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LGOI NOI DAV

Sau khi b¢ gido trinh GIAI TICH (2 1dp) ctia tdc gid do Nha xudt
bdn Khoa hoc va K¥ rhugr dn hanh (1998 - 2000), nhién déc gid dd dé
nghi viét 1iép bo Bai tdp gidi tich gidi sdn cé phdn tém rdt 1§ thuvét
nhir mét S6 tay todn hoc gidi tich cho sink vién k¥ thudr va k¥ s, dita
1rén b gido trinh GIAI TICH .

D¢ ddp ting yéu cdu d nhdm ndng cao chdt higng dao 1go frong
hién tal va neong lai, 1de gid da soan bo bai 1dp nav (Tdp I (11): Gidi
tich F{I1, I1]), ing voi ede néi dung hoc & hoc ky I (11, I1}).

Phdn bdi tép, tdc gid dd chon loc cdc bai nr dé, trung binh dén
khé, dai dién cho cdc logi neong ttng vol cde phdn Iy thuyét theo
chitong itrinh todn gidi tich hién tai. Nhitng bai khé ¢6 danh ddu *
nhdm boi dudng thém cho sinh vién (nhdt Ia cée sinh vién khé, gidi).
Cuoi sdch ¢6 phin phu chicong: Cde dé thi Gidi tich hoc ky I cdc nam
2035 - 2009 cria Pai hoc Bdch khoa dé sinh vién tham khdo.

Tdc gid xin chdn thanh cdm on cdc ban dong nghiép, nhdt la
PGS. TS. Ditong Quéc Viét dd doc rat k§ bdn thao va cho nhiéu ¥ kién
qiey bdu.

Vi sdch mai xudi ban, khong tranh khdi nhitng thiéu s61, rdt mong
ban doc cho nhitng y kién chi gido.

Xin chdn thanh cdm on.
Ha Ngi thang 5 nam 2009
TAC GIA
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CHUONG t
SO THUC - GIGI HAN CUA DAY SO THUC
§1. KHAI NIEM CO BAN

1.1. Ky hié¢u logique

Xét A, B, C, ... |A cde ménh dé todn hoc:
A (kh6ng A) (ménh dé phi dinh ciia A)
A & B (A va B) (ménh dé hoi)
A v B (A hoac B) (ménh dé tuyén)

A = B (A kéo theo B, néu A thi B, ...) (ménh dé kéo theo,
diéu kien dé)

A < B (A tuong duong vé6i B: A = B & B = A) (ménh dé
tuong duong)

¥x P(x) {(vdi moi x, P(x)) (ménh dé khai quit)

3Ix P(x)} (16n tai hay ¢6 m61 x, P(x)) (ménh dé 16n tai)
Ao A {quy luat phd dinh cua phua dinh)
(A=>B.B=0C) = (A = C) (quy luat bic cauv)
A>Bo B = A {quy luit phin dao)

¥x Plx) < dx Pix)

(quy luat d6i ngau)
dx Pixj <> ¥x F(ﬂ



1.2.Tap hop; A, B, ...

X € A(Xx € A) X thudc A (A chia x) (x khong thudc A))
x: phéin t& cha A

AcB (AbaohAmtrong B: x € A = x € B)
A=B (AbaingB: Ac B& Bc A)
AuB(Ahqu:xeAuB@xeAvxeB)
AnB(AgiaoB:xe AnBo xeAd&xeB)
A\B (AtriiB:xe A&x ¢ B)

A®=X\NA (phdn bd cia A), X: tap ¢6 dinh

A=A, . Ay ... A, (tap hop tich: (x,, X,, .... X,) € A o x,
€ AL,X; € Ay, L., %, € A)). A: tich Decartes.

&: tap hap wdng (réng), (khong chita phéin ur nao)
1.3. Anh xg

f: X->Y

(quy ludt tuong dng: Vx € X, tng v6i mot phin tir duy nhat y
€Y)

y = f(x) {dnh cia x € X qua 4nh xa f)

f : don dnh (t02n 4nh) (phwong trinh f(x) = Y. Vy € Y ¢6
nhi¢u nhft mot nghiém (c6 nghiém) trong X.

f: song d4uh (vira 1A don 4nh vira 12 toan 4nh},
f':x = £'(y) (4nh xa ngugc)
f.g:z=g[f(x)] (4nh xa hagp).

1.4. Phuong phap quy nap todn hoc

Cho menh dé P phu thuécn:n e N = {1,2,3, ..,m, ...).

Né&u P(1) ding v tir gid thi&l P(n) diing ta chitng minh duge
P(u+1} ding thi P(n) ding ¥n e N.

12



1.5. Nhi thilc Newton

n!=1,2.3...n (n giai thita hay giai thirta n, n € N).

Ar =n(n - )Xo -2)...(n-k+ 1) (s6 chinh hgp khéng lap
chap k clla 0 phén tr, méi chinh hgp khéng lap chap k cia n phén
ta 13 mdi nhém k phdn tir 14y tr n phén t& 46 sao cho cdc nhém
d6 khdc nhau vi ban than cdc phdn tir hodac vi thd ty cdc phdn tu
va mdi phin t ¢6 mat khong qud mot l4n trong mbi nhém dé).

k

A o N .o
Ck = ;‘ (s6 t0 hgp chap k cia n phin tir, mbi t& hgp chap k
o

cuz ¢ phdn ti 13 mot chinh hgp khéng lap chap k ctia n phdn tir
khéng ké thi ty).

01t =1 (quy wéc),

Ak = o M Ck = L
" (n-k) " k{n-k)

Cl=Cl =1

Cr=Cy*

Ct +CE, =t

.Nhi thic Newton:

(x +a)" = Y Cix" a* =Cx" +Cix""a+ ... +
=0
+C5x"Fak + . +C"a"

4] n

1.6. Déng thilc va bdt ddng thirc céin diing

1% 1+2+3+...+n=1("—2+—’)
29 P+ 274 4= n(u+l)(2n+l)

6
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14

3% P+2+ .40 =(1+2+ ... +2)

X, + X, 4o +X,

4% > XX, (Cauchy)
n

X,, ¥,: tuy ¥ (Cavchy - Bouniakovski)

6%) (T+x)T+x) o D+ X321 +%, +x, + ...

X, cing dfu, >~1{Bernoulli)

7% (1 +x)" 21+ nx, n>1,x>-1
o nY" n+1Y"
8%) —{ <nl<|——| | n>1
3 2
g% sin »_ x, <ysinx,,0<x,<7n,i=1,2, ....n
=1 i=1
. n+l1 _ n
sin xsin—x
10%) sinx + $in2x + ... + sinnx = 2
sini
2
n+l _ n
COS ——X.Siit — X
11%) COSX + COS2X + ... + CosSnx = 2 2
s'mi
2
sin{2n +
129 1 + Cc0S2X + ... + cos2nx = -BLL_I—]—)X-
2 2sinx
BAI TAP

1. Bing phuong phdp quy nap, ching minh:

Iy o™'>@m+ )" n>=3

+ X

n



2y X, X3 .. X, =1 = x4+ x4+ ..

L}
N
=

x,»0,i=1,2,..,n

3) 5.2°%% 4 33! chia hét cho 19

1 1 n
4) §, = arclg5+ arclgg + ... + arctg = arctg ——

2n° o+l

Bai gidi
1) n=3:3"" > (3 + 1) ding
Gia sit: n™' > (n + 1) ding, nhan hai v€ b4t ddng thic nay

{n+1)"?
vl BT ta dllqc:
n
{n+1)
0+ (n+1)2
(n + 1)™? > BT
2(n+|)
mat khéic: (lﬂ)—-—— > (0 + 2)"', vi

a+l

1
(n + 1)2(n+ 1y | nn+l(n + 2)n+l =
=+ 20+ D™ - @+ 20" >0
Vay (n + 1)"? = (n + 2)™'

Dyn=1,thx, =1, tacd x, 2 1: diing
Gia sir diéu khdng dinh ding véi n = k.
Xét x,, x,, ...,"xk, Xeor >0 v x, L %5 0% - %, = 1.

C6 thé xdy ra hai trudng hop: hodc X, = Xo = ... Xy = Xy, = 1
khi d6é: x, + X, + ... + X, + X,,, 2 k + I 12 ding, hoic trong cic s6

d6 c6 mot s6 khdc 1, chdng han x, > 1 khi d6 phai cé it ahft mé
s6 khdc, ching han: x,,, < 1.

Bay gid xét k sd:

Kis Xas ooas Xpys XXy

Theo gid thiét quy nap:



Xy Xg+ o+ X+ XXy 2 k

Do do:
Xp+ Xot o F X+ X 2K = XX, + X+ Xy
Sk+ 1+ x(1 - X)) -0~ X010
=+ 1+ -D-x,02k+1
(Chu y: Pdu = chi xdy ra khi va chikhi x, = x, = ... = x, = 1).
o=1 5.27"7 4+ 3 =10+ 9 =19: doung

Giasin =k: 5.2"? 4+ 3% chia h&t cho 19. Khj dé:
S. 23l'k+|}-'2 + 33!k*|)-l - 8 . 5 A 23k-2 + 2? . 33k-|

= 8(5.2°7% 4 3% + 19 3% theo gia 1hiét quy
nap, téng ndy chia hét cho 19.

4)n =1: §, = arclg—!—— = arctg ~1—: ding
1+ 2

Gia st 8, = arctg 1. ding
n+l

Xér s,,, = arctg—rl-— + arctg

n+l 2(n+1)°
n 1
n+l ‘,E!(n+1)2 n+1
= arcig 7 = arctg 5
t
1-_" n+

a+b

(arctga + arctgb = arctg )
l1-ab
Vay cang thie ding ¥o € N.
2. Ching minh
X, X, Fo b X
1) — 2% X, . X x, z0

n* ot
13



2)

o (B < (80) (8]

Bai gidi

Iy Xétx, >0 (i = 1,2, .., 1), {truyng hgp mét trong cdc s6
biang 0 hoac moi 56 bang O hi bat ding thie hién nhién Ia ding).

Xét céc s6:

X

n

xl XZ
'{ﬁ(,.xz..xn gfx,xz...xn UX XX

2 n

r& riang tich cua chiéng bang 1, dp dung bai 1.2) ta cd:

, X, x
+ = + + - |

YA XaX, "‘/x,x:“.x“ afx, X,..X,

Do dé, ta ¢é: 1) RS ring didn = chi xay ra khi va chi khi:

xl = x: = .. = xll
i oz A l
2) Ap dung 1) véi cdc 560 —, —,...,— ta duogc:
Xl XZ o
1 !
— Lt
X: X“
n
1 Xét
hay z 0

17



V& 1rdi 13 mot tam thic bace hai v6i bi€n t, tam thiic 2 0 khi:

o= (S ] (g <0
do dé ta cd 3).

Dau = chi x4y ra khi va chi khi xt +y,=0(i=1, 2, ..., n)
nghia 13 t0n tai L # 0 sao cho y, = Ax, {i = 1, 2, ..., n) hoac moi
x, hodc moi y, déu bdng 0 (i =1, 2, ..., n).

§2. TAP HOP CAC $O THYC

Tap hgp s6 ty nhién:
N={12,..,n,..}

Tap hgp s& nguyén:
Z

Tap hgp s6 hitu ti:

1

{ .-2,-1,0,1,2, .}

Q={x=§.p‘q62,q¢0}

Tap hop s6 thuc R, cdc phédn tir 12 cdce s6 thue,
Tri 56 tuyét ddi cha s6 thuc:

X : x=20
b~
-%: x<0

Vx,y e R:
- e x < ¥

K <MM>0e-M<xsM

1A

b+l < i+ |y

v

-yl 2 x - |y

18



eyl = ix[- ]

X

|
Yoy

a
=Tfy¢m

A C R got la bl chan trén (duéi, bi chan) @ I3c e R, Vx € A
rx<c(zc, ) <>,

M(m) € R 201 12 supremum (infimum) cila A < R, k¥ hi¢u M
= sup A {m = ianf A)

o 1° VX e A;x <M (2m)
2° Ve>0,3x e A:x>M-s{(<m+¢g)

Tap hop cdc s6 thyc R théa mdn meoi tinh chat cia 1ap hcfp
cdc s0 hitu 1 Q, nEO'u ra cOn thod mén tinh ch4t san day goi 1a
tién dé lién tuc cia R (1ién dé supremum).

Tién dé Supremun: Moi A c R. A » @ bi chan tréen (dudi)
déu ¢é supremun (infimum) trong R.

Tap hop R ciing goi 1a dudng thing s6 thue R.
K¢ higu R = (- @, + x). Trong R:
Boan fa,b]={x:a<x <bj
Khodng (a.by={x:a<x < b}
fa.h={x:ra<x<bh}
(a. b}l = {x:a<x 5 b}

Ta goi l4n cén cioa didm x, € R 14 khodng (x, - €, x, + &) Ve
> (3,

Theo dinh nghia Q « R. S$6 thyc x khong phai 1 s& hifu 11,
go1 1A mo1 s vo ti. R = Q w I, [ : 1ap hop céc s6 vo Li

Néu M = sup A {(m = infA) € A thi M{m) 01 13 phin tir 1dn
{(nho) nhat coa A.



20

BAI TAP
3. Chimg minh:
ol of < o=t s bl + o
2) }a+a,+a:+...+a"| 2 [ - ﬂat|+[alf+.‘.+[;.1“|]
Bai gidi
1 -t = far(-b) < + -] < [af + |y
mat khic a=a-b+b= | <ja-b +
= ja-b| 2 ] - b: b=b-a+a= bl < Ja-b| + la|
= -t 2o - o = - (fa

a -l <

- o) vay fal-[b] < fa-]

ahb] < |a[ + |b| {d.c.m).

DyPaty=a, +a.+ ... +a,
=k-Cylzfl- |- =B - Y

Mat khdc: |y| < la, |+, |+ .. +ha,

la+a, +a, +..+a,

vay: a+a, +ay +.+a,| 2l - (a]+a,]+..+]a,]).
*4. Chling minh
1) Ya,beR,a>0=3Ine N:pna>h
(Tinh chat Archimede)
2) Va,beR, a<b=>3reQ:a<r<h
{Tinh trd mat cia Q 1reng R).
Bai gidi
1) Gia st nguge lai: ¥n e N:na < h.

Khi d6 A = {x = na, Vn € N} bi chan trén bdi b.



Theo tién dé sup ¢cd M = sup A : Y5> 0,3m e N, ma &€ A, M

—g<ma. Via>0nén M>01dy e = % thi :

M--N—1<ma
2

hay M < 2ma € A:
Ching to M khong phai 1a sup A, vo 1¥.

2YTheo Nthi: 3In e N:n. | >

b-a

hay 1 < b -a,lal theo 1Y :3p e N
n

p. 1 >unb.Goip' ld sé bé nhiat sao cho:
E >pni p'- 1L <nb hay K—l—cb
n il

T dé: l_—l=-p—--l—>b-(b-a)=a
3] n n

\ p-1. . p-l
via < —— < b, nghia ld Ir =

1 n

e(Q:a<r<h

Chi §: Tiob chat tri mat cua R: Va, b e R,a< b = 3¢ € R:
a<ce<h
*8,Che A = {x}. 8= [-x} chéng minh:
Iy iof B =-sup A
2y sup B=-1nf A
Rai gidi
) Néu A bi chan trén thi B bi chan dudi vi tr x = M =
- x - ML Do dé sy tdn tai sup A suy ra sy tén tai inf B,

Gia strsup A = M onghiald: Vx ¢ A - x ¢ M

2t



v
=

vEVeE>0,3x & A : M-e<x<M,khidé: -x
v:‘i—MS-x<~M+svéi-x'EBnghIalEt

inf B=-M=-supA
2) Ching minh twong tu nhu 1)

*6. Cho A = {x}. B = {yt.C={x+y}.D= {x . vy}

xXz20,y20
Chitng minh:
1) infl C =infl A + inf B
2y sup C = sup A + sup B
3} sup D = sup A . sup B
4) inf D =inf A . inf B

Bdi gidi
1) Gia su A, B bi chan dudi, khi dé tén 1ai:
m, =inf A, m.=infB
Theo dinh nghia: ¥x € A:xzC,
YvyeB:y2(C,

Do dé ¥i{x + y) € C: x + y 2 ¢, + C,, nghia 12 C bi chan
dudi, vay 16n tai inf C.

Theo dinh nghia cuia inf - VX e A x 2m,
YveB:yzm,

V{1yV(x+y)e(':x+_v2m|+m_.

|

Ve >0 Ix e A m, £ x<m, +

| m

dv e B : m. £y < m, +

Vaym, + m, < x + v < m, + tm- + &

22



nghia 13 inf C = m; + m..
2) Ching minh tuong tu 1).

DNTex <sC,,y £Cyodox,yz20.

nén xy < C,C,: nghia la sy 16n tai cia sup A, sup B kéo thco
su ton tai cua sup D.

Giast M, =sup A, M, =sup B
nghia 12 ¥x e A:x <M,
Yye B:y<s M,
Do d6 V(x.¥y) e D : xy s M\M, (do x, ¥y 2 0).
Ve, >0:3xe A M, -g, <x <M
Ye,>0:3ye B: M,-e<y <M,
Do dé6: (M, - e MM, - €.} < x.¥y £ M,.M,
M, M, - (szM, +e M, -gE) <xysM.M,
R& rang e, M, + g M, -g,6, =€ > 0.
Vay sup D =M, . M,.

4) Ching minh tuong tu nhu 3).

*7.Cho YA ={x= ,m,ne N,0<m<n}

w18

D B={x.xeQ,x>0:x" <2}

3}C={x:x=n_l.neN}
n+1

A, B, C c6 cdc phian nh(} (1an) nhat khong?
Tim sup, inf cha ching.

Bai gidi



1) Theo gid thigt thi 0 <« B <
1]

Ym, n € N, 1én taim', n' € N sao:
m , . .
0 < — < —, chang han m' = m,n >n
n n

Nghia 12 A khéng cé phin tr nho nhat.
R6 rang A cing khong c6 phan 1& 14n nh4t.
Vivm,ne N, mc n, theo tinh chat Archimeéde (bai 4.0

JpeN: p. 1> ! hay -n—]+—l-<l.
-2 nop
n

m ] m
——t— >
n p n

R& rang inf A = 0,
Vivi= — e A:x>0.

Vi ¥m e N. In'e N:n' >»m.

VAV e>0theo (4.1)In" e N:p"> I

E

s Vo . m m
Goi :1:max{n,n)lh111>mvﬂn>—~hayx=—<a+0.
£ n

vay inf A = 0.

RO rdng sup A = 1 vi ¥x e A, x = E<lt’d0m<n)vfib’£>
n
0, Yp € N ftheo bii 4.1y 3m e N.

m > P-O;Q hay il

[ p+m

>l-enghialév6‘in=m+placé

m - e vay sup A = |,
0
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Réranginf A=0E A, supAa=1T¢€ A.

2) Ro rang B bi chan trén (bdi 2 chang han: x° < 2 < 27 = 4).

Tirx* < 2,3n e N : (x+~l—] <2
n

., 2 1 2x 1 N
hay x‘+—x-+—;<2::>-—+—“<2-x'
n n- n n”

Bit dang thitc ndy thoa man néu:

2x +1 R (E}_&_ 1 2x+l)

<2Z2-X
n 2

n n n

-

hay n >

. bat phuong trinh aidy ludn ludn cé nghi¢m
2x +1
(theo bai 4.1). Vay B khong cé phén it 16n nhat.

Cé thé ching minh sup A = M, M° = 2, M € Q. (Gidi tich ]
chia tde gia).

3 RO rang ¥x € C: 0 < x < 1 chitng minh tuong ty nhu 1)

supC=1¢€ C,imfC=0¢C
§3. DAY 5O THYC - GISI HAN

3.1, ®inh nghia

Diay s6 thue (x,) = (f{n)), ¥n € N I4 mot dnh xa:
f: N> R (aciing ky higuw: x,, x.. .., X,. ... hay (x,) hay x,,.

Day (x,) goi 12 bi chan trén (dudi, bi chan), ndu tap hop {x, |
14 b1 chan trén {dudi, bi chan).

Dday (x,) goi la don digu khidng gidm tlang) néu:

25



¥n e N X, £ Xp0 (2.0

N&u khéng cé diu = thi goi 1a don di¢u tang (giam).

a = limx, hay 2 = lim x, hay x, - a,

N+

< Ve >0,3dn,, Vo> ny, =

x,-a <e
+ 2 {- @) = lim x, hay x, > +w (- ©)

< ¥YM > 0,3n, Vo> ny = x, > M (< - M),

3.2.Tinh chdt va phép todn

1Y x, > a.x, »a" =>a =a

2 x, d2ae(x,-a)—> 0

3 x,=cVneN=x, »>c¢

4" x, = a = x_ bi chan

5 x, > a,a>p(<q)=>3In,, Yn>ny:x,>p(<q).
6") X, > a,3n, Vn>n,:x, Sp(2qg)=>ac<p(>q).
7 x, o a,y,»>box,ty, >atbh, x,y, > ab,

X a
-t —(b=z0
;. b( )

3.3. Tidu chudn t8n tai gidi han

1Y x, > a,z, >a,¥n:x,<y, <z,
= y, -> 4 (tiéu chudn kep)

2%) Moi diy (x,)} don di¢u khong gidm (tang) va bi chan trén
(dudi) déu ¢6 gidi han va x, < (2) lim X, (nguyén ly Weier-
sirass).

3% Day (x,) ¢6 gidi han khi vA chi khi

Ve >0, 3n,, V> ng, Ym > ng = 'x” —-X

< f.

m

20



Day (x,) thoa man diéu kién nay goi la mot ddy ca ban
{nguyén by Cauchy).

Mot diy ¢é gidi han cang goi la ddy hoi ty, nguge lai thi goi
12 day phén k¥y. '

n
. 1
56 e: e= lhm|l+—1,
A—k+T7 n
log.x = Inx goi Ia logarithme neper hay logarithme tu nhién.

Chii : Tap hop R = R U (+%) v (- @) goi 12 tap hop cdc 58
thuc md rong: + o (- o) ky hi¢u chung 14 o.

BAT TAP
8. Chiong minh

n+t

1

2n+1
n+2

2) him = 2

3) lim2+—(_1)— =0
n

2
4y lim n1 n+2 _ l
An® +2n-—4 3

Bai gidi

. 1

1}y Ve > 0, theo bai 4. 01): 3ng e N:ng 1 > T

£
1 1 ~)™

bay — < &,dodéd Vn >n,: — <« hay LJ!—-—(V1 < g,

1, n n-

e )
ching to: him - = 0.
n-
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2) Ve > 0, xét: |x“ -—2| = )
1

211+1_2’ _

., 3 3 . N . .
T — < e suy ran> =, bat phuong trinh ndy luén ¢é nghiém
n E

: . © 3
theo bai 4.1) lay n, = E(—)
€
(E{x): phin nguyeén coa x, E(X) < x) thi Vn > n,, theo trén ta
cd: :

|xn —2| < g, nghia la lim 2n+1 =2
n+2

3) ¥e > 0, xér;
x, -0 =

4) Ve > 0, xét:

2+(-1)
n

< 3 < & 1§ luan nhu 2), ta ¢6 limx, = 0.
n

< 1 n-n+2 1 _ 5n-10
"3 3n*+2n-4 3 33n° +2n-4
5n 1
< T < — < g; n>2.
9n- u
. 1
1y ludn tuong tu nhu 2) ta ¢é limx, = .

*9, Ching minh
1} X, 2> a,y,2>b, ¥n:x, sy, =>ach

2) X, &> a=

xI'l

> f

3) X, = (-1)" phan k¥
4) X,

sin n phan ky

28



Bai gidi

1y Gia st nguge lar a > b, theo tinh trit mat cua R : 3¢ € R :
a>c¢ >b.

Theo gia (hi€t va 5° & §3: In,, Yo > 0y X, > ¢, ¥, < ¢ = v,
< X, : mau thudn v&i gia thidl.

2) Theo gia thi€t: ve > 0, Ja,, Yo > uy, = 1x“ —al < g

mat khac: jx, —[a“ < ]x“ —al (3.1)
do dé: “x“i—i.a“ < £ va X, — ia|
D Xy = (-1 =1 51

x:mﬂ. = (_l)2mol =1 = -1

Theo 1% (3.2) x, khéngp cb gidi han, nghia 13 x, phan k¥.

4} Gid st nguoe lai x, = sin n héi tu, khi d6 sin(n+2) - sinn
= 0

= 2sinlcos(n + 1} » ¢ = cosn —» 0 = cos2n = O
Mat khdc sin2n = 2sinncosn - 0, vay:

cos’2n + sin2n — 0 : vo Iy, do d6 x, = sinn phan ky.
10, Ching minh

1) ]im(“v"n+ —Vl_l-) =0, k>1(eN)

1

23 lima® = 1, a> o0
3) Iim% = ]
3 = en = 1

&) Iim;-'-_- =+ v ax=1l. k>0
n

2y



Bai giai
17 Ta ¢o:

0 < §¥n+ —%

[

1}[:1 + 1 .t J—l_" \/T_;_

(Nhan va chia véi luong lién hop ciia ¥n+1-41 3

nhung 0 - 0,
kf k-t

— 0. do d0 theo tiéu chudn kep (3.3):

lim (VHT—%J =0

2y Xéta> 1, ta cé:

0<am -] = a-—1 (a—l
VYa"' +¥a"? + 41 n
'
L¥ tuan twong o uhu 1), ta ¢é lima" = 1.
1 o 1 ¢
Xét a < 1, dat a' = 3 > | tht a® = — theo trén a'™™ - |

i
theo tinh chil (3.2), a" — -:- =

ar

1.

3 Xér: ('{/r—l)n = ([+%_1)" =

=1 +n(¥n -1

(klxai trién theo nhi thitc Newton (1.SY x = |, 2 = Yn - 1.

Tit dé:

("_)(J_
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(b6 cdc s6 hang duong @ v& phai, chi dé lai s6 hang tha ba)

hay 0 < %1 -t

> 1

2
Jn-1
V2

nhung 0 - 0, —e——e — 0.

-t

Viay theo (3.3) lim% = |.

4) Theo (1.6)  Y1+2+..+n = n1/"(“2+1] = 3,7; n4l=
i

n+l

Theo 2). N ta cd: YV1+2+...4n — ]T(l)l =1

Sypata=1+x > A=a-1.
Tucng tu nhu 3) ta cé:

-1 s " - s
a® > M(a S Dthay s P iy
n 2
._.l N ; Sa®
nhung 1 (a-1) - + o, vay lim i = + 2
(RS T L] l‘
n £ n
1 1
aI'I .
il =2 +®ovl —— >+ ®

(theo trén, a~ > 1).



Chi ¢: RS rang: a®" > + o0 {a > 13, 0¥ 5 + = (k > () nén i{
n

o dang vo dinh ®

€L
11, Tim
1
‘/—r
2) limfL
n!
3) lmifl+x, ., néu limx, =0OvaVn:x, >~ 1
232 2
4 Iiml + +...‘+(2n+l)
0
Bai gidi

1) Theo (1.6): n! > (%J

0.

13
2/n .j_r

a"| _

n! I

WO WM
2

m m+l n

W *{J_L]
ut! .m+l

Giastm+ 1 > |a|, didu gia thi€t nay hop 1§ vi theo 4.1) luén

ALY —

- 0 vidlim — =0,
m+!J

2) Xét: 0«

= [

b= =
-~ * Ry

-

=

=

+

—_
S

ludn tén tai m € N nhir vay, do dé L
n
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3) Néu x, = 0 thi:

) - "Jl+xn s(’l+xn)P=l+xn=l+ xnl,
néuw - 1 < x, < 0 thi:
12 §fl+x, z(?1+xn)’=1+xn=1- X

do d6: Vx, = -1 ta cé:
1- lxnl < §l+x, 1+ |xn1

Theo gia thi€t va theo titu chudn (3.1) ta cé lim§1+x, =

HTacé: 17+3%7+ .+ 2o+ 1)2=1+2+ ..+ (2n) +
+2n+ DP- QP+ 47+ L+ (20 =

_ (n+Dn+2)4n+3} 2%a(n+ 120+ 1)
6 6

(theo 6.1).

2 2 2
vay liml +3 +...+(2n+1) - %_%:

3
n

Wik

12.* 1) Che (x,) héi tu, (y,.) phan k¥

(x,, y, cing phan k¥) thi tdng x, + y,, tich x,.y, hoi
to hay phan ky?

2) Cho x, . y, = 0 thi c6 thé k&t luan x, —» 0 hoac
y, —> 07

3 Chox, > 0,y,tuy ythix, .y, » 0?
Bai gidi
1) Xét tng x, + y,, gid sit téng ndy hoi tu, khi db:

(x, + ¥} - X, = y, hoi ty, trar va4i gi?t thig€t, vay x, + v,
phan ky.



Xét tich x, . y,, khong thé k&t luan dat khodr tich nay hoi tu
hay phan k¥, chdng han x, = 1)

hoi i, y, =

n phan k¥ khi dé
n

Xo¥, = (-13" phan ky.

X, =

1 . 1 .
» = —3 hoi g, y, = n phén k¥, x,y, = = héi ty
n- )|

(X4, Yo CUng phan k¥ thi x, + y,, x,y, khong thé két luan dw
khodt 1a hoi tu hay phan ky, ching han x, = n, y, = n° dédu phan

ky, tdng x, + y, = n + n’ phan k¥, x, = ¥n+l,y, =-vn
I .
X, + Yo = vn+ AJ; = ———=—— hoi tu
vn+! +JH
Trudng hop tich x,y,: x, = u, y, = n° : phan k¥

X.¥o = n* phan k¥
X, =

L= (1% y, = L +(-1)": phan k¥ x.y, = 1 - (1)° = 0!
héi tu).

2) Khong thé k&t luan x, = 0 hoac y, - 0 vi x,

=1- (-1},
Yo= 1+ (- x,y, =02 0, ahung x., y, khéng dan téi 0.

3) Khong thé k€t luan x,y, — 0, ching han:

LGy

n
n

— 0 Y, =1,
Xo¥n = ('l)n phﬁll ks’, k!1611g din L& 0.

13. Ding nguyeén 1y Weiersirass (W), xét sy héi ty coa céc
diy:

a
Dy x, = — (a >0
n!
~a i,
2} x, = a, + S n
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e ()-8
4 x, = [H%][l;ﬂ [HE':]

Bai gidi
3 X _ au+| 1|1 a
1) Xér b = = — = L
X, (n+l)! n n+t

ré rhng 3n, e N, Vo>uo:n+ [ >a

’ x *
do dé — < 1 hay x,,, < X
X

T

Vay day x, la don diéu gidm, vd rang x, > 0 nghia 1a diy x,
bi chan dudi, theo ti¢u chuian (W), x, 13 diy hoi tu.

(Theo trén x,,, = X, . 11, gid sl x, = Fthi x,,, o [ v&:
{=1.0, suy ra{=0). "
2) Xé1 %, - X, = :B'JL S0 = x, <x,,, ¢ x, 12 diy don diéu
tang,
2
Mat khdc x, < a, + —?—+i,+...+ +... = @ + 10_ -
10 10° 10" b
10
=a, + |

Vay x, b1 chan 1rén.

IDe dé theo tign chudn{W): limx, tén tai.

,OX |
3 Kéy L = [I— I) < 1
X" ) 2:»

a5



Xper < X, 1 vAy X, 12 don diéu gidm, m4t khéc Vn : x, > 0
(tich cia cdc s6 duong) nghia 12 x, bi chan dudi, theo tiéu chufn
(W) lim %, t6n tai.

., X 1 .
4) Xét 2k« ) 4 — > 1 = X5, > X, x, 12 don diéu tang.
X 2n+

n

Mat khéc, theo b&t ding thic Cauchy:

n+—+—-—+...+i N
2 2 2° 1
Xn & < jl+—| <3
i |

n

n
(Theo chiéng minh sy tén tai cha s6 e (Gidi tich I, C2, tdc
gia).
Vay x, bi chén trén, theo tieu chufn (W): lim x, tén tai.
w14,

1) Cho x, don diéuv ting, y, don di¢u giam va lim(x, - Yo =
0. Ching minh x,, y, 12 cdc day hoi tu v2 limx, = limy,.
2) Ap dung 1) chiing minh:

. 1 & 1 . 1 1 1 1
hm 1+ —+—+. 4= = limj{l+—+—=+.+—+—| =¢
o2 n! no2 n' nin

3) Chiing minh e & [ v tinh gdn ding e v&i do chinh x4c 107°.
Bai gidi
DbatZ =x,-y

n

Xér Zn+i - Zn = (xrnl - ynfl) - (xn = Yn) = (xnti - xn) + (Yr: -
Yaoa1) > 0, thco gid thiét,

Vay 4, Ia didy don di¢u tang, ciing theo gia thigt Z, — 0,
theo ti¢u chudn (W): Z, < 0. Do dé: Vn : x, < y,, hay:
X € Xy €€ Xy €. €Y, <Yy, <. €Y,

Diéu nay ching 1 x, (y,) 12 day don diéu (tang) gidm va bi
chan trén (dudi) (bdi y, (x,) ching han), theo tieu chuin (W):
limx, (limny,) tén 1ai va theo gia thi€t: limx, = limy,.
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2y Das X, 1+L+i+...+—l—
2 !

It

1 1 1 1 1
4=+ — b —F—=— = X, + ——
12 o a'n n'n

1}

yﬂ

RS rang x, 12 don diéu tang vi:
Koot - X4 = L

ot ° (n+l)

y, 12 ddy don digu giam vi:

1 1 1
Yoo Yo = 00 T Tae)ort)  wn

>0 = X0, > X,

_ [b+da+n (o+y)
T etla+e (a+tln+in
= 1 <0=>y,>
= n+1!(n+l)n = ¥n Yo+t
. 1
Xét limfy. -x.)= fim o = 0

Vay theo 1) limx, = limy,.

Ta s& chiing minh limx, = e. Thuc vay, ta biét lim(

1y .
bat, = (l+——] . kbhai tridn theo nhi thic Newton:

n
t, = [l+l] =1+ £+“_("__1)_1:+
n n 2 n”
N n(n—l}..(n—k+l) —l—+.,‘+——
k! n* n”

l1+—
n

e



>0+ 1+ i[I—l +.A,+~L[I-i)...(l—k—t—{}, vk £ u.
2t n k! n | n

Chon - +

1 |
ezl + -+ — =X, vk <
ot k!
- | ! I
dac bigt ez 1+ —4—4 41 = X,
o2 n!

mat khdce t,

l
—
+

| —

s

A

+

[

+

r
+
+

r
1l

Do dé: by < X, £ ¢, nhung limt, = e.

Vay theo tieu chudn kep (3.3) himx, = ¢.

3)Theotren:x,,<e<y.,::>0<e-x,,< —Il-,dat c_lx" =0, 0<0<]
nln
n'n
1 1 1 o
= e=1l4+ —d—+p g
Pl nl aln
Giésﬁ'c=—r£eQ: E=1+l+i+.__+_l_+_@_
n n ) L n! nln
Nhan 2 v&€ v6i n!:
1 1 Iy @ .
mn—- D! -nlf{l+—+—¢-p—]=2 hay s8 nguyén = s@ phan: vo 1y.
2 nl) n

Vayeel XétO<e-x,< —ll— <107 khin 28 = ¢ = 2,71828 véi do
nn

chinh xdc¢ 1075,

ES. Ching minh cdc diiy sau day hoi tu v tim giéi han caa
chiing

1 I
1y x, >0, x,,, = _[X,. *“—]
2 X

3%



2) xl=2.xn,,=2-—l—

xll

3) x, =4, X,,, = J6+x,
* 4] x| = \/_2-, X"4.1 = 1H2+Xu

. X, +y
4“;) xl:p‘)‘leq(P*qZO)’xntlz X"y",yuﬂ=—-—12—)n
Bai gidi

. 1
MY Vix, >0nénx, >0, ¥neNvax, + — 22doddéx, =

X
1, vav diiyv x,, bi chan duai.
. i 1 1
Mat khac:x,,, = 5 X, +— | = ~2—(x" +xn) = Xp. ¥X, > 1. Vay
X

x, don dicu khong tang, theo tidu chudn (W), limx, tén tai.

o . . . - _ 1 1 .
Gia sux, = a, khi dé: vt x,,, = -2—[);“ +——] ta cé:
X

fn

It

a= ! a+llha a
i 3 Y €

a

1
2)Xélxm,-x“=2-—-x“=2~[x +L]
X

L

. N 1
nhung x, = 2 nén Vn: x, > 0 v x, + — 2 2, do dé: X, - X,
X

< 0 vi x,,, € x,: X, don di¢u khong tang.
Mat khdc: Vo € N x, > L.
Thuc vay, ding phuong phidp quy nap:

X, =2>1,gid stux, > I

ay



¢
I
xli->| = 2 B ‘l_ = i + [I_--_J ) l
X

l
o dd x, 14 bj chan dudi. theo tigu chusdn (W) limx, tén tai,
gid s x, > a, khi dé e
. I .
Xpey =2 - ~— tacda=2- - hay a = !: Thoa min
dicu kicn trén.

3Y¥n e Nirx,,, = JO+x, ., suv ra;

Xru-Z:()+x|:+'." x:;-| :()+x|| ([)

Xooa - Xo = X,,, - X, (2)

Ta s& chung minh x, 13 ddy don diéu tang bang quy nap.
Thuc vay x;, =0, x, = V6 > X,

Gid st x,,, > x,, Yo € N, khi dé 1 {2) suy ra:

Xt, - %2, >0, vix,, >0, Vn € N nén Xoez - Xgep > 0

nghia 13 x,,,, > x,,,. Vay Xasy > Xg V0 &€ Nt x, don digu tang.
R& rang x, bi chan trén, thue vay:

T x,20va x <x, <6+x,VneN
hay x} - Xy - 6 <0, khi x, < 3.
Vay theo tieu chudn (W), limx, t6n tai.

Giést’xxn—>a,t1‘r(l):a":6+ahaya=3.

4) Bing quy nap, ta ¢hing minh x, 13 ddy tang, thuc vay:
X, = \E X, = 1}2-7-\5 > x, diing

Gia st x,,, > x, hay x_,, - X, > 0.
Xél xr2|+2 - x:ﬂ = (xn*2 + Xn+£)(xn+2 - x|1+|) =

:2+x,,*,-2-x,,=x,,*,~x“>0,

4)



theo gia thi€t quy nap, do x, > 0, ¥n € N, suy ra x,,, - x,,, > 0

hay Xue2 > Xns1-

VAy X,,, > X,, Vo € N.

%X, la ddy bi chan trén, thuc vay:

X, < 42 +l,giésiixn<-\/5+l

thi x,,, = ,}?.+x,1 < \/2+\5+1 < J2+2J5+1 = \E + 1.

Vayx“<J§+1,VneN.

Theo tieu chudn (W) limx, 16n tai.

Gid sit x, -> a, khi d6 € x,,, = 2+x, tacéa = y2+a hay

a2 = 2 thod mén diéu kién ¥n:

X, < ¥2 + 1

5) Tir cdc didu kién ctia bai todn ta c6:

X, >0,y,20(Vn € N), 4p dung b4t diang thitc:

Jﬁsa;b. a,b20
+
ta C6: Ytli-l = x_n-z_YL = ann = Xpa

do d6: Xoer = 4%, ¥, 2 *JE = Xn

yn+1 = 2

X, t¥a

S Ya

Vay x, don di¢n khong giam, y, don diéu khéng tang. Mat

khéac, ciing theo trén:

1A

X2 S ¥a

'

Yo 2 X,
Do d6 x, bi chin trén,

1A

¥

L2 Xy

y, bi chan dudi.
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Theo tigu chuiin (W), limx,, limy, tén tai.

+
Gid sit x, > a, y, = b thi thy,,, = ~1-2e

ta c6:
b = avh llaya~b=0V§.a=b.
16.
X, +X, +..+X
*1) Ching minh x, > a= y, = ——"———% 2
n
2) Chitng minh x, » a = 2, = ¥x,x..x, = a(x,>0)

-

- . X,
3) Chiéng minh x, > 0, -~ 5> a = ox, = a

X

n

4) Ap dung 1) 2) 3). Tim:

]:+\E+{E+m+“ n

1t

lin

1
. 1 . -
lim—, fima",a >0

1 [1
Bai gidi

1) Theo gid thi¢t x, —» a < Y& > 0, 3n,, ¥n > ny, |xn —a[ < €.

Xét: a-y,|=

any XX+ FX, . (a—xnoq)+.‘.+(a—xn)|

n ) n ‘ -

;mU|+|x, Xy X, \ }(a—x"u g )+...+(a—xn]

o |7 0 1" " |

Hai sé hang ddu coa v& phai din tdi 0 12 bidnnhitn, s6 hang
thir ba:

‘(ﬂ—xnﬂ+l _)+..A+(a—x")[ < (11—!10}‘.

< :g._uﬁ_
| ; Er




(Theo gia thiét). Vay limy, = a.
2YTacoz, = ‘,‘fx]x:...x" lay logarithme co s8¢ (Inx = log,x)
hat v& ta cé:

lox, +lox, +...+1Inx,
Inz, = S

n
n

Theo gid thigt x, - a = lnx, — Ina. Vav theo 1): Inz, - Ina
vi 2, =¥ a.

1
. f X, X X
3} Xﬁ{ F X" = u Xi.—'—:—.——l.,,——i— > a
xI x! ‘xn-l

. T N
VI theo gid thigt: lim == 4 v} theo 2}).
X

n+i

D batx, =WV ovix, = ¥n o 1 (bai 10.3))

u . l.+ 2+'§f§+.‘.+%
nén theo 1y: lim =1

1

T | .
vi im —— = | v} theo py
n

o X
Pat x, = athi L = 2 _
X a

n

|
Vav theo 3) at = gx, - 1.

L]
7. Dung nguvén Iy Cauchy, xét sy h¢i ty, phan ki caa cde
sinl  sin2 sinn
]) H =/ +

— ..+
Kl 3"
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coma cos2i
2y X, = —+

COS 1l
' +oor ,a e R.
12 23 nln +1)
*j)x,,:]-kl-i—_ +i
2 n
4) X, = ,._.!__+ ! + +L
In2 Ind lnn
Bai gidi
1) Xét: X, -x,| = EQ("_T_II+Sln!n':2!+".+81n(n+p) <
3“+ 3“* 3n+p
1
i1 1 ¢ T
£ — + = ; 3 -
3“' 3n+2 3n+p 3n+1 1——1
3
I
) <5 <3
= 1-—| < < —
2‘3" 3P 2_3‘1 3n

1

R 1
vi lim—

Onén\?‘&:)O,Ean:Vn)nu:taL<s,d0d6
Ve > 0, 3n,, ¥Yn > n,, Vp € N :

X nep — X,

< g, vy diy x, thoa
min diéu kién cta tigu chudn Cauchy nén limx, tén tai.

2) Xét
N | cosfn+ 1) . cos(n +2)a - cosln+ph |
=270l T |+ 1o+ 2) m+2fn+3) 7 (n+pfu+p+1)
1 N 1 .. 1
(n+1Xn+2) (n+2Xn+3) G+an+p+1)
_ 1 R SN S
n+1 n+2 n+2 n+3 7 n+p

n+p+1



| 1 1 1
= - < <
n+l o+p+l n+1

1

N |
vi ltm— = 0 nén Ve > 0, oy, Vo > n,.
n

- < g,do d6§ ¥e > 0, In,, VYo > n,, Vp € N.
It

X X

n+p  *n

< £. Vay day x, thoda mian diéu ki¢n cha tieu chudn
Cauchy: limx, t8n tai.

3)Xéls:0<e<%

1 I 1 P
= —+—+ ..+ > .
n+l n+2 n+p n+p

va

Kpep — X

n

{Thay cédc s6 hang bing s8 hang cudi cing).

khi p=n: lxm, -X,

1
> — > E.
2

V$y35:0€a<%:

X

wp ~Xa| > €, nghia 12 dady x, khong
thoa mén diu kién cla tiéu chudn Cauchy:

x, 12 day phan k¥.

4) Tuong ty nhu 3):

1 1 1

> P > P :l>skhip=n.
ln(u+p) n+p 2

Vay day x, phan k¥.




CHUONG 2

HAM SO MOT BIEN O
§1. KHAI NIEM CO BAN

1.1. Binh nghia

- Him 56 cha mgt bi€n s§ thuc hay mot d6i s& thye: y = f(x)
lamdtanhxaf: X > Y: X, ¥YCR.

X goi 1a mién xdc dinh hay mién tén tai cia him s6.

Y goi 12 mién gi4 tri cha hdm s6 néu f 12 mot todn 4nh. Tap
hop (x, [{x}), ¥x € X goi 14 d6 thi cda h?un s0.

- Cho ham y = f(k) vat [ 1A mdt song dnh 1r X > Y. Anh %4

nguge I clda £: x = ['(y) goi 12 ham nguge ciua f (mién xac dinh
Y, mién gid tri X)

-Chocdchim y=1f(x),f:X > Y

z

1l

g8(¥»8: Y >2
f, 2 12 c4c toan 4nh.

Aunh xa bhop f.g - g[f(x)] goi 12 ham hop cia f vd g c6
mién xdc dinh X vi mlén gid tri Z.

- Him y = f(x): ¢6 mién xdc dinh X, mién gi4 tri Y goi 12 bj
chan trén (dudi, bi chan), n€u tap hgp cdc gia tri Y cha né 12 bi
chan trén (dudi, bi chan):

M = supf(x) = supY, m = mff(x) inf Y

xeX

N&w M(m)} € Y thi M(m) goi 13 gi4 tri 16n (bé) nhat cda f(x)
trong X.
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Né&u trong l1an can ciia x,, : M(m) = f(x,) thi M(m) goi 12 gi4
tri cuc dai (tiéu) clia ham s6 tai x, € X, goi chung 13 cuc tri:
Ymax (Ymin) = f(xo)‘

- Him y = f(x) 13 don di¢u khong gidm (khong tang) trong X
néu: ¥x,, x, € X, X, < x5 f{x,) £ f{x;), (f(x,) 2 f{x.)).

Né€u khong cé ddu bing thi f(x) goi 12 don diéu tang (giam)
trong X.

- Ham y = f(x) don diu tang (gidm) trong mién X thi tén tai
ham nguoc x = f''(y) cling don dieu ting (gidm) trong mién Y la
mién gid tri cha f(x).

- Him y = f(x) la chdn (1¢) trong X = (-£, +&) ({ > 0) néu
¥x e X f(-x) = f(x) (f(-x) = - f(x)).
- Him y = f(x) goi 12 tufin hodn trong X néu:
Jaz0: f(x +a)=f(x), Vx € X.
S6 duong T (nho nhét) sao cho f(x + T) = f(x) goi 1A chu k¥
(nho nh4t) ciia ham s3,

1.2. CAc héim 38 50 cdp co ban

1°) Ham lu§ thira y=x%aekR

2°) Ham mi y=2a*,a>0,= 1.
3% Ham logarithme y =logx,a>0,= 1.

Bac biéta=e: y = Inx

lox = Ina.log,x, log,e = L
Ina
Inx = In10.1gx, lge =
8 8 IniQ
Inx = Mlgx, M = 2,302

4°) Ham Ia'urgng gidc
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y = si0X, ¥ = COSX, ¥ = 1gX, ¥ = cotgx.

5% Ham lugng gidc ngugc

. T i
y=arcsmx,-l£x$1,-—$ys—2—

Y =arccosx,- 1 £x<£1,0<y&n

R n
arctgx, -oo{x<+oo.-5~:y<-2—

¥y
y = arccotgx, - o <X <+ o0, 0<y<T
. n m
arcsinx + arccosx = > arctgx + arccotgx = 5
Xty

arcigx * arctgy = arctg ——, (xy < 1)
1+xy

arctgx = arcsin , -0 <X <+ 0

2

1+x
6°) Ham Hyperbole
et —eg™t \ e’ +e’"
= shx = ————, = chx =
Y 2 y 2
y=thx=ﬂ, y=c0thx=—!—-
chx thx-
ch’x - sh?’x =1
1 2 2
hzle-thx, Shz}j{:cothx-l
c

ch(x + y) = chxchy £ shxshy; c¢h2x =ch?x + sh%x
sh{x * y) = shxchy £ chxshy; sh2x = 2chx.shx

Ham so cdp 12 ham duge xdc dinh bing mét céng thiic duy
nh4t lien hé gitta cdc ham so c4p co ban bing mot s§ hitu han céce
phép tinh dai s6 (cOng, trir, nhan, chia, 14y iuy thira, 14y cén) va
cac phép lap ham s& hop.
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Chai v

Ham y = y(x) cho béi phuong trinh F(x, y) =0 (1) goi 12 ham
dn ciia bign x trén 1ap hgp E. Néu ¥x ¢ E, phuong trinh (1) cé
nghiém duy nhAat.

Theo dinh nghia thi F(x, y(x)] = 0 trén E.

BAI TAP
18. Tim mién x4c dinh cda cdc him s8:

X-1

x* ~Jx

1Y y=13

2) y= sinvx

3 oy =lg[l - lg(x” - 5x)]

4) y = aresin e

3} y =aresin(l - x) + lg{lgx)
Bai gidi

1) Ham s6 y xdc dinh khi x 2 0 vd x> - ¥x = 0 hay x # 0

hoac x # 1. Vay ham s& chi xdc dinh khi x > 0 vd x = 1, nghia 13
mién xdc dinh cia ham s6 1a:

X =0, NN w (], +x)

2} Ham s& ¢6 nghia khi x 2 O va sinJ; = 0 hay 2kn < J; <

k + m,x 20, k=0,1, 2, ... vd 4k?n* € x € (2k+1)*x*, k = 0,
1,2,

Vay mién xdc dinh cha ham s la:
X= U [4k’x%, (2k + D7)
k=012,
3) Ham s xac dinh khi:
- 1g(x"-5x)>0vax?-S8x>0
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hay x* - 5x - 10 < 0 va x* - 5x > 0.
Cdc b1 phuong trinh ndy ¢6 nghi¢m:
5465 5+4/65
—— 2 x <
2 2
Viy mién xdc dinh ciia ham s6 di cho 1a:

s [

2 2

vax <0 hoacx>5

4) Ham sé xdc dinh khi:
2x
1+x

Néu x < - 1 thi 1 + x < 0 va bat phuong trinh (1) viét duoge:

-1=

£1,x#-1 {1

xz1
Sl-x22xz2zx+1 > 1
XE——
3
Vay hé vo6 nghigm.
Ne&u x > - 1 thi (1) viét duge:
x=1
-l -x<2x<x+ 1 = 1
X2 -—
3

Vay mién xdc dinh cda ham s6 d3 cho 1a: X = ‘i-—% l].

. . . x>0
5) Ham s xdc dinh khi-1<1-x €1 vA

hay 0 £ x €2 vix > 1.
Vay mién xdc dinh cfia ham sd 13 X = (1, 2].
19. V& d6 thi cha-cdc ham s6:
1}y = E(x), E(x): phdn nguyén ciia x, E(X) < x.
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l néux >0

2) y =signx = {0nfux=0
—1néux <0
(Poc 1a sig - num cua x)

3} y = X + sinx

4 y=x'+l

X
*¥5)  y = arcsin(sinx)
Bai gidi
1} R& rang E(x)} xdc dinh vx € R
0:0<x<i

E(x) = <1:1<x<2
2:2<x<3 y

Do d6 ta c6.dd6 thi

. . '
cua ham s6 (H1). |
T
|
2) Theo gia thiét ! -
ta ¢6 dé thi cua ham H ¢ f X
s& (H2). i
[—-—-'
I
3} Dé ¢ dé thi —d

ca ¥y = x + sinx {¥x
€ R) ta v& dé thi coa
cdc ham s6 y, = x, ¥-
= sinx réi coéng tung
do cua y, vd y, vdi
clhing hoanh do x, ta ¢é Hinh 1.

chc diém (X. y, + y.) trén dé thi cia y va 1t dé ta ¢é dé thi cia y
(H3).




J=
"

e
Il
W

X &0,

2

YiI=XK,¥,=

|

X
Tuong tuy nhw 3) ta

¢é dé thi cita y (H{4).

3y Ham nay
dinh ¥ x € R,
hoan, chu ky 2xr vi:

xic
tudn

arcsin{sin(x + 2m)) =

= arcsin(sinx)
R
Mat khic sing 5 + )
. T ’
= Sm(; -a), Yoo € R nén
.. T
arcsm(sm(; + o)) =
. .. T
arcsm(sin{ — - a)).
2.
nghia 1& dd thi caa

ham di cho d6i xing véi

Xét -

28

=X 5

2|
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Hinh 2,

dudng thang x =

Hinh 3.

o .
— 1hi y = aresin(sinx) = x.
2



. I in N . .
Do do khi Y £ x < By thi y = 7 - x. Vay ta ¢d do thi trong

mét chu k¥ tinh tién doc Ox uhimg doan 2=n ta duge toan bo do
thi (H5).

Hinh 4.

Hinh 5.
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20, Tim mién gid tri cta cac ham:

2x
1) y= —
X +9

2) y = A2Zx-1-x°
3) y = arccos -

l+x-
4) ¥y = siux - 5cosx
Bai giagi

1) Mién x4c dinh cia ham s6: X = R.

Bé tim mién gid tri cia ham s6 ta gidi phuwong trinh y =
= (1) v&i x 1a 4n s6. Mién gi4 tri cia y la tap hop cdce gid tri
“+9

2
X

coa y dé'ir (1) ta xdc dinh dugce x.

T (1): x*y - 2x + 9y = 0, ¢6 nghiém d&i vdi x khi:

1
3l

Y =2X -1 - X" X" -2x 4y =0

A'=1-9y'20>- - <yc

it | —
] —

Vay mién gid tri phai tim [a; Y = {—

| —

2) Tuang tu nhy 1):

A 1-(y3+n=-y320:>y=0.

Vay micn gia tri cha ham s3 13 Y = {0).

2x
3) Ciing tuong tu nhu 1); — = COSsYy

l+x-

X'cosy - 2x + eosy =0 = A' = | - cos’y > 0



= - I € cosy $ 1, theo dinh nghia cia arccos tac6 0 <y £ .
Vviy mién gid tri cita hdm dia cho 12 Y = {0, =n].

4) Ta cé y = 20 sin(x - @), voOi tgp = 5.

Vay M < 26 v mién gia tri cda ham s& d& cho 1a:
Y = [-v26 426 )

21. Tim ham nguge va mién tén tai cia nd, cla cdc ham sau:
D y=x"-4x+2
I-x

2) y= x|l
1+x

3y v =shx

4) vy = signx
5) y = x’signx
Bai gidi

1) Xét phuong trinh x° - 4x + 2 = y, (1)
Nghiém cua (1): x, = 2 - ,’y0+2 , Xa = 2 + 4y, +2 v6i moi
Yo = - 2.

Xét - o < x < 2 thi Yy, = - 2, (1) chi ¢6 mét nghi¢m duy
nhdt x = 2 - Jy,+2 . nghia 13 ham y = x* - 4x + 2 trong (- w, 2}
cé ham nguge x =2 - Jy+2 véiy - 2.

Néu xét - 0 < X < + o thi ¥y, > - 2, phuong trinh (1) cé hai

nghiem (khong ¢6 nghiém duy nhat) nén hdm y = x* - 4x + 2 khi
-w < x <+ % khong t6n 1ai ham nguge,

l-x
1+x

2yy =

Trén (- o, - 1). v don diéu gidm tir - 1 dén - =
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(- 1, + o), y don diéu gidm 1 + oo d&n - 1

Do dé. ¥y e R,y = - 1, tén 1ai ham nguge duy nhdt cia y:

xz—l:—y,yaé-l.
1+y

3)y=shx,tabi&'lshx=e—}——,~ao<x<+oo

Trong (- w«, + =), shx 12 don diéu tang tir - w dén+ ©

Do d6 ¥y € (- w, + ») 16n tai ham nguge duy nhat:

x = f'Y(y), d¢ tim x, ta xét:

e
It

2((:"‘-6"‘)::\32‘-2ye‘-l=0

= e" =yt fy’+1, vie* > 0 nén Idy ddu +
Tacé:e* =y + fy*+1

Do dé: x=ln(y+ y’+1), -0 <y < +

4) y = signx. Theo dinh nghia:
1 khi x>0
y = signx = f(x) = {0 khi x=0
~L khi x< 0
Do d6 phuong trinh f(x) = y, c6 v6 s6 nghiém x.

Theo dinh nghia, him v = signx khong tén tai him nguge.

x* khi x>0

5) y=x’signx = {0 khi x =0 (1)

-x* khi x <0



Trong (- », + o), him vy 12 don dié¢u tang, do dé ¥y € R, tén
tai ham nguge x = f'(y).

Ta (1) suy ra:

J; khi y >0
x = <0 khi y=0

~J-ykhi y <0

Vay x = 1y|‘signy

22. Xét tinh bi chan, tim sup, inf, giad tri i6a (bé) nhat M(m)
cia cdc ham sau day trén mién X tuong dng.

X

1y y= — X =R
X" +1

2) y= — ,X=R
X~ +1

3 y=x-EMX),X=R
4) vy = sinx + cosx, X = [0, 2x]
Bai gidi

- a

1) Ap dung bat dang thic a’+b
b= 1).

X~ +1

2]3b\ ta ¢é 1){!-: (a =%,

| x |{l X+l 1

Do 46 ¥x € R: |y|=

x 41| 2 x 41 2

Vay ham y bi chan trong mién X = R.
~ s 1. 1
Rérangsupy=M= —_ mmfy=m=- —.

2 2
DIVIixT<x "+ 1, Vx e R ném:

k¥



x2
|y[ h X +1

< 1. Vay y bichan ¥x e R, X = R.

RO rang supy =1, infy = m = 0.
X wE

3) Theo dinh nghia:

vy =X - LE(x) =

Do d6 ta ¢6 d6 thi

ciua y trén H6 vd supy y
wh

=1, 1‘1:_1£y=m=0.

4) Tacd y = sinx + / //

COSX = ﬁco{x—g]. -1 ¢ f 2 X

Do d6: Jy| < V2.
¥x € R, dac biél ¥x €
(0. 27) va supy = M =

%X

\/E,iilﬁy:m:-ﬁ.

Hinh 6,

*23. Ching minh rang, néu:

1Y f(x), g(x), b(x) 12 cdec him don diéu tang v f(x) < g(x) =
hix). ¥x € X thi:

fIf(x)]) £ gle(x)] < hhix)
2) f(x) 1a don di¢n tang (gidm) trong X thi 1én tai him nguge
x = £'(y) cling don dig¢u tang (gidm) trong mién Y 13 mién gi4d 1ri
cua f(x).
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Bai gidi
1) Theo gid thict thi:

FIE(x)) < fle(x)] € glg(x)] < hfg(x)] € hih(x)] (d.c.m)

2y Xét f don digu 1ang (gidam: ching minh tvong tu).
Theo dinh nghia ¥x,.x, € X, {x, < x.):
f(x) < B(x-); f(x)), f(x) e Y

= %, # Xy = f(x,) # [(x:), nghia 1a { 12 mdt song 4dnh 1t X
vio Y, viy 10n tai dnh xa nguge ' ciing 12 mét song dnh ¥ Y
vao X 12 ham ngwge x = £'(y) cha [ xdc dinh trong miéun Y.

R& rang x = f'(y) 14 don diéu tang.
Thuc vay, néu y,, ¥. € Y, vy, < y. thi x; < x, vi n€u khéng,

nghia 14 x, 2 x. thi theo gid thi€t f(x,) = f{x,), tic 1a y, > y.:
mau thudn vai gia thiét y, < y,.

24. Xét tinh chin, 1& cia cdc ham s6 sau:
Yoo + Yoo
2} f(xYy = In(x + ¥l+x*)

33 [(x) = sinx + cosx

D f(x)

4)  f(x) = sign(x*- 4x)

Bai gidi

1Y ¥x e R: xét f(-x) = i'J(Hx)l + %j(l—x]: = f(x)

Vay [(x) i chéin ¥x e R.

2y ¥x € R xéL [(-x) =In{- x + ¥1+x ) =

(—x+Jl+x:)(x+Jl+x3] \
=ln——— =
% +yl+x° x+y1+%°

= In
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= -In{x + v'l+xT) =-I(x)

Vay f(x) 1A ham ¢ ¥x € R.

39X € R: {(-x) = sin{-x) + cos(-X) = - sinx + cosx
= f(x) (-f(xD
Vay f(x) khéoéna chdn 12 vx € R.

4) ¥x € R, xét f(-x) = sign( - x)* - 4(-x)) = sign{-(x" - 4x)] =
= - sign(x’ - 4x) = - f{x)
Vay f(x) 1a 1& ¥x € R.

25, Chéng minh rdng néu f(x), g(x) 1a c4c him tudn hoan va

xdc dinh trong cing mot midn v ¢é chu ky T,, T, thoéng ude véi
T, p . .

nhau (T' =r1 € Q) thi f{x) + g(x), f(x).g(x) cling 12 cdic ham tudn

-

hodn, chu k¥ T la BSCNN cia T,, T..

Bai gidi
‘s T m f
Theo gia thi€l =~ = —_, m, n € N, m, n nguyén 16 cung
T, n
nhau.

PDat T = nT, = mT., khi dé:

fix + Ty £ a(x+T)=Ffix + nT)) £ g(x + mT,) = f(x) 2 g(x)

f(x + Th.g(x +T)=f(x + wle(x + mT,) = f(x).2(x)

Vay f(x) + g(x), {{x).g(x) [4 cdc him tudn hoan, rd rang chu
k¥ T cila nd 1a BSCNN cua T, va T,.

26. X<t tinh tudn hodn v tim chu k¥ cda cdc ham s

1Y f(x) = Acosax, (o = (1), f{x) = Algax (o = 0),

f(x) = sin"x

2) f(x) = Acosx + Bsin2x + Ctg3x
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3 f(x) = 1g4x
4y f(x) = sinx”

5) B(X) = sinx + siny2 x

6) f(x)

1

{:}2); Z ? (ham Dirichiet)
7y [{x)y = x - F(x)
Bai gidi
1y D€ xét tinh tudn hodn ¢da bim s6 ta gidi phuong 1rinh:
f(x +a) = T(x) dé 1im a = const = 0
= Acosu{Xx + a) = A cosax

= aXx + oa =% ax + 2kn

:oa:zlﬂxo,(k:O)
L

Vay ham s¢ d& cho 14 ham tufin hodn va s6 duong T nhd nhat

. 2
dé: [ix + TY= f(x) 1A T = ﬁ
194
. N . . e . . 2K
Muwong tu, hiim f(x) = Asinex 13 him tvdn hoan, chu ky H
4

Tuong 1y, ham f(x) = Atgax, f(x} = Acotgax 13 ham tudn

hoan chu ky 1a =
o

XCEL ham y = sin®x, twong 1 nhu trén ta ¢é: sin™(x + a) =
sin"x (1). N&u n 1¢ thy tir (1) suy ra:
SIR(X + 4a) = sinx
hay X+ a=x+ 2kn,

X+a=mx-%+ 2kn.
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P do: a = 2kn, hiun 1a tudn hodn v cé chu ky: T = 2n,
Néw nochdn thi tr (1) suy rat sin{x + a) = + sinx.
Tiedé: x +a=mn+ x + 2k=n

hay a = (2k + IY)n va T = =,

Tuong 1y ham (x) = cos®x 14 ham tufin hoan chu ky 27 néu
nlé, nnfun chin.

2y [(x) = Acosx + Bsin2x + Ctgix
Ta cd:  Acosx ¢ chu ky 2n.
Bsin2x cé chu ky 27’1 =n.

Ctg3x cé chu ky: g

Theo bai 25, chu k¥ cita f(x) 124 BSCNN ciia 27, = va -25 H
T =2n.

3 fix) = lg_\/;, tuang tu ldn lugt ta c6:
tg Vx+a mlg\/; = JXx+a = J; = kn

= x +a=x+k'n?+ 2knvx hay a = k’n’ + 2krn+/x; a phu
thuge x, nghia 13 khong tim duge a = const # 0, do d6 ham di
cho khong 14 ham tufn hoan.

4 f(x) = sinx’, 140 luot 1a ¢

sin{x + a) = sinx® = (x + a)* = x* + 2k=n

(x + aY’ = - x’ + 2kr, (¥ ¢cdc phuong trinh nay, ta
khong tim duge a = const = 0. Vay ham s& di cho khong la ham
tudn hoin.
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5) f{(x) = sinx + sinﬁx

sinx ¢d chu ky 2z, siny2 x ¢ chu ky nghia 132 khéng

2
h
tén tai BSCNN cda 27 va 2n nén f(x) khoéng 1a ham tudn hodn.

V2

. l:néux e Q
6)NéuTeQ,lacéf(x+T)={

O:néux e 1
hay f(x + T} = f(x)
Vay f(x) 12 ham tudn hoin c6 chu k¥ 12 mdt s hiru ty bit ky.

RS rang khong cd s8 vo 1i ndo 14 chu k¥ cia né.

Nfxy=x-Exy=>fx+a)=x +a- Ex + a)
Do d6 tir: x+ a - E(x + a} = x - E(x) ta suy ra:
a=Ex+a)-E(x)=m,me Z

Vay ham da cho 14 tuédn hoan, chu ky T = .

§2. GIGI HAN CUA HAM SO

2.1. Binb nghia

a = lmfix) hay f{x) = a (x = X,), (%o € R,ae R).

1—FXy,

= 3?(“, Ky # Ko, X, = X = f(x") —=a (1)

hayv & Ye > 0,38 >0,0 < 1x-—xul <& = ]f(x)—at < (2)

(x4, 2 € R},

G3



Gidi han ben phai (trdi) di€m x, ciia f(x):

a = hm f(x) < [3x,, x, £ xg, X, > Xp (< Xp) = f(x) ~ a]
N-eapdng, ) -

¢:>{Vs>0,f|5>0,xn<x<xo+8,(x0—5<x<.x0)

= [flx)-a < ¢

a=limfix) o imfx) = imf(x) = a

Chu y: Ta cing k¢ hidu x} (x]) = x, + © {xz - O

a= m f(x) ¢» Ve > 0,3N >0, Vx > N (< - N)

A bt -]
= |f(x)—a| <&, (a € R).

+ o (-0) = limfix) © VM >0,35>0,0 < [x—xnf < &

= f(x) > M (< - M},
to(-w)= lim ((x) & VYM>0,3N>0, ¥x >N (<-N)

T -y

= f(x) > M (< - M)
Cha y:

X = + w0 (- ») ky hiéu chung [3 x > «.
2.2, Tinh chat va phép todn

Xétx, € R,aeR

19 f(x) = a,, f(x) - a, (X > X4) = a, = a,

2% f(x) > a {x —Xg) & (£(X} - a) = 0 (x -> x,)

3% f(x) = ¢, Vx € X = f(X) = ¢ (x 2%,), Xy € X

4% f(x) = a (x - x,) = [(x) bi chan (x —Xg)

5% F{x) = a (x - x,),a > p (< q} = 3 lan can coa x,
(trir X3 f{x) > p (< q)
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hon

6%y f(x) = a (X = x5), 3 lan can cla x4 (irir xO
fxysp(zq)=a<p((zq)
7° f(x) 2 a,g(x) >b(x > u; =>f(x}xgx) >athb
f(x).g{x) = a.b, [(x)/2(x) — a/b (b = 0) (X = x,)
89 f{x) - a (x > x,). g(y) > b(y > a) =

= gif(x}] = b (x = x,).

2.3. V& cling bé (VCB). Vb clng 16n (VCL)

Xét x, € R:
+ f(x) 14 m&t VCB (VCL) khi

X o Xy limfx) =0 ¢ lim|f{x)| = + )
1—)’0

130
+ Cho f(x), g(x) VCB (VCL) khi x — X,.
f(x)
r1ealh
k > 1: f(x} (g{x)) ¢6 bac cao (th&p) hon bac cha g(x) (f{x))
k = 1: f(x), g(x) déng bac

f(x) 201 12 ¢é bac k so vdi 2{x) < lim =C=#0 k>0

k=1, c=1: f(x), g(x) 1 twrong duong nhau.
- K¢ higu: f(x) ~ g{x) (x = X,)
Né€u f{x) ¢6 béc k so vai g(x) thi: f(x) ~ Clg(x)]*
C[g(x)]* Ta phén chinh cia f(x), g(x) }a VCB (VCL) co sd.

+ Né&u f(x), g(x) VCB (VCL) (x = Xg), 2(x}) ¢6 bic cao (thip)
bac cua f(x) thi: f(x) + g2(x) ~ [{x).

+ N&u f(x) ~ [[{x), 2(x) ~ g,(x) (X = Xo)

fx) _

. . £ (x) -~
thi: lim ——% = lim %%, (x, € R)
il T I

0(g(x)): k¥ hidu VCB bac cao hon bic cia g(x).
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2.4. Cdac gidi hgn va céng thic tuong duong théng dyung

sinx

1"y lim

X—rky x.

=1
1

2%) iirr{1+~l~] =e, limll+a)® =¢
T X 0

3% lingax =1{a>0,%1)

40) lim a* =40 (O),a>1
Xt -]
a‘l
5% lim=. =+cw(a>1,k>0)}
X—pea
L '
6% lim—2% —0@»1,k> 0)

4wy

7% _xlh?oxklog.x =0{a>1,%k>0)
-

8% tim O8lx) _ —11— (a0, % 1)

x=30 X na
0 . a*—1
9 ) lim =1na‘ (a>0,i 1)
0 X
. f1+x)* -
10%) lim . l=0~,0teR
x—0 X
lim  wv
119) lim(t+a) = ™o
u—+0

¥

12%) sinx ~ x, tgx ~ x, arcsinx ~ X, (x = 0)

13%) 1 - cosx ~ % (x = 0), tgx - sinx ~ -;x" (x -0
14 In(1 + x} ~ x  (x > 0)

159 e¢* -1 ~x (x 5> 0)

16% (1 + x)* - 1 ~ ax (x - 0), (a € R)



2.5. Cac tigu chudn 18n tai gidi han

19 ¥x e X: f(x) £ g(x) € h(x), limf(x) = limn{x) = a,

X1, =g

Xy € X = lim g(x) = a {kep)
a1y
2% Néu f(x) 1 don diéu khong gidm (1ang) trong (a. b) (a, b ¢ R) va
bi chan trén (dudi) trong Khodng d6 thi lim f(x}, ( hm f(x)) tén tai

x—=h" x—at

(Weilerstrass).
Néu f(x) khéng bi chan trén (duéi) trong khoang d6 thi:
tim ((x) = + 0, ( lim flx) = - »)

x—sh” K

3%y Ham f(x) ¢6 gi&i han 12 a khi x = x, khi va chi khi:
Ye > 0, 38(e) > 0; Ix, x": |x~x0\ < B(e), ]x'—xol < 8{e) =

= [flx)-f(x) < ¢ (Cauchy)
Chat y:

1) Khi tim giéi han, ta thudng gap cdc dang v6 dinh % E,
oo
0.0, © - ®, 1*, ©°, 0° ta phai bi€n d6i va ding cdc khdi
niém da bi€t dé khir c4c dang vo dinh d6 di, ta s€ tim ra
gi6i han phai tim néu giéi han dé tén tai.

2) Ta ciling ky hiéu e* = expx

BAI TAP
27, Chitng minh:
3
B lim L =3
51—l x_[

2 lima*=0,(0<a< )

L—a+ £
hY

3 Jim e =4 (a> 1, k> 0)

LI 4
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1
4 lim 2% - as 1 k> 0)

1Ay

s lir{l;]xklogax =0(a>1, k>0)

. id . .
6) Llmcos— khong tén tai
. X0 X

Bai gidi
1) Ldy m6t day bat ky x, # 1, x, — | khi dé:
x: -1

f(x,) = = l:xf,+:l(ﬂ+i——>3

n

Theo dinh nghia (1), (2.1} Iimf(x) = Iimx

] LRI —l

Ta cé thé 1am theo dinh nghia (2), (2.1} nhu sau: ¥e > 00, xét
mét 1an can cua x =, chiang han khodng (0, 2) vi xét:

3
-1

X T3 = -] <4k <6 vxoe 0. 2)

X —
ChgnS:ElhiOchhljcSﬁ — -3 <

4 ' x-~1

x? -1
Theo dinh nghia (2), (2.1): lim l = 3.
X+l X —

2} Vix - + o, nén lay mot diy bt ky x, > I, x, - + =, dat
L(x,)=n,khidé:n<x, vAiO< a™ <a", (0O<a<l).

< s Ane | 5 1
RO rang a" > Ovidata= — thia' > 1 vaa"= — = 0.
a a

Vay theo tieu chudn kep (phén gidi han cha diy):

f(x,) = a™ — 0, theo dinh nghia (1):

08



lim f(x) = lima* =0,{(0<a<l)

A AT

L

3) Trude h&r, ching minh limi = +oo, (a > 1).

e Y

ki

Ta di bi€t (bai 10.3): lim - = + =, (a > 1).
n

Xét X, > 1, x, > + =, E(X,) = n, khi dé:

an . axn n+l
< <
n+1 X n

n

fa>1l,n<€x,<n+ 1)

*n

Theo tiéu choin kep vé giGi han diy ta cé: T 5y o, theo

dinh nghia (1) lim2 =+ w ( a @& ° - + ©).
X n+l n n+l

X

Bay gi&r ta chitng minh lim A =4 w, a>0,k=>0

Xk
| x
) PEY-
.. a . 1 {a%)
Ta cé: him = hm =+ o
L34l xk X = il X
1
PRt !

Vi theo trén: lim =+ ©, (af > 1).

Ayt X

4yPaty=logx,x 2> +0 =2y >+

Khi d6 Jim lof—;x = lim (af))_ =0
vi 2L = l'—)———=0,(y—)+00)lh603)
ey k) |
y
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S)Datle.x—>+0«:>y—)+ao
Y

C e -1
Khi dé: limx*log,x = lim -—0—%‘1

x—0 b R y

= 0. Theo 4).

6) L4y mot day bat ky x, = 1 - 0, (n = + «)
I

Khi d6 f(x,) = cosnr = (-1)", 1a biét (bai 9.3)) diy (-1)" phan
ky. Vay theo dinh nghia (1):

x a0

. n c
limcos— khéng tén 1ai
X

28. Tim:
i, r
. WxT -1
17 lim »P.q. 1,8 €N
sl sfxx —1 .
. n + _I'| _—
2) lim~2rXvaTX
=D X
. Si —sinla —
3)  lim m(a+x) 1 ( x)
x—0 X
. lgx—sinx
4) lun—g-T
=0 gin”x
5 lim V1+2sinx - cosx
10 . X
sin —
2
. l—vcos®x
*6)y lim———= e R
50 X"
. al — 4
*7}  lim ,a>0
X —a x—a
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Bai gidi
Bhatx=y¥, x>1eoy >1

afor _ [
Tacélimx l=.y .

ikt -1 -y -1
(y—le"H +yP? +...+l) Ps

- l!'i-lfll [y -y +y*? +.41) 1

2) Ta ¢6: lm—————— = lim -
20 X »—0 X
a__
a
!
Ya (l—i)n ~1
a
. 2
- lim = .
=0 a-i nn an—l
a

! !
(1_,.)_(.“_1,._1__,)(_’(1_."." _lﬂl'(i]-
a n a - a n\a

3) Ta cé:
limsm(a+x)—sm(a—x) - lim2cosasmx = Jcosa
x—0 X a—0 X
vi im22E =y,
% —l] X
4) Ta ¢é:
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i

lim—[—gux_—h-s—s-li)S = lim2 = L
0 gin®x 10 x? 2
N . 1 . . p
Vi tgx - sinx ~ Ex’, sinx ~ x* theo cdc cong thic irong
ducng (2.4).
5) Ta cé:

=

. VI+2sinx —cosx . (l+25inx) —1+1-cosx
lim = lim
=0 X x—

. . X
sin 2— Sin —
. (I+2sinx)2 -1 . 1-cosx
= lim + lim
x =0 4 x—0 . X
sin — sin —
2 2
1 ]
—~.2X l.x'
= lim2 + lim2 =2
=l X =0 X
2 2

(Theo cdc cong thite teong duong & (2.4)).

. l-cos®x
6) l!m——T-——
x40 x~

,x € R

I-cos®x [I+(cosx—l]]"—l 1-cosx

Ta cé:

=

X" cosx —-1 X~

Theo cdc cong thise tuong duong & (2.4):

. 1-cos”x . ofcosx — 1) > o
hm——— = |y 22 = —
0 x< =0 cosx -1 x° 2

12



(x >0, cosx > 1,1 -cosx > M

Do dé:
x a
a*li —| -1
at ~-x? B aa(‘lx—a_g [[a) :1 -
x-a Xx-a x-a
a™! [1+x_a] 1
_wbee) a
Xx—-a x—-a
a
X a ez l [l+x_aJ -1
va imd "% im0 L2t ime 24
e X —3 I+ X — 7 x—a X—a

a
= a’lpa - a* = a*ln—
e

(Theo cd¢ cOng thdc 9°, 10° (2.4)).

29, Tim:
b lim X +yx+4x
= x4l
2) limx‘”(“\'x:~ -'Qx:—l]

T4

. X
H l,ll_r.r]'l(l -x g >
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4) lim[

5)  lim{l-2x*)"

6)  lhim (sinx)™"

7) Iim[

2 2x
&) i X + ]
1=\ X+ |
. I
9) lim
) 1
1+2*
Bai gidi
- I+ l+
X+ X 1+ +fX X
1) Ta cé lim_—J_- = lim—
X—pd I"x+l X— 1
I+—
X

Cé thé diing VCL tuong duong:

yr+dxedx ~ ¥

Jx+1 ~

\[x_(x—-—)i-ao)

Vay limYEYEEAX ¥x

S

2) Ta cé: lim x*"*

X3t S

= lim— =1,

‘_...-,\(; :



= limx*"

2
e _;f(x: + 1)1 +’\/ﬁ+"\[(12 _[)2 )

(Nhan vi chia v&i lugng li¢n hop cta Vx4l - %fx: -1, mau

56 ~ 3;./)(_").

2
9

NPatl-x=a, x> 1<Sa-0

. bio g . b4 . o 2
T G: 1 — —_— = —\I - = _ = -
ac ,]_T(l x}tg 5 Ll_rgatg[z(l a)) Ll_rg - -
tg—o
2
(lg;ax:a_tg;ax —a.l =a{(a - 0))
X ax

g2 Ax+2
4) Ta cé: lim| 232 = Tim| 14— =
2x -2

=l Ix -2 x4

= exp [limMJ = ¢® Theo (2.4)
X b 2x_2

(expx = e%)

@ gyl
5) lim(l-2x") = exp{lim 2;‘ ] =g’?
x—0 a—0 X
6y lim (sinx)”cm = lin} (l+sinx—1)”°m
LS ¥ Axid
= exp( lim S22 _1) =e’ =1
iR COSX

-[Siﬂx—l B (sin_x—l)(sinxﬂ) _ TCOSX 50 (x 5 m’2))
COSX (smx + l)cosx sinx +1
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1
Tybaty = —, ta ¢é:
X

X X ¥

Y py— y _
= exp[limLyl] = exp[li_nﬂ{e : +1H =e’
Line Y ¥ y

Vi lime -1 =Ine = 1, theo (2.4).
¥l y

I a
R | . . y . iy
g — = ¥ = Y by —
hm[e + ] ]1111(e +y) l?l_l}t;l(l+c y 1)

¥

+23 Y x+2
8) Ta cé: lim[x 2} = Ilm[—J X

vl 2y o+ 1 x—pof P X+-‘l—
2
) 2x . 2x _ x
= llm[—} lim| 1— = lim{—| _exp| lim
) 2 ¥ l) X o s Fy o |
X+ —
G
: 0.¢*=0 khi x = 4w
40.e ' =+ khi x — -
(Y .
Vi 3 cédanga* - 0{0<a<l),
khi x - + ». Khi x > - o, dat x = - x' thi
, 1™ N> ,
x—->+ao.—i- :E =27 > +x(x' 5 +o)



(G ki +
9) lim —— = R
3 -at0 ! 1 khi x - -0
1+2*
vi khix - + 0,2 - 4+ o. Khi x » -0: dat x = - x', x" = +0:
1ra i i
270 =27 = — 3 0
2I.f1

30. Tim cac gidi han:

1) lim_l___cgﬂ
=0 fgex
2y lim COSX —COS2X

=0 ] —cosx

3 Iim:"Jl +1g7x —{/1 -tg’x

x-+0 X +3’x2

. §in3xsinSx

4) lllll_"'—,"-
x-30 (x _x.‘)—
ESET S

5) lim — ,{a>1)
aven x4 x

. . si +2arcteldx + 3x°
6) lim sin2x a.rcg3 X
0 ln(l+3x +sm‘)+xe‘

T lim x| In| l+§- —Inf-
. X 2 2

. Incosx
8) bhm -
1_»0 tgx' L ]
. X X X
*9) . lim cos—. oS~ ....c0s—, x 2 0
N-as 2 - an
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*10) lim J;;JB ,a, b>0

Bai gidi

1} Thay 1- cosx ~ %, tg x

t

(x>0

. 1= . 1
Ta cé: llm& = lnni; = -
L Y] ‘g-x =0 Iy - 2
2) Ta cé:
. COSX —COos2X . 1-cos2x . l—cosx
iim—r— = lim————— - lim-——— =
=0 ] -cosx 30 1 ~cosX 0] - cosX
1 2
> @x)’
= lim2 -1=3
x—

a

2

3) Ta c6:

[ - ﬁm-‘\/lﬂg:x—{/l—{g:x _ lim(1+tg:x)”3~l i

= T aa 25h
=0 x+3 X" a X
1 t A 42 l
H ~1g7X - . 3 -
- llr1'1£—)—g Vix+ WX~ VX =x* o0

0 XEH

Mat khe: (1 +1g70" - 1~ ~tg'x ~ %xz

L) ey ]- hd 1 2
(1 -tg’x)? -1 ~- —1g’x ~-=x°
2
—X —-=X
Do dé: L = lim 2, — - lim 2,“ =0
x—0 x- X0 X'



. . sin3xsi . 3x.5
4) Ta cé: L = lunw: lun XX =15

x—{ ( _K.‘j): =0 x:

S)Vi: a'+x7~a" (X - + @)

X2+ x~x7 (X > + x)
2 x x

nén lim > 22 = tim L = + o (bai 27.3)
Lk S o 4 R =

6) Ta cé: sin2x = 2x + 0(2x)
arctg3x = 3x + 0(3x)
In(] + 3x + sin’x) ~ 3x + sin®x ~ 3x
= In(1 + 3x +sin’x) = 3x + 0(3x)

xe'=x + 0(x) (khi x - O

YVay:
(i S0.2X + 2arctgdx + x> i 2X HO(2X) + 23% +0(3K)) + x°
x40 ln(l+3x+sin2 x)+ xe* -0 3% +0(3%) + X + 0(x)

8+ O(MX)

_ lime+0(x) _ X_ =5
AKX HO(X) 0, O(x)

X

Vi téng cdc v6 clng bé bac cao hon x 12 mot VCB bac cao
hon x:

0(2x) + 2.0(3x) + 3x% = 0¢x); 0(3x) + 0(x) = O(x)

7) Tuong ty nhu 6):
lim x! h{l +§-J— 2] = lim xln[l +£] =
X—pta 2 2 PR X
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= lun x[—2—+({g]) = lim; 2 .Y
X 40 X b4 AR

X
8) Tuong tv nhu 6), 7) ta cé:
lim lnco§x _ l lim 111!1-51:1'x! _
x—0 tgx“ 2 x-+0 (gx—
. 0(x*)
—x" +0{-x" 2
=%]|Dx O{X}-%lilr‘} x,
A s - % -3 -
4 0°) 4 38)
2

. . X X X . X X
9) Ta céd: sinx = 251115 cos; = 4 cos— sin— COS—

- X X, X
2°cos—cos—sin— = ...
2 4

w X X X . X
= 2% CoS— CO$— ... COS—- sin—-
2 2° "

2“
X X X sinx
Do dé: cos— cos— ...co8n = ————
- 2" u s %
2" sin —
n
. . X X X . sinx
vi  hm|cos—.cos—....cos— | = lim—— =
h—sn i - 2 nsw X
2 51112—“
Sinx sin x
= i .
w—a
sm-—--4--— X
n 2!1




i) Ta co: L

It
3]
]
]
(|
T""i
{5
o ——
i
I
b |
}=1
x
b
b
S
[ |

= %(lna + Inb) = anzE
Vay L = exy(ln‘fza) = e = fap

31. Tim cdc giéi han:

1)  lim X[E —arctg X ]
4 x+1

K4y

X4

2y lim X[% - arcsin

=

. chx-1
3}  lim

x—0 X"

. eux_ PBx
4y lim €

=0 sin X — sin Bx

5) limm)

= X

6) liuah"fcos\/;

3
_(x*+2Y

Ea] lunx 2
vanl 2X 41

il
g
=
<
+
]
<
N
f
/"‘“_._:"\
e
B
p
3
.
R—
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B2

8) lim(smx}'

x—0

3y limx'*

x—l

1 1gx
10) lim( — }
=0 gin T x

11) tmx**
N =+

12) lim (sinln(x + 1) - sinlnx]

K3+

13) lim arccos[v‘x: +x —x]

AW

*14) Jim sinsin ... sinx
D=3+ 3 M
n ldn

*15) Hm Y1+x" (x > 0)

n—+x

*16) lim sign[sin?(n!®x)]

Bai gidi
1) Theo §1.2, 5%

z Z arctg — = arctgl - arcig X
4 ox+l X

+1
1-X :
= arctg x+l _ arctg
L X x+1
+
x+1
- x arclg
Do d6: Iim X('--—an:lg—— = lim 2x+1 _
Rl 4 x+1 [ l
X



1
2x +1

. X 1
= lim = —
1= 2X +1 2

= lin

LR T

!
X

x
2) Ciing theo §1.2, 5% arcsin

= arctgx.

X +1

Tacé: L = lim ){-g—arcsin—g—} = lim x[%—arcing

L ﬂx: +1 T

n
bat E—arclgx=t,x—>+.~a<:>.'—>0
n
= x = {g(;—t} = cotgt

Khi dé: L. = limcotgt.t = lim B 1.

1=0 [B4) [gt
et +e" 1 5 x :
. -1 . - . lle*-e?
3 llmdlx, = hm——z,—~ = him—
x—0 X" 20 x- 140 2 X
T (e 2 — 1
lgl€onsion Y
2 x-0 X 2 2 2 2
2 R
vi lim = i, lime = - L (theo 2.4).
x—0 X 2 x40 x 2
L U 1] . 13 '_e[j.x
4) Ta c6: ling - ¢ e- = l'm{} aiB s
0 sinax - sin fx T 2(:05—2—---x.sin—2~—x
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LS N e i el VO
x 0 {a_ﬁ)x - 0 (a_ﬁ)x

= lim ————= =]

I X

Xét lim H%"F—e} =0vi lime* =0

A X A—h—y

6) L = ling‘\}cos\/_ llln(cosf)x = exp{ . lncosJ—J

- lncos\/; . ln(l+cosJ;—l! . cos-\f;—l
vi lim————— = lim = lim—

1
A X 1—0 X x—0 X 2 ’

(In(l + x)~ x,x > O

o (xTe2Y :
7) Ill.'l:{; ?] = + 0 (khong thuéc mét trong cdc dang vo
X— x4+

dinh).

8y Tacé: L = lim(sinx]‘ = exp{ im xlnsinx)
X-+0

A0

= exz{!im[ x -sinxlnsinx}] = e (' = expx) (Theo 7% 2.4)
0L S X
=1
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1
9) Ta ¢é limx'* = exp[lim lnx] _

1l x-l l_x

= exp[lim—l-lu] =e' = 1 (x =1-v)
e

¥} ¥

. 1Y . s
10) Tacd: L = hn‘{ — J = eXp lim(— lgxlnsm”x)]
=0 et X —0

i
. A !sin:x!ﬁ Insin’ x 0
vi tgx.lnsin"x = - — =0
COSX 1

nén L=¢"=1.

. —_— : L —_ : X _
11) Tacé: L = 11_1_13}( = exp ll.%(x l)lnxl
vi (x* - Dlax = (e - }nx ~ xIn’x
l 2
= (lenxJ S>0(x >0
nén L =e®=1.

12) Ta cé: L = lim [sin{In{x + 1)) - sin{lnx}] =

At

lim 2005(11] ln(x +1)+1nx}sin ln(x + l)— Inx -

X+ 2

1

1
tx(x +1) “‘(”;]
lim 2cos nx 5 sin 7 =0

EE)

|
Inx(x + 1) ln[l i ;]
cos~2——l 51, sin————z— - 0 (x > + »)}

V1




. TS . X
13} lim arccos(\,’rx‘ + X —x] = lim arccos —m=e—— =
Yo x> XT X +X%

1 il
= arccos — = —

2 3
(nhan v&i lvong lién hop cha vx* +x - x).
14} Pat x, = sin sin ... sinx thi x, = sinx,, (1)

—_—  ———
n f4n

Gia sir: sinx 2 0 (sinx < 0: twong tu).
Ta cé: 0 = x, = sinx,; € X, ,

Do d6 x, 12 diy dou di¢u khéng tang va bi chan dudi. Theo
tiéu chufn (W): limx, t6n tai, gia st / = limx,. theo (1), ta c¢é
{ = sin/, phuong trinh nay cé nghiém duy nh4t/ = 0.

Vay lim sinsin’... sinx = 0

n lin
15) lim Y1+x" (x>0

n—p+n

Xét0<x<l,tacsd 1 < Yr+x" sﬁ
: 1
ta bidt VE = 2" 5 1, vay lim ¥1+x" = 1.

LB

Xét 1l < x € + o khi dé Y1+x™ = anHLn
X
lim 2 1+L" = |, theo trén, vd lim ¥1+x™ = x.
u X

[rr—" —s 47

Vay lim ¥1+x"

n—s+o

_ 1:0 «x £ 1
- X:1l < x < +20
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16) L = lim sign[sin*(n!nx)]
Xét x = £ 12 56 hau i, p. q nguyén t& cung nhau, khi dé:
q

alx = nt £ 1a mot s6 nguyeén khi n > q vd do d6: Vn > q:
q

sinf(ntnx) = 0 vAL =0, ¥x € Q.

Néu x e 1(v6 1i) thi ntx € Z va sin*(n!nx) > 0, do dé:
sign[sin’(n!‘nx)] =1

vayL=1,vx e L.

0:xe
Tém lai y = lim sign{sin®*(n!nx)] = Q
i 1:xel

(Ham Dirichlet)

32. 1) Néu f(x), g(x) 1a cdc VCB (VCL) khi x = Xq (Xo € R)
thi téng, tich, thuong cua ching ¢6 1a VCB (VCL) khong?

2) Cho f(x) = x:[1+sinl} 12 mot VCB khi x — X, €6 thé néi

x)

f(x) 12 VCB bac hai khong?.

3) C6 thé néi dé€n bac cua VCL:

£(x) = a* khi x —> + © (a > 1) khong?
Bai gidi

1} - V6i vo ciing bé (VCB): + Téng hodc tich cdc VCB (khi x
> x,) 12 mét VCB vi theo cdc tinh chét vé giéi han cha 18ng vd
tich cdc ham so:

f(x) — 0, g(x) > 0 (x = %)

= f(x) £ g(x) = 0, f(x).2(x) = 0 {x = %)
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+ Thuong cha hai VCR 1a mot dang v& dinh (%J khong thé
k&t luan 12 VCB duge, chang han:
[(x) _ X

f(x) = x, g(x) = sinx, = -
g(x) SIMX

khi x - 0, vay E : khong 13 VCB khi x — 0.
p(x

2
f(x) = )(2‘ g(x) = Sinx’ _E(X_) = _X__ - 0

2(x) sinx

khi x - 0, vay f(; 12 mot VCB khi x —» 0.

gx

- V6i VCL, tich 12 mot VCL vi f(x), g(x) » o, (x - Xgo) thi
f(x).g(x) > o (x » Xg5).

Tdéng va thuong cdia cic VCL 12 céc vo dinh o - oo, z khong
=]
thé két juan I3 mét VCL duoge, chdng han:

f(x) = x*, g(x) =- x* + 1, khi x - ® 12 cdc VCL
f(x) + g(x) =1 khong 1A VCL khi x —»
o sz — - 1 khi x - o, vay thuong cia hai
a(x) -X"+1
VCL nay khong 1a mét VCL khi x — o.

Nhung néu f(x) = x%, g(x) = x> + 1 thi téng:

fx) _ }
g(x) " +1

e

f(x)+ g(x) =x>+ x>+ 1, thuong

lai 12

[F]

cdc VCL khi x — o,

2) Khong thé néi VCB: f(x) = x:(l+sin—l-J 12 ¢6 bac 2 khi x
x

— 0 vi:

88



Lim fex) = lim (l+sinl] khong téu tai, g(x) = x°
10 g(x) x—+0 X

3) Khéng thé néi dén bac clia VCL f{x) = a* (a > 1} khi x —

X

+oovi limi_ =+ @ (Vk > 0).

X —¥+0 X

§3. HAM LEN TYC

3.1, binh nghia

- Ham f(x) goi 1 lién tus tai x; € X né€u lim f(x) = f(xy).

X[y

hay lim Ay = 0; Ay = f{xy + Ax) - f(x,).

Ax—D
f(x) got 1a lién tuc bén phai (trdi) diém x, néu:

lim+ fix) = f(xy), (lim f(x) = f(x, N

x—ag K

f(x) 14 lién tuc tai x, ¢ f(x) lién tuc bén trai va bén phai x,
f(x) I lién tuc trong mién X néu né lién tuc ¥x € X.

P6&i véi ham lién tuc, ta ¢é thé viégt lim f(x) = f{ lim x).

A—kpn L2 ¥

f(x) goi la gidn doan 1ai x, nfu nd khéng lign tuc tai x4, X,

goi 14 diém gidn doan cia ham s6.

X, goi 12 diém gidn doan loai 1 cua f{(x) <

o f(x)) = ﬁll’l f(x), fix;) = lim f(x) ton tai (e R)

[ X X,
h = f(x}) - f{x;) goi 1a budc nhay coa hiam s8 tat x,
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n&u f(x}) = f{x;) thi x, goi 12 diém gidn doan bd dugc ciia
f(x) vi ¢6 (hé 1ap lai sy lién tuc cha f(x) tai x, bang cdch dat
f(xg) = [(x5) = f(x,).

Diém gidn doan cua f(x) khéng phai 12 diém gidn doan loal 1
clla n6, goi 12 diém gidn doan loai 2 cua ham s6.

Né&u it nhét mot f(x;), f(x;) bing » thi x, goi 12 diém gidn
doan v6 han ciia ham s6.

3.2. Cac phép todn vé& ham lién tye. Sif llén tuc cla ham so cdp
1%y N&u £(x), g(x) 12 lién tuc tai x, thi f(x) + g(x) f(x)-g(x).
f(x)/g(x), (g(xy) # 0) ciing lién tyc tai X,.

2% N&u y = f(x) lign tuc tai xy, z = g(y) lién tuc tai yo =
f(xq) thi him z = gff(x)]} 12 lién tuc tai x,.

3% Néu y = f(x) dou diéu tang (gidm) va lién tuc trong mién

X thi bam nguge cha n6é x = {'(y) ciing 12 ham don di¢u tang
(giam) va lién tuc trong mién Y, 12 mién gid tri cla f(x).

4%) Céc ham so cdp co ban (1.2) vi néi chung cde him so cip
dédu lién tuc trong mién xdc dinh cia ching.

3.3, Cée dinh Iy vé ham lién tuc trong mét doan

Né&u f(x) lién tuc trong doan [a, b] thi:
1%y f(x) bi chan trong [a, b] (Pinh 1§ Weierstrass I).

2% f(x) dat mot gid tri 1dn nhit M vd mot gid tri bé nhdt m
trong {a, b] (Binh Iy Weierstrass II).

39 f(x) 14y moi gid tri trung gian gém gidta f(a), f(b) nghia
la: f{a) < v < f(b) (f(a) > v > f(b)y thi Jec e (a, b): f(c) = ¥ (dinh
1y Cauchy).

bac biét f(a).f(b) <0 = 3c ¢ (a; b): ficy = 0

vaim<y< M= Jc e {a, by f(¢)=7y.
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3.4. Ham lién tye déu
Ham f(x) goi 14 lién tuc déu trong mién X & Ve > 0, 38 > 0,
Vx.x"e X lx—x‘l <d = |f{x)—f(x')| < g,

- Néu f(x) lien tyc trong {a, b] thi f(x) iién tuc déu trén [a,
b} (Pinh Iy Cantor).

BAI TAP

33. Chung minh cdc him sau day lién tyc trong mién chi ta
fugng gng:

1) f(x)=%x, x20
) f(x)=log,x, x>0

1) f(x) = aretgx, -0 < x < + ©

3 _nx
*1y f(x) = limm—,-w<x<+w
osa ] 4e™
Bai gidi
1) Xét Af(x) = Yx+4ax - ¥x.x >0

Ax

d(x +ax) +ylx +Ax)n_:.‘{fo-+___+£:

Do d6, khi Ax — 0 thi Af(x) - 0. Tai x = 0, Af(0) = ¥Ax - 0
{Ax — +0).

Vay him s6 la lién tuc Vx = 0.

A

2) Xét x > 0 vA Af(x) = log,(x + Ax) - log,x = log,[l+i‘5J
X

AX > 0 = Af(x) - log,l = 0.
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Vay ham so6 12 lién tuc ¥Vx > 0,

3) f(x) = arctgx, - @ < X < +o0

Af(x) = arctg{x + AX) - arclgx = arctg ——, theo 5°(1.2).
l+x(x+Ax)
R& rang Ax = 0 = Af(x) —» 0.
Vay ham s6 1a lign tuc ¥x € R.
4y Ta ¢6:
‘o {x" khi x>0
f(x) = 1im"1+"—:(= 0 khi x = 0
n—s& +
€ tx khi x < 0

Ro rang f(x) 14 lién tuc ¥x € R, vi khi x > 0 vd x < 0, f(x) 12
cdc ham so cdp nén né Lign tuc trong mién xdc dinh cia né, con
tai x = 0O:

lim f(x) = limx* = 0 = [(0)

-+ X0

hm f(x) = lir{]ax = f(»

10

Do &6 f(x) 13 lién tuc tai x = 0.

34. Xét sy lién tuc va gidn doan va phan loai cdc diédm gidn
doan cia cdc him sg:

*

sinx

i X720
D f(x) =1 fx

1 x=0

xsin— : x=20
2) f(x) = X

0 x=0
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1

3 f(x)

I
1+eg*!

4y f(x)=x - E(x)

5} f(x) = ‘l;cos:tx
_x'

6) f(x) = cosl-l—
X

n
: cos— * |x| <1
7y f(x) = 2
|x—l1 : lx] > 1
|
m)ﬂmz{ *eQ
0:xel
93 f(x) = sign(x*® - x)
X:x e
10) f(x) =
) 1) {0 :x el
Bai gidi
1) Ta c6:  khi x < 0: f(x) = - 28X,
khi x > 0: fi(x) = S
X

14 cdc hdm so c&p nén f(x) lién tuc ¥x = Q.

sinx

Tai x = 0, lim f(x) = - lim =-1

A0 i—e-0 x
. . simx ) « . ., .
lim £(x) = lim =1, viy x = 0 1l diém gidn doan loai
1—w+0 X~ x

mot cta ham sd v6i bude nhay h =t - (-1) = 2.
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Vi f{0) = 1 nén f(x) 1a iién tuc bén phai diém x = 0.

2y Var x = 0 f(x) = xsini 1 ham so cdp: nd lién tuc.
X

Taix=0 limof(x) = him xs-;inl =0 =f(”
—t X

X-:0
nghia 14 f(x) clng lién tuc tai x = 0.

Viy f(x) lién tuc ¥x € R.

3) Twong ty nhu trén, f(x) 1a lién tyc ¥x = 1.

Tai x = 1, Hm f(x) = lim — =1
xl —l 1+e;—_|'
fim _f(x) = lim =0
Xl x—l l-{-c-“.:

Vay x = 1 12 diém giin doan loai | cha f(x) véi budc nhay:
h=1-0=1.

4} Trude hét xét {(x). = E(x), nfuk e Zvik -1 < x < k thi
E(x) =k -1,nfuk € Xx<k+ 1 thi E{(x) = k. Néu x,; 12 mot so
khong nguyén thi ¢é mot 1an can cua x, khong chita-s6 nguvén
nao trong dé E(x) = censt, do dé ham E(x) 12 lién tuc tai x,, n€u

Xe=k e Z thi E(k - 0) =k - 1, E{k + 0}y = k, nghia 14 x4, = k 12
diém gi4n doan loai mo6t cha hidm s8 véi bude nhay:

h=n-(n-1)=1

Bay gidr xét f(x) = x - E(x), 10 rang f(x) la lién tuc vdi moi
X € Z vid gidn doan loai 1 tai x =k € Z, vi n€u nguge lai [(x)
lién tuc tal k € Z thi:

X - (x - E(x))

E(x) 12 lign tuc tai x = k € Z, vo 1y.

5) f(x) xdc dinh khi - 2 < x < 2 vA 13 ham so cdp nén f(x) 1A
lién tue khi - 2 < x < 2.
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Xét lim f(x) = lim 1’1;(:&3“. dat 2 -x =tthix > 2" <
a2 LS -X7
t = 0* va fim OS2l
[ li4—1i

Tuong ty: lim f(x) = 0.

Vay f(x) khong lien tuc bén trdi diém x = 2 vi bén phii diém
X =- 2 (tai x = + 2, f(x) khoéng x4c dinh).

6) f(x) xdc dinh ¥x 2 0 v3 12 ham so cip nén f(x) lién tuc
vx # 0.

tai x = 0, 1y x, = —— —> 0 khi n —> o
m

Khi d6: f(x,) ='cos:-—l— =cos'nt=1-3>1(n 2> + )
X

. 2
Mat khic, lay Xy = (—F = 0 (n > w«)
2n+1

thi f(x,) = coszvl— = cos*(2n + l)-g— =0->0mn — x©)
X

Vay limo::os.l khong tén tai vd x = 0 12 diém gidn doan loai 2
x—+0 x
cta ham s6.
7) Va1 x = £1, £(x) 12 haim so cAp nén nd litn tyc.

XEt tai x = 41, Lim f(x) = lim cos% =0 = (1)

-l 241"

x—1 = 0= f(1)

Iim f(x) = lim

-
sl sl t
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Vay f(x) 1a [tén tuc tai x = L.

Taix=-1, lim f(x) = Lm cos%zOzf(-l)

+ +
-1 11

him f(x) = lim x-1 = 2. Vay x = -1 la diém gidn doan loai
& L

11" 1"

1 ctia ham s6.

| 8) f(x) xdc dinh ¥vx € R va f(x) khong phai 13 ham so cip.
Xét mot difm tuy ¥ x, € R va 14y mot diy tuy ¢ cdc s6 hitu ti (vé
) x, (x') > 0. Khidé{(x))=1—>1,f({x,)=0-> 0.

Vay lim [(x) khong t6n tai vd X, 12 diém gidn doan loai hai

LR 9

cua f{x).

Vi x, tuy ¢ nén [(x) 12 gidn doan ¥x € R.

93y Ta cé:
I: —1<x <0, 1<Xx <+
f(x) = sign(x' - x)= {0:x=0;1; -1
—1:;00<x<-1, D<x <l
Do dé f(x) lién tuc ¥x = 0, 1, -
x =0, 1,1 12 cdc diém gidn doan loai 1 cha f(x).

10} Tuong tu nhu 8) f(x) gidn doan tai ¥x = 0 (gidn doan
loai 2} va chi lién tuc tai x = 0.

35. Xdc dinh a, b dé cdc hdn s& sau 13 lién tyc trong mién
xdc dinh cia ching:

l+x'
1 f(x)= J1+x°
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cosx :1x=0

2y f =
y {a(x—l):x>0

i . i
(x-1)':x<0 &
3y f(x) = {ax+b :0<x <!

J; xz2l

xcos1 x 3n
z,xe ——, — L xz20,
2 2

SImX

-

4y f(x)= qa:x=0
b:x=n

Bai gidi
1) f(x) lién toc Vx # - 1 vi n6 A ham so cip.

Do d6 dé f(x) lién tuc ¥x € R thi né phai lién wc tai x = -1,
nghia Ia:
x+1

lim f(x) = lim — = l-f-1)=ahaya=
11 a1 | +x 3

1
3

2) Tuong ty nhu 1), dé f(x) litn tyc ¥x € R thi n6 phai lien
tuc tai x = 0, nghia 1a: lim f(x) = lim cosx = 1 = {(0) I
=) 1=—0 . . '

= lim f(x) = lima(x - 1) =-ahaya=-1
x—+0 -+l

3) f(x) lién tyc Vx # 0; 1 vi 13 cdc ham so cdp. P& f(x) lién
tuc ¥x € R thi né phai iién tuc tai x = 0 v x = 1, nghia 1a:

lm £(x) = lin_%(x -1 =-1 =0

X-+—0

= lim f(x) = lim(ax+b)=b_hayb=- 1 (1)

x—++l) +0
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Imf(x) = im(ax + bB)=a + b

-+ 2t

= lim f(x) = lim vyx =1=f(1) haya+b =1 (2)
1—D1+ !—D1+

T (1), (2)suyraza=2,b=-1.

4) Tuﬁng tur nhu 3) dé f(x) lién tuc Vx € {Hg—, 3—“]

2
X
XCOSE
lim f{x) = lim ' =1=f(0)=a
40 &) =0 sin¥ ()
XCOS8— n
lim f{x) = lim — = —=f(n) =
FEY T SINX 2
"
Vava=1,b= —.
3 2

36. Chiing minh rdng:
1) N&u f(x) lién tuc trong {a, b)

Xis X3, ..., X, € (a, b) thi 3¢ € (a, b) sao che:
f(e) = —[(x,) + £(x;) + o + E(x)]

2) Né&u f(x) lién tuc trong {a, b] dat cuc dai tai cdc diém x,

Xx. € [a, b], x, < x, thi f(x) dat 1 cuc tidu tai x, € (X,. X.).

3) Néu f(x) lién tuc trong [a, +o] vd limf(x) = L, ¥y 26m

gita f(a) va L thi 3¢ > a sao cho: f(c) = y.

(0, + o).

4) Phuong trinh a’ + b =x,a>1,b> 1
xdc dinh m¢t ham lién tyc duy nhit y = y(x) xdc dinh trong



Bai gidi
1) Gii st f(x,) = min{f(x)}
f(x;) = max{f(x,)},i=1,2, ....n

Khi d6: £(x,) £ ~f(x,) + f(xs) + ... + E(x)] € £(x).
n

Paty = L[f(x,) + f(x,) + ... + f(x,)] thi theo dinh 1§ Cauchy
n
(3.3,3%:
Jdc € (x,.x,) nghia la ¢ € (a, b)

sao cho f(cy =y = —l—[f(xl) + f(x) + ..+ f(x)] (d.c.m)
n

2) Xét [x,, x;] € [a, b), 13 ring gid tri bé nhat m cia £(x)
trong [x,, x,} khong thé dat tai x,,x. vi néu, chdng han f(x,) = m.
Khi d6 trong lan can ciia x, 1a ¢6 £(x) 2 m, trdi vdi gia thi€t: f(x)

dat cuc dai tai x, (f(x) £ f(x,)). Vi m ciing 12 md! cuc tiéu cua
ham s6 nén suy ra:

ham s& dat mog cué tidu tai x, € (x,, x,) (d.c.m).

3) Giasirf(a) < y < L.

RS rang 3b € (a, +w) sao cho f(b) > y vi néu nguoc lai ¥b >
a: f(b) < y theo tinh chit cia gidgi han: L < y, trdi v6i gid thist.

Vay 3b > a: f(a) < y < f(b).

Theo dinh I§ Cauchy, 3¢ € (a, b): f(c) = 7.

nghia 12 3¢ > a: f(c) = ¥ (d.c.m).

4) Nhu da biét cdc ham a’, b’ 12 don digu tang vi lién tuc

trén R, do d6 t6ng cia chiing 12 don didu ting va liéa tuc trén R.
hon nita:

Iim (a” +b") =0, lirn(a’r +b“) =+ o

y—b—m ¥yt
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Theo dinh 1§ tén tai hdm nguge (3.2.3%) thi ham x = a¥ + b” ¢6
ham nguge duy nhit y = y(x) don diév tang va lién tuc trong (0,
+x).

* 37. Chdng minh rang:
1) N&u f(x) lien tuc trong [a, +«) vi t8n tai L = lim f(x)

(e R) thi {(x) bi chan trong [a, +x).

2) Néu f(x) Hen tuc tai didm x, v f(x,) > 0 (< 0) thi tén tai
mat fn cédn cia x,, trong d6 f(x) > 0 (< 0).

3) Néu f(x) [ad him don digu vd bi chan lrong khoang (a.b)
thi moi di€m gidn-doan cda né déu 1a cdc didm gian doan loai 1.

4) N&u f(x) lién tuc trong {a, b] va c¢é him nguge thi f(x) la
hiam don di¢ua tang (gidm) trong [a, b}.

5) Ddy x, = 0, x,,, = cosx,, ne N, hdi tu vd cé gidi han 1
nghiém cia phuong trinh: x = cosx.

Bai gidi

1} Theo gia thi€t: L = ]i“.‘.’,,fm

e Ve > 0,3N, Vx >N = [fx)-L] <e.
hay [f(x) < |L| + £, vx > N.

Dat M = max{[L| + ¢, suplflx]} a s x < N.

thi ¥x 2 a: ‘f(x] < M, nghia 12 f(x} bi chan.

2) Theo gia thi€t lim f(x) = f(xy) > 0 (< 0).

Theo tinh chat cha gidi han ((2.2).5%) thi t6n tai mot 14n can
clla X, trong dé: [(x) > 0 (< 0).

3) Xét f(x) don di¢u khéng giam (f(x) don did¢u khéng tang:
ching minh tuong nr).
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Gia sit X, € (a, b) 1a mot didm gidn doan cla f(x), ¥X < X,
thi £(X) £ {(x,), do dé f(x) bi chan 1rén (b&d f(xy) trong (a, x4)).
Theo tiéu chudn tén tai giGi han (2.5) thi lim f(x) tén tai tuong

ek

ty lim f(x) t6n tai, cdc giéi han ndy khong thé cung bang f(x,) vi

+
Kol

theo gid thiét x, 12 mot diém gidn doan cla f(x), theo dinh nghia
%o 12 mot didm gidn doan loai 1 cda f(x).

4) Vi f(x) c6 hdm ngugc trén {a, b} nén khi x,, x, € [a, b], x|
< X, = f{x,) # f(x,). cho y gbm giita f{x,), fix,): f{x,) < v < f(x3)
hoac f(x,} > v > f(x,), theo dinh 1¥ Cauchy (33,3%; Ix, € (x,, X,):
f(x,) = v, nghia 12 f(x,). < f(x;) < f{x.) hoac f(x) > f{x;) > f{x5)
hay khi x, < x, thi f(x,) < f(x;) hoac f(x,) > f(x.). Vay f(x) la
ham don diéuw tang hodc gidm trén {a, bj.

5) Rorang 0 <« x, £ |, Yo > 2 = diy x, 14 bi chan. Khin 2
3, ta c6:

S S S S S
Xpe; - X,., = COSX, - COSX, , = -~ 2sin—= > o= sin 2
X +X_, X —X
Qg 2—822 <], -1 +—F= g1
2 2
X +x_,
sin s s 0
2

. . X —X_ . .
mgn(sm%) = 51g0 (X, - X,..)

Do dé: signi(x,,, - x,.;) = - sign(x, - X,.1).
Khin 23 vinz4.
SiEn( X,y - Xou b = -(-sign(x,, - %, = sign(X,, - X,.,) (1)
Xét didy X, ! X, = cOSX, = cos{cos0) = cosl > 0
aghia 12 x, > x, bang quy nap tir (1) suy ra:

Xager > Xap.1» kK € N, nghia la x,,., 13 day don dig¢v tang.
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Bay git xét day x.,, x; = cosx, = cos{cosl) < 1

nghia 1a: x, < x, va ciing tir (1), biug quy nap suy ra x,, Ia day
don dieu gidm.

Nhue vay diy X,,., (xz) don diéu tang (gidm) va bj chan trén
(duSt) (bdi 1(0)), theo tiéu chuin (W) thi 16a tai cdc gi6i han:

a = limx,,,, b = limx,,

Do cosx 1d ham lign tuc nén ti¥ cdc déng thic:
Xz = COSXppoys Xopey = COSXy,

Ta suy ra:

b

]

limx,, = limcosx,, , = cos(limx.,.,) = cosa

It

a = limcosx,, = cos{limx,,) = cosh
hay b = cosa, a = cosb (2).
Vid<sx, €l,neNnmn0<a<l1l,0<hsl

a-b , a+b

Tx (2): a- b = cosb - cosa = 2sin sin

sina_'b £
2

0< xinfl;—b < sinl v |a—b| < [a-—b|sini,

a+hb
2

a-b

Mat khic: 0 < uk do d6:

<1 va

bat dang thiw ndy chi xiy ra khi a = b. Nhu vay hai diy x.,.
X:. €Ong hoét 1y 16 giGi han a, do d6 limx, = a va tu {(2) ta ¢é a,
b 1a nghie¢m cia phuong trinh x = cosx.

* 38. Xét tinh lieén tuc déu cia cdc ham:

D () =

Y

trong -1, 1
X 2 }

2y f(x) =log,x (a>1) trong (0, 1)

3 f(x) = Vx trong {0, +x|

102



4) f(x) = — trong [a, +x],a >0
X

5y [(x) = sinl trong (0, +o)
X

Bai gidi

1) f(x) 1a lién tyc trong doan [-1, 1], theo dinh 1y Cantor:
f{x) 12 lién tuc déu trong doan ndy.

LAy x, = a®, x',=a*' (0<x,x';<1)
thi fx,

Nhung ]f(xn)-f(x'n)| =-n+n+1=1>g Ve<l
Vay f(x) khong lién tuc déu trong (0, 1).

HPpatx'=x+ A

va xét le+A—J;l=s
A>»0 = Jx+A =€ + J;

=ax+A=sz+2J;.s+x:>A=2J;.s+ez
Chon & = Ay, = &* thi khi tx'—x‘ <8 =gt

ta cé |f(x')-f(x)| = Jx+8 - J; < g, VX € [0, + ).
Vay theo dinh nghia: f(x) 12 li¢n tyc déu trong [0, +).

4) Xét x, x" & [a, + ®), a > 0 khi dé:

____\ |x "1 I" x1

Vs > 0, chon & = a’e thi khi [x~x] < 3.
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Ta cé

! 1,
—‘—'{—238=E.
X X a

Theo dinh nghia: f(x) 12 lién tuc déu trong [a, + ), (a > 0).

5) f(x) = sinl. x € {0, +x).
X

Xét x, x' € (0, +), § > 0, ]x—x1 <8

Liy x = x_ = ——-—l—.,x'=x =.

—E+2nn E+21r.-r
2 2

thi sin—— = _ 1, sin— = 1.
X X

limx, = limx’, =0 = 3n: 0 <x_< 5.

0 < x, < 8 khi d6 [x, -x',| < 5.

I | . 1]
sm——smfi =2=g.
xll xﬂ

Vay 3e =2,V8 > 0 x, x| <8 = |fix,)-fx,)] z &.

= If(x,)-f(x',)

Theo dinh nghia: f(x) khong lién tuc déu trong (0, + x).



CHUONG 3
DAO HAM - VI PHAN - AP DUNG
§1. DINH NGHIA - TINH CHAT - QUY TAC 1iNH

1.1. Bgo ham

Cho y = f(x) xdc dinh trong mién X, dao ham cda f(x):
8 _ lim f(x + &x) - f(x) x

yo=ya= 00 = fima = T <X
2 iy gs . o Ay
Dao ham bén phai (trdi) di€mx € X: f'{(x +0) = il?wﬂm
. . Ay . Ay . Ay
f'ix - 0) = lim ==) hay: f{x") = lim = (f(x) = lim —=)
(F(x - 0) = lim -} hay: £{x") Jim, (F(x7) Jm -

V¢ hinh hoc: f'(x) 12 hé s§ géc ciia ti€p tuy&n véi db thy cha
ham s6 tai (x, f{x)), '(x) = «: ti€p tuyé&n [/ Oy.

1.2. Viphtin

y=f(x)goiRkbhdvitaix € X
< Ay = ALAX + 0(AX) {1
A = const: chi phy thude x

0(Ax): VCB bac cao hon bic cia Ax.
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Vi phan dy = A.Ax = ['(x)dx

dy

Do dé: f( ); :z k¢ hi¢v dao ham, ciing 13 thuong

cua hai vi phan,
1.3, Tinh chét

1°y f(x) kha vi tai x & 3 f'(x)

2% f(x) kha vi tai x = f(x) lién tuc tai x

3%) f(x) khi vi tai x va dat cyc tri tai x = f(x)=0
1.4. Quy téc tinh

1) (uxv) =u" +v'; d(u £ v) = du + dv
2% (uv).=u'v + uv';d(nv) = vdu + udv

29 [_1_:']=vu-uv d[)_vdu—-udv (v £ 0)

4 y=fu),u=ux =2y, =y,.0,
5% y = f(x) c6 ham nguge x = £(y) trong Y

=2x'y= —l— (y',=0) trong X
Y

1.5. Bang dac ham v vi phdn co bén

1% ¢' = 0 (¢ = const); dc = 0
2% (xY' =ax® '"(a e RYy;, dx™=oax* 'dx
1 dx
3% (V)Y =——: . didxr= =X ,x50
2% 2Jx
4% (a") = a’lna; d(a*) = a*lnadx  (a > 0, = 1)
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7%)

8%}
9%

| 10°%)
11%)
12%
13%)
14°)

159

16

17%

18%)

199

20%

(e*) = €%
(log, x|y = L.
* X Ina
i
1 R
(nfy' =
{sinx)' = cosx;
{cosx}' = - sinx;
{tgr) = ~——;
COsS™ X
. 1
(cotgx)' = - ——;
Sin x
. s 1
{arcsinx) = o
1-x?
. 1
{arccosx) = - =3
1-x°
{arcigx)' = !
8 t+x®’
(arccotgx) = - !
8 14+x%’
{shx)' = chx;
{chx} = shx;
' 1
thx)' = H
(thx) ch®x

d{e*) = e*dx

d(log,

d(Inf]) = -‘—i"— (x = 0)

d(sinx) = cosxdx

d{cosx) = - sinxdx

d{tgx) = 3
cos" X

d{cotgx) = - ——

sin” x
dax
1-x?

- dx

fi-x*

dx
d t
(arcigx) = T

d{arcsinx) =

d(arccosx) =

-dx

d{arccotpx) =
(arccotgx) j+x?

d(shx) = chxdx
d(chx) = shxdx

dx
1) = ——., (x # 0)
» xIna ¢

d{thx} =-£f—== (1 - th*x)dx
ch'x

l dx »
thx} = -——; d(cothx) = - —— = (l-coth’x)dx
(cothx) pree ( ) i

y = f(x), ¥' = y[lnf(x}}'
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1.6. Boo ham v vi phan ¢6p coo

; z (0 oty 4 d{d""
Dinh nghia: y = f(x), y'* = (y™"y, dx.{ = a;[dx._):]
n=1,2,..y%=y)
doy = d(d™'y) = I (x)dx".
y = f(x) ¢6 vi phan c4p n tai x, goi 14 kha vi a 14n tai d6.
Quy tdc tink:
1) (U4 v)'™ = g™ 4 v

20}- (uv)" = ic: .uln-il.vtkl
k=0 . :

= Cou™v + CLu™'"' + 4 Clu™y'® 4 4 Cluv'™

(Quy tic Leibniz).

1.7. Cdng thic théng dung

19 XY =oafo-1) ... {(z-n+ Dx*°"

29 [+ ) =a(e-1) .. (-n+ )1 +x)*"

3% (sinx)™ = sin (x +E§—)

4% (cosx)'"! = cos(x+2:-)

50) (ax)lni = a’{lna)“. (el)inj - ea

' m-

60) (Iog.x)lnl -
lnax™

0" @-1y
x“

7 (lax)™ =



BAI TAP
39, Tink f'(x + 0), f'(x - 0), f'(x) tai x teong dng.
1y f(x)= ¥x*.x=0
2) f(x) = [sin2x},x =0

a1
x“sin—:x # 0
3 f(x)= X

) tx =0
4y f(x) = [1—x=|,x=i 1

I
5) f(x)= {&"ix#0
0:x =0
Bai gidl
1) Theo dinh nghia:

Jf 2 _in2
f'(+0) = Im (0+Ax&)x ?Jﬂ_ =

Ax—v+0

o =t

Tvuong tu: £'(-0) = - o va f'(0) khong tén tai.

kin 2Ax| i SR2AX

2y f'(+0) = lim = lim =2
Ax—s+d Ax—esl
bin2axl - sin2ax
10 = . = . Tl A 2
feo= i T T A T
Vi £'(+0) # £'(-0) nen £'(0) khong t6n tat.
.. 1
(Ax) sin —
3 F(+0) = lim ———B% = fim Axsin—- =0
) Ax—+0 Ax Ax—s+0 Ax
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Tuong tu %‘(-0) = 0.
Vay tén tai f1(0) = 0,

Ché ¥ rang khi x # 0 ta ¢6: f'(x) = 2xsin—l- - cosi

X X

.1 1
. 2xsin—-cos—:x # 0

Vay f'(x) = X X
0 1x =0

vi li_r,'.? f'(x) khéng tén tai nen f'(x) 1a gidn doan tai x = 0.

e [l—x’: & <1
4} Theo gia thi&t: f(x) =

xI-1: }x] > 1
Xét tai x = 1:
. P -1-0 )
£°(1"y = lim ML = lm (2 + Ax) =2
Ax =+ Ax Ax=e+d
Tuong ty £'(1") = - 2, vay khéng tén tai £'(1).
Tuong ty f'(-1") = - 2, F'(-1I"y = 2 va f'(-1) ciing khéng tén
tai.
*
. Looeme et . a
5 f'(+0) = lim = lim — = limae* =+ o
Ax—+Q) LI | -2 T
o

{o. = —1—,Ax—>+0<:>a—>+:o)
Ax

Ax

£(-0) = lim $— = jim 1; =0

Ax =) Ax a—rts o
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(0'-=-"1—.Ax—->-0<:>(1—>+00)
Ax .

Vay f'(0) khong 16n tai.

40, 1) X4c dinh o dé:

x sinl b 4
f(x) = x

0 M 4

H
L]

]
o

a) li¢n tuc tai x = 0;
b) ¢6 £'(0);
¢) cé f'(x) lién tuc tai x = 0.
2) X4c dinh o, B (B > 0) dé:
txl“ si1:|L tx =0

wf

4] tx =0

f(x) =

c6 I'(x):

a} bi chan;

b) khong bi chan tai 1an c4n diém x = 0.
Bai gidi

1y a) Ta ¢6 lim f(x) = lim x“sin—]-
x—+l %—10 X

Gidi han nay tén tai va bing O chi khi a > 0.
Vay f(x) lign tuc tai x = 0 khi o > 0.
b) Ta cé:

(ax)"* sin—

f'(+0) = lim —Ax——Ax— = lin}O(Ax)“"sinzlx—'
Ax—i0 Ax
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Gi6i han ndy t6n tai va bang 0 chi ki o - 1> 0 hay o > 1.
Vay f(x) ¢6 £(0) khi o > 1.
c)x = 0tacé:
. aq . 1 . 1
f'ix) = ox®'sin— - x*cos—
X X

lim f*(x) t6n tai va bing O chi khi o -2 > 0 hay a > 2.

w0

Vay {(x} lién tuc tai x = 0 khi o > 2.
2) Tai l&n can g6c toa d6 x = 0:
. al . 1 ap-1 I 1
£'(x) = afx signx.sin — - B signx.cos-— (x # 0)

a) R3 rang |f'(x)| < + w (bi chan)

ue'ua-lP_Ovha-B-l>0haya2B+I

b) "(x) khéng bj chan tai lan cin g6c toadén€fu e - 1 < 0
hosgc o - f3 - 1 <0 hay a <1+ 1a duge.

Mat khdc d€ '(x) tén tai ta cdn ¢ o > 1.
Viy Il <a < B+ 1.

41. Xic dinh a, b d¢ cdc.ham sau day lién tuc va kbd vi ¥x e
R (1Y - Y.

ax+b:x <1
1y f(x) = .
) & x> 1
b :
2) f(x)-. ax + x <0

1cosx+bsinx tx 20

\
a+bx” : [x| < 1

3y fixy= _1_ -[x|>

il

12



*4) Xdc dinh a, b dé:

arcigax K| <1
f(x) = '

x —1i

bsignx + : |x| > 1

kha vitai: a)x = 1; by x =-1.
Bai gidi
i) Khi x = t, {{x) 12 ham so cap. Vay né lién tuc vx = 1.

Taixz'lz lirqf(x): Iim(ax +b)y=a+b

1 =l

lim f(x) = lim x* = 1

x—l 1+l
Vay dé€ f(x) lién tuc tai x = L thira +b = L.

Tém lai: f{x) lién tuc la'i vx e Rkhia+b=1.

a:x <l
Ta cé: f'(x) =
2x 1 x > |

Do d6 khi x = 1,1(x) 16n tai, nghia 12 f(x) kha vi ¥x = 1.

Khi x = 1:
£ (1) = lim. a(l+Ax)+B—(a+b) -2
;_".—--0 Ax
1y = fim WA @b o
Ax—e Ax

Vi theo trén a + b = 1: didu kién dé f(x) lién tyc tai x = 1.
Do d6 dé f(x) c¢6 dao ham nghia ta f(x) kha vitai x = L thia + b
=lvaia=2,h=-1I. )

Tém lai dé fixy khd vi vx e Rthia=2,b=-1.

2) Tuong ty nhu 1): f(x) la'lién tuc va kha vi vx = 0.

Xéttai x = 0
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lim f(x) = lim(ax + by =5

v -0 -0

lim (acosx + bsinx) =a
x—r+0 B

n

lim f{x)
=0
Vay f(x) lién tuc tai x = 0 khi a = b.

Ta ¢6:

Ax + bsi -
£(+0) = éﬁ“}O acos Al;sm&x a
a(cos Ax — 1) b sin Ax

= hm + lim
Ax—r+0 Ax Ax—l

=b(vil - cosAx ~ %Ax": s6 hang ddu - @)

fu(_o) - alnl}o ‘EA%:::E =

(vitheotréna=b=b-a=0)
Vay d€ f(x) kha vi tai x = Q0 thia = b.
Tém lai: f(x) kha vi ¥x € R khia =b.

3) Tuong tw: f(x) 12 lién tyc va kha vi V[x| = I.

Xéttai x = I
lim f(x} = lim{(a+bx*)=a+b
x—l” -

lim f(x) = lim 1 =1
x—»l+ x—»l+ |K|

Vay f(x) ligntuctai x = 1 khia+ b =1.

2
£(0) = lim —___“b(l;x"“) -!

(via+ b= 1:diéu kién lién tuc).

= 2b
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!

f'¢(1*y = lim by A=
|I+Ax] /

Vay f(x) khd vitai x = 1 vd do d6 khAd vi Yxe R khia + b =

1.2b=-1haya=3/2,b=-1/2.
4) a)y Xét x = I: lim [{x} = lun arctgax = arcig.
LT

(1]

lim f(x) = lim (bsignx+i§~£] =b

+
2+l xealt

Vay f(x) lién tuc tai x = 1 khi b = arctga.
arc!ga(l + .&x)— arctga

f'e1y lim

Ax— 0 Ax
. 1 a
= lim —arctg . = ~
A0 Ax 1+a“(l+Ax) l+a”

{(theo 1.2 chuong 2).

L=

. ~
11y = Jim é !:bmgn(l + AX) + IL;L. - anctoaji

. 1 Ax 1
= lim — b-arctga+—1] = =
ar—+0 Ax 2 2

(b = arctga: didu kién lién tuc).

Vay f(x) kha vi tai x = 1 khi:

a 1
b = arclea, — = - haya=1,b= —.
T Al 4a’ 2 Y 4
by Xét x =- I: lim f(x) = lin arctgax = - arctga
PR 1t

lim f{x) = lin [bsignxal—-)-‘—;} =-h-1

i | -l



Vay f(x) lién 1uc tai x = -1 khi arctga = b + 1.

arctga(-— 1+ Ax) - a.rclg(— a)

f'¢-17) = Alin}ﬂ A
A X
. 1 a
= lim -—arctg . = 3
s3=40 Ax l-a“(~14+ Ax) l+a

F-17) = ai‘i—l.tfo —&l; {bsign{— a AX) ’ :li'é‘x—'_l - an:tg(— a)]

= lim L(—b-~l+£+m’clga) -1
2 2

Ax—+D Ay

(b + 1 = arctga: diéu kién lién tuc).

Vay B(x) kha vi tai x = -1 khi b + 1 = arctga vi -
+a’

haya=1vab= - 1.

£ H

42, Tinh dao him clia cdc ham sd:

1} y = In{cos{arctg{sh2x)]}. x € R

2) y:-j—x—:—,x:&:rm.neN
3\/)(_4si1:|?:|(

3) y=(2+cosx)",xeR

4 y=yl-c*

-

3y % a’—-x* + gz—arcsin-x—, (a>0)
a

1i

6) y= '11111(” (x =0)

116



Bai gidi
1

Ny' = —— tg(sh2 '
by cos[arctg(sh2x)] (costarctg(sh2x)})
_ —sin[arctg(sh2x)] (arctg(sh2x))
cosfarctg(sh2x)]
1
= - tpfarctg(sh2x}} ——— (sh2x)’
8l 8 ) 1+sh”2x
_ shz:( ch2x.(2%) = - 2c112x52h2x
1+sh-2x I+sh“2x
= - 2th2x, x € R
d
2) batz = ln|y| thi: dz = -q%-—q)—( = Ll va
dx dy dx y dx
oty &
y . S dx y dx

Theo trén:

= ln|y| = In(l + x?) - glnlxl - 71n|sinxl.

dz 2x 4 Tcosx
dx 1+4x° 3x sinx
Do da:

1+x° [ 2x 4 7cosx]

yi=y = : -
VYx* sin’ x

1+x° Ix sinx

3) Ta viét
y = exp{xIn(2 + cosx)}

y' = expixIn(2 + cosx)}.(xIn(2 + cosx))’
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= cexp{xIn(2 + cosx) }.[ln(}l + CosX) - X

2 +cosx

= (2 + cosx)*. {111(2 + cosx) — —x—mﬂ(—}
2 +cosx

o

4)D:§tu=l-c"~y=\/avéy'“=

1
—,u>0
2u

Vay khi x = 0 thi:

J

2 2
y' - y! _ }" u' = (l-e™ )l _ xe™
| S u . S 3 - 2
2¥l—e™*" Yi-e*
Tai x = 0:
) AX _ ,—-_\:“!
Y'(io) = lim —l- I-¢™ = lim _[._J, l_i_’_
Ax—exl Ay ax—il Ay Ax”
l—‘ Ax N
=+ lim ——a— =k F{vi] - e ~ Ax™)
Ax =1l Ax-
5y = (2 var-x? )+ —a—(arcsini)'
2 2 a
! 2 2 X =X al -
=LV SR o = ya®—x
2 2 2 - 2

1
a —-x a 1_3(_:
\J al
6) Ta cd:

y = {ln'x‘ : l'nlx‘ > 0, M > 1

-ln‘x] : lnrxl < 0, fx‘ <Lx =0



hay y = sign(ln|x|).ln1x\

y' = mgn(lnlxl) | l = -)1: sign(in-|x|)
véi x| = 1.
Taix =% 1

fr(1%y = d}‘iinm-z‘l-x—lln(l+11x)l

i 18|10t + %)

= 1 =x1
Ax—i0 A Ax
+ 1
f'(-1°y = lim —{in(-
(-1%) A%Ax\m( 1+ Ax)|
. AX -
= llml—-—!LD(l Ax) =311
arsi0 Ax | —Ax

*43, 1) Ham hop F(x) = f[g(x)] c¢6 kha vi tai x,? n€u"
a) f(x) kha vi tai g(x,) va g(x) khong kha vi tai x,.
b) f(x) khéng kha vi tai g(x,) cdn g(x) kha vi tai x,.
2} N&u f(x) kha vi trong (a. b)

lim f'¢(x) = o thi llm f(x) = w?

X1

3) Né&u f(x) kha vi trong (X,, + o) va t6n tai lim f(x) thi

R—paal

lim £'(x) t8n tai?

X—#+0

4) Ham f(x) cé thé ¢6 dao ham hitu han hoac v6 han tai
diém gidn doan cia né khong?

Bai gidi
1) €6 thé kha vi ciing c6 thé khong.
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a) Thi du:
f(xy =" %% kha& vi tai x, = 0

g(x) = x| khong kha vi tai x, = 0.
Ham hop F(x) = f[g(x)] = ]x|2 1a kha vi tai x, = 0.

lim |Ax]”
Ax 0 Ax

Vi F'{D)

=0

f(x)y =x, g(x) = ]x‘
F(x) = [[g(x)] = le khéng kha vi tai x, = 0.
b)Thi du:

f{x) = ‘x[ khoéng kha vi tai xo = 0, g(x) = x* kha vi
tai x, = 0.

F(x) = f{g(0)] = [&°| = x* kha vi tai x, = 0.

fixy = |x

L B(X) = x.

F(x) = f{g(x)] = x| khong kha vi tai x, = 0.

2) T lim f'(x) = w khéng nh#1 thiét, suy ra lnn f(x) =

X —a

Thi du f(x) = vx ; ['(x) =

2f

lim f'(x) = o nhung lnn f(xy=10

x—0
3) Khong nhat thi€t suy ra lim £'(x) 16n tai.

Thi du f(x) = SMX_

It
—

\xo
X
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H :
Sin X

lim f{x) = iun =0

LR L] X

: . 2x*cosx” —sinx®
nhung  lim f7(x) lim S

e PRI X"

]

i

lim [2(:05)(2 X } klr6ng 16n tai
©X

-
30 -

4) f(x) khong thé c6 dac ham hitu han iai di€ém gidn doan x,
cha n6, vi n€u nguoc lai thi f(x) kha vi tai X,, theo tinh chdt ham
kha vi: f(x) 12 lién tuc tai X, trai v&i gid thi€t. Mat khac f(x) cé
thé ¢6 dao hadm e tai diém gidn doan cha né. Thi du: f(x) =
signx.

x = 0 13 diém gidn doan clia nd.

£¢-0) = lim 3B~ pim o 4w
Ax—-{ Ax Ax—-0 Ax

£(+0) = lim 222X o jim L =4 o
Ax-+D Ax Ax o+ Ay

44, Tinh dao ham cta cdc ham dn. y = y(x) xdc dinh tir edc
phuceng trinh:

1) x7 4+ 2xy - y' = 2x
ny e Y 1=0
a” b-

3) KZIJ + ylm - aE.ﬂ.\

) WX +yfy =a
5) arclgy- = lnyx* +y°
X
Bai gidi
1) Coi y = y(x), dao haim hai v€ phwong trinh theo X, ta cdo:
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2x + 2y + 2xy' - 2yy' =2
T d6:

y= XY Lk

x-y

2) Tuong ty nhur 1) ta cé:

) _bZ
1i’c~+2—y§’;=0:>'y'= 2-_x_
a~ b a Y
2 -1 2 ! y
3y —x 4+ = Ay 0>y =- 3L
)3 3y y y X
1 1 . ¥
4) —— 4 —y' = 0>y =- L
21/): 2J§ x

1 T 2x + 2yy'
5y — Xy _ 1 2x+2yy

y2 x: 2‘ x: +y2

SXxy' -y=x+yy. . (x*+y £ 0)

X+y

=y = SAX = Y)
X—y

45. Tinh dao ham cia cdc ham s6 cho theo tham sé:

3
Xx=acos't
1) o8 0<r<E

y =bsin’ 1 2

st<n

2) {x = aft - sint)

y= a(l - cosl)
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x:lr{sini]
3) ) [ S 4

y = Infsint)
4) {x:rc.osq, . r=a(l +cosp), 0 << =
y = rsing ?
Bai gidi
1) Theo dinh nghia:
oy o ymdt  ye

Y= dx xX(Odt  x'(D)
Do da:
) 3bsin’ t cost b =
¥, = ————— =- —1gl, 0<t < —
—3acos” t sint a 2
ot
asint 28In--cos- - i
2) vy, = Q )T r T oy peter
a\l —cost 2sin® — ?
2
y'l(o) = o0
y“(an) = 0
1t in |
—¢os— costsin —
B oyt /272 :
sint . L [
sin — —sintcos—
2 2 2

.ot
2costsin—
2 2(:05[

_ - L O<ten

| -k !
2sm—cos” — L+ cost
2 2
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4y x

rcosg = a{l + cos@)cosyp

y = rsing = a(l + cosp)sing

2n
C<opac —
M 3

_ Y@ _ a(l + cosq)cosg —asin® p
x'{(¢p) a(l + coscp)sinp +acosgsinp

t::os(EJcosg
COSQ+Cos2gp _ 2 2

sin<g + sin 2 sin(ﬁ] cos?
' 2

3p 2n
=-cotg|— |, O<op < —
3[2 tp- 3

LS

46. Xic dinh mién t6n tai cla cdc him nguge x = x(y) va
tinh dao ham x’, néu:
1} y=x+Inx

X

2) y=x+e

-

il

3) ¥y (x < 0)

2

L+x
4) y=chx (x>0
Bai gidi
Dy=x+Inx,x>0,-o<y<+wm

1 . .
yv=1+ = >0,khi x > 0 vay y 12 ham don diéu tang nén
b

-1dn tai ham nguge x = x(y) trong (- ©, + ) vi

I _ X
¥, 1+,I_ . l+x
X

X),Z
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2 y=x+e',-ow<x<tmw, -0y <+ o,

y'.=1+¢e >0, ¥x € R = y don diéu tang, do dé 16n
tai ham nguge x = x(y) trong (- w, + @) vi

, 1
X, =
! I+¢*
& .
N y= L, x<0,0<y <t
1+x° o o
y'. = (I+x')2x—2x.x' _ .L_?L— < 0 khi x < {0, viy y 12

: (l+x:)- AUE Y
ham don digu gidm, vay tén tai ham ngduve:

x(y) trong (0, 1) va x', = LILL = =

X = -
2x - 2y
4) y =chx, x>0,l<y.<.+oo
A - ' U
y‘:sllx.:gmfm__:lc‘(l'— ] >0
2 2 e )

Vay y Ia don didu tang va tén tai ham ngml_!c x = x(y) trong
(L, + w) va ’

. 1 I

X)':;-h;.: r—"‘yz_l

{ch"x - sh®x =1, x>0:shx >0).

*47, Tinh cédc t6ng:
1) P(x}=1+2x 4 3x> + ... + nx""'
2) Q(x) =17+ 2°.x + 3%.x7 + .+ a’x™!

2) R(x) = sinx + sin2x + ... + sinnx



4)  S(x) = cosx + 2cos2x + ... + NCoOsnx
3) T¢x) =chx + 2ch?x + ... + nchnx
Bai gidi

1) Rd rang

P(x)=(x+x* + .. +x") = [M]

l-x
(T6éng cip s8 nhan: § = a:—q ,a=q=x)
—-q

P{X] = (-x___x_nﬂ_]l - (1—)()(1-(1‘1+l)x:’)+(x_xn+1)
I-x 1-x°)

l=(n+Dx" +nx"'
(1-x)*

SA(x = 1)

2) Ta cé thé viet:
Q(x)y =12 + 2%x + ... 4+ n¥x!
=1 +2x+3x7+ .. nx"" + xX(2 + 6x + ... +n{n- x"*

= P(x) + xP'(x) = (xP(x))'

- n n+l ¥
Do d6 va theo 1): Q(x) = [x.l (n+1x" +nx }

(1-x)
Sauw khi tinh todn ta c6:

1+x—(n+D*x" +(20° + 2n - Dx™' - n2x™?
(1-x)’

Q(x) =

X = 1Y

3) Ta cé:

. X LX . X, .oX
R(x}smg = sin Esmx + 5111—2-51112)( + ...+ sin—sinnx
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1 X x 3Ix 4
= —{{cos— -cos——=) + (cos— - cas =Y + ...
2 2 2 2 2
+ (cos _lx—coszn+lx)]
X - 2n+1
€OS— — COS X %
Do d6: R(x)= — -2 2__ (sin - = 0)

ZSinE
2

4} R& rang S(x) = R'(x), do dé vi theo 3):

nsin — sin -

X 2n+1 . DX
2

S(x) =

5) Xér U(x) = shx + sh2x + ... + shax
thi: T{x) = U'(x)
Mat khac:

X 1 3x X 5x 3x
U{x)sh— = —[(ch— - ¢h=) + (ch= - ¢chZ=y + ...
(x)s > 2[(CI2 2) (c > ¢ 2)

+ (ch 2n+1 x - ch 21]_lx)]
= -l—(ch 20+1 X - Chi)
2 2
(Ap dung céng thic: cha - chb = 2sh ath sh ah ).

2n+ X

ch -l-x — ch-—
Do dé: U(x) = 2 2 x=0
x A
2sh ~
2
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nsh 3(—sh{n+ I ~ s ™
2 2 2

va T(x) =
2sh2 2
2

48. Tinh daoc ham vi vi phin cfp 1. ¢ip 2 ¢da cdc ham s6:

1) y= —=
P-x?
2) y=xe’
3) y =sinx?, x = x(1)
4y vy = x[sin(Inx) + cos(lnx)}

X =a(t —sint)
y =a(l—cost)
Bai gidi

-

2
- 1
H oy = vizx .
( 1+x2) (\H—x:J
dy= —& <1
( 1-x-
1 AL 3404 3 4. 57
Vm || = I Y = 2 - X
(i-=*)
3x ) 3xdx”

= e dly = ——— [ <1

(=) (=)
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2)

3

4}

3)

y' ' =e'-xeF=eM1] - x), dy = e *(1 ~ x)dx

y" :‘(ev\ - Xe !)l = . c-s ~ e-x + xe-x

y', = 2xcosx”, y",, = 2cosx” - 4x7sinx?
dy = 2xcosx’dx
d’y = d(dy) = d(2xcosx*dx)

= 2xcosx?d?x + (2cosx? - 2x7sinx”)dx?

(x = (x(0):d*x 2 0)

y' = sin{lux) + cos(lnx) + ){

X X
= 2cos(lnx)
v = Z2sin(lnx) x>0
X
dy = 2cos(Inx)dx, dy = - 1Sm—(h?—)ild)iz. (x > 0}
X
v, = colg% (bai 45.2)
t
dy = cotg;dx
y"lx = (y")lx = (y'x)ll‘llx
1 ' I 1 . I
{y‘),=(cotg5)‘=- T
2sin” —
2
t, = SIS S
Tox,  all~-cosy)

cos{lnx) sin(lnx)} _
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-1

Vay y'.. = "
2a(l — cost}sin® —

[

va d%y = _-:dx_: (dx = a(1 - cost)dt, t # 2k=n).

49, Ching minh cdc udm sau day nghiém ddng céc phuong
trinh tuong dng: (C,, C, = const):

2
1 y_=xe% DXy = (1 - x%)y
2) y
3) y=melem o (1-xP)y" - xy' - 100y = 0
4) vy = x"[C,cos(lnx) + C,sin{lnx)] :

Cicosx + Cysinx : y"+y =0

X*y" # (1 -2n)xy' + (1 +n)y =0
bang cdch dat x = ¢'

Bai gidi

&1

-~ =X

2 2

1) y'=e? -x%?, thay vao phuong trinh ta c6:

2 2
-x -x

xy' - (1-xy=x(1-xe® -(1-xNxe? =0

Vay hAm y = xe * nghiém déng phuong trink d3 cho.

2) y'=-C;sinx + C,ycosx

y" = - Cicosx - C,sinx

y" +y=-C,cosx - C,sinx + C,cosx + C,sinx = 0

10

3) Dat u = 10arcsinx, u' =

1-x
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1—-x~
" o 100 s
y o =e u. + e’( =
1-x l-x-
« 10 . 10x
=¢ — + ¢
1-x~

Viay:
(1-x%)y" - xy' - 100y =

= 100e* + leeﬂ
I-x"
(-1 <x< 1)

4) x=c¢,Inx=1, (x>0

_dy _
¥ dx_

L&y _df1 dy)d
gr= &Y _ [ .YJ___

delet " dt ) dx

Do dé: y = ¢*(C,cost + C,sinl)
vd x*y" - 2ny' + (1 + nY)y =

”n%ﬂ,s&]m_

dy a _ 1 dy

dt dx e dt

_ i
=l

et dtt i
dy dy .
hay — — 2n-= + (1l + M)y =0 (2
¥ e m ( n7)y (2)

- 100e" =0

Vay, bai todn dua vé bai todn: Ching minh ham (1) nghién

diing phuong trink (2):
Ta cé:
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y' = ne™(C,cost + C,s5int) + ¢ (-C sint + C,cost)
y" = n'e”(Ccost + Cysint) + ne™(-C, sint + C.cost) +

+ ne™(-C,sint + C,cosl) + e™'(-C,cost - C,sint)
d-y dy 2
VA —— — 2n— + (1 + M)y =
d at y

= e™[n’(C,cost + C,sint) +2n(-C,sint + C,cost) -
- {C,cost + Czsinti - 2n*(C,cost + C,sint) -
- 2n(-C,sint + C,cost) + n*(C,cost + C,sint) +

+ {C,cost + C,sint)] =0

50. Tinh dao ham cdp n cha cdc ham s4:

1
1 =
)Y a+hbx
i Ja+bx
1
3 y= S
X°—-a"

4) vy = e"sinbx

5) y = x%cos2x

X
*6) y=
Vl+x
1
*7) y = xn-i_cx
Bdi gidi
1) y= = (a + bx)’
a+bx
y' = -h{a + bx)':
y7 o= - 1_(-2).b3(a + bX)"‘,



-D"n'b"

Mo 1= (-0 -0+ 1)b"a + bx)y'™ =
Y (a+bx"!

2y = = (a+bx)'15

1
Ja+bx

Tuong ty ta co:

g = -D".2n-1y"

2"{a +bx)¥a + bx

({(Zn - DHIT=1.3.5..2n - 1))

1 I 1 1 1
3) y = ) i = = - -
X" -a’ (x +a)(x—a) Za\x—a  x+a
[n) {n}
yio! = L [ ! ) - [-—-l——-] .theo D véi b= I:
Z2al\x—a Xx+a,

oo DRl L
2a (x_a)n-ul (x+a)n+l

4} Ta ¢6:

' = ae*"sinbx + be'*cosbx

PBat cosp =

a . b
—————, 5iNp =
va® +b* va’ +b°
thi y' = Ya® +b” ¢**(sinbxcosg + cosbxsing)

hay y' = ya®+b? e“sin(bx + @)

Bang quy nap. dé dang chdng minh dugce:

]

n
N

y'" = (a: +b:)5. e**sin(bx + ng)
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Thyc vay, n = 1, theo trén cong thic dang.

Gia su cong thic diing v&i n = k:

Ly

. k
vy o= (a' +b2]3. e*sin(bx + ko)

[3
y'tth = (a: +b1)5. (ae**sin(bx + k@) + be**cos(bx + ko)}

k+i

(a: +b2)—3_. e**sin[bx + (k + 1)o]

]

Nghia la céng thifc diing v6i n = K+ 1.
Véy cong thic ding ¥n € N.

5) y = x*cos2x, dit u = cos2x, v = x°
Ap dung cong thitc Leibniz (1.6):
y*™ = Chx*(cos2x)™ 4+ C!(x})'(cos2x)y " +
+ Cl(x*)Y"{(cos2x)™ VY + 0 vi (x))'" =0
Mat khdc theo (1.7.4%):

{cos2x)™ = 2°cos [Zx +%J

va tinh todn, cufi cling ta cé:

: hY
y' = 2" [x: - “(nz_ I)J cos [2)( +2—n} + 2™nxsin [2x+%J

2 _ n{n-1)
' 2

"

cos| 2x+(m-DZ| = sin 2x+u—n),
2 2

cos [2){ +(n —2)3) = —cos{Zx +E] ]
2 2
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6) y= , ta viét y = Xy,

X
Y1+x

vy, = ! = @+xy§

Vi+x

Ap dung cong thic Leibniz (1.6):
y!n] — (xyl)tn] - xyl(nj +ny1(n-l;

Ap dung céng thic (1.7.2°) ta cé:

. 11 1 -3
y'k}.: (_1)"5[5“} ...(§+k+lJ(l+x) Pl
Do dé6:

(C1fa.4..Bn-2x (-1)*.1.4.. (30 -5)n

321+ x)3°S 31 +x)13“'-'

iny —
y =

_ (-1p.a.a.. (30 - 5) A3n « 2)x - 3a(1 + x)]

31 + x)%”’

_ (a4, (3a 5B+ 2x)
3"(1+x a5

1
7Y y=x"'e*,neN,x=0

Xeét n=1,-y=c;,y'=——l;e;
x?
! g !
n=2, y=xe*,y =¢' ——e
X
. ! ! 1 ! i !
y'= ~—€* 4 ‘e‘+—,c‘——-3-e‘
X : X~ X
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Ta s& ching minh

(

yme e g
- X .
Theotrénun='1,n=2, (1) 13 ding.
Gia sirn =k, (1) 12 ding
yo = (_ l)ke:
xk_fl
¢ [df -
(hel) . L[ xkex
k 1 1
= ;x" [kx*'e® - xk2ex]
k d dk-]. Cw
=l.( - (x¥'er) - a[&?‘:— x"ex
! L
e d g1 €1
=kenr - S s
l
et
=kCD - )T - s e
!
a e
= (‘_l)k l X2
Vay (1) ding v6in = k + 1 v2 theo phuong phdp quy nap: (1)
ding Yo & N. :
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51. Tinh dao hi.u va vi phan cdc cdp duge chi ra clha cdc ham

s& tai x tugng Ung:

X

1y y= , ¥y =
-X
2y y= C_‘ y”“’(x) =7
3) y = cosx.chx, d*y(x) =?
*4) y = arctgx, d"y(0) =7
Bai vidi
ai gidi
' x* X7 141
1 = = =-(1L+x)+
>y I-x 1-x ( ) 1-x

yOx) = [-(1 + X)) & [(1-x)"]" = (- )Y

Ap dung (1.7.2% ta cé:
yO'O(x) = 1011 - XY x e ]
Do dé yo(0) = 10!

2)Da_.tu=l,v=e"
X

Theo cong thitc Leibniz (1.6) ta cé:

x %

1 e’ 1 € e
y'® = Clo—et - Coy + 2.C0 7 - 2.3.Cop- +

=

X

<

e! ) . CK c!
+2.3.4.Clp.— - 51C.— + 61 Clp.—5 - TNCl 5 +
X X X .4

x A X

+ 8105 S Lol S w01 2
X

10 1l
X X

10 T
= e (1)ch,—

p=0 X
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3) y = cosx.chx, dat u = cosx, v = chx

Theo cong thitc Leibniz (1.6) va (1.7.4% ta ¢é:

y'% = Clcos [x +67n} chx + C:scos[x +§2£)shx +

a 4
+ Clcos (x+Tﬂ]chx + Cicos(x+—32£]shx +

+

2 .
C;cos [x +—;J chx + C:cos[x +g) shx + CScosx.chx

= coex.chx - 6sinxshx + 15cosxchx + 20sinxshx -
- 15cosxechx - 6sinxshx + cosxchx = Bsinxshx
Do d6: d° = 8shxsinxdx®

4) Tacé: y' = 1 —hay (1 +x9)y' =1 (1)
1+x~

Lay dao him cdp (n - 1) hai v& cia (1) ta cé:
{theo cong thic Leibnizu=y', v =1 + x?%)
(1 +#x)y™ + 2(n - Dxy"" "+ (n- I)(n-2)y™¥ =0
tai x = 0, ta ¢é:
y'"0) = -(n - I(n - 2)y""0) ,nz2 (2)
Dodé:n=2:y*0)=0
yH=-(3.2)y"=0 ... yM=0

1
n=1try = -lacdy(0) =1.
1+x°

Theo (2): y'¥(0) = (2. 1).F(0) = - (2.1)
y[:kflj(o)

- (2k).(2k - D).y 0)
<= DM2KYHO) = (- 1*(2K)!
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52, Cic ham sau day kha vi bao nhi¢u 14n tai x = 0?

0 fx) l-cosx : x<0
X)) =
ln(l+x)~x 1x20
2y fx) = 2.xcosx tx <0
sin2x : x20
x‘sin— :x =0
3y f(x)y= X

O X :0
Bai gidi
sinx :x <0
1} fl(x) = 1
-l:x20
1+x
Po d6: {'(+0)=0
F0y = lim [0¥8)-10)  p Locoshx
d1--0 Ax 420 Ax

Vay £(+#0) = ['(-0y = 0 : (x) |2 kha vitai x = 0 va f'(0) = O.

cosx 1x <0

P FPO=9__ 1 xs0
(l+x)'
Do d6: ("(+0) = -1
"¢-0y = lim i((—)im—)_m} = lun sits AX =1
A0 Ax Ax—0 Ax

Vay f"(+0) # £"(-0) : £(0) khong t6n tai vi f(x) chi kha vi
maot lan tai x = 0.
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2cosx — 2Xxsinx:x <Q
2) Ta cé f'(x) =
2cos2x x>0

va l"(+0) = 2.

ax—-0 Ax FLE] Ax

Vay £'(+0) = £'(-0) = 2, {/(0) = 2 : f(x) 13 kha vi 1ai x = 0.

£-0) = fin (O+AX)-F0) . 2axcosax 2

£(x) —dsinx — 2Xcosx:x <0
X)) =
~4sin 2x x20

vi f"(+0) = 0.

Iim w = lim 2cosAx — 2AxSinAx — 2

ax »—0 Ax Ax—+ O Ax

f"(-0)

n

2(COSAX - 1) — 2Axsinx

= lim
Ax -0 Ax

Vay f"(+0) = f"(-0) = 0, £7(0) = 0.

-Gcosx + 2xsinx:x <0

Xél fur(x) = .
—&cos2x X220

Tx dé {"'(+0) = -8.

(0 + ax)- 1(0)

i . i ~2 AX —
£°-0) = lim — 807V O} ., Z4sinAx ~ 2Axcos 0
ax—-0 Ax dx—=-0 Ax
. (—asi
= Jl'm{’(—"—smﬁx- - ZCosax] = -6
AX — X

Vay ['"(0) khong tén tai va f(x) chi kha vi hai I4n ltai x = 0.

a1
3) fxy = X M X0

0 rx =0
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1 a 1
— - x*cos—, x=0

Ta c6:  "(x) = 4x'sin
_ X X
Ax*sin -
f'(0) = ;imw = lim—23% - ¢
Jx—0 Ax Aa—D m

Fx) = l2xasinl - 67:{(:05l + sin—, x =0
X X X

i rlo+ax)-£(0) _
aP_.o Ax -

f* (o

4A%7 sin LI AX® (:osL -0

lim
Ax 0 Ax

.0 .
12Ax” sin— — GAxcos—l-— + sin —
AX Ax

= lim
Ax—+D Ax

Do d6 £'(0) khong tén tai va f(x) chi kha vi hai 14n tai x = 0.

4} f{x) = «¢ o x#0
0 :x=0
khi x 2 0 ta cé:
2 3 4 6=
f‘(x) = _‘.C ' \ f'(x) - (T - _4_]_6 A  eaes f[n](x)
X X x
1

]
-

= an' [L}'{:
X

1 . e
] 12 mot da thitc hbac In coa dbi s6 —
X

0!

X
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xet e = g L0810 _ e o

. 1 .
= limn ; =0.(a=—l—}

e

1

Tuong ty "(0) = ... = f'""(0) = 0 v6in e N.

Vay f(x) khd vi ¥n e Ntaix =0, 1a 8901 f(x) 12 kha vi vé6 han
l4n khi x = 0.

53. 1Y Cho hims6 y = f(x) kha vi tai x € X. Tim:

a) Phuong trinh cda ti€p tuyén, phip 'luye'n v&i dé thi ham
s0 tai x; € X;

b} D¢ dai clha doan tiép tuyén, phdp tuy&n (do dai cia tigp
tuyén, phdp tuyén gém gifa 1i€p di€m va truc hoanh):

¢) Do dii ca ti€p dnh, phdp &nh (hinh chi€u cia doan tiép
tuyé€n, phdp tuyén trén truc hoanh).

2) Cho y, = f(x), y, = g(x) khd vi tai X, € X: (x4, ¥o) 12 giao
diém céc d6 thi ciha ching.

Tim géc giita cdc d6 thi d6 tai (x,, y,) (gbéc gita cdc tigp
tuy€n clia ching 1ai (x4, yo)). B
3 Tim giao diém cla céc ellipses:
16 9 9 16
va tim géc giita ching tai cdc giao diém dé.
Baéi gidi
1} a) Theo ¥ nghia hinh hoc cia dao ham thi phuong trinh

cua ti€p tuyé€n MT (phdp tuyén MN) véi dé thi ham 56 1ai M cé
hoanh d¢ x, 1a:

Y - yo = £1{xoMX - x)

(Y - yo=-

1
(X - Xq), ¥o = £(X,))
Foxg) ol ¥o 0
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(n€u f'(x;) = o thi ti€p
tuy€n seng somg véi truc Y
tung).

b) Theo H7, ta ¢& doan

ti€p tuyén MT (doan phép
tuyén MN) la:

MT = 'J(XT ~xo)f +{yr—vo) M

(MT = J(xn _xo): +(YN _YU)Z )

(X1, ¥ vd ((Xn, ¥y} 12 My
giao diém cha ti€p tuyén T 2 N X
(phdp tuyén) v&i Ox: /]

T phuong trink cia tiép
tuyén ta cé:

Y= 0= xp = 2 4, Hinh 7.

Yo
véi ¥, = £1(x,).

Tt dé:

MT = ﬁ--}%"— + Xy — xo} +(0 -y = ;’f J1+¥%
¥o o

(Tuong ty: MN = jy |{i+y3)-

¢) Theo H7, ti€p 4anh (phap anh) tai ti€p diém M cé hodnh do
Xp 12:

MM, o

Yo

MTcosa = vi

1 o
J1+1g20t. B J1+y'§

twong tu: phdp anh NM, = lyoy'ol-

COsQ, =
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2) Theo HS, ta cé: 4

N f
e=pf-a,0<qp< Y
va tag = tgf — tgo M
1+ tgeetgp
hay tgg = f{x'o)—gl(xo) , x ﬁ 3
M(x,, v,).

Dé la cong thic xde
dinh géc gita hai dudng
cong tai giao dém My(x,,
¥o)} clia ching.

Hinh 8.

3) Giao di€m cha cdc ellipses da cho 13 nghiém cia hé:

=1

TR

LY
9

+y—-=l
16

B

Giai hé nay ta ¢6 4 nghiem tuong tng véi 4 giac diém ciia
cic elllpses

Xét mot giao didm (— -—-)
Tit phuomg trinh déu ta cé:

2x 2yy =0 hay y' .. 9%x véy(lz);_ 9

16 9 160y 5 16

Tuong tu doi vai ellipses thtr hai: y( ) = - —.

Do d6 g6c gira hai ellipses tai M,:
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hay ¢ = 31°.

Vi 1y do d6i xidng, d& ding suy dugc cdc giao diédm khic va
cdc goc gida hai ellipses tai cde gido diém dé.

*54, Chitng minh:

1y Pa thite Legendre:

1 d'[(x* -1

=P (x) =
Y 2"n! dx"

.,ne N

nghiém ddng phuong trinh Legendre:

(1 -x3y" - 2%y " +n{n + 1}y =0
2) Pa thic Laguerre:

y = Lax) = e drfere )

n!  dx"

nghiém ding phuong trinh: xy" + (1 - X)y" + ny =0
Bai gidi
Iy Patu = (x* - D" thiu™ =2°n!P, (%)

RS rang néu u™ nghiém ding phuvong trinh Legendre thi
P.(x) ciing nghié¢m ding phugng trink dé vi 2".n! = const vi vi
phuong trinh dé khong ¢ vE phai (thuin nhat).

Tiru = (x* - DN"tacéd u = Znx(x~ - )"
hay (x* - Dyu' = 2nxu

Pao ham (n + 1) tin dful:g thitc nay, theo cdng thic Leibuaiz
(1.0}, ta co: '

(x* - '™ + 2+ Dxo™" + (n + Dna'™

= 2nxu'"*" 4+ 2n(n + Du™
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hay (1 ~ x'l)uiran ~ 2xurn+lj + ]l{ﬂ + I}U“” - 0

Vay u'™ aghi¢m ding phuong trinh Legendre nghia 13 y =
P.(x) nghi¢m diing phuang trinh dé.

2) Patu = x" thi u™ = e¢*.n!L (x)
‘Tl\{ dé u' =nx™'e* - x"e
‘ xu'=nu- xu=(n-x)u

hay xu" + (x - nJu =0

Pao ham (nx + 1) 14n dfmg thitc ndy, theo (1.6), ta cé:
xu™ 4 (o DuttY 4 (x- ™ o (n 4+ e’ = 0

hay xu™H o (x + DU 4 (n o+ D™ =0 (1)

viu'™ =nle*L (x)

o+l

nén u =nle[L',(x) - L.(x)]

fnely _ n!e"‘[L"n(x) - 2L‘B(X} + Ln(x)]

Thay u™, u'™*"’, u'™** theo cdc cong thitc ndy vao (1) vi rot
gon ta duge: '

u

XL"(x) + (1 - x)L°o(x) + nL(x) = 0

§2. CAC DINH LY VE HAM KHA VI

2.1. Cac dinh Iy trung binh
Dinh 1y Rolte (R)
f(x) lién tuc trong [a. b]

N&u4 kha vi trong (a, b) thi 3c e (a, b): f'(c) = 0
f(a) = f(h)
Dinl 1y Lagrange (L)
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~[fox) lién we trong fa, b] . |3c e (@ by
Néu . thi
kha vi trong ¢a, h) {{b)y —fray = ['(cib —a)

Dint I¥ Cancly (C)

f(x), g(x) lién tuc trong |a, b] 3¢ € (a, b):
Né&u <kha vi wrong (a, b) thi § fihy - fia) _ 1'(©)
2'(x) = 0 trong (a, b) g(b) - g{@ g'(<)

Dinh I+ L'Hoépital (H) (khir dang vo dinh %, )

0

f(x). g{x) thoa min cdc didu ki¢n cia dinh 1y

Cauchy trong Hn cin cita x, € R, trir tal Xg

N&u lim f(x) = lim g(x) = 0 (o)
im T g ae )
K-ty g(x
thi lim L) =
vt glx)

2.2. Cong thile Taylor va Maclaurin

Né&u ham y = f(x) khd vi n + 1 l4dn trong {1an cén cua didm x,
thi trong 1an cin cha x,, la ¢6 cong thie:

f(x) = f(xy) + “):0) (X - Xo) + f i’:"}(x I M U
+ f (!x”) (x - x)" + R, (x) (T)
n!

goi 14 cong thite Taylor cip n.

rlln-h(c}

{n+N!

Vi R (x) =

(x - x,)"*' : s6 hang dw dang Lagrange.
] Gl = Pl = = =
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C=Xg+0(X - %), 0<80 < |

R (x) = 0((x - X)) (VOB bic cao hon (x - x)"): s6 du dang
Peano.

Piac biét x, = O

f(x) = [(0) +

f(xo)x o (X) x o
i 2!
rl(:l(xo)

n'

+ .+ x" + R,;(x} {(MD

2oi la cong thire Mactaurin cdp n.

Cdc khai trién thong dung theo cong thie Maclaurin:

X x: n cﬂx
i e"=14+ =+ 2 4+ 4+ 20 ¢ 5y
I 2 n! (|1+l)!
R 5 2im-1
. X X X
2% sinx =X - — 4+ S 4+ D e 4
£ R (2m -1}t

o ]
+ sin] £ X + sin[0x + (n + I)E] X
2/ 2 (n+ D!

4 2m
+ L + ...+ (-1)"’x—
41 {(2m)!

3% cosx =1 - X
pi

" n-l
+ cos[?} X + cos{8x + (n + l)lt-} X

n! 2 (n+1y
J;G} (l+xY =1+ ax + Or'(az!_l]x1 + .+
- (1((1 - l)((x - 2)Ir (0. -n+ ]) < 4+
n!
+ a{a—l)((l—2}... (u-n)“ +Ox)ent gt
(n+])!
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ae R,0<B < |

59 In(l + x) = X - éé- D o
n

n x:k‘!
6%) arctgx = » (-D*

+ 0(x2k+2)
) (2k+ D

K 5
n=2:arclg x =X - XT + 3:— + 0{x").

n N - -
79 arcsinx = x + z-ELLx"“ + 0%
2Kk + D

. | 3 .
no=2arcsinx = X + —x% 4+ —x° + 0(x%
G 4(

((2k = 1)1 = 1.3.5...(2k - 3)(2k - 1); 511 = 1.3.5)

RBAI TAP

Lh
rh

. Nghiém lai dinh 1¥:
(R} d&i vai

[
L

Ay FB(x) = (x - 1){x - 2)(x - 3y trong [1, 3];
n f((xy=1- ;/x—' trong [-1, 1}
2) (L) d&i véi f(x) = sinx + 2x trong [0, 7]
3} () d6i vai f(x) = x%, g(x) = x” trong [-1, 1]
Bai gidi
1y a4y f(x) lién tuc trong [1, 3} vi la ham so cip;

f'(x) = 3x° - 12x + 1 nen f(x) kbd vi ¥x € R, dac biét nd
<ha vi trong (1, 3);

f(1) = £(3) = 0. Vay {(x) thoa midn moi didu kié¢n cua dinh 1¥
‘R) nén ¥e e (1, 3%

{'(¢c) = 0 hay 3¢” - 12¢ + 11 =0
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Do dé ta tim duge hai gig tri cita ¢:

()+\/§ . (;—J_;

y = ; L. o= —--%—- {c,,cae (1,3
k) fix) khéng thod man didu ki¢n kha vi trong (-1, 1), vi
21 .
f{x) =- 2= =xtai 0 e -1, ). Viay khong ¢c6 ¢ dé f'(c) = 0
3 ‘;/; A ( ) L [=]

lrong (-1, 1).

2) RO rang f(x) thod man cdc diéu ki¢n ctia dinh Iy (L) trong
L0, wl.

Viy ta ¢é: f(m) - {(0) = f'ic)(n - O)

hay:2n = (cosc + D)m va ¢ = , (€ (0, 7))

A

3} Ap dung dinh Iy (C), trong [-1, 1]:
fM-f-1) £

=—,ce (-1, 1)
gh) —g(-bH g}
) : 2
hay o -2—('1 = —2—, nrghia 1a khong t8n tai ¢ thod mién dinh
2 3¢ 3c

1%, diéu ndy do g(x) khong thod min mot didu kién ciia dinh 1y:

gX)=3x"=01aix=0¢€ (-1, 1)

56. Ap dung dinh 1y (L) chitng minh cdc bit ding thic:
1y sinx - siny] < fx - y|
2) |arclga —an:lgb| < |a - b|

a—h

3) a-b

il
<I“E< .0<b<a

4 j”k’-—l—{——]——-—L},a>(},neN

(n - 1)u u”
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Bai gidi

1) Xé&t ham s6 f(t) = sint thi f(0) thod min moi diéu Kién cua
dinh 1y (L) trong doan [x, y] bat k¥.

Vay f(x) - fty) = f'(e)(x - ¥)
hay sinx - siny = cosc{x - y)

va |s'mx - sinyi < Ix - y! do |cosc\ < 1.

2) twong tr nhu 1): xét ((x) = arcigx, f'ix) =

(K}

+ X

I

2

ta c6: arctga - arctgh = {(a-hb)

- < 1.
l+c¢”

3) Xét f(x) = In(x), £(x) = 13 thod man cdc diéu kién cua
X
dinh 1¥ (L) trong [a, b].

Viay la:ctga —a:clgbl < ta - bl vi

Vaylna-lnb=l(a-b)vdib<c<a
c

Do dé lng- < a-b va lni > a—b
b b a
Viay a-b <Inl < a-b
b b
4y Xét ham f(x) = -lT: f(x) thod mén moi didu kién cua dinh
X
1¥ (L) trong [n - 1, n}.
Tacd: f'(x)=- {;_I
X
1 .
vil: — - 1 = - al(n-(n-l))
n in-n* <
| 1 .
hay - — = - véin-l<c<n

m-Dn° n®
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Vay r}~| < _[_ _._L__ — L
n x (n—i)nL n®

*&7. Chitng minh:

1) Neéu f(x) ¢cé F(x) trong (a, b): a, b e R
va lim f(x) = lim f(x) = A € R thi 3¢ € (a, b) : f'(c) = 0

. 2)  N¢u f(x} ¢6 f'(x), ..., I'"Vx) lién tuc trong [x,, x,], ¢6
f*(x) trong (x,, x,) va fx)=fx)=f(x)=... = f{x,): x, < x, <
<o <X, thi 3e e (x,, x,) "¢y = 0.

3) Cho f(x) kha vi trén [a, bl, cé

(x) trén (a, b), ching minh:
¥x & (a, b), 3¢ € (a, b):

f(x) - f(ay ~ SD2I@ o x-a)x-b)
b—a 2
4) Cho f(x) kha vi tregn [0, 1], f(0).£(1) < 0= 3x, € (0, 1): '(x.) =0
Bai gidi

f'{c)

1y Xé1a,be R

Pat F(x) = {f(x) ta<x<h

AlXx=ax=b

R& rang f(x) thod man cdc diéu kién cita dinh 1y (R):
Jce(a,b): F'ic)=0 nhung ¢ € (a, b) thi F'(c) = f'(¢)

Véay Jdc € (a, b} : f'(c) = 0.

Xéta € R, b=+ o (tuong ty cho cdc trudng hopa=- o, b
R.a=ow,b=m).

Vi lim f(x) = Iim f(x) = A nén Ve > 0, dudmg thing y = A +

1—a-0 X+
€ (A 20)hay y = A-e (A <0)sEcat d6 thi clia hAim sé it nhat
tai hai diém x,, x;. x,, x, € {a, + ©). Trén |x,. x|, {(X) thoa min
cdc dicu kién clia dinh 1¥ (R) nén 3c € (x,. x2): Fi(ey = 0 vi x,, x,
€ |a. + x) ndn suy ra:
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Jee(a, +=)y: f{ey="0
2) Theo gida thiér thi f(x) thod man cic dicu kién cia dinh 1§
(R) tren médi doan [x,. .. x,].i= 1,2, ..., 0nén 3ndidmc (i =1,
2, ....0), ¢, € (Xg. %) f'(e)) = 0.

Ham {'(x} lai thod min cdc didu ki¢n cna dinh Iy (R) trén
mbi doan [c,¢,,]i=1,2,....,n- 1,dodé I(n - 1) didm d, € (x,,
x,) 0 f7(d)y = 0.

Qui trinh 1¢ lusn tidp 1ue ta ¢é: I(n - (n - 2)) = 2 dié"m e, €
(Xou X) : T%°"(ey = 0 (i = 1, 2). Theo gia thi&€t £'™''(x) 12 lién tuc
trén (e, ¢i] vai do d6 I'"''(x) ¢é diy di cdc gid thiét cda dinh 1y
(R) trén doan do, vay Ac € (e, ¢,] : [""'(c) = 0.

f(b) - f(a) (x— 1) - (x—a}(x-b) ‘
‘b-a 2
Xdg dinh A dé 9(x,) = 0.x, € (a, b). Ta ¢6 @(a) = 0, o(b) =0, ¢(x)=0.
Ham ¢ thod man dinh 1y Rolle trong [a,'xol, va[x, bl => 3cra<c, <x,,
Jep 1 X< ey < b1 9(c)=0, ¢’(cy) = 0. Him ¢’ thod man dinh Iy Rolle trong
[e1, 3l = 3c e (¢, ¢3) @7(c) = 0, P =) - =0= " (c)=Ar,a<c<h.
Do d6 ta ¢6 cong thite phai chimg minh.

3) Xét @(x) = f(x) - f(a) - Y

4) Xey £(0) > 0 thi £(1) < 0; f(x) lien e trong [0, 1] = f(x) dat mét
gid tri 16n nhat M = f(x,), x, € [0, [], & rang x, # 0 vi f(x) = f(0)+ £(0). x
+0(x) = f(x) > f(0), nrong twx, # L = {"(x,) = 0.

*58. Ching minh rang:
1) N¢uw moi nghiém cla da thic véi he s6 thue;

: fX) = apx™ + ax™ + ...+ a, (a, # 0) déu thue thi cée
dao ham: f'(x), "(x), ..., £ '(x) ciing chi ¢6 cdc nghiem thuc.

2) Moi nghig¢m cba da thic Legendre:

1 dnl(x'l_l)llj
2"t dx”

P(x) =

déu thyuc va thudc khodng (-1, 1).
3} Moi nghiém cia da thic Lagucrre:
‘du(xne—!}

E(xy=¢e
dx"

déu duong.
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Bai gidi

1) Gia si cdc nghiém céa f(x) 13 thuc vd khdc nhau, theo
dinh 1y (R): f'(x) ¢6 n - | nghiém, f"(x) ¢6 n - 2 nghiém thuc,
f*x) ¢6 n-(n-1)= 1 nghi¢m thyc. Viy moit nghiém cha cdc dao
bam dé déu thue vi f(x) bac n thi f'(x) bacn-1... F"'(x) ¢6 bac
L, theo dai s6 hge mot da thitc bac n ¢d ding n nghiem.

Ne¢u mét nghiém thue cia f(x) 12 nghiém boi m (m < n)

chang han thi né cing Ia nghi¢m cua dao ham cha f(x) nghia la
nghi¢m do ciing thuc.
2) Xét da thic Q.. (x) = (x? - 1)" (bac 2n)
Pa thic niy ¢6 2n nghiém thye
Xy = X%.=...X,=-1
xln—l = xn+2 = .= x2n =1
theo 1) QY(X) ¢6 2n - n = n nghiém thuc € (-1, 1,.
Vay P (x) = L QM(x) ¢6 n nghigm thye € (-1, 1).

2" "

Vi mét da thdc béc n chi ¢é n nghi¢m nén moi nghiém cua
P.(x) déu thyc vd € (-1, 1). ‘

3) Xét ham g(x) = x"¢™’

g'(xy=nx""'e* - e

X" = et ax™ - x") = e P (x)
2'(x) = eMn(n - DHx"? - 2nx™' + x°] = P, (x) -
£ I(x) = e P, LX)

2(x) = e 7P, ()

Trong 46 P, (x)., P, (x), ..., P, .(x) 12 cidc da thirc bic n
khong cd 56 hang ty do, con P, (x) ¢6 58 hang tu do 1A n!.

Ta c6 g(0) = lim g(x) = 0, theo bai (57.1)): 3¢, € (0, + )

sao cho g'(¢;) = 0.
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Ta lai c6 g'(0) = lim g*(x)= 0, theo dinh 1§ (R) va bdi (57.1))
thi 3¢, € (0, ¢;), 2"(ca) = 0, 3¢y € (¢, + %) g"(c,) = 0, mat khic
£°(0) = 0 theo trén, do d6 g"(x) triét ticu tai ba di€m € [0, + o).

Ly ludn i¢p tuc ta thay g™''(x) triét tidu tai n + 1 diém 0,

- < )
1 :-:¢ AR R ;(I € (0, + 93] T
A . gi 32_ . Sn
Lai theo dinh 1y (R}, g'™'(x) s& triét tiéu tai n di€m: n, € (0,

20 ma € (0,2, Lo, e (0, £, nghia 13 2'™(x} ¢6 n nghiém
dugurg, vi g'"'(x) = ¢ *.P_(x)} (theo trén).

gm0 = 0.do P, (x) cé s6 hang tir do bang nt vd P_,(x) chi ¢6
n nghiégmnén g'"'(x) chi ¢é n nghiém duong.

e

Vi L (x) =e'g"(x) nén L (x) ciing chi ¢6 n nghiém duong.

59. Ap dung dinh 1¥ (quy tic) L'Hospital, tim cdc 2idi han:

. tox — X . a* - x*
1y lim =——X 4y  lim ————

=0 X — smx -+ X —a

. 3tk - 12tex . SinX — XCOSX
2) £llj.} “—g"”*—g-‘ 5) Ilil’g IS —

sindx - 12smx sin” x

_ {/lsz -1 6y lim sh xln(l+x)
3 lim . a0 tgx —~ X

e 28in7x - 1

4
3

. e" -1 = x3
7y lim ——

¥=0 sin® x

&) lim x1ln (gamlgx}

LI A e

1

9) limc 1' , (n e N)
x—+0 x“"

T LA
10) lim {E—’i—}

140 L It4
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=2

b lim 11:]3{["
L}
=
. X
12} lim |tg
T 2x + 1
: s
13) lim x
v
bl + ].
X7 S -
14) lim —X
=0 R X
- X
. 1 + X + sInxXcosx , N t
15) lim - — 10) lm ev'xz—x+l—x[l+—]
e (X + sinx cosxde™" Lk X
Bai gidi
! !
. 18X — X . 05T % . | —cosx )l +cosx
1y lim —=——" = |im £ X - |im ( - X )
=0 X — SIX =0 1~ cosx ¥ cos'x(l—cosx)
. 3igtx — 12tex . 1212'x - 12
2)  lim g—__g__ = lim = £ =
=0 sindx — 12sinx w0 cos” x(4cosdx ~ l2cosx)
~-12 3
-8 2
) i/l X — 1 . ] 1
3  lim —g__ = Iim = =
=l ZsinTX = 1 LT 3eastxiftg'x 2sin2x 3
oa - % . a'lna — ax*”’
4 lin ——— = fim - = a’(lna - 1)
¥ —+a X — 1A 11—+
: . RINX — XCOsX . sinx — xcosx .
5) L= lim ———s—— = lim —————— (sin’x ~ x%)
%20 SINT X A X
. COSX —COSX + XS§inx l .. sinx |
L = lm - = —lim — = —
0 ix- 3 v X 3



shx Infl + x)

6) L = lim LIngl + x)y ~ x, shx -~ x {x >
a0 IpX — X
. x* . ax° ) ax-° C
L=lm—— = lim——m= lim ——.vosx =3
X 0 !gx - % Tl "l_ ) —l a-al] 51117 X
cos” X
LF 3
Loe =1 - x - S
7) L= lim —————, sin®x ~ x", dat x'=1,x >0
x oot s X
=t - (0, do do:
1 1
N e | Loe =1 l
L=lm-————o-o=lm-—-—=—
Lo 1" 1ot 2t 2
. 2 . 2
8) lim xbnl —aretgx | = T x[In— + Inarcigxj |
. L \]‘[ LA K
2 ] 1
In" + lnarctgx ST
. . [+x- arctgx 2
= lim —f——— = lim X aeex . 2
X oser i L _ I T
x x”
1
R
9) L =lim——, (n € N}
Pt | X'"
Pat — =1, x> 0,1t = + >,
e
Ta ¢6:
" " n!
L=Ilmt"e'=lm—=lm—-=..= lim—l- =0
s |.,z_ct e ey
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l Lis }”‘ . i
10y L = §im {L——LJ = exp lunlln a+xy
LRl [ v oy &
RN
= exp{lun—{t——ln[]+x) - l}}
A S
{. In(l + x)—x}
= expslim— e ———
%- »{} '
1
—
ex Iiml * X xp ¢ lim —*
= & —_— = ¢ r———— =
P 1-20 2x P H02x(l+x)
1 !
=exp|l—-—=|=e?
P[ 2)
11y L = lim |Inx|2‘ Xt0<wx<l:lnx <0 = |lnx| = - Inx

xv+ld

L = exp{ limo2xln{—lnx;} = exp lun M

X—r+ 1=+ I
2(“ __-1—‘--J
= exp Iim—-—)d-!i = cxp{limwzi} =c’=1
X-++0 1 x—=0 lnx
— XE

Fro SR 1 X
12 L = lim{tg———| = ex lim—lu[lo
Hﬂ(gZx+l] p{*—ﬂ-x x4+l

. l 2% + 1) - 2ax l
= exp4lim . . 5
el omx ;T (2% + 1) J
cos” -
2x +1 2% +1

| .
J
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= expqlim2n . -
Tan . 2mx -
sin 27X (2x+1)
2x+1
2nx T .
Pata=mn- = thix - % < a > 0.

2%+ B 2x+1

{ 2
N .2
v L = exp {lim—= =c’ = I.
a—0 Tsino

13) L = limx" ' (dang v6 dinh 0°)

x-»+0

L = exp [limo(x‘ - l)lnx} = exp {lim(e"“" - l)lnx}

% 0

Datxlnx =1, x - + 0ot = 0, khi dé:

L = exp {lime — l.lin}Dxln: x}

-0 1

il

exp ‘11210 lnl . dp dung quy tac (H):

X

L= exp{lim - 2xlnx)} =e’=1.

s

1. l
X~ sih— )
= Iim —

L) ]

(x)

I4) L = lim —
=0 SINX

.- | .
vdi f(x) = x“sin—, p(x) = sinx
X
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1
. 2xsn - cos

o Tix .
Xeét lim (x) = hm A X

: khoog tén tai,
vog {(x) x40 COS X -

N ] . . :
vi Imcos— khong tén tai. v Xhong dp dung duge quy tac (H)
x 40 X

dé um I,

Ta ¢éd b3 1am caceh khic nhu sau:

' . . .
L= 1lim—._.limxsin— =1.0=¢
=0 ginx  » 0 X

. A R .
(vi :n(s:inl 1A mot VOB khi x = 0, do sin— bi chan khi x —» 0).
X X
15) Tuong tu nhu 14), khong thé dp dung quy tic (H).

Ciéach khac: .
i + SMIXCOSX

1+ x + sinxcos L+
I. = hm X . L= hm X X
e (X + sinxcosxk™ Yo [] L St X COS X e
X
khong tdn 1ai vi ilm I khOnv 1dn tai.
16) Barx = 21 L= Jim Y ‘”‘“*”'
[ 11}
e(2t -1y a
L' = hm{——2— ~| (1+1)* :_3_[_EJ:0
Saal Y Py | 2 2

64, Vidt cong thie .Maclaurin cua cde ham:
1y f(x) = tex dén 0(x™)

2y Hx)y =" dén 0(xh

B HxY = <Cln(] + x) dén 0¢x*)

4 fx)y = 22 gen 0(x")
X
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5)  f(x) = cos*x d&n O(x™"")

6) fexy = —X %5 qen 0(x™
X~ +x—12
Bai gidi
[y Vi f(x) = tgx 1a hAm 1¢ va t1gx = x + 0(x) nén:
tgx = x + a;x* + ayx’ + 0(x%)

Mat khic ta ¢é: sinx = tgx.cosx, do d6 theo cdc cong thic
(M) ciha cosx, sinx (2.2) ta co:

XJ 5

X - o + = + 0(x%) = (X + a.x7 + agx® + 0(x°)) x
2 3

X X
(1 - —— + Z— + 0(x°
5 a x’)N

Cho déng nhit cde he s6 chia x* va x* & hai vé€ ta ¢6:

I 2
hay: a; = 3 as = =

3

x° 2
Vay: lox = X + — + —x° + 0(x).
+ & 3 15

2) Theo c6ng thitc (M) cua ¢, sinx & (2.2) ta cé:

s sinx  sinx  sin'x
=]+ + +
1 P K.

<

1
x - 2+ 0(xH)
3t

sinx

1

Do dé: e = | + (x - — + 0(x") + l(x X Loy +
3 2 Kl
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A

LSS S 0(x'))?
6 3

=1+x4+ +1x+ -l+—l~Jx’ + 0(x%)
2 6 o
1 2
Vay e =1 + x + —2~x‘ + 0(x%)

3) f(x) = ¢’ln(]l + x) d&€n 0(x*)
Ding cédc cong thic & (2.2) ta cé:

x?. 3 s x:. x.! xd. .
f(x)—(l+x+—-2!—+-§!—+0(x))x(x-—i—+—-——+0(x})

3 4

Viy e'In(l + x) = x + -;—xz + %x’ + 0(x*).

4) f(x)=1In sinx

dé&n 0(x7)

4 6

—_— - — + XD, (x20
120~ 7 x,( )

Tace 32X _ | X
X 6

Sinx
In

2 A
=In(l+a)=0t-~a—+2—+0(a’)
X 2 3

2 4 [i]
. x x X
Vol o= - — + Z - . 2 4 o(x")

6 120 r
Do d6:
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sinx

x* x* x° 1 x* x° x°
pinx _ox  ox ox LIX X Xy
X 6 120 7 2 136 360 G648

sinx x X

hay In X
6 180 2835

5)  f(x) = cos’x d&€n 0(x*""")
X 1 3
Ta ch: cos'x = —¢os3Xx + —cosx
4 4
Do dé:vd theo cdc cong thic & (2.2) ta cb:

cos’x =

(3'1kv1 + l)xlk + 0(x2k1—l)

6) f(x)= —T> _ dqén 0(x*)
X" +x —-12

Tt (2.2) suy ra: - LI i(—l)kxk + 0(x™ (a)
1+x k=D

Mat khdc: f(x) =1 -
X+ 4 x-3

3 2
=1 - -
GRiEes
4 3
Ap dung (a) ta ¢é:
3@ xE o2 &xt
fx)=1-=3(D"=— - =>— +0(x"
4 kz-o « 3 23
5 n 3(_l)ktl 2
h f(x} = - — o xR+ 0(x™
ay (x) 12 k=I( g 3%+ {

0(x")
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61. Ap dung céng thirc (M) tim cdc gidi han:

« .
. COSX —¢ . . oetsmx o~ x(1+xY

1Y Hm —— 2)  lin —_———
0 x4 x40 X

3}  lim (g/x°+ x° - ‘{{x“— xsj
A4+ n

T cosn
4)  lim [—2‘-3"—]

-0 | X 4+ Sinx

. 1 1
51 lim | — - -
0 {sinxarctgx  tgx.arcsinx

6) Xdcdinh a,bdé limf{x) e R fix)= ~—me —— " _ =
x=0 sin"x % X X
Bai gidi

1} Theo cdc khai trién & (2.2) ta cé;

2 +4

cosx = I - > +§-+0(x“)
2 A

e =1-2 + X LoxH
2 8

(vi méu s8 chi ¢6 x* nén ding khai trién & tir s6 dén 0(x*))

Vay:
2 4 T L4
2 -2 X oy |- 1- 2 roph
. COsX —e * ) a4 2 8
lim ————— = lim "
10 X x—0 X
xtox?
. g !
=lim* 8 r 8 -, =
X 12
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2y lim e’ sinx — x{1 +x) _

;) x?
x: x3 x.‘
Prx 4ot — 10D || x - =+ 0 [-x - x7
. P O 6
= lim :
= —0 »
3 4 ! R
X—— .. X - — -t —-X—X
= lun
L] x3
|
= lim = - = -
x—0 X 3

= Imn

x—+a

B Jim (5 - g -

x| [‘#1 L #1 - l}
X X
| 1 1 1
= 1 P QUL Ry | R §
‘EILXH ox J ( 6x }] 3

(x > + oo, Xét x > O }xl =x)

1
1= cosx
4y L = lim [_2lgx )

=0 L X + sinx

-

Dung cédc khaj tridn: 1 - cosx = LI 0(x°)

1

12X = X + x_{ + 0{x)

1
sink = X - — + 0(xY)
6 R

1

1 2}(" 3 - K]
— 2K 4 -em (XY [T
1 - cosy pd
ta cé: [——2"3—"—-] = 3
X + Smx

1

X 1
A -—+ :
X - Ox)



1606

1
1 [ —

X 3 < 2

L+ =+ 0(x7) |50 2
X 2 x- N

I~ — + O(x~ 121~ — +o0ix°
5 ) [ B O(x ]]

Do dé:
. 5x° 1
L = exp<hlm 3( L —

{0 'S N b 3

12— — +0(x7) | — +0x™)
12 2

10 5

Z e = of

. 1

5 L= llm{ - - . ]
-0 | sinxarctgx 1gX.arcsin x
Ding cdc khai trién:
3 a
sinx = X - 5(— +0(xY);  arcigx = x - x? + 0(xhy
)

i

3 3
tex = x + —2— + 0(x7Y);

Ta cé:
1 1 tgx.arcsinx — sinxarcigx
sinxarctgx  1gx.arcsinx

sinx.arctgx.tgx.arcsinx

N R O S

. X
arcsinx = x + o + 0(x*)

= A
1—-+D( L
2



’ 3 1. x*
inx = x — — 3y osinx= = inXx — —sin3x = x* - — + 0(x°
6) sinx = x Y +0(x) 8 25 4 3 (x")

—[ax4 +(b—%)x5 +cx8 +0(xﬁ}]

xsin’x = x% + 0()&6) = f(x) =

,ceR
x8 +0(x*)

= 1irr{1)f(x)=c =a=0b= l

62. Khai tri€n theo céng thiic Taylor cdc ham sau tai 14n can
cdc di€m tuong Ung:

Ix +3
______—__’x
1’3—2x—x2

2y f(x) = In(2x - x* + 3), Xg = 2 d€n O((x - 2)7)
Bai gidi
NPatx + 1

1) f(x) = a=-1d&n 0{{x + 1)

Il
-

Tact: f(x) = x4 D

3
Ja-x 17 T

Lol

hay f(x) = >t L ()
y =3 4J =g

Ap dung c6ng thic 4° & (2.2) ta cé:
:k

(2k ) h"n
t—— lm+0t')
g(1) + l;;:Zk'() -+ 0(

Thay t = x + 1, ta c¢é:

f(x) = —(x + 1)+ Eﬂgk— + D+ 0((x + D

5k Ik'

2y Tacd: 2% -x"+3=(3 - x){x-1)
Patx -2 =tthi 2x - x>+ 3 = (L - 0.3 + 1) = 3(J - t){1 + 1/3)
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va f{x)} = g(t) = I3 + In(l - t) + lu(l +::~)

Ap dung céng thitc 5° & (2.2) ta cé:

n ¢k

t n e t*
In3 - » — + > (-7 — + 0(1™)
§ k .(Z; k.3"

Thayt =x - 2, ta cé:

n R L _ 9k
In3 + Z[( DA 1].(" DL ogex - 2
W k

n

a1}

f(x)

§3. KHAO SATHAM 38 Y = F(x)

3.1. Chiéu bién thién

Dinh ly: Néu f(x) kha vi trong midn X va:

19 f'(x)y = 0, vx € X thi f(x) = const trong X.

2%) F(x) > 0 (< 0) trong X thi {(x) 1A don didu tang (gism) trong X.

3°) f(x) la dan di¢v khéng gidm (tang) trong X thi f'(x) 2 0
(< 0) trong X.

3.2, Cycti

I°) Pidu kién cdn: N&u f(x) dat cuc tri tai x, € X va kha vi
tai x, thi f'(x,) = 0. )

2%) Piéu kién di:

Quy tdc I
1) f(x) lién tuc trong mién X
2) f(x) kha vi tai lan c4n & clta x, € X

3) F{x) < 0 (>0), VX € (8 - x4, Xp)

Neéu

f'ix) > 0 (< 0}, V% € (Xy, Xp + D)
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thi £(x) dat cuc tiéu (dai) tai xy, o, (Fha) = HXg).

Quy téc 1

1Y tén tai F1(xg) = F(xg) = ... = " {(x) = 0,
INED ' (x,) # 0

2y n chin (1&)
thi

13 £(x) dat (khong dat) cye tri tai x,

{2) fon (Foa) = £(xg) kKhi F'™(x,) > 0 (< O)

Quy tde 111 (Tim m, M)

P& tim gid tri bé (16n) nhat m (M) cua ham lién tue f(x)
troeng doan {a, b]:

- Tim cdc dié¢m b#t thudng ({Si han) cva him s6 (f'(x) = 0,
o hay khéng 16n tai) trong (a, b).

- Tinh gid tri cla f{x) tai cdc diém baAt thudng dé va tai a,
b.

- So sanh cdc gid tri cna f(x) vira tim duge ta ¢é m {(M).

Piac bitt: - Néu f(x) don dig¢u khong gidm (tang) trong
[a, b] thi m = f(a), M = f(b) (M = f(a), m = f(b))

- N&u f(x) chi cé mot cyc dai (tiéu) trong mién X thi cuc dai
(tidu) dé 1a M (m) ciia f{x) trong X.

3.3, B8 181 (15m) diém udn
Pinh nghia 1. Ham f{(x) hay dé thi ciia né goi 12 16i (16m)
trong mién X né€u ¥x,.x, € Xt
iy i 20,k + 4, =1 thi:
£(3, %, + 7.ax3) 2 (<) A, 0(x)) + aB(x)

Pinh nghia 1'. D6 thi cua f(x) goi 12 161 (Jom) trong mién X
néu dé (hi dé6 khong & trén (dudi) tiép tuyén tai di€m bat ky
x & X vdi dd thy dé.
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Dinh nghia 2. N&u f(x) cé P(x) € R (hdu han hoac v6 han)
trong X thi diém phan chia bé 16i, 1dm cda f(x) trong X goi [a
dlém udn cua d6 thi ham s6 hay cda ham s6.

Dinh 1y 1

1°) N&u f{x) ¢é f"(xo), x, € X va Xp 13 diém u6n cha f(x) thi
f'(xq) = 0.

2% Piéu kién can va di dé f(x) cé dao ham dén clp hai trong
mién X [2'18i (18m) trong X 12 f"(x} £ 0 (2 0) trong X.

Dink 1y 2.

1) Néu f{x) cé f'(x) € R trong X cd {"(x) trong l4n céan cua

Xo € X (c6 thé trir tai x,) va £"(x) d8i dau qua x, thi x, 14 hoanh
d¢ diém udn coa dé thi ham so.

2) Né&u f(x) ¢6: f'{xy) = f"(xp) = ... = {7 " (x,) = O, [™'(xy) = 0,
n lé thi x, Ia didm udn cia him s6.

3.47iém cén ela dé th] ham s&

Binh nghia: Pudng thang D goi 14 tiém can cia dé thi ham
s¢ y = f(x) ndu khodng cdch MH tir M(x, ¥) € d6 thi dén D din
tdi 0 khi M(x, ¥} v& nhdnh vo han cia d6 thi ham s6 (it nhat mét

trong x, y khong bi chan) véi MH = 0 khi M di xa trong qué
trinh v& nhanh vé han d6.

Quy tdc tim tiém cdn

1°) N&€u lim f(x) = o thi x = x, 13 tiém c4n cia dé thi cta

50

f(x} (1iém cin ding).

29 Né&u Hmf(x) = y, thi y

A F)

f(x) (tié¢m can ngang).

Yo [d tig¢m cdn coa dé thi cila

3% Né&u lim f(x) = o vi 1én 1al a = limf(x), b = lin__1(f{x) -

Xep A—h

ax) thi y = ax + b 12 ti¢m cén cioa dé thi cia f(x) (tiém cin xién).
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3.5. 50 d6 khdo sat va vé dé thi cha y = f(x)

P& khao sdt va vE d6 thiclla y = f(x):
- PAu tien tim midn x4dc dinh, khodng ddi xdng, chu k¥ (n&u

¢6) réi ti€n hanh qua cdc budc 3.1 dén 3.4. Sau ciung lap bing
bidn 1hién va vé dé thi cua f{x). '

BAI TAP
63. Tim céc khoang don di¢u cba cdc ham so:

1y f(x)=x%-30x*+225x + 1

1
- I X <e
2) f(x)=<¢°
Inx
— 1x2e
X

3) f(x) = 2sinx + cos2x, 0 £ X £2xn

&) () = X[E + siu(lnx)] :x>0

0 :x=0
5) f(x) = cos =
X

Bai gidi
1} f'(x) = 3x7 - 60x + 225 = 3(x - 5Hx - L5)

Xét dau cha y' ta ¢6: f(x) 1a don diéu tang trong (5, 15), la
don di¢u gidm trong (- oo, 5) v (15, + »).

IS

0
2y f =
yre {(l—lnx)ix: X ze

R3S rang f'(x) £ 0, ¥x € R, do dé f(x) l1a don diéu khong tang
trong (-x, +o).
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Trong (-, ¢, f(x) 12 khong déi, trong (e, +o) f(x) [a don
di¢u giam. )

3) ['(X) = 2cosx - 25in2x = 2cosx(l - 2sinx)

Trong [0, 27n], ¥' = O tai:

Sn 3w

6 2

Troug [0, E], (E, 5—“], [q—n 21:] fxY> 0
6 2 6 2

Vay f(x) 1a don diéu tang trén cdc khodng dé.

X =

N A

il
.

M T 51 3r . e
Tromg | —, — |, |=—, =1 : I'(x) < 0, [(x) |4 don diéu giam.
o [6 2} [6 2] ) g

3
4) f'(x) = J; + J}.Tsin[!nx +§]

f'(x) > 0 khi sin(!nx +§) > - ij—

~+ X ﬁ+'lkl
hay e 12 <x<eh

_33.4-_‘,);:( ﬂ-r 2kn
Vay [(x) 1A don diéu tang trong {c 12 , el ]

11n \7x
-+ 2kx — « 2kx;
Tuong tu: f(x) la don di¢w gidm trong [e 2 , el ]

(k € Z)

5) Vi f(x) 12 ham chin, xét x > 0, ['(x) = ——sin= > 0
X~ X
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kl:104£<n,2k:rt<3[—-::1+2k:t,keN
X X

hay x > 1,

<x<-‘—,keN
2k + 1 2k

Vay £{x) 1a don di¢v tang trong:

(1, + o), l .L
2k +1 2k

. . 1
Va la don di¢u giam trong: —-!— , ke N.
_ 2k 2k -1
Tir f(x) 14 hamn chin, suy ra: khi x < 0, f(x) 13 don di¢u 1ang
trong: [_ ﬁ, - 2k1 l]' ke N

va don diéu giam trong (-2, -1) ! l
k i¢u giam tro wom, 1), ) - .

& & 2k + 1 2k

Nhu vay tai lan can diém x = 0, f(x) khong 13 ham don dic¢u
vi Hn can ndy chda mot tap hop dém duge khoang don didu tang
vl gidm coa ham s6.

64. Chiéng minh:

*1) didu kign cdn va do dé {(x) 12 don diéu tang (gidm) trong
X 1af'(x) =z 0 (= () va ["(x) khong triégt ticu trén [a, B] c X.

2) et>1l+x,x20

3} x-§2—<[u(l+x}<x,xb()

3
X .
43 x-—6 < sSiIx <x,x>0

X x+l
1 1

*5) [l+—] <c<[[+—) L x>0
X X
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| 1

*6) (x’ +y“)a_ > (x" +y")5, X,y >0,0<a<h
Bai gidi
1) Néu f{x) don di¢u tang trong X thi theo 3° (3.1): f(x) = 0

trong X, mat khdc néu f'(x3 = 0, ¥vx € {a, ] © X thi theo 1°

(3.1): f(x) = c =const: ¥x € {o, B] < X trdf v&i gia thigt: f(x) 1A
don di¢u tang trong X.

Nauge lai néu f'(x) 2 0 v khong triét ticu ¥x € [a, B] c X,
kht dé 14y x,, x, € X, x, < x,, theo dinh 1¥ Lagrange f(x.) - f(x,)
= f'e)x. - X)), € € (X, x,).

Vi f'(x)} 2 0 nén f'(¢) = 0 v do dé:
f(x,) 2 f(x): nghia 12 f(x) 1& don diéu khéng giam trong X.
Liy x € [xy, x2] thi f(x)) < £(x) < f(x;).

Né&u f(x,) = f(x,) thi f(x,) = f(x) = f(x,), ¥x & [x,, x.] nghia
ta f{x) = ¢ = const trong [x,, x,] va f'(x) = 0, Vx e [x,, x,] trdi
vai gia thi€t: £'(x) khéng triét tidu Vx € [a, B] c X,

Vay f(x,) < f(x.) khi x, < x,:nghia 1a f(x) don di¢u tang
trong X.

Tru&ng hop f(x) don diéu giam, cluing minh tuong ty.

NNe*>1+x,x=0

Xétx>0vaf(x)=e*-1-x véix

Y

0.
f'{{ix) =e* - 1 >0 khix >0 vaf(x)=0chitai x=0.

Vay theo 1) f(x) ia don di¢u tang khi x > 0 nghia 13 0 < x thi
f(0) < f(x).

Nhung f(0) = 0 viy f{x) = ¢e* -1 - x>0 hay ¢* > 1 + x khi
x>0

Truomg hgp x < 0, dat x = - x', x' > 0 ta s€ dua vé trudag hop
trén. Vay bt ding thic 1a ddng Vx = 0.
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3)x-%41n(!+x)<x,x>0

Xétf{x)y=x -1n(l +x),x 20

f'()()zl-l =0taix =0va f'(x)>0Kkhix>0.

+ X

Vay f(x) la don dic¢u tang khi x 2 0 nghia l1a [(0) < f(x)
khi x > 0 va ta suy ra: In(1 + x) < x khi x > 0.

Bay gid xé1:

2

g(x)=x--%—ln(l+x)khix20

gix)y=1-x - 1 -. X =0 tai x = 0 vad 2'(x) < O khi
1+x l+x

x > 0, vay g(x) la don dieu gidm khi x > 0 nghia 12 0 < x thi g(0)

"

> g(x) nhung 2(0) = 0 nén g(x) = x - % - In(1 + x) < 0 hay

-

X - x7 < In(l + x) khix >0
v cudi clng:bat ddng thic di cho 1a ding Vx > 0.

i
X .
4)x-—6~<s1nx<x,x>0

Xét f(xy = x -sinx, x 20, f'(x) =1 - cosx 2 0, f'(x) = 0 chi
khi x = g +2kn, k=0,1,2, ..

Vay theo 1) f{x) 12 don diéu tang khi x = 0: 0 < x thi f(0) <
f{x) hay 0 < x - sinx vi sinx < x (a).

k3

Xét g(x) = sinx - x + -’5(;— khi x > 0, 2(0)

]
=



! 3 XI‘.
g'(X)=cosx-l+x—=cosx- 1- 2
2 2

-+

Xét h{x) = cosx - (l - x?] ta cd h(0y = 0.

h'(x) = - sinx + x > 0 theo ching minh trén, viy khi x > 0O thj
h{x) > h(0) hay cosx - {l - x?] >0 vacosx > 1 - % khi x > 0.

Vay g'(x) > 0 khi x > 0 vd g'{x) = € chi tai x = 0 theo ) g(x)
1d don digu tang khi x 2 ¢: g(x) » 2(0) khi x > 0 hay
a

. X
51X - X + — >

i
Do dé x - }6—-: sinx (b)

K&t hop vai (a) ta cé 4.

1y 1y
5)[1+—J <c<[l+—) X >0
X X

lay logarithme neper bAt ding thic ndy ta c¢é bat ding thic
lvong duong:
1
< ln[l + 1—) <L
Xx+1 X X

! .
Pat — =t > 0, ta 6
X

< In(l + tYy < ¢
1 +t

V& phdi cia bat dang thirc ndy di chiing minh & 2). BE chirng
minh v& trdi cua bat dang thitc nay, ta xéu:
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fity = in¢1 + 1) - . vattz20,tacd f(0) =0
+ 1

I I t
f() = - = =0 khit=0
o L+t (b +d)  (L+1)f "

va '(t) > 0 khi t > 0. Vay theo 1) f(t) 12 don dieu tang khi t
2 0 va tir d6 suy ra v€ trai cha bat ddug thic 12 ding.

6) B4t dang thitc di cho twong duong vdi bat ding thic:

BB

Pat X =t vaxét ham f(u) = (l" + 1)5 vii 0 < u < +w0
¥

T d6 Inf(u) = -l-ln(l" + 1)
u

1" Int ln(l+i" ‘1

va {'{u) = f(u) - =
() {uil +l“i ut

u

ust
hay f'(u) = — fw —In ) — <0 khi 0 <u <+ .
ui{l +t ) ( +‘n)1|<1 %
(vi —) =t : < 1)
{1 _,_t")"”"! P+t 1+ t°

“Vay f(u)} 13 ham don di¢u gidm: a <b = f(a) > f(D)

hay (x""+ y“)§ > (x'-’ + y“)E
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65. Tim cuc tri ¢ia cd4c ham:

1) y=x*-6x2+9x-4 ,
2} y=(x+ e

Dy =0 - 0e -2

4) y = chx + cosx

5) y=cosx + -%cos2x

6) y= |x|e'i‘-l|

7 y= Jx Inx

t
*Byy= e I (\E + sinl), x#0,y(0)=0
N .

Bai gidi
Dy =3x*-12x+9=0
khix, =1,x,=3.

X 1 3

¥ + QO - 0

+

y /0\-4

7

Bang nay cho chidu bién thién va cyc tri cia y.

Yo = ¥(1) =0, yo = y(3) = - 4.

2)y' = e 4+ (x + 1).2e™ = (2x + 3)e™"
y'=0khix=-3/2

y'<0khix<-%vay'>0khix>-%-



Vi 3 v,
H Cmen = {(-—)=- —g™°.
Yy y 2) 5

(1-x).2.(x~2)~(x - 2)° _ 4-3x
3{/(1 -x)(x-2)* 3{/(1—x)3(x ~2)

Ny =

X#1,x+# 2.

. 4
"= 0 kht x = —
Y 3

y'=wokhix=1vix=2.

Viy y c6 3 di€m b4t thudmg.

Déau ciia y' la dau ciia (4 - 3x)(x - 2).

X 1 4/3 2

y' - - 0 + I -

y |\ \ﬁ/o\

_xJZ

Theo bang trén ta cé: Ymin = ¥(4/3) = - S

Yo = ¥(2) =0

(x = 1: khéng 12 diém cyc tri ciia y vi y' khong déi ddu qua
diém dé).

4) y xdc dinh ¥x e R, f'(x) = shx - sinx = 0, chi ¢6 mot
nghiém x = 0.
(shx - sinx = =25 _ §inx = ¢ - ¢ = 2sinx chi cé
nghigm x = 07).
f'¢x) = chx - cosx, f"(H =0
" (x) = shx + sinx, f"'(M) = 0
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f'*(x) = chx + cosx, f'*'(0)y =2

Vay theo guy tac M (3.2), ... = f(0) = 2.

i
5) y = cosx + -2~::052x

y 14 ham tudn hoin, chu k¥ 2x.

Xét0<x €2m, y' = - sinx - sin2x hay:

y' = - sinx(l + 2cosx) = 0 khi x = k=n

véx=iz—‘:t—+2kn

. . . 4
Lrong [0, 21] ¥ ¢6 cdc diem dimg: O, %E, T, —_:E, 27,

y" = - cosx - 2cos2x. Theo quy tac II (3.2):

3
y"(o) =-3<0= Yoar = Y{O) = '5

—_—
IN
A
e
!
{w
v
=
]
E
1]
L
—
(5]
|5
e
1}
1
| v

: 1
YU = 1< 0Dy, =y =-

"._‘IE—}.)O: - 4_n---.1
3 _2 YI'I'III'I_y 3 -

wum=-3<0mmm=ymm=§

1

Tong quit y,,,, = y(kn) = (-1)* + >

2n 3
= = +2knrl=- —, kel
)'II'III'I y( 3 ) 4

1RO



et

6)y = lxlc

-Xe : x <0
Tacéd: y={xe¥' 0<x<1
xe'™ o ox 2|

—x+1e*  x<0
vh y'=d(x+Det :0sx<«l (a)
Q-xk™  x21
Do dé y'(0). y'(1) khong t8n tai, y'(-1) = 0 vay c6 ba diém
bt thuwong -1; 0; 1.
Theo (a): y' >0khix<-1vay <0Okhix>-1
Vay
Ymin = ¥(-1) = €7
Tuong tuy Yme = ¥(0) =0
Ymae = ¥(1) = 1
Chi ¢, ta c6 thd viét:
ey

y' = e 'signx - |x|e_]"h]isign(x -0

x=0;1

7 vy = &lnx,x)(}

y' = —l—ﬂ(lnx +2y=0%hix=e?
24x

a W

Y|Iun = y(e.:) = -

8) v = .:T(\E + sinl). x 20, y(0)=0
X
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X

1
e‘[ﬁ + sin—l-J tx <0

Tacé y= .
{e *(\E + sin-:—}: x>0
—-ITe% [\6 + sinl + cos—I—J 1x<0
do d6: y' = x : X X
—lre_;(\/i + sinl - cos—I—J x>0
x” X X

vi

sini + cosl{ < 1/5 nén f'(x) 2 0khi x > 0
X X

f{x) <0khix <0

Vay f'(x) khong déi ddu qua cic khong di¢m cia né khi
x # 0.

Tai x = 0: f(x) 1A ham fian tuc va f'(x) dé8i dau i - sang +
qua diém dé. Vay ham chi ¢6 mét cuc tidu:

Ymin = Y(O) = 0'

66. Tim cuc trj cia ham y = f(x) cho bdi cdc he phuang trinh
vi phuong trinh tuong ing:

e Insin &
o+ x = Insin—
1 ] . 2} 2
- y = lnsint
- +1
3) x7 4+ y'=axt 4y x* y=x:-2y',y>|x|
Bai gidi
1) Ta tinh y', = z;'—
X
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2 2 4 21
x,=(t + D3t /2 R R +3)>0

(ll + 1)2 (tl + l):

g = - D> +t+4)
‘ @+

, t- Dt +t+4
R e )

1t +3)
y'.=0khit=1,y, =wkhit=0,vay y = y(x) cé hai diém
bat thudng x(1) = %, x(0) = 0, xét dfu cla y', qua cic diém bat
1 1
thudng ndy ta c6: yp,, = ¥(0) = 0, Yauu = y(J) =~ —.
X = lnsinL
2) $
y = lnsint

x xdc dinh khi sin% > 0, nghia la:

2kn < % < (2k + 1)7 hay 4kn < t < 2(2k + D)m

y xdc dinh khi sint > 0, nghia 1a: 2kn <t < 2k + )7

I
. 2sin —cost
v L ¥ 2 _ cost
Y.= = =
X', t . 2 t
cos—sint cos™ —
2 2

y'. = 0 khi cost =0 nghia lat = .;i + 2kn.

[
1}

o khi cos% = Onghialdt= % + k.
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dinh cla x vd y khi k =
xdc dinh cha y. V

dirng x:

184

hayt:n+2kn=(2k+l}n:l=

N

. . i
ung véi i = Py + 4mmn:

V2

= Insin{% + 21mt} =

+ kn thudc mién xic

dm,cént=(2k + Y =n khéng thusec midn
4y ¥ = y(x) chi cé mot didm bat lhuung fa didm

In— =- —In2
2 2

D¢ k€t ludn vé cuc tri clia y, theo quy tic 1§, ta xé1:

o
[ %]
“

- cost ¢ = 1
Y ' IR
dx cOs™ — X
1
dzy —CO0s8” —simt + 2cos—sin—cost 2sin -
e t t
dx cost — Cos—
2 2
d2
Do dé: A =-4<0
I=§+4m’.l

VAY Yo, = y[~—%ln2) = 0.

3) x*+y'=ax’

Bao ham hai v€ theo x ta ¢c6:

3x° + 3y’y' = 6x va y' =

"

v
(y #0)y' =0khix =2,

2x - x*°

y' khéng xdc dinh khi x = 0 (vi khi d6 y =0)



Xét diu cia y qua 0; 2 ta cé:

Youn = V() =0,y =y(2) = V4

Hxtoyt=xTo2y (D), y > ]x‘
Pao ham hai vé theo x, ta ¢é:
4x* - 3y'y' = 2x - 4yy’

T dé: y' = X -2x7) ()

2y(l - y™)
Theo didu kign y > x| nén y > 0.

Mat khdc tir (1) gidi y theo x ta c6:

y =% \lli\/l—x:+x‘

viy > 0 nén ldy d4u +

y = Jli’.‘/l—x:wtx"

Xét didu ki¢n y > |x| thi:

\/l +yl-x7 +x* > |x|: thod min

Jl - y1-x7 +x* > |x|: khong thoi man
Vay ldy y = \/l +1-x% +x*

Rorangy>1hayy >, 1-y'<0

Khi d6 diu ctia y' & (2) 12 d&u cha x(2x° - 1).
VAay ta c6 bang:

185



Do dé: v, = y(0) = \5

]= 2+43

)"msn -

i

b
~—

H

V2

% 67. Ching minh ring:

x:[2+cc)le :x=20
1 f(x) = X

0 cx=0

c6 f,,, = [(0) nhung trong mdi khodng (- 5. O, (0, d),
& > 0, f(x) khong bién thién don didu:

2) Khong thé 4p dung quy téc I1 d€ x€t cyc tri cta ham:

:Jl"

Yrxz0

f(x) = <¢
0 1 x=0

Bai gidi
1) RO rang trong lan ¢dn cita x = 0 (trit 12i x = 0)

f(x) = XZ(Z + 0091} >0 =M
X

vay f(x) dat cyc tidu tai x = 0
fmin = f(O) = O
Mat khdc khi x = 0:
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1 .1
['(x)y = 2x[2 + cos—] + x'w‘-mul
X X" X

3 o1
4x + 2xcos— + sin—
X X

R& rang f(x) déi dfu trong mdi khoang (- &, 0), (0, &),
¥8 > 0, nghia la f(x) khong bi¢n thién don diéu trong médi
‘khoang dé.

2) Theo 4) bai 52 thi ¥n: £"(0) = 0

Do d6 khong thé dp dung quy tic II dé tim cyc tri cia f(x)
mat khdc trong 14n cén cla x = 0 (trir x = 0) ta cé:

1
2

f(x)=¢ * > 0=1(0)
Vay [, = f(0y = 0.

tmin

63-3. 13 Tim cdc gid tri 1dn (bé) nhat M(m) cua:
a) f(x)=2x>-3x"-36x-8 trén [-3, 6}
b) f(x)=(x - 32 e™ tren [-1, 4]

*2) Tim s6 hang 1dn nhdlt cla cdc day s6:
a) x, = ﬂ-‘, neN
vn

b) x, = ———
n + 1985
3) Chiang minh cde bat dang thic;

: m n
m"™.n
a)y x"(1-xy < —— e  man>0,0<x21

(m + n)™"

by x“> 1 +alnx; x,a>0
Bai gidi
1) a) y' =6x"-6x-36=6(x+2)x-3)

IR7



Pixy=0khix=-2,x=3¢g[-3,06]
Tinh:  f(-3) = 19, f(-2) = 36, f(3) = - 89
f(6) = 100
Vay M = 100, m = - 89,
b) Ta cé:

x — 35
£(x) ( 1
(x —3x -’ :x20

1]

-x

X ix<0

Vay ¢é ba di€m bat thuong x = 0; 1; 3 € [-1, 4)
Ta tinh:
f(-1y=16e; f(0) =9; f(1) = 4e
fhr=0, ((H=e¢e?
Dodé: M=e', m=0.

1

2) Xét f(x) = x* la mét ham lién tuc v kha vi ¥x > 0 va
1

f(n) = n" = X,. _
R& rang né€u x, 12 mot diém didng ciia f(x) thoa min
k<xo<k+1l keN

thi s& hang 1én nh4t cia day s6: maxx, phai Id s6 16n nhit
trong cic s8 XXy, Xp,-

O day: f'(x) = x;_:.(l ~Inxy =0 khi x =e, vi2Z < e < 3
nén:

max x, = max{f{1), (2, f(3)}

max{l.ﬁ_%ﬁ}_ = {E

b) Tuogng e vGi a)

Jx
!

'Xét ham f(x) = thi f(n) =x,,n e N
% + 1985
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1985 - x
2Jx(x + 1985)°

f'¢xy = 0 khi x = 1985

Ta cod: T'(x)

t 1
Vay max x, = max{f{1), f(1985)} = max {——, —=—
{1986 2J1985}

i

24/1985

Dy Xét f((xy=x"(1 -x)",0<x=1
Ta tim gia tri lgn nhat M caa f(x) trong (0, 1]

Ta céd: £(x) = x4 - x)"'[m - (m + n)x]

f{x)y =0taix =0, x=1vix= m
m + u
f(0) = 0, f(1) = 0, f| —— | = —21
m+n {(m + my™"
m™n" . . e AR .
Dodé M= —"—— va ¥x € [0, 1] ta ¢& bat dang thic
(m + n)y™"

phdi ching minh.

b) Xét ham f(x) = x* -1 - alnx

il

Tacé: F(x)=ax*!' - 2 - E(M“ -1
x X

f'(x) = 0 chi tai x = 1

Via > 0nén £(x)y < 0 khix e (0, 1) vh ['¢x) > 0 kht x € (1,
+o). Vay f(x) chi ¢6 mot cye ti€u trong (0, +%), nd cing Ia gid
tri bé nhat cna f(x) trong (0, + =),

Nhu vay ¥x > 0: f(x) 2 [(1) = 0 v ta c6 bit dang thic phii
chitng minh.
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69. 1) Tim m6t hinh tru ¢é thé tich tdn nhat ndi ti€p trong
hinh c4u bdn kinh R.

*2) Tim chiéu cao ngan nhidt cha mot cira thip OABC:

X = AH sao cho qua cilra 4y ¢6 thé dua vio thip mot (hanh cing
MN =/, bi€t chidu rong cla thdp 1a d < [ (H9).
d
C -——18 d
H A
| N :
: i i
1 ‘ i
I 1 ’
X 8
o A
Hinh 9, Hinh 10.

toc
bao

3) Mét lien lac vién (LLV) c4n di tir difm A bén nay séng

sang di€ém B ben kia song, bi€t t6c do cia LLV trén bo gdp k ldn

49 dudi nube (k > {). LLV c4n bang qua séng dudi géc bing
nhi¢u d€ dén B nhanh ub4t, cho biét chiéu rong cha séng Ia h

va khodng cdch gitta A, B doc theo by qbng Ia ¢ (H10).

1a:

190

Bai gidi

TN

1} Goi bdn kinh hinh tru I3 1 T
Chi€u cao I3 h thi the tich hinh try a }a
7 ‘!
V = nr’h ANL 8
Theo HI1t:
Hinh 11
= R:- [%‘) (AB" = OA" - 0B)

DodéV =nx R—-h—-- h==r R:h_.&‘_
n 4

Ta s& tim gid tri 16n nhit cia V theo h (0 < h < 2R).
Ta cé:



V' = n[R: —32'] —okhih= R

3

3
Ta tinh V(0) = 0, V(2R) = 0, V[E] o AR
13

V3

Vay gid tri [¢gn nhit cla V:

_ 4nR°

max 3J§

v

khih= X,

3

2} Theo H12, ta cé:

{=MH + NH = MN

hay

i = 'x + d
sine.  cosa

Do dé6:

X = fsina - dtga (1)

vii 0 < o < E.
2

Ta s& tim gid tri nhd
nhat caa x theo o

X'y = lcosa -

cos” o

3
=Icig,—d:0khicosa=;jg

Hinh 12.

cos™ o

x'q d6i diu tl¥ - sang + qua cosa = ‘Jg

Vay x chi dat mét cyc tidu trong (0, —g), cuc tiéu dé ciing 1a
g2id tri bé nhat cha x phai tim:
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Xumn = X(arccosifd/N)
- d XA
Mat klde La ¢d: sina = m = - [}_J

[1.’3
Do dé itheo (13:

: _— (Ir-:f! B d:u)”“

min

a (!-:u _ d:;s]’”

I0E l,u_i[‘_j_]“}
!

- (ill‘.‘ _ dﬂ.ﬂ.‘)lfl.["lla’.‘ - d:f.‘] — [[2!3 _ dZH]]f’Z

3) Theo hink H13, thdt gian LLV cdn thigt dé di tr A dén B

la:
A d ? (= AM N MB
ex, i 1 k
h ! —
) HM =
: . oo
H M 8 —= h
MB =d-HM =4 -
g0t
Hinh 13.

. h 7
vai arclga S0 s Py

1 :
BPat =uthit=h 1/] +u + %(d - hw)
g, :

['uz__l.‘_‘.l._.__l_‘l=(]

V1 +u k
1 1
———==— = — hay vosa = —
Y1 +u’ k k
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Ta tinh:

h 1 7t d
I(m'clga), {a:ccos-k—), l[—z—] =h + —!-(—

Tay theo gia tri cua cdc tham s6 ta ¢6 o phai tim:

1 h d
o = max{arccos;, arclg—d—, h+ =}

70. Tim cdc khoang 141, 16m v diédm ubn ciia d6 thi cdéc ham

84:
)y =x*-6x"-6x +1
2) y = In(l + x%)
3 vy =x + sinx

x¥/x
3y =xsin(lux), x>0

Xx=1+cotgt
o) cos2t ,0<t <7

sint
Bai gidi
Dy =x*-6x*-6x + 1 xdc dinh ¥x € R
tacdy =4x'-12x -6

Y = 12X - 12=12(x*- 1) =0taix =% |

X -1 1

TN TN TN/




Tl bang nay ta ¢6: D6 thi cla y I3 I3m trong (-, —1) va (1,
+) vA 16i trong (-1, 1). Céc diém: M, (-1,7), M. (1, -10) 12 cic
diém udn cba dé thi d6 (tai x = +1, £'(x) tén tai hitu han).

2y y = In (1+x*) x4c dinh ¥x eR

.o W 201-x%)

T o1ex?’ T oa+x)y

y' <Okhi x| > 1,y" > 0khi o <1.

Vay d6 thi cioa y 1a 18i trong (~o, —1) va (I, +x), 12 16m
trong (-1, 1), cdc diém (-1, 1n2), (1, 1n2) 12 cdc diém uén cha dé

thi d6.
3} ¥ = x + sinx, xdc dich ¥Yx € R
y' =1+ cosx, y'' = -sinx = 0 khi x = kn.
dé thi cia y 12 18i trong (2k=, (2k + [)m)
12 16m trong ((2k + 1)x, (2k + 2)n).
tai x = kn, ¥'(x) tén 1ai (hitu han), vay x = kn
k € Z, 12 c4c diém uén cia him s6.

k-1
4y y = xédc dinh ¥x e {(0,4m).
Tk

5-x

ol

Tinh todn ta cé: y"(x)=—i— :x e {0, D).

3 x-35
yix)==. t X € (], +).
4 x'Jx

y"(x) = O tai x = 5 vd khong tén tai hoac bing «, tai x = 1.

Qua x = 5 : f"(x) déi ddu nén x = 5 12 diém ubn cia dé thi
(f'(x) tén tai hiru han tai x = 5).
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Qua x =1 : ["(x) d6i ddu nhung tai x = 1, f'(x) khong t6n tai
hitu han hoac bang «. Vay x = 1 khong 12 diém uén cia dé thi

Lham sé&.

5) y = xsin(inx), x > 0.

y = sin(lnx) + cos(Inx)

y' = —l-coslnx - lsinlnx = —2605(111’( + E)
X X X 4
y" = 0 khi Inx + = == + kn hay Inx = = + kn
4 2 4
yv" > 0 khi —%‘+ 2km < Inx <g+ 2kn

y"c(}khi-Z—+2knclnx<5%+2kn,kez.

LR Lok
Viay y 12 16m trong [c : . el ]

. Tomn o 2
12 181 trong |e? e’

A

s . T O )
va ciac diém udn 13; |e* et ke Z.

X =1+ cotgt

6) . cos2t 0« y < .
T sint
: -1
X, = —— <0 troag (0, m).
stn” t

_ —cost(2 sin’ t+1)

.2
smm-t

195



.Y, .
Y= — = - cost{2sin’t +1).
xl

[y—‘J £, = (~cost(2sin’ ( + 1))'1.#
t

Y =
X, X,
- . . 4 3n
Y :zx = - 35in’t cos2t = 0 khi t=: vad t=—

y""<0khi0<t<g,%ﬂ<{'<n

¥ . > 0 khi £<1<3—n
4 4

Vﬁy Yy 12 16i khit e (0, %) vit e (%‘?‘t-,ﬂ)

12 16m khi t € (%, 7).
4 4

Diédm ubn cha 46 thi cia y 12 cdc didm: (2, 0) va (0, 0) dng

Véi[ZEVﬁ{:E
4

: 3
7L. 1) Bi€m x = 0 ¢6 12 di€m ubn cia ham f(x) = 12~ - tgx +

sinx?

2) Ding tinh 16i, 18m cioa ham 86, chiing minh cdc bat déng
thic:

n n n
a) X 42-y >(x-;—y) X220, vy 0

Xty

Y

e’ +ef
2

b)

> e (x=y)

*c) f[x‘ ;sz < %[f(xl) + f(x:)] né€un £"(x) 2 0 trong [x,, x,]
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*3) Ching minh rang diém uén coa d6 thi ham s§ y = x sinx
ndm trén dudng: y'(4 + x7) = 4x°

Bai gidi
1)} Ta biét trong lan cin cba x = O:
a 3
sin x = X - =— + — + 0(x")
2 5
3 5
X 2x 6
tgXx=%X+ — + — + {x")
© 3 T

(2% (2.2) va 1) bai 60)
Do d6 - f(x) = cx” +0(x%) , c; # 0.
vi f'(0y = £"(0y = £"(0) = £'"{0) = 0.
f'*(0) # 0, ¥ day n = 5 ¢ nén x = 0 1 diém udn cila hdm sé
(dinh 19 2, (3.3)).

2y Cac ham fl(x) = x" vi f:(x) =" ¢cd f"!(x) = n(n_l)xnvz >0
f's(x) = ¢* > 0 khi 0 < x < +w, do d6 theo dinh 1§ 1 (3.3) thi
f,(x), [;(x) 12 1dm trong (0, + =), theo dinh nghia 1 (3.3), chon

by = k.= —]—

2

X, =X, X; =¥, x#2y,x.y>0
ta c6 cdc b&t dang thic a), b).

c) Xél X, € Xa, X,, X» € (2, b)

. X, +X,
thi x, « ——=

<x5

Ap dung dinh 1y Lagrange vao c4c higu:

X, +X. 1 ’
f[ 12 -]_,f(x])=5(x:_x])r(c]) (l)

X, +X, 1 -
f(x:)_f[_L"i—LJ = E(Kg —xf (cy) (D)
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ch:

X, +Xx, X, +X,
c, € | X, |- € |/ X,
2 2

Nhan 2 v& caa (1) va (2) v§i %v& trir nhau ta cd:

fix,)+1(x, a - ‘ .
(x,) 5 (x—)_f(x‘ ;x')=%{x3 —xl)[f (ca)-f (cl)] véic < ¢,
Lai 4p dyng dinh 1§ Lagrange vio hiéu [{(c.) - f'(c,) 1a cé:

fix)+1(x.) _f X, +X,
2 2

1 .
= E(x: =X, )e, —e))f ()

v@i ¢ € (e,,c.)

Theo gi4 thiét f"(¢c) 2 0, ¢ € (c,, ¢,).

Vay f(x,) + f(x,) . f(x1+x:)_
2 2

3) Gia sit x, 12 diém u6n clia y thi y"(x,) = 0
3 day y' = sinx + XCOSX,y" = 2cosx - xsinx
¥"(Xo} = 2c08Xy — Xy5inX, = 0 hay xo = 2cotgx, (1).

Thay vao v€& trdi cla phuong trinh d3 cho cia dudng cong ta

dootg’x,y.51n7%,0.(4 + 4cotgixy) =

. 1 .
= 4co57Xy.| 4.—— = 16cotg’x, = 4x%
sin” x,,

Vay diém u6n cia y nam trén dudng cong di cho.

R& rang x, thod min (1) 12 diém udn cla ham s6 vi mot .nat

(1) ludén ¢6 nghidm thuc.
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cot gx

Mat khdc y"'(x) = -3sinx — xcosx = 0 khi x = 3igx = -




Do d6 y'™"(x,) # 0
n = 3 1& (dinh 1¥ 2(3.3)).

72. Tim cac dudng tiém cian cha d6 thi c4c ham s6:

X
D y=5——
x°—4x+3
2
2) y=
x? -4
' x* +1
3y y= =
X" -1

4y y= x:!.';n.rr:lgl
5) y=

2
6) y= xT—l

-2t
7 t-1
1Y +1
y:

t

Jat

X = 3

8) IH_,
g 3ot

" 140

*9y x* - 3xy* = R(x*+ ¥y ), R > 0,x # 0.
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*10) x* - 2x%y2 4+ y' = 0.

Bai gidi

1)Tacédx*-4x+3=0khix=1vaxs=2a

Do 46 limy = lin:y = va cdc dudng x = 1, x = 3 13 1iém
1 1

cin ditng cia dé thi ham sé.
Mat khéc limy =0, do d6 dudng thing y = 0 (truc ox) 13 tiém

¢dn ngang cda dé thi ham s6 (khong ¢6 tiém cdn xién vi khéng cé
trudng hgp x— o thi y— o).

2) Tuong g nhur 1): x = + 2 1a tiém cén ditng,
y =1 la tiém cén ngang.

2

3) y= ‘7;1, ta ¢6 limy=cw, nénx ==+ 1 Ia tiém can ding
9

x* ~1 X411

cia d6 thi ham s&.

Ta ¢6 limy =00, vay ta cé thé tim tiém can xién.

X —pat

)
. . X+
Ta tim: a= 111n1= hm-——l—=il
o X x—wux xz_l

b=lim{y-ax) = Iimh( X H ixJ

Tk x:_l

2 il al

. T+ . 2 it-xvx? -1

Xét b, = lim x 1 ~x|= lim X HIZXVXT -1
K4 2 -1 Xyt X2 -1

. (x*+ 1% -x*(x* -1
= lim

K —l[:l(2 +1-xyx* —l)
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. T +1
= lun X =0

o \/}lﬁ—l(x1 +E+xax’ —l]

Tuang ty b, = fim (y-ax)=0

A—p-irs

Vay d6 thi ¢é hai tiém cin xiény = * x,

3 1
4) y=x"arctg—, ta ¢é limy=0
X LB

I
xarctg —
lim y = lim --l—x =+, vy d6 thi y ¢6 thé c6 1iém can xién.
Xt X=in
x
1
arctg --
Xét a= lim L= lim xarctg— = lim X -
R—pten X E—ptan X Xy 1
X
1 1
1 arctg— ~ -
b= lim(y —ax) = lim (x'arctgﬂ—x]z lim ——&-X%
Ryl A x | 2 L
X2
1 .
dat —=t, x— + o < t—= 0, khi d6:
X
1
tet -t 7! t
b = lim == % = Iim 1*! = lim —=
- 0 2t 0 2(1+17)

Viay d6 thi ham s6 ¢é tiém céan xién y = x.

4x* +1

I

5) Him vy = . xdc dinh ¥x = 0.
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2| Jx2 + —
Ta ¢6 limy = lim 4x

-0 x—0 txi — e

Vay x = 0 {truc Oy) 14 tiém cédn dding cia dé thi ham s6.

Xét hmy=lm ’4:&2 +L_‘ =c0, vay d6 thi hdm s6 y c6 thé cé
LY X—pan x-

tiém can xién.

Xét a, = im L = lim 4+~ =2

-
LEL L It x-

4 2
b, = lim(y—a,;x)= lim yix w172
At E—3+u0 x
= him ! =0

e x(m + 2x:)

Vay khi X = + o, y = 2x 12 tiém c4n xién ciia dé thi him s6 .

Tuong ty, khi x — - oo, ¥y = — 2x 13 tid¢m c4n xién cua dé thi
ham sé.
6y y=13 %-~l . ¥ xdc dinh khi |x|22

. 3 ’
lim y = +o0, a=11m—U l—i,zi3
PEETS 1ta Y} % X~ 2
: 3 . x? 3 . -
b,=11m[y~—x):lnn 3012 =11m:i ——-~4——-—=0
X+l 2 L p— 4 2 x_..w. 2 ]

3
Tuong ty: b, = lim [y +Ex):0

LRl

Vay d6 thi cha y ¢6 2 ti¢m can xién
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yz%x (x— + w)

3
= ——X -
¥ 5 (Xx—> — o)

Chd ¥ 1a tir y:SJ%—l ta c6:

day 13 phuong trinh clia hyperbole, dé thi cia ham s& 1a nla
trén cua hyperbole (x 2 0).

1 -2t
*= -1
IA) _ . X, ¥ xdc dinh Vvt = 1; 0.
Wt
1

Xét cac trudng hop:

a) lim x(t) = -0, Hm y{t) = —xc

Lo y—un T p—a

b)Y bm x{{)=-0, lim y{t)= -
10

t—=-0
limx{t) =+0, lim y{t) = +oo
L—=+0 1540
¢) limx(=+o,  limy)=+2
t—l-

teal—

lim x(t} = -, lim y(t) = \5

t—l+ tal+
d) lim x(t) =+, lim y{t) =40
[ -+

Tir b) suy ra: dudng thing x*= 0 A tiém can ding.

Tir ¢) suy ra: dudmg thing y =42 1a tiém cén ngang.



Tt a) vd d) suy ra: dé thi cla ham s6 c6 thé cé tiem can

Xién,
4
3 .o I(t-1
Xét a= Iim!-(t—’z 11111l1—.'-(-—)_:]
t—tm X (1) (ors L= (t -2

H + 2 _ -+
b= ]im(y(l)—x(l)): lim[ L+l e 21]: im[ 1 —ta ]
13t n [ t—4 0]

t t—1

Jitel-1f

= lim| ——+ ——

1 t
= lim| — e+ —— | =1
t —ptet t t—-1 I—'i-nf.-[l( ,‘l4+l+t2 l—lJ

Vay y = x + 1 1 ti¢m cin xién céa dé thi ham sé (khi
X—» + ),

3at

x=l ¢

g +
} 31
y= 3

1+t

Ta thiy khi t— -1 thi x—> @ va y—»

3at®

Xét a=limL=tim 2o
t2-1X  t—-1 3at
. . - ) 3at{t-1)’
b= lim(y -x)= lim 3al3 - 3al3 =hm——(:—-l)—=—a
1t 1+ 140 ) et -t

Vay y =—x- ala tiém can xi¢n cia d8 thi ham s6.

- (D3 thi cia him s6 khong ¢é tiem ding va ngang?).

9) x* - 3xy? = R(x*+yH) (1) R>0,x=0

Trude hét ta dua phudug trinh dudng cong (1) vé dang tham
sd: ‘ :

bat y = tx ta dugc:
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1+¢°

1-3t°
_Ru1+1%)
T

1=R

- RS ring khi t— o thi x—)—%, y > ®
\ : R . . . N
Vay dudng thang x = ey 14 tiém can ddng cua dudng cong.

- Khi l—):tL thi x> «, y— «©.

V3

2
Xéta= lim L= tm 9y L
Lx  L.L 1+t° 3

t—t-=
V3 ¥

i 1 . t(1+12) 1 R+t

b, = lim|y--—x|= lim|R ——— -

1—rl \/5 1—); 1—-3t7 Jg -3t
| ¥3

R . @ +DG31-1 2R

fH.Ln—fnmJ_n N

1
Tuong ty: b, = lim [y+—x]
T G R BN

Vay dudng cong ¢6 hai ti¢mn can xién:
x 2R x 2R

= — e y____+-
Vi Vi A
Chid y:
- Mé&t dudng cong ¢é phuong trinh: Zanx"y‘ =0 (a)
Trong d6 tédng L lap nén Vk, ¢ e N, O 2k < n, 0 £ ¢ < n,
k + e <nsé hang fing vdi k + ¢ = n khdc khong, goi 1d mot dudnyg

dai sé bac n.
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- N€u dudng thdng x = x4 1 tiém can ditng cda (a) thi X, 12
nghiém caa da thic cha x 13 hé s6 cha lu§ thita bac cao nhit cia
y.

- Né€u y = ax + b A tiém can xién cda (a) thi thay vao (a) ta
duge mot da thie clia x, cho bing khong hai he s6 cia 2 luy thira
bac cao nhét cia x, khi dé a, b s& 12 nghiém cta hai phuong trinh
nay,

Chdng han, xét (1), hé s6 cua luj thira bac cao nhit cia y
(y) 1A 3x + R, do dé x = -R/3 (b) c¢é thé 1a tiém cin ddng cia
dudng cong. D€ tim tiém céan xién, ta thay ¥ = ax + b vao (1) ta
cé:

(32® = 1)x* + (6ab + Ra® + R)x* + (3b + 2Rab)x + Rb’ = 0

theo chi § trén: 1a ¢6 hé d€ tim a, b:

3ai-1=0
Gab+Ra*+R =0

Giditacé:a= +— b= 2R

» = t+—F
3 33

X 2R . .,
va y = £-=F"= (¢) ¢6 thé 13 tiém can cda dudng cong,
NN WY N

tln?o ciach dua (1) vé dang tham s6 di lam o trén thi cic dudng
thang d6 ding 12 cdc dudng tiem can cha dudmg cong.

10y x* - 2x%y* + y* = 0 (1) theo cht ¥ & 9), & day he s6 cia
luy thira bac cao uhdt cia y (y¥) 12 1, vay dudng cong khéng cé
tiém can ding.

Gid sit y = ax + b la tiém can xién thi:

x* - 2x*ax +b) + (ax + b)Y = 0

hay:

(1 = 2a%)x* + (a2 — dab)x* + (3a°b - 2b%)x” + 3ab’x + b’ = 0

via a, b phat [d nghi¢m cia he:
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.-..'+—-
1-2a* =0 -
{‘ hay J_
a’ —4ab=0 b:l
g

1 . . . s
Vay y= i—j—i—+-§ (2} ¢6 the 1a tiém c4n xién cla dudng cong

néu dira phuwong trinh (1) vé& dang tham s8, d4t y = tx thi:
S+ %P =0
-
X = n
Tir d6: -2 gy

_[“
Y TIoE

R& rang (2) 12 cdc duémg tiém cén.cta (1') nghia 132 (2) ciing
14 cdc dudng tiém can cha (1).

73. Diing khai trién Taylor, tim ti¢m can ciia d6 thi cdc ham

s6.
1
1) X
4(2-x)"
2) y= x3 —x2
2 -3
3) =X 4elx
x—
4y y=
y =k~
Bai gidi

1) Khix &> 2 thiy — .

Vay x = 2 1a ti¢m c4n didng cda 46 thi him sé.
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D¢ tim tiém can xién, ta viét:

=2

y:%[l—%] . va dp dung khai tri€n 4°(2.2) cho (l—%] viai

o = -2 va x thay bdi —_-21

) X 4 12 I]- X 3 1
tace: ¥y = —ji+—4+—-——4+0— || = =+1+~+0—
4 X x° X- 4 X X

{0( —1-) 14 VBC bac cao hon 1 khi x - =)
X, X

. . X .
Vay khix -5 oy ~ Y = % + 1, nghia 12 Y = z+ 1 1a tiém
cha xién cua d6 thi ham sé.

o 1)
2) Ta viér y =x(l ——]
X

Tuong ty nhur 1):

3) y xdc dinh ¥x =2 0

li11_10y=+oo , limy=-0

1+

Vay x = 0 Ia tiém cin didng cha dé thi ham s6 khi x-» - 0.
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Khi x = o thi y — o, d€ tim tiém can xién, 4p dung khai

trién 1° & (2.2) 1a ¢6:

[ 4] 5 25 [1}
y=|[x-——||1--—+ -+ 0 —
x Ix 18x~ X"

I}

=

1
i |

I
—

I
ks
+
| -
e
L
=
-t
8

5 . ] .
VAy y = x — 3 14 1iém can xién cda d6 tht him s8 (khi x - +

o).

4y y xdc dinh khix < 2vax>3

vi lim y=+ nén x = 3 14 tié¢m cé4n ddng cia dé thi ham s6

R 3+

khi x - o thiy - + », d€ tim tiém cdn xién, ta viét:

= ()

tuong tu nhu 1) ta cé:

Do dé khi x — % oot

Y=ixi'—;-+a.athCB khix » =

Nghiala Y = £x ¢ % 14 cdc tiem can xién clha d6 thi ham sé

{khi x = + ).
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74. Khdo sit vi vé dé thi cia cdc ham sé:

1) y= -:1-()(3 + 3x* - 9x -3
3
x
2) =
y 4(2 - x)*
z . 5
3) y = %.C 3x

4) y =sin’x + cos’x

Inx
$) y= —

X
6) y = xarctgx.
Bai gidi

1) Ham y xdc dinh ¥x € R

y':%(x’+2x—3)=0khix=—3vhx=1

y' = %(x #1) = 0 khi x = -1

P6 thi cia y khéng c6 tiém can.

D& xét chidu bi&n thien, cue tri, bé 181, 18m, diém ubn, ta lap
bang sau day:
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(Mii tén cong /7 : chi bé 181, ) : chi bé lom).

Tir bang: Ymar = ¥(-3) =06
Yoo = Y(1} = ~2: diém uén (-1, 2).

Ppé thi cla y trén H14.

Hinh 14.

3

2) y= =l yxdc dinh ¥x € R, x # 2.

402 —x)
Theo 1) bai 73, tiém c4n coa dé thi hAm s§ lax =2 vay = %
+ 1.

Ta tinh: y'=-m =0 taix=0vax =06

d(x - 2%
y' = oo khi x = 2, ddu cua y' 1a ddu cua tich (x - 2)(x - 6) > 0
(<M khix<2,x>6, (2 <x <06). '

" 6x =0 khix=0,y"'=0okhix=2

=(x—m‘
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Ta lap bang:

X - 0 2 6

T bang ta ¢6: vy, = y(6) = 38:{ di€m uén (0,0).
-Pé-thi cua y trén H.15,
¥
2% [N
|
|
[
[
f ' |
|
|
-
- a 2 ) o
‘Hinh 15.
] -5
x1_gq 2
3 y= c¥ |y xde dinh ¥V x = 0.



Theo 3) bai todn 73, tiém can cia dé thi hadm s6 14 cdc dudng

x=0va y==x

3

Tinh todn ta ¢é:

L (x-DOX? +8x+20) &
y= 3 ¢

y'=0khix=1,y =wkhix=0.

D4u cua y' 1a ddu cha : x(x-1) > 0 (< 0} khi x <0, x >"1 (0 <

3x’

x < 1.
3
Ymm = Y(l) = _36" "'3—0,6
= A7xT =240k +100
y = < o3
9x-
y'=20 khi = X, :]()Eib——{.
47
12+J‘3‘?
X=X, = 10———
- 47
y" = khi x = 0.

=05, vix,)) = -0,2.

=46, .y(xl) = 2.8,

Dauv cua y" li dau cda @ —x{x—x,)}(x-X.), didm uén (0,5; -0.2)

va (4,6; 2.8).

0 X,

X -0 1 X4 +0
! - 0 + +
" - 0 + + 0 -
+m)| [0 2.8 +0
v / '\\‘_0,2 /
) \-0,6
Chu ¥: limoy =-0

y=0,x=1%2.
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B thi cha y trén hinh HI16.

Y
4 1
a 2 o
-5
3
Hinh 16.

4) y = sin’x + cos'x

y xdc dinh ¥xe R va 1& ham tufin hodn chu k¥ 2n, do doé ta

€10 £ x £ 271 v v& d6 thi trén doan nay va tinh tién doc truc Ox
ta c¢é 1toan b dudng cong.

y' = 3sin’xcosx - 3cos’xsinx = 3sinxcosx{sinx - cosx).
Cho y' = 0 ta ¢é cédc diém dung trong khodng [0, 2n):

sn 3n

X = 0; P W — —: 2n
2

W 9. { 2]
y = —(smx +cosx] sin2x ——
2 3

¥y = %[—%}z—3<0 theo guy tac II: y,,, = y(0y =1
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4j 2 2 4

() oo oA

Tuong tu tai cdc di€m ding khéc ta ¢6 bing:

x 0 E E Tt S_R. 3_7': 27(
4 2 4 2
vylo - 0o + o0 - 0 + 0 - 0 + 0
1 1 1
y [ ™ %/’? T l.f-/""'-—z‘@““*a 1//7

Xét y'o= %(sinx+cosx{si112x—%) =0

laixl=§E~236 xn-.-?—TiszSS X, = 0,36: x, = 1,21; X5
4 4
= 3,51; x5 = 4,35.
y" d8i dfu qua c4c diém ndy, nén ching déu 12 diém ubn cia
dé thi ham so6.

Pé thi cha y duge cho trén hinh H.17.

Hinh 17.

5y y=1"%. tdc dinh Vx > 0.
X
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. Inx
lim —— = —w
X0l X

Vay x = 0 1a tiegm can ddng cla dudng cong.

. nx . el ) .
lim —— =0 nén y = 0 13 ti¢ém can ngang cita dudmg cong.
LEET O |

Tacé: y' = l—ljnx =0tailnx = 1 hay x = e.
X
-3 3 P
= z—lnxs—m =0 tai Inx == hay x=¢**
X 2

Bang bi¢n thién:

>

0 I c e'® + oo

]
1
)
1

]

+

\
\

1 2
< \2:’ \0

Ta c6: Ymar = Y(&) :l, diém uén (63’:3. 3,”)

[+

D6 thi cua y trén hinh H.18.

fL — —

¢ /FI\
f ! ;

g . [ 4 g”i

Hinh 18.




6) v = xarctgx, ham y xdc dinh ¥Vx € R.

X = o =y — o, latim tiém can xién:

. . R
a= hmz = hm arctgx = £ —
1en Y Lt 2
b, = ‘l_igln[y - %x) = ‘lilpb(xarctgx - g—xJ
Lid 1
[m‘clgx— E} —
= Iim = lim 12Xy
X x”
- . n
I'rong 1y b, = lim (y+—xJ=~l
- % —p - 2
y
-1
Hinh 19.
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Vay dd thi bam s6 c6 2 tiém can xién la:
1
=t--x -1
y 2

Ta tinh:

y = x +arctgx = 0 tai x = 0.

1

F+x°

wo__ 2
1+xH?*

y'(0) =22>0nén y,, = y(0) =0 vay y'' > 0: dudng cong
luén tudn 18m vx € R. '

6 thi cha y trén hinh H.19.

§4. KHAO SAT HAM SO CHO THEO THAM 5O VA TRONG TOA £ BOC CyC

4.1. Ham 8 cho theo tham s8

Ham y = f(x) cho theo hé:

X =x{1)
(1) asrs
{Y=y(l) P

goi 13 him s6 cho theo tham sé t, dé thi cia né 4 dudng
cong C Lhi (1) goi 1A phuong trinh tham s6 cua C.

Pé khio sdt va vE dé thi C cia him sé&, ta ti€n hanh qua céc
budc nhir dd 1am v&i hiim y = [{x), chi khdc ]Ja ti€n hinh khio sdt
gidn ti€p vy theo x qua bién trung gian t.

4.2. Ham s8 cho theo loa d6 dée cye

Trong R* cho truc Ox va 1 diém M, cic s6:
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r:‘(ml, O<r < 4

@ = G)’i(ﬁ) . 0<¢<2n (H.20)
goi ta cdc toa do cuc cia didm M.

ky hiéu la M(r, @), r goi la ban kinh cuc; ¢ goi 13 gdéc cuc.
H¢ g6m di€m O va truc Ox goi 14 hé toa d6 doc cuc.

Ngudi ta cling x€t: —o <r < +mw, -0 <@ < +w
lic d6 v, ¢ goi 12 cdc toa do doc cuc suy rong.

J.ién hé  v&i toa do

Descartes: 1
X = [COSQL [ = yX~ +y°
o M
: _ y i A
y = rsing; @ = arc tg = (1) O
X ~
- |
- Xét ham r = r(g) (2) o < "g‘? '
¢ < B trong toa dé déc cuc, (2) a X
goi 14 phuong trinh dédc cyc

cia dudng cong C 1a d6 thi clia
ham s6. Pé khao sit (2) vi vé
C, ta ¢6 thd dua (2) vé dang Hinh 20.
tham s6 v&i tham sé& ¢:
X = rcosg = r{g)cos
{ per@ose oo

y = rsing = r(@)sing
hoac vé dang F(x,y} = 0 theco cdc céng thie lien hé trén,
Trong thuc tién, thudng khdo sat truc ti€p r theo ¢, bang

cach xét cdc didm riéng biét cha C va gde V gilta vecteur bdn
kinh cyc v ti€p tuyén vdi C tai cdc didm dy:

gV = (D

1
Ty

Néu ¢ = @ r = o thi dudng cong (2) ¢é thé c6 tiém can,
néu:
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lime(p)sin{p — ) =d 20 (4

PPy
< s ; d - . 5
thi dudng thang: r = ———— (5) |4 tié¢m can cia dudng
Sin(@ — @)
cong dé.
BAT TAP

75. Khio sdt vi v& dé thi cia cde ham cho theo tham sé8
(hoac dua duge vé tham s6).

x=21—t"
1) _ .
y=3-t

_dLOS t “ -
2) (a > 0), dudng asiroide
=asin' t .
X = 2acost —acos2t . .
3 (a>0), dudng cardioide
= 2asint —-asin2t
x = a{t—sint) -
4} {(a > 0), dudng cycloide
y = a(l - cost)
5) '+ y? = 3axy (a > 0), 14 descartes
x?
6) y'= (a > 0), dudng cissoide
a-x
2 . o a+ -
1y oy =X ATx {a > (), duong strophoide
a~-x
Bai gidi

x=2t~1°
1 .
y=3t-1
cac hium x, y xdc dinh ¥Yi: - o < | € 4+
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vi X, = 1 (khit = I)nén haim y = y(x} xdc dinh khi - 0 < x £ }.

¥

Khit - +» thi x, y - +=,

khong ¢d ti¢mn can.

— 2 nén dé thi coa ham s

+ 3 _ 2
Ta tinh y, = LT ER L
x' 2 1-t
¥ =0khit=~1(x==-3), y', ¢é& giin doan bo duge khi t = 1
vi limy', = 3.
11—l
31212
yio== 1=V 0 khit=1.
43d-0
Tinh todn ta cé bang:
{ -a0 -1 1 +oo
X -0 e -3 T -0
. - 0 + +
" + 0 + -
Y -2 / - 4]
]
. .
|
]
}
\ 3 0 | -
T ! -
1
________ _1.-.2
Hinh 21,
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Budng cong cat cac truc toa do tai
(0, 0) khi t = 0 (+24/3-3, 0) khit = +43.
(0, =2) kln t = 2.

P46 thi cda y trén hinh H.21.

Chi y: Biém (1, 2) khéng phai 13 diém udn cia d6é thi ham s6
(.

 {x=acos’t
2) . D
y =asin ¢
Céc ham x, y xdc dinh ¥t va [a cdc ham tudn hoan chu ky 2=.

Xét0 s 2n.

Thay t b&i ~t thi x - x, y - —y; do do dudng cong d8i xiing
qua Ox, nén xét 0 <1 £ 7.

Thay tbodin - tthi y > v, x - —-x, do d6 dudng cong lai d6i
xng qua Oy nén ta chi cn xé1 0.5t < -;E sau d6 18y d6i xidng ta

s& ¢0 dulng cong trong m¢t chu k¥, né cing 13 dudng cong trong
cdc chu k¥ khic.

Ta tinh:

' .2

s+ _ ¥, _ 3asin” tcost ~ tet

Ya= % T . .
X, —3acos tsint

. . i
y,=0tait =0,y = tai 125

" Y "—1 1 1 T
Yy a=(~1gh) ', = - 5 = T— >0, 0<t<—
} cos™ t (—3acos tsmt) 3acos” tsint 2

Vay dudng cong luén i6m khi 0<I<%.

Tinh todn ta ¢é bang:
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t ) T T
4 _ 2
x a \ aﬁ \ 0
4
" 0 - -
¥’ N + +
a\E a
¥ / 1 /
0 )

tai A(a, 0): y', = 0: ti€p tuyén ndm ngang (truc Ox).

B(O, a): y', = co: ti€p .luyé'n ndm thang ding (truc Oy).
Kbt ¢ tir (1): 14y lu¥ thira 2/3 hai v€ réi c¢ng:

x¥ + y¥ = a¥? ; dudng cong goi 13 Astroside
(H.22), ta thdy dudng cong ¢ hai nia:

- Niua ing v8i ¥y 2 0; Y., = a khi x = 0.

Nita dng v6i y < 0: Yo = —a khix =0,

]
P

49
a<

Hinh 22.
X = 2acost —acos2t
3 :

y =2asint —asin2t
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X, ¥y xdc dinh ¥t € R
ta xét —w <1 < 7.

Mat khdc thay t ba&i

va 13 ¢dc ham tufin hodn chu k¥ 2n, nén

~t thi x = x, v = —y nén duting cong

d6i ximg qua truc Ox, do d6 ta x&1 - €t £ 0 réi 4y dsi xing

.

qua truc Ox ta ¢é dudng cong trong -mT <t <
Tinh:
2sin 3 sin :
. 2 sin—
Y. = Y, _ 2acost—2acos2t  cost-cos2t 2 2 *lgm
Y x, —2asint+2asin2t  sin2t -sint 2

Trong [-%. 0]: ¥y,

.

¥«

Tinh todn ta ¢6 bang:

It ot
2cos —sin—
2

Okhit=0vate= ~2%

3

] . .oom
okhit=-nvat= -

-2n —R
' 3 B ¢
< |-3a_—7 -%a rd %a\(}
R T S TR
y |o \ —-‘:’33 / —._:‘;_"3,_., — 0

T bang ndy ta cd ca
tuy&n véi dudng cong tai
dudng cong (H.23).

¢ didm dac biét cia dudng cong va ti&p
cde didm dé, trén co s& dé ta vé duge

Y
(3 day da bdo qua viée xét y, 1
l

- - -7y a / ia
ta cé: o = W khix = -2 24 = Rz
2 2 i x
' !
. ~vla |
Ko o — khiy =
ax = y >
Hinh 23
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X = a(t-sint)
y = a{l - cost)

X, ¥ xdc dinh ¥t € R, chu ki cha v d6i v6it 132 2n, khi 0 <t
<2rn1thi 0 =t £ 2anm. Vay chu k¥ cha y doi v&i x 13 2an. Vay xét
0 €<t < 2n, sau dé tinh ti€n dudng cong trén [0, 2an] doc Ox
nhitng doan 24n ta c6 toan bd dudng cong.

Ta tinh:
y'x = &:Lﬂl:co[gi
X, a(l —cost) 2
v, =0khit=mn,y, =okhit=0vat=2n
.= (cot t]' t', = 1 <0
Ve g2 "7 sin?t.a(l - cost)

Khi 0 <t < 2n, vay dudng cong 1A 161 khi 0 < x < 2na
Tinh todn ta c¢é bang:

Y
St o i 2n
X |0 —an -2 Zan 20 ~ - — -
1 I
Y. [Y] + O - |
relll - .
5 g an 2ax L
a
Y 1o ™o
Ymax = 22 tal x = an (H24) Hinh 24.

5) x* + y' = 3axy, daty = tx thi ta ¢6 phuong trinh tham s6
cha dudng cong:
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Theo bai 73 thi dudng cong ¢6 tiém cin xiénlay=-x-a

226

' k)
Ta tinh: Y. = y_l,_:_t(Z—ta)
X, 1-2t

Y. =0khit=0vit= +

V2
P [ -1 0 e 2 +00

vz
X 0 +oo”-uo adfa a2 0
Ys - -0 o+ I - 0o o+

N ST

Y \um \0 adfa 0

Hinh 23.



0 day ta di bo qua viéc xél y;: .

~ Can c vao cdc diém dac bigt trén bing va (i€p tuy€n 1ai cdc
diém dd, ta vé duge dudng cong (H25).

Tai (0,0) dudng cong c6 2 tidp tuyén la truc Ox vd Oy (ling
voi Lt =0,1 > o y', = ).

Tai a¥4, a32: ti€p tuyén thdng ding.
Tai adf2, al4: ti€p tuyén nam ngang.

Pudng cong goi 1a "14" Descartes, né d6i xdng d6i vdi duim g
thang y = x.

3
6) y° = , dat y = tx, gidi ra ta cé:
a-x
at®
%= -
1+t~
y= at’
1+t°
Tacod lim x(1) = a
[—oty
lim y(1) = o
t—por

Vay x = a la tiem can ding cia dudng cong.
Cidc ham x, y xd4c dinh ¥t € R.
Thay t bdi -t thi x = const, y thanh -y.

Vay .dm‘.mg cong a6i xitng qua Ox, nén xét 0 € t < +oc, roi 14y
ddi xing.

Finh y', = -l-g-l-j—;ﬁ, y,=0khit=0
3 .
s :ﬂ'-y:‘:: o khit=0
Zat

227



228

Ta ¢é bang:

L O 490
x |0 7 2
y. |0 + |
|l : I
¥ ()/ +o

Tai (0,0): y' = 0, ti€p tuy€n ndm ngang.

Dudng cong goi 1a dudmg cong cissoide (H26).

Y

- A+ X
N oy = x
a—x
t° —1
x=a.( : )
ta cd I1+I
_ae =1
¥ +1

!
)
|
|
I
1
H
|
|
|
I
I

Hinh 26.

(a>0),dat y = (x

Tuong ty 6) ta ¢é dudng cong trén H27.



)

Hinh 27.

%76, Cho ham r = r(¢) (1), & < ¢ < P trong toa d¢ déc cuyc.

Ching minh rang n€u lim r(g) = © va 16n tai lim r(@)sin(p - @)
. oy PPy

d

= d thi dudng thing r = ————
sin(p - ¢o)

12 tigm can cia dudng cong (dé
thi cta ham s8).

Bai gidi .

Xét d > 0, dung dudng thing D song song v&i nira dudng
thang (tia) ¢ = @, va céch nlia dudng thing ndy mot doan bang d.
theo 1128, thi OH' = Wisin(qa - ¢o) = r{g)sin(p - ¢,) vh theo gia

thi&t thi d = OH = lim OH'.
-y

Do d6 lim MN = lim H'H = kim (d«?(_)ﬁ) =0
LETR P2y - PPy

"N’ghia 1a dudng thiang D 12 ti¢m can cia dudng cong (1).

Xét M e D, M(r, ¢) thi theo H.29:
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sin{g - g,) hay 1‘=—L- (2)

OH = ]@i .
sin( - py)

nghia 14 (2) |4 phuong trinh cda tiém can D cia dudmng cong.

Hinh 28.

M

Yo

Hinh 29,

Trudng hop d < 0, thi rd rang tiém cin D cia dudng cong
cdch g6c O mot khodng 12 |d| va thing géc véi dudng thing qua

O va lap véi Ox mot géc g, —g.

‘Truong hgp dac biét: d = 0 thi tiém cdn cia dudng cong 1
dudng thang qua gdc vi chita tia ¢ — ¢,.

77. V& cdc dutng cong trong toa dé doc cuc:

Nr=agp

2) r = ae®
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4)yr1r = a(l + cosg)
5) x* +y' = ay
6) (x* + ¥yH)? = a*(x’ - ¥7)

7) r = asin3@ 9y re
8) r = alsin2q] cosP
*10) r=—~—p—. x&t 3 trudng hop:
1-ecosg '

ae=1; by e<1; ¢) e=22>1.
(Céc tham s6 a, p, e cho trong bai déu duong)
lDr=b+acosp, 0<axh

a
12)r= =, (a>0}
:;cds&p
Bai gidi
1) r =a@: xd¢ dinh Vo € R.

Thay ¢ béti —¢ thi r thanh —r : dudng cong d6i xing qua truc
Oy nén xét 0 € @ < +owo, rdi 14y d6i xing ta ¢ todn bo dudng
cong. .

Tacéd: rreg=a>0.

Lap bang:

¢ O —z- = 3271 2n ...

+ + + +
" o/a;}/an/ Eg_/z

Pé dung 1i€p tuy&n tai cdc diém dac biét ta tinh:
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{gV :—'r—:g-qiz(p
rtp a

V: géc gifa bé4n kinh
vecteur cia di€m (r, @) va

ti€p tuyén véi dudng cong \ S N
tai diém dé. \ { \ /
5\ a

Pudng cong goi 1Ia \ ;
dudng xodn S¢ Archimede N P
(H.30). N <.

2Y 1 = ae® ham r xdc
dinh Yo ¢ R, (r > 0).

lim r=0, Hinh 30,

Prr—it)

lim r=+c0, r'y=abe®® >0, Vg e R.

Prrce
V=t o ac™ =L const tai moi diém.
' r'y abe™ b _
Lap bang:
¢ | - 0 +c0
LT + +

Budng cong goi 12 dudng xodn 8¢ Loga]-ilhme (H.31).

3 rzi, r x4c dinh Vo = 0
¢

Thay ¢ b&i —@ thi r thanh —r, do d6 dudng cong d6i xdng qua
fruc Oy nén chi xét1 0 < ¢ < +co,
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Khi ¢ — 0 thi r —» o nén dudng cong c6 thé cd tiém can.

Theo (4) va (3) ¢ (4.2), Y
g day:

d=1limOH'= lim rsin¢

ol @+l

= liinoisincp =a ﬂﬁ —

o &7
vd phuong trinh tiém

c4n la dudng thing song
song v&i Ox va cich O mél _/

doan bing a (H.32).

Tacéd:
r,=- 2 <o Hinh 31,
e
tgV == —— =g

Ta lap bang:

P 0 % i

v +00 E \ 3\...
- bt b4

Pudng cong (H.33) goi 1a dudng xoin 6¢ hyperbole.

) r=a(l + cosp) , r xdc dinh Yo, chu k¥ cha r d8i vGi ¢ la
2m.

Thay ¢ badi —q thi v khong déi. Vay dudng cong déi xing
qua Ox, nén ta xét 0 < ¢ = m:
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r'e= -asing < 0,

< 1
tgVv :'L :m=—‘30‘82: [g(£+$) trong 0 £ ¢ £ 7.
Mo —asing 2 202
Yy
a
H' | - - — H.‘/
~
AN
\
v (B
g ! x
/
Hinh 32. Hink 33.
Lap bang:
Y
P 0 z X
2
'y - -
r T™a a2 T 0 o 2a
v | X 3n ,{ *
2 4
Tir bing bi€n thién va
do d6i xGng ta vé dudng
cong (H.34}), goi 12 dudng Hinh 34.

Cardioide.

Clui 32 - Trong m§t chu k¥ ta dd ¢6 dudng cong khép kin, suy
ra: dudng cong trong cdc chu ky khdc do quay moé1 géc 27, ta

duge chinh dudng cong trong [0, 2x].

5) x? + y' = ay, theo cdc cong thirc lign hé (1) & (4.2) ta cé:

1’ = arsing hay r = asing
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la phuong trinh coa mot y
dudng cong trong toa doé doéc

cuc d6 1a dudmg tron tam (0, %) 3

niQ
2

trén truc Oy vi bén kinh %

(H.35).

{(Theo hinh r :|&‘:asinq})

néu dua phuong trinh da cho vé
dang chinh téc :

-

x’ +(y—%)3 =2 Hinh 35.

ta cdng c6é k&t qui 4y.

6) (x: + y‘.')l = a:(x3 - y:}.

Theo cdc cong thic lien hé (1) & (4.2) thi phuong trinh nay
cé thé viér duge:

rt =a’ (" cos” - r sin” @) hay r* =a’ cos2p (H

12 phuong trinh dudug cong trong toa dé doc cuc, tir (1) ta cé:

r= ia,}costh .

Ta thAy v&i mot gid tri cia ¢ thi c¢é hai gid tri cha r (d&i
nhau) nén dudng cong ddi xing qua gc O, nén chi cdn xét

I =a4fcos2¢ , r 1A ham tudn hoan chu ky %, nén xét 0 £ ¢ < n, réi

quay cdc géc w ta sé c6 todn bo dudng cong. Mat khdc thay ¢ béi
—¢ thi r khéng déi, nén dudng cong d6i xing qua Ox. Vay chi

cin xé&t (lgcpég r6i 1y d61 xdng ta ¢6 dudng cong trong mét chu

ky. Trong [0, lzt-], r chi x4c dinh khi 0<¢@<—, nén lai chi cin xét

143

trong doan nay.

Tacéd:



, _ —asinlg

W A
a\lcos“ P

gV = T afcos2p.afeos2p  —acos2p

I'q, — ASEP ung

r <0 trong (0, g)

tai ¢ = 0,1gV = o nén V:%

(ng L, gV =0nén V = 0.

Bang
7
0 — =
M 8 4
I'p - -
Pla T~ a}}‘\g\ 0
vz —arctg a2 0
2 2-42

Theo bang va tinh d6i xdng, tuin hoan, ta vé dugc dudng
cong (H.36) goi la duong Lemniscale,

Y

Hinh 3§,
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7) r = asin3dg@, r xdc dinh Yo € R va % ham tudn hoan chu k¥

2n 2n
— xét Ogops— .
3 ® 3

Thay ¢ b&i —¢ thi r thanh -r nén duting cong d6i xdng qua

. . R e ip i N - .
Oy, nén chi cln x¢t OS(ps;, rdi 1dy d&i xidng va quay nhimg 2éc

2
L ta ¢6 toan bd dudng cong.

‘Tinh 1r'g= 3acos3¢p = 0 khi ¢ =g— trong ((: g).

r asin3 |
T Jacos3gp 3

123¢
. N 2n
tat ¢ = 0 va cp:-au.tg\(:[}.\lzo.

tai cpzi, 12V =w, V= z

=]
[a¥)

Lé&p béang:

|

Theo bang ta v&é duge dudng cong troug (0, —] sau dd lay

déi xdng qua Oy va quay cic gé¢ 2;— (vt chu ky cta r la 27} 1a
37 g

¢é duge 10an bo dudng cong (H ¢i 1A dugng "hea hong ba

anh”
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8) 1 =alsin2q¢|. r xdc dinh

y
Yo € R, r 2 0 va la ham
/
tuan hodn chu ky I do dé /
2 /
bid
ta xét 0 € ¢ < 5, trong
khedng niy sin2¢ > 0 nén r o <
= asin2eg, r'y=2acos2¢ = 0
. i bi4
tar ¢ = — trong |0; —].
M@= gl 2]
3 asin2¢ 1
gV =—=—"T = (g2
v, 2acos2gp 2 Ea Hinh 37.
Khi ¢ =0 va cp:g— thi gV =0v3 V = 0.
s T
Khi =—1thi tgV=cvaV=—.
LT p b4 2
Ta cé bang:
n
0 £ i
M 4 2
P + 0 -
a
) / \
0 0
v |0 = 0
2

Tir bang ta vé duwge dudng cong trong gée phén tu thd nhat,

quay cdc géc % ta ¢6 10an bg dudng cong (H.38) v dudng cong
goi 13 dudng "hoa héng bén canh”
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¥}
M
¢
73
a x
Hinh 38. Hinh 39.

a

9y r=

(H
coSp

Ta thiy moi di€m M(r, @) cha dudng thing x = a déu thoa
min phuong trinh (1) (H.39). Vay (1) 12 phuong trinh dudng
thdang, thing géc véi Ox va cich Ox mot doan 12 a.

(Ta cing thay r5 diéu nay khi thay:

rcosp = x (4.2), ta c6 x = a).

10) r=—2
I-ecosg

ae=11thir= . r xdc dinh Vo # 2kn v2 12 him tudn

1 -cosep
hoan chu k¥ 2xr, xé10 < ¢ < 2%, mat khde thay ¢ bdi —p thir
khong déi, nén dudng cong dfi xing qua Ox, nén chi cln xé&t
0<p =R

Khi ¢ ~» 0 thi r — o, nén dudng cong cé thé cé tiém: can,
tuong tr nhu 3) tim:

a = limrsing = lim ——— —
p—0 o0 | —cosg 90 sIngp
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Viay dudng cong khong <6 ti¢m can.

Tinh r'y=—2"0% _ ¢ = 0 khi g = 7.
(1~ cosyg)”
YL P {1 -cosg)” _ (@ -cosgp)
- r'y (l-cosg) (-psing) sin¢g
Lap bang
Y
0 — L
® 2
‘e ||| - - 0
‘ P
r “ \ AR 2
Rd n
\% = =
4 2

Theo bing va 1inh dé&i xing, tudn hoidn cha r ta v& ducgc
dudng cong (H.40).

—

- P/z

SINE

Hinb 490.
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b} 0 < ¢ < ). Tuong ty nthu a) ta xét 0 < ¢ £ 2x
Tinh v =—"2 g khig=0,0=x.
(} —ecosg)”
tg\x’:—'r—z p (l—ecc.)scp)“ :_(l—e‘cosgp)
'y (I—-ccos@) (—pesing) esing

Tai ¢ =0 vag=mnihi 1gV = va V:%

1ai cp:g thi {gV:-: vi V:arctg[:c—l]

Lap bang:

b | A

N

v [ X zu‘ctg[-:l]
e

Theo bdng vi tinh d&i xing, tudn hodn cla r ta vé duge
dudng cong (H.41).

ISR

Y

#

N
N~

R

Hinh 41.
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p

‘-c) r= ————
l1-2cosg

, T xdc dinh Vo = n/3,
tugng ty nhu b) xét 0 < @ < 1 véi @ :%
Khi ¢ - ; thi r — w« theo (4), (5) & (4.2) ta xét:

T
cos{p——)
d = lim —r)—-—sillf(p-_—;t—) = p lim .__..__3_. :L

q,‘% I-2cosg @_); 2sing J'_;,

Vay dudng thing r= P

= 14 1iém cidn cba dudng
\Esin(q:u—g)

hd 4 . _2
cong, dudmg thang nay cit Ox tai x :—‘%—p {¢ = 0) va song song

v&i nira dudng thing ¢ =—:—.
-2 1
Tinh r"p:—l{%zo tat 9 =0vag=mn,
1 -2cosg)” :

r'e< 0 khi 0 < ¢ < m trir cp=—g-

lgV :_,lf_, =_M‘ q)#.E
e 2sing 3
Tinh todn, ta ¢é bang:
o |0 /3 ) n
ry | 0 - - -
—e0 p/3
V | nf2 arclg(1/2) /2
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Theo bang va do tinh d6i xing, 1uin hoan clda r ta vé duge

duéng cong (H.42).
/ i
/ e
/
Ve
/

= =
N3
AN
\
N
N
Hinh 42.
Chu y
T r S S vai p, € > 0, theo cdc cong thitc lién he¢ & (4.2):
l-ecosg
;':1}x2+y3 ) coscp=—x———
X' +y?
ta ¢6: Gl UL —
X
l-¢e-—=

JxT 4y’

hay (1- e)x* + y* - 2pex - p* =0

RS ring khi ¢ = | (< 1, > 1) thi phucong trinh nhy 12 mot
parabolie (elipse, hyperbole}.
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Dodé r=—-=t |3 phuang trinh trong toa dé doc cuc cha

|l —eccosg
parabole khi e = I, ciia elipse khi ¢ < 1 vi cha hyperbole khi
¢ > 1, gol chung 1a phuong trinh trong toa d¢ doc cuc cda céc

dudng conique.

1D
oér g a = b: cardioide
gua Ox a < b: limacon
de Pascal
Hinh 42a.
12)

Hinh 42b.
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CHUONG 4

TiCH PHAN BAT DINH

§1. KHAI NIEM CO BAN

1.1 Nguyén ham

F(x) goi 1A mot nguyen him cia f(x) trong mién X n&u F'(x)
= f(x) hay dF(x) = f(x)dx, ¥Vx € X.

1.2. Tich phén bét dinh cla f(x) trong X

jf(x)dx = F(x)+C

v3i F(x) 13 mot nguyén ham cua F(x).
1.3. Tinh chét
i j'[f(x)ig(x)ldnjf(x)dxijg(x)dx.

2°. fCixdx = Cffoodx .

3°.jr(u)duzﬁ(u)+c voi u = u(x).
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1.4, Bang fich phan co ban

10, J'de:(?

2°.

3°.

4°.

5°.

6",

8°.

9°,

10°.

11°

12°.

13°,

149,

{x

15

X
“dx =

o+

+C, (o= 1).

o+1

X

=ln|x|+C, (x = 0).

ja‘dx :—2-1—+C‘

Ina

je‘dx:e" +C.

J'cosxc[x =smx+C.

Iz

dx

[P
11 -

J
;l

. J.sinxdx = —cosr +C.

T— =lgx +C.
08” X
d

2 =-cotgx +C.
dx

T =arctgx+C.
l+x-

dx .

=arcsitnXx +C .

1-x-

S

ch™x

jc]udx =shx+C.

Ishxdx =chx+C.

Idx

thx +C .



15°.

16°.

17°

18°

19°.

20°

[=]

21

22°.

23°.

k=l

247,

25°.

26°.

d
." f =-~cothx+C.
“ sh™x
1 X
J. ﬂdx — = —arctg—+C.
a-+x- 4 a

dx

I dx
w}xl ta’

= In

a

xq-vxz—raz

|x-a|

. X
=arcsin—+C .

2
—a

I 1dx =—l~ln
X

2a

vl

+C.

+C.

2
) I\laz —x*dx :g\}a: -x* +§2—arcsini+C )
a

. j\)xz tadx =%\'x2 +a’ i% In

Isccxdx:.l.

Icosl xdx =

Ic” cosbhxdx = e“(

Ie” sinbxdx = e“[

’ 2 2
X+¥X +a

dx

=In

COsX

X
AT
2

sin2x

—
a’+b”

2 )
a +b

X =
tp(—+-)
3(2 4

+C.

acosbx +bsmbx)+c.

asmbx—bcosbx}+c-

dx X
J.cosecxdx = I —— = lmllg~| +C.
simx 2

+C.

+C.
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27°. j':;in2 wdx = X Sin2x
7 4

+C.

280' l11+I :I 2 dx‘! 1 = d f I + 2 _“l I“ (cOng
(x" +a*""  2pna“(x* +a’}" 2na-

truy héi) vé6in=0,1,2,3 . ..

1 X
I, =—arctg~+C.
a. a

| X

12:“—

1 X .
x5 5 tyarctg=+C,
2a” x"+a- Za a

1.5. Hai phuong phép finh co bdn
- Tich phén ting phéan:
J'f(x)dx = judv =uv ——fvdu

v6i u = u(x), v = v(x) 12 c4c ham kha vi
- Péi bien s6

[fxydx = [fl@, o' (D ar

vai f(x), @(1), @'¢t) 13 cdc ham lién tug, @'(t) = 0.
BAI TAP
78. Tinh c4c tich phan (dua vé 4p dung bing).
1) J{i—i)—dx m, n € N.
Jx

4

(¥a - Jx)
2) I-—Ta:———dx,a >0

3) _[ dx_
2-3x-
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dx
7 -
) lenxln(lnx)

8) J‘x x7+1

9) J-e—(x:ﬂnxdx

10) I(cosax +sinax)®dx

dx
o J‘::c)sf‘x

arcigx

12) J' +xlu(lﬁ+x‘)+ldx

1+x~
Bai gidi

M 2m m+n n
1) _[ X ) I TR

H

Em—: wmen- = 2n =
j{x - —2x - +x - dx

Im+

1
2x ! dx : o 2

i 1
m+ir - - -
-

+
dm+1 Zm+2n+1  4n+1

+C
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2) I("r = %I(£~J§>‘d(£~&)
= ___2(___‘/‘;___&_ +C
Ja S '
d\/f;.x | .‘J2—+J§x‘+(f

> J‘2 W fjtﬁf—(ﬁ.xf 2 61P|ﬁ~ 3|

X =iJ§
3
{ df3x 1 \F
:—alcsn —x |+C
3 2

* Is/ f Jo2y —(faxy’

5) I xdx = _I,J dx_ﬁ = :larc[g—+c
44xt 27247y 4 2
4% =% aZ -2y
6) _f - = 2 =-f—22
L+sina 1 +Cos(zt- —X) cos*(E - %)
2 4 2

" X
= ~tg{———) + C
g4 2

Jd(m(lnx)) = Injin(Inx)| + C
In(Inx)

]I d.‘&_ ___j' (j(lllx] _
Xlonx lu(nx} Inx In{lex)

‘;
8) j.x X chc I[x FXTE2x 2+ ]dx
x-—1I x-1
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4 3

X X -

= X 4+ 2X +31n§x—i|+(.‘
4 3

g}j.e-|::+l|xdx:_%j.c Ei:-]rd(__(xﬁ +“)= _%c--l.\:+“ +C

10) J(cosax +sinax) dx = j(cos: ax + sin"ax + 2 sinax cosax ydx

= I(] +sin2ax)dx = x—icosZm& +C

1) I dx :I(cos‘x+3ur dx :I dx +I 187x dx

4
cos’ x cos® x cosTx Y costx
{cos™ x +sin” x)dx - 2
=I 1 +Ilg‘x{l+tg“x} >
cos” X Cos” X

:_[ - +_‘-tgzxd{1gx)+J‘(lgzx+‘84X}d(‘g’”

CO8T X

3 3 5
12X !gx+lgx

+ +C
3 5

= 12X +

3 5
=lgx+2[g—x+‘g_x+c
i -5

arcige 2
12) J‘e +xln(lﬁ+x }de _
(l+x7)

arclg\

J'c ‘dx+j'xln(1+qx:) +J. dx‘
I+x- l+x~ L+x-

Ic“’f‘g‘d(zuctgx) + %‘[ fu(h+x7 X In(l +x7) +J

dx

1+x~
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. i - - . )
=c¢"™' ¢ —In~(1+x7) +arctax + C
4

79. Ding phuong phap tich phin timg phin, tinl:

13y j'{x: + 5% +OYeos 2xdx

- &

2} J‘xje?‘dx
1) Jln: xdx

4 |22 4x

J‘xcosx
311

5 1, =_[sin(mx)dx. 1 =Jcos(lnx)dx

6) I(arcsinxf dx

7 J' xln(x+\ll+x:)dx

A

[+x~
8) ’..w.‘a2 —x%dx

xedres

*9) ——-—-—3dx
(14+x7) 2

10 Iel" cos” 3xdx

Bai gidi

1= j(x2 + 5% + 6)cos 2xdx

Patu = x* + 5x + 6, dv = cos2xdx thi du = (2x + 5)dx vh



v = SN 2% dx
2

s 2x

I=(x" +5x +6) —%_[Qx + 5)sin 2xdx

P& tinh I,, dal v = 2x + 5, dV = sin2xdx thi

du = 2dx, v= T cos2x
- _coszx (2x+5)+‘[2c032x dx
.2
- —c.0252x(2x +5)+ sin2x C

2% + 10X +11 2x+5
S X FURE sin2x + x4 cos2x +C .

Vay 1

1.9

2y 1= I);'A‘c 3 dx ,

- x -x

datu = x*, e ¥ dx =dv thi du = 3Ix’dx, v=-3¢?

-1

I:—Sch3+9Ix:e-T‘dx (a)

-X

-
X6t 1, =Jx2c3dx datu = x*, ¢’ dx =dv thi

-X

du = 2xdx, v=-%7°
[

[, =37 +(>_[xc ¥ dx (b)

X

“
Lai xét: 1, =_[xe Ydx dat u = x, ¢ Tdx =dv thi
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-y,

du =dx, v=-3¢1?

-1 :( ‘ -t

I, = -3xe +3jc dx =-3xe? —e? ()

Theo (a), (b), {(c) ta ¢cd:

lz—‘%c (x +9x7 +54x + [62Y4+C

2Inx
2x

3) l:jlnzxdx, dat u = ln’x, dv = dx thi du=

n

szlnzx—jzlnxxdx x1113x—2jlnxdx
X

Xér g, ZIllldX :xlnx—Idx {do u = Inx, dx = dv),

1,= xlnx - x.

Vay I = xln’x - 2xlnx + 2x + C.

4}I_J'xcosxdx de( )= -x +J'dx

sin” x sinx  sinx sinx

i= + Inmtg
sinx

85 Hec {Theo 24° (1.4) ).

dx, v = x.

5) I, = [sinlnxdx , dat u = sinlnx, dv = dx khi dé cé:

coslnx

du= dx, v = x.

X

. xcoslnx .
I, =xsinlnx -I——~——dx =xsinlnx —Icoslnxdx
x

Xéu 1, =choslnxdx. u = coslnx, dv = dx thi



sinlnx
du=-

dx, v=1x
X

I, =xcosinx +Isin In xdx
Vay: I, = xsinlnx - I,

I.= xcosinx + I,
Giai hé nay ta c¢é:

I = %(Sinlnx -coslnx)+C

I, = %(sin Inx +coslnx)y+C

1= j(arcsinx]zdx

Pat u = (aresinx)’, dv = dx

du = 2arcsinx

l-x

. - . xdx
I = x(arcsinx)” — ZIa.rcsmx =
w}l .
xdx

= a:csinxd(—\ll—x:)
Vi-x? I

I, = Iarcsinx

al - l
= —i—-x~ arcsmx+I

Jl—xz-

L .
=—41-x" arc3111x+jdx.

1-x2dx

Vay I = x(a.rcsinx)2 +2J‘\/l—-:1(2 arcsinx —2x +C



256

- len{x +fE+xT) .

1+x°
Dalu:ln(x+\}]+x2), xdx =dv
l+x°
X
1+_.\.__
thi: du = vV1+x” dx = dx . V=
X+'\/l+)(2 Jl+x:

= Yl+x° In(x +Vi+x)- J'\}l+x J_
1+x7)

= ¥l1+x" Inx+vYl+x>)-x+C

8) 1= [Va>-x%dx. dat w = ¥a? -x” . dvi= dx

I = xya® -x° +IJ—

= xva? —x° —IJaz —x-’dx+_|‘a12 :jx

Do dao:

B 3 - . X -
21 = xya” -x~ +a” arcsin= + 2C
il

X" a”
l-—-'z—(

X
vV — %7+ —arcsin> +C
2 a

i)
1+x~



xcurclgx dx

X ,
9) i = I4d X = j o -
(Hex) 2 V1+x® trx”
1543 dx
Dalll=-——i——y dv = ™%F ;
b+x°2 1+x°
PR PR
Viex? 1
du = 1+x _ dx

2 R 3__‘
I+x [l+x‘yr)

dx
v = Icarclgx = = Icamgld(mlgx)=ear€131

1+x~
[ = X eler _ e e i
2 2 3
l+x~ (1+x7) 2
Xét 1, = j TV
I Vi+x® L+x’
aT dx
bat u= ! , dv = Ie e
14+x° b+x
thi: du = _,.—-}(73 s v = edrcer
(1+x7)2
arctgs
I, = 1 e“"f‘s"+j - 2.0
e A+xH"?
Do dé:
I - X c:m:tg! 1 ﬂl'l.'lgi___ [
1+x> 1+x°
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N x -t .
va I — can.lgx + C

2J1+x°

10y 1= Iez".cosz 3xdx = j.cj‘ 1+ cost +C;356x dx

= %“ez’dx + fez‘ coszdx]

1 et p3

ﬂe —{2c0s6x +65in6x) +C
- +6-

(Theo 22° & bang 1.4)

= Iléeg‘ (10 + 2cosbx +6s5in6x) +C

80. Ding phuong phdp déi bién s6, tinh cdc tich phan:

l)Ix(2x+5)wdx
2) I11++‘}(_
? I e’ —l

In2x dx
4) —
-[11141& X

5) ISIII X
N CO5X

: dx
N



dx
9 j—F

J(1+X]J;
10) J'\)a3+x3dx (a>0).
Bai gidi

-5
Nhat2x+5=1t = x=l—2— va dx:%dl

q
I= _[x(zx +5)0dx = _[ Lo d;

12 S“
=lf{1“—5t’°}dt=~l- LINDRLI, e
4 4112 11

Tré lai bién ci:

[ = L[(z”-*)': - 5(2”5)”] +C

12 11

2) Pat: Vx =t.t 2 0 khi d6 x = t* vd dx = 2tdt.

1:_[' 2dt _2j'
* 1+1

3 2
= 2{——‘-2—+21 2+ 1) +C

dl =2_[(t2 —1+2—L)d1
1+1

Tra lai bié€n ci:
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p=of VXV —%+2J_~2|1‘(1-+JI1]+C

3 J

21dt

3y bat: Vet —1=150 khidé: x = In(1+t%) va dx = -
b+

dx 21dt
1= = — = 2arctgt + C
I ,c‘—l J'(l+[')l el

Tro lai bidn ciic

[=2arctgye® —1+C

dinx .

4y 1= J‘ln2xg _ J'li12+111x
Indx x Ind + Inx

Pat Inx = 1 thi:

de

I = J‘ln?.+lrlt __J'l+11|4+l112—ln4
Ind +1 t+ind

= J'dlhlnizj dt =t+ In2.dn{t + In4) + C
t+Ind

Trd lai bién ci:

1= lax-in2Mfinx +Ind|+C

. N
5[ = IS'“ X dx = J'(l cos” x}sin xdx

Jeosx Yeosx
Pat cosx = t thi sinxdx = - di

- 3 1
val= —IlJ_—[dt= [ -1
l -
5 1

2 s, N
= —t - -2t - +C
5
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Tvd lai bign ci:

2 b
I= -‘;(cos' X - S)ecosx +C

dx
6) 1 = I—-—m—
xv'l+x2

pat x= 1 thidx= X
1 -
" dl - bl
I= —mgmj = -signtln{t +y1+1")+C
L+t '

Ted lai bi€n ci:

1 X
1 =sign— In———=|+C.
X [1+Jx3+|]

NI=

J A=
—dx,

y

pat ¥2-x° =t>0 thi:

2 -

2-xr=1%, x*=2-1° 2xdx=-2tdt

e . 3
val = IM:J(r_z)dg:‘__zHc
t 3

Trd lal bién ci:

k)
I= %(JZ—J{:) 2% 4 cC

dx
8) I="‘————
xzd4—x3
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1 . de |
Pat x=—, (1, x # 0 thi dx = —— wva
t t-

= —-——-—-—l‘
J' l 4_i agnlf\,_

= —signt. —j‘d( N = —signt, —J4t -1+C
Tr& lai bi€n cii:

v —x* LS e
4x

N
I=-sign—signx. ——— +C=-
X 4x

9) bat: Yx =1>0 thi x = t*, dx = 21dL.

I-:.[ 21dl° :ZI dt1 = 2arcigt +C
t(l+1t} I+0-

Tro lai bign cii:

I= Zarcng;+C

100 I:I a’ +x2dx,

bat x = asht thi dx = achidt
I-J'\Ja +a”.sh’tachtdt = a° jah tdt

—a J-l+n,112t

d=a L goisc (1)
7 4

Tra lai bidn cii:

PLE
X =asht=a

X
el -1 =0
a

hay ¢™' -




i

X X
Do dé Cl =—+ —_,+l
Fi | a”

vi t=In(x+Vx> +a*)-Ina

mat khac:

sh2t = 2sht.cht = 1 + —_
a a’

Thay lai (1) ta ¢6:

2 5. a° a’ 2x
lza—ln(x+ x? +a”)-"lma+—= x> +a +C

2 2 4 42

:%\ixl +a’ +9-2——1n(x +¥x? +a2)+C

B

vai (_.‘=C—§2—Iua

81. Tinh cdc tich phan:
1 Ie*’;dx

l-x
2) len(l+dex

arcsinx

dx -

4) I‘;m x
k) J'coszflux)dx

o) jx sin\/;dx
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Bai gidi
1) J‘c"l"dx cdat Vx =t 2 0thix =1’ . tx = 2tde

t, dv = ¢'dt) vi trés

il

[ = 2Ic‘.[dt . tich phan timg phén (dat u

lai bign cil x, ta ¢6:

1=2¢e%(Wx-n+C

x]dx= jxln{l—x)dx—_[xln(l+x)dx: I, -
X

]._
21 = i
) Ix n[l+

Tich phan titng phén v&i ¥, dat: ln(l-x) = v, xdx = dv, 1hi:

du = —dx ., V= E-—
1-x 2
I, = i-—-ln(l—x)+J' X
2 21-x)
—1+1
= —~—lnl— +—I
(1-x) 2o

52-— In€l — x)+ %J.[—(l +x)4+ I_l—}dx

-X

-

x* i x’
—In(l — —| =X~ ——=In{l - +C
5 n{ x)+2[ X 5 n( x)] 1

Véi I, dat u = In(1+x), xdx = dv

dx

thi du = .
1+x

x
V=

2
va tuong tu, 1a ¢é:

i, = i{-;Inrfl—x)-l —x—£+lll(l+x) +C,
B 2 2 2 -
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Vay I = X x40 (Cr=C, - C).

1+x

In

2

"

arcsinx . dx
Hl= I dx, dat v = arcsinx , dv = —
2

e
dx 1
thidi = ——— ,v= ——
1-x> X
—arcsinx
I = +

J‘ dx
X >u.h—x2

Ix l
Xét I, = J—wi-_—,d:;txz ~ (x.t =M
X\I'I—x2 t
—dt
thi dx = i 1= J—r——wz—sigm.j—dt—
e LfoL ¢
L 13

I, = -signt.in{i+ Jt2 o1} + C (theo 18° (1.4))

Tré lai bign ci:

X

.1 1 ’ 1 1
1, :-51gn—1n[—+ ——1|=sign—In + C
X QX ¥x X |rea1-x7
Viay:
| . .o X
1 = ——arcsinx +sign—In +C
X Xoji+4i-x-
sin” + 108 b fos
4} I:j“n Edx :jc ' J——de :-I—Ic ‘dx——Ic ¥ cos2xdx
e’ 2 2 2



I S S R 2 _' 1
:_(‘2 _f"._i_.{ o8 x-5+-2§1112x,+c {Theo 22°, (1.4))

_& coszx—Zstx_l ‘C
2 5

5 I = J‘cosz(lnx)dx ,datt = Inx thi x = ¢', dx = ¢'dt,

I = J‘cos2 te'dt = J#—t—e'dt

}—J‘c'dl + lj'e‘ cos2tdt
2 2

1 I ; (cos2t+2sin2t)
= —-¢ +—f " ¢
2 2

5

C
Tro lai bi€n x:

X xcos(2Inx) +2xsin(2 Inx)
27 10 B

I =

C

O I= IxsinJ;dx, dat x =t thi x = 1%, dx = 2tdt

i= 2It3si11ldl . tich phan titng phdn ba 14n lién ti&p va (rd lai

bi¢n x, ta cé:

1=2 -J;(()— x)cosJ;+6(x —2)sinx/; +C

82, Ching minh cong thic: (a, m e 2)

—sin" ! xcosx W0 -1

1 Isiu“ Xdx = J‘sin"'2 xdx

n 11!

n

] -
Cos Xsmx n-1 _
2) Icos“ xdx = + Icos" * xdx
n n
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3)J‘ dx -1 cosx +n—2-[ dx

sinx n-lsin"'x n—Fdgpn " x

dx 1 sinx n-2 dx
R
cos"x n—lceos"'x n-1Jcos" 7 x

cos™ ! xsin™! x L m -1

- i -
5) Icos'“ xsin" xdx = Icosm * xsin" xdx

m+n m+n
(m < n)

- n-l
sin" ! xcos™ ! x L m -1

6) J'cos”‘ xsin” xdx = Icos"‘ xsin""? xdx

m+n m+n
{m > n)

ax

.cos" ! x(acosx + nsinx) N

e
*7) Ie“ cos" xdx = - <
a~- +n-

n{n—1 < 3
+ -é—-—w;)-J'c" cos™ "~ xdx
a- —n-

e+

m n-1

" x-— {x™
m+1 m+1

8) jx'“ In® xdx = xdx

Bai gidi

Phuong phip ching minh cdc cong thidc nay déu ding phuong

phdp tinh tich phan ting phan.

131 = Isin" xdx :_[sin“'l X sin xdx

Tx L dv = sinxdx

Patu = sin"
thi du = (n-D)sin" “xcosxdx, v = -cosx

Do d6:

—
I}

. - . ) 1
—cosxsin" ! x +I(n —~Dsin"" x cos” xdx

. - - - -
—cosxsin™ ' x +(n - ])Ism“ Sx—(n-— I)Ism" xdx
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on |
—Cosxsm X n-=lg¢ ..
hay I = + Ism” - xdx
n : n

2) Ching minh nhy 1).

3 I“=I dx =Ismxdx

sin® x sin™! x
1 .
dat u = — dv = sinxdx
sin™" x
N ~COSX cos” xdx
thi: I“ :T—(l]+l}IT
sin"' x sin™' " x
—COsX dx dx
= —_—-———(n+!)j——n-—+(u+l)j -
S X sin™' " x sin” X
—COSX .
I, = o (n+ DI+ (n+DI,, do dé
sin™t x
COSX
(n+1)I, .. = (n+ DI, - 5
sin"™ x
hay:
COSX n
I:|+2 = = +

. ne n
m+Dsin™' x n+i

Thay n bdin - 2 ta ¢ ¢ong thic phii ching minh.

4) Chitng minh tugng wr nhu 3)

I = jcos"‘ x sin” xdx = jcos'"" xsin® xdsinx

L

cos™ ' xsin™' x Jmol

n+1 n+t

M2y sin® Y xddx

I COs
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cos™ 'xsin"'x m-1 ot
= e 4 cos T xsin” xdx ~1
n+i n+l
Do d6:
1 |
m~1%  cos™ 'xsin"'x m-—1 A
- i= + Icos'“ - xsin" xdx
n+! n+1 n+l
hay:
cos™ xsin" ' x m—!
- h - e} .
I = + Jcos"‘ - xsin" xdx
m+n n+m

vaim < n, 4p dung cong thnte nday mot s6 1&n thi bic cua cos
s€ giam dén 0 (1) néu m chan (1&).

6) Chuang minb tuong ty nhu 5).

I, = Ic‘“ cos" xdx , dat u = cos"x , dv = e*'dx

aJ%
thi Au = - n cos" 'xsinxdx, v =
a
ax n
¢™cos"x n L.
I, = ——-—+—Jc" cos" " xsinxdx (1)
a a

Xét ) = fc" cos" ! xsinxdx

dat u = cos"'xsinx , dv = ¢”dx thi:

il

i + 2
du = [— (- Dcos” -~ xsin” x +cos” x}‘lx , ¥

Khi dd:
an
C . n-1 A |
J = Z—cos" 'xsinx + jc‘“ cos" T xsin” xdx w——J.c“ cos" xdx
a a a
ax
v V. n-—1I 1
)= cos” Txsinx+——(, . -1 ) -=1, (2}
il a d
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Thay (2) vio ¢1):

. . b
e eos"x 0t . nin-1 n-

L= — +—-cos T xsinx + L~
a a- a” a”

- n
a~ +n- et -1 ) nn-1)
hay 1_ a =308 " xX(acosx +nsinx)+ — 1,5

a- a“ a”

vd cudi cang:

ax nl :
e cos”  x{acosx +asinx) n{n-1) _n
- (z + = | ¢ cos™ ™ xdx

2 2 2
a4+ a +n

8) Bat u = In"x , dv = x"dx

1 xm+|
thi  du =nln™'x. =, v = (m = -1)
X m+1
mrl
va Ix"‘ In" xdx = - J-x’“ In™" xdx
m+l m+1

2, TICH PHAN CAC HAM HUU Ti

2.1. Phueng phdp chung

Ham hitu ti ¢6 dang:
P
f(x) = —a®)
Qm{x)
P.(x), Q,(x) 12 cdc da thic bic n, m cha x
n<m (n2m}): f(x) 12 cdc ham hiru 1§ thye sy (khong thie sy)

Néu n < m, Q. (x} = A(x-a¥ ...(x" + px + q)*, (P’ - g < )
thi:
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A, A, A Bx +C,
f(x) = + SO o U Ta o B
(x-1)" (x-o)®' X-a X" +px+q)”
B.x+C, Bﬂx-s»(?B
B A et SR Ut (1)
x* +px +q)*" x7 +px +q

qui d6ng miu sd & hai v¢ r6i bdé miu s6, ta duge hai da thic déng
nhat nhau, che bang nhau cdc hé 58 cuia cling luy thira cia x & 2
v€, ta duge mot hé phuong trinlr dé xac dinh:

A,1=1,2, ..., «
B, ,C ,i=1,2,..8
Khi dé:

= If(x)dx 12 téng tich phan cdc phan s6 don gian & v& phai
coa (1).
2.2. Phuong phép Ostrogradski

P{x)) va néu Q(x) ¢dé nghiém boi:
X

Néu f(x)y=

. P(x) Xx) Y(x)
th I = |f = dx = + dx (1)
" J e IQ(x) Q,(%) -[Qg(x)

Trong dé 3,{(x) 1a udc s chung 1dn nhat cida Q(x) vd Q'(x),
con Q. (x) = Q(x) : Q,(x).

X(x), Y(x) 1&2 cdc da thic hé s6 chua xdc dinh, bic cda ching
kém bac cha Q,(x), Q.(x) tuogng ung mdt don vi. Cde hé s§ cha
X(x), Y(x) dugc xdc dinh bing cdc dao hdm 2 v& cia (1), ta séC
duge hai da thic déng nhat nhau, cho bing nhau cdc hé¢ s6 cha
cing luy thtra coa x & 2 vé&, ta sé duge mot hé phuong trinh dé
xdc dinh cdc hé s6 dé.

BAI TAP

83. Tinh tich phan I ciia cdc hdm s§ hitu 1i:
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dx

J‘x4 —6x7 +12x° +6

x* —6x° +12x ~8

-3
(X~ -3 +2)

4

5)ff dx
x =1

6)

o
xT+x+1
I——-——-——dx

3
X +x

tx
7)[
x* +1

dx
§) j
x* +1

J‘ %’ +2x+13
x-Dx> + 17

3
*10) '[7"1)”_‘,‘ dx
-

Bai gidi

9} dx

1) Thye hién phép chia da thic;

sxt 42 25x° — 20K + 2
=5+

x® —8%° +4dx xT - 5x7 +4x

Phian tich cac phan s6 hitu ¢ ta co:
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25x® -20x+2 _25x° -20x+2 _A B C

— o —

5% rdx  Xx~Dx-4) x x~1 x-~4

Tﬁdétacé:A:%,B: T o= l0t

161 1
Vay: 1= j 54 L S SR
+ G+ % 3(x—1} 6 x-4)

hay:

I=5x +—1n|x1——1an-1| l6'1 k—4/+C

=5x + In

2) Tuong ty nhu 1):

x}-1 1

4x}-x 4 x(2x+1(2x-D

-1
at A B c

= +
x2x+D2x-1) x 2x+1 2x-1

A=1, B= 2 C= 2
16 16
I = .£+_l_[1 xfﬁ |+C
1716 Jx-17@x +1°]

x? -6x7 +12x% +6 8x +6
=X+

3y - - = -
X —0x" +12x -8 (x-2y




Bx +6 A B C
3 - 7 T 2
(x-2y (x-2) (x-2)* x-2
Tt dé6: A=22, B=8,C=0

22 8 x° 11 8
I= ||x+ + =2 . +C
-[[ (x-2)* (x—zf]dx 2 (x-2) x-2

Chi §: C6 thé phan tich nhu sau:
8x +6 6 8(x - 2) 16 22 8
7= T+ T+ = = S+ =
x-2y -2 =-2 -2 (x-2) (x~2)

4)1 = I—z—’s——i—dx bai ndy khéng cdn phan tich phén 56
(x- -—3x+2)
hitu ti ma 12m nhu sau:
2
Izjd()zt 3x+2): _ 1 2+C
x?-3x+2)° 2x®-3x+2)
x* 1+1 1
S)sz;ﬁdx j-—dx fa+= T
) _ <
Xé1 4l - 1 _ A + B +(b(+D (0

xP =1 x-DE+DEF+1) x-1 x4+l x? 41
Ta ¢6 thé im A, B, C, D bing phwong phép sau:
- Nhan 2 v& cha (1) v61 x-1, réi cho x = 1, ta c6:

1

—_— + 0 hay A =
A+ 11+ 1)

p|—-

- Nhan hai v&€ cua (1) v6i x + 1, r8i cho x = -1, ta cé;

1

——————— =B+0hay B =-
—-1-1{1+ 1)

|-

~ Nhan 2 vé& ciia (1) v&i x 1éi cho x - « ta dugce:



0= —l-—i-i- Chay C=0
4 4

- Cho x =0 & haj v& cha (1) ta ¢cé:

| 1 1 D 1
= -—-—+ —hayD= -~
41 2

-1 4
Do dé:
I=J'1+ 1 1 ,,I
Hx-D 4x+1) 2x”+1)
=x+ilnx-—l—larclgx+C
4 x+1| 2
6) 1 = Ix +x+1 _[(l"'
T 1 _A Bx+C

x> +x x(x2+l) X x +1

Xacdinh A, B, CanhuS)taducc A=1,B=-1,C=0
Do dé:

1=_[(1+l- X yax = x + x| - ~inx? +1)+C = x + In|—2e {4 C
v X x- 41 2 x2 +1

dx
7)_[3
X +1

Ta cé: L = ! __A + Bx +C

x’ +1 (x+1)(x3—x+l)—x+l X°—-x+1

LAm tuong ty nhu 5) ta cé6: A = -:!5-, B=-—-,C= %
Do dé:
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T:I l dx+lj :x+2 dx:llulx+]|+l,
3(x+l} Ik —x+1 3
—1-3
1 = _LJ‘ : { J‘ x—1 ]
3dx- —x+1 —x+l
= —lqu:_x+”+~j qu :—mhﬂxl—x+l)+lz
6 xP-x+1 24 %7 —x+1
“x‘_) ) 2% - 1
I, = —J = —. —=arclg +C
2 J3 3

i 1 a 1 2x -1
Vay I = =Inx+1~—ln{x" =x + 1)+ —arctg———+C
R FER
2
hay I = —InL:(-f—l—)-—+-l—arclggf———i—+(?
6 x*-x+1 +3 NE)

dx
) 1= Ix4+l ta cd:

4

X +1=(x3+1)3-2x2=(x3+x\5+l)(x3—x\5+l)
I Ax+B N Cx+D
Pl xTexd2+1 xT —xy2 +1

Ding phuong phdp hé s& bat dinh ta duge:
A=-C=-_ B=p=2

242

Do dé:

1 -1 I
———...x -

—dx=1, + L,

2
I—J Ix+_{
AT+ X2 +1] —xJ_+l
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I, =

1 J 2% + 42 1
= dx+—J-
427 xT +xy2 +1 4

= -i——ln(x: +2dx + 1)+ arctg{x\5+ 1y

a2

Tucng tur:

|
242

-1 1 i
.= —In{x" -xy2 +D+ arctg(xﬁ—l)
42 242
va cudi cling

1 x + X422 +1 1 x\E
arct

1=1,+5L= + —+C
; 4f —xyZ2+1 242 2
1 1 22
—— 'm:tg(xafi +1) +arctg(x\5- D= arctg > .
[zJEL ] 22 1-x-D
* a+b
: arctga + arctgh = arctg " b]
Cich khac: - { T
- d(x—--) d{x +-)
B]éndélfﬁ_j.x__t__l__.(_x.._l) lj : X _i i X
X"+ 2l x-p ez Txadino2
X X
L d.l'ng . ! x —X 2+1+C (arctgx+arclgl =E)
V2 /2 4J5 x“+xJ_+1 x 2

- 3
9y I = Iﬁ_ﬂ_ﬁn
(x—2)x~ +1)

2% 4 2% +13 A Bx+C Dx+E
ta cé: = +

(x-2x*+D° x—2 x4+l (x +1)°

hay:
%1+ 28 + 13 = A(xS + 1)+ (Bx + CHx -~ 2Hx* + 1) +

+(Dx + EXx - 2}
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T dé: A+B=0
-2B+C=0
2A+B-2C+D=2
-2B+B-2D+E=2
A-2C-2E=13

hayA=1,B=-1,C=-2,D=-3,E=-

Vay:
[ = I dx _Ix2+2dx_j' 30x+41dx
x-2 Jdx?4y ax+1)y
2xdx 2xdx dx
I=ln[x Zl__j I H_I I 2 a3
x> +1 x2 +1 x> +1? x°+1)
=1n1x—2|—lln(x:+l)—2arctgx+3. -
2 2 x¥+1
S L SN S IV (theo 28° (1.1))
2x*+h 2 8 '
hay:

3-4x +I (x—2)°

1= 1
2°x741 2 X%+t

—darctgx +C

lO)I"JI—u-—dx

Khai tridn Taylor ham f(x) = x* tai lan c¢4n diém x, = 1, 1a

cé:

=14 3(x—1) + 3(x=-1) + (x =1},

va:

1= '[(X _dlx)lm +3I x dx)‘)‘} +‘§I (x _(_1}:}98 +Jl(x _(}’:)97
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_ 1 o _ 1 ~ 1 co
99(x - ®  98x-1D"* 97x-1)7  96(x -1)*

*84. Ding phuong phdp Ostrogradski, tinh cdc tich phan:

4 3 2
1 I4x +4x 4—216:: +12x+8{h
x+ 12+

2) I2x4 —4x> +24x% - 40x + 20
(x-Dxr-2x+2)°

dx
» I(x*+1)2

dx
4y j—"
)I(x1+x+1)3

dx

' Bai gidi
13 day Q)= Qux) = (x +D(X* + )= x* + x? + x + 1
Do d6:
ax* +4x° +16x7 +12x +8 Ax? +Bx+C Dx? +Ex+F
I=.[ 3 2 2 dx = 3 2 +I 3 2 dx
(X" +x” +x+1) XT+x°+x+1 X HXT4+x+1

Pao ham 2 v& theo x vd déng nhét cdc hé s¢ coa cing luy
thira & 2 vé& ta cé:

h¢ s6 ciax®>: D=0

he 56 ciia x*: —~A + E = 4

he¢ s6 caax’: 2B+ E+F=4

hé¢ s6cilax: A-B-3C+E+F=16

h¢ sé cua x: 2A - 2C+ E+ F=12
héchﬁax“:B-_C+F=8

T hé ndy,1lacé: A=-1,B=1,C=-4, D=0, E=3,F=13
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...2‘

va
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lox+
Vay 1= -2 % * +3f
X +x"+x+1

dx 2l —x+4
3

+ 3arctgx + C

2 - 2
x"+1 AT 4+XT +x+1

2) O day Q, = (x? - 2x +2)* , Q, = (x - 1{x? - 2x +2)
Do dé

I =

Ax3+Bx3+Cx+D+I[ E , _Fx+G }h
(x3*2x+2)3 x-1 x*_2x42

Lz‘lmnhul)la‘c6:A=2,B=-—6,C=8.D=-9.E=2.F=
G =4, |

2x° —6x? +8x ~9 (x —I)2
- ) -"!-ln el
(X" =-2%x+2) XT—2x+2

va = + 2arcig(x ~ 1) +C

dx
3 [=
I(x4+1)-
0day Q, = Q. =x"+1
Do dé6:

I =

Ax) +BxP +Cx+D  Ex? +Fx* +Gx+H
3 +I 3 —dx
X +1 X" +1

1= (3AX® + 2Bx + C}(x* + 1) - 4x” (Ax® + Bx* + Cx + D) +

+ (x* +1)(Ex® + Fx* + 6x+ H)

= E=0Q 4D+ E=0

-A+F=0 JA+F=0

-2B+G =10 2B+ G =0

-3C+H=20 C+H-=1

= A=B=D=E=F=G=0,C=

|-
==
It
& |



X 3 dx
= 1= +——J 3
dxten 49 x4

Theo 8) bai 6 thi:

3 - 3
I= X +——1In x“+x 2+ + arct XJ% +C
4x* ) 16v2 (X -xd241) 82 1-x*

4Hl= I—Td—x—-;,éday:leQ:=X3+x+l
(X" +x+D"

Do dé: )
1= f\x+B +_[ f,‘.x+D dx
XT4+x+1 XT+Xx+1
2 1
L&mnhuS)iacd:A:Dz;‘B=-§
va 1= X+t 4 arclg(z"“J+C
Ax +x+1) 33 B

Cht ¢, ¢6 thé viet:

v diing céng thitc truy héi (1.1, 28°).
*85. Tinh cdc tich phan:
s
0 _[ X dx

'+ +8)
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+
2).[ x!+x3
2x+l

dx
3} | —
J-:lt{xg+l)2
dx
4) | —————
Ix(x? +1})
i)
) -{x -1
)J' x‘dx
x'? —10)°

. {x4 ~Ddx
7)
j;\c(x4 —-5)(:1(5 -5x+1)

x¥—x
) dx
Jlxs+l
9 I P (x)dx
x-a)

; P(x): da thic b&c n coa x

..nl
10 I dx,n € N.
+1

X
Bai gidi
= I x dx _lf x’dx’
x* + 1x* +8) x>+ +8)

Pat x* =t thi:

“lj tdt vlj.il—+——- dt
(t+D{t+8) 213141 213 1+8

Tich phin va trd lai bién cil ta c6:



I= E'I(sm|x3 +8|—ln|x3 +1L)+c

7 3
2)I=I de4 +_{ uxaxa
2 _2x® 41 AT =-2x" +1

lJ’ x“d(x“) _..' d{x )
49 x4 -2t ¢ x*? =2x? +1

dat x* = t thi:

1 1
I:—-I +—J
433 1 490 24

L4y tich phan va trd lai bidu ci ta dugce :

_ 1 it +x? o ]2x+lJ_|
- Iulx lt Inll ll zf 12x +1+f|

—

dx ax’)
NI= = == =
) -[x(xs +1)° Ix e p? -[x St + 1yt

Pbat x* =t thi:

Phan tich:

LA, B, & SA=1LB=-1,C=-L
W+t @+ 1+t

Do dé: 1= (1_;__1_}.(:1[1n,.;+;_1.1(1+1,)+c
5 z s t+1

Tra lai bién cii:

+C
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_ _ i 1-
b= -[x(x(?erl} j‘x)-:(: +r) j[__x +1}1x

fw—~.[fi—§x—m—! |x| ln‘x +Il+C

x’ +1

I

w

xdx 1 d{xz) 1 dt
M= =— = — LU=x
-‘-xs—l Zj'(x:)"—l 2'[l4—1

1 it 1[1
= — =~ —In
2 2 2

(t=1Dt+D{ +1 4

f—
—ln—l—arc!gt +C
t+1] 2

{Theo 5) bai 6)
Tré lai bién cii, ta ¢é:

xj l—larc_tgx:+C {(x # 1+ 1)
x“+1 4

I = -l—lu

8

x*dx
6 = | ——"
1 J‘(XIU—IO)Z

Pat x* = t thi Sx*dx = dt

va [= %I—ﬂ—
(t? - 10)°

ma!t khdc: I = {

: ‘;rd[(zm_(.-m}}:

'- 1 1 2 1
nén I= — ——— + palt 01}
200 {(1—&3}~ =10 (1+J10)~]ﬂ

1

R N =10l
2008 1- 10 ¢+ |t+\/-1




Trd lai bién x:

1 [ 'S 1 !x5~mq+c

1= —— + In
1000 x"" ~10 2410 |x* +10|
x =+ 'J10
NI _I (x¥ - dx J'(x —l)[(x —ﬁx+l} (x u‘ix)]d
x(x* - -5 +1) o5t -5+ 1)
: 5x* =5 5x* -5
= I Xs dx I -1 dx:lj—):—-——dx~~l—j5xidx
X —5x X -5x +1 5 - 5% 59x7 —-5x+1
S_
=llnxs—Sx\—lln‘x"'—5x+1|+Czlln X 3% +
5 5 S oix® —sx+1

il l
X +_’_\E|+C_ l‘x J—x +l|

_42 \x +J_x +1|

—

P, (x)dx
D= [T

Khai triédn Taylor P, (x) tai lan can didm x = a, la <6:



o P:‘k] (a} .

P(x) = 3 (x - a)
L=0
Do do:
n P[k]
I= Z (a) dx
e k! (x_a)n—k-l
n Plk: . Pill
= - o (&) + @) ln!x a|+C X+ a

o K —K)(x —a)"™* u!

_ __xdx“ e 1 n_
IO)I_JX +i - Ix +1 nj(l x"+1}jx

x"+l‘}+C

=l(x“ —1In
n

-0 < X <+ khi o chdn, x 2 -1 kki n 1&.
§3. TiCH PHAN CAC HAM VO T VA LUONG GIAC

3.1. Dang

m I
[ = J‘R . ax+an’" ax+b s
cx+d cx+d

R 13 ham hitu i1 cha cdc d6i s6

ax+b

bat , k 13 BSCNN cia n,

cx+d
thi 1 dua duge vé tich phan cda mot ham hitu tf cia t.

3.2. Dang
[= Ixm(a+bx“)”dx (vi ph#n nhi thic)
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a, b0, m,n,pe Q (hivti)

1°. Néu p € Z (nguyén), dat x = t* , s 1a miu s& chung cha m,
20, New ML Z, dat a + bx" = t*, s 12 méu s6 cla p.
n
o - m+l - . .,
3%, Néu +peZ, datax” + b =10 s 12 miu s6 cha p.

thi I s& dua duge vé tich phan cdc ham hitu ti

- Néu khOng roi vao mot trong ba trudng hop trén thi I khong

* tinh dugc qua c¢dc ham so cap.

3.3. Dang

I= IR(x,v‘axz +bx +¢)dx
- Phép thé Euler:
1°. Néu a'> 0, dat Jax? +bx +¢ :li\f;.x
2°. N-éu ¢ >0, dat vax? +bx+c =x1+ve

3% NE&u ax? + bx + ¢ = a(x - ANXx — W),

dat ~Jax2 +bx +c =t(x-A) (hoac = t«{x - W)

thi I s& dua duge vé tich phan cdc him hifu

P (x)dx

\Jax2 +bx+c
= . dx
thi I = Q_ _ (x)¥ax~ +bx+c¢ +}-.!—’—
vax® +bx+c

Trong d6 Q,.,(x) 132 mét da thiéc bacn — 1, A = const, cic hé

4°, Bac biet I = I P (x): da thiic bic n cla x

(1)

86 coa Q.. (x) vd % dugc xdc dinh bing céch dao ham 2 v& cua
(1) theo x, r6i déng nh4at 2 da thic & 2 vE.
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3.4. Dang

= JR{sinx,cosx)dx (1)

R: 1a ham hiru t1 cdc 461 s6.

Triwcng hop chunyg

‘ 1-t° .
bat tgi:l, dx = 2d‘1 , SInx = 2[,‘ , COSX = — thi (1)

2 1+t° 1+t- 1+1°
duge dua vé tich phan cua mot ham hita ti.

Trudgng hop déc biét:

1°. R 12 ham & cBa sinx, dat t = cosx

2°. R ka ham ié cia cosx, dat t = sinx

3°. R 1a ham chdn cda sinx, cosx, dat t = 1gx

thi (1) dua duge vé tich phan ciia ham hiu (5.

3.5. Dang

[ = J'sin‘” x cos® xdx
Tich phan ndy chi dua duge vé tich phan ham hiw ti néu ¢é
mét trong ba trudyng hop sau:
1. pez, té
2°.veZ, lé
3°. p+ v e Z, chin

Clui ¥: Cdc tich phan khong biéu thi dwge gua céc him sg
clp:

I dJ( Iglllxdx, cix = JC(}SX dx .

X X

lix = -k’ dx , k=l
ix J. f\;‘ sin” x Im
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Céac tich phan cda vi phan nhi thde khong ror vdo 3 trudng

hop 43 xét & 3.2

86. Tinh tich phan

Y J-J;H

1
3) |1 AT ax
x—1

Bai gidi

BAI TAP

cac hiun vo ti:
2) J'x

j“ 2-x dx
24x (2-x)°

1) Pat x =1, dx = 6t°dt

x -1 o — D6 dt
[ = J dx :I

4
St

= ———————~+——————t-—4nﬂ + L) + arctgt
)(? 5 2 #

Trd lai bién cil x

£ +1

AR I . -

)dx
o+l
R R G
4 3 2

, ta cé:

= ST ST o s

—3In(l + "J;) + Gm‘clg‘%f; +C

21 = jx ik,
P |

Bat
x+1

1. (1> 0

]+c
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T -4
thi x = _“2_"“1)_ dx = _td_[:
-1 -1y

X 4 2
I:J‘L[ +11..4td11ﬂ:4-[t +f3dt
1-¢ (d-17) (-17)

bay 1a tich phan cia ham hiu ty cda t, 14y tich phan theo t
va trd lai bién cii ta cé:

1= ¥ _l(x—2)+%ln(x+\lx2 _h+C

2
+1
H" dx, dat 323
*-1 X -
+
thy 2o g = U]
x-1 -1
6t"
dx = dt

T

112dt
= ~6J.——-——“3*1)3

d(r® - 1) 1 L dt
= -2 =2]|td =2 -
J-(r—n- —[ [13—1] [:3—1 It’—l}
: [ J'2[+1+3 ]
l-l 1" +t+1

_ 2 +llnl:+‘+l+—g—arctg2l+l+c
-1 3 a-1 3 NE)
v6i t = Xt
x—-1
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4) I_H2 X
24x (2_,()-

Pat 2% ot i x=237t ) gxo oL s
24X 1+t (l+1) i+t

| 5 2
- — - " --
1:[(-‘——-——1 .(4d[]=-—l—jl-‘d1=58—l-‘+c

[4( )1 (a+0° 4
I+_t

Trd lai bien x:  1=—3] 2F%] +¢
: 8Vl 2-x

*87. Tiuk tich phan cdc vi phan nhi thitc:

K -[(1+f}- » -[JH—
dx dx dx
R el o weclL b ey

Bai gidi
1 i

1) 1=J'x5(1+xi)'2dx, gday:p=-2¢ Z,

Bat x = t" ( 6 12 miu s8 chung cia % va —}I) thi dx = 6r%dt

L]

3l .
— - 2arctgt + C védi: t=x
R b+t
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Do
=1x(]+x%y “dx

2) IZJ:/T J

Clda‘iy: :—?:3 e /.,

m+1 i+
n 2

do d6 dav: t + x7 = 7 thi x = (©°-1)¥,

LI - . .
dx = '5[1‘ -n S22t =3 (- 1) R

(l: *]]3:31(12 - de 3 3
= =3 = =1y
[ J. 1 ‘J.(l 1y dt

5 3

T2r o ¥x°
:3(.L__~_-+l)+(‘ var t=yl1+¥x-

5 3 '

dx 4 I
1) 1=J'—-—-_-=.jx (l+x7) ~dx .
x4dl+x:
O day m+l+p:-_-+-j—_-]~—l:—2e?_,
n 2 2

R P S

do dé dat: L.x*+ 1 = t1hi x = s
Jooo @t

V. L — v T}
I=J(l'—l)'. .
1

. ¢’
— =~j{l‘—]]dl=t——+(‘.
(-0 3

S ) [+x"(2x" -1 _
I'ra lay bign ¢cii ta ¢é: Tz = 4(
Ix”

o= X -—:J.x ey Hx,
xV1+x*



m+1 _ -i+1 .

—0ez,dodotadat: 4+ x" =t 1hi

3 day:
n

' X _ [ .
x = (8 - D', dx=;(1"—l)”3rdl

3 tcdt 3¢l l —1+1
[:—I-—}——:—j— -—+‘—1-'-—'— di
sdpt o SA3—-L m a4

\/5 21 +1

arctg

SR
Cw-nt WA - Y
= Lln—“—»ﬂ—-—+—"[art:(gzl 1+C véi t=Yi+x®

+C

= llntl - ].l—~}—ill(1: i+ D+
5 G

10 1°+1+h 5 NE)
d | 1
5) I:Jr X :Ix[(l+x4}"‘dx$
1+x*
& day: p:-—lEZ, mr! 0+ ZLEZ,
2 n 4 4
m+1 _l._lz_lgz‘
n 4 2 <+

Viy tich phan nay khong bidu thi duge qua cdc bam so cap.
Sau ndv ta s& ¢6 cdc phuong phdp tinh gin ding cdc loai tich
phan do6.

88. Tinh cac tich phan:

{(x + Mdx dx x°
B J'——-— 2) I———— 3 j dx
\l'x:+2x+2 xv'x:+x—l 1-x°
T F SR . e S
VIi+2x-x" VT —Xx+1

Bai gidi
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(x + 3dx 2x+2 dx

| .
VT +2x 42 2J‘\J'X:+2x+2 J',/(x:+l)+l
SVXT 2%+ 2 +2In(x +1 + T+ 2x+2)+C

1=

2y 1=

"'x\}xzdix -1 :'[

1
Pat: — =1 thi:

X
d . b1
1= —sing‘——E-—— = - signlj——-t——— = —signtarcsin +C
—_ 2 - 1 a 5
T+e-t Joa-iy?
4 2
sy . . 2-X
Tro lai bi€n x: I =signxarsin -+C,

X5

5
3} I=J‘ i dx, dat : x = sint ——n~<t<£,dx = cosldi.
] =x2 2 2

I=Isillsldl, dp dung 1) bai 82

Cost . R
1= —-—Tq—(sm" t+4sin’t4+8)+C

Trd 1ai bi€n cii: x = sint. cost = 1-x*, (cost > M. Ta cé:
Vi-x° s
I=-Y % x> s8)+C.

15

, .
4)[:I X dx . d4p dung phuong phip 4°.(3.3)
VI+2x -x-



g day P.(x) = x*, n = 3, nén ta ¢6:

1=J‘—‘/L"—h‘::(/\x2 FBR A OWIL+ 2% - x° +;-I
1 +2% - %~

Pao ham 2 v& theo x, 1a cé:

=(2Ax + Bl +2x -~ X+

dx
VE+2x —x°

Vi+2x-%x"

(1= +5 1

+ (AX +Bx+C). .
Jl+2x—x‘ J_I+2x-x'

hay: x* = (2AX+ BY1+2x ~ X" 3+ (1 =x}AX +Bx + Q)+ 2.,
x> = 23AXT +(GA - 2B +(2A+3B-ClX +B+C+ 5.

5 19
Tit dé: A=-+, B=-2, C=-2
3 6

—(2x” I — . ox—1
1:4“—_—{2)( +65x+19) 1+2x—x~ +4ar(:5111xJ_
2

s =4

+C

51 = (X AxHl

}w'x2 -x+1
x? +x dx
Y S S S S
XVX~ =x+1 XX~ ~x+1

Ix
dx + ¢

_IJ——‘;T j Tox+l
_ _[ 2x-l < J'm

. A
XKW -x+l=|X-=i +—

=I +1
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3 { . _
= Jx' -X+1 +5111{x—:+\|'x' X +1+C,

. 4

. —
L x

X
. [1 1] [1]3 ]
—signxdnf ——— |+ [ —1 ——+1 =
x 2 X X
—signxln[l—%-i»v'x:—x+l]—1111x|+c‘3
1 3 S '
Viay [ = \J'x‘—x+l+'5m(x—%+ XT—-x+1)

-signx {ln(l -%+v‘x2 —X+1}- [11|x@+(.‘

(C=C, +C.)

1l

89. Dung phép the Evler tinh céc tich phan:

”J‘ dx 2)I dx
X+Vx~ +x+1 l+yi—2x~x°
% -YxT 342

3) 1% 4}] dx
_ R rrrer———
X+ VNS +3x+2 X~ +a)Wx~ —a”
- - S+
sy j— 2l 6) J'—x—-—dx
-+ Wxt 1 xWxT +x7 1
Bai gidi
N dx Lo
Iy {\— gdiva=12>0

TN AT+

296



nén ta dine phép the Buleri®, dar: sz +X 4= -x + 1
£ phep - :

Lt v X7 + % +1 = x° + ("=2x1
T 207 + L+
X = . dx = {7)(11
20+1 (21+ 1)
207+t 4+ it t
t = jg-—ql)mz—zj A RI ¢ +2J"—ll
t2t+H- (2t + 1) 21+ i
l -4
= —In +C

- 4+ -
22+ 2 Py

VAL = x+UXT +x+1 L, (X £ 1)

dx
2) I——m—, Gday ¢ = §> 0,
L+ y1=2x —x°

nén ta ding phép thé Eules 2°, dar: -Jl-2x—x: = xt -1
g phep

i ox = 202D o 20y
o+l -+

201 + 21 —13'1-:_1_1_

H: 1+21-1¢°
1:] a+e) —=_[ e i
-4

A (1 - 01 +17)
17 +1
_ ;m+_[ di _zj dr\ :]n‘i = 2aretgt + C
| t—1 l-+1- t
. X
.‘} = u,,__—x—j_—r__—dx‘

X4y +3x+2
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& day tam thie: x* + 3x 42 ¢d hai nghiém thuc la x = -1 va

x = =2 n¢n theo phép (he Euler 3%, ta dat:
VXT+3x +2 =tx + 1) thi x—g—L, dx:—:-zrd—iw
- -1 {t- -1
VT +3+2 =1 Zfl_ o=,
1* -1 1% -
1_1‘2—13—[ ~2dl (-1 +2) - 21de
2- w0 @t -t dEN-2) @7 -t
_ I 217 -4t dt
(-D -2+ 1)

—-j 1 N 5 _ 17 . 3 t6
A+’ IR+ 108(LED M-y 27(t-2)

-1 bt
= —— -—--fn[l+l1 wll}'l—!1———llllt—2|+(3
t+n- 181+ 108

\fxl +3x+2

x+1

vai:s 1=

dx

4y I=
(x3 +a:)Jx: -a”

o day 1 X7 — a’ = (x — a)(x + a}. theo phép the Euler 3°, ta
dat:

P . -1 Jatdt
X~ —a” =i(x-a) Ihi x=a— o dx = ————,
t- +1 (1~ +1yv

T 1 it it
B e P s Py eet
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=
= - "II“LT.‘.\.‘.(I'\/E+I}1—&ILI“([\/:)—l)] +
W2

o a+x
Vol L= J
d—=X
. I
stgnxéd + - dx

5) J- X- +1 dx = J'—— X"

Vx4 xT +1 N 1
\x +l+-:-

X

. 1
s dix—— i v -
“gnx[_ x} . X"~ l+4x +x° +1

= signxa In +C ., x =20
1y X
X

90. Tinh tich phan cdc him lugng gide:

. j dax ; J' dx
§—asmx +7cosx - COsX +2sinx +3
q." - 0%
3 J‘.Sl.]l,\-i-z(.O%de 5 j dx
2smx +3cosx sinx- + 380X COSX — COS™ X
L0x2xdx sinxdx
3) J' 0) J.
cos® X +sin? x asinx +hcosx
i ) dx
(six +2cosx)” Vsin® xcos” x
#Q) J. dx 10} Ixinx‘;izl?min?xdx
cosx'\l'} sin” x
Bai giai
dx
Ni=J]—-_

B—3SUK + Teosx
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241

Jdag e o 1. ta cd x = 2arcigt, dx = -
2 l+1-
. 21 -1
sinx = —, COSX = -
1+ 1+
2dl
T dt
[ = [ | +1 e = 25 S =
y 8 Fl-t7) i R T B
K_ ‘.+.
1+1° I+t
i .
=2 —————— = Inf - 5| - Inft - 3 +¢
(=S - 3
lgx—ﬁ
I g 2
Ira lad bidn x: | = In|—=5—+(
X
12'2'—3
dx
D= .[4#—‘__ tirong tue nhue 1
COSX 4+ 2smx +3
2dt
: de
I= J‘ _ 141 :J' . =arcte(t + B+ C
HE 2t 1+ 2142
L2 — - 43
1+t 41

Trg tai bicn x: I = arcig(1+lg§)+("

25K + 2008X
D= j%:ix
2smx +3cosx

Pat: 3sinx + 2e0sx = a(2sing + 3cosx) + b{2sinx + 3cosx)’

12

o [2m-am=3 T3
i do !
a+2h=2 __—ﬁ

K
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Viy:

2 . 5 . ,
(28inx + deosx) — q(2.~;mx + 3c0sx)
17 )

1= ! - dx
28I X + 3Cosx
12 5 . .
= —x%- -—\n‘Zsmx +3cusx)l+(
13 13
dx
431 =1 — - —, dat tgx =1
S0 X+ ASMECoSK ~CosT X
. dt . 1
thi x = arclgt. dx = —, sinx = L COSK = e
L+17 [+ \flJ—r
dL
[ = j F+L- _I dt
£ 3 1 1" +3t-1

PRI URCEI e
) j dt h1+1 J_W
(!+3.-_.JEJ[ "%+J_] ‘2[42+J_1
2

2

Tra Llat bign x:

po L f2ex+3- J
el
[
d{ —sin2x)
51 = J‘ (:4052):(?:&'l :'_2 2
cosT K 4sinTx 20 I sin’ 2x
2
4 P
| JE | ] \E-HainEx .
= In - +( = in +
292 | _ sin2x 2\,6 \E —sin?2x
2

0|



6) 1 = _[ .sinxdx
asinx + hcosx

cosxdx

Xé ] =_[ :
asinx +bcosx

Ta c6: al + bJ = _[dx =x +C,

al - bl = jacosx—bsuudx Jd{asmx +bcosx)dx

asinx +beosx asinx + bcosx

= In }asinx + bcosx| +C,

Do dé:
ax—blnlasinx+bcosx[
I = ] " +
a +b-
bx +a lnja sinx + bcosx|
)= M +C)
a +h
71 Xét
I _I dx _J- sinx +2cosx _
" Ysinx +2cosx (stx + 2cosx)®
*!d(—cosx+2sinx) _ —COSX+2sinx _é (cosx—Zsinx)2
(sinx + 2cosx)* {sinx + 2cosx)" {sinx + 2cosx)*
[, - 21, = - COSX +2sinxﬁ _2J'k£osx - 2sinx)" +(sim(:-2cosx):]dx
(sinx 4+ 2cosx)” (sinx + 2cosx)
_ =~cosx+2sinx O_[ dx
(sinx +2cosx)” (sinx + 2cosx)’
d si — COs
Vi I:J' X =_1' (251X — cosx) 1 L

(sinx + 2cosx)’ Y0 (sinx +2cosx)y® 10
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Mat khdc:

—=Intg +C

t(— >

dx
| Ak
l SinX + 2 cosx J_ sin{x + (p) \/:3‘

vii: p= Eli'Cl,gz_

é 251 -
Vay: I=—[—-—ln|l . m‘gz}|+ Sinx - cosx ]J,C‘

1 ki
{sinx +2cosx)”

(x # kn— arctg?)

dx -1 =5/
8) I= —-———~—=fsin 32 x.cos™? xdx
Vsin® xcos® x
. 3 5 8 - . .
& day: \*+p.+—5—-5=—5=—4: chdn, nén tich phéan trén tinh
duge qua cdc ham so cip.
Ta cé:
dx l+tg X
[
Jsin3 X cos? cos® xqftgx th X
cas” X
2 3 . "
= -2 cotgx +~_I 1g°x +C, véi : (km<x <—2—+kn).
dx
93 I=j—--—— J'(Cosx) (sinx)”’
cosxVsin® x
p=—1:1&, vay I tinh duge qua cdc ham so chp:
1:[ . ‘f““"‘_ — . dat: sinx = t*, dsinx = 3t*dr.
(1-sm~ x)(smx)""

- K
]:I JS‘~:3I < ='—“ dl,+j dl3].T1’nh todn ta cé:
(1-1"" 1-t¢ 20411t 14t
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i FUNLT 4+ 3 4
I:—In(I X l)+\{ al‘ctg——\/:lr+(‘

4T —t+h -ty 2 -

.. 1 kn
vai: 1= afsinx x:tg.

. . . f .
10y I= J.smx 810 2% sin 3xdx, = IE(COSX = ¢os3X ) sin 3xdx
{ . . .
= II{S]I] 43 + 51 2% —smGxdx =

1
= —l~c0x()x - L-.:0343( ——cos2x + .
24 16 8

91. Dung pheép the luong gide tinh cic tich phan:

32

1y j(x3 + X +.1)3-':dx 2} J(—Q{IXT
X" =2x+5"

dx dx
D) 4y | —
I{l+x:)\’l~x: j.{I—x:} 1+x°

Bai gidi
= 3 i - 3 3
1) I:J-(x‘+x+]]"dxzj[(x+—)‘+-—:| ix ,
2 4

ﬁd

. I 3 . 3 1 [ .o,
bat: x+—= 1ot thi x = —1g1-—, dx = —-———, khi dé:
2 2 2 2 2 cos 1

ﬁ dt

3 AR
1= [0 st 2
4

A

cosT 1

[_1 d

- s
164 cos™t

Lidp dung 4) bat ¥2 ta cé:
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9 | sin +3I dt
16 5-1 ¢cos*t 4+

_ 9 sint  3{1 sint +ij’ dt
64 costt +\2cos’t 27 cost

9 sint 3 smt
= — + = —11

64 cos*t 8 costt

3
cas L

lg(— -—) +C

2% +1

V3

vdi: ¢ =arctg

dx dx
2 1= == 3
Iu3—2x+$”- ka—n+4P‘

Ppat: x - 1 = 2sht = x = 2sht + 1, dx = 2chtdt.

j 2chtdt - _J' L{hl +C.
[4(‘;11 t+n| - cht 3

Lcht = l+(x_

Tra fat bign x: theo trén sht =

. n n . C .
dat: X = sint (—-541 <?) thi dx = costdt khi dé:

Fa

1_j' costdt _J 4|
(L+sin~ tycost I+ sin” t
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B

Lai dat: u = tge thi dt= — . sin"t= -
1+u- !+u”
_du
1+u? du 1
I= — = - = —=arctgy2u+C.
'[]+ L J'Zu“-q»l ,E ¢
I+u®
Trd lai bign x:
2
I = —arctg XJ_ +C
1-x*
4) I:I—L,
(l—xz) 1+x?
Pat x = tgt thi dx = dt
cos® 1
dt
I coss 1 _J' costdt
(1-1g70). l 1-2sin*1
cost

d(\Esiul) 1

2_1_.[ :~—Inl+‘65im
V29 1-G2sing® 2

-+ C
I-\Esinl

tat X

Jl+tg:l ) \/H-x:

Trés lai bign x: sint =




92. Tinh tich phan cdc hiam mi va hvperboles:

1 _“_"_’xdx 2 J‘ dx 5)
RETN Vi+e® +41~et (x+y?
shxdx xe*
3y |eh*xdx 4) _[ 6) j————dx
J. Weh2x I(e‘ +1)?
Bai gidi
H I:J'e‘ dx
l14¢e?

. dt
Pate* =1t thi x = Int, dx=—

2t 1dt t+1-1 dL
=I =J =I dt = Jdt+
{(1+10 1+1 t+1 I+t

=t - Jofi+t+ C=e" - In(l+e*) + C.

2) I—IJ

+et +J1_

Pat: ¢* =t thi x = Int, dx:%l_
St e,
(Wit +/1-0 4 +-140
Iﬁl"—j‘/‘dt—l I..

Tiah t:

_ jﬁ uzéj\/m{_%)
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1 _J1+;+J-d(\/1_;l')__ _1_r_\/1+1+J- A1+ 1)
2 1 1 2L 1 (W1+0)° =1

[ Vi+1 1. Jifr-1 .
- +—In +(
t 2 Jt+l )

|-

l Vi+ _lu\)'c‘+l—] o C
2_ e N A

nhan duge tir 1, bang cdch thay t bo1 -t

HI= Ich"xdx = j%(l +c112x):(lx
1 - 1 1
= ——j(l +2¢h2x +ch x)dx = —J' 1+2¢h2x +=(1 +ch4x)
4 4 2

1

3 3
= lJ(—-+ 2ch2x +lch4x)dx = -l-(—x +sh2x +lsh4x)+(‘
: t2 42 8

4) I:I shxdx -[J dehx  _ L111[\Ec:11:'c+ 2ch’x -1+ C
2

Jeh2x \E

ch”x —

= _ [n{ﬁchx +4/ch2x)+C
V2
x n

51= © dx— [— dx= 2 g [t g[S
5 I(Hif X+l I(x+1)2 J(x+i)2 '
= € +C
x+1
G)szl:llnldlz Z ot podt X im e’ L C
(t+1) t+1 He+l}  e* g e* +1
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=93, Tinh cic tich phan:
1) Jlx~dx 2) _[mux(l,x:)dx

. []'-x: :n(."u]x\s 1
4} J.f(xmx néu f(x) = _
11 - lxl: m’:uM =1

3) I E(x).lsin nx[dx

1:0ex <1
) jf'(x)dx néu '(lax) = { X i =4,
Xihex <40

1, o 1 a, a,
&) I:j?(m)c' dx vai: P(Y=a,+—+..+—,

X X ) X x"
(a, = const, i=1, 2,3 .00}

Ao
?)I-‘—L-—-dx
X —3x+2

-—[p()g—dx , ofx) 1h mQt trong cac ham:

8yl =
(X —1mn)

¢*, sinax, cosax, k € N.
Bai gidi

1) I:leidx
.
dex:-—~+C1:x20
Tacd: 1= 2 )
—jxdx=*£2—+(‘3:x<0

Theo dinh nghia. nguyén ham ciia mot him s8 13 mot ham
ficn tue trong mién tén tai cia nd, do dé tai x = 0 ta phdi ¢6: €
= C. =C = const. Viy VX€ R:

l:f;signx +C:-x|—x|-+C
2 2

23 J.m:lx(l.x2 Ylx

Xé lx%gi tuacd I:Iltlx:x_+(“
s

K>l Lo cd: I:Jx:(ba:l(—q.—+(_‘j : _
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Vi nguyén ham 13 mot ham lién lue nén tae X = 1, ta ¢6;

lJ.»(.‘~ hay C, :£+Ct =—2-+C
3o T3 3

(C, =C) khi x > 0.

1+C, =

Tai x = -1 -1+C, :—%-+C3 hay C, =~—§—+C],(.‘:(.‘, khi x <0

X+C: x| <1
Vay : Izjmax(],xz)dxz X} 2 .
T+-q—singx+(,‘:[x‘>l

HiI= IE{x).‘sinn’xfdx

Theo dinh nghia:

Ii(x).|sin nx|=(—l)“.n.si1mx s, nEXx<n+1l, ne Z.

n"'

br

Do dé: 1=

neosmx+C, ., n<x<n+l.

Theo tinh 1i¢n tyc cta nguyén ham, tai X = n + 1 ta phai cé:

:Cn+2n+l‘
T

C

M+l

) 1-x* :m‘:’ux|£l
4} I=If(x)dx néu f(x) =

I- lx] : né'u]xl > 1

Lay tich phan ta ¢é:
X:
X+—+4C 1 —ow<x <1
2
3
A N
X_T+(-: —laex <0

L]

X
x~—:"—+(7_::(lsz(£l

*

xﬂ?+(‘.4:qu«<+x
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Vi nguyén han cua mot ham s6 1a mot ham lién tyc nén:

1 1
C,-C =—.C,=C,, Cy-Cy =—
i3 1 6 2 L] 4 3 6
1
hay CE:C3=€+C,, C,==-+C,

x3
x—-—+(?:lxlsl
Vay : I:If(x)dx = 3 (C, = C).
: X 1 .
x-——lx|+-—51gnx+C:l¢|xl<+oo
2 6

5) Pat t = Inx thi x = ¢' va theco gia thigt:

. l: -0 <10
f'{t)y = .
¢ 0« <+

t+C, t—o<t<0
Do dé: f(1) =

¢ +C,:0<t <+
Do (1)} 13 mot ham lidn tyc nén tai t =0: 0+ C, =1 + C,.

t+C, e
Vay f(t) =

e' —1+C, 10 <t <+

Do [(0Y=0nén C, = 0.

6) Ta ¢6: (Tich phan ting phén)

1= jP(_]_)_exdx = I(ﬂﬂ +Ell+---+£ll)cxdx
X ® Xn

, a, -
= a,e’ +a,lic’ - e +a,lie’ -
X

a a a, a, o
v = + life’
n=-11x {(n-11

+..= ' - — -
t—1x""' (n-1¥n-2)x""



%
vai li(e™y = j«—dx+(., dat e* = u thij
X

. e w . du
X =Iou, edx = du va lie™) = lin =J.-—+C.
lnu
. . dx s . ) . »
Ta biét: lix = | — khong bicu thi duge qua cdc him so cap.

nx
Vay dicu ki¢n d€ I bidu thi duce qua cée ham so cidp 1a:
a4 a-{

a\
f+—+t=+. . +—L =0
o2 (n-1

Xét 1, = S+ dati x - 2 = 1thi dx = dt

X —

I Ttd 2t o
IJ :JL dl :caj‘e g{Zl}ZC-‘li(L‘:[)‘I‘(.‘l: c4]jc.-u--_l +(:|
i (

Tuong ty ta cé: I, =e:]i(c:""")+(.‘.,

Vay: I = c'life™ ™) - czli(_e:"'”) +C, (C=C, +Cy)

P(x)

)l = — i, (k e N).
(x —m)
W N ] dx
Iich phan timg phiu, dat : u = p(x3}, dv= -
{x-m)

N l
thi de = @'(x)dx vl v=—— !

k—l‘(x—m)k '

e L 900 L o
k=1 (x -m)*! k-1 x-—m)~ !

fx
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vi (¢’ = ae™ | (sinax)’ = acosax, (cosax) = —asinax, do doé
it L tich phan timg phian k 1o ta ¢d mot trone cdc li’ch phan:

e sinax COSAxX
J- I e X j—dx

X — i'l] =-m X—m

dat - a(x—m) = t, ta di dén phdi tinh cde tick phan :

e . sint . cost .
j- dt = hie' j.~——dl =sit, I dt = eit
t 1 1

Céc tich phan lix, six, cix khong biéu thi duge qua cic ham
SO cAp (ngudi ta da [4p bang tinh gdn ddng cdc tich phan nay).
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CHUONG 5

TICH PHAN XAC DINH

§1. KHAI NIEM CO BAN

1.1 Binh nghia

- Tich phan xdc dinh ctra hdn f{x) xdc dinh va bi chan trén
doan [a, b]:

b

I = jf(x}ix: |in1m§f(-§l}Ax|= lim 1

0
max iy - max x; —0

a

vGi mdi cdch chia bat ky doan [a, b]:

A=X, €X-< . <X, <X, ., <Ky =hLAX, =X, - X,
Zoe [x,.x,,,] (i=1,2,...n)
I, goi la téng tich phin thid n cha f(x) trén [a, b].

f(x) ¢o tich phan trén {a, b} goi 14 kha tich trén dé

1.2. Diéu kién kha tich (R) (RIEMANN)

Bidu kién cin v do d¢ kam bi chan f(x) kha tich trén doan
la, b} ta:

Tim D(S-—s) =0

[LiEE NS AN

Ald



trong dé: S = Y MAx,; s = » mAx,
it | -1

M, = sup f(x), m, = inf ({x),i=1,2, ..

"u-‘u:] [+, -3

5(s} zoi 1d cdc tong Darboux trén (dudi) cia f(x) ing vai
cdch chia nao dé cla {a, b], goi chung 12 cdc téng Darboux.

Tir diév ki¢n (R) suy ra:

1°, Moi ham f(x) lién tuc trén [a, b] déu kha tich trén doan
dé.

2°. Moi ham f(x) bi chan v ¢é mot s6 hire han didm gidn
doan trén |a, b] déu kba tich trén doan dé.

3%, Mei ham f(x) don digu va bi chan trén [a. b] ddu kha tich
trén doan dé.

1.3 Y nghia hinh hoe véi ¢ hoe

(L]
I = If(x)dx. vai [(x) 2 0 trén [a, b] la dién tich hinh thang

cong gidi han boi cdc dudmgx =a, x =b, y =0 vay = f(x).
h
I = jf(x)dx véi f(x) > D trén [a, b] la:

- Khéi lugng cua doan {a, b] véi mat d6 khéi Twgng (dii)
f(xy.

- Cong cua lue ¢é do 1én f(x) > O tic dung vio mot vat
chuyén dgng thang tir x = a dén x = b
1.4. Tinh chéat

Gid (& [(x), g(x) kha tfch trén |a, b)

b h [}
17 _[[af(x) el dx = (1jf(x)1lx + [ijg(x)dx , oL} =const

315



24, _[I"(x)dx j-f(x)dx+[f(x]d>. (f(x) khia tich (rén doan 1én nhat

1

lrong cdc doan [a b]. la, L] lc, B

3% f(x) z g(x) ¥xe la.b] (a<b) = jf{x)dxbj o(x)dx .

[=]

45

L]
If{x)dx

b
é“f(x)]dx (a < b).

b
5 m.{(b- a)sjf(x)dx <M({b - a).

a2 < b, M(m) = sup(inDf (x)
[a.b]

o°. If{x)dx =p(b - a), 1nff(x)4p.<§upf(,\)

{abi

Prac biét: f(x) lién tyc trén [a, b].

f(_::) =

e binh cia f(x) trén
[a, b].{a<E <b)

Tong qudt: Néu f(x), g(x) 1ién tue trén [a, bl, g(x) 2 0 (s 0}
¥x € [a, b] thi }f(x)g(x)dx =f('";)]jg(x)dx, Zela, b].

BA1 TAP

94, Tinh trre 1i&p (tir dinh nghia) cde tich phan:
p ! g P

[}
w1 = [x“dx (e R.0O<ca<h

a

2.1 = jat‘dx

t

26



~

3= _fsinx:lx
ik

4.1 = jcosldt, x>0
1]

Bai gidi

Y fix) = x* 1& him lién tue ¥x >0, dac bi¢t nd lidén tuc trén
jn, b} vd1 0 < a < b.

Viay theo hé qua 1 ¢1.2) f(x) kha tich trén {a, b]|. Do do ta
chi cdn chon mot cich chia dac biét doan {a, bl d€ tinh T (vi theo
dinh nghia: khi £(x) dd kha tich thi vdi moi cich chia ta déu cd
chng mét két qua).

Xét oo #=-1, 1a chon cdch chia [a, b] thdnh n phin béi cdc
diém tao thinh maét cip s8 nhin:

Xy =@, X, = X,.Q...X, = X, - ql""' s Xpey < an“ = b.

Klnmazq:\[% LA, =X, ~x, =a.q9 " "(q- ).

va téng tich phan thi v cha f(x) trén [a, b] li:
I,=3 (ag' "Y“aq '(q- 1.
1=1
o day tachon 2 =x, (i=1,2,....0)
Ta ¢o6:

[" = af.l + l(q _ l) zqulrln—ll

1l

:au+1(q _ ])I] +qu.+| +q|u+1| +‘“+q|u.+lu-'1.-l-i

niz-km

=a“ "' (q- 1) ———— (Fong cia cap 56 nhin)
LI".I —l
y b
a’ (g - DICY =] -
= | 4 =(b*" - at"y ———
q*t -1 q" -1
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Vﬁy I - lim I,, - (bu 4-1_ au + [) li]n q_

LIFEIRE S -2l y -+l q““l
bu-l_'ll]
hay: [= ————  {A x> 0e<=qg-> 1)
o+
o, AX "oag g -1
Xétoa=-1: 1, = Y-y G-D

hay: I, = D(q-D =n{q - 1) =

-l _1“
n
R . b
vi I= hml =ln—, (Ax, > 0o a0 »x)
TI-+ a

1
2) 1= Ia‘dx, (a >0 =1)

o

Tuong ty nhu [y ham £f{x)} = a* kha tich trén [0, 1], do dé
chon mot cdch chia dac biét: chia (0, 1] ra n phin bing nhaun bai
cdc didm:

X, = —,i=1,2,..,n+l, A% =x,, -X,= —,i=1,2,..., .

i ] -1
Chou Z, = x, khi d6 I, = 3 {(2)Ax, =l2a "
-1 0=y

1 : _1 " 1 a-—-1 i _]
hay 1, = —(I+a" +a™ +..4a " )=—. "I :“‘l.—
1% 11 '
a® =1 a' -t
d
n

1
( ciip sé nhan s6 ddua =1, cong boigq=a")
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Vay 1= timl, =lim a—l :::;,(1naxAxi—>0c>:1—¢oc)
s aown L na

Pachi¢ta=e: I= fe"dx=e—1.

n

Hi= Isinxdx.
4]

Twong 1y nha 2), chia {0, %] thanh n phAn bing nhau:

11 = =1,2, .0+
n 2n

.., n. Khi dé:

_><
]
l.
[
-
I
|

chon g, =x;,,,,i=1, 2,

n
. Im R
I, = sm——‘—=—-§ sin—~
=1 n 2n 2no 2n

Ap dung 10° (1. 6) chwong 1 cho téng T, ta chb:

T b4 (n+Dn I S 4
— 8 — S —— sm(- + —-}
[ = 2n__d dn 2“_ 4 4n
! . T d4n . T
sin—— s ——
4n 4n
n
p
Doddé: = lml, = lim 4“ sm( +~—) = J_l £=
e " in - 2
d4n

4) Twong ty nhu 3) chia [0, x| ra n phin bang nhau bai:

{, = (‘_])X1QII= X oGi=1.2: . n+ 1)
n n
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chon 2 =t + 1= — f=1,2,..,m
u
Ta ¢o:
£ 3
X X
I, = cos—. 2 theo (1.6, 11%) chuang I:
1 non
n+l x . n x
5 g COSToome s
L= =Y cosm=2 2 n 2 n
no noon .
sin - -
2n

Do da:

1=+

) XX
I = lml, =2sin—cos—=smx
2 2

#*95%, Chitng minh rang néu f(x), g(x) kha tich trén [a, bj thi
cde ham sau ¢Ong kha tich trén |a, b]:

1

. sup [, inf f(x];t(} va citng diu
f(x) v lak] x=la.b

2) JIx) L (f(x) > 0)
3} F(x) . g(x).
Bai gidi

Yy NGt M = supim= wf Y{(x) > 0.

L] A |ab)
Khi dd m £ [(x) € M, ¥x € [a. b,

l. i |
M [1x) m-

Do dd MY = sup (m™= in[} LR —I—]
M=) m '\)
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Xdét cdce tong Darboux trén S (dudt s) cua T) thi
X

hay S -5 < ——Z( -, JAx,

Theo gia thiét f(x) kha tich nén téng & v& phai ddn 161 0 khi

kha tich tréan

max Ax, — (. Vay lim (S—s):(‘:: ching 1o

max Ax p

la, b]. Trudng hgp m, M < 0, dat g(x) = - f(x) thi dwa duge vé
trugng hop trén.

2y g(x) = LJf(x). Tuong ty nhu 1), goi S(s) 12 céc t8ng
Darboux cia g{x) Gug vdi mot cdch caﬁa doan [a, b] va xét:

SEED M VTR TN SR Sy B M <o

In:i

nghia 1 g(x) = {(x) kha tich Ilv..n [a, b] .

3) Tuong tu nhu 2), 3} va str dung hat dang thie:

[fx ey = fx0ex ) s i) = foe o o + et - atx) dé

ding ching minh duge 3.

*96. Ching minh rang:

1}y Néu f(x) kbha tich weén fa, b thi f{x) kha tich trén |a, P
< |a, b].

b
2} Neu [{x) 2 0 va Heén tue trong [a, b, Jf(x)dx:(l thi f{x) =

G, ¥x € [a, b], (4 < hy.
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3y Né&u fix) kha tich va f{x) > 0, ¥x € [a, b]

. b
thi j'f(x)dx > (a < b).

4) f(x) kha tich tren [a, b] thi [f(x)} kha tich trén [a, b]

Pidu nguge lai c6 ding khéng ? (a < b}

Bai gidi

1y Xét [a, B] < [a. b], theo 2° & (1.4): Néu f(x) khi tich trén
fa, bl thi f(x) kha tich trén [a,8] va [B. b].

Lai theo 2° & (1.4): £f{x) khd tich trén [a, B] thi f(x) kha tich
trén [a, a] v [a«, B]. Vay {(x} kha tich trén [a, b] thi {(x) kha
tich trén (o, §] < [a, b].

2) Gia thi&t nguge lai f(X) > 0 tai x, € {a, b]; theo tinh chdt
cia ham lién tuc thi cé mol lan can (o, |3) cia x4, {ae, B)] € [a, b]
sao cho f{x) > 0, do dé _ff(x)dx> 0 viIf(A)dxbo trdi véi gia

thi€t. Vay ket luan 13 diing.

b
3y Gia st nguge lai _[f(x)dx: 0 khi dé tdng Darboux trén

= Y M,Ax, - 0 khi d = max Ax, - 0, do d6é Ve, > 0, 35 > 0,

|
d <& = ZM,AXJ < g,{(b -a), do ddé mot trong nhimg M, < ¢,
1=l

nghia 14 trong {a, b} ¢é phdn [a,, b,]: £(x) < g,

by
Ro rang If(x)dx: 0 vi:

2

-1

bl

b by b
IV?{J'ZOHGHO j J:

e
_—

Y
[

a
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Ly ludn twong 1y, ¢6 {a,, b} < [a;, by] v 0 < f(x) < £,,...,
fa,, byl < [a,,, b1 vdh O < fix) < &, Ta thdy diy doan {[a,, b g
1A mot doan that, nén 3C € [a,, b,], k = 1,2..., khi d§ 0 < f(c) <
g .k=1,2,..

Cho £, — 01hi 0 < f(¢) < 0, didu vo 1y nay, chdng té6 ménh
dé 3) 14 ddng.

4) Goi vic téng Darboux cha f(x) 13 S, s va cda ‘f(x}[lﬁ S, s
thi theo bit dang thic:
NETE
tacd: S* -5 < 8S-s.

Theo gid thiét f(x) kha tich, nghia 12 limS-s)= 0, do dé

max Ax, —+0

m(S'-s"y= 0 nghia la lf(x}| kha tich trén [a, b].

aws Ax; 0
Diéu nguge lai, néi chung khéng ding, ching han xét:

1 nfu x e Q (hitu )
f(x) = . .
-1 néu x e 1 (vd16)

g d:‘ly|f(x)|= 1, ¥x € R nén |f(x)| kha tich trén {a, b] bat k¥.
Nhung fix) khong kha tich trén [a, b] bat ky.

Vivéi e Q, f(Z) =1, Zle—b-a—>(b-'1)

Z,el f(E)=-1,1,= Y -1Ax, =-(b-a) > (a-b).

97. 1. X¢é&1 ddu coa cde tich phén:

x

) I = J'x sin xdx 1= J-qu

—dx.

2. So sianh cdc tich phan

323



324

| L
al, = _{c"dx . l.= jc
4] n
by I, = J.c"‘: cos” xdx, I.=
L]
Bai gidai

n s |

1yayl = _l.x‘;mxdx— jxsnndx+ J'xqudx

i} q n
trong tich phéan thit hai dat x = 7 + {, 10 ¢6:
" n
I = Ixr;iuxdx+ I(n+t)sin(n+t‘ﬂl .
[
nhung sin(n + ) = - sint, nén:
L3 L] X
I = _[xsiuxdx- jlsintdl~n jsinldl= - @ *sin < 0,
4
(0 < 2 < m), theo 6° (1-4).

310 X
H0X 6 xe (0, 2
by Xét F(x) = 4 5 ‘O xel.2m

1 vh x=0
In -
sSin x
f———(lx

Khi d8 1 = = [Foods .
Q

Q

‘3111 X

hay 1 = Ik(x)dx+ f

Trong tich phin thi hai, dat x = =

= Jroods+ R l[
0 w (D) T
_[ s.m:\ nl"(';)j‘- dx

s XX+ 7 WXt X

s )x

Ix
X X+7

+ t Lhi:

SIX

sinz
= T

n2=90



< <n (Pinhly trung binh t6ng quat: (1.4,6%)

st X
L. . x =l 1
vai f(xy = IF(x) = X , 8(X) =
1 :x=0 X+

1 . .
2y a)y Xét | -1, = j{c" - xx, ap dung dinh 1y trung binh
0
(1.4,6%.

I -1,

—(et-e¥Nl-0), O<i<l

hav i, -L<Oval <1,

b) Trong I., dat x == + L.

ta ¢é:
* . * .
I, = Ic'“‘”' cos™ tdt = Ie'”‘”’ cos” xdx
)
n 4 -
Xét -1, = [(c" —¢™"" ycosT xdx

Ap duung dinh 1y trung binh thi:

[[-l.=(" -e™r, 0<i<m

hay I, -L.>0 wva I, > 1,

98, Udc lugng cde tich phan

N1

Jﬂ;(lx‘ D= _[ l+—~.m xdx. 3)I=J- X ux

I
o!_-_ﬁt. 'l

3 _ n+l
re I[ SinNX me] I
0

SILX +COSX



Tim gid tri trung binh coa 5) f(x) = x> trén [0, 1]
, ) n
6) f{x} = asinx + b trén [0, '2—]
Bai gidi
Ta ¢6 thé dung 5° hoac 6° ¢ (1-4) d€ gidi cde bai todn nay.
1) Diing 5% x&t f(x) = x4flgx . ta tim gid tri 1én (bé) nhat
n T
M(m) cua f(x) trong [0, :}.

Ta ca:

F(x) = Jtax + —‘x————bO khi 0 < x g —E.
2C08” Xqftgx 4

(f'(x) = 0 chi khi x > )
Do dd6 f(x) 1a hiam don dig¢u tang trong [0, g] nén m = f(0) =

ooM=fly=2.
N

Vay 0(Z -0 <1< X (Z 0y, (theo (1.4, 6%)
4 44
ﬂ:
ha 015 —.
Y 16

Né&u dung 6% 1a cé:

[= E.ftgl (1/}_ Mvoei0<§ <« E{f(x) don diéu tang)

KhiZ=0.thil=0,khiz=Zqhit="0C yiyvnela ™
. 4 16 10

2) Ap dung (1.4, 6°).ta ¢é:
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Voo L
1= fl+=sin"% {(—-0
IS (2 )

0<-§<E,tt:dél((n=33,1{3)= iy
2 2 2

b i
—<l<\(7.—.
2 2

3) Ap dung (1.4, 6% tacé:

9

I = = (1-0), 0 <& < 1.

=

b3 |
(ST

Vay:

™|

w

Ti
o

\:.‘_13(0-(.I<L

5

I(0)y = 0, I(1) =

1
V2
4) Ap dung (1.4, 6" tacé:

- o 8 Iael ’
Sing —coss T n
1= | —= |—0L 0« < —
sing +cosg 4 4

" n n .
Oy = -2, I|=]=0vay - —< 1 < 0.
PRLIVC I

I 9
] !)(dx: % {Thco 13 bdi ).

5} Theo(l.4,6%: £(2) =
1-0 %

0)Theo (1.4, 6%}, 1a cé6:

P 2 L
HE L j{asmx+h) dx = —~(a+b£)=—i+b
n n 2 L
i U
2
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¥Y, Ch ung mend:

1 "
17 lim J-—x—dxz()

s o l+x
n

2) Hm f*;m"xdx 0

it—+ a0

*3) |jr(x)o(xm | < ljf (x)dx. / g’ (x)dx. (Schwarz)

12 12
¥4 j[f{x}+ (x)]‘dx} S{J‘f‘(x)dx} +li_[g:(x}dx}

Bai gidi
1) Ap dung 6°(t-4), ta c6:

=

lim ——ch lim —h'—(l ~0=0 (0 <=

=
[ ) l+ TH sl .

<I)

2) Nhu 1y

‘.'[

“lim _[sm" xdx = [im sm"'(—~()) 0<k« n

o—ks- n—rt 2
N - ki A
=0(vi0<Zx 5,0<sm;< 1.

b b b h
3) xmj(rn.gﬁdx:jrfan R fetdx e 27 | fedx 2 0.

El a

Pay 1a mo1 tam thite bac hai cia 7., khong am, suy ra:

7

A=bh7-ac= {j"f‘gﬂx}: - }["tlx.fg:dx <0 (N

a2
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T sy kha tich caa £, g theo 3) bai 2, suv ra f.g, 7. ¢° kha
tich nén cac tich phan & (1) 1a 1én tar vh 1t d6 1a suy ra 3).

b h 1 h
4) Xét I(f+g)ldx = szdx + jg:dx+ 2jf.gdx <

1A

b h b b
jf:dx+ '[Szd)H- 2(J'f:dx)”:('|-gldx)'“ =

b [ b /2
[jf:dx] +[J'g3dx] (theo 3) va do dé ta cé 4).

+ a

§2. DAO HAM THEC CAN TREN - CONG TH/C NEWTON - LEIBNIZ
CAC PHUONG PHAP TINK CC BAN

2.1. bao hdim theo can trén

- Néun f(x) kha tich trén [a, b] thi I(x) = If(t](hlh mét ham
lién tuc trén {a, b] .

- N&u thém didw kién [t} lién tuc tai t = x € |a, b} 1thi 1'(x)
= f(x).

- Mai him lién tue trén fa, b] déu ¢é nguyvén bam trén doan
dé. '
2.2. CAng thic Newton - Leibniz (N - L)

. . X
NC&u f(x) lign tuc trén fa, b) thi | [(x)dx = l"(x'Ji = F{b) - I'(a).

Vai Fix} T mét nguven b eha [(x} 1rén fa, b,
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2.3. Phuong phép fich phan ting phén
Néw cde hdm u(x), v(x) khi vi lie¢n 1ue (¢6 dao ham bién tuc)
trén [a, b] thi:

b

Tudv: W - [ vdu (1)

Ap dung:

| =

[ = _ -1 E:11:2111

n

(2)

ot——aia

sin" xdx = Icos" xdx -
n'! )
o l:n=2m+1

2.4, Phuong phap déi bién s&

b
bé tinh 1 = jf(x)dx, f(x) lién tuc tréan (a, b], dat x = x(1),

o <t <f, thod min:
x(1) ¢ x'(1) lién tuc trong [, Bl.asts P =>as<xs<hb.
x(a) =a, x(By="h

B g
thi [feadx = [flxay]x e (n°

¢6 thé dat t = ((x), nhung phii thoa min diéu kidn: 1 = 1(x)
lign tuc, don di¢u tang (gidm) vd cé t"(x) =0, lién tuc trong
fa. b], f(x)dx = g(t)dt thi:

by

Tf(x)dx = fan - (2)

Uat

Ap dung:

Mk

”f(x) + ((=x)|dx :néuf(x) khong ehdn, 14,
A .

L k
If{x)dx = EIf(x)dx snéuf(x) chin. ()
h I

Q _ ‘nduf ()&,

330



(k>

BAL TAD
100. 1) Tinh I'(x) néu;

ay Iixy = jc":dt b) Icostdt (x > 0)
x I

2y Tim:

j{an:tg{}:dt J\/Igldl

a) [iln ‘9‘—“/‘—— b) lﬂl Ig‘o—"""-""

X" +1 j Vsmdt
4]

ZXIc‘:d!

¢) lim —&—

R-wet+ e

Bai gidi

D ) I(x) = ];e"’dt- ]’e"’m

Vaiu=x u = 2x.

1

4

Vay 'ix) = ¢ " 2x-¢™V =22xe ¥ - ¥
b} Tuong g nhur a)
!

I I {1
I'(x) = ICOSl'(Il—JL‘OSl'dl = COSX. —cus—,.(——‘
. a 2% X X7

%
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_Cosx 1

|
+—o—
2\/_ o

2) a) Gidgi han 6 dang vo dinh —, dp dung quy tac

L' Uapital:

X
j(ill‘clgl):dl ( P
. . arctexy  wo ! X
.= lim *——— = 1lim e = — (M —=—=—===1)
A b £ ﬂx_ +1 Nk E _._.}_‘____ 4 T e X: +1
X741

0
b) Gidi han ¢é dang vo dinh . dp dung quy tac L Hépital:

s
[ izt .
I i Y I cosx,}l«ismxi
= — = i ——==
el 6 LR}
- ,}‘;milﬂxi
J Vsintdt

4

COs X

smx sinx
= lim = lin =1
=0 iy tﬂx X »*0

¢) Tuong tg nhu b):

2xj.c‘:dl 2]'\:':(1( +2xe"

= lim —'-0—,—‘— = lim n—":-'-'-"-—
LT At LY -

I 2%

o R
- . L

= hm( r +l)=llm-—-——: —+1 =1
LI x":\ L c‘ +2X-c\

LT, 1Y Chang minh: f(x) lign tue ¥x > 0, i f{x) =
1
= lim [f(ulx)(lx:[,

0.oven-
0

i3z



2y Timw de 1. = hm(x—l) J-—,—dl Lo 1ad v tim gidi han do.
v ol

Lt
] 3 T3
3) Chitng minh: Jllﬁ/{l+x2)2dx + ]‘ln-‘nxzdx > jln(l+x2)dx
1 8} Q
Bai gidi
Iy [, = 0 thi menh dé 1a hién shién ding.
Xér L= 0, dat nx = ( thi:
1 ] 1]
ff(nx)dx: —If(l)d! = g, {1
a no

e+ m . 1: .
g, LA gid tri cha ham g(x) = —If(l](!l tai x = u.
xO

- _ []fmd:]’

f(odt= 1im =2 t = ]_imﬁl'{x.):l, (theo gid thigt).

Ao (x)

|
Vi lm—
1o X

& iy

N

1
Nén g, - L khin - 2 vhtheo (i) lilnjf(nx]dx -1
[u]

ol
I] Lt
' Tt
D)L= lim
-kl l o
(x-n"
. D . . . . v
[ ¢6 dang vo dinh —, dp dung quy tac L THopital:
o
. R _] -l
1. = th‘l——? datx - 1 =1t

ok wlin™ x
:Khia=1

- -1
hi - ={ _
thix > 1 <o1—--0 = L 0  Khia>l

L
3) Xét f(t) = jln(1+x2)dx. £ = >0t>0=f; lom o

1+1
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lf{x)+)Lf(x2)>f[l]x,+lzx2) A= hy = o, k=2, M= 3

mfm

1
3

102, Ap dung ¢6ne thite Newion - Leibniz (N - L), tinh cic
tich phan;:

0 j‘ x dx . j';m(]nx)
o y¥x" +4 : |
3) H -
jc.h %’ ) 'Hl x‘dx
1 . :
dx z
*5) -, O<a<m G)Iﬁ-wd—x——,—
aXT +2xcosa +1 pSINT X +2cos” x
T osecix cd 1
7) = dx, i -_
'r[2+1g'x 5) :[ldx('uclgx]dx

Bai gidi
1 1 3
NI= _[{-J— dex— %ln()‘("+\)x"+4j

—In 2] - ln

\]

I+J—

% sin(l .
1= J'—(ml-lx—)dx = -cosln x!l =1 -vcosl.
X
1
In3
dx Wi
Hl= J' — = thx]l , = th{In3) - th{ln2).
InlCh-x "
1
. . et —-e "t T
Fa bict thx = —. do d6 th(nx)= X
[V
X4 -
X
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) 301
Vi | = 2 L= D=
1Y 57

5)[:'1[ dx

—_ , < a<nx
X7 +2xcosa +1

d(x + coso) 1 X +cosc
= a .1 = . arct -
X +cosa)” +sin” o s sino

: i l+cosa l-cosa
= — arclg— +arctg——
S L SIno sina

hay I = L arctg(t E)+*m:tcu ! ==
‘ ing| g2 ’ o 2sing
tg—
2
(vi 0 < < n :0{%<%:¢-[g%>0] vi theo:

1 .
(arciex +a1‘clg—=§ khi x > 0}).
X

6) 1 = -—[ dx _ } digx N } dcot gx
oSINTX+2cos’x o 2+1g°x  3142cotg’x
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n
Lgx K

! T
= —=arely( I = arelg(y 2 cotgx )
\[2 iy 2 e \/-2_

n

1 1 1
= —=(arctg— + m‘ctgﬁ) =—= Z

V2 v2 «5'%_2_\?_;

. . - seC” X .o tex, ., ., .
7Y Nguyeén hiim cdaa - -~ i —=arctg{=)cd gidn doan leai
2+127x \E N
. n 3n . ;o i . o
I tar x =—, — nén khong the dp dung cong thie (N - L) dé tinh
2 2 ’

tich phan nay.

8) Nguyén ham cua

dx

tai x = 0, nén cing khéng (hé dp dung céng thite (N -L) d€ tinh
tich phiu niy.

d | . 1 ¢ . )
(arctg—) Ta arctg—, c¢d gidn doan loai
X e

103, Tim IS

. » Néu:
2 -
1) S”:i‘+~~;+...+n :
n- n- n-
I t
2) S, = SR N
n +1 n +2 n+n
17 +2% + 40"
3y 0§, = T 50
“pvl.
4y 5, = ‘n — + _" — .t 1“ -
no+1" nt+2° notn

P .2 _ i
5 S =—(smwn—+sm—“+...+.\;m(" ) )
] N n U

. . R
*0) 5“=S|11—.Z-—-]—-—

oy KT
Y12 4cos- -
n
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Bai gidi
n 1

Nbato,=§ +—thi § =0, ——
n- n

o, chinh 1a t6ng tich phan caa ham f(x)

SnT onign
1. !
=1,2,..1n).

x trén doan [0, 1] véi cdch chia déu va &, = — (i
1

; . 1 . -
Do d6é lim§ =limo, - lim—, vd theo dinh nghiatich phan xdc

L—wr s 1y

L 2 !
li1nS"=_|'xdx-0:x -1
H—n ° 2 A 2

ps = Lo 1
=
n

n—an

dinh:

trén doan {0,

day chinh 12 t8ng tich phan cha ham f(x) =1
+X

=4 (i=1,2,.., n.

1] v@i cdch chia déu va &,
n

Theo dinh nghia tich phan xdc dinh:

insS, =

LI

L

d
j—x = In(l +x)|[ =1In2.
o 1+x o

I 1] M
3 S, =3 (D", tuong te nhy 1), 2):
N n

i pet
mS, = _fx'"dx-: X =—~L—. p>0.
0 p+l0 ptl
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4) Tuong s nhu trén ta ¢é:

2]

o . I Lodx 1
HmS, =im) -—-j' T = arctgx|
4]

Nn—sr n—rs = 1 -
| -
' 1

5) Cing tuong ty nhu trén:

. . nm
lim§, = hm[ Z sm~—— - sm——J
n—

LN 3 n
' - 11:)';1 2
= _[sinnxdx——-& =—
0 L R
6) Tacé: S, =sin=y —
M1 4 cos ot
B
1
Vi sin—=—+0 _J (khi n — o)
n n
.
nén limS &llln—z =I dx
nv= .. 11k.2+ kn 4 2+cosx
n
1-tg* X
Vi Ccosx= 2 nén:
1 X
x n
x dltg = tgz{\- x
lunS,,=2_[ 2 - Zarctg 2| =2,



104. Ding phuong phép tich phan tirng phan, tinh cdc tich
phan:

1) 2) Ixarctgxdx
i}

X cosxdx

D) | 4 |

1
4y [x%e™dx

0

3) Ie:‘ sin dxdx
[u}

Bai gidi

1) Bit u = x, cosxdx = dv thi du = dx, v = sinx

x

O eyt |

I = |xcosxdx= xsian—Isinxdx=E—l
1] 5 2
2) PBat u = arctgx, xdx = dv thi du = dx ,v=£w
+x- P
A 2 NE Jiz
I = J'x:ucigxdxzx—-arctg —iIde
5 2 o 25+ x"
n 1%, 1% ax 2 3
SELN PR L L )
2 27 2014 3 2

3} C6 thé tinh tryc ti€p, dit u = sin3x, dv = ¢**dx hoic ap
dung cong thic (1.4: 23°, chuong 4):

n

I= J'ez‘ sin 3xdx = S— (2 sin 3x -3cos3x)| = “?’—(e:" +1
! 13 3

0

4) Dat u =x* e dx = dv, du = 3x3dx, v = o

1

-
=K

1
e
I= fx'e™dx 3 —x'
»
1} 2 [

-0
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I, = jxlc"dx——x —jxc"dx
a g 0
n N 1 3% 1 -
A _Iem e e 1 et
2 2 o 0 2 2 2 4 4 4 4
va [ = e’ 3fe’ 1) 43
Y 2 214 4 R

108, Ching minh cdc cong thire:

oy S

Y L, = |cos" xcosnxdx :5?-; (n=0,1,2,.0.
YK, = jcos“xsiunxdxz—-l— 3+-2—:-+...+3— (neN).
. 2™l 2 n

I _ n-1
NI, = I!g:“xdx:(—l)" I_ l—l+i+...+( h (n=0,1,2,..0.
o 4 i 5 2n-1

4) By, =[x U-0)""dx =
o (m+n-5H!

1 m ~ LY
(a-lym-I} (Ham Beta)(m, n € N).

Bai gidi

1) Bat u = cos"x , dv = cosnxdx thi du = - ncos"'xsinxdx,
sin nx
v =
i
n x n
o sinnk 23 Wt . SInx
L, :Icos Xecosnxdx = COS X +I11cos X sinx. dx

o )| e B n
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1 . . - N - P
hay L, = jcas” xsmuxsinxdx, céng vao 2 vé L ta cd:
1]

cos™" x(sin nx sin X + cosnx cosx)dx

b
i
1
) Sttt |

hay 2L, =

cos" xcos(n - Dxdx =L

n-1 *

=R R

1 » ) ]
Vay L, = EL" v Ap dung lién ti€p cong thitc ndy ta cé:

1
Ln-: = =T Ln-I:"'=

20 2"

L,

N
nhung L, = jdx: X
o 2

Vﬁ}’ Ln =

o+l

2y Bat u = cos"x, dv = sinnxdx thi du = -ncos™'xsinxdx,

—cosnx
n

1 x

3 . LI

7 . —cos" x.cosnx [T Fcosnx S
K, = fcos"xsmuxdx: . I eos™ xsinxdx.

. n 5

(i}
¥
| T . .

hay K, = — - jcos“ ' x cosnx sin xdx

n >

Céong K, vio hai vé, ta cé:
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2K, = = + _[cos""x(sinnxcosx—cosnxsiux)dx
1 o

n

H

hay 2K, L Icos“"xsin{n—l)xdx =1, K
n o n

n-1
. | 1
Dedé K,= — (— + K.\,
2 n

Ap dung lién ti€p cong thde truy hdi (1) ta cé:

K -1 [L+ l[_l_”(""ﬂ

2 In 2in-1 -
Al )
2In 2n-1) 2(2in-2 :

1)1 l [ 1
= —7—4 +— +..+—K,
2Iln 2~ 27(n-2) 20
K, = Icosxsinxdx LS
o Q 2

Do dé6 K,

111 I 1 1
—|—+ +— b —
2[[1 2m-h 2*n-2) 2“":[

Nhan 1ir va miu & v&€ phai v4i 2" ta ¢6:

(1)



I, = 1 = I

Tir cong thitc nay, suy ra:

| 1
n = - +In_« =
n-1 2n—3 B
_pyAe-in-ly
S N ot D +(-D"1,
2n-1 2Zn-3 2n-2n-1)
s a
Theo gia thidt: I, = fldx ==
rd 4
l . l —l n+l T
\fﬁy In = - +...+( ) +(_l)n_
2n-1 2n-3 - 1 4
n-3 _q3n-]
hay [n = {_.I)" E_ 1_,.l_+l+___+i+_(__l)_._
4 .3 5 2n-3 2n-1

43y Piat v =(1 - x}*' , dv=x"'dx

thi du=-(-1)31-x)""%dx, v= x
m
xm(l__x}n—:l ‘I n—1 I
B(m, n) = + J'x'“(l—x)""dx

m [0 m g

-1 . . .

== Btm+1, n—1 (sd hangddu bang khoéng,
m

Ap dung cong thitc niy lién ti€p, ta ¢6:
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144

n—1 n=2

B{m, n) = - Bm+2,n-2)

m m+l

-1 -2 ~(n-—1I
s holmm2 e men-L b
m m+l m+n-2

i

1
Mat khédc:' B(m + n.1) = j‘x“”“'l(l—x}”dx=———~——
o m+n-]

(n-Dn-2)..2.1 (m- _ (n—-DYm-Dt
mm+l.{m+n- (m-D' (m+n—1)

Do dé: B(m, n)=

106. Dang phuong phidp d8i bin s&, tinh cdc tich phan:

.,

1) s—dx; -1
! n L

. € +3

!
5) j(l,—xz)"dx (m=012.); 6) J’ —dx (n=012.)
1]

oyl-x~
*7) J- Xsinx : *g) j-ln(l+x)
1+cos® x o 1+X
Bai gidi
. J_ T
Iy PBat x = sint, dx = costd1, —<x I@ISté—z—

cosk.costdl I-sin’t

-
=

sin~ t sin” sin”t

—y
]

L

|

| —— | A

D..

A —
j=h
=

|
| Ny |

2
I_ll
uy

7

i
0
|
|

—col gt

+ | A

i val=



2y Pat W -1=1 l<x<2e0<t<43

XX = ax =2

s
= t| -arctgl ZJ__———
l | ;
In% _=x x
-1
Ni= |
o € +3
Pat ve' -1 = D<x<n5<=0=ts2
edx=d[. d h2(dt
2t et
e -l=0C e =tT+ 1y e +3=t7
: t F todt
1= jlmd‘_ 2f dt =2 [dt—4f——
17 +4 o4 Py ol +4
=2(2—iarctgij =4-n
2 ]
I 1
1x |
4 I = j ( ZZJ. ax
L+ xTy {1+ X))
bid I}
balx =1 0<x 51 01 —, dx = ~
4 cos™ i
n 1 n \
cos 1 I v sin2t
I = j—-&gs%z 2jcos‘ 1t = 2£—+‘;“12 ]
S (1+1g’ 0’ ! 2 4
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Chlii ¥ C6 thé dp dung 28° (1.4) chugng 4.

X 1
=20 —— 4+ arcipx
(2{)&' +1) 2 }

]

1
SYT= fil-x")"dx,dat x = sint, 0 s x < 1 & 0 <

x
Y

I= I(l—sillll}" costdt = Icosh” tdi .
0o [+

0 . < 2!
Ap dung cong thie I, §(2.3) tacé: I = (Zn)

l n

6)1j

0 I—x'

dx (n=0,1,2, .)

Batx =sint,dx =costdt 0<x<i <>0<t<

sin" {.costdt

Y1 -sin®t

—
1]
= TR}

: id
Z - [~ 0=2m,m=0,12..
= _[sin“ we = D 2
!

¢ l:n=2m+Lm=0,1,2.
{Theo 2.3).
7y 1= [ X XX e dat x = 7 - 1. dx = - dt

o T+cos™ x

[ = j-(rt—l):m(n-l)(—d{) I w1 smldl
a l+cos (n—-1) a F+cos®t

Co+DI-

1A
| A

T
5 .



n - " .
sin tdg tsintdt
=N I - I

ol+cos’t  pl+cos™t
. I lcost L3 : :
Do da: 21 = -nJ £eo S :—mrtg(cost)l =L vay I=£~
s 1+cosTt o2 4
Infl + x .
j—l(———)dx dat x = tgt, dx = (1 + tg-tHdt,
o L+x

Lo j-ln(1+: gl)
0

(1+1g*0dt —jln{l +1gtidt
l+1gt _

ﬁmhﬂj

nhung I + tgt =
cost

Do dé:

n 4
sl — +t l—jlncosldl
4 4]

ll\/_-dl

!

r
4

c‘—-—ul-ls
o‘-—u-ln

1A
£ 1A

Dall——*g--‘r,OS = zt20,dt=-dt

Khi d6:

" x

: 3 3
ln(sin(—z— + l))dl = Iln(sin(% - T)Jdt = Iln(cog‘t)dt = Ilu(cosl}dl
(i} V] a

O ey |

LI x4 x4
Vay I = j ln\EdI + jln{cosl)dl— j]n(cosl)dt =~;-:—]:12
0 i}

167. Ching minh cic cong thite:
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b i
1) jf(x)dx:(h~a}jf[a+(b—a)x}{x v f(x) lién tuc trén [a, b.
a a

n X

2) If{sinx)dx: :[f(cosx)dx véi f(x) lién tuc trén [0, 1).
4] ]

1) J'xl'{sinx)dx:-Tziﬁf(sitlx)(ix v&i f(x) lien tuc trén [0, 1].
0 O

. a*T T
4) f f(x}dx=!f(x)dx vai (x) tuan hoan, fién tuc ¥x € R, chu
a 3]

kv T,a e R.
n o .
*5) I lim (2n) . (Wallis).
2 2n-D"} 2n+t
Bai gidi
' X—a .
yBatr = » Xx=a+ (b-a),dx = (b - a)dt,

b-a

A<xsEbeo0<tel

b . L 1
I= [f(x)dx - (b—z1)£f[a+(b—a)lkh = (b—a)_!f[a+(b—a)x}ix

2) Pat = -x=tor= L ondx=-dt,0sx< " o & 5130
2 2 2 2

n n
i}

fisinx)dx = —_[ f{sinfg - 1)dl] = jf(cosl)dr = If(cosx)dx
o 0

T

I =

O Ly H

D= fxf(siux)dx,d:‘;lx:n-t,(k:-dt.()sxsnc:nnzlzﬂ
i}
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L] L] L] ®
I= I(n - i)f[sin(n ~ l)](—dt) :_[ mf{sin )t —I tf(sin t)dt = n_[ f{sinxidx — 1
n u] o o

do dé: I= =
T2

o —

fesint)dt = Ejf(sin x)dx
2 5]

a+T T a+T
4y 1 = j’ f(x)dx:jf(x)dH jf(x)dx
a T

a

z+T

Xét I, jf(x)dx,datx:T+l,dx:dt,TéxSa+T<:>
T

0<t £ a.

I

JECT+ndt = [fdt = [fexdx
a 4] o
vi (T + ) = (1) do £(xX) tudn hoan chu ky T.

vay I = }f(x)dx+_a[f(x)dx =}f(x)dx.
FY o il

" O . - .
Y VE 0 <« x <« = thi sin™'x < sin?"x < sin*""'x
2

]
| =

In 2n-1

:
sin™™"! xdx < Isin
)

xdx .

-
=
o Cm——s | A

-
xdx < Isin
0

Ap dung (2) & (2.3), 1a ¢é:

(2! <(211—[)!! 34{2:1-—2}!!
Co+Ht! e T2 2u-Dt

e T [ oame T
hav . g — & ———| — (1)
’ Ao+ 2o+ 2 2n-DY | Zn
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thi

350

tt : " :
Pat « = {(2n)'! ‘ 1 i y. = (2! _1_
2o+ 1Yt 2n+ D (2n-nt 2n

cmr T 1 ] e 1
O<y, -x, = |—-Z—| | —— = ) <
2n+ Dt 2n 2n+1 2n-DN | 2n2n+ 1)

<

T (theo (1))
2 2 ’

vi lim——=0 nen lim{y, ~x,}=0
nnn 41‘1 -0
mat khdc ciing theo (13

4 .
0 < 5 Xo < ¥, - X, theo chifng minh trén:

lim(y, -x_)=0,

do dé limx, = z
n—n 2
x [ e T 1 _ 22.44.202n
hay — = litn . = lim
2 a—af (2 = 1)1 (2n+1) »-<1335.02n- D2Zn+1)

108. Tinh cic tfch phan:

1) jllnxfd.x ) jsign(x-—x’}dx *1) jxsign(cosx)dx
1 o o

&
*.4) jE(x]sin%x—dx (E(x): phdn nguyén cia x, E(x) € x).

Bai gidi
=

Iy I= ”lnxjdx =
|

B | o

—lxdx + Ilu xdx
1
5



1 <
= {-xlnx + x)‘] +(xlnx—x)|I :2(1—-1).
! ¢
loful<x <l
2)Ta c6: sign(x - x’) = ¢—1nful<x<3
Opfux=0,x=1

Do dé1= jsign{x-x’)dxzj‘dx—jdx=l—2:—l.
o 1] H

4

1 mﬁ.’uOSx-:E
2

P . T
3) Ta c6: sign(cosx) = {1 neu5<x €7

0 mffu:li=E
2

Do dé: 1= jxs:gn(cosx)dx Jz' —jxdx=—§
° ; i

4) f(x) = E(x)sin% cé gidn doan loai 1 tai x, =k, k=1,2,
3, 4, 5 trong [0, 6].

Vi E(x) = k khi x € [k, k + 1] nén {(x) kha tich trén [0, 6]
va:

5 kel k

X X 39
=Dk j sm—-dx Z—cos—— ==
k=l % k=1 0L 6 K+l b

§3 AP DUNG CUA TiCH PHAN
3.1. Tinh dién tich phéng

- Dig¢n tich S cha hinh thang cong gidi han bd&i cic duong
tién tye y = f(x). x = a, x = b vd truc Ox (H.43).
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[
S = {[foofdx (1 Y

- N&u hinh gidi han b&i a < x<

b,y €y <y, thi: b

-]
S= _[(y1~y,)dx {2)

- Né€u dudng y = f(x) cho dudi

. g aq b £
dang tham s6: x = x(1), y = y(), o <
t <P dng vdi a < x <b thi:
. ; Hirth 43,
$= [ly mx jdt (3)
i€
- Néu dudmg x = x(1), y = y{n, 0 <t <T Ila dudng kin

litne ., chay nguge chiéu kim déng hé va gidi han dien tich S
va phia trdi thi:

o
]

T T
- [ yoxodt = [x(oy (e
a ) i3

lT
hay S Ej[xmy'm—x'my(t)}ch- (4)
Qo

- Trong toa d¢ doc cuc, dién
tich S cua hinh gidi han bdi cde tia:
P =o,9=0vaduong r = r(p) la: ’ =

1 ?
S= —{ri(pd H.a4) (5)
Sir@de  (Lad)

a

Hinh 44,

3.2.Tinh dé ddi dudng cong

)
b6 dai s cla cung dudng cong AB: y = y(x). y’(x) lién tuc, a<x < b:

§ = jf,h+y'fdx o(n
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- Néu AB o phudang trinh tham sé x = x(1), y = y(t), x £ 1

tng v@di a £ x < b thi:

5=

e ]

S ey

(2)

Trong toa 46 doc cuc A0 didi cia AB: r=r{p), o £ ¢ £ fi:

B
s = [+ do
o

3.3.Tinh thé tich

- Fhé tich V caa vat
th¢ T ma 1hidt dién
thaing géc véi Ox c¢é
dign tich S(x} la modt
ham lién tuc cia x; a £
X < b (H45) la:

-]
V= jS(x)dx (N

Thé tich V cita vat
thé tron xoay T do hinh
gigi han bdi cdc dudng
X = a, x = b, ¥y = 0,
v f{xy, f(x) A han
lign tuc ¥x € [a, b].

quay quanh Ox tao nén li:

quay quath Oy tao nén Ia:

Do hinh: ¢ £y £d, 0 € x

[c. d].

guay quanh Oy tac nén li:

(3)

Soxy

< x(y)

H_ir]h 45,

b
njyz{x)dx ()

b
2n_{xy(x)dx (3

<

B

x(y) 14 ham lién tuc vxe



d
V= ajx’(ydy (4)

Do hinh 0 ca <P,
Yo e [a, B]-

quay quanh truc ddc cuec OX tao nén la:

r{@), r(¢) 12 him lién tﬁc

B
V= g:,)Eflr’(cp)sinq:dfp (5)

3.4.Tinh dién fich mé&t rdn xoay

Di¢n tich ciia mit trdn Y
xoay do cung AB: y = f(x),
f'(x) lién wic

a £ x £ b quay

quanh Ox tao nén
(H.46):

b
o= ZﬂIy l+y’dx. (1)

_. Néu do cung -0 x
AB: x = x(y).c €y £d
quay quaoh Oy thi:
d
c = 2n_[x 1+x7dy  (2)

Néu AB cé phuong Hinh 46.
trinh tham s68:

X =Xx(1)
y=yt)
a =t <P dng véia <x <bvd quayquanh 0x thi:

o = 2n?y(t_),/xf +yldt (3
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quay quanh Oy thi:

o = 2n_?x(l),fx',: +y; dt (4)

Néu cung AB cho theo phuong trinh déc cuc r = (), o £ ¢
< f} quay quanh truec 0Ox thi:

' p
g = 2“_[ r(q))sillcp,’l“2 +r, do (5)

BAI TAP

109. Tinh dién tich etta hinh gidi han bdi cdc dutmg:

1) XxX+y=0,y=2x-x".

2) y:xz.yzx—,y=2x.
2
3) y =2x, x* 4+ y*'=8,(x20)
4 X+ yr=16, x*=12(y -1}, (y= 1)
8) xﬂ_y::l X = 2a
a~ b°
Bai gidi Y

1Y Hai dudng cit nhau
tai x = 0 va x = 3 (H47).

Do dé theo (1) & (3.1): o //”'*ﬁ““\\ 3
I
|
)
|
!

5= j"[2x —-x7 —(—-xj}ix

2 3
4]

1
= Z—z?-:al— (dvdt)
2 3 2

Hinh 47,
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2} Cdc dudng cat nhau y

tai x = 0, x = 2, x = 4
(H48), do dé, theo (1) & I
{1.4). |
s . |
2R
S = - I
S J:{x 2)(13( + 4 |
g /
3 s | :
+ [@2x-x")ydx =
l( ) o 3 4 x
f® 2y
= L’ +[x3—£-J =4
6 3 ]
0 bt Hinh 48,

(d.v.d.t).

3) Hai dudng cat nhau tai x = 2 (H.49).
. . Lo 5 .
S = 2 (Dién tich " linlh tron - §))

-

5, = IWSFX: —V2x)dx = | 248 -x? +§—a1'csit1 x —\E.zxé
! 2 2 242 3

o

=T - .?'_ y‘
3
{Theo 2° (1-4) C.4).
Vfly' S’
|
S§=72 @-_“_(n_z) S ! o
4 3 [7] j vz x
) {
=21 + i (dvdn).
. 3
4) Hal dudng cit
nhau tat x = izﬁ (y =
2). Hinh 49,
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Y
L~
2
I |
| ; L\ 4 a fT"Az2a
NV
e
Hinh 50. Hinh 51.
Theo HA0, ta cb:
s=2 | [416—38 —(%+l)]dx
i ‘ N 141 3
=2 (i 16 —-x~ +-1-(la.rcsmi—x—-x) 2_16_1:_&__{ {dvdt)
2 2 4 30 3 3

{Theo (1.4;20° chuong 4)

5

Ly

Theo H.51, ta co:

S$S=2 j% X" —a“dx

1l

a

2—h[%~dx: —a® +32;!u(x +vx® -2’ )]

2
a

ab (243 +m2+v®)  (dvdn)
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110. Tinh dién tich S cita cdc hinh gidi han boi cic dudng
c¢ho theo phugng trinh tham s6 va déce cuce:

X =a(l —sint) O0<t1<2n .
i) : (cycloide)
y=a(l~-cost)y yz20
X =acos' t .
2) . {astroide)
¥y =bsin"1
X =a(2cost —cos2t
3) ( ) C ) (cardioide)
y =a(2sint —sin 21)
4} r=a(l + cosp) {cardioidc)
5) 1= acos2g (hoa hdng 4 c4nh)
6) r = asin3gp (hca héng 3 cdnh)
P T n
N r= ———, —<pg— (parabole)
1—cosp 4 M 2 P

B r

acosg, r = a{cos@ + sing), [% O}E hinh

9) r = 2acos3¢, r =a (phin ngoii dudng tron)

3at
X = 3
*10) 11 (14 Descarte)
TN
*ll) x4+y4=x2+y1 y
Bai gidi
Tacé 01221 = 0¢
X % 2an
Theo (3), (3.1), H.52 va do !
déi ximg ta cé: y
\ 0 all 2ng *
S§= ZIa(l—cosl)a:i-cost)dt
0

Hinh 52.
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= Zazj(l—cost):dt
a
YU | 2t . a4l
=2a J'4sm —dt =8a Ism —dt
) 2 o 2

Dat %=uthi0$t5n<:>0£u££,dl=2du

[ ]

S = 16a* [sin® ndu=16a>. =3na’ (dvdt)

B |
(SHE]

W

1 ey 3 | ¥

(Theo (2), {(2.3)).

2)Tac(_50$tsgcvazx20 (H.53)
Tugng tu 1):

o .
5=4 Ibsin’ t(-3acos’ tsin t)dt

[Fh

a
R

.1

l?.ab(— ;
9.

3
—‘S-nab (dvdrt)

/b
I2ab _z[(sin‘ t—sin® Ddt X i’
4]

|

T

531
4.2

i

|

A
o
(SRR

H53.

3) Theo (4), (3.1) va H.54:

1 2x
S$=— I(xy'—x'y)dl
2 4]
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= %I[a@cosl - cos2tja(2cost —j2cos21) -
qa

—a(-2sint +2sin20a(2sint - sin 2t)]dt

hay S = 3a° I(l—cosl}dl=6a3n (dvd)
Q
1y

\a
y x
Hinh 54.

4) r = a(l + cosg)
Theo (5), (3.1) va vi d6i xtng (H.55)

~
S

Hinh 55,
2 iir’d =2 1ia3(1+cos Y d
2} kp 24 o) de

1 T + P
a® |[dcos” td
[ireor' S do

w.
11



¢

Df_i[—z-zu,()S(pEH@(lguS . dg = 2du thi:

N A

fal =

. {13 3a°
S = 8a’ _[L‘os4 udy =8a’[1——.£J: ar (dvdt)
! 2472) 2

5) Theo H.56 v do déi ximg:

14, .
S=8—|acos 2
2:! odep
b m dt

2°2

¥ ¥
a
"\
Y
~

X o/t x

Hinh 586, Hinh 57,

6) Theo H.57 va dai xtng:

L]

18 . . .
S =06=|a sin 3l
2! pdp
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a
X

- costp 3. sinGip |« ma’
= X | ——dp=<u- - = — ]
I! 5 P 5 (p 0 )U f (dvdiy.
y -
7) Theo H.58 P
P o X
4\
Hinh 58,
. :
S = lhﬁ_Q(P_qu_j(l+colg22)d(cotg2)
297 (l-cosgp)y 435 2 2
3 z
= E{cotg2+icolg‘q)) =2 (42 +3) @vdy
4 2 3 = 6
n
x 1+cos.:1- .
(colg—:—;—=l+\5)
8 §in -
4

%) Hai dudng cit nhau
tai:

{- E-, 0) va (0, &)
4

Theo H.59;

S=85+85.

" Hinh 53,
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S, 14 dién tich nua hinh tron bdn kinh —:

5, = 12
B
a2 f‘)l a: 0
S, = — I(sing +cosg) dp = — | (I +sin2¢X
7 j6ing+cosq’dp =" I @)X
3 N
a’ cos2¢9]” a® n 1
=L -229 =2 -
2 2 24 2

Vay $=8,+8, = %{n—l) (dvdt).
9} Xét 2cos3p =a
1
cos3gp = —
® 2

= p = khi 0<¢=<

o =

4

9
. , . X

Vay hai dudéng cat nhan tal (;. a)

Y

Hinh 60,

#]
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Theo H.60 va do d6i xdng nén:

w
1}

9
G. -I-J(4a3 cos® 3p—a®)de
2 0]

(1 + cosbg) a” 9
— T dp——|d
2 M 2 ;l,' M

Lt

= 6} 2a°

O ey |

sin()(p]]; a’ r 3

- T J
=" (— 4 — dvdt
'1(2"'2) {dvdt)

= 6|la’(p+ —(—@

2

o 0

10} Pua vé phuong trinh Fix,y) = 0 bang cdch daty = tx thi t
Y
x

Y

Thay v&o phuong trink
tham sd ta ¢é:

X'+ y' = 3axy (1) \\ Pid
Fad

(La Desecartes 5) bai 75) ;] x
H.61.

Lai dua (1) vé toa do déc

cuc: . \

X = Icosg,

y = rsing Hinh 61.

. Jasingeos
thir = ‘—'—';—‘--(-E-—‘—:(g
sin” @ +cos” @

dudng cong khép kinkhi 6 < ¢ <

A

Do do:
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G _ %a 'I sin” peos” @ 4 _%a’ ::rlg:(pd(lg(p)
2 2 (cos’ @ +sin’ @)’ 2 S+’

_‘%a_J- dig'e) _3*{ 1
2 g+tgdey 2 Li+igle

4]

3a’
=— (dvdD)
2

n
=

11) Bua phuong trinh dudng cong vé toa d¢ doc cyc:

. . 1
X =rcos@, y =rsing thi "= —F/————— (H.62)
cos’ @+sin” ¢

Do déi xing nén:

3 3 2 te
S =4 lj _2J'(1+l8 ‘P)?(D‘P)
24 cos® (p+bll1 P 2 l+1g7¢

—

~a
=

g\ o
B

Hinh 62.
Xeét:
1+ tg™ 1+t
J' “delg(p:j ~di,1 =129
1+1g27¢ 1+1
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[N

=—2-JI: = Tt\E {dvde).

5

' 2 0 -
Vay S= -—arclg[-l"—(’i—l]

V2 2tgp

u]
111. Tinh d¢ dai s cia cdc cung dudng cong:

l)y:achi,(}s){ﬂb;
a

P .1 "

Dx= —y ~-—Iny, <y <e;

: 45’ > Y Y

' R
N y=In(cosx), 0 €x<ax< -2—;
LY
4 X 5

4)yy- = ,0<x<g—a.

Y 2a-x 3

S)x=a(t-sinty;y=a(l - cost), 0 <t < 2x.

6) x = acos’t, y= asinl, 0 <t € 27.

7} x = acost + 1sint), y = a(sinl - 1cost), H €t < 2x.
B) x = usint, ¥y = beost.

PN r=all + cosp)

P

FiMr=asec’ S, = <<

N
[



1) ¢ = %[l'+l), 1<r<3

*12) ¢ = asin’ —(;i

Bai gidi
1) Theo (1), (3.2)

1Il+yld.x j 1+sh‘

h

@
1

Ich ~dx = a.sh

al, a 2

2) D6i vai trd cta x va y trong (1), (3.2):

ta cé s:_f l+x'§dy=j 1...%[},__1_] dy
. 1 y

1 R
= —(1" = dvdt
4( +e') (dvdy)

3) Tuong tu nhu 1):

s = jJi-—y‘—dx J--\fl+(g xdx

{23
2 4

= In

D Lm— B

Casy .

(23]

= In {(dvd). (Theo 25% & 1.4.C.4).

4) Theo 6) bai 75, dudmg cong gém 2 nhdnh d&i xing nhau

qua Ox (H63), do dé:



s =2 j1ﬂl+y dx-ZI x{”u

(2('

Pat t" (2a - x) =8a - 3x v&i 2 £ t £ 3 va bign d6i 1a duoc:

s = da _[ ‘ dtq —4aj'd1+2j dt

.:[ — -

4a[1+£lnl+?}

(theo 19°,(1.4), C4). Y

\EH
=4da l+1/§h\ {dvd).
[ V2

2

Hinh 63.

5) Ta phai tinh do dai cda 1 nhip cia Cycloide

Theo (2), (3.2) vA do d6i xdng d8i véi dudng thing x = an:

L3 n L U
2 j\/xf +yldt= 2_{ Ja” sin” %dl = 4;1] sin -;—dl =4a.2 cos%l
v i) [ »

8a (dvd).

o
il

6} ueang cong i dudng astroide dgi xing déi vdéi cde trug
toa dd (2) bt 75), (1164). Do d6:

m

s =d JJ‘)a:cos’ tsin® 194" sin® teos” tdl

4]

3GR



x x

= l2ajsimcusldl —Gasin" 1| = 6a (dvdy)
s}

o

y ¥

<

Hinh 64, Hinh &5.

7) Budng cong 1a dudng than khai cia dudng tron (H65):

§ = :[Jx‘: +y*dt =j:\/a313dt =aILdl:a%1° =% (dvd)

&) Phucong trink tham s& cia ellipse da cho:

X = asint, ¥ = bcost

Do d6i xiing nén: "
s=d I,fx;: +y dt= 4]Ja_3coszt+b: sin” tdt
0 o
= 4 J'Jb:sin: L+ a>{l - sin” Ddt :4aI ——sin” tdt
0 0 a”
L3
= dafVI-¢ sin®de (1)
o
a -0 . .. .
¢ = —— |4 tam sai cua ellipse.

= U



Tich phan (1) goi 12 mét tich phan ellipteque loai 2 chi cé
thé tinh gdn ddng. '

9) Duong cardioide, d8i xitng d6i v&i truc Ox (4) bai 17).
Theo (3), (3.2), ta cé:

s = 2_,|"1)r2 +r; do

L]

r? + 177 = a%(1 + cosg)’ + (-asing)?
= Yyl — dalemez P
= 2a°(1 + cosp) = d4a’cos —2—
Do d6:

x L]
s =4da Icos%_dcp=4a.25in%| =8 (dvd)
o g

a _ 2
cos? P l+cosg

10y 5 = asec"%: dudng parabole (H.66).

{(xem 7), bai 17). Y

\ 2a
/a x
/

Hinh 686.

da* 4a” sin”
. ¢

Oday r+12= -
(I+cosq)” (I +cosq)
_._ 8% &t
= T
(1+cosp) cos® %



3 ad 3 1
s= [ 0[P i (=2
Txoost P o cos* P o cos™ L 2
2 2 2

Ap dung 4) baij 5 chuong 4:

_ 1 sint
cost 2 cos’t

dt I sint 1, dt
iy
cos't 2cost 2

1 T X
+—Intg(—+=)
2 g(4 2

An
ta 3

x

Vay s = ﬂ%-a.l sint +In

=

cos™ 1

[(i+£
g2 4

= Za(\E +1In

3
o]
=22V ++42))  (dva)

ig—n+lgn

. n

[1g_ﬂ:tg{£+£) o4 "8 LT,
8 4 \

st - =
8 —tgnth 84
478
: V2
sin —
glo 4 . 2 __ o
l+ecos— |4 2
3n 1+J5—1
:3[3—-—-:——-——=1+ 2
8 1-v2-1)

11) Trong (3), (3.2) ta d48i bién ¢ thanh r, ta ¢6:

s = rj r +L,.<p;.dr=i|:'1’(r(p',)3 + 1dr
4 P Ty

a day: (rg;) +1= : (1.-' l, )=

r 1 .-
(S+—)*
2 2r

3

Hr 1 P | 1
vay: s= | —+—|dr=(—+—} =2+—In3 dvd
1Y J(2 }1 (4 2nr)I 211 {dvd)

! 2r
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12) Khi 0 < @ < 3xn, diém (¢, r) vi tokn bo dudng cong

(H.67).
1]

in
I a’sin® 2+ a%sin* Leos? Pdg
: 3 33

YVay: S

il

in x
N . - 3
a fsin' 2Cl(p = ?-ajsm' tdt = -ra , (1= E) (dvd )
A 3 o 2 3

fl

¥

Hinh 67.

112. Tinh thé tich cda hinh gi&i han bdi cdc mat (cdc tham
s0 déu duong).

1) L+Z—=x,x=a
2p 2q

R} -

x .
2y —+ ‘:l,z=ix,z:0
2

et

x° oz
H __+Y__..T:1,z=(],z:h

Py

a® bt ¢l
*) x4+ y'=RP . x*+2° =R’

5 z=4-y, x=0,y=0,2=0,x=a
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Bai gidi
1) L+£=x la mat Yy
2p 2q
parabeloide  elliptique,
truc Ox, (H.68).

¢ day S(x) 12 hinh
ellipse: ¢ X a
- | /’ X
v %
2px 2gx s
'
Vay: “Z

S(x) =.7 {2px.y/2qx
Hinh 68.
= ZTIJP—QOX

Theo (1), (3.3), ta ¢ thé tich phai tim la:

V= ]’smdx:]zn\/ﬁxdx =a’nfpq (dvit)
4] o

2) Hinh phai tim thé tich giéi han b&i mat tru ellipse:

) I . ,
mat phang z = —x vd mat phang xOy: z=0
a

Theo H.69:
ABOC ¢

AB O
—:_A:>CD=
ch OC OA a

Dién tich S$(x) cia thi#t dién (hinh chit ubat) vudng gbe véi

Ox tai X = x sé la:

S(x) = 2b J1- 2 Ex= 2b°""1-¥
a”- a it as
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Vay:

vz Xy S22 X 2 2 i
a g a- 3 a* kK
Z, -8
N
/'/!
ZAN
s ,,1(:‘
7o) Ij
{
/\K!/ /
i
g" ¢ A X
Hinh 69,

3) Hinh phdi tinh th€ tich gidi han b&i mat hyperboloide |
tdng:

a’ b* ¢?
va hai mat phdng z=0vaz=h (H.70).
Dign tich S(z) cta thict di¢n b4t k¥ Z = z thing géc véi Oz 1a
di¢n tich cta ellipse:

-

X~ _+ ¥ -
aJHi b l+§
c” cT

S(z) = nab (1 +3;)
ol

Vay A%

I

b nh 2
_[S(z]d;f, = nab!(i + Z—,}dz
o o cT

2 h 3
nab[z+—z-—,-]1 ::mb[h +—h—J (dvtt)
3o 3c-

I
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Hinh 70.

4) Hinh gi6i han bdi mat try x* + y* = R’, dudng sinh song
song véi Oz vd mat tru x° + z° = R° dudng sinh song song véi
Oy (H.71).

Hinh 71,
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Trong g6c phdn tam thi nhat, dién tich cha thiét dién thang
gé¢ v&i Ox (X = x) la:

S(x) = y.z= yR*-x* /R ~x? =R® -x*
Do 461 xdng:

v

1]

8 ?S(x}dx =ST(R° —x¥dx
i} o

S[Rlx —LJ
3

5) Hinh da cho gidi han bdi cdc mat phing toa do, mat phing
X = a va mat tru parabole dudng sinh song song v@i Ox (H.72).

R
:-16% (dvtt)

0

Y |
A2
|
I /
| d
i
[r) P x
4 —
8
4
Hinh 72.

Di¢n tich cda thigt dién thing gée v6i Ox, S(x) bing dién
tich hinh thang cong OAB, do dé;

F . 16
S(x) = fa-yhdy=[ay-L ) =2 (@vy
4 3, 3
va vV = !S(x)dx =_f‘[£dx=-l£a {(dvit)
o 0 3 3
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113. Tinh thé tich hinh 1ron xoay tao bdi cde dudng:

)y =ax - x* (a>0),y =0 quay quanh: a) Ox; b) Oy.

2) -x—:—+¥=1 gquay quanh Ox.
a~ b”

*3) y¥ = 2px, x = +, quay quanh: a) Qy, b) dudng thing y = - p.

b D

4) x* +{y-b)y =a: 0 <a<bquay quanh Ox.
5} x =acos't, y = bsin’t, 0 €1 € 2% quay quanh: a) Ox, b) Oy.

*6) x = a(t - sint), y = a(l - cost), (0 <t < 2r), y = 0 quay
quanh: a) Ox, b) Qy,c) y = 2a.

*7yr = a{l + cosgp) (0 < ¢ £ 2x7) quay quanh truc cuc.
8) (x3 + y1]3 = a(x: _ yl)

quay quanh Ox. ¥
Bdi gidi
1y a) Theo (3.3,(2)), & cé:
(H73):
3 ais ! a q
Y = jﬁ(ax—x')'dxziﬁ—(dvtt). x
A 30

Hinh 73.
b} Theo (27), (3.3}

a . a . . ax? Y nat
V = 27 [xax - x)dx = 20 (ax® - x e = 2m T2 | =2 (dviny
. 3 . 3 4 6
2) Tuong ty nhu 1)
Va=rn J'hl(]—x: dx
L
a0 x . S NS
= 270 [| 1= 2 lx = 2n® x——’“—,] =2 .
b a” A :
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3) a) Theo (4), (3.3) va 174 1a ¢6:

P 3
= (dvit
10

5 g oyt P s
‘J =T Ix:(y)dy:nj y - dy = L\J‘y"dy :._.TE_... _y__
r 4P 2pT 5

4p 2p°

b) Tinh tién géc O vé 74
O (0, -prrx=X
y =Y - p phuong trinh P
cla parabole la:

(Y - p)* =2pX,

gi1di ra déi vdi Y ta cé:

Y = pty2pX

tng vé 2 nhinh trén va Hinh 74.
dudi truc Ox, do dé:

r
v = nj[(p+,/2px): -(p—,isz):]dx
hay V= }I‘Tilp‘rizp}(dXZTt.&‘-pJZ_p[%—X: ]I :%KP-‘ {(dvit)
o - VI

4) Tir phuong trinh dd cho ta ¢é cdc phuong trinh:

y = bx+a’ ~x*

gng v&i nua trén v nda dudi coa dudng tron, do dé va theo H.75,
ta ¢o:

R[N I A
=x ]-«Hw';l: -xdx - Hhﬁj\f;l: ~xTdx
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a

=2 a’h  (dvin)
a

= SRh[%da: -x° +%al‘csiniJ

u

y Y
b

b

| |
i
I O ¢ /9 X
-a a x
Hinh 75. Hinh 76.

5} a) Thee H.76 do d6i xiing:

vV = 2ﬁjy1dx
4]

vikhi0 £ x <a =t 20 nén sang bié€n t ta cd:

T
2

L]

<«
H

o 3
2x J'b’1 sin® t{—3acos® tsin)dt = ()'nb:aj(sila? t —sin® 1)di
| [+]

5

H

: z - 6.4, 32n: :
erab (I, - 1) = Omab- (042 _3642]_ 2nab

= {(dvit)
753 9753 105

by Tuong wu nhir a) ta cé:

. 2na”
Vo= 2n [ yidy = 2ma’b (dvto)
! 108

63 a) Tuong 1 nhu 5): (11.77)
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Za

TN

¢ 2la X

Hinh T7.

an L
V =2n jy:dx = 2nja:(l —cost)” a(l — cost)dt
4]

Q

1l

2ra’ I(l—cosl]"dl = 2?’(&1"](251[1: l—)“dl
o o 2

S +F . t
16ma” Iﬂlllé —dl = 32na ISln° udu ,(u =—=)
4] 2 a 2

531w
32na’ 1, = 32na’| g3 575 |= Snfat (dvt)

b) Thee (3), (3.3):

V= 2n J"xy(x)dx =2na"](l—sim)(l—cost):dl
5] v

dt

3 t 3. . sintcos2(
=2na’ I[—t —2tcost +5c052l — —sint +sm2l ——-————J
a

A
2 qdn

21,

¢) DC gidi bai todn, diu tién tinh tign goc O vé didm O
(0, 2ayx =X

= 6na’ {(dvtry.
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y =Y + 2a, khi dé phuong trinh cita cycloide la:
X = a(t - sint), Y = a{l - cost) - 2a
Theo 1177, thé tich plidi tim 1a: V = V| - V,
V, 1i thé tich hinh tru trén bdn kinh 2a va chiéu cao ld 2nra:

v,

(2a)'.w.2na = 8172’

NER IY:dX; sang bi¢n t.
L

<
H

V,=n1 —f(a{l —cost) ~ 2a) a(l - cos )t
°

Tinh todn ta cé: V., = r’a’

Vay V = 8x7a” - w7a® = Tn"a’ (dvir).

7) Theo 4) bai 77 va (3.3,(5), tacé:

V= %Ej‘r" singde = ZTEI&"(I +cos)’ sinpdp
o 2%

2n L%
= Ry I(l +cos@) d(1 +cos) =

L)
c(I+cosp)'| 8
zna‘_(._ﬂp_]-._ :—]‘[a" (d\?l[)
3 3 3

3 A
8) Chuyén sang toa do déc cuc: x = rcosg, y = rsing, ta ¢6
phuyong trinh: r* = a’cos2g (lemniscate, 6) bai 77).

Theo (3), (3.3), do d&i xiing, ta cé:

k3

X i 4
a’(cos2g)? singdep = ;nn"

i

V = (2cos® g~ 1) dcosg

T

[= L

|

LA te—

Pat «.ECOS(pzl, ta cd:

1"

1
dma ¢

32

YV o=

(17 =D dt. vi tinh tox: ta duwge:

3L



V = %{\Emmﬁ)-%} {(dvit).

114. Tinh dién tich o cla mat trdon Xoay tae nén do cic
dudng sau:

1) 9y = x(3-x), 0 < x £3 quay quanh Ox.

*2) x* +y’ =a® quay quanh: a) Oy; b) y=x
3) E;-f—%;:l quay guanh: a) Ox; b) Oy (a > b)
a2 2

4) x* + (y - b)" = a*, (a < b) quay quanh Ox

*3) x = a(t - sinl), ¥ =af{il -cost), 0 <1< 2m, quay
quanh: «) Ox: BYOy ; ¢) duimy vy = 2a.

*6) 1’ = a’cos2¢ quay quanh: a) truc doc cuc; b) @ = g

71 v = all + cosg) quay quanh truc déc cuc.
Bai gidi '

1y Butng cong ¢6 hai nhanh déi Xing nhaw qua Ox, (H.78)

y =% %(3—)&)\;;

nén chi xét nhdnh: y = 2(3—3{)\[;.

Theo (1), (3.4):

3 " .‘sl
G = 2nfy l+y"dx:2n_|';{3-x)\/;.mdx=3n (dvdt)
1] 0- 2%

=

2) a) Pbua vé tham sd, phuong trinh cta dudng di cho 1a:

X = acos't, y = asin't (dudng astroide)

X2



Theo (43, {3.4) va do d&i xidng {(H.79), ta ¢6:

¥
L
3 /X
AN airl /
AN e
|\
! i N A
a ; T / o a x
Vd
e
7
Hinh 78, Hinh 79.

=]
1

47 | x(Dyx7 +y;dt

O — 13 A

= 47 [acos’ 149a% cos 1 sin® 1 +9a’ sin® t.cos’ tdt

O L M

-

o
a [2a™n
12a°n Icos" tdcost =

It

{dvdt).

[N ]

b) Lam phép quay truc mdt goc ;

T . om T . oW
X = Xcosz - Ysm-I .Y = Ycos— + Xsin—

tir dé: X =2y =2 (sintt+1eost )
NPRENSY
Y = Y~ X z—a—{sin}l—cos“ )}

V2 V2
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iad phuong trinh coa dudng cong déi vai hé 10a do md XOY.
Do d6i xdmg, dien tich cdan tim bang bai 1dn tdng dién tich céc
mat duge tao nén kKl quay cde cung AR, vA CD quanh Ox (H.79).

g =4n lY|ds+ Yds

O ey - |
e

ds = JyX7T+Y dt. (khit e [0, E]: Y < 0).

Tinh tedn, ta cd: ds = 3alsi11lcoslid1 va:

x i
12ra° | 4 . ] 3. )
= < I(cos" 1 —sin Osintcostdt —J-{Slllj t —cos’ Usint costdt
V2 |3 x
o T

~

6\/57{'11 . .
—---‘g—((cos5 t+sin’ O] +(cos’ t+sin’ )

=@z -

n in
3 4

(dvdt)

3y a) Ta bigt phremg trinh tham sé cia ellipse [A x = acost,
y = bhsint, 0 €t £ 2n

Tuong ty, ta cé:

™

o =4n Iy(l) X7 4y d= 4nbjsim\/a: —(a’ = b cos” O)dt
Li] Q

—(a’ —=biicos t +

dmb | @’ —b:)coler‘:
2
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1 - -
a” . ya  ~b" cost

+ —arcsin
2 a

= 2nb* + Zna’h arcsin a’-b (dvduy.

Haﬁ _bl a
(Theo 20°, (1. 4) chuwong 4).
b) Tuong tu:

l

(l)v‘x +yr Tdt = 4:::1ij +(a° - b )sin” tdsint

'l

Qa
JI
CI‘-—-—U 4=

dra

—J'Jb +(a* - b>)sin® ld(\l'l ~b* smt)

a’-b’

-

Ap du: ng: 21°% (1.4) chuong 4, ta cé:

ot a 2 ;[—b-] vy
a

va® —-b?

[ZRE]

Y
4) Phuong trinh cdc nita trén va
dudi cia dudng tron 1a: (H.80) b
v, =b+ Ja‘——-x_' | ]
y:=h- ya'-x’ 'al 0 ‘IT
Di¢n tich phai tim 13 téng dién

lich cita cde nia trén va dudi cua
dudme tron qua vanh Ox 1ao nén,
do d(;' Aty an : Hinh 80.

T j[[{b+\l'a: —x Y+i{b-va’ —x:)} I+

—dx
a —x-

3BS



= SHabI - gnablarcsin )| = 4rxab

: dx dx
Lyat —x° ovaT —x° a |,

= dxmab

5)a) Ta céd ds = .Jx‘f +yfdt :-Ja:{l—cost}: +a”sin” tdt

2 Lt
= 4f2a* (1 -cost)dt = ZasmEdt

Do dé va do d6i xitng d6i v6i dudng thing x = na

T PR T .t
g =4n Iy(l),/x;' +y dt= 41tja(l —cosl}.?asm;dt
n o

k3

"

Lt 23 .2 64
= l16na- ‘[51113 —dt = 321‘(3“‘[81113 udu=32ra" — = bl (dvdt)
o 2 d 3.4 3

(u = =, va theo (2), (2.3)).

!
2
b} Theo (4), (3.4):

G =2n —J'x(t)fo +y dl= 2nja(l —sinl).2asin~£-dl
a Q

S N 2o .
= 4na- I(l-—sml)muldl=4m' IISlnidl-—ISlnlSiIl—dl =}6m a-
P 2 5 2 2 2
{dvdt)
¢} Tinh tién truc: X = x, Y = y - 2a, do dudng cong d4i xiing
vGi dudng thing X = an vido Y < 0 d&i v&i hé truec méi, ta ¢6:

an IM,}X'E +YTdt = 4?1]: [a1-cost) - 2a] 2asin %dl
o ) o

il

o

2 T : P,
8ma” ”—cosl - l|$|11idl = lﬁna‘jcoy —sm'—l-dl
2 272
0 ]

o N o .
- - t 32ma { 2w
= 327a’ Icos‘ Edcos— = = cos’o] = -

(dvdt)



6} D6 1a dudng lemniscate, do d8i xirmg va theo (5), (3.4), ta
co:

n

n
o =dn jl‘((p)Sil‘l @yfrs + r: do
o

& day:

rsifg = a 1}t.:oszq:'sincp

. +
a’sin"2qp _ a’

r’ 41 =a’cos2gp+
cos2q COS2p

!
Do dd: o =4dn j'a,fcos2(psimp;dcp
o Jeos2e

3
dra’ jsin pdp = dna’cosg

4]

{_,JE =21ra:{2~\5) (dvdt)
3

b) Tir a) va tir (4) (3.4) coi dudmg cong cho theo tham s6 o
ta ¢6:

-

o = 4ma? {cospdp =2v2ra’ (dvdt)

O ity 1+ | W

7) O day ds

,frz + l':d(p = 2;1(:03%(@
@

y= 1sing = a(1 + cos@)sing = 4acos’ 2s;in-— , nén:

27 [rsingur’ +rdo = 167a° [cos* Lsin 2 d
{ @1+, do i - sin=de

o}
I

. 7 32ma” ¢ .
32na- Icos"gdicosg):ﬂcussg = Eﬂa' (dvdt)
2 2 5 2 5

n - % -

1l
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LIS, 1) Finh coug dé wang mot vat ¢d khoi lugng m 1l mat
qua dit ¢d bdn kinh R 1¢n d6 cao h.

2) Finb dp Twe cta nude lén mot thinh dap thang ddng ¢é
dang hinh thang, bi€l ddy trén cia dap 1a a = 70 m, day duéi 1a
b = 50 m va chiéu cao la h = 20 m.

3) Tinh kha&i lugng cia mét hinh ¢du bdn kinh R. Bigt khoi
lugne rieng tai méi di¢m coa hinb cdu ty (& v6i khoang cach cla
did¢m dé dén tam.

Bai gidi

13 Theo dinh luat Newton, lye hit coa qud dar jén vat cé6 do
fén la:

kM

S

I
r 14 khodng cdch tlr vat N dén tdm qua dat,

M 1a khoi lugng qua dar (F1.81).

(d&u - do hudng cita luc ngroe véi hudng cla truc Ox).

Theo y nghia co hge coa tich phan, cong T phai tim 1i:

R-h

{ H
T = I - Lm‘M drzwkmM{-[—— ]
R r R R+in
trén mat dit: F = mg nén . x
kimM .
me = ———, S5Uy ra: N4
R-
kmM = mgR® AT 77y,
Vay T ~-mghR
R+h
|
2) X¢t mot dai MN ciia dap g
& d6 sau x, bé rong dx khi bé Hinh 81,
(H.82).

Theeo dinh tuat Pascal:

Ap lue cua nude 1én dai ndy:

ARY



dP = 7 x didén tich didi x dd sau x

v l& trong leong ricog coa nude, v = 1.
Ta tinh dién tich cua dai dS = MN.dx.
MK DI MK h-x
LN -

MN=MK+KN=MK+b, —=—"—
Al DI a—b h

{(a-b¥h-x}) +b
h

{a—bY)(h— x) — MN =

= MK =
h

Vay:
J H

- - - A
4s = (L"L_M+h]dx T
h |
Il
" M\I/K /N
|

dp = [—ﬁ_(a"b](l’"X) +b)xdx- D
\ h
Do dé dp luc cla nudc Hinh 82.
len dap l1a:
[}
P=| [——(“‘b)(l’ x)x+hx}dx
% It
N N h A h ”
= azhb l_lx-___x_ -l—“— =~h—~(a+2h)
h 2 3 2 6

Theo gia thiét: P.= }1,3.107 (tdn/m7).

3} X&k hinh vamh ciau bian Kinh r vd v + dr (H83), 1he tich cua
hinh vinh ciu nay 1a:

dv = [i nr+dr) — im"‘] =
3 3

(bo gua cie VOB bac cao hon dr vi khéi lugng cta né 1d:
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4 - .
din = ;nﬂr‘dr.kr, k 1A hé so

ty lé

Theo dinh nghia tich phan, khdi
lugng cta hinh c&u di cho 1a: 6,

R
m = slI(?tjl"‘(it‘:l{i'cR4 (dvkl)

Hinh 83.

§4. TICH PHAN SUY RONG

4.1. Binh nghia

- Ta s& x£t har loai tich phan suy réng:

Tich ph#n suy iong ¢6 can vo han (loai 1) 13 tich phan:

.- b

Jrf".x}(lx = him If{x)dx . [{x) kha tich trén [a, b] ¥b e R
|- IS

N . I»

Jl{x)dx: lim_[f(_x)dx, f(x) kha tich tréa [a, b) Ya e R

If(x)dx = jf(x)([x + J-'li'(x)dx

- Tich phan suy rong cua f(x) khéng bi chan (loai 2) {a tich
lich »am:

-] b c
If(x]dx:liltt _[f(x)(lx, f{x} khong bi chan tai b va kha tich
E =0

trén ja, bh-¢ |, Ye:r 0O<e<h-n

b 1]
If(x)cix = Iinoz _[f(x]dx , [{x} khany ki chao tui a
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b 3 b
jf(x)dx :_[f(x)dx +_[f(x}dx, f(x) khong bi chan tai ¢ € (a. b).

Cdc idi han trén t6n tai (khong 16n tai) thi tich phan suy
rong goti fa héi tu (phan ky): 40, - ¢

a, b, c goi la cdc diém bat thudong cia tich phén.

Ap dung: J'i:f- (1) boi tu (phan kyy khia > 1 (0 <a < 1)
Ix )

b

jdix (2) hoi tu (phan ky) khi 0 < a0 < 1 (= 2 1).
, (b~x)*

4.2. Tigu chudn hdi tu cda tich ph&n suy réng logi (1) (can + «)
1% Tiéu chudn so sdnh

Néu f(x) kha t_{ch irénfa, bl vb e R, 0 f(x) < g(x). Vx 2 a va:

'J'-g(x}dx hoi tu, ( If(x)dx phfﬁl k¥y, thi:

_['f(x}dx hai tu, ( jg(x}dx phan k¥)

2%, Tiéu chudn Cauchy

L . M .
Né€utdntaic >0, M >0, o > 1 sao cho: 0 € (x) & — v
X

c <X < 4 thi jf(x)dx hoi tu, con néu a £ 1 sao cho f(x) >
X
F]
vdi © € x < +2 1hi tich phan phan k¥.

Hé qud

ay Néu a > 1 vh tédn tai limfeOx™ (o € 1 va tdn tai
X e+

+r

lim f(x).x* > () thi jf(x)dx hot tu (phian k).

LTS
a
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. JU|
by Néu x = + =, f(x) 13 mot vo cing bé bac o > O so vii —
X

thi Jf(x]dx hoi tu (phan k¥ khia > 1 (o < 1).

3°. Tiéu chudn héi tu véi f(x) cé ddu tuy y

a) Néu ﬂf(x}idx ho1 ty thi I-f{x}dx hoi tuy,
khi d6 [fx)dx goi 12 hoi tu tuyet doi.

jlf(x)|dx phan kv, J'f(x)dx hoi tu thi J'f{x}dx goi 13 bin hai tu
hay hoi tu ¢é diéu kién.

b)Y N&u F(x) = J(p(x)dx bi chan khi x = + « thi jgf—)dx la

héi ty, Yo > 0 (a > 0) (tidu chuén Dirichler).

4.3.Tiéu chudn héi ty clia tich phan suy réng loai 2

Vi f(x) khong bi chan tai b.

b b
19,0 < f(x) < o{x), ¥X € (a. b - ), J'g(x}dx hoi tu (jf(x}dx
] b
phan k¥) (hi If(x)dx hoi tu (jg(x)d.x phian ky).

2° Néu 0 € f(x) < ,
(b-x)

CEX<h M>0,0cac<l,
b
thi tich phan If{x)dx h6i ty
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b
. Yoo = x < b thi If(x)dx phan ky.

Hé qud

]
a) Néw o < 1, lim f(x)b - x)* tén tai thi jf(x)dx hoi tu,
x—b

B3

b
a2 1, lim f(x)(b -x)*>0 thi Jfxydx phan ky.

by Khi x = b, f(x) l1a VCL bic o so véi

thi tich phan
b-x P
ho1 tu (phan k¥) khi 0 <o < | (o0 = 1).
Chi y
1) Dé ding suy ra (fvong tv nhu 4.2) cd¢ tidu chudn hoi tu
déi vdi cic tich phan suy rong:

a b )
jf(x)dx s If(x)dx vai f(x) khong bi chan tai a.

2) Né&u tich phaAn suy rong 1 = If(x)dx, ngoai ciac diém bat

thudng +2 (-®) ¢6 nhing diém bat thudug ¢, (i = 1, 2, ..., n):
o < ¢, < 4o (tai ¢,, f(x) khong bi chan) thi khi x¢t sy hoi tu cita
I, ta phai tach I thanh téng cla 2 loai tich phan da xét, va sau dé
k&t hop lai.

Trong cdc bai 1ap, dé don gidn cich vi€l ta xét ngay tai cdc
didm bat thudng dé vdi két hop lai.

RBA1 TAP

116. Tinh cdc tich phan suy rong:

Todx L dx
T 2y |77/
‘!x*+x—2 ,.(x3+x+l)'
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3) e ™ sinbxdx(a > 0) 4) j“

nxdx

4 L l+x™)’

5
I xvl+x +x'°

1 | 1.1
7 dx 8) Iln

}[(2—){)41—:& a X

*Qy jln(co%x)dx j]n(smx}dx *10} j

Bai giai
£ 1x l+£‘ 1
HI= [— =—j[ LI PN
X +X=-2  Fix-1 x+2
. 1"[ 1 | .
= |y — -
h—-5 3: x -1 X 4+ | )

) 1 b -
I —|in
bers 3\ b2

.

b( L
2 I:." ¢ =
) j,{x:+x+l}3 [{

i, 3T
(x+ )9 +-

+n
) J-x"c"dx ,h =
Q

X dx

tox

1
o A 1 X 41 4
= — + arclg =
2 (x+-¥y+ 2(_‘_’5.)-‘ V2 3.'/‘;
2



(Ap dung (1.4, 28°, chuong 4).

+

NI = J--.:"“ sinbxdx , ap dung (1.4, 23" chuong 4), ta c6:

1]
-~asinbx — becosbx ,,+= b b
1= — e 204 —
W +b- o a"+b”  a +b”
Hi= J-x]anbt
p (1+x7)
Patu = lnx, dv = “_)Ed_x__:_ , thi du = ldx v = "‘1
{(x"+1) X 2x"+1)

Tinh tedn 1a co:

)

: —lnx I x* ) lux 1 x°
I = . +—In - = lim| ———————1In S
20+ 4 1+x- o Ol AT+ 1) 4+ 14xT

. Inx | |
Im| —————Inx"——In —
ed AxT 4+ 4 4 1+%°

I}

= lim —x:lnx --l—lu l, ={
e x4 4 T4xT

(vi limx™lax =0)
% e+
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i L. 13 " ]
=Infte—+ Jt+-) +— | voit=—
2 2 4 X

2+ x +2¢x x4 1

thi I, = In o

! 2x*
Viy I=—lIn X

5 2+x5+2\/x‘°+x5+_l :

L 2x° 2
hm — In -
S 24T 29k x4 3+243

3
1 ]11-2-—1|1 l[n 1+—2—£
s 3 1+2f S 3

hay I

il

&) I, = J'x"e"dx,
4]
Bat u = x", e*dx = dv, thi du = nx"'dx, v = - e*

vii I, = c".x"l +njx""‘c *dx
4]

Do d6: 1, = nl,|, mat khic I, = jc"‘dx =1

wen I = 1.l =1, 1, =21, =2.1... .1, =unn-1)...2.1 = n!

n

t

dx
Nl=—
{(2—)&)\“-){

dat \i'l—x:l>(l,(}gx<]c:>12l>(l.x= 1 - 17, dx = -2udt

1_2j

" IﬂlI T
= Jiure = —
1+ t° Sl 2
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Byl = Ilj—itlx—

|
1
jln: xdlnx = 1"4 al I )

Vay tich phan I phan ky.

.

9y bat I, = Iln(cosx)dx I
o

In{sinx ydx

O g A

E

Trong I,, dat x = 1;——1,05x<—c:>%21>0.dx:-—d[

I, =-

td: W L—

2

ln[cos(i—l)Jdl = Iln smidt =1,
2 o -

(NEE |

Dodé: 2i,=1 +1,= jln( sin 2x)dx

Xét ]l =

0 by g | A

bat2x =tthil =

£ et [ | M

4]

ln(-;m 2x)dx —I]n 2dx = _EI“ 2+ jln(sm 2x)dx

In{sin2x)dx ,

(RIE |

-1-—[ Ingsint)dt = Ilu sintdt + I]n suatdt | .
2 V]

3

n
Trong tich phan K = «Ilnsinldl. datt=nm-u

U

thi K = - Iln(mn(rt— Wi = _[ nsinudu = I,

n

0
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Viay 21, = ~Eln2+ (1 +1,)
hay I. = -g|112

Vil.=1, nén[,= —1—5-1112.

10y 1

x n .

chosx 2 dsinx 3

dx I :I. - :de(lnsinx)=
o sinnx 5 sinx g

Il
cl-.—.g_.m

1A

= xin smxl Ilnsinxdx

Nhung xln(sinx]-z 0 - liu(}x In¢sinx)
i) X —

x—0

= -ltm(smxln(smx)x X ]:0
Sinx

[y S—y

In(sinx)dx = —glnz (bai trén)

b4 T
Viy Il =- (-=In2) = —In2.
¥ > 5 n

1y 1= *fc"".:dx
o}

Xét ham f() = (1 + e
PYy=-0+De"+c'=-te'=01ait=0
P >0khit<0vaf () <0khit>0
Viy max f(t) = f{(0) = 1
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hay (b +tye* < 1, ¥t =0

Datl:x:lhi{l+x:)c"‘:<lhaye’:< lq
1+%"
t=-x3thi(l - xH e < | hay M
Viy (1-x)<e’ < Vx>0
1+x®
1 L . + . L]
vi (-xYdx<le™dx < Je™dx < | ———
':[ £ '! {(l+x')“
- . . 1 .
(]l -x">0khi0<x<l,e™ «——— khix>0)
(1+x)"
nhung jc"“:d I e geydnx)
Q 1}

v 1
- =1 (t=vhx)
g il

(21t

! 1
P—x*)dx = [sin™" dt = ———
'E( k ;[ (2n+ DY

(x = cost va theo (2), (2.3))

. (x = colgt)

- - 3
| 'd"x-—=jsin'“"tdt B CL L
: (2n-2)1 2

" /N
Do dé: Jﬁ,ﬁﬂ;.(]q,fl—(z_n.__}- ki

(2n + Nt Cn-21 2
) : —f -1 7
hay ——. ((2“)!‘!) e _((2“ ) (211 l).n_‘
W+ (2n-nu)yEn+D) 20-1" (2u-20f 20

Theo 5) bai 14:
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hay

400

_— (oY
— = lim L
2 v {on-nnfen+

Vay khin = » tacé <I*

oA

l
<—.
2

”I;ﬁ w:l.—

[ = rfc":dx =
[u]

L17. X&1 sy hoi ty cda cdc tich phan:

2
Tt

-

NI‘.:l
ta

(tich phan Poisson)

(cong thite Wallis).

“d “Carct
0 ,[ x-dx 2 Ian"xdx
-x7+5 b x*
+eaz _‘i _b Ky n
K] j e Y o—e Y fdx 4) ———;dx (nz0)
i ol
*CIngl
5) _[de G) J‘x—rlrdg—xdx {n=0
s x° o 1+x
*7) jlﬁ"—,dx (K.a>0)
o K- +x°
*8) .[ LU “"2}‘ {a‘;")o}
4]
+ ]
9) j—PLq— 1oy | dx
L xF(Inx) o ¥1—x*
F In{sinx) 2 dx
11y | ——==d 12) {p.q>0
'[[ Jx !siu xcost x P4
i ' dx
13) [sin(secx)dx 14y |
[¢] 0



L5)

2 by | A

(tex)F dx 16) J‘——lnde

o1 -x*

i

17) j- In xdx lnx

_— 18)
T xVX© -1 Il"'x

*19) ['(p) = Ix“".e"dx (ham "amma)
[}

1
*20) B(p.g) = [x™'(1-x)""dx  (p. q > 0), (hdm Beta)
a

*21) Tc"‘:dx *22) js"”‘

23) jd—" 24) Neu [ f(x)dx hoi ty thi lim f(x) = 0 khong?
2 nx ; Ed4a

Bai gidi

NI= J'4—XE—- chi ¢6 diém bat thudng:
pX —-x"+5

. x* x”
+xo khix >+ w0, ———m——~ =

x'-xT+5 xt x

——

2

Theo he qua b) & 2°, (4.2), & day o = 2 > 1 nén tich phéan da
cho hoi tu.

carctgx . R e a2 .
)1 = I Xdx tich ph&n nay c6 hai di¢m bat thudng x = 0
va »,
. arctg, - 1
Khi x — +(, arclgx _ mtgx' L -
. xu X xu—l xﬂ.—

Tuong ty nhu 1), tich phan hoi tu khi e - 1 < 1 hay o < 2 (1)



arcigx 1

Khix » + =, —, tich phan héi tu khi o0 > 1 (2)
X

[+4

X

Vay theo (1) va (2): | = j

[

arctgx
a

dx héitukhil <o < 2.

3) 1= [[e* ~¢ ¥ ldx tich phan ndy chi c6 di€m b4t thudng

L -5 a> I a' b> 1 b*
er —et |=|le—F—— - |-l — = —-
x* 2 x? x* 2 x*
b’ -a® 1a*-b* b? —a®
= - + = y — -
X 2 x X~

& day & = 2 > 1 nén tich phan héi ty.

2 m

4)I=_|.x

ol+x
(khim< 0) vd + .

—dx . tich phan ndy c6 hai diém b4t thudng: x = 0

m

Khix = +0, X~ L 45 46 tich phan hoi tu kbi - m < 1
I+x* x™
haym> -1 (1).
Khi x -+ o, 2oL 4o 46 tich phan hoi tu khi 1 - m

l+xn xn‘-m
> 1 (2).

Vay theo (1) va (2), 1 hoi tu khi"{m)_l

n-m>1
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———=dx, [ ¢6 hai diém b4t thudng: 0, + e

In(l+x} _In(l+x) 1 1

X * X xh—l X *-l

Khi x — + 0,

Dodé, T hoitukhih -1 < lhaya <2 (1)

Khi x = 4+, theo a) 29, (4.2), xéi:

lim x y

[ X | ) (1 + x)l'u

 In(l+x) _ lim In{! +x) [l+x
X

A-n
] =0 khikh-a>0
vi I héi tu khi oo > 1, nghia fa [ héi tu khi A > 1 (2).

Ké&t hop (1) va (2) thi Thoi tu khi 1 < A < 2.

+x

6) 1 = Imdx‘ I cé 2 diédm bat thudng: 0, + o

s 1+x"
. - xMarctgx 1 arct 1
Khi x —» + O: EX _ . B s
1+x" 7™ x(1+x™) x
. x™arctgx 1 arctgx’ 1
Khi x = +¢0: ng = glx ~—
I+x" - x 1+ ) X
xﬂ

Vay T héitu khi - (m + [) <l vin-m>1haym>-2va
n-m:>1.

+0

Ni= (2% (Ka>0),1c6 didm bat thudng: +
K +x°
1}

Theo b) 3%, (4.2), xét @{x) = sinax

X
. 1-cosax . .
E(x) = Ismaldl:——m—-— bi chan khi x &> +w
a
o

Mat khie —K——<L1 Lo - 1> 0. vVay T hoi tu.
K- +x~ x
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81 = je“’”‘ de (>0
o xr‘.
Tuong tu 7) ta cé:

X
I ™ gin 21dt

4]

x
Zj'sin te*'dsint
[1]

Z[Sin Le™!
Theo gia thigt A > 0 nén I héi tu.

+ +38 _11-pH
9y I = J- dx _e

P xM(lnx)yt o t®

d, (Inx =1)

I ¢6 hai diém bAat thudng O vd + =

e[l—p)t

Khi t —» 0,

~—,q<1,1h6itu
i1 11

Khit >+ vap>1,g<l,a>1thi
1l=pn la—q

lim ¢* =lim——=0
t—aruy {q {—bbo0 e”'_h'

Vay [ hoi tu khiq< 1 vap> 1.

1
dx
1M1= , [ ¢é diém b4t thudng x = 1
lo—
Vi v 1 - 1 - I N 1 |
4 I oa : 2 hl
1-x A=x)* J(l+x)(l+x .)_ d-x)°
s i .
a dﬁy: o= 3 < 1, nen I hgi tu.
11 = }I'I(Sinx)dx ¢6 didm bAL thudng x = 0
o Wx o
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Theo a) 2°, (4.3), xél: véi o < | :

14| -

. 1 2
. Insinx . I . X
lim x® = lim(sinx) °.lnsinx| —- =0
x4+ b 0 Sinx '

X

khi o - % > 0 hay o > % dac hiét khi %< a < 1. Vay I hoi

tu.
P dx e X
I2) I = j——-——— . 1¢6 diém bat thudng: x =0 vax = I
» sin® xcos? x _ 2
Khi X — + 0, ‘—1'-—'—"'—""‘-1—‘-‘
sm"xcos“)g xF
Khix > 2 -0, ————= 1“ .
2 SINTXCOSTX  in® xsin® X(= —X) (E-x)“
2 2
Vay Thoitukhip< 1 vig<l.
2 *
[ .01
13y I = Ism(secx)dx =Ism( Yx
v s COSX
(k¥ hi¢w secx = ¥, dat =t thi
COSX COSX
Sin xde _ dt.dx = crfs' X at
Cos™ X sinx
D<<xes — =l +m:
N sin 1dt . . .
vil= [|—=== c06 2 di¢m bal thudmg 1, +o0.
AV S|
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|sir1 ] 1

tf(t~ Dt +1 - L

(t-0°

Khit -1+ 0,

| sint ’{ i _ 1 l

|1J13--1[“ Wil -1 ) [:JI_L e

Khi x - +x

Viay I hoi tu tuyet déi.

I
14) I = I——L ¢6 di€m bAt thudng: x = 0

0 %}x(e‘ —-¢™)

x -1

1
.. . . -e
Ta viéi: I , vi hmc—.—-—=2
0 (e _c—x) x 0 X
X
. 1 1 .
nén khi x - + 0, ~ 3
Jr—x:_\/c e oo
X

g day a = %-‘: 1. Vay I héi tu.

15) 1 (tgx)*dx, khi 2. < 0, I ¢6 diém bat thudmg x = 0, khi

oq......,,uu

A >0, 1cé diém bat thudng x =

A

Do d6 I hoi tu khi || < L.

inx . .
16) | '[J* . ¢6 diem bt thudng x = 0 (x = | - 0,

Inx

Vi-x?

- 0).
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Inxx®

Khi x — +0,

> 0vdi Va > 0, dac bigt 0 < a < 1.

Vay I héi tu.
I I=| In xdx

Lxvx? -1 ‘
lnx CoWJxP -t

il = =0 nén chi ¢6 diém b4t thudng o,
x—+l X ’xﬁ -1 x—l x(2x1 - 1) g

lnxx® _ Inx

x¥x2 -1 x:'“Jl—i

Khi x » +o,

=0 khi 2 - o > 0 hay

)

X
a<2,dachiétl <ca < 2.
Vay I héi .

I8y I =I lnx‘ dx, c6 diém b4t thuong x = 0
pl+x”
. lnxx® ] ]
Khix > +0, —— —>0khia>0,dacbiégtb <o <l
1+x-
Vay I hoi tu.

19) T(py = [x™"e™dx c6 2 diém bit thudng: x = 0 khi p < 1
4]
va 9.

-1

Khip<lvix o> +0:x\'et= cl ~1L_ vA tich phan hoi
x'7oxP
tu khi 1 -p< I hay p> 0.
2rp-l
Khi x - o0, x®x? "' " = 2 — >0, khip> 0 via >
&

(. +p-1>0)
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Vay ['(p) ki tu ¥p > 0.

L
20) B(p. @) = {x""'(1-x)""dx  (p,q>0)
(4]

p < 1: c6 di€m bat thudng x = 0, q < 1: cé diém b4t thudng
x=1.

Khix - + 0, x"™'(1-x)"" -Tl_p-
X

1

X =+ 1, x"a-x¢! ~——
(1-x)"

Vay B(p.gq) h¢itukhi 1 -p<1lvil-q<lhayp>0,q>0.

2D 1= Tc'*’dx = j'c"‘:dx -F'Te":dx =1, +1,
O o 1

I, tén tai vi e* lien tuc trong [0, 1]
) 3 o 1 ]
Xétl,,vaixz 1, tacé: eV <e *md _[e dx=—: héi ty
€
1

Do dé 1, héi .
Vay 1 héi ty (tich phan Poisson).

+i0

22)1=j

L]

smx -[Sll'lxdx (a - 0)

X

dx, xét |, =
Theo b), 3%, (4.2), xét @(x) = sinx

thi F(x) = jsinxdx:cosx‘: =cosa-cosx bi chan
¢ day = 1> 0mnén I, hoi tu.

sinx

Vi lim

LEL LU 4

=1 nén I hoi tu
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Chd y 1a 1 khong hoi tu tuydt dGi vi cé thé chdang minh

+ a0

]

0

S x

dx phan k¥.

X

Tsin” x
Thyc vay, vi néu nguge lai thi J'

a

dx hoi tu,

- . "l -cos2 .
(vi sin’x < lsinx|) !1ay%.[l_ﬂ_x.dx hoi tu
T x

Mat khiéc %I%x hoi tu (ching minhk twong tuy nhu
A

Tsinx , 17 cosx 177
jl—dx). Do dé: —I—~{lx+-—f
. X 27 x 2 X 24 X%

vo 1y, vi: Igizlnxl" =» phan ky.
x ! .

2 1 2
oy =& T
oInx  flnx qinx

I,, I. déu ¢é didm bat thudag tai x = 1.

.1 )
=lim—=1limx=1>0
-0 I x x—1-0 1l-0

Theo b) 2° (4.3) thi I, 1a phan ky.

Vi mot trong [, 1, phian k¥ nén [ phan k¥.
R ol

(1-cos2x) 1 Fdx
—dx = — I—

la hda to,

24) Khong. Ching han xét I = Isinxzdx f(x) = sinx? 4> 0 khi x —> +¢o.

0
Nhung I hoi ty, thue vay: D8i bign x® = ¢

a -

I= J-sintdt + J-sintdt
a2t 2t

— I, 1én tai sinx? lign tuc trong [0, a])

-cost

24t

Iz=

_lm cos tdt
4.[ 32
]

. 3
;160 tai (o = 7 > 1). Vay | hoi tu.
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CHUONG 6

HAM SO NHIEU BIEN SO

§1 KHONG GIAN VECTEUR n CHIEU R°

1.1. Binh nghia
Tap hgp cdc bd n s6 thye ¢6 thif tu (x,, x,, ..., x,) goi [2 mot
khong gian hay mot khong gian vecteur n chiéu, ky higu R”

X = (x,,X;...%,} € R” got [& mot didm hay m6t vecteur trong
R".

Cho x = (X, Xy, s X3). ¥ = (¥, Y2 ..., ¥,) ta dinh nghia:
X+ y={X; + ¥, Xs4 ¥2u s Xot+ Ya)

aX = (0X,, 0Xa, ..., AX ), & € R

Pivy = J(XI *y.]:Hx:—y:]: +..+(x,—y,)" goi la khodng cdch
gitta hai didin x, y.

2.2. Tap hop md va déng trong R

Tap hopS(x) = {x : p(x. x,) <r, 1 € R.r >0} c R" (1) goi 1
mot lin can cda didm x, € R".

Nétx € R" va tap hgp A — R*.

x goi la mot didm trong (ngodi) cia A néu:
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3AS(x): S, (xYC A, {(x e A)

(S.4x) < A, (x € A))

x goi 13 mot di€m bién cia A név VS, (x) déu chita cdc diém
x thudéc A va nhirng diém khdc khong thugc A.

Tap hgp A < R" goi la méd (déng) nén A khéng clira (chitd)
diém bién ndo (moi diém bién) ciia A. R3 rang:

- Lan can $,(x,) 12 mot tap hgp m& (hinh ciu ma).
- Tap hop Sr(x0)= {x - p(x, %) €1, 7T € R,r >0} 1& moe tap
hgp déng (hinh cdu déng).

Tap hgp A < R" goi 1a bt chan (gidi ngi) nén: Ix, € A, VX €
A, 3c e R,c>0: p(x, x) £ c.

Tap hop A < R" déng va bi chdn ;ggi ia mot tap hgp Compact.

Tap hop A < R" goi 1a lién thdng néu ¥x, y € A, c6 thé néi
nhau bang mét dudng lién tyc < A,

Tap hgp D — R", lién théng va md goi 13 mot mién.
Tap hop D < R®, lien thong va déng goi 1a mdt mién ddng.

~ Mién D goi th mot mién Compact n€u D 12 mot mién déng va
bi chdn.

Mién D goi 1a don (da lién) n€u D gidi han bdi mot (nhidu)
dutng lién tuc va khép kin.

§2. KHAI NIEM CO BAN - HAC HAM VA VI PHAN CUA HAM NHIEU BIEN

Xét ham hai bido, cic khdi ni¢m déu suy rong duge cho him
n bién bat ky, n > 2.

2.1, Binh nghia

Anlt xa f: D € RP— R goi 1d mgt ham s6 thie ciie hai doi sé
feay hai bién sé thiee,
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K¥ higu z = f(x, y) hay z = [{M) v&i M(x, y) ¢ D, [{M) ciing
goi la gid 1ri coa fai M.

D goi [a mién xdc dinh clia ham s6.
Tap hop {f(M)}, YM & D} goi 1a mién gi4 tri cBa ham s6.

Tap hop {(x,y.2z): z=f(M), YM € D < R'} goi la dé thi cua
ham s6.

2.2. Gidi han va ién e

a= ‘hgl f(x,y):MliIH f(M), (Mo(xo,yo),M(x.y))
¥—=¥Yo

e Ve > 0,38 >0, p(Mg,M) <8 = [f[(M-a)<e
hay VM.(X,.¥,}. M, # M,, M, &> M, (x, = Xq, Yo=> ¥o) =
f(M,) - f(M,).
Ham Z = f(x,y) = [(M) goi 1a lién tuc tai My(x,, ¥,) néu
N¥mof(M):f(Mo}-
- goi l1a /ién tite trong mién D néu né lién tuc YM(x, y) € D.
- got 14 fién tie dén trong mién D néu: Ve > 0, 38 > 0, YM,
M™ € D, p(M, M) < 8= [[(M)-f(M)] < &, (M(x.y). M*(x",y")).
Pinh Iy
- Néu z = f(M) lién tuc trong mién Compact D thi:
1°. f(M) bi chan trong D
2° f(M) dat mot gid tri nhd (1én) nh&t m (M) trong D.
3. m<y<M= IM(x.,y.) € D: f(M,) = v.
4°. f(x,y) 14 lien tuc déu trong D.

2.3, Bao hdm riéng

Dao haun riéng cua z = f(x, y) d6i v4i x tai (x, y) € D:
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A ‘2 _ f' (x,y)= him f(x + Ax.y) ~ f(x.y)
(’)x A =0 &x

x

r -
z, =-Ci:f') x.y)= lim [,y + 8y) - T(xy)
oy Ay 0 Ay

. 2.4, 54 khd vi, vi phan todn phén

z = f(x, y) goi 1a khd vi tai {x, ¥y} € D néu:
Az = fx + Ay + A —fix y) =adx + b Ay + O(), a,b = consl

0(p) 12 mdét VCB bac cao hon p = N/Axl + Ay .

dz = aAx+bAy goi 12 vi phan cua ham s6 tai (x, y).

Dink ly
1%, Néu z = f(x, y) kha vi tai (x, y)} ¢ D thi né lién tuc vi cé
cdc dao him riéng tai (x, y), khi d6: dz = f (x,y)dx +f (x.y)dy

2°. N&u z = f(x.y) ¢6 cdc dao ham ricng £.(x, ). f,(x,y) lien

tuc tai ¢x, y) € D thi né kha vi tai do.

2.5. Dgo ham clia hdm hgp

Ham z = f(u, v). (u, v) € D, u = u(x, y), v=v(x, ¥), (X, y) €
I, goi ta ham hgp cua céc bi&€n doc lap x, y trong D, qua cdc
bién trung gian u, v.
[ A VR A

Pao hi¥m: ——=-—.—+—.— tai (x, ¥} € D,
X du o &v X

ot & 8u+ri‘z v
Sy on &y v oy
néu z = fiu, v) kha vi tai (u, vJ € D va u, v ¢é cic dac ham
riéng tai (x, y) € 1),

Pac biél u = u(x}, v = v(x), X € X:
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dz &2 du &z dv

—_—'.-_"_+_.__
dx  fu dx v dx
‘goi la dao ham todn phén cla z theo x tai x € X.
2.6. Bao ham cdia hdm an
Ham y = y(x) cho b&i phuong trinh F(x, y) = 0 (1) goi 13 ham

in c@a bi€n x trén tap hop E, n&€u ¥x € E, phuong trinh (1) <6
nghiém duy nhat. Theo dinh nghia thi: F(x, y(x)] = 0 trén E.

Dao ham: y =—= (F, 20,vx e E)

Tuoung ti:

Ham an z = z(x, y) xéc dinh tr F(x, y,2) = 0 tréa D c R>, ¢é
cdc dao ham:

F .
= —%, 7, = F." (F, = 0, ¥(x,y) e D).

2.7. Dgo hdim vé vi phan cdp cao

--Bao ham cé&p hai:

_(z)_‘i .-_.‘“‘

(93]

) : 7 ¢ c"z]
7y =(Z;£)v v i e

" éyé"x E” yz Sy\dy)’
Pao ham cap n: : , E+j=n
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Pinh 1y Schwarz

- Né&u z = f(x.y) ¢ cdc dao ham (hén hop) £, (x.y).f (x.y) li¢n
tuc tai (x, y) thi f;y(x,y):f;s(x,y)_

- Vi phan d*z = d¢dz), ..., d"z = d(d"'z).

it . N -;1 2, . 2
02 =T axt 4292 qedy+ T2yt | Lax+ Lay| 2.
& Tay VY &My

d"z = idx+idy z
ax oy
M6t him cé vi phan c4p n tai mot di€m goi 13 kha vi n 14n tai
diédm d6,
BAl TAP

118. Tim mién xdc dinh cua cdc ham s6:

1)z = V4-x° +1Il—y1

2z = J(_x: +yt—a)2a® -x" -y%) (a>0
Hez= Jysinx
4}y 2z = arcsini
X
5)z = arclg x—jy,
1+x7y"
6Yz = -"sin(x: +y:}

7) u = arcsinx + arcsiny + arcsinz

2
-3+ Inx + Iny + Inz
ot R
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Bai gidi

1Yz xdc dinh khid - x> 20,1 -y 20hay-2<x
y < 1.

1A

Viay mién xdc dinh coa v la hinh chit nhay (déng):
2,-1<y<1 (1.84).

r

1A

Yy
| Y
1
-2 2 alz
0 4 a
-1
Hinh 84. Hinh 85.

2) Ham z xdc dinh khi (x* + y* - a®)(2a” - x* - y*) 2 0.

X +y —a’ <0 x*+y* -2’20
hay . Y .. (1) va . y . . (2)
2a” ~-x" -y =0 2a°—x" -y 20

) x*+y'za®
hé (1) vo nghiém, hé (2) cho:

x*+y s2a°
(H.83).
3) z xdc dinh khi ysinx 2 0 hay:
yv=0 . |y=0 y=0
. vi ) hay
sinx =0 sinx 0 2Zkn < x <2k +Dn

y=0
(2). (H.86)
Ck+Drn<x<(2k+n
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|7

Nghia 12 mién xdc dinh cia z 12 moe hinh vinh trdn (ddéng)



Y

\Z;\\\\\

=
Hinh 86. . Hinh 87.

Vay mién xdc dinh ciha z 13 tp hgp cdc dai xdc dinh bdi (1)
va (2). .

4) z xéc dinh khi: - 1< L5 1,x20
. x
0 0
hay {x> (1) va {xc (2)
-XSy=Xx XEys-X _
Vay mién x4c dinh cita 2 gém 2 géc xdc dinh bdi (1) vi (2}
trir diém gbc O (x = 0) (H87).
5) Ham z xdc dinh V(x, y) € R™.
6) Ham z xdc dinh khi sin(x* + y} 2 0, hay 2kn < x* + y* 5
2k + D (D)
Nghia 1A midn xdc dinh cua z 1A t4p hop cdce hinh vanh tron

xdc dinh bdi (1) (H.88).

7)Y u = arvsinx’+ arcsiny + arcsinz

v xdcdinhkhi-lgsx<1l,-1<€y<l]l,-1<z<1 (1)
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Vay mién xdc dinh cla u 12 hinh hop déng xic dinh bdi (1).

Y ) 3
¢
D Yo
4 : b
9 y
a
x
Hinh 88. Hinh 89.

2

3 2 2
u x4c dinh khi 1 - "—-y——z—zzo vax,y,z>0
a c

xZ yz 2
hay {a? +;2_+c2 =1 (1). Vay mién x4c dinh cia u ]a hinh

X>0y>0,z>0

= 2 L]

gidi han bdi mat ellipse: §+y—1+z—,=1
a~ b ¢

(k€ cd nhimg diém trén mat). trong géc phdn tAm thé nhat va
cdc mat toa d¢ (khong k& cdc di€m trén cdc mat phing toa do d6).

119. Tim cdc gidi han:

1) li_rg(x:+y:)sin—L : 2) limx-,:_y:
= y PR 4y
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3) limx™ +y)e ™ 4) lim(x® +y* )y
I a—0
N ol

Bai gidi

1) lim(x2+y2)sin—1—= 0
5+ Xy

y—+l
. . + el ‘ - I
vi lim(x"+y)=0 vi 151n~‘£l
x-+0 xy
¥+
2) fim> Yo, dat fx.y) = S5
X +yY
Liy x, = —. ¥y, = i::> X.¥, = 0khin 5w,
n n
1 1
va f(x,,y) = 2—8 =050,%x,=0,y,= LN X,.¥,~ 0khin 5
.1 n
n° n°
_t
vi f(X,.¥,) = :‘“ =—1->-1.
n’

Vay Iiil(}f(x.y) khong tén tai.

y—0

x]+ 2 xl x X s
3) Tacé: 0 =5 m? =——+ }: g_‘+¥_._~_>0
T ™Y et et
khi x> +o,y—> +o
Vay: lim(x* +y™)e ™' = 0.
e PN
yov+a
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4y Ta ¢é: lim(x’ +y3)‘:":= expllimx*y In(x* + y)}
-l

v ool
PRI B T o AY
= ¢Xp lu_}ol(x +y Mn(x" +y ).11_1{01 T3
o o XY
=e'=1
S e - - le: - -
vi mtlnt=0 ({=x"+y7), 0 ———< x" + ¥y~ = I {x = 0,
b+ x—_!_y..-

y = 0).

12‘('}1! Xéru sy lign tuc va gidn doan cia cde ham s6;

+ : .
Nz= f y,; . 2}z='arcsm!—
X" 4y X
_ﬁiy: EN . *-:?:{y*:x' +y 20
3z =3¢ XAy 20 o ayz= x4y’
0. x“+4y =0 ' 0 :x'+y =0
Bai gidi

13 Ham z lién tuc V(x, y): x* + y’ = 0 vi 12 him so cdp, do dé
z chi ¢é thé gidn doan tai (x, y): x* + y ' = 0 hay y = - x, x€t x, *
O-YU;:O,X.Q"'YU:O.

Khi d6 tim>—Y —fjip—— > - 1
XTI HYT RXT XY FYT X - Xe¥e tYo
Y-+¥p Y—*¥p
Do dé cédc dim trén dudng thing y = - x 12 cdc diém gidn
doan bd dugce cia z trir didm (0, 0).
Xét !i_rg ):_y_‘ =lim— l T = 0
Xty ;:gx ~-Xy+y

Vay (0.0) 13 didm gidn doan loai 2 (v6 cuc) cha z.
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2y 7 = arcsinl, z Xac¢ dinh khi: - 1 £ is 1, x # (0 hay |y|stx],
X X

x =0 (1).
Vay mién xdc dinh ciha z xdc dinh b&i (1). Trong midn d6 z
Ia lien tuc vi nd 12 ham so cdp.

1) z xdc dinh V(x, y) # (0, 0) nén z lién tuc, Y(x, y) # (0, 0).
Tai (0, 0) la c6:
1
limE(x,y) = time *** =0=£(0,0)
x-»0 -0

¥ 0 y—

Nghia la z lién tuc tai (0, 0). Vay z lién tuc ¥(x, y) € R%.

4) Ham z xéc dinh V(x, y) = (0, 0) nén né lidn tyc V(x, y) #
(0, 0), vi z 12 ham so cap.

Xét tai (x,y):((),()).léyxn=—l—,yu: —l—,xn—b-(),y,,—-)Okhi
. n n
2
n - o, Z(X,.y.)'= —l-ll—.—l——=l—>l
—+—
n- o
- 2 1 .
Lai ldy x, = =, y,=—,%x, > {0, y, > 0khin » x.
n n
4
3 4
(X, Y,) = —L— oy
Y= 7
—+—=
n- n

Viy z khéng lien tuc tai (0, 0), vi z bj chan trong lan c4n cua

(0,

lx1+y:| x*+y*

nén (0, ) 1a diém gidn doan loai I coa hdm so.
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121. Tinh cdc dao hiun riéng va vi phan todn phin cia céc
him sé.

1}z = —-—X—-T 2)z=ln(x+,[x3+yzj

X" +y’
3) z = arcsin x:—y* : Hz=x"
X" +y”

5Yu = (xy)7; 6)u= ‘/x:+y2 -2xycosz
7)z =u", u=sinx, v = cosx

x .
B) z = arctg~, x = usinv, y = ucosv

y

Nu=xyz, x=+1, y=Int, z =gt

10) f(x.y,2) = —Z | (inh df(3,4.5).

x*+y’

Bai gidi

1)z, = Xy = Y

x2+}’: (x +y2)§
= ——F .z = ______y:dx—xyziy
(x:+y:)5 (xz_'_y:);
X

1+ -
2} 7 = 1/x'+y' I

. x+,./x1+y2 =Jx:+y:

¥

T Jx3+y°(x+\/x3+y’) |

7
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x* -y? !
o x*+y? ) 2xy?
ox ) ?5: _y? X -y
x: +y2 x2+y2
oz _ 1 2y’ W2xyt xP4y?
ox 2y° X - y? |y| -sz ~y?
x*+y' Yx*+y? .
Tuong 1y _(?3: _‘Eﬂ-. x'ﬂ+y‘1 ., XF y
Gy b’l Jx" -y

i dp o V2XY X4yt

(ydx — xdy)
Moy ¥

4) z = xV . |4y logarithme Neper hai vé ta ¢6:
Inz = x*lnx, dao ham hai v& theo x:
E‘—=yx"".lux+x".l

z X
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424

= z,= xV" (ylnx +1)

¥, . -
z,= x*".In"x

dz = x""{(llnx +i}.1x +In* xdy}
X x

5) u = (xy), u, = yz(xy)*', U, = xz(xy)"', uy= (xy)'in(xy)
du = {(xy)*'[yzdx + xzdy + xyln(xy)dz}

6)us= Jx=+y2.-—2xycosz

v = X - YCOSZ _X-Yycosz
Ty - 2xycosz. u
. ¥-—Xcosz . Xysinz
- — » U= o
B u u
du 1 [(x —ycosz)dx +(y~—xcosz)dy+xysinzdz]

Jx: +¥* - 2xycosz
7}z =w', u =sinx, v = cosx

Theo (2.5): —=—.—+22. - wi" ' cosx + In u{-sin x)

= (sinx)****(cosxcotgx - sinxinsinx)

dz = (sinx)*"**(cosxcotgx - sinxlnsinx)dx.

x ,
8z =arctg~, x = USIAV, ¥ = UCOosSvV

Theo (2.5):



b3
&z Oz o {2 oy | ; -x
= = sinv + .COSV

.

e H e —— — =
X du oy du ( x=]
Y 1+ -5

= — y —sinv — — X —COSV = — —.(ucosvsinv — usinvcosv) =0
x*+y? X7y X +y"
(X +y' = 0)
Tuong tu: —(‘E:l va dz = dv.
v
Nu=xyz, x ="+ I, .y=lnt, z = 1gt
Gu_oudx Cudy odude
dt & dt &y dt, &z dt
= 20.lattgl + (17 + Digt +(l‘+131111 — )
cos™ t
du = f()d1.
10) f(x, y, 2) = ———
X +y
f=z(- %.2)&)()&3 +y7y 2 :__—_xz_‘
(x* +y?)?
: 3 : 4 : L
f(3.45)= —— ., twongty (34,5 = —-—:; [ (3 4.,5)= =
' 25 ’ 25 5
dz = L(Sdz - 3dx - ddy).
25
122. Xét sy lien tue v kha vi cua him sa:
1) fiix,y) = {{E 2) f(x.y) = |xy|
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k]

:y, x*+y %0
*IFx,y) = <x"+y”
0 X +y =0

l ] . l ) 2
(X~ + ¥y )sin— - X +y 20
*4) f(x, y) = Y X4y Y

0 xT+y =0

Bai gidi
1) RS rang f(x, y) lidn tuc V(x, y) € R?
y

. X
f(x.y) = , Pyx, 9y = -,
Wy Wxy

f.(x, ¥}, £,(x, y) 12 litn tuc ¥(x, y} # (0, 0). Vi A cdc ham
su cip, theo dinh 1y & (2.4) thi f(x,y) kha v1 ¥(x,y) = (0,0).
Xé1 tai (0,0):

Yi(x.y) # (0,0).

£(0,0) = }imw

Ax -

=0
f,(0,0) =0.

Gid sit  AFDO)=0.4x +0.Ay +0.(p), p=qAx* + 4y

Né&u 0(p) 12 mét vo cing bé bic cao hon bac cia p, nghia 13

gﬂ—)ﬂ(p—r())lhi f{x.y) kha vi tai (0,0).
p

Xéte oM _ Af(Of) yaxay
P P YA ray

Liy Ax = Ay = 1 thi Ax, Ay - O khin 2>
n
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srw

Vay 0(p) khéng 1x vo cing bé bac cao hon p vd f(x, y) la
khong kha vi tai (0, 0).

2) Tuong ty nhu 1) f(x, y)IA lién tyc V(x, y) € R* va kha vi
Yix, y) = (0, 0. Xét tai (0, 0):

, o+ Ax).0{ - _

(0,0 = lim—m7M—— =0, £(0,0)=0
) Ar—Q Ax

) - Ax A
Af(0,0) = \MAYJ =0(p). wz__l_yi*
AX” + Ay~
Liy Ax = Ay = l—) 0{(n -5 =)
n

O(Q} I n

#0 khi p = 0.
a2 f J_

Vay f(x, y) khéng kha vi tai (0, 0).

3 fHx, ¥ 12 gian doan tai (0, 0), vi 18y x, = —1~. Y. = —!;. thi
i n n’
Xpo ¥, 0 (n = o).

e 1 1
f(x,, = L5 20=(0, 0.
(xX,, ¥,) I ] 2—>2 (1, 0)
O R
n n

Vay f(x, y) khong kha vi tai (0, 0). R3 rang f(x, y) 12 lién
tuc vi kha vi Y(x, y) # (0, 0).

(vif, f;,f;_lil cdc ham so cip Vix, y) = (0, 0))
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Tuy nhién f(x, y) van ¢6 cdc dao ham ridng tai (O, 0).

Thue vay: (0, 0) = lim

dx «0

0800 (M1
(0+Ax)° +0° " Ax
f, (0, 0y = 0 (tuong 1)

Chi ¥:Qua 3) so sdnh v&i ham s mot bién, ta thay <6 nhitng
diém khdc nhau co ban: tai didm gidn doan cia ham nhiéu bign,
vin ¢6 thé ¢6 cdc dao ham riéng.

4) Y{x, y) # (0, 0}, ta cé:

: ) 1 2 1
f(x.y) = 2x5in —— - — X - COS——
- X +y" XT+yT X" +y
. . | 2y 1
f{x,y)=2ysin———=- <OSs

X'+)" x3+y: - x2+y3
Viay [(x, y) th lién tuc va kha vi ¥(x, y) # (0, 0), (vi [(x, y),
f(x, y). £ (x, y) Ia cdc ham so cdp).
Xét tat (0, O):
1. 1
AT sin —

£00,0) = lim—— 8% -0, (0, 0) =0.
i A4 AX

-Gia st Af(0, 0) = 0.Ax + 0.Ay + O(),

\ Al 1
hay . O(p) = Af(0,0) = (AX" + Ay )sin————
y P Y Ax™ + Ay

v b
psin
va m:—-——-E——)»(}khip-—)(l
p r

Vay (4. y) kha vi tai (0, O).

Tuy ahicn f(x, y), f,(x, y) khong li¢n tuc tai (0, 0).
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| 1
Thyce vay: Ay X, = —— .y, = ——— thi x,,y,— 0 (n = =)
24JnR 24nn
VA £(x,, Yo) = - 2401 > —020= £ (0.0)...

123. Tinh gin ddng:

A =(1,02)°0,97)
2) A = (405 +(293F

3) A = 5in32°%o0s59°
Bai gidi
Ta biét néu f(x, y) kha vi tai (x,, yo) thi
Af(Xo. yo) = f(xo + AX, yo+ Ay) - [(Xq, ¥o)-

f.(X0.¥o)AX + [ (Xq,¥0)AY + O(p) (1}

0(p) 12 v6 cling bé bac cao hon p= VA +ay° .

Khi Ax, Ay khd bé, ta cé thé bd qua 0(p) v ta ¢é codng thic
tinh gén ddng: '

f{xo+ AX, Yo + AY) = f(Xo, ¥Yo) + [, (Xo. Yo)AX + f (Xo, ¥o)AY
1} Xétham sé f(x, ;z) =xty
Pat xy = 1, Ax = 0,02, yo = 1, Ay = - 0,073 thi
A =[xy + Ax, vy + AY)
If(xo, yol = 1013 = 1: fi(x, ¥) = 3x7y™ [{xq, yo) = 32
f.(x, y) = 2x%y, [ (X0, ¥o) = 2.

Vay theo (1 A = [+ 3.(0,02) - 2.40,03) =1

2) Xét ham fix, y) X7y

129



bat x, =4, Ax = 0,05, yo = 3, Ay = - 0,07
Tuong ty nbu 1) tacd A = 4,998,

.. N 2
3) Ta cd sin32%, ¢0s59° = sn1[£_~+—lJco{£—iJ

180 3 180
Xét ham f{x, y) = sinxcosy v dat x, = r AX = 2 Yo = n
‘ ‘ Sy VR AR X = o 180 °° " 3°
n
Ay = - —-
y 180

Tuong tr nhue 1) ta céd: A =0,273.

*124. Ham v = f(x. y. 2) goi 1a ding c&p bac n n€u Vi e R:
fx, Ay, kz) =" {(x, y.2), (x,y.2) e V
1} Chitng minh rang n€u ham f(x, y, z)ddng cdp bic n va tén
tai f, £, f, tai (x, y. z) thi:
xf(x,y,2) + yf;_(x. Y. 2} + z2f,(x, y, 2) = nf(x, y, ).

2) Ching minh ring ham f(x, y, z) ding cap bac n va kha vi
tai (X, y, z) thi cdc dao ham riéng cha f 13 cdc han dang cap bac
n-1.

Bai gidi

1) Theo gid thigt: f(hx, &y, Az) = A° f(x, y, 2). (X, y. 2) € V.
Bao ham theo % hai v& dang thite nay:

X, (A%, Ly, hz) + ¥y, (2x, by, Az) + zf, (Ax, Ay, hz) =
A t(x, y, z)
Cho A =1 ta c¢é:
' (x,yv.2) + v (x.y. z) + zf" (x, y.2z) = nf(x, y, z)

2) Theo trén {(2x, Ay, 2z) = L"[(x, v, Z).
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Pao ham theo x hai vé& ta ¢6:

RE(hx, Ry, 22) = A" (x,y,2), A =0,
hay f,Ox. Ay, hz) = "' [ (x, y, 2).
Tuong ty f;(?.x. Ay, Az) = A0 (x, v, 2)

f(hx, Ay, L2) = A"'f (x, y, 2)
-nghia 1a cdc dao ham riéng coa f 13 cdc ham ddng c4p bacn - 1.

125, Ching minh radg cdc him sau d4y thod mén (12 nghiém)
cta cdc phuong trinh tvong ing:

Q

. \ | l1éz 2z
Dz=ypx” -y% Tt o=
- . xx yo&y vy
y & o
2y z = xvy + Ry B —+y-—=xy+
Yz =xy x(p(x] X Y Xy+z

3) f(x, y, ) = F(u, v, w) v6i x*=vyw, y? = uw; z* = uv,
xf, +yf+zf,=uF+vF + wF,.

(Gia thi€t cAc him déu cé cdc dae ham)
Bai gidi

1) Patu'= x*.- y°, u = 2x, u, = - 2y
Qz__ L= 2Xyg
& y'q)u' a1 yq)u

5—y—=<p<r—y')+yfp;-(—2y) = @x -y )-2y@,

Thay vao phuong trinh ta cé:

a B

1 I N ) z
;-2?‘)“4’; + ;[‘P.u. - 2}'_‘19}.] = 2yp, + %‘ 2yg, = 2 -
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Nbatu= L =—Lg-L
X

Z oy, x| - L
(‘}x y (PIIAF ('Pn x: T

z--}lc+:lc . (L)
oy (P"x -

Thay vio phuong trinh ta ¢6 mét déng nhat thic.

3) Theo gia thiét: F(u, v, w) = f(-va,Juw,J;l;).

Pao ham hai vé dang thic ndy theo u, v, w, ta ¢é:

. LW - . v
F =f.. +f (1
D 24uw 2\/;1:
. B W . u
F-=f. +1,. (2)
N 2/ vw 2uv
Fo=f — 4 [ (2)

" * 2w '\"2v"uw
Nhan lan lugt (1), {23, (3) v&i v, v, w 16i cOng lai ta cé:

uF, +vE + Wk, =xf_ +yf, +7f,.

126. Tinh:
1y d7f(0, 0Y n&u f(x, y) = (1 + x)"(1 + y)"
2) d*{(0, 0..0] néu
fix,y,2) =x+ 2y 7 + 327 - 2xvy + dxz + 2yz.
NEN
3) £,00,0), £ (0,0 néu f(x, y)= e +§1

Xy #Q

0:x"+y  =0.
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43 d*2 néu 2 = flu, v), 0 = u{x, y), v = v(X, ¥).

Bai gidi '

1y f(x, yy=m(l +x)"" "1 +y), f;= n(l +y)y  '(1+x)
E.00y)= mm - D+ )™ L+ )"
oy = men(l +x)" "1+ !
f;:z n(n - DL+ ¥ 71+ x)°

[0, 0= m(m - 1}, {,,(0,0)=mn, {,(0,0)=n(n-1).

. % 2

Vay df(0,0) = m(m - 1)dx" + 2mndxdy + n(n - dy”*.
2) Theo (2.7) suy rong cho trudng hgp ham 3 bi€n ta cd:

. & ¢ o . Y
dfix,y,2) = | —dx+—dy+—
(x.y,2) (5 dx 3 Y.adz}z

2t 2 2
C—t:dx: + 0 Edy: +—a-—£—d23 +
- ay._ &_

';2 _3 2
ot E;dxdz+2——af dydz

&y’

Tiah todn La cé:
S0, 0, 0) = 2dx? + 4d y* + 6dz” -
- ddxdy + 8dxdz + d4dydz.

2t LI S
3y Ta ¢6: { (x,y) = yx, y’ + :lx yh WO XD+ Yy O
(x'+y‘}

X +yT

5

f;.(x,y)=xx~ y: + fx‘ya v XD+ yT 2 0.
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f{ax, 0y (0, O

f.(0,0)=lim —~— 2 =0 f(0,0)=0
: Ax D Ax -
. f_0 -1 - Ay?
£ 0= lm &80 - LOO o 2yt
o Ay a0 Ay Ay—0 Ay
f.(Ax,0) - £ (0,0 3
£,(0,0) = lim il LTI
A i) Ax A0 Ay
4y Tacd6 dz = —a—z-du+zdv,
& v
d'z=4d Ez-du +d gdv =
& >
= d| & .du+§z-d2u+d Ld .dv+gd:v
Ju Su v Y
&'z 2 :
= &z dudv + d\wdu+a—‘:'-d\-r1 +@d3u+éd3v
o "llc'}v u ov- du

I

—(?‘.du + -a—dv z +éd3u + édz‘.r
au ov du - v

Vay vi phan cdp hai cha z khong c6 tinh b4t bién vé dang d6i
v3i cde bifn 56,

127. Chung minh cdc ham sau d4y thoid mian cdc phuons trinh
tuong ng:

Du =0 (phwong trinh Laplace hai clluu)

. @:u 6
arclgi -—
X E

1 T &N é‘u cu
2y u = = r=4xT+yi+z’, —+ =0
r

x o a

(phuong trinh Laplace ba chiéu).
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Bu=eix - at) + @lx +at), —=a —

Badi gidi

1y Ta cd: ;y-:;‘{___ﬂy_): 1"3’1‘
X L+ Z_ X" X" +y”
X

a1 1]_ x
¢y []' X, xT+y
1+ 2
X
Fu_ 2y Fu -2y

&Yy XYY

VoL X7+ yT 2 0.

. Fu Su 2% 2% o .
Vay —rt = y“ g yw -=0 v@di x® + v = (.
& & KA+yY Ty
- - ot I o X . X
2) Tacd: —=-—, —= A
S N S S
., du ér 1 x
Do do —-—:@‘_,:__“ _____,-_’i .
X &r & rtor v
& 1 x(=3r"r) I 3x?
Pl s & - vt
&- T in v r
&u 1 3y &% 1 3t
Tuong tu: —= — == -
5 i S N A
. @:u c"‘zu (3:]_1 33 x: + 2 +Z: 3 3
Do dé: N ( ): )=——:+——- 0
s S 5 S 1 r oy
varr # 0
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M Patx-at=%,x + al =1

,otu du € fudn fu fu
Tacd: —=—2. =+ =+ =,
o Gk m&x & On

&u &u &u 28%
R R (1)
& 8T ot Gl

@_&1g+_c':1i@___1&l+ du
a &a ema & o
o2 - 2 2
du_ 28U o 8U 2y

a e T & o
Do dé: tir.(1). (2) ta cé:

&Fu &%
a: (:}xﬁ

128. Tim dao him cip mét v cip hai cla cdc ham 4o y
¥(x), z = 2{x,¥) xdc dinh tir cdc phuong trinh:

1y =x + lay
DX -2xy+y +x+y-2=0wix=1
Nl+xy-lae™ +e ™y =0
4y zt - ixyz = a’
5) 2=inZ + 10, tinh dz va d*z.
z y
K+y+7z=0 .
6y ¢ 0 L, vai Yy = ¥(x), Zz = Z(x).
X"+y +z =1
Bai gidi

1) Theo (2.0): y, =—=% dday Fix.y}=x + lny - y = 0, do dé:

¥
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l . Co
- dao ham had vé thieo x:

yt”—.l—:'l":;_—
y

v _y-byyly ooy ol oy Y

v (vy-1y (v-0' y=-n'{y-=1) -y

2) Tai x = 1, phuong trinh 1o thnh y° - ¥ = 0, ¢ nghi¢m Id
=0vay=1.
e 20
Y 2y=2x+1
tai x =1, y=0: y, =3 aix=1ly=1y=-1

. —(2y - 2% +IH2 -2y ) - (2x - 2y + D2y'-2)
; 2y —2x + 1)

Dodé: y,=8tix=1,y=90

=-Btaix=1,y=1.

¥o<
yeit —yet
[y_ c‘-"_:é';_]
3} vy, =— —_-._1
' xet —xe™ X
N
[ e e ™ ]
R 4
Y = - X)"-}' = ) X( x) = 2_.).’.
% X: x: X
1) Theo (2.6) -1 oL
o oY v =— = ——
“ 1 I__.I y ITL

gdavy Fix, v, 2y =7" -
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. =y, Vi
do dér 7z, =- : 2 (1)
KT A

o=t (z~ ~xy =0) {2).

/o Ky

(2 = xyye - yz(222] - y)

Ox - (Z: _xy):

Thasy 20 (1) vio cong thidc ndy vi tinh todn ta cé:

5

o\ - (z - )(y)3

- >z 2yx"z
Tuong 1y —=-—2"——
¥ (27 —xyy
nl P YT S - .
f : Z—Z(Z 2.1‘ 2 ‘x Y ),z‘—-xy:t().
Xy (2" - xy)y
5 1:[n£+l(l.

z oy
Xét z = z(x, y), 1dy vi phan hai v& dang thitc nay ta cé:

zdx ~xdz _ Y ydz —zdy

‘ z oy
hay o oyrdx - xydz - yadz + 27dy =0 (D)

7iydx + zdy)
¥(X + 2}

Do da dz = (x -2 (2)

Lai lay vi phan ding thae (1) ta ¢6:
¥{x + 2)d7z = zdxdy + (zdy - xdy)dz - vdZ’
Do ¢ viotir (2), ta ¢6:

27 (vdx - xdy)

AN

th

(X

A~z = - -
viix+2)



6y Pao ham he did cho theo x:

{l +y +2 =0

. . ()
2X+2yy, +27z =0

Do dé: y :x—_i, 2= (z # ¥).
z-y z-y

Lai 14y dao ham hé (1) vi tinh todn ta c6:

g o (x—2F +(y=x) +{z -y
(z-y¥

= -y

129. Chitng minh cdc ham $6 dn xdc dinh ti cdc phuong trinh
sau thod min cdc phuwong trinh tdong ng:

NHxXx,y,z) =0 :-Q.Q.E:—
oy ez ox
)Xy +xTHy -1 =0 dx + gy =0 (x,y >0).
Ji-xt J1-y?
. -
WE(x-ary-bzy=0 : aiipo
> oy

4) x* + y* 4+ 27 = @(ax + by + ¢7)
(cy - bx)?-k(az-cx)g:bx-*ay.
&x ey

Bai gidi

1y Coi lian lugt: 2 = z(x, ¥), ¥y = v(z, x), x = x(y, 2), theo
(2.6 1a co:

& -F &y -F &x_-E

j— z

x F & F & F

T ¥ \

Nhan ciac dang thidc ndy v& vdi vé ta ¢o:
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4440

£x Oy &

& & ex
2y LAy vi phan phuong 1rinh di cho ta c¢é:
2xyidx + 2x7dy + 2xdx + 2ydy = 0.
hay X(1 + yHdx + y(1 + xdy =0 (1)

Tir phuong trinh di cho ta ¢6:

x=x Y y=a (X
l1+y~ 1+x°

Vi xy > 0, néa thay vao (1) va rdt gon ta cé:

- i
-Jl-—y‘dx+\/l—x‘dy=0 hay dx Y -0

Ji-x* Jr\/l~y4 )

N Patu=x-az,v=y-bz, tacé F(u, v) = 0.

& _F_ R _ F,
&x F,  Fau,+F.~, —aF —bE '
&z F
tvong f —=———*——
—aF, - bF,

&r . &z aF, +bF

—+b—=— =1
X & aF +bE,

Do d6: a
4) Batax + by + ¢z = u, ta ¢é:
X“ 4+ ¥y +z = @(u) =0

& 2x-ag, & _ 2y-by,

&x 22—c, &y 2z -,

Do dé va tinh todn ta cé:



& o
(cy — h;f,}ﬁ +(az - CX)-(’—]" = hx —ay.
% oy
130. Bi¢n d8i cac phuong trinh sau bang cdch déi bi¢n sa:
Y (x + D7y" -2+ Dy' + 2y =0, dat x + 1 =¢',

2) (1 - x)'y - xy =10, dat x = cosl.

& F} * "
3) yﬁﬂ{fi:(), daitu=x,v=x"+y.
ox oy

du S

.

a=0,dat £ =x-at, n =x + at.

& &
*5) g-—l,i‘i‘a—l,l:ﬂ, dat x = rcosg, y = rsing.
X oy

)y -z + (y+ D2, =0 v0i anhimx=x(uviu=y-z v=sy+2
Bai gidi

DTacd: x+1=¢,x=¢"-1,% =¢

y. ==y e’

%

Yo = (e A =y -ely e =iy )

Do d6 phuong trinh di cho bién d&i thanh:

cﬂue‘:{“‘_y—d—y]_ze'.e-' .‘;—yny =0 my $X 3% oy -0
t

s [ R
2) Ta ¢é: x = cost, dx = - sintdt.
- dy dy 1 dy
y‘ = e S e—— — —

dx —sintdt  sint dt

- [ dyll. [ 1 d%  cost dy [_ 1 ]
Ve sint " di )t Lsintdt sin®udt sint
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Thay vio phuong trinh di cho, 1a duege phuong trinh:

. 1° 0 ; 051 d :
st -—I—-Lﬁx~ﬂd—) +£l——y:0 hay 9-%’:0.
sin~t dt™  sin” e dt sint dt -

3}'raC6u=x,vzx:+y3

&u__‘l ﬂ:2;(,51=2y

X X oy
ok ad &, o
MM U vk du v
&z v Oz

Thay vao phuong trinh da cho ta cé6:

(2 &z & &z &z
Yy—-X—=y| —+2x— |-x2y—=0
x &y &u Y
&,

hay yg=0 va 2:(':, i phuong trinh dd bign déi.

&u &u
4) Tacd & =x -at, n = X + at, —:"= —a—;:—a,ﬁ:l,@—:a

o a x

@éhv Su &n @4_&_1
& & x Cnax e fn

Pu_of(a au)_2fa), éfa

& oax\ &2 &) &xléz) axlén

I, Ae ot ol ot 2 5

(G, Cuin, G &, Guin_Cu ,0u du
=T ox AEim X r"n(."i_ (G QG G S &Een o

Tuong wr:

&u & &u Fu
S| it
ar &> T o
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Thay vao phuong trinh dé cho, ta ¢é phuoag trinh:
2% \ . e

“on =0 13 phuong trinh theo bi¢n méi %, n.

=

L))

5} Ta ¢éd: x = rcosp, y = 1sing .
Lay dao ham cdc dang thifc ndy theo x va y ta ¢é:
I T rsingl

= Cosg g—rsm(p—(‘——

3

0 =cosg -ai—rsin(p
&y y

0 = sing g*rcosq)iﬁ
ax &x
. Cr &p
l = sinp — +rcosp—
&y
Gidi hé nay 1a cd:
ZCOS(p-C}EZ——Mn(p —gl—=sin .-aﬂ:CDS(‘D (n
T r &y oy r
Tinh:
QD G ol d b by
& ax opox Oy & oy dpdy
&u sing @:@Sinq’_‘_g_l_cosq)
oy o P T

Theo (1Y thi:
Su du

=_CoSp———
- & r

a &
ﬂ,f_(@ a  Cloujde
& alax/x delex)ax
A Fusi 3 u sin si
Freong- 2 M0cony s L Bosg 2 e sne)
r epl or &p r r

Y O

8 (
| mrose——
A p



ou +('u'<m P 28u cospsing Fu t;m sin® @ 23

= T80 3
r or r cip r- dpt 1
Tuong ty:
2w 8'u Arcos’ g fu cosgsing  &u cos’ @
= st 2 D TARWIR R PP P (3
&yT O & or &p . dpt T
Cong v& vdi v& (2) va (3) ta cb:
& 2u o 1 éu L &
—t =t t—=. =0
axT ooy o vt O 1 o

6) (y — 2z, + (y + 2)2’, = 0 (1) dx = x",du + X', dv, du = dy - dz,
dv=dy+dz = dx=(x", + x’ )dy +{x', —x", )z (2) dz=zdx+ 2’ dy = dx =
-z, 1 . 1

dz Z) Yoo . -

d}’ (?) (2) (3}::"3( +K e A A [

x x Z,( x X, — X,
) X, X u
z)’=_7'_"'_‘ {1}23'){“"'?{\, -
X5 =X v

§3 CONG THUC TAYLOR - CYC TR

3.1. Céng thilc Taylor
- N&u f(x, y) kha vi n + | lin 1ai kan can di€ém (x,, yo) thi
trong lan can ndy, ta ¢é céng thitc Taylor cip u:

1 .
fx,y) = f(x0,¥5) + df(x5.¥9) + -2—' d-f(xg,ye) + ... +

A" xe+ Bdx,ye+ Bdy) (T)

i
+ —d"(xq.¥e) +
nt. (X0:Yo (n+ Dt

Vai X - X = Ax = dX; y - yo = Ay = dy.

1 . .
0 <0 < 1, Ry(x) =——d"""(x, + 0dx,y, + 0dy) goi 12 s6
(n+1}
hang du,
Tuong tu, ta ¢é ¢cong thite Taylor cdp m cua ham n bién f(M)

.. o . ‘s o
vai M(X,, Xa. ..., X,) 1ai Ban edn didm My(x?, x9,x) . x)):

f(M) = fiM ) + df(M) + _217 dM,) + ...+

d“”lf(M‘.] {'rv)

+ Ld"'t‘(Mo) +
nd (m+ 1y



vét M(x0+0dx, x5 +0dx.. .., x2 + 0dx,), 0<8 <1,

n

Trong céng thic (T), (T°) néu thay x5 = 0, yo = 0 (x] =

0 _ 0 . . . . N .
X2=Xy=_...=x.=0) ta ¢d cong thirc Maclaurin cua ham hai (n
bién).

3.2 Pinh nghia eye trl - Biéu kién cdn
Dinh nghia

HHam z = f(M), M(x, y) xdc dinh tai lan can s cia diém
Mg(X,, ¥o) goi 12 dat cue dai (ti€u) tai My néu VM € s:

f(M) = f(My)y (F(M) 2 f(M)).

Ki hig¢u f_,, = [(My) (f,,, = f(M)).

Cyc dai, cuc tidu goi chung la eye 1ri.

Pién kién cdu:

~ Né€u ham f{x, y) dat cywe tri tai (Xg, ¥o) v co:

[ (Xo.¥0): Fy(Xos¥0)

thi { (xg,¥,) = f;_(xo. ¥o) = 0, (Xg. ¥o) goi 13 mot diém dirng coa
ham sd.

Chet ¥

- Cyc tri cia ham sd ciing ¢é thé dat tai cic di€m cidc dao
ham khong 18n tai hoac bang =. Pidm dirng v cde didm trén goi
chung la cic didm bdt thedng (161 han) cha hadm sé.

Didu kién dii
- N&u ham z = f(x, y) lén tuc trong lan can s cda diém
Mo(X0,¥0)s €6 [ (Xgy ¥o) = (%o ¥o) = 0, {0, ¥), E(xoy), [.(x.9)

lign tue trong-s vd dM(X,, Yol = 0 thi £, (f..) = f{Xe. yy) khi
df{x,, ¥g) < 0 (> 0) trong s.



Va f(x, y) khong dat cyc tri 1ai (x4, yo) khi d°f(xg, yy) thay
déi diu trong s,

Didu kién do nay cé thé suy rong cho ham o bién bat ky ¢6
cdce dao hiam dén cap m (chin) lign tue tai My, v (M, =
= (M) =..=[""(M,y=0, {"™(M,) #0.

-Trong trugng hop him hai bién z = fix, y): dat A = f;:(xo.yu).
B={,(x0.9,0,C=f,(x,,y,) thi didu ki¢n dit tren tuong duong véi
diéu kién: néu tai 'M{J

A<O (>0, AC-B > 01hi £, (f,.) = f(x,, vo)

AC - B < 0 thi f khong dat cuc tri tai M,.

AC - B = 0 thi f ¢6 thé dat hoac khéng dat cuc tri tai M,.

3.4. Cyc tri cla ham 8n

Cho ham 4n z = 2(x, y)trén D xdc dinb i phuong trinh F(x, vy,
2y = 0, n€u ham z hai lan kha vi lién tuc trong D (cdc dao ham
rieng c&p hai déun lién tuc) vd (x5, yo) € D 13 mot didm dimg cua
z thi (x,, ¥,) thod man he:

F (XoYor%e) =0, Fl(X02¥0,2,) = 0, FiXo.Y0,2,) = 0 7, = 2(x,. Y}

v z dat cuc dai (1i€uw) tai M, khi d%z(x,, yo) < 0 (> 0) trong
lan can cua M,.

véi dz= -2 Tt 12 TF iy G0 |
F,\ &~ Xy i

3.5. Cyc ti cé didu kién
Ham z = f(x, v}, (x. y) € D (1) goi la dat cuc dai (tiéu) tai
di€m (x,. ¥,) € D, véi didu kién @(x, y) =0 (2).

Né&u vdi moi (x, ¥) € s 1an can cua (X4, ¥,), thod min (2) ta
6 H(x, ¥) = fixg, ¥o (2 f(Xg. ¥o))-

Cuc dai (ti€u) d6 goi chung 1 cue tri cé didu kien.
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Cach tim: néu 1 (2) giai duge ¥ = y(x) thay lai (1) thi z =
flx, y(x}] ta ham mot bidn da bict céch tim cuc tri.

- Phuong phip Lagrange

Viée tim cuc tri cua ham (1) vai didu kién (2) dua vé vigc
tim cue tri cOa him Lagrange:

@Oi{x, vy} = [{x, ¥) + 2@{x, ¥y}, » € R.
Di¢m dimg (x,, yo) cita @ duge xdc dinh ¥ he:
DL =0,D', =0, p(x,y) =0

néun d*®(xy, ¥o) < 0 (> 0) thi bam (1) dat cye dai (1iéu) véi
di¢u kign (2) tai (xq, yo). (f, ¢ ¢6 dao ham rieng dén cap hai lién
tue v @; +@] # 0 tai (Xq. yo))-

3.6. Bdi todn fim gid ¥ 1&n (bé) nhdt

D¢ tim gid tri 16n (bé) nkidt cia ham lién tuc z = f(x, ¥) trong
mién compact D, ta

- Tim cdc diém dirng ciia z tai cde diém trong vi trén bién
cua D (diém dimng ¢é dléu kiédn).

- Tinh gi “ri ctia z tai cdc diém ding d6, so sdnh cdc gid tri
dé ta s& cé gid tri 1dn (bé) nhal cén tim.

BAI TAP
131. Vi€t cong thic Taylor cia cic ham sau diy tai cde didm
tugng dng:
Ly f(x,y) = - x4+ 2xy + 3y - 6x - 2y -4 : (-2, 1).
DX, y. ) =X+ ¥y + 20+ 2Xy-yz-dx-3y-z+4 (1, 1, 1).
3 f(x, y) = e¢'siny, {0, 0), cAp ba.
4) f(x, y) = cosxcosy, (0, 0), cip bdn.
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Bai gidi
DV [(x, v) 1d mot da thire bac hai coa (x, y) nén cdc dao

kam cdp ba coa f(x, y) déu bang khong. Do dé cong thic Taylor
cia £{x, ¥) chi ¢d cdc s6 hang d&n bac hai.

Theo (3.1
fix,y)=1(-2, 1D+ (-2, DAx+ 2) + f'}.(—2, Xy - 1) +

+ é—[f:: (2D.x+2)" +2f_(-2D.(x + )y - D+ r:: (-2.).(y - 1)2}

gday: €6(-2, =1, (x.y)=-2x + 2y - 6, [" (-2, 1) = 0.
f,(x.y) = 2x + 6y - 2, [, (-2, 1) = 0,
o (x,y) = =2, 1,00 9) = 2, £,(x,y) = 6.
= - ¥

Vay cong thac Taylor phai tim la:
(X, ¥y =0 - (x + 2 +2{x + 2)(y - 1) + 3(y - D).

2) Tuong tu nhu 1) cong thic Taylor coa f(x, y, z) cling chi
¢d dén cde so bhang Uy thira bic hai:

f(x,y,zy = (1,1, N + %[rxu, LDx-D+T(L LD y-D+
+0,0. 1, Dz~ D]+ %[f;': (L, 1, D(x - D™ + f;1 (LL D .(y-1V+
+ fz":(l, L Dz - DF+ 20, (1 1, Dux - DAy - D+

+ 20 (1, 1, Dy - Du(z- D+ 26, (1, 1, Dz - Dax - D]

o day: f'(1,1,1) = 0.

fA{x,v.2)= 2x + 2y - 4; f(I,1,1}=0
f;(x.y,z)z 2y + 2x -2 - 3 f;_{l, 1, y=20
f(x,y,2)= 22 -y -1, . f(i,1,1)=0
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l';: x,v,2)=2, f;:(x.y.z) =2, f;: (x.y.2)=2,

L(xy2=2. [ (xy.2)=-1, f (xy2)=0.

Vay cong thic Taylor phai tim H:
fix,y,2)=(x- 1Y +(y- 1V +(z-1Y+.

+2(x-DNDy-D-(y-1r(z-1)

3 f(x, y) = esiny.

Ta ¢6 £(0, 0) = 0, f, = e’siny, f, (0, 0) = 0, £ = e*cosy,

f.(0.0)=1, {, =e"siny, f;:{o. 0M=0,

f,, =¢"cosy, [ (0.0)=1, f;, =—e'siny,
f;z(o.c}):o. [, =e¢'siny, (,(0)=0,
f:,zﬁe‘cosy. f;3(0.0)=—l, f;,‘r:e‘cosy,

f,0.M=1, , =-*siny, f, (0,0=0.
Xy ¥a ¥ a

. k3 JL—
Do d6: f(x,y)=y + xy + -J%+R_,(x,y)

4) Tuong tu, ta cd:

f(x,y) = cosxcosy = | -

132.
1} z
2y z

)z

X +y° N x* +6x7y  +y!
n 1

Tim cyc tri cia cdc ham:

X+ XYy +y -2X -y

Xy (6-x-y), x>0,y>0

xy Ji-x* -y

+R,(x,¥)
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-

4y z=5- {x3+y2)3

5) z = (xl +y2)e—[:2+y2!
6) z = X + y + 4sinxsiny
7y z=x*+y"- 2x* + 4xy - 2y?

Bu=x*+y"+2°-xy+x- 2z
2 2
9)U:x+-y—+—+g x,y,z>0
x vy z
Bai gidi
1) Piém ding cda ham s& duge xic dinh tir hé:

x=1

Z,=+y-2=0
y=0

gidi ta ¢é {
2, =2y+x-1=0
Theo (3.3), ta tinh:

X

-, =2, z;, = 1, z;z =2

A=12,(,00=2 B=2,(,0=1C=2z,(,0)=2.
x ¥

Gday A=2>0, AC-B*=4-1=3>0,
Viy z dat cuc tiéu tai (1,0),z,,, =2(1,0) = - 1.

2 =X’y 6-x-y) xy>0
z =6x%y" —x'y? —x’y’

{z; =18x7y" —dx'y? —3xy =0
. 3 i
z, =12x%y - 2yx* - 3x 'y = 0

z, =%y (18-4x ~3y) =0
hay s
zZ, =x"y(12-2x -3y)=0
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Giai hé ndy v&i didv kién x, y > 0 ta ¢6 diém dung (3, 2).
Tinh:

z", =36xy’ —12x"y* —6xy"
z;, = 36x’y —8x’y - 9x’y’

z , = 12x%-2x* - 6yx*

¥
Do dé: A =z2,3 0=~144, B=z, (3 2)=-108
C= z,(3,2)=-162, AC - B* =144.162-108° >0
¥

g day A =- 144 < 0 nén 7 dat cue dai tai (3,2
Zoax = 2(3,2) = 108.
Cha ¥

- Néu thay diéu kién x > 0, y > 0 bing diéu kien x >0,y 2 0
thi ta ¢é thém cdc diém ding: (x, 0) (cdc diém trén Ox). RS rang
tai (x, 0): AC - B® = 0, nén ta chua thé khing dink tai d6 hdm cé
cuc tri hay khong. B& khing dinh ta phai xét theo dinh nghia:

Az(x, 0) = (x + AX)Y Ay*[6 - (x + AX) - Ay]"’
= (X + AX)H{AYH(6 - Ay)(x + AX) - (x + Ax)]
RO rang khi Ax, Ay kha bé thi:
Az(x,0) <0 khi- o <« x <0, 6<x <+ w.
Az(x, 0) 2 0 khi 0 < x < 6.
Vay tai (x, 0) v6i -0 < x < 0,6 < x <+ ham z dat cyc dai:
z =z(x, ) =0.

max

va vai 0 < x < 6, him z dat cuc tidu: z,,,, = z{x, ) = O tai (0, 0}
va tai (6, 0) bam z khong dat cyc tri vi Az(x, 0) thay d6i diu qua
cac diém dé.

DNz =xy4fl-x-y, dat fl-x*-y’=un
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Cy(1=2x7 ~y7) , _x(1-x7 =2y}
u o u

Ta c6: 7,

He 7. =0, 2, =0 cho cdc di€m dimg:

1 1 o 1 1 1 11
P (0, 0), Pl =, —=|Pj-—=——= || P,| =——F B ==
(0. 0) -(sz] " ﬁ) [3 3] ‘{JEJE]
Tinlh:

e = —-xy(3-2x" - 3y%)

x* 'I_I]

L =3t 3yt aaxt 3ty 2y

1 3
¥ 4]

A

L —xy(3-2x7 =2y7)
2, = .
¥ u”

Xét tai cde di€m ddng, tinh todn ta ¢6:
Tai P,{0, 0): AC- B*=-1 < 0: ham z khéng dat cuc tri.

. 1 1
Taix =+t—,y=+—: AC
NEY J3
cde didm cyc tri cia z.

-B*=4 >0 nénP,, P, P, P la

Tat P., Pyt A = z‘:(i—\/l:—,tL}:—-;}<0 nén z dat cuc dai tai
3

cde diém dé:

. ) 1 4 . .
Tar P,, P;r A = 2;:[i-l-i }:E>0 nén z dat cyc tidu tai

cdc didm doé:
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4yz=5- (x3 +y‘]§

< 0 hay .z £ 5 = z(0, 0, do dé =z

Ta thdy V(x,y) e R,z -5¢
dat cuc dai ai (0, 0Y, z,,,, = 5.

Stz = (x: +y:)c"‘:‘-‘:’
Ta co: z, = 2x(1—x3 _yz)]c_{,l.,l:

z, =2[y(1-x: —y:)]c'”‘:*’:’

He z, =0,7, =0cho cdc diém ding 13 di¢m (0, 0) va cdc di¢m
trén dudmg tron x™ + y~ = 1.

- Xét tai Han can didm (0, 0} tac6 z = 0 = z(0, 0), do d6 z dat
cuc tidu tai (0, 0): 2, = 0.

- Xét cac diém rén dudmg trén x* + y7 = 1.

Patt = x>+ y> thi z = t.e”' 12 ham mgt bicn,

z;=e¢'(1-0=0khit =1, 2, <0 (> 0)khit>1 (<1}

Vay z dat cuc daitai t

trén dudng tron x° + y .

= l‘ zmal =¢
6}z = x + y + 4sinxsiny.
Pé tim di€m diing cia z ta ¢6 hé:

Z, =1+4cosxsiny = 1-2sin(x —y)+ 2sin(x +y} = 0
z, =l +4sinxcosy = 1 +2sin{x —y} + 2sin(x +y) =0

AR ~ e n
[t be ndy tacéd: x +y = (- D™ < + mn

(n
X-y=kn

v cdc diém dimmg:

L, nghia 13 né dal cuc dai tai cdc diém
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X = (_I)md-_jf_ +(n1 +k)£
Mm.k i2 2 (I'l], ke 7,) (2)

y={-D0"" 2 sm-y =
: 12 2

Tinh:
z:=—dsinxsiny, z; =4c05xcosy, £’y = —4sinxsiny
Tai vdc di€m dimg (2) va theo (1)

m+l E

AC-B =-16 coskn.cosl:{-l) .6+mn}

I

(- 1)"‘*"".16(:05% (m. k € Z).

z dat cuc tri khi AC - B2 > 0, hay m + k + 1 12 s6 chén hay
k+mlisslé.

Tinh A = 23,(M,,, )= (-D"VA - (-1)* 2.
Néuv m chﬁn: k 1é thi A = ﬁ+ 2> 0:

z dat cyc tidu: 2., = M, )=n-2- Jj- -g
Néu m 1é, k chdn thi: A = - Ji- 2 <0:

z dat cyc dai: z,,, = M, Y=mn +2 + \H+ %

Tyz=x"+y* - 2x7 + dxy - 2y,

Didm dimg ciia z duge xdc dinh tr he:

z, =dx —dx +dy =0
z, =4y’ ~dy +dx =0

Gidi he¢ ndy ta ¢6 céc didm ding:
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Tinh:

Tai M;:
Tai M,,
Do dé z
Bay gid

M, (0, 03, Ma(¥2 .- v2), My(- 42 .42)
z,= 12x° - 4, z;,= 4, z,= 12y*- 4.
AC-B =16 - 16 = 0, ta sé xét san.
M,: AC-B*=400-16>0va A=20>0.
dat cuc tié€u tai M,, M1z, = - 8.
xét tai M, vi AC - B® = 0 nén phai xét:

Az(0, 0) = Ax* + Ay* - 2(Ax - Ay)?

né€u Ax

nfu AX

va Az(0, 0)

= Ay thl Az{0, 0) = 2Ax* 2 0
- Ay thi Az(0, 0) = 2Ax*(Ax® - 4)

< 0 khi0< jax|<2.

Vay Az(0, 0) thay d6i d4u trong lan cin cia M, nghia 1a z

khong dat ¢

ue tri tai M.

B)u=x3+y>+2z"-xy+x-2z

pidm d
u,
u,

u,

img caa u dugc xdc dinh tir hé:
=2x-y+1=0

=2y-x=0

=22-2=0

hé nady c6 nghi¢m duy nhit: x = -—23-.)'=——.z=l

3

v ta ¢cé 1 diém ding: M(—%.—%,l).

Ta tinh:

d*w(M)

= wdx’ +udy’ + wydz® +2u;dxdy +2u;,dydz + 2u; dzdx

2(dx® + dy? + dz°) - 2dxdy
= 2dz* + (dx® + dy?) + (dx - dy)’ > 0

A



Do dé, theo (3.3), u dat cuc tidu tai M:

g
Upin = U(M) - _'3'-

9)u—x+1_—+5—+E (x,y,z>0).
4 y z
1
u;zl—i-ro
4x
y 2z , 1
Hé: Ju,=-—-=-=0 cho diém ding duy nh&t: M(—, 1, 1)
2x y° 2
ul=—23—-~.g‘|-=0
"y 7
2
Ta tinh: u, :_Z_j_' l.l; =—{. ll;‘ =0. u;l=i+.2..'zj_
1Y 2 ¥ 2x- 2x y
2 4 -2z
u, =-~—+—, u;, = -,
y z ¥y
d*u(M) = u.(Mydx* +u s (M)y’ + s (Mydz® +

+ 2u, (M)dxdy + 2u,, (M)dydz + 2u. (M)dzdx

il

4dx* + 3dy? + 6dz® - 4dxdy - 4dydz.
bay 13 mét dang todn phuong cia c4c bign dx, dy, dz.
Theo tieu chudn Sylvester trong dai s&, ta xét:
.. -2 0
Ay =4 >0, A, = ‘_2§1=8>0. A, = 2;-»62 =32>0

Vay theo ticu chudn d6 d*u(M) 12 xéc dinh duong nén him u
dat cuc tidu tai M: v, = ¢(M) = 4.
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133. Tim cyc tri cha cde hdm 4n 2 = z(x, y) xéc dinh (¥ céc
shuong trinh:

1}x’+y’+zi-2x+4§-6z-1l=0
2yx’-y'-3x+dy+2°+2-8=0

X+ yr ezt xz-yz 42X+ 2y +22-2=0

Dxtey rzt -2+ Y +2Y=0

Bai gidi

1) O day Flx,y2) = x> + ¥y  +27- 2x + 4y - 62 - 11 = 0.

RO rang phuong trinh x4c dinh hai hdm 4n: z = z,(x, y) v3
Z = 2,{x, y). Theo (3.4) di¢m ding cia z duge xdc dish tir h¢:

F,=2x-2=0, F, =2y+4=0
{F'(x,y.z)=x:+y2+z’-—2x+4y—62—ll=0
Giai he¢ ndy ta dugc:
X, =1,y,=-2iung vdiz, =8
Xa=1,y.=-20Gngvbéiz,.=-2
Ciing theo (3.4), ta xét d°z

0 day F;=2, F, =0, F,= 2,

F,

=2z-6, F(1,-2,8) =10, E(},-2,-2) = -10
Do d6: d’z, = -%(de:+2dy:)<0

dz, = --»»El-a(de: +2dy*) > 0

khix=1l,y=-2,(2)psx =8.(23)yn=-2
Té# phuong trinh dé cho ta ¢é:

2= 3% J25—(x-1 +(y+2V

Mién xdc dinh D ciia 2 12 hinh tron:
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(x - D+ (y+2) <25
Trén bién cia D, the 12 dudng trdn (X - 1) + (y + 2)* = 25

z, dat cuc tiéu: (z,)n.. = 3. 2, dat cuc dai: (25),,, = 3

DX, y.2)=x" -y -3x+4y+2'+2-8=0
R rang phuong trinh n3y xdc dinh hai ham 4n:
z=2(X,¥), 2=22(X, %)
Céc diém ddng cua z duge xdc dinh tir he:
F,=3x*-3=0, F,=-2y+4=0
{x’—yz—3x+4y+z:+z~8=0
Gii he niy ta ¢é6:
M (-1, 2)yvGdiz = 1
Mi(-T,2)viz=-2
M.(L,2)véiz=2
M,(1, 2) véiz =- 3

Ta tfnh: F,= 6x, F, =0, F;:= -2, F=2z+ 1

Xét d’z(M,) = - %(-de:~2dy2)=%{6dx’+2dy’)>0
d’z(M,) = - }3(—6&’ -2dy*) = —%(6:])&’ +2dy*) <0
d*z(M,) = - %(G‘ijl—zdyzl

d&*2(M,) = é(6dx: -2dy*)

Dodérz,, =z(M)=1
T = Z(M2] =-2
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Con ta1 M,, M,, z khaong cé cue tri vi d*z(M, ). d*z(M,) thay
ddi dau trong l&n cAn cia M,, M,, chdng han xét 'k *2(M,)

s 4 .
khi dx = dy thi d-z(M,) = ~?dx‘ <0,

. a 2. .
khi dx = 0 thi d°z(M,) = ;dy' >0.

Tir phuong trinh da cho, gidi ra d6i véi z ta cé:

z= %(—11J33—4x: +dy® +12x-l6xy)

Do d6 z cdn ¢6 cuc tri tai nhitng diém trén dudng cong:

4x* - 4y - 12x + I6y - 33 = O:

(zl)mln = - . (z‘l]ma.\ =-

1 1
2 2’

DFX, Y. ) =x "+ ¥y +2° - x2-y2+2Xx+2y +22-2=0
Diém ditng cha 7 duge xdc dinh tir hé:
F,=2x-2+2=0, I, =2y-7+2=0
XTHy 42 Xz -yz+2x+2y422-2=0
(iiai hé nay ta cé:
M (-3 4+ 6, 3+ J6)véiz=-d+246
Mi(-3 - J6,-3- Joyvaiz="-4-2.6

Tinh: F;:= 2, F:_:z 2, F,=0, F,=2z-x-y+2

33

Do d6: d*2(M,)

1l

- L(dx: —dy:) <
Jo

diz(M.) = -t—(dx: +dy*y>0

Jo

459



Vﬁy ?’IIIJ!=?'(MI}:- 3+ Jg

Lo = Z(M Y =-13 - J(:

HFx,y. D =x+y' + -2+ ¥y 427 =0
He: F, =4x'~4x=0,F, =4y’ ~d4y =0

‘ xPayt ezt -20C 4yt +20)=0
Cho céc diém dimg cia z:

M, (0, 0) v&i z

V2 . M0, 0) vSiz = -2
J14V3 . My(-1, 1) véi 2 = {1443
143 Myl -1 vBi 2= 1443

Tinh: F;:= 12x" - 4, F;,: 12y* - 4

M.(l, 1} véi z

1
1

M,(1, 1) v6i z

F. =0, E=4z" - 4z.

x¥
Do dé:

d*z(M,) = —=[ax? +dy*} > 0, d*2(M,) = - -l—z(dx:+dy:) <0.

2 V2

SR G draom, ) =M > 0.
3+343 Jie3f3

v"‘iy Z““" = Z(Ml) = JE' Zmax = Z(Mj) = - Jz_

zm.n = Z(MS.J) = Ul+ 3 2'ma\ = Z(Mﬁ_n] = '“I"‘Jg -

d z{M,,) =

134. Tim cyc tri cha ciac him s6 sau vdi cde didu kign trong
ing:

Nz=x+2y, X"+y =5
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Yz = x"+ ¥y,
3)u=x:+y3+z:.-’i~+—yﬂ—+12:l

u=xI+x+ax], X, + x4 L+ X, =na (a>0)

Su=xy'z' ,x+y+z=a {(x,y,z,a>0)
6) 1 = sinxsinysinz, x+y+z=§ (x,y,2>M
7}u=i—+—y-—+-?—‘—,x+y+z=s (x,v,z,s >0

3

¥RYyu =Xy +xz, X" +y =2, x+z=2 (x,y.z>()
Q3

XY¥Z, Xy +yz+zx =8 (x,y,z>0)

*FlHu=Xyz, X +y+z2=5,xy+yz+2x=8

Bai gidi

1y Theo (3.5) ta 1ip ham Lagrange:

d(x, y) = f(x, y) + 2@(x, ¥y) =X + 2y + A(5 - x* -y
diém dimg cta z duge xdc dinh tir hé:
O =1-2x=0, O =2-2ky=0

{)(:+y1 =5

Tir hai phugng trinh déu ta cé:
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Vata ¢é didm dimg:

M (1. 2 1tng vo1 7. = _;.
M.(-1, -2) dng véi 1 = ﬂé_

Tinh @, =-2i, &', =-2, @ =0.
B 2 "

Do d6 d*®(M,) = - (dx* + d°y) < 0, d*D(M,) = dx? + d°y > 0.
Vay z dat cyc dai (1i€u) véi diéu kien x> + y* = 5.
t:_ﬁ M, (M)}).z,,,=z(M)=5

Zn = Z(M,) = -5,

2) Ta lap ham Lagrange:
D(x, y) = x> + y* + A(6 - 3x - 2y)
Tim diém dimg:
D, =2Xx-3=0
®, =2y -21=0

x+2y=6
e . ! . I
H¢ ady cho diédm dirag M Bi 12 Ung vai h = _Z_
13 13 13

Xét d'®, tatinh ®,=2, @, =2, &, =0
A ¥

Do dé: d°® = 2(dx* + dy™) > 0. Vay z_,,, = z(M) = -:ig

13

3) Lap hdm Lagrange:

@(x,y,2)=x"+y  +2° + ;{1_%_Y__Z:J



s
[q);zzx_hl:o x(l——)=(’
e 4
. 2yi 2
P =2 - ={) e
He PrmaT hay 43{1 2] ’
@, =2z-22% =0 2(1-3)=0
L AL I i £ =
T Z + 5 +z

Néui=11thix=0,y=0,z= %1
A=2thix=0,2=0,y= %2
h=4thiy=0,z=0,x= % 2

Vay ta c6 cdc diém dimg:

M, .(0, 0, £1) v&i A = 1,
M, .0, + v2,0) véi & = 2,
M, (12,0, 0) véi A = 4.

@, = 2(1-5} @, = 2{1—5}
-' 4 v 2

@, =2(1-1) ¢, =0 @, =0 @ =0.

ix

Ta c¢é:

Do d6:

d*O(M, ,) = 2(1 +%de’ +2(1 ~:12-)dy: = g-dx‘ +dy* >0

d*d(M, ) = 2(1 - —;-)dx —-dz® = dx* ~-dz*

A*O(M; 4) = 2(1 ~%de: +2(1- 4}z’ = ~(dy* +6dz%) <0

Vay v, = oM, )y =1, u.., = u(M, ) =4,



Tai M.,. u khéng Jat cygc tri vi khi dx = ¢, dz = O thi

A*D(M, ;) = - dz° < 0, con khi dx = 0, dz = 0 thi DM, ) = dx°

> O,

cuc
=a

464

nghia 13 A*©(M; ,) thay d6éi dau trong lan cin cua M, ,.

U= X XA AKX, X et X, =ma (2a>0)
Lap ham Lagrange:
D = X] +X3F+x) FRMA—X, - X — X)L
Piém ditng cia u duge xdc dinh tit hé:
O, =] -2=0(@{=L2..,m
{x, +X,+...+%, =na
Gihi hé pay 1a ¢6 didm dimg M(a, a, ..., a) Ung vdi & = 3a’.
Xét &P 1a ¢6: '
@, ={6"“'f=". .
o 0, i=2] (l.j=L2,...,n)
Do da:
TOM) = 6(x,dx? +x.dx3 +...+x,dx]) = 6a(dx] +dx] +...+dx}) >0

Vay u,,, = u{(M) = na'.

S)u= xy'z',x+y+z=a

R& rang cyc tri coa u vd v = lnu 1d nhu nhau, do 46 ta xét
tri cua: v = [nu = Inx + 2 iny + 3 Inz v&i didu kiégn x + v + z
Lap ham Lagrange:

b=Ilnx +2Iny+3nz+i(a-x-y-12)

. -3
Hé: O, :-l--}-.=0,d1‘ :z—l=0,®z =—-i=0, xX+y+z=a
X Ty z

. a a a G
Clho diédm dime: x = —, y=—,z=— Ung véi A = —.
" PR 2 F



. , 3.
Xét: d—q;:—[i,dr + 2 dy? +—,dz.-Jc,
b 7

. N . . n
6) u = sinxsinysinz, X+ y+z = E (x,

R& rang cuc tri cia him v vd hdm v = Inu = lasinx + losiny +

Insinz 14 nhyu nhau. Do dé ta 1lap hdm Lagran

. . . -, 0
@® = lnsinx + lnsiny + Insinz + ME -X-y-Z)

Pidm dirng cia v (ciing 12 clta u) duge xdc dinh tir hé:

®, = cotgx - A =0, O, =cotgy - A =

. . pis
$,=cotgz -2 =0, x+y+z= 2"

Giai hé nay ta ca:

T,
X = =7 = —'A_=Aj§
Y 6
Tinh: @', =- _l, Ly, = ,1, LD,
N sin"x ¥ sm™y °*

¢, =0,0,=00, =0

Do dé d:¢:—( e’ dy” 42 ]<o
s~ x . suc y ST Z
Vﬁy Uy, = U ..?:[...’E'.E =l_..l.,_._l_=l.
‘ 6°6°6) 222 8

Ty u=

y.z > 0).

ge:

05

(x,y,z>0)

_ 1
sin“ z

xll+ II+Zl‘I
—)—(_—-—.x+y+z=s(u>l;x,y,z,s>0)
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Xét ham Lagrange:
D(x, vy, z):%(x" +yY 42+ A(s-x—y~-7)

n-l n-i ) n-1
B _n=0,® = “y3 -A=0, ©, =2

He @, = -%=0,

3 ¥
X+y+z=1.s

n-1
cho diém ding M| 2, 5 2]y =22 |
3733 33

Tinh:

n(n‘—l)x,,_;‘ Q. = i
x 3 ¥ 3 2 3

Do d6:  d*d(M) = X2-D

n-2
[%) (dx? +dy* +dz>) > 0.

Vay: wae ofS,

T dé:

"yt 4zt +y+zY

o zz(x yz] vis=x+y+z(x,y.z>0).
3 3

Bu=xy+xz,x*+y =z, x+2=2(x,y,2z> 0).

Vix +2z=2unénz=2-x vabitoin dua vé viéc tim cue tri
ciia hdm u = xy + 2x - x* v6i didu kién x> + y* = 2.

Lap hdm Lagrange cua bai to4n:
® = xy + 2x - x* + A(2 - X - yo).
Do dé, hé sau day s& xdc dinh diém dirng cda u:



O =-2(l+)x+y+2=0 ()

©, =2-2y=0 2)
xT+yi=2 »
Gial hé gém (1) va (2) ta cé6:

42 2

a1 T o1

Thay vao (3) ta ¢6 phuong trinh dé xdc dinh A:
160% + 323° -84 -1 =0

Phiurong trinh niy c6 4 nghi¢m:

}LI = -, }U‘b = - "}:' , = —“_*4—&5

2 "’"3,-1 -

2 4

Thi ta thdy chi ¢é 7, —2—> 0 thod min didu kién cla bai
todn vi khidéx =1>0,y

1 > 0. Vay c6 diém dimg M(1, 1).

Xét &7 = - 22dy” - 2(1 + M)dx® + 2dxdy
va

d*O(M) = - dy” - 3dx® + 2dxdy.
T phuvong trinh nly lién he x* + y* = 2 1a ¢6:

xdx + ydy = 0, tai M: dx + dy =0 hay dy = - dx
vi

d*O(M) = - 4dx* - 2dx* = - 6dx* < 0.
Vfly Uy .= U(l, l) = 2.

u=xyZ, Xy +yz + zx =8, (x,y.z > 0).
RS rang cue tri ca u va v
ham Lagrange:

lnu 13 nhu nhaw, do 46 ta 1ap

D(x,y, 2y =Inx + Iny + Inz + 2(8 - xy - yz - zX)
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(

x

®'=l~44y+z)=o(n
X

- 1
D =—-ix+2)=0 ()
He Ty (

dﬁ:ihkm+w:0(n
Z

Xy +yz+zx=§

Cho diém dung M [\[_ ( (] véi ). *—6—

(LAy (1) trir (2) rdi (1) tr (3), ta suy ra x =y = z,

thay y = x, z = x vio (4) ta suy ra x = J.ii)_

Ta ¢6:

2 3 4 2
Vay &°"P(M) = - E{dx' + dy” + dxdy + dydz + dzdx)

Tir phuwong trinh lién hé ta cé:
ty +2¥dx +(z +x)dy +(x + y¥dz =0.

Tai M ta c6:

8
2\/;(dx +dy +dz) =0 hay dz = —(dx +dy).

- "3 a a
Do d6: d"P(M) = —(dx™ +dy” +dxdyy < 0.
a

Va —u(M)__.‘[E
V3
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1Y u=xyz, x+y+2=5 xy+y2+2zx=8.
l.ap ham Lagrange:

D(x,y,z) = XYZ + L (X +y +Z - 5} + 2y(xy + Yz + zx - ¥}
Piém dung cta u 13 nghidm cua he: .
O =yz+h, try+)=0 (D
©, =xz+7, +1,(x+2)=0 (D)
1D, =xy+i, +7,(x+)=0 (3
X+y+z=5 h

Xy+yz+zx =8 (5

S Lay (2) trir (1) ta 60 2{x - ¥) + Aa(x - ¥) = 0.
Suy ra X =y, va tir (4): z = 5 - 2x, thay vio (5) ta cé:

x>+ x{5-2%) + X(5 - 2x) =8 hay 3x* - 10x + 8 = 0

4
Nghiémn cia phuong trinh nay 1a x, = 2 vA X, = 3

Xét x, = 2, thay vio (1) vi (3) vd giai ta duge 2, = 4 va
Foao= -2,

Vay ta ¢6 didm ding M(2,2, 1) (ng v6i 2, = 4 vh Ay = -2,

4 7
33"

Bay gid dem (3) trir di (2) vi (3) trir di (1) va lam tuong (o
. 4 7
nhu trén ta ¢6 cde didm ding: M.(2, 1, 2}, M,(1, 2, 2}, M3('{’ —{

. 4
Tuong ty vGi x, = % ta ¢6 diem dimg M:(‘i"

Xét d"O(M) (i =1,2....,6),tacé:

@,=0, d,=0, ¢©,=0

x

D, =247, D, =x+7,, O, =y+i,
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d*(M,) = (1 - 2)dxdy + (2 - 2)dydz +(2 — 2)dzdx hay d*(M,) = —dxdy
Tu cdc phuong trinh lién he ta cé:

dx + dy + dz = 0,

{(y + 2)dx + (2 + X}y + (x + y)dz = 0

Tat M, ta cé6;
dx +dy +dz =0
3dx +3dy +4dz =0

bay dy = - dx va dz = 0.
Vay d*(M,) = - dx(- dx) = dx*> 0 va Uy, = U(M,) = 4.
Lam tuong tu d6i v&i che didm dimg khic ta cé:
Up = u{M;) = u(M,) = 4.

4
M) = u(M,) = 4. — .
u(M;) u{M;) 27

[~
H

max u(MZ)

135. Tim gid tri bé nhat m va gid tri 16n nhat M cia cdce ham
s& sau trong cdc mién tuong fuga:

Dz=x+y"-2x -y, D:xz20,y20,x+y<2

2) z = x1y, D: x*+y*g|
)z = sinx + siny + sin{x + ¥y, D:0<xy < %

*u=x+y+2z vix'+y'gsz<g
Bai gidi
1Y Ddu tign ta 1im cdc didm bat thudng cia z trong D, ta c¢o:
z'. =2x -2, ?.'_;.'= 2y - 1
he 20 = 0, 2’, = 0 cho didm bat thudng (diém dimg): M, (I,
—21-} e D.
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Bay gid xél cac diém bat thudng cia z trén bién cia D. Véi y
=0,lacé:z=x"-2x,0<x <2,z =0Kkhix =1, vay trén doan
y=0(0 <x < 1)tacéd: di€m bat thudng: M.(1, 0.

Tuong ty trén doan x = 0, 0 £ y < 2 ta ¢6 diém b4t thudng:
M,(0, +).
2

Tréen doan x + y =2, 0<x <2tacb: y=2-xvaz=2x"-7x

~J

+6,z'x=4x-7,khix=—dodéy:ivélacédiémbﬁ[

£

thuong: My(—, L)
hudng: -, =).
g M o

BAy gid ta tinh gi4 tri cha z tai cdc diém b4t thudmg (trong
inién v3 trén bién cia mién) va tai cdc dfu mit cia cdc doan i4ap
nén bién cha D.

5 1 5
z{M,) = "‘1' .Z(N!:) =-1,z(M,) =’Z ’ Z(Ma) = ‘E-

z(0,0) =0,z(2, ) = 0, z(0, 2) = 2.

VaiyM =2, m = -%.

2) z = xy D: x*+y <1
Ta cé: z, =2xy, z, =x°, 2, =0, 2, =0 cho céc diém dimg M, trén
doan: _
x=0,-1<y£1, (e D).

Céc di€ém ding trén bién 12 cic diém dimg cia ham z = x%y
vGi diéu kién x* + y* = 1.

Ta lap ham Lagrange: .
D(x, y) = x’y + A(1 - x* -~ y).

@, =2xy-2x=0 2x(y —1) =0
|
He: ®, =x"-2ky=0  hay <x'-2ky=0
XT+y =1 X +y =1
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- f2
Cho cic diédm ding M.(x E,i JI)_
3

Bay gio tinh gid ri cia hadm z tai cac di€m ding: Tren doan
X=0,-1<y<1,z=0,2z(M,)=0.

Tai 52{+([)-——,z{i@ J—)—-———

VayM*—— —

., 111 = - .
33 3J§

3) z = sinx + siny + sin(x + y), 0<£x,y< %

2z, = cosX +cos(x +y) =0
Hé: '

z, =cosy +cos(x +y) =0
Cho diém dirng: Ml{%, g) e b
Xét céc diém dimg trén bieén cta D:

y=0:2=2sinx (0 £x < =)

[ B

z,= 2cosx = 0 khi x =

(S

Ta c6 diém ding: Mz(g, ).
f . ] n T
= =1 Z=3s510X + § 4+ sin(x + — (0£x £ —).
Y 2 2) 2
hay:  z =1+ sinx + cosx, z,= cosx - sinx = 0 khi x = E

Viy ta c6 diém dimg: M;(%, g).
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Tuang ty, trén bién x = 0, 0 =y £

w | A

N . . b1
vi trén bién x = 5

0<y=x ; ta ¢6 cidc diém dimg: M, (0, ]. Ms(%, E).

B’iy gig tinh gid tri cia ham so6 tai cac dtem dirng vi tai cdc
dinh cia mién D (hinh vudng).

z(M,) = 1‘:{—; 2(M,)=2, z(M, )= V2 +1, zM,) =2, 2(M,) =2 +1

n T R n
20,0) =0, z2(—. WO =2,2(—, =)y =2,2(0, =y =12,
{ ) 2(2 ) (2 2) ( >

343
VayM_—z—-.m:O.

Hu=x+y+z,vix*+y <zl

Ta ¢6: ug =1 u, =1 u,=1. Do dé u khong cé diém dimg
trong v.
Xét trén bién cua v:

- Trén ddy (trén) cua v: z =1, 0 € x° 4+ y° £ 1, ta ¢6 ham
Lagrange:

D=x+y+1+Aa(l-x-¥%)
d, =1-2%x =0
Hé¢: <@, =1-2ny=0

x*+y =1

Cho cdc diém dimg: Ml(-g. -—2, 1Y, M~(—2. —2-. 1,

2 T2 2
J_J_ fJ_

\(‘__

NN

Trén mat xung quanh cia mién v: z=x" + y* ta ¢6:

473



Z= X+ Y +XT 4y VOO xT +y < |
z,=1+2x=0,2', =1+ 2y =0,

h¢ nay cho diém dimg: Ms{-%, —%, D).

Tinb gid tri coa ham u tai cdc diém ding trén (M,, i
3, 4. 5) va so sdnh v& nhan ta cé:

1
—
M
[
M

M=l+\5,m=-%.

136. 1) Trong t&t ci cdc tam gidc cé chu vi 1A 2p. Tim tam
gide ¢d dién tich 16n nh&t.

2) Tim hinh hop chit nhat ¢é thé tich 16n nhét ndi tidp trong
ellipsoide:

Zz
+‘—1+ ‘:l.

C

Ead
e

[

4]
o

3) Trén mat ¢cdu x° + y* + 7z~ = 1, tim mot diéin ma tng binh
phuong cdc khoang cdch 1r di¢m dé dé&n 3 didm: M, (1, 2. 0),
M.{2Z, 0, 1), M,(0, 1, 2) 14 bé nhat.

4) Tim khofing cdch ngin nhac tir diém M(I, 2, 3) dén dudng
thing: =L =%
1 -3 2

*5) Tim cic bdn truc cha ellipse: 5x* + 8xy + 5y* = 9.

Bai gidi

1Y Goi x, y. z 14 cdc canh cda tam gidc thi dién tich clia tam
gide:

S= Jpp—x}p-yNp-2) (1
Vi X+y+z=2p (2) (x,y.z>0).

Bii todn dua vé tim cuc dai cta ham (1) v4i didu ki¢n (2),
hay eling the, cua hdm v = (p - X)(p - y)p - z) v&i didu kién (2).
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Batp-x=X.p-y=Y,p-z=7I1hibii todn lai dua vé viec
tm cuc dai cha haim v = XYZ vdi didu kien X + Y + Z = p (27)
(X. Y, Z>0).

R rang cue dai cia u vd v = [nv 12 nhi nhau, nén ta s& tim
cuc dai coa him v = Inu = [nX + lnY + InZ (1°) v6i diéu kién

(27).
Lap ham Lagrange:

P=lnX+InY +nZ +2(p-X-Y-2Z).

bPiém dimg cia v duge xdc dinh tir he:

: r . : . -
D, =§-—ﬁ.=0,(_b,‘, =—~Ai=0,0, =2_JL:O:X+Y+Z=p

= | =

Gidi he ndytacé: X =Y =7 = %ve‘l}.:

= | w

Vay ta 6 di€m dimg: M(E2, B Py,
ay ta co H ng (3 2 3)
1
Xl

1

Xét: d* = - =

dz:

dX* - —dy? -
-
vi dPDM) = - (dX> +dY? +dZ°) <0.
o~

Vay ham v hay ciing thé, hdm u dat cuc dai tai M va do dé

ham S 1& dat cue dai tai (Ez_P_%E

v tam gidc ¢6 dig¢n tich 16n
3 3 3

nlat 1d tam gidce déu:

S

_
fnax 3J§

2) Goi 2x, 2y, 2z (x, v, z > 0) 12 cdc kich thude cia hinh hop
thi bai todn dua vé tim cye dai cta ham V = &xyz véi didu kien:
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vi cue tri coa V va u = 1oV 1A nhie nhauv, r.&n bai todn dua vé viéc

tim cye dai coa hiim u = InV = tnx + Iny + Inz + In¥ vai diéu
ki¢nre

X 2 z?
—+ y-; =
a b ¢

=1.

Ta lap ham Lagrange:

@ = Inx + lny + Inz + In8 + ?.[1—£~£-—2}

at b ¢’
o =tomXoo
x al
. 1 LY
D =-—=2% =0
¥ y bl
Heé:
o =1_nZ_o
z ¢
SO
a®~ b- <

s . 4 .. 3
Cho diém ding cua u: M[—ll— LB i) v f.=~2-

NERNERD)

Ta cé: d:¢)=(——l—;— 2;:'}1)6 +[—i,—'2—’:]dyf +(—-1,--3‘§:]dz3
x- a

va d:fD(M)=-6[-d§;+El-):—_+dZ—,—]40
a° b~ c”

Vay u dat cye dai tai M v V cling dat cuc dai tal M:

a b ¢ abc
vlnax =V =—F
R
Nghia A hinh hop phai tim 12 mét hinh 1ap phuong khia= b= ¢
C/ui ¥ Bai todn ¢ (1} v (2) chinh 13 bdi todn: Tich cha 3 s6

duong ta lén nhat khi ching bang nhau néu t6ng ciia ching 13
khong déi.
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) Act Mix, ¥, 2) € mat cdu x” + y* + 27 = | thi bii todn dua
vEé 1im cue tigu cua ham:

UsS(Xx- IV 4y -2V +72 +(x -2V +y +{z-1) +
+XTH(y - D+ (z-2)
=X+ Yy 42} -0(x +y+ )+ 15
véi didu kign: x* + vy  + 27 = 1
Lap hiim Lagrange:
D=3+ y +2)-0{x+y+2y+ 15+ 4] -%x7 -y -27)
@, =6x-6-23x =0
He: qfl,. =6y-6-2hy=0
O, =62-6-27=0

X +y +z =1

Cho diém ditng ciia u:

3 3 3
X= t—,y=t——,2=Ft——= v L=31+27
V27 J27 V27
Xét 43 = (6 - 22dx" + dy” + dz)

Khiz =3+ 27 thi d°® < 0 v khi % = 3 - 427 thi d*d > 0.

3 3 3 18
Vfly Unyy = U{“"—‘—“ T __)218___’

V217 V3

4) Xét M(x, vy, z) € dudng thang da cho, ta cd bii todn:
Tim cue tidu cda ham: v = (x - 1Y + (y - 20 + {z - 3) vai
didu kién ?=%=§ hay 3x + y = 0,2y + 32 =0

Ham Lagrange cha bai todn la:

= (x- D+ (y-2F F 2307+ 2,03x +y) + 2.2y + 32)
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@, =2x-D+3%, =0

O =2y - +7., +3h, = 0

Xét he: | T Y TAT T,
O, =2z-3+3. =0

4+y=0,2v+3z=0

Tiur 3 phugng trinh diu cda hé ta cé:
35,

X= 14— y=2+
2

Thay vao hai phuong trinh cu6i cla hé va gidi ra ta ¢é:

IS O |
o 210 T 21
3
vi do dé: x=—1—, y=-—, 22_2__
14 14 14

) 3
Vay ta ¢é didm dimg M -l—.——;'-. Z
147 147 14

Tinh d*® = 2(dx? + dy® + dz®), d*D(M) > 0.

3
Do dé u,,, = u(M) =%59.

; . : . N 30 3
vd khodng cich ngan nhét phai tim 13: d = %—: 211

H

5) Ellipse da cho ¢6 tAm tai g6c 0, do dé cde bén truc cia
Ellipse chinh 12 céc khodng cach 16n nhit vi bé nhat ti tam den
cdc diém caa Ellipse.

Xét M(x, y) e ellipse thi bai todn dua vé viec tim cuc dai va
cuc tidu cita ham d =\jx: +y® hay ciing thé, cila ham z = x* + y°
véi di€u kign 5x° + 8xy + S5y’ = 9.

Ham Lagrange cia bai todn "a:
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O =%+ y" + 2(9 -5x7 - 8xy - 5y7)
Ta tim diém ding cia z tir hé:

D, =2x - 10hx -8Ay =0
D, =2y-10Ly -8ix =0
Sx” +8xy +5y° =9

T ¢ 2 phuong trinh d4u ta thdy, mu6n hé cé nghiém khic
khong thi:

1-54 -4
-4x  1-5%

hay i =1v3 Iﬂ.:l.

Bay gi& nhan phuong trinh ddu véi x v3 phuong trinh thd hai
vGi y réi cong lai ta cé:

2(x7 + ¥y7) - 24 5x% + 8xy + 5y*) =0

Do dé, ur phuong trinh cu6i ta cé: z
16n, bé nhat cia z theo ¢dc

= 9, nghia 13 gi4 tfi
gid tri cua A.

A=1thiz=9

A= lIhiz= 1.
9

Vay céc bén-lruc cua ellipse da cho 1a:

a=J§~_-3,b=ﬁ

= 1.
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PHU CHUONG

CAC DE THI GIAI TICH HQOC KY I 2005 - 2009
CUA DAL HOC BACH KHOA

pE 1 (GIAI TICH 1 K50)
{th®i gian 90 pht)

Caul(254d)
1) Tim gidi han lim (arctgx)™* .
x=0"
. - . 1-2x
2) Tim dao ham c4p n clia ham s6 y = —7—, {n nguyén duong).
e

Caull25d)
1) Xét tinh lign tuc tai d (0;0) cha ham s6:
fxy) = %ﬁ—z) khi (x;y) # (0:0)
a khi (x:y) = (0:0)
2) Phuang trinh x - 2z + 2 = ye™ x4c dinh ham 4n z(x,y). Tinh dz(0;0).
Caulll 25d)

2 -
t) Tinh jarcsin,’x ldx.
X
|

X =t +cost
;052

2) Tinh d9 dai cung { .
y =sint

CauIV(254d)

. : ., T2+ 3
1) Xét sur hoi ty theo tham sd a clia tich phan suy rong j —dx.

g I+2x



2) Chéng minh ring vdi mei x, y thod miin x 2 y > 0 1a cé:

2
arctgx’ - arctgy® < In [%]

y
DAP AN
Caul(25d)
lim sinx Infarctygs} lim In::“'&[f]
' si . - ; o
1) lim (arctgx)™* = er = g0t /HRX
0
im ] 1 '-sinzx
= el_m'aruigx lex? COSK - en - L
—sin? x ~ -x*

Vikhix — 0 thi
arctgx.(l+ xZ }COsX ~ X

n
DPatu=1-2x.v=e " y=uv,y"= ZC:.U(R).V{“_H
k=0

w=2u=0=>u®=0vkz2
v (=2)e 0 v = (L2)Rel IRy = (pytet
= y" = (1 = 20).(-2)"e ™ + n(=2).(-2)" e
= (-2)"e . (n+1-2x)
Caull (2,5 d)

2,2 2,12 2
.- . . X(x"—kx%) 1-k
D Véiy=kx, | f{x,y} = lim =
) ty X x—blll;n ¢ y} xl—bll x‘t +k4x4 ]+k4
y=kx—+)

Gidi han trén thay déi theo k

=73 lim £(x,5) = f(x.y) Khong lien tyc tai (0:0)

y—0

2)DatF=x—-2z+2-~ye* .

= an = 1 _ y.z.cx!.; F', . _clz; F,z = _2 - xy-cxz

] F'
Tai (0;0). ', = ——}-:—’;~ = L 12y = ——’: = 1
F 2 F 2

= dz(0:0) = %(dx —-dy)

(0,5d)

(0,5d)

(0,5d)
(0,5d)

(0.5d)

(0,5d)

(0,5d)

(0,5d)
(0,5d)

{0,5d)
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Cau II§ (2,5 d)

1) Jarcsm dx = xarcsin - dearcst (0,5d)
2.2 9 x == x~12—“-1 (0.5d)
4 12,/ T2 12 '

2}y x’ =1 —sint; y* = cost

n F e
=s= j'\/(l—s,int)2 +cos® tdt = [J2(f -sint)dt (0,5d)
o= V37

1] 0
sin A cos let =2. f
al 2 2

sin(l-ﬁ dt (0.54)
0 2 4

E3X n
= 2. I—sin{i—i)ds+ jsin(i—i]dl

I 2 4 g \2 4

i n/2 ®
= 2. 2cos[i-£] —2co{i——“—J =8 - 442 (0,5d)
2 4), 27 4),

CaulvRsd

In®(2 +3x) 3 In?(2+3x)

1y Khi +co, f(x) =
) LX = 4eo, £(X) 1+2x 2 2+3x

= g(x) (0.5¢)

S0

[g(x)dx = jlln (2+30)dIn2+3x) = ~. j—d-
0 o2 2 2t
hoi ty khi —t > 1 hay a < -1
. (0,5d)
phan k¥ khi ~a < 1 hay a0 2 -1
2)Khix =y,2 v¢ =0 = BDT diing. {0,5d)

arctgx® - arcigy?

Véix>y, BPT < <1

Inx? -1In y2

Hai ham (1) = arctgt® va g(x) = Int? thod min dinh 1y Cauchy trén doan
[y:x] (0,5d)
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4 3 4
=31, e (yx): VIO = S0e) Mo, 2;2 = 2o <1 (dfem) (0,
g't,) 1+t ¢l 1+I

Cdch 2: Xét ham F(t) = arctgt‘ —Int*, v6i1> 0

3
Spme 220D

1+18 t l(1+1)

= F(1) nghich bién (0;+x) = vdi x 2 y thi F(x) < F(y) (dfcm)

DE 2 (GIAI TICH I K50)
(thoi gian 90 phiit)
CauT (2.5 4d)

1) Tim gi6i han lim {arcsinx)'¢*.

x=0t
2) Tim dao ham c4p n cla ham s6 y = xIn(l - 3x), (n nguyén duong).
Cau Il (2,5 d)
1) Xét tinh lién tuc tai diém (0;0) clia ham s&:

2
cos["§ - 3’1] khi (x:y) # (0;0)
f(x.y) = X" 4y

5d)

a khi (x;y) = (G;0)

2) Phuong trinh xe’ = y + z + 1 x4c dinh ham 4n z(x,y). Tinh dz(0;0).
Caulll (2,5 d)

2 p—
1. Tinh _[z;trct::os,l’2x ldx .

i 2x

=sin?2
2)Tinhdo daicung {00, 0st<nw
y=2t-cos2t

Can IV (254d)

1) Xét si hoi tu theo tham s6 « cia tich phan suy rong I In ;3 In"@+2%),,
+X

2. Chitng minh ring véi moi x, y theAmian x 2y > O ta cé:
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Cau 1. (2.5d)

arccotgx® - arccotgy® = ln[

DAP AN

tm g

1) lim (arcsinx)®* = =’

-t

him

nfargsinx)

2
+ - A{-8inT )
I; e‘_'U* dITKEA X I|||“‘x2

_ {khix

vl

— 0

V=Lu"=0=u®=0vk>2

I

lim
= ez—»(}"’

b
xl

Infarcsinx}

col g

=e'=1

v -1T3:' (—3) = {1 _ 3x)'|{_3)‘ V= (_1)(1 _3x)—21{_3}2.
= v = (=1)(=2)...(=n + D)(1 =3x) (=3 = @D
(1-3x)"

Vay y = x 230021 =3 -2)!

(I-3x)* (1-3x)""!

n-1

_3 ("ﬁm-(hﬂn)
(1-3x)"

Cau Il (2,5 d)

D Véiy=kxthi km f(x,y)
X =i

y=kx—i}

= lim co
x—0

{

kx? - k2?2

x? + k2x?

k={

[_

o

oG

) .
—sin” X ~ ~x2;(arcsmx)v'l-x2 ~- X

Dbatu=x,v=In(l-3x) > y=uv=y™= icﬁ.u“".v("'k}

)

ceey

(0,5d)

{0,54)

(0,5d)

(0,5d)

(0.5d)

(0,5d)



Gidi han trén thay d6i theo k
= 3! li_:::::f(x,y) = f(x.y) khong lién tyc tai (¢;0)
y—i)
2DyF=xe¥ —(y+z+ 1)
=F,=e" F,=xze" - 1,F,=xye” - |

1]

Z,=- F'

_3"=__1
F,

= dz{0;0) = dx - dy

=l5z'y=-

Cau III (2,5d)

2
1} Iarccos

x—1
dx = xarccos
X

2

n ki
=22 11, j
2

=1 4 _l_(ﬁﬂl)

L1202

2) X’ = 2cos2t; y' = 2 + 2sin2t

4
= 5= j 4(2 + Zsin2t)dt
1]

n mn
s= 2.[y2(sint+cost)” dt = 4.jsin({+%]dt
[t )

¥

ni4  n n dnia n
=4, I - J =4 —cos(l+—] +cos[t+—J
B In/dé 4 ] 4

=4H1+1§]+"5+1] =8

X
31:.-"4}

2

Cau IV (2,54)

In*(3+2x) ~3 1n“(3+2x)

1) Khi x = +oo, f(x) =
2+x 3+2x%

= g(x)

2,
-1 ‘Zx -1
- Ix.darccos
1 i 2x

{0.5d)

(0,5d)

{0,5d)

(0,5d)

(0,5d)

(0,5)

- (0,5d4)

(0,5d)

{0.5d)

(0,5d)
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1l

e o InT (3 + 2x)
x)dx 22—
(,Ig( 6[ 3+2x

dx

= T!n“(S +2x)d1n(3+2x) = TM
0 o [In(3+2x}}
héi w khi a < -1
{ phan k¥ khi & > -1
2) Dé thay x = y thi 2 vé = 0 = BDT diing. (0,50

arc cot gx g arc cot gy“

(0,54)

Véix >y, BDT & 2-1"

Inx? —lny2

Hai ham f(t) = arccotgt® va g{x) = Int* thod min dinh iy Cauchy trén

doan [y:x] -
= 3, € (yix): VIO = ﬂ}l’l
g,)
i ! 4
) -4t: : 2122= __2,‘,"? > —1 (dfem) (C.5d)
l+tu [o I+t0

Cdch 2: Xét ham F(t) = arccotgt® + Int®, véi t > 0
a3 4_ 12

= F(t)= ——4%+ 2 =u20
1+t t tl+t™)

= F(1) ddng bi#n (0;+0) = véi x > y > 0 thl F(x) > F(y) (dfcm)

DE 3 (GIAI TICH I - K50)
{thai gian: 90 phuat)
Caul (2,5 d)
1) Tim gidi han lim (1 - sin x)*"5*
-
2) Xét tinh lién tuc tai diém x = 0 clia ham s6
{x —sinx)
f(x,y) = 4 x?sinx
a khix=0

khix=0
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Caull25d)
1) Tim cye trj chahim s§ z = x? - 2x + arctg(y®)
2} Cho ham s8

xtgy
f(x,y)= {x’ +y’

0 khi (x,y)=(0.0)
Tinh 0.0), £',(0.,0).
Ham f(x.y) ¢6 kha vi tai diém (0,0)? Tai sao?
Caulll 25 d)
{2x + 1)

khi(x,y) = (0.0)

1)Thj

1]
2) Tinh do dai cung: y = arcsin(e ), 0 S X < In2
Canlvy (25d)

1) Tinh IT:%
e (X—

arccot g{1 -x%)

2y Cho a(x) = arctgz(l + x) — arctg’x v B(x) = 5

l+x
Chitng minh ring o(x) va B(x) 14 2 VCB urong duong khi x — +w,

DAP AN

Caul(2,5d)

N —xi 4 —Cus X 0
lim Indl —xinx) [—) lim uln conix (—]
.. px ] L' i I-sinx ¢]

1) tim(L—sinx)™& s e 2 e 2 (0,5d)
.
P xq-xina) . \
lim ———— lim —3cos X sinx
Lt ‘_‘5 L R e .
=g 2 =g 2 = ell = l (O,Sd)
. _— ‘ —sinx
2) lim f(0) = lim 22908 SMCX i, X0 [9) (0.54)
x==l x-+0 x sinX x—+il X 0
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“Khiy=kx =0, Ii[:ln f(x,y) = iim

| A
— lim
A

—ll 3x2 0 llm %

l-cosx {0 Lo sinx l
0) 7 x50 6x 6

2
(hoac thay 1 ~ cosx ~ 35_;) (0.5d)

= a= % f(x) lién tuc taj x = O;

a# é , f(x) khong lien tuc 1ai x = 0 (0.5d)

Caull 25 4)

Nz',=2x-2,2", = 2y ::»{

=0
e _p & ¥ = (1:0) (0.54)

f I |
‘o

. . _ 201+ y*)y-2y.4y’

Tw=2.2,,=0,7",= (0.5d)
’ v (1+y*y
Tai (1:0)tacd A=2,B=0,C=2
2
- B -AC<0 = Zyn = 2(1:0) = 1 (0,5d)
A>0
2) f"(O‘_O) = lim M = O;
x—0 x
£,(0:0) = Jim {ONZIE0) (0.5d)
y—= hi

xtgkx  k
=Ux3(1+k?) 1+k2

thay ddi theo k

y=kx—sl}
-1 lim f(x,y) = f(x.y) khong lién ty tai (0:0)
x =1
y =
= f(x.y) khong kha vi tai (0;0) (0.5d)
Cau III (2,5 d)

(2x2-: 1 d
e

de 2*
-2

DI= T X = +T(2x+l)
] {1



_ ]. —x e T -2x
__5.[(2;“.1}_.; L je .de:l (0.5d)

Vi lim 22D (EJ £ im 2 =0
x w©

X —h+E0 I3 N =b 00 262;‘
2 1
néenl=—— [0—1+e 1 ] =-sl-i-1 =1 (0.54)
-x e-!x t e‘z:\
Dy = >1l+y’i=1+ = = (0.5d)
)" e l_e—z. i—c_?" eh_l
In2 X% 1 1 ’
etdx de
5= 1+y%dx = = (0.5d)
ﬁ[ IJ oy c'!’\/ch—l
2 dt 2
= 3 (RS IRITCREY (0.50)
R |
CanIV(2,5d)
x-D+1 _; e tdx e tdx
1) = ety = + {0,5d)
Ie (x J(x—l)2 B j(x—l)"’-
- 1
* 4 [e*d 0,5d
I de J [x l] { )

}

1 ~1 e’
- e dr— - = C 0.5d
[(x 1) Ie x—l]] * Ie x—l] x-1 ¥ ( )

2) Ham f(x} = arctg’t lién tuc, khd vi ¥t = thed mén Lagrange trén

[x:14x) = 31, e (o l+x): f{1+x) — () ='{(1) = &Fig;— {0.5d)
+1
Khi x = +o0, a(x) = f(1+x) — f(x)
2.7, —x?
~ 22 S =~ arc cot g(lz X Bix) (dfem) (0.5d)
l+x 1+x 1+x
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490

DE 4 (GIAI TICH I - K50)
{thoii gian: 90 phiit)

Cink (2,5d)
1> Tim gidi han lim(l — cos x)***

% —{]
2) Xét tinh lién e 1ai didm x = 0 clia hdm s&
X ~ 1gX
f(x) = ¢ xtgx
a khix=0

khix =0

Caull (2,5 d)
1) Tim cyc tri cia ham s6 z = arccotg(x’) - y> + 2y

2) Cho ham so

xsiny .

—— khilx,y)=(0.0
fxy) = {x2 g2 i(x,y)=(0.0)

0 khi (x.¥)=(0,0)

Tinh £,(0.0}, {* (0,0).

Ham f(x,y) c6 kha vi tai diém (0,0)? Tai sao?
CaulllI(25d)

(1-x)

e?x

dx

D) Tiah |
3]

2) Tinh d0 dai cung: y = arccos(e™ ™), 0 £ x £ In3
CaulV (25d)

1) Tk (LXK

xle*

darerg(l - x%)

2} Cho a(x) = arcco!gz{l -x) - arccotgz{Z - xyvapB(x)= n

l+x

Chitng minh rang o(x) va p(x) 12 2 VCB tveong duong khi x — 4+,



DAP AN
Caul(2,5d)

im l—ll(--IA_-E-E—)-(—) 2 v him ! -sinx.(-sinle a
I) lin‘(ll(lucosx)‘“" = ex_m R R [w] =Lex_.ul-cn.~x [ll] (O.Sd}
v lim -2sin® xcosx .
[5 et sin X =e' =} (0,5d)
|
- x-tgx (0OYL "
2) lim £(x) 22 fim == H = lim —S98 X (0.5¢)
x— = X 0 x—{) Ix
2
Lo=1gtx |
= =-= 0,5d
altl—lhrll} 3x2 3 ( )
a:—%:»ﬁnnaumnmxzo; (0.50)
az —% = f(x) khéng lign tuc taix =0 (0,54d)
Caull (2,5 d)
—2x z, =0
LI Yo . = 0:1 O‘Sd
b 2= == 2y a2 2 L;=0Q(”} ©1) (05
4 3
7, = —2l+x )4+§x.4x 2y = 0,27, = -2 (0.5d)
(1+x™)
Tai(:)tac6 A=-2,B=0,C=-2
2
n-B_AC<Ozam:nmU=£+l (0,5d)
A <0 2
2) £,0:0) = lim LXAICO _,
x—=0 X
— {00
£,0:0) = lim (ED=TEO g (0.54)
y— hd
X.sin kx .
Khiy=kxthif(xy)= ———— = Im f(x,y) =
y Y x2(1+k2) ;::iﬂ“ 1+k?
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Gidi han trén thay d6i theo k = f(x,y) khong lién tuc tai (0:0)

= f(x.y} khong kha.vi tai (0;0) (0,54)
Caulll (25 )
- +ﬂf(l——x)dx i —‘T;“dx © 50,
‘ el‘ i

it

= Jx-BHde™ = (x-1)e*
a

-y
vidim E2DE i L
X—¥ 4oz a X=++m g
=>I=(0+1)+e‘*:°°=1+(o-1}=0 (0.5d)
- ~2x 2x
)y = —C—T- =1 +y‘2= 14 -2 & = l_h = :i {0.5d)
1—e 2% l-e l-e e —1
In3 —_ In} In}

(0,58
o ‘[ \/Ch '[ \/e?.x _

3 kS
= | ;" =ln[t+~!:2~1] =In(3 + 48) (0.5d)
Lyt =1 I
Can IV (2.5 d)
1) J‘(1+x)dx - (zixx . Id)i (0.5d)
x‘e Xe
= _fe“dl + |2 dx (0,54)
X X
1 . 1, - e dx
=——e™" + |[—de”* +
S
=*e__fe dx+J-c dx=_e +C (0.50)
X X X X

2) Ham f(x} = arccotg’t lien tyc. kha vi Vt = thod man Lagrange trén
[1-x:2-x] = 31, € (1-x:2—x):

leg);lf(__z—_w -y = i‘{?j’%‘i (0.54)
- + !l)

Khi x & +o0, af{x) = f(1-x) - f(2-x)
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-2 daretp(l - x° .
L ARAoX ) o s dfem) (0.5d)
L+x L+ x°

DE 1 (GIAI TICH I - K50)
{thtii gian: 90 phiit)

Caul 2,5d)

1) Tim gidi han lim (1 - ',()“""3“ _
om
. 1
sin ——
2) Cho ham s6 f(x) = —2=L khi x # 1 va (1) = a. Tim a ¢€ f(x) lien
2-’:' +1

tuc tai diém x = 1.
Caull (254

1) Tim cuc tri cha him s6 y = (x? —1)2 .

2) Tinh tich phan I—% dx.
ol+cos®x
Caulll (2,5 &)
2 .
{1)Chohamsdz= DA arclgi. Tinh A = x* %z —xy@+ y2 .
3x y ax oy
5 : 2xy CE N s
2) Cho hamn s6 f(x,y) = T 7 NEuXT+y ® 0 va f(0;0) = 0.
X“+y

Tinh £,(x,y) va {,,(0;0).
CaulV(25d)

1) Tinh tich phén Je'mdk .
N

2} Cho ham sé f(x} c¢6 dao ham trén doan (0;1], (O (1) < O.
Chitng minh ring 3¢ € (0:1) sao cho f*(c} = 0.
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DAP AN

Caul(2.5d)

DA= lim(i-x) 2.
=l
. n
InA = lim {cos[—x]]n(l —x)} .
=+l 2
Ditl -x=t=InA = lim [sin[%t)lmjl (0.5d)
L=
LT L T (0,54)
250+ 1 20 [ 1 ]
—— t — i
t [2
InA=0=A=¢e"=1 (0.5
2) lim f(x) =0 vt > +0 cdn sin—— bj chan {0.5d)

=l X— x-1

.

lim f(x) khong 6n 1ai vi —» —o0 ¢ON sin

khong ¢b gidi han
Xl %=1 -1

= khong tén tai a (0,5d)
Caull 2,5 d)

Dy= Y& -1

y' = 4—)(, y' =0 x =0, ¥ khong xdc dinh < x =] {0,5d)
33x? -1 _
X {-m -1 0 1 +00
y -+ 0o - I «
y | +w Ccb +x
Yer=¥{£1)=0
Yep =y(0) =1 (1d)

{Chu ¥: néu chi két ludn y dat cyc dai tai diélﬁ x = 0 thi trir 0.5d)
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Cdch 2: y dat cue tri & f(x) = (x* — 1)* dat cuc tri...

n .
1= I%dx
o l+cos x
e f (- sint T osint
Déibignx=n—1= 1=~ f-""dt = a[——dt -1
x L+cost altcos®t
n H T

Suyral= Ej—-—smlz dt =-= —_d(cosaz)

2 i1+ cos*t 2 0 1+cos?t

——Earct {cost ) = —Tf—
g OEES =
Cau III (2,58)
2

z= y—+arctgi(-
3x ¥
2
. y y i X
2y = =t — = —— - —
3k x4yt T 3k xP4y?
2 2 2
30 x*+yr 3 x“+y

2)f(x,y) = =2, §(0:0)=0.
X +y

xz}

: y(y* - .

flxy)=2"5——, X' +y 20)
y (xz +y‘2 )2 ( ¥
(0,0 = lim Jx03- 00 _
x—il x=-0
f’ 0’ __fr 0‘0
P00 = lim 2ONHED i 2 o3 00
¥ %30 y__O e yz

Cau IV (2,5¢)

nJ= Ic'mdx
I

£0.5d)

(0,5d)

{0.5d)

(0,5d)

(0.5d)

(0,54)

(0 5d)
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Datt= vx-1 (t20)=1J=2 [te™dt = 2 lim [ie™'dt (0.5d)
1] LY

h—r+w

h b A
Jo= fre'dr = - Itd(e“) = —te"| + jc"dt
1 1] u I}

h
=-be ™" - e“\ =—bet—e 41 (0.5d)
1}

IJ=21limJ, =2 (0.5d)

h—r+on
2) f ¢6 dao ham trén [0:1] = f lién tuc trén {0;1] = f dat gid tri ién nhat
va bé nhat trén doan do.
Vi £(0)f (1) < 0 nén vdi trudng hop £7(0) < 0, £'(1) > 0= 36, > 0. 3§,
> 01(8,.5; < 1) sao cho:
f(0) > f(x) ¥x (0, §,]. f{1) > f(0) ¥x <[8,,1]

= f dat gi4 tri nhd nhat tai digm ¢ € (0:1) (0.5d)
* Suy ra f dat cuc tiéu tai diém ¢ nén theo dinh 1y Fermat thi f'(c) = 0.
Véi rudng hgp: £7(0) = 0, £7(1) < 0 chitng minh fuong . {0.5d)
Cuach 2:

*Glast (x)=0véimoix e [a,b] =

Trudng hgp 1: Néu f don digéu ngit trén [a.b] = {* ludn cing dau trén

[a. b] = trdi gia thiét. (0,5d)
* Trudng hop: Ja,, b, € {a,b] sao cho a, < by, f(a,) = f(b)). 4p dung dinh
1y Rolle suy ra 3c € [a,.b,]): f'(e) =0 = vo Iy. (0,5d)

DE 2 (GIAI TICH [ - K50)
(théi gian: 90 phiit)

Cavl (2,54

1) Tim gidi han  lim (Earctgx)

n=++al T
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. i
2) Cho ham sd f(x} = m—lx:f-l— khi x = —1 v f(-1) = a. Tim a dé f(x)
2%+ 4]
ién tuc tai diém x = —1.
Cau 2 (2.5 d)

1) Tim cuce tri ciia him sd y = \"’(1 —x)x-2) .

o M2 (14cos’x
2) Tinh tich phan [ In| ——— |dx.
it 1+sin” x

Cau3d (25d)

2
1YChehamsdz= ~x——+arc1gl. Tinh A = y? éz-v—xyéaﬂ(2 .
3y X ax

2} Cho ham sé& f(X.y) = 22xy = néu x’ +y? =0 va £(0;0) = 0.
X' +y

Tinh £ (x.y) va £,,(0:0).
Caulv{2s5d
[) Tinh tich phan j e"mdx .
-1
2} Cho hiun 6 f{x) ¢6 dao ham trén doan [0:1], £'(0).7(1) < 0.
Chimg minh ring 3¢ € (0:1) sao cho f'{c)} = 0.

DAP AN
Can 1 (2.5d)
A= lim [Zarclgx]
x—+ T

InA = lim _!:x in[zarctgx]] = lim [x{garctgx—l]:' (0,3d)
X —b+oa b1 o A~ Hil "
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2 arcigx -1
= Jim A —— L lim —-—2-—-— {——IT] (0.5d)
%=+ 1 X =4 T[(l +X2) X

X

(0.54d)

2) lim f(x) =0wvi —» +o0 ¢On sin 1 bi chan {0.5d4)
x—{-17" X+1 Xx+1

lim f(x) khong 16n tai vi — —w0 ¢dn sin
x={-1)" x+1 x+1

khong cé gi¢i

han =» khéng t6n 1ai a (0.5d)
Can Il (2,5d)

Dy = ¥ -x)(x-2)?

, 4-3x ,
V= =——— ¥y’ =0
Y-x)  (x~2)
o Xx= —g— y' khéng xde dinhtaix=1,x=2 (0.54)
X —w 1 473 2 +50
y’ -l - 0o + I -
y +m\\; Cb
CT/ \x_co
NN
Yer=% 3 3
Yoo =¥(2)=0 (1d)

(Chd ¥: réu chi 1im duge x = % 1a diém cyc tiéu thi trir 0,5¢)

Cdch 2: y dat cye i > f(x) = (1 - x)(x ~ 2)° dat cye tri...

xi2 3
2) I= I ln(m}dx

- 3
i 1+sin" x
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Déibinx = &~ — 1
2

0 . ni2 3
L+ :
"—‘:»l:—jlnLnf-dx: jlnﬁ—nz—xdx
x12 W l+cos'x i 1+cos™ x

xi2 A
[=- j ln[ﬂ—xjdx =-I=I=0

ot 1+sin® x
Cau IH (2.5 &)

2
Iyz= x—+arclg1

3y X
PANES Lo | ', =— X P
3y xs+ y' 3y? x% +y?
2 2
A= ——x? akd ~—2—x2— Xy +x'=0
3 +y? 3 x? +y?
2. fxyy = —2 | £0:0) = 0.
T +y
: X =yt s
ffixy)=2———=, x*+y'20)
Xy 4y (x"+y
Ly)—f(0;
£,00:0) = T LEN IO g
y—0 y-0
£ (x,0)-f (00
P00y = tim 220 THON e 2 s A 00
x—= x-0 x—0) Xz

Cinlv(2s5d)
DHIi= Je'mdx

-1

+ h
Datt= x+1 (120) > J=2 fe'dt = 2 lim [te™'dt
{1 {

b=+

b b n b
1, = Ite“dt = jtd{e") = —te"L] + je"dt
11

] 3]

(0.54d)

{0.5d)

{0.5d)

(0.5d)

(0,5d)

{0,5d)

(0.5d)

(0.5d)
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~h

=-be"— e =-heT-ey (0.5d)
1
V=2 lim J, =2 (0.5d)
by ton
2) Xem ddp dn dé |, cau 4.2, (1d)

DE 3 (GIAI TICH I - K51)
(thén gian: 90 phuir)

Cau 12,5 d)
1
1) Tim gidi han 1im[i”‘—"]‘“ .
% =iy X

Ix% 42

2) Tim tiém can cia d6 thi ham s6 y = -
X —4

CaulE(2.5d)
X+4

x242x-3

1
2) Tinh do dai dudng cong x = El

1) Tinh tich phan | dx .

Can Il (25 M

L) Tim eyc tri cha hiim s6 z = 3x%y — x* - y*,

2) Cho z = z(x.y) la ham s6 &n xde dinh béi phuong trinh z - ye* = 0.
Tinh dz(0;1).

Caulv(2sd)

1) Xé1 sur hot tu cha tich phan suy rong j

Jr

2) Cho ham s& f(x) ¢6 dao ham lién tuc trén doan {a.b].

Tinh lim _[f(x}smnxdx

I'I—N»
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DAP AN
Caul(2,5d)
1

1) A = um[’“”]"

=il X
lnA = um[izln 5‘”"] = fim 2RXZX (0.5d)
=il x b £l X
L cosx — | ~2sin’
= lim ———— = lim ——-2—2— (cé 1hé diing khai trién Taylor dé tinh)
x —»i) ix Nl Ix
2
ST N {0.5d)
6x" 6
3x%+2
2) Y= ————
xt -4
Tiém can ding: x = #2. Tiém can ngang: khong co (0.5d)
3 2
fim Y=l EE -3 (0.5¢)

x—rkw X .\—)i':cx ’x2_4

2
. f 4
lim [y -3x] = lim 3 +2—3x = lim|3 x2—4-3x+——~1—-———
N =+ X+ |||x2_'4 XA ’X2—4

. - . 1
=3 hm—-—4—*~+l4 lim - =0
X —p ’x2 -4 +x% b b xl_4
= Tiém cdn xién bén phdi: y = 3x
2
lim [y+3x} = lim —3x+—2+3x = ... = 0 = Tiém can xién bén
-5 - X 'IXZ —4 i
tran y = —-3x (0.5d)

* Clui y: néu thiéu mot tiém can xién thi trir 0,.5d.
Cau Il (2.5 d)

1)1= J’_,_X,de

Vxi+2%x-3
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x+1

3
dx ——-—-—————dx {0.5¢)
IJx +2x - J(x+1)3—4
= ¥x?+2x-3 + 3n

x+l+\tx3+2x—~3;+c (0.3d)

1, § s

2)x = 4 - - 0<t<

)X 3 ¥ = 21 ( 2
¥ x

§ = jx14t1”+4lf'dt =2 It"\-‘l"+1(lt {0.5d)
[§] 1]
W E#’I

=L fAt +dt + 1) = l(t4 +1)2 (0.5d)
0 3 .
i 3 26

s= =8+ -1]= = 0.5d
I 0s0

CaullI 25 4)
Dz=3xy-x'—y*
{Z‘, = 6xy - 3x° {z‘,‘=0 {xzo. y=0 {2 diém dirng 12
=

z', = 3% - 4y’ 2,=0 x=6,y=3 | M{0:0). My(6:3)

22 =6y - 6x.2",, = 6x. 2" 2 = ~12y*

= B? - AC = 36x* + T2yX(y - x) (0.5d)

Tai M;: B2 - AC = 0. v} z(x.0) = ~x" d6i dau trong bit ky lan can niio
cia gdc toa do = M, khong I3 diém cye tri. (0.53d}

Tai My: B - AC=-36.18<0. A=-18<0 = M, 13 di€in cuc dai va
Zey = 27, (0.5d)

z-ye¥ =0

dz(0:1} = 2" (®:1)dx + 2" (0:1)dy, 2(0:() = | (0.234)

Fxyz) =z-ye¥=>F = ~i e P = et —l+£§g;c*"’

Taid(O:l):z’,‘=~f—;‘—=l.z ——i=l (0.5d)

) F F,

L3
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dz(0:1) = dx + dy. (0,25¢)
Caulv(esd

*  dx
1I=
!ax’—l

2 +o
dx+ dx

I= | =), +] (0.254)
J 1 2 .
i vx" -1 2 {(x“ -1
. 1 1
Fihtitg vif(x) = ~ - khix = L, mad |[————
i L s _ 1)”3 {[S_(X-l)m I(x Dm
héi w. (0,5d)
I, hoi t vi f(x} 1 khi x = 4+, ma j NIE hai ty. (0.5d)
Suy ra J hoi . {0,25d)

b
21, = ~-111- [f(x)d(cos nx)
1 L
= —;[f(a)cos na —f(b)cosnb] + = [cos(nx).f'(x)dx

b
=Ll s ﬂf(a)hlf(b)l] ¥ %I]t“(x)]dx ©.54)
Do £ va f* lién tuc trén [a,b] = IM> 0: [fx)] <M, [F)| <M
vx e [ab] = L S-::[2M+M(b-s,)]—->0khin—>m

= lim1, =0 (0.5d)

oo

BE 4 (GIAI TICH 1 - K51)
{th¥i gian: 90 phir)

Caul(2,5d)
]

2
1) Tim gi6i han um,['i‘i]"
=R X
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2x2 43

2) Tim tiém can cla d6 thj ham s6 y=

x? -1
Can IT{2,5 &)
X+3
1) Tinh tich phan f——————dx.
VX2 +4x -5
2) Tinh d¢ dai duding cong x = -;-Iﬁ ¥y=06- i—t“ (0<t< s ).

Cau Il 2.5 &)
1) Tim cye tri clia ham s6 z = 3xy” — y* - x*,

2) Cho z = z(x.y) 12 ham s& 4n xdc dinh bdi phuong trinh xe? - z £ 0.
Tinh dz({1.0).

CaulvVv2s5sd

1) Xét sy hoi t coa tich phan suy réng j dx

- .
1 ¥x —1

2) Cho ham 36 f{x) c6 dao ham lién tuc 1rén doan [a.b].

h
Tinh ltm jf{x}sin nxdx .
n=—a .

DAP AN
Caul (258
1
DA-= 1im(tg—x)‘"
=l X
InA = liln[—l?ln[g—x] = lim[-l—[lg-i- H = lim =21 (g 5q)
X—ll] ¥ X -+l x X x—#l) X
L' . COSX—-COSX+Xxsinx X2 | 13
= lim = lim-— = - = A=g'" (0.5d)
£l 3;(2 X3! 3x2 3
2
2y = 2x°+13
x? -1
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Tiem can ding: x = 1. Tiém can ngang: khong ¢é (0.5

2
fim ¥ = m 23

{0.5d)
r—etm X X—rtwm X ’XE -

5

2
tim [y -2x] lim 2x +3 -2x| = lim|2vx? -1-2x+ -
A —#+on X —+ 4+ m A 0 s - l

+5!im—-—-—l—:0

-1
2 lim ————
x-l:];‘m }xz ~1+x X4+ ||x2 -1

= Tiém cén xién bén phai: y = 2x

2
lim [y +2x] = lim l:——zj-—i+2x} = ... = 0 = Tiém can xién bén

] X3 -m X ’Xz—l

trdi: y = -2x (0,5d)
* Chii ¥: néu thi€u mot tiém can xién thi trir 0.5d.
Caull (25 d)
x+3
Jx?+ax-5
_ X+2
sz +4x -5

= ¥x?+4x-5 + In

DI= | dx

dx + J L dx (0.5d;
Jix+2)? -9

x+2+yx2 +4x -5

3
2)x=%t(‘.y=6—jt4 ©Ost<i8).

¥ (LI
s= [V +9ctar =3 [Vt + 1 (0.5d)
Q U

1

+ {0.5d)

& s
K i
=3 jJ;“ +ldit + D) = iu“ +1)? (0.5d)
4 {1 2 n
1
s = %[(&H 1)2 - l] = 13. (0.5d)
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Cau II1 (2,5 &)
z=3xy -y -«
z', = 3y* - 4x’ 2,=0 x=0,y=0 2 diém dimg la
= =
x=3,y=6 M, (0;0), My{3:0)

. =
z', = 6xy - 3y’ z',=0

702 = ~12x7, 2%y =0y, 2" = 6x’ ~ Oy

= B? - AC = 36y’ + 72x*(x - y) (0.5d)
Tai M,: B? — AC = 0, vi 2(0.y) = -y* d6i dau trong bat ky 14n can nio
cita M| nén z khong dat cuc tri tai M,, {0.5d)
Tai M,: B’ - AC=-36.18 <0. A = ~108 < 0 =5 M, 12 diém cuc dai va
Zep = 27. (O.Sd)
2} dz(1:0) = 2’ (1:0)dx + 2 ( 1:O)dy. z(1:0) = | (0,25d)
Fix.yz)=xe™ -2 = F, = ¢, F', = Zerts, F,= -f-g-e’“ ~1
A z
L] F; L]
=2 {(h0)=-—2 =1,2°(1:0)=-1 (0,5d)
dz{}.0) = dx — dy (0.25d)
Cau 4 (2.5d)
0= _{ dx
a
P vx =1
2 o
I= | dx LIRS (0.25d)
VX -1 2 Wxi-l
. i 1 . 2 dx
I, hoi i vi f(x) = — ~ khi x > 1. ma
! x -1 3 -npii? l}")'x~l
hoi tu. ' (0.5¢)
. . | . T Ak
J, hoi tu Vi f(x) ~ —77 khix — +o. ma j'~—”—2 hoi . (0,5¢)
X 7 X
Suy ra ] hai tu {0.25d)
2) Xem ddp &n & dé 3, cau 4.2, (i)
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DE | (GIAI TICH I - K52)
(thdi gian: 90 phuin)

Caul (2.5 d)

a) Tim gidi han limn(sin x+cos? )

b) Cho ham s6 f(x) = (x + 1)’ In(2x + 3). Tinh d'' f(-1)

Caull (2,54d)

a) Chimg minh ring néu a = b + ¢ thi phuong trinh 4ax’ + 3bx’ + ¢ = 0
cé nghiém trong khoang (~1: 0).

b) Tim cuc tri cha haim s6 Z = (x> + 2x - y) e 2.

Cau HI (2.5 ¢)

a) Tim gidi han Iim[[sin21+25in£t~+...+nsin E)—l-}

N n 2n 2n )t

b} Tim a d€ tich phan Ie"arc[g(l +x)dx dat gid 1ri nho nhit.

]

CaulV(25d)

I
a) Tinh ﬂ X | (1 - 2arctgx) Zdx .
-1
b} Xét tinh lién tuc tai {0: 0) clia him s&
x* arcsin? y—y2 arcsin? x
fix.y) = x4y
k khi (x:y} = (0.0}

khi {x;y) = (0;:0)

DAP AN
Cau I (2,5d)

- . 2
lim lgzx-ln{sm K+UisT X}

a)I= lim (sinx+cos? x)}&* = er=*/2 =
ey &)
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508

N
s xrous™ Xy

lirn ———
Xyl calp~ N
= ST !EJ (0.5}
Lo
hen soxx=2eu x pm PSR 2si 0 tsint
I g e‘_”‘"zh.inx*uus: l:Zunlgx!l—s:nzn = e&--m! (nuxfcu.\': 2owgx (0‘5(“
.
lim EI—Z-amJtn——:ln 1 u-21i-1 {
12 ; 2 - 5
= cl—-vl: i xdousT a) = e 2 = ez (O.Sd)
Cich khic:
2 P 2
r i TR ISm E-sinT X3 . 2 . Con
- — lim g*xisimx=-sin~ x4
. . .2 5
[= lim (l+smx—sm X).\'lnx—nn“x = g*n/t
K—r% 0
- . 2 H
heac Inl = lim tg~x In(sin x +cos? x) (0.5d)
n

A==

Dura vé dang % va L'Hospital hodc thay th€ VCB tuong duong  (0.5d)

Két qua 1= Ve (0.5d)
bybatU=(x+ 1)2. V=hi2x+3H) = Ap dung cong thic Leibnitz ta ¢d

f"”: ic::utkivin—kl )

{x}
k=)

Déthay U¥ = 0 vk 22 va U(=1}=0=U"(-1). U"(-1} =2 (0.5d)
Vi =2.2x+ 3L VT =20 (- D2x + 3)7,
= VI = 2N 1)(=2)(-n + 1).2x + 3)T
= "1 = C}2.2Y 8= d"f(-1) = ¢} 2" -8dx !

(= 110.2".81dx'"H (0.5d)
Cau II (2.5¢)

a) Xét ham F(x) = ax” + bx® + ¢x, dé thdy F(x) lién tuc va
F'(x) = 4ax’ + 3bx’ + ¢, ¥x.
Floy=0;. I_:(—l) =a—b—c=0= F(x) thoa man Rolle trén [-1:03 (0,5d)



= ax, € (—1: Q) sao cho F’{x,} = U hay phuong trinh qax’ + 3bxi+c= 0‘

cé nghiém x,, € (—1: 0) hoac ap dung Lagrange trén doan [-1: 0] (0.5d)
b) {Ham s6 xic dinh Y(x.y)
2, =2x+2) e P 2= (- e -2+ 2x ~yy e (0.5d)
Z, =0 = -1 2t =22 = -—?.(2x+2)c_zy
= { . = {x . . v 5 (0.5d)
Z,=0 y=-1/2 Z')',),=Ze'2"+2(i+2x2+4x~2)’}e'}
2
Tat (C1—1/2)1a c6 A = 26,B=0.C=2e = {& ~AC<0
A=0
Vay (-1:=1/2) 1a diém cue uéu (Z,,,,, = —¢/2) (0.5d)

Caun HI (2.5d)

.om . 2n . onmy 1
a) S, = |sin-——+2sin—+..+nsin— [— =
2n 2n 2n ) nt
1

]_.(nl 2.(7{2] n_(nn)l
= | —sin] —— |+—sin| = — |+ +—sI0 = —||—
n 2 n) n {2n n 2 n Jn

= moiYi .
5. = —-sin| —— [— (0,548}
Z“n gm[Z n]n
LR : " o
f(x) = xsin = lién tyc {0: 11 = lim S, = J.xsmix dx =1 (050
tr

| ]
= _3 decoslx = —3 x-cosix
n 2 n 2 s
1] 1]
i
1 n 2, 4

b) Ita) = Ie"arcrgtl +x)dx = I'(a) = e”.arctg(l + a) = 0 <> .a=-1(0.5d)

LB

4 - W -1 +®
I'(a) - 0 + ~ I{a) dat GTNN khia=-1 (0.5d)
I(a) ~a -

509



Cau IV (2.5d)
f
a)l= j|x|(l—4arclgx+4arctg2x)dx Vig(xy= |x| arctgx lé

-1

= Ig(x)dx =0 (0.5d)

= f{x) = |xl(l+4arclg2x)dx chin—=>1=12 jx{l +4arc(g2x}clx =
]
1
= -{(l +4arc1g2xjd(x2) (0.5d)

11

1
=>1= x2|“ +4Iarctg2xd(x2 +1) =
{

U+ 4 (2 + Darctg?| ]‘Ml)zamgx -

| 2\ ! 1
1+4 2-[— -2 x arclgxl - Ix- dx || =
4 o 4 x4

1

2 | 2 ’
1+4 Lmz(i_lm(xzﬂ}d } = l+2—-2n+4In2  (0,5d)
8 4 2 0 2

Céch khac:
I o1 o ’ 1
a)l= j = I +I - Jﬁx(l—2arclgx)2dx + Ix(l-Zarctgx)zdx (0.5¢)

-1 -1 Q =1 14

B = [x(1-2retgn)’ ox = %j(l—hrctgx)zdxz =

5 2(1 ~2arctgx) dx

2

(0,5d)
x°+1

= % xz(l—Za.l‘ctgx)2 - Ix
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Tim duge nguyén ham F(x}
2

= 1= —F()()|{_JI+F()()'|:I =1+ }E— - 21 + 4in2 {0.5d)
b) arcsin’x = x* + a.x? (g - 0khix—>0)
arcsin’y = v2 + B.y° {p - 0Okhix = 0) (0.5¢)
2.2 2.2
= Imf(Ly) = lim - @-a) =0vi | Y| <« L. p_a0
a—sl) A=ti] X4 + yd X +y4 2
y—il ¥ —+l}

= k = 0 thi f(x.y) lién tyc. k # 0 thi f(x,y) khong lién tyc 1ai (0: 0} (0.5d)

DE 2 (GIAI TICH 1 - K52)
(thoi gian: 90 phit)

Canl(25d)
a) Tim gidi han }l(il'l;:](cosx —sin? x)”“""z‘ :

b) Cho ham s5 f(x} = (1 - x)* In(2x - ). Tinh 4'* f(1).

Cauli(2,5d)

a} Chitng minh ring néu a + b + ¢ = 0 thi phuong trinh ax® + 2bx +2c=0
cé nghiém trong khoang (0; 2).

. . 1
b) Timcuctrictahims6 Z=x+y - —.
Xy

Cau II1(2,5d)

a) Tim gidi han lim (1::(:|.v.—ﬂ--+2cos2—11+...+ncosﬂ]L .
N 2n 2n 2n fp?
b) Tim a dé tich phan J' e arctg(l— x)dx dat gid trj ohd nhat.

{+

CaulV(254d)

|
2) Tinh [| x| (1+arctgn)"dx..
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512

by Xét tinh {ién tuc tai (0: 0) cia ham so
yzarc(gzx—xlarc{gzy
f(x.y) = xt+y?
k khi (x;y) ={0:0)

khi (x:y) =(0:0)

DAP AN

Cau [ (2,.5d)

. . 5 ol 2 lim ullg:x-ln(cns !r.—siitl2 ER ]
a)l = lim (sinx —cos” x}*"E " = e =

x—+ll

C o Intems nesin? Xy
i — —
5l 17X

- e (0.5d)

, —sinX—2sinxomx ) —imXi+2uiny
. Hm —————— e - fim ---lk;—[—.'m;—j—‘cm"x
1 é e*"“ (cora-sin® 02igxfoe™ & _ el—'“lmugh:usx—sin x) {0.5d)

. —ll+1|:nsl]t:n.s‘x
im — = ——

1 - e*—'“ 2(u1!sx1.\11|: x1 = c—.‘trz

{0.5d}
Cach khic:

L i.‘ntg"x-(cns x-smn* w1
I=lim (l+cosx—sin2 K—l):.'n.--x-.-in"x—l =

X=—st)

. . hl
hrmy (ens £ =sin” 1=1jemgTx
i .
f—3 el—b

hoac Inl = {im cot gzzti-ln(cosx—s.in2 X) (0.5d)

x—i1

Dura vé dang % ip dung L Hospital hoac thay thé¢ VCB wong duong

(0,5d)
Kétqua 1= e™/? (0.5d)
pyDatU=(x- . V=hQ2x-1)= £;= Zc‘;u‘“’v‘""" .
k=i
U =0vkz2vaU(H=0,U(1})=0,U"=2 (0,5d)

V' =2.02x- 1Y V=28 -2 - )7



= VW= 2Ny =2) {-n+ 112x - )"
= 0% 1= 4220 (1) T dVE(1) = - €227 Trax™
(= -—90-2“-7!dxm) (0.5

Cao II (2,5d)
F)

aY Ham F(x) = ax + bx? + 2Zcx lien tuc, kha vi ¥x va

Frix)=ax"+2bx + 2c: F(0)=0: F(2)=4a+4h+4c =0

= F(x) thoa min Rolle trén [0; 2] (0.5d)
= 3x, € (0: 2} sao cho F'(x,) = O hay phuong trinh
ax’ +2bx +2c=0c¢o nghiém x, € (0: 2) (0.5
b) Ham s6 xdc dinh xy = 0. Z2', = 1 + +: Ly=1+ L (0.58)
Xy xy?

Z, =0 x=-1 -2 1 -2
= <. = Ly = (A, = —— L2 =2 (B.5d)
{Zy =0 {Y=-1 ty Y xiyr T xy?

B!-AC<0

Tai (-1;-)taco A=-2.B=~-1.C=-2=
A<0O

Diém (-1:-1) 1a diém cuc dai (Z,,, = -3) {0,5d)

Cav III (2,5d)

ayTaco §, = cosl+2c052—ﬂ—+...+ncosﬁ)~l— =
2n 2n 2n J n?

n
i n 2 m2 n_ = n]l
=|—cos—+—cos—-—+..+—cos~-— |~
n 2n n 2 n n 2 nln
= iyl
S, = —-cost —— |— (0,5d)
;n (2 n)n
f(x)= xcosgx lién tuc trén doan [0; 1]
1
= limS§, = Ixcos%xdx:l (0,58}

{1
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1
= 2—{1+3-005F—’5~ ii = 2—[1—3) St (0.58)
1L n 2 o bid 1 nZ
b) Ita) = Jc_"arclg(l -x)dx = I'{a)y =e"arcig(l —a)=0 < a=1(0,5d)
{
a —® 1 +w
I'(a) N 0 _ = Ka)dat GTLN khia=1 (0,.54)
I(a) el ~a

514

Cau 1V (2,5d)
|

a)l= J|x| (1+3arctgx + 3arctg*x +arcig*x) dx |
A

(kh 1é}
I[x| (3arctgx + arctg” x)dx = {0.5d)

[= I|x|(1+3arctg Xydx = 2 x(1+3a:ctg x}dx =
0

= fu +3arctg?x) dx * (0.5d)

1
1
== xziu +3Iarctg2xd(x2 +1) =
1]

Zarclgx

= l+3[(x1+l)arctg2x| J'(x + 1} —
(x +1}

jl = (nhir dé 1}

2
T n
= I= 1+3|——-—+In2 0.5¢
{8 3 ] ( }



Céach khéc:
1

1 n 1 J
a)l= J': I.,.J = I~x[l+arctgx)3dx +
) -1 Y

1
F(x)= Jx(l+arctgx1}dx = 5 J{l + at‘crgx)f‘dx2 =

1
= 5 xz(i + arctgx}3 - szd(l+arclgx)3

Tim duge nguyén ham F(x)
2
= I= —F(x)\(_]] +F{x)| =1+ 3[—8-—5+ln2]

{fo—=>0khix—>0

(B —0khix - 0)
x?y?

4 4
X" +y

b) arctg’x = x* + a.x’

arctgzy = y2 + B.y2
2 2

(a By =0vi

= limf(x,y) = lim X
» =} =l oy +y

y—+i) y—t

Ix(l + arclgz‘t]3 dx (0.5d)

{0.5d)

{0,5d)

(0,5d)

|

E.m By >0

= k = 0 thi f(x,y) lién tuc. k « O thi f(x,y) khong lién tyc tai (0; 0) (0,5d)

pf 3 (GIAI TICH I - K52)
{thdi gian: 90 phiit)
(sinx—sinv'l+x2 )

Caul 25d)
a) Tim gi¢i han lim

X—h

b) Tim GTLN va GTNN cla ham s§ Z = xy(3 - x — y) trong mién kin

0<x<2;0<y<2
Caull (2,5d)
a) Cho ham s6 f(x,y} = x%*. Tinh d® f(1;1}.
{arcsin x)k cosl khix=0
X

b} Cho ham s6 f(x) =
)] khix=0
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Tim 56 nguyen k dé £ (x) lién e tai x = 0.

CauIll 2.54)

a) Tim gi6i han lim[colg“x .'.‘2 sin [d[].
A=)

\ A

b) Cho hinh phing D gidi han boi y = v/x arccotgx: x = 1 va hai truc toa
do. Tinh thé tich vat thé V tao bdi hinh D quay quanh truc Ox.

CauIv(25d)
) fx =3t+21°
a) Che ham s6 y = f(x)} x4c dinh béi ! : Tinh f'(x). £'{x).
fy=te'

COSX —COS 2X

b} Xé1 sy hoi tu ciia tich phan suy réng Jw———~—
X7 Infl + 2+/x

BAP AN
Ciul(25d)
. x+1+x? . x—v'1+x2
a} = lim 2cos 5 sin 5

2 —
= 2lim cos X+Vl+x sin 1) ((.5d)

2 2(x+m)

<L va lim sin D

e 2[x'+\fl+x2)

2
Vi cos 2FYLIFXT =0=>1=0. (0.5d)

Z\ =3y-2xy-y’ =y(3-2x—y)
b)Z = 3xy —xly - xy’ = Z’—3i—x2 oy (e x 2 (0.5d)
Y= -2xy=x(3-x-2y)

!

Z
Trong D = (0;2) x (0;2) he {z;

¢ 1 diém dimg (i:1); Z(1:1) = |

I

¥

(0,5d)

516



Trenbien x =0, {y=0)=>Z=0.
Teénbién x = 2, (y=2) > Z =2y - 2y°. y € [0:2]

max Z = Z(—l—] = 1
= 2 2
minZ=7Z(2)=-4
Vay trén D tacé maxZ = 1. minZ = —4. (0.54)
Caull (25
a7 = 2y = 2xnx, £y = 2y O
= 2 4 4y,x2“1nx. 7y, = Ax¥(inx) (0,5d)
= P L1 =2, £, (151) = 2, £, = 0 = df(151) = 2dx? + 4dxdy (0.5d)

MO0£x e (1)

K ke
=)= Karesinx) Ccos— + (arcsinx}k--l—zvsini (0,54)
1-x? X X X
(‘dr{:sinx)k‘cosl ) 1
f' (0 = lim——————% = lim x*"' cos— (vi arcsinx ~ X)
x—l) X x—ll X

= I Mok>1vaf{d)=0 {0.5d)

NS
Voik> 1 = him FAEEO T oo limfx) =£(0) =0
% it 1- 2 .4 x=+()
X
K
= limwsin}— =< lim xk_z.sinl =0eok>2

x—0 X< - X x—lh X

Vayf'(x)lientuctai x =0 = k> 2, {0.5d)

Cau I (2,54
le sin tdt Jt2 sintdt

ayl = lin}'-“—;— = ur..?’L—;—— (1gx ~ x khix = 0) (0.5d)
i gx i X
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. 2. *
12 im 250X - L oh vien c6 thé tinh [12 sintdt . sau d6 méi L,
=i} 4x 4 5
ding cho diém 1&i da) (0.5d)

I t
b) Ap dung cong thiic V = w. ‘[xarcr:o[gzxdx = %jar::cotgzxdx2 (0.5d)
7]

== Jarcco(gzxd(xz +1) =
p R N A

- u dv
=T (x + l)arccotg x I(x 2arccotgx dx} = (0.5d)
2 x?+1
T
= LI 2T +2jarcco[gxdx =
2 16 4
2
nl - ! dx
= Py +2()(arccotgx|U + Jx . . =
_q? ]
=k +2£+1n{1+x2)| ] =
2 4 0
_ 2 2 3
St Bl S SO B S A2 - (0.5d)
2 8 2 4 16 2
Caulv(2sd)
dy e’ +21%e! e
a) f‘(x) = — =z ——— = (O,Sd)
dx 3+2.3¢° 3
2 2
v L= 21. 1
£(x) = df (x) _ 21e - e : (0.5¢)
dx 33+6t°)  9.(1+2t%)
i 0
COS X — Co8 2X cOsX — Cos2x .
bl= | ——— ——————=dx =1, + [, T hoi
sz In(1+2vx) ]-"x2 In(l +2vx) i
< cal,val,hdity (0,5d)
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) S
2sin—-sin -

1
I, = I——————dx.
' I i1+ 24%)

]

). S 3x %
25m7sm-— 2?5 31
Vif(x) = ~ =Z.— (khix >0
in(l+24x)  x2240x 4 Vx
ol
ma |—=dx hoit = [, hoi tu {0,5d)
Iz

+an

I COSX — COS2X
x2 In(1 + 24/% )
tu = [, hoi tu tuyét di.

dx. Khix2 ltacs [fx)] < % va jlzdx hoi
1 X Ix

Vay I, I, hoi = T hoitw (0,5d4)

DE 4 (GIAI TICH I - K52)
(thoi gian: 90 phiit)
Cavnl(2.5d)
a) Tim gigi han lim [cos-Jx—l —cosvx+1 ] .
b) Tim GTLN va GTNN cita ham s6 Z = x” + y* + x + y trong mién kin
gidihanbdix +y+2=0,x=0,y=0

Caull (2,5d)
a) Cho ham s6 f(x.y) = y™. Tinh d* f(1;1).

K .1 .

t — 0
by Cho ham s6 f(x) = { OEX) st ki
0 khix=0
Tim s6 nguyen k dé £'(x) lién tyc 12i x = 0.
Caulll (2,54d)

ni2
a) Tim gi6i han 1irr{{(g3x I{K—ZI) cos :dx}
0
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b} Che hinh phidng D gi6i han béi y = \/;arctgx: x = | va hai truc toa

do. Tinh thé tich vat thé V tao bdi hinh D quay quanh truc Ox.

520

CauIV(25d)

=1 !
a)Chohmn56y=fuuxacdmhbai{x ¢ Tinh ). 0.

y=2t-e¢
2sinx -sin 2x

b) Xét sy h¢i tu cda tich phan suy rong I—-————
& % In(1+3vx)

DAP AN
Caul(2sd)
) \/x—l+~/x+l . Jx—l—\/xﬂ
ayI= lim|-2sin sin =
Kbt 2 2
lim| —-2sin x-1+ x.Hsin 1) (0,58
o 2 Vx-l+vx+1
Vi {sin X-l+Vx+l l; lim sin nl =0
2 S SN
= [=0. (0.54)
D Z, =2k L, Z =2yl = {270 L [x=-112
= x N = R .

4_1,1J=_i (0.5d)
272) 2

Tren bieny =0 :Z(x):x2+x,xe[—2,01
tuaon =0 Z=2(-2)=2
{tuong wrx = 0) - mfax Z(-2) 0.54)
minZ=72(-1/2)=-1/4

Trénbiénx+y+2=0 = y:—x~2ﬁZ=2x2+4x+2=2(x+l)2

max Z =2

=
minZ =0

Viy maxZ = 2. minZ = -1/2. (0.5d)



Caull 254)

ayf', = 3y™lny, £, = 3xy™"
f“x, = 32y.‘xtlny)2. f‘sxy - 9xy.‘l'ilny + 3y3x—|
7,y = 3x(3x - 1) y™?
S (L =0, (L) =3, (1) =6
= d*f(1;1) = 6dxdy + 6dy’

b) (Tuong ty dé 3)

. k(arcigx)*' . 1
x#=0 =>f'(x)= -(—zgl—-sm——w—?{arctgx}“ cosl
x°+1 X x X
{arcrgx)“ sinl 1
£0) = lim ——X% = limx*'sin—
x— M X x—+{] X

= IOy k>1vaf0)=0
; k
Voik>1= limf'(x) = lim- (arctgx)__cos_l_

K—l) x =l X X

=+l X

Vay f'(x) ligntuc taix =0 = k > 2,

Cau II1 2,5 d)
ayTac6l= lin}]lg"'x =0

ni2 ni2
lim |(r-2t)costdt= j(n—Zl}cos tdt = I (hitu han)

x =}
x

x—+01

nf2
= lim[lg"x- J(n—2t)costdt} =0

1 1
b) Ap dung céng thic V = 7. Ixarctgzxdx = -;i Iarctgzxdxz
0 [f]

= lim[-x"'2 cos l} = F(0)=0k>2

(0,5d)

(0.5d)

(0.5d)

(0.5d)

(0.5d)

(0,5d)

(0,5d)

(0.5d)

521



1
V= % Ja.rclgzxd(x2 +1) =

2arctgx } (0.5d)

= z (x2 +1}arclg x J.(R‘Qq-l}
2 (x241)

2 1
v= =L T -2 arctgx“}—jx- 1 dx =
2 xt+1

Y
i
2 3 2
A LS P B S I 2T 1 (0.5d)
20 8 2 6 4 2
Cau IV (2.5 4d)
21
afm= 227 e (0.5d)
dx 1+e'
" _ 1
frxy = SEXD  Z2e (0.5d)
dx l+e'

J2smx—sm2x dx =1, + 1, 1hoi ty

| x* ln(l+3J;)

" (I .
by T = J‘mex sin 2x dx
ox ln(1+3\/;}

o cal,val,hoitu (0.5d)
2
2sin X —sin x 2% 1
Khix > 0tacof(x) = - ~ = 2 = e,
(43 xP3Wx 3 Wx
I—dx hoi tu = 1, hoi ty (0.5d)
30TL
Khix> 1= (fx)] < =, dx hoit => I, hoitu
X 1X
= Ihoit (0.5d)
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DE 1 (GIAITICHI - K53)
{thoi gian: 90 phat)
Cau1(2.5d)

a) Tim gidi .han lim {sin x)'gz“
A=l

b) Tim gi4 tri 1én nhét va nhd nhat cia ham s6 f(x) = n ~ Ixt - 6arccotgx2.
voi-lsxs 3.

Ciu Il (2,5 d)

a) Tim cye tri cllia ham s Z = 3xy - x -y

b) Phuong trinh x + 2y + z = ye'* xdc dinh ham 4n Z = Z(x.y). Tinh dZ(0:1}.

Caulll (2.5 d)

<+

Jln(l ~20)dt

a) Tim gi6i han lim ——
= xsin” X

b) Xé1 su hoi tu cua tich phan suy rong '{4" xzx
" -

Cin IV (25d

2/3
a) Tinh '[IL

(XD Gx+1)?
b) Chitng minh rang vdi moi x > O tacd

3arctgx + arctg(x + 2) < darcig(x + ).
DAP AN
Caul(2,5d) .
i el (sinx) lim In{xin x}
2 im g~ xInfsinx B .

a) lim (sinx)®* = ¢*=? = e’k gy b (0,5d)

x—nfl

523



(W) -8

hmo- e
_ at 2 smx-2ontpxa =1 0T 3 = C-U:
3
- x" -1
by fiixy=~0x-6- 2xd =-0x-— =0 o x=0,x=1%]
1+x X" +1

f(O):'—ZTC. f(il)=—3... 12(._ f(%)=_3ﬁ

So sanh cac k&t qua trén = Max fix) = -3 -

oA

Cau I (2.5 d)
a2 =3y -3 2, =3x-3y =

Z, =0 =x? X, =0, vy, =0
ﬁ{ :‘ N ¥ - { 1 ¥)
Z),=O x=x4 }(2=l‘ yzzl
", = —6x. 27 =3, 2", = -6y.
Tai (0:0) = B> - AC >0 = (0:0) khong la diém cyc tri.
Taa(l:l)=>=A=C=-6B=3=
{BZ—AC<0
jun. |

= (1:1) la diém cyc dai. Z,,,, = 1.
A <O

)Pt Fxyz)=x+2y+z-ye' =0=Z(0:1} = -1
F,=1-yze", F,=2-¢"F, =1-xye”
= Z'(0:1) = =2, 2°(0:1) = -1 = dZ(0:1) = -2dx - dy

Can NI (25 d)

) XZ

Imu ~20dt Iln(l —21)dt

x=l] X Siﬂ" % {(VCB-) x—0 X 1]

_2xIn(1-2x%)
x—sil 4:(-

=) 2x-(=2x%)

= lim—7pF— =
x =il 4x-

-1

524

: Min f(x) = -2n.

{0.5d)

(0.5d)

(0.5d)

(0,5d)

(0.5d)

(0.5d)

(0.5d0)

(0.5¢)
(0,5d)

(0,50

(0.5d)



| -
b)1=j+ J=IL+I;,_.Ih{}ilg@tél,uhl;h@iru.
0 |

Jx Vx 11

Khi x - 01ac¢dfix) = ~ R
2°2* —13 xIn2  In2 gl

< dx . .
Vi j hoi ty = [, hai tu
Mg :

]

+o0
Yxzltacof(x) < —Lva J%dx héity =
* 2
[

= I, hoi (& 1, héi ) = Thoi
CaulV(25d)
a)D{ltl=3X:>i= 3'{2—(1('—"-5-
ree(t+1)

l ] l

Tacd =
r+1) t o+l

1 1 1 1t
2= oo = S - 2("—)
e (t+1) I (t+1) t t+t

1+1

{0.5d)

(0.5d)

(0.5d)

(0.5d)

{0.5d)

2
—1=3 —l~-1—+21n(ﬂJ = 3[3+2zn-3-J =24 6ln> (0.5d)
' A 4 4

1

b) Cach 1:
Bdi o f(x)=VT ~-VP <O ¥x>0.
4x* +25x% +34x +4

'(xy=..= >0,Vx>0
{l+x)2[1+(x+2)2}[1+(x+1}2]

= f(x) ddng bién (0, +w). Vi lim f(x) = 3% + T_ 4—; =0

KT 2

= f{x) < 0. ¥x > 0. (dpcm)

(0.5d4)

(0,5d)
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Céch 2:
3
B.d.t <= Earctgx+-l4-arctg{x+2) < arctg(x +1) (*). Ham sg f(1) = arcigt

cOf'i>0 M{y<0 ¥x > 0. Ap dung b.d.t ham 18i trén doan [x: x+2] =

VT(*) < arcrg[%x X +2] = arctg[x +%J < VP {dpcm. (0.5d)
Ciach 3:
Bdit o arclg(x +2)—arcig(x +1) < 3 (¥*). Hai ham f(t) = aretg(t + 1) va

arctg(x + 1) —arctgx
g(x) = arctgt thoa mén dinh 1y Cauchy trén [x; x+1].
f'ic) 1+c?

= Jdc € (x: X+1}sao cho VT(*) = —= =
8e)  1+(i+0)?

< 3 (dpem) (0,54)

{hoac ap dung Lagrange).

DE 2 (GIA] TICH I - K53)
(thoi gian: 90 phit)

Canl25d)

V143 Y+ ax -1
2) Tim gidi han lim .
A} ’1 — X - 1
b) Tim gid tri 16n nhat va nhd nhét ca ham s6 {(x) = 2n + 3x? - Garccotgx?,
véi-¥3 <x< 1.
Caull (2,5d)
a) Tim cue trj clia ham s6 Z = x* - y' - 3xy.
b} Phuong trinh xe’ = 2x — y — z x4c dinh hdm &n Z = Z(x.y). Tinh dZ{1;0).
CauIll (2.5 d)

k|
X

jlgtdl

a) Tim gidi han lim S R
=02 +x?)
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1

b) Xét su hoi tu cha tich phan suy rong I

{

CaulV (2 jd)

a} Tinh I

241

x (3x

b} Chtng minh rang v&i moi x > O ta cé

2arecotgx + arccotg(x + 2) > Jarccotg{x + 1).

DAP AN
Caul(25d)
2 1= lim V1+3x Y1 +4x -1 _
*=0 vi-x-1
Vi Wivax-t) . Yia3x -1

= lim + lim

x=0 Vvi-x -1 = fl-x -1
Khix =0, Y1+ax-1 ~ 2 o

n
Yi+3x-x .. x

= J=Ilm—"%lim—=-2-2=-4

Al X =t X

2 2
x4 -1

byf'(xy=06x- 6- 7 = 6x-

f+x x*+1

£(0) = 21, f'(+l)—3+  P-P3)=343

So s4nh cdc k€t qua trén = max f(x) = 2%, min f(x) =3 +

Cau I (2,5 d)
)72, =3x"~3y,2', = -3y’ - 3x =

= 2 =0‘ =0
- Yy=x Q[M Yi
x+x*=0 |X3=-Ly;=1

=0 o x=0, x=1%]

(0.5¢)

(0,54)

(0.5d)

(0,54)

(0,5¢)

{0.5d)
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528

", =6x. 2", =-3. 2", = -6y.
Tai (0: 0y = B? - AC > 0 = (0; 0) khong {a diém cuc tri.

Tai(~-11)=>A=C=-6B=-3=>B - AC<0Ova A<O,

= (~1:1) la diém cye dax, Z,, = 1.
byPt <= Fixyzl=xe¥ - 2x+y+z=>Z2(1:0y= 1
Fo=¢"-2: Fy=xze” + 11 F,=xye’ +1
= Z, (10 =+ Z{1:)=-2= dZ(1:0) = dx - 2dy
Cau [11¢2.5d)

3 1
X X

Jlgldl I{gtdt

{
a)l = lin ° = lm* 9 = Ll 3x? gx
x—l K In(l +x )( b oxth xf’ 4} ] 6){

I,

= 3t
= lim = —
sl 6)&5 2
J“ I o
byl = J :I+I=I]+12:-lh¢imc>
91 l

u I
e cal, val, hoi .

1 3
Khix = 0, f(x} = J; ~ J; :_l_‘ !1.
3I*3*-1)  xIn3 I3 %~

!
vi J’x‘;’; hoi tu = T, hoi t

3}

Vx>l f(x)<— I—— hoi 1 =

43

= I, hottu{val hoit) = Thoitu
Can IV (2,5 d)

A Patt=3x-1>1= xJ'_-*—Z (nhu dé 1)
(t+l}t

(0.5d)

(0.5d)

{0.5d)
(0.5d)

(0.5d)

(0.5d)

(0,3d)

(0.5d)

(0,5d)

(0,5d)



1 ] 1 1 1
fty= ———— = —4 - 2[———) 0,5d
a+D¥2 12 a+)? t t+1 (0.5d)

2
1= 3(—1-L+2lnﬂ] =2+ 6ln> (0,5d)
t ot+1i { \ 4

b) (Tuong tu dé 1)

Céch 1:

Bdie=f(x)=VT-VP>0,¥x >0

3 p}
£x) = — 2x7 +135x% +26x+7’<0‘,\_.’,x>0 0.5d)
C ) Yo )

= f(x) nghich bién {0, +w). Vi lim f(x) =0+0-0=0

X=b+m

= f(x) > 0, ¥x > 0. (dpem) (0,5d)
Céch 2: (tuong tu dé 1)
£(x) < 0. Ap dung b.d.t ham 16i =

VT 2 arccot g(x +§] > arccot g(x + 1) (dpem). (0,5d)

Cich 3:

Ap dung dinh 1§ Cauchy hoac Lagrange (nhu dé 1)

Bdio arccot g{x +2)-arccot g{x + 1)

< 2 (*).
arc cot g(X + 1) —arc cot gx

2
VT(*) = l+—c2 <2 [ce(x x+1)], (dpcm) (0,5d)
l+{1+c}

DE 3 (GIAI TICH I - K53)
(thdi gian: 90 phit)

Caunl@2s5d)
I 3,
a) Tim gi6i han lim YS0X —VIIX

n—=mf2 coslx
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b) Tim cuc tri clia haim s6 y = (x3v‘4 +x)2 .
Caull (25d)

a) Dang vi phan toin phén clia ham s6 d€ tinh gdn ding gid tri biu thac
1n(0,02 +3f1,03 )

b) Phuong trinh y[z—-sz ~z]= -2 x4c dinh ham 4n Z = Z(x,y). Chting
- & 1 r 2
minh ring —2Z +y*Z| = 2.
X

Caulll (2,5d)

a) Tinh Imcaﬁgdehldx.

b) Tinh dién tich mit trén xoay tao bdi duding trdn (x + 3)° + yi = |
quay quanh tryc Oy.

CanIvV(254d)

sin x(sin X + cos x)

ni2
a) Tinh j

- dx.
o1 +|sin 2x]
2 4_ 2
L ) X7 +ax sin- X khix#o o ‘
b) Tim adé ham s f(x) = §  x2 (1 +x?) kha vitaix = 0.
0 khix=0

DAP AN
Caul(25d)
a)y Cach 1:
COSX 1 cosx

. sinx—Asinx (o)L . 2ysinx 3 ¥sin’x.
I= lm ———— | X|Z 1im - (0,5d)
xonf2 cosix 0 x+2/2 2 cosX(—sinx)
2 1 1
. 31 P _
[= lim 2Ysinx l3dsmx 7223 _-1 (0.5d)
xoafl -2sinx -2 12
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Céch 2:

32 2 . _
Part = Ssinx = I= ]imt {2 = lim Y = _1
-t ! =l (el + 12

Céch 3: (Nhan lién hgp — dai) (hoac dp dung L' Hospital)

2 H4+x)+x
b)y‘=2:i('\‘}(4+xj2 +x. =2x- =0 <
Wa+x 334 +x

e x=0, x=-3& By'(-4) {0,5¢)
X -4 -3 0
Yy | = I + 0 - 0 + (0.5d3
y ~ ~~ -~

= Yo = YA =y @ =00 Yo, =y(-3) =9 {0.5d)
(Chu ¢: khéng xét t&i x = -4 cho tdi da 0,5d).

Cau IT (2,5¢)

a) f{x,y) = ln(x + {/;) Livx, =0 y,= 1 > Ax=0.02: Ay = 0,03,

A = f{x,+Ax: y+AY) f(Xo.¥0) = In{0+1) =0 (0.5¢)

L
3

1
f‘x = —, f"- = = f‘x(x n-)’n) = 1- f‘ (Km)'n) == (0.5d]
X +J§ ’ 3(x+{/§) t ’ 3

A= f(xl.+Ax. y(r"AY) = f {K:I-y::] + f‘x(xth)fn)- Ax + f‘y(xu‘y“)-é‘y =

—0+1 -o,oz+%-o,03=o,03 (0.5d)
-2xy l
by FF,= ——=— F' =2- x*-z, F, y[l+—~——-—] (0.5d)
wWxl-z 20x’ -z
2
— —y(z—\/xz-—z)
L, 2Wxi-z | 2, o =2A-2)
RAPC i e A 1 B i
%
1+ I L#-
2Jx? -z 249x% -z 2Wx? -2
= Z L+ Y2, =2 (dpcm) (0.3d)
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Cau III (2 54y

o

A bitt= Jy2x~1 = x = ! 2+1
d? + 1)

1
= I= Jarc cot gt = 3 Jarccot grd(1? +1) (0.5d)

{(arccotgt)(t + 1} — j([ +1)- . dr] =
17

= %[2xarccotgv'2x-1+\)2x—l }+C (0.5d)

b) Di¢n tich S can tinh bing dng dién tich do 2 nita dudng tron

x=-3% «,fl—y2 cy=-3+ yl1-x? quay quanh Ox.

yx ai— (0.5d)
! 2
S, dugce tao tiry = -3+ v1 —x? :>S,=2nﬂ—3+'dl-x2 [+ -2 2dx
l1-x
-
! 2
S, dugc tao tir y = ~3-y1-x° :>S,_=2n'ﬂ~— - 1+ = 2dx
f-x
-1
(Thay y bing x va x bang y) (0,5d)

=>8=5+8,=2n Iﬁ dx =12 arcsinx['_' = 1272 (dvdt) (0,5d)
1-

S

Cau IV (2,54)
x/2 niz

.2
)l = J‘ sin® xdx . sinX cos X dx =1, + I, (nhu dé 4),
14| sin2x | L+|sin2x |
-n{2 ~nf2
o)1 =T, =0 (0.54)

nf2 | g mi2 .2

f,(x)chin =1, = 2 IM = I_MT (0.54)
) 14| sin2x | J (sinx +cosx)



xf2 nfl

2 o2 2
Sl =2 cos xdx : =1, = Jsm X + COS xdx -
bt (SIN X +COS X) b (Si!‘lx+COSX}2
ni2 | | ri2
- m
= ———de = —2-cot g[x+z} =1 {0.5d)
0 25in2(x+—) oo
4
b)'f(x) kha vi tai x = 0 <> 3 1 hifu han =
2 4 L2 2 4 .2
. - , +ax” —
_ fim X7 +ax” -sin® x _ lim Xx“+ax” —sih” X (0.5d)

0 U In(i+x%) ) x—0 -

4

[a+% x*+0(xh
sin2x=x2—x—+0(x‘} = I= lm -
3 x—}

5

%

[ hitu han < a= —% (0.5d)

DE 4 (GIAI TICH I - K53)
(thoii gian: 90 phirt)

CauI{2,54d)

a) Tim gidi han lim(cosx)*'¥ .
x =]

b) Tim cuc tri cka ham s8 y = (x‘U8+x)2 .

Caull(25d
a) Diing vi phan 1oan phan clia ham s6 dé tinh gdn ding gid tri biéu thirc
b) Phuong trinh x(z-«.fy" —z)= 3 xé4c dinh ham 4n Z = Z(x,y). Ching

l
- z 2rrs Vo
minh rng x°Z\ - —Zy= -3
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Caulll 254
a) Tinh Jarctgv2x + 1 dx .

b) Tinh dién tich mat rdn xoay tao boi dudng 1ron (x + 4y + y* =
quay quanh truc Qy.

Cau IV (2.5 4)

nf2 .
a) Tinh I Cosx[cosx—smx)dx'
l+fs‘1n2x|
-1i2
2 4 2
X +ax” ~In(l+x7) .
, . k 0
b) Tim a d&€ ham s6 f(x) = x*e? -1y hix =
0 khix=0
kha vitai x = 0.
DAP AN
Caul(2s5d)
lim cotg2x Ineos x } b R X)
ayI = lim{cosx)*"8* = g =™ W (%] L (05
Xl
lim —5inx -
xﬂ”uusx-hgx-—-—l-,,— _
=e VT X = [ 17 (O.Sd)
2 -1 2x
byy =2xY(8-x)? +x? -2 = [38-x)-x] =
3 i8-x  3¥8_x ]
8x{6-x)
= {0,5d)
3Y8-x
X 0 6 8
y' -0+ 0 -1 + (0.5d)
S~ 7N -~
. - y6) =36Yd
= Yoin T Y{U) = Y{S) =0, Yo = Y(6) =36+/4 (G,5¢)

(Chu ¥: khong xét téi x = 8 cha 0,54d).
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Cau [ (2.50)

7, JXi=2=ax=-003
a) f(x,y}: 3 x2 +4C)’ : { L :)A =”(L97)2 +4.e“'“ﬁ —

Yo =0=>Ay= 0,006

= f(xn‘hﬁ_x -Y::"'AY) = f(xusYH) + f' n(xiu YuJ'AX + f‘y( xn. Yn)ﬂ}’ (O-Sd)

2x 4e?
s, 2 ———— =
33Y(x? +4e7)? ’ 33 (x? +4e”)?
= ' (Xaya) = %. Py(o‘m)’u) = ‘;‘ (0.5d)
~Ax 2+ %-(—0,03“ %0.06:2.01 | (0.5d)

b) Pt Fx,y.2) = x(z—\,‘y" —z]— 3=0,

2
F‘,=z—1}y3—z.F’y=L_y.F‘,=x l+———-—i,_= (0.5d)
2,)’_1“2 i

-3
X(Z—“JY-‘—ZJ o k!
1 _ -3 L, 2Ny -z
:DXZ!-—— 1 = I .—22y=——1
L+ I+ —= Y 1+ -
24yt +2 24y’ -2 W0yt -z
R PRI A (0,54)
¥

Cau III (2,5d)

2
) Datt= y2x+l = x= - : L dx=tdt =

2
= I= Jarc[gl au +b_ %J‘arc[gtd(lz +1) (0.54)
[= 5[(arclgt)(l +1)- I{t + - IHI} = 5[{1 +l)arcrgt—r]+C :
= %[2(x+l)a.rclg42x+l—v"2x+l ]+C (0,5d)
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b) Dién tich S cdn tinh bang 6ng dién tich do 2 nita dudng tron

x = -4 1 4/l-y? quay quanh Ox.

2
X = (0.5d)
I~y
g p
Slduqctaotﬂx:ﬂ4+\li—y2 :>S,=2:rtﬂ— l+lfy2dy
. -1
! :
R PR - _ b
S, duge tao tiry =—4 l-y :»Sz_znﬂ 1+ B 2dy
-l
(0.5d)

=>8=8,+5,=2n JS 'dy =16 alrcsir1y|l_l = 1607 (dvdt) (0.5d)

-1 \Jl~y

Cau IV (2,54d)

mie 2 e COS X sinx
SPE EC Ak S LU R
1+|sin2x | $+| sin2x |
2 -n/2
Vifyx) = —2 X e 1,20 (0.5¢)
l+|sm2x|
cos’ x M cos?x
Talaico fix)= —>= X _ chino I,= 2 J‘~— -
1+|51n2x| ; 1+lsm2x|
nil ni2 c S X
=2 J 0% 4o j L N (0.54)
l+51n2x (sin X + cos x)?
sin’ xdx
Ditx = I v= 1I,=2 I—————-——
2 (sinx + cos x )}
% sin? +cos® x "2 1 b3 ks
::»211‘;2‘[39—3—@:2 J——dx=~c0lg[x+—)
(smx+cosx) 4 4

n
¢ 2sin?(X+—
4)
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=2l =1+1=2 = 1=]=1 (0.5d)
by f(x} kha vitai x = 0 < 3 i FO=FO)
x—sll X

x% +ax? -In(i+x?)

= lim . =1 hitu han
5ol x-l(e.-.x __1)
x > 0= x*e”™ - )~ 2x% ' (0,5d)
. [%H\}x"‘ +0(xi)
]n(1+x}2=x2~§-+0(x"‘):>I=I'1m . <
2 Al P
Zihituhan < a= —% (0.5d)
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