich lién hé véi cdc
khép ciia chudi dong hoc.

Bé déi cardan-cdu. Cac quay vit khép lién quan vé6i bd dbi nay tao ra hé
- 5. Do d6 quay vit thudn nghich 14 hé - 1. Do ¢6 khdp cau va khdp cardan,
quay vit thudn nghich la loai budc zero di qua cdce tam hai khép dé.

Bé déi quay-cdu: Céc quay vit khip lidn quan véi bd déi nay tao ra
hé - 4. Cde quay vit thuin nghich tao thanh hé - 2. Do ¢6 khép cdu, moi
quay vit thuin nghich déu 1a bude zero, di gqua tim khdp cau. Do c6 khép
quay, cac quay vit thuan nghich phai trén mat phdng chita true khép
quay. Do d6 moi quay vit thudn nghich déu la buéc zero tao thanh chum
tia phéng (Hinh 5.9).

B¢ d6i ldng tru-cdu: Céc quay vit khdp lién quan véi bé déi nay tao ra
hé - 4. C4c quay vit thuan nghich tao thanh hé - 2. Do ¢6 khdp ciu, moi
quay vit thuan nghich déu la bugc zero, di qua tam khdp cdu. Hon nita, do
c6 khép lang tru, cdc quay vit thudn nghich phai trén mat phing vuéng
géc vdi truc khdp lang tru. Do d6 moi quay vit thuan nghich déu la bude
zero tao thanh chim tia phing (Hinh 5.10).
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/ $, tao thanh chum tia phing

Hinh 5-9. B déi quay - cau va hé
quay vit thuéan nghich tuong ung.

$, tao thanh chum tia phing

rr Hinh 5-10. BO ddi lang try - cdu va
/l’f hé quay vit thuan nghich tuong tng

Cap tiép xiic bé mgt. Hinh 5.11 minh hoa vat rén B tiép xic vat rin
A tai diém O, tai d6 hai bé mat tiép xic lin va trugt tu do véi nhau. Can
xét cac quay vit lién quan véi cap tiép xic nay va quay vit thuan nghich.

Vat ran B ¢6 5 béc tu do, va chuyén dong tic thei duge mé ta bai 6
hgp tuyén tinh ndm quay vit don vi:

$, =[1,0,0,0,0,0]"

$, =[0,0,0,1,0,01"
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Hinh 5-11. Hai vat rén
tiép xUc tai mot diém

$5 =10,1,0,0,0.0"
$, =[0,0,0,0,1,017

$5 =[0,0,1,0,0,0] (5.43)
Do esic quay vit lién quan véi cip tifp xic tao thanh hé - 5, chi tén tai
su quay vit thuan nghich duy nhat. Vi §1 . 5;3 . $ 5 12 ba quay vit buée zero
giao nhau, su quay vit thuin nghich ¢6 buée zero di qua diém tiép xuc.
Hon nifa, do c6 hai quay vit budc v6 han (=) 12 iz- §4, quay vit thuan

nghich phdi vudng géc véi ca hai truc x va y. Tt d6, su quay vit thudn
nghich la:

3, =[0,0,0,0.01]7 (5.44)

Ma tran Jacobi quay vit

Co c4u chdp hanh song song thudng gém m nhanh. Méi nhanh gém
cde khau ndi v6i nhiéu khdp khdc nhau. Trén mbi nhanh, mét hay nhiéu
khép la loai khdp tac dong (duge cac bd tac dong diéu khién), s6 con lai 1a
khép thu dong. Hinh 5.12 minh hoa cdc quay vit khdp trén mét nhanh.
Khdp tru cé6 thé thay bang khdp quay va khdp lang tru déng tryuc. Khép
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Bé& di ddng

Hinh 5-12. Nhanh i cla co cdu
chdp hanh song song. X

cdu c6 thé thay bing ba khép quay giao nhau khéng déng phing. Do 44,
¢6 thé& nghién cdu méi nhdnh theo chudi vdng hd ¢ khép néi bé véi dé.
Theo cdch nay, sif xodn tic thai, $_ . cla bé di dong c6 thé biéu thi theo té
hop tuyén tinh ¢ sy xodn tie thei:

-~

= §Qj.i$j.i viii=1,2,..,m (5.45)
J:

voi q;; 1a cudng do va éj‘i 14 quay vit don vi iing viéi khép j trong
nhdnh i. Sy xodn b tac dong cudi la:

. o,
5 =| o (5.46)

Phuong trinh (5.45) chita nhiéu quay vit khdp thu déng, duge khi
bing cich dp dung ly thuyé&t quay vit thudn nghich. Gia si trén moi
nhanh ¢6 g khép tac ddng, cd g quay vit don vi §_ L Vej=12, . g, moi
quay nay déu thudn nghich vdi moi quay vit khdp thu dong trén nhanh i.
Thuic hién tich trye giao hai vé& pt (5.45) v4i tiung quay vit thuin nghich,
sé c6 g phuong trinh duge vigt dudi dang ma tran:
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vii

X1

i |
- $32,1}
. i
25 |
$ $11 %E‘l $21 éT égn
_[3Radii SaiSas 3T, 3.
oT T & T &
$rg1$11 $rg.is2,i $1g1$1

Q; =y 4,41"

Phuong trinh (5.47) duge viét m 14n, méi lan cho mét nhanh, tao
thanh n= mXg phudng trinh tuyén tinh, duge t8 hgp dudi dang:

48, =dqq
vii
_Jx.l
J
I
|3
[Jq1] O = 0
0 [d,2] 0
0 0 - [dgm]
. . . . - - T
q=[913+9g1-Uy2e g s gm!

(5.47)

(5.48)

Cha v, méi hang trong J_biéu dién hoan vi cta quay vit thuan nghich.

Cac sy xodn lién quan véi moi khdép ciia nhanh tao thanh hé ¢ doc lap
tuyén tinh. CGoi d 14 chiéu khong gian chuyén déng (d=6 d61 vii chuyén
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dong khong gian, d=3 d6i véi chuyén déng phang va cdu). Néu ¢ = d, sé
khéng cé sy thudn nghich quay vit déi v6i hé - ¢ xodn. Néu ¢ < d, ¢6 (d-¢)
quay vit doc lap tuyén tinh tao thanh hé - (d-¢). Mdi quay vit trong hé - (d-
¢} déu la thuan nghich déi vai hé - ¢ xodn. D6i véi nhanh cé k khop khang
tdc déng, ton tai (d-k) quay vit doc 1ap tuyén tinh tao thanh hé - (d-k).
Msi quay vit trong hé - (d-k) déu 1A thuan nghich véi ting quay vit khong
tac ddng cua nhdnh d6. R rang, hé - (d-k) chifa hé - (d-¢}. Quay vit bat ky
duge 14y tir hé - (d-k) nhung khéng thudc hé - (d-¢/, c6 thé duoe dung lam
quay vit thuan nghich, $ . dé ldp ma tran Jacobi, Do d6, ¢6 nhiéu quay
vit thuan nghich cé thé dU'UC chon. Hon nita, néu mdi quay vit thuan
nghich dugc chon la thuén nghich cho mei quay vit, trif cac quay vit khdp
tdc ding, J[i ,duge rat gon thanh:

irEl,l"i]‘l 0 0
’ "T G ..
Jq.i — 0 $r2,l.$2,1 0 (5.49)
0 0 - 3% 1s

Do do, Jq trd thanh ma tran chéo, va cic phan titkhée zero duge cho
bdi cdc tich true giao cdc quay vit khdp tdc déng véi cdae quay vit thudn
nghich tuong iing.

Ma tran Jacobi quay vit ciia bé Stewart-Gough

Doi véi bé Stewt-Gough (Hinh 3.14), ¢6 thé 4p dung khdi niém quay
vit thuén nghich dé tim ma tran Jacobi. Hinh 5.13 minh hoa chudi déng
hoc tuong duong cua nhéanh SPS. Trong dé, khép cau phia dudi duge thay
bang hai quay vit don vi giac nhau, $ va $,, khép ciu phia trén duge thay
bing ba quay vit don vi giao nhau, $,, $,, $.. Khdp lang try la $,.- Do do
béc tu do thu dong gida cip S-S bi khit.

Nhu Chuong 3 da dé cap, hai hé toa dd vuéng gée Alx,y,z) va Blu,v,w)
gin tuong Ung vao d& o dinh va bé di dong. Hé quy chiéu tie that Cix,y',z")

c6 gde dat tai diém P va cde true x,y,2’ song song vii cde true x,y,z. C6
thé tinh biéu thic moi quay vit khép trong hé quy chiéu tic thist dé.

Co sdau quay vit khdp trén méi nhanh, khdp thua ba Ja khép tac djng
duy nhat, con lai la nam khdp thu déng. Su quay vit khép tdc dong co6
bude vé han. Gei s, 1a vector don vi doc theo truc khép j trong nhdnh i,
Sau quay vit khap "dom vi cua nhanh la:
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Hinh 5-13. Cau truc déng hoc

Bé di dong

X

%2,

tuong dudng cda nhanh SPS. S,

218

é1,i =

81
|(by —d;)xsy;

[ Sa.i
(b —d;) xsy;




véi b, =PB;, d;=A B, =d;s3,, vas,=s,

Coi mbi nhanh 12 chubi vong hé, su xodn tie thii cia bé di ding duge
tinh theo quay vit khdp la:

$ 2911511+92i$21+d‘£3i+94i$4i +651§51 +ési§si (5.50)

Do cac true cia moi khép thy dong trén mdi nhdnh cit dudng di qua
diém A va B, quay vit duy nhat la thuan nghich véi moi quay vit khdp
thu ddng la:

i,

5= b xs,, (5.51)
1a‘y tich tre giao hai v& pt (5.50) véi (5.51):

$T.8. =d,  v6ii=12,..6 (5.52)
Viét pt (5.52) sdu 1an, mdi lan mét nhanh:

Jex=d.9 (5.53)
véi

('i"-'1><5:3,1)T Sg,l
J. - (byxs;32)" 83,

(bg Xss.s}T Sg‘s
J,=1(ma tran thuin nh4t 6x6)

- T
X ‘[mxvmy’wzvvpx'vpy9 pz]

q=[d;.dp.dg.dy.ds.dg]"

Chi y, s, 1a vector don vi tuong tu' s, ,trong céc pt (5.29), (5.31). Khi ba
cht dau va cum cia J ddi chd cho nhau, ma trdn Jacobi quay vit trd
thanh ma tran Jacobi. qui ude. K&t qué nay hodn toan nhu phuong phap
vong vector van téc qui ude.
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Ma tran Jacobi quay vit clia cd cau chap hanh cé ba dong co phéng

Hinh 5.14 minh hoa co cdu chap hanh song song 6 béc tu do. Co cdu
nay gom bé di déng, d€ ¢d dinh va ba nhanh A B, , véii=1,2,3. Diu trén
méi nhanh né véi bé di dong bing khép quay. Pau duéi méi nhénh néi
vési bo diéu ki-én hai bae ty do phing bang khép cau. Cée truc khdp quay
¢ B, B,vaB. . ~m trén mat phéng (B,B,B,). Chuyén dong cd cdu chap
hanh duge diéw khidn theo chuyén dong ba dong co phéng trén mat
phéng xy d& ¢ dinh. O ddy, sé tim ma tran Jacobi cua co cdu bing khai
niém quay vit thudn nghich.

Hinh 5-14. Cd cdu chdp $s
hanh dugc truyén déng
bing ba ddng cd phing.

Bé diddng

B

At z i dd A
/ Truyén dong 3

a
5 / $4 L E ¥
x ; \(_:)} MZ Fruyén dong

Pé cé dinh

Trén Hinh 5.14, hai hé toa 46 vuéng géc Alx,y,z) va Blu,v,w} dugc
gén tuong Ung vao dé co dinh va bé di ddng. Géc clia hé toa d§ quy chiéu
{u,v,w) dat tai trong tAm P bé di ddng, cac trucuva v nim trén mit
phéng B, B,B,. Vi tri bé di déng quan hé véi dé& ¢t dinh theo ma trdn
quay Ry va vector vi tri trong tam p.

Hinh 5.14 cdn biéu thi nhanh tuong duong, trong dé khdp cau duge
thay bing ba khép quay giac nhau khang déng phing$..$,,.%,, Truc
ciia 8, thang hang véi truc x, truc cua $,,théng vai true doc cia nhénh,
truc cua $, vudng gée vai §,; va 3, . Suquay vit khép thi nhat, $,; doc
theo chidu x, su quay vit khdp tha hai, $,, doc theo truc y, sy quay vit
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khdp thi sdu $, . nim trén mit phing uv. Tém lai, ¢é sdu su quay vit
khép trén nhanh tugng duong. Hai khép ddu 1a hai khép lang tru tic
ddng, bén khép con lai 1a loai khop quay thy déng.

D& tién phan tich, cdn xac dinh hé quy chiéu tic thai C{x’, ¥, z') co gbc
tal P, va cde truc x', ¥, 2’ song song véi cde truc x, y, z ctia hé toa d6 cb
dinh. Cé thé biéu dién moi quay vit khép don vi theo hé quy chiéu tie thii:

]2

Sl,]

i _ 0

2 82

: B3,
i = Lbi _di)xsﬁ,i:|
- B4
$ S5

a1 - (bl XS5‘i

B
b6i [{bi XSGJ]

véi sy =85; =[10.0]7, s,; =[0,10]". a, =04, b, =PB,
d; = A;B,. s5; =d;/d;, va B4 =85, X8y

Xét méi nhanh theo chudi vong hd va biéu dién sy xodn tic thii $,
cua bé di dong theo cdc quay vit khép:

$, = vx.iél_i + Vy.iif!,i + 93.1§3,i +ot E.}Ei,iéﬁ.i v6ii=1,2,3 (554

véiv  vav  lavén toc tuyén tinh ciia ddng co phing theo chidu x va
v:6,,...,0 «i 12 cdc t¥ sudt khép thu déng.

Do ¢6 khdp cau ¢ dudi nhanh va khép quay ¢ trén nhanh, moi quay
vit la thudn nghich v6i quay vit khép thu déng sé tao thanh chum phéng.
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Bic biét, moi quay vit thuén nghich déu cé budic zero di qua A, va trén
mit phdng H, chita diém A, va truc cla $ ;.
Theo 1y thuy&t, hai quay vit bat k¥ 14y tir hé thuén nghich chia trong

H, ¢6 thé duge ding dé tinh ma tran Jacobi. Cé 1& phuong phdp truc tiép
nhat 1a chon hai quay vit thuan nghich, mdi quay vit d6 14 thudn nghich

v6i moi quay vit khdp, ngoai trir mét trong hai quay vit bude vo han (ee),
1ag va 3,

Goi n; =[n,;.ny;.n, T 1a vector don vi xdc dinh bdi tich chéo sau:
N =85, %5 (5.55)

Su quay vit la thuin nghich véi moi quay vit, ngoai trir $,; nhan duge
tir giao tuyén gilta mat phéng H, véi mat phéing qua A va song song véi mat
phing xz:

" Syl $ _ [n"'--l 0 Ny,
$.1i :Lb' —d-}xsr“] vgi Crl \{l_nz‘ (5.56)

Tuong tu, quay vit la thuan nghlch vl moi quay v1t ngoai trir §,
nhan duge ti glao tuyén gida mit phing H véi mat phéng qua A, va song
song v4i mat phang yz:

i 8.2 § ., = [0 Do _ny,i]r
.= B e i -
r2.1 (b| _di)xeri ViFl -\[1—1'12- (557)

X

L4y tich true giao hai v& pt (5.54) v6i 1an lugt (5.56) va (5.57), két qua
sé 1a cdc phuong trinh theo dang ma trin:

(b; ~d;)xs,4 )" Sei | 9p _ \ﬂl_“i.i vx.i—‘ (5.58)
((b;—d;)xs,05)" sl |V 0 N, J ’
\Il_ni,i

P
Viét pt (5.58) ba 1An, mdi ldn cho mdt nhanh:
Jk=Jd.4 (5.59)

vii
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(((bl ~dxsg )t sk
((by —d;)xs,9,)7 ST21
J - {(by ~dy)xs,5)" sl,
(by —dy)xs,9,)7 s,
by —dg)xs, )T sfig
(b —dy)xs,53)" shhy |

n?l
- = 0 0 0 0 0
1- ny,
nzl
0 : 0 0 0 0
1‘“3_1
n,»
g 0 - 0 0 0
J - l—n),.2
q nz,‘z
0 0 0 - 0 0
1- ni,-z
0 0 0 ) Zz3 0
1~n§‘3
nz,3
0 0 0 0 0
1‘“3,3

. _ T
X —[mx,w),,mz.vpx,vpy,vm}

. T
Q=1 ¥y 1 Ve Yy 2.y 3.V, 5]

'Tuy khé nhan dang tat cd ede eau hinh déc biet kha di ciia co cdy chidp
hanh nay, nhung ¢6 the tim duge mot 6 bing cach xét cic ma trand, vad,

Trang thai dac biét dong hoc dao. Chu ¥, cde phan tif khédc zero
cuia J_la ty 18 vdi cdc thanh phan z cta ba vector don vin, vdii=1,2.3.
Trang thdi d4c biét déng hoc ddo xay ra khi n . =0,v6ii=1,2,3. V& mat
vat 1y, khi mét nhanh e6 chidu theo truc z, co cAu mat 2 bac tir do. Trong
diéu kién dé chuyén dong vi phan déng co phdng theo truc x hoace y
khéng dnh hutng dén van tde bé di dong. Néu dong thoi hai hoac ba
nhanh ¢é chiéu theo truc z: 4 hodc 6 bac ty do sé bi mat,
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Trang thai dac biét dong hoc thudn. Trang thdi nay xay ra khi
n,=n,,=0 vdi tat cd cde nhanh. Trong diéu kién 46, cot thd 6 cua J
bing 0, va ¢ ciu nhan thém 1 béc t do. Didu nay ung véi cdu hinh trong
d6 bé di déng va ba nhanh nim trén mit phng xy. B¢ di déng dang tinh
tién vb cung bé doc theo truc z, trong khi moi bg tdc déng déu bi khod.

Trang théi ddc biét déng hoc thuan thu hai xay ra khi ba diéu kién
sau théa déng thoi: (1) tam gide B, B, B, 14 tam gidc can. (2) chiéu dai ca
ba nhanh bing nhau. (3) A, A,, A, & ngay phia dudi trong tam bé di
dong. Khi thoa c4c diéu kién nay, ¢jt thiba cua J tién t6i 0, cot thi nhat
va nam tré nén phu thude tuyén tinh, 4t thit hai va bén cling phu thube
tuy&n tinh. Nhu vy, ¢o cdu chép hanh nhan thém ba bée ty do quay.

Trang thai déng hoc thuan thidba xay rakhin, =0 véi 1=1,2,3. Khi
¢4 ba nhanh hoan toan hudng theo chiéu z, ¢t thif tu va nam cia J, déu
bing 0. Bé di dong tinh ti&n v6 cling bé theo chiéu bat ky song song vai
mat phang xy. Co cau nhan thém 2 bic ty do. Thyc ra, day ta trang thai
dic bidt hén hop, vi ldc nay cd cdu cing dang ¢ trong trang thai dic biét
déng hoc ddo.

Tém tat

Chuong nay nghién cifu ma trin Jacobi va cdc diéu kién dac biét cua
¢G ciu chdp hanh song song, xem xét ¢4 ma tran Jacobi quy udc va ma
tran dua trén sy quay vit. Phudng phap vector-vong van toc duge dung
dé tim ma trdn Jacobi quy udc, khdi niém quay vit thuén nghich duge
diing dé x4c dinh ma tran Jacobi dya trén su quay vit. Ma trédn Jacobi caa
cd cdu chdp hanh song seng ¢6 thé duoe chia thanh hai ma tran theo
dong hoc thuan va ddo. Ty theo dang ma trén, cac diéu kién dac biét
ciia co cdu chdp hanh song song c6 thé duge chia thanh ba loal. Véi cau
hinh dac biét déng hoc ddo, ¢o cdu bj mat 1 hojc vai bac tuf do, con véi cdu
hinh d#c biét déng hoc thudn, ¢d edu c6 thém 1 hodc vai béc tu do. Céu
hinh dac biét hén hop xay ra khi cdc cdu hinh déc bigt dong hoc thuén va
dao x4y ra déng thai. Néi chung, loai ciu hinh nay khéng chi phu thuge
vao cau hinh cua co cdu chdp hanh ma con phu thude cdu tric dng hoc.
Su phén loai va § nghia vat ly clia mi kiéu cu hinh dac bigt duge minh
hoa qua cdc vi du.
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Chuwrng 6
TINH HQC VA PHAN TiCH D0 CUiNG viiNg

Gidi thiéu

Khi cg cau chdp hanh thyc hién cong viéc d4 dinh, bo tée dong cufi sé
tac dong lyc va moment 1&n méi trudng ngoai tai didm ti&p xuc. Luc va
moment nay dugc tao ra do cac bd tac déng thigt lap tai nhiing diém noi
két khac nhau. Luc thutmg duge hiéu 1a lue va moment. Trong c¢ cdu noi
tiép, cdc lye bd tdc dong truyén qua chudi vong ho dén diém tidp xic.
Trong co cdu song song, lyc by tac dong truyén qua nhiéu dusng din song
song dén b{ tdc dong cudi.

Phan tich lyc tinh hoc rat quan trong trong viée xac dinh kha nang
truyén luc qua cdc khép khdc nhau trong co cdu. Viée x4c dinh kich cd
khau, h¢ thong khép va chon bb tdc déng thich hgp ddu can ap dung
phén tich lye tinh hoc.

Chuong nay sé khai trién cdc phuong phap tinh hoe vé cde lue tdc
dong 1én cd cau chap hanh va bién déi chung giifa c4c hé toa do. Tap
trung nghién cdu vao phép bién ddi lyc va moment giita khéng gian bd
tdc dong va khéng gian by phdn chdp hanh. Luc ngé vao b tde dong
quan hé véi lvc ngd ra bd phan chdp hanh theo phép bién déi ma tran
Jacobi cta co cau chdp hanh. Phuong phép biéu 46 vat thé tu do duge gidi
thiéu dé 18y dao ham cde phan luc tai cde khép. Phan Iye khép rat quan
trong ddi véi viéc xdc dinh kich ¢ khép va bo tde dong khi thist ké.
Phén tich d¢ ciing ving duge thue hién sau khi phan tich tinh hoc. Luyc
ngd ra bd tac déng cudi quan hé véi d6 bien dang theo ma tréan, duge goi
la ma trén d¢ cing ving. Ca hai cd cdu néi tigp va song song déu duge
nghién cdu.

Tinh hoc cd cau chap hanh ndi tiép

Phan nay bt ddu tir cdc phuong trinh co bin chi phéi sy can bing
khau. Sau dé, 4p dung cac phuong trinh nay dé phan tich tinh hoc co cdu
chdp hanh néi tiép. Khai niém moment ngéu luc khép tuong duong va
phép bién déi gida lyc bd tde dong cudi va moment khép tuang duong
déu duge nghién cdu.
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Sy can bang luc va moment khau

Trong cd cdu ndi tiép, mdi khau néi vé1 mot hode hai khau khic béi
cdc khép. Hinh 6.1 minh hea lye va moment tdc dong 16n khau i néi véi
khau i-1 bdi khdp i va v6i khau i+1 béi khép i+1. Céc luc tde dong lén
khau i+1 bdi khiu i trong khép i+1 duge tinh thanh hop luc £ . va
moment tdng n, ,  tai diém gdc O, clia hé toa d§ khau (x,, y,, z). Tuong
tu, cdc e tac dong 1&n khau i béi khau i-1 trong khép i du‘crc d5i thanh
hcrp luc f |, va moment téng n,  tai gdc O, clia hé toa 4 khdu (x .y,

"3 Phan nay sé dung cac ky hiéu sau:
f. .= hop life tdc dong 1én khéu i+1 bdi khaui tai O,, f, -f

1 :|+] i+l
g : gia tdc trong lyc (gia toc trong trudng)
m. : khéi lugng khau i
: moment tdng tdc dong 1én khau i+1 bdi khau i tai diém O;:
N = 7 Dy
r. : vector vi tri trong tdm khéu i theo hé toa do khau thiti (r_ = G.C,)
r, : vector vi tri diém O, theo hé toa 46 khau thit i-1 (r;= O, O).

Zpy Z

Hinh 6-1. Lyc va moment
X5 tac ddng 1&n khau i.
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Trudce hét cdn xét su cdn béng lue. Hinh 6.1 minh hoa 3 luc tdc dong
len khauigémf  ,f = va m, g. Phuong trinh can bang lye la:

i+l i
fiit —fm_i +m;g=0 (6.1)

Xét su can bang moment tai géc O.. Hinh 6.1 minh hoa hai moment
tic déng lén khaui: n, , va -n, Y .Hai lyc m, g vaf taocdc moment
tai diém O, . Cong cac moment nay:

NNy -xf g+ xmg=0 (6.2)

Véif | ; van,, 1a phan lyc va moment giita khdu i va khau i-1. Véi
i=0,f van 0la’L lm: va moment tdc ddng 1&n khdu chuyén dong tha
nhit tlr khau co ban. Véii=n, f.m van, laluc va moment tac dong

lén méi trutrmg bdi b tac dong cudi. Méi truong lie nay duoe gia dinh 1a
khau bé sung, k¥ higu 1a (n+1).

Cac phuang trinh (6.1) va (6.2) dugc viét n lan, cho timg khau chuyén
dong, i=1,2,.. , tao thanh 2n phUcmg trinh véi 2(n+1) phan luc va
moment, DE c6 nghlém duy nhét, can chuyén biét hai phan e va moment.
Khi cd cdu thuc thi cong viéc da dinh, b tde dong cudi sé tde dung lue
hodc moment vao méi trutng. Mit khéc, khi co c4u mang mot vat, trong
lugng vat la tai eta bd tde dong cudi. Tir dé, ¢6 thé biét luc va moment bd
tac dong cudi, vn Ya 1. Cdc phuong trinh (6.1) va (6.2) duge giai dé
tim cdc phan lyc va moment con lai.

Pé thuan tién, thuing t6 hop luc va moment theo vector 6 chidu:

f‘i,i—l
Fiii= Li‘i -1] (6.3}

Vector F. | bifu thi su quay xodn quanh diém 0.,

Phudng phap dé qui

s} déy sé 4p dung phuong phap tinh theo trinh tu nguge {tu bé tac
dong cudi ngugc vé khiu co ban) dé phén tich lye tinh hee ¢o cau chip
hanh néi tiép. Phuong phdp nay tinh ph4n luc va moment cia khép tudn
tur mbi khau mot 14n, khéng cdn gidi dong thoi 2n phuong trinh vector,

Phuong trinh (6.1), (6.2) c6 thé viét dudi dang dé qui:
fiig =fii—mg (6.4)
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n,;,=n

1.1

i r e o om;g (6.5)

Céc vector trong pt (6.4), (6.5) dude tinh trong hé toa dp ¢b dinh. Tuy
nhién, néi chung vector vi tri r_ duge xdc dinh trong hé toa do khéau tha
i, va vevto r, duge tinh theo cic thong s D-H trong hé toa dd khau thi i

r =| disa, (6.8)

Do d6, ¢d 'r, va r,déu phdi duoe bién d6i vao hé toa df cd dinh trudc
khi thay vao pt (6 4), (6 5). Diéu nay duce thuc hién bing phép bién déi:
r.="R.ir (6.7)

el i “ei

r.=UR,ir, (6.8)

Ap dung cdc pt (6.4), (6.5) &€ tinh 14n luot cdc phdn luc khép, bit dau
ttr khau bd tac dong cudi, médi khau mét 14n, va chdm diit tai khau co ban.
V6i i=n, lye vA moment ngd ra bg phin cudi f,;. L My, 48 biét trude (b
trong lugng tai), va thay vao pt (6.4), (6.5) dé tinh phan lue f, . vdmo-
ment n__, tai khdp thitn. K& ti€p, vdi i=n-1, thay két qua f va n .,
vao pt (6.4}, (6.5), tinh duge f wtne YA D, a.n , tai khép thd n- 1 Trmh ty
tidp tue, vai i=n-2, n-3,..., 1, s& “tim dugc tat ca cac phan lue khép (gém lve
va moment ) trong hé t(_)a dd c6 dinh.

Phuong phap thit hai 1a tinh phan lue khap theo timg hé toa dg khau.
Cdc phuong trinh (6.4), {6.5) viét trong hé toa do khau thii la:

=T -m'e 6.9)
i“i,i—lzi -+1l+ ryx fm rircixmiig {6.10)

Sau dé bién ddi phan luc da tinh trong hé toa d¢ khéu tha i vao hé
toa do khau thi i-1 theo phép bién ddi:

e = R (6.11)

i-1

n = 'Rj+'n,; (6.12)

Chu y, ‘g trong pt (6.9), (6.10) la gia tdc trong luc tinh trong hé toa 4o
khéau thy i. Vi g duge xdc dinh trong hé toa d§ ¢d dinh, nén phéi duge
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bién d6i vao hé toa 46 khau, truge khi thay vao pt (8.9), (6.10). Diéu nay
dugc thye hign bang cong thitc dé quy. Véi i=0, 'g =g da bist. Vi i=1 dén
n, can tinh tudn tu theo céng thic:

‘g='R;+"'g (6.13)
Néu lye va moment ngd ra b tde dong cusi duge xde dinh trong hé
toa do ¢d dinh, ¢6 thé bién déi vao hé toa dd bo tac déng cusi nhu sau:

nfn+1.r1=]’11:{'(}0fn+1.n (6.14)

nnn+1,n:nR‘Uonrhl_n {6.15)

Cac phan lyc khép & pt (6.4), (6.5) duge tinh trong hé toa d6 cd dinh,
con ¢ pt (6.9), (6.10) duge tinh trong hé toa d¢ khau. C4 hai déu hiiu dung
khi phén tich tinh hoc ¢o cdu ¢hdp hanh ndi tiép.

Moment ngau lyc khép tucng dtidng

Khi 44 biét phan lue trong cde khdp, luc vivhoic moment ngdu lue b
tde dong sé duge xdc dinh. Trong co cdu néi tiép, méi khdp duge didu
khién béi mét bo tée dong cung cap luc va/hoic moment giita hai khau k&
nhau. Luc va/hodc moment b tde dong nay duge tinh bing cdch d6i
chiéu v6i phdn hye 1&n cée truc khép tugng ing.

Vdi khop lang try, lye bd tdc dong tde dung doc theo tryc khdp thiti.
Gia st luc ma sat khdng dang ké, lue b tac dong duge tinh theo cong thite:
T = z?‘—] fiin ' (6.16)

trong dd, z,, 1a vector don vi ed chiéu duong theo truc khép thiti ¥
nghia pt (6.16) 14 b tac dong chi mang thanh phan cta f, ._ theo chiéu
truc khdp, trong khi cdc thanh phan khde cia f, . duge tac dung 1én cée
dém khap.

Véi khdp quay, bo tdc dong tac dung moment ngdu luc {thay vi lye)
theo truc khép thir 3. Moment bg tdc dong nay la:
1 =zl.n,;, (6.17)

Bo tdc ding chi mang thanh phdn cia n, , theo chiéu truc khop,
trong khi cac thanh phan khae cia n ;. tac dung lén cac dém khdp. T goi
la moment khdp tueng dusng .



X3

Hinh 6-2. Co cdu phang 3R
X0 tac dung lyc f,, va moment n, ,.

Vi du 6.1 Tinh hoc co cdu chdp hanh phdng 3 bdc tu do. Hinh 6.2
minh hoa co cdu chdp hanh phang 3R da nghién citu trong cdc Chuong 2
va 4. Hé toa dd véi tat ca chidu truc z huéng ra vubng géc véi trang gidy
xdc dinh cho méi khau tuong ing qui uée D-H. Luc va moment ngd ra b
tdc dong cudi la f, , van, , . Gia tdc trong trudng g c6 chiéu 4m theo y,
va c6 tAm tai diém gitta mo6i khau. C4n tinh phdn luc va moment khép.

Céc thong s& D-H va cdc ma trén bién d6i duge cho trong Béng 2.1 va
cdc pt tir (2.6) dén (2.8). Céc vector 'r; va 'r;:

a; -a;/2
ir=0 va 'ry=| 0 (6.18)
0 0
Thay pt (6.18) v6i i =1 dén 3 vao cdc pt (6.7) va (6.8):
cO, cB,
1'1:0R11rl =a,|s6; |, I'M:[)Rllrcl = —% s,
0 0
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_c912 09}2

_p 2. _ 0 2., _ @
Tp="Ry“ry =a,|sby || L= Ry ry T T 509
0 0
c81a3 893

0 3. _ _0p 3. _ 43
r3= R3°rg =a5/ 8853, reg= Rz rgg Y 86193
0 0

Ap dung pt (6.4) va (6.5) d& tinh piidn luc tée dung trén khau 3, rbi tun
tuf tidp tuc qua khau 2 va 1. Vi i=3, thay r,, r_,, f, ,va n,,vao pt (6.5):

cd' 43
Fx
f3‘2 = f4.3 -msg = f}, +m3gc
0
0
Ny =Nyz+ryxfsy—Tgxmzg=} O
N3z

trongdén,, =n_ + fya.scf)l23 - fa,80,,, + 0.5m gach ,,

Vdi i=2, thay f, , va n,,, duge tinh § trén, véi r,var , vao cdc pt (6.4),

3.2°
(6.5
Ix
fy1 =f3p —myg=| f, +(my +mz)g,
0
0
Ng; =Ngp+Tyxfy; —Toxmyg=| 0
gy,
trong do

Nyyp =N, +f,(8500,5 +a40095) — f, (85805 +2380,93)

+0.5myg a,c0,, + myg, (2,005 +0.bayc0,5,)

Vgii=1,thay{, ,n, (da tinh ¢trén), r, r, vao cdc pt (6.4), (6.5}

21t ]
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Ix

flo=fy1~myg=1f, +(m; +my+my)g,

0
0
Nyp=Ngy+rxfo-tyxmg= 0
N0z

trong dé

Ny, =0, +f,(a,00; +a5c0p +a5c0,95) — f((a180, +8950,5 +a350,53)
+0.5m,g a0, +myg.(a,co, +0.5a,c0,,)
+mag (a,c0; +a,c05+0.5a,500,5;)

Cudi cung, 4p dung pt (6.17) d€ tinh moment khdp:
T
Ty =2p0 g =1y pgs
T
Ta = 21Ny =y,

_,T _
Ty =239 =Ngy,.

Cha ¥, khi khéng cé trong life, moment ngéu luc va luc ngd ra b tdc
dong cudi quan hé vdi nhau theo phuong trinh -

Ty fx
o |=d7|f, (6.19)
I1_T3 n,
trong dé

!—— {a,sB, + 2,580, +azsbgg) —(@y80,9 +a3805;) —a480 9
J :! (A, +ayehyy +ase0y53)  (ayclis +a30807) asch 4q
i 1 1 1

L

Khi khéng cé trong lue tic dung, phép bién doi gitta lue ngd ra b tac
ddng cudi va moment ngiu luc khdp 14 ma tran chuyén vi J7 cia ma trén
Jacobi qui udc.

Vi du 6.2: Tinh hoc ciia co cdu chdp hanh Stanford (Hinh 4.8).
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Luc ngd ra b tdc dong cudi va moment la f,; = [fx_fy,fz]'r va
n;g= [nx.n),.nz]’r. Gia tdc trong truding g c6 chiéu theo chidu 4m clia
truc z, (nghiala g=[0,0.-g.]"). D& don gidn héa su phan tich, gig sif
khdi luong cdc khau 1, 2, 4, 5, 6 khang dang k&, tdm khau 3 tai diém gitta
khau nay, cin tinh phan lye khép.

Céc thong s0 D-H va cdc ma trin bign déi da xét trong Chuong 4. Cae
vector don vi z, , véi 1 =0 dén 5 da cho tif pt (4.69) dén (4.73), cdc vector
'r, va ir, c6 daag:

0 0 0 |
21‘22 d2 . 31"32 0 N SI‘C3= 0
K d, ~d,/2

0
1r1 =4 r4=5r5=6r5 =10
0

Bién d6i cdc vector nay vao hé toa do ¢d dinh biing céc pt (6.7), (6.8:

—-s0y
0
cB 80,
t_ 092
c81592‘|
rg="Ra’r.q =——2 = | 50,80
c3 3 ted 9 V=g
ey J

Pﬂ
RY

Ap dung cac pt (6.4), (6.5) dé tinh phan Iye mdt khau, bit dau tit khau
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6. Do khdi luong cac khau 4, 5, 6 khéng dang ké, nén phan lye tai 3 khdp
cudi nay 1a biing nhau:

fx
fe,s = f5,4 = f4.3 =f16= fy

1.

Ii

x

Ngg =Ng54 =T4q =Tqg =|Ny

nZ
V6ii=3,thayr,r,f,,n, vaopt{6.4),(6.5)
o]
fa9 =f43-myg= Iy
f,+myg, |

Ngg =N43+r3xfy, —Taxmyg
n, +f,d,50,80, — f, djc; + 0.5mgg dys0,50,
=|ny — f,d;5c6,80, + fd5¢0; - 0.5m;g d;c6,50,
n, +f,d;c8,80, — f,d;s0,50,

Vaii=2, thayf

a2?

n,,(da tinh ¢ trén), r,, r,, vao pt (6.4}, (6.5)
Ix
fa, =f35-myg= Iy
fz+m3gc
Npy =Ngg+Tpxfy; —Tep xmag
n, + f,(dq50,50, +dyeb; ) — f,dsel, + myg (0.5d350,88, +d,c6,)
=ln, — f,(d;c0,38, —d;s8, )+ f,d3e0; - myg (0.5d50,56, —-d,s8,)
n, +fy{d3091582 ~d2881)-fx(d3591882 +d2(:91)

Véii =1, thay f,

5 » 0, (da tinh & trén), r,, r | vao pt (6.4), (6.5):

Iy
flo=1fo—mg= fy
fz +m3gc
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Nyjg=Ngy+r xfig-ryxmg
n, + f,(d 350,505 +dych,)— f,d3ch, + myg, (0.5d 88,50, +d,yc0,)
=1n, ~ [, (d3c0,80, —dy50, )+ f,d3cBy —myg (0.5d 0,50, —d,s0,)
n, +fy(d3091392 —d488,) - f, (dssts0, +dych;)
Cubi cing, tinh moment ngau lyc khép blng cach thay cac phén lye
vao cédc pt (6.16), {(6.17)
T = zg'nl‘0 =n, + f,(d;8,80, ~dys0,)- f,(d50;50, +dycb;)
Tg = Z;rnz.l
= _Selinx +fz(d3391382 + d2c91 }— fydaceg
+mgg. (0.5d558,80, +d,cH,)]
+C81{ny - fz (d3C91592 - dgsel }+ fxdacﬂz
T3 = ngs,z = fx 08,88, + f 80,808, +(f, +myg, )b,
Ty =2zafy 5 =n,0;86, +n,s8,86, +n,c0,

T . . .
Ts = 24054 =D,J4s +Iylgs + ;e

_Te oo : ,
Tg = 25055 =D, j4 +Ny)ss + 1z ]es

trong d6, ., js5.Jg; 12 cdc thanh phén x,y,z cda vector don vi z,,va
Jusr Jsg » Jag 12 ¢dc thanh phan x,y,z cda z, .

Do khéng ¢6 trong lue, moment khép ngd vao va lfe ngd ra quan hé
vdi nhau theo phép bién ddi sau:

T _fxq
Ta fy
Tai_ gr| S (6.20)
Ts Ny
T5 I'l},
L% ] RN
trong dé

235



-d,s0,80, —d,c0, dgcdcd, cb;ch, 0 0 0]
djc8,80; —dys0, djsfjch, 56,50, 0 o 0
- 0 ~ 450, cB, 0 0 0
- i 0 ~s6; 0 €0,50; Jus Jas
i 0 eh, 0 80,80, 55 s

L 1 0 0 c0y  des  Jes

la ma tran Jacobi qui udc da néu trong Chuong 4.

Tir hai vi du trén, c6 thé thdy néu bé qua dnh hudng cda trong luc, lyc
ngo ra b tdc dong cudi lién hé véi moment khép ngd vae theo ma tran
chuyén vi JT clia ma trin Jacobi qui uéc J, quan hé nay ding v6i moi cg
cdu chap hanh ndi tiép.

Ung dung nguyén ly céng 4o

Phéin nay sé dp dung nguyén ly cong 4o dé tim phep bign déi gida
moment khép va luc bd tic dong cudi. Po dich chuyén do cia hé thong
tao ra sy thay ddi vé ciing bé trong cdu hinh hé théng, dé 1a cde thay déi
v6 cling bé tity ¥ cia céc toa 4o ing vdi lue va céc rang bude ¢ thii diém da
cho. B6 dich chuyén do duge dung d€ phan bidt véi d¢ dich chuyén thuc,
luc va cde rang bude c6 thé thay déi & thai diém d6. Bj dich chuyén do
duogce ky hiéu 14 9%, 6 dich chuy€n thue ky hiéu 12 dx.

Trong c¢o cdu néi tiép, d§ dich chuyén do tai ede khdp la

&q =18q,.8q4,....8a, ¥ va tai bo tde dong cudi la §x = (8x,8y,....0y]T . Luc
va moment ngé ra bd tac dong cudi la:

f
F =
H

Vector moment ngdu luec khdp la:
3!
=] 2 (6.22)
v
Gi4 st luc ma sat tai cic khép 1a khong ddng ké, cong do duge tao ra
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do cdc luc va cdc rang budc tai cde khop la zero. N&u bé qua anh hugng
ctia trong lyc, cdng 40 dW do t4t cd cde lue tdc dong tao ra la:

8W =1T8q-FTox (6.23)

Nguyén 1y céng 4o phat biéu nhu sau: “Hé théng & trang théi can
bang néu va chi néu cong do triét tiéu d6i v6i dieh chuyén 4o vo cung bhé
bat ky”. Diéu nay xdy ra khi 46 dich chuyén 4o tuong hgp véi cdc rang
bude tdc dong 1&n hé théng. Tuy nhién, trong pt 6.23, dq va Jx khéng doc
1ap, chiing lién hé vdi nhau theo ma tran Jacobi:

ox = Jdq (6.24)
Thay pt (6.24) vao (6.23):

T -FTNsq =0 (6.25)
Vi dq # 0 ddi véi dich chuyén do tiy ¥ bat ky, nan:

T -FTI=0 (6.26)
tir do:

1=JTF 6.27)

Phudng trinh (6.27) quy chiéu lyc ngd ra bé t4c dong cudi m chidu
thanh cdc moment ngdu lyc khdp m chidu. Ma tran Jacobi 1a cdu hinh
phu thufe, nén phueng trinh nay ciing 1 eau hinh phu thuée.

Ellipsoid lyc
Tuong ty phép bién doi van tdc, trong co edu chi gdm mot kidu khap
va mot kiéu tdc vy, phép bién d6i luc duge dic trung biing suf so sdnh luc

b6 téc déng cubi phdt sinh do moment ngu lye khép don vi. Thay pt
(6.27)vao 1T t=1:

FTJITF =1 (6.28)
D3i véi cau hinh co cdu cho trude, pt (6.28) bidu thi ellipsoid m chidu,
Tich JJ7 14 ntia x4c dinh duong déi xting, nén céc vector riéng trye giao.
Céc tryc chinh cia ellipsoid tring véi cdc vector riéng cda tich JJ', va c6
chiéu dai bang nghich dao can bac hai cila cdc tri riéng.

Ma tran Jacobi la c4u hinh phu thuge, nén ellipsoid luc ciing ¢6 cau
hinh phy thuge. Khi bd téc dong cusi chuyén dong tif vi tri nay dén vi tri
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khéc, hinh dang va dinh huéng ellipsoid lyc cling thay d0i tuong (ng.
Ellipsoid truyén déng cang gén v6i hinh cau, cic déc tinh truyén dong
cang gin v6i chudn. Phép bién ddi 1a ddng hudng khi cdc true chinh ¢6
chiédu dai bing nhau. Tai diém déng huéng, hinh cau don vi n chiéu trong
khéng gian moment khép dnh xa lén hinh cdu don vi m chiéu trong
khong gian luc b tac dong cudi. Mat khdc, tai diém trang thai déc biét,
hinh cdu don vi n chidu trong khéng gian moment khép dnh xa 1én hinh
tru m chidu trong khéng gian lye b tde dgng cudi. Do d6, uu thé co hoc
trd nén rat 1én theo mdt so chiéu.

Vi du 6.3. Elipsoid co cdu chdp hanh phdng 2 bdc ty do

Hinh 6.3 minh hoa nguyén 1y bién ddi cac dac tinh cha co cdu chap
hanh phéng 2-dof. Pdi véi co cdu nay, luc ngd ra bd tdc dong cudi va

moment khép ngo vaela f = [f,wf:f,]T va 1= [rx,ty]T .
Thay ma tran Jacobi tif pt (4.66) vao (6.27):

{rl} ~ [—alsel —a,80;, a,c0, +a2c8,2}“x}

— 80y ayctiy fy (629

T2

Gia sif chidu dai cac khau 12 a, = 4/2m vaa,=1m. Gvitri 8 =0va®,
= /2, ma tran Jacobi la:

o[

%o Hinh 6-3. Co cdu phang 2R
tac dung lyc t (£,.f)

238



tir dé:

T | 2 42
7 {—JE 2}

Céc tririéng cia JJ' 12 ), =2-/2 = 05858 va &, =2+ /2 =3.4142.
Cace vector riéng tuong iing, chuan héa theo chiéu dai don vi, la (0.707;
0.707) va (- 0.707; 0.707). Hai vector nay tao thanh gdc 45°véi truc f va f
dong thoi thang hang véi cée truc chinh cha ellipse.

Thay JJ7 vao pt (6.28):

>

Wt

2 2
.ty
2f2-2VJ2f f, +2f2 = 0585 J_ —Ji_] +3414zu__T>]

Hinh 6.4 minh hoa ellipsoid lyc va cac truc chinh. Moment khép don
vi tao ra cdc lue bd tdc dong cudi la (f , f ) = (0.924, 0.924) N trén truc
chinhva(f f)=(-0.383, 0.383)N trén true phu. Moment khép tuong
ung la (r],r } = (0.383, -0.924) Nm theo truc chinh va (1, 7,) = (0.924,
0.383)Nm theo truc phu. Chd ¥, wu thé co hoe theo truc chmh lén hon
theo truc phuy.

i
Ty ¥

f T e

(1 (0.924, 0.383)
\ Q (-0.383, 0.383}
5 -

T P {0.924, 0.924;

Ty fl

o

P {0.383, -0.924}

a. Khong gian moment ngau lyc khdp. {b} khdng gitan lye bd tac dong cudi
Hinh 6-4. Eilipsoid lyc

Phép bién ddi Iyc va moment

Chuong 4 da trinh bay cdc toa dd quay xodn c6 thé duge bigh d8i tit he
toa df nay sang hé toa dp khéc biing bién ddi ma tran 6 x 6. Tuong ty, céc
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toa dd quay vit cé thé duge bién d3i tir he toa dé nay sang he toa do khéc
bing ma tran 6 x 6. Goi f1a lye va ¢ ]a moment tdc dong theo truc quay
vit. Su quay vit dugc viét theo ma tran cdt 6 phin t la:

[fy |
fy
F{ f } /2 (6.30)

soxf+e

v6i s_1a vector vi tri cia diém bdt k¥ trén truc quay vit trong hé quy
chidu, vector s, x f1a moment tai goe hé quy chidu do f tao ra. Cé thé thay
toa d§ nay phu thude viéc chon hé quy chiéu, do d6 anh hudng cia lirc 1én
moment tong n =[n n n, I phu thuéc diém tdc dung.

Hinh 6.5 minh hoa sif quay vit ¥ xét trong hai hé quy chiéu (x,yz) va
(xy,z). Vi tri va dinh huéng cha hé toa do (xy,z) lizn hé véi ha toa do (x,
¥, z ) theo vector vitrip=1I[p,p,p, )"va ma tran quay 'R.. 'F 1a quay vit F
trong he toa dé (x,y,z,) va Fla quay vit F trong hé toa 45 (x, v, 2). Do
quay vit c6 cdc tinh chat cla quay Xodn, nén:

i ‘Tj 12 ma tran 6 x 6 (da xét trong Chuong 4). Pac biét:

‘R, 0
Ty=| 2 (6.32)
IW‘][RJ M IRJ
trong doé
) 0 -P. py
le: P: 0 —Px
_py Py 0

1a ma tran déi xing léch 3 x 3 biéu thi vector O, O, trong hé toa dd (x;
y,z.). Do d6, c6 thé bién d6i su quay vit da cho tir hé quy chiéu nay vao hé
quy chiéu khéc va nguoe lai.
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Hinh 6-5. Bién ddi iyc va moment

X gitia hai ha toa do

Vi du 6.4 Bién doi gita ddu cong cu va tém cé tay.

Hinh 6.6 minh hoa canh tay robot cai chét vao 16. Cin gidm sat luc va
moment tac dung 1én chét. D& thuc hién didu nay, cam bién lue duge gén

O Pdu dyng cy

Hinh 6-6. Bién ddi lue va momemnt
tr dau dyng cy dén tam cd tay
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vio tAm cf tay. Luc va moment quy theo hai vi tri khac nhau, dng véi hé
toa d6 (x,y,z) tai chét va ing véi hé toa d¢ (u,v,w) tai tdm cd tay. Luc va
moment ing vdi hé toa 46 (u,v,w) duge biét khi do dac tai tam <8 tay.
Van dé 1a tim luc va mement tdc dung 1én chét,

Gid st hai hé toa dé nay song song 6 mot thoi diém va tadm cd tay Q
lién hé véi hé toa do ehdt theo vector p = [p,, p,. p,J™:

1 00
YR ww =10 1 0
0 01
0 —P: py
xyzwuvw= P 0 —Px
-py Py 0
Titr d6, ma tran bién déi c6 dang:
M1 0 0 0 0 0]
0 1 0 0 00
e 0 0 1 000 (6.33)
v 0 -p, p, 1 00
p. 0 -p, 010
. [Py Px 0 0 0 1]
Thay pt (6.33) vao (6.31):
PR 0 0 00 0Off,]
Iy 0 1 0 00 0}y,
fa 0 0 1 00 Off, (6.34)
n,| | 0 -p, Py, 1 0 Olmn,
ny pz 0 "'px 0 1 0 nv
n, | |~-py Px 0 001 [0y |

Phuong trinh (6.34) 1a phép bién ddi luc vA moment éuge do tai tim
cd tay dén luc vA moment ngd ra tai diém cai chét.
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Phan tich dd cing viing cd cau chap hanh néi tiép

Khi co cdu chap hanh thye thi téc vu cho truge, bo tac dong cudi tac
dung lyc va/hoéic moment vao méi trudng tigp xie. Lue vivhodc moment
ti&p xGe nay lam cho hd tdac déng cudi bi léch khéi vi tri mong muén. D6
léch nay la ham cila lyc tde dung va do eling vitng clia co cdu. Pé cing
viing cua g cdu anh huéng truc tiép dén d9 chinh xdc vi tri. Hién nay,
cae didu khién tién tién sif dung dic tinh do ciing viing dé didu khién hoi
tiép cho ed c4du robot.

B§ cing viing cia cd c¢fu phy thude nhidu yéu t6, gdm kich cd va vat
liéu khdau, cao cau truyén déng, b tac dong, bé didu khién. Khi cac khau
tré nén dai hon, manh hon, lic 46 khau la y&u t6 chinh gay ra d6 lach.
Diy la dic trung cda robot khéng gian, trong dé trong lugng nhe va gon
12 diéu quan tam chinh. Mit khéc, da s robot cong nghiép cé cau triic
vdi khau eing, nguon phdi hop chinh 1 co cdu truyén dong va hé théng
diéu khién.

Phan nay sé gid thigt cac khau chinh 1 cting hoan toan, cd cdu truyén
dong va hé théng trg dong 1a ngudn phsi hgp chinh.

Ma trén phdi hgp

D61 v6i co cdu chdp hanh néi ti€p, mdi khép duge didu khién biing
mdt bd tdc dong truyén gua bé gidm tdc thee nhidu truc truyén dong. Bo
giam t8c va cdc truc truyén dong cé thé bi léch khi truyén luc hodc mo-
ment. Hon nifa lute hoac momemt truyén déng do hé thong try dong tao
ra thudng phu thude vao cdc tin hiéu b4o 18i vi tri, van tée va cde khusch
dai hoi ti€p. Do cing ving cila bo gidm téc, cde truc truyén dong va hé
thdng trg ddéng ¢ thé td hgp theo d¢ cing ving titong duong.

Goi n 14 chiéu cua khéng gian khdp, m 1a chidu efia khéong gian b tac
déng cudi, T 13 moment hodc luc truyén qua khép thi i, Aq, la d6 léch
tuong ung tai khdp dé. Véi dé 1éch nho, ¢6 thé 4p dung cong thice tuyén
tinh gin ding:

1, = kjAq, (6.35)

trong d0, k 14 hang s0 cing ving (4% cing). DE tién khio sat, pt
(6.36), véi i=1, 2,..., n dugc viét dudi dang ma tran:

T=yAq (6.36)
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trong 46 t=[1,.1g..-..Tp 1", Aq :[Aql,&qQ.‘..,&qn]T, x=[ki,kq,.... ]
1a ma tran chéo n x n.

Trong cd ciu chap hanh néi tigp, 48 dich chuyén khdp Aq lién hé véi
dé dich chuyén bd tac déng cudi Ax theo ma tran Jacobi quy uéc mX n:

Ax = JAq (6.37)

va lyc ngd ra bd téc dong cudi F lién hé véi moment khdp T theo ma
tran Jacobi chuyén vi J™:

= JTF (6.38)
Khi¥ T va Aq tir cde pt (6.36), (6.37), (6.38):

Ax = CF (6.39)
véi

C=Jy 7 (6.40)

13 ma tran m X m, duoc goi la ma tréan phéi hop.

Tir pt (6.40), c6 thé thay ma tran C 1a d6i xding, khéng chi phu thude
vao dd cing vitng cha timg dudng truyén déng ma cdn phu thude vao ma
tran Jacobi. Do ma tr4n Jacobi phu thudc cdu hinh, ma tran phéi hgp
cting phu thudc cdu hinh.

Ma tran ciing viing

Né&u m=n va ma tran Jacobi khéng & trang thai dac biét, ma trdn C
¢6 ma trdan nghich ddo C'. Nhan ¢4 hai vé pt (6.39) v4i C:

F=KAx (6.41)
trong 46
K=C"'=J"TyJ (6.42)

K la ma trdn dé cing ving.

Ma tran K ciing phu thuéc edu hinh. Déi véi cde co cdu chi c6 mat kidu
khép va mot kiéu coéng viée, c6 thé dic trumg d cimg vilng bang cdch so
sanh vdi luc cén tao ra d6 léch trén mot don vi chidu dai tai bd tac déng
cud. Thay pt (6.39) vao (Ax)T (Ax) = 1:
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FTCTCF =1 (643)
V6i cdu hinh cd cau cho trude, pt (6.43) bidu thi ellipsoid lue m chidu,
Vi CTC 14 nifa xédc dinh duong dai xing, nén eé cac vector riéng truc giao.
Céc true chinh cia ellipsoid tring véi cdc vector riéng ctia CTC, va chidu
dai bang nghich ddo can bac hai cta cac tri riéng. Do d4, cdc lue cue dai
va cyle tifu can thiét dé tao ra do léch don vi la Uk, va 1k __ )", véi
Ao vA A & cdc tri riéng cuc tidu va cyc dai cia CTC.

Vi dy 6.5. Phan tich d6 cing cia co cdu chdp hanh phing 2 bic tu
do. V6i cd cdu chap hanh phéng 2 bac tu do (Hinh 6.4), 45 léch bo tdc
déng cudi va luc ngd ra la Ax = [Ax, Ay ITva F = [f,, f,]7, cdn xét 46 cing
cla cd cdu nay.

Thay ma tran Jacobi, pt (4.66) vao (6.40):

1 2.2
(a18) +as8;y) ST

C= ky k,
= 2
_ @8y +ay8,,)(8,€) +a5e15)  a3815C),
L k, k;
2
_{a;8; +39815)(2,¢) +8,C15)  A3515Cyy
k k
1 2
: 2 2 9 (6.44)
(a1¢) +as¢5) ISP
k4 ko

Trong dé, s,= sin 8, ¢, = cos 8, s, = sin(§, + 8,), va c; = cos(Q, + 8)

D& minh hoa, 6 thé cho a, = Jom, a,=1m,k=k,=1N/m,8=0,
va 8, = /2. Ma tran phéi hgp C riit gon thanh:

2 V2
C{—JE 2]

Tl d6:

T | 6 —4v2
CC_L;\E 6 1

Thay vao Pt (6.43} va tinh:
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2 2 _ f)r. f)’ ; fx f}' : —

6f2 8421, f,+6f2 =034 5 JE] + 11.657[\5 Ji} 1
Phuong trinh trén bidu thi hinh ellipse trong khéng gian lue b tac

ddng cudi. Céc tri riéng ca CTC1a A, = 0,343 va A, = 11.657. Cdc vector

riéng tuong Ung, tinh theo chidu dai don vi, 1a (0,707, 0.707) va{-0.707,

0.707). Hai vector riéng nay tao gée 45° vdi cdc truc f, va f , va trang véi

edc truc chinh cha ellipse,

Tinh hoc ¢d c¢au chip hanh song song

Co cdu chap hanh seng song phife tap hon co cdu chép hanh ndi tiép.
Do ¢6 nhidu vong kin, khong thé 4p dung phuong phap phan tich dé quy
(Iin lugt titng khau theo thit tu nguoe vé khau e ban). Néi chung, cin tim
cdc phuong trinh cdn bing lye va moment cho timg khéu va gidi déng
thdi cdc phuong trinh nay. N&u chi xét cdc yc va moment truyén dong,
¢6 thé 4p dung nguyén 1y cong do.

Phudng phép gian dd vat thé ty do

Co cdu chdp hanh song song gdbm nhidu nhénh song song, mdi nhanh
¢6 nhiéu khau dbi. D& don gian héa, cé thé sit dung tinh chat mdt 53 khau
d6i chi ehiju lyc kéo hoaic e nén. Vi dy, néu khong c6 ngoai lyc tic dung
vao khau ddi cda co cdu phdng, khau chi chiu tdc dung cia lyc doc theo
duémg théng di qua hai khép quay. Tuong ty, néu khdng c6 ngoai lyc va
moment ngoai tdc dung vae chudi khau ddi cAu-cdu trong cd ciu khéng
gian, khéu chi chiu lyc doc theo dutmg thing di qua hai tam khép cau. Sau
day 12 cac vi du vdi phuong phap nay.

Vi du 6.6. Tinh hoc co cdu chdp hanh song song phdng 3 RRR.

Hinh 5.2 minh hoa ¢d cdu ¢é 3 nhanh, m8i nhdnh gém hai thanh
phdn, a,1a khau ngd vao va b, 12 khau ghép d6i. Gid sif trong luc vudng
g6e véi mit phing chuyén dong, cdn tim cdc moment ngau luc khdp
1,.%,.T, tai ba khiu ngd vao dé tao ra lyc ngo ra f = {f , f , O] v moment
ngd ran = [0, 0, n J" tai diém G.

Luc tai khau ghép di qua hai chdt xoay la:

1

f = i]ioﬁ véii=1,2 3. (6.45)

i
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trong 46, i 1a nhdnh thi i, f, 13 cuémg dd cia f,; b veii=1, 2, 31acéc
vector DA, EB va FC ; b, 14 cuiing d6 cia vector b, .

Gia st tat cd cdc lue déu tdc dong 1én bé di dong:

3 fib
Lo b U 401" (6.46)
Téng moment tai G duge tao ra bdi tat cé cdc lyc 1a:
3 e x ibi
21“{_ =[0,0,n,)" (6.47)

Céc pt (6.48) va (6.47) gébm ba phuong trinh vé huéng khéng tim
thudng c6 ba 4n, f, i=1,2,3; va ba phuong trinh tuyén tinh nay duge vist
duéi dang ma trin:

bie bay bay
b -
1 b b (s

bly 2y b3y

2y ) 2=,

b, by b |21
e14by, —e,byy e9,bp, —€9,bg, ey Dgy —€3y by, |3 z
L bi b2 b3 3

(6.48)

Cac vector ¢, va b, 43 biét tit phan tich dong hoc. Ba lue f chua bigt, duge
tinh tir phép bign déi nghich do pt (6.48). Khi biétf,i=1, 2 v 3, moment
bo tac dong duge tinh tif phuong trinh can bang moment ciia mdi khau:

f (am iy aiybix)

T = b, (6.49)
Khu £ gitta hai pt (6.48) va (6.49):
blx bEx b3x
f alxbly _alyblx a2xb2y _a2yb2x anbay ‘33yb3x [

x by, by, by, !
fy T
n alxbly _alyblx abe2y —8g,bgy a3x]3’3y —aaybsx .

i elxbu _elyblx e2xb2y _e2yb2x e3xb3y _e3yb3x -3

_alxbly —ayyby, AgyDgy —a5, by, asybs, ~ag, by i
{6.50)
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Phuong trinh (6.50) 1a phép bién ddi giita luc ngd ra bd tac déng cudi
va moment khdp ngd vao. Vil moment khdp ngd vao da biét, cé thé tim
Tyic ngod ra bd tdc ddng cudl bang phép bidn ddi nghich dio pt (6.50).

Vi du 8.7. Tinh koc co cdu Stewart-Gough.

Co célu chap hanh S-G (Hinh 3.5) véi hé toa d6 ¢6 dinh (x, y, z) ¢6 goc
O tai trong tam d& ¢o dinh, cdc trac x, y trén mat phang chia cac diém A
, v8ii=1, 2,..., 6. Hé toa d4 di dong (u,v,w)cé géc P tai trong tam be di
dong, cac truc u, v trén mat phang cha cac diém B.,i=1,2,..,6.Cé thé
bé qua tde dung cda trong luc, ean tim cdc luc bo tac dong fl,fz, f, can
thiét dé tao ra lye f vA moment n tai trong tam bé di ddong.

Lyc va moment rang bugce tai timg khép lang try duge xem nhu néi
tai trong nhdnh tuong Uing. Véi cdu tric nhanh cdu-cdu, khéng ¢6 mo-
ment truyén dén nhdnh nay. Phin lyc hudéng theo dudng A B, duge xde
dinh bdi hai tdm cdu. Luc tac déng 1én bé di ddng tif mdi nhanh la:

f=fs, viii=1,2..,6. (6.51)

trong dé i 1a ky hiéu nhanh thit i, f 1a 43 16n cia f; s,1a vector don
vi tir khép cAu bé dén khaép cau di dong trén nhanh thiti do d6, s, =d./d..

Cén tim phuong trinh c4n bing moment va luc bé di dﬁng Tong tat
ca cde lue tde dung 1én bé di djng la:

6
_Zlfisi =f (6.52)
i=
Téng cac moment duge tao ra bdi tat cd cac luc tai trong tAm P bé di

dong la:

6
Y fibixs;=n (6.53)
i=1
trong dé b, = PB,. Cdc pt (6.52), (6.53) biéu thi sdu phuong trinh vé
huéng tuyén tinh, f,, dugc t6 hyp trong dang ma tran:

h

f :[ $1 2 Se ) )» (6.54)
n| {byxs; bpyxs, - bgxsg] : '

fe
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Phuong trinh (6.54) 14 phép bién d6i giita cac lyc ngd ra bé tac dong
cudi va cde lyc bp tde dong tuyén tinh. Vector b, va s, d4 biét trong phan
tich déng hoc. Vé6i céc lue bé tac dong cho trude, e ngd ra bj tdc dong
cudl dugce tinh trye tiép tir pt (6.54). Mat khae, néu biét Iuc ngd ra bd tée
dong cudl, luc bd tde ddényg tuong img duge tinh bing phép bién d6i nghich
ddo pt (6.54),

Ap dung nguyén Iy céng 4o

Cé hai loai khdp trong co cdu chap hanh song song la khép téc dong
va khép thu dong. Gia sir khdp khéng c6 ma sat, va trong luc khéng ding
k&, phdn luc tai cde khép thu dong khong tao ra cong ao.

Goi F =[f, n]" 1& vector lyc va moment ngé ra bé tdc dong cudi; T =
[T,,T,-, T, 14 vector moment, lue khép chiu tac dong, Hq =[dq, (qu,“.,ﬁqn_]'r
14 vector 3 dich chuyén 4o (ng v6i cdc khép tdec dong, va Ox =[0x,0y,...,
W1 1a vector d¢ dich chuyén do dng vdi b téc dong cudi. Cong 4o ciia
cde lue tde dong la:

T8q-FT6x =0 (6.55)
b dich chuyén do dq va 0x lién hé theo ma tran Jacobi:

&q =Jdx (6.56)
trong dé J = Jq'1 J_ da xéc dinh trong Chuong 5.
Thay pt (6.58) vao pt (6.55):

(17T -FHsx =0 (6.57)
Vi Ox # 0, nén:

TI-FT =0 {(6.58)
Lay chuyén vi pt {(6.58) :

FoJgTs (6.59)

Phuong trinh (6.59) tinh lue ngd ra bé tde déng cudi theo moment
khép tde dong, va tinh ngugce lai, theo phép bign 461 nghich ddo. So sanh
pt (6.59) v4i pt (6.27), ma tran Jacobi ¢o cdu chap hanh song song la
nghich déo cda ¢o cdu chap hanh néi tiép, phép bién d6i nay phu thude
cdu hinh robot.
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Vi du 6.8. Co cdu chdp hanh song song phdng 3RRR.

Cé thé 4p dung nguyén 1y cong do d€ phan tich tinh hoc co cAu 3RRR
3-dof (Hinh 5.2). Chuong 5 da tinh ma tran Jacobi cua ed cdu nay. Vector
cdc t§ suat khop ngd vao la ¢=[8,,0,.6,]", vector van téc bd tdc dong

cubi la x={vg ,vgy,dt]T . Ma trdn Jacobi da tinh trong Chuong 5 la:

b!.x bly elxbly _elyblx
Jo=|bax by €ncbyy —ep by (6.60)
b3x b3y e3xb3)' - anng
aj,byy —ay,by, 0 0
J, = 0 8g,bgy —8a,byy 0 (6.61)
0 0 anbSy ‘a3yb3x

Gid sif a, X b, # 0, ma trdn Jacobi gfp chung la:

blx bly elxbl_'.lr _elyblx
alxbly ~ayybi  aby —ayybi aby —a,byy
-1 b2x b2)’ erb2y - e2yb2x
J=J3d, =
a2xb2y _a2yb2x a2xb2y _aZyb2x a2xb2y - a2yb2x
b3x b3)’ e3xb3y - e3yb3x
_a3xb3y _aSyb.'ix anb3y _a3yb3x a3xb3y - a3yb3x 4
{6.62)
Thay pt (6.62} vao pt (6.59):
blx b2x b3x
f alxbly _alyblx a2xb2_y "a2yb2x anb:iy _aSbex '.;
x b b b !
f _ 1y 2y 3y 1
yi- 2
n alxbly _alyblx aExb2y -a2yb2x aaxb:}y _a3}'b3x
el | e by —€1 b1y €a:bgy —€a Doy €abyy —e3,ba, |3
1xMly 1y M1x 2x™2y 2y M2x IV Ay Iy - 3x
_alxbly ”alyblx a2xb2y _a2yb2x aExb3y “aEyb:ix ]
(6.63)

Két qua tuong tu véi phuong phép phéan tich gian dd vat thé ty do.
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Vidu 6.9. Cocdu Stewart-Gough.

Hinh 3.15 minh hoa cv cdu Stewart-Gough, sit dung phuong phap quy
ude, trang thdi vdn téc by tdc dong cudi duge bidu didn biing phucng
trinh:

. Vo
X = o {(6.64)

Cédc ty suat khdp ngd vao duge xdc dinh theo vector 6 chidu 1a:
a=[d;.dg.dg] (6.65)
Ma tran Jacobi d4 tinh trong Chuong 5 la:

st (byxs)T

sg  (byxsy)T
Jx -2 2 : 2 (6.66)
sg (bgxsg)T
J, =1 {6.67)
Ma tran Jacobi gdp chung la: '
sf (byxs)T
T T
_ 8y (byxsy)
J=dd, =77 T2 (6.68)
s (bgxsg)T
Thay pt (6.68) vao pt (6.59) ;
N
f _i 8 Sa vt B fa
n| |[byxs; byxsy - bgxsg] : (6.69)
fe

Két qua tuong ty phuong phdp phan tich gian dé vat thé tu do.
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Phan tich do viing clng ¢d ciu chap hanh song song

P6 ciing co cdu chap hanh song song duge cac nha nghién cu phén
tich tueng d6i chi tiét. Tuong tu co ciu néi tidp, gid si cac khiu 1a hoan
toan cing, déng thoi co cdu truyén dong ed hoc va hé théng trg dong la
nguén phdi bip duy nhat.

bat t={t ...,T 1712 vector lyc hodc moment khdp tac dong, Aqg=
[Aq,, Aq,, ....Aq, 1" la vector d¢ léch khép tuong ing, Aq lidn he vdi T
theo ma tran chéo mX n, ¥ = {k,, k,,..., k ] nhu sau:

T=34G {(6.70)

D#8i véi co cdu song song, d6 dich chuyén khép Aq lién hé vai do léch
bé tac ddng cudi, Ax =[Ax, Ay, Az, Ap, AD, Ay]", theo ma tran Jacobi J nhu
sau: '

Ag=JAx (6.71)

trong 46 J =J_'J_la ma trén Jacobi qui ufe da xac dinh trong Chuong
5. Thay pt (6.71) vao pt (6.70), va thay két qud vao pt (6.59):

F = Kax (6.72)
vii K=dJ yJ (6.73)
duge goi 12 ma trén dé ciing cia cd cdu chip hanh song song.

Phuong trinh (6.72) cho thay lyc ngd ra bo tdc dong cudi lién hé véi
d6 lach theo ma tran d cimg K. Ma tran nay 1a nda xdc dinh duong déi
xng, co cdu chdp hanh phu thude ¢du hinh. Néu cde nhénh ciing loai va
cde hiing dan héi lién hé véi moi dubing truyén déng la cling gid tri (nghia
la k, =k, =...=k, =k}, ma trdn 46 cing la:

K=kJTJ (6.74)

Phan tich dé ciing viing bé Stewart-Gough 3-3

Hinh 6.7 minh hoa so dé bé Stewart-Gough 3-3. C6 6 nhdnh noi bé di
dong v6i A& ¢& dinh bing hai bé khép cdu déng tam tai cac diém A, va B,
cAn phan tich d6 cing cla coy cdu nay.

Heé toa db (x,y,2) c6 gte O tai trong tdm dé& ¢6 dinh, cdc trucx va y
nim trén mat phang chita cde didm A, i=1,..., 8, truc x nguge hudng OA,
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B, B, # Badidong

B, Bg

dg

Hinh 6-7. Co cau Stewart-Gough 3-3

va true z c6 chiéu hudng ra ngoai (Hinh 6.8). Hon nifa, gia st hai bd khép
¢4u dong tAm tao thanh hai tam gidc can. Do ma tran dé ciing phu thuce
vi tri va huéng caia bé di ding, c6 thé gia thiét bé di dong dinh vi & cdu
hinh tdm, tai dé bé khéng quay so v4i d& ¢6 dinh, va trong tam bé nay &
d6 cao QP = h phia trén tAm 4€ ¢ dinh (Hinh 6.8).

V61 hinh hoe cia bé néu trén Hinh 6.7 va 6.8, céc vector a, b vad,
trong hé toa dé cé dinh (x,y,z) 1a:

alzazz{— EO}

2 2

a, =a, =[-a,0,0]"

3 T
a a
75 =% {E T2 0}

bl = ba = [b,O,O]T
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f 3
Ay A,
d;
BEBJ a di
dy
AS a b b B\1
A4 b 0 P BE
d,
8
) 85\ %1%
Hinh 6-8. Hinh chigu d
tir dinh cla co céu 5
Stewart-Gough 3-3
Ag As

2 2
T

—-b+2a ng
d=|— 3 "
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[—b—a J3(-b+a) T
d5= N .h
2 2

T
d :{213—&1«/_53‘}1}

2 2

G c&u hinh trung tam, tit cd cc nhénh dudi thdng theo cing chidu
dai (d, = d, =...= d;= d). Piu nay dén d&n lién hé don gidn giifta a, b, h

vad

d* =a%-ab+bh? +h?

thay biéu thic trén vao pt (6.68):

[9b-a  -y3a 2n
-b-a Jg{b—a} 2h
1{-b+2a J3b  2h
2d|-b+2a -43b  2h
-b-a +3(-b+a) 2h
| 2b-a Y3a  2h

0
V3bh
¥3bh

—+/3bh
- +3bh

0

-2bh
bh
bh
bh
bh

—2bh

- Jgab
J§ab
~J3ab
J/3ab
~/3ab

Jgab ]

{6.75)

(6.76)

Thay pt (6.76) va chuyén vi vao pt (6.74) sé dugc ma trén dé cimg:

3k

K= E-z-x
[a% +b% -ab 0 0 0 bh(a/2 - b)
0 a?+b%-ab 0 -bh(a/2-b) 0
0 0 2h? 0 0
0 -bh(a/2-b) 0 hZh? 0
bh(a/2-b) 0 0 0 bZh?
0 0 0 0 0

3a®b%/2 ]
(6.77)

Ma trén con 3 X 3 phia trén bén tr4i 1a d9 cing tinh tién, ma trén con
3 X 3 phia du6i bén phéi 12 do cing xoén, cic ma trin con con lai bidu thi
tac dong néi ghép chéo giita cde lc va moment, giita sy quay va tinh tién.
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Trong thuc t&, ¢in phai khit cdc thanh phan ghép chéo. Diéu nay ¢é
thé thuc hién bing cach chon a=2b lam diéu kién thiét ké. Thay a=2b vao
pt(6.77):

32 0 0 0 0 0
0 32 0 0 0 0
g 3k 0 0 20 0 0 0
azl 0 0 0 b**® 0 0 (6.78)
0 0 0 0 bh? o
0 0o o0 0 0  6b*]

Tir pt (6.78), ¢6 thé thay c6 3 dang dac biét kha di:

Truéing hop 1. h? = 1.5b% k&t qud do cimg tinh tién déng hudng
Trudng hop 2. h? = 6b%, k&t qui 46 ciing xodn ddng huéng
Trudng hdp 3. Phéi hgp cd hai trudng hgp 1 va 2.

Cha ¥, néu khéng cb cdc thong so thiét k& bd sung, khong thé dat
duge ca hai dic tinh cliing xo4n ding hudng va cimg tinh tién ding huéng.
Céc thong s6 thiét ké bd sung duge nhéan biét bang cach téch rdi cic khép
cdu déng tam & bé di dyng hodic 4€ ¢& dinh.

Tom tat

Hai phuong phép, gidn 46 vat thé tu do va nguyén 1y céng do, dugce
ding d8 phan tich tinh hoc cd cdu chap hanh ndi tiép va song song.
Phuong phédp gidn 48 vat thé tu do st dung tat ¢d cdc phdn lyc tdc dung
I8n cac khdp hoat dong va cdc khép thu ddng. Nguyén 1y ¢dng 4o c6 tinh
true tiép, chi sit dung cde luc khdp hoat dong. Néu khong xét trong lue,
cac lyc khép hoat dong lién hé véi cc hfe bd téc dong cudi theo chuyén vi
ma tran Jacobi. Cde dac tinh bi€n d8i nay duge khdo st chi tiét bing
cach dp dung bién déi tuyén tinh. Hon nifa, cde dic tinh d§ ciing cua co
c¢au chap hanh néi tiép va song song cling duge nghién eiu. Cac e b tdc
dong cudi lién hé vdi do 1éch bing ma trin do cing. Ma trdn 49 cimg la
ham ciia cde hiing 46 cing trén cic dudng truyén ddng va ma trgn Jacobi
ctia cd cau chdp hanh. Do ma trdn Jacobi phu thude cau hinh, ma trén do
cing ciing phu thuée cdu hinh. Tinh hoc va phén tich d¢ cing cta nhiéu
¢d cdu chdp hanh duge xem xét d€ minh hoa cde nguyén ly dé.
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Chuvny 7
co CAU O TAY

Gidi thiéu

Ca cau chap hanh robot edn it nhat 6 bac tu do dé didu khién vat thé
mdt cdch tu do trong khong gian. Néi chung, chiéu dai 3 khau chuyén
dong ddu dai hon 3 khau chuyén ddng cudi. B tac dong cudi gdn vao
khau chuyén ddng cusi d€ kep chat hoac didu khién chinh xdc vat thé.
Ba khau dau chi yéu duge dung d€ diéu khién vi tri, ba khau cudi didu
khién hudng b¢ tdc dong cudi. Cum bd phédn néi vdi ba khau ddu 14 cdnh
tay don, cum b phdn ndi v6i ba khéu cudi 14 ¢ tay. Hon nita, ba truc
khép cudi thutng duge thiét k& véi giao diém chung, dige goi 1a tam cé
tay. Su sdp x€p dic bigt (xem Chitong 2) cho phép tach bidt van dé vi tri
v6i van dé dinh hudng. Canh tay dua tAm c6 tay dén vi tri bat ki trong
khéng gian lam viéc, ¢6 tay diéu khién hudng cia bd téc dong cudi.

Hinh 7.1 minh hoa cdu tric dong hoc cd cdu ¢ tay néi tiép 3 bac tu do
v@1 3 truc khép giae nhau. Hinh 7.2 minh hoa cd cdu c8 tay vdi khodng
cach nho giita hai true khdp thi nhét va tha hai. V&1 thuyét, c6 thé gin
mét déng co véi b gidm tée thich hgp lén mbi khau d€ diéu khién khdp.
Dong co va b gidm toc can phdi dit gdn cum ¢d tay, didu nay lam gia

Hinh 7-1. Co célu ¢ tay khép cau.
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Hinh 7-2. Cg c4u cd tay khang khép ciu

ting tdi qudn tinh déi véi cdc dong co diéu khién cum ednh tay. Do dé,
cin phai két hgp mot s6 kiéu co cdu truyén ddng co hoc cho phép ldp cac
bo tdc dong cach xa tam cd tay.

Trong thuc hanh, thiét k& cé tay dat hidu qua khi hot dii cde dic tinh
sau:

Ba béc tu do.

Chuyé&n déng cau.

Khong gian 1am viéce 16n (khodng dinh huéng géc 16n).
Kha nang diéu khién tir xa.

Kich ¢ gon, trong lugng nhe, quan tinh thap.

B lap va dd chinh xac cao.

Bé cing co hoc cao.

]
e Al o o

Gi4 thanh san xuit thap

9. Thiét k& tin cdy va chic chin.

Co cdu ¢ tay lién quan d&c biét dén cdc nhu cdu vé chuyén tai vat
lidu hat nhan, tham hiém khéng gian, va c4c céng viéc nguy hiém khac.
D€ dat cdc dic tinh cdn thiét, co cdu truyén dang co hoe thudng ding 1a
bd truyén déng banh riang epieyclic, cdc ndi k&t thanh kéo - ddy, day
truyén déng.
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Truyén déng banh rang epicylic néi chung duge ding d& gidm tée va
tdng moment ngdu lyc trong cac hé théng cd hoe. Co cau banh rang nén
duge dung nhiéu trong robot cong nghiép, vi ching don gidn, kich o gon
nhe, duge dat trong hup kim loai dé truyén déng banh rang khong bi é
nhiém, trong san xudt dat d6 tin cay cac va kinh t&. Hon nita, khi dung
banh rang nén dé truyén dong cong sut, cic bd tac dong duge gdn tir xa,
nén giam duge trong lugng va quéan tinh cla cd cdu robot.

Trong Chuong nay, sé tdp trung vio dong hoc va tinh hoc truyén déng
banh rang epicylic, dac biét 1a co cdu ¢d tay robot. Trude hét, s& mé ta co
cdu cb tay bang bdnh rang nén thudng ding, cac dac tinh cdu tric, va
phén loai. K& tiép, sé trinh bay cé hé thong phuong phdp phan tich déng
hoe theo khai niém mach co ban va chubi vong hé tuemg duong. Cudi ciing,
gidi thigu khai niém dudng truyén déng dé phan tich tinh hoe co cdu trén.

Cd cdu ¢8 tay banh ring nén

Co cdu cb tay trong robot cdn it nhat 3 bac tu do d§ dinh vi bd tdc
déng cudi theo dinh hudng tay ¥. Diéu nay doi héi it nhat ba sy quay déc
lap tai ba truc khdp giao nhau khong ddng phéng. N&u chuyén déng nay
duge thic hién bang banh rang, cdn ¢6 b6 truyén déng banh réng nén 3
bac ty do véi dd hdi chuyén phiic tap. Hon nita, 3 khiu ngd vao truyén
dong banh rang cdn déng truc dé dat kha nang truyén ddng tir xa.

Hinh 7.3 minh hoa so 46 co cdu ¢d tay T°. Co cdu gém 7 khau (ké ca
tay don), 6 cap quay va 3 cap banh rang hinh nén. Cé ba truc quay déc 14p
Z,, Z,, Z,. Goc cb tay truc khép the nhat va thd hai 1a 60°, géc quay gitia
truc khap thit hai va thit ba 13 —60¢,

Trong loai ¢ tay nay, khau 2 dung lam gi4 dé cap banh ringnén 5-

3 va 6-7, khiu 3 ding 1am gi4 d& cap banh rang nén 7-4. Céc banh rang
7-7 duge néi cing vdi nhau bang mét truc. Ba thanh phan déng truc, 2, 5,
6 duge 4 trén cac 6 trugt trong tay don. Moment truyén tif cdc dong co
1, 2, 3 dat gan dau vao tay don dén 3 khau ddng truc. Su quay khau 5
duge truyén dén khau 3 qua ciip banh rang 5-3. Su quay khau 6 truyén
dén khau 4 qua cdc cép banh rang 6-7 va 7-4. Bj tdc dong cudi dugc gin
vao khéu 4 trong gid d& 3. Hon nifa, 3 truc khdp giao nhau tai diém
chung, nén co ciu ¢d tay nay la ¢o cau cdu 3 béc tur do.

Chuyén dong lan cd tay dat duge bing cdch quay khau 2 véi khau 1
theo truc z . Chuyén dong bude duge thue hién bang cach quay khau 3 véi
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PENdONg cO 3 -— 5 = ==

Péndéngco 3‘ ; fE |j .
Béndéngco2
T~ ™ 22

B tac
déng cudi

Hinh 7-3. Co cdu ¢d tay T*

khau 2 theo truc z, . Chuyén dogng lan cta b tac dong cudi duge thuc hién
bang cach quay kbau 4 véi khéu 3 theo truc z,. Pic diém quan trong cia
¢ cau nay la khong ¢6 su giao ¢t co hoce giita tat cd khau. Do d6, c6 thé
dat dugc cdc sy quay thong suét lidn tuc theo 3 true khép .

Hinh 7.4 minh hoa s¢ dé ¢6 tay Bendix, gom 8 khau (k& cd tay don),
7 ciip quay va 4 cap bdnh ring nén. Cé 3 truc khdp ban 18, z, z,, z,. Céc
géc cb tay 90° gilta cac truc khép thit nhat va thit hai, va —90° gitra cac truc
khép thit hai va tha ba.

Trong c6 tay Bendix, khau 2 ding lam gi4 dd hai cip bdnh ring nén
5-7 va 8-8. Khau 3 ding lam gia d3 2 cip banh rdng nén 7-4 va 8-4. Ba

Hinh 7-4. Cd cdu c8 tay Bendix b
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thanh phan déng truc, 2, 5, 6 duge nang bai § trugt trong tay don. Mo-
ment dudc truyén tir cde dong cd gén cudi tay don dén 3 khau dong truc.
Céc ciip banh rang nén 5-7, 7-4, 6-8, 8-4 truyén chuyén déng quay tif cdc
khau ngd vao déng true 4én bd tdc ddng cudi ndi véi khiu 4 dat trong gid
d6 3. Hon nita, 3 truc khép giao nhau tai diém chung, nén c6 tay Bendix
ciing 1a co cdu cau 3 bac tyf do. Khéng nhu ¢d tay T?, c6 tay Bendix ¢6 gi6i
han quay quanh truc khdp tha hai.

Céu truc cd cau

Phén nay sé trinh bay so db chifc ning, dé thi, va cac bidu dién d6 thi
qui chudn cau tric dong hoe clia co cau. Cde gid thiét sau day duoe ap
dung cho céc co cau.

1. P& don gidn, moi dudmg din song song du trong cd cdu duge bidu
thi bang dudng dén don. Né6i chung, cdc dudng din song song
dugc dimg dé tAng khé ndng tdi va can bing ddng t6t hon. Vi du,
chi mét banh riang duge v& thay cho b truyén dng banh rang
hanh tinh. Tueng tu, khi khau duge do bang hai géi trén mét
true, sé& chi néu mét goi da.

2. Hai thanh phan ¢o edu duge ndi két cimg duge xét nhu mét khau.
Vi du, hai banh riang an khp trén truc chung duge xét dong hoee
nhu mét khau.

3. T4t cd cae khdp déu 1a khép ddi. Khép da chidu dtﬂ_)’(: thay bing td
hop nhiédu khdp dai. Vi du, khdp ba duge thay bang hai khdp déi
déng truc; khdp bén duge thay bing ba khép ddi dong true.

So dd chic ning

S¢ dd chife nang cha co cdu la ban v& quy ude gbm céc true, banh ring
va cac thanh phén khdc. Pé don gidn va rd rang, chi vé cdc thanh phan
chinh cla cdu trie ddng hoe. Vidy, so db trén cac Hinh 7.3 va 7.4 12 s0 46
chife nang cé tay T? va ¢o tay Bendix.

Biéu dién A8 thi
Chudi déng hoc 1a t& hop cac khau va khép, do d6 c6 thé biu dién theo
d4 thi. Trong biéu dién d6 thi, khau duge xdc dinh bing diém ngon, khdp

duge xéc dinh bing canh. P& phan biét cace cip néi, canh ¢6 thé duge ghi
nhan hode £é mau. P81 vai truyén dong banh ramg epicycelic, cip banh
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5 Hinh 7-5. Bidu dién d& thi c§ tay T

riang duge ky hidu biing nét vé d4m, cip quay dugc ky hiéu bing nét vé
manh, cdc nét nay duge ddnh dau theo cdc vi tri truc trong khong gian.

D4 thj cia co cdu ciing dudc xéc dinh tuong ty, chi thém diém ngon
déi véi khdu ¢ dinh, thudng bing hai vong tron déng tdm. Vi du, Hinh
7.5 minh hoa cé tay T9. Cdc khau img véi cdc diém ngon duge danh s6 tir 1
dén 7. Ba cip b4nh riang 5-3, 6-7, 7-4 vé bang nét dam. Céc cap khdp quay
1-2, 2-5, 2-7, 5-8, 7-3 va 3-4 dudc v& béing nét manh va danh dau a, b, ¢ theo
vi tri truc.

Uu diém ciia biéu dién 46 thi 1a:

1. Nhiéu tinh ch4t mang co hoc ¢6 thé dugc 4p dung truc tiép

2. C&u hinh céu tric cé6 thé duge xdc dinh mét cdch phan biét. Si
dung biéu dién dd thi s& nhan biét rd rang su tuong tu, va céc
kh4c biét giira cdc co ciu.

3. Tap hop 46 thi ¢6 thé dugc ding dé dinh sd cho nhidu cd cau.

Céc d6 thi c6 thé duge dung d€ té chitc phan tich déng hoc va
dong e hoc co ciu.

Biéu dién theo 46 thi chudn tic

Khi ba ho#c nhiéu khiu trong ¢o cdu ¢dé chung truc khdp, cdc tap
quay doc theo cdc khau dong truc nay cé thé tdi lap cdu hinh ma khéng
anh hudng dén tinh ning cha co cau. Vi du, ba khau 2.3,7 (Hinh 7.3) duge
ndi bang hai khdp quay dong truc tai truc b. Cdc khau ddng truc nay cé
thé& duoc ndi ghép theo 3 ciach khéc nhau. Hinh 7.6a 1a cu tric ban dauy,
trong dé, khau 2 duge néi vdi khiu 7 bing khép quay, khau 7 ndi véi
khau 3 bang khdp quay khdc. Hinh 7.6b va ¢ 14 hai cdu trie kha di. Hinh
7.6a, b va ¢ minh hea cdc phuong phédp td hgp ba khiu déng truc.
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Hinh 7-6. Ba phuong phap 18 hop ba khau déng truc.

86 noi két khdp ting theo s8 khau déng true. Ca c4u tao thanh tir cac
ndi két khap nay, duge goi [a co cdu gid ddng cdu, va dé thi loai nay 14 do
thi gid ddng cdu. Trong 56 cac dé thi gid ding cau, dé thi trong 46 moi
dutng nét ménh bdt d4u tirkhau cd bén dén cac khau khéc déu ghi rd cac
canh phén biét, duge goi 12 46 thi chuin téc. Co cdu e8 tay T° (Hinh 7.3 va
7.5) khong phdi 1a chuén tdc, do c4c canh 2-7 va 7-3 thuge dutmg dén 1-2-
7-3-4 ¢6 cing ky hiéu. Tuong tu, cdc eanh 1-2, 2-5, va 5-6 thude dutng dan
1-2-5-6, 6 cung ky hiéu. Sau khi sdp x&p lai céc khép quay trong hai t4p
hop cdc khau déng truc (khau 1, 2, 5, 6) va (khau 2, 3, 7), cé thé nhan
duge sa d6 chiic ning chudn tdc va bidu dién dé thi cia co cdu nay. Biéu
dién chudn tdc loai bé kha nang nham lin gilfa cdc ¢d cau gid dang ciu,
cho phép ti€p can mét cach hé théng khi phéan tich dong hoc va déng lue
hoe cua co c¢du robot.

Trong db thi chudn téc, cdc dinh ¢6 thé duge chia thanh nhidu mic,
Dinh muc nén duge goi 1a géc, 12 khau co ban. Pinh mic thd nhat 14 cac
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b a) SO d6 chudn tic b} B thi chudr tac

Hinh 7-7. So dd chudn tac va bidu dién dd thi cd tay T2

khau duge néi true tigp vdi khau cg hin biing cip quay. Ching ¢6 thé
duge diing lam khéu ngd vae, Cac dinh mife cao 13 cdc banh riang hanh
tinh hoac cde khau da, ké ca bo tdc dong cudi.

Pac tinh ciu tric bd truyén déng banh rang epicyclic

Phan nay sé trinh bay cdc dic tinh cau tric cda day binh rang epicy-
clic. P& phan biét gilita 4n khép banh rdang va day banh riang epicyelie,
dudi day s dua ra cac nguy@n tic vé ciu tric dong hoc etia mei day banh
ring epicyclic.

1. B truyén déng banh rang epicyclic tuan theo phuong trinh bae
tu do tong quat, nghia 1a khong yéu cau cdc chidu dai khau dac
biét dé dat duge dd linh dong mong mudn.

2. Khong cé chudi dong hoc cuc bd bi khod trong bj truyén dong
banh réang.

3. B qua gidi han cu hoc, tat ca cac khau trong b truyén dong
epicylie c6 khd nang quay khong gidi han.

4. M¢i banh rang trong bd truyén dong epicilic c6 mot cip guay trén
truc dé duy tri khedng cdch tdm khong déi giita cap banh rang.

Goi 1 1 s0 khau, j 1a tong sé khdp, j, 1a st cap quay, j_la si cip banh

rang, f, 1a bic tu do lién quan khép thit i, F 12 bac tw do bs truyén dong
banh rang. I, 1a s6 vong doce lip. Phuong trinh bac tu do ¢6 dang:

F=3n-j-1+3 (7.1)
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Gia su chi sif dung cédc cdip hdnh rang va cip quay trong b truyén
déng banh ring epicyclic:

i=dy+ig (7.2)
Téng bac ty do khép la:
2fi=0+2i, (7.3)

Nguyén téc 3 va 4 ham ¥ ring d6 thi con tao thanh do loai bé tit ci
cdc canh truyén dong banh ring (trong dd thi b truyén déng banh réing
epicyclic) 1a 6 thi cay. Tir ly thuyét dé thi, cdy n dinh c6 chita n-1 canh:

j=n-1 (7.4)
Thay pt (7.4) vao (7.2) va (7.3), két qua duge thay vac (7.1
jy=n-1-F (7.5)

Ap dung phuong trinh Euler:
L=n-1-F=j, (71.6)
Tit cAc van dé néu trén, cdc dic tinh cdu tric bd truyén déng banh
ring elicylic bao gém:
1. Do thi con tao ra do xod bé moi canh truyén dong rang trong dé
thi bd truyén ddéng banh rang 1a 46 thj cay.
2. 84 cap quay bing s6 khautrirl,j=n -1
3. 58 cdpbédnh rangla j;=n-1-F
4. Canh truyén dong rang bat ki duge dua vao dé thi eay chi tao nén

mot mach, 1a mgch co bdn, hodac mach f. Mdi mach f chifa mét
canh truyén déng ring va nhiéu canh cip quay.

5. 88 mach fbang sd cap bénh rang, L = i,

8. Mai canh cip quay duge ddc trung biing ky hiéu vi tri truc trong
khéng gian

7. Béc tu do cia mach bat ki khéng duge nho hon 1.

8. Trong mai mach f, ¢4 mét dinh duge goi la diém (ruvén dén, sao
cho mei canh ¢ mdt phia cia diém truyén dan o cling ky hiéu, va
cdc canh § phia d61 dién ¢6 ky hiéu khdc. Piém nay tuong dng
thanh 4§ cda cdp bdnh rang.

9. Cdc canh nét mdnh ¢6 cung ky hiéu tao thanh 46 thi cay.
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Phan loai co cdu cd tay

Céc co cAu cb tay c6 thé duge phén loai theo nhiéu edch, ching han
theo 6 bac tu do, kidu chuyén dong (cdu hogc khéng phai cau), hodce cac
khao sat hinh hoc khéae. Néi chung, cac truc khdp eda co cdu cd tay khong
cin phai eé chung giao diém, va cdc goc ¢b tay giita céc truc khdép k& nhau
khéng nhat thiét phai bing + 90°. C§ tay duge goi la ¢d tay cdu néu cde

b
b
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g3 L
=1 [l
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a) C3 tay bay khau

¢) C6 tay tam khau -2
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b e} Ca tay chin khau

Hinh 7-8. Nam cg cdu
.c6 tay 3-dof co ban



truc khdp c¢6 cung giao diém, nguoc lai, dugc goi 14 ¢d tay khong cdu. C6
tay don gidn 1a loai cb goc cd tay giita cdc truc k& cin déu bing + 90°. Mt
khédc, néu cé gbc khdc + 90", dute goi la c6 tay nghiéng. Theo cic dinh
nghia d6, ca cd tay T° va Bendix (Hinh 7.3 va 7.4) déu la cg tay cau 3-dof,
nhung ¢8 tay T 1a loai cd tay nghiéng va Bendix 14 ¢6 tay don gian.

C4c c¢ cdu nay con duge phan loai theo sdp xép banh ring. C6 tay
dugc goi la co cdu co bdn néu cdc chuyén dong quay cia khau ngd vao
duge truyén-dén cdc diém khdp bing cac banh rang chi ldp trén cdc truc
khép néi, va duge goi 1a co cdu ddn xudt néu c6 cdc banh rang trung gian
giita cdc truc cda c4c di€m khép. Dya trén dinh nghia nay va khai niém
dudmg truyén dan, cdc nha nghién ciiu dua ra phuong phap luin hé théng
d6€ d4nh s6 va phén loai cdc cg cdu robot.

Hinh 7.8 minh hoa tip 6 thi cc co cdu cf tay cdu ¢d ban 3-dof vdi 9
khéu. Hinh 7.9 minh hoa ba co ciu cd tay suy ra tif co cdu 7-khau trén

o
o

e
2 7 l][ 3
’"[—} 8
._[;]_,_ 5'5] ) (4 -“l_(;
= A ]
1 a
b b
a) C4 tay tdm khau - 1 b) C3 tay tam khau - 2

! :/——| - ¢} C& tay tam khau - 3

Hinh 7-9. Cac cf tay tam
b khau tif cd tay bay khau.
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Hinh 7.8(a). Trong moi trudng hgp, khau 1 1a khau ce bdn (canh tay) va
khéu 4 1a bd tac dong cudi. Trén Hinh 7.8(a) va (b), Hinh 7.9(a) va (c), cdc
khéu 2, 5, 6 14 khau nhap, cdn trén Hinh 7.8 (c-e), cdc khau 5, 6, 714 cac
khau nhap. Chii ¥, moi cu cdu trén Hinh 7.8 va 7.9 déu duge phdc thao
theo cau hinh 8 tay don gidn. Céc co cdu nay ¢6 thé dé dang t4i cau hinh
theo ¢6 tay nghiéng.

Pong hoc tru; 3n ddng banh réng epicyclic

Trong thiét ké cdc cd cau truyén dong, ching han bd giam tdec, cdn
phai phan tich cac ty s& truyén giita cac cap banh rang, va ce van téc goe
giifa cde banh rdng trung gian. Sy phéan tich nay thuong duge thuc hién
trén cd sé 1-1 bang cac phuong phap khdc nhau, chang han phugng phép
bang, phuong phap van téc, phuong phédp ning lugng, phuong phép vong
vector vén tac, ... Khoi lugng cong viéc trong phan tich ddy bdnh rang
epicyclic kha 1dn va thuong cd cdc sai sot trong tinh todn. Do d6, ¢4n ¢6
quy trinh hé théng dé phan tich, sit dung 1y thuyét cc mach co s6. Noi
chung, thudng c6 thanh din cho ting cdp banh rang trong day banh ring
epicyclic va phugng trinh mach eo ban cé thé duge vidt cho timg mach.
Két qua 58 1a cac phuong trinh tuyén tinh cé thé duge giai dé tim cde van -
tsc géc ctia moi khau. Phueng phép nay 14 truc tigp va c6 thé thue hién
trén may tinh d€ phan tich cdc day banh rang epicyclic.

Phén ké tiép sé gidi thiéu 1y thuy8t mach cd sd va diéu kién déng
true, sau d6 s& phan tich hai bd truyén dong bdnh rdng epicyclic cdng
nghiép & minh hoa 1y thuyét nay.

Phudng trinh mach co s&

Hinh 7.10 minh hoa cip banh rang an khép, i vaj, trong dé k la gia
5. Cac khau 1, j, k cdu thanh mach co sd. Phuong trinh mach co s lién
hé v6i do dich chuyén géc cia cdc banh rang la:
0y = NGO04 (7.7)

trong 46,0, va 6, ladddich chuyén gée chia banh rang i va j tuong
\ing so vdi gis do k. Ti 83 truyén cta cip banh ranglaN =T/ T, v6 T,
vaT la s6 rang cua banh rang i va banh rang j. Tt dinh nghia nay, cé thé
thdy: 6, =-0,, va N, =1/N; .

Trong pt (7.7), d&u duong hay 4m phu thuge banh ring j quay chiéu
duong hay 4m khi banh rang i quay chiéu duong so vdi gia d5 k. Dot véi
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Hinh 7-10. Céap banh rang.

b banh riang truyén dong phéng, gid s tit ca truc quay c6 chidu duong
hudng ra trang gidy. Nhu vay, ti s6 truyén duong véi an khdp rang trong
va ti 86 truyén 4m véi 4n khép rang ngoai. D vdi co cau ciu hode khéng
gian, chiéu quay duong truyén dén timg truc khép theo ding qui ude D-H
(Denavit-Hartenberg), dau cia tj sé truyén sé& tudn theo dinh nghia néu
trén.

Phuong trinh (7.7) ¢6 lién quan dén d6 dich chuyén goc, dang véi cae
trudng hop chubi truyén dong phing hosic chudi banh ring nén va gia da
dimg hodic quay. Trong co cdu banh ring epicyclic, c6 thé viét phuong
trinh nhu trén cho timg mach f, két qua sé la n-F-1 phuong trinh mach co
sd. Lay vi phan pt (7.7) theo thdi gian, sé duge phuong trinh quan ha van
téce goe cdc khau:

g =Ny {1.8)

Piéu kién dbng truc
Cha1,j, k& ba khau dong truc, cac 46 dich chuyén géc tuong d6i doc
theo cdc khéu déng true nay quan hé vdi nhau theo quy Juat chudi:
Bi;=0ix — 0k (7.9

Phuong trinh (7.9} duge goi 1a diéu kién déng truc. Phuong trinh
mach ca s§ va didu kién ddng truc duoe dung dé giai dong hoe b6 truyén
dong bénh ring epicyclic. Phan nay sé phén tich ti s§ van téc hai b
truyén d¢ng epicyclic phdng dé minh hoa 1y thuyét.
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a) 50 d6 chudc nang b) Biéu dién 46 thi
Hinh 7-11. B truyén ddng Minuteman Cover

Vidu 7.1, Truyén déng Minuteman Cover. Hinh 7.11a minh hoa s¢
dé chie niang bo truyén dong Minuteman Cover. Trong cd ciu nay, bdnh
rang vong 1 (ring trong) ¢d dinh véi dat, binh rang tam 2 14 khau dau
vao, banh ring vong 5 {rang trong) la thanh phdn d4u ra. Banh ring
hanh tinh &n khép vdi banh rang tam 2 va hai vong banh riang, duge do
trén gis 4 3 vdi khdp quay. Khau 2 néi vdi khau 1, 3, 5 qua cdc khdp
quay déng truc. Ching tao thanh b truyén dong hanh tinh ndm khau, 1-
dof. Can tim ti s6 truyén téng quat cla cd cau nay.

Mach co sd. Vi c6 ba cap banh riang trong cd ¢du, nén ¢6 ba mach co
sé. Tit bidu didn db thi (Hinh 7.11(b)) c6 thé xdc dinh cde mach co sd.
Trude hét, cAn loai bé cde nét dam dé c6 @b thi cay (déc tinh 1). K& tiép,
thay mét canh nét dam vao dd thi cay, moi 1an chi mét canh. Theo dac
tinh 4, méi l4n thay mét canh dam lén dd thi cay, 14 mot mach co s¢ don
vi. Sau cung, cdc dinh truyén dan cia mdi mach ¢é thé nhin duge bing
cach ap dung dic tinh 8. Cé ba mach co s¢ 14 (2,4,3), (1,4,3), (4,5,3), trong
dé hai s6 ddu trong ngodc don la cap barh rang, sé tha 3 12 true da. Cdc
phuong trinh mach co sé la:

f(2.4.3) N 02_3 = “N42943 (7.10}
£(1.4,3): 8,5 =Ny 0 (7.11)

Vi khéu 1 cé dinh, nén tat ca cdc d6 dich chuyén gée déu duge quy
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chiéu theo khau 1. Nghia 14 d6 dich chuyén géc ddu vao va dau ra ducce
viét 14 0, va B, . D& ¢6 phuong trinh quan hé giita cac dé dich chuyén
gée dau ra va ddu vao, 0,.,va 81,3 can duge kht, trong khi 8,,va 0 , can
duge tinh theo 0, va 6, |, bing cdch dp dung diéu kién déng truc.

Biéu kign dong truc. Tit Hinh 7.11, ¢6 thé thay cdc khau 1,2,3,5 co
chung truc khép. Hai diéu kién dong truc la:

bog =021 -8y, (7.13)

53 =985, — 04, (7.14}
Thay pt (7.13),(7.14) vao (7.10) dén (7.12);

B21—031 =Nyt (7.15)

—831 = Ny0,3 (7.16)

Ogq = Njg(ls, -83;) (7.17

Cac pt (7.15), (7.16), {7.17) 1a hé ba phuong trinh tuyén tinh véi ba 4n
0. 8,,,0,, Gidi pt(7.16) dé tim 0, _va thay bidu thitc két qua vao cdc
pt(7.15)va{7.17%

N42

41

821031~ 8, =0 (7.18)

031+ N5y (05,-05,)=0 (7.19
Ny

Giai pt (7.18) dé tim O, | va thay két qua vao pt (7.19):

N41N54 -1

Op  =——al5a — 2
> N5y (Ny; +Nyp)

B2 (7.20)

Lay dao ham pt (7.20) theo thai gian va sép x&p lai, 88 ¢6 ti s6 van toc
b4 truyén déng:

W21 _ Ngy (Nyy +Nyy)
g3 N, N;, -1

(7.21)

B¢ banh rang hanh tinh da hep nay c6 ty s¢ gidm téc rat 16n. Vi dy,
v6iN, =32/74 ,N,,=33/9 va N, = 75/33, ti s gidm toc 1a:
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1552, 29)
wey 33\74 9 ) .
=33 75 =541.7

74 33

Vi du 7.2. Bé gidm téc vi sai. Hinh 7,12 minh hoa so d6 chife nang bo
truyén dong banh rang vi sai hanh tinh. Phén td gid 46 2 la khdu ddu
vao, banh rang tam 3 16n hon 1a khdu ddu ra, banh rang tdm 1 nhd hon
14 khdu ¢6 dinh. Bdnh rdng hanh tinh 4 dn khdp vdi ca hai banh rang
tam 1 va 3, tim ti s8 van toc gitda khau d4u vao va khiu dau ra.

L} :’J:tla 4bI {J
_._APQI’ 3T —I:lf\3~4nhauxua't

—— T ————— L3

1:¢6 dinh 4_—_|_ _l_ !

g

/
2: khau nhéap |

Hinh 7-12. B) gidm t3c vi sai

Cé hai cip banh ring trén mdt gid 48, nén c6 hai mach co sd1a(1,4,2)
va (3,4,2). Cde phuong trinh mach co sd la:

f14.2): 915=-Nyb,, (7.22)
£(3.4,2): By =Ny, (7.23)
Vi khéu 1 ¢6 dinh, nén t4t ca cdc do dich chuyén géec déu duge quy
chiéu theo khau 1. D3 dich chuyén géc ddu vao vaddurala 8, va o, .De
6 phuong trinh cdc dd dich chuyén goc ddu ra va déu vao, 0,,can duge
loai bé, 8, , cén tinh theo 6, va 0, béng cach dp dung diéu klen déng

truc. T Hmh 7.12, ¢6 thé thay céc khau 1,2.3 ¢6 chung truc khdp. Diéu
kién ddng truc la:
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B32 =031~ 8, (7.24)
Chia pt (7.22) cho (7.23):

~Nyzbpy =Ny84, (7.25)
Thay pt (7.24) vao (7.25) va rat gon:

S0 _ Ny,

= (7.26)
031 Ny —Ng

L&y dao ham pt (7.26) theo thai gian, s& ¢6 ti s gidm téc bo truyén
dong:
W21 Ny
w31 Ny -Nyj

Vidu, v6i N, =33/75 va N, =32/76, ti s gidm toc 1a:

(7.27)

.

1 __ 75 _

3 ) 33 32 22
75 76

Bdng hoc ¢o cau b tay robot

Phén nay nghién eltu co cdu ¢ tay robot ¢6 xét dén do phie tap hoi
chuy&n. Suf phan tich cd ciu 8 tay banh rang nén sé phie tap hon, do cde
truc va cae banh rdng hanh tinh ¢6 thé cé déng thai van téc géc trén céc
truc khdng song song. Céc bang hoic edc phuong phap phén tich trong
cdc 80 tay ky thuat, tap trung vao bj truyén ddng banh rang epicyelic
phdng, déu khéng dung dugc. D& khéc phuc khé khan nay, nhiéu nha
nghién ciu 4p dung vén tdc kép va ma trgn bién d6i kép 4€ phan tich bd
truyén déng banh réing epicyclic va banh réing hypoid. Gan diy, cde nha
nghién ciu dé nghj sit dung khai niém chudi vong had tuong duong va ly
thuy&t mach co s¢ d€ phan tich déng hoc céc co cdu robot ¢6 by truyén
djng bdnh rang.

Phuong phédp nay gém hai budc co ban. Bude thd nhat la x4c dinh
chubi vdng 14p tudng duong va dua ra quan hé déng hoc gita huéng cia
bd tdc dong cudi va cc goc khép ctia chudi vong 14p tuong duong. Bude
thi hai 14 xdc dinh quan hé¢ dong hoc gita cdc géc khép va cde dich
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chuyén bd tac ddng ngd vao. K&t qua bude thi nhat 12 bign déi giita khong
gian bd tac dong cudi va khéng gian khép eia chudi vong kap tuong duong,
két qua clha bude thirhai 14 bign déi giita khéng gian khép va khéng gian b
tdc dong ngd vao. Quan hé déng hoc tdng quat 1a tich clia hai bién ddi nay.

Duti day sé sif dung cd cdu ¢ tay T d& minh hea quy trinh néu trén.

Chudi vong hd tudng duong

b thi co cdu robot truyén dong bang banh ring c6 thé bién dai
thanh dang chudn téc, va viéc loai bd tat cd cdc canh truyén dong rang
trong dd thi sé tao thanh dé thi cay. Cay 1a chudi dong hoc vdng hd gbm
cac khau néi bing cic cip quay. Chudi vong hé tuong duong la duing
din nét manh tir khdu co ban dén khéu b tde déng cudi. Vi du, db thi
chudn tdc cia co cdu T*(Hinh 7.7b) gbm dinh 1 1a khéu co ban va dinh 4
14 bd téc ddng cudi. Puing din nét ménh tif khéu co bian dén khau b téc
dong cudi gém cdc dinh 1-2-3-4, chubdi vong hd tuong duong 1a cde khau
1,2,3.4 néi tiép vdi cdc khép quay (Hinh 7.13).

Pé d& phan tich ¢o cdu, cdn danh diu chiéu duong clia chuyén dong
quay 1én mdi truc khép va xdc dinh hé toa dd cho méi khau phi hegp qui
uéc Denavit-Hartenberg. Hé toa 46 (x,,y,, 2z, gén cho khau 1, (x,, y,, z,)
cho khéu 2, (x,, y,, z;) cho khau 3, va (x,, y,, z, ) cho khéu 4. Diém géc 0,
va tryc x, chon tiy 7 vi lide nay chua bigt cdch thic ndi cd tay véi tay don.
Chubi vdong hd tuong duong (Hinh 7.13) duge vé phdc véi cdc truc x,, i=1
dén 4, song song véi nhau va c6 chiéu hudng ra trang gidy. Cdu hinh nay

Hinh 7-13, Chudi vong hd /
tuong ducng clia cd cdu ¢4 tay T°.
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1a vi tri quy chiéu, va quy chidu chuyén dich géc cia khau (hodc banh
ring) trong cd ciu theo chuyén déng quay cia khau tir vi trf quy chigu ds,
duong va 4m theo quy t4e ban tay phai.

Céc théng s D-H cta chudi vong hé tuong duong ndy duge cho trong
Bang 7.1.

Bang 7-1. Cac thang s& khau cga T°.

Khdp i : a, d 8.
1 a 0 d, 6, , (bién thién)
2 -0 0 0 B, , (bién thién)
3 0 0 d, 8, , (bién thién)

Phép bign déi giita khong gian bd téc déng cudi va khéng gian khép
cta chudi vdng hd tuong duong c6 thé xac dinh bing cdch 4p dung phuong
phap Denavit-Hartenbert hogc phuong phap dich chuy®n quay vit lién
tiép. C4 hai phuong phép nay déu duge trinh bay chi tiét trong Chuong 2.

Phép bién ddi gitia khéng gian khdp va khang glan bé tac déng

Budc hai duge thyc hién bing cach 4p dung I¥ thuyé&t mach co sd va
didu kién ddng trye. Véi bidu dién db thi, mach cd s¢ duge xdc dinh va
phuong trinh mach cd 8, pt (7.7), dugc viét 14n lugt cho timg mach co 58,
Ké tiép, diéu kién dong tryc, pt (7.9), duge vist nhidu 1an d& khi bét céc
d¢ dich chuyén géc. Két qua chi cdn quan hé giita d6 dich chuyén bd tdc
ddng va cdc gée khop ciia chudi vong hé tuong duong.

Vi dy, ¢d tay T° (Hinh 7.7) 12 ¢o cdu 3 bie tu do vdi ba ¢dp banh ring
non. ﬁng dung dac tinh 4, ¢6 ba mach ¢o 56 1a 7-2-3-4-7, 6-1-2-7-6, va 5-1- -
2-3-5. Ung dung déc tinh 8, cdc diém truyén déng tuong dng trén ba
mach nay 1a dinh 3, 2, va 2. Tir d6 phuong trinh mach co s la:

f(74.3): 055= -N76,4 {7.28)
f(6,7,2) : 86.2 = _N?GGT,Z (7.29)
f(5.3.2): 855 =-Ny6;, (7.30)

Khéu 1 14 khéu ¢ dinh, nén t4t ¢4 c4c d6 dich chuyén géce duge quy
chiéu theo khéau 1. P dich chuyén géc ddu vao 1a 92‘], 95_1, 93.1’ con dé
dich chuyén géc khép ciia chudi vong hé tuong duong12 0, ,0_,,0, .. T4t

217 Y32
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¢& céc dd dich chuyén géc khac déu duge khif biing cach ap dung didu kién
déng true. Tir Hinh 7.7, ¢6 thé thdy cdc khau 2,3,7 ¢6 chung truc khép z,,
céc khéu 1,2,5,6 ¢6 chung truc z,. Do d6, ba diéu kién ddng truc 1a:

B73=0872-632 (7.31)

B2 =061 — 821 (7.32)

052 =051 -8 (7.33)
Gidi cdc pt tir (7.28) dén (7.33), tinh duge:

057 =031 + N3583 (7.34)

851 =091 —Nyghzp + NzgNyr84y5 (7.35)
Vi khu 2 14 khau dau vao, nén:

851 =021 (7.36)

Céc pt (7.34), (7.35), (7.36) dugc viét theo ma trén:

8y, 1 0 0 6y,
85, |={1 Ng 0 [0;2 (1.87)
861 |} —Nzg NogNys|844
hoiie don gidan hon:
¢=AD (7.38)

trong d6 ¢ = (6, , 8, ,, 8; I"1a vector cdc d9 dich chuyén gic ddu vao,
6=100,,0.,98, I 14 vector cdc géc khdp, va :

2,1* V3.2 T4
1 0 0
1 -Ngg NygNy;

Déi v6i dong hoc thudn, dé dich chuyén géc dau vao da biét, cdc géc
khép duge tim biing phép bign déi nghich ddo pt (7.38). Sau khi biét cde
géc khdp, e6 thé tim dinh huéng bé tdc dong cudi bling phép bien déi
Denavit-Hartenberg thuén. Pai v6i déng hoc ddo, biét hudng b tdc dong
cudi, cAn tim cdc géc khdp biing phép bign déi D-H nghich, va tim d¢
chuy#n dich géc ddu vao bang pt (7.38).
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Quan hé vén t8c géc
Van tdc géc bd tdc dong cudi ing véi khau co ban,

4.1

. duge tinh bing
tong cdc quay vit tic thii theo ba truc khdp tuong duong:

043 =057, + B3.222 +9,523 _ (7.40)
v@i z,1a vector don vi theo truc z, duong. Lay dao ham pt (7.37) theo
thi gian:
60! 10 0 by

By [=|1 Ny 0 1é,, (7.41)
BI6.1 1 _NTG N?GNH 94,3

Cdc ty suit khdp duge tinh theo cde tde @ quay bd téc dong bing
cdch tinh nghich ddo pt (7.41), nghia la:

821 1 0 0 16y

Og2 |= ~Ngg Ny 0 |8, | (742
94.3 —N7y(Ngy +Nyg3) NoyNgz Ny Ny, 051

Déi véi bai todn van tde thudn, cho trude cdc tc 4o quay bé téc dﬁng,
c4n tim céc t§ sudt khdp tit pt {7.42) va vén téc géc bd téc dong cudi tir pt
(7.40). Béu vdi cdc bai todn van tée ddo, da bidt vén téc géc bd tdc dong
cudi, cdn tim ty sudt khdp tir pt vector (7.40), rdi tim toc dd quay bo tac
dong tir pt (7.41).

Phan tich luc tinh hoc

Phén nay 4p dung nguyén 1y ¢dng do dé xac dinh phép bién d6i giita
cac moment ngau luc khép tuong duong va moment ngau ke b tac dong.

Nguyén ly cong 4o

Vi bd ¢6 tay 3 bac tu do, dd dich chuyén 4o cha bd tac dong dau vao
ta 64 = [80,, 8¢, 5,)7, va d9 dich chuyén 4o tai cde khdp ctia chudi vong
hd tuong duong la 60 = [592 b 591 ,» 08, .17 Moment ngiu lyc ddu vao bé
ticdongla & =1, &, 1" va moment khop ddu ra tuong ing 1a T = [1,,

1,, T,I™. Bd qua luc ma sdt va trong luc, cong 4o OW duge Lao ra tif tat cd
cdce luc tac dong nay la:
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W =£Top— 17560 (7.43)
T pt (7.38), suy ra quan hé giita cde dp dich chuyé&n do O va 50 la:

59 = A0 (7.44)
Thay pt (7.44) vao (7.43):
SW=TA-1T)50 (7.45)

Hé théng can bing néu va chi néu cong do tridt tidu véi d6 dich
chuyén o v cing bé ddc 1ap bat ky. Do dé:

tTA-1T =0 (7.46)
Lay chuyén vi pt (7.64):
t=BE (741

v6i B = AT duge goi 1A ma trdn cdu triic. Vi du, ma tran cdu tric cda cd
tay T®la:
1 1 1
B = AT = 0 N35 “N'?ﬁ
0 0 NgiNyg

Chid ¥, ma trén eéu tric la ham cta cdu hinh cdu triic va ii s6 truyén,
ma trin nay doc lap véi sy dinh huéng b tic dong cudi.

Déi vdi 8 tay cdu 3 bac tu do, quan hé giita vector cia cdc moment
khép tuong duong va moment ngd ra bg tdc dongcubin =in, n,n]" la:

t=J"n (7.48)

v6i J 1a ma tran Jacobi 3x3 biéu thi quan hé clia vin tdc géc bd téc
ddng cudi vdi cdc ty sudt khdp clia chudi vong hd tuong duong. Két hgp
phucng trinh (7.47) va (7.48), phép bién dél toan bd la:

£=B1dTn (7.49)

S dung pt (7.49), ¢6 thé tinh duge moment ngiu lue b t4c dong didu
vaio theo moment ngé ra b tdc dong cudi. Néu bigét moment bé tdc dong
ddu vao, c6 thé dimg phép bién ddi nghich ddo pt (7.49) d€ tinh moment
bé tdc dong cudi,
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BPuding truyén dong
Phan nay sé gidi thidu khai nlém duong truyén déng. LAy dao ham
pt(7.47)
=Bdg {(7.50)

Phén t (i,j) trong ma tran cdu tric B c6 thé duge dién dich theo ty
sudt riéng ciia thay d8i moment khdp ting v6i moment b tdc dong dau
vao, nghia la:

o,

b= 0% 7.51
Lj G, (7.51)

trong d6 b, 14 phan ti {(i,j) cia B.

Véi phan tit b, # 0, moment d4u vao § ting lén b; 14a khi truyén
dén khép thit i. VU] b, = 0, moment dau vao &, khong dnh htmng dén
moment hinh thanh ta1 khdép i. Hang thd i ciia ma trén cdu tric B la
moment t&ng tai khdp i bi Anh huéng bdi tat cd cde b téc ddng ngd vao.
Cét thi j clia ma trdn cdu trac B xdc dinh moment b tdc ddng ngd vao
thit j duoe truyén dén cac khdp cha co cdu. Vi moment ngd vao truyén
dén c4c khdp qua hé thing banh rang, nén cdc phén ti khic zero trong
cdt cha ma tran cdu tric phai lién tiép véi nhau. Pudng truyén banh ring
tao ra chudi phin t{ khdc zero trong cét thd j caa B duoe goi 1a dugng
truydn dong (ng vdi bd tac dong ngd vaoe j. Trén mot dudng truyén ding,
banh rang thd nhat gin vdi rotor ciia bd tc déng, va banh rang cudi gin
vdi mdt trong cdc khdu trong chubi vong hé tuong duong.

Phén ta b, biAng gid tri truyén déng xdc dinh tir bdnh réng j ngsé vao
dén bdnh rang quay theo truc khép j clia chudi vong hé tuong duong. Vi
du, ¢8 tay T®(Hinh7.7) ¢6 ba dudng truyén dong: (1) bang chinh khéu 2.
{2) c4c banh rdng 5 va 3. (3) cac banh rang 6,7,7 va 4. Phén titb,  bang
gia tri truyén dong —N, . xdc dinh tir bdnh réng 6 ngd vao dén bénh ring
7 gquay quanh truc khé‘p thu’ hai, ¢6 ddu am khi banh ring 6 ngé vao quay
chiéu duong quanh truc z,, va banh rang 7 quay chiu 4m quanh true z,.
Tuong ty, phan tir b, bang gia tri truyén déng N, ;N, ; xdc dinh titbdnh
rang 6 ngd vao dén bénh ring 4 quay quanh truc thp thit ba. Do dé, cac
phén ti¥ cha B duge xdc dinh. Chi ¥, ndu stator cia déng co gén trén
khéu thif i va rotor ndi véi khiu i+1, khong qua sy gidm tdc, 46 14 truyén
déng trie tiép. Phan ti clia B doi vdi truyén déng true tiép 12 bing 1.
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Péng hec clia co tay Bendix

Phan nay phén tich déng hoc ¢ tay Bendix (Hinh 7.4). Hinh 7.14
minh hoa biéu dién d3 thi chudn tdc cia co cdu ndy, trong d6, dinh 11a
khau co ban, di€m 4 12 bd t4c dong cudi. Putng din nét manh, tit khau co
ban dén khau bd tdc djng cudi, gbm cdc diém 1,2,3,4. Tit d6, chudi vong
hé tuong duong duge tao thanh ti cdc khau 1,2,3,4 méc ndi tiép bdi cic
khép quay (Hinh 7.15). Phép bién 4éi giita khong gian bj tdc déng cudi
va khong gian khép tuong tu nhut cla cd cdu T9, chi khde v& géc quay giita
céc truc khdp. Trong Bendix cdc géc quay 1a ¢, = 90°, 0, =-90°, o, = 0°.

Hinh 7-14. Bidu dién d8 thj
“chuén t&c cla cb tay Bendix

Z;

}
2—i | ;

1 4
l ] Q; O, 0, .
a —— z, F4) m— c 4
la_—l Yo
Y
Yi b 4] Ya
le O d
[ gl - i
b

Hinh 7-15. Chudi véng hd tuong duong cla ¢ tay Bendix

C6 bén cip banh rang truyén dong va cé bén mach ¢ 8. Ap dung
dac tinh 4, ¢6 bon mach co 8§14 5-1-2-7-5, 7-2-3-4-7, 8-2-3-4-8, va 6-1-2-8-6.
Ap dung dic tinh 8, cdc dinh 2,3,3, va 2 1a cdc dinh truyén dong. Do do,
cac phuong trinh mach co sé la:
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£(152): 8,5 =Ny, (152)

f(47.3): 8,53=-Nqy8;5 (7.53)
f(483):  8,53=Ng,05; (7.54)
f(8,6,2) : 932 = —NGSBB.Z (7.55]

Khéu 1 12 khau ¢d dinh, nén tat ca cac d6 dich chuyén géc duge quy
chiéu theo khau 1. C4c dé dich chuyén géc ddu vao 1a 8,.0 5.0 9, cdc
goc khdp cia chudi vong hé tuong duong la 8,,,6,,,0,, T4t ca cdc 46
dich chuyén géc khée duge khit bing cach ap dung didu kién dong truc.

Tir Hinh 7.4, cdc kh4u 2,3,7,8 ¢6 chung true khép z,, va cdc khau
1,2,5,6 c6 chung truc khép z,. Do d6, bon diéu kién ddng truc la:

873 =875 -84, (7.56)
853 =852 — 032 (7.57y -
B52 =05, 62, (7.58)
B62 =061 — 024 (7.59).
Gidi cdce pt (7.52) 4én (7.59) 44 tinh 8,,val,,: .
B850 =027 + NogByp —NysN o0, 5 (7.60)
861 =021 —Nggy g ~NggNygby 5 (1.61)
Vi khau 2 1a kh4u dau vao, nén:
821 =05, (7.62)
Cdc pt (7.60),(7.61),(7.62) duge viét theo dang ma tran:
B, [t 0 0 - 6y ]
851 |=j1 Ngzz -NpNy, B3, (7.63)
i961] (1 -Ngg —NggNyg | 8,4
Tir d6, ma trdn céu trac B 1a:
1 1 1
B=AT={0 N, ~Ngg (7.64)
0 —NpNy; - NggNys |
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Khi xét cdc gbc vudng giita tryc z, va z,, gitta truc z, va z,, o thé thay
N, =N, = I/N,= I/N,,. Do dé, ma trén cau tric duge nit gon thanh:

1 1 1
_ AT . -
B=AT =10 Ny =Ny (7.65)
0 -1 -1

Mot khi d4 biét ma tran cdu tric, phéan tich van téc va phan tich tinh
hoe ¢6 thé duge thuc hién theo qui trinh da néu d6i véi ¢f tay TS

Tom tat

Chuong nay trinh bay su bidu dién dé thi céc cfu trie dong hoc cGa bd
truyén dong banh rang epicyclic, k& ca co cau ¢d tay banh rang cén. Ap
dung céc tinh chat mang ciia d6 thi, c6 thé xéde dinh cdc dac tinh cdu tric
cha bd truyén dong banh riing epicyelie, tif 46 cédc ¢g cAu banh rdng nén
¢6 th€ duge phan loai theo dic tinh cdu tric. Ly thuyét mach co sd va
didu kién déng truc duoe gidi thidu dé phan tich déng hoc céc co cdu
banh rang nén theo hai buée co ban. Bude thd nhdt 1a xdc dinh chubi
vong hé tuong duong va dua ra quan hé ddng hoc giita hudng cia bd tdc
ddng cudi va cae géc khdp cia chudi vong hé tuong dugng. Bude thit hai
xdc dinh quan hé dong hoc giita cdc géc khép va cdce dich chuyén b tac
dong ngd vao. Chuong nay con gi6i thiéu khdi niém dudng truyén dong
va ma tran cau tric. S0 dung khéi nidm nay, ma trdn céu tric cia cg ciu
¢6 thé dugc xde dinh tif cau truc dong hoc cha eod cdu. Vai bj gidm téc
banh rang cong nghiép va cd ciu ef tay robot duge phén tich d€ minh
hoa phuong phdp ludn néu trén.
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Chusnyg § .
CO CAU CHAP HANH TRUYEN BONG BANG BAI

Gidi thigéu

Céu trie dong hoc ciia cd ciu robot thudng c6 dang chudi vong hg. Co
cdu chdp hanh vong hd don gidn vé mit co hoc va dé xay dung. Vé ly
thuyét, mot b tac dong gén trén ting khau dé truyén déng khau k& tiep
qua bd giam téc. Nhugc di€m khi gén cac b téc ddng & cac vi tri nay 1a he
théng nang va cé kich c& cong kénh. D& gidm kich o va luc quan tinh cGa
¢¢ cdu chap haph, cdn c6 hé théng truyén dong ca hoc vdi cdc bj tic dong
dat cdch xa cde khdp.

Céc hé théng truyén dong co hoe gom truyén dong banh rang, truyén
d9ng dai va puli, khau ban 18, ...d8u c6 thé duge ap dung. Hé truyén dong
phu thude vao ing dung va nghién cifu thist ké&. Néi chung, ti sf piita
céng sudt va trong luong phai dugc t6i uu hod, gidm do léch, rung va ma
sat. Ung dung truyén dong banh rang trong co cu truyén dong co hoc da
khdo sdt trong Chuong 7. Chuong nay t4p trung vao dong hoc truyén
dong dai. Thuat ngit dai ¢6 ham ¥ réng bao gém ddy cuaroa, day cap, va
cédc cdu tric tuong ty. Uu diém chinh cta truyén dong dai 1a: (1) T4t c4
cdc b tdc dong duge 14p dit trén dé oo dinh, két cau gon va trong lugng
nhe. (2) Hé truyén déng dai duge thiét k€ t6% c6 do lach nhé. Do dé, he
théng truyén dong dai thich hap hon cdc he théng truyén déng khdc
trong cdc (ng dung nhut canh tay mdy, trong d6, yéu chu vé thé tich nhd,
trong lugng nhe, t6c dé cao 12 cdc y&u t6 quan trong.

Phén nay trinh bay co hoc cia ¢o ciu truyén dong dai. Céc dic tinh
cdu tric, déng hoe, va tinh hoc clia hé théng duge nghién ciu chi tiat.
Phén loai ca cdu truyén déng dai

Cic truyén dong dai thutmg duge chia thanh hai nhém, truyén dong
dai vong kin va truyén déng dai ddu hd.

Truyén déng dai vong kin

Co cdu nay chiém da s& trong hé théng truyén déng dai, duge si
dung nhiéu trong may méc céng nghiép. Gan day, ching duge két hop
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Tai
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ONRC) =

a) Truyén ddng dai mét bac

Dai

Bo tac don

I b) Truyén dong dai da bac

Hinh 8-1. Céc truyén ddng dai vong kin

va0 co cau chap hanh robot. Loai truyén dong nay st dung mot dong co
€ didu khién dai vong kin theo hai chiéu. Hinh 8.1a minh hoa co cdu 1
béc tu do, duge truyén dong bing bd téc dong quay thong qua dai. Truyén
cong sudt trong hé thong truyén dong nay dua vao ma sét gida puli va
day dai. D& tang hiéu sudt, c6 thé ding loai dai rang, ching han dai thoi
chuén hoc bo xich - dia xich. Pai vong kin cdn duge néi tiép thanh chudi,
tao thanh hé thong truyén dong da bac (Hinh 8.1b). Trong truyén dong
vong kin, mdt phén ctia tiing dai chiu luc kéo cao va phén kia chiu luc kéo
nhé. Mac dit moment truyén cé hai chidu, nhung yéu cau dai khong dugc
chiing. Tuy nhién, luc kéo cao 1am tang ma sat va d¢ léch do tinh dan héi
ctia dai. Do dai vong kin cé thé dugc truyén dong ca hai chiéu, s8 lugng bd
tdc dong cAn diung bing sd bac ty do cha co cdu chdp hanh.

Truyén dong dai dau hd

Goi n 1a s6 bac tu do, m 12 s6 dai diéu khién trong truyén dong dai
dau hé. Co cdu nay duge goi 12 cd cdun X m. Vi dy, Hinh 8.2 minh hoa co
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&3 (Pai 3)

y 5 (Bai2)

& (Pai1)
Hinh 8-2. Ca cdu chap hanh 2-dof dugc truyén déng béing ba dai

cau truyén dong dai 2 X 3. Trong hé théng truyén dong nay, mét dau cia
mbi dai gén véi khau chuyén dong, con dau kia dugc kéo tir bd tac dong.
Luc duge truyén bang cach kéo cac dai. Diém dac trung ctia hé théng nay
1a cdc dai chi c6 thé tac dung luc kéo. Nghia 13, luc bo tac dong phai tdc
dung theo mot chiéu. Néi chung, m 16n hon n dé dat dugc su diéu khién
dgc 14p moi bac tu do ciia co cdu. V6i tiéu chuén nay, co cau chip hanh
truyén dong béng dai dau hé duge phan loai nhu sau:

(@) m < n. Néu s§ dai nhé hon s6 bac ty do, chuyén déng ciia co csu
khong thé diéu khién tuy y. Pay la co cdu tde dong khéng dii. Co
cdu chap hanh tdc dong thiéu thudng dua vao cédc rang budc co
hoc hodc dac tinh cdu tric dé diéu khién tu th& hoat dong. Céc
nha nghién ciu dua ra loai tay kep mém gém ba ngén tay nhiéu
bac tu do. Méi ngén duge didu khién bang mét dai kep va mot dai

- nhé. Dudng kinh puli kep nhé dan tirkhép co ban dén khép dinh,
- con dudng kinh puli nhd khéng déi trén toan bd chidu dai. Mic
dau cac khép khong thé duge didu khién ddc 1ap, nhung cdc ngén
tay c6 thé kep vat thé hinh dang bat ky véi luc kep dong nhat.
Ngoai ra con c6 tay mdy co hoc véi hai ngén thudng va mot ngén
cai. Moi ngén tay c6 bon khép va duge kéo béng mot dai, con
ngon cdi ¢6 1o xo tdc dong. Céc ca cdu chdp hanh tdc dong thisu
con duge lap cdu hinh theo co cdu vi sai.
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(b) m= n. Khi s& dai bling s6 bdc tu do, ¢d cdu chdp hanh van la co

(c)

cdu tde dong thiéu. Kiéu co cdu nay thudng duge dung trong cdc
cAn true ning d€ nang, chuyén tai, va ha cdc vat ning. D3i véi céc
kiéu ung dung d6, dai thudng duge thist k& dé kéo, luc tic dung
nguge vdi trong lue. Hé théng cén truc robot ¢6 the dimg cau tric
bé Stewart. Trong thiét k& nay, sdu day cdp duge ding lam cdc
khau song song dé diéu khién vi tri bé di dong treo. Mac dau s6
luong b tac déng nho hon n+1, vin cé thé diéu khién vi tri bo tdc
dong cudi, do sif dung trong lue 1am luc didu khién (n+1).

m< n. Néu sé dai 1dn hon s6 bic tu do, cg cdu chap hanh ¢6 thé
dutge didu khién theo yéu cau. Kiéu cg cau nay duoe 4p dung réng
rdi, do ngudri ding c6 thé hoan toan kiém soat cic béde tyf do. Day
12 loai co cdu chdp hanh tée dong di, thuong duge ding trong cic
tay may mo phong tay ngudi. Cdc tay may nay thudng c6 ba ngén,
méi ngén c6 ba dat va duge didu khién bang bén dai, hoic bén dat
duge diéu khiég bang tdm dai.

Biéu di&n sc d6 phang

Phén nay gidi thidu su biéu dién s¢ dd phing vé ciu tric dong hec
ciia co cdu chdp hanh truyén dong biing dai. P& don gidn, c6 thé ap dung
céc gid thigt:

1.

3.
4.

Cd cau a loai khép ndi (nghia la sau khi loai bo cac dai va puli, cd
cdu trd thanh chudi vdong ha).

M35i dai tir khau co bdn dén mét trong cdc khau di ddng qua céc
puli g4n trén truc khép chudi vong hé theo kidu lién tiép.

Tat cd cdc dai déu c6 luc kéo, 40 dan khong ddng ké.

Khéng cé sy trugt xdy ra gida puli va dai.

Hinh 8.3 minh hoa so d6 chifc ning ciia ngén tay Stanford/JPL. B ¢§
dinh duge ky hiéu 1a khéu 0; cdc khau di déng va céc khép duge danh so
tir 1 4én 3; chidu quay dufong ctia mdi truc khdp duge ddnh ddu nhu trén
Hinh. Tryc khdp thit nhét, z,, ¢6 dinh véi khau co ban; truc khdp thi hai,
z,, vubng goe v6i z ; truc khép thu ba, z,, song song vdi z,. Puli 2 gén vao
khéu 2 va puli 3 g&n vao khéau 3. C4c puli 4,5,6,7 quay tu do trén truc
khép thi nht; cdc puli 2, 8 quay tw do trén truc khép thd hai; puli 3 quay
ty do trén truc khép thit ba. Dai tht nhat, s, ndi l4n luot cac puli 4,8,3;
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Hinh 8-3. So dé chic nang zy
tay may Stanford/JPL f

dai thi hai, s,, néi cdc puli 5, 8, 3; dai thi ba, s,, N0 céc puli 6, 2; dai thi
tu, s, ndi céc puli 7, 2. N6i chung, co cdu gébm 9 khau va 4 dai didu khién.

Céc tuyén dai trong so dé dbi khi bi nhAm 14n do ban chat cia c4u
tric khong gian. D€ thuan tién, c6 thé dung biéu dién so dé phang dé
minh hoa cdc dai. D& xay dung so d6 phéing, cin bit dau tir truc khép thd
hai va quay xodn timng truc khép quanh phép tuyén chung dugc xdc dinh
bing chinh truc khép d6 va truc khép ding trude, cho dén khi moi true
khép déu ¢6 cung chiéu. Theo dé cac dai dugc minh hoa rd rang, khong
anh huéng dén cdu hinh thyc ctia ching. Hinh 8.4a minh hoa so d6 phéng
cua tay méy Stanford/JPL. Trong so db nay moi truc khép duong déu huéng
ra trang gidy. Ting dai c6 thé dugc phéc thao riéng ré (Hinh 8.4b-e).

Hinh 8.5 minh hoa so 5 chife néng c6 tinh tritu tugng cao hon. Trong
sd do nay, dudng di qua mot phia puli cho biét dai di qua puli dé vai lan,
bét dau va két thic ¢ phia cia puli d6. Tuong ty day banh ring, c6 thé goi
su sap xép cac dai 12 duomg truyén dong.
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5,
Hinh 8-4. S¢ dé phing ciia tay may Stanford/JPL ¢

Péng hoc co cau chap hanh truyén dong dai

Péng hoc ¢o cdu truyén dong dai tuong ty co cfu robot truyén dong
bénh rang. Su phan tich duge thuc hién theo hai bude co ban. Bude thi
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Hinh 8-5. Sd d8 chuc ndng téng quat cla tay may Stanford/JPL

nhat 14 tim quan hé dong hoc gitia vi tri bd tdc dong cudi va cde goc khép
cia chuéi vong hé. Bude ndy thue hién theo phuong phdp D-H da xét
trong Chuong 2. Budc thi hai 1a tim quan hé déng hoc gita cde géc khap
va di dich chuyén dai.

V& todn hoc, géc khdp va dé dich chuyén dai lién hé véi nhau theo
phép bié€n déi tuyén tinlh. Phin nay sé dp dung ly thuyét mach co sé va
diéu kién déng tryc dé tim ma tran bign d6i. Ma tran bign d8i ¢6 thé
dugc xde dinh biing cach khdo sat cdu hinh cdc dai theo kh4i nidém duing
truyén. N6i chung, ma tran bién d6i la ham cta kich e puli, ¢du hinh
dai, va tu th& cta co cdu. Tuy nhién, d5i véi co cau vong hé nay, cde dai ti
khdp nay d&€n khdp khéc dge theo chudi vong hd theo kidu lién tigp, ma
tran 1 ddc lap vdi cau hinh co cau.

Phuong trinh mach co sd

Goi i va j la cap puli véi khau k 1a gia dd chung (Hinh 8.6). C4c khau
i,j va k tao thanh bd truyén dong dai - puli. Chidu quay duong duge ddnh

Bé&n puli k&
tigp (j+1)

Pén puli
trude {i-1)

Hinh 8-6. S0 d6 phang cla dudng truyén ddng dai - puli don gidn.
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d&u trén méi truc khop ciia cap puli. Phuong trinh mach co s¢ vé o dich
chuyén géc cua hai poli la:

1,0,y =418, (8.1)
trong d6 0, va B, 1a chuyén ddng quay ciia puli i va j tng vdi gia do
k,rvar, 14 cdc ban kinh ctia hai puli.

Truyén déng dai 1a kiéu song song khi chuyén déng quay cia mot
puli quanh true khdp duong tao ra chuyén dong quay duong cta puli kia.
Nguoe lai, 1a kiéu chéo. Vi du, Bf dai trén Hinh 8.6 12 kiéu chéo. Ddu
trong pt (8.1) 14 duong khi dai song song, vd m khi dai chéo.

Pidu kién déng tryc

Goi 1, j va k 1a ba khau ¢é chung truc khdp; tuong tu truyén dong
banh rang epicylic, 9 dich chuyé&n goc clia ba khau quan hé véi nhau
theo quy téc chudi:

0;; =0k -9k (8.2)

Phuong trinh (8.2) rat hitu dung khi tinh quan hé céc chuyén dong
quay trén ba khau dong truc.
Pudng truyén déng

Hinh 8.7 minh hoa dudng truyén, trong do cdc khdu duge ky hiéu
tuan ty tir 0 dén n, cdc puli duge ky hiéu titj dén j+n -1. Goi 0,12 dg dich
chuyén goc ciia khau j so véi khéu i. Phuong trinh mach cg s¢ duge viét
mot 1an cho mdi cip puli nhu sau:

T5i-190i-1 = 10500 véii=1, 2,.., n-1 (8.3)

trong d6 d&u * 1a duong khi dai song song, va am khi dai chéo.

Céc khaui-1, i va puli j+i-1 déng tryc, nén diéu kién dong tryc la:
6 =800 ~ 0 veii=1,2,..n (8.4}

j*i-la

Puli j+n-1 duge gin vao khaun, nén O

J+n-Ln = 0. Khli Bj+:i-1.i Vdi i= 2, 3’
..o, ti cac pt (8.3), (8.4)

B0 =010%(ryy /10 2 £(rj 01 /150800 (8.5)

290



Pubi j+1

Puli j

Hinh 8-7. Budng truyén déng dai.

Déau + d6i véi ting dai luong B, trong pt (8.5) duge xdc dinh biAng sé
dai chéo trugc truc khdp thit k. D4u cong néu s& dai chdn, va nguge lai 1a
ddu trir,

Goi d9 dich chuyén cia dai j so vdi vi tri quy chigu 1a s;. Do dich
chuyén dai j ¢6 quan hé véi dg dich chuyén gbc cla puli co sé ‘theo:

8; =119 (8.6)

trong d6 ddu £ 1a duong khi sukéo dai 1am puli cd s& quay theo chidu
duong; nguge lai 14 4m.

Khit 0,  gilta cdc pt (8.6) va (8.5), phuong trinh két qua duge viét 14n
higt cho t.u'ng dai, sé& c6 m phuong trinh tuyén tinh vé d6 dich chuyen dai
va goc khdp cda chubi vong hé. Cdc phuong trinh nay duge td hgp theo
ma tran:

s=AB (8.7

véi s = [s), 5,,...,5 1712 vector m-chiéu cdc d¢ dich chuyén dai; 0
=0, 0, ,,...8, ,]" 1a vector cac géc khép n chidu; A 12 ma tran bién déi
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mxn. Cdc phén tif cda A 14 céc ham kich ¢& puli va cdu hinh dai dgc 1ap
vdi cau hinh eiia co cdu chap hanh. A khang phai 1a ma trdn vuéng vi m
Zn+l.

Phuong trinh (8.7) 1a tap hgp m phuong trinh tuyén tinh. Néu biét
cde goe khop cia chudi vong hd, cac d¢ dich chuyén dai duge tinh trye
ti&p tit pt (8.7). Mat khac, vi m > n, céc 4§ dich chuyén dai khéng thé xac
dinh tiy y. Pac biét, chi n trong m d6 dich chuyén dai la cdn x4c dinh cac
géec khap. Cdc dd dich chuyén clia m-n dai con lai duge tinh theo céc ring
bude tir pt (8.7). Pay 1a diém khic nhau co ban gida cdc cd cdu truyén
déng dai va truyén dong banh rang robot.

Vi du 8.1: Pong hoc tay mdy Stanford [ JPL. C6 th8 dp dung khai
niém dudng truyén déng d&€ phan tich déng hoc tay mdy Stanford/JPL
(Hinh 8.3). Chubi vong hé chifa cde khau 0, 1, 2, 3. Hinh 8.4 minh hoa bdn
dai truyén déng.

Viét pt (8.5) 14an lugt che timg duong truyén dai:
8,0 =010+ (rg/14)0g; +{r3/r)03,
850 =010~ (s /75002, —(r3/15)03,
B0 =019~ (rz/16)92,
870 =019 +(rp/17)83, (8.8)

B dai 1 song song va song song, do d6 v& phai phuong trinh thit
nhét cé s& hang thi hai va ba duong; bd dai 2 song song-chéo, do d6 v&
phai phuong trinh th hai c6 s hang thi hai va ba 4m; b dai 3 chéo, do
d6 v& phai phuong trinh tha ba c6 s6 hang thi hai 4m; b dai thit 4 song
song, do dé v& phdi phuong trinh thi tu ¢6 sd hang thid hai duong.

Cac d¢ dich chuyén dai quan hé véi cdc chuyén dong quay puli co ban -
theo phuong trinh sau:

8 =T4849
$p =-T5850
83 = —Tgbg
84 =-T707¢ (8.9)
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Khit 0 ,0,6 ,0 giita cdc pt (8.8) va (8.9):
s=A0 (8.10)
sJTva0=100,86,,6, I, va

véis =[s,s, s, s,

-y —Iyg —TIy

—Ty Ty Ty

A= (8.11)

rg -1y O
r, r, 0

C6 thé thay cdc phén tif cha A 14 cac ham ctia tuy&n dai va kich cﬁ‘
puli. D dich chuyén dai duge ghép hop cao. Géc khép thi ba, 8,, ¢
anh hudng dén c4c 46 dich chuyén dai 1 va 2; trong khi céc géc khap thu‘
nhit va hai, 9]_0 va 0, , anh huéng dén d6 dich chuyén cda ca bén dai.

FAL

Vidu 8.2: Béng hoc tay mdy Utah | MIT. Xét cg cdu chap hanh 4 bac
tir do ¢6 8 dai diéu khién, dé 14 co cdu tay may Utah/MIT, Trong co cdu
nay, truc khép thd nhat ¢ dinh so vdi d€; true khép thi hai vuéng géc
khdp thit nhat léch mét khodng cach nhé; truc khdp thit ba va bén song
song truc khdp thi hai. S¢ 46 phing cha co cdu duge minh hoa trén Hinh
8.8, cdc puli 1,2,3,4 gén vao cdc khau tueng dng 1,2,3,4. Cdc puli 1,5,6,7
quay quanh true khép thi nhét; cdc puli 2,8,9 quay quanh truc khép thi
hai; cdc puli 3,10 quay quanh truc khép thit ba; puli 4 quay quanh truc
khép thi tu. Dai thirnhat va hai, s, va Sy miic qua ¢d hai phia cta cdc puli
5.8,10,4; dai thif ba va bén, s, va s mac qua hai phia cdc puli 6,9,3; dai
thit 5 va 6, s, va s, mic qua hal phla cdc puli 7 va 2; dai thif 7 va 8, 5, va
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Hinh 8-8. Co cdu chap hanh 4-dof truyén déng bang 8 dai.
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s,, méc qua hai phia puli 1. Can tim phép bién d6i gitia cic goc khdp va
céc do dich chuyén dai.

Viét pt (8.5) 14n lugt cho tam dai:
5,0 =019 + (1 /150823 +(r1p /150035 +(Ty /750042
850 =00 + (1 /1508y +(r1o /150035 + (1 /T5)04 5
Bep =010 +(rg/15)03, +(r3/75)05,
Dg.0 =09 +{rg !'ra 821 +(r3/rg)035
O70=0;9+(r3/17)05,
870 = ém +(ry /17 )02
010 = B10
010 =010 (8.12)

Chu ¥, phuong trinh thit nhat va hai trong pt (8.12) 12 d6ng nhat, do
cac dai 1 va 2 méc qua cd hai phia cla ciing cdc puli; ddi vdi cac dai con lai
ciing tuong tit. Cac d¢ dich chuyén dai quan hé véi cdc do dich chuyén gée
ctia puli cd ban theo phueng trinh:

8; = -T585,

8z =585,

83 = TgBsg

84 =700

85 = ~T7070

8 =T7079

sy =-110y9

sg =104 {8.13)

Thay (8.12) vao (8.13):
s=A® (8.14}
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trong dé s =[s, s,,..., 51", 0 ={8,,90,,,0,,.0,,1", va

=Ty =Ty —Tp —Iy

Iy Ty o ry
—Ig —Ty Iy
I‘G 1"9 r3

0
0
A =
-r; -1, 0 0 (8.15)
I; Iy 0 0
-r, 0 0 0

r 0 0 0

-

Phuong trinh (8.14) 14 bign 43i ma tran giita cac géc khdp va céic db
dich chuyén dai. Vdi cdc goc khdp da biét, cé thé tinh d6 dich chuyén dai
tuong (ng tU pt (8.14).

Phan tich lyc tinh hoc

Phin nay s& 4p dung nguyén 1y céng do d€ tim phép bién d6i gia
moment ngiu luc khdp tuong duong va lue dai. Vector cédce luc dai 1a 2; =
[&1,52,...,§m]T; vector cdc moment khép dau vao 1a T = [t,.7,....7I7; db
dich chuyén khép do 12 30 = [80,, 66,,..., 86, 1™, 45 dich chuyén dai o
la Js = [s,, Os,,..., Os_I". Cong 4o dw do edc lyc tic dong tao ra la:

W= 1750 +£T8s (8.16)

trong d6, Ow va 3s trong pt (8.16) lién hé v6i nhau theo phuong trinh:
3s = ASO (8.17)
Thay pt (8.17) vao (8.16):

SW=(—1T+ETAO (8.18)

Vi hé théng & diéu kién cin bing, nén cong 3o bi triét tiéu véi dd dich
chuyén do 80 tuy y. Tir dé:

-T+eTA=0 (8.19)
Chuyén vi pt (8.19):
t=BE (8.20)
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trong d6, B = AT 14 ma tr@gn cdu trie. Chu ¥, mbi c6t cia B 1a mt
duong truyén déng.

Phuong trinh (8.20) 12 phép bién d6i tir cdc luc dai thanh moment
ngiu lue khdp. Trong Chuong 6, 43 dé cdp cdc moment khop lién hé véi
lue d4u ra bd tdc déng cudi theo ma trdn chuyén vi Jacobi:

t=JTF (8.21)
Khi T & pt (8.20) va (8.21), s& nhan dugc phép bién ddi tdng thé:

Bt =JTF (8.22)

Gia sitJ 14 ma tran vudng khong dic biét, bign ddi nghich ddo pt (8.22}
s& ch:

F=JTBt (8.23)
Vi cac luc dai da biét, c6 thé tinh cac luc ra bo tac déng cudi true tiép
tir pt (8.23). Vi m>n, va luc b tdc ddng cudi da biét, sé c6 v6 han cde luc
dai, nhung chi c4c lue dai duong 1a duge phép. Do d6, ¢¢ cdu truyén dong
dai phic tap hon co cdu thing thung.

Gia s\ cac puli gén trén cing truc khép cé kich ¢d nhu nhau, ma tran
cdu tric duge tach thanh tich hai ma trén:

B=R*B* (8.24)
v&i R'1a ma tran chéo nXa, trong d6 cac phan td khdc zero la ban
kinh cdc puli ldp trén cdc truc khdp lién tiép cia chuéi vong hé; va B 1a
ma trin mXn, trong A6 phan ti¥ (i,j) €6 gid tri +3, -1, hofic 0 thy thuge luc
duong kéo dai j tao ra tac dung duong, 4m, hodc khéng, déi véi moment
khdp thi i. Do d6, B* biéu thj cau hinh sép xép cac dai, con R" thé hién
kich c& puli.

Vi du 8.3: Ma #rin cdu tric tay mdy Stanford {JJPL.

C6 thé tim ma trén cfu tric tay may Stanford/JPL (Hinh 8.3) bang
cdch 18y chuyén vi pt (8.11):

[—r‘t -y g I
B—_—AAAI\ = —ra I‘S —)."2 Ty (8A25)

1—1'3 ry 0 0

LT
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Hon nifa, néu r, =r, va r,=r,=r,=r, ma tran ciu tric 1a B =R" B, véi

(-1 -1 1t 1

B*=|-1 1 -1 1 (8.26)
-1 1 0 0
ry, 0 0

R*=|0 r, O (8.27)
19 0 14

Cot thd nhat clia B” cho thdy luc kéo dai 1 tao ra c4c moment 4m trén
céce truc khdp thit nhat, hai va ba. Cot thit hai ctia B™ cho thay lue kéo dai
2 tac cdc moment Am, duong, va dudng trén c4c true kXhdp thd nhat, hai,
va ba. Tdc dung cta cdc dai 3 va 4 d6i v6i cdc moment khdp eiia co cau
cling duge gidi thich tuong tu.

Vi du 8.4: Ma trén cdu tric tay mdy Utah /MJT. Ma tran cdu tric
cta ¢o cdu chdp hanh 4-dof (Hinh 8.8) ¢6 thé duge x4c dirh bang cdch
tinh chuy&n vi pt (8.15):

—TIs Iy —TIg Iy —Ip Iy - Iy

B - rg rs - Tg 1'9 — 1‘2 rz 0 0
= 0 0 (8.28)

-Iyg N —Is I 0 o

-r, r, 0 0 0 0 0 ©

Hon nifa, néu r =r =r =r, r,=r = r,va r,=r,  ma trin cfu tric la B
= R"B’, trong dé:

-t 1 -1 1 -1 1 -11
e 1 -1 L -11 00
-11-11 0 0 0 0O (8.29)
i-11 0 0 0 0 0 0
r, 0 0 0
O r, 0 0!
R*=
0 0 1‘3 G (8.30)
|0 0 0 1
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Ma tran B’ c6 8 cot duge tao bdi bén cip dai: (1,2),(3,4),(5,8), va (7,8).
Déi véi ting cap dai, cde vector ¢t tuong fing 12 Am so véi nhau, cho thay
cde dai d6i xiing qua hai phia d8i dién ctia puli.

Ma tran cau truc kha thi

Phéan nay trinh bay céc dédc tinh cau tric co sd cia co ciu chip hanh
truyén dong dai. Ca cdu chdp hanh vong hé n bic tur do doi héi it nhat 1a
n+1 dai va bao dam diéu khién cdc khdp mot cach doc l4ap. Cuéi cung, sé
gidi thidu kh4i niém ma tran cau tric ddng cdu va trinh bay vai ma tran
cdu tric kha thi.

Pac tinh cau tric

Ma tran cdu tric xdc dinh cde dic tinh truyén luc giita khéng gian luc
dai va khéng gian moment khdp. Véi t6 hgp cde luc dai cho trudc, tdng
moment khdp cia chudi truyén dong vong hé duge tinh true tidp tir pt
(8.20}. Nguoce lai, néu biét trude t8 hop cde moment khép, pt {8.20) gom n
phuong trinh tuyén tinh véi m dn s6. D& duy tri cée lue dai duong, m phai
16n hon n, cde nghiém lyc dai c6 thé § dang nghiém riéng cong véi nghiém
{m-n)-chiéu thuan nhat. Hon niia, vdi m>n, phép bién ddi nghich ddo pt
(8.20) c6 dang:

£=B'r+Ha (8.31)

trong d6 B = BT(BB™]! la nghich d4o gia ¢ta B, H 14 ma tran mX(m-n)
6 cdc vector ¢t trai rong khong gian null cia B, A 12 vector (mXxn) chidu
tuy y.

86 hang thd nhat ¢ v& phai pt (8.31) 14 nghiém riéng, va s6 hang thu
hai 12 nghiém déng nhdt. Céc nghiém riéng tao thanh khéng gian con n
chiéu trong khéng gian lyc - dai m chiéu. C4c nghiém déng nhat dita ra
cae ti sd luc dai, k&t qua 1a khong c6 cic moment ngu lue khdp tdng. Vi
thé, néu khéng gian ¢ft cia H chita it nhat mot vector m chiéu vdi tat ca
cde phén ti duong, bing cdch chon gia tri A thich hop, ede lye dai duong
ludn ludn duge duy tri.

Tém lai, ma trin cdu tric B ph&i thoa cde diéu kién sau:

1. 58 lugng dai 16n hon 86 béc tu do téi thidu la 1 (nghialam=n+1)

2. Hang c¢la B biang s6 bac tu do cia hé théng. Hon nita, néum = n+1,
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dinh thic cita ma tran con hinh thanh khi xéa ¢t bat ky trong B
phai khidc zéro,

3. Ton tai t8i thidu mét vector véi moi phan ti duong trong khéng
gian null ca B,

4. Gia su cac dai tir khép nay dén khdép khdc theo thit tis lién tiép,
cac phan tir khéc zero trong méi ¢t cta B cing phai theo tha tu do.

5. Khi trao d6i hai cot bat ky trong ma trén cdu tric, tuong duong
viéc ddnh s6 lai hai dai, s& khéng 4nh huéng dén co hoc cia co
cdu. T @6, ma trdn cau tric ludn ludn cé thé sip x&p lai 4€ tat ca
cac phan tit zero xuat hién & goc phai phia dugi ma tran.

6. Déi ddu titng phén tif trong hang khéng dnh hudng dén ca hoe
clia cd ciu. Piéu nay tuong duong véi ddi chidu quay duong cla
truc khép.

Ma trén cdu tric déng cau

Hinh 8.3, cho thay cdc phén ti¥ cia ma tran cdu tric duge xdc dinh
theo tuyén cdc dai va dinh nghia chiéu quay dugng cia cde true khop.
Néu chiéu quay duong cta truc khdp duge x4c dinh theo chidu ngugc lai,
ddu clda mbi phin ti trong hang tuong Ung clia ma tran cdu tric sé& ddi
dau. Vi sy xdc dinh chiéu quay duong va ddnh sé dai khong dnh hudng
dén chifc nang cia co cdu, nén hai ma tran cdu tric duge goi 1a ddng cdu
néu thod cdc didu kién sau:

1. Ching la déng nhat.

2. Ching trd thanh déng nhat sau khi d6i ddu titng phdn td trong
mot hay nhiéu hang clia ma tran (dic tinh edu tric 6).

3. Chung tré thanh dong nhat sau khi trac 461 hai hodc nhiéu c6t
trong mét ma trén {dic tinh cdu tric 5).

4, Ching tré thanh ddng nhat sau khi két hop cac didu kién 2 va 3.

Vi du 8.5: Hai tuyén dai ddng cdu. Hinh 8.9a va b minh hoa co cdu 2
bac ty do ¢é hai tuyén dai biéu kién khée nhau, cé tinh ddng cau. Gia
thiét, chidu quay dugng hudng ra khéi trang gidy, ma tran edu tric clia
hai tuyén dai nay la:

* ""1 _1 1
o 31:{4 i 0}
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&, E, K, §2 & &
{a) (b}

Hinh 8-9. Hai cd cdu ch&p hanh 2-dof truyén dong dai ciu truc déng céu.

111
@ Bﬂ:[—l 1 0}

Sau khi d6i ddu ting phén ti trong hang thi nhdt cia B',, ma tran
cdu tric B7, tré thanh dong nhét véi B',. Vé vat 1y, néu ddo chidu quay
duong ctia truc kh@p thit nhat, co cdu trén Hinh 8.9b s& dong nhat véi co
ciu trén Hinh 8.9a. Do d4, hai tuyén dai nay 1a ddng cau.

Ma tran cdu tric gid tam giac kha thi

Phéan truée, da chang minh co cdu n béc tu do yéu cdu tdi thiéu n+1
dai va cdc tuyén dai phai thod dac tinh cdu tric tir 1 dén 6. Ma trin ciu
triic thod d4c tinh tif 1 d4&n 6 dugc goi 1a ma tran cau tric kha thi; nguge
lai, eo cau 14 khéng thé didu khién.

Gi4 st tat cd cac puli c6 cung kich ¢d, tap hop cde ma tran cdu trae gid
tam gidc khong ddng cdu, tuong iing cdc cd cau truyén dong dai cd dén 6
béc tuf do, d& duge cdc nha nghién eitu phén tich. Hinh 8.10 minh hoa sg
d6 phang cac co cdu truyén déng dai khéng ddng cdu ¢ d&n 3 bac tu do.
Hinh 8.11 va 8.12 liét ké tat ca c4c tuyén dai khong ding cau, kha thi
trong cd cau truyén dong dai 4 bac tu do. Chu ¥, tay may Stanford/JPL va
tay may Utah/MIT khéng thude 16p co cdu chap hanh nay, Chi ¥, sé
lugng tuyén dai kha thi ting rat lén néu cdc puli cho phép ¢6 cac kich ci
khde nhau.
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aj Ha thdng 1-dof b) H& thing 2-dcf
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o

¢} Hé théng 3-dof

Hinh 8-10. C4c cd c4u chap hanh n x (n + 1) kha thi d&n 3-dof
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e @ s B P & SN S
Hinh 8-11. Cac tuyén dai 4 x 5 kha thi
Phan giai luc du thua

Phan nay sé trinh by phuong phap hé thong v& phan gidi cac huc dai
du thita. Do khéng gian khép va khong gian dai khéng ¢6 cimg thit nguyén,

su quy chiéu tit cdc moment ngau lyc khép dén céc lyc dai 1a khong duy
nhat. Vé 1y thuy®t, ky thuat gid nghich ddo duge st dung, nhung ton
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W (@ & L & B2 & (M & &y & L& & (i) g &

Ea &s n €2 Eq & Ee &5 (k) B2 B &
Hinh 8-12. C4c tuyén dai 4 x 5 kha thi (tiép theo)

nhiéu thai gian. Hon nita, vector A, trong pt (8.31) phai dugc chon hop 1y,
sao cho cde dai lubn tuén chiu lye kéo. DE dat didu nay, ti s6 16n nhét coa
moi lyc dai 4m trong nghiém riéng véi cic phan td tuong ding trong
nghiém déng nhat phii tuong déng. Qui trinh nay chde chan lam tang
thoi gian tinh toan va lam gidm kha nang didu khién hé thang co cdu
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chép hanh truyén dong dai theo thoi gian thuc. D& khie phue khé khan
nay, cdc nha nghién ciu bd sung vao pt (8.20) mot phuong trinh thu dugce
tif mdt trong cac lvc & truc dé phan gidi luc du thira, va dua ra gidi phap
b6 chinh luu d€ diéu khién tay mdy Utah/MIT.

Gidi phdp bé chinh luu st dung cde todn ti d8 bién ddi tin hidu mo-
ment khép thanh tin hiéu luc dai khéng can phép bién d6i gid nghich
ddo, cho két qud nghiém dang khep kin d6i vdi cic lue dai. Phan nay sé
trinh bay gidi phap bé chinh luu dé phan gidi cac Ie du thira. Trude hét
s& nghién cdu cde dic tinh hé 1-dof d€ minh hoa nguyén ly cd bdn bd
chinh luu, sau d6 s& mé réng cho cdec hé nhiéu bée ty do.

Nguyén iy cc ban
Xét hé thong 1 bac tu do v6i hai dai truyén dong (Hinh 8.13). Chiéu
quay duong hudng ra ngoai trang gidy, T 14 moment khép téng hop tai
diém c6 dinh O. Ban kinh puli I r, phuong trinh can biing mement tai O la:
“Ey=Tir (8.32)

Phuong trinh (8.20) ¢6 hai luc dai él v E,_z duong & moi thai diém.
Néu T duong (nguge chidu kim déng hé), lue dai cyc tidula & = T/rva§
= 0. N&u T am (cing chidu kim déng hé), ltc cuc tidula & =0va§ = -t /r.
Quan hé don gidn nay dugc viét dudi dang toan hoc:

o il =1/T+d
vii t=0, . {8.33)
=2 =
=0
vii t<0, 51 (8.34)
Eg=-t/r+d
Tai
T
)
Hinh 8-13. Hé thong 1-dof
dugc diéu khi€n bang hai dai. &, Es
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trong dé & 1a luc xién dutong khéng tac dung 1én moment khép téng.
D€ thudn tién, ¢6 thé dinh nghia hai todn ti O* v O nhu sau

0" (x) x, x20, _
X), 0’ x (O (835)

0 x>0

0_ L El
(x),{_ % x<0 (8.36)

trong 46 x 1a bién gia.

Déc tinh cia O*(x) va O (x) duge mé t& bang db thi trén Hinh 8.14.
V& todn hoe, c6 thé viét:

. X +|x|
0" (x) = —— (8.37)
: 2
) —x+|x|
O (x)=—p (8.38)
Theo cdc dinh nghia néu trén:
O0'{(x)+0 (x)= |x| (8.39)
O"(x)-0 (x)=x (8.40)

Biéu dién cdc pt (8.33), (8.34) theo toan ti O*va O nhu sau:
£, =0"(t/r)+8
Ea=07(x/1)+8 (8.41)

CHix; O~ (x}
) 4

o] o

Hinh B-14, Cac déc tinh cla toan t& O (x} va O{x).
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Y

chdp hanh

Hé théng co cdu

Hinh 8-15. B diéu khién PD {ty 1& - dao ham) sd dyng gidi phap chinh luu.

Chui ¥, toan tir O* di v6i lue dai tao thanh moment khép duong, va todn
tit O- di v6i luc dai cho k&t qué moment khap 4m trong pt (8.32). Y nghia
vit 1y cda pt (8.41) duge danh gid tir Hinh 8.13. Néu moment khép duong,
& cho luc kéo T /r eue tidu, trong khi &, vAn 1a zero. Mat khéc, néu moment
khép am, &, phai cho lye kéo 1T /rl cyc tiéu, trong khi §, van 1a zero.
Cong lyc xién & vao ca £ va £, déu khéng 4nh huéng dén moment khdp.
Hon niia, ti s6 hai luc xidn, 1:1 trong hé théng nay, ti 18 véi nghiém déng
nhat cta pt (8.32). Viéc ¢éng lyc xién s& lam cho c4c dai khéng bi 1éng.

Gidi phap bé chinh luu ¢6 thé duge cai tién trong cdc bd diéu khién
théng thuding hofic tién tié€n. Hinh 8.15 minh hoa b didu khién PD sit
dung giai phdp chinh luu dé diéu khién c¢ cau chap hanh 1 bac tu do
(Hinh 8.13).

Ung dung vao hé thong da béac tydo

Phéin nay trinh bay phuong phdp xde dinh cdc hie dai trong hé thong
n bac tu do biing cach sit dung todn tf O*{x) va O (x}. N6i chung, ¢én rit
gon hé pt (8.20) vé mét phuong trinh c6 hai luc chua bigt. K& ti&p tim hai
lite nay bing cach 4p dung cde toan tir O* (x) va O (x), sau d6 thay két qué
viio hé phuong trinh géc dé ¢6 hé phuong trinh don gidn han, va l4p lai
qui trinh che d&n khi tim duge moi bién. Trong cdc vi du sau, sé gid sit
cdc puli gén trén cing truc khép va ¢6 kich ¢& nhu nhau.

Vi du 8.6: Co cdu 3 bdc tu do véi ma trdn cdu fric gid tam gide.
Trude hét xét cg cdu khéng gian 3 béc tu do duge didu khién bang bén dai
(Hinh 8.16). Ma tran cdu tric B ¢6 dang:
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Hinh 8-16. Co c&u chédp hanh 3-dof
dugc diéu khién bing bén dai

b) Céc dai

a) S¢ d6 chifc nang E, By &2 &

r 0 O0-1 -1 -1 1
B=R*B*=[0 r, 0[-1 -1 1 o (8.42)
0 0 ry/-1 1 0 0
Do cau hinh cdc dai, ma trén cdu tric c6 dang gid tam gise. Khéng

gian null cua B* 12 H ={1,1,2,4]" . Thay ma tr4n céu tric néu trén vao pt
(8.20), va nhan hai v& phuong trinh két qua véi nghich ddo ctia B*;

Ly -8 —E3+E,=1,/1y (8.43)
—S1-8a+E3=1y/1y (8.44)
£ &y =13/ry - (8.45)

Do pt (8.45) chi chifa hai lyc chua bigt, &, va &, va ching phai lusn
ludn duong, c6 thé biéu thi &, va &, theo todn tit O va O bling cdch 4p -
dung pt (8.41);

£, =0 (t3/13)+ 8
éz = 0+ (1:3 J'rra)‘}‘ 81 (8-46)
trong 46 51 1a lyc xién duong, khéng c6 moment khdp téng & truc

khép thit ba,
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Pé xac dinh F,S, cAn thay pt (8.46) vao (8.44), va dp dung O*(x) + O (x)
= Ixl:

"—551 +E3 =t2|'(r2)+11:3f‘r3| (8.47)
Xem pt (8.47) 1a phuong trinh hai 4n 8 va &,. Ap dung toan tiy O* va
O
0_{"21']'['2 +|1'3,f'r3| 82
1 = +—
2 2
By =07 (g /1y +|tg/ 13|+ 85 (8.48)

trong d6, 8,14 lye xién duong, khong ¢6 moment khép téng & true
khép thit hai va ba.
Phéi hap pt (8.46) va (8.48):

0_(12 ;‘!rz f|t3Ir3| +8_2

él 20_(13J'rr3)+

2 2
£y =0 (2 /19)+ O™ (1, !r;+|'r3 fr3| +§2g_
3 =0 (15/1y +|vg /13 + By (8.49)
Thay pt (8.49) vao (8.43):
-8, +E =1/ 1y +|‘r2 /1y +|-r3fr3|l+|r3fr3| (8.50)

Phuong trinh (8.50) chifa hai 4n, §,va §,. Ap dung todn ti O*va O
l4n nia, s8 ¢6:

O (1y/n +|1'2 /1y +|tg !r3“+|t3 Ir3)) 8,
A 2 iy

£,=0" (1, /1y +\12 /Ty +|t5 !r3||+|13fr3|)+63 (8.51)

trong dé, 8,12 lyc xién duong, khéng c6 moment khép tdng & céc trye
khép thit nhit, hai va ba.

K&t hgp pt (8.49) va (8.51):
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O (1g/1y +|t3 /14

2
+D_(wzl 11y +|ra /o +]ea /eg)| + [ty / ma]) .85
4 4

0 (15/1y +]I13!r3|

2
N 0 (1,/ny +‘t2 /1y +|t3 /I'3||+|‘[3 /13)) L8
4 4

Eo=0%(1a/r5)+

O (1, /1, +‘r2fr2 +|1:3!r3||+|r:§£r3|) +§i
2 2

'EA— = 0+ {Tl frl +|Tz / Ty + lTa }"1'3“ +]‘|:3 fr3|) + 83 (852)

Eg=0"(1y/1y Hrg/ 5+

Phuong trinh (8.52) cung cdp phuong phap hiéu dung dé€ bién ddi
moment khép thanh lite dai, tinh todn dé dang hon so v6i k¥ thuit gia
nghich dédo. Két qua bao ddm timg lue dai t6i thidu bang mét phan tu luc
xién 9,. Pu lyc xién duge chon tity ¥, nhung phan déng gép cta lyc xién
ti 1& v&i vector nghiém déng nhét (nghiala 1:1:2:4)

. Vi du 8.7: Tay mdy Stanford | JPL. Tay mdy Stanford/JPL (Hinh
8.5), vdi biéu dién d6 thi phing don gidn trén Hinh 8.7. Gia st cdc puli
gén trén cing truc khép va c6 cing kich ¢ (nghialar =r =r,=r,=1,
var, =1,), ma trin ciu tric 1 tich cla R* va B¥, trong dé R* va B* theo
cde pt (8.27) va (8.26). Khéng gian null cia B* 1a H=[1,1,1,1]".

Thay B = R* B* vao pt (8.20):

6 -8+l =/n (8.53)
“E1+E8y —E3+Ey =19/ (8.54)
-Gy +Ey=15/T3 (8.55)

Do pt (8.55) chi chiia hai dn, £ va £, c6 thé vigt voi cde todn ti O*
va O

E-ll =0_{t3!{r3}+51

Lo =0 (15/13)+ 5, (B.56)
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trong d6 6, 1a luc xién duong, khdng c6 moment khép téng trén truc
khép thit nhat.

Thay pt (8.55) vao (8.54):
~E3+E, =15/Ty ~T5/ 1y (8.57)
Phuong trinh (8.57) chi chia hai dn, &5 vag (- €6 thi vidt véi céc todn
WO va O
E3 =07 (15/15 —15/15)+ 84
£y =0" {1y /1y ~15/13)+ 8y {8.58)
trong d6 8, 12 luc xjén duong khéng ¢6 moment khdp trén truc khép
thit hai. :
Thay céc pt (8.56), {8.58) vao (8.53) va 4p dung pt (8.39):
28, +28; =1, /1y +|tg/1y]—|ra /1y — 15 /1y (8.59)

Do d6 &, va 8, dugc viét vdi cdc todn tir O* va O

_O0(u/x +|ta /rg|~|1a 15 — 15/ x5} 454

O (7, /1y +]vg /ry]—fra /rp — 13 /1))
82 = 2 +

trong d6 8,14 lue xién duong, khong c6 moment khép trén true khép
thit nhat, hai, va ba. Thay pt (8.60) vao (8.56) va (8.58):

85 (8.60)

O (7, /n +|13 r‘r3|—[1:2;‘r2 —1:3;’r3|)
2

& =07(13/15)+ +8, (8.61)

O (1, /1y +|tg /raf—|ra /1y ~ 13/ 15)) 5
3

=0* /
Ee=0"(r3/r3)+ 5

O (1y /1y +|ta/mg|~|1a /15 --|:3J’r3|)+6
3

g3 =0_(‘t3f‘r2—1:3/r3)+ 2

Oty /1y +|ta/rql=|t0frs ~ T4 /1
&y =07 (137 —13/13)+ (r1/m +g 32[ [r2 /2~ 3[)+53
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Y

Y

1
= -t ABS
M

+
LI C - 3
Ty
- ABS
T, + -
2

Y

Hinh 8-17. So A8 mach bd phén gidi lyc du
ditng cho tay may Stanford/JPL.

Mac dau lue xién 8, c6 thé chon tiy ¥, nhung phan déng gop cha lue nay
vao céc luc dai ti 18 véi vector nghiém déng nhét. Hinh 8.17 minh hoa thiét
k& bg phéan gidi luc du thita phiy hgp véi pt (8.61). Thiét k& niy c6 thé duge
cai tien dé didu khidn moment duge tinh cho tay méy Stanford/JPL.

Vi du 8.8: Tay mdy Utah/MIT. Tay mdy nay duge minh hoa trén
Hinh 8.8. Gia s c4c puli gdn trén cing truc khdp ¢é kich thuéc nhu nhau
(nghialar, =r, =1, =r,;T,=1,;var,=r,). Ma tran cdu tric 1a tich cia
R* va B*, vdi R* va B* dugc x4c dinh theo cac pt (8.30) va (8.29).

Vin =4 va m= 8, khéng gian null cia B* 1a ma trin 84 :
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1 0 0 0

1 00 0

0100

01 0 0
H= 0010 {8.62)

0010

00 01

00 0 1

Thay B = R* B* vao pt (8.20);

L1t 838y S +8e Ly rEs =1/ (8.63)
—C1+8y—C3+Es L5 +Es=1y/1y (8.64)
L1 +8a-&3+E =15/ (8.65)

LAy pt (8.63) trir (8.64); (8.64) trit (8.65), va (8.65) trif (8.66), s& duge
hé phuong trinh don gian:

G t8a =T/ T/
L5 +8s = T2/ Iy~ 13/ 13
“Ca+8y =15/ -Ty/ 1y
=L+l =14/T1y (8.67)

Vi timg phuong trinh trong pt (8.67) déu chi chia hai dn, nén bén cap
luc dai ¢6 thé vist vdi cdce todn tid O va O

£, =0 (14/ry)+8,
£y =0M (1, /1) + 5,
83 =0 (15/13—14/14)+3,
4 =0 (13/r3—14/1,)+8,



éa =0+(12 fl'2 = T3 ,’r3)+53
és = O+(T1 frl —T2 fllrz)+54 (8.68)

trong d6 8,, 0,, 8,, §, 1a bon lyc xién duong. Bén lue xién nay dng véi
bén vector ¢ft cGa H.

Hinh 8.18 minh hoa thiét k& b6 phén gidi lue du tuong ting véi pt
(8.68). So v6i hai vi du trude, e6 bon lye xién déi véi tay may Utah/MIT
nhung chi ¢6 mét ddi véi mdi tay may Stanford/JPL va co c&u chap hanh

Hinh 8-18. So dé mach bd phan giai lyc dung trén tay may Utah/MIT
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3 x4 v6i ma tran cdu tric gia tam gidc. Ca tay mdy Stanford/JPL va co
ciu chép hanh déu 3 x4 déu sir dung s dai ti thiéu (m = n+1), con tay
may Utah/MIT sit dung s dai t&i da (m = 2n). Di1 tay mdy Utah/MIT can
nhiéu day, nhung ¢é uu didm 1a diéu chinh dgc 14p lue xién cho timg cdp
dai. Hon nita, viée tinh todn cdc luc dai trong tay may Utah/MIT don
gidn hon nhiéu.

Té6m tat

Chugng nay trinh bay déng hoc va phén tich lyc tinh hoc cta cac co
¢iu chap hanh duge truyén déng béing dai. Céc co ciu nay duge phén loai
theo truyén dong dai vong kin va truyén déng dai hd dau. C4u hinh cée
dai duge bidu dién theo so d8 phing. Cdc phuong trinh mach co 54, cdc
didu kién déng truc, va khéi niém cac dudng truyén déng duge gidi thigu
chi ti6t. Cdc dich chuyén dai quan hé véi cdc géc khép theo ma tran clu
trac, bing céch sif dung cdc dudmg truyén déng, c6 thé xdc dinh ma trén
c&u triic khi xem xét cdu hinh sdp x&p c4c dai. Tir phén tich cédce lue tinh,
¢6 thé x4c dinh cdc dic tinh cau tric lién quan véi cd cau chip hanh duge
truyén dong biing dai. Tap hop cdc cd chu chap hanh truyén déng dai véi
cdc ma tran cdu tric gid-tam gide nx(n+1) duge gidi thidu. Phén cudi
trinh bay phuong phap phén giai c4c luc dai du thita. D& minh hoa phuong
phép ludn nay, cdc tay mdy Stanford/JPL va Utah/MIT duge phan tich
chi tiat. :
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Chausng 9
_ BONELUCHOE
CO CAU CHAP HANH NOI TIEP

Gidi thiéu

Chuong nay mé rong pham vi nghién citu tir déng hoc, tinh hoc, sang
linh vye dong luc hoc cdc co c&u chdp hanh néi tiép. Trong vai iing dung,
nhu mdy han (Hinh 9.1), b tdc déng cudi co cu can di chuyén nhanh tir
diém nay dén diém khac. Pong luc hoc cd céu chap hanh déng vai tro rat
quan trong nham dat dugc sy hoat dong ctia co cdu véi téc dd cao. Chuong
nay sé trién khai tap hop phuong trinh vé iing xi ciia co cdu chdp hanh,

Hinh 9-1. Sg dé tay
may han khung xe
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va thiét lap mé hinh dong luc hoe. Thi nhat, mé hinh dong lue hoc duge
dimng dé mé phdng hé thong robot trén mdy tinh. Bing cach khao sét sy
hoat dong clia md hinh trong nhing didu kién van hanh khdc nhau, cé
thé tién doan hoat dong sau nay clia robot. C4c hoat dong sén xuft ty
dong duge khio sat ma khong can dén ha thong thyuc. Thi hai, mé hinh
déng luc duge dung dé khai trién cdc ché 46 didu khi&n thich hop. Bb
didu khién tinh vi doi hi sit dung mo hinh dong lye thye sy 4€ dat sd van
hanh t6i tu v6i tée do cao. Mot s6 56 dd didu khién dua vao md hinh dong
lyc hoc @8 tinh toAn céc moment ngiu lyic trén bé tdc ddng cAn thiét &
van hanh theo quy dao mong muén. Thit ba, sy phan tich dong luc hoc cho
phép xéc dinh céc phén Iuc khép cdn thist dé thiét k& cd cdu chap hanh.

Cé hai loai van d8 dong e hoc: dong lue thudn va dong e dao.
Péng luc hoc thudn 14 tim céc ddp dng c4nh tay robot khi chiu luc va
moment tac dong. Nghia la v6i vector moment khép ho#ic luc da cho, ¢in
tinh chuyén 4ong cia cd cdu theo ham th gian. Pong lue hoc ddo 1a tim
moment va luc bd tac dong cAn dé tao ra hanh trinh co cdu theo yéu cau.
C6 thé tinh cdng thic trong khong gian xhép qit), hoac khong gian bg tac
dong cudi x(t). Hai hé phuong trinh nay lién hé véi nhau theo ma trén
Jacobi va dao ham thdi gian. Néi chung, hidu qué cia dong luc hoc thudn
khong cao do cdc két qud chd yéu duge ding dé md phong co cdu chap
hanh trén mdy tinh. Mat khac, md hinh dong luc hoe ddo rdt quan trong
441 véi didu kKhién thai gian thyc cia cd ciu chap hanh.

Céec phuong trinh dong lyc vé chuyén déng c6 thé duge thiét lap biing
nhidu phueng phéap, ching han bang cach dp dung cac dinh luat Newton
virEuler. Viét phuong trinh Newton va Euler cho ting vat thé ctGa hé
théng co hoc sé dugc hé phuong trinh chia cac luc tde dung va cde lue
rang bude. Céc e rang bude c6 thé duoc khit bing cdch xét cac phuong
trinh dong hoc va hinh hoc vé ban chét cia cac rang bude dé. Phuong
phép thi hai la 4p dung nguyén 1y d’Alembert hodc Hamilton. Phuong
phap tha ba 1a s dung céc phuong trinh chuyén dong Lagrange. Uu
diém ciia phuong phdp Lagrange 14 khong cén céc lue rang bude. Tuy
nhién, cin khoi phuc cdc ife ndy néu chiing duge diing khi thidt ké. Mat
khéc, phuong phap Newton-Euler tao ra hé cac phuong trinh khd 16n,
can duge gidi ddng thoi cho tt ca cac lue, k& ¢4 cdc hye rang bude.

Gan day, nhiéu chuong trinh mdy tinh duge dp dung dé phén tich
dong lye hé thang co hoc. Vi dy, cde chuong trinh st dung hé phuong
trinh Lagrange:
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= ADAMS: chuong trinh cGa dai hoc Michigan.

« DADS: chuong trinh cda dai hoc Iowa.

+ DYMAC: chuong trinh ciia dai hoc Pennsynvania,
» IMP: chuong trinh cia dai hoc Wisconsin.

Céc chuong trinh (phdn mém) mdy tinh khsc, ching han NBOD2,
SD_EXACT, dua trén hé phuong trinh Euler va phuong phdp Kane. Cac
chuiong trinh may tinh ddp dng t6t cho cde yéu cdu mo phéng hoat déng
ciia robot trén mdy tinh. Tuy nhién, ching c6 thé khéng thich hop déi
v6i sir diéu khién robot thi gian thue. Do d6 cdn ¢6 céc phuong phép
lugn hiéu qua chuyén diing cho hé théng robot. C4c phuong phap naybao
gdm hé phuong trinh Lagrange dé& quy, hé phuong trinh Newton-Euler
dé quy, va cdc phuong trinh d’Alembert téng quat.

Péng lye hoc 1a chuyén nganh 16n, do d6 & day khéng thé trinh bay
chi ti&t. Chuong nay s& chi khai quat cdc dinh luat ¢ ban cia dong luc
hoc vat ridn, gidi thiéu cac phuong phap phén tich sit dung hé phuong
trinh d¢ quy Newton-Euler va Lagrange, 4nh hudng cda qudn tinh rotor
v céc vi du d€ minh hoa nguyén ly.

Cac tinh chat khéi lugng

N¢i dung phan nay bao gdm tam khéi lugng, ma tran quén tinh, dinh
1y truc song song, va moment qudn tinh cda vat rdn.

Tam khéi higng

Khéi lugng 1a Iugng
vét chat tao nén vat thé
cé hinh dang va kich
thude xdc dinh. Trén
Hinh 9.2, A(x,y,z) la hé
toa dd quy chidu, u va
w 13 hai vector don vi,
dV 1a thé tich vi phan
cuia vat thé B, p 1a trong ¥
lugng riéng, p la vector % O\ HéteaddoA

x

vi trf ctia khéi lugng vi

phén pdV theo hé toa Hinh 9-2. Moment khéi lugng theo diém quy chigu.
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do quy chidu A, Piém C la tam khéi lugng cé vector vi tri p, thoa diéu
kién sau:

1
p. =— |, ppdV 9.1)
m
trong 6 m = L p dV la tdng khdi lugng cia vt thé B.

Ma trén quan tinh

Moment thi hai, 1 °, cha vét rin B, lién hé v6i duong L, di qua diém
quy chiéu O va song song vector don vi u, duge xdc dinh 1a:

I} = [ px@xppdV {9.2)

Trong v& tréi pt (9.2), k¢ higu o 12 diém quy chiéu va u Iz chidu cia
dudmg quy chidu, Khai trién tich trong pt (9.2):

1 = [ |p%u-(pTwp)pdv 9.3)

Tich vd hudng ciia I ° vdi vector don vi w duge goi 1a tich quan tinh
vat thé B quan hé véi O theo u va w:

Ly = 15w = [ fuTw)p?® - (pTu)pTw)|pdV ©4)

Vsi dinh nghia trén, I =1 _ . Dac bigt, khi u va w la vector nhur
nhau, tich guan tinh [ dLrUc g0l la moment quén tinh vt thé B theo L

1, = Hp ~(p u}]pdV = mr? (9.5)

trong dé, r, = p®— (pT w)? = (u X p¥* 1a dai lugng thic khong am, duge
goi 14 bdn kinh h01 chuyen cua B ing v6i L.

Phuong trinh (9.3) viét dugi dang ma trdn:

I =Igu (9.6)
trong dé:
L Ixy x2
Ip=Ly, I, I ©.7
Ly zy L.

dugc goi 12 ma tran quan tinh hay tensor quén tinh cda vat thé B
theo diém O, va:
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Lo = [ (y% +2%)paV
I, = _[,(z2 +x%)pdv
L, = [ (x® +y%)pdV
Ly =1, =~[ xypdV
I, =1, =-[ yzpdV

L, =L, =~ xzpdV (9.8)

trong d6 x,y,2 1a cdc toa d¢ thé tich vi phan ciia khoi lugng p dv
trong hé toa d6 quy chifu A 6 géc 1a O. Chd ¥, méi phén tit cia L° biéu
thi moment quén tinh hodc tich quén tinh cta B theo c4c tryc toa dg ciia
hé quy chiéu A.

Ma tran qudn tinh 13 dai xu'ng c6 cdc phén ti phy thude sy lua chon
diém quy chiéu va hé quy chidu. D&i véi vat rin o6 dang hinh hoc don

gidn, ma tran qudn tinh duge tinh bing c4ch siy dung tich phan thé tich
theo pt (9.8). Véi cac vat thé ¢ dang khéng déu, ma tran qudn tinh
thuting dugc x4c dinh bang thue nghitm.

Binh ly tryc song song
Goi Clx,, ¥, z )12 hé toa 40 g4n véi tam khéi lugng C clia vat rin B,
cac truc toa d6 nay song song vdi cac truc cla hé quy chiéu A (Hinh 9.2),
€6 thé chimg minh:
Lo =I5, +m(y? +22)
0 _1C 2,2
Ly = I, +m(zf +x7)
¥ = ISz +m(xf +yf)
0 _1C
Iy = Ix)r +MX,y,
0 _qC
I, =1, +my_z,

19 =15, + mz x, (9.9)
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trong dé x_, y_, z_ 12 toa 40 tAm khéi trong hé quy chiéu A. Phudng
trinh (9.9) ia dinh ly truc song song.

Moment quan tinh chinh

Ma tran qudn tinh phu thude viée chon diém quy chiéu va sy dinh
hudng hé toa 4o quy chigu. P61 véi dinh huéng hé quy chigu x4c dinh,
tich quan tinh bi loai trir. Cdc truc toa do déc biét ds duge goi 14 truce
chinh, vd moment quédn tinh titgng Ung la moment qudn tink chink.

Goi 1" 1a ma tran qudn tinh clia vat thé B tai diém O trong hé toa d
A; L_1a tryc chinh di qua gdc O va cing chidu véi u. Theo dinh nghia, u
song song vdi vector moment thit hai cia B theo L. Nghia la:

I9u=3u (9.10)

Phuong trinh (9.10) gém ba phuong trinh thuAn nhat tuyén tinh cé ba
dnu,,u,u,. Didukién tén tai cdc nghiém khéng tdm thudng la:
Io-A Ly, I
I, L,-%» I, |=0 ©.11)
| I I.-%

X zy zz

Do dé, cac tri riéng va cdc vector riéng ciia ma trdn quédn tinh tuong
tng 1a cidc moment quén tinh chinh va céc chiéu trye chinh. Né6i chung,
{ng v6i mbi diém quy chiéu, tén tai it nhat mot tap hop ba tryc quén tinh
chinh vudng géc vdi nhau.

Vi du 9.1: Ma trgn qudn tinh cia ddm chi nhgt. Xét dam chi¥ nhat
¢6 tist dién a X b, va chiédu dai ¢ (Hinh 9.3). Gid sif vat liéu dém la déng
nhét, khoi lugng m = pabe. Céc truc cia hé toa do tdm khéi lugng (Hinh
9.3) thing hang véi cdc truc chinh cta ddm. Tich quan tinh déu bang 0,
ma tran quén tinh téng hep la:

Yc Hinh 9.3. Dam tiét dién chit nhat
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b? +¢2 0 0 «
I§ = ol ° c+a? 0 (9.12)
0 0 a’+h?

béi vai thanh, a va b rit nhé so vdi c. Ma trén qudn tinh tinh gdn
ding la:

.2 100
rg_ﬁ- 010 (9.13)
00 0

Moment khéi lugng

- PhAn nay s& xét moment khéi luong tuyén tinh vA moment khai
lugng géc.

Moment khdi lugng tuyén tinh
Moment khoi ligng tuyén tink cia phén t3 khai lugng p dV tai diém
O, tinh trong hé quy chi&u A (Hinh 9.2), 1a:

dp
d1® = dv
s {9.14)

Moment khéi lugng tuyén tinh toan phin cia vat thé B tai diém O 1a:

d
= Ld—fpdv ©9.15)

Quy chigu véi tAm khéi lugng, vector vi tri p cda phan té khéi hagng
p dV la:
P=P.tr (9.16)

véir =*R _°r 1a vi tri phan t§ khéi hrung ing véi tAm khéi lugng C
dugce tinh trong hé quy chiéu A. Ma trdn quay AR, duge dung dé bién ddi
vector r tir hé toa 46 C dén A.

Thay pt (9.16) vao (9.15):

L pdV + L——pdV (9.17)
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V@i vat rin ¢6 khéi lugng khong ddi, cé thé chimg minh tich phan va
dao ham théi gian & v& phai pt (9.17) ¢6 thé d6i 1an cho nhau. Do d6, theo
dinh nghia tim khéi lugng, dai lugng thit hai & v& phai sé triét tidu.

d
° =?pt9~ fpdV =mv, (9.18)

trong d6, v =dp_/dt 14 van tb¢ tuyén tinh cha tam khoi lugng theo hé
quy chiéu A. Phuong trinh (9.18) ¢6 nghia 1a moment khai lugng tuyén
tinh todn phéan cta vat rén bang moment khéi lugng tuyén tinh cia khai
lugng diém ¢6 khai luong m dit tai tam khoi lugng dé.

Moment khdi lugng géc

Tit Hinh 9.2, ¢6 thé thdy moment kh6i luong géc dh® eha phan td
khéi lugng 9 dV tai didm quy chigu O, hé quy chidu A, duge dinh nghia 12
moment c¢ia moment khéi lugng tuyén tinh tai O:

d _
dn° =(pxd—p] pdV (9.19)
t
Moment khéi lugng géc toan phan cia B tai O la:
o dp
KO = L(p x E?J pdV (9.20)

Thay pt (9.16) vao (9.20):

0 dpc dr
h® = (pc 5 ]LpdV+ L(ran pdV

+ P X [% { rpdV] + {, rpdVv x[ddit“) (9.21)
Hai s6 hang cudi ctia biéu thitc trén bi triét tiéu do déu cé:
[redV =0
Nén moment khdi lugng géc toan phén tai O la:

h® =m(p,x v, )+h" (9.22)
vii:
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he - L(”%) pdV = [ rx{opxr)pdV 9.23)

14 moment khéi ldgng géc cha chuyén dong so véi tdm khai lugng; o
12 van tde goc clia B; v_1a van toc tuyén tinh cha tdm khéi lugng ing véi
hé toa 46 A.

Phuong trinh (9.22) cho biét moment khdi lugng géc toan phan cia B
tai diém géc O bang moment khéi lugng géc cGa khét diém c6 khdi lugng
m dat tai tdm khéi lugng 46, cong v6i moment khai luong géc céa chuyén
dong quay tai tdm khdi lugng dé. Phuong trinh (9.23) ¢6 dang nhu pt
(9.2), tit pt (9.6) suy ra h®:

he =180y (9.24)

v6i 1.° 12 ma tran quan tinh cha B theo tAm khéi lugng C va tinh theo
hé toa dﬁ A . Dé don gian, tam khdi lugng thudng duge ding 1am diém
quy chiéu, do d6 khéng ¢dn ding ky hiéu C.

Bién ddi ma tran quan tinh

Moment khai lugng gée trong pt (9.24) duge tinh theo hé quy chiéu
bat ky. Biéu dién pt (9.24) trong hé quy chiéu A va loai bé ky hiéu C:

Ah=21 e (9.25)

trong dé ky hiéu A biéu thi hé toa dé tinh vector ho#ic ma trdn tuyén
tinh. Bidu dién pt (9.24) trong hé toa do C, tam khéi lugng, vat thé c6 dinh:

Ch="15% 0y (9.26)

trong do, <, 12 van toc géc cha B trong hé toa dd ¢d dinh A va duge
biéu dién trong hé toa d¢ C cda vat thé. Nghia 12, = *R T*@,, v4i *R_
14 ma trdn quay xéc dinh hudng cia C theo A.

Vi h 12 vector, nén ¢6 thé diing bién déi vector sau:

Ah=*Rs°h (9.27)
Thay céc pt (9.25) va (9.26) vao (9.27):

gt op="Rc 13 C0p (9.28)
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Thay *w, = R " *m, vao pt (9.28):
ALg=RoCIgARE (9.29)

Phuong trinh (9.29) bién dé&i ma tran quédn tinh tir hé quy chiéu nay
sang hé quy chidu khéc. Ca hai ma tran qudn tinh déu duge tinh theo tim
khéi lugng C. Céc phén tir cia °I, 14 hang vi ching duge bidu dién trong
hé toa d§ C cda vat thé cf dinh. Tuy nhién, cdc phén ti cda I khéng
phdi l1a hing do ching duge bidu dién trong hé toa d6 cf dinh A va su
dinh huéng cda B theo A c6 thé phu thude théi gian. Sy phy thube cda A1
phat sinh tif ma tran quay *R._.

Poéng nang

Trén Hinh 9.2, déng néng dK clia phéan t6 khéi lugng p dV trong hé toa
5 A la:

dK = évTvpdV (9.30)

véi v 14 van téc cia phén t6 khoi lugng p dV. Béng nidng toan phan
cua B la:

1
K= v vpdV (9.31)

(6 thé biéu dién v theo cdc dai lugng van tdc tuyén tinh cia tdm khai
lugng va van tdc goc ciia vat thé chuyén dong:

vV=v,+tmgxr (9.32)

Thay pt (9.32) vao (3.31):
K= %v?vc [ pdV + (v xwg )? frpav

%mg(;vrx(mg xr) pdV) (9.33)

56 hang thit hai trong pt (9.33) triét tiéu do tuédn theo dinh nghia tam
khéi lugng. Ham tich phdn trong s6 hang thit ba 13 moment khdi lugng
géc cia B tai tAm khdi. Do d6 pt (9.33) trd thanh:

1
K= %v;rmvc + EmgIBmB (9.34)
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Dong néng cha vat rdn B bing déng nang cda khoi luong didm co
khdi lugng m d4t tai tam khéi lugng céng véi dong nang chuyén dong
quay tai tam dé.

Binh luat NEWTON - EULER

Phan nay sé xét cac dinh luat Newton-Euler vé chuyén dong. Dya vao
cdc dinh luat d6, phdn sau sé khai trién phuong phép phan tich dé quy.

biém quy chiéu chung

Gié st tén tai ke foa d¢ qudn tinh ¢6 thé quy chidu cdc dinh luat
Newton-Euler. Trén Hinh 9.4, A(x,y,z) 12 hé toa d4 quan tinh, I1la mo-
ment khai ltugng tuyén tinh clia B tai gée O duge bidu didn trong A, h°1a
moment khéi lugng géc tuong ing, £ va n” 1a hop lue va moment téc
dung lén B tai géc O. DPinh lu4t Newton-Euler ¢6 phuong trinh:

dI®
T .
pry (9.35)
o dn°®
= 9.36
T (8.36)

Céc pt (9.35), (9.36) 1 hai phudng trinh déng luc hoe chuyén dong co
ban. Sy khde biét giita cac phuong trinh déng lue hoe va dong hoc 1a
phuong trinh ddng lye chi 4p dung trong hé toa d6 quan tinh, con phuong

idp

Hinh 9-4. Luc va moment
tac dung Ién vat ran
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trinh déng hoc ¢6 gid tri trong hé toa dé quy chiu bat ky. Trong dng
dung k¥ thuat, hé toa d6 bat k¥ ¢& dinh vdi nén c6 thé xét nhu hé quin
tinh. N6i chung, hé toa do quan tinh, hé toa do cd bdn, hg toa do cd dinh
duge coi 12 nhu nhau. Vector bat ky mé ta trong hé toa dé c6 dinh duge coi
la tuyét d&i, va trong hé toa dd di dong dugce goi la vector tugng déi.

Tam khai lugng 14 dlém quy chiéu

Khi mot diém tuy ¥ dude chon lam diém quy chiéu, sé phiic tap khi
4p dung dinh luat chuyén déng co bdn. Khi tam khéi lugng 1a diém quy
chidu, chuyén déng ciia v4t rdn gém chuyén dong tuyén tinh cha tam
cong véi chuyén dong quay ciia vt thé tai tdm d6.

Tir Hinh 9.4, C 1a tdm khéi lugng cia vat thé B. Truée hét, cdn 4p
dung dinh luat Newton. Thay pt (9.18) vao (9.35):

d(mv, )
fO — L
BT 9.37)
Do vit thé ¢6 khdi lugng khong déi, pt (9.37) duge rit gon thanh:
dv
fO-m—=2
m (9.38)

Phuong trinh (9.38) dugc goi 1a phuong trinh chuyén déng Newton
d6i véi tam khéi lugng.

K& ti€p, xét chuyén dong quay cha vat thé B. Lay vi phén pt (9.22)
theo thoi gian:

@3=d—hi+?n(pcxdv°) . . (9.39)

dt dt dt :

Goi I*'va n° 14 hgp lue v2 moment téc dung tai tdm C (Hinh 9.4):
£0 =€ (9.40)
n® =n®+p xf° (9.41)

Thay cac pt (9.39) va (9.41) vao (9.36):
C

c db +m[ ﬂ.]
at Pc at (9.42)

n® +p xf% =
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Do cdc pt (9.38) va (9.40), c6 thé mit gon pt (3.42):
C
ne _ dh
dt

Do d6 ty suit thay d6i moment khoi hiong goc ctia B tai tam C bang
tdng moment t4c dung tai diém 46.

{9.43)

Pao ham dh®cé thé khai trién thuin tién trong hé toa 4§ C, tam
khéi lugng, vat thé ¢6 dinh do cdc :kanh phin quédn tinh ciia B la hing
trong C. Thay pt (9.26) vao (9.43), bd qua ky hiéu C phia trén, va viét
phuong trinh két qua theo hé toa d6 C:

Ch_ (15 0p)
dt

Chii y vi phén cGa dh® trong pt (9.44) duge 18y dng v6i he toa 46 quin
tinh A. Ap dung pt (4.19) vao (9.44);

(9.44)

Cop x(CI5Cag) (9.45)

Phuong trinh (9.45) duge goi 12 phuong trinh chuyén déng Euler 461
vGt hé toa dé tAm khai lugng.

Phuong trinh chuyén déng Euler con duge viét trong hé toa 46 6
dinh A. Nhén c4 hai v& pt (9.45) v6i R va sir dung cdc ddng thic ‘0, = *R "
A0y va “, = AR T4,

CnICIBC(DB‘i‘

An=(*RcCIzARD A op+2og x[(*RCIg AR ap]  (9.46)
hodc don gidn
An=AT A og+top x(A 1z  0p) (9.47)

Phuong trinh (9.47) duge goi 14 phitong trink chuyén déng Euler dbi
vdi hé toa d6 ¢d dinh khong vat thé, hé toa do dit tic thai tai tam khai
lugng c6 cdce truc song song vdi cdc truc hé toa 46 quéan tinh A. Mic diu
cdc pt (9.45) va (9.47) ¢6 dang tuong tu, nhung khac nhau mét cich co
ban. Cdc phin tit qudn tinh trong pt (9.45) 12 hing, trong khi & pt (9.47)
14 phu thuge thai gian. Do 46, pt (9.45) thutng duge dung thay cho pt
(9.47) d€ tranh nhim )4n,

Trong déng luyc hoc thuin, biét trude hgp luc, can tim chuyén dong
clia vat rdn bang céch 18y tich phén cac phuong trinh vi phén (9.38) va
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(9.45). Trong dong luc hoc ddo, chuyén dong vat rin duge xdc dinh trudc
theo ham thai gian, can tim luc tao ra chuyén déng nay bang cach thay vi
tri, v4n tde, va gia téc cha vat thé vao cdc pt (9.38) va (9.45) hay (9.47).

Truomg hop dae biét: Khi eac true cia hé toa d§ tam khdi lugng tring
hgp véi cde true chinh eda B, pt (9.45) trd thanh:
n, =[,0, -0,0,(,-1,)

n, =l o, -oo, -1

y T Wy
n, =Izz{hz “mxmyuxx _Iyy) (9.48)
trongdo 1,1 .1 lacdc moment quin tinh chinh trong hé toa do

tdm khéi lugng.

Céng thiic NEWTON - EULER dé quy

Phan nay sé gi6i thiéu phuong phép thiét 1ap céng thitc Newton-
Euler dé quy d€ phan tich déng lue hoc co cdu chap hanh néi tiép. Cong
thitc Newton-Euler két h¢p tit cd cdc lue tde dung lén timg khéau cua
cénh tay robot. Do d6, cdc phuong trinh déng luc bao gbm tat cd cde lue
rang bude giita hai khau k& nhau. Céc lye nay rat hitu dung trong viée
tinh kich c& khiu va § truc trong giai doan thiét ké. Phuong phap nay
gdém phép tinh thuan cic van téc va gia téc mdi khau, sau d6 tinh nguge
cdc luc vA moment trong mdi khdp.

Luc va moment tdc dung 1&n kh4u i cda co cdu chdp hanh néi tiép
duge minh hoa trén Hinh 9.5. Cédc ky hiéu sau duge sit dung dé phén tich:

hgp luc tdc dung lén khdu i tirkhau i-1 tai diém O, _,.
£": ldc qudn tinh tdc ddng tai tAm khéi lugng khéu i.

i1 : ma tran quan tinh eia khau i tai tdm khoi lugng, biéu dién
trong hé toa dj khéu i.

n  : moment tdng tac dung 1én khau i tir khau i-1tai diém O, .
n’: moment quan tinh tdc dung tai tAm khoi luong khau i.

p,: vector vi tri diém géc hé toa d§ khéu i theo hé toa d6 khau
cd bin, p.= 00,

p,: vector vi tri tdm khoi lugng khau i theo hé toa d¢ khau co
bén,p_ = O, C,
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*p

Z
711

Khaip i+1
Khép i

Hinh 9-5. Cac luc vA moment tac dung lén khau i.

vector vi tri diém géc hé toa dd khau i theo hé toa do khau
{i-1}, r= OHOi.

vector vi tri tam khéi lugng khau i theo hé toa d khau i,
r =0 C.

van tde tuyén tinh tuyét déi cda goc O,

van tde tuyén tinh tuyét déi cia tam khéi lugng khau i,
gia toc tuyén tinh tuyét dai cia diém gdc O

gia toc tuyén tinh tuyét déi ciia tam kheéi lugng khau i
vector dgn vi trén truc 2,

van tdc géc tuyét ddi cda khau i
gia téc gbc tuyst doi cda khau i
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Tinh toan thuén

Phin nay tinh van téc géce, gia tde gée, van téc tuyé&n tinh, va gia toc
tuyén tinh timg khau theo khau ditng trude. Cdc vén tdc nay c6 thé duge
tinh theo phuong phép dé quy, bat déu tit khau chuyén dong thi nhét va
k&t thie & khau b tdc dong cudi. Khau co bdn thod diéu ki¢n ban dau
VO =‘}D:(’r‘)0 =[b0 =0.

Sy lan truyén van toc géc: Do co cdu cb cu tric ndi tiép, van toc
goc khéu i quan hé véi khau i-11a bang z,, 6; d6i véi khdp quay va bing
zero 461 véi khap liang try, trong d6 z,_, 14 vector don vi trén truc khép
thd'i. Van téc goc khaui la

@, = <Pl +2;,0; khép quay
Yoo, khdp lang tru (9.49)

DPua pt (9.49) vao hé toa d khdu i:

g = {iRi—l(i_lmi—l"'i_lzi-léi khdp quay

Ry e khép lang try (9.50)
trong dé:
CBi Sﬂi )
iRy, =|—ca;88; ca;ch; sa; (9.51)
sa;80;, —soch; coy

va "z =[0,0,1]" 1a vector don vi trén truc khdp i duge tinh trong hé
toa d9 (i-1).

Su lan truyén gia tc géc. Gia t8 goc khéu i duge xdc dinh bing
céch 14y vi phan pt (9.49) theo thai gian:

. Ja‘ai_l +2,,0; +o, x z,_,0, khdp quay

Q; =

R I khdép lang try (9.52)
Dua pt (8.52) vao hé toa do khau i:

i iRi—l(i_l(bi—l+i_lzi—1éi+i_l(’)i—lxi_1zi—lgi)khdp quay
D Flig. inig 9.53)
R, o, khdp lang tru ©.

i—
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Phuong trinh (9.53) 12 cong thite d¢ quy dé tinh gia téc g6c khau i
theo cac dai lugng clia khau (i-1),

Sy lan truyén vén t&c tuy&n tinh. Tit Hinh 9.5, c6 thé thay: (1)
néu khép i 1a khdp quay, khau i khéng tinh tién doe theo truc khép i, (2)
néu khop i 1a khép lang tru, khéu i ¢6 van t6c dai d, doc theo truc khép
1. Do 44, van toc clia O, viét theo cce dai luong 0, la:

v = {vi_l +o; xr) khép quay

b lvia e xr +2,4; khdp lang tru (9.54)
Bua pt (9.54) vao hé toa d6 khéu i:
i LR ER ARPAEIS khép quay

Vi = i-1 i1 i (9.55)

Ri—].( Vi_1+ zi_ldi)+ (l)iX ri kl‘ldp léng trl.]
trong dé:
a;
1 =\ d;sa; (9.56)
dicai

Vector 'r, 1a hang déi voi khép quay va 1a bign d6i v6i khép lang tru.
Phuong trinh (9.55) la cong thie dé qui d€ tinh van t&c tuyén tinh diém
goc khau i theo khau i-1.

Sy lan truyén gia t8c tuy&n tinh. Gia téc tuyén tinh diém goc 0,
cia hé toa d9 i duge tinh bing cdch 14y vi phan pt (9.54) theo thai gian:
Vi + 0 xr +0; x (@, xT1;) khdép quay
Vi=4¥ig+ Zi—-lai + ooy X Ty
+oy x () x1;) + 20; x(z;_;d;) khép lang tru  (9.57)
Dua pt (9.57) vao hé toa do khau i:
iRi-lH"’i--l’*i")i"if’i’fimi X(imixiri} khdp quay
Vi =1 R (704 d e
+o; x(ox'r) +2 0, xR, 'z, d, khép lang tru (9.58)

Phuong trinh (9.58) 14 céng thie dé quy dé tinh gia téc tuyén tinh
khau i theo cac dai lugng khau (i-1).
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Gia t6c tuy€&n tinh ciia tadm khéi lugng. Gia te tuyén tinh cia
tam khéi luong duge tinh theo:
1= v oy g+ oy x( 0y g ) (9.59)
Gia t&c trong Iyc. Gia tdc trong lue duge tinh tit hé toa d¢ khéu (-
1) vao hé toa 26 khau i nhu sau:
ig='R,, g (9.60)
Tinh toan ngugc
Sau khi tim dude vAn t8c va gia toe cac khau, c6 thé tinh cdc luc khép
1an lugt timg khau bt ddu tit khau b tac dong cudi dén khau co ban.
Trude hét, can 4p dung cdc pt (9.38), (9.39) d€ tinh lyc quan tinh va
moment quan tinh tde dung tai tdm khoi lugng khéu it
= -m;' vy (9.61)

[

ni E—ilii(i)i_imi X{iIiiﬂ)i) (962}
K& ti&p, vibt cac phuong trinh can bing lyc va moment tai tam khéi
lugng khau i. Tir Hinh 9.5, ¢6 thé thay:
- i rm g =0 (9.63)
'niving g “nyy; —{iri+irci )Xifi.i—l+ircixifi+1,i =0 (9.64)

Viét cdc pt (9.63), {9.64) dudi dang dé quy:
ifi.i—l:ifirl.i_miig_ifi’ (9.65)

i i i i i i i -
PIES VIR 4 G rRa L FR IR P flai-my (9.66)

Sau khi tinh moment va phan lue trong hé toa do khau i, ching duge
bién déi vao hé toa 4o khau (i-1) theo phép bién doi sau:
S =TTR (9.67)

R 'R;'n;; (9.68)

Cée phuong trinh tif (9.65) 4én (9.68) dugc diing dé tim'f _ va'n_,
bat d4u tit khau bo téac dong cubi. P61 véi khau bo tac dong cudi, °f,,, va
°n__, . 1a lyc va moment ngd ra by tc dong cudi cho trude.
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Phuong trinh moment ngau lyc khdp

Moment hodc luc bf tdc dong T xudt hién khi quy chiéu lyc rang bude
18n cde truc khdp eda chiing; nghia la:

B i"ln;l:i_li'lzi_, khdp quay
VUMY 'z, khép lang tru (9.69)

N&u ¢6 luc dinh nhét trong c4c khép, moment hodc life bo tac dong
dugre tinh nhu sau;

“Infi Uz + b6, khop quay
T 01,T a1 ; ’
fi,17 2, +b,d, khdp lang tru (9.70)

trong dé, b, 1a hé s& gidm chan d6i véi khép i.

Véi van téc khép va gia toc khép da cho, van tée va gia téc cédc khau
dugce tinh theo cac luc rang bufe. Van téc va gia t6c tie thi cta khau i
duge tinh tif khau (i-1) theo cde pt (9.50), (9.53), (9.58), va (9.59). Quy
trinh bat diu tir khau chuyén déng thit nhat va két thie ¢ khau bo tac
dong cudi. Khi tim dugc vén t6c va gia tic cde khau, phan lye giita hai
khau lién tiép duge gidi baing qui trinh nguge. P6 1a luc rang bube tai
khép i duge tinh tir lue rang budc khép (i+1) trong pt (9.65) va (9.66), qui
trinh bt ddu véi khau bé tac déng cudi va két thic tai khau chuyén déng
thit nhat.

Vidu 9.2: Bong lyc hoc Newton-Euler ciia co cdy chdp hank phdng
2 bc ty do. Xét co cau chap hanh phing 2 bac ty do (Hinh 6.4). Ma tran
bién déi D-H la;

cd; -88;, 0 acH, cO; -s8, 0 a,ch,
9 s8; B, 0 aps6 | 88y ¢y O a,s6,
Ay = s A=
0 6 1 0 0 0 1 0 |87

0 0 0 1 0 1] 0 1
Gid s cdc khau ddng nhét, ¢6 thé tinh:

ai —a;!Z
‘=10 va ‘r,= 0 voii=1,2 (9.72)
0 0
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Né&u hai khau 1a dim tiét dién vuéng tuong déi nhé, ma trdn quén
tinh khau i trong hé toa 46 tAm khai lugng la:

, [0 00
i1i=m1i;i =10 10 véi i=1,2
001

Gia st gia tdc trong luc cé chiéu -y, °g =(0,-g,,0I". C6 thé d4p dung
phuong phap Newton-Euler 48 tinh van t6c va gia toc khau, sau d6 tinh
luc vA moment.

{a) Tinh thugn (i=1,2). Trude hét cdn tinh van téc va gia téc khau 1.
Thay céc didu kién ban déu°® = vy = %= *¥, = 0 vao cac pt (9.50),
(9.53), (9.58), (9.59):

0
1031: 0

[6: ]

1(:91 = 0

-2
1 . a .
Ve =—‘2,1 0,
0

Gia tdc trong luc duge xét trong hé toa 49 khau thd nh4t 1a:

1 g:IRuog = [— g.50, —g.00; O]T

K& tigp, cdn tinh van téc va gia t&c khau 2. Thay vén téc va gia toc
khau 1 vao cac pt (3.50), (9.53), (9.58), (9.59):
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0
20)2: 0
_91+é2.1
P
2hp=| 0O

_él+i§2d

vy =| a, (é1c82 ~1-E‘lfsf32)+az(é1 +§2)

I 0 |

L . 1 .
[31(91592 ‘9%092)‘532(91 +6,)°

V% = a] (61092 +éf392}+_;'ag{é] +62)
0

Gia t6c trong luc trong hé toa 4 khau thit hai 13

2g=2R1lg=[*gc5912 - g ety O]T

(b) Tinh ngugc (i=2,1) : Trude hét can tinh Iue tac dung lén khau 2 rbi
dén khau 1. Gia st khéng ¢6 ngoai lue tac dung, thay *f =2 n, =0 cing
v6i van tc va gia t6c khau 2 da tinh trong phép tinh thuin & trén vao cc
pt (9.61), (9.62), (9.65), (9.66) v6i i=2, s& duge:

{31(81592 - 9?092 ) —Eaz(ell + 92)2

*f, = -m, a,(6,ch, +9f392)+%a2('91 +8,)

0
0
2
2_ . mlzgz 0
é]_ +§2
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.
.. . 1 .
a,(0;39; —9%092)—532(91 +6,)% +8.50;2

2fy, =my| a,(8c0y +8f592)+~2-ﬂz(91 +0)+ 8002
0

0
0
1

2

N,y =I
1 2 9 = - 1 . ta 1
gmzaz(el +92}+§m2a132(91c92 +61592)+§m2gc320912

Thay luc va moment khau 2 néu trén cing vdi van toc va gia tée khau
1 vao cdc pt (9.61), (9.62), (9.65), (9.66) vdi i=1, va sir dung cédc pt (9.67),

(9.68) sé duoc:

—6? ]
8y
0

ma,
2

.
1f1 - -

0]
mla%

12

1

*
1:

6, |
( o 1 a2 1 e ]
my| —a,9] ---Z—ag(ﬁ)1 +085) c92—§a2(91 +08,)80, + .30,

1 .9
+m1[—§alel +gcsel)
X .1 . . 1 . .
fio=] my a191-§a2(91+92) 382+Ea2(91+92)c92 +g.c8,

1 .
+ ml[Ealﬁl + gccﬁl}

0 -
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0
1 [-l—mlaf+lmza§+m2af+m2ala2c92]§1
Nyo= 3 3
1 1 . . 1.
+(§m2ag +—2-11123.1‘2:2(:82)92 —m2a132392[9192 +—§9§J

1o 1
+ Emlgc31°91 +myg.a,ct +‘2"m2gc32°912

(¢) Tinh moment khdp. Cubi ciing, 4p dung pt (9.69) d€ tinh moment
khdp can thiét, két qud 12 hai phuong trinh déng lyc sau:

T = H%ml +m2]af +mya,a,ch, +%m2a§]§1
1 1 2 ) .. 1 2
+ —2—1112&1&2(:92 +§m232 92 ‘—m23132592 9182 +‘§B2

+g{(%m1 +m2]a1091+%m232c912} (9.73)

Ty = [%mgalagcez +%m2a%)§1 +%m2a§§2

+—;—m231a25029f +%m2gcagc612 (9.74)

Phuong trinh ddng lue hoe khdp thit hai don gidn hon khép tha nhat.
Cac higu ing dong luc hoc, bao gém két ndi van téc ly tam va luc Coriolis,
va cac hiéu ung trong luc duge néu ro trong vi du nay. C6 thé thdy tir cdc
pt (9.73), (9.74), md hinh dong lyc tuong d6i phiic tap ngay ca déi vdi co
c&u chdp hanh don gidn 2 bac tif do. Si dung phuong phép dé quy New-
ton-Euler con tim duge tat ¢a cdc phan lve khép.

Cong thdc LAGRANGE

Phuong trinh chuyén déng Newton-Euler chita tat ca cdc lye rang
budc giita hai khéu lién ti€p 1a c4c bign. D& c6 phuong trinh dang kin, cin
khif cdc lye rang bude nay biing phép todn bd sung. Mat khac, phuong
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phap Lagrange thiét lap cdc phuong trinh chuyén dong béang cich si
dung tédp hop cac toa dé téng quat hoa. Phan nay st dung cac ky hiéu sau:

G: vector trong luc

I.: ma tran quan tinh khau i tai tam khai lugng, bidu dién
trong hé toa d§ khiu co ban

d. 1 ma tridn Jacobi khaui

ma tran con Jacobi lién hé véi van téc tuyén tinh cGa tam
khéi luong khau i

J®.: ma tran con Jacobi lién hé véi vector van tée gbc cia khau i
K: dong ning cia hé théng co hoc.
L: ham Lagrange, L. = K-U
M: ma trin quén tinh efia ¢o cdu chdp hanh.
M. : phén tif (ij) cia M. *
n: s6 lugng toa df téng quat.

kp* . vector vi tri tAm khoi lugng khau i theo hé toa do khau k va
duge tinh trong hé toa dd d& ed dinh.

lue tdc dung téng quat hod Ung vdi toa dd tdng quat thii.
vector luc téng quédt héa, @ = {Q,Q,...,.Q]"

Q,
Q
q,: toa dd téng quat hod thai
q: vector cdc toa do tong quit, q = [q,, q, ..., q ]
U: thé& nang cia hé théng co hoc.
V. vector ghép néi van thc.
OW: cong do.

Ham Lagrange duge dinh nghia 1a hidu giita dong nang va thé ning
ciia hé théng co hoc:

L=K-U (9.75)

Chi ¢, d9ng nang phu thudc vao cd vi tri va van tde cdc khau trong hé
thong co cdu chap hanh, trong khi thé€ niang chi phu thue vi tri cac khau.
Phuong trinh chuyén déng Lagrange dugce tinh theo ham Lagrange:
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LT AN
dt aq} - ._ L . 1= ]_, 2,..‘, 11. (9-76}

Sau day sé dinh nghia toa 46 téng quat, thiét 1ap cac bidu thic thé
nédng, djng nang, va luc tdng qudt cla co cdu chap hanh robot.

Toa dd tdng quat héa

Nhiéu life rang buge hién dién trong hé théng co hoc. Rang bude dong
hoc tao ra mot s6 diéu kién déi véi chuyén déng tusng di giira cap vat
thé. C4 1& eac rang buge phé bién 1a loai do cée khép ndi nhiéu khau tao
ra trong hé théng co hoc.

Sy rang bude duge chia lam 2 loai; holonom va nonholonom. Rang
bucé fichg hat holonom khi diéu kién rang bude duge bidu dién bing
phuong trinh dai 54 theo toa ¢, theo thai gian, va ¢6 dang:

FXpy Xgponny £ ©.77)

trong d6, x 1a toa 46 mét hat hodc vat thé. Sy rang bude dong hoe
khéng thé dién td theo dang trén, 1 nonholonom. Phuong trinh ring
buée duge tinh theo dang hinh hoc ciia khép. Vi du, sy rang bude d5i véi
khap cau ¢6 thé xdc dinh theo vector vi trf tim cdu cia mét vat thé ludn
ludn bang vector vi tri ea & cdu bao kin khdi cdu. Do d6 rang bude khdp
cdu 12 holonom. Tuong tu, cdc rang bube cia khdp quay, khép try, khup
lang tru cling la holonom.

Cau hinh hé théng co hoc duge biét ddy di néu bidt vi tri va huéng
cla tat ca cac vat thé cha hé thong theo hé quy chidu. Do vAt rin c6 6 bac
ty do, hé thong co hoe c6 m vat thé chuyén déng cdn 6m toa do dé& xdc
dinh cdu hinh mét cach day dd trong khong gian 3 chidu. Trong hé thong
co hoc, chéng han c4nh tay robot, cdc vat thé nay thutmg 1a cdc 461 tuong
chiu rang bubc co hoc tif cde khép. Do dé, 6m toa dé khéng con déc lap
vdi nhau. Hau hét cac rang bude trong hé théng co hoe déu 1a holonom.
Néu ton tai ¢ rang buge holonom, ¢6 thé sif dung céc rang bude nay dé
loai bé ¢ trong s6 6m toa dg, cdn lai n = 6m - ¢ toa d6 déc lap va he théng
duge goi 1a n-bic ty do. Sy loai bé cédc toa do phu thude ciing c6 thé duge
thyc hién bing cdch sit dung n bién dde 1ap méi, ching han T TR
sa0 cho 6m toa dd c6 thé dugc bidu thi theo n bign d6. Cac bién doc lap
méi duge goi la cdc toa df tong qudt héa. S8 lugng céc bién téng quat hoa
doc 1ap béng s6 bac tuf do ciia hé ¢o hoc nhidu vat thé. Déi véi he co hec
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cho trude, cdc toa do téng qudt héa cé thé duge dinh nghia theo nhiéu
cach.

Phuong trinh chuyén dong Lagrange duge thiét lap theo tdp hop cac
toa d6 tong quat doc 14p va cdc lue t8ng qudt, duge goi 14 phuong trinh
Lagrange loai hai. Sit dung cong thic loai hai, tat cd cdc lue rang bude
trong cac khép khéng xuit hién trong phueng trinh, va s6 phuong trinh
bang s bac ty do. Trong viée thiét lap cdc phuong trinh chuyén déng,
déi khi s& thuan tién hon néu ding nhiéu toa dé hon s béc tu do. Vdi
tinh huéng nay, toa do la khong dgc 14p va hé phuong trinh chuyén déng
phai gidi theo tdp hgp phuong trinh rang bujce, vi dy, phuong phdp s¢
nhén Lagrange. T4p hop cde toa d§ khong doc lap duge goi 1a toa 44
Lagrange du thita. Phuong trinh chuyén dang st dung tap hop toa do
Lagrange du thira duge goi 13 phuong trinh Lagrange loai mét. Cong thic
loai mdt chita mt s6 lue rang budce chua biét, 46 1a c4c s6 nhan Lagrange.

Phuong trinh Lagrange loai mét 4p dung duge cho hé théng co hoc
cdc rang budc holonom hodc nonholonom. Phuong trinh rang budc va
cdc dao ham bac nhat, bac hai cda phuong trinh nay phai gén lién vdi
phuong trinh chuyén dong dé cé s6 lugng phuong trinh bing sé lugng 4n
80. Phuong trinh Lagrange loai mét phit hgp v6i m6 hinh déng lvc co cdu
chap hanh song song, c6 nhiéu rang bude déng hoe do c¢é nhidu vong kin.

Maice di phugng trinh Lagrange loai hai chi 4p dung cho hé théng co
hoc ¢6 rang bude holonom, nhung phi hgp véi mé hinh déng luc ¢ cdu
chap hanh néi tiép, do s6 khép bing sb béc tu do. Do dé. cdc bién khdp
q =(q,, q,,...,q,]" tac thanh tip hgp cdc toa d§ téng quéat doc lap. Méi
phan ti cda q 14 goc khdp ciia khdp quay hoiic khoang tinh tién cia khdp
tang tru. Toa dd tong quat g khdng can ¢6 thi nguyén chiéu dai, va luc
téng quét tuong ding Q,, khong cdn ¢é thit nguyén luc, nhung tich QTq.
luén ludén ¢6 thit nguyén eng.

Péng nang
Xét dong nang khau (Hinh 9.5), 4p dung pt (9.34), déng ning khéu i
cé dang:

K= %chimivci "'%‘J)?Iimi 9.78)

Céc vector v4n téc v ma tran qudn tinh trong pt (9.78) c6 thé duce
biéu dién trong hé quy chiu bat k¥. Goi I 14 ma trin quan tinh khau i
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theo tAm khaoi luong, trong hé toa dé co ban; 1.]1a ma tran quén tinh
khau i theo tim khéi lugng, trong hé toa do khau i. Tr pt (9.29}

L="R,I,(° R-) (9.79)

Chu ¥, 'I.bat bién v6i thoi gian, nhung 1 . phu thude vao tu thé eanh
tay robot vi duac biéu dién trong hé toa d6 co ban va su dinh hudng khéu
1trong hé toa d6 co bdn la ham cla cdc bién khdp.

Vin toe tAm khoi lugng va van tde goc khau i duge tinh bing phuong
phép dé quy da xét & phén trude. Cde dai luung nay cang cé thé duge xde
dinh bing cach dp dung Ij thuyét chuyén dong quay vit tde thai. Chiing
duge thiét lap theo dang ma tran:

x;=J.G (9.80)
trong dé

. J..
Xci :|::::1] va Ji =|:J::J

J,14 ma trdn 6Xn, quy chidu cdc ty sudt van tdc khdp titc thoi theo
vén tdc tam khdi lugng tide thei va van tdc gée khau i; d_vaJw, lahai ma
trdn con 3Xn cia J,. J, duge goi 1a ma tran Jacobi khau, va d,d®1ama
tran con Jacobi khau.

Goi J' va J' 0, 1a cAc vector ¢t thitj ctia I, va J, . Ap dung 1y thuyét
chuyén dong quay vit tic thoi véij <i;

Ji = Zi xi™! p:i khdp quay
Tz khdp lang tru (9.81)

3oz khép quay
'7 10 khép lang tru (9.82)

trong dé+'p”_la vector vi tri xdc dinh tit diém géc ciia hé toa dg khau
j-1dén tam khai lugng khéu i va duge tinh trong hé toa dd khau cd ban.
Chay, ', va Jiw, la ty suit bién déi cuc bo van t6c tam khéi lugng va van
toc goc khau i tueng ung véi chuyén dong khau j. Do chuyén dong khau i
chi phu thuge vao ede khép tir 1 dén khdp i, nén khi j »i, hai vector ¢6t

34]



néu trén bang zero. Hon niva, do ¢4 hai z, va M déu phu thudc vao q,
nén ma tran con J  va Jo 1a doc 1ap véi cdu hinh. Do d6, ¢4 thé viét:

Ty =92 3 00.0] (9.83)

Vl‘ viY

Joi =% 9%,05.00,...0| (9.84)
Thay pt (3.80) vao (9.78), va cong qua tat ca cac khau, s& duge bidu
thiic déng nang caa hé théng:

T

K= Z(vrlm A\ +mTIm)

l\:l|r—' N.‘lr—n

i[(Jvinmi{Jvm+(Jwiq)TIiuwm]

i-1

- 2 {Z{JTm Ju +Jw111Jw,:| (9.85)
D& don gian, ¢6 thé dinh nghia ma trén qudn tinh co cdu chdp hanh

nxn la:
M= Z(JTm I + I Lid i) (9.86)

Theo 46, téng ddng ning toan phén ciia cdnh tay robot duge xdc dinh
theo ma tran quan tinh va vector cédc ty suat khép:

1.1y
K- EqTMq (9.87)

Chi ¥, ma tran quan tinh co cau chap hanh M xdc dinh trong pt (9.86)
gbm cdc ma tran con Jacobi khau J, va J@ , phu thube cdu hinh. Tuong ty
ma tran quén tinh cia vat rin, ma trén quan tinh cd cdu chip hanh la ma
tran déi xuing xde dinh duong. Dang toan phuong cia phuong trinh nay
cho biét dong ning luén ludn duong trir khi hé théng ngung hoat déng.
Thé&nang

Thé& nang trong khau i cda cdnh tay robot 1 lugng cong cin thigt dé
néng tam khai lugng khéu i tir mit phing quy chiéu ngang dén vi tri hién
tai duéi anh hudng trong lue. Vdi quy chiéu theo hé toa d§ quan tinh,
céng cdn thiét d€ dich chuyén khiu i d8n vi tri p_, 12 —m, g'p, . Do d6
thé& ndang toan phan trong canh tay robot la:
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~ymigpy (9.88)

i=1

Luc téng quat hoa

Phan nay xét cac thanh phdn trong vector huc téng quat héa. Ngoai
trong lyc va luc quan tinh, cdc lue téng quat bao gdm tat cd cac luc téc
dung lén canh tay robot phi hgp cac ring budc ¢ hoc. Vector lue téng
quit @ =[Q,.Q,...., Q" dugc xdc dinh theo nguyén Iy cong do:

sW=QT5q {9.89)

Trude hét sé xét trudng hgp cde b tdc dong tde dung luc hodic mo-
ment tai cdc khép, ngoai luc va moment tdc dung vao bé tac ddng cudi.
Goi T=[1,,...,T_1" 14 vector cdc moment khdp n chiéu do bj tdc dong tao
rava F =[{T, n "I" la vector 6 chiéu biéu thi hgp lyc va moment téc dung
tai bg tac dong cudi. Coéng do tao thanh do cic lye va moment nay la:

W =175q +Flx (9.90)

trong d6, 6x 1a vector d¢ dich chuyén 4o 6 chidu clia bj tdc déng cudi.
Thay quan hé 8x = J8q vao pt (9.90}, va két qui cong a0 duge cin biing
vai pt (9.89), sé duge vector lite tdng quéat:

Q=t+J7F, ©.91)

Thanh phan ma s&t trong vector luc téng quat ciing duge thiét 14p
cdng thic. Lyc ma sat la hién tugng phi tuyén tinh, khé 14p mé hinh
chinh xac, 4nh huéng ddng k& 61 véi dong hoc hé théng. Trong & truc
dugc bdi tron bang ddu mé, c6 4 ché 46 bbi tron: ma s4t tinh, béi tron
bién, béi tron chat 16ng cuc bd, va béi tron chat 1ong toan phin. Trong
ché do thit tu, luc ma sat ti 18 v6i vén toe tuong ddi giita cac vat thé tiép
xuc, va ¢6 biéu thiic: -b, q,. Cong 4o cla loai ma s4t nay la:

W = —fTsq {9.92)

trong d6, f, =[b,d;.bsqs,....b,q,]" 12 moment hosc luc ma sat trong
cac khép va dau trit bidu thi chiéu nguge vdi van tée khdap. Vector luc
téng qudt c6 tinh dén loai ma sat nay la:

Q=1+J"F, -1, (9.93)
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Chi ¥, néu khéng c6 lyc ma sdt va ngoai luc, vector luc tdng qudt va
vector moment khdp la tuong duong (nghia la @ = T). Trong trudmg hop
nay, cic thanh phén ciia vector lue téng quat 14 céc lic bd tde dong dai véi
khép ling tru va moment déi v6i khdp quay.

Dang téng quat céc phudng trinh déng lyc

D& thiét 1ap cong thic cdc phuong trinh dong lue cho co ciu chap
hanh ndi ti&p, cdn thay céc pt (9.87), (9.88) vao {9.75), & duge bidu thuic
ham Lagrange:

L“—qTMq+ Zmlg Pei (9.94)

K& tiép, 14y vi phan ham Lagrang theo q,, §; , va t d§ cé cdc phuong
trinh déng lue chuyén dong PE dé 1ay dao ham, can khai trién déng
nang thanh téng vé hudéng. Goi M, la phén tir (i,j) clia ma tran quén tinh
¢t ciu chap hanh M; pt (9.94) tré thanh

L= Z ZMuq q;+ im i& P (9.95)

1 1j=1
Do thé ning khéng phy thude g, , can 14y dao ham riéng pt (9.95)
theo i}i:

aq, le : (9.96)

Liy dao ham pt (9.96) thee thai gian:

d
sl a3

L&y dao ham riéng pt (9.95) theo q,:
a 13 {

] _ZMquJ+Z Z qkqj (9 973

=1k=1¢

R DALY qk}Zm 8 (;’;‘*} 998)

Cha ¥, dao ham riéng cha p_ theo q, bing vector ¢t thd i cda ma
trdn con Jacobi khau J , do d6 pt (9.98) trd thanh:

4,4y + ZmJgTJLJ- (9.99)
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Thay cac pt (9.97), (9.99) vao (9.76), sé dudc cdc phuong trinh déng
luc cia chuyén déng:

iMUqJ +Vi +Gi = Qi R vdiil= ]_, 2,_", It. (9100)
j=1
trong do:
n oM, 1am.k'1_ _
Vi= e
lekzl[ dqy, 2 oq; j* (9.101)
o T i
2mie (9.102)

=1

86 hang thi nhat trong pt (9.100) 14 lue quén tinh, s8 hang th hai 1a
lue Iy tdm va luc Coriolis, s0 hang thi ba 12 tac dung cia trong luc, tir do,
n phuong trinh v6 hudng (9.100) dugc viét theo dang ma tran:

Mi+V+G=Q (9.103)
trong &6 V=(V,, ., VT, G=[G,,... G I, vaQ=(Q,... Q]

Phuong trinh (9.103) 1a dang tdng qudt cita cde phuong trinh dong lue
hoc. Vector V la vector ghép néi vén téc. Vector G 1a vector cde trong lue,
Cé hai loai ghép ndi vén téc gia cae khdp. Céac dai luong binh phuong van
tde 14 fuc ly tam, va tich van téc 1a lue Coriolis. Ma tran quan tinh co cau
chdp hanh M 13 461 xing va xdc dinh duong, nén c6 thé nghich déo. Céc
dai lugng ngoai dudng chéo cta M 14 téc dung ghép gia téc giita cde khdp.

Vidu 9.3: Béng luc hoc Lagrange cia co cdu chip hanh phdng 2 béc
it do. Tmng vi du nay s& thidt lap cac phuong trinh chuyén dong Lagrange
ciia co cdu chap hanh phing 2 bac ty do (Hinh 6.4). Céce truc toa do khau
thdng hang vdi cde truc chinh cia timg khau. Hai ma tran bién dgi D-H
dugc xAc dinh tif pt (9.71). Tém khéi lugng khau i, biéu dién theo hé toa
d¢ khau i, duge xdc dinh tir pt (9.72). Cho 0, va 0,13 tap.hgp hai toa do
téng quat ddc lap. Can tinh cdc ma trin qudn tinh khau, ma trin Jacobi
khau, trong luc, va phuong trinh chuyén dong Lagrange.

(@} Ma tr@n qudn tinh khau. Gia sd cdc khau chuyén dong 1a thudn
nhdt ¢6 tiét dién nhé. Ma tran quan tinh khau i tai tAm khéi lugng duge
tinh theo hé toa 0 khiu i la:
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) 0 00
I, =—m;a%(0 1 0 véii=1,2  (9.104)
0 01
Cdc ma tran qudn tinh khau 1 va 2 tai tim khéi lugng tinh theo hé
toa d§ co ban duge xac dinh bing cdch thay pt (9.104) v6i i=1,2 va0 {(9.79):

s?0, —sbcd, 0
I, :%mlaf s8¢0, <%, O (9.105)
0 0 1
f s20,, —50,,c8;,; 0
I, :%mza% 50,08, ¢, O (9.106)
0 0o 1

(bi Ma trén Jacobi khdu. Vector vi tri tdm khoi lugng khéu 1 va 2 ing
vdi cde hé toa 49 khiu, duge tinh trong hé toa 46 co ban la:

(1
=ach
5 21091

(9.107)

" 1
®fy = 7 2158

(9.108)

1 *
Pez =| — 9809

1
a,ctd, +—ach
I A
{9.109)

* 1
Upcz =| a8 +'2‘325912
0
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Ma tran con jacobi khau J va J®, duge tinh bing cach thay cde pt
(9.107) d&n (9.109) viao {(9.83) va (9.84):

1
~—a,88, 0
12 a5ty
Jo = Ealcel 0 (9.110)
0 0
[0 0
J,=|0 0 (9.111)
(1 0
i 1 1
J,a= alcEilJr-%-azc{]lz —;azcgw
0 0 J (9.112)
[0 0
du2=|0 0 (9.113)
_1 1

(c) Ma trégn qudn tinh cocdu chci’p.hdnh.Ma tran nay duge tinh bing
cdch thay cdce pt (9.105), (9.106), va (9.110) d&n (9.113) vao (3.86):

M= J’\l:lml']vl +J$111Jml +J32m2Jv2 +J$212Jm2

1 1 1
~m,a? +m,(a? +8,85¢0, +—a3) my(—a,a,c8, +la§)
=|3 3 2 37 0114
1 0 1 2) 1 3 :
my{—a,8,c0y +—a; —mya;
2{2 182602 + a3 g M2
{d) Vector ghép néi van téc. Lay cac dao ham riéng clia ma tran quén

tinh co ¢du chap hanh, pt (9.114), theo 8 phi hop véi pt (9.101):

2 2(aM,;, 1M,
Vit Z[}#‘E )
k=1, 90y 08,

.. .. 1-
}ejﬁk = —mzalazsez[[}l[}z +§8§](9.115}

347



B 2 2(8M2] 1 ank

.1 Yy
%, 2 o9, Jﬁjﬂk =Em2313259291 (9.116)

(e) Vector trong lue. Trong luc duge tinh bang cich thay cac pt (9.110),
(9.112) vao {9.102):

1 1
G, = Emlgcalc{]l +myg.aco, +§m2gc32°912 {9.117)

1
G, =§m2gca20912 {9.118)

(f Phutong trinh chuyén dong Lagrange. Gia sit khong ¢6 ngoai luc
A1 véi bb tac déng cudi vA ma sdt khdp khong dang ké, vector moment
khdp va vector luc tong quat 1a tiong duong. Phuong trinh chuyé&n dong
Lagrange dugc tinh bang cdch thay cdc pt (9.114) dén (9.118) vao (9.100),
K&t qud 1a hai phuong trinh chuyén dong déng lyc:

. 1 i
T = [[%ml +m2)af +moajagchs +§m2a%}91

1 1 . .. .
+[§mgalazcﬁ2+§m2a§]92 —mzalazsﬁg(ﬁlﬁg +%B§]

+gc[(%ml+m2]alc91 +%m232c812} {9.119)

: 1 . 1 L1 .
Ty :(amzalazcﬁg +%m2a§]91 +§mza§82 +Em231325829f

+%m2g6320612 {9120]

C6 thé nhan duge phuong trinh tuong tu khi sit dung cdng thic New-
ton-Euler. Sit dung phuong phdp Lagrange, luc rang bugc khéng xudt
hién trong phuong trinh chuyén dong.

Vi du 9.4: Bong luc hoc Lagrange cua tay mdy SCARA. Tay may
SCARA ¢6 bén truc khdp song song. Hai khép dau va khép thi v la
khép quay, khép thi ba 1a khdp lang tru. D& don gian, xét chuyén déng
cua ba khau di déng va t6 hop khéi lugng khau thit tu véi tdi. Theo do,
vdn dé sé trd thanh bai todn thuin vi tri. Hinh 9.6 minh hoa s¢ do
nguyén ly véi ba khdu chuyén dong, trong do truc toa do ting hé toa 46
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A a, Ik ag
] - e e ==
= wlde 0T
=
l__l._
=y

+ Hinh 9-6. Sg dé
g tay may SCAFIA.

khau thang hang véi truc chinh cta khau. Céc thong s6 D-H dugc néu
trong Bang 2.2, va ma tran bién d6i D-H theo cdc pt (2.9) dén (2.11).

Gia su tat ca cdc khau dong nhat c6 tiét dién nhé. Céc vector vi tri
tam khoi lugng la:

! Pe1 = [—31 52,0,011‘

’ Pe2 = [_ ay/ 2‘0,0]T

3pc3 ¥3 [0’0’_f;2]T

trong do, ¢ 1a chiéu dai khau thi ba. Pat 0., 6,, vad,la tap hgp toa
do tong quat doc lap, cAn tim ma tran quan tmh khéau, ma tran Jacobi
khau, trong lyc khau, va thay ching vao pt (9.100) dé cé phuong trinh
chuyén dong Lagrange.
(a) Ma trgn quan tinh khdu. C4c ma trin quan tinh theo cac tam khéi
lugng timg khéu, dugc tinh theo hé toa d6 khéu tuong ing ciia ching la:
" 000
'L =T§mlaf 010 (9.121)
0 01
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00 0
I, =—myail0 1 0 (9.122)
00 1
100
315_Tlgmgf2 010 (9.123)
00 0

C4c ma tran quan tinh khéu tai cdc tAm khdi lugng khéau tinh trong
hé toa db co ban diuge xdc dinh biing cach thay céc pt (9.121) dén (9.123)
cling voi cdc ma tran quay cia ching vao (9.79):

570, —sB;ch, O

1 .
I, :Emlaf —s0,c0, c6; O (9.124)
0 0 1
1 52912 - 59120912 0
. 0 0 1
. 1 00
Igzﬁmaﬂ 010 (9.126)
000

(b) Ma trén Jacobi khdu. Cdc vector vi tri tdm khéi lugng cua khéu
1,2, va 3 trong cac hé toa d6 khau duge biéu dién theo hé toa do khau co
bén la:

—;—a 1C91
o _|1
Po1 = Ealsﬂl (9.127)
4
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’7%32(:912
L] ].
lpcz = ‘2—325912
0
1
a;cd +—2—a2c912
L] 1
OPCQ ={a,sb) +5325912
d,
L
r
0
21323 = 01
dy——#
2
-
agch),
IF’;s =1 8,80,
—dy +lf
t 2
2,08) +a,c0,,
OP:3 =|a;80; +a,80,,
1

(9.128)

{9.129)

(9.130)

(9.131)

(9.132)

Cac ma tran con Jacobi khau, dJ,,vd JO, duge xdc dinh biing cach

thay cac phuong trinh trén vao pt (9.83) va (9.84):

1
-——a;s8, 0 0
3 15Y

o

1
vl — ‘Ealcel 0 0

0 00

(9.133)
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0 06 0
Ja=/0 00 (9.134}
11 00
i 1 1
—a,50, —5325912 ——2—325812 0
1 1
d,2=| a,c0 +§a20912 5320912 0 (9.135)
0 0 0
[0 00
Jpo=|0 0 0 (9.136)
110
—a,80, —a,86,y, —aysl;; O
J‘,a = alcgl +azC912 8.2(:912 0 (9.137}
0 -1
0 0 O
J,s=10 0 0 {9.138)
1 1 0

(¢) Ma tran qudn tinh co cdu chdp hanh. Ma trén nay duge xac dinh
bing cach thay cac pt (9.124) dén (9.126) va (9.133) dén (9.138) vao (9.86):

M = J5m,dy, +Jahdo + ITamad s + Toaladop + Thamad 5 + Toalsd o

2 1, 1 1,
-;_a? 0 0 a1+ala2c92+2a2 2a1a2c§)2+332 0
=m;; 0 0 0|+my wl—alaacﬁ‘2+—1-::1§ -1-a§
2 3 3
0 00 0 0 0

al +2a,a,00, + a} ajaned, + a2 0
+mg|  a,a,c0, +aj a’ 0

0 0 1
(9.139)
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(d) Vector ghép néi vdn téc. Ldy dao ham riéng cla ma tran quén
tinh co célu chdp hanh theo g, phii hgp véi pt (9.101):

3 3/oM;. 1M, ) .. 1.

vV, = i R £ 13.9, = ~(m, +2m.)a,a,s0 (09 +—92)

1 Elkzﬂ( 20, 2 . 9 2 3218285 0102 + 503

(9.140)

3 3f{dM,; 1M, 1

V, = MR R _[ m+m]aas€l@

2 j::ka[ . 2 0a, A9k = | 5 M2 * My [3;8,5959) (9.141)
3 3( oM, M

V3=ZZ[ 5 1 ] 5 =0 (9.142)
Sl 0, 2 gy

(e} Vector trong luc. Gid s gia tdc trong lue hudng theo chidu z,

nghia la g=[0,0,-g I, trong luc duge xéc dinh biing c4ch thay céc pt (9. 133)
(9.135), (9.137) vao (9.102):;

G, =-3m, Tl =0 9.143)
1 Zlm]g vj ( -
i
Gy =-YmgJ2 =0 9.144
2 ijg vj . )
i=1
3
Gy=-2m 8795 = -mgg, (9.145)
i

(f) Phuong irinh chuyén dong Lagrauge. Gia sit khdng c6 ngoai lifc va
mement tac dung 1én bd tdc déng cudi va ma sdt khép khéng ddng k€,

vector moment khép va vector lue t8ng quét 13 tueng dueng. Thay cdc pt
(9.139) d&n (9.145) vao (9.100):

T = Héml +my + maJaf +(my +2mg)a;a,ch, "‘(%mz +m3]a§]§1

++:(%m2 + majalazcez +(%m2 + msJag]éz

-(m,+ 2m3)ala2392[9192 +%é§)
(9.146)
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.. 1 .
Ty = H%mg +m3]a,agcﬂz +[%m2 + mSJag}Ql +[§m2 + m3)a§82

+(ém2 + mglalazsegéf
{9.147)

Céc phuong trinh (9.146) dén (9.148) 1a phuong trinh déng lue chuyén
dong caa tay may SCARA 3 béc tu do. M6 hinh phc tap hon so vdi cd cdu
¢hdp hanh phéng 2 bac tu do. Pidu nay la do cdu triic clia hai truc khép
dau cla co ciu SCARA vé co bén tugng tyf co ciu phing 2 bac tur do. Trong
co c&u tay may SCARA, hai truc khép ddu didu khién vi tri b6 téc dong
cudi theo hang ngang, cdn khép lang tru thit ba didu khién vi tri doc.
Trong lye khong xudt hién trong hai phuong trinh déu, vi gia tée trong
luc song song véi hai truc khép dau. Co thé thay chuyén déng khdp tha
ba hoan toan dgc lap vdi hai khép ddu, khéu thii ba tac dong don thudn
nhu mét tai d6i vdi chuyén déng cia hai khép dau.

Tac dung quan tinh cla rotor

Trong cdc phan trugc, da gid thiét mdi khép trong co cdu chdp hanh
ndi ti€p duge truyén dong truc tiép bang déng co, khong xét tdc dung
quén tinh cGa banh rang va rotor. Néi ding ra, cac phuong trinh két qua
trén chi ddng vdi co cdu chap hanh truyén dong truc tiép. Trong cd ciu
chap hanh truyén dong gian ti&p, mdi khép duge truyén dong bling dong
¢¢ qua bd gidm tdc bdnh réng, Mic du quén tinh cla cdc banh rang va
rotor nhé, nhung ¢ dnh hudng ddng ké déi véi déng hoc co cau. Pé 1a do
tac dung quan tinh, phan 4nh trong khong gian khép, 1a ham binh phuong
hoac tich cia ti 86 truyén déng rang. Mé hinh déng luc chinh xdc cdn
phat xét diéu nay. Phan nay sé khdo sat cd cdu chap hanh phing 2 bac tu
do d€ minh hoa nguyén ly.

Hinh 9.7 minh hoa cd cdu chap hanh phang 2 bac ty do truyén déng
rang. Khau 1 quay so véi khéu co ban ¢d dinh quanh tryc z_. Khéu 2 quay
so vdi khdu 1 qua truc z,. Dé don gidn, & ddy chi v& mot s§ banh ring.
Trong thuc t& thudng dimg nhiéu bac gidm tdc banh rang trén mébi dutng
truyén déng. Péng cc 1 diéu khién khau chuyén déng tha nhat qua cap
banh ring lap trén true dong co 1 va khau 1. Pong co 2 diéu khidn khau
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L ra

dy

T | S

1 3

Oy

%o Hinh 8-7, So d3 robot 2-dof
truyén déng bang banh rang.

2 qua c3p banh rang xodn trén true dong co 2 va truc trung gian 5, cbng
v0i cdp bdnh réng nén gin trén d4u con lai cia true 5 va khaw 2. béng co
1 [&p trén d€ c& dinh, dong co 2 14p ¢ cudi khau 1. Gid st gia tdc trong
truting c6 chiéu theo —z_, can khai trién mé hinh dong lue cho co cdu nay.

Phén tich déng hoc

Trong Chiong 7 da phan tich ddng hoc eg cau robot truyén dong
banh rdng theo hai buge. Buse mjt 1a xdc dinh chudi vong hd tuong
duong va quan hé déng hoc giita bd tde dong cudi vdi cdc goc khdp trong
chudi vong hé tuong duong. Bude hai 13 xdc dinh quan hé dong hoc giia
cac goe khop va db dich chuyén b téc déng ngd vio. Chuong 2 trinh bay
quan h¢ déng hoc giita vi tri b tde dong cudi va céc goc khép. Phan nay
s€ ap dyng ly thuyét mach co s¢ d€ thiét 14p quan hé déng hoc gilia céc
géc khdp va 46 dich chuyén b tac dong ngd vao. Trén Hinh 9.7, chudi
vong hé tuong duong chia ba khéu so cap: khau 0, khau 1, khau 2. T4t ca
cdc khau con lai déu 1a khau thit cdp. Khau 0 mang banh ring 3; khau 1
mang banh rang 4 va 5; khau 2 khéng mang khau thu cap.

Phén nay sé xéc dinh quan hé dong hoc gita cdc g6e khdp va do dich
chuyén bd tdc ddng cusi bing cdch 4p dung 1§ thuyét mach cd sd. Cé ba
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cdip banh rang. Khau 0 1a bé d8 cap bdnh rang 3-1; khau 1 la bé dd cép
banh rang 4-5 va 5-2. Goi N, la ti sd  truyén giita bAnh réng i va j. Phuong
trinh mach c¢o sd c6 dang:

£(3,1,0): - N0 (9.149)
f(4,5,1): 8,,=- N8, (9.150)
(5,2, 1) 8,, = -Ny8,, 9.151)

trong d6 8, 12 sy quay tuong d6i khéu i so v&i khau j.

Vi9,, va 8, 1a cdc géc khdp ctia chudi vong hd tuong duong, nén céc
do dich chuyen gbc khéac duge tinh theo hai géc khép nay. Thay pt (9.151)
vao (9.150)

= N, N,.0,, (9.152)

547 " 25

Té hqp cac pt (9.149}, (9.151),(9.152):

B30 -Ny3 0 9
0,1, (=| O NgyNos [ 1:| (9.153)
85, 0 —Nyg

Pé don gian, ¢6 thé sit dung 6, thay cho 0, ,véi i=1 va 2 trong pt
(9.153). Do d6, véi cac goc khép da cho, ¢6 thé tinh cdc chuyén dong quay
tuong ing cha rotor va truc trung gian.

Dong néing cua rotor quay

Trudgc khi tinh cde perdng trinh dbng lye hoc chuyén déng, cin xét
dong nang ciia rotor j gin trén khau so cdp i (Hinh 9.8). Gid sl khoi lugng
rotor phén bé d6i xing qua truc quay. Pidu nay hgp 1y vi rotor, banh
riéng, va truc déu 461 xding qua truc quay cta chidng.

Goi v, 1a vector tuyét di coa tam khéi lugng rotor, 14 van tée gac
tuyét doi ctia rotor, va I 1a ma trén quan tinh ciia rotor tai tam khi lutgng
rotor dugce tinh theo hé toa dd quédn tinh. Pfng néng khauj 1a:

1
K =_§ Ijm Ve +mJI ] (9.154)

Van toc goc tuyét ddi khau j , duge tinh theo van tdc géc tuyét doi ,
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Xo

Hinh 9-8. Rotor j trén khau i

ciia thanh phén truyén dong, va van téc géc rotor lién hé véi thanh phan
truyén dong nay, la:

®; = 0; +0;;e; (9.155)

trong dé e, la chiéu cia truc rotor, va 0., 1a chuyé dong quay tuong doi
ctia khéu j so v6i khéau i.

Thay pt (9.155) vao (9.154) va sif dung dac tinh d8i xding cta ma trén °
quéan tinh:

1 1 s
K.I = E[VCT_]mJVCJ +(t);rIJ(,l)] + 20]?1-'8]9],] +eTI]e}9i1 (9.156)

Dai lugng eJTI i&j =1;, duge goi 1a moment truc qudn tinh cia rotor j.

C6 thé thay chi c6 hai s6 hang cudi v& phai pt (9.156) phu thude chuyén
ddng quay tuong déi cua rotor. P&i véi rotor déi xing déng true, tam
khoi lugng rotor trén truc quay, nén c6 thé xem 1a diém co dinh trén
thanh phan truyén dong. Hon nifa, do d5i xiing, ma tran quan tinh rotor
I, 1a bat bién trong hé toa do khau i. Vi thé, su déng gép cia hai 86 hang
nay thudng duge két hgp vdi khau i dé tao thanh khau tuong duong. Tit
d6, cac higu iing quan tinh cia rotor do chuyén déng quay tuong d6i so
vdi thanh phén truyén dong sé la:

1

2 02 LY
K= _2~1j.zej,i +1; (0] e)0;; (9.157)
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Noi chung, Gj_i 1a ham tuy®n tinh cla cdc ty suit van téc khép trong
chudi vong hé tuong dugng. Péi véi co cdu c6 timg khép duge truyén dong
bing mét bd tac dong, B . quan hé véi ty sudt khdp q;,,; theo ti sé
truyén dong, N. Thay 8.1.1 =Nq;.; vaopt(9.157)x

- 1 . .
K_] = —Nzlj‘zqiz_‘_l‘i +NIJ-.Z(UJ;[‘EJ' _}_qi+1,i {9‘158)

Cha y, viée cong N21 ,vao qudn tinh hé thong robot chi ¢6 gid tri néu
thanh phan truyén dong 13 tinh tai hodc van tdc gdc vudng goc véi truc

quay rotor, nghia la khi 0,"e = 0.

Phén tich dong lvc hoc

Phén nay sé thuc higén sy phén tich dong luc hoc cha cg cdu chép
hanh ndi tiép. Tru6e hét sé dp dung phuong phdp dé quy dé tinh van tdc
gbc, van toec tAm khéi luong, va thé néng clia mdi khau. Sau 46, thay céc
két qua tinh todn vao phuong trinh chuyén dgng Lagrange.

Khau tuong duong thit nhit gom khau 1, rotor 4, tn_lc trung gian 5, va
c4c banh rang lién quan. Khéiu tuong duong tha 2 gém khdu 2 va banh
rang nén. Goi m 12 khéi lugng khau tuong duong i. D€ don gidn khi phan
tich ¢6 thé gia st ma tran quan tinh cta khau tuong duong i tai tdm khéi
lugng hdn hgp duge tinh theo ha toa d§ khau i ¢6 dang:

I; ¢ o

LA

1Ii = 0 Ii,)" 0

o 0 I,

Déng nang va th& ning khiau 1. Piéu kién ban dau eda khéu co
ban I °m, = °v_ = 0. Van tdc gée va van tée tdm khéi lugng khédu 1 duge
tinh theo hé tga d khau 1 la:

0
1(01 =10
8
0
1"'.31 = blél
0

358



trong dé, b, xdc dinh vi tri tam khdi lugng hén hgp khau 1 doc theo
truc x, (Hinh 9.7). Gia t6c khong cdn trong cong thitc Lagrange, nén
dong ning khau 1 la:

1 1 1 :
Ky = vhmy va e tol oy = 2 angbE 44008 @159

va thé nang khédu 1 la:

U; =m,g.d, (9.160)

Déng ning va thé nang khau . Vin téc gée va van tdc tuyén tinh
ca tdm khai lugng hén hop khau 2 duge tinh theo hé toa d6 khau 2 1a:

0
2(‘.]2 = 0
8, +6,
3159291
2vc2 = alc9291 +b2(é1 +62)
0

trong 46 b, xdc dinh v tri tam khéi lugng hén hop khau 2 doc theo
truc x, (Hinh 9.7). Péng nang khiu 2 la:

lg 7 9 1y Ta; 2
K, :"2‘ VeaIlly ™ Veo +§ ©g "Iy “w,

=—;-m2 202 + D20, +9,)% +2a,byc0,0, (6, +6) %12_2(91 +6,)?
{9.161)
vi thé ning khéu 2 1a;
U, = myg,(d, +d,) (9.162)

Péng nang rotor va banh rang. Chi ¥, ®"e = 0d6i véii=0va 1.
Thay pt (9.153) vao (9.157), sé duge dong ning b sung tif rotor va banh
rang:

i

K, =—
2

NiI; 07 + (N2 I, +15, )Ngsf)%] (9.163)
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Ham Lagrange va cdc dao ham. Thay cdc pt (9.159) dén (9.163)
vao (9.75), sé duge ham Lagrange:

L =%[{k1 +2m,a,byc0,)07 + k403 +2(k, +m231b2c92)91921
-mg.d, —myg.(d; +dy) (9.164)
trong dé:
k; =kg+ky + N33, +mgal
ko =k, +NENEL, , + N5 L,
ky=I,+ mlbf
ky=Iy, + m2b§

Chi ¥, k, 12 moment khdi lugng quén tinh khéu 1 theo truc z_, k, 1a
moment kh01 lugng quan tinh khéu 2 theo tryc z,. Hiéu Ung quén tlnh
banh rang va rotor 12 ham binh phuong céc ti sd truyén tuong ang.

L&y dao ham riéng L 14n lugt theo 0,,0,,6,,0,:

L b (9.165)
08,
L
A = —mya,bys8y0,(8; +65) {9.166)
90,
ﬁL
=(k, +2mya, bychy)0; + (k4 +m,a,bychy)8,) (9.167)
1
JL : -
—— =ky0; +(k, +mya bychy)8,) (9.168)
09,

Lay téng cac dao ham i cdc pi (9.167) va (9.168) theo théi gian:

dfeL = (k, +2mya, byc8,)8; +(ky +mya; bychy )8,
dt 091
—mya, bys8,6,(28, +0,) 9.169)

d

\
L = (k, + mya bychy )8, +kyB; —mya bysh, 8,6, (9.170}
dt. 6‘82

360



Phuong trinh chuyén déng Lagrange. Thay céc pt (9.165), (9.166),
(9.169), (9.170) vao (9.786) sé ¢6 phudng trinh chuyén dong Lagrange:

M(8)6+ V(8,0)+ G(8) =1 (9.171)
trong d6:
61
o~lo
M(B} = kl + 2m281b2092 k4 + m231b2092
k4 +1n,a 1b2(:ﬁ'2 k2
V(0.6)= |~ M2212s0:02(26 +6;)
m231b2$9281
0
9 =
RN

Phuong trinh (9.171) 14 mé hinh déng lue clia co ciu chdp hanh hai-
khau. Du quédn tinh rotor nhé, nhung ¢6 hiéu ing dédng ké vi chiang duogc
nhan theo binh phudng hodc tich tf s6 truyén. Bo gidm tdoc 50 dén 100
thudng dung trong robot cong nghiép. Vi dy, véi ti s6 truyén déng 60,
quédn tinh rotor tang lén 3600 lin.

Phuong trinh dong lyc khéng gian b tac ddng cudi

Trong cdc phan trudc da tim duge cde phuong trinh d6ng lye chuyén
dong theo cac géc khdp q, hay trong khong gian khdp. Gid st quf dao ho
tde dong cudi duge tinh theo cdc goe khép, van téc, va gia toe. Dua vio su
thiét lap céng thic khéng gian khdp, nhidu sa d6 didu khién truyén dong
khac nhau da duge nghién ciu, Tuy nhién, trong thue t&, thutmg lap
trinh quy dao b tac déng cuditrong khéng gian theo toa dé vudbng goc,
%, va dd1 vdi s¢ A6 didu khién dua trén cdc khdp 1am viée véi quy dao
khong gian theo toa 48 vudng géc can duge bién déi vao quy dao khing
gian khdp. Vé 1y thuyét, su bign d6i nay 6 thé duge thuc hign biing cich
ap dung:

q, = déng hoc ddo cia x,

Gq =Jd kg
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g =dJ kg +J Ky (9.172)

trong d6, J 14 ma tran Jacobi va ky hiéu d diing dé biéu thi dai Iuong
mong muén.

Trong thire t&, rdt kho tinh cdc phuong trinh trén mét cach hidu qua
d&i véi yéu cau diéu khién thdi gian thue. Do d6, chi cdc gée khdp mong
muén 4q, duge tinh tir déng hoc ddo, con van tée khép va gia tdc duge
tinh bing cdc phuong phdp sé theo sai phan. Tuy nhién v6i ky thuat diéu
khién chinh xdc, diéu mong muén la tinh phuong trinh déng lue trong
khéng gian bé tdc déng cudi. Sau day la phuong phédp thuc hién.

Vén toc by tde ding cudi quan hé vén tdc khdp theo phuong trinh:
%= J4 (9.173)

Gia sd J 4 ma trén vuéng khong ¢6 trang thdi d4c biét, thay phép
bién ddi dao pt (9. 173) vao (9.87), sé ducc biéu thic déng nang theo van
tc bd tac dong cudi:

K= EﬁTlﬁx (9.174)
trong d6:
M= )TMJ* (9.175)

la ma tran qudn tinh co cau chap hanh duge tinh trong khéng gian b
tdc dong cudi. Phuong trinh (9.175) 12 ma trén qudn tinh khéng gian bo
tde dong cudi duge goi 1a ma trdn qudn tinh DesCartes.

Lay dao ham pt (9.173) theo thoi gian:

x=J4+dq (9.176)
Nhaén cé hai vé pt (3.176) vé6i J-! va rit gon:

q=Jdx-JQ (9.177)
Nhan pt (9.103) véi J7, va thay cdc pt (9.175), (9.177) vao két qua:

Mi+V+G=Q (9.178)
trong dé,

V=JT(Vv-MIJg
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Phuong trinh chuyén déng Lagrange. Thay c4c pt (9.165), (9.166),
(9.169), (9.170) vao (9.76} s& e6 phutong trinh chuyén dong Lagrange:

M(8)8+ V(0,0)+G(0) =1 {9.171)
trong dé:
oo
9,
M{B} _ kl + 2m2alb2c92 k4 + m231b2892
k4 +mzalb2cez k2

Vi0,6)= {

0
oo ]

Phuang trinh (9.171) 14 mé hinh d8ng lye eda co c&u chdp hanh hai-
khau. DU qudn tinh rotor nhd, nhung ¢6 higu (ing ddng k& vi ching duge
nhén theo binh phuong hodc tich ti s& truyén. Bé gidm tdc 50 d&én 100
thudnyg dung trong robot cong nghiép. Vi duy, véi i sd truyén déng 60,
quén tinh rotor ting i&n 3600 lan.

- m231b239292 (291 + 92}
mzalbgsezéf

Phudng trinh ddng Iyc khéng gian bd tac ddng cudi

Trong cdc phan trude d3 tim duge cde phuong trinh dong luc chuyén
dong theo céc géc khdp q, hay trong khing gian khdp. Gid sit quy dao bo
tde déng cudi duge tinh theo cde goe khép, van tée, va gia toc. Dia vao su
thiét l4ap cong thie khong gian khdp, nhiu sg d6 diéu khién truyén dong
khac nhau d3 dugc nghién cGu. Tuy nhién, trong thuc t&, thuimg lap
trinh quy dao b tdac dong cudi trong khéng gian theo toa dé vudng gée,
X, va déi vdi so do diéu khién dya trén cdc khép lam viée véi quy dao
khong gian theo toa d¢ vudng goc cin duge hidn ddi vao quy dao khang
gian khép. Vé 1y thuyét, su bién ddi nay cé thé duge thuc hién bing cach
Ap dung:

q, = dong hoc dao cua x,

4q =d7 "%y
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G=J7TG
Q=J7Q
Do dé, khi da ¢é cdc phuong trinh déng lue trong khdng gian khap,

c6 thé bién d8i chiing vao khdng giafl bd tac déng cudi. Mic du céc phuo‘ng
trinh chuyén déng trén dugc tinh trong khong gian bé téc ddng cudi,

nhung van ¢6 vai s¢ hang nhu ¥, , va Q duge viét duéi dang ham theo
cdc bién khdp q. Do sy khong tuyén tinh cia déng hoc ddo, khong thé
biéu dién moi dai luong theo cdc bién bé tac dng x. Chid ¥, khi canh tay
robot ti€n ti trang thai dac bist, ma tran Jacobi khong thé nghich dio
va mjt s dai lugng trong khéng gian by tac dgng cudi trd nén rat 16n.
Tém tat

Chuong ndy mé dau bing sy khai quét céc tinh chat quén tinh, mo-
ment khoi lugng, va ddng nang cha vat rdn. Moment khéi luong va dong
nang cta vat rén c6 thé dugc chia thanh hai phén, lién hé vdi tAm khéi
lugng va chuyén déng cla vit rdn quanh tam khoi lugng. Phan ké tiép
trinh bay cdc dinh luat Newton-Euler, dua ra cac phuong trinh chuyén
dong Newton va Euler. Hai phuong phép phéan tich dong luc hoc eta co
cdu chap hanh néi t1ep dugc giéi thiéu. Su thiét 1ap phuong trinh New-
ton-Euler dé quy gom tinh todn thuin va tinh todn nguge. Trong tinh
todn thuén, can tinh van toc va gia toc 1dn lugt cho timg khau, tir khau 1
dén khau n, s dung cde phuong trinh déng hoc da dé cap trong Chuong
4. Trong tinh todn nguge, phin lyc khép duge tinh toan 14n lugt cho timg
khau, tif khau n tré lai khau 1, sif dung cdc phuong trinh chuyén déng
Newton-Euler. Mac ddu phuong phédp dé quy kha dai, nhung c6 thé xéc
dinh moi phan lue khdp, rat hitu ich khi xéc dinh kich ¢& khau va é dé
trong giai doan thiét k€. Phuong phdp Lagrange thiét 14ap cong thife véi
tat cd céc lue rang bude déu bi loai b tir diu. Céc ma tran con J acobi, ma
trén quan tinh co cAu chap hanh, va dao ham cée luc tong quat héa déu
duge gidi thiéu, tir dé xac dinh dang ma trin tong quéat cla cdc phugng
trinh dfng luc chuyén dong. Phan cudi gidi thidu vé qudn tinh rotor, duge
hi2u 12 qudn tinh vat thé quay. Qudn tinh rotor, trong nhiéu tai liév
thu'(mg khong xét dén, nhung c6 dnh huéng rd rét d6i vdi dong lue hoe co
cau chap hanh. Phan nay con trinh bay tém tit phuong phap bign d6i cac
phuang trinh déng luc theo khong gian bo tac ddng cusi.
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Chasng 10

_ BONGLYC HOC
¢0 CAU CHAP HANH SONG SONG

Gigi thiéu

Chuong nay sé trinh bay khdi quét vé dong lue hoc co c4u chép hanh
song song. Tuy déng luc hoc co cdu chdp hanh song song duge nghién cdu
nhidu trong 20 nam gin day, nhung tai lidu vé dong lyc hoc co cdu chip
hanh song song tuong 4 it. Phan tich dong luc hoc cd cdu nay gap nhiéu
khé khin do sy hign dién cda nhidu chudi vong kin. Nhiéu phuong phap
duge d& nghi, ching han hé phuong trinh Newton-Euler, h¢ phuong trinh
Lagrange, nguyén 1y céng do, va vai phuong phap khdc.

Phuong phdp Newton-Euler dbi héi cde phuong trinh chuyén dong
phai duge viét cho ting vat thé trong co cdu, do 46 cé qua nhidu phuong
trinh va hiéu sudt tinh todn thdp. Phuong phap Lagrange loai bé moi
phén luc va moment, hidu qua hon phuong phap Newton-Euler, nhung
do nhidu rang bude tir cdc vong kin clia cd cdu song song, viée thiét ldp
céc phuong trinh chuyén dong theo tap hgp cac toa o doc lap tong quat
héa trd nén rat kho khan. D& don gidn héa van dé, ¢6 thé ding thém céc
toa dd va t4p hop céc thita sé Lagrange. Trong mat 86 trudmg hgp, cédc
nhanh ¢6 thé duge xét mot cach gan dung 1a cac khdi lugng diém néu c6
sai 56 md hinh da nhé. Hién nay, nguyén 1y cdng 4o 14 phuong phép
phén tich hiéu qua nhat.

Phan dau sé trinh bay phuong phép phan tich cg csu chdp hanh song
song st dung hé phuong trinh Newton-Euler. Sau d6 s gidi thiéu phuong
phép sit dung nguyen 1y cong do. Cudi cing s& trinh bay mé hinh dong lye
hoc ctia mdt $6 co cdu chdp hanh song song duge x4y dung bang phuong
phédp Lagrange.

Céng thiic NEWTON - EULER

Phéan nay s& minh hoa phuong phép ap dung cic phuong trinh New-
ton-Euler d& phan tich déng luc bé Stewart-Gough.
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Dong luc hoc bé Stewart - Gough

Hinh 10.1 minh hoa so dé nguyén 1y bé Stewart-Gough, da xét trong
cdc Chuong 3 va 5. P& phan tich, cdn chon hé toa d6 A(x,y,z) tai d& co
dinh, va hé toa d6 B(u,v,w) tai bé di dong. Mt phéng x-y chia cdc khép
cdu A, v6i i = 1 d&n 6; mat phdng u-v chia céc khép cdu B, , v6i i=1 dén
6. Géc hé toa do di dong B tai tam P bé di dong; gbc hé toa do ¢6 dinh A
tai tdm O d& ¢& dinh. M&i phan ¢6 sdu nhanh, dugc ky hiéu theo vector
d.. Hé toa do C(x,y, z,) gén vao tiing nhanh, véi goc tai A.. Truc z, huéng
tir A dénB. ’I‘ruc ¥y, song song vdi tich hai vector don vi trén truc z,vaz,
truc X, dlfcfc x4c dmh theo quy tdc ban tay phai.

Trong bai todn dong luc ddo, biét hanh trinh (qui dao) theo thoi gian,
can xdc dinh lyc va moment bd tdc dong tao ra chuyén déng dé. Bé
chuyén dong duge xdc dinh biing vector vi tri tam khdi p va ba géc Euler

Hinh 10-1. So d6 co cdu Stewart-Gough.

365



1a ¢, 0, va . Van tde va gia téc tAm P duge x4c dinh béng cach ldy dao
ham p theo thyi gian; d6lav, = p va ¥, =D.
Ba géc Euler duge xdc dinh theo chuyén dong quay cila ¢ quanh truc

z, chuyén ddng quay cua 8 quanh truc quay v, va chuyén dong quay cua Y
quanh true quay w. Ma tran quay ctia bé di dong so vdi dé ¢ dinh la:

[ cochoy —sosy  ~cheBsy —shey  chsO

Ry =|socbey +cpsy  —sdebsy +chey  s¢st {10.1)
—s0cy sOsy cb

A

Van toe gée bé di dong, ®, , tinh theo cdc géc Euler va cdc vector don
vi w, V', w” gdn vao vat thé 1&
w0, = bw + OV +yw" (10.2)
Trong pt (10.2), w, v',w” khong vuéng vdi nhau. Biéu dién w,v',w”
trong hé quy chiéu ¢6 dinh A, sé duge:
yedsO — s
@, =| ¥ss0+Och (10.3)
WeO+ 6
Gia toe gée bé di dong duoc xdc dinh bang cdch 1ay dao ham pt (10.3)
theo thoi gian:
Pcost — s+ phched — Bsd — Oded
éo, = | {5050 + Yrbehs0+jsdsped + Och - Boso (10.4)
Q}c6—¢959+$
Ca ® va o, trong cac pt (10.3),(10.4) déu duge tinh theo hé toa dd ¢6

dinh A. HaL vector nay c6 thé duge bién dbi vao hé toa d B theo phép
nhén *RT,

Phén tich vi tri. Vi tri mdi nhanh truyén doéng duge tinh theo vi tri
bé di déng. T Hinh 10.1, ¢6 thé xdc dinh phuong trinh vector vong:
a, +d;5;, =p+b; (10.5)

trong dé a, =(a, 0]T la vector vi tri cua A, trong hé toa do ¢t dinh,

lx’
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®b,=[b,, , b, 0] 1a vector vi tri cia B, trong hé toa d6 chuyén dang, b,
=(b, . b, b, I" biéu thi vector ®b, trong hé tea do c& dinh (nghiala b =
AR ,%b,), 5, 1a vector don vi hudng tif A dén B, vad la chidu dai nhénh i.

Giai pt (10.5) theo s:

p+hi-a
§ =—1 L
1 d

1

{10.6)
trong da:

d; =|p+b, -a,| 0.7

Gid st titng nhénh déu ndi véi d& ¢6 dinh hing khép da nang, va
khong thé quay theo truc doc, sy dinh huéng nhdnh i so véi d€ ¢d dinh
duge xdc dinh theo cdc géc Euler, nghia 1a su quay ¢, quanh truc z, cho
két qud trong hé (x, ¥i» 2}, ti€p theo 1a sif quay 0. quanh true quay y/
(Hinh 10.2). Do d6, ma tran quay nhdnhila;

cd;c0; —sp; cd;s6;
ARi =tsd;cB; cd; s¢;86, (10.8)
-s0, 0 cO,

X

Hinh 10-2. Cac géc Euler cOa nhanh.
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Vector don vi, s, trong hé toa dd nhanh i la:

g, =|0 {10.9)
1
Thay 's, vao s, ="R,'s;:
cf;s8;
Si = S¢1591 (10.10)
cb;

1

Giai pt (10.10) theo 0, va ¢

ct; =5,

50, s,x+s?y (0<8<n)

sd; =s,, /88

ch; =8, /80, (10.11)

trong d6, s,_, s,,, va s, 13 c4c thanh phdn x, y,z cia s, . Céc pt (10.6)
va(10.11) xdc dmh chidu va céc gic Euler nhénh i theo vi tri bé di dgng.

Tir Hinh 10.3, ¢6 thé thdy méi nhdnh gém mét cylinder (khéu 1) va
piston (khau 2). Goi e, 14 khodng cdch gilia A, va tam kh#i luong cylinder
i, e,1a khodng cach g1u'a B, va tam khoi hrdng piston i. Vector vi tri tAm
khm lugng cylinder va plston ilar var, la:

£y =8, +8, (10.12)
ry; =a; +{d; —e3)s; (10.13)

Phan tich van t8c. Cin tinh vén tdc goc va van tée tuyén tinh cua
timg khéu theo van t6c goc va van téc tuyén tinh cia bé di d(’mg Van tdc
v,, cia khdp cdu B, duge xdc dinh bing cdch lay dao ham v& phdi pt
(10.5) theo thi gian:

p g% b, (10. 14)
Bié&n déi v,, theo hé toa 44 nhdnh i:

Vo =¥
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Hinh 10-3. So dé
don gidn cOa nhanh:

B& di dong \

Pty ..---'7 }

y
C He toa 06 c8 dinh A

"Vei='RAvy ~(10.15)
trong 4o, i"bi = [i Vbix’ivbiy’ivbizr 14 v&n tde cia B, tinh trong hé toa
dg nhénh i, va ‘R, = "R,
Van toe clia B, ciing ¢6 thé duge tinh theo van t5c géc nhénh i béing
cdch 14y dao ham v& trai pt (10.5) theo thdi gian:
ivbi =d; imixisi +diisi (10.16)
Nhan hai vé& pt (10.16) véi 's,:
di='vy,, {10.17)

Do cdc nhanh truyén dong khong quay theo truc doc, nén ®'s = 0.
Nhan hai v& pt (10.16) véi s, , 58 duge van téc géc nhanh i:

o ~Voiy
Csix vy =—| v, {(10.18)
d; o

i 1
1(40i -
d;
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Khi biét van téc goc nhédnh i, cdc van tée v, va ‘v, tam khoi lugng
cylinder va piston nhénh i duge x4x dinh bang cdch ldy dao ham cac pt
{10.12) v& (10.13) theo thoi gian:

i
Vbix

vy =eylopxs = 2 i"’big.r (10.19)
d;
0
o ‘ (d; _e2)%vbix
vy =(d; —ep) wx's; +d;'s; =—\(d; ‘92)1Vbiy (10.20)

d. .
l d;’ Vs

Phan tich gia téc. Gia t6c khép cau B, tinh trong hg toa do cd
dinh, duge x4c dinh bang cach 14y dao ham pt (10.14) theo thoi gian:

Vpi =V, + Gy xb; + o, x (0, xb;) (10.21)

biéu thi trong hé toa 46 nhénh i:
i="Ravy (10.22)

Gia tfc cha B, con duge tinh theo gia téc goc khau i, bing cdch 14y dao
ham pt (10.16} theo thai gian:

i‘}bi :allsl +dii(:0i>(isi +d]'(x)1 x(imixisi)+2(iiiwixisi (10.23)

Do cac nh&nh khéng quay theo truc doc, nén i, = 0. Nhan hai v& pt
(10.23) véi's,, s& duge:

1,2 i 2
s . . Vi 4+ Vi
iy i 2 i bix biy
di: vbiz+di o ="V, +__a_____._ (10.24)

Nhan hai v& pt (10.23) v6i 's,, sé dugc gia t6c goc khau i:

i 2 Vi, Vi
gy ¢ e T
3 i i
iy, = Lig xivy, ~Diig, = L] iy, - ZVeie Yo | (10.25)
d; d; d; d;
0
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Khi biét gia tdc géc nhanh i, gia toc tam khoi lugng cylinder va piston i
duge xde dinh bing cich 1dy dao ham cde pt (10.19) va (10.20) theo thii gian:

ii=e 0x's; +e o (o)

r e in ]
i(? _2lvbizlvbix
bix _—d'_'_
. i.
€. 2]vbizlvhiy
= S oy - T (10.26)
i i
i,2 L i,.2
__V¥bixt Vbiy
d;
Wy =d,'s; +(d, —eg) i;x's; +(d; ~ey) o x(oyx's;)
+2diimixisi
[ 9. i i ]
. el vty
(di_'e2)1vbix+ 2 (lluz hix
- i -
1 i 2ey" vy, ' Vi
=a_' (dihez)l"biy +‘—"T'l (10.27)
! P2 'iz
i ea( Viix+ Viiy)
[ d
d; Vhiz+__T_"_
e i ..

Béng luc hoc clia cac nhanh

D€ don gidn héa sy phan tich, co cdu chép hanh duge chia thanh bé
di dgng va 6 chubi vong hé (6 nhénh). S¢ dé vat thé tu do ctia nhénh
minh hoa trén Hinh 10.3. C6 thé két hgp cylinder va piston cda ting
nhanh thanh hé théng con, va tinh biéu thic phuong trinh dng lye trie
ti€p cho hé théng con. Theo cdch d6, moment va phan lyc gita cylinder
va piston s& khéng c6 trong phuong trinh chuyén déng. Phuong trinh
chuyén déng Euler tai didm A la:

ioa_dfia
odt ( ! )
trong d6, 'n,* 14 moment t8ng tdc dung 1&n khau i tai diém A vaihA

12 tdng moment khéi lugng géc ciia cylinder va piston i tai diém A, 3
hai vector duge tinh trong hé toa d6 nhdnh i.
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Téng moment khdi lugng géc cha cylinder va piston i tai diém A, 1a:

th = mye; (sixt vy )+ my(d; —ep)('s;x va)+ B +'hg (10.29)

trong dé;
C v i
hy="ly; ‘o
c ir i
hs =1y ' o

1a moment khéi lugng goce cha cylinder va piston tai tAm khéi lugng,
va trong d6 '], va 7T, 12 ma tran quén tinh cia cylinder va piston tai tam
khéi lugng va ducc tmh trong hé toa 46 khau i. L4y vi phan pt (10.29)
theo thii gian:

d

dt( hA) mye; (s, Vi) + my(d; —eg Xisix Vo) I b

Hayx( T o)+ 1y o+ o; x(Ly; 00;) (10.30)

Moment ngoai tdc dung 1én khau i tai diém A, 1a do trong luyc tic
dung tai tdm kh&i lugng cia hai khéu va phén lye tdc dung tai khép cdu
B.. Gia toc trong lyc g xdc dinh trong hé toa dd ¢ dinh, c6 thé bign 441
vao hé toa dp khau. Tu Hinh 10.3, goi f, = [, if o T 1a lue tdc dung
1an bé chuyén dong béi nhdnh i va g =[0,0,-g, ]11 1a gia téc trong luc.
Moment tdng tde dung 1én nhdnh i tai diém A la:

t f‘ =d;’ s % (- fb1)+[m191 +m2 -—-e2 I §;x RA g)
;' friy
= | ~d;’ fyix + M1€2.80; +my{d; - ey)g.56; (10.31)
0

Céc phuong trinh déng lue hoc chuyén déng d5i véi nhanh i c6 thé
duge x4¢ dinh bing cach thay céc pt (10.30), (10.31) véao (10.28). Céc phuong
trinh nay s& don gidn héa néu cde khau 12 thanh tru dudng kinh nhé.
Thay cdc pt (10.30) va (10.31) vao (10.28), v6i cac tich qudn tinh bing
zero, I, nhé khéng dang ké, va W, =0

; i i
foix = '(‘{’[mlelgcsei +my(d, —ez)gcse- —mpe; Vi

_m2(d —eg) Vglx Illy iy I?.ly mly] (10.32)
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) 1 . .
L 1. h
S iy 4 [-mye; ' Vi —my(d; —ey) vy
i

+ L gy + Iy Yy ) (10.33)

trong d6, I, va I la cdc thanh phén x va y ctia moment qu4n tinh
chinh ciia cylinder (j =1) ho4c piston (j =2) tai tim khéi lugng tuong ing
va duge tinh trong he tea d khau i. Cac pt (10.32) va (10.33) xdc dinh 'f,_va
T, €da ting khéu theo moment va lyc quén tinh.

Bong Iyc hoc bé didong

Céc phuong trinh dong lyc chuyén dong ciia bé di dong ciing dugc
tinh trong hé toa d¢ ¢d dinh A hodc trong hé toa do chuyén déng B. Céc
phdn lye 'f, & phan trude duge tinh trong hé toa 46 nhénh i, vA c6 thé
duge bién d6i vao hé toa d6 c§ dinh A hosc hé toa do chuyén déng B
trude khi thay vao phuong trinh chuyén dong.

Ap dung phuong trinh chuyén déng Newton déi véi bé di dong va
tinh phuong trinh két qud trong hé toa dé & dinh:

]

__zlﬁfbi+mpﬁgzmp**¢p (10.34)
trong dé:

A, =R, i (10.35)

la. phdn lye tdc dung 1én bé di déng do nhénh i tai khdp cdu B, va
duge tinh trong hé toa do c6 dinh A, Thay pt (10.8) vao (10.35), va thay
két qué vao pt (10.34):

6 . . .

2 i €100~ £, 80+ f i, 06:50; ) = myv,, (10.36)
i1

g i i .

E( Foin80;08;+'f iy €45+ f1r,50;80,) = m, ¥ {10.37)
i i i .

Z(_ fbixsei+ fbizcei}:mpvpz+mpgc (10.38)
=1

Moment tdng, n , tai tAm khéi lugng bé di dong, va tinh trong hé
toa dé chuyén dong B la:
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fn, =3 PbxP (10.39)
trong dé:
bei=B RAAfhi:B Riifbi {10.40)
12 phan luc téc dung 1én bé di déng do nhénh i tai khdp cdu B, , tinh
trong hé toa dé chuyén déng B.

Gia st u,v,w 12 cdc truc chinh cda bé di djng, thay pt (10.39) vao
phuong trinh chuyén déng Euler, pt (9.48), v6i moi tich quén tinh bang
zero v Ipu =1, s& dudc:

5 . , . _
2 bi (831" foix 332" Foiy * 833" foiz) = Lpu®@pu — ©p@pw (Ipy —Low) (10.41)
i

6 . . .
_zi—biu(&al i 832" Friy Y833 Fiz) = Lpv©Opy —@pupy Ipy —15,)(10.42)
i=

B ) . .
2biu(ag frix +a22 frig + 823 fhiz)
i=1

- bi\l’ (al]_ lfbu +a‘12 i fbi.)" +a]_3ifbiz)] = Ipw(;‘)pw (10.43)

trong d6 a,; 1a cdc phén ti (i,j) cGa ®R, ; Bu)p ={o,, o, ® 114 van
tdc g6e cia bé di déng tinh theo hé toa dd di déng B; I, I, I 14 cdc

thanh phdn u,v,w clia moment quédn tinh chinh cda be di Jéngpfaj tAm
khoi lugng va tinh theo hé toa 48 di ddng B.

Do d6, khi da x4c dinh duge 'f,_ va'f,_tif cdc pt (10.32) va (10.33), chc
pt (10.30) d&n (10.38) va (10.41) dén (16.43] la tdp hgp 6 phoong trinh
tuyén tinh vdi 6 4n, ', vdii= 1, ..., 6. Cdc phuong trinh nay ¢6 thé duge
giai d& dang, ching han theo phugng phép khit Gauss.

B6 tac ddng va phan lyc nén

Khi di tim duge phén lyc tai céc khdp cdu, lue tac ding T, duge xde
dinh bing cach cong tat ca lyc tdc dong 1én piston i doc theo truc z, :

T :ifbiz +mMyg.co; +my : Yaiz (10.44)

Cha ¥, moment trong pt (10.31) dugc 14y tai khdp cdu ¢§ dinh A, sao

374



cho céc phan lye £ tai khdp cdu ¢d dinh khéng cin dua vao phuong trinh
chuyén ding. Phin luc nay, néu cén xét, duge x4c dinh bing cdch tinh
phuong trinh Newton, mdi 14n mdt nhdnh, nhu sau:

ifai+ifhi+(ml+m2)iRAAg=m1i‘}1i+m2i\}2i (10.45)

Quy trinh Newton-Euler

Quy trinh gidi dong lyc hoc d4. bé Stewart-Gough c6 thé tém tdt
trong 5 budc:

1. Thuyc hién phéan tich déng hoc déo cho co cdu. Truée hét tinh vi
tri, van toc va gia tdc cde khdp cdu chuyén déng trong céc phuong
trinh chuyén déng bé da néu. K& ti€p, tim vi tri, van tdc, gia toc
eta tAm khoi lugng va van tée géc, gia tdc goc clia méi nhénh. Pic
biét, néu i =1 dé&n 6, cd thé 1an lugt tinh:

(a) b, = "Ry,

(b) d vas tirpt(10.7) va (10.6)

(¢} co, S0, cB, s0, va “R, tif pt (10.11) va (10.8)
(d) v, va'v,, tirpt (10.14) va (10.15)

(e} ‘e, tir(10.18)

() ¥y; va ‘v, titpt (10.21) va (10.22)
(8 o, tirpt (10.25)

(h) v, va v, titpt (10.26) va (10.27)

2. Cg cdu chdp hanh duge chia thanh bé di dgng va nhiéu nhinh
truyén dong vdng hd bing cach chia cit tai cdc khdp cau chuyén
dong. X4c dinh ky hiéu cdc luc tdc dong va phan lye tuong vng tai
cdc diém ndi giita bé v4 6 nhanh.

3. Xét ting nhanh theo hé thong con, thiét lap phuong trinh chuyén
dong Euler tai khép cdu ¢6 dinh cda mdi nhdnh. Theo cdch dé,
mot s6 phan lye tai cdac khép cau chuyén dong duge xde dinh doc
14p véi cac phuong trinh chuyén déng cia bé, gidi cde pt (10.32),
(10.33) d€ tim 'f,, va'f, .
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5.

Tim cde phén luc con lai bang cach lap cong thitc cic phuong
trinh chuyén déng Newton ya Euler cta bé. Nghia la giai cdc pt
(10.36) dén (10.38) va (10.41) d&n (10.43) A€ c6 'f,_ vdii=1,...,6.

Tim luc bg tdc ddng T, bing pt (10.44).

Nguyén ly cdng ao

Phan nay minh hoa phuong phép 4p dung nguyén 1y céng 4o hay
nguyén ly d’Alember dé& phan tich ddng luc co edu chap hanh song song.
Cdc qui ude dudi day sé duge sir dung:

f:

376

: lyc quén tinh tde dung tai tdm khéi lugng khau i, f; = -—m,v,

hop lue (khéng ké lye b tde dong) tac dung tai tam khoi lugng
khéui.

£, +f;

: hop lyc tdc dung tai tim khéi lugng bé di dong.

: Iue quén tinh tdc dung tai tAm khai lugng bé di déng,

-

fp =-m,¥,

fp+f;

: moment tdng (khong tinh moment b tdc dong) tdc dung tai

tam khai lugng khau i

. moment qudn tinh t4c¢ dung tai tdm khéi lugng khéau i,

. i i~ i T i

n; +n;

i i

: moment tdng tac dung tai tdm khéi lugng bé di déng.

: moment qudn tinh tde dung tai tdm khdi lugng bé di dong,

> .
n, =-I,0, -0, x(I,0,)

.
I'lp -I—‘I'lp

vector cac chiéu dai nhédnh téc dong, q=[d, d,, ...d ]’



x;: vector 6 chiéu vi tri va huéng khau i.

s vector 6 chiéu vén toc tuyén tinh va vén tdc gée eylinder G=13
hodc piston (j=2) trén nhanh i, Xj; = [vjix YV iy reeen

x : vector 6 chiéu vi tri va hudng bé di dong.

Xp: vector 6 chiéu van t6c tuyén tinh va van téc géc bé di dong,

Xp=[\’ ¥ o

px " py* pz

T vector lie va/hodc moment khdp tdc dong.
5(-): 46 dich chuyén Ac¢ ctia (.)

- ) A . " 2 -
Bé thuin tién, su quay xodn 6 chiéu, F,, duge coi la tong cde quay
xo0dn tdc dung va qudn tinh tai tam khéi lugng khau i :

b | } (10.46)
Rt
Tugng ty, si quay xoén 6 chiéu,lf“ ,» duge coi 12 téng cdc quay xodn téc
dung va quén tinh tai tAm khéi lugng bé di déng :

. [ f
F, {,p} (10.47)

Nguyén 1y cong do déi vdi co cdu chip hanh song song dude vidt theo
phuong trinh:

8qTr+8x,F, + T 5xTF, =0 (10.48)

trong dé, phép 14y tong thuc hién cho moi khau trong céc nhanh.
Trong pt (10.48), moment vvhoiic lue bd tac dong duge tach riéng vdi cac
lye tde dung d€ thudn tién khi 14y dao ham.

B8 dich chuyén 4o trong pt (10.48) phai tuong thich véi cac rang bude
dong hot tif cdc khép. Do d6, dd dich chuyén Ao nay phai lién hé véi tap
hop cde d9 dich chuyén do tng quat déc 14p. Trong co cdu song song, toa
do bg di dong, x_ =[x, y_ ... W ]IV, c6 thé dugc chon 1a toa 4§ téng qudt.
Diéu nay 1a do 40 dich chuyén do clia cdc khdp tdc dong 3q lién hé vai do
dich chuyén do bé di déng, 8x , theo ma tran Jacobi cda co cau Jy:
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8 =J,8x, (10.49)
Hon nifta, 49 dich chuyén 4o khau i clia nhénh, 5x, lién hé véi dd dich
chuyén 4o bé di déng, 3x bing ma tran Jacobi khéu J :
8x; = J;8x,, (10.50)
Thay céc pt (10.49), (10.50) vao (10.48) :

bxp (I T+ By + I ) =0 (1051)
Do pt (10.51) c6 hiéu lyc véi d¢ dich chuyén 4o bat ky 8x , nén:
T " Tr
Jpe+ B, +LITF, =0 (10.52)

Phuong trinh (10.52) vé déng luc co cdu chdp hanh song song tuong
ty cong thde Kane. Cha ¥, sy quay xodn trong pt (10.52) duge 1ay theo
tam khéi lugng cfia timg khéu. N&u sy quay vit tit bén ngoai tdc dung tai
di€m khédc tdm khéi lugng, cin bign d8i vao hé toa do tam khéi luong
trudc khi thay vao phuong trinh chuyén dong.

Néi chung, néu s& b) tdc déng bing s8 bic tu do cila co cdu chdp
hanh, J_ lama trén vudng, do d6 T duge xédc dinh nhu sau:

1=-JT(F, + TITE), (10.53)
vé6i didu kién J ,Khdng & trang th4i die bist

Mat khdc, néu s6 b tdc dong lén hon sé béc tu do, T ¢6 v6 s nghiém,
tir d6 nghiém chuan cye tidu ¢6 thé tinh duge biing cach 4p dung phuong
phép gia ddo.

Sau day, sé sif dung bé Stewart-Gough (Hinh 10.2) d& minh hea phuong
phdp. Phan tich déng hoc ddo da duge trinh bay trong phan trude, phdn
nay sé thiét lap c4¢ ma tran Jacobi khau, sy quay xodn qudn tinh khau,
va phudgng trinh chuyén dong.

Ma tran Jacobi khau

Budc oo ban thinhat d8 thiét 14p phuong trinh chuyén déng d’Arlembert
14 14y dao ham ma trin Jacobi co cdu chdp hanh vA cde ma tran Jacobi
khau. P& nhan dang ma tran Jacobi ¢ cdu chdp hanh J, cdn viét pt
{10.14) theo dang ma trén:
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Vi :Jbi).(p (10.54)

trong dé:
100 0 b, -b,
Ju=(0 1 0 -b, 0 by (10.55)
001 by, -b, O
Thay pt (10.54}) vao (10.15):
inix
=k, =] Fhy (X {10.56)
iniz

trong d6 |J,, = 'R, J,, 14 ma tran 3X8 v6i cdc vector hang la:
“Joix = [€0;08;,56;¢0;,~s8;,~b;,3¢,c0; b, 56;.b;,c4;c0; +b;,50;,
- biycd)icei + bixsd)icﬁi ]
ijbiy ={-8¢;,c¢,0,-b;,c6,,~b;;sb;,b;;8¢; + b, ch)
: Jbiz = [cd;80;,5¢,80;,¢0;.,~b; 5¢;36, + b;,CH;, b, ch;50; —b;,c0;,
~ by cd;30; +b;,54;56,) (10.57)
Sif dung cdc ma tran hang néu trén, pt (10.17) dugc viét:
d;="JpiX, (10.58)

Phuong trinh (10.58) duge vi&t 6 14n cho timg khéu tuong (ng, dé ¢é
s4u phuong trinh vé hudng, duge t3 hop theo dang ma tran:

q=J.%, (10.59)
trong do:
! Jblz
2J
J,=| " (10.60)
BJbGz

la ma tran Jacobi co ciu chap hanh.
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Tuong tu, cdc pt (10.18), (10.19), (10.20) dugc viét theo dang:

T
I(’:’i :I 1Jbi:l( xp
' _ 01.6
) l fJbix
vy = dl oy Xy
' LOI:‘S
(d, _e?.)?Jbix
Vg =3 (d; “‘_32)1Jbiy X
|odi I
K&t hop cac pt (10.61), (10.62), (10.63):
if‘li:iJnf{p
ii‘zi:iJzif‘p
trong dé:
elinix
ey Jpiy
iJ]_' =_]_'_ leﬁ
d; __lJbiy
thix
leﬁ

14 cde ma tran Jacobi khau cda cylinder va piston,
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(d; e, )iJhix_
(d; - 92)1Jbiy

di - Jbiy
inix
0).6

(10.61)

(10.62)

(10.63)

(10.64)
{10.65)

{10.66)

(10.67)



S quay xo#n quan tinh va tac dung

Gia sif trong Iute 12 lyc duy nhét tdc dung 18n co cdu chdp hanh. Téng
vector quay xodn tdc dung va quan tinh tdc dong tai tam khéi lugng bé di
dong la:

P oo Ap _ Mg -,V
P Ay | [P, —ap <A Lo, (10.68)

trong dé * ID=A Ry BIp BR, la ma tran quan tinh cta bé di dgng tai
tam khoi lugng duge tinh trong hé toa do ¢§ dinh A.

Tuong tu, tng vector cc quay xodn tirbén ngoai va quén tinh tic dong
tai tdm khéi luong eylinder va piston, tinh trong hé toa d6 khau i 1a:

iFli :{ ifli:|={ mliiRAg_mlii‘}li

in iy i it i
Iny; it STREOTRAR TR o O @;) |

P2 if,, m, 'R g—m-i\'r‘
lFi: . 2i [ : 2{ A. _21 '21
2 {11’121:[ [:‘-]I‘Zildji_lmi X{ll2i]mi} (1070}

{10.69)

Chu ¥, do tinh chat d6i xdng, c4c ma trdn quan tinh cta bé di dong va
sdu nhanh déu 14 ma tran chéo.
Phudng trinh chuyén déng

Phan nay sé trinh bay phuong phap 4p dung nguyén ly cong 4o 46
thiét lap phuong trinh chuyén déng. Déi véi bé Stewart-Gough, pt (10.52)
tré thanh:

T oa Smia iomic
ITea By + 3 (I B+ 08 Fy) =0 (10.71)
i-1
Cha ¥, trong pt (10.71), f"p duge tinh trong hé toa d6 c6 dinh A, con

iF); va 'F,, trong ha toa d¢ khau i, sau d6 bién déi vao hé toa dd ¢6 dinh
bing phép chuyén vi ma tran Jacobi khau. Tuong tu, vector cac lue bé tée
déng T duge x4c dinh trong khéng gian khép bd tac dong, rdi bidn ddi vio
hé toa dj cd dinh bang phép chuyén vi ma tran Jacobi co cau ch&p hanh.

Thay céc pt (10.66) va (10.67) vao (10.71):

381



trong dé:

382

Jg(r

. . T e
+F )+ F +J, F,+J F, =0

e f11x +(dy —€g)fa1x +Nyyy +Dyy,

d,

ey frax +{dg —e3)fggx + Mgy +Nyyy

d,

e figx +(dg —€3)f 6x +Tygy +Nogy

dg

. . . .
€1 11y +(d) —e)fgqy + Ny y +Ngy,

d,
ey fizy T(dg —€3)f 30y +Nygy +Tgg,
d.2
€1 /16y +(dg —es } 26y + Rigx + Mgy
L dg
f212
foza
| fos,

(10.72)

{10.73)

(10.74)

(10.75)

{10.76)

(10.77)



trong dé }'jlx ,]ji},, va }'jiz 14 c4c thanh phén x, y, z cla if'ji ; va
Aje-Ajys V8 Tj;, 12 cdc thanh phan x,y, z clia '1ij; . Tir pt (10.72), cde lue
bd tac déng can thiét 48 tao ra cdc dac tinh chuyén dong nhu mong muén
duge tinh biing cdch st dung, vi dy, phuong phip khi Gauss. Chu ¥, luc
b tac dong phu thudce vae ma trdn Jacobi co cdu chdp hanh chuyén vi
ddo, J_ T, Viéc tinh todn e bo tac dong bing s6 liéu trd nén khéng én
dinh khi c¢ cdu chap hanh ti&n t6i cdu hinh trang thai die biét.

Cé thé thay khi sit dung nguyén 1y cong o, cdc mement va luc rang
bude bi khi¥ khéi phuong trinh chuyén déng. Phuong phap nay hiéu qué
hon cong thde Newton-Euler v céng thie Lagrange, hitu dung déi vdi
diéu khién th#i gian thuc cda co c¢du chdp hanh song song.

Qui trinh d’Alembert

Phén nay t6m tdt qui trinh gidi dong luc ddo bé Stewart-Gough bing
céch sl dung nguyén 1y cdng do. Gid s¢ tién trinh thii gian ciia bé di déng
dugce x4c dinh theo vi tri tam, p, va ba géc Euler ¢, 8, y. Véan toc va gia téc
clia tAm duge tinh biing cach 14y dao ham cla p theo thai gian. Ma trén
quay R, cia b di d6ng duge tinh tit pt (10.1). V4n téc gée va gia tdc goc
clia b di déng dugye tinh tir pt (10.3) va (10.4). Tai thei didm bat ky, cac
Iue bd tdc déng duoe tinh theo nim bude sau:

1. Xdc dinh vi tri, van tde, gia tdc clia moi khau bing cach thuc hién
phan tich déng hoc ddo. V&ii=1 dén 6, cdn tinh:

(@) b ="R;"b, va I =*R "I "R,

(b) d,va s, tir cde pt (10.7) va (10. 6)

(c) cd,, s, c8,, 89, va *R. tif cac pt (10.11) va (10.8)
(d) v,, va ‘v, tir cde pt (10.14) va (10.15)

(e) ‘w, tir (10.18)

() vy vA 1v,; tircde pt (10.21) va (10.22)

(@) iy tir pt(10.25)

(h} ¥, va 'y, tircde pt (10.26) va (10.27)
2. Xdc dinh ma trin Jacobi bé di ddng va khau:
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(@) Véii=1dén 6, tinh J, va'J tircdce pt (10.55) va (10.57)
(b) TinhJ_ bang pt (10.60)
3. Xde dinh téng cde quay xo0dn tdc dung va quan tinh:

(a) Tinh F, tif pt (10.68)

() Véii=1dén 6, tinh {F,, va 'F,, tircéc pt (10.69) va (10.70).

4. Thiét lap cdc phuong trinh dong lyc chuyén dong. Tinh J,, J
£, F,,va F, tif cde pt (10.73) dén (10.77), thay két qua vao pt
(10.72) '

5. Gidi cde phudng trinh dong lyc chuyén dong, pt (10.72), béing
phuong phdp khit Gauss.

Vidubang s&

Dua vao thuit toAn néu trén, chuong trinh méy tinh duge trién khai
dé gidi déng luc hoc ddo bé Stewart-Gough (Hinh 10.2), sif dung phéan
mém MATLAB. Hinh 10.4 minh hoa vi tri cdc khép cAu va vi tri ban dau
bé di dong. CAc théng sd clia hé thdng cd cdu chap hanh gom m = 32kg,
m,, = 2kg, m,, = 2kg, b, = 0.5m, a, = Im, e, =0.2m, ¢, = 0.75m, °I,
=diag(2, 2, 4lkg.m?, I, = diagll, 1, 0.001lkg.m’ T, = diag(0.4, 0.4,
0.0001]kg.m?, va g =[0,0,-9.8]" m/s’

Ag 2400

Hinh 10-4. B6 Stewart-Gough
nhin t¢ trén xudng. y
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Céce vi du sau duge giai 48 minh hoa thuit todn. Trong tat cd cde vi du
nay déu gid thiét bé khdi dong tir trang thai nghi va ting toc véi gia tac
khong dai theo chu ky 0.4s. G vi tri ban dau, gid thist bé di déng duge dat
phia trén va cach d€ & dinh 1m, nghia la & thoi diém t = 0, p=[0,0,1"m,
vad=0=y=0.

Vidu 1, bé chuyén dong doc theo true x véi héng s gia téc p, = 5 m/s?,
vd moi thong s6 khac déu 1a hiing, By =B, =$=0={=0. Luc tac dong
theo thai gian duge vé theo dé thi (Hinh 10.5),

Vidu 2, bé chuyén dong doc theo true z véi hing sd gia tic P, =5 m/s?,
va moi thong s6 khac déu 1a hing, p, =p, =§=8= = 0. Tir Hinh 10.6,
v6i gia tic cia bé theo truc z, mol lye tac déng déu bing nhau. Khi bé
chuyén déng ra xa d& ¢6 dinh, cdc nhanh c6 khuynh hudéng theo chiéu
ditng, do dé lue téc dong suy gidm.

Vidu 3, bé di déng quay quanh truc y v6i gia toc goc khéng dsi g =2
rad/s?, va moi théng sd khdc déu la héang, , = Py, =p,= $=y=0. Luc
tac dong theo thai gian duge vé theo dé thi (Hinh 10.7).

200

E a a

1501

a0k

sof /

¢ 005 01 0.15 a2z 025 0.3 0.35 04 0.45

Hinh 10-5. Lyc tac dong va thi gian, p_ = 5m /s
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Hinh 10-6. Lyc tdc dong va thdi gian,

132

130 -

128

1261

124

120

c

005

01

G115

Dz

0.25

[ E—
03

035 04 045

p, = 5m/s’

93

#

2

a7

0.25

03

0.35 04 Q4

Hinh 10-7. Luc tac ddng va thai gian, 8 = 2rad /s
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az
-

QY " n 4 ; " v e in. d -
0 0os 01 0.15% a2 0.2% 03 0.5 0.4 045

Hinh 10-8. Luc tac déng va thai gian, ¢ = 2rad/s?

Vi du 4, bé di déng quay quanh truc z véi gia téc goc khong déi b =
2rad/s?, va moi thong s& khdc déu 1a hing, Py =Py =D, = B=y=0.Ti
Hinh 10.8, do su b6 tri d&i xitng cia cdc nhanh, cde lue tic dung tir céc bd
tac dong 1, 3, 5 12 biing nhau, va cde Iye tdc dung tit cdc bd tac dong 2, 4,
6 ciing bang nhau.

Cong thiic LAGRANGE

Phan nay sé trinh bay phuong phdp ap dung phuong trinh Lagrange
loai 1 dé giai dong luc hoc ddo cde co cau chap hanh song song don gidn.
Phuong trinh Lagrange loai 1 ¢é tap hop toa do du thira. Do dé, su thist
14p cong thic cdn si dung hé phuong trinh rang buge tir dong hoc co cau.
Cdc phusng trinh rang budc va dao ham coa ching phéi két hgp trong
cdc phuong trinh chuyén déng dé tao s6 phuong trinh béing s8 &n s6.

Cae phuong trinh Lagrang loai 1 ¢6 dang:
k .
dfoL -EIi=Q,-+Zkiﬁ véij=1dénn (10.78)
dt{ 8q; aq; i=1 '
trong 46 I', 12 ham rang budc thiti; k 12 83 lugng ham rang bugc; Ala
86 nhéan Lagrange. S toa d4 n hon sé bac ty do la k. D€ dé gidi phuong

i
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trinh chuyén ddng, can sdp x&p cdc phuong trinh Lagrange thanh hai hé
phuong trinh, mét hé chi chita cdc s6 nhan Lagrange la cdc 4n, va hé
phuong trinh cdn lai chifa edc 8n sd 14 cde lyc tong quét, do bd tdc dong
tao ra. Hé k phuong trinh thd nhat lién hé véi cc tea dd du thifa, hé n-
k phuong trinh con lai lién hé véi céc bi€n khép tdc dong. Hé k phuong
trinh thit nhat ¢d dang:

k (')r d| dL Fo] PR
Z i | == Q i
i=1 aqj dt aqj &5 1 (10.79)

trong dé Qj , néu co, 1a e téng quat hod do ngoai luc tac dung. Vdi

ddng luc hoe dao, QJ— , duge cho trude, nén vé phai pt (10.79) ciing duge
bigt. Vidt pt (10.79) 1an lugt cho ting toa do du thira, s& cé hé k phudng
trinh tuyén tinh va duge gidi dé tim k 6 nhan Lagrange.

Khi tim duge k s6 nhan Lagrange, luc va/hoac moment b tdc dong
duge tinh truc tiép tif cdc phuong trinh con lai. Hé phuong trinh thi hai
c6 dang:

Qj:d[aLl oL k. T

— | = |-—=3x—L vfij=k+1dénn (10.80)
dtlaq; ) éq; =1 g4
trng fiog), 1a luc hodc moment b tdc dong.

Sau day s& phan tich dong luc hoc cia co cdu chap hanh song song 3
bac tu do, dé€ minh hoa nguyén 1y.

Péng luc hoe Lagrange ¢d ¢au chap hanh clia dai hoc Maryland

Hinh 10.9 minh hoa s¢ d8 nguyén 1y co cdu chap hanh cGa dai hee
Maryland. Cdc hé toa d6, chidu dai khau, cdc géc khdp clia ¢o cdu ndy
duge néu chi tiét trén Hinh 3.10. Trong co cdu nay, 0,,,8,,, 0, 1a cic
khép tac dong.

Vé 1y thuyét, phén tich dong luc duge thue hién bang cach sit dung ba
toa do téng quat vi do day 1a cd cdu 3 bae ty do. Tuy nhién, diéu nay dua
dén ham Lagrange rat cdng kénh do tinh phdc tap cia ddng lye trong co
c&u chdp hanh. Nén phuong trinh Lagrange loai 1 duge sit dung véi ba
toa d¢ du thua p,, p,. p, Dodép,, p,, p,. 8,,,0,,, 8,14 céc toa do tdng quat.

Phuong trinh (10.78) trinh bay hé 6 phuong trinh vfn 6 bién, A, véii=1,2,3
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Hinh 10-9. Co cédu chdp hanh cla dai hoc Maryland.
va ba moment khdp Q. véi j=4, 5, 6. Chu ¥, céc luc téng quat Q, vdii=1,2,3
1a cdc thanh phan x,y,z cia ngoai luc tac dung tai tdm P be di déng.

Cclig th&inag caa ba phdfng trinh rapgboog, [, vai i=1,2,3. Cde
phuong trinh rang buje nhan duge do khodng céch giita khép B va C luon
luén bang chiéu dai thanh ndi ciia nhanh trén, b, nghia la;

T,=BC, -b?
={p, +hed; —re, —ace, ceh) +(p, +hst; - rsd; ascb,-celi)2

+(p, —aseli}‘ —p? 1081
-0 (10.81)

véii=1,2,3.

D& don gidn héa su phan tich, gia thiét khei lugng m, cla ting thanh
ndi ¢ td hgp tay don trén. duge chia déu va tap trung ¢ ha1 diém maut B,
v C,, tir d6 ¢6 thé thiét lap ham Lagrange L. Téng dong ning eda ca ciu la:
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3
K=K, + _)_:1(Kai +Ky) (10.82)

trong dé K, la dong nang bé di dong, K ;12 déng ning rotor va khau
ngd vao trén nhénh i, K, 1a déng ning hai thanh néi nhédnh i, va duge
xdc dinh nhu sau:

1 e .o .

K, = Emp(pﬁ +P2+P2)
1 1 :

Kal =§(Im+§maaz)9i

1 ) . . 1 -
Ky = Emb(pi +p? +p$)+§mb329¥i

véi m 14 khdi lugng bé di déng, m_ 12 khéi lugng khau ngé vio, m, 12
khdi lugng mét trong hai thanh né:, I 1a moment truc quan tinh rotor
1ap trén nhénh i, Gid s( gia tdc trong luc c6 chidu —z, téng thé nang cGa
o ciu chdp hanh theo mat phing ¢§ dinh x-y 1a

3
U= Up + 23Uy + U (10.83)

i=1

trong d6 U 12 thé niang bé di dﬁng, U, 1a the néng khau ngd vao trén
nh4nhi, U, la thé ning hai thanh n@i nhénh i i, va duge x4ac dinh nhu sau:

Up = mpgcpz
1
U, = Emagcaseli

Uy = myg (p, +as0y;)
Ham Lagrange c6 dang:

1 . . .
L= (m, +3my )5 + By +P7)

1 1

+—2n(Im +gTMad +mya®)(6% +6% +6%3)—(m, +3m,)g.p,

_(%ma +Imy, )gca{sﬁu +88,5 +5013) (10.84)
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Lay dao ham cia ham Lagrange theo sdu toa d6 tdng quat:

dt

4
dt

I

ac-lg ;pi]:(mp+3mh)ﬁy, %=0

% ;}i}(mpwmbmp ;)L; = ~(m, +3m, )g,

C_%I;— =(In +-:1):Jrnaat2 +mya’)y;, 6211‘1 =—(%ma +1my, )gach;
66911‘2 = (L, +%maa2+mba2}§12, azz =—(%l‘ﬂa +my)g.acl,
6691:3 = (I, +%mma2 +mpa’)f,, 8(31:3 2—(%111& +my,)g.ach;

Ldy dao ham cta ham rang buje [ theo sdu toa do téng quat:

ﬂ = 2(Px + hc¢i —red; —ach;co,;)
g
ar,

- =2(p, +hs¢, —rsd, —as¢;c,;)
oy 1
ar;
apz = 2(pz ——asﬁli)
ab

1 _ 2a{(pycdy +pysé; +h-r)s0;; —p,cdy;]
M,

ol -0
0,
cl; -0
My

v6ii=1,2,3

v61i=1,2,3

v6i i=1,2,3

vii1=2,3

val i=1,3
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T
—*- = 2a[(p,cfy + PySdy + h—1)s8;5 - p,chy,]

EUP
o véii=1,2
084
&r. .
2= 2a(p.chg+p.shy+ h-1)s8;~p,ch )
2,9

Thay cdc dao ham trén vao cac pt (10.79), (10.80), sé& duge hé phuong
trinh dgng luc hoe. Véij =1,2,3:

3
2> %;(py +hed; —red; —acod;chy; )= {my, +3my)py — f o {10.85)
i=1

3
23 h;(py + hso; —rsd; —as¢;c0y;) = (m, +3my )p, - f (10.86)
1=1

3
2% hi(p, —as0y;) = (m, +3my,)p, +(my +3my)g. ~ f, (10.87)
i=1

trong do fpx, fpv, fpsc 1a cac thanh phan x, y, 2 etia ngoai luc tdc dung 1én
bé di déng. Va1 j = 4,5,6:

o 1
7, ={I, +%maa2 +mypa®)y, +[—§ma + megcacen
—2ah\[(pyc; +pysd) +h-r)sty) —p,ct ] (10.88)

15 =(1,, J.~-‘13—maat2 +mya®)d,, +(%ma +mb]gcac812

—2ak,[{pchy + PSPy +h—1)80,4 - O] (10.89)

SRR S 2.5 1 )
74 = (I, tgm,a” +mya 0,5+ 5 Ma +mb)gcac9]3
—2ah5[{pychs + PSPy +h-1)s83 - p,edyy] (10.90)

Cac pt t310.85) dén (10.87) 14 hé ba phuong trinh tuyén tinh ba an, xac
dinh ba s& nhan Lagrange. Khi tinh duge cic $6 nhan Lagrange, mo-
ment bd tac dong duge xde dinh tit hé phuong trinh thi hai gém cdc pt
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(10.88) dén (10.90). Hai hé phuong trinh nay c6 thé duge si dung d€ didu
khién thai gian thue cho co cau chdp hanh nay.

Tém tit

Chuong nay trinh bay déng lue hoc d4o clia co cau chap hanh song
song. Phin diu gidi thigu phuong phép tinh sé dua trén céc phuong
trinh Newton-Euler. Bang cdch xét ting nhanh theo hé théng con, cdc
phan luc va moment tai khép néi c4c thanh phin phia trén va phia dudi
ctia nhanh c6 thé dugc loai bd khéi cde phuong trinh chuyén déng. Bing
cdch viét cdc phuong trinh chuyén déng cia timg nhanh xung quanh
khép cdu ¢8 dinh va bigu thi k&t qua theo hé toa do khau, cac phén he tai
khdp cdu cd dinh bi loai b6, con mét s6 phédn lye & khdp cdu di déng <6
thé duge gidi mdt cach doc lap tif cac phuong trinh chuyén dong cta bé di
dong, do d6 hiéu sudt tinh todn ting rd rét.

Phuong phép dua trén nguyén 1§ cong 4o cé hiéu qui hon. Buée co
ban khi 4p dung phuong phép nay 12 xdc dinh cdc ma tran Jacobi khdp
lién hé trang thdi van tdc cia cdc nhdnh vdi trang thdi van toc ctia bé di
déng. Bé Stewart-Gough véi s4u nhanh duge dung lam vi du dé minh hoa
phuong phép ludn. 8i dung nguyén ly céng do, céc phuong trinh déng lue
hoe chuyén déng déi véi co ciu chap hanh phiic tap ¢6 thé duge rit gon
dé giai hé sdu phuong trinh véi sdu dn. Pé minh hoa thudt todn nay,
thuét todan mdy tinh duge trién khai va cdc vi du ey thé duge trinh bay.
Phuong phdp nay higu qué hon phuong phép Newton-Euler, ¢6 thé duge
dung dé xdc dinh sy diéu khién thei gian thue cho co cau chdp hanh song
song, ching han bé Stewart-Gough.

Mac dau hién tai chua thé thiét lap cdc phuang trinh dong luc hoc
tuong minh ¢ho co cdu chap hanh song song 6-dof téng quat, nhung cé
thé xac dinh hé phuong trinh chuyén déng cho céc co ciu chdp hanh
tudng déi don gidn biing cch dp dung cdc phuong trinh Lagrange loai 1.
Dong luc hoc cda co cAu chdp hanh Maryland duge phén tich d€ minh
hoa phuong phap nay.
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Phy tac £ . R
PHUONG PHAP LIEN TUC

Bai todn déng hoc ddo eda co cdu chip hanh néi tigp ¢é thé duge rat
gon thanh da thic v6i mét bién néu cd cdu nay c6 ba tryc khdp lién tiép
¢4t nhau tai diém chung hoc song song véi nhau. Tuy nhién, d6i véi co
c&u chap hanh c6 cdu trac dong hoe tdng quat, cdc nghiém dang khép kin
hau nhu khong thé tim duge. Trong trudng hgp nay, 6 thé phai gidi bai
toan theo phuong phép sd. Trong Phu Luc nay sé gidi thiéu phuong phép
50 dugc goi 1a phuong phép lién tue. Hai giai phdp quan trong nhat trong
phuong phédp nay 1a st dung so phic dé bidu thi céc bién va cdc thong s6
thue, va sif dung cdc bidn dong nhat m. Phén k& tiép s& gidi thiéu khai
niém vé ddng nhat héa da thie va khéi nigm vé tinh lién tuc. Giai phap
Tsai va Morgan duge ding dé€ minh hoa phuong phép ludn nay.

S48 Bezout
S5 Bezout tinh s& nghiém d6i véi hé cc phuong trinh da thite. Trude
hét, cAn xét phuong trinh da thdc véi mdt bién phic.
fx)=Yax" =0 (A1)
i=1

trong d6 a, 13 cdc hé s8 hiing va x 12 bién phic. Dinh 1y dai 56 cd ban
cho biét phuong trinh da thdc béc n ¢6 n nghiém. Nhu vay, 56 Bezout clia
da thiic 14 bing sd béc clia phuong trinh dé.

K& tidp, cAn xét n phuong trinh da thie véi n bién. Béc cia dai lugng
ctia da thite nhidu bién duge x4c dinh 1a tdng cdc liy thisa, bac cha phuong
trinh da thic 12 bac cao nhéit clia mei dai lugng trong phuong trinh, va
bac toan phan clia hé da thite 1a tich cdc béc cla tat ca cdc phuong trinh
trong hé. Pai v6i hé da thire

f1(X %, X ) =0

fz(xl,xZ,...,x“)ZO

folX{ X9, X, ) =0 (A.2)

néu bac cia phuong trinh f(x) 14 d, bac toan phédn cia hé la d =



Dinh Iy Bezout cho biét hé da thic bac toan phin d c6 t5i da d nghiém
riéng bigt trong khéng gian phiic Euclide. N&u moi nghiém cia hé da
thic déu la binh thuong, sd nghiém bang 56 bac toan phén clia hé. N&u
tinh cd cac nghiém 12 v6 cye, s6 Bezout clia hé da thie bing bac toan
phan ciia hé do.

Céng thiic déng nhat co ban

Cac nghigém & vé cue 6 thé duge tinh bing cdch sit dung c4c toa do
déng nhat. Goi (X, X,, ., X,) 1& n bién ciia h¢ da thic, C4c toa do déng
nhét (y,, y,, ... y,,,) ¢ thé nhan dugc bang cdch mé rong s bién tirn dén
n+l theoquan hé x = y/y_, véi You 18 hé 56 v6 huong. Thay X, =y/y .,
vao hé phuong trinh ban ddu va nhan timg phuong trinh vés ¥,..3 dé khu
mau 88, sé nhan duge hé cae phuong trinh mai la déng nhit theo y,. Theo
cach dé, cdc nghiém & vé cue tré thanh cac nghiém hitu han kh4c zero,
v6iy,,, = 0 v nghiém ciia hé phuong trinh ban d4u c6 thé nhén duge
bing cach chia nghiém déng nhat cho ¥,..;- Phuong phdp nay duoe goi 1a
cong thite déng nhéi - 1 cd ban.

Vi dy, hé phuong trinh, cdc pt (2.106) dén (2.110), tit dong hoc dao
cia co cdu chdp hanh 6R téng qut, c6 thé viét duéi dang

Fix) =2 1X1X3 +8; 9% Xy +8, 3X5%3 +8; 41 XpX,
+tai5X5X7 +2;6X5Xg +8; 7XX7 +2; gXgXg
89X +8, 10X +811X3+8; 9%,
tai13X5 +A,;14Xg +8 15X +8; 15X

F(x):{ +a;,;,=0 (i=1..4)

. f5{X)=xf+x§—1=0

fex)=x%+x2-1=0

fr(x)=x; +x2-1=0

fa(®)=x7+x5-1=0

(A.3)

trong dé a, 14 hé 88 va x, 12 bién cla tdm da thac. Cac hé s4 1a cdc
théng s6 khau khong ddi, va cdc bién 1a ham sine va cosine ciia bén goc
khép. D6i véi hé phuong trinh nay, bac cia f(x)=01la2v6ti=1dén 8. Do
d6 béc toan phan cia hé 14 2% = 958,
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Hé thong déng nhat - 1 ¢d ban ¢6 thé nhan dugc bang cach thay x, =
v/y, vao pt (A.3) sau d6 nhén timg phuong trinh véi y,? @& khir mau sé.
Tit 46 s& nhan duge hé tém phuong trinh déng nhat v6i chin an.

(F}.(.\') =AY ¥ T8 aY1Ye +8i3YeY s Ta{4¥2¥s
+8,5Y5Y7 t86Y¥5Ys TR 7YeY7 TAisYeYs
+R9Y ¥y A10Y2Yo HAi11Y3Ye T8i12Y4 Y9
+U,13¥5Ye A 14¥6Y9 TR 15Y7Y0 T Ri16Y8Y0

f‘(y): +a,; y2 =0 (1=1..4)
B 21.1'? 29 ) (A4)

fsly)=yi+y2-ys=0
Fa)=y3+yi-yi=0
frm=yi+yg-ys=0
Fay)=yi+yi-y5=0

Dé&i vai hé déng nhat - 1 co ban, néu (y,, ., y,,,} 12 nghiém, (py,, .,
py_,,)cing la nghiém, v6ip 1a hing bit ki khac zero. Méi nghig¢m cGa hé
ban déu ing voi dung di qua diém goe cua céc toa dd déng nhat dugc goi
la khong gian chigu. Su dung céc tea do ddng nhat, s Bezout cia hé

phudng trinh da thic 14 bing béc toan phdn ciia hé d6, do d6 s& Bezout
cua hé phuong trinh (A.4) 1a 256.

Sy dong nhat héa - m

Viéc sit dung nhiéu bién déng nhat déi khi ¢6 thé gidm badt s8 lugng
cac nghiém duy. Nhiém vu chinh trong sy déng nhat héa la lién hé cdc
bhign theo nhém va bién déi tiing nhém thanh tap hgp dong nhat cdc
bién. Hé da thic duge goi 1a cong thirc doéng nhét - m néu cde bién dugc
sdp x&p vao m nhom déng nhat. Vidu, eb thé s&p xép cde bién trong hé
phuong trinh (A.3) vao hai nhom, (x, X, X, X} va (X, X, X;, x,), sau dé
thay x, = y/y, choi=1, 2,5,6, vax =yly, choi=3, 4, 7, 8, vao cac
phueng trinh nay va kit mau s6 s& nhan duge hg dong nhat - 2.
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fity)= A1Y1¥3T3i2¥1¥4 +8i3¥0¥5+8, 1YY,
TAi5Y5Yr v318Y5Ys 7YY +2,3VYs
TRioYiY10+210Y2Y 10t A11Y3Ye T8 19V ¥y
N TA3Y5Y10 ¥ A114Y6Y 10 T8 15Y7¥0 + 8 16YsY e
F(y): . +ai_17yl_qyw‘.:0 (i=1l..4) (A5)
fsly)=yi+y5-y5=0
fen)=y5+yi-yh =0
fr=vi+yi-vi=0
}3()’):)/‘7?“')'?3_}’?0 =0

Goi 3, vdi j = 1 dén m 12 m nhém bi&n, 46 tinh s& Bezout, trude hét
cdn tinh tdng céc tich d, B, cho tiing phuong trinh déng nhat - m, vai d, ta
bdc cua phuong trinh 1 theo cdc bién trong nhém j. Két qud 88 co n
phuong trinh tuyén tinh trong nhém B, v6i d, 12 cdc hé sd. K& tiép cdn
tim tich cua cde phuong trinh tuy#h tinh dé nhan duge da thae phi tuyén
theo 3.

H{Zdij-ﬁj]:{dnﬁl Hoord g By Hd gy By +oo+dpy Br)

i-1\ g1

AB
"'(dnll§1+"'+dntmJ ( :

8¢ Bezout da déng nhdt duge dinh nghia la hé sd cda dai lugng

]—]F’:IBE‘j trong pt (A.6), v6i k, 14 s6 bién trong nhém j.

Do v6i he déng nhat - 2 trong pt (A.5), céc bién duge sip x&p theo
hai nhém, (x , Xy X5 X ) VA (X, X, X, X ), bdc cla cde phuong trinh nay
dugc néu trong Bang A.1. P& tim s6 Bezout, cé thé tinh

8( 2
r[( Zdij[jj J =(B; +Py )4(2B1 }2(252 ¥
i=1j=1

trong dé d, dugc lay tif phdn tif (i, j) trén Bang A.1. Do c4 hai nhém
déu chda bon bién va hé s6 B B,' trong da thife néu trén 12 96, s Bezout
dong nhét - 2 1a 96, do d6 cong thic déng nhat - 2 efia hé nay sé cb t6i da
14 96 nghiém.
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Bang A.1 S bac clia hé déng nhit - 2

Phuong trinh i Nhém1{3=1) Nhém 2§ = 2)
1 1 1
2 1 1
3 1 1
4 1 1
5 2 0
6 0 2
7 2 0
8 0 2

Nghiém & v cuc
Nhu da dé cdp, viée st dung cdc toa dd déng nhat, cdc nghiém ¢ vo
cue ¢6 thé duge tinh dén bang cach xdc ldp toa df cudi trong timg nhém
bién 14 zero. Vi du, cdc nghiém & vd euc déi véi hé déng nhat - 2 theo pt
(Ab)gébmbaloai, () y,=y,=0,2)y,=0,y,=1va@)y,=1,y,=0.
Déi véi trudmg hop (1), bén phuong trinh cudi cna (A.5) duge rit gon thanh
fs(y)=yi+y3=0
fem=y5+yi=0
f(y)=y5+y5 =0
Fa=vi+y5=0 (A7
trong d6, y, = £ iy, ¥, = *iy, y,=Hy, y,==t1y, gom 16 t3 hop. Dai
vdi td hop bat ky, chang han y, = iy,, ¥, = ¥, ¥, = i¥, ¥, = 1y,, bon
phuong trinh ddu cla (A.5) s& rat gon thanh
fiyy=la, —a,,)+ia;; +8,3)]y1¥3
+{(a;5—a;g)+1(a;6+a,7)ly,¥7
-0 (A.8)
viii=1,2,34

Cé6 thé xét pt (A.8) 13 hé bdn phuong trinh tuyén tinh vdi hai bién,
¥,¥, va y.y,, cdc nghiém kha thi 12 YYs vayy, =0 ddi véi cae thong 80
tong quat. Tuy nhién, y, vd y_ khong th€ déng thoi bang zero, néu chung
déng thai bang zero thi (y,y,, ¥, Y. ¥,) = (0, 0, 0, 0, 0), khong xay ra
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trong khong gian chiéu. Tuong tu, y, va y,_ khong thé dong thoi bang
zero. D61 vdi t6 hop nay ¢6 hai nghiém, (y,, ¥,, ¥, ¥, Yo Yo ¥ ¥g) = (1,
1,0,0,0,0,1,1)vai0,0,1,i, 1,1, 0,0). Docod 16 t6 hgp cho trudng hap (1),
tong s6 nghiém riéng ré ¢ vo cuc 1a 32.

Tuong ty, ¢6 thé thdy ¢é 16 nghiém ¢ vo cue dbi véi titng trusng hop
(2} va (3), do d6 ¢6 84 nghiém & vo cuc. Do vay, hé phuong trinh nay c6 161
da 32 nghiém. Mic di ca 32 nghiém déu théa pt (A.3), nhung c6 thé thay
c6 16 nghiém khong thda cdc phuong trinh vong khép kin gée. Cac nghiém
khéng thoa phuong trinh vong khép kin ban diu duge goi 1a cdac nghiém
du, cde nghiém con lai déu ¢6 y nghia.

Phuong phap lién tuc

Trong phan nay s& trinh by tém tét phuong phép s6 duge goi 1a phuong
phdp lién tuc. Gia si, can gidi hé n phuong trinh da thie vdi n bién.

Fi(X),Xq,....%,
X

y=0
. fz(xl,X2,..., l’l}=0

F(x) (A.9)

fn{xl y X2,“., xn ) = 0

C6 thé goi F (x) = (f,, f,, .., f ) 12 hé dieh. Y tuéng ctia phuong phap
lién tuc 1a dua hé dich vao ho cic hé da thite vdi tham sé thue t, duge goi
la tham s6 1ién tuc. Moi nghiém ciia mot hé trong ho, duge goi 14 hé ban
dau G (x) = 0, ¢6 th€ duge gial ¢ dang kin. Hon nifa, cdc nghiém cta hé
ban d4u phai lién két véi moi nghiém riéng biét cia hé dich, théng qua
cac dutmg dan duge goi la duong din dong nhat. Vé nguyén tic cdn xay
dung ham déng nhat H(x,t) = 0 vdi tham s6 t mdi sao cho Hix, 1) = F(x),
Hix, 0) = G(x), va théa céc tinh chit sau;

1. Nghiém ctia G{x) = 0 ¢6 thé gidi d dang khép kin.

2. Tap hyp nghiém cta H{x,t) = 0 v4i 0 <t < 0 chita 6 lugng dudng
dan hiu han, mdi duting ddn duoe dic trung bang t.
3. Modi nghiém riéng clia Fix) = 0 déu lién hé véi nghiém cha G{x) = 0.
Cdc tinh chat 1 dén 3 bao ddm cdc dudng din nghidm c6 thé bt diu
cac nghiém G(x) = 0 tai t = 0 d&n moi nghiém ctia F(x) = 0 tai t = 1 sitdung
ky thudt s binh thudng k& ¢4 ecdc phuong phdp gidi phuong trinh vi
phén. Cén chu ¥, di1 c4e tinh chat 1 dén 3 cho biét mdi nghiém eta F(x) =
0 sé & cudi dugng dan nghiém, nhung mét s6 dudng dan cé thé phan ky
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dén vo cye khi tham s6 lién tuc t tién 1. Didu nay thudng xay ra khi G(x)
= 0 ¢6 nhiéu nghiém hon so vdi F(x) = 0, trong diéu kién dé, mot s&
nghiém ciia G{x} = 0 14 du va thuéng phan k¥ 6 vé cuc.

Phuang phap lién tuce doi héi hé ban ddu Gix) = 0, ham déng nhat
H(x, t) = 0, va k¥ thudt tinh 54 dé xét ham déng nhat titt=0dént = 1.

Ham déng nhat

Ham déng nhit cho phép dién gidi cac nghiém cia hé ban ddu véi
cdc nghiém ctia hé dich. Cac dudng dan nghiém phéi én dinh va khéng
bat thuong. Ham dong nhat téng quat thung dung 1a

Hix,t)=y(1-)G(x}+tF(x) (A10)

trong d6 y1a hing phic ngiu nhién. Chu ¥, tai t = 0 cdc nghiém clia
Hix,0) = 0 14 cdc nghiém cha G{x) = 0 va tai t = 1 ¢dc nghiém nay la cla
ham Fix)=0.

Trong xay dimg ham ddng nhat, tinh chat (1) ¢é thé dé dang théa man.
Tuy nhién, cdc tinh chdt (2) va (3) chi théa vdi sy lua chon cdn than Gix)
va . Théng 56 y1a can thiét d& bao dam tinh chat (3) ciia ham déng nhat.
Pidu nay ¢6 thé duge minh hoa béng vi du, trong dé hé ban dau la 4&m cia
hé gée, nghia 1a G{x) = -F(x). Boi vdi y= 1, ham dong nhat Hix, t) = (1 - t}
G(x) + tF(x) s& triéu tiéu tai t = 0.5, trong khi déi vdi cac lua chon ykhdc,
diéu nay la khéng thé. Do d6 cAn chen yngiu nhién dé trdnh didu da.

Hé ban dau

Moi nghiém ctia hé ban d4u phai duge biét, mdi nghiém phai khéng
bt thutng, va hé phat duy tri ciing cdu tnic da thie nhu hé dich. Néu
khéng, nhidu diéu e6 thé iy ra, chdng han (1) H(x, t) = 0 ¢6 thé khéng c6
nghiém ¢ gid tri t ndo dé, hodc ¢é vai nghiém khé phan biét hosic khé
tim; (2) G{x} = 0 ¢6 thé khéong cé di nghiém tuong ing vdi cac nghiém cta
Fix) =0, hodc F{x} = 0 s& ¢6 vai nghidm khong ¢6 duirng dan lién tuc hoi
ty; {3) khi t tién tdi 1, cdc nghiém cia H(x, t) = 0 s& phan k¥ dén vo cuc.

Cé 1& hé ban dau don gidn nhat ddi vdi hé da thic déng nhat - 1 1a

g1{x):&11"‘1il ~b =0

N R
G(X}: g‘Z(X}_‘a2x2 b2 0 (A11)

g.(x)= anx:" ~b,=0
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trong dé a, va b, la cac hé s8 phiic ngau nhién. Do cdu tric don gian
cua Gix) trong pt (A 11}, tinh chat {1} hoan toan théa man. Co thé thay
tinh chat (2) va (3) ciing théa cho hau hét cac lua chon a, va b.. Nghia la,
Gix)=0chda d =T],d; dudng din, héi tu dén cde nghiém cta Fix) =
hodc phén k¥ dén vé cue khi t tién d&n 1, vA mdi nghiém riéng ré cia
F(x} = 0 cé dudng din hai tu. Didu duy nhat can tinh dén 12 khi t ting
dén, nghiém ctia H(x, t) = 0 ¢6 thé phan k¥ dén vé cue. Tuy nhién, cé thé
tim dugc moi nghlem riéng ré coa F(x) = 0. Su lva chon avab, ngau
nhién 1a yéu td quyét dinh déi véi phuong phdp nay.

Hé ban dau tong quat kha di la
dy
g (x)=[](x, "blj}:O

j=1

dy
J8axy=Tl(x; —by;)=0
’ i {A.12)

d,
gax) =[x, ~by)=0
I8!

trong 4o, b 14 hé s6 phife ngdu nhién, hé nay théa cic tinh chat (1),
{2),(3) véi hdu ‘nhu moi b,

Cdc hé ban diu néu trén a téng qudt, c6 thé 4p dung cho hé da thite
bat ky. Ciing cé thé xay dung hé ban ddu cho bai todn cu thé. Phuong
phédp la chon hé 58 mot cdch ngdu nhién cua hé dich nhung khéng anh
huéng dén cdu trac co ban clia cie da thie. Dai véi hé dong nhat - m, hé
ban d4u vdi cau tric da thie khéng ddi so vdi hé dich c6 thé xay dung
bing tich cdc hé s§

m
gi(x]:nhij(xlj'JXZj""»xkjj):O (A.13)
j=1
trong d6 h, 14 da thic bac d, , trong nhém j, d 1a bac cia phudng trinh

i theo cac bign ca nhom_], va k 14 s6 lugng cac bién trong nhém j. Céc hé
56 h, cé thé duge chon ngau nhién d& théa cdc tink chat ( ), (2)va(3).

V1 du, hé ban dau eiia hé dong nhat - 2 theo pt (A.5) c6 thé viét:
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g21{¥}=(y, — by ¥yoH¥3-by¥10)=0
g2(¥)=(¥a ~ba1¥o ¥4 —bao¥i5)=0
g3(¥)=(¥5 —ba1¥e)y7 —baz¥ip) =0
84(¥)=(¥ys—b41¥e)ys —bayio)=0
G g (w1 =yi+yE by =0 (A.14)
g8s(¥)=y3+¥: -beyio=0

87(y)=y3 +¥g-bnys =0

gs(y}zyg+yg“b81)’fﬂ =0

trong d6 b, 1a hing phic ngau nhién
Pudng dan

D& thue hién phuong phap lién tuc, cin bt d4u tir nghiém cua G(x) = 0,
sb gia t 12 8t va gidi ham H(x, 8t} = 0, ting thém sb gia cho t va giai H(x, 28t)
=0, ..cho dén t = 1. Mbi khi tang t theo &t, cdn st dung nghiém H{x, t) =0
& bude trude dé tim nghiém H(x, t+8t) = 0. Qui trinh nay duge lip lai cho
ting nghiém cia G{x) = 0 cho dén khi tim duge mei nghiém cta F(x) = 0.

Phuong phdp nay thutrng thuc hién trén mdy tinh, thiét 1ap hé céc
phuong trinh vi phdn véi cdc nghidm la cdc duong dan lién tuc. Néi
chung, cdc phuong trinh vi phan duge gidi bing phuong phép tich phan
86. Két qua tich phan sau d6 duge tinh theo ham Newton dé tim nghiém
cudi moi dung ddn nghiém.

Nghiém Tsal va Morgan

Xét bai toan déng hoc ddo cia co cdu chap hanh 6R téng quit da
trinh bay trong Chuong 2. Khai trién cde pt (2.106) d&n (2.110) s& nhan
dugc hé tdm da thiic theo pt (A.15), trong dé x, = B, X, =56, X, = 6, X,
=86, x, =0, x, =56, x =cB,x =56, 1acac bién cia tdm da thic; a,
d,, o 1a cdc thong s6 hang ctia khau D-H; 8,1=1,2,3,4,51a cdc gic khép;
p=I[p, P, p,I" la vector vi tri cha gdc toa dé khdu 5;vae= le, e, el'la
vector don vi trén truc z, (Hinh 2.11). Vector vi tri b va vector don vie
duge tinh theo pt (2.100) va (2.101} sif dung dinh hudng va vi tri bé tde
ddng cudi cho tride.
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Fix):

f1(x)'—'

fa(x)=

fa(x)=

fa(x}=

Js(x)=
fa{x) =
f7(x)=

—CO S0Py X X3 +805P X Xy + 00 SUPyXgXg + 80P, XXy
— 50300 4B5X5Xg ~ S0gA5KgXy — S CAP, X + 80 COyP, X
-850, (P, —d;)X5 — 808, X, + 80550 ,d5Xs —S038,Xg

— CU38U 4AEX g +{CU LU P, —CU CUyd | - COgdy —dy

—eugd, —coze0o,ds)=0

~CH 808, X X3 + 5098, X Xy +C0SUp€, XXy + 5098, XyX,
+ 801300 48U X5 Xy ~ 303805 XgX g — S0, CO, Xy + 50 CUYE, Xy
— 808Uy, X5 + 50U y80 4Ol 5X 5 + COL3S0L, S0 X,

+(cacoge, —cagcagcag) =0

A3€,X X3 +C0L{AE X)Xy +83€,XgXg —COy 8,8, XXy

— 8030 805d X 5 Xy + 80 A5 X 5Xg + CO4SAzAgX g Xy
+sagsagdgxgxg +(a e, —saydae, )x; +(ae, +sa,dye, )x,
+500,85€,X, — 80380, 00X, + 80 CO585X,

—so sag{dy +cogdy)x, +sasa,xg +(de, +ca,dye,
+eugco cogdy + coyead, +cagd, —pye
_py‘ey _pzez) =0

AgPyX X3 + 00 ApPy XXy +AyPyXgXg — €O AP, XXy

X

+A385X ;X7 + 50500, 85daX X +S03a5d XX,

~Crt a85XgXg +{81P, —s0ydypy )X, +(ap, +50,dapy )X,
- a,8,Xy —sogag(d; —p, )%, +(aga, ~sogsaydds )X,
+{s04a5dy5 +80a,d,)%g +a,a5%Xy + (500 85d,

+eagsi agdy)xg +05(-af ~d? —aZ-d2+a?+d?
+aj+di+a+di-pl-p}-p;)=0

x?+x2-1=0

xg + x:f -1=0

X;+X2-1=0

kfs(x)zx$+x§-1=0

(A.15)
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Tsai va Morgan sif dung pt (A, 10) vdi y = 1 lam ham dong nhat dé giai
hé phuong trinh néu trén. Cdc théng sé D-H cia eo cdu chap hanh 6R
duge néu trong Bang A.2, dinh huéng va vi tri cia ddu tac dong cho trude
duge néu trong Bang A.3. St dung pt (A.11) lam hé ban dau, s& c6 256
diém khéi ddu téng quét. Pudng din lién tuc ducce tao ra cho titng diém
khdi ddu. Mot s6 dudng ddn nay héi tu dén cdc nghiém cia pt (A.15) va
s6 khac phan k¥ ¢ v6 cuc khi tham s§ lién tyc t tién dén 1. Méi nghiém
riéng cia hé nay déu ¢ dung dan hoi tu d&n nghiém dé. Moi nghiém
déu ridng biét tri khi hé c¢é s8 nghiém vé han, tic 1a khi co cdu chdp
hanh ¢6 ciu hinh dic bigt. Trong truong hgp niy, mét s6 nghiém la riéng
biét va so khae tao thanh cdc siéu bé mit dai so, vdi d6 cong chung. Do
dé6, phuong phép lién tuc s& tim duge moi nghiém trir khi hé c¢é vé s8
nghiém. D61 vdi co cdu chap hanh 6R, phuong phép lién tuc ludn lubn cé
32 dudng dén hdi ty, trong dé 16 dudng din c6 ¥ nghia. Trong vi du néu
trén, phuong phdp lién tyc tim duge 12 nghiém thyc ¢6 ¥ nghia, va duge
néu trong Bang A.4.

Bang A.2. Cac théng s6 D-H cla cd céu chdp hanh 6R

i a, d o,

1 0.5000 0.1875 80
2 1.0000 0.375 15
3 0.1250 0.250 120
4 0.6250 0.875 75
5 0.3125 0.500 100
6 0.2500 0.125 60

Bang A.3. Binh hudéng va vi tri clla bd tic ddng cudi cho trude.

Bo tdc dong cudi  Thanh phdnx Thanhphdny  Thanh phénz

1 0.22441776 0.71549788 0.79551628
2 -0.71511545 0.65150320 (0.25328538
3 -).69899036 -0.66895464 -0.25280857

4 0.00473084 -0.35783135 0.93377425
Bang A.4. Cac nghiém thyc. |

S6 thut tu 8, 9, 8, 8,
1 167.68 83.55 65.84 -88.67
2 -143.00 100.07 18.46 59.49
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3 115.86 -168.65 167.17 -111.41
4 107.56 2.00 166.77 -173.54
5 -106.07 -140.86 -161.28 35.54
6 -65.37 14224 -70.90 -51.63
7 120.52 31.27 114.15 -143.62
8 7.75 103.87 -21.37 -79.90
9 -16.69 87.90 -80.98 -25.72
10 47.26 163.44 28.32 -41.13
11 2093 58.74 -27.07 -125.66
12 38.93 -56.45 12.28 72.23

Theo pt (A.13), ¢6 thé x4y dung hé ban ddu mai
g1(X)=-%gx;+%x, =0

Eo(X)=—X4Xz+X%y =0

EalX) =X X3+ XXy +X; +Xy~%;, -5=0
(X} =X Xg+XgX; +X; +X3 -Xq+Xg-H=0
G g =xZ+x3-1=0 (A.16)
galx)= x3+x4 1=0

g.(x) = x5+x5—l 0

Co6 thé thdy hé néu trén c6 32 nghlem riéng ré. Sit dung ham déng
nhét téng qudt, mdi nghiém riéng cia hé phuong trinh (A.15) ¢6 thé
nhéan duge theo nghiém cia pt (A.16). Do c6 ding 32 duong dan, két qua
nay sé gidp tiét kiém thdi gian tinh todn.

Tinh déng nhat Cheater

Tinh dong nhét Cheater duge dung d€ gidi hé phuong trinh da thue,
loai hé phugng trinh can gidi 1ap lai véi cdc hé s& khac nhau. Goi

N1z ox5ap,..,a,)=0

fz(k],..., n,al ..... ak):{)

Fix,a): (A17)

Folxy.x5a)...a,)=0
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1a hé dich, trong d6 x = (x, ..., x ) la cdcbi€n vaa =(a,, ..., &) 12 céc
hé sé, va goi

81Xy X)) = fr(%y %8l al)+ bl =0

a0 0 0
Col(X Xy )= folX v n X8y 8 b+ by =0

Gix): (A.18)

a0 0 0 _
g (X Xy )= folxy,nXy8] ., a ) +b, =0

14 hé phuong trinh da thife nhan duge biing cich thay cdc hé 6 a vdi
cac s6 phife ngdu nhién a° = (a %, a,°, .., a,%) va béing phép cong cdc hang

b® =(b% b, .., b %. C6 thé thay, tinh chat (2) va (3) 1a diing véi ham
déng nhit nay.

H(x.t)=F(x,(1-t)a” +tay+(1-t)b® = 0 (A1)
Chay,tait=0,H(x,0)=Gix,=0,vatait=1 H(x, 1)=F(x,a)=0
Tinh dong nhat Cheater duge thuc hién theo hai bude
1. Giai hé phuong trinh (A.18) sif dung tinh déng nhat quy ugc. 36

cde nghiém d,, tuong Ung bac toan phan ciia hé ban dau (d, < d)

2. D6i véi tung lya chon mdi cdc hé sd a = (a,, a,, ..., a,) theo d,
dusng din duge xde dinh bang H(x, t) = 0 trong pt (A.19) sé tim
duge tat cd cdc nghiém cta F(x, a) = 0.

St dung phudng phap nay, v6id = d d,.. d dudng din cia hé cde
phuong trinh véi cdc hé s6 phiic ngdu nhién a® va b°® chi 4p dung d& tim
d,. Céc nghiém d, duge dung d€ khéi diu cdc dudng dan k& ti€p, do dé
lam gidm s6 lugng dudng dan va tang hiéu qua cha phuong phap.

Diéu quan trong 13 a° va b® phai la sé phite, di1 hé ban dau Fix, a) = 0
¢6 thé ¢é cac s6 thue. D6l vai a° va b° 1a sé thye, ham dong nhat c6 the
khoéng théa tinh chat (2) va (3). Phugng phdp dong nhat Cheater con
duige goi 1a phurong phdp déng nhat théng sé.
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Phe lze &

PHUONG PHAP LOAI TRU THAM TACH
SYLVESTER

Trong Phu Luc nay s& gidi thidéu pnuong phap loai trir tham tach Sylvester
dé rat gon hé phugng trinh da thde. Phuong phdp doi héi xdc dinh phuong
trinh duge goi la phuong trinh loai trir hofic phuong trinh két qua. Phueng
phép dugc dung réng rii trong dong hoc dé tim phuong trinh leai tri la
phuong phdp leai trir do Sylvester dua ra. Vé ly thuyét, phuong phap nay
rit gon hé phuong trinh da thite nhiéu bién bat ky thanh mét da thue
mot An. Trong thue t&, phuong phdp nay chi 4p dung difge cho tap hop
tuong d6i nhé cdc phuong trinh da thic. Didu nay 1a do da thie két qud
¢6 thé tang s6 lugng phuong trinh rat 1dn va cé nhidu nghiém la.

Cac budc loai tru

Qui trinh loai trir cia Sylvester st dung sau budce co bén.

L.
2.

Viét lai tat cd cdce phuong trinh vdi mot bién bi loai bé.

Xac dinh tich liy thira eia cdc bién con lai 1a “cée bign tuyén tinh”
mdi. Cae tich liy thira 1a cdc dai lugng trong phuong trinh da
thire. Vi du, cde tich lay thita ciia da thic x%z + 6xy + 3yz + 42 + 1
=0 1a x’z, xy, vz, z, va L.

Tit cac phuong trinh gdc, cin tao ra cdc phuong trinh tuyén tinh
d¢e 1ap bing s6 lugng cdc 4n tuyén tinh.

Xdc lap dinh thdc cia ma tran hé sé theo zero d& nhéan duge da
thite theo bién d4 loai bé.

Tim cac nghiém cia da thic dic tinh eda ma tran nay, két qua c6
thé 12 tat cd cdc nghiém kha di clia bién da loai bé.

Thay bién 44 loai bd, mét cach lan luot, vao hé cac phuong trinh
ban d4u va lap lai cho cdc bién cbn lai.

_ Quan trong nhat trong qui trinh loai trif ¢6 18 1a buée 3. Hé phuong
tfinh tuyén tinh mdi thuong duge tao bing cach nhan cde phuong trinh
ban ddu vdi lay thira cia mat hodc nhidu bién.
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Viduy

Gidi hai phuong trinh da thife véi hai hién x, va x,
81187 4 €,5X5 + €143, Xy +€1X) +€15Xg +€16 = 0 (B.1)
09187 +€05XE + 093X Xy + €4y X, +€0sXy + €9 = 0 (B.2)

trong d6 e, 1a cdc hé s6 hang

Buge 1. Vigt lai pt (B.1) va (B.2) vii bién x,bi loal trir.
Ax?+Bx,+C=0 (B.3)
AxI+Bx,+C =0 (B.4)

trongdé A=e, ,B=ex + ew C=ex’+e x +e,A=¢e, B

L3
=ex, +e,, C=ex?+e,x +e,

Bugce 2. Xét céc tich }ay thia x %, x,, va 1]a cde bién tuyén tinh méi,
cac pt (B.3) va (B.4) trd thanh phuong trinh tuyén tinh v6i cde bién méi.
Butge 3. Thiét lap cde phuong trinh mdi biing cach nhan céc pt (B.3)
va (B.4) vdi cac liy thita ciia bién x,.
AX} +BxZ +Cx; =0 {(B.5)
Ax?+Bx?+Cx, =0 (B.6)
Bue 4. Xét cdc pt {B.3), (B.4), (B.5), (B.6) 14 bdn phuong trinh tuytn
tinh v6i bdn 4n, x %, %2 x,, 1. Xéc 1ap dinh thic cvia ma tran hé s6 theo
bon phuong trinh tuyén tinh dée 14p 14 zero.

A B C o
0 A B C
o7 -0 (B.7)
A" B C o
0 A B C
Khai trién pt (B.7)
(AC - CA’Y + (AB’ -BANCB' - BC) (B.8)

Buge 5. Phuong trinh (B.8) la da thdc bac bén ciia x, tinh dén cdc hé
sd va cde nghidm & vé cue, phuong trinh nay ¢é hén nghiém,

Buge 6. Thay ting nghiém cua x, vao pt (B.1) va (B.2), gidi cic phuong
trinh theo x,, s& chi ¢6 mét ng‘mem X, Ung v0i ting nghiém x,, do phdi
théa déng t,hcn capt{B.liva{B.2).
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Phy Luc C
GIAI PHAP RAGHAVAN VA ROTH

Phuong phap loai trir Sylvester trong Phu Luc B chi hiéu qua déi véi
hé phuong trinh da thic nhé ¢ bic tuong d6i thap. Déi véi cdc hé da
thide phic tap hon, phuong phédp nay sé tén rat nhidu thoi gian. Do d4,
can phdi c¢é phu‘cmg phdp méi dé tao ra hé cdc phuong trinh tuyén tinh
ddc 1ap khong cé cdc tich 10y thira mdi, hoac chi ¢6 it tich lay thita méi.
Trong Phu Luc nay s& trinh bay gidi phap Raghavan va Roth dung dé
gidi bai todn déng hoc ddo clia cu ciu chap hanh 6R téng quat.

Phudng trinh vong kin

Xét co cdu chdp hanh 6R duge minh hoa trén Hinh 2.11. D& thuan
tign c6 thé tich 'A, theo tich ctia hai ma tran.

‘A, = 'G,'H, (€.1)
trong dé
cd, -s0, 0 O 1 0 0 a,
G, = sy ¢, 0 O va 'H, - 0 cuy -say O
0 d 10 0 suy cu, dy
0 ¢ 0y 0 0 0 1

Chiiy. 'G, chi chifa bién khdp va 'H, chi chita théng sd khau. Thay pt
(C.1)vao pt(? 99)

IH, A.'A4A ZHA“AaA ::)A ' (C.9)
nhan trudc cd hat vé caa pt (C.2) véi ("A JG, ¥ va nhan sau cd hai vé
vdi A
IHZZA ';A 4A IGIUA lOAﬁ:Aa (03)
Cha ¥, bang cdch chuyén 9,, 8,, 6, sung v& phai cia phuong trinh nay,

sé ha bac cho cdc phuong trinh. Khi thue hién phép nhén ma tran, pt
(C.3)cbédang
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F11405.04.05)  F12(05.0,,05)  f1a(85.84.05)  f14(09;.04.05) ]
F21002.8,.05)  fuu(03.04.05) fo3(05.04,05) fu4(8;.6,.05)
| far(84.05) F32(84.95) £23(04,05) f34(04.95)
L 0 0 0 1

£11(01,05.06)  f12(0,,05,85)  f13(61,85)  f14(0,,6,
_ F2108,.85.06)  f22(01.05.86) f3(81,85) [f54(0,.8,)
F3(8;.05.05) f32(8).05,05) f32081,85)  f14(6,.83)
0 O 0 1

(C.4)

Phuong trinh (C.4) chi ¢6 cdc bién theo cdc phéan tit cda pt (C.3). Khi
xét pt (C.4) sé thay sdu phudng trinh vd huéng nhan duge tif ¢t thir ba va
thit tir 14 khong e6 bién 0,. Sau phuong trinh nay c6 thé viét dudi dang
vector, ky hiéu thecavab

[ eBy sBy 0 Tu,l {as chy, sB; Ofh,
arl—caysly caachy  suy [py [+ 0 [=|sBy -8y Ofhy
| say80;  -sasely cay i, | |dy 0 ¢ 1]h,
(C.5)
I cO, 50, 0 [v,1 [c0, s8, Ofn,
bl —cays8; coyeB; sy vy [=isf; By Ofn, (C6)
| says8; -saycBy co, |V, | 0 0 1jn,
trong do

By =840, +g,80, +ay
My = (B850, - g,c04)cas +g,80;
By = (B804 ~g,00,)8a3 + 8,005 +d;
v, =m,ch, +m,s8,
v, =—(m,sB, —mych,)caz+m, sy
v, =(m,sby ~m cB, sy +m,ca;
voi g, 8, B, h, h}_, h m, m,m,n,n,n duoe xace dinh theo cac pt

(2.108) va (2.107). Cha g, i, 1, 1, V,, V,, V, 1a cac ham tuyén tinh vdi cac
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dai lugng $0,568,, 8,c0,, B 30, cd.cl , 56, c8,, s8,, cf,, va 1, con h,h,
h,n,n,n_lacdc ham tuyén tinh cia s6,,c0,, va 1. '

Hai vector a va b trong pt (C.5) va (C.6) biéu thj sdu phuong trinh vo
hudng véi 5 4n, 8, 6,, ..., 8.. D€ loai bét cdc bién, cé thé coi vai tich Iy
thifa 1a cdc bién mdi va loai bé cac tich lity thita khae. Cé thé vist pt (C.5)
va (C.6) 6 dang ma tran

[s0,s0.1 . -
88,80,
88,4c8g
sB8,c8,
ch,s0,
0.c0 c;s8,
c
Al s0, [=B (C.7)
50,
cf, 0
cuy
50, <0
2
s cB
- 1 e - 2 -

trong d6 A 1a ma tran 6 x 9 v4i cdc phdn tif 14 cde t§ hop tuyén tinh
cua s8;,¢6,, va 1, con B 1a ma trdn 6 x 8 vdi cdc phdn ti déu la hing.

Cé thé thdy, cdc tich aTa, a™, a x b, va (aTa)b - 2(a™h)a tao ra tdm da
thife cé cung dang nhu pt (C.7). Két hop ca tam phuong trinh nay véi pt
(C.7), s nhén dugc 14 phuong trinh tuyén tinh dgc lap c6 dang

50,50 _ -
a8 50,30,
sB,cB,
SGICBQ
cl,s6;
CO}.SB?
cO,4cB,
. | €618
Af s, |=B (C.8)
50,
ch,
<8,
805 A
80,
cB; 4
1 L 0y |

trong d6 A’ 1a ma tran 14 x 9 v6i cde phdn tif 1a két hop tuyén tinh
cia s8,, ¢8,, va 1, comn B’ 12 ma tran 14 x 8 v6i cdc phan tit déu Ja hing.
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Loai tr 6, va 0,

Trong phan nay sé huéng dan phuong phap loai trit déng thoi 91 vé
8, ra khéi pt {C.8). C8 thé coi s0,s6,, 56 ¢0,, B s8,, B ch,, s6, cO,,
c9 trong pt (C.8) 14 tAm hién doc lap, cac dal luang U vé tra1 1a hang
Percmg, trinh (C.8} ¢6 14 phuong trinh tuyén tinh déc lap vdi tam an, cd
thé tim tam {n 1.2y trong s6 14 phugng trinh va thay chang vae 6 phuong
trinh ebn lai, 88 tao ra 6 phuong trinh d9c lap khéng chiva 8, va 8, vdi
dang ma tran nhu sau

(50,50, |

156,08,
cB,s0;
C94C95
El 58, =0 (C.9
cly
505
Oy
.

trong d6 B 14 ma tran 6 x 9 vdi cdc phan t1a cdc td hgp tuyén tinh
clia 58, ¢B,, va l

Loai trii 6, va 6,

Phén nay s& trinh bay phuong phap loai trir dong thoi 8, va 6,. Chay,
sdu phuung trinh trong pt (C.9) da dugce viét véi bién 8, bi loal bo. C6 thé
stit dung cdc déng nhat thic lugng gide sau day dé chuyen cde phuong
trinh nay vé dang da thuc

1-t2

ct, = : ~
1+t52 {C.10)
2t

59i= 1
1+tiz (C.11)

trong doé t, = tani8/2).
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Thay cdc pt (C.10) va (C.11} v6ii =4 va 5 vao pt {(C.9), sau d6 nhan
timg phuong trinh véi (1 + t CN1+t.2) d€ loai b6 mAu s6.

[t262]
t3tg
t3
t,t
Elt,t, [=[0] (C.12)

[ 1

trong d6 E’ 14 ma tran 6x9 véi cdc phin ti 13 t§ hgp tuyén tinh cla
$0,, ¢, vd 1. Thay cdc pt (C.10) va (C.11) vdi 1= 3 vao pt (C.12) va nhan
bén phuong trinh ddu véi (1+t, N

[t2¢2]
tits
t3
tts
Elt,t; |=[0] (C.13)
ty
ts
t5
1

trong d6 E” 1a ma tran 6x9. Chu ¥, ¢dc phin ti trong bén hang diu
cia E” ¢6 chia t.%, cdc phén tit trong hai hang cudi 1a ham hitu t§ cGa t,,
cac tirsé la da thUC béc hai cua t, va cde miu s§'1a (1+t, ). Nhan pt (C. 13)
vl t,, s& ¢6 sdu phuong trinh doc l4p tuyén tinh
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[¢3:2])
titg
th
t3t:
E'| t2¢, | =[0] (C.14)
ti
t,t3
tats
ty |
Cuéi cang két hop pt (C.13) va (C.14) theo dang ma trédn
[¢3¢2)
t3t,
6
tIt
t2t,
S
ﬁ }g»_ tj?;g = [0} (C.15)
tyts
ty
t
ts

(1]

C6 thé coi tt2 t1L, 1 622 170, t2 tt5 tde by t2 t,valla
12 &n. Phuong trinh (C.15) 1a tip hop 12 phuong trinh tuyén tinh déc lap.
Pidu kién tuong thich dé€ c6 nghiém 13 ma tran hé s6 phai ¢ dang dic
biét. Xdc 1ap dinh thic cia ma tran hé 3 14 zero 58 c6 da thic bac 16 cia
t.. Khi tim duoe 8,, cdc bign khic c6 thé tim duge bing phuang phép thay
thé nguoc. Bai todn dong hoc dédo cla robot 6R téng quat cé tdi da 16

nghiém thue.
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