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LOI GIGI THIEU

Trong nhiing ndm gin day yéu cdu vé giang day va hoc tip mén toan
cao cAp trong cAc trudng Dai hoe k¥ thuat (Cao dang, Dai hoc va sau Dai
hoc) ngay cang cdp bach vé s6 lugng va chit lugng. Cac sinh vién ky thuat
¢an nhidu gido trinh toan cao cdp theo hudng hién dai vé 1y thuydt ciing nhu
bai tap. Cac thay gido cting cAn nhiéu b gido trinh nhu the dé tham khao,
chudn bj bai 'gis'mg va chon cho minh mét chién luge giang day thich hgp.
Trong lic d6 86 lugng cac giao trinh vé toan cao cAp danh cho cac trudng ky
thuat chi dém duge trén dau ngén tay. Nhidu b gise trinh v toan cao cap
da duge xudt ban hién nay chua dat trinh d9 cao, sau sac, dap ing duge yéu
cdu hoe toan va day toan cho cae k¥ su trong thoi dai khoa hoc k¥ thuat va
théng tin phat trién bimg nd nhu hién nay.

Giao trinh nay clia tac gid ra d&i dap ting nhiéu nhu ciu hét sie cap
bach hién nay vé mat gido trinh toan cao cap cho sinh vién cac trudng Dai
hoe kg thuat (Caoc déng, Dai hoc va sau Dai hoe). Vé toan eye ndi dung ciia
gido trinh nay bac gdm céc vin dé co ban va quan trong nhat cla toan hoc
cao ¢Ap cdn thiét cho mét kg sit: d6 12 nhitng ¢o sé quan trong cla phép tinh
- vi phén cia ham mgt bidn va ham nhiéu bién, cac dinh T va phudng phap
o ban ctia phép tinh tich phén ctia hadm mét bién va ham nhidu bién, o sd
cha giai tich vecteur, hinb hoc vi phan, 1§ thuyét ce ban v& phueng trinh vi
phan, chudi ham, chudi Fourier va tich phan Fourier. Céc thong tin dé cap
dén cac van dé trén cla tdc gia 1a co ban, dam bao tinh chinh xac v& nai
dung toan hoc. Cac chiing minh dua ra d8u ngén gon, chat ché.



Dac biét phin dé cap dén 1y thuydt v ham nhidu bign 1a mor van <8
ral linh t& trong 2ial tich 1oan hoc, vi § day nhidu tinh hudng xay ra phie
tap han nhidu d trong Topo nhidu chidu so va Topo mat chide. Do nam vimg
cAc Kifn thue cd ban clia giai tich toan hoc dda frén kinh nghidm giang day
tean hoe cho che tridng Pal boe Ky thuat trong va ngoai nude trong nhicu
niam qua, téc gid trinh bay toan bd gido trinh va ndi ridng ndl dung cia
phan nay rat ddy dd va hién dai (v du phan d8 cap dén cyc trf cia ham
nhiéu bign, tac gia da st dung nhudn nhuyén cac dinh 1y vé dang toan
phuong dé chimg minh cac didu kign di cia cye tri).

Giao trinh duge vidt mdl cach sang slia va chit ché theo mot day
chuyén tu duy legique, d6 13 hai y8u 18 rat kho khi dé cap dén mot van dé
toan hoc. Thang thudng 48 van dé dat ra dam bao tinh chat ¢hé va chinh
xAc cla toan hoe thi ngudi doc sé rat khé hiu, hodic phai ¢6 mot kha nang
tur duy 181, néi cach khae 13 mdt thét quen tu duy toan hoc. 4 day lac gia kit
hgp duge hai digu néi trén: van khing mat chinh xac ma vAn dam bao iinh
dé hiéu cho sinh vién (vi dy phdn xay dyng hé tién 48 v& s6 thue, phén tich
phan phy thude tham s6, tich phén suy réng..).

Gido trinh nay da dé cap dén mdt s6 van dé€ kha hién dai cha toan hoe
ma trude day trong che giao trinh v@ toan cac cfp it dé cap téi nhu khai
niém khéng gian métrique, hii tu dédu, chudi Feurier téng quat,... Nzoai ra
tac gid con dua vao nhitng bd sung rat cn thidt cho ngudi kv sut nhu cic
phén: toan tit Laplace giai phudng trinh vi phén, cac bai toan cd ban cia vat
1y todn hoe (truyén nhiét, truyén séng, ...}, phin phy lue cae edng thue cd
ban nhat cha toan hoc. Vige manh dan dua vao gido trinh cac vén d€ nhu
thé 12 mdt vide lam rat can thidt d& nang cac chat higng dac tao ngudi kv
sU, vi ngAy nay ngudi k¥ s cAn toan hoe & mute di sau sac va hign dai trong

qua trinh hoc t4p dé tidp can vdi cong nghé va tin hoe hién dai.
Hd néi, ngay 30 thdng 4 nam 1997

5. TSKI Lé Hung Son



LOI NOI DAU

Trong nhiing nam vita qua, khoa toan truing bai hoc Bach khoa Ha
N d& nghitn cin dé tai: ° Xay dyng ndi dung chudng trinh toan cac ¢ip
cho cac nganh kv thuat trén ¢g sd trung hge, hoe sinh d3 hoe toan theo
chuong trinh mdi (12 nam)” va da dé ra duge mét chuong trinh toén cao cip
theo véu cdu do.

Qua giang day mén giai tich & Dai hoe k¥ thuat trong va ngodi nudc
trong nhidu nam qua, va dua theo chuong trinh toan da dé ra, t8i vidt glaon
trinh nay, nham mye dich giap cac sinh vién k¥ thudt ¢6 tai lidu tham khdo,
g6p phan nang cao chat lugng dao tao, d8 trinh dé toén cta ngudi kv sit cia
ta dige hoa nhap vao khu vue va quéc t&

Trong phin dadu cha gido trinh, vi sinh vién da duge hoe mdot s§ nai
dung d trung hoc, nén mye dich 1a h¢ théng hoa va nang lén mdt mic db
tudng déi hign dai (Phuong phap tién dé vé s8 thuce) nhim gip sinh vién ¢6

mat 1 dny logique chat ché trong vide hoe tap toan va céc nganh khae.

Trong phén sau cta gifo trinh, dya trén cd s& phan dau da trinh bay,
g140 trinh cung ¢ap nhimg kién thic co ban cta gidi tich (it thap dén cao
phit hgp vt yéu cdu cha ngudi ky su trong hién tai va tudng lai.

Giao trinh nay ¢6 thé ding 1am tai liéu tham khao cho cac sinh vién k¥

thuat d ca ba doi tugng: cao déng, dai hoe, va sau dai hoc.
Giao trinh duge chia thanh hai tap:
Tap I Phép tinh vi phan va tich phan clia ham mot bién (Giai tich [}

o



Tap H: Phép tinh vi phan va tich phan cia ham nhiéu bign. Phudng
trinh vi phan va 1y thuygt chudi (Gidi tich 11 + T,

Cac phin nang cao va ¢ac bai tap kho déu danh diu *.

(tudng dng véi ba hoe ky ddu ctia mbi khoa hoe theo chuong trinh cia bd da
ban hanh).

Tai r4t cam on Héi déng khoa hoc khoa Toén trudng Dai hoc Bach
khoa Ha NGi va cac ban ddng nghiép trong khoa da gidp dd va tao didu kién
cho ti vidt gido trinh nay, nhat 1a céc ddng chi Tran Xuan Hién, Dang
'Khéi, L& Hung Sdn, Duong Qudc Viét, Nguydn Cénh Luong da doc rat ky
ban thao v cho nhidu ¥ kién quy bau.

Giac trinh nay tuy xudt ban lﬁn i, vitn khong tranh khdi thigu s6t

mong ban doe cho nhidu ¥ kién.

Tac gia
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Chueng 8

AP DUNG PHEP TiNH VI PHAN VAO HINH HOC

Trong hinh hoc giai tich ta dd nghién ¢u cdc dudmg cong trong mot hé oa
do nao d6. Ta thdy cdc dudmg cong ¢6 nhimg tinh chét hoan toin phu thudc vao
hé 10a dé da chon, ching han: do dSc cha ti€p tuyén, bé 161, 1om. .. Tuy nhién cic
duting cong con ¢é cic tinh chat chi phy thude vao chinh dudng cong, goi la céc
tinh chét néi tai clia chiing. Trong bai niy s& nghién citu mot s6 tinh chét dé, vi
phuong tién nghién ciiu la phép tinh vi phan, nén mén hoc nay goi la hinh hoc vi
phan.

A- DPUONG CONG PHANG

§1. KHAO SAT SO BO
1.1, Phuyong trinh coa duidng cong
Ta bigt néu cho dudng cong € trong mat phang thi phuong trinh clia € hodc
" ¢0 dang
y=flx)hay Fixy)=Gasx<h
got 1a phuong trinh Descartes cia €

hoic cé dang: {x=x(r) (a<r1<p)
v=300)

goi 1a phuong trinh tham s6 cia €
hoic cédang r=f{ @} (<)
goi la phuong trinh doc cuc clia C.
Cho dudmg cong C 6 phuong trinh tham s8

{x_x(t] (a<r<p)

y=M1)

Xét cung AM cilia C, A iing voi tham sd #y, M dng véi tham s 2.
R3 rang do6 dai s cha cung f’rﬂ?phu thuoe vio tham s6 7 s = (0).
Nguoc lai ¢ s€ phu thude s : £ = £(5)



Dy dé:

lx=x(n) = x[f{.s‘]] 1x = xls)
hay
=) =3{s)] t’ =s)

16 ciing 1a phuong uink tham s6 cla dubng cong, nhung tham s6 13 5. Nhu
viy. thay cho tham s6 bat k¥  ta ¢é (h¢ dung tham s6 dac biét 5 la do dar cung
AM cla dudng cong, véi A ¢6 dinh, ¢on M 1a diém chay trén dudng cong. Neudi
" ta goi v 12 hoanh d0 cong va phuomg trinh tham s6 v 1 phuong winh wr him cla
dubng cong.

Thi du: Ta bi¢t phuong tFinh tham s¢ cila dudng tron tam O bidn kinh R Ja:
{x = R.cos!

v=R.sint

<127
Vén ¢ 1a goc gida true Ox va ban kinh OM (M (x.y}) mat khac ta biél do dai
e L3 e * * - ~ S - .
cung AM = s img v géc dam tlay = Resuy ra f = E . Thay lai phuong trinh
tham =6 trén 1a c6 phuong winh tu ham cia dudng tron, do Ta

E.r = Rcosi
0<s<2aRk

5
r= Rsin—
? Jid

1.2. Tiép tuyén va phap tuyén:

Ta biét néu dudng cong cho theo phuong trinh y = fix) thi phuong trinh cla
1iép wydn va clia phdp tuyén véi dudng cong tai diém {xg. o) l&:

¥ovo =Sl - ) vy -y = ml {x - xg)

f(xo)

Néu duisng cong cho theo phuong tinh tham s& « = x(f), y = 3() th vi
3= Y1 pén phuong tinh cda tidp tuyén va phip tuyén voi dudng cong tal

g

Xy, ¥o) Ung vai r, sé 1
e Yo UDY o

Yoy = y ("U) (v-xgdvay-yy = —_xl.(f”) (¥ - xp)
l‘(f,:} ! 1
hay
I VoY XN,
VPU \‘Iu ‘ \J[‘ B i

Vi v’y = x'(8), via = v
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Vilga=yv =),

kY

- nén ¢de cosin chi hwdng eia ticp twyén tal mot digm ba
r

k¥ (4 .v) cua dueng cong v = flv) s8¢ Ja

| ] . tger ¥,
COs¢x = _'____1__ =——— - =3 . SMer = = —._.—_’—
\,F'I+tg'u \f’]_-p.(y") JVitte‘a \f]_-p(),-")'
va cua dutmg cong cho theo phuemg trinh thum s&-
[.\- =X - - o’
() Y ——jJ: : sing = — f’ =
= e el
L.3. Vi phan cung:
Xétdudng cong C c6 phuong trinh y
¥ = A, gid s hdm v = fiv) kha vi
trong 1in c¢in coa didm . T
XMy € Coy = f{x) X
M v+ Av), (v + Av)eC (Hinh 87) :M i
ba MM = As | A
Ta ¢o | &Y
-, e — M 4
MMEMM =Ac< MT+TM'(]) ' AX W
e (T T |
Nhung AL = \JAx? + A | |
- I
NT =dv =y Ax ! ; -
. X a x X+ x
MT = JA 4y = ] +)7 Ax
Hinh&7

TAM = dv - Av = 0 (Ax) 1a mot ve cing bé bac cuo hon Av, thay vao (1) tu co:

r : _
Vf|]+(i—yj AY S As <1+ 7 Ax + {Ax)

X

Chia cho Av (gid sir Av > ()

| . A2 . — Ay
|'|1+(§\' < A ST+ +9{h—)
Vo LAx Ax Ay

Cho Av — Uta cb:



ds
de v Ax

5 2 2 2
hay ds = 1+ 3" v hay e = ebvT 4oy

Cong thie ni

Ay
= lim—=41+)

Néu € cho theo phuong trinh tham 58

Néu C cho theo phueang trinh doc cye r=

thi dé dang suy racds = (3

thi cling d& dang c6: ds = r”

2.1. Pinh nghia:

Xét mot cung, dudng cong (Hinh 881 vid st Ll mod didm cda né chi cd mol
tiEp tuy S, Tathdy khi mot diém M chuyén roi trén duding cong thi lli_'p tuy&n tai
M véi dudng cong 58 quay mot gdo 16n hay nhé iy theo "miic cong” cuu duimg
cong. Dic bi¢t dot vén dudng thiang thi gdc quay dé tudn ludn bing khong vi idp
tuyén voi dudng thang tring vm chinh dudmy thing. Nhu viy gée quay cda Uép

y aoi 12 cong (hire vi phan cung cBa dudmg cong ¥
x=x¢)
y=u1)

Sy dt
e
s r'.:_d(p
32. PO CONG

uych dac trumg cho "mie cong” cda dudng cong.

Bay gily x& cung MM
cou dudng cong, gid st do din
' i_“'1 - ) - £ ' -
cila MM 14 Av v goc Iéch
cla UEp ydn tai M, M 12 A
(tinh theo don vi dai). Xét ti

,Aa u w0 niy dic trung

cho "mic cong” coa dudmg
cong trén mot don vi dai cda
cung dudng cong. Ngudi ta
gol U s0 dé la dd cong tung
binh ¢da dudng cong én
i
cung MM
- e
Kihi¢u: K, =15

m A

= fiv).




Thi du: DOI véi dudmg tron bdn kinh R thi As = R‘A aldo dés do cong trung,
binh cla nd:

— ACK }—L
MTIRAG T ®

Nehia 1d dé cong trung binh ¢u dikmg 11dn luan lusn khéng d6i va bing
nghich dao ciia ban kinh.

Boi véi mat dutmg cong bat thi néi chung d¢ cong trung binh s& thay déj
trén cde doan cung khidc nhau, Ta thdy néu As cang thé thi do cong trung binh
cing dac trumg duoe gén "mice cong” cila dudng cong tai mét diém. Mgt cdch 1y
Wwong ngudi W xem 2idi han:

S . A . CAF
l“n KU = lim: {i‘ (f\.\ = M - JM}
Ae w7 A ->l1| Ag |

I dac trung cho "mude cong” cha duding cong tai didm M, va goi giéi han d6
[& do cong cta dudng cong tai diém M.

Kihicw: K= [jml2%
RUER 1 A__-‘\S
Theo dinh nghia dao ham thi K = d_a {1
efy

nghta i DO cong i difm M cha dudng cong bang trj ¢ tuyét d6i cla dao
lium gée 1¢ch clia tip wyén vi true Ox tai M déi véi hoinh dd cong s.

Thi dy: D61 vai dudmg ron bdn kinh R thi:

K= N
=limK,, = lim—=—
RUPEY) B As- v} R R

nghta 11 do cong clia dudng trdn 1ai moi diém ciing luon Juon khong déi va
cling bang nghich ddo cha ban kinh (nhu do cong rung bioh cha no).

Chu ¥ rang khdi ni¢m do cong trung binh va do cong tai mgr dicm mi (a vira
dua ra holn toan tuong ty nhu khii niéem ¢ do trung binh va téc do tdc thai
trong ¢ hoc.

2.2, Cong thire tinh dé cong:
1" Puong con g cho theo phuong trinh y = f(x)

Cong thite (1) o6 thé vict K = c_c’a é! (1)
de dy

Theo ¥ nghia hinh hoc el dao him tg o = y'

d_a B yll

dr 1+ y?

Suy ru o = wretgy' va




Theo cong thire vi phan cung:

dy = Y 1 +yr2 dx

Thay: a’_a_ . di vira 1im duge vao (1) ta cd:
s
K= |}’”] {(a)

-

)

2", Buimg cong cho theo phueng trink tham s6 x = x(1), y = y(t)
Do cic coug thite Jién he:

C oY XYY

¥ vai =2, v =)

x- RS xl.‘
vin theo {a) ta e,

K= Py b
()c'2 +y" )3' ;

3% Buong cong cho theo phuong trinh déc cucr=f{ ¢)
Do cic cong thite lign hé:
{x =rcosg hay {x = f{).cosp
v=rsing y=fle)sing

&y ¢6 thé coi dudmg cong 14 cho theo tham s6 @, tinh dao ham cia v, v theo
@ 161 thay vao cong thiic {b).
ta ch:

‘rs + 2 '}
R Lybn
(r” + r")
Thidu:

N a . o
1) Tim d6 cong ca parabole v = v (i goc O

K= {c)

Ta tinh ¥ = 2ay, v" = 2a tai g6c 0, x = 0 thi y =0, ¥' = 24, thay vao coug
thidc (a) ta ¢o:

9
K = |"'H| - |2a|

(1+03)"

2y Tim d0 cong cta dudng ellipse: v = acost, y = hsint.
Tai mot diém bt k¥ v tai dinh (e,0). Ta tinh:
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X = -asind, 2 = —acost, ¥ o= beost, ¥ = -bsing
Thay vao céng thic (b) ta cé:
[-asini(~bsin) - (-acosr)(bcosr)

- (a:' sin’ ¢ + 5" cos’ f]m.
ab

F sy R
(a' sin"t+H° cos‘t)

Tai dinh («, 0) 12 ¢d;
K=4b_4a
R
33 Tim do cong cua duing cardioide r = a{1 + cos ¢ ) (« > 0},
Tai diém (0, 2er). Ta tinh 7' = -asin @, 17 = —acos P
Tai @ = 0thi /=0, /" = -g, thay viio cong thite (¢} ta c6:

_ If4u: +2u:I B
(4(::)1‘:

33. PUONG TRON MAT TIEP - BAN KiNH CONG
VA TAM CONG.

K

"
A
da

3.1. binh nghia:

Khi nghién cifu mot diém trén mot dudng cong dé duge tién loi trong nhidu
trutng hop ngutl ta thay cung - dubmg cong tai lan ¢dn diém nghién ciu bang
mot cung cha dudng ron cé dé cong bang do cong cla dudmg cong tai didm dé.
Dudnyg ron nay poi 1a dudng tron mit 1ép vdi dubng cong. Mét cich chinh xdc
ta dinh nghia: Ta goi dudng ron mat tiép hay dudng tron chinh Khic véi dudng
cong tai diém M cua dudng cong |h dudmy tron:

Tiep atic vai dudng cong tai M.

Bé 16m cua né trung véi bé 16m cha dudmg cong tai M.

D6 cong cla 16 bang do cong cla dudmg cong tai M (Hinh 48). Tam cua
dudng tron mal uép goi [a 1dm cong (tam chinh khic) vt bdn kinh cia dudmg
tron mat U€p goi la ban kinh cong (khice ban kinh) cha dudmg cong tai M.

3.2, Cong thirc tinh ban kinh cong;
Ta biét vdi dudng tron thi tal moi diém cla nd do cong K = 1 suy 1 bdn
kinh cua dudmg tron bang nghich dao ¢ba 4o cong R = — . Do dd theo cde cong
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thife tinh d6 cong (a), (b), (¢} & §2.2 ta suy ra cic cong thie tinh hin kinh cong
cila dudng cong tai mot di€m trong cdc ruong hgp dutmg cong cho theo phuong
rrinh v = fx), tham $6 va dée cue

R= (l - y'l)}: R= ()C'1 +y.2)3-’3 R= (r_”:L

KT 1 1‘ ‘?‘34—2)"2—??'”‘

TR
Thi du: Theo cdc thi du & §2.2 thi:
Bin kinh cong cta Parabole y = axv tai géc 0 la:
L
K |2al
Rén kinh cong cla dwémg cllipse tai mot diém batky la

r=_1_

Tz 2 PR 15 : b
p= L _alsin®r+b7cos" ™ i ginh () laR = 2

K ah a
Bin kinh cong cta dudng cardioide tai diém (0, 2a) Ja:
R = —]- = 4—”
K- 3

3.3. Toa dé ciia tam cong:

Theo dinh nghia thi tam
cong cua dutmg cong tai M
phai nam trén phip luycn
véi duimg cong tai M v
phia 1om cua dudng cong
(Hinh 88). Ta s& lim cic
cong thie xic dioh toa do
clia Lam cong:

Pdu tién xét dudng
cong cho theo phuong tinh
v = fiv)y. Gia s 1am cong
cua dudng cong tai M{x,y)
14 I xvp, vp)-

Theo dinh nghia MI = R

I3 ban kinh cong tai M. Hinh 89
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: o {1eyr
hay (- Y + -y = (7] (h
vll]
Ta &t phuong teinl phédp tuyeén i M vai dudng cong la
Y-v= __I{X— v
v
X Y ld toa & chay tren dudng phap tuvén.
Vi £ oorén phip tuyén néne
My ¥ = :1 (-\'[\ -x)
JI‘
hay v - v = -7 - W) (2)
Glad he gom (1 v (20 ta 58 06 1o do xg, vy cla 1im cong.

Cu the thay (27 vio (1) ta oo
(I +3 )

e 2 2
WO - T (- v =

X
hay:
1 a |~ ]-':
I s TR (7] _
R
_— [t
Suy ra yy-v=F% (33
},|I

D¢ chon diu + hay - Mix y)
Kt nhu sau: (Hinh 80

Neu o= 0 thl dudng
cong [ Lom e do v, -y > U

Suv e wd phal caa (3)

14 I(x,,4.)
phai duong nhung 2 >0
“II
Ifx

{do ¥" = U} nén ta phai chon ( o1 o)
diu +
NCu v'<t) thi dudmg cong 1a
101, e do v v < 0, suy ras vé
phal e (3 phin am, M(X, 4)

I+

nhung <U {dov'<03},

» Hinh 90



nén 1a vin phai chon ddu +. Tom lai. ta phai 1ay:

1+ |
2 (3
vl!

Yp-y=+

N +
Tir (3) suy tas yg = v + |+3

'1'Irl
Mat Khac thay (37 vio (2) 1a sé

¥

suy ra

Vay d0i véi dudmg cong ¥ = flv) thi toa do cla tm cong vy, ¥, tng v6i diém
bt ky (x,¥) clha duong cong duge xdc dinh bai:

Xg=ux- w}_}_‘

(a)

.LJI'
l+ ._IZ

Vo= v —2 ()

¥
Boi v6i duting cong cho theo tham s6
r=x(1)
y=v(r)

thitheo ciac cang thire lign hé:
L)
P
-
T

va cdc cong thide (¢}, (h) ta suy ra cic cong thiic xde dinh toa 46 cla 1am
cong vy, vp ing voi mot diem bil ky (13} cla dudng cong 12

Xg =X - oy

B (©
XYy

Vo= v+ i“‘.- (d)
x|y||_xll},‘

Bigt toa do vy, v clia 1am cong v ban kinh cong R ta ¢ phuong trinh coa
dudny (ron mis tiép 1a:



(xexgy +(v-v) =R
Thi du:
Iy Tim wa dé thm
cong va viét phuong trinh
cia dudng tron mat tiép
vdi parabole y = ax’ tai y
dinh (0.0 cha nd. Ta tinh
Vo= 2uv, ¥ = 2, tai dinh
A=0thiy =0y =2a
Thay vio cdc cong
thiae (@), (0) ta ¢6 oa do
cuia tam cong la;
Ay =0 v = 1
2u
Ta bidt bdn kinh cong
cua parabole tai dinh T

| ¢ x
|2u|
Viy phueng  trinh  cua
dudng trdn mat tép vai
parabole tai dinh{ hinh 01l Hinh 91
+ s :
A +|I V— Lj = L_‘
VT 2u dg°

2) Tim tam cong cla ellipse v = @eost, ¥ = bsinf tui md1 didm bt kv clia nd
vt vi&t phuong trinh dutng tron mat Gep tai dinh (¢, 0) cia né {Hinh 82}, w tinh:
X' = -asind, X' =-qcost
y' = hcost, V' = -bsing

Thay vio cac cong thite (), {d) ta ¢6 10a dé 1Am cong cua cllipse tai mot

diém bat ki
atsinit+b cos’t
X, = @C0s{ — — —.hcost
absin” f +abcos §
) g sin’t+h cos ¢ )
v, = bsins + (—asint}

absin® t +abcos™ ¢
hay it gon ¢é:



e cos’
u
@ —b
W= sin” ¢
h
Binh (. 0) ing véi 1 = 0, lic
de:
v = W —h° L w=0 I S
u
Ta lai bigt kin kinh cong :
cug cllipse i dinly (e, O)

= /)3;’(:_

Viy phuong trinh cua dudng,
Lrdn mat Hep tai dinh dé 1a: \
Hinh 2

3. DUONG TUC BE VA PUONG THAN KHAI
4.1. Binh nghia:

X¢t dudng cong C, khi di¢m M thay d6i tren C thi 1am cong / Wweng ting véi
M S8 (hay doi.
Qui tich L cic am M
cong / coa dudng cong € &
a0l 13 duong uic be ¢la C,
cén ' thl goi 14 dudng
thin khai coa dudng tac bé
dd (Hinh 2.
B¢ lip phuong trinh
duomyg tie b cda C, diu
ticn xét C ¢6 plurmyg trinh
v=fla)
XEU(X ¥) e Limg véi M 7
{xv, ¥} € C (hi theo cdc
cong thie wa dd coua tim
cong La cd Hinh 92
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12

l A
X =x- +': '
¥
1+
yoye
¥

Ta thay X, ¥ phuy thudc v hoae y (vix, » phu thude nhau: v = fix)y. Do do va
theo dinh nghia h¢ (1) chinh 12 phuong tinh tham $6 cGa dudng tic bé L cia €

vl tham s6 13 v hoac v,

Bay gid xét € cho theo phuong minh tham s6 x = x(4), y = »(1), (X, ¥} e L dng

vai diém (v, v) bit ky cta C. Ta duge:

N

¥ jl + y- )

xXU—xty

X=x-

1 |3+ _‘ll
QR — )
xp-xty

Ta thdy X. ¥ phu thude £ (vi 1, v phy thude 1) Do d6 vi theo dinh nghia thi hé
phueng trinh (2) chinh 1a phuong trinh tham s6 ela duong tie be 1. cta C vai

tham s .

Chi ¥ ring néu khit duge tham s8 & (1) hoac (2) (hi s¢ ¢6 phuong tinh lien

hé aiffa X, ¥ coa the bé cia C:
FXY)=0
Thi du:
1) Tim ti¢ be cua parabele ¥ = 2py
Ta tinh v, ¥". Pao hiim 2 v& phuong trinh cda parabole theo v ta ¢

3

2.\".\II = 2’1'}f SUy ru _\" = ﬁ ) }'" = liy — 1 . Il klac tir Vo= 2}}.\'

3

y }J_ J!'
Suyrav= > thay v, ¥, ¥" vira tim duge vio he (1) b
20
2 I+ p: 1 24ty 30
y X vip Y ey W
2p -p oy 2p ¥ py 2p
J(I.!
I+ Fv : LN g
: 3 A pT oy v
':_}J+_J:1 :_v-%‘_:_:_‘_:
-b y £ p

3

y



Do d6 phuong trinh tide b cua parabole theo tham s6 v L

3
X=—+p (g
27 ! )
JJ
y=-2 (b)
P ¥
Khir v bang céch rdt _}'2
gl
vi= 20 (X-p) (c)
3
Binh phuong (b} 14 Ig
duoc: 0 x
R &
y- =23 (d)
P
Thay _\"' O () vao (d) ta
droe:
y'= 8 (Jf—p)3
27p

B la dudng parabole bdn
tam thirn ¢t true Ov tai
(. ) (Hinh $1) Hinh 41

23 Tim tic bé cda ellipse v = acost, v = bsing

Theo cde eong thite tinh toa d§ clia tam cong cia ellipse tai mot diém bat ky
cua nd & (hi du 2, §3.3 ta ¢6 ngay phuang trinh tiic bé cha ellipse theo tham 6 ¢
La:
L2 1 ) ¥
RO Sl AP 1

a
at=b
y=50" sin'y
b
Do & duong  astrowde
([tinh 95y, g Xx

4.2. Tinh chat:

Ta ~€ dua ra v tinh chit
quan trong cua tic be vi than
kiai, tir dé <6 thé (im duge
dudmg than khai khi cho truge

Hinh 95
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tic bé cda no.

I - Ticp tuyén cha dutng tic be 1A phip tuyén cla dudng than khai coa né

(Lail cde diém wong tng).

Chitng minh: - Xét tie b ¢6 phuong rinh:
) I+ "I:
X=x _—.J. ¥,V =1+
Jv
Theo cic cong thic xdc dinh cosin chi
kinh cong R & §3 (hi:

14 "

hudng

vy > 0

clia  tip tuyén & §1 vt bin

—.V'= —— —_— ——'._I__ = Rsing
J Y I+
Ly W
] :‘: 1+)'.'—
+.). z( '_) .I -—Rcosrz
¥ oo ey
Do 16: X=v-Rsina
Y=v+Reosu
Suy ra: dX =dx - Reosod o - dR sin o
dY = dy - Rsinowdo + dRcosg
Nhung: Reosudo, = ﬂ B o= dy
dor s
Rsinoda = ﬁ dj_ o= dy
do ds
{(doy" >, nénR>0 R = d\‘frfoc con:
dx ex
coso = == —
,/1+J iy vide ds
. "ol
sing = Yy -9
'J]-H \/]+}"dx ds
Vay dX = - dR sing
dY = dR cos o (N
. Y —-dR -1
Suy ra: d d cosa = —colga = 1 hay V= —
ax " dRsina ¥ y

Y 1 hé s0 gdc cla tiep tuydn cla tdc be, con _i, 3 hé 6 gée phdp tuyen
. g : goc p }

J.‘

ctra than khai. Vay tiép tuyén clia tic be 1 phap tuyén ciia than khai.
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- Néu eén cung, AM ciia dudmg cong, ban kinh vong R bién thi¢n don
qli:_li thi niéu gifru ban kinh cong R tai M vy Jo dii cung wén e bé ing vdi cung
AM I mot dai luong kKhang doi.

Giol vi phan cung rén wic be 1 do thi:
da” = dX + dY theo cic cong thitc (13, dé dang, suy ra

Chimg minh:

do® = sin” R + cos odR = R’
Hay do =+ dR
Suy ra d_g -t dR
ofs s

; i . i . \ R .
Theo gid (higt trén cung AM, R bidn thién don digu dR/ds chr luon ludn

duomng hode dm

1) d6 dg = +_d£
ey ely
Hodbe: do ‘ﬁ
Ly efy
Suy T do
R
hode do _ 1
dR
Nghia 1 t8c¢ do bién

thich cua

a theo R oludn

luén bang 1 hodc -1,

Viy 2= Ao

=+

AR
SUy rd; |;_"\o—| = |AR| hay
o(M)- a(A) = R(IM) - R(A).
Nhumng ofM) - a(A) Ta 40 din cung tiic b dng véi cung AM con R(A) = ¢
khong d6i, Vay o =R -¢ hay R-a=r.
B la diéu phii chirng minh.
Tir hai tinh ¢hat niy suy ra cich dung co hoe dudng than khai né€u cho wic bé

Hiuh 96

cua no nhu sau:

N . . - . - . i ' o\ - r - - .

B mot sgi Jay khon;: diin trén cung PQ cia dudmg ic be bude ddu @ cdn
diu A hudng theo GEp tydn tal P vdi tic b va Ld(_h Xl P mot doun AP=c.

NEu cang soi diy (khong trugt) theo cung PQ cla tie be thi ddu A cia sl
day s¢ v& nén dudng thin khai, ta thidy: cho mot duding tdic b thi ¢6 the dung vo
s0 duding than khai wong (g vi ¢6 the [y vo s gid tri cha ¢ (hinh ).
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Thi du: Tung duimg
thin khai cia dudng trém

* 2 . - —
AT+ =T, X8 eung AR l
trén dudimg rom vl Afe,(0) 4

dat mdn doan day theo
cung du. buge dau 8. cing
dali A (khony truost) khoi
cung thi A s& vE nén
duong  than  khat  cia
dutimg wron.,

Ta ¢6 the lap phuong
tinh cta than khai iy,

—

Goi gou G tam cla AB
la e va Miv, v 1 mot dicém
luy ¥ trén than khat vira
dung  thi theo  hinh:
(Hinh 97)

v=DC DO=BE-DO
= (ST - £} F acoss

=Y

hay
V= a{sinf + cost)

Ty ur

lfinh 97

V= Sing - cost)

Hg nay chinh la phuong tiinh tham s6 ctu dudng than khai cia dusng uon
tren.

§5. HINH BAO CUA MOT HO PUUNG CONG

5.1 Didm bat thaaong cua dudng COTE
3} Dinh npghin: Cho dwweng C « 8 o plhvong trink:
Fix, vt =0 f1)

néw (1) xde dinfr v {a ham dn cra x trong mot bhoang (a, b)
nao do:y = y(x) thi nhee da biét hé s6 cua tiép tuyén cua C tai
Mix, v} ¢ Cla:
I .
20 | ] f" R
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hodge

T A :
d—":—-'—ll vai Fo+0
dv K :

A

(néu coi x la ham dn ciia yix=alyh),

Nl viy Fhi it nhat mét trong cde dao ham ]‘ F". khac khéng
tai M(x,y) € C : F,> + F, #0 thi duing cong c6 tiép tuyén xdc dinh tgi
M, M goi la mot diém binh thuong cia C.

Néu tgi M(xg ) & C: Fixg, ) =0, Fx,.y,)=0 thi M(xe y,) goi
la mgt diém bat thuong cia C. Nhut vy My(x, y,) 16 mét diém bét
thwong clia dudng C néu nhu tog d6 cita né thod mdan hé:

Fyy v, 0=0 F;_(,L‘,-., y.b=1), F_,:,{.:',_--.,yr_;,} =0 2)

W vy 1ad didm bal thuding ot O C of 1hé oo Lidp tuven hoae khong,

b) Phan loai: Gid thict Mo v 1ot Jidm bat thviding ote dudng
Cu Fe, v) = 0 va (3 tai ede dao Do pidge oap had khang dong that teiis
tiss

A= J'f;_\.(_ru,_-.-:;}_ = 1"‘_-\.;.‘.(.\'”\_1]..)‘ (= I':{:‘_(_r;,__r:_:).

Bral ve 00 - B°

1y NEU A > 0 thi M ogoi 1a mot didm bat thudng ¢ 1ap (11.98 1.

23 Néw A < 0 thi M goi 1a mat didm kép hay mot didm nat (1,99,

3y Now % = 0 thi M ¢6 (thé 1o didm bat thwing o lap hay dicm kép
(1. 100).

Nen khong rdi vao wrudig hgp nay thi M ogoi 1a mot didm L0
laat min (1h 101 hay mot didm 1ai Toar hay (11102
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M M

Hinh 98 Hinh 99 Hinh 100
M T M
Hinh 101 Hinh 10?2

Prong khéng gian cho dudng C co phitung trinh
=20,y =y} z= 2w <t < P
Piém M(x, y, 2) € C goi 14 diém bt thudng cha € néu tai M;

x(®)=0, y(®=0, 2 (=0
Thi du:

IOXet duimg ¥ - a* = 0. Ta e6 Fp=-3x%. FL=2y. Tai (0,0)

Fo-F =0 Vay didm (0, 03 1a didm bat thidng eta dudng cong (didm ab

b1 y

Hinh 103
343



9. Xét dudng cong C: y 4
3 xx -1 =0
Ta ¢

Fo=2x-3x". F,=2y

¥
F.=0. F.=0
1 X
khia=0, y=0. (0, 1)
e . vay digm (0, 0) 1a
didm bat thudng cta C
(11.1043(:1i8m bat thuong Hinh 104

wo lap;.
5.2. Hinh bao etia hg dudng cong

a) Ho dudng cong: Trong mat phéng, xét phuong trinh Fx, y, ¢) = 0
(13 Trong d6 ¢ 1a mot tham 58 nao d6. Néu tng vdi ¢ = ¢, (1) xée dinh y 1A
him &n ofta z: y = y(0) (hoae x = x(y)) thi Fix, y, ¢p) = 0 14 phudng trinh cua
md duting cong nao dé. Tap hgp cde duong cong ung vdi cAe gid tri khac
nhau eda ¢ goi 14 mél ho dudng cong phu thude médt tham sd e va (1) goi 1A

phudng trinh ctia ho.

Tuong tu, phuong trinh Fix, ¥, ¢;, ¢;) = 0 goi 14 phutong trinh cta ho
dutmg cong phy thude hai tham sé ey, ;...

Thi du:

1) Phuong trinh (x <)* +y =R* (R > 0) 1a phuong trinh cha ho duing
trdn tam (e, 0% ban kinh R, phu thude tham sd ¢,

2y Phudng trinh




12 phudng trinh ena ho v]lipécs déng tdm O co tdng ¢ac ban true
khéng déi (=5) phu thude tham s6 c. :

3y Phuong trinh (x —a¥ + (y - 8)? =R (R = cosnt) I3 phudng trinh ¢ta
he dudng tron, tam 1a mél diém bat k¥ va ¢é ban kinh R, phu thudc vao 2
tham s& @, b. Néu xét B cang 14 tham s thi phudng (rinh d6 13 phuong
trinh cta ho dufmg tron tam bat ky va ban kinh bat ky phy thude 3 tham sd.

b} Hinh bao c¢tia mét ho dudng cong

Binh nghia: Cho mét ho duwdng cong C phu thuge mét tham sé ¢
et phuong trinh

Flgv,c) =0 (1).
Néu ¢6 mét dudong L tiép xiic véi mei dwdng cita ho C va nguoc
Igi tgi moi diém cita I déu cé mét dudng ciia ho C tiép xiic véi L thi

L goi la hinh bao ctia lo C(H, 105},

Thi du: Hinh ban via ho duing trdn (x — ¢ + 5 = R%1a 2 dudng
t.h:?mgy =R (]Il.106.

.
()~

Hinh 103 Hinh 106
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Qui tdc tim hinh bao: néu ho duing cong C: Féx, y, ) = 0 (1} ¢6 hinh
bao L, thi cée didm trén L ¢6 toa dd thoa man hé:

{F(x,y.c} =0

. 2
bofx,y.e)=0 @)

Thue vay, néu ho C ¢6 hinh bao L, va M{x, y) € L thi x, y phu thuge ¢
= x(e), ¥ = y(c). Do dd ¢b thé xem phuong trinh tham s8 ctia L 1a: x = x{c),
v T y(ey vdie g (o, B nao do. Khidé  Flxde}, y(e), ¢] =0, Ve € (u, i)

Pao ham theo ¢, 14 ¢d:

Inx(cy+ Fyy' (o) + F, =0 (3

Mat khac x6t Mx . ) € C, thi che hd 58 gée cda tidp tuyéin tai M vii C 1a
dy K
dx

W

(F. =)

Theo dinh nghis, M € L, hé s& wie ela tidp (uyén tal M véi L la:

) . . F .
@ AC) cing theo dinh nghia - —- = J—(L)
dy X {(c) Fooox(e)

hay ¥ (c)+ F,' (¢} =0, thay

vao (3) La oo !5 ={ . Vay toa d0 cua cde didm trén hinh bao thoa méin hi
(2). N&u ho C ¢b cac didm b# thuing thi cac diém bat thudng cling ¢o loa
dn thod man hd (23, vi theo dinh nghia: cac didm bat thudng ¢ toa dd thoi
man ha:

}J =0 FJ', =0, thay vao (3) ta cling ed hé (2). Do dé quy tac trén chi
1a didv kidn can 48 tim hinh bao.

Thi du:

13 Tim hinh bao cia ho duimg cong:

> >

x ¥

3 '-—‘: 1 (] J
-y

i



Hao ham theo ¢ 1a ca:
2x° 2y°
—. + - =

o 5-ef

Khite t{r (1) va {2y tir ()

2 2
X cy

::— 3-cy

Thav vao (1) va gidi y theo ¢ 1a ed: y=

-

x v

ot B (5~ c)3

L]

hay (2)

- 3
B 0a kit @ ta oo

it

b4 1a phuring trinh cla duiing astroide.

-
=X _

Mat khae: F, =

.
(0, O khémg thuge ho (1), Vay ho
elhipses (1) khong o6 didm bat
thuding va dudng astroide 13 hinh
bao eta ho ellipses da cho (H 107

21 Trong ed o hoe, ta bié
phusng  (inh chuvén domg  cua
vien dan han 1én vél oe Ao ban
dAan v, va gée ban o (so vai mat
dan la;

X o= vglosnt

. t*
¥ o=y sino.t - &
2

F =

YT B-e?

20 khi x= 0.y = 0. Idm

/

L X

&

Hinh 107
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g 1a gia 18c trong trudng, khit ¢
‘ta ¢6 phudng tring quy dao clia
vién dan la:

g X2

y=aiga ——————.
2vjeosT o "
xX

Pat tga =¢, g“ =k = const thi:

v

y=cx— (1 +c¥ha® (1) Hinh 108
136 13 ho paraboles phy thude tham s8¢ (L 108+ Ta 38 1im hinh

bao clia ho paraboles nay.

Prao ham (1) th(_:o el

O=x 2ckx*=0Qhay c= 71

ol g
Thay vao (1) ta dage:
1

LI S
’ Ak 2g 21’&

Yo g 2 )

Dav 13 phugng trinh cda parabole dinh (0, go—) vi ho paraboles (1)
g

khéng 6 diém bat thufing nén parabole (2) 14 hinh bao cda ho paraboles
(1); (2) goi ta parabole an toan.

3) Tim hinh hao ea ho dudng cong: (y — a)’ = (x - a)’.

Ta cé: y 4
Fo=-Xy-a)+Hx-a =0
:‘»y—a[:%(x—af}2
ng(x—a)'; :(x—a)"‘
1 0 \ X

ﬂ(x—a)a[g(x—a)— 11=0.
4 Hinh 10y
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Do da:

AT =Yy =X
4 4

X=-ta—s»yv=xr——
27

4 ..
Ta e YEX-oo 14 hinh bao
A

v = x ¥ qui tivh el didm bAt thiimg (4109

B- PUONG TRONG KHONG GIAN

31. SO LUUC VE GIAI TICH VECTEUR

1.1. Ham vecteur doi v humg

Tu dii dinh nghia him s& y = f{x) mi gid (ri cla d6i s6 v ham s& la chimg
con 56 thudn tiy, nguii ta cling goi ham s6 dé [3 ham vé hudng véi déi vo
hudny. :
Thue tién nhiéu khi cdn xét su phy thude gifta mot dai lugng vo hudng va
mat dai lugng vecteur.

Thi du: Xét chuyén dong clia mot diém M ké ur mot diém gée O nao d6, thi

vi m cua M tai thai dlém ¢ 5& duge hoan todin xac dinh bai vecteur OM. Nhu vay
oV phu thude £, 14 goi OM la hiim vecteur cua ddi vo hudng .

Téing qudt ta ¢

Dinlr nghia: Néu g véi mdi gid tri cha dai lugng vo hudng 1, o <+ < ff ta
¢6 mot vecteur xde dinh F thi ¥ goi 1a hiim vecteur dai vo hudng ¢.

Kihicu V' =V ()

Theo dinh nghia vii cdc gid i khde nhau ctla ¢ ta ¢6 nhimg vecteur } khic
nhau, d6 1a cdc vecteur W do, ta ¢6 thé dua ching vé cling gdc toa do O bang
cich dat V(1) = OM, Idc dé V' (1) goi 1a ham bin kinh vecteur clia diém M va ki
hicu la:

— e - . - w - . - .
Fin = OM. Nhu vay vice nghién ctu ham vecteur biit ky dua v& duce viee
nghién eiu him béan kinh vecteur ctia diédm M, do d6 d€ duge tien loi (I day vé
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sab ta chi nghién cdu hiun
bin kinth vecleur cia diém
M, F=F{.Naux, vy -la
toa d40 cla M 1hi

y=Ar), v, o=t (1)

F=xini+vn +=nyk 2

khi ¢ thay déi. M sC thay

ddiL vt vE mot diring M
cong nao dé¢ (Hinh 110y 0 —
dudng cong niy poi 13 16 7= Ve
dd cuw hin vecteur
F=FI.
Hinh L]0

He (1) goi 12 phuang trinh tham s8 vdi tham s6 7 va ding thite (2) goi li
phueng trinh vecteur cta dudmg cong &6,

Tuong we nhu him vé hudng, ta dira ra dinh nghia gidi han va lign tue cla
himm vecteur nhu sau:

Ta goi vecteur @ [a gidi han cla ham vecteur ¥ = F (1) khit — ¢ néu
|F - dl 1a mot vo cling bé khit = 1

Ta goi ham F = 7 () 1a lién tuc tai ¢ = #, néu lim#(r) = 7(¢,)
Neu dat Ar =17 - 15, AF =F {1 - F(ty) thi F{ 12 lién tue tai ¢, néu
UIT(]].Q.F =0

1.2. Dao ham cia him vecteur

1% Binh nghia: Cho haim vecteur, ¥

=F (o5t =B, xétaif, cho 1 58 gia
Atthi F covecleur gin AF =F (7 + AN - F 1

)
Néu ]imA_r 100 1ai thi gidi han nay goi ia dao ham cia ham vecteur F theo
Aol A..‘
doi vo hudng ¢ (ai diém ¢,

~, r L Ar
FNO hay == 1lim —
at Ao Ag

4}



2°. ¥ nghia linh hoc:

. . ' . — — . . " -
Giasrlée daciahim F = F (=0M la dudmg cong C va

Fire An=ON lic dé:
AF=F (r+A0 -7 1 =MN
(Hinh 111
AF
At
hudong theo cat tuyen MN khi
Ar — 0 thi cdl tuyén MN ¢d vi
il gioi han 14 Jdudng thang
MT goi li tiép tuyén tai M vai
dudng cong €. nghla 1

Suy rar Yectewr la

.odr .
vecteur dae ham ~— hudng
et
theo tiep tuyeén MT.

Vay vé hinh hoc:

Vecteur dao hiim cda ham
vecteur ¢é phuong rung vai
phuong cia Gép tuyén voi 16¢
d8 cua hium vecteur tai diéim
1rng tng,.

3" Y nghia co hoc:

Theo hinh 64: fﬁ

F| |MN MN

Hinh 111

‘A AN A
Tu thiy N chinh T e dé trung binh cta diéin M trong thi gian Ar. khi
iy
o
Ar— 0 thi MY v 11 6e do ctia M 1ai thoi dicm 7. mat khde khi Af <> 0
Ar
i MY 51 (Khi ¢ kha b i N ~ M),
MN
Do da:
dF| . |AF
kil Titn |~ V({]
dr] v Az

Viy v eo hoe: B9 dii cla veeteur dae hium ot bdan kinh vecteur Foclla
didm M tai thési digm ¢ bing 16¢ do cla diédm M i (hot dic 1
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4. Qui tdc tinh dao ham:

Tir dinh nghta, teong w nhu ham vé hudng, te o6 thé chimg minh cdc qui tic
tinh duo ham el hidim vecteur déi vé hudng ¢
—»

L{ay=0 a lavecteur khéng déi ca vé phuong vi do dai.
U A(F +F .y =F | +F"
(o F Y=o

VI(F WP FY =(F L Fa P+ (F WP W P (F | F a7y
VI Neu F =F (i) v o = a(#) thi ﬁ = ﬁﬁ
dt  du dt
Chéng han ta chimg minh: V.
(77.) - hmF(.f + AL (1 + A = F ()R (1)
Wkl Ar
~ hm{ (¢ + AR+ &) = A{)R + ) + AR +Ar)—r‘l(r);g(r)}

At

A At At

f+Ar Elt+Ar)-F it
= Im{r I+’\z’ )7 {]+f_"|(f).—"( ) r_( ]}
= (a0
5". Dao ham cua ham vecteur cho theo toa dé
Cho vecteur F =x (r)f+_v (" ; + (1 f_{'
Theo I vt U & 47 - 1a co:
Flin=ain P () .=7+y (n f‘+_v'(n?+:' () !_(. +z{1 E
nhung, theo [ F=0=k =0l nhimg vecteur khang déi.
Do déd: F (N =1"(1) i+ ¥{n ; +.27 {1} k

Nhu vay cdc thanh phan coa vecteur dao him bang dao ham cic thanh phan
cua him vecteur. Ta Jai bicl, vectenr dao hiim huéng theo tiép tuyén véi t6c dd
cta ham vecteur do dé e6 the lay 'y, =" 1am hé s6 chi phuong cha tép tuyén dé.

6". Dao ham cda vecteur co do dai khong doi.

Cho vecteur:

F o= F ) vdi }"({)|:(_‘ (khong déi



Vé hinh hoe: Toc dd cta F 1 1 dudng cong v& trén mat cau bin kinh ¢, xél
FF=Fr = =

Bao hane 2 v ta o

FF+F.F'=0 hay2 7 F =0

Nghia I vecteur dao ham 7 thing gée v6i ham vecteur F didu nay ¢6 thé
suy try nghia hinh hoc.

Dac bi¢t ndu 7 1a vecteur don vi (cé phuong thay doi) ta ciing ¢6 kél qua dy.

7°. Dao ham ciia vecteur cé phuvng khing doi.

Cho vecteur F = ‘F(:)l Fo. Fy ldvecteur khong déi thi F I vecteur ¢6
phuong khong déi.

3

Puohimtacd: F'= ‘F‘ . FU+ ‘F‘ -Fo nhung F »=0
Dodé: F'= ‘r’(;‘)l' Fo

Nghia 13 vecteur dyo ham cla ham vecteur ¢6 phuong khong d8i cling
phuong vén phuong cia ham vecteur dé.
8". Pao ham cdp cao:

Che Fy=xnf +y0) f+:0 k
T hi¢t Fn=x i+ ¥ }- + (1) f;

o him cda F (7 goi la dao him ¢dp hai cia 7 (1)

F ' hay ﬁ_i(df\
Cdl u’.’J

B

Ki hieu

Theo trén thy 7 (1) =" d +y'u) f +2°(0k
Vé co hoe F () huéng theo vecteur gia t6c cha didin M trong . ta ¢6 the

dinh nghia dao ham cdp ba, v.v..

§ 2. PHUONG TRINH TIEP TUYEN VA PHAP TUYEN
CUA PUONG

2.1, Phuong trinh:

Cho mot dudmg cong C trong khong gian, ta bigt phuong trinh tham s0 cua
duomg i
r= vy =i, 2= () asr<p (1



vir phuong tinh vectewr cda dudug 1a:
Fo=Fi=xni+vn ] +:0 k

N&u dudng cho [ giao wyn cla hai mat
Fiiv,vooy=0, Falv, v, 2)=0

thi he nay goi [ phuong trinh khong giai cia dutng,

Tuong ty nhu dudng cong phang, ta ¢é cong thae vi phén cung cla dudmg

trong khong giun la:

ds = \Jd vy 4+ d=" = \fx': ()+v* (f]+:_mdz
—~

XELcung AM eén duding cong €, A ing v&i tham s6 t = t, M tng véi tham
sa 7. bl AM = 5, 18 rhng khi ¢ thay déi thi M thay d6i, nghta i s thay doi.

Viay v la ham s coa 15 = s(6).

Noguwee Lai £ 58 1a him s6 el s 0 = Hs), cho nén thay cho tham 83 ¢ bdt k¥, ta
¢ the diing tham <6 s 13 o dii cung cda dudmg tinh tir mot diém gée ndo dd, poi
i hodnh do cong, lae do phuong winh tham s cda dudmg s¢ L

YAl vEv o= oy <P

Hé nay cing goi 1i phuong trinh e hiim cia dudng cong,

Thi du:

Lap phuong trinh qui dao cia mot diém M vira quay déu xung quanh true
Oz v 16e 4o eoc khong ddi o v tinh G¢n doc theo true dé vai toe do khan 4
va (Hinh 112).

" P Hinh 112



Tu iy qui dao cua ML mén dudmg, nam uen mot mal tu true oz v ban
kinh khong doi o nio dé,
Gissi vt ddn ticn cua M 13 didm A, 0, 01, XS ML Yoo Ly ¥ trén qui
duo. goi P 1 hinh chidu cta M uén mat phiag veov vl gée (0X, OP) = @ (i
v=OP COND = COS

v = OPsing = usin ¢

- . I : v .
Fheo gia thict ¢ = or, suy rar = @ e do - :i(p dat 2 = hthi 2 =hbe.
@ [ &

Vay phuong trinh tham 0 (than s6 @) cua gut dao 1

. v
V=080 Y= asimg c=hegp, = b
o
Qui duo goi 13 dudmg dinh 6¢ try trén xoay.
2.2, 'Tiép tuyéen va phap tuvén. Tam dién Frénet,
Cho diimy cong € e phurong tinh tr him @ v = w(s), v = v(s), 7 = 2(s) hay

phuong trinh vecteur ;
F=Fiy=vini+ v (_\'}_;J': + - (_\')f-(
Xéodiem Miv, v, 2y irén € (Hinh 113).

L dF . . . .
T bict vecteur —— tn M hadng theo 1iép tuyén véi C lai M.
ols

Mat khie: “(": - limlﬁ = lim Tl =
o AU _\-| RO J-“,fl.\.]l

or .
Do dd  — lavectenr don vi
oy
e - dF = . e .
Kihiéw =" vigor 7 lavecteur ticp tuyén don ¢ vii C tu M. X3

s

dF . ; f T
vecteur " ta bict vecteur nity thing pée va6i T
ey~
-

Ki hicu vecteur don vi cla né 1 v thi



d-r
ds®
d’F
Ea’s:

&
V=

. S P - . P N 2 =
Ngudi tugol ¥ 1a vecteur phap tuyén chinh don vi va dudng thing mang v
la phdp tuyén chinh véi C 1ai M.

¥

Bay gld xét vecteur ff= T~ v, cling L vecteur don vi thing goc vdi cd

—

T. v ngudita goi B La vecteur tring phip tuyén don vi va duding thing mang

S 1 wing phip tuyén véi
Mit phing mang T,
s
vopol 13 mar phang midt
Hep.
-
Mt phang muang V.
£ goi 1h min phing pbdp
vi mit phang mang _‘Bf
eoi 1 mit phang ruc dac
vyt dudng C tai M.
.
Ciic wecteur 7, ¥,
[ vi cic mat phang dé
lap thanh mét tam dién goi
i wam dién Frénet cia C
tal M.

C tai M.
};’Jt
My
c
M ———
J
-Z-“ Hinh 113

Trong thue t€ dubing cong C thudng cho dudéi dang tham <o ¢ bat ki

x=x{t) .y =1

Do dé ta st xidc dinh T,

Ta ¢
_dr
rF=—=
s
hay: . X7
rT=— -

, o=, a<i<p

V., f# theo tham s6  bat ki.

dr dt
dr s

yitok g (1

Jetiyet |

Hi

dt |




D& tinh £ 1 xée

& 47 E_F_ﬁf\_d_[di dsj dr ds |dr d’s ﬂ(a{}!
PR RN dsdi) " dsd | ds de ds? \dr

M T e \a) T \ar

(Tich c6 hudng ddu bing khong vi ¢6 2 vecteur 7)
o ds (asj:_ "r'(dx)"
Lt Lds® [ et ds® N dr
ar a’ F
B= ar " did Tlhlmg

d‘r [dsj
ds™ [\ dt

s
ds” \dt.

dF  d*F
ar 4ar
Do dt dr’ 2)
aF d%

A
dt di”

_ds {d:s y dr(d.s\l:| _ds a’r(d\J:
= /\ =

Suy ru:

e

nép
dF sz
dr dr’

do dé:

Tinh dugc ?,/3’ theo ¢, theo cdc cong thite (1), (2) ta s& 1inh duge V theo t,
theo cong thic:
V= gat (3)
Tir (1} ta ¢6 the )y vecteur chi phuong 7 ctia 16D tuyen l:

f":i:x'(;)i_+}-"{!)} +:{:‘)§ (1
dr

Do d6 goi X, Y, Z |a toa do chay trén tép tuyén thi phuong trinh cia tép
tuyén véi dudng cong tai di€m (v, y. o) la:
X-x Y-y Z-:
[ ‘y—. - 2




vi phuong tiinh efw mit phiang phip véi dudng cong tai didm do 1
(X-awW +(¥ -y +i(Z-2-"'=0

Tl 2) ta e the 13y veeteur chi phuong B ¢ua tring phap tuyén L

v Pod k| )

[§;-(-—!—A---" T LA {2}
ar dtt .
RN

C6 7. B theo (3} la b (hé 1ay veeteur chi phuong A cta phap tuyén chinh
I '
N =8 nAT (3
Vi tromg tir ta o0 1hE vidt phuong tinh cua tring phip tuyén, mat phing niit
HEp, phidp tuycn chumh v mat phing trye due vél dudmy cong.

Cha ¥ Tir cich chon cac vecteur T.B, N nhurten @ thiy:
T - B N
= . fi= e
|71 |3 5

Do d6 trong thye Gén, d¢ tinh cie veeteur 7.6, d3i vai dudomy cong ¢ho

:z-—:

theo tham w0 ¢ bil ki, ddu tién wtinh: 7, B N
Thi du - Tim cle vecteur 7,6, v vict phuong tiinh 6D wuy&n. mit pluing

phip. tring phap tuyén, mat phing mat nep, phip tuyen chinh, mat phing fiue
Jdoe v duding cong,

v=14 V= FLz=r 1ai di¢m Gng véi ¢ = 1
Ta tin: v=1,yv=2r, = T =0, ¥'=2 =06
Tair=11hy vV=1,3¥=2,=3 . 4"=0 =2 , =6
Do ety theo (15 a co: =i+ 2_}: +3k

Theo (2 1w o

i j k
B=|l 2 3j=67-6j+2¥
02 6
Theo {3 ta o
ij ok
N=BrT=|6 -6 2|=-22-16]+18k

I
4



Suy ra:

T 4243k
T
B:L_B_r’ —3}+_£
E J1o
. N -1l ~87+9k
R Ve
dicmng véir=1lax=1,y=1 =1 Do dé, tai d6 phuong trinh cia tiép

tuyén lia;

Y-l y-i_z-]
1 2 3

cOa mat phang phdp ke (v- 1y + (v - 102+ (- 1)3 =0
bay: A+2v+3-6 0 = 0
cha trng phip wyveén i

x=1_y-1 =z-I
3 3
cta mat phimg mat GEp I (v- 13+ (- DB+ (z- 101 =0
hay: -3y 4+ 1 =0
ctla phdp tuyen chinh [a:
-1 _y-1  z-1
-1 8 9

cta mat phing trye dac 12:
(-0 + (v- B + (z-1)9 =0
hay : iy + 8y -9- - 10 =0
¥ 3. PO CONG VA PO XOAN

3.1. Dé cong:

Tuong tu nhu dudng cong phéng, ta s& dinh nghia do cong cta duding rong
khéng glan.

Cho duting cong C ta v cic vecteur 1i€p tuyén don vi ?,?, voi Ctai M, M|

|

L i . . — —_— -
v MM = Ax T mot diém O ndo d6 ta dung cae vecteur ON = T ON, =T,

{(Hinh T143



Goi goc gitts 7,7, 12 Ace. Ta thay khi M chay wrén dutng cong C thi § <8

chay twén mat cdu 1am @, bidn kinh |r =1

Ta goi dé cong trung
binh cda C wén cung MM,
Iy s6 139 Kihieu N

LAy
K, = |.--3al

1
| s
vit do cong cla C 1ai diém
M 14 g han

My

U

. . Aal
fim Ky= l1m'i'i M
RO 1Y r:'}! Asl
(As > O M — M.
e N
Ki hi¢u:
[FaY7
AS
Par AX Ny

7)< o6 T

K= lim

AU

Tu e

o~ .
A= NN~ NN, = |AT|
Hinh 114
(v NN, = 25in 2% A khi Ad— )

2
Do do:
K= Iimég-: lim g{
A al) AS Al .-AS
Theo dinh nghia dao ham:
k=27 hayk=|97 ()
Ag dds™ |

Cang thie (1) cho ta ngay cong thie tinh d¢ cong el dudng cong, theo
phuong rinh o him: o= x(s) Ly = y(s) , 2= z(x)

Bay gity A& tinh do cong cia dudng cho theo tham s6 ¢ bit kv, tu Hhim nhu sau:



Theo cdach tinh & 92 w1 ¢h

dF  dF

LAT
__dt _di” (2)
d:_f_‘:[ds\i}
ds™ Idt /)
idF d°F
. A
Vi |ﬁ‘ =1 nén I_:-!df df_‘
M?kw)
‘ds: ['L.dr
Vay theo céng thite (1) 1a cé:
dr dF
A
K= drFi idt dr
s’ dsy
L u’{J
o - JrOdF o d
Vi 48 _ \."'.‘f‘3+__1,-":+:'2 i _f”A f_ Iy e
ddt dedtt| o
S C

Thi du: I'inli do cong ctia dudng F =17 +¢

Tair=11aco O=1, =2, =3

{ - & d o Ei

‘-{‘1: P2t a3 =1a; TAE0 2 3= -67 42k
dr ' 5 s

i @ /

— —| =46 +6"+2° =76

‘a’r dt”

Vay theo cong thie (2) ta ¢6:

c V76 1 [

4y 1av7

Chi ¥: Nghich dio cda d6 cong cua dusng cong tai M ciing goi 1a ban kinh

cong clit dudmg cong tai M.



Ki hiéu: R= !
K
3.2, P xodn;:

Cho dudng cong C va Xét cic vecteur T, V, B 1al M tren C. Ta biet mit
phang mat tiép vdi dudng cong tai M 1a mat phéng mang T, V. Dai véi dudng
cong phang, ti€p tuyén 7 v phap tuyén ¥ luén ludn nam trong mat phéng chita
dudng cong, néi cich khic mat phang mat tiép vai dudmg cong ludn ludn chira
duong cong.

Pai vdi dudng  cong
trong khong gian thi khdc, i
néi chung tai cdc diém khic 8
nhau cta C, c6 nhimg mat
phang mat ti¢p khic nhau.

Khi di¢m M dai wén dudng
cong, mat phang mat 1icp & Py
quay chung quanh GCp M 1 C

At

tuyén 7 mol gée 1on hay
nhd thy theo mic do “"gap
ghénh" clia duong cong. Ta

bil vi:cteulr trang  phdp Neel "=~ N
tuyén . f thang gée véi mal _ .
phing mat 1icp, nén géc - ﬁ?:
quay c¢lia mat phing mat )8

ti€p ciing 1a gdc quay cha
vecteur f. Nhuo vay géc
quay cia B chung quanh S d

1iép tyén T bidu thi dupc

mitc do "gap ghénh" cia
dutmg cong. Hinh 115

Bay gitf xét ciic vecto ;5’, B] tai cdc diém M, M| trén C. T mot diem O bal
k¥ ta dyng cdc vecteur Oﬁz Z} (TN,; =;{-3]. Ta thay khi M doi irén C thi M s& doi
- s
rén mit cdu 1am O, bén kinh JON| :‘/3]‘ =1 dat MM, = As.
— — - — - —
ON -ON, = B -3, , gbc gita ON, ON, ciing 12 géc gitta S . f, 1a Ao
{Hinh 115).
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Ao

Ta thiy ti s6 |29 bicu thi géc quay cia Zf trén mét don vi dai clia cung

o ———

MM .
. e s ts e s . . . s
Ngudi 1 goi ti s6 dd 14 dd xodn trung binh cia duimg cong trén cung MM,,

con gidi han |im |‘3°" thi goi la d6 xoén cila dudng cong tai M.

A -L>| A.'i‘|
Ki hieu T= lim IA_"'
Ayowid A?
e - - -1
Nhung Ao = NN\~ NN, = |5~ 3| =[ap)

(Vi NN, = 2sin 29 _ A khi Ac — 0)
2

Do d6:

AB
As

T'= lim

A—l)

B
iy

Theo dinh nghia dao himthi T = {1

Theo cong thite (1) mudn tinh do xoan T tai 1 di€ém M, ta phéi tinh vecteur
B ai M.

Co6 thé chitng minh:

2= 3=
h%ﬂgﬁj
ds ds® T ds?

vai dudng cong cho theo phuong trinh e ham: v = x(s), y = y(s), z = 2(x)
[@@wq
dr’de?’d’

[af? d%’-‘]z
@
da ot

vai dudng cong cho theo phuong trinh tham s6 ¢ bit ki
r=x(t) , y=xn, =2z

* Thuc vy, ta biét @B g
ds

o3



Ll

mat khac
nhung
Do 6

Nhu vily 4

[ZA)

Theo (1) ta co

e tien loi vé sau ta chon dau -

Nhan vo hudng 2 vé dang thie niy v Vv chuyén vé ta ¢6:

Ta bict :

@z

ds
Theo (3% thi

df _dr

ds ds

TSIy 7
thing géc cavai 7, fF nén EjA

_ d7 S oF
=S —(TAV)=-—AV+TA—
ds s ds ds
dr:-d_": £ ¥V nén ﬁf\ﬁzU
dy s (s
dap = f;\f{?- nghia la —ﬁ-
ds ds

[EAY
db__ Vb ¢
B _ir3
ds
e dé @ =-TV
7

T=-V dﬁ
ds
1 d". suy ra \,—Rﬁf_
R la)
&y dD_dF &
o’ ds ds a’s
/\i[Rd_;‘)
els els

cd phuong cia v, nghia L



hay:

dfp _dr A(dR dF r_zf_‘FJ dR(dF dF (fr dFY
ds dy Wy ds? At ) ds\ds " ds ,f '\ ds ‘J
Theo (3) va (4; lhl (2) vier dugce:

T——R dR%d.i dj\|+R({— d_‘
u’s d.s\_d\ ey ; dy oy
__RdR|u’J efF d.w a’_dr‘

L dF
R
ds Ly a’.s Tt ) el Tds!

Tich han hop didu bing 0 vi ¢ 2 vecteur trung nhau, cdn tich sau 61 diu khi
hodn vi 2 s& hang lidn nhau

Do do:
TR i d'r a’:)
s st dst
Vi R= l -
K |d°F|
' els !]
Biy gi¢s ta chuyén cong thue (a) vé neng hop dudng cong cho theo tham s6
£ bit ke y=ux{f), y=y, o=z2n
Ta e
dr _dr s
dt ds
Q _dF L dr
dr ds’ Tt
dF O dF L, L dF ¥
— = — "
dt’ds’ ds” ds
Suy 1w
(dF d°F dF c_ d d___\
3 e J Vs "ds™  ds’ J
Do dé:
((f d'7 d'F ]
reg (447 Ay o dl) g
ds ds® T ds’

( cfs] °
et



Ta biét :

(ds)’ {di d*F d_-‘r')
R - \ar) nén _Ldr Tdet T dt) (b)
[a’? dir Y [df d:'f]:
R T Nad
dt " dt ) ar e

Nghich ddo ¢ta d¢ xoan coa dubng cong tai mot didm goi 1a bin kinh xodn
el nd tai digm ay.

A _ 1

Kihi¢u: pP= -
T

Thiduy:

. . N 2 . N 1 3 -
13 Tinh dé xodn cua duding v =1, y =17, z=¢ tai t = |
Tair=1 thi =1

1l
td

¥ o=3
=0 y"=2 "=6

=0y =0 =6

Suy ra:
1 3
(FI.FH‘FIII)= 0 6 = |2
0 6l
Con FIAP"[ =76 (xem thi dy & 3.1)
Do d6 theo (b) -
r=12_3
76 19
2) Tinh d& cong va do xodn cia dudng dinh 6¢
A= (CONP V= WS c=hy
Ta o
F o= acosel +asing J + b k

3

= -asingl +acosp | +bk

|

t

"= acospi - usinq)j

Fl= owsing! o - acoso }

By



i 7

i
| e i a
p| = ubsing i -ubcosgp j +a” k
0

Flar"=|—using +acosyp
JCOSE —asing

—gsing dacosg b
{F'. 7" F")=-acosp -asing O =a’b
jasing -acosg 0‘

Theo cic cong thae tinh dé cong v do xodn & trén ta cb:

I aNa +b u

R {a*+b" )7 at vt
o) ah b
pod@+b) a b

Tir ciie kEét qui nay, ta suy ra mét tinh chat rit quan trong cua dudng dinh éc:
Tai moi diém ¢ia dudng dinh 6c, do cong va do xodn cha né la nhimg, dai

lugng khang daéi.
Ngus ta cing dung tinh chit nay dé dinh nghia dudng dinh dc.

Chii y:

Tir ¢ic ¢ong thie tinh 7, ¥, B, R, p ta suy ra cdc cong thice lién hé gita
chiing li: _
di v & _-t pdp_—¥

ds R ds R p ds p
Cic cong thae ndy goi 13 cdc cong thite Frénet coa dudng cong tai | diégm

cla nG.
C- MAT, TIEP DIEN VA PHAP TUYEN VOI MOT MAT

Tap hyp 8 eae didm Mix, y, 2) € 7% thoa man phuiing tvinh Flx, y. 2) =
{1y goib 1 mdt mat va (1) goi 14 phuong trinh cia wé. N&u wr (1) ta glai
duge 2 = fle 3 hode y = fix, 23 hodae x = fly. 2) thi cac phugng itinh nayv gl
18 giai difce (hay 13 dang higény eda S va (1) eting goi 14 phudng trinh khing
gial cun & Mot mat 8 ¢ thet cho theo cée phudng trinh:

x=a(w, vy =y, ).z T oztu, v (2), (n, vy € D c mit ph:fmg u,»Eo

oy

-1



la phuong tinh tham s6 eda S0 RO vang r €2 Khit w, © (e ¢ (11 va ngige
lai. MAL S gol [a mOt mat lién tue néu hdm F 4 (1) ién tge nvén S hoae cae
ham d (2 lién e tvén D,

§1. MAT CHO THEO PHUUNG TRINH KHONG GIAI
Trong R#* cho mit § 6 phuung trinh Flx, v, 2) = 0 (1).

Dinh nghia 1: Mét duing thing goi la tiép tuyén véi mdt S tai
M(x, 3 z) € S, néu no la tiép tuyén vei mét duong cong bét ky trén 8 va
qua M.

Vi néi chung cé vé s6 dumg cong trén S qua M ¢ S, nén theo dinh
nghia: Tai M € 8, cé thé ¢ vo s6 tidp tuyén véi S, cac tip tuyén nay lien
h¢ vai nhau hoi:

Dinh ly: Néu tai diém M(x, y, 2) ¢ 5, tén tai cdc dao ham riéng
Feo F.. F. lién tue va F+F; +F° 20 (it nhdt mét trong ching
Lhedec khing) thi moi tiép tuyén tai M véi § déu vuéng géc voi
vecteur:

N=Fi+Fj+Ik

Chitng minh: Xét mét dudng cung bat ky C < 8 qua M(x, y, 2) € S,
gia st € ¢t phuong inh tham s8; x = a(), y = ¥, z = 2(t). Ta biét tiép
(uvtn Lal M vdi C ot veeteur chi phudng 10 T = ¥ @0 +2(0F + 200k mit
Khae v

C oS néntheo (1
Flaty, y6), 204 =n ¥t e (u, P).
e dés va thoo @id Chiits
i-_'\'._\-'u) + 1«_"_._\-'u) +lz
hay theo trén: ¥ =0 nghiala T L N vi N khdng phu thudc vao C

—

qua M, nén moi ti€p tuyén tai M véi 8 déu thang goe vai A .



Theo dinh 1§ thi mei (isp tuyen tai M véi § déon nam trong mat mat
phf’mg vudng g vai vecteur N

Dinh nghia 2: Mdt phdng chira moi tiép tuyén véi Stai M c §
goi la mat phc':ng tiép xtc vdi S hay tiép dién cua 8 tai M. Puong
thing qua M va vuéng géc véi tiép dién cua S tgi M goi la phdp
tuyén voi S tai M.

Theo dinh nghia (hi phap tuyén véi 8 tai M song song vdi x nghia ia
N 14 vecteur chi phudng cia phap tuyén do, & goi 14 vecteur phap ¢fa 8
tal M.

T dinh nghia ta cé phugng 1rinh cda tiép dién va phap (uyén vii 8
tai Mix, y,2) € S la:

(X =)k +(F = p)F, +(Z - 2)F, =0 (1

Y-x Y-v Z-:z
F E.F,

(2)

trong d6 X, ¥, Z 1a toa d3 clia mdt diém bat ky trén tiép dién va
phap tuyén. Dac bigt, néu mat S cho theo phuong trinh: z = flx, y}
thi F =2 - f(x, y) va cac phuong tvinh (1), (2) ¢d dang:

(N —x)fe+(F —y)fy =7 -z
X-x Y-y Z-z

Jx f_\‘ -1

Thi du:

1) Viét phuong trinh ciia tidh dién va phap tuveh wdi mat ellipsoide:

Fl
[
"

tai M{x, ¥, 2) trén mat. Ta e6:

A 1 A

. X | S .
Flaxvzl=+—+—-1=0
a~ h- ¢

0o



do d6

Theo (1) va (2) ta c6 cac phudug trinh phai tim 1a:
il g S I Y Y Z(Z-2=0
“ b c

X-x_ Y-y 7-z
- B F4

-

X
¥ :
c

v
a i

phudng trinh dédu ¢6 thé viét:

A GEET N ¥4
_',\_+"r _q_:I

a® b -

2 2 2
(vi £;+iﬁ + 21 =1 do M trén mat)
a* ° e

2) Viét phuong trinh cla tiép dign P v6i mat x2 + 2y? + 2% =1. Bist
Téng né song song vdi mat phang @ x —y + 22 =0.
Theo thi dy 1) thi phudng trinh cia tiép dign P tai M(x, y, 2} trén mat

xy

1

—=1

1

vl
|
2

theo gia thigt P/ Q, nén:

x 2y

1t

Z
2
N - s e n N { \ N N
BDat cActy sd bang t thiz =¢, V= —5 . 2 = 2t. Thay vao phuong trinh

P2ty 2y =g 1O =]:>r=iJz
2 2 T

clia mAt:

t3()



do do:

Y PR P J‘E
11 2 Y1l 11

. S 1en ., e Ts 11
va ta duge hai tiép dién cha mat la: x -y + 22 = 4

2
§2. MAT CHO THEO PHUONG TRINH THAM SO
Mgt 8 ¢ R®cé thé cho theo phuong trinh tham s6-
x=x(u,v),y=ylu,v), z=z2(u, ) (), v} e D e R®

Xét M(x, y, 2) € 8 va chov = const, thi hé (1) la phiuong trinh tham sé
(vdi tham s6 u} cua mét dudmg cong C, < 8, tiép tuyén tai Mix, y, z) € C, c6
phuong trink;

B

A—x=Y-Iy:ZTz @)

xl‘ yu zu
Tuong tu: cho u = const thi phuong trinh clia tiép tuyén tai Mfx, y, z)
cCy, 8 la:
X-x F- Z—z .
e (3)
x,. v, z,
Cde 1iép tuyén (2) va (3) nam trén tiép dién cta S tai M. Do dé
phudng trinh tiép dién cua 8 tai M {a:

X-x Y-y X-z
i 4| g

x\' y\v' z\'

va vecteur phdp N vdi § tai M ed cde toa dé:

vo1 didu kién ld cde dae ham riéng tén tai lién tuc va it nhét mét
trong A, B, C khde khéng.
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Thi du: Cho méf x = ucosp, y = usinv, z = cv Hhi theo (4) phuong trinkh
cuia tiép dién ctia S tai M(x, y, z) bt ky trén mdt la:

N-x Y- Z-2
cos v sin v 0 |=0

- WSINY  {HCosy c

. N
hay sinv X - costY + —Z = v
Ls

Chu y: 1) Trong R® dudng cong C ¢6 thé cho theo hé phuong trinh

Fix.y.2)=0 ()
Glx.y.z)=0 (5.)

nghia la C 1a giao cla 2 mat S,, 8,. Tiép tuvén vii € tai M e (,
chinh la giao tuy@n cla céc tiép digncua S,, S,1ai M ¢ 8,x 8, = C.

Do o6 phudng trinh cia tidp tuvén vii C tai Mix, ¥, 2) € C la;

(X =0 4 (Y = 3)F, +(Z - 2)I =0
(X = )G, +(Y -y}, +(Z-2)G, =0

Thi du:
Vit phuoig trinh coa Géy laven vai dudng:
Py bzt= R & +3" = Rx
T ¢ phuong trinh phai tim [a:
x¥ 4yt +24 = R*
(2x- RN +23F = Ry

Cint viTa da xét mae S: Fix, y, 2) = 0. Tai didgm M(x, y, 2) € 8 ta d& gia
thict: F ed che dao ham ridng lién tye va it nhal mét trong ching khae
khimg. Khi dé tiép dién hay phap tuvén cia S tai M duge hoan toan xde
dinh, ta goi M 1a diém binh thudng cia S.

Ngice lai, néu 12l M e 8 cae dao ham riéng efia F ddu 10ist tigu hode



miot trony chung Khéng 16n tai (hita got M 1a diém bat thudng chia 8.
Néu wM e S déu 1a diém binh thuong thi 8 goi 1a mot mar tron, Mit
S ol 1A tron timg phan {manh) néu ué 1a lign tue va dirde chia thanh mét

st hira han phan tran b cac duiing tran timg phin {doan1 (C7 (1.8) TI).

BAI TAP

L. "Tim vi phan cung vi cie cosin chi hudng cia GEp tuyen tai mot diém bal
kv eta cde duomy:

Ly +yv = 2} ;11._1_;:]
a b
2 ATS L S 12
3y =2Px 437 +y o

Synv=alr-sing), y = a(l - cosn
6) v = acost, V= asin’t.

2. Tim vi phan cung va cosin hode sin clia géc V gilfa bin kinh cye vi Hep
uyCen tai mol diém bat ky cla cic dutmg;

\ u
1y e =ap 23r=2
Q
3) a 4)r = acos” @
r= ) A
cost ¥
2
Syr=q 6} 17 = ucos2
3. Tim do cong vit ban kinl cong tai mot diém thy ¥ cda cédc dudmg:
Iy =y y=2
3 v o= sy 4} v = achy/u
-
Syv=aln ( CGS_{) 6) ¥ = acos't L ¥ = sy
i o
Tyv=ucht | v=hsht BYx=aff-sinfy , v=a(l - cos
9y = u:cnsEnp 107 r = a1 + cosp)
i1 =ap 12} r=ae™

4. 13 Tim biin kinh cong bé nhit cda dudig v = 2py

. . X
23 Tim dé conyg ldn nhit coa dudng v = ach -~
17,

i



5. Tim toa do cia 1ém cong cua cde dutng

Dhav=11a{l, 1) 2) u_v: =y lai {d, o)
6. Viél phueng trinh dudmg tron mit tiép véi cde duding

Dy=a-6x+10 1i (3, 1)

Dy=¢ tai (0, 1)

7. Lap phuong trinh tdc b cha cic dudng;:

| a+at -yt
Yx=aln———- = Ja* -y’
¥
23 v = ot - sind) v=ull - coss)
2 3
Ny=¢ y=f
4y v = a.cost + sing ¥ = (S - IC0ST)

5yr=u{l + cosg)
6) r=e¢™
8. Chitng minh rang néu (v,, v,) 1a toa do cda tam cong ctia dudmg
x=x(), y=¥(1), asr=h,
thi:

2 1 2 2
x4y x5+

Xyi=xtyt Xy Xy
9. Tim va phan loai cic
diém bat thudng cia cac
dudng cong:
1

y'=-x'+ux
2 {y- 2ty =’
Srxt+yd 3axy =0 (18 Deseartes)
31 yia x =17 (issoide)
Mat+yt=af

1¢. Tim hinh bao cda cac ho dudng cong:
Noy=(x-c

2y y' =(x-¢)* (paraboles de NeiD



3 (g +ady - c}2 = :cg(a —x), & = congt
1) ¥ =9px+p?

oy Ho duwdmy lhﬁng 14p vdi eac true toa dd cac tam giae oo dign

tich khong 481 S,
11 Xdc dinh cde duding 1a 16c dé el cde hiaim vecteur

DWF =dr+ ¢ DF=ar+bt

3 F = deost + b sin V¥ = dicht + b she

I

d. b, ¢ lacic vecto khong déi & L b

12. Tinh dao ham theo tham s6 £ cOa the tich V cita hinh hép dung trén ba
veeteur ;

d=1i+j+k
b=2ui-j+k
C=ri+fj+k

13 Phuong trinh etia mét chuyén dong la:

F =1 cosacoswr + J sinccosor + k sinor

o, w Ia cdc hing $6, ¢ 12 thoi gian, xic dinh qui duo cta chuyén dong, do6 1on
vl hudng clu van t6e va gia tée cda chuyén dong.

14. T céde vecteur 7, v, Z)’ cila cdc dudng:

Dv=rtsing, y=rcost, z=re' tui gbc toa do
2y v =cos't, y=sin't, 2= cos2t tai 1 diém thy y.

15. Viét phuong trinh clia 1iép tuy&n phdp tyén chinh va trung phap tuyén
tai mot diém (hy ¥ clha dudng;
A y_ﬁ Lo b

4 3 2

Tim cic diém cla dudmg, tai dé tiép luyén vdi duding song song véi mit
phing: + 4+ 3y +2:-10 = Q.

*I6. Viér phuong trinh mat phing mat tiéh, mat phing phap, mat phéng
trye dac oia dudng

1 h + 3 b 2 .
D+y+27=6, v -y +=4  taiM(1,1,2)

2 2 P . -
Dy =n, aT=z lal digm Loy ¥
Je=e, y= e, =142 . tal 1 diém thy .



17. Vi€t phuong trinh cua ti€p tuyén va mat phang phdp vdi cic dudng:

13y =Rcost , y=Rsinfcosr , z=Rsins taiz = r
4
2)::.\'2+_v3 , xX=y tat (1,1, 2}

I8. Tim cdc vecteur 7, ¥, f# v vi€t phuong irinh cila mit phing mit G&p,
phdp tuyén chinh vi trung phdp tuyén v&i dudng (x04n 8¢ conique).

Xx=[cosf ., y=tsint , z=Mt tal goc toa do.
19. Tim d6 cong cla cic duding:
lyx=cost ., v=sint . z=cht =0
Dyx={fcost , y=tsinr , z=bf tai gdc toa do.
Ny =Incost ,y=Insinr . z=1 V2 tal fthy ¥
*4) ¥ =2az s y2 =2hz tai (x, v, )ty ¥

20. Tim dé xodn cta cic dudng tai 1 diém tay ¥
Dx=eé'cost , y=e'sin , z=#
D x=achtcost |, y=achisint | z=af
PHyi=x. ¥ =
21. Tim do cong vi d0 xo0an cha cdc duding tai 1 diém thy §.
x=3t-£, y=3r, z=3t+¢
2yx=acht , y=ashr ,z=at

L I

3y 2uy = s . 6utz =1
*22, Ching minh rang:
1) Néu do cong tai moi diém chia mot dubing bing khong thi dudng dé la
dudng (hing.
2) Néu do xodn tai moi diém ciia | dubng bang khong thi dudng dé la 1
dudng cong phiang.
23. Ching minh dudng x = | + 3¢+ 26, y=2-2t4 57, z=1-¢ lamdt
duding cong phang.
Tim mat phang chida né.

24. Vigl phuong trinh clia ti8p dign va phép tuyén véi cac mat:

U oz=x"+% a1, -2.5)

o “ 2
23 _.x.._+ y.._f_._:o

Wy tai (4, 3, b



2 Xy 2= YRe tai (Reosc, Rsina, R)
1} x = acoslcosy, ¥ = beoslsing, z = csin®  tai My(p,, 0,)
O x=reose, y = rsing, 2 - rectgu tal Mg, 1)

25 D Tim trén mat 2° + " 2° - 2v = 0 nhig difm tai d6 cac tie)
dign la song song vdi cac mat phang toa do

2y Tim gbe gilta cac mat: x* +y° = R?, (x  RY +y' + 27 = R* (ui

Eﬁf

—U

4 C hng mmh rang phap tuyén tai mat diém hat ky trén mal tron
XOHY T = f(WJ +y7 ), (F 2 0) cir true quay eua ne.

2

: z . B » R
4r Fim cac didm trén mat —2—+g—2+—§~=] tai do phap tuydn clia
[#3 [

mat hop vol cae 1rue 1oa d8 cAce g6e bAng nhau.

HUONG DAN VA TRA LOI BAI TAP

. COsd = l

L1yde= 9y , sing= 7%
Y a
f 7 2
2ydy = ; cosg= VA —X
Va' -eix?
singt = - bx ; = Aat - b
a-l —C:I:
3yds= ! Pyt cosgL = d ;osinge = i
. piady : - ising=_ F
: ) = e
- \IIP T+ -\,'P + ¥



[B¥)

G

t X . :
4y s = ‘j_ dy ; cosg= 1\[— TosIng = - «\[l
X a o

. f
SINGL = COS —

3y ds = Zasin ! dr ; cosa=sin_ ;
2 2 2
6) dy = 3asins.cosedr COS(L = - COSF , Sing = sinf
. N R 1
Clrdy = 1+ d . cos V' =
@ JdY : —
NARY
Dds= L f| Ay cosV =- I
ERR ! 3
@ Jl+g
B4y . smV=cos?
‘ 07 2
Cos’
2
sint = cosg

4y dy = wcos ﬂd(p

]

____ 1

S)u’\—:\[l-q-{lna) dop . sinV=___
J1+(na)?

0) dy = « dep sin V= cos2
v
2 ¢
3 ot 2l 2 oL 6lx]
R (1+da x¥ R
(1+9x)
ol bl
R (I+cos'x - o
(I ) aCh t
a
l !cos-‘ | .
DK==t OV R=—=|2usin2r
R I K
(37 . N S
R (a SH+b°CR: TR
. | 4usm
\




z

gyp=Lt_a_ 1U)R:L:iams£‘
K 3 K 3 2
Ip=d  altre’)” 12)R=t —fivpe
K 2+’ K
4. DR, =p DKn=1  (a>0)
o
5.1)(2.2) 2) (_Ea,ﬁa)
273
tS.l)(Jc—3)2+(y—§j2=l D+ +(y-37=8
2/ 4
7. l]y:achi
o
2y X = ma + af? - 51n8) Y=2a+udll - cosn
el 2 kl !
HX=-97+ 2 y=437f+ 1) L
2 3
4) ,1‘3+_\,’2=a2 5) cardioide
i
6)r = A’ 0o =¢ +-2—

9.
1) Diédm bat thudng b lap (0, 0)
2) Diém lai loai hai (0, O

31 Didm nat kép (0, 0)

1) Didm iui loai mét (0, 0)

L1 Biém bat thudng cd lap (0, O
Iy Hinh bao: y = 0 (qui tich cae didm usn)

2y Khéng ¢é hinh bao (y = 0 qui tich cac diédm gée)

3} Hinh bao: x = a, (x = 0 qui tich cde diém ké

)



13 Khéng o hinh hao

H1 Hinh han ay— :
11. 1) Budng thing
3) Ellipse
12V =417 + 1)
13. v = cos.cos@f ¥ = sinocosw!

2) Parabole
4y Hyperbole

= = sinf

(Dudng don). ¥V =- w7 cosasinwf - @ J sinasinot + 0 K cosw!

V= oo

- L 4T 3 .
W =0 cosacoswi - o J sinocoswr - & K sinos

=
14.
- _;-:—k . 2;—j+k_
I)f:—-_ V=
s 7
27 - 3costi -J;‘;mg +4k
3
i”: deosti —4sing — 3k
5
15.
a t I
P -
a2 T3 T
£ t 1
t I 1
X - - -
4 = 3 = 2.._
A R A
)‘_!_4 },_Ij o
4 7 3 __ 2
] -2 ‘”

Vi

¥ =sint +cosif

(1iép tuyén)

tphip uyvén chinh)

(tring phdp tuyén)

M, (4.—32]
3



16. 1} 2x - 2= Mat phang phdp .
y-1=0 Mat phang mat tiép.
v +22-5=0: Mat phang trye dac.

265 (5-5)-8Y, (-5 (2-2)=0

20,0y X+ 5y +4 Y, {z-2) =0
(1-32 9000 x) - 25 (12 Y0 + Dy -v) + 24 (B Yy +3(z-2) =0
e x—ey—+2:421,=0

eix—e "y+2242(1, + Sh2t,) =0

x4y~ 28ht 7 +2(t,Shty - Chty) = 0

17.
R
.\‘-—f y—-g .-"—\E;?- A
1 == = = xy2-:z=0
) 2 0 2
2 \_131_123—_—% x+y+4z-10=0
) 1 | 4
18.
. T +bk - b+ k P
Tr= . = = . =
VI+b* V1+b
5 0 x=0 x+hz=
T z=0  |y=0
19 1V2 22
[+ 52
3)_iisin21'| 4 {aﬁ_{)) _
V2 (a+h+22)"
20 1) & 2)
3 ach™t
-12y

p_
(64" +36)" +1)



-1

|G

N NHK=T=__1 _ NK=T=
3% + 1) 2ach’t

BWK=T=_24__
(a+yy
23, 2v+ 3y +192-27 =0

24.

x-1 y+2 z-6
2 -4 -1

1y 2x—d4y-z-56=10,

x-4 y-3 z-4

2y 3x 4+ dy -6z =20,
yovEmt g 1 8

3y xcosa + ycosa - R =10, x-Reosa _y-Rsina = z-R

COS Ot sin o« 0

x . z .
4y —ceosly cosgg +%cosﬂn sinegy +—sinby =1
o €

xseellgreqpy —a _ yseegcoseeqy -b  zeoseel; ~ ¢
be ac ab

3} xeose + ysing, - ztga = 0

X-rpeosQy _ y-msingg _z-rgeolgu
cos Py singg —-tga

25,
Iy (1, 21, 0), | | Oxz

2) (0,0,0), (2,0, M: || Oyz; || Oxy khoéng ¢é

n
3
3
2 2 2
P — i_.r -\--b x ‘ )
. N - ) v : ] 5 * ! ¥ -
yat - b?% +c? va? + b2 4 \!az +6% +c?



Chuong 9

TICH PHAN BOI

Trong bai tich phéan xé4c dinh ta da nghién citu tich phan cia ham méot
bién y =ffx} trong doan (a, &1 nao do. Trong chudng nay ta s& nghién citu tich
phén cia ham hai bién va ba bign trong mét mién nao dé goi 1a tich phin
kép va tich phan bai ba, ¢dn tich phan cia haim mét bién da nghién e
ciing got 1a tich phan don.

A. TICH PHAN KEP
§1. KHAI NIEM TONG QUAT
1.1. Dinh nghia

- Cho ham 86 z = f(x, ¥) xdc dinh va bj chdn trong mét mién
compact D.

- Chia D ra n phén bét ky khéng dam lén nhau, goi tén va dién
tich cud chiing lin luot ta:

AS,, 48,,...,4S8,.., 48,
- Chon diém b&t ky Pix,y) € AS,(i=1, 2,.., n)

- Lép téng

Zf( ir ¥iJAS; = Zf(P)AS

=1



- Ky hidu d, la disong kinh cua AS, (i = 1, 2,..., n) (dudong kinh cia
mat mién la khodng cach lén nhdt gita hai diém bt by ctea mién)va
d = maxd,. Néu téng I, ¢6 gidi han la I khin — wsao chod 0
khéng phu thuée edeh chia mién D va cdeh chon cdc diém P, thi I goi

1a tich phéan hép ctia ham 6 z = f(x, y) trén mién D. Ky hiéu

I-{{ftx, )dS hay I=[[f(P)dS
D D

Téng I, goi la téng tich phén thi n, f(x, y), f(x, y}dS goi la ham
s6 vé bidu thite dudi déu tich phén.

Néu f(x, y) ¢6 tich phén trong mién D thi f(x, y) goi la khd tich
trong mién dé.

1.2. DPiéu kién kha tich

Tuwong ty nhu d6i vai tich phan don ta cé: Pidu kién cén va du dé

ham bi chdn f(P) kha tich trén mién compact D la: iir%(S—s]:O

(dicu kién Riemann), trong do

s= T mAS ; S= iIMeas ;
i=1 i

m; = inf (P) ; M= sup f(P)
PeAS, P-AS,

S (s) goi la téng Darboux trén (duwdi) ciia ham f(P) trén mién D,

Tit didu kién Riemann, tudng ty nht d6i v& tich phan don ta ¢6 thé
chitng minh: Moi ham lién tuc f(P) trén mién compact D déu khd tich

trén mién do.
1.3. ¥ nghia hinh hoc va ¢d hoe clia tich phan kép
1nyY nghia hinh hoc

V& hinh hoe, cho ham z = ffx, yJ xac dinh trong mién D, nghia 14 cho

mat § cé phuong trinh z= fx, y), mit nay ¢6 hinh chidu trén mat phang xoy



12 mién D. Npiwii ta goi hinh ¢idl han bdi mat 8 mat tm o6 dudng chudn ia
bién ctia mifn D, (hling sinh song song vl 1rue oz va mat phing xoy 1A mdr.

hinh tru cong (1. 116,

Giad st fix, y) > 0, 1a thay: f(%i, ¥).0S;, ehinh 12 (hé tich hinh vy déy AS,
vivchi®u cao ta fix, 3 khi AS, kha 1hd thi ¢6 thé coi the tich nay gin duing
12 thé tich hinh iry cong cuang
day AS; Do dé I, =3 flx, y)\S,

i=1

Z

¢6 thé coi gan dung la thé tich
hinh try cong day 14 ca mién D.
Mét cach 1v tudng ta dinh nghia

thé tich V cha hinh tru cong dé

la V=limI, d=maxd,. 4 la 2
o s}

s s
duong kinh cla midn AS,. x }@

Theo dinh nghia tich phan A
kép thi V=([f(x,y)dS. Nhu
1t

Hinh 116
vay, v& mat hinh hoc khi frx, yj > 0 thi tich phan kép Jf f(x,y)dS 1a thé tich
n

hinh tru cong, day dudi 14 mién D, day trén 1a mat z= (x, y) va duding sinh
s0ng song vii truc oz.

2) Y nghia co hoc

Gia st f(x, y) > 0 va coi f (x, ) 1A mat dd khéi lugng (mat) ctia ban
méng D thi I, =Y f(x;,y)AS, ¢6 thé coi gin dung 1a khéi lugng ¢ia ban D,

i=1
mdt. cich 19 tudng ta dinh nghia khai lugng ciia ban D {a m = iina I..
Theo dinh nghia tich phan kép thi m= _U f{x, ¥)dS . Nhu vay vé& co hoe
n

khi fix, y) > O thi tich phan kép: “ flx. ¥)3dS la khéi lugng cha ban mong D
I}

6 mat dd khdi fugng ( mat ) 14 fix, ) .



Chn y: Néu £= 1 trén D thi

It
[J F(P)dS = lim 3 1.A8;=8 la di¢n tich mién D.
[ 2 )f}izl

1.4. Tinh chit eha tich phan kép

Tich phan kép cang ¢6 che tinh chat tuong ty nhu déi vdi tich phan
dan:

13 Néu fiP), gfP) kha tich trén mién D thi AP) £ g(P) cing kha tich
trén D va:

[[F(P)+ g(P)HS = ([ f(PMIS + [ g(P)IS
D D D

2y Néu fP) kha tich trén mién D thi &ffP), k = const cing kha tich
trén mién D va

[TRF(P)S =k f(P)dS
o D

3) Neéu D duge chia thanh hai mign D,, D,: D = D, wD; bdi mit
dutimg, APy kha tich trén D thi P} kha tich trén D,, D, va nguge ai, khi dé:
[ fIP)dS = [[f(P)dS+ [[ f(P)dS
b D Dy

1

4) N&u f(P), g(P) kha tich trén mién D va fiP) < g(P} VP < D thi
” FIPYS < jj g(P)dS

2] b

5) N&u f{P) kha tich trén mién D thi |fAP)| ciing kha tich trén D va:
Lfj f(PYES|< (I F(P)|dS
D D

6) Néu ftP) kha tich trén mién D va m=inf f(P);M=sup f(P); thi
PeD Pch

mS<{[ f(P)dS<MS, vi S 14 dign tich cia mién D.
o
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THNEU AP s tae trén midn D thi tén tai didm Poo D sao cho:
J| F{PYIS - f(P LS, 8 1A diégn vich mién D f(P }——{jf(P WS goi 1A
gid trt trung binh cta fP) trén D,

Cac tinh chat trén dige chig minh tudng ty nhya dai véi cac 1inh rhil

cua tich phan don. Chang han xét 7). Tir 6) ta co:

m=

JFPS < M
i

CIJ“‘“

Vi A1) lidn lur tritn D nén m, M 14 gia tri beé nhat va 16n nhat cia 1Py

trén D Dar y- 1 Hf(PJdﬁhl theo dinh ¥ [ay gis trj trung gian cta ham
S i
lién e, 3 P.eD sa0 cho

F(Pey=v=— ([ F(P)dS .

]
!

§2. CACH TINH TiCH PHAN KEP

2.1. Toa d4 Descartes
a} Mién chit nhat: Cho ham f{x, y) xdc dinh trén mién chiz rnhat
D:a <x <b,¢ <y <d.

Dinh ly: Néu ton tai cdc tich phén
d .
[[fdS (D va It = [fix, pdy, asxsb (@)
il c
thi tén tai

b d
[ EEFTEITE 3

oo

-1
-1



va

b d
[§ frxe, WS = [ ([ fix, 3)ely)dx (4)
o [
ky hiéu
b ] i
(] frx, pdy)dx = [dx [ flx, yidy

va tich phan nay goi la mot tich phén ldp hay tich phdn hai lop.

Chitng minh: Chia mién D thanh md s hiu han mién nho bdi cac
duong thang song song voi cae true toa &0 (hinh 117)

a=x <X <. L <5<y, <. <), =h
S T P T T S

Xét phan duge chia D) ¢ dién tich 14 Ax Ay trong d6 Ag, = x,,
‘Ayk =X Yu ("’ = ], 2:"'!”” k= 1! 2:--"”?’)-

Bat

my, = inf flx, ¥}, M; =sup fiz,¥)
1) (D)

thi trén (D) ta ch: my <f(x, y) <M.

Y
Trén |x, x,,| chon x =&, tuy ¥ thi:
Y+l X¥h+1 Fk+1
[ mugdys [f&;,ydys [Mydy di-—- —
Xk ¥k ¥k JQ”,.___ __._l__l___
|
N R T
hay Y [ I
YRl Cr---- I Ir :
mgpdye 1 FG 9y SMpSyen : I || !
Y 1 ]
¢ a ‘r& 'rt'f'l b *
Tt gia thidt (2) suy ra:
7, d Fiid
k'f. mypdyy S I8 = §7 (& ydy < kZMik'—\'yk
= < =l Hinh 117
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il LS l ] e
o Smy s Y IE ) s B 3 MY,
LI N |

11 -l kol

Tdng 6 giita chinh 1a tdng tich phan cta ham I trén doan lea, &), cic
tdng & hal bén 13 cae t8ng Darboux dudl s va trén S cla ham fix, yi tvén D

nghia la:

Theo gia thiét (1) thi:

lim Y I 0w = fjf(x, y)dS
N w1 I
v a0

b b od & d
(e, 1)dS =[1(x)dx =[(f f(x, y)dy)dx = [dx{ fx, y)dy
n @ ar a ©

Hoan vi vai trd x, y ciing vdi (4) ta clng cé:

d b
gf(x,y}ds =fdyff(x,y)dx (1)

[ [43
- - b ]
vii gia thi€ty = const, | f(x, y)dx 18n tai. Vay:
b d b
J§ fx, 9)dS = [ fix, ydy = [ dy [ fix, y. dx
D a c o

nghia 12 c6 thé thay déi thit ty I8y tich phan (theo x, ¥). Do (4) (4) ta ciing
k¥ higu

[ (2, 3)dS =ff f(a, y)dady
D D
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Thi du:
13 Tinh

I= jj(:c’2 i-yz - 2x -2y + d)dxdy
I3

Dlahinhchiinhat 0 €x €2, 0 £y =2, ddaya=0,6=2,c=0,d=2

Do dé theo cdng thite ()

2 2 2 3 )
I= jdxj'(x2 +y2 -2x -2y +4)¥dy = j(r2y+-{;——2xy—y2 +4y)iﬁ dx
0 0 a

“ o 2 )
2 = 10—
3
2)  Tinh:
1= xdxdy .
Dy a? 4y
Dlahinhechinhat 0 <x 1,0 <y = 1.
Ta ch:
i1
I=jdyj xdx .
0 1+ x=+y%)?
Tinh
1 xdx T
D) =] 3
0(1+x2 +y2)5 \U’ +1 \I'y +2
Do dé
1
2 .
I- Jw(y)dy I NEAS FAE0 1 QNG A0'F

Jy +1 Jy 2] y+\fy2+2,n RRNG
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b) Mién cong: Xét mién D gidi han boi cac dudng lign tyc:

Y =300,y = 3,00, 70 <yld @ <x <b

va cae dudng thingx = @, x =b.

Binh ly: Néu ham f (x, y)
Ehd tich trén mién D nhu

trén, khi x = const tich phén
xox}

don Qfx) =jf(x, ydy tén tai
yix)
thitén taitich phén Igp
b yefx)
fdx [ flx, y)dy

a ¥i{x)

b J’x(X)
va [[fxy)dS=[dx [f(x,y)dy
D .-'“ »ifx)

Ching minh:

Y
J .
T Y{x)
\/x(x)
4
o a b X
Hinh 118

Xét hinh chtf nuhat R gidi hau bai cac dudng thang

x=a,x=b y=c= min y(x)
asxsh

¥ =d= max yy(x)
asxsh

va ham

F(x,y)={0

flx.y}

(.1

néu (x,y)e D
néu {x,y)e R\D

R& rang ham Frx, y) thoa man cac didu kién cta dinh 1y d a)

Thuyc vay:

Jj Fx, y)dS =[] f(x, y)dS
I3 )
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mal khac

H Flx, y)dS=0
FEAND

Mo d6 ham Frxy) kha tich trén & va

[FF(x, 0dS = [ fx, 1)dS (13, tén tai
R D

Xét x = consl va tich phén

Filrl voix)
IF(t y)dy-— j'F(\' yidy + _[F(t' yidy + jF(x yidy
[ ¥ylx) ¥gix)

Tich phan thit nhat va tich phan thit ba & v& phai tén ta) vi bang 0,

cdn tich phéan thi hai

Falx) yaixl
[F{x.y)dy = [f(x.y)d
¥ilx} \1(xJ
do do
¥slx)
J'F(x yidy = [fix. y)dy (2)
¥iixl

Theo gia thidt ecta dinh ly, tich phan & v& phal ton tai nén

a
[ Fix, yidy ton tai. Vay theo dinh 1y 6 a) ta ct:
‘ : %

b d
WWF{x, ¥¥dS = [da]| F(x, y)dy.
D o C d

Thea (13 va (2) thi cong thic nay viét

duge:
N wair)
([ fe,yidS=]dx [fxyidy (3
i} a vz

Hinh 119

N&u midn D gidi han bdi cac dudng:
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Eanlye v T ol o) S0 @ <y £d) va cde diréng thang
Y=o,y =d (Hinh 119) 1311 chimg minh vtdng tg nhy A8 vai (3) 4 06:

zal v}

_[l flx, V}dS—!d} | Flx, y)dx 3

- x{x)
Cha ¥

13 Nfu cac dudng thing song song vdi cac truc toa dd cdt bidn cha
mién D khéng qua 2 didm (11.119} thi theo dinh Iy trén ta ed cong thite:

¥plxh 2(2) .
Hf(\ _}}dS—[dt | Flx,ydy = [dy | flx.y¥dx, nghia 1A (a c6 thé
4 ¥ ix) ¢ AL

thay ddi tha ty 18y tich phan va ta ciing k¥ higu

I fix, y)dS = [ fix, vydxdy
i3 D

2) Mién D trong dinh 1y trén cling goi 12 mién don gian. Néu D khing
phai 1a mién den gian, khi doé dé tinh jf(a,y)dS , ta phai tha mién D

thanh nhung mién don gian di xét, va tich phan trén mién D sé bing téng
rAe tich nhan (rén cAc midn don gian.

Thi du:
1y Tinh

‘ a’-x
I=i{y®va® - x% dxdy
D

D14 hinh trén; x* + 37 <a?

Theo (111201 va cong thite (3) ta o

[ : i
I= de avl'x yiya? —2%dy -Vaf- x*

Hinh 120
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o’ %
a 3 a a
= 4] al —x2 LA dx:ij'(az—x?')zdx=l
5 3 30 4
0
2) Tinh
(12 - 3x - 4y)dxdy
D
VY

D 1a hinh ellipse (H.121):

xZ y2
Tt 7! / 4,

-

Tacba=-1,b=1,

yifxy=-2 1-x2 .

yofx) = 24/1- 2% (giai y theo Y x)

x tit phuong trinh ellipse).

Vay Hinh 121
1 2v1-xf
I=(dx [(12-3x-4y)dy
1 _21-x%
Xét
2\11—:.:2

®(x)= (12 -3x— 4y)dy
-241-52

3 day f (x, y) = 12 - 3x - 4y 13 ham khong chan, lé df1 voi y nén:
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2

2
D(x) = I[f(x W+ fle-yydy =

[[12 3x -4y + (12 - 3x +1y)]dy
0

1-x2

5(4—x) fdy~]2(4 x)w/l— x2

i
Do dé I=[d(x)dx,dday dix) cling 13 ham khéng chan, ¢ déi vi x nén:
A

1
I= Jl‘[cb(x) +P(-x)lde = 12[[(4 - x)¥1 - x% +(4 + OV + 22 1dx
1] 0

1

. .
= 96] l—xzdx=96[§\31 - x? +éarcsinx]
0

=96.% =94z
P

1]

3) Thay d8i thit ty I4y tich phan
y3- y y
I= I dy | f(x ¥)dx

2J"

Tich phan nay cé dang
clia cong thiic (3" vdi e = 0,

1
d:]-,xl )::2_.}'2:

)= y3-y7.

g !
£ 2 3 x

Ta ¢6 mién D nhu hinh 2 2
(H.122) Hinh 122

Thay ddi thit ty 14y tich
phan trén ta co:

1
v@: \E 1 1”3_. V3. 22

I=

e B o

3
dr | flx, y)dy+ | dx[ flx, y)dy + fdx  [fix, y)dy
0 1 0 b 0

2



2.2. Toa d6 doc cuc

Xér I=[[Fa,e)ds
n

trong d6 D 15 mién trong
toa db ege. Tudng tuy nhut
toa dd Decartes, dau
tién xét D giol han bai 2

lia 9 =a, p=p va cac

dudngtronr=r,r=r,

vila s P, r =y (H.123)

Hinh 123

Chia D ra n phéan
LOi cac tia @ = const, r = const. Xét mat phan dude chia: gdm giita cae
dutng ¢, = cénst., @, + A @ = const, r, = const, r; + A, = const. Coi gin dung
phan nay nhu mét hinh chit nhat canh 14 MN vi NP thi dién tich cia né la:
AS;=MN NP =r A A,

Vay ta o6 téng tich phan cha Fry, ¢) trén D 1

I, = %F(-’}'aq)i A A
=

i

R5 rang I, ciing 6 thé coi 13 1dng tich phan cia ham F(r, ). r trén
mién chit nhat &« £ ¢ <P, 7, £r £r, Do dé va theo cach tinh tich phan

kép trong toa dd Descartes v8i D 14 hinh chi nhat thi:

B T,
IZHF(I",{p)rdrd(pzjd(pfF(r,(p)rdr (2)
D

a r;

Bay ¢id xét D gidi han bdi ¢ =« =const, p = B =const { ¢ <) va
=), T =) ey <) (H 1240
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Toritr o vl trong toa il

Pesesttes, Ta o

b pydd
I—Vdp [Frrypirde i
('J sz

NG D gidr han hii
r=r, = C0nE!,
r=r. - ¢onst,
o<, op= g,

SIS B W ¢ RN )
R ENIRIE

1,
I=[rdr [Fryp)de (D
ry wafed

Xét D 1a midn gidi han
hatl didng khép kin © ma
cAc A @ = consl va cAc
duding tom = eonst vat ©
khimg qua hai didm, khi dé
D cing poi la midn ddn
IAN srenp Tos do die ede

(v G s cde s

rzﬂP)
1, (¢)
T
Hinh 124
X

Hinh 125

@ =g = Bl < vl cae dudng tdn r = B, r = R, (R, < R,) tigp xuc vii C
i A B. C, D va ciae cung ACB, ADB. CAD. CBD 1in lugt ¢6 phugng trink
[ER rErleLr=rlel = o, g = @

Thew cac edngs thie (3 (1 1a e

FZ SN Y Y

Jadrt

I _[d{p JF(I‘,:_{\)ITI:' - I rdr | Ffr,q)dyg

aq L

cpied
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nghia 12 ¢6 thé thay d8i thi ty 18y (ch
phan.
bacbigt: Naugccqe O e Dva D

gidi han bl duong khép C:r = r{ @) 1a
cd:

In g
I=fde [F(r,@ydr.
b0

Bay gig xét I =|f f(x,y)dS trong
b

toa d6 Descartes dé tinh tich phan
nay, ta ¢6 thé chuyén sang toa dé déc
cge. Ta e x =rcos @, y = rsin ¢ (5). Hinh 126

Khi d6 f (x, y} = fircos ¢, tsin ¢} = Ffr, ¢} va theo (2) trong toa do dbc
cye dS = rdrd @. Vay

i= ﬂ f(x, y)dS = Hf(rcoscp, rsingirdrde = ﬂ F(r, p)rdrdg G
D > ik

trong d6 D' 1a mién 1rong toa do doc cyc tudng ung v4i mién D trong toa do
Descartes qua phép bién déi (5). Cac ¢ong thie (3), (4) sé cho cach tinh tich
phan (6) trong toa do dbc cuc.

Thi du:
D Tinh  I=[[(x+y4dS
D
trong dé D 1a hinh gidi han bdi
cac dutng ¥ +y2 = 1, 2" + y* = 4,

y = 0vdiy 20 (H.127). D sang
toa dd dic cyc theo cée cdng thic

litn hé x = reos @ , ¥y = rsin @ thi
cac dudng tron 2 + y! = 1,
x* + 3¢ = b co cAc phudng trinh: Hinh 127
r=1 va r=2 {do rlcos’¢p+risin’e=1

suy ra 7 = 1, tudng ta cho r = 2). Do dd:
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I= ldtp_[(r cosp+ rsin@irdr = [({t:ﬁq)+sm(p)d(p_[r‘adr
01

2
14

Ty

3
= (sin ¢ - C()S(p]g [%]

1

2) Tinh I = j[yR* - - y*dS, D 14 nita trén cla mat tron:
I

2 2
[x_g] +y’ g%_ (hinh 128)

i sang toa do doe eye ta co:

R:—x%—y% = RQ—(rEL‘052(p+r?sin?lp)=JR2—r2
Y

con dudng trén trén, trong toa dé die cye ¢d phudng trinh: r = R cos ¢, do dé

mién D trong toa do déc eye duge xdc dinh bdi0 < ¢ < % , 0 €r < Rcoso.
Vay:
% Rcosy y
I= H\/RZ -r2ds = J’dq; j YR2 - r?rar
n 0
Heosg
deg j (R*-r }?d(R2

chos‘p

b |

f

er—'
0 b D‘—u\?lﬂ

e | o
o~
by
LS
-
p—
=3

de

(=]

wii—'

[(R2 R* cos? (p)2 R\

(l sin® p)dep

L e 1L

ol

Hinh 128

8%



Rz &, R n 2
= — - [sin” ¢ =—|—-—=
3 [2 J. in” pde] 3 12 31
) 2.1
(]sm'* gl = nh xem tich
phan xae dinh, phan tich phan bd
timg phén)
Vé hinh hoe I la -1— thé -
tich ¥V gidl han bhdi mat tru /
{x - R})? +y'=R* ma mat cin 4
z /
oy = R Suy s — A — 4L 7 ~
1 e 2 e SO " ¥
V= —R(=-Z). Nau lay mdt ~ -
32 3 -
. N 2
nta thé tich hinh cau: gﬂRS
triz di Vta co: x
2R __ERS(E_'_Z_]:HS__R:; Hinh 129
3 3 203 G

el 14 modt 6 hitu tv cla R,
2.3. Quy tic téng quat d8i bidn sé chia tich phén kép

Tuong ty nhu déi vdi tich phan don ta co:

binh ly: Gia st ham z = f(x, y) lién tuc trén mién compact D dé

tinh tich phéan:

I=[ff(x, )dS ta ddt x = x(4, v), ¥ = y(u, v} (1)
D

Néw:

1} Cde ham (1) c6 dao ham riéng lién tuc trong mién compact I

cue mdt pha'?ng Quu.

O



2) Cdc ham (I} xde dinh mét song dnh tie mién compact D’ vao

mién compact D céa mét phing Oxy.

3) Binh thic:

¥

i (¢ »
J = i fu »
J 2y o 0 trong D
du  du
goi la dinh thite Jacobi hay Jacobien, k3 hidu J = g:"’ yj thi ta co
u, v

cong thie:

I={] fix, )dS = [| fix(u, v), ¥, 0)] | J | dodu (2)
n Fi

goi la cong thitc déi bién sé trong tich phéan kép.
* Chitng minh:

Cho v = £ = const, (¢ = & = const) thi x = x(1,k), ¥y = y(u k) (x = x(h, v),
» = yfh,r)j, 13 phudng trinh tham s8 clia mét dudng cong L, (L)) nao dé trong
mat phing Oxy, nghia I3 anh xa (1) bién cac difing thang sohg song vai cace
truc toa dd Ow, Orv trong mal phﬁng Ouv thanh cAc didng cong trong mal

phang Oxy (11130, T 130
Yy

L

YedV|

7T |
N ;
12

[/ trdy u O ' X

Hinh 130 Hinh 131

41



Do d6 néu chia D' bdi cac dudng thang u = const, v = const thi I s&

duge chia thanh cac hinh chit nhat va qua anh xa (1) mién D s& duge chia
thanh nhing td giae cong.

Xét trong mién D', mdt hinh chit nhat duge chia cé didn tich 48", gidi

han bdi cac dudng thang u = const, w + Aw = consl, v = const, v + Av = const.

Tudng ng vdi t& giac cong duge chia clia mién D cd dién tich AS. Ro
rang AS" = Au. Av va noi chung AS', AS khac nhau. Gia st

A8 = | J1AS" = |J1du. dv, J =0 (3

DE tinh J ta cdn tinh dién tich 48 cua tit giac cong. Gia si toa d6 cha
cac dinh cta td giae cong la:

M(xy, yiby %= x(u, v), y; = ylu, v

My(x;, vo), x5 = xfu + Au, v}, y; = ylu + Au, v) {4)
Mylx, ya), xg=x(u + Au, v+ Av},'y3 = y(u + Au, v + Av)
M, x, ¥4, 2, = x(u, v+ Av), y, = y(u, v + v}

Theo gia thiét 1) ta bo qua cac vd cing bé bic cao so vii \u, Av va (4)
vigt duge:

x; = xfu, v, y; = ylu, v)

xy, = xfu, v) + 2I—.rlu,yg=yr'b:, v+ gdu (49
du Ju
o ox By 3y
1= x(u, v+ — Au+ — Av, =ylu, v)+ = Au+ — Av
! du P Au o
xg=x(u, v) + ox Av, yo = ylu, v) + QAv
v du
Vil x,0 = lx,- xal= | duts dys -y, 0 = lys- yol= 12 Aul nén c6 thd
Ju. Ju

coi 1t giac cong M, M,, M,, M, gdn nhu mét hinh binh hanh va dién tich AS
cia 1t miac cong do theo hinh hoc gial tich 1a:

9



— Au = Au

&
@
&J
¥

X, - X - - = -
AS = det,[n L 3’1] =idet C‘xu CL =ldet| G O llagap
Xy Xy Y~ Y 2 s ?y_gv [
v ou du v

Theo (3} thi

o e
J=|fu ov
&
du v

la dinh thic ham Jacobi da phét biéu trong dinh 1¥.
Bay gid ta s& ching minh e¢fng thie (2).

Theo dinh nghia néu chia D thanh n mién 6 dang ta giac cong da xét
G irén thi:

I=[[f(xy)dS= lim 3 f(x,5)28
o maxd; 0 ;74 i

Gia st (u, v) € D' tuong ing véi (x,, y) ¢ D thi fix,, y) = f [xlu,, v),
y(u,, vj] va theo (3) ta cd;

I= ma}‘i‘gl_mﬁ_‘,f{x(ui.vi ), ¥y, v | ;0,0 | AS;

Day chinh 1a tdng tich phan ctia ham £ fx(w, v}, y(u, vijldlu, v)1 trén
mién D', Vay:

1 D{4,v)
dxdy = J=—, A=
Jgf(x, Ydxdy i{)j:ffx(u, v, ¥, 0)} | J | dudv [ A D(x,y)J
Thi du: Tinh I = [j(y - x)dxdy, P gidi han bd':
D
y=x+1!y=x ‘3,)’—“%17"'%: y=_lx+5

" 1 .. - 2 o s . .
Datu=y—-x v=y + gx (1}, thi cac dudng thang 1rén bidn thanh cac

7

dudng thing e = L, u=-3, v= 5 v =5 trong mat phing Cuv. Tit (1) 1a eo:
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i 3 1 k .
X=- —ut—y,¥y= —u+—0 Vi
4 4 :
IS
dx i 3 3
J=|du v 1 4:_i |J]:§
; 4

Vay
o1 3 3 3 3
I=(y-x)dxdy = _(_ + )= (-—u+—v) | = dudv
-y = [ s For- -2 )L
! 38 1
= J'-—ududvz—ldvfudu'_"8-
b4 4 5

3
Truong hgp dac bift:

1y wuvlacactoadbegcu=r,v= ¢ Tacsd

COSQP —FRing

x=rcos @ y=rsin g J = g reosg

¥R I
el

=]

ud I =|[ f(x, y¥dxdy = || f(rcose,rsingirdrde
D

2) w=r,v= @nhungx=arcos ¢, y = brsin ¢, r, ¢ goi 14 cac toa 45
dde cye suy rong khi dé | J| =aebrva

I =] Fx, y¥dxdy = [j flarcos @, br sin @)abrdrde .
) o

Thi du: Tinh I=|[(x*+y")dxdy, D la hinh ellipse:
n

Chuyén sang toa do dde cue suy rong x = arcos ¢, ¥y = brsin ¢ thi Jacobien
| = abr va do tinh déi xing ta co:
kY

2 01, . 2 .
I=4 _[(:f(pvl‘(cr.zrZ cos? P+ B2r? sin? plabrdr
00



= a

o . ¥ . 1 .
= Al | cos® g + b2 i sin® {pd(p}_l_abr“!’dr
0 t 0

nah

— Ala” +b2)%ab% B L2 by

§3. AP DUNG CUA TIiCH PHAN KEP
3.1. Ap dung hinh hbe
1} Tinh thé tich va didn tich phang

Theo ¥ nghia hinh hoe ¢tia tich phan kép thi khiz = frx, yi = 0 thé tich
cua hinh try cong day dudgi 1a midn D, day trén 13 mat z = fix, ¥ va duing
sinh song song vil truc Oz Ja:

V= ([ fix, y)dS
b

Né&u fix, y) < 0 thi theo tinh chét cia tich phan kép ] f(x, y)dS = -V
D
(V> do 46 dé& tinh 1hé tich hinh hoe ta cé:

V =if] ftx, y)dS

n

Bat bigt khiz = flx, y) = 1 thi [[1.d8 1a thé tich hinh try day 14 mién D
D
vi chidu cao bang 1, 58 do thé tich nay cing bing s6 do dign tich mién D.

Vay dign tich cia hinh phang D duge tinh theo cong thite: $ = [{dS .
. D

Thi du:
1) Tinh thé tich V hinh gisi han béi cac mat:
x=y=z=,z2=1 -2, 2e+y =4 (xz2
¢ day midn D 1a tam giae gidi han Lol cae duigs

vy = ey T oL L 10



914
4
[
Lo
Lo
P 4 ¥
g 2 X z
X
Hinh 132 Hinh 133
¢ 4-2x 2
vay V=[[(4-2)S =|dx [ (4-2%)dy = [(4-2")4- 2x)dx
: i o 0 o
% ot ax? i 40
=22 —4a® - Bx+16)dx =| -2 _ax?i16x| = 22
7 2 3 i

2)  Tinh thé tich V gidi han bdi elipsoide:

2 2 9
: 2
}—2"':}’7‘?—2:1 (Hl} I)
a b ¢
Ta cé:
F 2
2=t 1—1——‘—)’—

Y vi 1y do d8i ximg ta cé:

2 2
. x4y
V = 2efj g1 - — —=—dxdy
D a? b?

Ligh



Hinh 134

=]

2
D 13 hinh ellipse: +2 - 1
b2

Qm] B

Chuyén sang toa do cuyc suy rong: x = arcosy, y = brsin ¢
ta o || =abr

val

2x 1
V =2¢ [ dp| ¥1-r”abrdr
0 0

2 .2
= 4nabe| —l.-—( 1-r7)e :inabc.
2°3 NI
3)  Tinh di¢n tich S gidi han bdi cae dudng:
1 1
Y=g y= = y=— (H1x)
x 2

Theo (11.135) 1a e6:




Hinh 135 Hinh 136

4} Tinh dién tich 8 gidi han bdi céc dusng

¥ =px, ¥y =qx, X =ay, 2 = by (H.136

L2

D<p<gq, 0<a<b D5 bién 56 y—:u,-i=v thip <=u <q,agvgb,
X ¥ .

x = Yup =Yulo VaJaLOb]E‘HJ—---B-

Do dé:

7. 8] 1
8 =[idxdy = fdu{=dv ==(g- p)(b~a).
D p a9 3

5} Tinh dién tich gidi han bdi dudng astroide x = acos’®, ¥ = asin® (0
<t <2m). DBibieh s§ x = reos®, y = rin®, thi 0 <7 < a,0 £ ¢ <2x Tacod
Jacobien: J = 3rsin’t.cos¥. Do dé va vi tinh d&i Xing la co:

1|

S =

gt_-._.m|=

fj 3rsin® ¢ cos® tdr = 12_[ (sin®¢ -sin t)dt_[ rar=3 ma®.

i



2} Dién tich mit cong

Dinh nghia: Cho mién D Ia mét mién compact trong RZ, z = fix,
¥} ld mét ham cé dgo ham lién tuc trén D, khi d6 d6 thi ctia f la mat

mdt tron S cé phuong trinh z = flx, ¥),(x, y) e D (H“ 1370,

Z

A, 43,

o |

Hinh 137

Xét mot cach chia D thanh n phin bt ky khéng dam lén nhau, goi tén
va dién tich cia phdn duge chia tha i 1a: Aoy 5 = 1, 2, ..., ). Xét diém tuy ¥
Pyx, y) € Acifi =1, 2, .., n). T, 1a tiép dién tai Mi(x;, v, fix, )} € S va AS;
la phén ela tié’p-dién gidi han bdi giao tuyén cha tiép dign véi mat try ¢6
dudng chudn la bién eta Ac; vA dudng sinh song song vdi Oz, goi dién tich
cla AS; ciing 1a AS,.

n
(3161 han S = lim > S 4]
o >f}£. 7
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v3i d = max d,, 4, 13 dudng kinh ela Ao; goi 1a dign tich cha mat S (cling goi
la s).

Cach tinh: Theo 19 thusét hinh chidu thi: Ao, = AScos (Nr-,z), Nl
phap tuyén cita mat S tal M,

Nhu da hiét

Ny =il 30, £yl 30~ 13
Do dé
1

Ag; = ASl- - ;
ﬁ £,y + f'i (%, ;)

hay

AB; = Jl +f§ (xi,y£)+f'§ (x, ¥ 350,

Vay (1) vidt duge:

L p
S = lim 31+ 72 g+ £2 (%, 700,
d-0;;

Theo djnh nghia tich phan kép thi téng

AL+ 2 Gy + 2 o
i=1

chinh 1a tdng tich phan ctia ham

Uy + 8 ()

trén midn D. Theo gia thidt ham nay 13 lién tue trén D, né kha tich trén D.
Vay

8= H\ﬁﬂ'f (x,3) + £y (x, ydxdy
FH]
116 14 ¢dng thic tinh di¢n tich ¢cha mat S.

Tay



Thi du: Tinh dién rich mat paraboloide tron x0ay 2z = x" + y? gbm gita
cac mit phing 2= 0viz =2 Ta thay hinh chigu ctia phdn mat dé tran mit
phing Oxy 1a hinh tron; z

e T W IREY

{thay z = 2 trong 2z=¢"+y?)
dday f,=x, f,=y

i
[
|
|
- -1

Do dé dién tich S cua s *
- . . v
phéan mat la: /0 . Y
f o //.. -
S:%’ﬂ+ﬁ+y“dxdy {{/

Df)} sang toa dé doe Hink 138
cie ta cb:

2
S= H\n‘l+r2rd<pdr = Jnd(p_f\‘1+r2rdr
b L

(l+r )’

:%"(5\/3—1)

0
3.2. Ap dung ¢d hoe
1) Moment tinh, toa dé trong tdm cua hinh phazng

Xé1 mdt hinh phdng D trong mit. mat phfmg 20y ¢6 mat d5 khdi lugng
(man) lay = yx, y).

Xét mot yéu 18 vi phan dS cla D chita diém M(x, y/ (11139 va coi khai
lugng cua dS 1a yfx, y)dS thi theo cg hoe moment tinh clla d8 déi vai cac

truc Ox, Oy la: y. v(x, y/.dS, x. vfx, ¥}.dS v& moment tinh M, M, cia hinh
phang D 46} vdi Oa, Oy la;

M, =] yy(x, y)dS, M, = [l xy(x, y)dS
D b

T



Ta cing hidt khéi
lwgng m  cha D la:
m=[yix,»)dS va do d6

:

theo dinh nghia toa 46

trong tAm fxg, yo) clia D 1a:

xx{x, ¥)dS
v, |

D

i v ¥(x, y)dS
o

" [ 3)dS
D

XYo

- - -/~ [7dS

e ——1--

2) Moment qudn tinh ctia hinh phéng

Dua vao dinh nghia cd hoc
va Iy luan tugng ty nhu 1) ta
¢ moment quan tinh I, I, cia
hinh phing D d6i vdi cac truc
Ox, Oy 1a:

1, = ([ ¥* 4(x, )dS,
0

I = gxz.y(x, »dS

»

v& moment quén tinh I, cia D
dé vii goe O 1a:

Iy = [[ (2" + ¥*)¥(x, y)dS
n

Thi du: Tim M, M,, x,
Yoo I I, I cia mdt phan tu
hinhtroan 2 +92 <R {x, y2 O
déng chdt y =1, vi Iy do do dsi
xiung nén:

M, =M., o=y, (Ji1hy

x

1412

x
Hinh 139
Yl
%
7z, &
Hinh 140



Ta cé:

2 VRE-® R 2 VRE-S2
M, =[[ydS=]dx [ydy=|— dx
D {r L1 ] o
R s |*
L F R atyae Lrt o 5| 2 Lpe
25 A 3 3
, I o 1, . nR?
['heo nhan xét trén ta cling c6: M, = ;%-R edn m=[{dS = —4- ,
' o
1.3
do dé x = ER = ﬁ
0= Yo "’TEE‘ 3n
4
Bay gid tinh:
: R ;. R 4 4
I, = [[¥°dS = [ do{r? sin® grdr = [sin® edo| ridr = L ﬂ
b o 0 o 0 4 4 16

e N . R .
Theo nhan xét trén ta cing ¢ I, = T cudi cung:
b}

LI . .
I =fI(I2+y2}dS=fd(pjr2rdr= E_R_:_KR_
2 v 0 2 4 8

B. TiCH PHAN B§I BA

§1. KHAI NIEM TONG QUAT

1.1. Dinh nghia

- Cho hém 86 u = f(x, v, z) xdc dinh va bi chdn trong mién

compact V.

[KEN;



- Chia V ra léam n phén bat ky khong dém lén nhaw, goi tén va

thé tich ciia ching lén lugt la: AV, AV,,..., AV, .., 4V

h

- Chon Mi(x, y,2) c AV, (i= 1,2, 3,... n)

n n
- L‘?’P tévng In = Zf(xi,yi.zg)d% = Zf(Mf)A l{
i i=7

- Goi d; la duong kinh cia mién duwge chia thiti (i = 1, 2,..., njva
d=maxd, néul, - I khin — wsaochod —» 0, khéng phu thudc
cdch chia mién V va cdch chon cdc diém M, thi I got 1 tich phan béi

ba ciia ham f(x, y, 2) trong mién V, ki hiéu:

I=([[ftx, % 2dV hay I={[[fonav
V v

Néuw f(x, y, ) ¢6 tich phén trong mién V thi ta néi né kha tich
trong mién d6. Ngudi ta chitng minh rc‘ing: Moi ham s6' lién tuc trong
mién compact V déu kha tich trong miénds . Tich phian béi ba cing

€0 cdc tinh chdt tuong tu nhuw tich phéan kép.

1.2. Y nghia hinh hoc va ed hoe clia tich phén béi ba

- V& hinh hoe, tich phan bdi ba néi chung khéng ¢6 ¥ nghia cu thé, dac
biét néu fix, y, z) = 1 thi:

= =i an-=
7 j‘[jdV lim 3.V, =V

14 thé tick cta mién V.

- Vé ¢6 hoc, ndu coi fix, ¥, 2) (ftx, 3, z) > 0) 1a mat dd khdi lugng (thé
tich) ctia mién V thi khi AV; kha nhd ¢6 thé coi khdi lugng gdn ding ciia né
1a fix, v, 2)AV;, Mix, v, ) € AV, va khdi lugng gan ding clia ca mién V la:

1= i flx, ¥ 202V,
par!
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Mét cach Iy tudng 1a dinh nghia khéi higng m cla mién V la:

m=limI, .
d sl

Theo dinh nghia tich phan bdi ba thi; m= [iHflx, y, 2)dV .
‘f

Vay ve€ cd hoc tich phan bdi ba [{] f(x, y,2)dV 1a khéi lugng ciia midn V
\.'

néu coi fIx, y, 2} 1& mat d6 khai lugng cla mién (fx, y, 2 >0),

§2. CACH TINH TICH PHAN BOI BA

2.1. Toa db Descartes: Cho ham fix, y, z) kha tich frong mién
compact Vva ¢in tinh tich phan;

I:j”f(x,y,z)dV (1)
1%

-NéuVlahinhhépa <x b, ¢ <y <d,e €2 <g thi tuong ty nhu
tich phin kép ta ¢é edng thice tinh tich phan bdi ba (1)

b d g b d g
I= _[(I(J-f(x, »z)dzidy)dx =J‘dxj-dyj'f(x, »zidz ()

[/ S a o L

Cong thic (2) ¢6 thé vist dusi dang:

£ b
I= [[dxdy| fix,3,2)de =[dx || fx, y, 22dydz  (2)
D e

; ] ny

trong d6 D, {D,) la hinh chiinhite <x <b,¢ <y =d. (¢ cy<de<z<g),
nd cing la hinh chi€u clia mién V trén mat phang Oxy (Oyz).

BAay ¢io gia st V 13 mién gidi han boi
- Cac mat phangx=a ,x = b, (a < b).

- Che mat tru y = y,0xh y = y,fa) trong d6 y,(x), y.(x) 15 chc ham lign tue
VA v, x) <yofx)trén (a, b].



- Cac mat z = z,fx, yh 2 = zyfx, y) trong 46 2,(x, ¥, 7Z(x, ¥} 1a céc ham
lidn tuc trong midén

D=¥x,y:a <x <b yx) <y <y{x), 2z, <2, Rorang D la hinh
chiéu ciia mign V trén mit phiung Oxy. Midn V nhu trén cing goi 1a mién
don gian trong khong gian ( H 1411

Tudng t nhtt tich phan kép ta co cong thite:

bf yolmif 290x, 3} yolx)  zy(xm
I=[| | [ f(x 3, 2)dz |dy |dx de [ dy [flxy2dz (3)

al y(x)\ zplx ¥ e  yi{x  zixy

Z, (x,y)
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Cong thitc (3) c6 thé viét dusi dang:

1657

I=(fdxdy [f(x,y,2)dz= j dx [[ fix, y,2)dydz @)
D z(x,») @ FEifx)

e



trong d6 D 1a hinh chidu cta mién V trén mat phang xOy, Efas I3 thin dign
ctia midn V v mat phing X =x (H.141) (# <x <&). Do cac edbng thie (2 (27,

{3y (3" ta cling k¥ hidu:

I = {[{ f(x, », 2dV =[] flx, , z)dxdydz .
¥ v

Thi du:

1) Tinh I = [{j xyzdxdydz
v

V la mién gisi han bdi cac mit:

x=y=z=0,x=Ly=1,z=x+% (ii.112)

z
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Theo céng thie (3) ta co:

1 1 i y? 1

3 1 2
I={dxjdy [xyzdz= |dx| xj{z‘_—]
0 0 o 2

] 4]




Efz)

1 1 , o 1 o
= I‘dx]'?—'xy(x”' +y’f')')'dy =l i xj(x5y+ 2x T 4 xys dy
I 25
’ 1 1 1
1 4
_l—j PAICAR\ TG A ) x
2417 4
0 0
1
1 2% 2 x 1{x% 2t 7
o] St Sl = o | =
2ql 2 b 6 2112 8 12 A 48
2) Tinh 1 = ()| 2dxdydz
L
2 42 g2
V la nua trén ca hinh ellipsoide _+b_2+ 5 <1
[

2 2

x

-—+y—sl,vay:—a L

a- b
2 2

; x

-— ag—x2<ys— a? - «* 0z <e,ll ‘—y—‘

¥ bz

T3 3. I1__;vl-‘-2_-
a A B nabe?
I=jde dy jzdz=
e BT g b 4
LI I §

Ta ¢6 1thé dung cdng thie (3 dé tinh 7 (d6i vai 116 ciia x, 2).

I={zdz ([dxdy

] Eiz}

1a thidt dién cla Vva mat phangZ =2, 0 <z

4 2 4
Y

hinh ellispe % + ’e L % hay

< ¢, {H.143, nghia I3



o2 [z

Mat khae  {Idxdy = S(2) |a dién tich eta hinh ellipse d6:

Bz
22
Sfzy=mnab{l-—).
C

mabe’

-+
Vay I =mublzil -—)dz =
; o7

Hinh 143
3) Tinh I = [fi xdxdydz

v
Vgidi hanbdi: x =0, y=0,2=0
y=h,x +z=aH.1l1n
Dang (3 ta cd:

I=Txdy {idady
i Eix)

I



Eix) 1A hinh chit nhat canh i via - x.

ot 3
Vay I=|xh{a-x)dx = ah

1] X
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2.2. Toa d6 cong - Quy tic téng quat 46i bién s&
Tuong tu nthu 461 vdi tich phan kép ta ¢6 thé chiing minh
DPinh ly: (Quy tic tdng quat ddi bidn s0 trong tich phan bdi ba).
Cho hém f(x, y, z) lién tuc trong mién compact V, dé tinh tich
phéan : I = mf(x, ¥, 2)dxdyd=z
v
Ta dét x = x(u, v, w), ¥ = y(u, v, w), z = z(u, v, w) (1). Néu

1) Cdc ham (1) ¢6 cdc dao hém riéng lién tuc trong mién

compact V' cia khéng gian Ouuvw.

Lo



2} Cac ham (1) xde dinh mét song dnh ti mién compact

mién compact V ca khong gian Oxyz.

3} Dinh thite ham Jacobi:

trong V' thi ta ¢é cong thite doi bién sé:

g Pxxa

- D(w,v,w)

SEE R

ix

™
&
dv
&z

v

dx
o
e

¢z
dww

V' vao

I = ([[ flx, 3, 2§ dxedydz = [[[ flx(u, v,w), 3 (u, v, ), 2(u vy w)] | J | dudvd @)
¥ |

trong d6 V la anh cia V" qua dnh xq (1) (J = % .

Thi du:

1= jfjav

Ax D4, v, w)J
D(x, y,2)

trong d6 V 13 mién gidi han bdi cac mat phang:

ax+b,y+cz=1h,
ayx+byy +cpz=1h,
ayx + b,y +cyz =1th,

@, b o
A=lay by =0
a; by

v=ax+by+oez
U=apx + b,y + oz

W= dyx +byy + ez

thi

~h Sush
~hysv<hy
—hy Sw<hy



Ta ob:

Dix, v 2} 1
g o Hmyer
Du,v,wy D p.w)
Dix, v, 2z}
ma
a, b e
*giu-.b,w)) =lag by =Nz 0
e a b o
1
Vay |J| = Ry vi theo cing thire (2):
Ry }!g hy }
r=— fdu jdv [dw = Bhihohy
[AY % Ry g AY
Chu ¥ vang I chinh 14 thé tich hink hop gigi han bdi cae mat phing da
cho.

Béy gid ta s& xét vai trudng hgp dae bigt vt quan trong trong 1y thuyét
va thite 18 elia hé 1oa do fu, v, w) da xét & trén, 46 12 cée hé toa 4o try va

cdw. 116 tga do (u, v, w) clng goi la hé toa dd cong 18ng quat.

a) Toa 46 tru

Z
1) Pinh nghia: Cho diém 1
M(x, v, 2) € R® hinh chiéu cta "\ .
M trén mat phing Oxy la (M

diém Plx, y) (H.1.17)

Pat | /4/\ § b/

—_ -

p={0Ox, OP), 0sp <2m jg// p

r= lﬁ |, 0 sr<+w

z= ?’If,-co<zq+m Hinh (45



{r, @,z goilatoa dé tru cue dié¢m M(r, ¢, 2. Theo dinh nghia thi
(. @ lé toa dé cyc ciia diém P va z lé cao dg cua M trong toa dé
Descartes. Theo (H,145) ta c6 céng thie lién hé giita tog dd Descartes
vd toa dj iry ciia diém M:
x=reose; y=rsing; Z=z (3)
Céc cOng thie nay xac dinh mét song anh giita hai hé toa d6 Descartes

va toa dg fry trit cac didm trén Oz, ¢6 2 xac dinh, r = 0, ¢ tuy ¥.

Theo cée cong thite (3) thi cac mét phéng r =const, ¢ = const, z=
const, trong h¢ Or ¢z lan lugt tng vdi mat try 22 + 2 = r2, nita mat phang y
= xtg ¢ (qua truc Oz), mat phfmg Z = z (mat phing vudng goc véi truc Oz)
trong hé Oxyz.

2) Tich phén bdi ba trong toa 46 tru
Ta 3& chuvén tich phan héiba I = m flx, » 2)dxdydz sang toa do tru
14
nhu sau;

Theo eéng thitc ddi bién so 10ng qQUAL (2) viiu=r, v = @ w=2ztach
cosgp —rsing 0
J=|sing reosep 0|=r
o 0 1

va cdng thie chuyén tich ph&n bii ba 1 tga dd Descartes sang toa dg try la:

I= H_[ fix, v, 2)dxdydz = Hj f(reosg, rsing, z) rdrdydz (4)
Vv v

Trong d6 V' 12 mién trong toa dé try dng vdi mién V trong toa ds
Descartes qua anh xa (3).

Chi y:
1) Theo dinh nghia ta c6 thé chuyén tich phan I =[] f(x,y,2)dV sang

v
toa dd try nhi sau;

Ta cb f(x, v, 2) = f{rcos @, rsin g, z), dV= dxdydz.



Ta bidt: Chuyén sang toa dd cye dS — rdrd . Vay chuyén sang (oa do
tru dV=rdrd gdz va I = ||| f(rcose,rsing, z)rdrdpdz .
v

2} Tinh tich phan bdi ba trong toa do try etng dua v& tinh ba [an tich
phan don.

Thi du:

U Tinh I=jf & + ¥* dV
!

V 13 mién gidi han bdi paraboloide tron xoay z = ¥ + y* v mat phang
z =k (h > 0) chuyén sang toa dd try: 2 + y?= rleos” ¢ + risin? ¢ =’ mién D
¢hinh chidu cda V trén mat phang xOy) 1a hinh tron 2+ 2 = h, mat khac

phugny trinh cia méat parabeloide (rong toa d6 try la;
z=x+y=rl

Vay 0 <9 <2n0 <sr <k, £z <h.
Theo (4);

Br AR A #n VA A :
I= jd(pjdrjrgrdz = _[dq)j rsdr[dz =¥x _[ r‘s(h—r?)dr
a a

W] -2 i1 0 -2

\"’K r4 rﬁ ‘GI. hd
=2z [ (b PP = 2n(—h-—) =x—
{ PR

0
2) Tinh I =fj -‘Ex? +y2.2dV

v

V 1a mién gidi han bii cac mat 2z =42 +y°, z=R Ta thdy V la hinh non,
dinh 1ai O chifu cao R (11.116). Mién D 1a hinh chidu cia V (rén mat phing

Oxy |3 hinh trén  »* + y¥ < R? (thay z = R (rong phudng trinh

z= 1)_\:‘ +3%, 2= R DE sang Loa dd vy, ta o



v'xz +y?z =rz,
z=yxt 4yt =r
vaV: 0 <o <21, 0 <r 2R,
r <z =R, do dd theo (4):
I < {ji rzrdrdedz
7

in R R
= [do[r’dr|zdz
¥ ¢] r
i ) 4
=on[r?PZ | a X 7
Tfij;r 7 i r /
R 3 5
= (R - rtydr = Z’]‘f Hinh 146
o] <

b) Toa d§ cdu

1) Pinh nghia: Cho diém
M  R®. Gid s hinh chiéu ciia
M trén mgt phdng xOy la diém
P (H.117)

Dt

¢=(050P), 0<¢p<2n

8- (Oz,ab}'), 0<8<n

P=OM]|, 0<p<+xo

B6 ba 55 (p, @ ) goi la Hinh 147
toa dé cdu cuia diém M, ky
hidu Mip, @ 8). Tit (H.147) 14 ¢6 cong thitc lign hé giiia toa di Descartes va
toa db cau cla didm M:



x = pros gsind
¥y = psin ¢ sint (3)
z = pcos O

Cac cdng thie (5) xac dinh mdt song anh giita h¢ toa d6 Descartes va
hé toa d6 cAu, trit cac diém ciia Oz (p xac dinh, © = 0, ¢ thy ¥, dac bigt diém
O: (p=0,8, ¢tuy¥). Cac mat phing p = const, ¢ = const, § = const, trong
khéng gian Op 96 14n lugt ing véi: mat cAu tam O ban kinh p, nita mit
phing qua tryc Oz, mit nén tron xoay dinh tai O va tryc 1a truc Oz trong
khéng gian Oxyz,

2) Tich phan bdi ba trong toa dé cdu

Theo cong thic d6i bidn sd tong quat (2, vélu=p, v =8, w=1o thi
cos gpsin B sin ¢psin © cos B
J =| pcosqpcos8 psingeos® -psind =p?sin®
- psin@sind pcosgpsind 0
vA ta ¢6 cong thide tinh tich phan boi ba trong toa do cdu Ja:

I = fjj f(x, 3 2)dV = {[{ f(p cosqainB,p singeind,p cosp)p 25in0 dp dodB (6)
14 Vv

Né&u dimg phép bién ddi bién sé:
x = apcos geinf, 0 < ¢ 52xn
y=bpsin geint, 0 <0 <n {7}
z=cpeos 8,0 < p <+

(p, @, ® goila toa dd cdu suy rong, khi d6 tinh toan ta cé:

| j= abe Ffsin @ (8)
Thi du:
1) Tinh I=jf ‘!xg +3° + 2  dxdydz
v



Via % thit nhat clia hinh cAu (trong géc phan tam thie nhat) o2 + 3 + £ = R~

i sang loa dd cdu ta co:

Vx* +y7 +2% = |p¥cos® psin’ 6 +p? sin? psin’ B+ p’ cos” 0 = p

Vay T = [} p’psinBdpded0. Ta thay khi M{p, ¢, B) v& toan bd midn V

v
thi:
n
O<gs=, 0<o
A
Vasy
I=[de|sin0dd]p’dp=—(-
9] o a
2) Tinh

I= H_f(.\:2 + yz)dxdydz
v

V 1a mién gidi han bdi cac mat:
ey s =a?

Zry ez

Ly =2 (z20,a<b){H118

Chuyén sang toa do cdu ta

co:

ép‘l R
o4, 8
vz
a
f#}
Hinh 148



b

3 4 h
Vi I idg]sin8ddf p®sin® 8pdp =
o a

L I
3 4{ 5

_ 2 cos O—COSB 148

- 3 ) 5

_B-542) s

20 a’
2
x y x? y z
3y Tinh: I= —t dedydz, V: —+—=+—<1
) Tin j‘]:j{az b? ] rayaz, a2 EI

Theo {6) va (8) ta cd;

Zn om 1 2]
I = abe | doj sin8d0f p°p’dp = =——(cos 0)| = énabc
oo 0 5 5

§3. AP DUNG CUA TiCH PHAN BOI BA

3.1. Ap dung hinh hoc

Ta biét thé tich V clia mién V duge tinh theo edng thitc V= [[[dV . Nhu
v

vAy ta c6 thd dang tich phan bai ba dé tinh thé tich theo ¢ng thitc nay
Thi du: Tinh thé tich V gidt han bdi cac mat:
ey +2i=4 84y =32,220
F¥6 12 mat cdu tadm O ban kinh bang 2 va mat paraboloide trén xoay

dinh 1ai O (11119 Ta s& chuyén sang toa do tru dé tinh. Theo cac cong thie

licm hii;



X = FCos g, ¥ = rsin g, @ = 2 thi cac mat rén, trong toa dd tru cb

phudng trinh la:

F+zl=dhay z=v4-r" (viz20)

2
o r
r‘=3z hay 2=

¥

Vizz=M

Hinh 149

Bitn eia mién D 13 hinh chidu cia giao tuyén cia hai mat trén, Ti

4.z =3z suyraz = 1, nén hién ctia D 1a dudng tron: £° + y* = 3.
Do dé:

X o A3 N4t
V=lijrdrdedz = [de{rdr [dz =

v 0 0 K3
K]
3 : r 4 ap? rt s 17x
=8x | (W4 -rPr—-dr=—n2(4 -7 —In—| =—
it 3 3 X 124, &

u



3.2 Ap dung co hoc
1) Moment tinh va toa dé trong tam cua vit thé

Tuwong ty nhu 4a tinh d8i vdi hinh phing, ta ¢6 cac cdng thic moment
tinh chia vat thé V: M,

nhut sau:

o M, d81 vii chc mat phang 10a dd Oxy, Oyz, Ozx

M= [ifzv(x, y, 2)dV; M, = [i[xy(x,y,2)dV; M,, = i av(x, y, 2)dV
v v v

Trong dé y(x, y, z) 1a mat 46 khdi lugng cia vat thd V con toa do trong
1Am x;, ¥y 2, cla vat thé V thi duge xac dinh bdi cac cong thuc:

trong d6 m = f{Jy(x, ¥,2)dV 1a khdi lugng cla vat thé V. Sau cing céc
- ¥

moment tinh cla vat thé: M,, M,, M, ddi v6i cac trye toa 4§ Ox, Oy, Oz cho
bai cac chng thiie:

M = m \!yg +2° Fix, y, 2)dV
v

M_‘. = “j ¥ 2 ix? gz, v, 2)dV
v

M, ={ifyx* + ¥ (x.y.2)dV

¥

2) Moment qudn tinh ctia vdt thé

Tuong ty, ta c6 chc moment quan tinh L, I,, I, cla vat thé V déi vdi
cac mat phing toa 4 Oxy, Oyz, Ozx 1a:

I,=1if 22y(x, y, 2)dV; I, =(ff *x,y,2)dV; I, = _”jyzy(x,y,z)dV
v Vv v

Cac moment quén tinh I, I, I, cua vat thé V doi vdi cac tryce toa 46 Ox,
Oy, Oz la;

RSN



I = ([(* +2°v(x, y,2)dV
¥

I =iff (2" + 27 Wx, v, 23V
‘!

L= {[(«" + Y w(x, y, 2)dV
¥

vA momen! quéan tinh I, clia vat 1hé V déi véi géc O 1a:

I =Jff (x® + y:Z + 2 Yz, y, 2)dV
v

Thi du:
) Tim M, M, M, vi toa dd trong tdm cha bén kinh cAu:
Py 422 <RY, 22 0 (11150xddng chat vdi y = 1, vi ban cau ddng chat,

nén do tinh déi ximg, trong tAm phai 6 trén Oz, nghia 1A x, = y, = 0 suy ra
M, M, =0 Vaytachi con tinh M,,

Ta ¢6: M,, = [jj 2dV z
b

Ddi sang toa d6 cdu ta cé:

n 3 R
M, [dof sin 86| pcostpidp = -
o o] 4] - - H
1 R* =R*
=9 ="
2 4 4
“ 2 3 x
con m = [[jydV = = =zR".
v
M 4
Dods Z,=—=="% 3 _3p Hinh 150

2) Tim I, cGa vat gidi han bdi cac mat:

Pryi=z 2= 1vdiy= {101

Ta co: I = {if(x* + y"hav
8



Ddl sang toa do 1o ta co:

Y1 1 oot B i-’ PO ! x
I, = ldeldr[ridz - [dol(r'-r)dr=in —— — | =2
a2 hooon L 4 6 &
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C. TICH PHAN BOI SUY RONG

Trong phan nay ta chi han ¢hé nghién ettu tich phén kép suy réng, cac
k&t qua cé thé md rong cho trudng hop tich phan bdi ba suy réng.

§1. DINH NGHIA

1.1. Mién 1dy tich phén 1a vé han (khéng bi chan)

Gid s D la mét mién vé han vé f(x, y) la ham khd tich trong
moi phdn bi chdn (hitu han) G cia D. Gid st theo mét quy tde tuy y
mién G né dén va chodn todn bé mién D ky hiéu G — D. Khi d6 gioi
han:

Iim Ddxd
Lim j;f f(x, y)dxdy

goi la tich phéin kép suy réng ctia ham f(x, y) trén mién vé han D.

iZd



Ky hiéu:

I = || flx, v)dxdy = Lim |[ ftx, y)dxdy (1)
B G-D7;

Néu gidi han (1) tén tai (hitu han) thi tich phan suy ring goi 13 hai ta.
Nguge lai néu gidi han dé khéng 16n tat hoae bang v6 ciing thi tich phan suy
rang goi 1a phan ky. Xét dudng cong € gidi han midn G < D, € goi 1a din ra
vd ciing néu khodng cach ngan nhat B tir mot didm bat kv trén € dén goe
toa dd dén ra v6 cung, khi d6 mdi difm thude D s& thude G véi B da 1dn,

nghia 1& G nd dan va choan toan bé mién D khi R — +x

Dinh 1y 1: Néu f(x, y) 2 0 thi diéu kién cdn va di &€ tich phén
suy réng (1) héi tu Id gidgi hgn (1) tén tai véi moét day duong déin ra

vé cung: C,, Cy...., C,. gidi hen cdc mién tiong itng: G, Gu. .G, ..

Thue vay, didu kién cin 13 hién nhién, nguge lai xé dudng cong bat ky
C dan ra vo ciing, gidi han mién G ¢ D, r3 rang vdi n 40 16n ta of:

ﬁ flx, y)dxdy < H flx, yidxdy {2}

G [

]

Theo gia thiat R}im i flx, y)dxdy tén tai
A Dl

"

R, 13 khoang cach ngan nhat tif mdt diém bdt ky trén C, dén gbe toa

dg, do dé [j f(x, y)dxdy 1A bj chin, mat khac 116 1a mdt dat lugng dan di¢u
G

n

tang khi R tangvi fix, y} 20

Vay Rlim Il fx, y¥dxdy  ton tai
s

Xét tich phan suy réng (1) tuong tg nhu déi vdi tich phan don suy
rong, ta co:

Pinh 1§ 2: Néw ”l fix, y} | dxdy héi ty thi tich phéan suy réng (1)
D

héi tu, khi do tich phéan d6 cing goi la héi tu tuyét déi. Truong hop



”I f(x, 3) | dxdy phéin ky, ma tich phan (1) hoi tu thi tich phén dé goi
i

la bdn héi tu hay héi tu cé dicu kién.
1.2. Hamn duéi ddu tich phan khéng bi chan

Cho ham f(x, y) trén mién compact D, gid si f(x, y) khéng bi
chdn tai lan cén diém P(x, y,) € D vé khd tich trong mién D\G, = D,

véi moi mién G, c D, chita P va duéng kinh & Gidi hgn:

lim [ fx, yydxdy (¢ —0: G; thu lgi diém P)
€0 D,

got la tich phin suy réng ctia him f(x, ¥} trén D. Ky hiéu

[] (e, ppdxdy =lim [[ fx, y)dxdy ¢7
D £l D,

Néu gioi han (1) tén tai ( hitu hgn)thi tich phdn suy réng goi la
héi tu, nguoe lai néu gioi han dé khéng tdn tai hodge béng o thi tich

phdn suy réong goi Ia phéan ky.
Dinh ly:
Néu f(x, y) 20 thi tich phén suy réng (1) la héi tu khi va chi khi

lim ﬂ f(x, y)dxdy ton tai voi D, = D\C,
£-0 o,

.12 hinh tron ban kinh % (H.17.2)

Thyc vay, diéu kién cdn 1a hién nhién, nguge lai véi moi mién Gs chiia
P, Gs; c D tén tai mot hinh trén C. ban kinh % C. < Gs (chdng han % 1
khoang each bé nhat tit mét diém bat ky trén bidn clia Gs dén P).

Khi dé:

W f(x, y)dady < {| f(x, y)dxdy
D5 B,



Ds=D\Gs D, =D\ C,ui fix} 20

Theo ma thidt
Iin{} N, ydady 18 tad,
ol

do dé suy ra sy tdn tai
cia v& (rai khi 8 — 0,
vay tich phén suy rong
héi ty. Tudng ty¢ ta cling
cé dinh 1¥ va dinh nghia
vé sit hdi tu tuyet d6i caa
tich phan suy rong vdi
ham dudi dau tich phan
khéng bj chan nhu
trudmg hgp tich phan suy
réng vdi mién vé han. Hinh 152

Cha y: Néu trong mién D, fix, yJ khéng bj chan tai lan can mét s& hitu
han diém P, P, ..., P, thita dinh nghia tich phan suy rong ctia ftrén D la:
Jf fx y)dxdy = lim [f f(x, y)dzdy , De= D\ )G,

[ B b,

i=t
D Ea =0 !

—+0
En

P, e G, c D, ¢ 12 duong kinh cia G, (i=1,2 ..n

§2 CACH TINH

Ta biét cach tinh tich phan kép thong thudng din dén vide tinh lién
tiép hai l4n tich phan don. D51 véi tich phan kép suy rong héi ty, ta ciing ¢
thé tinh né bing vide tinh lign tidp hai lan tich phan don, ma ft nhat mot
tich phan 14 suy réng va 1a ciing 6 thé thay ddi thi g 18y tich phan (dinh
17 Fubini). Chéng han mién D 1 géc phén tu thit nhat thi:



I=ifCeydady = [dx | fQx,yidy = [dy | f(x,y)d
i

N nooon n
Thi du:

U Pinh 1= {Je " dudy

3]
L h . . s Ll .y .
D la goc phan tu thd nhat, Dau tidn xét D 14 Z hinh trén ban kinh R:

Dy trong géc phan tu thi nhat va I, = jje =t "zdxdy, chuyén sang toa do

by
dde cue ta co; :
5 R
Iy = [dd:[e"’zrdr = I_T—l(l - e'Rz)
nooa 2z
Bay gid xét mién D, gidil han y
bdi dudng ') va cae trye Ox, Oy, goi
R, R, 1a khoang céch bé nhat va
161 nhat gitia bién ', va goc toa d6
trong gée phan tu tha nhat 11000
2.2 I
Vie® 7 >0, Va,y ¢ B nén
a ¥ x
Ip <I,=f[e*" " dxdysT, A R
o,
Hay theo trén: Hinh 153

2
E(l—e'Rf)SIn =|le Iz'ygdxdys E(l—e Ry
3 4 3

Khi R,, R, = +x thi D, dan tdi géc phan tu thi nhat va:

I=ffe Y dxdy - % (1)

2 k

Mat kKhAe mién D la hinh vadng: O <x =2, 0 =y <athi:

126



s (i ?
I=Tim [dyje”
T L i

.
Theo dinh 19 16 8§1 va theo (1) thi [[ e xﬁd_r] =%
i ;

Do do ta ¢o gia trj cta tich phan Euler-Polsson:

2y Xé1 sy hl ty cia tich phan Cayley:

I =][sin(x” + y")dxdy
D

I 15 goc phan tu thi nhat.

W7 .4 2 1 % ’
Cdv = lim e Tdxfe M dy -

(1)

Xét D, gidi han bdi cdctryc Ox, Oy, x = n, y = n (H. 151

=1 sin(x” + y*)dxdy
n,
i 2 2 2 : 50
= ([ {sinx"cos ¥" +cosx” siny“Vdxdy = 2l

I, B

Ta bidt: g

rn
lim [sin wldx =

A4
o]

lim [cos y*dv =

A-reoy

o D

Jsinx®ax =
sinx“dx =

I

n

o . > K

P sinv'defcos ydy
] ¥ aj

o

[
; {m
= jc‘():—'.:cgdx = —
] 2

(ST

Hinh 154



Vay  lim I, =

Nt

Mat khae, xét D, la ; hinh tron ban kinh n trong gée phan tu tha

nhat, chuyén sang oa 46 dbe cuc ta eb;

I, = [[sin(x® + y)dady =
o,

[ I ]

de{sin rirdr = El(l —cosn?)
o B

Khi n —» +ec, I khéing ¢6 gidi han. Vay vdi hai ho dudng da chon, I, ¢6
gidi han hoac khdng 6 gidh han nghia 1a tich phan Cayley (1) phan ky.

Chu ¥ rang, ham dudi dau tich phan & day 'a khéng git nguyén mot
dau trong D

dxdydz

\}(x +y + 25"

3y Xét sy hdi ty cda tich phan I = jﬂ

V1a hinh cdu: a® + % + 28< 1
d day, ham dudi d4u tich phan khéng bj chén tai(0, 0, 0) e V.
Theo dinh nghia va dinh 17 3 §1, 2, ta cé:

I = lim [f dxdydz

i 5 [} ;
R AN Y

Chuyén sang toa dd céu, ta cd:

Ve <P +3%+2%< )

(1-&*°
dﬁ 2dp =1 y =
g cpjsm{) “ptdp E]E?J2KZ[ 3 ]

in
=13~ )
o néu a>4d

néu o<l

o =3, nguyén ham elia p? * 13 Inp — o khi p =0, Vay tich phan hii tu khi
« < 3;phan ky khia 2 3.
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BAI TAP
L. Vi1 cong thie tinh tich phan I = j f(x, y)dxdy , vdi:
n

1) D A tam gide ¢o cac dinh (0, 03, ¢1, Oy, (1, 1)

2) D 14 hinbh thang c6 cac dinh (0, 0), (2, 0, (1, 1}, (0, 1)

3) D la hinh vanh tron x* + y? 2 1, 27 + 32 < 4

4 D gidi han bdi cac dudng y* - 22 = 1, af +y2 =90, 0 e D)

2. Thay ddi thi 1y 18y céac tich phan
4 12x
1) Jdx [fx, y)dy
0 4,7

2_2

[ a —x
2y [dx  [flx,y)dy
Y af_y?
Ba

2ax-x°

3) ?dx [ flx, y¥dy
=3 Q
2

0 _,/"
%
; x R "FJ’i2 &
&) J lff(x ydy+ jdx If(x y)dy
0 R;‘z 0
n osinx

6) fdx [f(x y)dy
0 0

3. Tinh cac tich phan:
. dxd

LI
OD{x+y)

s D d<x<a, 1<yg2

124



2
o) I=f> P p.g<x<1, 02y
D1+yz

3) I=jj(x? +y)dxdy,
I

D gi6i han bdi y° = x, ¥ = x*

2
) 1= jj = dady,
Dy

Dpgidihan bdix =2,y = x, xy =1

5) 1= |f 1J4x2 - y2dxdy
D

Dlatam gidcgidi han bdi: y =0, x =1,y =x

*6) I:[[xp_lyq_"dxdy,p gz2l,D: xz20,y20,x+y<1
n

7 I =(je’dxdy,
n

D gidi han badi y* = x, x =0, y =1
8) I =[[xydxdy,
D
Difx -2 +y" 21,y20

.. =R(t-sinf) O0<t<g2
*9) I=[fydedy, Dgidihanbdi:{" R(t-sin®) *
D y=R(l-cost) yz0

x=acos’t 0<t<

rol 3

*10) I=[jxydxdy, Dgiéihanbéi:{y=asin®t
b x20,y20

*11) I=filcos(x+y)ldxdy, D: O<x,y<x
D
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F12) T=jiyly-2" ldedy, D: -1sx<1,0<cy<2
1)

1) I = fisign(x® - y2 +2)dxdy, D: 2% + y? < 4
Iy

*14) I=[fE(x+y)dxdy, D: 0<x, y=<?2
fl

E(x): phan nguyén cla x.

*15) I = ([« y"dady
F

K, n e N, {t nhat la mét 1a ié D: % + y? < o?

4. Tinh cac tich phan sau bang cach chuyén sang toa db dbc cge:

1) I=(fydxdy,

D

5 . - N - . . a ~ a
D: nuia trén cha hinh trdn bén kinh 3 tdm (;, 4]

D I= jj"!az - x? —yzdxdy, D: 2+ yfga? y20

D
3 I-= jj\/az - x% — y%dxdy,

D

D giGi han bdi: (x® + y9)2 =@ (x? - y%), x 2 0

4y I={fsinyx® + y?dudy, D: % <x? + y? < 4x?
D

’ 7 .2 2 .2

X hd x pd
5 I= 1-——-——dxdy, D.: —+<_<1
g Y i 2 B2

2 2 2 2 2
*6) I=fjdxdy, D gi6i han bdi | =+ | =X _ &
D a® B2 .

7y I=jjdxdy,D gidi han béixy = 1, xy =2,y = x, y = 4z,
D

(x, y >0



5. Xac djinh dau cae tich phan:

1} I:J'J'ln(_\‘z + yz)d.\'dy. D: [z + 1yl €1
i)

2y I=Jlaresm{x+ yidedy, D: D<x <1, 12y<1-x
I

6. Tim gia tr] trung binh coa:

1) fix, ¥y = sinx. siny trong 0 <x, y S =

2 fix, y) =¥ + i trong (x a) +{y - ) < R*
7. Tim dién tich ¢ta cac hinh gidl han béi:

) y? =dax, x +y = 3a

2y (y — 2} + a? =1 (ellipse)

4y r = afll + cose), r = acosy, {a =0)
*2)fx 2y + 3)2+ (3x+ 4y - 1P =100
*6yyfmax, yi=ba,xy=a,xy "B 0<a<h O<a<h
*7) (2 + ¥%¥ = 2ax’
.*8) fx? + ¥y = oy’ + ¥4
8. Tinh thé tich ca cAc hinh gidi han bdi:
Daz=y:, x?+yi=r’2=0

2)y: ‘J;,y::zJ;’x'}‘Z:ﬁ‘Z:U
3
atytz=a 3xty=a, 5x+3;:o:,y=0,z:(]

2 2 2

Daf+y?=a® ¥¥+y'- 2" =-a

5y Yaz = 27 + ¥4, of + y¥ 4 28 = Ba?

142



*B) o zoae ¥ 2 L2 D RgE

2 n s . e e .
Ty S =at Sy a2 2’ tinh 1Y st el cae th Uiel.

Ble-aty, xy=1,8v=2 y=x,y=9x,2=0/(x, y >
ot Ty, XN 4yt = a?
I z=e+y, (2" + 39 =2xy, 2 =0fx > 0,y >0

2 },2, 22 2

Z
< -1, X y__f_
]1) a—2+‘b—2+cz =1, 2 bz —021 (Z)”)

12) 2 = xy, 1‘2=y,.t2:2y,y2=2x,z:[)

9. Tinh dién tich;

1 Phan mat & + v% = R ¢ 2z 2 pdm giiin ha mat phang:
K H ] £

£ = hix,

Z2=qnxtm > n =)

.2 z

2 Phian mat & 3?7 = 22 gidi han bai mitl phing y + z = a trong
goe phdn tam tha nhat,

D Phin mat o + y* = 2ax gém gida mat phing 2 = 0 va mat
xz + )’S = Zz.
1) Phédn mat 2 - 3% = 27 § trong mat 2% + y? = 2ax.

“ar Phan mat #¥ + 3% + 27 = o ndm § phia ngodi cae hinh try

x4y

=X oy

2 2

6) Phan mét of + ¥ + 22 = a” § trong mat try: x_z +% =1 (b<a)
b

a

) Phan mat z = 1||'x2 —y2 d trong hinh try:

o+ y?)? = ai(a? )

“8) Phiin mat gidi han bai «f + 22 = a?, 37 + 27 =a*



*4) Phén mat cAu ban kinh R gidi han bdi hai kinh tuyén va hai vi
tuyén ké nhau.

10.
13 Tim toa dd trong tam cta hinh ddng chét (y =1) gidi han bdi:
A yi=dx+ 4,y = -2x +4.
by r= a{1 4 cose)
2y Tim moment quén tinh etia hinh déng chat (y =1) gidi han bdi:
A x+y=2 x=2y=2d051 vai Ox.
*Wy! =ax, x=a ddiviiy=-a
¢) x = aft - sing), y = all- cost), y = 0 déi vdi trye Ox,
st <in

11. Tinh céc tich phén bdi ba:

dadyd:z
DI =f—m
Vix+y+z + D

Vegidihanbdix=y=z2=0,x+y+z=1

2) I =[ff(x+y+2) dudydz
1.7
V la giao cua; 2az 2 x? + y% + 2% < 3a?
3) I =[jjzdxdydz
4

2
V giéi han bdi 2° =ﬁ-2—(x2 +y)vaz=~h
R

4) I = |jjdxdydz
v

V gidt han bii o + 3% + 29 = 2Rz, ¥ + ¥¥ = 2" vachda (0,0, R)



0 I= jj]'z,j;}z + y2dxdydz
v

V gidi han bdiy=y2x-x% ,y=0,2=0,2=a

8) I =jjj(x? + y%)dxdydz
v

V la hinh cdu 2® + ¥% + 22 = R?

7 I= m\/x? +y% + 2% dedydz
v

V 1a hinh cdu 2% + y? + 22 <x.

*8) I = [[jxyzdxdyd:
v

2 2
V gifi han bdi z =2 + 2, 2z =%, xy = a?,

xy = 6% y = ax, y=Px,0<a<hb, 0<a<p.
*12.
1) Tim gia trj trung binh caa fix, y, 2/ = 27 + y? + 2¢
trong midnx? +y? + 22 <x+y+ 2

2) Tinh F'{#) néu F@) = || f(x* + y* + 2% )dxdydz .
)

V:x?+y?+ 22 <¢% Fla ham lién tuc.
3) Chung minh rang n&u ham £ lién tuc trong midn compact V va
il fix, y, 2)dxdydz = 0 vdi mién bat ky Q < V thi fix, v, 2) =
o
Yix,y,2) e V
13. Tinh thé tich hinh gidi han bdi cac mat:

1) ¥ = 4a® Bax, y*=ax,z=*h,

Or

IS5



Dxf 4yt = ax, ¥ ¥y =2az, 2=10

2 2 L2
——2=0 (zz
C

“ xz‘ yz 22 4 :l-l
r_Jl‘ _2"'“'z + 2 ——'3. —2‘!’
o b ¢ a b

| et
[

dyz=xf+yl z=22"+ 2y y=x, ¥y = x*

5)az=xz+y2, z=-‘||x2+y2
6)z=6-x% yi z:\ix2+y2

*7) (x2+y2 +22)2 :aﬂ(x?. +y2_22}

5

o [ (5] (8 -
o b ¢

14.
1) Tim toa d& trong tAm cia hinh ddng chat (v =1) gidi han bdi:

a)y?P+ 222 =4x x =9
brz=x2l+yf x+y=a,x=0,y=0,2=0.

B 2 i
) x—+y—+z——l,x:0,y=0,z=0.

a? b o
dDxf+yi=al, vV +22=d’ (vz20)

2) Tim moment quan tinh cua hinh déng chat (y =1} ¢iéi han bdi cac

mat sau, doi v8i cAc mat phang toa dé:

a) £+-J—J-+izl,x=0,y=0,z=0.
a b ¢
P4 2 2

by ~—rj—+'y—2=z—,z=c
a b ¢



*3) Hinh cau déng chal o + y% + 2% < B7 khai huigng M bt chat

didm PC0, O, @} khéi lugng m hdi mat lye bing bao nhicu?

*15. Tinh céc tich phan suy réng:

+

B j‘.(ixvj.e'(x'-")dy

{ 4]
2) J,F% D gidi hanbdix 2 1,y 2 2?
Dx" +y
e LS dy
A jde | —/—————— (a>)
b { (& +y +a’y
o i e d?
4y Jdx [dy | 5 5 5 5
0 0 o{at+y +z°+1

*16. Xét sy hdi ty cQa cac tich phan

1) [{inyx®+y°dedy, D: 2 + y2 < 1
D

2) Hﬂga, D: x?4ytz |
D{x-y")
dxdy
N ff—=——=, D: Ixl =1, Iyl =1
DY(x - 9)*
4y fij dxdydz Viaf+y? v 282 1

v (x4 y? 1220

5) Jilnsin(x - y)dxdy .
D

D:gidihanbdiy=0,x=n,y=mn



s

TRA LOI CAC BAI TAP

1 x 1 1
1y [dxf f(x,y)dy = [dy| f{x, y)dx
o 0 0y

2) fdx!f(x y)dy+Idx If(x yidy = de If(x yidx

0 0
va-x? -¥1-22
2 fdx jf(x y)dy+ jd:c Flx, y)dy
-2 —yf4-x2 1 4-x?
Vi 2 a2
+ Idx [ flx, y)dy+Idx fflx, y)dy
1 ¥l :r? \M—xz

¥9 %7 P 3 qoa?

4 -2 3 2

-¥l+x

9 £

48

1) jdy | f(x, y)dx
ooy

12

o Je?oy? al oyt
2) jdy [flx.y)dx+ Idy (F(x, y)dx
0 a2 -2ay ‘2' o
ay '5
2 23 a o
ldy[ fla,yydx+ jdy [ flx,y)dx
D= ay s "3
b S L

2

-2
4 fdx [flxy)dy+ {dx [fle,y)dy +[dx | f(x,y)dy
9 xz



1}

1

J2= 5 assd

0 0

R m

?dy [ f(x, y)dx
o ¥

z

i M—-AYCSIN Yy

fdy  [f(x,y)dx

0 arcsin y

3) ——

4)

7}

8)

D

NNV

1 V(p)(q) R

— B{p, =—="""1 (ham Eulen
g A Mp+g+1)

!

A

s

3

3 3 2ra ¥ ¥ix)
EER | = [dx fydy= j'R(l - cast)dt
0

4

10y 2
8

11) 2n

felx" [ FCx y)dy + Jdrif(x iy + Tdx {70y



¥ @ M- nx

b
I - Jlde. jlt}‘s() + yidy— Id; jl“"'(l‘i'y)dy -Idx ICUS(.r+y)dy}
0 1} {1 n * 0
# ]

x

1z
12) -—+— [ l _y dy+|dxj y—x2 dy]
- P
J_
13) 81n :
J' )
32»2 2 4_,2 1 \||4x
i= 4<Idr fdy+{dx jdy-[dx [dy)
¢ 0 ! 0 0 X7+

14) 6; (f=E(x+y)=K—1 (K =123.4) néu (I'J’)EDK) URE

H2—12

- @ K v
15) 0; [a"dx y'”iy y
e —a?-a?

{n 16(\5—20)}1}3 g p 2 x
o=
3 9 2

 -6n’ Hinh 155

5) —nab
3

110



-

o [
”"-'f“"r:,f ! .r;-"—tOS? [ o ain? |‘
I-1 [ dp _[abrdr-
0 ]
A
T InZ, dal xy = u, y =V, J = 1
' ' ’ 2V

1
) fle, y) = —
4

2
2y fix, y) =al’+b9-%
e

3

n
—

10w, {déat x — 2y =u, dx + 4y = v}

1 ([’i - a)ln L2
3 a

(=¥

Tt 2

e



&) iﬂaz
4

1)

2y 25¥0
3
1) %na?’(zﬂ-l)

3
5) %(6\15—5)

6) na{l - e_R2 )

343 -2

) 2

2

8)?

(2J§~1) (dat xy = u, l:v)
x

3
4031—2(1) 3 3% 1 1
9) V = d4]j Jxydxdy = —a” [sin2qcos?
Tl g\ﬁ ydudy = - (I] @ o

10}

10 %abc(Q -¥2)

12} 3; (dat «f = uy, y¥ = Vx)



10.

1

1y 2(m - n)R?
2 2 B - - pd
2} —Q_a -, (tich phéan theo mat phang y02)

3) 8a’

4) 3na’
5) 8a®, (D<x<a, yax-x2 <ysva?-x2)

6) 8a2arcsin2
[r)

2
na
7y =
)2

8) 16a?

9 R(@, - ¢)(siny, - siny,)
@, @y kinh 4§, w,, w,: vi dg
(M € 8: x = Reospcosy, y = Rsingsiny, z = Rsiny
P SO Py, S WY,

S=jjYEG - F? dudv
o

_ L2 e B s v @, . Y .
E=x+yl+z;; G=x_+y +z); F=x,x, + ¥V, +2,2,.)



il.

12.

ayl, =

R =
t1) -%a' v I=jde [ (y+a) dy
- 0]

Jax

30

a', (1dy £ v y 13 hidn tich phan)

1) }ln:Z—-—T

7y —

B

)+1|n—

B b byt
8) 64(b N(p? cx)(1+1B

fxy —u,y —uvx, 2 = 2}

D

[N [N

Af(M) = —n.,m sut o adV
Vi 1

4



13.

1

2

Vifx - )2+(y—%)2+(z— %)25 2

’ 1
2y F' {8y = AmtPfred): F(f)=-1njp2f(p2)dp]
4]

B FOM) = o [ fa 3,21V =0
dme®

3

(Vixf+y?+28<e? e 50, M oM

hi

1) ¥a2)L
6

X r?'

: 4 9 2acosg wg
2y —ma®, |V =2jde [rdrjdz

1 0 o 0

1

R %(\E—llabc

4}

2 3
IS (v-8

e

a4f-cosg

. T g n
singde(dé [ pidp:dat —-@=1)
0 o 2

MET

Lo |3 b0 [

Arabe :

7. R . [
) - (V= 'I’fZ(Il)r,"l'(:(Js.2 (psin“r’ ol [sin * feos? B | p‘adp)
0 0 0

fals



14.

13
a) [i,o.oJ
3
l) . brd
b [:a,ia,Lazj
5 5 30
¢) [Ea‘ﬁb,ic]
8 8 '8
dy [U.O,za]
8
2)
3 3 3
a)I”_abc :I}Izzal?c:jzx:abc
6 60 60
b) I, ="abe? T, = L aPbel, =L qbd
Vo = pabetily, = gretbol, = opabte
By A
o) I, =2 (15n 16
- 245
PP T N 3
-2 b¢ L05r—-99); =295 nsn 979
1675 1575
- —KTAT néu |alz R
- a|a
d) F(00.2),z=y 221 .
- = néu |el R
R

Theo dinh luat Newton: chat didm ¢6 khéi lugng m bj hdt bdi
mot vat ¢6 khdi lugng M bdi mot lye FX,Y,2)

X=EmZ v-km®. 7-gm®

143



15.

) dédnd:
Ulx.y. 2} = [l (g .5 2509
y I

K 1A mat dd khal lugng clia vat,

r= J(F_. - x)? +(n —y)2 +(g—z)2 , V1a thé tich cda vat

U goi 1a thé vj Newton (thé cua trudng lye hut)

2 I
4

o)

1)

186.

1} 1dity

Xét I =[[In(x" +y")dady (D:x?+y*<e?)
D

2y Hoitu khi a>1
3) Hai ty

X-E

I=lim[dx | ——+ 11m[dx I

L—)U'[ 0 \.'Ix y) & >0 ey 'I-‘t J’
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4y Hoi tu khi o > %

9
5) Héi ty, I=—~T;—ln2

. \ . t -t
1= Insin{x - y)dxdy, dit x = -u—;f—— , y:M:2
[#] &
17,7 . n . 7
I =—[dullnsintdt=—]Insintdt=-—In2
2y 20 2

(phan tich phan suy réng, tap [).




Chuong 10

TiCH PHAN PHU THUOQC THAM SO

§1. TICH PHAN THUONG PHU THUOC THAM SO

b
1.1. Dinh nghia: Cho tich phén I(x) = | K(x,)dt (1) vdi K(x, t) la

1]
mét ham bi chdn va kha tich theo t trén {a, bj, tich phén (1) I& mét
ham sé ctia x trong dean fc, df ndo dé, ta goi tich phén dé: Ifx) la
tich phan phu thudc tham sé x, ta xét sy lién tue khd vi va kha tich

cua I(x). Ta co:
1.2. Pinh ly:

1) Néu K(x, t) 1a mét ham lién tuc trong hink chit nhdt D: a <t <
b, c <x <dthi:

(1) Ifx) 1a mét ham lién tuc trong [e, d].

(2) I{x) la mét ham kha tich trén {a, ] < [c, d] va

g b B
jI(x)d:c = fdtj Kix, thdx .
o i

a

. - k] b - t 3 n -
2) Voi gia thiét ¢ 1) va néu %—i tén tai va lién tuc trong D
-

thi

b
oK(x, t) dt
Jac

3 I'(x}) =

a

10



Két luén (2) goi la qui tde tich phan dudi ddu tich phén. (3) goi
1a quy tde 18y dago ham duwdi déu tich phan ciia Léibniz.

*Ching minh:

b
(1) Xét Hx + Ax} — Ix) = [[K(x+ , 8) - K(x,0)]d¢

Theo gid thidt 1). Kz, ) 1a lién tue d8i vdi x trén fe, 4] theo dinh 1y
Canter (ham lién tye trén mdt doan) thi Kix, £) 1a liégn tue déu d6i vdi x trén
fe, d] nghia 1; '

Ye>(,38 >0, 1Ar]|<d = [ Klx+ Ax, 1) - Klx, 1)<

Do dé:

b
PAFxY =1 T + Ax) — Ixy | < [edt = b —a)

Didu nay ching 10 J{x) 14 ham lién tyc trén fc, df

(2) Ta cd:
P b B BB
JIaxdx = | dx_[ K(x,t)dt = [dt] K(x, t)dx
@ Al(x)  Ix+ax)-I(x) :‘j’ K(x+Ax, t)~ K(x,t)dt
A Ax . Ax

K{x+Ac,t)-K(x, 1)
Ax

Khi A — O thi - OK;'” 1a mgt ham hén tye
trong D theo gia thift 2).

Do da:

ba
M(x) _f K(x t)dt

a

(a)

II[K(x+ Mty Knt) Kb,
Ax ox
Theo céng thic Lagrange:

K(x+x¢e,8)-K{x,t) 0K(c,t)
Ax

Lo € (x, x+ Ax)

1610



oK (x

- . o o & BN o . .
Cang theo gia thidt 2y suy va ——— la lién Lue déu trén le, 1. Do dé

&

v phAai cia (a) vigt duge:
YKty oK),
|[OK5° D_KED V) Nedt = etb—a)
an  Ox & p

va v trai ea (a) < e(b - o/, didu nay ching td Khi Ax = 0

I =8t

a4

Lo .
(,KE:L,t} dt

éx
Chu y:

Néu ham K(x, #) 12 lién tuc trong hinh ch@ nhita <t b, ¢ <x<d,
¥d > ¢ (c = const) thi ta cling néi: Kfx, # 1a lién tye trong hinh chit nhat

rze,astsh

Thi du: I'a 58 4p dyng dinh 1§ trén dé tinh mot s6 tich phan

) ! dx .
1) Tinh In:fﬁ,aio, khin=1:
plx” +a”)”
Uode ]
I =i T = —arctg — (1
ox” +a a a

Coi I, la tich phan phy thude tham s8 a: I,= I(a), rd rang 5 ! 5 VA
x+a

dao ham cfia nd lién tye trong mién jelz2a, >0, 0<x <1, theo (3}

‘——2adx -—Larctgl+171 { 1 )
Flx” +aiy? a’ a a 1V a?
1+|—
&
(Dao ham 2 vé cla (1) theo a)
Do da:
1 dx 1 1 1
ILy=|————=——arctg =4+ ———
7 g(x* Y e et e



Ti&p tye, ta s& tinh duge I, I,, .1

vl

2 3
2} Tinh Ha)=[In(a”sin®x +b% cos” x)dx (@, b>0) (n
]
RO rang ham duwdi dau tich phén va dao ham theo a caa né lidn tue
trong midnaz e, >0, sx s % . Vay theo quy tdce Leibniz:

Zasin? xdx

a?sin®x+b%cost x

2
I'a)=]
]

Pat ¢ = colgx ta duge:

lf pud

I'(a)=2u.1?o =
0 @+ 01 +17) a+b

n da; Hay=x=lnla+b)+¢ (2)

P} )
Theo (1): I(h) = [ Inb%dx = xInd. Do d6 trong (2) dat a = b ta cob:
L]

IB)y=an2b+c==nInd, hay e{ In2 + Inb} + ¢ = n Inb,

b
vay ¢c=-x1ng, va l{a) = In a‘+
3 Tinh

1 x'o - x®
j—dx {a, b>)
b Inx

& a i
r —-x

vi =[x'd
Inx £ Y

18
nén I=jdx[x>dy
0 a

Theo (2) cua dinh 1y:

1§



b1 b d b
I:Idy}x"dx=f_¥—=ln( +D
a 0 a¥t1 {a+1)

Chu y: Ngudi ta cing xét trusng hgp cic can ciia tich phan ciing phu
thude tham s&
[% )

I(x)= [K(x,t)dt (D)

afx)

Gia sl K(x, £y 1a mdt ham lién tue trong Dia 4 < b, ¢ < x < d; alx), Plx)

K (x, 1)
ax

la cac ham kha vitrén le, d), a < a{x) < b, @ < Px) < b vA tén tai va

lién tye trong D 1hi (1) 1a kha vi trén e, 4] va:

HES]
F'o= | ‘3%&+[3'(x)K[x,B(x)]»a'(x)z{[x,a(x)}

afah

Thue vay, ap dung quy tac Leibniz d trén, quy tdc dao ham clia ham
hgp va quy téc dao ham cla tich phan theo can trén (dudi) ta s& coé cong

thife nay.

§2. TICH PHAN SUY RONG PHU THUOC THAM SO

b
2.1. Pinh nghia: Che tich phén suy réng: I(x) = IK(x, fdt (1)
a

vdi b = v+ hode K(x, t) khéng lién tuc theo t tai b. Néu (1) héi tu tai
x € X c Rthiné la mét ham cua x: I = I(x), I(x) goi la tich phén suy
réng phu thuéc tham s5. Ta ciing cé dinh Iy vé sy lién tyc, kha vi,
khd tich nhw déi véi tich phén thwong phu thuée tham s6, nhung
phdi e6 nhitng diéu kién han ché hon, cu thé ta phdi xét su héi tu

déu ctia tich phén nay.



Sy hiGi tu déu:

Tich phan o= | Kz tidt (1)

zoi 1a hdi g tal x € X néu:

3
blim I(x,b):blim [K(x,t)dt = I(x)

Nghia la Ve > 0, AN > 0, ¥6 > N= |I(x, b) — I{x}| <. Néi chung N phy
thudc £ va x, N = Nix, £). Néu ¥ x € X, N chi phy thude ¢ N = N&) thi (1)
goi 12 hdi ty déu trong mién X. Vdy tich phén (1) héi tu déu trong X
néu:

-

[ K(x,0)dt
b

Ve >0, IN(g) > 0, Vb > Nig), ¥x ¢ X = <E

b
Tuong ty, tich phén I(x)= [ K(x,t)dt véi K(x, t) khéng lién tuc tai

b Ia héi tu déu trong X néu:
b

[ K(xt)dt
b a

Ve >0, 35(c) > 0, |u|< o), Vx e X = <E

Dé xét sy héi tu dBu ca tich phan (D) ta ¢6:

2.2. Tidu chudn: Néu tén tai ham ¢(t) sao cho:

1) |K(x, t) | < ¢ft), Vx € Xva t trong khodng ldy tich phén.

2) [et)dt tén tai (tich phén trén [a, b] hode [a, +0)) thi

[ K(x,t)dt héitu tuyét déi va déu trong X.

Thuyc vay, chéng han xét truong hgp I{x) = [ K(x,t)dt thi

< {@p(f)dt <e  theo gia thiét.
b

[K(x,tydt
b




2.3. Dinh ly:

1) Néu K(x, t) lién tuc trong Dia <t < +o; ¢ < x £ d va

Ifx} = jK(x, Hdt héitu déu Ve € [o, df thi I(x) lién ftuc trong fc, dJ.
2} Vai nhitng gid thiét eda 1) va fa, ] < [e, dj thi:
B - B
II(x)dx = I dth(x,t)dx.
a o a
dK(x, t)
x

3) Néu ton tai va lién tuc trong D

I OK(x 1)

[K(x,t)dt héitu Vx € [c, df va
ox
i

dt héi tu déu trén e,
a

df thi:

I'(x) = I G'Kixst)

a

dt, rvrx c fe, d}.

Bai vdi trudng hgp tich phan suy réng:

3
() = [K{x,t)dt  vdi K(x, t) khéng lién tue 1ai &,

L]

Ta cang ¢4 dinh lv tuang ty vai dinh 1§ trén (eAn thay (it ¥¢ 2 ¢ bang
Vi a <t <8 vii b’ <b), dinh Iy duge ching minh twing ty nhu dinh 1y d §1.

Thi du:

1) Tinh I = T Sin x dx (lich phan Dirichlet, ta da xét § phén tich phan
o]
suy rong, Tap Iy
Xét:
J= [ em L g w0, k>0

bl x



Ta coi tich phan nay nhu tich phan phy thude tham s o
J = Ja), o6 thé chimyg minh J(w thod man cac didu kién caa dinh 1y.

{da tinh 6 Tap )

+0
Ta co: J ()= Je** cosaxdr = ——
0 a’ + k"

s
(S () hii g dBu v8i moi o, vi |e™cosox| < ¢ ™ ma _[e'hdx 1a hai ty).
f

dd(@)  k
do  al+k?

Vay

Tich phén theo o ta cd: Jlo) = ar(:tg% +¢. Choa=0,1ac60=0+¢,
hay ¢ = (. Vay J{w) = arctg% vil & > 0. Khi « = const thi J {4 ham cla &,

litn tue khi & = 0, theo phin (1) caa dinh 1.

Dac Jo= | gy (@>0), thi Jy = Jim J(o)
hi} — L
hay: Jo = lim aretg % = aretg(+o) = =

Pachidta=1thid, =1

Vay I:II smx , T
nox 2
Chu y: T trén suy ra; ﬂm nax dy= gsigna (a0
x
23 Tinh
st gl bt
I=j2 "% @t (@b>0
ot
Taco: [e ™ dt = 1 {x >0y héi ty déu Vxix 22, 0.
I X

L&Yy tich phan ding thie nay theo x tit e dén b ta co:

[



v b s -t -he :
idtfe ™ dx = [e—-—d:r_jdJL =ln—!?-
{-) a (j t a X a
Vay T=In L
i
3) Tinh
I { (:osatt—gcosbt dt (a, b>0).
0
' gin xf .
Xét jSH;x dt=§, x > 0 (thi dy 1). Tich phan nay hai tu dén
o

Vxrx za, >0 Do dé
f”d_ * cosat - cosbt
o f

+h
[sinaidx = J' >
a

dt=Sb-a)=1
o t 2

4y I= j'c‘xzdx {tich phan Euler — Poisson)
1}

Dat x=ut, u>0,taecs I=u| e gy
o

2
Nhan hai v vai € va 1ay tich phan ti O dén oo

2 e e O t
I’ = je“uduje"’dt:=jdtje““”udu-
0 0 D0

ﬁ

‘l 4+
241

..’;

Do dé ===

5) Tuong ty, ngudi ta ciing tinh duge cac tich phan Laplace;

—j cosbx dx-——e ® (q, b>0)
o al +x° 2a

L - J xslnbxdxzfe_ab @ b>0)
00‘. +x 2

Cac tfch phan Fresnel:

+ac . ? +an 2 1 R
F = {sinx"dx= [cosx’dv= = [Z

0 0 2¥2



§3. HAM EULER

3.1. Ham Gamma I

Ham I hay tich phéin Euler logi 2 la tich phén, I'(x) = [t% Te™*dt (1)
]

Nhu da biét, tich phan nay hdi tu ¥ x > 0 (phan tich phan xac dinh suy
rémgh .

Iam I' 1a mdt tich phan suy réng phy thude tham s8 x, né 1A mét ham
lién tye va cé dao ham moi ¢Ap khi & > 0. Tir dinh nghia suy ra:

=1 (2}
fx+1) =x fx) 3}
Ffin+y 1) =n!{n e Nj €))]
I
r(5)=n ©)
'
rn+l)- WL o ©
2 22"1'1.'
Thue vay
2 T = [% ‘dt =" =1
5 0
B3 I{x+1) = Tt‘e“‘dt , lich phén timg phin: u = t* ¢*df = dV, ta co:
0

[x+1)=-e #°

i jfot"'le"dt = xl{x)

0 0

(4): trudng hgp dac bidtcla (3 [(2 =2I(H = 2.1
M3y =31(2y=3.21=3",.. In+ D =n!

(&) xét (1), dar ¢ = «? thi;

s



- N 1 h, ut
L) -2 u™" e ™ du
il

1‘('51—2‘_[ e “du=2Y" 1 fx

0 -

ey J;

{tich phan Polsson [ e™ dx=7)
i}

(6): Theo (3)

Lo 1o 1 1. 3831 1
1 (.F? + E) = (R - E)] (N- - 5) = (_.ﬂ - '.2-)(?5 E)E :21—(5}

theo (5 va mal gon ta 6 (6).

Ch y: Ngudi ta da kéo dai 1'(x) ra cac gia tri 4m cla x

. 1 atl n!
1—.—-—:—] [
Cn-p=C0 (2n+1)1‘E

3, 4
=-2yr, [(-=)=—+
} 2w, I 2) 5 n

22n+l

Chﬁng han I(-

0t |

3.2. Ham Béta B

Ham Béta B hay tich phan Euler loai 1, 13 tich phan suy rong phu

thude cac tham s8 p, q:

I
B(p, @ = [t#7 (1 -9 at M
14

Tich phAn nay hdi tu ¥p, ¢ > 0 (phén tich phan xac dinh suy ring).
D3di bign ¢ = 1- u trong (T) 1a c6:
Blp, q) = B(g, p) (3}

Flam B licn e va o6 dao ham moi ¢ap theo p, g (trong mién p, ¢ > Oy,

14



3.3. Lién hé gitia I'va B

L)

9N
I'ip+q} (

Bip,q) -

*Thyc vay, xétp, g e N
Tich phan timg phan (7), dat e = (1 H%, dV = " 'dt, 1a eé:

P -8 !
Bip.q=1d7D

1
~11 . —
‘ + 4 1jt"(].—a‘)‘f‘zd’f=-q~—1B(p+1,¢;.r~- 1
L] P oy F

Tt cong thite nay suy ra:

{g-1g-2).. {g—(g-1»

Bip,g)= B{p+gq-11)
plp+l {p+qg-2)
— 1t 1
= {g- 12 {79 2qt
plo+D). (p+g-2p
(g-1! g -Dip-1!

- plp+D. {p+g-2%p+qg-1) B {(p+g-11

Do dd va theo (4) ta cd

_ 1)

B(p.q) =
(p.q T(p+q)

Ngudi ta ciing ching minh duge cong thite (8) van ding trong trudng
hgp p, ¢ khéng nguyén > 0)

Bt B=T£_'—;,t.a ch:
B T_B° ! d (10
{p,q) = (I) W B }

Dac biét

g=1-p D<p<1, ngudiia da tinh duge;

1)



pr’ x
1)1 (1-p)= j dp = — (11)
o (1+ +BJ sinnp ’

({31, 113]) (xem chiing minh & cudi tap BTGS GT II, 111 etia tac gid)

3.4. Ap dung

1} Tinh I =

i

sin"xdx nz0

2] —

Dat sinx = Jt_, ta cé:

1 a:1
L =Lr (l—r)*dr_ 1
23 9
n+1 n 1
:l( )T() 1 JTT(§+§)
2 2 n
—+1 I'{—+1
_(2 ) (2+)
Dic bidt, n € N, ta duge két qua da bidt
2) Tinh =7
0(1+x)
3
~ B 1+mﬁ4
bat x* =, taco I==—[—d
? P 4£1+[3 P
Theo (1) ta c6 =—r( e 3yd_w _m2
4 b3 4
sin=
4
3) Tinh
1
1=f %

{tfch phén elliptique)
041-xt
Dat x* = ¢, theo (5, (7), (9) ta cb:

13 _L
=L opnrar-pl L
4% 4 42

161



1 1 1
1 r(z)r(g) i £ F(Z)

4 3 4 .3
i (-
(4) (4}

Theo (11): 1*(%)1*(3): m 2

sin —

4

2

Do da -1 {r(l)]
442 4

Theo bang (VII phu chirong)

r(% +1) = 0,9064
Do dé
redy arc v 1) = 36256
4 4 '

va

I=13110

BAI TAP
1. Tinh F(e) néu:
1) I(@) = | f(x +0,x - o)dx
U .
{(f.,, £ ligntuc,u=x+a,v=x-a)

2) Kay= [ e’ dy (@>0)

= f (@)

*2. Cho flz) l¥n e Ve e Rva | - 5
el +z

dz héi ty, chimg minh

162



e Jflayd . .
ulx,yy= | ———,x =) z_, thoa man phuong trinh;
X+ (y—-2)

-7 -9
% + :-ay—i = (Phuong trinh Laplace 2 chidu)
*3. Cho phuong trinb (phuong trinh Bessel)

T (x) + 2, () + (2" -, (x) = 0

Chimg minh:

J (x)= ljcos(nt —xsint)dt (ham Bessel)
Ty

la mot nghiém cia phugng trinh dé6.
4. Ching minh rang ham:
]. x+at

[ F(2)dz

x—at

u(x,t}:%[f(x—at)+f(:c+at)+

'3
thoa man phudng trinh:

2% _ 9 &*u

E— = {a >0

Ed
{rhudng trinh dao dong cla day) va cac didu kién ban diu
ulx, 0) = flx), a—u(x.O) = F(x)
ot
vdi gia thiét flx) kha vi hai lan ( c6 £”(x)} va F(x) kha vi.
B.

1 Ap dung cong thie

1
fx"_ldx=l (n>0)

0 L

1
tinh fx" ' Inxdx
o



2) Ap dung cong thac

Je mdt =L >0
0 1Y

7
tinh [t’e Pdt
o

Tinh cac tich phan (i bai 6 d&n bai 14).

8.
2
“nl+acosx_ dx al <)
t l—-—acusx cosx
7.
}arctgx dx
nox 1-x”
- x
8.
1 22
(A2 g (al <1
0 xz\l'l—nc2
9.
- ax —e Ex
j ————sinmaxdx, (a, b >0)
0 x
10.
T ﬁgu:dx SAe>0)
o x{l+x7)
11.
‘j ™ cosoudx (@ > 0)
a
12.

—ax? i

‘ﬁf;—edx (a, B> 0)
1

161



13.

"l'." sinaxecosbx
F_I

de {a>b>0

X

14.

S o
|

dx (a>p)

0 x

Biéu difn qua cAc ham T va B rdi tinh céc tich phan sau: (bai 15 dén
bai 20).

15. _
fxya? -2 dx (@ > 0)
0

18.
+oo ‘U;
o (1+x)?

17.
1
j. dx (> 1)
oyl -x"

18.
O
(sin"xcos™ xdx
o

19.
o P-1
| J"—-El—fdac {0<p<1)
b L+x

20.
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3
K-

———— (lich phén elliptique loai 1}
v 1- lSin2 ¢
1|| 5
2 1.5 . . .. .
K=j1- Esm odp (tich phan » elliptique loai 2)
0

HUGNG DAN VA TRA LOI CAC BAI TAP

1.
D Ha)=flo,- o)+ 2 [fds
2) f'(x) — _‘—I y?e—ay?dy _ e..|13
5.
1
1 _n_2
2 . A bt ; 1
2} —, dao ham hailan [e 7dt = —
P 0 p
6.
3
marcsina, I'(a) = 2] dx — = L
0l-a“cos” x 1-q?

=Jg)=rarcsing +¢, (M =0=e¢=0(@< 1)

%In(l+\/§)



= x =0

-

ding edng thie:

8. w(y1-o” -

b a
9. arctg — — arctg — .
m m

arcigx } dy
o

X 1+J¢\

10. %ma +a),a>0

11.

ﬂz o
lJEe"_ﬂ, Pay=-] xe ™" gin cxdx
2 a 0

2

a

=T% Hay= o) =ce =, HO)= | e dx=1 (% c¢
2a 0 Z2¥a

= I(a}=lJEe_%
2¥a

12,
}-]HE (>0, B=0), I‘(or.)=—‘.[Jce'“""2dx=—L
2 o 0 2a
1 1
=5 I(a)=vElnot+c, I(B}=0=>C=§1“B
13. 2
2
_% RLICRLILFIN ;j_s_m(a_b)xdx ding tich phén Dirichlet.
h x 0

14. E, sin® ax = v3—sin ox - lsinS(:L;::
4 4 4

15.

4 211 1
%,dat c=ayt (t>U)=>I:a?]'f.2(1—t)“dt
h] 0



33
=B, = =2
2 2 2r{3) 16
16.
3.0
35 T
B(—, )= ——%=—
44 e 202
17.
1
~ Ldat x=¢2 >0 tading (1)
nsin —
n
18.
kT4 e .
= ,dat sinx = JE (¢t =0y
b T
) r(g)r(g) B
r{a) 512
19.
i CO8 p1
T S O0<p=<l,
sin® pn
d 2 xP! d
Hp)=— dx=—B{p,1-
P dp g 1+x dp (p1-p)
20.
1 11
K=——B(—
242 (4 2)

1 11 31
K =—|B(=,2)+B(=,=
4J§[ (4 2 (4 2)]
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Chuong 11
TICH PHAN DUOGNG VA MAT

A. TiCH PHAN DUGONG

Ta déa dinh nghia tich phan xac dinh 1a tich phan 18y trén mot doan
thang nao d6 va ciing 44 suy réng: dinh nghia tich phén kép 14 tich pkan &y
trén mdt mién nao dé. Bay gid ta suy réng theo mét hudng khace: dinh nghia
tich phan 18y theo mét dudng bat ky goi 1a tich phan dudng.

§1. TICH PHAN PUGNG LOAI MOT

1.1. Pinh nghia
Cho ham f(x, y) xde dinh trén dudng C néi hai diém A, B:
C=AB(c Rf) (MH.1ot).

Chia C ra lém n phdn bét Ry (khéng ddm lén nhau) bdi cde
diém '

A= A” Ab....Ab-udA; ] B
Goi tén vé d6 dai cia phan dwpe chia thi i la: @,ﬂ =As, (i =1,
2yeum) iy diém tuy y M(x,y)€AA,, (i = 1, 2,.,n) vé ldp téng

n

I, =% flx;,5)As; . Néu l, 5 I khin — wsao cho max 4As, — 0 (khéng
i=1

phu thusce vao edch chia dudng C va cdch chon cde diém M, thi I goi

[



Ia tich phén dudng loai mét cua ham flx, y} I8y theo duong C hay
trén duong C.

Ky hiéu:

I=[flx,y)ds= [f(x,y)ds
C A‘_ﬁ

Néu € 1a dudng khép kin (A =B) thi k¥ hidu § f(x, y)ds .
e

Néu € 14 dudng trong khong gian thi  ta clng dinh nghia tudng nyg:
I=]flx,yz2)ds

o
Pac biét ndu £=1 thi

T=fids= lim 3 s, =sladd daicla dudng C.

o max&s,-—;ﬂ,-._l
Y | B
I
_ |
AL AiH o |
| [
roo! [
A - |
[ ! : f
I
R |
L1 | e
o a b X
Hinh 156

Tich phan dudng loai mét ciing ¢6 tinh chit gidhg nhu cac tinh chat
cCa tich phan don, trit tinh chat d6i can thi d6i véi tich phan dudng ddi
chidu dudng 1ay lich phan, tich phan vin khong thay ddi.
[flxnds = [f(x, y)ds

AB Ba
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vi mn:A;‘w‘%:-\SﬂU
1.2. ¥ nghia co hge

Xét flx, ¥) > 0 va col fix, ¥) 12 mat dé khai lugng (dai) ena dudng cong C
va dinh nghia khéi lugng m cliia dudng cong 1a;

m= lim o i Flx;, ¥ )As;
i=1

max Am; —fb

thi theo dinh nghia tich phan dudng loai mot ta co: m ={ fx, yids
e

1.3. Cach tinh

(ia sit cdn tinh I= _[f(x, ylds (1
C
Ta xét:

1} Phudng C cho theo phudng trinh y =y(x}, a £x < b Theo dinh nghia

I= lim 3 f(x.y)0s,

max Ax; -l o5

Goi hinh chiu clia As; trén true Ox 1d Ax, thi: A5, x f1+3 %0\,
(Chuong &, phan A4, §1.3, Tap ! vii Ax, kha bé).

Do do: I= lm 3 flGx e Wi+ y 2, )Ax,
i1

MAx 4g, -

Day chinh 1a tdng tich phan (don) cla ham fl(x, y(x))y1 +¥2(x} trén
doan [a, &]. Vay

b
I= [ fix, ds = | f1(x, WO IYI + y2(x)dx @
C )

2) Cho duting C theo phudng trink tham sé: x = ), y=yt) (wstsph
1 ludn tuong tu nhu 1), ta e cong thic tinh:



ﬂ r L
1= [ ftx, Dds =  flx®), yO 4= +y*@dt 3
C a

3). Pudng € c R?, cho theo phudng trinh tham 8d:

x=x@), y =y, 2=z (a <t < p). Cing 1¢ luan tudng ty nhu 1), ta ¢
etng thue tinh:

ﬂ L} L L
I = [ fl 3 )dls = | fIG:C), 30, 20N O+ Y2 0 + 2> Ot @
[ a

Tit cac cing thic {2), (3} ta suy ra
Pinh Iy: (T8n tai ca tich phan dudng loai mdt).

Né&u ham f(x, 3} la lién tuc trén duong tron tung phén C (chudng
7, §1.8) thi tich phdn dudng logi mét ctia ham dé trén C la tén tai.

Thyc vay, xét C 13 tron: y'(x) hay x'(), y'(&) lién tye chung kha tich
Rieman trén [a, b] va trén [a, B), nghia la cac tich phén & v& phai caa (2,
(3) ton tai. Do d6 tich phan (1) tén tai. ’

Thi duy:
1) Tinh j—l
oXx
vdi € la cung parabcle

2
y = x—2—n€ﬁ tit dim (0, 0) dén

aa, Ly 17,8 dayy = =
L 2 " ¥ y 2 ¥

O0gx<l, ds= 1+x%dx .

|

Theo (2) ta ¢b:

1 3.2 —_—
[= (2 gs= |2 J1e
c X o X
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=}1}l+x2d(l+x2)
9]

i il ¥
“Zasatyl =2 oy
3 , 3
2 Tinh I=]xyds vii C Ia :} duiing tron & + 3% = RBY (¢ y 2 0).
C

tola

Phuong trinh tham sd cia dudng tron x = Reost, y = Rsint v3i 0 € ¢ <

ds = JRE sin? t+ R cos® tdt = Rdt

Thea (3) ta cé:

L.
sin?t[* R®

2 o 2

R sintcostdt = R®

o Ayt [

I=[xyds=
&

3) Tinh

I= f(x2+y2+zz)ds .
c

C la phdn dudng dinh 8¢ x = acost, y =asint, z = bt (0 <t < %x).
Theo conp thic (4) ta cd:

2
ax 2.3
I=ya? + 67 [(a® + b4%dt = Ja? + b2 (a’t + th)

o A

=Inyal+b%(a? +%1‘:262)

§2. TICH PHAN DUOUNG LOAI HAI

2.1. Pinh nghia: Cho hdm vecteur F cua dél'i vé ﬁuéng Mix, yk
F = F(M) = P(M)i +Q(M)j xdc dinh trén duong C néi hei diém A, B:



C= AB.T =T (M) = cosa(M)i + sina(M)}j la vecteur ti€p tuyén vé&i C tai
M (« la gée gilta © va true Ox). Tich phin dudng loai mét clla ham
f(x, y) = F.7 = P(M)cosa(M) + Q(M)sina(M) trén dudng C:

I = | FT ds = [ [P(M)cosafM) + Q(M)sin a(M)]ds
< [

ciing duge goi la tich phéan dudong logi hai cda  ham F(M) hay
ctia cde ham P(M), Q(M) I8y trén duing C tit diém A dén B.

Theo dinh nghia tich phan dudng loai mét thi:

I= lim I = lim Z[P(M Jeos (M} + Q(M;) sin (M, )]As;

max da; 0 max As; 0 75
Coi nhu As; nhu thang va goi hinh chifu ctia né trén cée truc Ox, Oy
1an higr 14 Ax, Ay, , (= 1, 2,...., n} thi theo djnh 19 hinh chiéu;
cos (M )As; = Ax, sina(M)As; =Ay, (1= 1, 2,..., n)

va I, = zl P(M)\x, +Q@(M,)Ay,, I, ciing goi 14 tong tich phan (duing loai
hai) thit n ciia ham F(M), hay cla cac ham P(M), Q@A) trén dudng
C= AB vatich phan dudng loai hai clia cac ham d6 trén dudng C tit didm
A dén diém B k¥ higu la:

1= I jP(mdx+Q(M)dy JP(x,y)dx+Q(x,y)dy

AB

Tich phan dudng loai hai ciing gei 1a tich phan dudng thee toa dd. Néu
duiing C khép kin ciing ky hisu: §
C
Tugng ty, trong khéng gian, ta cing dinh nghia tich phén dudng loai
hat cia ham vecteur F{M)=P(MX +@QM)j+R(M*E , M, y, 2} € R® hay
cua ba ham P(M), @M, R(M) trén dudng C < R%1a :
I-= jP(x, »2)dx +Qfx, v, z)dy + Rix, y,z)dz = I(Pcosu +@Qcosf3 + Reosy )ds
c c



Vil a = ulx, y, 2), B =Bx, v, 2), v = ¥x, 3, 2) 1 géc gitta tidp tuyén T clda ©
tai M(x, y, 2) vi ba truc loa do Ox, Oy, Oz.

Tich phan dudng loal hai ¢é cac tinh chat giéhg nhu céc tinh chél cla

tich phan don (ké ca tinh chat déi chidu dudng 14y tich phan: | =-| vi
A Ba

khi ddi chidu dudng 18y tich phan thi Ax, Ay, d8i d&u).

2.2.Y nghia co hoc: Coi P(x, ¥}, Q(x, ¥) 14 hinh chidu trén cac truc Ox,
Oy ciia lyc F tac dung vao chat diém M chuyén dong trén dudng cong C tit
diém A dén diém B (H.158..

Taco: Y
F = F(x,y)= Plx, )i +Q(x,5)J .
Col cung ﬁ?A,—,] nhu day cung
AA;, thi:

—_—

As; = A +.y;] va coi trén

cung dé;

F=F(M)=P(M) +QM,)}

= P(x, v +Q(%, %)) ;
M(x, y) € AA,, G=1,2,..n). Hinh 158
thi céng gin ding cia lyc trén cung 46 1a:
F(M)As, = P(x,, )%, + Q(x,, 7)),
va cdng gan ding trén ca dudng C la
T, = é‘p(xisyi)‘—\‘x.’ +Qix;, y,)Ay,
Ngudi ta dinh nghia céng T clia lye trén dudng C 1a:

T= tm T,

maK As; —{}



Theo dinh nghia tich phan dung loal hai ta co:

T = | P{x, y)dx + Q(x, y)dy M
o

Nhu vay vé cd hoe tich phan dudng loai hai la cong cua lue trén dudng
cong € ndu coi lye 1a:

Fx,y) = P(x, y)i + Q(x,¥)J

2.3. Cach tinh
Duya vao dinh nghia tich phén duong loai bai va tich phan don va ¥
luan tuong 1y nhu déi véi tich phan dudng loai mét ta c6:
1) N&u dudng C cho bdi phudng trinh y = y(x) vdi & < x < b thi cong thiic

tinh tich phan dudng loai hai 1a:

b
I = | P(x, Ydx +Q(x, »dy = | {Plx y0)] +Qlx y@]y" }dx (1)

LN

9) N&u dudng C cho bdi phuong trinh tham s6:

{x:x(t} vdi a<t<p
¥ =¥

thi
B
I= [ Px, ydx +Q(x »dy = [{Plx(t), y0)]x' ©)+Qlx(), y(0)]y' ()}dt @)
C a

 CcRix=xt),y=yt)z= zH) ast<pP)

Ta c6 cdng thic tinh:

I={P(xy2dc+Q(x 5 2)dy + R(x y,2)dz
C

B
= [ {P[x(®), y(8), 2®)]x (@) + Qfx(t), y(t), ()] y' (8} + Rix(t), ¥(0), z(t)]z' (t}}dt
a
3
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Tu cac cong thie (1), (2) vdi Iy luan tuong ty nhy déi vdi tich phan
dudng loal mat, ta c6:

Binh 1y: (THn tai clia tich phan dudng loai hai)

Néu cac ham P(x, y), Q(x, y) lién tuc trén dudng tron ting phén
Cthitich phin duong logi hai ciia cde ham d6 trén C la tén tqi.

Thi du:
1) Tinh I = |xydx+(y - x)dy
c

véi € 1a dudng ndi diém (0, 0) dén didm (1, 1) va cé phudng trinh:
Ay=xby=a%0y=xdy=0vazx=10<x<1) (H.lﬁg)

Trong cac trudng hgp ta c6:
O<x<1,0gy<1. Theo (1):

a) Thay y = x, dy = dx vao
tich phan ta c4:

b) Thay y = «%, dy = 2zdx ta

co:

I= jl'[x3 +{x? - x)2x]dx =
0

1
4 3
4]

¢) Thay x = ¥°, dx = 2ydy ta ¢6:

1 Hinh 159

12

1 K a 5
I=|ly*2y +(y_y2)]dy={2lr}__y?+y J
U .




1 1
[ =0, | =s[{y-Ddy=-=,
c o 2

Vay I-- ]7
2) Tinh I = | 2xydx + xdy
&

{C1a dumg nhut thi dy 1)

Theo edng thic (1) ta c6:

1

1 K]
a) I=[(@a% +xt)dx =25 o
b 3
1y
1 axt|
by I=](22* + 2x%)dx = 22| =1
a 44

c) I'=1(Tinh tugng tap)
d) I'= 1 (Tinh tuong tw)

3) Tinh 1 =f xdx +(x +y)dy
C

C 1a dudng tron x = Reost, y = Rsint; 0 < ¢ < 2x (theo nguge chidu kim
déng hd).

Theo cdng thite (2) ta c6:

2x
I'=J[Reost(-Rsint)+(Rcest+Rsin t)R costldt
o}

2
2n . 2 :
f 1+cos 2t df = }; t+ sin Zt)

ol i

= R’z

Zn
= R? fcos® tdt = R?
o
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4) Tinh I= (" + yh)dx + Qaydy + 2%dz2
(&

€ 12 phén dudng dinh 8¢ x = ecost, y =asint, z = b2, 0 <f < g

TFheo cong thite (3) ta c6:

I=[l(a”cos’t +a®sin? t}-asint) +2a cost.asinf.a cost + b2 1dt

e[

= %(5313 - 8a%)

§3. CONG THUC GREEN, SU DOC LAP CUA TICH PHAN
DOI vOI DPUONG LAY TICH PHAN

3.1. Céng thite Green: Cho mifn D gi6i han bdi dudng cong € khép
kin. D61 véi duong khép kin thi trj s ciia tich phan dudng khéng phy thude
vao diém bat ddu. Thie vay theo hinh (11 160x

f-fp=d+]=7+]-
F+ afcp ABC CDA  CDA  ARC CDABC

Bay gid ta dua ra mét
cing thde lién hé gilda tich
phan dudng va tich phan kép D ¢
goi 1a ¢Ong thite Green cho bdi
dinh Iy sau day:

Pinh ly: Néu cdc ham
s6 Pix, v), Qx, ) ciing véi A 8
c¢dc dao ham riéng cia
chiing lién tuc trong mién

compact I} gidi han bdi

Hinh 60



dudng khép kin, tron titng phdn C thi:

: oQ P
P(x, ydx + Qx, y)dy = {[ (T~ S )dxd
i x, ¥, Q(x, y)dy j;{ o oy y

trong dé tich phdn duong ldy theo chiéu duong cia C (Chuong 7, §1.8 ).
Ching minh:

a) Trugng hgp D 1a mién
don lién va cAc dudng thing ¥ L
& Ox, Oy khéng cat
song song v& Ox, Oy khéng ca Y, {x)

C qué hai diém, nghia 1a D 1a
mién don gian (H.161)
Gia s¥-duydng C gidi ban

mién D gom hai phdn AmB Y (x)

=
al-——
- —
b’

va AnB cb phudng trinh

y=y(x), ¥y = yix) viia<x<b,
¥{®) £ v,(x) (h.63). Xet;

ar & ylxgp .
L=l Gdudy=fds | ondy Hinh 161

& b &
= [ PG, [ o dx = [ Plix, yp(x)ldx— [ Plz, y,(x)kdx

Theo cong thic tinh tich phan dudng foai hai thi;

L = [P{x,y)dx— | P(x,y)dx
AnE AmB

=~ [P(x,y)dx— [P(x,y)dx

BrA AmbB

= ~p P(x, y)d @
c
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Tudng ty 1a co:

;l:%

I; = ]‘j

ey = $Q(x, yidy (2
D ox - c

o

Lav (2) 10 (1) ta cb cong thite
Green,

by Trudng hop D da lién va ¢é
bién pidi phac tap, Ta s& chia D
thanh cde midn don lien don glan,
ching han D gidi han bdi hai
duimg C,, C, (11.162). Ta s& vé thém
hai dudng phu dé chia D thanh hai

mién ddn lién don gian, ap dyng -
trudng hgp a) ta phai lay tich
phan hai ldn trén nhimg dudng

phu Ay, nhung nguge chidu nhau,
nén tich phan wrén nhing dudng
Ay bang khéng.
Hinh 162

K&t qua la;
p =% +% =l ,vacong thie Green van dung.
o & & O
Bay gid ta ét mdt ap dung trye tidp cta céng thie Green 13 tinb tich
phan dudng bing cach chuyén sang tinh tich phan kép.

Thi du: Tinh I = §(1 -x")ydx +(1+yhxdy v6i C la dudng tron
o

2? + 3® = R? thee chidu duong.

Theo cng thie Green, d dAy P =(1 - 28y, @ = (1 + "k,

5 , ;
ﬁ:l---.\‘g; ('_—Q=1'*'J"2 do dé:

iy i

T p(1-xhyde + (1 + 3 ady = {1+ " -1+ dady
r N

i8]



N IR R
=1 (o 4y rdady - tedgpyrirdr = ZTE—I = R
i Lo :

")

Neéu tinh trge tiép tich phan dudng nay thi phaae tap hon nhidua,
3.2. Sy ddc Iap cua tich phan d6i vdi dudng 14y tich phan
Xt tich phan pPx, yidy + Qe yidy vai © 1a duding ndi hai didm AL B
[y .
& rang tich phan nay phy thude vao didm dau va cusi A, B cta duing cong C.

O thidyu 1 § 2 ta thayv I con phu thude vao didng 18y tich phén, nhung
g thi dy 2y thi T lat khong phy thude vao dudng 1ay tich phan.

Vay trong (ruimg hop 1ong quat, véi didu kién nao thi I doe 1ap doi vai
dudng 14y tich phan va chi phu thude vao didm dau va didm cudi cla duding.

V& ¢o hoe, ta bidt 7 13 cong cta lye F =P +QF 1rén dutng €. Néu 1
khaong phy thude duing 13y 1ich phian tie 13 edng khong phy thude vao
dudng di.

a) Dinh ly: Néu cde ham Plx, y), @(x, y) va cdc dgo ham riéng
cdp mét cia ching lién tue trong mién don lién D, thi bén ménh dé
sau day la tuvong duong.

1) i: (:—Q Vix, vy} e D.
gy  &x

2) dex +@dy =0 vL <D (L: hhép kin)
L

3) dex+Qdy khéong phu thuée duong néi cdc diém .
AR

A BeD

4) Pdx + Qdy la mét vi phén toan phan cia mét ham u(x, y) nao
dé trong mién D (du = Pdx + Qdy).

Chung minh: T4 56 ching minh dinh ¥ theo sd dé: = 2 = = b

1

T2



It =2 Xét mo thrimg khép kin ha kv Lo DL 1a e

D cD Ap dung edng thie Creen cha 1.

T o . £Pd.1’ + Qd)" = ”([TQ' - f.ﬁ
I ;}'l o ey
(A

P
= - — Jd.\'d_'\" =1
i )I Y oy

wdxely  theo 1) thi -

do dé pPdy+Qdy =01 vii moi dudng khép kin L o b
I

2 = 3 Xét g khép kin L = b, L gim hai 1
i 1ea

Theo 23

P Pdx+Qdy =0 hav ) Pdx+ Qdy + I Pdyv+@dy=0
I AmH InA

Do di: [ Pdy + Qdy = [ Pdx +Qdy
AmH Ank

nghia la tich phan § Pdx + Qdy Khong phu thude duimg
a8

oA micn

han AmB vi AnB

161 cac idm 4, B,

¥y

K M
Yra—-——-—- “1|

|

| |

|4 — N
% T T 1

| !

! L
o x, x X

Hinh 163 Hinh 164



Y= ) Két Alxy, vy =const € D, M{x, yy e D.

Theo 3} tich phan  $Pdx+Qdy khimg phy thuge duing ndi A, M,

nghia la §Pdx +Qdy = ufx, y) treng D. Ta chon duing ndi A, M 1a cie doan
AN
AN NM (H.164).
Ta co: Tréan AN: y = y,, dy = 0.

Trén NM: x = const, dx = 0,
do dé:

X ¥
wlx, y)= [Px, yo)dx + | Qx, yidy+C (1

g Yu

N#u chon dudng ndi AM 1a cac doan AK va KM thi 1y Juan tudng tu ta

¥ x
u(x.y)= [Qixp, ¥y + [Plx, y)dx +C (2)
Yo Xy

T (1) va (2) suy ra

du

— = Q(x, ¥}, ?—u=P(x.y)
dy &
Vay
du = de+ S gy = Plx, y)de + Q(x, y)d 3
. P ¥ ¥y :

Céng thite (3) chimg 16 Pdx + Qdy 13 vi phén toan phan cla ham wix. )
sac dinh bdi (1) hodc (2).

A -
4= 1), Theo (4) P=2£, =2
x ¢y
e CPOQ "
Theo gia thist i—, (AQ lién e trong D nie
Gy i
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Cha y:

1) Néu D 12 mién da lién thi dinh 1y trén khdng con ddng nia,
Ch:‘_:ing han xét

. xdy ~ ydx

I=¢—=
b aleyt

Cla dutmg tiom & +3° = R’, gidi han mién D 1a hinh tron £* + % < R?
it gie 0. O day

P -y x oP 5Q yz—xQ
STy o Qz_? R

4y xt+y & & (a®+y)
O+ yt =0,

Nhimg tinh irye tiép, ta ¢6 phudng trinh tham s8 cta € 1a: x = Reost,
y = Rsint, (0 £¢ < 2n).

Vay

_ ?“Rcost.Rcost—Rsint(—Rsint)dr —?dr‘ CoreD

I .
o RPcos®t+R%sin” ¢t B

K&t qua nay do hinh tron 2* + y* € R?, b di didm O 1a mot mién da
lién.

b} Tinh tich phin dudng b:fmg nguyén ham

Theo dinh 13 néu du = Pdx +@Qdy ((x.y) ¢ D don lién) thi ta tim duge
ham wufx, y) xac dinh bdi cée edng thite (1) hode (2).
Bay gid xét I = {Pdx+Qdy , Alxy, ¥5), Bxy) e D

—
AB

Trong d6 C Ta mdt dudng bat ky ndi 4, B gia sit phuong (vinh cta € [a



Xzl oy vt b s s A C T D ova i) T oy U T v v T o,
al Ch . i . . . N . .
¥t =y i - P -lq- — @ non theo cach tinh tich phan dudn ta o0

oy
£ -
I~ [Pdv+Qdy= j‘_”_d ‘_’_ !‘”"(f”-“].‘-'(m‘”l“‘(-f]"“(“'y'(n dt
AR :J ! o oy

d
= [—{ullx(), yin)lidr = ulatty, yu}]|

?-L

=ulxlt o y(t] ulatty, vyt = e, v - uing, ¥y

Do da ngddl ta ciing goi v 1a mot nguvén ham caa Pdx + Qdy va oling

ky hidgu:
B (xy,v}
I= §Pd.\* +Qdy = Ide +Qedv = Jde +Rdy =
;?i {A) (X, )
Qe fxp,3)
= jdu _u(\,y)l - ") =ulxy, ¥ ) —ulxg, v} b
Xy ¥ )
Thi du:
1L

Tinh 1= 1 ¢ Ly -y D + 32ty —Bay - Didy

.. GP P . s . a g e e oA
Faed: —= —9— =127 " — 6y, vay bidu thae dudi dau tich phan 1a mot
(.'y [‘\

vi phén toan phin.

Theo cong thic (1}, ta cd mit nguvén ham cda bidu thie do vii x, =y, = 0.

u(x,y) = [ddx+{ 32"y -Bay— Ndy +C = dx+ 'y’ - 3uy" -4y +C.

i
Theo cdng thue (4 ta ed:

ot ol 7 smy +xtyt e - = -

[Eal¥



c) Ticlh phan khong phu thude duémg 1ay tich phian trong khéng
gian B*

DE1vai tich phan duding trang Kkhing gian
I'= [Py, ode +Qia.y. zidy + Rx, y. ewdz
—

i1}
AR

Ta ¢d theé ching minh miot dinh 19 tudng 1y uha dinh 19 da x4t & a),
Diac Mgt ta ¢d the phat bidu: Néu cac ham P, @, B vi cie dav ham ridng
cAp mot cOa chang lign tue frong mién dom lien V thi didu kién edn va da
d& tich phan (1 khéng phu thude dutng 13y tich phan C= AB - ¥V hav
Pdx + Qdy + Rdz 1a vi phan toan phan ela mit ham wix, y, 2 oug V la;

P R ORGP PR -
—_—— O e—— N _— I —— —_— = e [\‘_‘
v &y fr éz i
hay viét dudgi dang hinh (hue:
i J k
2 h 5 i 5 . = A . (o A A
L oil(empm e,
cx oy dz| L fz Oy Lov o=l Ly da
P Q R

Trong trutng hgp nay ta cing ob cong thie dié 1im o Tt vhir g
thue (1) & &)

u(x, y, 2} = | Px, y,, 2, dx +

:[ Ry, y.z0dy + | Riw, y. 2¥de + C (3

VILA(x, Yo 2g) “wonst € V. M(x, y. 21 € V.
Thi du: Ching 10 rang bidu thae:

1 1 } z S 1 ]
zZ| —— - — St ——dy +| ——— - — |dz
[1’2}" ,‘I'z +22 2 { z z

J X7y Xt +z Xy

I4 vi phan 1oan phan cba mal ham iy, ¥. 2y nan dd trong micn har kv
V khimg cat cée mat phang v = 0, TV A TIm hAm B vz ta o



P _Q _ 2z oQ _¢éR_ 1 oP_R_ 1 2-a
&y ox 2y &y fr o oxyt Gz dx Xy (P42

Vay bidu (hite trén 14 vi phan toan phén cia mot ham wix, y, 23 € V.
Theo cong thie (3) 1a ed vidiz, =0, x4, ¥ 2 0

]dz+C=arcrgi—i+C
X

F4
u.(x.y.z}:_[[ 3 o ! o

ol x® 422wy

§4. AP DUNG CUA TICH PHAN PUONG

4.1. Moment tinh, toa 46 trong tam, moment quan tinh eta

dudng cong

Trong bai tich phan xéc dinh, (A da (inh cAc moment tinh M,, M,, cac
moment quan tinh I, I, I, 481 véi cac true Ox, Oy va diém gdc, toa dd trong
1am x,, ¥o cua dudng cong déng chat (c6 mat 46 khai lugng (dai) » = .
Trong trieng hop téng quat, dudng cong € khéng déng chdt eé mat do khoi
Tugng (dal) y = 1x, y) thi ap dyng tich phan dudng loai mdt va lam tudng fy

ta oo

M, = [yr(x.yids; M, = [ay(x y)ds
3

i
Jay(x, yids [yvx, y)ds

o _C C e L

0 ey Y0 [1(x, y)ds
N N

1, = [ y*(x, vids; I,= ixS(xyyds, Iy = _i(x2 + 2 yy(x, y)ds
C < |

4.2, Coéng cua mt luc
Ta hidt vé cd hge tich phan dudng | Plx, y)dx +Q(x, yxdy la cong T cua
c

Tuc:

F=Pii Q; irén duing cong C: T = [Pdx+Qdy .
&
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£ - n
- . . - 3R ol
Néu | khéng phy thude dudng € wéi hai didm A, B i—:—;—J thi
o | & éx

cing khong phu thude duing di.

Thi du: Tim eong caa
trong lge khi it didm
Afa, b) din didm Bie, ). Goi
m & khdi lugng cha dong o,

thi 12 bigt trong lye F o6 d
I6n 14 mg va huing xudng
dudi. Do dé néu lay hé
toa dd nhu hinh v& thi Yy
F =mg j (hink 165).

Hinh 165
O day P =0, Q = mg,

P & . .
@ (_Q =1 nén edng T khéng phy thude duing di va:
&y  &x

[¥;3] (o

T= [mgdy= mgjy|(a_bJ =mgid - b}
Al

4.3. Tinh dién tich

Ta da ap dung tich phan don, kép dé tinh dién tich. Tir edng thie
Green:

- 5P
[{ﬂ—i’— xdy = § Pdx + Qdy
Lay P = -y, @ = x thi [[2dS = fady - ydx nhimg [fdS =8 la dién tich
I C 7]
mién D. Do d6 ta ¢6 cbng thite tinh dién tich S = %}xdy—ydx .
<¢

Tudhg g lav Q@ =x, P=0thi S = $xdy
[

Q=0,P=-ythi S=-§ydx
o
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Thi du:

Tk didn tieh cta ellipse a2 acost, 3 < Usint, Ap dung oing thide dAin (4

N 17 . . ab "
e ” bady - e = 5 Iacosthrost + baintasimfidt = — [ dt = mabs
e P = 1

4.4. Tim ham u biét du = Pdx + Qdy
N Pda + Qdy 13 mat vi phan toan phin eia u thi du = Pdx + Qdy, va:

i, ¥yl = [Pix, yide+ 1 Qx, y¥dy +C

Ay v

hav

we | Plx, yidod '_[Qf_r,.y}o{w C, vy, vob € D midn dan lign lién tae

I, i

clta P, Qv IE |

s oy
Thi du:

Timeu, hidtdu= (2 y+ Dde+(2y &+ hdy

“ C i
OdayP=2x yt+1,.Q@=32y -"H'(-_P:(.TQ:
& &

Vav:
v = J_ (Ar-0+1 ]d.r+:|:(2y —x+Ddy+C Ay, =y, =)
hax: pmx v vy ay+y+

1830)



B. TICH PHAN MAT

Ta da md rong A nghla tich phan kép 1 ticl phan oda ham hai hion
Fa, v 1A trotg it micn D ndo do dd djnh nghia tieh phan hdi ba 14 1ivh
Dhan cia ham ba bien fix, y, 27 13 trong mot micn ¥ nao dé, bax gid 1a ma
rong dinh nghia tich phan kép theo mét hudng khae, dinh nghia tich phan

¢la am ba bidn fo, y, 2) 1Ay (e mot mat 8 nao dé go1 14 tich phan mat.

§1. TICH PHAN MAT LOAI MOT

1.1. Pinh nghia ]

Cho ham s6 f(M) vai )
Mix, ¥, 2) xde dink trién
mot mgt 8§ ndo do (H.156).

- Chia mgt 8 ra lam

n phin bét ky khéong 0

ddam lén nhau Boi én va @ Y
dién tich cua chitng lan

lugt la: AS, AS,.., 4 X

Sy AS

n

- L&y mét diém tuy y Hinh 166

" M
Milx, ¥, 2) € 48, (i=1,2,.., n)va lap téng: I, =Y f(M,)A5;
it
- Bdt d = maxd, d, la duong kinh cia A8, (i = 1, 2,...., n}). Néu
I, = I xdc dinh khi n — wsao cho d — 0 thi I goi la tich phan mdr
logi mét cua ham s6 f(M) Iy trén mgt 8. Ky hiéu:
1= {[fiM)dS hay 1= ([ ftx, y, 2dS

S 5

[r]



Néu mdt S kin thi ky hi¢u I = ﬁf(M)dS. Béc biét fIM) = 1 thi
5

[JdS =8 la di¢n tich mgt S. Cdc tink chal cia tich phén mdt logi
s

mot déu gidng cdc tinh chét cia tich phén dudng logi mét.

1.2.Y nghia ed hoe

Coi ffM) 1a mat do khdi lugng (mat) cla mat S (fAD =0) va dinh nghia

khai higng m ca mar 8 la:
m = lim rz FIMOAS,
g0,
thi theo dinh nghia tich phan mat loal mit, ta ¢6: m={j f(M)dS.
5

1.3. Cach tinh

Gia st mat 8 ¢6 phuong trinh 2 = 2(x, ¥), hinh chidu caa 8§ trén mat
phdng Oy 124 mién D. Dya vao djih nghia tich phan mat loai mdt va tich

phan kép vdi ¥ luan tugng ty nhi khi tinh tich phan dudng loai mat, bang

cach chuyén vé tinh tich phan kép, ta co:

I={[ fle, %2245 = || flx 3, 2(x, yHdedy
5

4]

Tit edng thite (1) 19 luan (udng td nhu d61 vdi tich phan dudng loai mdt,
ta suy ra:

Dinh 1y 4. (Tén tai cha tich phan mat loai mét)

Néu ham f(x, y, z) lién tyc trén mdt tron hay tron ting phin S
(Chuong 8, phin C ; Chd y) thi tich phdn mdt loai mét cia ham d6 trén § la
. . .
ton tai,

Thi du: Tinh I = [{ 7 + y* )dS ,

5
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S 13 mat ban ciu z = yR® -« - 37

Ta ¢b:

I=jf v‘(ac2 +¥9)dS = ] ‘f:c2 +y2 Jl +z? +zfdxdy

3 3
G dav D 1a hi an x2 + v < B? od H SN R
diy D 14 hinh tron x* + y* < R? cdn 41+ 2 +2, Rg—xz—yz do
dé:
2 ?
I1=Rj| -3 gudy.
Ji] ||R2 _ 12 _yZ
Chuyén sang toa dd doc cye ta cé:
R R 2 B
I- Rjdcpj—’"ff— RR(] 22 — - [VB* -7 dr)
0 DyRZ-,I 01,’}22 hy
R 2 Jid
= QKR[RQ arcsin %}L - {% ‘JRz -t +%arcsin %] u =
2 2a
Rl B R r) =R
z2 2 2 2
1.4. Ap dung: Moment tinh toa d§ trong tdm, moment quan tinh cla
mét mat.

Tuong ty nhy da tinh d6i vdi cac tich phan trude ta cé cng thic tinh
moment tinh My, M, M_ ca mat S, déi véi cic mat phing toa d6 Oxy,
Ovyz, Ozx:

M, =|lv(xy 2)2dS; M, ={iv(x,y,2)xdS; M, =([v(x,y,2)ydS
S s s

trong 46 #x, ¥, 2) 1a mat 46 khol lugng (mit) cia S.

I



Toa dé trong tAm xg, ¥y, 2, cia mat 8 duge xéc dinh bdi cac cong thiic:
M, M M,

- . X . _
Xg = s Yo = gg=——

m m m

trong d6 m = ([ y(x, ¥,2)dS 1a khéi lugng cila mat 8.
5

Cac moment quan tinh I, I,, I, I, cha mat 8 ddi véi cac mat phang
toa dd Oxy, Oyz, Ozx va goc O duge xéac dinh bdi cac c¢dng thic:

=[x, y,22%dS; I, =[[¥(x,y,2)x’dS
8 g
L. = [[ 1z y,25%dS; I = [[ ¥z, y,2)(x* +y? +2°)ydS
5 ]

Thi du: Tim cac moment tinh M., M, M,, va toa d¢ trong tam cia
mét ban ciu trén:

z=-\}R2 —x? - y? voi mat 4o 7={x2+y2

T y=yx* +y” suy ra mat d6 khéi lugng phan b& d6i xitng vdi truc
Oz, do d6 trong tdm cua ban clu phai & trén trge Oz; nghia la x, = 3, = &
Theo cong thite toa do trong tdm suy ra M,, = M = 0. Vay ta chi cén tinh
M. vaz,..

Ta cé:
—_~J’ “ix +y = JRE x - 2Jx +y ﬂ
§ RI_x:_y?
j jrﬂcb-x:—m‘
o 3

3
m=|[ xf 4yt =I22R (xem thi du 4 1.3)
5

My 2R 2 4R
m 3 2R® an

T4t



§2. TICH PHAN MAT LOAI HAI

2.1. Mat dinh huéng
Xét mdt tran S giéi hgn bdi mét duang tron ting phén C (H.167}.

L&y M, € S va dung phdp tuyén N cia S tgi My néu xuat phdt
ti M,y di theo mét dudng khép kin bét ky L trén 8 khéng cdt bién gisi
C cua 8, trd lgi vi tri xudt phdt M, ma huéng ctia phdp tuyén tai M,
khéng thay d6i thi mdt S goi laé mét hai phia, nguoc lai néu huong
ctia phdp tuyén déi nguoc lai thi S goi 16 mdt mét phia. Ta chi x6t
mat hai phia.

Chéng han:

- Mat tran S bat ky ¢6 phuong trinh z = fix, ¥} 13 mot mat hai phia.
Phia ma tai moi didm cla né, hudng clia phap tuyén lam véi Oz mdt goe
nhon 14 phia trén cua 8, phia kia thi nguge lai goi 14 phia dudi cia S.

- Mot mat kin bat ky khong ty cit S 1a mot mat hai phia (méat cu,
mat ellipsoide...) phia cé phap tuy&n hudng vioe bén trong cliz mién gidi han
bdi mét S goi 1a phia trong cha S, nguge lai, phia kia goi 14 phia ngoi
clia S.

Mot mat hai phia cing goi 14 mat dinh hudng duge cdn mit mot phia
dude goi 1a mat khéng dinh hudng duge.

Trong thyc 1€ ciing ¢4 nhimg mit mdt phia ching han bing Mébius (11.168).

j——

: l N
C
Hinh |67 Hinh 168
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Mét mat S goi la dinh hudng

duoc tieng phén (mdnh) néu né la

=4

lién tuc va duge chia thanh mét sé
hitu hgn phén dinh huong duoe badi
cdc dwong tran tieng phdn. Cho mét
mdt dinh huéng S gidgi hen béi
duong cong C, Ta goi hudng duong
trén C tng véi mot phia dd chon '
cua mdt 8 la hudng tir chdan dén €
ddu ciia mét quan sdt vién nim
theo C nhin thdy phia dd chon cia
mgt S & bén trdi (H. 163).

Hinh 169

2.2. Dinh nghia tich phin mit loai hai
Cho ham vecteur F, déi v huong Mix, v, z):
F = F(M) = P(M)i +Q(M)j + ROk

xdc dinh trén mdt hai phia 8. Chon mét phia ctta 8 ing véi phdp

tuyén
N = I_V.(M = cosa(M)i + cosﬁ(ﬂﬂf +cosT(M)f;

cosa, cosfl, cosy la cde cosin chi hudng cua N tai M c 8}). Ta goi tich

phén mit loai mét ctia ham: FN = Pcosa + QcosP + Reosy trén mdt S:
I=([FNdS = [j(Pcosa +QcosB+ Rcosy)dS
s s

ia tich phdn mdt loai hai cia ham }‘:(M) hay cua cdec ham, P, Q, R

I&y trén phia da chon ciia mdt S. Theo dinh nghia:

I= éﬁ 3 [P(M; JeasQ (M, )+ QFM; JeosB(M; )+ RIM, Jeosy (M JJAS;
i=1



Coi AS, nhu phing va goi hinh chidu clia né 11én mag phéng Oyz, Ozx,
Oxy 1an lugt 1a;

ASYASAST = 2
Theo dinh nghia hinh chidu ta cs:
cos a{ MDAS, = AS[V, cosB(M)AS, = A, cosy(M,)AS, = AS(
Khi dé:

I=lim
o W

T'M;,

[P(M)AS™ + Q(Mi}.\sgﬂ‘ + R(M,)AS™]

Da d6 ta cling ky hidu tich phan mat loai hai la;
I:= H Pdydz + Qdzdx + Rdxdy :H (Peos@+Qcosf+ Rcosy}dS (1)
S s

Né&u méat S 1a kin ta cang ky hidu: F = g
5

Cac tinh chat cta tich phan mat loai hai déu gidhg cic tinh chat cha
tich phan dudng loai hai (k& ¢a tinh chat ddi hudng mat 14y tich phan).

2.3. Y nghia o hoc

Xét mat 8 dat trong mét chat Iong
nao do
F(M) = POMY + QM)+ R(ME 1a
vecteur 1ae do rai diém M eda chat

long dé. Trong phan AS, (11170 ¢da
S coi F=F(M)(M la mot diém

tuy ¥ trong phin 46 thi luu lugng

gan dang cha chal bng dé (trong
mét don v thoi glan) qua  AS; Ja:

FMON(M,)AS, Hinh 170

Pay



trang d6 N sy, cosf, cosyl 14 veeteur phap taxén cua phia da chon cia S va

S F(MON{M, NS,

1

fa Jun lugng gan ding qua mat S, Nguiti ta dinh nghis ha lugng & eta chat
Wng qua S 14

G = lim N (M) N, S,
el g

= lim S [P(M, ) cos (M)~ Q(M, ) cos (M, ) + R(OM, ) cos (M, 11AS,
IR |

Theo dinh nghia tich phan mat loal hai;

D= [[[P(M)cosa + QM ieosP + R(IM Y cosy S
Y.

= [| P(M)ydydz + Q( M)dzdx + R(M)dxdy

5
2.4. Cach tinh

Gia sk diéu kién 18n tai ciia tich phén (13 thod man. Ta chi tinh

Iy = 1| R(x, y, 2)dxdy {a)
' 8

chn cae tich phan . [[ P(Midydz, [| QMidzdx 83 duge tinh tudng ty. Gia si
5 s
mat § cho bdi phudng trinh z = zfx, y} va hinh chidu cfia né trén mat phang

xOy 1a mifn D. Diga vao dinh nghia tich phan mat loai hai va tich phén kép
ta di dén:

- N&u tich phan 14y theo phia trén cda mat 8 (hi (a ¢6 cdng thize tnh
{a) bang cach chuyén vé tinh tich phan kép:

1 = UR(’G ¥ 2)dxdy = JIfo, s 2{(x, yHdxdy (1)
8 D

- N tich phan 1y theo phia Jdudi oia 8 thi
I: = ” Rix, y, zidxdy = —ﬂ Rix, 3, z(x, v} Jdydy (2
5

4]

198



Thuec vay, xét tich phan lay theo phia trén ¢ia 8. Theo dinh nghia:

I = ‘}iiné i Rix;. y;,2;) cosy(x;, 3;, 2,078,
—+Y=1

=lim 3 RIx, vz, 1A | cosy(x, ¥, 2)AS; = +ASP
040 !
s ol s P 21 o
vi phap tuyén N cha phia trén cla N Sz

8 lam vdi Oz géc nhon y. Day chinh
la tdng tich phan kép cia ham ‘

Rix, y, z(x, ] trén mién D, theo 5
dinh nghia tich phan kép ta ¢6 cing 0

thue (13 R3 rang, néu 1ay tich phan ”D- =~ Y
theo phia dudi clta S ta ¢b

cong thie {(2) vi khi dé y 1a gée 1t T

Hinh 171
(cosy < 0). .

Bay gid xét trudng hop mat § kin.

Gia st hinh chifu ela 8§ trén mat phing Oxy 13 mién D va dudng 1rén
S ¢t hinh chigu 1a bisn cia D chia S ra 1am hai phén, phdn dudi gid s c6
phuong trinh z = z,(x, ¥) va phan trén gia sit co phuong trinh z = z,(x, y).

{t1. 171y, N&u lay theo phia ngoai cta S thi theo trén ta cé:

I = [[R(x, y, Ddxdy = [[{Rx, 3, 23(x, y)]dxdy - Rfx, 3, z;(x, y}]}dxdy
5 D

Néu tich phan 14y theo phia trong ¢lia S thi nguge lai. Tudng ty nhut cac tich
phan ditong va mat loai mdt, L cac cdng thnic (1), (2) hoac (3) suy ra:

DPinh ly: (Tdn tai ¢ia tich phan mat loai hai)

Néu cdc ham P, @, R lién tuc trén mot mdt dinh hudng tieng
phdn S thi tich phén mdt loai hai ciza ecde ham dé 18y theo mdt phia

ctia S ld tén tgi.
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Thi du:

1y Tinh I - [ xdydz + dzdx + 2 dxdy

N . aeoa 1 i} I L s
S 12 phia ngoai cla 2 thit nhat cua mat cdu 22 + y° + 22 = 1. Dot vl

cAc mat phing toa d6 Oxy, Oyz, Ozx z
thi 8 ¢6 phuong trigh: (H.172; ‘
x:\}]—y?—z?, 02

P D
y=41-x?-2* 3

Do dé, goi Dy, D,, D, 12 hinh 1)

chifu ctia S trén c¢ée mat phang toa

dé do6 thi &p dung céng thic (1) va

chuyén sang toa do doc cuc, ta c6;
2 ; ; Hinh 172
L = fjxz*dxdy = [[ x(1 - x* - y*)dxdy
g o)

Tt |
-
1} | b

1
cos pdp] rP(1-r7)dr =
o

1
I, = [jxdydz = [[1-y* - 2*dydz = |dg[r l—rzdr=%
s 0

D

2 3 |

Iy = [[dxdz = dedz:%

Dy

Dodé:I=L+I,+1,= £+5—n,
15 12

2) Tinh I = [{ 2dxdy , 8 1a phia ngoai clia mit cau
$

Z+yi+zi=1
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Tacor z2=141- x*—y? , diu + va - Ung véi nita trén va nita dudi cia

mat cdu. Do dé theo cong (3) ta eb:

I={ffzdedy = [jly1-x2—y%)— (1= 22 - y2 )ldudy
5 2y

Zn 1
=4[ y1-x" - y*dxdy = Zjdqaj'w'l—rzrdr=%x, D:a2+y¥ 1)
D

a 4]

3) Tinh I = {j «*dydz
B

S 12 phia trén cia nita trén cia mat ellipsoide:

x2 2

_2+

-+

£
%
Lx]

Phudng trinh cia nita (rén cha ellipsoide d6i véi mit phang Oyz la:

2 2
x=ta1-L -2
B2 (2

- N . " 2 .1 N N .
va hinh chidu D, cua nd trén mat phang Oyz Ja 3 cua hinh ellipse

2

Ny
ba

<1, z > 0. Theo edng thide (3) ta ed:

+ =
02

o)

b Y2
1=92a%f{l1-2_Z | dydz
g

Chuyén sang toa do eye suy rong y =breose, z = crsing:

n i 2
I = 2(13_[ (1-r"Vherdr = é e B
o] o

oy

2



§3. CONG THUC STOKES VA OSTROGRADSKI

3.1. Céng thic Stokes

Tu ¢4 cé cdng thic Green lién hé gidta tich phan dudng va tich phan
kep. BAy gio ta s€ xét mét cong thie khac lién hé giita tich phéan dugng va
tich phan mart goi 1a cong thic Stokes.

Pinh ly: Néu cde ham P(x, y, 2), Q(x, y, z), R(x, y, z) cing cdc dgo
him riéng cdp mét ca chung lién tue trén mét mdt dinh hudng ting

phén S gici han bai dudng tron titng phén C thi ta c6 cdng thirc:

ﬂ. (R & )c a+(——-——)c ﬂ+(§—?£)cosy}is
< ) .

|’

= f (Pcosa'+ QcosB'+Reosy' }ds
[

treng do tich phéin mdt lay theo phia dé chon véi phdp tuyén
N (cosa, cosf, cosy) va tich phan duang ldy theo chiéu duong véi tiép

tuyén 1 (cosa’, cosfl, cosy’) ting voi phia dé chon cua 8.

Cong thuc Stokes ¢6 thé viét dudi dang Khae:

R 26

H(—————)dd (————-)ddx (aQ oF

e —J)dxdy

= § Pdx +Qdy + Rdz
¢
Chu ¥ rang trong mat phéng, cong thic Stokes trd thanh cdng thie

Green da bidt.
DE d& nhé cong thic Stokes, ta dung k¥ hidu hinh thic:

cosa cosP  cosy
E ax 5 é :i('PCOSGWQCOSB'ﬂLRCOSVr)ds
P Q@ R



hay

dydz dzdx dxdy

= (‘}

[jé E% - | = §Pdx +Qdy+ Rdz
Sl @ Rr| €
Z|
S
| ¢ |
! i
| |
0 | | _
L
x
Hinh 173

*Chitng minh: Ta chi xét mat S ¢6 phudng trinh z = 2(x, ), hinh chicu
cha 8 trén mat phiang Oxy 12 mién D, va dudng C ¢6 hinh chiéu 1a L, bicn
cna D (173

Xét I=4§Pdx viz=zx, y)ynén §P(x,y2z)dx = §Plx, y, z(x, y)ldx .
e c L

Ap dyung cong thic Green vt P = Plx, y, z(x, y)], @ = 0 ta cé:

$Plx, y, 2{x, y))dx = —_[f(% + %z'y ydxdy
L D °

. &P aP . - &P apP .
=i —dxdy - [| —z dxdy = -[| =— cos WS - [| =— 2. cosvdS
s P A R

Ta bigt phap tuyén clia mét S ¢6 thanh phdn 1 z,, =

v —1 nén



Cosl =

suy ra z, cosy = - cosp. Do dé:

$ Pdx = jjiaﬁ cos WS + | ——-cm]‘;ds
[ s &y 5 0z

Tuong ty  $Qdy = —ff R cosadS + || “@ cos ydS
c 5 oz 5 OX
$ Rdz = -[] ok cosPdS + ] ;— cosaudS
c 5 Ox 5 oy

(*gng cac chng thic nay v& véi vE ta duge eing thiic Stokes.
Thi du: Ap dyung céng thic Stokes tinh:

) F=jydc+zdy+xdz
o
vii C la dudng tvon: 2® + 32 + 2° = a%, x + z = a {H.174) chay nguge chidu
kim déng hd n&u nhin tit phia dudng cta Ox. DE tinh £ ta ding cong thice
Stokes chuyén tich phan trén dudng € vé tich phan trén mat § 12 mat tron
o6 bién gidi 1a C.

Hinh 174
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4] daiy P=y, Q=7 BE=x
Do do:

I bydx +zdy + adz = ... = -{{dydz + dedx + dxdy
[ 5

= { [idydz + i[dzdx + {fdxdy)
12 0. i

D,, D, D, 1a hinh chidu c¢Ga mal tron trén cae méat phang toa do Oyz, Oxr,

Oxy tacé D, =0; D, =D, Vi mat tron § ¢d ban kinh la % va hgp v

o

- 2 - . . . " . o o~ . - N
mét phang Oxy mdl gic 1 , 1vén theo 1y thuyét hinh ¢hiéu dién tich cua D, 1a:

af2p w2

I(_‘.»J_ ¥ oos

4 4

2 fy
Vay Jeo el 2

A
2) I=§( -2)dx+(z -xddy+{x-y)dz

o
trong d6 € 1& dudng v/ + y’ = 4%, L, % =1 (a > 0, h > Oy chay nguge chifn
[r3

kim déng hé néu nhia (if phia duvng clia true Ox(11.1751. Theo ¢dng thue
Stokes ta cé:

I = -2{{dydir + dzdx + dxdy = -2{{{cosc + cosp+ cos 1idS
g 5
S 1a hinh phang bién gigi 1a dudng C: cosa, cosf, cosy 1a cac cosin chi hudng
cla phap tuydn N cda phia trén cha 8 (ddu +).
Chuyén vé tich phan kép, chu ¥
dScosa = - z_dxdy = L3 dxdy, dBcosp = - z;, dxdy = 0;
a

dScosy = dxdy va hinh chidu clia § trén mat phing Oxy 1a hinh tron D:
2 +y?<a® tacé:



.k h .
Fae 2100 s —idedy = =201+ S’ = -dnafae + h) .
‘.l';‘ i o

Hinh 175

Chit ¥: Tl eong thae Stokes, o thé ching minh didu kién cdn va do dé
tich phan duing trong khing gian { Pdy + Q@dy + Rdz khang phu thude dudng
i

18y tich phéan, hav

$Pdx+Qdy+Rdz =0 hodc Pdx+ Qdy + Rdz
A

la mét vi phan toan phan eda mot ham s6 w nao 46 1a P, Q, B ¢6 cac dao
ham riéng cAp mdt Hén tue trong mat mién don lieén chia © va:
AR o AP R 8@ oP

&y ¢z fe fx  Gx  dy

va la cing ¢ céng thae tim ham w(x, ¥, 2) ttgng tg nht tradng hop ham hai
hid,

Thi dw: Ching minh:

I = b yadx+ xady + xydz =0 (vdi fn(_)i duing khép kin ).
]

A3



6 day P =yz, Q = xz, R = xy, theo cdng thace Stokes:
I=fyzdx+xedy+xydz = floads=0
C 5

3.2. Cong thie Ostrogradski (lién hé giva tich phan mat va uch
phén bdi ba)y

Dinh ly: Néu cdc ham P(x, ¥, 2); Q(x, ¥, 2); R(x, y, z) cing cdc dgo
ham riéng cdp mét ciia chitng lién tuc trong mién compact V Bioi
han bdi mdt kin tron titng phén 8 thi ta ¢é céng thire:

2 “Q —)dV ﬁpdydz+dedx+Rdxdy
v fx

trong dé tich phdn mdt Idy theo phia ngodi cuin S,
Céng thite nay goi la céng thitc Ostrogradski,

Chitng minh: Ta chi ching minh trudng hgp ma cac dudng thing
song song v6i Oz, khing cit S qua hai didm, trudng hgp téng quat cé thé
dua vé trudng hop nay.

Giia st mat S gdm hai phén, phan dudi ¢é phuong trinh z = z,(x, y) va
phan trén c6 phudng trinh z = z5{x, y} eling ¢6 hinh chidu trén mat phing
Oxy la mién D.

= zalx, ¥) ~
i Sav = fasdy” | 8
|

dz = [[{R{x, y,25(x, )] - Rlx, y, 2, (x, y)}dxdy .

2 {zx,y) C2 o
Theo cdng thie tinh tich phan mat trong trudng hgp mat kin thi:

] %:idv =§} R(x, ¥, z)dxdy (tich phan 14y theo phia ngoai ciia S).
v s

Tuong tu:

aR ..
il %V = §Q(x, y, z)dzdx ; [j ==V = § R(x, y, z)dydz
v oy y: v & 3
Cong v& vi v& céc cong thic ndy ta cb cong thic Ostrogradski

2007



Thi du: 4y dung cong thic Ostrogradski tinh

I = fa'dydz+ y'dedx + 2°dady , 8 14 phia ngoii cla mit ciw
=

X +yt 42" =R

Ta s6 (inh I bang cach ap dung cdng thoe Ostrogradski, chuvén vé tinh
tich phan boi ba. O day:

E:Bxg‘ 6Q 3 ?, ?5:329'

P=x,Q=y"R=2,
DATLRES o 2z

do do:

I = §a’dydz+ y*dedx + 2°dxdy = 3{[| (2% + 37 +25)dV =
5 v

i L] B ‘
=3 [de[sin0dl]p'dp = 14z
oo 0

R5

5]
Chn y: 13 T cdng thie Ostrogradski ¢6 thé ching minh didu kign cdn
va di dé tich phan mat:

” Pdydz +Qdzdx + Rdxdy .,
5

khong phu thude mit 18y tich phan (chi phy thudc ditdng gidi han mal hay
tieh phén 18y theo mat kin bang khong la;

?)-‘3+E9-+§£—0
dx &y oz

2} Trong cing thic Ostrogradski, dat P =x, Q =y, R = 2z ta ¢ cing
thic tinh thé tich clia mign V bang tich phan theo phia ngoai clia mat. gidi
han mién V:

V= (]Sﬁniydz + ydzdx + zdxdy
&

2 2 2
Thi du: Tinh thé tich cia hinh ellipsoide : — + 2+ % =1

(12 b2 (.‘2

RAEN



Thee cong thiac trén; V =%§xdydz+ydzdx+zdxdy (8 1la mat
3%
cllipsoide, phia ngoal)

Tinh toan ta co: V= %nabc

§4. CAC YEU TO CUA GIAI TICH VECTEUR
(L¥ thuyét vé trudng)
4.1. Trudmg v huéng
a) Dinh nghia: Trong vat 1y ta biét réng:

- Khi xét nhiét d6 T phan bd trong mdt phan khong gian V nio 46 ta
thay tai mdi diém M(x, y, z) cla V c6 nhiing nhi¢t dé khac nhau nghia la
trong ¥V nhiét d6 T 1a ham s8 cua didm M.

T = T(M) =T(x, y, z). Ngudi ta noi ring trong phan khang gian V ¢6 xac
dinh mét trudng nhiét dd, dic trung bdi ham nhiét 48 T= T, ¥, 2).

Khi dat mgt dign tich ¢ tai goc toa do O thi cac diém M{x, y, z) chung
quanh O c6 nhitng dién thé « khac nhau xac dinh bdi cong thie:

u=2 trong dé r =|51{4"|: x2+'y2 +2?
r
Nhu vay u 13 ham s6 cia diém M{x, y, 2)

u=ulM)=ulx,y 2= —q
Yyl 4yt v 2’
Ta néi phan khéng gian chung quanh O c¢d xac dinh mot trudng dién
the diic tritng b3i ham thé; u=———3 Vi nhiét dd hay dién thé chi

Yl +y? + 22

bidu dién thudn tuy bang mdt sd nén chung 12 nhing dai lugng vd hudng va



trusng nhigt d§ hay dién (h& goi 1a nhitng trudng vé hudng. M6t cach téng
quéat ta cd dinh nghia:

Truong vé hudng la phdn khéng gian ma tai méi diém M(x, y, 2)
ctia né c6 xde dinh mét daei luong vé hudng v, u = u(M) = uix, y, z),
goi la hém vé huwdéng cia ndé. Do d6 d& nghién citu chc dae trung coa

trudng, ta chi nghign cou ham u.

Néu ham v hudng 1 khéng phy thufe z: 1 = u(x, ) thl trudng xac djinh
bisi u goi 14 trudng phing.

N&u # khéng phu thude thdi gian thi trudng goi 1a trdong dimg, trai lai
thi goi 14 tridng khéng dimg. Ta chi nghién edu trudng dimg (thuc t6 it khi
cé trudng dimg, nhung chi xét mot khoang thai gian khé nhé va coi truing
la trudng dimg).

Quy tich cdc diém M(x, y, z) ciia truong ma u 18y cang mot tri sé
goi la mdt déng mitc hay mit ddng tri ciia trudong,

Nhu vy phuong trinh clia mét déng mic 1a u = ulx, y, 2) = C i € ¢6
thé 18y nhidu trj s§ khac nhau nén trong rrudng c6 nhiu mit dfng mie
khac nhau, khéng giac nhau.

Thi dy: D31 v8i trudng dign thé xét § trén thi mét déng mie ¢6 phudng
trinh:

q q*

u=— = C hay J:2+y2+29 ===
2
;)x2+y2 +2¢ C

Dé la nhitng mat cdu dong tdm O, ban kinh % Trong trudng hgp

trudng phang u = u(x, y) thi quy tich cac diém ulx, y) = C goi la dudng déng
mitc. Bay gi¢ 1a chuydn sang xét cée dic trung quan trong clia 1rudng la: toc
dd bién thién cta trudng theo mét hudng bat ky va hudng ma t8e dé bidn
thién 1a 18n nhat.



b} Dao ham theo hwdng: Ta da 56t cac dao ham ridng QL— a_u ou

) dx &y &z

cua ham 0 u = u(x, y, 2, v cd hoc céc dao ham nay bidu thi 15c dd bign

thién cua ham 88 dai vdi x, y, 2z hay eling (hé theo che hudng cia cac true Ox,
Oy, Oz,

P& xét 18¢ do bidn thién cia Z
truwdmy nighia 12 eta ham u(x, y, 2)
theo mdt hudng bail ky ta di dén €
khai ni¢m dac ham theo mat /

hudng hat ky.

Binh nghia:

Cho mdt hudng dac trung
bang vecteur don vi @ (cosa, cosp,

cosy) va ham u = u(M) = u(x, y, 2. x

Xét cac diem M(x, y, 2) Hinh 176

M (x,, ¥, 2,) sao cho MM, song

SOITE VO ¢ tJ11760. Dat ‘MMll =p,x - x=Ax,

Yo ¥=Jd, 2 —2z= 5 thi A&x = peosw, \y = pcosP, Az = peosy va
x, =x +peosa, y, =y +cospfl, 2, =z + peosy. Néu:

lim A_u =lim u(M;)-u(M) lim ufx +p cosQ, y +p cosB, z +p cosy } - ulx, ¥ 2)
PP p0 p p-+0 p

ton tqi, thi gidi han néy goi la dao ham cia ham 6 u tai diém M
theo

hucng ¢ .

Ky higu: 4~ fim B2
ce p-od p

Dae higt ;// Ox thi cosa =1, cosP = cosy =0, p = Ax va
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du ‘m wlx +.5x,y,2) - ulx, y.2)  ou

&

e 0 Ax o
e - N ah.
Mgng ty e [|0y thi — =——-, p lo= thi —:—— , nghia la cac dao ham
e ;
riéng él_u %‘L Zz—u 14 cac dao ham theo céc hudng dac bidt song song vdi

Ox, Oy, Oz, vi tai mét diém c6 rat nhidu hudng di, nén tai mét diém ciing c6
rdt nhifu dao ham theo hudng. D& tfnh c4c dao ham theo hudng ta ¢6 dinh
Iy:

Dinh 1y: Néu ham 86 u = ulx, v, z} khd vi tai M(x, v, z} thi dgo
hdam theo hudng ¢ (cosa, cosfl, cosy) tal M(x, v, z) tén tgi va duge tinh
theo céng thie

du du Ju du
— = —c0s0+—cosff+— cosy
de Ox By 8z

Chitng minh: Theo gia thiét © kha vi tai M nén ta co:

Su ou du
ar=T e sy Lz o
= Yt (p)

O(p) 1a vé cting bé bac cao han p =y 3% +4y% + 32% , mat khéc ax = peoso;
Ay = pcosP; Az = peosy do d6:

du du Su
A =—pcosa +—pceospP+ — + O
== Poos > P p 5, PeosY (p)

va

G hm—A}i—llm i3:—(:osc:t+—a-uécosﬂ+ cosy+o(p)
Be p=0 p pr0l Bx oy oz P

-?-ué-coqrx+a—ucos|3+@icos
o gy az %

vi IE%Q(—Q:O do O(p) 14 vb cling bé béc cao hon p="sz+ﬁgr2+Azz‘
p

P

[
—
[



Hé qua:

1) Néu cho &' (cosc’, cosP', cosy’) ngude vii hudng eGa @ (cosa, cosp, cos
) thi gul = _gu vilicdéa' =m+a, B'=rn+p, y=r+ynbn cac cos ddi dau.

2) Néu trudng phang v = (&, ¥)

. fu du . .
thi —=-—cosu+-—sina, vi
e &y

licd6 == -a.
ac do p P o

Thi du: Tim dac ham cha
ham s6 u =xyz tai diém M5, 1,

2) theo huéng ¢ ndi te M dén V4
M7, -1, 3). —
Ta cé €
?i!.‘ = ¥z a—u = Zx -(?'E =X
i e o o Y
Do dé tai M(5, 1, 2) Hinh 177
thi
QU _g B g g
Ox dy gz
mat khae MM, ={7-5,-1-1,3 2} ={2,-2, 1}
N 2 2 2 N o
nén cosa = cosp=— E; cosy =1. Vay theo cing thitc tinh

24?3
dao hAm theo hudng ta cé:

U 921025111
a3 3 3 3

dédu () chiing 16 ham s6 « 14 giam theo hudng ¢ .

e) Gradient: Bay gid ta xét v&n dé; Tae do bién thién cda trudng theo
hudng nao 14 19n nhat 7 Nghia 14 dao ham ctia ham u(x, v, z) theo hudng nao
la 14n nhét 7

[



Xét

du ou f3:73 du N -
— = —¢0st + —cosP + —cosy, Ta bidt e (cosa, cosP, cosy) néu dua
de  dx oy dz

vao vecteur g

- {éu du 8u
£ &y &

a — —t - e
thi 3—u2g.e Hgltelcosgp=]glcosg
de

@ 1a g6 gita g va e. Ta thay ‘%l 16n nhat khi |cospl =1 tic la khi
u
de

Nhu vay vecteur g ¢b tinh chat 1a trj sé tuyét doi ctia dao ham theo
hudng cla né 1a 16n nhat, ngudi ta goi g 1a veeteur gradient ciia truong

o

phudng ciia e trung véi phuong cua g . K¥ higu l6n nhat la max

thimaxai—u =&,

ué hudng u va ky hiéu g = gradu.

Nhu vay

fu; fus duwy Tt T oL . ., .
gradu =;—iz+-—u—J +—£k; i, J» k la cde vecteur don vitrén 3 truc.

ox oy Oz
&)
+ JE—
dz

2 2
2| _ N CANREY
:_3—;\—1 gradu | = J(ax] +[Eb']

va Z—u = | gradu |cos@g = proj. gradu(H.177). T e6ng thite nay ta ¢é:
e

max

Pinh Iy 1: Pao ham ciia u theo huding ¢ bing hinh chiéu ctia
vecteur gradient ctia truong u itrén ¢ . Do la su lién hé gitta dao ham

theo hudng va gradient.



Thi du: Xac dinh gradient cna trudng dién (hé u =

va tde do bisdn thidn 1n nhat cda trudng.

Ta co: e —gx _=gqx  du _ —qy 0u  -gqz
h e T2 3 aa o8 m T T wmor T
fx (v'.r‘+y‘2+z)')3 i & dz g0
. —qlxi +yj+2k) —grf
Do dé: gradu = gl ,;‘U 2 )= (';

r r
Tdc dé bién thién én nhat cla trudng 13

du
Vmax = MAX|—

= | gradu | = L
7

Ta biét mat déng miic clia trudng 1a nhitng mat cdu déng tam O, do dé
—  —gr 2 PR - . .
vecteur graduy = i} J4 thang gée vdi cac mat dong mic. Trong trudng hop

-
téng quat , z |4 mat traing bat kv, didu d6 van ddng, ta cé:

Dinh 1y 2: Gradient cta truong vé huéng u = ulx, y, z) tai mét
diém la déng phuwong véi phdp tuyén ciia magt déng mite ctia trudong
di qua diém dy.

Thye vay, xét mi dong muc ulx, y, 2) = C; cia trudng, ta ¢d u(x, y, 2)
Cy = 0. Ta lai bigt phap tuyén cua mat dong mite tai Mx, y, 2) cta né cé

du  du  fu

thanh phan la: =—=, —, == Day ciing chinh 14 cac thank phdn cla
& &y &z

gradient cua trudng tai M.
Tt dinh ¥ nay ta suy ra:

. " . . fu ] sal s - .
Hé qua: Dge ham theo hwong — tai M triét tiéu trén moi
[

hudng ti€p xiic véi mdt dong mikc qua diém M.

Tit dinh nghia dé& dang suy ra:



Tinh chat:

1) grad (u, + uy) = gradu, + graduy,

2) grad (Cu) = C gradu (C = const)

3) grad (uuy) = u, gradug + uy gradu,
4} grad f(u) = f(u) gradu

Thue vay, chang han xét 3). Ta c6:

6(:;11:3) é(uluz) a(u]u.z) P

grad
grad (u,u,) = . o =

(JH,Z

)k
iz

(—u +u g—); +(—u +u a—)_}+(g—u-—u. +u
o 2T 3 2 ery 2 i

[%“;auﬂ_ka[% +2 ;%g]
X

= u, gradu, + u, gradu,
4.2, Trudng vecteur

Ta da nghién cttu (rudng vo hudng 1a phan khéng gian ma tai méi didm
cua né cd xac dinh mot dat ugng vé hudng. Bay gid ap dung 1§ thuyst tich
phin mat ta s& nghién ciu trudng vecteur.

a) Dinh nghia: Truong vecteur la phdn khéng gian ma tgi méi

diém M(x, y, z) ctia né cé xdc dinh mét vecteur F suy ra F la ham
vecteur déi vé hudng Mix, v, 7).

—

=FM=Fxyz2
Thi du:

1) Xét mdt chat 1ong tai mdi diém cda né 6 mot tde d6 bidu difn bai
vacteur V, thi trong chat 1dng ta ¢b mot trudng vecteur téc dd V.,
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2) Xét dién tich ¢ dat tai goe toa d¢ O 1hi tai mdi didm M(x, y, 2) thude
phéan khéng gian xung quanh 9, theo dinh luat Coulomb, ¢6 xac dinh mét
vecteur dién

E‘J'. vii x;+y}+z;’;

|-C:1
=

r

Nhu vay phén khong gian xung quanh O xac dinh mot trudéng vecteur
E goi 1a dién trudng va E gol 1a vecteur dién trudng. Tudng 1ty nhu trudng

v6 hudng ta chi xét nhitng trudng vecteur khong phu thude thdi gian goi 1a
trudng dimg.

b} Budng déng: Xét trudng vecteur

F = F My = PQMY +Q(M)yj + ROME |

Ta goi duong déng cua truang ld moi duong C ma tiép tuyén tai
méi diém ciia né lé déng phuong véi veteur ciia truong di qua diém
y. Ro rang tai méi diém clia trudng chi c6 mot dudng dong duy nhét di qua
va cac dufing dong cla trudng khéng cit nhau. D& tim phudng trinh cia
dudng dong C cla truing vecteur ?, ta gia sit phuong trinh ¢l nd 1a x =
x(t), y = y(t), z = 2{¢) thi ti€p tuyén cla C tai M(x, y, z) ¢6 hé sd chi phudng la
(1), ¥'(, 2'(f). Theo dinh nghia thi:
@) _ ¥y _Z®

P Q@ R

(1

H& (1) goi 1a hé phuong trinh vi phan cla cac dudng dong clia truing.
Gidi h§ dé, ta s& tim duge phudng trinh cia cac dudng dong ciia trudng.
Thi duy: Tim céc dudng dong cla dién trudgng

-

E=T tacs P-%L Qu%, R-E
?'

Theo (1), hé phudng trinh vi phén cla cac dudng ddng cda dign truing

trén la;

(R
=1



dx ay dz de dy dz
A Yz
r r r

Tt hé nay tich phan (bat dinh) ta co:

X Z
InCix=1InCyy =InC,2 hay Z:é=g ;

1 . .
k.=—=const;i=1, 2, 3.
C

Day 1 phudng trinh ctia mét ho dudng thang qua O. Vay cac dudng

dong cta disn trudng 1a mot ho dudng thang qua didm dat dién tich g cing

goi 13 ho céc dudng sic cla dign trudng.

¢) Thong Iudng va divergence: V& cd hoc, ta bist luu lugng & cia

chét long {(rong mdt don vi théi gian) ¢ toc d6 V- PE+Q}+R§ qua mit S

dat trong chal long 1a

= [{(Pcosa + Q@cosP + Rcosy)dS = [[ Pdydz + Qdedx + Rdxdy .
§ 3

Trong do ﬁ(cosa,cosﬁ, cosy) 14 phap tuyén ciia mét phia clia mat S.

M6t cach téng quéit, ta dinh nghia: Théng lugng @ cia truong vecteur

F=Pi +Q} +RE qua mgt S dgt trong truong la:

®= [[FNdS = [ (Pcosa + QcosB + Reosy )dS
5 5

= H Pdydz + Qdzdx + Rdxdy
8

Thi du: Tim théng lugng eia dién trudng E-= %
qua mat cdu tam O, bian kinh R. Theo cdng thae (1) 1a:

ijNd “HE 4 1ds (W B | W)= ﬁds
s r

vitrén mat cdur = R.
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B4y gid xét mal S kin tron titng phén bao mién V, pui 1hé tich clia 1o

cling 1a V. Xét didm o6 dinh Mfx, v, 2) € V. N&u ‘jm;{% tédn tai (V — M: thé

1ich V co lai diém M) thi gidi han nay goi 1a divergence (dé phén ky) cia
truong vecteur :q" = ;(M) tai M trong truong. Ky hiéduw:

duF(M)— l:m I FNdS (2)

Theo cong thic Ostrogradski ta cé:
—_— 3 Py
= [[FNdS = j[[P cosa+Qcosf+RcosyldS = f]| [——- +£+£]dV
3 ox .

Theo L%inh l¥ trung binh (381 vdi tich phan béi ba) ta cé:

(i FNdS = [SP (M) | 0RUM,)  ARM, )) v
] ox Qy s

M, }a mét diém nao dé trong thé tich V.

Thes dinh nghia cha divergence (2) ta suy ra:

divF(ap) = M) | QM) | OR(M) "
& & P
Vay cong thize Ostrograndski viét duge dudi dang veeteur:
[JFNdS = [jj divFav @
8 %

Gia sit divF 12 mot ham lién tuc tai M € V va div F (M) > O theo tinh
chdt cia ham lién tuc thi tdn tai mot 1an can cha M trong do div;'" > 0. Néu
V' 1a mdl mién gidi han bdi mat kin 5" trong 1an can do thi thee céng thic
(4) théng Iugng @ qua mat 8 ti trong ra ngoai 14 mdt s& dudng hay chinh
xac hon: Théng lugng vao mat §' it hon thong lugng ra khoi mat 4o, khi dd
ta goi M 13 mdt diém ngudn cla trudng F. Nautge lai néu divF <0thi M
goi 1a difm rd cla trugng. Ta ctng goi div f(M) 12 mat dd cua thong lhigng
cua trudng F. Pac bidt néu divF =0 tai ¥M trong trugng, nghia 1a trong

trucng khong of nhimg didm wezudn va didm o (hay chinh xde hon thiny
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lugng do cac didm ngudn phat ra bang thong lugng do cac didm 1o i man

thi thing lugng qua mol mat kin dat trong trudng déu bang khéng.

Thi du:

1) Tinh théng lugng ¢0a trudng 1_"". = x§+y} +z-l; gua m#t xung quanh
va mat toan phén cia hinhtmax®* +y’ <a?, 0z < h

Taco Flx,y,z2)=a>+y* -a?=0, F,=2x, F, =2y, F,=0.Do d6, theo

(1) théng lugng @, qua mét xung quanh 8, cua hinh try Ja:

©, = ol X+ Y y @S, hay © =[jedS = Zra’h
5 \/x2+y2 \,lx2+y? 8
—r =
Theo (3), ta c6: divF =fﬁ+@’-+ oz =3 . Theo (4) thong lugng qua mat
dr gy oz

toan phan cia hinh tru la: ¢ = [[{3dV = 3na"h .
:

-

2) Xat dién tritong E= 2 =L (xi+yj+zk)
¥ T

Goi hinh chidu ciia E trén ba trye Ox, Oy, Oz 1a P, @, R thi:

L 1 H
- 3 FERE G e
x x
nhung: r=yz’+y° +2°%, r = ==
ley’al” T
. oP 1 r? - 35*
hen: el B ) R
& r r

. &
Tusngty: —=¢

do do: divE =
. o 5

r

- A - CRPRE S
oP+LQ+LR_q{3r 3ty 42 )]zn



vl r = 0 suy ra thong lugng: ® qua moi mal kin gidi han mién V khony chira
g0c ton 4% d8u bang khong. By g xé1 mi1 8 gdm 2 mat, mat cdu S
O va mit mat 8, bat ky bao quanh O (11 178;.

Theo trén:

y 1Am

[l = +]i =0 nhwmg || =—-Ing(thi duphin ¢) suy ra I =dng
5 5 s s, e

i

(vi hudng cta phap tuyén N cia 8y, S, 1a ngude nhaw). Vay; trong dién

trudng, dién théng qua moi méat kin bao quanh gbe toa dé déu bang 41
(dinh luat Gauss).

T dinh nghia & dang suy ra cac 1inh chat cia divergence: -
1) div(F;+Fy) = divF, +divF,
2) div(CF) = C.divF; C = const
3} div(uC) =C.gradu; © = const
4) div(uﬁ) = ;Ed—u +udivf

Thuc vay, ching han 4 gid si

p—— - - —- 51
F=Pi+@j+Rk. Theo dinh nghia (3) (s
2
L, e d é .
d Fy= "2 (uPy+— —(uR
iw(uF) ax(u +@(HQ)+62(H ) |
Hinh 178
3 oue Q R, _E—m
(P g, & F gradu + udivF
( ax+Qay 63) (6x+ & ) graduy + udiv

d) Litu 538 (Hoan luu) va rotation: Vé co hoc, ta biét cong T cla lyc
F P: +QJ + Rk doe theo dutng cong € 1a tich phan dudng:

T={Pdx+Qdy+ Rdz = (P coso'+Q cosPp'+R cos y )ds
€ -

Trong d6  (cose’, cos¥', cosy’) 14 vecteur tidp tuyén don Vi cla duing C
theo hudng di tvén C.

[
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Theo edng thie tich vdé hudng cia 2 vecteur theo toa dd ta cd thé viét
T= jFTds

[

Mét cach téng quét, ta dinh nghis: Luu sé C cua trudng
F = Pi +Qj + RE doc duémg C trong truomg la C = [ Fr ds

C

Bay gid trong trufng xét mot dudng khép kin, tron timg phén C gidi
han mat trdn ting phan § ma ta gei dién tich cua né cing 14 8, gia si xét
chidu dudng trén C {ng vdi phia €6 phap tuyén N (cosa, cosf, cosy) ctia S.

§F.?d5
Xét 8 kha bé va lim Ceer (1)
M S
{8 — M: chi dign tich S thu tai diém M).

Ta s& chimg minh rang gidi han nay chi phy thuge diém M da chon
trong truong. Thyc vay, theo cong thiic Stokes ta co:

f;;,:ds = H]:[g— %] COS O +[% - %] cosp +[%‘:-Q—— %Jcosy]ds
3 ;

c
bat: X - @__69_{+(q_13_@]}+ Q _ops
O & éz  x x oy

thi cong thie nay vidt duge dudi dang:

§Frds =[] XNdS = [[ proj5 X(M)dS
C 5 s

ap dung dinh 1¥ trung binh 481 véi tich phan mat ta c6:

fFids=SprojsX(M,) MceS
C

Cho S —» M thi M. > M, va:

projTE(M) = “lm’b }}.‘t‘ds
v a3 o

|~



Vay gidgi han (11 chi phu thude diém M trong trudng. Ngwei ta goi

veeteur X la vecteur rotation hay vecteur xody tai M trong truong,

kY hidu: X(M) = rotF(M) vdy

9R _Q

rofF(M) = [ 5 o

va cong thic Stokes vigt duge dudi dang vecteur:

§Frds - [[rot FNdS
C s

Céng thic nay cho ta thay rang: Luu s8 cla trudng vecteur F theo

mét dudng cong khép kin C dat trong trudng bang thong lugng cha vecteur

rot F qua mat S gidi han bdi dudng C. P& hidu r5 ¢ nghia thye 16 cla rot F

ta x6t moOt dong chat long chay trong mién nao dé. Tich phan f Frds bidu
c

thj céng T sinh ra khi di theo C trong chdt 1dng. Néu rot ;".(M) =0,vaCla
mot dudng cong khép kin bao quanh mit § kha bé chiia M, thi theo (3) céng
T khi di trén C bang khong, didu nay chitg td cdng san ra khi di theo phin

thuén chidu v8i ddng chiy bang céng san ra khi di theo phan ngude chidu
vdi ddng chay, ta goi didm M 13 mot didm binh thudng. Néu rot F (M) « 0 by
ludn tudng ty ta thay hai loai eéng d6 1a khéc nhaw, khi dé diém M 1a khéng
binh thudng, ta goi didm M la mot didm xody. Vi ¥ do d6 1a c6 vecteur tot &

hay vecteur xoay.

Thi du: Tim vecteur rot £ ctia dién trudng E =

Ta cé: P=2 @-% g-
r r
s cP 3
Minh: i———qx% = q;xy
¥ r
a6} 3 3gxy
= Y = =
ax > ;r"'1 2

~ 4
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Vay T=§- TM{x, v, 2)#0

. P o
Tudng ty, ta thay: (’E = R

®_x
t+ ® &

Vay tai YM = 0 ta ¢6 rot E = 0, nghia 12 moi didm cta trudng trit didm
dat dién tich g déu la diém binh thudng. Theo cong thitc (3) lutu s6 doc theo

moi dudng khép kin trong dién trudng déu bang khong.
Tt dinh nghia cia rot, ta suy ra céc tinh ch&t;
1) rot(F;+F2.) = rot—F:+rotF2
2) rot(C_F’) =C roti‘.; C = const

3) rot(ua) = grad u - E; E =const

4) rot(u %") = urot;?. + grad u f\_F.
Thue vay, chéng han xét 3) ta cd E = Cx; + Cy} + C,z.
C..C,, C, =const (toa dj cua ¢ trénba trye)

Khi d6 uC = uCg+uC, ] +uC,k

¢ uC, \; - fouC )
rot(uC}:[auCZ_ J']L +[aucx_aucz)-+[ y_auCzJ

k
oy 3 o O o dy
hay

rot(ua) = [C, t—:j-li—C‘

ple

,,—]h(cx@-c, %]}{c & ¢ @]E
& &

x Y& Ty
i
Su

RES
C

X

—_— —

=gradu »C

Og|Fe
NQ 8"]% Gl
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Chi ¥: Ta ¢é thé diing k¥ higdu hinh thie:

i

J ok |
— 5 %) 3 360 - SR - P -
rotF = |2 £ f_zﬁ_ig“, ﬁ_ﬁj.,. o _oP
dx dy &z d Sz dz  Ox &
P Q@ R

4.3. Cac toan ti vi phan: D§) vdi trudng vb hudng u = uix, y, 2) ta da
dinh nghia;

gradu = 207, 2 j B
dx

~

oz

va déi v6i trtong vecteur F = Pi+Qj+ Rk ta da dinh nghia

i i k
diui’.:@+~aﬂ+-a-j—z, ratf:—a— 2 2
dx &y o= ox dy 0Oz

P @ R

Ngudi ta goi grad, div, rot 1a céc toan tlt vi phan. Bay gid ta dinh
nghia:

2 2 2
+ Todn tir Laplace: A= 0 9 g

——+—+— ld todn Lz ma-
ox? oyt 522
2 2 2
2w d°u  “u
Au= —

=+ — 4
x® o2 022

+ Todn tit Nabla hay todn t& Hamiton la vecteur tugng trung

Ap dung mdt cach hinh thic cac phép todn nhu dbi vai vecteur ta cb:
- = R - - — =

Vi = {_g_; +a_uJ +a_uk, TF:£+6_Q_+§

[$as v oz

& & &
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T e

“11l
=
=l
[

w
,OQ-"O;‘-—-.J
e ﬁ’l"); kS

Theo dinh nghia cia grad, div, rot ta cé:

n\;u:gradu, @E'-:div}:, \?Afzmtf

)
)
>
)
=3
=l

do d6 ngudsi ta thuiing k¢ hidu gradu, divF, tot F Ja Vi,

P

dinh nghia ta suy ra cac tinh chat:
D div{grad) =VVu=Au,dodé V¥ =v2=A.
2) rot (pradu)} = VAVu=0 (tich cé hudng clia hai vecteur bing nhau).

3 div(rot.? y=V(VAF)=0 (tich hén hop ciia ba vecteur trong d6 cd

hai vacteur bing nhau).

4.4. Trudng dng va trudng thé: Ta da xét trudng F mot cach téng
quat. Bay gid ta xét vai trudng dac bist trong thye t&,

Néu tgi moi diém ciia truong F ta cé divF = 0 thi truong F goi
1é mét truong 6ng (hay F la truong éng néu trong truéng khong co
nguén),

-

Thi dw: Dién trubng E = L 1a truiig dng (trit goc O); divE = 0, vM #0.
r

Néu tgi moi diém ctia truong F mé rotF = 0 thi F goi la mét
truong thé (hay F la mét truong thé néu trong truong khéng co
nhitng diém xody).

Thi du: Di¢n trudng E=To Ia trudng thé (trit gbc O); 1ot E = 0,
r

vM = 0.
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Néu truong F via la trudng 6ng vite 1é truong thé'thi F goi la
mét truong diéu hoa.
Thi du: Didn triegng trén 13 mét trudng didu hoa (trit goe O),
Vi F 13 trudng thé nén rot F = 0 suy ra §Pdx+Qdy+Rdz=0 (tich
o

phan khéng phy thude dudng 14y tich phan) hay Pdx + Qdy + Rdz 1a vi

phdn toan phin cla mét ham s& u ndo dé, nghia la

a a — —r———
Z-r, 7;;‘_f@, %‘:R.Dodé F = gradu.

Mat khac F lai 1a trudng dng nén div F = 0 hay
div( gradi.) = 0. Nhung div( gradu.) = Au . Do do:
u Fu u

Ay =——+

&y

u goi 1a thé v& hudng cta trudng F va phudng trinh nay goi 1a phuong trinh

Laplace. Nhu vay F la trudng didu hoa thi thé vé hudng u ciia trudng thoa
méan phudng trinh Laplace. Thé v6 hudng u cling goi 13 mdt ham didu hoa.

BAI TAP

1. Tinh cée tich phan dudng loai mot:

D I=[xyds,Clachuvicia [x| + |y} =a(a> ).
¢

ds "
2 I= J'————, C la doan néi 00, 0y dén A(1, 2).
C -‘ng +_’}12 +4

3 I=[y’ds,Clacung =S oy o
o y=a(l-cost)
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4§ I =[x +yids  Clacung {x = alcost +sin )
c

. D=i=2n
y=alsint —tcost)
5) I=[(x+y)ds, Clacung r’ = a’cosly; —gg p< %
C K
I : 2z
6) I=4(x?+y3)ds, Cladudng x? + y? = o7
o

7 I=[zds, Clacungx=teost, y =tsint, z=¢t; 0t <t,
¢

8 I=[ads, Clacung &’ +3* = 2%, ¥* = ax t diém (0, 0, 0) dén
[N
{a, a, a&-).
9 I= h/ﬁds yOladungtréna® +y* + 22 =a, x =y,
9
2.

1*) Tinh dién tich phdn mat trp y = %xz gidi han bdi cac mat phang

z=0,x=0,z=x,y=6.

2y Tinh dd dai cia cung x = ae'cost, y = ae'sint, z = ae’ tit diém (0, O,
0y dén (a, 0, a).

3) Tinh khéi ludng cha dudng x = acost, y = bsint; 0 € ¢ < 2z, néu mat
d% khéi lugng (dai) cha dudng 1 y(x, y) = |y},

4) Tim toa 40 trong tdm cta:
a) Cung déng ehat: =1} x = a(t - siﬁt); y=a{l cost)0st<xr
b) Chu vi cha tam gide cdudéngchit: y=1D) ¥ +y + 22 =4, x20,y2 0,220
0) Tinh moment quan tinh d6i véi cac truc toa dé ciia cung déng chat :

. ht
{y = 1) x = acost, y = bsing, z:‘_)—,UStsiZn.
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3. Tinh cac tich phan dudng loai hai:
; P ~u , . ”
Y T = [ - 2xydda+Qxy +yPdy, AB: y =x' ndiA(1, 1) dén B, ).
-
AB

=a(t—sint
2) I=j(2a-yde+xdy, Clacung {" a(t—sint)
¢ ¥ =a(l ~cost)

3 7= }(x+y)d.: & - y)dy L Cixttyi=
X +y

a”, nguge chiéu kim ddng hé.

¥q) I o §xy(ydx - xdy)

2 2

, C: phan bén phai cla r* = a’cos2¢p, ngude chidu
I T +y

kim déng hé.
—-,[ dx +dy -

: chu vi hinh vudng: A1, 0); B, 1); C(-1, O:
clxl+iyl

D{0, -1).
8) I=|ydx+edy+xdz, Cix=qcost, y = asint, z = bf, 0 < ¢ < 2rr {theo
[y
chiéu tang cia tham s6).
T I=l{y-2¥x+{z-xydy+(x-y)de, C: 2" +y* + 2! = o?, ¥y = xtgu,
&
nguge chiéu kim déng hé néu nhin tit phia x dugng.
8) I=[(y" -2")dx + (2% - 2%)dy + (x* - y2)dz , C: 1a chu vi ciia tam giac
i

cAuial+y?+28= 1,220,y 20, 22 0 theo chidu sao cho phia ngoai cia tam
gide ludn d bén trai.

4. Tinh céac tich phan dudng:
1 I= [:2(1?' +y")dx+(x +y)dy, C: chu vi clia tam giac A(1, 2): B(2, 2);
[y
C(1, 3) theo chidu duang.

2) I = §-2ydx+ay*dy, C:a’ + 3 = R nguge chidu kim déng hé.
;
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3 I=[(e*siny - my)dc+(e® cos y -~ m)dy,

[
C: nla trén cda 22 + y? = ax tir Az, 0) dén O©Q, 0),
. dx —dy

Nl=
Yy

. Cichu vi cia: A(1, 0); B(O, 1); C(-1, 0): DO, -1} nguge

chidu kim déng ho.

(3,00
5) I= | (x*+axy®ydx+(Bx%2-5y"1dy
(-2 1

B ‘3j.“ (x +2y)dx + ydy
FR)) (x +y)2

(LN x y

NIz | |——+yde+|———+x|dy
0.0y ‘fxz +y2 x? +y?

_ uﬁ"'f'” ‘xdx + ydy + zdz

8y I=
(z1yn20 ‘}xz +y2 + 27

vl (xl,y}» Z]) € mit CQ\U x? +y2 +z? :{},2

6y I , C khong cat dudngy = - x.

(X3, ¥z 22) € mit chux? +y? + 22 = B2 (g, b >0)

9 I= [xydx+yzdy+zxdz, AB 1a cung 2 + y° + 22 = 2Rx, z = «,

AB
y>0, R>0.
*10) G = §5 D g0 (Tieh phan Gauss)
'] r

r=yYx -0 H(y-n?, AG, M), M(x,y) € C, 7 = AM .

(r.n) géc gila r, n; n la phap tuyén ngodi cla C tai M.
5.

1} Tim u biét:



a) du = (327 - 2xy +y") dx - (&% — 2xy + 3yDdy
ydx - xdy

by dy = —/————
3x% — 2xy +3y°

fx+y-z¥dx+{x+y-z)dy+(x+y+2)dz
¢ du = A
x4+ vyt + 2% +2xy

2) Tinh dién tich cta hinh gidi han bai:
a) x = acos’, y = asin’t.
b) x = a(2cost — cos2t}, y = a(2sint - sin2t).

c) x® +3* 3axy =0.

n n a-1 a-1
*d)(i] +[l] =[£] +[l] ,xZDIyZO,(a,b,R:’O)
a b a b

8.

1} Tim ¢ong clia Iye dan hdi hudng vé gde toa d6, d6 16n cla nd ty 18 vii
khoang cach tix chdt didm dén géc toa dd nfu diém nay vach mdt cung
cllipse.

2

2
x_+z_2

2) Tim cbng caa Iyc: IF"I= i?, r= 4 x2+y2 +2? tac dung 1én mdt chat
2

diém kh&i lugng m chuyén dong tit M, (x,, ¥., 2,) 36n M, (x,, ¥4, 2,).

=1, x,y >0 theo hudng nguge chidu kim déng hé.

2

7.

1) Xac dinh Péx, y), @, y) hai 14n kha vi lién tuc sao cho
I=§P(x+a,y+Bdx+Q(x+o, y+P)dy khong phy thufc cac hing 56 o, B vdi
¢

C khép kin tuy 3.
2) Ham khd vi fix, ») phai thod man difu kisn nao dé

| F(x, y}(ydx + xdy) khéng phy thudéc dudng ndi 4, B.
AR
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*3) Tim z]fi"r] é f’rﬁ‘.,;ds; 8: dién tich mién D, gidi han bdi € bao quanh
W} c

didm (x,, ¥o); d 13 dudng kinh cda mién D, a la phap tuyén ngoai cia C,

F-Pi+ & kha vi lién tyuc trong mién dong D.
*4) Dang cong thie Green ching minh:

Ou
A dd = —d
a)H udxdy ,g@n &

2 2 -
Au = §—1;+(;—§ n(cosw, cosf) vecteur phap cua C.
ox
du  Cu o
—=—cosat+—cosf.
an  ox oy
ou dv du dv du
b) jfesudedy = -[[{— —+— =)dxdy + bv— ds
oty - G 2 2 g

c) E(U;\u —uAvXdxdy = g(v% - u%)ds

8. Tinh cac tich phan mat;

nrI= H(x? +y2)dS, S 1a mat; x? +yz =gt
5

2) I=[[yx*+y2dS, S la mat bén cla hinh nén:
S

L]

2
X

Z
a

2
y _2_
+27=5=0,0525b.

o

3) I={j(xy+yz+zx)dS
5

S 1a phdn mat nén z = \}xQ +y° bjcdt bdi mat x® +y? = Zax.

4y I = || yzdydz + xzdzdx + xydxdy ,
$

Slaphianguaitdtdiénx=y=z=0,x+y+z=a.
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i ? 2
5) I = [[zdxdy , S: phia ngoai mat L) + z—z +Z =1

5 o 4

N

6) I =] x"dydz+y’dzdx+ Z*dxdy
5

S 14 phia ngoai cia nita hinh cdu a2 +yt+22=¢* 22 0.

7 I =y -2)dydz +(z—x)dzdx +(x - y)dxdy
3

& 14 phia ngoai clia mat non; 22 +y? =22, 0<z<h.

*8) F(t) =[] flx,y,2)dS
=

2 2 a 2 2
: + b=d 1.!' +
512 +y2+22:t2 V&l flx,y,2) = X' +y neua z x“+y

0 néu z<yx’ +y°
9.
1) Tim toa dd trong tAm cla:
a) Phdn mit déng chat (= 1 az=2"+y*(0sz <a).
b) Phidn mat dong chat ¢y = 1) z=+x" +¥* bj cAl boi mér try
P +y =ax.

2y Tim moment quan tinh dsi véi gic tea do cia cac mat ding chat
y=1x

a) Mat toan phén cGa hinh a<x, y, z<a.
b) Mat toan phén ciia hinh try «” + ¥ =R, 0z < H.
*3) Mat nén cyt déng chat mat dé khdi lugng p:

x=rcosp,y =rsinp,z=r, 0 < ¢ < 2m 0<b <r<a, hit mdt chat diém

khéi lugng m dat tai dinh mat non do mét lye bang bao nhifu ?

10. Ap dung edng thite Stokes tinh:
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niI= ﬁ(y+z)dx+(x+2)dy+(x+y)dz
C

C 1a dudng trén x* + y* + 2f = &%, x + ¥ + z = 0 theo nguge chidu kim
déng hé nhin tir phia dudng cda true Ox,

2y I =p(y-2ddx+{z—-x)dy+(x— y)de
o

C 1a ellipse; x* + ¥*= 1, x+ z =1 theo nguge chidn kim ddng hd nhin 1
phia dudng cia tryuc Ox,

3 I= f(y:E +20)dx + (2% + xP)dy + (& + y)dz
c

Claduing: 2® +y° + 27 = 2Rx, 22 + 3¢ = 9rx (0<r <R, z>0), theo chifu
sao cho phan nhé nh&t cia phia ngoai ctia mat cdu gidi han bdi € 1a 3 ban

trai.
4 I =fy*edae+ 2% dy + 2 ydz
[o4
C 1a dudng khép x = acost, y = beos2f, z = acosdt theo chidu tang cla
tham s0'¢.

11. Ap dyng céng thic Ostrogradski tinh:

1) I =[[2dydz + y*dzdx+ 2 dxdy
b3

S phia ngoai cta hinh lap phusng: 0 < x, y, z < a.
2) I = || xdydz + ydzdx + zdxdy
S

8 1a phia ngoai clla mat t¥ dién gidi han bdi: x +y+z=a,x=0,y =0,
z =1,

3 I=|j{x-y+2dydz+(y -z +a)dedx +(z - x + y)dxdy
S

S 1a phia ngedicta mat: lx -y +21 + |y -z+x] + |z-x+y|=1.



) Iy, 2= 1250 g (ten phan Gauss).
5 r

8 14 mat tron, kin, gidi han thé tich V, 7 la phap tuyén ngoii cha S tai

Z,n, 5} €S, r 14 vecteur néi diém (x, y, z) va (£, 1, &).

reya-0F (y -0l +(z -9

*5) Ix,y,2) = [ cos(r, f)dS

o
& la mat tron kin, ! =const; n 13 phap tuyén ngodj clia S.
12.

1) Xac dinh mat miic cia cac trudng voé hudng:

a)u=fp), p=yx’ +y* +2°
b)yu=Ffr}, r= ‘!xQ +y2

¢) 1 =arcsin
2, .z
T+

2} Xac dinh dudng dong cita cac trudng vecteur:

a) F(M) -C= const
b} F(P) = —wyf + wx}, W = const

13. Tinh cac dao ham theo hudng cua:

2 2 2 -~
1) u= %+y—?+z—2 tai M{x, ¥, 2) theo hudng cda ban kinh vecteur r
; A

=
o

cta didm dé.

Khi nao thi (i—u =|gradu

(8.5

1 . . v . P
N u==. r= ‘Jré +¥? +2% theo hudng clia é(cos o, cosBoeosy).
r

[
o
i}



Khinao thi -0
e

3)u =xy - 2° tai Mi-4, 12, 10) theo hudng cia phan gidc thit nhat cla
gic toa 4o Oxy.

Tinh | gradu| tai M.
14.

D Chou=x"+y"+2" - 3xyz tai diém nao gradu -

a) 1 Oz,
by || O=.
¢y =0

2y Cho u:lnl‘ r=qx-a)+(y-82+(z-c® tai diém nao:
r

lgradu| = 1.
3) Tim goc gitta gradu, 1;::—-?—x2——2 tai cac diém Afl, 2, 2),
Yy +z
B{-3,1, .

15. Tim thing htgng vGa cde ham veeteur:
yr= xf+y}+z§ quas

a) Mat toan phan.

b) Mat bén cua hinh tru 2+ y* < R? ; 0<z < H.
2) F-= xaf+y"‘}+x”g qua ;

Al Mat bén

Oyt
R " HY

b} Mat toan phan cha hinh nén
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c) Matngodicltaa? +y  + 2% <y
3y F=x*+y" j+2%k qua mat cAu: (x - a) +(y-bF +(z- ) = R*.
- mr e v .
1) F =—, m = const qua mit kin S bac quanh goc toa do.
r
16. Tim Iitu s& cGa cac trudng:

1} =i y} +2k thoo phén duing x = acost, y = asint, z = bt; 0 <t €2n

theo chidu tang cla ¢,

2) F = (y+ z)r,T +{z +x)} +{x +y)}é doe¢ theo cung bé nhat caa dusng 1ron

(61 nhat cia mat cdu: x% +y* +28 =25 ndi cae didm M(3, 4, Oy, N(0Q, O, 5).

HF= grad{arctg ¥y doc theo dudng C-
x

a) Khdng bao quanh Oz.
by Bao quanh O=,

17. Cac trudng sau dédy o6 1a trudng dng hay 1a trudng thé€ khéng, néu

la trudng the tim ham thé
D F =(5x2y—4xy)f+(3x2 —231)}
D F=(y+2) +(z+2)] +(x+pk
3 F= yz(2x+y+z);7+zx(x+2y+z)j+xy(x+y +22]l;
4) F = f(r¥¢ (Iye xuyén tAm).
18. Chimg minh céc cong thue:

1} V7 (e, v) = uN2o+ oS 2+ VLV (T‘-z = A)

2y divie gradu y = | gradu f + uiue.

3y div(u gradv ) = gradu. gradv + uiv.
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“4) div k), n = F?rofF] - F;otﬁiz
6y rof(C » F) = CdivF —((j, \_')F, C = const

*6) rot(F, A Fy) = (F,, V)F, - B,divF, + F,divF, —(F,\)F, .

TRA LOI CAC BAI TAP

3)

a 5 3
4y —11 477y ~1]
3

6} 1a?

3 3
2 2

_ 2
o+ 2 —
i) 3[(0 2) 2]

25642

9) Yna’

2
g —& - (100&?—72—1711)35_‘:{2_‘/3_?)

D ZA0I0 -1, ($=[xds, C y=§x2 n6i (0, 0) va (4, 6)
EN o



2} a\/g

alb

3y A6+ - arcsin

a?_bé

4)

(4(1 40]
a) AT S
3 3

b)[iq,ﬂ,g
ar 3n 3x;

1y 202
an

r 2)-21&&2,

3) -2m, N0

7 2J§mzsin[§—a], 8) -4

4} -4 khéng thé ap dung eong thie Green.
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o) 62
&) 1—+ In2
4

T+ 42

8B1b a

[

5.

10y 2 vdi A trong C; = véi 4 § ngoai C.

1)

ayx® aly+xy’ -5+ C

1
b) antg
22 zJ_ 2y

¢} In y(x +y¥ +2° +arctg

+C

x+_}r

2)

b) 6ral

2
o) 3% Adat y = £x)

d)ié[n(l—l)] z
n T sin~
n

2 2
Batx=acos @, y=sin"q 0<g¢s< 5



1 —g(bz—aﬂ). K14 h¢ 61y 1§

o &
1) P=§+cp(x); Q=Cx+5y‘i+w<y>

u{x, ¥), (x), w(y): hai 14n kha vi 1ién tyc.

2) %(xf) - %(yf) trong mién dong D gidi han bdi AmBnA

3 %:M, Vit F =Pi +Qj (}Frids =f- Qdx+ Pdy)
oy c c

4) Dat P=V%; @ =V tacsb); a) 1a ditc bigt cia b véi V = 1.
ay

8na

1):3

g’ yJa? + b

2
) 3

33

64\6&:4
15

40

153} %nabc
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b
O
dxd +
8) =48 - Y2 UF(®) |ruj(—5"+—y}il D:ixtryt st
6 t xz—y -
9.
1
2545 +1
Ax=0,y,=0,z2y= ———¢
[ Yo 0 10(5‘/5—)_1)
=8 :.1'.6_0"
b)xo—E,yn 0, z, .
2}
3)10:"100‘
9

by I,= nRIR(R + H)* + EHS]

R : ds .
%) F=Pi+Qj+Rk , P=0,Q=0,R= mln%,dF(M):wT; é
F=OM, r=yx’+y’+2%, é=l_%

r
10.
1O
2) -Am
3) 2nRy?
0

89
-
83




11.
1) 3a*

3

9 &

2
331
4) 0: 8 khéng bao quanh didm (x, y, 2)

4m; 8 bao quanh diém (x, y, 2)

50
12,
D
a) Mat cdu
h} Mat tru
¢) Mat nén
2)
a) Cac dudng thang song song véi C
b) Cac dusng tron: 22+ y2 =CE, z=C,
13.
DB O redul Khia=b=e
or r or
2 2 OMD Ty ki
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14.
D
a)Zf=xy,byx=y=2z, Clx=y=2z
2r=1

&
3) cosp =- 3

15.

L

a) 3xR°H, b) 2nR°H,

2)
a) IlanREH(aRz _4H®, b %m?mgu Ol

n
C) _5_l
8 o3
3 ExR(a+b+c)

4) 41m

18.
D 2x%b2, 2 -12,
3)

a) 0
b) 2rn; n: 56 14n di khip C quanh Oz
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17.
1} Khéng 13 trudng éng ciing khong phal 1a trudng thé
2) La truong dng va la teudng the:
u=xytyz+tzx +C
3) Khéng la trudng dnyg, 1a trudng thé

u=—ayz{xt+ty+z)+C

e
o



Chuong 12

PHUGNG TRINH VI PHAN

§1. KHAI NIEM CO BAN
1.1. Céc bai toAn m& ddu

Trong bai tich phén bal dinh ta da giai bai toan: Tim mét ham s6 Fx)
trong mét midn nao dé, bidt dao ham cua né: F(x) = fix) trong mién do (bai
toAn tim nguyén ham).

Trong bai nay ta sé xét bai toan téng quat hon: Tim ham s6 y = y{x),
bist ham s6 d6, dao ham ctia né va bién dée lap x lign hé vdi nhau bdi mdt
phuong trinh nao dé.

Nhiéu bai toan trong khoa hoc k¥ thuat dua dén vide giai bai toan nay,
chang han:

D Tim quy luat chuyén dong cha mdt vat khéi lugng m rdi tit mot d

cao nao dé, bidt ring lye can cia khong khi t¥ 18 vdi van tdc rdi.

Goi s = s(f) (¢ 12 thoi gian} la quy luat chuyén doéng thi theo dinh luat
Newton va ¥ nghia cd hoe clia dao ham ta 6 phuong trinh dé tim s

d% _ Kds

" " g

(1)
trong d6 g 13 gia tde trong trudng, K 1a hé s6 ty 16 dic biét néu X = 0 (sic
can cia khéng khi khéng dang ké) thi ta cé: " = g, goi 1a phudng trinh cia

quy luat rgi ty do.

246



2) Tim quy luat phan huy cha radium biét rang tée do phan huy coa no

1¥ 18 vdi lugng radium hién cé.

Goi quy luat phai tim 12 R = R() (¢ 14 thdi gian) thi theo ¥ nghia cd hoc
¢0a dao ham va theo gid thiét ta ¢f phitong trinh 48 xac dinh R 1a:
R _

= 2
o (2)

trong d6 K la hé s6ty 18.

3 Tim mdt dudng cong trong
matl phang bidl rang hi so goc cua _
Lisp tuydn tai mot didm bat ky ca F— -

dudng cong bang hai 14n hé s& goc

caa dudng thang ndi goc toa do va 7

tidp diém.

Gor y = y(x) 14 phudng trinh
. .. Hinh 179
duéng cong phai tim thi theo ¥ o
nghia hinh hge clia daoc ham va theo gia thidt ta ¢6 phuong trinh dé x4c dinh
yix): (H. 17

(3

‘{4

I

N.
® |~

Céac phudng trinh (1), (2), (3) vita 1ap goi 14 cde phudng trinh vi phin.
(tac ham phai tim s@), R@), y(x) goi 14 4n ham trong cac phudng trinh dé.

1.2. Binh nghia phuong trinh vi phin

Phuoang trinh vi phéan la phuong trinh lién hé giita cdc bién déc

lép, ham phdi tim va dage ham hay vi phdn cia ham phai tim,

N&u ham phai tim 14 hdm mét bién thi phugng trinh goi 12 phuong
trinh vi phéan thudng hay goi tat 1a phuong trinh vi phan.

[
o
-1



N&éu ham phai tim 12 ham » bién dée 3p ( n = 2) thi phugng trinh vi
phan goi 14 phuong trinh vi phan dao ham riéng hay goi tat ta phuung trinh
dao ham riéng.

Trong chuong nay ta chi xét phudng trinh vi phan (thudng).

Ta goi cdp cua phuong trinh vi phén la cdp cao nhat cua dao

hdam c6 mdt trong phutang trinh.

Thi du; Cac phudng trinh (1), (2), (3) ¢ 1.1 la cac phuogng trinh cdp
2,1, 1.

Dang tdng quat clia phudng trinh vi phén cap r la:
Fla,y, 5.y =0

Ta goi nghiém ctia phuong trinh vi phén ld mét ham 68" y = y(x),
x € X: khi thay vdo phuang trinh ta dugc mét dong nhat thiic. Méi
nghiém cta phuong trinh vi phin ng mét duong cong goi la duong
cong tich phédn cia phuong trinh vi phén.

<

Thi du: Xét phuong trinh (3) d& 1ap & 1.1: y'= 2
X

Ré rang ham y = x* 14 nghiém clia phugng trinh nay vi ¥ = 2x. Thay

vao phudng trinh ta co;
5.2
9 =2 e
X
Téug quat ; y = ex?, ¢ = const, tuy ¥ cing 12 nghiém ca phudng trinh
nay, vay phudng trinh ¢6 v6 s8 nghiém phy thude mot hang sd tuy ¥.
Bai toan tim nghiém cua phuong trinh vi phan goi 1a giai phuong trinh
d6, vide giai nay thudng dung phép tich phén bat dinh nén viée giai phudng
trinh vi phéan cting goi 1a phép 14y tich phan phudng trinh vi phan.
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1.3. Bai toan Cauchy- Nghiém riéng, nghiém téng quat cta
phucng trinh vi phin cip mét

Dang téng quit cia phuong trinh vi phén cdp mét la:
Fix, y, ¥} = 0, hay néu gidi ra ta dutge déi vdi y*
¥ = flx ) (1
6 o = t zy = - Py s L1 —- o e
1.2 ta bigt phudng trinh y'= == ¢6 v s0 nghiém cho bdiz y = ex” vai
x

¢ = const tuy §. Vay muén c6 mdt nghigm xac dinh hay mdt dudng cong xac
dinh ta phai cho bd sung mot didu kién naoc d6 chéng han di€u kién khi
x=11hiy =1 (dudng cong qua didm (1, 1)) khi d6 1 =c..1> hayc = 1. Vay ta
¢6 nghidm xae dinh y = x? ciia phuong trinh do.

Téng quat:

D& giai phuong trinh (1) ta phai thém mét diéu kién bé sung, ching
han diéu kién khi x = x, thi y = y,, k¥ higw:

y(x) =yohay |, =¥ (2)

goi 14 didu kién ban daw, sd kién hay diéu kién Cauchy.

Bai todn tim nghiém phwong trinh vi phdn (1) thod mdn diéu
kién (2) goi la bai todn Cauchy déi voi phuong trinh vi phdn cép 1.

Mot van d8 14n dat ra: Khi nao bai todn Cauchy cé nghiém hay tén tai
nghiém va khi nao nghiém d6 1a duy nhat . D8 tra 1oi, ta c6:

Dinh ly tén tai va duy nhit: Néu hém f(x, y) lién tyc trong mién
c6 chita diém (xp ¥, thi phuong trinh (1) ton tgi mot nghiém y = y(x)

trong ldn cédn cia diém x, thod mdn se kién (2), nghia la khi x = x

. - 17 . ' n . meoagps ‘n . N
thiy =y, hon nita néu 5‘( ciing lién tuc tai dé thi nghiém nay ld duy
rhat.

Ta cong nhan dinh 1¥ nay ¥i chimg minh vugt ra ngedi pham vi giao
trinh nay.
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Thi du: Bai (oAn Cauchy déi vdi phugng trinh »'= R AN nghiém duy
X

- . . LT - 2 3 2 .. - N . - ]
nhat tai che digm flx, y) = =, g: — lién tue, nghia 1a tai moi digm trong
X

E
mét phing tra goc toa AGx =0,y =0vaitme Oyv:x =10
Chéng han tai {1, 1) theo thi dy trén, nghiém duy nhat cta bai toan la
y=x°
Vé hinh hoe, dinh 1y ¢6 thé phat bidu: néu Ax, y) va f;,(x, ¥ lign tye

trong mién c6 chita diém (x,, yo) thi ¢6 mot dudng cong tich phan duy nhat

clia phuong 1rinh qua diém (xg, yo).

Nghié¢m cua bai todn Cauchy goi la nghiém riéng ciia phuong

trinh vi phén.

Nghiém ctia phuong trinh (1) phu thuée h&ng 86 tuy ¥ e: ¥ = y(x,
¢) ma tit 50 kién (2) ta xde dink duwgc ¢ duy nhdt dé ¢6 nghiém riéng
goi la nghiém téng qudt ciia phuong trinh d6. Néu x, y, ¢ ¢é lién hé:

ol y,¢)= 0

thi hé thitc nay goi la tich phén téng qudt cia phuong trinh. Vé hinh
hoc nghiém téng qudt hay tich phén téng qudt bifu dién mot ho
duwong cong phu thudc mét tham sé e. Khi ¢ = ¢, thi ¢(x, ¥, ¢} goi la
mét tich phén riéng cia (I). ’

Thi du: Theo trén thi y = 2? va y = ex? (x = 0) 1& nghiém riéng va

nghiém tdng quat ciia phuong trinh y'= %y day nghiém téng quat bidu
X
dién mdt ho parabole qua géc O (trit didm O, tryc 1a Oy.
Chi y:

Phuong trinh (1) cho sy Iién hé gilia hé s8 géc clia tidp tuyén cia dudng
cong tich phan tai mat diém cha né va cac 1oa dd clla diém 66, nhu vay ta e6

thé dung duge cac diém cha duding cong tich phan cing vdi hudng clia 1iép
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tuvén vadi dudng cong tich phan trong mién 4n tai cia nghiém phudng
irinh. Tap hop cac tiéy tuvon 46 gol lé trudng hudng cia phuong trinh
vi phdn (1), bigl duge trudng hudng cua phudng trinh vi phan (1) trong mét
mién ndo 46 ta c6 thé dung duge gin ding dudng econg tich phén cda phuong

trinh di qua cac didm nao 46 cla mién

Thi du: (H.180 cho  trudng

hudng clia phuong trinh y' = y* . Y
14. Diém va nghidm bat v

thudng (ky di)

.
. j//
Xét phudng trinh vi phan cép |

ot —_— -
. £ / g o
¥ =flx, ¥ {1 / d

gid sit D c R? 14 midn xic dinh cha
flx, ¥).

Piém (xp ¥y € D goi la diém Hinh 180
bét thuong hay diém ky di cta

phuong trinh (1) néu phuong trinh khéng c6 nghiém thée man didu
kién ban déiu yL_ L= hay phuong trinh co it nhét hai nghiém
L]

phdn biét trong lin cdn cua diém x, cung thod mdn diéu kRién ban
déu trén.

R3 rang didm (x,, ¥, 12 mot diém ky di cGia phuong trinh (1) thi e¢dn la:
didu kién cta dinh 1% t6n tai vad duy nhat nghidm khéng thoa mén trong lan

can cua diém do, dac bigt ndu flx, ) lién tue va % khéng bj chan tai lan

can do.

Nghiém ciia phuong trinh (1) goi la nghiém bdt thudong hay ky
di etta né néu méi diém cia duong cong tich phén tuong ing la mét
diém bdt thuong ciia phuong trinh.
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Ro rang néu g, 3, ¢) = 0 (2) 14 tich phan téng quat clia phudng trinh
(1) va hg (2) ¢ hinh bao thi hinh bao ndy tuong ing mét nghiém bdt
thiang ciia phuong trinh .
Plx,y}),
Qx,¥)’
trinh (1) khéng c6 nghiém bt thudng (2), n6 chi ¢6 thé ¢ diém bat thudng
(25, ¥o) MA P(xy, yo) = Qfxo, ¥o)» = 0.

Néu f(x,3) =

P(x, ¥, Q(x, ) 1a cac da thikc cta x, y thi phudng

Thi du: Xét y'= 33\13’2 (8) thit tryec tiép ta thdy y = (x — ¢)® () 1a
nghiém téng quat cia (a). Hinh bao cia ho (a) duge xac dinh tit hé:

Px.y.e) =y-(z-o° =0.
(p;(x,y,c) =3(x—c}2 =0

Khite ta co y = 0, vi ho (b) khong 6 diém bat thudng nén ¥ = 0 13 hinh
bac clia ho (b) vA né 14 mdt nghiém bt thudng cua phuong trinh (a).

§2. MOT SO DANG DAC BIET CUA PHUONG TRiNH CAP I:
y = 1(x, y)
2.1. Phudng trinh bi&n s& phén ly
Phuong trinh bién sé phéan ly la phuong trinh cé dang
Mixjdx + N{(y)dy =0 (1)
Trong d6 M(x) chi la ham 86 cda x, N(y} chi I ham 56 cia y.

Cach giii: D& giai (1) gia sit ¥ = y(x) 12 nghiém cia (1), thay vae (1) ta
cé déng nhat thic:

Mx)dx + Niy(oly'dx = 0
Tich phan ca 2 vé& ta c6:
§ M(x)dx + fNLy(x)ly' dx = C



nhiung | NTy(x)ly' dx = [ N(y)dy

Do do: jM(x)dx+jN(y]dy=C

la tich phan tdng quat ctia phuong trinh (1).
Thi du:
1 Giai: (2x + cosx)dx + S5y'dy = 0

Tich phan 2 v& ta c¢6: 2* + sinx + y° = C 1a tich phan téng quat cla
phuong trinh, suy ra y = Yo - 2% -sinx 1a nghiém téng quat cua phuadng

trinh.

2) Giai: y = 2
X
Viy‘—_-iy_ nén d_yz_gl hay ﬂ:%(’:,y#o)
dx dx =x ¥ x

Tich phén 2 v8tacé Inly| = 2Inixi + IniC| (C=const = 0 thi m|C| =
const bat k3.

Do d6 y = Cx? (C # 0, x # 0) 14 nghiém tdng quat ctia phuong trinh da

cho. Phuong trinh da cho ¢6 thé vidt: 2ydx — xdy = 0. Do dé ta théy phudng
trinh con cé nghiémy =0 =0}, x=0 (y=0 {nghiém Tiéng}).

Nghiém y = 0 (x # 0) ¢6 thé @& trong nghiém tong quat vdi C = 0.

Vay ho dudng cong tich phén cla phudng trinh 12 ho paraboles y = Cx?
(x = 0) vi truc Oy (trit diém O): x =0 (y = 0). Didm (0, 0) 13 didm bat thudng
ctia phugng trinh (H. 181). Phuong trinh khong ¢6 nghiém bat thuong.

3) Giai bai toan tim quy luat phén huy ctia radium cho biét lugng
radium ban diu R';:o = Ry, va xéc dinh hé s& t¥ 1§ K néu cho bigi: 1g

radium sau 26,7 phut phan huy cén 0,5g.

Ta bidt phuong trinh xac dinh quy luat phan huy ctia radium R = R(t)
1a %=KR {1.1). Do d6 :



d . ,
;:Kdr, tich phéan 2 vé ta

[V e 4
Rl =K:+1InlC| (C=0)
hay R=cC %

Cho thoa man sd kién ta cb:

R,=CeX% hayC=R,

Vay ta eb qui lat:

R=R, e~ (a)

Bay gid ta xac dinh K. Theo gia Hinh 181
thidt va theo (a) La cd:

05=1.5%" hay K- 2240026

vay R =Ry e ™% gsuyrat — = (hi R -» 0. Nhung thye t& khéng ¢ £ — «
nén iugng radium khong bao gig phan huy hét.

Chu y:

Phuong trinh dang: M,(@N,0ddx + M(0N,(y)dy = 0 dua duge vé
phuong trinh bién s& phéan ly. Thuc vay chia 2 v& cho N,(y).M,(x) vdi gia
thidt N,(v).M,(x) = 0. Ta ¢d:

1"'1'1(3-‘)01Jch Ni(y) )=

=0
My(x) N3(y)

chinh 1a phugng trinh dang bién s6 phén ly.
Thi du: Giai x(y® — Ddx + y(x* - dy = 0. Chia 2 v&€ cho

2 D{x? D vdl gia thiét v 2 21, y = £1. Ta cé:



xd d 2xdx  2yd,
Zx.+-;_y=0 hay ::x+ g’y:()
x -1 ¥ -1 x5 -1 y°-1

Tich phén ta cé:

Inl«- 1] +1inly* 1]/ =InICl C20hay -1 (¥’ -1)=C

I3 tich phan téng quat ciia phudng trinh. R6 réng x = £1, ¥ = 11 c¢iing 14 cac

nghiém cia phudng trinh (nghiém riéng). Phuong trinh khéng cé nghiém

bat thudng.

2.2. Phuong trinh ding cap

Phuong trinh ¥y = f(x, ¥} (1) goi la phuang trinh ddng cdp déi vdi

x, ¥ néu ham f(x, y) ld ham ddng cap bdc khéng d6i voi x, y (ham flx,

¥) goi 1 dAng cAp bac n ddi vdi x, ¥ néu Vi & R, 4 = 0 fOx, ky) = L"flx, y);

bac khang: foax, hy) = L%, ) = flx, y), A = O

Thi du

l 2 - P
1} Phugng ivinh x)y° =xe* +y la phudng trinh dang cap, vi vdi x = 0,

v

¥y = et +2 3 day

R

Ay ¥
X

fix, y)= e% +l,f(}.x,?.y)= eg +?"—y: e
x hax

2) Phudng trinh
2xydx
z_ .2

e

y:

la phugng trinh ding ¢Ap vi

) 22 xyd 2xydx )
firx, by = e = ;’y -~ =fx, ) (2 0)
Wt -yt xf-y

% =fx,y), (h=0)

A



Plx,y)

Néuy' = y trong dé Plx, ¥), @(x, ¥} la cac da thic dang cap cing

*

bac clia x, y (cAc s8 hang cta ching cing bac) thi phuong trinh nay la
phiuong trinh vi phan ding cap.

Cach gidi. Xét phuong trinh ddng ¢&p (1) theo dinh nghia:

fOx, hy) = fx, y), dat 2 = -, x = 0 thi (1) ¢6 dang:
x
y =1, L) = (L) @
X X
. Y . . du . " .
Patu= < thiy=xu, y = u tx <— va (2) viét dugc:
x dx
wt 22 = o) 3)
dx
hay

dut
o{u)~u

=£ viipu) -u=0
x

D4y 1a phuong trinh bign 58 phan ly da biét cach giai.

Né&u @) - u = 0 hay ¢{x) = u, khi d6 (2) vit duge: ¥ = u hay y’ =%,
diy ciing 1a phudng trinh bign s6 phan ly da biét cach gidi.

Neu @z - u = 0 tai u, thi hAm u = uy 14 nghiém clia (3), va y = upx 12
nghiém cda (1).

Thi du:

¥ _ d
DGidiy=es+2 dat L =u x20tacou+ror = ¢ +uhay
x x dx

-¥
e M du= fdi.i)oclé-e_u =In|xl +ChaylInlx| + e + C=01atich
x

phéan téng quat ctia phuong trinh da cho.
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Zaydx

2y Giai y'= = theo trén day 1a phudng trinh déng cdp, dat
L §
¥ .
= =u,x=0,1ach
x
du  2u w(ul + 1)
T—— s mu s ————
dx  1-y 1-u
hay
2
1-u)d dx
( f: Jdu _ —, u#0
ulp® +1y x
Do dé:
dx _du  Zudu 1-u® 1 2u
x u o 1+u’ u(l+u?) u 1+4?

Tich phéan ta duge: Inlx] = Injz] - n{l +&® + In|Cl, C = 0, hay

2
24w _ C.Trolaiu= 2 tacs +32 - Cy=0.C =0, la tich phan tdng
Hi X

quat clia phugng trinh, no bidu thj mdt ho dudng tron tam trén tryc Oy, qua
goe O trir didm O 1a diém bat thudng cia phuong trinh. Phudng trinh da cho
¢6 the vidl (x® — y¥y = 2xy, ta th&y y = 0 (x = 0) cling 13 nghiém cta phudng
trinh (mghigdm rigng) mg vél w = 0 (7 trén ta da gia thidt « = ), phuong
trinh khong c6 nghiém bat thudng.

Chn y: Phuong trinh cé dang
. ax+by+e
apx+by+eg

¢6 thé dua vé phuong trinh déng cép.

Thi du: Giai phuong trinh:

d_y_x+y—3
dr x-y-1



Tadéibidnsdx=x, +h, y =y +k.

dyl _ X +yl +h+k-3

dx; % -y+h-k-1

Ta budc k, & théa man hé

hR+k-3=0
h—k-1=0

nghiala k= 2, k= 1. Khi d6 ta ¢ phudng trinh
@ x5ty
dx;  x -y

Day 1a mot phuong trinh ding cdp, giai phudng trinh nay ta ¢6 tich
phan téng quat caa nb la:

arctg?L
C!||x3+y? =e B (C=0 &',

Trd lai bifn s8 cil ta c6 tich

phén téng quat cla phueng trinh da

D)

\=
cho la: ( (b / —
o x
2 2 ﬂrdgy—l "“-"‘/
CJ(x—Q) by -1)2 =2
Chuyén sang toa dé oyec x — 2 =
rcos®, y — 1 = rsing. Ta ¢é cr = &%,
C ) EYORE - A A
{C = O)). Day 1a ho dudng xoan dc Hinh 182

logarithme (H.182}.

2.3. Phuong trinh tuy&n tinh: Phuong trinh vi phén tuyén tinh
cép mét la phuong trinh c6 dgng: y' + Pixl.y = Q(x) (1} tirc ld mot
phuong trinh béc nhéat déi véi y va y.

Gid st P(x), Q(x} la cdc ham lién tuc cta x trong mién X. Néu

Qix) =0 thi:y' + P(x)y = 0 (I') goi la phuong trinh tuyén tinh thudn
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nhéat. Néu Q(x)=0 thi phuong trinh goi ld tuyén tinh khéng thuén
nhdt. (I') cang goi la phuong trinh thudn nhét tuong itng ctia (1).

Thi du:
2 dy 1 sinx
= y=x+1?, Ly iyo
? x+1y ¢ ) dx  x x

la cée phugng trinh tuyén tinh. Con
y ey =1yt tay = et
khdng phai 1a phudng trinh tuyén tinh vi ¥, ¥ khéng phai § bac nhat,
Cach giai: Dau tién, ta giai phuong trinh thudn nhat tudng tmg (1)

etia (1): ¥y + Plx)y = 0, ta viét phudng trinh nay dudi dang:

dy -P(x)y hay a -P(x)dx
dx ¥

day 1a phuong trinh bién s8 phan ly. Tich phén ta c6:

Inlyl=-{P)de+|C| (C=0) hay y=Ce IP®™ (Cx0) (2)

R3 rang y = 014 mdt nghiém riéng ciia phuong trinh thudn nhat (17, né
ung vdi C = 0 trong (2). Theo gia thist thi (17 khéng ¢6 nghidm b&t thuing
trong mién X. Vay moi nghiém cita phudng trinh thudn nhat (19 duge xac
dinh béi cong thie (2). VC € R. D6 1a nghiém téng quat ca phudng trinh
ay.

Bay gio ta chuyén sang giai phuong trinh khéng thuin nhat (1). Ta tim
nghi¢m cda né dudi dangy = wv, = ulx), v = v(x), Liic d6 ¥ =w'v +uv’,

Thay vao (1) ta duge:
wv tuy’ +Pur = @ hay v'v tu(’ + Pvy=Q (3)

Né&u chgn v 13 mét nghigm ¢ = 0) clia phudng trinh thudn nhat (19 thi:
v+ Pr =0, 1a 88 chon v = TP (cho € = 1 trong (2) lGc d6 (3) vidt duge:
v =@ hay u' = Qe Fixidx



Suy ra u = _[Q.e'-'p(’”dxdx +C

dodéoy=uv= (IQ.e'J Plodx gy 4 €y ¢ 1P (4) ld nghiém téng qudt cua

phuwong trinh khéng thudn nhdt (1).

Tém lai: Muén gidi phiuong trinh thuén nhét (1) ddu tién giai

phuwong trink () 18y mét nghiém riéng v = ¢ V7™ 18i tim nghiém
cua (1) duéi dang y = u. v dgo ham thay vdo (1) ta dugc phuong trinh

xdc dinh u, gidi ta c6 u va do do ta cé y.

Ta ciing ¢ thé ap dung edng (hie (4) dé cb nghiém ngay (néu nhdd.

Thi du:
2 .
1} Y-—"—y=(x+1% (x=z-1)
x+1
dadu tién gidiz v - v=0 tach ﬂ: 2dx .
x+1 U x+1

Suy ralnlel = 2infx+1] + In|C| hayv = C (x + 1)%. Ldy ¢ = (x + 1)%,
dat y =wv =ulx+ 1) thiy = «'(x + 1 + 2u(x + 1), thay vao phudng trinh ta
e

2
wix+ 17 =(@x+ 1%
x+1

wix+ 12+ Sux+ 1) -

2
hayve' =x+l (x=-lysuyrau= (I—;U— + C. Do do

2 1
y= [LT}D +C](x+1)?'=C(x+ D+ (.‘c;l)
2) Giai —y+ly=bmx véi 5o Kién y| 5 =0
xox x g
Ta 53 p dung cong thie (4 P= L, @="% 14061
X X

1 Pdx = jd—t =Inlx|;, v= c_J‘Pd“T = o vl _ 1 (x =)
x ¥
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Py BINX .
QEJ = 7 elnll i e
X

| Pdx ..

_lQe-l dx = [sinxdx = ~cosx + C
Do dé:
T cosx

—_— " e
x

X

y=ur = (-cosx + C} —

1—
x

- . C N
cho thoda mAn sd kifn y| «=—-— suyraC =0

x:E ]E w

2 2

- e . - 83X
Vay ta cd nghiém riéngy = _Ix

3) Xac djnh quy luat bign thién cda van tée theo thoi gian v = v(#) cda
mét chdt diém khél lugng m chuyén dong thiang dudi tac dung ciia mot lye
6 dg 1dn t¥ 16 vdi thai gian chuyén dong, hé s6 ty 18 k,, k& tir lde v|x=0 =0,
ngodi ra chat diém con chiu lyc can clia méi trusng c6 do lon ty 18 vdi van

téc chuvén dong, hé so 13 13 14 . Ap dung dinh luat Newton ta ¢d phudng
trinh:

m--ﬂ = kit —kv hay av +—}f-v = -{t—Lt dé xac dinhk van téc v = it
dt dt m m
Dai: L =g, E1—=t‘)_. ta cé; ﬂﬂw = bt.
m m dat

Do 12 mét phuong trinh tuydn tinh cdp mot.

Giai phugng trinh thuén nhat %Et-l—+av1 ~0= 2 —adt. v, = Ce™

t

Ldy v, = ™, theo cach gial téng quat, nghiém cta phugng trink khong
thudn nhat v = u. e™.

Vai u 1 nghiém cla; o'= Q_ bre ™. do dé:
by
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"t at
= ere - _r"—dr} Sbpee %.e“‘ +C

v= [é (t - l)e"r + C}e""
a o

hay
b
v =

= (- l) +Ce™
a a

cho thoa man didu kién ”|:=o =0 taco 0= % +C hay C= %
o ia

Vay nghiém riéng ciia bai toan la: v = E(t - l)+ize'“‘ .
[#3 a a
4) Xét mdt mach didn co
dign trd R = const, hé sd tit cAm
L = const va thd dién déng E

3
{H 1830, 1im cudng d6 dong dién ¢ L
tai thi didm ¢, bigt if,_ =0 . Xét I V)
R

E = const, nhu ta biét trong vat

1%, ta cd cong thire lidn hé:

E= l’i‘i+Lﬁ
df
haw 2-+£rﬁ = E (R, L = const).
dt L L _
Theo cong thie (4) ta co Hinh 183

nghiém cha bai toan (Cauchy):



E _Ri
Néu F =const thi i = —(‘l ~el)

Cha y:
1) Cach gidi phuong trinh tuyén tinh 8 trén c¢6 thé t6m tat mét cach
khac nhu sau:
-[ Pdx

Pdu tién gidi phuong trinh thudn nhédt (I') ta cé: y=Ce ,
r8i tim nghiém céa (1) duéi dang y = u.v véi v =e 1?* ¢ nghia la
coi nghiém ctia phuong trinh thudn nhdt lé nghiém cua phuong
trinh khéng thuén nhét véi diéu kién coi C la mét ham s6 cuia x; C =
C {x) = u(x). Do dé phuong phap ndy ciing goi la phwdng phdp bién

thién héng sé (cua Lagrange).
2y Cong thite (4) ¢6 thé viét dudi dang:

. ]‘de —_[Pd.x
y=| [ dx+Cle™ | (x5, xeX) (4"
xg

Vi tich phan bat dinh ¢6 thé coi nhu tich phan xac dinh can bign déi.
Viét dudi dang nay thi cho thoa man so kién y|x=x0 =yy.tac6 C=y,vata

duge nghidm clia bai toan Cauchy d6) phuong trinh tuyén tinh la:

" }Pd.t - ’de.\:
y=| [Qe® dx+y,le ' (5)
e

Ta da gia thist P(x), Q(x) 1a cAc ham s6 lién tyc cia x trong mién X, de
d6 néu X = (a, b} thi nghiém cia bai tean Cauchy 1a t6n rai va duy nhit theo
céng thite (5) trong gidl a < x < b, -0 < y < +e¢ vA phuong trinh khong c6
nghiém bat thudng.

3 Theo edng thic (4) nghiém tdng quat cia phuong trinh (1)
- f,oix j Pdx - fmx

y=ce 4+ er‘“ dx.e *0
xp

ATS]



Ro rang 8 hang thi nhat 1a nghiém téng quat cia phiuong trinh thudn
nhat tudng Gng (1%, s8 hang thi hai la mét nghidgm riéng cta phudng trinh
khong thudn nhat (1). Téng quat ta co:

Dinh ly: Néu Y lé nghiém t6ng qudt ciia phwong trinh thudn
nhét tuong ting cue (1), y la mét nghiém riéng cta phuong trinh
khéng thudn nhéat (1) thi nghiém téng qudt ciia (1) léay=Y+y (2).

Thuye vay dao ham (2) thay vao (1) ta ¢6;
Y+ ¥y +PY+¥)=Y+PY+ 5y +Py =0+R=@Q.
Hién nhién (2) thod man didu kién Cauchy trong X.
2.4. Phuong trinh Bernoulli: Phuong trinh Bernoulli la phuong
trinh cé dang
¥+ P(x)y = Q(x)y” (1)

a lé mét hing 56 = 0 va 1 (truong hop a = 0 hode a = 1 thi (1) tré
thanh phuong trinh tuyén tink dé xét).

Cach giair Gia st P(x), Q(x) 12 cac ham s8 lign tuc 1vong midn X ta sé
giai (1) bang cach dua v& phuong trinh tuyén tinh nhit sau: Chia 2 v& cho
¥y (giasiy = 0) ta duge:

YUY+ Py l=Qw

Par ¥y =z thi(-a+1) y*y =z hay y %y = T L
-«

Thay vao (2) ta duge: 12

-

+Pz=Qhayz +(1-wPz=(1- o) (3

Day la phuong trinh tuyén tinh d6i vai z da bigt. Giai (3) ta c6 2, ( = O) rdi
173 lai &n ham cii ta cé y.

Thi du. Giai phuogng trinh: ¥y iy = .rJ; {a}
X



1

Prav 1a phuang trinh Bernoullt véi e = = . Chia 2 vé cho y? ta vo:

| S

1 1
yry-—y'=x
X
1 1 L
Datz=y" thiz' = 5 Y ? ¥, thay vao phudgng trinh ta c6:
22 - —z=xhayz - Ez—i
X 2

Day la mdt phuong trinh tuvén tinh di vdi 2.

Giai phugng trinh thudn nhat ta cé 2 = ex?. Cotc = (@) va coi 2z = efx).x

la nghiém etia phudng trinh khéng thudn nhat; 2 = s + 2xe, ta ed;

c'x? + 2xe - icﬁ = hay ¢’ -1 fx =)
x o 2x

1 —_ —_
c{x) = Einlxl + ¢, ¢ =const

- N - 1 ; N .
Do dé:z = (% In|=z| + en®vay=2"=x'c +§ Inlx1¥ (by 1a nghiém

téng quat cta (a). Ta thay y = 0 cing la mdt nghidm cha (a), né 15 nghiém

bat thudng cda (a) vi d& dang thay né 1a hinh bao clia ho (b).

Cha y: Trong phudng trinh Bernoulli (1) ta da gia thidt Plx), @) Lién

tye trong mién X. Ti gia thidt nay suy ra;

Néu X = (a, b) thi;

Nghiédm ctia bai toan Cauchy (hghiém cda phudng trinh (1) vdi didu
kign y|,__ = yo) 12 tén tai va duy nhat véi @ <x, < b, y, = 0, y, > 0. Néu
-xy

a € & (hitw t93, khi o > 0, phugng tvinh Bernoulli ¢é nghiém y = 0, nghiém

nay 12 nghiém ridng ndu « > 1 va b nghiom bat thudng nfu < a < 1.
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2.5. Phuong trinh vi phan toan phan, Thiia s tich phan
a. Pinh nghia va cach giai

Phuong trinh Pix, y)dx + Q(x, y)dy = 0 (1) got I phuong trinh vi
phén toan phdn néu vé phdi ciia né lé mét vi phén tean phdn cia

mét ham s6 nao do.

Nhtf vy néu phuong trinh (1) 14 phuong trinh vi phan toan phan thi
Pdx + Qdy = du, u 1A mdt ham 88 ndo dé cua x, y: u = u(x, y) va lie db (1)

vidt duge: du = 0 suy ra ulx, y} = ¢ |3 tich phan téng quat cua phuong trinh.

Ta biét: Piéu kién cin va du dé bidu thite P(x, y)dx + Q(x, y)dy lé
vi phén toan phan cua mét ham s6 u trong mét mién don lién D néo
dé laé P, Q cé cdc dao ham riéng lién tuc va thod man hé thuc:

—(?—Pi = (:—Q— trong D,

dy ix
Ta lai bidt khi du = Plx, y)dx + @Q{x, y)dy thi u duge xac dinh theo cong

thae:

x ¥
ulx.y)= [P,y ddx + JQ(x, y)dy + Cy
xg Yo

X ¥
hay ulx.y)= [Plx,yydx + [Q(xq, ¥)dy + Cy vdi (xg, yo) € D

o ¥

Véy fich phan tong qudt ctia phutong trinh vi phén toan phdn
(1) la:

x ¥
| P(x, yp)dx + [Q(x,»dy=C &)
Xﬂ yo

hay

[ Ptx, yydx + [Q(xg, y)dy =C (2)

g Yo

Sl



Phudng trinh vi phan toan phin khéng ¢6 nghidm bl thudng.
Thi du: Giai phuong trinh:
(327 + GayDdx + (6xly + 4y")dy = 0
J day ok . 12xy, (i—Q =12xy
dy finy

Vay phudng trinh da cho 1a phuogng trinh vi phéan toan phan. Theo (2)
ta c6 tich phan t8ng quat cia phuong trinh 15: (1ay theo 2, =0, y,= 0«
D=R%)

To 2g T2 3
[3x"dx+ j(G6x"y+4yT)dy =C
0 0

hay 2+ 3+ =C
Chn y:

1) Ta c¢6 thé giai phugng trinh vi phan toan phin (1) bing cach nham
hop cac 88 hang clia phuong trinh dé duge vi phan toan phéan cGa mét ham u
nao 46,

Thi du: Giai phuogng trinh:

“—zdx TP AL . f'x dy =0
¥ ¥

Ta cé

e _bx Q_-bx .0
ooyt

Vay phudng trinh da cho 1 phudng trinh vi phan toan phan. Ta ¢6 thé
nhom hop cac 6 hang clia phudng trinh:

9 3x2 d
—gdx—%dy+—z=
¥ ¥ Y

2
hay d( Xy -dty =0
¥ ¥

AT



Do do

1
T —=¢
vy

14 tich phan téng quat ¢l phudng trinh.

2) Bang cach dya vao djnh nghia;

%“:Ptx.y} (@) %=Q(x.y) ®).

Tu (a): & = [P(x,y)dx + C(y); C(y) 1a mdt ham tuy ¥ cla y (coi y nhu

héng s6 (hi hing s6 tup ¥ € phu thude y: ¢ = Civ)) do dé:

2R

% = (| Ptz y)dx], +C' () = Q(x, y)

T day ta ¢d Cly) va ta co w.
Thi du:
1) Giai:
(Ax’y +y")dx + (x° + 2xy +10y)dy = 0,

dday P =32 + 5", @ = * + 2xy +10y.

aP 2 ) 2
C o 3x?ray, 3249
¥ PN Y
o
Va.\' a_:_.(/
&y

va phudng trinh 15 phudng trinh vi phan toan phan. Tim ham u i
;—u = 3x2y + yz suy ra; u(x, y} = 2% + xy? + Cly) v

N
CU B +2xy+Ci{y) = x3 +2xy + 10y,

@

Do 6 C'y) = 10y, suy ra Cly) = iyl + C .



Vav uix, yb = 2%y + 5’ + &y’ = € 1a tich phan 1dng quat cda phuony

trinh.
2y Gian

(Zx + ydx + (x - dvdy = (1,

Jday P=2c+y, Q@ =x -1y

o _ o6 -1
&y dx

3
2a+y suvran=a" +ay + Cy). %=x+C'(y}=x—\1y,
[

2y* =C la tich

&
Tim u, tix &

oo
hay C(y) = -dy, suy ra Oy = -2y* + C vaulx,y) = £ +axy
phan téng quat coa phudng rrinh. Ta thay phudng t¥inh trén cong 1A

phudng trinh ding cdp vi dua vé dude:

nén cling giai duge theo phudng phap gidi phuong trinh dang cap.

b) Thita sé tich phin

Xét phudng trinh  Plx, y)dx + Qix, vdx =0 {1}

Gia st phuong trinh nay khéng phdi la phuong trinh vi phan

toan phdn, néu cé mot ham u(x, v) sao cho phuong trinh:
55 ) P(x, y)dx + p{x, y) Q(x, yldx =0
la mét phuong trinh vi phén toan phan thi ulx, y) goi la mét thita sé
tich phén cta phuong irinh (1).
Bay gid ta gia sit cé ham plx, y) nhit thé thi:

APy _ o)

fq“'}' tA'.\'
AN



nghia la;
aP au o6

—+P —u—+Qa—“
My Ty Ma o

élnu_Qalnu_gg_g
oy o ox oy

hay P {2)
K5 rang moi ham p(x, y) thod man (2) déu 1a thita s§ tich phan cia
phuong trinh (1).

Phuong trinh (2) 1a mét phuong trinh vi phén dao ham riéng, nguoi ta
chimg minh ring véi nhimg didu kién nao dé, phuong trinh (2) c6 vb 8
nghiém.

Nhung trong truong hgp tdng quat vige tim plx, y), thoa man (2) con
khé khan hon viée gial phuong trinh (1).

Sau day ta xét mdt s§ trudng hyp dic bist cho vige tim p mét cach dé
dang.

1) Gid sit 5(s. ) = 1O (chi phy thude ), Tic s 22K

=0 va phudng
trinh (2) viét duge:

® _oP

dinp  ox &
dy P

Ro rang phudng trinh nay chi c¢6 nghiém khi v& phai khéng phy
thude x.

2y Gia sit pix, ¥) = pix} (chi phy thuje x}.

Tudng ty ta c6 phuong trinh dé xac dinh p(x) v6i didu kién vé phai
8@ _ab
dinp & &
dx Q

khéng phy thude y.



Thi du:

Giai phudng trinh: (1 xPyxdx +x%y  xdy =90,

TR ¢ (_3-}1: _xz_- ﬁ=2xy—3x2 Vay E¢£
&y ax Gy  ox
biat khac
R _op
dx Ey -2 . dlnp -2 1
— = =—— o dd —=— va Y= —
Q x of dx PR Wix 22

Nhin hai v& cua phuong trinh da cho voi p(x) = Lz ta ¢6 phudng trinh
x
vi phan toan phin:

(%—y)dx+(y—x)dy=0, x#0
X

Nhém hop cac s6 hang ta co:

%—(ydx+xdy)+ydy=0
X

2 J— Ly
Do dé 12— ~xy— 1. C hay y® — 2xy - 2 C la tich phan tong quat cia
X x
phudng trinh, {(x = 0).

Chu ¥: Vigc nhan thita s6 tich phan pix, ») véi 2 v& clia phuong trinh
(1) d& c6 mdt phudng trinh vi phan toan phan cé thé lam mat nghiém cla
phuong trinh (1), nghiém nay c6 thé 14 nghiém bat thudng,

Chéng han xét thi du trén, ta da st dung thita s6 tich phan p(x) = Lz \
X

x = 0. Rd rang x = 0 ciing 14 mdt nghidm caa phuong trinh da cho, no 1a gt

]

nghidm rigng (3, tuy n6 khong chita trong nghiém tdng quat: y2 — iy - = =C

"

x = 0 (hay ciing thé, né chia trong nghidm tong quat nay vai ¢ = «o1).



2.6. Phuong trinh Clairaut va Lagrange

Ta da xét nhimg phuonp (rinh vi phan cap méat da gial ra ddi vii dao
ham: ¥ = flx, y). Bay gid 1a 8¢ xét vai phuong (rinh vi phan c&p mdt khong
giai ra ddi voi dao ham y’

a) Phuong trinh Clairaut: Phwong trinh Clairaut la phuong

trinh co dang:
y=xy' + oly) (1)

oy} ld mét ham cia vy’ va ¢fy) = ay' + b (7). Pgt y' = p thi (1) viél
duoge

¥y =xp +p(p) (17"
col p = plx) va dao ham hai vé caa (1) theo x 1a ¢d:

dp dp dp
=X e+ B4 j2 Ak + o ] Py ]
p=x=-+p ¢ip o Y [« +¢(p) ;

do dé

P _ 0 (2 hodcx + @@ = 0 @)

dx
T (2) ta cd: p = ¢ (=const) thay vao (1) ta cb:
y=cx+ ¢lr) (1)

ddy la nghiém téng qudt cia (1) (vi 1ay dao ham ta co ¥ = p = ¢. Thay vio
{1y cx + @le) = cx + @ieh

Né bidu thj mot ho duding thang phy thude tham s6 . Tir (3) 16U ta tim

duge p 1a hiym cta x; p = p{x} thi thay vao (1) ta cd:
¥ = xplx) + @lp(ad] (5
Rd rang (5) 1a nghiém cia (1) vi:

Y=ptlx+ ol =p



Thay vao (1)
xp + @ip) = xp + p(p)
Nghi¢m (5) khéng nam trong nghiém t8ng quat (4). N6 ¢6 duge bang
cach khit p tix héa:
y = xp o)
@ =0
hay ciing th& khit ¢ tit ha:
¥y Zcx + gle)
x+ (p'e(c) =0.
nghia 14 nghiém (5) cla phudng trinh Clairaut bidu thi hinh bao ciia ho

duang thang ¢6 phudng trinh 13 nghidm téng quat (4), vay né 12 nghidm bat
thudng cuaa (1). '

Thi du: Tim nghiém téng quat va nghiém bat thudng cia phudng
trinh Clairaut:
ap

\jl +p2

Theo trén nghiém tdng quét cha phudng trinh da cho 1a:

y=xp+ viip =y, {a >0

¥ ox b —e (thay p bdi ¢

1+¢?

Nghiém bat thudng cé duge bang cach khit e tit hé

ac
y=cx+

\|'1+¢:2
Tt =0

YA+

Vay nghiém bat thudng c6 dang tham s c.
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i
—d [#29
r= ¥ =

(1+c2y2 (1+e?)

=1

I 2
3

z
hay khitc taeb: % +y? = o

B 1a dudng Astroide. Vi dang

tham sd ciia nghidm bat thudng chi
xéc dinh khi x £ 0 nén nghiém bt

thudng chi bidu thj bdi nira bén trai
cia Astroide. (111813 I

b} Phuong trinh Lagrange. - Hinh 184
Phuong trinh Lagrange la
phuong trinh ¢6 dang:

¥ = xp() +yr(y) (1)

vai ofy’), w(¥') la cac ham cua y'. Nou ¢fy) = ¥ thi phugng trinh Lagrange
trd thanh phuong trinh Clairaut da bist. Dat ' = p thi (1) viét duge:

¥ = x@(p) + yip) (1)
coi p = p{x), dao ham hai v& (1) theo x va cha ¥ ¥ = p ta e6:

2=¢(p)+lep' (py+ w'(p)li":l
dx
hay
. . dp .
P -:p(p):l.xtp(pr(p)]a (2)

Vaip - @(p) # 0, (2) viét duge;

dx _ x¢/(p) __w'{(p)
dp p-9p) p-9op)

Déy la phuang trinh vi phan tuyén tinh cadp mét d6i vdi ham x = x(p),

[ S
=]



Gial phudng trinh nay ta o6 x = x{p, ¢) (3). Khit p & hé gdm (19 va (3) ta ¢6
tich phén tong quat cha (1) 6 dang: O(x, y, e) = 0. Bay gid xét p-op=0
tai p = po thi ¥ = pot + W(pg) () = po) cling 14 nghidém ciia (1) né ¢6 thé 1a
tghién hat thuing cia phuong trinh.

Thi du: Giai phuong trinh Lagrange: y = x¢'2 + y'2. Dt y' = p ta c6:
y =ap’ +p? (a)
Pao ham theo x hai v&:
dp
'=ptt (2px+ 2p) = =p.
¥y =p+(@px+2p 7 P
viip -p?=0tacd:

ﬁ—x 2p 2
dp p-p? 1-p

Giai phuong trinh nay déi véi x = x(p) ta duge:
2

t=olt—— (b)
(p-1

Khit p 6 hé (a}, (b) ta ¢6 nghidm tdng quat ¢la phudng trinh (a):
y={c+yx+1)%.
Baygidxétp -p>=0khip=1vap=0.

¥dip =1, theo (a) ta ¢6: ¥ = x +1, nghiém nay 12 mét nghidm riéng cua

phuang trinh da cho vi né ndm trong nghiém tng quat vdic = 0.

Vdi p = 0, theo (a) ta ¢6 y = 0, day ciing 13 mot nghiém ctia phucag
trinh da cho. N6 14 nghiém bat thudng cha phuong trinh vi d& dang thay né
14 hinh bao cia hg dudng cong tich phan tdng quat.



§3. BAI TOAN QUY DAO GOC o -QUY DAO TRUC GIAO

3.1. Phuong trinh vi phan clia mdt ho dudng cong

Ta bidt phuong trinh vi phan F(x, y, ¥) = 0 (1) ¢6 tich phan téng quat
phy thude mot hang s8 tuy ¥ ¢; glx, ¥, ) = 0 va vé hinh hoc tich phdn nay
bidu didn mot ho dudng cong phy thude tham s c.

Ta thdy: phuong trinh (1) la phuong trinh lién hé gita cdce too
dé x, v, hé 86 géc ciia tiép tuyén y'tai mét diém tuy y trén mét duong
ctia ho duwong cong, ngudi ta goi phuong trinh do la phuong trinh vi
phén cia ho. Nguge lai cho mét ho dudng cong phy thudc mét tham sg p
nao d6: glx, y, ) = 0 (a) ta ¢6 thé lap phudng trinh vi phén cia ho nay.

Thye vay, col y = y(x) ta cé: elx, y(x), py = 0 dac ham theo x:

% +§y'= 0 (by khit p & (a) va (b) ta s& ¢6 phuong trinh Flx, y, )= 0

lidn hé gitta céc toa d6 x, y hé 8§ géc ¥ tai mGt didm tuy ¥ trén mot dudng
ctia ho, 46 chinh 13 phuong trinh vi phan cGa hg.
Thi du; Tim phuong trinh vi phan cGa ho dudng tron:
+y—ex=0 (a)

Dao ham theo x ta co:

2x+ 2y’ -c=0 (h)
12 + y2
Ti{a) tacé ¢=——" thay vao (b) ta dugc:
X

hay

D6 1a phudng trinh vi phan cia ho dudng tron (a).



3.2. Bai toan quy dao goc a

Trong mdt phéng xO0y cho mét ho duong cong C phy thudc mét
tham 86 p: ®fx, y, p) = 0 tim ho duang cong I' cdt ho C dudi mét goc
khéng ddi a. Ngudi ta goi I la
ho quy dgo géec a cita ho C. ¥ ’

Ddc biét a =§ thi ho I duoe

goi la ho quy dao truc gidao
ctia ho C, D& giai bai toan, ta : P
xé1 M la giao didm cha mdt v
dudng tuy ¥ trong ho C va mét : ¢ \\
dudng tuy ¢ trong ho [ (H. 185},

(Goi toa dd chay va hé s6 cla
tifp tuyéncia ho Cla X, Y, ¥ va
cia ho T a x, y, y. Tai giac didm
Mtfach: X=x, Y=y (1)

Hinh 1853

Béy gid ta tim lién hé gita Y va ¥ tai M. Theo hinh y - ¢ = suy ra
=y

gy —-tga

tgp = tgly - o) =
1+tga.tgy

Nhung tgp = ¥, tgy = » nén ta co:

Y= y-tgo

(2)
1+ tgoy'

Mat khae ti phugng trinh elia ho C: ®(x, y, p) = 0 theo trén ta s& tim
duge phuong trinh vi phan cia ho nay 13 F(x, y, ) = 0 hay theo ky higu
trén: FX, Y, ¥") = 0. Do dé theo (1) va (2) tai M ta c6:

F(I, ¥, _J:l_tﬂ) =0
1+ tguy’

[
=1
=1



Vi M |4 tuy ¥ nén phuong (rinh nay la phuong trinh lién hé cac toa 49
x, ¥ hé 88 goc ' cla mat didm Luy ¥ trén mét dudng cong cua he T, né chinh
la phugng trinh vi phan coa ho T Giaitaséed ho I

. i 1 N R -
Dac biét a = E thi ¥ =-— va Fx, y, - llj = 0 la phucgng trinh cua hg
Y by
quy dao Lrye giao.
Tém lgi, muén tim ho quy dac géc a hay ho quy dao tryc giao
cua ho C: d{x, y, p) = O:
- Pdu tién ta tim phuwong trinh vi phén cta ho C: F(x, y, ) = 0.

»- -t 5,
- Sau dé thay trong phuong trinh nay v’ boi > tga hay boi
- I+igay’
- i, , ta duge phuong trinh vi phén cia ho quy doo géc o hay ho gquy
¥

dgo truc giao cua ho C.
- Cuéi eung gidi phuong trink vi phén nay ta sé duge he quy dao
goéc a hay ho quy dao truc giao ciia ho C,

Thi du:

1) Tim he qu¥ dao goc w = % eGa ho dudng thing y = px (a).

D4u tién tim phudng trinh vi phan cda ho dudng thang. Tu (a) dao
‘ham theo x ta cé: ¥y = p (b). Khit p 8 (a) va (D) ta ¢6: ¥ = ¥'x 14 phuong trinh
vi phén cta ho duong thiang. Thay trong phudng trinh nay y' bdi i—ﬂT (v

+y

tga = Lg—} =1) ta c6 phuong trinh vi phan cla ho quy dao la:

y=2L s hay y= XY
1+y x-y

D4y 12 phuong trinh dang cap, ta da bist cach giai:

142

L Xty _ x
y_ =

. l_l

X



dat Y Suthiy =u+xu va
X

. 1- d
u+.1cu':]+hr hay u du:—x
1-u 1+u? x

tich phan ta ¢

arctgu - é—}n(1+u2)+ln|cl =Inlx].

hay
arctg%: % 1'.1(1 + %} +Inlel=Inlx|
arclg % +lne=1n \/xz +y§d
T gl

2
UMY TA Xty =oce

Déi sang toa 46 doc cye ta
= ¢. 7. Vay ho quy dao

Y
T . - * -
el :I cua ho dudng thang trén

14 ho didng seédn 8¢ logarithme

TH T80

2y Tim he quvy dao tryc Hinh 156
giao  cta ho  dudng  tron
2’ +3y” cx =10, Theo thi du & (3.1) ta c6 phudng trinh vi phan cia ho dudng

trom nay la:

2 .2
. -x . 1 . N . _
¥ :y)ix . Thay y’ bdi — = ta ¢6 phudng trinh cGa ho quy dao tryc
dxy ¥
2 2 L3
. 1 - R . 2 . .
glao - — = y -* hay y' = _Eé& . Pay 1a phudng trinh dang cap da
¥ 2xy x? - y? :

giai d thi du 2) § 2.2. Tich phan tdng quat cta né la:



¥ ey ey =00 D6 eling 13 hg dudng trdn qua gée nhung ¢6 tam trén
Oy (137

Y Y

B
&,
|

|
Hinh 187 Hinh 188

3 Tim ho quy dao tryce giao clia ho parabole y = pa? (a). Daoc ham theo

xy = 2px, suy rap =2 thay lai (a) ta ¢é6 phudng trinh vi phan cha ho
X

2
paraboles dé la:;

y:—y-xz hay y'= Zy,
2x X

vy 1 . . . N N .
Thay y' bd - = ta c6 phudng trinh vi phan cda he quy dao trye giao:
Y

ll=2—y hay iablc+yca‘.’_~y=0
¥ x. 2
Tich phan ta eé:

2 2 2 2
XT+‘¥—)=C hay AN S|

e  Ze

Do dé ho quy¥ dao 1rye giao 14 ho ellipses tam O it 18

28R



s4. GIAI GAN PUNG PHUONG TRINH CAP I

Cho phudng trinh ¢8p mdt: ¥ = fix, ¥ (1). Ta biét tai mdi diém
(x, y) € D < R? dinh 1y tén tai va duy nhat ding thi ¢6 mét dudng cong tich
phan duy nhat cha phudng trinh (1) di qua. Tu phugng trinh (1) ta co thd
tinh dugc hé sd goc cua 1iép tuyén tai mot diém (x, y) tuy ¥ véi dudng cong
tich phan qua diém dé, ching han tai didm (x,, y,) thi hé sd géc tiép tuyén
vdi dudng cong tich phan qua diém dé la: y' = Fxo, o).

Do d6 vé hinh hoc phudng trinh (1) cho hé s& géc cia Lticp tuyén tai mor
diém tuy ¥ vdi dudng cong tich phan ciia né.

Xudt phét tit ¥ nghia hinh hge nay clia phudng trinh (1) ta s& trinh bay
phuong phap gidi gan ding cho nghidm riéng ciia phudng trinh  d6 goi 1a
phudng phap giai gdn dung cfta Euler.

Ngi dung cua phudng phap nay la thay dudng cong tich phén cla
phuong trinh (J) bang mot dudng gy khic do céc tiép tuyén vdi dudng cong
dd tao nén. Gia slt phai tim nghiém riéng ¥ = y(x) ciia phusng trinh (1) v6i
sd Kign: y{_ o =0

Ta chia khodng [x,, %] ra lam = phan bat ky bdi cac didm;
Xo <x Ca, < L <x, = (134,

Tit cac didm dé ta dyng cae dudng thiang song song vii truce Oy. Theo
(2) ta c6 diém My(x,, y,) trén dudng cong tich phan. Bay gid ta dat trén Ox
doan OP = -1 va dat trén Oy doan OHy = yp= flx,, o), thi hé 58 goc cla

tiép tuyén tai M, véi dudng cong tich phan s& la:

- — 0OH
tga = yo= OH, =2,
1 Yo 0 OP

suy ra phuong cda 1ép miyén tai M, chinh 12 PH, . Do dé tit M, 1a dung

dudng thang song song vdi PH, thi ta duge tiép tuyén tai M,, tiép tuyén nav
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cai dudng x = x, tai M (x,, y,}. Mot cach gdn ding ta coi M, 1a didm trén
duimyg cong tich phéan ing v x = x,.

Hinh 139

Ta lai dat trén Oy: O_le flx,, y) va tuong ti nhu trén ta lai dyng
dhige tigp tuydn véi dudng cong tich phan tai My, tiép tuyén nay cat dudbng
£ = x, tai didm My(x,, y,). Ta lai coi gin dung M, la diém trén dudng cong
tfch phan vdi x = x,. Qua trinh tiép tye, cudi ciung ta duge diém M, coi gin
dung 14 diém trén dudng cong tich phan ing vdi x = x,. K&t qua ta duge mét
dudng gy khic xu&t phat tir didm M, coi gdn dung 14 duang cong tich phan

ung véi nghid¢m riéng cua phudng trinh (1) v6i s0 kién (2).
D& ¢ thé tinh toan bang s6, ta vist phuong trinh clta 1idp tuyén tai M,
¥ =¥ =Y ax —x) hay y -y = flv,. yadly - xo)

Cho cal dudng x = x,, ta cd y, — ¥o = o, Yo, o0 Do d6 ta cé gid 1j

gAn dung caa nghigm tai x = x, 1a:

Y1 = Yo + flxg,, yollx,  xo) (a)

E
x
|2



Tuong tud

Yo =¥+ e,y - 1) (b

Yo =¥n1 + f(xn-lsyn-l)(xn xn.l) (n)

Tit cac ddng thic (a), (b), ....(n) ta c6:
Yo =¥o+ flxo, yob (o -xp) + fley, y)x, —x)) +

+f(x2ly2)(x3_x2) +.. +f(xn-lsyn-1)(xn xn-l)

Néu r cang 16n, nghia 1a chia doan [x;, %] cAng 14m nhidu phan thi
nghigém riéng tim duge cang chinh xac. Phuong phap nay che ta tr] <6 gin
ding cta nghiém riéng (ng vdi mot trj 56 cy thé cia bién s6 doc 1ap ma
khéng cdn tim ham s8 bidu dién nghidm riéng dé.

Thi du; Giai gAn ding phuong trinh:

y =xy’ + 1v6isokign y|_ =0 trongl0, 1].

Ta chia khoang [0, 1] ra lam 4 phan bang nhau bdi cac didm x, = 0,

x, = 0,25, %, = 0,5, x, = 0,75, x, = 1 theo sd kign 14n lugt 14 c6:
. Y

5=0,¥=0, y%=00+1=1 L5 . M

¥, =0+ 10,25 -0y = 0,25,

y1 = 0,25 (0,25 + 1 = 1,018,

y,= 0,25 + 1,016.0,25 = 0,504,

¥y = 0,5.(0,504) + 1 =1,127,

y2= 0,604 + 1,127.0,25 = 0,786, .

ya =0,75.0,786)2 + 1 = 1,463

¥, = 0,786 + 1,163.0,25 = 1,152. Hinh 190
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§5. PHUONG TRINH VI PHAN CAP CAOQ

5.1. Khai niém cd ban
Bay gid ta chuyén sang xét phuadng trinh cdp n bat ky dang:
¥ = ey y s y™ ) (1)

Dé& vdi phuong trinh nay, cac khai niém so kién bai toan Cauchy dinh
1y tén tai va duy nhat, nghiém riéng nghiém tdng quat cing duge phat bidu
mdt cach tuong ty nhu db7 vdi phuong trinh c4p mét dang (1) 3 §1.

Bai todn Cauchy déi véi phuong trinh (1) la bai todn tim
nghiém cia né thod méan diéu kién ban ddu
= v ) = LT VPO
Y(xe) = Yo ¥'(xg) = yo w0 ¥ {X0)= Yo
hay

. -1 -1
= Ypser ¥V =y (2

X Xp

Y. . =30 V|

x=x9 x=xg

Thi du. Xét phuong trinh ding dé xéc djnh quy luat toi ty do §» = g.
Tich phan 2 v& ta ¢6 & = gt + ¢, lai tich phan 14n nida ta c6:
gt’
5= =——+et+ry.
N 2 Cl 9
Nhit vay ta duge nghtdm phy thuée 2 hing sd tu? ¥ ¢, va ¢,. Musdn c6

quy luat xac dinh, ta phai thém vao cac didu kign ddcao s vatdc dd v = ¢
tai thoi diém ban ddu la bao nhiéu? Chéng han s, =0 s} _ =0.

Ldc d6 tit nghiém trén ta co:
§=gt+te va 0= g,0+c1,0+c2;- 0=g.0+c,.

2
Suy ra ¢, = ¢, = O va quy ludt phai tim 13 <= £ D& véi bai toan

Cauchy (1), () ta cling co:
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Pinh 1y tén tai va duy nhat (ctia nghiém)

Néu ham f(x, 3, ¥, y" V) lién tuc trong ldn cén cua diém

(Xps Yor Yoro ¥5' '1) thi phutong trink (1) ¢ nghiém y = y(x) trong lén

eGn ctia diém x, théa man diéu kién ban ddu (2). Hon nita néu
A A 4
& ' o' ay(n 1)

nghiém y = y(x) la duy nhét.

ciing lién tuc tgi diém (xp Ya» Yoo yo V) thi

Nghiém cuo bai todn Cauchy (1), (2} ciing goi la nghiém riéng
cua phuang trinh vi phéan (1).

Nghiém téng qudt cia (1) la ham y = y(x, ¢ Cp,.yc,) thod mén
hai diéu kién:
- Lé nghiém cua phuong trinh V¢, cg,..,e, € R,

- Cho diéu kién ban dédu (2) thi xdc dinh duoce ¢, cy..., ¢, duy

nhdt.

2 . -
Thi du: Theo thi dy trén thi s =gtT+clr +¢y. 12 nghiém tong quét

. t2 e, .
" cua phudng trinh s"=gva s= gT 12 nghiém riéng cua phudng trinh.

&

5.2. Phuong trinh cdp cao ¢é thé ha thip cip

Ta biét dang tdng quat ciia phuong trinh vi phin cap » da giai ra do
vai y™ 1a v = flxoyy', L ) Trong phdn ray ta s8 xé61 mot sb dang

dac bigt chia phuong trinh ¢6 thé ha thap cap.

a) Phuong trinh dang ¥™ = fix) (1

Gia sd £ 12 ham lién tuc trong (e, &). Dé giai phuong trinh nay 1a sé ha
thap cap cva né dan din. Vi y™® =(y"» Dy nén phuong trinh vist duge:

" Vy=fl.
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Tich phantaco: ¥ V= [fx)de +¢ .

Nhung ¥V = (3" 2y nén phugng trinh nay lai vidt duge
(3" Y= flayde+ e .

Tich phantact:  y% = j(j fla)doddx+ex + e,y .

Qua trinh 1iép tue, ta s& dén mdt phudng trinh cdp mot. Giai phudng
trinh cAp mdt nay ta sé ¢d nghiém phai tim.
Thi du:

1) Gidi: 3= 2, 14n lugt ha ¢8p ta cb:

x®
yi=alte, y="— texte
3
—x4+ —x2+ +
= ¢ CoX + ¢
Y=1p a5 2 3

2) Giai y" = sinkx vdi so Kién y wo =0 Y] =t

Ta co

cos kx sin kx
¢

¥ =[sinkxdx = -

Theo sd Kign
| =11 '1—»——1+» : -—1+]
¥lg=ltaed 1= L €, Suyra ¢ = n

¥, o =0tacs 0=0+c, O+c,suyrac,=0.

Do dé nghiém riéng la:
_ sinkx
=- 2

1
+(1+=
( ka

Ch y: Theo cach giai trén, nghiém tdng quat cia (1) [a:

y=1].] flxidedz. .de+ex™ N eex™ 4 4,
n lin
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trang midnia <x <bva [yl <+, |y| <+, |y <+ x,

Nghiém cua bai toan Canchy (1)

- o o (n-1 PN B PR
y|x v Yo '}|.r=xf_J Yy ¥ g Yo (2)
trong mién trén 1a;

(X % yrn—IJ
y= [ i frdedr. . de +-20—(x—x, "7 +

oy R fn-11

-2 s
+ 20— TV hyx—xp) g

n-2)

b} Phutong trinh dang: y” = f(x, ¥'). Dé ha cdp ta dat ¥y = p(x) thi
¥ = p’ va phudng trinh vidt duge o' = flx, p) giai phuong trinh nay ta cé
p=wlx. e trd laip =y, ta ¢é phuong trinh cap 11y = @lx, ;). Gidi ta cé y.

Thi du:

1) Giai:

YL+’ = 2xy véisokign ¥ =1 ] =3

bat y' =p thi y" = p’ v phudng trinh viét duge:

. dp  2xdx
P+ = 2p hay 2 = 2225
P l1+=x

tich phan ta ¢d:
Inp = In(1+ x5 + Inle; | hay p=¢, &+ 1)
trd laj p=y tacd ¥=cx"+ 1
tit sd kién ' <0 =3 taxacdinhngayc¢;:3=¢{0+ 1}suyrac, =3 lic dé

ta ¢

¥ = 3(x" + 1), Uch phan ta ey = 2* + 3x + ¢,
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Lt 57 kién y|x:0 =1, ta xac dinh ¢, ti phuong irinh 1 + 0+ 0 + ¢, suy ra

vy, =1,
Do 6 nghiém rigng phai tim 1&;
y=x"+3x +1.

Chu ¥ rang phuong trinh trén e6 thé gidi cach khac nhu sau:

Ti phuong trinh trén ta cé:
¥ 2x

= 7

Y 1+x

hay
diny’ =dIn(x® + 1) do d6: ¥ = ¢,(x? + 1}...

2} Giai

¥ =p taché p'- L_w W
X
Bay 1a phuong trinh tuyén tinh cdp mot dé) vdi p, gidi ta co p = (ec))x
N
trd lat p =¥ tacé ¥ = (¢* + ¢,)a. Tich phén ta cé:

2
_ X x x
yYy=xe —e¢ 01—2-+02<

Chu 3:
Ta da xét phuong trinh ¢dp 2 dang »" = flx, ¥°) (vang ham phai tim .
Tuong ty xét phudng trinh cap r dang:

Fix, y* y* % . yi=0 ¢}

Dat y*®=p(x) (2 thi (1) vist duge:



Fx,p.p, ..,p"*i=0 (3)

Vay ta da ha duge cap cta phuong trinh (1) Lt cdp n xudng edp n - &
Né&u 14y tich phén ta duge phudng trinh:

D =0(x, ¢, Co,y o) (4)
Thay lai (2) ta cé:

Y& =l x, ¢, 9,..., C4_,) {5)
Phudng trinh nay da bidt cach giai d (a).

Néu (3} ¢6 nghiém bat thudng thi thay vao (2) va gai (2) ta ¢6 nghidm
bat thudng cta phudng trinh (1),

Thi du:
Gial phuong trinh:
Y =ayT oy
Dat
¥y =p tacdp=xp’ +p*
iy la phuong trinh Clairaut, giai ta ¢6 nghiém tong quat cla né 1a:

2
p' =e.x + ¢, va nghiém bt thudng p = —x? .

- N N L&
Do dé: y=cxto vay :—éLx2+cl2x+c2

1a nghiém tng quat clla phuong trink da cho.

2 3
Nghiégm bat thudng xéc dinh wx © ¥'= —% hay y=—f—2+c {mdt ho

nghiém bat thudng ).
¢} Phuong trinh dang y” = f(3, ¥') (vdng x)

Pé ha cap ta dat v = p, nhung coi p 13 ham s@ cla y, p = p(y). Liic dé:
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"o by ! ! ' dp
¥ =) = (Pl = Py ¥y =E§p

va phuong trinh viét duge:

ap _
p dy flyv. 2

giai phudng trinh nay ta duge p = ¢y, ), trd lai p =3 ta cé ¥ = o(y, ¢y),
tich phén ta sé c6 v.
Thi du:
1) Giai
¥y -2 =0.

. . d
Yy =py thiy' = Pd—P
'y

vi phudng trinh viét duge:

d
y. p _9p?=0
dy

suy ra

p=0va yg-‘ll~2p=0
dy

Tap=0,tacty =0 hayy=c.
Tu yfg—li ~-2p=0,tach C‘I—p=@ suy ra:
dy Py
Inlpl = 2Iniy| +Inle,| hay p=cy’ trdlaip =¥ tacéy =cpy® suy
ra
d—i:cldx, —l=clx+c:2
¥ ¥
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hay

1 Y ~ = e
y=——— (dat -c,, -¢c; lac,, ¢, vi hang s6 tuy §)
Clx+(.'2
2} Giai
y'=e¥véisdkién y| =0, y| ,=1.
Dat

+ - ” d
¥y =p@), thiy = pF
dy

va pﬁuang trinh thanh:

p% =e¥ suy ra pdp = e¥dy va ‘02—2= %+—2—
hay

pi=e¥+c, p=tye? +q
lay

p =y +¢; , vitheo so kién Vo =Plg=1>0
theo sd kién d6 ta xac dinh nlgay ¢ 1 =1l4c¢ suyrac, =0, lhicds p=e¢'
trd lai p =y, ta ¢o:
¥ =¢ hay e’dy=dx
Tich phan ta ¢6: - ¥ = x + ¢, theo sd kién y|x=0 =0 tacd-1= ¢, do
do:
1-e¥=xhay y=-In|l1-x| la nghidém riéng phai tim.

3) Bai tedn xde dinh tée d6 vii tru cdp hai: T8c d9 v try cdp hai 1 téc

dd ban dAu bé nhat d& ném mdt vat theo hudng thdng ding sac cho vat

khéng trd lai rrai d&t nida (H.19D Ta sé tim téc d6 nay véi gia thiét sie can
cia khong khi khéng dang ké.
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Goi khi lugng ciia vat bj ném 1&n 13 m, khéi lugng cua trai dat la M,
theo dinh luat hdp dan van vat cta Newton thi Iyc bt tac dung vao vat cd

44 16n 1a km;""
F

, trong d6 K 13 hang

|
s& hap dan, r 14 khodng cach i vat '
dén tAm trai dat, vay phuong trinh l

vi phan cia chuyén dong la: |

md’r mM m
=-k (1) !
dt? r? |
g day d&#u - chi gia téc 4m. Dé giat "o

bai todn, ty nhién ta phai dua vao

cée so kien 1f,_o =R (2. R 1a ban Hinh 191

kinh trai dat, & — vy (3), v, 1
dt|,.s

vat tdc ban ddu. Phuung trinh (1) thude loai ving bidn s6 déc lap (3 day 1a #
do dé dé giditadat ¥ = vfr) thi r"=v % hie d¢é (1) viét duge.
r
du M dar
U-a= _r—z hay vdu= ~kM:-2—
Tich phén ta cd;

o

CAS VNN
2 r

Theo so kign (2), {3) ta co;

2 2
1 M

v—0=kM—-+cl suy ra c1=—k—+F—{l

2 R R 2

Thay lai ta cé:

U2

2
_=le+(EQ_ﬂ}
2 r R

2



Theo gia thist, vat khéng duge trd lal trai da1 thi téc 46 phai ludn ludn

2 .
dugng do do ? luén luén > 0, mat khac khi r kha ldn thi M kha bé

r
2
U—U-kM>Oh' >2kM
y TR - P RSyTR
2KEM

Vay téc 46 ban ddu bé nhat duge xac dinh bdi cong thie vy = =

nén suy ra:

Dé xac dinh vy cy thé, ta lam nhu sau:
Khi vat & trén mat dat thi gia tdc v = g, » = R nén theo (1) ta ch

kM

2
~g =~—}-?T hay k= %, thay vao (4) ta co: oy =\}2gR , ta bi&t g = 981

cm/gidy, R = 63.107 cm, do d6 tinh ra ta duge v, = 11, 2 km/gidy. D6 1a toe
dé vii try ¢ap hai phai tim.

Chu ¥ ring d day ta chi cdn tim v, ma khong phai tim r nén khong
phai quay lair =v.

Cha ¥: Tuong tu, phuong trinh cép n dang:
Fly, ¥, oy ¥™) = 0 (vdng x) (1)
Gidi bdng cdch &gt ¥y’ = p(y).

Ta sé giam duge ¢ip cua (1) xudng mét don vi. Khi coi p ta ham clia y:
P = ply} la cod thé 1am mét nghiém cta phuong trinh (1) dang ¥ =c¢, ta ch
thé thit trye ti6p hang cach thay vao (1), né ¢6 thé la nghiém cia phudng
trinth hoac khing.

§6. PHUONG TRINH TUYEN TINH CAP CAO

8.1. Pinh nghia
Phuong trink vi phén tuyén tinh cép n la phuong trinh ¢6 deng:

y(“) + a,(x)y(“_ by agfx)y(""'z) +ota, (x)y = fix) (1)
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trong d6 a,, Gy..., a, ld cde ham s6 etia x goi la cde hé s6 cua phuong
trinh, dde biét c6 thé la hing 86, con f cling 16 hém 56 cia x goi la vé
phdi hay s6 hang tu do ciia phuong trinh, néu f = 0 thi phuong trinh
goi la tuyén tinh thudn nhdt cén néu [ # 0 thi phuong trinh goi la
tuyén tinh khéng thudn nhét.

Thi du: Phuong trinh

Yty +x%y =0, ¥+ 1 y+e¥y=Inx
x

1a cAc phudng trinh tuyén tinh thudn nhat va khéng thuan nh4t cap hai.

3 2.
ﬂ+2d 24 +6xd—y+x2y=sinx
dx®  di? dx

la phudng trinh tuyén tinh khang thudn nhat cép ba.
Y4y tyi=el yTHyt-ay' =0
khong phai la phudng trinh tuyén tinh.

Dai vai phuong teinh (1), gid sd a,(x), afx), ..., a,(x), fx) 14 cac ham
lién tyc cla x trong mién X, theo dinh I¥ tdn tat duy nhit nghiém thi béi
todn Cauchy ciia phuong trinh (1) cé nghiém duy nhit y = y(x) trong

"mién X thod mdan diéu kién ban déu:

-1 -1
y = ¥gs y']x:xo = 3y ey Y = yir

e x=x @)

Vg € X VA ¥y, Yo, yg D tuy 3.
RG rang moi nghiém ca (1) d8u 1a nghiém riéng ,vi theo gia thiét thi
(1) khéng ¢6 nghiém bat thudng. Dac biét phuong trinh tuyén tinh thuin

nh&t (f= 0) luén ludn c6 nghidm y = 0 thod man digu kién trigt ticu.

=0, ¥| =0,., ¥y =0,x,eX

x=xp x=xq x=xq

¥l
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Phuong ttinh vi phan tuyén tinh c6 rat nhiéu ¢ng dyng trong khoa hoc
va k¥ thuat, nhAt 1a phuong trinh cap hai.

Déu tién ta nghién citu phuong trinh tuyén tinh cap hai, sau d6 sé md
rong nghién ciu phudng trinh tuyén tinh cép n bat ky.

6.2. Phuong trinh vi phin tuyé&n tinh cdp hai
Theo dinh nghia phuwong trinh tuyén tinh cdp hai cé dang:
¥+ a(x)y + a(x)y = f(x)

Dt a,(x) = p(x), ax(x) = glx) ta c6: ¥ + p(x)y’ + g(x)y = f(x) gid sit
pix), glx), fix} ld cdc ham lién tuc trong mién X.

a) Phutong trink vi phén tuyén tinh thudn nhét cdp hai
¥+ plx)y +q)y =0 (0

P& xét tinh chat caa nghiém phugng trinh nay, ta c6:

Binh ly 1: Néu y, = y4(x), ¥z = y:(x) la hai nghiém riéng cua (1) thi
¥ = cy; + a5 trong d6 ¢y ¢4 la cdc hdng 86 tuy ¥, ciing la nghiém cua
no.

Chiing minh: Tit y = e,y, + c;¥,, 18y dao ham ta cb:
y=eystey,, ¥ Toyt Cs¥s"

Thay vaoc v& trai caa (1) ta 6
e’ + ey T p@Cey’ T eys) +q@( ey ey =
=cy(y,” + p@y, +q(yD) ¥ elyy” TPy ¥ qlxyy)
=,.0+¢,,0=0.

Vi theo gia thiét y,, y» 12 cac nghidm cia (1), cac téng trong hai dau

ngosc ddng nh&t khong. Vay dinh 1y 1a dung.
P& xét cach cfu tao nghidm téng quat ciia phucng trinh (1) dAu tisn ta

nhéc lai khai niém dde 18p tuyén tinh cia hai ham so:



Hai ham y,(x), y(x) goi la dge ldp tuyén tinh trong mién X néu
Ve, ¢p € R cpyi(x) + cgyp(x) =0 (x € X) chi khic,;=c;=0.

nguoc lai thi y,(x), yo(x) goi 1& phu thudc tuyén tinh nghia la:
Je,, ¢; € R: ¢; hodic cg = 0: ey (x) + egyy(x} =0,

&Zid siZ c; = 0 thi 20 __cg const.. Vay y,(x), y(x} la dée lagp

.}'2(x) cy
tuyén tinh trong X, néu 1) # const, (x € X).
¥ya(x)
Thi du:
) . e”* )
" va e” 1a dge tuyén tinhvi ——= e * z¢,, ce”™ vie™ 1A phy thude
€

. e2x 3 .. -

tuyén tinh vi S =¢. DA xét tinh chat cia cdc nghidm dde 1ap tuyén tinh

€

cua phudng trinh (1) ta cd:
Dinh 1y 2:
Néu y,(x), ya(x) la 2 nghiém riéng dée 1ap tuyén tinh cia phuong
trinh (1) thi dinh thic:
y'; y'g

. e

Wix) = =0

- . s ¥ . Ly - .
tai moi diém trong mién lién tuc X cia cdc ham 86 p, q cua phuong
trinh.

Dinh thitc W goi la dinh thitc Wronkien cia phuong trinh (1).

Chiing minh: Ta s& chimg minh djnh Iy nay béng phan chimg. Gia su
W(x) trigt tiéu rai mot diém v = x, trong mién lién tye cha p, g ta sé di dén
méu thuin.

Thye vay, gia sit:

yxg) yalxp)

w = B
(o) ¥ (o) y2lxp)

=0, x,cX
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3o d6 theo dai 6 thi hé phudng trinh tuyén tinh thudn nhat vdi cac dn
sd a, B nao dé:

{2)

ay g+ Pyaleg) =0
ay, (x) +Byalxe) = 0

¢d mot nghiém khac khong o, §.

Bay gid €6t ham s& ¥(x) =ay,(x) + Py.(x) vii (e, B) = 0. Theo dinh 19 1,
ham s0 nay cing 14 nghiém cla phuong trinh (1) va theo hé (2) né thod man
sd kién tridt tiwu:

vl =0 Y] =0

x=xq ATX

Mat khac ham y = 0 ciing 14 nghi¢m cua (1) va thoa man sd kign tridt
tibu: 3}, =0, y|,_, =0.Dodotheo dinh 1y t6n tai duy nhat nghigm: hai

nghiém cing thod man mét sd kién thi hai nghigém d6 dong nhat nhau. Vay
ta phaicdé Y =0 hay

yulx) __ B

ay,(x) + Byfxy=0giast o= 0suyra
Yoz 4

= const

Digu nay trai v6i gid thidt: y,(x), y,(x) ddc 1ap tuyén tinh. Vay dinh ly
dung.

Bay gid xét cach cdu tao nghiém téng quét cia phuong trinh (1) ta cé:

Dinh Iy 3. Néu y,(x}, yy(x} lé hai nghiém riéng déc 1Gp tuyén tinh
ctia phwong trinh (1) thiy = cpy{x) + cpy(x) la nghiém téng qudt cia
phuong trink doé (trong mién X).

Ching minh:

Mudn chimg minh y 1a nghiém tong quat ctia phuong trinh (1) theo
dinh nghia nghiém téng quat ta phai ching minh: N6 1a nghiém cta (1) va
L sd kién.

=y0. ¥]._. =%0

x=x0 .

¥l

x=xq

ta phai xac dinh duge ¢, ¢, duy nhat,



Theo dinh 1§ 1 thi y cling 1 nghiém cia (1)
Cho thoa man sd kién ta cé: -
{C;yl(xo) +epya(xp) =y

cuf'l (x )+ cpy2(xa) = ¥p

- Coi ¢, e; nhut &n sd, thi dinh thic ciia hg nay chinh 1a Wix,), theo dinh
Iy 2: Wix,) = 0, Vx, € X, vi theo gi thi€t y,(x), y,(x) 12 doc 13p tuyén tinh, Do
d6 hé nay ¢é nghi¢m duy nhat, nghia 1a ¢, ¢, duge xde dinh duy nhat.

Thi du:
Tim nghiém caa & 1)y —xy' +y =0 véi so kidn:

y|_T =2, y'lx . =1

D& dang thav y, — x, ¥: = € la cac nghiém riéng cta phudng trinh (dao

ham thay vao phugng trinh ta dugc mét déng nhdt thde) hon nita
X 46 nén chung 1a djc 1ap tuyén tinh, do d6 thee dinh I 3:y = ¢,x +
¥, et

¢,07 1A nghigm Lﬁ’ng quét cua phudng trinh, cho y thoa man so kién ta cé:

2= ¢ =-1
suy ra
1=¢ +e ey =2

Vay nghiém riéng phai tim la: y = -x + 2e*,
b) Phuong trinh tuyén tinh khéng thudn nhét cép hai
Xét phudng trinh tuyén tinh khéng thudn nhat ¢ip hai:
Yy ply + g0y = flx) (1
va phudng trinh thuan nhat tuong vng;
Y +pay + gy =0 (17

v& cau tao nghidm tdng quat cia (1) ta co:
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Dinh ly 1:

Néu Y = ¢y, + cyy; Id nghiém téng qudt cta phuong trinh thudn
nhét (I') va ¥ lé mét nghiém riéng ciia phuong trinh khéng thuén
nhdt twong ing (1) thi nghiém téng qudt ctia phuong trinh khéng
thudn nhat (Dlay=Y+ ¥y (vx e X.

Chiing minh:

DAau tién ta ching minh y 12 nghiém eda (1). L&y dao hamy =Y + ¥,

ta ch:
y’=Y’+ 5,, y”=Y”+ i"
Thay vio vé& trai ta ca:
Y+ 5 +p(¥+ ¥Y)+qY + )
=(Y4pY +qV) + Y 4pY +qY =0+fx) = ).
ViY' +pY +4gY=0doYlanghiémclha (1) ,c¢dn ¥ " +p¥ +gF =flx) do

y 12 nghiém cha (1). Vay thay y vao (1) ta ¢6 ddng nhat thitc fix) = Ax)
nghia 4 ¥ 1a nghiém clia phudng trinh do.

Bay gid¢ chimg minh ti sg kién xac dinh dugce ¢,, c; duy nhat, didu nay
rd rang la ding theo cach chimg minh d6i vai phuong trinh thuédn nhat.

Trudng hgp fx) 13 téng clia mét 'sé hdu han ham sd:
flx) = £, + f{x) + .+ filx),

Ta c6 dinh 1§ sau goi |2 nguyén Iy xép chéng nghiém.

Dinh Iy 2.

Néu ¥,.¥3.... ¥, la cdc nghiém riéng ctiia phuong trinh khéng

thudn nhét (1) tuong ing vdi céc vé phdi la f, faye F. thi
Y=y +¥s+..+ty, la nghiém riéng etia (1) véi vé phdi la

fO=fi+fit . +f
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Ching minh:

Ta chung minh trusng hgp fix) = £, + f, trudng hgp tdng quat tuong tu.
Thye vay, tit ¥ = ¥, +¥3 . dao ham:

Y=Y Y=Y
thay vao v& trai clia (1) ta ¢é:
YUY +p(¥1 Y2 ) +a(yy + ¥g)
= (Y ey (P tey gy =i + o
Thi dg:_
Xét phugng trinh
oty =«
D3 dang thay ¥, = 1, ¥, = Inx la hai nghiém riéng cta phuong trinh
3

thudn nhat va y = fg— 1a mdt nghiém cia phuong trinh khéng thudn nhat.

. . ~ P o ]- v il -
R& rang y,. ¥, la dbc 1ap tuyén tinh (l—;tconst). Vay nghifém tdong quat
nx

3
ctia phuong trinh da cho la y = ¢, + ¢ylnx + % X
¢) Cach giai
1) Phudng phap ha edp: Cho phudng trinh:
¥+ ply gy = flx) (n

Gia st bidt mot nghidm riéng cGa phuong trinh thuan nhat (1) 12 y,
(y, # ). Ta tim nghidm cta (1) dudi dang:

¥ = y;.z {2). Dac ham (2):
yEyetys, ¥y =y et @ty

Thay lai (1) ta c6:
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Yhat 22 42"t pyhe ty2) tgyE =)
hay
27 bpy )ty t eyt 0= fxr (B
Vi y, la mét nghiém riéng cha phuong trinh thuiAn nhat nén:

¥ Hey gy =0, lae d6 () viet duge:

apr 2y L (4)
¥ a4l
Phudng trinh (4) 1a phugng trinh tuyén tinh cép mét d6i vdi 2, gidl ta
6 2’, sau do tich phén ta ¢6 z thay lai (2) ta duge nghiém téng quat clia (1).
Diac bist f= 0 thi ta ¢6 nghiém tdng quéat cia phuong trinh thuan nhat. Cu
thé, 14y tich phan phuong trinh (4) véi f= 0.

dlnz’ = -pdx -2dIny,

hay
Inz'=—f pdx - Inyf + lne,
Sy ra
. c--jptit e—f pdx
z= 25— va z=oy———dr+o (5)
a4 X1
Thay (5) vao (2} ta cd:
eI
y=oy +ey [ —Fdx (6)
X1

Nhut vay biét mdt nghiém riéng y, cia phuong trinh thuan nhét
Y =pla)y gy =0

ta 58 c6 nghitm thi hat

¥z = 3 [ n
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e phudng trinh, 18 rang y,, ¥, 14 doe lap tuyvén tnh vii nhau vi;

- [ freda
L R
. | —Zch = eOnst
X yi

v (A 5¢ oo nghiém téng quat eha phuong tinh thudn nhat theo cong thic (6},
Thi du:

3 3
D Giai y'-=y+—y=2x
X LY
Dé dang thay y, = x 1a mft nghi¢m riéng cda phudng trinh thuan nhat
tuong tng. Do dé tim nghidm y dudi dangy = xz, dao ham y =z + x2’, y" =

2z' +x2", thay vio phuong trinh trén La co:

I 2 .
224xz'— {2+ a2 Vv —xz = 2x
X _rz
havz' =2 suvrazZ =2v+e,z=x"+exte, doddy =z =¢af +eox + 27
. .. P 2 i
2y Giai ¥ —¥Y+——y=0
1-xf 1-x?

Dé dang thay y, = x 14 mat nghiém riéng cia phitong trinh.

Ta tinh y, theo cdng thize (7)

s
dx

S 1 T+x
¥ :_uje—zdx =;x1n
& 2

-1

l—x

Vay nghiém tdng quat ¢tia phuang trinh da cho 1a:

1+x 1)

=X ol —
Y=o ?2xn1_x

2) Phuong phap bién thién hing s& Lagrange
Xét phugng trinh
Yt ply gy = flxd (1)
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vi phiung trinh thudn nhat wgng ung:
Yot plady” gy =1 n

Gia s bidt ¥ = e + cyyalad (21 13 nghidm téng quat eta (19 (y,00,
¥(xr1a 2 nghiém rieng doe lap tuyén tinh cia ().

Tudng tif nhu da lam 461 vd phuaong trinh tuyén tinh edp mot, ta 56
tim nghiém eta (1} dudi dang (2), nhung coi ¢; = u(x), ¢, = uy{x) 14 cée ham

ela ¥ trang mién X (mién ton tal nghiém cha phuong trinh), ta ¢ ;
¥ =g fay () owy(ay.(x) (3
L&y dac ham ta ¢d:
Y=y b gy gy +uyyy
Ta dua didu kién bé sung:
1wy, +Upyy =0 h
khi da:
Y=y )
L.ai 18y dac ham ta ch:
T (®)
Thay y, ¥, ¥ theo (3), (5), () vao (1) vA nhém hop ta cb;
ui(yy + pyy +qy) ) +a(yy + Pya +Q¥g) 1y +ugyy = f(x)
va y,, ¥ 1A nghiém (1) nén tix déng thue nay suy ra:
uy +myy = fx) 6
Nhu vay (3) 1a nghiém cta (1) néu céc ham u,'l(xJ, u.jz(x] thoa man hg

gdm (1) va (7) nghia 1a hé:
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Uy, ~ttgvy = 0
._l 1¥P T2y ]
{u (¥ Tiayy = fx)

R rang hé (3 od nghiém duy nhat g, w, vitheo gia thist y,, y, 1a die

A ruven tinh nén

|
LT

=

wix: = 0¥ e X

Giad sir u.ll (Xl =qqlan, u.é{x} =y{x}.
LAy tich phan ta oo
() = j(-p,{.r}d_t + &y
() —ipglddx + &, (9 (. & = const)
Thav (M vao (31 1a ¢d nghiém eda (1
¥=cpp+eaye+ _y,jcp,(x)dx+y2f¢2(x)dx (1
Ko vang (103 1a nghiém 1dng quat eta (1),
Thi du:

GiA phuong 1vinh:
oy O (a)

Gial phudng trinh thudn nhat tudng dng: ¥ y = 0 (vang x), ta duje
hai nghiém ricng doc lap tuvdén tinh: ¥, = ¢' | y, =& %, Theo phugng phap rvén

ta tim nghidm dng quat cua (a) a:
¥ = ow e’ +olae (b}

w,(x), uyx) dude xae dinh tir hé:

‘ulc" sue V= Y
< < o~
l U
Y e T o=
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Giai hg nay ta duge:

. 1 . 1 2x
g la) == , tplx)=—=
P e 8 2¢ 41
LAy tich phan ta dude:
x 1 X _
ul(x)=—§+§ln(e +1)+¢
1.1, _
NEE —Ee +§ln(e +1) +¢, (e}

Thay u,(x), u,(x) theo () vao (b} ta c6 nghidm tdng quat cia (a) 1a:

y=ce" +ce7" - é {lx - In{e” +Dle* +1 -[In(e” +D]e *}

6.3. Phuong trinh vi phin tuyén tioh cip n

Theo dinh nghia phuong trinh vi phén tuyén tinh ¢dp n ¢é dang:
YO Hay ey Y+ ey (Y an®y = flr)
Gia st a,(x), a,(x),...., ag(x), fix} 13 cac ham lién tye trong midn X.
a) Phuong trinh vi phan tuy&n tinh thuin nhit cdp n
YU a ey U+ ta, G ey =0 (1)
PE tim nghidm t0ng guat cia (1) ddu tién ta co:

Dinh Iy 1: Néu y,(x), y.(x),..., y.(x) la cdc nghiém riéng cua
Phuong trinh (1) thi:

Y= eylx) ¥ cgyln) + ... + ey, (x) Ve, cpe., e, € R
cing la nghiém cia phuong trinh ds.
Chitng minh:

K% higu phuong trinh (1) 14 L{y] = 0. Xét
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Lyl =Licwy, t ey + ey =ellly ] telly) + 0+ o lly,l
{Thco tich chat cha dao ham). Theo giad thidt Ly =0,/ =1,2,.., n).
Vay Liy] = 0, nghia 1a ¥ 12 nghidm ciia phuang trinh (1),

Goi C, 14 tap hgp cAc nghiém cha phudng Lrinh (1), thi theo dinh 1y 1
C, 1a mét khéng gian tuyén tinh. Ta biét (dai s6 tuyén tinh) trong khéng
gian tuyén tinh:

HE 33, ¥purs Yo (3 #0,i=1,2,.., n) (2)
goi la déc ldp tuyén tinh néu hé thitc:

eyt eyt . ¥y, =0
vdi ¢, Cgeory €, = const ¢ R chi thod mén ;'alti e,=0,i=12,..,n
Nguace lai thi hé y;, yp..., ¥, goi la phu thuée tuyén tinh.

Dbinh nghia: Hé ngh:em ¥(x)y ¥p(x),..., ¥u(x) déc ldp tuyén tinh
trong mién X cria phm:mg trinh (1) goi ld hé nghiém co ban cua
phuong trinh do.

P61 val hé nghiém cd ban cia (1) ta cé:

Pinh ly 2: Pidu kién cén ve du dé hé nghiém y(x), yy(x),..., y,(x}
cua phuong trinh (1) la 1 hé nghiém co ban cua phuong trinh dd la
dinh thie:

¥1 y2 arn ¥Nn

w.m=] 2T 2 P llo @) viex
-1 -1 1
y?‘ Pyt yf:' !

Binh thite (3) goi la dinh thite Wronskien cia phuong trinh vi
phan (1).

Chdng minh:

Pidu kidn edn: Gia s hé (2) 12 hé nghiém cd ban cta hé (1} nghia 1a
mdt hé nghiém ddc 1ap tuyfn (inh cla phuong trinh dé. Ta s& ching minh
W, (x) =2 0 tai vx € X. Ta chung minh bang phan chimg.
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(ya st nguge lai: W ixg =0, x; € X, khi da
Je,, cgpn 0y € R 02 405 + .. +c 0 thda man hi:

ey (xg)+eayalap) + .. + e, ¥, (xg) =
clyl(x0)+c2y-2(x0]+,,,+cnyn(x0) =0

clyY‘ ”(xu) + czyé"_”(xo) +...+ cny,(;‘_l)(xn) =0
(Hé phuong trinh daj s8 tuyén tinh ¢6 nghiém khac khong, khi d6 dinh
thic cac hé s8 cta cdce n s3 cliia hé bing khéng}. Xét ham
Yy = () o) + oL Fey(x)h Ve X {5}
vii (e, €g..., ¢,) 12 mdt nghiém khac khéng ctia hé {4).
Theo dinh Iy 1, ham (5) ciing 12 mét nghidm cua phudng trinh (1) theo

{(4) n6 théa man didu kién ban dau triét tiéu

0 ¥yl __ =0..y"" =0 (®

y| v e

X =

Mit khae, ham Y = 0 ciing 1a nghiém eia phudng trinh (1) va thoa man
didu kién ban ddu triét tiéu (6). Theo dinh 1y ton tai duy nhat nghiém thi
y =Y, nghia la:

ey (x) +Fogy(x) + L Fey(x) =0,

vai cf+c§ Fo.+ct 20vaveeX

Theo dinh nghia thi hé ham y,(x), ¥,(x),..., y,(x} 12 phy thude tuyén tinh
vx ¢ X, trai vdi gia thiét.

Vay difu kién cdn dugde chitng minh.
Diéu kién du:

Gia stt Wix) = 0, Vx € X ta & chimg minh hd (2) 1a dge lap tuyén tinh.
Ciing ding phép phan chiing ta s& ching minh ménh dé tuong dudng. Néu
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hé (2) phy thuje tuyén tinh ¥x € X thi Wyx) = 0, vx € X Didu nay 1a rd
rang vi hé (2) phy thude tuyén tinh nghia 1a:

eyyteyst o Yoy, =0 =const(i=1,32..,n (T
va it nhat mdt ¢; = 0. Dao ham theo x (7) d8n cap 7 - 1) ta cé:

eypteyat . tey,=0

¥ teye +.. ey, =0

(n-1)

o1y +02y." Doty =

=0
H¢ nay tacd g =0, W (x) 1a dinh thifc cac h¢ s tia e (i =1, 2,..., n) do
do W) =0

Dinh ly 8. Néu y,, yy.....y, 16 mét hé nghiém co bdn cia phuong
trinh (1) trong mién X (mién lién tuc ctia cdc hé s8 ciua phuong

trink) thi nghiém téng qudt ctia phuong trinh d6 trong mién X la:
YEep, P CVs b+ 0¥, Ve, Cpen e, €R 8)
Ching minh:
1} Theo dinh 1y 1 thi (8 la nghiém cia (1)
2) Cho (8) thod man didu ki¢n ban ddu (2). G 6.1.

ey {xg ) +epy{xg) +.. + ey, (xg) =¥
oy n{xg} +ogyy (g} +...+ €, ¥, (xp) =¥

ey l)(xo)“’zyz“ lJ(xoj"' "'CﬂJ’(" ”(x ) =y

Dinh thie caa hé nay 1a dinh thitc Wronskien W, (x) tai x,, theo dinh Iy
2, Wixp =0,

Vay hé (8) ¢6 nghiém duy nhat ¢,, c,..., ¢, nghia 13 (8) 12 nghiém téng
quat cia (1).
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Thi du:
Tim nghiém téng quét cia phuong trinh:
aly™ — 3x’y” + Gy - 6y = 0 (a)

R rang vy, = x, ¥, = x%, ¥, = 2* 14 cac nghiém ctia phudng trinh {a),
chung 1& dée 1ap tuyén tinh, vx = 0 vi:

X xE x3
Wy =[1 2¢ 8x}=22"%0 (x20}
0 2 6x

Vay y = ¢,x + c,x? + cox® 12 nghidm téng quat clia (1) vdix = 0.
b) Phuong trinh tuyé;n tinh khéng thuin nhit cdp n

Lyl =™ + a,(0)y™ P # ay(x)ly™ ¥ ¢ w b @y = flx) (1)
Xét phuong trinh thudn nhat tuong tng Liyl =0 (2)
Gia st a,(x) (i =1, 2,..., n), fix) 1a cAc ham lién tuc trong mién X ta co:
Dinh Iy 1:

Néu Y la nghiém téng qudt cia phuong trinh thudn nhét (2) va
¥ la mét nghiém riéng ciia phuong trinh khéng thuan nhét (1)

thi nghiém téng qudt ctia phuong trinh khéng thuan nhét (1) la:
y=¥+y.

Chi{ing minh:
Ta cé: Liyvl1=LIY+ y]=LIY]+L{y}=0+ fix).

Mat khéc Y=y, t e+ o+ .o v ey, v8iy, (i = 1, 2., n) 1a céc
nghiém riéng déc lap tuyén tinh cia {2) tuong ty nhu chimg minh dinh 1y 3
3 (a), cho y =Y + ¥ thoa mén sd kién ta sé xac dinh duge ¢, (i = 1, 2,..., nJ

duy nhat.
Dinh 1y 2: (Nguyén ly chdng chat nghiém)
N&u fix) = £,(x) + £,() + . + f,(x) va Lly,] = fix),
Lye] =Ffix), Ly, | = Fulx).
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thi Ly;+yp+..+y,] =fx) nghiala.
Y =51+ 59+t ¥, la nghiém cia (1).
Ching minh:
Ta co:
Ly, +¥p+...+y, ) =LI%] + Lly] + . +L[¥].
= filx) + fofx) + .+ flx) = flx).
¢) Liy tich phan phuong trinh tuyén tinh ¢ip n
1) Phuong phap ha cdp
Cho phudng trinh:
L) =™ 4 a (3™ P + ax(x)y® ¥ 4+ aylxdy = flx) (D)
Néu bict mot nghiém y,(x) cita Lly] = 0 thi bdng phép théy = y,.z

ta sé dua phuong trinh (1) vé phuong trinh tuyén tinh cép n -1 voi

éan ham mdi u{x) = 2(x).
Thi du: Tich phan phudng trinh:
23y Wy + Jxy’ -3y =0

R3 rang y, = x 12 mdt nghigm cla phuong trinh nay. Dang phép thé:
y=xztacdy =z+xz, y =22 +x2” ¥y =3 +az”, thay vao phudng trinh
da cho va don gian ta dude:

P2+ xz" -2 =0

Dat2' = u, ta duge x%u” + xu’ —u =0

Ro rang #, = 2x 12 mdt nghiém ridng cha phudng trinh nay, lai dat
= 2w, u =200+ 2u, w"=4duT+ 2007,

Thay vao phuong trinh va ddn gian ta duge xv” + 30" =0, 14y tich phan
ta duge
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[N - 8
L + ey, r;:2xv:—1+2c2x .z = Judx
dx x

U=

=e¢lnx + e’ +e,, y=exlne +ex’® + o
o rang x, x°, xInx la mét hé nghig¢m co ban cua phudng trinh.
2) Phuong phap bién thidn hing s8 ctia Lagrange

Gia st cAn tim nghiém 18ng quat clia phudng trinh tuyén tinh khéng
thudn nhat:

Liyl =y + a,(0y™ " + ay(x)y™ 7 + . +a,x)y = flx) )
Bi&t mét hé nghidm co ban y,(x), y,(x), ..., y,(x) cia phuong trinh:

Llyl=0 (2)
Khi dé nghiém téng quat ciia phuong trinh (2) la:

y=ey tey, ..o tey, ¢g=consti=1,2,..,n

Nhu d6i véi phuong trinh cdp hai, ndi dung ctio phuong phdp
bién thién hdng 6 Lagrange la: coi ¢, = u(x) (i = 1, 2, .., n) la cdc

ham khd vi ctia x trong mién X va coi:

v = wylxlyy + Uus(x)vy + et (xty,, (a)

ia nghiém cta phuong trinh (1) khi d6, dgo hdam (a) thay vao (1) va
duta viio mét 86 diéu kién b6 sung, ta sé xdc dinh duoe ui(x) (i = 1, 2,.
n) tu hé:

By tugye .ot y, =0

WYy tug¥e totityy, =0

| et (3)
ugy ¥ +u'2y§”_2) +otu ¥ -0
e e O R Y (]

Thay ufx) tim duge tiz hé nay vdo (a) ta sé duoc nghiém téng
qudt cuo (1),



*(y 1hé, dao ham (a) theo x:

Ymuyy tuyy 4o uy, Uy iy tot U, Yy

Ta dua vao didu kién phy: uiyl +u'2y2 +... +u'nyn =0 (a’)
Khi dé: y= uyi +Uuyy + ... +uy;I )]

Lai 18 dao ham theo x:
¥'= uy; +uy; +..,+uy; +u;yi +u:zy|2 +,,,+u;1y;1
Lai dua vao didu kién phuy:
. Upyy +Upyy +.. U,y =0 (b}
thi: Y= uy, +uyy +..+ uy, (c)

Ti&p tyc qua trinh ta 4i dén;

5V =y gl 0
vdi diéu kién phy:

R T S I, 0
do dé:
P S ey S iy ey

Thay (a), (b), (©),... (1),..., (m) vao (1) va viyy, ¥»....., ¥, & nghiém cd ban
cua (2) nén ta duge phuong trinh:

(n-1}) n-1) _
1

u‘ly +u'2yg‘_1) +.. +u;1yn = f(x) {m"

Hé phuong trinh gdm (a), (b,..., ), (m" chinh 1a he (3) d&i vai
u1 Wy, , ¢6 dinh thite ciia cac hé sd cla phuong trinh chinh 12 dinh thic

Wronskien W (x) = O vi hé ¥, ¥..., ¥» 12 hé nghiém g ban cla (2). Do d¢
u;,ufz,.._,u‘n s& duge xac dinh duy nhat;
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ull =Pylal, u;! =¢'2(x)=“‘s u;t =9n (x)
L&y tich phan ta ¢6;

U = f@i(x)de+¢; ,i=1,2,..,n ¢ =const.

Thay »; vac (a) ta c6 nghiém téng quat ctia (1),

§7. PHUONG TRINH TUYEN TINH CAP CAO V61 HE S0
HANG SO

7.1. Phudgng trinh cip hai
a) Phuong trinh thuin nhat

Xét phuong trinh tuyén tinh thudn nhét cap 2 véi céc hé s8 p, q la
hang sb:

Y +pytgqy=0 (D

D8i vai trudng hap p, g 13 cac ham s8 cba x thi phuong trinh nay néi
chung khéng cé cach giai tdng quat (phai bist mét nghiém clia ndé mdi giai
duge nhu da xét g §6).

Nhung d6i véi trudng hgp hop p, ¢ 1a hing 6 thi lai ¢6 cach giai hoan
todn bing dai s8 do Buler tim ra. Cach giai d6 duge trinh bay nhu sau;

Dé giai (1), ddu tién ta tim mot nghiém riéng cia né, tim mot nghiém
ridng cia (1) tdc 12 tim mat ham s6 sd ¢4p sao cho dao ham thay vao phuong
trinh (1) ta phai duge mét tdng gém céc 6 hang déng dang vi nhu the méi
xay ra kha nang téng d6 déng nhat khéng. Nhu vay thi nghiém riéng phai
tim la mt ham s§ giit nguyén dang khi dao ham. Ta biét ¢6 mét ham s8 so
c&p van giit nguyén dang khi dac ham 13 ham s6 ma €, & 1a hing s6. Do do
ta tim nghiém riéng cta (1) dudi dang y = ¢* (2), & 13 hing s& xac dinh sau

Dao ham (2): y’ = ke™, y” = k%" thay viio (1) ta c6:;

k%" + phel + g = 0



hay e (k* + pk +q) = U

Nhuw vay muén (2) la nghiém cia (1) thi k phdi la nghiém cia
phuang trinh dai s6:

B+ pk+g=0 %),

Phuong trinh ndy goi Ia phuong trinh ddc tring ctia phudng
trinh (1). Giai phudng trinh nay ta s8 ¢6 £ va theo (2) ta ¢6 nghidm riéng

phai tim.

Theo dai s8 ta bist phudng trinh (3} ¢é 2 nghiém la:

klz—pﬂlpz—ﬁ!q by P P’ - 4q

2 2

v ¢6 thé xay ra 3 trudng hgp sau:

1) p% — 4¢q > O: Wic d6 k,, k, 13 cac nghidm thyc khéc nhau, theo (2) ta
duge hai nghiém riéng tuong tng la;

n= et ; Y2 = ek

Hai nghidm nay 1a dde lap tuyén tinh vi

bx
é _
JU_F  _gteehdx L= lonst

¥2 oM
Do dé theo dinh ly c&u tao nghiém tdng quét cla phuong trinh thuin
nhat, ta duge nghiém tdng quat (1) la:
Y=r¢ e 4 (:Sekﬁ"‘r {a}
trong dé ¢,, ¢, 12 cdc hang sd tuy ¥.
21p?  4q = O lie dé &,, ky 12 clc nghiém thiye bing nhau k=%, =- %, theo

-
’ - o _x s . Y
{2) ta chi duge mdt nghiém y, = e ¢, nhung theo cach giai phuong trinh



tuyén tinh, bidt mét nghiém riéng thi tim duge nghigm riéng thu hai doc lap

tuvén tinh véi y,:

o | o= 2,
y2=nl—Fdx=xe? ,
A gl

Do dé nghidm téng quat cia (1):
—px
y=(c;+ex) et (b)

3 p? — 4g < 0: l4c d6 k,, £, 14 nhiing sd phitc lién hgp:

2

hiooat+ipfk=a —iBtrongdéa=-E,[3 = q—T

do d6 theo (2) ta duge 2 nghiém riéng;

y = e(a—iB)x

— e((l+i[:5}x ,

X1
Cac nghiém nay & dang sé phitc, thye t&€ khong dung duge. Nhung tu
chc nghiém nay va theo céc céng thae Euler.
e = cosz +isinz e =cosz -isinz;
trong d6 z 12 m6t sb phic tay ¥, ta s& tim duge cac nghiém thue (cae cing
thiic nay sé duge ching minh trong bai sau).
Ta vidt laiy, = e™e*™:y, = e®e P theo cac cong thie Euler ta co:
¥, = e™(cosPx + isinfx); y, = e™(cosPx - isinfx)

il = My_2 = ed‘tcosﬁx; ;2 = M = euxsin[}x;

2 21
R6 rang ¥;, ¥y ciing la nghiém cla (1). Hon nita 3, ¥y» 15 dic I4p

tuyén tinh vi:

-t ]

1 = cotgPx # C = const
2

et

A4



Do d6, nghi¢m téng quit clia (2) 13: y = ¢)5; + ¢py, hay

¥ = e™(c cosfix +cysin fix) {c)

Tém lai, muén gidi phuong trink thudn nhdt hé s6 héng s6 (1)
ta gidi phuong trinh ddc trung (2) cua né, sau dé tiy theo cde trudng

hop ma ép dung cde céng thie (a), (b), (c), ta sé cé nghiém tong qudi:
Thi du;
1) Giai: 3y -2 -8 =0

.. 4
_Xét phuong trinh dgc trung 3%* - 2k -8 =0, giditaco: k, = 2, k, = - 3

do d6 rai vao trudng hgp 1. Theo cong thic (a) ta ¢6 nghiém téng quat clia
phudng trinh vi phén da cho la:

4
.
¥y = c1ezx +Cze 3

2) Giai: ¥y 2 +y=0

Xét phudgng trinh déc trung: 2* — 2% + 1= 0, phugng trinh nay cé
nghi¢m kép £ = 1, do dd rdi vao trudng hgp 2. Theo edng thic (b) ta c6
nghidm téng quat ciia phudng trinh vi phén da cho 1a:

y=e" (¢, +epx)
3) Giat: Y 4y + 29 =0,

Xét phuong trinh déac trung & + 4k + 29 = 0, phuong trinh nay cé
nghiém phiic £, =-2 + 5i, k, = -2 — 5i do d6 rdi vao trutding hgp 3, theo céng
thie (c), nghidm téng quét clia phuong trinh vi phéan da cho 1a:

¥ = &7 (cio085x + ,8in6x)
b) Phuong trinh khéng thuan nhat: Xét phuong trinh tuyén tinh

¢Ap hai v6i cac hé s6 p, g 14 hing s6:
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¥ 4 py +qy = fix) (1)
Phuoang trinh nay 1A mdt trudng hgp dac bigt cia phudng trinh tuyén
tinh cap hai, do dé bi€t mdt nghiém riéng cla phudng trinh thuidn nhit
tiong dng thi sé tim ditge nghiém téng quat cia né. (O mye a) ta da bidt
cach tim mét nghiém rifng ela phudng trinh thudn nhat vdi bé s6 hing s8).
Thi du: Gidi

x

Yy o-yty= :
41
D4u tién giai phuong trinh thudn nhat " - 2 +y = 0 dé tim mdt
nghidm riéng. Theo thi du 2, a), phuong trinh thudn nhit nay c6 mot
nghiém riéng l1a y, = e*. Ta sé& dung phép ha cap dé giai phudng trinh. Dat
¥y = e*z, dao ham thay vac phuong trinh khéng thudn nhat trén, ta di dén
phudng trinh 48 tim z.

2 X X
B L
e e*(x*+1)
hay
n 1 T’
2= — suy ra 2 = arctgx +c,.
2 +1
va
1 2
z = Jarctgxdx + ¢y x + ¢y = xarcigx - ~2—ln(x +1) +oyx + e
do do:

¥ =e*(e1x + ¢y + xarcigx - In ¥yzZ +1)
Cha §:
Néu phudng trinh thufn nhat ¢6 2 nghiém riéng thi 18y mét nghiém

nao cling duge treng phuong phap ha cép, hoac ding phudng phap bién
thién hang s& Lagrange néu 2 nghiém riéng 46 14 ddc lap tuyén tinh.



Béy gid ta chuyén sang xét vai trudng hop diac it coa ham fx) (vi
phai cta phuogng trinh (1)), Cac trudng hgp nay choe ta {im mdt nghidm riéng
¥ c0a phuong trinh khéng thuén nhat hoan todn bing dai 6. C6 ¥ ta sé cd

nghi&m téng quat ¥ ¢iia phudng trinh khéng thudn nhat, v theo dinh Iy cAu
tac nghiém 18ng quat y = ¥ + ¥, ¥ la nghiém tdng quét cba phuong trinh

thudn uhat hé s6 hang s da bidt cach tim.
I.flx)=P,(x) e™
trong dé
Pixi=ap" taux '+ . + a,
12 mdt thifc bac » cta x.
Thi du:
=&+ 322+ 20 + e thi
a=-2 n=3, Ploy=x%+3x"+ 9 +1

=@+ 1De™ thia=5n=4 Px)=x* +1 ..

Trong trudng hgp nay tim nghiém riéng ¥ cta phudng trinh khong

thudn nhat dusi dang:

¥ = Q,(x) ™ trong dé Q.(x) =bgx" + &, x* ' + .. + B, 13 mdt da thic bac
n caa X néu xac dinh dude &g, by,..., &, thi ta s& ¢ Q.(x) va ¢ ¥ . Ta xéc

dinh ching nhu sau:
DPao ham:
¥'= Qulx)e™ +0Q, (x)e™
F'= @ (x)e™ + 2@, (0™ +a’Q, (x)e™
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thay vao (1) va nthém hop lai ta cd:
eMIQ; + (20 + p)Q;i e+ op+qgid, 1= B, (x)e™
hay [Q + (20 + p)@, +(a® +ap +¢)Q, 1= P, (x) (@)

Day 18 mét déng nhat thie: hai da thie dong nhatl nhau, 6 thé xay ra

cac trudng hgp sau:

Né&u a? + ap + ¢ # 0, nghia 13 « khéng phai 13 nghiém cia phugng trinh
dac trung, lic d6 v& phai va v& trai cla (2 13 hai da thie cang bae n, v
phai hé s86 da biét, v& trai hé s phy thude: &g, b,,..., &, phai xdc dinh. Ddng
nhat hé & clla cing loy thita cfta x & 2 v& ta s& ¢é mdt héd n + 1 phudng trinh
dé xac dinh n + 1 an sd by, 6, ..., b, Néu @ + ap + ¢ = 0 nhung
20t + p # 0 nghia 14 @ 14 nghiém don cha phudng trinh dic trung, lac d6 vé
trai ca (2) 14 da thic bac n - 1, v& phai bac n, hai da thic d6 khéng thé cho
déng nhat nhau duge. Dé ddng nhat duge, thi v& trai cta (2) vin phai 14 da
thitc bac », mudn thé ta tim ¥ dudi dang xQ(x) ™, vi dao ham thay vao ta

duge v& trai cta (2) van 1a mét da thitce bac n.

Néuwa’+oap +g =0, 2a + p =0, nghia 1a o 12 nghiém kép cia phuning
trinh dac trung, lae d6 vi trai cha (2) 13 mbt da thie bac n — 2 khang thé
cho déng nhat vai v& phai ¢6 bac r duge, tuong ty nhu trudng hgp trude,
trong trudng hgp nay ta phai tim ¥ dudi dang

5 = x'Q, ()™
Tém lai: Néu fix) = P (x) ™ thi tim y dudi dang:

5 = £Q, (x)e™

néu q khéng ld nghiém

néu a la nghiém don

P e e
I
by ke O

néu a lé nghiém kép cia phuong trinh ddc
trung
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Thi du:
1) Giai:
¥ oy =l De™

Dédu tién tim nghiém 16ng quat Y cta phudng trinh thudn nhat:
¥ + 8y =0, né ¢6 phudng tvinh dic triung £2 + 9 =0, nghiém 13 & = £ 3i, do
d6 ¥ = ¢,c083x + ¢, 5in3x.

Bay gio tim y, @ ddy a = 3 khéng la nghiém cliia phudng trinh dac
trumg, n =2, P, = x* + 1, do d6 ta tim ¥ dudi dang:
‘ y= Qz(x)esx = (ax? +bx +c)e®
Pac ham
¥'= (2ax + ) +3(ax? + by + )e**
"= 2ge%* +6(2ax + 5" +0(ax? + Bx +e)e> .
Thay vae phuang trinh, nhém hop va don gidn 2 v& cho &% ta e6:
18ax® + {186 + 12a)x + 2a + 80 + 18c =x" + 1.
Pdng nhat hé s8 cta x2 § 2 \-ré' ta duge: 18z = 1.
Péng nhat hé s8 chax 3 2 vE ta dl.rc;c: 185 + 122 = 0.
Ddng nhat hé s6 ty do § 2 v& ta duge: 2a + 6b + 18¢ = 1,

Suy ra:

Vay ta duge:

x X+ —
18 27 81
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va nghim téng quat cua phuong trinh 1a;

- . 1 5 1 _ 5 4
=Y+ ¥ =ce08dx + o5indx + (—. n

Y y=a esimdr (T — o T e

2y Gial y" - 3y + 2y =e™(3 - 4x)

(&} day phudng trinh dée trung 1a 2% — 3k + 2 = 0 ¢6 nghiém k, = 1,
k=2 Dadé6 Y =ce*+ c,e®.

Cona =1 l1a nghiém ddn cia phudng trinh dac trung, n = 1, P,=3— 4x.
Do d6 ta tim

7 =x(ax + b) e*.
Dac ham  7'=(2ax +b)e” +(ax” +bx)e™ va
¥'=2ae* +(dax + 2b)e* +{ax? +bx)e* .
Thay vac phudng trinh, rit gon va don gian 2 v& cho ¢* ta cé:
2ox+ 20 -b=-4x+ 3.
Suv ra 2a=-4 20 -b=3hava=25b=1.
Do dé ¥y =x(2¢+ D e'va
Y=Y+ y =ce* +ee? +x(2x+ 1e”
IL flx) = [P, (x}cospx + @, (x)sinPxle™ {1

trong dé P.(x), @.(x) 1a nhiing da thic bac n vA m. D& tim ¥ ngudi ta ddi
cosPx, sinfx ra thanh cide ham s& mi theo cac cong thite Euler, lic dé flx) sé
¢t dang I Ap dung k&t qua & d6, sau lai trd lai dang lugng giac, ngudi ta di
dén két qua 14 trong trudong hop nay, ta phdi tim ¥ duéi dang:

¥ = v {Rp(x) cosfBx + S!_,(ac)-f,‘lfi"l,ﬁ)()e“Jt 2)



trong doé R.p(x), S, (x} l6 nhing da thite bdc p cua x, p = max(n, m),
con A=0néuat iff khéng lé nghiém cua phudng trinh dgc trung.
A=1néuat iflé nghiém cia phuong trinh ddc trung. (O day khong
cé trudng hgp % = 2 nhu d I vi phuong trinh dac trung 1a bac 2 ¢ nghiém
phuc thi ta e6 2 nghigm phice lién hgp, chit khong ¢6 nghiém kép) ching han

Fi) = 1 + 3x+ Deos2xe + (2 + Dsin2x]e

d ddy o = if =—3 £ 2i gia sit khéng 18 nghiém cud phudng trinh dac trung
thi dat:

y = [(ax® + ba® + cx +d)cos2x + (a2 + b,2% + cyx + d,)sin2xle™

Diac bigt mot treng cac da thide P_(x), @ (¢} ¢6 thé déng nhat khéng,
nghia 1a fix) c6 dang:

f(x) = B,(x)cos Pxe™
hay  f(x) = Q,,(x)sin fre™

liic 46 ta vAn tim 7 dudi dang trén. Ching han
£(x) = (x% +2x)cos Bxe™*

dday «+ip = - 1% 3 gia s 14 nghiém cla phuong trinh dac trung thi dat:
3 =x[(ax® +bx +c) cosSx+(a1x2 +b5x +¢)sin3xle™
fixy = bsindx, d ddy o £ip =0 & 4i,

gia su khéng 14 nghiém clia phudng trinh dic trung thi dit:

¥ =acosdx + bsindx.
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{flx) = Pylxdsindx, Pyix) = 5: hang s0 eoi nhu da thie bac khing). Bay gio xét
mot 88 thi dy ey thé.

Thi du;
1) Giai: ¥+ 2+ by = 2eosx.

DAu tién giai phuong trinh thudn nhét y” + 2y + 3y = 0. Phuong trinh
nay c6 phuong trinh dac trung: k* + 2k + 5 = 0. Gidi ta cé:

ky=~1+2i ky=-1-2i. Do dé:
Y =e* {(¢,co82x + ¢,81n2x).
Bay gi6 tim ¥ , & day f = 2cosx = Py(x)cosxe™, nén a + ip = 0 + i khong

phai la nghidm c¢ta phudng (rinh dac trung, do d6 ta tim ¥ = acosx + bsinax.
Pao ham:

¥=-asinx+bcosx, ¥'=-acosx-bsinx
Thay vao phudng trinh ta cé:
-acosx  bsinx + 2(-asinx + beosx) + S{acose + bsinx) = Zeosx.
hay
(da + 2b) cosx + (4b — 2a)sinx = 2 cosx.

Déng nhat hé s8 cha cosx, sinx § hai v ta ¢6:

1
4a+2b=2,4b—2a=0,suyraa:%, b=—5-
Vay
- 3 1.
¥y=—Ccosx +—slnx
5 f

va y=Y+ ¥ =e*c,cos2x + c,s8in 2x) + %cosx+%sinx
2) Giai: ¥ +y = 4xsinx.
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O day phuong tinh dac g 1A B2 4 1= 0, ¢6 nghicm £ = £, Do do
Y = cieo8x + ¢p8iny. Con flo) = Ixsine = @ (x)sinxe™, néna + if=0+ 7 la
nghiém cda phuong trinh déc trung, vay phai tim:
¥ = xl{ax +b)cosx +{a;x + b )sin x}
hay
¥ =(ax® +bxjcosx + (a1x2 + v sin g
Dao ham thay vao phuong trinh nhém hop lai ta ¢6:
{da,x + 2a + 2b))cosx + (-dax + 2a, - 2b)sinx = 4xsinx.
Déng nhat ha sd cla cosx, sinx ¢ hai v& (a c6:

da1x +2a+2b =0 b da,=0, Za+2h =0
~dax+2a,~2b=4x 0 |-da=4, 2¢;-2b=0

Suyrag =-1,6=0,a,=0,5b,=1. Vay 7 = x(-xcosx + sinx) va
y=Y+ ¥ =e¢,co8x +csinx + x(- xcosx + sinx
Ch y:
Néu
flx) = filx) + fol2) + ... + £ ()

ma fi(x), fo(x), ..., f.(x) thudc dang I, I thi theo phuong phdp trén ta
8¢ tim cde nghiém riéng y,, ¥,,...y, tuong ing véi filx), falx), ... f(x).

Theo nguyén ly xép chong nghiém ta sé co:
Y=¥rtyg+..ty, wng véiflx) = f(x) + folx) + ... + £.{x).
3) Gial; ¥+ 2y + By = 2cosx + Be*.

Ta thay v& phai 12 1dng cla f(x) = 2cosx va fo(x) = 8¢* thude hai dang
trén. Theo thi du 1,8 trén nghiém tdng quét cia phudng trinh thuin nhat 13
Y =eecos2x + ¢;8indy)  va nghiém ridng img vii £,4x) = 2eosx 1A
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- 1 .
¥ =TSy + —sinx
o 5

Bay gio conitim ¥, ng véi fi(x) = e~ 43 day « = 1 khong la nghiém

eta phudng trinh die trung (v phuong trinh dic trung 6 nghiém phie

-1 +2) nén tim y, = ae. Dao ham thay vao phuong trinh ta duge:

ae* + 2ae” + Hae* = Be” suyraa=1,

va
¥y =e*. Do dé:

- - 1 .
Y=yt =gcosx +Esmx +e”

Vay

_ . 2 1 .
y=¥+ ¥ =e¥c,co82x + e,8in2x) + gcus x+ gsm x +e*

4) Dac déng don gidn: Xét mot 16 xo
dé thang ding (irong lugng khing dang
k&) ddu trén of dinh, ddu dudi treo mét
vat khai lugng m (H. 1921

-

Tim quy luat dao dong clia vat. Dé
giai bai toan. ta chon géc toa d6 O & ddu
ty do cua 19 xo (khi chua treo vat) va truc g

\T‘Dl\‘ 111:31))

Oy hudng thing ding tir trén xudng dudi,
khi treo val vao dau dudi 15 xo, vat s dao
dfng xung quanh diém O theo phudng y
cla truc Oy. Gia s tai thai diém ¢, y(@) 1a

khoang céch t vat dén goe toa dé O. Hinh 192

Ro rang vat chju tac dung clia ba luc déng phudng vdi phudng cua

truc Oy,
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Trong lyc: mg (g 14 gia tde trong trudng).

Luc kéo cta 10 xor -py {0 > (3 14 hé 86 ty 18, dac trung cho tinh chat kim
loai cta 16 xo, (dau - ¢hi lyge c6 hudng nguge hudng véi hudng chuyén dong
cua vat: Dinh luat Hooke).

e can cha mdl trudng - &y (> (0 13 hé s8 ty 18 dic trung cho tinh
chat clia mdi trudng (ddu - chi hudng cda van tic chuyén déng coa vat
(V = ¥ nguge v8i hudng cua lye can).

Theo dinh luat Newton, ta ¢6 phuong trinh chuyén dong clia vat la:
my” = -y -hy' + mg hay

VApy+gly=g(Dvii p=2>0 ¢2=L>0.

m m

Phuong trvinh dac trumg cta (1): 22 + pk + ¢° = 0 ¢6 nghidm la:

L PENP -4q"

1.2 9

Gia st p? < 447 thi cac nghiém nay 1a céc 84 phie:
ky,=-c 2P, a=§>0, B:é,hq? - p?

va nghiém téng quat cua phudng trinh thuin nhat tudng ang cGa (1)
la:

Y = e™(e,cospt + cminpe).

Ro rang §=£2 12 mat nghigm rigng clia (1) (thi trye tiép). Yay
q

nghiém téng quat cua (1) 1

¥t = e™{e, cosPt + c,8inPt) + %
q
Ta thay lim y(#) = g) . nghia la phuong trinh (1) midu ta m§t dao dong
[T q -

tat dén clia val.
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Bay gi0 xét vat chju tac dung thdm mdt ngoai lye nita: msint cong
phugng vdi phuong chuyén dong) va lye can cla mbi trudng khéng dang ké,
khi dé ta cé phuong trinh

Z" + g% = sint (2) véi z = y—%, D& dang thdy ndu g% = 1, thi mét
q

nghigm riéng cia (2) c6 dang: Asint + Beost, né biéu thi sy dao dong cta va

goi la dao dbng @iéu hda, néu ¢ = 1, thi mdt nghiém riéng cla (2) ¢6 dang:
t N . . . . e »

- -:z—coar . Trong trudng hgp nay: tAn s6 cua ngoai lyc tring vai tan sd dao

ddéng khi khéng ¢6 ngoai lyc, bién dd cia dao dong téng theo thdi gian, hién
tugng nay goi 1a hiégn tugng edng hudng.

7.2. Phudng trinh c¢ap n
a) Phuong trinh thuin nhit
Liyl=y"+ay® "+ . +ay=0 (1), a,=const,i=1,2,....n

Suy rong cac két qua clia phuodng trinh thuin nhat cdp hai déi vdi
phitdng trinh thuédn nhat edp n (1) ta ¢6: phudng trinh déc trung cda né:

B 4+ak '+ +a, hta,=0 @

I. Néu k,, ks, ..., &, 12 nghiém thye khic nhau cia (2) thi nghidm tdng
quéat caa (1) 1a:
y= cfek'x -H:2e‘,’z2"r + ...+n::,,,qzk”:lr
[1. Néu ky, ky, ..., k, la nghiém khac nhau cua (2) trong dé 6 nhitng
nghiém phiic, gia s k&, =« +if 13 mdt nghiém phite thi &, = a - ip cling la
mdt nghiém cia (2), hai nghiém nay dng vdi hai nghiém riéng die 1ap tuyén
tinh: ¥; = €™, cos fx, ¥y, = €™ sin fx.

111. Trong s& cdc nghiém riéng cia phudng trinh déc trung (2) ¢d nhitng
nghiém bi.
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Néu £, 1a mdt nghiém thye bjl m, thi nghiém nay dng véi m nghiém

riéng dic lap tuyén tinh caa (1).

ekl" xeklx o Iek'x,

Néu k, = a + iff 1a mdt nghiém phic bdi m cta (2) thi kb, = o - P (56
phitc lién hgp cia k), ciing 14 mét nghiém phie bdi m cua (2), khi d6 &, &,
g voi 2m nghiém riéng doc 14p tuyén tinh cha (1).

e™ cos fix, x €™ cos fx,...,x" ! ™ cos fix.
e™ sin Bx, x €™ sin fx,..., x™1 e™ sin fx.
Thi du:
1) Giai phugng trinh: y" - 2¥" + 4y’ - 8=0.

Ta ¢6 phugng trinh dac trimg £2° - 2R + 4k - 8 =0 Giai taco k, = 2,
k, = 2i, k; = - 2. Vay nghiém téng quat cha phuong trinh da cho:

¥ = ¢,e™ + ¢c,c082x + ¢; sin2x.
2) Giaj phudng trinh: ¥ - 5" + & - 4y = 0.
Ta c6 BBk + Bk -4=0,k =1k, =k, = 2.
Vay nghiém tdng quat ciia phuong trinh 1&;
y=ce*+ ePcy + cpx).
3) Gidi phudng trinh; y¥ + 4y + 8" + 8" + 4y = 0.

Phudng trinh dac trung: &* +4%&° +8k%2+8k+4=0 ¢6 nghiém
k =k,=-1+i ky=k,=-1—ing véi hé nghidm cg ban cua phudng trinu
da cho

¥y, = e CO8x, ¥, = xe “Cosx, ¥, = e”sinx, ¥, = xe sinx.
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va nghiém (4ng quat eua phuang trinh da cho a:
¥ oo ey e cose 4 (e, +oegx) sinel,
b} Phudng trinh khéng thuin nhat
Ll ="+ apy" "+..+ay=Fflx) () a;=const, (i=1,2,.., )

Trong trudng hgp chung ta ¢6 thé ding phuong phap bign thidn hing
s8 ciia Lagrange dé giai (1) vi theo a) ta da biét dugc hé nghiém cd ban cla

phuong trinh thudn uhat tudng ing Liy] = 0.

Trong trudng hyp fix) c6 dang dac bigt I, IT cla phuong 1rinhk cap hai
0 7.1 thi cach tim nghidm riéng ¥ cia (2) hodn toan tuong ty nhu da lam
7.1 b

Thi du:
1) Gidi phudng trinh: ¥ — y = 4e* (1).

Phuong trinh déc trung &* - 1 =0 hay 2+ 1) %% - 1) = 0. Do do
k=1, k,=-1,k; =i, k,=-i vanghiém tong quat cta phudng rrinh 1huan
nhat tudng ing la:

Y =ce®+e,0" +cyoosx +c, sinx

d day flx) = 1e*, P, = 4, « = 1 1a nghiém cia phuong trinh dic rimg. vay ta
tim nghiém riéng cla phuong tinh (1) dudi dang: y = axe™ .

Dao ham thay vao phuong trinh (1) va ddn gian ta cé: 4ae* = de* hay
a =1 vatacdy=xe”. Vay nghidm tong quat ciia phuong trinh (1) 1a:
¥y =xe® et +eye *+oeosx + ¢ sing.
2} Giai phudng trinh: ¥+ 2y +y = cosx {1}

Phuong trinh dac trung: &* + 282 + 1 =0 hay &'+ 1)’ = 0 va k,=k,= i,

k; =k, = -i tng v hé nghiém cd ban: cosx |, x cosx, sinx, xsinx,
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8] déy flx) = cosx, Py = 1. u ~ =0 t1ila nghi¢m kép clla phuong

trinh déc trung. Do d6 nghiém ridng ¥ cta (1) 6 dang:
¥ = 2% (@cosy + bsinx).

Pac ham thay vao (1) ta s& x4c djnh duge a, b: a= —%, 6 =0 Vay

— x2 . ‘o -~ . - N
y=- ry cosx va nghiém thng quat eia (1) Ia:

2
y=- %— cosx + (¢, + ¢, x)cosx + (¢, + ¢,x) sink.
*7.3. Phudng trinh dua vé phudng trinh véi hé s& hing s6

Phuong trinh Euler: Phuong trinkh Euler la phiutong trinh cé
dang:(ax + b)" ¥ + afax + B)" 'y " Vs L+ a4, [fax+ by + ay = flx)
(L véie, b, a,(i=1,2 .., n}lé nhitng hing s6. P&i véi mién ax + b >

0, diing phép thé bién: ax + b = ¢ thi

xz}—ez—é-‘ xé:let, t;:—l,-zi=ae_t
a a o x, ¢
’ e dy ¢ dy
= !tx = g¢e = qe —
Yx X dt dat
" e dy o o dly cdy, 2 -2 dgy dy
=(ae™ =) b, =(ge' =L —ge ! Pige ' = gle (LY _ Y
Yt e =lae dt G

Tudng ty:

e —ade (d3_y _3d?y 2dy
* dt®  at  dt

Thay vao phudng trinh Euler (1), ta thay phuong trinh nay bién thanh
phudng trinh khéng thudn nhat ¢ap = voi hé s6 hing 3, da biét cach giai.

Trong mién ax + & <0 thita dat ax+ 6= - e,
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Thi du: Ciai phuong trinh Euler:

G+ 12y -2+ Iy +2=0 (x+ 1)>0)

Datx+1=e'(x>-1), tach y':e"-(-il.
df

gt d2.}’ dy

R e 4

d2  dt

Thay vace phugng trinh:

25 —2t(d ¥ dy) t —I jy_'_zy 0

dt?
2
hay 4’y 2 dy +2y=0
dt dr

Nghiém tdng quat cha phudng trinh nay 1a: y = ce* + c,e? trd lai
t=In{x+ 1}y Tacod

¥y=clx+ I +efx + 1)
bac bigt néu phudng trinh Euler (1} ¢6 dang:
Oy M rax Iy Uy ta Y +a,y=0 (2}

Ta ¢6 thé giai trye tiép, bing cach tim nghiém cta (2) dudi dang: y = +*
vii x>0, & € R. Dao ham, thay vao (2), ta duge mét phuong trinh dé dinh #,
goi 14 phudng trinh dic trung cia (2).

Bhk-1. . (k-n+tD+k(k-D. . tk-n+2)+ .. tha, +a,=0 (3

Day 13 mét phudng trinh dai 6 bac » vdi dn s6 &, néu k 13 mot nghisém
thuc, bdi m cua (3) thi né ung v8i m nghidm ddc 1ap tuyén tinh cta (2);

¥, ¥ Inx, 2* (Inx), ..., x5 (lnx)™ -,

néu k =oa+ ip la mét cap nghiém phue 1lién hgp bdi m clia () thi cap nay

img vdi Zm nghiém ddc 1ap tuyén tinh cla (2):
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* cos(flux), 7 Inxcos(Blnx),..., x*(Inx)™ ‘cos(flnx)

+* sin(filux), % Inxsin{flnx),...,, **(lnx)™ 'sin(pInx)

Thi du:
Giail phuong trinh: %" - 3xy' + 4y = 0.

bat y = x*, dao ham thay vao phuong trinh ta duge: &2 4k + 4 = 0 va
k, = k, = 2. Vay theo trén, nghidm téng quat ctia phuong trinh dé cho 1a:
y=cx* + e Inx.

§8. HE PHUONG TRINH VI PHAN

8.1. Dinh nghia - Bai toan Cauchy

a) Bai toan md dau: Ta da xét cac bai toan dua dén vige giai mdt
phuang treinh vi phén vdi nhing di€u kién nao dé, trong thuc t& ciing cé
nhigu bai toan dua dén viéc giai mot hé phuong trinh vi phan vdi nhitng
digu kién nao d6. Chang han, xét mot chat diém M c6 khoi lugng m chuyén
dong trong khéng gian, dudi tac dung cha lyc ¥ ma hinh chidu ciia né trén
cac truc toa dd: P, @, R 15 phy thude thdi gian ¢, phy thudc cac toa dd x, y, 2

. . a . N . dx d d .
cua M va van t8c cua M tai ¢ hay cac hinh chiéu I d_Jt{ E? cua vecteur

van tdc trén céc truc toa dé, nghia la:

P=f(txy,z, éf-.

@ dt)

de dy dz

= t' s Sy Ty Ty T
R=ftxnyz S S G
dx dy dz

R=f(t L
filtx, ¥ 2, 2t dt dt)

Gia sit phai 1im guy Inat chuyén ddng cia M, nghia 13 phai tim sy phy
thude cla cac toa dd x, ¥, z cia M theo thdi gian ¢.
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Theo djith luat Newton 14 ¢d: F = my hay

2 2 2,
m.d—‘xzp. i i-‘z =@, mg-zi=ﬂ’
dt? dr? dr

nghia la phai gidi hé phuoug 1vinh vi phan:

—de - Hhitbx, v,z d—l iy“ ‘d_z}
dt? TR W @

dy 1 . dx dy dz

s = . ts s K&y Ty T T
ar PG ERYE S o)
A%z 1 de dy dz

—F - t' &y T T,

d  m fit %y, 2 dt  dt dt @’

dé tim cac ham x = x(t), ¥y = y(6), z = z(#).

b) Dinh nghia

Hé phuwong trinh vi phén la mét tgp hop cdc phuong trinh lién
hé gitta bién dée ldp, mot s6" ham s6 phdi tim va dao ham cta chiing;
cép ciia hé phuong trink vi phén la cdp cao nhédt cia dao ham trong

h¢. Hé phuong trink vi phdn cdp mét dang chinh tde la hé c6 dang:

=L = 100 1y Fg ey Y )

dx
dy,
d; fzfx, yf’y2"“““’yil'l) (1)
dv.:.... eerererestmnrarrremearas
2 (X Yy ¥Gerarres V)
dx
trong dé x 1a bién déc 1Gp yy, Yy ¥, 16 edc dn héam. Cho mél hé

phuung (rinh vi phan cap », ta ludn ludn co thé dua them cae 4n ham phu
va cAc phuong trinh khac dé dua hé vé hé phuong trinh vi phin cap mdt.
Chang han. phugng t¥inh CAp I Az, y, ¥, ¥ = 012 tuong duong v hé:

dy, dy; dy,.)
— =, TR =y L oy,
dx "% dx 3 dx In



dy,
f(""~ylsy2! ooy Fos f’ =0
X

e L N . o e & . . 1 s
vl ¥ = ¥, va néu phudng trinh cudi giai ra duge d61 véi ;" thi ta cé6 hé
x

chinh tédc (1).

Vi Iy do trén, khéng kém phdn tdng quat, ta chi nghién ciu hé chinh
tac (1),

Tép hop cdc ham y; = y,(x), 3 = ¥3(x),00y ¥, = ¥,(x) goi lé nghiém
ctta hé (1) néu thay chiing vao hé ta duge cdc dong nhéat thite. Mbi
nghiém cta hé (1} tuong ing mét dudng cong trong khéng gian n + 1
chiéu (R™"') goi la mét duong cong tich phén ciia hé.

Bai todn tim nghiém cta hé (1) théa mén cdc diéu kién:

Yy, = Y100 Yol, o = Yo0rudnle, =Ye0 @
got la bai tedn Cauchy cia hé dd, cdc didu kién (2) goi la diéu kién
ban ddu, so kién hay didu kién Cauchy.

¢) Pinh ly tén tai duy nhat

Néw cde ham £, fa-. [, (cde vé phdi cia hé (1)) la lién tuc cung
cdc dao ham riéng ciia chiing, 451 véi cde déi 86 ¥p Yooy ¥, trong lin
cén X cha diém (Xy Y10Yse - Yoo € B thi tén tgi duy nhdt mét

nghiém cua hé (1) trong lan cén ciia x, théa mén diéu kién ban dau
2).

Nghiém ctia bai todn Cauchy cua hé (1) goi ld nghiém riéng ciia
hé do.

Nghiém téng qudt cia hé (1) trong mét mién nao dé la tgp hop n
ham lién tuc, kha vi trong mién dé va phu thuéc n hdng 86 tuy y €y
Cayeniny Tpd

1= ¥4 cp cpy €4)
¥r =3:(% ¢p cpensy €,)

Yn =yn(x! Cpr Cmrany cn)
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théa man cde diéu kién:
1) Lé nghiém cud hé (1} Ve, €3 ooy Cpe

2} Cho diéu kién (2) thi xdc dinh duoc ¢, cp ..., ¢, duy nhdlt.
Nghiém ctia hé (1) khéng théa man diéu kién ctia dinh Iy ton tai duy

nhdt thi goi I nghiém bdt thuong ciia hé. Néu tir hé:
P % Y Ypers Yo Cpp € oy €,) = 0 “4)

ta xde dinh duoe nghiém téng qudt (3) ctia Rhé (1) thi hé (4} goi la tich
phén téng qudt ciza hé dé va méi ¢ , (i = 1, 2,.., n) goi la mét tich

phén déu ctia hé. H¢ co dang:

dxl de _ dxu

Xl(xl‘xg,...,xn) - Xz(x]_,xz,...,xn) "o Xn(xl,xz,..,,xn)

goi 13 hé d61 ximeg, hé nay tudng duong v4i hé chinh téc
dyy _ X, dxy Xy dxyy  Xny
dr, X, dx, X, dx, X

mn n n

va nguge lai hé chinh téc (1) ¢6 thé dua vé ha d6i xing

dn _dys __dyn _dx

i 2 fa 1
8.2, Giai hé phuong trinh vi phin

a) Phuong phap khi: Xét hé chinh tée (1). Dao ham theo x, phudng
trinh ddu cha hé (1)

—diyl :ﬁ.'.idi.‘. .|.5f“'l dy”

dx? & Oy dx Oy, dx
thay f{)_’l__‘fh bdi che bidu thie £, fu..., £, 0 hié (1) ta duge:
dx  dx '
dﬂ}’l
=F L TR n)
I PLE TN



Lai 18y dgo ham phuong trinh nay va lam nhu trén ta duge phuong

trinh :
dsy

da‘; = FS (xvylr---syn)

tiép tue qua trinh, cudi cung 1a duge phudng trinh:

d"y,
——==F % y,...¥,)
dx gl
Vay ta cd hé:

ay,
— = F Xy Ve Fi)
dr 1 (x, Y
dgyl

o= Fylx, v, 08,
dn? 2h X Y Yy
d”y,

=F {x, ¥ ....¥)

da”

Tit n - 1 phudng trinh ddu ¢ia hd nay ta gidi y.. ya.

dL dEJ’l 4"y

dx = dx? 7 dx"

ta duge

Yo =Pyl J’lr.)’; y:n_“)

Ya = alx, ¥, .yll““' J’%"_U)

(n 1}

Yo =Pl y ye 30

(5)

v, ¥ theo x, y, va

Thay (6) vao phudng trinh cudi cang cta (5) ta duge mdt phudng trinh

cAp n d8i véi y;:

d'y .
—"Tr;]' =q’(x,.ylsy1---s.3’1
dx

n—l})
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Giai phudng trinh (7) ta duye:
Y=g oo, c) (8
Lay dao ham (8}, n - 1 14n ta duge:

ﬂ]_ dz}ﬁ dn I_)’]
de ' de e dxn—l

14 cAc ham cha x, ¢, ¢,...,,. Thay thé cac ham nay vae (6) ta xac dinh duge
ForreoFad

Yo = lu(x,clchr"'ycn)

e (9

¥ =W(x,e,0q,....¢,)

Nhu vay (8) va (9) s& cho nghiém tdng quat ctia hé (1).
Thi du:

Giai bai toan Cauchy:

y=1—l
F-4
. 1 (a)
2 =
y—x
yL:D =-1, zlx_o =1 {b)
Tit 2= tacs 2'=—'—(y-1) ©
y-x (y—x)
T (a)tach:y -1= - l, va theo trén { — x) = —1; . Thay vao (v) ta
z z
duge: & = 22, 1 do d6
e
zl" r

z
==, Z'=cr.z, z=cye”
z

Do d4, tir phudng trinh thit hai cla (a):

o}
2
-1



y-x= l. hay y=x +
z

- E

€
€16

Vay nghiém cla hé (a) la:

yYy=x+

-ux
e 1

b

z ="

{d)

Cho thdéa man (b) - 1 = 1 y1=¢, Dodéec =-1, ¢, =1 va nghiém
CiCs
cna bai toan Cauchy (a), (h) 1a:

y=x ef, z=p"
Theo dinh nghia nghigm téng quat thi (d) 12 nghiém tdng quat cua (a).

Chi ¥: Phuong phap khit trén c6 thé 4p dung cho mdt hé phudng trinh
vi phan c4p n bat ky.

Thi duw: Giai bai toan Cauchy:

yn_z - O
{z,,_y 0 (a)

yl:-_.-f] = z|x—0 = y.|1—0 = 1' 2'\r'l.\r—U =0 (b)

Pao ham phudng trinh dAu cha (a) hai 14n va thay z” = y tit phuong

trinh cudi cha (a), ta duge; ¥ ~y = 0. Nghidm tdng cta phuong trinh nay
la:

y=ce' +ce T ey cosx+c, 8inx

(c)
Vi z =y" {theo phuong trinh ddu ciia (a)), nén

z=ee* teoe® —ceo8x  cSine (dy

Vay hé (@) c¢6 nghiém duge xac djnh bdi (), (d) cho thoa man didu
kign (b).
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l=cy+¢; +cy
l=¢c +ep -ty
l=e;-¢; +¢4

O=c,-¢, —¢,

Hé& nay 6 nghiém duy nhét ¢ =%. €y = % e =M ¢ = % Vay ta co
nghiém cla bai todn Cauchy (a), (b):
3 .1 . 1. 3 .1 ., 1.,
y=—e" +—e +—581n X Z=—¢e +—eg -—SsINx
4 4 2 4 4 2

va nghiém téng quat cha (a) duge x4c dinh bdi (0), (d).
b) Phudng phap t6 hop

Né&u tif mot 8 phudng trinh ctia hé phuong trinh vi phéan ta tim duge
mét hay mét s6 tich phan ddu ctia hé va tir dé ta tim duge tich phan tdng
quat cia hé thi phuong phap nay goi 1a phuong phap 8 hgp tich phan hé
phuong trinh vi phan. Phudng phap nay rat e6 higu luc 461 vdi hé & dang dds
Xung.

Thi du:

GGiai hé

d
dx:yzdz,(x;ty:éz;t(})
Z-y x—-2z y-x

ta co:

dx dy dz dx+dy+d:
ZI-¥y x-z y-x 0

Dodcde+dy+de=0haydix+y+2)=0vax+y+z=¢_.
BBay gig cing tit hé da cho, ta c6:

2xdx _ 2ydy  2zdz _ d(x"+y'+2%
2x(z-y) 2y(x-2) Za(y-x) 0
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Dodéx’+y' +2"=¢c, Vavx+ty+tz=c, 2 +y +2" =¢, la tich phan
téng quét cia hé da cho.

*8 3. Hé phuong trinh vi phan tuyén tinh c¢dp mét

a) Khai niém cd ban

Hé phuong trinh vi phéan tuyén tinh cdp mét la hé cé dgng:

y1=oa;(0y; +aga(xys + .+ ag, (v, + f(x)

¥z =ag;(x)y; +age(x)ys +...+ag, (x)y, + falx)

B T P T P T R T T P IY Y]

Yn = 8pi(R)y) + 6,9 (X)yg +ont @p, (¥, + £, ()
trong do ¥4 ¥p..., ¥, I cdc én ham.
a;(x), (i,j=1,2,.,n), filx), (i=1,2,.., n)
la cdc ham 86 ctia x xdc dinh trong mién X.

a;(x) goi la cdc hé s6 ciie hé phuong trinh dgc biét ay= const thi hé
phuong trinh goi la hé phuong trinh tuyén tinh cdp mét véi hé sé
héng 6, néu f(x}) =0 (i= 1, 2,..., n} ¥x ¢ X thi hé phuong trinh goi la
hé thudn nhét , nguge lai néu fix) = ¢ thi hé goi la hé khong thudn
nhat.

Bay gid x6t A |A ma tran cac hé s§ ciia hé phudng trinh.

4y gy ... Oy,
A= fz1 Qg ... gy
al’ll anE ann
va cac ma tran cdt:
¥1(%) ¥, () fi(o)

Y(x) = yE(x) Y'{x] _ yg(x) F(x} - fg(x)
Yal0) Ya(®) f.(x)
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Theo dinh nghia tich cua hai ma tran thi;

[ SR H O 2 A Y+ ayYs ... Ha, ¥,

Qg Qgp . By, | ¥ A1 ¥y gyt tag, vy,
AY = =

Ty g o By A Yy @, ¥ td,9Y¥s +"'+aunyn

Viy hé phuong trinh vi phan tuyén tinh cGp mét khéng thudn

nhidt viét duoc duoi dang ma trin:
Y=AY+F ¥
va hé thudn nhét tuong ing cé dang: Y’ = AY (1)

Gia sit ede ham (hé 56 ctia hé phuong trinh) aglx) (L j=1,2

n), fix) i =1, 2,..., n} lién tuc trong mién X, thi theo dinh Iy tén tai
duy nhét hé (1) hay (I'} cé nghiém duy nhét: Y = Y(x) xdc dinh trong

= - - oy r o A
mién X va théa man diéu kién ban ddw:

=Y, (2)

e,
Y, 14 vecteur cit c6 cac toa dd y,p Yoo 2¥a0 vOi %o € X vA VY, .

Rd rang moi nghidm cta hé (1) hay (1) déu 1a nghidm rigng vi céc ha
d6 khéng c6 nghiém bat thusng. 1 thuén nhat (1) ludn luén ¢6 nghiém Y =
0 1thdéa min diéu kién ban dén

|x=x0
Tudng ty nhu trudng hgp phudng trinh tuyén tinh ¢ap » ta cé:
Pinh 1y 1:

Néu cdce vecteur Y(x), i = 1, 2,..., n la cdc nghiém cia hé thuén
nhdt (') thi

Y=Y, + ;¥ +i +¢,Y,. Ve, 0,0, e R

cing la nghiém cua hé do.
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Pinh nghia:

Hé vecteur nghiém Y, Yy..., Y, déc lép tuyén tinh ciia (') goi la
mot nghiém co bdn ciia nd.

Binh ly 2:

Biéu kién cdn va du dé hé vecteur Y, Yy..., Y, la mét hé nghiém
ca ban cua hé thudn nhét (I') la dinh thitc Wronski:

yulx) yip(x) . yi(x)

Wiy =| Y2100 Y223yl

.}’nf(x) Yn2 fx) .. Ynnlx)
trong do yy(xc) , ¥5(x),..., ¥,{x) ldi toa db ctia vecteur nghiém Y,(i= 1,2, ..., n).
Pinh 1y 3:

NéuY, (i=128, ., n) la mét hé nghiém co bén ciia hé thuén
nhdt (1) thi:

Y=Y v Yy v ve,Y, Ve ooy 0, € R
16 nghiém téng qudt cia hé d.
Pinh 1y 4:

Nghiém téong qudt cua hé khéng thudn nhét (1) la:
L —
Y= Z cf}"i +Y.
i f

trong d6 Y; (i = 1, 2, 8,..., n) Ia mét hé nghiém co bdn ctia hé thudn
nhét tuong vng (I') va Y 16 mét nghiém riéng ctia hé khéng thudn
nhdt (1).

b) Phudng phap bién thién hing sé cua Lagrange

D61 vdi hé khong thudn nhat (1) ta cing e6 phudng phap bién thién
hiing sd cia Lagrange dé tim nghiém téng quat ctia hé 46 néu bist mét hé
nghiém cd ban clia hé thudn nhat tuong dng (17,
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('u thé: nghiém téng qudt cua hé (1) cé dang:
Y=t (Y, + ug{) Y, + ... + u,(x) Y.

trongde Y, (i=1,2, .., n) la mét hé nghiém ca bdn cita hé thudn nhdt

twang ing {1’} va wix) (i=1,2, .., n) duge xde dinh tiz hé
ro,
Z u’l'(x)yik = fk {x) , (k= 1, 2, ery 1) (3
i-1
vdiyy (i=1,2, ..., n) lé toa d6 cua vecteur Y,
Thi du:

Tim nghié¢m tdng quat clia hé:

dy
dx

=-y-2z+2e7

d—z=3y+4z+e"‘
dx

giai hé thuén nhat 1ugng ng bng phudng phap khii 1a co;
y = cre” +2c¢qe%*
z=—ge” —3&:‘292:IE
Vay (a tim nghiém téng quat cia hd khong thudn nhat dudi dang:

y =ty (x)e* + Qug(x)e?*

z = —uy(x)e* - Buy (x)e?*

Theo hé (3) 1, (x), u,{x) dudc xac dinh ti hé:
u1 {x)e” + 2ué(x)eg" =2

- X

- u'l (x)e* - 3u'2(x)e2‘ =e

(3iAi hé nay ta duge:

u; = 8e 2*, uy =3¢
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do dé: u,(x) = -4e ¥ + g,
uy{xy =e ™ +¢,.
Vay nghié¢m tdng quat ciza hé da cho la:
y =c,e” + 2y’ — 27
z=—¢e" ~Bege®™ +e7"
c) Hé thuin nhit vdi hé s6 hing s8. Phuong phap Euler
Xéthé: Y =AY (1) vdiA=layl,q;=const, {, j=1,2, ..., n

Tudng ty nhu khi gigi phuong trinh tuyén tinh thuan nhat cdp caaq, ta

& tim nghiém cta hg (1) dudi dang chc ham m: y, = he™ G =1, 2, ... , n),
khi dé:
h,_e}“x h]_ h]
A
Y(x) — h2e = e}_x h‘.’. Y'(I) - }\g;\x h‘Z
B e hy, b,

k¥ hidu H 1a vecteur ¢6 cac toa dé Ay, hy,...., , va thay Y(x), Y'(x) vao (1) ta
¢o phuong trinh:

Ae*H=)e"H.
chia hai v& cho s8 vé hudng e™ = 0, ta duge phugng trinh ma tran:

AH =1H.
hay

(A-rE)H=0 (2)
trong d6 E 12 ma tran don vj {(cip n).

P& tim nghidm khac khong cia (1), ta phai tim cac vecteur H= 0,
tit phuong trinh (2).
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Ta bidt trong dai s6, s » goi 14 tr] viéng cGa ma tran A va vecteur H
goi 13 vecteur riéng ung vdi trj riéng A, AH 13 mdt vecteur déng phuong véi
H, ciing 12 mft vecteur riéng.

Ta ciing bigt didu kién cn va di dé phudng trinh (2) ¢ nghiém H = 0

la:
det{d - A E) =10 (3)
hay viét dudi dang toa db:
2 — A 3y R
‘ ay Oy —h .. dy, -0 )
&, O B

Phuang trinh (3) hay (3) goi lé phuong trinh ddc trung ciia hé
(1) va nghiém A ctia né ciing goi la s6 dde trung, vecteur H ttng véi A
cing goi la vecteur ddc trung ciia hé dé. Phuong trinh (3) hay (%) la
mét phuong trinh dai 86 bdc n déi voi A, theo dai s6 né cé n nghiém
thue hodc phitc k€ ca 86 héi.

1) Néu cdc 86 dic trung 1, Ap..., A, déu thye va khdc nhau thi
tuong ing voi s6 A, (=1, 2,.., n), tit hé (2) ta sé tim dugc bé n s6.

hm hz}, e h’U G= 1,2, ey n)

va ta c6 vecteurriéng H; (j=1,2, ..., n) cotoa dé la bé n 86 do.

Véy hé (1) ¢c6 n nghiém riéng itng vdi s6 4, la:

F s A
»i; =h1je “'x, Yuj =h2je Jx.-..,ynj =h,U-e > (4)

(G=1,2, .., nlva ta duge nghiém féng qudt cua hé (1) la:

Yy =cCp¥iptcgyiat et Cn¥yn
Yp =¢pygy tcapyae t...te o,

Yn =Ci¥n1 +€2¥n2 t -+ Cnlnp

Ve Cpony €, € By vi ré rang hé (4) la mét hé nghiém co bdn cua
hé ().

BT



Thi du:

Giai ha:
x'=z
y=-dx-y-4z (a)
Z'=—y
x, ¥,z la ham cha &
Phuong trinh (2) ¢6 dang:
— LAy + hy =0
—ahh — (k. —4hy =0 ®)
~hy Mg =0
Phuong trinh diac trung cGa hé 1a;
- 0 1
-4 -{1+X) -4 =4 -0+ 1H=0
)] -1 — A

Ta cd 3 nghiém cua phudng trinh dac trung déu thue va khac nhau:
==l =210 = 2. VAL &, = 1 hé (3) ¢6 dang:

By Ry =0

A Ry =0

Giai b¢ nay, ching han My Ay, = 1, Ay = -1, kg = -1, ta c6 nghiém
ritng thit nhat img vdi

M=-lix=ety =-e' 2z, =-e* tuong td v8i A, = - 2, ta ¢6 nghiém
riéng thi hat:

;= ey, = 4oz, = - 2o
vdi 3 = 2, ta ¢6 nghidm riéng thi ba;
X, = e?r. y3 = _ 4822. z, - 2691‘
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Vay nghiém tdng quat ¢iia hé (a) 1a:
x=ce'+ce +ege”

Tl 4ege? — o™

y=-ce
z=-ce' Zee? + 2oL
2) Néu A; la mét nghiém phitc don cua phuong trinh dgc trung
(3) thi twong tu nhu khi gidi phuong trinh vi phén tuyén tinh thuan
nhét cap cao vdi hé 86 héng 6, ding cdc cong thitc Euler ta sé duge
cdec nghiém thuc ctta hé (1) bdng cdch té hop cde nghiém phie lién
hop cua hé do.
Thi du:

1) Giai hé:

dy,
= ayy
dx
dy,
' S + by a)
dx ay Yy (
dyy
-3 =_§
; Yo

a, b = const. Ta cé hé phudng trinh dé xac dinh cac vecteur dae trung cua hé
(a) 1a;

—kh, +ah, =0
- ah, - Lhy +bhy =0 (b}
-bhy —Why =0

va phugng trinh die trung cua hé 1a:

-+ a 0
—a =% b= aE+why=0 wdiwi=a’+bd)
0 -5 -%

ta th&y phudng trinh dac trimg c¢d 3 nghiém:, = 0, i, = fw, by = Jw. VA
7, = 0, hé (b) co dang:



ah2=0 h
—ah, +bhy =0 hay —l=h=—3

b 0 a
~bh, =0

o

LAy h = b, h, = 0, hy = a, ta c6 nghiém riéng thi nhit cia hé (a):
yu=b ¥y ma, yu=a, hy=1w, hé (b) ¢6 dang:

~iwh, tah, =0

-ah, - iwhy, +bhy;=0

-bhy, dwh, =0

hay
by Ry _ ks
a w -b

Lay h =a, b, =iw, h; = - b. Ta cé nghiém riéng thi hai cla hé (a} 1a:
Y12 = @™,y = fwe™®, y,, = - bett
vdi 7.4 = -fw, tUgng 1y ta cé nghiém riéng th 3 cua hé () la:
Y1z = ae ™, yo, = -lwe N, g, = - be*

T8 hgp cac nghidm phite trén clia hé ta ¢6 nghiém tdng quat (thie) cia
hé (a) la:

Y1 = 6d + cacoswx + cya sinwx.

¥y = - Gl SINwx + ¢, Coswx..

¥a =@ - b coswx + cuw sinw,
2) Giai hé:

_=2y—z, —=y+22 (a)

Phuong trinh déc trumg cia hé la:

2-% -1

~0 hayii-4h+5=0
1 22 Y 7
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Phudng trinh nay c6 2 nghiém phic lign hop &, = 2 + 4, &, = 2 - 4,
%y = 2+ { ung v8i nghigm phdc cha hé (a)

S AEril L 3 194l
y=he . z=h,e

trong d6 A,, h, 14 nghigm cha phuong trinh: i, A, = 0 (theo (2)). Lay

hy=1 hy,=-1, taco:
y =@ i = o Xengy + isinx.
z= -1V = o (giny _ jcosx),

Tach phan thuyc va phan o clia nghiém nay ta duge mét hé nghiém co
ban ciia hé (a} la: '

¥ = e cosx, z; = e sinx.
— — Fx
¥, = e'%sinx, z, = - e cosx.
Vay nghiém téng quat cia hé (a) 1a;
¥ = ™ {c,co8x + ¢,8inx).
2 = ¢™ {e,8inx - ¢,c08x).

3) Néu A; la mét nghiém béi m ciia phuong trinh ddc trung thi
tng véi né ¢6 mot nghiém riéng y, = 0 cia hé (1). Biét mét nghiém
riéng (£ 0) ciia h¢ (1) ta c6 thé diing phuong phdp sau day dé gidi hé
dé (tugng ty nhu dot véi phuong trinh tuyén tinh).

Ta cé thé chimg minh:

Néu Y,(x) # 0 I mét nghiém cia hé (1) thi nghiém téng qudt

cua hé cé dang: -
Y=uY, +Z (2)

Trong dé u = u(x) la mét ham vé hudng, Z(x) la moét ham

vecteur, ching lé nghiém cia hé:
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w = (N, Az) / (N, Y} 3)
Z+ Y= AZ 4)
véi N 1 mét vecteur c8 dinh:
N, Z)=0 (5)

Trong thye 1& thudng chon N & mét vecteur ¢da cd 8§ khong gian céc

nghigm cud hé (1) dé c6 didu kién (¥, YV, ) # 0.
Thye vay, dao ham (23, thay vae (1), La cé:
Z+uY, =AZ (4

T (5) ta thdy diém cusi ctia vecteur Z vé& nén mdl mat phing vudng

goc vii vecteur N trong khong gian n chidu clia cace vecteur Y.Z (1193,
do d6 (N, Z) = 0 va tit (4) suy ra;
w=(N,Y)=(N, AZ)

{nhan vé hudng hai v& cla (1) vai N)

(N,AZ)

Vaytacd w'=—2"—=

®

=

Theo phuong phap nay, muén b
nghiém (2) cia hé (1), ta phai giai hé (3),
(4 dé tim u, Z: thay ' bdi (3) vae (4) ta ¢6
hé:

Y,(N.AZ) _

6 Hinh |
(NY) (6) inh 193

A

Hg nay véi didu kién (5) 1a hd c6 n - 1 4n ham, nhu vay ta da dua hé
(1) c6 n dh ham (cAc toa d clta Y)Y v hé (6) ¢é n —1 An ham.
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Thi du: Giai hé:

dx -
— = -Gy +hy+3z
dit

dy
== Bx+Ty+4 a)
i x+Ty+4z (

-—z=—2x+y+z

dt

Phuong trinh dac trung cia h§ ia:

-6-% 5 3
-8 7-% A4 |=0 hay ix-1) =0
-2 1 1-%

vay phugng trinh dac inmg ¢6 mot nghiém kép 2., = 1 va mdt nghiém dan
Ay =10,

Nghiém kép 7., = 1 tng vdi vecleur rigng:
hy=1,hy =2 hy=1
va ta cd nghiém riéng tudng ung:
x,=e y, =2z =¢
Vdi nghiém don 7, =0, tacd
hy=1,h,=0,h;=2
va ta ¢o nghiém:
=1y, =0,2,=2

Bay gid ta xét nghiém kép, dé tién hanh phuong phap Lrén ta chon N
1a vecteur ¢ thanh phan 0,0,1 va 18y Z 14 vecteur ¢é thanh phdn  «, B, O thi
(N, Z) = (0, khi d6 theo {2) ta dat:

x=ue' +ua
y:2uc{+|3 (b)
r=-ue
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Thay ¢b) vac hé¢ (a) va rit gon ta c6;

o' =-8u + 6B
B =12 +9p (©)
u':(2a—{3)e"

Hé gdm hai phuong trinh diu cta () ciing c6 cée s6 dic trung la w = 0
va i = 1 nhu hé (a). Giai hé nay ta cé;

o =3¢ + 2y’
P =4e, +3cye’
Do dé phugng trinh cudi cia hé (c) vigt duge:
4= (2, tceet =2t e, vau s -0t + eyl + ey
Thay a, [} va u vita tim duge vao (b), ta c6 nghiém téng quat cla hé (a)
la:
x =cp (gt + 20y +cy et
¥ = (Z2cyt + 2e5+ 3epe!
2= 2e; - (ggt +cy)e!
Cha y:
1) Néu biét hai nghiém viéng Y,, Y, clia h¢ thudn nhal ¥ = AY (1) thi
tuong ty ta giai hé dé nhu sau;
(+ia sit khong tdn tai h¢ thie ¥, + u¥, = 0 vdi p 14 mot ham da che cia
{20
Dat: Y=uY +u,Y,+Z o
vOi uy, u, 14 cAc ham vé hudng chua bidt, Z 13 mot ham vecteur chua bist
cua x.
Thay (2) vao (1) ta cé:
Yy +uy ¥y + 2= AZ @
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Bude Z thia man hai didu kign;
N..ZYy=0,(N,,Z)=0 ()
N, N, T4 cae vecteur ¢f dinh nao dé. Do do:
{u; (NL.Y)) +up(N,.Yy) = (N,.AZ) ©
(N . Y1)+ us(Ny.Y51 = (N, AZ)

(5) 1a mét h¢ phuong trinh tuyén tinh 481 v8i u,, »,’ bidu thj tuyén tinh qua
Z, thay ching vao (3) va theo difu kién (4), ta c6 hé n - 2 4n 351 voi Z, giai

hé ta ¢ Z va cudi eting ta cé Y.
R3 rang hé (5) ¢6 nghidm duy nhat khi

‘(NI.YI) (N,.Y;)
(N,.Y)) (N,Y,)

Néu dinh thie nay bing khéng thi tdn tai mdt ham plx) sao cho;
WL Y+ pYoy =0, (N, Yy + pY,) =0 (6)

Néu Y, + u¥, = 0. ta luon ludn c6 thd chon N, N, dé diéu (6) khong
thda marn.

Thi du:

Giai hé:
dx
— =-Bx+5y +3z
ar T
dy
— = -Bx+T7y+4z a
y ¥ (a)

ﬁ*—23:+ +z
dt '

(Da xér d thi du trén). Ts biél hé nay ¢o hai nghiém riéng:

Yty =¢ Y02, =1
¥ = de ¥, =0
z]:_(}" 22=2
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ta lay vecteur N, cd toa dg 1, 0, 0. N, cétoa dd 0, 1, 0. va Z 1a vecteur cH toa
dd (0, 0, afx)) thi N, Z) =0, (N5, 2) = 0. Do dé theo (2) ta dat: x = we' + 1y,
y = 2u,eb z = ~u,e' + 2u, + @, thay vao (a) rat gon:

ue' + 1y =30, wme* =2a, we' +2uy +o'=a
do dé: w =20, uy=a, & =d

Tit phuong trinh thit ba: = ¢’ Tit phugng trinh thi hai: u, = ce* + ¢y
Tit phuong trinh thit nhét: ¥ = 2¢;, hay w =2¢t+c;. Do d6 nghiém téng
quat cia hé (a) 1a:

x=¢c, + (2t +c tege
y = 2(2c,t + cy)e’
z =2, + (-2¢c,t + 3, — cple’s

RG rang nghiém nay tring v&i nghiém da biét (véi sy thay d&i hang s&
tiy ¥ thich hgp).

2) Khi biét A, la mét nghiém b6i m cia phudng trinh ddc trung
thi ta cing cé thé dung phuong phép sau déy dé gidi h¢ thuén nhét
(1). Ta tim nghiém ctta hé (1) dudi dang:

¥y = P,(x)e?‘-"x, Yo = ;!:’2(9:)13?'“’1‘,,.,.,yn = P"(x)el*"x .

Trong doé Py(x), Py(x), .., P,(x} la cdc da thic ctia x bdc khéng
qud
m-1.

D& xac dinh cac hé s§ clia cac da thidc trén, ta thay cdc nghifm trén
vao hé (1), ta duge nhitng déng nhét thic, tit dé rit ra mdt hg phuong trinb
dé xac dinh cac hé sd db.

Thi du: Giai hé:

dx
— =-4x+2y+5
dt v e

%=6x—-y—6z (a)

%=—8x+3y+92



Ta ¢d phuong trinh déc tmmg cia hé:

-4-n 2 5
6 -1- -6|=0 hayd’® -4 +5,-2=0
-84 3 9-a

Phutang trinh dac trung ¢d cac nghidm A, = 2, », = }; = 1, vfi nghiém
*, = 2, ta ¢6 nghiém ridng cta hé (a) la:
x, =e® y, =-2% z, = 2" )

(hy =1, h, =-2, hy = 2) v6i nghiém kép A, = 4; = 1, theo trén ta tim nghiém
riéng clia hé {a) dudi dang:

x={At + Ayet y = (Bt + Bye z = (Ct +(C,)e! (c)
Thay (¢} vao h§ (a) va mit gon ta cb:

Af+A +A =(-44, + 2B, + 501}1.' —4A, + 2B, + 5C,

Bit+B,+B,=(6A, - B, - 6C))t+ 64, - B, - 6C,

Cit+C, +C,={-84,+3B, +9C ¢ B84, + 3B, +9C,.
Déng nhit cac hé s6 cia £ & hai v& ta duge:

-84, +2B,+5C, =0

-8A, -2B,-6C, =0

-8A,+ 3B, +8C, =0

-0A, + 2B, + 5C, = 4,

64, - 2B, -6C, =8,

- 84,1+ 3B, +8C, = C,

DodsA,=C,B, =0,A,=C, +C,, B, = 3C, trong 46 C,, C, Ia cac hing
88 thy ¥. Vay nghiém (¢) c6 dang:

x= (et + oy teydet y =3¢tz = (gt teyet
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va cac nghigm riéng dée 1ap 1uyén tinh cla hé (a) dng véi 86 dic trnung

by =2y =1, ¢0 thé ldy la:
X, =(t+ 1)t y, = 3e" 2z, = te'
xy;=ety, =0, z,= ¢ (d)
Vay theo (b), (d) nghidm téng quat ciia hé (a) 1a:
x =" + (gt ey +ey)e

y= —2(:1122r + 3oy’

2 =2¢e" +{cyt +c5)e

*89. TOAN TU LAPLACE

Trong phan nay ta sé dua ra mét loai bidn ddi goi 1a bign ddi hay toan
tit Laplace, né cho phép giai phuong trinh vi phan hay ha phuong trinh vi
phan ratl higu lye, ngoai vide giai phuong trinh vi phan bién d8i Laplace edn

¢é nhiéu ang dung trong cac nganh khoa hoc.
9.1. BPinh nghia

Cho f(t) la mét ham cua bién thuc t, xdc dinh voi vt ¢ Rva f(t) =
0 voi Vt < 0. Ta goi bién déi hay todn tit Laplace ciia ham f(t) la ham:

F(p)= e " f(tydt (1)
4]

véi p ld mot bién thuc hay phiic. Trong phin nay ta chi gidi han Ap dung
bién ddi Laplace vao vide gidi phuong trinh tuyén tinh v6i hé& sd hdng so nén

ta chi xét p & R va p > 0 va gid sit ) théa man ba didu kién:

D f(t} la mét ham lién tuc tieng phan khit 20 (Via, b}, a >0, b >
0, 3 mét cdach chia [a, b] thanh mét 86 hitu han phén trén méi phén
flt) la lién tue).
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2) M >0, 8,20, ¥t > 0: |F(t)| < M5 s, goi la chi 56’ tdng ciia
fee).

3 At =0 khit < Q. Cde diéu kién 1), 2), 3) ciia f(t) dam bdo cho
tich phan (1) tén tai.

Fip) goi la dnh ciia f(t) va nguge lai f(t) goi la géc clia Fi{p) qua
phép bién d6i Laplace (1). Ky hidu: L|f(t) | = F(p) hay f(t) & F(p).

Thi du:
e e
VL= jerar=—¢" _1
0 g, r
2 L) = e Pdt == 3-1 jzue-zdﬁL“:]_]_) (ot = 2)
0 Pl P
(Ham I'smma §2, chuong 11
1
Dachigt a=n e N.T(n + 1) = n!, L[t"] = ——
oo b . e(a—p]f —at; 1
3 Lle l= [e¥e ™dt = jet* rirdr = = (@ <p)
U o a-r|, P-a
]) L[e "”}:—_}.._
rp+a

9.2. Bing g8c va anh. Theo cong thie (1) ta ¢6 thé tim anh eda cée
ham se can 14 cac ham gbe sau déy va ta c6 bang (trong cac thi dy trén ta da
tim anh ot vai him trong bang)

Gde Anh
¢ 1 1
P
|
90 ™ ?:H tneN)
3 # SCLDNAN
P
10 1 Vn
v 7




1

50 PRl
{(p+a)
60 te-al ( 1 -
p+a)
'
70 fre-st (”ﬁ (n e N)
P +
8’ cos Xt —E
(p"+w’)
P sinag ~——-5-L—U—-2—
(p +uw’)
10° & (1_) (2=-13
- p—iw .
i 10 e “eosax E“—(P—;-Qa)_g
ptraly+w
0 ar _ = w
12 e sinaxX —_(p+a)2+w2
13° flat) éF(g) @> 0)
14° ft-a e *F(p) (@a>0)
+ >
15° i) Fip+a) (@>0)
]l a
16 shat p2 7
o P
17 chat o7 a7
18° £ sinat ( 22pa2)2
pi+a
2 2
14° t.cosat Pg _“2 >
(p*+a”)
20° t.shat ( Zpd
p -a’}’
2 &
21° t.chat P? + “? -
(p"-a”)




9.3. Cac tinh ch&t
Tit dinh nghia ta ¢6 thé chimg minh cac tinh chit cta bién doi 1.aplace:
(Vi fit) = F(p), gty = G{))
1) ¢, f(t) + co8(t) = c,F(p) + c,G(p), c,, ¢, = const.
2) £y = pF(p) - A0).
3) (&) = p*F(p) - pf(0) - £(0).
4) f¥@) = p"F(p) - p°* f(0) - ... - f "~ (0)
9] friar = 2P
P
6) -tf(t) = F(p)
7 CD® ft) = FPp).

g 1. I F(E)dE

9) f+g = F(p). G(p).
L
voi f*xg = [ f(vg@t-vdr goi ld tich phdn chdp cio fva g.
0 .

10) pF(p})G(p) = [+ g+ fl0)lg(t) = g * [ + gO}f(t) (cong thitc
Duhamel).

Ta s& ching minh vai ¢dng thac trong bang nay {(cac céng thic khac
chung minh tudng ty). Ching han xét 2).

Theo dinh nghia:

e[ e Pde= e 2 v p [ e PEedt
0 0 0

(tich phan ting phan). Do dé: £ = pFp) KO p> 0 Vi theo gia thiét
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fit) e # | sMe'™ 7 5 0Kkhit -+ ndup > s,
) Dal @ity = if(r)dr,thi () = 0, ¢'@) = ft). Gid sit @) =D(p),
Q0
theo 2°.
@) = pdip) - e(0) = pD(p)
Vay F(p) = p(p) hay ®(p)= = e
Cha y: Tit 2), 3), 4), 5} ta thiy dao ham va tich phén goc chuyén thanh

cac phép tinh dai 88 d6i vdi anh tuong ing. Do dé phép bién déi Lap]ace la
mot cfng ey gtai phudng trinh vi phan ¢6 hidu Iye.

9.4. Ap dung gidi phuong trinh vi phéin

Ta s¢ 4p dung phép bién déi Laplace (phép tinh toén tity chd yéu dé
giai cac bai toéan Cauchy déi vdi phuong trinh va hé phuong trinh vi phan
v#i hé s8 hang s8 qua cac thi dy:

1) Giai phuong trinh: ¥" + 4y = 2 (1)
Thdéa man didu kién:
Voo =00 ¥, =0 @

Gia sit y(x) = Y(p) theo tinh chat 3 va didu kién (2): y'(@) = p’Y(p).
Theo 1° bang: 2 = E Do d6 (1), {2) c6 anh 12 phudng trinh Loan ti;
B

p’Y(p) + 4Y(p) =

w N

hay

2 11 p
pHpP+4)y 2°p (pP+4)

Y(p) =

(phan tich 6 hitu 13
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Bay gid ap dung cac phep bign ddi nguge, theo 1° va 8° bang: ta sé oo
nghiém cia bai toan Cauchy (1), (2).

ylxr= % - %(:nszx

2y Gial bai toan Cauchy
¥ -y = dsint + beos2t (N
Yy =-1 ¥ =2 (2
Gia s y(® = Y(p) thi theo tinh chat 3° va didu kién (2) te vo:
Yt =p’Y+p+2.

Theo 8%, 92 bang :

isint = 7 oSt = 95p
pe+1 p+4d
Vay ta ¢o phuong trinh anh cua (1) (23
pY+p+o-y-—", OP
p+1 p"+
do dd:
_ 4 . Hp _pt2
(PP + 1P -1 (PP -1 +1) pP -1
__ 2 2 r p r 2 =Y P

p -1 _p2+l+p?—1_p2+!l_p'—-l -1 ptel P44
Tai theo 8% 9° bang ta ¢6 nghiém cia bai (oan Cauchy (1) (2
¥{) = - Zsint — cos2t.
3) Giai bai toan Cauchy
¥y ty=¢ (1

W=l ¥, =0 5]

A |



Cac dicu kién ban dau & day khong phai tai ¢ = 0 do dé phai bign déi dé

dua vé trudng hgp trén.
bat: t=1+1l,t=11=0
Yy =yt + ) =2(0, () =2(7)
¥7(f) = 2"( 1) va bai toan (1) (2) duge dua vé bai toan:
(Y +z(ny=e ! (1%

Z|T--{J =1, z1r=n =0 ()

Gia st Z(p) = z(1), theo tich chat 3 va didu kién (2): 2°(v) = p°Z = p.
Mat khéc theo 5% bang: "' ! = ee* =

Vay phudng trinh anh ctia (13 (2) Ja:

pZ-ptZ=_°
p-1
hay
e P e e(p+1) P
Zip)= : + = - +
» (p-DP"+1) (pP+D) 2p-1 2Ap*+1) (pP+1)
e e p e
Z(py= +{l- -~
®= e Y Wi

Theo 57 8% 9% bang ta ¢é:

s Lef +{1 ~ycost-Ssint
2 b 2
trd Jai bién ¢, ta ¢6 nghiém cta bai toan Cauchy (1), (2):
i-1

¥t = ET+(1—~:~}cos(t—])—§sin(t—1)

a2



4y Giai bai tean Cauchy vdi diéu kién ban dau triét tidw:
¥ +ay U+ tay=£fD N
¥, =0, ¥y =00 7Y =0 (2)
a,=constfi=1,2,..,nr)
Ta s& ching minh néu bidt mdt nghidm y,(t) clia bai toan:

y(“’+a.y(““}+,,,+a,y=l (1‘)

vdi didu kién (2) thi nghiém ctia bai toan (1) (2) a:
t .
¥y =[f(t- vy (t)de 3
0

Thye vay, anh clia bai toan (1°) (2) 1a;

P ap L a)Yip) s - @
P

Y,(p) = y,(t) va anh cla bai toan (1) (2) 1a:
P rap s+ +a,¥p)=Fip (5)

vii Yip) = y(&) , Fip) = f).

1 F(p) A
=—="= hay Yip) = pY,(p).F(p). Theo cdn
pYi(py Y(p) e = pLPLEP co cone

thite Duhamel. (tinh chat 10%:

Tie {4) (&) suy ra:

Yip) =y, (0 + y()*f .

Theo (2): v,{0) = 0 nén Y(p) = y',(t)* f . Theo dinh nghia tich chap ta ¢é
nghiém cha bai tean (1) (2):

£ !
y@) = [ft-vy(vde = [ -y -1dr (6
o ¥]

And



Sl

Chang han giai bai toan Cauchy:

. 1 :
VY= o o =0 Ym0

Dau tién ta tim nghiém y, ciia bai toan Cauchy:
y-y=1
ylx .0 = 0‘ y‘|x:f) =0

. 3 1

Ta cé: p’Y,-Y, = —

P

1 __»
p(p*-1) p'-1

g L ym=cht 1
P

Vay theo cong thite (6), ta ¢6 nghiém cia bai toan di cho la:

] [ K 4 —tT

e -
(ty = shit—Ddt=|———— —dv
Y £1+e" £ A1+e")
*—I e'dr eftd(e’ +1)
al+et 2 0 e T+l
e’ 1+ efleTde?
=-—In ——
2 A 2 h e +1
-t 4 iy -t
__e_l 1+e -—e—(e‘—l)+ j.cf(e +13
2 2 2 2 0 € +1
el 1+ 1 & & et
=~-—In - +—In——
2 2 2 2 2 2
1
= shtn +-—( —tef +e' - 1)
5) Giai ha;
ty—z=¢
yryme=e oL
243y -2z = 2

yl::o =Lz =1 (=}



Giasuy = Yip),z = Zip) thiiy = pY 1,2 = pZ - 1 vata o hd
phuong trinh Anh cta (1) (2) 1a:

pY - 14Y-Z - 1o
p-1
2
pY -1+3Y-3Z2=—"—
p-1
vere LA s ) 1 1 s . .
(Giai hé nay ta c¢d: Y(p):—-—l, Z(p)=———~1-, No do6 nghiém cua bai
P- B

toan (1) (2) la:
yty=¢', z2(t) = ¢".

Chn ¥: (6 thé dang toan tit Laplace dé giai mdt s8 phudng trinh vi
phan tuyén tinh vdi hé sd bién thidn, mot s6 phuong trinh vi phan dao ham
riéng, phudng trinh tich phan hoidc tinh cac tich phan, .., ching han, tinh
tich phan:

Ix) = | 1-cosxt _cgsxt dr .
o 4

Ta ci:

LiI(x))= I'xc'p{*j“;W]dx
b o t

fm []e e —(:()sxr)dxwd_;
b 7

:le'i—(:osxtid—;:_[ 1 QP > d—:
0 ¢ n\p prHtT
Tlidf —LarctgL— L
o p(p°+#*y P’ 2p°
Do dé:
I(x):lx,

And



BAI TAP

1. Chiing to réing cAc ham s6 hodc cac hé thie sau day 1a nghigm hay
tich phan cia céc phuong trinh vi phén tuong tng:

el _ 22

1) y= c{x+yidxtxdy =0

2yy = 3sinx - deos.o; ¥y Hy =0
DaPoaxy+y’=ch (@ By =2-y

Dy =iy, Gy Dy +ay*+yy -2 =0
2. Giai cac phugng trinh bign s8 phan ly:
1) tgxsin®ydx + cos’x cotpydy = 0

Day - y=5°

y-wy=a(l+2y)

D (1+eHyy =es, y

.1::(]:.1

5) ¥'sinx = ylny, yL_- =1
2

6)y = (8 + 2y + 1)°
T (2x+3y - Ddx+{(dc+ 6y - S)dy =0

8)y =(yri+y? ~x) L
Y

B (3% + ayDdx + (3 —yxhdy =0
10) (1 +y%(e™dx —e¥dy) - (1 + y)dy =0

3. Ching minh ring cac phudng trinh sau day khéng ¢6 nghiém bat
thuong:

Dy =@ -1 +y%

BIYE



sl ¥
F

2} ¥'=
4 1+x

- 1
ANy =lxt+yi=—
x

Hy +y -2y +yNde+ (ly -8y P+ Bdy=0
4.

1) Tim mét dudng cong cé doan 1i&p tuydn gém gida tiép diém va tryc
hoanh bang khoang cach tit tidp diém dén gée toa do.

2y Theo dinh luat Newton: téc d6 gidm nhiét ctia mot vay ty 1& vai dd
chanh 1&ch nhiat do cla vat va khong khi.

Tim quy luat giam nhiét c@a vat biét rdng sau 20 phit nhigt do cia
vat gidm tir 100°C xudng 60°C va nhist dé clia khéng khi 12 20°. Sau bao lau
thi nhiét dé cia vat gidm xudng 30°C ?

5. Giai cac phuong trinh ding cap c&p mot:
1) (x - ylydx - K*dy =0

2) ydx + (2 xy - )dy = 0

3) (4x® + Bxy + yhdx + (4" + 3xy +2)dy = 0
4) (¢ — By"¥dx + 2ydy =0, y|_, =1

) (2x-y+Hdy+(x—2y+5dx =10

B (x —ydx+ 2y —x+ 1dy =10

7 (% -y")dz+dy =0
x

By +y ‘szy“ -1)dx +2xydy =0
6.

1) Tim mdt dudng cong ¢6 hinh chiéu cha doan tiép tuyén gdm giita
ti8p diém va truc hoanh trén truc hoanh (goi 12 tidp anh) bang trung binh
cong céc toa dé cla tiép diém.



23 1 dang cta mél guang bict ring moi chim tia t8i song song chiéu
vao gudang Lhi cac tia phan chidu déu hoi tu tai mot didm.

7. (Hiai cac phuong trinh tuyén tinh cdp mét va phwong trinh Bernoulli:
1Yy - ysinx = sinx cosx
Dy tay=—e™

DA+ 2y =(1+x%

Ay +tgy =
cos hd

5) (1 +3%)dx = ({1 +y® siny ay)dy

v sy O 2
Byy + —y=", nyI:O
X X -

Dy —ytgx = =0

cosx y|’=0
8) Zoyy' -y +x=0
& dady = y(1 +xsinx 3y? sinx)dx

107 2y + 3 = I, yix_l =1.

.,z

Iy = 9%y = (" + ye, 5, =0
n) .

12) ¥ = ——

x“cosy+asinly

*8.

1} Tim mdt dudng cong biét rang dién tich tam giac gidi han bdi truc
Oz, tié] tuyén va ban kinh vecteur ciia tiép diém bing mét hing s6.

2) Tim cung AM | bidt rang hoang dé cla trong tdm clia hinh OPMA
(H 1491 bang % hoanh d6 cta didm M.

AR



3) Tim mdt duing cong, bift réng y
hink chidu cha dean phép tuyén gém
gilta 1i8p diém va truc hoanh (goi la M
phap anh) tai méi didm cha dudng bing A \—/I
trung binh ¢ing cae binh phuong céc toa I J
do tigp diém. 0 ' J x

9. Gial ca ONng tri i pha
\ 1al cdc phuong trinh vi p n Hinh 194
toan phan hodc cac phudng trinh dua vé

phuong trinh vi phan toan phén;
1) @ +y" + 20dx + 2eydy =0

2)(2x y+dx+(@y—-x-Ddy=0

3 (x+e)dx+e’(1 -dy=0,y _ =2

4) xdx + ydy +1‘5§—"5§l=0
XS4y

xdx + ydy 4 xdy - ydx

o) =0
‘/1+x2+y2 ro+y
6 (x+2y)dx+ydy:0' e -0

(x +y)2
Ty (x + yHdx — Leydy = 0

8 Zdx +(° = Invydy = 0
¥

9) (xy® + y)dx — xdy = 0
10) (xcosy — ysiny)dy + (xsiny + ycosy)dx = 0
10.

1) Tim ho quy dao trye giac clia cac he dudng cong:

3649
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aly = ax’

bytx—a¥ +(y - b = R* a, b =const
¢) r = 2asing

D+ Yy —a’xy =0

2) Tim ho quy dac géc & = = ciia ce ho:

e

a) Ho tat ca céc nlta dudng thang qua gic toa do.
b} He dudng xoan 8¢ logarithme: r = ae®.

*11. Giai cac phudng tr.inh Clairaut va Lagrange
Dy=xy +y.

Dy=xy+ yl+y?

1
e

Y

x="—+

=2 |

1 4
NV y==x(y+—=)
2 ¥

Sly=010+yx+y?

o 1, .
6} y=—§y (Zx+y"}

*12. Giai cac phudng trinh céc loai khac nhau:

D xlnZdy—ydx=0
¥

Day +y=xy’lne
Ny=xy +y Iny.

3x”

4) ¥=—"—
)y x2+y+1



- . ¥
O v+ g

¥
X X

6} Zypd—p= 3p” +43%
dy

2

Tiyeotgx+y =2, ¥ =
[l |+8 B 0

*gy ¥ —dayy 8y =

13. Giai cac phudng trinh cip cao cé thé ha cdp:

il 1 1

)= (x-1° (x+1F

i3

3
) yl=et+—x 2
Y 4

ax—siny" +2y" =0

4 x=e? +y"
5) (1 +x?.]yn +yr2 + ] - 0

6) xy'= {1+ y? ; HNea=0. 9 0=t

Ty (1+1Inx) + ly':2+lnx, y|_ =l, ¥y =1
x x=1 9 x=0

8) Zyy” - 3y? =4y’ 5 =1 y| _,=0

B 2y 4yt +yt=0

10) yy"= y2ay P + 5%

11) ¥ = 4y”

*14,

I) Tim cac duting cong ¢6 ban kinh cong (khie ban kinh) khong ddi.

2} Tim céc dudng cong ¢6 hinh chidu cta ban kinh cong trén truc Oy la
khang da1.



3) Tim quy luat chuyén déng clla mdt vat khsi lugng m voi trong
khong khi, bigt ring sdc cdn clia khdng khi ty 16 vdi binh phuong tée do va
td¢ @9 ban déu clia vat bang khéng.

156. Lap phuong trinh vi phan tuydn tinh thudn nh&t c4p hai bidt
nghiém ¢o ban:

Dy =2y, =4
Dy =x,y,=xInx
By =x,9,= y1-2°

cosx sin x
Dy =

- —, y = —
o T
16. Giai cc phudng trinh tuyén tinh thuén nhat:
1) (sinx — cosx)y” — Zsinx.y’ + (cosx + sinxly = 0 bisty, =

DA -2 —xy+ %y=0 bidt y, = ¥l+=x

3} (x - 1)y" - (x +1)y" + 2y = 0 biét nghidm riéng c6 dang da thiec.
*4) (1 - 2%)y” ~ 2¢y' + n{n + 1)y = O (phutang trinh Legendre, n e N) bidt
nghiém riéng:
1 dn{(xia_l)n]

P =
() " nl da

(da thuc Legendre)

Tim nghiém téng quat clia phuong trinh khin=1,r=2
*B)xy" + (1 —x)y' + ny = 0 (phuong trinh Laguerre, n € N) bist

nghiém riéng:

Lix)=e

* %—) (da thitc Laguerre)

Tim nghigm téng quat clia phuong trinh khi; n = 1



17. Gidi cac phuong trinh tuyén tinh khéng thudn nhat:

1) 2% + 2y’ —y = x? bigt y, = 2: nghiém riéng cha phuong trinh thudn

nhat.

2) ¥7 + 5 = secx biét ba nghi¢m rigng y, = 1, y, = sh, y, = cosx clia

phutong trinh thudn nhat.

: L . ; . N
3y — 2y =4x*e* Dbift mot nghiém y, = e*¥? cua phuong trinh thuin

nha't._:

" R S
4).7 ¥ = E] €
x
3 > Sinx
By ry =
cos® x

18. Giai cAc phudng trinh tuyén tinh thuin nhat vdi hé s& hing sé:
Dy -6 +8 =0

Ay -2¢y=0

Ny -y +y=0

43y" —y=0

5)y™ - 2" + 9y —18y =0

6) y9 + 105" + 9y = 0

Ny -y=0

8 y¥+y=0

19. Gidi cac phueng trinh tuyén tinh khéng thudn nhat vdi hé s6 hang

Dy -4y =-12x*+6x— 4

By -2 By =-4e"+3
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3y -3y + 2y =3e" + X’

Dy + 6"+ 12y + By = 2e®

5y -y = 4¢*

BY ¥ +y = 6sin2x

Ty +y=cosx+ cos?.x_

8) " — 4y = e*[{-4x + 4)cosx — (2x + B)sinx]
9y y" - 2" + 2y = e™(2cosx - Lysinay

10y ¥ - y = 4sinx - 8e* + 1

1Dy +4y=
cos2x

1
1)y +y =————
sin 2x4/sin 2x

*20. Giai cac phudng trinh Euler va cac phuong trinh dua duge vé
phuong trinh tuyén tinh vdi hé s6 hang sé&:

1yafy" +56xy' + 13y =10

DYy -3 by -6y =0

3 @x+ DY - 42+ 1)y + 8y =-8c— 4

4) 2" + xy’ + ¥y = 2sin(lnx)

Brxty" + 28y +nly =0

8) (1 — x%)y” — xy' + n’y = 0 (phudng trinh Tchebichef)
7) ¥"sinx cosx — ¥ + mPytgr sin’x =0

8) %y +xy + (x° - i)y = 0 (phusdng trinh Bessel)



*21. Mot chat didm M khéi lugng m = 1 chuyén dong theo truc Ox
ditdi tac dung cila:

a) Lge kéo vé goe O ty 1é khoang cach OM =x

by Lide can cud méi trudng ty 18 v&i van tde chuyén dong.

¢) Ngoai lue hudng theo Ox vi cd 46 1dn 1a F(f) tai thdi diém ¢.
1) Lap phudng trinh chuyén déng cia M.

2y Xét F(H) = 0 va lye can clla méi trudng bang khéng. Tim chu ky, tdn
3, bién dd va pha ban ddu cla dao déng, biét:

dx
=Xy,

x ax
t=0 Gt

=V,.
t=0

3) Xét F{t) = Msinat, va Iyc can clia méi truong bang khong.

22. Giai cAc hé phuong trinh vi phan sau (bing phudng phap khit hoac
13 hgp) :

—y=2xy:E
dx

1)
E_z—x
dx x
2o

2 x

) 1922_ 2z

9x— 22




Vroy 1
2
6 dx d_y dz
x 0 2
7 de  dy dz

mz-ny nx-lz ly—mx

o __ o2
8) {y =¥ *Z y=1,y=1,2z=0 khix=0

2'=-Zyy'+y
9 y,=z+ej z,:z?'—ezx'"
Zte Z+ e
2
4y ‘Z +2y+dz=¢"
10) {
d°z

*23. Giadi cac hé phudng trinh tuyén tinh cap mét (theo phudng phap

Euler) :

1) {y”” y=0,z=-1khix=0
2'=-2y+4z

dx =4x+5y

dy
o 4x-4
dt Y

X _3r412y-4z
d

3 %=—x—3y+z
dz
— =-x-132y+6
7 x ¥+ 6z
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dx
—=-y+z
dt J
dy 1 \
4 == = =l' =—, =—, khit=0
) ar X ¥ 5 2 i
dz
— =—x+2z
di
ﬂ=—_y+z
5 1%
d __ -3z
dr ¥
E:Bx—y—&z
6) %2—6x+2y+62
3—‘:‘—:63:—23'—62
7 y=2y-z+2e"
7
=3y -2z +4e”
ix_:x-y+4(:052t
%=3x—2y+8cos2t+58in2t

*24. Giai phudng trinh sau theo phudng phap toan tif Laplace:
Da"+ 20 +x=t%", x(M=x(0)=0
2) &7 + 4x = 3sint + 10cos3; x(0) = -2, x(0) =3

3 x"+ 2¢' + x = 2c08M, 2{(0) =20y = 0.
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TRA LOI BAI TAP
2.

1reotg’y = tgx + ¢

Dx=—mL y=0
l+y£
ox
Hy=- 4a
1 +ax

9 22";‘ =Je(1+e)

Sy=1

6) (Bx+ 2y + 1= 2tgldx + &)
TNat2y+3n@2e+3y-T=c¢c

8 r=

hay y® = Zcx + ¢%, (chuyén sang toa dé doc cyc)
1-cosg

9y l+l+lnl:c
x oy x

10} 2e* - ™ + Zaretgy +In(1+yh=c
4.
- &
1)y =ecx hodc y=—
X

-ln2

2 T=20480e ® , 60 phut.

5.

*

1}x=ce;

93 JE++ln|ylzc
¥



DY P +y)’=c

’ 3
4) y=x,1-—x
Y &

B la+ty-1¥ =clx-y+3)
)" + 2y Qay+ By=c

c+2x° z
7 y=———. bat y=—
{c—x")x x

. . . 1 ;
8) Inx + arctg \}xgy" -1 =¢, nghiém b4t thudng: y = T hat y= z
) X

6.

Dix—y2-cy=0

2) paraboloide tron xoay
7.

1Ny =ee "™ -cosx+ 1

1
m+a

e™ ., m=#-a

Dy=ce™+

y=ce®(l+x), m=-a
Ny=(1+xDc+x)
4) siny =ce*+x- 1. Datsiny=u

)] x\}l +y% +cosy=c. Giai theo x = x{y)

-1 2
6) = e o —
Y IB 12
T y= ad
o5 X

)

=



8 yi=xIni
x

9 y*H3 + ce™ " = x

1
) —=cex+Inx+1, l=lr1:|:+l

y y
3
2 2 01 2
11)y=[§e —axs—g},y=0

12) x* = ce™ - Za(siny + 1)
8

Dy =cy? + 4t

T xydx
0

[ ydx
1]

2}y =ex*, Hoanh d¢ trong tam x, =

B, 2
3)y' =ce* —x?— 2x - 2 (¢ > 0) (phudng trinh ¥y = x_%)

9

3
1) J%+xyz+x2=c

NP+y —xy+x-y=e

2 Ed
x z
3D —+yer =2
9 ye

4) 22+ y? + Zarctg L =
¥

)] \f1+x2 +y° +arctg—}l= c
X

Y o
X+«

&) Inix +3y) -

380



Y
Tinlx] - L =¢
X -

&) llnac+—1—y2 =¢
¥ 2

rd
9) Jf7+i=c

10y (xsiny +ycosy - siny Je* =¢

10.

1) a) %wﬁ =c
bly-b=clx-a),x+a.
c) r = Zecosg,
d) &* + 5" =cle® - ¥
2) ayr=cee
byr=c

11

I} ¥ = ¢x + ¢, khong ¢6 nghidm bat thudng

2 ysex+vl+c? [ 2l +yP=

2
3)x=cy+c2,x=-—{1—

2
Pyz=ec+ — y=+9
[

x=ce¥-2p+2

6) s
y=co(l+ple?-p?+2

381



t I. _t
76:;(0.92 -p)
) )
1, 4,
y=—p'+p)
6
12
x=ye™*"!

2 xy(c—%ln%c]=l

3y =ex +elne, ¥y =-e®*", nghiém bat thudng
Nx=ce’—y-2

8) y = xarcsincx

6 p’ + 4y’ =cy®

Ny=2

4 . . .
Bly=clx-cP, y= §x3 , nghiém bat thuong

13.

1) y= +e,X tey

x2 -1

2) y=¢* +L+clx+(:2

Jx
3 x=sind 2
3 - t 2 - 1 2 3
=—ginZ2t—-—cos2t+(c;, - 2-tIsint +{(— -2, +=¢t" +¢, .
Y3 4 @ ) (Gr2ei+y £

Daty =t

fx=e'+¢ y= (£+§)e # +(i—1 +ee ! +£+c,t+c?
2 4 2 3] i



Dy=-cx + (c'f + Dinge, + x)

v (e _
Gly= —5 — L Lo —]llnixl hay y=

1-x? e +1
+ In|ax|

e’ - 1) 4 He’+1) 4
T y= %x?
8) y = sec’x

3
9) (,y-1)2 = igzix+c2

Y-ty
Yoy

1) x=¢+In

11) y:1—12-(q+x)" +CeX + ¢y

14.

1) Dudng tron

2y e™7? = gee(ax +¢))

3 s = % In ch(tﬂlg —I-{—) phuang trinh chuyén dong:
b

md®s ‘il
=n — K —
ar M-.\ di ,-|
15.

Dty —dxy £ 6y =0
DY —xy+y=0

A - oy ty=0

and



4y %y —xy 4+ (a7 - %)y =0

186.

1) y = ¢, + ¢,5inx
2)y:C]‘|]+x+C2 1-x

Ny =2t + 1, y=ofa® + 1) +cpe”

4) n=1,yl=x,y=c,x+cz[1+£lnx_l}
2 x+1
n=2y=ox2 1y @do 1) F ol + G- 1) InETL
2 2 x+1
X
51y, =-x+1, y=(x—]){c,+c2jL‘Ix2
xx-1)

17.

'

Dy=cx+ —'514»i
x 3

2)y = ¢, + ¢p8inx +e,cosx + In | secx +igx| + sine In|cosx| - xcosx

2
oS, S

3 Y= cre V" +ese

ex

Hhy= * 4o +eg

BY ¥y = e, + ¢,c08x + ¢g8inx + + cosx Injcosx | + sinx(x- tgx)

COE X
18.
1)y =c,e™ + ¢c,e”

Dy =¢, +ce™

A8



; V3 V3

3 y:cf(c CO8 —— & + ¢, 81N — x)
1 2 % 5

By=ce" + o' (¢, C{)S7x +ey Sl —fi- x)

Gty = ce™ +ee083x + egsinty
6) ¥ = ¢ye0sx + cpsinx + cyeo8dx + ¢ 8indx

Ty =ce +ee” +ec,cosx +csing

-

2 )
- - L
Bly=e? (c,ecos—x+¢, sin ——x)

2 2

x .
+ e ? (c3c057x+c4sm7x)

19.
Dy=a'+a +¢, +ce™
3x

Dy=e" THceeTtoe

S1y = e e ot vt tee' +oet

Lo | =

N ov= 1 x'e ™
2

+e e + px + cyx”)

Sy =xe'+ ¢ e” + e + ce08x + o,sinx
6) y = -2sin2x+ ¢ co8x + ¢,8inx

- 1 . 1 .
i}V y=—xsinx+—cos2x +ccosx +csinx
2 3

8) y = e*(xvosx + ginx) + ¢,e” + e ™
9 y = xfe“cosx + e*{c,cosx + e,5inx)

Ny =xcosx + 2xe* — 1 + ¢ + e + cyeo8x + o,5iNx
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1 . .
11) y= stgx Injcosx| +::~sm 2x +c¢c082x + ¢,5in2x

12) y = —ysin 2y +¢,cosx + e 8iny
20.

D y = —[¢,cos(3Inx) + e,sin(3ne)
X

Dy =cx + e’ + e’
Dy=Cx+ 1) In2x + 1) +¢,{(2x + 1) + e(2x + 1)°
4) ¥ = -Inxcos(Inx) + ¢;cos(inx) + essinlnx)

n .
5) y=c1cos—x~+cgsm—
x

6) ¥ = c,cos{narc cosx) + ¢,5in{r arc cosx)

7} ¥ = c,cos{mIncosxy) + c,sin{mincosx)

8) y=eo cosx sinx

R
21.

2
1) Phuong trinh chuyén déng: d—::+a£+bx = F(1),
dt dt
a, b =const, cac hé sdtyle
2) x = Asin(vb.t + @)
2

vb 14 tdn s6 dao dong, T = 14 chu k¥ dao déng.

Vb
2 Ug ng 0

A= xo+?. ¢ =arctg

12 pha ban déu.

Uy

3) x= bM sinat+Asin(Jg‘t T, o= Vo

0



M
X = h:ong,t + Asin( \/g_t +g), w= Jg
- 248
22
1
D y=-— 2= afe, Indx|d

[ o

e - e =¢ ,x=z(c,- %2)

3
3)y=clx2+—l—, E-~—x:(z—c—'.'l"q‘-—iac=c2
o, 3 37 4
y—x i—ﬂ—xg“c =-x 23_H+ 2—0
L 3 2 ,y r 3 2

Ny=c, tee, z=-c, —Bee®
5) J;—J;=c1, Z—+x =¢

6) y =c, E—::’32
x

Nal+y?+22=¢! lx+my+nz=c,

Byy=e,z=¢" - o™

ze*+ty=c,ze?+x=cy

10 y=ce™ %+ cge_’:‘IIE + ¢yc08x + e 8inx + e — 2x

) a2 € € . 1
z=—ce" - e - L cosx - Lsinx-—e" +x

23.

n {y:cle2x+czeh {y:eﬂ"—eh

L T
z= cle.-!x+2c293x z=e?x_293x

2) x =5e, cos 2t +5cy 8in 2
¥ ={-4e; +2c;)cos 2t - (2¢; + 4ey)sin 2t
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[ &= -9, - 8ee” - o
. ¥ Rl
3 y= f;]ef + 3026“ +¢,€ t

2 =2ce' + Tege™ + Bege™

x=(ey teqteost+{—c, +¢;)sint x = cost
. 1 .
4 dy= t:]etd»c2 cost ey 8int y=-2—(COSt+smt)

z=ce' —¢;sinf+o, cost 1
y= E(mst—sin t)

y= (cl+c‘x)
o) :
z=¢€ ’Tc1+cg(1— x)]
x=cp e’
¥ =3¢ —3e; - 2c;¢”"
2=0Cy +2(,3l3
7 y=xe" + e +oye |
z={x+1)e" + ce” + e’
x = 2cos2f+3sin 2F + )e?(c, C0€§f+c‘ sin %t}
y= 751:‘1|.21‘+ez[(r:l J_cz}cosgtﬂcl 5+c‘)sm—-2‘[:r]
24.
2t
D x= e
12

2) x = sint + sin2f - 2cosdt

22 _Egg"—g-0052t+isin2t
55 5 25 25



Chuong 13
LY THUYET VE cHUOI

Trong cac ehuong trude, ta da nghién citu cae khai niém cd ban, cing
nhu cac quy lat ena giai tich toan hoc. D& két thiic gio trinh nay, 1rong
chuong nay (a s& nghién ctu mdt 19 thuyét, cho nhimg k7 thuat tinh toan dé
phuc va cho gidi tich toan hoc va cac khoa hoc dya vio né, goi 1a 1y thuyél
vé chudi.

A. CHUOI sO

§1. KHAI NIEM CO BAN

1.1. Binh nghia

Cho mét day vé han edc $6: u,, uy, ..., u,... Ta goi biéu thic u; +
Up + . + U, + ... la mbt chuoi 56, cde 86 uy Uy ...y U, ... goi lé cdc 56

hang (hay cdc ti) ctia chudi.

K¥ higuw: Zun=u1+u?+..,+un+... (1) (0= +x)
=1
Thi du:
=1 1 1 1
—‘—_—-+—2+,.,+_‘+
”21211 2 2 3
o} ddy
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1

Ly, = = 2

!
v Uy Hn—.)T...

BO |

Vi u, thé hién dang chung cta cdc s6 hang ctia chudi nén nguvi
ta goi u, ld 86 hang téng qudt hay sé hang thi n ctia chudi.
Téng ctia n 56 hang ddu tién cua chudi: up+ uy + .. + u, goi la
téng riéng thi n cia chudi, ky hiéu:
n

S,= Jumutugt oty
i=1

Theo dinh nghia thi:
S =u, 8, =u + u2,835u1+u2+ U, ...

Bay gid ta dua ra khai niém téng clia chudi. Theo dinh nghia thi chudi
56 12 mét tdng gdm vo s s8 hang, cho nén néu quan niém téng cha chudi 1a
téng thong thudng thi khong thé duge, vi khong thd 1am duge phép cong vé
s6 86 hang. Ngudi ta dua ra dinh nghia téng clia chudi nhu sau:
Néu lim 5, tén tai thi ta goi gidi han nay Ia téng ctéa chudi, ky
r—0

hiéula S= lim S,,.
0

Litc d6 ta ciing néi chuéi la héi tu (vé 8) nguoc lai néu gidi
han doé khéng tén tgi hay bdng o thi ngudi ta noi chuéi la phéan k.

Tacinghkyhicu S=zu;+u;+...+u,+ ..
Thi du;

Xét chudi nhan (c4p &6 nhan)

ol
Yag"'=ataqgtag®+. . +tag® +.., azx0
n=1
s o 5 6 I 1-g"
g g0i 14 cdng boi cda chudi. O trung hoc ta da biét: 8, =« 7
-4

N&u jq] < 1thi lim ¢"=0va lim S, =]L - chudi hdi tu.

n e o -g

$H0



Néu [g| > 1.thi lim ¢"=x, lic d6 S, — »: chudi phan ky.

o

Néug=1thichufico danga+a+ ..+ a + ., luc dd 8, = na va

lim 8,= lim ra =«: chudi phan ky.
n—paz R

Néu ¢ = -1 thi chudi ¢6 dang: e ~a +a - @ + ... X6t tdng S, ndu n chin
thi S, = ¢, néu = 1& thi S, = ¢, nhu vy khi n — < thi S, — 0 hoéc 8, — «,
theo djnh nghia gidi han thi lim S, 1a khéng tén tai, do dé chudi phan k¥.

n—om

Tém lai, chudi nhan chi hdi tu khi |g| < 1, lac d6 téng cha né la

§=-2_

-4
1.2, Piéu kién hai tu: Cho chudi Y u, (1)

r=1

v0i diéu kién nao thi chuéi héi ty, dinh 1¢ sau day che ta didu kién cén cla
sy hdi ty.

Dinh ly: Néu chudi (1) héi tu thi s6 hang téng qudt u, — 0 khi
n — w,

Thuc vay vi:

S, zu, tu,+.tu, =85, tu,

nén u, = 8, - S, _,, theo gia thiét chudi hgi tunghiala s, + 8, S§,., =+ S
khin = = do db:

u, > 0Okhin —» =

Dinh 17 nay chi 1a didu kién cdn cla sy héi ty, vi o6 nhitng chudi ¢ 1w, — 0
nhung chudi vAn phan ky.

Thi du:

Xét chudi )_“,—=1+—+§+,,,+—,,,

goi 12 chudi didu hoa.
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d day u, = 1 = O khin 5= xét 8, = l+l—+l+... o1 . Ap dung bat
. 2 3 n

dang thie v > In (1 + %) v&i ¥ x > O thi:

1)111(]+1),l>ln(l+l),,_,_,l>ln(1+~l—).
g 2 n n
Tae dé
S.o=1vs+ls sloumarnemarly sma+
2 3 n b n
.34 n+1,.
=n(2. —.—... =1 + 1
1 53 " J=lnin+ 1)

khin = e thi In(n + 1) - », do d6 S, — « va chudi phan ky.

Vi dinh ly trén chi la diéu kién cdn cia sy h8i ty nén cé it tac dung
trong thye tién, thyc tién cdn bidt vdi didu kién nao thi chudi héi tu (didu
kig¢n dh cia sy hoi ty ta s& xét & phén sau). Nhung hé qua cia né ma ta xét
sau day lai ¢6 14c dung 1dn trong thyc tién vi né néi lén didu kién du cla
phén ky.

Hé qua: Néu u, khéng ddn tdi khéng n — o thi chudi phén ky.

Thyte vy, cho trude mat chudi thi nd ¢6 thé x4y ra hai kha nang: hai ty
hoéic phan ky, néu chudi hoi ty thi theo dinh I trén: u, — 0, khi » — « trai
vdi gia thiét § day w, » 0. Vay chi ¢on kha nang tht hai tie 1a chudi phan
ky.

Thi du;
Xét chudi;

n
n+l

-+

+...

[l N

3
+— i+
4

(R

on

n
Z——:
a1t t+1

Xét lim u, = lim ”l = 1 0. Vay chudi phén ky.

Ny n— N4

1K



Dinh ly 2: (Didu kién Cauchy)
Diéu kién cdn va di dé chudi (1) héi tu la:
Ve>0,3n,e N, Vn>ny ¥m>n, = |S,- 5,.| <=
hay .
[y * Uy s+ o+ 1, | < £ (m<n) (c)

Thuyc vay, theo dinh nghia sy hoi ty cla chudi tuong duong vdi sy hoi
ty clia day S,, theo nguyén 1y Cauchy, day S, hoi tp néu né 1a 1 day cd ban,
tie 14 néd thoa man didu kién (o).

o
Thi du chudi Z% hoi tu (thod min diéu kien Cauchy (trang 25 tap I))
n=In

1.3. Tinh ehat ctia chudi héi tu: Ta xét mat 4 tinh chat quan nong
cla chudi hdi ty qua;

Pinh Iy 1:

Néu cde chuéi: Su, (I) va >Su, (2)
n=1

n 1

[ o}

héi tu va ¢6 t6ng 16 S va o thi chudi Y (u, +v,) (3) ciing héi tu va c6
n-J

téngla S + o

Chitng minh: Goi tdng riéng tha » ctia (1), (2) va (3) 1an lugt 1a S, o,
va T, thi 16 rang T, = 8, 4o, Theo gia thist lim S, = 8. lim 6, = o,

H —»£ L B 2E

lim 7, = lim S, + lim o, =8 + o, theo dinh nghia chudi (3) 1a hoi ty va o6

R-3m0 n—pie I —an

téng S + o

Dinh 1y 2:

Néu chudi Y u,, (1) héi ty v cd téng la S thi chudi 3 Cu, (2),

n-f n=1{
C = const # 0 ciing héi ty vé cd téng la CS. Nguge lai néu chudi (1)

phén ky thi chuéi (2) cing la phén ky.
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Chitng minh: Goi (ng riéng thit n ctia (1), (2) 1dn lugt 1a S, va 7., thi
1o rang T, = C.8,, theo gid thidt néu chudi (1) hi ty nghia 1a S, - S thi T,-»CS.
Do d6 chudi (2) 14 hdi ty va ¢6 téng la C.8. N&u chudi (1) phan ky nghia la
S, khéng ¢6 gidi han hodc din tdi = luc dé T, cing vay, do dé chudi
{2) phan ky.

Pinh ly 3: Su héi tu hay phén ky ciia chudi khéng thay d&i khi
bo di mét £6 hitu han 6 hang déu cia chudi.
Chitng minh:

Cho chudi

(=2
Ju, = fug ot t o (1
n=1

bd di & 6 hang ddu u, + u, + ... + uy, ta cén chudi

2]
Uy 4 +ukt2+--+uk+n+-'-: Z'uk-n (2)
m=1

Goi t0ng riéng thit n clia (1) va (2) 13 8, va o, thi 10 rang: S, . = S +o,
trong do 8y =u, +uy+ .. +u, 12 156 cHdinh ndu (1) hoitu thi 8,,, - S, do
d6 6, > 8 - 8, lic d6 chudi (2) hdi ty. N&u chudi (1) phan ky thi S, , , khing
ddn t6i mdt giéi han nao hodc dén tdi «, do d6 o, ciing vay, nghia la
chudi (2) phan ky.

Cha y: Trong dinh 1y bo mét s¢ hitu han s8 hang ddu nhung c6 thé bd
di mgt s8 hitu han s6 hang & quing gida ciing the, vi c6 thé bd ludn ca céc s6
hang tit ddu dén hét quang gita nay tite 1A ciing chi bd di mot s8 hitu han s&
hang ddu.

§2. CHUOI DUONG

Trong § nay ta sé xét mot ioai chudi dac biét, goi la chudi dudng, loai
chudi nay rdt quan trong vi nhidu khi xét mét chudi bat ky dua duge v viée
x¢'t mat chudi dugng.
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2.1. Dinh nghia va diéu kién héi tu
Chubi duong la chubi ma cdc s6 hang ctia né déu la nhitng sé

drong:

oD
Sup=wy byttt (1) wu,>0,n=12_,n,..
n=1

suy ra s, <5, < 5,.. <, < . Nghiala day s, ting, néu s, bj chan trén thi
theo tidu chudn tdn tai gidi han Weierstrass, s, 88 d4n tdi mdt gidi han nao
dé, lic d6 chudi la hai ty.
Mat khac, néu chudi hdi tu thi §, — S suy ra 8§, phai bj chan,vay ta cb:
Dinh ly: Pidu kién cdn va di dé chudi duong (1) héi tu la téng
riéng 8, cua né phai bi chdn trén.

Thi du:
Xé&t chudi
i 1 1 1 1
= + 5 + ...+ n +...
pm12t 41 2 +1 2941 " +1
Ta c6:
Sn: 1 21 1 L+i2 L
2 +1 2°+1 2" 31 2 2 b
nhung
1
1.1 -1 2 4.1 4
2 22 2" 21-1 2"

(vi chudi nhan a = %,q =

Do dé 8, < 1, nghia 14 8, bj chan trén theo diéu kién trén chubi da che
12 chudi hai tu.

Nhu da biéi, theo dinh nghia mudn xét sy hdi tu clia chudi ta phai tim
lim 8,, nhung viéc tim gidi han nay nhiéu khi khéng thé 1am duge. Thuc

L b

B3]



1ién, nhiéu khi chi cdn bict chudi c6 hdi tu hay khéng mi khang can doi hoi
tinh tdng § mét cach chinh xée. Do do déi vdi chudi duong, dimg didu ki¢n
trén thi thuan Igi hin nhidu, Nhung xét sy bj chan ¢ta S, nhidu khi ciing
rat phic tap. Do da db xét duge thuan lgi han, ngudi 1a dua vae didu kién

trén va dita ra cac tidu chudn héi ty cta chudi sau day:
2.2. Tiéu chudn so sanh

Cho hai chudi

[k

u, (1) va ivn {2)
a=1i

n=1

a} Néu vn > n, (n, € N) ta cé u, scv, ¢ > 0, va néu chudi (2) héi

tu thi chudi (1) héi tu, chudi (1) phén k3 thi chudi (2) phan ky.
b) Néw lim ‘:—"= kB, 0 < k < +o thi hai chudi (1) va (2) déng thei
= n
héi tu hay phén ky.
k=0 (2) héi ty thi (1} héi tu.
k= +o (2) phin ky thi (1) phén Ey.
Chiing minh:
a) Goi 8, va o, la tdng riéng ctia (1) va (2). Gia sit t, <evu, titn =1 1rd

di, vi néu khéng ta bé di quing déu clia chudi va lai danh s6 lai titn = 1 trd

di, suyraS,<co,, n=1,2, ...

Theo gia thigt, chudi (2) hoi ty thi o, b chan: o, <M, dodb: S, <cM,
nghia 12 8, cling b chan, theo diéu kién trén, chudi (1) 14 héi ty.

N&u chudi (1) phan ky thi 8, - =, do d6 o, = = lic dé chudi (2) 13
phan ky.

b) Xét 0 < k < +x, gia sit (2) hai ty, theo dinh nghia: gidi han va theo
gia thiét thi ve > Q,

A4



LU .
Vnrn,=| -k <e dodd £ <k +e hay w, <(k +ehv, chudi
L?i Un

(2} hii tu thi chudi }j(k +€ Ju, hoi ty (tinh chal cia chudl hoi tg) do 46 theo

n=1
a) thi chudi (1) h&i ty. Bay gid gia st (2) phan ky, tif giad thiét suy ra:
. 1 I
lim Zo 2 2 (0 <= < +4oc). Rd rang (1) pbai phan kv vi néu né hdi tu thi
n—ro U k k

theo chiing minh trén, chudi (2) 14 hdi ty, trai vdi gid thit. D& dang suy ra

cac trudng hgp sau caa két luan.
Thi du:

1) Xét chudi
2 ()

tacon'=123 ..n>2 2.2=2 (nz4nén i,‘:—l_, (n > 4). Ta biét
7.
chudi Z% 14 chudi nhan g = % < 1, nén né héi ty theo tidu chuan: (1) 1;‘3

fi=']‘
hdi ty.
23 Xét chubi

I W

noainn

o
tacs 1 >1 (n>2) tabist chudi 3 13 chudi diéu hda phan k3, do dé
lnn n P 2

chudi (1) 1a phén ky.

3) Xét chudi

qu— (1)

n)n



. i
51 - @
vi lim —2 =2 >0, machudi T2 phan ky do d6 chudi (1) phan ky.

e 2 a1

n

Chi y:

n , Up,y U .
H& qua: Néu Vn > n, (n, € N} ta c6 —8:L ¢ Yatl (u,, v, =0 va (2)

héi tu ((1) phén k) thi (1) héi tu, ((2) phéan ky).

Thye vay, theo gia thidt thi;

Yoo Uy Mg V3 Uy _ Uy
' - LR ]
o ¥ Uy Wy Up1 Upy

nhén v& vdi v& ta cb:

U, v u
2 <2 phgy u, <1y
Y

n

Uy 1
Tit phén a) cda dinh Iy ta suy ra k&t luan cfia hé qua.
2.3. Tiéu chuin D’ Alambert
Cho chudi 3 u,

n=1
1 <1 thi chudi héi tu
I>1 thi chudi phan ky

Néu Him Bnel 1 06 {

noan Ky,
Chiing minh:

Xét 1< 1, theo gia thist; vn > n,, Entl oj4g . Chonesaochol +e<1
n

A Uy,
vadat [+e=g thi 2 «gq hay u,., <qu, (Vo >ng suyrau,,, <qu,,, =
uﬂ

2. . = A8
gy, U =g

o
Do d6 ta thay cAc s6 hang ctia chudi Y u,,; nhd hon cac s6 hang tusng
=]

ing cla chudi Zq"un , day la mgt chudi nhan hai ty Wi céng bdi g < 1, theo
i=1
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oy N
riéu chufin so sanh chudi Su,.; 1a hoi ty, theo tinh chat cua chudi hii ty
i=1

thi chudi T, cing hoi ty.

n=1

A en . . L U
Bay gid xét 1 > 1, thi Vn > nytasé c6 —2<L > 1 hay u, ., > u,, suy ra u,
uﬂ

tang, do d6 khéng thé din tdi khong, theo didu kién di clia sy phan ky
chudi ¥ u, la phan kp.

n=1
Thi du:

1) Xét chudi Y —= . Ta cé:

ol

it
g Ml gy D2 1D 1

= <1
R W, R 9Rtly nom 2 n 2
do 46 chudi 13 hai ty.
. .
2) Xét chudi ¥ ta cé
nzllon
n+l

. . 0 .
lim X2t = Jin 21 lim —2—n-'-=2>1

nox wy, noel0(m+1) 9" nswn+
Do d6 chudi 1a phan ky.
Cha y:
1) Trong tidu chudn khéng xét t;'udng hgp I = 1 vi c6 khi chudi h{i ty,
ciing 6 khi chudi phéan k3.
Thi du:

Xét chudi
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nhimg chudi hoi tu (theo thi dud 1.2), mat khae xét chnii Jdidu hoa

1 U, e S ges . X .
>—., =" 51, nhung khi da bidt: chudi didu hoa phan ky.
i 1H iy

; an . [ 2% . ER = N - - +
2) Néu {im 2L = x {hi chudi phan ky. Vi khi dé: 3ng, n>n,, Ynrl 5
o u." u:n

hay &, ., > u,.

2.4. Tiéu chuin Cauchy

Cho chudi Zun

n=1

. I <1 thichudihéitu
Néu lim %fu, =1 va 1 ° A
n s L>1 thichudiphéan ky

Chirng minh:

Néu ! < I theo gia thidt va tudng ty nhu ching minh tiéu chuin
[¥Alambert, ta cé Yn > n,: Yu, <! +¢, chonesaochol +e<1va dat

I+c=qthi Yu, <qhayu, <q"
Suv ra

n+l nHi

Boo =g L Ug,, <g"

on
do 46 chudi Y u,,; cé cac s§ hang nhd hon cic s6 hang tuong (mg ciia chudi

i=]

o0 o
nhan hoi ty. 37g~" (vi ¢ < I). Suy ra chudi Y u,.; hoi tu theo tinh chat
i=1 it

e u}
clia chudi thi chudi Y u, ciing hdi tu.
i=1

Néu ! > 1 thi tit mél » nac dé, ta s& cé: Yu, > 1 hayu,>1 dodou

4]

khdng thé ddn dén khéng va chudi 3w, 1a phan ky.
i1

A0y



Thi du:

1) Xét chudi ZLH

n=1%

; . . 1 Lol
Ta ¢d lim 3, = lim gf— = lim —=0 <1
n -y Ao ¥ p" noen

vay chudi hdi ty.

. ) . Ein+1 "
2y Xét chudi p —
n-1

Ta cd

n
-
lim %, = lim ~—2 = lim £ 51

A s n Ee)
vay chudi phan ky.

Chi y:

1) Tiéu chudn nay cling khéng xét trusng hgp 7 = 1, vi tuong ty nhu
tidu chudn D' Alambert ¢6 khi chudi hai ty cling ¢6 khi phén k¥.

2) Néu lim 3fu, == thi chudi phan ky.

e

#9 & Tiéu chudn Raabe

o
Cho chudi Z te, (1)

Néw Tim nl 2o _1] - R vé {R >1 thi chuc’ii héi ty
noyo \u R <1 thi chubi phian ky

LI

Chiing minh:

Xét R > 1 theo gia thiét e Yn > ng Inn ( Tn 1} >r>|

My

i



hay Yo 14l {2)

iy i

Lay mdt 88 s bat kg: » > s > 1 thi nhu ta 44 biét:

[1+1] -1
lim> T
B—0 1

va

hay (1 +£] <1+ {3)
n n
1 B
S0 sanh (2) va (3) ta ¢ —2— > [1+—] hay
Uyt 2
1
Uney (_n J _(n+1f
Uy, n+l S
ns

R rang chuébi Zis , 5> 114 hdi ty (?) theo hé qua cua tidu chuin so
i-tn

sanh thi chudi (1) hoi ty. Tudng ty d& dang suy ra két qua cho R < 1.
Thi du:
1) Xét chudi:

= n!

E(x +1{x+2}. . {x+n)

(x>0
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Theo tidu chuan D’ Alambert:

i, , . n+l
2l _ i

lim —_— =
nox U, naoX+r+1

khéng két luan duge chudi hai ty hay phan ky.

Theo tiéu chudn Raabe.

. U, . nx
lim n[;—l = lim =x
1oy u”+| s+l

x>1 chudihdity
x<1 chudiphéan ky
=1 chudi difu hoa phan ky

2.6. Tidu chudn tich phin Cauchy

ofy
Cho chuoi Y u,, néu 1ap duoc ham f(x) > 0 lién tuc va don didu
n=I

gidm VYx > 1, sao cho f(1) = u,, f(2) = ug...., f(n) =K,,.... vé néu tich

phén | f(oydx héitu (phéan k3) thi chubi hi tu (phén k3).
T

Chitng minh:

Vé dudng cong ¥ = fix) trong y
khoang {1, n] va goi § 1a dién tich
hinh thang cong Ung vdi canh cong y
= ftx) trong khoang dé thi theo hinh

vé ta cd (H. 155

upltu,lt+ . +u, 1<8<

<wu ltupl+.tu, 1

nhung:

Hinh 195
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wp gt Fu, =8, - wy, wtuttu, =8, u,

n n
dodd: S,-u < ff(x)dx <8, -, hay: 8, < jﬂ’x}dx + u, {1}
i i
n
va S, > [fix)dx +u, {(2)
’ .

Tix (1) ta thdy, néu tich phan héi ty thi chudi héi ty va tir (2) ta thay
tich phan phan ky thi chudi phan ky.

Thi du:
1) Xét chudi ¥ 12 , ta thay u, giam déan.
n=2 nIn°n .
Lap ham flx) = 112 thi o rang fAx) thda man cac didu kién ctia
xin x

tiéu chuén:

fln)= 1.2 =u, (n=2,3,.)

nin n

Tinh

T dx T“dlnzx —l)rc 1
i

xlnfx 3 In’x “inx|, In2

nghia 14 tich phan héi tu, vay chudi héi ty.

p-1l

. B e e I ..
21 Xét chudi 3 La { & > 0chudi Dirichlet), lap ham f(x) =—.1orang fix)
X
thda man cac didu kién cia tieu chudn: fn) 2% ,... nhu da biét (chuang 8):
n

| fodx hoi ty khi a > 1, phén kY « < 1. Vay chudi Dirichlet hoi ty khi
1

> 1, phan ky khia < 1.
Tém lai: muén xét sy héi tu hay phian ky cia mét chuédi duong:
Trude hét ta xét lim u, néu giéi han nay = 0 thi két ludn ngay
Bno

chudi phéan ky, néu giéi han béng 0 thitiép tuc xét.
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Diang tiéu chudn so sinh, D’Aalmbert, Cauchy, Raabe hay tich
phéan Cauchy, néu ding tiéu chuéin so sdnh thi cé thé dua vdo cdce
chudi héi tu:

Chudi nhén > agr (g <I) vd chudi > iﬂ(ﬂ) I) hodc cdc chudi
n=t N

E]
1]
[

{a< 1.

-
Cho chudi duong S u, =u, + ug + ... + 1, + ... (I). Xét chudi
n I

w :
Zu; = W+ i) +..+ U + ... (2), cd dugc bdng cdch thay doi tuy ¥ thir tie
n=|

cdc s& hang ciia (1) néu (1) héi tu thi (2) hoi tu va ciing co tong nhu cia (1).
Thuye vay, xét dng thi n cla (2). S, =uy +ug +...+u, . RS rang In, &
N sao0 cho S, < Sp, (3 8, 1a tdng riéng thit ng clia (1).
Theo gia thidt (1) hoi ty, do d6 tit (3) suy ra chudi (2) hoi .

Gia st (1) (2) i4n lugt c6 tdng 14 8, &. Theo (3) ta suy ra & < 8. Ly lhuan
tuong tuy (theo cach déi xing) tacé §' = 8. Vay 8’ = 8.

§3. CHUOI CO DAU BAT KY

3.1. Dinh nghia

Chuéi ¢6 dau bat ky la chudi ma cde 86 hang ctia né cé ddu bdt
Ry,
=4

Yu, su;+upt . tu
n-1

Dt )

véi u, c6 ddu bat ky.
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Thi du:

BDdc biét chudi ¢6 dang:
“ 1
YO-D" ik, mup-ug+ ouy - ou,... + (1)) W, + ...
n=1
vdiu, >0, n=1,2,.., goild chubi dan déu.
Chuéi c6 cdc 88 hang la tri 86 tuyét déi cua cdc 86 hang cia
=4
chuoi cd ddu bét ky (1): 3 |u, | (2) goi la chudi tri 56 tuyét d6i ctia

n i

-

no.

Néu chudi (1) héi tu ma chubi (2) cung héi ty thi chubi (1) goi la
hdi tu tuyét déi.

Néu chudi (1) héi tu ma chudi (2) phén ky thi chudi (1) goi la
ban héi tu hay héi tu cé diéu kién.

Cac diéu kign va tiéu chudn hoi ty d6i v6i chudi dudng t&t nhién khong
&p dung duge cho chudi ¢6 dau bat kP, nhung mét s& trudng hop 6 thé dua
vige xét chudi c6 ddu bat ky vé viée xét chudi duong. Sau day ta sé dua ra
cac didu kién hji ty d8i véi chudi c6 dau bat ky.

3.2. Piéu kién hdi tu

Dinh 1y 1: Néu chudi tri 86 tuyét déi Slu, | (2) héi tu thi chudi

n=1

6 déu bt ky Y u, (1) héi tu tuyét d6i.

n=1I
Ching minh:
Theo gia thi€t (2} hdi tu nén theo didu kién Cauchy (§1-djnh 1y 2)
Ve>0,3n,,Yn>n, Vm>n, m<n

= Mgl + gl v +Hlu )l < &
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mat Khac.

gyt ¥ o] < lug,, |+ Hyaol .0l | <&
Vay chudi (1) théa man diu kién Cauchy nén né hét ty, theo djnh
nghia, né héi ty tuyst dai.
Thi du:
1) Xét chudi

1111
CRF AT

1
2

chudi tri s¢ tuyst dsi ctia né la:

day 1a chudi nhan hi ty (vi g = % < 1). Do d6 chudi da cho héi ty tuyét ddi.

. e COSn . |cosn 1 =1 . 2
2) Xétchusi ¥ = tach i 3 Ig—a ma Z—s hdi ty (chudi dang
Al R n n r-17

> o =3>1: hoi tw.

n=11
Véy theo dinh 19, chudi da cho hdi ty tuyat dai.
Dinh ly 2:
- - el * LY
Néu chuéi dan déu Z(—I)“'I.un (1} cé u, don diéu giam va dan
n=1
dén 0 khin — © thi nd héi tu va cé téng § <u,.
Ching minh:
Xét tong riéng cta 1 s6 chén s6 hang.

SEm = (ul - u’?) + (u-'i - H,‘) +...+ (H'Zm 1 u?m)-
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Theo gia (higt wy don diéu gidm nén w, - wy > 0,y — u, > 0, .,

Upy | ~ o > 0. Do do 8y >0V S, 45 = 8pp + (U 11— Moy 4 ») NN

8, <8,,,,nghia la &, tang. Mat khac:
Son T uy = (Uy — tg) — by — uy) — ... = (Uop -y — Way).

cing theo gia thi€t ¢ac hidu trong ngodc déu dudng, suy ra; S,, < «,, nghia
12 8,5, bj chan. Do d6 S,, — S khin — = X8t 8y, . = Som + Ups, Lheo gid
thiét uy, . — O theo trén, S,y — 8, do d6 5,.., — 5. Nhu vay tdng riéng S
cua chudi dan dau (1) dit r chin hay 1& d8u ddn tdi 8, theo dinh nghia thi
chudi dan dau (1) hoi tu.

Tht du:

13 Xét. chudi

= a1 1 1 1 1
[ oL S O P S R
,E nt 922 32 42 52

u_l
roon n2

l1a don didu giam va dén tdi dén khéng khi n — o, vay chudi 1a hai tyu. Ta

o . A gan o w PR . . P |
biét chudi try 20 tuyél dol caa nd Z% ciing héi ty (chubi E—u, w > 1n.
n=17 r-10
Vay chudi da cho hoi tu tuyét doi.
2y Xét chubi
* 1
OGS PAALISIE PR S S +(-D" =+
n=1 n 2

goi 1a chudi dan didu hoa. e} day u, = don didéu gidm va dan tdi 0 khi

H =

n —>w, do dé chudi héi ty, mat khac ta biét chudi tri 6 tuyét déi cta nd la
ol
chudi didu hda phan ky: Zl— :

n=ift

Vay theo dinh nghia chudi dan didu héa 15 chudi ban hai ty.
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Chu §: Dinh 17 1 chi 1a didu kign da cda su hdi ty vi khi chudi Siu, |
no

phan k¥ thi khéng két luan duge chudi e6 dau tay ¥ Z”n ¢6 hdi 1y hay

khing. n=1
Thi dy 2) & trén cho ta thay chudi Zl phan ky nhung chudi
n=1
> D" L van hai .
=1 n -
Néu dung tiéu chudn D'Lembert hoae Cauchy x6t " |u, | ma chudi
=
nay phan ky thichudi > u, phanky. n=l

n=l _ = . .
Dinh ly 8: Néu chuéi Yu, (1) héi tu tuyét d6i va cd téng la S
. = .

thi chudi YV, (2) ¢6 dugc bdng cdch thay d6i bat ky thit tu cic s6

n=1

hang cita chudi (1) ciing héi tu tuyét déi va cé téng bing S.
Ching minh:
Theo gia thiét thi chudi duong:
legy 14 lugl + 0+ lug |+,

hdi ty, theo chu ¥ sau §2 chudi |V, + IV, + ...+ | V.| ... ciing héi tu. Do
d6 chudi (2) 14 hoi 1y tuyét d6i. Bay gid xét hai chudi phy:

Fup | +uy +Iu2|+u2 N +Iun|+u,, +

3
2 2 2 &

leey | -1 lizg | —u L, | -u
gl Jugl-up

,.+—”l-—"+,,. (:h
2 4 2

Céc chubi nay 1a cac chudi dusng.
R& rang cac chudi nay hai ty vi:

la, | 4+u luy, | —u
nl ft Slun1- f!l n Elu“l

2 2

e
ma theo gia thidt: 3 lu, | hoity,
n-1

1



Goi téng efia ching 1an lugt 13 8, va 8, thi 8 = 8, - 8, thay déi (hu tu
1rong chudi (1) cling §a thay ddi thit ty trang (3 va (4, va ta cd chudi (2).
Theo chi ¥ sau §2, sau khi thay déi thi ty chc s6 hang, ching vAn hoi ty va

o6 tong 1a 8,, 8, va do d6 §, - §, = S 1a tdng cta chudi (2).
Chn y:

1) D31 vdi chudi hdi ty khong tuyét 461 (ban hdi ty) Riemann da chimg
minh duge dinh 1y,

o
Néu chubi > u, héitu khéng tuyét déi thi cho mét s6 I, luén
n_f :

ludn c6 thé tim duge mét cdch thay déi thit ty cdc 86 hang cta chudi

dé no héi tu vé L
Thi du:

Nhut 43 biét chudi dan digu hoa: 1==+5-=+... 1a hdi ty kbong tuyét

doi, gia st téngclané 1a 8: § = 1-%+313——%+.._ {1) nhan hai v& dang thic

Z

nay vai ta cé:

|

= —_——t—— —— ... (2)

edng (1) va (2) ta co:

38 1 1 1 1 1,1 1 1
— =l =+ =)+ [-—= )+ (= +=}+...
2 ( (2 2) 3 ( 4 4) 15 ( 6 6}
=1+l—l+l—l+l+m {3}
3 2 5 4 7

Chudi (3) chink 12 chudi (1) do cach sap x&p thi ty cac s6 hang mdt
. . 5 . - . -
cach khac, né hdl ty dén 3—2— . tromg d6 chudi (1) 13 héi ty tdi 8.
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*2) Ta da c6 cae Uinh chat v& tdng va nhan vdi 88 ciia cdce chudi, dé cang
la cac phép tinh tuyén tinh d6i v cae chudi. Bay gio ta dinh nghia phép
nhén cae chudi nhu sau:

Cho hai chudi Yu, (1), Yv, 2) chudi Yw, (3 goi la tich
n=1 n I n=1

ctia cic chudi (1) va (2) trong d6 w, = a;b, + asb,, , + ... + a,b,
BDinh nghia nay suy ring phép tinh tich caa 2 da thie;
(g +u + o+ w o, Yo+ ey
a1 vai tich (3) ta c6:
Dinh ly:

- Néu cdc chudi (1) {2) ldn luot héi tu vé cdc s6° S, va S, va mét
trong chung la héi tu tuyét d6i thi chudi (8) héi tu vé 8, S,. Néu cd
hai chudi (1), (2) déu héi ty tuyét déi thi chudi (3) cing la héi tu
tuyét déi.

Thi du; Xét hai chudi

hai chudi nay héi ty tuyst dsi.
Xét chudi tich:

a b 82 a b o
]“ﬁ*ﬁ“(l'E*ﬁ'ﬁ*E'“*"‘

hay

1, avh {a +bY .4 (a+b) .
1! 2 !

Theo dinh Iy trén, chudi nay ctng héi ty tuyst déi va c6 téng 1a tich ela
céc tdng cla cac chudi da cho.
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B. CHUOI HAM
{1. CHUOI HAM TONG QUAT

1.1. Dinh nghia

Cho mét day vé han cdc ham §6: u,(x}, uy(x), ... u,(x) ... trong
mét mién X nao do. Ta goi bidu thite: u,(x) + ty(x)} + ... +u,(x)} + ... la
mét chudi ham sb.

ofy
Ky hi¢u: Y u, (x), u,(x) goi ld s6 hang téng qudt hay sé hang

r-1
thiz n etia chudi. Ta thiy tai méi didm x € X x4c dinh thi chudi ham trd
thanh chudi s8, do d6 moi 1¥ luan ciia chudi s6 déu dang vdi chudi ham khi
xét tai mot didm xéc dinh. Néu tai diém x € X ma chubi ham héi tu
hodc phén ky thi x goi la diém héi tu hay phén ky ctia chudi ham.
Tép hop cdc diém héi tu hay phén ky ctia chudi ham goi la mién héi
tu hay phéin ky cia né. Dde bidt: Néu vx € (a, b) chudi ham héi tu
hode phén ky thi khodng dé got 1 khodng héi tu hay phédn ky cua
né. Téng cia n a6 hang ddu tién ctia chubi ham cing goi la téng
riéng thi¢ n cita né, ro rang téng nay la mét ham sé cia x trong X, ky
hiesu:
S} = u,(x) + ulx) + . +n(x)

Gidi hgn lim S,(x) trong mién héi tu goi la téng céia chudi ham
L e

a EE] - - [y I‘ A - - . - ~ 7
trong mién héi tu ciia né, roé rang tdng nay cing la médt ham s6 ctia
x, ky hiéu la:

S(x} = lim 8_(x). Lae d6, ta ciing viét:
LRt

Siax) = 1, (x) + () + oo + 1, (x) + ...
vé te cing goi chudi ham la héi tu vé ham S(x).
Thi du:
Xét chudi ham T x" = 1 +x+ X + ..+ 2" + .. Day la chudi nhan,
n=1

¢ing bol g = x chi hai ty khi jx] <1 hay - 1 <x < 1, do d6 mién hdi ty cia
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chudi 14 khodng (-1, 13 va lic d6 t8ng cla no 1a: St = nehia la

-x
nhong khodng dé ta visr duge:
1

1-x

Sl+x+a%+ . x4+

Ta cing biét, chudi nay phan ky khi Ix] 2 1 hay -x < < -1, va
1 =x <+oc. Do d6 mién phan ky cGa né gdm hai khodng (- =, 1] [ L o).

1.2. Su héi tu déu

Cho chudi ham

iun(x) =udx) Yuy(xy + L b () {1
n=1
ta ch Salx) = uy(x) + ulde) + L+ o (x),

Dat Ry =u, (&) + 1, . 0(x) + ... va goi R,(x) 12 36 hang dut cda chudi,

Do d6 néu S(x) 1a téng cla chudi ham thi trong mién héi tu ta cé:
S(x) = 86x) + R (x).
Ti déng thic nay ta thay chudi hoi ty tai x & X, néu

lim (S{x) - §,(x)) = 0 hay Hm R (xy=10.

n—paz
Nghia la: ¥e > 0, 3n, e N, ¥n > ng— [8(x) - S (x| <
hay IR, x)| <€ (1).

Néi chung ta thay tai cac diém héi tu x khae nhau trong mién héi tyu X,
(1) sé dat tai nhitng n, khac nhau, nghia 1a ne khdug nhitng phy thude vao &
ma cdn phy thude vao x « :X’, ddc biét néu ny chi phu thude €, 1y = ny(e)
{khéng phu thudc x € X) ta cé:

a) Dinh nghia: Chuéi ham (1) goi la chudi héi tu déu vé ham

S(x) trong mién X, néu:
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Ve 0, Ingds), vr>ng Yo e X = |Six) - S8,(x) | <& hay {R.{x)| < &
lic d6 X goi la mién héi ty déu ciia chudi.

T |Sxy S,f0] < =&
Sy ra;

Y
Slx) —e <8 (x) <8 (x) +s. ’ ¢
+
. Sexd
Vé hinh hoc nghia 1a t

n > ng cac dudng cong S, (x) &
gilta cac dudng cong S(x) - & va Sex)-E
S(x) + £ va vdi n kha l6n.co thé
coi dugng cong. 8,(x) 1a dudng

cong gin ding eta duiing cong
S(x) frong mién héi ty X Hinh 196
(H. 193

Thi du:

1) Xét chudi ham ¥ (-1Y*"' - . Ro rang chudi nay héi tu vx < [0, 1.
n

n=1
Ta cé:

xn+1 xn+2

R oy =(-1" +
=D +1 n+2

+1

n
x ~<l vi O0=<x<1).
1 n

Theo dinh 1y Leibniz (83) thi |R (x)|<

n+

Vi lim L =0, dodé Ve > 0, Ing, ¥n > g,
n—e

Rn(x)} <g.

Vay chudi da cho héi ty déu trong [0, 1].
2y Xét chudi
A E -+ )+

., D =xs].

Ta cé: Sixy=x+" 0+a0 xH4 L+ - =t



Neul<x<1thiS = Bm S = Iim a7 = 0. Néux=1 thi S.(1=1,

n o

do dé S(1} = lim 8,(x}) = 1 nhu vy chudi hii 1u ¥x e [0, 1] va
i)

0: néu O<x<|
S{x) =

1! nfnx=1

Bay gio, Ve > 0 xét 18(x) S, = [Ry(x)| <5 (Dtaix=0va x=1
thi (1) théa mén vdi moi n vi Ry(0O) =R, (1) = 0. Vaychicén xét O<x<1.
IR x}] = |0—x"| =x"<¢ hay nlgr<lge

hay n>]g—8 O=<x<], igc <Oy
. lg x

Léy n, = E(llg—s) thi ng phy thude & va x.
BEx

Vay chudi da cho hoi ty trong (0, 1] nhung khéng héi m déu trén doan
d6, ta ciing néi nd hi ty khéng déu trén doan da.

Chi y:
T dinh nghia suy ra: Diéu kién cdn va du d¢ chudi ham (1) héi tu
déu vé ham S(x) trong mién X la:

lim (sup |R,(x}]) =0, (R (x) = 5(x) - §,(x))

=0 e X
Thuyc vay, gia sit chudi (1) hoi ty déu dén S(x) trong X, nghia 14

Ve>0,3ne), ¥r>ny ¥x e X — R (x)] <c.

suy ra sup |R (x)| <e, nguge lai, gid sit lim (sup |B,(x)|) =0

w X O o X
Khi dé

Ve > 0, Inyle), Yr > ny— sup |R(x)] <&

x X

suy ra | R (x)| <, ¥x € X, ching t6 chudi (1) hdi tu déu dén S(x).

415



b) Tieu chuin hoi tu déu

1) Tiéu chuin Cauchy

Diéu kién cdn vé di dé chuéi ham iun(x) (1) héi tu déu dén
r=1
ham S(x) trong mién X la:
Ve»0, Ing e N, Vn>np Vb e N |8, (x)-8.(x}| <¢
hay:
|26, , x) + 1, o) + i+, (x)] <6 (2)

Chung minh:

Pidu kién cdn: Gia sit (1) hdi ty d8u dén S(x) trong mién X thi theo
dinh nghia:

Ve > 0, Ing, Yr > ng, 18,(0) - S} < % vx € X.
va 18, ,(x) - Sx)] < % P=12 ).

Do dé:
[ 84 plx) - S ()| < |8y, 0 - 8| +S(x) - S, < e
hay
Vet )t u,, , )+ L+, (@] <e
nghia la ta ¢o (2);

Diéu kién dii: Gia sit didu kién (2) thoa mian xét x ¢ dinh thude X thi
didu kign (2) chimg to day S_(x) 14 mdt day ¢o ban do dé né dan téi mét gidi
han S(x) nao d6. Bay gid ¢d dinh »# va x thi tir (2) ta ¢d; 18(x) - S (x)] <¢
(3). Vi x ¢8 dinh thy ¥ thude X, nén bat dang thic (3) dung vx € X nghia la
chudi (1) héi tu déu 1di Six) trong mién X.
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Thi du:
Xét chudi 3 S

n=1

trén [0, 2x). Dang tign chudn Cauchy, 18y & = 0,1

n

va Xcét:
fsin(n. +1)x sin 2nx

| 0 n(x) | +...+ B | L

n+1 2n Xy
: 1 : 2 . .
sin{l +--3  sin(l + <) C
_ nl " +“_‘i_t';m.zzsml > &
n+1 n+2 2n 2

¥n € N, do 46 chubi da cho khong héi ty déu [0, 2r 1.

2) Tidu chuian Weierstrass

w0

Cho chudi Z ) (1),

Néu 3M, > 0, Vn e N, vx € X, |u, (x| < M, (2) va chudi s6
EM,, hoi tu (3) thi chuéi (1) héi tu déu trong mién X. Chubi (8)
goi la chudi tréi hay chudi gia cta (1).
Chiing minh:
Xét:
gy Fug, o)+ oy, @) | € g ] g, ) |+ ] by ) |
S M M+ +M,.,, , VxeX (thee (3).

Mat khac theo gia thiét, chudi s# (3) hai tu nén theo didu kién Cauchy
(1.2) '

Ye>»0,3n,, Vn>n,, Vp = | M, + M.+ + M, | <e
vay
Pty 00 + e e) + L+, 0] <5, VaeX

Theo tiéu chuin Cauchy chudi (1) hai ty déu trong X,



Thi du:

o o 1
. . . COos nx 511 hXx
Xét cac chudi ¥ s (@ >0
n=L R n=1 1

. e . . . 1
chudi troi clia cae chudi nay la: 3 —,

n=11

. lcosnx 1 sin nx 1
(V] = i—a, o g—a, VxER)
o n n n n

Ta biét chubi Z% hdi tu khi a > 1, vay theo tidu chudn Weierstrass
n=1"n

cac chubi da cho hdi ty tuydt déi va déu trong R khia > 1.

Trudng hgp 0 < o < 1 chudi Z % phan ky, ta khong thé k&t luan.
n=11

*Dé& giai quydt trudng hgp nay ta c6 thé dang tidu chudn sau day (suy
tit tigu chudn Cauchy).

3) Tiéu chuin Dirichlet

o
Cho chudi Y unlx) (1), trong dé u,(x) = v (x)aw,(x).

n=f
Néu
Fe =0, |5, (x) | = Jvidx) + v{x) + ... + v, (x)]| ¢, (VxeX, ¥neN)

va day ham w,(x) la don diéu khong tding va ddn dén 0, vx c X thi
chudi (1) héi tu déu trong X.

Thi du:

Xét cac chudi & thi dy trude vdi 0 < a < 1 . Ap dyng tidu chudn

Dirichlet, vdi u,(x) = sinnz, w (&) = — (0 <a < 1) rd rang w() 1A don digu
mn
khéng téng va ddn t8i 0, Vx € R, dac bist

Yrelg 2n-e],0<e<m

418



Mat khac:

[8,(x)! = |sinx + sin2x + ... + sinnx|
tx . n+]l
BN —81l —  x 1 1
= 2 |« < (¥rn e N)
. X . X . &
aln — &sln — 51N —
l 2 2 2

nghia 1a §,(x) bj chin ¥x € [g, 2x - ¢]. Vay thee tidu chudn Dirichlet, chudi
> 2% 13 hoi ty déu trong [s, 2 - €] dc bigt 14 trong (0, 21, (¢ — 0). RS
n=1 R

rang tal x = 0 va x = 2x chudi da cho eling héi ty.

. Z sinnx Reop
Vay chusi 3 , 0 <a <114 chudi héi ty trong [0, 2x], nhung
n=t n

nhu da biét ¢ thi dy phén 1), véi a = 1 chudi hdi ty khéng déu trong {0, 2x).
1.3, Tinh chait ctia chudi ham héi ty déu

Céac chudi hii ty déu ¢ cac tinh chat quan trong sau day ma cac chudi
hdi ty khdng déu, khéng c6.

Pinh 1y 1:

Néu chubi Y u,(x) (1)} e cdc 88 hang u,(x) (n =1, 2,...) Ié cde
n=1

ham lién tuc trén fa, b] va chudi héi tu déu trén fa, b] vé ham S(x)

thi S(x) Ia mgt ham lién tuc trén [o, bl
Ching minh:
Theo gia thiét chudi (1) hai ty déu vé S(x) trong [a, b] nghia la:
e >0, 3ng, ¥ > ny, Vx € [a, 5] o |8@&x) - S {x)] <=
cho p > n, thi IS® - S,(x)] < % va dic bigt 1Sy - S,k < ;j-

(xg € la, £]). Xét
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[S() - Sixp! = |8(x) - S| + 18,0 - Sp(x())l + |8 (xg) - Sl
Theo gia thidt: S (x) = u,{x} + u{xy + .+ (x) 14 lién tye tal x; (A
w{x), uylay, ., ulx) 14 lién tye trong [a, &) do dé 38 > 0, |x-—x0| < S=

18, - 8y} < ‘3

Vay |x - x| <98, tachd:

S() - Syl < 24 L4 By
[S(x) - S{xg)! vt g
nghia 13 S(x) 12 1ién 1ye tai x, va vi x, 1a didm batl ky trén [a, &] nén S(x) 1a
lién tyc trén {a, b1

Thi du:

1} Ta bidl chudi x + (<7 xy+ ... + & —x" "'+ ... 12 hdi ty Vx € [0, 1]
va ham:

0 nBuex<l
S{x)y =

néu x =1
(thi dp 2) 1.2)

Nhung chudi khéng hai tu déu trén [0, 1}, ta thay téng S(x) clia chudi
13 mét ham gian doan trén [0, 1].

e . 8lnx sin2 in nx s 5
2y Ta bigt chudi SNy  simer, 4B theo tiéu chuan
2 52 2
1 2 n
. . . 5. . s 1 .
Weierstrass, chudi nay hdi ty déu vx € R vi chudi trdi cua nd la Z—g hai
n=17

m{a=2>1).

Céc 36 hang cua chudi 13 cac ham lign tuc ¥x € B. Vay theo dinh 1y 1,
téng S¢x) ctia né 1a 1 ham lién tyc ¥x € R,

Dinh Iy 2: Néu chubi Y u,(x) (1) c6 cdc s6 hangu,(x) (n=1,2,..)

n=d

la ede ham lién tuc trén [a, bj va héi tu déu vé ham S(x) trén fa, b}

o X x
thi chudi Y [u,(t)dt héi tu déu vé ham [S(t)dt (x, x, € [a, b))

n=Iy, xq

nghia la:



[Stydt = Z Ju, (vdt (2)
*p n=lx,
Bdc biét
2] w b
[Stdt = 3 [u,dr.
a n I

N&i cach khac, vdt cac gia thiét ¢da dinh 1y, tich phan ciia mét téng vo
han bang téng vd han céc tich phan cha ting s6 hang (diéu nay da mé rong
tinh chat ctia mét tdng hiu han trong tich phan xac djnh).

Ching minh:

Theo gia thist va theo dinh 13 1 thi S(x) 1a mét ham lién tue trén [a, b]

do dé [Sftidt tdn tai ¥x,, X < [a, bl.

*p
Cuang theo gia thigt, chudi (1) héi ty déu v8 S(x) trén [a, b] nghia Ii:
Ve >0, dng, Vr>ny— |5(x) - S(x)| <¢, Yx e [q, b.
do dd:

| §8,t)de - [Sttidt 1< {18, ()~ S(e) | dt

xg Xy Xg
b b

<[i8,)-Sw\dt< [edt =e(b-a), Vx e la, b).
a a

nghla 1 chudi 5 [u,(tide hoi tu ddu vé ham | S(eid? va ta o6 déng thite (2),

nulx, xp
Thi du;
Xét chudi

SxT=14x4+at+ L bat+
"L
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Nhu da biét (1.1) chudi nay hdi tu ¥x € (-1,1) va tdng ctia né la
S(x]:i,
1-x

RS rang chudi nay cing hdi ty déu trén {-1,1) (theo tiéu chuén

o
Weierstrass, chui trdi cla né 1a Y g" véi |x| < lg]l <1 hdi tw) cac s8
n=1

hang ciia chudi u,(x) = 2", =0, 1, 2,... la chc ham lién tuc Vx e R dic bigt
lién tye trén (1, 1) Vay theo dinh 1§ 2, trén ¢(-1,1)ta co:

x X X
j = [lde+. +[x"dx+...
al-x g 0
vii Oy x ela, bl,-1< a<h< 1}
hay
2 xn+l

-Injl x| =x+ %+...+ +...

n+l
va chudi § v& phai hoi tu ddu vé -Inll1-x| ¥ |x| <1.
Dinh ly 3:

Cho chudi Y u,(x} (1) Néu:

n=I1
Duix) (n=1,2,..) cé cde dao ham lién tue trén fa, bj.

2) Chudi (1) héi tu vé S(x) trén fa, b].

&« r L)
3) Chudi cac dgo ham Y u,(x) héi tu déu vé o(x) trén fa, b] thi
n-I

chubi (1) héi tu déu trén [a, b} va téng S(x) ctia né co dao hdam trén

fa, b] vé St =ofe)= Yuyfe) (2)

n-i

nghia 12 ¢6 thé dac ham titng s6 hang cla chudi (1).
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Ching minh:
Theo gid thit va dinh 1§ 1 thi 6(x) = Yu,(x) va o(x) 13 lién tyc trén
n=1I

[«, bl

Theo gia thist 3), ap dyng dinh 1§ 2 ta cé:

To(x}dx = E ]’:u;l(x)dx , %, x € [a, b].

xp n=1Ixy

hay
foldz = 311, (x) = un(o)] @
ol o

x
trong d6, v& phai 1a hoi tu déu v€ [o(x)dx. Theo gid thiét 2), chudi s6

x5

Yu,fxg)la héi ty, do do chudi Fu,(x)la héi ty déu trén la, b] va (3)
n=1l

n=1I

x
tudng dudng vdi ding thic S(x) = S{xg) + jc:’x}dx. Do d6 S{x) ¢6 dac ham

g
S =o(x).
Thi du:
. r. - COSRX . . . . . i
Xétchugéi ¥ (1) va chuoi cac dao ham cua cée s hang cia no:
n=l N
= —sinnx
(2)
o pl

Ta biét (thi dy ¢ 1.2) chudi (1) 14 hai tu ddu véi o > 1 va chudi (2) hdi
ty déu vdi @ > 2 trén toan tryc sd. Do d6 theo dinh 1¥ 3 khi o > 2 ta ¢6
8'(x) = o(x).

Trong d6 S¢x), o(x) Hn lugt 1a ting cha (1), {2).
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*1.4. Day ham

Xét day ham filx), filxy, .., £, (1 trong d6 £ (x) (n = 1, 2, ... ) xac
dinh rrong mién X nao ds.

Xét chudi:
Aty +if(x) fil) b+ o+ 0 - f 0+ (2)
frong X,
Tong riéng cha chudi nay 1a S,(x) = £,(x).
DPinh nghia:
Day ham (1) goila héi tutaix e X vé f(x) hay cé gidi han la f(x)
khi n-» oz f(x) = lim f,(x) néu chubi ham (2) héi tu tai diém x e X vé f(x).

H

Ddy ham (1) goi la héi tu déu vé ham f(x) trong mién X néu

chubdi ham (2) héi tu déu vé f(x) trong mién X.

Tit dinh nghia ta suy duge ngay cac tidu chudn hai tu déu va cac tinh
chat clia day ham hdi tu déu nhu clia chubi ham biang cach thay d8i ngén
ngit cho thich hgp chdng han:

Tidu chuin Cauchy:

Day ham f (x), (n=1, 2,..) xdc dinh trong mién X Ia héi tu déu

trong mién nay khi va chi khi:
Ver»0,3ne NVno>n, Vm>ng, Vxe X = |f(x) - f.{x)] <&
Tinh chat:

a) Néu day ham lién tuc f(x), (n=1,2,.) héi tu déu vé ham f(x)
trén dogn [a, bf thi :

1) f(x) la mét ham lién tuc trén fa, b].




X &

2) [f,(0dr héity déuvé |[fyydt trén fa, b] hay

Xp g

X kY X
lim [f,(0dt = | limf,()dt = [fopde.
n oo xg xp 0 g

. . o ur g g Lo
(nghia ld ¢6 thé chuyén qua gidi han dudi ddu tich phan).

b) Néu day ham khd vi lién tuc (c6 dao ham lién tuc). f,(x}), (n=
1,2,...) héi tu vé ham f(x) trén [a, b, con déy f,;(x} (n=1,2..) héi
tu déu vé ham o(x) trén fa, b] thi ham f(x) ciing khd vi trén [a, b} va
f(x) = p(x) hay

(lim f(x)) = lim f,(%).

nopo
(nghia 12 ¢6 thé chuyén qua gidi han dudi dgu dao ham).
Chu v:

Didu kién hai tu déu trong cac ménh dé trén d8) vdi chudi ham va dav
ham chi 12 difu kign di dé ¢t cac kat luan.

Thuye vay, xét ham f(x) = rnxe™, (n=1,2, ..) tacd

Ff) = lim f,(0) = lim ——=0, ¥x € [0, 1].
nox noa g *

hon nifa:
1 1 —xe ™ ! 1e—nx
lim [ £, (x)dx = lim [nxe™ dx = lim n[(— W+ dx]
n-woo n yueU B n 0 12
o
e 1. 1
lim (-e™- —+—)= j‘ lim f,(x)dx=0
"y n n pr—e

nghia 1a ¢6 thé chuyén qua gidi han dudi dau tich phan, Tuy nhién:

Sup an(x) = sup ] f(x) - fn(x) = sup (nxe—nx) = nye ¥ -
xe[0,1] x={0.1] xeli11] - L. ¢



khéng dan dén 0, theo chi ¥ sau muye (1.1}, day ham da cho khang héi tu
déu dén fx) = 0 trén {0, 1.

Mic ddu diéu kign hoi ty déu chi I1a didu kién dl theo chitng minh trén
nhung didu kién do ciing cho thay sy han ch& ciia tich phén Riemann,

Trong thyc t& cAn ddi hoi cac didu kién réng rai hon, va ngudi ta dd md

réng nghién ciu cac loai tich phan khac (chang han tich phan Lebesgue).

§2. CHUOI LUY THUA

Trong § nay ta sé xét mot loai chudi ham dac biét nhung rat quan
trong trong 1y luan ciing nhu trong ap dyung goi 1a chudi lay thia.

2.1. Pinh nghia

Chudi liy thita ld chudi ham c6 dang:
oo
Sax" =agtax ey o axt v 1)
n=0
hay téng qudt hon:
=4l
Ya(x—xg)" =a,ta(x-x)) +ay(x—x+ ... +a {x—x)" +... (1)
n=0
Trong do ap ay, @y ..., a,... la hdng s6 goi la cdc hé 55 ciia chudi

liy thita.

Nhu vay chudi liy thira 1a chudi ma cac sé hang clia né 1a céc ham s8

ldy thita.

Khéng kém phan téng quat ta chi xét chudi lay thia dang (1) vi dang
(1" ¢6 thé dua v& dang (1) bing cach dat x — x, = X,
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Thi du:

o
13 SaxF=lra+E+ bt
=i}

14 chudi 1ay thita ¢6 moi hé s6 déu bang 1.

2) i

2.2. Mién hi tu

R& rang moi chudi liy thita dang (1) déu héi ty tai difm x =0, xét x # 0
ta co: ‘

a) Dinh Iy Abel: Néu chudi liy thiza (1) héi tu tai diém x; = 0 thi

né héi ty tuyét d6i Yx: |x| < |x,].
Chdng minh:

Gia s chudi lay thita (1) hoi ty tai didm x, = 0 khi d6 theo didu kién

¢An cla sy héi ty cia chudi s8¢ lim a,xf = 0. Theo tinh chét cla gidi han
n—

thi @, x4 bj chan khi n — «, nghia 14 3M =0, ¥n: la x5 | < M, x6t |x] <

x| va:
i n
2 |anx ‘:1%|+Ia1xl+...+Ianx“1+.u (2
n=0
vi
x x
a,x" | = la,xg |1 — 1"sM| — | (xz0
Xp X0

nén chudi (2} ¢6 cac 8 hang i(hﬁng 16m hdn ede 86 hang tudng (ng cta chudi:
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X X . X
M+M |l +M) 2t M =y
Xp Ly Xy

Day 12 mot chwdi nhan hoi tu vi ¢6 cong boi ¢ = | = | < 1 (theo gia
]

thiél), theo tidu chudn so sanh thi chudi (2) hii tu suy ra chudi (1) héi tu
tuygt doi Ve fx] < [xg].

Hé qua:
Néu chudi Ity thita (1) phén by tgi x; thiné phén ky v |x| > |x, |

Thie vay, gia su chudi (1) hdi 1y tai x ma x| > |x,| thi theo dinh 1%

Abel né hgi ty tuyét ddi tai x,, trai véi gia thiél.

b) Ban kinh hdi tu

Trudic hét ta c6 nhan xét: ¢6 nhitng chudi 1dy thita chi hai ty tai didm

duy nhat x = 0, nhung ciing ¢6 nhitng chudi lay thita hdituv¥x e R.

Ching han chudi:

on
Talx™ =14+ 27+ Al
a-0

Taix =0, tong cha chudi S = 1, do dé chudi hoi tu x = 0,

L1

=+ Dlx| > = khin - », do 46 chudi phan ky vx = 0.

n

on n
Chudi Y X hoity vx e Rvi |Veell 1%l
n=n 1! u, n+1

— 0khin >, ¥YxeR.

Ngoai hai trudng hgp trén, dé tim mién hoi ty cla chudi lay thia, ta

Dinh Iy 1: 76n tgi mét 86 duy nhét: R e R, 0 < R < + ® sa0 cho

chubi liy thita (1) héi tu khi -K < x <« Ruva phén ky khi -0 < x < -R,

R<x <+



Ching minh:

Xét 1ap hop cac didm hdi 1o x. = O clia chudi iy thita (1) va L4p hgp
A=)

Ra rang A 14 mdt tap hgp bi chan trén, vi néu ngude lai A khong bj
chan trén thi ¥x € R, ludn luén ¢é thé tim duge Xg dé x| < |x5], theo dinh
1y Abel, chudi liiy thira hdi ty ¥x € B, dav 1a mdt trudng hgp ma ta da xét &
trén (ta da trit ra).

Theo nguyén Iy supremun thi t8n tai duy nhat s6 2 = supA, ®R>0
vi A chi gom nhitng phan (& duong, néu {x| > R thi 1o rang chudi (1) phan
ky (vi néu chudi héi tg tai o [x| > R 2 {x,| thi ® 2supd. N&u |x| <R, thi
theo dinh nghia cta sup: 31x,| c A; [x] < fx,] <R . Vay theo djnh 1y Abel
chudi (1) héi tu Va: [x] <R,

Vay chudi (1) hoi ty tuyét déi trong khodng (-R, R) va phan k¥ trong 2
khoang (-=, -R}, (R, +w),

Quy ude R =+, v R = 0 khi chudi héi 1y ¥x ¢ R va chudi chi hoi ty

laix =0,
Pinh nghia:

86 R: 0 < R < +oo (t6n tai trong dinh 1y vé quy wdc) goi la bin

kinh hoi tu clia chudi lay thita.

Theo trén thitai x =+ 2. (0 < R < +=) ta chua khdng dinh chudi ¢ hdi

ty hay khing.

Vay mién hoi tu cla chudi lay thita (1) 13 khoang (-7, &), Thém hai
dAu mat ¥ = + %, néu chudi cling hi ty tai cac ddu mat dé; (-R, R) cing goi

la khoang hdl ty cta chudi.
D& tim ban kinh héi ty R ¢fia chudi iy thira (1) theo cac hd s8 ta o
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Dinh Iy 2:

.

3

n s

=1l (limY a,|= 1D (I: hite han hodc vé han) thi
n-yo

L

ban kinh héi tu cua chuéi luy thita (1) duge xdc dinh theo cong thete:

K= % (I=+0thi R=0,I=0thi R=+x)

Ching minh:
Xét chudi T ja,x”| (2) véi x = const, ta ¢6 chudi s§ duong. Ap dung
n 0

tiéu chudn [YAlambert, ta cé;

1
.ou . > la,. 2™ . a
lim =2l = Jim Z”—l—n—=hm L x|=1]x)
n—m My LR e a,x oy | Oy,
(i, = lax1)

N&u 0 < < 4o thi chudi (2) hoi ty khillxl <1 hay % <x< %,do

d6 chudi (1) hoi ty tuyét d6i trong khoang (- % , %).

Néullx]l >1 hayx < -% hoéc x > % thi chudi (2) phan ky, vi khi d6

u, =lax"| khéng didn tdi khéng (theo chimg minh cla tiéu chudn
[YAlambert) do d6 a.x" cling khéng dan t§i khong, nghia 1a chudi (1) phan
k¥,

- R 7 ) .
Néul=+x thi lim 2L =+w, ¥x20,do d6 u,,, > M, t, — +0 vi
fl—»o0 un

a,x" — o0, ¥x # 0, do d6 chudi (1) ciing phan ky vx = 0.
N&ui=0thi lim “2L =0 <1, theo tiéu chufn ['Alambert, chudi (2)

n—en L

héi tu Va € R, do d6 chudi (1) hdi ty tuyét ddi ¥x € R.
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Tém lai, theo dinh nghia bén kfnh hoi ty thi R < % (= +e thi R =0,
1= 01thi R = 4x),

Chimg minh tuong ty cho trudng hop lim ”‘Hi a, | =1

e
Chn y:
Theo djnh nghia ta ¢6 thé viét:
R= lim |- hoac ® = lim !
now (d,, R—s0 W

Né&u gidi han nay tén tai hitu han hoac bang .
Thi du:

1) Xét chudi

ot n+l 2 3 n+l
Y — ey X,
n=0 n+1 2 3 n+1
3 day
. . 1 1
a,=(-1)"° ! ., lim |ﬂE””': lim { ‘EL) =1
n+l aow | a, asx R4+2 1

Vay ban kinh héi tu cla chudi 1a: R = 1, midn héi tu tuyét doi 1a
Khoang (-1, 1) mién phan ky 14 hai khoang (-, -1), (1, +x).

Bay git xét tairx = £ 1.
Taix =1, ta ¢6 chudi

o 1 11
L
,E:o( ) n+1 2 3

D6 1a chudi dan didu hda ban hdi tu.

Taix = -1, ta ¢6 chudi;
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n( ljn : hd -1 1 1 _
1 B N VR B U
HZU n+1 :;.Z_H n+1 So3

D6 1a chudi didu hda phan ky. Vay mién hai tu cla chudi liy thita da
cho 14 kKhoang (-1, 1]

Nhu vay mién hii ty va hai tyu tuvsdt doi elia chudi 1A trong nhau trit taj

x=%1.

23 Xét chudi

P x xz e
Z——~—=1+—+—+ A —
i ) 1@ n!
a day
1 . a,. . !
a,= —, lim [-2:l/= |im .—) = lim =
n'on o= a, noe (n+131 1 noo (n+1)

Vay R =« tde 12 chudi hdi ty tuyét déi v e R

3 Zﬁ! a2, R =0: chudi ehi héi ty tai x = 0.
r 0

2.3. Miédn héi tu déu

@ trén ta da thay mién hoi tu va héi ty tuygt ddi etia chudi iy thia,
ndi chung 14 tring nhau triy tal x = + R, Vay mién héi ty déu clia né thi thé
nao ? NDE tra 13i ta co:

Dinh ly:

Mién héi tu déu cua chudi lay thita (1) la dogn[-ppluvdiG<p < R,
nghia lé mién héi tu déu cta chudi liy thita ném Iot trong mién héi

ty ctia né va ciing cé trung diém tgi géc O.
Chitng minh:

LAY x, sao cho p < x, < R, lde d6 chudi sd



ianxg =da,t + lau| + 1a2x|?1" I+ + |anx3 P+

=0
1a chudi hdi ty, chudi nay rd rang 14 chudi trdi cia chudi lay thia khi
lx} = p. Vay theo diéu kign hoi ty déu (tiéu chudn Weierstrass) chudi liy
thita 14 hdi ty déu khi |x| < p, nghia 14 mién héi tu déu cta né 1a doan
[-p.plvdiO<p<r,

Thi du:

xrx+]

ol
1) Theo trén chudi ¥ (-1)" ; ¢6 R = 1, Vay mién hai tu déu cua
n=0 n+
néla [-p,plvii O<p<l.
- ol
2) Cang theo trén chudi ¥ = héi ty va.
n=0 %

Vay né héi tu déu trén moi doan [-p, p] (0 < p < +o).

2.4. Tinh chit

V1 chubi 1y thita c6 cac s8 hang 1a nhitng ham s& iy thita nén cac sé
hang nay 12 cdc ham sd lién tue ¥x ¢ R, theo trén chudi iy thita ¢6 mién
héi ty déu 1a khoang [-p, pl v6i 0 < p < R. R 14 ban kinh héi ty cia ns.

Do dé va ap dung cac tinh chat chudi ham téng quat, ta suy ra ngay
che tinh chat c(a chudi lay thira (1).
Pinh 1y 1:
Néu chudi liy thita (1) ¢é bén kinh héitula Rval0<p< R(R =
0) thi:
1) Téng 8(x) ctia chudi la mét ham lién tuc trén [-p, p}l.
2 e ¥ |

x
2) Chuéi [S(x)dx = apx + Gy +.. +a, +... ¢6 duge bang
0 2 n+l

cdch tich phén titng s6 hang ctia (1) trén doan [-p, p] ciing héi tu déu

trén dogn do.
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3) Chudi $i(x) = a; + 2oy + ...+ nax” '+ .. 6 duge bdng cdch
dao him ting 56 hang cita (1) trén dogn [-p, p] cting héi tu déu trén
doan do.

Dinh 1y 2: Néu chudi lay thita (1) cé khodng héi tu la (- R, ®) thi:

1) Cde chudi c6 duge bdng cdch tich phén hay dao ham ting s6
hagng ctia chuéi (1) ciing ¢ khodng héi tula (-1 7).

2) Téng S(x) cta chubi (1) la mét ham lién tuc trong khodng héi
tu (-R, ®). Néu chudi héi tu tai mét trong céc ddu muit cia khodng

thi S(x) lién tuc bén trdi hode bén phai cuia déu mut d6.

xgf @ o Xg .
3) J [Zanx"] de=3Y j a,x"dx véix, x, € (-R, R)
x, \n=0

n=0 xy
o o
4 (Ya,x" )= 3 (a,x").
n=0 n=0
*Chitng minh:
Ta chi chitng minh 1). Cac phan sau ching minh tuong ty.

Thyc vay, xét difm bat ky x, € (-R, ®) thi Ip > 0: |x,] < p < R. Theo
dinh 1y, céc chudi ¢6 duge bang each dao ham hay tich phan titng s6 hang
cua chudi (1) cing ¢6 khoang hoi ty déu la doan [-p, pl do dd chiing hai ty
tai x € [-p, p] dac bigt chuing hdi tu tai x,, vay néu R, 1a ban kinh héi tu clia
cdc chudi nay thi B, = R (a).

Mat khac, xét chudi dac ham clia chudi (1);
a)t2ax+ .. tnaxt 4+ (2)

thi chubi (1) 1a chudi tich phan timg sd hang clia (2), do d6 theo ching minh
trén thi R 2 R, (b). So sanh (a) va (b} ta cé; R, = R.

Thi du:

Xétchudi  3(-1°x" =1-x+xf- .+ (-1 +..
n=0
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va la ch:

=Sl-x+al+ L+ D+ vhi x| <1,

Sixy =
L T+x

Tich phin ttng 886 hang ctia chudi nay tit O dén x ta co:
2 3 n+l

Inll+x|)=x- f—+~"f-——..,+(—1)“—x—-—+... vl x| < 1.
2 3 n+l

DPao ham titng s6 hang ctua chudi dé ta cé:

L e D L v el <1
(I+xy

Chn y:
Nhu da néi chufi liy thita dang tdng quat Yap{x-x5)" , dua duge vé
n=0

chudi lGy thita dang (1) bang cach dat x —x, = : Y a," .
n=0

Ap dung cac 1§ thuydt da bidt ctia chudi dang (1) ta si& suy ra cac két

qué eta dang téng quét.

Thi du:
s . - x. i (x +1)ﬂ - . =
Tim mién héi ty cua chudi (a). Dat x + 1 = ¢, ta c6 chudi
n=1 n2
il . . 1 -
— (b}. Ban kinh héi tu cia (b) 1A R = —— =1 do dé chudi (b)
n=ift lim —"—
n—o (n +1

héi ty khi -1 <¢ <1 hay-2 <x <0, nghia 1a khoang héi ty ctia (a) 14 (-2, 0).

Tatx =0, tacd chudiss 3 Lz héi ty (dang ZL&, a=2>1).
n=11n n=in

@ g1yt
Taix =- 2 ta c6 chudi s§ ¥ 12) h{i ty tuyét déi. Vay mién hai ty
n=1 n

cia chudi cing 12 mién héi ty Lyt d6i cia né d6 1a doan [- 2, Ol



§3. CHUOI TAYLOR VA MACLAURIN

Ta da xét van dé&: Cho trude mot chudi lay thita, xét sy hdi ty cla né vé
mét ham s nao 46 trang mét mién nae d6, bay gid ta xét bai toan nguge lai,
cho trude mat ham s§ fix), tim didu kién dé ham fAx) 1a tdng ctia mdt chudi
liy thiza trong mét mién nao d6. Didu nay md ra kha nang dé tinh gin ding
rat tét vi d61 vdi cac ham liy thita, tinh toan ching la ddn gian nht.

3.1. Dinh nghia

Nhu da bigt: ndu f{x) c6 dao ham lién tyc dén cép » tai x, va c6 dao
ham c¢dp n + 1 tai lan cln cia x,, thi trong 14n can d6 ta c6 cong thie Taylor
clp n:

Flxy = flxg + f—(i:’in—)(x—xg)+f'—‘§c—u—l(x—xo}2 +
{1}
Trong do:
£ )

D (x-2%)"",e=x,+0(x -x, 0<B<1.
R (x) 1a 58 hang du dudi dang Lagrange cia edéng thitc Taylor cip n,
dée bigt néu x, = 0, ta c6 cdng thie Maclaurin cdp n.

f(xo}

bt : Pix)=fx) + {x—xg) +

f";.f()) (x_xU)Z +

(n}

P,(x) goi la da thitc Taylor cap n clta fix) trong lan cén cia diém x, khi du
cong thize Taylor cap n vidl duge dudi dang:

fix) = P(x) + R (x).
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Bay gid gia st fx) ¢6 dao him moi cp va dua ra :

Pinh nghia: Chudi Taylor ciia ham f(x) trong lin cdn ciia diém
x, la chudi liy thita ma téng riéng S,(x) cia né la da thitc Taylor
cdp n: P (x) ctia f(x} trong ldn cdn 46, nghia la chudi ¢6 dang:

n) !
3170 (e f(x,n”"ﬂ)( wp)+ L 050)

{x— x0)2 +
n=0 !

(n)
+ L n(x")(x WVt (D

Dic biét x = 0 ta c6 chudi:

(ﬂj v
0, O
2!

= fl0) + (x)?

() oy
+£--m—)x“+ .. (M.
n!

Z
goi la chudi Maclaurin cia f(x).

Néu chudi Taylor cia ham flx) hdi ty v& fix) hay 6 tdng 13 flx) trong
lan can cta difm x, nghia 1a:

f'(xg) f (xo)

f(x) = flxp) + (x-x9)+ (x-xp)% + ...
{n)
+ f—w(x—xo)“-l-.... (1
n!

thi ta néi : flx) khai trién dugc theo chudi Taylor (ciia nd) trong lén

- - . At
cén cua diém x,.

Vay vdi didu kién nao thi Az} khai trién dugc theo chudi Taylor tai lan
can diém x, hay cé dang thie (1) trong 14n can cia dim x, ?

Trude hét: Ré rang néu f{x) ¢6 dao ham mei clp tai l4n ean didm x, thi
fix) 6 chudi Taylor tai lan can do.
Thi du:
-1

Xé1: fix) = e vdi x#0
0 vgi x =10
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B)6 12 mot ham ¢6 dao ham moi cdp vx & R. Do d6 ta co thé lap dudge
chubi (M) clia fx) tai 1an can diém x, = 0, ta tinh:

e
FO) = lim T@OfO) e
Az a) Ax Ar—0  Ax

i
2

f'(«_\x)—-f{O)= lim 29 e

— n—
- Jim = =0,..,f"=0 ..

F= lim
Ax—(

Vay chudi (M) clia /=) (trong l4n can clia x, = 0) 1a:

O+ 0x + E;\:2 +m+-(lx”“ +...
2t n!

Chudi nay hoi tu va c6 tong bang S&) =0, vx € R.

Thi dy nay cho thay difu kién ¢6 dao ham moi c&p cla fx) khong di dé
Ax) khai trién duge theo chudi Taylor trong 1an can didm x, = 0 vi trong lan
c4n cua x, = 0 ta ¢6 S(x) = fx).

Vay phai thém didu kién nao dé ¢6 ding thic (1) ?

3.2, Diéu kién f(x) khai trién dudc theo chuéi Taylor

Dinh Iy:

Gig st ham f(x) 6 dao ham moi ¢ép trong ldn c@n ctia diém x,

Diéu kign cdn va dii dé f(x) khai trién duge theo chudi Taylor
trong lén cdn 46 la ll—Ts R (x) =0, Vx trong ldn cdn cua xp R (x) 13 50
hang du clia céng thic Taylor ciia f(x} ciing 14 s& hang du etla chudi.

Ching minh:

Gia stt ¢6 dang thite (1) trong lan can ¢ cia x; nghia 1a;

1

lim 8 (x) = lim P {x) = f{x) tronge.
¥
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Mat khae fix) = S, (x) + B (x}, do ¢ lim R (x) = 0 trong l4n can .

"y

Nguge 1ai, gia st lim B (x) = 0 trong l4n cdn & thi lim [Ax) S (x)|= 0 hay

i 12 Mot

lim 8,(x) = f(x), trong 14n can ¢ nghia la ta co (1),
n—

Hé qua:

Néu IM >0, |f™(x)| < M trong ldn cédn £ ciia x, thi ta ¢6 (1), Thyc
vay, khi d6: trong lan can s:

IR (x)] < lx - x4 P+ (2.

{n+12
Mat khac: Chudi

Zlx-xg rHl

héi tu vx € R,
nzzll (n+1
vi
R= lim L - l M:w
noe |, nowe onl 1 '

Do d6 s6 hang t8ng quat cla chudi
| x — x I?t+l

Dl =0 (n o=}

T (2) suy ra lim R (x) = O trong &. Theo djnh nghia trén, ta ¢é (1).
n—m

3.3. Cac khai trién theo chuéi Maclaurin cfia vai ham sd cip
D Ham fix) = ¢

Ta bidt cong thic Maclaurin cGa ham e* 1a:

x2 "

X X
=1+ —+—+..+—+ R,
Lo n!
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Mat khac
o= @)™ =¢* néu |x| <M M >0y, vn
ta c6 | [V | < e = M.

Do d6 theo h¢ qua trén, e* khai trién duge theo chudi (M).

x
=1+ —+—+. +—+ | ¥YxeR.
H .

vi M la oy g
2) Ham fix) = sinx

Ta biét cong thiec Maclaurin ctia ham f{x) = sinx 1

. x xS N 2n+1
sinx = ﬁ_-§+“'+(_]) (2n+1)!+ Rznﬁi”'

Ta eling biét:

I/™@) | = [sindx + ’;—“n <1,V¥r e N, VxeR.

Do d6 theo h¢ qua trén ham sinx khai trién duge theo chudi (M):

3 2n+1
sinx = £~f—+,,‘+(—1)" ad +... ¥x e R,
3 Zr+1)!
3) Ham fx) = cosx
Tuong tyg nhu 2) ta cé:
2 4 x2n
cosx=1-=—+"+_. +(-1)" +.. Vx e R
2 4 (2n)!
4) Khai trién ham fx) = (1 + )* (chudi nhj thic).
Ta bi&t cong thic M) cda (1 + )% |a:
Q+x=1+ o&x+a—(u:—1)x"3 v, Mo Dola-ntD o, + R, (x).

n!
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C6 thé chimg minh;

a(a—l)xz . +a(a—])...(a—n+1)x“

l+x=1+ ax+
21 n!

<1

* Ta da biét R {x) dang Lagrange. Bay gid ta s& xét R (x) dudi mdt
dang khae, ta co:

R (x)= f(x)~ P,(x}. D& dang suy ra:

R,(0)=0, R,(0)=0,.R™(0)=0,R™V(x)= " V(x) (1)

Mat khac: R, (x)-R,(0) = jR;,(t)dt hay theo (1) va tich phén ta cé:
0
R, (x) = [R,(t)dt = -[ R (hd(x - t) =
) 0

[ Dw-1rde ()

_1
1
n.u

-~ R ()(x - :)E Ry (OG-t = =
0
{(2) goi 14 56 du dang tich phéan cla edng thie (M) cla flx).
Xét flx) = {1 + x)" thi:
' =a(w-1)....{o-m(l+p> =L
va

fx=-e*a+n* " 1at 3
¢

afa-1).{a=-n)

R,(x) = :
nl

Bay gid xét chudi:

1+ ax+ {)r.(or.vl)xg+”_+ot((:¢—1),..(0c—1'1+])xrl N

n! @

1& chudi hai sy tuyds ddi khi |x] < 1.
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Thue vay

Un i1 a-n

174

x| = x| khi n— «,

" T

do d6 chudi (4) héi tu tuyét 461 khi |x| < 1 (tidu chudn ¥’ Alambert).
Vay s6 hang tdng quat cla chudi (4) phai ddn dén 0.

Mat khace theo dinh Iy gia trj trung binh (trong tich phén xac dinh} thi
(3) vi&t duge;

oo - 1) {a—-n}

R(x) = - . (x-00"(1 +8x)* "' x (0< 0 <),
hay
Ry = &D-lo-n) x“[ 1-9 ]n(1+8x)°‘_lax 3
n! 1+6x
Trong (3" thita s5 &-1-(e-n)

T %" 13 s& hang tdng quat clia chudi hoi
nl

ty (4) (thay o bdi o - 1) nén thita $6 nay ddn tdi 0 khin — .

Thita s&

n
1-8 <1¥n, ¥|x| <1.
1+08x

vi khi |x} < 1:0 < 1-68 <1+ 8x. Thita s8 cudi cing (1 + 8x)* ".ax cang bj

¢héan khi [x| <1 vi ng khéng phu thude n.
Do d6 R (x) = 0 (n — ) va ta ¢t khai trién:

(1+x)% =1+ox

+¥x2+...+a(a+])"'(a_n+1)x"+ LYl <1

n!

Chudi néy goi la chubi nhi thic.
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Chna y:
1) Trong céng thuc (2) thay O boi x, ta o6 86 hang du dudi dang tich
phan cia céng thite Tayler.

R = 2 [V @t dt

2y Cdng thie Buler:

Ta da cé:
2 3
X X X
ef=14+ —4—=+—=
o2t a3
. J’.'3 1,'5
Sy = ———+—+
1 3 5
P
cosx =1 - —+—— ...
20 4

Thay x bdi s6 o ix (i ]a don vj ao: i =- 1)

Ta co:
ir 22 it i
et =1+ ——-——-——+—+ + .=
o2 3 4 o
- Zoxt . x_x3 xa_ y
BRI T TR T
e = cosx + isinx {1}

Thay ix bdi — ix ta cb:
e = cosx - isinx {2
Cong (LT} vé vdi v& cua (1) va (2) La cb:
2

CO8X =
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ix _ ,-ix

. -4
= 9
sinx Y (4)

CAc cdng thite (1), (2), (3} va (4) goi 1a cac cHng thie Buler.

Taong quat: Trong khai trién cla e, thay x bdi; z = x + iy ta cé:

e =gt = ot a¥,

hay

T = r.x Ly (t» _ z =z z
e =(1+ 1!+ 7 + LK1+ 1!+-——21 +.0=1+ ﬁ+_" +—3! + ..

Ap dyng phép nhan chudi: (Chu ¥; sau §3 ctia phdn A). Ta cling ¢6 chc
cong thic Buler, vii z = x + iy 1a mét s8¢ phic bat ky:

iz —iz
iz e —_ +e
€° = coSZ + 181N, cCoOsSZ=
2
iz _ iz
iz _ ss . _ €
€ = COsF -1s8lnz, sS1nz=

2i
Bay gid xét md1 s8 trudng hgp dac bidt quan trong cia chudi nhj thite:
a) Khai trién eta In(1 + x), In(1 - %)

Trong chudi nhj thitc cho a = -1, ta ¢6:

1

=l-x+xa? -2+ 4+ D%+ ... v -l<x<l
x+1

Do dé, theo tinh chat cla chudi iy thita ta co:

x 2 K n+l
In|x+1|=j—d-x—zx—x—+x——,,,+(—1)" x + ..
pr+1 2 3 (n+1)

vii -1 <x<1.
Chudi nay cong hoi ty tai x = 1, nén khaj trién nay van ding tai x = 1.

Thay x bdi —x ta cé;
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2 3 n+l
x X X
njl-x = - x+7+

. +"+f: +..) vil l<x<l
+ !

1+ 1}
b) Khai trién cta aretgx

Trong chudi nhj thitc che @ = -1, va thay x bdi 2 ta c6:

21 =1+t 2 DA+
x° +1
do da:
x PR 2n+1
arctge = |— =x-—t =+ +=D" + .. l<x<1.
axl+1 3 5 2n+1

Chubi nay cling hdi tu tai x = + 1, nén khai trién nay van ding khi

x=x1.
- l,l\" -
c) Khai trién cta aresinx

. . 1 . - .
Trong chudi nhj thitc cho o = - 5 va thay x bdi -x? 1a co:

2 a1 a = _ 2n
1 145 4 1.3x . 1.3.5...2n-1)x + o el <1
1-x2 2 2.4 24.5%2n
do do:
. x 1 1 x* 13 «°
arsiny = | =Xt = =
041~ x2 2 24 5

1.35..2n-1) x! .
2.4.6..2n (2n+1)

vil |x] <1
Ta da ¢6 khai trién thee chudi Maclaurin cita cae ham &', sinx, cofx,

{1+ 2% goi la cAc khai trién co ban. Tit cac khai trién cd ban nay ta cé thé

suy ra cac khai trién (theo chudi Maclaurin) ctia mot s8 ham khac.
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Thi duy:

1) Axy=afer =21 + -t +‘xb.+ )
n.
3 4 n+
=P v X4 vxeR
| L n!
sin
vdl x=0
_.)]f(x) = x
1 vl x=0
3 2a+l
sinr= Z-% 4 (—1)”x7+
1ma (2n + 1)
i 2 4 n
.1350: Slnx: l—‘x_.'.{ _+(_1)n_ x +
x 3ol (2n + 1)

Chudi nay héi ty ¥ x € R, khix = 0, tdng ciia né Six) = 1. Vi khi
A =1 nén:

2 5 2n
x X x
=l-—t—- -1 vx e R.
flx) 3 { el x €
*3)
2 o x2 2n
= 09x*1+—+—+ +-—+_) 1__+ (- +
fla = croos = 2! AotV
'1+x+((——l] 2+(—l+l]x3+(L—l+ le4+..,
2 2 2 6 24 4 24
3 1

=l+x- ——=—+.. (Yxe R).
3 |
(Theo phép nhan chudi 823 phan A,
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§4. AP DUNG CUA CHUO1

Trong § nay ta xél vige 4p dung 1y thuyét chudi vao tinh gin ding. Ta
higt da 8 cAc bai toan trong thye tidn déu dua dén viée tinh gan dung, do
d6 ta cAng thdy tAm quan trong 16n lao clia Ap dyung chudi vao tinh gan
diing.

Dau tign dua ra cdc cing thire ude lugng sai s6 khi 4p dung chudi tinh
gan dung.

Gia slt ham fix) khai trién dugc theo chudi (T) tai 1an can didm x,;

fx) = flxg) + _—f'(l’f")(x—xu frix UJ(x 1)l +

(n)
+ f—ngfi)(x—xn)” +.. (T

Néu tinh gan ding fix) theo ¢dng thi:

f(x} ﬂx)‘l- f(]ﬂ)(x x)+f(0)(x x)z

(k-2 c=x +Bx—x), 0<B <.

Do d6 sai s& mac phai s& duge Lré‘c lugng theo cong thie:

N f(ml)() el
R = 12|
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Dac bigt néu chudi (T} clia fla) 12 chudi dan dau o6 cée s6 hang gidm
din, nghia [a;

fry=u —uytug-u g+ D e+
VOl i, > w,™> >, > .. néu tinh gdn dung fix) theo cong thite:
) =u) g+t —u,+ D g,
Thi sai s6 méc phai 1a:
Ry(x) = (-1 oy + 1" Mgy + (CD Py 5
hay
R (x) = (-1)tpa; —{8nsp - Uaaa) -]
suy ra:
| Ry | =g,y — Qs - tgea) o |

nhung u,,», u,.;>0.. viu, giam din, thee cach chimg minh dinh 1§ vé
sy hoi ty cia chudi dan dau thi: |R(x)| <u,,,, nghia la sai s& mac phai bé
kém s6 hang ddu tién bo di.

134y gidt ta dua ra céc thi du ap dung chudi dé tinh gdn ding.
4.1, Tinh gia tri clia ham sé&
Thi du:
1} Tinh gan ding Ve vai do chinh xac 102, Ta biét
2 n

X x x
e = 1+ -+ 4+ . +-—+ ... ¥xeAh.

2 n!

1 .
chox= 5l ta cé:

1 1 1
-JE:1+—+——+.,.+ +...
2,10 222t 2" nt

148



Ta lai biat:

Rivu=- e 1 vii 0 <e < 1
(n+ 1) gn+l 2
miat khac
1
e < et ayia,
Dodé  R(L1y<_—1
2 {n+1)'2"

Muén dat dé chinh x4c 102 ta phai chon 2 sac cho:
1 1
= y

(n+ 12" 1000

' Da dang thit thay bat ding thde ny thda man khi

iz 3 Vay lay n = 4, thi dat dé chinh xée, nghia 1a;

J221+L+ _] +. ,1 + L =1,6438
2 229 23a oty

vdi dd chinh xac 102,

2} Tinh sinl = sin37°18 vdi d6 chinh xac 10°.

Ta hiét:
3 2n+l
ginx = i—£—+._.+(—l}"i——+
. | A 2n+ 1)
vt moi x, cho x = 1 ta co:
Sin 1=sind7"18.=1- ~+ _l — (-1 _1 ..
ar oo gn+1)
Day 1a chudi dan dau nén B, (1) < Uy, = Lt
(2n + 3}
.. 1 1 N .
Vay phai chon n sao chor —— <« — chon n = 2 thi duge, vi:
(Zn + 3¢ 1000

'OR040 1000

1 LS B
@2+3)! 7
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Do dé sinl = sin57°18 ~ 1- l, +L = 0,842 véi d6 chinh xac 10

at s
3 Tinhsd =
Ta biét:
3 5 7
arctgr= P Y Lol 1< <],
3 5 7
cha xr—‘/j—tacé:
3
3 6 3 9 45 189
1 1 1
dodd m=2483(0-—4+—-—+...
J_( 9 45 189 )

Dung céng thitc nay cé thé tinh gin ding s8 n vdi d3 chinh xéac thy ¥.

4} Tinh logarithme

Ta bist
2 3 4
In{1 +x) = x—x?+%-——;le—+... (D) véi-1<x<1.
2 3 14 '
X X x
In{l —x)= —~x- -2 % _ Nvdi-1<x<l.
( ) 2 3 s (2) x

Né&u diing cac ¢ong thite nay dé tinh gin dung logrithme thi chi tinh
duge logarithme cia nhiing s6 bé hon 2 vi -1 < x < 1 nhung ta ¢6 thé bi&n
d8i nhu sau;

Lay (1) trix (2) ta ¢6:

l+x x3 x5 x2n+1
=2{x++—t+—+..+
1-x 3 b5 2n+1

In

+ . )V¥xe(-1,1) (3)



khi x € (-1, 1) thi bidu thirc > (0. Nhu vay dang (3) c6 thé tinh

1-x

logarithme ctia mot s& dugng bat ky.

1+x . N-1
Dat: =Nkhidox= a:
DA khi d6 x N1
N-1 1, N-13 1 N-1g4
InN =2 + = +—= + ..
[(N+1 3(N+}} 5(N+1) !
2 . ue ma v an _ N-1 1
chang han, tinh In2 v&i &6 chinh xac 0,001 6 day N =2, N1 = 3" do dé:
in2 = E+ 23+ 25+.‘.+ 2 s (4}
3 33 53 (2n+1).3°"
W 2 < 2
(2?1 + l}'32n+l 323+1
Nén cac s§ hang cla (4) nho hdn cée s8 hang tudng Ung cia chudi
nhéan:
2 2 2 2
§+3—3+3—5+... +32n+l + .. {5)
Goi s§ hang du ciaa chudi (5) 1a r,, thi:
_Z
- 2 2 _ 32n+3 _ 1
= 2nes * g2n+h A I
vA s hang du clia chudi (4) 1a r, thi r, < r, hayr, < .Ldy n=3th

4‘32n+l

ra< —— < 0,001,
4.3

2 , 2 2

3.3% 53% 1737

0,6932 = 0,693. V§i db chinh xac 0,001.

Vay In2 = §+ = 0,6667 + 0,0247 + 0,0017 + 0,0001 =
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4.2. Tinh tich phéin

Thi du:
1

®
1) Tih = [e ¥ dx chinh xdc tdi 107,
Q

Ta biét tich phan nay khéng tinh duge theo céng thic Newten -

2 N . .
Leibniz vi ¢'*  khéng c6é nguyén ham bidu dién duge qua ham sd eap.

Bay gid t;

-2 n
F=1+ 2 Yx e R
o n!
thay x bai —x? ta co:
2 4 ] 2n
e =X X X iy vieR
1! 2t n!
Do do:
1 | 1
2 9 3 5 1yt 2R+ 2
I=[e*dx=( _x_+3__+m U7
0 '3 215 n(Zn+1)
0
hay I= 1 ! + ! 1. + ..

2 132t wmsed wgy

DAy 13 chui dan diu vi -- =— < 10 nén |4y n = 2 thi dat do chinh

A7
Xac.

1 1 VR
VayI= STt T 0,461 chinh xac 1ai 10

2 398 259
o e “sinx
2)Tinb I={ dx .

h x



Ta hist

Six = ————+——- “—+ Yxe R
oAt ooat
nén
: ? 4 &
5101 X X X X
> =1 -+t v = 0.
x 3o 7
. .. B8INX . L N .
vi lim = 1, nén khai trién nay ding vx € R.
n—{ X
Do dé
. 5 T
SN x 1 x 1x
I=|=Fde= gy tas ™)
0 ox 1 3t 3 O o
hay
3 5
a a
I=a- +—-
A3 5Lb

Ditng cang thize nay ¢6 thé tinh 7 vdi dé ehinh xdc tay ¥,
4.3. Giai phuong trinh vi phan
Ta biét, noi chung phudng trinh vi phan chi ¢6 thé giai gin ding. Mét

trong cac phudng phap giai gdn ding 14 ding chudi. Ta sé 4p dung chubi dé
gidi bai toan Cauchy. Chéng han, xét bai toan Cauchy:

Tim nghiém caa phuong trinh: ¥ = Fix, ¥, ¥7 (1.

Thoa man so kién yL__ID = Yo, y'| =¥ (2)

x=xg

D51 véi phudng trinh cdp cac ta c6 thé lam tuong tg.

a) Trudng hdp chung

Gid siz nghiém ciia bai toan (I), (2) tén tai va khai trién duge

theo chudi Taylor tai lan cén diém x,
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y=flx) = fixy) + —f%(x—xojwf'(xo)(x—xa)g-!—,_.

2!

{n)
+ fi(:co)(x~xa)n+

Dita vao (1) (2) ta sé tim duvce fix,), Fxph..., 7(x,) va c6 nghiém
phdi tim.
Thuye vay, tit (2) ta cd:
o) = ¥, =Y Fx)=Y],_, =%
Tir (1) va (2) ta co:
Pad =y, =Fayy), . =Fo.y.%)
Pao ham (1) ta duge: y” = F, + F)',y'-i-FJ',-y”
Do d6, va theo trén: £7(x,) = y"'Lr ot e6 £ (xy), ...
Trong thyc t€, sau khi tim duge chudi Taylor ctia v, ta phai xét sy hai
tu ctia chudi dé.
Thi du:
1) Giai phudng trinh: y* = 2y%
Théa man sd kién : ylx:D =1.Tacé:

FO=0l, =1, 0= 2 <2, fO=y]_ =4 o=8

=48,...

x=0

PO = £, =4y +ayy"

Thay vao khai tridn Taylor cia nghiém y = fx) tai 1an can diém x = 0
tachiy=fx) =1+ 2x + 42" + 8«® + .., v& phai la chudi nhan cong bdi g = 2x,
. . 1 . LA N N
né hoi ty khi [2¢| <1 hay: |x| < R ltie d6 téng cta ns la

1-2x



Vay ta 6 nghi¢m phai tim 1a:
1 .

= vl -

Y 1-2x

l < x l .
2 2
Thite ra ham sd nay thda man phuong trinh va so kién trén véi moi x,

N | n . . . . 1
fritx = 2 nén né la nghiém cua bai toan vdi moi x trift x = Ik

Chit % rang phuong trinh trén 6 thé giai biang phudng phap phan

ly bién s6. Thye vay, it ¥ = 2y® ta ¢6 d_: = 2dx suy ra -l=2x+c hay
Y
=1
2x + ¢

Cho thda man sd kin taeb: 1 =

suy ra ¢ = -1 va ta ¢d nghiém

Q+c
riéngy = trimg vdi két qua trén.
1-2x
2) Giai phudng trinh: y=x-y (1)
Théa man sd kién ylle =1 (2)

Gia su nghiém y = fx) khai trién duge theo chudi Taylor tai 1an can
didm: x=1.

y=fo=fh+ f'l(!n(x - 1)+%(Tll(x -1+
d day, ta c6
=y =17 =y|_, =x-5  =1-1=0
fy=y,_,=0-2y _ =1-210=1
Tugng tu:

f(D=-2, M0 =4, =-14, /% =68, {7 = -336.

Do d6 ta c6 nghiém cta bai toan (1), (2):



L2 R Cqyd
(x-1" {x-D +(x IS

yv=fxy=1+
y=F 2 3 4]

] i 6 7
TRV CES VN Ll VA
60 180 15

3

Ta thay chudi & v& phai, hé s8 eia 7 s6 hang ddu khéng ¢6 quy luat gi,
nén dén day khong thé bigt chubdi hoi tu hay khéng ma chi bi&t né théa man
80 Kién (2).

Mudn biét né 1a nghiém caa phudng trinh chinh x4c dén mic nao, 1a

chi ¢6 thé thi tai nhing didm cy 1hé.

Chang han tai x = =, thay vao (3), tinh dén 7 s6 hang ddu ta cé :

1
2

¥ = 1,183, dao ham (3}, thay x = % vae va cling tinh dén 7 s6 hang déu ta

cd: ¥y = -0,895.
Thay vao (1) va tinh todn ta c6: v& trai la ¥ = -0,895 v& phai 1a
x  y?=-0,899.

Vay sai 86 J hai v& 1a -0,004.
b) Trudng hdp phudng trinh tuyén tinh

D61 vé1 phuong trinh vi phan tuyén tinh, ding chudi liy thita dé giai
nhiéu khi thuan tién hon, phudng phap nay goi 1a phuong phap hé sé bat

dinh, ndt dung nhu sau;
Gid sit phuong trinh tén tai nghiém la téng ciia chudi liy thita:

[~4]
¥= 3 a,x" trong mét mién nao do. Pgo hdam y thay vio phiuang
n=0

trinh ta dugc mét déng nhat thire, dong nhét céc hé s6, ta tim duoc
cdeca,(n=0,1,2, ..) sau dé xét syt héi tu cua chudi ta 8é cé nghiém

phditim. Ta sé minh hoa phuong phdp néy qua thi du sau:
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Thi du: Giai phudng (vinh

kZ

5y =0 k>0
N

w, 1
Yyt —yHl-
X

phuong trinh nay goi Id phudng trinh Bessel cdp & > 0, ¢é ral nhifu ing

dyung trong vat 1¥ toan. D& don gian, ta chi gidi phuong trinh Bessel c¢idp
khong:
w, 1
Yyt =y+y=9 ey
X
Gia st nghiém cia (1) 4 t6ng eha chudi lay thim y=

mdt midn nao dé.

i a,x” (2) trong
n=0 .

Pao ham ta cé:

[ta) 1 g
| - "
¥y=¥ nax" ", ¥y

= 3 n(n-Da,a"?
n-0 r=0
Thay vao (1) ta ¢6 déng nhat thiic.
o 9 1 = : o
Z ?I(n - l)a”xn" + ; Z ”‘aﬂxn_ + Z anl‘” 0.
no2 o

ot
Bay ¢i0 cho bang khong hé s cla cac liy thita ¢tia x, ta cb:

JUP, . . .1 . z -

- Hé 86 cuaa ~ 14 a,, nhung trong chudi khing ¢6 — nén bat bude
x

a, = 0.

X

-Hésfclax™ (n+2)(n+ Da,,,+ ¢+ a,,, +a,=0, suy ra:

(n+ D%y + @, =0 hay a,,,= — (3)
{n+2)

T - - .
Tir (3} suvraia, = — ga=—5 =0 vig; =0,

2 3

- T 40
ay — =
4% 2247
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Téng quar:

ag g
Ay = D" ————=(-1)" ——  a,.,, =0
: 2242 _(9m)? 22" ()2 "
Thay vao (2) ta c6;
o0 ( x?.m
y - _l)w —_—
a"mzzo 227 (112

Dé& dang thay lim

111 —oe

“2"’—*‘ =0, do dé chudi nay hdi tu ¥x nghia 13 né 1a
2m
nghiém cia phuong trinh (1), V.

L&y ay = 1, k¥ hidu:

a x2m
Jolx) = mZﬂ(*D "—_22m_(m!)2

Tat nhién Jy(x) van 12 nghiém cia (1), ngudi ta goi Jo{x) 14 ham Bessel
cap khong.

Dai vii phuong trinh Bessel c8p & nguyén, 1am tudng ity ta c6 nghiém
riéng:

12m+k

) = T (-1m
) = 26D 227k (b (m + k)

Jy(x) goi 14 ham Bessel cap k.

C. CHUGI VA TiCH PHAN FOURIER

§1. CHUOI LUGNG GIAC

Trong khoa hoc va k¥ thudt ta thudng gip cAc hién tugng tudn hoean
nghia 1a cac hién tugng sau mt thdi gian nhat dinh lai lap lai nhu ci,
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chang han: mye mirde thiy tridu 16n xudng, cudng dé dong dign xoay chifu,
cac dao dong cd hye...

V& toan hoc dé nghién citu cac hign tugng tudn hoan, ta ding cac ham
tudn hoan. Ta bidt cac ham tudn hoan don gian nhat la cac ham s& lugng
giac dang:

sinnx, cosnx {1

Trong thyc tién ¢6 nhitng qua trinh gém nhiéu hogc ¢6 khi vd s cac
hién tugng tudn hoan don gian. Do d6 d8 miéu ta toan bd qua trinh, ta phai
nghién citu mot téng vo-han cac ham lugng giae (1) nghia 1a nghién citv mét
chudi ham ma cic s6 hang 12 cac ham lugng giae d6, god 14 chudi ham lugng

-

g1ac.
Pinh nghia:
Chudi ham cé dang:

a , 3 :
— + ¥ (a,cosnx +b,sinnx)

n=1I
goi la chudi ham lugng gidc. Trong dé ay a,, b, n =1, 2, ... ld cdc
hédng 86 goi la cdc hé 86 clia no.

Ta thay chudi ham lugng giac 1a mét loai chudi ham dac biét, nén néb cé
moi khAi niém, tinh chat clia chubi ham tdng quat. Pdc bidt, ta thdy néu
chubi ham lugng gidc cé téng la fix) hay héi tu vé flx) trong mot
mién nao do thi fix) phdi la tudn hoan chu ky 2n.

Thye vay, T rang tong S, clia chudi:

aﬂ n
8, = ? + Y (ag coskx + by sinkx)

k=1

132 mot ham tudn hoan chu ky 2x {mbi s§ hang cé chu ky 2?“ ).



Do do:

S+ 2Zr) = hm S v+ 27) = lim S, (x) = S(x).

o -

§2. CHUOI FOURIER

Theo §1 d8 nghién ctu mit qua trinh gdm v6 s& hién tugng tudn hoan
dom gian, ta di dén nghién citu chudi ham lugng giac:

o
2

[=s]
+ > {a, cosnx + 6, sinnx) (1)
n=1 -

Bay gig xét van dé nguge lai rat quan trong trong thyc tidn 1a: c6 rat
nhiéu qua trinh bidu din bang mdt hign tugng tudn hoan phic tap, dé
nghién citu duge thuan lgi ta phai phan tich hién tugng tudn hoan phuec tap
d6 thanh nhitng hign tugng tuan hoan don gian.

DE giai quyét van dé nay, v& toan hoc ta phai giai bai toan: Che trude
ham 6 f(x) tudn hoan chu ky 2x, tim chudi lugng gide (1) c6 téng la
fix) hay héi ty vé flx). Nguoi ta goi viée lam d6 1a khai trién flx)
thanh chuéi luong gidc.

Dé giaj quyét bai toan nay ta chia lam hai budc;

1) Gia st ham f{x) da khai trién duge theo chudi lugng gide (1) nghia

fixy= 22 4 S(a, cosnx + b, sinnx) 2)
n=1

Titdétasé tinheag a, b,n=1,2, ..

2) Tim didu kién dé fix) khai tridn duge theo chudi lugng gidc (1), nghia
la tim didu kién dé ¢6 (2).

Bay gid lan luyt ta gidi quyét cac bude nay.
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2.1. Cac hé s6 va chudi Fourier

Dau tién ta ching minh mét ba J8 dung vE sau,

Bé dé:
] ]
_[cosnxdx = Isinnxdx =0, n=1,2,..
m -
n " ) 0 néu: m=n
jcosnxcosmxdx = jsznnxsznmxdx = i
P -n " neu:.: msx=rn
[i)
jcosnxsinmxdx =g, mn=1,2,..
-

Ta chi chimg minh mot eong thie (cac cong thue khac chimg minh
twong 1y) chang han ching minh:

n
_[cos nxcosmxdre =0, néum=n

-n
Thue vay vi

1
COSRX. COSMX = 5 lcos(n + mix + cos{n  m)x]

nén

| —

[{cos(n + m)x +costn mjxjdx =

T
-‘C()S nxcos mxdx = -
n -7

ey

L

Y sin(n + m)x . sin(n ~ m)ac]1t o

2 (n+m) {(n—m)

-n
Bay gid ta dua ra dinh 17 giai quyét bude 1 cia bai toan.

Dinh ly:

Néu f(x) tudn hodn chu ky 2n, Rhai trién ducoc theo chubi luong

gide, nghia la:

{til



fay= S04 i (a,cosnx + b,sinnx) (a)
n !

(chudi la hoi tu déu vé fix), ¥x  R) thi:

11 17 17

= — Jf(x)dx, a, = — If(x)cosnxdx, b, == If(x)siunxdx(b)
n- n:, n-

n=12,..

Ching minh:

Dé c6 ay, 14y tich phan 2 v& clia (a) theo x tif - d&n x ta c6:

n aq r W L n :
ff(x}dx=—2- [dx+ ¥ (a, [cosnadx +b, [sinnxdx)

-n - n=1 -n -

Theo cong thic (1) chia b§ dé trén thi s6 hang sau clia v& phai ding
thie nay bang 0, do dé:

F ag | ] )
If(x)dx=—2—fdx=—2—x =agn
-n

—-n =

n
suy ra g = ];jf(x)dx_

-1

Dé tinh a,, ta nhén hai v& clia (a) vdi cosmx réi 14y tich phan theo x tit
-n d8n =, ta cé;

n &, n
jf(x)cosmxdx = ?0 jcosmxd’x +

-7 -
o n b

+ 2 (a, {cosnxcosmxdx +b, Isin nxcosmxdx} .
n=1 -n -n :

O vé phai:
56 hang thd nhat bang 0, theo céng thite (1) elia b d8.

Con tdng T, theo cdc cong thitc (2), (3) cia bé d8 chi con lai s6 hang:



n
a, [cosnxcosmxdx =a,x
n

g véi m = n, ¢dn cac s8 hang khac déu bang 0.

n
Do dé [f(x)cosnxdx =a,x, suy ra:

-n

== jf(x)cosnxd.:t

—I
Ta thay céc cong thic tinh a,, a,c6 thé théng nhat lam mot:

o= L f)cosnads,” n=0,1,2, ..
"

-

do ta l1dy sd hang dfu cla chudi 1a: 2 .Tugng tyy, tacé b,

Binh nghia:

Cdc hé 56 ag a,, b, n =1, 2, ... tinh theo cong thirc (b) goi la cdc
hé 86 Fourier, con chudi lugng gidc cé cde hé 86 Fourier goi la chudi

Fourier cita ham f(x).
Pac biét:
Né&u fix) chan thi theo tinh chét cla tich phén 13y trong khodng dai

Xing ta cd:

2" 2"
= ;jf(x)dx y Oy = -';Jﬁx)cosnxdx, b =0,n=1,2,..
a 0

(vi flx)cosnx chan, flx)sinnx 13 16).

Lic d6 trong khai trién ciia fix) chi ¢6 nhitng 5§ hang ¢6 dang cos, ta
bac ham fix) khai trién duge theo chubi Fourier dudi dang cos hay

khai trién chédn.

Néu fix) 1&:
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n
ay=a,=0, b = Ejf(x)sfnnxdx, n=1,2
e

(Vi flxdcosnx 18, fasinne 14 chan).

Luc d6 trong khai trién ctia f(x) ehi ¢6 sin ta bho flx) khai trién duoe
thanh chudi Fourier duwéi dang sin hay khai trién lé:
Chi y:

1) Néu f(x) tudn hoan chu ky 7 thi:

a+T T
If(x}dx = _[f(x)dx Ya c R,
a i}

Thuc vay:
a+T T a+T T
[flx)dx = [flx)dx+ [flx)de = [flardx +
a a T a

a a T T
JF+Tyde = [ f(xydx + JFlxydx = [ fla)dx.
0 0 a 0

Suy ra: Cac hé s0 Fourier 88 khong khae trude néu ta lay tich phan
trén doan khac van cé dd dai 2z,

2} Ro rang didu kign du dé chudi lugng gide (1) hdi tu tuyét déi va ddu
vé fix), ¥x € R 1a chudi s8;

|00|
2

+ 2la, 1+18, 1)
71

héi ty vi
lacosnx| € {a,l, |bsinnx| < |&,] (¥x e R)

nén chubi s6 dugng nay 1a chudi trdi ciia chubi trj s3 (uydt d6i cta chudi (1),

theo tidu chudn Weierstrass, chudi (1) 1a hai ty tuyét doi va déu Vx € R,
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R3 rang cac hé ¢ Fourier ton tai chi vdi didu kién fx) kha tich.trén
[-x, 7).

2.2. Didu kién d€ f(x) khai trién dudgc theo chudi Fourier
Dé giai quydt bude 2 clia bai toan ta cb:

Dinh ly Dirichlet 1:

Néu ham fix):

1) Tuén hoan chu by 2x, khd tich trén doan [-m, =]

2) Tén tai cdc gidi hgn mét phia:

Iim flx-h)=flx-), im fix+ k) =f(x+}) (h>0)tagix e [-nx]
b0 h—-0

Him f(x—h)—f(x_), lim flx+h)-flx*)

Y -h h ol h

thi chubi Fourier ctia f(x) héi tu vé

flx—)+ flx+)
2

Ddc biét néu f(x) lién tuc va c¢é dao ham mit phia tai x thi chuéi
Fourier ctia f(x) héi tu déu vé flx) tai x.

Ta sé chiung minh dinh 1y nay ¢ §3, bay gid ta tam coéng nhan dé ap

dung xét 1 s8 khai trién. y
}
Thi du:

1) Khai trién ham fix) tuin
hoan chu k9 2r x4c dinh bdi: [ /1
L

81

(H. 1971 o

f(x):{o khi -m<x=0

x khi O<x«<m

R4 rang fix) thoa méan didu Hinh 197
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kién khai trién (Djnh ¥ Dirichlet) ta tinh:

1" 1,9 T :
ag=— If(x)dx :—( J'de + dex} =
L n 0

-n

EN

i
2

17 1 0 . 17
an == [Flx)cosnxdx = ~( J0.cosnxdx + [x.cosnx.dx) = = [x.cosnx.dx
n n

-1

-n 0 To
" n n L
:l(xsmnx _ljsinm):icosm = 2(cosnﬂ—1)
T n 0 nU itz A n o T
-2 ”
1 n — néu n=2m+1
=— D" -1l=1zn (m=012..)
nn -
G né n=2m

n it n
b, = 1 jf(x)sin nxdx = —1—( [0.sin nxdx + [ x.sin nx.ddx) =
x 7

- -n 0

1,—xcosnx[ 17 n 1
—{(— +—j'(:os-:r.=,x)=—cosnm::—-(—l}n =
LA n o ny rn n

L né n=2m+1 om-012.)
n

— néu n=%m, (m=12.)

n
Vay
fxy = E_E(COSI + cosdx .+ cos(Zm + 1)x
4 2 92 (om + 12
(sir;x - Sir:fx Fo+ (-1 H! 5_“1__”{+___)

n
2) Khai trién ham f{x), tudn hoan chu ky 2r, xac djnh bdi:
-x Bhi -w<x<0
= H. 19
fix) {x Rhi O<xsn O

R6 rang fix) 3 day ciing théa man didu kién khai tridn, fx) lai 1a ham
88 chan nén b, = 0 ta ¢hi phéi tinh a,, a,
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2

g 2 n
N T L
o n {j;f(-‘«‘ n 2 "
bl n g
a, == [ f{x)cos nxdx =
Ty
—:—% néu n=2m+1 I |
=5 nn ! |
0 néu n=2m B ¢ =
(xem thidu D)
do dd: Hinh 198
Fxy = L i(u::os:uc + cos3x + ——-—-—-—cos(2m b ]é)x +.), ¥xe R
2 r Z2m+1)
Pac bidt x =0 ta cb:
=X i(1 + Lz + ! 5
2 = 3 (Em+1)
suy ra:
n2 1 1 1
—=1+—2+—2+.. 5+
8 3 5 (Zm+1)
Néu tim tdng cua
chudi & vé& phai theo djnh Y
nighia thi rat kho khan.
—
3) Khai trién fix) tuan . : .
hoan chu ki 2x x4c dinh bdi ! ) |
_ | '
?E néu —m<x<0 e —_
flxy = .
— néu O=x==x
4 Hinh 199

UREE
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R3 rang théa man didu kién khai trién, 3 day fx) 1& nén:
a,=0,n=012,..
Ta tinh:

n
b = 1 ,—cosnx

o

3w

& mn o n

1 .
—:néu n=2m+1
=<n

O:néu  n=2m

do dé:

_ sinx  sin3x  sinbx sin(Z2m + 1)x
flx) = + + +..+
1 3 5 (Zm+1)

chox= = thi:
2

1 1 -1
—t—t =+
3 5 (Zm+1)

sin3x

'T'a cd 8, = sinx, S, =sinx +
Hinh v& cho hinh anh cua sy hdi ty y
clia §,, §,, ... vé flx). (H.20m

2.3. Khai trién ham flx) tuin
hoan chu ky 2! theo chudi Fourier X

L -1 -1 n
J——sm nxdx = —(———) =——(cosnn~1)= —[(-1)" -
ot 2 2 2n

11=

i
|

Ta da xét khai trién cia ham
f{x) tuan hodn chu ky 2=, biy gio ta
xét hkhai trién cia ham f(x) tudn Hirh 200
hoan chu ky 21, 1 > 0 bat ky theo chuéi Fourier.

Ta s& d8i bién s& dé dua v8 trudng hgp da xét:
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bat x = ir lhif(x)=f(it):tp(t) vikhi -{cx<ithi-n<ésn
i x

Do dé theo trudng hgp da xét:

@ity = a?g + Y. (a, cosnt + b, sinnt)

n=1

vdi

=1
1l

a —jcp(t)cosntdt (n=0,1,2 ..}

—‘.Il

o
1

. ——_ftp(t)smntdt n=1,2 ..

—ﬂ

Tré 1ai bign s6 cii bing cach thay ¢ = %

(Rut titx = 1) dt = %dx, ta cb:
n

Ax) = %+ 3 (a,cos N

+ b, sin &)
n=1 I

vai

y o)

X dx (n=1,2,..)

l
b, _[ fix}sin
-1

Ddc biét néu f(x) chdn thi:

I
Ej (x)cos—dx n=0,1,2,..)
Iy

b, =0 (n=12,..
Néu f(x) 1é thi:

a,=0,{n=01,2,..)

)



!
b, = ?J{f{x)sin nlﬁ dx g 4

(n=1,2.) /1 f
- |
d L1 .

Thi du: T -t

1) Khai trién ham fix) tudn | I
hoan chu ky T = 2 xac dinh bai:
fx) = xnéu -1 <x < 1 (H.201) theo Hinh 201
chudi Fourier, 5 day f(x} 18, 1= 1. Néna,=0,(r=0,1, 2, ..}

Ta chi con tinh &,

1 _ LI |
b, = 2§ flx)sin r g = 2] xcosnnx| + B g =
0 1 nx |0 o nm

~cosnx _ sinnmz| . —2-1)" 21"

=X 1=
nx nn? |[J nx x n
Do dé:
fix) = _2__(smn:x _ sinZnx + 8in 3nx b e sinpax
. L] 2 3 n

2) Khai trién ham fix) tudn hoan ehu k¥ % xac dinh nhu sau:
fy=xvdio<x<n (H.202) 4y
chy kycia hamsfla2l==

Theochi § 3 2.1 tact: 1

12!I k3
ay = —jf(x)dx: _[xdx=fc
IU 0

Y

bl A~

b
a,= 2 [zcosZnads Hinh 202
To
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m
_ 2 xsinZnx N cos2nx

( —
H 4?12 n}
i T _ . L _
b, = —j'xsm P _E( xCcosdnx . st(n:c) _ _l
Ty .4 2n an® |, n
Vay
sin 2x sm 4x sinZnx

flx)= 2= AT )

2.4. Khai trién hiun f(x) trong doan [0, {] theo chudi Fourier

Ta da xét khai trién cia ham fix} tufin hoan chu ky 2! theo chudi
Fourier. Bay gid ta xét khai trién ham f{x) khéng tuin hoan cho trong doan
tay ¥ [e, b]. Khéng kém phédn tdng quat, ta xét ¢ = 0, b = I nghia 1a xét doan
(0, Z]. Vi néu khong thi tinh tién tryc ta cing c6 dean nay.

D& hhai tridn ham f(x) khong tudn hoan cho trong dogn [0, 1] ta
lam nhu sau:

Dung mét ham f,(x) tuén hain chu ky 21 va trong [0, 1]:
fi(x) = flx).

Khai trién ham f,(x) tudn hodn chu ky 2 vita tim duogc theo
chudi Fourier.

Vi trong [0, 1}, f,(x} = f(x)} nén chuéi Fourier vita tim dugc sé co
téng la f(x) hay héi tu vé f(x) trong [0, I} nghia l6 ta dd khai trién
dugc ham f(x) theo chudi Fourier trong doan do.

Ta xét vai cach trong thye tién thudng lam d8 dung ham £,(x).

1} Gia sit d6 thj ciia fx) trong doan [0, {] 13 cung AB lay cung AB déi
ximg vai AB qua truc Oy va ldy f,(x] ]a ham tudn hoan chu ky 2! db thi cla

né trong khoang [- £, I| 13 cung B' AB (1. 203) v6 rang f,(x) 13 ham chin nén
trong khai trién ctia né chi ¢é cos. Ngudi ta goi vige bién ham f(x) thanh
ham f,(x) nhu vay 13 kéo dai chdn f(x) thanh fi(x), hay khai trién flx)
theo cos.



2) Tudng ty nhu 1) 5 Y 5
bién flx) thanh fi(x) 14 ham . . -
8, ldc do trong khai tridn /—:1 T
clia né ¢hi ¢6 sin. Ngudi ta ! !
gol viée lam da 14 kéo dai 1
ié fix) thanh f{x) hay
khai trién f(x) theo sin.

|
- -
<

Hinh 203
Thi du:

1) Khai tridn fix) = x trong [0, 1] theo chudi Fourier. Ta s& kéo dai 1é
fx) thanh f(x), nghia la 18y £,(x) 14 ham tudn hoan chu ky T = 2, x4c dinh

bdi;
filx) =xtrong -1, 1].

Theo thi du d 2.3 ta cé:

2 sinmx a.m2mc sin 3nx w ) SRR
fitx) = *( g g terGnT=
< 4

Do dé trén [0, 11 ta cd:

2 sinmx Sin Zmx sindnx ) sinamy
f) =filx) = —( St gt SO RN Bkl
2 "

2) Khai trién ham f(x) = x? véi 1 < x < < 2 theo chudi Fourier.

Xét f,(x) tudn hoan chu ky
T=1=2 f{x) = flx) = x* trén
(1, 2y (H. 204). Theocha ¢ § 2.1,
tacdH{a=1, T=1).

]2
0= fxds
]1
2

2
— % 2 - -
a,= Z!x cos2nstrdx = 5.2 Hinh 204



.2 _
& = 2_[3:2 sin Znnedx = ——E n=1,2 ..
i T nn

Vay

_ T LcosZmx  cosdnx ., .3 sinZmxr  sindmx
f(x]— '—+(T 7 2 +,..)_—( +
3 1°xn 2%n s 1 2

Trong thi dy nay, ta da kéo dai trye tiép ham fx) thanh ham tuin

hoan f{x).

*§3. CHUNG MINH DINH LY DIRICHLET 1

Trude hét ta chung minh:
3.1. B5 dé

Néu ftx) khd tich trén fa, b] thi:

]
jim jf(x)sim\xdx:ﬂ o=+ 00) (1)
—@
[« 3
Chdng minh:
Ta cé
b - COSAX b
lim [sinivdx = lim — =0 (2)
ho—pen a oy A a

Bay gid chia [a, &] ra 1am » phdn bat ky bdi cac didma = x, <x, < ..

x . <x,,,=b

batm,= inf Ax, i=123, .. 1

[I" el

Xét: glx) =m, khix; sx<x,, (=12, ... ,n)

<



Theo (2) thi

b
lim [g(x}sinrxdx =0 (3)
i@

A 1

b
mat khac, tich phan fg(x)dx 13 téng Daboux dudi clla fx) ma gidi han cla

a

b
né la tich phan [f(x)dx do d6 v > 0, ¥Ynr > n,

) & b
| ffodc- [glodx | = | [[f(x) - g(x)ldx | <.

Theo dinh nghia eia m;: fix) - m, > 0, vx e [z, x;,,1.

Do d6 fix) — glx) 2 O va

) )
| JIf (- glxo)ldx | = §If(x) - glx)|dx <&

(tri s tuydt doi cla tong céc s6 hang duong bing téng cac tri s§ tuyét doi
cla cac s6 hang)

Vay vii g(x) da chon, ta co:
b b b
| {f(x)sinixdx ~ [ g(x)sinxdx | < JIf(x) - g(x)l 1sinAx | dx
b
< [Hf(x) - glx)|dx < b - a) 4

T (3) va (4) suy ra:

L]
lim jf{x)sin hxdx =0
Ay a

Tudng ty ta cé

[}
lim [f(x)coshxdx=0
h—por a
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ap dung bé dé nay ta thay cac hé s6 Fourier cia mdt ham kha tich ddn 1di
khéng khi n — . 1idu nay [ hién nhién néu cac hé sd 12 hé sb chia 1 chudi

héi 11 (didu ma ta vaAn eoén chuta bidt).

Hé qua: Néu ham f(x) lién tue vé c6 dgo ham lién tue trén [a, b]

triz tgi mét 86 hitu han diém f(x) vé f(x) cd gién doan logi mét thi:

b
lim Jf(x)sinkxdx =0
A a

Thyc vAy vi khi d6 fx) 1a kha tich trén [a, b] theo bé dé, ta c6 ding
thiic trén.

3.2. Chitng minh dinh 1y Dirichlet
Theo lugng giac so cap:
sin(n + l}cx
2

n
l+ Y coskhag=——= n
2 & 2sin%

Xét
ao n
S, x=— Z ay coskx + b, sinkx) .
Theo cong thic xac dinh cac hé s6 Fourier (2.1) thi:

8, = 1 Tf(”d“' p [ (jf(t)cosktdt)coskx)
P k=1 & _g

n
+ L rysin kedpysin ko
T L

:4|,_4

n
I (t][-— + Z(cos kt cos kx +sin kf sin kx)}dt
-n k=1

.‘-'I|.—l

? f(t][l+ icosk(t—x)]dt.
= 2 g



Theo (1):

] n sin{n + ‘1)(3 ~x)
Sy= = [ftr——2 4
n - 25in (_{__x)
2
Batt - x=uwu thi;
. 1
Lm sz + —u
8, == [flx+uy—2 gy
Ty ggin %
sin
2
bat
1 sin(n + ‘l)u
D= — 2
T ggint
2
b
01 1a nhan Dirichlet (tich phan [D,(u)dx goi la tich phan Dirichlet).
a

n
Ro rang [D,(u)dx =1.(dat f=1 trong ()}
-n

Xat:
_ ' 0
8, (x) - ﬂi);—f(x-—) = Jlf(x +u) - f(x7)D, (u)du

+ flf(x+uw) - Flx1D, (w)du @)
¢

vl fixy = fx + 0y, flx ) = fx - O).
Theo gia thiét 2, ctia dinh 1y thi cac ham:
[flx+u)—Fla™] . [flx+u)- flx")]

.U . u
sin - 51N —
2 2
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ia b} chan 1ai 1an can didm « = 0, do dé chung kha tich trén cac doan [-x, O,
{0, 7l theo b6 dé trén cac tich phan § v& phai cla (3) dén tdi khong khi
n — x do dé:

hm Sn(x) = M{,}.

ot 2

N CRETICS,

Né&u fix) lién tyc tai x thi fix 5

va lim 8 {x) = fix).
nom
Con sy hdi 1ty déu clia chudi vé fix) thi suy 1 hé qua cha tinh chat cla
chudi ham tdng quat:
Moi chuéi ham cé cde 56 hang la cde ham 6 lién tuc héi tu vé
mét ham lién tuc trong mét doan ndo dé thi chudi héi tu déu trén
doan dé (#). '

3.3. Binh ly Dirichlet 2

Ta da ¢6 dinh 1y Dirichlet 1, d6 1a mét didu kién di dé khai trién fix)
theo chuéi Fourier.

Dirichlet ciing da ching minh duge didu kién du téng quét hon sau
day, goi 1a dinh 1§ Dirichlet 2 (chiing minh tudng ty vdi chimg minh djnh 1§
Dirichlet 1):

Neéu;

1) Ham f(x) tudn hodn chu ky 2x, kha tich [-=, x].

2) Tén tai mét cach chia dogn |-m nf:

AT X <Xy < o <X, <X, ,; = 7560 cho trong mbi khodng (x, x;, ),
(i=12, .., n}) ham f(x) lién tyc va don dié¢u thi chuéi Fourier cua

f(x) héi tu vé ﬂ:"—);ﬁi—)_ Va e [-7 7] trong d6 flx*), fix) 1é cde gidi

han bén phadi, frdi ciia f(x) tai x.



Bdc biét néu x c [-ma] la mét diém lién tuc cria fix) thi chudi

Fourier cia f(x) héi tu vé f(x).

Thi du. Trong cAc thi dy da xét § 2.2 thi cAc ham ffx) déu thda mén
dinh iv Ihrichlet 2.

Cha 3

1) So sanh vdi didu kién dé khai trién f(x) thanh chudi Taylor thi didu
kién khai trién f{x) thanh chudi Fourier 14 réng rii hon nhiéu, do d6 chudi
Fourier duge ap dyng rdng réi trong cac nganh khoa hoc,

2) Ham f(x) thda min diéu kién 2) trong dinh 1% Dirichlet 2 goi ham
lign tuc va don didu timg phan (khac).

3) X6t khai trién Fourier cia ham flx) trén [-=, 7):

flx) = —+ Z(a cosnx + b, sinnx)
n=1

Ta tinh:

Jf (x)dx = I [?+ Z(an cosnx +b, sin nx)[*dx
- n=1

Theo cdng thiic b), (2.1) thi;

L f2odx %+ 3 (a2 + %)
fL

n=1

Cong thic nay goi la cong thitc Parseval, né cho cach tinh gia trj trung
binh ciia binh phuong e¢ia ham tudn hoan trong modt chu ky.

*3.4. Tinh kha vi vi kha tich clia chudi Fourier

Ta c6 thé ching minh: Néu f{x) va cac dao ham ciia né dén c&p m (m =
Dhéntye trén [- L, D va - D =D, FED = £, . £ (- D = £ ngoai ta
fix) ¢6 dao ham cp m + 1 lién tyc timg phan trén [- {, ] thi:
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< o ey .
13 Chuéi s6 Z[T] (lag i+15;, 1) hii g
k1

2) €6 thé dao ham ting s8 hang chudi Fourier eta fix) m 1dn 1rén
-4 11

Néu flx) kha tich Riemann trén (- £, 1] thi ¢é thé 14y tich phan timg so

hang chudi Fourier clia né trén doan nay.

*§4. CHUOI FOURIER DUGI DANG PHUC

Dimng s8 phite va cac cong thde Euler, ¢6 thd dua chudi Fourier cla

ham fix} trén doan [-%, ] vé dang phuc:

flx) = 52‘i+ E(a,1 cosnx + b, sinnx) (D

n=l
13 khai tridn theo chudi Fourier cia ham f(x) trén [-x,z).

Theo cac cong thiae Euler:

ein.:c + e—inx inx e—inx
C08RX = ——— 5inAx = -
2 2
Ta eo:
o inx —inx inx —inx
+e -] -]
fo) = 04 3 (a, St b, )
n=1 KA 25
132 mx b -fnx :
EZ (a, -tb;}+e (@, +iby,)

bat C,=a, —ib, C,=a,+ib, thi C, =C_, (C, (lién hgp phitc ciia C,).
thi:

fx) = ? += zc et 4 O, et (2
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Thea cae edng thue (5, (213 thi:

n n .
C,.= 1 [ fx¥eosnx - {sin na)dx = 1 JFlxye " dx
n T

L -

_ n ,
C,=C, = 1 Frxe™dx
n

(C., nhan duge i C, bang cach thay r bdi - n) do d6 céng thie (2} ¢é
thé vist gon:

1 ] N
flx) = — 3 Cpe™ (3)
2,7,
17 ;
Véi C.= = [fix)e "™ dx vic,=a,
n

£

Chudi (3) goi la dang phitc cta chudi Fourier (1) ctia ham f(x)

trén doan [-x, #l.
Thi du:

Khai trién theo chudi Fourier ham fix) = e* trén doan {-x, ).

Ta cé:
1" ) 1" )
Cn: - J‘exe inx g _ 0 Iex(l—m]dx
n n n—'ﬂ
. mn
_1 o1 -m)\ 1 (eI _ g Tginmy
r 1-in '_ﬂ (1l —in)
_ (—1)” n 2. CR 1% SR _— n
—m{e —e ™} (Vi "= e = cosnr = {-1)°).
—in
Do dé;
efoe ™ ® einx
fo= e §
2n - 1-in
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Ta ¢6 the dua chudi nay vé dang thue.

Xét sd hang dng véin va - n.

-1" il +(-nnE " (-1)" e 1 e 4 ni(e™™ - o)
i L+in 1+n?
= (-1)" Zeosnx - 2nsin nx
1+n?

Vay

1 T-e) 1 2 COS X — nRINX

o=t F —

2 a0 1+n

Chu §:

Tuong ty ta ¢o chudi Fourier dudi dang phite cia ham fix) trén doan
[- 4, &

nn

ol . I -
x) = L C. e C = 1 (x)e Ny w, =
n n E n l
¥

H =

*§6. CHUOI FOURIER TONG QUAT

Ta da xét bai toan: Khai trién ham f(x) theo chudi Fourier trong mot

doan nao do, nghia la chudi ma cac s6 hang la cac ham lugng giac:
1, cosx, sinx, cos2x, sin2x, ...

Bay gid ta xét bai toan téng qual hen: khai trién ham fx) theo mot hé
ham: ¢,(x), @,0x}, ... , ¢ (x}... trong mdt midn nao dé. Bai toan nay thugng
gap trong vat ly toan hoc.

5.1. Khéng gian Ly(a,b]

Trong dai 86, ta bist ring:
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Trong khong gian tuyén tinh L trén truong s3 thyc R, ta xac dinh anh
xag: L x L - R, nghia 13 anh cia mdi cép phén ti cé thit ty (f, ¢) L x L
&g, ¢) 1a mjt s8 thue, ky hidu (f, ¢), ngudi ta goi (f, @ la tich vé huong

ctia cdc phdn ti f, ¢ € L néu né théa mén cdc tinh chdt (tién 46):
DvioceLl:{f,p=(pp
2 VfeLl:(f, ) 20,(f, ) =0chikhif=0
VoL ViecR(Af, @) = Af, @)
Hvffop cL:(fi+fo = @+

Khéng gian tuyén tinh L frong dé cé xde dinh mét tich vé
hudng, goi la mét khing gian Euclide.

Bay gio xét hai ham £, ¢ kha tich (Riemann) trén [a, 5], ta goi chung la
tuong duong néu:

b
J(f -9idx=0
Cho 7 14 tap hgp cac 1dp ham tuong dudng (kha tich Riemann trén [a,
&]). Ré rang I la mdt khéng gian tuyén tinh.

Trong I, ta xac dinh s6:

b
f, 9= jfodx, Yoel (D

R3 rang sd nay théa mén cac tinh chét 1 — 4 clia tich phan vé hudng.

Véy {f, @) la mét tich vé hudng trong I va Rhéng gian tuyén tinh

Itrong dé cd xde dinh tich vé hudng (1) lé mét khéng gian Euclide,
ky higu la Ly = Lyla,bl.
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Chu §:

Khéing gian ctia cac ham s8 ma binh phuong kha tich Lebesgue trén la,
b], k¥ hidu L,la, 6]. RS rang ﬂz[a,b] 15 mdt khdng gian con cua Lyla, b]. Ta

bidt trong khong gian Euclide bat ky ta ¢6 b&t dang thic Buniakovsky -
Schwarz. '

(. o1 s (F.H2{p.p)2.
Ap dyng vao Lyla,b) ta co:

1

b b (b
[f(o).p(x)dx < [ i fz(x}dx] [ I:pz(x)dx]
4] 11 a

Cho mét khéng gian tuyén tinh L, ta £oi norme hay chudn cila F

c L 16 mét s6 thuc, ky higu |ffj théa mén cde tinh chét (tién dé):

D |f| >0, vf< L, |f| =0 chi khif=0.

2) f|= 121 |fl, VFeL vicR

3) |F+q <|f| + ol (Bét ddng thize Minkowsky).

Mét khéng gian tuyén tinh trong dé co xdc dinh mét norme goi

16 mét khéng gian dinh chudn.

Néu L la mét khéng gian Euclide véi tich v6 hudng (£, ¢) thi ham
1}(f,f) , ¥f € L, thda man céc tinh chat 1) -3) clia norme, do d6 né 1a norme

cua f trong L.

||f!| L= (f.F) ctng goi 1a norme clia £ sinh bdi tich vé hudng (£, ¢).
Vay theo dinhk nghia: norme sinh bdi tich v4 hudng trong L2 la:

Wl = [ifz(x)dx]%
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T tinh chal 2 cQa norme, suy va:

N I | L
) iy N
i

(b b L
U[f'(x) + :p(x)]zdx) < Uf'z(.r_rde * [jtpz(x)de

Cha L la mét khéng gian dinh chuédn.
Day (f) = L goi la héi tu vé f €L theo norme néu:

tim |f, 1], =0

n—
Pdc biés, (f,) L2 héity theo normevé f e L2 néu
I
)

b
Iim [ Jlfutx) - fix)] 2 dx} =0

Sy héi tu theo norme trong L, cung goi la su héi tu theo trung

binh binh phuong.

R4 rang sy héi ty déu cta mdt day ham kha tich kéo theo sy hdi ty
theo trung binh binh phuong cta day, nhung diéu nguge 1ai néi chung
khéng dong.

5.2. Chudi Fourier trong khong gian dinh chuin
Pinh nghia 1:

Cho L la mét khong gian dinh chuén. Ta néi réng chudi H+F+
wify ¥ o VAL f, ¢ L héi tu theo norme vé ham f € L néu day cdc téng

riéng crig chudi S, = f, + fr + ... [, héi tu theo norme vé f(x), nghia la:

”f—Sn”L — 0 khin o o,

Khi d6 f goi la téng cua chudi va ta viék:

fefi+fh+r . +f, +..
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T ddy, ta chi xét L laé mét khéng gian Buelide dinh chudn
W .= V6 P : norme cia fsinh béi tich vé hudng (f, ).

Dinh nghia 2:

Hai phén ti, f, ¢ ¢ L goi 1a truc gico néu (f, ¢) = 0

Mgt déy cde phéan tik ctia L: @, @p ..., @, ... g0i la mét hé tryc
gigo néu (g, @) =0, k=1 (k121 2, ..), goi la mét hé tryc chuén

né:

0 néu k=zl

{ = Gy = .
w0 9 H {1 néu k=1

. -
{8, got la ky hiéu Kronecker), nghia la ||(pi| =(p, )2 =1

Ré rang mat hé trye giao @, @, ..., ¢,

(pn” #0, (n=1,2, .0¢6 thé
dua vé hé tryce chudn:

Wi Way vy YWy, -0 VALY, = ﬁ L, n=1,2,.0
n

Ta biét trong mdt khong gian Euclide n chifu, mdt hé n vecteur trye
giao ta dge 1ap tuy@l tinh, hé dé 1a mét cd sé cia khdng gian.

Trong khong glan L, ta s& xét cae didu kién dé mét day phin tit cda
khing gian tao thanh mét co sd ciia khang gian.

Dinh nghia 8: Cho hé truc giao ¢y, ¢y .o, @, .. (U p, € L, ”lpn || = 0,

Vfclk, sé 5 - {f, @) goi la hé s6 Fourier cia f d6i véi ¢, hay thanh

Pre !

s * AT - . T
phan cua f dét véi ¢, va chudi:

S |

X —5 (oo,
n- 10|

goi la chudi Fourier cia ham f d6i voi hé (1). Néu hé (I) la trye

chudn thi hé 86 Fourier cia f déi véi ¢, la (f, @) va chudi Fourier

ctia f d6i vei hé (1) Ia:



S (9 )P
n I

Mét bai toan duge dat ra la: véi didu kién nao thi chudi Fourier cia
ham £ hoi ty vé £ hay c6 tdng 14 £ trong khong gian L7,

Khai ni¢m chudi Fourier clia ham £ d61 véi hi truc giao (1) trong khéng
gian L 1a md rong mét cach ty nhién khai ni¢m bidu thi mot vecteur 1a mot
td hgp tuyén tinh cla cac vecteur cia mét cd 8¢ trong mét khing gian
Euclile htu han chiéu.

Hé ham (1) théa man cac diéu kién dé chudi Fourier cla f hoi ty vé
cling goi 1A m{t cd sd cha khéng gian “vo s& chidu”.

D& giai quyst bai toan dat ra, 14n lugt ta ¢6:

Pinh Iy 1:

Néu ddy ham @, @p ..y @, ... la mét hé truc chuén trong khéng
gian L thi Vf ¢ L, ta c6 bdt ddng thite:

Stho? < 0= |f]?
=1

goi la bét ddng thitc Bessel.
Ching minh:

Theo dinh nghia cia norme va tinh chat cia tich vd hudng ta co;

2
YnelN O<

f—_é(f,ips)%'

(= S0 f - S0
i=1 i=1

=D - Lo
=1

Do d6 ta ¢6 bat dang thic Bessel.

Date = (¢, 9), G =1, 2, ..., n) thi bat ding thic Bessel viét duge dudi
dang:



'31 +c2+ +(, <{f, H

Cho n — = thi 1dng § v& trai bat ding thie nay 14 mot chudi dudng.
Chudi nay hoi tu v& v& phai ciia bat ding thic Bessel khéng phyu thude n.
Vay

of+ej +..+ck+.. <, D= |f|?
Bt ding thitc nay goi la bét ddng thifc Parseval.
Pinh nghia 4,
Mét hé truc chudn cdc phén ti ciia khong gian‘ L:
P P rer s P wone
8oi la mét hé ddy du trong L, néu Vf € L ta c6 ddng thizc Parseval.
ef veg .t +. = |2
vdi
e.=(f @) (n=12 .)
Pinh 1y 2,

Hé truc chudn ¢, @p vy @y ... (1) trong khéng gian L I mét hé
ddy di trong L khi va chi khi;

VfeL: |f-S,| -0 khins o
trong do
8, = ¢;0p CaPp v 030, (e, = (f, ghi=sl 2 ..., n)
16 t6ng riéng thit n ctia chudi Fourier ciia f 461 véi hé (1).
Ching minh:

vn e N, xét:



2

H
-5’ = |- £ou
i1

LA

khi n - =, v& phai cla dang thic nay dan dén s8: IFl? - €2, néu he (1)
i=1
14 ddy di. theo ding thie Parseval thi sd nay bang khing. Do do,

lim ff -8, =0

Ho-x
Nguge lai néu lim £ -S,| =0 th |f|?- €2 =0hay ¥ ¢? = IFI2
e i=1 i1

(dang thitc Parseval), theo dinh nghia, hé (1) 13 day di.

Tit dinh 1y 2 suy-ra néu hé @, @p ..., @, ... I& mét hé truc giao déy
du trong khéng gian L thi chudi Fourier cia f € L d6i voi hé do héi
tu theo norme vé f trong L:

f= ic,,[p,,, vai ¢, = 5o

=1 ”‘5’1""2

Bdc biét trong Ly [a, b] thi:

b
[ Fx), 9, ()
C. =2
b i
{I lpﬁ(x)dx]

va chuéi Fourier ctia f héi tu vé ftheo trung binh binh phuong:
L
b ?
lim| [(f-8,)%dx| =0
R o
5.3. Syt hdi tu theo norme ctia chudi Fourier theo cac day ham
dac biét c L,{a, b}
a) Chudi lugng giac
Xét day ham 1, cosx, sinx, cos2x, singx, ... (1) trong khéng gian L'z

{-r,x].
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Theo bd dé @ (2.1, dinh 19 2 8 mue trude vi chu ¥ sau §3 thi he (1) ia
mit hé trye giao ddy di Do dé chndi Fourier clia f e L.Q {-n,xl:

& e .
i + S (a, cosnx + b, sinnx)
nl

vl

m
a, = 1 {f(xycosnxdx (n=1,2, .. n)
Tr—T[

m
b, = = [flx)ysinnxdx (n=1,2, .. 1)
n

-n
12 hoi ty theo norme vé f

b) Chudi theo cac ham dic biét khac

Déau tién ta md rong khéi niém trye giao, Xét Lz [z, &} Ta goi cac ham
¢p(x), y(x) la true giao vdi ham trong lugng hay trong lugng p(x), (pix) > O}

trén [a, b) néw:

b
[@(xhpix)p(x)dx =0

Nghia 1a néu @) yplx) va yix) yr{x) 14 tryc giao theo nghia théng

thuong. Khai niém trye giao theo trong lugng khong 1am thay doi két qua
da xé1 § phan trude.

Sau day 12 mdt s8 da thice dae biét, trye giao theo trong hgng plx).

1y Cdc da thie Tchebichef

1
cos{nare cos xh
gn-1

T (x)=

tryc giao trén (-1, 1) vdi trong lugng
1-x
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T(x)Tm(x)d i} 0] néu m=n

I 2 .
-l néu m=n

2) Cde da thic Legendre

1 d*(x? 1"

Pix)=
2 n! dx”

triyc giao trén [-1, 1] v8i trgng lugng pix) = 1:

0 néu m=n

1
[Pa@P(xdx=] 2
-1

3) Cde da thitc Abel ~ Laguerre

F n n_—-x
Lyn=S20er)
n.

tryc giao trén {0, +oc) v8i trong lugng pix} = e™

fe L ()L (2)dx =

{0 néu m=n
0

1 néu m=n

4) Cdec da thitc Tchebichef — Hermite

2 2

22 il
e? d'e?

H (x)—T, dxn

2
tryc giao trén (-0, +20) vii trong lugng plx) = & 2

L 0 néu mzn

fe ? H, (0H,,(x)dx = ¥er

e néu m=n

Do tinh tryc giao cdia cdc hé ham trén, nén ngudi ta cling dat va&n dé
khai trién ham f € Ly [a, b] theo chudi Fourier cta cic hé ham do.
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Thi du:
Rhai trifn ham fix} = x* (-1 <x < 1) theo cac da thitc Tchebichef,

Gia stit: = FC, T (x)
=0

Ta céh:
1 ngm(x]

o 1
I dx:Zan
14—« n=0 1 y]-x?

Tn(x)Tm(x)dx _ ICn
- 22m—l

Dit arc cosx =t .

néu m=l, mz3

¢
ot X 3 3 R
Cp,= jcos tcosmidt = 1 néu m=1
1

néu m=3

X

dx =0 (ham 1&)

Vay x? = %Tl(x} + Tyx), x € (-1, 1),

*§6. TICH PHAN FOURIER

8.1. Ham kha tich tuy8t déi
Ham f(x) xdc dinh Yx e R goi la khad tich tuyét d6i trén R néu

[V ) tdx héitu
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Thi du:

sin LY

5 la kha tich tuydt déi trén R vi

fix) =

1+

s s Py
j | 511 LY |dx < I
-

.,1+x2 w 1+x

6.2. Tich phan Fourier

Cho flx) 1a mét ham kha tich tuyét déi trén R va khai trién duge theo
chudi Fourier trén [- £, 1]:
Lo

fay="0 4 Z(a coswyx +b, sinw,x), w, =
-l

vii;

f(t)coaw gt (n=0,1,2 .. n

I
=
r-.|—l
Jo—

{
f ftisinw,tdf (n=1,2, ... n)

e-.|»—-l

Thay e4c hé 86 Fourier vao chudi ta cé:

x !
floy= — ff(t)dt % Z If(t)[coswnt COSW,x + sinw, tsinw, x1dt
14 1l
= ——j fiOdt += 3 [f)cosw,(t - x)dt {(H
al -1 IE1'1:1—4T

+&

Theo gia thigt [if(x)|dt =k (k € R)

Do do:

1! 1 k ]
E?_I{f(t)dt < Q_I;l fior1dt < 5 0 khil = +e,

M A



Dat e, =10, w,= —.n=0.1,2 . \w, > Ukhil-» tx

Khi d6 16ng can lai eda (13 vidt duge:
1 - { 1 = !
n > Jf(r)(roswn(f -a)di == 3 A, _[f(t](‘()sw“(t - vyt .
! Tl i

L

Ta cot v& phai nhu téng tich phan c0a ham:

! j ftrcoswl(t — x)dt
T _w

trong [0, +=x}.

Vay cho [ — 4+ ta ¢b:
(2)

|

flx) = f o ey I fit)coswit —x)dt

i -t

Dinh nghia:
Tich phén ¢ vé phdi cta (2} goi la tich phan Fourier ciia ham

flx)
trén R.
Twang 11t nhu dé1 vai chudi Fourier ta cd;

Dinh I5:
Néu fla mét ham khé tich tuyét d6i trén R tai x ¢ R, tén tqi cdc

gidi han mét phia:
Ax-h)-flx ) . lim flx+h)-flx")

% fx), b
Akl S ik

thi tich phin Fourier ctia.f(x) héi tu vé hay bdng:

fix )+ flx')
2

Dde biét néu thém: f(x) la lién tyc va cé dao ham mnét phia tgi x

thita co (2):
Lk



vi: coswx(t - x) = coswicosws + sinwfsinwx nén (2) vidt duge:

fixy = 1 It‘oswxdw ;f(t)cuswtdt +
T -

o

ot o .
+ ! jsinwxdw If(t)sinwtdt (3)
T 5 o

w

Alw) = 1 | ft)coswede ; Blw) = z jf(t)sinwtdt {4)
L, e

thi:

flx) = J [fA(w)coswxdi + Blw}sinwx]dw {5}
]

Cong thic nay cho kbai trién cla f{x) trén R thanh nhitng dao dong
didu hda ma tén s8 bién thién lidn tuc tit 0 - +oo.
6.3. Tich phan Fourier cua cic ham chin va 1&

Né&u flx) 12 ham chén, tit {4), ta c6:

Alw) = ng(t)coswtdt , B =0.
o

Khi d6 theo (3), tich phan Fourier elia f1a;

fix) = 2 Tcos wxdwa (t)coswidt . (6)
T 0

Néu flx) 1& thi tusng ty ta c6;

fx) = g I sin wxdwa {t)sinwtdt (7)
Ty 0
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Chu y:

Né&u ham f(x) chi xac dinh trén (0, +) thi ¢6 thé kéo dai chan hoac 1&
fix) ra (-0, 0} v& ta ¢6 tich phan Fourier cha fix) dudi nhitng dang khac
nhau ctia ham flxy,

Thi du:
Khai trién theo tich phan Fourier

1 néu 0€x<1

0 néu x>1

D flo= {

Kéo dai chan, ta c6;

2 1 2% coswxsinw
fx)y= = Icoawxdwfcoswtdt = I —dw
T i ™ op w

Do do

1 néu -1sx<1
+oo :
ijﬁdm R

3 w 2

0 néu |xp1

Né&u kéo dai 1é ta c6;

ot 1 +oty - _
fix) = 2 [sinwxdw[sin wedt = 2 | sinwx(l - coswr) ,
T o h %o w

DA =e" x>0

Kéo dai chan ta cé:

2 +on +on b 2+m
flxy== Icoswxdw [e ! coswitdt = = f TR cos wxdw
T o -0 Tow +b
Kéo dai 1é ta c6:
g+ e g +o
flx) = = [sinwxdw [ e sinweds = = | 57— sinwxdw
T o o w+b

495



6.4. Tich phdn Fourier dudi dang phic - Bién ddi Fourier

Theo cac eéng thie Euler thi céng thae (5) vigt duge:

it e:'w:r e fwex i
flxy = _[ {A(w) + Bl — |
n 2 2
hay:
fix) =+ [ UAG) - iBGwie™ +| Aw) + Bl “iduw
=0
Prat

Flw) = tlAGw) - iB(w)]

Theo céc cong thie (4) ta co:

Fw)= [f(t)coswt - isinwt)dt = [ f(te “d

v

JT[A(W)-FIB(LU)]:F(w): I f(t)ciwtdt

Néu ky higu F(w) = F(-w) thi:

flx) = 1 j [F(w)et™™ + Fi-we fux I
an 5
+i' . e . 1] .
Nhung [ [F{-wie *d(w) = [ Flune™d(-w) = [FQw)e"d(w)
0 ] '
Do dé:
foo = L f Flw)e™*dw (8)
)= o I ;
Vit Flw) = _j f(be gy (9}
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Pinh nghia: Ham F(w) xdc dinh bdi (9) goi la bién d6i Fourier
ciea ham f(x) con ham f(x} xdc dink bdi (8) goi la bién d6i Fourier
nguoe cua ham Flw),

T cac edng thie & (6), (7) ta c6 cac cdng thice bién d8i Fourier ¢iia ham
chan va 18,
+an

4ot
F],(w) = E jf(t)coswtdt % f(x) = E IFP fw)cosurxdu:
b o b3 0

F.(w) = 2 j.f(t)sinwtdt , flx)= 2 jF}(;o)sinwxdu'
T A

{p: chan, f; 1)

ciing goi la cac bién ddi Fourier dudi dang cos va sin.
Thi du:
Chofix)=e®™ {a>0,x2

Bi&n d8i Fourier dudi dang cos ctia ham sé nay la:

Z*e

Fuy==[e “‘mswtdt:Jz%
Ty T a®+uw

duéi dang sin la:
F(w) = 2 f e™ sinwtdt =J§—;—Iﬂ—§-
T h T

Vie™ kha tich trén [0, +) nén:

2a ‘P coswsx

T g a2+w2

2t wsinwx
- —2—2dw=e_“ (x>0
Toga’+w
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hay

O

COS WX n

. zdw:_""" ax
na” +w Za
T wsinwsx T ax
[ gdw=ge
0 a tw 2

Céc tich phan nay goi la cac tich phan Laplace

Chua y:

Theo trén bhién déi Fourier F(w) clla ham ftxy duge xac dinh t phuong
trinh:

i

1 L
= — [F L
flx) . _L (w)e L
v nghigm cla phudng trinh nay la:
Flw)= | f(tre™™dr

Phudng trinh trén goi 12 mot phuong trinh tich phan dang ddn gian (dn
bam nadm dudi ddu tich phan).

*§7. AP DUNG CHUOI FOURIER VA BIEN BOI FOURIER
VAO VAT LY TOAN

7.1. Bai toAn dao ddng ctia day

Déu tién ta quy udc day 1o mét ed the ma do dai co thd gian 1a duge so
v0i cac kich thude khéac va o6 tinh chat dan hdi. Ta sé giai bai toan:

Che mdt s¢i day cang gitta hai diém va xét sy dao déng clia day.
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Dé duge don gian khi giai bai toan ta dita va cac gia thidt sau:

1) Day déng chat c6 mat d6 khéi lugng (dai) 12 p = const, ta cang day
gita 2 didm A, B trén tryc Ox ctia hé toa d6 vuing goe xOu, & irang thai cn
bang phudng clia day tring
vdi phudng cha tryc Ox
(H.205) U

2} Ngoai Iyc tae dung vao
day chi la Iye ngang cé
phucdng song song v6i truc Ou

X B
vA c6 mat do 13 mdt ham s§ : 4 -
cua x va thoi gian ¢: glx, £).
3) Dudi tae dung ctia lye
ngang day dao dong nho va Hinh 203

Judn ludn & trong miat phing xOu. Dya vao cac gia thiét nay, trude hét, ta
lap phudng trinh dudng udn cha day. Theo cac gia thidt nay phudng trinh
dung usn cha day tai thoi diém ¢ s& ¢6 dang u = uix, ).

Xét mt doan diy kha nhd tuy ¥ [x,, x,], dit x, — x, = dx (H.206) ta thdy
cac lye tac dyng vao doan day nay gdm:

Lyec quan tinh 5, Idc ngang } va lde cang 'T-:, theo nguyén 1y
D’Alambert thi:

RQ+F+T =0 (1)
Vi phudng trinh dudng udn cia day tai thdi diém ¢ c6 dang u = u(x, £
nén hé s8 géc cua 1iép tuyén tai mot diém trén day sé 1a:
2
tga= 2% va gia t6c ciia 1 didm trén day s31a %
o . at?

Do dé, theo gia thidt 1) lye quan tinh 5 ¢6 d6 1an 15
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.2
p.dx, %t; , theo gia thigt 2) phudng cla né song song véi Ou, cing theo

gla thlct Z) hie ngang F cé dd 1dn 14 gz, Hdx. Vi doan [x,, x,] kha nho nén
coi: T T(xg) T(xl) Chiéu (1) 14n lugt xudng Ox . Ou thi ta cb:
0+ Tcoscx| - Tcosa| . +0=0 ]
X'Izz I—xl
6%u . \
-p.dx. -6? + Tﬂlnﬂtlx:xz - TsmotlJr=J|51 +glx,tidx =0 (3)
trong dé: T = | T {.

Vi

1 . tgu
COBQ = ———0  ging =

1+tg%a 1+2tgx
N Ji+tgha

cr 1 . . d 2 ,
nén theo gia thiét 3) ta coi duge cosa = 1, sina = tgo = % da dé dang thiic
a
{2) viét duc:

-T| __ =0 hay T(x,) = T(x,)

Ix- EN x=x

nghia la d6 Idn cua lye cang khéng ddi theo x, mat khéc day 6 tinh dan hdi,
theo dinh luat Hooke (7' = kx) lyc ciing khéng ddi theo £; nhu vay T= T, =
const.

Do dé:
Tsina| —Tsin o:l = TD('a"‘Ii —-a—u
X=Xy X=X o ey, Ox e x,
Pt x, = x thi
CAI
ax x-'-x.z ax x:xl 2

(theo cdng thie Ay = dy).
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Luac dé

2
Tsina‘ _ —Tsinal =Ty a—udx.
x=x; L & 8x2
va dang thic (3) vigt duge
8%u u
- pdx Tﬂ ~a—dx + g(x t)dx 0
hay
%u %u
—=a dx +Gixt) (4)
a? ox?

trongdé a= 1’%, G(:u_c,t)=ﬂ:€:;’--ti

Néu G{x, t) = 0 nghia la khéng cé ngoati lye thita cé:

a*u 2 3%u
Yt _a

—— dx (5)
ot? o2

Hinh 206
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Cdc phuong trinh (4) va (5) vita lgp dé xdc dinh phuong trinh
duong uén hay dé léch cua day tai mét thai diém trong truong hop
c6 ngeqi lue va khéng ¢é ngoai lyc goi la phuong trinh dao déng
cudng biic va dao déng ty do ciia déy, ching khéng phai la phuong trinh
vi phéan thudng ma 12 phuong trinh vi phén cé chita cac dao ham riéng goi 1a
phuong trinh vi phdn dao ham riéng, vi néi dung gén lidn vdi cac bai toan
vt 1y nén nguai ta ciing goi chung 1a cac phuong trinh vat Iy toan hoc.

Cac phuong trinh nay duge 1ap tit thé ky 18, nén thugce loai cac phuong
trinh vat Iy ¢ dién, ching né rat nhidu img dyung trong thye tidn.

DE xét dao dong clia day, ta phai dat bai tosn d€ giai cac phuong trinh
db. '

Ta chi xét trudng hgp dao ddng ty do nghia 13 xét phuong trinh (5) va
gia sit day d6 dai /, gin chit cée ddu x = 0, x = L. Vi déy gén ¢hiat cac ddu
nén ta phai dua vao didu kién.

ul

o =0 ler:I =0 ()]

Ngoai ra phai cho d§ l&ch va t8c d6 ban d4u cia day:

ul, o=t 2 R @
=0

Vay d8 xét dao dong ty do chia day gén chat cac ddu ta phéi giaj
phudng trinh (5) théa man cac diéu kign (6) va (7). Ngudi ta goi didu kién
(6) va (7) Ia bién kién va sa kién va bai todn (5), (6), (7} goi la bai
todn hén hop d6i véi phuong trinh dao déng ty do cda diy.

Ta s¢ ding phuwong phép tich bién 56 va dp dung chudi Fourier,
cung goi la phuong phdp Fourier dé gidi bai todn nay.

Ta tim nghidm cia (5) dudi dang:

u{x, 1} = X¢)T(® (8
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Dao ham thay vio (5) ta cé:
XT" = X°T hay — L0 _ X )
a2 Tty X(x)

Ding thie (9) ¢6 v6i moi x va £, ma vé& phai chi phy thude x, v& trai chi
phu thudc ¢, de d6 2 v& phai cung bang 1 héng s

T"(t) - X"{x)

;_2. T " S, =€ (€= const)

hay
X"(x) - CX(x) = 0 (10)
() — Ca’T(t) = 0 . (113

Dé 1a 2 phuong trinh d8 xac dinh X va T.
Bay gid cho (8) théa man diéu kién (6) ta dudc.

u_o=XOT® =0, ul _,=XOT®)=0

Do dé X0=0,X=0 (12}

Nhu vay X phai 1a nghig¢m clia (10) vdi bign kign (12).

Bai toan nay vdi moi C, ¢6 nghigm tAm thudng X(x) = 0.

Ta tim nghiém khéng tdm thudng nhu sau:

Phudng trinh dae trung cta (10} 1a: 22 - C=0.

Xét chc trudng hgp c6 thé xay ra:

a) C = x> 0, lie dé k = £ % va nghiém téng quat cua (10) la:
X(x) = Ce™ + Cpe™*

Cho thda man {12) ta c6 hé:

CL+C; =0
CieM +Cre™ =0

—

Vi =0
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nén hé nay c¢6 nghidém duy nhat: C, = C, = 0, do d6 X(x) = O tie la
trong trusng hgp nay bai toan cing chi ¢6 nghigdm tdm thuong.

by € =0, lac dé (10) vidt duge: X" =0suyra X = C, + Cox theo (12) ta c6
C,=C, =0 va X(x) = 0, nghia la trong trudng hgp nay bai toan lai ciing cé
nghiém tdm thuing.

0 C= -7 <0, luc d6 k = + A va nghiém tdng quat ciia (10) la:
X(x) = Cicosix + Cysinlx.
Cho thoa man (12) ta ¢6:
XO)=C, =0, X(H=Cusinid =0
Gié st C, = 0 (vi néu khéng thi laj chi ¢6 nghidm tAm thudng Xtx) = 0)
thi sindid =0 hay M =kn (k = 0, £1, £2, ...) suy ra; A = % nhit vay % phy
kn ; kn 2
thuge k, ky hidu 2 =i, = T lic d6 € = - 32 =- [TJ va ta duge nghiém:

X(x) = C,sin kT""

Ta thay X(x) phy thudc &£ nén dat €, = A, va ky hisu:
X=Xk=AksinkTﬂx (13)
Ta chi 18y & 1a cac s6 nguyén duong: k = 1, 2, ... vi & < 0 thi do AL la

héng 8 tiy ¥ nén nhap diu trit vao 4, ta lai c6 & > 0, cdn & = O thi X, =01la
nghiém tam thudng.

Khi k=3, = %E thi T(t) sé phu thude £, ky hiéu T(¢ = T, () va (11)
viét duge:

2
Tr(t)+ [k%] T =00 C =-25)

N



phudng rrinh nay ¢6 nghidm téng quat la:

krat kuat

T.(¢§) = Bcos + Dysin

{14

B, Dy 13 cac hang s0 thy ¥.

Theo (8), (13), (14) thi u s& phy thude &, dal u = u, thi

krat + Dysin _k:r;zt 14, sin fenx

w(x, t) = {B,cos ;

dat a, = A, B, b, = A, D, (ciing 12 nhiing hang s6 tay §) thi

krat |}, sin k—l"ﬁ) sin F2% Q5

uylx, ) = (a,cos ;

k S Qs e e s . s . " -
8o = TR go1 la gia trj riéng va nghiém u,(x, £} goi 14 ham riéng caa

bai tean (5), (6) né bidu didn dao déng tuong img cla day, goi 1a dao dong
riéng.

Nhu vay dao ddng cia day gdm vo s6 dao dongrieng (vik =1, 2, 3, ...).
DE xét toan bd qua trinh dao dong ciia day, ta phai xét chudi:

Fknx

uplx, 1y = > ( apeos krat + b sin ;k%{lt') sin - (16)

k=1

D& dang thdy ¢16) thoa méin (5), (6) néu chufi hdi ty déu va dao ham
dutge hai 14n theo x va ¢,

Bay gid ta xéc dinh cAc hiing s6 tiy ¥ a,, b, thi tit sg kién (7, ta cé:

ot
ul,_, = Tapsin 2 = py
N k=1 4

i



Gia sit cac ham fix), F(z) khai trién duge theo chudi Fourier trong

khoang [0, {] thi cac ding thic nay ching to g, va krat

by 14 cac hé s6
Fourier trong khai trién ham f(x) va F(x) trén [0, I|.

Do dé theo cac cong thite xac dinh hé s8 Fourier thi:
2
4

a, =

Iy i
If(x)sin Hﬁ dx; b = —?— IF(x)sin k—ni dx (17
0 { kna ° ) _

Tiichi ¥ 3, § §2, ¢6 thé chimg minh réng:

Néw:

1) Ham f(x) cé dao ham lién tuc dén cép hai, cé dao ham cdp ba
lién tyc ting phan trén {0, I] va £(0) = f(D), £70) = /1) = 0.

2) Ham F(x) c¢é dgo htm cd@p mét lién tyc, ¢6 dao ham cdp hai
Iién tuc titng phdn trén [0, If va F(0) = F(I) = 0 thi ulx, t) xdc dinh béi
chudi (16} trong dé a, b, xde dinh boi cde cdng thie (17) la nghiém
cua bai todn (5), {6), (7).

Béy gig xét dao dgng thit & clia day ing vdi ham rigng

uy, = (g cos krat + by sin krat ) sin flﬁ
ham nay cé thé vist
u, = F.sin fiﬁ sin( k’;‘” + o) (18)

Trong d6 F, = yaf +b% , @, = arctg:—k , @, b, xéc dinh bdi (17).
k

Tu (18) ta thay: dao dong rigng thit & clia day 12 mot dao dong didu hoa

vdi tdn 86 w, = k% pha ban dau 12 g, va bién do phy thuge x; F,sin k_;u_ .
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Thi du:

Xét dao déng ty do clia day ¢ 46 dai ! = 1, gin chat cac ddu  x = 0,
x =1 va d6 léch ban dau cho bdi:

x néu (_]SJCSl
|t = flx)= 2 (Hauom)
i-x néu —<x=1
2
7
|
I
I
!
g fé i X
Hinh 207
Vaa ot xa . du
Cdn thc db ban dau: — =F{x}=0
=0
Theo (17) ta cé: b, = 0.
1
2
ay = 2[‘[ smkﬂxdx+[(1 x)sin krxdx
)
é
1 1
q 2
s coskm| ICOSkmd +(1_x}coskm| —jCOSkmdx}
k1 |() 0 kE x i 1 kxm
: 3
S P CH T 1]
= WSIH Y kzﬂz Sl R X
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=2 ‘i11E+ sirlk—nl" ! 51N
B ST TR I ENE
1M
L&ﬁ néu k=2m+1, m=012..
=12m+1)¥n
(4] néu k=2m, m=12..

Do dé theo (16) ta eb:

an _ s3]
ulx, t) = Z D 5 — —sin{Zm + 1)rx cos(Zm + Vinat
2 00 (Zm +1)
" . 1 . 1
Theo sd kién khit=0,x = 3 thiu= 7 do d6 ta suy ra:
2 m
1 ® 1 n i -1
Z - ) hay = _.g)—z
2 0(2m +1)° 8  aco(Cm+1)

Tit cdng thiic nghidm ta thay di 1éch cye dai khi:

sin(2m + Dmx = 1, cos(2m + Dinat = 1.

hay le_—w}t=0:
2
Um“: 12_‘;(_: l
= 8 2

Nhu vay dd 1éch cye dai khi dao déng cling bang dd 18ch ban dau.
7.2. Bii toan truyén nhiét trong thanh

Ta quy udc thanh 1la mét s6 ¢d thé ma cac kich thude khac 12 nhd so vai
chiéu dai cia né. Ta s& giai bai toan: cho mot thanh nao d6, xét syt truyén

nhiét trong thanh dé. D& giai bai toan duge don gidn, ta dua ra cac gia thidt:

1) Thanh ddng chat, mat do khoi lugng (dai) ta p, hé s¢ truyén nhiét 13
&, nhi¢t dung 14 ¢, ti€t dién ngang cta thanh 14 s 12 nhitng dai lugng khéng
dai.
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2y Pat thanh tring véi
mot doan trén tryc Ox cha hé u
toa dd vudng géc xOu (H.20m).

3} Trong thanh ¢é ngudn

nhié1, mat dd phy thudc x va ; T T ? |

thdi gian ¢ Flx, £) v& mit bén
cta thanh 14 cach nhist.

_ ) . Hinh 208
Goi u 1A nhiét dd cna

thanh thi « s& phy thudc x va thoi gian ¢:
w=ulx, .

Theo ¥ nghia ed hoc cia dao ham thi tdc d6 truyén nhist theo truc Ox

) TR c s - .
sé la: —6% Dya vao cac gia thiét trén, 44u tién ta lap phudng trinh dé xac

dinh u. Xét mét doan kha nhé (x, x +dx] theo nguyén 1y can bang nhiét thi:
bi€n thién nhiét lugng ena doan thanh bang tdng nhist lugng qua doan
thanh va nhiét lugng do ngudn nhiét phat ra trong thanh. Ta xét mét
khoang thdi gian kha nhd df thi:

Bién thién nhiét lugng etia dean thanh trong thii gian 2¢ la:

-
Gl dt

ulx, t +df) - ulx, )

i’

va nhiét lugng cAn thiér dé c6 su bi€n thidn dé 1a:

Ou
— dt.
cpdx o

Theo dinh luat Fourier nhiét lugng qua thiét disn tai x trong thdi gian
dt la:

_ g =0
o
va nhiét lugng qua thi€t dign tai x + dx cling trong thai gian df la:
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- KS Julx -fdx_::_) dt

£

du dé nhiét lugng qua doan thanh trong thdi gian 4¢ la:

2
[6rt(x+dx,t) i Bu(x.t)]df N Kgi—x-;dxdt.

fony fosd

KSs

Cudi ciing nhiét lugng do ngudn nhidt phat ra tit doan thanh trong thai
gian df la: Fdxdi,

Vay thec nguyén Iy caAn bang nhiét, 1a cé:

42
ends 2t - kS Y qrds 4 Fodedt
& a2

hay
du 282u
—=a'— * t} 1
2 an? g(x (1
trong doé: a = E, g:iF
cp cp

Ddc biét néu khéng c6 nguén nhiét g =0 thi ta cé:

du 3%

e Sl 2
6taax2 2)

Cac phuong trinh (1) va (2) vite Igp dé xde dinh nhiét dé u cua
thanh goi ld cde phuong trinh truyén nhiét trong thanh trong
trudng hop cé nguén nhiét va khéng cé nguén nhiét. D6 la phuong
trinh dgo ham riéng, ciing la cdec phuong trinh vét Iy todn thuéc loai

¢ dién.
Bay gi0 ta dat bai toén dai vdi ede phuong trinh dé.
Xét trudng hgp thanh ¢ A8 dai , 0 < x <7 va 2 diu cla thanh cach

nhiét.
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Vi 2 dAu clia thanh cach nhidt, nén t6e do truyén nhiét theo hudng cta
trie Ox 12l cde dAu dé phai bing khéng, nghia 1a ta phai dua vao bign kién

Ju du

dx

, —| =0 3
» ™ (3}

x-1

Ngodi ra con phdi cho nhiét d¢ ban ddu cia thanh nghia l& phdi dua

vao sof Rién:
ul,_, = flx) €l
Bai toan tim nghidm clia phuong trinh (1) hogic (2) théa man bién kién
(3) va sd kién (4) goi 12 bai toan hdn hop &) vdi phuong trinh truyén nhigt.
Ta sé dung phuong phap Fourier dé gidi bai tean nay treng trudng hgp
khéng cé ngudn nhiét.
Tim nghiém caa (2) dudi dang;
Ulx, ) = X(0).Tt) )
Dao ham, thay vao (2) ta cé:
T(HX(x) = a* T X (x)

T  X"(x)

hay =
a?Ty  X(x)

vdi moi x va £
Déing thic nay chi xdy ra khi 2 vé ciing bing mdt hang sb c.

_,I_"(i_ - X"(x) =0
T X(x)

T - ca’TW) =0 ()

X' - eX(x)= 0 (7

ol



T (6 1a eor Y = Ae™ ', A |3 hang s§ 1ty . Nhigt d6 cta thanh

khong thé tang voé han khin - o nén chi co thé lave <0, dat ¢ = -7 ta co:
952,
Tty=4A e " " (8}

va lde o6 phudng trinh (7) viét duge: X"(x) + A’X(x} = 0. Phuong
trinh nay ed phuong trinh dac trung la: k¥ + ¥ = 0. Suy ra & = + {2
va X(x) = Beoshx + Dsinkx (9). B, D 1a nhitng hiing sd tay ¥.

Theo (53, (8, (D) ta cb:
Ulx, By = et (ocosha + Psinix). (10)
- trong do « = AB, } = AD 1a nhitng hing s6 tay y.

Bay gid che (10) théa man bign kién (3) dé xac dinh %, ta c6:

Eff- = ¢ UMt Loasinia + Bhcosix),

o

Sul gy Bi)=0

ox x .0

S~ ¥ Cansinkd + Prcoshl) = O
oxl, .,

suvraB=0vasin(Gdy=0hay M =kr k=0, £1, ...

Do d6 i = l:_n nhtt vay A phu thudc &.

K¢ higu % = %, = kTR le d6 (10) vidt dude:

Ulx, t)=acos£f£.e (11)

Ta thay u phyu thudc &, datu=U, vaa = a,.



Ta co:

Udx, ) = a, .cos

Tachilay k=10, 1, 2,... vi o, 1a hiing s8 tuy ¥.
Vay ta sé duge vo s8 nghiém rigng U, ca bai toan, dé xét toan bd qua
trinh truyén nhigt cta thanh, ta xét chudi:

)2

a2,

U, ty = Y ap cos kmx
k=0

. e

(12}
(iia st chudi nay hél ty déu va dao ham duge timg s6 hang mét 14n dai
v3i f va hai 1an d6i vdi x thi né théa man (2), (3)
Bay gid cho (12) thoa man so kién (4) d4€ xéc dinh a, ta cé:

2 k
U|t—0 = Sy P pudind = flx) (13)
= 4

Gia st flx) khai trién dugc theo chudi Fourier dudi dang cos Lrong
khoang {0, I] thi dang thue (13) chitng 13 a, chinh la hé s& Fourier trong

khai trién dé.

a, =

1
%jf(x) coa??dx , k=0,1,2, ... (14)
7]

Co thé chitng mink néu f(x) khai trién dugce theo chudi Fourier
dudi dang cos trén [0, 1] thi nhiét dé cia thanh tai diém x va thoi
diém t bat ky diutoc xdc dinh bdi céng thic (12) trong dé a, duge xde
dinh béi céng thite (14).

Thi du:

Xét sy truyén nhidt trong mdt thanh d6 dai I 0 < x < I hai diu cach

nhiét, nhiét 46 ban ddu la:
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Uy nél Osxsi
u,  =fx)= 2 dirzow

¢=0 1
0 néu ~<x=l
2
4L
Uy :
|
)
a Z/Z 4 x
Hinh 209
Theo (14) ta cé:
L
2
ag = EIUudJZ=HD
Ly
2% knx (—l)m—z—u—@—— néu h=2m+1, m=012..
ay = —I-!M()COS—I—dxz {Z2m +)x -
e 0 néu k=2m, m=12...
Do d6 theo (12) ta cb:
. wg 2up © ” cosm —<3m+12):2¢?:
u,ty= 204250 s L o
2 n mzzo 2m+1 €
Suy ra:
]
“L:é. )
{2m + 1)

vdi moi t (vi cos = Q). Khit—;wthiu—»%
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Thyc t& sau mot 1hdi gian kha dai thi nhiét d6 cia thanh bang nia

nhiét d6 ban dau.

7.3. Phudng trinh Laplace
Ta d& xét cac bai toan dao dong clia day va truyén nhiét trong thanh

biéu thj bdi cac phusng trinh
2 2
g = a? Z:r—r; + g(x, £).

23

Q

2
=a? % gt

2|

Cac phuong trinh nay clng goi 12 phuong frink dao déng va truyén

nhiét mét chiéu (trén dudng thdng).
Tudng ty, néu xét bai toan d6 trong mat phing va khéng gian thi s& di

dén cic phudng trinh.

a2 2y 8%

(T gm0 M

52 62 82 2

—g-aC g+ P +5) +Ew Y 5 ) @)
cu 2 %u 2%u
il (—~—+—) + glx, 0, 1) (2)

x

du ?u 8% %u ,
Rl i ay‘; =5 ) + 85y 5 D) (2)

Cic phuwong trinh (1), (I}, ((2) va (2°)) goi Ia cdc phuong trinh
dao déng hay phuong trinh truyén séng (phuong trinh truyén nhiét)
trong mdt phang va khéng gian. Néu nghién ciiu cic bai toan trén, trong

trang thai dimg (khéng phy thude thdi gian ¢: = 0} va trang thai ty do



glx, y, ) = 0, glx, v, 2 ) = 0) thi 1 cac phuong trinh (1), (2 va (19, () 1a

¢O: cac phuong trinh:

2%u  %u
A = — 5 = [
da Y

Cdc phuong trinh nay goi la phuong trinh Laplace trong mdt
phing va khéng gian.

Sau day 1a sé xét mol bal toan don gian déi vdi phuong trinh Laplace
trong mat phfmg_

Tim sy phan b nhigt 46 trong mit dia tron, higt nhidt 46 trén bién cda
dia (trong trang thai dimg).

Ve toan hoc ta phai giai bai toan:

Tim ham urx, 3} thoa man phuong trinh:

2 52
A = .a_u.'.g =0
ox? Byt

trong hinh tron ban kinh a (1) va diéu kién biédn: u = { trén bién caa

hinh tron (2).

Bai todn (1), (2) goi la bai todn Dirichlet trong (cing goi la mét

bdi tadn bo déi vai phuang trinh Laplace 2 chiéu).

Ta biét trong 1y thuyét trudng, ham « théa man phueng trinh Laplace

(1) goi la mét kam didu héa.

Ta s& ding phudng phap tach bién Fourier dé gidi bai toan (1), (2.

ol



Ta hiét phudng trinh (1) trong toa do cue (¢, @) goc cge 0 14 tAm hinh

trom, ed dang:
18, du. 1 &%
A= —=f{r—)+—""=0 3
u rar(rar“rza(p? 3
Tim nghiém cba (3) dudi dang:
ulr, ¢} = R{ryD{p)
Thay vao (3) ta duge:
O+ Db =0 (4)
d  dR -
—(r—)-MR=0 i)
r dr(?‘ dr) (5)

nghiém cua (4);
Bip) = Acos \/;\_ ¢ + Bsin JA_ @
Chu ¥ rang:
u(r, ¢ + 2m) = u(r, @)

Do d6 d{p + 2r) = D(y), nghia la Olp) 1a ham twdn  hodn chu ky 2n.
Vay ta chi c6 thé iy J)_ =n{n e Zyva ®ig) =P (p) = A cosng + B sinng.

Tim B(r} dudi dang: R¢) = 7%, thay vao S) ta duge nf =p’ hay p=+n
(n> 0.

Do da Riry=Cr°+ Dr-", C, D = const.

Ta chi ¢c6 thé 14y R(r) = Cr" (4 = +n) vi r *-» w khi r = 0, nghiém tim
dugc s& Khong bi chin.

Nhu vay nghidm riéng ctia bai toan 1a;

on
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w,(r, @) = r'{Acosny + B sinng) vdi r < a.
VA

ulr, @y = 3.r%(4A, cosng + B, sin ne)
n=0

ciing 1a nghiém cha bai toan néu chudi héi ty déu,
Pé xac dinh A, B, ta ding didu kién (2).

ula, ) = Ea" (A, cosng+ B, sinng) =f (6)

=0
Xét f= F) gia sit khai tridn duge né theo chudi Fouriet:

flp) = 0;—0 + E(an cosn@ + B, sinng) (M

n=1
vdi:

oy = -3; [flpde, o, = % [f@)cosnpde
Bu= [ F@sinnode ™

So sanh (6) va (7) ta cb:

A, =20 4 =%n anf'ﬂ.
2 a® a®
Vay:
a 2(r\"
wir,p)= -2+ % —] {a,cosng + B, sinng) £:)]
2 ,pa

C6 thé ehiing minh néu fla mét ham lién tuc va kha vi thi chudi

(&) héitu khirv <a.



Vay né 1a nghiém ciia bai toan (1), (2).
Cha v:
Né&u thay o, B, duge xac dinh bdi (7" vio (8) va bién ddi ta sé duge

1 " a2 - ?2 d
L) = — t g ©
ulr, @) 2n _ju e )r2 ~2ar cos(p-t) +a®

Tich phén (9) goi la tich phan Peissen. Khi r = a (9) khéng xac dinh,
tuy nhién

hm u(r, @) = flpo)
soe0

Vay tich phan Poisson 12 lién tyc trong hinh tron déngr < a,

Tém lai, ham:
n 2 2
_ ijﬂt) s 5 dt khi r<a
w(r, @) = {2n ° r - 2arcos(p—t)+a
e} khi r=a

théa méan phuong trinh Au = 0 va lién tuc trong mién déng r < a,
nghia la né la nghiém cta bai todn Dirichlet (1), (2) (nhu da biét do

la mét ham diéu hoa).

Co thé chimg minh, tich phan Poisson cho nghiém cia bai tean (1) (2)
chi vdi gia thiét fp) 1a lidn tye.

7.4. Ap dung ctia bi€n d48i Fourier

Ta da ap dung chudi Fourier dé giai vai bai toan c¢d ban trong vat ly

t0AN.
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Ta clng ¢6 thé ap dyung bidn déi Fourier dé giai mét s§ bai toan vat 1y

toan hoc khac.
Thi du:
Xét sy truyén nhiét trong thanh nita vé han biét nhiét dé ban ddu cla

thanh va nhiét 46 tai ddu hitu han cia thanh 13 khéng d6i (khéng ¢6 ngudn
nhiét) v& toan hoc, ta giai bai toan:
Tim ham ulx, t) théa man phuong trinh;
2

%:J"a—“, £50,t>0 (1)

el
vai didu kién ban ddu ulx, 0) =0, x >0 (2) va diéu kién bién u(0, t) = u,
t>0. (3)

Ta c6 thé chitng minh: néu = 1a nghiém cia bai toan (1) — (3) thi bién

ddi Fourier dudi dang sin ciia u:
_ 2 :
w;, = u(w, =, J— ju(x,t}sm wxdx {4}
[}

la nghiém cfta phudng trinh vi phan thudng.

du.

d_; =a’(w. J%ug - wzu,-) >0 6]

théa mén didu kién ban dau: u,(w, 0) = 0 (8) vai didd kisn: u c6 cac dao ham

w, 1" trong [0, +c) va u, o', «” kha tich tuyét d6i trong [0, + ) (7).

Nghiém cia (5) thoa man (6) la:

uw, ) = F 26 (1wt
T W

Thea cong thiic bign dai Fourier nguge, ta cé:

20

1]



k=4
cwlalt . diw
uix, )= Zuy [ e £ sin wx —
w

0
Hay
ufx, t) = u(,(l—; j e W gipy wxﬁi—)
w

T

= du
| sinwx— =
0 [ 23

[N ]

R6 rang ham (8} thoa man cac didu kién (2), (3). Vay né la nghién; cua

BAI TAP

1. Tim t8ng rieng 8, va tdng S (néu ¢6) clia cac chudi

1 1 1
1) + +
123 234 345
n 3.8, Tz’% N
4 36 n{n +1)
1
3 Z( n"
n 2 n? -1
® gk _gn
p 23
PR
2r|—]
*5) Z ,x=t 1l
n 11 -x?%

bai toan (theo ndi dung vat 1y cha bai todn, ta ¢ thé gia thi€t ham u thoa

man (7).
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2. Dung dieu kign Cauchy xét sy hdi ty cla cac chudi

nyi
n=17
2) l+l—l+—1——l+
2 3 4 5
3) 1 1
V1 2 \4' 3 Jn(n+l)
1 1 1
DT+—=+—"F+..+—+...
27 42 n?

3. Xét sy hdi ty clta cac chudi

21,2, 1,2,
) —+—(=)+...+= (=" +
)5 2(5) n(S)

2 3 4 n+1
2y —+=—+—+..+ +
3 5 7 2n +1
3) ( 1)n+] N
T J_ ’U_ 4o
1 1 1 1
4) =+ —+—. . +——t
2 52 8277 (@n-1?
142
5 E:(n)
nlzn
z2n-1
6)
Z(f}“
z258.03r-1)
» Z:1159 {dn-3)
8) Z

"= l(n+1}



nn—l

%g) ZJ:

5 FT
U 2n“+n+1)°®

10) nzl( 2n — 1

1D z(n l)n(n i)
n=l I

“12) 2 +92- 42 +y2-y2+42 +..

il n+1
ao1(n+ D2 + 2

© 3
14 T —

n=1¢€

= (1)
19 n;l(zny

16) Y arcsin L

n=1 J;

17 Zln(1+~)
n=1
= 1

18} _
nonlnrin(ng)

19}
b
20) Z(l cos—)
=1
21) Z—
n= ln
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PR

" l n"
hl 1
n=2 (N Ina}

*23)

lnn

*24) Z !

n ln

) mn

!
- . ni.x

a X+ @) 2x+ax) {nx+a,)

x>0,a,>0,a,>a,a=x.

$ V!
S VE V)24 R)

*26)

27 Z

n=2 nln* n

P>1

28) z

In n!

Slll x

29) zj

n=10 l+x

1

*30) T (n-t -1
r1

4. Xét sy hi ty tuyst dai, hai tu ¢é didu kién cua cac chudi
{ ])n 1

1 ZT

oL n-1
2 3G

n=1 n

2n+1
3) =2
nzl( ) nin+1)



1 Z(_H” _..__".1_'."1—

I'E | (n+1n+1-1

e

s
r 3(ln 10"

o)

&) i(_l}“ Inn
ri=1 n
NESSS BN SN S
V2-1 2er E-r 3
1 1 1 1 1
8)]__ PR — ' = p——
P L
*9), Tsinn?
n-l
S NS NN SO T T
3P 2P sF 7r 9P

*5. Xét sy hoi ty cha cac chudi

- . a + o no_
1) Tong cua Z] nn: Z( L on
n=l 3 n=l 3"

. - o0 'I (a3 l
2) Hidu cia : —_—
:Z:-‘lzn -1 n§12n

3) Tichcta 3 : —1;
notnfn a2

2
4) l+l+l+,,.+-1—--+_‘.

2 4 2n—l+
2
ntl
U T T = Vi

1 JE 3 Y

- n - n--1
8) Tich ¢ia 1 - Z(E] 1+ Z[%J (2" + !
: 2

<
n ]\.2



8. Tim mién hdi ty cia cac chudi ham

D Z—
n= ln
n+l 1
2) Z( b lnx
n-1

3 3 F sin{2n — lz}x
n=1 (2?1—1)

4 E CUS X

Rle

5) z (__l)n +1 e sinx

n=1

- 2n+l

6) 5 2n

n l(n+])

@ (_1)n+!

n=t n3n(x - 5)1':

]

= 1
8) L(x"+ )
20"+

n_n
n=1 x

*7. Nghién citu dic tinh hdi tu (déu, khéng déu) cla cac chudi ham

2(!

1 Syt E

a1l

trong (-1, 1)

2y Z%,1+8<x<+oo, v& > 0.

sinnx
, - L xSt

5 2%

xﬂ

-

0<x<g].

4) Z (_1)n+]
n=1



o xn
B Y, x e (0, +x)
nooft!

8 T(l-x)x", O=xgl.

n=1
= nx
7 —, Ix| <+x
nzll+l"15x2
w0 2
n _ 1
8) (x"+2™™), —<xx2
E"'an 2

& . 1
gy ¥2"sin——, 0<x <+
ngl 3 x

* sin x. 8in nx
10} —
nz_-:l Wyr4+x

8. Dung tinh ch&t dao ham va tich phan dugec timg s6 hang, tinh téng
clia cée chubi.

, D x <+

5 x?n—l

-1

3

x x -1
D ox——+ "t . +{-1 +...
) T (-1)

N1 -3 +8c'+ -1 - D+

3 l+—22—+.,,+i+...
r x x"

-1
4)1—L+ 12— 13+...+ ) Tt
33 53 7.3 (2n - 13"

5) 1,35 .42

*@, Xac dinh mién tén tahi va tinh kha vi cla fix)

1) fix) = E&

n=l B+X



DAY

n=1it“ +x

{x|

2

3y flx) = iarctgiz, |x] <+
n-1 A

*10.
1) Xac dinh « 48 day f,(x) = n"ae ™.

ay Hai ty trén [0, 1]

by Hai ty déu trén 10, 1]

¢} Co thé chuyén qua gidi han dudi ddu tich phén.

2) Chung minh f,(x} = nx(1 - x)", hoi ty khéng déu trén [0, 1], nhiung ta
vAn cé:

1 1
im {f(x)dx = [lim f,(x)dx
noowol o On E N

3) Tim
o n+l n
A lim yEUT T
x-0 .o R " +1
> =3 2
h lim 3 5

row oy g1+ nx

4) Tinh tich phan cla

w1
flix)= 3 (x?t —x2 1) pyén [0, 1).

Al
11. Tim khodng hdi ty cda cac chubi liy thita: (xét ca hai ddu mut):

H
X

ITED)

noin.2"



( Un 1 n
n

2)2

o & 2n
3 Z(n+1) x
n=1 Zn +1

4 TED 2+ X"
n=0

© n 2n 1
o e

10) ¥ ntx™
n=1

n=1n"

12) Z( l)n 1 (x 5)!1
n=1 n3"

o (x__3)2?t
a1+ In(n+1)

= ! )2 o
W nzl (2’1)'
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xﬂ

Vn

15 %

n=lg

,a?(]

16 £ @HCD .

n=1 n
12. Khai trién theo chudi Taylor
I) fix) = Inx tai lan can didm x = 1.
2) fix) = —-}5 tai 1an can didm x =-1.
X
1 A .2
3) fix) = 5 tai lén can didm x = -4.
2° +3x+2

4y fix) = e* tai 14n can didm x = -2.

5) fix} = cosx tai l4n cAn difm x = %
* _ X P . ., . X
6) fix} = theo chudi lay thia cua .
Vi+x 1+x

13. Khai trién theo chudi Maclaurin
1) flx) = a*.
2} fix) = cos{x + a)
3 fix) = In(2 + x)
3x-5

4) flx) = ———
x“-4x+3

5) fix} = cos®x.

6) flx) = ——
Q+x

7y fre) = In ¥
1-x



8) fix} = sin"xcos’x.

9) fixp = ]e xﬂdx
]

% dx
10) fix) = |
0y1-x1

1) fixy = In{]l +x+x2 +x%
*12) fix) = arccos(1l - 2x%)

*13) fixj = e'cosx  {dlung céng thic Euler)

*14) flx) = xsin o -
1-Z2xcosc+x

15) fix) = chx.

14. Tinh gin ding

1) sin18° vdi d6 chinh xéc 105
2) Y19 v6i do chinh xac 10°
3) m vdi 46 chinh xac 10

4) In3 vdi do chinh xac 10°

1
B) [e *'dx véi dp chinh xac 104"
Q

1 .
&) j'sm Z dy véi d3 chinh xac 10 3

o Jx

7 {¥1++%dx véi d5 chinh xac 10

S e [

100

8) j- In{1 + x)
n

x

dx vdi 46 chinh xac 10



iy

b

]
9 [x*dx vdi do chinh xac 107
i

T
10) [¥1+cos® xdx vdi d6 chinh xac 107
1]

15. Ap dung chudi, giai cac phuong trinh vi phan

Dy=y+x 1 oy _ =%

2y =y +

_1
' y|x=0 _E

NN-xy=1+x-y, y|x=0=0

xy" +y=0, yinn =0, y'|x=0 =1

n, 2, '

5y + ;y ty=90, y|x:0=1, ylx:\‘.):o
2

& 2 4 ccost =0, d, o =a, o] I
dt? =0 dt|,_,

18. Khai trién theo chudi Fourier cac ham tudn hoan chu ky 2n

D) o) = {ax néu —-m<x<0

bx néu D<x<x

2) fix) = sinax, -t <x <.

3} fix) =chax, -r<x<m

n—Xx

4) fix) =

, D<x<2n.

17. Khai trién cac ham sau day trén khoang (0, =} thanh chudi Fourier:

D) flx} =™

a) dudi dang sin.



b) dudi dang cos.

2)

x khi O<x= —125
flxi =
n-x khi hid <X <T
2
a} dudi dang sin
b} dudi dang cos.

3)

x khi O<x<’™
flx) = 2
0 khi Zex<n
2
dudi dang sin.
1) fix) = x(x - x) dudi dang sin.
9) flx) = xsinx  dudi dang cos.

6}

cosx khi qus%
flx) =

-cosx khi g<x<n
dudi dang cos.
18. Khai trién céc ham sau day thanh chudi Fourier

1) fix) = 2x trén (0, 1).

x néu O=sx<l
D=1 néu l<x<?

3-x néu 2<x<B



3) f{':?_) =10 =xtrén (5, 15).

H

.3
= <
fi) = 1 khi 2<x_2 trén (%,3)

3-x khi 2<x<3
dudi dang cos.
*19,

1) Cho fix + ©) = -fix) (phan tudn hoan chu ky ). Tinh cac hé s&
Fourier clia fix) trén (-m,x).

2) Bigt cac hé s& Fourier ciia ham kha tich f{x} chu k_\?_IQ_‘Jt, tinh cac hé
s6 Fourier &@,. b, c(a hadm fix + h), h = const (ham chéch).

*20.

1) Tim g(x} néu Tjg(z)sin zxdz = f(x) va
o]

a)
T, .
fix) = Eslnx néy O<x<x
0 néu x>n
b)
n -
Ecosx néu Ozx<n
flx) = _T“ néu x=1n

0 néfu x>x

B3



2y Chimg minh cac hé thie:

. I néu 0g x| <a
2 sin at e
a)—jcosxt—d?‘ 0 néu |x| »a
T 4 t

— néu |x| =a
2

signx néu x| <1

0 néu Jx| >1
27T —cost
b -—jsmxt]—-ﬁ-df: 1 néu x=-1
T t 2
1 néu x=1
2

2

Yy mo-i

) Iet.cosxtdt=-—e ‘
p 2

*21. Ap dung phudng phap Fourier gidi cac bai toan :

1) Tim dang cia 1 day tai thdi diém ¢, néu day dao dong ty do gin chat
chc dau, o 1¢ch ban ddu uf,_ =0, 18c 46 ban dédu ud

=1 va dd dai cha
=0
daylal

2) Tim sy phén b nhigt d§ trong mot thanh d6 dai 12 = nhiét d6 ban
ddu cia thanh la u[t:U = @(x), ddu x = O cAch nhidt, ddu x = 1 ¢6 mét nhiét
d6 khong déi u,.

TRA LOI CAC BAI TAP

1.

l)Sn: .l_(l_ 1 + 1 Y, S:l
22 n+l1 n+2 4
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1

D8,=1- 2,S=l
(n+1)
. 1,1 1 1 1
S, = —[—+(-D)"(—=-—)], &§=—
2 2 ( )(n n+1)] 4
5
$HPE= - =
G
2ﬂ
5) Sn*lz 1 - 1 n_ ud e+l
1-x 144% 1-x?

S=— khilx|>1 S= % khi x| <1.
1-x ) 1-x

& R SRR B
2 1+;rc2“_1 ]—xz"_1

1-x

2.

1) Phan ky; (S, — S, > % > )

2) Phan kj: (Se, — S, > %)

3) Phan ky; (S, - S, > %)
At 1
D HGitm;(8S,,, -8, < — <¢g
n

3.

1} Héi ty
2) Phan ky
3) Phén ky
4 Hai ty

5) Héi ty



6) Hoi ty
7y ity
8) Phan ky

=) Hﬁl m (Hn < T = Vn)

10y Hai tu

11) Hdgi ty

12) Hoi ty (u, = Jz —y2+y2+. +42 ).

Dat V2 = 2cos—}, u, < 2%)
13} Héi ta
14} Héi ty
15) Hai ty

16) Phan ky
17) Phan k¥
18) Phan ky
19) Héi ty
20) Héi ty
21) Hoi ty

992) Phan ki (#5821 5 1)

L3

23) Hoi ty (u, <~1g)
H

37



1 1

—=1)
nq/; Tl_>

25) x < a: hoi ty, x > @ phan ky (dang tidu chudn Raabe)

24) Phan kv (

26) 118 tu (dung tidu chuln Raabe)
27) Hai ty

28) Phan ky

29) g ty

lnn

oclez)
L 30) Hoi ty. (u, = en’n

n?

Inn

n? +1 n

1=

n—

4.

1) Héi tu cé diéu kién
2) Hai ty tuyét 46

3) Hai ty c6 didu kidn
4) Héi ty tuyadt doi

5) Hai tu tuyét d6

6) Hai ty ¢6 didu kién

1 -1
lu =
\/k+1—1 . Jk+1+1

7) Phén ky Uy | =

Xét Z (ugp_1 + uzk)
k=1

. _ 1 -1
8) Phan k¥ (uy _, = Sh-1’ Uy = S_k

[=4] o
Xét chechudl Pusp y va Fugy)
k=1 k=1

Had



9) Phan k¥ (chimg minh lim sinr® = O

Lo

10) 163 ty tuyt ddi khip > 1, hai ty ¢6 diéu kisn khi p = 1 phén kg khi
p=0vald<p<].

5.

1) Héi ty

2) Héity

3) Hot g

4) H§i ty

5) Phan ky.

6) Héi tu tuyst d6i

6.

1) Héi tu tuyét d6i khi x> 1, phan ky khix < 1.

2y Héi tu tuyét 487 khi x > e,

1181 ty khéng tuyét d8i khi 1 <x <e, phan kv khix < 1.
3) Hai ty khi - o < x < 4o,

4) Hdi ty tuyét ddi khix > 0, phan ky khix < 0.

5) Hai tu tuyét d6i khi 2kx <x < (22 + )7 (R =0, £1, ..))

6) Hoi ty khix 2 [, x < -1.

5l 4~2~
Ty Hoitukhixz 3 x< 3
11

8 Hoitukhi-1<x<-2:2 <y« ],

7.

1) Hai ty déu

DAY



2 Hoi ty déu

© 3 Hai ta ddu

A

4) Hai ty déu

5) 1161 tu khong déu
n ok
( sup Ir(x}f sup le¥ - 3=l 4o0)

Ocxc+m Q<xc+on k-0 k!

6) Hai ty khong déu ( sup 18,(x)-S(x) = 1)

Osx=)
7y Héi ty déu (ding tidu chuin Weiertrass)

8 Hoi ty déu  sup (x" +x7%) = 2"+ < 2!

L
= s
2_1_2

9) Hot wy khdng déu (dung tidu chudn Cauchy)
10) Héi tu déu (diing tidu chuéin Dirichlet)
8.

1) arctgx, x| =1

(1-x%)

—. x| <1

1+x2y
3 =, lx| >1
: @12

3 )

4) ﬂ (xét e-Z 02 tai x= ! }

6 3 5 ey
5 3.
9.
Vrwen @)= 5 n(_”z.

n=1(n +x)



2y < x < e, fx) = -
nzl (?1.2 + x2)2

2 .
Rsiggnxy — x| x
—g,.__l._l‘ x =

Feo=- T ron= T4
1N n=1n

vay khong kha vitaix = 0.

o 2

3)f(x}:2 4n 2H-w<x<+oo,
R+ X

10.

1}

a) Vo lim f(x) =0, vx [0, 11.
n—ox

by a < 1.
c)oa <2,

D=0, xel0, 1]

R
( lim (sup (nx(1-x)*)= lim (L] = 1 = 0.
€

R Qox<] r-yol 41

1
£, héi tu khéng déu. Nhung lim n [x(Q-xY'dx=0.
h

n—yx

3)
1 w( 1)R+l 1
- y=—In2
) 2,12::1 n 2 B
1
b) TTh
1
4 [flx)ydx=—



a1

1 1
n=10 2

g (n+1) E
Viée tinh tich phén ting s ﬁang 14 hgp Iy).
11.

1)-2 sx< 2.

2)-1<x=1

d-1<x<1

H-1<x<]

By-4<x<4

Bl-w<x<+x

T -2<x=<2.

8)-e<x<e

-lex=<1.

-1=x<1

ID-1sx<1,

12)2<x <8,

13) 2<x < 4,

14) - d<x <4,

15) Hoi t tuyér ddi -1 <x < 1.

x == 1: hdi ty tuyét ddi khia> 1, phan ky khi0O<a < 1.

16) Hoi tu tuyét déi khi |x] < %,x::i%-chuéiphénky.



12.

o _ H
oy BT ger <
28

n=1

2 T+DE+)", -2<x<0
T oa=0

3 T2 o3 a4, -G <x <D,

n=0
i3
4)e”{l+ Z(x+2) ,mmE <+ o
=1 H,. .
)21':]
F
o) nzl( -1y —W,-.-w<x<+oo
NENRIE 2+ L1857.¢n-8)( x Y7
Col+x 2R14x) 7 24.6.2n-2) \1+x
13.
W =1+ Z "n" al
n=1 n.
2 x3 4

. X .
2} fix} = cosa — xsina - —2—'cosa+§;sma+—al—cosa+,,,

", n
t—rsin{fa+(m+D)=}+.., -w<x<+ow
n 2
2 3 n
B fiy= n2+o— ot T - I v s2<x<a
2 22 32 n.2"
4) fix) = - at, -l<x <.
=0
5 fix) = 1+1 E‘,M —w Ly <+ w
Zpmt (20 '

543



2r+l

By ffei= -1, 3<x<y
iy gu-r]
o x2n-l
T fixi=2 V-l <,
ZGneD *

24n—-3x2n

Sfw = Tt T cichm

n-:l

9 fle)=x+

100 flx) =x+ ¥

A Gn+n

En)!

@ ¢ 13t 2l
z( 1) x -~y <+ oo,

3 1.38..@n=D gm0y
=1 2“(4?1‘!’1)?1!

x2n

1) fix) = i(*l)"'l% P ) A P
n

n=1

=1

® (2r -1 x 254!

12 flm=o()x| + TR ey

x0

1A= 3

n=0

Z@enM@Ere1)

EJZ) nx
COST -y <4 oo,

n! ’

4) fix) = Y a"sinna, -1<x<].

n=0

o

15) fixk= ¥

14.

1) 0,30902
2) 2,087
3) 3,1415

4} 1,09860

r=0 (2?1.)! ’

x2n

B LA A - o



0y 0,7468
6y 0,621

Ty (,2505

8) 8,040
9y 0,783
1) 3,92
15.
1 1
y= + et e
y=0 ) 5 P
Dy= 1—+lx+l.1|:2-|»ix3+-i:rc"’+2—1JcE'+
2 4 8 16 32 320
2 3 4
x x x
Dy= x4r—t—+t+ ., -l2x51,
Y 1.2 23 34
x2 I3 x4
Ny=x- + - + ..., -w<xy <+4m,

an2e @y¥s3 324

_ sin x
Oy =
X
B)x = a(l ey 2 =t —gtﬁ +§t8 )
a1 41 6! 8!
186.
b-a _2Ab-a) 3 ocos@r+Dx
1) T~ 2
4 r n=0 (2n+1)
T B LLLLL AP e
n=1
9 2@1: an Z( 1y Rzm nzx vdi a khéng nguyén, sinex: néu e nguyén.
a--n



Jshan a ros nx

3 — & =
) . [2‘7‘+n21( 1} S ]S(d:n) cham.
1) Esinnx

n=1 N
17.
1)

2z n an, S0 AX
a — Y [1--1)"e""] 5

Kn-1 a’+n

e -1 2a & [(-1)e¢*" -1]ces nx

b el .
) an * = nZ_-l a?+n?
2)
4 Z n-1 8in{Z2r —1)x
a) — —_ =
’fnz::1( K (2n -1

E_Z = cos{Zn-1x

b}
4 T, (2n-1)°

38) S b, sinng, by =(-1)*1 L b2k+1=(—1"‘.—2-—
a1 2k 72k +1)°

8 2s5in@2n-1)x

9 -3
T p=1 (2?1_].)3
6 1- cos X +9 Z(“Dn_l cozsnx
. n=2 n“-1
6) _[_+ Z( e 10052nx]
4n? -1
18.
B 1-2 zsm2mc:c
Rn:.] n

54t



1-cos 2_?175
3

-2

to|t\:u

|

n=] n 3

10 = (—l)"_ sin nmx

3) —
) n ,,zzzl n b

2 9 21 nr 1 & 2nmx
B o LGt 2, C08——,
19,

Dag=0,a,,=0,b,,=0,n=1,2, ...

2) a, =a, cosnh +b, sin nh.

o
> > 5 cos , 0gx<3.

b, =b, cosnh—a, sinnk, n=12., Zy=a

20.

1) (Xét hién ddi Foureir dudi dang sin cia ham Ef(x))

a) g(x) — 51N T[.;
1-x
b)g{x} - ISan;x
-X
21.
¥ o
1) utx, & = 212 5 1 . sin {Zn +1)nat sin {2n +1)mx
ar® 221(2n+1) l !
Giai bai toan:
at? o
w(0,£) =0, u(lt)=0
|, =0 el
£=0

647
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el %
2 Ux, 0=Us+ Ta,e® ™ cosh,x
n=1

2n+1 2" :
= 2y =——_f(p(x)ws?kndx—z_—u0
2 T, T,
.. ) -
(Giai bai toan 2% = o2 2;—
ax
Ju
uL__O = plx). . ={, H|x:ﬂ =u,

x: ()

Tim u dudl dang u = u, + V.



Phu chuong
CAC CONG THUC THONG DUNG

L. Cang thite higng gihc

. hrR+l  .on
sin - _--xsin—x
1. sinx + sinZx + .. + sinax = 2z 2
X
sin—
2

n+l . n
cos  ——xsin—x
2. cosx + cos2x + .+ cosnx = 2 2

X
L0 2
1 sin{Z2n + x
—+coslx+cosdx +... +cosZnx = ¥
3 2 Z2sinx
ix —ix
. -e
4. sinx = -
2i
. elx+e'l.f
D. cosx =
2

6. ¢ 'Y =¢* (cogy + isiny)

7.e* 7% = ¢* (casy - isiny)

1. Bang tich phéin bat dinh
1) Ham dai s&

a+l
X

1. fx*dx = +C . a=-1

v+l

2 fE —mix
x

549
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3. IJ_ =2x +C

4 Ia2djx2 :;arctg——+C

5. jazcirxz =—21;ln:i:cC +C

6. szd_xaz =:?3;1n:‘; +C

Tha= I(x2 +cf;)ml B 2na2(x§+a2)” +22::;21 L
8. j'\l'x +aldx = \Jx +a’ i—;ln(er\l'x ta?)+C
9. Haz—x2dx=§da2—x2 +522-arcsin£+c

1
10, f——=dx=In(x+Vx2ta®)+C
\J'xzia2

: 1 . X
11. [~——=dx=arcsin=
f N arc&.ma+C
12. [ ::dx= (@a+x)b+x) +(a—b) In(yla +2) + (b +x))+C

:_idx=‘j(a—x)(b+x)+(a+b)arcsin1lx+z)+6‘
a+
14. _[ a+xdx——\{a+x](b x) (a+b)arcsm1, )+C

13. [

X—a

15. j—;ir—-—=23rcsin +C
Jix—a)b-x) b-a




2) Ham siéu viét

ax
16. fe*¥dxz=—1C

a

x
17. Iaxdr:]i—+c

Nna
18. jsinaxd.t:-:-?—?j—gx-—-t-c
[#)
19. [cosaxdx = Snax L ¢
a

20. [tgaxdx = —llnlcoaarl+C
a

21. jcotgaxdx = llnlsinaac|+C
o

22. § dx =jcosecxdx=ln|cosecx-cotgxl+C=ln|tg£|+C
sin x 2

. dx T x

23. | =[secxdx = In|secx+tgx|+C=Intg|—+=|+C
COS X 4 2

24, j‘sin2 xdx:%—%sin2x+c
26. ‘[cos2 xdx = %+%sin2x+c

sin" ! xcosx

26. [sin” xdx = #22L eint s
n n
cos" P xsinx n-1
27. [cos" xdx = + Icos”_lxdx
n n
28._[ dx _ -1 cos:;: +n—2j .dxz
sin"x n-1sin"'x n-1"an""“x
25, J. dx _ 1 sm:lc +n-2J f:bc2
cos"x n-leos"'x R-1"cos™ “x
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-1 S |

) ) cos T xsin” ' x

30. [cos™ xsin® xde = ———2>0 =&
m+n

m-2

sin xdx (m<n)

o+l o1

. cos™ ' xsin™ " x

31. [cos™ x8in” ade =" >
m+n

n-1
+

[cos™ x sin®" 2 xdx  (m>n)
m+n

-sin{m+n)x sin(m-n)x
2(m+n) 2im-n)

32. fsin ma sin nadx = +C (m=n)

sin{m + n)x + sin{m - n)x
2(m+n) 2(m -n)

33. | cos mx cos nxdx = +C (m=n)

—-cos{m+ndx cos(m-n)x

34. | sin mx cos nxdx = o 3 % \ +C {(m=n)
m+n m-n
dx a-b, «x
35. = tg( J——ig =)+ C >b
ja+b(.'0$:t' ‘Ja2—62 arctg( a+bg2) (@ )
dx 1 Jb—atg£+db+a
36 f— = In 2 +C (a<b)
a+beosx ‘/62_[12 ’r_b—atg-;— e
dx 2 atgx+b
37. = tg =)+ C >h
x 2 2
dx i atg-2—+b— b -a
38 f———= In 1+C (@ <b)
a+bsinx Jbz _d? atg%+b+ fp2 _ 2
dx 1 bigx
39. = —aretg( +C
j‘az(:oaazx+l';vzsir123c b T a



W dx ___1 1

sin™ xecos™ x m-1gin™ Vxcos" ' x
JmEn- 2
j m 2 (m = 1)
m—1 x cos”™ x
dx 1 1

a1, -
sinxcos"x n-1sin™ ' xcos"

m+n-2 dx
+ - 3 n2l)
n-1 sin™ xcos" % x
d
42. . 22 .
acos” x+2bsinxcossx +csin® x
= ctgx+b +C ac— &% >0 —--:r-)[t:x(%
Jac—b 'Jac X “ -
43. [ dx = dx (dang 35, 26)

a+bcosx+esinx a+\/b2+c2cos(x—a)

" b . c
vdi cosa = —— | sina =

w,l'nb2 e b+ ¢?

e™(asin bx - bcosbx)

44. [e™ sin bxdx = +C

a® + 82
e (bsin bx +acosbx)

+C
a’ + 6%

45, [e™ cosbadx =

48. fx"e‘“dx =z

ax
e n _
-—[x" Te®dy + C
a

44

ax nl .
e COS x(acosx +nsin x}
47, [ e cos™ xdx = (¢ cos

a“+n

n(n 1)

2% cog”
dx
a+nj

48. Ishaxdx = lc}m.:: +C
a

Hivd



49. [chaxdx = lshwc +C
[r)

50. [thadx = Inchx +C

51. [cothadx = In|shx| +C

52 [ _injth X sc
shx 2

dx
53. =thx+C
Jchzx
54.‘{ d: =—cothx+C
sh®x .

55. fsh?xdx = -+ Lenox e
53
56. foh2xdr =S4 loparac
23

n+l (n+1)?

57. fx" In xdx = x* AL 1

58. fIn" xdx = x In" x-nf "1 xdx

1+C

n=2m

il n
59, [x™ In" xdx = In" x - [«™ In"! xdx
m+i m+1
IIL Béng tich phan xac dinh
2 p -l |Z o
1. I, = [sin” xdx = [cos" xdx = x
0 0 n!!

E]

1 1

4 2 o
2.d,= [tg7ade = (-1~ (1-—+=-..+
o 4 3 5

1 vdi n=2m+1

(_l)n—l
2n-1

)1



[ 2 ‘)H
1 (£+2—+..,+"—)

cos” xsin nxdy = ——
gn+l '] 2 R

wd

>

I
Ao A

T

cos” x cosnadx =
2n+1

4. L, =

[ Y L]

m!

]

1
Hy = [ I xdr = -1y — T
k. (J]- {k+1)m+l

1
6 B(m, n) = jxm-1(1_x)ﬂ—1dx=(_nﬂm
o {m+n-1)!

(Hz‘am Beta hay tich phan Euler loai I)

2 TomY]
7I,,= j'sin2m x 08’ xdx = (2m)i(2n)l % n,m, kel
0 P2n Lyt ot (m + n)!
8 e dx = g (tich phan Gauss)
0
- o -
9. Zldr= [ Zac -2 (tich phan Dirichlet)
0 X 0 x2 2

o0 ]
10. fcos x2dx = [sin x2dx = —; E (tich phan Fresnel)
o 0

z 2
11. [Insinxdx = [ Incos xdx = —%}112
0 0

a0 2
12' J» lnxzdx=_f_

o 1-x 4

1 B 2
13, Jln(lx x)dx:_%

0

1 2
14. [ Inxzdx=-f—

0 1-x 8

on
(=i ]
i
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16.

17.

AD0

18,

0 néu |alg]

n
jln(] - 3q L‘OSI+Qz)d.‘\'= .
n néw |lal>1

i

1
Bip, ;= [tF H1-x0)? 'dt
0

(p, g > O, tich phén Euler loai | hay ham Beta)

[(p) = [tP7le*dt , p > O tich phan Euler loai 2 hay ham Gamma)
B _

B@J,Q)ZJM‘ p,q}()
Ip+q)
+a ,p-1
1(p1(1—p)_j—dr- . , O<p<l.
1+¢ sin pn

i
Iy = (e -1N, r(n+l) = (?n). Jﬂ?, nelN
2 g*p

} . n*n!
I'ty)= llm ———— {Gauss)
nose x(x+1) . (x+n)

x # 0, x khac mét s8 nguyén am

[l néu n=0
22 2
1 o o i 2”52" &
e dx = Tin +—) =
&4/27 'L \E 2 38 néw n=2
158° néu n=3

"
e n =

Tich phén Fourier

4o LR ul H
cos xt T tsin at n o_
19. J*‘z—‘—‘-é-df=‘—eax, j 5 ) r::_eax
o a"+¢ 2a o a“+t 2

Tich phan Laplace



21

22

25.

28,

27.

28

29,

j-e_aé cos xtdt = -5 5
0 g+ %
ot
- . X
fe et gin xtdt = 5
0 a - +x
L f i
I ¢ ” cosxtdt=e *
Vim s
v cos xt x 1
dt = —
cht P X
0 ch —
2
' cos xt T X
o 472w
o &t sh —
o 2
.[ tcosxf df = L x
0 sht 4 ch? A
2
s xt A
dt = —th
g sht 2 2
’f‘ cos xt dt = T |x |

n

x=+0,0<p <]

*j." sin xt

dt ==
t 2

2 *J':‘0 sin xt

o, f

dt =

' plsin 9

I'{p)cos E

P

1 néu x>0
0 néu x=0

-1 néu x<0

Ax1P ' (1 - p)sin

il
2

o

=x? lr(]—p)cos%,x>0,0<p€1

35N
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1 néu |x<1
30, 2 [ Smtcosxtdt: 1 Réw lxl=1
noy 2
O néu |xi>1
! sin x
31 Jcosxtdt=
0 X
-y .
28N = I-lx] néu lx<
32, 2 cosy tdt = ! ,I bu |x !
# 0 néu |xk1
1 sinz-’é
33. J(1~t)cosxtdt =2 5
i} X
T sinf C+xl-1-x]

34, 5—sin xtdt
ot

IV. Chudi

1) Chudi s&

l,]+—1—+...+m1-—+...
28 n.‘]’
2ln2=]-—-+l+
3
3,£=1—~l+l+..
4 3 5
2
n 1 1
4'E=1+ gt—+
2
5.E-=1+—}2—+ 5
8 3
2
T 1 1
6 =1- S+ —
12 22 ‘2.

2

¢ > 1, chudi Riemann




L L L
90 ot 3t g
£~1+i+—1—+ + L +
oI R A

2) Chudi lity thita

2 n

9‘e“=1+£+l‘c—+..,+——+,.., (x| < +oc)
2 n!

3 1y L2e+l
10, sine = 1- 24 LD (12 < +o0)

3 {2n +1¥

2 _qy 2n
Mocose=1-% 4 +EUVT" < 4o

et
2 {(2n)!

120+ s 1 vans MU,

N a{a~1).. . {o-n+1)x"

+... (lxj <1
n!
1 _ 2
13. =Sl+x+at+ 42"+ (k] <D)
1-x
14 2o =1 xex o ) (2] < 1)
1+x
2 a3 "
15.ln(l+x}=x-x—+x—~,.,+(~1)”"15—+“. (-l<x<1)
2 3 n
16, —— =1-a+x - I+ (x| < D
14+x
3 x5 nx2n+1
17 arctgx = x— ——+———_ +(-1 +... <]
e 35 D gy T sl <D

2 .t 0 oE - 2n
18, 1 =1+1.x +'L.3x +m+].3,o,,.(2n Dx
‘h 2 2.1 2o 2".n!

+o {|x]< 1}

50HY



1.x% 1,3x"’+ 155, (20— 1ad?

1 arsinx = x 4+ - 3 S
213 2¢918 2 n2n+1)

+.. xl<1

Chudoi Fourter

T-x . sin 2x sin Ry
l. ——=sinx + +..+ .. ey <2
2 2 n

cosix Cos nx
+...+ +

. X
2 -Insin==In2+cosx+
2 o3

O<x<2rn (x=2nk)

sin 3x sin(Zn +1)x
+..+ +

.. <y <z
3 T 2n+1

s T .
3. —=sinx+

ain 2x _y 8in nx
it G i ALY

=sinx-— STEx <

| =

H

cosdx cosiZn+1)x
— 4.+

T 4
olxlE—-=[cosx+ +..] lx!l <=
2 =n

3? (Zn+1y
. (n—x}z 7’ 0§ 2x CO8
B = ——teosaxt St Jolxlexw
4 12 2 n
2 ‘ .
2083 os(2n +
7. E(n—x}:“—«]—msx*ms‘ x+...+ﬂ(—#+ A |xl g
4 8 3 Z2r+1)
2 2 C0s52x no ) COSRX
8 x =—~—4[cosx——2-+.,.+(—]} ——+ W lxlex
3 b n
4 52
9. lcosc| = __(l+ cosZ2x b1y ! co-;an
x 2 in® -1
. 4.1 cos2x 05 2nx
10. |sinx| = —(—- . "2 )
n 2 3 an- -1
11 Jtco's ax _ 1 cosx (1) COs X
2asinan 92 g2_1 o> -n?

jz| < a khing nguvén.

a3



nefiax 1 COR X . L .n UOSRX
= +o (-1}

12. =— -
Qashan 242 & 41 a® +n?

|x| < x; a khiing npuvén.

_ 2
13. _1—x2= 1+ 2xecosO + .+ 2x"cosnO + .. |x] < 1.
1-ZxcosB+x

xcosf - x>

14. xco80 + . +x"cosnb + . x| <1

1-2xcos0 + x*

xs5in0

—_
=il
1]

—— xsind + .. +x"sinnG + .. jx| < 1.
1-2xcosB+x

16. —%111(1—2;\:(:0504-;:2): xcosl+ . +x” ﬂ

n

lxl <1,x=1, trit vai hé sd cha 0.

x8in 0 . sin rQ)
17. aretg ———— =xsinb+.... +x" +

iI-xcosB n

[x] <1, |x| =1, trit vai hé s4 0.

V. Cac ham die biét
1. Phuong trinh Legendre
(1-x%" - 2xy +3y=0.
khi & = n{n + 1}, phudng trinh ¢é nghiém la da thie Legendre.

ne 2 q.n
P.(x) = 1 d"(x"-1)
2"n! dx"

Cac da thic P(x) tryge giao trén [-1, 1], nghia la:

1 0 néu n=zm
IPH (x}P,, (x)dx = 9
1

2r+1

néu nzm

ey



? Phudng trinh Hermite

¥y Ak -xy =0

2

khiz =“n + 1, phuong irinh ¢6 nghiém 14 e * H_(x) 14 cac da thiic Hermite.

<2
2 e
Hn(x) = Le z d (6 )
n! dx™

xz_
tryc giao trén (-oo, +w) véi ham trong lugng e ? nghia la

. 0 néu m#n

x X
¢ ? H {(x)H (x)dx=
_'E, JZ_n néu m=n
n

H_ix) la nghiém cua phuong trinh ¥ - 2xy" - 2ny =.0.
3. Phudng trinh Laguerre

"y (- i-)y=0
. 1 st
khiz —=wn + 5 phugng trinh ¢6 nghiém 1a e 2 L (x).

L. v 1A cac da thie Laguerre
x n I X
L= o4 @e™)
7! dx"

trye giac teén (0, +x) vdl lam trong lugng e* nghia 1a

0 néu m=en
néu m=n

[ Ly, ()L, (x)dx = )

—o:
L. {x}1a nghiém cta phugng trinh ™ + (1 —x)y' + ny =0
4. Phudng trinh Tchebichef

(-2 -xy +2y=0



khi 2 = »” phudng trinh ¢6 nghiém 1a

T,
.,_%; T.(x)= 2:_1 COS(n arccosx)

1-x

la da thitc Tchebichef, trge giao trén (-1, 1) vdi ham trong lugng

1-x

nghia la:

T (0T, (x) {0 néu m=n

j\l'lx

5. Phudng trinh Bessel

221 néy m=n

Ayt xy H -y =0

¢& nghiém 14 hAm Bessel.
T = [5]" £ 5J2” 1
2) p0p 02 FA+n+1)
Dachiéta=k e N:
k n 2n
Jux) = i] I~1—+..,+i[i +...]
2) K ntn+k){ 2

n 2n
A=0 Jmp=1+., + (X,
(nt)?

Céac ham J.{z) 1a tryc giao trén doan [0, 1] véi ham trong lugng x.
6. Chudi theo cic ham dic biat

1

—_— Z o™ el <1, |x] s 1.
V1-2tx+¢2 a0

Z Hn(x)

o83



tx o n

~1—e“=z’ L(x) 1l <1
1-t¢ n-0 M

P (x), H,(x), L(x) 12 cac da thic Legendre, Hermite, Laguerre.

coslesing) = Jylx) + 2 3 Jy, (x) cos2nd
n=1

sinfxsind) = 2 ¥ J5. 1(x)sin(2n - 1)

n=1

o (x) 14 ham Bessel c8p n € N.

VI: Pudng va mit

a = b; dudng trdén tam O.

2. Hyperbole

2 \
_2_y_2'1 2

-
N

—
/

x = acht
v =bsht

Hiel

Z .
"N

(2}



3. Parabole

Y
yz - sz (3)
/3
7 £ x
2
2
(3)
4, Cycloide

x=alf —cost)

y

Zat-—— - —
0 2an X
(4)
8. Astroide
x=qcosdt v
. &
y=asint
hay /\
xt+yt = al \/ﬁ: -
(5)

lib]



8. LA Descartes

x* +y* = Baxy (6)

_ 3at ey 3a z
T+£° &"9 ‘
3epp? ‘o
y= -
1+£8
(6)
7. Cissoide enia Dioclés y
a
x
yi==—
a—t
_ at?
hay 1+£2
at? I7]
¥= 3
1+¢2
8. Strophoide (?)
ga+x
yi=xt @)
a-x
Y
-
o
(8}

6



9. Tac bé clia dudng tron

x = alcosf+{8Inf)
y=b(sint —tcosty

e

(9)
10. Cardioide
r=a(l +cosp) (10}
x = a(2cost —cos2t)
y=a(2sint —sin 2}
@
Uza
(10)
11. Lemniscate cia Bernoulli
(P =’ -y (11)
hay r* = a’cos2¢
Y
N e
N
N -
a
X X
- N
g N
(1)



12. Hoa héng ba canh

r=asindge (r=0) (12) y

(12)
13. Hoa hdng b&n canh
r=alsinZg| (13)
V ‘ x
(13)

14. Xoan 6c Archimede

r=ag rz0 (14

(14)



15. Xoan &c Logarithme

r=e"* (15)

X
(15)
18. Xodn 6c Hyperbole
r=2 >0 a6
P
a
o
7 x

17. Pinl ée tru trén xoay

Xo=qoost
y=asint {(i7)
z=>5t




18. Dudng bac hai
Ax®+ 2Bxy + Cy* + 2Dx + 2Ey + F =0

a) & = AC - B* > (: Ellipse thyc: do; hai dudng thing do cit nhau tai mét
diém thye.

6) 8 =AC —B” < ( Hyperbole; hai dudng thang thyc cit nhau

¢) 8 = AC — B” = 0 Parabole; hai dudng thing song song, thuyc hodc ac, phan
biét hodc trung nhau.

Dac bigt A = C, B = 0: dudng trdn thye hoac 4o, phuong trinh chinh tdc:
(x—a)* + (y ~6)* = R? (tm (a, b}, ban kinh R).

19. Mit phing
Ar+By+Cz2+ D=0
20. Duding thang

Yo% Y -Yo_?%2-2
m b P

hay
X =uxg+mt

Y=y tnt
Z =2 +pt

hay

A1I+Bly+CIZ+D1 =D
Azx +B2y+022+D2 =0

21. Mt edu (thuc hojc ao)
Py +28+ 2ax + Wy + ez +d =0
phuong trinh chinh tic;

(x-a+{ -2+ (z—-c)’= R (tAm (a, b, ¢}, ban kinh R).



22. Ellipsoide

. y Z
2 2 2 l
X » z
— 4+t —=1 (22)
a2 pt 2
. N ¢
Héde bidt a = b = ¢; mat cu tam O. N
- _____\
- Fe, \:"' . Iy
o ! y
! P
£
(22)
23. Hyperboloide mét ting
2 2 2
x ¥ oz
+5~—=1 (23
2 b 2

a = b 1rdn xoay

24. Hyperbaoloide hai ting

22

z
e — =1 (24)
[
a = b: tron xoay
i
gl

&

(24)

|
ra| o
o

Q
%




25. Paraboloide elliptique

2 2
2= 2 (2H)
2r Zq

P = g:irdn xoay

|

|

|

|

v
x

(25)
28. Paraboloide Hyperbolique
2 P z
=22 (96
2p 24
hay
Z=XY.
€
(26)

27. Mt nén

a = b: nén trén xoay

572

Lty



28. Mat tru
Fix, y) = O0: duong sinh // Oz,
Ffy, z) = 0; dudng sinh # Ox.

Fix,, 2} = (0 duding sinh /#f Oy.

29. Mat tru Ellipse z
2 .2
x ¥
—+= =1 (29)
a? b’ ]
I
a = b: mat try tron xoay ,,—-1“-\
g h
4
/ |
X - ‘JI T
|
* (29)
30. Mat tru Hyperbole
2 2
=-2 =1 30
a“ b e
Y
~ N
I
-~ |
-y
o i

(30)

on
=1



31. Mat tru Parabole

¥ = 2px (31)

LR




VIL. BANG HAM GAMMA

= 5]

IMix) = J'I'He_ldl vl €x<2

i

(v&i cdc gid tr khic sit dung cong thie [ix + 1) = x['(x)

X [ix)y X T %) X Fx) X T'{x}
1,00 1,00000 1,25 ,90640 1,50 88623 1,75 91906
1,01 ,99433 1,26 ,80440 151 88659 176 92137
1,02 98884 1.27 90250 1,52 88704 1,77 92376
103 98355 1,28 90072 1,53 88757 1,78 92623
1,04 97844 1,29 89904 1,54 68818 1,79 92877
1,05 97350 1,30 Ba747 1,55 88887 1,80 93138
1,06 06874 1.3 ,89600 1,56 ,88964 1,81 93408
1,07 96415 1,32 89464 157 88049 182 83685
1,08 95973 133 89338 1,58 89142 183 93969
1,09 95546 1,34 89222 1,59 80243 1,84 94264
1,10 95136 1,352 89115 1,60 89352 1,85 94561
1,11 94740 1,36 88018 1,61 89468 1,86 948649
112 94359 1,37 88931 1,62 ,88582 1,87 ,85184
1,13 93993 1,38 88854 1,63 88724 1,88 95507
1,14 83642 139 88785 1,64 89864 1,89 95838
1,15 93304 1,40 88726 1,65 90012 1,90 98177
1,16 92980 1,41 88676 - 1,66 90167 1,81 86523
117 82670 1,42 88636 1,67 ,.80330 1,92 86788
1,18 92373 1,43 88604 1,68 90500 1,93 97240
1,18 92089 1,44 88581 169 90678 1,94 A7610
120 | 91817 | 145 | 88566 | 170 | 90364 | 195 | 97988
1,21 91558 1,46 ,BB560 1.71 91057 1,96 98374
1,22 91311 147 88563 172 91258 1,97 98768
1,23 81075 148 88575 1,73 91467 1,98 99171
1,24 .90852 1,49 88595 1,74 91683 1,99 99581
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GIAI TICH Il + 11l

PHEP TiNH VI PHAN & TiCH PHAN CUA HAM NHIEU BIEN

Dung cho sinh vién ky thudt
(Cao ddng, dai hoc, sau dai hoc)
(In ldn thit ti c6 sua chita, b6 sung)

Tac gia: TRAN BINH



Chiu trdch nhiém xudt bdn: TS. PHAM VAN DIEN
Bién tdp: NGOC KHUE
Thiét ké' bia: DANG NGOC QUANG

NHA XUAT BAN KHOA HOC VA KY THUAT
70 Tran Hung Dao - Ha Noi

In 700 cudn, khé 14,5 x 20,5cm, tai Xudng in NXB Van hoa Dan toc
86 dang ky KHXB: 209-2009/CXB/3.2-10/KHKT ngay 18/3/2000
Quyét dinh xuat ban s3: 236/QDXB-NXBKHKT ngay 10/8/2009

In xong va ndp luu chidu Quy il nam 2009.
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