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LGOI NOI PAU

Cuon bai giang nay dwoe bién soan theo chuong trinh déo
tao danh cho sinh vién cao ding nganh Kinh té truong Cao
dang hod char. Ngi dung bao gom cdc kién thirc co ban nhat
vé ham sé6 mot bién so, nhiéu bién s6 ciing nhir phép tinh vi
tich phén ctia ham s6 mot bién s6 va cdce tng dung ciia chimg
trong phdn tich kinh té. Ngoai ra, bai giang con cung ccfp
nhitng kién thire co ban vé dai s6 tuyén tinh nhir khéng gian
véc to, ma tran, dinh thire, hé phwong trinh tuyén tinh téng
qudt va sau méi chirong déu cé phan bai tdp dé gitip sinh vién
rén luyén va cung cé phan ly thuyét da hoc.

Tac gia xin chdn thanh cam on cdc giang vién B¢ mdn
Toan khoa Khoa hoc Co ban, ddc biét la c?‘éng chi Tran Dinh
Thi da doc ban thao va cho nhiéu y kién déng gop hét sirc bé
ich dé tac gic hoan thanh viée bién soan bai gidng nay.

Tic gia mong nhdn dwoe ¥ kien dong gop cia déc gia va
cdc dong nghiép dé cuén bai giang ddp img ngay cang 1ot hon

cho muc tiéu dao tgo cua nha truong.

Phu Tho, thang 3 nam 2008
Tac gia
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Chuong 1. HAM SO MOT BIEN SO

§1. Mot so khai niém ve ham so6

1. Bién so
1.1. Khii niém bién so

Trong tit ca cac linh vuc khoa hoc, chung ta thudng gip
céc dai lugng do bang sb. Khi nghién ctru quy luat thay déi gia
tri cua cae dai luong do. nguoi ta thudmg dung chir dé ky hiéu
s6 do cua chiing. Chéng han. trong hinh hoc ngudi ta thudong
dung chir S d¢ ky hiéu dién tich. V&i méi hinh phing. S 13 mot
s6 thue. Ngudi ta 20i $ la mot bién sb hinh hoc. Trong ngdn
ngit hinh thire caa toan hoc, tir bién s duoc hiu nhy sau:

Pinh nghia. Bién s6 1a mot ky hiéu ma ta ¢6 thé gan cho no
mét sb bat ky thude tdp X # ¢ cho trude (X < R).

Tép hop X duge goi 1a mién bién thién cua bién so d6.
Mot s6 thue xe X duge goi la gia tri cia bién sd x.

Tir bién sb nhidu khi dugc got tit 1a bién va thuong duge
ky hi¢u bgi cac chir cai x, y, z,...Thong thuong ngudi ta chi
xét cdc bién sé ma mién bién thién cua nd ¢ it nhét hai sé.
M&t bién s6 chi nhan mét gia tri duy nhat duoc goi la hing sb.

Trudng Cao ddng héa chéit 13
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Trong gidi tich todn hoc ta thudng xét cac bién s6 thay doi
gid trl mot cach lién tuc, voi mién bién thién 13 mdt khoang so.

Cac khoang s6 dugc ky hiéu nhu sau:

Khoang dong: [a:b] = {x‘a < x <bj
Khoang mo: (a:b) = {xa <X < b}

Cac khoang mra mo:  |a:b) = {x;a <X < b}.

(a:b] = {x‘a <x < b}
1.2. Cic bién sé kinh 1¢

Trong linh vuc kinh té nguai ta thudng quan tdm dén cac
dai lugng nhu gid ca, lugng cung, lugng cau, doanh thu. chi
phi. thu nhap quéc dan....Khi phan tich xu hudng thay déi gia
tri cua cac dai lugng do theo khdng gian, thoi gian va theo cac
diéu kién khac nhau, cac nha kinh té xem ching nhu cdc bién

s0. Cac bién s0 d6 duge goi 1a bién s6 kinh té.

Trong cac ta1 liéu kinh t€, ngudi ta thuomg ky hidu cac
bién s0 kinh té biang cdc chit cai diu cac tir ticng Anh mo ta

cdc bién s6 dé. Dudi day 1a mét sé ky hidu thuong gap:
p: G1a hang hod {price);

Qs: Lugng cung (Quantity Supplied);

14 Trudng Cao déng hoa chét
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Qq: Lurgng cau (Quantity Demaned);
U: Lot ich (Utility):
TC: Téng chi phi (Total Cost);
TR: Téng doanh thu (lotal Revenue):;
Y: Thu nhdp qudc din (National Incomc);
C: Tiéu dung (Consumption).
2. Quan hé ham sb
2.1. Dinh nghia him sé.

Mot ham s6 f xadc dinh twrén tip hop X <R la mdt quy tic
cho trong mg vi mdi 6 thue xe X vai mot va chi mot sb

thuc v.
Kihiéu: f:xm—y=1{x)hoac y=1(x).
Tap hgp X duge got la mién xac dinh cua ham sb f.

Sé thire y trong tmg vai s6 x theo quy tic f dugc goi la gia

tri cua ham s6 ftai diém x. Ki hiéu 1a f{x).

Tap hop tat ca cac sb thuc v la gia tri ciia ham sb £ tai it
nhat mot diém thudée mién xac dinh coa nod duge goi la mién
gid tri cua nd. Ki higu mién gia tri cua ham sb f trén mién xac
dinh X la:

Trudng Cao dang héa chét 15
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f(X) = {y e RPx e X.f(x) = v}

2.2. Cdc phwong phdp cho ham sé
2.2.1. Phuong phdp gidi tich

Pay la phuong phap quan trong nhat, phirong phap nay
néu 1én moi fién hé gitra x va y boi mot cong thire gidi tich (tire
la mét dang thirc gitta cac biéu thac chira nhitng phép cong,
tri. nhan. chia. luy thira,.. .tdc dung [én x va y).

Vidu
oy =tg’x—-x*+2
x khix >0
L ] } = . . e
{x" khix <0
2.2.2. Phuong phdp béng

Mot lién hé gitra x va y duge cho bai bang cac ham so
lugng gidc. logarit. bang cac s6 liéu thue nghiém.

2.2.3. Phicong phdp dé thi

Méi lién hé gitra x va y duoc biéu dién boi mot duong
thang hodic dudng cong.
2.3. Quan hé ham sé giiva cdc bién sé

Trong cac linh vuc khoa hoc nguoi ta phén tich quy lugt
thay ddi gia tri cia cac dai lwong do duoc bang sé dudi dang
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céc bién sb ¢6 quan hé véi nhau. Su thay doi gié tri ctia bién sb
nay kéo theo sy thay déi gia tri ctia bién sb kia theo mot quy
luat nhat dinh. Chang han, trong kinh té ching ta thay khi gia
hang hoa thay doi thi lugng hang hoa ma ngudi san xuat mudn
ban ra thi trrong va lugng hang hoa ma ngudi mua bang long
mua ciing thay d6i theo. Khi thu nhap cta cac gia dinh thay déi
thi lugng tiéu dung cia ho cling thay déi. Sy phu thudc ciia mot
bién sb nay vao mot bién sb khac thudmg duge biéu dién duoi
dang ham sd.

3. Ham s6 nguoc

Xét ham s0 y = f(x) v&i mién xac dinh X va mién gid tri Y =
f(X). Néu v6i mdi gia tri yoe Y chi ton tai duy nhit mot gia tri
Xoe X 830 cho f(Xg) = yo, tirc Ja phuong trinh f{x) = y, ¢6 nghiém
duy nhit x, trong mién X, thi:

y=f{x) & x= t"(y) vol xe X, yeY
(trong do ki hiéu x, = I(yo) chi nghiém duy nhét cta phuong
trinh f(X) = }"(]).

Ta goi ham s6 x = f'(y) 12 ham s nguoc ciia ham sé y = f(x).
Vidu.

* Ham 50 y = x’ voi mién xac dinh(MXD) R ¢6 ham s6

nguoc la ham s x = 3fy

Truong Cao ddng héa chdt 17
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e Ham sd y = sinx véi MXD X =[—%;g] ¢6 ham s6 nguge 1

ham s6 x = arcsiny , ye [-1:1].

e Ham sd y = cosx véi MXD X =[0;z] ¢6 ham sb nguoc 1a

ham s x = arccosy , ye [-1:1].
e Ham s6 y = tgx véi MXP X = (—%%j cé ham s ngurge

la ham s6 x = arctgy , ye R.
e Ham sb y = cotgx v6i MXD X = (0;r) ¢6 ham sd nguoc la
ham sd x = arccotgy, ye R.
Chui ¥. Do trong toan hoc ngudi ta thuong ding ki hiéu x dé chi
bién sb doc lap. v dé chi bién sb phu thudc nén trong thuc té thay
cho cach viét ham s6 nguge dudi dang x = £'(y} ngudi ta thay
doi vai trd ctia x va y cho nhau, tic lay = f "(x).
Vi du.
e [Tam s6 y = ¥x 1a ham s6 ngugc ciia ham sy = x'.
e Himsdy =a*(a>0,a # 1) c6 ham s nguoc 1 y = logx
4. Mot s6 dic trung ham sb
4.1. Ham sé don diéu

Dinh nghia.

Ham sb f{x) duge goi la ham don digu ting trén khoang X

néu vai moi x;, x,e X ma x; <xytacd f{x;) < fix,).

18 Trudng Cao ddng hda chat
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[Tam sé f{x) duoc goi 1a ham don didu giam trén khoang X
néu véi moi x;, ;e X ma x; <xptacd f{x) > fixa).
Ham s6 don di¢u ting (don diéu gidm) con duge goi la
ham s6 déng bién (nghich bién).
Vi du. 11am s6 f(x) = x* 1a ham s6 don diéu tang trén khoang
{0; + ) va don diéu gidm trén khoang (- ; 0] vi:
X, X6 [0t} . x1<xy = f(x,) = x] <f(x,)=x’
X1. X€(-903 0], X< x; = fix,)=x] >f(x,) = x?
Chu y.
i. DS thi him sb don diéu tang 1a mét dudng cong di 1én,

d6 thi ham sé don diéu giam 1a mdt duong cong di xudng.

A d
y =1(x)
y = f{x)
o|__— g © i

: Ham s6 don diéu gi
Ham s6 don digu tdng i 50 Con dict glam

ii. Ham sé f(x) duoc goi la tdng nghiém ngat (gidm nghiém
ngit) trén khoang X néu voi moi x,, X;eX ma x; < X ta ¢o
f(x)) = f(x2) (f{x)) 2 f(x2)).

Trudng Cao ddng hoa chét 19
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4.2. Him s6 bj chin
Dinh nghia.

Ham sb f(x) dugce got 1a bi chidn trén trong khoang X néu
véi moi xe X ton tai mot s& M sao cho f(x) < M.

Ham sé f(x) dugc goi 1a bi chan dudi trong khoang X néu
v&i moi x e X tdn tai mot s& m sao cho f{x) = m.

Ham sé f(x) duge goi 1a bi chin trong khoang X néu f(x)
vira bi chén trén va vira bi chédn duéi trong X.
Vidu.

e Ham s6 f{x) = x> + 1 1a ham s6 bi chan dudi vi f(x) = x> +

1 >1véimoix e R,

o Ham sb f(x) = -x* + 2 13 ham s6 bj chin wén vi fix) = -x°

+2 <2voimoix € R.

e Ham s6 f(x)} = sinx 12 ham sé bi chan vi sinx| <1,vx eR.
4.3. Ham s6 chdn, ham sé 1é
Pinh nghia.

Ham sb f(x) x4c dinh trén tdp X duoc goi 1a ham sd chin
néu véi moix € Xtacod —x e X va f(-x) = f(x).

Ham sd f(x) x4c dinh trén tdp X dugce goi 1a ham s 1& néu
voimoix e Xtaco —xeX va f(-x) = -f(x).

20 Truong Cao ddng hoa chét
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Vi du.

e Ham s6 f{x) = x* 14 ham sb chin

e Ham s6 f(x) = x* 1a ham sé 1¢
Chii . D6 thi ciia ham s6 chin va ham sé 1é ¢o tinh chit déi
xirng, cu thé 13 dd thi ham sé chin nhin truc tung la truc dbi
xirng con dé thi ham sé 1é nhan géc toa dd la tdm dbi xing.
4.4. Ham s6 tuéin hoan
Dinh nghia. Haim ) f(x) xac dinh trén tdp X duoc goi la ham
sb tudn hoan néu tén tai sb duong T sao cho véi moi x e Xta
ludén cé:

x*xTeX
f(x +T)=1£{x)

Chii y. 86 duong T nhé nhat thoa man didu kién trén duoc goi

[a chu ky ctia ham sd.
Vidu.

Céac ham s6 sinx, cosx 1a ham sé tudn hoan véi chu ky T
=2n .vi sin(x+2x ) = sinxX. cos(x+2n) = cosx, vx €R.

Céc ham sb tgx, cotgx 12 ham s6 tudn hoan v&i chu ky T

=n vitg(x+m) = tgx. cotg(x+n) = cotgx, vx e R.

Trudng Cao ddng héa chét 21
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4.5. Ham sé hop

Pinh nghia. Cho ham s6 y = f(u). trong d6 u = g(x). Khi d6 ta
noi y 1a ham sé hop cia bién sé x théng qua ham sb trung gian
u, ki hidu 1a y = flg(x)].

. . £ .5 .1 A . - N z
Vidu Ham s y = sin”x 1a ham s6 hep cda x thong qua ham s

trung gian u = sinx.
5. Cac ham sb so' cip co ban va cic phép toan so cip dbi
v6i ham sé
5.1. Cic ham sé so cip co bin
e Ham sé luy thira f(x) = x*, a la hing sd;
e Himsd mi fix)=a",a>0vaa = I;
e Ham s6 logarit f(x) = log,x,a>0vaa = I;

e Cac ham s lugng gide f(x) = sinx. f(x) = cosx, f(x) = tgx.

f(x) = cotgx:

e Cdc ham s6 lugng giac nguge f{x) = arcsinx, f(x) = arccosx,

f(x) = arctgx, f(x) = arccotgx.
5.2. Cdc phép todn so cip dbi véi ham sb

Céc phép toan cong, trur, nhan, chia va phép ldy ham so
hop: Puge thue hién gidng nhu déi vai cac bidu thire dai sé.
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Néu f(x), g(x) 1a cac ham sé cho dudi dang biéu thirc thi cac
bidu thite f{x) + a(x), f(x) - g(x). f(x).8(%), % dugc g0i trong
g X

{rng 14 tong. hiéu, tich, thuong ctia t(x) va g(x).
Vidu.

e Ham s6 y = 3x + 7" 1a tong ctia hai ham sd f(x) = 3x va g(x)
=7

2 .
X +81nx

e Himsé y = [ thirong cta hai ham s6 f{x) = x>+

log,x

sinx va g(x) = log,x

6. Cac md hinh ham sé trong phan tich kinh té
. 6.1. Ham c'tmg va ham cdu

Khi phan tich thi truong hang hoa va dich vy, cdc nha kinh
té sir dung khai niém ham cung Q, = S(p) va ham ciu Qq =
D(p) (trong do p la gia cua hang hod, Q; la lugng cung tire 1a
lrong hang hoa ma ngudi ban bang long ban & mire gid p, Qq
[4 lugng cdu tire 13 lwong hang hod ma ngudi mua bing long
mua & mirc gia p) dé biéu dién su phu thude ctia luong cung va
lugng ciu ciia mdt hrgng hang hoa vao gia clia hang hoa do.
Tat nhién, lugng cung va hegng cau khong chi phu thude vao

yéu t0 gid ca ma con phu thudc vao nhiéun yéu td khac nhu thu
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nhép. gia cua cdc hang hod khac lién quan,...do do, & day ta
chi xem xét ham cung va ham ciu véi gia thiét 1a cac yéu td
khac khong thay déi.

D6i voi hang hod thong thudng thi ham cung la ham sé
don diéu ting, ham cau 1a ham sb don diéu giam, tire la vai cac
yéu t6 khac khéng ddi, khi gia hang hod ting ngudi thi ngudi
ban sé muén ban duoc nhiéu hang con ngudi mua s& mua it di.
Ngudi ta goi db thi ciia him cung va ham ciu la dudng cung
va duong ciu, diém giao nhau gitra duong cung va duéng ciu
duoce goi fa diém can bing cla thi trudng, tire 14 & mue gia p
thi Q, =Q, =Q. Nghia la ngudi ban s& ban hét va ngudi mua
s€ mua da, thi truong s€ khéng con hién tuong du thira hoic
khan hiém hang ho4.

Chii y. Dé bidu dién db thj cia ~ 4P
ham cung va ham cau trén mat P=SUQ)

phing toa do, ngudi ta qui udc truc

hoanh dé biéu dién lugng Q, truc T e p=DYQ)
tung ¢€ biéu difn gid p. Cach qui O Q Q
udc nhu vdy tuong img vdi viée

biéu dién db thi cha hai ham sb
nguoe p = $7(Q,) va p = D'(Qy)
cta ham cung va ham cau.
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6.2. Ham sdn xudt ngan han

Céc nha kinh té hoc sit dung khai niém ham san xuit dé mo
ta su phu thudc cia san leong hang hod cta mot nha san xuét vao
céc yéu t& dau vao clia san xuat (goi la yéu t& dau vao) nhur vén,
lao dong, vat tu, ...

Trong kinh té hoc khai niém ngdn han va dai han khong
duge xdc dinh bang mot khoang thiri gian cu thé ma duogc hiéu
nhur sau:

Ngén han la khoang thoi gian ma it nhét mét trong cdc yéu td
san xuat khéng thé thay dbi, dai han 1a khoang thoi gian ma tat ca
cac yéu t6 san xuét ¢6 thé thay doi

Khi phén tich san xuét, nguoi ta thudng quan tdm toi hai yeu
t6 san xuat la von. lao dong ki hiculaK va L.

Trong ngin han thi K khong thay ddi nén ham san xuat ngin
han ¢6 dang Q = {{L), trong d6 L [a luong lao dong duge sir dung
va QQ la mirc san lugng tirong (ng.

6.3. Ham doeanh thu, ham chi phi va ham lgi nhuiin

Téng doanh thu, tdng chi phi va tng lgi nhuan ciia nha san
xudt phu thude vao san irgng hang hoa. Khi phan tich san xudt,
cling véi ham san xudt cic nha kinh t con st dung céc ham sb
sau:

6.3.1. Ham doanh thu 12 ham sb biéu dién su phu thude cia tong
doanh thu (ki hi¢u 14 TR} vao san lugng (ki hiéu 1a Q).
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TR = TR(Q)

chéng han, té)ng doanh thu cfia nha san xuét canh tranh la
ham bic nhét TR = pQ véi p 1a gia san pham wén thi trudng.
6.3.2. Ham chi phi 1a ham s6 biéu dién su phu thude cia téng chi
phi san xudt (ki hiéu 1a TC) vao san hrong (ki hidu la Q).

TC =1TC(Q)
6.3.3. Haum loi nhudn 13 ham sb biéu dién sy phu thude cia tdng
chi phi san xudt (ki hiéu la ) vao san luong (ki hiéu 1a Q).
n = n(Q)
Chui ¥, Ham loi nhuan c6 thé xac dinh duge thdng qua ham
doanh thu va ham chi phi,
n = IR(Q) - TC(Q)

6.4. Ham tiéu ding

Luong tién ma ngudi tiéu dung danh dé mua sam hang hoa
va dich vu phu thudc vao thu nhip. Cac nha kinh té s dung
ham ti€u dung dé bi¢u dicn sy phu thude cta bin ticu dung C
vao bién thu nhép Y.

C=HY)

Chii y. Theo quy ludt chung. khi thu nhép ting ngudi ta ¢ xu
hudng ticu dung nhiéu hon do d6 ham tiéu dung 13 ham déng
bién.
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§2. Gioi han ham sb

1. Cac dinh nghia

Pinh nghia 1. $6 A duoc goi 1 giéi han cliia ham sd f{x) khi x
— anéu khoang cch gitra f{x) va A ¢o thé thu hep maot cach tuy
v bing cach thu hep trong img khoang cach tir x dén a. tue 1a véi
moi s6 ¢ >0 bé tuy y. bao gidr ciing tim dugc trong tmg mdt s6
5 >0 sao cho bat dang thue

f(x}- Al <& duge thoa méan khi x
thude mién xdc dinh cia ham s6 va 0 <ix —a < &.

Ki hi¢u: Iimf{x) = A hoic f(x) - Akhix — a.

Pinh nghia 2. Ta ndi ham s6 f(x) ¢6 gidi han la A khi x—> o
néu voi moi sd £ > 0 cho trude nho tuy y. ton tai mot s6 M sao

cho véi moi x ma [x| > M thita ludn ¢6 |fix)— Al <e.

Ki hiéu: lim f{ix) = A hodc t{x) - A khix — w«.

Vidy. Chung minh Him(3x -1) =35

That vy, ta ¢6 lf(x)— 5| =|(3x -1)- 5 =3]x - 2|.

v - & oo £ : A
v moi s ¢ >0 bétuy ¥ tachon 8 =--. Khi [x -2/ <& ta ludn
2

co ‘f(X)—5I|=3‘X—2%<38=8.

Viay theo dinh nghia ta cé diéu phai chimg minh.
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2. Gidi han mgt phia

Trong dinh nghia néu trén ta xét ching ta xét qua trinh x
~> a khong phén bi¢t x > a hay x < a. Khi xem xét gidi han,

nhi¢u khi ta phai xét riéng hai qué trinh v&i ky hiéu nhur sau:

* Quatrinhx — avéix>a kyhidulalax - a*

® Quitrinhx » avdix<a, kyhiéulalax - a’

Gidi han cua ham sb fix) khi x> a* va x — a duoc goi
twong ng la gi¢i han bén phai va giéi han bén trai cia ham sb
f(x) tai diém a, ki hicu twong img la lim f(x), lim{(x).

Dinh Ii. Didu kién cin va du dé imfx)= A 1a

X—3

lim f(x) = limfix)= A .

a7

tai diém x = 0.

1

Vi du. Xét gidi han cua ham sb f(x)=
‘ 142

Taco lim —— =0, lim— = 1. Vay theo dinh i, ham s
x—07 x—{)”

[+2* 142=

khong ton tai giéi han tai x = 0.

3. Mgt s6 dinh 1i vé gi¢i han cia ham sé -

Pinh li 1 (Tinh duy nhét ciia gi¢i han ham sé).
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Gi6i han ciia ham sb f{x) khi x — a (néu ¢6) la duy nhét.
Pinh li 2 (Cac phép toan trén gi6i han cia ham sb)
Néu cac ham sb f{x) va g(x) déu ¢o gidi han khi x — a thi:

lim{f(x) + g(x)] = lim f{x)  lim g(x)

lim f(x)g(x) = lim f{x}.lim g(x)

vy lImf{x)
i F0 ﬁim o(x) % O)
weg(x) limg(x) e

Pinh li 3. Gia st ba ham s6 f{x), g(x) va h(x) thoa mén bt ding
thirc
f(x) < g(x) < h(x) véi xe(a: b)

Khi d6. néu lim fix) = lim h(x) = A thi lim g(x)=A.
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§3. Dai lwgng v6 cang bé va vo cling lon

1. Dai lwong vé cung bé
1.1. Dinh nghia. Dai luong a(x) duge goi 1a mot vo cung bé

(VCB) khi x—>a néu lima{x)=0.

Vidu.
o a(x)=x—11lamot VCB khix—1.

e Cac dai lugng sinx. tgx 1a VCB khi x 0.
Chut v,
e Moi hiing s6 C = 0 déu khong thé 1a mot VCB.
e Hai dai fugng «(x), p(x)dugc goi 1a VCB ddng thoi néu
chung la cac VCB trong cing mot diéu kién x> a.
1.2. So sdnh cdc VCB
Dinh nghia 1. Cho «(x)va p(x)la hai VCB déng thon kht x —a.
Ta ndi a(x)1a VCB bac cao hon B(x)khi x >a khi va chi khi

Dé néi réng a(x) la VCB bdc cao hon B(x)khi x —~ata viét
a(x) = O[ﬁ(x)].
Vidu o(x)=1—cosx la VCB bédc cao hon B(x)=2x khi x>0
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Nhén xét. Tir dinh nghia ta d& dang suy ra cac ménh dé sau:
o Néu a(x) = 0[B(x)] thi a.a(x) = O[B(x)] ( a 12 hing sd)

o Néu a(x) = 0[p(x)] va y(x) = 0[p(x)] thi a(x) £ r(x) = OB,
a(x).3(x) = O[B()].

k2 k+p

Vidu Vaik > 0.khix >0tacd Bx)=ax" ' + ax

= 0[x".

+...+ apX

Pinh nghia 2. Ta ndt a(x) va f(x)la hai1 VCB cung bac khix—a

Khi va chi khi 1im % =k 20

X ra ﬁ(x)
Pac biét khi k = 1 ta ndi u(x)va B(x)ta hai VCB turong duong, ki
higu fa a(x)~ P(x) khix —>a.
Vi du.

e a(x)= | —cosx va B(x)=x"/2 13 hai VCB tuong duong khi

x—1.
e g(x)=tgax va B(x)= ax la hai VCB twong duong khi x — 0.

e a(x)=In(l +x) va B(x)= x la hat VCB wong duong khi

x—{0.
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1.3. Ung dung ciaa VCB trong vige tim gioi han dang vé dinh
00

Binh li. Gia st khi x - a ta ¢6 cac cip VOB tuong duong

a(x)~ a,(x) khi x—a, B(x)~ B,(x) khix—>a

Khi d6 néu llm o x)

voa B (x)

tdn tai thi ta ¢co:

i 2 X) o, (X)
m = lim
P [j()\) x—g ﬁ (\()

Chieng minh.

a{x) _ u(x) a_l(x) B,(x)
B o, () By(x) Blx)

X — ata ¢o dicu phai chimg minh,

Taco . chuyén qua giéi han khi

Vidu.

. i sinx +4x” ~ lim smx ]
m --——— = = -
x40 ] —cosx + 3x 0 3x 3

: I—Losx+2x . 2%
e lim m

=0 Ax 4 xT

3

2. Dai lwgng vo cung lon

2.1. Dinh nghia. Dai luong F(x) dugce goi 1a mot v cung Ién khi

X —anéu lim|F(x)| = +o0 .
Xx—a
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Vidu Vi k>0 vaa=0taco:
* ax* 1a mot VCL khi x — +oo,
e ax™ 12 mot VCL khi x—> 0

2.2. Dinh If (Mbi lién hé gitra dai rong VCB va VCL)
Néu F(x) 1 mot VCL khi x—>a va FG)# 0 thi a(x) = % o
44X

mdt VCB khi x->a. Nguoe lai, néu a(x)1a mdt VCB khi x—a va

a(x) =0 thi F(x)= b la mot VCL khi x — a.
o(x)

1

| -cosx

Vidu a(x)=1 —cosx la mét VCB khi x— 0 thi F(x)= la

mot VCL khi x—» 0.
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§4. Ham s6 lién tyc

1. Khai niém ham s6 lién tuc
1.1. Ham 50 lién tuc tai mot diém

Cho ham sé f(x) xac dinh trong khoang (a; b). ta noi ring

ham s6 f(x) lién tuc tai diém xye (a; b) néu:

Iim f(x) = f(x,)

ARy

Ham s6 f(x) khong lién tyc tai diém x, duoc goi la gian
doan tai dicm dy. Vay x, la diém gidn doan cda ham s6 néu x,
khong thudc mien xac dinh cta fix) hodc x; thudc mién xac

dinh cua f(x) nhung lim f(x) = f(x,) hay khong ton tai lim f(x).

NNy, i
Chu y.
1. Néu x; thudéc mién xac dinh cita ham sé6 va

lim £(x) = f(x,,) ( lim f(x) = f(x,) ) thi ta n61 ham s6 f(x) lién tuc

KX, X=X

phai (lién tuc trai) tai x,.

ii. Ham s f(x) lién tuc tai diém xo khi va chi khi n6 ddng

thoi lién tuc phai va lién tuc trai tai diém x,.
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1.2. Ham s lién tuc trén mot mién

Ta néi ham s6 f(x) lién tuc trén mot mién X < R néu né lién tuc
tai moi diém thude X.
Chi ¥. Trong trudmg hop X = [a: b] thi f{x) lién tuc trén X néu nd
lién tue trén khodng (a; b) va lién tuc trai tai a, lién tuc phai tai b.
Vidu.

e Ham s0 1{x) = x lién tuc v&i moi x hiru han

. z 1 .y : L .
e Ham s0 f(x) = —— gian doan tai x = a vi tai x = a ham
X—a

56 khong xac dinh

o | khixst |
e Ham s6 f(x) = 21 gian doan tai x = — vi
~1 Khi x> 2

lim f(x) =12 lim f(x) = -1
1 |-

x—- N—b--
2 2

2. Cac phép todn so cip doi véi cac ham so lién tuc
Pinh li 1. Néu cac ham sé f{x) va g(x) cung lién tuc tai diém x thi:
e Cac ham sb [(x) + g(x) va f(x).g(x) lién tyc tai didm x,

f(x)

e Ham sb ﬁ cling lién tyc tai diém x néu g(x) =0
g(x
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Pinh Ii 2. Néu ham s @(x)lién tuc tai diém x, va ham s f{u)
lién tuc tai diém uy = o(x,)thi ham sé hop flp(x)] lién tuc tai
diém x,.

3. Cac tinh chét ciia ham s lién tuc

Pinh Ii 1. Cho ham sé f{x) xac dinh va lién tuc trén khoang
I'=(a: 8 ; cho a, be I va fa)f{(b) < 0. Khi do tn tai diém ce (a: b)
sao cho f(¢) = 0.

Hé qua. Néu f(x) lién tuc trén doan [a; b] va f(a).fib) < 0 thi
phuong trinh f(x) = 0 ¢é it nhat mdt nghiém trong khoang (a;
b), tire 12 ton tai it nhAt mot diém ce(a; b) sao cho f{c) = 0.

Pinh li 2. Néu ham sd f{x) lién tuc tai diém x, thi tai do ta co

_lin_l f(x) = f( lim x).
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Bai tip chwong 1

1. So sanh cac v6 cung bé sau

a. a(x) =sinx.p(x) =x* khix—0

b, a(x)=1- cos(% - x),B(x) = cotgx khi x-» g

C. oX) = cosx —sinx,B(x) = cos2x khi x —» %

2. Poan thang OP néi lién tim O véi diém P ngoai duong tron.
V& tiép tuyén PT va tir T ha duong vudng goe TN xudng OP.
GO1 A la giao gitra OP voi dudng tron. Chimg minh AP va
AN Ia hai v6 cling bé tuong duong khi P> A.

3. Sir dung Umg dung ciia vé cung bé tim gidi han céc ham sé

. 3x +sin’x oA l+x =1
a. him— ; b. Iim——
\->051nzx__x4 x_>g_1,‘1+x_1
| , ) arcsin -
. —COSZX +18°X . _
lim <t g d. lim—Y1=X"
a0 X.S1NX =0 In{1+x)

4. Xét tinh lién tuc cda cac ham sé
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4

X" — 4 . —lix? .

8 fx)={ 5 Kx#2Z oy g fe Khix=0
4 khix =2 0 khix =0
i khi 0

f{x) = Xsin - X #

0 khix =0
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Chuwong 2
PHEP TiNH VI PHAN CUA HAM SO MOT BIEN

§1. Pao ham

1. Khai niém dao ham
1.1. Dgo ham cua ham sé tai mot diém

Gia str ham sb y = f{x) xac dinh trén khoang (a; b). Néu
xudt phat tir diém xye (a; b) ta cho bién doc lap thay ddi gia tri
dén diém xe(a; b) thi bién phu thude y sé thay dbi gia trj tr
f(xo) dén f(x). Hiéu Ax = x — x, chi luong thay dbi gia tri cua x,
duoc goi 1a s& gia cua d8i sb, con hidu s
Ay = f(x) - f(x,) = f(x, + Ax) — f(x, ) chi lugng thay doi gia tri

tuong ng cua y dugce goi la sd gia tuong mg cia ham sé.

Ty s Ay _ f(x, + Ax) - f(x,) _ f(x) — f(x,)
Ax Ax X-X,

biéu dien toc do

bién thién trung binh cta bién sb y khi bién x thay déi gia tri tir x,
dén x. Néu ty sé nay ¢6 gioi han hiru han khi Ax — 0 thi gioi han

dé cho biét the d6 bién thién tirc thoi cha ham sd tai diém x,,
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Dinh  nghia. Gi6i han (néu  c6) coa ty s

SA.X. — f(xf} +&X)_f(x0) — f(X)—f(XO) k_hl
Ax Ax X-X,

Ax — 0 dugce goi la dao

ham clia ham s6 v = f{x) tai diém x,. Ki hi¢u [a y*(xg) hodc ().

Theo dini nghia ta cd:

. ,. e o
£ (x,) = lim 2L = Jigy Qo #AO M) e 1002 %)

Ax—{) AX Ay D AX RN, X - XU

Vidul Tinh d.’;io ham ctia ham s6 f{x) = X2 tai diém x, bt
ky.

Gidi.

Cho Xo $O - gia AX , ta co
Ay (6 #8077 xy (2%, + Ax)Ax . Theo dinh nghia dao ham
Ax Ax Ax

s Ay
taco f (x,) = lim —= = im(2x, + Ax) = 2x,,.

Al Ay Ax 2

Viduy 2 Tinh dao ham ctia ham sé f{(x) = sinx tai diém X, bét
ky.
Giai. Cho xg sb gia Ax, ta co:

. LA . sinx-—sinx
£'(x,) = lim 2% = Jjm 30X 7MW Xo _
Ax—l) Ax X=X, X - XO
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X+ X X—X
2cos ; % sin 5 %
him =
X2 X - Xﬂ
. XX,
X +X S 5
= lim cos  lim = COSX,.
N, 2 v N-Xp
2
1.2. Dao ham mot phia.
Gigi han {néu co) cua ty sO
Ay fix, + Ax) —f(x,) _ {{x) —f(x)

khi Ax - 0" duge got la
Ax AX X - X,

dao ham bén phai cia ham s6 vy = f(x) tai diém xo. ki hiéu la
f(xg).

Theo dinh nghia ta co:
- * fi — fi fix) —ft
Fxg) = lim Y o jig (0 8070 _ gy, 100 2106,
a0 Ax Ax—07 Ax NoRX, X'XU
Tuong tu,
: fi Ax)—f(x fix)—f(x
)= lim o i o0 7IX) e 1)~ 1)
=0T AX A=l Ax woang o X=X,

dugc goi 1a dao ham bén trai cua ham s& y = f(x) tai diém x,.
Pinh 1i. Diéu kién cdn va di dé ham sé y = f(x) ¢6 dao ham tai
diém x, 1a dao ham bén phai, dao ham trai cta ham 0 y = f(x)
tai diém x, ton tai va bfmg nhau.

Trudng Cao ddng héa chat 41



TOAN CAO CAP

Tacla f'(x )=k < f(x))=f(x)=k

Vi dy. Xét dao ham cita ham s f(x) = x| tai diém xp= 0, ta cé:

: . A A
f(x")=lim — = lim u:l,
! ax—0" Ax  ax-a0" Ax
. i Ax
{(x7)= lim gz lim ‘____‘:
" ax—0 AN av=b Ax

suy ra f (x”}#f(x’) nén ham s6 f(x) khéng c¢6 dao ham tai
diém x, = 0.
1.3. Méi lién ¢ giiia dao ham va tinh lién tuc cia ham so
Pinh li. Néu ham s8 ¢6 dao ham tai diém x, thi né lién tuc tai
diém do.
Chirng minh.

Gia sur £(x,) ton tai, khi do ta co:

m 1?g-}f)_fﬂ(x —x%,)=1(x,).0=0,

i} X - X

tifs) ] i, T

suy ra limﬂ f(x) = f(x,). Pidu nay chimg to ham sé f(x) lién tuc

S —
tai diém Xg.
Chit y. Dinh Ii khang dinh ham s6 lién tyc tai tdt ca cac diém
ma tai dé né cé dao ham. Tuy nhién, mdt ham sd lién tuc tai
mét diém thi chua chéc di co dao ham tai diém do6. Chﬁng han,
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ham s6 f(x) = |x| lién tyc tai diém x = 0 nhung khéng c¢é dao
ham tai diém d6.
1.4. Y nghia hinh hoc cia dgo ham.

Cho duong cong (C) ¢o phuong trinh y = [(x). trén (C) lay
Mo(Xo: yo) va M(xgt AX ; yot Ay ).

C e e = = Ay TR O
Goig la goc gitra M,N va Ox thi A_\ =tgep chinh la hé s goc
X
cua didy cung MgM. Khi Ax -0 M s& dan dén M, trén duong
cong, day cung M¢M sg trung vat tiép tuyén M,T va goc ¢ sé
dan dén goce . tire la ta co:

Ay L
Jim - = limege = tga =1 (X)),
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Vay, dao ham cua ham sé v = fix) tai diém xy la hé s6 goc ena

tiép tuyén voi dieomg cong y = fix) tai diém M, c6 hoanh do x,,
2. Dao ham caa cdc ham so so cidp co ban

Dé thure hién viéc tinh todn dao ham, trirde hét ta can phai

ghi nh¢ cac cong thire dao ham cua cac ham sd so cap co ban

sau day:

1.(Cy =0 . (Xu ) =ox® ) = l},(a'} =a-lna:{c) =¢
4.(Iogax)'= — (X} = — |5 (sinx) = cosx 6. {cosx) = -sinx

XIna X
5 . i . 1 o !
Fo{gn)y = m—— 8. (cotgy) = — ———— 9. {arcsinxy =

Ccos X s1In~ X 1—x°

. 1 _ 1 _ 1
10. {arccosx) - — ———— 1. (aretgx) = 5 12, {arccolgx) = —~ 3
7 =
1 —x° 1 + X 1 + X

3. Cac qui tic tinh dao ham
3.1. Pgo ham cua t(’jng, hiéu, tich, thuong cdc ham s0

Dinh li. Néu cic ham s6 u = u(x), v = v(x) ¢é dao ham tai

diém X, thi tai diém do ta co:

1. (u + v)' =u +v
ii. (cu) =cu,cla hang s bat ky.
.  (uv) =uv+uv
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iv. (3) SUYIW L)

WV
Chung minh.

Ta ching minh cdng thirc i}, cac truomg hop con lai
chirng minh tuong tu.

bat v = uv, khi do tai diém Xp ta co:
AY = u(xg + AX)V(Xg+ AX) - u(Xg).v(xg) =

= [u(xo + AX) - uXg}]v(xg + AX) + [v(Xp + AX) -
v(xp)]u(xg) =

= Auv(Xpt+ AX) T u(Xg).Av

suy ra

- oAy 0 [Au Av . .
Y (%)= lim ™ = Ali_r{n{& v, +Ax)+u(>a})-d= (%, V%) )+ U()V (%)

Viy dao ham cia hamsdy =uvlay =uv+uv.
Vidu!l Choy=3x—5x+6thiy =9x°—5
Vidy 2 Choy=(3x—5)sinx thi y = 3sinx + (3x - $)cosx

T N
3x . - OXcosx +3x7simx
Vidu 3. Cho v= thi y =
COSX cos’x
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3.2. Pgo ham ciia ham s6 hop
Pinh li. Néu ham sé u = p(x) cd dao ham tai diém x, va ham sé
y = f(u) ¢6 dao ham tai diém tuong img U, = @(x,)thi ham hgp
v(x) = flp(x))c6 dao ham tai diém x, duge tinh theo ¢ong thire
¥ (x0)= f'(uy)0 (x,) hay y_ =y, .u,

Chirng minh.

Tai diém xo. néu thay dbi gia tri cua bién x mot lugng Ax
thi u = @(x) thay ddi mot lrgng trong irng Au ., kéo theo y = f(u)
thay a6 mot lugng Ay . Do ham sé v = f(u) ¢o dao ham tai diém

Xo nén ta ¢o:

Ay Ay

l}nﬁlﬂ =f(u) = H =f (u,)+a(Au),
2.1.1)

trong d6 u(Au) la mdt v6 cung bé khi Au — 0.

Tu (2.1.1) suy ra Ay =1 (u,).Au+ Au.o{Au) =

Au
AX =t (u n) +A_Q(AU)

Ham sé u = ¢(x)co dao ham tai diém X, nén né lién tuc tai

diém dé. Khi Ax — 0 thi Au— 0, do d6 ta co:
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Ay _

Au Au
[y fim 0 im0 lim )

=f (Uo)-u (X[.)"'U (X4)0= f (uo)-@ (Xo)-

y (xn) = Ilm

Vidy. Ham s y = (3 — 5x)° 12 ham s hop cua hai ham co ban la
y =1’ vau=3 - 5x. Theo quy tic tinh dao ham ctia ham sé hop
ta co:
y = (u®) (3 -5x) =66’ .(-5)=-30(3 - 5x)°.
Chii y.
i. Dinh i nay ¢6 thé suy rong cho trirong hop ham sé hop
nhicu 1an, chiing han v = f(u), u= @ (v), v = i (x) thi

Y, =¥, UV

- % Ly X

11. Ap dung qui tic dao ham cda ham s6 hgp. néu u = ¢(x)
la mot ham s6 ¢ dao ham thi dao ham cta cac ham so cap co
ban dugce st dung nhu sau:

: l 2 ta") = a"Ina.u 3e") = et
1. (u) =au”
u u o L
4{logu)= Sy = — 5. Isinu) = u .cosu 6. [cosx} = -usinu
ulna u
u u ) u
7. {1gu) = 5 B. [cotgu) = — S 9. {arcsinu) =
cos‘u sin"u [-u’
' : 12. {arccotgu) =
u . u .
10. {arceosx) = — 1. {arctguy = 5 n
k] I
1-u’ l+u - 3
I+u
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P+l x

k43 Wxi43

Vidul y=+x>+3 thiy

Vidu 2. y=In(x+vx’+5) thi

X
1+ e
7 oo -
\I__-:(x+\fx“+5)m: VxS +5 1

v

- -
X+yVx*+5 X+Vx2+5 x1+5

. . . 1. .. . ] .
Vidu 3. Cho y =sin{cos —),dadt vy = sinu, u = cosv, v= — ta co:
X x

¥, =Cosu, u, =-sinv, v_=-

L A%

3 -

X

Ap dung cong thire tinh dao ham caa ham sé hop ta co:
- . 1 | 1
¥, = Cosu.{-sinv).(-—) = —.sin —.cos{cos —)
X~ ) X X

3.3. Dgo ham cua ham s6 nguoc

Pinh li. Néu ham sé y = f(x) ¢ dao ham v (x)# 0 tai diém x va
¢6 ham sé nguoe X = o(y) lién tuc tai didm y lrong ung thi tai

diém y tuong img 4y ham sé x = g(y)cd dao ham ngugc tinh

theo cong thire x (y) = ——.
y (X)
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Chung minh.
. AX I . AX 1
Tacd —=— nénsuyra lim —=
Ay Ay Ay =D &)( I Ay
Ax a0 Ax
< X(y)=—
y (x)

Vidy. Cho ham sd y = arcsinx, tinh y .
Ham s0 y = arcsinx, x €(-1; 1) ¢4 ham sd nguoe [a ham sé x
. T T - a - ; . » \
=siny ( — 5 <y < 5 ) nén theo cdng thite tinh dao ham cda ham
sO nguoc ta co:

1

: 1 1 1
y (X): - = = =
x (y) cosy Jl-sin’y  1-x?

3.4. Dgo ham cia biéu thirc lup thiva mit va phirong phdp

logarit hod

Gia st ta phai tinh dao ham cia ham s6 y = u”, trong d6 u
= u(x), v = v(x) la cac ham s6 ¢6 dao ham va u(x) > 0. Dé tinh
dao ham cta ham sd y = u* ta 4p dung mot trong hai phuong

phap sau:
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Phwrong phap 1.

Tacd y=e"™ =™ =c"™, 4p dung cach tinh dao ham cua
ham s0 hop ta co:

= (™) = (vinu)e™ = u' (vInu+ — )
J u

Phiwrong phdp 2.
LAy logarit co sd e ctia y = u' ta duoc:

Iny = vinu
(2.1.2)

Dao ham hai vé cta (2.1.2) theo bién x ta cé:
Yy vlnu + vi
y u

Tu daysuyra y = y(vInu+ vy = ut(vinu + vy,
U u

Vidyu I. Tinh dao ham cta ham séy = x*, x> 0.
Taco y=x" =™, suyra

y =) = (xInx)e™ =x*(Inx +1).

Vi du 2. Tinh dao ham cua ham sb y = (1+x)°™

Tacolny = sinx.In(1+x%)
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= (Iny) = [sinx.In(1+x%)]
yl 4 2XSinX
= — =cosx.In(1+x" )+ ;
y 1+x°
j—

+x°

2

. Ixsi
y = y[cosx.ln( Hx7)+ _1x51nxJ
+x?

(1 +x° )5"“ [cosx.ln( +x7)+ 21XSIHX]
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§2. Vi phan ciia ham s6 mot bién

1. Khai niém vi phin va lién hé vé&i dao ham
1.1. Khadi niém khda vi va vi phin

Cho ham sé y = f(x) xéc dinh va lién tuc trong khoang X <R.
Nhir ta di biét, néu f{ix) lién tuc tai didm xgeX thi sb gia
Ay = fix, + Ax)—f(x,) 1a mdt vO cung bé khi Ax - 0.

Binh nghia. Ham s6 f(x) dugce goi la kha vi tai diém x, néu ton tai
) thye k sao cho Af(x,)1a mét VCB tuong duong voi k. Ax khi
Ax >0, nrcla:

Af(x,) = k.AX + 0(A%) (2.2.1)

Tich s6 k. Ax trong biéu thirc trén dugce goi 1a vi phan clta ham

s f(x) tai diém xq va duge ki hiéu la dy hode dfixo).
Viy, ta c6 df(xg) = k. Ax
Vi du. Xét ham sb f{x)= X’ . tai diém x, bét ky ta co:
Af(x,) = (x, + AX)' —x] = 3x2Ax +3x, (Ax)? +(Ax) = 3xAX + 0(A%)

Theo dinh nghia f{x) khé vi tai xp va df{xg) = 3x;Ax .
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1.2. Lién hé vdi dao ham
Pinh li. Him s6 f(x) ¢6 vi phén tai diém x, khi va chi khi n6
¢ dao ham tai diém d6. Khi do hing s k trong biéu thire
(2.2.1) chinh 1 dao ham ctra ham s f(x) tai diém do, tic la:
df(xe) = £ (xg). Ax (2.2.2)

Chirng minh.

Gia sir ham s6 f{x) kha vi tai diém xq, tirc 12 tn tai hing
so k sao cho biéu thire (2.2.1) thod mian. Chia hai vé coa
(2.2.1) cho Ax ta duoc:

Af(x,) ks 0(AX)

Ax AX
e 4 . Af(x, . G
[ir ddy suy ra lim Alxo) _ k + lim 0(ax) _ k+0=k. Diéu nay
Ax—0 Ay ar—0  Ax

chimg 16 f{x) c6 dao ham tai diém x, va f(xg) = k.
Nguoe lai, gid st f{x) c6 dao ham tai diém x,, tirc 4 ton tai

gidi han hitu han

Hm —Af(xn) =

A—0 Ay

f(x,)

Khi do ta ¢6 ét;;—x“—) =f'(x,) + a(Ax). trong 36 a(Ax)1a mdt VCB
X

khi Ax > 0.

Trudng Cao ddng hda chét 53



TOAN CAO CAP

Suy ra zAf(x,) =f (x,).Ax + Ax.a(Ax). Do a(Ax) -0 Khi
Ax — 0 nén Ax.a(Ax) cling 1a mét VCB khi Ax —» 0. Vay theo
dinh nghia, ham s6 f(x) kha vi tai diém x, va dfixg) = £(xo). AX .
Chii 3. Xét ham sd f{x) = x, khi d6 ta c6 dfix) = dx = (X} .Ax = AX.
Suy ra dx = Ax , thay vao bicu thirc (2.2.2) ta duoc:

dftxo) = £ (xo).dx
(2.2.3)

Vidy 1. Cho f{x) = sinx + 2x thi df{x)} = (2 + cosx)dx
Vidu 1. Cho fix)=xe" thi dfix) =(x + 1)e'dx.
1.3. Y nghia hinh hoc cia vi phin
Cho dudng cong (C) ¢d phuong
trinh y = f(x). Trén (C) lay diém
M(x; ¥), ké tiép tuyén véi duong
cong (C) tai diém 4y. Cho x bién
d6i mot lugng Ax, khi d6 tung

dd vy trén duong cong ¢6 sO gia

tuong Umg la Ay = AN va tung

~ ~ P A 4 z A . X
dd y trén Ui€p tuyén co sO gia O X x+ AX

tuong tmg 1a AP. Goi a la goc
giira MT va MA, xét tam giac
vudng AMP ta co
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AP = AM. tga. = f(xg). Ax = df{x).

Vay, vi phdn cra ham sé fix) tai diém x, ding b(%ng 56 gia clia
tung do y trén tiép tuyén véi dieong cong y = fix) tai diém c6

hoanh do x,.
2. Ung dung ciia vi phin vao phép tinh gin ding

Tir y nghia hinh hoc clia vi phan ta nhin thiy tai diém x, nao
dé co sb gia d6i sd Ax , s gia trong (mg clia ham sb lAAf(x, ), vi
phéan cta ham s tai diém d6 13 dfix) thi khi Ax c6 gid tri tuy&t ddi
nhé thi sur sai khac gitta df{xo) va Af(x, ) 12 khong dang ké, tirc la:

Af(x,) = dfi(xg). (2.2.4)
do Af(x,) = f(x, + Ax) - f(x, ), dfix) = f (xo) Ax nén thay vao biéu
thire (2.2.4) ta co:
fix, + Ax) - f{x,) = f (x,)Ax
& f(x, + AX) = f(xy) + T (x,)Ax (2.2.5)

Vidy 1. Tinh gan dang 2°*

Pat fix) = 2" thi f(x) = 2*In2, chon xy = 3, Ax =-0,02 thi 4p
dung cong thirc (2.2.5) ta co:

228 %27 250,02 in2 =8 0,02 <8 «0,6831 = 7,889
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Vidy 2. Tinh gan ding sin31°
Pit f{x) = sinx thi f(x) = cosx

Chon x¢=30"= —g Ax=1"= i:_() thi ap dung ¢ong thire

(2.2.5)taco:

0,514834
3. Cac phép tinh vi phiin
Pinh li. Néu cac ham s6 u = u(x) va v = v(x) kha vi tai diém x thi
tai diém do ta ¢6:
1. d(u + v)=du + dv;

ii.  d(ku)=kdu (k Ia hing sb bat ki);

1l d(uv) = udv + vdu;
iv. d[gj = M (v =0).
v v
Chirng minh
‘Ta chimg minh cong thire iii) cic truomg hop con lai chimg
minh tuong tr,
Ta co d(uv) =(uv)dx=(u'v + uv )dx = v(udx) + u(v dx) =
udv + vdu,
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§3. Pao ham vi vi phan cip cao - Cong thirc Taylor

1. Pao ham cip cao
Pinh nghia. Nhu ta da biét, néu ham s y = f{x) c6 dao ham la
f'(x) thi n6i chung f'(x) cling 1a ham s cta bién sé x va ta
201 n6 1a dao ham cip mot. Pao ham caa ham sb nay (nghia la
dao ham cla dao ham c¢dp 1) duge goi 12 dao ham cap hai ciia
ham s6 f(x), ki hiéu la f'(x). Theo dinh nghia ta co f (x)=
(F00)

Tuong tu, dao ham cta dao ham cép hai dugc goi la dao ham

cap 3, ki hiéu " (x).

-Dao ham ciia dao ham cép 3 dugc goi 1a dao ham cép 4, ki

higu 1a £9(x).

Téng quat, dao ham cua dao ham cap (n -1) duoce goi la

dao ham cip n ctia ham sb f(x). Ki hiéu la £ x) va f"x)=
(Fo %)) .
Vi du.

o fix)=c¢"thi f(x)=¢", f (x)=c",...f"x)=¢".
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e fix) = x* thh fx= o', K=

a(a-Dx* L) = a(e-1).(a-n+1)x*"

{11l
Pic bict a=-1 thi [lj _

X

(—1)" n!

=]

X

2. Vi phin cép cao

Pinh nghia. Vi phan cla ham sé y = f{x) ta df(x) noi chung la
ham s6 cua bién sd x va duge goi la vi phén cip 1 cia ham sb
f(x). Vi phan cta ham s6 nay (tire 1a vi phan ctia vi phéan cép 1)
duoc goi 1a vi phan cép 2, ki hicu 1a d*f(x) .

Theo dinh nghia ta co:

d*(x) = d(dftx)) = (" (x)dx ) dx = £ (x)(dx)* = £ (x)dx?

Twong ty. vi phin cta vi phin cap 2 duogc goi 1a vi phan
cap 3. ki hiéu la d*f(x).

Tong quat, vi phan cta vi phan c¢dp (n -1) duoc got la vi
phan cip n cta ham sb f(x), ki hiéu la d"f(x) va d"f(x) = d(d™
'fix)) = f(x)dx".

Vidu f(x)=x"+ 1 thi d’f(x) = " (x)dx" = 6dx’
3. Cong thirc Taylor
3.1 Binh Ii. Gia st ham sb f(x) ¢6 dao ham t6i cdp (n + 1)

trong mot 1dn cin V cua di€m x;, khi dé voi moi xe V ta ¢o:
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£00)= £0x,) + £ (% )(x=% )+

[n]
;x“ (X=X, ) +...+ (X”)(x X,)" +R, (%)

(2.3.1)

f-nnl}(c)
(n+1)!

trong do Ry(x) = (x-X,)"" vGi ¢ ndm gitra Xy va x.

Ta cong nhdn dinh li va khéng chirmg minh.

Cong thire (2.3.1) duge got 1a cong thie khai trién Tarlor
cép n cia ham sd f(x) & lan cén cua diém xy. R, (x) duogce goi la
phin du caa cong thirc khai trién (2.3.1).

Trong trudng hop x¢ = 0 thi cong thire (2.3.1) co dang:

f(x) = f{0) +

f(O)x —0)x3+ f[“‘((})‘( +R, (x).
TR

n!

(2.3.2)

t‘"”(c) RO .
~=x" vai ¢ ndm gitta 0 va x.

trong do6 R, (x) = T

Cong thire (2.3.2) dugc goi la cong thirc Maclaurin

Vidyu 1. Viét cong thire Tarlor cdp 3 clia ham sb f{x) = € & 1an can

diém x, = -1.
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Taco f™(x)=e* Vn=1,23,.nénsuyra f¢1) =1 vn
e
=1,2,3,.
Céng thirc can tim la:

c
X

1 1 s i
e =l by eyt s Ly + S x4+, veic
€ e 2le 3le 4
nam giira -1 va x

Vidu 2. Khai trién da thire f(x) = x’ -2x* + 3x + 5 theo cée lug thira
cua(x - 2)

Ta c¢o:

f(x)=x -2x*+3x +5 =  f2)=11

f'(x)=3x>—4x + 3 = £(2)="7
f (x)=6x—4 = f'(2)=8
f(x) =6 = f (2) =6
{9x)=0 = £f92)=0

Cong thirc cin tim c6 dang:

f(x)=1 1+7(x-2)+2§'(x—2)2 +g(x-2)3 =114 7(x=2)+dx=2)° +(x-2)
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3.2. Céng thirc Maclaurin ciia mét sé ham so cip co bin
o {(x)=¢e"taco f{0)=1,
f"x)=e"vn=1,23,.= M=t vn=1,2,3,.

2 3 n c . n+l

. X X X X e"x -
suy ra: ¢ =l4+—+—+—+...+ + LVO1 C
2t 3t n' (n+1)

nam giira 0 va x.
o £x)=In(1 + x) ta cb f(0) = 0.
P =1y I o103 o 0y = 1)L
(1+x)"
S, vn=1.2,3..

suy ra
2 3 It 1

ln(l+x)=x-x—+£—...+(—l)" 'X—+(_1)"M
23 n (n+1)

vé1 ¢ ndm gifta 0 va x

. 2a+3)T | on
3 5 a1 2n-l S| €+ — ¥
. xT X 1" 'x 2
® sinXx=Xx-—+——...+
3! 5! (2n-1)! (2n + 3)!
voi ¢ ndm gitta 0 va x
2

4 _1ynh ., 20
X L CDx

. cosx=1-x—+——... +
21 41 (2n)! Cn+2)!

v&i ¢ ndm gidra 0 va x.
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3.3. Ung dung vio tinh gin dimg
Vidy . Tinh gan ding sé e.
Ap dung cong thirc Maclaurin ciia ham e* voi x = 1 ta co:

11 l e
e:l+1+;+— +..+—+

3! nt (n+1)!

.voic e (0; 1)

1 | 1 o .k Cc
suyra exl+i+ —+—+ _+-~_ vFisaiso §=
20 3 n! (n+1)!

|
e 3
<

m+ly  (+D

: . 1 s A
Liyn=8thie=x] +1+i+—+...+i = 2.71828 vii sal s6
20 3 8!
Vidu 2. Tinh gan ding sin40° vai sai s6 5 < 107,

7]

—=069813-0,0567K0,00138-06428&

[
sin40“:sinz—JI 2x \9
9 9
(2—“)
9
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§4. Quy tic Lopitan

Quy téc Lopitan cho phép ta sir dung dao ham dé khir cac

dang vo6 dinh dang o va 2 khi tinh g1d1 han cua ham so.
o0

1. Dinh Ii.
Gia s cac ham so u(x) va v(x) thoa man cac dicu kién:

Cooulx)y . U § T -+
1. Gidi han llm——) co dang vo dinh — hodc —, tlrc la ca
x=3 y¥(x) 0 o
hai ham s u(x) va v(x) cling cé gidi han 0 hodc cung ¢o6 gioi

han vd han khi x —»a.

1 (x)

ii. Ton tai gidi han lim——= (hiru han hodc v6 han).
Ned oy {)\)
< 4 , .ulx Cou(x
Khi do ta ¢o: lim ) llm—(—l

A #d V(X) x—a VI(X)

Vidu I Tinh giéi han A =1lim

x=0 ¥ - §Inx

Gi¢i han nay ¢o6 dang % nén ap dung quy tac Lopitan ta co:
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A= “mm — limﬁii

>0 x -sinX =0 (x - sinx)

l-1

limSOSX gy 10€OSX o Treosx
=8 J.cosXx 30 (l-cosx)cos’Xx 0 cos’x
2 -1
Vidu 2. Tinh gi¢i han B =Ilim
=0 sin3x
20 -1 1) . 2%In2  In2

Tacd B=lim—— =1lim = lim -
=0sindx s o0 (smgx) x=0 3cos3x 3

hY

Vi dy 3. Tinh gi6i han C = lim S

Nowdw oy
(161 han ¢c6 dang % nén ap dung quy tac Lopitan ta co:
oo

C=1lim & = lim €2~ lim e—l" S

Norem oy Nt (X) X—pten

Chut y. Truomg hop lim E ; khéng ton tai ta khéng co két luan
X—rad v
u(x) u(x)
gi vé gigi han lim——=, trong trudng hop nay gidi han lim —=
=1 v(x) =2 v(x)

van c¢ thé ton tai hodc khong.
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, S . sInx + , ]
Vidu Xét giot han im 22X T g dang iy
Nl x v 8]
o (sinx +x) n . e .
Ta thay T =1+ cosx khong cd gion han khi x — o0,
X
+ . . 1 .
trong khi d6 lim SInX X _ llm(l + l.smx] =1(do — — 0 vasinx
N—kol X N =3 X X

1a ham bi chin).
2. Cac dang vo dinb Khac
2.1. Dang vé dinh 0
Dang vo6 dinh 0.0 la dang giéi han l\u;r} u(x).v(x), trong 4o

ham sb u(x) co gid han 0, v(x) ¢6 gidi han <« . Trong trudmg hop

nay ta bién doi nhu sau:

Imu(x).v(x) = lim ( ) (dang — )hoac llm u(x).v{x) = lim \(X)

x-ra Ny (X 0 N U.
(dang =).
oo
Vidyu. Tinh gidi han D = lim xInx
w0
-1

, i . lnx . X .
Taco D=limxlnx =lim —=lim—=—-limx =0
x—0' x=lt oy 5 -]t o X'L xR0
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2.2. Dgng vo dinh - o
Dang v dinh o -« 1a dang gi6i han lim[u(x) - v(x)], trong dé

u(x) v& v(x) la hai ham so cung dau va cung cé gidi han «.

Trong trudmg hop nay ta bién ddi nhur sau:

1 1

Ilm[u(x v(x)]*llm[ ! ! } lim M(dang )

wval gy (x) v(x) 1

u(x).v(x)

Chui y. Trong trudng hop u(x) va v(x) 1a cac phan thirc vai miu
s0 ¢o gidi han 0 khi x —a thi ta dé dang bién ddi gioi han da

cho vé dang % bang cach quy dong mau sb.

Vidu Tinh gidihan E = llm[i - —1—]

x—|

x-1 Inx
Taco
E:lim(—x———l—J iy KR (Ko
s—ll x - 1 lnx n—sl (X R l )lnx . [(X l)lnx]
1
= lim lx lim (Inx) =lim—2* = l
=l 1 x—l 1 x—s] l q 2
Inx +1- [lnx+1- J ]
X X X x
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2.3. Cic dang vé dinh 0°,17 ,°

Céc dang vo dinh 0°.17 «® xuét hién khi ta tinh Eiﬂ[u(x)]w,
trong do u =u(x) > 0, va v(x):
- Néuu - 1,v > o khi x > a thi co dang 17

- Néuu > 0,v - Okhi x ->a thi l_im[u(x)]vm c¢6 dang 0°
- Néuu > ©,v -» 0khi x >a thi Hm[u(x)]* c6 dang «"

Khi gép gi¢i han c6 cic dang trén ta lam nhu sau:
Dat y =u", sau do logarit co sé e ham y = u* ta duge:

Iny =v.Inu = lim(lny) = lim{v.Inu)

h % F: X
N 1nQim y = lim(v.lnu)
W —rd X —rd
) R N Tittr v Loy R
= limy =limu’ =g = exp(lim(v.Inu)
X—a X—a X
Vay ta co:
e Tim [v(x) Inulxh
- {:
llm[u(x)]‘ Y=g
XN+

Vi dy I. Tinh gidi han G = lim(cosx ™™, (Giéi han c6 dang 1°).

x—{}

H ~ . . Qx lim [v{x2dnurx )] .
Ap dung céng thire limfu(x)]" = e ta co
X—a
. . \ 2 lim cotg*x.Infcosx ) .
G= lmg(cosx)m* T =¢', voi
N
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T=lim cotg’x.Infcosx) = lim cotg*x.In{cosx)

[n{cosx)

) - togx
= lmg = [m{l £ -
¥ tg‘x N —}
S 2teX, - ——
cos’x
] |
. -CO8°X 1 . ] ot -
= lim———=-— . Vay G = lim(cosx)****=¢ 2.
x—f 2 2 x—0

L

Vidy 2. Tinh gidi han H = lim x~. (Giét han ¢6 dang «° ).

N4

Ap dung cong thire limfu(x)' = ™™V ¢

aco
X
| Inx
. ) lom ) ]
H=limx* = =¢",
hE R
|
L. . Inx Lo u . 0.
VOl J=Iim —=1lim —=0.V3y H= lim x* =¢" =],
X =4 X ¥ oFoT X Nk doT

Vidu 3. Tinh gidi han 1= lim x*, (Gidi han ¢6 dang 0°).

¥ )T
K lim atlnx |
Tacod [ =limx* =e =e,
="
Inx X" -x*
vl J = lim x°Inx = lim — = lim - =lm-—=0
x—l” x—=0" 37 L e YT 2)& x—0t 2

Vay 1= limx¥ =¢"=1.

x- 07
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§5. Sir dyng dao ham trong phan tich kinh té

1. Y nghia ciia dao ham trong kinh ¢
L.1. Dao hiam va gid tri cgn bién trong kinh té

Xét mé hinh ham sb y = f(x), trong d6 x, y la cac bién s
kinh té (ta coi bién doc 1ap x 14 bién sé diu vao va bién phu
thudc y 1a bién sé dau ra). Trong kinh 1é hoc ngudi ta quan tam
dén xu huréng bién thién cua bién phu thudc y tai mdt diém x,
khi bién doc 1ap x thay dbi mot lugng nhé. Ching han, khi xét
md hinh ham san xudt Q = f(L) nguoi ta thuong quan tam dén
56 lrong san pham tang thém khi st dung thém mét don vi lao

dong.
Theo dinh nghia dao ham:

' r i\ . —
£(x,) = lim 2 = Jim 100 A%~ iX,)
Av—d Ay Al Ax

nén khi ax ¢6 gia tri tuyét ddi nho thi ta co:

Ay (X, + AX)—fi(x,)
Ax Ax

= fl(xo)

= Ay =f(x, + Ax) - f{x,) = f (x,).Ax
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Khi ax =1 tacd Ay = (x,). Nhu vdy, dao ham f (x,)cia
ham sb y = f(x) biéu dién xdp xi lugng thay doi gia tri ctia bién
phu thude v khi bién s6 x tang thém mot don vi.

Khi xét md hinh ham y = f(x) biéu dién anh hudng cta
bién sb kinh té x ddi v&i bién sb kinh té y, cac nha kinh té goi
f'(x,) 12 gia tri y cdn bién cia x tai diem x;,

Déi voi mdi ham kinh €, gia tri cdn bién cé tén goi cy thé
nhur sau:

- Ham san xuat Q = f{L) thi £'(L,) dwoc goi la san pham
hi€n vat can bién cua lao dong
tai diém Ly va duoc ki hiéu 1a MPP,.

MPP; = 1'(L,)

Y nghia cia MPP;. Tai mdi diém L, MPP| cho biét xip xi
lugng san pham hién vat gia tang khi sir dung thém mot don

vi lao dong.
- Ham doanh thu TR = TR(Q) thi TR (Q,)dugc goi la
doanh thu cin bién tai diém Qg va dugce ki hiéu [a MR.

MR = TR (Q,)
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Y nghia ciia MR. Tai mdi mie san lugng Q, MR cho biét xdp
xi luong doanh thu tang thém khi san xuat thém mot don vi

san pham.
Déi véi doanh nghiép canh tranh ta ¢6 TR = pQ nén MR =
p (p 12 gi4 san pham trén thi trurdmg).
- Ham chi phi TC = TC(Q) thi TC (Q,) dugc goi la chi phi
can bién tai diém Qo va dugc ki hiéu 1a MC.
MC = TC(Q,)
Y nghia cia MC. Tai mdi mirc san lugng Q. MC cho biét xép

xi lwgng chi phi tang thém khi san xudt thém mot don vi san

phém.
- Ham tiéu dung C = C(Y) thi C(Y,) dugc goi 1a xu
hudng ti€u dung cén bién va duge ki hiéu 1a MPC.
MPC = C'(Y,)

Y nghia cia MPC. Tai mdi mic thu nhap Y, MPC la sé do xép

xi lugng tiéu dung gia tang khi ngudi ta ¢6 thém $1 thu nhap.

Vi du. Gid sir ham san xuét ciia mot doanh nghiép 1a Q = 5L .
O muc sir dung Ly = 100 don vi lao dong (ching han 100 gio
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lao ddng mdt tudn). muc san lugng tuong Gng la Q = 50 san
pham. Khi d6 san phdm cén bién cua lao dong tai diém L, =
100 1a:

| 5 5
MPP,_ = Q'(L,)= - ~0.25
- "2 L, 24100

Diéu nay ¢é nghia Ia khi tang mire sir dung lao dong hang
tudn tir 100 lén 101 thi sin lwong hang tudn s& ting thém

khoang 0.25 don vi hién vit.
1.2. Dgo ham cdp hai va quy ladt lgi ich cin bién giam dan

Xét méd hinh ham y = f(x), trong d0 y la bién sb biéu dién
loi ich kinh té (chang han nhu thu nhap, luong san phém,
doanh thu, lgi nhuén,..) va x 12 bién s6 mé ta yéu & dem lai loi
ich y. Quy luét lgi ich cén bién giam din noi rang khi x cang
I6n thi gia tri y - cdn bién cang nhd, t&r¢ 1a ham My = °(x) la
ham don diéu giam. Duoi goc do toan hoc, didu kién cén dé

My giam dan theo x l4:
(My) = (x)<0

Vi dy. Ham san xuat ngan han dugc wée lugng duéi dang Q =
AL", (A va «la cac hang s6 duong) thi quy luat lgi ich cén
bién giam dan doi hoi:
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Q =a{z-DAL" <0 a <.
2. Tinh hé s6 co dan ciia cung va ciu theo gia

Mot van dé duge quan tdm trong kinh té 1a phan g ciia
cung va cau dbi voi su bién dong gid ca trén thi truomg. Vai
gia thiét cac yéu td khic khong thay doi. su phu thude cua
lwgng cau Qy vao gia p duge biéu dién béng ham cau Q, —
D(p). trong 36 bién s p duge do bing don vi tién té con bién

56 Q duge do bang don vi hién vét.

Néu goi AQ, 1a mirc thay ddi lwong cdu khi gia thay doi
mét don vi thi ¥ nghia clia con sé do con phu thudc vao don vi
do. Hon nita, ddi v&i cic hang hoa khac nhau thi sur thay déi
gia thém $1 mang y nghia khac nhau. Chang han, néu gia mot
chiéc 6 t6 tang thém $1 thi ¢ thé xem nhur gid 6 t6 khong thay
doi. trong khi do néu gia ctia mot kg ¢a phé tang thém $1 thi
chiic hin do s& 1a mot bién dong lon trén thi trrong ca phé. Dé
danh gia do nhay cam ciia cdu hang hoa déi voi sy bién dong

gia cd, cac nha kinh € sir dung khai niém hé sd co dén.

H¢ s6 co didn cua cau theo gia (tinh & moi mire gia) la so

do mire thay ddi phan tram cta luong cau khi gia tang 1%.
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Tai mirc gid p, néu gia thay ddi mot lugng Ap thi lugng
cau thay doi tvong img mét lugng AQ ;- Mic phin tram thay

d6i cnia luong cdu tinh binh quan cho 1% thay déi gi4 la:
g q 3 g

¢ — AQ,/Q, _ AQ, p _ AD(p) p

Ap/p Ap Qg Ap D(p)

Chuyén qua giéi han khi Ap — 0 ta dugc cdng thirc tinh

h¢ s6 co din cta cau theo gia tai diém p la:

AD(p) p

e = lim =D

P
: P
-0 Ap () D(p)

Tuong tu, hé sb co din cua cung theo gia la sb do murc
thay phdn tram cua lugng cung khi gia tang 1%. Néu biét ham
cung Q, = S(p) thi hé sé co din cua cung theo gia duge tinh

theo cong thire:

- P
_ P g
w0 Ap S S

Vi dy. Néu ham cau [a Q = 1400 — p” thi hé s6 co dan tai diém p

la:

p  (1400-p’)p  -2p?
‘D(p)  1400-p° 1400 - p*

e=D (p)
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Tai diém p = 20 ta c6 ¢ = -0.8, c6 nghia la tai muc gid p =

20, néu gi ting 1% thi ciu s& giam khoang 0,8%.
3. Quan hé gitta ham binh quén va ham ¢in bién

Trong kinh té nguoi ta ding ham chi phi biéu dién tong chi

phi TC & mdi mic san luong Q:
TC ="TC((Q)

Khi phan tich san xuét, cing v6i ham chi phi, nguoi ta con

sir dung ham chi phi binh quan va ham chi phi cin bién.

O mdi mure san lugng Q, chi phi binh quén 1a lugng chi phi

tinh binh quén trén mot don vi san phém:

_TCQ)
Q

AC

Chi phi can bién tai mdi mirc san lugng Q 1a s6 do xap xi
lrong chi phi gia tang khi san xuat thém mot don vi san pham.

Ham chi phi cén bién MC la dao ham cua tong chi phi:

MC = TC(Q)
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Tacd

TCON  TC , TC (Q)- Q) 1
on | TCQY) _ TC(Q).Q-TC(Q) Q  MC-AC
AC(Q) = 5 ) < - —~

Q Q Q

Do Q > 0 nén diu clia AC (Q) nhu diu cia MC — AC. tir d6 suy
ra:
e NéuMC > AC thi AC'(Q) > 0. tirc Ia khi chi phi cn bién
tén hon chi phi binh quén thi chi phi binh quan tang.

* NéuMC <AC thi AC(Q) <0, tirc 1a khi chi phi can bién
nhd hon chi phi binh quén thi chi phi binh quan giam.

¢ NéuMC = AC thi AC(Q) = 0, tirc 14 chi phi binh quan
chi ¢6 thé dat cuc tiéu tai diém ma chi phi binh quan bang
chi phi cén bién

Trén hinh v&, AC la dudng chi phi V] MC

binh quan, MC la duong chi phi AC
c¢an bién. Duong MC cat dudng
AC tai diém c6 hoanh do Q,. Vé
phia Q > Qq ta thdy MC > AC, do
d6 AC ting. V& phia Q < Qy ta  © Q
thiy MC < AC, do d6 AC giam,

=y
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Tuong tu, doanh thu binh quin AR(Q) = Bég)— va doanh
thu ¢dn bién MR(Q) = TR (Q) lién hé vdi nhau nhur sau:

¢ Néu MR > AR thi AR (Q)> 0. tirc 1a khi doanh thu cén

bién Ién hon doanh thu binh quin thi doanh thu binh quén

tang

e Néu MR < AR thi AR (Q) < 0. titc 14 khi doanh thu can
bien nho hon doanh thu binh quin thi doanh thu binh

quén giam.

e MR = AR khi va chi khi AR (Q)=0. tuc Ia doanh thu
binh quan chi co thé dat cuc dai tai diém ma doanh thu

cin bién bang doanh thu binh quén.
4. Sy lra chon t6i wru trong kinh té

Trong linh virc hoat déng kinh té viéc ra quyét dinh gin lién
v&i t6i uu hoa mot ham muc ticu y = f(x), do d6 bai toan dit ra 1a
lra chon x dé v dat gid tri cwe dai hodc gia tri cure tidu. Ddi voi
mot doanh nghiép san xuat. muc tiéu thuong dit ra 13 toi wu hoa

lot nhuan,
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4.1. Chon mitc sin lwong t6i wu

Gia st doanh nghiép ¢é ham téng chi phi TC(Q) va ham
tong doanh thu TR(Q). Téng loi nhuan cua doanh nghiép 1a
ham s6 7« = TR(Q) - TC(Q).

Bai todn dat ra la chon muce san lugng Qg d€ thu lgi nhudn

t6i da. Diu kién cidn dé n dat cuc dai tai diém Qq la:
T =TR(Q)-1C(Q) =0 TR(Q)=TC (Q) < MR =MC

tie la diéu kién can dé doanh nghiép dat loi nhuan téi da la

doanh thu can bién bang chi phi cén bién.
Tai diém ma MR = MC. diéu kién di dé = dat cuc dai la:
' =TR(Q)=TC(Q)< 0 < TR (Q) < TC ()
Vidu. Gia st TR = 14000 - 7.5Q% va TC = Q7 - 6Q° + 140Q +
750, 1a ¢o:
MR = 1400 — 15Q). MC = 3Q" - 12Q + 140.
Pi¢u kién can dé dat loi nhuan tdi da la:

MR =MC < 1400 - 15Q =3Q* - 120 + 140 & Q* + Q -420 =
0

< Q=20 hodc Q =-21(loai do Q> 0)
Tai diém Q = 20 ta co:
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TR () =MR =-15TC (Q)=MC =6Q-12=108. do dé
didu kién di TR'(Q) < TC'(Q) thoa min nén mic san luong toi
wu 13 Qg = 20. Khi d6 loi nhuan tdi da doanh nghiép dat duoe la
n =-20° — 1,520 + 1260:20 — 750 = 15850.

4.2. Lya chon 18i wu mikc si dung yéu 16 diu vio

X¢ét truong hop doanh nghigép canh tranh tién hanh san xuit
véi ham san xudt ngfm han Q = f{1.), trong diéu kién gid san
phém trén thi truong 1 p va gia lao dong (tién cong) 1a w. Khi do
tong lgi nhuan 1a ham sd caa bién s6 1. (lwgng lao dong dugce su
dung):

n = pf(L) — wL — Cy (Cy 1a chi phi c6 dinh)

Bai toan dat ra la chon 1 dé = dat cue dai. Didu kién cin dé thu
loi nhudn tdidala o = pt(lL)—w=0 < pl(L)=w < p.MPP,
=W

Nhu vdy. didu kién cAn dé dat loi nhugn 15i da 12 gid tri bang
tién clia san phé”im hién vit can bién cua lao djng bang gia lao
dong.

Tai diém Ly ma diéu kién can dd duge thoa man, diéu kién
da dé dat 1oi nhuan tdi da 1a;

x =pf(Ly) <0 e (L) <0.
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Theo quy ludt Ioi ich cdn bién giam din thi san phAdm hién
vit cén bién clia lao dong giam dan khi L tang, do d6 Q" = (L)
< 0, tire di¢u kién du thoa man.

Vi du (i sir doanh nghi€p canh tranh ¢é ham san xuéat ngan han
Q =50+L . gia san pham la $4 va gia lao dong $5. Diéu kién can

dé doanh nghiép dat loi nhudn tdi da la:

)
4\MPP =5 o 4.2 =5 e L= 400
JL

Didu kién du thoa min vi Q (400) < 0.

Vay dé dat lgi nhuan t6i da thi doanh nghiép phai st dung
400 don vi lao dong.
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Bai tap chwong 2

. Tinh dao ham cua cic ham s sau:

Lol
T l+4x

y=1g X cote
. 5 g

22
S X

e
s
I

: 2
SINX

e. y=In(x++1+x*) g y=¢ .Insinx

| o

kY

Ly = xi L y=c¢" k. y= (sinx)x

2. Tim vi phéan cua cac ham sé sau;

a.y = ! b. v= ;arctg z( C.v= ]n‘x + \/ﬁ—i‘
X 3 2
-V':ln]&X e. v = arcsin— g. .
T l+x ! 3 BN e
. Tinh gén diing gi4 tri clia cac biéu thirc sau:
. sin29° b. 10.98 ¢. 2%

. Tinh dao ham cap hai cua ham s0 :
A b v = ; . :
Cy =Xyl xo R e C. ¥ =(1+x7)arctgx
X —X"
. Tinh dao ham cép n cta cac ham s sau:
. 1
X
LY = Xe b.y=—-— c.y=In{ax +b
3 — y = In( )

. S&r dung quy tic Lopitan tinh cac gidi han sau
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. t=cosx b. limw . 1 1
a. le —_ X-b . C. llm —_—
x+b xsinx In{i+ ) = Inx x =1
X
l 1 X
i _ e. lim| xtgx - ; _ il
d. _1‘1_1}['}1(00th x) HE[ g 2cosxj g. Ll_rfll(_l X)tg 5
. . . T |
b limlacln=x) it Sox ] sme s ol
4
COs-— 1 ]_
l. im{(1-x) ? m. linill(e‘ +X)¥ n. lim{e* +x)*
x -+l x— N rton
. ! 2 x
0. lim[iﬁ-]v p. lim(—arctgx) G- lim(1+x7)™
an—i} X X ov-;h g E

7. Tim ham chi phi binh quéan va ham chi phi can bién, cho
biét ham (dng chi phi 1a:

a. C=3Q"+9Q"+ 12

b. C=35+5Q+2Q* +2Q’
8. Tim ham doanh thu binh quan va ham can bién, cho biét ham
tong doanh thu R=10Q — Q°
9. Tim ham lgi nhuén binh quin va ham lgi nhudn cin bién,
cho biét ham léng ol nhuan

n=0Q"-13Q + 78

10. Tim ham doanh thu cén bién, cho biét ham ciu ¢6 dang:

a.Q=36-2P

b.Q=44-4P
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11, Tim ham chi phi cin bién cho biét ham chi phi binh quan
AC=15Q+4+ 3
Q

12. Cho ham téng chi phi TC = Q° — 5Q° + 600Q. Hay xac
dinh mtrc san luong Q dé chi phi binh quan nhé nhét.
13. Cho biét ham téng chi phi TC va ham téng doanh thu TR,
hiy xac dinh mirc san lwgng cho loi nhuan téi da.

a. TC = Q’ — 6Q% + 140Q + 750; TR = 1400Q - 7.5Q*

b. TC = Q° - 5.5Q% ~ 150Q + 675; IR = 4350Q - 135Q?
14. Cho ham ciu Q = 20 — 5P, hay tim hé s6 co din & cac muce
giap=2.p=3.
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Chuong 3
NGUYEN HAM - TiCH PHAN

§1. Dinh nghia, tinh chit va cac phwong phap

tinh nguyén ham

1. Nguyén ham ciia ham sé
1.1, Khdi niém nguyén ham

Trong chuong nay ta dé cip dén phép todn nguge cua

phép lay dao ham va vi phan cia ham s0, ta xét bai toan sau:

Tim tat ¢4 cac ham sO ¢6 dao ham 1a mot ham s6 f(x) cho

trudce.

Pinh nghia. Ham s6 F(x) duge goi 1a nguyén ham cia ham sé

f{x) trén (a; b) néu ta co:
F (x) = f(x), hay dF(x) = f(x)dx, ¥x € (a;b)
Vi du.

¢ Ham s0 sinx la nguyén ham cia ham sé cosx trén R vi

(sinx) =cosx, vxeR.
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- LR n N " . A 2 ~ - e
e [1am $0 x” 13 nguyén ham cua ham s6 3x” trén R vi (x7)
=3x%, ¥x e R

1.2. Dang tong qudt ciia nguyén ham
Pinh li. Néu F(x) la mot nguyén ham cua ham so f(x) trén (a:
b) thi:

i) Ham sd F(x) + C, voi C 1a hang sb bdt ky ciing 1a
nguyén ham cta ham sé f(x).

i) Neguge lai, moi nguyén ham cua ham s6 f(x) déu biéu
dién duoc dudi dang F(x) + C. véi C 1a hiing s6 bat ky.
Chung minh

1) Voi C 1a hing sb bat ky, ta co [Fx) + C] =F (x) + 0 =
f{x) {(vi F(x) 1a mdt nguyén ham cua ham sd fix) trén (a: b)). Theo
dinh nghia nguyén ham ta ¢o F(x)+ C,v61C la hang s6 bt ky 1a

nguyén ham cua ham sb f(x) trén (a; b).

i1) Gia sir G(x) cling la mgt nguyén ham cua ham s6 f(x) trén
{a: b), khi dé ta cé:

[G)-Fx)} =G x)-F (x)=1{(x)-f(x) =0, ¥xe(a;b)

suy ra G(x) — F(x) nhan gia tri khong déi trén (a; b), tire 13 G(x) —
F(x)=C, vxe&(a;b) 2> Gx)=Fx)+C, ¥xe(ab).
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Pinh nghia. Ta goi F(x) + C la tich phan bét dinh cta ham sé
f(x) trén (a; b),

Ki hiéu tich phan bét dinh ctia ham sé f(x) la: Jf(x)dx,
trong do j 13 diu tich phén, f(x)dx la biéu thire duéi diu tich

phan. f(x) 1a ham s& dudi déu tich phén, x 14 bién sb 1Ay tich

phin.
Vay ta ¢o: If(x)clx =Fx)+C.
Vidu.
. Jcosxdx =sinx +C
o [3dx=x'+C
1.3. Cic tinh chit co ban ciia tich phin bit dinh
i) {[fooax) =
i) j F (x)dx = F(x) + C
iii) j[f(x) + g(x)kx = jf(x)dx + J'g(x)dx

iv) fk.fx)dx = k. [f(x)dx , k 1a héng sb.
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1.4. Cdc cong thire tich phdn co béin

l. J.dx=x+C

[ i+
X

L]

dx . ,
3. I —= = arcsinx + C
1-x-

-]

} Jsinxd.\’ =—cosx +C

9. j dx = —cotgx +C

2

sin“x

1. I )dxq-:larctgiﬁt(j
a~ +x° a a

k3.

dx 1
L
a- —x° Z2a

a+x

+C

d-X

o+l

X

2. Ix“dx= +C.a=-1
o +1
4. _[ dx — =arctgx + C
1+x°
. . 1 .
6. la‘dx = +C
a‘.ina

8. jcos xdx = sinx + C

0. | X gx+C

S =

COS X
12. inix = arcsin§+C
var - x° d
14.
dx 5 |
=lnx++vx +b+C
I\.’X2+b \'

2. Cac phuong phap tinh tich phian bét dinh

2.1. Plurong phdp phan tich

bé tinh jf(x)dx ta tim cich phén tich ham sé f(x) duéi ddu

tich phan thanh tong dai s cdc ham s don gian ma tich phén

cua chung co san trong bang cac tich phan co ban.
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Vidu.

R N Y

NENEn| 3

J, dx :Jsin3x+005“x ¢ dx I'd = tgx—cotgx+C

. 2 7 - hl bl
SITXCOS X SHTX.COSX J(.()‘s X ‘!blﬂ X

J.thXLix:[( 1‘1'—1}1,\':"‘ dx J.dx—tgx—x+(

cos™X cos X
2.2. Phurong phip déi bién sé

Xét tich phan j fix)dx . trong d6 f(x) la ham sb lién tuc. Ta
¢é thé tinh tich phan niy bang cach chuyén sang tich phéan véi
bién khac béng cach dat x =¢(1), trong do ¢(t)la ham s ¢o

dao ham lién tuc va ¢6 ham sé nguge.
Ta cod dx = ¢ ()dt nén suy ra

[fedx = Ii‘[@(t}]ga'(t)dt = jg(t)dt .

Sau khi tinh tich phan trén theo bién t xong, tir x = (1) ta

rat t theo x roi thay trd lai cong thire duge két qua can tim.

Vidy 1. Tinh tich phin {V1-x"dx.
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bat x = sint, t e[—%;%] = dx = costdt va

\/rl—x2 :\/l—sinlx :x/cos?x = COSX

Vay

j\;l —x7dx = J.COSEIdI = i I(l + cos2t)dt = i[t + sm2t]+ C
2 2 2

= %(t +sint.cost)+ C =

1 : 7
= E(arcsmx +Xv1l—x" )+ C.

Vidyu 2. Tinh tich phan ——-E‘{
(1+x°)

!
Diat x = tgt, tetﬁ

l\Jl?-il
rul::i

. 2
val+x =——.
cost cost

J: dx =
Vay

d: i
'[7(1+‘{ . = |cos t.dt = —I(l+cos2t)dt ;( +Sn_l)2t]+C
X &

1( X J .
= —| arctgx + - |+ C.
2 1+x°

Vi du 3. Tinh tich phén j

1+sinx
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2dt . 2t
bat {=tgi,ta ¢O x = 2arctgt, dx = —, sinx = -
2 1+t° T+t°
va | dx
“Jl+sinx
2
ZJ 2dt - :'[12(11?:_12 4 C=— 2 e
. : X
(l+{')(1+ ----t—1] (1+1) i 1+1g:
1+t° 2

Chti y. Néu bidu thore dudi dau tich phan f(x)dx ¢6 thé biéu
dién dudi dang f(x)dx = glp)de(x) thi ta c6 thé dat

t = (x) dé chuyén sang tinh tich phan cta biéu thae g(t)dt.

Vi du. Tinh tich phan [~ dx
+ e

-

Taco j’ehdx = _fex'e‘dx = Ie‘d(e‘) nén datt=¢"

l+e° l+¢° l+et
ta dugc:
j_chdx
l1+¢*
= tdi: f(l—LJdtzt*ln\tHHC:e‘ =In(c* + )+ C
1+t 1+t
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2.3. Phuong phdp tich phan tirng phin
2.3.1. Céng thirc tich phdn tirng phan

Gia str u = u(x) va v = v(x) 1a cac ham sd 6 c6 dao ham

tién tuc, khi do ta co:

d(uv) = vdu + udv

= udv=d{uv) - vdu
= I udv = J‘d(uv)— Ivdu
= Judv=uv- fvdu  (3.1.1)

Cong thue (3.1.1) dugc goi 1a cong thire tich phan ting phan.
2.3.2. Ap dung

Pé tinh tich phan If(x)dx bang phuong phap tich phan

tirng phan ta can phai biéu didn bidu thire f{x)dx dudi diu tich

phan dudi dang:
f(x)dx = g(x).[h{x).dx] = udv, trong dé u = g(x)., dv = h{x).dx

sau d6 ap dung cong thirc tich phan timg phén dé tinh.
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Chii y.
 Do6i v6i tich phan c6 dang [x".edx, [x".sinkxdx,
jx“.coskxdx (n nguyén duong) ta ap dung cdng thirc
tich phan tirng phin véi u = x". dv la phan con lai caa
biéu thire dudi ddu tich phan.
e DA4i vai tich phan J‘x”.(lnx)“dx( a#—1, n nguyén

duong) ta ap dung ¢ong thire tich phan timg phan véi u

= (Inx)" va dv = x“dx.

e D4i voi tich phin cac tich phin c6 dang _{x ".arcsinxdx .
Jx " arccosxdx . Ix".arclgxdx ta dat dv = x"dx, u la céc
biéu thire con lai.

Vidu I Tinh tich phan Jx.sinxdx

u=x du =dx . o
Dat . = , thay vao cong thire tich
dv = sinx.dx V = —COSX

phan tirng phén ta cé:

Ix.sinxdx = - xcosx + |cosxdx = -xcosx + sinx + C

Trudng Cao ddng héa chét 93



TOAN CAO CAP

Vidy 2. Tioh tich phan [x” Inxdx

dx
u=Inx du = < . L .
Pat , . = 3 » thay vao ¢dng thire tich phén
dv =x".dx X
Vo=
3
timg phan ta c6:
, xlnx | p . x'Inx  x*
Jx Anxdx = - -— Ix dx = -—+C
3 3 3 9

Vidu 3. Tinh tich phan J.x.arclgxdx

dx
.. |u=arctgx du:]+x2 s i
bat = ;- . thay vao ¢ong thirc tich
dv = x.dx _X
2

phén tirng phan ta co:

x"arctgx 1 px’dx
J‘x.arctgxdx = - |
2 271+ x°

Y (R
2 2 1+ x°

x*arctgx 1
== - —(X —arctgx}+C.
5 2( gx)

Vi dy 4. Tinh tich phén [ X1z xdx
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bat
u=x du :ldX
dv = tg’x.dx = thzmx = I{ — - ljdx =tgx—x" thay

CO58™X

vao cong thie tich phan timg phan ta co:

Ix.[gzxdx

5

.
cosx‘+7+C =

= x(tgx - x) - I(tgx —x)dx = x(tgx - X) + In

= xtgx + In|cosx| - % +C.

Chiy. Ap dung cong thire tich phin timg phén ta c6:

e™ (acosbx + bsinbx) N

S C
a +b°

. jc"“cosbx.dx =

ax :
- g™ {asinbx - bcosbx .
. J'c“smbx.dx _ed — ) +C
a +b’
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§2. Mt sé6 dang tich phin co ban

1. Tich phan cia cac phan thie hiru ty
1.1. Tich phin ciia phén thirc hivu 1y voi méu sé bic nhat

P(x)

ax +b

Tinh tich phdn ¢6 dang _[ dx , trong d6 P(x) 1a mdt da
thirc cua x, a = 0.
Ta biéu dién ham s& duwsi déu  tich phan

P& =Q(x)+ K , frong d6 Q(x) la da thire nhan duge qua
ax+h ax + b

phép chia da thuc va k 1a phan dir ctia phép chia. Khi do viée

, ; R P(x A L . . .
tinh tich phan J () dx dua vé viec tinh tich phan cua da
ax +

thoe Q(x) va tich phin cua phan thie

. Viéc tinh tich
ax +b

phin cua da thire Q(x) ta ¢6 thé dé dang thue hién duge, con

tich phan cua phan thie - -— dugce tinh nhir sau:
ax+b

I K.dx = E ln‘ax + b‘ +C
ax+hbh a
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Vidu.

2x+1 27478 3w

x> +3x X x 13 13 }j X x° 13x 13
J. dx= X= +

F{‘—2X+3dx_ dx-1y +_ dx= J{{X 1)+i X_g_x+21dx [+C

x—1 x-1 x—1

L2. Tich phin cita phén thice hitu ty véi miu sé bic hai

Tinh tich phan 1= J - P -dx , trong do P(x) 1a mdt da
X~ +px +q

thirc ¢cla x.

Bang cich chia da thie ta dua tich phan can tinh vé dang:

[ J(Q() )«1_de Jaeoax s [MEEN_

x“+px+q X" +pX+ X +px+q

trong d6 Q(x) 1a mot da thire cta x, con Mx + N 14 phan du cia

phép chia.

Pé tinh tich phan [+~ _dx ta bién di ham sb dudi
X* +px+q

dau tich phan nhur sau:
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M Mp Mp
Mx + N _--2—(2x+p)+N-—7_ M.(2x+p) | N-_z
x? +px+q x’ +px+q 2xP+px+q) XP+px+tq
Sau khi khai trién ta diuroc
M M M
Qx+-p)+N- P R
_pMsN L2 2 .. { M.(2xp) ( 2 a
== dx= = dx—J - dx+J = dx=
X 4+pX+(q X +pxtq 2{X +px+q) X 4+px+q

_M I§m+ (N - ME),I, . trong do6
27 X7 4+px+q 2

lzI dx

= |
X*+px+q

dx
X® +px+g

B¢ tinh tich phan I, = J ta xét cac truromg hop

sau:
o Tam thitc ¢ mdu s6 ¢6 hai nghiém phan biét x, va x;

(A=p’ —4q >0}

Ilz-}':dx ( dx ] r(x-x,)-(x—xz)dxz 1 ler-x?LrC

X +px+q_"(x—x,)(x-x3)_x3—x, J—(><1-xl)(}c-)<3) X, =X X=X,
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o Tam thire & mdu sé 6 mot nghiém kép x,
(A=p’—4g=0)

I _j dx _I dx 1 L C
OXT4px g Y(x-x,) X-X,

Tam thirc ¢ mau sé khéng c6 nghiém (A= p? —4q <0)

d d
Il:Jx3+pr+q:I - hj-t +a’ ——arctg-+(,

(x+ ) +q-

4
trong do

- 2
Vidu I. Tinh tich phan [ = Igiﬂ—xrdx
X®+ X+

Ixed (2x+])- dx
I—[— dx X=2X 5[— 2 5[2—
X X+l ( X +x+1

X +x+1 X +x+1

. 5 (X +x+1) SJ dx

2 R x4 2(x+])2+

s 1
:2x—§ In” +x+1 }-I——Zarctgzi +C
3 2 V3
2 4

3

Vidy 2. Tinh tich phan [X- =%+ g,

2

X" —=3x+6
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Iix;_sx'kgdx J‘(1+73 ]dx=x+3_f4—-dx =
X" —-5x+6 X" -5X+6 (x-2)(x-3)

-

sfeeDGedds L xd]
(x-2)x-3) X -
Vidu 3.
I jdx :J- dx}zljd@x-lj):_ 1 L C
4x° —4x +1 (2x - 1) (2x-1) 2(2x - 1)

2. Tich phan clia mét sb biéu thirc chira cin thirc

2.1. Truong hop biéu thive ham sé chira cdn cia nhi thic

bdc nhit
Trong trwdmg hop ham sé duéi dau tich phéan co chira can

thae Vkx +b tadit t =¥kx + b, tir 46 suy ra phép bién dbi lam

mat cin:

——t —b)dx = " 'dt
(t" -b),dx = k

Vi du . Tinh tich phan _[

1+J(x 1)’

Pat t=y(x-1)’ ,tacox =1t + I, dx = 3t’dt. Thay vao tich

phan ta co:
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j__dx_ -
1+3/(x-1)°

)dt =3(t—arctgt)+ C=3Fx — 1 —arctgd/x -1} + C

1
+1°

J‘3t'd}1 =3J(l—
1 +t° 1

2.2. Trwong hop ham s6 dwdi diu tich phan chira cin biic
hai cua tam thirc bdc hai

Trong trudmg hop ham s6 duoi dau tich phan ¢6 chira cin
thitc vax® +bx +¢ ta tim cach bién déi tam thirc ax® + bx + ¢ vé

mot trong ba dang sau:

. \/ax2+bx+c=\/(kx+l)2+m2 vadatkx +1=m.tgt, t
-53)
el ——i—|.
22
. \/ax2+bx+c=\/(kx+l)3—m2 Véldéth-f*l:v-m—_’t

cost
S (O;EJ.
2

o Jax’+bx+c= Jm?® -(kx +1)° va datkx +1=m.sint, t
T T
el—-=:=1.
3
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Vidy 1. Tinh tich phén |

dx
N3-2x —x°

Taco V3-2x —x° =\ﬁ¥-(x+1)2 .nén dat x + 1 = 2sint, t

(-

bl

] ta duge:

b | A
Mo

J dx 0 _
V3-2x-x° "\[4-(x+1)2

dx IZCOSt'dtz Idt=t+C=arcsi x+1 +C
2cost 2

Vidu 2. Tinh tich phan j

dx
JE+2x+x7)

Tacd V5+2x+x> =4/(x +1)7 +4_ nén dat x+1=2gt,

t [—E;E] ta duoc:
22

2
Jr & - =}' dx == Jf cos't 3 dt:l Jcost.dtzlsin‘w(j:
Je+2xexy ety +4] ( 2 ¥ 4 4
cost
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(x+1)
X +1

tpt
=—=>__+C
4.1+ tg"t x+1 X’ +2x+5

+C.

3. Tich phin ciia mdt sd biéu thirc lwong giac

Pé tinh tich phan IR(sinx;cosx)dx , trong d6 R(sinx; cosx) 12

mot ham sé hitu ty d6i voi sinx va cosx ta lam nhur sau:

Datt:tgi,khidétacésinxz =, COSX = — . dx=
2 T+t
2d , thay vao ta dugc:
1+t
IR(smx cosx)dx = IR 2t l_t; 2dt, .
1+t ' 1+1t? J1+1°
, by s . dx
Vi dy. Tinh tich phan _[—
1 + sinxX + cosx
- _ 2
bat t:tgi = sinx = —‘iz—,cosx= 1 t2 ,dx = 2dt, )
2 1+t I+t 1+t°

Khi d6 ta duge:
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2m
I .dx :_[ L+ 0 5 =Idt =In|l+t|+C=Inl+tgi+C
| + sinx + cosx 2t +l—t 1+t 2
b+t® 1+t°

Chui .
» Néu tich phan c6 dang Isin‘“ x.cos" xdx thi ta xét cac
truong hgp sau:
- Néu m 1a sb 1¢ thi ta dit t = cosx;
- Néu n 1a sb 1¢é thi ta diit t = sinx;

- Néu m va n la cac s chan thi ta sir dyng cong thirc ha

bac doi vdi sinx va cosx.
Vi dy 1. Tinh tich phén  [sin*x.cos'xdx

Pit t = sinx = dt = cosxdx, thay vao tich phan cin tinh ta

co:

Sirfx_ﬂ( +C

; t5 t'T
. 4 3 4 20 4 .6
sinx.cosdsx kinx.(simx)cosxdx ' 1dt=— —+C=
I .& ( ) J-( ) 5 7

Vidy 2. Tinh tich phin Isin%.cos‘xdx
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Ta co:

. ki 1 . el 7 1 . T
Jsm‘x.cos" xdx = 5 Ism“ 2x.cos xdx = 3 sin” 2x.(1+ cos2x)dx =

1. 1e.s 1 1 ¢. .
=— eI 2xdxt+— [sin 2x.cos2xdx — I-cosdx)dx — fsim 2x.d(sin
8'[ 8-[ 6-[( ) 16J. (sin2=

. 4‘ -3 N
. L(x_sm x)+5m 2\+C.
16 4 48

e Néu tich phan ¢ dang Isinax‘cosbx‘dx . Isinax.sinbx.dx.
Jcosax.cosbx.dxla str dung cong thac bién doi tich thanh

tong thu duoc két qua nhu sau:

j‘sinax.ccml:dx:l sin(wb)x+sin(arb)>%(ix=—] ca>s(a+b)x+cos(arb)x +C
2 2l a+b a-b

J.czosa.\'.coxhd,\c:l J[cos(a;rb)x+cos(&b)>§dx:—l sm(a’rb)x+sm(a—2)_x +C
2 2| a+b a-b
Isinax.sinbdx=l j[cos(zkb)x—cos(a%b)x]dx=l sinab)x_sin(arb)x +C
2 2l a-b a+b |
, . | R . cosbx  cosdx
Vi du. Ismecosxdx =— J(sméx + sindx)dx = — — +C
2 12 8
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§3. Tich phin xiac dinh

1. Khai niém tich phin xac dinh
1.1. Bai todn dién tich hinh thang cong

Pé minh hoa cho khai niém tich phan xéc dinh, trude hét
ta xét bai toan sau: Tinh dién tich hinh phang aABb gi¢i han
phia trén b&i dudng cong lién tuc v = f(x), phia duai 1a truc Ox
va hai bén 1a hai dudng thing x = a. x = b (Ngudi ta goi hinh
phing nhu vy 1a hinh thang cong).
Pé tinh dién tich hinh phing trén
ta lam nhu sau:
- Chia doan [a; b] thanh n phén
nhé khong nhat thiét phai bing

nhau bdi cac diém chia:

a=Xp<X<X3 <...<Xx,=b.

- Tai mdi diém chia x; clha truc

|
|
|
|
I
I
I
I
r
b
I
3
b
]
]

Ox ta ké cac dudng thang song @

|3 P
e
e
-

song v&i Oy dé chia hinh thang
cong aABb thanh n hinh thang
cong nhd.
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Trong mdi doan nhé [x.); xi] ta ldy mét diém & tuy v. khi
d6 hinh thang cong nhé thir i ¢6 ddy dudi 1a doan [x,.; x5} va
c6 dién tich xap xi bang dién tich cta hinh chir nhat véi cing
day dudi va chitu cao bing f(£,). Goi §; 1a dién tich cua hinh

thang cong nho thir i thi ta ¢o:
S, = f(£,).Ax, . trong d6 Ax, =x -x,_, la do dai doan [X;..: xi] -

Khi do dién tich S cua hinh thang cong aABb dugc tinh

xép xi theo cong thirc:
S8, = f(&,).Ax,+ fl&,).Ax,+ ..+ f(E,).Ax, = D {(E,)Ax,
1=1

Trong cdng thire tinh xap xi nay, tdng S, la dién tich cua
hinh phing véi day trén la duong gap khae. Khi n — + sao
cho max Ax, — 0 thi duong gip khiic cang ngay cang 4p sat
vao dudmg cong y = f(x). Nhu vdy, di¢n tich S cuia hinh thang

cong 14 gidi han clia tong S, khi max Ax, — 0.

S=limS, = lim if(éi).Ax._. (3.3.1)

norim maxAx, =0
]

Trong toan hoc, gidi han (3.3.1) dugce goi la tich phin xé4c dinh

cta ham sb fix) trén doan [a; b].
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1.2. Dinh nghia tich phin xdc dinh

Cho ham sé f(x) xdc dinh trén doan [a; b]. Vi mdi sb tu
nhién n > 1. ta chia [a: b] thanh n doan nhé khéng nhdt thiét

phéi bang nhau bi cac diém chia:
a=Xe<X) <X <., <X, = b
Goi Ax, =x,-x_, véi i=1.2...n va trén mdi doan chia
X ]y mot diém & wy y. Lap tdng 1, = Y& )ax, (1,
1=l
goi la t(;mg tich phén ctia ham $0 f(x) trén doan [a; b]).

Cho s6 diém chia tang 1én v6 han (n > +oc) sao cho
max Ax, — 0. Néu trong qua trinh do ma tong tich phan I, tién
dén mot gidi han xac dinh 1 khéng phu thudce vao cach chia
doan [a; b] va cach chon diém &, tuy ¥ thi I dugc goi la tich

phin x4c dinh cta ham sé f(x) trén doan [a; b]. ki higu

Iy
la jf(x)dx .
Theo dinh nghia, ta cé:

If(x)dxz lim Zn:f(éj)ﬂxi

maxax; —0
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trong dé a 14 can dudi, b 1a cin trén. f(x) 12 ham sé dudi dau
tich phén, x 1a bién sé lay tich phan.

Chit ¥

I a
i, Néua=bthi jf(x)dx - jf(x)dx =0

b @
ii. Néua > b thi II‘(x)dx = —If(x)dx
i L

iii. Tich phan xac dinh khéng phu thude vao bién 14y tich
phan, tic 1a

11"{‘(_x)dx = 1.]I‘[‘(t)dt

1.3. Y nghia hinh hoc cia tich phdn xde dinh

Néu y = {(x) la ham sé lén tue va f{x) = 0 trén [a; b] thi
b
If(x)dx la sb do dién tich cna hinh thang cong aABb véi canh

E]

cong phia trén 1a d6 thi ham sé y = f(x) trén doan [a; bj
2. Piéu kién ton tai tich phan xac dinh

Pinh ly. Néu f(x) lién tuc trén doan [a: b] thi tich phin duge

trén doan dd.
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3. Cac tinh chit ciia tich phin xac dinh.

Néu cac ham sd f(x), g(x) lién tuc trén doan [a; b] va

k € R thi ta ¢0:

b Iy b
3.1. j[f(x)i fo0kdx = [foodx + fe(x)dx

by b
3.2, Jkfix)dx =k _[f(x)dx

]

b [ b .
3.3. Jf(x)dx = If(x)dx + If(x)dx, ¢ €|a; b}

b by
3.4. Néu f(x) < g(x) trén Ja: b] thi [fodx < [e(a)dx

3.5. Néu ham sé f(x) lién tuc trén [a; b] thi tdn tai it nhat

mét diém £ e(a; b) sao cho:
b
[k fx)dx = £(£).(b - a)

Tinh chit nay dirge goi 14 dinh 1y vé gia trj trung binh, sb

& duoc goi la gid trj trung binh ctia ham sé f(x) trén [a; b].
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4. Cong thirc Newton — Leibnitz
Pinh li. Néu [(x) 1a mdt nguyén ham bat ky ctia ham s6 f(x)
lién tuc thi ta co:

[fx)dx = F(b) - Fay = F(x), (3.3.2)

Cong thire (3.3.2) duoc got la cong thic Newton —

Leibnitz va nd cho phép ta tinh tich phan xdc dinh thong qua
nguyén ham cua no.

Vidu.
2 x| 13
. jxd\:— =2__ ==
1 2, 2 2
1 L 2 ) zal ) 4 !
¢ ﬂ"f“]dx= I(l-X)dx+j‘(x-l)dx:—(]';‘) i +(X 21) \ —1
! o ! - 1] 1

5. Cac phuong phap tinh tich phan xac dinh

5.1. Phuwong phdp déi bién sé

1]
Gia st phai tinh tich phan 1= {f(x)dx .

@
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Dat x = (1), dx = ¢ (t)dt vdi gia thiét @(1a ham sd thoa

man cac diéu kién sau:

o Ham sé @(t) xdc dinh. lién tuc va ¢ dao ham lién tuc

trén [a: S
¢ pla)=a.p(f)=b:

e Khi t bién thién trén doan [o: 8] ham sb x = @(t) nhan
gia tri khong vugt ra ngoai doan [a: bj.

Khi dé:

i K/ i
1= ffodx = [flpmle mdt= [gdt

Vidy 1. Tinh tich phan A = j#—
T+ (x=2)
batt=<x-2 = x =t +2vadx =3t

x=1thit=-1; x=3thit= 1.

Khi do6 ta ¢cé:

1 b |
= ft dt :3[(1- ! ®]d1=3(t—arctgtjll .
M 1+1t- - 2

A:] dx
T+ Yx-2y7 1+t
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m

Vidy 2. Tinh tich phdn B = ]sin"x.cos“xdx
0

Iy .3 4 . 2 4 .
Ta ¢é f{x) = sin’x.cos xdx = sin“x.cos x.sinxdx = -(1-
2o . -
cos“xjcos X.d(cosx) nén la dat t = cosx. suy ra:

el

B= J.sin"x.cos4 xdx
{t

] 1 ] 7
, ot 2
=—|{1-tHt'dt= |[(t* =t Yt =| — —— | ==
lj.( ) [-,[( ) 5 7 35
0
Vidy 3. Tinh tich phian C = _[ COSY_dx
1+sin’x
COSX ' dt |
Datt = sinx, taco C= |- dx = I - = arctgxl_ﬂ =—
U]+smx 1+t '

5.2. Phwong phdp tich phan tieng phin

Cong thuc tich phan ting phin ma ta da st dung dbi voi
tich phan bat dinh duge chuyén sang tich phan xac dinh dudi
dang

li[udv = uvl: - ijdu i

a a
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trong d6 u(x), v(x) 1 cac ham sb lién tuc trén doan [a; b]
!

Vidy I. Tinh tich phan A = [xe"dx

1]

u=x du = dx

bDat { _ a{
dv =¢e"dx

V=g

t
1

vay A = Ixe“dx = xe’ .
4]

|
Dt___'—'
E

Vidu 2. Tinh tich phan B = Jx.arctgxdx

3]

du = dx
u = arctgx N 2
Dat{ SN I+X" suyra
| dv = xdx oo
2
1
B= Ix.arctgxdx
4]
|
xarctgx _lj-x dxzn f(l— IQJdX:
L 291+ 27 l1+x
n | I S| 1
== —(x-arctgx) == ——(1-")=——.
e mewn), =g == 0
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1

Vidy 3. Tinh tich phan C = [~ dx
s (x+1)°
u=xe du=(x+1)"
Dat 4, - dx = 1 ,suyra
V= ER y=——
(x+1) _ x+1
_pxetdx
fx+1)°
% it 1 X ! 3
3 | . ’ 1
- X +Ie“dx=—ig—— ST L P
x+1, 3 x+1] 1o 2
Vidy 4. Tinh tich phén D = :[cosix.silux.c“i":‘dx
4]
Dat t = sinx = dt = 2sinxcosxdx
x=0thit=0;x= g thit=1.
Khi d6 ta co:
; : ! e'l l
D = [cos'x.sinx.e™ “dx = — {(1-tle'dt = —| —— [te'dt =
! {07, 2
e 1 1 .
————— te' —e'] =—-1
2 2 2( ]U
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§4. Tich phan suy rong

L. Tich phin suy réng véi cin vo cwe
Gia sir f(x) 1a mot ham s6 lién tuc trén khoang fa+e0) . Khi
|
do voi moi t e [a:+ec) ton tai tich phan F(t) = jf(x)dx .
Ta dinh nghia, gi¢i han cha tich phan F(t) khi t > +w
duge goi 1a tich phin suy rong cfia ham sé fix) trén khoang
[a:+0) va ky hi€u la:

ffxdx = lim [fx)dx (3.4.1)

Tuong tir, tich phan suy rong cta ham sé f(x) trén khoang

(—ecia} vi trén Khoang (-~ow0;+0) dugce dinh nghia la:
[ b
jf(x)dx = lim j f(x)dx (3.4.2)
ff(x)dx = _[f(x)dx + If(x)dx = li1}1 If(x)dx + lim If(x)dx

¢ la diém tuy chon. (3.4.3)
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Chii y. Néu gioi han & vé phai cha cac cong thie (3.4.1),
(3.4.2), (3.4.3) tn tai hiru han thi tich phén suy rong dugc goi
la hoi tu. Nguoc lai, néu gioi han ¢ vé phdi cta cong thitc trén
1a vé han hoic khéng ton tai thi tich phén suy rong dugc goi la
phén ky.

Vidu I.

e d ' d .
. I X = lim * = lim arctgx =
1+ X 1—b-—cn l + % 3o

©odx e odx s
. j — = iim '[1 = hm( -arctgx) = >
A PSS

+3

0
* j.l+x ;{ : Il+x ::;r[

2. Tich phan suy réng ciia ham s gian doan

Cho ham s6 {(x) lién tuc tai moi x < [a;b) va f{x) gian doan

b-¢
tai x = b. Khi d6 v6i moi s6 £ >0 nhé tuy y ta c6 jf(x)dx 1a

tich phan xac dinh théng thudng. Ta dinh nghia gi¢i han cuaa
b-e

tich phan If(x)dx khi £ ->0 dugce goi la tich phan suy rong

ctia ham s6 f(x) trén doan [a; b] va dugc ky hiéu nhur sau:
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h-z

][‘(x)dx = lim jf(x)dx (3.4.4)

Trudng hop ham s6 f(x) lién tuc tai moi xe (a;b] va f(x) gian
doan tai x = a thi tich phéan suy réng ciia ham sé f{x) trén doan [a;

b} duge dinh nghia trong tu va duge ky hiéu nhu sau:

b b
jf(x)dx = lim J’f(x)dx (3.4.5)

Truomg hop ham s6 f{x) lién tuc tai moi xe [a;b] trir tai x = ¢
thi tich phan suy réng cia ham s6 f(x) trén doan [a; b] duoc dinh

nghia va dugc ky hiéu nhu sau:

ll]f(x)dx = ]f(x)dx + i[f(x)dx = lim Tf(x)dx +lim tj’f(x)dx

C+E

(3.4.6)

Chii ¥, Néu giéi han & vé phai cua cdc cong thic (3.4.4),
(3.4.5). (3.4.6) tén tai hiru han thi tich phén suy réng dugc goi
fa héi ty. Nguoce lai, néu giGt han & v phai cta coéng thirc trén
la v han ho#c khong tdn tai thi tich phdn suy rong dugce goi la

phan ky.
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Vi du.

dx o dx
_J\/l—x2 =_J|’\/1—

J‘L - 1imi_f S limaresin{1 —g) = —
o F e 0 D o

- X

llmarcsm( l+g)=

J.\fll— B lrl_l}gﬁ[p m

=T

1
T
L

tul‘.:t
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§5. Ung dung ciia tich phan trong kinh té

1. Ung dung ctia tich phan bét dinh
L.1. Xdc dinh quj vén dwa theo mirc ddu tuw

Gia sir viée dau tr duge tién hanh lién tuc theo thoi gian.
Ta xem lugng dau tu [ va quy von K 1a cdc bién sb phu thuc

ham s6 vao thoi gian t:
= (1), K = K(t)

Luong diu tr 1(t) tai thi diém t chinh 13 luong bd sung
quy von tai thoi diém d6. Noi cach khae, I(t) 1a tde do tang cia
K(t). do do I(t) = K (v).

Néu biét ham dau tu I(t) thi ta ¢o thé xac dinh duoc quy

von K(t) bai cong thire:
K(t) = [itde

hang s6 C trong tich phan bt dinh dugc xac dinh néu ta biét

quy vdn ban diu Ko = K(0).
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Vi du. Gia sir lugng diu tu tai thoi diém t duoc xac dinh duci
dang ham s6 I(t) = 140 t* va quy vdn tai thoi diém xuét phat fa
K(0)=150. Quy vén tai thosi diém t la;

K(t) = 140t dt =140 14 +C
tai thoi diém xuat phat K(0) = C = 150, do d6
K(t)=80t* +150.
1.2. Xdc dinh ham tong khi biét ham gid tri cin bién

Gia st bién s6 kinh té v mang y nghia toéng gia tri (tdng
chi phi, téng doanh thu, tdng sb tiéu dung....), duge xac dinh
theo gid tri ctia bién sd x 14 y = f{x).

Mit khac, nhu ta da biét dao ham y'=f'(x)1a gid trj v cén
bién cua x. Néu biét duoc gid tr] cdn bién y'= £ (x) = g(x) thi ta
¢6 thé xdc dinh duge ham tng v = f{x) thong qua phép toan
tich phan:

y = f) = faxdx

Vi du 1. Gia sir chi phi can bién & mdi san lugng Q la MC =
25 — 30Q + 9Q* va chi phi ¢ dinh la FC = 55. Khi d6, ham
tong chi phi duge xéc dinh boi cong thite:
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C= _[(25-30Q+9Q2):1()=25Q-15Q3 +3Q' +C,

Chi phi ¢ dinh la phan chi phi khong phu thuge mirc san
lugng Q, dé doé:

FC=55=C(0)=Cy = C=55+25Q-15Q* +3Q"

Chi phi kha bién 1 phan chi phi phu thudc mic san lrong
Q. D6 chinh 14 hidu s cta téng chi phi va chi phi ¢é dinh.
Trong trudng hop nay VC = C — FC =25Q — 15Q% + 3Q°,

Vidu 2. Gia sir doanh thu cén bién & mdi mirc san lrong Q dwoc

xac dinh duéi dang ham s6:
MR = 60 ~ 2Q -2Q?

Hay xac dinh ham tong doanh thu va ham cau doi véi san

pham.

Ta c6 ham téng doanh thu R la nguyén ham céa ham

doanh thu can bién duge xac dinh nhu sau:
R= I(60—2Q—2Q2)d0 =60Q-Q° —%Q"‘ +R,

d€ thiy doanh thu ban hang khi Q = 0 1a R, = 0, do d6

R=6OQ—Q2—%Q3.
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Goi p = p(Q) 1a ham cau dao, tirc 1a ham nguoc cia ham cau
Q=D(Q). TacoR=p(Q)Q =

R 2
p(Q)—a—()O—Q—EQ

2. Ung dung ciia tich phan xdc dinh

Nhu ta dd biét. ham cdu Q, = D(p) cho biét luong hang
hod Q4 ma ngudi mua bang 1ong mua & mdi muc gia p. Khi
biéu didn bing db thi méi lién hé giita gia va lugng ciu, cac
nha kinh té thuong sir dung truc tung dé biéu dién gia p va truc
hoanh biéu dién lrgng Q. Voi cach biéu dién nhu vay thi
dudng cau fa dé thi ctia ham cau dao p = D(Qq) (ham nguoc
ctia ham cau Qg4 = D(p)).

Gia str diém cin bang cia thi truomg 1a (pg; Qo) va hang
hod duge ban véi gia po. Khi d6 nhitng ngudi mua néu bing
long tra gia p; > pe thi duoe hudng mét khoan loi bang p, — po
(doan FM trén hinh v&). Téng sb huémg loi clia tit ci nhimg
ngudi tiéu ding bing dién tich tam giac cong AEp,. Cac nha
kinh té goi dé la thang du ctia ngudi tidu ding va duge tinh

o,
bing céng thirc: CS = ID_' (Q)dQ -p,Q,
0

Ham cung Q, = S(p) cua thi truong cho biét lirgng hang
ho& Q, ma ngudi ban bing ldng ban & mdi mire gia p. Duong
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cung 1a do thi cua ham cung dao p = §7(Q,). Néu hang hoda
dugc ban ¢ mirc gia cén béng po thi nhitng nha san xuat 1& ra
béng tong ban & mirc gid p, < py dugc hurdng mdt khoan loi
bang po —~ p, (doan FN trén hinh vé). Tong b hudng lgi ctia tat
ca cac nha san xuét bang dién tich cla tam gidc cong BEpy.
Cac nha kinh té goi do 1a thing du cua nha san xuét va thing
du ctia nha san xuét duge tinh theo cong thue:

0y

L PS = pn]glu - _[S_l(_Q)d

p=5"(Q)

Sy

Thing du cuia ngudi tiéu dung Thang du cia ngudi san xuét
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Bai tip chwong 3

[. Tinh céc tich phan bét dinh sau:

b. < d
a : — 3 X ~)x+[ _ b
_ Ix (5—xydx J{l——JVWde Ix +de J_ .5 dx
x" =1 10°
o h.
cos2x N e 41
¢ | -——dx 1af U8 xdx i dx
'[5111\(,0% _[X“'\/lJrX'd-\' '[(1+x3)j- '[c“+1 X

dx dX ’

.[—_7 - J.x.in +Inx '{eﬂe\dx

(arcsinX ) 1—-x

n jclx'+1:1x dX

2. Str dung phirong phdp déi bién sé tinh céc tich phan sau:

e v R O N e

sl e N QUSRS L

Xy 1+X° 1 1-x

Trudng Cao ddng hoa chéf 125



TOAN CAQ CAP

3. Sir dung phuong phép tich phin timg phan tinh cac tich
phan sau:

a. Ixsin2xdx b. j-xze‘dx c. J.\/-;{-.lnxdx d. Jx.arclgxdx

xdx X.cosxdx h. pxarcigx.dx
<. ¥ s
Jsin:’,\' & j sin 'x '[ iy’ -[(x+2)
k, Jﬂrcsinx‘dx l. J‘X&!‘Cth}d m. X‘éITCEEN‘dX " jcoéf')_(-d)‘
< (1+x7)’ (14+x)™

4. Tinh tich phan cac ham s6 hiru ty:

a

X 2% +x—1 D% 4%+ 2%
a. Fdx b. d ¢ F d> ) [——m—dx
2x+1 2% I ’

X X —2x+ x—x? #l

jo N

e g A X i 2% 43%2 "

5. Tinh tich phan cac ham sé luong giac

C.
a. fsincos'ndx  b. ﬁian.cdn e d. J‘sinsxdx
J‘smicos x.dx
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o=

?"

2 —sinx
[ g
2+ cosx

jsin"x‘dx h. J- dx
1+ cosx 3—-3cosx

. Tinh cac tich phan xac dinh sau:

=
Icos2x.dx

0

N Iy
i 2}
PR A = dx

A
AR

a
) _[x".cosx.d)
[

|
b Iy (243x") " dx

u

13
I:\Se\ Vl'eﬂ _] h dX
3 e+
l. _ﬂlnx‘dx m. j(.\lnx}:dx

Le

. Tinh cac tich phan suy réng

(x —1)? ' X

1

4
o _[x‘.v"x:+9.dx d.
]

]jln‘?x.dx

COSX
dx

Jcos2x

n2 .

I\u"e“ ~1dx
1]

i 1_[ dx

2CO8X +

=
" 2

n

n:
fsuﬂx cos N dy
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Chuong 4

HAM SO NHIEU BIEN SO

Trong cdce chuong dau, ta di nghién citu cdc quan hé ham
$6 ma trong dé ham s& chi phu thuoc vio mot bién s6 (ham s6
dang y = f(x}). Nhung trong thuc t&, phan 16n quan hé ham s6 1a
gap phic tap hon phiéu. D6 1 trudng hgp ba, bén hay nhiéu
bign $6 bién thién dong thoi anh hudng dén nhau. Quan hé ham

nhu the duge goi la quan hé ham s6 nhiéu bién s6.

Trong viéc xay dung 1y thuy&t ham s6 nhiéu bi¢n s@, vé
mat trinh tu ndi dung, cdch 1ap ludn,... ¢ nhiéu diém giéng véi

phan ham s6 mot bién s6.

§1. Cac khai niém vé ham so nhiéu bién so
L. Tich Dé cac
1.1. Tich Dé cdc cua hai tip hop

Dinh nghia. Tich D¢ cdc cha hai tap hop A v B 12 tap hop tat
ca cdc cap (a; b), a trude b sau, duge tao nén do 1ldy ac A, be B

mot cdch bat ky.
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Ki hiéu tich D& cdc cua hai tap hop A va B la: AxB.
Vay ta cé Asz{(a;b)‘aEA,beB}
Vidu .
e ChoA=1{I;2}, B={x;y} thitaco AxB= {(1; x), (1;
¥). (25x ), (2, 1)}
e Cho A =1[0; 1], B= [ 1] thi ta c6 AxB = {(x;
y) 0<x<10<sy<1}.
1.2. Tich Bé cdc cua n tdp hop

Pinh nghia 2. Tich Dé cic clia n tap hop A, A,..... A, Ia
tap hop tit ca ciac bo n phidn t (a;; a, ...; a,) theo thi tr
eA, a,eA,, ..., a,€A, mot cach batky.

Ki hiéu tich Dé cdc dé 1a A x Ajx..xA,, ta cd:
Apx ApceaxA, = (g 8y 5 8,) | 8 €A i= Ln}
Truomg hop A= Ay=...= A, thi A;x Ayx...xA, = A",
2. Dinh nghia ham sé hai bién s0
2.1. Dinh nghia

Xét tich Pé cdc R? vi Dc R?, ham s6 hai bign s6 f xdc
dinh trén D 12 mét qui tic cho tuong dng véi méi (x; y) e D

v& mot va chi mot s6 thuc z.
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Taviét f: (x; y) = z = f(x; y) hodc z = f(x; y), trong dé
f(x; y) 1a gid tri chia ham s6 f tai diém (x; y).

Tap hop D duoc goi 13 mién xdc dinh cia him s6 f.
2.2. Mién xéc dinh ctia ham sé hai bién 56

Ta qui udce rang néu ham s6 z duge cho béi biéu thic z =
f(x; y) ma khong néi gi thém vé mién xdc dinh clia né thi
mién xdc dinh cha z = f(x; y) dugc hiéu 1a tap hop tit ca cic
diém M(x; y) trén mat phang sao cho biéu thic f(x; y) c¢6
nghia. .
Vidy I. Him s6 z=.1-x* -y* duoc xdc dinh trong mién
x* +y* <1, tic [a trong hinh tdn tam tai (O; 0) ban kinh 1
(hinh 4.1.1).
Vidu 2. Mién xdc dinh ctia haim s6 z = In(x + y -1) 1a mién x +

y > 1 (hinh 4.1.2)

I y '

e s

(hinh4.1.1) (hinh4.1.2)
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2.3. Do thi cua ham s6 hai bién s¢

Cho ham sé 7 = f(x; y) x4c dinh trén mién D < R”, khi dé
v6éi mdi diém M(x;y) € Dta ¢ mot diém P(x; y; 2), v6i z = f(x;
y) trong khong gian. Khi M(x:y)bién thién trong mién D thi
P(x; y; z) cling bi€n thién va tip hop ciac diém P duoc goi la do
thi cia ham s6 z = f(x; y).
Chii y. D6 thi cia ham s6 z = f(x; y) nhiéu khi [&a mét mat cong
(S} trong khéng gian.
Viduy Ham s z = xm ¢ d6 thi la nta mat cao tam tai
gde 10a do, ban kinh R ndm phia trén mat phang z = 0.
2.4. Gidi han va tinh lién tuc cua ham $6 hai bién s6
24.1. Gigi han cita ham sé hai bién 56

S6 A duge goi 14 gidi han cha ham s6 z = f(x;y) khi diém
M(x; y) tié€n dan dén My(xg; ¥o) néu nhu f(x:y)-Al 1a mot vo
cung bé khi MM, — 0.

Ki higu: I\}1lim f(x:y}Y=A hay ELH\] f(x:y)=A.

M,y
L g T

2.4.2. Tinh lién tuc cua ham s6 hai bién.

Ham s6 7 = f(x;y) duoc goi 12 lién tuc tai diém My(Xg; vo)

Anell;

1) z = f(x;y) xdc dinh tai M, vd moi diém M(x; y) thude
vio Ian cin cta diém My;
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1) Iim f(x;y)=A.
Chu y. Ne€u ky hitu Az=f(x;y)-f(x,:y,) VA
Ax =X - x,.Ay =y —y, thi dinh nghia trén ta ¢6 thé phat bidu
nhu sau:

Ham s6 z = f(x;y) dugc goi Ia lién tuc tai diém My(x,; Vo)
néu:

i) z = f(x;y) xdc dinh tai moi diém (x; y) thudc vio lan

can cla diém M;

i) lim Az =0.
Ax—0
Ayl

3. Dinh nghia ham sé nhiéu bién s¢ (n>3)

Xét tich D€ céc R" va G R", ham s6 n bién s6 f xdc dinh
trén G 1a mot qui tac cho tuong ing véi mdi (x,; xy; ;x,) € G
véi mot va chi mot sd thue u.

Ta viet f: (x;; x5..0%,) B u = f(X); %55...5%,) hodc u = f(x;
Xoses Xy ), trong d6 f(x; x,;...3%,,) 14 gid tri cha ham s6 1 tai diém (x,;
Xpies X )

Tap hop G duge goi 1a mién xdc dinh cGa ham s6 f.

Vidy. Ham s6 u=x"+ y*+ z* la ham s6 clia ba bién s6 x, y, z.
Cha y. Giél han va tinh lién tuc ctia ham s& nhiéu bién s6 hoan
toan twong ty nhu gidi han va tinh lién tuc cta ham sé hai bién

S

50.
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§2. Pao ham va vi phan ctia ham sé nhiéu bién

1. Dao ham riéng

Cho ham s6 z = f(x;y) xéc dinh trong mét mién D va diém
My(xq; yore D.

Néu cho y = yg, him s6 moét bién s6 z = f(x;y,) 6 dao ham tai
X = X, thi dao him dé dugc goi 1a dao ham riéng cla f(x; y) d6i
vl x tai M, va duge ky hiéu la:
, of
f x(xo; YO) hay _‘(x(!QYO)'
ox
Néu cho x = Xq, ham s6 mot bign s6 z = f(x,y) ¢6 dao ham tai
y = ¥, thi dao ham d6 dugc goi 1a dao ham riéng cla f(x; y) d6l

val y tal M, va duge ky hiéu la:
, of
" (Xo; Yo) hay ‘é;(xo;YU)'
Dat A f = f(xy + AX; yo) - f(X0; yo) V2 ta goi né la s6 gia

rieng cla cla f(x;y) theo x tai My(Xy; o). khi d6 theo dinh

nghia dao ham clia him s mét bién tai mot diém ta c6:
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of . _ I A f
oY) fim o
Tuong 1y, dat A f = f(xg; yo + Ay) - f(Xg; yo) va goi né la

s0 gia riéng cua cua f(x;y) theo y tai My(xq; o),

sy Y= Jim
g(xo,yg)— 1;1‘—2,1 Ay .

Chu v.

‘9

i. Cdc dao ham riéng ctia ham s6 n bién s6 u = {(x; X5} ...}
X,), { n = 3) duoc dinh nghia hoan toan tuong tu, tuc la ta co:
A u —

- )= lim =1
— XX X = lim 1=1.n.
- R KT iy b )
ax_ Ax =0 Axi

ii. Khi tinh dao ham riéng ctia ham s theo bién 6 nao, chi
viéc xem nhu ham s& chi phu thude bién sé dy, cdc bién s6
khiac dugc coi nhu hing s& réi ap dung céc qui tac tinh dao

ham cia him s& mét bién so.
2. Vi phan toan phan

Cho him s6 z = f(x;y) x4c dinh trén mién D va diém
My(Xo; Yoy D, cho x; s6 gia AX, y, 50 gia Ay sao cho M(x,
+AX;y,+Ay)eD.
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Khi dé ham sO co sO gia la
Az =f(x, + Axiy, + Ay) - f(x,;y,)va duge goi 1a s6 gia toan

phin cia ham s6 z = {(x; y) tai diém M,,.

2.1. Pinh nghia. NEu s6 gia toan phan Az cua ham s6 z = {(x;
y) tai didm My(x,, ye) biéu dién duoc duéi dang
Az = AAx + BAy + a.Ax + B.Ay, trong d6 A, B 1a cdc dai luong
cht phu thudc vio Xg, y, cOn o.f 1a cdc dai lwong vo cung bé
khi Ax = 0, Ay — 0thi ta ndi ham s& f(x; y) kha vi tai M, vi
bi¢u thic A.Ax + B.Ay duge goi 13 vi phan todn phin cla ham s6

f(x; y) tai My, ki hiéu la dz.
Viytacddz = AAx+BAy.
Chii .

1. Néu A, B khong dong thoi bang khong (the A” +B” 2 0)
thi dz va Azla cdc vo cung bé twong duong khi Ax — 0,
Ay —> 0.

it. Néu ham s6 z = {(x;y) kha vi tai diém M, thi né lién tuc

tai diém 4y.

136 Trudng Cao ddng héa chét



TOAN CAQ CAP

2.2. Pinh l{. Néu ham s& z = f(x;y) kha vi tai diém M, € D thi
tai d6 16n tai cdc dao ham riéng z,, z, vi vi phan toan phén
cla ham $8 z = f(x;y) dugc tinh theo cong thic:

dz =2z AXx +7, Ay
Chutng nunh.

Vi ham s6 z = f(x;y) kha vi tai M(xy; y,) nén s6 gia toan
phan cia ham s6 biéu dién  duge dudi  dang

AZ = AAX + BAy + c. Ax + Ay .
Gilt y = y, thi ta ¢cd Ay =0, khi dé A z=AAx+aAX

Z‘ ~ - o~ s - - -
= —*~=A+o. Do o la mét vO0 cung bé nén ta cé

AX
. A é aZ - -
m = =A=—=f {X,:1y,)- Tuong tu ta ch
Aot Aw Oox
iz .
A= =f'_\_(x[};}*'“).
C?}(I
Vay dz=2z Ax+z Ay.
Chii y.
i. Do x, y la cic bi€n s6 doc lip nén ta cé

Ax =dx.Ay =dy,suyra dz=z dx+z dy.
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ii. P61 véi cdc ham s6 n bién s6 (n = 3) ta ¢ dinh nghia va
cong thirc tinh vi phan hedn toan tuong tiy, titc 1a néu cho ham s6

u = {(x; X35 ...y X,,) thi:

du= iu~.dxl +ﬂ.dx? +...+ﬂ.dxn = Zﬂ.dxi .
ox, ox, OX o1 OX,

n

Vidy I. Cho ham s6 z = xy, tinh Az v& dz tai diém (2; 3) bigt
Ax =01, Ay =0.2.

Ta c6AZ=(2+0.1)(3+02)-23=0.72 va
Z (23)=3,7,(23) = 2nén dz =3.0.1+2.0,2= 0.7

Vidu 2. Chohdmsé z=x¥ (x > 0), ta ¢é dz = yx¥'dx + x*Inxdy
2.3. Ung dung ciia vi phdn vao phép tinh gin diing
Ta c6 khi |ax|.|Ay| khd nhé thi Az~ dz, tic la:
F(xg + Ax:y, +AY) —f(x41y0) = £ (%01, A% + £, (X457, )8y

< (X, + Ay, + AY) ~ TRy )+ 1 (X5 Yo )-Ax + 1, (X3 ¥, ) Ay
(4.2.1)

Vidu. Tinh gan ding gid tri A =1,04>%
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Gidi
Xéthams6 z=x" (x >0),tacé z, = yx'~, z\ =x"Inx.
it (xg; vo) = (1; 2) v (Ax; Ay) = (0.04;0.02), khi1 d6 ta co:
A=104"" =17 +2.1°".004 +1% In1.0,02 = 1,08
3. Pao ham cua ham so hop

3.1. Khdi niém ham sé hop. Cho ham s6 z = {(u; v), trong d6
u, v 12 cdc ham s6 cha hal bién s6 doc lap x, v (tic [a u = u(x;
y), v = v(x; v)). Khi d6 z I him s& hop cla hai bién s6 x va y
théng qua hai ham s& trung gian la u va v, ki hi¢u la z =

flu(x;y); v(x;y)l.

3.2. Dinh ly. Néu ham s6 z = f(u; v) kha vi va cdc ham s6 hal bi¢n
s6 u(x; y), v(x; y) ¢6 cdc dao ham riéng lién tuc thi ham s6 z = f(u;
v) ¢6 cic dao ham riéng theo bién x, bién y duge tinh theo cong
lig]1 o

2, =Z, U _+7,V,

zZ, =z,Uu, +2 .V,

¥

Vi dit. Cho ham s6 z = e"sinv, trong dé u = xy, v = x +y, khidé

ta co:
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2, =70, + z,v, =e”[y.sin(x + y)+ cos(x + y)]
z,=z,u, +z, v, =e7[Xsin(x +y)+cos(x +y)]
4. Pao ham cua ham s6 4n
4.1. Ham so an mot bién so
4.1.1. Khdi niém ham sé dn mot bién s¢

Gia strcdc gid tri cua hai bi¢n s6 x va y lién hé véi nhau

béi mot phuong trinh ¢6 dang

F(x;y)=0
{4.2.2)

Néu véi méi x thuée mot khodng X <R nio dé6 tén tai mot
va chi mot 6 thuc y thod mén phuong trinh (4.2.2) thi phuong
trinh (4.2.2) xdc dinh mét ham s6 y = y(x), x ¢X. Khi d6 ta
néi y 13 ham s& 4n cla x xdc dinh bdi phuong trinh (4.2.2).

Vi du. Phuong trinh

xdc dinh y 1a ham s4 clia x
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y=2a —x’ (4.2.4)
a
Ham s& cho duéi dang (4.2.3) 1a ham s6 4n va trong trudng
hop nay (4.2.3) dua duoge vé ham s6 tudng minh (4.2.4),

Tuy nhién, trong nhiéu trudng hgp khong phai lic nao
ciing dua ham s6 4n y clia x xdc dinh boi (4.2.2) vé dang tudng

minh,

Vi dy. T hé thie x¥ = y* (x > 0, y > 0) khong thé biéu dién y

theo x.
4.1.2. Cdach tinh dao ham
Pao ham theo bién x hai v& cua (4.2.2) ta ¢é

Fo+F.y =0
: F. .
®  ye=-pe (E 0 (425

Vi du. Tinh dao ham cta ham s6 an xac dinh béi phuong trinh
Fx;y)=e*—e"+xy=0

Tacé F, =e* +vy, P\ =x —e*. Ap dung cong thirc (4.2.5)

ta cé;
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- F e +y e’ +vy
YN:__'Z- " = -
F. X—¢’ e’ —Xx

¥

4.2. Ham s6 dn hai bién s¢
4.2.1. Khai niém ham s6 dn hai bién s6

Gia st moi lién he giita bién s6 z va cédc bién s6 x, y lién

hé v&i nhau béi mét phuong trinh ¢é dang
Fx;y;2)=0
(4.2.6)

Néu véi moi (x; y)e D < R* nao d6 16n tai mot va chi mét s6
thuc 7z thod man phuong trinh (4.2.6) thi phuong trinh (4.2.6) xdc
dinh mot ham s& hai bién z = f(x; y), (x; y)e D < R™. Khi dé ta
n6i z 12 ham s6 4n cha hai bién 6 x, y x4c dinh bdi phuong trinh
(4.2.6).

4.2.2. Cackh tinh dao ham

Viéc tinh dao ham riéng cta hdm s& an hai bién s6 dyoc
thuc hién tuong tu nhu viéc tinh dao ham cha ham s6 4n mot
bién s, tite 1 ta ¢co:

. . F, :
z,=——.2z,=—— (F,#0)

(4.2.7)
Vidy. Xét ham &n z = f(x; y) x4c dinh b&i phuong trinh

3 2 2
X© yT 2z

Fix;viz)=—+—5+—-1=0
< b... C._
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o . L2
Dé thiay F, = 2—T,FV = 2): ,F, = —L , 4p dung cong thic
R S S o
(4.2.7) 1a cé:
. F : F,
z, =-— ’f=—c—-wx-,z~.=——".=—fy (z=0)
' F, a“z EF, b~

5. Pao ham riéng va vi phan cap cao
5.1. Bao ham riéng cdp cao

Cho hdm s& hai bién s6 z = f(x; y), ta goi cdc dao ham
riéng f,f, 1a cdc dao ham riéng cdp mot. Cic dao ham riéng
cua cdc dao ham riéng cidp mot duge goi 1a dao ham riéng cip

2. Ta ¢6 bon dao ham riéng cap hai nha sau:

é{of a'fr . ¢ {aof a°f .
[ ]* T=f.(xy); ( J = (x1y)3

X dx Sy \ox )  Oydx
o of D f a({aft) 2
= ) | = e = £ ()
ox\ady | Oxéy (?y oy’

Cédc dao ham riéng cla cdc dao ham riéng cdp hai duge goi
13 dao ham riéng cap 3,
Vidu. Cho f(x; y) = xy* + x* thi ta cé:

f,(6y) =y  +4x", £, (x1y) = 2xy

fo(ay)=12¢7, £ (Gy)=2y, f,(x;y) =2y, f.(x;y)=2x
Dinh Ii (Schwarz). Néu trong mot 1an can U ndo d6 cta diém

My(xo; o) ham s6 z = f(x; y) c6 cdc dao ham rieng f_(x;y),
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f.. (x;y)va cac dao ham riéng dy lién tuc tai diem M, thi tai d6 ta

-

c6:
fo ()= f, (5y)
Trong vi du trén ta cé f;_\_(x;y)z f,(xy)=2y.
3.2. Vi phdn cdp cao

Xét ham s0 hai bién 36 z = f(x; y), vi phan toan phan
dz=f dx+f dy ciing [a mot him $6 hai bién s6 cia x, y va

duge got 1a vi phan toan phan c¢dp moét. Vi phan cua vi phan
toan phan cap mot duge goi la vi phin toan phin cip hai va

dugc ki hiéu 1a d’z.
Ta c6 d’z = d(dz) = d(f_.dx + fdy) = f . (x;y).dx" +

21 (x:y) dxdy + f . (x:y).dy’

Tuong 1y, d'z=d(d’z), ,dz= d(d"'z).

Vidu. Cho hdm s6 7z = e*, tinh d”z.

. O A 3 N 3 1 D 3 Y XY \
Suyra 2z, =y'e’,z.=xe",z, =€’ +xXyc~ =¢ (I+xy).

Vay dz =y e?dx? + 2™ (1 +xy)dxdy +x’e ¥ dy’
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§3. Cuc tri cua ham s¢ hai bién so

1. Pinh nghia cuc tri ham hai bién

Cho ham s6 z = f(x; y) xdc dinh trén mién D va mot

diém My(xy; Yol e D, ta néi:

Ham 6 z = {(x; y) dat cuc dai tai My(xg; o) néu véi moi M(x; y)

thudc vio lan can cia M, ta cé
f(x; y) < f(x4; yo)» (M = M)

Ham $6 z = [{(x; y) dat cuc tiéu tai My(xy; yo) n€u véi moi M(x;y)

thudc vao lan cin cia M, 1a cé
fxsy) > (s yo ), (M = M)
Chu y.
* Diém My(xq; yo) duge goi 1a diém cuc tri con [(xg; Ve)
gol la cuc tri cha ham s6
¢ Cyc tri dinh nghia nhu trén con duge goi 1a cuc tri dia

phuong,

Vidu. Ching minh ham s6 z = — - sin(x* + y?) dat cuc dai tai

B | -

diém (0;0).
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Véi moi (x;y) thudc vio lan can clia diém (0;0) trir nd ta
déu cé sin(x*+y?) > 0, suy ra:
z= — -sin(x*+y%) <

=z ((;0).

to | —
b | —

Theo dinh nghia cuc tri ¢cha ham hai bién s6 ta ¢6 ham sd dat
cuc dai tai diém (0;0).
2. Piéu kién can cua cue tri ham hai bién
binh 1v. Néu ham kha vi z = f(x;y) dat cuc tri tai My(X; ¥o) thi
tai d6 cidc dao ham riéng cip mot triét tiéu.
Chimg minh.

Gia sir ham s6 z = f(x;y) dat cuc tiéu tai M, suy ra f(x; y) >
f(Xg; Vo ), ¥ M{x;y) thudc vao 1an can cia My (M = My).

= x5y > (x5 ye) vaL(Re; ¥} > (%00 Yo )i

v M(x;vg), M(Xq;¥) thudce vao lan can cia My(M = My).

C4c bat dang thic trén chiing t& ham s6 ham s6 mot bién
f(x; yu) va f(xq; y) dat cuc tiéu tai diém x, v y, nén theo diéu
kién cdn cuc tri cia ham $6 mot bién 6 ta ¢ f ' (Xy; ¥o) =0,
T;,-(X(]; vo) = 0.

Chitng minh tuwong tu trudng hop ham so f(x;y) dat CD tai
diém M,
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Chii y. Diéu kién can trén cho ta thu hep viéc fim cuc tri cda
ham s6 tai nhitng diém My(x,;y,) ma & d6 cac dao ham riéng cap
mot trigt tiéu. Diém My(xy; yo) duoe goi 1a diém dimg hay diém

(61 han cua ham sé.
3. Diéu kién da cia cue tri ham s6 hai bién

Gid st My(Xy; yo) 12 mot diém dimg clia ham s z = f(x;
y) va tai d6 cdc dao ham riéng cap hai cla né déu tén tai va

lién tuc.

Dat A= 2", (Xp3ye) 3 B= 2" (x1y0) 5 C= 27, (x3¥,)
va A = B*- AC.
Dinh ly.

e Neéu A <0 thi diém diing My(x; yo) 1a diém cuc tri cla

ham s6 z = f(x; y)
Mo(Xe: Vo) 12 diém cuc dai néu A < 0
My(Xo; Yo) 12 diém cuc tiu néu A >0

e Néu A >0 thi diém dimg M(xo; o) khong 1a diém cuc

tri cua ham s6 z = f(x; y).

e N¢u A =0 takhong két luan gi vé cuc tri tai diém dimng
Mo(Xo; ¥o); ham s6 ¢6 thé dat cyc tri hay khong dat cuc
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tri tai diém d6. Muén két luan duoc ta phai st dung
phuong phap khdc nhu dung dinh nghia hodc xét dau
cdc dao ham riéng cdp hai cla khai trién Taylor clia

ham s6 hai bi€n ma trong bai ndy ta khong xét tdi.
Chu y. Cich tim cyc tri cia ham s6 hal bién z = f(x; y).

Stt dung diéu kién can dé tim toa do céc diém ditng tir

nghiém cua hé phuong trinh:

z'x(x;y)z()
z'}_(x;y) =0

Str dung diéu kién du dé kiém tra lan luot timg diém ding

la nghiém cQa hé trén va két luan.
Vidu. Tim cuc tri clia ham s6 z = 8x’ + 2xy - 3x* + y°.
Giai,

Ta co 2, = 24x° + 2y - 6x ; Z, = 2X + 2y, suy ra toa do
diém dimg 1a nghiém cla hé phuong trinh:

7, (xy)=0 o, 24742y -6x=0
z,(x;y)=0 2x+2y =0

suy ra (x; y) = {(0;0),(1/3;:-1/3)}.
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Cac dao ham riéng c4p hai: 2, =48x-6; 2" =2; Z”yz

Tai diém (0;0) tac6 A=-6;B=2: C=2va A=16>0 nén

theo diéu kién du ham s& khéng dat cuc trj .

Tai diém (1/3;-1/3)tac6 A=10>0:B=C=2vai A=4
20 = -16 < 0 nén theo diéu kién di ham s& dat cuc tiéu tai diém
(1/3:-1/3) ; 2(1/3;-1/3) = -4/27.

4. Cyc tri c6 diéu kién

4.1. Dinh nghia. Gia sit phai tim cuc tri cla ham $6 z = f(x; y)
trong d6 x, y khong doc lap véi nhau ma rang bude véi nhau
boi diéu kién @(x;y)=0. Cuc tri phai tim khi d6 duge goi i

cuc tr1 ¢d diéu kién.

4.2. Cdch fim. Tt biéu thitc e(x;y)=0 ta tim cdch biéu dién y
theo x (hoac x theo y) r6i thay vio ham s6 z = f(x; y). Khi d6
ham s6 z = f(x; y) la ham s& mot bién x hodc y va bai todn tim
cye tri cua ham s6 hai bién tuong duong vé6i bai todn tim cue tri

ctia ham s6 mot bién sd.

Vi du. Tim cyc tri cla ham $6 z=4/1-x* -y’ véi diéu kién y

=a(0<a<]).
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Giai.

Thay v = a vio him s6 z=,l1-x'~-y’ ta dugec
z=+1-a" —x", khi d6 bii todn phai tim tuong duong véi viéc
lim cuc tri ctua ham s& mdt bién s6 x véi x e [—ﬁ;ﬁ].

X

Tact z, 0= 0.
T N e 0 —a’
] I o |
2(5) et

Vay ta 6 ham s8 mot bién s6 x dat cuc dai tai diém x =0
Vi 2¢p = V1 —a’ , suy ra him s& hai bién s6 z=1-x* -y’ dat

A

cuc tay tan {(0; a) va zep = V1 —-a” .

5. GTLN va GTNN ciia ham s6 hai bién trong mot mién

xac dinh kin

Nhan xét. Nhu ta di biét cuc tri cia ham s6 z = f(x; y) chi ¢6 tinh
chat dia phuong chit chua han da 13 GTLN va GTNN ctia ham s6
trong mot mién x4c dinh kin D nao d6. GTLN va GTNN cua ham

56 ¢6 thé dat tai diém cuc tri hoic tai cdc diém trén bién ctta mién
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D, do vay dé tim GTLN va GTNN ciia ham s6 trong mot mién

xéac dinh kin D nao d6 ta 1a theo cédc bude sau:
- Tinh gia tri cha ham $6 tai cdc diém dimg thudc mién D;
- Tinh GTLN, GTNN ctia ham s8 trén bién ctia mién D;

- So sanh GTLN, GTNN ctia haim sd trén bién ciia mién D
véi gid cha ham s6 tai cdc diém ding thude mién D dé€ tim
GTLN va GTNN cua ham s6 trén mién D,

Vi dy. Trong mién tam gidc OAB gi6i han bdi cic truc toa do va
dudng thing x + y = 1. Tim cdc diém M sao cho 8ng binh
phuong cdc khodng cdch tir M téi céc dinh cla tam gidc 14 nho
nhat,
Gidi.
Gia st M(x; y) la diém
nam trong mién tam gidc y
OAB, khi d6 ta ¢6 x, ye[0;  \|
1, x+y < lva:

OM? = x? + y? .
MA? = X2 + (1.y)? y |

2 (1.2 o4 ol N
MB =(1-x)"+y ,, o " SN
= S(x; y) = OM? + MA? +

MB?=3x*+3y’- 2y - 2x + 2
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Bai todn da cho twong duong véi viée tim cde diém M(x; y) trong
mién tam gidc OAB sao cho him s6 hai bién $(x; y) dat GTNN.

Tinh gid tri clia ham s6 tai c4c diém dimg:

Ta c6 diém dimg la nghiém clia hé phuong trinh

S =6x-3=0
R D(X;y):[l;lj zS(l l):fl- (4.3.1)
S, =6y-3=0 3°3 3'3° 3

Tim GTNN trén bién:
Tren OAtacé x =0vay e{0;1], khi d6 S(y)=3y* -2y +2

= minS(y) = S( Y=

[0:1]
Trén OBtacé y =0 va xe[0;1}, khi d6 S(x) =3x> — 2x + 2

= r[I('}ll? S(x) = S( —) = % (4.3.3)

(4.3.2)

uo|um

Trén ABtacd x+y=1vax,ye|®l] suyray=1—x,
thay vao ham S§(x; y) ta cé:
S(x)=6x*—6x +3

~ min S(x) = S(1) = > (4.3.4)
[0:14 2 2
Tir (4.3.1) dén (4.3.4) ta suy ra minS(x:y) = (% %) =3 i

D la mi¢n tam gidc OAB.

Viy ta c6 diém M(%; %) 13 diém phai im,
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6. Ung dung trong kinh té
6.1. Trieomg hop doanh nghiép san xuét hai logi san phim
Xét truong hop mot doanh nghiép canh tranh thuan tuy
san xuft hai loai san phdm Q,; Q, va gia sir tong chi phi két
hop dugc tinh theo 56 lrgng san phﬁln:
TC=TC(Qy; Q).
Do tinh chdt canh tranh doanh nghiép phai chdp nhén gia thi
truéng cac loai san pham d6. Vi py, p; 1a gid thi trudong hai
loai san pham thi ham téng lgi nhudn ¢6 dang:
m =piQ + p2Q2 — TC(Q); Q2)
Bai toan dit ra trong truong hop nay la chon mot co ciu
san xuét (Q; Q) dé ham téng loi nhudn dat ti da.
Vi du. Gia sit ham tdng chi phi cia mét doanh nghiép canh
tranh [a TC =6Q7 +3Q2 +4Q,Q, va gid san phiam la p, = 60. p,
= 34. Khi d6 tong lgi nhudn la:
m=60Q, +34Q, - (6Q; +3Q} +4Q,Q,)

Diéu kién can d¢ dat lgi nhuén toi da la:
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T _60-12Q, —4Q, =0

5Q, @{Q| i4

M _34-40,-6Q, =0  |Q:=3
Q, )
2 -1 2
Mat khac, ta lai ¢o E_’Z:_-lg; © f :—6;—(3 T =—4, do d6
aQ; 0Q; cQ,aQ,
tai (Qy Q) = (@ 3) didu kién dn
2 2 2 =1 ~ 2
{ on J 0RO 7= 56<0.C T -12<0 duoc
NQAQ, ) 8Q; &Q; Q)
thoa mén.

Vdy doanh nghiép s¢ dat loi nhuan lon nhat néu san san

xuét 4 don vi san phim tht nhat va 3 don vi san pham thir hai.
6.2. Téi da hod lgi nhugn ciia mpt doanh nghigp djc quyén

Xét trromg hop mdt doanh nghi€p doc quyén san xuat hai
loai sén pham véi ham chi phi két hop TC = TC(Q,; Q).

Doanh nghiép doc quyén dinh gia san phim ctia minh cin
clr vao chi phi san xudt va ciu cua thi truong. Gia sir cau cla
thi trudng déi véi céc loai san pham la:

_ — -l

Qi =Di(p1) @pi =D (Q)
_ Nl

Q2 =Dap2) & p2=Dy (Qy)
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Khi d6 ham loi nhudn ¢6 dang:

7 =p Q) + p2Q2 — TC(Q; Q)

Can cir vao cdu cua thi truong ta co thé biéu dién tong loi
nhuan theo Q,. Q; la:
= D(QN.Q1 + Dy (Q2).Q: - TC(Qr; Q).

Theo phuong phép giai bai toan cuec tri cia ham hai bién ta xéac
dinh duge mure san keong Q,, Q, dé = dat cyc dai, tir d6 suy ra
gia tbi ru.
Vi du. Gia sic mdt doanh nghiép doc quyén san xuat hai loai
san phdm véi ham chi phi két hop TC = Q! +5Q,Q, + Q2. Gia
str ham cAu hang hoa coa cac loai san pham do 1a:

P1= 56 — 4Q|._ P2 = 48 — 2Q2

Khi dé ham loi nhuén la:

1=p,Q +p,Q, —(Q +5QQ, + Q) =356Q +48Q, -5Q -3Q, —5QQ,

Gial bai toan cuc tri dbi voi hai bién Q,, Q, ta xdc dinh
duge mure san luong dé doanh nghiép dat lgi nhuan ti da la
(Q: Qy) = (96/35; 40/7). Khi d6 gia ban dé dat duoc loi nhuan
thi dalap, = 45,p; ~ 36.7.
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Bai tip chwong 4

I. Tim mién x4c dinh va biéu dién mién xdc dinh cac ham sé
sau trén mat phang toa dd

——— —
az=Inxy . z=4-X -y c. 7 = 4/xlny d. z=yX.sir

d. e. k.

b1 —1 =dx2 =7
, Y LZ=yx —y :
Z=—=t+=— z=arcsi £ 7EVEY z=arcsitt ++/xy
XY Xy N X

2. Tinh dao ham riéng cip moét cltia cac ham sé sau

b d
a Z—ll{tng ¢
) - ¥ 2 2 3 !
X/ z=arctg z=In(xX +xy+y") Z=In(erX" +y)
X
3. Ching t6 ham sb z = y.in(x? - y?) thoa man phuong trinh

z, Z, 2

2
X ¥y Yy

4. Ching té ham s6 7 = In(x* + xy + y°) thoa man phuong trinh
X & +y oz =2

ox oy
5. Tinh dao ham riéng cip hai cia cac ham s sau

a. b, C. d.

5 X = I 2 2
z=arctg1 z=In(x"+y?) z= Y Z=§\}(X'+Y‘)3

X X+y
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6. Tinh dao ham ctia cdc ham s6 hop sau

Cou =? 2 L2
d. Z=¢ SUZCOSX, V=X  +¥

b.z=In(u” +v*), u=xy.v= X
¥ o hox - . 622 522
7. Cho z = x’, hdy chimg minh x =
8. Cho 7z =arctg :\i-, hay chiung minh a—:f + aé
X ) S

9.Cho z= in;, hay chirng minh E_};f+

NS Ix°
9. Cho 7 = ", hay tinh dz, d’z.

10. Tinh gan ding

a. (1.02)° +(0.05)

b. sin59".cos61”

11. Tinh dao ham cdc ham sb an xac dinh béi phuong trinh:

a. xe’ +ye' —eM =0
b.x+y+tz=¢

12. Tim cuc tri cta cac ham sb sau:
a. 214(x-}f)—x2—y2
b.z=x+y-xe&

c.z=x + 3xy2 -15x— 12y

dz=x'+y' -x’—2xy—y*
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e.z=2x4+y4—x2—2y2
f. z=(x"+ yz).e'“] S

13. T im cuc tri ¢é diéu kién ctia cac ham sé sau:
a.z=xy voi didukién x +y = 1

v A Lian o2 2
b.z=x+2yvordicukignx" +y" =5

| N 1 1
C.z=—+— vGidicukién — +~—5=—

X y X* y a

[4. Tinh gié tri 16n nhét, nho nhit cia cdc ham sé sau:
a.z=x -y’ trong hinh tron x>+ v < 4
b. z = x’y(4 — x - y) trong hinh tam giac gidi han bdi cac dudng
théngx=0,y=0._x+y=6.
15. Cho biét ham lgi nhuan ctita mét doanh nghiép san xuat hai
loai san phdm la
n=160Q, -3Q7 -2Q,Q, - 2Q} +120Q, —18
Hay um Q,.Q); dé duoc loi nhuén ti da.
16. Mét hang doc quyén san xudt hai loai san pham. Cho biét
ham cu ddi véi cdc loai san pham do la;
Qi =25-0.5p;, % =30-p;
voi ham chi phi két hgp C=Q? +2Q,Q, + Q2 +20, hiy cho

biét mire san lugng Q,, Q, cho 1¢i nhuén tdi da.
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Chwong 5

MA TRAN - PINH THUC -
HE PHUONG TRINH TUYEN TINH

§1. Ma tran
1. Dinh nghia ma trin

Mt bang $6 gi‘)m mxn phz"in tir a;; ¢6 dang

a, a, ay, a, 4y - a4y
dy Ay Ay hoic Ay Ay o Ay
aml amE T a‘nm am! am? anm

duge goi 1a mdt ma trdn cap m x n. Moi a; duge goi la mot

phén (r cia ma trdn.

Ta dung céc chir cai A, B. C,... d¢ dat tén cho cic ma {rin

vata ding ky hiéu A={a,) hodc A=[a,| déky hiéu A la

ITIXT1 Ty

ma tran cap m x n va phan tir ndm trén dong i va cdt j duge ky
hléU la ajj.

1

Vi du. A:( |

?] l4 ma tran cap 2 x 3, trong dé cac phin

trchaAlaa,=1,ap=5%a;3=4,a,; =-1, a»n =3, a3=7.
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2. Cac dang ma trin

2.1. Ma trgn vuong

ap  ap a,
. . A sy, . N
Khim=nthi A= duge goi 1a ma tran
a, a, a

vudng cap n.

Trong ma tran vudng A dudng chéo thir nhét ndi goc trén
bén trai voi gée dudi bén phai duge goi 1a dudmg chéo chinh,
cac dudng con lai duge goi 1a dudng chéo phu. Vi tri cia cac
phan tir a;; s0 vai duong chéo chinh duoce xdc dinh theo cac chi

s6 1, ) nhu sau:
* a; thudc duong chéo chinh khi va chi khii =
o.. aj; nam phia trén duong chéo chinh khi va chi khi i <]
* g nam phia dudi duong chéo chinh khi va chi khii > j
2.2. Ma trin tam gidc

Ma tran tam gidc 1a ma trdn vudng ¢6 cdc phan tir ndm phia

trén hodc phia dudi ciia dudmng chéo chinh bing khéng.
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a, 0 - 0 Q8 oAy,
a, a, 0 B 0 a, a,

hoac !
anl an" ann 0 0 ann

2.3. Ma trgn dwong chéo, ma trgn don vi

Ma trdn vudng A = (au Jm dugc goi la ma trin dudng chéo

néu tat ca cac phan tr nam phia trén va phia dudi duong chéo

chinh déu bing khong,

a, 0 0

0 a,, 0
A=

0 0 a

Ma tran duong chéo co tat ca cic phan tir thude dudng

chéo chinh bé’mg I duge goi 1a ma tran don vi. Ky hiéu 13 E.

1 0 0

0 0
E =

0 0 1
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2.4. Ma trian dong, ma trin cjt

Khi m = 1 thi ma trdan A ¢6 dang A=(a,, a,, - a,)

dugc goi la ma tran dong.

an

) . . , a, -
Khin =1 thi matrin A codang A=| " | dugc goi la ma

ml

-

trdn coOt.
2.5. Ma trian khong

Ma trin khong la ma trén co tat ca cac phan tir bing déu 0,
ky hi¢u 1a O.
2.5. Ma trin chuyén vi

Cho ma trdn A = (au )mm , khi d6 ma trin B = (a _".] dugc

mim

goi 1a ma tran chuyén vi cia ma tran A. Ki hiéu la A'.

1 O
1 5 4

Vidu Au( )hlA'—S 3
y 3 2

4 2

162 Trudng Cao ddng hda chat



TOAN CAQ CAP

3. Hai ma trin biing nhau

Hai ma trdn A va B duoc goi 1a bang nhau néu ching cung

cdp va cac phan tr cing vi tri bang nhau, tic 1a:
i A=) ,B=[,)
il aj = by véi moi 1 va j.
Khi do ta viét A = B,

Vi du.

12 b
( Jz{a },nghfale‘la:l.h=2,c=3véd=4.
3 4 ¢ d

4. Céc phép toan ddi véi ma tran
4.1. Phép cong ma trin va phép nhin ma trgn véi mot sé

4.1.1. Phép cong hai ma trén. Cho hai ma trdn cling cép

A={a;) . B=(b;) . Tdng cua hai ma trdn A va B la ma

tran cdp m x n duge xac dinh nhu sau:

A+B=la, +b,)

mxXn
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I 5 4 2 3 4
e a()* ol 2 4m

5 I
3 8 8
A+B=
(o)

4.1.2. Phép nhin ma trgn véi mét sé6. Cho ma tran

A= (a-::' )mw va sb thuc A. Tich cia ma trdn A va@i sO thuc A la
ma tran cdp m x n duge xac dinh nhu sau:

AA =(;°a=jJ

Dac biétkhi A=-1thi —A={-a,} duoc goi 14 ma tran ddi

cua ma tran A.

Vi du. Cho A:[; H thi 5A :{150 123]
4.1.3. Tinh chat.

Cho A, B. C 1a cic ma tran cip m X it va céc sb thuc a,B.
Khi dé ta ¢6:

.LA+B=B+A

HLA+B)+C=A+B+(C)

. A+0=A
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iv. A+(-A)=0

v.lA=A

vi. a(A+B)=0A +aB

Vil. (o +B)A =aA +BA

viil. (@B)A = a(BA)
4.2. Phép triv hai ma trin

Dinh nghia. Cho hai ma tran cing cép A = (a,.j )mm , B= (bu)

mxn :
Hi¢u cua hai ma trdn A va B 1d ma trin cdp m x n duge xac

dinh nhu sau;

A_B = (a _b”)m.‘(ll

1} 1}

3 -1 -2 2
Vfduc:hm:(' ],B:[l }m-gz[ 5}
2 4 0 4 2 0

=

4.3. Phép nhin hai ma trgn

Pinh nghia. Cho ma trin A = (a].j )m va B= (b,.j) . Tich cna

pxn
ma trdn A v4i ma tran B 14 ma trdn cdp m x n duge xac dinh
nhir sau:

p R
AB=(CU) . trong do ¢; = Zaikbkj voli=I;n, j=1;m
k=1

mxn
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Chu y. Dé thuc hién phép nhan ma trdn vdi ma trén theo dinh

nghia trén ta can luu y mt so6 di€m sau:

i. Chi nhan dugc AB khi s 56 ¢ot ca ma trdn A phai
bang s hang ctia ma tran B,
ii. Ma tran tich AB ¢6 sb hang bang sb hang chia ma tran A

va ¢o $0 ¢dt bang sO ¢ft cia ma trdn B.

iii. Khi nhan AB va BA dugce nhung chura chic d3 co AB

= BA. tirc phép nhan ma trdn véi ma trdn khéng co tinh chét

giao hoan.
Vi du.
1 3
i -2 3 9 15
® —]_ 0 =
-4 2 5 4 8
2 4

o {1 4{3] =(11)

Tinh chét V&i gia thiét cac phép tinh viét & dudi diy thuc
hién dugec, ta cé:
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ii.

iil.

1v.

AB+C)=AB+AC
A(BC) = (AB)C
k(AB) = A(kB)
(AB) =B'A'
AE=EA=A

Trudng Cao ddng héa chét
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§2. Dinh thire

1. Dinh thirc ciia ma trin vudng

XEt ma tran cap n

al] a|3 E"ln
A — a"l a?"’ a"n
anI an?_ d]m

Ta ch vy dén phan tr a;;. bo di hang 1 va ¢t j ta thu duoc
ma trdn cip n — 1. Ta ky hi¢u la My va goi né 1a ma trdn con

cua ma trgn A ng v4i phan tu ajj.

Vi du.
1 2 3
Xétmatrdn A={4 5 6| ¢69 ma trdn con sau:
7 8 9
5 6 4 6 4 5
M, = : M,, = : M,, =
8 9 79 7 8
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2 3 1 3 1 2
M, = , M,, = ' My =

8 9 79 7 8
2 3 M _1 3 M _l 2
5 6) " 7la ) Y4 5)

Dinh nghia. Dinh thirc cua ma trdn A, ky hicu 1a det(A) hoac

|A| duge dinh nghia dan dan nhu sau:

A la ma trin cép 1: A=(a) thi det{a) = a,,

Alamatrancdp 2: A=| " P | thi det(A) = ay,det(M,,) —
p ,

a, d

appdet(My;) = ay.an —a.a;

A @y Ay,
. A A Ay Ayt ol ;
Alamatrdncdpn: A=| ° " Ithi
anl an! I’]‘nn

det(A) = a;.det(M;) — app.det(M ) + ..+ 1) ay,.det(M,)
(5.2.1)

Binh thirc ciia ma tran cép n duge goi 1a dinh thic cé‘ip n.
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Vi du.
¢« A= ;J thi det(A) = 2.]9| - 3.]8] = -6
23 5 6 4 6
5 .
e A=14 5 6| thidet(A)=1. ‘2‘ + 3.
8§ 9 7 9
7809
4 5
MR
178

2 Tinh chét ciia dinh thire
2.1. Tinh chit 1

Binh thirc cia ma tran vudng béng dinh thirc cta ma trin

chuyén vi ctia né, tie la:
det(A) = det(A")
Vidu.

2 3\ . Co(2 8y l
A= thi det(A)=-6; A' = thi det(A’) = -6.
8 9 39

Vay det(A) = det(A").

Hé qua. Mot tinh chit di dang khi phat biéu vé hang cua dinh
thirc thi né van con ding trong khi ta phat biéu thay hang boi
cot.
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2.2. Tinh chiit 2

Néu trong dinh thirc ta ddi chd hai dong ( hay hai cot) va
gilr nguyén vi tri cua cdc dong (cac cot) con lai thi dinh thire

dor dau.

5 6 ] N
? I = -3. d6i cho hang mot va hang hai cho nhau ta

Vi du.
8

9

duoc =3.
6

~

2

2.3. Tinh chét 3

Mot dinh thire ¢6 hai hang (hay hai ¢ot) nhu sau thi bang
khong.

2.4. Tinh chit 4

Dua vio dinh nghia (5.2.1) va tinh chét 2 ta ¢6:

ii C6 dinh hang the i ( i = 1. 2,..n) ta cé:
det(A) = Z(—l)"”audet(_Mu) (5.2.2)

=1
ii. C6 dinh hang thoe j ( j = 1, 2,...n) ta o
det(A) =D (—1)"a det(M,) (5.2.3)
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Céng thirc (5.2.2) con duge goi 1a khai trién cita dinh thirc
theo hang i, cong thire (5.2.3) con dugc goi la khai trién dinh
thire theo ¢ot j.

Vidu.

1 3
Xétdinhthirc |-4 5 6
7 -8 9

Ap dung cong thuce (5.2.2) véi i =3 ta co:

1 2 3
4 5
7 -8 9
I 23 41 3 |1 2
=Y (=D detM,) =7 T|+8 49 = 240.
< : Vs 6 -4 6 -4 s
Ap dung cong thire (5.2.3) voi j = 2 ta ¢o:
12
~4 5 ¢
7 -8 9
; i 4 6 f1 3 3
=3 (-1)"*a,det(M,,) = -2 +5_ T+ 7 =240,
- : 7 9 707 9 -4 6
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Hé qua. Mot dinh thire ¢6 mdt hang (hay mét cdt) toan sb

khong thi bang khong
2.5. Tinh chit 5

Khi nhan cac phan tir ciia mot hang (hay mot ¢dt) voi cung

mot sb k thi duoe mét dinh méi bing dinh thire cii nhin vdi k.

Hé qua. Khi cac phan tir cila mot hang (hay mot ct) co thira
s0 chung, ta co thé dua thira sb chung dé ra ngoai ddu dinh

thire.

Vidu.

l=aa_5)=—4
iE _

2
4
1

29 |2 5
4 8

41 42

2.6. Tinh chiit 6

Mot dinh thire ¢6 hai hang (hay hai cot) ty 1é thi bing
khong,

2.7. Tinh chét 7

Khi tat ca cac phén tr cnia mot hang (hay mét ¢dt) c6 dang
tdng cia hai sé hang thi dinh thirc c¢6 thé phdn tich thanh téng

cua hai dinh thirc, chéng han nhu:
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dy @, +ay, |8, A, N Ay Ay,
. " - . Y
Ay 8y FaAn| (@ An| Ay dp
la, +a, a,+a,| (&, 4, +a” a;
ay Ay Ay Ayl @y Ay

2.8. Tinh chit 8

Khi ta cong boi k ciia mot hang vao mot hang khac (hay
bdi k cia mdt ¢ot vao mdt ¢t khac) thi duoc mdt dinh maoi

bang dinh thirc ¢i.

Vi du.

| ) 4 12 4
2+, —H

PN B -1 ) so|=F1 2 s

> 3 “o042 -22+3 —24+1 lo -1 _7

Chii y. Ap dung cach bién doi nhur trén ta da dua dinh thie da
cho v& mét dinh thirc méi don gian hon (cu thé la phan tir a3, =
0).

2.9. Tinh chit 9

Binh thirc cia ma trin c6 dang tam gidc bing tich cac

phan ¥ nam trén dudng chéo chinh.
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: !
dy &, o 8y, Ean 0

0 a, a,, _]ajl a5, o

_|. _all'dll"“ann
' 0 0 ann anl a112 ann]

2.10. Tinh chitl0

Néu A. B la hai ma trdn vudng clng cdp thi ta co det(AB)
= det(A)det(B)

73 12
Vfdy.ChoA:(l ”1],8:(4 J khid@AB:{lf 1]

R B |

suy ra det(AB) = 45.

Mait kbac ta ¢6 det(A) = -5, det(B) = -9, suy ra det(A)dct(B) =
45,

Vay ta cO det(AB) = det{A)det(B).
3. Cach tinh dinh thirc bang bién dbi so cip

3.1. Cic phép bién doi so cip

Bién déi so cip Téc dung Li do

Nhin mét hang (hay mdt Dinh thitc nhin voi k | Tinh chdt 5
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Cong boi k clia mot hang | Dinh thie khéng ddi | Tinh chét

(hay mét ¢dt) vao mdt 8

hang (hay mét ¢dt ) khac

3.2. Cdch tinh

Sir dung cac phép bién dbi so cdp dua dinh thirc ¢in tinh

vé dang tam gidc, sau dé ap dung tinh chét 9 dé tinh.

0 1 5‘
Vidu !l Tinhdinhthtc |3 -6 9
2 6 1‘
Taco
0 1 o, ;3 -6 9 1 -2 3._»{“&.4“1
3 -6 =«‘015=—3015 =
2 6 1 2 6 11 2 6 1
1 -2 3
-30 1 5|=
0 10 -5
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-10H; «H,—H, 7
= =30 1 5 |=-3.1.1{-55)=165.
0 -55

Vi dy 2. Tinh dinh thirc cap n ¢6 tit ci cac phan tir thude
duimg chéo chinh bang x, con tit ca cdc phin tir ndm ngoai

duong chéo chinh bang a.

X a a al

a x a a

a a X a

a a a X

Taco

X a a - a X+(n-1)a a a --- al
a x a - a a+{n-lJa x a .- a
; Co+C 40 =0
a a x - a = a+{n-1Ja a x - a
a a a -+ x a+{n-l)a a a - x
-Hi+H, -1,

=23

Truong Cao déng hoa chét 177



TOAN CAO CAP

H+H, —H,

i=23..n

x+(n-1)a a a

0 X-a
0 0 X-a
0 0 0

= [X +(n- l)akx —a)" .

178
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§3. Ma tran nghich dao
1. Pinh nghia

Cho A 1a ma trén vudng cdp n, ma tran nghich dao cia ma
trdn A la ma trdn vuong cfip n X thoa man diéu kién AX = XA =
Kihiégu X=A", vay AA'=A'A=E.

I
Vi du. Ma trin (_‘

J
-2 |
vi:
[312 ~1/2

2Y(-2 1 Y (-2 1 Y1 2y (10
3 4)\3/2 -12) (3/2 -1/2)3 4) o 1

2. Sy duy nhit ciia ma trin nghich dao

2 . . o
4} ¢O ma trdn nghich ddo 1a ma trén

Dinh li. Ma trdn nghich dio cia ma trin A (néu co) la duy nhét.
Chimng minh.

Gia so B va C déu 1a ma tran nghich do cia ma trdn A ,

tire la:

AB=BA=E,AC=CA=E
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Tu AB =E ta suy ra:

C(AB)=CE
= (CAB=C
= EB=C
= B=C

3. Di€u kién ton tai ma trdn nghich dio va biéu thirc ciia né
Pinh li. Dicu kién cin va i d€ ma trén vudng A ={a;} coéma

tran nghich déo 1a |A| = 0. Khi do ma tran nghich déo cta ma tran

A duoc tinh theo cong thirc:

Cy Cy 0 €y
- 1 l ¢ C, G .
= Ol v |, trong do
det(A) det(A)| -
Cln CEn et C

c, = (- det(M;) véi M la ma trdn con cua ma trén A tuong

{mg v phan tir a.

I
Vi du. Tim ma trdn nghich dao clia ma trédn | 2
1

C‘)MI\J“
oo e )
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Ta co det(A) = -1 =0 nén ma trén A t6n tai ma trdn nghich
dao A" duge tinh theo cdng thire:

Sy Cn Gy
A 1 C' 1

T det(A) | det(A)

<

2

1n Gy €33

C1|:40, C|2:—13, C]*Z-S

Cy1 =-16, ¢ =3, a3 =2
031:-93 C33=3., C33:l.
40 -16 -9 -40 16 9
vz_’iytac‘luorcA‘:i -13 5 3 (=] 13 -5 -3|.
les o2 5 -2 -1

4. Tinh chit.

4.1. Tinh chit 1. Néu ma trin A c6 ma tran nghich dao thi (A™)"

=Ava|a|=|a]".

4.2. Tinh chit 2. Néu hai ma trén vudng A va B ¢6 ma trin nghich

d4o thi ma trdn AB ciing c6 ma trin nghich dao va (AB)' =B'A”.

That vay, ta ¢o:

(B'A"YAB)=B'(A'A)B=B'EB=B'B=E
(ABY(B'AhY=A'BBHYA=A'EA=A'A=E
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Theo dinh nghia ma tran nghich d4o tasuy raB'A™ lama
trdn nghich dao ctia ma tran AB.
5. Cach tinh ma tran nghich dio bing bién doi so cip

Pé tim ma trin nghich dao (néu cd) cha ma trin vudng

A= (a.u. ) . trude hét ta lap mét ma tran cép nx2n

nxn

aIl aIJ a]n 0 0

a, a, a, [0 1
(A‘En)_ B . -

anl dn" arm 0 0 1

sau d6 sir dung cac phép bién do61 so ¢ip trén cac hang nhu nhan
mot hang v&i mdt sO khac khong, cong bdi k ciia mdt hang vao

mdt hing khéac dé dwa ma tran {A,E, } vé dang:

1 0 O‘bll 12 b]n

0 1 0lb, b, b,
(FH'B): ! - ’

0 0 tb,, b. b

Khi d6. ma tran B =(b, ) chinh 14 ma tran A can tim.

Vi du. Tim ma trin nghich dao clia ma trén
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Taco
2 1 1]1 0 0 1 -1 01 -1 0
(AE)=|1 2 10 1 o|—E2M 01 2 110 1 0
4 0 20 01 4 0 200 0 1
—Hy+H, =11,
—4H+H—>}{
1 -1 01 -1 0
—H +H, >il, 1,_}
—4Hl+H—>H 0 3 ]_] 2 O '{4)
0 4 2-4 4 1
1 -1 ol 1 -1 0
0 1 1/3-1/3 2/3 0| ——tathh,
0 4 2|-4 4 1
1 -1 0
— el 510 1 1/31-1/3 2/3 00 —l->
0 0 2/3-8/3 4/3

-1 0 -1 0
1 1/3-1/3 2/3 0
0 1]|-4 2 3/2

]
0
0
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1 -1 01 -1 0
—--H.+H, =2I1; +H, =H
—2——— |0 1 01 0 -—1/2| =B
o 0 1-4 2 3/2

1 0 02 -1 —-1/2
01 01 0 -1/2/.
0 0 1-4 2 3/2

Vay ma tran nghich dao ctia ma trin A 1

2 -1 =1/2
Al={ 1 0 -=1/2
-4 2 3/2
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§4. Hang ciia ma tran
1. Hang cua ma tran

Xét ma tran cdp mxn

Ay @y Ay,
A= Ay Ayttt Ay,
a a a

ml m2 mm

Goi p 1a s nguyén duong thoa man 0 < p < min{m,n}, ta goi
ma trdn vudng cip p suy ra tir ma tran A bing cach bo dim —p
hang va n — p cdt 1a ma trdn con cdp p clia ma trin A va dinh
thirc cua ma tran con d6 goi 1a dinh thirc con cz"ip p cua ma tran
A.

Chiiy. C6 C".CP dinh thie con cdp p clia ma trdn A .

Vi du.

Xét ma tran cip 3x4

1 -3 4 2
A=2 1 1
-1 -2 1 =2
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ta c6 min{3,5}=3 suyrap=1,2, 3.

Cac dinh thirc con cip 3 ctia ma trén A la:

1 -3 4 1 4 2 -3 4
2 1 1(=0 2 4 1=0,11 1 =,
-1 -2 1 -1 1 =2 -2 1 =2
-3 2
2 1 4 =0
-1 -2 =2

Céc dinh thire con cdp 2 la:

-
-2

-

2 1

275‘30.‘ ‘=—3i0,..-

-1 =2

Dinh nghia. [1ang ctia ma trin A 1a cép cao nhit cua céc dinh
thirc con khac khdng ctia A. Ta ky hiéu hang cta ma tridn A 1a
r(A).

Vi du. xét vidy ¢ phﬁn 1 ta co cac dinh con cép 3 déu ba"mg 0,
tn tai dinh thirc con cép 2 khac 0 nén r(A) = 2.

Tinh chat. Vi v&i moi ma trdn vudng A ta déu cé det(A) =
det(A') nén r(A) = r(A").
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2. Cach tinh hang ciia ma tran bing bién 3di so cap
2.1. Ma trdn bac thang
Ma tran bac thang 1a ma trdn c6 2 tinh chét sau:

i. Cac hang khéac khong (tirc hang ¢6 phan ti khac khong) ludn
& phia trén cac hang khong (tre hang co tit ca cac phén tir déu
bang khong ).

ii. Trén hai hang khac khéng thi phan tir khac khong dau tién &
hang dudi bao gitr ciing nim & bén phai ¢t chira phin tir khac
khong dau tién & hang trén.

Vi du.
1 5 3
Céc ma tran sau la ma trin co dang béac thang:| 0 4 71,
0 0 0
1 9 6 -5
001 3
0 0 0

Cac ma tran sau khong phai 1a ma trén ¢6 dang bac

1 5 3 1 9 6 -5
thang:|0 4 7,10 0 0 O
0 2 10 0o 0 0 7
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Nhan xét. Hang cua mét ma trégn cé dang bdc thang ding

bang s6 hang khdc khong cua no.
2.2, Cach tinh hang ciia ma trin.

Str dung céc phép bién doi so ¢ip vé hang va cdt clia ma

tran nhu:
1. Déi chd hai hang, hai cft ctia ma trén,
. Nhén mét hang, mét cdt cha ma trin v6i mot sd
khac khong.
1l Cong bdi k ciia mét hang (mot cdt) vao mdt hang

(mot ¢ot) khac.,

dé dua ma trin can tinh hang vé dang ma tran bic thang. Cin
clr vao sé hang khac khoéng ciia ma tran béac thang dé két luan

hang cia ma tran can tinh.

Vidu I. Tinh hang clia ma trdn sau

I -3 4 2
A= 2 1T 1 4
-1 -2 1 =2
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Tacod
1 -3 4 2
“lﬂ-H;—+H-;
2 l 1 4 -IH,+H, *H,
-1 -2 1 =2 0
ﬁ 1 -3 4
“Hy+HyRHY
——(0 7 -7 0
0 0 0

Ma trdn cudi cung la mot ma tran bac thang c¢o6 hai hang

khac khéng nén r{A) = 2.

Vidu 2. Bién ludn theo m hang chia ma trdn sau

Taco

M +H, - H,
H +11, 511,
W+ H, o H,

| ]

> 3
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-1 11
N+, —=H, N
ll-ll-lii.il-{l-‘l:’-}jl-;{J 0 ! 2 + -H.+H, —+H,;
d 0 0 m+1 2
0 1 3
-1 1 1
¢ 1 3 m+2
0 0 0 m+l
0 00 0 3-my

Néu m# 3 thi r(A) = 4, con néu m = 3 thi r(A) = 3.
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§5. Hé phwong trinh tuyén tinh
1. Hé phwong trinh Cramer
1.1. Dinh nghia.
Xét hé phurong trinh véi n phuong trinh, n 4n s6 ¢6 dang

a X, +a,X, +..+a, X, =b,

In*n

a,X, +a,X, +..+a,x, =b,

Intn 2

a, X +a X, +..+a, x,=b

nn il "

(5.5.1)
4 A &y, X !
ey ay o oa X, b, | .
Tagoimatrdn A=| - % TLX= J|.B=] 7 |la
anl an? o ann X n bn

ma tran h¢ s, ma fran an va ma tran vé€ phai cua h¢ phuong
trinh (5.5.1).

Khi @6 v&i phép nhin ma trdn v&i ma tran, hé (5.5.1)

tuong duong vdi hé phuong trinh:
AX=B (5.5.2)

ta goi (5.5.2) la dang ma tran cia hé phuong trinh (5.5.1).
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Hé phiong trinh (5.5.1) duoc goi la hé phuwong trinh
Cramer néu dinh thire ciia ma trén hé s6 A khdc khong.
1.2. Cach giai hé phwong trinh Cramer
1.2.1. Phiong phap ma trén

Xét hé Cramer (5.5.2) AX = B. do ma trin hé s6 A ¢6
dct(A) = 0 nén ton tai ma tran nghich dao A”'. Nhan hai vé
clia phuong trinh (5.5.2) véi A™' vé bén trai ta duoc hé thic
twong duong:

X=A"'B (5.5.3)

Nhu vy hé (5.5.2) ¢6 nghiém duy nhit duoc xac dinh béi
(5.3.3).
Vi du. Giai hé phuong trinh

X, +3x, =2x, =3

2%, + X, +3x, =6

3x, —x, +4x, =11

Ta ¢6. phuong trinh di cho tuong duong duong véi
phuong trinh AX = B, trong do:

1 3 =2 X, -3
A=2 1 31, X=|x, B=| 6
3 -1 4 X, 11

192 Trudng Cao ddng héa chét



TOAN CAO CAP

do det(A) =20 = 0 nén hé di cho 1a hé Cramer.

Ma tran nghich dao cia ma tran A la:

| 7 -10 11
Al=—|1 10 -7/
20
-5 10 -5

X, 1 7 -10 11)/-3 2
X=lx,|=Aa"B=—|1 10 -7/l 6 |=}{-1].
’ 20
X, -5 10 -5 11 ]

Viy nghiém duy nhat cia hé 1a (x; x3; x3) = (2; -1; 1).
1.2.2. Quy tic Cramer

Dinh ly. Nghiém duy nhét (x;; X5;...;x,) ctia hé (5.5.2) duge

xac dinh boi ¢ong thire

det(A ) |
X i = -;_] = l .
T det(A)

2..n.

trong d6 A; 1a ma trin cép n ¢o duge tir ma trdn A bang

céch thay ¢t thit j bdi ma tran vé phai B.

Trudng Cao dang héa chét 193



TOAN CAO CAP

Vidu . Giai hé phuong trinh Cramer

2%, +3x, +2x, =9
X, +2x, =3x, =14

3x, +4x, +X, =16

23 2
Ta cé ma tran hé sOA=|1 2 -3 . ma trin vé phai
3 4 1
9
B=|14
16
9 3 2 2 9 2
A =14 2 -3 A, =1 14 -3,
16 4 1 3 16 1
2 3 9
A, =j1 2 14
3 4 16

Vay hé phuong trinh ¢6 nghiém duy nhét (X1; X125 X3) duoc

tinh theo cOng thirc:
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Cdet(A))  -12
' odet(A) -6
_detta,) -18 _,
P der(A) -6
. :det(A:‘):_li:*
Yodet(A) -6

1.2.3. Plurong phap Gauss

Xét hé phuong trinh (5.5.1) ¢6 dang ma trén (5.5.2) voi

ma trdn hé sd A.
a. Hé tam giac trén
Hé tam giac trén 1a hé phuong trinh tuyén tinh c6 dang

a,X; +a;X, +...+a, x, =b,
apX, +..+a, X =b,

a x =b

e n n

cO ma tran h¢ s la mot ma trdn cé dang tam gidc

a;, ap v 3y
0 a, - a,
0 0 0 a
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véi gia thiét a;; # 0, viée giai hé phuong trinh cé dang tam giac
rét don gian, phuong trinh cudi cho ngay x,, phuong trinh lién

ké cho ta x,.(... phuong trinh dau cho ta x,

b. Céch giai. Ta ldp ma trin (A|B) chp nx(n+ 1) ¢6 dang

H
a, 3ap a,|b,
a a, {b
2 2 w{0>
(AlB)= “
a a, a_l|b

sir dung cac phép bién déi so cip trén hang bién dbi ma tran
(A\B) sao cho ma tran ¢6 dang tam giac. H¢ tam gtac cudi cling
thu duge twong duong véi hé phuong trinh da cho, giai hé tam
giac nay ta dugc nghiém cia hé phuong trinh da cho.
Vi du. Giai h¢ phuong trinh

2x, +4x, +3x, =4

3, +x, —2x, =-2

4x, +11x, +7x, =7

Ap dung cac phép bién dbi so clp vé hang tic dong lén ma

tran {A[B) @& dura ma trdn A vé dang tam gic. Ta c6:
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2 4 31 4 Y-rsHvHoH, (2 4 3 | 4
-1 +H,—H, 06H,+H, »H;

31 =-21-2 ~ 0 -5 -6.5-8 ~

4 11 7|7 0 3 I [-1

2 4 3| 4
0 -5 —6.5 -8
0 0 -29-58

Vay hé da cho tuwong duong véi hé phuong trinh

2x, +4x, +3x, =4 X, =1
-3%, —0.5x, =-8 & 9x,=-1.
-2.9x, =-58 X; =2

2. Hé phwong trinh tuyén tinh tong quat.

2.1. Dinh nghia.

Hé¢ phuong trinh tuyén tinh téng quat la hé gdm m phuong

trinh véi n 4n s6 x4, X3, ....X, ¢6 dang:

apX, ta,x, +.+a, x, =b,
ay,X, +a,X, +..+a,x, =b, (5.5.4)

am[xl +amEX2 +"'+amnxn = bm
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trong do a; la hé s6 & phuong trinh thir i ctia 4n X;, b la vé phai
cua phuong trinh thir 1.

Khi m = n thi hé (5.5.4) 12 mét hé vudéng gdbm n phuong trinh
v6i n 4n sd.

Khi b= 0 ¥vi=1,2,...n thi h¢ (5.5.4) dugc goi la hé phuong
trinh tuyén tinh thuén nhat.

a, 4ap a, X, b,
Tagoimatran A=| ' "2 7 Tl x| B b
a, 4. a,, X, b,
ap  4p a,, b,
A=| e % A | b 12 ma tran hé sb. ma trin 4n, ma
Ay Ay o A | By,

tran vé phai va ma tran bo sung cda hé phuong trinh (5.5.4).

Khi d6 véi phép nhian ma trdn vdi ma trén, h¢ (5.5.1) tuong

duong v6i he phuong trinh:

AX=B (5.5.5)
ta goi (5.5.5) 1a dang ma trdn ctia h¢ phwong trinh (5.5.4).
Vidu.
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2x, +3x,-3x,=5 . . ) . ..
. : ‘ la h¢ gém hai phuong trinh véi 3

~X, +2X, +x, =—4

- X, +2x, =1

e 12x,+x,=0 lahégdm ba phuong trinh véi 2 4n sé.

3X, —-x, =5

3x! + X » = 0 + ~ . A . A ~
. - 0 la h€ phuong trinh tuyén tinh thuan nhat.
X, —X, =

2.2. Diéu kign cé nghiém

Dinh li Kronecker-Capelli. Di¢u kién can va da dé hé (5.5.4)
c6 nghiém 1a r(A)=r(A).

Ta c¢ong nhén dinh Ii trén,

Chuz y. Tir dinh Ii ta suy ra:
e 1(A)#1(A) thi hé (5.5.4) vO nghiém
e r(A)=r(A)=n thihéco nghiém duy nhét.
e 1(A)=r(A)<n thi hé c6 v6 sb nghiém.

Vi du. Xét hé phuong trinh
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X, +2x, +ax; =3
3X, — X, —ax; =2

2%, +X, +3x, =b
a. Xac dinh a, b dé hé c6 nghiém duy nhat.
b. Xac dinh a, b d& hé ¢6 vo sé nghiém.

c. Xac dinh a, b dé hé vd nghiém.

Gidi.
1 2 al3
Xétmatran b sung A=|3 -1 —al2|,taco:
2 1 31b
. 1 2 a 3 -3H +H, —=H, 1 2 a 3
A=[3 -1 -ag2|—2l= 10 -7 —4al-7
2 1 3|b 0 -3 3-2ab-6
. 1 2 a |3
“SH e H o,

>0 -7 —4da|-7
0 0 3-2Yb-3
7

a. Dé hé c6 nghiém duy nhét thi

r(A):r(K)=3@3—27a¢0@a * %
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b. P& hé ¢6 vo sb nghiém thi r(A) =r(A) <3, do p(A)Y=2 vi

5 2 :
ton tai A= =7 # 0 nén hang cia ma trin bo sung phai
2a
. ; L3222 2 =21/2
bang 2. Diéu nay twong duong véi 3 7 0g 2
b-3=0 b=3

c. Dé hé v6 nghiém thi r(A) = t(A), didu nay turong duong

”{3_33_0 {a:2U2
Vi 7 o

b-3#0 b=3
. . 2172
Két ludn: Hé¢ c¢6 nghiém duy nhat thi az
beR
a=21/2

Hé ¢6 vo 56 nghiém thi {

. =21/2
Hé v6 nghiém thi {° .
b#3
2.3. Cdch gidi hé phwong trinh tuyén tinh téng quit

Xét h¢ phuong trinh (5.5.5) vdi r(A)=r(A) =k <n. Néu k
= n thi (5.5.5) chinh la hé phuong trinh Cramer.
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Néu k < n thi khi d6 trong A ton tai mét dinh thire con cép k
khac khéng ta goi dinh con dd 1a dinh thirc con chinh. Cac
phdn t&r cta dinh thirc con chinh nim & k phuong trinh ta gei 1a
cac phuong trinh chinh va la hé¢ sd coa k 4n goi la cac 4n
chinh. Céc 4n con lai goi 1a an phu. Khi do hé da cho tuong
duong vai mot hé gdm k phuong trinh ta goi 12 hé con chinh.
Trong hé con chinh ta chuyén céc 4n phu sang vé phat ta dugc
hé gdm k phuong trinh v&i k an. Giai hé con d6 ddi véi 4n
chinh ta duge nghiém cua hé phu thude vao vé phai va céc an

phu.

Chi y. Néu dd dua ma tran bo sung A vé dang béc thang thi ta
nén léy mot dinh thuc con cz"ip k khac khong cila ma tran bac

thang lam dinh thire con chinh.

Vi du. (Giai h¢ phuong trinh
X, + 5%, +4x, +3x, =1
2X, =X, +2x, —x, =0

5x, +3x, +8x, +x, =1

Tacomatranhéso Ava A la
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1 5 4 3 1 5 4 3|1
A=2 -172 ~1|, A= -1 2 =10
5 3 8 1 5 3 8 11

dé thiy r(A)=r(A)=2 nén hé da cho c6 vé sb nghiém. Chon
|
2

51‘ =~11#0 lam dinh thirc con chinh, khi d6é hé da cho

tuwong duong voi hé phuong trinh:

X, +5x, =1-4x, - 3x, 6 7 2
- * & <Xy = S+ —
2X, =X, =-2X, +x, 11 11

3. Hé phwong trinh tuyén tinh thuin nhét

3.1. Dinh nghia. Hé phuong trinh tuyén tinh thuén nhét 1a hé
phuong trinh ¢6 dang

ax, +a,X, +..+a, x, =0

In*n

Ay X, +a,X, +..+a,x, =0

o (5.5.6)

a,X, +a,X;, +..+ta_x =0
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dang ma trn 1a AX = O, trong d6 A 13 ma tran hé sd, X 1a ma

tran an, O 12 ma tran v€ phai.

Nhén xét. Hé phuong trinh (5.5.6) luén cé mdt nghiém (x,, x,,

aXn) = (0,0, ... ,0) goi la nghiém tam thudng.
3.2. Diéu kign ton tai nghiém khéng tim thieong
Dinh li. Diéu kién cin va du dé hé (5.5.6) cd nghiém khong

tam thuong la hang cia ma tran hé s6 ciia né nhd hon s6 an,

tuc la r(A) <n.

Hé qua 1. Mot hé phuong trinh tuyén tinh thuan nhét voi sb
phuong trinh bang sb 4n ¢6 nghiém khoéng tAm thuong khi va
chi khi dinh thirc cia ma tréin hé sé bang khong.

Thay vy, khi m = n thi ma trdn hé s cia hé la ma tran
vudng cip n. Hang clia ma tran vudng cip n nhé hon n khi va
chi khi dinh thire ctia n6 bang khong.

Hé qua 2. Moi hé phuong trinh tuyén tinh thuan nhat véi sd
phuong trinh nhd hon s6 4n déu co nghiém khong tam thudng.

Thay viy., hang ctia ma tran hé s cua hé khong thé vuot
qua sb phuong trinh cia hé, e 1a r(A)<m. Do d6 néum <n

thi didu kién r(A) <n dugc thoa mén.
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Vi du. Tim diéu kién dé hé phuong trinh sau c¢6 nghiém khéng

tam thuong

ax+y+z=0
2X +3y+5z=0

X-y+az=90

Ta c6 ma trdn hé s6 cua hé phuong trinh 1a

dé hé chi c6 nghiém tam thuomg thi det(A) = 0. diu nay tuong

duong vai
Ja(a+ 1) 20

o a=0vaa=-1.
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Bai tap chuong 5

12 -1 4 3 -] 31 -1
l.L.Cho A=|5 4 7|,B=/1 9 2|,C=|6 8 2|,
0 2 1 -2 0 1 -2 1 0

hay tinh (A + B) + C, 5A, A",

2. Hay nhéan cac ma trin sau

12
3Y2 !
a |l 20 bla 1] c.l2l0 -1 4)
5 74 8 ) 0 7

, ; d. e.
2 1 - n n t n
a. [1 3} 1 1 1 1 2 \ COost -Sim
0 -1 0 1 -3 -2 —sim  cost
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2. h

0 0 1Y (a 0 1Y
1 00 0 a O
01 0 b 0 a

4. Chimg minh riing ma tedn A = [a
C

b
d] thoa man phuong trinh
X*-(a+d)X +(ad - bc)E=0.

5. Tinh c4c dinh thire cip hai.cdp ba sau

d. €.
1 4 b ¢ 5 5 2
a. : c. —s} -
2 7 4 6 4 3 cofx  —sl tga 1
[—simt  cosx 1 tgo
g. h. i k. h
1 1 17 6 1 1 1 -1 =1 X a a a X X
-1 0 1 1 0 1 |-t -1 |a x - X X
-t -1 0 1 1 0o V-1 1 j-a -a x c
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6. Tinh dinh thirc

1 4 0143 3 1 2 3 4 31 1 1
3 2 0327 7 2 3 4 1 1 3 1 1
a. b. c.

4 6 0468 8§ 341 2 1 1 3 1
7 5 0759 9 4 1 2 3 1 1T 1 3

0 x vy z

d x 0 z vy

y z 0 x

Z v x 0

7. Biét rang cac sb 204, 527, 255 chia hét cho 17. Hay chimg

minh:

2 0 4
5 2 717
2 55
8. (iai cac phuong trinh
1 x x* x x 1 2 3
1 2 3
A L 0
1 3 9 27 1 2 x 3
1 4 16 64 1 2 3 x
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9. Tim ma trén nghich dao ciia cdc ma trdn sau (néu co)

Y Y A

cos¢  — sina
d. )
—sino.  cosa

1 2 2 11

e.|2 1 -2 g |-1 0 1
-2 ] -1 -1 0
L1 2

h, |2 3 2
13 -1

10. Cho ma tran chéo

a, 0 - 0
Q A, .

A= - . trong d& a;.ax...a,, #0.
0 0 - a

nn

Hay tim ma trdn nghich dao ciia ma trén A.

Trudng Cao ddng héa chdét



TOAN CAO CAP

11. Giai cdc phuong trinh ma trdn sau
13 10 -1 1 ~2 -1
da. XZ b_X =
1 1 1 1 3 -4 3 4
3 —1\.(5 6) (14 16
X =
I N O

2 2 3 10 0
d.l1 -1 0X=|0 1 0
-1 2 1 0 0

31 1 6 2 -1
€. |21 2 X=6 1 1
1 2 3 g§ -1 4

12. Tim hang cia cdc ma tran sau

1 2 3
45; 12 3 0 -1
a. b.[01 1 1 0
7 8 9
1 3 4 1 -1
10 11 12
(1234
2 3 4 1
C.
34 1 2
4 1 2 3

13. Tim hang cia cic ma trdn sau tuy theo gia tri cia A
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7-4 -12 6 1 4 -1 2
a.| 10 -19-4 10 b.|2 -1 42 5
12 -24 13-4 I 10 -6 1
-2 23
C.i 1 -2 3 2 1
2 3 -4 1
32 Lo—4
14. G1ai cac h¢ phuong trinh Cramer sau
2X -2y —z=-1 x—-y+z=1
a. < y+z=1 b. ¢ 2x+y+z=2
—x+y+z=-1 IX+y+22=0

2x-y—-z=4
C. {3x+4y—-2z=11
3x -2y +4z=11

15. Giai cac hé phuong trinh tuyén tinh sau

2%, +3x, +1ix;+5x, =2

2X 42X, - x; +x, =4
a. | 4, +3x,-x,+2x,=6 b. Xp+ Xy +5%; +2x, =1
8, + 5%, —3x, +4x, = 12 2+ X, 3%+ 2%, =3
\3xl+3x3—2x,,+2xu,:6 X, +X, +3x; +4x, =-3

X, = 2%, +X,+x, =1
C. <X, —2X,+X,—x, =-1

X, —2X, +X;+5x, =5
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16. Giai va bién luan cac hé phuong trinh tuyén tinh sau

mx+y+z=1 x+y+z=1
a {X+my+z=m b. 4 2x+3y+az=4
X+y+mz=m’ 4x +9y+a’z=16

X+y+{l-mz=m+2
C.4 (1+m)x-y+22=0
2Xx-my+3z=m+2

17. X4c dinh a dé hé sau c6 nghiém khéng tm thuong

ax—3y+z=90 ax+y+z=0
a.« 2x+y+z=90 b. <2x+3y+52=0
3x+2y-2z2=0 X-y+az=0

(l—ax+2y =0
C.
2x+(4-a)y =90
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Chwong 6
KHONG GIAN VEC TO

§1. Véc to' n chiéu va khong gian véc to

1. Khai niém véc to n chiéu

Dinh nghia 1. Mbi bd ) thue ¢é thir ty (x, x,, ..., X,) duge

goi la mét véc to n chiéu.

Ky hiéu cdc véc to n chiéu bdi %.9,Z..., ching han dé ki

hiéu véc to (X, X3, ..., X,) ta viét:
X = (X1, X2 ..., Xp) hOde X (X1, X2, ... Xy)

Dinh nghia 2. Hai véc to X(x, X3, -, X,) V& Y(¥1. V2, --.) Vi)
duoc goi 1a bang nhau khi va chi khi x; = y; véi moi i = 1,
2.....0.

Dé ki hiéu hai véc to % va § bing nhau, ta viét % = y.
2. Cac phép toan véc to
2.1. Dinh nghia phép cong va phép nhin véc to véi mét sé

2.1.1. Phép cong hai véc to
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Pinh nghi’a.'l’éng cua hal véc to n chiéu x(x|, X3, ..., Xy) va
¥(¥1. ¥2. ---» ¥o) 12 mdt véc to n chiéu, ki hiéula X +y va

duoc xac dinh nhy sau:
X +S} = (XI + YI- X2 + Y2, .0 X + Yn)'
2.1.2. Phép nhdn véc to véi mot 56

Pinh nghia. Tich cua véc to n chiéu X(x;. X3, ..., X,) v&1 mot
s thue @ la mot vée to n chiéu, ki hiéu la a.X va duge xic

dinh nhu sau:
a.X = (0%, 0.X,5. 00X )

Vidu. Cho hai véc to X(3;-1;5;3)va § (0:5;4; 5),khidota

co:
X +y =(3:4;9;:8); 2X =(6:-2;10; 6).
2% 435 =(6:13;22;21),
2.2. Véc to khdng va véc to @bi ciia mét véc to
2.2.1. Véc to khong.

Pinh nghia. Véc to khdng 1a véc to co tat ca céc phé‘"m tir déu

bing khong.
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Trong tap hop cac véc to n chiéu (vdi n cb dinh) ¢c6 mot
véc to khong duy nhét ki hiéu la 6 hoac 6.
0,=(0;0;...;0)
2.2.2. Véc to doi cria mot vée 10,

Dinh nghia. Vic to ddi cua mot veéc to x(x), Xa. ..., X,) la tich
cua vée to do véi s6 -1, Ta ki hiéu véc to d6i cua véc to X 1a -

X.
-X =(-1)X = (X, -X2, ..., =Xy}
2.3. Cdc tinh chit diic trung ciia phép céng va phép nhin véc
to véi mjt so
Gia st %,v.7 1a cac vée to n chifu, o va g 1a cac s6 thuc

bat ky. ta co:

i. X +y =¥ +X

ii. (X +y)y+z2=X+(yv + z)
11 X+0=x

v x+(—§<)=é

A\ l. x =X
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Vi. a(X+y)=aX+tay
vVil. (a+p)X=ax+ X
viil. (@ B)X =a(fX)

2.4. Phép trur hai véc to

Dinh nghia. Hi¢u cua hai véc to n chiéu x(x. Xa, ..., X,) va
V(Y- ¥2o ... ¥n) la mét véc to n chiéu, ki hiéu la Xx—y duoc

xac dinh nhur sau:
X=¥= XH-F )= (X - Y1, X2 = ¥25 ++0s Xo - Yn).

Vidu. Cho hai véc to X(3; -1: 5; 3) va ¥(0; 5; 4; 5). khi dé ta
O X—y =(3:-6;1;-2).

3. Khong gian vée to so hoc n chiéu, khong gian con
3.1. Khéng gian véc 1o sé hoc n chiéu

Dinh nghia. Khong gian véc to sé hoc n chiéu la tap hop tit ca cac
véc to n chiéu, trong do phép céng véc to va phép nhan véc to vai

mot s¢ duge xac dinh va thoa man 8 tinh chat nhur trén.

Ki hi¢u khong gian véc 1o s6 hoc n chiéu 1a R".
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3.2. Khéng gian con

3.2.1. Dinh nghia. Cho R" |3 khong gian véc to s& hoc n chidu

va V#¢ lamot tip con cna

R". Néu véi phép cdng véc to va phép nhan véc to véi mot so,
V cing la mot khong gian véc to thi ta goi V 1a mét khong
gian con cia R",

3.2.2. Diéu kién dé V I khong gian con ciia R”
Pinh li. Cho R" 1a khdng gian véc to s6 hoe n chidu va V= ¢
la mot tdp con ciia R". Diéu kién can va di dé V 1a khong gian
véc to conciaR" 13 :

i. V kin dbi véi phép cdng véc to, tic 1a vai hai vée to
X.y batky thugc V ta ludn c6 %+ e V.

ii. V kin ddi v&i phép nhan vée to véi mét sé, tire 14 véi
moi véc to X e Vvamoisd o tacod aie V.
Vidu I. Ban than R" ciing 1a mdt khong gian con ctia R” va tap
hop mét véc to khong ciing la mot khong gian con cia R™.
Vi du 2. Trong khong gian 3 chidu R’ ta xét tap hop V = { X (x;;

X2} X3): ax; + bx; +cx; = 0}, trong d6 a, b, ¢ 1a cdc s thyc cho

trude 1a mot khéng gian con cua R,
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Thay vay, vo1 x(xi; X3 X3), ¥(¥1; ¥2: y3) €V ta ¢ ax, +

bx, +ex3 =0, ay, + by, +ey; =0,

suy ra a(X; +yy) + b(xy + y3) +e(xs + y3) = (ax| + bxp texs) +
(ay; + by; tcys) = 0. Diéu nay chimg t0 x+y = (x; +y. x2 +
y1, X3t y3) € V.

Lai ¢6 ale x;) + b(a x;) +e{a x3) = a ( ax; + bx, +¢x;) =

O0,suyra aX eV vol ¢ lamét b thuc bat ky.

Viy theo dinh 1y trén ta c¢6 diéu phai chitng minh.
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§2. Cac mdi lién hé tuyén tinh trong khong gian véc to

1. Khai ni¢m té hop tuyén tinh va phép biéu dién tuyén
tinh

1.1. Khdi ni¢m t6 hop tuyén tinh

Dinh nghia. Trong khong gian R" cho m véc to X,.X,,....%_vam
s0 thye bt ky «a.a,...0,. Khi d6 ta goi tong
a,X, +a,%, +..+0,%, 1a mottd hop tuyén tinh cia cic véc to
X2 Xy, X, . Cac 86 a,,0,,....a,, duge goi la cée hé sb clia td hop

tuyén tinh do.

Tix cac véeto %,.%,,..,%, ta ¢ 6 thé lap dugc vo sb cic td
hop tuyén tinh (mdi b hé s6 a,.a,,...,a, cho twong (g mot td
hop tuyéen tinh cua ching) va mdi t6 hop tuyén tinh cia cac vée

t0 X,,X4,...,X,, [a mdt véc to n chiéu.
Dé thay rang:

i. Tong hai t& hop tuyén tinh bdt ky cia céc véc to

X1sXgse Xy 18 MGt t0 hop tuy€n tinh cla cac vécto do.
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(alil +(12§2 +"’+amim)+ (Biil +B2i2 +"'+Bmim):
= (o, +B,))X; +{o, +P)X, +..+ (o, +B, )X, -
ii. Tich clia mdt 16 hogp tuyén tinh bit ki cua céc véc to

X,.X, X vGi mOt s6 A bAt ky 1 mot td hop tuyén tinh clia cac

véce to do.
Bla X, +a,X, +..+o X Y =(F0)X, +(fa,)X, +..+(fa, )X,
Tur hai tinh chét trén ta ¢6 dinh ly sau:
Pinh Ii. Tap hop tat ca cac t& hop tuyén tinh ciia cac véc to n chidu
XX ;00 X, €ho trude 12 mét khong gian con clia khong gian R”.
1.2. Phép biéu dién tuyén tinh

Dinh nghia. Ta néi rang véc to X € R" biéu dién tuyén tinh qua
cac vécto X,,X,,....x, khi va chi khi ton tai mdt t¢ hop tuyén tinh
cua cac véc to X,,X,,...X, bing X, tirc la ton tai cac sO thuc

0}y Oaseny @y $20 cho:

Dic biét, néu véc to X biéu dién tuyén tinh qua mot véc to y

(X = a.y)thitandivécto X ty lé vdivécto v.
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Vidu Voi %,,%,,...,%, 1a cac véc to n chidu bat ky ta ludn c6
0, = 0.%, +0.%, +..+0.%,,, ta goi td hop tuyén tinh trén la t6 hop
tuyén tinh tim thudng.
Pinh 1li. Néu véc to % bidu dién tuyén tinh qua cdc véc to
X1, X550, X, VA MO véC 1o %, (i=1;m) biéu dién tuyén tinh qua
cac vec to' y,,y,,....y, thi x biéu dién tuyén tinh qua cc véc to
Yis¥Yose,-
Chung minh.

Tir gia thiét ta co ¥ bang mot td hop tuyén tinh nao do6 cia

cac véc to, tue la:

X=X, +a,X, +..+0a,X

Do cac véc to X, (i = 1;m) bidu dién tuyén tinh qua Y1 YooY,

nén mdi véc to o,X (i=1;m)la mot 1o hop tuyén tinh cia

Yi:¥ ¥, do do X 14 biéu dién tuyén tinh qua cic véc to

YisY s ¥y -
2. Doc lap tuyén tinh va phu thuge tuyén tinh

2.1. Dinh nghia. Trong khdng gian véc to R", ta goi hé véc to

X1,X,,., X, 12doc 1ap tuyén tinh
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néu hé thirc o)X +e,X,+...+0 X_=06_ chi xdy ra khi

a, =a, =...=u, =0. Ngugc lai, néu ton tai ¢, =0 nao do dé

oX, +0,X, +..+a, X, =0,

mem

thi ta ndi hé véc to X,,%,,..%,.

1

phu thudc tuyén tinh.
Vi du. Trong khing gian R? cho he 3 véc to X,(2; 0), X,(0; 4),
X,(4; 4) thi dé thay hé {%,.%,} la doc 1ap tuyén tinh, hé ba véc
to { X,.X,.xX, } [a phy thudc tuyén tinh vi 2., +X,-%,=6.
2.2. Cde tinh chit
2.2.1. Hé gdm mot vée to {%,} chi phu thudc tuyén tinh khi va chi
khi {x,}= 6.

Théy véy, vi 1.6 =0 nén hé {%,} phu thudc tuyén tinh. Nguoc
lai, gia st hé {X,} phu thudc tuyén tinh thi co a # 0 dé u.g, =6 ,
suyra x, = 6.
222.Voi m> 1. hé m véc to X,.%,....%,, phu thudc tuyén tinh
khi va chi khi mdt véc to ndo d6 cia hé biéu thi tuyén tinh duwgc
qua cdc vec to con lai.

Thay védy, gid st hé X,,X,,....X_, 14 phy thude tuyén tinh, khi

dé ton tai cac a,,0,...,a, khong déng thoi bang khéng sao cho
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X, +a,%, +...+a, %X, =0, . Khong mat tinh tong quat ta gia sir
a, =0 khi d6 ta c6 %, biéu dién tuyén tinh dugc qua cic véc to

con lai, tire la:

Nguge lai. gia st mot vécto nao do cua hé X,,X,,....X,, bi€u
dién tuyén tinh dugc qua cdc vée to con lai, khdng giam tong tong

quat ta gia sur la x,, are la

& (=X, +e,X, +o+a X =0

n*

td+hop tuyén tinh & vé trai ¢6 @, =—1= 0, do d6 hé %,.%,,....%,, 12

phu thudc tuyén tinh.

2.2.3. Midi hé con ctia hé vée to doc lap tuyén tinh ciing 1a mot hé
véc to doc 1ap tuyén tinh.

2.2.4. Mdi hé véc to chira mét hé con phu thudc tuyén tinh cling la
mdt hé véc to phu thude tuyén tinh. Néi riéng, mdi hé ¢6 chira véc

to @ déu phu thudc tuyén tinh.
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2.2.5.Giasirhé X,.X,,.., X, doc lap tuyén tinh, khi d6 hé
X,,%5,.%,,,B phu thudc tuyén tinh khi va chi khi véc to 4 biéu
thi tuyén tinh duge qua hé %,,%,....X,, va biéu dién do 1a duy
nhat.

2.2.6. Moi hé véc to n chiéu voi sb vée to 1on hon n déu phu

thudc tuyén tinh.
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§3. Co s6 cia khong gian véc to

1. Khai niém co & ciia khong gian véc to

Pinh nghia. Moi hé véc to n chiéu ddc 1ap tuyén tinh va co sb
vée to ding bing n dugc goi 1a mot co sé cia khong gian R".
Vi du. Trong khong gian R’ moi hé gom 3 véc to khéng dong
phing 14 mot co s& clia no.

Pinh li. Gia st {%,,%,...%,} 1a mdt co s& trong khéng gian
véc to R" . Khi d6, moi vécto % e R" déu biéu dién dugc duy

nhét duge dudi dang mét td hop tuyén tinh la:

X=0,X, +0,X, +..+0, X ., e Rvédimoii=t;n.
2. Toa d6 cia véc to trong mit co s&
Cho mét co sd cua khong gian R" [a:
%, %, %} (6.2.1)

Khi do, mdi véc to x e R" cho tuong tng duy nhit mét bd n sé

thure ¢6 thr tr (¢, a,....,a,) thoa man hé thirc:

X=X, +0,X, +...+0,X (6.2.2)
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Pinh nghia. BS n s6 thue co thir oy (a),e,,...,x,} thoa mén hé
thire (6.2.2) duge goi 1a toa d6 cha véc to X trong co sd (6.2.1).
Vi du. Cho hé 3 wvéc to IX,.%,.%,] VoI
X, (1:2:1),%,(2:9:0).%,(3:3:4) 1a mét co sé trong RY. 113y tim toa
do clia vécto V(5;-1;9) ddi véi cosd {X,.%,.%, ).
Gia s (0,,a,,a,) la toa do cia vée to v(5;-1:9) dbi vai co so
{%,,%,, %, }, tie 1a:
V=0,X, +0,X, +0,X,
e (5:-159) = o (1:2:1) + 0, (2;9;0) + 1, (3:3:4)

< (5:=1,9) =(a, + 2u, +30a,;20, + 9%, +30,;0, +4a;,)

a, +2a, +30, =5
< 42a, + 9, +3a, =—1.

o, +da; =9
gidl hé nay ta duge (o, 0,,0,)=(1;-1;2).

Vay toa d clia véc to ¥(5;-1:9) d6i voi co sé {%,,%,,%, Ha(1;-1;
2).
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3. Co s& cia khéng gian con

Cho V 1a mét khdng gian con clia khong gian R". Hé véc to
{%,.%,.....%, } clia khong gian con V duoc goi 1a mot co ¢ cita no
néu thoa man hat diéu kién sau:

i {%,,%,.....%, } doc lap tuyén tinh

ii. Moi véc to %Xe V déu biéu dién tuyén tinh qua

Vi du. Trong khong gian R’ xét tap hop V gdm tét ¢i céc véce to ¢o

cao do bang khong, tirc 1a:
V= {fc‘i =(x1;x2;0)}
a. Chimg minh V 1a mét khéng gian con ctia R
b. Tim mdt co s cua khéng gian con V.,
Giai.
a. Taco x(1;1;0)eVnéntaco V= 4g.

Gia st %,y la hai véc to bét ky thudéc V va A la mot sd thue

bat ky, tire 1a:
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X=(X:X5;0),¥ = (y,37,:0).
Khi d6 ta ¢o
X+¥=(X3%,;0+(y,3¥,:0) =(x, + YiiX; +y,;0 eV,
X =(AXhx,:0)e V.
Theo dinh nghia khong gian con ta c6 diéu phai chimg
minh.
b. Gia st %(x;x,:0) 1a véc to bat ky thude V, khi d6 ta ludn
co:
X(x,3%,:0) = x,(1;0:0) +x,(0:1; 0)
dé thdy €,(1;0;0) va &,(0;1;0) 1a hai véc to thude V va doc lap

tuyén tinh. Vay theo dinh nghia ta ¢ {8,:6,} 1a mét co s cia
V.
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I.

Bai tip chwong 6

Trong khong gian véc to R’ céc tap sau co phai la khong

gian véc to con khong?

a.

b.

C.

3.

Az{(x,;xz;xj)ix] +X, +X; =0}

Bz{(x];xz;xs)‘xl +X, +X, =1}

. Cz{(x;l;xl;x_ﬂ‘)px,—)1;3+x3 =0.x, +x, —4x, =0}
.[)Z{(Xl;XE;XR)‘X|=0}
.Dz{(xl;xz;x3)‘x2:0}

.Tim s0 A d¢ véc to % biéu dién duge qua cac véce to con lai

X(2;-1;4), X,(4:3:2), X,(-1;-1:-3)

- X(153:5), X, (35 255), X, (2545 7),X,(5:6:0)

X(A4:2;5), X,(3;2:6), X,(7;3;9),X.(5:1;3)

Xét su doc lap luyén tinh, phu thude tuyén tinh cua cac hé

véc 1o sau

a.

X,(1;-150), X,(=2;1;—-1), X,(-3;2;-1)
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b. x,(1:-1:1;-1), X, (2:1;0,-1), X,(3:-6;5:~-4)
C. X,(1:2;3;4), X,(2;3:4:1), X, (3:4:152),%, (4:1:2:3)

. . : - o~ - . . 3. a” .
4. Ching minh rang {%,,%,,%, } 1a co s6 cua R’ va tim toa do cilia

¥ trong co s d6 biét rang:
a. (15;3;1), X (2;151), %,(6:2;0),%,(7:0,7)
b. ¥(2;3:0), X,(0:1;1). X,(3;2;0).X,(1;0:1)

¢ ¥(3;:=3:2), X,(1;,=1;0), X, (0;1; = 1), %, (1:0:1)
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Chiu trdch nhiém Xudt bdn:
HA TAT THANG
Bién tdp noi dung:

TAC GIA
Tn‘n}': bay bia:
NGAN HA
Ché bdn Vi tinh:
NHAT LE

In 1.000 cudn, khé 14,5x20,5cm tai Trung tim Nghién ctu
va San xuat Hoc liéu. 136 Xuan Thuy - Ciu Gidy - Ha Nei.
So dang ky k€ hoach xuét ban s 409-2008/CXB/54-113/LDXH.

In xong va ndp luu chiéu thang 06 nam 2008.
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