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LGOI NOI PAU

San khi b¢ gido wrink GIAI TICH (2 1dp) ciia tdc gid do Nha xudt
bdn Khoa hoc va K¥ thudr dn hanh (1998 - 2000}, nhiéu doc gid dd dé
nghi tac gid viét tiép bo Bai 1dp gidi tich gidi san c6 phdn tom 1t 15
thuyét nhw mot S6 tay todn hoc gidi tich cho sinh vién k¥ thudt va ky
si, diga trén bé gido trinh GIAI TICH.

Dé ddp tng yéu cdu dé nhdm ndng cao chdt hiong dao 1go 1rong
hién 1ai va neong lai, tde gid d& soan bo bai tdp nay. GIAI TICH 1 (11,
HI}, tmg véi cde néi dung hoc ¢ hoe ky (1, II]).

Phdn bai tdp, tdc gid dd chon loc cdc bal tix dé, trung binh dén
khé, dai dién cho cde logi heong tfing véi cdc phdn IV thuyét theo
chwong trinh todn gidl tich hién 1gi. Nhitng bal khd cd ddnh ddu *
nhdm béi diedng thém cho sinh vién (nhdt la cdc sinh vién khd, gidi).
Cudi sdch ¢d phdn phu chuong.: Cdc dé thi Gidi rich hoc ky I cde nam
2004 - 2008 cila Bai hoc Bdch khoa d¢ sinh vién tham kido.

Tdc gid xin chdn thanh cdm on cdc ban déng nghiép, nhét la
PGS. TS. Dwong Quoc Viét dd doc rdt k¥ bdn thdo va che ¥ kién quy
bdu.

Trong ldn xudt bdn thit ndm nay, mdc dn dd c6 gdng sita chita bo
sung song vdn khang trdnh khoi thiéu sét, rdt mong ban doc déng gép
s kién dé nhitng ldn 1di bdn san cuén séch duge hoan thién hon.

Xin chdn thanh cam on.

TAC GIA
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BAI TAP GIAI TICH I

CHUONG 1

AP DUNG PHEP TINH VI PHAN VAO HINH HOC
(HINH HOC VI PHAN)

§1. DPUSNG CONG PHANG

1.1. Phuong trinh

Phucng trinl Descate: F(x, ¥ = Ohay y = f{x),a=x = b (n
Phuong trinh tham so:

1

% = x({I
FEXO ey (2)
¥ =0
Phueong wrinh doc cue: r= {{p), e < p < 3 (%)
I
‘X = x(s)
Phuong trinh tie hame: <
v =v(s)

s tando din cung dudg cong tinh trmdt dicm goc ndo dé cua cung.

1.2, Tiép tuyén vé phap tuyén

I . -1
VA (i y - vy = MO - X)), v - vy = — = (X - X))
[ex:)

9



10

V@i 12y L=

Vi (x,, ¥ e dudmg x,, = X'(t,), y;__, =y'(t,)

Cosin chi hudng cda tidp tuyén:

I , v,
Vair(ly coso = ——-— | sinot = — =2
1 r"
VI+ye 1+¥']
. . X . v
V& (2) cosn = r_17_ , sina = - !
L2 2 12
VX[ Y X +Y¥

1.3. Vi phan cung

Vi (1) ds = (JI-v'7 dx

(2):ds = yxy \[‘ dt

{2y ds = \l"r: 1 do

1.4. 86 cong

‘ ol Ae]
Far M c k= lim bl lim Ac

M= - W) As

vaulykz__uhLTT
(11 }._'- )il

, vt X"y
Vil (2 k= —7 =
(X7 4y

Vi {3y k=

45

Hinh 1.

Aex



1.5. Budng trdn mat tiép - Ban kinh vd tam cong

Pudng tron mat Licp
v dudng cong (C) tai M
la dubmg wrom:

- Widp xte v31 (Cy 1l
Y|

- BE 1am trimg vdi bé
lom cua ()

- )0 cong 14l M hang
do cong clha (CY tai M C
{(hinh 2)

- Tam (x4, vy) va bdn

A
kinh R cua dudmg wom
mat tiép 1 tam cong v Hinh 2

bin kinh cong cia ()
(B:dan kinh va 1am ¢hinh khde).

o U
Pra'? 30 !
Vi (13 R= SFY 17 :

(X74y'
M T Xy "X m—F——"7
» Xy Ty SIx"y
Vi (2 R = ﬁ 3 N .
X' y=x"y] s
o T T
: XXy

Vi k< LT

i St —rl""

Phuong trinh dudng ron mat GEp: (X - x,)7 + (v - v.)7 = R°,



1.6. Tac bé vé Than khai

Quy  tich (1) cic
1am  cong  coa dudng
cong () 1d wic b caa
() vit (C) 14 thin khai
cua b (kinh 3).

- Tigp tuyen vai (L)
1a phip tuvén vai (C) (Lai
ciae didm tuong dng).

- Neuw R bién thién

don dicu thi R - 5 = k =
const.

-, ..
a o= [ dd din cung
trén ..
Phucne  (rind am .
o ueng 1 tha Hinh 3.
50 cua b

ATUNERE
| _ oy
x = - - IIJ
: T {Tham sa x)

I +v'
Y=v+r——
¥
[ (.x'24\_": N
IX = - n- )‘
o l X‘_\' 'K" ' - .
Van (M ! R . {Tham s6 )
. (x4 '

Y :}.-+_.I. ”' — -
. x } - X -\.'I

[dce be cha dudng tron tam O bin kinh a-

X o= ailsint + cost)

1

v o= alsint - cost).



1.7. Hinh bao

a) Picm bt therdmy

My (%, vyd € dudmy 2 Fix, vy = 0 poi 13 didm bat (hudng cua

ncu: 3 F7 F7y Lien tue rai M, va:
[Fx v =0
ok, yoy=0
Fox, .va=0
néu F/ X, yo)+ F;z (Xos Yo) 20 1hi M, (X, ¥,) 1a diém binh thudng clia €.

B Hivd bae tf oy cna fo dicdng cong 19)

Béx, v. €)= (L1h dudmg
HEp xic véi moi dudmg cua
he €9, v tai mdi didm cia L
chi ¢ mgt dudng cua ho ()
tip xde vai nd (hinh 4.

Neu ho 9 <6 hinh bao
{[.} thi (x, ¥v) € L. thoa min )
heé:

[Fix, v, ) 0

| (o)

l_l"'\_ (X, v.Cp=0

BAL TAP

Hinh 4,
1. Tim vi phan cung ds

vi cde cosin ehi hudng cia GEp tuvén i M bit kY & dudng (Cy cho bdéi

cac phuong trinh:

1y v™ = 2px
NER

2y —+—=1
W b

ey ma ]



X =at —sint
4 \[ {t—s ),
MEafl—cos)

1
P8
[
]

l

Syr= —
g
2

o8 Tim sinV hoac cosV,

) V: gde gifa bdn kinh vecteur v tiép tuyén
0y = acos2p

Bai gidi

D 2vy' =2p = y' = r
y
P 1 5%
ds = _v|1+ — X = —/p  +v” dx
¥ ¥
| Ay
Coso = = = —=—
I+ VP Y
sine = — P
p2 4y

2) Bua vE tham sé: x = acost, y = bhsinl.

\/x‘lz +}"13 dt = Jamsin? t+b° cost 1 .dt

lxay ds =ayl-c-cos t.dt, o=

H

ds

dx ~asint - st
CO8L = — = -

] - k) - - - -~
ds ;l\/l-—c‘cns'l \.[I—c‘n.‘us“l

1

. Coslt
SN = ———

Vi-crcos o



3) Pao ham 2 v& theo x: x* +y™ P =a’ 7 1a 06

Vi

4y Ta o

L
A asin
I3
r= s L = s
. Iy
CO8” ¢ cos” P
2 2
o o
[ A L 2 ip
5 a”sin”
[ o do
ds = &fr~ +1"" dyp = ,
4 ¢
leos® P cos® T Cos’
2 2

1 [ :
2 - 2L, . Y
=%+ vy =0, dodor v = =
3 3 X

Y

— alr
dx W% . X ¥
cosit = — = 3— 1 sina= — = —= = V'—
ds Va s a a

X

' =all - cost}, v' = asint

iy = V'r:r(l—cost}‘ +a”sin” Ladl =20 sin— .dt

dx z_l(_l_: COs1) o1 1

CORL = — = = 51N —3 i = cos—
2

s .
2asu -




R
. cos® P e j
s r {
[ bt gy =~ — = 2 -
r 5 ok .
w cos” ¥ asin 7 sin ¥
2 2 2
) ) p . . P
1o dae sV = coy—; cosV == s —.
2 2
6) Ty = a”cos2g, dao hivm 2 v thieo o cd:
. .. , —a” sin 24
2 = - 2atsin2y, = —— d
"
JI P - z
I a’sm” 2 a”
ds = \ilzn‘ cos 2o _{_71{) dp = — deg
r- r

Tuomg w5y sinV = coslg.

2. Tim do cong k vi bdn Kinh cong R tai mot didm tu¥ ¢ coa cée
duong cong:

Iy = x": 2])’2-:11i

X [x s acost
3y = alnfcos—1; +) 2
a l\ =asin’ ¢
|

['x =acht ) =ait —sint)

-
|

5) s ;
| v = bsht

v =afl —cost)
Tyr=all + cosg); 8) 17 = atcos2gp.

Bai pidi

Py Theo (1.4 k = -

16



gday: oy =y

I X
"=06x,k = —

\,"I(] +9x )y’

-
Il
s
s
8
-

X, X
Dv=ach—. v =sh—,v"= —¢h -
a a a
| X X
ch ch
L—L—___?l...fl B O I
R Xy i 1 X - X
(I sh- "y che acli-
it a 1
. - s <
Iy =alnicos =) v' = Lo=qa’
a L
[
a
, -1 | x!
V= e k= = —leos
o IR H o
ACOR
a
4y x = acos™t, X' = - JacosTsing, X = Oacostsin’t - 3acos’

v = asin't, v = Rasintleost, v7 = Gasinteos’t - 3asin 't

X774 ¢ = gatcostsin't + 9atsintteos’t = YatcosTtsin',

Tueng Ny KTV = s gaTsin L eostL
. | Ya® s teos 1 2
Do das k= — = : S = . |
IR (907 s Leoss 1y 3a SII121|

Syx =acht, &' = asht, x7 = achn

¥ = hshit, v = beht, v = bsht,



‘Ialhslljl —zibch:ti
o dd: k= — = - S = e
R (u‘sh:Hrh:ch:l)' ) (al‘s;ll"l*h"ch'l]"_

ab

0) X = ull - sinly, X" = a(l - cost), x" = asinmt

vo=all - cost), v o= asint, v o= acost.

X4+ ¥ = at(l - cosl) + atsintl = datsine

. e e NER
luong lu: X V=X Y| = 2a7winT —
2
207 sin’ L
a” sin
. 1 ) 1
Dodé: k= — = = = -
R/ Ly oo
Jat sin- | Jasin -
L 2, |
Ty v =a{l + cosg)
Theo (1.4, ta tinh " = - asing, 1™ = - acosg.

20T -t = at(l 4 cosg)T + 2atNinTg 4+ a(l + cosglacose

3a’(l + cosp) = (m:co_ng

.

(7 + Y = [an ] 4 cospd 4 atsintpltT = (4213-:0.‘;:%}""':

B 1A
= BaLos —

| 2
s A
- P L
| |2 +2]_.__n_.-i Ga”| con™ | .
Vivi k= —— = . = > ._.) = i -
" R R S ; L Ly
(.' 11 ) %a 'leos daicos T
: i




Y 17 = acos2p
Pao ham 2 vE theo g, ta cdr

2rr = - 2asin2g hav it = - asin2e
Lai dao him theo «p:

4+t = - 2ateos?g = - 210

Yo do:

Vi i]': T i1 P2V 4210 —H"‘ = {7 + ")
Vi k:L: 1[|-__|_._) ~ 3

Theo 6Y bin 1 v'lr' 17 = 4. nén:
"
| ar
k= — = )
I Hi

3.0 Tim bin kinh cong bé nhit (R ) coa dudmg: v =

rJ

P

2) Tim d¢ cong Idn nhat con duomg: v = ach— (a > 0y,

dl
3y Lap phuong wrinh dudng ron man G8p vél dutmy:
Ay v o= xT-0x+ L0 tai (301,
by sv =1 ta (1, 1)
Rai pidi

[y Lir v = 2px, dao hdm 2 «¢ theo x:




o dao:

Tacong thite nay suy ra: R, = p khi v =0,

23 Theo 2) bai 2 R = ztt_‘h:i
a

X X 2y .
= R = 2uch- .sh -, =sh=- =0 khi x = 1),

Hl aoa H
. 2 2x
R"= —ch—
H u

2
= R =—==0nén R,
]

=Ry = a.

. | .
vae K, = - i x =10,

HIRE:
o

Ny y =X -0+ 10,y =2x -0, vi(3) =0

V=2, R = lvo’) "

7 il
< £

Theo (1.5), cde toa do tam cua tim cong ¢ day 14

3 {15000
=R
1+ 2

v, = -
2 2

Vi phuong trimb coa dudme tram mat ncp phai Gm b



bixv=1tmcév= —_ v = v'=

—
Dodd: R=->——- =42
2 r
1+1
Xe=1-—(- =2
2
I+1
Yyo= 14— =12
2

Vi phirang winh dudmg tron mac Gép phai tim 1

(X -2V +(y-2y=2

4. Lap rhivong trinh tie be cua ede dirdme:

Iy =7
2)¥——'\;:I
a- [\

[x = R{cost +tsin ()

3 .
1\' = R{sint —1cost)

[x Ra -sinn
1'\':I{(I—cosl)

- |\ = aeos 1
S5y .

- |\ =asin’ 1

Grr=atl + cosp)

— -
i+ V‘;l‘ \ [ N . . .
Iy =aln-——m— \,‘EI_ -\ (dlrdng Factriced
v

2]



Bai gidi
; 3
Dy=x",vizc —x-,v = —x
3 \ 3 A

Ap dyng cac phuong tinh & ¢(1.6), ta ¢éd phuong tinh e b cua
dudmye da cho. durdi dang tham s6 x:

Cle ¥ NEw dua phuong trinh v = 257 o8 dang tham 36 x = v =
thi:

. -
X=-(9 +2).—
2
. 1
Y =43+ 1)
3
. N . Xj AT = .
2) Bua phuong trinh el hvperbole: — - = = | v¢ dang (thawm sa:
a b

|'x = achl
l\ v = bsht
Ta ¢o: K= asht, 17 = acht

1

vi=heht, v7 = hshi.

X H T =ashit+ hieht



X' - 17y = asht.bshit - acht behi

= - ab(cht - sh'1) = - ab.

Theo (1.6), ta co phuong trinh tde bE cia hyperbole di cho dudi

dang tham s

4 A n - .
atsh t+b cht a +h
X=aeht- —— beht = —ch't
—ab a
a“sht+b¢h™t a- +h° 3
Yo=ashl + - ——— — Cashi= —— b 't
—aub h

KNIt ta e (aXHy>? - (hyy2 = e = \";1‘1' bhe .

v x = (Reost + 1), X' = Re{- sinl + sint + tcost) = Rtcost.
x" = Reost - Risint.,
v = REsint - eost), ¥' = Ricost - cost + isinl) = Risint.

v' = Rsint + Ricost

| R
gJX = R{cost +15int) - —— Rtsin |
o do: : R 1_
; \ R-1-
(Y = Resint —1es0+ - _—— Rteost
1_ R
(X = Reost . . . .
liav: . vi: X"+ Y= Re.
Y = Rsmt

Viy tie b caa dudmg di cho [a dudng rom 1am O, bin kinh R

_Theo

dimh pghia thi dugmg di cho T dudmg than khai cia dudng trdm niy

41 X = Rt - stnt), &7 = RO - costy, x" = Rsint



vo=Rel - cost, v = Rsinl, v = Reost.

AT = RO - costl 4+ Restu't = 2R - cast) = 4R

LIRRT!

VU k" = Rel - costy.Reost - Rsint.Rsinl

= R-vost - Ricos™t + sin) = - 2R3’

“

Fheo (1.6) phieong trinh 1ic be cha dutmg Cyclotde di cho la:

4R3q“31
X =R -sint) - — —,—'—1 Rsint = Rit +simh
= 2R- sin”

A

4R sin !
2
t

—2R" sin®

Y = R{Il - cost) + LT costy=-Rol cosp)
2

Batt =1t -7 thi:

X=-7R + R(7 - sInt}

Y =-2R + R(I - costy

Viay tic b cua dudmg Cyelotde ciing 13 mot dudng Cyeloids. Sy tr

Cyelotde bang phép tinh Uénr cic true toa do: X = X' - 7R, ¥ = Y' - 2a
(hinh =y

J v
y
.,
.,
-n1a| 0 ll X
; i
A5 =

Hinh 5.



S) X = avos'l, x = - dacosTiint = - 3aising - sin'y
X" = - 3afcost - Asinteosh
v = asin'l, ¥ = Rasintleost = 2a(cost - cos')
v = 3al- sint + 3cosTsint)

AT v = GatcostsinTt + YatsintlcosTt = 9aTcosTtsin’t
XV - XUy = - 3acosTsinl3al- st + 3eos sing)
- (-3adcost - 3sintlcost). 3asinTteosl
= Ya'sinTteos ™ - 27a7cost1sintl + YatsinTeosTl -
- 27atsintteosTt

= - YasinTieosl
Do dé ta cd phurong trinh tide be cua dudng astrotde di cho:

| . G coxt Lsin®

. b
X ooacos - - - - SRasm T teost
| S947 st toost

T * .2
. Lo Ya“eosT s L
Y =sasin t+

. .(—Rnco.\‘z t.sin ).

LA .
—YaT st leost 1

[X caves’ T+ 3asinT teost
hay , .,
lY =asin’ L4 3acos” sinl

RS rime:

. 3 % Y
N+ Y =a(cost + 51t} = 2424005 {1L- —)
’ : - B i .a H
X - ¥ =afcost - sinly = 24/ 2asm (1L — -_L)

. . I . . . : . L
Do do, acu Tam mat phép quay e truce 1oy do mot goc -
1




tht trong h¢ méi X,0Y,
phucng trinh coa (de b Ly

X

2acos't

Y Zasin't

vyl T =1 - z {liinh 0.
1

Vay tic he cha dime

astrofde cing Ta mot dudnge
astrofde.

Oy r = all + cosp). la

bIEt X = reosg, v = rsing.

Hinh B.

Do dé phuong trinh tham
8O (vai tham s8¢y cua dudng
cardiorde di che li:
X =all + cosplcosp = a(cosp + cosTp)
¥ =all + cosplsing = a(sing + SHIPCOKp)

Tinh toan, ta co:

X= - alsiugp + 2eosp),

-
1

= afeosg + cosTp),

J—

X7 YT = 20700 + cosip)

Y- X"Y = Ra7( + cos2g)

v phuong trinh tie be cna dudms Cardioide di cho la;

X= ﬂ(I — COK( )com L
3" o

. il .

Y = - {l cosplsing

1

[J



Do d6, ta Tam phép tinh
tien he rue toa do:

X=X+ 5 YI va
Y =Y,

thi phuang trinh cila wic bé nay
treny he toa do doc cue mdi

o v
OX, lar, = -i-(l—costp) do

cling 13 mot dutme Cardioide
kich thude thu lai bang 1/3
kich thude cua Cardioide di
cho v guay hudng nguge lai
theo hudng cua OX (hinh 7).

Hinh 7.

Aty -vT o o
Tyx = :11n—v7'—\/1|' -y
N

Ta dua phuong trinh niy vE dang tham o0 dat vy = asing, O <p < n
thi:

( s
|x zzlin‘ Lg - ‘+au:nsq)
: L2

[y =asing

Tinh tein i cd:

AR , ' I N 2
= — Ly acosp, XU+ = ateote g
sinep
W —heosp . )
X" = 0 avoesg, v = - asing
i

XvT - xTy = ateolgTp

27



Do dé, phuong triinh tham 86 coa Wie b coa dutmg tractrice di cho

li
; N 2 cote’ ’ .
oo ascoletaq i
X = &llll‘ lg—P | Sacosp - ——F P.aump —aln ig-g |
L2 a“colg’p L2y
i 2 { i
. Hi colg‘j‘(pll H) cosz i i
VEASp At — o T | T
a’colgfpi snp <
Khu o, ta ¢o:
B " x
! i X {
I]l T.}_.IP =—, lg—p = "
L2204 2
Y
Y -
it a al+e?
LY== = . = ; -
SIn 2
P 2lg P a
o ¢ a/z
i
I—1g- P
T2
—_— —_—————
( y L | X
a :
iy y=—ler b0
2y Hinh 8.
b
DS 1a phuong tinl cha dudme day xich (hinh £).
S Tm e didm bat thudmg cia cie dudmg:
ray - 1)y =(x- 1Y
23y =k o+ x?
yTa-xy =
S R A A SN ¢
Bai giai
Iy Theo oy ¢ 1,73, dicm bat thwemg cua dudime cong duge xde dinh tir
hes



F'o=-2ix- 1y =0

I

Av- 1y =0

Foy)=iv- D -x- 1) =0

Giai he nay, 1 ¢6 dicm bat
thirgmg ciaa dudmg cong Ji cho: x =
f,w = | {didm [0dy (hinh 9y,

2y Twomg ur 1);

F,o=2x dx =0

_]l.‘; = v =1}

4

[ECCv- v +x —x? =0

Gidd he ndy e v =0, x = 0 hoge x = £

1ém I T—. 0| kKhong thnoe dutmy cong.

TR

Hinh §,

Bicm (0, 03 thuoe dudng cong, do T dicm bal thudmg ¢o lap cin

dudmyg cong (vi lan cian diém niay Khong ¢6 didm ndo thuoe dudng cong).

I =-2xv=0

HE niy cho nghiem: x ={} v =0,

Vav (0, Oy 1 dicm bt thudme
cna dudng cong (didm Lty (hinh 1O

41 Fix.v) = X -'~_\": - axy 0

YA

Hinh 10.

29



I W - v =10
=3 —Jax =0

TE¢ nay  cho nghicm:
X o= 0,y = 0 v (0, ) 1A
diem bat thudmg cioa dudng
cong (didm Képy (hinh 11,

6. 1mm hinh bao cia
cde ho dudg cong:

Yy =(x-¢c)

2y v =x -0yt
D+ Xy -¢)Y =
= XX - a).

a = const = (0.

4y v = 2px + p°

53 Ho duding thang fap vdi
cie true oo dd cae tam gide ¢d

di¢n tich khong doi bang §.

Bai giai

17 Thee b)Y (173, ndu ho
dudng cong ¢é hinh bao L hi

(x, v) € I thoa man hé:

|'l-'(,\_ VMU=V (X —ey =0

[Ex v 0 =3 -0y =0

Gian e ndy i <6 x = ¢

Vo=,

L}

Theo hinh 12, v = 0 (tryc
Ox) 1a Linh bao chn he dudgng

a0

~
— =

Hirnh 11.

Hinh 12.



cong (gqui tich vic dicm uom
(didmy cong kKhong ¢6 dicm b
thudng: F,=1=0).

2y Tueng tg 1)

. ] 3
]l'(x, Viep=yl = (X )
7

ll (X, v.Cy=-2{x—¢)=1

H¢ chonghiém x = ¢ v = (1,

Theo hinle 13, dudng cong
khong ¢4 hinh bao, v = 0 la qu¥
tich cdc diém bt thuémge (di¢m

lun F=0,F = F’', =0 tai (c.0)).

3 I-'F'x\ vouy=(a t x)v - —x:(x
Foxov, y=-a+xpyv-cp 0O

- ~ s \ :{}
H¢ nay cho nghiém
Ty = ¢
Jx =
y=eo

theo Rinh 14 x = o 4 hinh
bao, con x = 0 Ja qu¥ ftich cic
didm kép el ho Strophoide di
cho.

ay=n0

Hinh 13,

(Strophoide)

4) Khong <6 hinh bao.

3) Theo gid thier, phuong
trink  dudmy lhzing qua  {a. 0y,
(0, by la

X

—1‘"}' =1 vii ab =28 (hinh 15).
4 b

Hinh 14.

Al



ivi Iy do dot xitng. x¢t trong wéc
phan e thi nhaty.
Tacar
25 00X ay Y
b= - wvi—i—==1(h
H i S :

Hrao hiam (1) theo a:

—A i

T =q (2) -
ar 28 X
Khiga e (1) vt (2%
Hinh 15.
25 x2S
V==X, —t+—
i aoaT 28
i
N = -
2
25 a8 S L. -
VI o — ., —=— XV = 14 hinh bao phai tiin.
’ a” 2 il ’ 2

§2. PUCNG TRONG KHONG GIAN R*

2.1. Ham Vecteur

Ham Veeteur doi vo hudng ¢V = V(1) 1h mot sinh xa ur 1ap hop
cde dai Tuong vo hirdng ) vio @p hyp cie vecteur Vi | v L

Thudng xé:

Vo= OM = =X+ Vi) 1 +2(0k (1
ol da ham bin kinh vecteur coa diém M.

Khi ¢ thay dot, M e nen mét dudimg goi i toe d6 caa ham vecteur
vibe by got I phuong tinh vecteur cua ducmy dé.

a2



e x =x(1. ¥y = y(). z = 2(), t e {1} goi la phuone trinh tham s6
cha duimg.

Lrong khong eian: dudmg cling ¢6 thé cho 13 giao tuy&n ¢ha 2 mat

jr']"] (X, v, 723 ={

e 4 £0i 12 phuong trinh khéng giai trong khong gian
Ky, 7 = 0

coa duding;

i = limf ©¥e>0,38>0,0< [1 ~t <8 = |F(t)—ﬁ! <

[y,

tlam ¢ = 1o goi Ta Hén tue ta 1 néu lan 71 = T(1,).

Tow,

Bae ham cua hin vecteur 7 o= rety:

IF = _=
ey = 5D = lim _1__(71+A1) ](-ll,
it RYEEE Al
]-”([) = d;‘l — _d d_ll

dt- duel dt )

1) = a = const, ')y =10
[?l +F:)' =71+ 7.

(u?)‘ =o't +ar,a=al)
(Fn) =7, % +7.7,
(FAT) = a8 + AT,

(T B = (P B T # (. T, )+ (LR Ty

X7 + v ] + 20K = F = x(01 +v'(3] + 71K
r o= ri v |F(l)| =0 =const = vt} L {0

ro= IF(I)E Lo, T, =eonst = T D
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2.2 Tiép tuy&n va phdp tuyén cla dudng - Tam dién Frénet

Cho dugmg © < R*: ity = X i + y(l)] + 7(Dk

NEu t = s dd dai cung cta 4 (Linh tir | di¢m ndo dé) thi:
Fesy= x(s)i + y(s]] + '/.(s]l\:

eoi la phuong trinh ur ham cua £ .

Tam dién Frénet tat M € 4 1ap nén bdi 3 vecteur:

. dr - .
T = —: vecteur tidp tuyen don vi
ds
- TR . . . )
v = |_ | L 1: vecteur phdp tuvén chinh don vi
T(s)

B> T A ¥:vecteur trimg phép tuyén don vi

vii cdc mal phang numng 2
trong 3 vecleur dé (hinh16).

PBuimg  thang  mang
T(v, B) goi 1a LHEp tuvén
{phdp tuyén chinh, tring phdp
tuyCn) coa % tai M.

Mat phang mang (T, V)
(v, By (B.T) eoi ia mat
phang mat 1ip (mat phing
phiap (phdp dicn). mat phang
true dae) cua < tai M.

Hinh 16.

Cho 4
To= x()i +v(1)] + 72Dk

thi:

34



T L TOATO L

T =, = ——,v=pnT
T |1‘ (AT (l)]
2.3. D& cong va dé xedn
: . AT
36 cong: K= lim — (hinh 17).
N ol A
C . jd*F
vail r=ais) thik = (_._]
ds-
T
vini r=rity thi M -
AS
7 (0 A 70| M
k=" e (1)
] .
(2
|
R = n Ii bin kinh cong
cla 7 tad b Hinh 17.
. . AR I
0 xoan: T=hm AR = Jp
As—r{)‘,ﬁg ids.
VOl orsh T = ROE )TN
i iz e U0 _‘;—)- (2),
|F AT
l . , .
= T bhan kinh xoan.
Cav cong e Irénet tai M o 74
i v dv - B dp v
_ = —, — = - + -, — = —

ds R s R o ods r
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BAI TAP
S Xde dinh toe do (dudmg cong) cun cic ham vecteur trong mat
Iyr=at 41 ¢

yr = a0 -~ ht

A dcosl + hsint

4T

H

achl + bshn

véi o, b, =const, it L h.
Bai gidi
) Gid sttt =(a,a), ¢ = ().
Clidu ¥ = at + ¢ wén ba true oo

X =il 4

y=a,l+c¢,

Bay 1a phuong trinh thim so (1) efie mot dudng thang. Vay 16¢ do
cua b vecteur di cho 1A mot dudng thing.

2y F = @0 + bt (1)

Fa =il

Fh = ‘hl (vi & L by, khirt: {hf} _ AT

V@i h = (b.bi,a = (o, a), T =(x,¥) taco:

. h4 .
{(xb, + yb) = —ﬁ(xu\ + _v;l\)

i’ '

Hral: Y =xh +vh,, X =xa, + yva,

thi ta ¢

RIS



. b
Y = AX (A= -

i

).

Viv 10c dd clia ¢ 1) i mot parabole.

— . .
3y F0 7 = acost + bsnt, nhan 2 v& ldo fugt v6i . b vh chi ¢
ab =10, s
Ti = avost
rk = b sinl

De dd ta b phuong trinh phai tim:

o o)
a’ b~

6 1a phuong trinh cua o ellipse.

4} Tuong tu, pheong trinh toc dd cia T = acht + bsht 14 duome

hyperhole,

(T_') _(.T_B]; = |
at b?

6. 1) Tim the rich 1dn nhat ¢a hinh hop dung trén 3 veetewr:

W= ?T-lj+lzﬁ

b= 2t - j+1°k

- T 17 L

Ol S I A IE S SRR ¢ T O S 4

2y Xdce dinh qui dao. vin 10c, gia 1de ela chuyén dong ¢6 plunong
trinhi:

T o= ojcosacosel + jsinacosel + ksinol
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Bai gidi

b Tabict v = @, b ¢

1t

hay V=1[2t -1 | =@+ 1)
R ‘
1

V= 4t + 1) = 0, do dé V 15 himn don dicu tang:

\’;I]l.i\:\/(l):‘l vi 0=t

2) Tacd x = cosa.cosnl
¥ = NIIE.COos6L
7 = sinml
Binh phuong 2 v& rét cong lai ta céH:
XAy =
1ir 2 phucnge trinh dau tacd: y = g0 x.
Viy quy dao cta chuyén dong 12 didmg tron (16m):
Jxl + }-'3' +7°
L\_' = tpoX
Van 16¢;

Vo= 1" = 0 (- ocosonsinet) + (- asinmtsing) + k .ocosol
Gia 16¢:

@= 1" = 0 - eTcosaeosat) + - o singcoset) 4 K. (- a7sine)

V! = Jm“ COS™ L SINT el + @17 ST MESINT (0 4 67 COos” it = |m|




7. Tim cdc vecteur 7, V. [ ¢la cic dudmg:

L) x = tsint, ¥ = tcost, 2 = te' tai 8¢ toa da
2) X = cos't, y = sin't, 2 = cos2t tai mot didm tug .
Bai gidi
13 Ta et x' = sint + teost, x" = 2cost - tsint
¥' = cost - tsint, ¥" = - 2sint - 1cosl
Azt rie, 2= 20 e

X =0, x"M=2,yv{=1L,y" =020 =1, "N =2
Theo (2.23, 1a b

0 +1j + 1k i+ k

i j ok
01 i
i - 20 21 +2j-2%k i+ -k

2y X" = - 3cosTtsing, v = Isinflcost, 2 = - 2sin2t

_ — Fcos” Lsinti + 3sin” (eostj — 2sin 20k "
T = - _

i i R - . A
\,IQC()SJ' tsinT t+ 9sin? tcos™ U+ 4sin” 21

3cost) — 3sin lj + 4k
5

Tuuong ty:



_ deosti — -l-sinl} -3
3

sinti + cosj

-«
1l

&. 1) Vicl phuong trinh cua ticp tuy&n vi phap dién véi cie dudsng:

.

N . . . n
a) x = Reos ™, y = Rsintcost, 2 = Rsint tai 1 = —4

M z=x"4+ vy, x =ytaidl,!,2)

2} a) Vict phuong trinh cha ti€p tuycn, phiap wy&n chinh va trimg
phap tuyén tai 1 diém M tuy ¥ clia didsng:

+ 3 -

—
—

b) Tim M trén dudng tai 36 tifp tuven song song vdi mat phang:

X4+ 3v+27-10=0

Bai gidi
. R IR R+/2
l)'l‘guizz,tac()xz—,y_ -=—J_
+ 2 2 2
x" = - 2Rsinteost, v' = Reos2t, £ = Reost
pid pid Rv2
A(=)Y=-R,¥y(=Yy=0, 'f.'(E] = —-\/—_-
4 + + 2
Do dé 1n ¢d phuong trinh cta 1Ep tuvén v&i dudng cong 1ai 1 = I:
R R RV2 R R Rv2
X — V- £ — X - ¥y - - 7 -
2 _ 2 2 hav _ 2 _ 2
= = opp— 1‘]}. —_—— = -
- R 0 R\E 2 0 — 2
o

v phuong trinh cua phip dign voi dudng cong lai d6 L
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[LHRS W2 -z =0
by Tir 72 = x* + v7, x = ¥, col x = X(1), ¥ = ¥(1), 2z = z(1), vi 1ay dao
him 2 v& cde phuong trinh di cho theo ta cé:
[2%x" + 2vv' = 7
vy
T (1. 1. 2) ta co hés

J'Ex' + 23 =4
x = v
[x = x'
Lo do: " -
ll/.' = '

v plureng b caa Gép tuyén vi phip dién vin dudmg cong i (1,1, 2)
la:

-2 X -1 v o 7 =2
; - = - = - ha'\' = . .. =
X X +X |

fx -1l +(v-Dl+i2-2)4=0
hay x+v+42-10=0
Ch v

C6 the dui phuemg trinh cia dudng cong vé dang tham so:

XN=tov=t, =200,

Ny lach: X =t,v=1, 2 =1
XT=AC T =207 = 1

Theo (2.2), vecteur chi phuong cua:

41



- Tidp tuven: T = ) = (510 1)

- Triang phip tuyén:

i? ik
B=71r AT = ||’ o = (-t 217, - 1Y
I:xﬁ 2t ]
- Phiip tuvén chinh:
T
N=BAT =00 200 o 20 o 2,
ER. 1

Do dé phuong tinh cua 1idp tuy&n, phdp tuvén chinh, tring phdp
tuy&n tai M tuy ¥ coa dudmg di cho 1a:

1 I - 1 1 -
X - v x 2= X - ¥ - 5 4 - 5
4 . = hay + - = -

t [ 1 N l 1

¢ . i
x —_ '\.’ — )’ —
4 3 o 2
2t " -+ A T
1 & 1"
X - v - F—
4 3 2
hay - = el
o+ 2t I -217 -1
i l"" r: i 1'1’ ¢
— v o— P X - y- o, ;-
‘4 = 1' = = ]1;1}' + = — = 2
- 207 —1 I -2 -

by £iéu kign d¢ tiep yén sony song vai mat phang x + 3y + 27 -
Ly =0 1a:

Cl4+034+12=0 !1:1)’l:+ JIT+2=10
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Doddrt=- 1,8 = - 2 vl ta tim duoe 2 dicm: Mo 174, - 1430 1/2),
M. (4, -8/3, 2) tai dO 13Ep tuvdan song song vé mal phange di cho.

9. VICt phuong trinh mat phang mat i€p, phip di¢n vit mat plune
true dac coa cde dudng:

[} X = teosl, y = tsint, 2 = bt (xoin de conique) tai g6 O

Dyx =, v=cl 2= lﬁ tai mot diém bat ky;
XY o =6,x - R = i ML L2,

4) ¥y =X, X7 =/ tai mot dicm tuv .

Bai gidi

Ly Biém (0, 0, 0) dmg vait = 0.

Tacé:  x"=cost - 1sint, v = sinl + weost, 7 = h,

X' = - 2800l - teost, v = - Isint + 2cost, 2" =0,
' =h

X"=0,v" =227 =0,

Do dd 1@ ¢6 veeteur phip cua phip dién, mat phang mat 1icp, mal
phing true dac vi phuong trinh cia ching Tdn luot 1

T =(1L0,b),(x-01+(y-O0+(Z-Mb=0hayx+bz=0
o

B= 0 b]=-2bi-20]+2k
020

(X -M-2+ (v -0+ (-2 =0hay bx -2 =0,

N
N= B AT =220 0 2 =07+ 267 +1)) + 0k
‘ | 0 b

- 000 + (v - L2 + 1) 4+ {7 - 0.0 =0 hav vy = .

+3



2% Tuong i nhy 1:

Fhip <ign:

CR-e Ty +42 2+ 201+ sh2y =0,

Mat phang mat Gép:

X u'y~\/5_'f.+21={1_

Mat phang triee dac:

X+ y- \5 shi.z + 2(1sht - ¢hiy = 0.

N Co x = x(1), y = v, 2 =z(), lay dao hin 2 v¢ cde phirgire trinh
di cho (heo (:

[2XK' + 2y 4 220 = O
IQXX‘ = 2w+ 2 =0
Tai (1.1, 2) 1a ¢ hés
X FV 2,20
X =y +2/=0
XEemot nghicm khde khong caa hg x' =2, v =0, /' = - 1.

Ta ¢ phuong trinh phip dign cta duome 1ai (1, 1, 23

(X-1)24+(y- DO+ 2-2%- D=0 hav 2% -2z =(.
Lat 1y dao hidm he (1) theo 1 1a 6
Jx‘? VT ST T 2 = 0

- A -

lx" e A A R AN

Tai ¢, 1, 2) ta ¢6 he:

XN =S
X =y = S

Lay mot nghicm ¢lahe x" =-1,v" =0, 2" = -2,

4



Ta co:

) k
B=12 0 -1 =0, 5, 0)
-1 0 -2

v phuong trinh mat ti¢p phdi tim

(x- N0+ 5y-D+(z-2)=Chayv-1=0

—
-1

Tacd: N= B AT =0 5 0| =(5 0 -10).

do dé phitang tiinh matl phang trye dac phai tim la:

(X-DESY+H iy - DO+ (2-20-10 =0 hay x + 22 -5 =0.

+y Tueng g nhu 2:

PAES
[v* =x [2vy' = x’ .
= 4.7 = = —
1)(— =7 l2xx =7 2x
' ' ]
}" = — = ——
2y dxy

Pharong trinh cia phiap didn:

1
=

| l
(X-x)— +(Y -y —— (7 -2)1=
2x 4Xy

hay XN - XV + (Y - )+ A=

Tuong tu, ta ¢é phuang trinh cua cie mat phang mit Hicp v 1rge
dac:

O (X - xX)-8vNY -v} - (£ -2)=0

(- 320X - x) - 2012y 4 THY -y + 2vBY + (7 -2 =0

45



16

10, Tim d¢ cong ciia cac dudme:

Iy x

2y X

leost, ¥y = tsint, z = bt 1ai (0, (0, Oy

Incost, ¥y = Insint, 7 = T.\/E i (X, v, 2);

3 xT = 2az, vi = 2bz tai (X, v, 2}

DRy =Ly -2y 4= 0.

Bii gidi

1) Theo (1) (2.3 1a tinh: ET' A 1[ vh

Ta s& co:

T| 2
Lo |T AT
i

Theo 1) bad 9, ta cé:

2)

1l

ait =0,

) e —
AT = J2m + 27 = 241+ b
A |/ { ~ \\j
||'I| = \I + b_ !
\ J
120 dé d¢ cong phai (im Ii:
241+ b° 2
k= -V —=
I
S i
. —sind " 1
Incost, x' = — — =-tot. x" = - .
cos COsT I
. . vost - I
lusing, ¥" = — - = cotat, y" = - ——
sin t sin 1

I\Z,z'zﬁ,x”:(}



|
i j £, .

‘E—.S@_EJ

TAT = -1t cot gt \/5 = [ e e e
| 1 Lsin~t cosT 1 NMOlcost

" - (:

cosT 1 sin~ 1 :

Pae Y2 i =[___l_ja,-:

‘ s~ teos™l

ST teos™ t

Do da: -

V2 (siu:'lcos: t) ' lsill 2l1
k = B h bl “ - =
Sin” teos™ t 1 ¥
Xj = Zar N i
By , dua v dang tham 8, dat x = t thi h¢ wén cé dang:
¥~ = 2br
x=1
b
Y= +./—1
N a
.
7 =—
2a

Tatinh: x’ =1, x" =0

vzt -, v =40
. \'I a1
. 1 " H
L= =74 = —
i a
¢ N : .
o do: If' A 1""| = l : {F| + o (H#)

\I L“ Va I R



il
+
|

™
‘a+b 2w
S+

10
a+b+ 2z .
(7]— {vi theo 1rén 17 = 2a2)

vy

" [P -yt e = | o
1)-': -2 +/,=0

Corx = x(1), ¥ = y(0, z = 2(1) va lay dao ham 2 v¢ cha he (1) theo 1,
o

Tai (1, 1, By taed he:

.
'

K-y 4+ =0
4

S 2V s =0

Liy mét nghi¢in cha he ndy: x' =1,y = 1, 2" = 0.
Fai 1ay dao him 2 v&elia (29, theo tla ¢d:
lxr_ _ ){12 + _/IL-_ +xx|- _ '\r'\.‘,“ +?.K“ -0

12)": + v =X =0

Tai (1,1, 1y ta cd heé:

Lay 1 nghi¢m cua he ni:
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1 -2
e T
3 3
i3 k|
o1 0 !

Do dé: k= '] /3 _"2!3‘ - \HE _ \fa
G

F +
1. 'l"lmlth‘_) xodn ciia cée dudmg sau 14 mot diém luy y:

) x =v'cost, y = ¢'sint, z = ¢

23 X = acht, v = ashi, » = at

3 2ay = x°, 6u's = x°

4) X = acost, y = asint, 7 = bt (dudng dinh 6¢ try tron xoay)
(Linb ca d$ cong).

Bai giai

1y Theo (2,33, ta tinh:

x' = ¢'(cost - sint), ¥y = e'{cost + sint), 2 = ¢!

x" = - 2¢'sint, yU = 2etcost, 2" = ¢

X" =2 20 (sint + cost), v = 2e'(cost - sint), 27 = e
¢l{cost — sin1) ¢'feost + sinty ¢

(r, 7. = —2¢' sint 2¢! cost ¢!

—2e¢sinl + cost) 2¢'fcost — sinld ¢

cosl — sint cosl +sint 1
=¥ |- (cost ~ sinl)  cost — sint

Aeost - sinl cost — dsnt O
(lay hing ddu teir cde hang sauy
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= ¢ - CosTt - sinteost + 3sinteost + 3sintl +
+ 3¢0s7t + sinlcost - 3sintcost - sin'1)

2.1|

H

o]

Tuong tu:

- - -2
t i i k
|f' AT =l (cost — sinty e'(cost + sint) ¢

—2¢" sint 2¢! cost e

"

= (c‘ J(sint - cusl):' + [cost + sint]2 + 4] = oe”

e

2 L3t ]
Vay: [ = '"q =5
e 3

2)  x = acht, y = ash1, 7 = at
x'=asht, y'=acht,z = a
x" = acht, y" =asht, 2" =0
X" =asht, y" =acht, 2" =0
asht acht a
(?', T, ?"') = lacht asht 0] = a’(ch’t - sht) = a°

asht acht 0

-

iF' A F"|' = (\/;14:;]13t +a*ch®t + a4(sh:1 - chzl)dJ = 2a*chi

. a® 1
Dodo: T=- : — =~ —.
Za“ch™t Zach~t

3) 2ay =x%, 6a'z =x* (1)



Ta dua phuong trinh cua dudmg (1) vé tham so

. {3
Hrat: XK=l y= — sz —
24 Ga-
. . A L &
Dodo: x' =1,y =—,2"= ~—
it 2a”
1 1t ] T [
x" =, Yy = —,2 = —
fa a-
XU =0,y =0, 2 s —
a”
t 1’
1 - ~
a4 2a”
-t - e l [ I
(l‘,r,r):(}— —| = —
a a” £l
|
0 0 —
i
1 -
2 t £ 1
|l' AT = P + — + —
4a" a Hi
I I
L= 4 3 =3
3l L 1 1 t -
a ( + — + e + = +a
ot at 4a a
T . L - P | H
[heo tén: t© = 2ay, do dd: T = =

Yo 2v +a (y * “);
a

4} Ta cd: x = acost, v = asint, » = bt

x'=asinl, ¥y = acost, 7 = b

X" = -acosl, ¥ = - asint, 2" = 0
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i

XU=asinl v = - acost, 2" = 0

- I — o
|r' AT = = ya “hrsinT U+ a’ht cos” L +a°- = afa +be
‘=t = =] ol —:ré - S o 2
(I,],I J—dh,l'— A +hb
. - a’b b

Do do: I'= =

{-l:((l: + h‘] - a” -~ b

K = élJ{l?-.{—h: A

Viay, tai mot diém cua dudmg dinh o, do cong v do xean ¢ia né 1a
nhitng dai Tugng khong déi, ngudi ta cing dung tinh chat ndy d¢ dinh
nghia duong dinh ac.

12, Chting minh rang:
i3 N&u do cong ai moi dié¢m cia mal ducmye

¢ bang khiong thi dudng
d6 [ mét dudmg (hane.

2) Néu dg xoan tai moi diém cia mot duong bang khong (hi duisne
d6 1a mét dudmyg cong phang.

v

B R I e T
3) Duong Jy =2 -2t + 57 12 mot dusme cong phang. Tim mat
phang chita n6.
Bai gidi

13

I} Tabi¢t dg cong cita dudmg 13

T o= x(Oi + y()] + 71Dk
|— —||
14 | |

LA
]



k=0 — !F' A 11| = 0 ¢ (th€ xidy ra ba trume hop:

CF=0=x"z0,y=0,2=0

X =¢Ly=cy, 7= dé 1amot dudnge thang

hoace i
M =0=x"=0,y"=0,2"=0
D Xx=atl+id., y=bl+b,r=ct+c:
Vav dudmg cong la mét dudmg thang hoae 7' =20, ™ 2 0= ¢ 4 "
hay x_ = )_. = j— = p(t).
X ¥ ‘
Do dé:

dlnx’ = p(O)dt = Inx" = fnp(t)dl

C= PN Ly = x = j"-[‘(l)dl + O,

Tuang 1y:
[+ Cy 2= [Wod + ¢y

v
H

f— — =
1 l 1

Bay 14 phuwong trinh coa mot dudng thang.

. o e P
2y Ta biCt (2.3) dd xoan T con dudng cong v =rn1a T = |% )
{ds

. Cy e df3 . o .
I'eo gig thict T'= 0, suy ra ap = hay §§ = const ta1 moi dicm cua

ils
dudng cong, mat klide § L v, 1 L T, dodd T, v luon luén nam trong

motmal phing, nghia L dudmge cong 1 dudng cong phang.
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X =1+ 3+ 20
) 1y =2-2t-+5",

s=1-1

X' R4, x" =4,

t

y' =-2+ 10t,y" =10

1l

7=, s = -2
; i k|
34 d =2 4100 ~2t
gorar |4 1o ‘2‘_+T+63+38f<

|f' A ¥ & A ' V1198
Vz‘})-'ﬁ = comst, theo 2).(11“311;:‘ cong I dudng cong phang.
Lay 3 diém trén dudng cong (khong thang hang):
ML, 20D v&i =0, MO, 5, ) vdi L= 1 M (0,9, 0y vFit=-1.

{ . N : . .
Mat phing qua M,, M., M, chinh 14 mat phang chaa dudng cong,
phuong trinh cia mat phang dé Ia:

k=t y=2 z~1
LS 3 -l | =0hay 2x + 3v +2-27=0.
| -1 7 -

§3. TIEP DIEN VA PHAP TUYEN CUA MOT MAT

3.1. Mat cho theo phugng trinh khéng gidi
Trong R, cho mat S, ¢d phuong tinh khong giai:
Fix,v,2)=0 (L)

NEu L b 1ién tye tedn S tht 8 2ot 1a mot mat Lien tue,



Néu 16n 1ai F°,, F',, F’, lién tuc tai (x, y, z) € S v

khi dé (x, v, 2) € S goi 1A mat diém binh thudmg.

2 z '?

Pidm M(x, y, 2) e S F + ', + 15,7 =0, hay fl nhat mot trong

oo roo 1, khong tén 1ai got 1a mot didin bat thudmg cta S,

XELM(x, v, 2) € S 1a mot digm binh thudmg.

Phuong trinh cua 1iep didn va phip tuyén véi S tai M L

(X=X, (Y -Y)E, +(Z-2)F, =0

Vi B A (n

X, Y, 7 la toa dé coa M bit ky thude 1i¢p dién va phip tuyén.
N o= l-‘_;, ., ], ) goi 1a vecteur phdp tal Mdx, y, z) cua S.

buc bigt S ¢6 phuong trinh: z = {(x, y) thi phuong trinh cua tiép
dign v phdp tuyen vai S tai M{x, y,z) € S li:

(X =X)l +(Y =)y —(L—2) =0 ()

3.2. M&t cho theo phuong trint tham s3

Trong R, xét mat S cho theo phuone trinh tham sé:
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XK=xluv),yv=yu, v z=zu v (uv) e (1}
Phirang trinh coa tidp dién v phdp tuycn vdi S tal Mix, v, 2) € S1a:

X-x Y-y 7 -z

XLI Y'l] le = ()
X, v, 7y

A 13 (
. YV, 7 2, X . |x .
trong Jdo: A=y vlop=|" Ml o= Fx
}’\ 1\. .‘(‘\' x\' x\ }‘r\'

N = (A, B, C) 13 vecteur phip cia S.
RAI TAP

13, Vidt phuong trigh cia Gép dién v phip tuyén véi cae mat sau:
1Y 3xyz - 25 = a® tai M(0, a, -u).
2y 2= X7+ y7 lai M(1, -2, 5).

DX+ ¥+ 27 = 2Rz tai M(Reosa, Rsina, R).
N yg z° .. . I . -
4 — + =+ — = I, 1iép dign giao vdi cdc trye tga dd nhitng
i b- S
doan thang (1inh tir g&c) bang nhau.

3y x = acoslcosg, ¥ = beosOsing, 7 = csint tai (@, )
0) X = rcosg, ¥ = rsing, 72 = reotgor lui (g, ).

Rai gidi

NTaed F=3xyz-z"-a'=0

. = 3yz, F (M) = -3a°

I
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I = 3xz, E (M) =0
F, = 3xy - 3z°, 1"; (M) =-3a°

Theo (1) (3.1, ta ¢é phuong trinh cua ticp dién va phdp tuyén véi
mal da cho tai M:

“3at(x - + Oy - ) - M+ ay=0 hay x+z+a=20

. x—-0 ¥ —a 4+ 4 X Yy —a 2+ a
va — = = e hil}-’ — = meees— =
—3a- { — 3 { 0 1

yzr=x>+y M(,-2,%

Ta cé: ?,'_\ = f'\ = 2X, f;(M) =2

rp= 00 =2y, (M) =-4.

Fheo (2), (3.1, 1a ¢d phuang trinh coa uép dién v phdp tuyén véi
mat da cho {paraboloide tron xoav) 1a:

(X-D2+(y+ 2N -(z-5=0

hay 2x -dv-z2-5=10
N x — 1 y o+ 2 £ =5
va = =

2 —4 -1

3 xT+ ¥y + 2= 2Rz M(Reosa, Rsino, R).
adiay: VX, v.O=x"+y +7-2Rz=0

"= 2x,

F (M) = 2Rcosa, 5, (M) = 2Rsina, F, (M) = 0,

o dé ta ¢o phuong trinh cia 15¢p dién vh phap tuvn vt mat di
cho (mat cauy 1a:

(X - Reosa).2 Reosoe + (v - Remua )2 Rsing + (2 - Ry =0
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hay XCose + ysina - R =90

X - Reosa v - Rsinw 7 - R

Vl\l - - =
COSoL SN ot ()
. il Vo 22
HOday: =43 4% -
a b~ C
2x . 2y 27
[\ = T l;\ = -| ’l:.‘& - -
l.l.-; b_ [

Do dé phueng trinh cia 1i€p dicn vdi mat (cllipsoide) tai M(x, ¥, 2)
ciia mal L

X 2y 2
(X'X)—_’+(Y—\) :+('/,—/)—1=(]
a- b~ ¢
X Y 77, 2 2 2
hay ki y1+i?—=l(\1—+)‘+"—;=l)
i h- c” a bh- e

X = L .Y = b__‘ = L__
% v 7
- Ce e . h- C”
[Meo gid 1thict thi: |X’ =|Y| =|/_| hay: — = -— = — =
| | ]
130 da: x| = i V= b; 7_| =&
: t ‘ i

Vi M{x, y, #) € mat nén:

4 B 1
i e
b —— + —— = ],
a’1- b-t- [V

1o do: 1= i\/;: +h o+l



vas

A

¥ = + b + Cz
3 _— f— v = ¢ .
\,d +b* a’ + b +c° v'a: + b o+t
av phuong trinh coa icp dién coa mat 1d:
+X+EY 47 = t4fat + b7 4o
vit phuong tinh cua phip tuydén coa mat L
X -x Y —v AR
1 1 l
+ . + e e .. + -
yit© b e yao + b7+ \.'{; +b" +¢
X -x Y — v AR
hay: = T = e —
t1 =1 |

5) ¥ = acosicosg, v = heostsing, £ = ¢sial

Iheo ¢3.2), xét vecteur phap cua mat Lai (g, 8)

‘ f j k
N = |- asinlcosp - bsinfising  ccost)
‘-— acoslising  beosdcose ¢

!(— Leeos” Oeosg. — ac cos” Osin g, — absin§ cmO}

Do dé phitong trinh coa 1icp dién va phip tuyén tal (@, 0) coa mit
Li:

(x - acospeosibecosTicosp + (v - beossinglaccos Using +

+ {v - esintabsindcosh =0

¥ . rA

hay: —costicos) + 'Fumﬂ singp + —sinl) =
a &



X -~ acosbeosp vy — beosOsing 7 - csinl)

Vi —_— = — =

becos™ feos o ac cos™ Hsinp absinOcost

| xseclseep - a vseeOcoseep — b zeosecd ¢
Wy it R 0 i - o+
be a ah

0) X = rcosp, y = rsing., 72 = reotew.

Tuong tuy 5%

i b k
No= 1 ocosg sing  colgu] = (- reolgacosg, - TCoLgasing. , )

. |
- S  COSP 0

Liv N = {COsP, simp, - 1em).

Ta ¢é phuong trinh cia 118p dién va phip tuyén véi wmal tai (r, o)
cla mat la:

(x - reospleosg + (v - rsingdsing + (7 - reolgad(- 1ga) =0

hay xcosg + ysing - 71ga = 0

. X — reosag ¥ — rsing L= reol g
Vil = = el
COsip S g — lga

T4, 1) Trén mat X7 + v7 - 27 - 2x, tim nhimg didm tai d6 ti¢p dién
song song v3i cdc mat phang tou do.

2) Tim gée gilta cde mat: X7+ y" = R, (x - RY + v* + 22 = R" i

R R3
M(—, —=,
z 2
P . X" v’ 7°
A Thmcde didm énmat = - + = 4 2 = |
a” h- <

1 dé phip tuyn coa nyat hop vai cde truc toa d¢ nhimg goce bang
nlhiau.
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4) Chiang minh rang phdp tuySo tai mér diédm bat k¥ trén mat tron

X0ay 7 = I"(J; > . | (I = (1) ¢l truc quay cua no.
A
) Tim hinh ¢hicu con mat x¥ + y*+ 2 - xy - | = 0 wén cdc mal
phang toa do
Rai gidi
DX, v.2) =X +v -7 -2x=0 (1)
Cic didm tai do GEp dicén song song vai cic mat phang 19a d¢ 1a cdc

diém i dé phdp tuvdn ciia mat thang géc véi cde mat phang 1oa do:

Gday: UV =2x-2,1 =2y, 15 =- 2z

\ 3 b
Vay vecteur phip cua mal i (x, v, 7) cia mat 1

N o= (2% 222,220

N L yOr = 2v = 0, 2z = 0, thay vio (1) ta ¢
XT-2x=0hayx=0,x=2

Vav taeé 2 didm (0, 0, 0) va (2, 0, (1.

N LxOzr=2x-2=0,22=0hayx=1,2=0

Thay vio (1) taco: v' - | = ({ hay y =+ 1.

Vay ta duge 2 dicm (1, £ 1, 0},

N oL xOy 2> 2x -2=0,2y = 0, thay vdlo (D 1acéd: -2 - | =0
phuone trinh nay vo nghi¢m, vav khong ¢d trudmg hap nay.

. L goe aifta 2 1icp

_ _ . R 3
2y Goe gifta hai mat di cho tin M (? . %

dién cua 2 wnat tai dicm dd hay gde eitfa hai phdp (uydn coa hai mat

dicm da.
Oday: v, D =x 4y -RP=0
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P M) = R, F (M) = RY3, 1 (M) =0

. S . - R R
Vay phdp tuvén cia mat tha nhat 14 Nl =(—, ~—£ Ly,

- . = - R Rvy3
Tuong e, phédp tuy&n cia mat thit hai la: Ny = (——, —\/_ 0.

Viay gée gilta 2 mat dd cho duge xde dinh bai:

R * IR’
T [ n
COsp = — .4_ 4 = = = Vi p = —
[R?3R* \/R" 3R: 2 3
-+ ——
Vi + V3 4
30 day: (%, v, 2) = X + X—ﬂ— + /—q -1l=0

at b~ e
C o 2y - 2
DRl G A T

L At ¥ - a lf = 1
L b~ u”

Do d6, vecteur phdp ¢ha mat tai mét didm bat k¥ tren mat I

. X ¥ o7
N=(—. =&, =)
i bs o7
B¢ phdp tuyn niay hop véi cdc true toa ¢ nhitng géc bang nhau
thi:
X v .
- T 5 - T3 =
a” b~ ¢

Do dé x = a’t, ¥y = b, z = 71, thay viwo phuong rinh cia mat ta oé:

att hit: e’
+ + =1

o

Hie b- ¢
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l
hav: 1=t
ya= = b+

Vay cde didm phai tim ¢6 cdc toa do:

k) 2 al
a” h- ¢
XK= be—— y= + j7= &
yuo + b+ a- + b +0¢° 4~ +h o+

1( a2 a2 . N N .
4) Mat 2 = va'x" + v7 | la.mal tron xoay trac quay 14 Oz, vi cho

7 = ¢ = const thi X~ + y* = [[7(¢}]* 1a phuong trinh dudng tron am trén
Oz. Phip tuyén coa mat nay ba:

\Z

X - - S -
= f.- Y {,.—1].0=x" +¥°
\/X‘ + v Jx" + ¥

RS ring dé N ¢at true Oz 1hi 3 vecteur N, OM, k.

(M (x, v, 2) € mat Kk : vecteur don vi 1rén Oz)

Malt khic, didu kién dong phang cta 3 vecteur may i

x ' L '
X b f -1
\/x‘ + ¥ Jx“ + v
D= X ¥ 21 =0
¢ 4] |

R& rdng dinh thae nay bang khong vdi moi M ¢(x, v, 7) cua mit viy
moi phdp tuyén cha mat déu cat true quay.

) Buang Lép xie cta mat voi mat trg chidu cha mat ndy trén mét
mat phing 12 qu¥ tich nhimg diém 1ai d6 GEp dién v mat di gho thang
goc vai mat phang chicu, hay cing thé: phdp tuyén vér mat da cho song
song v&i mat phang chidu.
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G dav, phip tuvén ciie mat di cho 13

N o= (2% - v, 2y - x,22)
Xét: - Mat phang chicu la mat phang xOy ¢ vectew

plip
. . . -
kK =00, 1), theo diéu Ki¢n trén thi kN=0

hay: 221 =0 =7 = (.

Vay hink chiéu cua mat dé ¢ho trén mat phang xOy li:

[X: +¥ —xy-1<0

- Mat phang chicu vOrz ¢é vecteur phip i =1, 0, 0), theo diéu

. - ¥
kicnudn Noi =0 hay (2x - v).l =0 = x = =

= =, thay vdo plhvong trinh
cua mal, ta ¢d phuong trinh hinh ¢hiu coa né én mat phang vOz i

x =0

3\"2 1
1'— +7°—-1=20
J

Tuemg . t1a ¢& phuong trinh hinh ¢hidu ¢lia mat trén mat phang
KOz
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CHUUNG 2

TICH PHAN BOI
§1. TICH PHAN KEP

1.1. Dinh nghia - Tinh chdt

Tich phan kép cia hm bi chan z = () = {(x, ¥) trén mién compact
(DK

1= _f f{Pxls = ” fix,y¥ulxdy = dlil.:]r_.
n

f(x ¥ )&SI
n =1

L
V& mot cdach chia mién D thanh n phin ricng bigt AS, ¢6 dién tich
cung 10 AS,, vé1 bat kv Pix,, v} € AS,,d = maxd, d, I dudne kinh ciia
AS, (dudng kish cOa mét mién 1a khodng cich 1dn nha gita hai diém 1wy
T coa midnd.
Moi ham £(P) ¢6 tich phan trén micn D goi 13 khd tich trén midn dé.
Biéu kien Riemann. Didu kicn cdn viu d0 dé ham bi chan {(P) kha

tich trén mién compact 1 la:

HmS - ) =0

[T |

vkl § = Zm_‘ASl L8 = ZM,AS1
i [



m, = int: f(P), M, = sup f(P)

£AS; PeAs,

- Moi ham lién tue trén mot mién compact déu kha tich trén mién
do.

Tich phan kép ¢ cide tinh chit twong tu nlwre cac tinh chit cta tich
phan don (tich phan xac dinh).

Vé hinh hoc: Tich phin kép 1 = ﬂf(x.y)dxdy vdi f(x, y) = 0 hiéu
&
thi thé tich hinh tru cong gidi han b&i mat # z = f(x, y) mat phing xOy,
v mat try dutmg chuan 14 bicn cta D vh dudng sioh song song vdi Oz
(hinh 18). NCu f < 0thi V = ”|f{x, y)|dxdy
1>

z
Y
o
¥
X
Hinh 18.

Vé ca hoe:

- Néu coi p = 1(x, ¥) = p(x, ¥) > 012 mit dé khai lugng (mat) cua
mién D thi khéi lugng cia mién D 13:

m= _” (%, vidxdy .
D

OO



1.2. Cach tinh

- Xt midn ¢idi han bot cdc dudng:

¥ = yl(x)- V= ,\!_‘-'(x)) )'|(X)

14

¥o{x) asxsh, y X)), y.Ax)ieén e

vt cde dudmg thang x = a, x = b (hinh 19).

vy
Yo (%)

L)

Vilx}

o

o
[y
e

Hinh 19,

(RIS

Néuw ham fix. ¥) kha trén 1) khi x = const, dx) = [f(x, yily ton

RN
b v
tai, thi ton 1al I jf(x, ¥y |dx
:z.\_\llxl g
h(_\':tﬁl 1A} Yaiad
var [= J-'fl‘(x,)-']dxdy = L If(x, vidy [dx = [le [f(x, vidy
12 i ;'\ LR .;1 )-].| ni

- Neu 1D gidi han bé cide duomgs

(¥ = x 2 x4y) 05y = d chinh 200, X,{y), x5(y) lién tue

il AT
thi: = _|| f(x,vidxdy = [d_v | £(x, vidx
I [ Mpad
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o thé thay déi thi tu 1ay uch phan theo x va theo y.

¥
d —
X1y} X (¥
¢
0 X
Hinh 20.

1.3. Quy tac déi bién tdng qudt

Xét 7 = (x. v lién e trong mién compact 13, d¢ tinh:
I= JJ [(x,y)dxdy
&)
Tadat: x = x(u, v), v = y{u, v} {h
Néu:

1y Cdc hdm (1) ¢ cde dao ham riéng lén (e trong mién
compact 1Y coa mat phiang O'uv

2y Ciac ham (1) xde dinh mdt song anh tr 1Y vae 1.

lex A

x, v P 3!

21 = (7) = f_;‘”I Q = 0 trong I
IXu, v) Yo
R TR TY

thi 1= ” fix,v)dxdy = Hf[x(u, V), ¥(u, \-')] Il| ductv
1) 1

Chu ¥: u = u(x,y), v =v(x,y) thi:

-1

au

X
J_

e

%

|22

-
-

{3



e Bidrs X =reosgp, v = rsing (w =1, v = ) thi 1J| =T

vi 1= H fix.v)dxdy = |J [ireosg, rsingydede (Toa dd doc cue)
o L
X = arcosg, ¥ = brsing thi J = abr
vai [ = ” f(x.vidxdy = ﬁf(nrcnmp. brsingabrdedp (Toa do doe cuc
[ i
suy rong)
1.4. Ap dung

Theé tich vat tru cong:

V= j”f(x, }-")idxrly (1)
o
Dien tich mién 1:

S = “ dxdy

]

(2)

Di¢n tich mat cong 7 {(tran): 2z = f({x, v) ¢d hinh chidu rén mal
phang xOv 1h mién 1%

o | 2 TS
o= H\.'I +f, X, ¥+ f_\ (x, y).dxdy {3)

Treéme hgp mat § ¢ho theo plivong trinh tham sa:

X = X, v), v = viu, v}, 2z = z{u, v, (u, v) & 1D

thi: = ({1 — 1 dudy
[
Vi = x4 st 3
G = )\\ 4 \\- + /\‘ L (1)



- Moment tinh M, M, cia midn I3, miat do kKhoi Tugng pix, ¥) (> ¢,
d6i vai cde trge Ox, Oy:

M, = ”'\_'p(x,y)(lxd}f M, = ”Xp(x,_\*)(lxdy

o ]

Toa dé treng tam G clia midn D

Xg = ;1}"{:2 (5)

M Ta khoi luong ciia mién 1D:

M= | (%, vidxdy
s )

- Moment qudn tinh 1, I, I; coa mién 13 461 vai cde troe Ox, Oy vh
goc O

—
1l

N j‘l-}-'zp(x,y)dxdy,

L

I, U x> XLy idxdy

]

I, = H(x? + yz X, ¥idxdy

11

BPac bict: mién D 14 déng chat: p= 1.

BAI TAP
15, Vigt cong e tinh tich phian kép 1= '”‘f(x,y)dxdy.
]
Y D T4 tam gide ed cde dind OQ0, 03, ACL, 09, B(L, 1.
23 1 Ta hinh thang ¢6 ciie dinh Q(0, 0), A(2.0), B, 1), OO, 1),
2 D 1ahinh vanh tron ™+ v7 2 1, 87+ v- < 4

+) 1D gidi hau bai cde dudmg vi - x" = | x7 + v =9 (0.0) € D.



Bai gidai
[y Phuong trinh dudng thing OB la y = x

Do dd (hinh 21

) a2
1 1
1= fdx[rx, yidy |
i i \
: L O‘ A X
= [dyjfex, yidx.
P Hinh 21.
23 Phurong trinh dudme thang AB: y =2 - x.
Viay (hinh 22 Y 5
L | o 200X :
{ = Idx_ff(x, vidy + J-dx _(f(x, yidy !
0 Il 1 0 : A
Lo 0 1 2 X
= Jdy Jfex yidy Hinh 22.
il 0

3Y Phuong trinh nim vén (dudi) cia cée dudng tron la:

}"Z\/*J-—x:,y:‘/]_xﬁ
N e e

o dé (hinh 23):

: \‘..'. \: | ‘.1 X
I = j(lx | f(x, vidy + jdx Jfxs ydy +

-z -1

\4 7 \4 kY

-

+ [(lx | £0x, ¥y + jdx _[l"(x, Yy
| | ...‘..._'\.. | .

r

[ [
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-2 ~f Q} 2 x

Hinh 22.

4) Phuong trinh nua trén (dudi} cia dudag tron va hyperbole:

v = 1;'9—):;,}’: J:; (v = -wﬂg—xs LY = -yl +Xx7)

Vay (hinh 24y

: . P
2 Y - - yloooas v# - x7

I = jdx [ fix, yuly + jdx J [1x, vidy + { dx [ f(x, yidy
o v . - N . : -\% o xT
yl

Hinh 24.



16, Thay doi thir iy cic teh phian:

- \:I: \:
D= jdx  [fxoyudy
H IZ \2
211 = _‘d_\' If(x, Vidy
RIS
3 T= jdy [fix, yidx
L - .
> 5 R OyRT T
Hi= | dxj Fix, vidy + jdx jf(x, vidy
i 4l [.g"\_. n
Bai giai
DI= [ + || chinh25)
| (RE)
: - ¥
T 0,
,[u vzl
D 2 of2
!\Ju'\ - Zav £ x £ \,ra:' - y:
[',} 0 a
2y <a |
. 12
\0 N Hinh 25.
; . ] . - ) &
Vi P= jdy jloewds + [dy o froeg vax.

yoo 2 .
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2) Theo hinh 26:
! :
I= jdv _[f(

A * V-

x M
X,V + [dy o fi(x, yidx

BN

3 Theo hinh 27:

[ = ‘fdx‘j‘\f(x, vidy +
&) i

-

I T A R

+ J‘dx J-f(x,_\_«')dy

Al

4) Theo hinh 28:

I = rd_\-' [f.lx, Vdx

L W

X
|
;
L
yZ V3
Hinh 27.



y L
- P
R_‘/E L NS
2 |
|
|
I
)
1
|
0 RZ R x
2
Hinh 28.

17. Tinh cie tich phan:

*dxdy
leﬂx(xylxogxéhoﬁyiL

oo+ .‘-'2 ‘

RAN (EE [l(\ + y}ixd_v LD gidi han béi: yT =X,y = x°.
P

Nl= ”x."r;: —y dxdy, D gidi han bdiz x = 1,y =0,y =X
L

+y 1= ﬁ xydxdy |, 1: {{\x 2—”2)3 +yl el

[X = R{l - sin1)
1y = Rl — cost), ¥ = .
’ I =t = 2n

*5) | = ”ynlxdy, 1) gidi han bén

[x i :w()s} l

1
—
145

#() 1= H xvdxdy , 13 gidi han boi W= asin’t L0

ra | =

b [x=0y=0



7y = f[I;C()K(K + )-')|ch({1}' L0 xS, 0y = o
T
¥yl = I-[\'Jl\ - x:"dxd_\-‘ LD -l x g 1,0 sy €2
1)
i . -1;x<0
D I1= ”s:ign(x‘ — v o+ udxdy, D x4+ v s 4 signx =4 0;x=0
B ;x>0
10y I= [[EG = yidxdy . D: 0€x 2,02y 22
3 LixY: phan nguvén cha x, Fix) < x.
INI= Hxsin(x+y)dxdy,D: 0<x < % Ccy<x
D
12)I= [[@-x-y)’dxdy, D:0<x<1, xsy<x
D
13} Ddi biénu = X + vy, v=x ~ y, vi€t cong thic tinh
= Hf(x,y)dxdy {O{X<1
D Dyl
Bai gidi
] X (l\ Loy x':'ll 1
1= (l\j [\ hj - = — awetgy], =
.’| fI] + \" f (‘1 + y_ 3 f
Y
Hi= jdx I(’x‘ + vidxdy (hinh 29):
02
s : |!‘\
1= |dex Vo ¥
0 2 ) 2
I________
[ a0 |
N ’% 1 |
:JFH“--" Jix |
2 2 I
i 4 |
1
-, 0 1 X
% R
ol Erac TS H 140
~ 4 Hinh 29.



| \ [
ros \
= Jd,\'j\.‘-lx' - vody  (hinh 20y
I

R 4% v ' N K
= |dx| =44x7 - v7 + aresin -—=—- = J‘ B 2 S 1
o2 2 2x | L2 6|
' . A /
£ It :
B P43 x X \. B \/'_’. ‘ i
2 3 32 }i‘ 6 g
(Ap duny cong thire:
= LY :I:IAX .
I\m - X"dx = 5\;1 - X7 4 ?‘m.sm: + 7).
X
Hinh 30.
Kl \'. 1\2 :uz
431 = Idx Ixydy (hinh 31)
B I \!! \Il Y 2|:
I = J X(I.’(i '—1— Y
: VT A

:j!;;x[l—(x—Z):}lx ’ m

_ +
2

j(‘ X5 dxT - _Xx:.)dx =

ra | =



Sy Ham fix. y) =y 14y e gid i bang nhau 1gi cic diém déi xing

nhau qua dudmg thiang x = R

3oy s

= [{yaxdy = 2{[ydxdy (hinh 32)
1

™
T aR
v 2
=2 fdx | vdv = J'y“(x)dx
weo 0

it
= _[RE(] - cosl))‘.R(l — costdt
0

i
= RFJ-(I - L:()Sl)"‘dl

oy s
[ L ul -
AR 278 X
T miz
3 Coy I . 3 RS
= l('j&\‘m‘ —ut = 16R- Ism' ndu . )
! 2 ! Hinh 32.
[ ) s
{-—=u,di=2du, 0= > 0=u=s 2,
2 2
N s 5.3 ¢ 5 1
I =16RT, = I6GR". — = —nlt
642 2 2
n:2 [T[ -
L =Mt |—:n chan
i, = jsm "xdx = (“f) .42
n e 11:n I YT
g . - G
61 Teong tr nhu bid trude:
1= Idx jxyciy (hinh 33) 0
0 0 1] a }'_
—dx Hinh 33.

2

_ }Xgm



i

I LI IS S LT P
=3 [acns L sin” - IacosT 1smiydt = :a _[cos s 1t
= 'r..;"‘;, = I
LT
3. N S B
= -3 I(] — 5T 07 sm’ kst
0
3 M2
_ e o 11 e
= —a R{sm ot - 2sm 0+ s 1dsint
2 &)
- - i - o \Eﬂl:r: -
3 4=\fsm'* l 2sm 1 sin'” 1 a’
= —a - - + = .
2. % 10 12 8l
4 [al
7y Ham f(x, v} = |c0s(x vl nhan cac gid ui hing nhaw tai c¢ic

diém doi xing déi véi dudng chéo x + v = 7 coa hinh vuong D (hinh
24, do do:

._ L Josxen
I= 2_”1'003(;( +y)ldxdy . [y .
B 10 Sy ST -x
Yy
7
o w2z ;A X

Hinh 34.

R& rang, trong midn:
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=)

Ay

b3

14
ra| g

bid
R A A RN T A )
b - )

n “
‘“i)’i- - X
L 2
{ n
0sx=-
2 Tt" - | . .
1 ToEX+EYE T oo+ S0
T 2
iT-X=Ey<rn-—x
|2 .
T
{_‘_\,X{ﬂ ki .
32 S X+ YERn = cos(x +y) 2O
.__US,\-‘ “n-X -

Vav:
(mi2 w2 % il T
I=2 [dx jcos(x + yuly - Jtlx | cos(x + vidy -
0 0 T P
i T-X
- jtlx J-cns(x + yidy
ni2 0
fmin _ " Y
= 2| J{l — simxudx + J-tlx + [sm ,\;de = 2.
ool i R

1

8) Trongmidn D= lsxz,02svsx’ s y-x 20
Dy-1<x

3o dé (hinl 35):

=0

144
-
1
2
L
P
[ ]
-2
1
k.
1
W

U= [Ty —yexdy o [y xdndy

I I

Jx - vy 4+ jd,\ [ V‘\ -x" dy
I

i

I
i
K



= %Jﬁ_(x: —v) :2 +(y—x3); 2 dx
~ |
- ij[x X+ (2 —x7) ]m\ = —+= [-xHY
|
Y
2
D,
14
b
-1 0 Iox
Hinh 35.

Dal x = V2 sin ¢ trong tich phin sau, 1a duge:

o4 I 47 (14 2c082 + cos” 2L
I= - +— J--lcos4 tt = -+ — I 4-_( 2¢os Lo —)-(1

303 I3 4

[ 4 3 o84t "5
=—'—I(— + 2cos21 - cos dt = — + =

O3 02 2 23

9y Ham f(x, ¥) = sign{x” - ¥~ + 2) nhdn nhifng gi# tri bang nhau 1ai
cde didm dot xdng vdi ede true toa dé trong mién D, do dé:

[=4 Hsign(xj - '\_-': + 2udxdy

Trong gée phan i thi nhat, hyperbole x7 - v* 4 2 = 0 v dudng trdn

cat nhouw tai x = 1, v =7 va hyperbole chia mién Ay tich phan thanh
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hai phin ma x7 - v7 + 2 ¢6 ddu khide nhaw (hinh 36). Cu the trong D, vi
Doy < fo: + 2 hay x -y~ + 2 2 0. theo dinh nghia:

Sgn(x® - v 4+ 2y =1

Hinbh 36.

Trong D, thi x™ - ¥+ 2 < O vAsign(x™ - ¥y + 2) = - |.

Vay:
,] \: '_ 2 2 \4_ . | V4 xi
1=4 jdx J-dy + Idx jd\-’ - Idx jdy
i 0 | 0 T ‘!:__ ;
= 4_1[[2\/1(“ + 2 —‘/I—x E(lx—i—jﬁ'-—t—xiix}
N ‘ 1

4(22\/;(3 +2 +2lnfx +YXT +2\]]

iy S

-

x X fx = Cox
- | —¥ed-x 4+ 2mesin— i+ 4 d 4—X" +2aresin— |
|2 2 2 2,

4




—
| + 43 4
i _

V2 3

10Y Chia 1 thanh 4 mién 1. DL, 13, D, bai cde dudmg thang:

= Kln

Y+y=l.x+v=2%x+y=23(hinh 7).

. . . . . . . , | . 3
Dicn tich ¢ua ching 1S, 5., 5., 8, 1thi §, =3. = 7" 5, =8.= 3

Trong TH:0=x + v <1 li(x+v)=0

Dol o x+y<2 BX+yy=1|

De:2=2x+yv <3 lix+y)y=2
Dol +vad B(x+y)=23 >
X
{theo dinh nghia cia haun L)), Hinh 37.
Vay: P= M lEG + yudxdy =S, + 25, + 38, = 6.
Koo
i
X=v X=v O<vs 3
11} Dé&i bién :
X+y=u y=u-v veus2y
i
0 1 2 2 T
I= = -1 = I= jvdv_[smudu =1-=
2
1 =1 (} ¥
u+v
U=x+y X = 5 uzi
12) Déi bign = Tov20
v=x -y _ y= 27V
3 0Su=2-v
1 1
2 2 ] 14 7 2
= = - — =— - =2
=10 5 =1 J’dvnj(z uy’du
2 2
13} D

- < —
5D VEUL2 —y 1
VEUL2+y, J= —

M Ry utV ou—-vil 2y -
== Ld\f‘_ f[- 5 )-2—du+f0dv f(u;v.uzv}l_du



18. Chuyén sang toa do doc cue. tinl:

J-'/ a - - ;12
- iy — } Tl .
NI = _“ yilxdy | 1: .\\ 2J Yo 4

] -.
v =0

21 = H\.’a: - X" - ;\-':.dxdy
1

a) b J'x: N )!2 sa’ by i H’* + Y:): =a (x-
lyzo l\x 20

Hi= ﬁsin \."Ix: + _\-':dxdy LI 2 x4y <dw?

1
NENE R
+ 1= ” I == = =—dxdy . ) }‘—q + =21
5 a’ h- as b~

Sl= H dxdy . 13 ¢iGi han bdi cic dudng:
B

yEx,y=4x, %y = |, xy=2.

o o . - y-
6y 1 = ”dxdy, I3 ¢idgi han hdés dudng: (X— + = } =

- e F
b a” b- h
(x, y) = (.
Bai giai
[} Ta ¢ X = rcosg, ¥ = rsing, y
D5 D09 =, 0212 acos
oD 02 3 TR Ueosg M
Do dé (hinh 283 j
1
. o a
T2 Bl \‘\"._H O
1= [d{p | rsinepadre
A Hinh 38.




] 1 Inl

T k!

o 4

i S

2y 2) Chuyen sang oa do déc cue D > DT 0 p <, 0 <1

(hinh 39).
Do do:
i W
[ = _[d‘P_[*H”: — 1 rdr
i Al

[ Y YN
= - =l -
L3
e
o
3

’ l T .=m
- —=p=—
[ 4
3o do:
o ;I\L':!&.:tp
[ = Jd(p | W — e
mid :."

a’ r . a’ cos? |
== Jcos' pdeosp = — - -0
k! 3

NNEEEY
* i

FA REEAUSTY nMz r
= |singdp |rodr = J- S p
J o 3

dep

a’
12

v

Hinh 39,

Hinh 40,

A
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g wis 2ip . L] (Rl
[ - N ?" ;13 — 1"-‘- .T‘(il‘ — %(d" _ r}).\,_ rl\
!13 e .
= -1 - 2/2lsing]’ |
3.
Vay
’.‘; i 3 L3 nia —
I = ‘3 j 4[1 - 2\/5|Si11 (P]-‘ ]d(P = %{g - .L\/E ;[Sin'ﬁ‘ ‘Pd(PJ

d_{ {g - 4\/511:‘...‘(;:05: - I)(lcn.‘;(p]

nid

-

i % - 4-\/5[ CO: L Cosq

;

a’ (7{ } I()\E - 2(}\}
=S|

r W ? )'

3 Chuyén sang 1oa do doc cuc D 5> D: 0<p<2n, n<r < 2x.

Do do:

[ = _fdcp_,‘-nsill radr = 2:*![_ lhco_«;,-| T _jﬂcm ]‘dr—‘ = on
0 n ’ ! J

+) Chuyén sang toa do doc cue suy réng:
X = arcosg, ¥ = brsing

thild > DT 0=zps2n, 02121,

J| = abr.
Theo (1.3):

T ; : o ‘
[ = J."dtPI ﬁalbnlr = 2mab| — %“ _ 1,2.)" Sl _?_‘"mh .

i i =




53 Theo gid thidt I gigi han bai 2 hyperbole va 2 dudmg thang (hinh

413.
Y
0 X
Hinh 41.
j ‘ . J]Su 22
bal thi 1> -» D
v S VX \lls\'é
J | | '] L | | 1 i
—u v 2 - —y-cy -
X=u- v -
vi 4 , I = 2 =L
. I T
=p-y- —u w- —un-v -
V= -y 5
y x| -1
2 1 L.
(J=|-y 1 ={%w =E—;;chuyl,3)
NER J

Vay theo cong thife déi bién s6 1ong quat (1.3):

Ta ¢é:
4

= jdu}i = —In vl = In2.
[

2v 2

6) Chuvdn sang toa do doc cue suy rong {1.33:

= abr

X = arcosp, y =



88

Phucng trinh dudug cong 1a:

s 2 hl A
(= T o8t - —rsinT @
| ]'l_
a- - s
hay: T= 1 —Cos" g — -8 @
h- k-

Vi r(0) = r(27) nén dudmg cong 13 kép kin.

Buimg cong doi xing déi vdi cdce truc toa do va xdc dinh khi:
a’ sk
“cos” @ — —sm o =0,
h” {

do dé trong gée phan te thi ahat ta co didu kien:

ak
tgp < BLI vi =4 Uabrdcpdr.
. J

1)
ak
Vi 1: Uﬂcpgzu-lg‘—
bh
d :
OZr< J—cos g — —xm P
h? X
Vay:
arct }L ':
Em, i b

I = dab Idcp

0

u/ - - 5
- h- ak
= 2abj ScosT g — —=sin” ¢ |dg, o = arclg—
ni e k- bh

L h: *® ’
= abhl ——v—J(l + cos2gidg — ——~~J {1 — cos2p)dip
kK-

I

Lh 2



- . . Yi B i - 2
b .11 (cp L sin2el) L sin (p]
ho 2 5, ko 2|
[,z 20 2 2 1
= ah (dﬁ - bﬂ L+ 1 d« + h— $in 2o
AU 2in° ko
] : :\ 14 & |
= ;-1h’71( 11 h— Jal e ik tb |
[(n? k%) Thh bk |
2lea 2 . 2ukbh
(Vi sin2a = = = bl} =
1+ g atk- ak™ + b h-
1+ -
bl
1[’;13 B La’k” + b7h° 2akbl ab
—| — + — [sIn2x = — T — = -
2L h k- J 2 bk~ a’k™ + bh-

19. 1) X¢&1 diu cua cdce tich phan:

al= ”In(x2 + }': .}b;(l).r‘ 1 ﬂxl ’ lyl 12 !
gy ' X" +y =0

A |

. . o0
by 1= ij'csm(x + vidxdy |, [ {

clsvetl-x

23 Tim gid i trung binh cuta cice ham:
ay f(x, yy = sin'xsiny trong : 0 £ x, v = m
bY [(x, vy = %"+ v  trong I (x - ) + (v - by = R-.

Bai giai

yw) Tie |x| + v < 1osuy rar xT ¥+ 2xy] € 1.

le_ '



hay X+ v < L (X + v = 0), dodé: D<xPeyial

v In(x” + v7) < O, theo tinh chdt cioa tich phin:

I= ”In(x'ﬁ + y:__]dxdy < {}
o
by Theo Tinh 42:
I = J[ aresinix + yidxdy = J‘feu'c.ﬂin{x + yhilxdy +

I b

+ ”;-u‘csin(x tovdxdy =1, + 1.

Y
1
Oy
o
o~ ! X
D, _
-1 N
Hinh 42,
. [0 x = |
Vai [
Sl Ey 20
Tai cic dicm doi xing v dudng chéo v = -x ham f(x, ¥) = arcsin(x

+ V) nhin cic gid (o déi nhau nén 1, = 0.

[0<x 71

Vai -
l()f_{_\-' 1 -x

<hinn fix, ) = aresingx + y) > 0.

S0



(Pt (0, i, y)y=M.Dodd =1+ L=0+1[,=1.> 0 theo
tinh ¢hat cua tich phan.

2y a) theo dinh 19 gid tri trung binh cta tich phan, gid tri trung
binh cua {{x, ¥) = sin"xsin’y irong 1 li:

_ - Uoppen oo T !
fx, y1 = - _”sun‘ xsm” ovdy = —ﬁJ-sm‘ xdxjsm‘ vdy = —
T LY I 4

by Tuong tu nhu a):

=l eyl

R

fx,

e

ing toa dd cye: x = a + reosg, v = b + rsing, ta o

n \
X, ¥ = — J-d(pj[ h:)r ¥ 21':(21C()3:np + bsing) - |"1’]d|'
s fl
r . ) . x
= —--IT TER:[{I.: + b- ] Uil =" + b +L
R - 2 2

200 Tinh dign tich 8 caa mién 1D gidi han bdi cde duime:
[V y = 4ax, x + v = 3a
)X+ y =Xy =dx,y=x y=0
yr=all +cosp), r=acosp (a> )
4y (%7 + vyT = 2axt
S+ v = a4,
Oyvi=ax, v =bx, xy =, xv=f3
Dca<h,O<u=<p
Tyiv-x)y +x" =1

NY(X -2y + 3V + (3x + 4y - 1V = 100
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9

-

NS
L
LA b~ )

Bai gidi

Iy Tim giao diém cua hai dudmg:

92

Theo hinl 43 v theo (1. 4) dign tich cua hinh da cho i

H dxdy

fl EXTY uf

14

= j'nlv\-'m [dx = j ‘3;1 -V -

-

| k.

i

-[:J S ..: RN
4a
. 2a
- viol 64 -
(-3&» s = = a” {dwvdty.
2 12u | 3
kS dul
24 --
e
a S 4
i
_60 ___________
Hinh 43.

-

3]

J(ly



2y Chuyeén sang toa do doc cue:

: -{U Sap s s
D— 1Dy 4 {hinh 44y
[cosgp = ¢ < deosg
3 w4 doosep 4
S = ” rdrdgp = I(l(p Irdr Y
1] 0 2o
A T . =
== I[ Geos™ p — duos” fp}](p %
g 2 4 xr
Tid i
=06 Jcns' ipidep = 3 j(l + cos2qudp
Hinh 44.

0l i

in 20" 4 1
slllﬁl = 1 1 _) (dvd(y.
T, 2

= 3‘ P+
b

0

3y Micn D gidi han bai dudme
rom r = acosg (hinh 45y,

Do doi xitng nén:

I NN B T ) h ail - wos
S=2 [(l(p [rdr + [d(p J-rdr
n 2 c:\\' o H:’l ]
1 rn,ij Ol - o bt [ NI IR
=2— - T i
2{ | Ll . Jdcp + Hj I\l B J( P

1 r[.iﬁ - . ki
T [(] ~ cosgp) - cos” cp}i(p + J[l 4 cosp)” dqﬂ

I

A

S7a -
= —?“— {cdvedty.

urdioide: = a(l + cosg) va dudmg
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Y

X

Hinh 45.

LT+ v =200
Chuvén sang 1oa do doce cuc:
' =2ar'cos’p  hay = 2uacos’g.

Do doi xttmg (hinh 46), ta ¢é:

T mss [
§=2 J dep [rdt‘
i i _V’I
.

da” Icosh Ppilep

I

- 8.3 0w ——-
= Ja” - — 0 20 X
042 2

ma- (dvdl) (2.35C5 T

el

Hinh 46.

S (x4 vy = af (x4 v,
Buong cong ddi ximg vdi cie true toa do.

Dicm (0, 0y thuoe dutng cong nhung Ia diém ¢ lap (hinh 47),
chuycn sang 10a d6 doc cuc, do doi xung nén:

a4



‘.'.|14 i

fr

1]

-4
miT aguesT g

S=4 I_d(p

((r*y' = a’(r*cos’p + 'sin*)

=r= ia\fcos" @ +sint @)

w2 .
S =2a° _ﬂ_cos* ¢ + sin’? (p_h(p

i1

miz
A . -~ 3.1
= da” {sin” qxlp = da-.
f %

3.
= —u"mw (dvdi).
._]_

n
2

&
N

Hinh 47.

Oy =ax, v =bx. xy=a,xy=fl(0<a<bh 0<u<})

Chuyén sang toa do cong
tong qudt: {u, v} bing cich

¥ N -z
datr — = u, xy = v thi mién D
X
(hinh 48Y thanh D' a2 € u =<

o< v i,

1oz Lo
x = u vy = utv?,
LI
||J| = - WA
3u
oo
, i d
5= j(lll[_—
- < 3u
o [

= %([i - w:)lnE fdvdn).

i

2

Hinh 48.
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Triv - x4+ v = | (dudmg cllipse).

Braty-x=u, x

vwh D w v 2

X =v
0
v=u+v, I = =-1.
g [ 1‘
S= ” |J|dudv =m. 1" =5 {(dvdn.

"k

BY (X - 2v + 33+ (3x + 4y - 1)? = 100 (dudmyg cllipse).

Dalu=x-2y+ 3, v=3x+dv - LhiD = D u + v =100,

Theo dai so: ) = -

. ! .
8= IE _H(Iutl\-

Vi = 07 = 105 (dvdn.

]
10

9} Chuyén sang toa do doc cue suv rong: x = arcosgy, ¥ = brsing thi

. ) . . . s ab | .

phuong trinh doe cue cha dudmg cong la: r — singuosep (dudng
o2

Lenniscate).

Budng cong ddi xting vdi gée 1oa do:

abk
. =il 'PL'("‘{ W
mil [t T ‘l: 2
S=2 J{Icp [abrdr = j-sin peosyplp = — (dvd).
i 3 v i 2¢”

21, Tinh the tich ¥ cua hinh @idi han b cie mat:

R.‘.

Daz=v,x +y =R, 7=
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DYy = \/;,3-'22\{;,x+z=(1,7.=[]

Nx+y+r=a 3K+ v=a, %x ty =a,y=0,2=0
4y KT H T XTIy o = - al

N 2az 7 X"+ ¥y X v+ = 307

G =Xy, X =y, x =2y, ¥y =X, ¥ =2x, 2= 0
Nz=x+y, (X +v )V =2xy(x,y20),z=0
RIX +y =as, x +7° =4

- ~ 3 5 ~ o

X" ¥ i X v 7
9 it I s =), st 2o =T (> 0).
a- b- Co e b- C

Bai gidi
by Hinh ¢an tinh (he tich 1
mot hinh tru cong ¢idi han bai

mal tru p‘nabulu y = a7z, mal lry
rom xoay x” + ¥y~ = RT vh mat

2
phang xOy (hinh 49).
Bo do:
"
V= H'—dxd_\; _ —_—
a
D x” + i< R?
X
Chuyén sang toa do doe cue
[HEU R Hinh 49,

;! e sin oudr
\Y . I(I(pjr sin prds

| 7 ‘4 ) !
= — Iam .p(hpj-i ro= 174 _sm2e .‘ . = (dvdt).
w y ah 2 4. i it

i



2) Hinh dii cho gidi han boi cdc mat truc parabole: vy

v = 24/x , mat phang x + 2 = 6 vh mat phing xOy (hinh 50).

Do do:

vV

<
(6 — xuxdy v DD -
J;'J[ . {\r"{; Ly = 2\{,‘(

Vay:

AP £

Vo= _{“dx j(() ~ xXyly = I((j ~x)\/;dx
#] Vx l

{2 n 2 am
_ii(}'_x.s_._ —*—XSJ_
L3 5

TN

5

{dwvdty.

f

3) Hinh da cho gi6i han bdi cdc mat phang (hinh 51):

o do:

Vo= H(zl— X — y)rlxdy

i



Hinh 31.

MD: 0= v <a

AR 2 — v
. bl qu

Vo= :J'd) [ {a -~ x — y¥x = ]{(a - ¥x - -x—z-J ., :‘ dx

I M

.,a
Ly i

s PR

1s 1 - .y a’
= —j(:\ —¥itdy = —|aty —avT + ! ‘ -2 {dvdiy.
63 (}\ 3 18

4) Thinh did cho gidi han bai mat truz X~ + y7 = a~ vd mat hyper-

bolotde 2 ting 70n xoay: X™+ y~ - 2~ = - a° (hinh 52).

Do doi xitng nén:
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V= 2” \,lfx: v+ u:(Ixtly
D

VD x"+y <a’

Z
a
¥
X/
Hinh 52.
Chuyén sang 1oa do doc eye, tu ¢d:
I [ ra—
Vo= QIdrpj ya©o +reordr
ol [l
12 T amat
= 4n 5.;(;13 Pk = = (v2 - 1) cavan.

5) Hinh di cho gié han bdi mal paraboloide irom xoay x° + y° = 2ar
v mat cu X7 + ¥7 + #7 = 3a° (phén chia nira dueng cla truc Oz) (hinh 53).

Khir 7 & hai phuong trinh trén, a ¢ phuong trinh hinh chidu ciia
2ino tuycn cua hai mat da cho rén mat phang xOy chinh L phuong trinh
dudmg bicn 2idi coa mién D:

X7+ _v’ =2ar o+ 2ar-dat=00=r=0 = x4 },: =24
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¥
X
Hinh 53.
Chuyén sang tga dé doc cue, ta co:
n n\;z P2 b
V= [(kp J Vvadm -1 - — udr

'fl 4l a
. r

" | . 4 Ay 2 Tt 5

«. 432 t o

= 2nl - —(3:1‘ - r‘) — = —-—(()\5 - 5) (dvit).
| 3 ’ Ra | 3

6) 1Tinh di ¢ho ¢idi han phia tén bdi mat paraboloide hyperbolique 7
= xy (dimg phép bién d6i x = X - Y. v = X + Y, z = Z, thi phuong trinh
cua mat 12 7 = X - Y, phia dudi bdi mat phang xOy. Hinh chidu cia
hinh dd cho trén mat phing xOv 1a i gide cong D gidgi han bai cic dudng:

X = v, xm =2y, v =k, v' = 2x (hinh 54).

120 do:
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Vo= (] xydxdy

1
2
| X
cx? Y=o
¥ yex ¥ >
yi-2x
yi=x
0 X
Hinh 54.
o ) . S ¥
Chuyén sang 1oa dé cong tdéne qudt: dat ~ = u. e =v

hil<u<2, 1 2v<2vix=u v y=ghie?

X0 2 givoaen e sy
— — —u Ty T vy

J= [ v |3 3 ——
&y Vs a2 i g 3
— = - : —u ¥
v 3

oo 1 .7 3
Vav: V= Iduj U\-'.a-dud\-' = leldllj‘ vidv = mn {dvit).
3
to ';- i

1

7y Hinh dii cho gidgi han phia trén bdi mat phang # = x + y. phia
dudi bai mat phang xOy. vd xung gquanh gidi han béi mat tru:

(R V)Y =2xv(x >0, v20)

nghia la mién B gidi han bdi cde dudng (x7 + ¥y = 2xv, x = 0, vy = (.
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Clhuvén sang tea do doc e x = reosy, v = rsing thi mién D gidi

. T . . . N
han bai r = .Jsm 2, 0 = = 3 {r = yfsin2¢q : dutmg Lemniscate, vi thay

——
R S

JT - i . - e
(p = i @ thir= 1’.&;ln[g - Zq)'] = Jcos 2¢p' , dedng ndy doi xing doi

vih dudmg I]lfmg v = x, {hinh 55)).

~
S
4

Hinh 53,

Viy chuvin sang toa do doc cue ta ¢é:

V= H(x + vidxdy
¥

Yol

o
= j(cogrp + sinqydep jrzdr
" Al

njz 3

= j (cosg + siu(p)lT‘ - dip

. o

LI
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= % ;[a 2(p(u)stp + sy

L

It

__ J' [] - mup - LO“PY}

l(sin p - Ccos Lp] .

. , . i
Bat sinp - cosp =u thi: 0z ¢ < > < -lzu<l,

Khi dé: v = %j‘t[l - u"]n‘;:du = %}l[l(l - u:) :du

, . . s
Latdatu=sintthi0<usg]l = 0=z1< 3

[

. bis
v g
4.2 2

'.4.>|M

)

2 ;
ju}s4 tdt = —. == (dvit).
’ 3 8

| w

&) Hinh da cho ¢idi han béi mat tru true Oz x2 + v¥ = a® vl mat 1y
truc Oy X7 + 27 = @ (hinh 56, trong gée phin 1dam thit shan). Do deéi
ximg nén:

= 3” Ja? — X~ dxdy
n

Hinh 56,
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VA I 02 x <a, <y < \/;1: - x-

A -
[y " W i

Vay: V= 8}[\';“: - X" j(ly = 8£(a1: - x:)!x = 1();3 {dviL).

4

N - y » . X~ ¥ = N
9) Hinh dd cho gidi han bai mat ellipsoider — + =— + — =1 vi
as bh- ¢
B - S
. X vo ra . N
mat nén — + — = —  v&i 7z > 0 (hinh 57).
a” b- G
1o do:
r/ ™
: I x- ¥y x- ¥
\:Ilcl—f——j—cl—1+'—1‘ciX(l)'.
0 L i h- \ a” b |
: 4

V& D 1a mién co bién gidi [a hinh chi¢u cia dudmg giao cua lun
mat trén.

Hinh 37.
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Khtr 2 ¢ hai phuong winh trén ta ¢6 phuoug tn, .. 4 kinh chicu do:

27" 4 |
=l = === = — T =3
T C 2 a” h- 2

Chuyén sang toa do déc cure suy rong:

X = drcosg, ¥ = brsmg,

J| = abr

Ta co:

1

V= ahcfd{P‘f (WI -t -yt jdr
‘. r_\
9 . i I
= %mlhc[(l —r:)"'; - r'“} .
V2

= %;lb{.‘(Q - \E) (cvit).

22, Tinh dién tich o cou:

1) Phin mat x* + y* = R° gém gilla 2 mat phang 2 = mx, 7z = nx
(m>nx>0

2) Phén mat x° - ¥* = 27 trong gée¢ phan tim 1h nhat va gidi han bei
mat phang v + 7 = a.

3) Phan mat x™ + v7 = 2ax gém gitta mat phing 7 = 0 vd mat x° + v

=/

4) Phan mat x~ + v~ + &7

R™ & phia ngodi cde mat x* + y> = + Ry

-

o ona e o Ty
SHYyPhanmat x" + v+ " =4 ¢ phia rong myt — + =— =]
) + |

6) Phin mat 2 = \,'fx: - ¥7 g phia rong mat (x7 + v = 2%(x° - )

106



7Y Phan mat gidi han bdi cde mat x™ + 27 = R, y* + 27 = R~

¥) Phan mat x” + ¥y~ = Rx beo gém trong hinh ciu x* + y* + 77 = R®
(mat bén cia vat the Viviani).

9) Phan mat cdu x° + y~ + 77 = R* @idi han bdi hai kinh tuyé&n va hai
vi luyén.

Bai gidi
D) x* 4 ¥" = R° 1a mat try trdn xoay trye Oz

4 =mx, 7z = ux la cdc mat phang qua Oy (hinh 58)

Hinh 58.

Xét: Yy =¥(x,7) = 1,.'1{: - X"

Do i xing nén theo (1.4

~ n
(e -

+ v dxdz

A

o= 4yl -y

14

Vi 1y Th mién 2idi han boi cde dudng: 7 = mx, 2 = nx, x = R lrong
mat phang xO2 (hinh 59):
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Ta va:

- - X
Yo = =
R- —x-
¥y, =0,
- = J&E
|'|+y:___)‘: 1+ -—
R- - x-
Hinh 59.
B R
NrEiee
mx x(ix
7= (]XJ- — iy = —”{(1]] — ll]J {77—
! [1ES \R - X_ VIR_ -

Am - MR- (dvdiy.

2y Mat x* - ¥* =77 hay v + 27 = X7 1A mat nén true 1a true Ox,
¥ + 2 =aldmat phang song song v&i true Ox (hinh 60).
Dodé: &= _Uﬂ'] + X'y o+ xS dvdz
T

V@i B T micn trong mat phang vOr. @i6i han béi cic dudmg: y = 0,
7=0,y+72=u
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- T

Lo
Viy: o= Hﬁdxdy = L:Z (dvdiy
i)

a il

3) Phin mat dé cho la mat tru (x - a)’ + v° = a” duong sinh song
X"ty

song vai Oz, gidgi han gifta mal phang # = 0 vi mat non z =

= +42ax — x~ do1 véi man

Phan mat df cho ¢é phuong trinh v

phang xOxr.

z
~
-
~
-
-
| g
! -
I e
Il 3
|11 y
|
||||
24 [
X
Hinh 61.
o ddi xdng nén xét v = 4/2ax — X
K a- X j = a
¥, = ——— LV, =0yl ¥y, o= =
V2ax - x- y2ax —x°

1



Theo (1.4 ta co:

i

dxd/ = 2” :d\d/
i \.IL.lx - %"

V& D 1a midn trong mat phang
x()7 £i&t han b true Ox, dudmg
thang x = 2a va dudng I, 1A hinh Z
chicu clia giao tuyén cha mit try va
mat nén  weén mat  phang  xO0z.

Phuong trinh cua I ¢é duge bing o
cdach khir y & cic phuong trinh:

. . . . . o 2 X
X+ ¥y o= 2ax, X"+ vy =77
T 2ax, vl 2 = 0 Hinh 62,
Ta ¢o:
7= ‘\/2?1}( (hinh 62).
Vay
\'5:132 . .
dz 2ax
o= Hl_fdx _f - = 2a_[ N dx
' 0 2ax — x- 04f2ax - X

= 2;1_[ —(E-—{ix = 2u 2‘( 24/2a - x]mn = Ka” (dvdt).
i

Za — X

43 Phian mat di cho 13 phdn mat cdu x° + y* + 27 = R™ & ngoli cic
mit try: x* + y° = + Ry (hinh 63).

Iy do déi ximg nén x&t phin mat ciu trong gée phin tdm e

r=RT X oy

R R
| + 2727 +727 = ——

nhat:
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130 do: 0= Hl{j‘[—r—ii__

dxdy
o YyR™ - xT - ¥~

Hinh 63.

D 14 hinh chigy cOa phan mat trén mat phang xOy (trong £6¢ phin
tam thir sha:

0sy<R, Ry - y> sxg RS —y°

Chuyén sang toa do doc cye v = reosg, x = rsing, la co:

B cos

w2
= sR [ (\;1{3 - 1‘:J
Il R

2 R
o= &R [dp |
i Koo ¥ R: - I'-1

rdr

dep

mil
= 8RR~ Isin pdyp = 8a® (dvdt).

1]

Lil



53 Phan mat di cho L phian mat ciu x™ + v + 27 = 4 & trong mal try

-

i XY 1
celhipse;: — + — =
P T

Do dol ximg, a xECteong gée phin dm thid nhit (hinh (4):

Hinh &4,

y r Xily

130 dde G = 8_“ _ 2_(1\(( v
b oAd o ox- = y°

Va1 D [ hinh chidu ciia phan mat ciu trong gdoc phian tim thi nhal

-

Ty .
—F = I vdix 20, v =0
4

trén mat phing xOy, dé 13 hinh cllipse: —
1



Vi

2
J arcsin —2 dx
il

T 6
= lﬁjail‘csmldx = IG.E.Z = ]—7{ (dvdt).
2 3

i

- . ~ N . - ] . - ..
0) Phan mat d@ cho 1a mat non 7z = 4fx~ -y~ hay v' + 2° = x° vdi

7z 0, mat nén nay dinh 1ai g6c O va true B Ox. RS ramg /4 dién tich
cin inh nam trong gdéc phin tdm thi nhit va ¢é hinh chicu trén mat
phang xOvy B micén D:

(x7+ ¥ 2 ad(x? - v, x 2 0, v 2 0 (Lemniscate)

gday: 2 = ——— 7 = -,

I+, +770 =
X™ —y©
Ixd
o do: o= 41.5_”&
Doafx" - y*

Chuyén sang 10a do doc cue, 1a ¢6:

a4 a L‘-c.l‘,:<p w4
i 0N ‘] ] - —
o= 4\6 [ E)\M [rdr = 2\611‘ J.com'p\/u)s’l(pdnp
H \,'l"—‘“-‘s 2([) I &

nid o .
= Za° I VII (\Esin(p} d(ﬁsin (p]

h
[l
Bat A2 smp =1 ta duge:

Li:



L - :
o= Eajj\fl - ttdl = % (dvdt).
0

7) Phan mat da cho gidgi han bdi mat tru x* + 2° = R* truc Oy vh mat
tru ¥* + 2> = R truc Ox (hinh 65}. Do ddi xing nén ta cé:

o= l()H 1+2, + z'f’,dxdy
[

R L \

Hinh 65,

dday:  z= JRT - x°

N+ 7% +7° = R
VIt Ty = e
R- - x-

ConDIAmitn: 0 < x SR, Oy < x.

Viay:
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¥ d : 5 xdx
o = 16R| [dy = 16R| —
f\\/[{z - X" n\{R' - x-

1l

I6RYR® — x%| = 16R? (dvd).
1k

8) Phan mat dd cho 14 phan mat tru: x° + y- = Rx, dudng sinh song

song vai Oz, bao gém trong hink cdu tim O, ban kinh R.

Vi l¥ do ddi xing nén x€t trong gée phidn tam thit nhit (hinh 66).

Hinh 66,

Phiremg trinh caa phin mat tru dé 1a:

v = fRx - x7 (d6i véi mat phang xO)

R
R 2 * o [ o _ R 1
Moo= - e.\,»_“’ ‘\,'l-r-)_\-i-}{_ _5 .
YRx —x° YRx —x~
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R .- Ixds
Do dd: o= 4 — | el

275 \f'IR,\ - x-

Va1 D 1 micn trong mat phang xOy, gidgi han bdi ¢de true Ox, Oz
[x: + vy~ = Rx

v hinh chicu cia dusmg . . .
lx” + v+ 20 =R-

trén mat phang dé. nghia

1 dudmg parabole: 7z = \l'Rl — Rx (hinh 67).
Viay: Z
i R3 R bR
\- 1LY
G = 21(] ds | —d—; —
0 JRx - x°

0] R x

I
”R\/_I -dx = '-*RJEQJ;‘ = 4R? (dvdr). Hinh 67.

9} Gia sit phian mat ciu gidi han béi hai kinh tuyén p,, @, (p- > )

va had vi tyén oy, g O, > ). Khi dé phuene tiinh tham 6 cna nmat
cauw la:

X = Reospeosy, v = Rsingpeosy, 72 = Rsimy
Theo cde cong thife ¢ (1.4) ta 1inh:

I = x‘fp + _\_ oA 7 = Ricosty

W
G=x"", 4y + 77 =R?

Y T g

=X %, +v_ v, +7 7z =0

i \l_ - L |p 4
2oy

o= IR cosqpepedy = R- [d(p | cosyedys
o l[—‘l L

1l

R(ps - @ )siny, - sinye,)
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J‘P] Zp =P,

[
1\|r, SAP S .

23, D Tim 1oa dé trong tam ¢ba hinh déne chat (p = 1) 9idi han hoi:
N . " = “ "

W y o dx +d, vi=- 2% + 4

b)Y r=1+ cosp

23 Tim moment qudn tinh cva hinh déng chil (p = () gidi han béi:

a) x = a(l - sinl), v = a(l - cost), 0 =1 < 2x,

v = 0 déi vdi Ox
by ¥v* = ax, x = a
d0i vGi duong thang b
y=-a
Rai gidi
17 ay Hinh da cho gidi
han kén 2 paraboles 13 d6i

xtng v Ox (hinh 683,

Theo cac cong thire (5)
(1.4) vt do dd1 ximg ta cb:

Yo =U0,M =0

M.
Xy = "]‘\T«
- 'l"“ -
M., = dexd}-‘ = Idyﬂ jxcfx =
. byl
M = ded,\' = j.d)-'_ J-dx =%
o -2 ]_'\j 4‘-
4. ;

A

Hinh 68.
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(.

b

»

1G
‘§_ &1

|

8
by 1 = a(l + cosg): dudng Car-

diotde (hinh 69). Y

Do dot xing val Ox nén:

K = ]\:/I\ , M= 2jdcp _[rdr

i fi

Yo=0=M =0 )_\
T all o+ oeosg j/

T 3
M = j('l +eosip)dp = 'E:rm‘

Hinh 69,
1l
T Wb cuggs 2 n
M, = ZId{p J‘cosgp.rzdr = —a"jcosnp(] + cosg) g
. 4] il 3 n
2 3 i a 3 I
= —;a"j(costp + 3cos” ¢ + 3cos” @ + cos” udp
- o
2 bl
= —a"j(.”u:os3 o+ cos’ @ulg
L
n
(vi _f(co:«p + 3cos” pidp = )
Sto.
= —il
4
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27 ) Theo (0) (1.5} ta ¢d:

1. ‘H) dxdy y
Theo hinh 70: ¥=y¥{x)
Jam ouvna . ] 2am \
L, = lJ:dx ;l:y‘dy = _; ;[Iy' (x)dx o = Py >

Péi sang bién t ta ¢o:
Hinh 70.

on

H
1, = ~ J.a](l — cos’ afl — costde
3 4]

1 2n 4 2m
a 10a t
= _[(1 —costytdt = —— jsins —dt
3 il 3 1] 2
32a* T . 1
= _[ssm’1 udu , {u = -}
2
(\
04 ,TF 64 , 7531 1 35
I, = a jsm?1 udv = --114._ — = —T7a
: 3 86042 2 12

Il
(gid tri ¢ta sinu doi xing d61 vai dudmg thang u = 5).

by Tinh tién gdc toa 4o vwé O x = X, v = Y - a thi phuong trinh cua
parabole [A:

(Y - ) =aX
Parabole ¢d hai nhdnl: ¥ = a + +/aX (hinh 71).
o da:

I, = ]:IX” _ J:a\?:d‘(
(1 Y "
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BarY =t +athi — yaX =t £ aX

T ‘—ddX\nx Mo dl = I ( \/_X] ( \/_X) X = %a’
va n-{ j(1+d)(l-—§£[d+ uX] —la - va }( =~

- yaX

Yiy
e
0 [ X
-o _
o' T x
Hinh 71.

§2. TICH PHAN BOI BA

2.1. Binh nghia

- Tich phan boi ba cia ham bi chan f(x, v, z) trone (trén) mién
compact V < R

1= mr(mmv = ff ey, Dxdydr
v v

= lm z_f{hdl)AV:, MX,,v..2)
L

Mk, -
L.

- V&1t moi tidch chia mién V thanh n phén riéng bi¢t AV, (the tich
cling goi A AV i=1,2, .. 0.
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- Vdi moi cdcl chon cie dicm M (v, y,, 2} ¢ AV, d,

Kinh clu AV,

G frdmg

Iam M(x, v, «) ¢d tich phan rén micn V ogoi i kit tich tren mién do.

Moi ham fix, v, 2) lién tue trén midn V déo 1 kha tich trén midn dé.

Tich phian boi ba ¢é cde tinh chidt tvong tr nhue cde tinh ¢hit coa

tich phan kép.

- ¥& hinh hoc, tich phan bei ba 1 = jﬂd\/ = V la the tich cua mién
W

V.

- Vé cd hoe, 1 = H fix, v, dV 14 khot lugng cua midn V cd mat

kY
d¢ khoi Tugng (he tich)y [(x, v, 2) > 0.

2.2. Cach tinh trong toa dé Descartes

Micn V gidi han bdi cic mat lién tuc:

=3
14
ka3
154
- o

Vi(XY £ ¥ = yai(x)

M

P2 (XY) € 22 25 (%,Y)

thi trong i nhu tich phan kép:

-

= H f(x, v, 23V = H fix, v, 2xdxdvidz
v v

T(Ix.\l_li\{ii_\-{:lj["}(lx, v, #)dz

i Mpthe o Sprnha

= H dxd_\-'#:lfl"}{!x, v, 2ds = f[‘dx H [ix. v, w)dvds
i RN il Mo

By B thict dign coa mat phang X = x vih mién V (hinh 72).
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X Y(x) Yylx)
Hinh 72.

2.3. Cdch finh trong tea dé cong bdét ky
Néu dédi bidn: x = x¢u, v, w)

Y = vaL v, ow) (U, v, w) € V' (N
Z=z2{u, v.w)

Cac ham (1) ¢6 ede dao bam riéng lién tue trong V', x4c dinh mot
sortg dnh L V' viio V va dinh thite JTacaobi:

lax & i

u oy O i
DX, v, 7 oy iy =
I = D, y. 7) =22 g tromng V' D(u, v, w)
Plu, v.wy a0 & Sawe N D
v ] " 2 XV, Z
N A A (x.y.2)

AW Cwe S

thi: [ = ” f(x, v, 2uV
'



= HJ f[x(ll, v, w, v, v, W), 20u, v w'}]|.l|dud\-'dw
bt
(u, v, w) 1A cie 1ga dd cong bat k.
2.4 Toa dd try
A
Q= ((_)x W, < @=2n

|‘=\(_)}",[l£r<+ac

Z=PM,-xn<zs<+ >

(r, . 7) 2ol 1 pa do try cna M:
M(r, ¢, 2.

Hinh 73.

Licn hé: X = reose, ¥y = rsing,
7=

Cong thice tinh tich phan bai ba chuyén tir tog do Descarles sang toa
dg tru:

1= ”I fox, v, Adxdyds = Hj_f{:‘cos:(p, rsineg, #) rdrdgpdz
v X

2.5. Toa dé cdu
A —
P = (()x ()l"_), O ps2r

1y

oz " oM}, 00 <n

" |m‘,(}£p<+x

(. p. 0 201 o toa do edu cua M: M(p, ¢, )
X = peosgsing
y = psingsind
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X = peosl

z
\_\\
\‘“‘-.
M
6
0 .
¥
¥ P
ry
Hinh 74.

Cong thie tinh 1ich phan boi ba chuvén tir toa dé Descartes sang toa
do cau:

—

= HJ- fix, v, #xdxdydz
.

= H f(prospsint), psingsinG, peosOyp~ sin Odpdepde .
v

2.6. Ap dung hinh hoc

Vo= J‘H dxdyds
v

2.7. Ap dung ca hoc

- Cho pex, v 2) Tomat do khai luong (1he tich) cia midn V.
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- Moment tinh cua V dai véi cde mat phang ga dé:

M, H PG SRURVATIAY
.

M,, = jﬁx.r\(x, v, 2V
.

M,, = HJ voix, v, 2dv
v
- D01 v cie true a do:

= [ 5 2t v v

v

M, = _”j\f'x: + 7 pix, v, wdV o
.
M, :Hj,}x: + y: Px, vy, 2V

W
- Toa dd trong tim coa Ve

M M Mex . M w1
Xi; = . ¥a = MY AT

M M M

M

Hj P, v, 23V 1 kWSl lugng cia mién V.
¢

- Moment quian tink coa V dd1 vé cidc mat phang tea dé, cdce truc

toa dé vl goe Loa do:

!
JITxEpes, yo v
!
w= [y e v v
)



1, = ” (.\’2 + '/.E]D(x, v, 2V,
%

I, = IH(X: + 20k, v, 2V |
k%

I, = _[”(X: t )":]P(x, v, 2V
.

—_
1l

_”_[ (X~ yo o+ z° X, y, 2dV
¢

BAL TADP
24, Tinh ¢idc tich phan bai ba

Ixdvds [x 20, y2 0,220
r= j” dxdvds v | ¥
X+yv+z +1) X+y+7=]
£ - T, el
D= I.” J1:"'1:'(IM]~“]X' Vidazz X"+ ¥y, x  + v +77< 3a
VogxT oy
= ”_[ dxdydz . Vi giGi han bai 27 = ll-u(x: +v ) viz=h>0
g ’ ) R* ’
HI=

dexdydx » Vgl han bl 57+ y7 4 22 = 2Rz, K+ v = 0
"

vivchita (0, 0, R,

511 = Hj/v\ +¥ d\d\d/ Voaidi han bai v =4J2x-x", vy = 0, 2 = 0.

Z=a (a>0)

6 1= J‘H(x'ﬂ + oy dxdyds VxS 4 v 4 gt 2 RS
.

DR J-HV‘\ _\_f: + 2 (1\(1\(1/ VixX 4+ v 4272k
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x ) 1

LA

B b ]

J'! X"y o dxdyde, Ve -

9 1= ‘”J- xyzdxdyvdz, V ogidi han boi:
3

O<ca<h, O<ca<f, (x,v,z20),
Bai gidi

[y Micn lay tich phan V Ia tit dicn ¢iéi han béi ba mat phang 1oa do
vi mat phang x + v +z = 1 (hinh 75).

Z
i
0
1 ¥
1
X
Hinh 75.
[0 d6:
dxdydz P b dr
I= R A s Iy i
ot S L N ]



-
il

| | \][ I B
= Ix — — - —ly
;[”\;“, 5 -l-j(}

\ (x+_\s+l)2
I/ n Y
| 1 I
= —_[ — - =¥ dx
2,“x+y+l|__ 470
1Y ]

2) Mién tich phan V giéi han bdi paraboloide tron xXoay x>+ yz = 2az, vi
mat cdu x° + y> + z° = 3a° phén chita Oz duong (hinh 76).

Hinh 7&.

Hinh chicu cia Vo xuéng mat phing xOv 13 mién 1, phuong (rinh
duang bicn gidi cua 1Y ¢d duge bang cich khu 7 & hai phuong rich trén:

2ar = 30 - 2 o= a,do dé D xde dinh béd <7+ v 2 200

12X



ay D [t -
Vit 1= Idx j(l}’
Codg \:_IE .\:

Chuy&n sang toa do trur x = reosgp, ¥ = rsing, 2 =2 thi 0 < ¢

e

— T

Ooreayy?, — =72 ¢y3a -1

2a

om iy y R

I = Idn‘p jr(lr I

r N 2

3y Mién lidy tich phan
Vgl han bai tang trén
[~ .
7 = —4X° 4 ¥~ cia mat
R
néu v mat phang 7 = b
(hnh 7).

Hinh c¢hicu coa WV
xuong mal phang xOy i

hinkh won x7 + v = R7

(thav / = h vio
h 7 %

7= X7 4+ VT
I

o dd chuvén sang
too d¢ try ta et

o
T

o N

Vil

-

4

-

s

- ldr = xr A
i

Ty - -
o | 2
It 2

I

\_in: r:
-
7
r—— -
3
zZ

Hinh 77.

e ey

3 ~ 'IX' +_\

dr

5
r

\;l'd\:

2007 0

.,
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R b k¢ oAyt Ko 2
rA ~ l] =
I= J-dn'pj 1‘(]1‘_[7.(17. = ZHJ‘I' — || dr = n_l'r h™ — v |dr
n 0 I oA 2 A TN R ;
r ]
[ [

4) Mién ldv tich phan

7= +fx + v" vamat cau:

X7+ v+ (7 - R) = R (hinh 78).

V. opidgi han bai tdng trén cua mat nén

Hinh 78,

Ihinh chi¢u cua ¥V xudng mal phang xOv Evmién -
A4yt RE
(Ihay x* + ¥ = 7 vio X 4 v + 27 = 2R2: 2/ °=2Rv = 2 =0, 7 = R)
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(Thuyén sang o dd try ta ¢o:

L VR .
I = jdapj rdr j(lz,
0 0 v

{(z.=R + Jh: - 7 : phuong trinh nira wén clia mat cau).

)
I = QIIJ-I‘.I(R + \JR: - - rjdr
L

\

Ii.H -,
= 21’[“(1‘1{ -7 - r\u'lrl{: -y J(lr}

1l

5) Micn 1ay tich phan V gidi han bai mat tru: y = 4/2x — X" dudmg

sinh song song véi Oz, cic mat phang xOz, xOy v mat phang 7 = a
(hinh 79).

Chuvén sang 1oa do tru 1a co:

T Teossp oa ‘I: me 1‘.,‘ Joosgp
1= {‘l‘l’ jrd]'jz.rdz = 2_ -[ T dep

Wt 4] i n i

R Aot

i ; da= .
= —— J8cos qdp = — J‘C()_\;-‘ P

o JReos’ato = == JeosTqdo
_ - 2

33

8 s
= -a

G
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Hinh 79.

03 Midn lay tich phan 1a hinh ciu "+ v* + 27 = R°
Chuyén sang toa do ciwn;
X = peospsind, v =

= psimpsinl}, 2 = peosh
Ta cd:

Zu T K.

I= _[d(p_[ sin O(l{}f (p'q cos” psin: (= pTsin” psin” {))T‘ dp
i 1 it
2R’

= !sin:ﬂdi]

i

2rR” T -
= S j() — o8 Ull cosid
s f B
2" ) cos’ Kl
= cosly — ——— | = .
_ 3 15

S



i I'\:

7y Micn lay tich phian V 12 hinh ¢du i x - —J +y 47 = L (hinh
: 4
80).
x4
/2
o z
¥
Hinh 80.

Chuvén sang toa do cdu:
v = pueospsind, 2 = psingsing, x = peosd)

=<

Ix
~
-
1
(B
=]

Khi d6 v -{U <

A
N,

n
2
<= cas)

(X' + 3"+ 27 =x == p7 = peost) = p o= cosh).

h
on o ol n ] 0
Vi I = j(lcpjsin[}(iﬂ jp.p:.tlp =2n _[ (—"m_ deost
T 0 mil
T cos’ 0 _=
25 0 0

mrl
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VI e N y Z°
¥) Micn lay tich phan gidi han béi cliipsoide -0 - 2— + 2~ = |,

i - c
chuytn sang toa do ciu suy régng x = apcospsint, y = bpsingsing®,

7 = cpeost) khi &6 cHipsorde bicn thimh mat ¢dn p = |, do déi xiing nén:

mi2oon 1
=3 J‘d{pj- sin {)d(}_[a: b e cos” @sin” Osin” gsin” Ocos” Optabepdp

I 8] [

—_—

ml 2
= sa'hie? ju)s psin” pdg J.sm 0 cos” dﬂfp dp

0 i

It

mil miz
sathic? (Sil}3 @ — sin® iy ('sin5 - sin’ ”)dt) —
Jesin® e | 5

9y Midén lay tich phan lmnn ade ]f?{ thit nhat gidi han béi hai
parabolotde trdn xoay 2z = x* + y*, 27z = x° + y°, hai mal tru Xy = &

xy = b* vi hai mat phang y = ax, v = fx. Hinh chidu coa V trén mal
phang xOy Ta midn D (hinh &1). Dang phép bicn déi 1dng qudt:
v .- -
—ow=zia fugbh asvE]
X
Tir do:
| i P
X=u'v T,y =ucy’

Phuony trinh ciia cde paraboloide trong hé toa do (u. v, w)

W=V e+ ), ws L

2
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0
o X
Hinh 81.
|- 1o 1
—u Iv? - —uiv 1 0
2
} Lo ! 1 |
J=|-u v —u*v > 0 =
2 2v
() 9] |
. u"u v I\: |
H ) ’ )y | dv
I=-- jlldll-[— jwdw = — _[u duj v+ \ -
2 v . 16 4 v) v
1 'J. Lo v L X i
a3y s
= —( * —u“lﬂv S —
(}-L ’ s Y 5 1

3 il (s o 1 N [JJ__
= T(_bL - “x_.l ([J’" —(1'] 1 + —T‘ + 4ln—:

'\ S L'LJ
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25, 1) i gid tri trung binh coa ham 0(x, v. 2) = x° + v+ 77 trong
MICH X+ 3y + 2 S X+ v+ 2

2y Tinh F'(1) n&¢u F{) = ij( X+ v+ 7 )dxdydz.

vor Vix® 4 y7 + 27 < 15, f it ham lign tue

3} Ching minh rang néu f 11 ham lien we rong mid¢n compact V vi

_” f(x>+ vy +20dxdydz = 0 Ve < V thi [(x, v,2) =0, ¥(x,y,2) eV

|

: ; [f(u)du
Y

W v

43 Chitng minh: H_[f(x).f(}')f(?.)d\" =
v

VAV 0<x = [, x<y< 1, x=7<yvillién tue trén |0,1].
Bai gidi
1) Theo dinh 1% Lay gid (1 trung binh cda mot ham trong maot mién
compact V thi gid try trung binh caa hiun da cho la:

M) = Vijj’j(x R (1)
v

vl V1A the tich hinl cdu x° + v‘ +7<x + v + 7 hay:

( I\': ( IJ: [ l\
X—'—" + |y - — - —
o) rlva) eleg) =3

+ (R 3
do do: vV = ?n[ —J == .

.

f1 11
e lay tich phan (1), tiuh tién ade toa do v O E 5 :Wj theo cie
| Py,
| | .
mg hifc x =X+ —,v=Y+ — 2=/ +
2 : 2

ta | —
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Khi dé phuang trinh mat cau vii goc O i

. . .02
X +Y¥Y +7/ =
4

v
r 5 2 2 ’ 2
— 2 T Ly, 1y ,
M) = == {f] Xvo| +[ Y| #1727+ -] fxavdar.
. T 7' 2 > ~ 3 2 8 2 i ."\ 2 /
SR
4
Chuvén sang toa do ciu:
X = peospsin, Y = psingsinf), ¥ = peosii.
Ta cor
o 2 an T 1 N ‘|
f(l\-1) = —= Id(pj sinB3d0 j " IV'— +pT o+ p(sini"(simp + comp) + cos{)) idp
T"-\[-_ - i o L4 g

sinde

2) Midn lay tich phan V1 hinh cdu tam O bdn kinh t £ (0,
Chuyén sang toa do ciuthi Vi 0= p 2 2x, 00 2w, 0 < p <L
Do dd:

In b 1 t
(1) = J[Itpj sin []dﬂj- fipmph dp = -lnj Pl dp

n

B i
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Ap dung dae hidzm tich phian theo can wrén, ta ¢6:

(1) = dat’f(e?)

B XU diem iy ¢r M o Vova hinh cdu V. tam M. bdn kinh &,
Vi< Votheo dinb Iy 1ay gid tri trung binh v theo gid thict, ta co:

0= —|[Jry, ndv = (ML M e v
dnet

3

Chos — 0 thi M - M. 1heo g1 1hit I lién tue trone V nén (M)
- (€M) = 0. Vay [iM) = 0, ¥M trong V. Theo gid thiét [ lién e trong
micn déng ¥V ouén £ = 0 i ede didm bien cna v, nghta 13 [ = 0 tai
WM oe V.

41 Theo gia thict bam { lién e wén [0, 1] nén ton tai him
1

{1y = J Mdu e dinh wrén [0, 1.
Clng theo gid thidt thi:
|

[ = I \}d\jf(\)d\jl‘ Hds = J-f(\)dxj.l (\) vy - [(}s)h\'

[ [l

Il‘(r«)t F(y)) —1’(x)I"(_\')‘!

|
dx = %![]’(x} - F(l)]:.f(x)rlx

A

l
- (—I’[I"(x) - |-‘(n]3“r

= (l}[l"(]] - Eff

|"-| \'. B
[

= — | Tiuyiu | .
G, j " |

.
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26. T'inh the tich midn V gidi han bdi cdc mat:
v =d4a®-3ax,y =ax, 2=t h(h>0)

DT Ay = 2ax, K+ vy =2an,2=0

x- v 2” X" = 7-
Nt == =2, -+ - — =0z
i b~ C” as b- C”

DX+ v, 2=2+ 2y, y=x, v =x7

i . i — -
Mar=x"+yv, 4= YxT + ¥

. -~ -~ J,_'! 1
Oy =0-X"-¥,2= X" +¥°

E Ty Y (kT Ay -0

i) (i):jg . (%} . !{'_'T:J

‘\;l/] \ l\c

Oy oax+ by +er==1h
a.X + by + c.v =+ h,
LX+H by +ewe =21y
a by ¢l

s ba | 20 (h hy hy>0)

v D =

a, by <

3

F0Y G+ by 0w (a0 bav F cow)® Gl + by + opw)t = RT

a, b

vl D:‘n: b c.l

Bai gidi
1y Mida ¥ gidi han boi hai mat tro y7 = 4 - 3ax. v~ = ax, dudmg

sinh song song véi Oz v 2 mat phang « = + h veong gée véi Oz (hinh
82).
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1o ddi xadng:

Hinh 82,

t

V= 4” (‘ixd}'IdZ .

1

13 13 wién & hinh 83.

~

4

Vo= 4]-(1)*

1]

¢
3 Ty
_[dx jd'f,
Zon

i

32 .
——a~h {dvtn).
Y




¥
—
fa I M.
o
0 @ 4a X
3
Hinh 83.

23 Midn V gidi han bdi paraboloide tron xoay X~ 4 v™ = 2az, mat try
X7+ v = 2ax vi mal ph;!mg xOy (hinh 84).

Hinh 84.

- +
LR

~
Zul

Do don xitny: Vo= Eﬂjllxd}'dz = ZH(ixdy jdz
: I:
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van B I ntra hinh trom: (x - ) + y* <a’, v

et
[\%

Chuyén sang toa dé try, ta cé:

A

J20 Zacosg oo, Jaoy \|\ A
V=2 fd{p jl(f] _[d/ 2 Id(p J- —(|l
nin BT | (
r )a cos? cos” ¢
=2y — dp = 2 dg
;{ Ba ;[ 6‘1
1 (I 1
s 30 3m
= Ja’ J-c:os4 pdp = da” = = = 70 (g,
! 4272 4
Xy e
3) Mien Vogidi han b ellipsoide “— ~ Z— + £ = 2 v tang (rén
H b ¢
. Lox" = . .
cud mat non —-- + =— - — = (hinh §5).
i b- ¢
4
¥

Hinh 85.
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Ihinh chifu coa V xuong mat phang xOy 1 hinh cliipse:

-

X v

i bh-

(Khut 2 tir hat phuong trinh 1rén:

-

1

Chuydn sang toa do ru suy rong: X = arcosgp, v =

Lol

In vyl

V= _[dq)j rdr j:lbdz = 2rabc

il {1 T

. o
= 2mahc i (2 - r:)" "

- .“:"‘ (V2 = thbe (avio.

4 Miéu ¥V gidgi han b
hiti paraboloide tron xoav:
LEXT Y, 2= 2T 4 2V,
mal phing v = x vi mat tru:
y = x’

Do dos

[] axay jd;

vai b

I‘
3
|

L

il

I

s

!
[
|

|

‘f'ZZ - - crjrdl‘

brsineg,

=¥

AR
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(hinh 80y,

Viv:
| \ _‘x1 - ‘\: | 5
Vo= jd\j(l\’ jd/ jdxj- SR }l\
. W . W
| LY i) -
bl g
= _[ XNy 2 dx = —— (dvin)
I o
o 2
5y Mién Vi
han  bdi paraboloide
Lron XOoay az = X7+ y°
Viotang rén cia mat z

non s = \/;‘ =y

{hinh %7).

Hinh c¢hi¢u cua vV
trén mal phang xOv 13

hinh tron: x° + v~ < o,

(1% hai phuene
rinh da c¢ho ta cé:
a4 = 27 % 7 = a o
X4 vi=ad).

Hinh B7.

Chouyén sanyg  toa
do ey, ta oo

V= :j.ndcp:j |'(lr_r[(|/ = u‘t” Jldr

= {ddvrety.
{
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) Mién V gidi han bdi paraboloide tron xouy: 7

. L. . 3 2 .
tAng trén cua mat ndn 7 = \[x‘ + vy~ (hinh &)

Y

&
l S
LN T

0 2 X
2]
X

Hinh 88.

G- X -y VA

Hinh chicu clia V xudng mat phiang xOy 13 hinh wdn D: x° + y* < 4.

(O-2=22"=57=2:x"+v =4).

3o dd chuyén sang toa do tru, ta ¢d:

L3 ST g 2
V= Itl(pj rdr Idz = 2= 1'{6 R 1'}11‘
1] il T o
4 2
. _ L 3 T
= 2x|3r° - r_ory o2 2% {dvi).
4 3 3

7y Mién V doi xitng déi vai cde mat phang toa do. Do dé thé tich

cua mién V bang 8 1dn (hé tich coa né trong gdc 1/8 thi nhal.

Chuy&n sang 19a do ciu, (a ¢6 phuang trinh coa mat cdu la:
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Pt = pfat(sin®0 - costB®) hay po=ay- cos20

. . n
Do d6 ¢ chi xde dinh khi - cos20 2 0 hay % =0z 5
o p A P RS T
I'rong gde phin tam thi nhit thi: 0 < @ < -2—
Vay:
2wl :;"'- VN ] 41‘{213 mi2 5
I( Ikll] B0 _[p"dp = j sin {}(,f— COSZU) b
o omid 0 3 mi4
Pat T g-= t, thi:
2
3 M4 3 omid
Ji ] ¥+ . 342 .
v = 2 J-Losrcos"" 2uh = dma j (l - 2sm‘t) dsint
3
il 4]
Lig2 .
4?{33 ’ - 4302 .- .
= I [l - Zu“) du  véiu = sint
3
Il
L.ai dat \.5 u = sinv thi:
dma’ T dma’ 3.1
= cos? vdv = na (dvt).

i
3\/5 0 342 ‘4-2‘2 4\[-

&) Mién V doi xitng d6i vai cdc mat phdng toa do, do dé:

Vo= K. ”j dxdyds
e

. P A S . : .
V' la m thit nhat caa ¥ (trong géc < thit nhat) choyén sang toa do
Ccan suy rong:
X = apeos’esin’®, y = bpsintpsin’0, 7z = ¢peos’ (1
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.. . XY ey AN
{Thay (1) vao phwoug trinh L— + EJ + —J = | 1a duge
ay . ¢
nf=1.
J = 9abepieosOsinOsin’peos e
Ta co:
nil nil i
V = 72abe jc.'os2 Osin® OdO Isiu" PLos” (pd(pjp‘dp
o o o
] dnabe
V = 72abe(ls - L), - 1) — = 0%
3 35
9y Thye hién phép déi bien:
u=ax+hy+cz -h, fu<h
V=X + by +caz thi -h, v <h,
W= X + by + o -h,=wsesh,

mat khdc theo (2.3), d61 vai phép bién ddi nguge:

D(x.y.2) _ L _ I !
Du.v,w)  Dlu,v,w)  Ja, b ¢ B

Dix, v, 2) a- b, ¢

4y by ooy

In) h~ b3

; 8l .1,
Vav: N = —1— Idu jd\-’ jdw = L3273 {dvily.
|D| by = - hy ‘l)
10} D61 bién: X=au+hyv+ow

¥ =a-u+ bhv+e.w
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Z=au+ b+ Ccw

thi mat giGi han micn V bién thinh mat ciu x* + v + 77 = R” ¢idi
han mién V',
- D v, w)y | 1
CD Y. DKy, D
D(u, v, w)
1 4nR*
Vav: V= —_“j(lxd}fdz = ———— (dvll).
] % 30|

27. 1y Tim toa do trong tam cta hinh déng chat (p = 1) gidi han bt
cAc mat:

MZ=X+¥Y,xty=ax=0,y=0,7=0
M x +y =a, vy +2=u’(z2 0.

23 Tim moment quin tinh ciia hinh déong chit (o = 1) gidi han bdi
cdc mat saw, d6i vdi cde mat phang toa do:

X ¥ /
ﬂ)_+'_+_:[,x:(_},y:(],'f_-‘—'(}
il o C

Bai gidi

Iy a) Hinh da cho gidi ban bii mat paraboloide tedn xoay 7 = x7 + v7,
cdc mat phang wa do va mat phang x + y = a.

Theo cdc cong thie (2.6), (hinh 89) vi do ddi xiing 1a ¢6:

7
SR

fijav Jrax [ay [
v 4 il

I
e =¥y =

- | B 4 Vs
j{jiv }dx j(\]y\ I(lx
‘ I

5

Tinh todan i oo
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H zdV j:dxn j:l}"_ J-;(_i!
N Il il I

7 -

Lo = - = B ———— a
dyv R S 30
J-J ]'dx J'dy j(l?.
i} ] 4
2y
,V?
X

Hinh 89.

by ITinh di cho gidi han bdi 2 mat try tron xoay va & phia trén mat
phing xOyv (binh 90) troug gdc phidn tam thit hai mot phan tim ca hinh,
chi¢u xuong mat phiang xOy 13 tam gide: -a<y <0, 0<x < -y,

Do dé thé tich cta hinh la:

V=28 i[‘dy I}dx\n_J‘(;; =X }— yya- — _\fgdy
0 S

i [

= %(1: - y:)'ﬂ”:;

149



Hinh 80,

Do déi ximg: trong tam cua hinh & trén truc Oz nén x; = v, = 0,
con:

i1l \ \.n: )': Iy ;
= %!ﬂdy !dx {'f_dz = 2%.’[— ¥ (a: - _\':}ly
8 1.yl
T v 2 2_(‘l -] ;
a’ 3
= —— = -A
8 . 8
i
'%

Viay trong tam cia hinh la: G (0, 0, Za9.
byl

2y a) Theo cde cong thiwe (2.7) (hi moment quin tinh coa hinh da
cho doi vdi mat phang xOv 1a:
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N

JH? dv = jdx E[dy ;‘Izg(lx = al(])'fl
Twcng tu: 1.,= asb?‘_, 1, = “bSC
’ 00 60

by Hinb da cho gidi han bdi 1dng rén cla mat nén (z =

¢ \l— + ==} vi mat phang « = ¢ (hinh 91}, hinh chi¢u cita né trén mat
Y- b-

phang xOy 1a:

(thay # = ¢ vdo phuong trinh z = ¢

Viy: I, = Hjxgd\/
v Hinh 91.
Chuyén sang toa do tru suy rong va do déi xifuge ta cd:
VR I 5 | .
I, = dab jdn‘p_f t‘dl'jz:dz = —mlbc"[r(] - l"‘]dr = —abe?
o Q or 3 f s

Tuong tu ta co:

T A
I, = —a'be, I, = T abic.
’ 20 : 20



CHUONG 3

TICH PHAN PHU THUOC THAM SO

§1. TICH PHAN THUGNG PHU THUOC THAM $6

1.1. Binh nghia

b
I{x) = _‘K(x, Ddt goi 1a tich phan phu thude tham s6 x, néu K(x, 1)

i

khd tich trén fa, b, ¥x e [c, d].

1.2. Binh Iy Leibniz

1) Neu K(x, 1) tien tuc trong hinh chi nhatD:as1<b,cgxsd

thi: (D lim )= I[ lim Kix, 1)}(1( X, € [e,d).

ooy \9\0

(23 1(x) lién tue trén [o, d).

P b
(3) _[I(x]dx = jdl} Kix, 0dx | [a, 3] < Je. d].

il

(Quy 1ée tich phan dudi dau tich phan).
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. . . NS U Y I .
2y Néu Kéx, 1) Bén tue trong D vi 16m i Y ciing lién tue
i

trong 12 thi:

() Tx) = jiﬁmx’ Y
kS

%
(Quy tac dao'hdm dudi dau tich phan).

3 Néu Kix, 1) hén tue trong B afx), B(x) khi vi mrén |e, d],

. K(x, 1)
aso{x}=b,a<f(x)sb, —=— 160 tai vi lién tue trong 1) thi:
X

a) I{x) lién tuc trén [e, d]; b) lim I{x) = f:( °)K(x de: x, € [e,d])
X—»X,
._f" [fws
jK(x, Ddiy =

LA [+ NN

s o
[

du+ B oK |[x, peoy] -

- (1‘(x)K[x, nx(x)]
§2. TICH PHAN SUY RONG PHY THUOC THAM 5O

2.1. Binh nghia 1(x) = jl((x, Ol

201 14 tich phan suy rong phu thude tham s6 x néu nd hoi tu
Tx e |¢,d].

I(x) goi 14 hoi tu déu trén o, d] néu Ve > 0, AN(e) > O, ¥bh > N,
|-

= jK(x, Ut
|

N
|

Txoe |u, d] < .

Tiéu chuan Weinstrass

NCU ton tad ham 1) sao cho:
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D K&, O £ (0, ox 2 [¢, d], ¥t e |a, + x]
2) j(p(l)(lt téu tai
thi : IK(x, Udt hoi A tuvét doi v déu trén (¢, d].

Jd

2.2.Dinh Iy

1) Néu Kix, 1) lién tec trong mién ID:a <t < + 20, ¢ € x = d vi

I(x) = IK(x, Odt hoi e déu ¥x e e, d] thi:

(1Y lIim I{(x)= j_lim Kix, odt, x, e [¢, d].

LI Yoy

(23 LKxy Hien tye tren e, d).

[} o
{3) _[I(x)dx = jdlfl((x, Didx, [cx, [‘1] c [c, d].

i i

~ -
K, 0 . Lao .
2) N&u -- E ton tai v lién tye trong mién D, IK(x, ndt héi
X

ik

o

. tK(x, 1 . R .

va j —~)~(il héi e déu eén e, dj thi
y X ’

reo= | RO e

Fich phan suy rong

h

Iixy = _[K(.\',l]dl (1)

V@i Kex. 60 kKhang by chan theo tai b (a, ¢ e (a, b)),
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Ta cling ¢ cie khiai mém vy kK& qua tuong wo nhu & (20 2), vadi su
thay dai bane ngdn aef thich hap, chang Tan (1) goi 13 di e déu trén
1o, d| néu:

Fe om0, 33(e) > 0.b-b < B, WX € o, d|, (a<h <)

o}
jK(x, t)dl'; < g
W |

s

2.3. Céc tich phan quan trong

§inx o )
I = I dx = — (Inrichlet)
LooX 2

I_,.,.‘.r\ Jn

¢ dx = — ( Euler - Poison)
o 2
cosbx T .- " xsinbx Tk
1, = —idx = e , L= X = —¢
oAt o+ X 2a AT o+ XC
a, b = 0 (Laplace)
i .(.. > o v { FIs
F= Imnx‘dx = jcosrdx = —\/: {Fresnel).
b L 252

§3. HAM GAMMA VA BETA

3.1. Hdm Gamma (Tich phan Euler logi hai)

s

Pinh nghia 1'(x) = II‘ e Tde () hoh tu vie e dao him moi eap

TX = 0
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Tinh chat
23101y =1
(3 + D)= x1(x), (x> O0)

Hln+I1y=n'in e N

(5) I l‘_\f;
L2

K 1
[P E) (n_i][n_é

(Y In+ —
\ 2 2"

3.2. Ham Béta (Tich phan Euler loai m&h)

|
Binh nghia Bep, gy = [0 -

hoi tu vived diyo hivn mei ¢dp ¥p, g > 0.
Tinh chat

()Y B(p.q3 = Blg. p

1

(3) Bp, gy = - LW

Fip + )

]1 1

(H) Bip.qy= | —- dt

J. (1400

] T
(5) Lepal (1 - py = [—_m =
5 smpa

Xem ching minh & cu6i Bai tap giai sdn Gidi tich 11

TBALTAP

28, Xét sy hoi ty déu cua:
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.o

1) [(x) = jc e

i
23 1(x) = _[c M costdl (o 2 0)
I
4 f .
Siax
By = _[ cosXdx
<
Lsin x
DIy = [Tk, yzy, <2
o X
Bai gidi
WX zx,>00 ¢ WU MY

I_r!c k""1:(11 - ._‘!c {‘.\"‘&d( x“l] L Vn

I \‘xrl " X

(theo {2.4)). Vay theo (2.1, 1(x) hoi tu tuy¢t déi va déu Wx 2 x, > 0.

e Nt e Mt hoi tu v

I

2) ¥x = ox, » 00 o Yt¥cost

gro> s lim 1% e ' =0 (Ticu chudn Dirichlet T1).

S

Vay I{(x) hoi 1y tuy¢l dol v déu wx 2 x, = 0.

¢ osinax | singa + DX o« sinie — DX
N = _f cosxdy = - I dx
L X 2 :, %

mt kKhaie j

ST

dx hot wy déu Yo 2 a, > 0,
X
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B S I .
. o . - SINCAX |, sinz .
vi Ve > 0 viv@i by, dd 16n, 9 > by, j —dx! = J' ds| < & chn
X ‘ 7
Il T
. h,,
khib > —
‘1r.\
Viay Tta) hot tu déu Va = + 1.
. | !
. sin x I dx X~ e 1
H Vi y €y, < 2 < - | == = —
X1 xa ! yioo L 2 - Yo . 2 - Yo

Vay [(v) hoi tu déu ¥y < v, < 2.
29, X¢t sy lign wue cha:

oD

]
1y [{x) = 'hx: + tzdt, tm  lim Kx)
i

1

1x .
2y I{x) = _[ ax : Luam lim kx)
i x oo
I + (l +
\ n
1+ - (ﬂ . .
3 Iix) = I ———, tim lim Iix}
1+17 + %7 Ler

13

+) Tl F'(x) néu F(x) = jf(l + X, 1 — x)dl

0
vai £, f licntuc,u=t+x, v=1-x

5) Koy = jc STy (o> 0).
[¥3
Rai gidi
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DK(x, D= yx° + € Tien tue ¥(x, ) e R do d6, theo (1.2), 1(x)
1a hén tue ¥x € R.
L

L
- a i ]
e Iun Wixy = [ lmyx- +1-dt = Jidt = =
Vi 11)11rI (X} M x ¢ I ( 5

¥ X
fh 0

2) K(n, x} = — lign tue ¥x = 0 van > 0, do dé I(x) lién

I+ 1+
n

tue ¥x =2 U viin > 0,

Va:
l | Lodx
lim 1{n) = I hm ———dx = j
e _ in Y
[{ IR f\11 * X t’\]+c
P+i1+ -
n
¢ dt 2¢
:j =1In b Lle’ =1y
1 1l +1) ¢+ 1
1 . . . -
DK, 3= ——— hén tue ¥ix, 1) € R~ do dé I{x) 14 licn tue
1+t +x°
Yx, 1) e R°.
b dt rodt T
vil lim 1(x) = lim I - - = j — = —.
sorh woah L+17 +x° al+1° 4

4) Theo gid thidt v theo (3), (1.2) td co:

\

1'{x}) = Hf“(u, vy - f.(u, \’)}Il + 1.1(2x, 0}

VOl U =1+X,v=1-X%_



df : : . dr

Mat khdc: | =[, +( hay [, = — -
it

u

1o dé:

L . . X i A l[- LS .
Jit - 10 = [aran - j‘?m = 2[fdt - [(2x, 0) + fix, - x)
i -( i

o

v IF(x) =[{x, - x) + ijllldl .

i

e N f?]((){, ¥} T
SIKGyy= e ™ vl =222 = v'e ™ lien tue rong D Vo> 0,
[N

Ty e R.RO ring J' ¢ ™ dy hoi tu vi j yoe *dy hoi 1ty déu trong
[ 23

1.
Mat khie:

= fo " dy = fe “dy+ [e ™ ay
1

BYo dé, theo 3Y (1.2) v 23 (2.2), ta cd:

a N 4 4
[I(U.] — J’_ }’:C -:?.\‘(I}_r — B + j _ ylc.. a_x\.-dy
L il
[— J' '\'":L‘ u.\‘d}_ — 0 kN
[k
30, Ching minh rang:
I n
1y THm Bessel: 1 (x) = —jcns(nl - xsindt
b
L
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thoa miin phuong trinh Bessel:
XTIy x] () 4 (7 - (x) =0,n e 7.

Yoeoat
2y Him uix, ) = l[f(x -abty + [(x + al)] + I— II"('/.)d'z.
2 2a .

Hi

thda min phuong trinh (dae déng cia day):

&Tu A

—— = a -

o1 %
vi cde dicu kién ban dauw:

 fulx, O
ax, 0) = fixy, gy

ol
v (0 kha vi 2 1an €ed IMx) va Fyx) kha vi
Bai gidi

1) RS rang K(x, 1) = cos(nt - xxint) théa min cac didu kién d¢& lay
dao ham dudi diu teh phian ((2), (1.2)):

- LE ,
T, %) = —jsm(nl — Xsim Dd({cost)y
T

Tich phan ting phan, ta duge:

T

' 1. . ;
), (x) = — —sin(nl - xsint)cost
i

+
i

hid
1 .
+ —_[(n — xcostieos(nt — xsint). costdt
n
r

n

n . .

= —jcnsl.cos(nl — xsinBdt -
hid

4
X} s .
- —j(l — s tcos(nt — x sin Odt
T
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his
n . . "
= —_[cos(m - xsintyeostdt - xJ (x) - xJ (xy (1)

JT'L.\

Mat khac vi:

il n
| . 1 . .
—jcos(m — xsintin — xcostudt = —J'dsm(m —- Xsmt)
e T
} T
= —sin(nt — xsin)] =0
T o
n m
X . n .
nén: —jcos(nl — xsintycost dt = —jcos(nl —xsintydt =} (x) (2)
T
4] fi

Nhan (1) vdi x va theo (2) ta cd:
n
: nx . A -
x I (x) = —Icos(m — xsintycostdt — x=J (x) — x°) (x}
b
{1

=ni) (x) - X7 (%) - xP) (%)

hay: X0 + x5 )+ (-1 T, (x) =0 (d.e.m).

2) R& rang cic diéu kicn dé 18y dao ham dudi dau tich phan déu
thoa min.

Ta tinh:

u 1 1
— = —|"(x —at} + f'(x + ab| + —|li{x + at) + F(x — at)
% 2[( ] 221[( ]

C_:l = %[f"(x —aty + f"(x + al)] + !

i

[Fox+an+ Fx -an] (D

.

[ 59,4

LT“ = EE[f't()( +at) - '(x - all)] + L[l-'(x +aty + I'(x - al)]
a 2 _ 2a
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V| a- :
Sl a0+ x —an]+ Lt Ay ¢ Fxo—an] ()
- 2 2
Nhan (1) v&i 2 vd so sanh vai (2) 1a duge: © P =a " ';1
- ot
N o
R& ring: ulx, ) = f(x), — (x, M = F(x).
ot

31. Tinh:

L L
. H
NI= Ix“ Unxdx | biel Ix” ' = — (>0
i

0 1

or . . » Lo ]
1= e M biat [e Pdt= = (p> o)
p
Nl 4l

£,
S X

#3y [ = j dx (Dirichlet)

4]

= 1= j ¢ Mdx (Euler - Poisson)
il

" cosbx " X sinbx

* L= [ $———1dx, L.= j —q-ll—“-dx a, b > 0 (Laplace) -
LT+ xT noat +x°

P = Jsinx:dx = Icosx%x (Fresnely
I Il

Bai gidi

[} RO thng K(n, xy = x" "' v&i 0= x < 1, n > 0 théa miin ede didu

[
KiCn cia 2} (2.2} do dé lay dao ham theo n 2 v& cha: _[x” dx = —

0 n
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I
- {
I'a dugre: [ = jx” YMnxdx = - —
H

2y Tuong ty nhu 1:

I{p) = IL M = l, {p> 0,
p

¢
H

I'ip) = j— e Mdt = - —IT
0 p-

py = [Ce Pat = =
01 p

oo

3) Xé J(a) = j‘,

[

o sinax
M (K> 0,az 0.

RG rang J(a) héi tu: wa = 0 (k> 0).

e SiNax
¢ x>0
Kia, x) = X
a 1x =10
vi K (@, x) = ¢®cosax 13 lién tye trong midn D a = 0, x = O,

_[c' M cosaxdx hoi (u déu trong .
Vi theo (2 1)
< e M v jc Mdx hol k> 0y

153 X
[ CON X

Viay ¢ (he 1dy dao ham dudi dau tich phan:
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s 4

M- keosax + alsinax)i

I'ta) = ju M covaxdx = -

" a + k ‘”

o

l

k . L R -
-—— (tich phan timg phan ha fan).
+ k-
Tich phan theo a 1a cé:
A .
Hay = elltlgi +C.
Theo (1 Oy = 0, do dé:

' a
O=arc1ip0+C hay C=0 +i Ja)= arctg-‘i

. ' x Sinax .
Khia =constthi 1 = I ¢ SR a0 mél han coa k: T = Jky =
X
i
a )
arclg o lién tue kI k = .
Do dé:
. "¢ sinax T,
lim Jiky = j —dx = arctof+ »)= — khia >0
k v L X 2
Vay:
¢ sinax ]
j dx = L {(a=>0M
X 2

. ¢ osinx n
Khia=1: [= _[——dx:—
LOX 2
Clur v
1) Ta ¢d th¢ dang phuong phip tich phan dudi diu tich phan d¢ t{nh
I nhu sau:

LOS



Ta co: w = jc Mt (x>0
i

”
o

Do do: I = j

Y

o \
sin X Ii.! ”dtde

£l

Theo (2.2):

= J'(Il Ic Y gin xdx
(\ i

{vi: Ic Msinxdx hoi ty déu trong midn duge xét).
4]
hay: 1= j‘ - \l[lsm:f - cusx] dt = I dt :
4 17+ o v L+
wetgt] i
¢] 2
" sin ax T
2) D& dang suy ra: j dx =—signa,a=0
X 2
0
. o . . .
D= j ¢ “d Ldatx =uttaduge I= u I ¢ ", nhan 2 v vér
[l [l
¢ M vi 1Ay tich phan theo u U 0 dén + =
- s -
j le “du = I Lc "y j e “_‘_dl}iu
m N o ;
. I - s l'(- s - - ‘II
hay: L I ¢ Mdu == I j oe 4T T g

" o J
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A

- )
(vi I we U7 du hoi tu déu trong midn duge xér)
8]
Do do:
LT 2
P=- j j —e ‘”".d(u3(1 + tE]) At
251+
1 _[! d =
2001+ 4
—
. I
vi: = —.
2
X
) b - cosbxd( ]
05 bx i a X
M= I :' dx = — j- —=, dat — = u, ta duge:
o o+ xT A X a
Tl 4| -
a
1 ¢ cosabu 17 ¢ cosfh ) ..
L=~ = —du = - quu:—-l vdi PB=ab
a1+ a3 1+u a
1 .
vi — = |¢” "sintdt nén:
| +u- 0
o 'Y Y tsindt
. \ sin (¢
I= J-sm tdt jc "oeosPudu = j -
3 H [ ﬁ_ + 1
dat « = Pz, ta duge:
I J~ [3esinfzfdz " 7sin Bz dl
AT ENS IR S A I dp
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i1
hay (T =-dival=Cel

. . 7 du .T N
Mat khiac f=01thil = I — = g Ce® hay C= =,
Lob+ s 2 2 2
To.n N i n
vay 1= Ze¢ P Li=-1=—¢ ® ([} = ab).
2 a 2a
Ta ¢é:
X sin bx dL. -3 . -
l.= I _qsm - L T e = B
noat + x- db a

0) Xét: I' = Isin x-dx | dal x* =t thi:

v
. 17 ¢ smt
IF=— dt
2 o 1
-
. 1 2 2
mal khic: — == ¢ "du
t L

M I s g . _ J;
(— | ¢ du = —.— | ¢ dﬂ = —.-—.— theo 4.
vr J NESN JroJ2

Do dé:

osint 2 o 2 2
I= —dt = — [sintdt | ¢ "du = == [da ) ¢ ™ sintdt
PR ] el

s r
Wl (= u” sint - Cost); 2 _‘- du

5
E}[L . ut 41 . \/;r\,u*'+l

N

1 .
Patu= — 1a ¢
v
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4 v ~
A1
7 u’ o+ 1 T, ‘HJ
Lt
) Fo 2 .
- — vody =]
4
Ty v o+
Do dé:
1 L2 v o+t
1l=—{I+1)=—.— dv
2 2 Jx noyo o+
1
l ,l+lw L d(v-— 1
= — Y dv = — h
[ 2
Ty VR L)
a o T2
v + \*J
r ]-‘L.;
L [‘_, 11{ L’n\”
= — ool = —|— ===
Jr 2 2 Jr V212 2
[l
_‘ﬁ
2
Vi l":—l:llE
2 2¥2

Tuong ur:

Y —

2 IJ:I
jc()sx‘{lx = —.(—.
2%2

I

32. Dung phuong phap 1ay dao ham hoeac tich phan dud ddu tich
phin, tinh cic tich phan:
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|
S)I:_fhl“ a“x° )

6y 1

R
—
H
- —
4]
f

mil
131= jln(ul sin” x + b7 cos’ x)dx L a, b > 0

I8

| Xb

231 = —-—dx,fl b > 0.

Inx

0

1 + 1 +acosx dx
1= j’ In (Jf <1
I — ACOSX COSX
Carctex  dx
D= [ =L
i X l—XE

]

sinmxdx , (a, b > )

: arctgax
Nl= j —dx, a0

-

hoXl+x7)

)1 = j ¢ Y cosmxdx,a >0

Nl

a e

- HE - hy—

-dx {a,b>M

s ax ¢os by

m)tzj SR X as b0y

' N
1y 1= j sin ‘lxdx (2 > 0)



1
]2}]:: I d]t“)(__d
nxafl — x-
ol
13) Chang minh [ 000 ~fO)n - v6i 2, b > 0,  lién twe 2
X
0
E H b
T }dx tén tai VA > 0 (Dinh 1¥ Frunali). Ap dung tinh I sin ax sin bx dx
* X
0 ;
{a,b>0)

Bai gidi

2
1) X&) = Illl(a: sinc % + b cost X)X (1), (a> 0. b> 0
4l

RO rang:

2asin” x

Kia, x) = lu{a™sin’x + b cos™x) va K:‘(il, x) =

-

S > >
a sin“x + b cos™ X

N . . bt
L lén tue trong mién D aza, > 0,02 x < 3"

Vay theo (1.27:

e 2asin” x
I'(a) = — e ——dx,
poa sinT X + b eosT x
dat 1 = cotex, 1hi:
. T dt
Fidy = 2a j

0 @ + bt + ")

Phan tich:

R __AM+B Q4D
G2 AR+ Y at bt 1+

Tinh 1041 ta ¢6:

171



Khi do: A=C=0,B= — = !
W - b a- — b~
. - b- di e I di ]
U(a)y =24 _[ - - 57wt E T
a” —bmat + bt oot —bT 1T
C f | |
= 2a|- jh -, Alrelg — - —etgl
a’ — b~ ab al, a” — b~ ‘o
=
a -+ b
va: Iy =xnlnia+ ) + C (2)
Cho a = b trong (1) ta duoc:
E
2
I(b) = [2Inbdx = ninb
(1
v (2) viét duge:  wlnb = nln2b + C hay C=- g2
. a+h’
Vay: I =1Ia) = nin| ———|.
2y
l Xh _ xa
2) Xét: I(by = [=—"—dx, b >0 ().
o lux
RO range: b
© {x X tax <]
P Inx x" i
K(b, x)= 40 X =0 vi K (h,x) = ——2 =x°
]. Inx
ib-—a :x=1

bzb,=0

La lién tye trong mién I 1(
) <

[
b
|J'\



o dé theo (1.23:

. |
by = |x'dx = — —
farax= 4

n + 1

va I{hy = In(b + 1Y + C, thay b = a trong (1) 1a duge: I(a) = 0, suy ra
O=In{a+ 1)+ Chay C=-In(a + I}

. ) b+ 1

Vay: I=lhy=In ——
a+ 1
Chii ¥
b i b

. X - X ‘ L e . A R

Vi T = Ix'dl , nén oo (hE dp dung quy tac fdy tich phan
nx

duéi dau tich phan nhy sau:

a A a

1= ludx jﬁx‘dl\ldx = deljx‘dx = ]- il =1in b+! -

{1 I

i I+ acosx dx
3) Xét ) = j In———" 2 () < D
I — acosy Cosx

i)

I +acosx | T
m——  — =, € x <—
&day:  K(a, x) = I — acosx Cosx 2

2a LR ==
2
' 2 .
vit K, (a, x) = ————— - lalién tyc trong micn 1

| — a” cos™ x

i =

. L
=a,< 02X —
2

Do dé o the 18y dao hiun dudi dau tich phan:
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I'ta)y =2 ﬂjil

il

dat tgx =1, ta dug:

I'fia)y =2 ‘j.! -

1 1
I —a" +1t-

dx

l - a cos x

.

T

Do dé: T(a) = narcsina + C.

7
i -a

Theo (1): IO = 0 do d6 0 = maresin® + C hay ¢ = 0.

Viay:

J ArCtex dx
4= ] &=

I =I{a} = warcsina.

[§] X

. (llLl"X
vi ——°

X

I =

(K(t, %) =

\,’l - x>

dt

A

oL+ x3C

I |

~—— ucn:

| —x- r,]-i)(l"

l

bBé tinh:

J =

|

dx

il

dlj'

0<x <x, <1

0 <t

f (l + X:lz)

“
- x-

=

-

ilx

P+ x0T - x7

— li'n tye 1rong mién L
(1 + x7t" 1l — x=



dat x = sinu, thi:

du
mil ! nil e
I = I (I; — I cos” u
2 -2 + - ~
h I+ 17 sm w l+tgTu+t7ig™n

w3

_I' {E(lgll) — = 11 au.lg(“'l' + ltf’u
o I+ +I)lg‘u |I'l— +1 ]“

_ n
247 +1
Do da:
. 1
I:EI_(" :Eln[t+\h+t:) =Ein(1+\5) '
2 (1l -\“ + 1: 2 0 2
Chit v

C6 the dimg phuong phdp lay dao ham dudi dau tich phan d¢ 1ink 1
bang cich xét:

1
arcle: i
I(a) = I'Ilclg X dx )

0 X | —x-

L
531 = j]nilid“dx, ld] <1 (I
0 X741 —x°

Xét T = I{a), rod rang cic ham:

1] | I
LU L’i 2 k=0 . _ o4

K{a, x) = \[l —x: vi K, (a,x) = — ===
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“dl 1, <1
[

[
N . . — 2adx . R
R& rang Iia) hoi n va —— (2) hdi tu déu trén

af{l — a:x:)\.'] - X~

la Licn tye trong midn Dk

L T

i
X =Xy < L

(K(a, x) ~ — g
(1-x

I— < | = (1) héi 1y
2

I
K a.x) = = pix). jcp(x)dx hot ty

b - d.”X )1,{

do dd theo ticn chuan Weierstrass (2.1) thi (2) hoi tu déu wén

K| = xq < 1.

mil

J- (_ix
¢ {1 — a:xz)‘/li—x-:_

Vay: Fia)=- 2a

dat x = sint thi:

Fa) = - 2a J- dt _ .~

G b—atsinTt 1 — a4l
Do do: i) = '."EJ| —a~ +C
Theo (1), My =0 nén O =x + C hav C = -
Vay: I=1a)= myl —a" - D).
I!L‘ i — I
Oy XA l=I{m) = j — ——simmxdx (1) (a, b >0
X

1l
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-
o

twong g nhu 3) w di dén:

-
I'tm) = _[(c' e Myecosmxdx
[l
i
_ a (— acosmx + msin mx)‘
a- +m” ‘”
. .
- by (= beosmx + smmx]‘
- g
b- + m- ‘{
]
a b
- : il - hl A
a +m- b + m~
Do da:

m m
[{m) = arctg — - ;m:lgg +C
2

Theo (D T =0 nén O = C,

Viv:

bk - ill

m m
[ = {m} = arctg ~— - arctg — = arcly "
a b ab + -
Chii ¥

C'6 thé dliing phuong phdp tich phan duéi dau tich phan dé tinh 1 nhu
Sall:

Lk ALY P
N L - ¢ Al
vi: - = jc di, (x = (0
X
K
b
nén: I= I(lt je M sin mxdx
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hr( . . I A h
I' a (— 1SImx — meosmx) J- + mdt
= ¢
L "+ m- LI A t* + m”
d

T
=+ arclg —

m m
=arctg — - arctg ™

11 a a
7 arcte
DX = [ 2 g @as0) (1)
L x(l + x2)

RG rang tich phan ndy thoa min cdc diéu kién dé ¢6 thé 18y dao
him dudi dau tich phan:

\ dx
I(a) = ) l ]
n L+ x " ¥Ml+ax7)
Phan tich:
i _AX+B x4 D
(1 +x7¥1 +a’x") 1+ x° 1+a'x"
.- . . 1 a”
lacd: A=C=0,B= —, D= —
1 - a” a- -1
Do do:
[ 7 dx P
I'(a) = +

3 > T
I—a" [ 1 +x° a- -1 3 1 +a" x°

e o
a
- —arctga
i L -a o

= —-—.1 = T va T(a) = 11-ln(] +a)+C
2 2(1 + ) 2

1
= T arcigx|

Theo (1): (M =0, dod6: 0=0+ Chay C =0
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vay: lay=1= 121-]11(1 + a)

Clint v

arclgax J~

T nhin xét: uén ¢o thé 1inh 1 bing cich lay

A .

1+ x°t-

t{ch phan dudi dau tich ph;’uL

%)y Xé [{m)y = j e cosmxdx (a> O ().
4]

- 1 )
a

Cic bam K(m, x) = ¢ ™ cosmx vt K, (m,x) = - x¢ ™ sinmx Ia
lién e trong midn [ x 20, - < m < + x.

-
Ré ring Hm) héi tu ¥m € R, cdn _[ K, (m, x3x hoi tu déu ¥m e
i

R theo tieu chuan Weierstrass {2.1).
Do da, theo (2.2

P
1

I'ftmy = - J‘ x¢ MY sinmxdx
0

Ly tich phan timg phin, dit u = sinmx, xe™** dx = dv thi:
. . .
. . m L
I'imy= —¢ ** sinmx - — | e ™ cosmxdx
a “ 2a o
, 1
hav I'oom = 1)
a
T do:
dl -m
— = dm
| 2a

179



-m-
Inl = L + In |(.'
da

-

m
LO=constz=0hay I = Ce #

VA

Theo (17):

- r

l
o \/;“ J;I’_’ _ZVa

{l'ich phan Poisson).

Do do:

e t fn ! -
_\[1 = ¢ hay C = \’E vii = l(my = r
2¥a a

!

= — —, = {a=>0).
2 il
v ° a\'z - hx:
9) Xét 1(a) = j X (a b= (D)
X
il
1;-(: h.\: -
o ¢ - » ! S ..
RO rang Ki(a, x) = — va K {a,x) =- xc¢ lién tuc
X

trong I x 2 x,>0,a

2o, >0

I{ay hoi tu vi I

Xe “*dx hoitwdéuvaza, >0
(\

(xe " e xre Yy
Vay
I'ti) -;(.x # ! Ij! "‘2(1( %) !
)y = - e X = - ¢ —uUxTYy = - —
) 2a 2a
Vil

1
lay=- —Ina + (.
2

Theo (1): I{hy = 0, do dé:
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1
=- ! Inb + ¢ hay = - lub.
Ri 2

b
=lia) = in !:

¥ Va

<
op
-

SINAX COS hx

103 1 dx {a>h >

r x

dx

— 2

]_ j sin{a + bix . 1 'J-! si_]l(al — bix
2 M 2 i}

X
Theo (2.4):

z
5
tbthil= —[31gn(a+b}+51gn(a b)]

N 3. 1 .
11}y Vi sinv'ax = —sinax - —sin3ax
+ 4

Do da:
*= gin? ax 3¢ sinax 1 ¢ sin3ax
1= I————dx:——j dx - — | — dx
X + X <+ X
{1 0l i1l
Ix I n T
= —— - —.— = — {a=0).
472 472 4

L
arctgax
12) XEt [(a) = j—r"‘ X dx (D)

0 Xyl — X-

R& rime It thoa miln cide didu kién d¢ €6 the 18y dao ham dudi dau
tich phan, do do:

| l
xdx

J :J- dx
n(l+;12x3)x\}l—x3 NIET . )Jl—)\‘

I'(a) =
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n o

di

Bat x = cost thi: I'(a) = j - o————, lai dat t = (gu thi:
Lol 4+ aT cost
o du 1 u ‘
I'tay = I —_—— = =aretg
o I+a” +u” 1+ a’ yI+u ‘f-.
_ H i
I+ a’ ?
. o 3 .
va: Itay = 5]11(;1 + \/{l' +1yr+C

Theo (1) I{O) = 0, do do:

0=Z0+C hay C=0.
2

Vay: I{a) = -—In(‘]+ v'd + l)va I=1(1)=In(l + 2 )-
Clui ¥
arelg di . . L
vi MeleX j - nén cd thé tinh | bang phuong phép tich
X nl+x e

phan duéi dau tich phan (cdc didu kién déu théa min):

it

f

| 1 m2

1 - e B
E[H'r[.(l + lez')\/l - x" ?[ \ljl +1°

dt

:%ln(l+ 2.

fi

S lnte + 4t = 15
— Tt + 1 +
> Y



13) Xét F(x) = j'f(")d A > 0 xét:
x

+oo
j H@0 4y = j LGP = F(+o) - F(aA)

X
A aA

o +o
f f(bx) o _ j_f_ﬁ_tldt = F(+o) — F(bA)
A X bA

+ay bA
= | T@x) = 1(%) 4 = F(bA) - F(aA) = [ %) 4y = ey 2, aA <& <bA
X a
A ah
(DLTQTQ. tr 222 TI)
I=1lim iim f(E_,)ln-——f(O)ln—
A+l
+ . +x
Ap dung: I = Ismaxsm bx dx = 1 J-cos(a—b)x—cos(a+b)x dx
X 2 X
0 0
S ST i} e
2 a- '

33. Tinh cdc tich phan: (Frong cde dé thi Gidi tich hoe k3 1 T997
1998 DHBK)
- ¢ ax c—ln
Ni= [ Z—=—dx (a,b>0)
{1 X
"Il + cosx) d

2= — X

0 COSX

e -k
}

dx (a >0

In(l + vx)

4)1_j

o I +x~
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Bai gidi

(A}

1y Xét Ithy = ji_' ©
X

]

dx (1)

X&t twong wr nlhue cdc bai (rude., 1a thiy I(h) théa min moi didu kién
d¢ ¢6 1h¢ 14y dao ham dudi dau tich phan, do dé:
wu
I'thy = fc Prdx =

1l

—l— vk I{by=Inb +C
b
Theo (1y: I(a) = 0 nén Ina + € hay C = - lna.

b
Vay: Il=Iiby=inb-lna =n— {a, b > 0.
i

C6 (h¢ tindk 1 theo phueng phap tich phan duéi dau tich phan:

C-:n - L [
vi: _— = Ic "t
X
H
- Ik I -a
nén: I = f(lxjc Tt = J(llj'c i
H a i f
I8
N i b
:I- ——T It = |~ =In—
11 1 a
1 o |

( J'c'”dx hoi t déu vt = ¢, > 0).
LAl

In(l + cosx) _ j di

2y Ta co:
COSX f D+ teosx
?l."ﬁi . di : 1177-"— dx
Jodd: 1= I(X — =I( j_‘—
Do dé I+ tcosx

P+ teosx
4 I
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dx . < i .
Vi ————— hoi e déu rong mién duge xet.
1+ 1cosx

Patz=1g

wiz . . 3 1
j —- dx = ’_’j 4z e ——— urclg\} — 7
1 + teosx b+ 1+ {1 - 07" E b ]

. L dhage:

v |

I i

Pat u = ey dv = —— thi du = —-

vo= arcsint

Theo ¢cong thire tich phan timg phéan:

n-v . ‘ A i
[ =arctg, |]— —aresmlh + IEII'CSIIIL—,:
VI + 1 |
|(. ! \|| {
|l -

| . o T
= —{aresmi)y”’ ;s = -—
2 ®

|l"

e _I_n(l + acosx)

Chui ¥ Xét Wy = |

M

di. 0= < 1.
COSX

Vi ta thiy T thoa man cie didu kign dé ¢d the 1ay dao ham dudi
diu tich phan:

niz

I'ia) = j

4l

dx
I + acosx
x -

dat 1ge — = t1a cé:

2




l dt 2 l-a

I.({l) - 2-[_.—__— = —(/———arctg

P L+ 2y = (1 —an” \/l — 4 I+ a

Tich phian timg phdn nhu trén ta duece:

1 -a (zu‘csin;l):
+ —

I{u) = arcsina. arclg +
i +a 2
(M =0nén C=10.
. n”
Do dé: I = limIia) = —.
&yl s
Tacdl =l = _[ —- dx . (a >

LN
RO rang La) ¢ dir dicu kien d¢ ¢6 (he 1ay dao ham dudi dau tich
phan ()

Fay = _{u N =

- al

a + |

Do do iy = [n(a + 1)+ [0y = 0, nén C = 0.

Viiv: F=1Ia) = inia + 1),
Clui v
. I - HES Bl N . . . i
Vi —. = Ic Sdi nén ¢6 thé dimg quy tac lay tich phan dudi

{1
diu tich phan d¢ tinh 1

- i i Lo
l = J'dxj.c I = I(]ljc"“l"dx
d I fl

i
-

{ Jc “dx hoi ty trong micn duge xé1).
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4

= I dl = Init + 1)] =1In{a + 1.
t+ 1

TIn(l + vx
4y Ta ¢ I{v) = j— ( . ) I(y) thoa miin ¢
A

thé 1ay dao hiun dudi diu tich phian ('

cac didu kicn dé co

Theo 33 {1.2)

¥

: 1
I(\)_I_ wilx ‘. 11(l+ )

L + vl + X )

| + v
Tinh todn ta cd:
I In(i ; y
'yy=--— '1 ! + ———arclgy
2 [ . _\_.--

I+ ¥
Lay tich phan va xic dinh hang s¢ C, cudi cing ta duoe:

L .
1=Hv)= ;m'clgy.ln(l + v

34, Bidu dién cde tich phian sau qua cde him B, ' vi tinh cdc tich
phan dé trong trudmg hgp khong can dong bing

nil

D= jsin" X cost xdx .
n

XErudmg hgp v =n

n=0,1,2...;p0=0.

j x eV dx, n > 0.

]

211 =

T

Hl= jrg“xdx
t
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v

= -[x"”c lnxdx (a > 0.

il

5y 1= j—-dx (n>0)

o+ x
6) 1= jx:ﬁ - x-dx
e g
X
Tyl = [ —lx
il (I + X)_

L
1= ‘[__dx — (n > ).

91= {2

dx O<p<l.

I K= I_ —__EIE'P —= (Tich phan cHiptique loai 1,

" ﬁ ! in=
- >
y

2

o —

L

LR,
j \:'l - %sin: odep (Tich phan clliptique loai 2).
5 “

11) Tinh dien tich hinh  x’+y* < x>+ y% x20, y>0
12) Tinh thé tich hinh { Z<xy
X +y' <]
Bdi gidi
D Batsing = Vi (2 0, kisi do:
- " )

I = —Jl Sl -0 7 dt = = l+_]ﬂ+_w
2r:- 2 L2 2 )

[yt



Thoitwkhiv+ 1 =-0, p+ I >0hayv>- 1, p=-1I.

Truome hgp v =, =0 la o

i *

1= L]; _"_t_l., 1!

2 2 2

Xétn = 2m (chan). ta céd:
.'r’ ] ) _-'/ 1 b
| Lo | I"'m + 2‘1.' 2|
I=1=- Ii{m +—,—| == ‘ S
2 22 2 I'gm + I

Theo (33 va (4 (3.1) ta ¢b:

n
2m - - :
2m — N{2m 3)“3‘1'2 _Cm N ox

2m{2m - 23..4.2 Zmy 2

Thomg y:

2m{2n — 242 {2mat!

I..,, = .
TN 2mo+ DRm - D (2 ~ O

6 14 cde cong thite di bict (chuong Tich phan xdc dinh 113,

Al
231

2y Bat x = Jl_ t=0hi: dx =

VA

K

-y 1
1 e I, 1
I:—jl -'c[dl:-—[(n+—w
2 2,

100 - DBive _ Zn - D VT gtheo (), (3.0,
3 2” 211-[
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il
Nl= jlg“xdx ,dat tgx = \/l_ thi:

r

|
— 1

2+ )

T -
(lﬁx«:;r;«()<t~<+ac.,x:1u'clg\fl Ldxo=

nol

R 72 +1
va 1= I “dt = -- B n——,l— h+ !
2r.l+‘ 2 2
:_T{n 1 I{I_nw‘l}: bid - rt___
2 2 L 2] + 1 mn

.
281 n big 2o -
2 2

P . . . el e . +
R6 rang tich phan dii ¢cho chi hoi (e khin+ 1 >0, | - net > ( hay
5 ¥

|11\i < .

HI= Ix”c T laxdx . (a> )

Bl ax =1, ta duge:

r L. Ina |
jl'xc “Tndt - -jl"a: Ledt
-l -l
i n il 0

[ =

Mt khae:

l(x+ 1) = J‘luc Y, 1Ma+ 1) = J-IO‘;:"1 In tdt

1l o

‘ : 1 e + Y
Dodsé: 1= et b Ina Flor + 1) = | e -l'_)_J
a®! a®! duk at

Lton tai khi o+ 1 >0 hay o > - 1.
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-r

si= |

Nl

{n > ). Hat x" =1 hi:
l + x

MER 11 ! {
j- d_ ll"Ll)I{l ~ _J _ )=
n L n n

A

. . 1
Tich phan kdrtu ki f - — > O hay n > 1.
n

1= jx‘\fq— x:dx.£):_1{x=2«./l_,1>(l thi:

f:

[ ! ;_ 3\|
_[ 1o a 2du :8[13(}—1)3111 =8B-f—,-~|
24t ,:, V202

._
{l
2

1]
= [IF3
T
Hlrs e
}
. S
-
3 | -
/'_I"‘\
P | —
_
R
[
b | —
I
=

1= j J_ ix = jiﬁ(lx :Ij[i,iw
4

no (1 + X)- 1+ XY

B ey
4)7 a4 om

1'(2) 4 44

242

1 1
1 —
8) [ = j'L_ (> 1. Pal x = 1" (1> 0) thi:
(l n I . x"
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1 [ | -
1 ! : g l
t j'x (-0 ”(]1:—[i|—,l—-—]
I'I“

no\n n
1 1y f 1 T
= —IL—JIL - i —— > 1)
noin ..
nsin
n

oot
Xét
coopl
Bip.1-m= j l d\c =Ml -py= T
Sl SN pR
A JI . |
thi: P=B,= [0 = St -y
ol +x dp
a7 = 0 T pa
= = — = . .
dpi sinpm ; sin - pn
10y K = J' _L? dat cosp =t {1

f 0= sint
5 p

A

i
= - <] Z2120,¢=arccost.

dp= ——— K= [ e —
\,‘l—l‘ (‘\jl I ;(I—I)

1 JE' i l
K= \/Ejdi{l— lai dat ' =2 (2ythi K = sz -2y Sds

1l

. 3
Li \Il] -1
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Citng vai phép the (1) va (2) La duge:

A ! Lol :
jz = 7 3(11+I?. -2 1(11}

|
T2

ror R
-1 1;'| L “P’LU
dy2 | L4 2 v 2
’7 Y _'(3\'|—| [ \‘
]
IR SEY S C71 B I RS T P
= 4\,6 _‘_}|I_ 3 l{S\, 81.??1.4 \-l- 1_|‘!]
|_ |'\4')"| \-]',"|| I _I"II

QIR
Ngudi ta da 1ap bang cde gid tri cia ham I'(x) (trang 386), theo bang d6:

1"(;1;+1)=0.9064

Do dé: F(%):4F(-§+l):3.6256.

11} Ddi sang toa do doc cuc: x = reosp, y = rsin2{3¢
'+ ¥y =x"+y =1 = cos*p + sin¥o
! 1

I= %rcos 3psin Yo

5 n/2 _l _l cns4”(p+sin4“(p
S= ”dxdyz; J cos 3 psin ? pdpx _[rdr
0 0
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%/2 1 7 7 1

= 8= 3 1+ J (sin ? pcos? (p+sin-;(pc05 3 @)de
0
m/2 _.1_ I
= 3 1+2 Jsm @cos3 odo |. Theo 1):

0

rqa/3: 1"(2!3)
s=Ll142.1 =1[ 4“]
3 2 r(z) 3

12)V=4[Jxydxdy D: x*+¢*sat
b

Déi sang toa d6 dbc cuc:

n/2 1 1
V=4 jsm @cos? cpdtp_[zdr
0 0
3 2 ( )
Theo 1):\1_2"‘Tl 4 _ e F2(3)
5\/; ey

Vi %I’(l+%)= g—x 0,9190 (Bang & trang 386).
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CHUGNG 4
TiICH PHAN DUONG VA MAT
A. TICH PHAN DUGNG

Pudng. Dudng CcR%: x = X y=¥() ast<B(l)la
- lién tuc n€u cdc ham (1) 1a lién tuc. '
-wonnéu 3 x], v, lientuc va xi7 + y? #0(x <1< B

- tron ting phan néu né la lién we va chia duge thanh mét s§ hiu han
phan tron.

- khép kin néu x(a) = x(B), yla} = y{B).

- mién D 14 don (da) licn néu ndé gidi han bdi (cé bién gidi 1a) mor
(nhi¢u) dudng tron tirng phan vi khép kin.

Quy udc: chiéu duong (+) trén bién gidi C cha D lia chiéu di cia mot QSV
sao cho phin c(a D ké bén QSV & bén trdi, chiéu 4m (-) 12 chidu nguoe lai.
§1. TiCH PHAN DUGNG LOAI MOT

1.1. Binh nghia

Tich phan dudng loai mot chia ham {(x, ¥) lay theo hay trén cung

. e
dudmg cong C ndi 2 di¢m A, B C = AbB i

I= Jf(M)ds = Lf{x, yids = lim fix,, ¥,)4s,
pe 1

TR
AH |
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2]

Va mot cdach chia bt ky ¢ = AB thaoh o phin do dai As, (G = 1,

SO vimdt cdeh chon bt kv dicm Mox.. vy trén phin duge chia As;:
C Iiodudng khép kin, ky hién jﬁ,
C 1 dudmg trong B dinh nghia teong nr If(’x, v, 7

bBacbhictl 1hit= [(Is =10 do diicna C,

Mai him [(x, v) ¢6 tich phan trén © goi 1 kha tich trén €. Moi ham
M, vy licn e trén duding trom tWmg phin C déo khai teh wén €.
- Tich phan dudng logi 1 ¢d cde tinh chal tuong 1ty nhu tich phan
xde dinh, trir tinh chilt doi chidu dudng 1ay tich phan:
Lf(x, vids = ‘[\f(x, vids
Al FEN '

V¢ ca hoe ncéu xéL (X, v) > 013 mat do khoi lugng coa € thi khai

fugmne cta C L
e m = If(x, vids .
[

1.2. Cach finh
| = jf(x, vids (£0x, ¥) ién tue trén dudmg trom -lt‘rng phin )

L

I

R T FRIVAIN VR W
lagx=h X

¢ E s Tfnm SORNT + vl 2
y=wn oo T
fx = x(1) It

Cay =y usts == [1x@, w0, 20T +v7 + 27 d (3)
l.Lx' 7t !

§2. TICH PHAN DUGNG LOAI HAI
2.1. Binh nghia
- Tich phan dudng foai hai (hay tich phan dudne theo cic 1oa do)

el ham veeteur I° = F(M) = P(M)L + Q(M)i, Mix. vi & R° hay cia

civw hdm P, Q 13y trén hay thee dudng cong C e R° ndi hai didm A, B 1
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j[_"_?ds = [IPOM) cosacM) + QM) sin (M) s

o .

Ky higu: 1

[P+ Qvdy = LP(_x, vidx + Qx, y)dy

Af

T = (cosod M)l sinadMY): vectewr tigp tuyfn i M e ©

§ : Ckhép ki

"

VE cahoe, néucoi o= Plx. v+ Q(x,v)) 13 lue tde dung vio mot

- - - - - - o L . 4 - Py
chiat dicin chuyven dong trén dudmg cong € = Al thi cong cta hue d6 L

T = IP(x, Vidx + Qex, vidy .,

- Tich phan dudmg loai hai ¢da hiun:
F(M) = P(M)T + QM) + R(MIK ,

M(x, ¥, 72) € R hay clia ba haum POM), (M), R(M) teén dudmg C < R’
li:

= fP(x._ voadx + Qe v, 2xdy + Rix, vy, 2)dz
e
= !(P cos + Qeosf + Reosyids
V& T =cosai + cm‘.]”»] +cosyk 13 veeteur Hcp tuyen vdi Ctai M

€ C (u, oy L gde gifta GEp tuvdn vdi ba true Ox, Oy, Q).

Moi hiun licn tue F = Pox, }-‘JT + Q(,\'.__\-')'j trén dudng tron ting

phan C:ox = x0, v = vy dén kha tich (eo tich phiny trén €.

Ciie tinh ¢hit cua tich phan duimg loai hai déu ivone w nhu cdc
N . - . r .
tinh chit coa tich phian xac dinh.

197



2.2. Cach finh

(vai gia thigt: tich phan ton tai)
I = J'P(x, VIdx + Q(x, y)dy

:\

= J‘{P|x, Y| + Qlx, v(x) Iy (x)}dx
- Jx = x{1)

s Ett [
¥t

—_
Tl
Il

i
L= [Pox, vidx + Qex, yMly = j{Plxm, VDX, + QIx(0)+ vy }u

A

[x = x(t)
C e R j)’ =¥y, a=t<h
L = 1)

—
I

jP(x, ¥, 2xIx + Qx, v, Zxdy + Rix, y, 7idz

L

[§
j'{P{xm, YO A0, QIX(, ¥, 2Dy, + R|x(l),_v(l],z(l)lz,l}ll

§3. CONG THUC GREEN - SU DOC LAP CUA TICH PHAN DS VI DUSNG
LAY TICH PHAN

3.1. Cong thilc Green

Nén Pex, v). QUx, ¥) cling vde dao Lim riéne cia chime lién 1ye
trong micn Compact 13 gidi han b dudmg khip Kin, tron timg phin ¢

(lien tue va chia duge thimh mot o hiro ltan phin tron).
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; P
thi: fP(x,y]dx + Qx, vidy = H[@ -2 xdly
e X

iy

v tich phan dudme 13y theo chidu duong cta C (chidu di tren C cua
mot quan sat vien nhin thay phin ¢l D k& bén quan sdt vien & bén urdi).
3.2, sy déc |1ap cta tich phan d&i véi dudng 18y fich phan

Néu cde ham P(x. v). Q(x, ¥) cing céce dae ham riéng cva chiing
tién tuc trong midén don Hen 12 thi 4 ménh dé sav 14 tyong duong:

P )
1 E;— = Q Yz, vye D
3y &%

23 §de + Qdy = 0, ¥L. & 1D (L: khép kin).
I.

3) jl’dx + Qdv khong phu thude dutme néi ciac didm A, B e D.
Cany
Al

4y Pdx + Qdy 14 vi phan toin phin coa mdt ham u(x, y) ndo dé
trong midn D: du = Pdx + Qdy.

§4. AP DUNG
4.1.Tinh dién tich mién D
l
S= E§Ml'\- - ydx = §xd}- = - }_vdx
o o [

€ 1a bicn gidi cua D theo chi¢u duang.

4.2, Tinh fich phan dudng

I = .[de + Qdv ., P, Q¢ cde dao hiim riéng lién tue:
\‘-:ﬁ
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oP X i i . L, . o
— = — (khong phu thude dudmg 1dy tich phan C noéi AL B) trong
5.9 €%

midn don lién D, thi:  Pdx + Qdy =du

va:
“Hy BN s
1= | = [Pax+Qdy = [du =] =u(B)- u(A).
LG‘%\ P A A o

Tim u khi bict du = Pdx + Qdy:

ulx. vy = _[P(x, voxdy + IQ(X,)’)d};‘ + C

LT

hiy: u{x, v = IP(x, yidy + jQ(xr,,y)dy + C
LT vi
vl (X, vo) (X0 ¥) € D don ién.

Trong khong giun R7:

1= _fP(x. ¥, 2xdx + Qfx, v, 2)dy + Rix, ¥, 7)dz

L)
O oaH

P, Q, R <o cie dao him lién tue trong midn: don lién V vin

P R QPR

N (3 SIS iy A ) X
thi:

dufx, v, 2) = Pdx + Qdy + Rd«

Wikl

. 4 2
Uix, v, 2)= jP(x, Voo Zg b+ j()(x,y, Zo 0y + IR(x, vospls + O

L] M i

(g ¥ou 20 (XL Y, 2) € VL
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4.3, Coéng cua lye

T= [rdx + Qdy
s

oAl

vei o I Q) A lue tie dong viio mat chiat dicm chayeén dong
theo duong C.

. P X . N v
Néuw — = —;g thi cang khong phu thude duting C noi A, B,
o SN

4.4 Moment finh M,, M, - Moment quén finh
1.1 cna dudng C = AB déi vai Ox. Oy vy toa do trong tam cua C:
M, = I)’p(x‘_\")dx, M, = J‘xp(x,y)ds,
[ [

1, = |-)':P(K,,\'ldﬂ, I, =Ixﬂ‘-(x,y)ds,
. .

i

M, M,

.= Vo=

MM

vl M = J.p(x. Vids 1 khai hromg v pola mat do khéi huegng (dad) caa C.
L

SVELC e RY:

il

1
el xpx, v, wids
i [

|
Vo = —I}‘[“(x, v, Zuls
hY B
|
s = —-pr(x, v, #)ds
N
M= Il‘(x‘ v, s 1 RRat Tagng viep Tomde do khai Teeng (dady coa O,

f
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BAL TAP

35, I'inh cde tich phin dutmg Yoai mot;

= §x'\-'ds, C la ¢chu vi cua hinh: |,\| + ly

“a {a={M.

o
. ds . \ N
2l = I—ﬁ L C 1A doan thang ndi OO, 0) dén AL, 2).
CaxT v o+ 4

Jx =a(l -~ sint)
D= j}':(ls LC T cung vy o= afl — cost).
¢ 1(: <t € 2n
[x = afcost 4 tsin1)
. “__‘ [ .
4 I= I\fx + ¥ ds  Clacung 9y = afsint - teost) .

lfl L% 2n

. . : 2 i .
Sl = j(x +y)ds  Clacung 1 = a“cos2gp, - — < p <
. i +

L

+ | =

o) [ = {:(\‘ 4y }is, Cladudng: x>+ v ' =a%’
.

7= j-'/_ds, Clacung x = eost, y =tsinl, z =1, 0 = [ = (.

E

$) 0 = Izds, Clacung x7 + v = 27 v7 = ax e didm (0. 0, 0) dén

I

. L
dicm (il a2 0.

. T - i rs [x3 byt 77 =a
Y11= £\/3_\" +27ds | C 1 dudmg | ’
- X =y

Bai giai
1y Theo gia thidt, € L chu vi hinh vaong ABCD (hinh 92):
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Al 4" Yl L3A
v
8
C ol A X
D
Hinh 92.

Phueng trinh clia AB: x+v=ahayy=a-x,02x

Theo (1.2

a, v =-1

jxyds = jx}-‘(ls = jx(;l - X+ 17ds = \E]x{_;l - xux

Al RS
Phuong trinh coa DA x -v =0,y =x - a, O<x=<a, v =1

JX'\'dS = j\{\ - a']\."r}_+ I"dx = \Sj w(xn — aydx
: i

1A v

- Ixyd.‘; (theo (1))

R

Ol

o da: jx}'cls + Ixyds = (1, tuong ty nytls + nydx ={

[BR A
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2y Pharong winh duimg thang OA lav = 2x, 02 x < [,y = 2.

Do o

1= b =|j I_‘_}II: 20y
('J.'2 — _\.': b " \,'rX: t (2,‘('): + <
1 o . —_— 4!
= j (I(‘/:\)_— = In Sx - \,"|le + 4 |!
0 \[SX: + l\ o
J5 + 3
=In -

2

3y =all - cost), ¥y = asint. Theo (1.2

o " [ . S . A |
ds = x4 v7dt = a1 —cost)y 4 a sin- tdt = 2alsin—|dt
¥ 2 y
ir 1 ll'
I= j)-"ds = I:l"(l — costy” L2agsin —|dt
- . : 2|
L I
N . . t |
Vii D5tE€2n 20 — €< 1 = sin— =0
2 2
nén:
I 7. In !
L f .8t ~.| sl cos
[=8a" {sin” —dl =%a _[xm' —dt + _[Rm' —dt
’ 2 : 2 2
4l W m 4
—n_-Z miz - 5
3 - Lost L
= 1On _[.«'m' udu + j sin” 14+ — llu
. 9 ]
_n o . /
) . . . - 1 . . { T
{trong tich phin tha nhat: u =~ thidhairu= — - -+
2 2 2
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_ gt . a2 5i2 i

y I . H
- : .5 . i s .=
=32a jsm udu, | I .~;1n'"| u + — uiu = [cns udy = J.sm adu
4l N 2. ||

5 -
= :{Zil':.i 250
5.3 15

L Jh La{cost o+ Lsini)
4y Taco: Cr . g e 2n
¥ = afsint - teost)
C L duime tie bE cim dusng rom: x7 + v- = a°
X = al- sint + sint + teost) = atcost

v = afeost - cost + tsinl) = ansint

ds = \/;', -y odt = \/El?l'\ coss 1 et sin tdt = afddr.

e

I = jv'lx_ - }": ds
g
=T [- i - B ’ B .
= j\,'n“(cnsl + 18I — a - {sinl — teosty . a l|dl
I

:I:T\Il'l FUotdt = ‘—: [(I a4y - 1].

5}y C la — bén phai cha dudng Lennuscate (hinh 937,

Ta ca:

- = zI:C(mZZ\p,

2rr' = - 2atsin2eop,

— a7 sin 2
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vy /s
e
e
s
/s
”
rd
rd
rs
o o X
N
A
A
.
o
N
~
A
Hinh 93,

Trong 1oa d§ doc cue:
. .~
Y . a7 sin™ 2
ds = Jr_‘ s dyp = Vr‘ i %‘Pmp

4 - 1. 2
aTeosT 2p +at s 2 hi
L e P iy e dyp = 2 dep
z '

I
-_

v
e a

Vay: I= §(,\' + yvids = Ir(cosrp + i) .Ldrp
. r

o4

mis
=2 jn‘ cosgpdp = 207 sing

T a0’ JZ_ .

|
63 Cla dudmg astrotde, phuong trinh tham sé cua né L

2K



X =acosT, v =asin', 0€ <20
X' = - Aacos tsint, ¥ = 3asinticost

5

—

ds = \/’*1_ +\

dt

sinLeos l! dt

i - Lo L =~
J‘):l‘ cost 1sinT 1+ 9a” sin? teosT 1 .dt = 3a

Vi I do dai xitg néne

LR
1 =4 II(;! cox’ 1')4"'3 + {a sin’” l)‘l }hsin Leostdl

4l

n;l
=12 j(co};'l t+ sin” Osinteostdt
{1

P

b g
= 1227 ° _f(cus'q 1sint + sin” Leostyd
I

- R
703 1 Y | -
=120 7 = - cos® L+ S5’ U =da -
G b ;

71 C 1a dudmg dinl ¢ non 1rdn xoay (x7 + v7 = 27)
X =teost,y=tsint,z=1, 0121,

Ay

ds = 1)x‘f + )-",: + /.'1:(]1 = J(cnsl —Usint)T o+ (sinl + teosndl

= v‘[r‘ v 2dt

= cost - st ¥y, =sint +1cost, 2, =1

1

o
1 = jxds = j‘\umdl -~ 2“1 + 2yt

I i

1]

i‘,'[(l'_‘ ¥ 2)\3 _ 2\1]
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8) CJa grao cimat ndn »” + v = 27 vibmat tru y© = ax, dua phuong

b cna € vé phuong tinh tham sa, datx =1, v = Jat .

£ = \f'l" +al 0= a e (0,0, 00 = (0,0, ;l\E)

Va . 2+a

;\'; 1. '\ = - . /__. — ._____
2Jl— 2\,"1: + al
{ 2t - ay” 817+ Yal + 2a°
ds = !] LI ( _ ')_____ di = ‘f iy e
V *H Syl 24t +at
‘<t + 9(11 + 2L1
1= /11\ = Iﬂ' + ol \/ dt
\' 1l|.

= ;J-Ja_ + 9al + 2a- dl

. _
a e \,3
I o0 V17 . %
1= a9
42 0\ W2, 2 | W2
[ i —
= - |2\(_l+--—— T4+ 9al 4+ 2a —
%2 W2 !
172> | | 9% T
- ! Tl 2\/5 t L + BT+ 91 + 24 ‘i
32 II'\ 4‘\/5 LR
o - 25 + 4438
= —L 10038 — 72 - 17 S v
25042 | I

93 C L duong ron Idn trem mat cdn X7 + v + 727 = a’ vi mat phang
Xo= v (ui gog ()

RIEHS



Pua phuong trinh cia C v tham g4:

a a . C L . A
dal x = —cost, ¥y = —=cost, 7z = asint thi khi 0 £t £ 2z ta ¢d ca
V2 V2
dudng Lron.

- -a LA
= —Slll[,}" = ——s1l, £ = acost

V2 V2

-

a: . il .o = el
ds = J——Slll' 1+ ? sin~ t +a”cos™ td=adt

7 SN
- S 2a” N < s
1= ﬁﬂ 2y + 27ds = IJTLUS T+ a”sin” 1 .adt
0

c
n
= ja:dl = 2ma’
0
Cluat v
Vix =y nén:
1= j;\.l'Zy: +2ds = §\/x: +yT o+ 27 ds
¢ ¢

= §\/:1Tds = ﬂﬁdﬁ =a.2ma = 2ma°
IS s

{ fds = 2xa: d¢ dai dudmg tron bdn kink a).
-
= —x° 2id han badi cic

36. 1) Tinh di¢n tich S coa phin mat tru v
mat phing 7 =0, x =0, 2= x. v = 6.

2) Tinh d¢ dai s cua dudmg x = ac'vost, ¥ = ac'sinl, v = ac’ Uir diém
(0, 0, 03 d&n dicm (0, 0, a).
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3y Finh khai hiegue M cha dubing x = acost, v = bsint, 0 £1 € 21 n&n

= |y

matl do khai Twgng (dan) coa duimg dé 1a pix. v)
43 Tim toa dé trong tam ciu:

) Cupg dong chat (p= 1) x =alt -sint). y = adl - cosD (0 €1 < 7)

b)Y Chu vi tam gide cdu dong chdt (p = 1), x* + v7 + 27 = o, x = 0,
y 20,720

§) Thn moment quin tinh I, doi vét tree Oz clia cung déng chil
(p=1)y x=acost,y =hsint, z=bt, 0 21 < 2n,

Bai gidi

Ly Tich phan dudmy jf(x, Yids (f > (1), v& hinh hoc ¢6 thé xem I
e
dign tich phin mat try ¢é dudmg sinh song song vdi truc Oz, dudmg
chudn B dudng |4y tich phan C v chién cao |3 nhimg gid tri cta ham
duréi dau tich phan £ (hinh 94).

Hinh 94,

Do dé, & diy: §= j?_ds = des
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Clacung v = g)&' i dicn (4, ) dén diem (4, 6), Ta co:

.3 9
vi= —x,ds = \[I + —x dx
._l_

11§
. o , T
, } N 8 9 VT2
Dodo: §= _I-x 1+ -x" dx = —| i —X~
A B [0 9y 16 Al
i

16
- _’ Q010 = 1) (dvdn).

23 Vé hinh hoc If(x. ¥ids khi f =1 4 d¢ dai cung dudmg cong C.

b
G day: x' = ae'cosl - ac'sing,

v = ae'sint + accost,
|

£ = ae

Do do:

§ = I‘/EI:C:HCOSI 8T 4 (cost + sin)T + Hdt

t—>-x. X, yv.z2>01=0,x=a,y=0,Z2=a)

o
H

It
juct.ﬁdl = ;1\5 cti(. = u\E (dvd)y.

3) Theo § nghia co hoe

M = jp(x, vids = Hy}ds.

Xéta > b, x' = - asint, v" = beost



212

vk do déi xdng, nén:

M= hi”h sint \ﬂzé $in" t+ b” cos” t.d

i

L
= 4bh j \/113 sin” t + b° cos” t.sin tdt

i

H

4b J‘\ar' —(a” - b%)cos” L.d(cost)

L
o
+4ah 2 -
= - j I — ¢ cos™ tdiccost)
]
o fam = b7 - .
Vi e = ————— |4 tam sai cua cllipse
i
’ 11
4ab | ccost = 3 | .
= ——/l —eTcosT 1 + —arcsinfecost)
e L2 2

w2

2bih + Eara:sim:] (dvkl).
c

4) a) Theo (4.4), & day: (hinh 95)

Hinh 95.



M = jlds }J Tyl

= _[\r'l“g(l —costy” Fa” sin® tdl

0

ki
1
= _[2;1 sm—dt = Jda
2

i

M, t 1% t
X3 = —=— = des = _[d(l — sin)2asin—di
M da ;. da o 2
—in I — sinl}si -l--h
= QJ-( s1n )SIHE(
af | 1" t t
= 2| 2tcos—| + dsin—] - 2jsin3 —cos— dt
2! 2 m ‘ 3l 2
| 1 n\ 4a
= 4 - 4! sin” —d(sm —) =2ail — —sin® — =
2 4 2 3 2, 3
M | L1
V= — = — wls = —Ia(l — cost)2asm —dt
M da ! 4a | 2

;
{2&0\— — 2[(2 cos” 1- - I]d[cnsiﬂ.
2 2 2/)

al 4 31 1
= =02 | Zeos® — — 2cos—
A 3 2 2

b) Theo (4.4, & day:

I

n

Xy = Kl.i-vxds = ﬁt{xds - jx(ls + des

0 U= g

]
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= \L{ I xds +(jxds
vl -3

3

( _[xds = 0 vi trong mat phang vOz: x = 0) (hinh 96)

[

Hinh 96,

Phuong trinh tham & cia C, 1a x = acost, y = asinl (0 <€t <

. . T
Colax=acost, 2= asint (0O <1< ).

2

Khi d6 wrén C, va C,:

s = \/E— H sinl): +a” cos” tdt = adt
Kha lugng:
3 A
M= —2r0 =
4 2

M| S

), cla



Vav:

g A

A T, 1 da
Xe = I:l' cospde + j:r cosgpdp | = —-
3ma| ¢ An
v 0
L1 R, . da
vi 1y do déi xtng nén v, =2, =x;,= —.
3n

M Tlacé: |, = I(x“ -y s
Oday:  ds= 4x7T + 7 ~27d

= ya sin" L +a cosT1 b~ .dt = \/u“ + bodt

o dé:;

in
I, = j(u2 Ccos 1+ a- sin” l]vla: + b di

4l

—Im

=a*ya’ + b Ja = 20°ya’ + b,
r

37. Tinh cédc tich phan dudng loai hai:

NHil= ,L(x: — 2xy)dx + (2xy + vy, KI}\: y=x udi A(l, 3 déu B
AR

(2, 4).

f\ = a{l — sin1)
0= I(2a = yidx + xdy, 2 i\ = afl - cosl)
o 0

[Ea

1= 2n

{(x +vulx — (x — vy - 2 - - :
NT1= f P X7 4 vT = a” theo chitu nguge Kim

o yT

ddong ho
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. xv(ydx — xdyy . . . . .
4) 1= &%2":—3 C: ophin bén phat caa dudng v? = a*cos2e,
¢ooXT 4

nguge chi¢u kim déng hé

dx + dy . .
5y 1= ol AR chu vi hinh vudng A (1, O, B0, 1), C (- 1, 0,
| + ¥

¢
D (0, - 1), nguge chi¢u kim déng hé.

6 1= _[ydx +oady + xdz, C:x = acost, y = asint, z=bt, 015 2n
<
theo chidu 1ang caa t

Nl= §(_\' = 2dx + (2 - X)dy +(x - vidz
e

Cox? + ¥y7 + 2% = a”, y = xlga, nguge chiéu kim déng hé néu nhin tir

phia duong cia Ox

syl = §(y: — X + (27 — x:)dy + (X" -y )z

Clachu vitam gldc cAu X" + y? +2° =1, x 20,y =0, 7 = 0 theo
chitu sao cho phia ngoai coa tam gide & bén 1rdi.

Bai gidi
1y Theo (2.2):
I= #(x: = 2xy)dx + (2xy + y:)dy

A

X7 - 2%7 + (2x7 + x7).2x fx
[ |

1l
— L

k1 4 13 " - i
X X 4x- | B 19
[ + - 40
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23 Theo (2.2

]

j(Zn - yudx + xdy

-
= j{?a —afl —cnst)la(l — cost) 4 afl — s a sinl)}dt
N
Im n In
= J:rlsin 1t = :1:[— Leost + Icosull =- 2ma’.
(\
i 0

3y Phuoug trinh tham s6 coa C: x = acosl, y = asint, ) €1 = 2n
Do da:

| = §(x + vidx — {(x — ¥)udy

a -

b X+ v

_ 'jn[(acosl + asin}{— asin

1} — {acost — asin bhacost
)1 - ].dl
i

4y € L ndra bén phai cua dudmg Lemniscate (hinh 97).

. PEY P
Phuceng trinh ¢ C 1z r = afeos2p véi - — = ¢

. m
E J—
Phuong trinh tham ¢ ¢ cia C b
T Ir_-. - T[ . Tt
X = 4fCO82p COSP, ¥ = A4JLos2p Sing, - — S = i
. vidx - xdy v
mal khi: Te——— = - d(arctg =) = - dyp.
AT+ ¥ X



Do o

| = §xy(ydx — Xdv)

FOXT T

_[ T cos2g.sinpeosqpdp = 0 a

i 0 X
Vi hiun dud dan tich phan 1 1é¢.

dx + dy j *j +j 4 J Hinh 97,

AR fc? [ DA

(hinh 98>,

Hinh 98.

Phuong trinh ¢coa AB: x + v = 1. do d6 trén AB: dx + dy =0, vay:

I dx + d\«

Wl

Phuong trinh cita BC: v - x = | = dx = dy. Do do:



j-(lx =dy I 2dx = Efdx =-2

e !\| + |y! X+ X+ L
Phuong trinh cha CI): x + v = -1 = dx +dy =0, Do dde
dx + dy
| —/—— =0
v K+ 1
Phueang trinh citn DA v - x = - 1 = dx = dy. Do dée
dx + dy l
—_— = 2jdx = 2.
IBEN |"| Y o
(|x| =X, 'I_v| = |x - I| =1-x, x| +|yi =x+1-x=1

VMivl=0-24+04+2=0.

0) Theo (2.2) dx = - asintdt, dv = acost.dt, dz = bdt

in
I = J)’(Ix + zdy + xds = _“(“ sinti(— asignty + blacost + a cosl.b}dl
¢ f
om
= j(— a”sin” L+ 2ablcostydt = - ma®
[l
YO T dudme rdon X7+ y" + 27 = 4", vy = xlgi (nH

(nam trong mat phang v = tee.x) bin kinh a.
Phuong trinh tham sé cua C la:
L= acoseost, v o= asineost, 2 = asinl {2).

Vix, v, 7 xie dinh bai (23, thoa min he (1),

IR& rivng  tang 1 0 den 23 (h hudng & ween dudng tron La nguoe
chié¢u kim ddng hé khi nhin tir phia dugng cia Ox.

o do:
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—_—

= §(_\' -l + - Ky (- vl

i

on
= “(n SINELCOSL Gsint) (-a cosasinly + (asint - acoseost).

i

(-asinasinty + {(acosacosl - a sinccost) un:i]dl

1

. i . . - L im
j:l“(c()stx = sinw)dt = 2rac(coso - sing) = 2\/5:1‘ S]I](I — ]

I

NI= j + J' + I (hinh 99y ren C: 2 =0, dz =0
Uy

) 2

z
C2
C3
o y
G
X
Hinh 99,
P e o2 . L
Do dé ], = I_\' dx —x*dy , phuong frinh tham 6 ¢a C:

(."l
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X =cosl,y=sint, <t =

2
Vi
miz
I, = I(sin: 1{— sin) — cos™ teostxlt
Al
nil
0.y -4
=-2 jsm' et =-2.=- = —
K 3
i
P -4
RO rang: I. = j =1= J =1 = I = _3_
L LAY )
Viay: I=1,+1+1,=-4.

38. Tinh cic tich phan dudng:

1y 1

1l

§2(x: + oy X +{x + y)zdy, C: cho ovi lam gisie A {1, 1), B
e
(2.2}, C (1, 3) theo chicu nguge chidu kim déng hé.

1= é— xTydx + xy~dy, Cz x7 + ¥ = R, theo ¢hidu nguge chicu
-
kim déng hé.

= j(c‘ siny — my)dx + (e* cosy — mydy, C: nira trén cua dudmg
e
Won X7+ v~ = ax W A (a. 0) dén O (0, 0).

§dx -~ dy

H1= C: chu i hinh vudng: A (1, M, B (0, 1),

L]

LOXHY
C (- 1.0, DO, - 1) theo chidu duong (nguge clidu kim déng ho).
130
Hl= I(x“l poxy ux + (OxTy" - Syl



(x + 23X + vdv ) . .
0 1= j - — ———— -. Cr khong ¢iat dudmg v = - x.
kS (x4 v
Lt p { N
- ‘\ i i !
7)I=I; _+_\«"(|x}| Y — + X (v
I - {2 2
|lf_l‘|'.\‘\,.\ + } ; L X + )
PRV
. TF T xdx 4+ vdy + zdz .- PO -
1= _[ T = VUL (X}, ¥, 7)) € mal cAn X7 4+ v 4

RYBIEAP \IIIX_ N =T

7= @, (Xa, Yo, 72) € mat cdu X7 + vit i =h'
oy - N -
Ni= i}x_\'dx +oyzdy -z, AR xT 4 vT 427 = DRx, 2 = x, ¥y =0
Al

(R = (.

COS(T. 11}

1)y G = § ds (tich phan Gauss)

— -

P= Y- DT - L AG LM (L Y) € C T = AM

fas
(v n)gde gilta T vhou, 0 & phip tuy&n neodi dom vi tal M cua
.
Bai giai
1y Phuong trinh cde canh cla 1an gide (hinh 100).

Al y=x, € x =2,

y -2 x -2
e — = hay y=-x+4 1=x22
3-2 I 2
Gday:  P=2(x"+¥).Q = (x + v)’
P ) e Tno g
= =AY, — = 2(X + ¥) 1A vde ham dién e trang micn compact [
(A [N

I tam pide ABC.
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Y
o C
L 8
|
|
A |
' |
| .
l . .
0 1 2 X
Hinh 100.

Vay dp dung cong thae Green ta ed:

I= § = -{ :I/(l‘) : f?i\ldxd'\* = H 2(x - Vidxdy

5 pléx vy i
2 s d o a E
2 Ay ol
= ZIdx j(x - vidv = 2![4)& )T _Wox dx
! s I 2 2]
i R 1. i \'._ 4
= 2| 2x° - ( —-)—— | = —.
' ? O /'li[ h

2) Tuong ty nhwr 1), & day:

{ . P .
W

P=-xy.Q=xy". ¥
X ey

Ap dung cong thte Green:
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[ cf - XX + Xy

-
A

- = H(x“ + ¥y ydxdy

H 12
v D 1A hinh tron: x7 + y* < R3
Chuvén sang toa do doo e

2a 1%

. R™ ar?

I= Jdpleade = 2n— = 22

Je] T

DTactk: I = _[ = § - j (hinh 101).

¢ AN OA

LiAmid

b4

m
/:_\
4] A X‘
Hinh 101.

Trén OA v =0, do dé:

= u(}.(lx + (@ —m =0
=1
. :

[
Ap-dung cong thite Green:
§ = ” (¢’ cosy - ¢t cosy b mydxdy = IIIH(Ixcly
B 13

[SES]

’)'B_L



) Ia naza trén hinh iron, ban kinh

. T i mma-
Do do: i: =m—. Viy I = -0= ;
L x
Ot
N, ] =1 N .. . N
HO0OdavP= —., Q= khong lign tue tat €0, 0) £ hinh
X+ ¥ X +v¥

vuong (hinh 102) nén khiong dp dung duoc cong thite Green dé tinh 1.

-
N

o

Hinh 192,

Tinh trire ticp, ta ¢é:

I:f:J-+j‘+j+I

AR Ik 1 124

LT :' 2dx
Phuong trinh cua AB: s +v=1,12x 20, = J ‘ - =- 2.
’ |

Phuong trinh cua BC y-x=l=dx=dy = I =0,

b
0
. T f Ix
Phuong trinh cia CD: X +v=-1,- 1= 5=, _[ = jz(ik
b lxn-(—l—x}

225



Phiromg trinh cua DA x - v=!l =dx=dy = j = 0.

Viy I =-+4

5y O day: P=x'+4xy", Q =‘6x2y2 sy"
P oty = Ry
cy OX

Vay I khong phu thude duimg 18y tich phan. Chon € 14 duding gap
khic ACB: x =-2 vy =0,

Nai 2 didm A (- 2, - 1) va B (3, 0y (hinh 103).

C L
-2L 0 3 X
Al ——— i

Hinh 103.

1= ] +j = }( 10+ QQdy” ~ Sydy + }x*dx +{)0 =62,
‘ il

AL Cl

(Iren AC: x =-2,dx = 0, rién CB: y = 0, dy = 0).

“ X+ 2y ;
6) O day: pP= — ., Q= Y -
{(x + v~ (x + ¥)
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P (X A )'_):_2 -2 WX+ 2y) -2y a0

o - 41 1 ~
|8 (x + )r) (x t '\') (X
Vay 1 khong phu thude dudsng ly tich phan khong cat dutmg v = - x

wen ABL. AL, 1, B (3, 1) (hinh 104,

¥
A 8
I__&—I
|
! e
0 t 2z 3 X
Hinh 104.
Taco:y =1, dy =10
Vay:
p (x + 2)dx ok 3 { ]
(x +1° R eI b 4

73 Bicu thie dudi diw tich phin ¢é thé vidt:

; At
X xdx + ydy
_— =Y dx + % + X d)-" = — }'dx + Xd}:
s N 5 - I|| 2 k]
yXT VT -\/X_ tvT X~ +v-
N M i .

= d,.,’x2 + y3 + dixv).

Theo (4.2
i . ,
1= | (11'(1.'x3 +¥ o+ ,\_\'J = |yxT Hy o+ xv)i NIRRT
'|'_.'|_ ) b
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8y Tuong o nhu (73

TR A A TR
1= I‘ Toxdx e ovdy = a2 - 'J-‘ -

RS A
=1fx_:_-i-"\'§+/ﬂ—\{x_‘+\| 1727 =b-a

(M (X, ¥y, 7)) € mat Ciu X+ v 4+ 2T = at, (XL,

X'+v 4+ =b).

. . P
93 Phuang trinh tham «& caa cung Al

—
==t y= 2RI -7 012 R,

o daé:

Al i

’ LR

JEL— %(Rl FEINIE }

- A

+

-
i

R

| —

1 - .
i — - R- . 3 |
+ R\E —.2 JRl -7+ —aresin——= +
2 8 R

- R\/Q_l—_n R™_
1

1§ - S
\EH(Zt - RyR - RVRI -1 Jdt + J-I di
gl

¥a. Za) € mat ciu

Ko, N
xydx § yzdy + 2xds = JL2J21.1.'R1 -t % llj!iu'l

K

%]

B
R "
1
! 3|
| i
2 z'|



1) Facd costr, 1) = il L do dé:
"

G = § R f(: — xjeosu’ + (- vicos[y ds
o T - 1':
(2 —xydn — (n — vud= .- ,
= j[,—’ w Soovdn o= (cosal, cosfi).
T

N A (2, 1) © Cihi:
(= J%(]u rdn - --;f';{ln T
e &

vivdp dung cong thde Greens:
ol N 1

G = H -('-T(ln )+ L.ﬁ(]n i3] :_(E_dn =0
e n-

1]

Neu A nam trong dudmg €, thi G khong phu thude dudng 1dv tich
phan, do dé iy Cla disdig trom 1am AL bian kinh £ thi:

G j[—(:' = xyn — (1 — v)dz

-

o 1

Pal: - x =scosp, m - ¥ = using, 0 < < 27 thi

G = !.d:p :én.

[

39, Tim hiim u hict:

Iydu = (357 - 2xv + v hdx - (x7 - 2xv + 3v7)dy

vielx — xely
2) du = = _'71
AT - 2y 4+ Ry

du=c [+ 5+ vids + (] - x - vidy|
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(X =y - 2)x +(x =y = Ady + (0 + ¥y + 2)dz
43 du = . - S

- A

X© + VT 47T = 2Ry
5)du = (x7 - va)dx + (v - x2)dy + (27 - xy)dz

vl — X~ + ay dx + x(t - }-': + bx ™ )y

6) du = . — : Xac dinh a, b?
(I + X" =¥y
- vdx Ady
7y du = (x -\)(1\ +(T + vidy : Xiac dinh n?

Bai gidi

i)P=3X3_2x},+'\r:‘Q:—X:+2X}"3"2

ap I
- =-2x+2v= _2
5 X

Viay Pdx + Qdy Ta vi phan toln phan cita hiin u(x, ¥) no 6.
Theo (4.2), 1Ay x. = v, = 0 trong midn 1ién (ye cta P, Q.

Ta ¢d:

A v
u(x, ¥) = J-f%xzdx + j(— X+ 2xy - 3}-’3)(13’ +C
M 4]

- 2xv F 3y"

QT -y
Oy X - 22Xy + 3yT 1

do do, lay x, = 1, v, = 0 (& midn licn tye cia P, Q).

Ta ¢a:



LY A
' - X
ufx, vy = j()(lx + j—-A-;-iqdy + .
| oK = 2xy o+ 3yT

T ly X 1 dy
wix, y) = - xI - L_.T(])_, - _ 2 ’ -
0 3% - 2xy r 3T 3 “|( x " . 8x *
¥ - -=
S 3/] 9

Iv ~- x
= arclg

1
22 242 x

+ C.

PDP=C""(1+x+y),Q=¢"1-x-v¥),

P I3 .
P ey
iy Cx
LAY X, = ¥y = 0 1hude mién lien tye coa P, Q
X 3
u(x, y) = _[c‘(l + 0dx + jc‘ - x - vy

[

=¢"{x+ )+ C.

4) Theo (4.23, 18y xg = yo = (0, 25 = | trong mién lién e cia:
X+y+z

X+y—7
R s
T+ 2xy XT 4y + 77 4 Ixy

P=Q= —

G G

RS rang P, Q, R thoa min (4.2).

Ta ¢é:
-1 X +v—1 ¢ (X + v+ )z
- dx + j__..._'wid-\r + ji' e i —
x o] r_,(;:;+y)'+| |

i »

uix, y. 2y = _f

(X + y)‘q +7°

S

l a
= {-—In(x‘ + 1y - au'clng
2

+ .rllni(x +yT) + Il-. -
2 J




IS

v 1 2 b Is |l
Sarelg(X - v+ a=Inlfx + v)° + 27| + arcte-- 21!
I = ! - = |
' i2 X o~ vy

= ln\/(x + _\_f): s27 arctg

+ .
X +y

5) O day:

du = x°dx + vy + 27dz - (yzdx + xzdy + xydz)

1. . .
= d ;(x" + v o+t )J - dixyz)

R IR N ;
Viv: u(x, v, 7} =§( X+ T 2wy + (L
: ¥ - yx® 4oy’ X —xy~ + bx?
6y (3 day: P=-— . Q= = —
{1+ x" + vy (I+x" +vy)

P 1—x7 4 3o+ I}x:_v: + 3a - ]]_\_«': - ay4

ey I+ % +y)

Q _ L+3b—-Dx™ —bx* +3b+ Dy —y*

% (L +x° +y2)3

b -1 =0
Theo (3.2): 2 = —(ﬁ(‘i khi Ja =1
€% ;

ih—1=20

o

Do déoa=b=1(hdu=Pdx + Qdy.

[3(;1 + D =3h+ 1)

Lay x, = 0, v, = 0 trong midn lién tue caa P, Q vi cie dao haim cia
né, ta oo
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VT o= X
u{x. v) = j(!dx + I ——— -y
! L+ 8 ~ v
fv S1od e xT e e
= x{l + x~ )J‘__( — - x!_).r{iq_ f%
T+ X" +v) A A
(1 + )( > + : t !
=X X = - — 7_‘_.:?‘1[-@ a-—==
{2(l+x‘}(l FxT o+ yTy 204 xyY I
+ X . e—2
_— - - ——arctg ==
_ - L ee .
20+ x7 4y ) 241 = %~ W+ x-
1+ X7 +y°

{vart tich phan tha nhat, woda dp dung cong thirc:

7y Ta co:

Ta phii ¢

=+

dx X
I::_I- = PO S
(x~ 4+ a” ) JaT{xT + a7y
- _ Xty
pe 1 Q=
(X_ ' y_-)u (X_ . }_)
ep - (K7 + \:) S 2nvix — v)
l_"} (x =+ }_,Z)J:-}
e (7 F XY - 20K(K b Y)
Oy {X: + '\,:\}II'|
: P
o dicu kidn: i— = «Q , hav:
RN X

2T V= N A Ay - XV A V) =

| X
Carclg— + ).
2 a

(xS + v

+



suyrta 2 =2nvin=1.
Vay khin=1:

(X = viIx + (X + Vidy xdx + ydy N xdy — ydx

du = ; — = - - - -
X7+ ¥~ X+ ¥" X7+ w7
ST { ;
f.2 : : ¥
= dl lnyfx" + v |+ dl arctg = | .
. X
Tich phan 1a cé:
I{ -~ - v
U= Inyx™ +y- +arclg™ + C,
X

40. Tinh di¢n tich S (bimg tich phan dudmg) cde hinh giGi han bai:

1) x = acos’t, v = asin’

2) X = a2cost - cos21), y = a(2sint - sin21)

DK H Y - 3axy =0

-

Vit

et N £ T
¥ !
4)!& +('_! L?ﬁ-!+;‘_J,xzo,yzu,(a,hﬂl)
Bai gidi
1) Hinh gi&i i béd dudmg astroide (bii 75. TI.

Theo (4. 1) v do déi xing (hinh 105):

2

’ !
1 1

S= —¢pxdy — vdx = —| 4 | xdy — wvx

S fu_\ vix 74/’}() )tl,xJ

AR

zin
=72 H’i Ccos’ LAasinT (eost — asin® 1~ Aacos” [sinl‘}}il

= Ga- fsin: teos™ Wt = Ga’(1. - [,)

[



S
= ();1‘|
L4

R R

%

— (dwvdi).

¥y

Hinh 105,

2y Ilinh gidi han bai dudng Cardioide (bai 75. T1).

Ta ¢é:

S

¢ 5
| .
= —| 2 jxdy — ydx | (" inh 106}
= l\ Aml 4

o
= H(?;lcosl — acos202acost — 2acos2l) -
[}

-

—(Zasinl - asin 21— 2asnt = Qzls:inZl)](lI

= j((m1 — Oa- cosn)dl = 6atx (dvdl).

]



y |

m
130&) X

Hinh 106.

3y 1hinh gidi han bai dudme C (14 Descaste) (hinl 107) (b1 75. 11,

yi

Hinh 107.
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Phuong trinh tham =6 cua duong ¢

3t Tat”
X = ——, ¥ = O=1<+ x.

L1

I S

(it v = 1x, 1 ¢d phuong trinl niy).

Vay:

. £t Y > )
1 [ Zac o datt Jat- Jat
S= ;jgxd_\-'—yd,\' = —J,——l:""”‘T‘ T _1": -
27 ,._'I1+l' R R 1+1"\1+1'/,'1J
|/ 22 2
[ 93 — il = _i (d\-’(“].
2o+ Uy 2

43 Pura phuong trinh coa C vE phgng theo 1oa dg doe ore suy rong:
X = arcosp. v = brsing.

Tiaoed: = cosgp + sinp.

Do dd phuong trinh tham <o cua C Ve

ACOs™ PSINP + Sin° Heos )

N = G{COS] + SINp).cosp -
Sin

bcos™ psing + Sin~ Qeosp)

v = hicosp + Sing).cose

COS P
o 0= - i
v 0= p = E
Mal khiie:
v b
So= e,
x il
Oy b
d‘ == —.——=—dp
LA docox p

237



ng (i 1¢ v&i khodng cdch tir chal

vach mot cung ellipse:

1 ro,
—{xdv - vdxy= - x° dL
2 T 2

|
~ -

ab - . .o _m
= ?(cm‘ @+ 2simpeosg + sinT gkl 0 < p £ Y
Po do:

P ‘o ~ 4 m: -
niz mio ] .2
. . - |- I n
S=ab singeos@de + Y cos™ gy ‘ = ab + —.—
\!\ pcospdg {j pe | REREE

41. 1) Tinh cong cia lye dan i hudng vé ade toa 4o, do 16n cua

diém dén sde 10a do, ndéu chat didm
2 2

v = xzao,y

a” b~

%

0 theo hudng nguge

chidu kim déng hé.

vao mot chal dicm M khai lugng m, chuyén dong

didm M. (x5, ¥s, 22). (M, M, = (0,0, 0))

- -

2y Tinh comg cia lue 7, |I_‘ X7+ ¥ + 77 ldc dung
E
e M, (x,, ¥,, 2,) dén
Bai giai
1Y Thee gia thiét dé 1dn cua lue:
‘I‘ = k\[)(_ + v
k Livhé sd v 1¢.
Do dé:

2 R R 2 o . [
¥©.008 ]+ l\‘\f\ + v S



= k(—x? - yj)

Theo ¥ nghia co hoe, ¢ong T coa lue phal tim 1

w2
T=- ijdx +vdy = -k I[acusl(— asinl) + bsin theost]dt
- #]

niz
-k j(b: - aY)sintcostdl = -];-(u: - by (dvO).

n

2Y Theo gia thict:

o= |!f"5| cosa. i+ \fl cox[i.j + \F‘cus?.l\r

= i[ii SV 7] s Ky A)
r- \'I' T r )1 r_\

Do dé:

RSN
T =k I‘ xdx + ydy + «de

4 - LT
o (X7 YT+ 2T)

L o +y ¢ 2okt ;
o~ 2 (xT +y +zYYS Iy
_ k( [
W I-
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=42, 1) Xde dinh cie ham Pix, v, Qex, v) hai 1an khd vi 1lién tue (cd
cide dao ham riéng eip hat lién tuey sae cho tich phan:

1 = §}’(x +o, v+ Bl S Q0 koo, y + Pdy

kliong phu thude cic hang s6 o, B v C La dudmg khép ki bad ki
2y Ham khid vi [((x, ) phai thoa midn cic didu Kkicn nio &
jl'(x, yHvdx + xdy) khong phu thude duimg néi A, B,

Al

0 Tim Ilm—jgl nds . S 1 dien tch niidén 1D gidi han b dudmg C bao

il )r‘ A
quanh diém (x,. y,), d 1@ dudng kinh ciw midon D, i 13 phap tuyén neodi

coaC, IF = PP+ Qj kha vi lién e fromg 1.

4) Chttng minh:

a) ” Aulxdy = ](.—d\ trong da:

1
e TR 2 TR L
Au = } - = {cosu, cosf): vecteur phip cua C
X~ T
Al Cu <
—  —.cos+ —— cosfl
anoox iy
u ivodu
b) ”\'Amlxdy = - _[_” —. — |dxdy + f\’—ds
. xR vy Lo
) Y 2V
”{\-'.'_\u — uAvidxdy = § v— - u_—qds
I.‘ LT m f

Bai giai

1) Gl st POQ thon min cie didu Kién ¢ua bai 104n thi:
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ducre

T

g,

f}’(x -y = o4 Q00+ oL v+ [y

L

= §P(x, VX - Qx. vidy
B
Do dd: 1, = $P i vidx + Q (x, yidy = 0

Vi Pr=Px+ o, v+ -Px, v
Q=00 +a, v+ - Qx, vy
a2, P

Theo (2.2): = = (Dodat w=x 4+ o, v=v + B hi (1) vidl

X ey
Qu, vy AQx,¥) Plu, vy EP(x, )
fu 5 v Y
hay cQlu, vy i (.'P(}I, v) _ (_Q(Hx"y) ] i(q)\ v) )

fu v 0 v

i chi phu thude u, v vd pliai chi phy thude x, v, vy d€ 6 (2) thi

£Q P _ Y P

- — ={ = ¢const

o v 5 SR
hay: HL ({Hx.¥)1-Cx)y = i—'.(P(x‘_\']).
[ ey
) i
Do da: Qix.v)-Ox = [H—‘ — [dx - op{y)
R ARE Y.
cu £
hav: QNI =Cx+  +piy) vt Plxo vy = — + Y(x)
[ (-4

v py ), 1) 13 hal b ey © ocla v vi x v had Tin kha vi lien



2) Theo gid thict:

foo, vilvdx + xdyy = Jl"(x. vitvdx + xdvy  (hinh 108)

A it
hav: jf(.x, Vilvdx + xdy) =0
o
Arlina

Theo (3.2):

:—'(xf(X. Vi) = é(}'f(x, ¥ (D
fy

X

Hinh 108.

DG 1a dido kién phii tim.

By G st 15 = P+ Q) vh g0l w ba ade gilta 08P tuvén et C vai
1 g¢ pL £ P oLy

truc Ox thi phip tuvén n = (sino. - cosm) vil
§Fﬁds = §(Psinu. — Queosa)ds = §Pd}' - Qdx
¢ ¢ ) <

Ap dung comg thie Green ta o

§. Qdx + Pdy = ”L{E N )(L\d\
v, i 4

L. P Q. . . . N .
[heo gin thidl L_—- + — Lién tue, iip dt_lng dinh Iy trung hinh, a co:
[5%.8 LY
1 .
lim— § Frids = hm—Jﬂ + -2)(1}((1)’
AT - [ S N

= lim;p(i Y + EH_Q(K’ RANC LTI D + QN Y,

I BN (7)" RN [H"\'

+3 a) Theo 3 §—ds = £[f u

< | cu (u
—= s - —eosildy = 3(.“—(!}' =X
¢H [N (\ U f'\



TR oo fu
b x 1’ R f\ (\ ;
J'l-:l. U -
', '\ f‘-:;\'_
by Theo 33
i <u ol
§\'A—(|S = §\-‘ﬁ—(1_\-‘ v—x
im R ¢ f}
fu o
= ” —‘\ + ﬂ-l\— dxdy
NEREN i o, 0y
|/ - -~
NERNT! v
= U Voo - d\ti\ + “ -—
M i {n-x - \ r\ f'\
Lo s -

T dé suy i comg thite phat clumg minh.

e vz a) T trudmg hop dac bict coa by khiv = 1.

<O Theo by

5,

H vaudxdy = H (o ﬂ {—l-l —tﬁv |(1,\(l\’ + §\ —(1\

N ORIV Y o
Thay van badi uAv 1 i

s -
AS :ll v t‘ll [y
Jj:l.'\\-'rlxll)' = - _”| —- T ey + §11 — s
I _-._\r.\f\ r\a\. N

B ERURUCRUS RO R

H{_\'.-\u uAvidsdy = ﬂ\ {:U ui—\..‘!(lx.
I

S O

RERY



B. TICH PHAN MAT
§1. MAT DINH HUSNG
Cho duedmyg C o R™:

X=X,y =y, 2 =201}, w <t €} (1

Coeoi W drén rge néu cde ham (1) 13 1idn we.

Ceoi W tron néu On 1 x L v, 7 lien e v x2 + y!? + 2% #0.

C wol B tron timy phan n€u 66 11 1ién tue va chia duge thiinh mot
s& hidu han phdn von.

Cho S R
Fix, v, 23 =0 (2)
(3 met mat lién tuc tham (2) hén tue rén S).

S goi la ron néu 16n tai F°, L F°y L F', lién tuc va F? + F)’,2 + F* =0

‘trén S. (VM e S déu la diém binh thudng),

S goi Horen timg phan néu né 1a lién wae v chia duce thimh mot s6
hitu han phan tron bai cic
dudmg trom timg phan.

Mal tron S coi 13 mdi
mat hai phia (hinh 109) néu

=

di chuvén phlpy tuvén N L
M e S, di theo mal dudng
|
khiong cat bien gidi cuz
S.trd i viood xudt phdt N
Khong doi hudng. Néu nguge
lar thy S goi Ta mot mat mot
phia.
High 109,
Mat lea phia S goi [a

14



mat dinh hudne duge. S goi i dinh hudng duge g phan néu né 1a licn
e vivehia duge thiml mot s6 hitu han phan dinh hudng duge.

Quy ude: Chidu duang trén Cing vaiomot phia &3 chon cia § véi
phip tuvén N T chicu tir chan dén diau coa mot guan sdt vién nam theo
C vionhin thity phia did chon cta S & bén rdi (hinh 109).

Mat 8 72 = fex, vy 1 mat had phias phin trén (dueét) dng vl phdp

tuyen Tl vdn Oz mét gae nhon (L.

Mat kin S (mat ciu, ellipsoide ) Bomiotimat hai phia, phin trong
¢d phip tuyn hudng vio phia trong cua the tich gidi han bdi S phia
nguoe bia gol 1a phin ngodi cla 8.

§2. TICH PHAN MAT LOAI MOT

2.1. binh nghiaq

- Tich plin mat loat mot cita han fix, v, 23 xde dinh trén mat ron §
la:

[ = J [ix, v, 72uds = Tim TI‘ M IAS,

v e
11

v mei cach chig mat S think o phidn phan biét AS,, <& dién tich
AS, (=1, 2. .oy va vai moi cdch chon M, (X, v, 2)) € AS, di 1a duding
kinh cua AS 1= 1.2, o1, NEu S 1 mat kin thy k¥ hi¢u ﬁ

Bacbict £ = 1 thy:

"
[ = H(Is = lim Y AN, =8 1h dién tich ¢lamal 8.
. [IIRE IR
NEu cot I(x. v.2) = 0 La mat do khai lugng {imat) coa mat § (hi khei
lrong caa mat S 13 M = I f{x, v, 7)s.
5

Mot ham [(x, v, 73 hén tye ren mat trom 8 déu ¢6 tich phan hay kha
tich trén mit dé.

[
=
il



Mot tinhe chat et tich phan mad Toai mot déu tuane (o nhi cic tinh
chat e tich phian duong lowi mot.

2.2. Cach tinh

Nou mat tron S cé phuong trinh 2 = 7(x, v) vit hinh chidu cua S trén
mal phing xOv Bmién D ihi:

I= H fix, v, zxds = ” f[x, Y, AN, )’]]Jl + /; + ;'_f.,dxdy
] 1

§3. TICH PHAN MAT LOAI HAI

3.1. Binh nghia
- Lich phidn mat loai hai ¢tia ham:
FM)y = PO+ Q(M)] + R(MK |

hay coa cie him POM), Q(M), R(M), M = M(x, v, ) xdc dinh trén
mat dinh huong S lay theo mot phia di chon cia S Gng vai phip tuven

N o= qeosu, cosPeos ) tai Moe Sl
= [[PMidyds + QO\Ddzdx = RODdxdy = JfrNas
< =

= ”[P( Micosa + (Q(MDCosd + ]{(I\-i)cns*-_:](l.\‘ .

hY

New S Hemat kin thi k¥ higu ﬁ
5

XEtmat 8 dat trone mot ¢hat long nao dd. FIMY 1 vecteur vian tée
coua chat tong tai M i luw lrong ciin chal Tong gua mat S trong mot don

Vi than gian theo hudng cla pldp tyen N tal Moo S 1as
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I = H 'N.ds = H Pidvds + Quedx + Rdxdy
3 5

- Mol ham FOD licn e én mgt dinh hudng S déu o6 tich phan
hay kha tich trén mat da.

- Cace uinh ¢hat ¢a tich phin mat load hai déu twoang ty nhy cdc tinh
chit cua tich phan dudng toai hai.

3.2. Cach tinh

I = H Pdvdz + Qdzdx + Rdxdy

bl

- N¢u mat § ¢é phuong trinh » = #(x, v} va hinh chic¢u caa S trén
mat phang <Oy 13 midn D, thi:

I, = J’j Rix. v, 2)dxdy = +” RI(x. v, 7(x, v)klxdv
~ i
(- I]Q[(x, v, 20%, vildxdy )y néu lay theo phia
i
tren (Judiy coa S,

Tuong ur:

l. = HQ(X, v, zhdadx = HQI(X, v{x, 2), 7|dzdx
5

I~

i = ” Pix, v, #iivds = H R[(x(v, 2), v, »]dvdr
3 I

1ay theo phia rén cua § doi vai ciac mat phang 70x, yOu:
I=1 +1.+1F,
NEu S 1a mat kin (dinh nedngy.

S et hinh chidu (rén mat phang xOv T midn D v dudng teén § ¢6

Iinh chidu 13 bién g1 coa D, chiia 8 Lan 2 phan, phot trén (dudny o6

phicing trinh 7 = 7.(x, v, (/2 = 2 (X, ) vil tich phan iay theo phia ngodi
cua S hi:
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l. = ﬁ Kx, v, 2)dxdy
b

H Rx V. 4 (X, \)]— I{[x v, 2 (%, \)]ldxd\

Puong wweho I, boval=1, + 1, + 1,

§4. CONG THUC OSTROGRADSKI VA STOCKES

4.1. Céng thie Ostrogradski

NCu cie him Pix, v, 2> Q(\ Yoo Rixo v, 2) va cde dao haun riéng
cua ching lién tue trong mién compacl V gidi hon bdi mat kin, dinh
hudng timg phin S (hi ta ¢é cong thie Ostrogradski:

% X
ﬁdedx + Qdzdx + Rdxdy = _”-J-(EH—P Q + — -ded}-‘d.{
< Vv .\t.‘X

oy s
tich phan mat 1dy theo phia ngodi ciia S.

PuP=x Q=v,R =7,

ta ¢d cong thie tinh the tich caa midn V
bang tich phan mat:

I
V= —ﬁmydx + vdzdx + zdxdy
A

4.2. Cong thilc Stokes

Néu cde ham P(x, v, 2), Q(x, v, 7). R(x v, 2} climg vice dao him
riéng vua ching licn tue trén mat dinh hlrmw ting phan S gidi han bo

dudmg kKhép king tron time phin C (hi ta cé cong thie Stokes:

”H—l _ X }L(!‘\U. + | i ("E cosfd + ﬁf‘) - r'P}u)\r As
oy /

s o LOX OV

= HPL‘().\::L' +Qeosfy + R r:us*;‘]ds )
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Tich phan mat lay theo huodng did chon mg vd phidp tuvin

Nicoso, cosh, cosy) chu S.

Fich  phian  dudng  Liv theo  chidu  hromg v

icp  tuyén
Teosn', cos i, cosy") ang vai phia dd chon cua 8.

Dang khac:

ey

j_” {R- - f? ti\d/ + (P

JURN
R
194 ," (/ X

™ .’ H
1
dredx 1] - _ ldxdy
[

s R

= §pdx = Qdy + Rz
hay k¥ hicw hinh thie:

dvidz. dzdx dxdy

i e

H - = Ai = §P{]x + Qdy + Rdrs .
J.x v 7 !
i P Q R

§5. AP DUNG

Cho mat S < R ¢éd mat do khoi lugme (mat) pix, v, )

- Khéi lugng M caa S
M = J' MXL Y, 2)dS
s

- Cac moment tinh M, M, ., M,

Lot S dol @i cde mat philng toa
do Oxy, Qyr, Qux:

= Hp(x. v, s
I.= ” PEX, v 2SS
N
= Hp(x, vz hdS
e

RE



- Touw do trong tim x.. v, 2. ctia &

M, M M.,

X =

— L ¥y s
N M M

= Cile moment gusin tinh I,.1..1
phang ¢!
O

oo L Lo 10 L dal véi cae mat
toa do Oxy, Oyz. Ozx, gée toa dd O vi i e toa dé Ox, Oy,

.= H Pix, v, 22" ds L, = H pix, v, 2%ds I,, = ” X, Y, x)}-'gds
5 5 S

_”()(3 + _\-': + 'x.:)p(x, voruds, | = H Mx, v, z'J(}-': + 27 )ds
5 5

. Hp(x, v, 7.}(,\': + z:](ls, I, = ”p(x‘ v, %7+ _\-'3 yds
5 s

BAL TAD
43, Finh cdce tich phan mat loai 1:
1= j‘j‘:(x: ~vIids, S 1 mat cdu x° + Vil
8
soSHiphinmatnén =+ Z— -2 <<y

- -

H| an

- -” \/)\_: ?{l \(3 \..: 7_1
=

Hl= ”(x.\' + w7+ ods . S L phan mat nén 7 = Jx: + v~ bicit
3
bai mal tryz x7 4+ v = ax.

Hrl= H-/.tfx « S T mat gidi han coa hinh i han bdi cde mat 7 = 0.
N
7= X 4a. Xt + )-': = (a0 > Oy,
Bai giai

[y Do ddi xang nen;
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]l = 2”()&'\ + _\"‘ s

S, Dt nta wen et mad can da cho, phtrong trinh cua ud B

-
[ Al
7=t -0 =T
Theo 2.2y, ta tinh:
— |' 2 Ve
WHJ'|+,a"\'+z';= 1+ — . — .
at - X - v a7t - X7 -y
i
Ja© —x

1o dos

P —

= 2”(_)(‘ + y‘)\/ Pt o+ drdy
13

hl k3
rdr
| = ~dr = -hmj
' IR
. - T
Patr=asimn 02 r a0t s —
b
y T 0t s teostdt s
; s COs N L
Do do: 1l = 4 [ _— - = T jsln' Lt

\.{il: ~atsint ¥
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2 Saa”

2y Phuomg trinh eda phdn mat non i
b B
A £ T R § I
a
Do dé:
i - .
2 > [ : X b- V- il
\.'[I-:-—Z:—-f,"\ = gl + - . — - =
’ M HEE S a7 X7 o+ o it
vi: I = H(X' - ¥}
L3

> 1a inh chi¢u coa S uén mat phang xOy, dé W hinh tron:
Xt =t
(thay 7 = b rong phuong trinh cia mat noad.

Chuyén sang toa do doc cue ta oo

2n i —._I_ + b: on Ill’:l‘_ h: Bl .
1= jdtpjr I J =¥ T jl"dl'
T il a 0

B ETE;I:\I'JEI: + b-

3 Al ehicu cua S iréu mat phang xOv 1 mién D: x° + Voo

(hinh 1109,

Ta e

[
T
1.3

dXx



le] - /.r: -~ /,.': = II] 4 - — + = \.'I2
' ¥ X7+ T X+ vo
vt
3] g X
Hinh 110.

Do dé:
1= 42 H[(xv + \}x + v T - \)}dxd\

Chuvén sang toa do doc cuc., a ¢é:
- s
f~ 2ok o0 FRSS
V= 2 1dip | fr- cosgpsing + ro(cosp £ singpipdi
s

AT

e

(COSPpNing + cosg + singpidp jl dr
n

. :l‘__,u =

T

\"2
= j(& Osipsinp + cose 4+ sinpia”! cos™ iy



n |

[
2a

—4 - jcns" sl pdiy + [um‘ﬁ iplep +

4 . i
j COsT @RI ghp |

A
N .

|
|
: J

T
B - 4+ 4
\,Eu 5 42 \/Eil 4.2 J4/ 24
= - _[L:ns pelyp = — 1, = - — = -
2 2 : 2 53 15
L

4y Mt S gom cic mat S, S-S (hinh 11y

Hinh 111.

1Yo o

e . N - ! _\__
I'ren 807 =008+ v oy, -

_Y.1+-(J+H=1



o dée i = H()clxdv\' =0,
N

STren S s = - x4+ b, xTH v E ] \,"I Vo = V'l-+. | = &

Do da:

I.= Hz(!x = ”{— X ]]JE(I_\':I}'
§a =

AR
Chuyén sang toa do doc cuc, v

\ e

AT I b 3 N
. i e
1= 42 :[dtp!l( Sreossp - Drdr = V2 L - Tcm‘tp - ?j"(kp

iy

I . I =~ AL o
= 42 I_[L— ;u)mp + 5_,-th = \f2-|\‘— Hmmp - E(PJI“ =2

STren Sy 0 2o X+ X H VT =0

S, d61 xine véi mat phang x0z dodd: 1 = H = ’_’szs.

3 %5
o . . - . . |r_- o
Hai véi mal phang xOz phuong irinh coa S la vy = yl - %7
e — | X2 . ]
IR =\i-!'——| ==
- x- Gl
'\|| LS

Tinh chidu cta S tren mygt phang xOz Fomidy 1D
Sl Ea sl EaE X+ |

Fyo do:

= aff s B = [

T \II - ‘\.II]- X 1 \,'Il - X



. - -
dat x ==t - [ = x 1, - o e o
2 2
m- nel
L= [d-son a = _[{l - sin” (= 2sinf)d
mEz . {"7[ | n\, -
=12 f(l +sintdl = 3= 4 — D=
i "\?- Ri 2/1 2
e N
. 3
Viy: I=1 +1.+1,= n‘ 3o :]
'.\ -/I

44, Tinh cac tich phan mat loai hai:

11= H vadwds = zxdrdx + xyvdxdy

A

STaphin ngodi cua it dicn: x = v=/=0,x + v+ ,2=0a(a>0).

1= ﬁﬂf)&[]}’

5
S Ta phin ngodt cun man cllipsoide: “— + 2 + 2= = 3
i b- o

Hl= J‘J-x?d_\'dr. + v dadx + 27 dxdy
N

S i phia ngodd cua:
a) Nir hinh ¢ x>+ v+ 77 =a’ 220
by Hinh cawu: (x - 1) + (v - IV 4+{zr-2y =qa°

11 = ”{_\' ovds b (2 - dvdx + (x - _\')(1)&(1'\-'.

S

514 phia ngodi cow mat ndn: x" + v =77, 0= 22 h

Sy = ([ v s

N
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Sy =1 (=

Bai gidi
13 Tacod (hinh 112y

SNEEE

52

Hinh 112,

Trén 8§z =0,dz = 0.
Phin ngodi coa ut dién dng véi phia dudi cia §,.
[Do do victheo (3.2):

-

-
24

[ =" ”xydxdy = - ]-(Ixuj\xydy = - l]x(ﬂ - x)dx =
2y

S| 0

Tuong wy:
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Ciing lheo 3.2y

L=+ [ = [[xydxdy + Hyzdydz + H?xdzdx

34 5

' S,. S,. S, 14 hinh chigu trén cdc mat phing toa do xOy, yOz, zOx
clia S;. Dfu + chi phia trén cila mat phing x + y + 2 = a, Gng véi phia
ngodi clia ti dieén dgi véicdc mat phing toa do d6.

1
Thea trén thi: 1, = h;
24
Vay:
-at at a* 3at
24 24 24 24

I=L+L+L+4,=

2) Ta cé phuong trinh ciia nira trén (dudi) cha ellipsoide 4¢3 cho 13

2 2 3 :
z= el = 2 -:—2 z=-c 1-"—,-2-,;),c£c‘ nira ndy c6 hinh chicu
\/ g \j SRR

trén mat phing xOy 13 mién D: ~— + y—z <.
2

Do 44, theo (1.2):

Chuyén sang toa do d6c cuc suy rong: x = arcosg, y = brsing, {a cd:
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n

<]

I

2 (l(p_l[

i

d4mabce

T3

vl'rl - 1 ubrdr

il
||"-

= -hmhc[— ];(1 - rz)'

3) a) Phiomyg trinh cha nra mat cau di cho ddi vi cdc mal phang

toa do xOy, vOz, 20x la:

~

2= 4T —XT -y Xx=4

Do dé:

I, = szd'\'dz
N

1, = ”z:dmly
s

Chuyén sang 1oa do doc cuc

hl “'"‘| -
¥ = qat —xT -2

A a

— 77

ya© - y°

NN

AT T

ta cé:

nooa aon 4 4
. - a1 T "a
I.= |dpj(a- —r-jwdr = 2 (-ﬂ——— - = —
j PJ 1 7
[l ! b B
Vay:
na® T
I=1, +L+1,=0+0+ — :"2
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by Xétl, = Hz:dxdy
N

Mat 8 gom 2 phin:

. . . R T, B
S.phia wen mat phang 7= 2 =2 + yJa~ - x7 -y

S. (phia dudi mat phang 2 =2y 2z =2 - v'az - X —yo
Hinh chicu cia S, S, teén mat phang xQy 13 mién 1:
(x - D7 +{y-1y<a’
Theo (1.2):
4 T
1, = H l 2+\/u_- -(x-D° —{}-’-—])‘W -
oL ;
- (2 —\/113 —{x - I)3 1y — ]): I|_ “ihxidy

= H_”Ju: —x - -y - 1)~ dxdy

&
ChuyCn sang toa do doc cye:

X-l=rcosp, v - | =rsing, 0 << 20

1ii:

I A Y s 16m

[, =% j(l(pj\[u‘ -r i = 106w — --(zl‘ - 1} J =

A L3 S 2
o H‘JT 3 817- A
l'rome e .= a1l = a

2 3 ; 2
Vav:
12

T=1 + L+ = "=
3
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4y Xé g, = ”{x — vidxdy ., hinh chidu ciia mat 9én trén mal phing
:
xOv Thmidn 120 27+ v7 = I, phia ngoii caa mat nén ¢é phip tuyén hop
v Oz mdt goe th, do do:

In h
I =- H(_X - vdxdy = - Id(pj r{cosy — singrdr
5 {1 rn
.oIn h
= - j(co.&:ap — sin (p)d(pJ- tdr =0
N IS

Xét 1. = H(z — x¥zdx . A6 vai mat phang xOy, S gém 2 phan S.:
u

Pl T - 2 ) N . . ) ) 5
¥ = 427 xS v = - yr — %7 cing ¢d hinh chigu tén mat phang
2Oy [vmidn D gidi ban bdit 7 = x, 2 = - x, 2 = h vd ¢ phip tuyéu nguge
hdng nhan, 3o d6 i =0, twong w1, = 0.
Ve

=0 +1L.+1I, =0,

. . N . . N .. . { - M .
vi s O ren mat ¢chu S gidi an bai mat ndn 7 = yx~ + v~ nén:

+ v dxdy

Fay = [Je? + vius = Iiff &

5 i - X"
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1> {a hinh chi¢u cia phan mat ¢du S, rrén mat phang xOy:

..t
X4y €
2
(khit 2 ti: x> +v3 + 7 = vliz= x° + v ).

Chuyén sang toa o doc cue va do doi xiing, ta <é:

t
. e gy A rdr
Y = 4|I| Idrpj = = T{|l| _[ - -
¢ 0 [ S | il |
iz - 2
- RM -[ (t- — 1 —“1 ](1{1 -17)
0 17 — 1

[}
e |
_—
g B
1a’
—_
']
|
T
~
i
—
—
L
|
e
|
—
\.._-..
:-':'
—
|
—
13
._,

2 < nin . - s AL
= n|t| =17 -y — 1724t —1°
3 o 0

- (314(8 _ 542).
)]

45. Ap dung cong thire Ostrogeradski, tinh:

1= ﬁx‘(lydx + yodzdx + 2 dxdy, S phia ngodd cua hinh lap
5

phuong: 0 2 X, v,z =2
M= ﬁxd_\_-‘dz + vdzdx + zdxdy, St phia ngodi cita t dién:
3
XK+y+rs=ax=0y=0,7,=0
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Hl= ﬁ(x — v + 2dvdz - (y — 2 + Xdadx + (2 - x + yidady
5

S: phia ngoai cha mat: |x — y + 7] + v~z + x|i +lz-x+yl =1

1= H(x: COSOL + yz cosP + 7 cos y)ds
S

. ; wi o N R v z
S: phin ngoii cita phfin mat nén: — + — - — =0 (0 £z < h)
a- a” b-

SNx,v.2) = ﬁcus{ﬁ, awuls
5
S: mat trom kin, ¢ = const, o 14 phap tuyén ngoal cia S.
cos(T, )

Oy X, v, 7) = ﬁijds (tich phan Gauss)

s r

St tron, kin gidi han midn V; 11 : phdp tuyén ngodi ciia § tai (2, 1, J)

e S r= J(Z; —X) +(n- y)j + (2 - £ L (x,v.7) € R
Bai gidi

1) Cac bdm P = x°, Q@ = ¥°, R = #* 14 cdc hm luy thira nén cluing

cing cic dao him riéng coa ching lién tue trong hinb lap phuong 0 < x,
v, 2 < a, 46 13 mot mién compact.

Do do theo (4.1):
1

ﬁxztlydx + yzdzdx + 7z dxdy = ZHI(K +y 4+ 2V
§ v

Bl
K] B a bl J o |
PN
= 2!(1)(!(!.\-'.[(): + v 4+ 72z = .’ZJ.de. (X + )2 + ——‘ dy
il il i r o 2 _]{\
~ ~ 7
Kl H] Y H] 2 P
H ¥ i
= Zjilxj(ilx +av + — |dy = 2! Xy + 4 +-—y | dx
; 2 2 2
fl itk 4 0 i
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= 2J'(a|“>: +atylx = 2 :
i \

2) Tuong 1u nhu 1):

3

I = ﬁxr_lydz + ydzdx = zdxdy = ” {(I+1+NdV =3V
¢

V 1a thé tich ¢ dicn: v = 2
G
Dodé: 1=3 %2 =24
4] 2

3) O day: P=x-v+7,Q=y-7z+x,R=v-x+vy

Do da:

I= HI(' + 1L+ DdV =3y
%

V: thé tich ¢ta mién gidi han bai S.
Dung phép déi bidn 16ng quit:
u:x-}'+Z,\-‘=}-‘~z+x,wzz—x+y.

Ta co:

[ = l)(x,y,g.l: l _ 1 =i
D{u, v, w) 13 u., v, w) | 1 l o4
D(x, v, 2 [
-1 1 |

Do da:

1= 4 u -.‘jl'_‘ij"\du!(l\.-dw = %5 _“:IU.I-‘:iul(le ~ (1.}1)- _

uov. W i



43 50 khong Kin, ta bo xung tham mat S0 2 = b dd duoe mat S + S

kin (hinh 1133,

Hinh 113,

Ap dung cong thite Ostrogradski, dai véi mal kin § + §, (a o

1 szdydz +y7 dudx + 27 dxdly

kS

ﬁx Ivdz = yodeds + 727 dxdy - Hx“dydx + v dzdx o 27 dxdy
5.5 3

TrénS;:7z=h,dzr=0

nén:

H = Hh-‘dxd}- = batn, ﬁ _ 2,”,[(" Ty bV
By PR 5

SR S5-5
Chuyén sane toa do tru:
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RIS

H j(ltpjuh _[ ricosg + sing) + /]dz

- '-;| 4
I
4

If

ZJ-(l(pj’V(h] - --1 {LOSLP + sineg) + b?' _
HI

T a'b . a“h”
2| —fcosp + sy + —— |d
J[ > P P ” } P

:{]_'_2'&1 h o = a~h .
¥ 2

Vay: T= QE -a'h'n = Lbn
2

SrGaasu e = (a, b, ¢) = const,

n = (cose, cosp, cosy).

n.é arosc + heospd + ceosy

cos{e,n) =

e

a +bh o+ "

_ o acosa + heosP + ceosy
{x,¥,2) = ﬁcos{n, cids = ﬁ B —ds
5 5 a + b+
_ ﬁ advdz, + b(l/[lx + cdxdy
5 a” + b+
{ N .
| H| | i b
=il I - ‘
R _('x'\ a +h =+ a4 b e
) 5
= h
-



= J‘ﬂu_d\-’ = 0.

Gy Xdét:

@) 8 khong bao quanh digm (x, \RAR

g - - .
o e Ccos(T . ny= —;
|!|"||n‘|
. I-x -y i
Vi I(x. ¥, 2) = ﬁ{ = CosiL + 1y =cosf + F oy .-'\‘d\
\
5 - r’ r r J

Ap dung cong thic Ostrogradski (cie him théa min cdc ditu kién
cla cdng thire):

C v s = _3__3(3,_}{)' ‘{(n_\] +7'(_—;} |
e .
./ ? g _
= [{[“\I - B ][l\/ =0,

by Mat $ bao gquanh didm (x, v,
2y (hinl 114).
X¢ét mat cdu S, tam M bdn kinh
£. Khi dé cdc Tam lai ¢d di cde dicu -
kicn  d¢ dp  dung  cong  thik
Ostrogradski trong mién vV, pdm 5
giltit S va §,.

L()k(l n) H
§— 0.4V =0
5o
(thea )

Do lo:

Hinh 114.
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-
I

mrn) (.0
Hxov, 2y = Hu A —is = ﬂu ¢ —)ds
5

(Phip tuyén ngodi cua S va phip tuven trong cua 8, 14 nguoe nhau,
cing la phip tuyen ngodi coa S + 8, ).

Viv:

Hx, s, 20 = ﬁ I‘]—]d‘» = ﬁ%ds = —ﬁds = —4*{5,

A S
5 5

d

VIV S, o ¥ /0 v =),

46. Ap dung ¢ong (hiic Stockex, tinh:

nt= 35(_\- + ook = 2+ Npdy 1 (x o+ yds
e

- N : 2 .
Cladutmg x +v7+ 27z 2" x + ¥ + 2 =0 theo chid¢u nguge kim déng hé
néu nhin tir phia duong coa truc Ox.

21 = j[.(_\' - 2+ s - Xdy - (x - vz

¢
C Hoellipse x™ + v7 = 1, x + 2 = 1, theo chidu nguoe kim déng hé

néu nhin tr phin duong ¢ Ox.

Hl= ff\'j + 27X 4 (27 4 Xy + (x° 4+ y:)d/.
g

Rdutne X v F S = 2R AV = 2 (DT < R g > 1} theo
tht.l.l sa0 ¢ho phim nho nhidt cda phia ngodi ciia phdn mal ciu gidgi han
bai C G bén i,

411 = f_\'zrj(lx < rzxgd}-’ + _x:)':(Ix.

C T dutmg kKhép kin: x = acost, v = acos2t, 7 = acos3t, theo chic¢u
Lane coat,

20



Bai giai
Iy Ap dunge cong thite Stockes dér vai 8 10 mal tron gidi hian bai
dubng rOn x5~ + v+ 2 =0, x + v+ 2= 0(Fdav P =v + 2, Q =2 + X,

R = x + v thda min cie didn Kign cua cong thiey. Theo (4.2):

I= §{_\-‘ + dx + {2+ dy + (x+ vide

8

cosa Cosft cosy I
IE ; &
= I P { — |ds
I X o o
v+ Z+X X4y
= ”[{1 — lcoso = = DeosP + ¢} - l)ws*g]ds =
s

2) Ap dung cong thie Stockes vio S T4 hinh ellipse gidi han bai

ellipse x>+ v = I, x + 2 =1 (hinh 115).

X
Hinh 115,
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Taco:

ﬁ(_\-‘ —adx = (v = Xy 4+ (X — vz

L

1l

-2 H dydz + dedx + dxdy
s

1

|'/ k
_a. Hd}rdx + Hd}.(lx + ”dxdy
i L 13

(o}
1.7 hinh chi¢u cua S trén mat phiang xOy: x* + 7 < [, do d6:

H dxdy = .17 = %

iz

12.: hink chi¢u cua S rén mat phang xOz: D, = 0, do do:

”dxdx =,

[1=-

Dy: hinh chicu cua S wen mat phang vOz khie x i x° + Vo= |,

X4+z=Ltacdk Doy i+ - DY 20, do dé:

H dyvdz =17 =1
B

Viv:

[=-2(t+0+7m)=-4dn.

3y Ap dung cong thite Stockes ddi vai phan mat cdu x° + v7 + 27 =
2Rx gidi han bé mat try X* + v = 2rx vdi 2 > 0 (hinh 116).

Ta cé:

—_—

= ﬁ(y: + '/.:)(Ix + (7,: + x:)d_\-' + (x3 + }-’:)(h'.

= 2” [()-' —aeosa + (2 - X)eosf ot (x - y]cos?]d.\'
5
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Hinh 116.

& day phuong trinh cua §:

5

7= JR: —(x -R)Y -y

v

/.

cose = [‘7 =
\.l +] +z._\.

{' r

: ¥

cosPp = — e = 3 ’
'\/l+'f‘(+'ff_{ z\/l+z;+z;

Cosy =
I+ 7 + 77

(lav cosy > 0 vi phidp tuvdn cia phia trén cia S am vdi Oz mot goc
Ly,

o do:

: PR )
cosy, cosfh = S cosy

COsL =
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Py = 2Mx — Ry (7. — X
H - - + - =~ X -y |eosvds

hE | =2
o / z

_ H (v — 2% : Ry + (# —X)l Fx oy ﬂxd)’

/.

v .
R jj [1 - jjdxdy = 2R ¢

LR RS Y

R A N ¥ . .. . N u . .
(Vi ” =dxdy = 0 do haim = trén hai nira hinh tron 18y cde and
. 7 z
LR R Y

|
Y ce o
tri: "— nhir nhau nhirmg trai dau nhaw).
7

4 Khi 0 = 02 m thi M(x, v, 2) ¢ dutme C ai Ada, a, a) dén
B- . a0 - o) v khi o= 0 € 2m, M vin v& drdmg © nhung theo hudng
nguge i ur Be- o, a0 - a) dén Afa, a. @), do do duting € 1a khép kin
nhung kKhong ¢idi han mat § nie, do dé theo cong thie Stockes: [ = 0.

47, T1m 1o do trong tam cla:

1Y Phiin mat dong ¢hat (p = 1): a7z = x* + v (0 € 2 = a)

2y Phan mat déng ¢hilt (p = 1): 2 = x° + y* bi cAt béi mat Lru

AT+ VT = ax.

Tim moment gudn tinh d8i vdi goe toa do cin cde mat dong chat
o= 1)

B Matoln phin: - a < x, v,z < a

43 Mal fodn phin: x* + v £ R7.0 2 2 < H coa hinh (ry.

Bai giai

D VI B mat dong chit v do dét xdng nen trong tam ciia ué phii &
trén true Oz (hinh 117) nghia la x,, = v, = 0.

[
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Hinh 117.
Theo (5.1 ta e
M.,
re = :
Y|

vz M, = “'/.ds = ]: H(x2 +y T A+ y‘ﬁ')dxd}:,

5 P

vl I X+ y Za”

Chuyvén sang (oa do doc cue ta co:

I S
M, = . ;ljdup!‘] \/‘l + 47wk

= Hﬂ !I[{ilj N A T P 41"1')";?}|(n: + —L|'3)1
Ioa- |5 ’ I
2 . T T 2 [
= —--T-{1 —{n +d4r0y a .= + 4
1Ga- | § . 3

v
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= (?: 2™ (2545 + 1)

)

Tuomg o

M = Hdh‘ =1 H J;zﬁxz + y:)dxdy
8 a7

= 55 -
6O

Viy
n -
A’ (2545
_ m'QIH) 255 +
Lo = = = il
uel (SJg o ]()(5\/._ -b
3

2y Tuong 1o nhy Ly, 1a ob:

M= HdS = H‘“ + /i +7§dxdy
s 2

~

BT N7

0 diy:

o

R

M = H«dedy = ‘E:ﬂ:
R

X = ]\l? H Xds = —4-—-— ”xJidxdy
S o

s.E.Tca: 2



n.’ HERRE nil

4 - 4a ¢
= o leospdp Jrodr = — | cos™ g
- feosaty friae = 2

m.0 1 B
i s El
= — | cos” gl
in ;[ .p P
_da 3 om _a
3w 42 2 2
1 4 miZ HERaTS u:‘1
Yo = - Ivds = —— Vsingdgp | v-dr
o=yl = o5 Junede ]
4a " 1
= ; Itos psingdp = 0.

vi cos'@sing 1 him 18
niZ 0 auvosi

o ;1 ‘UZ{IS = iﬂ j(?l(p ;[l':dr

LS

~
H

moo

$a 3 a2
= .0 Icos' pdep = B, Jo
In . in 3
i
16
9n

3) Theo (5.2) moment qudn tinh ¢ba mat 1wan phin cda hinh lap
phurong di cho déi véi goc toa do la:

’U = i“-(x: 1 \-: t '/.:)li.‘i_
1 ISI

S, =1, ... 0 L cde mat cia kot lap phuonyg

XS -agx<a,-a<y<a, z=a,ds = dxdy,
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Do dd:
H(x: v+ 2wl = jdxj(xz + }': +a” iy

b N

:4}c!xj(><: + T = aT )y

u . , 4 \
= 4!(& + Ed Wx = =4

o doi xang uén:
1

6.20a°

1, =061, = - = dia’,

5) Moment quan tinh cua mat 1odn phin S caa hinh try doi v goc

toa do la:
b= [fo vt s s = [f -]
5 S K

S

Sav S.. S, T ddy dudi, ddy rén vh mat bén cia hinh tru.

VGi S;: 7z =0, 8: 2 = H, ds = dxdv, hinh ¢hicu cia chdang 1rén mat
phang xOy cling 1 midn D: x* + v* = R, do do:

1!

H[Z(x: + y:} + H:]dxd_\'

i

1l

R + ?_J.[(x: + _\-':)dxd,\-'
I

IR
AR + 2 jdtpl-r':dr (toa do doc cie)

AR + xR?



Rdxdz

T [ 3 - . - .
Vi Sy = 24RT = x0 dob v mat phang xOz.dS = ¥il

- -

R~ -x-
hinh ¢hidu cin §, urén mat phang xOz 1D,

SR Ex =R, 02211,

do daé:
K ix I
H = 2R [ r__—.:_-.J-(Rj +77 s
9 KRR oxT
o
= 27{1{[1(1{ .
| 3
Vav:

" .2
I, = TR R(R + 1I)" ~ —1["}
L 3

C.CAC YEU 10 GiAl TICH VECTEUR
(LY THUYET TRUONG)

§1. TRUGNG vO HUGNG
1.1. binh nghia

- Trudmg vo hudng u la phin khéng gian £ < RY mid tai wdi didm
Mix.vo 2y & L2 edmdt dad Tugng vo hudng u = w(h).
= u 13 ham ctia M, goi 1 hiim vo hidng cua trudng.
Quy tich cic dicm M g €2 (M) = € = const goi [a mat dong mife
ey mat dang i coa wwdmg, Trudme dime: o khong phu thude thin gian,
trudsmg phang: u = u(M), M(x. v) e R

]
=]
~J



1.2, bao ham theo hudng
- Che trudmg vo hudng €2 vdl hiun vo hudnge v = (M) vi vecteur
= (cosw, cosfl, cosy).
a0 ham cua v tar M theo hudng cia ¢
ou cu .UMy - u(M)
lim - -————

— hul\ - =
IRy oL ol i

LM (X, vo 20 MGy, 2y, MM /7 ¢

X, = X 4 peosa, ¥, =¥+ peosPL s, =2 4+ peosy,

p = MM, |1
e M OX Oy, D7)
<u

= -
(AN

i )

\F,?,

;_1 [ 2

- N&uw ham v = u(x, v, 2) kha vi tai M{x, vy, 2) 1hi:

u

[}

1l

cu u 0
= —cosa + —eosfl £ —ceosy
€X ey (.

néu ¢ nguoe hudng voi e this

Ju Ju

o [

1.3. Gradient

Gradient cua trudmg vo hudng u = (M) tai M:

— au -

ermin = —k
i

cu . >

— = gradhr = proj; (gradu)

(e
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]grzuiu

matx

Tink chdt

A » oy
190 wrad¢Ciu + Covy = C) gradu + O, arad v

. 3 -
2° gradiuv) = vgrad v + veradu

* - F
3 gracdf(uy = {, eradu

i S
ut varadu — usrady
1% gradl — | = == =

RS ,-| V-

w

§2. TRUGONG VECTEUR

2.1. ®inh nghia
- Trudng veeteur I©1a phin khong gian €2 mid tai méi dicm
M(x, v, 72) € L2 cd mdl veeteur It
F o= 17(M) = [ 1a ham cia M
Trudme dimg: I khong phu thude thdi gtan
Trudme phing: I = (M), M(x.¥) € R*.

- Pudng dong cha trudme vecteur Lo moi dutme C mid Gép tuvén
vin Clal WM e Cdéng phuong véi vecteur cia truting qua M

- ¢ phuong trinh xidc dinh dudmg domg cua truomg  vecteur

= Pio+Qj + Rk:

dx iy vz

P Q R
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2.2. Thdng ldong va divergence

- Thong luong @ ¢l trudng vectewr I° = Pi + Q] + Rk qua mal §
dat trong trueding theo hivdng cua phap tivén N (cosw, cosP, cosy) cla S
1i:
® = [[rhds
N
= H{Pcos:x + Quosf + Reosyuds
5
= ” Pdvde + Qdadx + Rdxdy
s
- Divergence coa tridmg Fo1ai M:
oo P i R
Jdivly = - * TQ =+ -
X LY i
- Cong thire Ostrogradski dang vecteur:
ﬁi‘".lﬁds = Iﬂ(li\!l—’_(l\/
bt v
tli\-'I'-‘(M] = 0 ¢< (), M2 didm ngudn (ro).
Tinh chat
17 div(C F + CaT) = O divl) + Cadivls
L C, = const,
a0 (]i\'(u!") = Fgr:idu + udivl?
2.3. Luu s6 ¢hodn luu) va rotation
- Luu 6 cua trudue o= Pio+ Q] + Rk doc dudng C trong tridmyg
la:

280



= [ IF Tads

T (eosa’, cosfHLeosy ) veetewr Biép tuyén van ¢

- Rotation ¢l trudme I° = Pi = Qf + Rk tai M trong trudmg T
voeeteny:

rot I (M)

R fQ TS S T 6 S

ARG N LA s SR ¥

Ly x ) X 0y )

rot FiM) > 0 (< () M T3 dicm xediy thudn (ngurge).

- Duang vecteur cua cong thite Stockes:

f]—:,?.(]s = ” ol N s

(N vecleur phip cua mat §)
- Tinh chadt
19, ronc 1—"| + (. f":] = (" rot f"l + C.rot [_ L Cy = const.

2" ro{u Iy = urott + gradu A IF

2.4. Cac todn # vi phan

fH- (= u-
"Id(| u=—-—i+—j---Kk
[ {\ [
N N S I
divl = — + — « -
%S f'} (4

Ehe!



i K
. b = =
rollr = - — -
S S LY
PQ R
véi o= Pioo Qj + Rk, goi T cde odn ur vi phan

- Lodn te Nabla hay toidn tr Tlamilton 1 vecteur tugng trimg:

- o= ;-
Vi —1+ —i+ —k
[ 3 [
sa0 cho:
- fur u= u - —
Yus -+ —j+ —Kk = gradu
X oy I/

= P £Q R

VI —+ — 4+ — =divt
Xy
i ik

VoAl = S D f

PoQ R
- Todn e Laplace:
o ' A
A= e
X o A
st chon
©ou £ FEat! -
Au=s — - sk — V= A
[ {,}'_ (VA

Tink chet
I dive eradu ) = Vv ({ v uy = Au

N2



2" rot¢ gradu) = 0

3 diviot by = 0.

2.5. Trudng &ng va trudng thé

S Feudmg o= P+ Q) R gol Ta motirudmy dug ncu:

divIF (M) =0
- Gioi 11 mat trudmg thé ndu rot (MY =0, VM e truimg.

- God 1 mot truwdme didn hida ndu 19 vita B tradmg Sng via L bruding
the.
< NEw I° b trudme e thy 1 = wradu, uogen 18 Y vo fucdng tham
(he viy cua truime.

- N 1 lad Vo teadne ong. nghia 10 1 B mot trudmy dicu hoa (hi

divi gradu) = Au = 0: (the vo hudng u cda trudmg théa man phuong 1rinh

Lupluce., u ciing goi 1 mat hivm dide frou.

BATTAP

48. 1) Xide dinh mat déng mie (dang tri) coa cide truong vo hudng:

wn=rMp, p= \x: + '\"‘ +

byu=">ryr= \JIIK: + v

Chu = aresin —

oo

2y Xade dinh dudng dong cui cie tridng vecteurs:



A MY = C = consl

by I'(P) = —wyi + wxj . w = consl.

Cmr . - - - _
Ol = - m=consl. T o= Xi o+ vi+sk,r= "
r
Bai piar
Fyay Theo dinle nghia. man dong mide el trdme vo hudng u 1a gus
tich nhitmg diem Mix, v, 2) thoéa min phuong trinh:
u="ftpr =C = const.
Gt s on @i Ut po= ey hav &7 + 37+ 22 = ().
PG L ohing mat ciu déng mie tam O.
by Tuong ar nhu ay didme déng mite caa trudmge [ cice dudmyg trom

dong 1am: x° + v7 = [[(c)|.

¢y It u = arcsin—

V'IX'\' Y

/ .
=Csuvrin ———— = ipl”
: - -
yX© o+ v

hay 27 = sin°C(x* + v%) nghia 13 mat dong mike 1 cac mat nén cimg
dinh O v troe 12 true O,

DayGiaser C =i+ C g+ C,k = cond
Theo dinh nghia, diremg dong cia trrsmg thoa man he:

iix iy s X y 7
— . = — 5 — h:l)' — = = =
L (‘:_ & ¢ C ¢

! n 1

vay dudng dong cuun trudma 13 cile dudmg thang song sone véi ¢

. tx dy ;
by Twome ty nhir iy, i —— = 25 (4 6 oy 4 vy = 0 hay
- w w
. .

X4 = 0= consl,



Vv dudmg dong ctia trudme [ nhiing daomg (ron dong tan O,

¢l laeo:

HESEES

Pudme dong cua triegng thoa min hé:

dx dv ds

mx my .

. i .
dx iy dz
hiy: == =
X v 7

7' . -
= — K. ks, ke = const tuy ¥

k, : 3

Vv cde dudmg dong cua truome 1a mdt ho dudme thang qua goc €,

49, Tith dao him theo hudng caae

- A .
hYyu= — ~ — + — i M(x, v, 7) theo hudng ban kinh vecteur

v
- b~ C”
o= OM,
. . . '-;-"l- L
Khi vio thiz — = gr;ulu|_
L '

theo hudgng cua ¢ = (cosi, cosfl,

| . . .
2)1|:—.|‘:Jx‘ I L A
r
. e A
cosyitar Mixov, 2y 2 0, Khi ndo (thic — =),
[
3= Ay - 0 L M- 90 120 1 theo hudng coa phan gide thir nhi

cua eae toe dd <Oy, Uinh grindu L A,
RES



Bai gidi

[y Gdav 7 = ()_M =(xX.¥.7)

o dé theo (1.2 1 cor

fu . fu £u
— = —cosit + —cosP + —cosy
0T X oy i
o 2x X N 2y
= - N
S S R s
27 z
- )
CoxT v o
& b hl
X” - 2 1 it
YL SRS 0 I T
- bt et \/x‘-i}‘+/‘ !

Mat khide theo (1.3)

— fur us o fu-
gradu = — 1 + — 3+ (

% ey 7
- ’x‘ Voo
‘graidu =24+t
\ il " ¢
Do da
&u —
— = |zadu
o“r
hawe:
i . . | T
CxT v . Ix= v,
2 — = + - —— =2, -+ =~ —
|l he B S 5 - V 4 b? +
a SN vt =t i ¢
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2y Ta co:

! * -
_ o : 1 cﬁ.'( : ‘ F‘ 1 \.
a_ AU cosy b — !

ry
COSY

4 Cosp 4 -

(e X oy 0/
| [x COS L veosf FRLSN N
= _ —— L T
T T T
| _
= - —cos{re).
e
_ . fu -
Dodé — =0Kkhi ¢ L r.
fay
3) RS thng © = ——j + ~=j + 0k hudng theo phan gide tha nhat

2 2
cla gév toa do xOy, La tinh:

U

— = \.-|\ =12,

x|y Al

fuj x| .

T M-

|y

Cu

—| =-2/, =-20

€7 | vy

Lodu12d2 92 32

120 do: — = —— - n =70

o 2 2 2

eradu (M) = 127 — 9] - 20k

0. D Chou=x"+ 3"+ /27 - Ixvz tai dicm ndo:

Ay en uiu 1 0w

aNT



by eratt =0

! i . . : o .
=l -y by - by o~ -y i diém ndo:
'

N Chou=1In

"_..‘1';[(][1 = 1.

- . Lo T X I
3 Nim goe gima gradu . v = ——— —— i cic didm A(1, 2, 29,
XTH vy t 7

Bi- 3,1, (.

4) Chimg minh:

a) f:r;ﬁi(("ln = Oy = Cpgradu + Cogradv . CL Cy = const.

by wrad(u, vy = uerady + varadu

Y4 A - . .

ut veradu — ugrad

o) grad — = =—7. =0
LYY Vo

Bai giai
1) Ta ¢or

eradu = 3 (x" — yy_)? t (_\"J - \/)E - x_\-')K

a) gradu L Oz kli 27~ xy = 0 nghia 13 @i cic didm rén mat ndn

by grdu = O khi <2 - vz = 0,y - xz = 0, 27 - xv = 0 nghia It cde

di¢m ren dutmge thing x = v = 7.

. . |
Dlacdu=-In- =_1Inr

RRES



i _ - _
gradu = - —1[(3( —a)i = (v - b + (- ok
r-

! (X —a) + (v -b)y +(z -0 I
g1'mll|| =

\ . .

| . . .
Vav: Jgradyl = Tkhi — =T hay (x -a) +{y-byY +(+- ¢y = L

nghia T L cde dicm oeén mat cau tam {a, b, o), ban kinh R = 1.

0 - X L . - .
Nlaucou=s — vinr=x"+y +#

r
u | 2T fu - 2xy  éu - 2xr
X T 2 I - f‘,\'.\_' T 4 o T +

HAY = 3, r(By = IO .

o dé:
—_ 1 - - -
aradu () = — (71 — 4 - 4x),
|

o —2. 3.
eradu (13) = 't ?(-J + Ok
2D A

Viay gde g g1l gradu cA Y. erdu (B)y duge xde dinh bai:

eraduf A gradu(B)

COSp = —— =
aradu(A )I aradui Ii)‘
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4y a) Theo dinh nghia:

grad{C u + C.v) =

(‘? - 6 . . = (A' . .
= —Cu+Cv)i + —(Clu+C-9j+ —Cu+C.vk
X N oY o7
4 - - £om - -
Ll fur fu-s fu —\!_ v v v -
=C | vtk |+ O i+r—j+—k
LeX oy IV LeX Y 2

=C gradu + Cograd v,

by, ) chifug minh tuong 1y nhu a).

51. Tinh thong luong coa cde trudng vectours:
DT o= xi+ \f] + 7k qua phia ngoii:

a) Mat todn phin

b) Mat bén cha hinh tru x* + v = R* 0 <z < H
2) F = x'1 + )*Sj + 2k qua phin ngoii

a) Mat ben 5,

~ -

X~ 4+ v 7

by Mat todn phan S cla hinh nén; ———— = —- 0 < 2 < 1.

R- -
¢) Phia ngodi cla x™ + v" + 27 = y.

BV = %714 v+ 27k gua phia ngodl mat ¢

(X-ay+(v-m"+ -0y =R
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T ' . - - -
H = —— . m=const, 1 = x1+vj+sh,r= = Iy qua phia ngold
-1

cua gl kin S bao quanh géc toa do.
Bai piai

y ad Thee (2.2) théng lugmg cua trudmg qua mat wan phan S coa
hinh (o

M= ﬁxtlydz + vdzdx + sdsdy
5

G diw cde him P = x, Q = v, R = 7 lién tuc vit ¢d cde dao him lién
tue V(x, v, 2} © RS, dac bi¢t nd licn tue trong hinh tru treén, do dé dp
dung cong thute Ostrogradski ta ¢é:

O = H (I + 14 Ndxdydz = 3V = 3.7R11

b} Ko ring thong Tugng qua mat bén (xung gquanh:
Gy =D - D, - D

D, b, I thang lugng qua day dudi vi ddy ién.

v diy dudiz 72 = 0 va do dé: @, = 0.

vai day trén: z=H, ®, = H]Iclml\ = nR-II
\‘ l\'

Vay:

Ay, = 3nR7TE - rROE = 22R°1

23 ay Theo 2.2y thidng tugng b qua mat bén S, cua hinl nén L

B = ﬁx-‘(iyux_ + v dadx + 2 dxdy (hink 1E8)
I~
, : 1
Xet 1. = Hz dxdy = - ” ——(\ + \ (hd\

ok
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VO D X7 4yt = R
- 2 v phip texdn cia phia ngedd coa mat ndén am véi Huan vl Oz
madt uie 10).,

Hinh 118.

Chuyén sang toa do doc cue, 1a ob:

k) R

S 3 2 2l

l, = — — jd(pj["'.l'.(h‘ = - —aR"II”
R.‘ il I 5

Xéu l. = _I‘J-xjnly(lz.,
Sk

d6i vai mat phang vOz. phuong trink cia S,
B 134
X=1ya2" —v a= —

11

hinh chigu cua S, trén mat phang vOz 1a mién 1

O<z <, -ar < v < ar.



1>o do:

)

dat v = azsint, -

ra | A
1
s

0oomin

l.=21ds j:l"x"‘ cos” tav cos Ldt
ny

i il
-

[} nis
=2 j'f.qdzl ICUS4 tdt

il Al

L | Y

Nt

I
5 4722} 20

. 20
Sh

- ; 3R I
ey I. = H videdx = 7

Viy:

1= “x"dydz + ¥ dzdx + 27 dxdy
Sh

7

oL R
= R 4 p ATRH

20
1 : 5 a

= — aRTH3R" - HI7).
10

b} Thong lugng b caa trrdgng gua mat todn phan S caa kinh nén i

= ﬁ.\ dyds + v dzdx + 2 dxdy
5

Cachaim P=x', Q = v, R = /7, ching ¢ie dao ham ricéng cou ching

licn we trong hinh nén Vo da cho, do do dp dung cong thite Ostrogradski,
Tl e

293



th =3 _I-H(x: +y7 b 2TV .
.

Chuyén sang toa do 1ru, ta duge:

In R It
Iy = ;%I{I{pj rdr I(l': + 727z
[ T
i
" L
= (m_[l e dr
! 3
- -[.i]
[F 3 hY
3 " H 1 :
= ()nj o+ —r - =t -t il
f R AR

3. ) \
—aRH(R" + 2H°).
L0

Cloi y: - CSAh¢ tinh thong leong qua mat ben: @, bang cich tinh
thong lugng qua mat todn phin: @, wir di thong lugng qua diy: @, ¢
day:

®, = f[idxdy =11'%R?
RN T
Theo b:
3 A =+ a 3 -~
D, = i—(n[{‘lI(R‘ + 2117y - HiaR”
)

I}

%NI{JII(BR: — 411
}

¢} Thong lugng & ciia trudng qua mal ngodi (Lir rong ra neodi) cia
malcdu St x4+ v+ 27 =y Lae

= ﬁx dydz + v Tdzdx 4 2 i xdy
5
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Tueng g nhu by dp dung ¢ong thie Ostrogradski, 1 eé:

D= -"'J‘H(X: cvT R WV VI Ry e gy
t

Chuyén sang toa do cdu:

2 = peosgsinG, x = psingpsintl, y = peost, 05 = 2r, 020 <

|

Ta ¢d phuong trinh coa mat ciu li

p- = pcost)  hay p=cosll  vh 0<p<cosh)

o d6:

e niz con il i1 (,‘()55 0
D=3 fdp [sintdd | p?dp = on | —=—d(cosh)
. jp{;._ j[ P = on | ke

0 wil

H
f
cos £ T
= Om—
5.6

1 b g

3) Thong hegng P cha trudomg qua phia ngodi mat cau X
(X -a)y +{y-br+(x-0)rX=R"

la: D= ﬁx'(lydz + y:(lzdx + zldxdy
5

Gday P=x",Q =y, R =2 cing cdc dao ham riéng cha ching lién
tue trong midn ¥V gid ha. bdi 8, do dé dp dung cang thite Ostrogadski ta
duge:

= 2_[”(:( + v+ dv .
y

Bang bicn doix-a=X,v-b=Y.z-c=7taduge

R Vs X \-R: Xy
P =2 jdx de j(x Y 470/ +2a+ b+ c)jﬂd\f
K v

VRTOXT RS ONTvT
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ER
hay: D=21+2(a+b+¢)- ;Ttl(".

Vi
I \.Ivl-2 X: —_ —
t=4fax | (xR - X —.‘r-}w
R X
R \R' X7
—xjdx j x/? X - yidy
R X . I
=¥ j = 0 (ham 1oy,
]
. 8 o
Viy: D= ;(a+h+c).rr]{'

Cha ¢, kKhi1inh T ta dd ding cong (nfe:

!f(x)dx = _L[[f(x) + f(—x)]dx.

0
- . . . . - mr
4) Theo dinh nghia, thong lheong @ coa trwdng: I° = —

m. - = - P A- . N
— X1+ y] + 2K) quamat tron, kin S bao quanh gée toa 4o O la:
v’

»

ﬁ] a5 = HL—LUSQ +el~‘- cosf) + |_Lm + |[IS

Cos(r, 0
= mﬁ mi—ds = dam,
s

(Theo 6) bar 45: Tich phan Gauss).
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52, Uinh Tvw =G coa cae trudng vecteur:
Pyt o= xi +vj+zk uén duding

X =acost, v =asint, 2= b, 0=t 5 21 theo ehida tang eua 1.

2y =y = 20 + (2 + X)) + (x + v)k doc theo cung bé nhat C cla
dutmg trom 1dn nhal cin mat cdu 7 4 v° + /7 = 25 udi cac diem

M3, 4, (), N(O, (0, 5).

. — v
M= ;__'raldi arclg = | doe theo dudmg C:
| X
) khong bao quanh Oz k) hao quanh Oz
4y F o= xvTi ok ] 4k doc theo dudme tdn: xT 4+ vT = R, 2 = 0

o . [ _ : : s
2101 han mat ciuz = yR° - x° - v~ theo chidu duong.
Rai gidi
1) Theo dinh nghia, Lew <8 coa teudme doc theo C:

4= jxdx + vy + zde
e

2m

= H;l cosl{- asin) + asinl{acost) + hALh}ll

I b
- ~ -
Ih-ult = bh- X =2nb".

~

i

2) Phuong teinh tham s6 cea € ¢hinh 119).

X = 3cosg, v = deosg, 2= Ssing, (0 <

L

b

to | =1

Do dé Tuu <6 - coa trudme doc theo C i

207



Hinh 118.

wil

L= I|(—4cump+5.\‘in @) (- 3sing) + (Ssingp + 3sing) (- +sing) +

£l

+ (Rcosg + deospy.Scoso|dg

ril
= j(_"ﬁ cosT - 24 simpeoseidp =- (2.
i
B S
N Tach ¥ = gmd(urclg '—} = —= —q’ + 0k
X X g X+ '\—
e i L!
i 1 k
. « & o
rotls =1 — S = =0,y O
X oy ot ’
-y X
- - ]

RUN



Do dé khi C khone bao quanh true Oz, gia thict ¢ la bito claomat §
thi 12 lién toe v ed cae dao ham len tue trén § + €, dp Adung cong
thire Stockes, ta ¢ luu s0:

C = f-i_-',?:dS = ﬁmll".ﬁ.(iS =0
P 5

T 13 vecteur Uep tuvdn don vi cua ¢

6 I vecteur phip cta mat § theo phia tng véi chidu duong trén C.

by Khi ¢ bao quanh truc Oz, ta ¢o:

_ — v
7= }I‘.ttl.\; = ﬁgradLarclg'—ltds
o

¢ x)

o

-~
ey y|
§—: arctg = |ds = arctg: |

L AN Xy Al
= ¢ =27,
e . . . . .ofu —_— _ ..
n 1 80 vone di theo C) la da st dyng cong thie — = gradue . vai
v
d d
de ds
4) Ta tinh:
‘ [ LY
- % & - A=
ot = — — —| = - 3x-yvk

hi cang haéi dudmg (ron C: x7 + v7 = 17 (2 = 0, a ed T sa:

299



il
T
i

ids = - j 2Ty dwdy

=-3 j(l(pf T cos® P sin® ipridr

o I%

=-3 J'c.m psin” rp(lapj'l dr

i

4]

om
=-3 !:;]{—(I = Cos i, R()—

2z R® R®

R i

8 6 b

A3, Cde truding sau day Htedme ong hay tresng the, néu 14 treime
the thi fim hivm (he vi efia trudme:

D F = 57y — dxy)i + (37— 2v)]
2 F = (v + M+ {2 + x)j +{x + }-’)I_{

3 F

VA2 4 v o+ i+ FX(X + 2y + x)] +Xy(X = v + 220K
HEF = Tty 7, (Twe xuvén tamy, T = Xi + v_] + 7k LT ham kha vi
Bai gidi

Theo dinh nghia (2.5) ta phai tinh divl® hoac rotl- .

1 vl = (k%Y - dxy) 4 (T 2v) = LOxy - 2
X [
i i k
rotl = < S S = st - ok
[#99 oY {7
*ax v Xy 3xC - 2y
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Ta thay IF xde dinh Wix, vy e R, divl’ ¥it rol’ khong bang khong
tai ix, vy & R, do dé 1¥ khong phii 14 trugmg 6

g v ciing khong phi
18 trucmg thé.
. e & 5
Dy divli = —(v + 20+ —{Z+ X3+ - (x+y) =0
X (3 [ 4

Viay I L trudme dng Wix, v, v} e RS

‘ i ] k|
otk = ¢ = = Sl nira-njra-nk =0
X 5y o

YA+ Z4 L+ X Xty
Vav P tuong the 9(x, y, 7y € R,

Theo (2.5) hann the con trudme duoe xde dinh tie gradu =

= I, hay:
du =(v + 233 + (7 + dy + (x + yulz

vidx + xdy + zdx + xdz + ydz 4 zdy

Adixy) + dizxy + divey
do da:

u=xyv+xs+yz+C.
B F = YA2ZA - v+ i+ s(x T 2y + 2]] + X¥(Xx + ¥y + 22k

xde dinh ¥ix,y.z) & R,

divl = 2v/ 4+ 2zx 4+ 2xyv khong trict ticu i Wix, v, 2} € B

Vav 1 khong phat 1a orudme ong.

. = i
i i k
v ¢ ¢ 0
rotls = S - =
[ Y 7

VAN F v+ rx(x - 2y - x) xv(x o+ v+ 22
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=X+ 2y + 200 - X(X 4 2Y + 220+ V(2% 4 v 4 20) -
SV(2X + v+ 2/_}{] 22N+ 2 + 720 - 2025 + 2v + )]k
=0.,9x,v,z e R’
Vav I la trudny the.
Ham thé v duge xdc dinh i

du = va2x + v + 23X + 2x(x + 2y + 72)dy + Xv(X + ¥+ 27z

o dé, theo (4.2):

. . ¢
U= !(ldx + J-(kly + _[x_\-'(x + v + 2Zdz
0 o

1l

= XVAT NV 7 4+ Xy + O

=AVAUXR + Y+ + O

(Iay xy = 0, v = 0, 2, = O trong mién xde dinh cia 1),

1) Tacd: o= fo)ixi - ¥ + 7K)

-

divl = 1)+ O3+ 1+ 0 S+ 1y + fn A
T I r

=301y + (0
divi = 0
= M+l (=0

dlo) 3
— = - —r

Mry T

= Jnd{ry = - 3L + In

o
vy = —:
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: . - C
Viy F L trutmg dng Khi finy = —.

rotl = ¥ oA {7 = (v o~ T+ gradfir) ~ 1

) - _ _ —_— "y o
Nhing: ¥V A T =srotr =0, gradlir) = (-).1'
v

|

— f{ry _

eradl{ry ~ 7 = T AT =0

Vaw ottt = 0 vk I

I trudmg the. 1Ham theé u cha trudme duge xdce
dnth 1l

du = [{(N{xdx + vdy + #zd»)

f(l').--]- dix” + ¥y + 7)
2

L feryde® = fendr
2

1o dé: u= J-f(l‘)(h' .

1]

) ¢
Pac bict: f(r) = — thi:
P

rr‘. = )\-'-l + .\-.I':l + xl:! - (]-

3, Chidog minh cic cong thife: (e gitd thidt ton wi cde dae ham
trong mién duge xé1:

03



D divlC L+ O = Cldivly + Cudivl, L O, L = const.

2) civ (_u(_‘) = (_‘.gl';ulu . C = consl
3 div (ui‘_) = Feradu + udiv I’

+3} rot ((‘lF_ﬂ + (T:F':) = (‘lmli:'] + (‘:I'(}l[‘": - O, Ul = const.,

) rol (u(q‘) = gradu A C, € = const

G rot (\UFJ = urotF + gradu A 1

. . o A~ .
. . Tu o o
Ty div (gr;ldu] =AufAu= — + — + —}
X N I

X7} rol umclu) =10
9y divirot 'y = 0

1{1y 6:(“, VI = UV oy o+ Wi+ 2%u. Vv (@: =A)

-

+ UvAun

T divingraduy = ;__';'il(lLl

12} diviu gz-}\'] = gt‘;uiu.@i(iv + uAv

13y divy [_-‘I f-': )= ]_-'3 1‘01Fl - FJ ml}i':

A o Coa 1Y = Cdivl - (C,VIE, ¢ = const

FISprou A Foy = (0 Ty (1L V)T + Fdiv, - TadivE,
Rai glai

Fa chi chimg minh mat <o cong thie. wde cong thie khice chimg
mink tuong ar.

D GESE T = P Qj FRE N ul = up o+ uQj + uRk

A



Theo dinh nghia:

diviuli) = -i-.—--t_'ul’} i -i; (u) i-'-.--(uR)

0 v s

2 R u cu 21l
= |||T+_£+ Tt P+ Q—+R—
LR ('.\ LA [ %3 [V

s

fdu du &lh

=udivl’ + Pgradu (vi gradu =

LE Ty
Co the ching minh cich khde nhu sauw:

div( aley = \:f'(ui) .
todn e VI todn tir duo him, dp dung vio tich Wk

diviul'y = Viuly = Vol + nvi:

= Fgradu + adivIl‘ (theo dinh nghia).

Gy rot(ulF 1= ¥ o~ (ul’), tiromg t nhue 3):

rot( ul-’) =Vuoal +uVAal

= gradu A I + urotF (theo dinh nghia)

7y divg gl‘il:’ll) = V(Vu) = V-u = Au.

8} rot{ gradu) = VoA (V) = 0 (lich ¢6 hudng 2 vecteur bang nhau)

9y Jivirot l-') = @(6 ~ f') = (\ V. 17y (tich hén hop ¢ 2 vecteur

hang nhau).
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1{3) V- (u, v) = 6’.‘:7{11, v}
= 6(11{/'\’ + \’6[]) = (%’u_.\.-"\-'] +uV v + Vv VU o+ vVl

= VUL VY + uV v 4 VWi (63 = A).

123 diviugradv ) = \—1’(11':7\") = VuVv + uv-v

= gratugrady + uAv

v=u, lacd D).

[3) K& hicu F¥: chitodn th ¥V khong tde dyng vio v
Ta e

div(l, A By = V5 A Fy)

= VA BE) - (VAT

|

= Ihrotl) - f'[ 1'0If"2

(Ta did st dung tinh chal ciw tich hon hop ¢, b, ¢) = (b,c, 1y =

(2, d. by ).

RIN

I5)Ta co:
1‘0[(Fl A F:] =V A (Fl A [—1)

VAT A + T AT AT

£ chis todn Ur vV Khong tie dung vio IF.



Bay git dp dung tinh chét coa tich ¢6 hudng clia 3 vecteur:

An(bAt)=b(3a-6)-C(E b)
ta co:
rot (F, AR ) =F (V- F5) - Fy (V- + B, (V- Fy) - B, (V-F))
= (F,-V)F,)— F, -divF )+ F, - divE, -, -V)F,

Trudng hgp 13| =C =const . 152 =F tac6 14).
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PHU CHUONG
CAC PE GIAI TICH HK II 2004 - 2008 (PHBK)

PE 1
DE THI MON GIAI TICH HOC K¥ 11 - K49 (Thi gian [am bai 90")
Cau I. 1) Lap phuong trinh ti€p tuyén va phdp dién ciia dusng:

x=e'cost. z=t - 1 tai dim ang v6i t = 0
1

2)Cho U= ————== va 2 diém: A(1: -1: 0), B(2; I; -2). Tinh dao
\{xz + y2 +z°
hiam ciia U tai diém B theo hudéng AB. Tim max -—:(B) .
' a1t

Cau il 1) Tinh [[e*dxdy D= f(x.y){0sxc1,0<y<1}.
>

2 2
2) Tinh m_{a_% dxdydz, V= {(x,y,2) | X"+ y* + 22 < 1}.
viex" oyt 4z

Cau IIL 1) Dung tich phan dudng tinh dién tich hir .. . . > D gi6i han

boicdc dutmg: y=Inx; y=0; x = e.

2) Tinh _[ xarctg X dx + arccot gidy . vo1 ABC la dudmg gap khie A(1; 1),
¥y X
ABC

B(2; 1). C(2: 2).
Cau IV. 1) Tinh sz(yz +2° Jdydx , S ia nira mat cdu Xt + y2 v =1
s

x <0, huéng cua S la phia ngodl mat ciu,
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2) Chitng minh rang vdi moi a< 3 ta ¢é j 27 1dx + I I- dx =0.
v X x.e"

DAP AN
Cau L. (2.5d)
13 x" = ¢' {cost —sint), y =¢'.(sint+cost). 2" =1

Tai 1 =0 = diém M (1; O; —1). vecteur tiép tuyé’anI,, =(l; L; 1Y (0.5d)

= phuong trinh tiép tuyén: -l _y_z+l . phuong trinh phdp dién:

1 ] 1
x+y+z=0 (0,54)
[ — ) ‘y
U, = X DUy = ,
(xz+y2+zz)”2 ’ (x +y +z2)m
U‘n’: ')_z Bl
C (xT 4y e2)'?
— _[=2.21. 2
= gradU(B) = [2_; Tk 27] {0,5d)
— —p
AB=(1:2:-2) = &= 2B [1,3.‘—2]
— 137373
|AB |
au -21 1 2.2 {(2)_ -8
e - L I I . 0,54
a*() 27 3727 3+27( 3] 31 (0.5d)
e
Max 2% (B) = jgradU(B)| = 02 +12 422 é (0.5d)
5e
Cau I1. (2.5d) pY

1
DD, ={(x.y)eD,x2yl, D;=(x,y)eD,x<y} B,

1
He'x_ﬂclxdy = jdx}e”.e_"dy
D o0 0 1

It

[e [— | ] X = ﬁe -ldx =e -2 (0.5d)

11
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Tuong tu He|"""'dxdy =e-2 = I= [+ |[ =2:¢e-2) (0.5
Dy D, D,
Chii y: Ldy d6i xiing qua dutmg y = x thi D, — Dy; ¢ khong déi
= 1=2[f =2.(e-2)
o,
X2 22
1= 2 dndiz o [

2 2 2

dxdydz =21, +1,
vIiex“ +y 4z v X o +y +zt+1]

X = rcosesing
Déi sang toa d6 cdu 4 y = rsin@sind

Zz = rcosd

0<p<in
= |l=rsin®; VoV 2 0<h<n (0.5d)

OD<r=1

in n |1 2 2 .
I, = J’d(pjdejﬂﬂfiﬂ-rzsmedr =..= 4—;‘-(—2——%1 (0.5d)
v 0 o I+r -
dn fn 2 T 2 2 8n

Tur twlo= —- | === | Vayl=4n.| --2| = - — 0.5d
0”3-23[43J a4 “(43)“ 3 0->d)

Chii 3. x, y, z, d&i xing trong V = 1 = 31,: tinh I, don gian hon I, (xem
ddp dn dé 2).
Cdch 2: Hoac hodn vix, vy, z

2 .22 :
X" +y +z 1
= I= |||l—-"—"—dxdydz= l————— |dxdydz
J;}“-l+,\(2+yz+z2 '[}"[ I+x2+y2+22}
dxdydz

=V-J (0.5d4)
v 1+ x? +y2+z2

=V —

1 2

2n =x 1
Déi sang toa do clu... = J = Id(p Idﬁf

2<rzsin8dr=4n—n {0,5d)
o 0 ol+4r
. 4n 41 2 2 8nm
V=kh0:cau,R=1::>V=7 :>I=?—(4n—1r)=n-? (0,53d)

Cha y: Sinh vién khong tach, thay toa d6 cdu thang vio I, tinh didng Jd&n
dau cho diém twrong ting dén do.
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Cau II1. (2,54
Py
1)Biéncua D 1a L = AB w BC w CA (hinh v&)

1
5D) = E?Xd)f - ydx.

Phuong trinh AB: y = 0; phuong trinh BC: x = ¢

1
= f = jcdx =e (1) (0,5d)
BC 0

P
Phuong trinh CA: y = Inx

1
= I = J{x-i—lnx]dx=[x—(xlnx—x)]!l=2—e {2)

CA ¢
{(2)+(1) = SI=1 (0.54)
X ' —y2 0 C
2)P=xarclg> = Py= —=— 2 pmmmm e
Y x4y
y y A
Q = arccotg < = Q= 5 1 -,-/,I . 8
Xty /// : :
X%+ - : 1 -
= Q) ‘P'y= > yz (0,5d) 4 1 2
X" +y

Phuong trinh CA: y = x

] 2 :
Pd dy = I EJd =X -_3z 0.5d
= C£ x + Qdy ;[x Zra R =g (0.5d)

2
Apdung Green: 1= [Pdx+Qdy = & — | = [[2 L axdy+ 22
ARC ABCA CA DX +Y¥ 8

=..= %arcth - % + % + lnsg— (0,5d)
Cdch 2 (Tinh truc tiép)
Phuong trinh AB: y =1 = j = Txarctgxdx =
1

AB
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=..= %[Sarcth -1 —-;EJ (0.54)

Phuong trinh BC: x = 2

2 2 2
_ T Yy = Yoy i1
= B}[ = [[arccotgz dy = y.arccotg21 Ij'y /2 2cly
T+ —
4
n 1 8
=..= = - g= +1ln- 0.5d
5 T arccotg o + ny ( )
Vi arccotgl =arctg?2 = 1= —E'-arcth 1 + Ly ln§ (0.5d)
2 2 2 4 5

Cau IV, (2,5d)
1)$=8"w S, S (S7) ta phdn mat S dng
v6iz220@z<0)T= [f + I

87 5

§*, S d6i xung qua Oxy

. N . . %+ y2 <1
=> ching ¢6 cung hinh chiéu P trén Oxy (0,5d)
x=0

Phuong trinh S: £=1-x- yz. ﬁ; tao vdi 6;. géc nhon

= [ = [[x*a-xhdydx (1) (0.5d)
5" D

ﬁ;_ laoc v 0Oz gadc th

= [J ==K a-x"dydz; @+1) = 1=0 (0.5d)
g e

Cdch 2:

B& sung mat D hudng lén trén theo (_));c phuong trinh D: 2z =0

= J[ =0 = 1= df’y? +27)dydx (0.5d)
D 5D

Ap dung Ostrogradxki = 1= Hjx22zdxdydz
: v

(V= -% khoi cdu: x>+ y? + 22 < 1 € 0; x € 0) (0.50)



V doi xiing qua mat z = J, ham ldy tich phan lé theoz =>1=0  (0.5d)
_ +m zax 1 a
2ybatl(a) = | dx + j
[} x2 It XE‘,

dx . Vdi a < 3, I(a} thoa man diéu

kién 13y dugc dao ham.

y= [En2xg, I L (0,5d)
tt XC

+3 +eL
I'@= [2“in2dx - [e“Mdx
1 0

fosd

la-x r i JERNE
- (51—3)‘u - (a~3}|u T a-3  a-3

For

= I(a) khong déi Va< 3. [(0=0= I(a)=0, Ya< 3 (dpem) (0.5d)
Ceéch 2; C6 thé tinh trie ti€p timg tich phan 18i 18y 16ng:

(cé: 2 1.2 In2dy :»]

X Lt

Chii ¥- + Né&u sinh vién khéng noéi gi cif tinh dao ham hoac déi tha wr lay
tich phan (cach 23 thi trir 0,25 diém.
+ Téng diém ca bai lam tron 0.75 = 1.

DE 2
DE THI MON GIAI TICH HOC KY II - K49 (Thoi gian iam bai 90°)

Cau I, 1) Lap phuong trinh 1i€p dién va phip tuyén cia mat:
2x—e '+ arclgi— = | tai M{1: -1: 0)

2yChoU = ln[l +yxi vyl + 7_2] vadiém A(l; 2: -2).

: . ga = U
Tinh dao ham ciia U tai diém A theo hudc OA. Tim max —_)(A .
&
CauIL 1) Tinh [f}x - yldxdy, D= {(x, ) }[xI < L |yl <1}
)
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) 5 2 2
2) Tinh [[[——22_dxdydz, V = {(x,y. 2) | X’ + y* + 22 € 3},
v I I4+X"+y 42
Cau IIL. 1) Ding tich phan duéng tinh dién tich hinh phdng D gidi han
bdicdc dudmg: y=¢ y=¢e;x=0.
2) Tinh | arctg%(xdx+ydy), véi ABC Ia dudng gdp khic A(l: 1),
ARC
B(l; 2). C(2; 2).

Cau IV. 1) Tinh ”yz(x2 +27)dxdz. S 1 nira mar cdu x2 + y2 + 77 =al,
5

y 2 0{a>0). hudng cha S 1a phia ngodi mat cdu.
2) Chirng minh rang véi moi a < 2 ta ¢é I 3 2_1
i} x.3 * n X.e

dax

dx + J'—I:%dx =0

DAP AN
Cau L (2,5d)

1) Phuong trinh mat: F(x. vy, 2) = 2x —e "+ arcigZ - 1=0
Y

Fo=2: F =ze ¥ - 2

y e
—ve ¥ y
Fr,=ye "+ — ;
y o +z
+
= Vecteur phdp tuyéntai M. n=(2: 0; =2) = 2(1; 0; - 1) (0.5d)
Phuong trinh tiép dign: | x (x ~ 1)+ 0-1x(z-0)=0hay: x-z-1=0
Phuong trinh phdp tuyén: XT_l = YTH = ~T— (0,54d)
yu’, = X . thay x boi y, z ta ¢6 U’y
(1+\/x2 +y2 +22]\/x2 +y2 +2°
U = gradUA) = l;-z—;—‘-z] (0.5d)
! 1212 12
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—

2.0A _ (12 -2
_— - 3.-,39 3
lOAl
cu 1 1 2 2 2 2 9 1
—— —_— L | == = = = 5
= W= 53Ty 12[ 3] 6 4 ©.5d)
Max—(A)-IgmdU(A)l 2\/1 +2% 427 i (0,5d)
86 y
Cau I1. (2.54) T1
HND=D,uD,. D ={x,y)e D xzy}. D
_ 2
D,={x,v)e D x=y} il 1—)-
1 x Di:\é X
[fx —yldxdy = [dx [(x -3)dy >
-1
D, a0
If
= f[—+x+—]
-1
2 k]
_oarXx T+ _ |l x _4
—2]' 5 x-[3+x] =3 (0.5d)
il 0
4 4 4 8
=2 —yldxdy = 2 s = = 2 0.5d
Tuong 1 r{j : Vay E[)ﬂx y|dxdy T t3°3 (0,5d)
2
2) (Tuong e dé 1):1=51, + 1,3 I, = m-—z—-—— dxdydz
l+x" +y +2
0<p<2n
Déisang toadd cdu..; V — V' 4 0<8<n (0.54)
Oﬁréﬁ

J‘d(pfdej' co‘- i 1l sin0dr
1] {

-"8" o !
P S L s .I[r2—1+ ’]dr
3 2
gl l+r
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NEY

_ 2 (¢ _4r 33 o An?
= 27r-3—[7 r+arctng = T[_S_ \/5+ 3] = {0,5d)}
{1
2
Tuong tel, =1, = I1=6. “‘% - %— (0,5d)

Cédch 2: Hodn vix. y, z

= Téng: 3= _mw dxdydz
v II+xT+y +12
= 1=2([f1-—51 | dxdydz =2v - 21 (0.54)
\ 1+x" +¥" +2z
n = ‘F{ 1
Pt sang toa dd cdu.., = J= jd(pjdef{l— 2};inedr
o 00 +r

T V3 I
= J= 2rrfsin€d0 f[l— szr
I ] |+
N5y 7
= 2Tr.2A(r~arc1gr)|” =471 \/_—3 (0,5)
V =khéicdu, R = J_ = V—i:}(\/_) —4*“/_

2
= [= 2.[41&3 ~4n[\/§ —EH = ﬁ;— (0,5d) ¥

1a)

Cau IIL (2,5d)
P
1yBiéncha D la L = ABw BC w CA (hinh vé)

1
S(D) = E?xdy - ydx -

Y

-1 ol x
Phuong trinh AB; x = 0: _[ = 0; phuong trinh BC: y = ¢
AB
-1
= [ =- fedx =+e (1) (0.5d)

tley 0



Phuong trinh CA: y=¢

o o
= j = I(—xc_x —e "yx = I(x+i)dc_“ =2-e (2)

TA -1 -1
D+ (1) = D=1 (050 zﬂi____B c
2 |
2)P=xarctg: = P’ = Zx 5 ﬁ
X ToxT 4y :
e
2 Vi '
Q-——yalrctgl = Q' = 2)’ - A !
X X" +y . L L
0 1 2
= Q,-Py,=-1 (0.5d)
. . 1
Apd T 1= = _ L - __ 1
p dung Green: I Aide+Qdy [J-Ddxdy = -S(ABO) = -
A )
Matkhic: & = [ + [ = 1= [Pde+Qdy = | - ¢ (05
ACBA AC CHA ARBC AC ACHA
2
Phuong trinh AC: y =x = _[de +Qdy = jarclgl.(hdx)
AC I
T2 * o 3n 1
= = == Vay == — 0.5d
¥ TG VIET vy 039
Cdch 2: (Truc ti€p)
2
Phuong trinh AB:x =1 = _[ = j(arctgy).ydy
AR
.= %[Sarcth—%—lj (0.5d)
Phuong trinh BC: y =2
’ AT L 1
= I = J(arctg—]xdx =..= -—[4arctg——arcrg2+2] {0,5d)
BC | X 2 L
V‘larcrg2+arctgl=E = I=i 4‘11__35_”]:175 v L (0,3d)
2 2 2 2 2 4 2

Can 1V, (2,5d)

y=0
1y Hinh chi€u S 1én Oxz 1a Dt Ix + A<
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Phuong trinh S; y2 =at-x" -2

—- . £
ng tao v&i Oy goc nhon

= I= jj(a -25x? +2h)dxdz  (0.5d)

X =T1cosp O<gp=s2n
bat ) = H=nD->D

Z = 1sine 0<r<a

2n a
= 1= {d¢[@® -r’’dr

0 0

d

é
1=2n. i:az 14——%}

Cdch 2:
Bd sung mat D huéng nguoce véi Oy. Vi phuong trinh D: y = 0
= H =0 = H = rﬁ = Hny(xz +2° ¥ixdydz

D

S SwD

Lt

Déisangtoadocdu = 1= %
2) (Tuong w dé 1)
+ A ak +3 Ak
bat I(a) = _[3 ;ldx+ jl"‘:x dx .
o x.3°77 noX.e

Véia<2 = I(a)thod min diéu kién ldy dugc dao ham.

J- (%‘”‘ ln "n) X dx + T —e™x

2x
0 X.e

dx {0,5d}

I'a) = j“%[' n3dx - [e™dx
1 1]

q(a—z}x |+m efa—Z}xrm
T (a-  (a~2 |
( 2)[(! (a ) {1

= [(a) khong d6i Va< 2. Mal(0) =0 = [(a) = 0, Va < 2 {dpcm)
Chit y: C6 thé tinh trye 1ép timg tich phan 31 14y t6ng.
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pk 3
PE THI MON GIAI TICH HOC KY II - K49 (Thai gian lam baj 90°)

= sint — tcost

Cau L 13 Tinh do cong cua dudng: {y = cost + tsint 1ai diém tng véit=1

> > > >
2) Cho F = [ycos(xy)].i + [xcos(xy).} + (zv‘ 1+2° ].k. Chitng minh ring

> ] ] >
F 1 trudng the. Tim ham thé vicia F.

oy
Cau IL. 1) D8i thif 1y 14y tich phan [dy  [f(x,y)dx
-1 )"Z_l
2) Tinh thé tich mién V xdc dinh boi0<z2<2 -y -x,y 20,
y+2x21, y+x=s1,
CauIIL 1) Tinh  [(4x" +3y)dx - (2x - 3y )dy
AB
AB la nlra dudmg tron y = V1 - x’ , chidu di tr A(1; 0) dén B(—1: 0).
2) Goi C, 1a dutng elip:
{x+y)x - (x-y)dy

7 2
C, X +Yy

ax’ ry =1,a>0val, =

Chang minh rang I, = -27 vdi moi a > 0.
Cau IV, 1) Tinh Uyz vx2 +z2dxdz. S 1 bién cia mién V: y* 2 x* + 2%,
S

-1 <y =0, huéng ra ngoai.

30 axz
2) Tinh | 3 - !
0 x3*

dx . voia< 1.

DAP AN
Cav L (2,5d)
1} X', =tsint; y', = tcost = );'t2 + y:z =t {0.5d)
X" = sint + tcost 5
{ y" = cost — tsint =y =y ==
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02
F =1 (0.5d}

Véirt=1 = C=

2} Dat P = ycosxy. Q = xcosxy, R = zv1+ x’ ., 1acé:
R'y-Q,=0; PP,-R =0 (0,5d)

Q' =cosxy —xysimxy=P", = Q,-P =0
— > ’ ’
= RotF=0 {dpcm) (0,5d)

X ¥ F3
Ham the vi U = J'O.dx + Jx cos xydy + j'z 1+2°dz +C
{1 11 4]

= SINXY + %\J(l +z° )" +C (0.5d)

Caun [1, (2.54)
—l<y=si

1) Mién 1y tich phan D: - 3
Yoo €£x<yl-y

-1=<x=0

-Vx+]l €x <€ VXx+1
_ 0<x<1

D=D,uD,; D

3
1-x*

= ([ =]+ jax JL(x Yy + [dx Uty 050
D D, D«, -1 = Vi
I-y-x
V= jjjdxdydz = dedx jdz
={xy):y20,y+2x21y+x<1) (05d)
O<y<l 1
D: -
= L 2y. LX<l -y
1 1-¥ .
= V= [dy [e-y-xdx  (0,50) ol w1 %

0 Loy
2



4 8.3 4724
I
7
V= — 0.5d
24 (©.5d)
Cau I1L (2,5d) 79
o~ X = cost
1) AB: v = sint Ao=015=1
-1 1
[= f!4x3dx + [3y%dy + ):(Sydx—Zxdy) >
A B | A X
AB A AB

i k. k.
J(4c051)3dcosl + j?;sinzldsin( + f(—3sin2l—20052 t)dt (0,5d)
0 It 0

r TS5 cosdt
o Uf[z 2 Jd‘

b4

4 .3
I=(cos t+sin" 1)

5 sin 2t =5
20-— =1 — =
[2[ 4 ]'“ > (0.5d)
Cich2:1= [ = [ - [ ;
AB ABubA  BA

I
Phuong trinh BA: y=0 = _[ = I4x3dx =0
BA -l

1 .. N
= }(-2-3)dxdy =-35D), D= = hinhtron,R =1
I z

5n
SDy= =2 f=-22
= S(D) > = 3
X = cost
2yVé1a=1 = phuong trinh C, y=sint ttir O dén 2n
2n
= I, = J-(—sin2 t —cos’ tidt =-2xn (0.5d)

0
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C =1y - 2x(y - x)
- Q.- ( y2 : (y
(x°+y7)
2,2
= x—:—y# =P",, ¥(x, y) # (0: 0) (0.5d)

(x"+vy9)
Va# 1, C; w C, gidi han mién D khong chia O(0; 0)
= (dex +Qdy = (?de+Qdy =—2rn

c, c,

ViyVa>0tacé I, =-2r (dpcm) {0,5d)
Can IV. (2,5d)
1) Ap dung Ostrogradxki = I= mzy\/ x? +z° dxdydz (0,5d)
v

béi sang toa do tru:

X = 1COSQ , | 0<gp<2n

z=r1sing =M= V>V )

y=v¥ ~l<yg—r

2 L ~r

1= [do[rdr frzydy (0,5d)

g { -1

1 _r 1
I=2n jrz[yzl }dr =2n _[rz(r2 -1ydr
0 -l 83

rr’ [ -4
= ——— = — (]
2“[ 5773 J 15 (©.54)
4]
+o0 4 ax?
DI = §2SLax, véia < 1. Ia) thoa man diéu kien 1y duce
o x3%
dao ham (0,54)
g [+
] 3l 1 [ 1 ] 1
I'(a) = & : =~.lo- =
@=573 2 a-1) 2(l—a)
0
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i

1
dt
6[2.(1—1)

Vili) =0 = I(a)

It

"?lln|l -:||: = -% In(1-a)  (0,5d)

DE 4
DE THI MON GIAI TICH HOC KY I - K49 (Thai gian lam bai 90°)
“Cau L. 1) Tinh d8 cong cla dudng: r = 1 + sine tai diém tng véi @ = 0.

> ey . > . > ) . x>
2y ChoF=¢e"g + [ZSlﬂ()_LZ)].‘] + [(ysin{yz)].k. Chéng minh ring F 12
trudsng thé. Tim ham thé vi cua F.

a-x°

2
Cau IL. 1) D81 tha ty 14y tich phan fdx [f(x,y)dy.
2 _Jfa,

2) Tinh thé tich mién V xdc dinh bdi x 20, x + 2y 2 2, x + y < 2,
O0zg3-x~y. _

CauIIL 1) Tinh  [(5x* + 4y)dx - (4y” +3x)dy

AB

AB Ia nira dudng tron x = a> -y’ , chiéu di tir A(0; —a) dén B(0; a),
(a>0,

2) Goi C,, la dudng elip:
4 (X - y)dx + (X + y)dy

X +by’=1.b>0val, = L
c, X +¥

Chung minh réng I, = 2n v6i moi b > 0.
CaulV. ) Tinh f[x'yy® +27dydz, S 12 bien coamién V: x* > 3% + 22,
S
0 <x <1, hudng ra ngoal.

1_2aJ§
)LZ"G

2) Tinh | dx,véia<l.

0
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DAP AN

Cau L. (2,54)
1) =cosg ; ™= —sing
Taig=0 = r=Lr=1,"=0,+r’=2 (0.5d)
2420t o =1+2-0{=3 = C= —_ (0,5d)
22
2y bat P =¢", Q = zsinyz, R = ysinyz, ta ¢é:
R’ =Q’, = sinyz + yzcosyz = R, -Q',=0 (0,5d})
P,-R,=0-0=0.Q,-P, =0-0=0
— >
= RotF=0 {dpcm) (0,5d)

Ham theé vi U = Jc Adx 4+ IOdy + Iysmvzdz +C

i} Al
=e" —cosyz+ C (0,5d)
Cau IL (2.58)

-2<x<?2

l)Miénlﬁyn’chphanD:{ ,14 2 cuca_
_ -x 2y = — X

{—ZSySO ~2
D:Dl'\JDz;DL: _||4_y2 <y < ||4_y2
Dgy=<4
—y4-y Sx< J4-y (0.54)
0 Yo
H [l + 0= [ay J_x y)dx + Idy £(x,y)dx  (0,5d)
L) b2 -1 —\4)' B hded
3-x-y

V= mdxdydz_ dedy [dy,

1

Dixz0,x+2y22,x+y<?2 (0,54}
D=x<2
« D 2£x£y£2—x
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2 2-x
= V= jdx j(3—x—y)dy
no 2-x
2

2 2
y
V= ||3-xLy-"

=_[(2—x)2 +(2—x)"]

£}

2-x 3 2
dx = I{Z—x_‘_@—x) }dx

2-x
2

2

4 8.3

8]

Cau I11. (2,54)
~ [x=cost . x
1) Phuong trinh AB: y = asint ° 1, = —5 ty = 5

hs
L 3
J-Sx dx - iély dy + A[4ydx—3xdy

1=
Y it AR
= 1
4 2 4 3 z 3
=4 chos tdeost —a I4sin' tdsint +
_r _E
2
ks
2 % 2 2
+a° [[4(=sin’ 1) -3cos” 1} dt
_r
2
™
3 2 7 21
I=(a*cos t—a’sin t)\zr — 2 f L7C08 2T g
-E : 2
T3

Cach2:t= [ = | - f
A3 ABuBa  BA

Phuong rinh BA:x=0 = | = [4y’dy =0

Ba u

{0.5d)

{0.5d)
YA
a B
9]
X
—d
A
(0,5d)
(0,5d)
{0.5d}
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¢ = [[(-3-4)dxdy = -7S(D),D = L hinh tron, R = a
ABUBA D 2
2 2
S(D) = TA_ - zima’
= S(D) 5 = | 2
X = Cost
2) Véib=1 = phuang trinh C,

y = sint * ttr dén 2n

2n
= I, = J‘(sin2 t + cos’ t)dt =2n (0,5d)

3]
bau b= ;{_yz : Q= §+}’2

X“ +y x“ +y

y2 -x? - 2xy
= Q= =55 =P, , Y, =00 (0.5d)
(x"+y7)

¥b = 1, C, v C, gi¢i han mién D khong chaa O(0; 0)

=  Pdx+Qdy = PPdx +Qdy = 2=
Ch o}

Vayvb>0tacél, =21 (dpcm)  (0.5d)
Cau IV. (2,5d)

1) Ap dung Ostrogradxki = 1= ] 3x2y2? + y? dxdydz (0,5d)
v
D4i sang toa do tru:
A x
X = rcosg 0<¢<2n
z=rsing = {l=r;VaVilo<r<l
X=X r<xsl
2z 1 1 :
I= J'd(pjrdrjr?szdx (0,5d) E
0 0 , z
Lol x? 1 Lo 3
1=3.2 — |dr =25 -r)d
1!{_][1' 3 I 1{3[r (1-r")dr y
ot I T
=2l L =2 0,5d
’{ 376) 3 ©>d)
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120 : ,
2) ta) = [~—=—=—dx, v6i a < L, [a) thod man diéu kien 12y
x.2

Q

duge dao ham:

.1\1"_ +30
I‘(a) I ( -2 In Z}J_ dx = — j‘[z(a—l}ﬂ"; 1n2)d_x (O.Sd)
XZJ_ it \{;
N ’ ~ ( 1 Y_ 2
P = -2 a-1 2|0 a-—lj_a—l

Vi) =0 = Ia)= I~2—dt
nt_l

= 2mlt-1i|° =2nja - 1] = 2In¢1 - a) (0.5d)
&l

PE 1
BE THI MON GIAI TICH HOC KY 1I - K50 (Thoi gian lam bai 90 phiit)

Cau L. (2,5d)
1) Tinh d& i diém 1 % T d . X =sin't
) Tinh do cong tai diém tng véi 1= - clladudng §  _ 4

T \ N S e
) Tinh ﬂx dydz , trong 46 S 1a nira mat elipxoit 750 , hudng ra

ngoai elipxoit 1a hudng cta S.

Cauv I1, (2,5d)

I+)
1) Tim gidi han 11m _[arctg(y Kdx .

sm)
2,2, .2
X+y +7 22

2) Tinh JHZ&"Z*)‘z dxdydz, trong d6 V xdc dinh bc’ri{ —
v Z2 X" +Yy
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Cau II1. (2,58

Ixdx +2vdy
(3x% +2y* +1)*
ham s¢ U(x. y) nao dé. Tim Utx, y).

1) Ching minh ring biéu thic 14 vi phan to&n phan ciia mor

2} Tinh _[4a,|'x3y [x+ y)dx - (x - y)dy], trong d6 AB 1a doan thing di tir A(0:2)
AR

dén B(2:0).

Cau IV. (2.5d)
1y Tinh H{x+y)e"_"dxdy, trong d6 D la mién gidi han bai cdc dudng

)
x=0x=1.y=0,y=1.
- — - B ]

23 Tinh théng lugng cia trudng vecto F = (x2y+ yzz+zzx)[ i+ j- kJ qua
X+ y2 +7 =1

>0 hudng ra ngoai mat cdu 13 hudng cua S.
) -

nira mart céu S:{

DAP AN
Caul. (2.5)
1) X" = dsin"tcost;  x” = 2sin’tcos’t — 4sin*t
. s 2 . } {0.54)
y = -dcostsin; y" = 12costsin’t — dcos’t

sy » 'X"— ixn

'I‘aitzﬁa{x, I x” 2:>C‘__|LL‘,2_:_4_=J§ }(0,5(1)
4 y=-Ly'=2 x?+yHy? 2

3x2+2y2£l

z2=0

— Hdeydz =0->1I= ” = ” (0.5d)
S s sup

—
2)GoiDla me‘;[{ . huéng nguoe vé1 Oz

Ap dung Ostro = [ = ”jﬁ’nxzdxdydz. vdi
v

{0.5d}

V- 3x2+2y2+z?£1
’ xz0



X = L r cospsing
3
0Lgp=2n

Pbat y= L r singsing — |J| = Lr2 sing: VoV { p<cageqn (05D

7%

(h 0<r<l
Z=r COSQ
wmom2oL s 1 s
I= |de [ dB|3.=1° cos” @sin® B.—r~ sinOdr
fuo' [ 024 .

9] i I

I1+c052(p do j(l—CO‘s 0)(- dcosO)J
6 0 2 11 v

1 1.1 2xn (0.54)

= (1——
N LR

. . | l
Chi §: (1) C6 the dat: z = r cospsing, y = —=singsind, x = —r cos8
V2 V3

i o=

1
- dep [dO [Z1° cos? (p—r sin Bdr
—'rJ.-n"Z l.J[ i'l[ "fa
I:—l—ﬂ _1:05;'18"t il __2n
Jg. ‘ 3 4] . 5 13 lng

Cich 2: C6 thé duva I vé thing tich phan kép: § = S'OS” nshﬁ;- 1ac véi

_’ r 5
Ox géc nhon,

32
oyl gt 2, .2
=2 R R dydn: D {Zy +z? <1
3 z=0

D
y=— l TCOS () <<
<p<n
bat 2 ] —-r D—-D
{ V2 H N {()iril
Z=TSing

f I(] -r5HM o

c——=rdr =

i 0 q'\{_ '\/_.

am | a-tHy |

NEV I R T3
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Cau Il. (2.5d)

1) Ham f(x,y) = arctg(y — x) lién tuc V(x,y): can siny va | + y2 lien tuc ¥y —
Llién tuc ¥y — lim I(y) = I(0). (0,5d)
y—l)

! !
lim Iy)= jarc[g(~x)dx = —xarctgx|:} +I dej = —£+-l—ln(1+x2) =
y=U i o l+x7 2

= —%Hnﬁ

2) DOl sang toa dd tru X = 1 cosQ
y=rsing = [J]=r
z=12
D<o <2n
V-aV']0]0=srgl

r<z< yf2-r2 (0,5d}

2
1 A2a? I 2 |¥2r

I= Id(p_[rdr I " zdz = 2n»_[rer: %
i LB r 11

U ]
dr = ﬂ_[e‘ (2-2r"rdr

r i

(0.5d)
1 2 1 1
= nje" (I-r)dr? = nje‘(l-t)dr: 71— )e' +c[)]![} =w{e~2) (0.5d)
b ¥

O<p<in
Cich 2: Péi sang toa do ciu — [T =r’sin0; V —» V'{ 0 <0 < /4 (0.5d)

OErS\E

a4 V2 s s 2oowia I
I= Id(p JdB J‘rcose.e"—“”' °r? 5in0do = 2n _[rdr J‘ e —dr?sin? 0
4] " o] o] 1] 2 (0.5(1)
(D3i thit w 6, r)
2 T YR N5 X .
=a @™ jdr=x [ -1d - = n(e -2 (0,5d)
It 2 0 2
Cau IIl. (2,54)
3Ix.(-4).
1)P=—-—3—"2——4 :>P’V=—2—x(—43f‘—y—q- (0,5¢)
(3x? +2y? +1) ekt e2y? 1y
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2y Lo o 2y(hex

_ _ S S e (0.5d)
GBx? +2y? +D* (x* +2y? + 1Y

— Q'y =P, {dpcm)

KL‘. ¥
3xdx 2ydy
U(X’Y):I 7 ‘4+j 2 }z a
Il (3)( +i) 0 (3}(. +2y‘- +1)

x ¥
S J btz I e i C s
3ox2 113, 30 297 + 1))

= 2 2 .
0 6(3x° +2y° +1)

Cidch 2. Nhan thdy: 3xdx + 2ydy = Lyaxt+ 22 +1) >

1

%dr %df" =

Pdx + Qdy = =—= =d-—
— Pdx + Qdy X 3 "y

hay Pdx + Qdy = d > L 5 - u= > 1 —+C
—6(3x% +2y° +1) —6(3x% +2y2 + 1y

2) Phuong trinh AB: x + y =2 &> y=2-x; X, =0, xg=12
2 2
1= {= j“xf*(z—x)[2+(2x-z)]dx=2jx1}x-‘(2—x)dx (*) (0.5d)
AB 1] ¥

2 !
Datx =2t = dx=2dt x|, =1 ;

1 |
1= 2j2t1/23t-‘.2(1—1).2d1= 16[(”4(1—0”4(11 = 16B (141%]

0 0

11 5 7 3 31 1
R e o L S L B S .
[=16 = 16- = = (0.5d)
(4 321 8 . n 4ds
sin—
4
Cau IV. (2,58)
T T
Nl= Idx Ixc"""’dy+ jdx jc""'dy =
N 1" o] 0
1 1 | 1
= jxe"dx J'c_"'dy+ jc"dx Iye""dy =1, +1, (0.5d)

0 u Q 1]
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[, =(xe" -e*) el

(™)

f ! o _
SO0+ 1)(—=+1)=

3] i [

(e -I)e-2)

L v 2
L=(e") (—ye™¥ —e™¥) - =(e—1)(-2 + )=
- |u ) e e

t
h
(e —1)°
£

= 1=

(0.5d4)

2) Thong lugng can tim & = J'J‘(xgy +y z+2%x) (dydz + dzdx + dxdy)
8

2, )
Goi I} {3 mat II‘E)IIZ{)( tzo =l » hudng nguge vé6i Ox —» @ = H [do H= OJ
xz0 SUID 1

22,2
Ap dung Ostro v6i V: {X ty vzt sl
xz20
b= _“H[x2 + (?,2 - yzj +2(xy + ¥z — zx)]dxdydz (0.54)
v
Val trd y. z trong V nhu nhau — j”(zz - y¥ydxdydz = 0
\!
Mién V déi ximg qua v = 0 (z = 0) ham ldy tich phan 1€ theo y(z) —
— J.HZ(_xy +yz-zx}dxdydz =0 (0.5d)
v
2 N o 2 -
~ (b= _[Hx dxdydz. Chuyén loa do ciu (x = r cosd)
W

rL B TR /2

M= Id(p J'd(-) Irz cos® O’ sin@dr= 2x) - <28 0 =2 (0,5d)
5 15
] N {) 1] LAl
(*) Chii ¥: Cau 111 2)
1
I=2 [x{x*(2 - x)dx c6 thé dat x = 2 sin’t - dx = 4sjntcostd
(1
i 1 2+ 2‘“ (s
= [=84 |sin?tcos?tdi=32. =B . = 6B —, =
(_][ LHHY ] 5 5 > [4 4J
\
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Pk 2
DE THI MON GIA! TICH HOC KY II - K50 (Thdi gian 1am bai 90 phit)

Cau L. (2.5d)

1) Viét phuong trinh tép iy e va GEp dién tai didm A(L—i:m) cla mat
Z = darctgxy.

, ; L e 2y" +3z2% = ,
2} Tinh Hy' dzdx . trong do S 1a nira mat t:llp.‘mlt]rx Tey Tt ! hudng
5 r=0

ra ngoal clipxoitl 1a hudng cua §.
Caun I, (2.54)

1} Tim gidi han Hm farccos(x - y2 wlx .
s U

23 Tinh “[z cos(x” + }-'3 yxdydz, wong dé V xac dinh bei

W
Ji vt <z

z:-’.‘\.?_—:-(2 -y?

Cavn IIL. (2.5d)

x"dx+2y"cly

1} Chang minh rang bigu thite — la vi phan toan phan cia ot

(x* +2v7 + 5y
ham <6 U(x, y) nde dd. Tim Ulx, v).

23 Tinh I'xy Xdy (x - de]

(x—y)°

trong dd AB 1a doan thang di tir A(3;0) dén B(0:-3)
Cau lV. (254

1y Tinh ny In{xy)dxdy, trong dé D la mién gidi han bol cic dung x = |
0

x=¢c.¥y=1ly=e

2) Tinh théng lugng cha truding vecto:



— —_ = —
F = ()(y2 +yz? —zxz{ i-j+ k], qua nira mit cdu

8 {K Tyorr= 1. hudng ra ngoal mat cdu 12 hudng cia S.

y=0
DAP AN
Caun L. (2,5d4)
[) Viet phuong trinh mat dang F(x, y, 2) = z — darctgxy =0
SF,‘: —_4—}:—1. F’yz ——‘}%, F‘.‘,_z l.
1+ x7y~ 1+x%y

= Tai A(l:~1:—n), vecto phéap tuyén caa mart; H: ={2,-2. I}

- - +1 2z
= Phuong trinh phap tuyén i A; X Lyrl_z+m

2 -2 |

Phurang trinh ti€p dién tai A:
26-D) -2y + D+ lz+m =0 hay2x -2y +z4m-4=0

2 2 —
2y Goi D 1a mat{ X“+2y" < 1. hudng nguac véi Oz
z=0

—>”y dydx—0—>1-” H

Sup

Ap dyng Ostro = 1 = J'H3y dxdydz, vai
\!

V- {x2 + 2y2 +32 <1

z=20
:r&ltostpsm(] | 0<q<2m
bat y= —rsinpsin0 5l =——1sing: v = Vv 0g8<ap2
7 %
OD<r<

z= chose
NE]
sz L
1= J'cl(p J' ‘:IBJ'B‘—r2 sin? @sin? 0.—=1? sinBdr

0 {1 0 3 \/g
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—cos52¢p
d (1- cos? B)(~dcos8) [ridr
| Je

=—— (0.5d)

Cach 2: Goi $*. S 12 hai nlta mat S wong dng véi y 20 vay = 0=
- > = .
ng+ Vi Ng- tao véi Oy gde nhon, to

)

i

2

; 2312 el 1,2 l
Phuong trinh st y= [M] , phuong trinh S:y= _[1__1(_{_’»:_1
/

x? +3z2° <1

§*. §” cé cung hinh chiéu D:
220 (y=0

2 3 3 342
> 1=2] =X =92 1 ez (0.5d)
183 2

x—rcosq) 0<os
r SP=ET

bat Il=—:
? {Z \Er%m(D adn J_ {Ogrsl

o1 232 2,502
1-r T 2n _{-r7) i Bl:
=2 d(pf[———} = - (0.5d)
(!. o\ 2 \/_ W23 5 ‘ﬂ sJ6
Cau 1L (2.5¢)

1) Ham f(x.y) = arccos{x ~ yz) lien tuc [0:1] = [-g;e]; can cosy, y lién tyc

[—&:g] — I(y) lién tuc [-g:e]— lim I(y)=I(0). (0,5d)
y—
{ —dx |

lim Ky}= Iarcos xdx = xarcos x‘ - _[x =0-v1-x*| =1 (0.5d)

¥t 0 o 1-x o

2) Déisang toada tru | X =1 cose 7
¥y =T sing = [J=r L
Z=7% )

D<@p<2n
VoaViio=sr=l (0,50

r<z< v¥2-r°



—
v2-rt

Ir 1 \/—2 1
Jdr = nt _[cos 1202 = 2 yedr

I= _[d(pfrdr jz cosr’dz= 2n- _[r cosr” (—
4] o] T T 0 (O,Sd]
L I
= njcos:(z—zr)%iz 3 fe-20dsint= n]ﬁ[(]—t)sinr]”l = [sint(=dn
i 1] it
=7 (1 —cosl) 0.5d)

Osep<2n
Cich 2: Ddi sang toa do cdu — [ 11 =r%in: V —» V'{ 0<0 < /4 (0.5d)

Oéréﬁ

o owmid 2
[= J'd(p _[d(—) jrcos@,cos(r2 sin? B)c? singdr

1 1 i}

V2w V2 \ n/d
=2n jrdr Icos(r sin G)—d(r sin 8) =1 j[sin(r“sinze)i{ err (0.5
1
{ 0 i
NE)

=n(l—cos]) (0.5d)

V2 2 2 >
:rcj‘sinr—dL— =71l —cos| -
h 2 2 2

Cau II1. (2.5d)

K]
X S - x'.(-2).8y"

1

1P = (0,5

(){4+2y4+5)2 (x +2y +5)°

2y -Q. = 2y (=2).4%° 1

(:';4+2y4+5)2 ' (x4+2y4+5)"
- Q' =P (dpem}

A ¥ 3
U(x\)—j X dx +j' 2y(41y - +C=
“(x +5)° n(x"+2y +5)°

Q= (0.5d)

i ¥
m LAl I -i/4 l yo=— 1 ¢ (0.5d)

ST Esl a2y as), At a2yt s

| I o
cdx +2y'dy 67+ 2y7 45

Cach 2. Nhan thay: 7 3 5
ox* +2v! +5)? (x +2y7 +5)
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Ldt _qe -
= 47 ="“d—[ = d(;———ﬁ»C
t* 41 L‘ﬂf(x4 +2y* +5)

2)Phuong rinh AB: x ~y =3 y=x-3ix,=3.xg=0=

03k — 332 1x - 3d:
= j _ J XX -3 {x-31dx ) (©0.54)

AB 3 3

1]
Parx =3t = dx=3dt xl': - r|[]] =I= ﬁh(r—l)z(t—i)sdt
1

L
=1= 3[[”‘(14)”"(11 = 1B (i-ﬁ}

g 373

4, .. 8 ] 1,52 2
. B'F(.ﬁ-).f(}]: 3_?1"(.3).?_?71—(5): 5w _ 10x 0.5

() 3:241 7 sinz 273

Cau 1V, (2,5d)
Dl= ”xy‘(ln X+ Inydxdy = _{x In xdx Iydy + jxdx j}'ln ydy =
[b] L 1 l 1
= Zdex Iy Invdy (0.54)
1

1

H

v 1 N : 2 4 . - l
[[de jln ydy® = %l ‘tyz lny] - l‘[yzydy}z

|
2 2 4
e —1 s et -1 e’ =1
= e = ).5d

1

2) Thong lugng © = ”(xyz + )-'22 —zx%) (dydz — dzdx + dxdy)
$

2

2
Goi D 1a mat 1rdn; {x tz =l , huéng nguge voi Oy — O H: ” [\-’i [_[: 0}.
y=0 $  SUD o

) 2,02, .2
Ap dung Ostro véi V: XDyt azi <l
yz0

> D= Hj'[}"z +(27 —x7)+ 20xy + vz — zx)]dxdydz (0,5
Y

337



Vai rd x, z trong V nhu nhau —» m‘(zl -x’ )xdydz =0
\_!

Mién V déi xing qua x = 0 (z = 0) ham 14y tich phan 1&

— HP('W +vz—ZX}xdvdz = 0 ((1.3d)
v

- b= ”_[yzdxdydz. Chuyén qua toa do cau (y = r cosf)
W

2

=P = l_ﬁ (0.5d)

(Xem dap dn dé 5).

DE 3
Pf: THI MON GIAI TICH HOC K¥ 11 - K50 (Thasi gian lam bii 90 phat)
Cau L. (2.5d)
1) Tim hinh bao ctia ho dudng thing xcosa + 2ysina = 3 (a i tham s0).

2) Cho ham s6 U = xsiny — arctg% va 2 diém A(-1:0;1). B(1:1:~1).

-

Y b =
Tinh {'—I_{—(A) theo hudng AB. Timt max r,l_J) (A).
o ad

Cau IL (2.5d)
LE .L'USX
1) Ddi thir ty 18y tich phan  [dx [f(x,y)dy .

b ex
x5

. o, 2 2.3 . . . [x20
2) Tinh J'H (x" +y* )2 dxdvdz, trong dé V xéc dinh bai .
W

(}Szgl—xz—y‘

Cau IIL. 2.5d)
M khong phuy thuae

1} Tim hé thic gifia a va b ¢ tich phan .
2 P
A (X +2y° +3)

dudng di tr A dén B.
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2) Tinh ”x'ﬂ”dydz —2y'dzdx + z ‘dxdy, trong dé S 1a mat elipxoit
S

x* + 2y” + 32" =1, huéng ra ngodi.

CaulV. (2,54

1y Tinh _[x dx
2‘
2) Goi L 1a bign cta mién phang D xdc dinh bai: 1 < X+ yz < huéng
dugng.
2 2
Chiing minh ring v&i moi a > 1 1a ¢6 q{) In{x +ay1 )(x:iy rydx) =0
L XT+y’
DAP AN

Cau L (2.5d)

1y Phurong tinh ho dudng thing: F(x.y,a) = xcosa + 2ysina — 3=0 (1)

Fu = -xsine + 2ycosae =0 (2} (0.5
T (1) va{2Y1acd| x = 3cosa — Do 1a phuong trinh tham sé cia hinh bao
3 <2 2
y= —sina (hay: ~—+ =1) (0.5d)
2 3 (3/27
23U, =siny — —: I, = xcosy: U', = — X ;=
x?+z° ' X4y
= Tai A (-1 tacod grddL (A= [71 -1 2]] (0.5d)
AB =202y 1 =28 :[2_;,:Zj_ﬁ
‘P\B‘ q 2 3
(iU -1 2 i1 -2 -1
oAy =— oo " 0.5d
O A T T S R Ml (Ood)
¢
oy I’i
U ; 1 6
Max T(A)_‘gnulb(xﬂ J—- to = (0.5d)
f_.
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Cau II. (2,5d)

y A
D<x<X
I} Mién lay tich phan D: 2 = %
x—%gyScosx U__HIZ %
= D= D, v D, (nhu hinh v&) ;
-nf2
~Zey<o
D =] 2 (0.5d)
O=xsy+—
0 < y < l 8] "+ dreosy
DZ:{nggarccosy_) 1= _[dy jt(x vidx + Id} If(*: yidx {0.5d)
—-nf2 0 u 8]
2) Chuyén sang toa do tru
X = ICOSQ _‘IEQ <£
‘ 2-%773
¥ = rsing ST =r Ve {0.5¢4)
O<r=1
=1z
O0<z=1
{2 1 1-12 .y 7 3
1= [deo [rd 14 gy = 214 111 4 _
I(pjrrf(rz) z't_[r )
-Ti2 0 8]
21'!' 2;4 744 2?T [;4 4 2T 5 11
=== |r —ry gl t My = =Bl =;—
7 ‘J : I BRI T Pl
{
1~[§]_r 1) L ) e
_ 2_:!1: 4 4 27{ 4 4 4 4
7 r(4) 3.2-1 -
x [0 [?J Trz
== 0|—jN=|s—= {(0.5d)
64 (U 4) 3242
Cau 1. (2,50
4 ax-(=3)-4v
DPs 2 p o B (=3 454
(x° +2y° + 3y {(X°+2y" +3)
-b —by{-3)-2
=7 Q= (0.5
(x2+2y? +3)7 (X +2y" +3)
biéu kicn: Q°, = P ve>da=-2bhay2a+b=0 (0,5d)
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2) Ap dung Ostro; [ = HI(MQ - 6y* + 327 ydxdydz,
v

V:x2+2y2+32231

) 1 - 1

Patx=X.y= —Y.,z= —7Z — |J]l= —:
207 A % }
Vov: X2+Yl+Z7<1

= 1= jﬁ(zx"- ~3v? + 221 axayaz.
o

J6

Hodn vi vong quanh X, Y, Z 7éi cong lai (V" khong ddi)
= 31= —— [[fX? + Y? + 27 )dXdYdZ

%

} I}'de _l-r2 .xr \sin Bdr =

1 1 1

Chuyén sang toa do céu = 31 =

%\

I

1546

=1=

Chit §:

f

(0.54)

(0,5d)

Sinh vién cé thé téch T thanh 3 tich phan d€ tinh (ddi sang toa dd cau md rong).

Tinh diing dén dau cho diém 16i do.

Cau lV. (2,5d)
+3 4
= J'xﬁle—x ]nzdx.

; S
Biat=xIn2Z - x=j]—
23 % n (1112]

1 :}I:

|
+o &g 13

t

—1 -
e dt

0 e
4 (n2yt

1 - l|[]

+ q

e | (3]
I= tr oeTde = A= =
4in2y*? :! A2y \2

_ 1 1r(1jz Jr

4n2y)7? 2 8(In2)*?

2

e - o (1112}'”4 4(1:12}”4

(0.5

(0.5d)
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2) Goi C. €, 1an luon 3 dudng wodn: x>+ y2 =1 x+ y2 = a; hudng duong.

. X = ¢cost . . X =acost
- ? = C_F - ? . Phuong trinh C, .. phuong trinht C, .
; = sint y = asint

c, 0
(ttang tr O dén 2m) (0.5d)
In
q) = Iln (r:os,'2 t+asin’ t) (cos;2 t -sin’ tde =1,
< 3]

.
q) 3 j-tln(azc:c:s21+a\"‘sinzl}(a2 cos? t—a’ sin? Ddt _
N 2

C, 0 S
im s
= jln[az (cos2 t+asin” )] cos2t-dt (0.5
t
21 sin 2t b
= [ltlaz'ct)82l+1| =Ina’’ +1, =0+1,
1 it
= ? = ﬁ? - ? =0 (dpcm) (0,5d)
L ¢,
pE4

DI THI MON GIAI TICH HOC KY 11 - K50 (Thasi gian lam bai 90°)

Cau L (1.5d)
1) Viet phuong trinh tiép tuyén va phip dién wi diém A(1;0:-1) cha dudmg

Xx=¢ ‘costy=¢ 'sinz=1-1I.

-

2) Cho ham s8 U = ycosx — arccotg—z— vi digm M(0:—1:1). Tinh g (M) theo
¥ of

P . - . 2, s
hudng OM (O 1a g&c toa do). Tim x sao cho theo hudng ¥ = ) 1;x:x°) thi
50

~(M=0.
&
Can II. (2,5d)
/2 sinx
1) D8i the wr ldy tich phan  Jdx  [£(x,y)dy .
1 -
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" yz0
2) Tinh Hr\l' Z(x* + y© )2 dxdydz. trong dé V: {
v

0<zci-x" -y’
Cau 1L (2,5d)

1) Tim hé thitc giita a va b dé tich phan IM khéng phu thude
AB GBx*+yt+ D
dudng di tir A dén B.

23 Tinh Hnyzdydz+ yz* dzdx ~ 3zx2dxdy, trong d6 S 13 mat elipxoit
3

3x7 + 2y2 +7 =1, huéng ra ngoa‘ii.,

Cau 1V, (2 5d)

1} Tinh _[
{1 F‘}‘

2) Goi L 1a bién cia mién phang D: alsx’+ yz % 1, hudng duong.

. : . . e In(ax? + y3ixdy + vdx
Chimg minh rang vdimoi O <a < | tacd C_'f) ( Ty Mxdy rydo)

L. ATy

el ki

DAP AN
Ciau I. (2.5
1)x' =e (—cost—sint): y’ = e '(~sint + cost); 2’ =1
Diém A(1:0:—1) ing v4i 1 = 0 = Veclo tiép tuyén tai A 1a

V==l (0.5¢)
Phuong trinh tiép tuyén tai A: x_—ll = 9;— = z_ﬁl~l
Phuong trinh phdp diégn: -l(x - +y+(z+1)=0
hayx-y-2z-2=0 (0.5d)
2y U, = = ysinx; U, = cosx — U= jy p
’ ve+z yo+zT
~ aaduay ={ okt (0.5
i 272 )
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(0.5d)

.’:OM =[0-“1»+]] ”U(M)-OJ,L__1+_1 ¥~
OM

a7 2 2 2
{M)=0c>Qﬁﬁumy?:0c3gl+%”x_%%zzoc

{X =0 {0.5d)

U

o
x=1

Cau IL (2.5d) 5 A

J<x €

s
L . { =
1) Mién lay tich phan D: { 2 = | S
—X<y<siny ﬂ

= D =D, w D, {(nhu hinh v&) (0.5d)

—%Eygﬂ 0<y<l
D= Dy=y x (0.5)
arcsiny <X = 5 A ]

-
~¥YEX5 -
2

o= xi2

12 ]
= =Rl = 1= fay Jreoydes Jdy - fronyx (0.50)

[y DI D: -nfl -y [H Arvesy
2) Chuyén sang toa do tru
X = TCos
TL.()S(\O 0<o<n
y=rsing —[Jl=r ¢ _, O<rel (0.5d)
L=z O<zgl -1
T | 1-r* 1 i-r” )
a3l 3 _an dr
I= |dgtrdr eritdz =n{r? 22 —_
foo o Vertta=sfeor| 200 |2

t ( (+

Al

1
N In e 173 In (5 7
Patt=r = 1= 28 {23 ¥ dt =— B == S
' 8 j ( ) g (33 (0.54)

{53 7 2.2V 4 1 l
! T SR I [ PRV b
o ) s A
8 red) 8 321 -
noon n’ _
= ) = (0.5d4)
) sin:g- 27\6
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Cap 111 (2.5

3 3 1
ax’ ax” -(-2)-4
A
Byt + ToBxT+y 4y
3 3 K3
_ by4 _ o = by { 21-12}(1 (0.5d)
Gyt GxP eyt
=Q,=P, < da=12b & a=3b (0.5d)
23 Ap dung Ostro: I = j”(2y2 + 77+ 3x D ydxdydz,
W
Vit 42yt v i< (0.5d)
barx =

1 1 3 N
LA xy=-Lv 27 = 1= [[[y? +2° - X*)—=dXdYd7Z.
YR I B

\AED G G

Hodn vi X, Y, Z r6i cong lai (V" khong d6i):

1

= — jj‘(x2 +Y? + ZHdXdYdZ (0.5
6 \.'

Chuyén sang toa do ciu

T SRS 1 ! dn
= 3= — [dop{dB{r rsin0do= = 2r-2. —= = —
Jo [-Il- tjl‘ <J>' Vo VARG
NS (0.5d)
J6
Chi !

Sinh vien ¢é thé tach I thanh 3 tich phan dé tinh, ding dén dau cho diém t6i
do.

'

I, = Hj2y2dxdyd?, = Iﬂzzdxdydz = j”?'xzdxdydz
v v

(M35 tich phan ding = /4 diém)
CaulV. (2.50)

1)]: J'x-i ‘e—x“ln?\dx.
1l
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172
Dallzlenf’-—)x:[—t-] D[ t;m: dx = .4t —
2tln3)'/?
+an 2 o
¢ - dt ! M2 1
I= [-——]ct_ = Sttt ee Tdtls ——— (0.5
! In3 203?232 J 2372

1

I 31 (1 3m
= 3t L . L (0.5d)
20N 2 2 [EJ 8(in3)*?

2) Got €. C, ldn lugt ta dudng won: x° + yV=1x+ y2 = a; huéng duong.

X = cost X =acost
- q) = Cﬁ - C? Phuong trinh C]{ ., + phuong trinh Ca{
L

¢ d ¥ = sin ¥ = asint
{t tang tir O dén 2m) {0.5d)
Cﬁ = _[In (acos? t+sin’ 1)(cos® t —sin? 1)dt =
(_'-I [¥]
Cﬁ _ 2'lfln('al} cos’ 1+a’sin t)(a’ cos” t —a® sin? Odt [ =
= =1, =
c, 0 a’
= _[[]n a” {acos” t+sin? 1)) cos2t-dt {0.5¢)
1]
I R
= J‘(lna‘)-cosmdl +1, =], =
I
2% ) in 212
= (ﬁ =0 _[(l|1a3).cos2tdt = Ina‘”l2 ’ =0| (dpcm) (0.5
L. it e
pL 1

BE THI MON GIAT TICH HOC KV 11 - K51 {Thai gian 1am bai 90 phiit)

Ciau I (1 digm)
X2 2

Tim hinb bao cia ho dudng elip — + z—z =1 ¢d dién tich giéi han bdij
a

elip: 5 = const.
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Caun I1. (1 diém}

ek
X

1 xt : 2
i thir e L8y tich phan 1= [dx {fix.y)dy + [dx [f(x.y)dy
1] i 1 i+
Cau ITL. (1 diém)
Tinh tich phan | = Harcrgidxdy . trong dé D 13 hinh phing
X
)

Ky, X*+y' €9, y=2 -—x—. y < x\f’%—,

3

Cau IV, (1 digm)
Tinh T = {ffycostx + z)dxdydz, trong d6 Q 1a vat thé duoc gidi han boi
o]

o on — Tt
caematy= Vx ,.vy=0,z=0.x+z= 5

Cau V. (1 diém)

1= (i) (% x2sin2y+xcosy+ xVidy — (v + xcos’y — sinyydx
trong do C ta dudmg won X+ yt = a® (a > 0) 1dy theo huéng nguge chiéu kim
dong hé.

Cau VL (1 dién)

Tinh I = CP (z-vdx +(x —z)y +({y—x)dz. trong dé L la dudng cong
I.

kin giao ciia cdc mil X+ y3 +7° =1, x +y — 3z =0, cé hudng ngugc chiéu
kim déng hé nhin tir phia hudng dvong cua truc Oz

Cau VIIL (1 diém)

”xzdydz +y dzdx + z'dxdy . trong d6 S 12 phdn c¢la mat ndn
S

2= x> +y’ .0 <z<h (h>0) hudng ra phia ngodi.
Cau VIIL (1 diém)

el SO )
Tinh divgrad = v8ir= X" +y +2
T
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Cau IX. (1 didm)
mi? 1

Tinh j(lgx)-‘dx.
[

Cau X. (1 diém)
Tinh dién tich cia phin mat nén z = 4/x? +y? nam phia trong mat try
X"+ y —2x + 2y = 0.

DAP AN
CauL ¢(ldy
F=x3+1;—a +yi-a’=0 (0,5d)
5
Hinh bao: xy = +—— (0.5d)
2
Cau Il (1d)
Vé hinh A (0,5d4)

~Jip

[
I= fdx [f(xyidx (0,5d)

NS

Cau IIL. (1d)

Dat x = rcosg, y = rsing. Mién D trd thanh mién D' %f— Sgp< % 1<r<3
4] z
t= ”arclg(lgtp).rdrd(p = H(prdrd(p (0,5d}
I 5}
X33 rIIERE TR 2
- =9 T _F
= J(pd(p.jrdr = 2l =% (0.5d)
a6 alh I
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Ciu IV. (1d)

w2 Ny nf2-x
jdx Iydy j‘cos(x +z)dz (0.5d)

k] 0 1

ni2-x —
rf2 v{: ni2 Y
Idx jydysin(x + Z) ;L= I(l—sin Kydx Iydy
0 {l it {1 1
1 w2 i wf2 w2 2
- jx(l -six¥x [ = — J'xdx - = Jxam xdx = I —-l— (0.54)
2 2 2 5 16 2

il
Cau V. (1d)
PatP=-(v'+ xcos’y — siny), Q = % x%sin2y + xcosy + X" 1a cé:

CQ E;lj——%(x +\f)

I= m/__.___ xdy =3 H(x3 +y )dxdy {0.5d)

1
Dat x = rcosg, ¥ = rsing. Mién Dudthinhmién D 0<@=2n.0sr=u

Khidé1=3 Hr .rdede =3 Idcp “Ir dr

) 1]

; REi¢:
! sl (0.5d)

Cau V1. (1d)

Theo cong thitc Stokes. ta cd:

Cﬁ {z—y)x+{x—z}y+(y-x)dz= -2 dedz + dzdx + dxdy.
5

trong d6 S 1a mal tron ¢6 bign la duang tron L, ¢6 hudng 1én trén so vai true

Oz. Khi d6 cosin chi hudng ctia vecto phdp tuyén cllamat S: x +y - 3z=01a
-1 -1 3
—_— == = (C.54)
{\Hl V11 \311}
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1=2 H{cosa +cosf +cosy)ds =
_R;

2
_”[\/_ J_ J_l}' =?:[;[ :—Jﬁn. (0.5

Cau VIL (Ld)
Mar §; z = h, vecto phdp tuyén hudng lén trén, nén
cosat = 0, cosP =0, cosy = 1, tr d6:

szdydz+ ydzdx + z%dxdy = H(x2 coso+y? cosP+z? cosy)dS
8 5

= [[h?dxdy = xh* (0.5d)
5,

Goi V la khGi nén x* +y? <z <h, h> 0. theo cong thic Ostrogradski

ta co:
H\ dydz + y~ dzdx + 2 dxdy =2 _m(x+3 + z)dxdydz

S8,
in h h ]

=2 |dg |rdr [[rcose +sing) + zidz = = nth*
Jeejed z

Vay | = Dont —ant = - L (0.5d)

2 2

Cau VIIT (1d)

. g . .
divgradl = [lJ + [l) + [lJ (0,5d)
r r.. T e T/,

Datu = -l— =, = _in
F reor
" 7"(2 I . 3y2 1 B 353 |
'LI“ = 3 - T, uy) = 3 - T u” - _ _1
r I r r r T
3 3
divgrad= = S (x* +y' + 2 - 5 =0 (0.50)
I r r
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Céch khdc: divarad - = div[~ -l—g_r';arJ = div [—1-£J =0 v&i
r T

rr
r=Jx+yiaz’.

Cau IX. (1D

Pattg’x =t = ngxd—i =di, dx = a_
CO5° X ZJ?(IH)
ni2 1 216
= j(rgx)?dx = _].'_ _I__(l[__ = (0.5d)
0 2 t \/T_(1+T)
2_‘.| L
157 F d ({2
S L Y ) .5 (0.5¢)
2 LY 271373 3
i3
{1+t -

Cau X. (14)

Hinh chiéu cla phdn mat nén cdn tinh dién tich trén mat phang Oxy la
hinh 1rdn D gidi han b&i x* + y* - 2x + 2y = 0 hay (x — [V + (y + 1) = 2.

f

2477 = * Y = (0.50)

Tacé Jl+772 +2, \[1 PSR

Dién tich cia phan mat nén ¢én tinh 14

S, = [Jy1+27 +27dxdy = V2 [fdxdy = V285 = 2V2n (dvdyy (0.5)
[3

]

pE 2

DE THI MON CIAL TICH HOC KY 11 - K51 (Thai gian lam bai 90 phdn)
Cau L. (1 diém)

Tim do cong cha dudng cong x*' + y** = 1 i diém {

V2 2
T‘T}'
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Cau 1L (1 digm)
1 2-y
Péi thit wr lay tich phan [ = Idy If(x. yidx .

1 |"\||1—_\":

Cau ITL (1 dign)

Tinh tich phan I = [farccot g dxdy . trong 46 D 12 hinh phing
5 y

Kyl X +yiE9 yrx y< x43.

Cau IV, (1 dién)

Tinh I = ”_[ysin(x +z)dxdydz | trong d6 Q 14 var thé duge gidi han bdi
0

cdc mat y = v’?.y:O.z:O.x+z= g

Cau V. (1 didn)
‘% — b |
Tinh _[ 3y - x)dx +()‘ Ixudy
(x+y}

trong do ;%-I‘i 14 cung parabol vy = 2 - X

A0
di i didm A(0:2) dén diem B(1; 3.

Ciu VL {1 diem)

Tinh I = qE) (v~z)dx+{z-x)}y+(x-y)dx, rong 46 L 12 dudng cong
L

kin giao cla cde mat x* + y* + 77 = 1, x + 2y + 3z = 0, ¢6 hudng ngwoe chidu
kit déng hé nhin tir phia hudng durang cia truc Oz,

Cau VIL (] dienn

Tinh [ = J'J'x?‘dydz+4y3dzdx+z'\dxdy, irong dé S 1a phan coa mal
5

elipxoit z= = /1 -x” —4y” . huéng ra phia ngoai.

Cau VIIL (1 didm)
Trudmng vecto F=[y + In(x + )] 1+ [x + { - ¢’} c6 phai 12 truang thé

khong? Néu dong, tim ham thé vi cia no.
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Caun IX. (1 diém)
ni2 1

Tinh I {cotpx)*dx .
0

Cau X. (1 diém)

Tinh dién tich ciia phdn mat ndén z = \,‘xz +y? nam phia trong mat tru

X'+ y +2x -4y =0.
DAP AN

Caul. (1)

X = cos't x’ = ~3cos’tsint x" = Geostsin’t — 3cos’t
= 1y” = 6cos’tsint — 3sin’t

y =sin’t = 1y’ = 3sin’tcost

\/5 \E hid - 4

—— | Dt=— =

4 4 4 . 32
Y=T

]

y‘xf‘_‘ny' 2
= C=—=——F55 =3
(" +y'™) 3

Caull (1)

V& hinh

\'2x-x3

I 2 2-x
I[= _[clx _[f(x,y)dy + Idx J'f(x,y)dy
] \;’; 0 0

. 32
=
. W2

Y5

=

(0,54)

{0.5d)

(0,5d)

(0,5¢)
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Cau IIL. (1d)

Bt x = rcosy, y = rsing. Mién D*; % << %, l<r=3.

I= Harcco[ glecot g).rdrdg = Hq}rdrd(p (0,54)
(Y D'
i3 f3 AP 2
r n
rdr = —| — = — 0,5d
Itpdip] 2 - = (0,5d)
w4 nid |

CaulV. (1d)
nf2 fx ni2-x

jdx Iydy Ism(x+z)dz {0,5d}
0 0
n/2 Vx 27" 2 Vx
=- J'dx jydy COS(X + Z) = 1= Icosxdx jydy
0 0 o 0 0
p ™2 n/2 1=
- f cosxdx = [xs:nxl +cosx[ ] = =|--1 {0,5d}
T2 bt 212
Cau V. {(1d)
batP= 3y—x1.Q= )’-—3x} tacé: Q _ ok _ bx- 6y‘ X#Y.
(x+y)y {(x+y) x oy (x+y)

I khéng phu thude vao duding 1ay tich phan tir difém A(0;2) dén B(1;1}  (0,5d)
Chon dudng 14y tich phan 1a duémg thing AB, ¢é phuong trinh y = 2 — x,
01

1 1
= = f4dx = = (0,5d)
8 nj 2

Cau VI. (1d)

Theo Stokes, ta ¢6:

¢ (v -2dx + (z- X)dy + (x - y)dz = =2 {[dydz + dzdx + dxdy,
L s

trong dé S 1a mit tron cd bién 1 dudmg tron L hudng 1én trén so vdi truc Oz,
Khi dé cosin chi hudng clia vecto phdp tuyén cla mit S: x + 2y + 32 =013
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{ 1

2. 3

N RN YR }

Vayl =-2 I{cosa +cosP + cosy)ds =
5

12

a2 3 s s 12
O g L 3 LRRE 2

Cau VIL (1d}

Mat§,z=0, I, = Hx‘j’dydz«k 4y"'dxdz+ zadxdy =0
5

Theo Ostrogradski I, = ngdydz +4y*dxdz + 2 dxdy =

S8

=3 _m.(x2 + 4y2 +z? Ydxdydz
¢!

trong d6 Q: —J1-x? —4y? <2<0, I=L-1,=1,

= 5 _{dtp jd@ _[p sin@dp = = fd(p J‘sm Bdejp dp =
i -nf2 0 4] -mf2 0

2 0 r I

-(—0050)[_”2 ?

3 3 1 In
= —_ = .21 - = ==
2 p Dz ==

0 o

Caun VIIL (1d)
P=y+In(x+1),Q=x+1-¢"

=R _P Tt =o0
% Sy

=Pmu=yx+xIn{x+ )= x + In{x + 1) + Cly)

=Q=>C(y)=1-¢.Cly)=y-¢

2@ 22

Viyu=yx+xin(x +1) -x +Ilnx+ 1} + y — ¢’

(0,54)

{0,54)

(0,5d)

(0,5d)

(0.5d)

(0,5d)
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Cau IX. (1)

2 dx dt
cotg'x =t = =-21gx —— =dt, dx = ———
sin? x 2J?(l+l)
I
ni2 1 +; g
dt
= {cot gx)*dx -1 {0.5d)
I '[\/—(l+t)
2
177 t3 dt 1.2 1 T
= | ——— =~—B| == | = -— 0,5d
2 ; 2,1 2[33) 3 ©>d)
(l+1)3 3

Cau X. (1)
Hinh chigu cia phin mat nén cdn tinh dién tich trén mat phing Oxy la
hinh tron D giéi han bdi x* + y* + 2x — 4y = O hay (x +— 1)2 + (y = 2)2 = 5.

2
Tac6 Jl+22+22 = JH St — =2 (0.5d)

xP+y? xPay?

Dién tich cha phdn mat ndn cdn tinh 13

- j‘jJHzf +27dxdy = V2 [[dxdy = V2S5 = 5V2n (dvdt) (0,5d)
13 3]

Bt 3
DE THI MON GIAI TICH HOC KY II - K51 (Thi gian lam bai 90 phiit)

Can I, {1 diém)

Viét phuong trinh 1i€p tuy€n va phdp dién cta dudng
x=1, y=1-t z=t taidiém (1;0:1).

Cau I1. ¢| didm)
Tinh tich phan 1= [[(x + y)(x +2y)dxdy , trong 46 D la hinh phng gioi
bl

hanbdicicdudngy=—x, y=1-x2x+y=0.2x+y=2.
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Cau ITI1. (1 diém)
Tinh tich phan I = Hln(l +x% +y2)dxdy , trong d6 D 1a hinh phang gi6i
D
han bdi cde dudmg y = va? -x? ,y=0,(a>0).
Cau 1V, (1 diém)
Tinh 1 = jj_[xyzz"dxdydz, trong dé Q 1 vat thé dugc giéi han bdi cdce
o}

matz=xy. y=x, x=1, z=0,

Caun V. (1 diém)

Sir dung tich phan bdi ba tinh thé tich cha vat thé gidi han bsi cic mat
z=x" 4y z= xioy?.

Cau VL (1 diém)

Tinh j(2x cosy —y? sin x)dx +(2y cos x —x? sin y)dy trong do AB 12
AR
|

cung parabol y = —x” di tir A(0;0) dén B(m;n).
T
Cau VIL (1 diém)

Tinh |2xzdydz+x?ydzdx + y?zdxdy , trong dé S 1a mat ngoai cla vat
b4 g
S

' e o 2
thé gidi han bai cdc malz=x2+y2, x2+y =2x,z=0.

Cau VIIL (1 diém)
. . e T LT 4T N —1 2
Tinhhrusd coatudng F=—yi+xj+ 2k doc theo dudng tron x“ + (y - 2)
=1, z =0, ¢é hudng nguoe chiéu kim déng hé nhin tir phia hudng duong cia
truc Oz.
Cau IX. (1 diém)
I
dx
Tinh [——2.
o¥xt-x4
Cau X. (I diém)

T sin ax
-[ e—kx

TinhI = dx, (wme R, ke R".

U
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358

DAP AN

Cau L (1d)

t=1,x‘=21,y’=—1,z‘=3t2,(=1::-x’=2,y’=—1,z’=3.

Phuong trinh tiép tuyén va phép dién

2x—-y+3z-5=0, -l _ ¥y _z-1
2 -1 3
Cau Il (1d)
Patu=x+y.v=2x+y,1ac6J=-1,D";
fv<
- D Y L A T
1= ”uvldudv Iudu J'vdv = Eu Iu 2\' ‘“ =1

Q 0

Caun II1. (14)

.DSibién x =rcosp, y =rsing, J=1,D:0<p<m,0<r<a

1= ”ln(1+r Jrdrdp = Idtp Iln(l+r )rdr

Q t+

= %jd(p. fin+13d(t+1%) = g[(l +a)ln(l + a?) - a’]

0 0
CauIV. (1d)

I= IJ'xdx]yzdyxTzadz

0 8] 0

Cau V. (1d)
V= H_l-d’(dde; X=reos@, y=rsing,z=2J =r,
o)
i r

2n
I= {do[dr [rdz

0 0 2

{0.53d)

(0,5d)

(0.5d)

(0,5d)

(C.5d)

(0.5d)

(0,5d)

(0,5d)

(0,5d)



in 1

| 1
k 2n k! 1 4 L
= |doftr? —rydr = ¢ .(—r -2r = — (dvit) (0,5d)
('.'I[ l'l[ |” 3 4 4] 6

Cau VI (1d)

P = 2xcosy - y*sinx, Q = 2ycosx — x*siny.

%% = -~ 2ysinx - 2xsiny = % lien tuc trén R%, T khong phu thude vao
dudng lay tich phan tir A(0;0) dén B(n;=n). (0,5d)

Ta chon dudmg 14y tich phan 13 dudng gap khic ACB, trong dé C(0;m).
Khi dé 1a duge:
I= [Pdx+Qdy + [Pdx+Qdy
AC CB

= f2ydy - [(2x+7sinx)dx =-2n (0,5d)
1] {1

Cau VIL (1d)
I= J'”(22.+x2 +y2)dxdydz,Qla vt (héx2+y2—2x SO,Oszsx2+y2
0

x2+y2

I= dedy I(zz +x? +yHdz = 2 H{x2 +y°)’ dxdy
D ¢} D

X =rcosgp, y=r15ing, J|=r, D —nf2 < o= n/2, 0 <1 < 2cos0 (0,5d)
nf2 2vosg wi2 nfl 3
=2 fdp [r'dr = 2% [2°cos® gdo = ~.2° | (MJ do =

-mi2 Q0 6-?1‘1’2 -mf2 2
nil
_8 . 3 2
=3 I [1+3c052(p+5(l+cos4(p)+(l—sm 2(p)c052(p]d(p =
—-ni2
nf2
8 3 3 3, l . 1 1., %
= —|p+=sin2p+=—p+=—sindp+—sin2¢+—-—sin" 2 =
3[”’ AR S A S {p]_m
_ E;jz (0.5d)
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Cau VIIIL (1d)

Luu s& cita truﬁmg?trén dudng cong kin I = 43 - ydx + xdy + 2dz

L
trong d6 L 13 dudng tron x* + (y - 2 = 1.2=0

X =cost

Phuong trinh tham sd clia dudng trdn { 10— 2n

y —2 =sint
Zm

in
_[[(—Z—SinI)(—sinl)+c051.cost]dt= j[1+2sinr]m=
4] {]

= [t—ilcost]ﬁ]’r =2n

Cau IX. (1d)

3 1

Taco j Ix "'(l—x) 4dx =

x?—x* Iqjx -x)
o1 3

=J-x4 I(l—x)“ ]d?( ZB(I 3]-‘—#—-:1[‘\/5
0

4 4 sin{m/4)
Cau X. {1d)
fix,o) = e~ S—in;& . dao ham f, (x.a) = e ** cosax.
‘e""‘ cos ax’ < e ™ VX, Yo

- +on
je'k"dx héi ty nén _[c"k" cos axdx hoi tu déu.
I} 1]

+4a0
Do do —_— = Ic cosaxdy =

a?+k

10)=0. Vay 1= arclg%

360

o
> I(a) = arctg;+ C.

(0,5d)

{0,5d)

{0.5d)

(0,54)

0,5d)

(0,5d)



pf 4
DE THI MON GIAI TICH HOC KY 11 - K51 (Thdi gian Jam bai 90 phiit)
Cau L. (1 diém)
Viét phuong trinh tiép dién va phép tuyén cla mat
z= yx2+y? —xy taidiém (3:4:-7).
Cau IL (1 diém)
Tinh tich phan I = ”(y - x){y +2x)dxdy . trong d6 D }a hinh phing gidi
)

hanbdicdcdudng v=x.y=1+X2x+y=0,2x + y=2.
Ciu IIL (] diédm)

Tinh tich phan I = Harclg(] +x? +y?)dxdy , trong 46 D la hinh phang
D

gidi han bai cde dudng y = — val-x? y=0,(a>0).
Cau IV, (I diém)
TinhI= HIKyzdxdydz , trong dé Q 1a vat thé duoc gidi han bdi cdc mat
a

z= l—xz—y2 ,2=0.

Cau V. (1 diém)
Sir dung tich phan boi ba tinh thé tich cha vat thé giéi han bdi cdc mat
xX+y=hlhz=x"+y.z2=0,(h>0)

Cau VL (1 diém)
(3=

Tinh tich phan I = j(}’zﬁ" +6xy)dx + (3x% +2ye  )dy .
(.2

Cau VIL (1 diém)

Tinh 1= Ij4x-"dydz+9y"'dxdz+y3dxdy. trong d6 S 13 mat ngodi cila vat
s

thé gii han bdi z = 1 -4x? -9y? | z=0.
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Cau VIIL {1 diém)
. , N e 2, .2
Tinh luu s& clia truong F = -y i + X j+2k doc theo dudng trdn (x — 2)° + y
= L, z= 0, ¢6 hudng ngugce chiéu kim déng hé nhin tir phia huéng dueng cia
truc Oz.
CauIX. (1 diém)

Tinh J. =

Cau X. (1 diédm)

Tinh 1 = Ie‘k‘ SNEX ix . (e R,k e R".
X

(+

DAP AN
Cau Ll (1D
Fix.yz)=z— yx? +y? + xy =0,
X ¥
Fo= ——— +y,F,=—Y _ +xF,=1
x2+y2 ¥ I'|x2+y2
F.(M) = -5— F.(M) = ?— F,(M) =1, chon n—(l—f 11i:5) {0,5d)

Phuong trinh ti€p dign 17(x = 3) + 1 I(y -4+ 5(z+ N =0

e - X=3 _y-4  z47
Phuong trinh 1iép tuyén = = 0,5d
uong trinh tiép tuy T T P (0.5d)
Cau IL. (1d)
Patu=x-y v=2x+ mcém——lD"Ogugl (0,5d)
sEERTY 4 T osvs2 ’
1 2

= fow L dugy = Ludo. foav = L 1g2[ 12 2 L
I= J'uv.g.dudv = Ejudu _[\d\ 3 2u |u —Z—V ‘u =3 (0,5d)

Cau I1L (14d)

X=rcosp.y=rsing, tacoD:n<p<2n,0<r<a
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in a
[= jjarctg(l +1Hrdrdg = J‘d(p‘ jarctg(l +ri)dr =
D n 0
T+a®

2n a
% Id(p. Iarc[g(l +r2)d(l+r?}) = % l_l-arclgtdt =

I

k4 8]

n 2 2, m 1 3.2 1
—[(1 + tgll ————In{l + {1 —1ln2
2[( aNarctg(l + a”) 2 2n( (+a))+2nl

Caunl¥. (1d)
X = pcos@sind, y = psingsing, z = pcosB, |J| = pzsine,
2n omf2
1= j'd(p IdB I(p3 sin? 0 cosBsingcosg).p’sinGdp
[} 4] [\l .
In ni2 1
= Isin ¢pcos ody _[s'm"‘ 6 cos8d0 Ipsdp =0
0 0

1]

Cau V. (1d)
9

242 h 2 /h
I=4 Id(p.[dr Irdz
[§] {1 1]
Ri2 RS w2 ort " nth?
=4 J'd{pj.?dr = Lp|u T =5 {dvit)

it (} Q

Cau VL (1d)

(0,5d)

(0.5d)

(0,5d}

(0,5d)

(0,5d)

{0,5d)

P = ye* + 6xy, Q = 3x? + 2ye’, Q. 6x + 2ye" = P Jien e trén R,
% oy

tich phan I khong phu thudc vao dudng 18y tich phan tir A(1;2) dén B(3:-1).

{0.5d)

Ta chon dudng 1dy tich phan 13 dudng gap khic ACB. trong doé C(1:-1).

Khi dé ta dugc:
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-1 3
I= Ide+Qdy + _[de+Qdy = _|'(3+2f:y)dy + j'(e" —6x)dx =
AC CB 2 I

-1 3
= Gyveyh)[, + (e* ~3x7)| = ¢’ -4e-33

(0.50)
Cau VIL (1d)
Theo cong thire Ostrogradski
[= [[feax? +9y? +2%)dxdydz, Q: 0<z g J1-4x% —9y? .
o}
| . 1 . , |-
X = 5 pcospsing, y = gpsm(psme, z=pcosH, J = s psind,
1 in w2 | 1 2m LYy 1
= — !d(p J‘dOIp“ sinBdp = — qu}- Isin 646 - _[p4dp =
2 1] o] ] 2 8] 8] 4]
In LT
| P 1 1 i
= = “(—cos @) — ==2n1-== 0,5d
2{? 0 ( ? 0 0 2 5 5 ¢ )
Cau VIIL (1d)
Liru s8 clia trudng F trén dudng cong kin 1= C;IJ -ydx + xdy + 3dz
L
trong d6 L 13 duding tron (x — 2)° + yi=1,2=0
N . . . |x-2=cost
Phuong trinh tham s& cla dudng trdn { . L0—2n  (0,5d)
y =sint
I
I= I[(-sin t}—sint) + (2 + cost).cost]di =
0
n 2
= f[l +2cost]di = [t+25inl]|0 =2n (0,5d)

{

Ciu IX. (1d)

[ |
- —1
Pacx?=r1x=12,dx=12 d
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1 (L 1

o = —-
Ta cé I _,dx.._ = J- dx = —J'I 1T (1-1) ddt =
udx‘—xj' uvq-J'l—xz i
[ R Y
1 L
—ft" "1-nd dr=Llm {l 3) 1= _ 2 (0.5d)
23 2 W44 2 sin(n/4) JE

Cau X. (ld)

flxua) = e HEX a0 ham f (x.a) = e ™" cosax.
X
‘c'k"' cos ocx\ < e ™™, WX, var
Ie'k" dx héi tu nén je‘k" cos axdx hai t déu. 0.3d)
8]
. ¢l ' —kx k &4
Dodé — = Ic cosaxdx = ——— , I{o) = arctg —+ C.
da a? +k? k
[(O)y=0.Vay [ = arctg% (0.5d)
PE 1

PpE THI MON GIAl TICH HQC KY 1I - K52 (Thai gian lam bai 90 phit)

Cau L (2.5 diém)

a) Lap phuong trinh tiép dién va phap tyén tai A(l:-lim} clia mat

Z = darcig Jox? -y

b) Chitng minh ring trudng vecto

- —
IF= {sm(x +2y 320 x 1+2y J—3zk} 14 trutyng thé.

—
Tim haun thé vicaa F .

Cau IL (2.5 di¢m)

a} Tinh ”—g)-(d\iqz\m D: {x Ty
b l+x“+y™) xz0
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S$in X sin(y + z)
b) Tinh -[H—sm dxdydz

voi Viahinhhop: O<x<n, S<yg Lz<-

n
5

S

1 i
4 4

Cau ITE, (2.5 diem)

a) Chang minh rang tich phan dudmg

= J(_’iyz cos® x+1) ysinxdx ﬂ(3y2 cos” X +cos x}dy khong phu thuéc
AB

dudng di tir A dén B. Tinh 1, bigt A(0; ). Bin: 0).

b} Tinh J(Z}*+ysin Xy)dx —(2x —xsinxy)dy véi AB 1a cung nhé cia
AB
dudng tron x* + y¥ = 13 A(; 1). B(1: 0).
Cau IV. (2,5 diém)

a) Tinh Hz J2x~x° —)'2 dxdy . véi § 1a mat kin gidi han vat thé:
S

A b . .-
0<z< y2x-x“ -y~ , hudng ra ngodi.

450

d
b) Tinh | ——
g (L+4x™)-
DAP AN
Cau L. (2.5d)
a} Phuong trinh mat F(x.y,z) = darctg Jax? - y2 -
SX _4}’ '
= F, = s Fo=-1
(1+2x2 -y 23 F2x (l+2x -y )\,‘2x
= Vectd phdp tuyén tai A: n A =42.-n (0,5¢)

= Phuang trinh 1t€p dién tai A:
Ax-D+2Uy+1)~(z-1)=0 hay dx+2y-z-2+71=0



. -1 2 -7
Phuong trinh phép tuyén: x4 = y; -2 l.t (0,5d)

b) Ry =4y (-32)cos(x” +2y” -32%) = Q) =—62.2y-cos(x* +2y* ~32)
P; =—6z-x-cos(x2 +2y2 —322}= Ry:

Q, =2x-2y-cos(x? +2y 327 )= P

-
= F1a trudng thé (0.5d)

Ham thé vi

X ¥ z
U= _[x sin x 2dx + IZy sin(x2 + 2y2 dy + j— 3z. sin(;\c2 + 2y2 -3z2 wz+ C {0.50)
0 0 0

¥ Z

+C

X
2

1
—Ecos(x2 + 2y2) —%cos(x2 + Zy2 ~322)

1
——COSX
P

0 0 0

—%cos(x2 +2y2 —3?,2)+C (0.5

Cau IL. (2.5d)

X =1C0$
a)Dét{ _ ® =71l =:D>D: (0,5¢)
y=rsing
nf? 1 1 )
d 1
= I= J-dqr).[r—r4 = 11‘ialrt:tg1"2 = n-—-i - (0,5d)
w2 0t 2 n 2 4 8
by 1= J-Jasinx(siny COS Z+COos ysinz} dxdydz =
sinysinz
v
T mE o5z cos
= Isinxdx _[dy _f[ — +,—y dz (0,5d)
] ar4 mid sInZ sy
nfl? o5 wf2
:(—cos“;j J(lnsmz+z )} dy
n/4 SInY 4
x/2 T COoSs
=2 [ 1n—-~1+-< ,‘y}dy (0.5d)
274 4 siny
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r

! 7
2 L(y In+2 + ?} Insin y]

/2
=2 EE1n«/§+3[0—lnLﬂ
x4 |i4 4 ‘/5 d

2-2(111 \/5+1r1 \/5) = nln x}E (0.5d)

It

Cau [1T (2.54)

a) Py = Oy°cos’xsinx + sinx = Q% — Tkhong phy thude dudng di. (0,54d)
I= _[ + J .
AO OA
)

phurong trinh AQ: x =0 — J' = I—(3y2 +idy = 2’ +7 (0.5
AQ T ¥

phuong winh OB: y=0-» [ =0.Vayl=n’+n AL (05d)
OR o

by Cach [

S

ARuBOUDA  BO  0aA

Déthdy | =0= [ 1= - ¢ (0.5d)
OB 04 AQBA
Q% = — 2 + sinxy + xycosxy
P, = 2+ sinxy + xvcosxy

GoiDla i hinh won x> +y < 1,x 20, yz0.

. T

Apdung Gren — 1= - [f(-2-2)dxdy = 45CD = 4. 3=7 (050
[B]

Céach 2: (trye 1iép, chd ¥ chidu tr 1, dén tg — sai 0 didm)
— |X =cost
Phuong trinh AB: { Lo ta= l p=0
y =sint 2
0
=I= j[{2sim +sint.sin(costsint){ —sint} — (2cost - costsin(coslsim)cosl]dt (0.5d)

il
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0
J{(~2 sin” (-2 cos’ t)+[sin(costsint)](—sinzt+cos?' r}dt

ni2

T2 "i2 . nf2 R .
IZdr— j sin sin 2t -cos 2t dt = 211 - j sin sin 2t d sin 2t
2 2 2 2

8] o 4]

. w2
[stt]
=1+ cos
2y

=r+0=n (0.5d}

CaulV (250

-~ R . f 2.2 . N,
ay Cdch 1: Goi §' 1a nlra mat cdu z =4/2x —x* —y~ | hudng ra ngodi mat caw.

(x—1)2+y2 <1
7z =0

Viphtong tinh D: z=0 = ”22 1f2x—x?' —y2 dxdy=0
D
-~ f= 0=
5 st §*

D

- phtrong trinh §7: z= 2% ~x> —y2 =1= HZQ\HZX—xz —yzdxdy
S+

= ”z%dxdy= ”z"dxdy
s* 5tLD

D 1a hinh tron { , huréng neuoe véi Oz.

Ap dung Ostrogradski — 1 = “IBzzdxdydz

v
2,.,2,.2
_ <
(V gidi han bdi § — V: (x-D7+y"+z _l)
720
Xx=I1+rcospsinB O0<¢p<2n
Pat {y=rsinpsin® - [J[=r'sind; V>V 0<B=<x/2 {0.5d)
Z=rcosy 0<rgl
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2z mf2 1
[= jdq} _[dBJ-Brz cos? 8-1° sin6dO
0 6o

3 2N 5 |
L [ P (0,5d)
5 5
0 0
Cdch 2: Viphuong rinh D: z=0 5 I = ”22 42x —x? —y2 dxdy ,
S+
hinh chiéu cha S1én Oxy 13 D" : x* + v < 2%
ﬁ.\ tao v6i Oz goc nhon — 1= _”(2)(— x? —y:2 )"”J2 dxdy {0,5d)
D+
X=l+rcos O<p=<?
Dat TP ) = D' S D ¢ =2n (0,5d)
y=rsing O=<r=1
2| 1
/2
1= [dofa-c2rdr =20 (-i](l—ﬂ]j 2
L2 g
O o
o _1][_3 _ I (0.5d)
2 5 _ 5
Cdch 3: Ap dung ngay Ostrogradski — I = ”J'Zz\ﬁx -x2 —y%dxdydz
v
Xx=l+rcosgpsind
Dat <y =rsin¢sin®
Z=rcosg
2n #/2 1
—1= [do [d6[2rcost-r%sin? )"/?r? sin 8 dr (0,50
0 0 0
1 w2

=4x jrdr I (l—r2 .v.in2 B)I’rz[%d(l ~r2 sin2 9)}
0 0

I 5 w/2 47-[1
=2z [d (1-17 sin? 0)*/2 v;l dr =-— Hl—rz)m ~l]dr (0.5d)
) TH o
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4T[|’1'2 ] 7.52 2 - 27([ 2V 2=m
= —{]l =~ - — = —|1l-={=— 0.5d
EN A ) (030

312 30 s5) s
0
biPaty=dx' o x = (1}154_ y}‘ —dx = Ly%_idy (0.5d)
' L4 2 a2
1
-1
}.14 dy r l .§< ’%]
42 1 17 1 4,4 \4)
1= j SN P
a (+y) a2 \474) 42 2
3 " _ 3w
= — (0.5d)
16-\/_ 5m 16
pE 2

DE THI MON GIAI TICH HOC KY 11 - K52 (Théi gian lam bai 90 phiit)

Ciu L (2.5 diém)
a) Lap phuong trinh 1i€p tuyén va phdp tuyén tai A(L: 1) clia dudng
2sin(x’® - y2) =1 - 4arctgi,
X

b} Ching minh rang trudng vecto
5

— o 5 9 - — )
F= [005(3,1(‘ =2y° -z (3x i +2y j—z k} 14 trudng thé.

o
Tim ham thé viciita F .

Cau IL (2.5 digm)
dxdy

a) Tinh ”4—————,\*(31 I: {x *
B yd-(x% +y7) yz0

; COSX cos{y — )
b) Tinh IJIW dxdydz
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14

]

1A
rafE

v&i Vla hinhhop: 0<x < g 0=v<

A
oA

Caup I1L. (2,5 diém)
a)y Chung minh rang tich phan dudng
I = J(x2 cos” y—cosy)dx—(x2 cos” v —1)xsinydy khong phu thuoc
AB

dudng di tr A dén B. Tinh I. bi&t A(m: 0). B(O: m).

b) Tinh I(By +ylgxyldx — (x — xtgxy)dy véi AB la cung nhd ciia duding

AB

tron X2 + vy = 1 A(L: 0), B(O: —1).

Cau IV, (2,5 diém)

a) Tinh jjzzdzy-—yz-—xﬁ dxdy. v6i S Ia mat kin gidi han vat thé:
)
0=z 42y yz -x?, hudng ra ngoai.

el

b) Tinh ————
§(2+x2r

dx

DAP AN
Cau L (2.5d)

a) Phuong trinh dudmg F(x.y) = 2sin(x” — y*) + darctg Y =0
X

4
F, = 4xcos(x* —y? )—27)(2
X< +y
3
4
F, = —4ycos(x? - y?')+——,>——~x——~i-
’ X5 +y
— Vecto phap tuyén tai A(lL: 1) r_]:\ =(2:-2)=2{1:-1) (0.5d)

Phuong trinh tiép tuyntal A: (x — )= (y - I)=0hayx -y=0

. -1 -1
Phurang trinh phép tuyén: XT = T hayx+y-2=0 (0.5d)
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b} R} = —4yzsin(x? —2y> -22%) = Q)

P, =+ 6z.x.5in(3x 2 —Zy2 ~7%)= R
QL = ]2)(.3*.5;in(3)(2 —2}!2 —z%)= P;,

- .
=> Fla truong theé

{0.5d)
Ham thé vi

X ¥
U= ij cos(3x 2ydx + [(—2)-') -.:os(Bx2 —2y2 dy +
0 0

FA
+ I(—z), cos(?)x2 —2}'2 —zz)dz+C (0.5d}
0

% sin(3x’ - 2y" - 21+ C (0.5¢)
Cau 1L (2,54)

X =T[COsP O<p=<n 7z .
a) bat ) = Il =nD>D: 3 0] a0 (05d)
y=rsng 0<r<4f3

v V3 cdr _( . 3
::»I—Id(pf —n—4—r]

6 0 va-r? N

byl = _[”COS X({cos y cos z.+ S10 Y S10 Z) dxdydz =
v cosysinz

=n{-t+2)=mn (0.5d)
¥

T

/3 omi2 .
1
b [cosz sny]
= fcosxdx de j +—=|dz

Si Sy
0 xt4 qpenMIMZT COSY

(0.5d)

(0.54)
ni2

” T3 omil cosz n/2 wid ¢in
:[sin x|E’f"J de j —dz+ Idz f ‘ ‘y dy
nin’ T

n n/3
= || —=Insinz
3 8]

+—T£(—lnc05y

nf 46
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-z —lnl-lni“ - 2nln2 (0.5d)
3 2 2] 3

Cau HI. (2.5d)

a) Py=-~ 3x2c0s2ysiny +siny = Q)

— T'khéng phu thude dudmg di. (0,5d)
I= + I :
AD 0A
0 3 0 X

phueng trinh AG: v=0— I = I(xz -ldx ={x——x] =n-Z (0.5d)

AO ks 3 n 3
3

phuong trinh CB: x =0 — ! =0.Vayl=n- 1;— (0.50)
OR §

by Cédch I:

S

ABuBouLoOA B0 0A

Dé thay j =0= J’ = 1=-¢ (0.5d)
OR OA AOBA
Q) =1 - | tgry+ —=
cos” Xy

P, = |3—|gxy+ "23’
cos” Xy

Goi D 12 i hinh trdn x* + y' < 1, x 2 0.y < 0.

Ap dung Gren - 1= - [[(Q} - P} xixdy = g (0,5d)
D
Cdch 2: (truc tiép)
— =cost
Phuong trinh AB: {x c'os =0ty = o
y =sint 2
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-2
= I=|[3sint-}dt (0.5d)
0

= .. (0.5d)
Cau IV. (2.5¢)
a) Tuong tu dé 1.

Cdeh 1: Goi $' 13 nlra mat cdu z =42y — y2 -x? . huéng ra ngoai mat cu.

(y-D2+x% <1
z=0

Viphuong trinh D: z=0= ”zZﬁZy—y?‘ -x? dxdy =0
D
o e - s - [

stup st s* 5

D Ja hinh wdn { , hudng nguge vai Oz.

Ap dung Ostrogradski —» [ = 3 ”jzzdxdydz
v

(V 1a nira khei ciu cé bién 14 S)

X=rcosqsind D<p<2n
Pit <y =l+rsingsin® — [T =rsin®; V>V {0<8<n/2 (0,5d)
=TCosqQ O<r<1l
RESES £

I=3 jdq} Idejr cos? 8.1 sin Bdd
0 0 0

mf2

cos2 rS Zn
=3 | -2 9 — == (0.5d)
5 5
0 0
Cdch 2: (luong ty dé 1)...
1= jj(zy y2 —x )M 2dxdy ; D: X + yr £ 2y (0.5d)
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_ |x=rcosg . O=<p<2
Pat { ? Ll =D oD { ¢=cn (0.5d}
y=1+rsing Osr«l

n !
2 2
>1= fdpfu-r)*2rdr = = =5 (0.5d)
0¥ 9] 3

Cdch 3: Ap dung ngay Ostrogradski, tuong tydé 1 (v6iy = | + r.sinpcosd)

by Patx*=2y < x= \@ Sdx= 2 ——
v
[

j = jy @ (0.5d)
2- {2+2y)‘ 2 l+y) ‘

- La(L2) _r@'r@

a2 \2°2) 4 TR

I r?2 !
1 2 2 i
- . = (0.5d)

42 1 82

-

PE 3
DE THI MON GIAI TICH HOC KY II - K52 (Thoi gian 1am bi 90 phiit)

Cau I. (2,5 diém)
a) Tim hinh bao cla ho dudng cong 1 + Kix + 1) = ky® (k 12 tham s6).

by Cho ham s6 u = In{x + y2 + z‘) vi diém M (2:-2:1). Tinh a—i{M}

é !
theo huéng OM, (O 14 goc toa d§). Tim max |—— (M)
al
Cau IL (2.5 diém)
a) Tinh “’C OSX7Y) 4xdy. véi Dlahinh vusng ~ex <l Tyl
SIN X COS Y 6 3 6 3
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b) Tinh ”ﬂz| sin(x2 +y2 ydxdydz véi V xdc dinh bdi: Xt 4+ yz <qa, x 20

|z]<2.

Cau ITL. (2.5 diém)

a) Tim a dé bi€u thic }-'(axg —3l+xy )dx+x( —y1+xy )dx 14 vi phan

toan phdn clia ham $6 u(x.y) nao dé. Tun u.
b} Tinh Hsin(x?‘ + }-‘3 }] (yadx —x"'dy) vil AB 1a cung tron
AB

y=‘j3—x3.A ~4Z01.B] 250
2 2 2

Cau IV. (2.5 diém)
a) Tinh ”2xyzdydz +2yz7 dzdx + 3zx “dxdy.

vdi § 1a mat elipxoil 3x 4 2y" + 227 = |, huéng ra ngoai.
RS 1.

. . ; 3

b) Chang minh rang I{y) = J

0

X9
khodng (—=, 2). Tinh I'(y) va I{y).
DAP AN
Cau L. (2.54)

a) Phuong trinh ho dudng cong Fix,yki=1+ Kix+1)-ky*=0

Dé thay kheng ¢6 diém k¥ di.
Fi = 2k{x+1)-y" =0

yz
. Thé vao (1) 1a duge:
i+ 1)

T (D, (= (x+H=0ok=

o g
+ —° - =0 = y=4(x+ 1)
Hx+1y 20x+1)

(1)

2)

:] dx (x < 2). 1a ham s& kha vi rong

(0.5d)

(0.5d)
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by U, =

X+y% 42" X+¥" +2z X+y +z°
—
I -4 3
— Grad UMy = — = Sd
RS oso
— - -
|IOM| =3 = ¢ = Qf_=(g;i;l;] -
oM A3 33
21 24 13 13
= = (M== -+ 4.2 -~ (0.5d)
fe 37 37 37 21
la ' ”
Max —'—y—(M)‘z { Grad UM)| = @ ((.5d)
Ae 7
Cau I1. (2.5d)
W1~ ”cosxcosy+smxsmydxd j : ” dxdy 0.5)
Sinxcosy sin x
D D
AL cosxdx sin b 3 3
= _[d I . J"l I Y E[lnsinxﬁ;;ﬁ—lllcosy:ié}
6 wye SOX Mﬁcosy J
7 3
P Y IR ] (0.58)
& 3
X=rcos 2 2
byPat yy=rsing —» [Jl=rn Vo>V Jo<r<dn (0,5d)
=1z —-2<z<2
n/2 Jr 2
jd(p _[dr J|z| (sinr?)rdz = n- I(smr )—-—- _ﬂz|dz
-f200 -2
—Y 2
1 Jw 2
= —|—cosr? -2_|-zdz = n»LZ- 22| = 4rn (0,5d)
2 ] 0 2 0
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Cau IIL. (2.5d)

L

ay Py = ax'—{Jl+xy +~;—xy(1+n-:y)3

1

1l

|
~-1
Q= 4x' - -3;'1+xy+%xy(1+xy)-" _l

J
Didukien Q) = Py = a=4 (0.54)

X ¥
Ulxy) = I(de + I(x4 —x 31+ xy )dy+ C = x4y - %(lﬂ(y)‘”‘1 +C  (0,5d)

Il O

b) Cdch 1 Phuong tinh AB: x* +y? = g .
= I= Jl-(y-"dx—x?’dy-} (0.5¢) m‘v
Fva A B

Vi phuong trinh BA: y =0 — _[y?'dx - x'qdy =0
BA

Sl= I _ gb (0.5¢)

ABUBA ABUBA

Ap dung Gren = 1 = 3”(){2 +y2)dxdy =

D
n \m 1.4 \'ﬂj'rz '_%K“
=3 [de [trdr =30 — =" 0.5d

oo | 4 16 00

0 0 0
Cdch 2. (rruc 1iép)

T

Phuong trinh AB: o ta=mig=0

= Esint
Y 2
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3

¥ n ] In T i I ) T “
= I= J.sin—‘ —sin¢ —{—sint}—| .= cost —cost [dt 0.5d}
2 2 J 2 2 2 J

Tf 2 o rn
= J'l- T sin I+~F—LOS dt —-—-_[(1—2511'1 1 cos? Ude
4 4 h

{1_ 1—(.‘4054[](“ = iﬂ:—_ (0‘5(1)

Cau IV, (2 5¢)

ay Ap dung Ostrogradski —» 1= _”j(Zy2 +277 +3x2)dxdydz
\_.l'

3%+ 2P+ 228 < 1

i .
X=—rcospsinh
‘/g O<gp<2n
Dat y:— SINQsind ; |JJ——--r sinB: Vo Vii0<0<n (0.5d)
| { 2ﬁ O=r=]
Z=—=rcosg
= E
o r2dr 1 ] 2n
I= J'dtpj-mnede 2 ——-2n<[—cosemj-——-—- = — (0.5d)
o0 o 2¥3 235[] 5\/?:
b) Chitng minh I(y) kha vi
+x
¥x 3 ')'{}:'—2).‘( _
I'(y) = jq 3 i = st ¥ (In3ydx = | = (0,5d)
g* y-2 ‘ y-2
0 0 0
¥ 1 v
Vit =0->1I(y) = It—2 dt = —In|r-2HU
(0
2
=-Injy-2| +In2 = |112——— (y <2) (0,5d)
_)J
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PE 4
BE THI MON GIAI TICH HOC KY II - K52 (Thai gian tam bai 90 phit)

Cau L. (2.5 didm)

- N e . . [x =r1cost—sint
a) Tim do cong tai diém ung véi t = 1 clia duding ¢

|y =tsint+cost

b} Cho him sd u = : vi 2 digm M {1;1;-1), N(-1:2:1). Tinh

H(':-’u M )‘

f’_, {M) rheo hudng MN. Tim max
ol

el
Cau IL (2,5 diém)

4) Tinh ”____sin(x Y

dxdy ., vé1 D13 hinh vuéng 0<x <
Iy COsX oSy

1A
A

=

by Tinh J‘”|z| cos(x2 + )’2 ydxdydz v&i V xdc dinh boi: X +y' < 5 y 20,
3y
|z}<1.

Cau 1. (2.5 diém)

a) Tim a dé bidu thifc yg +4y,,-; dx + axy2 +~—lﬁ1 dy la wi
l+x7y~ 1+x7y )
phan toan phan clia ham sd u{x.y) ndo dd. Tim u.

b) Tinh j[cos(x2 +y2 ]] (ygdx—xgdy) véi AB 1a cung ron
AB

X = ﬁ'n—y2 .A(O:J;) . B[O:—\/;)
Cau [V. (2.5 diém)

a) Tinh ”3xﬂc1xdz+ 2)'3dzdx + z"dxdy .
S

vai S 1a mit clipxoit 3x% + 23‘2 + 27 = I, hudng ra ngodi.
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+oo _ ¥X

by Chitng minh ring I{y) = dx (y < 3). 12 ham s& kha vi trong

PO ¢
khodng (—. 3). Tinh I'(y) va Ky).
DAP AN
Cauv L. (2,54)
4 X' = =tsint, X7 = —sint — cost
y' = tecost, ¥' = cost — tsint {0,5d}
—)x’2+y‘2=r2— 1,

Y'X* - y'x" = (—tsintcost + tsin’t) - (—tsintcost — tcos?y = = |

1
*>C_(f2+yﬁfm ==t (0.5d)
2 2 2
bU" = x U, = Y Uy i
oyt o2 (x =y =g 3327 (x 3203
— Grad UM)y=({l.-1.-1) (0.5)
MN = (-2:12) > | MN| =3 = T = D0 =[_T2;l;~2-;]
|NIN| 3 33
=2 1.2 _-5 0.5d
& 33 3 3 ©34)
5U fT-F’
Max ?(M) = [Grad UM)| = V3 (0.5d)
4

Cau 1. (2,5d)

)= “smxcosy CosXSsiny dxdy = Hﬂdxdy+ J‘J’M dxdy (0.5d)
5 COSKCOS Y 5 COS X o Cos Y

n’}; T(Tsirmd‘( nji _[ s.mydr
, v 5 Cosx Cosy




a2

n
= 2x Z(—ln cosx|, = 5 (0.5¢)
x2 +y2 SE
2
byI=2 mz(r)(x? +y2ydxdy ViV {y=0 (0,5d)
VT D=z«
i{x:rcosq) OD=yp=n
Daliy:rsin(p = |Jl=r Vi Vi< 0<rsyn/2 {0.5d)
lz=1z 0=zl
L on w2
= I=2_[zdzjd<p J(cosrzj-rdr
n 0 -2
2 ! NI .
=21 — m-—sinr? = — {0.54
2 o v 2

| .
a) I’;, = 3y’ + — - s yq
1+x2y‘ (1+x y‘)2
2.2
2
Q= ay+ — XY
1+x2y2 (l+x2y")2
Diéu kien Q' = P;, = a=3 (0.5
X ¥ <
Ux.y) = IO-dx+ I[Bxyz + . 2de+C=xy"+arctgxy+C (0.3d)
0 0 L+x7y y
— ) A
b) Cdich 1: Phuong trinh AB: x*+y =x fn
= I= I(—l)(yjdx~x3dy) (0.5d)
AB
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Viphuong trinh BA: x =0 — _[(—1) (y';dx— x'}dy)z 0

BA
N g jtmmy“dx—x-‘dy) - qSy-‘dx--x-‘dy (0,5d)
ABUBA AB_RA

Ap dung Gren — [ = ”- 3(x° + yg)dxdy

b
hid \."‘E 4 v K
=-3 [do [rPedr ==3m ] = 3 (0.5d)
4 4
Do 0
Cdck 2. (trye tép) {tuong ur dé 3y
~ [x =7 cost
Phuong trinh AB: < v T I = E: p=-—
Y= Jrsint 2 2
-r/2 , _ gn3
= 1= _[(—l)(—n‘sii14r—ﬂ2cos4t)dt=—“— {0.5d)
+1/2 4

CaulV¥. (2 54y

4) Ap dung Ostrogradski — 1= 3(39{2 +2y7 + 27 ydxdydz
g | ¥ ¥

v
2y + 2
x—ircowpsine
V3 fpLin
Bt y:%rsin(\osinﬂ: |J|:Lf_-rgsi|19: VoV 40z8<a (05
V2 Vo O<r<
Z=T1COS(p

1

5

r.
546

1—32ﬂ1 Tsi ede1 2 1
= I((PJSI[] jr 5

0 0 0 N[_

211\/6

s
{}

=32 (— cos 8|:: ]
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by Chitng minh I{y) khé vi

+0 oy-Dx +on ~
Piy)= j (:_nj‘ dx = 237 - 3_1
(}2"‘ _( —Y) 0 "y
y Y
VIO =05 Iy) = jl'(l)d[ - _3dt
0 at-
= Y .3y
= Inlt 3”0 = 1In 3

{0.5d)
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VII. BANG HAM GAMMA

L0 = [1*e™gr v6il<x <2
«
{vdi cdc gid tri khédc sit dung cong thitc [(x + 1} = x['(x))

X T {x) X {x) X [(x) X Tx)
1,00 1,00000 1,25 ,80640 1,50 ,88623 175 819086
1,01 ,99433 1,26 ,80440 151 ,88659 1,78 92137

1,02 .95884 1,27 ,80250 1,52 88704 1.77 92376
1,03 98355 128 | 90072 1,63 88757 1,78 92623
1,04 97844 129 ,89904 1,54 88818 1.79 92877

1,05 97350 1,30 89747 1,55 89887 1,80 93138
106 96874 1.3 88600 1,56 88964 1,81 93408
107 96415 132 88464 1,67 89049 1,82 936856
1,08 95973 1,33 89338 1,68 89142 1:83 93989

1,09 95546 1.34 89222 1,59 89243 1.84 94264
1,10 95136 1,35 88115 1,60 89352 1.85 94561
1.1 94740 1,38 85018 1,61 89468 1,86 94869

112 84359 1,37 .88931 162 89592 187 05184
1,13 .93983 1,38 88854 183 89724 1,88 85507
1,14 ,83642 1,39 ,B88785 1.64 89864 189 95838

1,15 .83304 1,40 88726 1,85 80012 1,90 88177
1,16 ,92980 1,41 BB676 1,66 90167 1.9 96523
1,17 ,82670 1,42 88636 (. 1,67 .80330 1,92 06788
1,18 82373 1,43 88604 1,68 .80500 1,93 97240

1,18 92089 1,44 88581 1,69 90678 1,94 87610
1,20 91817 1,45 88566 1,70 90864 1,95 87588
1,21 91558 1,46 88560 1,71 91057 1,98 98374

1,22 91311 1,47 88563 1,72 91258 1,97 88768
1,23 91075 1,48 88575 1,73 81467 1,98 99171
1,24 90852 1,48 88595 1,74 ,91683 1,89 ,98581
2,00 1,00000
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BAI TAP GIAI TICH 1l

CHUUNG T

PHUONG TRINH VI PHAN

§1. PHUONG TRINH VI PHAN CAP MOT

1.1. Bai todn Cauchy

Bii wean Cauchy déi vai phitang trinh vi phian cidp mot:
¥ =X, ¥) (N
I bai todn tim nzhidm cua (1) v = v{(x) thoa min didu kién ban diu {su

kign) hav dicu kién Cauchy:

y(xy) = ¥, hay )"I\. .
LRI TS

=¥ (2)
Dinh 1y tan tqi va duy nhdt nghiém

e g Yy L e e :
Néu ham f{x, vy vi ———— li¢n e tai lan can didm (x,, y,) thi

Cy
trong lan ¢an dé phuong trinh (1) 160 tai mgt nghiém duy nhat ¥ = v(x)
thod midn didw Kicn (2) nehia T khi x = x, (hi ¥(x,) = v,

Nehi¢m caa bai win Cauchy (1), (2) goi 1 nghidm ridng cla
phuong trinh vi phan (1),

Nghicm 1éng quidt (hay tich phin 16ng quat) cta (1) 1a him v = y(x, O),

(pix, v, Y= 0), C = const:
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-no thoamin () vC & R

- cho di¢u kicn (2) Un xide dinh duge O duy nhat (¢ ¢ neghiem
ricng cua { 1)),

Nehiem bit thuamg et (1) fa nghicm khong thoa min cic didu kicn
cua dinh 19 60 tar vi duy nhilt nghi¢m trong lan can i diém (%.,.¥,)
1.2. Phuong trinh bi&n sé phéan ty

Dang:

MOOdx + Néyydy = 0
Tich phin téng qudt:

IM(x)tix + jN(y)&I_\* =C

1.3. Phueng trinh déng cép

Dang:

Cach giaiz dat = =y
X
ang:

. iyX+by+e
v o= - e

’ ax +by+¢
C6 the dua vé (1) bing cich dat x

+h,y=n+Kk
1.4. Phuang frinh tuyén tinh

I3ang:

¥ o+ Py = Qex)
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Phuaoge trinh thudn nhat teong ang:
Vi Pix)vy =0 (2)
Cacli viad
Ciiai (2) cde
v =(¢ St {3)
Col C = Cex) viveoi (33 Lnghigém coa (1) ta ¢b cong thie nglném

1éng quiit:

5 s
Jhaly . + [Poxuls

V= S J-(‘)_L- b (7 (4

[ J
\

((Xe, ¥o) € midu lién tue cua P, Q).

1.5. Phuong trinh Bermnoulli
Dang:

¥ o+ POOY = QOO L a =051
Cdeh gidi

Srh |

Bua vé phuang 1rinh tuyén tinh bang cich dat: v =

1.6. Phueng trinh vi phéan todn phén
Dang:
Pix, v)dx + Q(x, y)dy =0 (1

L. i (3 . .
vin — = n& trong mién duge xét I
: X

Cedelr yidi
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wix, v) = jl’(x, voads + IQ(x. vily + O

hay: u(x, vy = IP(x, vidx + IQ(.X:_,, Vidy + ¢

(X, ¥a)o (X, ¥) € 1)
Chit ¥

. I X Lo .
Phuong trinh P(x, v)dx + Q(x, vidy = 0 vdi — = ‘:?' ¢ the da vé
oy 5N

(1)

o= O pPdx + pQdy = 0 véi didu kién -?;---(}LP) = :’—"{].LQ) .
&y X

New = p(x); (p= w(y)) ta ¢éd phuong trinh xde dinh pwe

EAQ B (Al—’
dlnp _ dx oy
dx Q
o _ap
hoac: ding _ &x &y '
(l}’ P

}.7. Phiuong trinh Clairaut va Lagrange
Plucong reinh Cluirai

¥ =Xy + v
Nghic¢m téng qual:

v =X + ()
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Nehicon hat thudmg o duge bang cdch Kkl € tir he:
vo= x4+ ()
X+ p 4Cy=0

Plicong teinh Lugrunge
¥ =Xy + )

Cadolt ghidl:

Bt v'= p(x).

1.8. Bai todn quy dao géo e

- Tim ho dutmg cong 17 ¢t moi dudng cia ho Codix, v, Yy =0 (1)
dudi mot gée o = const (e = /2y, 17 goi La quy dao goc o (Irge giao) cla
ho C.

- Ceolr yidi:

Khir C tir (1) vi O(x) + @ v'= 0 ta duge phuang trinh vi phian cia

ho C:

F(x, v,y =0

s Y
-1

v'—ler . . e -
: — | ta ¢6 phuong trinh vi phan cua quy dio

Thay y' bdr —-—
L+ yigin

LY

2o o (e pined cua ho C.

Teudng hop ho C cho theo phuong trinh déc cue Dir, ¢, Cy = 0 1

IS 0 -

. Co . s I I
thay trong phuong trinh vi phan cua ho €: ' bai L] +lgn ‘I//L ‘—lguw
') 3 J

-

vit b vl = 7/l
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BALTAD
1. Nghiem lai rang cic hiim sau day 12 nghiem hay tich phan cua
cie phuong winh (wong ¥ing:

. \
hy= — X VMK + xdy = 0
2x ) -

~

By = loty) s (xy - X E T A -2y =0
Bai gidai

X - 1
DTacdy= ——— y'= — . —_ (x=0)
2x 2 2x°

y o
Mat khde, tir phuong tiinl da cho: vV = - 1 - = | (x = O).

X
Thay v, ¥ viio phuang trinh ndy ta cé:
e S C |
- — = = - 1 - - - + --
27 2 2% 2

Vivy= — Hinghiém caa phuong trinh did che (x 2 ().
o 2x s

2) Tuy =Tox + Iny, coi v = v(x) dao hium theo x phuong trinh nay

L dirge v = — hay xvy' = v 4+ xy'.

|

|
X

Lai duo hdm thee x phvong trinh nay ta due:

hay: (Xy =Xy 4 Xy 4+ yy -2y =0

Viy x = laxy 14 tich phan coa phuong trinh di cho (x, v =0,

2. Guai viie phuomg trinh bién <& phan ly:
1) g7 xsin’ydx + cos'xeotgivdy = 0

392



2y -y =y

. |
3 y'sink=yiny, v

r =1
-

D = (8 v+ Y
3) (28 + 3y - Ddx + (dx + 0y - Sidy =10

O Al

6y v = I~ =y~ — X |—
i \\ . /'I i

Bai gidi
1Y te ssintydx + cosTxcotg’vdy = 0 (1)

toxdx cot avily L
= + =t =) (cosTxR.sTy = ()

COST X STy
= colgTy =tgx + O

2yxy' -y =y i oxdy = (v 4 yadx (D

dy dx dy vidy dx
— R S— . -',_(}]_,—‘_;:—

vty X ¥ yo +1 X

= lny -In JI +}': =Inx - In I( L OO

Cy . . . . .
= x= —— Ja tich phan tong qudt cua (1)
I+

Thar triee i¢p: v = O cling 13 nghi¢m (nghi¢m riéng) e (1).

3 y'sinx = vlny, v = 0, \ = =1
Phan 1y bidn 6 ta duge:
dy dx X ;
= = ln(luy]zin(tg—' +In‘("|.(.‘¢(>
viny SINX . 2J '
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N Ce .
= Iny =Clg 5 theo didn kién ban diu:

T
4

Inl =g = C=0 = Iny=1),

Vay v = [ la nghi¢m riéng cua phugng trinh véi dido kién ban ddu

dit cho,

4V =KX+ 2y + 1)°

Palu=8x +2y + | = u' =%+ 2y

= y'= Jacd — =
2
. - du
= U =840 = - =dx
X+ 2u-

1 u u .
= Tuallg— =X+ — Darclg— =4x + (
4 i

=2 + ) = B+ 2y 4+ 1 = ek + C): T tich phan 16ng

guit cha phuong triinh di cho.

SY2Xx 43y - DAX +H(dx + 0y - S)dy =0 (1)

. du - 2dx
Palu=2x+3y = du=2dx+ 3dy, dv = —2 | thay vio (1)

ta dugre:

lu — 2d;
(u- Ddx + u - )=
hay phan by bidn sa;
{2u-5
| M7 du=dx (us 7
u-7

394



Tich phan a duoe:

2u + 9Inlu —7| =x + 3C
Tres lai bidn ci:

AX 4 6y - x +9Infu 7= ac

hay ® 4+ 2v + 31 2x + 3y —7| = (" 1a tich phin tong quit cui pirrang
trinh da cho.

; —

6y ¥ = |4 v - x|= (D
).I_\_.'

Chuyén sang toa do doc cue: X = rcosp, ¥ = Ising

\ B Yo '8 & reosg
},-' = } . = f - —_—
X, E'COsg — Ting

Thay vio phueong trinh (1) ta ¢6:

PSP 4 TCOSP 1= Teosq - cosip
T Cosp — rsip rsing sinp

hay POl - cosp) = - rsing

Phan ly bicn s0 G duge:
ir lfcos: i
@ (—-(%(—)ﬂ Inr = - In{l - cosgp) + In (.‘!_, C=z0
T 1 — cosg '

hay 1= ——— . 1Trd lai bicn x, ¥ ta duge vi= 20% 4+ O latich
1 —cosg

phian téng qudt ¢ta phuong trinh di cho.

3. Cdc phuong trinh sau day cé nghi¢m bal thutmg khong?
, S0y

oy —
I +x7
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Bai giai
siny cosy .
—=. I = T ien e ok, Vi) € 7, do do
IT+x- I +x- ’
theo (1.1 thi ¢6 1 onghicm duy nhit ¥ = v(x) cha phone tinh thod mén
didu Kign ban diu v =y,

Tl -

Vay phueng trinh khone o6 nghi¢m bt thuone.

Po)

Néu f(x, vy = = - PoQ dh cie da thive coa cde bien s, v b
Qix, ¥) ’

phuong trinh cing khong 6 nghicm bat thudme i kbi dé fix, ¥) vl

s,y .. ) . . . .

— [ hién e Wi, vy e R, trir eie dicm (x, v Qix, vy = 0 ¢S (IS
B b )

13 dicm bat thudmg cua phuong 1rinh.

VI230 3, ) déu od dang v = S22 e G phwong trinh niy

khong ¢6 nghi¢m bat thudmg.

4. 1) Tim mot didmg cong ¢ doan GEp (uyén gdm gifia 1HEp didm va

truc hoanh bang khodng cich i ticp didm dén goc 10a do.

2y Fheo dinh Tuat Newton: (6 do giam nhict coa ot vat 1ol véi
do chenh 1¢ch nhict dé ciaa vil va khong khi.

Tim quy Tuat giam nhi¢t cua vit, bict rang sau 20 phit nhi¢t do cia
val giim 1 100°C xudng 60"C vi nhiét do cha khong khi 15 20°C. Sau
bao Taw nhict do cha vat giam xuong 30°C?

Bai gidi Y )

1y Phuone trinh M
ciua 1ifp tuyvén wdbi

[
dutng v = v(x) tai [
M(x, yv) I ;
o
Y =v + v(X-X) P T\ X
{(Iiinh 1
Hinh 1.



}.

O =X =% - - (Y =0

— - = e S —n Ve

PI= 0 -0pP =- =, M =M+ P =y 4+ T
Y v -

, o _ o
Theo diu b M = OV hay ¥" 4 == =X+ ¥
o

¥, . «

Do do: v = vii vy =Cx hoac v= —

I+

X

-

I3 phuong trinh clia ciic ho dudmg cong phai tine.

2y Theo v nuhia co hoe cha dao ham viv theo ddu bai. gia su 'l =Tt

I3 nhict do cua vat i tha dicm Cihi ta ¢ phuong rinh:

dr . e
- = ROT - 200 widi k Hohe so o 1
i
T phatong trink nay La e

T =200+ CeM
Tait=02 100=20+Ce" o C=X0
Khi dé: 1= 20 + S0

Theo g thict, he so U 1¢ k duge xde dinh ur

60 = 20 + gug™™

hay k=- 2
’ 20
Irll! 1
Vi T=20+80c ™ =204+580.2 7

Bay idr ta xdce dinh € kWi vat giam xuong 30°C:

=204 80,2
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vl =60

1.3

|
hav  —
bl

3. Gran edc phirong trinh vi phan dang ciip:

Pyex - vivdx - x"dv = 00

2 vdx + (24fxy -y =0

X - 3y X + 2xvdy = 0, Wl =

A -vHIX 2y -5+ Ddy =0
ro A

Sy iy adn 4 dy =0
WX /

Bai gidi

1) ix - ¥)ydx - x7dv =0

. 3 ¥ v
Y == ='—-(“—],x:(l
x \X/

¥ v ' :
Bal = =u, v =0+ x.u', lacé
X

\ - dx du
H+xu =u-u = —— = ..
X - U

| |
v = o+ njC. C 20
il '

| \

= x=Cc hay x =Ce’ 1 tich phian tdéng quat caa phueng trinh.

Ra rang » = O eling 18 nghidm coa phuang trinh (nghicm ricng™?).
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2y vidx + (24xy - x)dy =0

Pat ¥y = xu L duge:

u 1-2 '1_1 dx
W+ Xy = — s = -—?ﬂ_du = — {uz0hayy=0)
- 2\[[1 21U X
! .
= - — - Iniu| = 111|x|| -C
u

X P e o P : x
hay x]— + ln|y| = A tich phan 16ng quidt cia phuong trinh di cho.
v

Ro riute x = 0, v = 0 ciing L cde nghi¢m coa phuong trinh (nghi¢m

ricng).

3 (x7 - 3ydx + 2xydv =0

T
| . K | 1
iy 3vr —x X
= = = = =~ xz 0
) . N
dx 23y 5
X
. v
bat — = u ta duge:
X
\ KITRa 2udu dx
U+ xuo' = hay — = —
2u u- —1 X

. | 1
— anfuT =1 =l + ln;("! =M
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— -l =0 = =Cx + |

T
= ¥V =2 R UN ]

|

So - i O — 3 -

theo dicu kicn ¥ = 1t ldy nehicm: v = xJOx+1 = 20+ | = n -
- LI T "

-
. Al
C=- -,

h

NE
Tacd nghiem ricng: v =x,i1-2x

(X - ¥R+ (2v - x + Ndy =0

dy X—¥
— = - =
dx x=2v—|

Butx=x,+h, v=yv, +k tadiroe:

dy, X, ~h-y -k X, -y, +h-k
idx, X.rh-2(v, 1k)-1 X, —2¥ +h- 2k -1
Chonh =k = -1 1li:
P
dy X, X
=Ty B SO
ix, X, -2y, j_a ¥
x|
Bat v /x, = u, ta duge:
, - u {1 Tuxdu dx,
u+ X = hay S - = e
1--2u 2u - 2uil X
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Lay tich phan ta dugc:
x1Qu? =20+ =C

hay x* + 2y — 2xy + 2y = C. C =consl

2 d
2) [—z—szdx+dy=0hay —y=y2 —%
X dx X
baty = E, (x=0), ¥y = Z———z,ta duge:
X X ox
2.z _# 2
X x° X x?
= xz-z=2z'-2
dz dx
= 2—-—:-
z°+z-2 X
Tich phan ta dugc:
Y2l - oy (C = 0) hay ol e
Xy+2

Z+2

Giai theo vy ta cé:

C+2x° -
& o3

y - T= 3 ¥
(C—x"1%
6. 1y Tim mot dudng cé dé dai cha hinh chiéu cba doan ti€p tuyén
gdm giira ti€p diém va truc hoanh trén truc hoanh (goi 12 tiép anh) bang
trung binh coéng cdc toa do cha tiép diém.
2y Tim dang ciia mot guong biét rAng mei chiim tia téi song song

chi€u vao guong thi cdc tia phan chi€u hoi tu tai mét diém.
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Bai gidi

17 Fheo 1) bai 4:
PT = - L (hinh 2).
y

Thee gia thiét:

v X+y ¥ Xty
= = = hay = =% -
¥ y 2
s P 2y .
Xétdau + 1 cdy = —— Hinh 2.
X+ v

Phurong trinh ndy ta phwong trinh dang
16ng qudt cha né I

cAp, gidi ta duge tich phan
(X -y =Cy (C=0)
S 1a phuong trinh caa mot ho dudng paraboles trong mat phang
(AC - B* = 0 : tiéu chudn phan loai).

2y Theo gid thi#t via chon hé toa dé nhu linh 3 ta cé:

T’ 19

/T e O\H X

Hinh 3.
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SMiT = GMTL, GTM = SMT'

= OIM=0MT = AMOT cin = O = (OM

18O0TM = y' (1), mat khic Igmz —_—

PM =v. 1P =10 - PO = OM - PO

JT e

I

Theo (1) vh (2), tacd v’ = -
X7 +Y¥Y +X

b6 1 phuong trinh dang cap. Pal x = 2.y ta diroe:

(\l'z"y: +y7 +zyddy - y(zdy + vdz) = 0

hay J}‘ +1dy - yde =0
dy  de

Stiimioo = U

130 dos R
v+

1

v

= Iny - in{z + v'r'x,: +1y=-1InC, (C, =M
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hay: vl = 2(.‘.(}( + =

NS
R —y

Vav dung cua guong 1h mat parboloide tron xouy.

7. Guai vie phuong (rinh wyén tinh cip mot v Bernoulli;

Py oy - vsinx = sinxcoss

B+ yda = \,I"l +37 Ny - Xy udy

|
. i
Doyt = iy =0
COSX v
5 xy 4+ v =yilox, w =1
2x

6 y=——7 -
XTCosy +usin 2y

Bai gidi
) y' - ysinx = sinx.cosx (1)

Giidi phuong trinh thuan nhat:

= sinxdx

¥y o-ysinx =0 =
v

= y=Ce
Cot C=Cix)y thiy = Cixx™"" thay vioe (1)

AT Y JRr e

Cle ™ 4 Csinxe ™ - (g SINX = SINNCosy

= C'=sinxeosxe ™

404



LEae

= (X)) =- Jcnsx ¢ Nlicosx) = - 'l-uc"du flu = Ccosxy,

Cixy=-uc"+ "+ ¢
=2l -u)- C
=™ ] - cosx) + C

Vav: Vo= (YN - cosx) + C e

= (_«.‘ + (1 - cosx)

I nghi¢m tonge quit coa (1).

Coi C=0(x) 0y = C + 17 thay vdo (1)

(“(\3:]'—3’(‘(}():&;-{-; = ,\'":(I‘PX:}(F-FX)

C = const

\ X . .
2y Frgy = Sy = ovieosy sy = X0 {cosy 2 ()
coNy

Pat siny = u = v'cosy = u'
= u+u=x = u=0Cc"+(x-1

= siny = Coe” +(x - 1) la tich phan 16ng quét cOa (1.

ML+ yhdx

(1 +y siny - xy¥dy (1)
Coi X = x{y), (1) viél dugre:

dx . Y .- siny
dy ,']+},3 '||l+y1

Giiai phuong trinh thufin nhat:

(2)
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dx vy C
—_— = = = x =

X 1+y~ JI+y°

. (v .
CoiC=Cy):x = S thay vao (2)

\ll'l+_\-':

(."()’) = Sill}’ == (‘(}’) = - COSY + (_“

—cosy+C

— —
= x= hay x4fl+y" +cosy = C

F+y°

1a tich phan tong qudt coa (1).

DY -vex = —— (y =042)
COSX v
s . dy i
Ghai: Yoovtax =0 = — = gxdx = dx
y COSX

Iny = - lrcosx + InC, C =0

N X . Cix)
y=——,coC=0C(x):v=
COSX COSX

Thay vie (1), C'(x) = | = C(x)=x + C

Xx+C .. v JU
Vivy = li nghidm téng qudt cha ¢
COSX

Theo (2): 0= . Viyy= >
COSX

P nghi¢m riéng phai tim.

S oxy' v =yinx (1, v, =1 (D

|
. ' 1 . .
T (1) vy + I mx : phuong trinh Bernoulli.
X X
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Oday:oo=2,dat 2=y " =y,

Ta duge:

,+? Inx
oy B2
X X

. 7 lirx

hay - — = —
X X

Giai phuong trinh nay ta duge:

1 ]
7 = ]"—x+—+(.‘. x=Inx + 1 +Cx
X X

1
Theo (2) thi: Z|.‘:--l = T =1

Dodé: 1 =0+ 1 +C hay C=1.

. l P . TP
Thay z = —, ta ¢d nghié¢m cua b toan (13, (2}
v
1
y = —-
Inx+1
cy 2x
06y — = — ; (1
dx XTCOosy +asiny
dx XCOSY asin2y
— = + x
dy 2 2
Phuong trinh Bernoulli v6i dn hiun x = x(y) vai oo = - 1. bDarz = X

= x~ ta duoge:

7' = seosy 4+ asin2y
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Giai phuong trinh nay va thay z = x* ta duge tich phan tng qudt cla
(1) 1a:

x? = Ce*™ — 2a(sin + 1)

8. 1) Tim mot dudng cong biét

ring dién tich tam gidc gii han bdi Y
iruc Ox, ti€p tuyén va ban kinh vecteur M
tai tiép diém bing mot hang 56 a. A
- .

2) Tim cung AM biét ring hoanh .
do trong tdm cOa hinh OPMA (hinh 4) o P >
bing 3/4 hoanh d6 cla didm M.

3) Tim y tir phuong trinh: Hinh 4.

X X
X Iydx =(x+ 1) jxydx

0 0
4) Doi bién t = y(x) dé dua phuong trinh y° = p(x).y = 0 vé phuong
trinh v&i hé s§ hang s6 réi gidi phuong trinh nay. '
5) Nghiém tdng quét cha mot phwang trinh tuyén tinh cdp mot ¢
dang ¥ = A(x)C + B(x) (1) (C = const). Ching minh diéu nguoe lai; Néu
mot phuong trinh vi phan cdp mot c¢é nghiém téng quét (1) thi phuong

trinh d6 1a mot phuong trinh vi phan tuyén tinh cdp mét.

Bai gidi
OT.PM

1) Ta ¢6 dién tich tam gidc a = .PM = |y| {hinh 5).

Phuong trinh cia ti€p tuyén véi dudng cong tai M(x, y):

Y-y=y(X-X)
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Do do:

. xv' oy
Ol = [X| = ==
¥
Vay 1a ¢ phuong M
trinh: |
|
| r
Xy'-y A
—-.y| = 2a
y' o P T
hay: ¥ixy' - vy =2 2ay'

. . . Hinh 5.
X¢t diau +1a co:

Col x = x{¥) 12 duoc:

dx X 2a

dy oy y°

6 12 mét phuong trinh tuy&n tinh cap méot véi an ham x = x(v),
a+ey
).’

Ro rang v = 0 cling 1a nghiém ¢ia phuong trinh.

¢idi a cé nghiem 10ng qudt: x = hay xy = ¢y’ + a (y # O).

Viy dutng cong phii tim 1a mot ho dudmg hyperboles:
- . . 1y
cy -xv+a=0 (AC-B=- —i < (N

2

vitrue Ox: v = 0,

2% Ta bicl né AM: v = vix), M(x, ¥) thi heanh do wong tam <ua

hinh OAMP (hinh 4) &

409



X = A
- 1
Iydx
1]
Theo gia thide:

* X
. 3]
nydx = = f_vdx.x
0 4 ?)

Bao ham hai v& theo x ta duge:

X 3 x
vdx + IX'V hay xy= 3jydx
4]

EEu RN

4l

Lai dao him theo x:

hay v - Sy =<0
X
hiai phuong

trinh nay 1a duge y = Cx* 1 ho dudng cong phai tim
(cunge ANM).

—

M xydx =(x + ])J'xydx

1]

Twong tr nhu 2), dao ham 2 Tin ta duge phuong trinh:
Xy 4+ (3x- Dy =0

Giail phuong trinh ndy ta duge:
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¥+ pxy =0

iy dyv . .
< = 2= 1" _thay vio phuong trinh:

Déi bien t = ((x), y' = —
ilx dt

Iy
(__\' '11‘: + p(x)'}r ={}
dt

Chon 1', = p(x). hay ((x) = jp(x)dx thi ta duege phuong teinh:

o] ,
P(X){d—}ﬂ' i = 0 hay dy +y=0
L dt J d

vdi he s6 hang 6 (p(x)y = 1)
Vich phan phuong trinh ndy a duge:

y=C¢'=Ce

5) Tir nghig¢m téng qudt ciia phuong trinh:
v =AXLO+BX) (D
Bao hiun theo x ta duge:
y' = CAK) + B(x) (2)
Khie €t (13, (2):

y = 2 BOY v + B0

,OA'X) AB(x) - AT(X)B(x)
hay vo- ¥ =

Alx) 7 A

S 13 mot phuong trinh vi phan tuyén tinh cap mot vai:

by = - N o AR - ACOR)
-‘\(\) -}\(X)
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Y. Gl cde phuemg trinh vi phan toin phin hoae cic phuong trinh

dua duge ve phuong trinh i phan toan phén:

D (7 + v+ 2xudx + 2xvdy =10

2) (x + ey + c"’-";[ 1 —i}ly =0, ¥ , =2
II\ y vl
3 xdx + vdy + \kﬂ =0
X7 4y"
Ividx by
1) (x + 2yydx b ydy —0.y — 0

(x+y): *

5) (X + ¥ydx - 2xydy =0

G) 2 + (¥ - Inxddy =0
X

Bai gidi
1) (X7 + v+ 2xudx + 2xvdy =0 ()

Theo (1.6), & day P=x" + vy~ + 2x, Q = 2xy.

Vay phuong rinh (1) 1a phuong trinh vi phan todn phan. Tich phan
(Gug gudl eia (1) 1a:

ulx, v) = J‘(x"' < 23dx + {2xvdy = C (theo 1.0)

[y il
X ; s
hay: — X+ vt =
3 3
(x. = v, =0wong R midn lien tue caa P, Q).
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—3"-] dy =0 (I, y, =2 (2)

) LY
P X :
P=x+ ¢, _‘—:-—,_U
ey ¥
s 1
: Qv x NN
Q‘L‘|]—£|,‘¥:—L\tl——w+u[——W
Loy, &y Yy Y
: (1 op
= - ‘(‘c‘,\;‘_y—_gz—\d
V- X Y
u(x, y) = 1 ldx +j- x+¢t ldx =C
i) /,ll
X . .
=v- 1+ — +yce’ -y=¢(
2
X L= - -
hay: Syl =0 (C =1+40)
! 2
Theo (21 0+2=C hay ¢ =2,

kS

pa N s A ‘s - .- .
Viav T-- 4+ vet = 2 [actich phan riéng cua bi tadn (1), (2).

1y xebx 4 yedy + YN Ly k) 2 0.0)

XN

(1) 14 phitong trinh vi phan toin phan, vi né ¢d (he vict:

)=

- i + ¥ N+ (i] arcly

m'-—-
k(|><

Viy tich phan tong quit cia ¢ 1) L

. . X .
A+ v+ Zarcle— =
v
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(X +2y)dx +ydy _

4) : =0
(x+y)2 |x:|
P x+2y) 1 LY
(x+y) XY (x+y)?
1 LAY 2y
& x4yt x+y) ey
__ ¥y . 0Q_ 2y
Q= ——1 = Y
(x+y)” X (x+yy
gy X

Trong mién lién tuc clia P, Q ta ¢6 tich phan tdng qudt cita phuong
trinh la:

’} x+2y j
o (X+ y
{Xq = 0.y, =1 trong miép lién tuc ciia P, Q)

hay: In(x+y) — =

X+y
Theo diéu kién ban ddu 0 = C.

Vay tich phan riéng coa phuong trinh la:

In(x+y) ~ =0

x+y
5) (x + yhdx - 2xydy =0 (1)

AP Q
P=x+ 2;r—:2 : -2x ==2
X+y 3y y: Q= ¥s x y

giﬁ phuong trinh (1) khéng 12 phwong trinh vi phan toin phan.

Theo chd y & (1.6) ta s& tim thira s& p dé nhan v& hai v€ ciia (1), phuong
trinh s& thanh phuong trinh vi phan toan phin, ¢ day:
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[.@Q_&P]
dinp _ \&x &) 2

dx Q T X

Dodép = % va ta ¢é phuong trinh vi phan toan phin:
X

2
(x+y )d>;+2xydy =0 (2) (x#0)
X
2
hay d—x+-y—--t:h(—2-y-dy:0
X x? X

Ldy x, = 1, v, = 0 ta c¢6 tich phan 1éng quat ctia phuong trinh la:

j +jy dx—jzydy C
vl

2

hay 1n|x| Y ¢

X

6) Ldx+(y’ —Inx)dy =0
y

R_k
dlnp  x y _ 2
d

2
Tuong tu nhu (5), O day 5= _T" =_=
X

y
Dodé p= —12— v ta ¢6 phuong trinh vi phan toan phdn:
y

d—K+ y_ln_x dy=0
Xy y

Lay x, = ¥, = 1, tich phan ta duge:

dx Inl
—+J{Y“"T}’Y=C
PXY ¥

2

hay ilnx+y?=C

¥
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10. Tim qu¥ dao truc giao cia céc ho dudng cong:
1) (x - a¥ +(y—-b¥=R? (a.b=const)
2) r = 2asing
Tim he qu§ dao goc o = %
3) Ho cdc nira dudng thang qua gdc toa do O.
Bai gidi
1) Ta ¢6 phuong trinh vi phan ciia ho dudng tron bang cich khir R tir
hé da cho
(x-a) +(y-b)’ =R’
{2(x—a)+2(y—b)y’=0
ta duge:
(x—a)y+2(y-byy =0
Thay y' béi —% ta duge phuang trinh vi phan cha ho quy dac truc
giao phai tim:

dx dy
X-—a v—b

(X—ﬁ)~(y—b)i,=0 hay
¥

= y — b = C(x — a) |2 phrong trinh cla ho dudng thang qua tam cia

ho dudng trdon di cho.

2) {r = 2asing

I, = 2acosy

Khir a ta ¢é phuong trinh vi phan cta ho da cho: 1 = rcotgeg.
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1

Iheo (1.8, thay 1 trong phucng trinh ndy boéi - — ta ¢d phuong
'
trinh vi phan coa ho qu¥ dao tree giao cita ho d3 cho;

r \
— =rcotgp hay ' = -rgp {1

(Trong trudmg hop guy dao trire giao: 1a bift v, v' [a goce gilta bin

Kinh vectenwr cua giao dicm coa hai dudmg cla hai ho v HEp tuydn vdi

f=

hai duong ta grao dicm do thi tgy = - cotgv', ta L bict tgv = — (tap 1,
'
€3, §4).

Do d6 r/r” duge thay bdi - r'fr hay © duge thay bai - rifr.

Bav gidy gidi (1):

dr
— = -1apde
'

= 1 =2Ccosp

Viay quy dao rue giao coa hy dudng ron r = 2asing (gua gée O v
L trén O cling 1 mot ho dudng trom (cling qua o8¢ O nhing tam 1rén
Ox}). '

Chui ¥

Ta ¢6 the dua phuong trinh r = 2asineg v& phuong trinh Descartes:

NET T =2n

hay x™ + y* = 2ay

o1 tim qu¥ dao true giao cua ho nity nhu 1) hoae 23,

3) Pharong trinh cua ho cdc nia duomg thang qua ede toa do (-
v =k, Do dé y' =k, khir k ta duee:
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y=2
X

- Ve - T N
Iheo (B.1) thay ¥ héi —— |, (lgx = lg — = 1), 1a duge plivang trinh
v+ 3
X+v

vl phiin cua ho phai tim 1a: y" = . day a4 phuong tinh dang cap, dat

X—-¥

¥ = ux ¥a gidi ta duge ho quy duo phai tim 14:

L ¥
; ArvIE
| T «C »

Vx3+y =C.¢

DSE sang 1oa do doc cye ta duge ¢ = Ce®, dé 1a ho dudng xodn 6c

logarithies.

11. Giai cdc phuong trinh Clairaut va Lagrange:

17 y=xy' +y

2y v=axy' 4+ \,Ifl +y°

3 y=(I+yIx+y”

Bai gidi

1) Theo 1.7y, phuong trinh ¥ = xy¥' + y* (1) la pheong trinh
Clairaut. Nghi¢m tdng quat ¥a: '

y=Cx +C, (p¥)=¥"

Nghi¢m bat thudmg: khir C i hé:

y=x +C
O=x+1
= x =- | :khong 12 nghicm ¢lia (1). Vay phueng tinh (1) khong

cd nghiém bal thuimy.
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2y y = xy' + y1+y" (1)

Nghiém 1ong quit cita (1):

v=Cx + J1+¢

Nehi¢o bat thudmg, khir € tir hé:

y=Cx + J:—T

o J— I
= e b 130 = Y—
! J1+(‘3 VI+C°

=» x4+ ¥7 =1 latich phan bat thudmg coa (1).

Ny=(l+yIx+y" (1
By 1h phuong trinh Lagrange (ply"y = 1 4 v, yi(y) = y"7).
Bat y' = p, o duge:
y=(l+px+p ()
Vi phan theo x ta dirge:
pdx = (1 + pydx + xdp + 2pdp
hay ax +x=-2p

dp

tay 1 phuong (rich tuvén tinh cdp mot an bun x = x(p), gidi ta

duge:

x=Col+2(1 - p) (3)
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Tir (2). (3) ta ¢6 nghiém tong quét clia (1) dudi dang tham sg:
{x =Ce P+ 2(1l - p)
y=C(l+p)c_P—p2+2
12. Gidi cdc phuong trinh vi phan cap mét cic loai
D oxy” + 2xy' -y=0

2y x lnidy—ydx =0
}!

3} oy =Xy 4y iny’
4y =gl
X X

=2

w=lt

5) y'cotg + y = 2, y|

Bai gidi
D xy 2 +2xy' —y=0 (1)

Gidi (1} dai véi y°, ta duge:

y=-l+ f1+X @)y =-1- 1+ )
X X

y" xdc dinh trong mién x(x + y) > 0.

(2)., (3} 1a cdc phuong trinh ding cip. Giai (2), dat y = ux ta duge:

XU = -1+ +l+u=-~u

d
hay &

l+u-+1l+u X

Dat ¥t+u =1, 1 +u=1¢ du=2tdt
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Mdv dx ) 2t dx

o Iolo=o 2 - =. 2
=1 X 1-1 X
R (S
= In{t- 1y =In"—| (C =
| %
= (- 1= ", 0d la bicn ¢, la duge tich phan 1dng quit

X

cna (2):

Tuong 1y, nghiém téng qudl cia (3} Ia:
o .
i v O
\,HL +1| = -2 (5)
VX

(), (5) ¢6 thd vict

(2 +y - -2 +xy =0 (@)

X +y-Or+24yx +xy =0 (59

Nhan (4 vdi (57 ta duge tich phan téng qudt cua phirong trinh da
cho la:

2x+y-CP - HxT+xy)=0

hay (v - () = 4Cx (6) (ho cdc paraboles)
Pao him () theo C:

-2y - =4x (7}
Khi C tir (6), (73 ta duae nghi¢m bat thudng caa (1):

X+yv=40
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(thie v = - x 13 | nghig¢m cda (1.

Chit v

Nghi¢m bit thuong ciing nhan duge bang cdach khi p tir hi:
[xp3 +2xp—y =0
; = X+ y=10

lpr+2x =0

: N X . X
Néu 2p-x=0thip= 3 thay vio (1) ta duge; v = e

Nghi¢m nity chinb li nghiém bat thuang cia (1),

2) xlnidy -ydx =0 (D)
b

o

dx X, X . : A A
— = —In— {2} phuong trinh dang cdp vai an ham x = x(y).
dy }_ '_r
Lo X du
bat —=u=> — =u+y--
¥ dy dy
e du dy
re(2y =» @ —— = -2
u(lnu—13 v
= 1n|ln u- ]| =In|Cy|.C 20
“ X Cy el
= hu=Cy+1| = — =u
}.:
= x=ye?* L tich phan 16ng quit cita (1).

By =xy +yIny’ (1) phuong trinh Clairaut v&i v’y = viny

Theo (1.7) nghiém tdne quit cioa (1) L
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vy = (x + ClnC ()

Nghiem bit thuimg ¢ duge bang cdch khir C tir he gom (2) va
phuong trinh:

O=x+InC+1
ta duoe: vzt (1)

(1é dang thir 1ai (3) 1& nghig¢m ¢da (1)),

¥ v . . .
)y = = g (1} phuong trinh dang cdp.
X X
. Yoo . du dx .
Patu= < thiu+ xu' =tgu +u hay = — = smu=0(Cx
X 12u %

= u=arcsinCx = y = xaresinCx 1a nghi¢in 1éng qudt cha (1).

5) yeotgx +y =2 (1), -\-"Ii_.-.u =2 (2)

=» v 4+ 1gx.y = 2lgx 1 phuong trinh tuyén tinh.
Gidi phuong (rinh ndy taduge nghiém (ong qual ¢l (i
y =2+ Ceosx
Theo (2 2=2+C = C=0.

Viay nghi¢m cua bl todn: y = 2.

§2. PHUCONG TRINH Vi PHAN CAP CAO

z.1. Bai todn Cauchy
1o todn 1im nghid¢m coa phuong trinh vi phan ciap m
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)_,-1|' - ]"(X, ¥, .\.‘,r‘ . y-:u-l ) (1}

thod mén cie dicu kién ban diu (didu kign Cauchy):

r o T . fun

\’ = "‘ iy = ; - -_— . 2
SN Yo, ¥ v ¥ Y - ¥ (2)

£o1 L bai todn Cauchy cita phuong trinh (1).

= Nghiém coa bai todn Cauchy (1) - (2) got la nghiém ridug cia
pluromg trinh ().

- Nghi¢m téng qudt coa (1) 13 haun:
Yy, CL0, L, 0)

thod man (1), VO, C,, ..., C, & R vi 1ir (2) Xic dinh duge C,, C,, ..., C,
duy nhai.
Bink Iy t6n tai duy nhat
Neu ham fix, y, ¥, .., ¥ lién e trong lan can cia diém
Mo(Xge ¥ao ¥'ou s ¥ ) € R thi (1) 06 nghi¢m y = y(x) trong lan can
cha X, thod min (2).
» J of ] . .. . s . N
New —, —, ., o cing Iidn we tai dicm M, thi vy = y(x) 1a
oy Oy o

nghi¢m duy nhat.

2.2. Phuong trinh ¢dp cao cd thé ha thdp cdp

- Dang: ™ = f(x) (1)
Cich giai: ¥y = [feadx +C,

P = “j Meodxdx.d + Cx"'+ .+ C, x +C,
[ S ’
n tan
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- Dang: v = x, v (PG YT T Ly = 0) (vang ¥) (2)
Cach giai Pty = p. 'V = ph

Ta duge phuong inh ¢ap mdt (eip n - k.

- Dang v = My, v (v, v, o ¥™) = 0) (vang XY (3)

Cich giai: Paty’ = piy) 1hi ha duge cdp cua (3) xudng maot don vio

2.3. Phuong trinh tuyén finh cdp cao

Dang: ¥ +a,(xy™"" 4+ axy = (X))
Bat Liv] = ¥ + a2,y + L+ a )y
Phuong trinh thuin nhat:

I.ly] =0 (n
Phuone trinh khong thudn nhat

Livi=[x} (2)
Pinh nghia:

He ham v, (x), ¥a(X) o, V00, (v ) 2 0,1= 1,2, ., m) VX € X 201
13 doc 1ap tuyén tinh néu:

Cy )+ CoyalX) 4+ .+ Cy(xy=0
chi khi 9C =00 =1,2,..,1)
Neuge Lai thi hé hadm do goi La phu thudc tuyén tinh.

.. v {x
Hac bict n = 2- = '{( ]) 2z const (= consty tht v.(x), vo{x) 1a déc lap
v.(X

(phu thude) tuyén tinh.
Pinh Iy
I".N&ully|=0@G=1,2,...mihi:

Lyl = L]C vy () + Cav(X) + .+ Cy (x)] =0, 9% € X
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2°. Pidu kign can vir di dE he nghigm v, (x). yo(x), ..., v, (xY clia (1)
fa doc tap tuyen tinh (he¢ nghiém ca ban) L

Binh thie Wronskien cia (1):

¥, (%) yaAx) -y (X) 1
W (x) = | Yo v v =0, ¥x € X
P
‘.\.']“ T YT ey (x)

3% NEU v (XD, ¥oAX), ., ¥ (x), ¥x € X |a doc 1ap tuyén tinh (he
nghi¢m ea ban cia (1N thi y = Cyv(x) + Covi(x) + ..

S+ Cov(x) 1a
nghi¢m téig quit coa (1).

4% NCEu Y i nghiem éng quit cia (1), v 1a mot nehicm riéng cla

(2)thi vy =Y + y ldinghi¢m 18ng qudt caa (2).

SUNCULLy b= Ll y.a] = fa(x). . LIy, = £,(x) thi:
LIV, 4 ¥ob ot v, ] = 006) 4 [2(x) + o+ F.(x)

6%, Cich giaiz v = [(x) (2)

Paty = vz vd Lly | = 0 1hi (2) s¢ dua v& duge mot phuong trink
tuydn tinfu¢dp n - | vGi an ham 2.

Bac bicl vai phuong triinh tuyen tink ¢dp hai thuin nhat:
};rr + p(x)},r + q(\()'\_r ={})

neu bict Gl nehiém ricng v, cla nd thi co nghiém rieng tha has:

e !
Y- =¥, j— = dx

(v, v.r dde lap tuven tinh.
7%, Phuong phip bicn thidn hang s6 Lagrange
Neu v = Cy, () + Cova(x) + .+ Coy,(x) 1a nghigm tong quit cua
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{1} thiy = C{x)y, + C(x)y, + ... + C(X)y, 1& nghiém 1éng qudt cia (2) véi

Cix) (i=1, 2. ..., n)duge xac dinh tir hé:
Clyy +Cay, +..+Cry, =0
Cly) +Chy; +..+CLy, =0
rlygn—Q) +C12y{2n—2) +".+C:1y(nl1—2] =0

Chy "™ +Chy g 4+ CLy T = 0

Pac biat vai n = 2 thi Cy(x). Cy(x) duge xac dinh tr he:

Ciy, +Chy, =0
Cly) +Chyy =£(x)

BAI TAP
13. Giai cdc phuong trinh ¢dp cao 6 thé ha thap cip:

_ 1t
x-1% x+D7

»

1y

2} x —siny” + 2y" ={
D +xDy’yi+1=0

1 1 v — l ! —
4) U1+ Inx) + —y” = 2 4 dnx, yl = y] . =1
5) 2yy” - 3y = 4y’

x=th

¥ o=l Y
6) 2yy" +y +yt=0

7y yt = 4y”

Bai gidi

R 1

T k-1 kel

1) yss
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' ] I
= }.r = —— 3 - + (‘

2x-D°  2x =1y

| 1
= ¥=- - - - +COx+C.
2{x-1N 2+ 1) B

|
F = —ﬁ + (‘l'& + (‘:

I

N =

2y X -siny" + 2y" =0 (1) (vitng )
Bul v7 =1 (1) = x = sint - 2( (2)
dy' = v"dx = t{cos - 23l

= oy = J'l(cnsl =23t = - 1sint - cost - 0+ ()

= dy = ¥'dx = (- tsint - cost - 7 + C ) cost - 2)dt
3 t -

=¥ = —s2t - —cos2U+ (C, - 2 - tYsing +
» 4

2
+ (l—Z(‘,\il + 2t (3)
L2 / 3

Viy ta dil tim duge tich phan tdng qudt cia (1) dudi dimg tham so
(2), (3).

A+ X"+ ¥+ 1 =0 (1) (vang y)

Theo (23, 2.2y dat ¥ = pix)

= (+xp'=-00+pH = _dp

p:+l 1 +x°

= oarclgp = - arclgx + arctg C.
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s Elux E] X
y :p: — = — — —
1+Cix 1+Cix 1+Cix

= y= 1n\1+‘é1x‘——_—l—x+%ln(l+a1x)+C2
Ca Ci

y=-Cx+(1+ CHINC, +x)+ C; (vdi C; = _L)
1

12 nghiém téng quat cia (1).

4) y (e 0 + Sy =2+ Inx (1) (véng y). y| _ =
x i

r _2+Inx

Piaty’ =px), (L) =p" + = 3
Y pl ¢ P x(I+1lnx) 1+Inx &
(3) la phuong trinh tuyén tinh cap 1 déi vai p.
d d
Giai: p* + _ P Ly P
x{I+Inx) p x(1+Inx)
C
= p= ——, (C1£0)
[+1Inx
Coi C, = Cy(x):
L] C; Cl
P = -
l+Inx  x(I1+Inx)?
Thay vao (3) ta duge:
Ci(x)=2+Inx
= Cyx)y = x(1 + lnx) + G,
Vay nghiém t8ng quat cia (3) la:
G ) C,
p=x+ hay y" = x +
l+Inx 1+inx

2

L, y’[x=I =1 (2).
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¢
Theo (23: =

+
I

: . X"
Do dé: ;! V= — +

| |
Ciing theo (2):

= —+C, = C, =
5 T

Viy La duoe nghi¢m ciia bii todn Canchy
-

4

e

2vy" - 3y = v (1) (vang X), )-'|‘ o =1

|
Theo (3), 2.2y dat ¥ = p(v), y" = P

=0

C.

(1) - (2

N “VI A0 =0 (2)

dy
dp | . -
(1) = 2yp—=- - 3p” =4y~
dy
] 3
= P ot (3
dy 2y
(3 1 phuong trinh Bernoulli véi v = -1, dat 2z = p*™' = p
7= 2pp", thay vio (3) (a duge:
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3

- mns v (4
v

( 4) 1a phuong trinh tuvén (inh doi véi 7 = Ziv).

Giad (4) 1a duge:



Thay v = p* ta duge:

—" -
p=t -ty +Cy

Theo (2) (Jay dau +):

0=+ J-4+C,

= =4

= I

Dodép=y = iy’ —dy’ =2y J_\._._] _

dy

= —— =dx (5
2yyfy -1
; i
bat Jy-1 =1L = I dy :[ ‘(

2y vy -1 T+

= arctgt=x + €, = t=tg{x + )

= v—1 =te(x + ) theo (23 0=1g(D + )

= =0

1

Viay: y=1+1tgx = _
COR™ X

GY 2vy 4 AT 4yt =0 (1) (vang x)

bat ¥v' = p(v)

i 5
(1Y — vy Ly p+p =0
dy
5., dp . . dp
= Iy— =-pip+ 1) =
dy

pI+ply

dy
2y
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432

{ rdy
= {d_p| P dp=- - ['=
p-+1 25 v
| ; ]
= InC, + Inp - —2—111([1‘ + 1) =- Elny
. Cp 1 - Cp’ _1
\I-';l i_..]_ J; e i v

= (Cy-Dp =1 = (Cry - 1Yy =+ dx

= (O] -1y =% 3 CPx + Coz L tch phan 16ng quait e
- | - 2
2

s _\3 i

() = ‘d—p =4y = iP.:J_rz\[E
Ldx dx
dp

=yt e -
= oy = - E — + 0.+ O ldnghiém Long quit cua (1),

14, Tim cic dudmg <6 bin kinh cong (khic han kinhy khone déi.



2) Tim cic dudng ¢6 ban kinh cong tai mét diém bang hai lan doan
phip tuyln 1ai diém ay.

3) Xdc dinh t6c do bé nbit cia mot var dé ném vate theo hudne
thang ddng ra khone trung sao cho vat khong trd lai trdi dat nita (Bai
todn xdc dinh 1¢e do vii try cdp hai).

Bai gidai

1y Theo cong thite tinh bin kinh cong (1.4) CI, tap 1I:

{1+ ye ]3.-'1

V”

= R (= const)

Xéty" >0, ta co:

(L + ¥ =Ry" (1), (vang x)

Daty' = p(y) (1) = (1+p)* = Rp (:p
cky
= _RL]P‘ =dy
(l+p-)y-
R
- - Ii =y +C, =

1Hl+p:

et . dy
[ra lai: p = v' = — ta duge:
dx

(y+C)dy _ dx

YR —(y+C))*

= X+ ++CY =R (D)
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Vay cdc dudng phai tim 13 ho dudng tron (2).

Trudng hop y” < 0, lam twong ur ta ciing duge két qua trén.

2) Theo 1), bai 53 tap I: doan phdp tuyén tai mot di€m M(x,y) trén
dudng cong y = y(x) la:

’y ||1+yr2
Vay theo 1) va theo gia thiét ta ¢6:

2302
) = 2‘ y1|'l+y’2

(l+y
hay Ly =|yy”

yﬁ'

Xétyy" 2 0 ta duge | + y'? = 2yy” (1). Day 1a phuang trinh vang x,
daty = p(y).
d
(1) = 1+p*=2yp P pay 2200 _ &Y
dy 1+p* y

= In(1 + p*} = Iny + InC,
= 1+p'=Cy = p= C,y—1 {(ldy ddu +)

= ¥y = -g—i = JCy-1

i 2 ¢ 2
C1y=—4—(x+C2) +] = y=T(x+C2) +1

Vay cidc dudng phai tim 1a mét ho duding paraboles.

3) Goi m la khéi lugng c¢ha vat, M 13 khdi lugng vd R 1a ban kinh
Trdi bat (hinh 6).
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Theo dinh ludt hip din van vat cla
Newion, ta cé phuong trinh chuyén
dong cha vat 1a:

d* M
SRS
dt r
vdi 1 1a khoang cdch tlr vat dén tAm Trii
Pat, k 12 hing s6 hap dén.

R& rang ta phai dua vao céde didu

kién ban dau:

r‘!—ﬂ = R (2)
dr

. =V, (3]
dl L=

v, la tdc do6 ban diu cha vat.

(1) thuéc loai vang bién doc lap t.

d
batr’ = v(r), r“:vi.
dr
kM
() = v = hay vdv= - kM~
r r

V2

2 T

: 1

v
Th 2), (3) ta cé: L = kM— +C
eo (2), (M tacd 2 R |

2
hay: C = —M+ Yo
R 2
2
Vay: = le + [
2 r

Hinh 6.
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3

I'heo gid thidt vat khong 16 lai trdi dat thi 5 = 0, mat khdac khi r

kha Idn thi kM
'

khd bé nén suy ra:

vl kM 2kM
— - — 2 0 hay v, =
2 R R

Vay toc dé bé nhat phai tim [a:

oo M
R

Khi vatl & trén mat dat ta ¢é:

aR’
M

k
g =- l\,d hay k =
e

Thay vho (4) ta duge:

Ta bi¢t g = 981 cm/fs*, R = 63.10° ¢, do dé sau khi tinh to4n ta cé:
vy = 11,2 kim/s

d6 thtoc d6 vil tru ¢ap hai phai tim.

Clui y

(3 day chi cdn tim v, khong phai tim © nén khong phai quay lai
=

15, L.4p phuong trinh vi phan tuyén tinh thudn nhat cdp bhai biét hé

nghiém co bin:

Doy, =x7, $.=x"

H
-
M
L
IJ-“
1l
[
-
12

2y Y,
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3y Tim nghiém riéng cia phuong trinh vi phin tuyén tinh thudn
nhit thoa miin didu ki¢n ban déw y| | =0, y]  =-1, ¥ | =2, bicl

LI
h¢ nghi¢m co ban cha phuong trinh dé Ly, = x,, v = X7, y, = x".

o

Bai gidi

1y Ta bi&t (2.3), phuong trink vi phan tuy€n tinh thuidn nhdt cdp hai
<O dang:

y' 4 p(x)Y 4+ gy =0 (D)

(p(x}) = a,(x), g{x) = a.(x))

1

Y, =X, ¥, =2X,y, =2.

1

va=xT, vy, =3x%, ¥, =0x.

Thay vao (1) ta duge mét hé phuong trinh dé xdc dinh p = p(x),
q =qx):

{2+2xp+x:q=0
O6X + 3xp+x'g=0

Giai he ndy ta duge:

4 6
pXY=- —, g(x)= — (x =M
X X
Viay ta duge phuong trinh phad tim:
1] 1 6 a..m 1
¥ - =¥+ —y =0 hay xv"-4dxy' + Oy =0
X X"

23 Tugng e nhu 1) ta ¢d:

P+ xq =0

. 1
-xpH(l-x7)g= l. - (x#x1)
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X I
= p=-— =

Y -
I-x

1-x"
= (1-xW" -xy' +y=0
3) Vi hé nghi¢m co ban cia phyong trinh gém 3 ham, nén ciip cla
phuong trinh [4 cdp 3.
Theo (3), (2.3), nghi¢m téng quit ciia phuong trinh nay [a:
¥ =0y + Gy + Gy, =Cpx + Cox? + O
Do dé:
¥y =C 4 20.x + 3C,x°
y' = 20, + 60X

Cho thod méan didu kien ban dau:

M, =G+ GG =0
v =0+ 20,430, =4 1
¥ | =20, +6C,=2

ol -

Gidi hé¢ ndy dé dang ta duge: C, =3, =-5,C, = 2.
Vay nghi¢m riéng phii 1im la:
y = 3x - 5x° + 2x°
16. Giai cac phuong trinh vi phan tuyén tinh thuin nhat:
DY (1 -x7)y" - xy" + —y =0, bidt nghid¢m riéng y, = 1 +x.
. 4
2y (X - W - (x4 Dy + 2y = 0, bidt moL nghigm riéng ¢é dang

mot da thare.
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3) (1 - xDy" - 2xy’ +n(n + 1)y =0 (n € N, phuong trinh Legendre)
1 d"[(x2-1")
2" -n! dx

bi€t nghié¢m riéng P,(x} = (da thitc Legendre). Tim

nghiém tdng quét clia phuong trinhkhin=1.n=2.

Bai gidi

1) Theo bai (6), (2, 3)

e 1~xx2dx
¥, = Vl+x I—1_~x—dx
—In\.’l—x2 dx

VT [ = e |

= J1+x jd[—‘]%] =—Jl-x

Vay ta duge nghiém tdng qudt cila phwong trinh dé cho la:

y=C VI+x +C+l-x

2) (x- Dy’ —(x+ Dy’ +2y=0 (1)

\1'1~x2

nghiém v, =x"+a;x"' + .. +a,
v o= nx" 4 an - DX+ L+ ay
y! = nn— Dx"? + (n - 1)(n - 2)a,x"" + ...+ 2a,,
Thay vio (1)
(x - D - Dx"+ 1= (x+ DInx™" + .. ]+

+2[xn+alxn-1+...]=0



He & caa x™ -

L+ 2 =10, do dé nghicm cé dang da thizc |
thite bac hai:

d ot

Yi=xX"+ax+b
:2X+El,y]":2

Thay vio (1):

2(x - 1y - (x + l)(2x+z|)+2(x:+ax+h)s(}

= WX -a-2+2b=0 — a=0,b=1.

Viy:
¥, =x + 1
|x+:d‘
e X
L =(x + 1) dx
Y2 = '[(x +1)°
Ta ca:
Ix+ldx = f[l+ 2 \dx =%+ In(x - 1)
x =1 x—lJ
[f_'.lcl‘ -1 2 .
<1 —_ C.".-i wx -1 - c((x _ l)'
Do dé:
v, = (x° +l)j——)idx
(x~+0
= (x> + Iy |d =t
Y2 = j{x +1)

Vay nghié¢m téng quit ciia (1) 1a:

y=C (1 +x7) + Cue?
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TR XTI -2xy +n(n+ Dy =0 (D

1 (1"|(X: _l)“i

Yu = PulXx) = — (2)
2"t dx"
nl
n=1,01)=y"- 2xﬂy'+ T v=0
1-x" I —x-
1 2 '
(2) = vy, =P,x) = E(X‘ -IY=x
O
[ 1
v =fo dx = xj*
B X" X (l-x7)

[k}
F3
T —

w
1
—
|
w

[—

11 ‘x—l'
=x| ————in|—

x 2 x4+l

X -1
=-1- —lllx—

2 [x+1

Vay nghi¢m téng qudt ciia (1) khin =t li:

. X |x=1
v=Cx+C.|1+=In
2 (x+1
2 §
Il=2,(])5_\'”- x1y‘+ )‘y:(}
| —x~ 1—x"

i - . 1 .
2 ’t=P~ = - - "= —(3x- -1
{2) = v S(X) 8[()\ ¥l 2(x )

Lam wong o nhu trudmg hop o= | ta duge nghiém téng qudt cia
{(Iykhin=2Ila:
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X ~1]

y = C(3x7 - 1)+ Co| 8x+(3%7 = Dln

x+1

7. Giai cde phuong trinh:
1) Xy + xy' -y = x%, hidt v, = x 12 mot nghiém ritng cia phuong
trinh thuan nhit.

2) v" - 2y = 4x7 ¢, bigt mot nghicm riéng cia phuong trinh thuan

Ll

nhaty, = ¢

vt oy = —

Bai giai
L} Ta 8¢ ding phuong phip ha cip dé giai phuong trinh nay.
Pt ¥ =¥, 7 = X7

¥y =zr+xz', v'i=20 + %"

thay vie phuong tinh ta duoc:
2"+ 372 =1, (x=2()

bal 7" = p1a duge xp' + 3p = 1. bay 13 phuong trinh yén tinh cap
mdt, 2idl ta duge: ’

. |+E.,] , 1+ﬁ
= — 4+ — hayz' = — 5
3 ' ’ 3 X7

I C

= = —x-—= +(,

3 X~

Viy=Xxi= — +Ox+ —=, (C.=C,/2)
. 2
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2) v - 2y = 4x%eX

I[]dx

¥ = CX‘E, y;= ¢ ”{_ I 2w’_ = V2 Ie e"z"‘rdx
y, = cC a® 2 -—’Ex\I'r_ —!V’E
_g,j_
Lay y, = e"“ﬁ (vi phuong trinh 12 thudn nhat), 1a c6: y, = e“ﬁ
Y2 = e_xﬁ .

(J day dé dang thdy ¥ =e" 12 mot nghiem riéng coa (1).

Thuc vay:

2 »
" 2%

§'=2xe®, § =4x"e" +2e

2 2 2 2
= axle + 2e* - 2e* = 4x’e”

Do dé theo 4° (2.3), ta ¢6 nghiém tdng quét clia (1):
y= Cle"‘E +C2a=,"“'(E re

Chd ¥; Phuong phdp Lagrange:
c = JaxZed 7 o _ _J2xZer 2

2
Yze"‘ri IC’,dx+e""‘E _[C'zdx =e"

2 x
3)) yr-y' = e’ (1)

Dé dang thdy y, = | 12 m¢t nghiém cia phuong trinh thudn nhat:
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Ta s& tm nghiem tdng quét coa (1):
y = C(x).1 + Cy(x)e*
Cy(x). Cy(x) duge x4c dinh tir hé:

Cl.1+CLe* =0

Cl.O0+Che* = 2% e’
3
X
= C’E = 2—‘)( = C2= l_..l_
X X x%
N x x
Clz_c!zex:_z X X_E__Ze
3 2 k}
X X X

o
1
|
[=
k]
+
|
L—y
- |m
[ %] EJ
[=
-
+
fg]

§3. PHUONG TRINH VI PHAN TUYEN TINH CAP CAO VOI HE $6 HANG SG
3.1. Phuong trinh thudn nhat
Xét phuong trinh ¢4p hai:
y'=py +4qy=0, p,q=const (1)
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Phuomg trinh dac trung:
K"+phk+q=0 ()
Néu (2) ¢d cde nghiem k, # k. ¢k, = k. = k, k|5 = o =1}y thi
nehiém téng quit caa (1) Ya:
y = Coet + et
(v = (C, + Cxeh, vy = ™Y C cosPx + Cosinpx)

Tuong tu, cho phitong trinh tuyén tinh thudan nhat cap n:

RAIN [N{ER ]

A A +ay" e L y=0
a,=consl,i=1,2,..,n
Phuong trinh dac trung:
K"+ a k™ + . +a,=0

i

Tuy theo phuong trinh dac trung ¢d nghicm thue, phice, boi, ta 58 ¢6
cdc nghiem riéng tuong ng cia phuong trinh,vd do d6 s€ ¢6 nghiém
téng qudt clia phuong trinh dé.

3.2. Phuong trinh khéng thudn nhét
¥ py 4+ gy =Ffx) (D
v+ py +qv =0 (2)
Theo (3.1) ta dd ¢d he nghiem co ban cua (2).
VO, Trircmy hop cluing

Tit he nghicm ¢o ban cia (2), theo phieong phip bicn thién hang so
cua Lagrange (79, (2.3) ta s€ duge nghié¢m tong qudt cua (1).

2% Trienyg hop dde biér
a) f(x) = Px)e™

Px)=apx" + X" + .+ a, X +a,
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Nghidm riéng cua (1) duge tim dudi dang:

? - X}v()”()\' )‘::u

vai Qx)=bx"+bx"'+ _+b_x+b

n

£=0 (72 =1,7%=2) néu o« khéng 13 nghiem (1 nghiem don,
nghi¢m kép) cua phwong trinh dac trung.

Bao i ¥, thay vao (1) ta s& duge 2 da th
ta cé mot he phuong trinh d¢€ xde dinh by, b,,

feen

¢ déng nhat nhau, tir dé
n-

b}y {(x) = ™ [P (x)cosfx + Q (x)sinfx|
PL(x) (Q,,(x)) & cde da thie bac n fm) coa x.
Nghi¢m riéng cia (1) duge m dudi dang:

F_.

= x}‘[l(p(x)cos[ix + S(x)sinfix e
R.(x}, S,(x) 14 cde da thie bac p cla x:

p = max(n, )

7.=0 (7. = 1) néu e £ i} khong 1 nghi¢m (1a nghi¢m} cta phuong
trinh dac trung.

Trudmg hop phuong trinh ¢dp n 1a ciing 6 cde ké qui hofn toan
HIc e Q.

Theo (3.1) 1a ¢6 nghi¢m téng quit ¢ta phuong trinh thuin nhit,

theo 2% (3.2), 1a ¢d mol nghi¢m ricng y cia phuung trinh khong thuin
nhat. Theo 47 (2.3), ta ¢6 nghigm 18ng quit ciia phuong trinh khong
thuan nhat:

y=Y+5y
3.3. Phuong trinh Euler

Dang:
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(ax + D™ daax + )Y 4
+a, fax + v +ay=0xy (1)

Trong midn ax + b > 0 (< 0) dat ax + b = ¢!, (—€e"Y thi phuagng trinh
dua duge vé phirong trinh vdi he 86 hang s6.

- NDang (dac bidt):

Wy ,l00

X"y x"y

-l

+o+aoxy +ay=0 (2)
Pat y = x*.
Phuong trinh dje lrung:
Kik-1Dk-n+ DD+ kik-Dogk-n+ 2%, +...+ka, +a,=0(3)

Né&u k [ mot nghiém thue boi m clia (3) thi k tmg v& m nghidm
déc lap tuyén tinh cua (2):

ok, x5S, L xMnxo™!

NEu k = o +if 1a mot cap nghi¢m phic 1ién hyp boi m cita (3) thi k
Gng véi 2m nghi¢m doc 1ap tuyén tinh cua (2):

x“cos{BInx), x“Ixcos( Binx), ..., x“(lnxy"’ cos(flux),
x“sin(pinx), x“Inxsin(f3lnx), ..., x“(Inx)""'sin(BInx)
BAL TAP
18. Giii cic phuong trinh vi phin tuy&n tinh thudn nhat cip cao vdi
hé¢ s8 hang so:
1V " -0y + 8y =0
2) y'-2y =0
3 Yy - Ey=0

4 ¥y -y=0

3 vy =0
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Bai pidi
1y Theo (3.1), phueng trinh dac trung:
k" -6k + 8§ =0
= k=2, k.-=4
Nghi¢m (6ng quat:

y = Cre™ 4+ et

2) Phuong trinh dac trung:
k"-2k=0
= k,=0k,=2

Nghi¢in 16ne quit: -

y=C, + Ce™

Dy -v+y=0 = kK-k+1=0

k, .= L 1.‘5
2 2
Theo (3.1):
L 3 3
y= 7 [ Cleos=-x +(, sin—x
\
Hy"-v=0 = k-1 =0
| i+/3
= k=1, k.,=-—+ i3
2 2
‘ eV B
= ¥y=Ccet+ e 70 cos—x+C sin—x
’ L 2 ’ 2
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5) YW +y=0=2k'+1=0

= ki=++y-1=+i

= kl_zzi\/T :i({g—ﬂ——;]

Ky ,=++—1 = t[—%ﬂ%}

£[ VI e o2 ]
= y=¢ € cos—x+Cysin—x | +
2 2

f( 2 2 }

+e 2 C3c057x+C4sinTx

19. Gidi cdc phuong trinh vi phan tuyén tinh khéng thuin nhat cip
cao véi hé s6 hang sé:
1) y7 -3y + 2y = 3e* + 2x°
2) ¥y7 4+ y =cosx + cos2x
31 y" - 2y + 2y = e*(2cosx — 4xsinx)
L

$in 2x+/sin 2x

5) y" + 4y = cos’x

4) yn+y:

d’x

6) ——-2—+lzx=f(t), x| ,=0, x]_,=0
dt -

L=0)

Bai gidi
1) y" -3y +2y=3e"+2x" (1)
kK*-3k+2=0 (2)
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Y =Ce' +Ce™
f(x) = 3™ + ¢™2x7
e = | ¢0) Fa nghiém (khong 14 l;ghi(:m) can (2):
= y=zaxe'+ AX + Bx + C
Vi i=ac +axe  + 2Ax + B
¥y =2ae" +axc’ + 2A
(1) = 2ac*+axe’ + 2A - 3(act + axe + 2Ax + ) +

+ Z{axe® + AX" + Bx + ) = 3" 4 2x°

—a=3 =3
2A=2 A=l
= =
!_:’%
-0A+2B =0 B
2C0+2A-38=0 (_‘.:1
’ 2
i _ s 7
Vv Yy = -3+ 0+ 3x + 5
. ) . o 7
Vit y =0+ Ce™™ - 3xe + X7+ 3x + 5

23 v" + ¥y =cosx + cos2x (1)
K+1=0 ()
Theo 6):
Y = Ccosx + C.sinx

a day: fExy = £,{x) + f.(x)

450



Xét:
f,(x) = cosx = e"(cosx + 0.sinx)

a £ ip =+ i la nghiém clia (2.

Vay: ¥, = X{acosx + bsinx)

- 3] 1 . — l .
Thay vao: y”" +y=cosxtadugca=0,b= 3 Viay ¥, = —xsinx.
Xét: f1(x) = cos2x = e"(cos2x + 0.sin2x)

o *iff = 0 = £ 2i khong 12 nghiém clia (2).

Vay ¥,= acos2x + bsin2x, dao ham thay vao y” + y = cos2x, ta
— |
duge; a= % b=0 Vay v, = ;cost.

Theo 5" {2.3):

=Y+ ¥, = 1 X§inx + 1 cos 2x
¥ RS 3
Cudi ciing:

. 1 1
v = C,cosx + C,sinx + Exsmx + ECOS 2x

3) ¥y =2y + 2y = e*(2cosx - 4xsinx) (1)

kKP-2k+1=0 ()
= ki a=1fi = Y =e"Crosx + Cysinx)

f(x) = e*(2cosx — 4xsinx) = « £ iP =1 114 nghiém cha (2)
= ¥ =xe*[(ax + bicosx + (cx + d)sinx]
BPrao ham thay vao (1) va tinh tedn ta dugce:

a=1,b=0,c=0,d=0
= 7 =x"e’cosx

= y = e"C,cosx + C,sinx) + x’e*cosx
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yo= Cret + 00+ Cocosx + Osinx - 1 4 2Xe + xeosx

|

4 ¥yt y = ————
NN 2X4/sin 2x

K-+ 1 =0 = k=41 = ¥ =Creosx + C,sinx

| ” N
f=- ——>= khong thudc dang dac biét nén ding phiong
(sin2x)""
phip bién thién hang & Lagrange, 7%, (2.3) ta co:
Clxieosx + Clix)sing =0

CUOO- sinx) + Cixdcosx = - 1/(sin2x)*?

P SHIX R sinx T

— T T Ty = L E s — .
(sin2x) Vsin2x

.. COS X . CONX —

Cl= 0 = Co=. —l 4 C,
(sin2x)7° sin2x

—

v = Cx)cosx + Co(x)sing = Cycosx + C,8inx - fsin2x

3y v' 4 4y = cosTx (N
K ed=0 (2)
= k=22 = Y=Cros2x+ C.sin2x
((x)y = cos’x khone thude dang dac bidt nhung ¢6é the

dira vé cde dang dé:

rx) = %(] +cos2x) = [{x) + f.(x)
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. I e — ! .
v f(x) = 5 ing voi y, = " (thu trye tiep).

cos2x " 1 .
f-(x) = 2 = Seos2x +(}sm2x}

e i

= o il =+ 21 lhnghitm cia (2)

= ¥, = x(acos2x + bsin2x)

N N N " I 1
dao hiam vh thay vior v" + 4y = —cos2x taduge: a=0,b = —.
' ’ ’ 2

<
N

-~
|

L .
.= —-RSIM2X
h ¥

. ] .
v v = Cees2x + Casin2x + — + lxstZJw;
2
6) d—;" +27x = [ (),
dt
X!il H = ()’ X' [ = () (2)’ (}' Z (})

= k'+2°=0 = k=z=tir
Do dé nghicm éng qudt ciia phuong trinh thudn nhat cua (13 1a:

x = Ceosnt + C.sinit

Cot C) = C (1), Co = Ca v x = Cy(Deoszt + CoDsinzt 13 nghiém
cta (13, Theo phugng phip bién thién hang so cua Lagrange 7° (2.3),1a
v

Cl{Ocos2 L+ CH{Dsinat =0

C (- 2.8inz.1) + CY(Drcosat = 10
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CHai hg nay ta duge:

CrD = - Alf(t)sinfﬂ.t

/.

CJl(y = ,if(t)cusff-l
7
o daé:

Ciiny=- — J-['(‘C) sinz.tdt + E]
& 0

1 ) —
Ci(th = — jf(‘t) cosrdt + C,
b

. (_:: = const

Vay nghi¢im 16ng quit caa (1) [a:

— . — . HE
{1) = ("I cossl + ("ﬁl:lr.l + —

I
J F(r) [sinateosit - cositsinat]dt
- 0

E] cosal + Eesinll + l jf(t) sins{l - Tt
A |
Theo (2): X, ,=0 = 0= Fl

1

X

- = . . 1 ..
= - Csinal + C,rcosht + — (Y[ sinnit - 1}]
?.

x'l| =0 =

= F:
Vay nghidm cua bii dn (1), (2} L
boe ..

CX(1) = — lf("c) sinaft - s
o
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20, Viel dang nghiem riéng etia ¢ic phuweeng trinh:
D oy 4y = 2xc0s2¢082x
2} ¥" - 2y 4+ Sy = x¢'cos2x x7etsin2x
3 v oA+ 3v e v=eNxt+ D)
Bai gidi
1) ¥" + vy = 2xcosxcos2x (1)

K"+ 1=0 (2)

= k=+i
|
[ = 2xcos2xeosx = 2x 3 [cos3x + cosx]

= xcosdx + xcosx =, + (;
f(x) = xcos3x = a+ifl =0 £ 31 khong 1 nghi¢m cua (2%

=> ¥, = (ax + b)cos3x + (ex + d)sin3x  (3)

fixy=xcosx = awxif=0xi==%i langhi¢m cha (2)

= ¥. = x[{AXx + Blcosx + (Cx + D)sinx] (H)

+

<
[y
et
l_(i
|

y= :

L

¥, ¥, xie dinh bdn (3), (4) 1d nghi¢m riéug ciua (1).

2)¥" -2y + Sy = xeteos2x + xTesin2x (1)
kKF-2k+5=0 (2)
= k=14+2i
[ = xccos2x + x7¢'sin2x = oM (xe0s2X + X7sin2x)

= axiff =1 £2i 1dnghiém chaa (2). Do d6 nghiém
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riéng cua (1) ¢é dang:

¥ = xe'{AXT + Bx + C)cos2x + (Dx° + x + F)sin2x]

By -3+ 3 -y =0
K'-3ki+3k-1=0 ()
= (k- 1)'=0 = k=1 1anghi¢m boi ba cua (2).
f=c(x*+ 1) = a=11langhiem boi ba cla (2).

= ¥ = eMAXT BT+ G+ Dx o+ 1)

21. Gidl cde phuong trinh Euler va cdc phuong trinh dua duge vé
phuong trinh v&1 hé s¢ hang s6:

) x*y" + 5xy' + 13y =0

2) 2x 41y - 22X+ DY F 8y = - 8x - 4

3 Xy 4 2xY + 'y = 0, ddi bicnx = B

t

Bai gidi

[y x°¥" +5xy" + 13y =0 (1)

Theo (3.3 datx =e¢' = t = Inx (2).

; ¥ dy
i&_ = d‘ ' ==
dt

L—
- X

dx du

Thay vio (1) va don gidan ta duge:
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17y d
¢ ? + ._]_EI.}_ + 13y =0 (3
d[‘ (“

= kK +4k+13=0 = k=-213i
Viay nghiém téng qudl coa (3):
v o= ¢ cox3t + Casind)

Trdr Tai bidn x, theo (2), nghigm 19ng quél cha phueng trinh Buler

(1 L

Vo= L,_((‘]cos(?;]nx] + CLsin(3nxh)
N

2)2x+ 1y - 32x + Dy + By =-8x -4 (1)

at: 2+ 1=¢, 2x+ 11> 0

L=1In(2x + 1},

2
['t =_" == =2;"
2x =1 ¢
) iy v dy e
dx di dt
ve Y (i]li.zc" 20 B g0
dx~ L d- dt
Thay vio (1)
Py '
f.,_§_ - dy + 2y = -4 (3
de- e
= k -3k+2=0 {4)

= k=1k,=2
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= ¥=Ce' +Ce”
M=-a4¢' =1 Enghigm cha (4).

= ¥y =ale

T
— = i¢ + ate
de
Y \

? = 2ue’ + ate'
di-

Thay vio (3w cda=4 v v = 412",
Vay nghiém 16ng quat caa (3) 1

y =o'+ Ce™ + e

Theo (2), trdr lai bidn x ta cd:

Yy=C2x+ D+ CuZx + 1V +402x + DluZx + 1)

DRNTH 2+ nTy =0 (1)

n n
batx= — 1= — (2)
1 X
, no, 1 1
= XI:——_,'[\:—‘:-—
t X n
dy  dy{ -1
yV= — = =
dx drl on
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Thay vio (1%

et dty 20 dy ' [ -t dy .
_*L_‘—.k —_— |+ — +ny=10

t* Lot de? ne dt L o dJt
d7y
hay: — +v =0
di-

= K+1=0 = k=ti
Viay nghicm 1dng qudl cua (3) 1a:
v = (7 cost + C,s5inl

Theo (2) ta ¢6 nghiém ong quit caa (1) 14

. n ., . nh
v = cos— + C.smn—
X X

22, ) Cho phuong trinh ¥" + p(x)y’ + q(x)y = f(x) (1)

Vi didu kién ndo d& phép bicn déi 1 = @(x) dua (1) vé¢ phuong trinh
v@i he s6 hing <07

Ap dung giadi cic phuong triuh:

D 2xy" 4+ ¥ -2y =0

A+ x4+ 2L+ Xy +y =0
Bai gidi

1) Gia sirt = p(x) 1a mdt song dnh:

\-' = (l_'\‘ = (]_).Iid_{ = d_y_(p' . ((p‘ = (p‘{x})
dx ¢t dx dt

i C ot dl * d
}"“ — d _\‘ - (—]Ed_}(P'J — (p!___zy_i__(?_'_,_y -
dx - dx 1 di di @ dt
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Thay vio (1) 1 duge phuong trinle

di i dt ip P

RO rang (17 Ta phaong irinh vadi h¢ sé hang so khi va chi khi:

: (1" (a, b=const)
I(p” Py

12

P

DS 14 didu kicn phai tim.

232xv" + ¥ -2y =0
" I, 1
= ¥ A+ —y - v =0 (1)
2x X

Theo (2) ta tim t = @(x) tir hé:

—— =4 (2)
X{Pd
q)‘l 1. l (p
—H b B
(P_
Tir¢2y: o' = —1:, a>0) = ¢= 2VX

6_

I
Faa———
|

[ o]
< -
L. o
]
1
%
ﬁ

Thay vao (3):
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[ ol

_ + .

N 2x 4o
2fax = ‘/_“ =bh havh=0

X

Chon a =110 (= @(x) = 24x vi (1) dua v duge phuong tvinh vdi

h¢ sO hang so

= v=Cl+ O’
- — - . . " - N
Ihay t = 24/x 1a ¢6 nghiém tong quit cua (1) L

v=C et 4+ Coe T

AL+ XY+ 2)(+ XY+ y =0

Iy y

= y'+ ——v'+ ——— =0 (1)
| +x- (1+x7)
t = p{x) phai thod man:
'
|
— = =4 {(2)
(1+x')'cp"
< R 2x ,
g+ L P
71‘[‘_\_ - h (3
'

Tu (2
, |
= =" {a )‘“)
Vil #x7)
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p=—
Ja

w_ 1 =2x)

I3 I -

o Ja aexH)’

thay ', " viio (3) ta duge:

arctgx

—2x o 2x___ _ l
Va+ ) 1ext Yag+x?)
- l
a(l +x°y°

=bh

= b=0,chona=1,1acdqp=arctgx

! C .
¢ = —, khi dé (1) bign thanh:
I +x~
17y
£ syv=0
-

— ¥ =Ccost+ Casinl
Tro Ll 1= arelgx, ta duge nghi¢m 16ng quat cia (1) L

¥y = Ceos(arctex) + Casinfareiex)

23. 1N Cho phuong trinh:
YR PKW HqxIv=0 (1)

Tim dicu kien d¢& phép bicn ddi an him ¥ = alx)s dua duge (1) v

Mot phugee trinlr vang v v khi nao th phudug trinh ndy 13 phuong

trinh h¢ s6 hang s6.

Ap dung 1) dé giaj cic phucog trinh:

)Y+ Xy + {x: - ]v =0 (Phuang trinh Bessel)
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v+ ay =2, (ax> )

F
R

Bai giai
Dy +py + gy =0 (1)
Pat v = wixyr thi v =o'z +ar'
Yo = a4 20+ ar”
Thay vie (1) ta duge:
ar” + (200 + padz' + (@7 + pa' + qu)z =0

Chon o sao cho:

2 +pu =0

hay:

]{‘:Ix

Xy = ¢ (2)
thi (1 dua dwge vé phuong trinh vang y'.

Q=0 {3)
vGi:

ST R G

P .
- — + ()
oL <+ d

|,

Viy (2) 1a dicu kién phai tim ¢fia phép bién déi dn hium:
o= (X

Néu Q(x) = const thi (3) 1 phuong trinh b s6 hing s, nghia la (1)
dua duge vé phuong trinh hé s hang s6.

., |
2) %y 4 Xy 4 ‘ X" o ‘\ =0
S A
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o day: p= —_., g=1-

Put vy = w(x)z theo 1) thi:

SN

wx)=¢ = —

. 1
Qi) — - —— +1- — =1
2x- 4x dx-

Viay (1) it duge vé .phuung lrinh:
=0 {(2)
= k’+1=0, k==1ivinghi¢m cia (2) 1
7 =Ceosx + C.sinx

Trd ol vy = wz, 2 ed nghiéni t6ng quit cha (1) 1

.osinx

v=0 i

v+ 3\ —aty=2 ()

X
2 -
Xét Y4+ =y sty =0 (2)
X
. . 2 0T
Teong e 2), daty = a(xX)7, ddivp= =, {xy=¢ ¥ = —,
X X
2 4 . .
Qxy= —— -, +(-a)=-a’
2x° dxo



Vay (1) dua duge v phuong trinh:
Seoata=0 (3
Nehiem 16ng qudt cha (3) 1
72 =0 "™+ et
Trdlat vy = az, ta 6 nghiém [(‘ing quit coa (2) la:

S ax

¢ ¢
y=C — +C,

X X

D& ding thay mot nghigm riéng coa (1) la:

I ¢ 2
v=C,— +(, - —
X X Hi

§4. HE PHUONG TRINH Vi PHAN

4.1. 1. Bai todn chung

H¢ phuong trinh vi phan cap 1 dang chinh ac:

¢ dy,
% = 006G ¥, Yoo s ¥a)
v,
g;:f.(x,\’,\n, . Y.l
¥ S
< dx (h
l.’
(il = [-"(X., y|., ¥, \)’[I)
|\(X



V1. Vay oo ¥, 18 e An hiim, x 1a bign doc 1ap.
Bai toidn Cauchy cua he¢ (1) 1a bii todn: tim nghiém cua hé dé thoa

man cde didu kién ban dau;

v

S :.\-'r!(." ¥

LI M T 0 - T A

2. Dinh Iy ton tai duy nhat

Neéu £, 1= 1, ..., n eiing cic dao haim riéng cha ching déi véi cic
dO1 80 ¥, vo, ., ¥, liEn tue trong 1an can cia didm (x,, Yios ¥ane coon You)
e R™' thi tdn tui duy nhiit 1 nghi¢m y, = v(x), (i = 1, 2, ..., ) cla hé
(1) thoda méan didu kién (2).

- Nghi¢m cta bai todn Cauchy (13 - (2) 12 nghiém riéng ¢0a hé (1).
- Nghi¢m tdug quét ca hé (1) 12 ¢ ham:
V=Y, CLC, . C) G=1,2,..,m

thoda min:

= langhiém cla h¢ v(C, C., ., C)

- 1 (2) xac dinh duge €, C., C, duy nhél.
Cdach gidi
3. Phuong phip khe
Bua ¢ (1) vé mot phuong trink cap cao.
4. Phirong phip (6 hop
Va e s0 dai xime:

dx, dx dx

— 2 — 1

X (X, X, X)) XX, Xq, X)) XXX, o0

4.2. Hé phuong trinh vi phéan tuyén tinh

Y =AY + 17 (1)
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treng dé: Y, Y, A, Fii cde ma tran:

[ a0 I " .
‘ ¥ ¥ Pily &y . dy,
. 1

1 ¥ \ ¥, Pad. . a.od,,
Y:|",Y2 Jl.A= - - -

\_-VMJ } n ;]ni ilu: oo ﬂnn

I (x)

f.(x) . .
b= -, LY =AY (2) 1 hé thudn nhat,

P
)

(YI = Yi(x)s aij = a'.j (X}. i,j= 1, 2, aeen ﬂ)
Pink 1y

Neu hié veeteurs Y (x), (1= 1, 2, ., ) 1a mét hé nghiem ¢o ban
(e Tap tuydn tinh) cia (2) 1hi nghiém tdng quit cia nd 13

Y=CY, +CYoh o +CY,
Néu Y 14 1 nghiém ricng ¢Oa (1) thi nghi¢m dng quit cda né 1a:
Y = i(‘,Yl +Y
"
- Phuong phip bidn 1thién himg s6 Lagrange
Nehiem 6ng quit ciaa (1) 1
Y = C Y, + Cox)Ys + o+ C L0,

Y. {(1=1.2, ..., 0 :héngli¢m co ban cha (2).

Cox), (=1, 2, ., ny due xde dinh 1 big:
Z("_. Xy, =fx), (k=1,2,....m)

o (0= 1,2, 00 tog do cua vecteur Y,

£, (k=1,2, ., 1) toa do cla vecteur b,

467



4.3. Hé phuang frinh vi phan tuyén tinh v&i hé 58 hdng s8. Phueng phép Euler
HE thudn nhic

Y =AY {1}

A=l a,=vconst(i, j=1,2,...1n)

Tim nghi¢m coa (1) duéi dang:
¥, =h
Phuong trinh dac trung:

detlA - 2.1 = 0

hay:
Elll s illl e a.'u
a-, iy — A Ay,
- - - i =0 (2)
a||l anl o a‘.ll. -/

Nehi¢m cva (2): 7., 7., o 7, 01 12 cde s6 dac teung cta hé (1),
H, veeteur ¢ot ¢6 cic toa do hy, hy, ..., h, (dng v6i 56 dac trung 7,
(=1.2, .,n goi 1a vecteur dac trung cia hé (1),

- New 7., (3= 1,2, ..., n) thye v khdc nhau thi nghi¢m (dng cia he

{1y la:

YVi=C0y, + Gy + 0+ Clyyy

ut

Y= Oy + Oy + .+ Oy

}!ll = (‘Iylll + (."':}.{Il + .+ ( !}. o

e

Gt v o=hoe =h., "
VN Y, =hv¢ ¥y = he
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= Néu s, | nghicém phide don thi a cé cic nghi¢m phite li¢n hoy

(6 hop cde nghicm dé ta <6 cde nehicn thire cua he:
- NCu 7, 1a 1 nghiém béi mothi ta tim nghi¢m coa (1) dudi dang:
o Lo o
}JI = P](X)C ! » )'r_“. = P:(x]c : oy )’rn = P“(X)C !

Pxy, (i=1,2, ..., 1) 1a cde da thite bac khéng qud m - 1, céde he sa
clia chiing duge xide dinh bang cach dao hiim thay vio he.
BAL TAP

24, Gidi cie hé phuong trinh vi phan sau day béng phuong phip khir
hoac t& hep:

D (yi=v+2 ¥, o, =0
#'=- 58y -5z 2o =1
[’y .

2) = + 2y +dr=¢

dx-
< -
d=z o
S - -3 =-X
dx-
L
-
. 1x
3y (9
ot
.<
dv
- = - X
vt
dx dy dz
-H x - = =
mz —uy nx — Iz lv —mx

Bai giai
!){y':y+x (1)

2 =-5v-5z (2}
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() = z=y"-y = 72'=y" -y,

thay vao (2):

yn _ \_,' - . Sy _ ()1 _ .f)

= y'+dy' =0

= k*+4k =0

= k=0, k. =-4

= v=0, +Ce™

= 2=y -y =40 - - Ce™

Theo didu kidn ban dau:

0=C +C.
I =-C, - 5C,

1
4

Vay nghidm riéng cua he di cho 1a:

]_CJV&
¥y =
4
|—5¢ ™
A
4

2y |-

+ 2y +dr=¢" (1
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2y = y=z"-32+4X {2
R VA

(1y = #5327+ -3+ xy+ 4 =07
14 x

= MLt o 2=t - 2X (4}

= k'-k-2=0

= K, .=+ 2.k =41

= r=C e #0774 Ceosx + Cysinx
f=c¢'-2x, = | khong phai 13 nghi¢m coa phuong trinh dac trung:
= 7 =ae +bx+c

7" =ae’

it

77 = a.xe’, thay vio (4)

axt-act -2 +bhx + )=t -2x

= 7 =- —¢ +X

Vay nehi¢m tone quit caa (4)

AV A )
. v 2 - -n'__‘: N — | ' -
=, e + 0,0 + CLeosx + O smx - Ec + X {5

Theo (3), tinh todn ta ¢d:

y = - Cpe™t - G 2 dCeosx - 0 sinx + et - 2X (0)

Vay nghi¢m coa he (1), (2) duge Xde dinh boi (5), (6).
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3 - =y (L
di
A X (2)
ot

Nhan (1) v6i x, (2) vdi y rdi cong Tai ta ducge:

dx dy
X— + y.——
dt di

=0

. N dx FR
Thay vio (1) — = 4JC -x"
di
. X .
= aresin— =1+ (),
C,
. X N
= Aresil ————= -1 =(, (1)
X7+ yr

Vay tich phan 100 quit coa hé (1) - (2) duge xdc dinh béi (3 & ¢49.

! 1y 74
4 dx -y 477 n
mz —ny nx — Iz v — mx
2xdx 2vdy 2sdz

2x{mz —ny) 2yvinx - 1) h 2eily —mx)

2xdx +ydy +udz) dix” v 427

0 0

= Xy 47 =0 (D)
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Nat khac, the (L)

ldx mdy nilz

.l-('!n/. —ny) in{nx —12) n(ly - m_x_}

dx v mdy + ndz

0
= Ix+wmv+nz =C, (3)
Vay tich phiin (8ng quit cua (1) duge xde dinh bdi (2) va (3).

25, Gidi vic h¢ phuong trinh tuyen tinh sau bang phuong phip
Luler:

[y=y+z
1 oyl =0 4=
1;': =2¥ + 47 )
(idx
2) | — =4x + 5y
dt
Wy
il
fix
3 | — =3x+ 12y - 4~
ddt
<d—\ =-X-3v+z
it
ds
— =-X- 12y + 0Oz
l\dt

Bai gidi

g
1
) 17_‘: =2y + 4z

¥+

(1y v
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Theo phuane phip Euler (4.3) ta gidi:
Plaronge trinh dac trune cua ¢1):

t-7 1
=2

= F-SnL+6=0

= 7, =2,%=3
Uhe véi 7., = 2 (a ¢ veetenr dac trung: 11, = | duge xde dinh 1 hé:
'h,

-hy+h, =0

-2h, + 2. =0
= h,=h,

Liy h, =h.= 1.
2 ta ¢4 nghi¢m riéng trong dng cia he

Viay vai so dae trung 2,

(1y la: .

Twong e vai s6 dae tnimg 7., = 3 tacd nghicm ricng trong tmg cia’

he do 1a:
y = C':\, ./‘: — z.c.“‘

la

Viay nghicm tong quidt cua hé (1) 1a:

}.' = (‘Ic:* + (WEC.'\\
2= et 4 20,e™

Theo didu kién (2):
0=C, +C,

- 1=, %20,

474



= C,=1,C,=-1

Nehidm riéng cua hé (1) var didu kign (2) i

)_, = C:‘ _ L"“
7= et - 2e

o [ ouxasy @)
di
(ll =-4x - 5y (2)
dt

Plieeng trinh dac trung caa hé (1), (27 1

J

h, hs Eunghi¢m cua hé:

{ (4 - 20)h, + 51, = 0
-4y -4+ 2dh, = ¢
lay nghiém: h, =5, h.=2i-4

Ta duge nghiém phire cla hé (1), (2):

X = SL‘:”, y = (21 - "-I-)C:”
hay:

X = 3{cos2L + isin2t)

Y = - (heos2U+ 28in20) + i{2¢0821 - dsin2t)
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Tich phan thue v phan dao ta duge 2 hé nghicm co ban cia hé (1), (2):
X, = 5cos2l, ¥, = - ($eos2l + 251n21)
X~ = 88in2t, v, = 2cos2t - $5in21

Vay nghicm toéng quét cia he (1), (2) 1%

X = 5C cos2t + 5C.8in21
¥y = (- H0 4+ 200000821 - (20, + HCsin2t
£
D[ =3k P2y - 47
di
dv
<—' =-x-3v+z {1}
dt
1z .
o=k 12y + O
Y dt

Phuong trinh dac trumg caa hé (1)

-7 12 -4

-1 -3~ 1 | =0

-1 -12 H-4
hay: SR RO+ 6=0

Phuong trinh niy o6 3 nghi¢m:

Py =1, 7a=2, 0, =3

VG 7, = 1 e vecteur dac trumg M, ¢6 cic 1oa d¢6 hy, hy, b, 1a
nghi¢m cua hé:

20, 4 12h, - dh, =0
-hy-dhy+h, =0

by - 12bh, + 5h, = 0
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Ta chon neghidm:
hy=-2,h,y=1,h=2

Vay ng vt 7., = 1 ta ¢d hé nghi¢m riéng ena (1)
x,=-2", v, =¢', 7 =2¢

Tuong ty, tng vdi .. = 2, (5 = 3) ta ¢6 cde nghigm ricng cua hé (1)

(x,=-3Y, yy=o" 2 =3¢
Vay nghi¢m 16ng guit etia he (1) a:

X=-20¢ - 8. - 3C Y

y=Ce' + 3Ce™ + O

7 =20 + TCe™ + 30,
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CTIUONG 2

LY THUYET VE CHUOI

§1. CHUOI 88

1.1. Binhk nghia
Chudi s ¢é dang:

DU, S A Hu o (1) (5= 4+ )

a
u, - 6 hang 16ng qudt hay s hang thi n
Sy =W+ Us+ o+, 0 10ng Tigng thi n

S=1imS§, : (é6ng ¢ha chudi

S=t, +Uu-+ . 4+u, + .
S: hira han, (1) goi 1a hoj tp (vé S)
S = hoac khéng t8n 1ai (1) goi 13 phan k¥,
1.2. Diéu kién hdi fu
I NGu chudi (1) hoi tathi u, = 0 (0 - =),
2% u, -4 0 thi chudi phan ki

3% Didu kign can va di d& chudi (1) hoi e 1
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e > 0, 3n,, ¥n > n,, Ym>m, = IS” —Sm| <

hay:

Moy +u, s+ tu | <s (m<n)

HInw

(bréu kién Cauchy).
1.3.Tinh ch&t

- Néu Zu" (1), v, €2) hoi tu thi:

ol u L
Do, By, ), ¢, e = const = 0, hdi ty.
[
- Tinh chét 1oi tu hay phan ky cia chudl khéng thay ddi néu thém

vio (hGt diy mot s hitu han s hang diu cta chudi.
1.4. Chudi duong

Su, L u,z0, u=1,2, . (1)

-1
OBEn kidu hof fu
{1y IH1 1 Khi v ehi khi §, bi chan wén.
2" Tidu chudn so sdnh
Cho Y u, (D), Z\'“ (2}
no. n |

ay NEu Yoz u i, < ewvy, (o> 0 v néu (2) hdr ty (¢1y phan ki) thi

u =

(1Y hodi 1y ((2) phans kv

Lo .
by Néu lim— =%k, 0<k <+
n-».rf “-'
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thi (1), (2) dong théi hoi tu hay phan k.
k=002 hgi ty hi (1) hoi tu
k =42 :(2) phan k¥ thi (1) phan kv
He qud

' “u-J \rl‘.-l
7>, 2L o ULy, =M

i v

(23 héitu 01y phan k3 = (1) héi tu ((2) phan k).
Cdc chudi dimng dé so sdnh:
- Chiudi nhan: Za q"!
nol

|q| < 1: hdttu

|q! = 1: phan kv

2o oiae . =1
- Chudi Dirichlet: Y — (> 0)
TRl *

o> I hén

=
1

< L phan k¥
« = I chudi dién hoa.

I Tién churdn 1A Lanbert

NEu lim — = { vi:
E L l]]l

<1 = {1 hoitu

£>1 = (1) phao ky

= | : klidbng k&t luan
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4" Tién chuan Cunelry

Néu lim Yu, = £ vi:

£ <1 = (1Y hoiu
£ >1 = (I} phan ky
¢ =11 khoéng két luan

S' Tiéu chudn Raube

. LI“ N
lim n —1| =% vi:
un-l

M>1 = (1) hditu

M < 1l = (1)phan ky
6" Tién chdn tich pldn Canchry

NEu ((x) Lign e #d don dicu giam ¥x = 1t

fily=u, [(2)=u., .., f(n)y =u,, ... vk j-.f(x)dx héi ty (phin ki)

1

thi (1) hoi tu (phan k3.
1.5. Chudi cé ddu bét ky va dan ddu

(O > u, =u +u+ .+ 0+ o, ou, co diy bat ky: chudi ¢d ddu

u-l

bt ky.
(2) -0""uw =u, -u.+ -, > 00 chudi dan ddu.
i | 2 3 n
[¥]

-

(3) Neu Yiu | hoi to thi (1) hoi ty, (1) goi 13 hoi tu et dai. Néu (1)
L | T 1= T

nol

héi tu vi (3) phan ky thi (1) goi 1 ban hoi tu hay héi e ed didu kién.
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- N&u (1) hoi e tuyet dai va cé téng 14 S thi chudi s ¢o durge
bang cdch thay ddi tuy ¥ cdc s6 hang cua ¢1) ciing héi 1u tuydt
d61 vt ¢6 téng Ia S.

- N&u (1) khong hoi ty tuyét déi thi cho trude mot s ¢, 1a ludn

luén ¢6 the thay déi thit ty cic s& hang cha né dé duge mot
chudi hoi tu dén ¢ .

- Neu chudi dan diu (2) ¢é u, don didu giam, u, — 0 {n = =) thi
(2) hoi ty v eé thng S < u,.

(Binh I§¥ Leibniz).

o
Chit 32 Né&u ding tieu chudn D’Alambert hoac Cauchy xét Z]Un]:
n=|

chudi nay phan ky thi chudi S U, phan k3.

n=1

1.6. Phép nhan chudi

Tichcia 3 u, (1), Yv, () lachudi Sw, (3)

n-t n—l u-l

VO W, =WV, ULy, 4L+

ntl

- N€u (1) va (2) hoi tu vé S, S, v mot trong clhiing 1a hoi ty tuyét
d6i thi (3) hoi tu vé S..S.. Nfu ¢4 2 chudi (1), (2) déu hoi tu tuyvet doi thi
(3) ciing hoi tu tuyctl doi vé §..S..

BAI TAP

26. Tim t8ng riéng S, v téng S (nu ¢é) cia cdc chubi:

1 1 1

N — 5 4T

+
123 234 345
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2n+1

PETTRTS

3 5
) o4 s
4 36
. A
Lox-
3) Y ——.x=%£]
||—ll_x“-

Bai gidi

1) RS rang:

1 1(1 ! i 1
1, = = — | —— — +
nin + n +2) 2ln n+l n+! n+2
Do dé:
Se=u, + s+ 4y
VI (1 o1 1)
= —~||[l-=——+— |+ === = +— |+ +
2 L 2 02 3) 12 3 3 4
1 1 1 1
+ | —= - +
n n+l n+! na+2
S E Y
2.2 o4l nt 2
e I
S=hms, = —
iwose 4,
+1i 1 ]
2)u, 12]?— — = — -
n-(n+1)” n m+1
| 1 | 1 |
S, =1- 11 + — - — +. — - e [ s
2° 2 3~ n- n+0- {n+1)"

S=1lim§, =1.

L

|
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484

T AR ] an
w, = - X _(_]I—x }
l-x" (x Ml-x")
S L A=l T
_ X X xT +1-1
- an | . L0
(I=-x l-x")
_ (x:u . B l)+(i_x1“) ~ I I
- an ’ All - AL - 0
(=x" y-x>) 1-x 1-x°
S S S IR B
I_X l_x_ ]_x_ ]_xlnl ]_.x:”
o I
I_x l xl"
X
: |x| < |
I-x

5= lim$§, =

ne-sd

:|x| =1
d=-x

27, Dimyg di¢u ki¢n Cauchy xél sy hoi tu cia cde chudi:

| l
+ i p— +’ '+‘

1 PO S
Jiz o 23 Jun+1)




Bai gidi
l 1 ]
+ J—

])S-I.'Sn:—-:—‘—': ,:'+...+——"—‘—
- Juino 2 Joede+d J2n(2n+ 1

1 1 1 n | |
> —— + + ...+ — > > —— = — =t
n+2 n+3 2+l n+1 4n 4
Vay chudi di cho la chudi phan k¥.
R . l l 1
2) ‘l’n+p"‘%n: "._, + — + ...+ - ,"\T/p e N
{(n+ 1y fn+2) {u+p)r
l I 1
= S]Hp - Sn < —Q + ’ + ..y
nin+1) (n+n+2) (m+p-Hin+p
1 1 1 1 1 l
=— - -+ - o — -
n n+l n+l n=+2 n+p—-1 n+p
1 1

= — - <ics:,\1peN_
no on+p n

Viy theo didu kién Cauchy, chudi da cho 1a chudi ho tu.

28. X¢1 sy hoi tu clia cde chudi:

212y {2\
D = +—=|=| +t—]7| t--
5 205 n SJ
3
2 2 + o + + n+1
3 5 7 2n +1
1 | 1 1
3y v+ oy kbt o F e
2 57 h Gn-N

4y T
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£7) ﬁ+1}2—ﬁ +1,|'2—\I2+\/5 +...
8) Z—

n=] €

= ]
9) > arcsin—=
E n

10) i 1

11 Z(l wcosz)
n=1 n

= e"n!

n=1 N

23

n=

14) Z

a2nlnf n

L{p>1)

w Tfn

15)2 J-Slﬂ X

n=1 g
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2 2y a2y 1{2Y
1)_+—[—] +—[—)+m+—(—] + ... (D
3 2.5 35 nis

. 1{2 it 1 - .
a day: u, = —[;J = [—] =v,, chudi > v, 12 chudi nhan hoi tu
n s

n-1

vi —2<l
q P .

Vay theo tigu chudn so sdnh 2° (1.4), chudi (1) hoi tu.

2 3 4
) —+ -+ — + n+l (2)
3 b 7 2n+1
n+l 1
u, = = — 20 (n —» )
2n+1 2

Vay theo 2% (1.2), chudi (2) phan k¥.

1

u, = - < -
EBn -1 On -1
Mat khic chudi:

- o I &

L R
Z"uz_ - = — — .n'=n-1
u-2 9 n-2 (l'l - ”“ 9 w1 11 -

ia chudi hoi tu va chudi dd cho 1a chudi hoi tu (theo 2° (1.:4)).
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L 2n—1 "
41 ), ———, theo 37 (1.4
Z( o

-

u, 2n+1 (JE)“ 2n+1 1 l
= . - = L— = — <]
u, (JE)“" n-1 In-t 2 2
Vay chudi di cho ki tu.
|14|
o n 3]
5 Z—"I—
n-1 (n+ )u
n
! L
u, = hu = “ —)%:1:&0(11433)

Vay theo 2° (1.2) chudi di cho phan k.

o 5(22)

i I |

Theo ti¢u chudn Cauchy 4° (1.4), xét:

{n—]]” n-1 1
mzn | = > = <1

2n -1 - 2n—| 2

Vay chudi da cho 12 chudi hoi 1.
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73 N sz + \12—\;2:3 + ..
| —_—
a day: u, = -JZ—\[2+\|'2 +...+\E .

nean,n=1i, 2, ..

Par 42 =2cus% thi:

T .
U, = 2cos— = 28in—
1 2

n. = 1}2—2c05£ = V2. 2sint & = 2sin - = 2sin——
4 8 8 2

s -
- o 1. . . - e
Chudi Y v, =12 —= lichudi nhan hoi ty vi cong boi g = — < 1.

i}
HES| n-l 2 2

Vay theo ticu chufin so sdnh chudi di cho hoi tu.

{3 day u, = n'/e”, theo ticu chuian D' Alambert: 3¥ (1.4

Xt

u cn-] !'l"

U _ D et [uHJ" I

Vay chudi di cho hoi .
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. '
9) > arcsin—

el JH

Theo 2%, (1.4}, xét: 1, = arcsin

|
PR

arcsin

i
1
Yo

. u .
lim —~ = lim =1

nosa Y [P

. 2 o= | . = |
Ta bi¢t chdi Y — phan k¥ (ZT' o= — 41].
RS )] -1 1 2
Vay chudi di cho phan k¥.
oy S
aanlnnnilnm

1

Xt fixy=————
xnx In(hnx

Héam fex) I lien tue va don digu gidm vx = 2.

finy=u, = S
nlnin(lnn)
w dx *odInx
j = =lnhglnxy, =+ =

‘x]nx]n(lllx)_ - 5 n(inx) -

Theo 6° (1.4, chudi dd cho 13 chudi phan ky.

11) i([ *COSE]
n

n-l
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b R n
U, =1l-cos— =2sin"— ~ —
n 2n Zn”

I 2

N n .
mi Z—q hévi tu (e > 1.
-l 211_

Vay theo 2° (1.4) chudi dil cho 1a chudi hoi 1.

.- 4]
c'nt
12)
n-1 11“
Xét
u e " C
L= ( I) .T— = — > ]
u, m+hH" el n+1y
n

a n 1L
- (11 +1 . 1 L (n+1
vi lim = hm|l+—] =¢vd <
FIEEN l\ 11 BT l'] 11

Vay u, tang din, khong theé dan dén khong, theo 2° (1.2 chubi di

cho phin k¥.

1

I

3 Y

Ta cd:

S

Y 1L

i = i | L) =t = =

m—=lum|——=>:—1= —_— =1

0ok \,fn n—r n% 1 n s %
P =1 . .

Chudi Y v, = 2 — phanky (a=1).

ol u-l

Vay theo tigu chudn so sdnh, chudi 43 cho 13 chudi phan ky.
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noee
\l.l

-l

. 2
n = |Illl :1( ——IJ = |im LI

Theo ticu chudn Raabe: chudi da cho hoi

14) T—--_ (p>1
- zuln in
Xét hiaun fix) = —--]— thi fin) = —]— viird ring khi x > 1, f(x)
xIn" x nlnf o

lchien tue va don di¢o giam.

Theo ticu chudn tich phan Cauchy 6° (1.9), xét

s

"’ < dx Fidinx
_[f(x)tlx B '!xln"x - '[In“x

|
(p -2y’

<+xkhip>|

Vay chudi di cho hoi ty.

¥ L

15) Zj‘&lll X

w1l

sin” X

. ::
RG rang: (0 < 2x'khi0=x & .
T l+x n
n b
H n
sin’ X 5
1o do: D<u, = j dx = Ix dx
0 l+x 3]
1
n T
= — = n
41t
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Zv” hot tu (=4 > 1)

Vay theo ticu chuén so sianh, chudi da cho hoi .

29

H

+)

5)

0)

B I St “ LA M - - -
L XELU sy hoi tu tuyet ¢oi, hdi 1y ¢é didu kign cua cac chuoi:

. (_ I')ll 1

(B \/;
= (-0
>

nol n
- u n+1
Z (_ ]) S —
- (D 1 —1
. Inn
> —
noY n

| 1 i 1

+ CF

L1 e o i

isin n’

nol

»
7) Zsin[ﬂ\m2 +al j, aeR

n=|

o2

8 ¥ sin[ﬂ(2 w3 }

n=|

Bai gidi

e

Bav 1h chudi dan ddu, theo dinh 1¢ Leibniz (1.5), & dav u,

Vo



giam din dén 0, do dé chudi 1) hoi .

Mat khde, chudi 1ri s6 tuyét doi clia chudi iy

Z% phan ky [Z ]‘1 IS % < l}

-1 1 n-1 1

4

Vay chudi 1) héi o eo didu kién hay bén hoi ty.

cor qaneld
23
1

-l 1

INrang e 1), u, = — giam dédn d&o 0, nén 2) hoi .

e e . = .
Chudi tr] s6 tuyet doi ¢ha 2y 3 -— hoi tu (o =2 > 1).
n-i n-

Vay theo (E.5) chudi 2) hoi e tuyer dai.

- n+1
3] (_])“ - —a=
HZ; (n+Dyn+1-—1

Tuong tu 1), chudi 3) hoi ty theo dinh 1§ Leibniz, chudi tri s tuyét
dot cia 3);

n+1 n+1

u

M+DVn+1 -1 (m+Dvn+1

u

< . l
ma Zvﬂ pltan k¥ (o = > < I}

ooi

Yay 3) hén tu ¢6 didu ki¢n.

4y Y-y e
n

-l
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Ta ¢6 v, = — giam din d&n khong khi n - =, theo dinh I¥
n )

Leibniz 4) hoi tu.
. 2 o e . l
Mat klhde chudi i s0 tuyet déi cia 5) cdu, = — > —, ¥Vn >3
N 2o L N
Ma chudi Z— phan k¥ (o= 1).

R

Vay chudi tri s tuyét doi cta 5) phan k¥ va chudi 5) 12 chudi hoi
tu ¢6 didu kién.

1 1 l 1
5} - + - + ...

S O N i I

Ta cé:

-1

i
oy, = —(/—, Uy = —/———
k- k+1+1

N . - = 2 .
Vay chudi dii cho co dung: Z(ulk L Fug )y = ZI phan ky.
ko .

k=l

£
6) > sinn’
n-1
Chudi 6) }a chudi phan k¥ vi u, = sinn® Khong din dén khong (theo
2% (1.2,
Thye vay, gia st nguge lai:

Lmsinn®=0 = limsinm+ 17 =0

ok FIREES

—  lim (sinnZcos(2n + 1) + sin(2n + leosn’) =

=

495



=0+ lim[sin{2n+ l)cosnz}

n—ea
= limsin(Z2n+1) =0
n—ex
= limsin{2n+3) =0
H B Aot
= lim[sin{2n+ 1ycos2 +cos(2n+ 1sin2] = 0
1 —n
= limcos(Zn+1) =0
n- kx|
= lim[sin®(2n+ D +cos’2n+1)] = 0, vo Iy
eyl

H 2
7y u,,:sum{\!n2+a —n+n}
o , 2.2 N 2 2
= SINAMCOST | Y0° +a° —n | + cosnmsinm|{yn” +a” —n

2 2
, na . na
=1{-1)"sin . sin — -0
2 T
VT +ac +n vn?+a® +n

o a2
Theo dinh 1y Leibniz: chudi 3 u, hoi ty, Ju,]~ “2_‘ =y
n

n=]

n

v, : phan k¥ (chudi diéu hod) = 3" u, :phan ky = > v, : bdn hoi tu.

1 n=I n=]

8) u, = sin{ﬂ{(2+\/§)n +(2—J§)"}-n(2~«/§)"}. 2+va] +-v3)

s

n

icﬂ“"‘[(ﬁ]ﬂ(_,ﬁ)“} - {0: K12

rs me N :kchin

=u, = sin[mﬂ - n(ﬁZ - \E)n ]

= sinmn cos{n[ﬁl - \E]“ } —COsmMT sini—n(Z - \E]“ ]

L
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I

[

= (-1)™"'sin

= \.-'“

= Ju,|~

beiT

Z : hoi t {chudi nhan q =

Z o 2+43

u, : hoi tu tuyét d6i

U
EMS

30. Xét su hoi tu coa cdce chudi:

1) Téng clia Zl+n, Z(_l) -
a1 3° 1 3

> 1

2) Hiéu cla Z o
n

n=1

2n-1" o

<

3) Tich clia i D s

]
i nvn a2 2"

Bai gidi
l)Tén Z Z( 1) —n - Zl"‘( 1)
n=1 .
v, | = ﬂ <2
on 3" 3"

Z%‘ hoi tu vi 14 chudi nhin cong bdi g = é- < l.

n=|

Vay chudi tdng ctia cdc chudi da cho héi tu tuyét d6i.

21 & 1
n—1 “t2n gzn(zn—l)
1 i
= <
2n(2n-1)  (@2n-1)°
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= | o 1
—— hoitu(dang ¥ —, a=2> 1)
Zl n-1)? Zl n®
Vay chudi hiéu ca cdc chubdi di cho héi tu.
1
2n—|

3) Chudi tich cita Y ——= va 3 —— 1a chudi w,. theo (1.6):
n=1

n=1 Nv N
Wo = UV + UV + .+ 1, vy
:1.1+1.1+...+1.1
21 o2 a2 nvn
Chudi tich cia cdc chudi da cho 1a mét chudi hoi tu vi:
i L :in"%' (a=%>l)

n=| 4/ 0 n=I

Z—l— héi ty (viq = l < 1) theo (1.6).
2n—1 2

n=1

(sur héi tu cOa chudi duong cfing 12 sy hoi 1o tuyét déi).

§2. DAY VA CHUO! HAM

2 1. Binh nghia

1°. Déy ham f,(x) (1) goi 2 hoi tu vé ham f(x) trong mién X, néu

Vxp € X, ¥e > 0, Inyle, Xy), Yn >np, = lim fo(Xg) = f(x,).
b B =11

Day (1) goi 1a hoi tu déu vé f(x) trong X néu trong ménh dé trén n,

np(e) {chi phu thuéc ¢, khong phu thuoe x, e X).

héi ty (hoi ty d€u) vé ham S5(x), trong mién X, néu day cdc tdng riéng cia
né: 8y(X) = u;(X) + up(X) + ... + u,(x) hoi tu (hoi 1w déu) vé S(x), Yxe X;

49¢

2%, Chubi ham D u, (X) = uy(X) + Up(X) + ... + uy(X) + ... (2) goi 12

n=1

lim 8, (x) = S5(x)

Ditr, = S,(x) - S(x) thi lim r,(x) = 0.



2.2 Tiéu chudn hdi tu déu

1°. Tién chudn Cauchy

Chudi ham Zuu(x} (1) hoi ty déu vé ham S(x) khi vi chi khi:

[

Ve >0,0n, e N, ¥n>n, vpe N= IS

[Fup

(x)—Sn(x)i < £
hay: %u“_](x)i»uu,z(x)+...+umr(x)‘ <€

2%, Tiéu chudn Weierstrass

NéuIM, >0, Yne N, vx € X : 111“()()‘ < M, va chudi ZM“ hoi tu

=l

thi (1} hoi tu déu trong X.
3°. Tiéu chudn Dirichlet
NCu u,(x) = v (x).w, (x) vi dc > O:
|crn(x)| = \v](x)ﬁ-v:(x)+...+v“(x)] s c

(¥x € X, ¥n € N) vt diy w,(x) 12 don di¢n khong tang vi din dén

khang, ¥x & X thi chudi (1) héi 1w déu trong X.
2.3 Tinh chdt cla chudi ham hoi tu déu

1°. N&u chudi Zuu(x} (NcodHu,(x).n=1,2, .. lkcdc him lién tuc

n-l

trén [a, b] v chudi hoi tu déu vé ham S(x) trén |a, b) thi:
a)  S(x) LA mdt ham lién tuc trén fa, bl

b) Chudi 3 fu,(dt hoi tu déu vé ham [Seodt:

©od A o

H

iilln(l]‘“, Xg. X € [a, b

n-l [

jS(t)dl

R
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2% N&u chudi (1) hoi ty vé $(x) twen [a, b] 6w, (x), =1, 2, ..

1ién tuc trén [a, b] vi chudi D w', (x) hoi tu déu vé him a(x) trén |a, b]
L]
thi:

chudi (1) héi tu déu trén [a, b] va:

S(x) = o) = S, (x)

u--1

3. N¢u chudi (1) hai tu déu trong lan can x, va lim ux) = C,
LR

(n=1,2,..)thi chudi €, hoi w vi:

nl

lim > u,(x} = >.C,
AR 1L
Chi y
1) Céac tinh chit trén efing got 1a cdce tinh chat: tich phan tmg s
hang (17, dao ham tung s6 hang (2°) vit chuyén qua gidi han

timg s& hang (3 cOa chudi ham.

2) C6 thé phat bidu cdc tinh chal trén déi véi diy ham bang ngon
ngit thich hop.

BAI TAP

31. Tim mién hoi (e coa cde chudi ham:

1Y Z_.]__

1
a-L I

i sii(Z2n —1x
nol (2” - l)_

2)
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3) Z(“l)n-]c-nsu:.\
-l
- —1 nel
o ST
r1n3t(x -5)"

Bai gidi

by

a-t 1

Xét x > 0, chudi 1) Ia chudi Dirichlet (1.4) hoi ciing 13 hoi

tuyCt doi khix > 1, phan ky khi 0 <« x < 1.

Xétx =0, dat x =-x', x' > 0 thi:

l iy
ux)=— =n
n

khong dédn dén khong khi n — = : chudi phan k¥.

Vay midn hoi ty tuyet ddi cia 1y (L, + ).

=z sin{2n — Dx _ sin(2n ~ Dx
n-! (21] - ])1 (2“ — i)l

Ro ring ¥x € R:

|

|si11(2n - l)x] ]
= <

en-1°  ~ @2n-p?

n

Ta biét chudi Zvn hoi tu (ed dang chudi Dirichlet (1.4, 0 =2 > 1),

n-1

Vay theo dinh nghia ¢chudi 3) hai tu tuyét déi ¥x € R.
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3) i(_”n—le 1Em X

n-1

Xér:

U,.(x)| = [(—l)" la mamsy @rising |

nsx
€

Ch u_f)i Z Im

.ns
n=l &

hoi ty khi sinx > 0 hay 2kn < x < (2k + D7, khi dé
chuéi 3) 13 hoi tu tuyet doi.
R& rang tai cdc diém con lai cia true $6, chudi 3) phan ky.

I g nd L o Vi

pMx -5 " n3 k- 5"

Neis:

‘u,..;‘ _ I 1 113"(;(_5)[1’
‘ u, ‘ - !(11+I}3“”(x_5]n-1 : " ‘

n 1
= . -~
Y+ x-5 k-4

. . 2 )
Do dé chubi 4) hoi tu tuy2t d6i khi < 1 hay x < 4; hoac

3]x - 5|

|
X>5—.

w4

Tai x = 4% 1a ¢6 chubi s6 - ZL phan k¥ (chudi dicu hod).

n-.1

ti+1

I . .o
Fai x = S;,laco chudi sa Z

hoi ty o diéu kién.
n--1 n

Khid= <x <5

| b

%, chudi ny phan k¥ (chd § 1.5).
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Tém lai: 4) c¢6 mién hoi tu x < 4%—. X = 5=, mién hoi tu tuyét doi,

1
3
X <4%. X > 5l vémiénphank)‘;4g£x< Sl.
3 3 3 3
32. Ching minh ring: Ddy ham f(x), n =1, 2, ... hdi ty déu d&€n ham

f(x) trén mién X khi va chi khi:
lim (suplr, (<) = 0 véi r(x) = £(x) — £,(x)

Bai gidi

Gia sir f,(x) hoi tu déu dén ham f(x), Vx e X, nghia la: Ve > 0,
Ing(e),¥n > ny = |fn(x)—f(x)| < € hay ‘rn(x)| < g, ¥x € X, tir d6 suy ra

sup lrn (x)l < ¢ hay lim (sup|rn(x)1) =0, ¥x e X.
hE Lx
Gid sir nguge lai: lim(sup|rn(x)|) =0, ¥x € X nghia la ¥e > 0, 3n,,
n—an
¥n > n, = sup lrn (x)l <g, ¥x e X.
Suy ra |rn(x)‘ < g, ¥x € X, theo dinh nghia: f,(x) 1a day hoi tu déu
dén f{x).

33. Xét su hoi i déu, khong déu cha cdc chudi ham:

0 | x2n
1) Y (-D™ — trong (-1. 1)
n=|

w
sin nx
2)2 — , —P<X <+
n=1 2

G)xn
3) Zlﬁ,xe(o,+oc)

st nx
4) E_“—Hnﬁxz ¥ <+
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*5) ZZ“Sin—“l— O<x+

n=1 3 X
Bai gidi
o x?n
D 2D -1
ot n
R& rang chudi 1) héitu vx e (-1, 1} {(ding tiéu chuan D’ Alambert).

Xért:

2(n+1) 2{n+2)
)= (-2 2
n+l n+2

Theo dinh 1y Leibniz (1.5):

Xz(ﬂ+])

Ir ()] <

Fd
n+l n+l

VX e (-1, D

vi lim

=0nén Ve > 0, Iny(e).Vn > x,: r, (%) <e.
n—se n+]

Theo dinh nghia (2.1), chudi 1) hoi tu déu trén (-1, 1).

o .
sin nx
2)2 — . T OW<K<+D
n=1

2
. sin nx |
Ta cé: ol ==
2" 2"
o Lo . . 1
Chudi Z— hoi 1 (chudi nhan, cong boiq= =< 1).
n=2! ? 2

Vay theo tieu chudn Weierstrass, chudi 2) hoi tu tuyét doi va déu
trén (-~ oo, + o0},

n

3 ix ,Xe (0, +)
n=I

n!
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Téng cha 3) 1a §(x) = e (§3).

Do dé:
n k
r,(x) =e" - x—1
k=0} k'
R& rang: sup |rn(x]| = + 2. Theo bai 30 chudi 3) hai 1 khéng déu
Ly <4n
trén (0. + «).

i <
n=1 1+

HK

u, (%) =—-i:-2— lién tuc san xuat € (— =, + «).
1+n7x
6,2
n-nx . 2
Ta tim sup|u,{x) . ta cé: u'(x)*4~—0kh1x:i .
| " | ! (1+n°x%)? n*’?
Ro rang:
sup |u, (x)} = tai x = .
—tx)<x<+ec| l— 2]]3'{2 n‘”z
3
Chubi Z hoi tu (= = > 1).

2

Vay theo tiéu chuin Weierstrass 2"

, chudi 4) hoi tu déu ¥x €
(_ o, + m)

5 ZZ“sin—}—— LO0<X + 0
n=I 3“1(

neo 1
Ta cé: ,(x) = 2"sin —
"x

1
Xér: v, o=
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1

u (x]| 2 " Sin -
m S o m| 2] 30X g vsix > 0 c6 dinh,
now v_(x) n—som| 3 1 '
L

Chudi ) v, hoi tu (chudi nhan cong boi q = % < 1), vay theo tiéu

n=1 -

chudn so sdnh 2°, (1.4) chudi 5) hoi tu tuyét d&i khi 0 < x < + .

D€ xét sy hoi tu déu clia chudi 5) theo tiéu chudn Cauchy 1°, (2.2):

1
choe=Il.p=nx= —. tacéd
3[1

S (1) =8, ()] =

2! sin%JrZ"+2 5in%+...+22" sinL
3

>2“+lsin%>1=skhin>l

Vay chudi 5) khong thoa min diéu kién Cauchy tai mot diém 6
dinh, x > 0 nghia la chudi d6 khéng déu khiQ < x < + «,

34, Tim mién x4c dinh (16n tai) va xét tinh kha vi c(a f(x) wén mién dé:

D= 30X

n=1 n+X

=
AR = _
) f(x) En‘)‘+x2

3 = Y aretg
n

n=l
Bai gidi

14 chudi dan dau, xét:

1) Khi X # -n. chuéi Z (1) %
i n+X
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X

u,(x} = 13 don diéu gidm va limu,x =0
n

]

n+x

> 1] = U (X) > Uy {X)

U, (x) _ n+l+x
u, L (x) n+x

Do d6 theo dinh 1§ Leibniz: chuéi 1) hoi tw ¥x # —n. tic la mién t6n

tai cia f(x) la ¥x = —n.

s _ n
~Ta ¢éd ul(x) L lign tuc ¥x # -n, hon nita chudi Z&-
{n +)';)2 oo (D +X)2
hoi tu déu theo tieu chudn Dirichlet 3" (2.2) (|(—1)“ < 1, W.(x) =

— " Jadon diéu khong tang va lim W, = 0).
n

(n+x) e

Vay c6 thé dao him tiing & hang c0a 1) nghia la:

fy= YD e

o (n+x)7
2 x|
Y i(x) =
) Enzﬂ(z
Taco
MoK _a
= <Dl oM,
u"(x) n +X2 n2 I'l2

Chudi ZMH hoi tu (o = 2 > 1). Vay theo tiéu chudn Weierstrass P

n=1
{2.2): chuéi 2) hoi tu déu Vx € (~o , +ux).
XéL:

2. _
L k. MRS

(n2 ~1-x2)2
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2
Ju (X)' n—-‘—_i__%rl__=i‘ VII>H2

1'1 n n
Eal

Chuéi Z-—2 hoi t, vay cling theo tiéu chudn Weierstrass, chudi
n=L 11

un(x) hoi ty déu ¥x = 0 va theo tinh chat 2° (2.3) 1a ¢6 thé ldy dao
n y da

n=|
ham timg s8 hang coa 2) nghia la:
i nzsignx—x|x|

)=

L VX =20
i (n? -x%)?

Xét 1ail x = 0:
Ax)— AX
P ((R2:t0 e (L ) I T
AX s tlh Ax Ax-tl Ax n=|ﬂ2+AX2
o
Chuéi Z hoi e déu theo tiéu chudn Weierstrass

+Ax

|
( -l—] do d6 theo 3 (2.3) ta co:
\n® +Ax? :

1 o 1
(0= lim ——— =% — < 4w
.-\x-»llré ]'12+AX2 Enz
Vay f(x) khong kha vi tai x = 0.

a0

X
I Hfx) = Zarc[g—2
n=| n
X
arclg —
Chudi 3) hoi tu ¥x € R vi 11m|x| S =fx| > 0.
n—mw i
n’

(Tiéu chudn so sdnh: 20 (1.4).
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Mat khéac diy ham:

u,(x) = arctg—x;,- {n=1,2,..)
n?

2
chd ul(x)= : lien tuc ¥x € R,
n" +x
B n2
Chuoi Z—a__z— hoi tu déu vx € R, theo tiéu chuan Welerstrass
a= 1+ X
’ 2
n L
UI1£—4:—2,U=2>1W,
\ n n /

Do d6 theo 3" (2.3) ¢6 thé dao ham ting s6 hang cila chudi 3):

x 1’12

' {x} =

n=1 10 +X2

2
X

*35.1) Tim lim ).

2
n-se T 1 -nx

2y Tinh tich phan cta ham:

N
f(x) = 3 [x+! —x2! | tren {0, 1]

n=i

Bai gidi

o 2
1y lim >
n—sx n-l l_‘ nx
2
Ta cé: u,(x) = -
l+n°x
. . x? 1
supu (x) = lim v, (x) = lim ———=—
A £-4) Xt }.+I"IZX I'I?'
. 2n . . e
vi u{X)= — 53 = 0 tai x = 0 = u,(x) chi c6 mft cye neu a1 x = 0.
(l+n°x°)°
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Vay ¥n e Ny, (x) < L

£ — = v,, chudi Z— héi tu (o =2 > 13
n- I1|l‘l

nén theo tiéu chuan Weierstrass 2% (2.2) chudi 1) hoi w déu khi —= <
X <+, theo 3" {2.3), 1a c6:

<N |
n1_1)1'11"1 Zu (x)—z hm u(x) g—z—

« i L
2y f(xy = Z[:XZ““ —x 1| 0<x<|

n=]

1l !

X3 —x+x% —x? 4 x4l
!

= —-x 4+ x2nfl

|
—x 2n-1

el —

Ta cé; S(x)

&ux=0
= f(x)= lIm§ (x)= - neux
n—s o I-x nfulD<x<l

Do d6 tong f(x) cia chudi 1& mét ham gidn doan trén [0, 1] nén theo
17 (2.3): chudi 2) khong héi ty déu tren doan dé.

53
Tuy nhién Jf(x)dx—j(l x)dx{x—%} =

L
8] 2

i

1 I -+
d [ o x2n+] xEn—l
vi: ZJ' x2n+l xln 1 Ux = Z
[H

0

nghia la;
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jf(x)dx = iu{h —Xﬁ}dx
i

n-1p

Vay vin ¢6 thé 1y tich phan timg s6 hang cia chubi 2) wrén (0, 1]
mac dit chudi nay hoi tu khong déu trén doun dé.

§3. CHUG! LUY THUA - CHUOI TAYLOR - MACLAURIN

3.1. Chudi luy thia
1. Pinh nghia

Dang:
Yax" =ag+ax +axi+ .o Faxt o (D

hay:

Zau{x —xX,)" =g+ ay (X - xg) F as(X - Xp) A L adX - X))
n-0
2. Mién hoi ty
Pinh Iy Abel
Né&u (1) hai tu tai x, # (0 1hi nd héi ty tuyét 9o vx ¢ |x| < '}xn']. Néu
né phan k¥ tai x, thi né phan ki vx : \x] > [xj|.
Banh kinh hoi tmr Ton tai mot s6 duy nhdt R : 0 £ R = + » goi la

banh kinh hoi tu ciia (1) sao cho chudi héi tu khi - R < x < R va phan k¥
khi-xz<x<-R,R<x <+

a]'l

a
nil

R = lim

L

hay R = lin

=

4]
|a“|
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512

Miién hoi tu déu ¢da chudi (1) 13 doan [- p, p] v8i 0 < p < R.

Tinke chdit

N¢u R {4 ban kinh hot tu cda (1):

a) Téng $(x) cha ¢1) la maot him Hén tue trén khoang (- R, R).
NEu (1) hoi 1 tai mat dau ndt coa khodng niy thi S(x) lien tuc

bén trdi hoge bén phai dau mat dé.

b) Cic chudi cé duge bang cich 1dy dao him hay tich phan limg s6

hang coa (1) cling ¢é khoang hoi tu 1% (- R, R) vd mién héi 1u

déu - p, pl v6i 0 < p < R,

¢) J‘[Z""de = Z fail]x"fix v X, % € (- R, R)

LR 7 [J'O_\;]

v

& (iﬂ“x“] = Z:(:-l“x“)' = ina"x” Lk e (-R.R)
n-0

oo w-i

3.2. Chudi Taylor vé Maclautin
1’ Pinh nghia

Cludi Taylor cha hiun f(x) trong 1an cin cia didm x,;

r. f-'.'.'(xr'.) " l‘i(x“) [‘rr(x )
g‘l—n! — X x)" = (X0} + ]1" (X - Xg) + _2!0
+ ...+ Lﬂ(x_xo)n_'_"'
n!
bac bi¢t x, = (-
Yf - x":f((”_}- EQK] + m)i:‘i-...-l- mxn-l-
N b m > .

201 Ia chudi Maclaurin cia {(x).

(x -

X, +

()

(M)



2" Diéu kién khai trién

N¢u f(x) ¢d dao ham moei cidp trong 1an can cia x, thi f(x) khai trién
duce theo chudi Taylor trong l1an can dé khi va chi khi:

lim R, (x)=0

’ f“””(C) "
R, (x) = m{x-xo) "C=X0+9(X - Xa)s
0 <8 <1140 du trong cong thic Taylor cdp n cia {(x).
f(x £ (x .
(f(x) = f(x,) + M-(x - X,)+ ...+ #-(x -X,) + ..

I
I1é qua
IM > 0, ¥n e N : ‘f‘“"(x)‘ < M trong lan can cua x, thi f(x) khai

trién duogc theo chudi Taylor trong lan can dé.

3° Cédc khai trién quan trong

I. c‘=l+—+x—+...+—+...,VxeR
If 2 n!
X— XS . 2n-]
I1. SIX = X - —— + — 4+ .+ (- 1) —— + ..., ¥x
3 5 (2n + 1}
x] 1 x?n
I1. cosx=1- — + — - +(-1V"— + ..., VX
il 4 (2n)!
« afo -1y .
Iv. {1 +x) =l+r},x+(T)X‘+...+
—Dofee—n+1
+0L(0L )l - )x“+ ., - lex<l
n!
1 N .
=1-X4+%Xx-..+0-1¥yYx"+.., -lex <l
1+x
| A
=i+ x4+x - +x"+ ., -lax <l
1-x
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at L+l
V. ln|l+x|=x-—x—+x——...+{-l}“ +....-F<x<l
2 3 (n+1
x.‘i XS x’.‘n+l
VI arctgx=x--—+ — - +(-1)"— + . ,-12x21
3 5 (2in+ 1)
. 1 x 3x° L 135..2n- x>
VII. arcsinx = x + —.x— + 1.3.x + ...+ (2n - Iix
23 2.4.5 24.6..2n2n+D
-lex<l

VII. Cong thite Euler:
e’ = cosx + isinx

e™ = ¢cosx - isinx

11 +e‘11 i
cosx = ——— = chix
. X —C_L‘ }
sinx = = shix

i*=-1, i:doenvido

Clut ¥
Céc cong thife trén van diing khi thay x bdi z 1A mot s6 phie bat ki
z=a+ib, a, b thuc.
BAI TAP

36, Tim mién (khodng) hoi tu cia cdc chudi 1oy thira:

= i

1 X
n-l ].)‘2“
. =+ 1) x50

w 2n+l
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» 5505
5) ixn!

6 Y %

(X _ 3)2n

7 _
((a+1).In{n+1)

s

n

Eel 2

n=1 (2[‘[)'
Bai gidi

= x" |
1) 2 dg =

E n.2" n2"

Theo 2" (3.1} ban kinh héi tu cla 1):

n+l
R=- 1im|an |=]im[ 1 (o+12 ]

n—-wclal_H_1 0l n.2“ 1
. n+l
= lim2—— =2
nesx n

-n?

Tai x = ~2 ta cé chudi so Z

n=1

hoéi tu (chuédi dan ddu diéu hoa).

Tai x = 2: Zl phan k¥ (chudi diéu hod).
n

n=|

Vay mién hoi tu cla (1) 12 khedng [-2. 2).
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2) i{n+ ’x™

o 2n+1
a L S+ X
batx*=X20tacd: > —— (1)
RE_[ 2n+1
a, M+ 2043

= hm —
w=se 2n4+l (n+2)

= R =I1lim

a,.,

3]

S 2+ N7 X NN
Fai X = 1: E han k¥ vi:
o 2n+l P }

o+
2n+ |

= x{-AH 0.

Viay mién hoi wctia (1) 13 [- 1, 1). Do dé mién hoi tu ciia 2) 14 (- 1, 1).

2n L
N n o
3 X
) ,,2{( in+ ll

Theo 2° (3.1), bdn kinh hdi ty caa 3) 1a:

Jn-1
i 1 ) 2n+ly
R = lun — = hm [ ] =4
1 i “'Jﬂn = 11

-

an
L~ a n
Parx = Z(2n+l} '

2n-1
I
u, = 4"
2n+1

In 9 [ ) N .
2n A, 2 40 chudi phan ky
2n+1 1 ¢
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nl
- n .
alx = -4 E {(—"
Taix el [ 2n+ l]

—+# 0 : chudi phan ky.

Vay mién hoi ty cua 3) a: (- 4. 4.

A || x| - 1 .
o 33 - e

m (4 12"

nolr

R = lim |——

n

= lim

Taix=2: Z

: phan k¥ [—‘-— =120
i+l n+l

x=-12: Z( D" —— : phan k¥

fi-1

Vay mién héi tu coa 4) 1a (- 2, 2).

5 Yo

ti- |

u, = x™. Theo ticu chuin D'Alambert, xét:

Tu-1s
u’;" — X _ xn'n

i

u X

n

a, . n (n+22""
a oes (n+12" B+l

:n=2m

2
= 2m 4+

=2

- 0 khi |x\ < i.
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Vay 5) hoi tu tuyét doi khi - 1 <x < 1.
phan ky khi x| > Thay x <- 1, x> L.

Taix = 1: Zl“' il: phan k¥

Z( D™ . phan k¥ ()

n-l

Vay mién hoi tu cha 5) la (- 1, 1)

=l

Theo tiéu chuin Cauchy, xét:

n 0 khi M <1

[x

n +o0 khi ix]:» |

Vay mién héitucva 6) la-1<x< 1.

d X _3)21\
7 ; m+1Inn+1)

I XII

PaaX=x-31acd > ———
s+ Din(n+D)

R = lim = lim ! ‘(Il+2] tign +2)
neslan s (n+ Dlofn+ 1 1
. +
= lin n+2 . lim Inn+2) _ lim M -

= lin
o=s 4l wes Inin+ D o In(n+ 1)
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. In(x+2 X . x+]
{ lim Intx+2) _ lim X*2 = Jim = 1, theo quy tac
A—ae 4 In(x+l) 1t o B [ )

1. Hopital).
Vay chudi hoitukhi 0 € X = (x - 3) < 1 hay 2 < x < 4.

Tai x = 2,14 ¢o:

(_l)l‘.n ) l i .
_ =y ——————— :phan k¥
S n+Dinin+ 1) o n+Dn(n+1)

vi theo ticu chuan tich phan Cauchy:

o

J‘___L = ln('ln(x+l))+n =+
(x+Dhx + 1) !

L
Tuong tu, tai x = 4, chudi ciag phan ky. Vay mién hoi tu cita chudi

da cho 14 khoang (2, 4).

-, t 2
) (nf) x"
o (2!
& §y2
R = tim |- = lim ) Q_"ﬂ
n—ss an'.] n »o (21])! I.(“+].)!j"

e 204+ D2n+2)
=fm —— =4
e (n+ D"

= chubt hoi tu khi - 4 < x < 4.

- (Il' ) ) 4 t
n-l (2")!

Tai x = 4, ta cé:
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_ 4" u, 4n’+8n+4

Xét . =
2o} u,  4p?+6n+2

>1

= Unyy > Uy 1w, tang ddn, khong thé din dén khong nén chudi
phan ky.

Twong tu x = -4, chudi ciing phan ky.

Vay mién hoi tu ciia chudi da cho 1a khoang (-4, 4).

37. Khai trién theo chubi Taylor tai 1an can diém trong dng:

1) f(x) = Inx, x =1
1

2 f(x)= ——— x=4
X7 +3x+42
*3) f(x) = —~— theo chui lu§ thira clia
V1i4+x I+x
Bai gidi

1) Theo 1° (3.2), 1a tinh f(1) = 0.

gy = GO -1

X
%) =D""n-1), n=1,2, ...

n—|
S DU VI
n!

Do dé: f(x) = i

Dé dang thdy chubi Taylor clia f(x) hoi ty vé £(x) : Vx e (0,2] (7.
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2y {(x) = l S

a

X" +3Ix+2 x+1 X+2

1
fi- 4y = —
(- p

3

iy l \{ll\ l n
fi™(x) = —J -
Xx+1 x+2

= (- I¥n! : — !
(x+1]il | {x+2)n+l

- 4y = (- l)nll![ ! - 1 ”:l
GO

an - f (4) - 2,,1.] _ 3-|1-I
!

Do do:

txy= S -3 x+ 4y

n: it

Chudi Taylor cita f(x) hoi tu vé f(x): Vx € (- 0, - 2).

N Ixy=
1+x

Dat

t
Stl=x=—_f{(x)=9p() =
I+x 1-1t Pty 1-t

Theo 37 (3.2):

[EN

|
|

(1-0

n-1

| 1.3 . 1.3..{2n-3)
e T e B I
2 A 2420 -2)
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Vay: () =t + Tes 130y
2 2.4
Vit f{x) = + l{ X
2L]+x

[+x

13..20-3%)
— "+
24..20-2)

1.3( X ?

-—_ + ..+

2401 +x

+ 13..2n -3 X .
24.2n=-2) L 1+x

= . P . . + ].
D¢ dang thay chudi nay hdi tu vx € {LE

. + @)

38. Khai trid¢n theo chudi Maclaurin:

D f(xy=a*
2y f(x)=1In(2 + x)

3) f(x) = cos’x

4) f(x) = 1ni+x

3y f(x) = je"‘2 dx

il
6) f(x)=In(l +x + x>+ x°)
*7) f{x) = e*cosx

#8) f(x) = chx

Bai gidi

Ap dung cic khai trién & 3° (3.2) ta cé:

l) f{x) =a'= e.\l:m



f(x)=l+zx(l+a),-oo<x<+oo

nl 117
2y foO=In(2 +x)= 11{2[1 +~§H =In2 + 11,(1 +%J
: 3 _ oy, nel
l‘()()=l|12+%- x X +(1)X

22° 220 7T et

v(’ri—2<x<2(vi—]<;—<l).

3y f(x) =cos’x = m
2
f(x) = L 1+ ]_@_‘_(2)() — (D" 27 + .
2 2 4t on!
=1+ 'I'ZM,—WCX<+UJ
2 {21!
4y f(xy=1n i+x =In(l + x) - In(l - x)
- X
X: x.‘ n..[ xli
=x - - DT =
In(t +xX)=x 3 + 3 { o
X X3 xn
- =_- X — - — - e — + ..
In{l - x) X 5 3 -

ln!+x=22x vii-l<x<!

F—x m2n+l
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. ‘: a i ) L N 1:&_ . (_1)r|x2u
it 2 . !
* A 3 3 _] TN |
f(x} = Je' Vdx = x - e P ) . S
A 3t 52 (2n+n!

B " (__l)nxln*l
[Thad?} (211 + l)"-I

vili - o <X < + o

6) ()=l +x+ x" + x) = In(! + x) + In(1 + x7)

= (0= Y0 e et ikl
1 n

a1 1 n.]

Tai x = 1, chudi hoi ty ¢4 didu kién (chudi dan dau, dide hod).

7y F(x) =e'cosx
Xéthaim F(xy =e™ "V (i = - 1,1 : don vi do).
Theo cdce cong thie liuler:

FOO = e*(cosx + isinx)
Khi dé:

f(x) = ReF(x) (Re : phan thue).
r n
T .. =W
st DT ) Lx[cosiﬂsmlﬂ
Con x(L+H)]"
Fo=2 = =3%

u=l) n 0l n!




nn

vii {(l+ 1)Y= {\E[cos%+isin %H = (ﬁ]ﬂ .[cos%t-+isin T}

nén:

-l

s f(x) = ReF(x) = zu A

n-0t

Ta ¢o:

n!

n! 4
(v )

| i tu WX e (- 2, + =)

vi chudi Z

e

8) f(x)=chx = L
2

i 2 i z —I [Tt
fix)= - UL UL l—i+x——...+4{ ) +...
2 n 1! noo2 n!

VX e (- 90, + 2

o 0 (2ll]! ’

39. Dung phuong phdp dao hiun va tich phan timg s hang, tinh
16ng clia cde chudi:

XS x:? ol Inl
) X - M e
3 5 2n-1
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1
2y —+ = +...+'—.+...
X X" X
3 5 2n-1
3 Ly Tk Y
2 2- 27 24
Bai gidi
x.‘ x." ‘311—1
1Y O S(xy=x- "— + — - H (D"
3 5 2n-1
1 2n+1
R = lim . i =]
s 2n—1 [

Do dé theo 2°, (3.1, ¢ thé 14y dao hdm timg s6 hane cia chudis
¥ I ng
SO = 1-x" 5 -+ IRy
vl - l<x< |

Mat khac:

. S l o
L-x"+x - L+ (-1 '™ = —, vii-l<x <]
I +x
Do do:
. !
S(x) = 3
1 +x-
LAy tich phian dang thace ndy ta cé:
S(x} = arctgx + C
Cho x =0 ta duge C = 0.
x° X5 x'.‘.n-l
Viay:  S(X)=x-—— + — - 4 (- 0" — + . =aretgx (1)
3 5 2n-1

Chudi nay ciing héi ty tai x = = 1, nghia 1a (1) ddng ¥x € [- 1, I]
v S(x) 1A mét ham lién tue trén doan niy.
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1 2
2} S(R)= — 4+ — .+ — + .
X

Chudi niy hoi tu v ix\ > L.

1
Pat 1 =1 thi |l| < 1 vi 8(x) = S[?) = p{1).
X
Y=t + 20+ L+l + L {t+ U+ ) -
R S G s
S22+ M+ D)+ C LD

Sl T S SR L L RO U | I S SPUPIE T L S

s t -t t
IEET -1 (-t 1-t (a-v°

Trd Lai bicn x, ta ¢6 tdng phai tim la:

. l
= = ‘,V[x[>1
X I 1_1 (x-1) !
A ¢
3.5 .
g s=Lly A 5, el
2 2- 2 on
Xét chudi:
a(x) = %.Z(Zn ~Dx™ 7 vl |xl < 1.
nl
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Mat khde:

B

5 2be)

(X))

1 5 5 .
= —(x+xT+ X+ e )
2

_ l( X ] _ b b+ x°
2 1-x" 2 (1-x7)

Vay:

40. Ap dung chudi, tinh gin ding v6i dé chinh xdc 1uong ting:

1y sinig?, 107
2y m, Lot
L

2) jc"'dx, 10

fi

odx .
4) j — .10
pl+x°

Bai gidi
Chit y:
Gid sl

f"[l.'(xo]
n'

f’
f(x) = f(xe) + %

(X - Xg) + . + (x - Xo)" + -
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Né&u tinh gan ding:

[ [$19]
Fx,) (X - X))+ ... + 7x0)

f{x) = f{x,) + m o

(x - x)"
thi sai s& mdc phai sé la:

flﬂ—])(C)
(n+1)!

Rn(x)l - (x__xn)ml

Pac biét néu chudi 13 chudi dan ddu thi |Rn(x)| < Uyy-

1) Theo 3° (3.2):
FS - |1:] .
sinx = ZLX"H
n-1 (211 - l)‘
Ta cé:

. P T e _l nl Rlu L
sin18® = sin & = v 2D o
10 5 (2n-=-nt 107"

iy 13 chudi dan dfu, theo chi ¥ trén va theo gia thiél sai s§ phai
thod min:

ol

T
(2n - D10
\ n’ s
R rang n = 3 thi: - < 107,
AN
Vay:
3 5

. T
sinlg? =

— - - + - = 0,30402
0 31 S0

v&i 4o chinh xdc 107,
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23 Ta biét:

arctgx = x - +..vi-1<xal

3
Chox = >y ta duge:

3 bi 4 3 1 1 |
— = —1l-——4+—-—+...
3 G 3 9 45 189

= 3,1415 v&i do chinh xdc 107

arctg

1
3y I= jc"‘dx-, 1ot
a

Ta cé:
x x: xn
= l+ —+—+...+ " +..,VYxeR
1 21 n!
A Xl X4 xZu
= et =l . (-1 4. ¥XxeR
It 2 !

3 5 2o+t !
X X
T (R P NP
It 2 {(2n+ n! o

1 1 1
-+ — -+ (- N—_— %
1! 2 (Zn+ nt

bay 1a chudi dan dau:

R, =< . <10 khinz4
2a+3H(n+ D!
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Vay:
LI = 0,747
42 216

vdi do chinh xdc 107,

£ dx
=l

Theo 3%, (3.2%

ztll,\ véi | > 1

—ZI( I SENC )

] +x u-0 2 MoeD) =0 (311 +2)23“_:

—

I-I

Pay la chudi dan d&u:

R, & —————— <107 khinz1
BGn+5H.2™"
. | 1
Do do: ] = — - — =0,118 véi do chinh xdc 107
8 160

41. Ap dyng chudi, gidi cic phuong trinh vi phan:

1) y'=2y+_x—[, y

-
— = ¥o

2) ¥ =2xy' + 4y, y‘x__u = =1

3) Xy +xy' +(x*-pHy =0, p=const
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Bai gidi

1) Theo dinh Iy tén tal duy nbit nghiém thi nghiém cOa bii todn
Cauchy:

¥ =2y +x-1,y | =y, (1)1a16u tai duy nhit
of e -
(f(x, ¥v) =2y, — =214 lién tuc ¥{x, y) € R7).
Oy

Gia st nghicm dé khai tricn duge theo chudi Taylor tai lan can
didmx = 1:

VayX)=y(l)+ E-Ep—(x— Iy + Y (I)(x- 17 + ...
i\ il
AN OFIT
n!

T (1 taed y(b) =y, ¥' (1) = 2y,:

YU = Qy + D =4y, + 1

yUy =2y =20y + 1)
YD =2y =22y, + 1), n =2, 3, L.
o l
=g
Do dé:
i j
Iy Yot 1 Yo ot q
— w ) _ & _ 2 _ 3
y(x) = v, + - (x- 1)+ = [(2(x - DJ + 3 ((2(x - DT +



1
yu+_

ot — 2 - D+
n

.. ¥ ER

hay

2)y"=2xy +4y (I y] =0, Y], =1 @

=0

(1} 14 phyong trinh tuy&n tinh, do dé ¢d thé tim nghié¢m cua bai
todn €13, (2) dudi dang chudi luy thira:

y=Yax (3

u=0

Caché sda,i=0,1,72, .. s& duge xdc dinh theo (1) va (2) {phuong
phap he 36 bat dinh).

L.ay dao ham (3):

= Z‘“anxu L

-]

y"= Y n(n-Dax"*

thay vao (1)

)

-2 - -1 /| - .- n
S am-Da,x" =2x Y ma,x"" +43a,x

u-2

n-l -0
Can bang cic he s6 cita X" & hai v& 1a duge:

{(n+2)(n+ Da,.=2na, +4a,

hay: 7
2‘u+"‘ = 2“ b 4 au = . (4)
T m+Dn+1) n+1
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Tit (3) v (2) ta ¢6:
d,=0,a, =1

va tir (4) 1a cé:

2a,
&, =2u,=0,a; = - =a, =1,a,=0
a.,, =10
|
(k-1 ]
Ay = —(——— = —
2k k!

Thay & vira tim duge vio (3) ta duge:

£ xEuII 2
=X¢

o~ n!

Chudi niy hoi tu vx € R, do dé6 né 1a nghiem cta bai todn (1), (2),
Vx € R.

B Xy xy + (x7- pHy = 0, p = const (1)
(Phuang trinh Bessel cip p)
Wy b p’
Yyt =y +|l-—iy=0
X X"

Phuong trinh ¢ di¢m bt thuing khi x = 0.
Tim nghi¢m cia (1) dudi dang:
yi.u = xf Za"xn = Zauxmr., a, 20 (2)

=il n-u

Ta s& xdc dinh r, ag, a,, a., ... d& (2) 13 nghiém cua (1).
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Bao ham (2):

y' = Z(r_+n)u[-,x'+""

o=0
y' = (r+m(r+n-Lax "
[Tlt]
Thay vao (1) ta duge:

(A (r+n-Da x4 x> (r+ma x4
n-0 n=0

+ {XE _ pE)Zanxr-u - 0
n-0
Cho dong nhat khéng cdc he s¢ cla cdc luy thira cia x:
x* | [r(r- 1}y +1-p'lag=0 hay [x*- pgl.ao =0

X+ Dr+ 0+ D -pila, =0 hay [(r+ 1)*-p*la, =0
(3)

THT

X" r+m(r+n- D+ (r+n-pHa,+a,_ ,=0hay {r+n)¥-pla,+a.,=0

11¢ (3) 14 hé nhimg phuong trinh dé xdc dinh n + 1 dn s6 r, a,, a,,
ooy . Ta di gid thidt ag # 0, ta ¢é thé chon a, # 0 tuy ¢, chang han

n

a, = L, Khi dé 1, a_, a,, ..., a, s€ duge xdc dinh duy nhit theo a; = 1.
Tir phuong trinh diu cia hé (3) ta ¢é:
(" -pHa,=(r -pH1 =0 hay r=+p
Xéep>0Ovarp, =p>0.
Tit phuong trinh cudi cia hé (3) ta cd:
[(r +n) - p?la, +a,,=0

hay:

ih
Lad
Ln



r+n-p)r+u-p)a, +a,,=0
Theotrénr=r, = p >0, nén:
n(2p + a, +a,, =0

a, 5
hay: a,=- —*%=

n(2p +n)

Tir phuong trinh (2) caa hé (3) ta ¢6:

[(r+ 1) -pa, =0
vidir=r, =p>0th:
lp+ 1) -pla, =0 hay a, =0
Do dé va tir (4) suy ra:
a,=0,...a..,,=0
vil
L= a, _ 1 _ I
il 2(2p+2) 2°(p+ 1 2°1.(p+1)
a, I
;_'l“1 = - —— e = —:—————
H2p+4) 222 p+p+2D)
a:m = (_l)

a* " mt(p + I}p + 2)...0p + m)

Thay vao (2), ta ¢ mot nghi¢m riéng cita (1):

¥(x) = x° I+Z . =h7x ,¥x e R
w1 2-" ln!(p + 1)(p + 2)‘“(p + 111)

(theo tigu chuan D'Alambert d& dang thay chudi nay hoi tu ¥x e
R).
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Bat J.(x) = ¥{(x), J(x) goi 1d ham Bessel ¢ip p.

Xétp=u,n=0,1,2, ... Vi (1) Ia phuong trinh tuyén tinh nén ham

yix) cling 1a nghi¢m caa (1).

g\
bat: J(X) = —— v(x)
2% n!
- -1 m REIRETY )
hay: 1ix)y= S‘—(—-——l— fﬂ 14 ham Bessel cdp n.
Semtn+myi 2}

- _] m 2m ‘
n=1{0: Jux)= Z( )3 [EJ la ham Bessel cap 0.
m—U(rn!)h 2

42, Tim 16ng S(x) trong mién héi tu cha cae chudi:

nn-1 . A nin-D..n-k+D & 4

Iy 1+ nx + X
2

2y 1 -dx + 7x°-10%7 + ...

3) i(;ﬁ +3n+ 2)[%J

n-I]
4 n,s a?
l+_"+_'+§'+
98= —2——)
1 =n m i

e+
37 13t 13!
Bai gidi
1) Chudi hoi ta vx: ‘x] <1

N n(n—1)n-2) x4

S{xY=u+n{n- Nx+ ... 3
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5(x) + xS {x}y (- Dx 4+ {n—=DN{n-2x" N
11 n 2

X (- DX REDEEIXT

2!
=1 +nx+ M + ... = 5(x)
2
Do dé:
{1l +:)8 =nS
= B _nde e
5 1+x

Vix=0,S=1nenC=1vasx) = +x)3", v <l

2)  S(xy=1-4dx+7x - 10x7+ ..., |x\ <1

= XSX)=x-4xT+ 7x - 105 + .

= S(X)+FxS(x)=1-3x +3x*-x¥ + ...

1+3-x+x*-3x+..)

. x| <1
L+x

1l

- n-1]
3y S= Z(n1 +311+2)[71-J

=l

Xt

Sx)=x i(:f +3n+2yx" ‘v’[xf < ]

1]
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S5(x)y = x Z(n +Din+2)x" = x[i(n—i—Z)x”']

n-9 n-0

tr i

—x 'nxm:] — lz__ X
) [Z | = [1-*] T a-x

5= S[—]W = 2
3 4

4Hpits="L
q
3 v
= pn - qn =sint=0
. ::>S=B=*n2
q

§4. CHUS| FOURIER

4.1 binh nghia - B4t bai toan

Chudi hugng gide 14 chudi ham ¢ dang:

a = .
—2°~ + Y a,cosnx + b,sinnx

n-l

Bai todn

|

(1)

Cho trude mot him f(x) tuan hodn chu k¥ 2w, tim chudi lugng gidc
¢6 dang (1) ¢6 téng 14 f(x) hay hoi ty vé £(x) hay f(x) khai tri¢n duge

theo chudi (1).

4.2. CAc hé s8 Fourier

1% Néu £(x) 14 hium tudn hoan chu k¥ 2x, khai trién duge theo chubi
lwong gidc (1) thi cdc hé s6 a,. a,. by.n =1, 2, ... duge xdc dinh boi cde
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cong thife:

n n l L .
il = il jf(x)dx; a, = il If{x)cosnxdx; b, = _[f{x)sumxdx
T n b

v
b
n
n=1,2, ..

201 ka cde h¢ s6 Fourier v chudi fugng gide coa fix) goi 13 chudi
Fourier ciia {(x).
t2ac bi¢t: f(x) la ham chdn thi;
27 27
a,= — If{x)dx L, = — J'f(x)cosnxdx b, =0
m o m 0
F(x) 1a ham 1¢ thi:

ay=a,=0,b, = fasinnxdx, n=1, 2, ...

RS
= ]

2" f(x) 1a ham tudn hoan chu k¥ 2¢ thi:

I

|
a, —;_[f(x}cos%idx, n=10,1,2, ..
£ f

-
Il

o —II-J‘f(x}sinEidx s n=1,2, ..
£, ¢

Dac bict: f{x) chan

n

27 1T
a, —,’[f{x]cosgdx
£ 4

o
Il

. EJ‘ [(x)sin —-—m_m dx
£ £

3% f(x) cho trén [0, ¢]:

- Kéo dai chan (1&) f(x) thanh ham tudn hoin f (x) chu ky 2¢:
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f(x)y =f(x). ¥x € [0, #]

f(x) goi 1a khai trién theo chudi Fouricr dudi dang cos(sin).
4.3, Binh Iy Dirichlet

Né&u: 17 hium £(x) tudn hoan chu k¥ 2x, kha tich wén |- a,7]
27 f(x) 1a lién tuc va don didu timg phan (khie) trén [~ =, wt]

(¢ the chia [- m, w] thinh mot s6 hitu han phin, trén mdi phan: {(x) la

lidn tuc vd don diéu) thi: chudi Fourier ciia f(x) hoi tu vé f(x) 1ai nhimg
didm lién tuc:

a - .
f(x) = = + > (a, cosnx + b, sinnx)
2 n 1

u-l

tai cdac diém gidn doan:

I{x f ' I3 -
w = 120 + > {a, cosnx +b_ sinnx)

n-1

Clut y:

N&u f(x) 1d hdm tudn hoin chu k¥ T thi:

it .
jf(x)dx = jf{x)dx, YaeR
u . 4]

BAI TAD

43. Khai tri¢n ham f(x) tuan hodn chu k¥ 27 thanh chudi Fouricer:

HEGHES £ -4 |

n f(x)=
hx:0<x <n

Xét a)a=b=1
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bya=-1,b=1
a=1,b=0

2y W f(xy=sinax : -w<x <

b) f(x) = cospx, -t <x<w, O<p<]
3 f(x)=arcsin(cosx} i -nm<x <@
Bai gidi

Ta c6 thé kigm tra d& dang céc ham da cho déu thod min diéu kién
khai trién (4.3),

ax : —m<x =0
1} f{x) = (hinh 7)
bx:0<x<mn

Y
L
|
L
|
|
-7 . T
t i e
|
'. !
| 1
Hinh 7.
Theo 19 (4.2):
4] n . h—i
a, = L jatxdx + bedx = o
™, 5 2

L) n
1
a,= — Iax cosnxdx + be cosnxdx
n

-n 4

h
.
[~2



4] s} o]
vi: Ixcosnxdx = _[—lmsm(—dt) = jxcosnxdx

- T "

b-a b—a | xsinnx|” }sinnx
nén: a, = Ixcosnxdx = — | _J‘-
T % L n |o o M
Tt
b—a cosnx| b-a
= - 3 = —(cosnm - 1}
T n |0 nn-
0 ‘n=2m
b-a
e abt ACIE DR 2b-a)
m - — 1n=2m+]

n2m+ 1)

m=20,1,2, ..

F ] n
b, = I Jaxsin nxdx + _f‘ox s nxdx
I -7

i]
4] 4]
vi: Ixsin nxdx = I—tsinn(—t)(—dt)
- n
A] a
= jlsilltdt = jxsinnxdx
b ]
nén:
n " n
a+h . a+h ( X COSIIX COSNX
b, = .Ixsmnxdx = g I dx
noo% T n e o M
. n
_a+b | mcosar sin nx|
no n n |rJ
a+h w-n"! (-n""’
= ‘7(' ) ={a+by.——
bd n n

dx
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Vay:

b-a 2(b-a) & cos(2m + Dx
(XY= —mn- g
R m-0 (2[1]+1)_
Fa+ S En I gk
el 11
Taix =0
o=bra, 2w 1
4 n |11—U(2111+l)‘
Do do:
i il 1 [ l 1
= Z-—‘:z"‘_+_,,‘+—1+...
bt m 0(2]-[1“1‘1)“ 1- 3- 5
Vil
fEmy= 2T,
2
Xét:
a a=b=1=fix)= QZ(_I)J..] S1111X
ol n
by a=-1,b=1
= fxy= I 4y eosGma by
2 T oo (2]11 + l)v
¢}y a=1,b=0
= fx=-24+2% L‘M + i(—l)"'l sinnx
4 Tmo (2m+1y- I n

3 oay fixy=sinax, -z <x<mn,azke?
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Hinh 8.

F(xy T thun 18 trén (- =, 73 (hinh 8) nén:

ap=a, =0

:,.
1
H |

o —

2 n
sinax sinnxdx = — _[
b ()]

e —

n

(Sil‘l(il— nix  sinfa +n)x]
1 _

]
. a-n a+n

4]

1 smfa-mn  sin{fa+nn

mn a-—1 a+n
w-l
= 2—“ ( ‘1) —ginan, a=n
T o-a
Viy
25INTa o DsINX
f(x) = ST ——=
n-1 n —ia
fitrmy=10
b} f(x) = cospx
27 2 sinpm
a,= — J.cos pxdx = —- P
T T P

[cos(a — )X —cos{a + 11]]dx
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0 I)X | ] — 2 ‘-'
T

bt 1,12_p2
= COSpn = ]npﬂ Z( U > COSI]X
n=! n -p
_q1yR-l
=0 .TC =l+ 2p +...+M+
sinpr. p1_p? 1-p?

5) f(x) = arcsin(cosx)

f(x) 1a ham tudn hodn chu k¥ 2=, f(x) 13 ham chén nén b, =

Trong (0, n): f(x) = g - X. Do da:

2 n
A= — [E—x)dx =0
n o2

a, = 2 I[E—XJCOSM{B =- gw
w2

kS n*
Vay:

F(X) = - i Zcos(2t11+£)x VxeR
T u-n (2111+I}_

44, Khai trién cdc ham sau day trén (0, 7) thinh chudi Fourier:
by f(x) ="

a) dudi dang sin;

b} dudi dang cos.

2y {(x) = x(n - x) dudi dang sin.
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COSX 0w x = -g
3 f(x) = dudi dang cos.

o
—CO8X - <X <
2
Bai gidi
Cic ham di cho déu thod min diéu kién khai trién (4.3):
D f(x) ="

a) Kéo dai £ thinh kiun §é £,(x) tudn hoan, chu k¥ 27 (hinh 9) .

N

S N
\ )

Hinh g,

f(xy=Ffx) : 0<x<n

Theo 1° (4.2):

=

']

2 : e (asinnx —
b, = 2. [c"‘" sinnxdx = = t

J 2 z
T R a” +n”

2' (l_(wl)ueal )I]
T at+n

2 &
[[(xy= = Z - (~1)"e™) nsinnx vxeR
o a +n?
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Vi

fx) = 2 Z 1= (=™ "”"“”f,v € (0, 7)
n-L a- +n-

b) Kéo dat f(x) thinh hium chdn f,00, tudn hein, chu ky 2n:

fxY=(xX):0<x<m

Theo 1°, (4.2):

2 7 2
ag = —.Ic““dx = (- 1)
A an
2 n
a,= = J'c“ cosnxdx
1]
_ 2 c"‘(acosnx+nsinnx)]
i ’ i_l1 '}"Il1
i)
_ 2 a{cTcosnm-1y 2a [( 1)” e
n a’ +n° b S
Vay
(TR 2n & COSTIX
f(x) = Z:( Dhe™ — 1L W e (0, 1)
an o a’ +n°

2) f(x) = x(n - x) dudi dang sin, 0 < x <

Kéo dai f(x) thanh hin 1€: [[(x) tuin hodn, chu k¥ 2m [(x) = fix),
O < x < (hinh 1().

Ta cd:

a, =0, a,=0
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Hinh 10,

b, = —.f(ﬂx ~ %7 )sinnxdx
Eis 1]

n
COSNX .
- (mXx=x")
T n

0
_ sin 1Lx
n 11

j 2sin nx
o

| b2

v J- C()Sl]X{ _ Zx)dx‘|
0

n

|~

_ 2| 2cosnx|"| _ 4 1-(=)°
T |, T
0 tn=2m
= 5 l
—— n=2m-1
T (2m-~1y
¢ e )
Vay- f(x) = 8 L“(_M
Ly y
T oo (an_l)
bid
Juosx taex <= 5
Wi =
[ .
— COSX T <X ST
2
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Kéo dai f(x) thanh ham chan: f(x), twan hoan chu ky =7 = 2¢,
£ =E:
2

F(x)=f(x) : 0 < x < m(hinh 1 1).

Y
I
NN T
b g x 7 ELIE
Tz z z
Hinh 11,
Theo 2°% (4.2):
2 7 e
b,=0,a,= — Icosxdx = —smx| = —
E v] T i} T
2

[cos(Zn + 1}x +cos(2n — Dx |dx

=

47 2
a, = — jcosxcoszuxdx = —.
Ty R

n

c . smiZ2n — Dx |2
a 2n—1| o

2 sin2n+
m | 2n+1

2 .-.(_I)" (_I)u-!
= — | —+

n _211+I 2n—1

2 i -1 1t | 1yl
_2 ] v ep

7 2n+1 2n-—1
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4 (_I)n-l
modn® -1

. 2 4 n+1 <
Do d6: fixy= — — ZM, O<x<T
DL 4n- -1

A

45, Khai tri¢n cdc ham sau day thanh chudi Fourier:
Iy f(x)y =2x trén (0, D
2y f(x) = x” duéi dang:

a) cos trén [0, wl

Ap dung tinh cic tdng clia cic chudi:

RS CIEN -

n-1i Il -1 -l (211 - l)_

b} sin trén [0, 1)

¢) trén (0, 27)
3 f(x)=10-x trén (5, 15
Bai gidi
Cic ham di cho déu thoa man diéu kign khai trién (4.3).

Nfx)=2x,0<x <1

Kéo dij {(x) thanh ham £,(x), tuiin hoan chu k¥ 2¢ =1, ¢ =

1|

£(x) =f{x), 0 <x < | (hinh 1_2)

Theo chi § & 2° (4.2):

1
fartx =) =2
)

Mi—-|v—
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L
a, = 2j2x COos ?dx 4[’(%111 2nnx|
0

-'[ sin 2mrx
)

i 2nn o nxw
2
. 2 t
_y O+LOS mzj
(2nm)y” |
=1
Y
—7 0 x

Hinh 12,

L
b,=2 _[2)( sm 2nwxdx

_ xu)x21mx| ] c.os2m'tx
=d4f- +
2nx 0 n o 2nm
-4 _cos21m+ . =_i
2nn (2nm)” ‘0 nmn

Do dé:

f(x) = 1 - 2 isiuZunx

T oa=l n

Nayf(x)y=x.0<x<xn

d



Kéo dai f(x) thanh ham chan ,{x), tudp hoin chu k¥ 2n:

f(xy=f(x), 0<x £ mx(hinh 13).

Y
| !
f |
|
. !
- 0 7 2n X
Hinh 13,
. N pr
[acd b,=0, a,= =.|xdx = —
oYy 3
F 2 | x° smnxn “Zxxmnx
a, = _[x cosaxdx = = j
U x L |
_ 4 [xcom)q Tc —I
n [‘ ] B 3
_ 4 meosnm sinux!"
Conl o on? ',
_ 4(—}) Con= 1.2,
n-
Viy
s : & (-1 cosnx ..
f(x)—x’ +4Z—~—;~—— (1 vin0<x<n

-1 n
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Bul x =7 & (1), ta duge:

L i)

3 il }]
Bo do:
“ 1 1 1 n
- = I + —= + - + o+ - + - —
an 2- 3- n- 6
bax =0& (), ta duge:
n: - _[ i
0= — + 42( q)
3 w.l 17
hay:
IS _] n-l ] I _] nal 2
-(L,zl- ,+-T—...+(), o=
= 1n" 2- 3“ o ].2
Cong 1mg 56 hang cua (2) va (3) ta duge:
T H 1 1 1
— =y =l — F — b — 4
s} 2o -1y 3= 5~ Z2n-1)

b) Kéo dii f(x) thinh ham 1¢ (%), lu."“inr\hoa‘m chu ky 2x:
£ =[(x): 0<x<n\(hinh 14).
Ta co:

a,=0, a,=0

n
b,= = jx‘ sinxdx

T n

Tinb twong tu a) ta duge:

b” - 2_7[(_ ])n+l +

4
— -0, n=1,2, ..
n m’

(2}



Y
!
!
I
.—)I | }_{
i
J 0 : x
I 1
| |
!
Hinh 14,
Viy
hd =121 wel 4 f o 1 :
fix) =x = D | — (D" +—l-H —I)Jsumx
well M S8

v <X <w

¢) Kéo dai fix) thanh ham tudn hoan £ (x) chu ky 2n:

f(xy=Ffx): 0<x<2x (hinh I5),

Y |

Hinh15.
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Ta céd: a5 =

.jifl{x)dx

o=

i

1 7 1 7 87
= . jf(x)dx = —. _[x dx = —
T % o 3
[N 4
a,= —. jx‘cosnxdx = -
i n-
1T . 4n
b, = —. jx‘smnxdx == —
R g n

T

.4 . Cosnx st nx
f(x)=x‘=T+4Z -4y - , D<x < 2n
: a1on = n

NIxy=10-x trén (5, 15)

Kéo dii f(x) thinh ham 1¢: f,(x) tudn hodn. chu k¥ 2¢ =10, ¢

(hinh 16).

Hinh 16.

=5



fx)=fx):5=x<15

f(xy=-x: 0=x <5

Do do:
a,=a,=0, a=1,2, ..
2 nx
b, = —AJ.—xsin'—dx
5 5 5
~0s Nnnx g —l
2 [T 15 nmx
== | — —I—cc)s—(lx
5 nmn 5 LT
5 o
2 5 - . NmX s
= —.—.5cosnw + — 8in —
5 nr {nm)- 5,
10 (-1
HY ’ n
Vay
10 S {-1Y" . nm
f(x) = —.Z( } sml—wx—, S<x<I5
T oo 1 5
46. 1) Cho hiam f(x) : f(x + 7) = - {(x), (him phan tvan hodn chu k¥

m). Tinh cic h¢ & Fourter cua f(x) tvén (- ®, 7).

2} Bidt cdc hé &8 Lourier cOa ham £(x) chu ky 2m, tinh cic h¢ s

Fourier @, , @,, b, {(n=1,2, ..} cta ham:

[{x + h}, h = const {(hdm chéch)
Bai gidi

1) Gia st f(x) khai trién duge theo chudi Fourier trén (- 7, ), khi
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n i n
a, = % J‘f(x)([x’ a, = ; If(x)cosnxdx

.4

b, = 1 jf(x)sinnxdx Lau=1,2, ...
T[ 1
‘Theo gia thidt: f(x + n) = - {(x) nén:
I n 1 In
ag=- — [fx+mdx=- — J-f(l}dx =-a,
T, Ty

(X+n=t,-n<x<nm o0<t <2

bay: 2a, =0 vaa, = (L

3]

] n
a, =- —. If(x +m)cosnxdx
i

"
Bat x + =t thi dx = du:
<AL S 0<t <2
Vi
In

a,=- —. jf(l)cosn(n—l)(h
1]

n
=- —. jf(t}[cosu}rcosm+sin nisin nt]dt
n

b ij([)cosnldl
n

=- L.Tf(t)cosm[-]]"dt =
g

3
_ +1
- (_ I }n ﬂu

V&in=2mihia,, =-a,, hay a,,=0.

Tuong tu:
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b, =0, m=1,2, ..

Viy chubdi Fourier cda [{x) chi ¢é nhitng s6 hang 1& dng véi a,,,.,,
Taee I !’ 2" e

b

2y RS rang f(x + ) cing la ham kha tich, tulin hodn chu k¥ 2n, do
dd:

|
a, = — jf(x +h)cosnxdx

T{ L3
Parx+h=tthidx=dt,-t<x<ne-a+h<t<a+hvi:

n-h

a, = —. jf(l)(cos nt cosnh + sin nt sin nhidt
T

-r-h

on In

= cosnh. il _‘-f(t]cosuldt + sinnh. L Jf(l)sm ntdi
i oy

= g cosnh + b sinoh

Tuang tu:
b, =b,cosnh - a;sinnh
n=1.2, . a, =4,

47. Chl.'mg minh:

lnx il
1)I_j' oaIl= [ ax=—"" 0<p<1)
1+x o 1+x sin pr

Bai gidi

1y Theo 3.2,3": 1 = J[Z(—l)”x" lnx]dx,(0< x< 1)

(=0

I—Z( " j( Vnxhx = 307 D™

n=0) aon(n+1)? a0 n’
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-7

Theo bai 45.3): I =

+GDXp_] | x_P . 1
I'zz (}[ 1+ x dxz’[mdx([ha){xbdl ;;")
I L =D®

I, = - ot +oe
T l-p 2-p n+l-p

(thay p — 1 b&i ~p trong (1))
Cong (1) va (2) va theo bai 43.3) ta ¢é 2).
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PHU CHUUONG
CAC PE GIAI TICH HK III 2004 - 2008 (PHBK)

PE 1
DE THI PHUGNG TRINH VI PHAN VA CHUOI - K49
(Théi gian lam bai 90°)
Cau 1. (2,5 diém) Tim nghiém cila cdc phurong trinh vi phan:
1) e*(2 + 2x - y)dx — 2e*ydy = 0.
2) (x + 1)y" + x(y")’ = y’ thoa man y(0) = 1, y'(0) = 2.
Cau II. (3 diém) Giai cdc phuong trinh vi phan:
D y” +y=xe" + cosx.

2) X*(x + 1)y” = 2y biét mot nghiém rieng y, = 1 + %

Cau III. (2 di€m) Xét sy hoi tu cha cdc chubi s8:

2n~lnn
0 an?; ; ) Z[Sn +J_+1]

n=l N 4n +cosn

Cau IV, (1,5 diém) Tim mién hoi tu ciia chudi ham s6:
2 n+l {2x+1Y
En(n—l)( l-x ]

Cau V. (1 diém) Xét tinh hoi tu déu ctia chudi ham s6:

}in(nx) trén R
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DAP AN
Cau L (2,5d)
1) (1d) P(x, y) = "2 + 2x - y°), Q(x, y) = ~2¢"y lién wc trén R? ciing
vdi cdc dao ham riéng.

Pr=Q,= —2¢"y = phuong trinh vi phan toan phdn = du =0 véi

x ¥
u= fe*(2+26)d + f(-2¢*m)dn (0,5d)
i {1
Tich phan téng quét: 2xe* ~ ey = C (C hing s& bat k¥) (0.5d)
2) (1.5d) Baty’ = P(y)
= phuong trinh Bernoulli: P* — P ___ % PP (xz-1)
x+1 x+1
Datz=P' = 70+ 2 = X (0,5d)
x+1 x+1
Phuong trinh thudn nhat z” + L_-0¢6 nghi¢m: z = ¢
x+1 X+1
Tim nghiém cila phueng trinh khéng thudn nhat duéi dang: z = C(:(i
X
(hoac diing cong thirc) (0.5d)
2
_x + CI YO = 0y = 1 =
Z__Z(x+l)'Doy{O)_2 = 2‘0)—2 = C =1 {0,5d)
2x+2 2
= y= I > ldx =In{l +x") + 2arctgx + C,. Doy(@) =1 > C, =11
X°+
=> Nghiém riéng: y = In(1 + xz} + Zarctgx + 1 (0,5d)
Cau II. (3d)

1) (1,5d) Phuong trinh thudn nhdt: y"+y=0
= phuong trinh dac trung: K+1=0 > k=ti

= nghiém phuong trinh: y = C,cosx + C,sinx (0,50
Phuong trinh: y” + y = xe” ¢6 nghiém riéng Y, = e*(Ax + B). Thay vio
phuong rinh = A = %,B=—% = Y= Sx-D) (0,5d)

Phuong trinh: y” + y = cosx ¢6 nghiém riéng Y, = x(Ccosx + Dsinx).

362



Thay vao phuong trinh = A=0,B= % X

= Nghiém téng quir;

X
y = Cicosx + Cysinx + %sinx + -62—(3( -1

2

2) (1.5d) Phuong trinh = y”— -
{x+1)

Tim nghiém riéng y, bing céng thiic Liouville:

— | Pixpdx 2
Y2 =Y, J‘Lze freo dx = [l+l]f~Lde
¥y X7+ x)

N ETRR B T PR 1
Yz—[1+x)_f[l l+x+(l+x)2]dx

= [1+l}{x~21n[l+x|— 1 }
X l+x

Nghiém téng quat:

y= C1(1+i] + Cz[x+l—l—x—+lln(x+l)2}
X X X

Cau III. (2d) 1) {1d) Diing d4u hidu D' Alembert;

lim 204 =y 3 _ 3

n—e @, n—w 1 a e
l+=
n

Vid<e<d = %>l = chudi phan k¥

2} (id) Dung d4u hi¢u Cauchy:

Inn

I =T 32—]“—“
l, nr’ - l n = !‘m_' n
nI—I;I::‘ al'l nl—rbl;lﬂ[ 4n2 J I'I.L“J 4
. lnn . 9 ey .
Vilm— =0 = 1 “,/ =-— <] = chudihoit
i nl—bn:-o . imgfa, 16 chudi hoi

X .
= Y,= Zsinx

y=0 (x=0,xz-1

(0,5d)

(0,5d)

(0,5d)

(0,5d)

(0,5d)

(0,5d)

{0,5d)

(0.5d)
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Can IV. (1,5d)

i [ e 0] |2x+1r
neef U () | [ L=x |

<1 (0.5d)

& =2<x<0 (0,25d)

Tai x = -2 chui tr& thanh 3 (-1)" 2L hei tu theo dafu hiew

i n(n-1) ’

feibniz vi —1+ 1) don diéu giam dén 0.
Tai x = 0 chudi trd thanh Z ( ) phan k¥ vi
n=2
n+l n-1 1, |
= = hud — phéan ky o,

TR mac Ién phan k¥ (0,5d)

Viy tap hoi tu cila chudi 14 [-2; 0] (0,25d)
I/n

Cau V. (1d) Ju(x)] < jfdx = % = (YxeR YneN) (0,50
n
Z wz héi tunén 3 u,(x) hoi ty déu trén R. (0.5d)
n=1 n=|
Pk 2

DE THI PHUONG TRINH VI PHAN VA CHUSI - K49
(Thai gian lam bai 90°)
Cau L. (2,5 di€m) Tim nghiém cla cic phuong trinh vi phan:
) 2xy + x*yHdx + (7 + x"yhdy = 0.

)y + y; = x%(y")* thod man y(1) = 2, y(ly=1

Cau I, (3 diém) Gidi céc phuong trinh vi phan;
Dy’ + y=sinx +xe "
2y yhgx + y‘(tgzx - 2) + 2ycotgx = 0 bi€t mot nghiém riéng y, = sinx.

Cau II. (2 diém) Xét su hoi tu clia cde chudi s6:
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n
n=l T n=1

In=lnn
W AN ) 2
0 Zn.2 : 2) Z[Zn 2+J.H+1J
3n® +sinn
Cau IV, (1,5 di€ém) Tim mién hoi tu ctia chudi ham sa:

c o (2x-3Y"
220
a=2n” +1% X

Cau V., (1 diém) Xét tinh hoi tu déu cia chubi ham s6:

m [ 1fn \/_dx
S 222 leos(nx) rénR
a=l t!' V1+x’

DAP AN

Cau L. (2,3d)

1) (1dy P(x, y) = 2xy + xzy", Qx, y) = X+ xgy2 lién tuc trén R® cling véi
cédc dao ham riéng cua chting.

P=Q,=2x+ iy = phuong trinh vi phan todn phin: du =0 véi

X Yo i
u= JOdE + {(x* +x"n")dn (0,5¢)

1] {1
Tich phan téng quat: xzy + %x"y; = (Chang s& 1wy ¥)(0,5d)

P

(15 bty =Px)=P"+ X =xP'1a phuong trinh Bernoulli (x = 0)

Patz=P" = 7z - 3% = -3 (0.50)

Phuong trinh thudn nhat z° - 3 2006 nghiém: z = Cx’.
X
Tim nghiém phuong trinh khong thuén ahat du6i dang z= C(x)x°  (0.5d)

L
=y’ (0.54)
x(K, -3llx))'"*

1
x(1-31njxp'"?

Tim duoc z = x (K, - 3lnjx]) = P=
Viytl)=1 = K;=1 = y'=

1 2 _ _ 35
= y=-5-3k)" +K; Doy =2 = K,=3

565



phuong trinh = A=B=

= Nghiém rieng: y = % [5— (1 - 3] 0.54)

Cau IL (3d)

1} (1,5d) Phuong trinh thudn nhét: y”+y =0

= phuong trinh dac trung: K+1=0 > k= +i

=> nghiém phuong trinh: y = C cosx + C;sinx (0,5d)

Phuong trinh: y” + y = xe™” ¢6 nghiém rieng Y, = ¢ “(Ax + B). Thay vdo

LS Y1=%e'x(x+l) (0,5d)

r3 |

Phuong trinh: y” + y = sinx ¢6 nghiém riéng Y, = X(Acosx + Bsinx).

Thay vao phuong trinh = A=—%,B:0 = Y2=—%cosx

= Nghiém (éng qut:

y =Ccosx + C,s8inx - %cosx + %e*x (x+0D (0,5d}

2) (1,5d) Tim nghiém riéng thi hat dudi dang y, = u(x)sinx. Thay vio
phugng trinh = u”+u'tgx=0(x = % ke?Z) {0,5d)

Suyra % =-1gXx = U’ =cosx (0,54}
Viyu=sinx = y,= sin’x = nghiém téng quit 1a

y = Cysinx + Cysin’x (0,5d)
Cau III. (2d) 1) (14) Dang dau hiéu D' Alembert:

lim 2nel = gy 2 -2 (0.5d)

n—seo A, n—kw 1 n e

o
n

Vies2 = % <1 = chudihoity (0,5d)

566

2) {1d) Ding d4u hiéu Cauchy:

_Inn

2 3 lnn
lim ¢fa, = nm{z“] = lm2 " 0,54)

n—hac! 31’] n—wo:‘]
Vi hmllnrl =0 = lim q/i == <1 = chuébi hoi tu (0.5d)



CanlV. (1,54)
[V O _[2x-3]

= 0,5d
n—bml u (X) | | X ' ( )
& lax<3 (0,254
Tai x = 1 chudi tré thanh Y (-1)" né hoi t theo Leibniz vi —
n=1 n* +1 n°+1
don diéu giam vé 0.
Tai x = 3 chudi trd thanh Z Vi 2“ ~ L khin = o ma chudi
an?+l . n?+l n
ofy
Z‘rl; phan k¥ nén chudi trén phan ki (0,5d)
n=1
Vay tap hoi tu cha chudi 4 (1; 3] (0,25d)

Cau V. {1d) Xem ddp 4n dé 56 1.

PE 3
)3 THI PHUONG TRINH VI PHAN VA CHU6I - K49
(Théni gian lam bai 90°)
Cau L (2,5 diém)

1) Gidi phuong trinh: 2ydx + (y2 -6x)dy=0vdiy(l)=1
2) Tim ham s8 h(x) sao cho phuong trinh:
h{X}{{y + cosy)dx + (1 - siny)dy] =
14 phuong trinh vi phan toan phédn. Giii phuong trinh d6 véi hix) tim duge.
Cau I1. (3 di€m) Gidi cdc phuong trinh vi phan;

1 L1 ] = ,
Y ry sin x
2) X’y" + 4xy’ + (x° + 2)y = &* bing céch d6i ham s6 y = =
X
Cau IIL. (2 diém) Xét sy hoi tu cla cac chudi s& sau:
27 (“') - 2) S inll+voez -+a-1).
o=l n=2
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Cau IV, (2.5 diém) 1) Khai trién thanh chudi Fourier theo cdc ham s6 cosin

clia ham s& sau;

fx)=1-x,0<x<n

2) Tim mién hoi tu v tinh 16ng c0a chudi ham sd:

o , -1 In+2
Z(_U ()(3—}_
n=i) n+l
DAP AN
Cau L (2,54d)
2
1) (1d) Phuong trinh = 9% + ¥ %% _ g (g X _ 3 ¥
d 2y dy vy 2
Phuong trinh thudn nhat: % - %x = 0c6 nghiem x = C.y° (0,54)
Tim nghiém phuong trinh khong thufn nhat dudi dang x = C(y)y3
Thay vao phuong trinh = C' = —% = C= 1 +K
2y 2y
2
iy 1
= x=Ky + — . Viy(l)=1 = K==
2 2
2
= x= 2 (+y) (0.50)

2) (1,5d) bat P(x, v) = h{x).(y;"+ cosy); (Xx, y} = h{x).(—siny + 1) chiing

lién tyc ciing véi cdc dao ham riéng trén R® néu h(x) lién tuc trén R.

568

D¢ phuong trinh 12 vi phan toin phin < P =Q,
I=N h’=h(y¢%+kn.kez) = h=K;" (0.5d)
Phuong trinh <> e*(y + cosy)dx +¢*(1 - siny)dy =0 = du=0 véi
u= x[eidg + yje" (1-sinn)dn (0.5d)
0

{1

u=e(y +cosy) + K, = €"(y + cosy) = C 1 tich phan téng quét (0,54}



Cin IL (3d)

1} (1,5d) Phuong trinh thudn nhédt: y"+y =0

= phuong trinh dac trung: K+120 - k=+i

= nghiém phuong trinh: y = C,cosx + C;sinx (0,54
Nghiém phuong trinh khong thudn nhat: y = C (x)cosx + Cy(x)sinx

C'cosx + C'ysinx =0
Cos X

= o O =-1,Ch= = 0,5d

~C’sinx + C'ycosx = o : 27 sinx ©>d)

sin x
= C;=-x+K,, G, =Insinx| + K, = nghiém téng qudt:
y = (—x + K|)cox + {Insinx| + K,)sinx (0,5d)
2Y(15d) y' = zX :22 Py =[x +2 - 22’})(} — 3x2(z'x -22)]: X
it

= [z"xz —4z'x + 62] : x*
Thay vao phwong trinh = z°+z=¢" (0,5d)
Phuong trinh thudn nhdt: z"+z=0
= Phuong trinh dic tnmg K+1=0 < k=ti
= Nghi¢m: z = C,cosx + C,sinx (0,5d)
Nghiém riéng clia phuong trinh khong thuan nhat Z = Ae’.
l l «

Thay vao phuong trinh = A=5 = Zzic

X

= Nghiém 1dng quat: z = C cosx + C,sinx + %

X

C, C, .
= y: —2€OSX+ —5-51nx+

(0,5d)
X 2x
Cau IIL (2d) 1) (1d} Ding dau hi¢u D° Alembert;
fim 2221 = im —7 = L (0.5¢)
nso ad, n—sm0 1 n e
(13
n
Vie>27 = 5729 = L <1 = chudihoit (0.5)
e

N Ad) In(l+ Yn+2 - Jn-1)=1 1—4]
J{ld) In(l + +¥n+ n }n[ thﬁ
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3 )
~———"—— khin -5 ® {0,5d)
Vn+2 +4n-1

3 3 . 5w 3
Do ~ khi n = o ma chudi 3 —= phan ky nén
Vozehsl 2 2o
chudi da cho phan k¥ (0,5d)

CanlV. (2,5d)
1) (1d) X4y dung ham s& g(x) chdn, tudn hoan chu k¥ 27 sao cho

gX)=1-xv6i0<x<nm = hésdcob,=0(n=1,2,3..) (0,254
27 _ n). . _ 27 _ 2 n
a,= = [(1-x)dx =2{1-2 | a,= = [(1-x)cosnxdx = —1-(-1)"]
n 3] 2 T[n mn
= a,=0v6inchén, a, = —4—2 véinlk =12, .) (0,5d)
n
Vayfy=1- T4 T9E@n=Dx g oy gy (0,25d)
2450 @n-D
2)(1L5d) Tim duge [x - [|<! o C<x<? (0.25d)
Tai x =0 chudi trd thanh - Z—-l— => chudi phan k¥,
aadn+1
Tai x = 2 chudi trg thanh >’ 1) hoi tu theo dau hiéu Leibniz vi L
aon3n+ 3In+1
don diéu gidm va hoi w vé O (0,25d)
Mién hoi tu 11 (0; 2] (0,25d)
sc0=-1 Sen" 0 L e
o) in+l
= fx)= 2D -0 = —
n=0 T+{x-1)y
= 0= [—%  0<x<2) 0.50)
1+(x-1)
1 X l 2x-3 n
Sx)={(x-1) st ——arcg ===+ — (0,25)
3 Vx¥ -3x+3 V3 Vi 63
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PE 4
BE THI PHUGNG TRINH VI PHAN VA CHUOI - K49
(Thoi gian lam bai 907)

Cau 1. (2.5 diém)

1) Giai phuong trinh: (2xy + 3)dy — y°dx = 0 vi y(0) = |
2) Tim ham s6 h(y) sac cho phuong trinh:
h{y){(} - sinx}dx + {cosx + x}dy] =

12 phuong trinh vi phan toan phin. Gidi phireng trinh 46 véi h(y) fim duge.

Cau I (3 di€ém) Giai cdc phuong trinh vi phan:

Dy’ +y= cosx

2)xy"+ 2(1 —x)y' + (x - 2)y =e " bing cich déi ham s6 z =yx.
Can Il (2 diém) Xét su hoi tu ciia cac chudi s& sau:

pEAS s 2) $sinlyn+i-vn-1).

1271y a=2

Cau TV. (2,5 diém) 1) Khai trién thanh chudi Fourier theo cdc ham s& sin

cha ham sd sau:
fx)y=m-x,0<xan
2) Tim mién hoi tu va tinh téng ¢lia chudi ham sau:

. (X + l)'\n-o-z
nz;’,( D 3n+1
DAP AN

Cau L. (2,54)

3=

1) (1) Phwong tinh = 5% - 2x = —32— y=0)
dy y y

Phuong trinh thudn nhat: %’i - %x = 0 c6 nghiém x = Cy’

(0,3}

3N



572

Nghiém phuong trinh khong thudn nhat; x = C(y)y2
Thay vao phuong trinh = C'= —34— = C=-y "+K
¥y
= x:Kyz——}][-. Viyidi=1 = K=1 = :(=y2—l (0.5d)
¥
2) (1,5d) bat P(x, y} = h(y).(1 - sinx); Q(x. ¥) =h(y).(cosx + x).
P, Q va cdc dao ham riéng lién tuc trén R’ néu h{y) lién tuc wrén R.
Dé phuong trinh 1a vi phan toan phdn Po=Q,

= h‘=h[x¢g+kn,kez) < h=Ke (0,5d)
Phuong trinh < e(1 —sinx)dx + ¢’(x + cosx)dy =0 = du=0véi
U= ?cndn + ?eyﬂ-—ﬂng}dﬁ (0.5d}
0 4]
u=e’(x +cosx) + K, = e'(x + cosx) = C la tich phén 16ng quit (0.50)

Can IL (3d)

1) (1,5d) Phuong trinh thudn nhat; y" +y =0

= phuong trinh dic trung: kK> + 1 =0 — k=4ti

= nghiém phuong trinh: y = C,cosx + C,sinx {0.54)
Nghiém phurong trinh khong thun nhat: y = C,(x)cosx + C,(x)sinx

C'cosx + C'ysinx =0

= , , o Cy=-
—C"sinx + C'ycosx = !
COSX

SN X
CosX

Cy =1 (0.5d)

= C, =Infcosx| +K,,C;=x+K, = nghiém téng quat:
y = (K, + In|cosx[)cox + {K, + x)sinx (0,5d)

i, L} 2 '
5)y=% (x20) = y= 222, o 2X 22K4 02
X X’

Thay vio phuong trinh = 7°-22"+z=¢" {0.5d)
Phirong trinh thudn nhat: z° -2z +z=0
= Phuong trinh dc tring k* - 2 + | = 0 c6 nghiem kép k = 1



= Nghiém z=¢"(C,x + C;) {0,5d)
Nghiém riéng clia phuong trinh khong thudn nhat Z = Ae "
1

Thay vao phuong trinh = A=Z = Z=?}e

Rk

= Nghiém t6ng quit: z=¢e"(C\x+C,) + %e_’(

_ b4 C_z X 1 -«
= y=Cge + xc+4xc (0,5d)
Cau IIL. (2d) 1) (1d) Dau hiéu Cauchy:
lim fa, = lim—>—— = > (0,5)
—s30 n—po 1 n Ze
2(1 +—]
n
Doe>25 = % <1 = chudihoity (0.54)
. : 2
2(ld)ysinivn+1 — vn-1)=sn—m—m—mr—-—ro
Yo+l +4n-1
2 .
~ et kpin 3 @ (0,54}
Yn+l++vn-1
Do 2 ~ —Z_ thin - o machusi S - phan ky nen
Jn+l++vn-1 ZJH n=2\/H
chudi da cho phan ky {0.5d)

Cau IV, (2,5d)
1) {1d) Xay dung ham s& g{x) |, tuin hoan chu k¥ 2= sao cho

gx)=n —xvii0<x<sn = a,=0(n=0,1,2,..) (0,254)
by= 2 [(n-x)sinnxdx = 2 (n=1,2..) (0.5d)
TT(! n
Vay f(x) = 25 ﬂé‘i (0<x <) (0,254)
n=I
D) Timduoe x+ 1j<1 & 2<x<0 {0,25d)

Tai x = -2 chudi o thanh S
ai X i Ir Ef: .

= chudi phan ky.
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oo _- n
Tai x = 0 chudi tré thanh z(_il hoi fu theo ddu hieu Leibniz vi

n=tl

I1 don dié¢u gidm va héitu vé 0 {0,25d)
Mién hoi w14 (-2; 0) {0.25d)
2 _ S L
Téng S(x) = (x + 1) E( 1) S = O Dt
= f(x)= Z(—l}"(xﬂ)"‘“ = f'x)= L :

n=0 IL+(x+1y
= f(x)= J‘LT (-2 <x<0) (0.5d)
1+{x+1)
Tim duoce:
S{xy=(x+ 1} —l X+2 —arctg —— 2x+l n (0.254)
V2 +x+1 *j_ 6\/_

PE 1
DE THI CHUOI VA PHUONG TRINH VI PHAN - K50
{Thai gian lam bai 90 phiir)
Cau L. (3 diém) Giai cdc phuong trinh sau:
1) ydx - (x + y’siny)dy = 0
2) y" ~ y’cotgx - ysin’x = 0, biét mot nghiém rieng y, = "™

Cau IL (2 diém) Xét sy hoi tu clia cdc chudi s6 sau:

- = 1, 1
sin? 2 Y= 1n? ny
E 2\/_ nz;. n
o (_I)n‘—lxzrﬁﬁ

Cau IIL (1,5 diém) Tim mién hoi tu ctia chudi him s ZT"_—
aml 37M(2n+ 3}

Cau 1V, (2,5 diém)

1) Giai phuong trinh xy” + 2y’ + xy = x bng céch dat y = Al
X
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1khi0sx<~

23 Khai trién ham sé& f(x) = thanh chudi Fourier theo sin.

0Mﬂ%<x£n

Cau V, (1 diém) Cho phuong trinh tuyén tinh y’ - kzy = q(x). trong dd k
12 s& thue khic 0, q{x) }a ham liéo tuc theo bién x vd lim q(x) = b. Chimg

X—+a

. T s B
minh rang phuong trinh trén chi ¢é mét nghiém ddn (6i — khi x —» +=. Hay

tim nghiém dé.

DAP AN
Caun L
Nyz0—->x" - i)(:ysiny
¥
x'—lx=0<—)d—x:d—y<—)x=C.y
Y X y

C=Cy) > x=C.y+C— C =siny - C=¥-cosy
Nghiém tdng quat: x = (¥ - cosy).y }

y = 0 ciing 14 nghiém.

Jxinx
2] _ lusx _ e_J‘P(Xde o PosX € sinx d
yi_e _)yz_yl j yz =¢ .[c'zuusx X
|

cosx (8iN Xdx I —com
=g I Sous = —¢&
e CUs R 2

COIS X LMK

Nghié¢m tdng quat: y = C,e
Cau 1L

+C,e

sin’ o
2 2
240

2 T g T
= s = — =0 (n— x)
24n (ﬂ = 4 4

2/n

1) a, = n.sin

— Chuéi phan ky

(0.5d)

(0,5d)

(0,5d)

(0.5d)

(0,5

{0.5d)

(0,5d)

{0.5d)
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{(n+1) n+1

2)a, = In >0%n=z1{; lima, = limIn =0
n n—o n—hon n
x+1 , o
fix)=In S (X} <0Vx>1 = [a,) d.d.giam

Thee Leibnitz chudi hoi 1y,
Cau HI.

n=l _ 2n+3 2
u,(x)= _(jl)_x__ ::»limm =X 6 -3<x<«3
IF"2n+3) n—ed 1 (X) 9
_l)n—l

ai x = =3 5=3)' T-3) S0
Tai x (=3)" (-3} n il

Chudi hoi w

Theo Leibnitz (cé CM)

3

3 .
Tai x = 3: - Chudi phan k¥ (cé CM)
’ Z 2n+3 P yi
= Miénhoitn -3 <x <3
Cau IV,
u , u oo ., oout 2e 2u
1]}!:..__))3 :_.__—2; ¥ :——-——2—+—_‘
X X x X X X

=>u'+u=x
+u+u=0kl+1=0ok=*+x=>u = Ccosx + Cysinx
+Uu¥=Ax+B 3> A=1,B=0=u*=x
— Nghiém téng quét: y = Y
X
2y Xét F(x)y 1é, tuan hoan T = 2n
F(x) = f(x) ¥x € [0, ]

*F(x)1€ 5 a,=a,=0Vnz=1

I .
= — (Cicosx + Cysinx + X}
X

2 n 2 ®f2 n
*h = — _ff(x)sin nxdx = — _[sin nxdx + _[de
T T %2

2 n 4  ,onm
= —|l~-cosn— —sin° —
ns 2 nit 4
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(0,5d)

{0.5d)

{0.5d)

(0.5

(0,54)

(0.5d)
(0.5d)

(0,5d)

{0.5d)



Vay f(x) = iZ(—l-sinz -I;—Tt)sin nx (0.5
n

n=1
Cau V.
% 5
y(0)+ fa(e™ dt
Nghiém 1éng quat: y{x) = K 3 )
~k*x
e
Tacé e - 0 khix > +

X

. . -b .. -3
Dée3 lim y(x) = — thi lim | v(O)+ Iq(t)e del =0
k Ko

X—r=m
]

i}
>0 = [qte™" d (**) hoi tu (0.5d)

+3
. -b
Thay (**) vao (*) tacé lim y(x) = ~
X—+on k
{Kiém ching bing quy thc Lopitan).

0 .
Vay y(x) = Iq(l)c'kh“"”dt {duy nhat} (0.5d)

+o3

PE 2
PE THI CHUOI VA PHUONG TRINH VI PHAN - K50
(Thdii gian 1am bai 90 phiit)

Cau L. (3 diém) Giai cdc phuong trinh sau:
1) (1 + y3)dx - (arcigy — x)dy = 0
2) y” + y'igx — yeos’x = 0, biét mot nghiem rieng y, = ™™
Cau IL (2 diém) Xét su hdi tu clia cdc chudi 6 sau:

D i[”“l)n : 2 Sy nn

a=l\ 1 +1 n=2 n

Cau YL (1,5 diém) Tim mién hoi tu ctia chudi ham sé:
w© (_})n-lx2n+3
233
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Cau IV. (2,5 diém)
1) Gidi phuong trinh X°y” - (6x° + 2%)¥7° + (9x° + Ox + 2)y = 4x’e™ bing
cach dat y = u.x.

=

| khi 0=<x<Z
: 2

0 khi %m(ért

2y Khai trién ham s {ix) = thanh chudi Fourier theo cosin.

Cau V. {1 diém) Cho phuong trinh tuyén tinh y° — kzy = q(x), trong dd k
1a 86 thue khdc 0, q(x) 1a ham lién tuc theo bién x vd lim q(x) = b. Ching
X —r4a

minh rang phuong trinh trén chi ¢6 mot nghiém dan t6 ;E khi x — +ec, Hay
k

tim nghiém d4.

DAP AN
Cau 1.
D L ey
1+y 1+y
. dx d d —arctey
»‘E—=—l"2 —>—"——1 Y ox=cemmw (0.5d)
¥ +y X +y
S C=Cly)=x = Ce W _camey 1
1+y2
,  arctgy.e"™'® arclgy
=C= —T—z—— = C(y) = (arctgy — e +€ {0.5d)
+y
Nghiém téng qudt: x = arctgy — 1 + €& ™'Y {0.5d)
_ e—[!’[xhlx ) R d::%
By = sy =y [T dx =™ [——dx (0.5
Yi e
_ Csim; dSi..nX - _wlwc—sinx (0.5d)
eznnx 2
Nghieém tdng quat: y = C,e™™* + C,e ™ (0.5d)
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n+l n
n —_— (-2
1 — ~2 n _

lya, = n ] =1+ 2 + —>c2‘#0(n-—)cm)

1+ 1 n+1i

— Chudi phan k¥

2ya,= 0 5 0vn>2; lima, = im 22 20

n n-den n—=r [

f(x) = ]“T“ - (x)<0Vx 22 = {a ] d.d.gidm

Theo Leibnitz chudi hoi tw.
Cau IIL.

n-1_2n+3 2
up(x) = %_x_‘ = lim o ()] _ X7 <le-3<x<3
3 2n+3 a—xl U, (X) 3
Tai x = -3: i(—?)'q (_l)n_l Chudi héi tu theo Leibnitz (cé CM)
' o 2ne3 C
o k1
Tai x = 3: Z 3 Phan k¥ (ca CM)
n=1 2n+3
= Miénhoitu-3<x<3
Ciau IV,

Dy=ux—-y =ux+u—->yv =u"x+2u

= u"— 60 +9u=4e™
+u“—6u‘+9u=0—>k2—6k+9=0—>kl=k2=3

= u=Cet+ C,xe ™
+u=Axte™ > A=2 5 u=2x%e"
— Nghiém téng qudt: y = u.x = & (C;x + C,x* + 2x7)
2y Xét F(x) chidn, tudn hoan T=2n

F(x) = f(x) ¥x ¢ [0.n]

*Fx)chain > b, =0v¥x21

21: 2 nf2 hd
a,= = |f(x)dx = —=| |d Odx | =1
) n{':[ X)dx nli(}[ X+ J X}

w2

(0.5d)

(0.5d)
(0.5d)

(0,5d)

(0.5d)

(0.5d)

{0,5d)

(0.5d}

(0,54}

(0,5d)

(0.5d)

(0,5d)
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4 i
*a, = g jf(x)cosnxdx = 3 J'cosnxdx+0 = isinnz
e L ni 2

Vay f(x) = % -%Z[—bll'l n gjcm nx

T =1
Ei cos(4n+ Dx  cos(4n +3)x (0.5d)
T 4n + | 4n+3
Cau Vv, (100
Nhur dé& 9,
DE 3

DE THI CHUOI VA PHUGNG TRINH VI PHAN - K50
{Théi gian lam bai 90 phiir)

Cau L (3 diém)
1
1) Giai phrong trink sau; v~ - 1 Y =x(x-1.¥W2)=1,y(2)=~
X —

2) Tim hadm s6 h(x} sao cho phuong trinh hix)[{y + Inx)dx — xdy) = 0 la
phuong trinh vi phan toan phan. Giai phuong trinh d6 véi h(x} tim duac.

Cau I1. (2 diém) Xét su hoi tu cla cde chudi s6 sau;

D Y- = 2) Y1l
n=l 2n- +1 ami J

Cau III. (1.5 diém) Tim mién hoi tu cha chudi ham s6:

ol

1
E%n+l(x+2)"

Cau IV, (2,5 diém)

1) Gidi phuong trinh ¥" + 3y” + 2y = -
e’ +1

n n
+
23 Xét su hot ty déu ciia chudi ham sé Z[ ntl J (2){ 1] men doan [—1: 1],
wn+2 X+2
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Cau V. (1 diém) Cho phuong trinh ((ii_x + a()x = f(t) trong d6 alt), f() 1a
t

nhimg ham sé& lién tic va thod man a(t) =z C> 0, f{(t) = 0 khit — +o.

Chiing minh rang moi nghiém cua phuong trinh trén déu dén t4i O khi
{ = +oo.

DAP AN
Cau L.
1))”=P:y”=P’—>P’——-1 P=xix-1)
x=1
2
= P= 7+C| (x -1 (0.5d)
x* x?
::»sz':y'(Q)z—l:>C,=—3:>y‘:7—?—3x+3 (0.5
4 3 2
X X7 3x 1
= — + B+ G ¥z 1 = G = =~
=Y Pl 5 X 2 ¥(2) =L, 3
4 3 2
X X7 3x i
Nghiem téng quat: y= =— -2 "= 4 3x+ = 0.5d
ghiem téng q y T 6 5 3 { }
2} P=h(x){y + Inx); Q = -h{x).x
P’\.zQ’_‘c:»hz-h’x—h:h:—C;,C;-*O (0.5d)
3 N !
= Phuadng trinh vi phan toan phén; by inx dx — —l-dy =0
X X
2 ¥
Chon (x,, ¥,) = (1; 0) = jm’:d" - jlcly =C (0.5d)
X o X
. 2 L) 1y
= Tich phan téng quat: - —Inx -~ = - £ +1=C (0.5d)
X X X
Cau Il
n 1
Na, = —=—= = — 20(n = +x) (0,50
n’ +1 \E
= Chudi phan k¥ (0.5d)
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.7 1
2ya,= —|2¥" —| —-—‘—IZ—b - x 0,54
) n T i (0,3d}
- . 3 - .
> b, hoity (o = 5> 1) = Chubdi > a, hoity (0,5d)
n=] =l
Cau III.
I -y 0 1 X > -1 <
U (X)) = -———— = lim|-2 = <l & (0.5d)
UYn+lx+2)" n—sec| U (X} I ]x+2| [x <=3
Tai x = - Z phdn k¥ {(c6 CM) 0.5
Tai x = -3; i D" héi w theo Leibintz (cé CM)
=1 3\1' n+l
. ! x>-1
Mién héitu { (0,5
x<-3
Cau IV,
D* 3 +3y° +2y=0> kK +3k+2=0k =—1,k,= 2
=y =Ce "+ Ce (0.5d)
* y*=C(x)e " + Cy(x)e > trong dé:
Cre™+ Che =0 c) =
e +1
= 2x
—Cle - 20, e s ] o, = =°
e+l e’ +1
2 Cx)=In(l+e™); Cx) = —e “ +In(l +e") = y* {0.5d)
Nghiém 1dng quat: y = Cie™* + C,e ™ + (¢ * + ¢ M)In(1 + e (0.5¢)
2)V6ivx e [1,1] = 2 <)
le
:;-Iun(les(””] vzl Vx e 1; 1] (0,5d)
n+2
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-

Z[ n lj hoi ty theo Cauchy

oA n+2
Theo dinh ly Vayestrat = Zun (x) hoi ty déu trén [-1: 1] (0.53d)
n=|
Cau Vv,
—Ja{r]xl': L Ia(r}dt
X(=¢e " x(0)+ [f(s)e®  ds
L}
ia{fh[t
x(0)+ ff(s)e’  ds
= 2 (0,5d)
Ia{r}dt
el.’l
Vif(t) > 0khit — +x nén:
Ye> 0,38 >0Vi>d = fn]<e
(0.5d)

= x{t) > Okhit — +>

pE 4
DE THI CHUOI VA PHUONG TRINH VI PHAN - K50
(Thoi gian 1am bai 90 phiit)

Can 1. (3 diém)
1) Giai phuong trinh sau: yy™ - y‘z = y“, vio)y=1.y(0)=—1.
2} Tim ham s6 h(y) sac cho phuong trinh h(y)[y(l + xy)dx - xdy] = O la
phuong trinh vi phan toan phén. Gidi phuong trinh d6 v6i h(y) tim dugc.

Cau I1. (2 diém) Xét sy hoi tu cha cde chudi s6 sau;
n 1
= n+1 - )
l -n" — P3| 28 —1
[n+2J ZJ‘ [ J
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Cau ITL (1,5 diém) Tim mién hoi tu cia chudi ham s6:
i 1
v+ Lix+ 1"
Cau IV. (2,5 diém)
1) Gidi phuong trinh y” - 2y’ + y = 2x¢”

n
] trén doan [-1:1).
X+2 )

2) Xér sy hoi ty déu cha chudi him s6 Z o +n ! (ﬂ
n=] 3

Cau V, (1 digm)
Cho phuong trinh %i + a{t)x = f(t) rong dé aft), f(1) 1& nhitng ham s8
L

lién tuc va thod min a(t} 2 C > 0, f{t) = 0 khit — +o,

Chiing minh rang moi nghiém cita phuong trinh trén déu dan 151 O khi
t —» +oo.

DAP AN
Caul.
Dy’=P—y"= P<£ ::oy.ll’.wc—l-l:1 —P2=y4(*)
dy dy
*y0: (N F'<£1£ - -l—-P? =y"’ (Bécnuli)
dy vy
D2 2 3
bDaP=z2=2-—-z=2 (0,54}
¥
:>z:(y2+C1)2,P2:y‘2=z
Kéthopy'(0)=1,y(0)=1=C,=0=y2=y* (0,54)
y'{0) = l>0:>y‘=y2:>d—32/ =dx:>—l =x+C,
b4 y
Két hgp y(0) = 1 => C, = -1 => Nghiém téng quar: y = 1—1— (0,5d)
—-X

* v = 0ciing la nghi¢m.

2) P=h(y)y + xy): Q = —x.h(y)
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P, = Q' = h(y +xy’) + h(l +2xy) =—h

dh ' {C#0
xy+1z0o S 20 o C (0.5)
h ¥ y: ly#0
== Phuong trinh vi phan toan phin: [—1— + x]dx - % dy=10
y y
¥ % 1
Chon (x,. ¥,) = (0; 1): fody + j[—+ x]dx =Cy>0) (0.5d)
1 1)
X x°
= Tich phan éng quit: — + 5 =C(y=0) (0.5d4)
y

Chii ¥: Néu sinh vién khong 1y luan y < 0, y > 0 ciing cho i da 1.5 diém khi
két qua ding.

Cau I1.
l)an=(n+l] 5 Cl20m->®) (0,5d)
n+2
= Chudi phan k¥ {0.5d)
I
1 - 1
2ya, = —=|2° -1 —=1n2 =b, 0.5d)
- } VT o
Chudi ) b, hoit (o= % > 1) = Chubi Y a, hoi (0.5d)
n=| n=]
Cau I11.
1 . lu el (x)‘ 1 [x >0
U (x) = ————— = lim|— = <l (0.5d)
Jntlie+ 1) omem w0 x+] x <2
Taix=0: phan ky (cé CM) (G.5d)
z\a'n+
‘ < (-H" s )
Taix = -2: hoi tu theo Leibintz (c6 CM)
E “Yn+1
. 0
— Mién hoi tu {x z (0.54)
Xx<=2
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CaunlV.
D* Y —xy+y=0o5Kk -2k+1=06k =k, = |

= ; =Cie" + Cyx.e’

* y*=e"(Ax +B)X° 5 A =~ B=0

| —

- y¥ = %x?’c"

* Nghiém 1dng quat: y = y + y* = Cie’ + Cyxe + %xae“

2) Véi vx € [1: 1] = 2321

X+1

n+l

= lux)l< Ynzl;vx e [-1; 1]

n

n+1

n

Chusi 3"

n=]

hoi tw theo Dalambe (¢4 CM)

Theo dinh 1y Vayestrat chudi > v, (x} hoi tu déu trén [1; 1]

n=l

Caun V.
Nhu dé 3.

PE 1

DE THI CHUO! VA PHUONG TRINH VI PHAN - K51

{Th&i gian lam bai 90 phit)

Cau L (2,5 diém)

Giai phuong trinh: 1) y* - B Xxcosx thoa min y(g] =T,
X

2 2
-3
2) 2—};~dx + T2 gy-o,

y y

586
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(0,5d)

(0.5d)

(0,5d)

(¢,54d)

(1,0d)



Cau 11. (3 diém)

Giai phuong trinh: 1} y” - R Lq = 0 biét mot nghigm riéng y, = x.
X -

2y 2y 4y=e F 4 S .

X

Cau ITI. (2 didm)

1Zn+l
Xét sur hoi tu ctia chudi s8: 1) Z nrcosn, Z .
,f' 4% In(n+1)
Cau IV, (2.5 diédm)
TR f o ) i ;
13 Tim mién hoi tu va tinh 16ng cba chudi ham s6 Z—-— (x40,

n

n=]

2) Khai trién thanh chudi Fourier ham s& f(x) = x(x - x} trong khoang (0, w)
theo cac ham s& cos.

DAP AN
Cau L.
1)y - Y = xcosx
%
oyl - % =0 = y = Cx. Tim nghi¢m PTKTN: y = C(x)x = (0,5d)

* O'(x) = cosx = C(x) = K + sinx = y = (K + sinx)x, y[%} =1 =

=K=1=y=x+xsinx (0,5d)

2 2
» Bax s 12X gy=0
y y
2 2 -
*p=£).(_ Q=y__—3x :>9£=_E}.(.: Q V(x y)=ix,0) (0,54}
1" 4 . 4 8x
y y oy y

: ) 1 3x

* Cth XU=U, Y, = l = j22§d§ + —?——)dﬂ C = [0,56)
il ¥

8] L
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. . X
¥-T__+l:(']hay—_g-___=cl_-lzc (O.Sd)
Y Y ¥ y
Cau Il
Dy - L+ X 20y =x
2
X
dx
ptx oy T
. € €
Y=y 5 —dx =x I—:—dx (hoac y, = y,.u(x)) (0,54}
¥y x*
. dx
y,= j‘x— = Xln | X ‘ . {0.5d)
*y=Cpx + Cyxln | x| (0,5d)

—X
X

Dy 42y 4y=ety &

X
Y 2y 4y =02k + 2%+ 1=0
Sk=-l=y=(C,+Cx)e™  (0.5d)
. - — ! _
Y +2y'+y=c " Y, = Axe :>Y1:5x2t:" {0,5d)
-

Ky a2y Hy= S

=Y, =C(x)e "+ Cyx).xe " =
{'C'] e '+ Chxe™ =0

xS Y;={~x+xIn|x|)e*
—C'lc_x + C'z(e_x —-xe )=

X
. . x?
Nghiém tong qudt: y = ¢™(C, + C,x — X + xIn | x |+ —-2—) {0.5d)
Cau IIL
1 = I +COS N
n=l yn’ +1
*a = n+cosn 11 Khi 11— <0 (0.50)
p a2
n+1 n
* Do chubi Z_“E hoi ty = chudi da cho hoi ty (0,5d)

n=1
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= '7n+]
=1

4 Inin+1)

* lim 2ol = 2 gy R (0.5d)
no 4, 4 n-x=In(n + 1)
o 1 Lépitan .
* Vi1 lim _nx p_ Iim x+1 =]l =Inn~In{n+ IYkhin - =
Pp—— ln(x + 1) Xt X
9 Ny ‘
Vay lim —— Anel - 2 > | nén chuéi phan k¥ (0.5d)
11— d_
CaulV.
z g ix+Dn"
13 Z(_l)“ 1ix+L)
- n
n=I
* g (x)=— [(—Hj)] Ldatt=—(1 + x) = chudi: —Zw—:
n
fi=|
Khodng hoi tu: -1 <t < 1. (0.5d)
* Tai t = =1 chudi hoi tu theo Leibnitz
Tai t = 1 chudi phan k¥ = mién hoi t (4 véi x) : (-2: 0] (0,54
5 0 _ |
=-y — = 3= Y™ =———:>5([)~1n|r—1|+c
X SEL
SO=0=C= 0:>S(x)z]n]x+2| (0.54)

Df=x(n-x)véid<x<n
* Xay dyng ham s6 g(x) chan, tuin hoan. chu ky 2n va bang f(x) trén khoang
(O, =b,=0,%vn=1,2, ..
2 2 ks
== Jx(n—x)dx =1 L, = — Ix(n~x)cos nxdx =
T 3 T4

T
= -%— I(nx—xz)d(sin nx) = — j(*r Zx)sin nxdx (0,5d)
nm ot o
4 .
R —, chan
*a,= 2 — 2 [(n—Zx)cos nx]:: = n?
noiy n-x O, nlé
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_ n? = cosZm:
fx) = — - Z (0,5d)

n=

pE 2
pfi THI CHUO!I VA PHUONG TRINH VI PHAN - K51
(Th&si gian tam bai 90 phat)
Cau L (2.5 diém)

X

Gidl phuong trinh: 1)y’ —y = z thoda min y(1) = e.
X

2) idx +(y' + inx)dy = 0.
X

Cau II. (3 diém)

2xy N 2y

Giai phuong trinh: 1) y” - 5 >
X7 +1 x°+1

= 0 biét mot nghiém riéng y, = x.

2)y” - 6y’ + 9y = 3x — 8™
Cau IIL. (2 diém)

w0
n+sinn
Xeét su hoi ty cia chudi sa: 1) Z Z

< J 1 ' In(n+1)

22nv[

Cau IV, (2,5 diém)

1) Tim mién hoi tu va tinh 1éng cla chudi ham sa Z(—l)“"I fn+D(x-D".
n=]

2} Khai trién thanh chudi Fourier ham sé f(x) = x{m — x} trong khoang (0, n)

thco cdc ham so sin.

DAP AN
Caul.

l)y’_}r: €
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*y'—y=0=y=ce' Timnghiem PTKTN: y = c(x) e* =
= ¢y = 1 :c(x)=K+ln|x| :>y=(K+ln|x|)e“
X

yly=e=K=1

2y Ldx + (y' + lnx)dy = 0
X

13 “-\‘ “:
*P:l,Q=y3+lnx:>(—'l-3-=—l+= OQ.V(K-Y)*(O-Y)
X dy X ax

g Ioag + J(n" +Inxyn =C
L 0
4

* o L +ylnx =C
4

Caun I1.
2xy’ 2y
Dy - i+ =0 =
x°+1 0+l
_j|1(x)dx Ix;—]llx
e e
*y, =y, j*—-—z——d!( =X JT dx (hodc y, = y,.u(x)}

¥q
x?+1
$}!2=X’[—{'} 1X=X2—l
2
¥y=Cx+C(xF=1)

2)y" — 6y + 9y = 3x — 8™
-6y +9y =0k’ -6k+9=0

ok=3=y =C e+ Cxe

1 2
*);“__6}r‘+9y=3x:>YJ=A,‘(+B:>Yl=5?('4'6

¥y -6y +9y = -8 = Y, = Cxle™ = Y, = ~dx’e"

. : 1 2
Nghiém tdng quét: y = (C, + Cyx — 4xH e™ + Ex + 3

{0,5d}

{0.5d)

(0,5d)

{0.5d)

(0,54}

(0,5d)

(0.5d)

(0,5d)
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Cau IIL.

S

n

Dy ——

Svnt 41

1
*a,~ — khin - w0 (0,54}
n
* Do chudi Zul— phan k¥ = chudi da cho phan ky (0.5d)
Vn
22m1

2)

Z 5% In(n + 1)

. +1 4 |
% fim =0 =2 Jim—20_ (0.5d)

nowe Ug 5 no=In(n+1)
. 1 Lépitan 1
*Do lim nx o lim LA I=Inhn~In{n+ Lykhin > =
x=+2 In(x + 1) it X

.Uy 4 A
= lim —= = — <1 = chudi hoi ru {0.5d)

U, S

Cau IV,

1) Z(—i)“'] M+ D(x—H
n=|
*® Z:l[—l)"'1 n+DH{x-nH" = Zun(r) viiL=1-—X, u,(t) = —(n+1)"

n=] n=|
|

| 1
1im‘”—“t‘—(-—)’=Ir|<1c>—1<[<1c>0<x<2 (0.5d)

noelou (L

* Tai x = 0 v x = 2 duoc hai chudi: —Z(n+1) va Z(—l)""{n+l) déu
n=] n=|

phan k¥ vi s& hang téng quat = 0 khi n 5 = = mién héity (0: 2)  (0,25d)

* S(1): = i (n+1)t° Z(I” -t (il“”}

=1 n=] W n=1
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2 2 _
:_[ t ] _ 1! 2; ©.5d)
I-1 (1-1)

(I-x)’-20-x)  x2-1
X2 X

2 fx)=x(r-x)vdi0<x<m

S(x) = V0 <x <2 (0,25d)

* Xay dung ham 34 g(x} le, tudn hoan, chu k¥ 2x vi béng f(x) trén khoing
(0.r)=>a,=0.¥n=1.2,..

m

b,= — _[x(n — X)sin nxdx
T
2 n
= —— | X{m—Xx)cos nx|n - jcos nx(m —2x)dx (0.5¢)
nm o
n 8
4 —— . nlé
*bnz-_l.cosnx(rr—k)dx =... = —T[(—l)”—l]: an
0 nr 0, n chédn
fx) = S Z_——““(Z“_?x v6i x € (0, 7) (0,5d)
T -1 (2n-1Yy
DE 3

Pl THI CHUOT VA PITUSNG TRINH VI PHAN - K51
(Thoi gian 1am bai 90 phuit)

Cau I. (2.5 didm)

X

€ Y
x+1 x+1

Gidl phuong trinh: 1) vy’ =

23 (sinx+zjdx+(y3 +Inx)dy = 0.
X

Cau I (3 diém)
Gidi phuong trinh: 1) 2yy” -y‘zz I, v(li=1Ly{l)=1.
2y ¥y + y = cotgx.
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Cau III (2 digm)
1-3-5---(2n-1)

Lea]
Tim mién héi tyu cda chudi s6: 1) Z
i}

n=l n
=© Inl
2) n_.
,,2=1(11+2)2

Cau 1V. (2,5 diém)

n

2 gt 4x -3
13 Tim mién hoi tu coa chudi ham s& ﬁ( W
n=1{0°+1) X

o0
2) Chitng minh rang chudi ham s sze‘"" héi tu trong khoang (0, +x).

n=I
DAP AN
Cau l.
et y
1 P = —_ ———
)y x+1 x+1
. Cx)
o+ =0=>vy= . Tim nghiém PTKTN; y = ——
X+1 X +1 x+1
X
SCK)=e" = 0x)=e"+ K= y= e K
Xx+1
¥ ¥ 3
2} [slnx+——]dx+(y +Inx)dy=0
X
N 3 2.
* P =sinx + z,Q:y"+lnx:>£=l=f—Q—, (VX >0, ¥y)
2 &y X ox

X ¥
*Chonxy=1,vy,=0= jsinf;dé + J(rﬁ +lnx)dn =C
1 4]

4

y

*:\—cosx+7+y1nx-—"c (¥x >0
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(0,5d)

(0,5d)

(0,54)

(0.5d)

(0,5d)



Cav I1.
D) 2yy"~y? =1 y(l)=1, y(1) = L.

*DatPy)=y" = y”zp.d—p

dy
1 |
= pp - -—p2 = —- ]a phuong trinh Bernoulli (0.5d)
2p 2y
*Patz=p' = 2’ - Z.- 1 =z=-1+Cy. Viy'th)=1=3C, =2 (050
¥ ¥
yi=2y-1=y = f2y-1 oy ()=1>0) = x= 2y 1 + C, (0,5d)
x2 41
Viyih=l=>C=0>y= (0,5d)
2} ¥7 + y = coigx
*y'+y=0=ki+1=0ok=2] > ; =C, cosx + C,8inx (0,5¢)
Y = C(x)cosx + Cy(x)sinx = [ Clcosx + Chsinx =0
Cl(=sinx) + Chcosx = cotgx
C, =sinx = C, = Injtg %‘ ~ COSX (0,54}
*y= ; +Y = Ccosx + Cysinx + sinx- Inltg %‘ (0,5d)
Cau III.
i (211—1)
n=1
n
# im 2arl o gy 2001 [ s (0,54)
n—o A n—= N+l n+1
* lim Zoetl _ 2 < | = chudi hoi (0,5d)
i - S <
- lnl
2) "
n=1 (n+2)
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o
+Ya, =y e lon a0 gy (0,5d)
T(M+2)  (n12)? n?

Tinn i | nx|® %1
*Xétl = Iwz—d =- jlnxd[-—] = hm|-—— I—de
;X i XjooAmel X gx
I hoi tw nén chudi Zan hai ty {cd thé diing lim ln—: =0, Ye>0désuyra
n=1 sy
I—S L . ¥n=1,2, .. = chudihditu). (0,54)
2 n?u’Z
Cau V.
- n? 4x -3 i
a=1(n" + I§] X
o im0 453 (0.50)
n—m U, (X) ‘ |
- - 2 2 3 -
*oxT~24x+9 < x <:>g<x<l (0.23d)
=43
*Tal x = — i tu theo Leibnitz do a, don diéu gidm vi hoi
tu dén 0.
& oot nt 1 Z 1
Taix =1, Zﬁ phan ky do a, ~ T ma Z— phan ky  (0,5d)
n=1(n°+1) n n R
i e 3 -
* Mién hoi ty 3 1 (0.25)

b 44
2) sze_“" , % € [0, +a0}

n=I

U, (x>0, ¥x>0vau0)=0, u,(x)=¢ ™(2x- nx2)=0 e

x=x,= —, u,{x}>0véimoix e (0, x,)va uLxr<Ovdimoix > x, =
n
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= max u,{X) = u,(x}= te (0.5d)
[0+ n?
-2
| 4
* (0 =u 0 2 vn2 1, vx =0,

1
-2

o a0
.. 4 ) .
Do chudi Z ¢ hoi tu = Zun (x) hoi e déu theo dinh 1y Weierstrass.

n=l N7 n=1

(0,5d)
pE 4
BE THI CHUOI VA PHUONG TRINH VI PHAN - K51
(That gian lam bai 90 phit)
Cau I (2.5 diém)

Y
XX +1)

2) [sim{—y2 }dx+[cosy—2_y]dy =0
X X

Cau II. (3 diém)
Giai phuong trinh: D yy"+y =1, y(0) = L, y’(0) = 1.

Giai phuong trinh: 1)y’ = | +

23 y" 4+ y =tgx.
Cau IIL (2 didm)

Xét su hdi ty ¢é chudi s6: 1) Z__.__.__Z 4.6..(2n)
n=! n
Z In(n+1}
i (n+3)?

2)

Cau IV. (2,5 diém)

I'I
1} Tim mién hoi tu ctia chudi ham s6 Z fl )

I|'n '\l+x

2) Chitng minh rang chuéi ham s& sze_m hoi tu déu trén khoang [0,+).

n=!
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DAP AN

Cau l.
L] y
y'=1+
x(x+ 1)
. y _ _ & . Cx)x
— =U0=y= ——_Timnghiém PTKTN y= —— 3
x(x +1) y X+1 Ehtt Y + = 059

l
FOUX)=1+ —x— = C(x)x + ln[x| +K=>y= _xﬁ (x + lnixi + K3} (0.5
X

2
2) [sinx-y—ldx+[cosy+gl]dy =0
x? X
*P=sinx—i Q:co‘;y+2—y = P_ N Yy # (0y) (0.58)
Xt x ey k2 oay
, X ¥ 9
*Chonxg=1,y,=0= Isin EdE + j[co.sn +—n]dn =C, > (0,5d)
1 0 x
y2
¥ —cosx +siny+ — =(,-cosl =C (0,54
X
Cau IL
D oy +y?=1Ly0)=1y©) =1
' A\l ” dp [l 1 2 l .
*Patply)=y =y’ = p‘d =pp + —p° = — = P.ir. Bernoulli (0,5d)
¥ ¥ ¥
2 y 2 Y2+Cl
*Patz=p :>z’+~2—z= — = z= —E—.Viy’({)):l:::Cl:O (0,54}
¥ y

*pl= 1oy =4loy=x+ G Toy0) =y (@ =1=y=x+1 (0,54
2) yl+y=1gx
*y +y=0=k’=1=0 < k=+i= y = C,cosx + Cysinx. (0,5d)

Cleosx+C5sinx =0
*Y = C(x)cosx + Cy(x)sinx = ,I . 2 , =
_ Cl{-sinx)+C5 cosx =1gx
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C, =sinx -~ In

X 7
cotgl —+—||.C; = —cosx {0,548}
g(z 4]‘ 2

*y = §+ Y = Ccosx + C,sinx — cosx. In| cot g[%+%]‘ (0.5d)
Cau III.
> 2.4.6..(2n
1) E:————;Q—l
n=I n
a n
* Jim —0*tL =1m12( ] = (0,54)
nox Ay n—w tn+l
- 2 5. .
* Hm —/— = =< 1 = chudi hoi tu (0.5d)
¥ A g e
In{n+1
2) Z { )
n= |([‘l+3)
In(n+1 In{n+1
+ , = I ;s oo 2),Vn=l,l‘_ (0,5d)
(n+3) in+1)
| oo
*Xétl= I nx =—% Ilnxd[l]z
2 2 X
= L lim ln_x J dx | = 1 héi tu = chudi Za hoi tu (0,5d)
A—r+m) X 2 n=l

~0v£>0@qwraﬁﬂ<i-vn—12 =
X —r-on x n-:' n

chudi hoi ty).
CaulV.

(c6 thé dung

-D" 1-xY"
) Z / [l+i]
I'l

\unm)\ [1-x]

* im <|l o {0,5d)
n—es| U, (X) ‘ |l+x|
* o 2x+ X<l +2x+x x>0 {0,254}
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at

\ ~ (-1" : o .
*Tai x =0, hoi ty theo Leibnitz vi 14 chudi dan ddu ¢é a, don
n=2\|'n2 -1
diéu giam dén 0. (0.54d)
* Mién hoi ty [0,4+90). (0.25d)

w
2) szc_m‘ . x € [0+).

U(x) > 0. VX > 0vau (M =0, v, ()= 2x-nx2)=0 =

2 . .. , s . :
S X=X, = = up(x)> 0 véimoi x € (0.x,) v u (X)< 0 v6i moi x > x,

de2
= max u,(x) = u,(X,) = — (0,5d)
|0, +50) n?
* |un (x)| =y, (X)=— ,¥nzl. ¥n20.

n
=2

o o
. 4 . . . . .
Do chuéi Z ¢ hoi tu = Z u, {x) hdi tu theo dinh 1y Weierstrass. (0,5d)
n=1 N n=1

Pt 1
DE THI CHUOI VA PHUONG TRINH VI PHAN - K52
(Thdi gian 1am bai 90 phut)

Ciau I. (2 diém)
Xét hoi tu clha cdc chudi sau: a) Z(\}n +2-+/n-1 ); b} Z Inn
n=2 n= 23n
Cau II, (2 diém)
- -1°

a) Ching minh chuéi ham s& Z
a=n X< +n+1

hoi tu déu trén R.

0 nf2
: . \ Sl e s n+4
b) Tim mién hoi tu cua chuoi lu¥ thita 2[4—1] (x+4"
n+
n=2
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Cau ITL (2 diém)
a) Giai bai todn Cauchy 2ydx — (6x - y*)dy = 0, y(1) =0
b) Tim ham s6 h(y) sao cho phuong trinh h{y)[{1 - sinx)dx + (cosx + x)dy] =
14 phurong trinh vi phén toan phan. Giai phuong trinh dé vdéi h(y) tim duoc.
Cau IV. (3 diém}
a) Giai phuong trinh 2yy” - yi-1=0.vsididukieny()= 1.y (1) =1:

b) Giai phuang trinh y” — 3y’ + 2y = 3¢”* + 2¢* cos-ﬁ—

Cau V. (1 diém)

o0

("

Tinh téng cha chudi s6 —
o(Bn+ 127"

DAP AN
Can L.
3 3
a) Vyn+2-vn-1 = ~——.n—>xkhin— = (0.5d)
Vn+2 —-+n-1i 2&

Chudi 3 phan k¥ (o = 1 < 1), theo tieu chudn so sanh 2 chudi di cho

n=1 2'\/5 2
phan ky. (0.54)
b)a,=f(n}= Inn D)y = ln—: lien e, duong trén [2; +o2).

In? X

o2

~3x° —6xInx

X l_zlnx v 1. .7
f(x) = = 2 <0, véi Vx =z 2, f(x) don diéu giam trén

ox? 3x
[2: +e2). (0,5d)
a0 R o
1 1 1 1
Mat khdc jl”—’z‘dx == jlnxd(——] =—€ J'—2
3 3x 33 x : 2
1 l +a0
—_E -—-Inx+— —(In2+1) (Tich phan hdi 1y)
- 2

601



Theo ti¢u chudn tich phan chudi s& di cho hoi tu. (0.54)
Cau I1.

) n+l
a) Z%— héi tu véi ¥x € R, theo tigéu chudn Leibnitz, Ta c6:
n=0X" +n+1
| R.(x) =|S(x) - S“(x)l < —#— < I <e.¥e>0 ¥x € R, (0,5d4)
xX4n+l 0

1 . .
1 <E = N> i Chon n, = {—} véi ¥n > n, ¥x € Rtacé|S(x) - S,,(x)l < E
n £ £

theo dinh nghta chudéi ham d3 cho hgi w déu wen R. (0.5d)
Z( n+a 2 n+4 "2
X=x+4, X" (*) a, = J > 0. Chudi (*) ¢é ban
;[%H] ) an [4n+1
kinhhéitulaR =2, kho:’mg hoiwla-2<X <2, {0.5d)
: Y
X=2, Z 4(n+4)] . 11111(4(11+ ) = e 2 0, chubi phan k¥.
4n+ 1 n—esl dn+1
TI
=-2, Z( " 4(“4) i | 2D 19 4 0, chudi phan k.
Tnosed 4n+1
Mién hoitu cOa chudi (*)1a 2 <X <2, dodé -2 <x+4 <2<
o -b<x<—2 (0.5d)
Cau II1.
2
- 3
a)y:().—di+) 6X=0<:> ijEH—J(:—X.("‘)
dy 2y dy vy 2
dx 3
+ Phuong trinh E———x = 0 c6 nghiém 6ng quit x = Cy". (0,5d)
y ¥

+ Nghiém téng quat cla phuong trinh (*) 1a x = (ZLH:] y*
y

2

Vifili=l =C= % Viay nghiém cdn tim A x = y?(l+y). 0,5d)
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b) DBat P(x.y) = h{y) (1 — sinx), Q(x.y) = h(y) (cosx + x): P(x.¥}, Q(x.,y). Dé
phuong trinh da cho la phuaong trinh vi phan toan phan thi:

oQ &P
ax oy

<k’ =h. [xxgukn.kez)@ h=Ce', C#0 (0.5d)

h = Ce’, ta cd phuong trinh vi phan 10dn phin
e¥(l - sinx)dx + e¥(x + cosx)dy = Q.
Y X
Chon (Xg.vg) = (0;0), J.ey dy + Iey (l-sinx)dx = C = e*(x + cosx) = C (0,5d}
0 Q1

Cau IV.

d d
abaty =p.y’=p B pI 121 513 phuong trinh

dy dy 2y 2y
Bernoulli. (0.5d)
Patp’ =z = 2p@ =2, ta duge ' —-l-x =—,

dy Yoy

{phuong trinh tuyén tinh) (0.5d)

z= [‘i+cljy»xnap2=y‘z=z, yih=lLyH=1=C=2=
Y

= yi=2y- L (0.58)

Viy(D=1>0= y' =2y-1 :dx:\/i:x;/zy—l +C,
2y -1

Kéthopy(l)=1=C,=0. Vay nghiémcdntimlay = X

2+l

(0.5d)
b) + Phuong trinh y" - 3y’ + 2y =0 (*), kK’ -3k +2=0< k, = I, k; = 2.
Nghiém téng quét ciia phudng trinh (*) 13 y=Ce® +Cye?. {0,5d)
+y -3y 4+ 2y = e a=2 triing véi nghiém chia phuong trinh dac trung,
nén y; = Axe?* = 21 = 3xe?* {0.58)

+y° -3y 4+ 2y = 2e"cos—;~. o i =1 * —1 khong la nghiém cha

3| —

phuong trinh dic trung, nén y] = e [C sin % +Bcos %]
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= ¥3 =§ex(sini+2cos£]‘
3 2 2

Viay nghiém tong qudt ctia phuong trinh da cho 14 y = §+ ¥ +¥2

Cau V.,
o i o 3n+2
. g(:sn:)l.)zl?‘“” B E{,(;linl)'[ﬂ Cxa
S(x) = é}(—(?:;li—nl)xjmz = Z(inl}rl) xM = xGx). —lex<l,
B gi:)(_x})n - 1+x3
G(x) = I[+lx3 dx = é]n—-\/-;;i—;-l—+%arctg 233:1 + C, (%)
Tu(*)va(**)raco(‘(O)-O——? +(‘:>C—%
S(x) = x[%ln—x—zltz—;l—+%arcrg 2):/_;1 +£§J
Viay S(x) = 3[%} = —[—l \/5+ng

pE 2
PLE THI CHUOL VA PHUONG TRINH VI PHAN K52
(Th&i gian 1am bai 90 phiit)
Cau L. (2 diém)

. . z. 3 +1
Xét sy hoi tu cla cde chudi sau: a) Ziﬂ-—

S ol e _
n=l 2° {3n+2) g
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(0.5d)
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Cau IL. (2 diém)

no XS +n+2

a) Chitng minh chudi ham sd hai tu déu trén R.

o (x2 ~x+D1)"

“:[,(n+l)vn +72 .

b} Tim mién héi tu coa chudi him sé

Cau I1L (2 diém)
a) Giai bai todn Cauchy (y+ 2pdx +{y - x+2)dy=0,y(l) = 1:
b) Tim ham s& h(x) sao cho phuang trinh h{x}[(y + cosy}dx + (1 ~ siny)dy] =0
14 phuong trinh vi phan toan phan. Giai phuong winh d6 véi hix) tim dugc.

Cau IV. (3 diém)

a) Gidi phuong trinh 2xy” — 6y’ + x° = 0, véi diéu kien y(1) = 0, y'(1) = L;
b) Giai phuong trinh y” — 3y" + 2y = e*(3 — 4x) + 5sin2x.

Cau V. (1 diém)

= al

(-0"

Tinh téng clia chudi s6 ) ——————
n=(i (3[1+l)‘2' pre

DAP AN
Cau I.
2
3 .
a) Pata, = LZIHL lim a—“f-l—=l:D<l (0,5d)
22(3n+2) sow ap 2
theo tiéu chudn D’ Alembert, chudi s& di cho héi tu. (0.5d)
1
= i
B)Tacé n| eV ~1|~n—==vn. n>w (0.5d)

Jn

s
mé chudi Z Jn phan k¥. theo tiéu chudn so sanh chudi sé di cho phan k.
n=I

(0.5d)
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Cau I1.

o n
-1 . - . . o .
a) Y _=b héi tu véi '¥x e R theo tieu chudn Leibnitz, Ta ¢6:
n=0X" +n+2

IR =18x) - S.(x)] < 1. £,ve>0,Vx e R, (0.5¢)

X°+n+2 N

n 3
theo dinh nghia chuéi ham da cho hoi tu déu trén R. (G.5d)

1 1
—<€& = n>—.Chonn, = {l} véi Vn > n,. ¥x € R tacé | S(x) - Sxl<e
€

oo n

_. I
b)DatX:xz—x+l,tadu‘cjcchum ——{¥*) 8, s —————— |
,]Z:;(n+1)v’n+2 (n+Dvn+2

Chuéi (*) c6 bén kinh hoi rulaR = 1. khodng hoi tula -1< X< 1. (0,54

I

1
fn+1vn+2 n”z‘

+X=1.

1
rE(n+l)\m+2

1 .
Z 7 héi tu).

n=1 1’

hoi tu (vi n —x,

1a chuéi dan déu, hoi tu theo Leibnitz (CM)

R I
+X=—l.cochu01z

a0+ DWn+2

Mién hoi tu cha chudi (*)la -1 £ X < |,

dod6 -1 <x’~x+1<lhayDgx<l (0,5d)
Cau I1I.
. / - 1
a)Neuy=0, B, ¥F2-% o dx x=—1, (%
dy y+2 dy v+2
; e dX Y. )
+ Phuong trinh thudn nhat o x=0¢3 nghi¢m tong quat
y ¥+
x=Cly +2). (0,5d)

+ Nghiém ©0ng quat cia phuong trinh () I3 x = (— In Jy +2]+C)(y +2).

Viy(hi=1=C =%. Viy nghiém cdn tim 13 x =[—;——ln [y +2]J(y +2) (0,5d)
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b) P(x,y) = h(x) (¥ + cosy), Q(X.y) = h(x) (—siny + 1). Dé phuong trinh da
cho a phuong trinh vi phan toan phin thi
Q_w

< h’'=h. y:£+2kﬂ,keZ<:>h:Ce",C:t0 (0.5d)
ox ay 2

V&i h = Ce”, ta ¢ phuong trinh e*(y + cosy)dx + e*(1 - siny)dy = 0. {¥)
x ¥

Chon {Xg. ¥o) = (0; 0. J'c"dx+ ch (1-siny)dy = C.
0 0

Vaye'(y + cosy)=C (0,5d4)
Cau IV.
d d 3
@) 2%y -6y +x2=0,daty =p, vy =p =+, L _Zp=_Z (%
dx  dx  x 2
. " - dp 3 . . K . 3 .
+ Phuong trinh thudn nhat i ——p = 0cd nghiém tong qudt p = Cx". (0,5d)
X X

+ Nghigm téng qudt ciia (*) lap:[ﬁ+C1]x3,y’= {%};+C1]x3. (0.5¢)

. 1 . | 2 1 x4 )1{'1J
Viyy(l=1> C=—=dodéy' = =(x" +xH > y=—| —+—|+C,.
iy(h 1 zooy 2( =y 2[4 3 2

3
K X4 7

=0=0C, = —% Viay nghiém cantimlay = 3{6_+?_i' {0,5d)

by =3y +3y=0(*). k" ~3k+2=0=k =1.k; = 2.
y=Cre* +Cye?*. (0,5d)
+y -3y +2y=e’ 3 -4x), a =1, y] =(Ax+Bxe?* =
= y] =@x+1)xe*. (0.5
+ ¥y =3y + 2y =5sin2x . a+if=+2i, y5 = Acos2x +Bsin2x
= y3 =-£1I(3c052x—sin2x).

Vay nghiém (3ng quat ciia phiong trinh da cho la y = y+y$ +v3 (0,5d)
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Cau V.

Tinh téng § = Z

- (‘Un In+2
S(x)y = E — %
) oy 3n+1) .

on
khoang héitu — 1 < x < I, trong dé G{x) = Z

i(_l)n xﬂn

n={!

= (F({xy=

dx =

00 = J‘l+x?’

Tir (*) va (*%) ta cd G(O) =

S{x)=x[%ln X

Vay S(x) =

sfL) 2 L1,
3 313

PE THI CHUBI VA PHUONG TRINH VI PHAN - K52
(Thai gian lam bai 90 phir)

Cau L. (2 diém)

& (-n"

\fxz +x+1 TE

o ERTLL in+2
=2 - {%J . Xét

ao(Bn+ D270 S Gn+l)

o (D
N xz(snm

X3n+l = xG(X).
n={}

(-n" NELTY

s Gn+D

=St s

n=(} 1+x7

drctg

l+x
\1' —x+1 "/_

0_——+C:>C——

643 63

1 2x—1 T

arclg——— + ——
B3

T—axctg3J_ GJ_J

PE 3

Xé1 s hdi 1 elia cdc chudi sau

nfn+4}
® Z(IH‘%} :

608

) i (n+1)sin(2np)

n=I jxfnj +2n3 +3

,BeR.

F1>

1 + C‘ (**}

YO -l < x < 1.

(0.5d)

{0.54)



Cau 1L, (2 diém)

a) Khai trién thanh chudi Fourier ham s& f(x) ¢6 chu ky 21 = 6, xdc dinh nhu

R
0. -3=x=<0
f{x)= X
—7’-, O<x<i

< (—1)”*’(2x1+3)_x2,,_,

b) Tim mién hoi tu clia chudt ¥ thira 5
n=t T +4n+]

Cauw II1. (2 digm)
a) Giai phuong trinh  y’ + 2xy = 2x‘y‘:

b} Giai phuong trinh - xy' — y = y(lny - Inx) véi didu kign y(l) =e.
Cau IV. (3 diém)

a) Gidi phuong trinh x7y" — 3xy'+ 4y =3x". x>0 bing cich darx = ¢

-X

b) Giai phuong trinh y" + 2y" + y = 4xe* + ©

X

Cau V. (] diém)

X

Tim dudmg cong trén mat phing sao cho tal moi tiep diém M cha né tiép

fuyen cat true hoanh tai didm A, cat truc tung tai di¢m B vi doan thing OA

bing doan thang MA (O 1a géc toa do).

PAP AN
Ciau I,
'/Il-‘-2 n+4
W Tacd lim Ya, = limL : ] L
n—s; n—ort N+ 3

Theo tiéu chudn Cauchy chuéi sa di cho héi tu.

Do+l =20, |sin(2np Pl + It 4 lzn.

(0.5d}

(0.5d)
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ta, = _____(n+1)sm(2nﬁ) _——27‘:1 =2 jm (0.5d)
AnTemda] v n
o l i
o i T i e
22_4;"3_ hoi ty (via = 3 Z@n[ hoi ty.
n=l I n=1
Vay chudi sé hai tu tuyet 4oi (0,5d)
Cau I1.
17 1 tx 1
a) ap, = ; _[t(x)dxz 3 dex+ ,[de :5
-3 -3 0
, 3 i G k
X
a, = 3 jf(x)cos—-——dx= 3 dex+ j—cos—de =
- -3 0
— khin=2k+1
— (R0 T
" (0.5d)
0 khin=2k
3 0 3
] 1 _yyn+l
b, = 1 jf(x)smﬂdx _[de+ '[x mﬂd ( b
3 5 3 3 3 a 3 3 nm
n
Ta cd f(x) = ———2 5{211 Dx +( b sinETE (0.5dY
=l r(2n-1)° 3 n 3
n+l
'3 .
b) a,x) = Z———-—( DI a0 oy = tim RO
= 302 +4n+d n—w| a,(X)
khodng hoiw la -1 <x < L. (0.54)

hER
3
X = 1, ¢o chudi Z—-—-—-—( D™ @Qn+3)
n=t) 3n? +4n+l

chubi hoi tu theo TC Leibnitz (cd CM)

&S (-D"2n+3 L .
x = —1. ¢d chudi ZM . chudi hoi tu theo TC Leibnitz {cd CM)

a=t n? +4n+1

Nhu vay mién hoi ty ciia chudi dichola -1 x5 1. {0.5¢)
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Cau III.
a)y=20, ¥y +2xy T =2x . (*hz=y P = 2" = <2y Yy 2 — Axz = —4x’, (%)
. 2
(**) ¢é nghiém t6ng quatlaz = %[Cezx +2x2 4 IJ. {(0,54)

2
Vay phuong trinh da cho ¢é tich phan tdng quat lay” = %[Ce 2 poxt 4 1]

Ngedaira y = 0 cling 14 nghiém cha phuvong trinh da cho. (0,5d)
byy' = Liint (*), datu =¥ = ¥y =u+xu’, taduge u'x = ulnu.  (0,5d)
X X X X
. dx du p o :
Néulnu=0, —= o Tich phan hai v&, 1a duge Inlxl =In| Inul +Infci,
x ulnu

Cz20,doddx=Clhu=>x= Cln%,do y(ly=etacox= ln%. Ngodira
lnu =0 —u=1. 1% y = x ciing la nghiém coa phuong trinh da cho (0,5d)
Caun IV,
a4} x > 0, t = Inx ta c6 phuong trinh vi phan vy}, —y; +4dy = 32 (*).  (0.5d)
+y =4y +4y =0,k -4k + 4 =0, cé nghitm kép k = 2, y = (C, + C,1)e.
+ V& phai f(t) = 3¢, & = 2 trling vdi nghiém kép

y¥ = Atfe” = y*= %Izezﬂ (0.5d)

Phuang trinh di che co nghiem téng quat

y= §+ y* = (C, + Cylnx)x* +%x21n2x (0.,5d)

b)y"+2y'+y=0,k*+2k+1 =0k, =k, = -1, y= Cie ™+ Cxe™ (0,5d)

Y2y y =4k’ (), yi=(Ax+ Bl o yi=(x - 1)et (0.5¢)

—X
+YH 2y y = <

L Y= Cix)e™ + Cy(x)xe ™, trong d6 Cy(x) Cy(x);
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e *Cl+xe"Cy =0 Ci+xCh =0 (1
x o

-e *C) +(1-x)e7*Ch = ki = C)+(1-x)Ch =— (2)
X

1

Tr(H+(2)= Cy=—=Cy=lnlxl, C[ +1=0 =
X

= C =x, y)=—xe " + xe "In| x| .

Viy nghigém tdng quét cha phuong trinh di cho lay = §+ ¥y + ¥y (0,5

Cau V.,

Gia sit M(x,y) 12 diém nim trén dudng cong phai

y
1im y = y(x). Phuong trinh tiép tuyén tai M: Y — y N
=y (X)X - x). B
OA = x - y— MA? = {—y—}ry"-. Theo gid Q
¥ ¥ X
thiét MA® = OA’ ta c6 phirang trinh vi phan O
2 s
e 2 —. Day Ia phuong trinh dng csp. (0.50)
Ty
Vay cdc duong cong cén tim 13 x* + y* - Cy = Q. {0.5d)

pi 4
DE THI CHUOI VA PHUONG TRINH VI PHAN - K52
(Thai gian lam bai 90 phic)
Caul. (2 diém)

Xét sirhoi tu cha cdc chudi sau

2 (n+3 O (n+1)
a) Z( ) ;) an
n=| n+2 V'n +2n +3
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Cau IL. (2 diém)

a) Khaij trién thanh chudi Fourier ham s6 f(x) ¢6 chu k¥ 2/ = 4, xédc dinh nhu

sau;

0, -2£x<0

fix) =
x) , Dax<?

S

b} Tim mién hoi tu clia chudi lu¥ thira ) 5
n=0 3n“+4n+5

Cau ITI. (2 diém)

a) Giai phuong trinh - y* + DA y =0
X+ 1
b) Giai phuong trinh  y' + sin E—;—y- = sin Al

Cau IV. (3 diém)

*(—n"+H2n+3)xzn

vét didu kién y(n) = n.

a) Gidi phuong trinh x°y” - 2xy’ + 2y = 3x%, x > 0 bing cach dat x = "

b) Giai phirong trinh y” + 2y’ + y = 3xe* — cotg’x.

Cau V. (1 diém)

Tim duding cong trén mat phing sao cho tai méi tiép diém M cla nd tiep

tuyé&n cét truc hoanh tai diém A, cat truc tung tai diém B va doan théng OB

bang doan thang MB (O [ gac toa do).
DAP AN
Cau L.

n+3 n+d
a) Tacéd lim“,,fanzlim[ J =e=C>1

n—%0 noo\ N+2

Theo tiéu chuan Cauchy chudi s6 di cho phan k.

byn+1<2n, n +7n°+12n", dodd

(0,5d)

(0,5d)
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n+1 1

a, ~ ~ L, — @ (0,54)
EE YR
3r|.’r+7r'1]3+l n*/

Chuéi s8 Z hoi tu (o = % > 1), theo tiéu chuin so sinh, chudi s& di
o1 n
cho hdi . (0,5d)
Cau II.
2 0 2 2
1 1 X 1 x |
= — |Fi{x)dx= — Odx + |=d = = _
M@= o [Foyx 2[JXJ2XJ24”2
-2 -2 0
= — JF(x)co';——d [I—cov—dx} =
e khin=2k +1
- (0,54
0 khi n =2k
2 _ 1yl
b, = L I x)sm—cl _{— i Eidx =D
2 nn
=2
o n
Vay f(x) = l—l Z 2 cos (Zn - nx + D s.inﬂ (0,5d)
4 75 nen-1? 2 n 2
_qyn+l
b) a,(x) :{_1)_(2“_'”'1;(2" ,px) = lim 2nv1 (X} =x?,
3n? +4n+5 n—w| a,(x)
khoanghditula-l<x<1. (0,5d)

ks n+l
x =1, ¢6 chudi ZMLB) chudi hoi tu theo TC Leibnitz (c6 CM)

n=) 3n? +dn+5

LR RS B D!
= -1, ¢é chudi ZQ-Z—(ZM chudi héi tu theo TC Leibnitz (c6 CM)
n=0 3n“ +4n+5

Nhu vay mién hoi tu chachudidachola—1 <x < 1. (0,5d)
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Cau III.

- 1 - _ _
Ay=0. yy' + —y ==l (™ Parz=y ' =y, 2 - v——l——z=l.
x+1 x+1

{(**) ¢4 nghiém Iéng quatlaz=<(1 + x) (]n| 1+x + C). (0,5)
Phutong trinh di cho ¢6 tich phan dng quat Ry ' = (L +x3 nl 1 + x| + )
Ngodi ra y = 0 ciing 14 nghiém cla phuong trinh da cho. (0,5d)

byy = sinﬂ—sinﬂ=0<:> ﬂ+2cosisir11=0c:;»
2 2 dx 2 2 .Y

X
= -2cos —

Phurong trinh da cho ¢é tich phan téng quat 12 In

tgl =C- 2sin=.
4 2

Do y(rm) =1 = C=2. Vay nghiém cdn tim In|tg %‘ =2 - 2311’1%. {0.5d)
Cau IV.
a)x>0.t=Inxtacd yp -3y, +2y = 3e 2 (*). {0.54)

+y =3y 42y =0,k ~3k+2=0, k, =1,k =2, y=Ce' + e (0,5d)
+f(0) = 3¢®, o = 2 nghiem rieng  y* = Ate® = y* = 3e”. (0,5d)
Phuong trinh (*) ¢d nghiém téng quat
y= y+y*=Ce' + Cye? +31e?

Do e' = x nén phuong trinh di cho ¢é nghiém téng quat la

y = C;x + C,x” + 3x°Inx (0,5d)

)y +y=0k'+1=0=k=1i, ;: C,cosx + C,sinx (0.5d)
s 3

+y"+y=3xe', ¥y =eAx+B) > y]= " e'x - 1) (0,5d)

+y"+y = —cotg’X, y3= Cy(x)cosx + C,(x)sinx, trong d6 C,(x) Cy(x);

= C, =cosx+In

2

Cicosx+Chsinx =0
—Cisinx+C5 cosX = —cotg“x

lgi‘,C2= ‘1 +sinx
2 sin X
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Nhir vay y; =2 cosxlIn

g _‘ |
2
Vay nghiém téng quat caa phuong trinh da cho 13

Y= yHyE =y ¥y
Ciu V.

Gia stt Mix.y} 12 diém nam trén duding cong phai
1im y = y(x). Phuong trinh tiép tuyéntai M: Y - v
=y (xNX - x)
OB =y — xy". MB’ = (—xy’¥ + x’. Theo gia thiét
. x? —y?
MA’=0A tacéy' = — bay 1a phuong
Xy

trinh dang cap. {0.5d)

Vay cdc dudng cong can tim b x* +y’ ~ Cx = 0.
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TOM TAT LY THUYET VA CHON LOC
PHU CHUGNG: CAC Bl THI HOC KV 1 CAC NAM 2004 - 2008
DAL HOC BACH KHOA HA NOI

(In ldn thir ndm c6 stta chita va bo sung)

Tac gia: TRAN BINH

Chiu trach nhiém xudt ban . TS.Pham Vin Dién
Bién tdp Ngoc Khué
Vé bia Trinh Tién Hung



in 700 cudn khd 14,5 x 20.5 cm, tai Xwéng in Nha xuat ban Van hoa dan toc.
Sé dang ky KHXB : 82 — 2008/ CXB!S 2-02/ KHKT ngay 14 / 1/ 2008.

Quyét dinh xuat ban sb: 28/QDXB- NXBKHKT ngay 29/ 1/2009.

In xong va ndp lwu chiéu thang 2 / 2009,
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Gia: 87.000d
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